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ABSTRACT

Deciding which conjectures are worth proving is a crucial part of mathematical
discovery, and a system that learns mathematics from its axioms alone must make
that decision without human guidance. Self-play provers such as Minimo learn
a conjecturer alongside the prover and reward it for producing hard conjectures,
but a conjecture that is harder to prove is not necessarily more useful for im-
proving a prover: the learned conjecturer drifts toward long, artificial statements.
We study conjecturing in a controlled, single-round setting in the Peano formal
environment, across propositional logic, abelian groups, and natural-number mul-
tiplication, evaluating a set of conjectures by how much a fixed prover improves
on held-out theorems after training on their proofs. We show that a far simpler
generator does better: making small structural edits to statements the prover al-
ready knows yields conjectures that, at an equal training budget and under best-
first search, improve the prover by 6 to 13 percentage points more than Minimo’s
learned conjectures. The gain holds even when conjectures are drawn at random
from the generated pool. In contrast to the common practice of selecting the most
difficult statements, we also propose Hard Neighbours (HN), a score that favors
conjectures whose proof difficulty grows disproportionately relative to their struc-
tural distance from easier reference statements; HN gives the largest selection
gains in propositional logic, but no selection method is best in every domain. In
the current setting, how conjectures are generated matters more than how they are
selected, and structural perturbation is the baseline that future conjecturers should
be measured against. Apart from improvements in proving ability, we also study
other attributes of generated proofs: the amount of search required and the length
of the proofs.

1 INTRODUCTION

Al systems have advanced rapidly at the frontiers of mathematics, with recent developments includ-
ing OpenAl’s announcement of a proposed solution to the Navier-Stokes Millennium Prize prob-
lem (OpenAl, [2026a). However, mathematical discovery is not only about proving open problems;
it is also about posing new ones. Therefore, autonomous mathematical discovery requires systems
that can generate conjectures worth working on.

Conjecturing is a crucial part of mathematical discovery: Fermat’s last theorem, the Riemann hy-
pothesis, and Goldbach’s conjecture each began as a judgment that a statement was worth pursuing,
and shaped mathematics long before any proof appeared. A system that learns mathematics from its
axioms alone must make such judgments itself, proposing statements and deciding which are worth
the effort of proving; this is what separates a prover from a discoverer. Formal mathematics is the
right test bed for this capability, because every statement and proof can be checked mechanically, so
progress is measurable without human judgment in the loop.

Recent self-play systems learn to conjecture and prove together, using the prover’s performance to
guide subsequent conjecture generation (Poesia et al.| 2024} |Dong & Ma, 2025)). Their objective is
to generate statements that are hard but still provable for the current prover. As the prover improves,
the conjecturer is encouraged to propose increasingly harder problems. However, this objective leads
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Figure 1: The three design decisions in an automated conjecturing pipeline.

to undesirable outcomes. Minimo (Poesia et al., |2024)), one of such setups, mentions that conjec-
turer collapses into making longer and more complicated statements with almost no mathematical
value. Similarly, STP (Dong & Mal 2025)) reports mode collapse toward algebraic manipulations
and introduces both a diversity mechanism and a filter against artificially complicated goals. These
observations expose a limitation of difficulty as a selection signal: making a statement harder for a
prover does not necessarily make it more useful or interesting.

Consider a scenario where a high-school student has learned that % — 1 = (z — 1)(z + 1). What
should they practice next in order to improve their understanding of the area? One could ask them
to factor 422 — 4, which repeats the same identity with a constant factor, or 23 — 1, which introduces
a different factorization. Once they have practiced, how would one know whether the student has
made progress? This presents three separate decisions. First, one must produce candidate exercises.
Second, one must choose which exercises to assign. Third, one must assess whether practicing them
helped the student solve other problems. We work in a theorem proving setup where our prover
faces the same questions: where should its conjectures come from, out of them, which should it
learn from, and how to measure its progress?

This motivates examining the three design choices for automated conjecturing: how candidate state-
ments are generated, which of them are selected for the prover to learn from, and how we evaluate
the progress (Figure [TI). When generation and selection change together within a training loop, im-
provements in prover performance do not reveal which component was responsible. Conversely,
increasing conjecture difficulty does not establish that the resulting training data is better for im-
proving the prover. We therefore compare candidate sources and selection methods within a fixed
pool, with base prover’s improvement as our primary method of evaluation.

We work in a small, controlled setting: the Peano formal theorem proving environment (Poesia
& Goodman,, 2023), which enumerates legal actions at each proof state. Within this environment,
we explore three distinct domains: propositional logic, natural-number multiplication, and abelian
groups. Each training comparison starts from the same randomly initialized 25M parameter trans-
former model (Vaswani et al., |2017) (acting as a prover) and uses a single round of selection and
finetuning. Our primary criterion is prover’s improvement on difficulty-graded benchmarks after
training on the selected proof traces, with matched training data samples. We evaluate using policy-
guided best-first search (BFS) and policy rollouts, neither requiring a separately trained value func-
tion. This scale allows us to vary the design choices, and inspect generated statements and proofs.

Our candidate generator and selection score share a motivation: small changes to a known statement
can produce a substantially more difficult candidates that could be of interest. For example, replacing
one occurrence of A by B in the intuitionistically provable ((A — A) — A) — A yields Peirce’s
law, (A — B) — A) — A, which can be proven only in classical logic. The statement “every even
integer greater than two is the sum of two positive integers” is trivial. Replace “positive integers”
with “prime numbers”, and we obtain Goldbach’s conjecture: a small change turns a trivial obser-
vation into a much harder and genuinely interesting mathematical statement. Since the candidates
are closer to the known statements, they are more likely to be hard for interesting reasons. These
examples motivate both our generator and our selection score. We generate candidates by structural
perturbation, editing the abstract syntax tree of a known statement, so that every candidate is a small
edit away from something already proved (see Figure [2). We then select the candidates for which
that small edit produced a large jump in proof-search effort. The Hard Neighbours (HN) score mea-
sures this jump relative to the edit distance from easier reference statements. As baselines we use
random selection, absolute hardness, hardness per token, and shortest statements.
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Figure 2: One perturbation across three domains: swapping two arguments in a statement’s abstract
syntax tree yields a new candidate statement. Colors track the swapped subterms. These are simple
syntactic edits that need not preserve truth or increase difficulty; Appendix [A]lists all perturbations
we did per domain.

Across the three domains, our comparisons yield three findings. First, the generation method has a
large effect on the prover’s improvement on the set benchmarks. Finetuning on proof traces from
HN-selected perturbed statements outperforms finetuning on Minimo-generated statements in all
three domains under best-first search, by 7 to 13 percentage points; random selection from the same
pool is a competitive baseline, already improving over Minimo by 6 to 9 points (see Table [13).
The advantage extends to benchmark levels where Minimo-trained provers solve no problems. This
finding also holds under rollout evaluation in logic and groups, while Minimo achieves a slightly
higher peak solve rate in natural-number multiplication. Second, selection yields additional training
gains in logic and groups, but no criterion consistently improves both peak solve rate and coverage
over random selection across all three domains. Selecting the hardest provable conjectures is not
the strongest criterion in any domain under BES. In a separate experiment, we inject benchmark
theorems into the candidate pool and measure whether they are selected by the scorers. HN exceeds
the random selection in all three domains, but selecting shortest statements is competitive in logic
and arithmetic and selects the most benchmark theorems in groups. Third, evaluation choices affect
the conclusions. A checkpoint’s solve rate can decline while coverage across checkpoints continues
to grow. Search also affects the returned proof quality: on matched solved subsets, rollout proofs
are around two times as long as BFS proofs on average, and a concrete example contains repeated
steps that leave the proof obligation unchanged (Table [I4]in Appendix [.3).

Our contributions are: (1) A single-round study in Peano environment that examines conjecture
generation, selection, and evaluation using approximately matched training samples. (Sections
[6). (2) A structural-perturbation generator requiring no learned generation model, and the finding
that its proved candidates provide better training signal than the Minimo pool under BFS in all three
domains (Section [7). (3) The Hard Neighbours (HN) selection score, which combines structural
similarity with relative proof-search difficulty to select prover-training data. HN gives the largest se-
lection gains in propositional logic where it exceeds Random by around 5 percentage points of peak
solve rate and 7.5 percentage points of coverage, though no selection method improves consistently
across all three domains (Section[7)). (4) Difficulty-graded benchmarks for three formal domains and
an analysis of how search procedure and evaluation measure affect the conclusions (Sections [6H7).

