
ANALYTIC SYMMETRIC FLOATING BODIES

TOM DE GROOT AND LIAM PRICE

Abstract. In every dimension d ≥ 3, we construct nonspherical, origin-symmetric, strictly
convex bodies of revolution with real-analytic boundary that float in equilibrium in every
orientation. Their densities tend to the unit-ball cap fraction at height (d + 4)−1/2, where we
prove that a degree-four spherical resonance is isolated. More generally, our construction applies
at isolated even-degree resonances whose waterline angle is an irrational multiple of π. Varying
the density gives formal deformations. To obtain actual bodies, we use a finite-order diagonal
reduction to establish inverse estimates away from small divisors. Newton iteration then corrects
fixed-order truncations on closed parameter sets of asymptotically full measure.

1. Introduction

A homogeneous body of relative density ρ ∈ (0, 1) floats in equilibrium when the centroid of
its submerged cap of volume ρ volK lies on the vertical line through the centroid of the body.
Ulam asked whether equilibrium in every orientation characterizes the ball. Nonspherical bodies
of revolution exist at density 1/2 in every dimension d ≥ 3 [4]; at that density, origin symmetry
forces a convex floating body to be a ball [2]. Wegner constructed formal centrally symmetric
branches in dimension three at other densities [5]. We obtain analytic bodies near isolated zonal
resonances and verify the required conditions in every dimension.

Equilibrium is equivalent to constancy of cap volume and energy. At the ball, the Funk–
Hecke formula diagonalizes the linearized energy operator. At an isolated zero, the kernel is
one-dimensional. Varying the density resolves the resonant equation and gives approximate
solutions to any fixed order. We prove isolation for degree four in every dimension.

To correct these approximations, we write the cap integrals over fixed spherical caps and
parametrize the meridian so that waterline endpoints have a constant parameter difference.
Matveev’s theorem bounds the small divisors of the tangential equation at the limiting angle.
For the normal equation, we diagonalize to finite order and invert the noncritical part by a
Neumann series wherever the diagonal satisfies the required lower bounds. We apply Newton
iteration on nested closed parameter sets, estimating the measure lost as the diagonal changes.

Write vd = πd/2/Γ(1+d/2), λ = (d−2)/2, and Zl = Cλl /C
λ
l (1). Thus Zl(ω1) is the normalized

degree-l zonal harmonic on Sd−1. For 0 < h < 1 put

(1) ρd(h) = vd−1
vd

∫ 1

h
(1 − s2)(d−1)/2 ds.

For an axial profile u, [u]l denotes its coefficient of Zl. We use the same coefficient notation for
its angular representative u(cosx).

Theorem 1. Fix d ≥ 3, an even integer L ≥ 4, and h∗ ∈ (0, 1) such that
(2) Z ′′

L(h∗) = 0, Z ′′
l (h∗) ̸= 0 (l ≥ 2 even, l ̸= L), a∗ := arccosh∗ /∈ πQ.

For any 0 < c1 < c2 and all sufficiently small t > 0, there is a closed set Gt ⊂ It = [a∗ +
c1t, a∗ + c2t] with |It \ Gt| = o(t). Each a ∈ Gt determines a nonspherical, origin-symmetric,
strictly convex body of revolution Ka ⊂ Rd of volume vd, with real-analytic boundary, floating in
equilibrium in every orientation. Writing ε = [Ra]L > 0, its radial function and relative density
satisfy
(3) Ra = 1 + εZL +O(ε2), ρa = ρd(h∗) + ρ1ε+O(ε2), a− a∗ = a1ε+O(ε2).
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Here a1 > 0 and ρ1 < 0. The meridian has an analytic parametrization γ in which each waterline
chord joins γ(x− a) to γ(x+ a). The remainders are uniform on a fixed complex angular strip.
The same bodies float at density 1 − ρa.

Corollary 2. Theorem 1 applies with L = 4 and h∗ = (d+ 4)−1/2 for every integer d ≥ 3. In
particular,

ρ∗,3 = 1
2 − 5

7
√

7
, ρ∗,4 = arccos(1/

√
8)

π
− 19

√
7

96π , ρ∗,d := ρd((d+ 4)−1/2).

Figure 1 shows the leading quartic deformation in dimension three.
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(a) R= 1+ "Z4 (b) f(x) =Z4(cosx)

Figure 1. The first-order quartic profile R = 1 + 0.08Z4 in dimension three and
its angular harmonic. Teal and ochre indicate positive and negative displacement.

For an origin-symmetric body, set V (n, q) = vol{z ∈ K : n · z > q} and J(n, q) =
∫
K(n · z −

q)+ dz. If V (n, q(n)) = ν, then Jq = −V shows that the tangential derivative of J(n, q(n))+νq(n)
is the transverse cap moment. Equilibrium in every orientation is therefore equivalent to constancy
of this energy. Central symmetry fixes the centroid and gives the complementary-density assertion.

