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Abstract. We give an expository account of a mathematical result that the Lean
proof assistant can formally state but, by Gödel’s second incompleteness theorem, can
never verify, and which it also does not refute, namely, the consistency of Lean’s own
underlying type theory. Working in ZFC extended by the existence of infinitely many
inaccessible cardinals, we sketch the construction of a set-theoretic model of Lean’s
Calculus of Inductive Constructions (with its universe hierarchy, quotient types, and
choice), outline the proof of a soundness lemma, and conclude that no derivation of
False exists. The argument is the model-theoretic consistency proof carried out in full
by Carneiro, building on Werner’s set-theoretic interpretation of the same calculus; all
substantive results are due to these authors, and this paper claims no new mathematics.
We explain why this theorem lies outside Lean’s own reach, note that Gödel’s second in-
completeness theorem has itself been verified by Lean’s kernel for first-order arithmetic,
and discuss why every consistency proof ultimately rests on trust rather than proof.

1. Introduction and statement of results

1.1. Background. Lean [3] is a proof assistant, a computer program whose small,
fully specified kernel mechanically checks every step of a formal mathematical proof.
Lean’s logical rulebook is a dependent type theory, namely, the Calculus of Inductive
Constructions (CIC) with a countable hierarchy of non-cumulative universes, defini-
tional proof irrelevance, quotient types, and an axiom of definite description/choice
(Classical.choice) [1].

The trustworthiness of such a system rests on a single property, which is of course
consistency. In Lean’s language there is a distinguished proposition False, an inductive
type that has no constructors; it is the canonical contradiction. Because the underlying
logic validates ex falso quodlibet, a single derivation of False would make every proposi-
tion derivable and render the certification stamp utterly meaningless. Consistency is the
assertion that this never happens.

1.2. Results. This paper presents that assertion as a theorem and proves it. The proof
is not ours, rather it is the model-theoretic consistency proof carried out in detail by
Carneiro [1], building on the tradition of set-theoretic models of type theory going back
to Werner [7]. Our aim is a self-contained exposition of its architecture, followed by a
careful discussion of its peculiar epistemic status. The theorem below is a true statement
about Lean that Lean itself can formalize, can never prove, and does not disprove. Our
main result is the following.
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Theorem 1.1 (Consistency of Lean; Carneiro [1]). Work in ZFC+, which is ZFC extended
by the existence of infinitely many inaccessible cardinals. Then Lean’s type theory does
not derive False; in other words, Con(Lean) holds.

The hypothesis is essentially optimal (Remark 2.1), and Theorem 1.1 is proved in
Section 4 by constructing a set-theoretic model of Lean’s type theory and establishing
soundness. The theorem’s significance is framed by two further facts: Lean itself can
never prove Con(Lean) (Theorem 3.1, proved in Section 3), and Lean does not refute it
either (Theorem 4.2, proved in Section 4 alongside the main theorem). Together these
show that Con(Lean) is independent of Lean. Section 5 discusses what has and has not
been proved, and what has been machine checked.

1.3. Conventions. Precise definitions of the object theory, of the arithmetized sentence
Con(Lean), and of the metatheory ZFC+ are given in Section 2. Throughout, we use
J · K to denote the set-theoretic interpretation constructed in Section 4, Vα denotes the
cumulative hierarchy, and ⊢ denotes kernel-level derivability in Lean.

2. Preliminaries

2.1. The object theory. By Lean’s type theory we mean the kernel-level calculus that
is described in [1], consisting of dependent function types (Π-types), a universe hierarchy
Sort 0 = Prop, Sort (n+1) = Typen, universe polymorphism, inductive type families
with their recursors, definitional proof irrelevance in Prop, together with the three axioms
of propositional extensionality, quotient soundness, and choice. A derivation is a finite
object checkable by a terminating algorithm; consequently the set of theorems of Lean
is recursively enumerable, and derivations can therefore be coded by natural numbers in
any theory interpreting elementary arithmetic; this includes Lean itself, which constructs
N as an inductive type and proves (far more than) Peano arithmetic.

We write Con(Lean) for the arithmetized statement

"No natural number codes a kernel-accepted derivation of False."

2.2. The metatheory. Our metatheory is

ZFC+ = ZFC+ “there exist infinitely many inaccessible cardinals.”

Recall that a cardinal κ is said to be inaccessible if it is uncountable, regular, and a strong
limit (λ < κ ⇒ 2λ < κ). The role of inaccessibility is closure. For each inaccessible κ, the
cumulative-hierarchy stage Vκ is closed under all the set-forming operations that Lean’s
typing rules demand, namely, dependent products indexed by members of Vκ, least fixed
points of the monotone operators arising from inductive specifications, quotients, and
choice functions. Indeed, we have Vκ |= ZFC (since it is a Grothendieck universe), and
this is precisely why nothing weaker than a large-cardinal hypothesis will do. Lean proves
Con(ZFC) (see [1]), and therefore by Gödel’s second incompleteness theorem, ZFC alone
cannot prove Con(Lean).

