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Abstract

Before a quantum gate is used in a computation or a sensing protocol it is characterized,
and converse bounds on discriminating or estimating it, which limit every strategy includ-
ing adaptive ones, are then evaluated on the characterized model. Is their sensitivity to
characterization error a defect of the bounds or a property of the tasks they bound? The
book opens with this question. Its first chapter shows that the supports of the Choi matri-
ces separate genuine fragility, where the operational exponent itself jumps, from spurious
fragility, where only single-letter converses jump. Near a noisy gate the sensitivity of the
converses is governed by the noise floor, the smallest eigenvalue of the normalized Choi
matrix: at first order it belongs to the task, whereas at second order the converses can
overshoot the adaptive Stein and Chernoff exponents by factors that grow as the noise
decreases. Certifying a converse from tomographic data costs a number of channel uses set
by the same floor.

The rest of the book develops the theory behind these results. Converse bounds limit
how well quantum channels can be discriminated, estimated or used to transmit informa-
tion, and they are evaluated on a model of the channels that is known only approximately.
We study when such bounds, and the operational exponents they bound, depend continu-
ously on the channels, and what sets the size of the error when they do.

The divergences built from Kubo–Ando means, among them the geometric fidelity, the
geometric Rényi divergences and the Belavkin–Staszewski relative entropy, are functions of
a single positive contraction: the Arveson–Radon–Nikodym derivative of one channel with
respect to the sum of the pair. In this coordinate they are continuous with dimension-free
moduli. In the diamond norm, however, they are continuous at a pair of completely positive
maps exactly when the Choi matrix of the sum is invertible or the fidelity vanishes, so ideal
unitary gates are points of discontinuity. Near pairs whose Choi matrices are bounded
below by λ, the fidelity is Lipschitz with a relative constant of the sharp order λ−1.

Divergences built from hypothesis tests behave differently. The Umegaki relative en-
tropy and the hockey-stick f -divergences are functionals of the testing region of a pair, and
those with finite boundary values are uniformly continuous in every dimension. For chan-
nels, the adaptive Stein exponent is continuous exactly when the Choi matrix of the second
channel is invertible or the exponent is infinite. We also study when the hockey-stick Rényi
quasi-entropies are super-multiplicative under tensor products, and prove several cases of
the corresponding conjecture.

For adaptive discrimination, every protocol is a controlled random walk on the spectrum
of the derivative, which gives a geometric Chernoff converse with an explicit second-order
term. Single-letter converses of this kind can be infinite where the adaptive exponent
tends to zero, as for amplitude-damping channels with nearby damping rates. A chapter
of proofs then returns to noisy gates and establishes the results of the first chapter, and a
final chapter collects the open problems.
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Chapter 1

Genuine and spurious fragility of
quantum channel divergences near
noisy gates

Summary. Converse bounds on discriminating and estimating noisy quantum gates
are evaluated on a characterized model of the gate. We ask whether their sensitivity to
characterization error belongs to the task or only to the bound. The answer is governed
by the noise floor λ̃, the smallest eigenvalue of the normalized Choi matrix. At first
order, a diamond-norm error ϵ moves the geometric-fidelity and Belavkin–Staszewski
converses for adaptive strategies by at most order ϵ/λ̃, but at the worst case the adaptive
exponents move equally, so this sensitivity is genuine. At second order, a coherent
miscalibration δ of a gate with error probability p moves these converses by order δ2/p,
the Umegaki relative entropy by δ2 ln(1/p), and the Uhlmann fidelity only by δ2, which
is not amplified by the floor. Choi supports separate genuine jumps of the exponent
from spurious ones, where converses are infinite while the exponent vanishes, as for the
Chernoff exponent of amplitude damping. At a depolarized qubit gate the converses
exceed the adaptive Stein and Chernoff exponents by at most a factor 3/2 as δ → 0, but
by factors growing as 1/(√p ln(1/p)) near δ ≈ 2√

p. For n qubits the fragile window of
the converses scales as pw/2 for an error of weight w; under biased noise it is set by the
rate of the error itself. Certification through diamond-norm regions costs order 1/(ηλ̃)2

uses for incoherent learners, variance-adaptive regions order 1/(η2λ̃) for Pauli channels.
This opening chapter states the problem in physical terms and announces the results;
the general theory behind them is developed in Chapters 4–7, and the proofs specific
to noisy gates are in Chapter 8.

1.1 Introduction
Before a quantum gate is used in a computation or a sensing protocol it is characterized.
Randomized benchmarking, gate set tomography and process tomography produce a model
of the gate together with error bars [23, 39, 78], and many statements about what the gate
can do are then computed from that model. Among the most useful are converse bounds.
They limit how well two gates can be told apart, or a parameter of a gate estimated, by any
strategy, including adaptive ones that interleave the unknown gate with quantum memory
and error correction [42, 53, 56, 72, 107, 131]. A claim that an error-corrected sensor
operates at the precision limit set by its gates, or that an experiment demonstrates an
advantage in discriminating two gates, is checked against such a bound. These bounds are
single-letter: they are evaluated on one use of the channel, often as a semidefinite program,

1



CHAPTER 1. FRAGILITY NEAR NOISY GATES 2

and they hold for any number of uses. A converse is therefore only as reliable as the model
it is evaluated on, and its response to characterization error is a practical question.

For the converses that hold against adaptive strategies the response is poor. The ge-
ometric channel fidelity and the Belavkin–Staszewski relative entropy [14, 42, 72, 91] are
discontinuous at ideal unitary gates: the geometric fidelity of a gate with itself is one, but
it vanishes against every miscalibrated copy, however close (Corollary 4.12.6 in Chapter 4).
A real gate has an incoherent noise floor, which restores continuity, but the modulus of
continuity then depends on the floor. For a depolarized single-qubit gate with error proba-
bility p, the δ2 coefficient of these divergences under a small coherent over-rotation δ grows
as 1/p, that of the Umegaki relative entropy as ln(1/p), and that of the Uhlmann fidelity
stays of order one (Table 1.1). This is a different effect from the known gap between average
infidelity and diamond distance [80], which concerns the size of an error rather than the
response of a bound to it. The floor is also the quantity that tomography resolves worst:
for a two-qubit gate with p = 10−3 under local noise the normalized floor is about 6×10−8,
and a two-qubit ZZ over-rotation of only 5×10−4 rad already reduces the geometric fidelity
to 0.9.

Is this sensitivity a defect of the bounds or a property of the tasks they bound? The
question is not trivial, because the operational quantities are fragile too. Distinct unitaries
can be discriminated perfectly with finitely many adaptive uses [35], so adaptive error
exponents jump at ideal gates. For a rotation under depolarizing noise, the Hamiltonian
lies in the span of the products of Kraus operators, so error correction cannot restore
Heisenberg scaling [31, 32, 131, 132]; it does, however, raise the asymptotic quantum Fisher
information per use to order 1/p [36, 73, 131]. A converse valid for adaptive strategies must
reproduce these features, but it need not be more sensitive than the task itself.

In this first chapter we separate the two effects. Part of the mathematical groundwork
is developed later in the book, in Chapters 4, 5 and 7, whose results we use by forward ref-
erence, and the remaining proofs are collected in Chapter 8. “Sensitivity” has two meanings
here, which we keep apart: the first-order change of a converse per unit of diamond-norm
error in the model, and the second-order curvature of a converse in a coherent miscalibration
δ. Our main findings are the following.

1. The supports of the Choi matrices decide whether a jump is genuine (the exponent
itself jumps), spurious (only the converse jumps) or absent. Amplitude damping, the
standard model of energy relaxation, is genuine for the Stein exponent and spurious
for the Chernoff exponent; a program-simulation converse stays finite there.

2. At first order, the geometric fidelity, the geometric Chernoff divergence and the
Belavkin–Staszewski divergence obey a Choi-floor law: a diamond-norm error ϵ moves
them by at most ln[1/(1 − r)] with r = ϵ/(2λ̃), where λ̃ is the floor of the normalized
Choi state. The resulting slope 1/(2λ̃) is sharp, and at the worst case the adaptive
Stein and Chernoff exponents equal the converses and move at the same rate, so in
this first-order sense the sensitivity belongs to the task.

3. At second order, the coefficients form the hierarchy of monotone metrics, and for
n qubits the fragile window is δ ∼ pw/2 for a miscalibration of weight w. At a
depolarized qubit gate the 1/p curvature of the Stein and Chernoff converses is genuine
for δ ≲ p ln(1/p), where the ratio of converse to exponent is at most 3/2 as δ → 0,
and spurious beyond, where the converse overshoots by a factor that grows as p → 0.
Under biased single-qubit noise the local ratio stays below two; for correlated two-
qubit errors it is open whether the exponent shares the window of the converse.
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Figure 1.1: Schematic of the three regimes. Top: the supports of the Choi matrices decide
whether a discontinuity is genuine (the operational exponent jumps), spurious (only single-
letter converses jump) or absent. Bottom: at a stable pair, a depolarized qubit gate with
p = 10−4 and a coherent miscalibration δ, the distinction reappears on scales set by p. The
solid line is the exact Belavkin–Staszewski converse; the dashed line is a schematic exponent
that grows as δ2/(3p) and then as δ ln(1/p), illustrating the growth laws of Sec. 1.6 (the
certified bracket is in Fig. 1.5). The converse follows the exponent for δ ≲ p ln(1/p),
overshoots it up to δ ≈ 2√

p, and saturates beyond.

4. Certifying a geometric converse through a diamond-norm confidence region costs of
order 1/(ηλ̃)2 channel uses for accuracy η with incoherent learners, whereas variance-
adaptive confidence regions need only O(1/(η2λ̃)) uses for Pauli channels.

Figure 1.1 summarizes the classification and the scales on which it reappears at a noisy
gate.

1.2 Setting
Let Φ,Ψ be quantum channels from an input space of dimension dX to an output space of
dimension dY , with Choi matrices J(Φ) = ∑

ij Φ(|i⟩⟨j|)⊗|i⟩⟨j|, so that Tr J(Φ) = dX . The
quantity that controls everything below is the Choi floor λ(Ψ) = λmin(J(Ψ)); the floor of
the normalized Choi state is λ̃ = λ/dX . Distances between channels are measured in the
unnormalized diamond norm ∥ · ∥⋄, so that ∥Φ − Ψ∥⋄ ≤ 2.

The geometric fidelity is F̂ (Φ,Ψ) = λmin TrY [J(Φ)#J(Ψ)], where
A#B = A1/2(A−1/2BA−1/2)1/2A1/2 is the Kubo–Ando geometric mean [79] and
TrY the partial trace over the output [72] (Proposition 4.3.1). For singular arguments
the mean is defined by continuity from above, A#B = limε↓0(A + ε1)#(B + ε1).
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The geometric Chernoff divergence Ĉ replaces # by the weighted means #s

and minimizes over s ∈ [0, 1], and the Belavkin–Staszewski (BS) divergence is
DBS(Φ∥Ψ) = λmax TrY [J1/2

Φ ln(J1/2
Φ J−1

Ψ J
1/2
Φ )J1/2

Φ ] with JΦ = J(Φ) [14, 42].
The operational quantities are the adaptive Stein exponent ζ(Φ∥Ψ), the decay rate of

the type-II error at vanishing type-I error, and the adaptive Chernoff exponent ξ(Φ,Ψ)
of the symmetric error. Both allow arbitrary adaptive strategies with quantum memory,
which can outperform parallel ones [53, 116]; ζ equals the regularized, or amortized, channel
relative entropy [41, 125, 128]. The converses we study are

ζ(Φ∥Ψ) ≤ DBS(Φ∥Ψ), (1.2.1)
ξ(Φ,Ψ) ≤ Ĉ(Φ,Ψ) ≤ −2 ln F̂ (Φ,Ψ), (1.2.2)

from the chain rule of Fang and Fawzi [42] and from Ref. [72] and Theorem 7.4.1 and
Corollary 7.4.5 in Chapter 7. For comparison we use the Umegaki channel divergence
D(Φ∥Ψ) and the Uhlmann channel root fidelity FU(Φ,Ψ), optimized over inputs with a
reference system. Neither gives an adaptive converse. The Umegaki divergence satisfies
D(Φ∥Ψ) ≤ ζ(Φ∥Ψ) [41, 125], so it is a lower bound on the exponent, and FU stays close to
one for close unitaries, which are perfectly distinguishable.

Our gate model is an n-qubit unitary U with a coherent miscalibration RP (δ) = e−iδP/2

about a Pauli string P of weight w, followed by local depolarizing noise,

Np,δ = D⊗n
p ◦ AdRP (δ) ◦ AdU , (1.2.3)

where Dp(ρ) = (1 − p)ρ + pTr(ρ)1/2, AdV (ρ) = V ρV † and Np = Np,0. Its Choi floor is
λ = (p/2)n, i.e., λ̃ = (p/4)n, independently of U .

1.3 Three regimes
Whether a divergence-based statement is continuous at a pair (Φ,Ψ) is decided by the
supports of Choi matrices, and the operational exponents and their converses are decided
by different ones. At the level of states, the analogous phenomenon is the discontinuity
of the quantum Fisher information and of the Bures metric where the rank of the state
changes [118, 123].

Genuine fragility. The adaptive Stein exponent is continuous at (Φ,Ψ) if and only if
J(Ψ) is invertible or ζ(Φ∥Ψ) = ∞ (Corollary 5.7.5(c) in Chapter 5). At an ideal gate U ,
ζ(U∥U) = 0 but ζ(U ′∥U) = ∞ for every U ′ ̸= U , and the same holds for ξ [35]. Every
valid converse must therefore jump at ideal gates. The same applies to zero-temperature
amplitude damping Aγ , whose Choi matrix has rank two: for γ ̸= γ′ the outputs ργ
and ργ′ of Aγ and Aγ′ on a maximally entangled input satisfy supp ργ ̸⊆ supp ργ′ , so
ζ(Aγ∥Aγ′) = ∞. A model with pure T1 decay thus predicts, for any two damping rates, a
type-II error that decays faster than any exponential. In this case the discontinuity lies in
the model itself.

Spurious fragility. As functions on pairs of completely positive maps, the geometric
quantities are continuous at (Φ,Ψ) if and only if J(Φ + Ψ) is invertible or F̂ (Φ,Ψ) = 0
(Theorem 4.12.4 in Chapter 4). Within channels, this dichotomy is proved at the diagonal
pairs (Φ,Φ), which are continuity points if and only if J(Φ) is invertible (Corollary 4.12.10);
for other channel pairs with J(Φ + Ψ) singular and F̂ > 0 it is open. The divergence Ĉ
is continuous wherever J(Φ + Ψ) is invertible (Theorem 7.6.4(c) in Chapter 7 and Propo-
sition 8.15.1 in Chapter 8). When J(Φ + Ψ) is singular but the true exponent is finite, a
converse can jump while the exponent does not. Amplitude damping provides the physical
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example [114]. For γ ̸= γ′ one has F̂ (Aγ ,Aγ′) = 0, so Ĉ, −2 ln F̂ and the barycentric
converse Cbar of Ref. [66] are all infinite (Proposition 7.6.8), whereas the true Chernoff ex-
ponent tends to zero as γ′ → γ. The infinite value is a property of the Choi-level geometric
mean and is witnessed by the input |0⟩, on which both channels act identically, so it carries
no physical information. With ∆ = γ − γ′ we find (see Chapter 8, Section 8.7)

ξprod ≤ ξ(Aγ ,Aγ′) ≤ −2 lnµ∗, (1.3.1)

µ∗ =
√
γγ′

1 −
√

(1 − γ)(1 − γ′)
,

where ξprod is the classical Chernoff information of the outputs diag(γ, 1−γ) and diag(γ′, 1−
γ′) on the product input |1⟩. To leading order in ∆, ξprod ≃ ∆2/[8γ(1 − γ)] and −2 lnµ∗ ≃
∆2/[4γ2(1 − γ)]. The upper bound comes from a converse that applies to any pair of
channels: µ∗ is the largest overlap of two pure program states from which a common
channel simulates both channels, as in the programmable simulations of Refs. [106, 107];
it is a semidefinite program for any pair, and the error of any adaptive strategy is at least
1
4µ

2n
∗ after n uses. For n ≤ 4 uses, exact semidefinite programs give the minimal root

fidelity of the two final states as fn, where f is the Bhattacharyya coefficient of the two
damping probabilities. This suggests the sharper bound ξ ≤ −2 ln f [Fig. 1.2(a)].

Replacement channels, which output a fixed state, give a second example. There are
pairs Φt,Ψt at diamond distance O(

√
t) from a pair of identical channels for which Ĉ,

−2 ln F̂ and Cbar are infinite for every t > 0, while ξ = 2 ln[(1 + t)/(1 − t)] ≈ 4t exactly
[Theorem 8.15.6 in Chapter 8 and the example after it; Fig. 1.2(b)]; the parameter t
controls the overlap of the two output states. Here the program-simulation converse is
tight, −2 lnµ∗ = ξ, so the jump is an artifact of Ĉ, −2 ln F̂ and Cbar alone.

Stable pairs. When J(Φ + Ψ) is invertible, all the quantities above are continuous
(Theorem 4.12.4(a), Theorem 7.6.4(c), Proposition 8.15.1 and Remark 8.15.3 in Chapter 8;
for DBS, Remark 8.15.4, which derives it from Theorem 4.10.4(e) and Corollary 4.7.7).
Every channel of full Kraus rank, and so every gate model with a nonzero depolarizing or
thermal floor, falls in this class. Divergences built directly from hypothesis tests, such as
the hockey-stick divergences and their integrals [58, 63], are even uniformly continuous with
dimension-free moduli (Theorem 5.4.1 and Corollary 5.4.2 in Chapter 5), but they do not
give adaptive converses. Near realistic gates the classification is therefore only qualitative,
and the rest of this chapter makes it quantitative.

1.4 First-order sensitivity: the Choi-floor law
The basic step converts a diamond-norm error into a relative error of Choi matrices. For
two channels, ∥J(Φ) − J(Φ′)∥∞ ≤ dX

2 ∥Φ − Φ′∥⋄, with equality attained in every dimension
(Lemma 8.2.1 in Chapter 8). Hence a channel Ψ′ within diamond distance ϵ of Ψ satisfies
(1 − r)J(Ψ) ≤ J(Ψ′) ≤ (1 + r)J(Ψ) in the positive semidefinite order, with relative radius

r = dX ϵ

2λ(Ψ) = ϵ

2λ̃(Ψ)
. (1.4.1)

Combined with the monotonicity and homogeneity of Kubo–Ando means, and with the
operator monotonicity of the logarithm, this gives the following result.

Theorem 1.4.1 (Choi-floor law). Let Ψ,Ψ′ be channels with ∥Ψ′ − Ψ∥⋄ ≤ ϵ and r < 1 as
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Figure 1.2: Spurious fragility of single-letter Chernoff converses. (a) Amplitude damping
Aγ against Aγ′ at γ = 1/2, as a function of ∆ = γ−γ′. The converses Ĉ, −2 ln F̂ and Cbar
are infinite for every ∆ ̸= 0 (thick line, drawn at a schematic height). The true adaptive
Chernoff exponent ξ lies in the shaded range between the product-input lower bound ξprod
(dashed) and the program-simulation upper bound −2 lnµ∗ of Eq. (1.3.1) (solid); the dotted
line is the conjectured bound −2 ln f . (b) Replacement channels Φt,Ψt with outputs ϕt, ψt,
which converge to a common state as t → 0, against the diamond distance to the limiting
pair. The converses are again infinite, whereas the true exponent, the quantum Chernoff
bound of ϕt and ψt, is ξ = 2 ln[(1+t)/(1−t)] ≈ 4t (circles), which here equals the program-
simulation bound −2 lnµ∗; squares show 1

2∥Φt − Ψt∥⋄ for comparison. In both cases the
converses are infinite while the exponent tends to zero.
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in Eq. (1.4.1). For every completely positive map Φ,
√

1 − r F̂ (Φ,Ψ) ≤ F̂ (Φ,Ψ′) ≤
√

1 + r F̂ (Φ,Ψ), (1.4.2)

|Ĉ(Φ,Ψ′) − Ĉ(Φ,Ψ)| ≤ ln 1
1 − r

,

and for every channel Φ, − ln(1+r) ≤ DBS(Φ∥Ψ′)−DBS(Φ∥Ψ) ≤ ln[1/(1−r)]. If dX = dY
and the λ-eigenspace of J(Ψ) contains a maximally entangled vector, as for every Pauli
channel composed with a unitary, the constants are sharp. For ln F̂ ,

sup
Φ

lim sup
ϵ→0

sup
∥Ψ′−Ψ∥⋄≤ϵ

| ln F̂ (Φ,Ψ′) − ln F̂ (Φ,Ψ)|
ϵ

= 1
4λ̃
, (1.4.3)

and at the same Φ the bounds for Ĉ and DBS are attained to first order.

The worst case is a unitary Φ = AdW whose Choi vector lies in the floor eigenspace,
perturbed towards any unitary W ′ with TrW †W ′ = 0. For local noise, W differs from
the gate by a correlated error of full weight. Only the floor of the perturbed argument
enters; a two-sided version in which both channels move holds with 1±r in place of

√
1 ± r

(Theorem 4.8.8 in Chapter 4; Proposition 8.15.2 in Chapter 8 allows separate floors). At
this worst case Ĉ = DBS = −2 ln F̂ = ln(1/λ̃) (Proposition 1.6.1 below), so the three
bounds of Theorem 1.4.1 are attained together, with slope 1/(2λ̃) for Ĉ, DBS and −2 ln F̂ .
At a depolarized qubit gate, 1/(4λ̃) = 1/p, so for the worst-case Φ a diamond-norm error
ϵ can move −2 ln F̂ by 2ϵ/p. In absolute terms the largest slope of F̂ itself lies between
[2/(3

√
3 p)][1 + o(1)] ≈ 0.385/p, attained by a unitary Φ, and 1/p. We conjecture that

unitary Φ are the worst case; a numerical search over mixed Φ found nothing larger. The
maximizing unitary sits at a pair where the converse already overshoots the Stein exponent,
by a certified factor of at least 5 at p = 10−3 (Table 8.4), so this absolute slope is a property
of the converse.

The Stein exponent behaves differently in the channel under test. Errors of size ϵ′ =
1
2∥Φ − Φ′∥⋄ in Φ change ζ by at most 2ϵ′ ln dY + (1 + ϵ′)h(ϵ′/(1 + ϵ′)) + ϵ′ ln κ(Ψ), where h is
the binary entropy and κ(Ψ) the condition number of J(Ψ) (Corollary 5.7.5 in Chapter 5).
Near a gate κ ≃ (4/p)n, so this modulus grows only as ln(1/p). Errors in the reference
channel Ψ enter ζ through the Thompson metric between J(Ψ) and J(Ψ′), which is at most
ln[1/(1 − r)] [120] (Theorem 5.7.2, and Eq. (8.2.1) in Chapter 8). In fact, every quantity
considered here, the exponents ζ and ξ included, is 1-Lipschitz in the Thompson metric,
so none of them moves by more than ln[1/(1 − r)] under such an error (Proposition 8.9.2).
Section 1.6 shows that the exponents attain this rate at the worst case of Theorem 1.4.1.

1.5 Second-order sensitivity: monotone metrics and the
multi-qubit window

Theorem 1.4.1 is a worst case over pairs. At a given pair, such as a gate and its miscalibrated
copy, the response is governed by curvature. The hierarchy in Table 1.1 has a simple
interpretation. To second order, each divergence is a monotone Riemannian metric [104]
evaluated on the Choi state: the right logarithmic derivative (RLD) metric for F̂ and DBS,
the Bogoliubov–Kubo–Mori (BKM) metric for D, and the symmetric logarithmic derivative
(SLD) metric for FU [24, 71, 104]. A coherent error couples the top eigenvector of the Choi
state, with eigenvalue µ ≈ 1, to a floor eigenvector with eigenvalue λ̃. The metric defined
by an operator monotone function f weights such a coherence by cf (µ, λ̃) = 1/[µf(λ̃/µ)],
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Table 1.1: Second-order response of channel divergences to a coherent over-rotation δ at a
depolarized qubit gate, Np,δ against Np with P = Z: coefficients of δ2. Each coefficient is
a Fisher information per use of one monotone metric; the last row is the asymptotic Fisher
information with adaptive control and error correction. All entries are exact. D and FU
use the maximally entangled input, which is optimal.

quantity coefficient of δ2 p → 0

1 − F̂ FRLD/8 1/(8p)
DBS(Np,δ∥Np) FRLD/2 1/(2p)
D(Np,δ∥Np) FBKM/2 ln(4/p)/4
1 − FU(Np,δ,Np) FSLD/8 1/8
FRLD (RLD) 2(1 − p)2(2 − p)/[p(4 − 3p)]
FBKM (BKM) 1

2(1 − p) ln[(4 − 3p)/p]
FSLD (SLD) 2(1 − p)2/(2 − p)
F∞ (adaptive) 2(1 − p)2/[p(3 − 2p)]

which is (µ + λ̃)/(2µλ̃) for RLD, ln(µ/λ̃)/(µ − λ̃) for BKM and 2/(µ + λ̃) for SLD. The
weight stays bounded as λ̃ → 0 exactly when f(0+) > 0. Two caveats matter in practice.
The Uhlmann fidelity is not amplified by the floor for coherent errors, but an incoherent
change of a floor eigenvalue costs 1/λ̃ in every metric; at the worst case of Theorem 1.4.1
the Umegaki divergence and the Uhlmann fidelity equal the converses and have the same
first-order sensitivity (Proposition 1.6.1). The hierarchy is therefore a statement about the
second-order response to coherent errors only. And the closed forms extend to any Pauli
channel, any Pauli-string miscalibration and any n (Theorem 8.4.1 in Chapter 8).

For n qubits the floor λ̃ = (p/4)n is exponentially small, and which errors reach it
depends on their weight. For Np,δ of Eq. (1.2.3),(

1 − 3p
4

)n
g(x) ≤ 1 − F̂ (Np,δ,Np) ≤ g(x), (1.5.1)

where g(x) = 1 − (1 + x)−1/2, x = (κw − 1)2 sin2(δ/2)/(4κw), and κw = [(4 − 3p)/p]w is
the ratio of the two Choi eigenvalues coupled by the error; for w = n it is the condition
number of J(Np). The geometric infidelity therefore reaches a level η at the window

δη = 4√
xη
(p

4
)w/2[

1 +O(np)
]
, (1.5.2)

with xη = (1 − η)−2 − 1, and DBS obeys the same scaling. The window depends on the
weight of the error, not on the number of qubits: a weight-one error on any number of
qubits has δ0.1 ≈ 0.97√

p. A full-weight error has δη ∝ pn/2. At p = 10−3 and η = 0.1 this
is δη ≈ 4.8 × 10−4 for a two-qubit ZZ error and 1.2 × 10−7 for a four-qubit error of full
weight. Under global depolarizing noise of the same strength the window is δη ≃ 4√

xηp/d,
with d = 2n, which is 1.5 × 10−2 for two qubits. By contrast D ≤ w ln[(4 − 3p)/p] sin2(δ/2)
and 1 − FU ≤ sin2(δ/2), independently of n. The worst-case modulus of Theorem 1.4.1 at
this gate, taken over the other argument, is 1

4(4/p)n. Figure 1.3 shows the collapse of exact
evaluations for n = 1, 2, 3.

Biased noise. The closed forms cover any Pauli noise (Chapter 8, Section 8.12). For
a miscalibration about P the window is set by the coupled rate qP , the probability of
the Pauli error P itself, as δη ≃ 4

√
xηqP /q1, whereas the floor λ̃ = minQ qQ sets the

worst-case modulus of Theorem 1.4.1; the two are set by different rates. Under dephasing-
dominated noise with bias b = pz/(px + py), as in bias-preserving architectures [109, 121],
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a Z miscalibration keeps the wide window 1.94√
pz for every b, whereas the window of an

X miscalibration narrows to 1.94
√
pz/(2b), set by the small transverse rate.

1.6 Genuine and spurious parts of the fragility
We now compare the converses with the exponents they bound, first at first order and then
at second order.

First order. At the worst case of Theorem 1.4.1 the converses are exact.

Proposition 1.6.1 (Genuine first-order fragility). Let dX = dY , let Ψ be a channel with
J(Ψ) > 0, and let W be a unitary whose Choi vector is an eigenvector of J(Ψ) with
eigenvalue dX µ̃. Then

ζ = ξ = DBS = Ĉ = −2 ln F̂ = D = −2 lnFU = ln(1/µ̃), (1.6.1)

all evaluated at (AdW ,Ψ). All seven quantities have the same derivative in every direction
of Ψ, so for a floor eigenvector (µ̃ = λ̃) each of them changes at the rate 1/(2λ̃) per unit
of diamond distance, the sharp rate of Theorem 1.4.1.

The optimal test is a Bell measurement in the frame of W , which detects every error
other than W ; for a Pauli channel µ̃ = qW , and Eq. (1.6.1) holds exactly at every Pauli
channel in the same frame. The sharp constant of Theorem 1.4.1 is therefore a property of
the task: the floor sets the error budget for any statement about discriminating a gate from
the model Ψ. More generally, wherever a converse is tight and differentiable, the exponent
is at least as sensitive at first order as the converse, so a first-order spurious gap can occur
only where the converse already overestimates the exponent (Lemma 8.9.5 in Chapter 8).
For Pauli-diagonal pairs the single-letter converses are exact (Proposition 8.9.6), whereas
at the slope maximizer of Sec. 1.4 they are not.

Second order. We compare the BS converse with the exponent it bounds, ζ(Np,δ∥Np),
for the qubit gate (n = 1, P = Z). At small δ the comparison can be made exactly. Any
fixed k-use strategy gives ζ ≥ 1

kD(ρδk∥ρ0
k), where ρδk are its output states [41, 125]. Because

J(Np,δ) ≥ (p/2)1, these outputs have δ-independent support, and the relative entropy is,
to second order, a BKM metric, which dominates the SLD metric [104]. Taking the error-
corrected strategies of Zhou and Jiang [131] gives lim infδ→0 ζ/δ

2 ≥ F∞/2, where F∞ is the
asymptotic Fisher information per use. For this gate the Hamiltonian lies in span{K†

iKj},
where Ki are the Kraus operators, so the scaling is linear, and F∞ = 2(1 − p)2/[p(3 − 2p)];
this is the closed form of Ref. [131], and a primal–dual pair of the corresponding semidefinite
program, evaluated in 50-digit arithmetic, agrees with it to a relative gap below 2 × 10−47

(Chapter 8, Section 8.8). Since DBS = FRLDδ
2/2+O(δ4/p2), our result for the local regime

is

1 ≤ lim inf
δ→0

DBS
ζ

≤ lim sup
δ→0

DBS
ζ

≤ FRLD
F∞

= (2 − p)(3 − 2p)
4 − 3p <

3
2 .

(1.6.2)

In the local regime the 1/p curvature is therefore genuine: ζ ≥ [1 + O(p)] δ2/(3p) + o(δ2),
and the BS converse is tight to within a factor 3/2. The local coefficient itself is known only
to lie between F∞/2 and FRLD/2, i.e., 1/3 ≲ pζ/δ2 ≤ 1/2 for small p. The upper bound in
Eq. (1.6.2) would be attained if the local Stein coefficient were the SLD rate F∞/2:

Conjecture 1.6.2 (Local tightness of the BS converse). For the depolarized qubit gate,
limδ→0DBS(Np,δ∥Np)/ζ(Np,δ∥Np) = FRLD/F∞, which tends to 3/2 as p → 0.
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Figure 1.3: Fragility window of the geometric fidelity for n = 1, 2, 3 qubits. (a) Miscalibra-
tion δ0.1 at which F̂ (Np,δ,Np) drops to 0.9, from exact 50-digit evaluations (symbols), for
local depolarizing noise with a miscalibration of weight w (colors) and for global depolar-
izing noise (grey). Lines are the asymptotic laws 1.94 (p/4)w/2 and 1.94√

p/d; fitted slopes
for p ≤ 10−3 are 0.500, 1.000 and 1.500 for w = 1, 2, 3. The weight-one error Z ⊗ 1 on two
qubits (crosses) has the same window as Z on one qubit. (b) The exact curves for w = n
and p = 10−2, 10−3, 10−4, plotted against u = δ

√
κn/4, collapse onto (1 + u2)−1/2; here

κn = [(4 − 3p)/p]n is both the ratio of the two coupled Choi eigenvalues and the condition
number of J(Np). The fragile window of an n-qubit gate is set by the weight of the error
and is exponentially small in it.
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line is the depolarizing value 3/2. Errors aligned with the bias keep a wide window and a
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We do not know whether Conjecture 1.6.2 holds; for the explicit strategies we evaluated,
the relative-entropy rate exceeds the SLD rate of the same strategy, so the limit could lie
strictly below FRLD/F∞.

The same argument applies beyond the depolarized qubit. For every Pauli channel and
Pauli-string miscalibration the asymptotic adaptive Fisher information is F∞ = (1 − Γ)/Γ,
with Γ = ∑

{Q,QP} 4qQqQP /(qQ + qQP ) summed over the pairs of Pauli strings coupled by
the error, which extends the qubit formula of Ref. [131] (Theorem 8.12.4 in Chapter 8). So
the local bracket is 1 ≤ DBS/ζ ≤ FRLD/F∞ in general. Under Z-biased noise it tightens to
1 + 1/(4b) for a Z miscalibration, and under pure dephasing the local Stein coefficient is
known exactly, limδ→0 ζ/δ

2 = F∞/2 = FRLD/2. For an X miscalibration it widens towards
2 [Fig. 1.4(b)], so the narrow X window is still genuine up to a factor two, and for general
single-qubit Pauli noise the ratio is unbounded at leading order (Eq. (8.12.15)). The gap
between converse and exponent therefore depends on how the error couples to the noise.
For a two-qubit ZZ miscalibration under local depolarizing noise, weight-one errors limit
F∞ ≃ 2/p while FRLD ≃ 4/p2, and the bracket widens to 2/p; for weight w it widens as
p−⌊w/2⌋. Whether ζ inherits the δ ∼ p window of DBS for correlated errors, or whether
that window is a spurious fragility, is open.

At finite δ we bracketed ζ numerically. Lower bounds ζ− are exact relative entropies of
explicit sequential strategies with finitely many uses, including one that uses a two-qubit
code to herald bit-flip errors. Upper bounds ζ+ are the smallest of DBS, the continuity
bound (8.3.2) of Chapter 8 applied at the pair (Np,Np), the bound ζ ≤ ln(4/p), and the
convex-optimization divergences D# of Fawzi and Fawzi [43] for one and two copies, whose
feasible points we verified in high-precision arithmetic. The upper and lower bounds on ζ
differ by at most a factor 4.1. Figure 1.5 shows the result against δ̄ = δ/[p ln(1/p)]. For
δ̄ ≲ 1 the converse coincides with the certified upper bound, ζ+ = DBS, and the numerical
bracket on DBS/ζ is [1, 3.16] for all three values of p. Its upper end lies above the proved
limit of Eq. (1.6.2) because the explicit strategies reach only pζ−/δ

2 → 0.158, rather than
the asymptotic pF∞/2 → 1/3. Above δ̄ ≈ 1 the certified ratio DBS/ζ+ grows. It peaks at
1.81, 3.74 and 9.15 for p = 10−2, 10−3 and 10−4, at δ ≈ 2√

p (δ = 0.23, 0.069 and 0.023),
where F̂ ≈ 0.66–0.68; the peak value scales as 0.8/(√p ln(1/p)). These peak values are
set by the Fawzi–Fawzi bounds alone; the continuity bound (8.3.2) enters ζ+ only at the
largest δ.

Chernoff exponent. Symmetric discrimination behaves in the same way. Here Ĉ =
− ln F̂ ≃ FRLDδ

2/8, and the argument behind Eq. (1.6.2), with the quantum Chernoff
bound in place of the relative entropy, gives F∞/8 ≤ lim infδ→0 ξ/δ

2 ≤ lim supδ→0 ξ/δ
2 ≤

FRLD/8, so 1 ≤ Ĉ/ξ ≤ FRLD/F∞ < 3/2 as δ → 0 (Proposition 8.10.2 in Chapter 8).
Single-use strategies reach only ξ ≈ δ2/4, without the factor 1/p, so the 1/p curvature
again comes from adaptive accumulation with error detection. At finite δ we bound ξ by
refereed one-copy converses evaluated at the midpoint δ/2. The certified overshoot Ĉ/ξ
then reaches 1.13, 2.48 and 6.00 for p = 10−2, 10−3 and 10−4, near δ ≈ 2.9√

p, and as
p → 0 it is at least 0.27/(√p ln(1/p)).

Table 1.2 collects the verdicts. The crossover has a simple origin. The exponent grows
at least as δ2/(3p), and at most as δ2/(2p), only until it reaches its own continuity bound,
which is of order δ ln(1/p); this happens at δ ∼ p ln(1/p). Beyond that point ζ grows at most
linearly in δ, whereas DBS continues to grow as δ2/(2p) until F̂ approaches saturation at the
window δ ∼ √

p of Eq. (1.5.2). The three regimes of Sec. 1.3 thus reappear at a noisy gate
on three scales: genuine fragility for δ ≲ p ln(1/p), a spurious overshoot that grows up to its
peak near δ ≈ 2√

p, and saturation beyond, where the overshoot recedes. For estimation,
which probes the local regime, the 1/p curvature of the RLD-type bounds is physical. For
discrimination of gates that differ by more than p ln(1/p), it is mostly an artifact of single-
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Figure 1.5: Crossover from genuine to spurious fragility for the adaptive Stein exponent
ζ(Np,δ∥Np) of a depolarized qubit gate, for p = 10−2, 10−3, 10−4, against δ̄ = δ/[p ln(1/p)].
Here ζ− ≤ ζ ≤ ζ+ are lower bounds from explicit finite-length strategies and certified
upper bounds. (a) Ratio of the Belavkin–Staszewski converse to ζ: solid lines divide by
ζ+ and are certified lower bounds on the ratio; dashed lines divide by ζ− and are upper
bounds. For δ̄ ≲ 1 the numerical bracket is [1, 3.16]; the bar marks the narrower bracket
[1, FRLD/F∞] ⊂ [1, 3/2] that Eq. (1.6.2) proves in the limit δ → 0. Arrows mark δ = 2√

p,
near which the certified overshoot peaks. (b) ζ± and DBS in units of δ2/p, with the local
limits pF∞/2 → 1/3 (a proved lower bound on pζ/δ2 as δ → 0) and pFRLD/2 → 1/2. Below
δ ≈ p ln(1/p) the converse follows ζ; above it, the converse exceeds ζ by a factor that grows
as p decreases.
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Table 1.2: Genuine and spurious fragility of the converses, by sense of sensitivity and task.
“Genuine” means that the operational exponent has the same sensitivity as the converse
(up to the stated factor); “spurious” means that only the converse has it. The first row
concerns amplitude damping, the second the worst case of Theorem 1.4.1, and the last
two the depolarized qubit gate (Np,δ,Np); under biased noise the local ratio stays below 2
for single-qubit errors, and for correlated two-qubit errors the local bracket widens to 2/p
(Sec. 1.6).

regime Stein: ζ vs. DBS Chernoff: ξ vs. Ĉ and −2 ln F̂
Choi supports
(Sec. 1.3)

genuine: ζ(Aγ∥Aγ′) = ∞ spurious: converses = ∞ while
ξ → 0

first order, per unit
of ∥Ψ′ − Ψ∥⋄

genuine: both at most 1/(2λ̃),
equal at the worst case

genuine: both at most 1/(2λ̃),
equal at the worst case

second order, δ ≲
p ln(1/p)

genuine: 1 ≤ DBS/ζ ≤
FRLD/F∞ < 3/2 as δ → 0

genuine: 1 ≤ Ĉ/ξ ≤ FRLD/F∞ <
3/2 as δ → 0

second order,
p ln(1/p) ≲ δ ≲

√
p

spurious: DBS/ζ up to 1.81, 3.74,
9.15 for p = 10−2, 10−3, 10−4; ≈
0.8/(√p ln 1

p )

spurious: Ĉ/ξ up to 1.13, 2.48,
6.00 for p = 10−2, 10−3, 10−4; ≈
0.5/(√p ln 1

p )

letter bounds. A better target is then ζ itself, which is computable [117, 124] although no
convergence rate is known, or its continuity bound.

1.7 Certification from finite data
A converse computed from a tomographic estimate is a statement about the estimate. To
make it a statement about the device, one needs a confidence region and a bound valid on
all of it. Equation (1.4.1) provides this.

Theorem 1.7.1 (Certified converse). Suppose that, with probability at least 1−α, the true
channels lie within diamond distance ϵ of channel estimates Φ̂, Ψ̂ (completely positive and
trace preserving) whose Choi floors are at least λ̂, and let r = dXϵ/(2λ̂) < 1. Then, with
the same probability, the true floors are at least (1 − r)λ̂ and

ξ(Φ,Ψ) ≤ Ĉ(Φ,Ψ) ≤ Ĉ(Φ̂, Ψ̂) + ln 1
1 − r

. (1.7.1)

An analogous bound for ζ adds the continuity bound of Sec. 1.4 to DBS(Φ̂∥Ψ̂) (Chap-
ter 8, Section 8.13). Both bounds are one-sided in the direction that keeps the converse
valid, which is the direction that matters for certification. Plug-in values carry no such
guarantee. In our simulations the plug-in F̂ exceeded the true value, which makes the con-
verse claim a stronger limit than is true, in up to 32% of runs for linear inversion, depending
on p and the sample size, and in up to 96% of runs for a hedged maximum-likelihood esti-
mate [22] at small sample sizes (Section 8.13).

By the sharpness in Eq. (1.4.3), a diamond ball of radius ϵ contains pairs whose values
of ln F̂ differ by ϵ/(4λ̃), so an additive accuracy η requires ϵ ≲ 4ηλ̃. Diamond-norm
tomography [93] reaches this with O

(
(dXdY k+ dX ln 1

α)/(ηλ̃)2) uses for channels of Kraus
rank k; this learner is coherent, since it processes the channel outputs jointly. For learners
that measure each channel output separately, possibly choosing later inputs from earlier
outcomes, no strategy reaches diamond accuracy ϵ on the gate family of Eq. (1.2.3) with
fewer than order 1/ϵ2 uses (Proposition 8.13.1(b) in Chapter 8; see also Ref. [102]), hence
order 1/(ηλ̃)2. For such incoherent learners, certification through a diamond ball therefore
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costs order 1/(ηλ̃)2 uses. Whether coherent learners can do better is open. The two-point
argument behind the incoherent bound does not extend to them: with error-corrected
coherent probing the Fisher information per use for the rotation angle is F∞ ≈ 2/(3p), and
the same argument then gives only order p/ϵ2 ≈ 1/(η2p) uses, no more than the intrinsic
cost below.

This cost is not intrinsic to the task. For Pauli channels the relevant information sits
in the error rate q of a floor sector, and a relative change η of q carries information of order
η2q per use. For local depolarizing noise, any strategy, adaptive or coherent, needs at least
0.0246/(η2λ̃) uses to estimate F̂ (AdPU ,Ψ), the fidelity of the noisy gate with a correlated
error of full weight, to relative accuracy better than η ≤ 0.1. Bell-basis estimation of the
Pauli error rates in a known frame [45, 52] achieves O(ln(1/α)/(η2λ̃)). The separation
is therefore between variance-blind confidence regions, whose radius is set by the largest
outcome variances, and variance-adaptive ones, whose width in the floor directions shrinks
with the floor; it is not specific to the diamond norm. We conjecture that Õ(poly(d)/(η2λ̃))
uses suffice for all channel pairs.

Simulations of single-qubit Pauli tomography illustrate both scalings (Fig. 1.6). For
the pair with δ = 2√

p, where F̂ ≈ 0.71, we certified a lower bound on F̂ , hence an
upper bound on the converse, to accuracy η = 0.05 in ln F̂ at 95% confidence. In the first
procedure, Theorem 1.7.1 is applied to a diamond-norm ball around the linear-inversion
estimate, whose Hoeffding radius does not adapt to the small outcome probabilities in
the floor directions. Its cost, 3.6 × 1013 uses per channel at p = 10−3, follows from that
radius by construction and is proportional to p−2. In the second procedure, the Pauli error
rates are estimated directly in the known frame with exact binomial intervals, and F̂ is
minimized exactly over the resulting confidence polytope; the cost grows as p−1.00±0.04 and
is 1.2 × 107 uses at p = 10−3. The certified bounds held in all 1000 repetitions at every p.
Through the same diamond ball, the hockey-stick divergence and the Uhlmann fidelity are
certified with a number of uses independent of p. Bounds of the opposite type, which limit
distinguishability from below, show the same separation: variance-blind isotropic regions
cost order p−2, whereas a box of exact binomial intervals on the setting probabilities, which
is variance-adaptive and needs no model assumption, already costs order p−1 (Chapter 8,
Section 8.13). The second procedure assumes Pauli noise in the known frame; whether
model-free tomography attains the 1/λ̃ law on the converse side is open. For a two-qubit
CNOT gate under local noise, plug-in (not certified) estimates of F̂ needed a number of
shots growing approximately as p−4 ∝ 1/λ2, with λ = p2/4, in line with the multi-qubit
floor (three points on a one-decade grid).

1.8 Discussion
The sensitivity of geometric channel divergences near noisy gates has two senses. At first
order, a diamond-norm error in the model moves the converses by up to order 1/λ̃ per
unit of distance, with the sharp constant of Theorem 1.4.1. At the worst case the adaptive
exponents move at the same rate (Proposition 1.6.1), so in this sense the sensitivity belongs
to the task, and a first-order gap between converse and exponent requires a converse that is
already loose. At second order, the curvature of the converses in a coherent miscalibration
grows as 1/p. In this sense the sensitivity has two sources. One is physical: adaptive
strategies can exploit the noise floor, and the Stein and Chernoff exponents and the error-
corrected Fisher information inherit a 1/p scale for small miscalibrations. The other is
an artifact of single-letter bounds, which keep the 1/p curvature well beyond the point
where the exponent has crossed over to its ln(1/p) continuity bound, and which can be
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Figure 1.6: Cost of certifying converses from simulated single-qubit Pauli tomography. (a)
Channel uses per channel for a certified lower bound on F̂ (Np,δ,Np) at δ = 2√

p, i.e., an
upper bound on the converse − ln F̂ , to accuracy η = 0.05 at confidence 1 − α = 0.95
(median run; error bars are bootstrap intervals, lines are fits). A variance-blind diamond-
norm ball combined with Theorem 1.7.1 costs order p−2 by construction; variance-adaptive
estimation of the Pauli error rates in the known frame costs order p−1. Through the same
ball, the hockey-stick divergence and the Uhlmann fidelity at δ = 1 cost the same at
every p. The dotted line is the reference scale c0/(η2λ̃), proved as a lower bound for the
related estimand F̂ (AdPU ,Ψ), not for the pair simulated here. (b) Empirical coverage of
the certified bounds in 1000 runs per point; the target is 0.95.
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infinite where the exponent vanishes. For an experimentalist the practical consequences are
concrete. A converse computed from a pure-T1 or noiseless model can be infinite for reasons
that have nothing to do with the device; the residual thermal population or depolarizing
floor sets its value and must be part of the model. Error budgets for geometric converses
must be set relative to the Choi floor, which for n qubits under local noise is (p/4)n, and,
for a given miscalibration, relative to the rate of the corresponding Pauli error, which under
biased noise can be far smaller than the dominant error rate. And confidence regions should
be variance-adaptive rather than isotropic in the diamond norm, which for Pauli channels
saves a factor of order 1/λ̃ in data.

Several questions remain open. We do not know whether Conjecture 1.6.2 holds, where
in its bracket the local Chernoff coefficient lies, whether unitary channels give the worst-
case slope of F̂ , whether the exponent inherits the narrow window of the converses for
correlated multi-qubit errors, whether coherent learners can certify through a diamond ball
with fewer than order 1/(ηλ̃)2 uses, or whether the intrinsic certification cost is of order
1/(η2λ̃) for all channels. For amplitude damping, the conjectured bound ξ ≤ −2 ln f would
pin ξ within a factor two. A single-letter converse that stays finite at spurious pairs, such
as min{Ĉ, Cbar,−2 lnµ∗}, and the extension of these laws to bosonic loss channels with
energy constraints, are natural next steps.

1.9 Plan of the book
The rest of the book develops the theory behind this chapter. Chapter 2 is an overview:
it explains the three classical “shadows” of a pair of states or channels that organize the
theory, summarizes the main results of each chapter, shows how the chapters depend on
each other and suggests reading orders. Chapter 3 fixes the notation and records where
the conventions of the chapters differ. Chapter 4 introduces the Arveson–Radon–Nikodym
derivative of a pair of channels and proves the continuity dichotomy and the Choi-floor
estimates used in Sections 1.3 and 1.4. Chapter 5 treats testing regions and hockey-stick
divergences and proves the continuity properties of the adaptive Stein exponent used in
Sections 1.3 and 1.4; Chapter 6 studies the super-multiplicativity of the hockey-stick Rényi
quasi-entropies under tensor products. Chapter 7 describes adaptive discrimination as a
controlled random walk and proves the geometric Chernoff converse of Eq. (1.2.2) and the
fragility of single-letter Chernoff converses discussed in Section 1.3. Chapter 8 contains the
proofs of the results stated in this chapter, together with closed forms for Pauli channels,
the analysis of amplitude damping, the certification bounds and the numerical methods.
Chapter 9 collects the open problems of all chapters, including those listed above.



Chapter 2

Overview and reading guide

This book is about one question: when does a quantum divergence between two channels,
or an operational quantity that it bounds, depend continuously on the channels, and how
large is the error when it does? Chapter 1 has introduced the question through its physical
motivation and stated the answers for characterized gates. Chapters 4–7 develop the general
theory, and Chapter 8 contains the proofs of the results of Chapter 1. This chapter explains
the organising idea of three classical “shadows” of a pair, the main results of each chapter
and how the chapters depend on each other, and suggests reading orders. Chapter 3 fixes
the notation and records where the chapters differ in their conventions, and Chapter 9
collects the open problems.

2.1 From noisy gates to the general questions
The single-letter converses of Chapter 1, the geometric channel fidelity F̂ , the geometric
Rényi divergences D̂α and the Belavkin–Staszewski relative entropy DBS, are each built
from a Kubo–Ando mean of the Choi matrices of the two channels [42, 72]. That chapter
showed how badly they can depend on the model of the channels. Their discontinuities
are not limited to ideal gates: two pairs of replacement channels with the same sum can
be arbitrarily close in the diamond norm and have geometric fidelities 0 and 1 (Corol-
lary 4.3.3), just as an ideal unitary gate has geometric fidelity 1 with itself and 0 with
every miscalibrated copy (Corollary 4.12.6).

This raises several general questions, which organise the rest of the book.

(a) In which coordinates are these divergences continuous, and with which moduli?
Where exactly are they discontinuous in the diamond norm?

(b) Which divergences are continuous everywhere, and why?

(c) Do the operational quantities, such as the Stein and Chernoff exponents of adaptive
discrimination, share the discontinuities of their converses? When a converse jumps,
does the task jump with it?

(d) Near realistic noisy gates, where continuity holds, how large is the modulus, and how
does it compare with the sensitivity of the task itself?

Chapter 1 answered (d) and the physical side of (c). The answers to (a)–(c) depend on the
family of divergences, and the main structural message is that each family is a functional
of a different classical object attached to the pair.

18
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2.2 Three shadows of a pair
For a pair of positive operators, or of completely positive maps, there are several ways to
extract a classical pair of measures, and each of the standard families of quantum diver-
gences is a classical divergence of one of them. We call these classical objects the shadows
of the pair. Three of them carry most of this book.