2. The spherical calculation

Let Ch, Th be spherical convolutions with kernels 1s>h and (s − h)+, using unnormalized
surface measure. Put Λl = l(l + d − 2) and ωd−2 = |Sd−2|. Funk–Hecke gives their degree-l
eigenvalues

cl(h) = ωd−2(1 − h2)(d−1)/2Z ′
l(h)

Λl
, tl(h) = ωd−2(1 − h2)(d+1)/2Z ′′

l (h)
Λl(Λl − d+ 1) .

The formulas apply for l ≥ 1 and l ≥ 2, respectively; lower degrees are given by the integrals.
Also t′l = −cl. Thus the isolation condition for the quartic application reduces to excluding all
other zeros at the same cap height.

Lemma 3. For d ≥ 3 and l ≥ 2, Z ′′
l ((d+ 4)−1/2) = 0 if and only if l = 4.

Proof. Put D = d+3, T∗ = 4(d+2), and choose a square root h of 1/(D+1). With y = (1−h)/2,
Taylor expansion at one gives

(4)
Z ′′
l (h) = Λl(Λl − d+ 1)

(d− 1)(d+ 1) SM (Λl), SM (T ) =
M∑
j=0

ej

j+1∏
r=2

(r(r + d− 2) − T ),

ej = (2y)j

j!
∏j−1
r=0(D + 2r)

, M ≥ max(5, l − 2).
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To prove isolation, we show that SM (T )/(T − T∗) is a local unit at every spectral value. This
quotient is polynomial because Z ′′

4 (h) = 0.
For an odd prime p | D, put a = vp(D) and choose h ≡ 1 (mod p). Then vp(y) = a and

e1 ≡ 1/2 (mod p). If vp(ej) > 0 for j ≥ 2, monic division over Zp gives SM (T )/(T −T∗) ≡ −1/2
(mod p). Write sp(n) for the base-p digit sum and Ap = a− 2/(p− 1). The factorial valuation
formula gives

(5)
vp(ej) = a(j − 1) − vp(j!) − vp((j − 1)!) > 0 (2 ≤ j ≤ pa),

vp(ej) ≥
{
jAp + 2/(p− 1) − logp(D/2), D even,
jAp + 1/(p− 1) − logpD, D odd.

For the second line, express the rising factorial in ej as a ratio of ordinary factorials and use
sp(u+ v) ≤ sp(u) + sp(v) and sp(u) ≤ (p− 1) logp(u+ 1). Thus Ap > 0 and logD ≤ paAp log p
suffice.

If b = v2(D) ≥ 3, choose h ≡ 1 (mod 4), set U = T/2, and put wj = 2jej . All factors
r(r + d − 2)/2 − U have integral coefficients. Here w1 is odd, and positivity of v2(wj) for
j ≥ 2 gives SM (2U)/(U − T∗/2) ≡ 1 (mod 2). The corresponding bounds are positivity for
2 ≤ j ≤ 2b−1 and
(6) v2(wj) = j(b− 3) + s2(j) + s2(D/2 + j − 1) − s2(D/2 − 1) ≥ j(b− 3) + 2 − log2(D/2).
In particular 2b−1(b− 3) ≥ log2D suffices.

These criteria cover all but four values of D. To check this, let P be its largest exact prime-
power factor and Ln = lcm(1, . . . , n). We use D | LP and Ln ≤ 4n−1, the latter following by
induction from central binomial coefficients. If P = pa ≥ 11 is odd, then Ap log p > log 4, so the
odd-prime criterion follows. If P = 2b ≥ 128, then 2b−1(b− 3) ≥ 2P > log2D; for P = 64 use
L64 < 296. Otherwise D | L32. If Q = pa is the largest odd prime-power factor, the remaining
checks are

Q ≥ 11 D ≤ 4Q, Ap log p > log 4
Q = 9 D ≤ 10080 < 39

Q = 7 D ≤ 3360, 33603 < 714

Q = 5 D/2 ≤ 240 < 57/2 if D is even; otherwise D = 15.
In the last row (5) applies for j ≥ 6, and its initial range covers j ≤ 5. In the first row, the odd
part divides the odd part of LQ and v2(D) ≤ 5, giving D ≤ LQ25−⌊log2 Q⌋ ≤ 4Q; the inequality
for Ap is immediate. With Q ≤ 3 or no odd factor, D = 2b or 3 · 2b, and (6) applies for b ≥ 4.
Only D = 6, 8, 12, 24 remain.

Their exact valuations and reduced quotients are listed below. In the odd-prime rows the
quotient is SM (T )/(T − T∗); in the other rows it is SM (2U)/(U − T∗/2).