2 RELATED WORK

Computer programs that propose mathematical statements date to AM, Graffiti, and HR (Lenat,
1977; [Fajtlowicz, |1988; [Colton, [2002)), followed by theory exploration (Johansson et al.,|2011) and
recently, by LLM based systems that evolve mathematical constructions using search (Novikov et al.|
2025)), mine literature for finding problems to solve (Zheng et al.l [2026). Closest to our work are
systems that generate statements to train provers: learned theorem generators (Wang & Dengl [2020),
synthetic data at scale (Trinh et al.,|2024) and self play systems that couple the conjecturer and the
prover such as Minimo (Poesia et al.,|2024), STP (Dong & Mal,[2025) or as as self-generated curricu-
lum (Bailey et al.l [2026)). These systems typically reward conjectures for being hard but provable,
and this difficulty based reward is hackable: conjectures drift towards longer and artificially com-
plex statements. Moreover, generation, selection and evaluation are entangled where gains are hard
to attribute to any single component. We study each stage of generation, selection and evaluation
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Figure 3: Training on samples from perturbation-based conjecturer yields higher BFS solve rates
than training on Minimo-generated conjectures at every evaluated checkpoint in all three domains.
Minimo’s solve rate declines after epoch 30 in logic and epoch 60 in groups, while its coverage
continues to rise: later checkpoints solve new problems while losing some previously solved ones.
Blue curves show the perturbation-based conjecturer with HN selection. Dashed curves show solve
rate; solid curves with circles show coverage. Shading denotes £1 sample SD across three seeds;
solid gray lines show the starting prover’s performance.

in the small scale setup, Peano (Poesia & Goodman, 2023) and ask whether a learned conjecturer
beats a simple perturbation based generation baseline at matched training budget. Similarly, to avoid
selecting complex statements, we use a selection score that selects candidates that are structurally
close to the starting known statements but relatively harder to prove and compare with selection
based on absolute hardness, and examine how the conclusions depend on the evaluation procedures
as well.

3 BACKGROUND: THE PEANO ENVIRONMENT

We work in Peano (Poesia & Goodman, [2023)), a formal theorem proving environment. We con-
sider three domains: propositional logic, natural-number multiplication, and abelian groups. Each
domain is specified by a set of axioms and inference rules, listed in Appendix [J} These domains ex-
pose different reasoning requirements, including logical rule composition and case analysis, equality
rewriting, and induction. A proof state contains a goal and its local context. Peano enumerates the
legal actions available in that state and computes the states resulting from their execution. In order
to arrive at the proof, a learned policy has to select the right actions given the state until all proof
states are closed.

Example. Consider proving that conjunction is commutative. The statement is written Peano as
[("A : prop) -> ('B : prop) -> (and 'A 'B) -> (and "B 'A)]

A proof is a sequence of actions. After three introduction actions bind A, B, and the assumption
h : AN B, Peano enumerates the legal next steps: five in this state, such as extracting either conjunct
of h or splitting the goal, and the policy chooses among them. Extracting A and B from h and then
applying conjunction introduction closes the goal, for a total of nine actions. Each proof state paired
with its chosen action is one policy training example, and the number of partial proofs a search
expands before finding a proof is our measure of the statement’s cost for the prover (Section [3).
Appendix [I.3] gives the full proof and its nine recorded actions.

Prover The prover is a randomly initialised 25M-parameter transformer following [Poesia et al.
(2024). Peano enumerates the legal actions at each proof state, and the model scores each state-
action pair. During training, actions taken in recorded proofs receive label Y, while the other legal
actions receive label N. At search time, we use the model’s predicted probability of Y, normalized
over its Y and N predictions, as the action’s score, and normalize these scores across the legal actions
to obtain the distribution used by proof search (Appendix [C).
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Figure 4: Selection gains vary by domain under best-first search at a 4,000-removal budget. Selec-
tion helps most in logic, where HN improves on Random by about 5 percentage points in peak solve
rate and 8 points in coverage. In groups, Hard/length leads, exceeding Random’s peak solve rate
by about 3 points; in natural-number multiplication, no method exceeds Random’s peak. Each pair
shows peak solve rate (dark, left) and coverage (light, right) (Section [6.1)

Best-first search. Policy-guided best-first search (BFS) prioritizes partial proofs by their cumu-
lative log-probability, following GPT-f (Polu & Sutskever, [2020). It maintains a priority queue of
partial proofs; at each iteration it removes the highest-priority partial proof, explores its legal next
actions, and adds the resulting unfinished proofs to the queue. We measure search effort by the num-
ber of partial proofs removed from the queue for expansion, or queue removals; the search budget
limits this count. Search effort differs from proof length, which counts the actions in the returned
proof. We use BFS without a learned value function so that differences in proving performance can
be attributed to the training data rather than to the value model or search hyperparameters, as in
MCTS-style provers (Lample et al,[2022; [Poesia et al., 2024). Algorithm[T]in Appendix [C|gives the
full procedure.

Policy rollouts. As a second search procedure, policy rollout search (Algorithm [2]in Appendix
follows a single proof trajectory per attempt, choosing one legal action at a time for the leftmost open
subgoal. Unlike BFS, it maintains no frontier of alternative paths and does not backtrack within an
attempt. A greedy attempt always chooses the highest-scoring action; if it fails, subsequent attempts
restart from the original statement and sample actions from the policy distribution.

Minimo as a learned conjecturer. Our learned-generation baseline is the Minimo conjec-
turer (Poesia et al.,[2024), which learns to conjecture and prove through an iterative self-play loop in
Peano, starting from randomly initialized parameters: the conjecturer generates well-formed state-
ments through constrained decoding and type-directed synthesis, and learns to target hard but prov-
able conjectures from proof-search feedback.

4 CONJECTURE GENERATION

Generation by Structural Perturbation. We generate candidates by editing the abstract syntax
trees (ASTSs) of seed statements, without training a conjecture generator. Appendix [B] lists the ini-
tial seeds for each domain. Each edit changes a selected subexpression or its variables. Figure 2]
illustrates the idea across the three domains. In propositional logic, for example, exchanging the
conjuncts in the conclusion of (A A B) — (A A B) produces (A A B) — (B A A). The opera-
tions include replacing or exchanging variables, introducing a fresh variable, changing an operator,
adding or removing a unary operation, and inserting, removing, or replacing subexpressions. We
instantiate these operations with the vocabulary of each domain: logical connectives and negation
in propositional logic; addition, multiplication, and successor in arithmetic; and multiplication and
inverse in groups. For the equational domains, edits can also add or remove equality hypotheses.
These are candidate-generating operations, not inference rules: they need not preserve truth. For
example, replacing conjunction by disjunction in (A A B) — A produces (A V B) — A, which is
false. Appendix [A]specifies the operations for each domain. For each domain, we start with easiest
set of problems (axioms) and then apply these edits to form more statements. The new statements
become seeds and then this process is repeated for five times.
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Generation by a learned conjecturer. Our learned-generation baseline uses the Minimo conjec-
turer introduced in Section[3} We collect candidates from Minimo across its five training iterations.

Filtering Candidates from either source are deduplicated, checked for well-formedness in Peano,
and we simply discard candidates refuted by an oracle (Z3 (De Moura & Bjgrner, |2008) for logic
and multiplication, finite-model counterexample search for groups). The surviving candidates are
then submitted to proof search, and only those statements that can be proved by base model are
passed to next stage of conjecture selection. (Section [5). Appendix [B] gives the pool construction
details and sizes.

5 CONJECTURE SELECTION

Given a large list of candidate conjectures which can be proved by a base model, it is unclear
if all candidates are equally interesting and informative to selected as “conjectures” and can aid
further in development of stronger provers. Recent work often favors statements that are hard
but still provable for the current prover (Poesia et al., 2024; Dong & Ma, 2025). However, se-
lecting conjectures by hardness alone is weak as it can favor long, mechanical statements, which
may have little learning utility. To address this, we develop a novel notion of hardness, called as
Hard Neighbors which brings out the concept of hardness relative to some reference statements.
The idea of Hard Neighbours (HN), is to reward those difficult statements which are structurally
and syntactically similar to easier reference statements(Figure [5) but are themselves very hard, i.e
they require disproportionate search effort compared to reference statements. We further compare
this selection strategy with the notions popular in literature like selecting shorter statements only,
selecting hard statements only as well as selecting statements randomly out of generated pool.

Hard Neighbours (HN). Given a large set
of statements from the perturbation pipeline,
(from section 4] the goal of selection strategy

is to determine the most useful conjectures (4 ;}efn)c:és)y)_) Atas 1
for prover’s improvement, out of this vast '

pool. For each candidate ¢, we perform the
best first search and collect its proof (we have
the proof for all candidates because we fil-
ter the candidates which can be proven by the .
base prover in the previous step). As a proxy Figure 5: Hard Nelghbogrs: small structural
for search effort, we define hardness (denoted changes can produce large jumps in proof—sea{rch
as b(c)) as the number of queue removals difficulty. Red marks cost!y statements; the thick
used to prove the conjecture c. We further Porder marks the HN selection.

define log-hardness as h(c) = log(1 + b(c)).

d=1

d=1
Y

(A—-A) -B)— B
still trivial
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We also define a distance metric which captures syntactic difference between any two statments.
Let d(a,b) be the Levenshtein distance between the token sequences of statements a and b, using
unit-cost insertions, deletions, and substitutions. Lastly, a reference set is used to compute the utility
or value of each candidate c. We initialize this reference set with domain’s available proved axiom
level statements at round t=0 and each subsequent round builds a new reference set as described
below. At selection round ¢, let R; be the reference set and R;~(c) = {r € Ry : b(r) < b(c)} be the
references which are strictly easier than ¢ as determined by the hardness metric b(c). For candidate
¢ with a non-empty reference set, we define

S _he) = h(r)
HN(C’ Rt) B |Rt< (C)| Te%(t:) max{d(a 7’), 1} . v

The score averages the log-hardness gap per unit token edit distance over all easier references,
rewarding candidates which are substantially harder than the reference statement r but are closer in
token Levenshtein distance space. Candidates with no easier reference are skipped for that round. In
each round, we promote the m highest-scoring eligible candidates, and use them as the reference set
for the next round. The union of promoted candidates over all rounds forms the HN candidate set.
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Promotion stops when no candidate qualifies, the pool is exhausted, or the round limit is reached.
The prover, candidate pool, and measured search costs remain fixed throughout this procedure.
The starting axiom seeds are not included in the final pool and at every round, already promoted
candidates are excluded from further selection. Appendix [E] gives the pseudocode, domain-specific
settings, and implementation details.