(I) The reverse test. For states ρ, σ with ω = ρ + σ, the operator T = ω−1/2ρω−1/2

(on the support of ω) is a positive contraction, and its spectral measure in the state ω
gives a classical pair. Its classical divergences are the maximal f -divergences of Matsumoto
[91] and the Kubo–Ando means; in particular F̂ , D̂α and DBS belong to this family. For
completely positive maps the role of T is played by the Arveson–Radon–Nikodym (ARN)
derivative of Φ with respect to Ω = Φ + Ψ: if Ω has linearly independent Kraus operators
V1, . . . , Vr, then Φ(X) = ∑

k,l TklVkXV
∗
l for a unique 0 ≤ T ≤ 1 (Theorem 4.2.2). Its

transpose is the effect, on the environment of a Stinespring dilation of Ω, that selects the
branch Φ (Theorem 4.2.5). Every Kubo–Ando mean of the Choi matrices is Wgσ(T )W ∗

for a scalar function gσ and the matrix W of Kraus vectors (Theorem 4.2.15). This is the
shadow of Chapters 4 and 7.

(II) The testing region. The hockey-stick profile e(γ) = Tr(ρ − γσ)+, γ ≥ 0, encodes
all the binary tests between ρ and σ. Its second derivative µ = e′′ is a measure on (0,∞),
completed by boundary atoms at 0 and ∞. The hypothesis-testing quantities, the Hirche–
Tomamichel f -divergences [63] and, by Frenkel’s formula [46], the Umegaki relative entropy
are functionals of this shadow. It is the shadow of Chapters 5 and 6.

(III) The modular shadow. The Nussbaum–Szkoła pair of the relative modular operator
[99] gives the Petz f -divergences. Through the modular derivative T̃ = ∆(1 + ∆)−1 it can
be treated with the same tools as the reverse test (Section 5.5).

Two further families appear as limits or suprema of these: the measured divergences,
a supremum over many classical pairs, and the sandwiched and regularised divergences,
which appear only after tensor powers. Section 5.8 contains a table that places all five
families side by side.

The three shadows are ordered. The testing-region shadow is a garbling of the reverse
test (Theorem 5.3.2), and the modular shadow has the boundary masses of the testing
region, not those of the reverse test (Theorem 5.5.1). This ordering explains the difference
in continuity. The reverse test can be destroyed by an O(

√
t) perturbation that couples

the kernel of the sum to its range, so the obstruction to continuity for family (I) is the
invertibility of the sum J(Φ + Ψ). The testing region does not see that mechanism, and
the only obstruction left for family (II) is a leak of support, which is controlled by the
invertibility of the second argument.

2.3 Results by chapter
The results of Chapter 1 are listed in its introduction and are not repeated here. The other
chapters contain the following main results.

Chapter 4: continuity of Kubo–Ando channel divergences

Chapter 4 develops family (I) for completely positive maps. Since every quantity of the
family is a scalar function of the ARN derivative, read through the Kraus operators of the
sum, it is continuous in T with a dimension-free constant. For the fidelity,∣∣F̂ (Φ1,Ψ1) − F̂ (Φ2,Ψ2)

∣∣ ≤ ∥Ω∗(1Y)∥∞ ∥T1 − T2∥1/2
∞
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for two pairs with the same sum Ω, and the constant and the exponent are sharp (Theo-
rem 4.4.6). Analogous bounds hold for all means, for Q̂α with α ∈ (0, 1) and for bounded
maximal f -divergences (Theorems 4.4.5, 4.5.5 and 4.5.13), and, under a bound on Dmax
within each pair, for DBS and Q̂α with α ∈ (1, 2] (Theorem 4.6.7). Every maximal f -
divergence of an operator convex f has a closed form as the largest eigenvalue of a partial
trace and is continuous in T with values in (−∞,+∞] (Theorems 4.7.5 and 4.7.6). Sec-
tion 4.9 gives explicit moduli for every mean and every operator convex f .

The passage to the diamond norm goes through the quantity ν(Ω), the smallest operator
norm of a unit combination of the Kraus operators of the sum, which bounds the derivative
distance by the diamond distance (Theorem 4.8.4, Corollary 4.8.6). Pairs with different
sums are compared through the Thompson metric (Theorem 4.10.4, Corollary 4.10.7), and
support changes through the Lebesgue decomposition of the sums (Theorem 4.11.3). The
main structural result is a dichotomy (Theorem 4.12.4): on pairs of completely positive
maps, F̂ is continuous at (Φ,Ψ) if and only if J(Φ + Ψ) is invertible or F̂ (Φ,Ψ) = 0,
with analogues for the other quantities. Within channels the dichotomy holds at diagonal
pairs (Φ,Φ), where output rotations already produce the jump (Theorem 4.12.9, Corol-
lary 4.12.10), and zero-temperature amplitude damping jumps from 1 to 0 within its own
family (Example 4.12.8). Quantitatively, if the Choi matrices are bounded below by λ > 0,
the fidelity is Lipschitz in the diamond norm with a relative constant of the sharp order
λ−1 (Theorem 4.8.8, Example 4.8.11), and at mutually singular pairs it tends to zero at
the sharp rate d1/2/ sin θ (Theorem 4.12.11).

Chapter 5: testing regions, modular lifts and continuity

Chapter 5 carries the programme of Chapter 4 through families (II)–(V). The testing-region
shadow has atoms exactly at the relative spectrum, dominated by those of the reverse test,
and an absolutely continuous part whose density is the coupling of σ across the Helstrom
test (Theorems 5.3.1 and 5.3.2). One consequence is an explicit nonnegative integral for-
mula for DBS − D, and another is that the measured, testing-region and maximal diver-
gences of a strictly convex function coincide only for commuting pairs (Corollary 5.3.3).
Every testing-region f -divergence with finite boundary values is uniformly continuous with
a dimension-free modulus, so these divergences have no dichotomy (Theorem 5.4.1, Corol-
lary 5.4.2), and the Umegaki relative entropy is continuous at (ρ, σ) exactly when σ is
invertible or D(ρ∥σ) = ∞ (Theorem 5.4.3). Bounded Petz divergences are continuous
everywhere, with a dimension-free Hölder modulus (Theorem 5.5.2).

For channels the chapter replaces the trace norm by the Thompson metric of the Choi
matrices and the relative entropy by a conditional entropy. Every n-use adaptive quantity
of a suitable divergence is ndT-Lipschitz in the second channel (Theorem 5.7.2), and the
first argument is controlled uniformly over references (Theorem 5.7.4). Together these give
an explicit modulus for the adaptive Stein exponent ζ, and the analogue of the dichotomy:
ζ is continuous at (Φ,Ψ) if and only if J(Ψ) is invertible or ζ(Φ,Ψ) = ∞ (Corollary 5.7.5).
The chapter also treats the strong-converse exponent and the regularised sandwiched and
Petz divergences (Theorems 5.7.8 and 5.7.11, Corollary 5.7.9), and gives an exact one-shot
dual formula for testing-region channel divergences together with their regularised values
(Theorems 5.7.13 and 5.7.16).

Chapter 6: super-multiplicativity of hockey-stick Rényi quasi-entropies

The reverse test and the modular shadow factorise under tensor products, but the testing
region does not. Chapter 6 studies what replaces multiplicativity for the testing-region



CHAPTER 2. OVERVIEW AND READING GUIDE 21

Rényi quasi-entropiesQHT
α , the Mellin moments of the hockey-stick profile. Conjecture 6.3.5

asserts that they are super-multiplicative, so that DHT
α is superadditive for α > 1 and

subadditive for α < 1. The chapter proves the conjecture at α = 2 (Theorem 6.4.1),
at every integer order for pure states and at α = 3 for sign-free pairs (Theorem 6.5.3),
at every integer order against pure partners (Theorem 6.7.1), at α = 3 whenever one
reference state has at most two distinct eigenvalues (Corollary 6.6.3), for one measured
factor (Theorem 6.4.2), to first order as α → ∞ (Theorem 6.4.3) and for tensor powers
with enough copies (Proposition 6.8.3). Structurally, the conjecture is the family of moment
inequalities of a convex-order domination between two Frenkel measures (Theorem 6.8.2).
One-way LOCC tests never beat the classical product of the shadows (Proposition 6.9.2), so
a proof must use entangled tests. The chapter also gives an elementary proof of DHT

α ≤ D̃α

for α ≥ 2 (Theorem 6.3.2). Unlike the other chapters, it is a chapter of matrix analysis:
continuity plays no role, and quantum channels appear only as garblings between a pair
and its shadow (Section 6.9).

Chapter 7: adaptive discrimination as a controlled random walk

Chapter 7 turns the ARN derivative into a converse for adaptive discrimination. Diago-
nalising T = ∑

ℓ τℓPℓ writes the pair as Φ = ∑
ℓ τℓΩℓ and Ψ = ∑

ℓ(1 − τℓ)Ωℓ with com-
mon completely positive level maps Ωℓ (Lemma 7.2.1). Each use of the unknown channel
therefore selects a level and then acts in a way that does not depend on the hypothe-
sis, and every adaptive protocol is a post-processing of a controlled random walk whose
step values are fixed (Proposition 7.3.1). The result is the geometric Chernoff converse:
every adaptive strategy errs with probability at least 1

4 exp(−nĈ −
√

2 ln 4 Λ
√
n), where

Ĉ = − ln mins λmin(Bs) is computable from one eigendecomposition (Theorem 7.4.1). No
other common decomposition gives a better bound of this kind (Proposition 7.4.3); Ĉ lies
between one half of the fidelity converse and the fidelity converse and is not comparable with
the barycentric converse (Corollary 7.4.5, Proposition 7.4.6). If the levels are orthogonal
at an optimal input, product strategies attain Ĉ (Theorems 7.5.1 and 7.5.3).

The continuity section applies Chapter 4 to the converse itself. Under perturbations
that are small relative to the pair, e−Ĉ is Lipschitz (Theorem 7.6.2), which gives a con-
verse valid for a whole neighbourhood of a model pair (Corollary 7.6.3); under general
perturbations it is only lower semicontinuous, and continuous where J(Φ + Ψ) is invert-
ible (Theorem 7.6.4). Near replacement channels with rank-deficient outputs, the fidelity,
barycentric and geometric Chernoff converses are all infinite while the adaptive exponent
tends to zero (Theorem 7.6.5). The same happens for amplitude-damping channels with
nearby damping rates, where a pure-program simulation gives a finite converse of the right
order (Theorem 7.6.9, Corollary 7.6.10).

Chapter 8: noisy gates, proofs and further results

Chapter 8 proves the results that Chapter 1 states for characterized gates: the classification
of discontinuities into genuine, spurious and absent by the supports of Choi matrices, the
Choi-floor law ln[1/(1 − r)] with r = ϵ/(2λ̃) and its sharpness (Section 8.3), the equality of
converses and exponents at the worst case (Section 8.9), and the comparison of the converses
with the adaptive Stein and Chernoff exponents under a coherent miscalibration, locally
and at finite miscalibration (Sections 8.8, 8.10 and 8.11). It also contains closed forms of
the divergences and of the asymptotic adaptive Fisher information for all Pauli channels
and Pauli-string miscalibrations (Sections 8.4, 8.5 and 8.12), the analysis of amplitude
damping and of the program-simulation converse (Section 8.7), the certification bounds
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(Section 8.13) and the numerical methods (Section 8.14). Section 8.15 points to the results
of Chapters 4, 5 and 7 that these proofs use and proves the refinements of them that are
needed.

2.4 How the chapters depend on each other
Figure 2.1 shows the logical dependencies. Chapter 1 comes first because it frames the
theory, but it states its results with forward references: they are proved in Chapter 8, with
the help of Chapters 4, 5 and 7. Chapter 4 is the foundation: it introduces the ARN
derivative, the Thompson metric between sums, the relative distance of two pairs and the
dichotomy. Chapter 5 uses the reverse test of Chapter 4 as the reference point for the testing
region and the modular shadow, and compares its continuity results with the dichotomy.
Chapter 6 uses the definitions and the tensor-product sandwiches of Chapter 5. Chapter 7
uses the derivative, the level decomposition it induces, and the continuity estimates for pairs
with different sums from Chapter 4. Chapter 8 draws on all three of Chapters 4, 5 and 7:
the Choi-floor estimates and the dichotomy, the continuity of the Stein exponent, and the
geometric Chernoff converse with its fragility. Together, Chapters 1 and 8 are largely self-
contained. Chapters 6 and 7 are linked only through an open problem, which asks whether
the adaptive Chernoff exponent is a regularised testing-region quantity (Problem 9.6.6).

Ch. 1: fragility near
noisy gates (results)

Ch. 3: Notation and
conventions

Ch. 4: ARN derivative,
continuity, dichotomy

Ch. 5: testing region,
Petz, Stein exponent

Ch. 7: level decomposition,
Chernoff converse

Ch. 6: super-
multiplicativity

Ch. 8: noisy gates,
proofs and further results

Ch. 9: Open problems

Figure 2.1: Dependencies between the chapters. A solid arrow means that the chapter at its
head uses definitions or results of the chapter at its tail. The book opens with Chapter 1
(thick frame), which states results proved in Chapter 8 (dotted arrow). Dashed arrows
indicate that the open problems draw on every chapter.

There are also some overlaps that we have kept. Chapter 6 recalls the definitions of
the testing region in a compact form, and Chapter 1 restates the results it needs from
Chapters 4, 5 and 7 so that it can be read on its own, before them; in both cases the
restatements point to the original results.
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2.5 A reading guide
The chapters after this one can be read in several orders.

Mathematicians interested in operator theory and matrix analysis can read Chapter 4
in order: Sections 4.2–4.4 contain the ARN derivative, the Kubo–Ando background and
the basic continuity estimate, and Section 4.12 the dichotomy. Chapter 5 follows naturally,
with Sections 5.2–5.5 on states. Chapter 6 can be read directly after Section 5.2; it is the
most self-contained chapter and needs no channels.

Information theorists interested in converse bounds for discrimination can continue
with Chapter 7, which needs only the ARN theorem (Theorem 4.2.2) and, in its continuity
section, the estimates of Section 4.10. Section 5.7 contains the corresponding results for
the Stein exponent and the strong-converse exponent.

Physicists interested in noisy gates and their characterization will find the results in
Chapter 1, which states them operationally and defines every symbol it uses, and their
proofs in Chapter 8. The remarks headed “Physical interpretation” in Chapter 4 explain the
derivative, the quantity ν(Ω) and the dichotomy in terms of instruments and environments,
and Section 4.8 contains the Choi-floor estimates in their original form.

Readers who move between chapters should consult Chapter 3. Each chapter keeps its
own notation, and the conventions differ in a few places, most importantly in the ordering
of tensor factors in the Choi matrix, in whether the fidelity of states is squared, and in the
notation for the (natural) logarithm (Table 3.1).

2.6 About this book
Chapter 4 is a revised and extended version of [69]. Theorems are numbered by chapter
and section, and every cross-reference between chapters is internal.

Numerical verification

The results of this book have been checked numerically. Every result of Chapter 4 went
through an independent, computer-assisted audit: its proofs were re-derived, and every for-
mula and constant was tested numerically, in 50–110-digit arithmetic near singular points
and with diamond norms and Schur-multiplier norms computed exactly by semidefinite
programming. No statement was found to be false and no proof was found to have a
gap; the minor corrections the audit produced (missing hypotheses, edge cases and one
display) are incorporated in Chapter 4. Every numerical value, table and figure in Chap-
ters 1 and 8 and in Section 7.6.1, and the hockey-stick estimate of Chapter 5, is repro-
duced by a script, and the proved statements of those chapters were cross-checked numer-
ically. The code, the data, the audit scripts and the audit reports are in the code/ di-
rectory of the repository that accompanies this book, https://github.com/mjones1298/
Continuity-of-divergences-python-: code/README.md maps each claim to the script
that produces it, and code/audit_ch04/ contains the audit of Chapter 4. The numerical
checks reported in Sections 5.9, 6.11 and 7.7 were computed with the author’s own code,
which is not included.

https://github.com/mjones1298/Continuity-of-divergences-python-
https://github.com/mjones1298/Continuity-of-divergences-python-


Chapter 3

Notation and conventions

Each of Chapters 1 and 4–8 keeps its own notation; Chapters 1 and 8, on noisy gates, share
one notation. This chapter collects the definitions that are used throughout, in a common
notation close to that of Watrous [127], and Section 3.11 lists the places where the chapters
differ. A reader who moves from one chapter to another should check Tables 3.1 and 3.2
first. All Hilbert spaces are finite-dimensional.

3.1 Spaces, operators and maps
Complex Euclidean spaces are denoted by calligraphic letters X ,Y,Z,R, . . . , and we write
dX = dim X (also dX). The standard basis of Cn is e1, . . . , en, and Eab = eae

∗
b . We write

L(X ,Y) for the linear operators from X to Y, L(X ) = L(X ,X ), Pos(X ) for the positive
semidefinite operators and D(X ) for the density operators (states). The identity operator
is 1 or 1X , and the identity map on L(X ) is id or 1L(X ). The adjoint of an operator or a
map is A∗; physics notation A† is used in Chapters 1 and 8.

For Hermitian A,B, A ≤ B means that B − A is positive semidefinite (the Loewner
order). The extreme eigenvalues are λmin and λmax, the support projection of A ≥ 0 is ΠA,
and rangeA is its range. The trace is tr or Tr, and TrY is the partial trace over Y. The
Schatten norms are ∥ · ∥p, with ∥ · ∥1 the trace norm and ∥ · ∥∞ the operator norm. For
Hermitian A, A+ is its positive part.

A linear map Φ : L(X ) → L(Y) is completely positive if Φ ⊗ idL(Z) is positive for every
Z. We write CP(X ,Y) for the completely positive maps and C(X ,Y) for the channels,
the completely positive trace-preserving maps; a map is trace preserving exactly when
Φ∗(1Y) = 1X . For maps, Φ ≤ Ψ (also written Φ ≤cp Ψ) means that Ψ − Φ is completely
positive. Every Φ ∈ CP(X ,Y) has a Kraus decomposition Φ(X) = ∑r

k=1 VkXV
∗
k with Vk ∈

L(X ,Y), and the smallest possible r, attained exactly when the Vk are linearly independent,
is the Kraus rank. For a channel Φ and a state ρ on R ⊗ X we write Φρ = (idL(R) ⊗ Φ)(ρ),
or (Φ ⊗ id)(ρ) when the reference system is written second.

3.2 Vectorisation and the Choi matrix
The vectorisation vec : L(X ,Y) → Y ⊗ X is the linear map with vec(Eab) = ea ⊗ eb; it
stacks the rows of a matrix. Hence vec(uv∗) = u⊗ v and

(A⊗B) vec(X) = vec(AXB⊤).

24
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The Choi matrix of a linear map Φ : L(X ) → L(Y) is

J(Φ) =
dX∑
a,b=1

Φ(Eab) ⊗ Eab ∈ L(Y ⊗ X ), (3.2.1)

with the output factor first. Choi’s theorem [28] says that Φ is completely positive if and
only if J(Φ) ≥ 0, and J is a linear bijection. The map X 7→ AXB∗ has Choi matrix
vec(A) vec(B)∗, so a Kraus decomposition by linearly independent V1, . . . , Vr gives J(Φ) =
WW ∗ with the injective matrix W = [vec(V1) · · · vec(Vr)] ∈ L(Cr,Y ⊗ X ), and the Kraus
rank is rank J(Φ). The partial trace over the output is TrY J(Φ) = Φ∗(1Y)⊤, so TrY J(Φ) =
1X and Tr J(Φ) = dX for a channel. The Choi matrix in (3.2.1) is unnormalized; the
normalized Choi state is J(Φ)/dX , the output of Φ ⊗ id on the maximally entangled state
vec(1X ) vec(1X )∗/dX .

The Choi floor of a channel is λ(Φ) = λmin(J(Φ)), and λ̃(Φ) = λ(Φ)/dX is the floor of
the Choi state. A channel has an invertible Choi matrix exactly when its Kraus rank is
dXdY , the largest possible. A unitary channel has a Choi matrix of rank one, and a qubit
depolarizing channel ρ 7→ (1 − p)ρ+ pTr(ρ)1/2 has Choi floor p/2.

Swapping the two tensor factors in (3.2.1) gives the input-first Choi matrix ∑a,bEab ⊗
Φ(Eab), which is unitarily equivalent to J(Φ) through the swap of X and Y. All spectral
statements (positivity, ranks, extreme eigenvalues, the Thompson metric, invertibility, par-
tial traces up to transposition) are therefore the same in the two conventions. Chapter 5
uses the input-first convention (Table 3.1).

3.3 Norms on maps
The diamond norm, or completely bounded trace norm, of a linear map ∆ : L(X ) → L(Y)
is

∥∆∥⋄ = max
{
∥(∆ ⊗ idL(X ))(X)∥1 : X ∈ L(X ⊗ X ), ∥X∥1 ≤ 1

}
[77, 127]. It is unnormalized in every chapter, so ∥Φ − Ψ∥⋄ ≤ 2 for channels, and for
completely positive Φ it equals ∥Φ∗(1Y)∥∞ [103]. Chapter 4 writes ||| · |||1 for this norm.
The Choi matrix and the diamond norm are related by

∥J(Φ) − J(Φ′)∥∞ ≤ dX
2 ∥Φ − Φ′∥⋄

for channels, with equality attained in every dimension (Lemma 4.8.7). If λ(Ψ) > 0 and
∥Ψ′ − Ψ∥⋄ ≤ ϵ, this gives (1 − r)J(Ψ) ≤ J(Ψ′) ≤ (1 + r)J(Ψ) with r = dX ϵ/(2λ(Ψ)) =
ϵ/(2λ̃(Ψ)), which is the starting point of the Choi-floor estimates in Chapters 1, 4 and 8.

3.4 Kubo–Ando connections and means
A binary operation (A,B) 7→ AσB on positive semidefinite operators is a (Kubo–
Ando) connection if it is monotone in both arguments, satisfies the transformer inequality
C∗(AσB)C ≤ (C∗AC)σ (C∗BC), and is continuous from above [79]. The Kubo–Ando the-
orem identifies the connections with the operator monotone functions f : (0,∞) → [0,∞)
through

AσB = A1/2f
(
A−1/2BA−1/2)A1/2 (A > 0),

extended to singular arguments by AσB = limη↓0(A + η1)σ (B + η1). A connection is
a mean if f(1) = 1, that is, 1σ 1 = 1. Examples are the weighted arithmetic means
(f(t) = 1 − s+ st), the harmonic mean, and the weighted geometric means

A#sB = A1/2(A−1/2BA−1/2)sA1/2, s ∈ [0, 1], A#B = A#1/2B.
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We useA#sB = B#1−sA, (cA)#s(c′B) = c1−sc′ s(A#sB) for c, c′ > 0, and range(A#sB) ⊆
rangeA∩rangeB for 0 < s < 1. In particular A#sB = 0 whenever rangeA∩rangeB = {0}.
In Chapter 4 the letter σ denotes a connection; in all other chapters it denotes a state.

For completely positive maps, a connection of the Choi matrices defines a completely
positive map ΦσΨ by J(ΦσΨ) = J(Φ)σ J(Ψ) [76]; weighted geometric means of com-
pletely positive maps were first introduced in [47]. If T is the derivative of Section 3.5,
then

J(Φ)σ J(Ψ) = W gσ(T )W ∗, gσ(t) = t σ (1 − t),

a scalar function of T (Theorem 4.2.15). For the weighted geometric means this reads
J(Ψ)#sJ(Φ) = W gs(T )W ∗ with gs(t) = ts(1 − t)1−s, the function that Chapter 4 calls hs
(Eq. (4.5.1)), Chapter 7 calls gs and Chapter 8 calls bs. It is g#1−s , not the function g#s

attached to the mean #s.

3.5 The Arveson–Radon–Nikodym derivative and the shad-
ows

Let Φ,Ψ ∈ CP(X ,Y), let Ω = Φ + Ψ have a Kraus decomposition by linearly independent
operators V1, . . . , Vr, and let W be as in Section 3.2, so that J(Ω) = WW ∗. For K ∈ L(Cr)
put

ΨK(X) =
r∑

k,l=1
KklVkXV

∗
l , J(ΨK) = WKW ∗.

By Arveson’s Radon–Nikodym theorem in its Kraus form [10, 111] (Theorem 4.2.2) there is
a unique T with 0 ≤ T ≤ 1Cr and Φ = ΨT ; then Ψ = Ψ1−T . We call T the ARN derivative
of Φ with respect to Ω, and ΨK is K read through the Kraus operators of Ω. A different
choice of Kraus operators replaces T by UTU⊤ for a unitary U , so the spectrum of T and all
unitarily invariant norms of differences T1 − T2 do not depend on the choice. The spectral
decomposition T = ∑

ℓ τℓPℓ gives the level decomposition Φ = ∑
ℓ τℓΩℓ, Ψ = ∑

ℓ(1 − τℓ)Ωℓ

with Ωℓ = ΨPℓ
(Lemma 7.2.1); a level is ambiguous if 0 < τℓ < 1.

Chapter 4 also uses the quantity

ν(Ω) = min
{∥∥∥ r∑

k=1
ckVk

∥∥∥
∞

: c ∈ Cr, ∥c∥2 = 1
}
> 0,

which converts derivative distances into diamond distances (Theorem 4.8.4).
For states ρ, σ with ω = ρ + σ, the same construction gives T = ω−1/2ρω−1/2 on

the support of ω; its spectral measure in the state ω is the reverse test (shadow (I) of
Section 2.2). The testing-region shadow (shadow (II)) is the measure µ = e′′ of the profile
e(γ) = Tr(ρ − γσ)+, completed by the boundary masses m0 = Tr Π⊥

ρ σ at 0 and m∞ =
Tr Π⊥

σ ρ at ∞ (Definition 5.2.4). The modular shadow (shadow (III)) is the Nussbaum–
Szkoła pair of the relative modular operator ∆, and T̃ = ∆(1 + ∆)−1 is the modular
derivative (Section 5.5).

3.6 Fidelities
Several fidelities appear, and two of them come in a root and a squared form.

• The Uhlmann fidelity of states [122]. In its root form, F (ρ, σ) = ∥√
ρ
√
σ∥1 =

tr
√√

σρ
√
σ; this is the form used in Chapters 1, 4 and 8. Chapter 7 uses the
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squared form F (ρ, σ) = ∥ρ1/2σ1/2∥2
1. The Uhlmann channel root fidelity FU(Φ,Ψ) of

Chapters 1 and 8 is the minimum over inputs (with a reference system) of the root
fidelity of the two outputs.

• The Matsumoto or geometric fidelity of states, F̂ (ρ, σ) = FM (ρ, σ) = tr(ρ#σ) [29, 90].
It satisfies FM ≤ F , with F the root Uhlmann fidelity.

• The geometric channel fidelity

F̂ (Φ,Ψ) = inf
ρ∈D(X ⊗X )

tr
(
Φρ#Ψρ

)
= λmin

(
TrY(J(Φ)#J(Ψ))

)
(Proposition 4.3.1). It is used in root form in every chapter, so F̂ (Φ,Φ) = 1 for a
channel Φ. Katariya and Wilde [72] call its square the geometric fidelity. In Chap-
ter 7 it appears as Q̂1/2(Φ∥Ψ), and the fidelity converse for the Chernoff exponent is
−2 ln F̂ (Φ,Ψ).

• The Bhattacharyya coefficient of probability vectors p, q is ∑i
√
piqi; for amplitude

damping, Chapters 1, 7 and 8 write f(γ, γ′) =
√
γγ′ +

√
(1 − γ)(1 − γ′).

• The testing-region fidelity QHT
1/2 of Chapter 5 is the testing-region Rényi quasi-entropy

of order 1
2 (Section 3.7).

3.7 Divergences

Divergences of states

For ρ, σ ∈ D(X ) (or positive semidefinite operators) we use the following quantities; each
is +∞ when the support condition that makes it finite fails.

• The Umegaki relative entropy D(ρ∥σ) = Tr ρ(log ρ− log σ), finite if Πρ ≤ Πσ.

• The max-relative entropy Dmax(ρ∥σ) = log inf{c > 0 : ρ ≤ c σ}; for completely
positive maps, Dmax(Φ∥Ψ) = log inf{c > 0 : Φ ≤cp cΨ}.

• The maximal f -divergence of a convex function f [61, 91], which for operator convex
f and σ > 0 is D̂f (ρ∥σ) = Trσ1/2f(σ−1/2ρ σ−1/2)σ1/2. Its boundary values f(0+)
and f ′(∞) = limt→∞ f(t)/t decide finiteness.

• The Belavkin–Staszewski relative entropy DBS(ρ∥σ) = Tr ρ log
(
ρ1/2σ−1ρ1/2) [14], the

maximal f -divergence of f(t) = t log t.

• The geometric Rényi quasi-entropy and divergence Q̂α(ρ∥σ) = Tr(σ#αρ) and
D̂α = 1

α−1 log Q̂α, for α ∈ (0, 1) ∪ (1, 2] (for α > 1 through the formula
σ1/2(σ−1/2ρ σ−1/2)ασ1/2 when Πρ ≤ Πσ). The geometric fidelity is Q̂1/2.

• The Petz quasi-entropy QP
α(ρ∥σ) = Tr ρασ1−α and the sandwiched quasi-entropy

Q̃α(ρ∥σ) = Tr
(
σ

1−α
2α ρ σ

1−α
2α
)α, with divergences DP

α and D̃α defined by 1
α−1 log.

• The hockey-stick divergence Eγ(A∥B) = Tr(A − γB)+ = max0≤M≤1 TrM(A − γB),
γ ≥ 0, and the testing-region (Hirche–Tomamichel) f -divergence [63]

DHT
f (ρ∥σ) =

∫ ∞

1

(
Eγ(ρ∥σ) f ′′(dγ) + Eγ(σ∥ρ) f̃ ′′(dγ)

)
, f̃(x) = xf(1/x),

for convex f with f(1) = 0, with Rényi membersQHT
α = 1+(α−1)DHT

fα
, fα(x) = xα−1

α−1 ,
and DHT

α = 1
α−1 logQHT

α (Definition 5.2.3). By Frenkel’s formula [46], DHT
x log x = D.
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• The measured divergences DM
f , the supremum of the classical f -divergences of the

outcome distributions of all measurements.

The maximal divergences dominate the others: for operator convex f the measured, testing-
region and maximal f -divergences satisfy DM

f ≤ DHT
f ≤ D̂f , and the three coincide for a

strictly convex f only on commuting pairs (Corollary 5.3.3). In particular D ≤ DBS.

Divergences of channels

For a divergence D of states, the channel divergence is

D(Φ∥Ψ) = sup
ρ∈D(X ⊗X )

D
(
Φρ

∥∥Ψρ
)
,

and for the quasi-entropies with α < 1 and the fidelities the supremum becomes an infimum.
The geometric quantities have closed forms in the Choi matrices [42, 72]:

Q̂α(Φ∥Ψ) = λmin
(

TrY(J(Ψ)#αJ(Φ))
)

(0 < α < 1),

DBS(Φ∥Ψ) = λmax
(

TrY
[
J(Φ)1/2 log

(
J(Φ)1/2J(Ψ)−1J(Φ)1/2)J(Φ)1/2

])
,

the latter when J(Ψ) is invertible, and more generally D̂f (Φ∥Ψ) = λmax
(

TrY(W hf (T )W ∗)
)

for operator convex f (Theorem 4.7.5). For a channel divergence we also use its n-use
adaptive version D(n), the supremum over adaptive strategies of the divergence of the two
final states, its regularisation Dreg(Φ∥Ψ) = limn

1
nD(Φ⊗n∥Ψ⊗n) when the limit exists, and

its amortised version DA [128] (Section 5.7).
Three converses for the Chernoff exponent appear in Chapters 1, 7 and 8: the fidelity

converse −2 ln F̂ (Φ,Ψ) [72], the barycentric converse Cbar of Ji, Mishra, Mosonyi and Wilde
[66], and the geometric Chernoff divergence

Ĉ(Φ,Ψ) = − ln min
0≤s≤1

λmin(Bs) = − ln inf
0<s<1

Q̂s(Φ∥Ψ), Bs = Ψ∗
gs(T )(1Y),

where gs(t) = ts(1 − t)1−s on (0, 1) and gs(0) = gs(1) = 0. Chapter 7 uses the first
expression and Chapter 8 the second; they agree because s 7→ λmin(Bs) is continuous on
[0, 1] and equals Q̂s(Φ∥Ψ) for 0 < s < 1. The program overlap µ∗(Φ,Ψ) of Theorem 7.6.9
gives a fourth converse, −2 lnµ∗.

3.8 The Thompson metric
For A,B ≥ 0 the Thompson metric is

dT(A,B) = inf{t ≥ 0 : e−tA ≤ B ≤ etA} = max{Dmax(A∥B), Dmax(B∥A)},

which is finite exactly when A and B have the same support. For completely positive
maps, dT(Φ,Ψ) = dT(J(Φ), J(Ψ)), equivalently the same expression with the completely
positive order. All chapters use this metric with the same normalisation; Chapter 4 writes
dT (Ω1,Ω2), Chapter 5 writes dT, and Chapters 7 and 8 write dT . The metric enters in
two ways: through tanh(dT/2), which measures the change of a sum in Chapters 4 and 7
(Lemma 4.10.1), and as a Lipschitz constant per channel use for adaptive quantities in
Chapters 1, 5 and 8 (Theorem 5.7.2).
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3.9 Operational exponents
An adaptive strategy with n uses of an unknown channel prepares a state on the input and
a memory, interleaves the n uses with channels acting on the output and the memory, and
ends with a measurement; parallel and product strategies are special cases. Let ρ(n)

Φ and
ρ

(n)
Ψ be the final states under the two hypotheses.

• The adaptive Stein exponent ζ is the best exponential decay rate of the type-II error
when the type-I error is required to vanish asymptotically. It equals the regularised
and the amortised Umegaki channel divergence [41, 125]. Chapter 5 writes ζ(Φ,Ψ)
and Chapters 1 and 8 write ζ(Φ∥Ψ).

• The adaptive Chernoff exponent is ξ = lim supn − 1
n ln p(n), where p(n) is the smallest

equal-prior error 1
2 − 1

4∥ρ(n)
Φ −ρ

(n)
Ψ ∥1 over adaptive strategies. Chapter 7 writes ξadapt,

and ξprod for the exponent of product strategies. The quantum Chernoff divergence
of two operators is ξQC(A,B) = − ln min0≤s≤1 tr(AsB1−s) [11, 99].

• The strong-converse exponent is the rate at which the success probability must vanish
when the type-II error decays faster than e−nζ ; it is governed by the regularised
sandwiched divergences (Corollary 5.7.9).

• The Fisher informations of a one-parameter family of states or channels are written
FSLD, FBKM and FRLD (symmetric, Kubo–Mori and right logarithmic derivative),
and F∞ is the asymptotic adaptive Fisher information per channel use [131]. They
appear in Chapters 1, 7 and 8, and must not be confused with the fidelities, which
carry no such subscript.

3.10 Logarithms
All logarithms in this book are natural, and entropies are measured in nats. Chapters 4,
5 and 6 write log, and Chapters 1, 7 and 8 write ln. Chapter 4 does not state the base,
but its estimates use the natural logarithm, for instance in the factor e±d attached to the
Thompson metric. The binary entropy h(x) = −x log x−(1−x) log(1−x) in the continuity
bounds for the Stein exponent is also in nats.

3.11 Differences between the chapters
The chapters can be read independently, and their conventions differ in the places listed in
Table 3.1. None of these differences affects a statement that is invariant under the relevant
change; for example, every result about the spectrum of a Choi matrix holds in both tensor
orderings. Table 3.2 lists the symbols that have different meanings in different chapters.
Within a chapter, every symbol has one meaning unless the chapter says otherwise.
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Table 3.1: Conventions of Chapters 1 and 4–8. Chapters 1 and 8, on
noisy gates, share the last column. Chapter 6 works with states only
and follows Chapter 5 where the two overlap.

Ch. 4 (continuity) Ch. 5–6 (shadows) Ch. 7 (Chernoff) Ch. 1 and 8 (noisy
gates)

Choi ordering output first:
J(Φ) =∑

ab
Φ(Eab) ⊗ Eab

on Y ⊗ X (as in
[127])

input first: J(Φ) =∑
ij

|i⟩⟨j| ⊗
Φ(|i⟩⟨j|) on X ⊗ Y
(Ch. 5); no Choi
matrices in Ch. 6

output first:
J(Φ) =∑

ij
Φ(eie

∗
j ) ⊗ eie

∗
j

output first:
J(Φ) =∑

ij
Φ(|i⟩⟨j|) ⊗

|i⟩⟨j|

Choi
normalisation

unnormalized;
TrY J(Φ) =
Φ∗(1)⊤

unnormalized;
J(Φ) ≤ dX 1 for
channels

unnormalized unnormalized,
Tr J = dX ; also
the Choi state
J/dX with floor
λ̃ = λ/dX

Vectorisation vec(Eab) = ea ⊗ eb

(rows stacked),
vec : L(X , Y) →
Y ⊗ X ; J(A · B∗) =
vec(A) vec(B)∗

not fixed; the
frame W is taken
from Ch. 4
(Proposition 5.7.7);
with input-first
Choi matrices the
matching
vectorisation
stacks columns

vec(yx∗) = y ⊗ x,
i.e.
vec(eie

∗
j ) = ei ⊗ ej ,

vec : L(X , Y) →
Y ⊗ X (rows
stacked, as in
Ch. 4)

vec(A) =∑
ij

Aij |i⟩|j⟩ (rows
stacked, as in
Ch. 4); used only
in Ch. 8

Uhlmann
fidelity of states

root: F (ρ, ξ) =
∥√

ρ
√

ξ∥1

not used (the
testing-region
fidelity is QHT

1/2)

squared: F (ρ, σ) =
∥ρ1/2σ1/2∥2

1

root: FU (channel
version, minimised
over inputs)

Geometric
fidelity

F̂ , root form
(Katariya–Wilde
use its square);
also FM = tr(ρ#ξ)
for states

F̂ as in Ch. 4 F̂ = Q̂1/2, root
form; converse
−2 ln Q̂1/2

F̂ , root form;
converse −2 ln F̂

Logarithm log, base not
stated; natural

log, natural
(stated)

ln ln

Diamond norm ||| · |||1 (cb trace
norm), dcb for
distances;
unnormalized

∥ · ∥⋄,
unnormalized;
moduli in
ε = 1

2 ∥Φ − Φ′∥⋄

∥ · ∥⋄,
unnormalized

∥ · ∥⋄,
unnormalized;
Choi-floor law in
ϵ = ∥Ψ − Ψ′∥⋄,
Stein modulus in
ϵ′ = 1

2 ∥Φ − Φ′∥⋄

Derivative T : ARN derivative
of Φ w.r.t.
Ω = Φ + Ψ; ΨK ;
frame W with r
columns; gσ, hf ;
relative derivatives
Ti for different
sums

states:
T = ω−1/2ρ ω−1/2

(reverse test),
modular derivative
T̃ = ∆(1 + ∆)−1;
channels: T , W as
in Ch. 4

T =
∑

ℓ
τℓPℓ; ΨK ;

levels Ωℓ = ΨPℓ ,
Sℓ = Ω∗

ℓ (1); gs;
steps λℓ = ln τℓ

1−τℓ

in Ch. 8 only: T
with frame W ,
W W † = J(Φ + Ψ);
bs for gs; levels τℓ,
Sℓ, Bs and Λ as in
Ch. 7

Ĉ — — − ln mins λmin(Bs),
minimum over
s ∈ [0, 1]

− ln infs Q̂s,
infimum over
s ∈ (0, 1), in Ch. 8;
minimum over
s ∈ [0, 1] in Ch. 1
(same value)

Exponents — ζ(Φ, Ψ) ξadapt, ξprod, ξQC ζ(Φ∥Ψ), ξ(Φ, Ψ),
ξprod

continued on the next page
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Ch. 4 Ch. 5–6 Ch. 7 Ch. 1 and 8

Identity, trace,
adjoint

1V (space always
indicated), 1L(X )
for the identity
map; tr, TrY ; A∗

1, id; Tr; A∗ 1, id; tr, TrY ; A∗ 1, id; Tr, TrY ; A†

Spaces and
dimensions

L(X ), D(X ),
CP(X , Y),
C(X , Y); dim X ,
nY = dim Y

B(X ) for the
operators; dX , dY

L, D, C(X , Y);
d = dim X

dX , dY ; d = 2n for
n qubits

Spelling British British American American

Table 3.2: Symbols with different meanings in different chapters.

Symbol Meanings

σ a Kubo–Ando connection or mean in Ch. 4 (states there are ρ, ξ); a state in Ch. 1
and 5–8

ξ a state in Ch. 4 (and occasionally in proofs of Ch. 5); the adaptive Chernoff exponent in
Ch. 1, 7 and 8

λ the Choi floor in Section 4.8 and Ch. 1 and 8; eigenvalues in the structure theorem of
Ch. 5 (Theorem 5.3.1); the log-likelihood steps λℓ in Ch. 7

ν ν(Ω), the least norm of a unit combination of Kraus operators, in Ch. 4 and 7; the
Frenkel measure in Ch. 6; the laws νΦ, νΨ in Theorem 7.5.3

τ the in-pair derivative distance in Ch. 4 (pairs with different sums) and Theorem 7.6.2;
the eigenvalues (levels) τℓ of T in Ch. 7 and 8

δ the relative distance of two pairs in Ch. 4 and 7; the distance between nearby channels
in the local comparisons of Ch. 7; a coherent miscalibration angle in Ch. 1 and 8

η the size of a Choi perturbation in Theorem 4.8.8 and a regularisation parameter in
Ch. 4; the error profile η(γ) = 1 − e(γ) in Ch. 5–6; a target accuracy in Ch. 1 and 8

κ the condition number of J(Ψ) in Ch. 1, 5 and 8; a derivative radius in Corollary 7.6.3; a
parameter of the operator layer-cake inequality in Ch. 6

µ the testing-region shadow µ = e′′ in Ch. 5–6; the program overlap µ∗ in Ch. 1, 7 and 8
r the number of Kraus operators of the sum in Ch. 4 and 7; the relative radius

r = dXϵ/(2λ) in Ch. 1 and 8
d a diamond distance in Ch. 4 (e.g. Theorem 4.12.11); dim X in Ch. 7; the dimension 2n

of n qubits in Ch. 1 and 8
h the functions hf , hα of the derivative in Ch. 4 (hα is the gα of Ch. 7 and the bα of

Ch. 8); the binary entropy in Ch. 1, 5 and 8
F a fidelity (root or squared, see Table 3.1); with a subscript RLD, SLD, BKM or ∞, a

Fisher information (Ch. 1, 7 and 8)
T the ARN derivative; T1 also denotes the energy-relaxation time in the phrase “pure T1

decay” in Ch. 1 and 8
Λ the largest absolute log-likelihood step over ambiguous levels in Ch. 7 and 8; a channel

(a simulator or a post-processing) elsewhere in the same chapters



Chapter 4

Continuity of certain quantum
channel divergences

Summary. The geometric channel fidelity, the geometric Rényi divergences and
the Belavkin–Staszewski relative entropy give converse bounds for channel capacities,
discrimination and estimation. Channels are known only approximately, yet two pairs
of channels with equal sums can be arbitrarily close in the diamond norm and have
fidelities 0 and 1. We show that continuity is recovered when pairs are compared
through the Arveson–Radon–Nikodym derivative T of one map with respect to the
sum. Its transpose is the environment effect that selects this map in a Stinespring
dilation of the sum. In T , the fidelity, the geometric Rényi quasi-entropies of order in
(0, 1) and the bounded maximal f -divergences are continuous with explicit dimension-
free moduli. So are the Belavkin–Staszewski relative entropy and the other maximal
f -divergences of operator convex f while the spectrum of T stays away from the points
0 or 1 at which they become infinite, and every maximal f -divergence of operator
convex f is continuous in T with values in (−∞,+∞]. For two pairs of channels
with the same sum, the fidelities differ by at most 2∥T1 − T2∥1/2

∞ , which gives Hölder
continuity in the diamond norm on such splittings. The fidelity is continuous at a
pair of completely positive maps exactly when the Choi matrix of the sum is invertible
or the fidelity vanishes. Thus pairs containing a noisy channel of full Kraus rank are
continuity points, whereas the pair formed by an ideal unitary gate and itself is not.
Within channels, the fidelity is continuous at a diagonal pair (Φ,Φ) exactly when the
Choi matrix of Φ is invertible; if it is singular, the discontinuity already occurs along
the unitary orbit of Φ. If the Choi matrices are bounded below by λ > 0, a perturbation
of the Choi matrices of size η changes the fidelity by a relative amount of at most η/λ,
and the order λ−1 is sharp.

4.1 Introduction
The geometric channel fidelity of Φ,Ψ ∈ CP(X ,Y) is F̂ (Φ,Ψ) = infρ tr(Φρ#Ψρ), where
Φρ = (Φ⊗1L(X ))(ρ) for states ρ on X ⊗X and # is the matrix geometric mean (Katariya and
Wilde [72] use its square); the geometric Rényi divergences and the Belavkin–Staszewski
relative entropy arise in the same way from maximal f -divergences [91]. These channel
divergences give converse bounds for channel capacities [42], discrimination and estimation
[72]. In practice a channel is known only approximately, and the relevant worst-case error
is the diamond distance ||| · |||1 [80], so such bounds need continuity in this norm, and
this continuity fails. If dim Y ≥ 2, then for every η > 0 there are replacement channels

This chapter is a revised and extended version of [69].
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with Φ1 + Ψ1 = Φ2 + Ψ2 and |||Φ1 − Φ2|||1 = |||Ψ1 − Ψ2|||1 < η, but F̂ (Φ1,Ψ1) = 0 and
F̂ (Φ2,Ψ2) = 1 (Corollary 4.3.3); on the same pairs every bounded maximal f -divergence
with f(1) = 0 jumps by f(0+)+f ′(∞), which is positive unless f is affine (Corollary 4.5.14).

Continuity is recovered by recording how a pair splits its sum. Let Ω = Φ + Ψ
have linearly independent Kraus operators V1, . . . , Vr, and let W have columns vec(Vk).
By Arveson’s Radon–Nikodym theorem (Theorem 4.2.2), Φ(X) = ∑

k,l TklVkXV
∗
l for a

unique 0 ≤ T ≤ 1Cr on Cr, and 1Cr − T gives Ψ. Up to normalisation, (Φ,Ψ) is a two-
outcome instrument implementing Ω, with which-branch effect T⊤ on the environment
of its Stinespring dilation (Theorem 4.2.5). By an identity essentially due to Kian [76],
J(Φ)σ J(Ψ) = Wgσ(T )W ∗ with gσ(t) = t σ (1 − t) for every Kubo–Ando mean σ (Theo-
rem 4.2.15), so all quantities above are functions of T . Hence, by Theorem 4.4.6,∣∣F̂ (Φ1,Ψ1) − F̂ (Φ2,Ψ2)

∣∣ ≤ ∥Ω∗(1Y)∥∞ ∥T1 − T2∥1/2
∞ , (4.1.1)

with no dimensional factor, where T1 and T2 are computed in the same Kraus decompo-
sition V1, . . . , Vr of Ω; the constant and the exponent are sharp (see the remark following
Theorem 4.4.6). Here ∥Ω∗(1Y)∥∞ = 2 if Φi and Ψi are channels, and it equals 1 if Ω itself
is a channel, as for an instrument. In the counterexample T1 is a projection, on which
g# vanishes, while T2 = 1

21Cr . Analogous bounds hold for all means, the geometric Rényi
quasi-entropies Q̂α, α ∈ (0, 1), and bounded maximal f -divergences (Theorems 4.4.5, 4.5.5,
4.5.13). As ν(Ω)2∥T1 − T2∥∞ ≤ |||Φ1 − Φ2|||1, with ν(Ω) the least operator norm of a unit
combination of the Vk (Theorem 4.8.4), F̂ is Hölder continuous in the diamond norm on the
splittings of Ω, with constant ∥Ω∗(1Y)∥∞/ν(Ω) (Corollary 4.8.6); in the counterexample
ν(Ω) → 0.

On pairs of completely positive maps, Theorem 4.12.4 shows exactly where continuity
survives:

F̂ is continuous at (Φ,Ψ) ⇐⇒ J(Φ + Ψ) is invertible or F̂ (Φ,Ψ) = 0. (4.1.2)

The same holds for Q̂α, and there are analogues for all means other than the weighted
arithmetic means and, under a rank condition, for bounded maximal f -divergences. Pairs
with a channel of full Kraus rank, e.g. generalised amplitude damping with damping p ∈
(0, 1] and thermal parameter N ∈ (0, 1) [74], are continuity points, whereas an ideal gate
U(·)U∗ has F̂ = 1 with itself and F̂ = 0 with every mis-rotated U ′(·)U ′∗, U ′ /∈ CU , however
close (Corollary 4.12.6).

For unbounded divergences, if Dmax(Φi∥Ψi) ≤ log((1 − ϵ)/ϵ) for both pairs, as for a
detector of efficiency 1 − ϵ, the Belavkin–Staszewski relative entropy and Q̂α, α ∈ (1, 2],
obey continuity estimates in T whose constants blow up as ϵ ↓ 0 (Theorem 4.6.7, Corollar-
ies 4.6.11 and 4.6.12). Every maximal f -divergence with operator convex f is continuous
in T with values in (−∞,+∞] (Theorem 4.7.6). Section 4.9 gives explicit moduli for every
mean and every operator convex f , obtained from exact operator Lipschitz constants of
one-pole kernels; for operator convex f on [ϵ, 1 − ϵ] the Lipschitz constants obtained are
within a factor 3 of optimal, and in many cases exact.

If the two pairs have different sums, the change of the sum enters through the Thomp-
son metric; for arbitrary pairs of channels, |F̂ (Φ1,Ψ1) − F̂ (Φ2,Ψ2)| ≤ 5.06 δ1/2, with δ
their distance relative to Φ1 + Ψ1 + Φ2 + Ψ2 (Theorem 4.10.4, Corollary 4.10.7). Support
changes, as under leakage [130], enter through the Lebesgue decomposition of the sums
(Theorem 4.11.3).

We also consider perturbations within the set of channels. If J(Φ) and J(Ψ) are bounded
below by λ > 0, then

|F̂ (Φ′,Ψ′) − F̂ (Φ,Ψ)| ≤ dim X
2λ d F̂ (Φ,Ψ)
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for all channels Φ′,Ψ′ at diamond distance d < 2λ/ dim X , and the order λ−1 of this
Lipschitz bound cannot be improved (Theorem 4.8.8, Example 4.8.11). At every chan-
nel Φ with singular Choi matrix, output rotations Φ′ → Φ keep F̂ (Φ,Φ′) bounded away
from 1, and within the zero-temperature amplitude damping family F̂ jumps from 1
to 0 (Theorem 4.12.9, Corollary 4.12.10, Example 4.12.8). At mutually singular pairs
F̂ = O(d1/2/ sin θ), where θ is the smallest angle between the Choi ranges; the exponent
and the angle dependence are sharp (Theorem 4.12.11, Example 4.12.12).