D coefficient valuation unit indices quotient
6 ej (p = 3) (s3(j) + s3(j + 2) − 2)/2 0, 1 −1/2
8 wj (p = 2) s2(j) + s2(j + 3) − 2 0, 1 1
12 ej (p = 3) (s3(j) + s3(j + 5) − 3)/2 0, 1, 4 (1 − T )3

24 wj (p = 2) s2(j) + s2(j + 11) − 3 0, 1, 5 1 + U(1 + U)3

The first two unit-index assertions reduce to differences of powers equal to 2 or 3. For D = 12, the
minimum digit-sum pair has types (1, 2) and (2, 1): j = 3r gives j = 1, while s3(3r − 5) = 2r− 2
gives j = 4. For D = 24, a total of two would make powers of two differ by eleven; a total
of three gives j = 1 or, using s2(2r − 11) = r − 2, j = 5. This proves the listed valuations
are nonnegative with exactly those units. Substitution in (4) gives the quotients. For D = 12,
Λl = l(l + 7) ≡ 0, 2 (mod 3); for D = 24, the quotient is one at both residues modulo two. The
quotients are therefore units at all spectral values. Since Λl is strictly increasing, only l = 4 can
vanish. □

For the quartic resonance irrationality follows already from the rational nonintegral trace
2 cos(2a∗) = −2 + 4/(d+ 4). Together with Lemma 3, this verifies the hypotheses of Theorem 1
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for L = 4 in every dimension d ≥ 3. The density formulas in Corollary 2 follow from (1); Figure 2
shows the resulting resonant heights and limiting densities as d varies.
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Figure 2. Quartic resonant heights and limiting densities for integer 3 ≤ d ≤ 100,
as in Corollary 2. The horizontal axes are logarithmic.

We return to a general resonance satisfying (2). Irrationality suffices for polynomial translation
equations; analytic estimates require a quantitative bound. The numbers h∗ and e2ia∗ are
algebraic, and the latter is not a root of unity. The theorem on linear forms in logarithms [3],
applied to m log(e2ia∗) − 2j log(−1), gives constants γ∗, τ∗ > 0 such that
(7) |2 sin(ma∗)| ≥ γ∗(1 + |m|)−τ∗ (m ∈ Z \ {0}).

We next construct formal solutions whose truncations will start the Newton iteration. Their
first coefficients determine the changes in density and chord separation. In the rest of the proof,
unmarked spherical quantities are evaluated at h∗. Put f = ZL, σ∗ = (1 − h2

∗)1/2, A = vd−1σ
d−1
∗ ,

and

(8)
b = cL/A, B = [f2]L, µ = 1

π

∫ π

0
f(cosx) dx,

h1 = 1
2(h∗ − b)B, ρ1 = −Ah1/vd, a1 = h∗ − b

σ∗
(µ−B/2), β = Abh1.

Solvability requires b ̸= 0, and the angle parametrization requires a1 > 0. Write L = 2m.
The normalized polynomial b(h) = C

d/2
L−1(h)/Cd/2

L−1(1) satisfies |b(h)| ≤ h for 0 < h < 1, by the
quadratic Jacobi transformation and endpoint bound [1, 18.7.1, 18.7.14, 18.14.1]. Equality at
h∗ would force b′(h∗) = ±1, whereas resonance gives b′(h∗) = 0. Thus |b| < h∗; also b ≠ 0, by
uniqueness for the Gegenbauer equation for Z ′

L. The generating function gives µ > 0, and the
product formula [1, 18.18.22], with v = λ+m, gives

B

µ
= (2m)!

m!

m−1∏
j=0

2v + j

(v + j)(v +m+ 1 + j) <
4
3 .

Every factor decreases for v ≥ m, and the product equals 4/3 at v = m. Hence B, h1, a1 > 0
and ρ1 < 0. In angular formulas write f(x) = ZL(cosx), ⟨u⟩ = (2π)−1 ∫ 2π

0 u(x) dx, and
Tau(x) = u(x+ a).
Proposition 4. There are formal fixed-volume floating bodies with radial function Rε = 1 +
εf + O(ε2), [Rε]L = ε, density ρd(h∗) + ρ1ε + O(ε2), and cap height h∗ + ε(h1 + bf) + O(ε2).
Their meridians admit a formal parametrization for which each cap chord joins the parameters
x − aε and x + aε, where aε = a∗ + a1ε + O(ε2). Every coefficient is a finite trigonometric
polynomial. For each fixed N , truncation gives analytic seeds on any fixed strip with residual
O(tN ) in sup +tLip on It.
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Proof. Eliminate the cap height using V (R,H) = vdρ and VH = −A. For R = 1 + ε(f + w),
[w]L = 0, divide the nonconstant energy and volume equations by ε. The linearization has
nonzero coefficients tl on the noncritical modes, dvd for volume, and vdb for the critical density
variation. Funk–Hecke shows that the cap Taylor coefficients preserve finite spherical polynomials.
The formal implicit function theorem gives the radial series in this class.

For R = 1 + εf + ε2g, the quadratic nonconstant energy is

Thg + 1
2(dTh + hCh)(f2) − (Chf)2

2A + vdρ1
A

Chf.