Other selection measures. We compare HN with four alternatives applied to the same proved
pool. Random selects candidates uniformly without replacement. Hardest ranks them by decreasing
b(c). Hard/length ranks them by decreasing b(c)/ max{¢(c), 1}, where £(c) is the statement’s token
count. Shortest ranks them by increasing ¢(c). Statement length and HN distance use the same
tokenization, described in Appendix

6 CONJECTURE EVALUATION

We evaluate conjectures in two ways: their utility as training data for a prover, and recovery of known
mathematical statements from a larger candidate pool. The first is our primary evaluation, while the
second tests selection without finetuning a prover. The two evaluations are complementary. Prover
improvement measures whether selected proofs help a specific prover on a specific benchmark;
benchmark recovery measures whether a selector favors statements considered worth stating in the
benchmark, independently of any training. Neither alone captures mathematical interest, so we
report both.

6.1 PROVER IMPROVEMENT

Experimental design. Within each domain, all finetuning comparisons start from the same prover
checkpoint and use the same domain axioms. We study a single round of data selection and prover
finetuning, rather than repeatedly updating the conjecturer and prover in a bootstrapping loop. To
compare candidate sources, we do supervised finetuning (SFT) on learned Minimo conjectures or
a random selection from the structural-perturbation pool. To compare selection methods, we apply
the procedures in Section [5|to the same proved perturbation pool.

Proof data and finetuning budgets. Each successful proof provides state-action training exam-
ples. At each visited state, the action taken in the proof is labeled Y, while the other legal actions
are labeled N. Appendix [E]describes the example format and how we assemble the training datasets.
Only the policy is trained; no separate value-function is trained. Within each domain, we match
the target number of distinct labeled state-action examples across methods, instead of the number
of selected conjectures. Longer proofs and states with more legal actions can contribute more ex-
amples, so equal numbers of conjectures would not necessarily provide equal amounts of training
data. We set the budgets from the available Minimo training data: 1,800 examples for propositional
logic, 3,020 for arithmetic, and 13,204 for abelian groups. We select complete proofs, stopping
before the next proof would exceed the budget. We use three seeds for data selection. Appendix
gives the finetuning settings, Appendix [E] describes the example format and dataset construction,
and Appendix [E.T|reports the actual conjecture and example counts for each method and seed.

Benchmarks and evaluation search. For evaluation, we designed benchmarks consisting of level
wise problems going from easier to harder problems. We construct these benchmarks using frontier
models: GPT-5.6 (OpenAl |[2026b) and Claude Opus 4.8 (Anthropicl2026) iteratively, and verify the
correctness of the statements using solvers such as Z3 (more details in Appendix [B]). We evaluate on
80 propositional-logic problems across six levels, 120 arithmetic problems across five levels, and 59
abelian-group problems across five levels. Appendix [ describes the levels and gives their problem
counts in Table [[2] The levels organize statements by their reasoning requirements. We report
both overall and level-wise performance. We evaluate with both search procedures from Section 3]
For best-first search, each problem has a budget of 4,000 queue removals and a 600-second time
limit. For rollouts, each problem receives a greedy attempt followed by up to 16 sampled attempts
at temperature 1, each limited to 60 recorded actions, under a 600-second time budget. A problem
counts as solved if any attempt succeeds.
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Performance measures. Our basic metric is the fraction of benchmark problems solved at a given
finetuning checkpoint, averaged over the three seeds. We examine these checkpoint-wise curves as
we train the model alongside two measures. Peak solve rate is the maximum over evaluated check-
points, of the three-seed mean solve rate. Coverage is the fraction solved by at least one evaluated
checkpoint within a seed, subsequently averaged over seeds. Coverage measures the breadth of
solutions obtained over training.

6.2 BENCHMARK-THEOREM RECOVERY

The training experiment measures whether selected proofs help a particular prover improve. Its out-
come depends on what the prover already knows and how effectively it learns from those proofs; it
does not directly measure the mathematical value of the selected statements. We therefore consider
a second question: does a selection method prioritize known benchmark theorems when they appear
among other proved conjectures? To answer the same, we construct an augmented pool containing
proved perturbation candidates, benchmark theorems, and learned Minimo conjectures. All state-
ments must be proved by the starting prover before they can be selected. We then apply the selection
procedures from Section [5] Table[I0]in Appendix [E.2] gives the original proved source-pool sizes.
For each method, we report the number and fraction of available benchmark theorems that it selects.
We also report the number of selected Minimo conjectures. Thus, the experiment asks whether a se-
lection method favors known benchmark theorems within the subset of statements already accessible
to the starting prover.

7 RESULTS AND ANALYSIS

Figure[3|compares prover learning curves for HN-selected perturbations and Minimo-generated con-
jectures. Table [I3]in Appendix [G]reports peak solve rates and coverage for all methods under both
search procedures.

Structural perturbations outperform 60 |
learned conjecturing. Across all =
. . X
three domains, finetuning on HN- %
selected proved perturbations yields & 0
higher BFS solve rates than finetuning £
on Minimo-generated conjectures at & 207 1
matched training-example budgets /_’_’_/_/—’ ’_’_’_/_/'
0 . : . :

(Figure [3). Peak solve rate improves
by 13, 9, and 7 percentage points in
propositional logic, multiplication, Search effort (queue removals per problem)
and abelian groups, respectively. The — Minimo  — HN — Base
corresponding coverage gains are 16,
6, and 6 points (Table[I3). The learning
curves also show why checkpoint solve
rate and coverage should be distin-
guished. For HN in multiplication,
solve rate falls from about 55% at epoch 20 to 50% at epoch 100, while coverage increases from
about 56% to 58%. Later checkpoints therefore solve some previously unsolved problems even as
their overall solve rate declines. Minimo exhibits the same pattern in logic and groups (Figure [3).
Under rollout evaluation, which combines a greedy attempt with up to 16 sampled attempts,
HN-selected perturbations also outperform Minimo in both peak solve rate and coverage in logic
and groups. Multiplication is the exception: Minimo leads HN by about 2 percentage points in peak
solve rate (Figure [0} Table [T3). Minimo rollout improvements in multiplication mainly come from
sampled attempts. Minimo’s greedy-only peak is lower than HN’s. (Figure 25]in Appendix .

1 10 100 1,000 1 10 100 1,000

Figure 6: BFS solve rate versus search effort in proposi-
tional logic at epochs 30 (left) and 100 (right). Minimo
and HN show three-seed means with +1 sample SD shad-
ing; Base (solid gray) is the starting prover baseline.

HN matches Minimo’s solve rate with far less search. In propositional logic at epoch 100, HN
reaches about 38% solve rate within 100 queue removals, whereas Minimo requires full 4000 re-
movals to reach the same rate. At the full 4,000-removal budget, HN solves about 54% of problems,
compared with Minimo’s 38% (Figure[6). We see similar findings when effort is measured in policy
action evaluations rather than queue removals. (Appendix [H).
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Selection is domain dependent. To separate the benefit of perturbation generation from that of
selection, we first compare Random with Minimo. Under best-first search, Random improves peak
solve rate over Minimo by about 8, 9, and 6 percentage points in propositional logic, multiplication,
and abelian groups, respectively. The corresponding coverage gains are about 8, 6, and 4.5 points
(Table [13). Comparing selectors on the same proved perturbation pool, best-first search reveals the
largest selection gains in propositional logic (Figure ). HN achieves the highest peak solve rate
and coverage, exceeding Random by about 5 and 7.5 percentage points, respectively. Hardest also
improves both metrics, but by smaller margins of about 3 and 5 points. In multiplication, no selector
exceeds Random’s peak solve rate, and the largest coverage gain, achieved by HN, is only about 0.3
points. In abelian groups, Hard/length achieves the highest peak solve rate and coverage, outper-
forming Random by about 3 and 2 points, respectively. Selection therefore improves performance
in logic and groups, but the strongest selector differs between them. Selecting solely by absolute
hardness is not the strongest approach in either domain.

HN leads benchmark recovery in logic and = BFS Rollout
arithmetic. HN recovers 46% of the avail-

able benchmark theorems in propositional logic s

and about 30% in arithmetic (Table [[I), com- &

pared with about 38% and 26% for Shortest. @20-

Selection by absolute hardness does not recover 2

any benchmark theorems in logic and only — 8'°

7.4% in arithmetic. In abelian groups, however, & I I I I I I
Shortest recovers abOUt 67%’ tWiCC the 33% = 0 Minimo Random Minimo Random Minimo Random
recovered by HN, Hardest, and Hard/length. N ,
HN and Shortest differ substantially in how fre- ""’".‘;;'F?”a' “;L“.{?,l..“;;i’.‘é’ﬁ ' ’QE’SL'SQ

quently they select Minimo conjectures. For
example, in logic, Shortest selects around 46%
of the available Minimo conjectures, compared
with only 1% for HN. Recovery is a sanity
check, not a target: the pool contains thousands
of uncurated proved conjectures, some of which
may be more useful or more interesting than the benchmark theorems, so a selector that ranks a
benchmark theorem below one of them is not necessarily wrong. We therefore read recovery rates
as evidence of what each selector prefers rather than as a score to maximize.