We now relate our results to the literature. Arveson [10] proved the Radon–Nikodym
theorem for completely positive maps; Raginsky [111] gave its Kraus form, the upper bound
of Lemma 4.4.1 and, for derivatives taken with respect to a fixed reference map, a lower
bound with the dimensional factor (dim H)−2 for maps on B(H) [111, eq. (17)]. Weighted
Kubo–Ando geometric means of completely positive maps, together with a superoperator
perspective function, were first introduced by Frenkel, Mosonyi, Vrana and Weiner [47]
in their study of error exponents for composite quantum hypothesis testing and channel
discrimination. Kian [76] later defined general Kubo–Ando means of such maps via these
derivatives, and Okayasu studied their geometric mean and Lebesgue decomposition [100].
Okayasu [101] also introduced operator-valued maximal f -divergences of completely posi-
tive maps, with criteria for a dense domain and for boundedness [101, Proposition 4.11] and
joint lower semicontinuity [101, Theorem 4.7]; in finite dimensions our closed form is the
largest eigenvalue of his divergence of the adjoint maps (Section 4.7). Matsumoto [90, 91]
introduced his fidelity and maximal f -divergences; Katariya and Wilde [72] and Fang and
Fawzi [42] gave closed forms for geometric channel divergences. Maximal f -divergences and
their lower semicontinuity are studied in [60, 61], continuity of Rényi divergences in [95],
and dimension-dependent continuity bounds for Belavkin–Staszewski quantities of states
in [21]. To our knowledge, the quantitative continuity of these divergences and means in
T , the dimension-free lower bound in the two-sided estimate, the results for different sums
and supports, and the dichotomy are new.

The chapter is organised as follows. Section 4.2 collects preliminaries on the Arveson–
Radon–Nikodym theorem and on Kubo–Ando means of completely positive maps, and
Section 4.3 presents the counterexample. Sections 4.4–4.7 prove continuity in T : first for
the means and the fidelity, then for the geometric Rényi divergences and bounded maxi-
mal f -divergences, and finally for unbounded ones and all operator convex f . Section 4.8
passes to the diamond norm and treats pairs with a Choi floor, and Section 4.9 gives ex-
plicit moduli. Sections 4.10 and 4.11 treat pairs with different sums and with different
supports, Section 4.12 proves the dichotomy and studies perturbations within channels,
and Section 4.13 lists open questions. Section 4.14 contains norm bounds and a varia-
tional characterisation of means of completely positive maps. Remarks headed “Physical
interpretation” explain the main notions operationally.

4.2 Preliminaries
Notation. We follow [127]. Complex Euclidean spaces are denoted by calligraphic letters,
1V is the identity operator on V, and 1L(V) is the identity map on L(V); the space is always
indicated, for instance 1Cr for the identity on the space Cr of an ARN derivative. We write
j = (1, . . . , 1)⊤ for the all-ones vector, of the length dictated by the context, so that jj⊤ is
the matrix all of whose entries equal 1; it should not be confused with an identity operator.
Finally, δx denotes the unit point mass at a point x.
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4.2.1 The Arveson–Radon–Nikodym theorem

Given two completely positive maps, [10] showed that one can construct a kind of Radon–
Nikodym derivative analogue. This is used in [76] to construct the mean of completely pos-
itive maps. We will repeat the construction here in the finite-dimensional setting, adjusting
the notation to be compatible with Watrous [127]. For now we recall the important facts for
the Arveson–Radon–Nikodym (ARN) theorem. The following follows from [10] with some
objects changed to fit the conventions of [76]. We show the proof in the finite-dimensional
case. This version uses the Kraus form of the ARN theorem [111]. The following lemma is
a special case of the Douglas factorisation lemma [34]; we include a proof for completeness.

Lemma 4.2.1. Let W ∈ L(Cr,V) be injective and let Y ∈ L(V) satisfy 0 ≤ Y ≤ WW ∗.
Then there is a unique T ∈ L(Cr) with Y = WTW ∗, and it satisfies 0 ≤ T ≤ 1Cr .

Proof. Since W has full column rank, W ∗W is invertible, and the Moore–Penrose pseudoin-
verse W+ = (W ∗W )−1W ∗ satisfies W+W = 1Cr . The operator P = WW+ is a self-adjoint
orthogonal projection onto range(W ).

If W ∗x = 0, then
0 ≤ x∗Y x ≤ x∗WW ∗x = ∥W ∗x∥2 = 0,

so Y 1/2x = 0 and therefore Y x = 0. Hence (rangeW )⊥ = kerW ∗ ⊆ kerY . This implies
Y (1V −P ) = 0, that is, Y = Y P . Taking adjoints and using that P and Y are self-adjoint,
we obtain Y = PY , so that Y = PY P .

Let T = W+Y (W+)∗. This satisfies

WTW ∗ = (WW+)Y (WW+)∗ = PY P = Y.

Since conjugation preserves the Loewner order, 0 ≤ Y ≤ WW ∗ implies

0 ≤ T ≤ W+WW ∗(W+)∗ = (W+W )(W+W )∗ = 1Cr .

Finally, suppose that T, T ′ ∈ L(Cr) satisfy WTW ∗ = WT ′W ∗. Multiplying by W+ on the
left and by (W+)∗ on the right, and using W+W = 1Cr , we obtain T = T ′.

Theorem 4.2.2 (Arveson’s Radon–Nikodym theorem, Kraus form). Let Φ ∈ CP(X ,Y)
with Φ(X) = ∑r

k=1 VkXV
∗
k , where V1, . . . , Vr ∈ L(X ,Y) are linearly independent. For

T ∈ L(Cr) define the linear map

ΨT (X) =
r∑

k,l=1
TklVkXV

∗
l .

A linear map Ψ : L(X ) → L(Y) satisfies

0 ≤ Ψ ≤ Φ

in the completely positive ordering (that is, Ψ and Φ − Ψ are completely positive) if and
only if Ψ = ΨT for some T ∈ L(Cr) satisfying 0 ≤ T ≤ 1Cr . This T is unique. Moreover,
with the injective operator W = [vec(V1) · · · vec(Vr)], we have J(ΨT ) = WTW ∗ for every
T ∈ L(Cr).

Proof. Let W = [vec(V1) · · · vec(Vr)]. Since vec is a linear bijection and the Vk are
linearly independent, W has full column rank. As the map X 7→ AXB∗ has Choi matrix
vec(A) vec(B)∗ [127, Section 2.2.2], linearity of J gives J(ΨT ) = WTW ∗ for every T , and
in particular J(Φ) = WW ∗. If 0 ≤ Ψ ≤ Φ, then by Choi’s theorem [28] 0 ≤ J(Ψ) ≤
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J(Φ) = WW ∗, so Lemma 4.2.1 yields a unique T with 0 ≤ T ≤ 1Cr and J(Ψ) = WTW ∗ =
J(ΨT ); injectivity of J gives Ψ = ΨT , and uniqueness of T follows from the uniqueness in
Lemma 4.2.1. Conversely, if 0 ≤ T ≤ 1Cr , then J(ΨT ) = WTW ∗ ≥ 0 and J(Φ − ΨT ) =
W (1Cr − T )W ∗ ≥ 0, so ΨT and Φ − ΨT are completely positive by Choi’s theorem, that
is, 0 ≤ ΨT ≤ Φ.

This theorem really says that we have an order preserving bijection

{T ∈ L(Cr) : 0 ≤ T ≤ 1Cr } ↔ {Ψ ∈ CP(X ,Y) : Ψ ≤ Φ}.

We make a definition which differs slightly from the general C∗-algebra version, this is
purely out of convenience because in the finite-dimensional case, the corresponding com-
mutant elements are decided by positive semidefinite operators [100].

Definition 4.2.3. Let Φ and Ψ be as above. We say that the matrix T is the ARN
derivative of Ψ with respect to Φ (relative to the Kraus decomposition V1, . . . , Vr of Φ).

Remark 4.2.4. Two Kraus decompositions (Vk)rk=1 and (V ′
j )rj=1 of Φ by linearly independent

operators are related by a unitary U ∈ L(Cr), V ′
j = ∑

k UjkVk [127, Section 2.2.2]. A
direct computation shows that the corresponding ARN derivatives of a fixed Ψ ≤ Φ are
related by T ′ = U T U⊤. In particular T and T ′ have the same spectrum, and all unitarily
invariant norms of T , and of differences T1 −T2 of derivatives computed in the same Kraus
decomposition, are independent of the decomposition chosen.

For a nonzero completely positive map Ω with Kraus decomposition Ω(X) =∑r
k=1 VkXV

∗
k by linearly independent operators V1, . . . , Vr, let

ν(Ω) = min
{∥∥∥ r∑

k=1
ckVk

∥∥∥
∞

: c ∈ Cr, ∥c∥2 = 1
}
> 0.

This quantity relates the operator norm of a derivative to the completely bounded trace
norm of the corresponding map; its properties are collected in Lemma 4.8.2 and Theo-
rem 4.8.4 in Section 4.8.

4.2.2 The effect point of view

One may represent a completely positive map as the compression of an operator which acts
on the tensor product of the underlying space and some ancillary space. One can read the
ARN derivative as saying that if Ψ ≤ Φ, then Ψ can be understood as applying an effect on
the ancilla space with respect to which the Stinespring dilation [119] of Φ is written. Let
Φ ∈ CP(X ,Y) have Kraus decomposition Φ(X) = ∑r

k=1 VkXV
∗
k with linearly independent

Vk, let Z = Cr with standard basis e1, . . . , er, and let S ∈ L(X ,Y ⊗ Z) be the Stinespring
operator written in the style of [127, Section 2.2.2]

Sx =
r∑

k=1
Vkx⊗ ek,

so that Φ(X) = TrZ(SXS∗). We can then consider the complementary completely positive
map [33] Φc(X) = TrY(SXS∗).

Theorem 4.2.5. For Hermitian T ∈ L(Z) we have

1. ΨT (X) = TrZ
(
(1Y ⊗ T⊤)SXS∗

)
for all X ∈ L(X );
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2. tr(ΨT (X)) = tr(T⊤Φc(X));

3. Ψ∗
T (1Y) = S∗(1Y ⊗ T⊤)S = (Φc)∗(T⊤).

If 0 ≤ T ≤ 1Z , one can consider ΨT as the outcome of applying Φ and measuring an effect
T⊤ on the ancillary environment generated by Φ. In particular, one can decompose each
channel Φ as a sum

∑
i ΨTi where the T⊤

i form a POVM on the environment Z. Moreover,
for T ≥ 0 the completely bounded trace norm (which coincides with the induced trace norm
for completely positive maps [103]) satisfies

|||ΨT |||1 = max
ρ∈D(X )

tr(T⊤Φc(ρ)).

Proof. We have SXS∗ = ∑
kl VkXV

∗
l ⊗ eke

∗
l , hence

TrZ
(
(1Y ⊗ T⊤)SXS∗

)
=
∑
kl

tr(T⊤eke
∗
l )VkXV ∗

l =
∑
kl

TklVkXV
∗
l = ΨT (X),

since tr(T⊤eke
∗
l ) = (T⊤)lk = Tkl. This proves (1).

Taking the full trace in (1) and using

tr((1Y ⊗ T⊤)SXS∗) = tr(T⊤ TrY(SXS∗))

gives (2).
For (3), the adjoint of

X 7→ (1Y ⊗ T⊤)SXS∗

is
R 7→ S∗(1Y ⊗ T )RS

and the adjoint of TrZ is
Y 7→ Y ⊗ 1Z .

Hence we have that

Ψ∗
T (Y ) = S∗(1Y ⊗ T )(Y ⊗ 1Z)S = S∗(Y ⊗ T )S = S∗(Y ⊗ T⊤)S,

where we have used that T = T⊤ for Hermitian T , and letting Y = 1Y and comparing
with (Φc)∗(Z) = S∗(1Y ⊗Z)S. Finally, if T ≥ 0 then ΨT is completely positive, so we may
apply the Russo–Dye theorem [115] in the form [103, Proposition 3.6] to conclude

|||ΨT |||1 = ∥Ψ∗
T (1Y)∥∞ = max

ρ∈D(X )
tr(Ψ∗

T (1Y)ρ) = max
ρ∈D(X )

tr(ΨT (ρ)),

and (2) gives the last formula.

Remark 4.2.6 (Physical interpretation). Applied to Ω = Φ + Ψ, the theorem shows that
Φ = ΨT and Ψ = Ψ1Cr −T , where T is the derivative of Φ with respect to Ω, arise by running
a Stinespring dilation of Ω and measuring the POVM {T⊤,1Z − T⊤} on its environment.
So (Φ,Ψ) is a two-outcome instrument implementing Ω (when Ω is a channel), and T⊤ is
the which-branch effect hidden in the environment. Classically, t = dP/d(P + Q) is the
posterior probability of P under a uniform prior and Df (P∥Q) =

∫
hf (t) d(P + Q), with hf

as in Lemma 4.7.2; by analogy, Theorem 4.7.5(b) is its channel version.
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4.2.3 Kubo–Ando means of operators

Means of channels were first considered by Frenkel, Mosonyi, Vrana and Weiner [47], who
introduced weighted Kubo–Ando geometric means of completely positive maps; in [76], one
considers general Kubo–Ando means of channels. Hence we must take a quick detour and
list some background facts.

In order to consider any kind of notion of means of channels using Kubo–Ando theory,
as performed in [76], we must first recall the Kubo–Ando theory of means of positive
semidefinite operators. The following is an amalgamation of facts from [16], [59], [62], and
the original paper [79] and none of these results are claimed as ours. In order to make later
steps more compatible with quantum information theory related texts, we rephrase some
statements or change notation to be consistent with [127]. This will be consistent across
the rest of the text.

Matrix means are usually studied through operator connections. Although operator
connections need only satisfy a few general properties, they admit several useful classifi-
cation theorems. We will be denoting complex Euclidean spaces using calligraphic letters,
X ,Y and Z, etc. Many of the philosophies in this section carry over to the analogous
operator convex setting, where one defines relations between positive semidefinite matrices
using operator convex functions (see [62],[16]). However, by shifting the point of view ap-
propriately, we can obtain the desired results for some divergences without considering the
techniques of Section 4.6.

Definition 4.2.7 (Loewner order). Given a complex Euclidean space X , the Loewner order
is the partial order on the Hermitian operators given by

A ≤ B ⇐⇒ B −A ≥ 0

in the sense that B −A is positive semidefinite.

Definition 4.2.8 (Operator connection [79]). A family of binary operations (A,B) 7→
AσB on Pos(X ), one for each complex Euclidean space X , is an operator connection if it
satisfies the following on each X

• (monotonicity) 0 ≤ A ≤ A′ and 0 ≤ B ≤ B′ imply AσB ≤ A′ σ B′;

• (transformer inequality) for A,B ≥ 0 and arbitrary C,

C∗(AσB)C ≤ (C∗AC)σ (C∗BC);

• (continuity from above) if An ↓ A and Bn ↓ B then

(An σ Bn) ↓ (AσB),

where An ↓ A indicates that An → A in the operator norm and A1 ≥ A2 ≥ . . . .

In particular, for A,B ∈ Pos(X ) one has

AσB = lim
η↓0

Aη σ Bη,

where Aη = A+ η1X and Bη = B + η1X , so that a connection is determined by its values
on positive definite operators.
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4.2.4 Constructing operator connections

We will see that we can construct operator connections in a standard way. We need to
introduce several definitions before we continue.
Definition 4.2.9 (Operator monotone function [16, Chapter V]). Let (t−, t+) be an open
interval. A function f : (t−, t+) → R is said to be operator monotone (or matrix monotone)
on (t−, t+) if f(A) ≤ f(B) whenever A ≤ B are Hermitian operators, of any size, with
spectra contained in (t−, t+).
Definition 4.2.10 (Pick function [16, Chapter V]). Let C+ = {z ∈ C : Im(z) > 0}. A
function f : C+ → C is called a Pick function if it is analytic and Imf(z) ≥ 0 for all z ∈ C+

(by the open mapping theorem, a nonconstant Pick function maps C+ into C+). We denote
the set of all Pick functions by P. Given a real interval (t−, t+), we denote by P(t−, t+)
the set of all Pick functions which extend analytically across (t−, t+) with real values on
(t−, t+).

Finding operator monotone functions may appear to be a tricky business; however, they
are characterised by a theorem of Loewner [85]; see also [16, Chapter V].
Theorem 4.2.11 (Loewner [85]). Let (t−, t+) be a real interval (possibly all of R) and f
a real valued function on (t−, t+). Then f is operator monotone on (t−, t+) if and only if
f is the restriction to (t−, t+) of a function in P(t−, t+).

The next theorem tells us that operator connections correspond to operator monotone
functions, and the general theory of operator means defined in this way shares the name
Kubo–Ando with this theorem.
Theorem 4.2.12 (Kubo–Ando theorem [79]). For each operator connection σ there exists
a unique operator monotone function fσ : (0,∞) → [0,∞), the representing function of σ,
such that

fσ(t)1X = 1X σ (t1X )
for every t > 0, and, for A > 0 and B ≥ 0,

AσB = A1/2fσ(A−1/2BA−1/2)A1/2 = fσ(BA−1)A
via the functional calculus, with fσ(0) = fσ(0+) when B is singular. If A is not invert-
ible, one perturbs it and takes limits from above. Conversely, every operator monotone
f : (0,∞) → [0,∞) defines, by this formula, an operator connection whose representing
function is f .
Definition 4.2.13. If also fσ(1) = 1, that is 1X σ 1X = 1X , we call σ an operator mean.
Remark 4.2.14. The term operator mean varies in the literature, and one must take care
here. We do not impose on operator means that they be commutative unlike other authors.

For example, the representing functions
√
t, tα with 0 < α < 1, and t/(1 + t) give,

respectively, the geometric mean [79, 110], the weighted geometric mean [79] and the parallel
sum [3],

A#B = A1/2(A−1/2BA−1/2)1/2
A1/2,

A#αB = A1/2(A−1/2BA−1/2)αA1/2,

A : B =
(
A−1 +B−1)−1

,

for positive definite A,B, extended to positive semidefinite operators by the regularisation
above.

We then see by combining Theorems 4.2.12 and 4.2.11 that every nonnegative function
in P(0,∞) gives rise to an operator connection.



CHAPTER 4. CONTINUITY OF QUANTUM CHANNEL DIVERGENCES 40

4.2.5 The mean of completely positive maps

We now come to the construction developed by [76]. Given two completely positive maps
Φ,Ψ ∈ CP(X ,Y), let Ω = Φ + Ψ. If Ω has Kraus decomposition Ω(X) = ∑r

k=1 VkXV
∗
k

with linearly independent Vk, then

(ΦσΨ)(X) =
r∑

k,l=1
(T1 σ T2)klVkXV ∗

l

where T1 and T2 are the ARN derivatives of Φ and Ψ with respect to the Kraus decom-
position of Ω. Kian defines the mean of two maps dominated by a common map through
their Arveson–Radon–Nikodym derivatives, so that the derivative of the mean is the mean
of the derivatives [76, Proposition 3.5], and the formula above is, in our notation, the
finite-dimensional Kraus form of this definition, which [76, Proposition 3.13] gives in the
Heisenberg picture. The choice Ω = Φ + Ψ gives what Kian calls the intrinsic Kubo–Ando
mean [76, Remark 3.3]. In general the relative mean depends on the dominating map [76,
Remark 3.3], but not in our setting: the relative geometric mean does not depend on it [76,
Remark 4.2], and for maps between matrix algebras the same holds for every Kubo–Ando
mean [76, Theorem 5.1]. One observation which is easily made is that under the ARN bi-
jection, since the derivative of Ω with respect to itself is 1Cr , we must have T2 = 1Cr − T1.
We now formulate the fundamental theorem of means of completely positive maps which
will inform the rest of the chapter. Let σ be a Kubo–Ando mean, so that its representing
function fσ is positive on (0,∞) and fσ(1) = 1. For scalars s, t > 0 we have s σ t = sfσ(t/s).
We define the function

gσ(t) = t σ (1 − t) = tfσ

(1 − t

t

)
, 0 < t < 1.

For a function f on (0,∞) we write f(0+) = limt↓0 f(t) and f ′(∞) = limt→∞ f(t)/t when-
ever these limits exist, following [101]. For f = fσ both limits exist in [0,∞), since fσ is non-
decreasing and concave [16, Theorem V.2.5], and we set gσ(0) = f ′

σ(∞) and gσ(1) = fσ(0+),
which are the limits of gσ at the endpoints. The following theorem is essentially due to
Kian: the Choi-level identity [76, Theorem 5.1], together with the Kraus form [76, Propo-
sition 3.13], gives

J(Φ)σ J(Ψ) = J(ΦσΨ) = W
(
T σ (1Cr − T )

)
W ∗

in the notation of the theorem, and for the geometric mean the identity J(Φ#Ψ) =
J(Φ)#J(Ψ) is also [100, Proposition 4.1]. We include a proof for completeness in the
present notation; what we add is the identity T σ (1Cr − T ) = gσ(T ), through the func-
tional calculus, and the resulting description of the spectrum.

Theorem 4.2.15. Let σ be a Kubo–Ando mean with representing function fσ, let Φ,Ψ ∈
CP(X ,Y), let Ω = Φ + Ψ have a Kraus decomposition with linearly independent operators
Vk, let W = [vec(V1) · · · vec(Vr)], and let T be the ARN derivative of Φ with respect to Ω.
Then at the Choi level

J(Φ)σ J(Ψ) = Wgσ(T )W ∗ = W
(
T 1/2fσ

(
T−1/2(1Cr − T )T−1/2)T 1/2

)
W ∗,

where in the case of singular T or 1Cr −T one takes decreasing nonsingular regularisations
from above, using the continuity from above of operator connections. Consequently the mean
ΦσΨ is a submap of Φ + Ψ with ARN derivative gσ(T ), whose spectrum is gσ(spec(T )).
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Proof. Let W+ = (W ∗W )−1W ∗ and P = WW+ be as in the proof of Lemma 4.2.1, so that
W+W = 1Cr and P is the orthogonal projection onto range(W ). We first show that

(WAW ∗)σ (WBW ∗) = W (AσB)W ∗ for all A,B ∈ Pos(Cr). (4.2.1)

Let M = (WAW ∗)σ (WBW ∗). We first note that the transformer inequality also holds
for rectangular C ∈ L(V1,V2), by embedding in V1 ⊕V2 with zero extension. This uses that
(A⊕ 0)σ (B ⊕ 0) = (AσB) ⊕ 0, by the Kubo–Ando formula for positive definite operators
and regularisation. The transformer inequality with C = W ∗ gives W (AσB)W ∗ ≤ M .
With cA,B = max{∥A∥∞, ∥B∥∞}, monotonicity gives

M ≤ (cA,BWW ∗)σ (cA,BWW ∗) = cA,BWW ∗,

since X σX = X for a mean [79]; hence kerW ∗ ⊆ kerM , and M = PMP . The transformer
inequality with C = (W+)∗ gives

W+M(W+)∗ ≤
(
W+WAW ∗(W+)∗)σ (W+WBW ∗(W+)∗) = AσB,

and conjugating by W yields M = PMP ≤ W (AσB)W ∗, which proves (4.2.1).
By the proof of Theorem 4.2.2, J(Φ) = WTW ∗ and J(Ψ) = W (1Cr − T )W ∗, so (4.2.1)

gives J(Φ)σ J(Ψ) = W
(
T σ (1Cr − T )

)
W ∗, and the second expression in the statement

is the Kubo–Ando formula when T and 1Cr − T are invertible. It remains to show that
T σ (1Cr −T ) = gσ(T ). For η > 0 the operators T +η1Cr and (1Cr −T ) +η1Cr are positive
definite and commute, so by Theorem 4.2.12 and the functional calculus,

(T + η1Cr )σ (1Cr − T + η1Cr ) = gσ,η(T )

with gσ,η(t) = (t + η)fσ
(1−t+η

t+η
)
. As η ↓ 0 the left-hand side decreases to T σ (1Cr − T )

by continuity from above, while gσ,η(t) → gσ(t) for every t ∈ [0, 1]: for 0 < t < 1 by
continuity of fσ, and at t = 0 and t = 1 by the definitions of f ′

σ(∞) and fσ(0+). Since T is
a positive semidefinite operator and σ is a Kubo–Ando mean, gσ,η(T ) → gσ(T ), and hence
T σ (1Cr − T ) = gσ(T ).

Finally, for 0 < t < 1 monotonicity gives

0 ≤ gσ(t) = t σ (1 − t) ≤ 1σ 1 = 1,

and the same holds at the endpoints by taking limits. Thus 0 ≤ gσ(T ) ≤ 1Cr , and ΦσΨ =
ΨT σ (1Cr −T ) = Ψgσ(T ) is a submap of Ω with ARN derivative gσ(T ) by Theorem 4.2.2. The
statement about the spectrum is the spectral mapping theorem.

By Theorem 4.2.15 and injectivity of J , the map ΦσΨ is determined by J(Φ)σ J(Ψ),
so it does not depend on the Kraus decomposition of Ω used to define it. It is completely
positive, but even for channels Φ and Ψ it is in general only trace non-increasing: concavity
of fσ gives fσ(x) ≤ 1−w+wx with w = f ′

σ(1), which lies in [0, 1] because fσ is nondecreasing
and fσ(0+) ≥ 0; hence ΦσΨ ≤ (1−w)Φ+wΨ in the completely positive order, for instance
Φ#Ψ ≤ 1

2(Φ + Ψ), and Φ#Ψ = 0 for the replacement channels of Proposition 4.3.2 below.
Thus a mean of channels is a completely positive map, but in general not a channel.
Remark 4.2.16. The proof of Theorem 4.2.15 uses only monotonicity, the transformer in-
equality, continuity from above and the identity X σX = fσ(1)X. It therefore applies ver-
batim to every operator connection σ, with representing function fσ as in Theorem 4.2.12.
Put

φσ(t) = t σ (1 − t) = tfσ
(1 − t

t

)
(0 < t < 1), φσ(0) = f ′

σ(∞), φσ(1) = fσ(0+),

which are the limits of φσ at the endpoints, since fσ is nonnegative, nondecreasing and
concave. Then:
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1. (4.2.1) holds for the connection σ, that is, (WAW ∗)σ (WBW ∗) = W (AσB)W ∗ for
all A,B ∈ Pos(Cr);

2. T σ (1Cr − T ) = φσ(T ) for 0 ≤ T ≤ 1Cr , in the functional calculus.

If σ is a mean, then φσ = gσ.

4.3 The mean of channels and geometric channel fidelity
In this section, we present a concrete application of the means of completely positive maps
in terms of the ARN derivative. In quantum information theory, one can consider many
kinds of divergence. One of these is the geometric channel fidelity. This quantity has some
annoying properties. In this section, we will build up the definition through the Matsumoto
fidelity [90]. We will retranslate some definitions in [90] and [72] in the language of Watrous
[127].

4.3.1 Matsumoto fidelity

Motivation of the definition

In quantum information theory, one often wants to consider how much two quantum states
“overlap”. One ubiquitous example of this is the quantum (or Uhlmann) fidelity [122] of
two states. Given a complex Euclidean space X and density operators ρ, ξ ∈ D(X ), their
fidelity is defined as

F (ρ, ξ) = tr
(√√

ξρ
√
ξ

)
= ∥√

ρ
√
ξ∥1.

The quantum fidelity is the analogue of the Bhattacharyya coefficient in classical probability
(see, for example, [127, Section 3.2]). The fidelity is closely related to the geometric mean:
for invertible ξ one checks directly that

F (ρ, ξ) = tr
(
ξ (ξ−1#ρ)

)
.

In [90], Matsumoto considers flipping the definition for quantum fidelity, and instead takes
the trace of the geometric mean of the operators themselves. The Matsumoto fidelity is
defined on states ρ, ξ ∈ D(X ) by

FM (ρ, ξ) = tr(ρ#ξ).

The following interpretation is given in [29]. Two classical probability distributions
{pi}, {qi} prepare states ρ and ξ if there exists a quantum channel Φ such that
Φ(diag({pi})) = ρ and Φ(diag({qi})) = ξ. The Matsumoto fidelity is the maximal
possible classical fidelity between classical probability distributions that can prepare states
ρ and ξ. The quantum fidelity is the minimum classical fidelity over quantum-to-classical
measurement procedures; the Matsumoto fidelity is the maximum classical fidelity over
classical-to-quantum preparations. In this sense, it is a kind of dual to the quantum fidelity
[29]. Comprehensive properties of the Matsumoto fidelity can be found in [29] and the
original paper by Matsumoto [90].

4.3.2 Geometric channel fidelity

Given two channels Φ,Ψ ∈ C(X ,Y), one can consider the maximum output fidelity [127,
Section 3.3] given by

Fmax(Φ,Ψ) = max
ρ,ξ∈D(X )

F (Φ(ρ),Ψ(ξ)).
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The geometric channel fidelity as defined in [72] (see also [98, eq. (19)]) is a kind of opposite
to this, using the Matsumoto fidelity. They define the geometric channel fidelity as the
square of the following quantity:

F̂ (Φ,Ψ) = inf
ρ∈D(X ⊗X )

FM
(
(Φ ⊗ 1L(X ))(ρ), (Ψ ⊗ 1L(X ))(ρ)

)
.

We will not be using the squared quantity, and will refer to the above as the geometric
channel fidelity. We notice in this definition that there is only one input state, shared
by both channels. This is because if we allowed two, it would be very easy to make this
quantity zero.

In this section and the next we work under the assumption that we are considering
completely positive maps, not necessarily channels. The definition of the geometric channel
fidelity still makes sense, because complete positivity guarantees that (Φ ⊗ 1L(X ))(ρ) and
(Ψ ⊗ 1L(X ))(ρ) are positive semidefinite, which is all we require for the geometric mean to
make sense; by Choi’s theorem [28] the same holds for the Choi matrices J(Φ) and J(Ψ).

Proposition 4.3.1. For Φ,Ψ ∈ CP(X ,Y), F̂ (Φ,Ψ) = λmin(TrY(J(Φ)#J(Ψ))).

Proof. For channels this is a consequence of [72, Proposition 44] at α = 1
2 (see also

the semidefinite program for the square root of the geometric fidelity of channels in [98,
eq. (20)]); we include the short argument since we need it for completely positive maps.
Since FM is jointly concave on pairs of positive semidefinite operators (for states see [29]; in
general, FM is positively homogeneous, and the transformer inequality with C : v 7→ v⊕ v,
applied to A ⊕ A′ and B ⊕ B′, together with (A ⊕ A′)#(B ⊕ B′) = (A#B) ⊕ (A′#B′),
gives (A#B) + (A′#B′) ≤ (A + A′)#(B + B′) [79]) and ρ 7→ (Φ ⊗ 1L(X ))(ρ) is linear,
the function being minimised is concave on the compact convex set D(X ⊗ X ), so the in-
fimum may be taken over pure states uu∗. Every unit vector u ∈ X ⊗ X is of the form
u = vec(A) = (1X ⊗A⊤) vec(1X ) with ∥A∥2 = 1 [127, Section 1.1.2], whence

(Φ ⊗ 1L(X ))(uu∗) = (1Y ⊗A⊤)J(Φ)(1Y ⊗A⊤)∗, (4.3.1)

and similarly for Ψ. If A is invertible, the transformer equality for invertible operators [79]
gives

tr
(
(Φ ⊗ 1L(X ))(uu∗)#(Ψ ⊗ 1L(X ))(uu∗)

)
= tr

(
(1Y ⊗AA⊤) J(Φ)#J(Ψ)

)
= tr

(
(AA∗)⊤ TrY(J(Φ)#J(Ψ))

)
,

since (1Y ⊗ A⊤)∗(1Y ⊗ A⊤) = 1Y ⊗ (AA∗)⊤. As A ranges over invertible operators with
∥A∥2 = 1, (AA∗)⊤ ranges over the invertible density operators, so the infimum over such u
is

λmin
(

TrY(J(Φ)#J(Ψ))
)
.

Finally, FM is upper semicontinuous (it is a decreasing limit of the continuous functions
tr(ρη#ξη)), so the infimum over all pure states equals the infimum over the dense set of
pure states with invertible A.

4.3.3 An alarming property

The Matsumoto fidelity is the trace of a geometric mean of positive semidefinite operators.
It is well-known that if one takes the geometric mean of operators whose ranges have
intersection {0}, then this mean is zero. This observation is stated in [29] as the distinct
image property. This distinct image property extends to Choi matrices of completely
positive maps. This leads to the following proposition.
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Proposition 4.3.2. Suppose dim Y ≥ 2. There exist pairs of channels (Φ1,Ψ1), (Φ2,Ψ2)
from X to Y such that Φ1 + Ψ1 = Φ2 + Ψ2 but F̂ (Φ1,Ψ1) = 0 and F̂ (Φ2,Ψ2) = 1.

Proof. Let ϕ = y1y
∗
1 and ψ = y2y

∗
2 be distinct pure states on Y, which exist since dim Y ≥ 2,

and let Φ1 = tr(·)ϕ and Ψ1 = tr(·)ψ be the corresponding replacement channels. Their
Choi matrices are

J(Φ1) = ϕ⊗ 1X , J(Ψ1) = ψ ⊗ 1X ,

with ranges span{y1} ⊗ X and span{y2} ⊗ X . Since ϕ ̸= ψ, the unit vectors y1 and y2 are
linearly independent, so these ranges intersect trivially. Hence J(Φ1)#J(Ψ1) = 0 by the
distinct image property [29], and Proposition 4.3.1 gives F̂ (Φ1,Ψ1) = λmin(0) = 0.

Let Ω = Φ1 + Ψ1 and Φ2 = Ψ2 = 1
2Ω, so that Φ1 + Ψ1 = Φ2 + Ψ2 and J(Φ2) = J(Ψ2) =

1
2(ϕ+ ψ) ⊗ 1X . Since A#A = A, we have J(Φ2)#J(Ψ2) = J(Φ2), and therefore

F̂ (Φ2,Ψ2) = λmin
(

TrY
(1

2(ϕ+ ψ) ⊗ 1X
))

= λmin
(1

2 tr(ϕ+ ψ) 1X
)

= 1,

since ϕ and ψ are states.

Proposition 4.3.2 suggests something alarming. One may have two pairs of completely
positive maps which sum to the same completely positive map, with each pair having
opposite geometric fidelities. Stronger still, by rotating ϕ slightly, the two splittings can be
made arbitrarily close in the completely bounded trace norm.

Corollary 4.3.3 (The completely bounded trace norm is ineffective for geometric fidelity).
Suppose dim Y ≥ 2. For any η > 0, there exist channels Φ1,Ψ1,Φ2,Ψ2 ∈ C(X ,Y) such
that Φ1 + Ψ1 = Φ2 + Ψ2,

|||Φ1 − Φ2|||1 = |||Ψ1 − Ψ2|||1 < η

and
F̂ (Φ1,Ψ1) = 0, F̂ (Φ2,Ψ2) = 1.

Proof. Choose θ ∈ (0, π/2) with sin θ < η, and let ϕ = y1y
∗
1 and ψ = y2y

∗
2 be pure states

on Y with |⟨y1, y2⟩| = cos θ; they are distinct since θ > 0. Define Φ1,Ψ1,Φ2,Ψ2 as in
the proof of Proposition 4.3.2. That proof gives Φ1 + Ψ1 = Φ2 + Ψ2, F̂ (Φ1,Ψ1) = 0 and
F̂ (Φ2,Ψ2) = 1.

It remains to compute the distances. We have

Φ1 − Φ2 = 1
2(Φ1 − Ψ1) = −(Ψ1 − Ψ2).

For X1, X2 ∈ L(X ),(
(Φ1 − Ψ1) ⊗ 1L(X )

)
(X1 ⊗X2) = tr(X1) (ϕ− ψ) ⊗X2,

so by linearity, for every ρ ∈ D(X ⊗ X ),(
(Φ1 − Ψ1) ⊗ 1L(X )

)
(ρ) = (ϕ− ψ) ⊗ ρR, ρR = (tr ⊗1L(X ))(ρ) ∈ D(X ).

Since ∥A⊗B∥1 = ∥A∥1∥B∥1 and ∥ρR∥1 = 1, this has trace norm

∥ϕ− ψ∥1 = 2
√

1 − |⟨y1, y2⟩|2 = 2 sin θ

for every ρ. As Φ1 − Ψ1 is Hermitian-preserving, its completely bounded trace norm is the
supremum of this quantity over ρ ∈ D(X ⊗ X ) [127, Section 3.3], so |||Φ1 − Ψ1|||1 = 2 sin θ
and

|||Φ1 − Φ2|||1 = |||Ψ1 − Ψ2|||1 = sin θ < η.
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Remark 4.3.4. The mechanism behind Proposition 4.3.2 and Corollary 4.3.3 is known at
the level of states: the Matsumoto fidelity of two distinct pure states vanishes [29], and
maximal f -divergences are lower semicontinuous [60, Section 5], [95, Theorem A.4] (see also
[91]) but in general not continuous. Section 4.12 determines exactly where the quantities
considered here are continuous.

We seek to address this problem through the ARN derivative, in particular to explain
why it is allowed to happen. First we must take a detour and develop some norm inequal-
ities.

4.4 Norm and continuity estimates
Throughout this section ||| · |||1 denotes the completely bounded trace norm [77], [127,
Section 3.3.2]. For completely positive maps it coincides with the induced trace norm
and equals ∥Φ∗(1Y)∥∞; this follows from the Russo–Dye theorem [115], in the form [103,
Proposition 3.6], together with the duality between the completely bounded trace norm
and the completely bounded operator norm [68, Theorem 3].

Lemma 4.4.1 (Sharp Lipschitz inequality in ARN derivatives). Let 0 ≤ Ψ1,Ψ2 ≤ Φ
with ARN derivatives T1, T2 with respect to a fixed Kraus decomposition of Φ by linearly
independent operators. Then

|||ΨT1 − ΨT2 |||1 ≤ |||Ψ|T1−T2||||1 ≤ |||Φ|||1∥T1 − T2∥∞.

Remark 4.4.2. The outer inequality was shown by Raginsky in [111].

Proof. Let Θ = ΨT1 − ΨT2 and write T1 −T2 = A+ −A− with A± ≥ 0 and A+A− = 0 (the
Jordan decomposition), so that |T1 − T2| = A+ +A−. By linearity of T 7→ ΨT we have

ΨT1 − ΨT2 = ΨA+ − ΨA− .

The map Θ is Hermitian-preserving, so by [127, Section 3.3], the completely bounded trace
norm is attained on a pure state uu∗ with u ∈ X ⊗ X a unit vector. Since uu∗ is positive
semidefinite, and each ΨA± is completely positive, we have

(Θ ⊗ 1L(X ))(uu∗) = X+ −X−

where X+ = (ΨA+ ⊗ 1L(X ))(uu∗) ≥ 0 and X− = (ΨA− ⊗ 1L(X ))(uu∗) ≥ 0. Let ρ be the
reduced state of uu∗ on the first tensor factor, so that tr((Ξ ⊗ 1L(X ))(uu∗)) = tr(Ξ∗(1Y)ρ)
for every map Ξ. By the triangle inequality and the fact that the trace norm of a positive
operator is its trace, we obtain

|||Θ|||1 = ∥X+ −X−∥1 ≤ tr(X+) + tr(X−) = tr
(
(ΨA+ + ΨA−)∗(1Y)ρ

)
= tr

(
Ψ∗

|T1−T2|(1Y)ρ
)

≤ ∥Ψ∗
|T1−T2|(1Y)∥∞,

the last step because Ψ∗
|T1−T2|(1Y) ≥ 0 and ρ is a state. Since Ψ|T1−T2| is completely

positive, [103, Proposition 3.6] and [68, Theorem 3] give

∥Ψ∗
|T1−T2|(1Y)∥∞ = |||Ψ|T1−T2||||1,

which proves the first inequality. For the second, Theorem 4.2.5 gives

Ψ∗
|T1−T2|(1Y) = S∗(1Y ⊗ |T1 − T2|⊤)S.
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Since 0 ≤ |T1 − T2|⊤ ≤ ∥T1 − T2∥∞1Z and conjugation preserves the Loewner order,

0 ≤ S∗(1Y ⊗ |T1 − T2|⊤)S ≤ ∥T1 − T2∥∞S
∗S = ∥T1 − T2∥∞Φ∗(1Y).

By the Weyl monotonicity principle [16, Section III.2], this inequality between positive
operators carries over to the operator norm, so

∥S∗(1Y ⊗ |T1 − T2|⊤)S∥∞ ≤ ∥T1 − T2∥∞∥Φ∗(1Y)∥∞ = |||Φ|||1∥T1 − T2∥∞,

where we have applied [103, Proposition 3.6] again in the last equality.

Proposition 4.4.3. 1. For a complex Euclidean space Z and 0 ≤ E,E′ ≤ 1Z ,

∥(E − E2) − (E′ − E′2)∥∞ ≤ ∥E − E′∥∞.

2. For E,E′ as above, with g#(t) =
√
t(1 − t), we have

∥g#(E) − g#(E′)∥∞ ≤ ∥E − E′∥1/2
∞ .

Hence, for completely positive pairs (Φ1,Ψ1), (Φ2,Ψ2) with the same sum Ω and deriva-
tives T1 and T2 of Φ1 and Φ2 with respect to Ω, relative to one fixed Kraus decomposition
of Ω by linearly independent operators, we have that

|||Φ1#Ψ1 − Φ2#Ψ2|||1 ≤ |||Ω|||1∥T1 − T2∥1/2
∞ .

Proof. 1. Let A = E − E′ and B = 1Z − E − E′. Since

E2 − E′2 = 1
2(A(E + E′) + (E + E′)A),

we have
(E − E2) − (E′ − E′2) = 1

2(AB +BA).

Since 0 ≤ E + E′ ≤ 2 · 1Z , we have −1Z ≤ B ≤ 1Z , so ∥B∥∞ ≤ 1. By the triangle
inequality and submultiplicativity of the operator norm,

∥(E − E2) − (E′ − E′2)∥∞ ≤ ∥A∥∞∥B∥∞ ≤ ∥A∥∞ = ∥E − E′∥∞.

2. Since E and 1Z − E commute, we have g#(E) = (E − E2)1/2 ≥ 0. Since the
square root is operator monotone on [0,∞) and

√
0 = 0, we have by [7] (see also [16,

Theorem X.1.1]) that ∥
√
X−

√
Y ∥∞ ≤ ∥X−Y ∥1/2

∞ for X,Y ≥ 0, and therefore, using
part (1),

∥g#(E) − g#(E′)∥∞ ≤ ∥(E − E2) − (E′ − E′2)∥1/2
∞ ≤ ∥E − E′∥1/2

∞ .

Suppose now that Φ1 + Ψ1 = Φ2 + Ψ2 = Ω and let T1 and T2 be the respective ARN
derivatives of Φ1 and Φ2 with respect to Ω. By Theorem 4.2.15, Φi#Ψi = Ψg#(Ti), so
Lemma 4.4.1 (applied with Φ = Ω) gives

|||Φ1#Ψ1 − Φ2#Ψ2|||1 ≤ |||Ω|||1∥g#(T1) − g#(T2)∥∞.

Using part (2), we obtain

|||Φ1#Ψ1 − Φ2#Ψ2|||1 ≤ |||Ω|||1∥T1 − T2∥1/2
∞ .
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Remark 4.4.4. Both the constant and the exponent in part (2) are sharp: for 1×1 matrices
E = δ and E′ = 0 one has ∥g#(E)−g#(E′)∥∞ =

√
δ(1 − δ), so the ratio to ∥E−E′∥1/2

∞ =
√
δ

tends to 1 as δ → 0. The same example, with Ω = V (·)V ∗ for a single Kraus operator
V ̸= 0, T1 = δ and T2 = 0, shows that the constant and the exponent in the last display of
Proposition 4.4.3 are sharp as well.

Theorem 4.4.5. Let Ω = Φ1 + Ψ1 = Φ2 + Ψ2 be completely positive maps and let Ti
be the ARN derivative of Φi with respect to Ω, relative to one fixed Kraus decomposition
of Ω by linearly independent operators, the same for i = 1, 2. For a continuous function
g : [0, 1] → R let

ωg(δ) = sup
{
∥g(E) − g(E′)∥∞ : 0 ≤ E,E′ ≤ 1Z , ∥E − E′∥∞ ≤ δ

}
, δ ≥ 0,

the supremum being over all finite-dimensional Z. Then, for every Kubo–Ando mean σ,

|||Φ1 σΨ1 − Φ2 σΨ2|||1 ≤ |||Ω|||1 ωgσ (∥T1 − T2∥∞).

Proof. By Theorem 4.2.15,
Φ1 σΨ1 − Φ2 σΨ2 = ΨK

where K = gσ(T1) − gσ(T2). By definition of ωgσ ,

∥K∥∞ ≤ ωgσ (∥T1 − T2∥∞).

Since gσ(T1) and gσ(T2) are effects, Lemma 4.4.1 gives |||ΨK |||1 ≤ |||Ω|||1∥K∥∞, which
implies the claim.

We now come to the main result, which suggests that in order to resolve this problematic
behaviour of the geometric channel fidelity, one has to look at the ARN derivatives of the
completely positive maps.

Theorem 4.4.6. Suppose we are given completely positive maps Φ1,Ψ1,Φ2,Ψ2 such that
Ω = Φ1 + Ψ1 = Φ2 + Ψ2. Let F̂1 = F̂ (Φ1,Ψ1) and F̂2 = F̂ (Φ2,Ψ2). Let T1 and T2 be
the respective ARN derivatives of Φ1 and Φ2 with respect to Ω, relative to one fixed Kraus
decomposition of Ω by linearly independent operators, the same for both pairs. Then

|F̂1 − F̂2| ≤ ∥Ω∗(1Y)∥∞∥T1 − T2∥1/2
∞ .

Proof. By Weyl’s inequality [16, Section III.2], λmin is 1-Lipschitz with respect to the
operator norm on Hermitian operators. Let K = g#(T1) − g#(T2), which is Hermitian. By
Proposition 4.3.1 and Theorem 4.2.15,

|F̂1 − F̂2| ≤ ∥ TrY(J(Φ1)#J(Ψ1) − J(Φ2)#J(Ψ2))∥∞

= ∥ TrY(WKW ∗)∥∞.

Since
−∥K∥∞WW ∗ ≤ WKW ∗ ≤ ∥K∥∞WW ∗

and the partial trace is a positive map,

−∥K∥∞ TrY(WW ∗) ≤ TrY(WKW ∗) ≤ ∥K∥∞ TrY(WW ∗),

and for a Hermitian H and positive M with −sM ≤ H ≤ sM one has ∥H∥∞ ≤ s∥M∥∞.
Moreover

TrY(WW ∗) = TrY(J(Ω)) = Ω∗(1Y)⊤,

whose operator norm is ∥Ω∗(1Y)∥∞. Hence, by Proposition 4.4.3(2),

|F̂1 − F̂2| ≤ ∥K∥∞∥Ω∗(1Y)∥∞ ≤ ∥Ω∗(1Y)∥∞∥T1 − T2∥1/2
∞ .



CHAPTER 4. CONTINUITY OF QUANTUM CHANNEL DIVERGENCES 48

What Theorem 4.4.6 says is that if two pairs of completely positive maps have the
same sum, then their respective geometric channel fidelities are controlled by the operator
norm of the difference of their ARN derivatives. Coming back to Corollary 4.3.3, in the
Kraus decomposition {Vi = y1e

∗
i , V

′
i = y2e

∗
i }ni=1 of Ω, where n = dim X and e1, . . . , en is

an orthonormal basis of X (these 2n operators are linearly independent because y1 and y2

are), the derivative of Φ1 is the projection T1 = 1Cn ⊕ 0Cn , while the splitting
(

Ω
2 ,

Ω
2

)
has

ARN derivative T2 = 1
21C2n . Hence ∥T1 − T2∥∞ = 1

2 for every θ > 0, however small. The
adjoint of Ω evaluated at 1Y is

Ω∗(1Y) = (tr(ϕ) + tr(ψ))1X = 2 · 1X ,

so the right-hand side of Theorem 4.4.6 equals

∥Ω∗(1Y)∥∞∥T1 − T2∥1/2
∞ = 2 · (1

2)1/2 =
√

2 ≥ 1 = |F̂1 − F̂2|.

The completely bounded trace norm between the splittings tends to zero, but the distance
between the derivatives does not, which is exactly what allows the fidelity to jump.
Remark (Sharpness of Theorem 4.4.6). The constant ∥Ω∗(1Y)∥∞ and the exponent 1

2
in Theorem 4.4.6 are both attained asymptotically, already by channels. Let Φ1,Ψ1 ∈
CP(X ,Y) be nonzero with rangeJ(Φ1) ∩ range J(Ψ1) = {0}, as for the replacement chan-
nels of Proposition 4.3.2, and for 0 < s ≤ 1

2 put

Φ2 = (1 − s)Φ1 + sΨ1, Ψ2 = sΦ1 + (1 − s)Ψ1,

so that Φ2 +Ψ2 = Φ1 +Ψ1 = Ω. Since J(Φ1) = WT1W
∗ and J(Ψ1) = W (1Cr −T1)W ∗ have

ranges W rangeT1 and W range(1Cr − T1) and W is injective, an eigenvector of T1 with
eigenvalue in (0, 1) would give a nonzero vector in both ranges; hence T1 is a projection,
different from 0 and 1Cr because Φ1,Ψ1 ̸= 0. By uniqueness in Theorem 4.2.2, T2 =
(1 − s)T1 + s(1Cr − T1), so

∥T1 − T2∥∞ = ∥s(2T1 − 1Cr )∥∞ = s

and spec(T2) = {s, 1−s}, whence g#(T1) = 0 and g#(T2) =
√
s(1 − s) 1Cr . Theorem 4.2.15

and Proposition 4.3.1 give F̂1 = 0 and F̂2 =
√
s(1 − s)λmin(Ω∗(1Y)⊤), so

|F̂1 − F̂2|
∥Ω∗(1Y)∥∞∥T1 − T2∥1/2

∞
= (1 − s)1/2 λmin(Ω∗(1Y))

∥Ω∗(1Y)∥∞
.

If Φ1 and Ψ1 are channels, then Ω∗(1Y) = 2 · 1X and the ratio is (1 − s)1/2 → 1 as s → 0,
while

|||Φ1 − Φ2|||1 = s |||Φ1 − Ψ1|||1 ≤ 2s.

Remark 4.4.7 (Physical interpretation). By Remark 4.2.6, pairs with the same sum are one
device Ω with different which-branch effects. A classical readout that reports the outcome
of Φ as that of Ψ with probability p01, and conversely with probability p10, gives the pair(

(1 − p01)Φ + p10Ψ, p01Φ + (1 − p10)Ψ
)
.

The sum is unchanged, and T becomes p101Cr + (1 − p01 − p10)T , a change of norm at
most max{p01, p10} because spec(T ) ⊆ [0, 1]. So, for every pair, Theorem 4.4.6 bounds the
change of F̂ by ∥Ω∗(1Y)∥∞ max{p01, p10}1/2. Such classical noise was found to dominate
readout errors on superconducting devices [87]. If p01 + p10 ≤ 1, the new spectrum lies in
[p10, 1 − p01]: imperfect readout gives the two-sided bounds of Sections 4.7 and 4.9.
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We now verify the modulus of continuity does indeed behave properly under the right
circumstances.

Lemma 4.4.8. For a compact interval I ⊆ R and a continuous function g : I → R put

ωIg(δ) = sup
{
∥g(E) − g(E′)∥∞ : E,E′ Hermitian with spectra in I,

∥E − E′∥∞ ≤ δ
}
, δ ≥ 0,

the supremum being over all finite dimensions, so that ωg = ω
[0,1]
g is the modulus of The-

orem 4.4.5; for ϵ ∈ (0, 1) we also write ω
(ϵ)
g = ω

[0,1−ϵ]
g . Then ωIg(δ) → 0 as δ → 0. In

particular this holds for g = gσ, where σ is any Kubo–Ando mean, and for g = hf , where
f is as in Lemma 4.5.12.