Its degree-L coefficient is β + vdbρ1, giving (8); the volume row fixes [g]0. The height variation
is h1 + bf .

To give the chord endpoints constant parameter separation, let B±(θ, ε) solve R(B±) cos(B± −
θ) = H(θ), with B± = θ±a∗ +O(ε). The map B+B

−1
− is reversible under x 7→ −x and commutes

with translation by π. Conjugating it formally to translation by 2aε requires, at each order,
u(x+ 2a∗) − u(x) = G(x) − ⟨G⟩. Irrationality determines the nonzero Fourier coefficients, the
mean determines the angle, and reversibility gives an odd conjugacy. The first-order mean
separation is a1 = ((h∗ − b)µ− h1)/σ∗. Since a1 > 0, invert aε formally and truncate in a− a∗.
Taylor’s theorem on a slightly wider strip gives the residual estimate for each fixed truncation
order. □

3. Cap coordinates

For convergence we keep the endpoint separation fixed and solve for the meridian. We put the
moving caps on a fixed spherical cap to estimate the nonlinear equations and their derivatives
on common analytic strips. Let γ = (X,Y ) be a meridian near γ∗(u) = (cosu, sin u), with X

even, Y odd, and γ(u+ π) = −γ(u). Put S = (X ′2 + Y ′2)1/2 and N = (Y ′,−X ′)/S. For a near
a∗, put h = cos a for the reference spherical cap, γ±(x) = γ(x± a), and define the chord normal
and height shown in Figure 3 by

L2
c = (γ+ − γ−) · (γ+ − γ−), n = ((γ+ − γ−)2,−(γ+ − γ−)1)

Lc
, q = n · γ+.

All square roots use their branches at the circle. Revolution gives boundary points (X(u), Y (u)η),
η ∈ Sd−2.

x¡ a

x+ a

2a

u2ℝ=2¼ℤ

°

°+

°¡

q

n

0

°§ = °(x§ a)

(a) (b)

Figure 3. Waterline geometry for a near-circular meridian. The endpoints
γ± = γ(x± a) determine n and q; shading marks the cap n · z > q.
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The apparent poles in the cap formulas are removable. Set ξ = cosx, y = cosu, and
H = sin x sin u. The endpoint zeros and reflection give analytic functions e, o, close to 1, 0, such
that

(9) n1X(u) + n2Y (u) − q

cos(u− x) − h
= e(ξ, y) +Ho(ξ, y).

The divided-difference and sine-division identities give a fixed derivative loss. Even angular
functions descend analytically to cosine variables at both endpoints.

To transform the moving cap into s > h, put χ = e2 −H2o2, W = e−Hoη1, and s = ξy+Hη1.
The change of variables on the sphere

η1,old = eη1 −Ho

W
, η⊥,old =

√
χ

W
η⊥

satisfies n · (X,Y ηold) − q = (χ/W )(s−h) and has Jacobian χ(d−2)/2W−(d−2). For the Cartesian
extension, put g(y) = Y (u)/ sin u. In coordinates ω = (y, ω2, ω⊥), the first component is
X̂(y) = X(u), while the transverse components have common denominator e − sin x oω2 and
numerators g(eω2 − sin x(1 − y2)o) and g

√
χω⊥. These are analytic Cartesian expressions, and

the denominator is close to one.
The fixed-plane normal variations of volume and energy are

(10)

Cγψ(x) =
∫
Sd−1

ψ(u)bC(ξ, y, s)1s>h dω,

Tγψ(x) =
∫
Sd−1

ψ(u)bT (ξ, y, s)(s− h)+ dω,

bC = gd−2Sχ(d−2)/2W−(d−2), bT = gd−2Sχd/2W−(d−1).

Since W = e − o(s − ξy), both amplitudes are analytic in (ξ, y, s). The component of the
exterior normal along the cutting normal, at the transformed boundary point, is bN = (n1Y

′ −
n2X

′η1,old)/S. The quotients n2/ sin x and X ′/ sin u are analytic by parity, so bN is analytic in
the same variables. Apply the divergence theorem to (n · z− q)n and 1

2(n · z− q)2n. Their fluxes
vanish on the cutting plane, giving

(11) V =
∫
Sd−1

bNbT (s− h)+ dω, J = 1
2

∫
Sd−1

bNbT
χ

W
(s− h)2

+ dω.