Figure 7: Rollout proofs are about 1.5 as long
as BFS proofs in logic and 2-3x as long in arith-
metic and groups. Bars show mean lengths on
matched solved problems (Appendix [L.3).

Rollouts produce longer proofs on average. We compare BFS and rollout proof lengths on com-
mon solved problems at each seed and checkpoint (Figure[7). Mean rollout proof lengths are 1.3-1.6
times the BFS lengths in propositional logic, 2-2.6 times in arithmetic, and 2-3.4 times in abelian
groups (Figure 27). This additional length is mostly redundant. For example, a 29-action roll-
out proof of contraposition contains nine repeated ex-falso applications, each taking two recorded
actions without changing the proof obligation. Removing these repetitions yields exactly the corre-
sponding 11-action BFS proof (Table[I4]in Appendix [L.3).

8 CONCLUSIONS AND LIMITATIONS

Separating generation, selection, and evaluation, we found that in our Peano experiments the gen-
erator matters most: finetuning on structurally perturbed conjectures outperforms finetuning on
the learned Minimo conjecturer under best-first search in all three domains, by 6 to 13 points in
peak solve rate, even with random selection from the perturbation pool. In propositional logic, the
perturbation-trained prover also matches Minimo’s solve rate with about 40 times less search. Se-
lection adds smaller gains: Hard Neighbours helps most in propositional logic, but no selection
method leads in every domain, and selecting the hardest conjectures is never the best choice on its
own. Evaluation choices affect these conclusions: Minimo performs better in natural-number mul-
tiplication under rollout evaluation, a checkpoint’s solve rate can decline while coverage grows, and
rollouts return longer proofs on matched solved problems. Together these findings make structural
perturbation with random selection the baseline that new conjecturers should be measured against.
Our study is limited to three elementary domains, a small policy, and one round of selection and fine-
tuning from a fixed starting checkpoint. It is therefore not clear whether the findings would extend
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to larger pretrained provers or subsequent conjecture—prove—train iterations. We measure usefulness
through improvement on a finite benchmarks. HN similarly measures difficulty relative to a particu-
lar prover and reference set. Moreover, selection considers only candidates proved within the search
budget. Assessing mathematical interest of unproved conjectures remains a broader challenge. Fu-
ture work should develop better selection measures beyond proof difficulty, assess conjectures for
which no proof has yet been found, and investigate whether selected conjectures can improve a
learned generator over successive rounds. Extending these comparisons to larger provers involving
LLMs and richer mathematics in Lean would be crucial next steps.
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A PERTURBATION OPERATIONS

Each perturbation edits a statement’s AST, rather than its proof. Applicable edits are enumerated at
eligible nodes, sampled subject to the per-operator cap, and checked for statement well-formedness
in Peano. None of these operations is assumed to preserve truth. In the descriptions below, a local
edit affects the selected subtree, whereas a global edit affects the full statement body.

A.1 VARIABLE OPERATIONS

The following four operations are shared across the domains, using variables of the appropriate
domain type.

* Replace a variable (replace_var). Replace one occurrence of a declared variable by
another declared variable.

» Exchange variables (swap_vars). Exchange two declared variables that both occur in
the selected subtree, leaving the rest of the statement unchanged.

* Identify variables (rename_al1l). Globally replace one declared variable by another and
remove the redundant declaration. This identifies two variables; it is not merely an alpha-
renaming.

* Introduce a variable (add_var). Replace a selected proposition in logic, or a selected
domain term in arithmetic or groups, by a fresh variable and add its declaration.

A.2 PROPOSITIONAL LOGIC

The four variable operations and the eight operations below form the 12-operator propositional gen-
erator. Here P, () are proposition-valued subexpressions, A, B are declared proposition variables,
ando € {A,V, <, — 1.

1. Change connective (change_op): replace the connective of P o () by a different member
of the connective set, retaining both operands.

2. Reverse implication (f1ip_arrow): replace P — @ by () — P when the two sides
differ syntactically.

. Add negation (negate): replace P by - P.
. Remove negation (unnegate): replace =P by P.
. Wrap (wrap): replace Pby Po Aor Ao P.

. Unwrap (unwrap): remove an immediate child that is a declared variable from a binary
connective or implication, retaining its sibling in place of the parent.

AN N B~ W

7. Delete a subtree (delete): remove either child of a binary connective or implication and
replace the parent by the other child. Unlike unwrap, the removed child need not be a
variable.

8. Replace by a binary expression (replace_with): replace P by A o B, with o €
{A,V,<>}. Here A and B may coincide; this operation does not introduce an implica-
tion.

A.3 NATURAL-NUMBER ARITHMETIC

The arithmetic generator also has 12 operators: the four variable operations and the eight below.
Terms t,u have type nat; a,b are declared natural-number variables; P, () are formulas; and s
denotes successor. Equality is a formula constructor, not a replaceable arithmetic operator.

1. Change arithmetic operator (change_op): exchange + and x at a binary term node,
retaining its operands.

2. Reverse implication (f1ip_arrow): replace P — @ by Q — P when the sides differ
syntactically.

12
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3. Add successor (negate): replace ¢ by s(¢). The implementation name is inherited from
the propositional generator; this operation is not logical negation.

4. Remove successor (unnegate): replace s(t) by ¢.

5. Add an equality hypothesis (wrap): replace P by (a = b) — P, using two distinct
declared variables.

6. Remove a hypothesis (unwrap): replace P — @ by Q.

7. Delete a subtree (delete): remove either operand of £ 4+ u or ¢ X u, retaining its sibling,
or remove either side of an implication and retain the other. Equality and successor nodes
are not eligible parents for this operation.

8. Replace by an arithmetic expression (replace_with): replace aterm by a+bora x b,

allowing a = b as variable choices.

A.4 ABELIAN GROUPS

The group generator has 13 operators: the four variable operations and the nine below. Terms ¢, u
and declared variables a, b have the group type; P, () are formulas. There is no connective-change
analogue for group terms, since the vocabulary has a single binary group operation.

1. Reverse implication (f1ip_arrow): replace P — @ by Q — P when the sides differ
syntactically.

2. Add inverse (inv_wrap): replace t by ¢ 1.
3. Remove inverse (inv_unwrap): replace t ! by .

4. Add an equality hypothesis (wrap): replace P by (a = b) — P, using two distinct
declared variables.

5. Remove a hypothesis (unwrap): replace P — @ by Q.
6. Delete a subtree (delete): remove either factor of ¢ - v and retain the other, or remove
either side of an implication and retain the other. Equality and inverse nodes are not eligible

parents.

7. Replace by a product (replace_with): replace a term by a - b, allowing the two vari-
ables to coincide.

8. Extend a product (op_wrap): replace t by t - a or a - t. Unlike replacement by a product,
this retains .

9. Insert an inverse pair (inv_pair): replacetbyt-t~Lort=! .t
When an edit removes a variable’s last occurrence through subtree removal, the generator removes
the orphaned declaration where applicable. Variable identification also removes the redundant decla-

ration, and the remaining declarations are renamed contiguously. Generated strings are deduplicated;
no-op outcomes and statements identical to the current inputs are excluded.

B CONJECTURE GENERATION DETAILS

Seed statements. Tables [[H3]list the seed statements for the three domains in mathematical nota-
tion, that are used for the starting perturbations round. The full domain theories and built-in equality
rules are listed in Appendix [J]

13
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Table 1: Propositional-logic generation seeds. A, B, and C are propositions, and | denotes false.
All fourteen statements, including disjunction elimination (or_e), are used for generation. Identity
is handled by Peano’s intro tactic.

Rule Seed statement
Identity A=A

and.el (AANB)— A
and_er (ANB)— B

and-i A— B — (AAB)
or-il A— (AV B)

or.ir B — (AV B)
iffel (A< B)— (A— B)
iffer (A< B) — (B— A)

not_e “A—-A— 1L

exfalso L — A

iff i (A-B)—> (B—A) - (A< B)

em Av-A

not_i (A—1)—-A

or_e (AVB) - (A—=-C)—=(B—>C)—=C

Table 2: Arithmetic generation seeds. a,n,m € N and s denotes successor.

Identifier  Seed statement

refl a=a

plus_z n+0=n

plus.s  n+s(m)=s(n+m)
times.z nx0=0

times.s nxs(m)=n+(nxm)

Table 3: Abelian groups generation seeds. a, b, ¢ € G, e is the identity, and a =" is the inverse of a.

Rule Seed statement
eqg.refl a=a

idl e-a=a
inv_.l al-a=e

op._comm a-b=b-a
op.assoc (a-b)-c=a-(b-c)

Oracle filtering.  Structural perturbations can produce false statements, so we filter candidates be-
fore spending compute on Peano proof search. This is done for efficiency reasons do that we don’t
waste compute on false statements. For propositional logic and arithmetic, we use Z3 (De Moura &
Bjgrner, 2008) to check whether the negation of a candidate is satisfiable. Propositional statements
are encoded as Boolean formulas; arithmetic statements use non-negative integers with the usual
addition, multiplication, and successor operations. An unsatisfiable negation establishes validity un-
der this encoding. We implement domain-specific parsers for the supported Peano statement syntax.
The parsed expressions are translated into Z3 formulas for propositional logic and arithmetic, or
evaluated directly in finite abelian groups for the group domain. We retain only candidates with this
verdict in the propositional and arithmetic perturbation pools, excluding counterexamples, unknown
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results, and translation failures. For abelian groups, we implement a finite-model counterexam-
ple checker. It evaluates each candidate over cyclic groups Zs, . . ., Zg and the direct products Z3,
Lo X Ly, Z%, and Z%. For each model, we enumerate variable assignments and reject a candidate
if its hypotheses hold but its conclusion fails. We skip models requiring more than 500,000 group-
variable assignments. This is a refutation filter: surviving candidates are not certified as theorems
and must still be proved in Peano. Candidates that survive filtering are then eligible for Peano proof
search. Only successful Peano searches supply the proof traces and search costs used for selection
and training.