Remark 2.1 (Calibration). The large-cardinal hypothesis of Theorem 1.1 is essentially
optimal. Carneiro [1] calibrates the two theories level by level, with the fragment of Lean
having n+1 universes proved consistent in ZFC plus n+1 inaccessibles, and conversely the
fragment of Lean having n+2 universes proving the consistency of ZFC plus n inacces-
sibles; in particular Lean proves the consistency of every finite fragment of ZFC+. Thus
Lean and ZFC+, the latter read as a schema, are equiconsistent. Both sit strictly below
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ZFC + “there is a Mahlo cardinal” in consistency strength, a standard fact, since the in-
accessible cardinals below a Mahlo cardinal are unbounded and the cumulative-hierarchy
stage at such a cardinal therefore models ZFC+.

3. Unprovability

We first record the fact that frames the significance of Theorem 1.1.

Theorem 3.1 (Unprovability; Gödel II). If Lean is consistent, then Lean cannot prove
the statement Con(Lean).

Proof sketch. Lean is recursively axiomatized with decidable proof checking, and it inter-
prets elementary arithmetic with enough strength to verify the derivability conditions of
Hilbert, Bernays, and Löb for its own provability predicate. Gödel’s second incomplete-
ness theorem [6] applies verbatim to any consistent theory of this kind and shows that
no such theory proves its own canonical consistency statement. □

4. Proof of Theorem 1.1

The classical strategy is to construct a set-theoretic model of the calculus, prove
soundness of the typing rules with respect to the model, and observe that False denotes
the empty set.

4.1. Step 1: The interpretation of universes. Let κ0 < κ1 < κ2 < · · · be a fixed
increasing sequence of inaccessible cardinals. Define

JSort 0K = JPropK = {∅, {∅}}, JSort (n+1)K = JTypenK = Vκn .

Propositions are interpreted proof-irrelevantly, which means that each proposition is in-
terpreted as one of exactly two sets, ∅ when the proposition is false in the model and the
singleton {∅} when it is true, the sole element ∅ serving as its unique formal witness.
This matches Lean’s definitional proof irrelevance, under which any two proofs of the
same proposition are definitionally equal. Universe polymorphism is handled by inter-
preting a polymorphic constant as a family of interpretations indexed by assignments of
natural numbers to its universe variables.

4.2. Step 2: The interpretation of terms and types. By recursion on (well-typed)
syntax one assigns a set-theoretic denotation JΓK to every context Γ and, for a given
environment ρ ∈ JΓK, denotations JT Kρ and JeKρ to every type T and term e in that
context, as follows.

• Dependent products. The interpretation JΠx:A.BKρ is the set-theoretic dependent
function space

∏
a∈JAKρJBKρ[x7→a], with the convention that a product landing in

Prop is collapsed to its proof-irrelevant truth value. Inaccessibility of κn ensures
that this set again lies in Vκn whenever its data do.

• Inductive types. An inductive specification determines a monotone operator on
Vκn ; its least fixed point exists because κn is regular and a strong limit, and inter-
prets the inductive type. Constructors denote the evident injections and recursors
denote definition by well-founded recursion on the fixed point. In particular,

JFalseK = ∅ and JNK = ω.



4 WILLIAM D. BANKS

• Quotients. For a binary relation r on a type A, the set JQuot rK is the genuine
set quotient of JAK by the equivalence relation generated by JrK; Quot.mk denotes
the projection and Quot.lift the induced map, so the quotient axioms hold.

• Choice. The constant Classical.choice, whose type is

Πα:Typeu. Nonemptyα → α,

is interpreted by a choice function on Vκu , which exists by the axiom of choice
in the metatheory. Propositional extensionality holds because JPropK has exactly
two elements.

4.3. Step 3: Soundness.

Lemma 4.1 (Soundness). For every judgment derivable in Lean’s kernel, we have

(1) if Γ ⊢ T : Sortu then JT Kρ ∈ JSortuK for all ρ ∈ JΓK;
(2) if Γ ⊢ e : T then JeKρ ∈ JT Kρ for all ρ ∈ JΓK;
(3) if Γ ⊢ e ≡ e′ : T (definitional equality) then JeKρ = Je′Kρ for all ρ ∈ JΓK.

Proof sketch. By induction on derivations, checking each typing and conversion rule
against the clauses of Step 2. The computation rules (β, η, ι for recursors, quotient
computation) hold as literal equalities of sets under the interpretation. However, two
points require genuine care, and these constitute the technical heart of [1].