Also Vq = −Aγ and Jq = −V . Dilation gives Aγ = (Cγ(γ ·N) − dV )/q, an analytic expression
since q stays near h∗ > 0. Total volume is −vd−1

∫ π
0 Y

d−1X ′ du.
We use the analytic Wiener norms ∥u∥r,s =

∑
m(1 + |m|)ser|m||um|. For a parameter family

on a closed subset of It, write ∥u∥(t)
r,s =

∑
m(1 + |m|)ser|m|(sup |um| + tLipum), with the same

coefficientwise convention for matrices and tensors. These are algebra norms, and ∥u∥r−δ,s ≤
Csδ

−s∥u∥r,0.
For z = (γ, ν, cE), set F (z, a) = (FV , FE , F0) = (V − ν, J + νq − cE , volK − vd). Fix a

sufficiently large integer s0 and call ∥ · ∥(t)
r,s0 the strong norm. The cap formulas give analytic

maps with a fixed derivative loss, through three derivatives and for differences of parameter
families. To bound the integrals, expand the amplitudes in Zp(ξ)Zq(y) and apply Funk–Hecke in
y. Normalized Gegenbauer products have nonnegative coefficients of sum one; conversion from
cosine to Gegenbauer coefficients costs at most d− 1 derivatives per variable, by orthogonality.
Thus the integrals have polynomial strip costs. The Taylor remainder of F is bounded by
C∥v∥(t)2

r,s0 on a small meridian ball. All derivative losses below are fixed before the seed order is
chosen.

We separate normal displacement from reparametrization and omit terms proportional to the
residual, whose contribution to a Newton step is quadratic. Take the lift θ = x + O(t) with
n = (cos θ, sin θ), and put eθ = (−n2, n1), qθ = q′/θ′, and ζ = δq−qθδθ. For δγ = ψN+wγ′, split
ζ = ζψ + ζw. If τ± = eθ · γ± − qθ, endpoint differentiation gives ζw = (θ′τ+τ−/Lc)(Ta − T−a)w.
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Put cV = −Aγθ′τ+τ−/Lc, positive near the circle, where cV = Aσ∗/2. The operator

(12)
(Azδz)V = Cγψ −Aγζψ + cV (Ta − T−a)w − δν,

(Azδz)E = Tγψ + qδν − δcE , (Azδz)0 = δ volK(ψ)
satisfies the exact identity
(13) DzFδz = Azδz +

(
F ′
V δθ/θ

′, F ′
Eδθ/θ

′ − FV ζ, 0
)
.

This follows by varying the plane, using Vq = −Aγ and Jq = −V , and differentiating along x.
Endpoint variation bounds δθ, ζ by the displacement, with one extra derivative for parameter-
dependent translations. The error in (13) is therefore bounded by C∥F∥(t)

r,1∥δγ∥(t)
r,1.

4. A finite-order reduction

We reduce Tγ to a diagonal operator and a remainder of fixed negative order. This will allow
inversion by a Neumann series once small diagonal divisors are excluded.

Put α = (d+ 2)/2 and Λ+ = λ+ 2N0. Represent the degree-l coefficient by HZl(cosx) = eikx,
where k = l + λ. On this coefficient space D = −i∂x has positive spectrum. For matrices define
(14) |B|r = sup

k∈Λ+

∑
j∈Λ+

er|j−k||Bjk|, |R|r,8 = sup
k∈Λ+

(1 + k)8 ∑
j∈Λ+

er|j−k||Rjk|.

The norm | · |r is submultiplicative. Left multiplication preserves | · |r,8; right multiplication
across a strip gap δ costs Cδ−8, since (1 + k)/(1 + l) ≤ 1 + |k − l|. Finite rows and columns
satisfy the latter bound after a positive strip loss, with polynomial cost. The same estimates
hold in the coefficientwise family norms.

The map H−1 is bounded from coefficient to angular norms, since the Fourier coefficients of
Zl(cosx) are nonnegative and sum to one. Conversely, orthogonality gives ∥Hu∥r ≤ C∥u∥r,d−1.
We may therefore change representations across an arbitrarily small strip gap.

The reduction requires inversion of Ta − T−a. We therefore retain parameters satisfying
(15) |2 sin(ma)| ≥ γ0(1 + |m|)−τh (m ∈ 2Z \ {0}),
where γ0, τh are fixed. We first equalize the two principal amplitudes of (10), β±(x) =
bT (cosx, cos(x ± a), h). They are positive and satisfy β+(−x) = β−(x), so log β− − log β+
is odd. Solve

(Ta − T−a)u = log β− − log β+, ⟨u⟩ = 0, wb = eu, eb = β+Tawb = β−T−awb.

The zero-mean solution u is even. Condition (15) bounds the inverse with a fixed derivative loss,
including parameter differences. For sufficiently large fixed s0, the strong bound ∥γ − γ∗∥(t)

r,s0 =
O(t) gives wb, eb = 1 +O(t) at the same width. Set
(16) Ad(a) = (2π)λ sin(a)λ+1, Lγ = Ad(a)−1HMe−1

b
TγMwb

H−1Dα.

Here Mv denotes multiplication by v. The principal outgoing coefficients are the constants
c± = e∓iπα/2.