Statement deduplication. Across all three domains, we keep only one copy of each repeated
statement within a candidate pool, even if it appears in several generation rounds. We standardize
variable names before comparing statements, so copies that differ only in their variable names are
treated as duplicates. These checks remove syntactic duplicates, obviously not all logically equiva-
lent statements.

Perturbation pool construction. We start from seed statements mentioned above (refer [B]) for all
the three domains. For each input statement, we enumerate applicable edits and sample generations.
We repeat this process for five rounds, using the preceding round’s well-formed candidates as inputs
to the next round. We cap expanded inputs at 5,000 from the fourth round in propositional logic and
the third round in arithmetic and groups, when subsampling is necessary. Intermediate seeds need
not be proved. We remove repeated statements within and across rounds as described in Appendix B}
The five rounds produce 2,667,475, 556,312, and 1,027,027 saved candidate records in logic,
arithmetic, and groups, respectively. These totals sum the per-round outputs before cross-round
deduplication and final filtering; they are not counts of globally distinct, well-formed statements.

Table [ reports the candidate counts for each of the five perturbation rounds. These counts include
repeated statements across rounds and candidates later discarded by the well-formedness and oracle
checks.

Before proof collection, candidates must pass Peano’s well-formedness check and the[oracle filtering]
[procedure] described above. To limit proof-search cost, we cap each (round, primary seed ancestor)
stratum at 200 candidates in logic and 1,500 in groups, sampling with a fixed seed. The primary
ancestor is the alphabetically first seed among a candidate’s recorded seed ancestors. We attempt all
filtered arithmetic candidates. These filters and caps precede the selection methods studied below
and are shared across methods using the same perturbation pool. Only candidates subsequently
proved in Peano provide the proof traces used for training (Section [3)).

Minimo pool construction. We collect Minimo conjectures from saved self-play runs (Section[3).
We use generations across five iterations having batches of 200 statements each. From the collected
statements, we remove repeated statements (Appendix [B]), and check well-formedness in Peano.
This go through the same oracle filtering step for efficiency purposesfabove] We submit all remaining
candidates to best-first search with the starting prover, regardless of whether they were proved during
the original Minimo run. Only statements proved by this search supply training proofs.

Table [5] summarizes the candidate pools. “Filtered” counts candidates remaining after removing
duplicate statements, checking well-formedness in Peano, and applying the Z3 checks for logic
and arithmetic or finite-group counterexample checks for groups, as described above. “Attempted”
counts candidates submitted to Peano proof search after the sampling step. “Proved” counts suc-
cessful proof searches.

This gives 5,530 proved perturbations in propositional logic, 8,584 in arithmetic, and 1,427 in
abelian groups, compared with 162, 148, and 592 proved Minimo conjectures, respectively. These
proved statements form the pools from which training data are selected.

C BEST-FIRST PROOF SEARCH

Policy scoring Details. For each legal action a at state s, we give the model the input:

S: <proof state>
A: <legal action>
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Table 4: Saved perturbation candidates generated each round, before deduplication and filtering.

Round Propositional logic ~ Arithmetic ~ Abelian groups

1 1,468 134 195
2 52,201 2,842 7,313
3 1,871,928 57,703 224,591
4 366,115 218,118 379,802
5 375,763 277,515 415,126
Sum 2,667,475 556,312 1,027,027

Table 5: Candidate pools before training-data selection. Filtered counts are after deduplication and
filters described in Section [B] Attempted candidates are the ones sampled for the proof search.

Domain Source Filtered Attempted Proved
Propositional logic ~ Perturbations 795,258 10,861 5,530
Minimo 184 184 162
Arithmetic Perturbations 19,356 19,356 8,584
Minimo 783 783 148
Abelian groups Perturbations 52,266 17,071 1,427
Minimo 776 776 592

2?7

The proof state contains the local context and current goal. During training, this input is followed
by Y for the action taken in the recorded proof, or N for another legal action.

Let zy (s, a) and zy (s, a) denote the model’s next-character logits for these two labels. We compute
an action score

exp(zy (s,a))
exp(2y (s, a)) + exp(zn (s, a))

We then normalize across the legal actions A(s):

q(s,a) =

q(s,a)

m(als) = a1 @)

Greedy rollouts choose the action with the largest probability, while sampled rollouts draw from this
distribution at temperature 1. BFS assigns each partial proof the cumulative priority

9= logr(ar | )
t

and expands the highest-priority partial proof next. This priority is computed from the policy prob-
abilities, not from a separate learned value function.

Algorithm [T| maintains a frontier of partial proofs, each containing an ordered list of open subgoals
and its action history. Here || denotes sequence concatenation. The optional action cap is disabled
when A, = 0. The pseudocode shows the pop-budget logic; searches also stop at the configured
time limit.

D PoLicY ROLLOUT SEARCH

Algorithm [2| first runs a greedy trajectory, then up to n sampled trajectories, stopping at the first
success. Each attempt starts from a fresh copy of the initial state. The queue contains only the open
subgoals of the current trajectory, not alternative partial proofs. Executing an action replaces the
focused subgoal with its resulting subgoals; the attempt succeeds when none remain. Here 7(a | )
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Algorithm 1 Policy-guided best-first proof search
Require: policy 7, initial state sy, pop budget B
Require: optional action cap Ay, ax
Ensure: a solving action sequence, or UNSOLVED
1: frontier <— max-priority queue keyed by g
2: push (g=0, subgoals=[s¢|, acts=]]) onto frontier
3: pops <0
4: while frontier # () and pops < B do

5: (g, subgoals, acts) < POPMAX (frontier)

6: pops < pops + 1

7: legal < LEGALACTIONS (subgoals|0])

8: if legal = () or (A0, >0 and |legal|> Ap,ax) then
9: continue
10: end if
11: scores < T (subgoals|0], legal)
12: log m < log (scores/ > scores)

13: for each action a; € legal do
14: spawned < EXPAND (subgoals|0], a;)
15: subgoals’ < spawned || subgoals[1:]

16: if subgoals’ = () then
17: return acts || [a;]
18: end if

19: push (g + log ;, subgoals’, acts || [a;]) onto frontier

20: end for
21: end while
22: return UNSOLVED

is the policy distribution over legal actions, and || denotes sequence concatenation. Sampled actions
use - (a | s) o< w(a | s)M/7.

The reported evaluations use n = 16, D = 60, 7 = 1, and a single 600-second time budget
shared by all attempts. Deadline checks occur between attempts and at the beginning of each action
step; an in-progress enumeration, scoring, or execution operation can therefore exceed the time
limit. The pseudocode omits exception handling: the implementation abandons an attempt if action
enumeration fails, and skips an action whose execution fails, choosing again among the remaining
actions at that state. The optional legal-action cap is disabled in these evaluations.

E CONJECTURE SELECTION DETAILS

Statement representation and scores. The selection tokenizer separates each parenthesis and
square bracket from the surrounding text, then splits on whitespace. Variable names, operators, type
names, and delimiters therefore contribute to both the token distance and the statement length. These
tokens are distinct from the raw character IDs used by the prover’s language model. Distances are
computed with unit-cost Levenshtein distance. Hardness values are saved best-first queue-removal
counts from the starting-prover collection; unsolved candidates are simply not selected. The HN
implementation and stores the log-hardness values and pairwise ratios. Hard/length instead uses the
raw count b(c) divided by token length.

Promotion procedure. Algorithm [3|summarizes the HN selection procedure using the score de-
fined in Equation

Settings for prover improvement. Table [6] reports the HN traversals supplying the finetuning
datasets. The propositional run uses 13 solved seed statements as references, Arithmetic and groups
each use five references. All three traversals stop because no remaining candidate has an easier
reference in the latest batch, before reaching their round cap. Promoted counts exclude the initial
seeds and precede subsampling to the training-example budget. These settings describe the prover-
improvement experiment.
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Algorithm 2 Policy rollout search

Require: policy 7, initial state sg, sampled attempts n, action limit D
Require: temperature 7, shared time budget T’
Ensure: a solving action sequence, or UNSOLVED

1: deadline < TIME + T
2: result < ROLLOUT(sg, GREEDY, D, 7, deadline)
3: if result is solved then
4: return result
5: end if
6
7
8

cforj=1,...,ndo
: if TIME > deadline then

: break
9: end if
10: result < ROLLOUT(so, SAMPLE, D, 7, deadline)
11: if result is solved then
12: return result
13: end if
14: end for

15: return UNSOLVED

16: function ROLLOUT(sq, mode, D, T, deadline)

17: queue < [CLONE(Sg)]; acts < []
18: for step =1,...,D do

19: if TIME > deadline then

20: return TIMEOUT

21: end if

22: if queue = () then

23: return (SOLVED, acts)

24: end if

25: s « queue|0]; legal + LEGALACTIONS(S)
26: if legal = () then

27: return DEAD

28: end if

29: if mode = GREEDY then

30: @ 4 argmaxXg/ clega T(a' | )
31: else

32: sample a ~ (- | s) over legal
33: end if

34: spawned < EXPAND(s, a)

35: queue < spawned || queue|[1:]
36: acts < acts || [a]

37: end for

38: if queue = () then

39: return (SOLVED, acts)

40: end if

41: return MAXDEPTH

42: end function

Table 6: HN promotion settings and resulting candidate sets for prover improvement. Rounds counts
completed promotion rounds.