Proof. Let η > 0 and R = max{|x| : x ∈ I}. By the Weierstrass approximation theorem
there is a polynomial g̃(t) = ∑n

k=0 ckt
k with supt∈I |g(t) − g̃(t)| ≤ η. If E,E′ are Hermitian

with spectra in I, the spectral theorem gives ∥g(E)−g̃(E)∥∞ ≤ η and ∥g(E′)−g̃(E′)∥∞ ≤ η.
Since ∥E∥∞, ∥E′∥∞ ≤ R and

Ek − E′k =
k−1∑
j=0

Ej(E − E′)E′ k−1−j ,

we have ∥Ek − E′k∥∞ ≤ kRk−1∥E − E′∥∞, and hence ∥g̃(E) − g̃(E′)∥∞ ≤ Lg̃∥E − E′∥∞
with Lg̃ = ∑

k k|ck|Rk−1, a constant independent of the dimension. Therefore

∥g(E) − g(E′)∥∞ ≤ 2η + Lg̃∥E − E′∥∞,

so ωIg(δ) ≤ 2η + Lg̃δ and lim supδ→0 ω
I
g(δ) ≤ 2η. Since η > 0 was arbitrary, ωIg(δ) → 0.

For the two special cases it remains to check continuity on [0, 1]. The function gσ is
continuous on (0, 1), and at the endpoints its values were defined as the limits gσ(0) =
f ′
σ(∞) and gσ(1) = fσ(0+). The function hf is continuous on [0, 1] by the first paragraph

of the proof of Theorem 4.5.13, up to the sentence “Hence hf is continuous on [0, 1]”, which
does not use the present lemma.

Continuity results regarding maximal divergences have also been studied by [95], and
more recently in the von Neumann algebra context via lower semicontinuity by Okayasu in
[101].

We conclude this section with a lower bound for the maps themselves.

Proposition 4.4.9. Let Ω(X) = ∑r
k=1 VkXV

∗
k with linearly independent V1, . . . , Vr, let

W = [vec(V1) · · · vec(Vr)] and G = W ∗W . For Hermitian T1, T2 ∈ L(Cr),

λmin(G)
dim X

∥T1 − T2∥1 ≤ |||ΨT1 − ΨT2 |||1

≤ ∥Ω∗(1Y)∥∞ ∥T1 − T2∥∞.

Proof. The upper bound follows from the proof of Lemma 4.4.1 with Φ = Ω, which uses
only that T1 − T2 is Hermitian, together with |||Ω|||1 = ∥Ω∗(1Y)∥∞. For the lower bound
put K = T1 − T2, so that ΨT1 − ΨT2 = ΨK and J(ΨK) = WKW ∗. Since

J(ΨK) = (ΨK ⊗ 1L(X ))
(

vec(1X ) vec(1X )∗)
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and vec(1X ) vec(1X )∗/ dim X is a density operator, ∥WKW ∗∥1 ≤ dim X |||ΨK |||1. Write
W = UG1/2 with U an isometry (polar decomposition); then ∥WKW ∗∥1 = ∥G1/2KG1/2∥1,
and since G is invertible, by Hölder’s inequality [16, Chapter IV],

∥K∥1 = ∥G−1/2(G1/2KG1/2)G−1/2∥1

≤ ∥G−1/2∥2
∞ ∥G1/2KG1/2∥1 = λmin(G)−1∥G1/2KG1/2∥1.

Combining these estimates gives the lower bound.

We record the estimate used in the proof of Theorem 4.4.6 in the form in which it is
used later.

Lemma 4.4.10. Let Ω, V1, . . . , Vr and W be as in Proposition 4.4.9. For Hermitian
N1, N2 ∈ L(Cr),∥∥TrY(WN1W

∗) − TrY(WN2W
∗)
∥∥

∞ ≤ ∥Ω∗(1Y)∥∞ ∥N1 −N2∥∞,

and the same bound holds for

|λmin(TrY(WN1W
∗)) − λmin(TrY(WN2W

∗))|

and for the corresponding difference of largest eigenvalues.

Proof. Put K = N1 − N2. Since −∥K∥∞1Cr ≤ K ≤ ∥K∥∞1Cr and the partial trace is
positive,

−∥K∥∞ TrY(WW ∗) ≤ TrY(WKW ∗) ≤ ∥K∥∞ TrY(WW ∗),

and
TrY(WW ∗) = TrY J(Ω) = Ω∗(1Y)⊤ ≥ 0.

For a Hermitian H and positive M with −sM ≤ H ≤ sM one has ∥H∥∞ ≤ s∥M∥∞, which
gives the first claim; the second follows from Weyl’s inequality [16, Section III.2].

4.5 A general approach

4.5.1 Geometric Rényi relative entropy

The problem presented in Corollary 4.3.3 is not unique to the geometric channel fidelity. In
general, any channel divergence which can be expressed through a Choi-level Kubo–Ando
mean that vanishes on pairs with trivially intersecting ranges will have this problem as
well; Theorem 4.5.6 below characterises these means.

In [72], the following definitions are made which we recall (see also [42]; up to sign, the
underlying state quantity Q̂α is the maximal f -divergence of [91] for the power function
f(t) = tα).

Definition 4.5.1 (Geometric Rényi relative entropy). Let ρ ∈ D(V) be a quantum state
and let ξ ∈ Pos(V) be a positive semidefinite operator. Let α ∈ (0, 1) ∪ (1,∞). The
geometric Rényi relative quasi-entropy is defined as

Q̂α(ρ∥ξ) = lim
η↓0

tr
(
ξ1/2
η (ξ−1/2

η ρξ−1/2
η )αξ1/2

η

)
where ξη = ξ + η1V . The geometric Rényi relative entropy is then defined as

D̂α(ρ∥ξ) = 1
α− 1 log Q̂α(ρ∥ξ).
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We note that in the above definition, we do not even require ρ to be a state for the
definition to make sense. We consequently do not require that ρ is a state in the rest of
this text.

If α ∈ (0, 1), then t 7→ tα is operator monotone on (0,∞) and takes the value 1 at t = 1;
it is the representing function of the weighted geometric mean #α. In this notation

Q̂α(ρ∥ξ) = tr(ξ#αρ) = tr(ρ#1−αξ),

with the regularisation from above built into the definition of the mean. This will prove
important shortly. The next definition we recall from [72] is the following; again we drop
the requirement that the maps be channels and replace it with complete positivity.

Definition 4.5.2 (Geometric Rényi relative entropy of completely positive maps). Let
Φ,Ψ ∈ CP(X ,Y) be completely positive. The geometric Rényi relative entropy is defined
for α ∈ (0, 1) ∪ (1,∞) as

D̂α(Φ∥Ψ) = sup
ρ∈D(X ⊗X )

D̂α
(
(Φ ⊗ 1L(X ))(ρ) ∥ (Ψ ⊗ 1L(X ))(ρ)

)
.

For α ∈ (0, 1) this quantity admits a closed form in terms of the Choi matrices [72],
and for α ∈ (1, 2] one is given in [42, Lemma 5]. We state it for α ∈ (0, 1), where, since

1
α−1 < 0, the supremum of D̂α corresponds to an infimum of Q̂α.

Lemma 4.5.3 ([72, Proposition 44]). Let Φ,Ψ ∈ CP(X ,Y) and α ∈ (0, 1), and define

Q̂α(Φ∥Ψ) = inf
ρ∈D(X ⊗X )

Q̂α
(
(Φ ⊗ 1L(X ))(ρ) ∥ (Ψ ⊗ 1L(X ))(ρ)

)
.

Then

D̂α(Φ∥Ψ) = 1
α− 1 log Q̂α(Φ∥Ψ), Q̂α(Φ∥Ψ) = λmin (TrY (J(Ψ)#αJ(Φ))) ,

where the weighted geometric mean is understood with the regularisation from above.

Proof. The first identity follows from the definitions, since t 7→ 1
α−1 log t is decreasing for

α ∈ (0, 1). For the second, the proof of Proposition 4.3.1 applies verbatim with # replaced
by #α: joint concavity of (ρ, ξ) 7→ tr(ξ#αρ) [79] reduces the infimum to pure states,
the transformer equality [79] handles invertible A, and upper semicontinuity handles the
closure; compare [42, Lemma 5] for the case α ∈ (1, 2].

The careful reader will notice that D̂α(Φ∥Ψ) may take the value +∞ for α ∈ (0, 1).
This is not a problem; it corresponds to Q̂α(Φ∥Ψ) = 0, which occurs for instance when the
Choi matrices have ranges with trivial intersection.

It is not much of a stretch to see that the problem of Proposition 4.3.2 extends to
Q̂α, because this quantity is induced by a Kubo–Ando mean of Choi matrices; indeed the
same replacement maps work, since A#αB = 0 whenever the ranges of A and B intersect
trivially (Theorem 4.5.6 below). We will again demonstrate that we can control such prob-
lems through the ARN derivative. Since J(Ψ)#αJ(Φ) = J(Φ)#1−αJ(Ψ), Theorem 4.2.15
applied to the mean #1−α shows that J(Ψ)#αJ(Φ) = Whα(T )W ∗, where T is the ARN
derivative of Φ with respect to Ω = Φ + Ψ and

hα(t) = g#1−α(t) = t#1−α(1 − t) = tα(1 − t)1−α, t ∈ [0, 1]. (4.5.1)

Lemma 4.5.4. Let Z be a complex Euclidean space, let 0 ≤ E,E′ ≤ 1Z and let α ∈ (0, 1).
Then

∥hα(E) − hα(E′)∥∞ ≤ ∥E − E′∥α∞ + ∥E − E′∥1−α
∞ .
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Proof. Since E and 1Z − E commute, we have

hα(E) = Eα(1Z − E)1−α ≥ 0,

and therefore

hα(E) − hα(E′) =
(
Eα − E′α)(1Z − E)1−α + E′α

(
(1Z − E)1−α − (1Z − E′)1−α

)
.

By the triangle inequality and submultiplicativity of ∥ · ∥∞,

∥hα(E) − hα(E′)∥∞ ≤ ∥Eα − E′α∥∞ ∥(1Z − E)1−α∥∞

+ ∥E′α∥∞
∥∥(1Z − E)1−α − (1Z − E′)1−α∥∥

∞.

Since ∥(1Z − E)1−α∥∞ ≤ 1 and ∥E′α∥∞ ≤ 1,

∥hα(E) − hα(E′)∥∞ ≤ ∥Eα − E′α∥∞ +
∥∥(1Z − E)1−α − (1Z − E′)1−α∥∥

∞.

Now apply the operator-norm Hölder continuity of positive power functions [7], [16, Theo-
rem X.1.1]: for A,B ≥ 0 and β ∈ (0, 1],

∥Aβ −Bβ∥∞ ≤ ∥A−B∥β∞.

Taking β = α, A = E, B = E′ gives ∥Eα − E′α∥∞ ≤ ∥E − E′∥α∞, and taking β = 1 − α,
A = 1Z − E, B = 1Z − E′ gives∥∥(1Z − E)1−α − (1Z − E′)1−α∥∥

∞ ≤ ∥(1Z − E) − (1Z − E′)∥1−α
∞ = ∥E − E′∥1−α

∞ .

Combining the two bounds,

∥hα(E) − hα(E′)∥∞ ≤ ∥E − E′∥α∞ + ∥E − E′∥1−α
∞ ,

as claimed.

Theorem 4.5.5. Let α ∈ (0, 1) and let Φ1,Ψ1,Φ2,Ψ2 ∈ CP(X ,Y) satisfy Ω = Φ1 + Ψ1 =
Φ2 +Ψ2. Let T1 and T2 denote the ARN derivatives of Φ1 and Φ2 with respect to Ω, relative
to one fixed Kraus decomposition of Ω by linearly independent operators, the same for both
pairs. Then

|Q̂α(Φ1∥Ψ1) − Q̂α(Φ2∥Ψ2)| ≤ ∥Ω∗(1Y)∥∞
(
∥T1 − T2∥α∞ + ∥T1 − T2∥1−α

∞
)
.

Proof. By Lemma 4.5.3, Q̂α(Φi∥Ψi) = λmin(TrY(Whα(Ti)W ∗)). The proof of Theo-
rem 4.4.6 now applies verbatim with g# replaced by hα and Proposition 4.4.3(2) replaced
by Lemma 4.5.4.

4.5.2 The meta problem

In this subsection we describe in general terms when the problem of Proposition 4.3.2
occurs. Let σ be a Kubo–Ando mean with representing function fσ. By the integral
representation of operator connections [62, Theorem 5.11], for all positive semidefinite
A,B,

AσB = aσ A+ bσ B +
∫

(0,∞)

1 + λ

λ

(
(λA) : B

)
dmσ(λ),

where mσ is a finite positive measure, aσ = fσ(0+) = 1σ 0 and bσ = f ′
σ(∞) = 0σ 1.

Evaluating the representing function at 1 gives

aσ + bσ +mσ
(
(0,∞)

)
= fσ(1) = 1.

We also use that range(A : B) = range(A) ∩ range(B) for positive semidefinite A,B [3].
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Theorem 4.5.6. Let σ be a Kubo–Ando mean with representing function fσ.

1. If fσ(0+) = f ′
σ(∞) = 0, then range(AσB) = range(A) ∩ range(B) for all positive

semidefinite A,B. In particular, AσB = 0 if and only if range(A)∩ range(B) = {0}.

2. Conversely, if AσB = 0 for all positive semidefinite A,B on a space of dimension
at least 2 with range(A) ∩ range(B) = {0}, then fσ(0+) = f ′

σ(∞) = 0.

Proof. (1) Here aσ = bσ = 0 and mσ
(
(0,∞)

)
= 1. Since range(λA) = range(A) for λ > 0,

each of the positive semidefinite operators (λA) : B has range R = range(A) ∩ range(B),
and hence kernel R⊥. If v ∈ R⊥ then ⟨v, (AσB)v⟩ = 0. If v /∈ R⊥ then ⟨v, ((λA) : B)v⟩ > 0
for every λ > 0, and since mσ ̸= 0 the integral is strictly positive. Thus ker(AσB) = R⊥,
that is, range(AσB) = R.

(2) Let e1, e2 be orthonormal and A = e1e
∗
1, B = e2e

∗
2. Then range(A)∩range(B) = {0},

so every (λA) : B vanishes and AσB = aσ A+ bσ B. If this is zero, then aσ = bσ = 0.

Consequently, suppose that a real-valued function D on CP(X ,Y) × CP(X ,Y) has the
form D(Φ,Ψ) = H

(
J(Φ)σ J(Ψ)

)
for a function H with H(0) = 0, where σ satisfies the

hypothesis of Theorem 4.5.6(1). Then D(Φ,Ψ) = 0 whenever range(J(Φ))∩range(J(Ψ)) =
{0}. By Proposition 4.3.1 this applies to F̂ , withH(X) = λmin(TrY X), and by Lemma 4.5.3
it applies to Q̂α with the roles of Φ and Ψ exchanged. The converse implication fails in
general, because λmin(TrY X) can vanish for nonzero X ≥ 0. For instance, if Φ = Ψ and
Φ∗(1Y) is singular, then F̂ (Φ,Φ) = λmin(Φ∗(1Y)⊤) = 0, although the Choi ranges coincide.

We can consider this in relation to the ARN derivative. Let Ω = Φ + Ψ and let T
be the ARN derivative of Φ with respect to Ω. The condition fσ(0+) = f ′

σ(∞) = 0 says
exactly that gσ(0) = gσ(1) = 0, while gσ(t) = tfσ

(1−t
t

)
> 0 for 0 < t < 1. Since W

is injective, Theorem 4.2.15 shows that J(Φ)σ J(Ψ) = Wgσ(T )W ∗ vanishes if and only
if spec(T ) ⊆ {0, 1}, that is, if and only if T is a projection. For the geometric mean
this vanishing criterion was obtained by Kian [76], in the form that Φ#Ψ = 0 exactly
when Φ and Ψ have no nonzero common completely positive submap; submaps whose
derivative is a projection are the sharp submaps studied in [75]. The replacement maps
of Proposition 4.3.2 are of exactly this kind: in the Kraus decomposition described after
Theorem 4.4.6, the ARN derivative of Φ1 is 1Cn ⊕ 0Cn .

4.5.3 Operator convex functions and divergences

In this subsection, we show that the Kubo–Ando framework from above extends further
to other channel level divergences. Many channel divergences are defined through operator
convex functions instead of Kubo–Ando means.

Definition 4.5.7 (Operator convex function [16, Chapter V]). Let (t−, t+) be an open
interval. A function f : (t−, t+) → R is said to be operator convex on (t−, t+) if

f
(
tA+ (1 − t)B

)
≤ tf(A) + (1 − t)f(B)

for all t ∈ [0, 1] and all Hermitian operators A,B of the same (arbitrary) size with spectra
contained in (t−, t+). It is operator concave if −f is operator convex.

Multiple quantum channel divergences can be framed in a similar way to those defined
by Kubo–Ando means. A broad class of these channel divergences are the maximal f -
divergences, introduced by Matsumoto [91] and studied systematically in [60, 61].
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Definition 4.5.8 (Maximal f -divergence [61, 91]). Let f : (0,∞) → R be operator con-
vex; the limits f(0+) and f ′(∞) (notation as before Theorem 4.2.15) exist in (−∞,+∞]
(Lemma 4.7.2). For positive definite A,B ∈ L(V) the maximal f -divergence is

D̂f (A∥B) = tr
(
B1/2f

(
B−1/2AB−1/2)B1/2

)
,

and for positive semidefinite A,B it is defined by

D̂f (A∥B) = lim
η↓0

D̂f (A+ η1V∥B + η1V).

We call f bounded if f(0+) < ∞ and f ′(∞) < ∞.

Definition 4.5.9 (Maximal f -divergence of completely positive maps; cf. [42, 72]). For
Φ,Ψ ∈ CP(X ,Y),

D̂f (Φ∥Ψ) = sup
ρ∈D(X ⊗X )

D̂f

(
Φρ ∥ Ψρ

)
,

where Φρ = (Φ ⊗ 1L(X ))(ρ) and Ψρ = (Ψ ⊗ 1L(X ))(ρ).

Definition 4.5.10 (Examples). For positive semidefinite A,B and 0 < α < 1:

1. Hellinger divergence [20, 108]: fH(t) = (1 −
√
t)2, and

D̂H(A∥B) = trA+ trB − 2 tr(A#B).

2. Hellinger divergence of order α [82]: fH,α(t) = 1 − tα

1 − α
, and

D̂H,α(A∥B) = trB − tr(B#αA)
1 − α

.

3. Vincze–Le Cam (triangular) divergence [82]: fLC(t) = (t− 1)2

t+ 1 , and

D̂LC(A∥B) = trA+ trB − 4 tr(A : B).

4. Maximal Jensen–Shannon divergence [83]: fJS(t) = t log t− (1 + t) log 1 + t

2 , and

D̂JS(A∥B) = tr
(
B1/2fJS

(
B−1/2AB−1/2)B1/2

)
.

Each f above is bounded, with (f(0+), f ′(∞)) equal to (1, 1), ( 1
1−α , 0), (1, 1) and

(log 2, log 2) respectively.

Remark 4.5.11. If Φ = ΨT and Ψ = Ψ1Cr −T , where T is the ARN derivative of Φ with
respect to Ω = Φ + Ψ, then the maximal f -divergence of the pair is governed by hf (T ),
where hf (t) = (1 − t)f

(
t

1−t
)

on (0, 1), extended by hf (0) = f(0+) and hf (1) = f ′(∞). For
the examples above,

hH(T ) = 1Cr − 2
√
T (1Cr − T ), hH,α(T ) = (1Cr − T ) − Tα(1Cr − T )1−α

1 − α
,

hLC(T ) = (2T − 1Cr )2, hJS(T ) = (log 2) 1Cr + T log T + (1Cr − T ) log(1Cr − T ).
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Under certain circumstances, the problem of Proposition 4.3.2 reappears. We first de-
compose a bounded maximal f -divergence into an affine part and a Kubo–Ando connection.
Divergences of this form, built from Kubo–Ando means, appear in [108]; the closed-form
expression in Theorem 4.5.13 extends those of [42, 72], and an operator-valued analogue is
the divergence of [101, Definition 3.1].

Lemma 4.5.12. Let f : (0,∞) → R be operator convex with f(0+) and f ′(∞) finite. Set

h(t) = f(0+) + f ′(∞) t− f(t), t > 0.

Then h is a nonnegative operator monotone function on (0,∞) with h(0+) = 0 and h(t)/t →
0 as t → ∞. Writing σh for the Kubo–Ando connection with representing function h, we
have, for all positive semidefinite A,B ∈ L(V),

D̂f (A∥B) = f(0+) trB + f ′(∞) trA− tr(B σhA).

Proof. Extend f to [0,∞) by f(0) = f(0+); the extension is convex, so t 7→ (f(t) − f(0))/t
is nondecreasing on (0,∞) with limit f ′(∞). Hence f(t) ≤ f(0+) + f ′(∞)t, that is,
h ≥ 0. As an affine function minus an operator convex function, h is operator con-
cave, and extended by h(0) = 0 it is continuous, nonnegative and operator concave on
[0,∞); it is therefore operator monotone [16, Theorem V.2.5]. The two limits follow
from the definitions of f(0+) and f ′(∞). For positive definite A,B, applying the func-
tional calculus to f = f(0+) + f ′(∞)t − h and using B1/2(B−1/2AB−1/2)B1/2 = A and
B σhA = B1/2h(B−1/2AB−1/2)B1/2 gives

B1/2f
(
B−1/2AB−1/2)B1/2 = f(0+)B + f ′(∞)A−B σhA.

For positive semidefinite A,B, replace A,B by A + η1V , B + η1V , take traces and let
η ↓ 0: the left-hand side converges to D̂f (A∥B) by definition, and (B + η1V)σh (A+ η1V)
decreases to B σhA [79].

Theorem 4.5.13. Let f be as in Lemma 4.5.12. Let Ω ∈ CP(X ,Y) have a Kraus de-
composition Ω(X) = ∑r

k=1 VkXV
∗
k with linearly independent V1, . . . , Vr, and let W =

[vec(V1) · · · vec(Vr)]. Define hf : [0, 1] → R by

hf (t) = (1 − t) f
( t

1 − t

)
(0 < t < 1), hf (0) = f(0+), hf (1) = f ′(∞).

(a) If 0 ≤ T ≤ 1Cr , Φ = ΨT and Ψ = Ψ1Cr −T , then

D̂f (Φ∥Ψ) = λmax
(

TrY
(
W hf (T )W ∗)).

(b) If 0 ≤ T1, T2 ≤ 1Cr , then∣∣∣D̂f

(
ΨT1

∥∥Ψ1Cr −T1

)
− D̂f

(
ΨT2

∥∥Ψ1Cr −T2

)∣∣∣ ≤ ∥Ω∗(1Y)∥∞ ωhf

(
∥T1 − T2∥∞

)
,

where ωhf
is as in Theorem 4.4.5, and ωhf

(δ) → 0 as δ → 0.

Proof. The argument follows the strategy of [42, Lemma 5]. With h as in Lemma 4.5.12, put
k(t) = (1−t)h

(
t

1−t
)

for 0 < t < 1 and k(0) = k(1) = 0. Substituting f = f(0+)+f ′(∞)t−h
into the definition of hf gives

hf (t) = f(0+)(1 − t) + f ′(∞) t− k(t), 0 ≤ t ≤ 1.
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The function k is continuous on [0, 1]: as t ↓ 0 we have k(t) → h(0+) = 0, and as t ↑ 1,
writing x = t/(1 − t) → ∞, we have k(t) = t h(x)/x → 0. Hence hf is continuous on [0, 1],
and ωhf

(δ) → 0 by Lemma 4.4.8.
The ARN derivatives of Ψ and Φ with respect to Ω are 1Cr − T and T , and the scalar

connection satisfies s σh (1 − s) = s h
(1−s

s

)
, which equals k(t) at s = 1 − t. Theorem 4.2.15,

applied to the pair (Ψ,Φ), therefore gives J(Ψ)σh J(Φ) = W k(T )W ∗. (If h ̸≡ 0 then
h(1) > 0 and σh = h(1)σh/h(1) with σh/h(1) a mean; if h ≡ 0 there is nothing to prove.)
Since J(Φ) = WTW ∗ and J(Ψ) = W (1Cr − T )W ∗, we then have

Zf = f(0+)J(Ψ) + f ′(∞)J(Φ) − J(Ψ)σh J(Φ) = W hf (T )W ∗.

Let M = TrY(W hf (T )W ∗), a Hermitian operator on X . Let u = vec(A) with ∥A∥2 = 1
and A invertible, and let C = 1Y ⊗ A⊤, which is invertible. As in the proof of Proposi-
tion 4.3.1, (Φ ⊗ 1L(X ))(uu∗) = C J(Φ)C∗ and similarly for Ψ. By the transformer equality
for invertible operators [79],

(CJ(Ψ)C∗)σh (CJ(Φ)C∗) = C
(
J(Ψ)σh J(Φ)

)
C∗,

so Lemma 4.5.12 gives

D̂f

(
(Φ ⊗ 1L(X ))(uu∗)

∥∥(Ψ ⊗ 1L(X ))(uu∗)
)

= tr(CZfC∗) = tr
(
(1Y ⊗ (AA∗)⊤)Zf

)
= tr

(
(AA∗)⊤M

)
,

using C∗C = 1Y ⊗ (AA∗)⊤ and the previous part. Let

d(ρ) = D̂f

(
(Φ ⊗ 1L(X ))(ρ)

∥∥(Ψ ⊗ 1L(X ))(ρ)
)

for ρ ∈ D(X ⊗ X ). By Lemma 4.5.12, d is a linear function minus

ρ 7→ tr
(
(Ψ ⊗ 1L(X ))(ρ)σh (Φ ⊗ 1L(X ))(ρ)

)
,

which is concave because σh is jointly concave [79] and ρ 7→
(
(Φ⊗1L(X ))(ρ), (Ψ⊗1L(X ))(ρ)

)
is linear. Thus d is convex, and writing ρ = ∑

i piuiu
∗
i in its spectral decomposition gives

d(ρ) ≤ maxi d(uiu∗
i ); so the supremum defining D̂f (Φ∥Ψ) may be taken over pure states.

Moreover d is lower semicontinuous: for η > 0 the map

(A,B) 7→ tr
(
(B + η1Y⊗X )σh (A+ η1Y⊗X )

)
is continuous and decreases to tr(B σhA) as η ↓ 0, so (A,B) 7→ tr(B σhA) is upper semi-
continuous. Every unit vector u = vec(A) is a limit of unit vectors un = vec(An) with An
invertible, and then d(uu∗) ≤ lim infn d(unu∗

n). Hence the supremum may be taken over
u = vec(A) with A invertible. As A ranges over such operators, (AA∗)⊤ ranges over the
invertible density operators on X , which are dense in D(X ). By the previous parts,

D̂f (Φ∥Ψ) = sup
{

tr(ξM) : ξ ∈ D(X ) invertible
}

= max
ξ∈D(X )

tr(ξM) = λmax(M),

which is (a).
Let Mi = TrY(W hf (Ti)W ∗) and K = hf (T1) − hf (T2). By (a) and Weyl’s inequality

[16, Section III.2], the left-hand side of (b) is

|λmax(M1) − λmax(M2)| ≤ ∥M1 −M2∥∞.
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Since −∥K∥∞1Cr ≤ K ≤ ∥K∥∞1Cr , conjugating by W and applying the positive map TrY
gives

−∥K∥∞ TrY(WW ∗) ≤ M1 −M2 ≤ ∥K∥∞ TrY(WW ∗),

and
TrY(WW ∗) = TrY J(Ω) = Ω∗(1Y)⊤ ≥ 0.

Hence
∥M1 −M2∥∞ ≤ ∥Ω∗(1Y)∥∞∥K∥∞ ≤ ∥Ω∗(1Y)∥∞ ωhf

(∥T1 − T2∥∞),

which is (b).

Theorem 4.5.13 also explains how the problem of Proposition 4.3.2 arises for maximal
f -divergences. By Lemma 4.5.12, the connection σh inside D̂f has representing function h
with h(0+) = 0 and h′(∞) = 0, so, by Theorem 4.5.6, it vanishes on Choi matrices whose
ranges intersect trivially.

Corollary 4.5.14. Let f be as in Lemma 4.5.12 and let Φ,Ψ ∈ CP(X ,Y). If range(J(Φ))∩
range(J(Ψ)) = {0}, then (cf. [101])

D̂f (Φ∥Ψ) = λmax
(
f(0+) Ψ∗(1Y) + f ′(∞) Φ∗(1Y)

)
.

In particular, if f(1) = 0, then for the maps of Corollary 4.3.3 we have D̂f (Φ1∥Ψ1) =
f(0+) + f ′(∞) and D̂f (Φ2∥Ψ2) = 0, although |||Φ1 − Φ2|||1 = |||Ψ1 − Ψ2|||1 < η.

Proof. Apply Theorem 4.5.13 with Ω = Φ + Ψ. Its proof shows that D̂f (Φ∥Ψ) =
λmax(TrY Zf ), where

Zf = f(0+)J(Ψ) + f ′(∞)J(Φ) − J(Ψ)σh J(Φ).

If h ̸≡ 0, then σh = h(1)σh/h(1) and σh/h(1) is a mean satisfying the hypothesis of Theo-
rem 4.5.6(1); if h ≡ 0 then σh = 0. In either case J(Ψ)σh J(Φ) = 0, so

TrY Zf =
(
f(0+)Ψ∗(1Y) + f ′(∞)Φ∗(1Y)

)⊤
,

using TrY J(Ξ) = Ξ∗(1Y)⊤. Transposition does not change eigenvalues, which proves the
formula.

For the maps of Corollary 4.3.3, the Choi ranges of Φ1 and Ψ1 intersect trivially by the
proof of Proposition 4.3.2, and Φ∗

1(1Y) = Ψ∗
1(1Y) = 1X , so D̂f (Φ1∥Ψ1) = f(0+) + f ′(∞).

For Φ2 = Ψ2 we have J(Φ2)σh J(Φ2) = h(1)J(Φ2), hence

Zf =
(
f(0+) + f ′(∞) − h(1)

)
J(Φ2) = f(1)J(Φ2) = 0

and D̂f (Φ2∥Ψ2) = 0.

Thus every bounded maximal f -divergence with f(1) = 0 and f not affine exhibits the
phenomenon of Corollary 4.3.3: the jump f(0+) + f ′(∞) equals h(1), which vanishes only
if h ≡ 0, since a nonnegative concave function on [0,∞) vanishing at 0 and 1 vanishes
identically, that is, only if f is affine. Theorem 4.5.13(b) shows that the divergence is
controlled by the ARN derivative.
Remark 4.5.15. The normalisation f(1) = 0 is used only in the last statement of Corol-
lary 4.5.14, where it is assumed. Lemma 4.5.12, Theorem 4.5.13 and the first statement of
Corollary 4.5.14 hold for every bounded operator convex f , that is, every operator convex
f with f(0+) and f ′(∞) finite.
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4.6 Unbounded maximal f-divergences
Theorem 4.5.13 requires both f(0+) and f ′(∞) to be finite. Several of the most widely
used maximal f -divergences have f ′(∞) = +∞: the Belavkin–Staszewski relative entropy,
with f(t) = t log t [14]; the geometric Rényi quasi-entropies with α ∈ (1, 2], with f(t) = tα

[42, 72]; and the maximal χ2-divergence, with f(t) = (t − 1)2. For these the function hf
of Theorem 4.5.13 is continuous on [0, 1) but unbounded near t = 1, which is where the
ARN derivative 1Cr − T of Ψ degenerates. In this section we show that the closed form
and the continuity estimates of Theorem 4.5.13 persist under a bound on the max-relative
entropy, which keeps the spectrum of T away from 1, and we compute explicit moduli of
continuity for the first two examples. We first make a note of why the max-relative entropy
is the natural object to discuss. Let Φ and Ψ be completely positive maps and suppose
that Ψ ≤ Φ. Let W be the column matrix of a Kraus decomposition of Φ by linearly
independent operators, as in Theorem 4.2.2, and let T be the ARN derivative of Ψ with
respect to Φ. Then the top eigenvalue t1 of T is the quantity

min{λ ≥ 0 : Ψ ≤ λΦ}.

This is because by Choi’s theorem, we have

Ψ ≤ λΦ ⇐⇒ J(Ψ) ≤ λJ(Φ).

By transferring to the positive semidefinite picture by the ARN correspondence, this means
that

Ψ ≤ λΦ ⇐⇒ W (λ1Cr − T )W ∗ ≥ 0.

But this is only true if and only if λ1Cr − T ≥ 0. Since T is positive semidefinite, we then
have λ1Cr − T ≥ 0 if and only if λ ≥ t for every eigenvalue t of T , that is, if and only if
λ ≥ t1. The max-relative entropy Dmax(Ψ∥Φ) is the logarithm of this value. So this is a
natural object with which to control things.

Throughout this section f : (0,∞) → R is operator convex with f(0+) < ∞. We do
not assume that f(1) = 0 or that f ′(∞) < ∞, and we extend f continuously to [0,∞)
by f(0) = f(0+). The maximal f -divergences D̂f (A∥B) and D̂f (Φ∥Ψ) are defined by
the formulas of Definitions 4.5.8 and 4.5.9; Lemma 4.6.4 below shows that the limit in
Definition 4.5.8 exists in (−∞,+∞]. For A ≥ 0 and positive definite B we write

Pf (A,B) = B1/2f
(
B−1/2AB−1/2)B1/2

for the operator perspective of f , so that D̂f (A∥B) = tr Pf (A,B) in that case.

4.6.1 The operator perspective on supports

In this subsection, we show similar results to the Kubo–Ando case for operator convex f .
This is necessary for the unbounded case, as we cannot exploit the rewriting of unbounded
maximal f -divergences in the same way as the bounded case through the mean. We present
a few well-known facts. The first is the invariance under congruences of operator perspec-
tive functions (the analogous objects to the connections induced by operator monotone
functions).

Lemma 4.6.1. Let A,B,R ∈ L(V) with A ≥ 0, B > 0 and R invertible. Then

Pf (RAR∗, RBR∗) = RPf (A,B)R∗.
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Proof. Let Y = RB1/2, which is invertible, and let Y = (Y Y ∗)1/2U be its polar decompo-
sition, with U unitary. Since Y Y ∗ = RBR∗ and RAR∗ = Y XY ∗ with X = B−1/2AB−1/2,
we have

(RBR∗)−1/2RAR∗(RBR∗)−1/2 = UXU∗,

and hence
f
(
(RBR∗)−1/2RAR∗(RBR∗)−1/2) = Uf(X)U∗.

Therefore

Pf (RAR∗, RBR∗) = (Y Y ∗)1/2Uf(X)U∗(Y Y ∗)1/2

= Y f(X)Y ∗ = RPf (A,B)R∗.

Definition 4.6.2. Let A,B ∈ Pos(V) with range(A) ⊆ range(B) and B ̸= 0. Let m =
dim range(B), let U ∈ L(Cm,V) be an isometry with range range(B), and put A0 = U∗AU
and B0 = U∗BU , so that B0 > 0, A = UA0U

∗ and B = UB0U
∗. We set

Pf (A,B) = U Pf (A0, B0)U∗,

and Pf (0, 0) = 0.

The identity A = UA0U
∗ holds because A is Hermitian with range(A) ⊆ range(U), so

that A = UU∗AUU∗. Two isometries with range range(B) differ by a unitary on Cm, so
by Lemma 4.6.1 the definition does not depend on the choice of U ; for B > 0 we may take
U = 1V , and the definition agrees with the previous one.

Lemma 4.6.3. Let A,B ∈ Pos(V) with range(A) ⊆ range(B), and let C ∈ L(V,V ′) be
injective on range(B). Then range(CAC∗) ⊆ range(CBC∗) and

Pf (CAC∗, CBC∗) = C Pf (A,B)C∗.

Proof. We may assume B ̸= 0. With U , A0 and B0 as in Definition 4.6.2, the operator
Y = CU is injective. Its polar decomposition is Y = U ′R, where R = (Y ∗Y )1/2 is invertible
and U ′ = Y R−1 is an isometry with range range(Y ). Then CBC∗ = U ′(RB0R)U ′∗ and
CAC∗ = U ′(RA0R)U ′∗ with RB0R > 0, so

range(CBC∗) = range(U ′) ⊇ range(CAC∗).

Using Definition 4.6.2 with the isometry U ′ and then Lemma 4.6.1,

Pf (CAC∗, CBC∗) = U ′ Pf (RA0R,RB0R)U ′∗ = U ′RPf (A0, B0)RU ′∗

= Y Pf (A0, B0)Y ∗ = C Pf (A,B)C∗.

Lemma 4.6.4. Let A,B ∈ Pos(V) and nV = dim V.

1. The function
φη(A,B) = tr Pf (A+ η1V , B + η1V) − ηnV f(1)

is nonincreasing in η ∈ (0,∞). Consequently the limit defining D̂f (A∥B) exists in
(−∞,+∞], and D̂f (A∥B) = supη>0 φη(A,B).

2. The map (A,B) 7→ D̂f (A∥B) is jointly convex and lower semicontinuous on Pos(V)×
Pos(V).

3. If range(A) ⊆ range(B), then D̂f (A∥B) = tr Pf (A,B); in particular, D̂f (A∥B) is
finite.
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Proof. (1) On pairs of positive definite operators, Pf is jointly operator convex [37] (see
also [38]) and positively homogeneous, Pf (λA, λB) = λPf (A,B) for λ > 0. It is therefore
subadditive:

Pf (A1 +A2, B1 +B2) = 2 Pf
(1

2(A1 +A2), 1
2(B1 +B2)

)
≤ Pf (A1, B1) + Pf (A2, B2).

For 0 < η′ < η, apply this with (A1, B1) = (A+ η′1V , B+ η′1V) and A2 = B2 = (η− η′)1V ,
and use Pf (c1V , c1V) = cf(1)1V ; taking traces gives φη(A,B) ≤ φη′(A,B). Hence φη(A,B)
increases as η ↓ 0, and since ηnVf(1) → 0, the limit of tr Pf (A + η1V , B + η1V) exists in
(−∞,+∞] and equals supη>0 φη(A,B).

(2) For fixed η > 0, the map φη is continuous, by continuity of square roots, inverses and
the continuous functional calculus on positive definite operators, and it is jointly convex,
as the trace of a jointly operator convex map plus a constant. A pointwise supremum of
continuous jointly convex functions is lower semicontinuous and jointly convex, so (1) gives
(2).

(3) We may assume B ̸= 0. Decompose V = range(B) ⊕ ker(B). Since range(A) ⊆
range(B) and A is Hermitian, ker(B) ⊆ ker(A), so A = A0 ⊕ 0 and B = B0 ⊕ 0 with
B0 > 0, identifying range(B) with Cm as in Definition 4.6.2. The functional calculus
respects direct sums, so

tr Pf (A+ η1V , B + η1V) = tr Pf (A0 + η1Cm , B0 + η1Cm) + ηf(1) dim ker(B).

As η ↓ 0, the operators

Xη = (B0 + η1Cm)−1/2(A0 + η1Cm)(B0 + η1Cm)−1/2

converge to X0 = B
−1/2
0 A0B

−1/2
0 , and for η ≤ 1 their spectra lie in a fixed compact interval

I0 ⊆ [0,∞). Since f is continuous on I0, f(Xη) → f(X0), and therefore

Pf (A0 + η1Cm , B0 + η1Cm) → Pf (A0, B0).

The second term tends to 0, so

D̂f (A∥B) = tr Pf (A0, B0) = tr Pf (A,B).

4.6.2 Closed form and continuity

We now come to a statement further relating the max-relative entropy and the ARN deriva-
tive. We notice that this then relates to the Lebesgue decomposition of Proposition 4.7.1.

Lemma 4.6.5. Let Ω and W be as in Theorem 4.5.13, let 0 ≤ T ≤ 1Cr , and put Φ = ΨT

and Ψ = Ψ1Cr −T . For c ≥ 0, we have Φ ≤ cΨ in the completely positive order if and only
if T ≤ c

1+c1Cr . Consequently,

Dmax(Φ∥Ψ) := log inf{c ≥ 0 : Φ ≤ cΨ} = log ∥T∥∞
1 − ∥T∥∞

,

with log 0 = −∞ and Dmax(Φ∥Ψ) = +∞ when ∥T∥∞ = 1. In particular, for ϵ ∈ (0, 1) we
have Dmax(Φ∥Ψ) ≤ log 1−ϵ

ϵ if and only if T ≤ (1 − ϵ)1Cr .
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Proof. By linearity of T 7→ ΨT , cΨ − Φ = Ψc1Cr −(1+c)T , whose Choi matrix is

W
(
c1Cr − (1 + c)T

)
W ∗

by Theorem 4.2.2. By Choi’s theorem, cΨ − Φ is completely positive if and only if this
operator is positive semidefinite, and this happens if and only if c1Cr − (1 + c)T ≥ 0.

Reasoning about the spectrum of T , we then obtain that this translates to

∥T∥∞
1 − ∥T∥∞

≤ c < ∞.

This then implies that
{c ≥ 0 : Φ ≤ cΨ} =

[ ∥T∥∞
1 − ∥T∥∞

,∞
)

if ∥T∥∞ < 1, and is empty otherwise. This gives the formula for Dmax. The last statement
follows because t 7→ t/(1 − t) is increasing on [0, 1).

Remark 4.6.6 (Physical interpretation). For channels and c > 1, Φ ≤ cΨ holds if and only
if Ψ = c−1Φ+(1− c−1)Ξ with Ξ = (cΨ−Φ)/(c−1) a channel, so e−Dmax(Φ∥Ψ) is the largest
probability with which Ψ secretly runs Φ. Equivalently, by complete positivity of cΨ − Φ,
on every input, ancilla allowed, every measurement outcome is at most eDmax(Φ∥Ψ) times
likelier under Φ than under Ψ, as for states [112]. Detector inefficiency ϵ ∈ (0, 1) gives such
bounds: an instrument (Φ,Ψ) is observed as ((1 − ϵ)Φ,Ψ + ϵΦ), the case p01 = ϵ, p10 = 0
of Remark 4.4.7, with derivative (1 − ϵ)T ≤ (1 − ϵ)1Cr , so

Dmax((1 − ϵ)Φ∥Ψ + ϵΦ) ≤ log((1 − ϵ)/ϵ)

by the lemma, whatever the ideal pair.

For ϵ ∈ (0, 1) and a continuous function g : [0, 1 − ϵ] → R we use the modulus ω(ϵ)
g =

ω
[0,1−ϵ]
g of Lemma 4.4.8, which tends to 0 as δ → 0.

Theorem 4.6.7. Let Ω ∈ CP(X ,Y) have linearly independent Kraus operators V1, . . . , Vr,
so that Ω(X) = ∑r

k=1 VkXV
∗
k , let W be the matrix with columns vec(V1), . . . , vec(Vr), and

define the continuous function hf : [0, 1) → R by

hf (t) = (1 − t) f
( t

1 − t

)
, so that hf (0) = f(0+).

Let ϵ ∈ (0, 1).

(a) If 0 ≤ T ≤ (1 − ϵ)1Cr , Φ = ΨT and Ψ = Ψ1Cr −T , then D̂f (Φ∥Ψ) is finite and

D̂f (Φ∥Ψ) = λmax
(

TrY
(
W hf (T )W ∗)).

(b) If 0 ≤ T1, T2 ≤ (1 − ϵ)1Cr , then∣∣∣D̂f

(
ΨT1

∥∥Ψ1Cr −T1

)
− D̂f

(
ΨT2

∥∥Ψ1Cr −T2

)∣∣∣ ≤ ∥Ω∗(1Y)∥∞ ω
(ϵ)
hf

(
∥T1 − T2∥∞

)
,

and ω(ϵ)
hf

(δ) → 0 as δ → 0.

By Lemma 4.6.5, the hypotheses say exactly that the pairs involved satisfy Dmax ≤ log 1−ϵ
ϵ .
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Proof. (a) The structure of the first part is that we aim to use the conditions to transform
into the absolute continuity form of Lemma 4.6.4(3). Let c = (1 − ϵ)/ϵ. Then Φ ≤ cΨ by
Lemma 4.6.5. We proceed in a similar way to the bounded case by letting ρ ∈ D(X ⊗ X )
write Φρ = (Φ ⊗ 1L(X ))(ρ) and Ψρ = (Ψ ⊗ 1L(X ))(ρ), and let d(ρ) = D̂f (Φρ∥Ψρ).

Since cΨ − Φ is completely positive, Φρ ≤ cΨρ; if Ψρv = 0 then 0 ≤ v∗Φρv ≤
c v∗Ψρv = 0, so ker(Ψρ) ⊆ ker(Φρ) and range(Φρ) ⊆ range(Ψρ). By Lemma 4.6.4(3),
d(ρ) = tr Pf (Φρ,Ψρ) is finite for every ρ.

We now need to inspect these quantities at the Choi level, following that we can reduce
the maximal f -divergences to partial traces of Choi relations. By Theorem 4.2.2, J(Φ) =
WTW ∗ and J(Ψ) = W (1Cr −T )W ∗. Since 1Cr −T ≥ ϵ1Cr is invertible and W is injective,
Lemma 4.6.3 with C = W gives range(J(Φ)) ⊆ range(J(Ψ)) and

Pf
(
J(Φ), J(Ψ)

)
= W Pf

(
T,1Cr − T

)
W ∗.

As T and 1Cr − T commute,

(1Cr − T )−1/2T (1Cr − T )−1/2 = T (1Cr − T )−1,

and the functional calculus for operator perspectives gives

Pf (T,1Cr − T ) = (1Cr − T )f
(
T (1Cr − T )−1) = hf (T ).

Hence Pf (J(Φ), J(Ψ)) = W hf (T )W ∗.
We now show that the supremum over input states in the definition of D̂f (Φ∥Ψ) is

the largest eigenvalue of the partial trace of this Choi-level operator, by the same line of
reasoning as in the Kubo–Ando case. We again look at invertible operators first.

Let M = TrY(W hf (T )W ∗), a Hermitian operator on X . Let u = vec(A) with ∥A∥2 = 1
and A invertible, and put C = 1Y ⊗A⊤, which is invertible. By (4.3.1), Φuu∗ = C J(Φ)C∗

and Ψuu∗ = C J(Ψ)C∗. By Lemma 4.6.4(3), Lemma 4.6.3 and the previous step,

d(uu∗) = tr
(
C Pf (J(Φ), J(Ψ))C∗)

= tr
(
(1Y ⊗ (AA∗)⊤)W hf (T )W ∗)

= tr
(
(AA∗)⊤M

)
,

using C∗C = 1Y ⊗ (AA∗)⊤.
By Lemma 4.6.4(2), d is convex and lower semicontinuous on D(X ⊗ X ), being the

composition of a jointly convex, lower semicontinuous function with the linear map ρ 7→
(Φρ,Ψρ). Writing ρ = ∑

i piuiu
∗
i in its spectral decomposition, convexity gives d(ρ) ≤

maxi d(uiu∗
i ), so the supremum defining D̂f (Φ∥Ψ) may be taken over pure states. Every

unit vector u = vec(A) is a limit of unit vectors un = vec(An) with An invertible, and
lower semicontinuity gives d(uu∗) ≤ lim infn d(unu∗

n), so the supremum may be taken over
u = vec(A) with A invertible. As A ranges over such operators, (AA∗)⊤ ranges over the
invertible density operators on X , which are dense in D(X ). Hence

D̂f (Φ∥Ψ) = sup
{

tr(ξM) : ξ ∈ D(X ) invertible
}

= max
ξ∈D(X )

tr(ξM) = λmax(M).

(b) Let Mi = TrY(W hf (Ti)W ∗) and K = hf (T1) −hf (T2), so that ∥K∥∞ ≤ ω
(ϵ)
hf

(∥T1 −
T2∥∞) by definition. By (a), the left-hand side of (b) is |λmax(M1) − λmax(M2)|, which
is at most ∥Ω∗(1Y)∥∞∥K∥∞ by Lemma 4.4.10. Finally, hf is continuous on [0, 1 − ϵ], so
ω

(ϵ)
hf

(δ) → 0 as δ → 0.
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Remark 4.6.8 (Physical interpretation). For states, D̂f is the least classical f -divergence
of a pair of distributions that prepares them through one classical-to-quantum channel
[91]. For channels and an input u = vec(A) with A invertible, let T = ∑

i tiPi spectrally,
W̃ = (1Y ⊗ A⊤)W and wi = tr(W̃PiW̃

∗). The distributions pi = tiwi, qi = (1 − ti)wi
and the preparation δi 7→ W̃PiW̃

∗/wi give the outputs W̃TW̃ ∗ and W̃ (1Cr − T )W̃ ∗ (see
(4.3.1)), and ∑i qif(pi/qi) = ∑

iwihf (ti) is the quantum value by Lemma 4.7.4, so they
are optimal. Their likelihood ratios ti/(1 − ti) do not depend on the input, and D̂f (Φ∥Ψ)
is the worst case over the weights wi. The bound Dmax ≤ log((1 − ϵ)/ϵ) means that all
ratios lie in [0, (1 − ϵ)/ϵ], and the constants of Corollaries 4.6.11 and 4.6.12 measure how
steep hf is on [0, 1 − ϵ].

4.6.3 The relative Rényi entropies continued

In Section 4.5, we considered the bounds for the Rényi relative entropies for α ∈ (0, 1). We
now have the machinery in place to compute explicit bounds for α ∈ (1, 2]. We first need to
list some useful bounds. Using the subsequent results, we will also show continuity bounds
for the Belavkin–Staszewski divergence. In the following lemma, integrals of matrices are
understood in the functional calculus sense.

Lemma 4.6.9. Let V be a complex Euclidean space, δ ∈ (0, 1], β ∈ (0, 1] and ϵ > 0.

1. If X1, X2 ≥ ϵ1V , then ∥ logX1 − logX2∥∞ ≤ ∥X1 −X2∥∞/ϵ.

2. If X1, X2 ≥ ϵ1V , then

∥X−β
1 −X−β

2 ∥∞ ≤ β ϵ−β−1∥X1 −X2∥∞.

3. If 0 ≤ A,B ≤ 1V and ∥A−B∥∞ ≤ δ, then

∥A logA−B logB∥∞ ≤ δ log 1
δ

+ (1 + δ) log(1 + δ) ≤ δ log 1
δ

+ 2 log 2 · δ

4. If 0 ≤ A,B ≤ 1V , then ∥A1+β −B1+β∥∞ ≤ (3 − β)∥A−B∥∞.

Proof. (1) For X > 0, the scalar identity

log x =
∫ ∞

0

( 1
1 + s

− 1
x+ s

)
ds

and the functional calculus give

logX =
∫ ∞

0

(
(1 + s)−11V − (X + s1V)−1) ds.

Hence
logX1 − logX2 =

∫ ∞

0
(X1 + s1V)−1(X1 −X2)(X2 + s1V)−1 ds,

and ∥(Xi + s1V)−1∥∞ ≤ (ϵ+ s)−1 gives the bound

∥X1 −X2∥∞

∫ ∞

0
(ϵ+ s)−2 ds = ∥X1 −X2∥∞/ϵ.

(2) For β = 1 this follows from X−1
1 − X−1

2 = X−1
1 (X2 − X1)X−1

2 . For 0 < β < 1 we
use the representation

x−β = sin βπ
π

∫ ∞

0
s−β(x+ s)−1 ds,
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valid for x > 0 [16, Chapter V], which gives

X−β
1 −X−β

2 = sin βπ
π

∫ ∞

0
s−β(X1 + s1V)−1(X2 −X1)(X2 + s1V)−1 ds.

Since ∥(Xi + s1V)−1∥∞ ≤ (ϵ+ s)−1 and∫ ∞

0
s−β(ϵ+ s)−2 ds = ϵ−β−1 Γ(1 − β)Γ(1 + β) = ϵ−β−1 βπ

sin βπ

the norm of the right-hand side is at most βϵ−β−1∥X1 − X2∥∞ where Γ is the gamma
function.