Lemma 5. There are width-independent operators Q,E, diagonal coefficients M±(k, a), and a
remainder R such that
(17) LγQ = ED +R, dk = c+M+(k, a)eika + c−M−(k, a)e−ika, D = diag(dk).
At the sphere, Q = E = I, R = 0, and dk = d∗

k(a) = kαtl(cos a)/Ad(a), k = l + λ. For some
fixed P,C and r′ = r − Cδ > 0,

(18) |Q− I|(t)r′ + |E − I|(t)r′ + |R|(t)r′,8 + sup
k
k

∑
±

|M± − P ∗
±|(t) ≤ Cδ−P ∥γ − γ∗∥(t)

r,s0 .

The same bound holds for differences of two meridians. The reference coefficients P ∗
− = P ∗

+ are
nonvanishing. On each fixed inner strip, the real diagonal has the form
(19) dk = 2Ak cos(ka+ ϕk), 0 < c ≤ Ak ≤ C, Lipϕk ≤ C/k, Lip dk ≤ C(1 + k).
In particular dk − d∗

k(a) = O(t/k) there. All constructions preserve real meridians.
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Proof. For the energy operator Kb with amplitude b =
∑
p,q bpq(s)Zp(ξ)Zq(y), Funk–Hecke gives

the exact identity
(20) HKbH−1Dα =

∑
p,q

Gp d(s−h)bpq
(D)GqDα, Gp = HMZpH−1.

The factors act on λ+ N0; only the complete tensors, for which p+ q is even, preserve Λ+. The
Gegenbauer product formula [1, 18.18.22] gives Gp bandwidth p, nonnegative entries of column
sum one, and rational entries whose fixed-order expansions in k−1 have polynomial bounds in
p for p ≤ c

√
k. The Pochhammer ratios have O(p) factors 1 + O(p/k), whose products are

bounded in this range; each fixed-order remainder costs a fixed power of p.
Repeated Sturm–Liouville integration by parts, with zero flux at s = 1, reduces d(s−h)bpq

to
endpoint values and a bounded integral times an arbitrarily high negative power of Λl. The
interior Darboux expansion [1, 18.15(i)], with derivatives supplied by [1, 18.9.15], gives phases
e±ika and leading amplitudes Ad(a)c±b(cosx, cos(x± a), h). Only the cap endpoint h = cos a,
which stays away from ±1, enters this asymptotic. For the remainder norm | · |r′,8, expand
through order eleven. When p+ q ≤ c

√
k, the error is bounded by C(1 + p+ q)Ck−12 times the

tensor norm; otherwise bandwidth and positivity give Ckαe−cδ
√
k across a strip gap δ. Both

contributions satisfy the required bound with cost Cδ−P , also for a parameter difference, which
costs one power of k and one transfer moment.

Retain the spherical diagonal exactly. Write its Darboux expansion as d∗
k = c+e

ikaP
[11]
+ +

conjugate + rk, where P
[11]
+ = 1 +

∑11
n=1 p

∗
+,nk

−n, rk = O(k−12) and ∂ark = O(k−11). Set
p∗

−,n = p∗
+,n, P ∗

+ = P
[11]
+ + 1

2c
−1
+ e−ikark and P ∗

− = P ∗
+. For the finitely many smaller frequencies

use c+e
ikaP ∗

+ = d∗
k/2 + i instead. The branches are nonzero and, for large k, P ∗

+ = 1 +O(k−1),
∂aP

∗
+ = O(k−1).

After balancing, the two branch symbols P± have leading coefficient one. Use p#q =∑
j ∂

j
kpD

j
xq/j! through order eleven. For Q = 1 +

∑11
n=1 qnk

−n and E = 1 +
∑11
n=1 enk

−n, let
f±,n be the coefficient of k−n of P±#Q<n(x± a, k) − E<nM±,<n. Set

m±,n = ⟨f±,n⟩, ⟨qn⟩ = 0,
(Ta − T−a)qn = −f+,n + f−,n + ⟨f+,n − f−,n⟩, en = Taqn + f+,n −m+,n.

Define M± = P ∗
± +

∑11
n=1(m±,n − p∗

±,n)k−n. At the sphere qn = en = 0, m±,n = p∗
±,n. The

finitely many homogeneous inversions, derivatives and products give (18), including differences.
To obtain operators on Λ+, use Taylor expansion for transfers |ν| ≤ k/2 and the factor

e−δk/2 for the rest. Differentiate only the inverse-power polynomials, treating the exact reference
correction as a remainder. On λ+2Z, retain all Fourier output rows; below λ, extend perturbative
input columns by zero, references boundedly, and identities by the identity. Let Π project onto
Λ+. The compression defect −ΠA(I − Π)BΠ requires a transfer of at least k − λ, so a strip
gap absorbs every fixed input weight; exceptional columns satisfy the same bound. Every
defect vanishes at the sphere. This proves (17) and (18) with width-independent operators.
Finally J v(x) = v(−x) exchanges the branches and preserves the recursion. Thus M− = M+;
nonvanishing and Lip(M+ − P ∗