Proof irrelevance. Definitional proof irrelevance makes Lean’s declarative definitional
equality ill-behaved as an algorithm (it is undecidable, and the kernel’s algorithmic ap-
proximation is not transitive on all terms). The soundness proof therefore proceeds for
an idealized, declarative presentation of the equality judgment, of which the kernel’s al-
gorithm is shown to accept only instances; semantically, proof irrelevance is validated
because JPropK-inhabitants are subsingletons by construction.

Universe polymorphism and large elimination. Soundness is proved uniformly in
universe-level assignments, and the eliminators of Prop-valued inductive types are checked
to respect the collapsed, proof-irrelevant interpretation (Lean’s restriction of large elim-
ination to syntactic subsingletons is exactly what makes this clause go through). □

4.4. Step 4: Conclusion and consequences.

Proof of Theorem 1.1. Suppose on the contrary that Lean derives ⊢ e : False for some
term e in the empty context. By Lemma 4.1(2), JeK ∈ JFalseK. By Step 2, JFalseK = ∅.
Thus ∅ has an element, contradicting the definition of ∅ in the metatheory. Hence no
such derivation exists; that is, Con(Lean) holds. □

Theorem 4.2 (Non-refutability). Work in ZFC+. Then Lean does not prove ¬Con(Lean).

Proof. The negation ¬Con(Lean) is a Σ1 arithmetic sentence, for it asserts the existence
of a specific finite object, namely a code of a kernel-accepted derivation of False. By
Step 2 the model interprets N as the standard ω, so the arithmetic sentences of Lean
are evaluated over the standard natural numbers, and Lemma 4.1(2) shows that every
arithmetic theorem of Lean is true there; in particular Lean proves no false Σ1 sentence.
By Theorem 1.1 the sentence ¬Con(Lean) is false, hence unprovable in Lean. □

Corollary 4.3. Work in ZFC+. Then Con(Lean) holds, whereas

Lean ⊬ Con(Lean) and Lean ⊬ ¬Con(Lean).
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Con(Lean) is thus a sentence in Lean’s own language that is provable in the metatheory
but independent of Lean itself.

5. Discussion: what has and has not been proved

5.1. Why the theorem cannot be internalized. Theorem 3.1 is not an artifact of
Lean’s design but a law governing every sufficiently strong formal system. Any proof
checker capable of formalizing ordinary mathematics is thereby capable of formalizing
its own syntax; Gödel’s diagonal construction then manufactures the sentence whose
unprovability is equivalent to consistency. The system can state its own reliability and
can even verify the conditional Con(ZFC+) → Con(Lean) (implications of this shape are
not blocked) but it can never discharge the antecedent. Adjoining new axioms (say,
an inaccessible cardinal, stated type-theoretically) yields a stronger system that proves
Con(Lean), but that system is then barred from proving its own consistency. The frontier
moves, but it never closes.

5.2. The regress, stated honestly. The unconditional content of this paper is the
implication

Con
(
ZFC+ infinitely many inaccessibles

)
=⇒ Con(Lean),

together with the standard reasons for confidence in its hypothesis. Those reasons are
the coherence of the intuitive picture of the cumulative hierarchy of sets, a century of
set-theoretic practice in which no contradiction has ever appeared, and the calibration of
Remark 2.1, which shows that the assumption is no stronger than the task demands. No
consistency proof, by anyone, for any theory of this strength, does better. The consistency
of the metatheory itself can be established only from a still stronger standpoint, and that
standpoint from a stronger one yet, ad infinitum. Gentzen’s proof of Con(PA) from
transfinite induction up to ε0 (see [5]) set the pattern, with consistency purchased in
currency that is minted one level up, and Theorem 1.1 is its modern, large-cardinal
descendant. The theorem therefore delivers not absolute certainty but the strongest
substitute mathematics has found, a precise reduction of the reliability of a proof checker
to the soundness of the classical foundations of set theory.

5.3. What has been machine checked. There is a coda that returns the story to
Lean itself. Gödel’s second incompleteness theorem, the engine of Theorem 3.1, has
been formalized and verified in Lean. The Foundation development [4] contains kernel-
checked proofs of both incompleteness theorems for arithmetic theories extending IΣ1,
so the very fact that bounds what Lean can certify about itself carries a certificate
that Lean’s kernel accepts. The certificate stops exactly where Theorem 3.1 says it
must. The formalized statement concerns first-order arithmetic, not Lean’s own type
theory; instantiating it at Lean would require formalizing kernel derivability inside Lean
and verifying the derivability conditions of Hilbert, Bernays, and Löb for it, a program
begun in the Lean4Lean project [2] but not yet complete. We propose this as a natural
continuation. A future development could certify Theorem 3.1 for Lean itself, while
Theorem 1.1 would remain, provably, beyond its reach.
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