(3) The case A = B is trivial, and since the right-hand side is increasing in δ we
may assume δ = ∥A − B∥∞ > 0. For s > 0 let gs(t) = t

1+s − t
t+s . The scalar identity

t log t =
∫∞

0 gs(t) ds, valid for t ≥ 0, gives

A logA−B logB =
∫ ∞

0

(
gs(A) − gs(B)

)
ds.

We claim
∥gs(A) − gs(B)∥∞ ≤ min

{ δ

s(1 + s) ,
1

1 + s

}
.

Indeed, the first bound is Lip[0,1](gs) = 1
s(1+s) from Corollary 4.9.7(d), whose proof does

not use the present lemma, and the second holds because, by the same corollary, gs(A) and
gs(B) have spectra in [− 1

1+s , 0]. Integrating,

∥A logA−B logB∥∞ ≤
∫ δ

0

ds

1 + s
+
∫ ∞

δ

δ ds

s(1 + s) = log(1 + δ) + δ log 1 + δ

δ
,

which is the first bound. The second follows from (1+δ) log(1+δ) ≤ 2 log 2 ·δ for δ ∈ [0, 1],
by convexity.

(4) For β = 1 the claim is ∥A2 −B2∥∞ ≤ 2∥A−B∥∞, which follows from

A2 −B2 = 1
2
(
(A+B)(A−B) + (A−B)(A+B)

)
.

For 0 < β < 1, the representation

xβ = sin βπ
π

∫ ∞

0
sβ−1 x(x+ s)−1 ds

for x ≥ 0 [16, Chapter V] gives

A1+β = sin βπ
π

∫ ∞

0
sβ−1A2(A+ s1V)−1 ds

and similarly for B. Writing

A2(A+ s1V)−1 = A− s1V + s2(A+ s1V)−1

and
Ys = A(A+ s1V)−1

Zs = B(B + s1V)−1

so that
s(A+ s1V)−1 = 1V − Ys
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and
s(B + s1V)−1 = 1V − Zs

we obtain with H = A−B

A2(A+ s1V)−1 −B2(B + s1V)−1 = H − (1V − Ys)H(1V − Zs) = YsH +HZs − YsHZs.

Since 0 ≤ A,B ≤ 1V , we have ∥Ys∥∞, ∥Zs∥∞ ≤ (1 + s)−1, so the norm of this operator is
at most

( 2
1+s + 1

(1+s)2
)
∥H∥∞. As

∫∞
0

sβ−1

1+s ds = π
sinβπ and∫ ∞

0

sβ−1

(1 + s)2 ds = Γ(β)Γ(2 − β) = (1 − β)π
sin βπ ,

integrating gives ∥A1+β −B1+β∥∞ ≤ (2 + 1 − β)∥H∥∞.

Remark 4.6.10. For f(t) = tα, Bhatia and Sinha [19] showed that the Fréchet derivative of
A 7→ Aα at a positive operator A ∈ L(V) has norm ∥Df(A)∥ = ∥αAα−1∥∞ when α < 0 or
α ≥ 2, extending the case 0 ≤ α ≤ 1 obtained earlier, but that this fails when 1 < α <

√
2.

Since
∥Df(A)∥ ≥ ∥Df(A)(1V)∥∞ = ∥αAα−1∥∞

and Df(cA) = cα−1Df(A) for c > 0, for each 1 < α <
√

2 there is a positive A with
∥A∥∞ = 1 and ∥Df(A)∥ > α; as the best constant in Lemma 4.6.9(4) is Lip[0,1](t1+β) ≥
∥Df(A)∥ for such A and α = 1 + β (Lemma 4.9.3 and the Daleckii–Krein formula), the
constant 3 − β there cannot be lowered to 1 + β, the maximum of the derivative of t1+β

on [0, 1], when 0 < β <
√

2 − 1. For β = 1 the constant 3 − β = 2 is optimal, since
Df(1V)(H) = 2H for f(t) = t2.

Using these bounds, we now obtain continuity bounds for the Belavkin–Staszewski
relative entropy for channels with the same sum with max-relative entropy upper bounds
on the ARN derivative.

Corollary 4.6.11. Let D̂BS = D̂f with f(t) = t log t, the Belavkin–Staszewski relative
entropy [14], and let Ω, W , ϵ, T1, T2 be as in Theorem 4.6.7(b). Let Φi = ΨTi, Ψi = Ψ1Cr −Ti

and δ = ∥T1 − T2∥∞. Then∣∣D̂BS(Φ1∥Ψ1) − D̂BS(Φ2∥Ψ2)
∣∣ ≤ ∥Ω∗(1Y)∥∞ δ

(
log 4

ϵδ
+ 1
ϵ

)
,

the right-hand side being interpreted as 0 for δ = 0.

Proof. Here f(0+) = 0 and

hf (t) = t log t

1 − t
= t log t− t log(1 − t).

With Li = log(1Cr − Ti),

hf (T1) − hf (T2) =
(
T1 log T1 − T2 log T2

)
− (T1 − T2)L1 − T2(L1 − L2).

Since δ ≤ 1, the first term has ∞-norm at most δ log 1
δ + 2 log 2 · δ by Lemma 4.6.9(3). The

spectrum of 1Cr −T1 lies in [ϵ, 1], so ∥L1∥∞ ≤ log 1
ϵ , and Lemma 4.6.9(1) with Xi = 1Cr −Ti

gives ∥L1 − L2∥∞ ≤ δ/ϵ; also ∥T2∥∞ ≤ 1. Thus

∥hf (T1) − hf (T2)∥∞ ≤ δ log 1
δ

+ 2 log 2 · δ + log 1
ϵ

· δ + δ

ϵ

= δ
(

log 4
ϵδ

+ 1
ϵ

)
,

and the proof of Theorem 4.6.7(b) gives the claim.
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Corollary 4.6.12. Let α ∈ (1, 2] and β = α− 1, and let Ω, W , ϵ, T1, T2, Φi, Ψi and δ be
as in Corollary 4.6.11. Define Q̂α(Φ∥Ψ) = supρ∈D(X ⊗X ) Q̂α(Φρ∥Ψρ), so that D̂α(Φ∥Ψ) =

1
α−1 log Q̂α(Φ∥Ψ). Then

Q̂α(Φi∥Ψi) = λmax
(

TrY
(
W hα(Ti)W ∗)), hα(t) = tα(1 − t)1−α,

and ∣∣Q̂α(Φ1∥Ψ1) − Q̂α(Φ2∥Ψ2)
∣∣ ≤ ∥Ω∗(1Y)∥∞

(
(4 − α) ϵ1−α + (α− 1) ϵ−α

)
δ.

If moreover Φ1,Ψ1,Φ2,Ψ2 are channels, then |D̂α(Φ1∥Ψ1) − D̂α(Φ2∥Ψ2)| is at most 1
α−1

times the right-hand side.

Proof. The function f(t) = tα is operator convex on (0,∞) for α ∈ [1, 2] [16, Chapter V],
with f(0+) = 0, and hf = hα is given by the formula (4.5.1), now considered on [0, 1).
The definition of Q̂α(ρ∥ξ) regularises only ξ, but when range(ρ) ⊆ range(ξ) the direct-
sum argument in the proof of Lemma 4.6.4(3) shows that it also equals tr Pf (ρ, ξ), since
0α = 0. By the proof of Theorem 4.6.7(a), range(Φi,ρ) ⊆ range(Ψi,ρ) for every ρ, so
Q̂α(Φi∥Ψi) = D̂f (Φi∥Ψi), and Theorem 4.6.7(a) gives the closed form.

For the estimate, put Xi = 1Cr − Ti ≥ ϵ1Cr , so that hα(Ti) = Tαi X
−β
i and

hα(T1) − hα(T2) =
(
Tα1 − Tα2

)
X−β

1 + Tα2
(
X−β

1 −X−β
2
)
.

By Lemma 4.6.9(4) and (2), together with ∥X−β
1 ∥∞ ≤ ϵ−β and ∥Tα2 ∥∞ ≤ 1, the norm of

this operator is at most

(3 − β)ϵ−βδ + βϵ−β−1δ =
(
(4 − α)ϵ1−α + (α− 1)ϵ−α

)
δ,

and the proof of Theorem 4.6.7(b) gives the estimate. If all four maps are channels, then
Φi,ρ and Ψi,ρ are states, so Q̂α(Φi,ρ∥Ψi,ρ) ≥ 1 by the data-processing inequality for D̂α under
the trace [72]; hence Q̂α(Φi∥Ψi) ≥ 1, and the last claim follows from | log x− log y| ≤ |x−y|
for x, y ≥ 1.

Remark 4.6.13. The same argument applies to the maximal χ2-divergence, f(t) = (t− 1)2,
for which hf (t) = (2t− 1)2(1 − t)−1. Writing

hf (T1) − hf (T2) =
(
(2T1 − 1Cr )2 − (2T2 − 1Cr )2)X−1

1

+ (2T2 − 1Cr )2(X−1
1 −X−1

2
)

with Xi = 1Cr − Ti, the identity

A2 −B2 = 1
2
(
(A+B)(A−B) + (A−B)(A+B)

)
gives ω(ϵ)

hf
(δ) ≤ (4ϵ−1 + ϵ−2)δ. By Corollary 4.9.7(b), this improves to the optimal ω(ϵ)

hf
(δ) ≤

(ϵ−2 − 4)δ for ϵ ≤ 1
3 .

Remark 4.6.14. The hypothesis Dmax ≤ log 1−ϵ
ϵ cannot simply be dropped when f ′(∞) =

+∞, since then D̂f (A∥B) = +∞ whenever range(A) ̸⊆ range(B) (the case dim X = 1
of Theorem 4.7.5(a); for the standard divergence see [61, Corollary 3.4]). In the example
of Corollary 4.3.3, the derivative T1 of Φ1 is a projection, so Dmax(Φ1∥Ψ1) = +∞ by
Lemma 4.6.5, and D̂f (Φ1∥Ψ1) = +∞, whereas D̂f (Φ2∥Ψ2) = f(1) by Theorem 4.6.7(a)
with T = 1

21Cr . The constants in Corollaries 4.6.11 and 4.6.12 blow up as ϵ ↓ 0, that
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is, as the max-relative entropy within the pairs grows, and the impossibility example is
the limiting case. If instead f(0+) = +∞ and f ′(∞) < ∞, the transpose f̃(t) = tf(1/t)
is operator convex with f̃(0+) = f ′(∞), and D̂f (A∥B) = D̂f̃ (B∥A) (immediate from
the reverse-test definition [91]; for the standard divergence see [61, Proposition 3.7]); the
results of this section then apply with the roles of Φ and Ψ exchanged, under the hypothesis
T ≥ ϵ1Cr .

4.7 All operator convex functions
Section 4.6 assumed f(0+) < ∞, and the remark at its end treated the mirror case f ′(∞) <
∞. Several natural divergences have f(0+) = f ′(∞) = +∞. Examples are the Jeffreys
divergence, with f(t) = (t−1) log t; the symmetrised χ2-divergence, with f(t) = (t−1)2(1+
t−1); and f(t) = tα+ t−β with α ∈ (1, 2], β ∈ (0, 1]. In this section we assume only that f is
operator convex. The closed form of Theorem 4.6.7 then holds verbatim, with hf extended
to [0, 1] by the boundary values f(0+) and f ′(∞). As we will show, finiteness determines
when values of ∞ are attained.

4.7.1 The Lebesgue decomposition of a pair

For A,B ∈ Pos(V), Ando’s Lebesgue decomposition [5] writes A = Aac+As. Here Aac is the
largest positive operator below A that is dominated by a multiple of B; in finite dimensions
it is the shorted operator of A to range(B) [2, 4], and range(As) ∩ range(B) = {0}. For
completely positive maps we apply this to Choi matrices. Okayasu has recently considered
the Lebesgue decomposition in [100].

Proposition 4.7.1. Let Ω, V1, . . . , Vr and W be as in Theorem 4.2.15, let 0 ≤ T ≤ 1Cr ,
Φ = ΨT and Ψ = Ψ1Cr −T , and let P0 and P1 be the spectral projections of T for the eigenval-
ues 0 and 1 (zero if these are not eigenvalues). Relative to J(Ψ), the Lebesgue decomposition
of J(Φ) is J(Φ)ac = W T (1Cr − P1)W ∗ and J(Φ)s = WP1W

∗. Symmetrically, relative to
J(Φ), J(Ψ)s = WP0W

∗. We write Φs = ΨP1 and Ψs = ΨP0. In particular, the following
are equivalent: Φs = 0; 1 /∈ spec(T ); range J(Φ) ⊆ rangeJ(Ψ); and Dmax(Φ∥Ψ) < ∞.

Proof. We repeat a similar argument to the Douglas factorisation used to prove The-
orem 4.2.2. If 0 ≤ C ≤ WTW ∗, then rangeC ⊆ rangeW , so C = WC ′W ∗ with
C ′ = W+C(W+)∗ and 0 ≤ C ′ ≤ T . Since W is injective, the short of J(Φ) to range J(Ψ) =
W range(1Cr − T ) is W times the short of T to range(1Cr − T ) = range(1Cr − P1), times
W ∗. Write P⊥

1 = 1Cr − P1; it commutes with T . If 0 ≤ C ′ ≤ T and rangeC ′ ⊆ rangeP⊥
1 ,

then C ′ = P⊥
1 C

′P⊥
1 ≤ P⊥

1 TP
⊥
1 = TP⊥

1 . Moreover TP⊥
1 ≤ T , because T−TP⊥

1 = TP1 ≥ 0.
So the short is TP⊥

1 , and J(Φ)s = WTP1W
∗ = WP1W

∗. The last equivalences follow from

range J(Φ) ⊆ range J(Ψ) ⇐⇒ rangeT ⊆ range(1Cr − T ) ⇐⇒ P1 = 0

and from Lemma 4.6.5.

4.7.2 Boundary values

Lemma 4.7.2. Let f : (0,∞) → R be operator convex. The limits f(0+) = limt↓0 f(t)
and f ′(∞) = limt→∞ f(t)/t exist in (−∞,+∞]. The function hf (t) = (1 − t)f

(
t

1−t
)

on
(0, 1), extended by hf (0) = f(0+) and hf (1) = f ′(∞), is convex and continuous as a map
[0, 1] → (−∞,+∞]. In particular mf = min[0,1] hf is finite.
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Proof. For t ∈ (0, 1), the convex function f satisfies f(t) ≥ f(1)+f ′
−(1)(t−1), so limt↓0 f(t)

exists in (−∞,+∞]. The chord slopes (f(t) − f(1))/(t − 1) increase in t, so their limit
as t → ∞, which is also the limit of f(t)/t, exists in (−∞,+∞]. On (0, 1) we have
hf (t) = g(t, 1 − t), where g(x, y) = yf(x/y) is the perspective of f , which is jointly convex
on (0,∞)2; hence hf is convex on (0, 1). As t ↓ 0, hf (t) → f(0+). As t ↑ 1, hf (t) = t f(x)/x
with x = t/(1 − t) → ∞, so hf (t) → f ′(∞). A convex function on (0, 1) with limits in
(−∞,+∞] at both ends is bounded below and extends continuously to [0, 1] with values in
(−∞,+∞].

For Hermitian T with spectrum in [0, 1], we say that hf (T ) is finite if hf is finite on
spec(T ); then hf (T ) is defined by the functional calculus. By Proposition 4.7.1, hf (T ) is
finite exactly when f ′(∞) < ∞ or Φs = 0, and f(0+) < ∞ or Ψs = 0.

4.7.3 The closed form

We want to derive a closed form for all operator convex functions with appropriate condi-
tions. Lemma 4.6.4(3) says that we have a closed form when range(A) ⊆ range(B). This
is not always true, but we can perform congruence transformations to fix this issue as the
below lemma shows.

Lemma 4.7.3. Let f be operator convex. Parts (1) and (2) of Lemma 4.6.4 hold for f , with
the same proofs. If A,B ∈ Pos(V) satisfy range(A) = range(B), then, with U,A0, B0 as in
Definition 4.6.2, both A0 and B0 are invertible and D̂f (A∥B) = tr Pf (A,B). If moreover
C is injective on range(B), then

D̂f (CAC∗∥CBC∗) = tr
(
C Pf (A,B)C∗).

Proof. Parts (1) and (2) of Lemma 4.6.4 use only the joint operator convexity and positive
homogeneity of Pf on positive definite pairs and the continuity of φη, which hold for
every operator convex f . For the second statement we follow the proof of part (3): now
X0 = B

−1/2
0 A0B

−1/2
0 is invertible, so for small η the spectra of Xη lie in a fixed compact

interval I0 ⊆ [1
2λmin(X0),∞), where f is continuous, and

Pf (A0 + η1Cm , B0 + η1Cm) → Pf (A0, B0).

For the last statement, CAC∗ and CBC∗ again have equal ranges. The proofs of Lem-
mas 4.6.1 and 4.6.3 use f only on the spectrum of B−1/2

0 A0B
−1/2
0 , which is now contained

in (0,∞), so Pf (CAC∗, CBC∗) = C Pf (A,B)C∗, and the second statement applies.

Since T is positive semidefinite, and congruence transformations are injective, we obtain
a specific closed form for the above by applying the positive semidefinite functional calculus.

Lemma 4.7.4. Let f be operator convex, let W̃ ∈ L(Cr,V) be injective, and let 0 ≤ T ≤ 1Cr

have spectral decomposition T = ∑
λ λPλ. Then tr(W̃PλW̃

∗) > 0 for every λ ∈ spec(T ),
and

D̂f

(
W̃TW̃ ∗ ∥∥ W̃ (1Cr − T )W̃ ∗) =

∑
λ∈spec(T )

hf (λ) tr(W̃PλW̃
∗),

with values in (−∞,+∞]. In particular the left-hand side is finite if and only if hf (T ) is
finite, and then it equals tr

(
W̃ hf (T ) W̃ ∗).
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Proof. Since W̃ is injective, tr(W̃PλW̃
∗) = ∥W̃Pλ∥2

2 > 0. Put A = W̃TW̃ ∗, B = W̃ (1Cr −
T )W̃ ∗ and, for θ ∈ (0, 1], Tθ = (1 − θ)T + θ

21Cr . Then Tθ and 1Cr − Tθ are invertible, so
Aθ = W̃TθW̃

∗ and Bθ = W̃ (1Cr − Tθ)W̃ ∗ both have range range W̃ . Lemma 4.7.3, applied
with C = W̃ to the invertible pair Tθ, 1Cr − Tθ, and the commuting positive semidefinite
calculus as in the proof of Theorem 4.6.7(a), give

D̂f (Aθ∥Bθ) = tr
(
W̃ Pf (Tθ,1Cr − Tθ) W̃ ∗) = tr

(
W̃ hf (Tθ) W̃ ∗)

=
∑
λ

hf
(
(1 − θ)λ+ θ

2
)

tr(W̃PλW̃
∗).

As θ ↓ 0, the right-hand side tends to ∑λ hf (λ) tr(W̃PλW̃
∗) in (−∞,+∞], by Lemma 4.7.2.

On the other hand, (Aθ, Bθ) = (1−θ)(A,B)+θ(N,N) with N = 1
2W̃W̃ ∗, and D̂f (N∥N) =

f(1) trN because Pf (X,X) = f(1)X for X > 0. Joint convexity (Lemma 4.6.4(2), valid
by Lemma 4.7.3) gives

D̂f (Aθ∥Bθ) ≤ (1 − θ)D̂f (A∥B) + θf(1) trN,

and lower semicontinuity gives lim infθ↓0 D̂f (Aθ∥Bθ) ≥ D̂f (A∥B). Hence D̂f (Aθ∥Bθ) →
D̂f (A∥B) in (−∞,+∞], and the two limits agree.

We now combine the previous two lemmas in the following formula.

Theorem 4.7.5. Let f : (0,∞) → R be operator convex, let Ω, V1, . . . , Vr and W be as in
Theorem 4.2.15, let 0 ≤ T ≤ 1Cr , and put Φ = ΨT and Ψ = Ψ1Cr −T .

(a) D̂f (Φ∥Ψ) < ∞ if and only if hf (T ) is finite, that is, if and only if[
f ′(∞) < ∞ or Φs = 0

]
and

[
f(0+) < ∞ or Ψs = 0

]
.

(b) In that case
D̂f (Φ∥Ψ) = λmax

(
TrY

(
W hf (T )W ∗)).

(c) In that case, with Pa = 1Cr − P0 − P1, Φac = ΨTPa and Ψac = Ψ(1Cr −T )Pa,

TrY
(
W hf (T )W ∗) = TrY Pf

(
J(Φac), J(Ψac)

)
+ f ′(∞) TrY J(Φs) + f(0+) TrY J(Ψs),

where a term with an infinite coefficient is absent because the corresponding singular
part vanishes.

Proof. We prove (a) and (b) together in a very similar manner to the Kubo–Ando case.
Let u = vec(A) with ∥A∥2 = 1 and A invertible, put

C = 1Y ⊗A⊤

and W̃ = CW , which is injective. By (4.3.1) and Theorem 4.2.2, Φuu∗ = W̃TW̃ ∗ and

Ψuu∗ = W̃ (1Cr − T )W̃ ∗

If hf (T ) is not finite, Lemma 4.7.4 gives D̂f (Φuu∗∥Ψuu∗) = +∞, hence D̂f (Φ∥Ψ) = +∞.
If hf (T ) is finite, Lemma 4.7.4 gives

D̂f (Φuu∗∥Ψuu∗) = tr(W̃ hf (T ) W̃ ∗) = tr
(
(AA∗)⊤M

)
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with M = TrY(W hf (T )W ∗), as in the proof of Theorem 4.6.7(a). The rest of that proof
uses only the convexity and lower semicontinuity of ρ 7→ D̂f (Φρ∥Ψρ), which hold for every
operator convex f by Lemma 4.7.3, and gives D̂f (Φ∥Ψ) = λmax(M). The reformulation in
(a) is Proposition 4.7.1.

(c)
hf (T ) = hf (T )Pa + f ′(∞)P1 + f(0+)P0

and J(Φs) = WP1W
∗, J(Ψs) = WP0W

∗. On rangePa the operators T and 1Cr − T are
invertible. Lemma 4.7.3, with C = W restricted to rangePa, gives

Pf (WTPaW
∗,W (1Cr − T )PaW

∗) = W hf (T )Pa W
∗.

Part (c) is the channel analogue of the classical formula [82]

Df (P∥Q) =
∫
f
( dPac
dQac

)
dQac + f ′(∞)Ps(S) + f(0)Qs(S),

where P = Pac + Ps and Q = Qac + Qs, with Pac and Qac mutually absolutely continuous,
Ps ⊥ Q and Qs ⊥ P. Theorem 4.7.5 contains Theorem 4.5.13(a), where both boundary
values are finite, and Theorem 4.6.7(a). It also contains the mirror case discussed after
Corollary 4.6.12. When both boundary values are infinite, a case not covered by those
results, part (a) requires Φs = Ψs = 0, that is, rangeJ(Φ) = rangeJ(Ψ). The operator-
valued counterpart of part (a) is [101, Proposition 4.11], which characterises when the
divergence of [101, Definition 3.1] has dense domain and gives sufficient conditions for it to
be bounded; when f(0+) = f ′(∞) = +∞, a dense domain requires Φ and Ψ to be mutually
absolutely continuous, that is Φ ≪ Ψ and Ψ ≪ Φ [101, Proposition 4.11(3), Definition 4.10],
and boundedness holds if each is dominated by a multiple of the other, which in our setting
is again the condition range J(Φ) = range J(Ψ), by Proposition 4.7.1. In finite dimensions
the two are directly related. In the Stinespring representation Y 7→ S∗(Y ⊗ 1Z)S of Ω∗

given by Theorem 4.2.5, the Radon–Nikodym derivatives of Φ∗ and Ψ∗ are 1Y ⊗ T⊤ and
1Y ⊗ (1Cr − T )⊤, so, when hf (T ) is finite, the divergence of [101, Definition 3.1] of the
adjoint maps is S∗(1Y ⊗ hf (T )⊤)S = Ψ∗

hf (T )(1Y), the transpose of TrY(W hf (T )W ∗).
Part (b) thus identifies D̂f (Φ∥Ψ) with the largest eigenvalue of Okayasu’s operator-valued
divergence of Φ∗ and Ψ∗; to our knowledge this scalar identification, and the closed form
when both boundary values are infinite, are new. Quantitatively, ϵ1Cr ≤ T ≤ (1 − ϵ)1Cr is
equivalent to

max{Dmax(Φ∥Ψ), Dmax(Ψ∥Φ)} ≤ log 1 − ϵ

ϵ

by Lemma 4.6.5, so the natural parameter for such f is the Thompson distance between Φ
and Ψ.

4.7.4 Continuity in the derivative

We now show continuity results in this more general setting described in the previous
theorem.

Theorem 4.7.6. Let f be operator convex and let Ω and W be as in Theorem 4.2.15.
Write D(T ) = D̂f (ΨT ∥Ψ1Cr −T ) for 0 ≤ T ≤ 1Cr .

(a) Let I ⊆ [0, 1] be a compact interval on which hf is finite. If spec(T1), spec(T2) ⊆ I,
then

|D(T1) − D(T2)| ≤ ∥Ω∗(1Y)∥∞ ωIhf
(∥T1 − T2∥∞).
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(b) For every T and every λ ∈ spec(T ),

D(T ) ≥ ν(Ω)2(hf (λ) −mf

)
+ min{mf , 0} ∥Ω∗(1Y)∥∞.

(c) The map T 7→ D(T ) is continuous from {0 ≤ T ≤ 1Cr } to (−∞,+∞].

Proof. (a) By Theorem 4.7.5(b) and Lemma 4.4.10, as in the proof of Theorem 4.6.7(b).
(b) We may assume D(T ) < ∞. Let v be a unit eigenvector of T for λ. Then

hf (T ) ≥ mf1Cr + (hf (λ) −mf )vv∗

so, since conjugation by W and the partial trace are positive,

M = TrY(W hf (T )W ∗) ≥ mf TrY(WW ∗) + (hf (λ) −mf ) TrY(Wvv∗W ∗).

With B = ∑
k vkVk we have Wv = vec(B) and TrY(vec(B) vec(B)∗) = (B∗B)⊤, whose

largest eigenvalue is ∥B∥2
∞ ≥ ν(Ω)2. Moreover TrY(WW ∗) = Ω∗(1Y)⊤. The inequality

λmax(X + Y ) ≥ λmax(X) + λmin(Y )

and Theorem 4.7.5(b) give the claim.
(c) Let Ff = {t ∈ [0, 1] : hf (t) < ∞}, which is [0, 1] minus at most the endpoints. If

hf (T ) is finite, choose a compact interval I ⊆ Ff whose relative interior in [0, 1] contains
spec(T ). By Weyl’s inequality, spec(T ′) ⊆ I for T ′ close to T , and (a) together with
Lemma 4.4.8 gives continuity at T . If hf (T ) is not finite, then D(T ) = +∞, and some
λ ∈ spec(T ) is an endpoint with hf (λ) = +∞. Every T ′ close to T has an eigenvalue λ′

close to λ, and hf (λ′) → +∞ by Lemma 4.7.2. So D(T ′) → +∞ by (b), since ν(Ω) > 0.

Thus the ARN derivative is a coordinate in which every maximal f -divergence is con-
tinuous, finite or not. This stands in contrast with the completely bounded trace norm
(Corollary 4.3.3). Part (b) also shows how fast the divergence grows with the max-relative
entropy, since λmax(T ) = g(Dmax(Φ∥Ψ)) with g(x) = ex/(1 + ex) by Lemma 4.6.5.

Corollary 4.7.7. For every operator convex f and all Φ,Ψ ∈ CP(X ,Y) with Ω = Φ+Ψ ̸=
0, with the conventions g(−∞) = 0 and g(+∞) = 1, and with the right-hand side read as
+∞ where hf is +∞,

D̂f (Φ∥Ψ) ≥ ν(Ω)2 hf
(
g(Dmax(Φ∥Ψ))

)
− |mf |

(
ν(Ω)2 + ∥Ω∗(1Y)∥∞

)
,

and the same holds with hf
(
1 − g(Dmax(Ψ∥Φ))

)
. For the Belavkin–Staszewski relative

entropy, hf (g(x)) = g(x)x ≥ x/2 for x ≥ 0, and |mf | < 0.28, so

D̂BS(Φ∥Ψ) ≥ 1
2ν(Ω)2Dmax(Φ∥Ψ) − 0.28

(
ν(Ω)2 + ∥Ω∗(1Y)∥∞

)
whenever Dmax(Φ∥Ψ) ≥ 0.

Proof. Apply Theorem 4.7.6(b) with λ = λmax(T ), respectively λ = λmin(T ) = 1 −
g(Dmax(Ψ∥Φ)), and use

−ν(Ω)2mf + min{mf , 0}∥Ω∗(1Y)∥∞ ≥ −|mf |(ν(Ω)2 + ∥Ω∗(1Y)∥∞).

For f(t) = t log t, hf (t) = t log t
1−t , and its minimum on [0, 1] is −0.2785 . . ..
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4.8 Continuity in the completely bounded trace norm
All estimates so far are stated in terms of ARN derivatives. Fault-tolerance thresholds,
however, refer to additive worst-case errors, for which the completely bounded trace (di-
amond) norm is the standard measure [80]. In this section we show that, for a fixed Ω,
the operator norm distance between derivatives and the completely bounded trace norm
distance between the corresponding submaps are equivalent, with constants that do not
depend on any dimension (Theorem 4.8.4). The continuity estimates in T of Sections 4.4–
4.7 therefore hold in the completely bounded trace norm on the splittings of a fixed map
(Corollary 4.8.6), and the impossibility example of Corollary 4.3.3 is identified as the case
in which the constant degenerates. Pairs with different sums are treated in Section 4.10.

Let Ω ∈ CP(X ,Y) be nonzero with Kraus decomposition Ω(X) = ∑r
k=1 VkXV

∗
k ,

V1, . . . , Vr linearly independent, and W = [vec(V1) · · · vec(Vr)]. Recall from Section 4.2
the quantity ν(Ω), the smallest operator norm of a normalised linear combination of the
Kraus operators. The minimum is attained and positive, since the unit sphere is compact
and the Vk are linearly independent. We first record the intrinsic meaning of the operator
norm of a derivative.

Lemma 4.8.1. For Hermitian K ∈ L(Cr) and every unitarily invariant norm ∥ · ∥,

∥K∥ =
∥∥J(Ω)+1/2 J(ΨK) J(Ω)+1/2∥∥,

where J(Ω)+1/2 is the square root of the Moore–Penrose inverse of J(Ω). Moreover, for
d ≥ 0 we have ∥K∥∞ ≤ d if and only if −dΩ ≤ ΨK ≤ dΩ in the completely positive order.
In particular, if Φ1 + Ψ1 = Φ2 + Ψ2 = Ω with derivatives T1, T2, then ∥T1 − T2∥∞ is the
smallest d ≥ 0 such that −dΩ ≤ Φ1 − Φ2 ≤ dΩ.

Proof. Write W = UG1/2 with G = W ∗W invertible and U an isometry (polar decompo-
sition). Then J(Ω) = WW ∗ = UGU∗, so J(Ω)+1/2 = UG−1/2U∗, and

J(ΨK) = WKW ∗ = UG1/2KG1/2U∗.

Hence J(Ω)+1/2J(ΨK)J(Ω)+1/2 = UKU∗, which has the same singular values as K. For
the second statement, dΩ ± ΨK = Ψd1Cr ±K has Choi matrix W (d1Cr ±K)W ∗. By Choi’s
theorem [28], both maps are completely positive if and only if W (d1Cr ± K)W ∗ ≥ 0,
and conjugating by W+ = (W ∗W )−1W ∗ and by W shows that this holds if and only if
d1Cr ± K ≥ 0, that is, ∥K∥∞ ≤ d. The last statement follows with K = T1 − T2, since
Φ1 − Φ2 = ΨT1−T2 .

One of the principal pains with continuity results for channel divergences is dimensional
constraints. The next lemma shows that in the same-sum case, we have a natural candidate
which depends on the sum being considered. The primary application of this will be control
from below of quantum channel divergences which consider two different decompositions of
the same completely positive map.

Lemma 4.8.2. Let Ω be as above and J = J(Ω), with λ+
min(J) its smallest nonzero eigen-

value.

1. We have

ν(Ω)2 = min
{
∥ vec−1(w)∥2

∞ / ⟨w, J+w⟩ : w ∈ range(J) \ {0}
}
,

where J+ is the Moore–Penrose inverse of J . In particular ν(Ω) does not depend on
the Kraus decomposition.
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2. λ+
min(J)/min{dim X ,dim Y} ≤ ν(Ω)2 ≤ λ+

min(J).

3. If Ω′ ∈ CP(X ,Y) satisfies Ω′ ≥ Ω in the completely positive order and range J(Ω′) =
range J(Ω), then ν(Ω′) ≥ ν(Ω).

Proof. (1) By linearity of vec, ∑k ckVk = vec−1(Wc). As c ranges over the unit sphere of
Cr, the vector w = Wc ranges over range(W ) = range(WW ∗) = range(J), and c = W+w
with W+ = (W ∗W )−1W ∗, so that

∥c∥2
2 = ⟨w, (W+)∗W+w⟩ = ⟨w, J+w⟩,

because
(W+)∗W+ = W (W ∗W )−2W ∗ = (WW ∗)+.

Hence ν(Ω)2 is the minimum of ∥ vec−1(w)∥2
∞ over w ∈ range(J) with ⟨w, J+w⟩ = 1, and

the formula follows by homogeneity. It involves only J(Ω).
(2) For w ∈ range(J) we have

∥w∥2
2/λmax(J) ≤ ⟨w, J+w⟩ ≤ ∥w∥2

2/λ
+
min(J),

while

∥w∥2
2

min{dim X ,dim Y}
≤ ∥w∥2

2
rank(vec−1(w)) ≤ ∥ vec−1(w)∥2

∞ ≤ ∥ vec−1(w)∥2
2 = ∥w∥2

2.

The lower bound follows from (1). For the upper bound take w to be an eigenvector of J
for the eigenvalue λ+

min(J).
(3) Put R = range J(Ω) = range J(Ω′). By Choi’s theorem [28], J(Ω′) ≥ J(Ω); both

operators are positive definite on R and vanish on R⊥, so operator monotonicity of inversion
on R gives J(Ω′)+ ≤ J(Ω)+, hence ⟨w, J(Ω′)+w⟩ ≤ ⟨w, J(Ω)+w⟩ for w ∈ R, and (1) gives
ν(Ω′)2 ≥ ν(Ω)2.

Remark 4.8.3 (Physical interpretation). Since Ωc(ρ) = ∑
k,l tr(VkρV ∗

l ) eke∗
l (proof of Theo-

rem 4.2.5), ⟨u,Ωc(ρ)u⟩ = tr(VuρV ∗
u ) with Vu = ∑

k ukVk, whose maximum over states ρ is
∥Vu∥2

∞. Hence
ν(Ω)2 = min

∥u∥2=1
max
ρ

⟨u,Ωc(ρ)u⟩,

the excitability of the least excitable environment direction. As Ψuu∗ = Vu(·)V ∗
u , changing

T by uu∗ for a minimising u, a change of norm 1, changes the submaps by only ν(Ω)2 in
|||·|||1: this is the mechanism behind Corollary 4.3.3, where ν(Ω) → 0 as θ → 0. Noise helps:
if Φ and Ψ each contain a fraction p of the completely depolarising channel, whose Choi
matrix is 1Y⊗X /nY with nY = dim Y, then J(Ω) ≥ (2p/nY)1Y⊗X , and Lemma 4.8.2(2)
gives ν(Ω)2 ≥ 2p/(nY min{dim X , nY}); in particular Theorem 4.12.4(a) applies.

Theorem 4.8.4. Let Ω, V1, . . . , Vr be as above. For every Hermitian K ∈ L(Cr),

ν(Ω)2 ∥K∥∞ ≤ |||ΨK |||1 ≤ ∥Ω∗(1Y)∥∞ ∥K∥∞.

The upper bound is attained for K = 1Cr , and the lower bound is attained for the completely
dephasing map Ω(X) = ∑n

i=1EiiXEii on Cn and K = 1
n jj∗, where j is the all-ones vector,

one has ν(Ω)2 = 1
n , ∥K∥∞ = 1 and |||ΨK |||1 = 1

n .
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Proof. The upper bound is the proof of Lemma 4.4.1 with Φ = Ω, which uses only that K
is Hermitian, together with |||Ω|||1 = ∥Ω∗(1Y)∥∞.

For the lower bound let v ∈ Cr be a unit eigenvector of K with Kv = λv and |λ| =
∥K∥∞. On the subspace S = span{V1, . . . , Vr} of L(X ,Y) define the linear functional
φ0(∑k ckVk) = ∑

k ckvk, which is well defined by linear independence. By the Cauchy–
Schwarz inequality and the definition of ν(Ω),

|φ0(∑k ckVk)| ≤ ∥c∥2∥v∥2 = ∥c∥2 ≤ ν(Ω)−1∥
∑
k ckVk∥∞,

so φ0 has norm at most ν(Ω)−1 with respect to the operator norm. By the Hahn–Banach
theorem it extends to a functional on L(X ,Y) of the same norm, and by the duality between
the operator norm and the trace norm [127, Section 1.1.3] there is Z ∈ L(X ,Y) with
∥Z∥1 ≤ ν(Ω)−1 and tr(Z∗Vk) = vk for k = 1, . . . , r.

Let Z = U |Z| be a polar decomposition and put A = |Z|1/2 ∈ L(X ) and M =
U |Z|1/2 ∈ L(X ,Y), so that Z = MA∗, Z∗ = AM∗ and ∥A∥2

2 = ∥M∥2
2 = tr |Z| = ∥Z∥1.

Consider the density operator ρ = vec(A) vec(A)∗/∥A∥2
2 on X ⊗ X and the operator

N = vec(M) vec(M)∗/∥M∥2
2 on Y ⊗ X , which satisfies ∥N∥∞ = 1. Since vec(A) =

(1X ⊗ A⊤) vec(1X ) and (1Y ⊗ A⊤) vec(Vk) = vec(VkA) [127, Section 1.1.2], the identity
J(ΨK) = WKW ∗ from the proof of Theorem 4.2.2 gives

(ΨK ⊗ 1L(X ))
(

vec(A) vec(A)∗) =
r∑

k,l=1
Kkl vec(VkA) vec(VlA)∗,

and therefore

tr
(
N (ΨK ⊗ 1L(X ))

(
vec(A) vec(A)∗)) ∥M∥2

2

=
∑
k,l

Kkl ⟨vec(M), vec(VkA)⟩ ⟨vec(M), vec(VlA)⟩.

Here

⟨vec(M), vec(VkA)⟩ = tr(M∗VkA) = tr(VkAM∗)
= tr(VkZ∗) = tr(Z∗Vk) = vk,

so the right-hand side equals ∑k,lKklvkvl = ⟨v,Kv⟩ = λ. Since ∥N∥∞ = 1, the duality
between the trace norm and the operator norm gives

∥∥(ΨK ⊗ 1L(X ))(ρ)
∥∥

1 ≥ |λ|
∥A∥2

2∥M∥2
2

= ∥K∥∞
∥Z∥2

1
≥ ν(Ω)2∥K∥∞,

and the left-hand side is at most |||ΨK |||1 because ρ is a density operator.
For the example, ∥

∑
i ciEii∥∞ = maxi |ci| ≥ n−1/2 for unit c, with equality for c =

n−1/2j, so ν(Ω)2 = 1
n ; and ΨK(X) = 1

n

∑
i,j EiiXEjj = 1

nX, so |||ΨK |||1 = 1
n , while K is a

rank-one projection.

Remark 4.8.5. By Lemma 4.8.2(2), Theorem 4.8.4 implies

∥K∥∞ ≤ min{dim X ,dim Y}
λ+

min(J(Ω))
|||ΨK |||1,

which is never weaker than the operator norm consequence of Proposition 4.4.9, and is
attained, up to the value of ν(Ω)2, in the dephasing example. In practice λ+

min(J(Ω)) is
computable from the Choi matrix, whereas ν(Ω)2 is the minimum of a nonconvex function
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on a sphere; Lemma 4.8.2(2) provides the computable substitute. An earlier lower bound
of this kind, with the dimensional factor (dim H)−2 in place of ν(Ω)2, is due to Raginsky
[111, eq. (17)], for maps on B(H) and derivatives taken with respect to a fixed reference
channel.

Corollary 4.8.6. Let Φ1 + Ψ1 = Φ2 + Ψ2 = Ω ̸= 0 with Φi,Ψi ∈ CP(X ,Y), let Ti be the
ARN derivative of Φi with respect to Ω, in one fixed Kraus decomposition of Ω, and put

δ = |||Φ1 − Φ2|||1/ν(Ω)2 = |||Ψ1 − Ψ2|||1/ν(Ω)2.

Then ∥T1 − T2∥∞ ≤ δ, and consequently

∣∣F̂ (Φ1,Ψ1) − F̂ (Φ2,Ψ2)
∣∣ ≤ ∥Ω∗(1Y)∥∞

ν(Ω) |||Φ1 − Φ2|||1/2
1 ,

while
|||Φ1 σΨ1 − Φ2 σΨ2|||1 ≤ ∥Ω∗(1Y)∥∞ ωgσ (δ)

for every Kubo–Ando mean σ. More generally, each of the estimates of Theorems 4.4.5,
4.4.6, 4.5.5, 4.5.13(b), 4.6.7(b) and 4.7.6(a) and of Corollaries 4.6.11 and 4.6.12 remains
valid, under its hypotheses, with ∥T1 − T2∥∞ replaced by min{δ, 1}.

Proof. Since Φ1−Φ2 = ΨT1−T2 and Ψ1−Ψ2 = −(Φ1−Φ2), Theorem 4.8.4 gives ∥T1−T2∥∞ ≤
δ, and ∥T1 − T2∥∞ ≤ 1 because 0 ≤ Ti ≤ 1Cr . The right-hand side of each cited estimate
is a nondecreasing function of ∥T1 −T2∥∞ ∈ [0, 1]: the moduli ωg, ω(ϵ)

g and ωIg are suprema
over sets that increase with δ, the functions δ 7→ δ1/2 and δ 7→ δα + δ1−α, α ∈ (0, 1), are
increasing, the bound of Corollary 4.6.12 is linear in δ, and that of Corollary 4.6.11 has
derivative log 4

ϵδ − 1 + 1
ϵ > 0 for δ ∈ (0, 1]. The displayed bound is Theorem 4.4.6 with

∥T1 − T2∥1/2
∞ ≤ δ1/2.

Pairs with a Choi floor

Corollary 4.8.6 and Theorem 4.12.4(a) give Hölder continuity of order 1
2 . If the Choi

matrices of both maps are bounded below, the fidelity is in fact Lipschitz continuous, with
a constant of the sharp order λ−1

min. We first record the comparison between the operator
norm of a Choi matrix and the completely bounded trace norm.

Lemma 4.8.7. Let ∆: L(X ) → L(Y) be Hermitian-preserving and n = dim X . Then

∥J(∆)∥∞ ≤ n
2 |||∆|||1 + 1

2 | trJ(∆)| ≤ n |||∆|||1.

In particular ∥J(∆)∥∞ ≤ n
2 |||∆|||1 if tr ◦∆ = 0, for instance if ∆ is the difference of two

channels. Both constants are attained for every n: the second by ∆ = ϵ1L(X ), ϵ > 0, and
the first, when Y = X , by ∆ = 1L(X ) − V (·)V ∗ with V unitary and trV = 0.

Proof. Let τ = 1
n vec(1X ) vec(1X )∗, a density operator on X ⊗ X , so that J(∆) = n (∆ ⊗

1L(X ))(τ) [127, Section 2.2.2]. The operator Z = (∆⊗1L(X ))(τ) is Hermitian, with ∥Z∥1 ≤
|||∆|||1 and trZ = 1

n tr J(∆). Writing Z = Z+ − Z− with Z± ≥ 0 and Z+Z− = 0, we get

∥Z∥∞ = max{∥Z+∥∞, ∥Z−∥∞} ≤ max{trZ+, trZ−} = 1
2(∥Z∥1 + | trZ|),

which is the first inequality after multiplication by n. The second follows from | trZ| ≤
∥Z∥1. If tr ◦∆ = 0, then tr J(∆) = ∑

i tr ∆(Eii) = 0. For ∆ = ϵ1L(X ), J(∆) =
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ϵ vec(1X ) vec(1X )∗ has norm nϵ = n |||∆|||1. For ∆ = 1L(X ) − V (·)V ∗ with trV = 0,
the vectors vec(1X ) and vec(V ) are orthogonal, since ⟨vec(1X ), vec(V )⟩ = trV , and both
have squared norm n. Hence ∥J(∆)∥∞ = n, and Z is the difference of two orthogonal
rank-one projections, so |||∆|||1 ≥ ∥Z∥1 = 2. As |||∆|||1 ≤ 2 for a difference of channels,
∥J(∆)∥∞ = n

2 |||∆|||1.

Theorem 4.8.8. Let Φ,Ψ ∈ CP(X ,Y) with λ = min{λmin(J(Φ)), λmin(J(Ψ))} > 0, let
Φ′,Ψ′ ∈ CP(X ,Y), and put

η = max
{
∥J(Φ′) − J(Φ)∥∞, ∥J(Ψ′) − J(Ψ)∥∞

}
.

(a) For every operator connection σ, J(Φ′)σ J(Ψ′) ≤ (1 + η
λ) J(Φ)σ J(Ψ), and if η ≤

λ also J(Φ′)σ J(Ψ′) ≥ (1 − η
λ) J(Φ)σ J(Ψ). Consequently |||Φ′σΨ′ − ΦσΨ|||1 ≤

η
λ |||ΦσΨ|||1 if η ≤ λ.

(b) F̂ (Φ′,Ψ′) ≤ (1 + η
λ) F̂ (Φ,Ψ), and if η < λ,(

1 − η
λ

)
F̂ (Φ,Ψ) ≤ F̂ (Φ′,Ψ′),

∣∣ log F̂ (Φ′,Ψ′) − log F̂ (Φ,Ψ)
∣∣ ≤ − log

(
1 − η

λ

)
.

In particular |F̂ (Φ′,Ψ′) − F̂ (Φ,Ψ)| ≤ η
λ F̂ (Φ,Ψ). The same bounds hold for Q̂α,

α ∈ (0, 1). If Ψ′ = Ψ, the factors 1 ± η
λ for F̂ may be replaced by (1 ± η

λ)1/2.

(c) With dcb = max{|||Φ′−Φ|||1, |||Ψ′−Ψ|||1} we have η ≤ dim X dcb, and η ≤ 1
2 dim X dcb

if all four maps are channels.

Proof. (a) Since J(Φ) ≥ λ1Y⊗X ,(
1 − η

λ

)
J(Φ) ≤ J(Φ) − η1Y⊗X ≤ J(Φ′) ≤ J(Φ) + η1Y⊗X ≤

(
1 + η

λ

)
J(Φ),

and likewise for Ψ. Monotonicity of σ in both arguments and (cA)σ (cB) = c (AσB) for
c ≥ 0 [79] give the two operator inequalities. Put Ξ = ΦσΨ and G = J(Ξ) = J(Φ)σ J(Ψ)
(Theorem 4.2.15 and Remark 4.2.16); we may assume Ξ ̸= 0. Then − η

λG ≤ J(Φ′ σΨ′) −
G ≤ η

λG, so the range of J(Φ′ σΨ′) − G lies in that of G. With respect to a Kraus
decomposition of Ξ by linearly independent operators, Φ′ σΨ′ − Ξ = ΨK for a Hermitian
K, and Lemma 4.8.1 gives ∥K∥∞ ≤ η

λ . The upper bound of Theorem 4.8.4, applied to Ξ,
gives

|||ΨK |||1 ≤ ∥Ξ∗(1Y)∥∞∥K∥∞ = |||Ξ|||1∥K∥∞.

(b) By Proposition 4.3.1, F̂ = λmin ◦ TrY applied to the geometric mean of the Choi
matrices, and Z 7→ λmin(TrY Z) is monotone and positively homogeneous; apply (a) with
σ = #. By Lemma 4.5.3 the same argument applies to Q̂α, with the weighted geometric
mean. Moreover

J(Φ)#J(Ψ) ≥ (λ1Y⊗X )#(λ1Y⊗X ) = λ1Y⊗X ,

so F̂ (Φ,Ψ) ≥ λ dim Y > 0 and the logarithmic form is defined; it follows from log(1 + x) ≤
− log(1 − x) for 0 ≤ x < 1. If Ψ′ = Ψ, use (cA)#B = c1/2(A#B) instead.

(c) This is Lemma 4.8.7 applied to Φ′ − Φ and Ψ′ − Ψ.

Remark 4.8.9. Theorem 4.8.8 complements Theorem 4.12.4(a). If J(Φ), J(Ψ) ≥ λ1Y⊗X ,
then J(Ω) ≥ 2λ1Y⊗X , and Lemma 4.8.2(2) gives ν(Ω)2 ≥ 2λ/min{dim X , dim Y}. For
channels, Theorem 4.12.4(a) therefore bounds |F̂ (Φ,Ψ) − F̂ (Φ′,Ψ′)| by

5.06 (min{dim X , dim Y} dcb/(2λ))1/2,
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whereas Theorem 4.8.8 gives dim X
2λ dcb F̂ (Φ,Ψ) ≤ dim X

2λ dcb. The second bound is smaller
as soon as

dcb ≤ 51λmin{dim X , dim Y}/(dim X )2;
it is linear rather than of order 1

2 in dcb. Theorem 4.8.8 also controls the relative error, and
so the error of − log F̂ , which is the quantity entering converse bounds.

Corollary 4.8.10 (Noisy gates). Let dim X = dim Y = n, let Dp(ρ) = (1−p)ρ+p tr(ρ)1Y/n
be the depolarising channel with p ∈ (0, 1], let Φ0,Ψ0 be channels (for instance unitary
gates), and put Φ = Dp ◦ Φ0, Ψ = Dq ◦ Ψ0 and p̄ = min{p, q}. For all channels Φ′,Ψ′ with

dcb = max{|||Φ′ − Φ|||1, |||Ψ′ − Ψ|||1} < 2p̄/n2,

∣∣F̂ (Φ′,Ψ′) − F̂ (Φ,Ψ)
∣∣ ≤ ndcb

2λ F̂ (Φ,Ψ),∣∣ log F̂ (Φ′,Ψ′) − log F̂ (Φ,Ψ)
∣∣ ≤ − log

(
1 − ndcb

2λ
)
,

with λ = p̄/n, so that the first factor is n2dcb/(2p̄), and 2dcb/p̄ for a qubit. For n = 2k
and k qubits with local noise D⊗k

p and D⊗k
q in place of Dp and Dq, the same holds with

λ = (p̄/2)k and dcb < 2λ/n.

Proof. We have
J(Dp ◦ Φ0) = (1 − p)J(Φ0) + p

n
1Y⊗X ≥ p

n
1Y⊗X ,

because the Choi matrix of tr(·)1Y/n is 1
n1Y⊗X . Apply Theorem 4.8.8(b),(c) with λ = p̄/n

and η ≤ n
2dcb < λ. For local noise, D⊗k

p − pkD⊗k
1 is completely positive, so

J(D⊗k
p ◦ Φ0) ≥ pkJ(D⊗k

1 ◦ Φ0) = (p/2)k1Y⊗X .