Domain Seeds Batchcap Roundcap Rounds Promoted
Propositional logic 13 20 30 7 140
Arithmetic 5 20 30 6 114
Abelian groups 5 100 60 6 546
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Algorithm 3 Hard Neighbours selection on a fixed proved pool

Require: proved candidates C, proved seed references Ry
Require: search costs b, token distance d, batch cap m, round cap T’
Ensure: promoted candidate set P

1: Z/{<—C\R1,P<—®,R<—R1

2: fort=1,...,7T do

3: E«+{cel:3reR, br)<blc)}

4: if £ = () then
5: break
6: end if
7: Compute HN(c; R) for each ¢ € & using Equation [I]
8: B < the min{m, |€|} highest-scoring candidates
9: P+~ PUBU+U\B
10: R+ B
11: end for

12: return P

From candidate sets to training datasets. Each successful proof contributes labeled state—action
training examples. At each state visited in the proof, we pair the state with every legal action.
The action taken in the recorded proof receives label Y, and the alternatives receive label N. Each
example has the form:

S: <proof state>
A: <legal action>
??7?<label>

The proof state contains the local context and current goal. An N label indicates that the action was
not taken in the recorded proof, not that it is invalid or cannot lead to another proof.

We combine the examples from selected proofs and deduplicate using exact string match. We in-
clude all examples from each proof and stop before adding the next proof would exceed the training-
example budget.

Random takes proved perturbations in random order. HN samples the conjectures from the pool of
the conjectures selected by its promotion procedure. Hardest, Hard/length, and Shortest follow their
respective rankings. We shuffle the resulting training examples before finetuning, using three seeds.

Finetuning setup. All finetuning runs start from the same initial prover checkpoint. We train for
100 epochs using AdamW with a learning rate of 10~4, weight decay of 0.01, and batches of 64
training examples. We reshuffle the examples at the start of each epoch. The objective is next-
character cross-entropy over the complete labeled state—action strings, including the Y/N labels,
with padding excluded from the loss.

Compute resources. All experiments were conducted using a pool of 12 NVIDIA A100 GPUs,
each with 80 GB of GPU memory. Proof search was run with six parallel workers per GPU across
all experiments.

E.1 TRAINING DATASET SIZES

Tables report the final datasets used for prover finetuning, separately for data-selection and
shuffling seeds 42, 43, and 44. Conjecture counts refer to whole statements retained after budget
matching. Training examples are distinct policy-example strings after deduplication within each
dataset; these counts are not proof lengths or numbers of gradient updates. The example-count
targets are 1,800 in propositional logic, 3,020 in arithmetic, and 13,204 in groups.

Minimo is the learned-generation baseline; the other five methods select from the perturbation pool.
All three seeds are shown. The tables describe the prover-improvement experiment.
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Table 7: Propositional-logic finetuning datasets. The target is 1,800 training examples. Conj. de-
notes selected conjectures.

Table 8: Natural-number multiplication finetuning datasets. The target is 3,020 training examples.
Conj. denotes selected conjectures.

Table 9: Abelian-group finetuning datasets. The target is 13,204 training examples. Conj. denotes

Seed 42 Seed 43 Seed 44
Method Conj. Examples Conj. Examples Conj. Examples
Minimo 162 1,800 162 1,800 162 1,800
Random 95 1,786 98 1,797 92 1,777
HN 66 1,783 69 1,792 67 1,785
Hardest 62 1,775 62 1,775 62 1,775
Hard/length 61 1,779 61 1,779 61 1,779
Shortest 149 1,799 149 1,799 149 1,799

Seed 42 Seed 43 Seed 44
Method Conj. Examples Conj. Examples Conj. Examples
Minimo 148 3,020 148 3,020 148 3,020
Random 159 3,009 156 3,013 164 3,009
HN 96 2,996 96 2,996 94 2,996
Hardest 96 2,991 96 2,991 96 2,991
Hard/length 98 3,014 98 3,014 98 3,014
Shortest 298 3,016 298 3,016 298 3,016

selected conjectures.

Seed 42 Seed 43 Seed 44
Method Conj. Examples Conj. Examples Conj. Examples
Minimo 592 13,204 592 13,204 592 13,204
Random 556 13,195 542 13,183 558 13,189
HN 475 13,179 473 13,182 473 13,180
Hardest 466 13,199 466 13,199 466 13,199
Hard/length 466 13,194 466 13,194 466 13,194
Shortest 562 13,174 562 13,174 562 13,174
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E.2 BENCHMARK-THEOREM RECOVERY POOLS

Table 10: Original proved perturbation and Minimo source-pool sizes for benchmark-theorem re-
covery. Gold counts evaluated benchmark theorems proved by the starting prover.

Domain Perturbation Gold Minimo  Total
Propositional logic 5,530 13 162 5,705
Arithmetic 8,584 22 148 8,754
Abelian groups 1,427 9 592 2,028

Table 11: Base-prover benchmark-theorem recovery using the HN settings from the corresponding
prover-improvement experiment. Entries give the percentage of available Gold or Minimo state-
ments selected, rounded to one decimal place. Random gives the expected percentage under uniform
sampling without replacement.

Logic Arithmetic Groups
Method Gold Minimo | Gold Minimo | Gold Minimo
HN 46.2 1.2 | 29.6 42 | 333 34
Hardest 0.0 1.9 7.4 35| 333 14
Hard/length 7.7 5.6 | 222 35| 333 2.6
Shortest 38.5 46.3 | 259 345 | 66.7 39.9
Random (expected) 2.5 2.5 1.3 1.3 ] 223 22.3
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F EVALUATION BENCHMARKS

Table [12] describes the reasoning involved at each benchmark level, using the same level numbers
as the results figures. In logic, the levels distinguish basic rule use, constructive reasoning, and
classical reasoning. Arithmetic separates rewriting from induction, while group problems vary in
rewrite depth, inverse manipulation, and use of equality hypotheses.

Table 12: Benchmark levels used to evaluate prover improvement. The benchmarks contain 80
problems in propositional logic, 120 in natural-number multiplication, and 59 in abelian groups.

Level Problems Main reasoning requirements

Propositional logic

L1 4 Basic implication and negation

L2 13 Short compositions of logical rules and equivalences
L3 29  Multi-step constructive reasoning and case analysis

L4 14 Classical reasoning and double-negation elimination
L5 11 Composite classical equivalences and transformations
L6 9 Nested equivalences and multi-premise reasoning
Natural-number multiplication

L1 20  Short rewrite chains and congruence

L2 30 Equality chains and substitution using hypotheses

L3 30  One-variable induction

L4 25 Longer composite rewrites without induction

L5 15 Multi-variable induction and general arithmetic laws
Abelian groups

L1 16  Short associativity, commutativity, and identity rewrites
L2 15 Inverse manipulation and inverse identities

L3 10  Cancellation and reasoning from equality hypotheses
L4 10 Multi-variable rearrangements and inverse combinations
L5 8 Longer composite identities and equation solving
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Table 13: Overall solve rates and coverage (%) for every method under both search procedures.
Random outperforms Minimo in all three domains under best-first search; under rollouts, Minimo
leads only in arithmetic. The best selection method depends on the domain, search procedure, and
metric. No selection method exceeds Random’s peak solve rate in arithmetic under BFS. Peak is
the maximum over evaluated checkpoints of the three-seed mean; coverage is the percentage of
problems solved at any checkpoint within each seed, averaged over seeds (Section[6.1). Base is the
starting prover evaluated once. Values are rounded to one decimal place. Bold marks the column
maximum within each search block, including ties. Rollouts use a greedy attempt followed by up to
16 sampled attempts.

Logic (80) Arithmetic (120) Groups (59)

Method Peak Coverage Peak Coverage Peak Coverage
Best-first search

Base 16.3 - 183 - 153 -
Minimo 46.7 50.4  46.7 519 232 26.0
Random 54.6 58.8 55.6 57.8 28.8 30.5
HN 60.0 66.3 553 581 305 31.6
Hardest 57.9 63.8 55.6 57.8 299 31.6
Hard/length  57.5 61.3 553 57.8 31.6 32.8
Shortest 554 59.6 528 57.2  31.1 322
Policy rollout search

Base 0.0 - 208 - 136 -
Minimo 329 379 50.3 60.8 21.5 31.1
Random 45.8 50.0 475 544 226 31.6
HN 48.3 55.8 48.1 553 288 339
Hardest 50.4 54.6  46.7 56.9 27.7 339
Hard/length  47.9 554 48.1 553 237 30.5
Shortest 50.0 56.3 489 533  26.6 31.6

G OVERALL SOLVE RATES AND COVERAGE

Table [T3] provides the numerical summaries corresponding to the peak and coverage bars. For each
trained method, peak is the maximum over evaluated checkpoints of the mean solve rate across
sampling seeds 42, 43, and 44. Coverage is computed by taking the union of solved problems across
checkpoints within each seed, then averaging the resulting solve rates across seeds. It is not the
solve rate of a single checkpoint. Peak epochs may differ between methods and search procedures;
these are retrospective summaries, not validation-selected checkpoint results.