+) ≤ C/k give (19). □

5. The inverse and convergence

After imposing the volume constraint, we invert the noncritical energy modes; the critical
energy row and tangential mean then determine amplitude and density. Figure 4 illustrates the
quartic resonance and the effect of a strip loss on the spherical reciprocals. Remove the two
indices λ, λ+ L from Λ+ and denote the complement by Λ′. Choose a sufficiently large fixed M
and require
(21) |dk| ≥ Mt(1 + k)−2 (k ∈ Λ′).
The approximate derivative (12) has the following inverse.
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Figure 4. The spherical diagonal in dimension three. (a) Selected eigenvalues
d∗
l+1/2(arccosh) near h∗ = 1/

√
7. (b) |d∗

k(a∗)|−1 before and after multiplication
by e−0.12k, for even 2 ≤ l ≤ 160, l ̸= 4, with k = l + 1/2.

Proposition 6. Suppose that (15) and (21) hold, that z is O(t2) from a seed of Proposition 4
in the strong norm, and that Q− I, E − I and the Schur remainder R̂ defined in (23) are O(t)
in their respective working-strip family norms. Then Az has a real symmetry-preserving right
inverse Nz, independent of the strips used to estimate it, with

(22) ∥Nzg∥(t)
r−Cδ,s0

≤ Ct−P δ−P ∥g∥(t)
r,0.

The same type of bound holds for differences, multiplied by the strong norm of the difference of
the base meridians. The exponents are fixed independently of the seed order.

Proof. Let Szg = ψ solve
Tγψ − δcE − ηf = g, δ volK(ψ) = [ψ]L = 0.

At the sphere the constraints fix ψ0, ψL, and the constant and critical energy rows then fix δcE , η.
Apply (16)–(17) and eliminate this block after multiplying by E−1. The complement is
(23) DΛ′ + R̂, R̂ = (E−1R)Λ′Λ′ − CA−1B.
Here A−1 is bounded and the finite couplings B,C = O(t) have analytic transfer bounds. Across
fixed margins, (14) therefore gives |R̂|(t)r,8 ≤ Ct. By (19) and (21),

(24) |d−1
k | ≤ (Mt)−1(1 + k)2, tLip(d−1

k ) ≤ C(M2t)−1(1 + k)5.

Consequently |R̂D−1|(t)r ≤ C/M + C/M2 < 1/2 and

(25) (DΛ′ + R̂)−1 = D−1
Λ′

∑
n≥0

(−R̂D−1
Λ′ )n.

The Neumann series costs no strip width; D−1
Λ′ has polynomial cost across a gap. Recovering

the finite variables gives the bound for Sz, and uniqueness on smaller strips makes it width-
independent. Also Sz1 = Szf = 0 and SzTγξ = ξ on the constrained subspace.

For the finite system, we need the following limit across every fixed positive strip gap:
(26) t∥Sz∥(t) −→ 0.
For fixed k ∈ Λ′, dk → d∗

k(a∗) ̸= 0 and Lip dk = O(1) by (19). Hence t sup |d−1
k |, t2 Lip(d−1

k ) → 0.
Across a fixed gap δ, (24) gives the summable majorant C((1 + k)2 + (1 + k)5)e−δk. Dominated
convergence proves the limit for the diagonal inverse. The bounded Neumann series acts first;
recovering the finite variables and changing coordinates preserve the limit after further fixed
strip losses. Use these gaps for the scalar pairings below.
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To solve the volume and noncritical energy equations, put v0 = 1/δ volK(1), vL = f −
v0δ volK(f) and

ψg = v0g0 + Sz(gE − Tγv0g0), ψa = vL − SzTγvL, ψρ = −vdSzq,
ψ = ψg + δε ψa + δρψρ, δν = vdδρ.

The mean of the tangential equation uses the functional

mz(ψ) =
∫

(Cγψ −Aγζψ)c−1
V dx

vd
∫
c−1
V dx

, m = m∗(f) = A

vd
(b− h∗)µ,

where the integrals are over the circle. At the sphere ζψ = h∗(Ta∗ + T−a∗)ψ/2. Since q =
h∗ + ε(h1 + bf) + O(t2), (26) gives ψa = f + o(1) and ψρ = o(t). To compute the critical
coefficient, differentiate Tγf at fixed normal angle:

Ṫ f = (dT∗ + h∗C∗)(f2) − (h1 + bf)C∗f, [Ṫ f ]L = cL((h∗ − b)B − h1) = β.

The kernel vanishes on the cutting plane, so there is no boundary term. Coordinate changes lie
in the range of T∗ or differentiate T∗f = 0, and therefore have zero degree-L coefficient. Thus
the critical energy and mean rows, in (δε, δρ), are(

εβ + o(t) εvdb+O(t2)
−m+ o(1) 1 + o(t)

)
, det = −εAbσ∗a1 + o(t).