Example 4.8.11. The order λ−1 in Theorem 4.8.8 cannot be improved. Let Y = C2,
0 < λ < 1

2 , ρ = diag(λ, 1 − λ), ξ = diag(1 − λ, λ), and let Φ = tr(·)ρ and Ψ = tr(·)ξ be
replacement channels in CP(X ,Y). Then J(Φ) = ρ⊗ 1X and J(Ψ) = ξ⊗ 1X have smallest
eigenvalue λ, and since (A ⊗ C)#(B ⊗ C) = (A#B) ⊗ C [79], F̂ (Φ,Ψ) = tr(ρ#ξ) =
2
√
λ(1 − λ). For 0 < e < λ let Φ′

e = tr(·) diag(λ+ e, 1 − λ− e), so that η = e and Ψ′ = Ψ.
Then

F̂ (Φ′
e,Ψ) =

√
(λ+ e)(1 − λ) +

√
(1 − λ− e)λ, lim

e→0

F̂ (Φ′
e,Ψ) − F̂ (Φ,Ψ)
e F̂ (Φ,Ψ)

= 1 − 2λ
4λ(1 − λ) ,

while Theorem 4.8.8(b) with Ψ′ = Ψ bounds this quotient by lime→0 e
−1((1+e/λ)1/2 −1) =

1
2λ . The ratio of the two is 1−2λ

2(1−λ) → 1
2 as λ → 0.

4.9 Explicit moduli for all operator convex functions and all
means, with sharp or near-sharp constants

Lemma 4.4.8 shows that ωIg(δ) → 0 for every continuous g, but gives no rate. Explicit
moduli were computed above only for individual functions: for the geometric mean in
Proposition 4.4.3, for the weighted geometric means in Lemma 4.5.4, and for the Belavkin–
Staszewski relative entropy and the geometric Rényi divergences with α ∈ (1, 2] in Sec-
tion 4.6. In this section we obtain explicit, dimension-free moduli for every operator convex
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f and for every Kubo–Ando mean from their integral representations. The kernels of these
representations are rational functions with a single pole. We compute their operator Lips-
chitz constants exactly (Theorem 4.9.6), and this makes the resulting constants optimal in
many cases and within a factor 3 of optimal in general (Theorem 4.9.9).

4.9.1 Operator convex functions

We first recall some well-known facts about operator convex functions, many of which can
be found in [61]. They form the backbone of the following subsections.

Every operator convex f : (0,∞) → R has a representation [61, eq. (2.2)]

f(x) = a+ b(x− 1) + c(x− 1)2 +
∫

[0,∞)

(x− 1)2

x+ s
dµ(s), x > 0, (4.9.1)

with a = f(1), b = f ′(1), c ≥ 0 and a positive measure µ on [0,∞) with
∫

(1 + s)−1dµ(s) <
∞; conversely every such function is operator convex. Very similarly to the Kubo–Ando
case, the value c is the limit c = limx→∞ f(x)/x2. We call (a, b, c, µ) the Loewner data of
f . Substituting x = t/(1 − t) gives, for 0 < t < 1,

hf (t) = a(1 − t) + b(2t− 1) + c κ∞(t) +
∫

[0,∞)
κs(t) dµ(s), (4.9.2)

where
κs(t) = (2t− 1)2

s(1 − t) + t
(s ≥ 0), κ∞(t) = (2t− 1)2

1 − t
.

Since κs(0) = 1/s and κs(1) = 1, monotone convergence gives f(0+) = a−b+c+
∫
s−1dµ(s)

and f ′(∞) = b+ µ([0,∞)) if c = 0, while f ′(∞) = +∞ if c > 0. Thus f is bounded in the
sense of Definition 4.5.8 if and only if c = 0,

∫
[0,1] s

−1dµ(s) < ∞ (in particular µ({0}) = 0)
and µ is finite. The affine part of (4.9.2) has slope 2b − a. Every kernel κs, s ∈ [0,∞], is
convex on its domain, vanishes to second order at t = 1

2 , and for s ̸= 1 has a single pole, at
t = s/(s− 1) /∈ (0, 1) (at t = 1 for s = ∞), while κ1(t) = (2t− 1)2.

4.9.2 Operator Lipschitz constants and Schur multipliers

We will produce concrete, explicit bounds in a similar manner to the methods of Section 4.5.
We first recall some useful facts which can be found in any foundational textbooks on

matrix analysis (e.g. [62], [16]).

Definition 4.9.1 ([16, Section 1.6]). The Schur product or Hadamard product of two
matrices A and B is defined to be the matrix A ◦B whose (i, j)-entry is AijBij . This has
the following significant properties.

1. ∥A ◦B∥∞ ≤ ∥A∥∞∥B∥∞ for all A,B.

2. If A,B ≥ 0, then A ◦B ≥ 0.

Theorem 4.9.2 (Daleckii–Krein formula [62, Theorem 3.25]). Assume that f is a C1-
function on an open interval containing t1, t2, . . . , tn, and let A = diag(t1, t2, . . . , tn). If
B = B∗, then the derivative of t 7→ f(A+ tB) at t = 0 is a Schur product:

d

dt
f(A+ tB)

∣∣∣∣
t=0

= M ◦B, (4.9.3)



CHAPTER 4. CONTINUITY OF QUANTUM CHANNEL DIVERGENCES 79

where M is the divided difference matrix:

Mij =


f(ti) − f(tj)

ti − tj
if ti − tj ̸= 0,

f ′(ti) if ti − tj = 0.

For a compact interval I of positive length and a function g that is continuously differ-
entiable on I, with one-sided derivatives at the endpoints, put

LipI(g) = sup
{∥g(X) − g(Y )∥∞

∥X − Y ∥∞
: X ̸= Y ∈ L(V) Hermitian with spectra in I

}
,

the supremum being over all finite dimensions, so that ωIg(δ) ≤ LipI(g) δ. For a finite set
Λ ⊆ I let g[1]

Λ = [g[1](λ, λ′)]λ,λ′∈Λ be the divided difference matrix, with g[1](λ, λ) = g′(λ).
For a real matrix M let

∥M∥S = sup{∥M ◦ Z∥∞ : ∥Z∥∞ ≤ 1}

be the norm of the Schur multiplier Z 7→ M ◦Z, where Z ranges over all complex matrices
of the size of M .

We can express the Lipschitz continuity modulus in terms of the divided difference
matrix.

Lemma 4.9.3. LipI(g) = supΛ ∥g[1]
Λ ∥S, the supremum being over finite subsets Λ ⊆ I. In

particular LipI(g) ≥ maxI |g′|.

Remark 4.9.4 (Schur products and multipliers). The following lemma and proof uses four
standard facts. First, the Schur product depends on the choice of basis, but operator
norms do not: if Ξ is a linear map on matrices and U is unitary, then X 7→ U∗XU is an
isometric bijection for the operator norm, so the induced norm of Ξ is the same whether
Ξ is written in the standard basis or in the basis given by the columns of U . Second
(Grothendieck–Haagerup), ∥M∥S ≤ C if and only if there are vectors xi, yj in a Hilbert
space with Mij = ⟨xi, yj⟩ and supi ∥xi∥ supj ∥yj∥ ≤ C, and ∥M∥S is the least such C.
Third, if M ′

ij = Mι1(i)ι2(j) for surjective maps ι1, ι2, so that M ′ is obtained from M by
repeating rows and columns, then ∥M ′∥S = ∥M∥S. Indeed, a factorization Mij = ⟨xi, yj⟩
gives M ′

ij = ⟨xι1(i), yι2(j)⟩ with the same bound, so ∥M ′∥S ≤ ∥M∥S. Conversely, choose
one index in each fibre of ι1 and of ι2; for ∥Z∥∞ ≤ 1, let Z ′ be Z placed in the chosen
rows and columns and zero elsewhere, so that ∥Z ′∥∞ = ∥Z∥∞ and M ′ ◦Z ′ is M ◦Z placed
in the same positions, whence ∥M∥S ≤ ∥M ′∥S. Fourth, if M is real symmetric and H is
Hermitian, then M ◦H is Hermitian, since MjiHji = MijHij .

Proof of Lemma 4.9.3. Both sides depend only on the restriction of g to I, so we may
extend g beyond the endpoints of I by its tangent lines there and assume that g is continu-
ously differentiable on a neighbourhood of I. Let Z = ∑

λ λPλ be Hermitian with spectrum
Λ ⊆ I. The Daleckii–Krein formula [16, Theorem V.3.3] (see also [62, Theorem 3.25]) gives

Dg(Z)[H] =
∑
λ,λ′

g[1](λ, λ′)PλHPλ′ .

Choose an orthonormal basis adapted to the Pλ, and let λi be the eigenvalue of Z belonging
to the i-th basis vector. The (i, j) entry of Dg(Z)[H] is then g[1](λi, λj)Hij , with the
convention g[1](λ, λ) = g′(λ), that is,

Dg(Z)[H] = M ◦H, Mij = g[1](λi, λj).
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The matrix M is obtained from g
[1]
Λ =

(
g[1](λ, λ′)

)
λ,λ′∈Λ by repeating each row and column

according to the multiplicity of the corresponding eigenvalue. By the repetition and basis-
independence facts of Remark 4.9.4, ∥M∥S = ∥g[1]

Λ ∥S and the choice of adapted basis is
irrelevant, so

∥Dg(Z)∥ ≤ ∥g[1]
Λ ∥S.

The set of Hermitian operators with spectra in I is convex, so for X,Y in this set the
segment Y + u(X − Y ), u ∈ [0, 1], stays in it, and

g(X) − g(Y ) =
∫ 1

0
Dg
(
Y + u(X − Y )

)
[X − Y ] du.

Therefore
∥g(X) − g(Y )∥∞ ≤ sup

Λ
∥g[1]

Λ ∥S ∥X − Y ∥∞,

which gives LipI(g) ≤ supΛ ∥g[1]
Λ ∥S.

For the reverse inequality, let Λ = {λ1, . . . , λn} lie in the interior of I, and put Z =
diag(λ1, . . . , λn) and M = g

[1]
Λ , which is real symmetric. For Hermitian H of the same size

and small u, the spectrum of Z+uH lies in I, and by [62, Theorem 3.25], Dg(Z)[H] = M◦H,
so

M ◦H = lim
u→0

u−1(g(Z + uH) − g(Z)
)
.

Hence

∥M ◦H∥∞ ≤ LipI(g) ∥H∥∞ for all Hermitian H. (4.9.4)

To pass from Hermitian H to arbitrary matrices, let N be any n× n matrix and set

M̂ =
[
M M
M M

]
, N̂ =

[
0 N
N∗ 0

]
.

Then N̂ is Hermitian with ∥N̂∥∞ = ∥N∥∞, and

M̂ ◦ N̂ =
[

0 M ◦N
M ◦N∗ 0

]
=
[

0 M ◦N
(M ◦N)∗ 0

]
,

where the lower-left block satisfies M ◦N∗ = M ◦N∗ = (M ◦N)∗ because M = M⊤ = M .
This matrix is Hermitian with norm ∥M ◦ N∥∞. Moreover M̂ is the matrix associated in
the same way with diag(Z,Z), whose eigenvalues are those of Z repeated twice and still lie
in the interior of I, so the argument leading to (4.9.4) applies to it and gives

∥M ◦N∥∞ = ∥M̂ ◦ N̂∥∞ ≤ LipI(g)∥N̂∥∞ = LipI(g)∥N∥∞.

Taking the supremum over ∥N∥∞ ≤ 1 yields ∥g[1]
Λ ∥S ≤ LipI(g) for Λ in the interior of I,

and continuity of g[1], and hence of Λ 7→ ∥g[1]
Λ ∥S, extends this to all finite Λ ⊆ I.

Finally, take Λ = {t} with t ∈ I. Then g
[1]
Λ is the 1 × 1 matrix (g′(t)), whose Schur

norm is |g′(t)|, so LipI(g) ≥ |g′(t)| for every t ∈ I, that is, LipI(g) ≥ maxI |g′|.

Lemma 4.9.5. Let M be a real matrix.

(a) ∥M∥S ≥ maxi,j |Mij |, and ∥M∥S = maxiMii if M ≥ 0. For vectors x, y, ∥xy⊤∥S =
maxi |xi| maxj |yj |.
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(b) (Compression.) If M is k× k and Π is a real n× k matrix whose rows have ℓ1-norm
at most 1, then ∥ΠMΠ⊤∥S ≤ ∥M∥S.

(c) (2 × 2 matrices.) For real q1, q, q2 put L = max{|q1|, |q2|} and, for t ≥ L, A(t) =√
(t− q1)(t− q2) and B(t) =

√
(t+ q1)(t+ q2). Then

∥∥[ q1 q
q q2

]∥∥
S is the smallest t ≥ L

with A(t) +B(t) ≥ 2|q|.

(d) If q1 ≤ q ≤ q2, then
∥∥[ q1 q

q q2

]∥∥
S ≤

√
2 max{|q1|, |q2|}.

Proof. We use Haagerup’s characterisation [103, Chapter 8]: ∥M∥S ≤ t if and only if there
are vectors xi, yj in a Hilbert space with Mij = ⟨xi, yj⟩ and ∥xi∥2, ∥yj∥2 ≤ t; equivalently,
if and only if there are positive semidefinite Y1, Y2 with diagonal entries at most t such that[ Y1 M
M⊤ Y2

]
≥ 0.

(a) The first claim follows from |⟨xi, yj⟩| ≤ t. If M ≥ 0, write Mij = ⟨gi, gj⟩ with
∥gi∥2 = Mii. For xy⊤ use one-dimensional vectors, rescaled.

(b) Put x′
i = ∑

l Πilxl and y′
j = ∑

l′ Πjl′yl′ . Then ⟨x′
i, y

′
j⟩ = (ΠMΠ⊤)ij and ∥x′

i∥ ≤∑
l |Πil| ∥xl∥ ≤

√
t.

(c) Since M is real and complex conjugation preserves positivity, the entrywise real parts
1
2(Y1 +Y1), 1

2(Y2 +Y2) of an admissible pair form an admissible pair, so we may assume that
Y1 and Y2 are real. If (Y1, Y2) is an admissible pair for the block decomposition from M , so
is (Y2, Y1), by conjugation with the flip of the two blocks, and hence so is (Y1+Y2

2 , Y1+Y2
2 ).

Moreover (
Y1 M
M Y1

)
≥ 0

if and only if Y1 ± M ≥ 0, and raising the diagonal of Y1 to t preserves both conditions.
Hence ∥M∥S ≤ t if and only if there is a real q̃ with(

t± q1 q̃ ± q
q̃ ± q t± q2

)
≥ 0

for both signs, that is, t ≥ L, |q̃ − q| ≤ A(t) and |q̃ + q| ≤ B(t). Such a q̃ exists if and only
if 2|q| ≤ A(t) +B(t). Since A and B are nondecreasing on [L,∞), the claim follows.

(d) Replacing M by −M and exchanging the two indices preserves the Schur multiplier
norm and maps (q1, q, q2) to (−q2,−q,−q1), so we may assume q ≥ 0, and by scaling L = 1;
then 0 ≤ q ≤ q2 ≤ 1 and −1 ≤ q1 ≤ q2. Let t =

√
2. Since

∂q1(A+B) = 1
2
(√

(t+ q2)/(t+ q1) −
√

(t− q2)/(t− q1)
)

≥ 0

for q1 ≤ q2, we have

A(t) +B(t) ≥ φ(q2) :=
√

(t+ 1)(t− q2) +
√

(t− 1)(t+ q2).

The function φ is concave, φ(0) > 0 and φ(1) = 2
√
t2 − 1 = 2, so φ(q2) ≥ 2q2 ≥ 2q on

[0, 1], and (c) gives the claim.

We now combine the previous lemmas into a theorem which will begin to allow us to
express the continuity moduli for the operator convex functions in terms of their integral
representations. In the following theorem, the function has the structure of (4.9.1).

Theorem 4.9.6. Let I = [t−, t+] with t− < t+, let p ∈ R \ I, ψ(t) = |t − p|−1, and
g = C + βt+ wψ with C, β,w ∈ R. Then:
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(a)

LipI(g) =
∥∥g[1]

{t−,t+}
∥∥

S =
∥∥∥ [ g′(t−) g[1](t−, t+)
g[1](t−, t+) g′(t+)

] ∥∥∥
S
,

which is given explicitly by Lemma 4.9.5(c);

(b) maxI |g′| ≤ LipI(g) ≤
√

2 maxI |g′|;

(c) LipI(g) = maxI |g′| if βw (p− t−) ≥ 0, or if g′(t0) = 0 for some t0 ∈ I with ψ(t0) ≤
1
2(ψ(t−) + ψ(t+)). The latter holds whenever t0 lies on the far side of the midpoint
of I from p, the midpoint included;

(d) the constant
√

2 in (b) is optimal: kz(t) = t + 2z2/(t + z) satisfies max[0,1] |k′
z| = 1

and Lip[0,1](kz) →
√

2 as z ↓ 0.

Proof. Let ζ = +1 if p > t+ and ζ = −1 if p < t−. We then have ψ[1](x, y) = ζψ(x)ψ(y)
for x, y ∈ I. This is because if p /∈ I, the sign of t − p is constant on I, equal to −ζ, so
ψ(t) = −ζ/(t− p) and ψ(x)ψ(y) = 1/((x− p)(y − p)). For x ̸= y in I,

ψ(x) − ψ(y) = −ζ
( 1
x− p

− 1
y − p

)
= ζ

x− y

(x− p)(y − p) ,

so ψ[1](x, y) = ζψ(x)ψ(y). For x = y, ψ′(x) = ζ/(x − p)2 = ζψ(x)2, so the formula holds
on the diagonal too.

g[1](x, y) = β + ζw ψ(x)ψ(y).

(a) The function ψ is continuous and monotone on I, so for x ∈ I there is λ(x) ∈ [0, 1] with
ψ(x) = λ(x)ψ(t−) + (1 − λ(x))ψ(t+). Put λt− = λ and λt+ = 1 − λ. Since λt− + λt+ = 1
and the kernel β + ζw u1u2 is affine in u1 and in u2,

g[1](x, y) =
∑

t,t′∈{t−,t+}
λt(x)λt′(y) g[1](t, t′), x, y ∈ I.

Thus g[1]
Λ = Πg[1]

{t−,t+}Π⊤, where Π has the nonnegative entries λt(x) and rows summing to
1. Lemma 4.9.5(b) and Lemma 4.9.3 give LipI(g) ≤ ∥g[1]

{t−,t+}∥S, and the reverse inequality
is Lemma 4.9.3 with Λ = {t−, t+}.

(b) The first inequality is in Lemma 4.9.3. Since g′′ has constant sign on I, g[1](t−, t+)
lies between g′(t−) and g′(t+), and g′ is monotone, so maxI |g′| = max{|g′(t−)|, |g′(t+)|}.
Lemma 4.9.5(d), applied to g or to −g, gives the second inequality.

(c) If βζw ≥ 0, then ζ sgn(w) g[1]
Λ = |β|jj⊤+|w|ψψ⊤ ≥ 0, where ψ also denotes the vector

(ψ(x))x∈Λ, so Lemma 4.9.5(a) gives ∥g[1]
Λ ∥S = maxΛ |g′|. Otherwise put c0 =

√
−β/(ζw) >

0, so that g′ = ζw(ψ2 − c2
0) and, with v = ψ − c0j,

g
[1]
Λ = ζw

(
ψψ⊤ − c2

0jj⊤) = ζw
(
c0 vj⊤ + c0 jv⊤ + vv⊤).

By Lemma 4.9.5(a),

∥g[1]
Λ ∥S ≤ |w|(2c0N +N2) = |w|

(
(c0 +N)2 − c2

0
)

with N = maxΛ |ψ − c0|. If c0 ≤ 1
2(ψmin + ψmax), where ψmin, ψmax are the values of ψ at

the endpoints, then N ≤ ψmax − c0 and the bound is |w|(ψ2
max − c2

0) = |g′(t1)|, where t1 is
the endpoint closest to p. If g′(t0) = 0 then ψ(t0) = c0, which gives the stated condition.
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Finally, ψ is convex and decreases away from p; if t0 lies on the far side of the midpoint
tmid, then

ψ(t0) ≤ ψ(tmid) ≤ 1
2(ψ(t−) + ψ(t+)).

(d) Here k′
z(t) = 1 − 2z2/(t+ z)2 increases from −1 to 1 − 2z2/(1 + z)2, and k[1]

z (0, 1) =
1 − 2z/(1 + z). The endpoint matrix tends to

[−1 1
1 1

]
, whose Schur multiplier norm is

√
2

by Lemma 4.9.5(c), since A(t) + B(t) = 2
√
t2 − 1. The norm in Lemma 4.9.5(c) depends

continuously on (q1, q, q2), and (a) gives the claim.

Theorem 4.9.6(d) shows that operator convexity does not imply LipI(g) = maxI |g′|,
even for a single pole. The operator Lipschitz constant can exceed the scalar one because
g′ changes sign on I, from −1 at the endpoint near the pole to almost 1 on the rest of the
interval.

We now construct sharp constants for the kernels described in (4.9.2). This will allow us
to define continuity constants for operator divergences defined through convex perspectives.

Corollary 4.9.7 (Sharp constants for the kernels). Let I ⊆ [0, 1] be a compact interval
and rI = maxt∈I |2t− 1|.

(a) Let s ≥ 0 and ℓs(t) = s(1 − t) + t, and assume ds = mint∈I ℓs(t) > 0 (for t ∈ [0, 1] the
function ℓs(t) = (1 − t)s + t is a convex combination of s and 1, so this fails only if
s = 0 and 0 ∈ I). Then for t ∈ I,

|κ′
s(t)| = |2t− 1|

( 2
ℓs(t)

+ 1 + s

ℓs(t)2

)
,

the bracket is positive, and therefore

|κ′
s(t)| ≤ rI

( 2
ds

+ 1 + s

d2
s

)
and

LipI(κs) ≤ rI
( 2
ds

+ 1 + s

d2
s

)
,

with equality, and equal to maxI |κ′
s|, if I is symmetric about 1

2 . The same holds for
κ∞, with ℓ∞(t) = 1 − t and 1 + s replaced by 1. In addition

∥κs(X) − κs(Y )∥∞ ≤ oscIκs = max
I
κs − min

I
κs.

(b) Lip[0,1−ϵ](κ∞) = ϵ−2 − 4 for 0 < ϵ ≤ 1
3 .

(c) For s > 0, the kernel ηs(t) = (1 + s)t(1 − t)/(1 + (s− 1)t) of (4.9.5) below satisfies

Lip[0,1](ηs) = max
[0,1]

|η′
s| = (1 + s) max{1, s−1}.

(d) For s > 0, gs(t) = t
1+s − t

t+s satisfies Lip[0,1](gs) = 1
s(1+s) and − 1

1+s ≤ gs ≤ 0 on
[0, 1].

(e) ds ≥ (1 + s) mint∈I min{t, 1 − t}.
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Proof. (a) The identity
(1 − s)(2t− 1) = 2ℓs(t) − (1 + s)

gives
κ′
s = (2t− 1)

(
2ℓs + (1 + s)

)
/ℓ2s,

which is the formula. For the bound, with X,Y ∈ L(V) Hermitian with spectra in I, put

ℓs(X) = s(1V −X) +X

and
R(X) = (2X − 1V)ℓs(X)−1,

so that
κs(X) = (2X − 1V)R(X), ∥ℓs(X)−1∥∞ ≤ d−1

s ,

and ∥R(X)∥∞ ≤ rI/ds. Expanding,

(2X − 1V)ℓs(Y ) − ℓs(X)(2Y − 1V) = (1 + s)(X − Y ),

since the terms in XY cancel. Hence

R(X) −R(Y ) = (1 + s) ℓs(X)−1(X − Y )ℓs(Y )−1,

using that ℓs(X)−1 commutes with 2X − 1V , and

κs(X) − κs(Y ) = 2(X − Y )R(Y ) + (1 + s)R(X)(X − Y )ℓs(Y )−1,

which gives
∥κs(X) − κs(Y )∥∞ ≤ rI

( 2
ds

+ 1 + s

d2
s

)
∥X − Y ∥∞.

If I is symmetric about 1
2 , then at the endpoint where ℓs is minimal both |2t− 1| = rI and

ℓs = ds, so maxI |κ′
s| equals the bound, and Lemma 4.9.3 gives equality. For κ∞ use

ℓ∞(X) = 1V −X

and
(2X − 1V)(1V − Y ) − (1V −X)(2Y − 1V) = X − Y.

The last statement holds because κs(X) and κs(Y ) have spectra in [minI κs,maxI κs].
(b) We have

κ∞(t) = (1 − t)−1 − 4t
a one-pole function with p = 1, β = −4 and w = 1, and κ′

∞ vanishes at t0 = 1
2 . On [0, 1−ϵ],

ψ(t) = (1− t)−1 takes the values 1 and ϵ−1 at the endpoints and ψ(t0) = 2, so the condition
of Theorem 4.9.6(c) is

2 ≤ 1
2(1 + ϵ−1)

that is, ϵ ≤ 1
3 . Then

Lip = max{|κ′
∞(0)|, κ′

∞(1 − ϵ)} = max{3, ϵ−2 − 4} = ϵ−2 − 4

(c) For s = 1, η1(t) = 2t(1−t), and for every quadratic g the matrix g[1]
Λ is a compression

of g[1]
{t−,t+} as in the proof of Theorem 4.9.6(a), with λ affine; here

g
[1]
{0,1} =

(
2 0
0 −2

)



CHAPTER 4. CONTINUITY OF QUANTUM CHANNEL DIVERGENCES 85

has Schur multiplier norm 2, since ∥diag(d)∥S = maxi |di|, as diag(d) ◦ Z = diag(diZii).
For s > 1, −ηs is a one-pole function with pole p = −1/(s− 1) < 0; then

ψ(t) = (s− 1)/(1 + (s− 1)t)

with ψ(0) = s − 1 and ψ(1) = (s − 1)/s. The derivative η′
s vanishes at t0 = 1/(1 +

√
s),

where ψ(t0) = (s − 1)/
√
s. The condition ψ(t0) ≤ 1

2(ψ(0) + ψ(1)) reads 2
√
s ≤ 1 + s, so

Theorem 4.9.6(c) gives

Lip = max{η′
s(0), |η′

s(1)|} = max{1 + s, (1 + s)/s} = 1 + s

For s < 1 use ηs(1 − t) = η1/s(t).
(d) We have

gs(t) = t

1 + s
− 1 + s

t+ s

which is a one-pole function with p = −s, β = 1
1+s and w = s. Its derivative

g′
s(t) = 1

1 + s
− s

(t+ s)2

vanishes at
t0 =

√
s(1 + s) − s ∈ (0, 1)

where ψ(t0) = (s(1 + s))−1/2. The condition of Theorem 4.9.6(c) is

(s(1 + s))−1/2 ≤ 1
2
(1
s

+ 1
1 + s

)
that is, 2

√
s(1 + s) ≤ 1 + 2s, which holds. Hence

Lip = max{|g′
s(0)|, g′

s(1)} = max{ 1
s(1 + s) ,

1
(1 + s)2 } = 1

s(1 + s)

Finally |gs(t)| = t(1−t)
(1+s)(t+s) ≤ 1−t

1+s .
(e) s(1 − t) + t ≥ (1 + s) min{t, 1 − t}.

We finally come to the explicit modulus data for the integral representative of the
operator perspective channel divergences.

Theorem 4.9.8. Let f be operator convex with Loewner data (a, b, c, µ), and let I ⊆ [0, 1]
be a compact interval on which hf is finite. With rI , ds and d∞ as in Corollary 4.9.7, for
δ ≥ 0,

ωIhf
(δ) ≤ |2b− a| δ + c rI

( 2
d∞

+ 1
d2

∞

)
δ +

∫
[0,∞)

min
{
rI
( 2
ds

+ 1 + s

d2
s

)
δ, oscIκs

}
dµ(s),

where the c-term is absent if c = 0. Consequently, Theorems 4.5.13(b), 4.6.7(b)
and 4.7.6(a) hold with this explicit modulus.

Proof. If 1 ∈ I then c = 0, and if 0 ∈ I then µ({0}) = 0, since hf is finite on I; so all
constants are finite where they occur. For X ∈ L(V) with spectrum in I, (4.9.2) and the
spectral theorem give

hf (X) = (a− b)1V + (2b− a)X + c κ∞(X) +
∫
κs(X) dµ(s),

the integral being a finite sum of convergent scalar integrals times spectral projections. Sub-
tract the same identity for Y , take norms inside the integral, and apply Corollary 4.9.7(a).
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4.9.3 Sharp Lipschitz constants

On the intervals [ϵ, 1−ϵ] that correspond to a two-sided bound on the max-relative entropy,
the kernel constants of Corollary 4.9.7 are attained. For 0 < ϵ ≤ 1

2 put rϵ = 1 − 2ϵ,

Ms(ϵ) = rϵ
( 2
ds

+ 1 + s

d2
s

)
, ds = ϵ(1 + s) + rϵ min{1, s}, M∞(ϵ) = 1 − 4ϵ2

ϵ2
,

so that Ms(ϵ) = max[ϵ,1−ϵ] |κ′
s| for s ∈ [0,∞] by Corollary 4.9.7(a), and

Lf (ϵ) = |2b− a| + cM∞(ϵ) +
∫

[0,∞)
Ms(ϵ) dµ(s).

Theorem 4.9.9. Let f be operator convex with Loewner data (a, b, c, µ), let 0 < ϵ < 1
2 and

I = [ϵ, 1 − ϵ].

(a) maxI |h′
f | ≤ LipI(hf ) ≤ Lf (ϵ) ≤ 3 maxI |h′

f |.

(b) LipI(hf ) = Lf (ϵ) = h′
f (1 − ϵ) if µ is carried by [1,∞) and 2b ≥ a; and LipI(hf ) =

Lf (ϵ) = −h′
f (ϵ) if c = 0, µ is carried by [0, 1] and 2b ≤ a.

(c) If hf (1 − t) = hf (t) for all t, equivalently f(x) = xf(1/x), then LipI(hf ) =
maxI |h′

f | = h′
f (1 − ϵ).

Proof. (a) The first inequality is Lemma 4.9.3, and the second follows from (4.9.2) as in
the proof of Theorem 4.9.8.

For the third, write t− = ϵ and t+ = 1−ϵ. Each κs, s ∈ [0,∞], is convex with κ′
s(1

2) = 0,
so

κ′
s(t−) ≤ 0 ≤ κ′

s(t+)
and Ms(ϵ) = max{|κ′

s(t−)|, κ′
s(t+)}.

Writing
Σ+ = c κ′

∞(t+) +
∫
κ′
s(t+) dµ(s)

and
Σ− = c |κ′

∞(t−)| +
∫

|κ′
s(t−)| dµ(s)

so that
Lf (ϵ) ≤ |2b− a| + Σ+ + Σ−

h′
f (t+) = (2b− a) + Σ+

and
h′
f (t−) = (2b− a) − Σ−.

Since hf is convex,
N := max

I
|h′
f | = max{|h′

f (t−)|, |h′
f (t+)|}.

Hence
N ≥ (2b− a) + Σ+

and N ≥ Σ− − (2b− a), so Σ+ + Σ− ≤ 2N . Moreover N ≥ |2b− a|: if 2b ≥ a this follows
from the first inequality, and otherwise from the second. Thus Lf (ϵ) ≤ 3N .

(b) For s ≥ 1 the function ℓs is nonincreasing, so maxI |κ′
s| is attained at t+, by the

formula in Corollary 4.9.7(a); the same holds for κ∞. If µ is carried by [1,∞) and 2b ≥ a,
then

Lf (ϵ) = (2b− a) + c κ′
∞(t+) +

∫
κ′
s(t+) dµ(s) = h′

f (t+) ≤ max
I

|h′
f |,
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and (a) gives equality throughout. The second case is the mirror image.
(c) Write g̃(t) = g(1 − t). Since hf = 1

2(hf + h̃f ) and the affine part of the right-hand
side has slope 0, (4.9.2) gives

hf = const + c
2 κ

sym
∞ + 1

2

∫
[0,∞)

κsym
s dµ(s), κsym

s (t) = κs(t) + κs(1 − t).

We claim that LipI(κsym
s ) = (κsym

s )′(t+) for every s ∈ [0,∞]. Then

LipI(hf ) ≤ c

2(κsym
∞ )′(t+) + 1

2

∫
(κsym
s )′(t+) dµ(s) = h′

f (t+),

and Lemma 4.9.3 gives equality. For s = 1, κsym
1 = 2κ1 is quadratic, and the claim follows

as in the proof of Corollary 4.9.7(c). For s ̸= 1, κs = C + βt+wψp with one pole p /∈ (0, 1)
and ψp(t) = |t − p|−1; then κs(1 − t) = C ′ + β′t + wψ1−p, with the mirrored pole on the
other side of [0, 1], and the slopes cancel because κsym

s is symmetric. By the computation
in the proof of Theorem 4.9.6, with u = (ψp(x))x∈Λ and ũ = (ψ1−p(x))x∈Λ,

±(κsym
s )[1]

Λ = w
(
uu⊤ − ũũ⊤) = w

2
(
(u− ũ)(u+ ũ)⊤ + (u+ ũ)(u− ũ)⊤).

By Lemma 4.9.5(a) its Schur multiplier norm is at most |w| maxΛ |u− ũ| maxΛ(u+ ũ). On
the symmetric interval I, the function ψp − ψ1−p is monotone and antisymmetric about 1

2 ,
and ψp+ψ1−p is convex and symmetric, so both maxima are attained at t+, and the bound
equals

|w| |ψp(t+)2 − ψ1−p(t+)2| = |(κsym
s )′(t+)|.

Finally (κsym
s )′(t+) ≥ 0, because κsym

s is convex and symmetric about 1
2 .

Part (c) applies to the Jeffreys, symmetrised χ2, Le Cam, Hellinger and Jensen–Shannon
divergences, and part (b) to the Pearson and Neyman χ2-divergences. For these, Table 4.2
gives the exact Lipschitz constants. For the Belavkin–Staszewski and Rényi divergences
the Loewner data are two-sided and the theorem gives only maxI |h′

f | ≤ LipI(hf ) ≤ Lf (ϵ).
The next proposition shows that if the identity LipI(g) = ∥g[1]

{t−,t+}∥S of Theo-
rem 4.9.6(a) holds for all combinations of two kernels κs, then it holds for every hf .

Proposition 4.9.10. Let I = [t−, t+] ⊆ (0, 1). If LipI(g) = ∥g[1]
{t−,t+}∥S for every g = βt+

w1κs1 + w2κs2 with β ∈ R, w1, w2 ≥ 0 and s1, s2 ∈ [0,∞], then LipI(hf ) = ∥(hf )[1]
{t−,t+}∥S

for every operator convex f .

Proof. Suppose first that h = βt + ∑N
k=1wkκsk

with w ∈ [0,∞)N ; the c-term is the case
sk = ∞, and constants do not affect divided differences. Put uk = κ

[1]
sk (t−, t+) − κ′

sk
(t−)

and u′
k = κ′

sk
(t+) − κ

[1]
sk (t−, t+), which are positive by strict convexity. The endpoint data(

h′(t−), h[1](t−, t+), h′(t+)
)

are determined by h′(t−), ∑k wkuk and ∑k wku
′
k. The set P of

w′ ∈ [0,∞)N with ∑k w
′
kuk = ∑

k wkuk and ∑k w
′
ku

′
k = ∑

k wku
′
k is a compact polytope

containing w, whose vertices have at most two nonzero coordinates. Write w = ∑
j λjv

(j)

as a convex combination of vertices, and let hj = βjt+∑
k v

(j)
k κsk

, with βj chosen so that
h′
j(t−) = h′(t−). Then each hj has the same endpoint data as h, and h−

∑
j λjhj is affine

with derivative 0 at t−, hence constant. For every finite Λ,

∥h[1]
Λ ∥S ≤

∑
j

λjLipI(hj) = ∥h[1]
{t−,t+}∥S.
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In general,
∫
κs dµ(s) =

∫
(1 + s)κs dµ̃(s) with the finite measure dµ̃ = (1 + s)−1dµ,

and s 7→ (1 + s)κs is continuous from [0,∞] into C1(I), with value κ∞ at s = ∞, because
I ⊆ (0, 1). Approximating µ̃ + c δ∞ by finitely supported positive measures along finer
and finer partitions of [0,∞], uniform continuity gives functions hn of the above form with
hn → hf in C1(I). Then (hn)[1] → (hf )[1] uniformly on I × I, and for every finite Λ,

∥(hf )[1]
Λ ∥S = lim

n
∥(hn)[1]

Λ ∥S ≤ lim
n

∥(hn)[1]
{t−,t+}∥S = ∥(hf )[1]

{t−,t+}∥S.

Corollary 4.9.11 (Lipschitz moduli under a Thompson bound). Let f be operator convex
with Loewner data (a, b, c, µ) and ϵ ∈ (0, 1

2); for ϵ = 1
2 the interval [ϵ, 1 − ϵ] is a point and

the modulus vanishes. Then ω
[ϵ,1−ϵ]
hf

(δ) ≤ Lf (ϵ) δ, where Lf (ϵ) is within a factor 3 of the
optimal constant Lip[ϵ,1−ϵ](hf ), and

Lf (ϵ) ≤ |2b− a| + 1 − 4ϵ2
ϵ2

(
c+

∫
[0,∞)

dµ(s)
1 + s

)
.

Hence, if Φi = ΨTi and Ψi = Ψ1Cr −Ti satisfy

max{Dmax(Φi∥Ψi), Dmax(Ψi∥Φi)} ≤ log 1 − ϵ

ϵ

for i = 1, 2, then∣∣D̂f (Φ1∥Ψ1) − D̂f (Φ2∥Ψ2)
∣∣ ≤ ∥Ω∗(1Y)∥∞ Lf (ϵ) ∥T1 − T2∥∞.

Proof. The first statement is Theorem 4.9.9(a). Corollary 4.9.7(e) gives ds ≥ ϵ(1+s), hence
Ms(ϵ) ≤ rϵ

1+2ϵ
ϵ2(1+s) = 1−4ϵ2

ϵ2(1+s) . The last statement follows once we identify the hypothesis
with ϵ1Cr ≤ Ti ≤ (1 − ϵ)1Cr , and Theorem 4.7.6(a).

Every operator convex f therefore gives a divergence that is Lipschitz in the derivative
under a two-sided bound on the max-relative entropy. The factor ϵ−2 is attained for the
χ2-divergences, for which Lf (ϵ) is exact. For logarithmic f the order is ϵ−1 (Table 4.2).

Corollary 4.9.12 (Bounded f : rates). If f is bounded, then for all δ ≥ 0,

ωhf
(δ) ≤ |2b− a| δ +

∫
(0,1]

min
{(1 + 3s) δ

s2 ,
1
s

}
dµ(s) +

∫
(1,∞)

min{(3 + s)δ, 1} dµ(s),

with the exact kernel constants of Corollary 4.9.7(a), and the right-hand side tends to 0 as
δ → 0. If moreover dµ(s) ≤ Csλds on (0, 1] and dµ(s) ≤ Cs−1−λ′

ds on (1,∞) for some
λ, λ′ > 0, then ωhf

(δ) ≤ C ′δmin{λ,λ′,1}, with an extra factor log 1
δ if min{λ, λ′} = 1. Here

C ′ depends only on a, b, C, λ, λ′.

Proof. Take I = [0, 1] in Theorem 4.9.8, so that rI = 1 and ds = min{1, s}. For s ≤ 1,
2
s + 1+s

s2 = 1+3s
s2 , and for s > 1, 2 + 1 + s = 3 + s. Since κs is convex and nonnegative,

oscκs ≤ max{κs(0), κs(1)} = max{1
s
, 1}.

The limit is dominated convergence, since
∫

(0,1] s
−1dµ + µ((1,∞)) < ∞. For the rate, use

(1 + 3s)s−2 ≤ 4s−2 on (0, 1] and 3 + s ≤ 4s on (1,∞), and split
∫ 1

0 min{4δs−2, s−1}sλds at
s = 4δ, and

∫∞
1 min{4sδ, 1}s−1−λ′

ds at s = 1/(4δ).
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For f(t) = −tα, α ∈ (0, 1), one has dµ = sinπα
π

sα

(1+s)2ds, so λ = α and λ′ = 1 − α.
Corollary 4.9.12 then recovers the order δmin{α,1−α} of Lemma 4.5.4, with a worse constant.

Example 4.9.13. Table 4.1 collects the operator perspective divergences and their
Loewner data, along with the measures their integrals are taken with respect to in their
integral representations, as well as the function emerging from the operator perspective
version of Theorem 4.2.15. Table 4.2 is its continuation, collecting where the divergences
are finite (in terms of the spectrum of the ARN derivatives) and where in this chapter the
moduli can be found, along with the optimal Lipschitz constants in the case of bounds in
terms of the max-relative entropy.

divergence f(x) (a, b, c) dµ(s) hf (t)
Belavkin–Staszewski x log x (0, 1, 0) s

(1+s)2 ds t log t
1−t

reverse BS − log x (0,−1, 0) 1
(1+s)2 ds (1 − t) log 1−t

t

Jeffreys (x− 1) log x (0, 0, 0) 1
1+sds (2t− 1) log t

1−t

Pearson χ2 (x− 1)2 (0, 0, 1) 0 (2t−1)2

1−t

Neyman χ2 (x−1)2

x (0, 0, 0) δ0
(2t−1)2

t

symmetric χ2 (x− 1)2(1 + 1
x ) (0, 0, 1) δ0

(2t−1)2

t(1−t)

Le Cam (x−1)2

x+1 (0, 0, 0) δ1 (2t− 1)2

Hellinger (
√
x− 1)2 (0, 0, 0) 2

π

√
s

(1+s)2 ds (
√
t−

√
1 − t)2

Jensen–Shannon x log x− (1 + x) log 1+x
2 (0, 0, 0) min{s,1}

(1+s)2 ds log 2 −Hbin(t)
Rényi, α ∈ (1, 2) xα (1, α, 0) sin π(α−1)

π
sα

(1+s)2 ds tα(1 − t)1−α

Rényi, α ∈ (−1, 0) xα (1, α, 0) − sin πα
π

sα

(1+s)2 ds tα(1 − t)1−α

Table 4.1: Loewner data and extended hf for the standard examples. For the Jensen–
Shannon divergence, Hbin is the binary entropy in nats.

divergence finite on modulus on that interval Lip[ϵ,1−ϵ](hf )
Belavkin–Staszewski [0, 1) Cor. 4.6.11 log 1−ϵ

ϵ + 1
ϵ †

reverse BS (0, 1] mirror of Cor. 4.6.11 log 1−ϵ
ϵ + 1

ϵ †
Jeffreys (0, 1) last column 2 log 1−ϵ

ϵ + 1−2ϵ
ϵ(1−ϵ)

Pearson χ2 [0, 1) (ϵ−2 − 4)δ if ϵ ≤ 1
3 ϵ−2 − 4

Neyman χ2 (0, 1] (ϵ−2 − 4)δ if ϵ ≤ 1
3 ϵ−2 − 4

symmetric χ2 (0, 1) last column ϵ−2 − (1 − ϵ)−2

Le Cam [0, 1] 4δ 4(1 − 2ϵ)
Hellinger [0, 1] 2

√
δ 1−2ϵ√

ϵ(1−ϵ)
Jensen–Shannon [0, 1] 2δ log 1

δ + 4 log 2 · δ log 1−ϵ
ϵ

Rényi, α ∈ (1, 2) [0, 1) Cor. 4.6.12 (α− 1 + ϵ) (1−ϵ)α−1

ϵα †
Rényi, α ∈ (−1, 0) (0, 1] mirror of Cor. 4.6.12 (ϵ− α) (1−ϵ)−α

ϵ1−α †

Table 4.2: Moduli and optimal Lipschitz constants. In the third column, ϵ is the distance
of the spectrum of T from the infinite endpoints, and δ = ∥T1 − T2∥∞. The last column is
the exact operator Lipschitz constant of hf on [ϵ, 1 − ϵ], except for the entries marked †.
These are lower bounds.
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4.9.4 All Kubo–Ando means

We now repeat the above process using the integral representation of the Kubo–Ando
means, as for the operator perspectives. Every operator connection σ has a representing
function of the form [79]

fσ(x) = aσ + bσx+
∫

(0,∞)

x(1 + s)
x+ s

dmσ(s), aσ, bσ ≥ 0,

with a finite positive measure mσ; then aσ = fσ(0+), bσ = f ′
σ(∞), and σ is a mean if and

only if aσ + bσ +mσ((0,∞)) = 1. The function φσ(t) = tfσ((1 − t)/t) is therefore

φσ(t) = aσ t+ bσ (1 − t) +
∫

(0,∞)
ηs(t) dmσ(s), (4.9.5)

where
ηs(t) = (1 + s) t(1 − t)

1 + (s− 1)t =
( 1

1 + s
t−1 + s

1 + s
(1 − t)−1

)−1
,

a mixture of weighted harmonic means of t and 1 − t.
By Corollary 4.9.7(c),

Lip[0,1](ηs) = max
[0,1]

|η′
s| = (1 + s) max{1, s−1}

for s > 0.

Lemma 4.9.14. For s > 0, 0 ≤ ηs ≤ 1+s
(1+

√
s)2 ≤ 1 on [0, 1].

Proof. We have ηs(0) = ηs(1) = 0 and

η′
s(t) =

(1 + s)
(
1 − 2t− (s− 1)t2

)
(1 + (s− 1)t)2 .

The numerator is positive at t = 0, negative at t = 1, and a polynomial of degree at most 2,
so its only zero in (0, 1) is t0 = 1/(1+

√
s). Hence max[0,1] ηs = ηs(t0) = (1+s)/(1+

√
s)2 ≤

1.

Theorem 4.9.15. For every operator connection σ with representation as above,

ωφσ (δ) ≤ |aσ − bσ| δ +
∫

(0,1]
min

{(1 + s) δ
s

, 1
}
dmσ(s)

+
∫

(1,∞)
min{(1 + s)δ, 1} dmσ(s) −−−→

δ→0
0.

Consequently Theorem 4.4.5 and Theorem 4.10.4(a) hold with this explicit modulus for
every mean. If dmσ(s) ≤ Csλ−1ds on (0, 1] and dmσ(s) ≤ Cs−λ′−1ds on (1,∞) with
λ, λ′ ∈ (0, 1), then ωφσ (δ) ≤ C ′δmin{λ,λ′}.

Proof. Insert (4.9.5) into φσ(X) − φσ(Y ); the affine part has slope aσ − bσ. Use Corol-
lary 4.9.7(c), together with the bound ∥ηs(X) − ηs(Y )∥∞ ≤ max ηs ≤ 1 of Lemma 4.9.14.
The rate follows as in Corollary 4.9.12.
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4.10 Pairs with different sums
We now come to the more general and noncommutative setting. In general, two pairs of
completely positive maps need not have the same sum. In this section we use the sum
of all four maps as the dominating map. In this noncommutative setting the inequalities
are weaker than before, and an extra term in the Thompson metric appears. This term
behaves well enough as a continuity constant.

Let Φ1,Ψ1,Φ2,Ψ2 ∈ CP(X ,Y), put Ωi = Φi + Ψi, Ω′ = Ω1 + Ω2 and Ω = 1
2Ω′,

and assume Ω′ ̸= 0. Let Ω′(X) = ∑r
k=1 VkXV

∗
k with linearly independent V1, . . . , Vr and

W = [vec(V1) · · · vec(Vr)]. Each of the four maps lies below Ω′ in the completely positive
order, so by Theorem 4.2.2 there are unique 0 ≤ Ai, Bi ≤ 1Cr with Φi = ΨAi and Ψi = ΨBi ,
all taken with respect to V1, . . . , Vr. We put

Ci = Ai +Bi, γ = ∥C1 − 1
21Cr ∥∞, δ = max

{
∥A1 −A2∥∞, ∥B1 −B2∥∞

}
.

Since ΨA1+B1+A2+B2 = Ω′ = Ψ1Cr , uniqueness in Theorem 4.2.2 gives C1 + C2 = 1Cr ; in
particular C1 and C2 commute and

γ = ∥C2 − 1
21Cr ∥∞ = 1

2∥C1 − C2∥∞.

Note that ∥Ω′∗(1Y)∥∞ = 2∥Ω∗(1Y)∥∞. By Lemma 4.8.1, applied to Ω′ with K = A1 − A2
and K = B1 − B2, δ is the smallest d ≥ 0 such that −dΩ′ ≤ Φ1 − Φ2 ≤ dΩ′ and
−dΩ′ ≤ Ψ1 − Ψ2 ≤ dΩ′.

Thus δ measures the distance between the two pairs relative to their total Ω′, in the
completely positive order. The second parameter is the distance between the two sums.
With Dmax as in Lemma 4.6.5, we define the Thompson distance

dT (Ω1,Ω2) = max
{
Dmax(Ω1∥Ω2), Dmax(Ω2∥Ω1)

}
∈ [0,+∞].

This is the natural object to introduce, as in the commuting case, the infinite behaviour
of the divergences was controlled by the max-relative entropy. Physically (Remark 4.6.6),
dT (Ω1,Ω2) ≤ d says that every outcome probability of the device with its outcome forgotten,
on every input with ancilla, is reproduced within a factor e±d: a multiplicative calibration
error. Theorem 4.10.4 separates the in-pair change τ from this drift, and Corollary 4.10.8
and Lemma 4.10.5 bound both by the additive errors |||Φ1 − Φ2|||1 and |||Ψ1 − Ψ2|||1
(through δ, when δ < 1

2).

Lemma 4.10.1. The following are equivalent:

(i) dT (Ω1,Ω2) < ∞;

(ii) range J(Ω1) = rangeJ(Ω2);

(iii) C1 and C2 are invertible;

(iv) γ < 1
2 .

When they hold,
2γ = ∥C1 − C2∥∞ = tanh

(1
2dT (Ω1,Ω2)

)
.

Proof. Let λ− and λ+ be the smallest and largest eigenvalues of C1, so that γ = max{λ+ −
1
2 ,

1
2 − λ−} and the spectrum of C2 = 1Cr − C1 is {1 − λ : λ ∈ spec(C1)}. As in the proof

of Lemma 4.6.5, Ω1 ≤ cΩ2 if and only if C1 ≤ cC2 = c(1Cr −C1), that is, (1+ c)C1 ≤ c1Cr ,
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that is, λ+ ≤ c/(1 + c). Hence Dmax(Ω1∥Ω2) = log λ+
1−λ+

if λ+ < 1 and +∞ if λ+ = 1;
similarly Dmax(Ω2∥Ω1) = log 1−λ−

λ−
if λ− > 0 and +∞ if λ− = 0. Thus (i) holds if and

only if 0 < λ− ≤ λ+ < 1, which is (iii), and (iii) is equivalent to (iv) because γ < 1
2 means

exactly λ− > 0 and λ+ < 1.
For (ii), Theorem 4.2.2 gives

J(Ωi) = WCiW
∗ = (WC

1/2
i )(WC

1/2
i )∗,

whose range is W (rangeCi); since W is injective, (ii) holds if and only if rangeC1 =
rangeC2. If C1 and C2 are invertible this is clear. Conversely, if rangeC1 = rangeC2 = R,
then R ⊇ range(C1 + C2) = Cr, so both are invertible. Finally, tanh(1

2 log x) = x−1
x+1 gives

tanh(1
2 log λ+

1−λ+
) = 2λ+ − 1 and tanh(1

2 log 1−λ−
λ−

) = 1 − 2λ−; since tanh is increasing,

tanh(1
2dT ) = max{2λ+ − 1, 1 − 2λ−} = 2γ,

and
∥C1 − C2∥∞ = ∥2C1 − 1Cr ∥∞ = 2γ.