The evaluated epochs are {5, 10, 20, 30,60, 100} for propositional logic and abelian groups, and
{10, 20, 30,60, 100} for arithmetic. Base denotes the starting prover, evaluated once per domain
and search procedure: its entry in the Peak column is its solve rate, not a checkpoint maximum or
a three-seed average. Coverage is not applicable to Base and is shown as a dash. Minimo is the
learned-generation baseline; the other methods select from the perturbation pool.
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G.1 LEVEL-WISE BFS AND OVERALL ROLLOUT RESULTS
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Figure 8: Level-wise best-first-search performance. Each panel show propositional logic, arithmetic,
and abelian groups; n is the number of problems in each level. Colored bars show the maximum over
checkpoints of the three-seed mean solve rate within that level. Gold extensions indicate coverage,
computed by taking the union across checkpoints within each seed and then averaging. A gray bar
represents all methods have the same performance; a missing bar has value zero.
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Figure 9: Overall rollout performance, including Base, Minimo, and all five perturbation selec-
tion methods. Each problem receives a greedy attempt followed by up to 16 sampled attempts.
For trained methods, paired bars show peak solve rate (dark, left) and coverage (light, right): the
maximum checkpoint-wise three-seed mean and mean within-seed coverage across checkpoints, re-
spectively. Base is a single gray bar showing the starting prover’s solve rate.
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Figure 10: Propositional logic: best-first solve rate versus queue removals per problem, at all six
evaluated checkpoints. Lines show three-seed means and shading shows £1 sample SD.

H SEARCH-EFFORT CURVES

The following figures show all six training methods at every evaluated checkpoint, separately for
the 80 propositional-logic, 120 arithmetic, and 59 abelian-group problems. Lines are means across
sampling seeds 42, 43, and 44; shaded bands indicate 1 sample standard deviation.

For the cost-based curves, a problem contributes at threshold x only if its saved search succeeded
with recorded cost at most x. These are post-hoc summaries of the completed searches. Best-first
queue removals count partial proofs taken from the frontier. An action evaluation counts one state—
action score: multiple action scores can be computed in a batch. Rollout evaluation counts include
all attempts preceding the first success. These cost units are not interchangeable and do not establish
equal computational budgets between search procedures. All curves retain the original per-problem
time limit.

H.1 BEST-FIRST SEARCH: QUEUE REMOVALS

Figures[IOHI2] vary the queue-removal threshold up to 4,000, on logarithmic horizontal axes. At the
right endpoint, each curve reaches that checkpoint’s reported best-first solve rate.

H.2 BEST-FIRST SEARCH: ACTION EVALUATIONS

Figures[T3HI5]use the total number of policy action evaluations as the horizontal axis. This accounts
for the varying number of legal actions scored at each visited state. For each domain, the plotted
evaluation range is shared with the rollout evaluation curves and spans every recorded successful
search.

H.3 ROLLOUTS: ACTION EVALUATIONS
Figures[T6HI8|count action evaluations over the greedy attempt and all subsequent sampled attempts

through the first success. The horizontal axes are logarithmic. The 600-second shared deadline and
the limit of 60 actions per attempt still apply.
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Figure 11: Arithmetic: best-first solve rate versus queue removals per problem, at all five evaluated
checkpoints. Lines show three-seed means and shading shows +1 sample SD.
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Figure 12: Abelian groups: best-first solve rate versus queue removals per problem, at all six evalu-
ated checkpoints. Lines show three-seed means and shading shows +1 sample SD.
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Figure 13: Propositional logic: best-first solve rate versus policy action evaluations per problem.
Lines and bands show the three-seed mean 31 sample SD.
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Figure 14: Arithmetic: best-first solve rate versus policy action evaluations per problem. Lines and
bands show the three-seed mean 1 sample SD.
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Figure 15: Abelian groups: best-first solve rate versus policy action evaluations per problem. Lines
and bands show the three-seed mean +1 sample SD.
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Figure 16: Propositional logic: rollout solve rate versus cumulative policy action evaluations per
problem. Lines show three-seed means; shading shows +1 sample SD.
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Figure 17: Arithmetic: rollout solve rate versus cumulative policy action evaluations per problem.
Lines show three-seed means; shading shows +1 sample SD.
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Figure 18: Abelian groups: rollout solve rate versus cumulative policy action evaluations per prob-
lem. Lines show three-seed means; shading shows +1 sample SD.
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Figure 19: Propositional logic: solve rate after a greedy attempt plus up to k£ sampled attempts.
Lines show three-seed means; shading shows +1 sample SD.

H.4 ROLLOUTS: NUMBER OF ATTEMPTS

Figures [T9H21] show success after the greedy attempt and up to k sampled attempts, for & =
0,...,16. The point at & = 0 is greedy-only performance; k = 16 reaches the reported rollout
solve rate. Searches stop at the first success or when the shared time budget expires. These curves
describe the saved greedy-first protocol, not unrestricted sampling-only pass@k.
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Figure 20: Arithmetic: solve rate after a greedy attempt plus up to k& sampled attempts. Lines show
three-seed means; shading shows £1 sample SD.
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Figure 21: Abelian groups: solve rate after a greedy attempt plus up to k sampled attempts. Lines
show three-seed means; shading shows £1 sample SD.
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Figure 22: Propositional-logic learning curves for all methods: best-first search (left) and rollouts
(right). Dashed lines show solve rate, solid lines show coverage, and shading shows 1 sample SD.
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Figure 23: Arithmetic learning curves for all methods: best-first search (left) and rollouts (right).
Dashed lines show solve rate, solid lines show coverage, and shading shows £1 sample SD.

I ADDITIONAL LEARNING AND SELECTION DIAGNOSTICS

1.1 ALL-METHOD LEARNING CURVES

Figures show all six methods under both search procedures. Dashed curves are checkpoint
solve rates. Solid curves are coverage up to that checkpoint, computed by forming unions within
each seed before averaging. Both metrics use three-seed means with 1 sample-SD shading. Cov-
erage is not the ability of a single checkpoint.
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Figure 24: Abelian-group learning curves for all methods: best-first search (left) and rollouts (right).
Dashed lines show solve rate, solid lines show coverage, and shading shows £1 sample SD.
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Figure 25: Greedy-only solve rates throughout finetuning in the three domains. Lines are means
across three sampling seeds; shading indicates 1 sample SD. No sampled attempts contribute to
these curves.

1.2 GREEDY AND LEVEL-WISE ROLLOUT RESULTS

Figure [23]isolates the first, greedy attempt of the rollout protocol. Figure 26 complements the main-
text BFS level-wise analysis with rollout results, retaining the same peak and coverage definitions.

1.3 RETURNED PROOF LENGTHS
Figure 27| compares BFS and rollout proof lengths for Minimo, Random, and HN across three seeds

and checkpoints at epochs {10, 20, 30, 60, 100}. For each method, both searches use the same model
checkpoint. At each seed and epoch, we compare all methods on the same set of problems: those
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Figure 26: Level-wise rollout performance. Colored bars show the peak checkpoint-wise three-seed
mean within each level; gold bars indicate mean within-seed coverage.
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Figure 27: Mean returned proof lengths for BES and rollout on problems solved by all three dis-
played methods under both searches, matched within each seed and checkpoint.

solved by all three methods under both searches. For each method and search procedure, we compute
the mean proof length on this set, then average equally across the 15 seed—epoch pairs.

A redundant successful rollout. For contraposition, (A — B) — (=B — —A) (benchmark
problem L3_4), the Minimo seed-42 model at epoch 100 returns an 11-action BFS proof and a 29-
action successful sampled rollout. Table[T4]shows the recorded actions from the same checkpoint.
The first seven and final four actions are identical. Between them, the rollout repeats the pair a
exfalso,=> false. nine times.

BFS actions  Rollout actions Recorded action

14 14  intro. (four times)
5 5 a not_1i
6 6 => [x —-> false].
7 7 intro.
— 8-25 a exfalso (repeat this pair nine times)
=> false.
8 26 ¢ x1
9 27  => (x1 x3).
10 28 ¢ not_e
11 29 => (not_e x0 x2 p).

Table 14: Contraposition proved by BFS (11 actions) and a successful sampled rollout (29 actions).
The middle block occurs only in the rollout and contributes 18 redundant actions. Counts refer to
the returned successful traces, not search effort or failed attempts.

The first four introductions name the propositions x (A) and x0 (B), and the assumptions x1:
A — B and x2: —B. Negation introduction then reduces the goal —A to proving false under
an additional assumption x3: A. In the trace, a chooses backward application, ¢ chooses forward
construction, and => selects an instantiation.

With the goal already false, each repeated pair applies ex falso backward with conclusion false,
replacing the obligation to prove false by the same obligation. The logical context and goal are
unchanged after each pair; no contradiction has yet been derived. The final four actions derive
p: B by applying x1 to x3, then combine p with x2: —B to derive false and close the proof.
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Figure 28: Mean within-seed Jaccard overlap of selected conjecture sets. Rnd denotes Random,
Hard denotes Hardest, H/L. denotes Hard/length, and Short denotes Shortest.