Since ε ≍ t, b ̸= 0 and a1 > 0, the determinant is bounded below in absolute value by ct.
The constant energy row fixes δcE . The remaining equation

(Ta − T−a)w = c−1
V (gV − Cγψ +Aγζψ + δν)

has even, zero-mean right side; (15) gives its unique odd solution. Set δγ = ψN + wγ′. All
operations preserve the symmetries and have fixed polynomial costs in t−1 and the strip gap.
The inverse difference identity gives the same bounds for differences, proving (22). □

Proof of Theorem 1. The translation bound depends only on a and is imposed once. The energy
bounds depend on the meridian and are imposed after each correction. Choose τh > τ∗ + 1 and
sufficiently small fixed γ0. By (7), all |m| ≤ Jt = c′t−1/(τ∗+1) satisfy (15) throughout It. The
closed set Gh ⊂ It satisfying (15) consequently has complement of length at most

Cγ0
∑
m>Jt

(t+m−1)(1 +m)−τh ≤ Cγ0(tJ1−τh
t + J−τh

t ) = o(t).

Take δj = δ0(j + 1)−2 and strips rj = Rj − δj , Rj+1 = rj − Cδj , with positive limiting
width and fixed inner margins for (26). Start with the order-N seed z0 on R0 and initialize the
operators on r0. Define vj = −NzjF (zj , a) and zj+1 = zj + vj recursively on the nested sets

Γj = Mt(1 + 2−j), G0 = {a ∈ Gh : |d0,k| ≥ Γ0(1 + k)−2, k ∈ Λ′},
Gj+1 = {a ∈ Gj : |dj+1,k| ≥ Γj+1(1 + k)−2, k ∈ Λ′}.

Each correction is computed on Gj before restriction to Gj+1; Lipschitz continuity makes these
sets closed. Set ej = ∥F (zj , a)∥(t)

rj ,0. The Taylor estimate, (13), and Proposition 6 give

(27) ej+1 ≤ Kje
2
j , ∥vj∥(t)

Rj+1,s0
≤ Kjej , Kj ≤ Ct−P (j + 1)P .

Since
∑
j 2−j logKj ≤ P log(1/t) + C, choosing N sufficiently large makes both errors and

corrections at most tκ2j for any prescribed fixed κ.
Proposition 6 remains applicable. On rj+1 = Rj+1 − δj+1, the difference bounds in Lemma 5

and (23) give increments of Q,E, R̂ bounded by Ct−P δ−P
j+1∥vj∥(t)

Rj+1,s0
, reserving part of the strip

gap for the finite couplings. For large N , their sum is O(tκ), preserving the O(t) bounds and
O(t2) seed neighborhood. Restrictions decrease norms, and on a common fixed strip

(28) sup
k

|dj+1,k − dj,k| ≤ Ctκ2j
.

The phase bounds in (19) remain uniform.
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It remains to estimate the excluded measure. For large k, the phase in (19) has lower and
upper Lipschitz slopes k/2, 2k on its closed domain. Linear interpolation across gaps preserves
these bounds. There are O(kt+ 1) cosine zeros, so a threshold Mt ≤ Γ ≤ 2Mt excludes length
at most
(29) CΓ(t+ k−1)(1 + k)−2.

Each fixed k ∈ Λ′ satisfies the G0 divisor bound for small t, since d0,k → d∗
k(a∗) ̸= 0. The

summable majorant in (29), divided by t, gives |Gh \G0| = o(t) by dominated convergence.
To bound the new exclusions, put K∗

j = ⌊t−κ2j/4⌋. For k ≤ K∗
j , the ratio of the increment

in (28) to (Γj − Γj+1)(1 + k)−2 is at most C2jt(κ/2)2j−1 < 1. These modes retain their divisor
bounds. Summing (29) over k > K∗

j gives

|Gj \Gj+1| ≤ CM{t2(K∗
j )−1 + t(K∗

j )−2},
∑
j

|Gj \Gj+1| = o(t).

Thus Gt =
⋂
j Gj is closed, |It \Gt| = o(t), and (27) converges there on a positive strip to F = 0.

The correction can be made smaller than any prescribed fixed power of t, so the seed gives (3).
The meridian is C2-close to the circle, so the body is strictly convex. At the poles, parity and
Y ′ ̸= 0 give the analytic graph X = χ(Y 2), so revolution preserves analyticity. The radial angle
is an analytic diffeomorphism on a fixed narrower strip, giving the uniform radial expansion
and nonsphericity. Finally F = 0 fixes total and cap volumes and makes J + νq constant; the
meridian normals and transverse rotations cover every orientation. The energy characterization
proves the floating assertion and its complementary-density version. □

Disclosure of AI contributions

The original argument, establishing the result in dimension d = 4, was developed by GPT-6
Pro in ChatGPT. GPT models working in Codex subsequently extended the argument to every
dimension d ≥ 3 and completed the proof in this generality. The Codex models also assisted
with drafting and revising the proof, refining the exposition, and proofreading the manuscript.
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