For the rest of this section we assume that range J(Ω1) = rangeJ(Ω2), that is, that the
two sums have the same Choi support. By Lemma 4.10.1, C1 and C2 are then invertible,
and we put

a1 = C
1/2
1 , a2 = C

1/2
2 , Ti = C

−1/2
i AiC

−1/2
i , τ = ∥T1 − T2∥∞.

Lemma 4.10.2. Under this assumption, 0 ≤ Ti ≤ 1Cr and 1Cr − Ti = C
−1/2
i BiC

−1/2
i .

Moreover, Ti is the ARN derivative of Φi with respect to Ωi, relative to the Kraus decompo-
sition of Ωi whose column matrix is WC

1/2
i . Finally, a2

1 + a2
2 = 1Cr , the operators a1 and

a2 commute, and
∥a1 − a2∥∞ ≤ 2γ, ∥a1 + a2∥∞ ≤

√
2.

Proof. Positivity of Ai and Bi gives Ti ≥ 0 and C
−1/2
i BiC

−1/2
i ≥ 0, and these two op-

erators add up to C
−1/2
i CiC

−1/2
i = 1Cr . The columns of WC

1/2
i are vec(Ṽj), where

Ṽj = ∑
k(C

1/2
i )kjVk; these are linearly independent because C1/2

i is invertible. By The-
orem 4.2.2,

J(Ωi) = WCiW
∗ = (WC

1/2
i )(WC

1/2
i )∗,

so the Ṽj form a Kraus decomposition of Ωi, and

J(Φi) = WAiW
∗ = (WC

1/2
i )Ti (WC

1/2
i )∗

identifies Ti as the derivative of Φi in this decomposition. The operators a1 and a2 are
functions of C1, hence commute, and a2

1 +a2
2 = C1 +C2 = 1Cr . If λ runs over the spectrum

of C1, the eigenvalues of a1 ∓ a2 are
√
λ∓

√
1 − λ, and

|
√
λ−

√
1 − λ| = |2λ− 1|√

λ+
√

1 − λ
≤ |2λ− 1| ≤ 2γ,

√
λ+

√
1 − λ ≤

√
2,

by
√
λ+

√
1 − λ ≥ 1 and the Cauchy–Schwarz inequality.
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Lemma 4.10.3. Let φ : [0, 1] → R be continuous, with ∥φ∥∞ = max[0,1] |φ|. Then

∥∥a1 φ(T1) a1 − a2 φ(T2) a2
∥∥

∞ ≤ 1
2 ωφ(τ) + 2

√
2 γ

(1 + sγ)1/2 ∥φ∥∞, sγ =
√

1 − 4γ2,

and in particular ∥∥a1 φ(T1) a1 − a2 φ(T2) a2
∥∥

∞ ≤ 1
2 ωφ(τ) + 2

√
2 γ ∥φ∥∞.

The coefficient of the second term is sharp as γ → 0. If T1, T2 ≤ (1 − ϵ)1Cr for some
ϵ ∈ (0, 1) and φ is only assumed continuous on [0, 1 − ϵ], the same holds with ωφ replaced
by ω(ϵ)

φ and ∥φ∥∞ by max[0,1−ϵ] |φ|. More generally, if spec(T1), spec(T2) ⊆ I for a compact
interval I on which φ is continuous, the same holds with ωIφ and maxI |φ|.

Proof. Put H− = φ(T1) −φ(T2) and H+ = φ(T1) +φ(T2), both Hermitian, with ∥H−∥∞ ≤
ωφ(τ) and ∥H+∥∞ ≤ 2∥φ∥∞. Then

a1φ(T1)a1 − a2φ(T2)a2 = 1
2
(
a1H−a1 + a2H−a2

)
+ 1

4

(
(a1 − a2)H+(a1 + a2) + (a1 + a2)H+(a1 − a2)

)
,

as one checks by expanding the right-hand side. Since −∥H−∥∞1Cr ≤ H− ≤ ∥H−∥∞1Cr

and a2
1 + a2

2 = 1Cr , conjugating by a1 and by a2 and adding gives

−∥H−∥∞1Cr ≤ a1H−a1 + a2H−a2 ≤ ∥H−∥∞1Cr ,

so the first term has norm at most 1
2∥H−∥∞ ≤ 1

2ωφ(τ). For the second term Y = 1
4(vH+u+

uH+v), with u = a1 + a2 and v = a1 − a2, let e1, . . . , er be an orthonormal eigenbasis of C1
with C1ei = λiei, and write λi = cos2 βi with βi ∈ [0, π2 ] and ψi = π

4 − βi ∈ [−π
4 ,

π
4 ]. Then

a1ei = cosβi ei and a2ei = sin βi ei, so uei =
√

2 cosψi ei and vei =
√

2 sinψi ei, and

⟨ei, Y ej⟩ = 1
4(H+)ij

(
2 sinψi cosψj + 2 cosψi sinψj

)
= 1

2(H+)ij sin(ψi + ψj).

Let m = maxi | sinψi|; if m = 0 then Y = 0. Otherwise put xi = (m−1/2 sinψi, m1/2 cosψi)
and yj = (m1/2 cosψj , m−1/2 sinψj) in R2, so that ⟨xi, yj⟩ = sin(ψi+ψj) and ∥xi∥2, ∥yj∥2 ≤
m + m = 2m. With the operators X,Y ′ : Cr → Cr ⊗ C2 given by Xei = ei ⊗ xi and
Y ′ej = ej ⊗ yj we have Y = 1

2X
∗(H+ ⊗ 1C2)Y ′, and ∥X∥∞, ∥Y ′∥∞ ≤ (2m)1/2 because the

vectors ei ⊗ xi are pairwise orthogonal. Hence ∥Y ∥∞ ≤ m∥H+∥∞ ≤ 2m∥φ∥∞. Finally
sin 2ψi = cos 2βi = 2λi − 1, so | sin 2ψi| ≤ 2γ; as |2ψi| ≤ π

2 , this gives cos 2ψi ≥ sγ and

sin2 ψi = 1
2(1 − cos 2ψi) ≤ 1

2(1 − sγ) = 2γ2

1 + sγ
.

Thus m ≤
√

2 γ (1 + sγ)−1/2, which gives the first inequality, and the second follows from
sγ ≥ 0. For φ ≡ 1 and T1 = T2 the left-hand side is ∥C1 − C2∥∞ = 2γ, while the bound
is 2γ ( 2

1+sγ
)1/2 = 2γ(1 + O(γ2)); this is the sharpness assertion. The other statements are

proved in the same way.

Theorem 4.10.4. Let Φ1,Ψ1,Φ2,Ψ2 ∈ CP(X ,Y) be such that rangeJ(Φ1 + Ψ1) =
range J(Φ2 + Ψ2), and let Ω, τ and dT = dT (Φ1 + Ψ1,Φ2 + Ψ2) be as above.

(a) For every Kubo–Ando mean σ,

|||Φ1 σΨ1 − Φ2 σΨ2|||1 ≤ ∥Ω∗(1Y)∥∞
(
ωgσ (τ) + 2

√
2 ∥gσ∥∞ tanh dT

2

)
.
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(b) For the geometric channel fidelity,∣∣F̂ (Φ1,Ψ1) − F̂ (Φ2,Ψ2)
∣∣ ≤ ∥Ω∗(1Y)∥∞

(
τ1/2 +

√
2 tanh dT

2

)
.

(c) For α ∈ (0, 1),∣∣Q̂α(Φ1∥Ψ1) − Q̂α(Φ2∥Ψ2)
∣∣ ≤ ∥Ω∗(1Y)∥∞

(
τα + τ1−α + 2

√
2 tanh dT

2

)
.

(d) For f as in Lemma 4.5.12,∣∣D̂f (Φ1∥Ψ1) − D̂f (Φ2∥Ψ2)
∣∣ ≤ ∥Ω∗(1Y)∥∞

(
ωhf

(τ) + 2
√

2 ∥hf∥∞ tanh dT
2

)
.

(e) For f as in Section 4.6, if moreover Dmax(Φi∥Ψi) ≤ log 1−ϵ
ϵ for i = 1, 2 and some

ϵ ∈ (0, 1), then (d) holds with ωhf
replaced by ω(ϵ)

hf
and ∥hf∥∞ by max[0,1−ϵ] |hf |.

(f) For every operator convex f and every compact interval I ⊆ [0, 1] on which hf is
finite, if spec(Ti) ⊆ I for i = 1, 2, then∣∣D̂f (Φ1∥Ψ1) − D̂f (Φ2∥Ψ2)

∣∣ ≤ ∥Ω∗(1Y)∥∞
(
ωIhf

(τ) + 2
√

2 max
I

|hf | tanh dT
2

)
.

For I = [ϵ, 1 − ϵ] with ϵ ∈ (0, 1
2) the hypothesis says

max{Dmax(Φi∥Ψi), Dmax(Ψi∥Φi)} ≤ log 1 − ϵ

ϵ
,

and Corollary 4.9.11 gives ωIhf
(τ) ≤ Lf (ϵ)τ .

If Φ1 + Ψ1 = Φ2 + Ψ2, then dT = 0, Ω = Φ1 + Ψ1, and τ = ∥T1 − T2∥∞ for the derivatives
Ti of Φi with respect to this common sum, so that (a)–(e) reduce to Theorems 4.4.5, 4.4.6,
4.5.5, 4.5.13(b) and 4.6.7(b) with the same constants.

Proof. By Lemma 4.10.2, Ai = aiTiai and Bi = ai(1Cr − Ti)ai for i = 1, 2. By
Lemma 4.10.1, 2γ = tanh dT

2 , so Lemma 4.10.3 reads∥∥a1φ(T1)a1 − a2φ(T2)a2
∥∥

∞ ≤ 1
2 ωφ(τ) +

√
2 ∥φ∥∞ tanh dT

2 . (4.10.1)

Let σ′ be an operator connection. By (4.2.1), which holds for connections by Re-
mark 4.2.16, J(Φi)σ′ J(Ψi) = W (Ai σ′Bi)W ∗. The transformer equality for the invertible
operator ai [79], followed by Remark 4.2.16(2) for the commuting pair Ti, 1Cr − Ti, gives

Ai σ
′Bi = ai

(
Ti σ

′ (1Cr − Ti)
)
ai = ai φσ′(Ti) ai,

and in the same way Bi σ′Ai = ai φσ′(1Cr − Ti) ai. For a mean σ we have φσ = gσ.
The partial-trace estimate. If N1, N2 ∈ L(Cr) are Hermitian, Lemma 4.4.10, applied to

Ω′, gives ∥∥TrY(WN1W
∗) − TrY(WN2W

∗)
∥∥

∞ ≤ ∥Ω′∗(1Y)∥∞ ∥N1 −N2∥∞

= 2∥Ω∗(1Y)∥∞∥N1 −N2∥∞,

and the same bound holds for the difference of the smallest, or of the largest, eigenvalues.
The factor 2 combines with the factor 1

2 in (4.10.1).
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(a) By definition of the mean and the first step,

J(Φi σΨi) = J(Φi)σ J(Ψi) = W (Ai σ Bi)W ∗,

so Φi σΨi = ΨNi with respect to V1, . . . , Vr, where Ni = aigσ(Ti)ai. Theorem 4.8.4, applied
to Ω′, gives

|||ΨN1 − ΨN2 |||1 ≤ ∥Ω′∗(1Y)∥∞∥N1 −N2∥∞.

Now apply (4.10.1) with φ = gσ.
(b) By Proposition 4.3.1 and the first step, F̂ (Φi,Ψi) = λmin

(
TrY(WNiW

∗)
)

with Ni =
aig#(Ti)ai. Apply the partial-trace estimate and (4.10.1) with φ = g#, using ωg#(t) ≤ t1/2

(Proposition 4.4.3(2)) and ∥g#∥∞ = 1
2 .

(c) By Lemma 4.5.3,

Q̂α(Φi∥Ψi) = λmin
(

TrY(J(Ψi) #α J(Φi))
)
,

and since g#1−α = hα, the first step gives

J(Ψi) #α J(Φi) = J(Φi) #1−α J(Ψi) = W aihα(Ti)aiW ∗.

Apply the partial-trace estimate and (4.10.1) with φ = hα, using ωhα(t) ≤ tα + t1−α

(Lemma 4.5.4) and ∥hα∥∞ ≤ 1.
(d) By Lemma 4.10.2, Ti is the derivative of Φi with respect to Ωi, relative to the Kraus

decomposition with column matrix Wai. Theorem 4.5.13(a), applied to Ωi with this matrix
in place of W , gives

D̂f (Φi∥Ψi) = λmax
(

TrY(W aihf (Ti)aiW ∗)
)
.

Apply the partial-trace estimate and (4.10.1) with φ = hf .
(e) Put c = (1 − ϵ)/ϵ. The set of c′ ≥ 0 with Φi ≤ c′Ψi is closed and upward closed,

so the definition of Dmax in Lemma 4.6.5 gives Φi ≤ cΨi, that is, W (cBi − Ai)W ∗ ≥ 0
by Choi’s theorem; conjugating by W+ gives cBi ≥ Ai, and conjugating by a−1

i gives
c(1Cr −Ti) ≥ Ti, that is, Ti ≤ (1−ϵ)1Cr . In particular Bi is invertible, so Lemma 4.6.3 with
C = W , Lemma 4.6.1 with R = ai, and the computation in the proof of Theorem 4.6.7(a)
give

Pf
(
J(Φi), J(Ψi)

)
= W Pf (Ai, Bi)W ∗ = W aihf (Ti)aiW ∗.

The remainder of the proof of Theorem 4.6.7(a) uses only Φi ≤ cΨi and this representation,
and shows that

D̂f (Φi∥Ψi) = λmax
(

TrY(W aihf (Ti)aiW ∗)
)
.

Apply the partial-trace estimate and the second statement of Lemma 4.10.3, in the form
(4.10.1), with φ = hf .

(f) By Lemma 4.10.2, Ti is the derivative of Φi with respect to Ωi, relative to the Kraus
decomposition with column matrix Wai. Theorem 4.7.5(b), applied to Ωi with this matrix
in place of W , gives

D̂f (Φi∥Ψi) = λmax
(

TrY(W aihf (Ti)aiW ∗)
)
,

since hf (Ti) is finite. Apply the partial-trace estimate and the last statement of
Lemma 4.10.3 with φ = hf . The identification of the hypothesis for I = [ϵ, 1 − ϵ] is
Lemma 4.6.5 applied within each pair, in the frame Wai, to Ti and to 1Cr − Ti.

Finally, if Φ1 + Ψ1 = Φ2 + Ψ2 = Ω, then Ω′ = 2Ω and dT = 0; the derivatives with
respect to Ω′ are Ai = 1

2Ti and Bi = 1
2(1Cr − Ti), where Ti is the derivative of Φi with

respect to Ω, so C1 = C2 = 1
21Cr and the operators Ti defined above coincide with these

derivatives.



CHAPTER 4. CONTINUITY OF QUANTUM CHANNEL DIVERGENCES 96

Since 2γ = tanh dT
2 and (1 − 4γ2)1/2 = sech dT

2 , the first inequality of Lemma 4.10.3
shows that each of the estimates (a)–(f) of Theorem 4.10.4 remains valid with tanh dT

2
replaced by tanh dT

2
(
1+sech dT

2
)−1/2, which is smaller by a factor between 2−1/2 (as dT → 0)

and 1.

Lemma 4.10.5. Without any assumption on the supports, γ ≤ δ. If δ < 1
2 , then

range J(Ω1) = rangeJ(Ω2) and

τ ≤ 2
√

2 δ√
1 − 4γ2 ≤ 2

√
2 δ√

1 − 4δ2
.

The constant 2
√

2 is optimal: in Example 4.10.6, τ/δ → 2
√

2 as δ → 0.

Proof. We have

2γ = ∥C1 − C2∥∞ ≤ ∥A1 −A2∥∞ + ∥B1 −B2∥∞ ≤ 2δ.

If δ < 1
2 then γ < 1

2 , and Lemma 4.10.1 gives the support condition. Put u = a1 + a2 and
v = a1 − a2, which commute with C1, and

T̄ = 1
2(T1 + T2), T̄ ′ = 1Cr − T̄ , M = T̄ − T̄ ′, T− = T1 − T2.

Since 0 ≤ Ti ≤ 1Cr , also 0 ≤ T̄ , T̄ ′ ≤ 1Cr . By Lemma 4.10.2, Ai − Bi = ai(2Ti − 1Cr )ai,
and 2T1 − 1Cr = M + T−, 2T2 − 1Cr = M − T−, so

(A1 −A2) − (B1 −B2) = (a1Ma1 − a2Ma2) + (a1T−a1 + a2T−a2).

For every X, a1Xa1 + a2Xa2 = 1
2(uXu+ vXv) and a1Xa1 − a2Xa2 = 1

2(uXv + vXu), as
one checks by expanding. Moreover

uv = a2
1 − a2

2 = C1 − C2 = (A1 −A2) + (B1 −B2).

Put
Ẽ = u−1(A1 −A2)u−1, F̃ = u−1(B1 −B2)u−1, N = u−1v.

Since u and v commute, N is Hermitian and N = u−1(uv)u−1 = Ẽ + F̃ . Conjugating the
displayed identity by u−1 gives

Ẽ − F̃ = 1
2(NM +MN) + 1

2(T− +NT−N).

Since M = T̄ − T̄ ′ and 1Cr = T̄ + T̄ ′, this is the exact identity

T− +NT−N = 2Y, Y = ẼT̄ ′ + T̄ ′Ẽ − F̃ T̄ − T̄ F̃ . (4.10.2)

Write
Y =

[
T̄ ′ −T̄

] [Ẽ
F̃

]
+
[
Ẽ −F̃

] [T̄ ′

T̄

]
as a sum of products of a row and a column of operators. We have

∥[T̄ ′ − T̄ ]∥2
∞ = ∥T̄ ′2 + T̄ 2∥∞ ≤ ∥T̄ ′ + T̄∥∞ = 1,

and likewise for the column (T̄ ′, T̄ ). With δ̃ = max{∥Ẽ∥∞, ∥F̃∥∞}, the column (Ẽ, F̃ ) and
the row [Ẽ − F̃ ] have norm at most

√
2 δ̃. Hence ∥Y ∥∞ ≤ 2

√
2 δ̃.
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Let λ run over the spectrum of C1, which lies in [1
2 −γ, 1

2 +γ], and put θλ = 2
√
λ(1 − λ)

and sγ =
√

1 − 4γ2. Since 4λ(1 − λ) = 1 − (2λ − 1)2, we have θλ ≥ sγ . The eigenvalues
of u2 = 1Cr + 2a1a2 are 1 + θλ ≥ 1 + sγ , so δ̃ ≤ δ/(1 + sγ). Those of N2 = v2u−2 are
(1 − θλ)/(1 + θλ) ≤ (1 − sγ)/(1 + sγ). By (4.10.2), ∥T−∥∞ ≤ 2∥Y ∥∞ + ∥N∥2

∞∥T−∥∞, and
therefore

τ = ∥T−∥∞ ≤ 2∥Y ∥∞
1 − ∥N∥2

∞
≤ 2 · 2

√
2 δ

1 + sγ
· 1 + sγ

2sγ
= 2

√
2 δ
sγ

.

The second inequality of the statement follows from γ ≤ δ.

Example 4.10.6. Let r = 2, Z = diag(1,−1), X =
[ 0 1

1 0
]
, and let U0 = (Z + X)/

√
2 and

U1 = (Z − X)/
√

2, which are symmetric unitaries. For 0 < δ < 1
2 put T0 = diag(δ, 1 − δ)

and
A1,2 = 1

2
(
T0 ± δU0

)
, B1,2 = 1

2
(
1C2 − T0 ± δU1

)
.

These are positive semidefinite, since all four have positive diagonal entries and determinant
at least

√
2−1

4
√

2 δ(1 − 2δ) > 0. They sum to 1C2 , and ∥A1 − A2∥∞ = ∥B1 − B2∥∞ = δ; by
Theorem 4.2.2 they are the derivatives of four completely positive maps with respect to
any linearly independent pair V1, V2. Here C1 = 1

2(1C2 +
√

2 δZ), so u =
√

2 1C2 + O(δ),
N = O(δ), Ẽ = δ

2U0 + O(δ2), F̃ = δ
2U1 + O(δ2) and T̄ = diag(0, 1) + O(δ). A direct

computation gives

U0T̄
′
0 + T̄ ′

0U0 − U1T̄0 − T̄0U1 =
√

2 jj⊤, T̄0 = diag(0, 1), T̄ ′
0 = diag(1, 0),

so Y = δ√
2 jj⊤ + O(δ2), and (4.10.2) gives τ = 2

√
2 δ + O(δ2). Since 2

√
2 > 2, we get

τ > 2δ for small δ, so the sharp bound 2δ of the commuting case (see the remark following
Corollary 4.10.8) does not hold in general.

Corollary 4.10.7. For all Φ1,Ψ1,Φ2,Ψ2 ∈ CP(X ,Y) with Ω′ ̸= 0,∣∣F̂ (Φ1,Ψ1) − F̂ (Φ2,Ψ2)
∣∣ ≤ 2.528 ∥Ω∗(1Y)∥∞ δ1/2,

where δ is the relative distance of Lemma 4.8.1. For channels the constant is 5.06.

Proof. Put δ0 = 0.1566 and sx = (1 − 4x2)1/2, so that sδ0 > 0.94968. Suppose first that
δ ≤ δ0. By Lemma 4.10.5,

τ ≤ 2
√

2 δ/sδ ≤ 2
√

2 δ/sδ0 < 2.9783 δ,

so τ1/2 < 1.7258 δ1/2. The proof of Theorem 4.10.4(b), with the first inequality of
Lemma 4.10.3 in place of (4.10.1), gives

∣∣F̂ (Φ1,Ψ1) − F̂ (Φ2,Ψ2)
∣∣ ≤ ∥Ω∗(1Y)∥∞

(
τ1/2 + 2

√
2 γ

(1 + sγ)1/2

)
.

The function x 7→ x(1 + sx)−1/2 is increasing on [0, 1
2), and γ ≤ δ ≤ δ0 by Lemma 4.10.5,

so the second term in the bracket is at most

2
√

2 δ1/2
0 (1 + sδ0)−1/2δ1/2 < 0.8017 δ1/2.

This gives the constant 1.7258 + 0.8017 < 2.528. If δ > δ0, we use that 0 ≤ F̂ (Φi,Ψi) ≤
∥Ω∗(1Y)∥∞: indeed,

J(Φi)#J(Ψi) ≤ 1
2(J(Φi) + J(Ψi)) = 1

2J(Ωi)
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by the arithmetic–geometric mean inequality [79], so Proposition 4.3.1 gives

F̂ (Φi,Ψi) ≤ 1
2λmin(Ω∗

i (1Y)⊤) ≤ 1
2∥Ω∗

i (1Y)∥∞ ≤ ∥Ω∗(1Y)∥∞,

using Ωi ≤ Ω′ = 2Ω. Hence the left-hand side is at most ∥Ω∗(1Y)∥∞ < δ
−1/2
0 ∥Ω∗(1Y)∥∞δ

1/2,
and δ

−1/2
0 < 2.5270. For channels, Ω∗(1Y) = 2 · 1X , and 2 · 2.528 < 5.06. The threshold δ0

is essentially optimal for this argument, since the two constants (2
√

2/sδ)1/2 +2
√

2 δ1/2(1+
sδ)−1/2 and δ−1/2 coincide at δ = 0.15657, where both equal 2.5273. (With the weaker
bound 2

√
2 γ∥φ∥∞ for the second term of Lemma 4.10.3, the same optimisation gives

2.7437.)

Corollary 4.10.8. For all Φ1,Ψ1,Φ2,Ψ2 ∈ CP(X ,Y) with Ω′ ̸= 0,

δ ≤
max

{
|||Φ1 − Φ2|||1, |||Ψ1 − Ψ2|||1

}
ν(Ω′)2 ,

and if range J(Φ2 + Ψ2) ⊆ rangeJ(Φ1 + Ψ1), then ν(Ω′) ≥ ν(Φ1 + Ψ1). Consequently, in
the latter case,

∣∣F̂ (Φ1,Ψ1) − F̂ (Φ2,Ψ2)
∣∣ ≤ 2.528 ∥Ω∗(1Y)∥∞

ν(Φ1 + Ψ1) max
{
|||Φ1 − Φ2|||1, |||Ψ1 − Ψ2|||1

}1/2
.

Proof. With respect to the Kraus decomposition of Ω′ we have Φ1 − Φ2 = ΨA1−A2 and
Ψ1 − Ψ2 = ΨB1−B2 , so the first inequality is Theorem 4.8.4 applied to Ω′. If range J(Φ2 +
Ψ2) ⊆ range J(Φ1 + Ψ1), then, since the range of a sum of positive semidefinite operators
is the sum of their ranges, range J(Ω′) = rangeJ(Φ1 + Ψ1), and Ω′ ≥ Φ1 + Ψ1 in the
completely positive order, so Lemma 4.8.2(3) gives ν(Ω′) ≥ ν(Φ1 +Ψ1). The last statement
follows from Corollary 4.10.7.

Remark 4.10.9. Corollary 4.10.8 shows that the geometric channel fidelity is locally Hölder
continuous of order 1

2 in the completely bounded trace norm at every pair (Φ1,Ψ1), along
perturbations that do not enlarge the Choi support of the sum, with a constant that depends
only on ν(Φ1 + Ψ1) and on ∥Ω∗(1Y)∥∞ ≤ 1

2
(
∥Ω∗

1(1Y)∥∞ + ∥Ω∗
2(1Y)∥∞

)
, and not on any

dimension. The same argument applies to the other quantities in Theorem 4.10.4, with the
corresponding moduli. The support condition is needed here only to control τ by δ: if Φ2
adds a small multiple tΞ of a map whose Choi matrix has range outside rangeJ(Φ1 + Ψ1),
then ν(Ω′)2 may be of order t, and Corollary 4.3.3 shows that some dependence on ν is
unavoidable. Section 4.11 extends Theorem 4.10.4 itself to arbitrary supports. In the
commuting case ∥T1 − T2∥∞ ≤ 2δ, and this is sharp. Indeed, on a common eigenvector let
ti, xi, yi and ci = xi + yi be the eigenvalues of Ti, Ai, Bi and Ci, so that xi = citi and
yi = ci(1 − ti), write c1 = 1

2 + γ′ and c2 = 1
2 − γ′, and assume that d = t1 − t2 ≥ 0. If

γ′ ≥ 0, then c1d = (x1 −x2) − 2γ′t2 ≤ δ; if γ′ < 0, then c2d = 2γ′(1 − t1) − (y1 −y2) ≤ δ. In
both cases the coefficient of d is at least 1

2 , so d ≤ 2δ. Equality holds for equal sums with
t2 = 0 and t1 = 2δ. Example 4.10.6 shows that noncommutativity costs a factor

√
2 in the

leading constant of Lemma 4.10.5, and no more.

4.11 Sums with different Choi supports
We now drop the hypothesis rangeJ(Ω1) = rangeJ(Ω2) of Section 4.10. Its only role there
was to make C1 and C2 invertible. Lemma 4.10.3 then measures the change of the sums
by γ = ∥C1 − 1

21Cr ∥∞, a supremum over the spectrum of C1. A single direction that is
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present in one sum and absent from the other gives γ = 1
2 , however small its weight, and

the estimate becomes trivial. We replace this supremum by weighted estimates, organised
by the Lebesgue decomposition of Section 4.7.

We keep the notation of Section 4.10: Ω′, V1, . . . , Vr, W , Ai, Bi, Ci, a1 = C
1/2
1 and

a2 = C
1/2
2 . Put

∆(Z) = TrY(WZW ∗), Z ∈ L(Cr),

a completely positive map. For K ≥ 0, ∆(K) = TrY J(ΨK) is the transpose of Ψ∗
K(1Y), so

∥∆(1Cr )∥∞ = ∥Ω′∗(1Y)∥∞ = 2∥Ω∗(1Y)∥∞

and ∥∆(Ci)∥∞ = ∥Ω∗
i (1Y)∥∞. We use two elementary facts. If Z is Hermitian and −K ≤

Z ≤ K, then
∥∆(Z)∥∞ ≤ ∥∆(K)∥∞, |||ΨZ |||1 ≤ ∥Ψ∗

K(1Y)∥∞. (4.11.1)

The first holds because ∆ is positive. For the second, ΨK ± ΨZ = ΨK±Z is completely
positive, so

−(ΨK ⊗ 1L(X ))(ρ) ≤ (ΨZ ⊗ 1L(X ))(ρ) ≤ (ΨK ⊗ 1L(X ))(ρ)

for every state ρ, and therefore

∥(ΨZ ⊗ 1L(X ))(ρ)∥1 ≤ tr(ΨK ⊗ 1L(X ))(ρ) ≤ ∥Ψ∗
K(1Y)∥∞.

4.11.1 The Lebesgue decomposition of the sums

Let Q1, QR and Q2 be the spectral projections of C1 for {1}, (0, 1) and {0}. They commute
with a1 and a2, and P1 = Q1 +QR and P2 = QR +Q2 are the range projections of C1 and
C2 = 1Cr − C1. By Proposition 4.7.1, applied to the pair (Ω1,Ω2), whose derivative with
respect to Ω′ is C1, the singular part of Ω1 relative to Ω2 is (Ω1)s = ΨQ1 , and that of Ω2
relative to Ω1 is (Ω2)s = ΨQ2 . The absolutely continuous parts Ωac

i = Ωi − (Ωi)s = ΨQRCi

have the same Choi range, and the supports of the sums agree if and only if Q1 = Q2 = 0.

Lemma 4.11.1. Let T1 = a+
1 A1a

+
1 and T2 = a+

2 A2a
+
2 , where + denotes the Moore–Penrose

inverse, regarded as operators on rangeP1 and rangeP2.

(a) 0 ≤ Ti ≤ Pi, Ai = aiTiai and Bi = ai(Pi − Ti)ai.

(b) If Ui is an isometry with range rangePi, then U∗
i TiUi is the derivative of Φi with

respect to Ωi, relative to the Kraus decomposition of Ωi whose column matrix is WaiUi.

(c) For every operator connection σ′, Ai σ′Bi = ai φσ′(Ti) ai, where φσ′(Ti) is formed by
the functional calculus in L(rangePi) and extended by 0.

(d) Let Ni = aiφ(Ti)ai in this sense. Then J(Φi)σ J(Ψi) = WNiW
∗ for a mean σ

and φ = gσ, so that F̂ (Φi,Ψi) = λmin(∆(Ni)) for φ = g# and Q̂α(Φi∥Ψi) =
λmin(∆(Ni)) for φ = hα. For every operator convex f with hf (Ti) finite, D̂f (Φi∥Ψi) =
λmax(∆(Ni)) for φ = hf .

Proof. (a) Since 0 ≤ Ai ≤ Ci = a2
i , we have rangeAi ⊆ rangeCi = rangePi, so Ai =

PiAiPi = aia
+
i Aia

+
i ai = aiTiai. Moreover Ti ≤ a+

i Cia
+
i = Pi, and Bi = Ci − Ai =

ai(Pi − Ti)ai.
(b)

J(Ωi) = WCiW
∗ = (WaiUi)(WaiUi)∗,



CHAPTER 4. CONTINUITY OF QUANTUM CHANNEL DIVERGENCES 100

and WaiUi is injective because W is injective and ai is injective on rangePi. By (a),

J(Φi) = WAiW
∗ = (WaiUi)U∗

i TiUi (WaiUi)∗,

and Theorem 4.2.2 gives the claim.
(c) The operators Ai, Bi and ai vanish on kerPi and leave rangePi invariant. A con-

nection respects such direct sums, by its defining formula for invertible arguments and
continuity from above, and 0σ′ 0 = 0. On rangePi the operator ai is invertible, so the
transformer equality and Remark 4.2.16(2), applied in L(rangePi), give

Ai σ
′Bi = ai

(
Ti σ

′ (Pi − Ti)
)
ai = aiφσ′(Ti)ai.

(d) The first statements follow from (c) and (4.2.1), exactly as in the proof of The-
orem 4.10.4, and from Proposition 4.3.1 and Lemma 4.5.3. For the last, apply Theo-
rem 4.7.5(b) to Ωi with the Kraus decomposition of (b).

We now define the quantities that replace τ and γ. Put

τac = ∥QR(T1 − T2)QR∥∞, κi = ∥QiTiQR∥∞ (i = 1, 2),
γac = ∥QR(C1 − 1

21Cr )QR∥∞.

These are the in-pair distance on the common part of the supports, the coupling inside each
pair between the singular and the common directions, and the half-distance of C1 from 1

2
on the common part. Since QR is the spectral projection for (0, 1) and r < ∞, we have
γac <

1
2 . If QR ̸= 0, the proof of Lemma 4.10.1, applied to Ωac

1 and Ωac
2 , whose derivatives

with respect to their sum ΨQR
are the restrictions of C1 and C2 to rangeQR, gives

tanh
(1

2dac
)

= 2γac, dac = dT
(
Ωac

1 ,Ωac
2
)
< ∞.

If QR = 0, that is, if the Choi ranges of the two sums intersect trivially (for instance if one
sum is 0), then Ωac

1 = Ωac
2 = 0 and γac = 0, and we set dac = 0, so that tanh(1

2dac) = 2γac
in all cases. Let Ω1#Ω2 be the completely positive map with Choi matrix J(Ω1)#J(Ω2).
By (4.2.1) this Choi matrix is W (C1#C2)W ∗ = Wa1a2W

∗, since C1 and C2 commute, and
a1a2 = QRa1a2QR. Hence Ωac

1 + Ωac
2 − 2 Ω1#Ω2 = ΨQR(a1−a2)2 is completely positive, and

we put

hac =
∥∥(Ωac

1 + Ωac
2 − 2 Ω1#Ω2

)∗(1Y)
∥∥1/2

∞ , ms =
∥∥((Ω1)s + (Ω2)s

)∗(1Y)
∥∥

∞.

Thus hac is a Hellinger-type distance between the absolutely continuous parts of the sums,
and ms is the size of their singular parts.

Lemma 4.11.2. (a) If rangeJ(Ω1) = range J(Ω2), then ms = κ1 = κ2 = 0, τac = τ ,
γac = γ and dac = dT .

(b) κ1, κ2 ≤ 1
2 .

(c)
h2

ac ≤ min
{
∥∆(QR|C1 − C2|)∥∞, 4γ2

ac∥∆(QR)∥∞
}
,

and 4γ2
ac∥∆(QR)∥∞ ≤ 8γ2

ac∥Ω∗(1Y)∥∞. Here ∆(QR|C1 − C2|) is the transpose of
Ψ∗
QR|C1−C2|(1Y), the total variation of the absolutely continuous parts measured in

the frame of Ω′.
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Proof. (a) is immediate from the definitions. (b) Let u ∈ rangeQ1 and v ∈ rangeQR be
unit vectors with |⟨u, T1v⟩| = κ1. The compression of T1 to span{u, v} is a 2 × 2 matrix[
s x
x̄ t

]
with eigenvalues in [0, 1] and |x| = κ1. Then |x|2 ≤ st and |x|2 ≤ (1 − s)(1 − t),

so |x|4 ≤ s(1 − s)t(1 − t) ≤ 1
16 . The same argument applies to κ2. (c) For commuting

a1, a2 ≥ 0, |a1 − a2| ≤ a1 + a2, so

(a1 − a2)2 ≤ |a1 − a2|(a1 + a2) = |a2
1 − a2

2| = |C1 − C2|.

Also |
√
λ −

√
1 − λ| ≤ |2λ − 1| ≤ 2γac for λ in the spectrum of C1 on rangeQR, so

QR(a1 − a2)2 ≤ 4γ2
acQR. Apply ∆, and use

∥∆(QR)∥∞ ≤ ∥∆(1Cr )∥∞ = 2∥Ω∗(1Y)∥∞.

4.11.2 The estimate

Theorem 4.11.3. Let Φ1,Ψ1,Φ2,Ψ2 ∈ CP(X ,Y) be arbitrary, with Ω′ ̸= 0, and let T1, T2
be as in Lemma 4.11.1. Let I ⊆ [0, 1] be a compact interval containing spec(T1) ∪ spec(T2),
let φ : I → R be continuous, ∥φ∥I = maxI |φ|, and Ni = aiφ(Ti)ai. Then ∥∆(N1) −
∆(N2)∥∞ and |||ΨN1 − ΨN2 |||1 are both at most

Rφ = ∥Ω∗(1Y)∥∞ ωIφ(τac)

+ ∥φ∥I
(
ms + min

{
2
√

2 ∥Ω∗(1Y)∥∞ tanh dac
2 , 2∥Ω∗(1Y)∥1/2

∞ hac
})

+ ∥Ω∗
1(1Y)∥∞ ωIφ(κ1) + ∥Ω∗

2(1Y)∥∞ ωIφ(κ2).

Consequently:

(a) |||Φ1 σΨ1 − Φ2 σΨ2|||1 ≤ Rgσ for every Kubo–Ando mean σ, with I = [0, 1];

(b) |F̂ (Φ1,Ψ1) − F̂ (Φ2,Ψ2)| ≤ Rg#, and with I = [0, 1], ωg#(t) ≤ t1/2 and ∥g#∥∞ = 1
2 ,

Rg# ≤ ∥Ω∗(1Y)∥∞τ
1/2
ac + 1

2ms +
∑
i=1,2

∥Ω∗
i (1Y)∥∞κ

1/2
i

+ min
{√

2 ∥Ω∗(1Y)∥∞ tanh dac
2 , ∥Ω∗(1Y)∥1/2

∞ hac
}

;

(c) |Q̂α(Φ1∥Ψ1) − Q̂α(Φ2∥Ψ2)| ≤ Rhα for α ∈ (0, 1), with I = [0, 1];

(d) |D̂f (Φ1∥Ψ1) − D̂f (Φ2∥Ψ2)| ≤ Rhf
for every operator convex f such that hf is finite

on I.

If range J(Ω1) = rangeJ(Ω2), then, taking the first entry of the minimum, Rφ equals the
bound of Theorem 4.10.4 for the corresponding quantity.

Proof. Let T d
1 = Q1T1Q1 + QRT1QR and T d

2 = QRT2QR + Q2T2Q2 be the block-diagonal
parts of Ti with respect to the spectral decomposition of C1. Compressions of an operator
with spectrum in the interval I have spectra in I, so φ(T d

i ) is defined, and ∥Ti−T d
i ∥∞ = κi,

since T1 −T d
1 = Q1T1QR+QRT1Q1 and similarly for T2. Put Nd

i = aiφ(T d
i )ai. By (4.11.1),

all three steps below give the same bound for ∥∆(·)∥∞ and for |||Ψ(·)|||1.
Coupling. Since ∥φ(T1) − φ(T d

1 )∥∞ ≤ ωIφ(κ1), we have

±(N1 −Nd
1 ) ≤ ωIφ(κ1) a2

1 = ωIφ(κ1)C1,
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and
∥∆(C1)∥∞ = ∥Ψ∗

C1(1Y)∥∞ = ∥Ω∗
1(1Y)∥∞.

The same holds for the second pair.
Singular parts. On rangeQ1 we have a1 = 1rangeQ1 and a2 = 0, and on rangeQ2 we

have a1 = 0 and a2 = 1rangeQ2 . Since T d
i is block diagonal,

Nd
1 −Nd

2 = Q1φ(Q1T1Q1)Q1 −Q2φ(Q2T2Q2)Q2 + ZR,

ZR = a1φ(QRT1QR)a1 − a2φ(QRT2QR)a2,

where in ZR the functional calculus is taken in L(rangeQR). The first two terms lie between
∓∥φ∥I(Q1 +Q2), and ∥∆(Q1 +Q2)∥∞ = ms.

Common part. On rangeQR put H− = φ(QRT1QR) − φ(QRT2QR) and H+ =
φ(QRT1QR) + φ(QRT2QR), so that ∥H−∥∞ ≤ ωIφ(τac) and ∥H+∥∞ ≤ 2∥φ∥I . As in the
proof of Lemma 4.10.3,

ZR = 1
2(a1H−a1 + a2H−a2) +Y, Y = 1

4
(
(a1 − a2)H+(a1 + a2) + (a1 + a2)H+(a1 − a2)

)
,

with all operators restricted to rangeQR. Since a2
1 + a2

2 = QR there,

±1
2(a1H−a1 + a2H−a2) ≤ 1

2∥H−∥∞QR,

and ∥∆(QR)∥∞ ≤ 2∥Ω∗(1Y)∥∞. For Y we give two bounds. First, as in Lemma 4.10.3, on
rangeQR we have

∥Y ∥∞ ≤ 1
2∥a1 − a2∥∞∥H+∥∞∥a1 + a2∥∞ ≤ 1

2 · 2γac · 2∥φ∥I ·
√

2,

so ±Y ≤ 2
√

2 γac∥φ∥IQR. Second, let X,X ′, H+ be Hermitian and η > 0. Expanding

(η1/2X ∓ η−1/2X ′H+)(η1/2X ∓ η−1/2H+X
′) ≥ 0

gives
±(XH+X

′ +X ′H+X) ≤ ηX2 + η−1X ′H2
+X

′ ≤ ηX2 + η−1∥H+∥2
∞X

′2.

With X = a1 −a2 and X ′ = a1 +a2, and since (a1 +a2)2 = QR+2a1a2 ≤ 2QR on rangeQR,
this gives

±4Y ≤ η QR(a1 − a2)2 + 2η−1∥H+∥2
∞QR.

By definition ∥∆(QR(a1 − a2)2)∥∞ = h2
ac, so optimising over η, the bound is

1
4 · 2∥H+∥∞hac(2∥∆(QR)∥∞)1/2 ≤ 2∥φ∥I∥Ω∗(1Y)∥1/2

∞ hac.

Since 2γac = tanh dac
2 , the first bound contributes at most 2

√
2 ∥φ∥I∥Ω∗(1Y)∥∞ tanh dac

2 .
Adding the three steps gives Rφ. Parts (a)–(d) follow from Lemma 4.11.1(d) and

|λmin(M) − λmin(M ′)|, |λmax(M) − λmax(M ′)| ≤ ∥M −M ′∥∞;

for (a), Φi σΨi = ΨNi with respect to V1, . . . , Vr. If the supports agree, Lemma 4.11.2(a)
shows that Rφ with the first entry of the minimum is

∥Ω∗(1Y)∥∞
(
ωφ(τ) + 2

√
2∥φ∥I tanh dT2

)
,

which is the bound of Theorem 4.10.4.
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Theorem 4.11.3 separates three effects. The singular parts of the sums enter linearly,
through their size ms. The change of the common part enters through the in-pair distance
τac and through either the Thompson or the Hellinger distance of the absolutely continuous
parts, whichever is smaller. The Hellinger form is better when some common directions
carry very different relative weights in the two sums but little absolute weight. The cou-
plings κi measure how strongly each pair mixes the directions it does not share with the
other sum into the common ones. The next corollary is the cleanest case, in which only
the singular part survives.

Corollary 4.11.4 (Adding an independent branch). Let Φ1,Ψ1,ΘΦ,ΘΨ ∈ CP(X ,Y), put
Ω1 = Φ1 + Ψ1 and Θ = ΘΦ + ΘΨ, and assume rangeJ(Ω1) ∩ range J(Θ) = {0}. Let
Φ2 = Φ1 + ΘΦ and Ψ2 = Ψ1 + ΘΨ. Then for every operator connection σ′,

J(Φ2)σ′ J(Ψ2) = J(Φ1)σ′ J(Ψ1) + J(ΘΦ)σ′ J(ΘΨ),

and consequently

F̂ (Φ1,Ψ1) + F̂ (ΘΦ,ΘΨ) ≤ F̂ (Φ2,Ψ2) ≤ F̂ (Φ1,Ψ1) + 1
2∥Θ∗(1Y)∥∞.

For every mean σ,

|||Φ2 σΨ2 − Φ1 σΨ1|||1 = |||ΘΦ σΘΨ|||1 ≤ ∥Θ∗(1Y)∥∞.

In the notation of Theorem 4.11.3, (Ω1)s = 0, (Ω2)s = Θ, and τac = κ1 = κ2 = dac = 0,
where dac = 0 holds by the convention above if Ω1 = 0.

Proof. Let V1 = range J(Ω1) and V2 = rangeJ(Θ). Since V1 ∩ V2 = {0}, there is an
invertible Z on Y ⊗ X with ZV1 ⊥ ZV2. The Choi matrices of Φ1,Ψ1 have ranges in V1,
and those of ΘΦ,ΘΨ in V2, because J(Φ1), J(Ψ1) ≤ J(Ω1) and J(ΘΦ), J(ΘΨ) ≤ J(Θ).
After conjugation by Z the two pairs live on orthogonal subspaces, where the connection
acts blockwise. The transformer equality for the invertible Z gives the identity. Taking
partial traces, TrY

(
J(Φ2)#J(Ψ2)

)
= M1 +MΘ with M1 = TrY(J(Φ1)#J(Ψ1)) and MΘ =

TrY(J(ΘΦ)#J(ΘΨ)). Then

λmin(M1) + λmin(MΘ) ≤ λmin(M1 +MΘ) ≤ λmin(M1) + ∥MΘ∥∞,

and J(ΘΦ)#J(ΘΨ) ≤ 1
2J(Θ) by the arithmetic–geometric mean inequality, so ∥MΘ∥∞ ≤

1
2∥Θ∗(1Y)∥∞; Proposition 4.3.1 gives the inequalities. For a mean, 0 ≤ J(ΘΦ)σ J(ΘΨ) ≤
J(Θ) in the completely positive sense, which gives the trace-norm bound. For the last
statement, choose the column matrix W = [W1 WΘ] of Ω′ = 2Ω1 +Θ with W1W

∗
1 = 2J(Ω1)

and WΘW
∗
Θ = J(Θ); its columns are linearly independent because V1 ∩ V2 = {0}. Then,

splitting Cr = Cr1 ⊕ CrΘ according to the columns of W1 and WΘ, C1 = 1
21Cr1 ⊕ 0, C2 =

1
21Cr1 ⊕1CrΘ , A2 = A1 ⊕TΘ for the derivative TΘ of ΘΦ, and T1 = 2A1, T2 = 2A1 ⊕TΘ.

Remark 4.11.5 (Physical interpretation). Corollary 4.11.4 covers heralded erasure. Regard
channels Φ1,Ψ1 as maps into L(Y⊕Cv0), and let them output a flag v0v

∗
0 with probability p:

Φ2 = (1−p)Φ1 +p tr(·) v0v
∗
0 and likewise Ψ2. The corollary applies to

(
(1−p)Φ1, (1−p)Ψ1

)
and ΘΦ = ΘΨ = p tr(·) v0v

∗
0, since range J(Θ) = Cv0 ⊗ X is orthogonal to Y ⊗ X ⊇

range J(Φ1 + Ψ1). As
F̂ (ΘΦ,ΘΨ) = p = 1

2∥Θ∗(1Y⊕Cv0)∥∞

and F̂ is positively homogeneous, its two bounds coincide and give F̂ (Φ2,Ψ2) = (1 −
p)F̂ (Φ1,Ψ1) + p: an incoherent new branch enters exactly with its weight. Leakage coher-
ently coupled to existing directions [130] enters instead through the couplings κi, and can
cost a constant at vanishing weight (Example 4.11.7).
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Without the independence assumption, the quantities of Theorem 4.11.3 cannot be
bounded by the completely bounded distance between the pairs alone. Take dim X = 1, so
that completely positive maps are positive semidefinite matrices, and linearly independent
unit vectors y1, y2 with |⟨y1, y2⟩| close to 1. Let Φ1 = Ψ1 = y1y

∗
1 and Φ2 = y1y

∗
1, Ψ2 = y2y

∗
2.

Then F̂ (Φ1,Ψ1) = 1 and F̂ (Φ2,Ψ2) = 0, because the geometric mean of two distinct
rank-one projections is 0, although ∥Ψ1 − Ψ2∥1 is small. In the frame W = [

√
3 y1 y2]

of Ω′ = 3y1y
∗
1 + y2y

∗
2 one finds C1 = diag(2

3 , 0), T1 = 1
2 and T2 = diag(1, 0). Hence

(Ω2)s = y2y
∗
2 has size ms = 1, however close y2 is to y1, and τac = 1

2 . The jump is therefore
recorded by the theorem, through τac and ms, and not hidden. It is the support-changing
counterpart of the impossibility example of Corollary 4.3.3.

4.11.3 Continuity in the derivative across support changes

Theorem 4.11.3 is a continuity statement in which the relative distance δ is replaced
by the quantities of the Lebesgue decomposition. When the supports differ, δ ≥ 1

2 by
Lemma 4.10.5, so no statement in terms of δ alone can cover this case.

Corollary 4.11.6 (Continuity across support changes). Fix (Φ1,Ψ1), let (Φ(n)
2 ,Ψ(n)

2 ) be
pairs with supn ∥Ω(n)∗

2 (1Y)∥∞ < ∞, and let τ (n)
ac , κ

(n)
i ,m

(n)
s , d

(n)
ac , h

(n)
ac be the quantities of

Theorem 4.11.3 for the pairs (Φ1,Ψ1) and (Φ(n)
2 ,Ψ(n)

2 ). If

τ (n)
ac → 0, κ

(n)
1 , κ

(n)
2 → 0, m(n)

s → 0, min{d(n)
ac , h

(n)
ac } → 0,

then F̂ (Φ(n)
2 ,Ψ(n)

2 ) → F̂ (Φ1,Ψ1), Q̂α(Φ(n)
2 ∥Ψ(n)

2 ) → Q̂α(Φ1∥Ψ1) for α ∈ (0, 1), and
|||Φ(n)

2 σΨ(n)
2 − Φ1σΨ1|||1 → 0 for every mean σ. The same holds for D̂f for every operator

convex f such that hf is finite on a compact interval containing the spectra of all the
in-pair derivatives. If the supports of the sums agree for all n, the hypothesis reduces to
τ (n) → 0 and min{d(n)

T , h
(n)
ac } → 0, which holds in particular if τ (n) → 0 and d(n)

T → 0.

Proof. Every term of Rφ is a constant times ωIφ at one of τ (n)
ac , κ

(n)
1 , κ

(n)
2 , or a constant times

m
(n)
s , tanh 1

2d
(n)
ac or h(n)

ac , and the constants are bounded in n. Lemma 4.4.8 gives ωIφ(δ) → 0
as δ → 0. The last statement is Lemma 4.11.2(a).

None of the hypotheses can be dropped. For τac, take the pairs of Corollary 4.3.3:
they have the same sum, so all other quantities vanish, while τac = 1

2 and F̂ jumps from
0 to 1. For ms, take Corollary 4.11.4 with ΘΦ = ΘΨ and F̂ (ΘΦ,ΘΨ) > 0, for instance
the flag of Remark 4.11.5: then τac = κ1 = κ2 = dac = hac = 0, while F̂ increases by at
least F̂ (ΘΦ,ΘΨ). For min{dac, hac}, let dim X = 1, Y = C2, J(Φ1) = J(Ψ1) = 1

21C2 and
J(Φ2) = J(Ψ2) = 1

2diag(1, s) with 0 < s < 1. The supports agree and τac = κ1 = κ2 =
ms = 0, while dac = log 1

s , hac = 1 −
√
s and F̂ (Φ1,Ψ1) − F̂ (Φ2,Ψ2) = 1−s

2 . In the example
following Corollary 4.11.4, ms = 1 and τac = 1

2 while the pairs are arbitrarily close. The
next example shows that the coupling alone can carry a jump, with every other quantity
tending to zero.

Example 4.11.7 (Coupling). Let dim X = 1 and Y = C2, let P be the projection onto
(e1 + e2)/

√
2, and put Zt = diag(

√
t, 1). Let J(Φt) = ZtPZt, J(Ψt) = Zt(1C2 − P )Zt,

and J(Φ0) = J(Ψ0) = 1
2e2e

∗
2. Then ∥J(Φt) − J(Φ0)∥1 and ∥J(Ψt) − J(Ψ0)∥1 are O(

√
t).