Removing the 18 repeated actions yields exactly the saved BFS trace. This example illustrates
concrete redundancy, not its prevalence or an explanation of the arithmetic rollout advantage.

1.4 SELECTED-CANDIDATE OVERLAP

Figure 28| reports Jaccard overlap, J(S1,S52) = [S1 N Sa|/|S1 U S2|, between the final selected
conjecture sets. We compute each overlap within a sampling seed and then average across seeds 42,
43, and 44; we do not pool the seed sets before computing the ratio. Candidate sets are recovered
from their saved training examples and their sizes checked against selection metadata. These are
statement-set overlaps, not proof-step overlaps or measures of semantic equivalence. Minimo is
omitted because it uses a different source pool.
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J  DOMAIN AXIOMS AND A WORKED PROOF

The following listings give the declarations and search annotations used in the three Peano theory
files. They specify the domain vocabulary and inference rules, not the smaller sets of statements
used to seed conjecture generation. In Peano, [X —> Y] denotes a function type, representing
implication when X and Y are propositions. A named argument, asin [ (‘x : T) -> ...],
binds a variable of type T.

The #forward and #backward annotations govern how rules are used in search; they are not
additional logical axioms. Forward rules construct facts from the context, while backward rules
reduce the current goal to subgoals. Pattern annotations restrict forward instantiation; infer and
subgoal specify argument roles in backward use. Introduction of variables and hypotheses, and
closure of goals by existing facts, are provided by the environment.

J.1 PROPOSITIONAL LOGIC

The configured premise set consists of the thirteen named rules below, from and_i through em. The
excluded-middle rule makes this a classical propositional theory.

prop : type.
false : prop.

not : [prop —-> prop].

and : [prop —> prop —-> prop].
or : [prop —> prop —-> prop].
iff : [prop —-> prop -> propl].

#backward and_1i.

and_i : [('P : prop) —-> ('Q : prop) -> 'P -> 'Q -> (and '"P 'Q)1].
#forward and_el ('_ : (and 'P 'Q)).

and_el : [('P : prop) —> ('Q : prop) —-> (and 'P Q) —-> 'P].
#forward and_er ('_ : (and 'P 'Q)).

and_er : [("P : prop) -> ('Q : prop) -> (and 'P Q) -> 'Q].

#backward or_il.

or_il : [('P : prop) -> ('Q : prop) —-> '"P -> (or 'P 'Q)].
#backward or_ir.

or_ir : [('P : prop) —-> ('Q : prop) —-> 'Q —-> (or 'P 'Q)1].
#backward or_e infer infer infer infer subgoal subgoal.
or_.e : [("P : prop) —> ('Q : prop) -> ('R : prop) —>

(or 'P Q) —> ['P —> 'R] —> ['Q —> 'R] —> 'R].

#backward not_1i.

not_i : [('P : prop) -> ['P -> false] -> (not ’"P)].
not_e : [("P : prop) —-> (not 'P) -> ’'P -> false].
#backward exfalso.
exfalso : [false -> (P : prop) —-> 'P].
#backward iff_1i.
iff i : [('P : prop) -> ('Q : prop) -> ['P -> Q] -—>
[0 —> 'P] —> (i1ff 'P 'Q)].
#forward iff_el ('_ : (iff 'P 'Q)).
iff el : [('P : prop) —-> ('Q : prop) ->
(1ff P Q) —> ['P -> 'Q]].
#forward iff_er ('_ : (iff 'P 'Q)).
iff er : [(!P : prop) —-> ('Q : prop) ->

(iff P Q) —> ['Q —> 'P]].
#forward em.
em : [("P : prop) —-> (or '"P (not ’"P))].
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J.2  NATURAL-NUMBER ARITHMETIC WITH MULTIPLICATION

Here z is zero and s is successor. Addition and multiplication recurse on their second argument.
The rule nat_ind supplies induction over natural numbers. Search uses the five named rules below
together with the three built-in equality rules described in Appendix [J.4]

[("t : type) —> 't -> 't -> prop].

nat : type.
z : nat.
s [nat -> nat].
+ [nat -> nat -> nat].
* [nat -> nat -> nat].
+ z : [('n nat) -> (= (+ 'n z) ’'n)]
+_ s : [('n : nat) —> ('m nat) ->
(= (+ 'n (s 'm)) (s (+ 'n 'm)))]
7 ¢ [('n : nat) => (= (* "'n z) z)]
s : [('n : nat) -—> ('m nat) ->
(= (» 'n (s 'm)) (+ 'n (» 'n 'm)))]
nat_ind : [('p [nat -> propl]) -> ('p z) —>
[('n nat) -> (‘p 'n) -> ('p (s 'n))] —>
[('n nat) > ('p 'n)]].
#backward nat_ind.
#forward +_z ((+ 'n z) nat)
#forward +_s ((+ 'n (s 'm)) nat) .
#forward *_z ((x 'n z) nat)
#forward *_s ((x 'n (s 'm)) nat) .

J.3 ABELIAN GROUPS

Here op, id, and inv denote the group operation, identity, and inverse. The axioms provide asso-
ciativity, commutativity, a left identity, and a left inverse. Search uses these four rules together with
the three built-in equality rules.

=: [("t : type) —> 't -> 't -> prop].

G : type.
op : [G —> G -> G].
id : G.
#forward op_assoc ((op (op 'a '"b) ’'c) : G).
op_assoc : [("a : G) —> (b : G) —> ('c : G) —>

(= (op (op "a "b) ’"c) (op 'a (op '"b "c)))1.
#forward op_comm ((op "a "b) : G).

op_comm : [('a : G) -> ("b : G) —>
(= (op "a "b) (op 'b "a))l.

#forward id_1.

id_1 : [("a : G) —> (= (op id 'a) 'a)].

inv : [G -> G].

#forward inv_1.

inv_1l : [("a : G) -> (= (op (inv ’a) ’'a) id)].
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J.4 BUILT-IN EQUALITY RULES

Arithmetic and groups additionally enable eq_refl, eg_symm, and rewrite. These are imple-
mented in Peano rather than declared in the theory files. Reflexivity constructs ¢ = ¢ for a well-typed
term ¢; symmetry obtains u = ¢ from ¢ = w; rewriting substitutes equal terms in a proposition. These
operations provide equality reasoning without separate domain-specific axioms for transitivity or
congruence.

J.5 FULL PROOF OF CONJUNCTION COMMUTATIVITY
The example from Section [3] has statement
[("A : prop) -> ('B : prop) -> (and 'A 'B) -> (and "B 'A)]

Introduce arbitrary propositions A and B and assume h : A A B. Conjunction elimination gives
u : A and v : B. Conjunction introduction, with the arguments in the opposite order, then gives
B A A:

u := and_el(A4, B, h), v:=and_er(A, B, h), and_i(B, A,v,u) : BA A.

In the recorded trace, Peano names A, B, and h as x, x0, and x1, respectively. After the three
introductions, the context is {x : prop,z0 : prop,z1 : = A 20} and the goal is 20 A . The five
available rule choices are a and_-i, ¢ and._el,c and.er,a exfalso,and c em.

Table[T3]lists all nine actions of the proof. The prefix c selects a forward construction and a selects a
backward application. Each is followed by a separate instantiation action, prefixed by =>. Selecting
a rule alone does not change the logical context or goal. At the final action, the two required con-
juncts are already in the context, so no open goals remain. Thus the trace has nine recorded actions
but only three uses of conjunction rules after the introductions.

Table 15: Complete nine-action trace for conjunction commutativity. The trace was verified in
Peano.

Step Recorded action Effect
1 intro. Declare x : prop.
2 intro. Declare z0 : prop.
3 intro. Assume z1 : z A z0.
4 ¢ andel Select left-conjunct elimination.
5 => (andel x x0 x1). Add aproof of x to the context.
6 c ander Select right-conjunct elimination.
7 => (and-er x x0 x1). Add a proof of z0 to the context.
8 a and-i Select conjunction introduction.
9 => . Close 20 A z using the two extracted facts.

40



	Introduction
	Related Work
	Background: The Peano Environment
	Conjecture Generation
	Conjecture Selection
	Conjecture Evaluation
	Prover Improvement
	Benchmark-Theorem Recovery

	Results and Analysis
	Conclusions and Limitations
	Perturbation Operations
	Variable Operations
	Propositional Logic
	Natural-Number Arithmetic
	Abelian Groups

	Conjecture Generation Details
	Best-First Proof Search
	Policy Rollout Search
	Conjecture Selection Details
	Training Dataset Sizes
	Benchmark-Theorem Recovery Pools

	Evaluation Benchmarks
	Overall Solve Rates and Coverage
	Level-Wise BFS and Overall Rollout Results

	Search-Effort Curves
	Best-First Search: Queue Removals
	Best-First Search: Action Evaluations
	Rollouts: Action Evaluations
	Rollouts: Number of Attempts

	Additional Learning and Selection Diagnostics
	All-Method Learning Curves
	Greedy and Level-Wise Rollout Results
	Returned Proof Lengths
	Selected-Candidate Overlap

	Domain Axioms and a Worked Proof
	Propositional Logic
	Natural-Number Arithmetic with Multiplication
	Abelian Groups
	Built-In Equality Rules
	Full Proof of Conjunction Commutativity