Now J(Φt) and J(Ψt) are distinct rank-one operators, so their geometric mean is 0 and
F̂ (Φt,Ψt) = 0, whereas F̂ (Φ0,Ψ0) = 1

2 . Take (Φt,Ψt) as the first pair and (Φ0,Ψ0) as the
second. Then J(Ω′) = diag(t, 2), W = diag(

√
t,

√
2) and C1 = diag(1, 1

2), so Q1 = e1e
∗
1,
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QR = e2e
∗
2 and Q2 = 0. Moreover T1 = P , and T2 = 1

2 on rangeQR. Hence τac = 0,
dac = hac = 0, κ2 = 0 and ms = t → 0, but κ1 = |⟨e1, P e2⟩| = 1

2 for every t. The
jump of size 1

2 is carried by the coupling, and the term ∥Ω∗
1(1Y)∥∞κ

1/2
1 = (1 + t)/

√
2 of

Theorem 4.11.3(b) accounts for it.

4.12 Where continuity fails: a dichotomy
Example 4.11.7 suggests a general mechanism. A pair whose sum has a non-invertible Choi
matrix can be approximated by pairs that use the missing Choi directions with vanishing
weight but with full coupling, and this changes the derivative in the limit. We show that
this is the only obstruction to continuity, and we compute the size of the jumps. The answer
is a dichotomy: for the fidelity, Q̂α and every mean other than a weighted arithmetic mean,
the quantity is continuous at a pair exactly when the Choi matrix of the sum is invertible
or the quantity takes an extreme value there. For bounded maximal f -divergences this
holds under the rank condition of Theorem 4.12.4(d)(iii).

Throughout this section, Φ,Ψ ∈ CP(X ,Y), Ω = Φ + Ψ ̸= 0 has column matrix W ∈
L(Cr,Y ⊗ X ) as in Theorem 4.2.15, T is the derivative of Φ with respect to Ω, and

cΩ = dim(Y ⊗ X ) − r = dim ker J(Ω)

is the Choi codimension of Ω. Pairs converge in any norm on the finite-dimensional space
of Hermitian-preserving maps, for instance in the completely bounded trace norm. Every
operator connection σ has a representing function

fσ(x) = aσ + bσx+
∫

(0,∞)

x(1 + s)
x+ s

dmσ(s)

with aσ, bσ ≥ 0 and a finite positive measure mσ [79]. By (4.9.5),

φσ = ℓσ + ησ, ℓσ(t) = aσ t+ bσ (1 − t), ησ =
∫

(0,∞)
ηs dmσ(s) ≥ 0,

where ησ vanishes at 0 and 1, and is strictly positive on (0, 1) unless mσ = 0. By Re-
mark 4.2.16, J(Φ)σ J(Ψ) = Wφσ(T )W ∗ and aσJ(Φ) + bσJ(Ψ) = Wℓσ(T )W ∗. For an
operator convex f with f(0+) and f ′(∞) finite we write ℓf (t) = f(0+)(1 − t) + f ′(∞)t for
the chord of hf , so that hf ≤ ℓf on [0, 1].

We call Φ and Ψ mutually singular if rangeJ(Φ) ∩ rangeJ(Ψ) = {0}. This holds
if and only if T is a projection: an eigenvector u of T with eigenvalue in (0, 1) gives
Wu ∈ W rangeT ∩W range(1Cr −T ), and conversely W is injective. By Proposition 4.7.1,
it means that Φ = Φs and Ψ = Ψs. In that case J(Φ)σ J(Ψ) = aσJ(Φ) + bσJ(Ψ), and in
particular J(Φ)#J(Ψ) = 0. The equivalence of mutual singularity with J(Φ)#J(Ψ) = 0
is the criterion following Theorem 4.5.6, which for the geometric mean is due to Kian [76,
Theorem 4.3]; for states it is the distinct image property of [29].

Lemma 4.12.1 (Envelope). (a) For positive semidefinite A,B ∈ L(V) and every con-
nection σ, aσA+ bσB ≤ AσB.

(b) If An → A and Bn → B, then every limit point L of (An σ Bn) satisfies aσA+ bσB ≤
L ≤ AσB.

(c) F̂ and Q̂α, α ∈ (0, 1), are upper semicontinuous on CP(X ,Y) × CP(X ,Y). For every
operator convex f , D̂f is lower semicontinuous. If f(0+) and f ′(∞) are finite, then

D̂f (Φ∥Ψ) ≤ λmax
(

TrY(f(0+)J(Ψ) + f ′(∞)J(Φ))
)
.
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Proof. (a) For A > 0, the inequality fσ(x) ≥ aσ + bσx gives

AσB = A1/2fσ(A−1/2BA−1/2)A1/2 ≥ aσA+ bσB.

The general case follows by continuity from above.
(b) Since x(1 + s)/(x + s) ≤ 1 + x, we have fσ(x) ≤ (aσ + m0) + (bσ + m0)x with

m0 = mσ((0,∞)), so
An σ Bn ≤ (aσ +m0)An + (bσ +m0)Bn

is bounded. The lower bound follows from (a), since the positive cone is closed. For λ > 0,
monotonicity gives An σ Bn ≤ (An + λ1V)σ (Bn + λ1V). The right-hand side converges
to (A + λ1V)σ (B + λ1V), because the defining formula is continuous on positive definite
pairs. Hence L ≤ (A+ λ1V)σ (B + λ1V) for every λ > 0, and continuity from above gives
L ≤ AσB.

(c) By Proposition 4.3.1, F̂ (Φ,Ψ) = λmin
(

TrY(J(Φ)#J(Ψ))
)
, and λmin ◦ TrY is con-

tinuous and monotone. Applying (b) along a subsequence that realises the lim sup gives
upper semicontinuity, and Lemma 4.5.3 gives the same for Q̂α. D̂f is a supremum over ρ
of the functions (Φ,Ψ) 7→ D̂f (Φρ∥Ψρ), which are lower semicontinuous by Lemmas 4.6.4(2)
and 4.7.3; see also [60, Section 5], [95, Theorem A.4] and [91]. For the last inequality,
hf ≤ ℓf gives

Whf (T )W ∗ ≤ f(0+)J(Ψ) + f ′(∞)J(Φ);

apply Theorem 4.7.5(b).

Remark 4.12.2. Parts (a) and (b) of Lemma 4.12.1 are elementary consequences of the
Kubo–Ando representation and of continuity from above, and the upper semicontinuity
of the Matsumoto fidelity was already used in the proof of Proposition 4.3.1. The lower
semicontinuity of maximal f -divergences is noted by Matsumoto [91] as a consequence of
his dual formula, and is proved in [60, Section 5] and [95, Theorem A.4]. Part (b) also
shows that one-sided perturbations cannot produce jumps: if An ≥ A and Bn ≥ B for
all n, then monotonicity gives An σ Bn ≥ AσB, so every limit point equals AσB, and
An σ Bn → AσB.

Lemma 4.12.3 (Dilation into the Choi kernel). Suppose cΩ ≥ 1, let K be a matrix whose
cΩ columns form a basis of kerJ(Ω), and let

T̂ =
[
T X
X∗ Z

]
on Cr ⊕ CcΩ , 0 ≤ T̂ ≤ 1Cr⊕CcΩ .

For t > 0 put Wt = [W
√
tK ], and let Φt = Ψ

T̂
and Ψt = Ψ1Cr⊕CcΩ −T̂ with respect to the

Kraus operators given by the columns of Wt. Then ∥J(Φt)−J(Φ)∥∞ and ∥J(Ψt)−J(Ψ)∥∞
are O(

√
t). For every connection σ,

J(Φt)σ J(Ψt) = Wtφσ(T̂ )W ∗
t → W [φσ(T̂ )]11W

∗

as t ↓ 0, where [·]11 is the compression to Cr. For every operator convex f with hf (T̂ )
finite,

D̂f (Φt∥Ψt) → λmax
(

TrY(W [hf (T̂ )]11W
∗)
)
.

Proof. The columns of Wt are linearly independent, because

rangeK ∩ rangeW = ker J(Ω) ∩ range J(Ω) = {0}.
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Since WtW
∗
t = J(Ω) + tKK∗, Wt is the column matrix of Φt + Ψt, and T̂ is the derivative

of Φt. For any block operator M = [Mij ] on Cr ⊕ CcΩ ,

WtMW ∗
t = WM11W

∗ +
√
t (WM12K

∗ +KM21W
∗) + tKM22K

∗.

With M = T̂ and M = 1Cr⊕CcΩ − T̂ this gives the first statement. With M = φσ(T̂ ),
Remark 4.2.16 gives the second. With M = hf (T̂ ), Theorem 4.7.5(b) gives the third, since
λmax ◦ TrY is continuous.

The dilations we use are projections, after Halmos [50]. If U ⊆ Cr is invariant under T ,
write T = TU ⊕ TU⊥ , R = (TU (1U − TU ))1/2, k = rankR, and let R0 be a partial isometry
from U into CcΩ with R∗

0R0 the range projection of R, which requires k ≤ cΩ. Put

T̂U = TU⊥ ⊕
[
TU RR∗

0
R0R R0(1U − TU )R∗

0

]
on U⊥ ⊕ (U ⊕ CcΩ). (4.12.1)

Since TU , R and R∗
0R0 commute, a direct computation shows that the second summand

P̂U is a projection, and its compression to U is TU . Hence for every continuous φ on [0, 1]
with chord ℓφ(t) = φ(0)(1 − t) + φ(1)t, we have φ(P̂U ) = ℓφ(P̂U ), and

[φ(T̂U )]11 = φ(TU⊥) ⊕ ℓφ(TU ) = φ(T ) − PU (φ− ℓφ)(T )PU , (4.12.2)

where PU denotes the orthogonal projection onto U , which commutes with T .
Theorem 4.12.4 (Continuity dichotomy). Let Φ,Ψ,Ω,W, T and cΩ be as above.

(a) If J(Ω) is invertible, then for every pair (Φ′,Ψ′), with dcb = max{|||Φ − Φ′|||1, |||Ψ −
Ψ′|||1} and Ω = 1

2(Ω + Φ′ + Ψ′),

|F̂ (Φ,Ψ) − F̂ (Φ′,Ψ′)| ≤ 2.528 ∥Ω∗(1Y)∥∞ ν(Ω)−1d
1/2
cb .

Theorem 4.10.4 and Corollary 4.10.8 give local moduli for every mean, for Q̂α and
for D̂f with bounded f . In particular all these quantities are continuous at (Φ,Ψ).

(b) Suppose cΩ ≥ 1. Let U ⊆ Cr be invariant under T , with rank TU (1U − TU ) ≤ cΩ, and
let (Φt,Ψt) be the pairs of Lemma 4.12.3 with T̂ = T̂U . Then

∥J(Φt) − J(Φ)∥∞, ∥J(Ψt) − J(Ψ)∥∞ = O(
√
t),

and simultaneously for all connections σ,

J(Φt)σ J(Ψt) −→ W
(
φσ(T ) − PUησ(T )PU

)
W ∗,

and for every operator convex f with f(0+), f ′(∞) < ∞,

D̂f (Φt∥Ψt) −→ λmax
(

TrY
(
W (hf (T ) + PU (ℓf − hf )(T )PU )W ∗)).

(c) If cΩ ≥ 1 and cΩ ≥ rank T (1Cr − T ), the choice U = rangeT (1Cr − T ) in (b) makes
Φt and Ψt mutually singular. (If cΩ = 0, the condition rank T (1Cr − T ) ≤ cΩ forces
T to be a projection; then Φ and Ψ are already mutually singular, and the assertions
below hold with Φt = Φ and Ψt = Ψ.) Then

Φt σΨt = aσΦt + bσΨt → aσΦ + bσΨ,

which is the smallest limit allowed by Lemma 4.12.1. Moreover F̂ (Φt,Ψt) =
Q̂α(Φt∥Ψt) = 0, and for bounded f ,

D̂f (Φt∥Ψt) → λmax
(

TrY(f(0+)J(Ψ) + f ′(∞)J(Φ))
)
,

which is the largest value allowed by Lemma 4.12.1.
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(d) Consequently:

(i) for a connection σ with mσ ̸= 0, the map (Φ′,Ψ′) 7→ Φ′ σΨ′ is continuous at
(Φ,Ψ) if and only if J(Ω) is invertible or Φ and Ψ are mutually singular;

(ii) F̂ is continuous at (Φ,Ψ) if and only if J(Ω) is invertible or F̂ (Φ,Ψ) = 0, and
the same holds for Q̂α, α ∈ (0, 1);

(iii) for bounded operator convex f , D̂f is continuous at (Φ,Ψ) if J(Ω) is invertible.
If 1 ≤ cΩ and rank T (1Cr − T ) ≤ cΩ, it is continuous if and only if

D̂f (Φ∥Ψ) = λmax
(

TrY(f(0+)J(Ψ) + f ′(∞)J(Φ))
)
;

(iv) if f ′(∞) = +∞ or f(0+) = +∞, and cΩ ≥ 1, then every neighbourhood of (Φ,Ψ)
contains pairs with D̂f = +∞.

Proof. (a) Since J(Ω) is invertible, rangeJ(Φ′ + Ψ′) ⊆ rangeJ(Ω), and Corollary 4.10.8
applies with (Φ1,Ψ1) = (Φ,Ψ). For the other quantities, the same corollary gives δ ≤
dcb/ν(Ω)2. When δ < 1

2 , Lemma 4.10.5 gives τ ≤ 2
√

2 δ/
√

1 − 4δ2 and tanh dT
2 = 2γ ≤ 2δ,

and Theorem 4.10.4 applies.
(b) Since rankR = rank TU (1U − TU ) ≤ cΩ, the dilation (4.12.1) exists and 0 ≤ T̂U ≤

1Cr⊕CcΩ . By Lemma 4.12.3 and (4.12.2) with φ = φσ, whose chord is ℓσ because φσ(1) = aσ
and φσ(0) = bσ, the means converge to W (φσ(T ) − PUησ(T )PU )W ∗. With φ = hf , whose
chord is ℓf , the divergences converge as stated.

(c) On U⊥, T (1Cr − T ) = 0, so TU⊥ is a projection, and so is T̂U . Since Wt is injective,
Φt and Ψt are mutually singular, and φσ(T̂U ) = ℓσ(T̂U ) gives J(Φt)σ J(Ψt) = aσJ(Φt) +
bσJ(Ψt). The geometric mean and #1−α have aσ = bσ = 0, so F̂ (Φt,Ψt) = Q̂α(Φt∥Ψt) = 0
by Proposition 4.3.1 and Lemma 4.5.3. Similarly hf (T̂U ) = ℓf (T̂U ) gives

D̂f (Φt∥Ψt) = λmax
(

TrY(f(0+)J(Ψt) + f ′(∞)J(Φt))
)
,

which converges as stated.
(d)(i) If J(Ω) is invertible, use (a) and Theorem 4.10.4(a). If T is a projection, then

ησ(T ) = 0, so the two bounds in Lemma 4.12.1(b) coincide, and every limit point equals
J(Φ)σ J(Ψ); since the sequence is bounded, it converges. Conversely, let cΩ ≥ 1 and let u
be a unit eigenvector of T with eigenvalue q ∈ (0, 1). Then ησ(q) > 0 because mσ ̸= 0. With
U = Cu, (b) produces the limit W (φσ(T ) − ησ(q)uu∗)W ∗, which differs from Wφσ(T )W ∗

because W is injective.
(ii) If J(Ω) is invertible, use (a). If F̂ (Φ,Ψ) = 0, upper semicontinuity (Lemma 4.12.1(c))

and F̂ ≥ 0 give continuity. Conversely, let cΩ ≥ 1 and F̂ (Φ,Ψ) > 0. Put M =
TrY(Wg#(T )W ∗) and let x be a unit vector with ⟨x,Mx⟩ = λmin(M) = F̂ (Φ,Ψ).
Write g#(T ) = ∑

k g#(qk)uku∗
k, the sum over the eigenvalues qk ∈ (0, 1) of T , since

g#(0) = g#(1) = 0. Since ⟨x,Mx⟩ > 0, some k has

βk := g#(qk)⟨x,TrY(Wuku
∗
kW

∗)x⟩ > 0.

With U = Cuk, (b) gives

F̂ (Φt,Ψt) → λmin
(

TrY
(
W (g#(T ) − g#(qk)uku∗

k)W ∗)) ≤ ⟨x,Mx⟩ − βk < F̂ (Φ,Ψ).

The same argument applies to Q̂α, with hα in place of g#.
(iii) The first statement is (a), with Theorem 4.10.4(d). Let

Ef (Φ,Ψ) = λmax
(

TrY(f(0+)J(Ψ) + f ′(∞)J(Φ))
)
,
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a continuous function of the pair. If 1 ≤ cΩ and rank T (1Cr −T ) ≤ cΩ, then by (c) there are
pairs converging to (Φ,Ψ) along which D̂f → Ef (Φ,Ψ), so continuity forces D̂f (Φ∥Ψ) =
Ef (Φ,Ψ). Conversely, if equality holds, lower semicontinuity gives lim inf D̂f (Φ′∥Ψ′) ≥
D̂f (Φ∥Ψ), and Lemma 4.12.1(c) gives

lim sup D̂f (Φ′∥Ψ′) ≤ lim Ef (Φ′,Ψ′) = Ef (Φ,Ψ) = D̂f (Φ∥Ψ).

(iv) If D̂f (Φ∥Ψ) = +∞ there is nothing to prove. Otherwise apply Lemma 4.12.3
with T̂ = T ⊕ 1CcΩ if f ′(∞) = +∞, and with T̂ = T ⊕ 0CcΩ if f(0+) = +∞. Then
J(Φt) = J(Φ) + tKK∗ and J(Ψt) = J(Ψ) in the first case, and J(Φt) = J(Φ) and J(Ψt) =
J(Ψ)+tKK∗ in the second, so (Φt,Ψt) → (Φ,Ψ). Since T̂ has the eigenvalue 1, respectively
0, and Wt is injective, Proposition 4.7.1 shows that Φt, respectively Ψt, has a nonzero
singular part, and Theorem 4.7.5(a) gives D̂f (Φt∥Ψt) = +∞.

The approximants in (c) separate the Choi supports of the two maps at cost O(
√
t),

and every mean then collapses to its affine part. Theorem 4.11.3 records exactly this: for
(Φt,Ψt) against (Φ,Ψ) one has τac = 0, dac = 0 and ms = O(t), but the couplings do
not tend to zero. The condition cΩ ≥ rank T (1Cr − T ) holds whenever the Kraus rank
of Ω is at most 1

2 dim X dim Y. When it fails, (b) still gives a nonzero jump whenever (d)
asserts discontinuity. Part (iv) is the channel form of the familiar fact that divergences with
f ′(∞) = ∞ or f(0+) = ∞ require a support condition. Parts (i)–(iii) have no classical
counterpart: if all Choi matrices involved commute, F̂ is continuous, since √

xy is.
The ingredients of Theorem 4.12.4 are classical, but we are not aware of an earlier

description of the points of continuity. Discontinuities at singular pairs are known: the
Matsumoto fidelity of two distinct pure states vanishes [29], which is the mechanism of
Corollary 4.3.3, and the Belavkin–Staszewski conditional entropy is discontinuous on singu-
lar states, with continuity bounds of order

√
δ/(λ−(d−1 −λ−)) on states on a d-dimensional

space whose smallest eigenvalue is at least λ−, where 0 < λ− < d−1 [21]. Theorem 4.12.4(a)
is an analogue for completely positive maps, with a constant governed by ν(Ω), which
satisfies λmin(J(Ω))/min{dim X ,dim Y} ≤ ν(Ω)2 ≤ λmin(J(Ω)) for invertible J(Ω) by
Lemma 4.8.2(2). The ways of approaching a singular pair that are used in the litera-
ture are all compatible with Theorem 4.12.4: regularisation from above [8, 79] and positive
semidefinite perturbations, as in the perturbation bounds for parallel sums of [86], converge
by Remark 4.12.2, and, as observed in the introduction of [91], maximal f -divergences of
states are continuous along line segments into the interior of their domain. By Corol-
lary 4.10.8 and Remark 4.12.2, a jump requires perturbations (Φn,Ψn) that enlarge the
Choi support of the sum and do not satisfy both Φn ≥ Φ and Ψn ≥ Ψ.

Corollary 4.12.5 (States). For positive semidefinite ρ1, ρ2 on Cd with ρ1 + ρ2 ̸= 0, the
Matsumoto fidelity tr(ρ1#ρ2) is continuous at (ρ1, ρ2) if and only if ρ1 + ρ2 is invertible
or tr(ρ1#ρ2) = 0. If rank(ρ1 + ρ2) ≤ d/2, there are mutually singular pairs (ρ1,t, ρ2,t) →
(ρ1, ρ2), which can be normalised to states when ρ1, ρ2 are states, and tr(ρ1,t#ρ2,t) = 0.

Proof. Take dim X = 1 in Theorem 4.12.4. Then F̂ (ρ1, ρ2) = tr(ρ1#ρ2), and

rank T (1Cr − T ) ≤ rank(ρ1 + ρ2) ≤ d− rank(ρ1 + ρ2) = cΩ.

Normalising each map by its trace preserves mutual singularity and convergence.

For example, ρ1 = ρ2 = 1
2(e1e

∗
1 + e2e

∗
2) on C4 has tr(ρ1#ρ2) = 1. Coupling e1 to e3

as in (4.12.1) gives ρ1,t = 1
2(vv∗ + e2e

∗
2) and ρ2,t = 1

2(ww∗ + e2e
∗
2) with v, w = e1 ±

√
t e3,

which are not unit vectors, so that tr ρ1,t = tr ρ2,t = 1 + t
2 . These are at trace distance
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O(
√
t) from ρ1, and tr(ρ1,t#ρ2,t) = 1

2 (after normalisation to states, 1
2(1 + t

2)−1), because
the mean splits over Ce2 ⊕ span{e1, e3} and vv∗#ww∗ = 0. Coupling e2 to e4 as well gives
fidelity 0.

Corollary 4.12.6 (Channels). Let Φ be a channel. Then F̂ (Φ,Φ) = 1, and if J(Φ) is
invertible, F̂ is continuous at (Φ,Φ). If there are channels Φn → Φ with rangeJ(Φn) ∩
range J(Φ) = {0}, then F̂ (Φ,Φn) = 0 for all n. This is the case for every isometric channel
Φ = V (·)V ∗ with dim Y ≥ 2: take Φn = UnV (·)V ∗U∗

n with unitaries Un → 1Y such that
UnV /∈ CV .

Proof. We have
F̂ (Φ,Φ) = λmin(TrY J(Φ)) = λmin(Φ∗(1Y)⊤) = 1.

Continuity is Theorem 4.12.4(a). If the Choi ranges intersect trivially, the pair (Φ,Φn) is
mutually singular, so J(Φ)#J(Φn) = 0. For an isometric channel the Choi matrices are
|V ⟩⟩⟨⟨V | and |UnV ⟩⟩⟨⟨UnV |, whose ranges intersect trivially when UnV /∈ CV . Choose a
Hermitian H with HV /∈ CV , which is possible because dim Y ≥ 2; for instance H = yy∗

with y∗V ̸= 0, and with y /∈ CV if dim X = 1. Since s−1(eisHV − V ) → iHV as s → 0
and CV is closed, eisHV /∈ CV for all sufficiently small s ̸= 0. Hence Un = eiH/n has the
required property for all n ≥ n0, for some n0, and we use these n.

Thus the geometric channel fidelity, viewed as a function of its second argument, is
discontinuous at every isometric channel, although it equals 1 there. This is the distinct
image property of [29], applied to the rank-one Choi matrices of isometric channels. By
Theorem 4.12.9 and Corollary 4.12.10 below, F̂ (Φ, ·) is discontinuous along channel-valued
approximants at every channel Φ with non-invertible Choi matrix. Output rotations of Φ
suffice, although the limiting value of the fidelity need not be 0.
Remark 4.12.7 (Physical interpretation). Corollary 4.12.6 is a caution: an ideal gate U(·)U∗

and a mis-rotated gate U ′(·)U ′∗, U ′ /∈ CU , have F̂ = 0 however close they are in ||| · |||1,
so near unitaries F̂ is not a usable plug-in figure of merit. Noisy devices often have in-
vertible Choi matrices, and as J(Φ + Ψ) ≥ J(Φ), full Kraus rank of one of the maps
suffices. The generalised amplitude damping channel with damping p and thermal popula-
tion N , a qubit in a bath at nonzero temperature, has four Kraus operators [74], linearly
independent for p ∈ (0, 1] and N ∈ (0, 1) (two are off-diagonal in different positions, two
are diagonal and independent as p ̸= 0), so pairs containing it are continuity points by
Theorem 4.12.4(a). At zero temperature (N = 0 < p < 1) the Kraus rank is 2, and as
F̂ (Φ,Φ) = 1, Theorem 4.12.4(d)(ii) shows that F̂ is discontinuous at (Φ,Φ) under com-
pletely positive perturbations. Example 4.12.8 below shows that the jump persists within
the zero-temperature amplitude damping family itself, where it is a jump from 1 to 0.

Perturbations within channels

Example 4.12.8 (Amplitude damping). For γ ∈ [0, 1] let Aγ ∈ CP(C2,C2) be the ampli-
tude damping channel with Kraus operators K0 = e0e

∗
0 +

√
1 − γ e1e

∗
1 and K1 = √

γ e0e
∗
1,

that is, the channel of Remark 4.12.7 with N = 0 and damping γ. For γ ̸= γ′,

F̂ (Aγ ,Aγ′) = 0, |||Aγ − Aγ′ |||1 ≤ |γ − γ′| +
(
(γ − γ′)2 + 4

(√
1 − γ −

√
1 − γ′)2)1/2

,

while F̂ (Aγ ,Aγ) = 1. Thus, at every γ ∈ [0, 1], F̂ (Aγ , ·) jumps from 1 to 0 within the
amplitude damping family. For γ < 1 the distance is O(|γ − γ′|).
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Proof. Write eab = ea⊗eb ∈ Y⊗X and c =
√

1 − γ, c′ =
√

1 − γ′. Then vec(K0) = e00+c e11
and vec(K1) = √

γ e01, so rangeJ(Aγ) ⊆ span{e00 + c e11, e01}. A vector

α(e00 + c e11) + βe01 = α′(e00 + c′e11) + β′e01

has α = α′ and αc = α′c′, hence α = 0 since c ̸= c′. So rangeJ(Aγ) ∩ range J(Aγ′) ⊆
Ce01, and Theorem 4.5.6(1) gives J(Aγ)#J(Aγ′) = κ e01e

∗
01 for some κ ≥ 0. Its partial

trace κ e1e
∗
1 is singular on X = C2, so Proposition 4.3.1 gives F̂ = 0. The value 1 is

Corollary 4.12.6. For the distance, let ∆ be Hermitian-preserving. Its completely bounded
trace norm is attained at a pure state uu∗, u = vec(A) with ∥A∥2 = 1 [127, Section 3.3],
and (4.3.1), which is linear in the map, gives

∥(∆ ⊗ 1L(X ))(uu∗)∥1 ≤ ∥A∥2
∞∥J(∆)∥1 ≤ ∥J(∆)∥1.

Here

J(Aγ) − J(Aγ′) = (γ − γ′) e01e
∗
01 + (c− c′)(e00e

∗
11 + e11e

∗
00) + (γ′ − γ) e11e

∗
11,

and the block (
0 x
x y

)
on span{e00, e11}, with x = c − c′ and y = γ′ − γ, has eigenvalues 1

2(y ± (y2 + 4x2)1/2) of
opposite signs, so its trace norm is (y2 + 4x2)1/2.

For 0 < γ, γ′ ≤ 1, Proposition 7.6.8(b) in Chapter 7 proves F̂ (Aγ ,Aγ′) = 0 by a different
argument, from the level decomposition of the pair, and deduces that the geometric Chernoff
and barycentric converses are infinite there.

The mechanism of Example 4.12.8, a perturbation that moves the Choi range of a
channel off itself, is available at every channel with singular Choi matrix. We use the short
[A]S of a positive semidefinite operator A to a subspace S, the largest operator Z with
0 ≤ Z ≤ A and rangeZ ⊆ S [2, 4].

Theorem 4.12.9. Let Φ,Ψ ∈ CP(X ,Y), write RΦ = range J(Φ), RΨ = range J(Ψ),
RΩ = range J(Φ + Ψ) = RΦ + RΨ and G = J(Φ)#J(Ψ). For Hermitian H ∈ L(Y) let
Ut = e−itH , Ψt = UtΨ(·)U∗

t , and

SH =
{
w ∈ RΦ ∩ RΨ : (H ⊗ 1X )w ∈ RΩ

}
.

(a) |||Ψt − Ψ|||1 ≤ 2t∥H∥∞|||Ψ|||1, and

lim sup
t→0

F̂ (Φ,Ψt) ≤ λmin
(

TrY [G]SH

)
.

In particular F̂ (Φ, ·) is discontinuous at Ψ if some unit vector x with ⟨x,TrY(G)x⟩ =
F̂ (Φ,Ψ) satisfies ⟨x,TrY(G− [G]SH

)x⟩ > 0.

(b) Let Φ = Ψ be a channel with J(Φ) singular, R = range J(Φ), and Φt = UtΦ(·)U∗
t .

Then
SH = RH = {w ∈ R : (H ⊗ 1X )w ∈ R}

and
lim sup
t→0

F̂ (Φ,Φt) ≤ 1 − λmax
(

TrY
(
J(Φ) − [J(Φ)]RH

))
.

The Hermitian H with RH = R form a proper real subspace of the Hermitian op-
erators on Y, and for every other H the right-hand side is strictly less than 1. If
RH = {0}, it is 0.
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Proof. (a) For a unitary U and any X,

(U ⊗ 1)X(U ⊗ 1)∗ −X = ((U − 1) ⊗ 1)X(U ⊗ 1)∗ +X((U − 1) ⊗ 1)∗,

so |||U(·)U∗ − 1L(Y)|||1 ≤ 2∥U − 1Y∥∞, and ∥e−itH − 1Y∥∞ ≤ t∥H∥∞ by the spectral
theorem; the first claim follows by submultiplicativity of ||| · |||1 under composition. Choose
tn → 0 such that F̂ (Φ,Ψtn) converges to the limit superior and, using the boundedness in
the proof of Lemma 4.12.1(b), such that Gn = J(Φ)#J(Ψtn) converges to some L. Since
J(Ψtn) → J(Ψ), Lemma 4.12.1(b) gives L ≤ G. We claim that rangeL ⊆ SH . Let w = Lx
and wn = Gnx, so wn → w. With Un = Utn ⊗ 1X we have J(Ψtn) = UnJ(Ψ)U∗

n, so
Theorem 4.5.6(1) gives wn ∈ RΦ ∩ UnRΨ. Hence w = limwn ∈ RΦ and w = lim U∗

nwn ∈
RΨ. Moreover

t−1
n (U∗

n − 1)wn = t−1
n (U∗

nwn − wn) ∈ RΨ + RΦ = RΩ,

and as t−1(eitH − 1Y) → iH these vectors converge to i(H ⊗ 1X )w, so (H ⊗ 1X )w ∈ RΩ.
This proves the claim. As 0 ≤ L ≤ G and rangeL ⊆ SH , maximality of the short gives
L ≤ [G]SH

. By Proposition 4.3.1 and continuity and monotonicity of λmin ◦ TrY , the
limit superior equals λmin(TrY L) ≤ λmin(TrY [G]SH

). For the last statement put D =
TrY(G− [G]SH

) ≥ 0; then

λmin(TrY G−D) ≤ ⟨x,TrY(G)x⟩ − ⟨x,Dx⟩ < F̂ (Φ,Ψ).

(b) Here RΦ = RΨ = RΩ = R and G = J(Φ)#J(Φ) = J(Φ), so SH = RH . Since
TrY J(Φ) = Φ∗(1Y)⊤ = 1X , we have

λmin(TrY [J(Φ)]RH
) = 1 − λmax(TrY(J(Φ) − [J(Φ)]RH

)),

and (a) gives the bound. The set I of Hermitian H with (H ⊗ 1X )R ⊆ R, that is, with
RH = R, is a real linear subspace. If it contained every Hermitian operator, R would be
invariant under L(Y) ⊗ 1X , so its projection would commute with this ∗-algebra and hence
be of the form 1Y ⊗ P ′. Then J(Φ) = (1Y ⊗ P ′)J(Φ)(1Y ⊗ P ′) and

1X = TrY J(Φ) = P ′ TrY J(Φ)P ′ = P ′,

so R = Y ⊗ X , contradicting the singularity of J(Φ). For H /∈ I we have RH ̸= R, so
D = J(Φ) − [J(Φ)]RH

is positive semidefinite and nonzero, since [J(Φ)]RH
has range in

RH . Then tr TrY D = trD > 0 and λmax(TrY D) > 0. If RH = {0}, then [J(Φ)]RH
= 0

and the bound is 1 − λmax(1X ) = 0.

Corollary 4.12.10. For a channel Φ ∈ CP(X ,Y) the following are equivalent:

(i) J(Φ) is invertible;

(ii) F̂ , restricted to pairs of channels, is continuous at (Φ,Φ);

(iii) F̂ (Φ, UΦ(·)U∗) → 1 as the unitary U tends to 1Y .

In particular the dichotomy of Theorem 4.12.4 holds within channels at all diagonal pairs.

Proof. (i)⇒(ii) is Theorem 4.12.4(a). (ii)⇒(iii) holds because F̂ (Φ,Φ) = 1 (Corol-
lary 4.12.6) and UΦ(·)U∗ is a channel converging to Φ. (iii)⇒(i) is the contrapositive of
Theorem 4.12.9(b).
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For zero-temperature amplitude damping and H = σx, one checks directly that RH =
{0}: the rotated vector

(σx ⊗ 1)(α(e00 + c e11) + βe01) = α(e10 + c e01) + βe11

lies in R only if α = β = 0. Hence output rotations also drive the fidelity of Example 4.12.8
to 0. If 2 rank J(Φ) > dim X dim Y, then

dim RH ≥ 2 rank J(Φ) − dim X dim Y > 0

for every H, since the preimage of R under H⊗ 1X has dimension at least dim R; then the
bound of Theorem 4.12.9(b) need not vanish.

By Lemma 4.12.1(c), the fidelity is continuous wherever it vanishes. We now turn to
the rate of continuity there; at mutually singular pairs it is governed by the smallest angle
between the Choi ranges.

Theorem 4.12.11. Let Φ,Ψ ∈ CP(X ,Y) be nonzero and mutually singular, let P and Q be
the projections onto range J(Φ) and rangeJ(Ψ), let θ ∈ (0, π2 ] be given by cos θ = ∥PQ∥∞,
and put a = max{∥J(Φ)∥∞, ∥J(Ψ)∥∞}. For Φ′,Ψ′ ∈ CP(X ,Y) with

η = max{∥J(Φ′) − J(Φ)∥∞, ∥J(Ψ′) − J(Ψ)∥∞} ≤ a,

F̂ (Φ′,Ψ′) ≤
tr
(
J(Φ′)#J(Ψ′)

)
dim X

≤ 3
√

2 dim Y (aη)1/2

sin θ .

If all four maps are channels, then with dcb = max{|||Φ′ − Φ|||1, |||Ψ′ − Ψ|||1},

F̂ (Φ′,Ψ′) ≤ 3 dim X dim Y d
1/2
cb

sin θ .

Proof. Since rangeJ(Φ)∩rangeJ(Ψ) = {0}, ∥PQ∥∞ < 1, so θ > 0. As J(Φ) ≤ aP , we have
J(Φ′) ≤ aP +η1 and likewise J(Ψ′) ≤ aQ+η1, so J(Φ′)#J(Ψ′) ≤ A#B with A = aP +η1
and B = aQ + η1, by monotonicity. By Halmos’ two-subspace theorem [50], in finite
dimensions, Y ⊗ X is an orthogonal direct sum of subspaces reducing both P and Q: the
subspaces rangeP ∩kerQ, kerP ∩rangeQ and kerP ∩kerQ (here rangeP ∩rangeQ = {0}),
and two-dimensional subspaces Vj on which P = uju

∗
j and Q = vjv

∗
j for unit vectors with

|⟨uj , vj⟩| = cos θj ≤ ∥PQ∥∞ = cos θ.

The mean A#B splits accordingly, and we bound its trace on each summand. On rangeP ∩
kerQ and kerP ∩ rangeQ it is

(a+ η)#η = (η(a+ η))1/2 ≤ (2aη)1/2

per dimension, and on kerP ∩kerQ it is η ≤ (aη)1/2 per dimension. On Vj the compressions
Aj , Bj have detAj = detBj = η(a+ η) =: α2, and

Aj#Bj = α (Aj +Bj)
det(Aj +Bj)1/2 .

Indeed, N = A
−1/2
j BjA

−1/2
j has determinant 1, so its eigenvalues are µ, µ−1, and (1 +

N) det(1 + N)−1/2 has eigenvalues (1 + µ)/((1 + µ)(1 + µ−1))1/2 = µ1/2 and µ−1/2, so it
equals N1/2; conjugating by A1/2

j and using det(Aj+Bj) = α2 det(1+N) gives the formula.
Now tr(Aj +Bj) = 2a+ 4η, and the eigenvalues 1 ± cos θj of uju∗

j + vjv
∗
j give

det(Aj +Bj) = a2 sin2 θj + 4aη + 4η2 ≥ a2 sin2 θ.
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Hence, using η ≤ a,

tr(Aj#Bj) ≤ 2(η(a+ η))1/2(a+ 2η)
a sin θ ≤ 6

√
2 (aη)1/2

sin θ ,

that is, at most 3
√

2 (aη)1/2/ sin θ per dimension. As (2aη)1/2 and (aη)1/2 are smaller, each
summand contributes at most this amount per dimension, and

tr
(
J(Φ′)#J(Ψ′)

)
≤ tr(A#B) ≤ 3

√
2 dim X dim Y (aη)1/2

sin θ .

Finally
F̂ (Φ′,Ψ′) = λmin(TrY(J(Φ′)#J(Ψ′))) ≤ tr(J(Φ′)#J(Ψ′))/ dim X .

For channels, J(Φ) = dim X (Φ ⊗ 1L(X ))(τ) with τ as in the proof of Lemma 4.8.7, so
a ≤ dim X , and η ≤ 1

2 dim X dcb by Lemma 4.8.7. If η ≤ a, then (aη)1/2 ≤ dim X (dcb/2)1/2

and the first bound gives the second. If η > a, then

1
2 dim X dcb > a ≥ ∥J(Φ)∥∞ ≥ trJ(Φ)/(dim X dim Y) = 1/dim Y,

so the right-hand side exceeds 3(2 dim X dim Y)1/2 > 1, while F̂ (Φ′,Ψ′) ≤ 1 for channels,
as in the proof of Corollary 4.10.7.

Example 4.12.12. The exponent 1
2 and the factor (sin θ)−1 in Theorem 4.12.11 are sharp.

Let Y = C2, let b, f, g be unit vectors with f ⊥ g and |⟨f, b⟩| = cos θ, θ ∈ (0, π2 ], and let
Φ = tr(·)ff∗ and Ψ = tr(·)bb∗. These are mutually singular, with rangeJ(Φ) = Cf ⊗ X ,
range J(Ψ) = Cb ⊗ X and ∥PQ∥∞ = |⟨f, b⟩| = cos θ. For 0 < ϵ ≤ sin2 θ put Φ′ = tr(·)ρϵ
with ρϵ = (1 − ϵ)ff∗ + ϵgg∗, so that

|||Φ′ − Φ|||1 = ∥ρϵ − ff∗∥1 = 2ϵ =: dcb,

as in the proof of Corollary 4.3.3. For A > 0 the Kubo–Ando formula gives A#bb∗ =
⟨b, A−1b⟩−1/2bb∗, and, as in Example 4.8.11, F̂ (Φ′,Ψ) = tr(ρϵ#bb∗). Hence

F̂ (Φ′,Ψ) =
(cos2 θ

1 − ϵ
+ sin2 θ

ϵ

)−1/2
≥
( ϵ

2 sin2 θ

)1/2
= d

1/2
cb

2 sin θ ,

using ϵ cos2 θ ≤ (1 − ϵ) sin2 θ. As ϵ → 0 with θ fixed, F̂ (Φ′,Ψ) sin θ/d1/2
cb → 2−1/2.

4.13 Conclusion and outlook
Channel divergences of the form H(J(Φ)σ J(Ψ)) with H(0) = 0 and fσ(0+) = f ′

σ(∞) = 0,
such as those built from the geometric mean, vanish on pairs with trivially intersecting
Choi ranges (Theorem 4.5.6); the fidelity, Q̂α with α ∈ (0, 1) and the bounded maximal
f -divergences with f not affine are not continuous in the diamond norm, even for pairs
with the same sum (Corollaries 4.3.3 and 4.5.14).

The Arveson–Radon–Nikodym derivative T of Φ with respect to Ω = Φ + Ψ is the
coordinate in which these quantities behave well. Its transpose is an effect on the envi-
ronment of Ω, so it records how an instrument splits a fixed device into two branches,
and ∥T1 − T2∥∞ measures perturbations relative to Ω in the completely positive order.
Every quantity considered is a scalar function of T , namely gσ or hf , read through the
Kraus operators of Ω. Continuity in T therefore holds with the dimension-free constant
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∥Ω∗(1Y)∥∞. The integral representations of means and of operator convex functions give
explicit moduli, which are exact for the one-pole kernels and, for operator convex f on
[ϵ, 1 − ϵ], within a factor 3 of optimal (Section 4.9). Quantitative estimates for unbounded
divergences need a bound on Dmax within each pair (without it they are still continuous in
T with values in (−∞,+∞]), and for a general operator convex f the Lebesgue decompo-
sition of the pair decides finiteness. Theorem 4.8.4 converts these estimates into continuity
in the diamond norm on the splittings of a fixed Ω; for the fidelity this is Hölder continuity
of order 1

2 with constant ∥Ω∗(1Y)∥∞/ν(Ω), and in the counterexample ν(Ω) → 0. When
the sums differ, their change enters through the Thompson metric or, if their Choi supports
differ, through the singular parts, the absolutely continuous parts and the couplings of the
Lebesgue decomposition of the sums.

The dichotomy of Theorem 4.12.4 says where continuity holds. The fidelity, Q̂α with
α ∈ (0, 1), the means and the bounded maximal f -divergences are continuous at every
pair whose sum has an invertible Choi matrix. At a pair whose sum has a singular Choi
matrix each of them, as a function on pairs of completely positive maps, is continuous
exactly when it takes an extreme value there (0 for F̂ and Q̂α, aσJ(Φ) + bσJ(Ψ) for a
mean, λmax

(
TrY(f(0+)J(Ψ) + f ′(∞)J(Φ))

)
for D̂f ); for means this requires the mean

not to be a weighted arithmetic mean, and for bounded maximal f -divergences the ‘only
if’ needs a rank condition. For channels this separates noisy devices of full Kraus rank,
which are continuity points, from isometric gates, at which F̂ (Φ, ·) jumps from 1 to 0
(Corollary 4.12.6). Within channels, (Φ,Φ) is a continuity point exactly when J(Φ) is
invertible (Corollary 4.12.10), and for zero-temperature amplitude damping the fidelity
jumps from 1 to 0 within the family itself (Example 4.12.8). Quantitatively, near pairs
whose Choi matrices are bounded below by λ the fidelity is Lipschitz with relative constant
of the sharp order λ−1 (Theorem 4.8.8), and at mutually singular pairs it tends to 0 at the
sharp rate d1/2/ sin θ, where d is the diamond distance and θ the smallest angle between the
Choi ranges (Theorem 4.12.11). Our estimates complement the joint lower semicontinuity
of the operator-valued maximal f -divergences of [101, Theorem 4.7]: in finite dimensions
and in the coordinate T , continuity is two-sided and quantitative. They also complement
the continuity results of [95] for Rényi divergences of states and channels. They are upper
bounds: the two-sided estimate of Theorem 4.8.4 concerns the maps, not the divergences.

The program is continued in later chapters: Chapter 5 treats divergences that are not
functions of T through testing regions and hockey-stick divergences, Chapter 7 uses T to
prove a geometric Chernoff converse for adaptive channel discrimination, and Chapter 8
proves the results on the sensitivity of converse bounds near noisy gates announced in
Chapter 1.

We close with some open questions.

1. Constants. Lemma 4.10.5 is sharp as δ → 0. Is its factor (1 − 4δ2)−1/2 optimal
for finite δ? The constants of Corollaries 4.6.11 and 4.6.12 are not optimised. The
bound of Theorem 4.4.6 is attained asymptotically (see the remark following it), and
the coefficient of the second term of Lemma 4.10.3 is sharp as γ → 0. Can the
second term be replaced by 2γ∥φ∥∞ for all γ? By the proof of Lemma 4.10.3, this
would follow if the Schur multiplier norm of [sin(ψi + ψj)]i,j , for ψi ∈ [−π

4 ,
π
4 ], were

maxi | sin 2ψi|. Finally, Example 4.8.11 leaves a factor 2 between the constants of
Theorem 4.8.8 and the best examples; what is the exact local Lipschitz constant of
log F̂ at noisy gates?

2. Singular pairs. Let cΩ = dim ker J(Ω). When 1 ≤ cΩ < rank T (1Cr − T ), what is
the exact set of limit points? At mutually singular pairs the fidelity is continuous at
the sharp rate d1/2/ sin θ (Theorem 4.12.11). At what rate is it continuous at pairs
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with F̂ = 0 that are not mutually singular, such as (Aγ ,Aγ′) in Example 4.12.8?
Within channels the dichotomy holds at the diagonal pairs (Corollary 4.12.10). Does
it hold at every pair of channels with J(Φ + Ψ) singular and F̂ (Φ,Ψ) > 0? By
Theorem 4.12.9(a), it would suffice to find H for which the short [J(Φ)#J(Ψ)]SH

lowers λmin ◦ TrY . Is the bound of Theorem 4.12.9 an equality?

3. Convex f . For merely convex f the maximal f -divergence is still defined through
reverse tests [91], but the perspective formula need not hold. Is it still a function of
T , and of which function?

4. Operational consequences. The geometric Rényi divergences with α ∈ (1, 2] give
converse bounds for channel capacities [42], and geometric distinguishability mea-
sures limit channel discrimination and estimation [72]. Our estimates show how such
bounds respond to relative perturbations, and Theorem 4.12.4 shows that continuity
fails at pairs with singular sum unless the quantity takes its extreme value there. Can
this be made quantitative for a specific task?

5. Other norms and algebras. Proposition 4.4.3(1) holds in every unitarily invariant
norm ∥ · ∥, since ∥AB∥ ≤ ∥A∥ ∥B∥∞, and, by Ando’s inequality [7], Proposi-
tion 4.4.3(2) becomes ∥g#(E) − g#(E′)∥p ≤ ∥E − E′∥1/2

p/2 for p ≥ 2, but statements
for maps need norms adapted to the Schatten classes. The framework of Okayasu
[100, 101] suggests extensions to normal completely positive maps between von
Neumann algebras, with T in the commutant of a Stinespring representation; our
estimates are already dimension-free.

4.14 Norm bounds and a variational characterisation of
means of completely positive maps

Throughout this section Φ,Ψ ∈ CP(X ,Y), Ω = Φ + Ψ has a Kraus decomposition Ω(X) =∑r
k=1 VkXV

∗
k with linearly independent V1, . . . , Vr, W = [vec(V1) · · · vec(Vr)], and T is

the ARN derivative of Φ with respect to Ω, so that Ψ = Ψ1Cr −T . For a linear map
Ξ : L(X ) → L(Y) and p ∈ [1,∞] we write

∥Ξ∥p→p = sup
{
∥Ξ(X)∥p : X ∈ L(X ), ∥X∥p ≤ 1

}
,

its completely bounded version ∥Ξ∥cb,p→p = supV ∥Ξ⊗1L(V)∥p→p, the supremum being over
all complex Euclidean spaces V, so that ∥Ξ∥cb,1→1 = |||Ξ|||1, and we write ∥ · ∥ui for an
arbitrary unitarily invariant norm [16, Chapter IV]. We use the following fact repeatedly: if
Ξ is completely positive, then the supremum defining ∥Ξ∥p→p may be restricted to positive
semidefinite X [126].

4.14.1 Norms of means

Proposition 4.14.1. Let σ be a Kubo–Ando mean. For every p ∈ [1,∞],

∥ΦσΨ∥p→p ≤ ∥gσ(T )∥∞ ∥Ω∥p→p, ∥gσ(T )∥∞ = max
t∈spec(T )

gσ(t),

and for p = 1,

∥ΦσΨ∥1→1 = |||ΦσΨ|||1 = max
ρ∈D(X )

tr
(
gσ(T )⊤ Ωc(ρ)

)
,

where Ωc is the complementary map of Ω, that is, Theorem 4.2.5 applied with Ω in place
of Φ.
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Proof. By Theorem 4.2.15, ΦσΨ = Ψgσ(T ) with gσ(T ) ≥ 0. Put c = ∥gσ(T )∥∞. Since
c1Cr − gσ(T ) ≥ 0, the map cΩ − Ψgσ(T ) = Ψc1Cr −gσ(T ) is completely positive by Theo-
rem 4.2.2, that is, 0 ≤ ΦσΨ ≤ cΩ in the completely positive order. For positive semidefi-
nite X this gives 0 ≤ (ΦσΨ)(X) ≤ cΩ(X), hence ∥(ΦσΨ)(X)∥p ≤ c ∥Ω(X)∥p by the Weyl
monotonicity principle [16, Section III.2]. Taking the supremum over positive semidefinite
X with ∥X∥p ≤ 1, which suffices for both completely positive maps [126], gives the first
claim. The formula for ∥gσ(T )∥∞ is the spectral theorem, since gσ ≥ 0. For p = 1, the
induced and completely bounded trace norms agree on completely positive maps [127, Sec-
tion 3.3.2], and the formula is the last statement of Theorem 4.2.5, applied to Ω and the
positive semidefinite operator gσ(T ).

Remark 4.14.2. If Φ and Ψ are channels, then ∥Ω∥1→1 = ∥Ω∗(1Y)∥∞ = 2, so |||ΦσΨ|||1 ≤
2∥gσ(T )∥∞. The bound depends on the spectrum of T only through the values of gσ on it;
since gσ is not monotone in general (for instance g#(t) =

√
t(1 − t)), it cannot be replaced

by gσ(∥T∥∞).

4.14.2 A variational characterisation of the geometric mean

The following extremal property of the geometric mean is due to Ando [6]; see also [17,
Chapter 4].

Lemma 4.14.3. For positive semidefinite A,B ∈ L(V),

A#B = max
{
X = X∗ :

(
A X
X B

)
≥ 0

}
,

the maximum being taken in the Loewner order. In particular, the block matrix with off-
diagonal entries A#B is positive semidefinite.

Proof. Let A > 0. By the Schur complement criterion [17, Chapter 1], the block matrix is
positive if and only if B −XA−1X ≥ 0. With M = A−1/2BA−1/2 and Y = A−1/2XA−1/2

this reads Y 2 ≤ M . Since t 7→ t1/2 is operator monotone, Y ≤ |Y | ≤ M1/2, so

X = A1/2Y A1/2 ≤ A1/2M1/2A1/2 = A#B;

and Y = M1/2 is admissible, so A#B is the maximum. For general A,B ≥ 0, adding
η1V to both diagonal blocks preserves positivity, so every admissible X satisfies X ≤
(A + η1V)#(B + η1V), which decreases to A#B as η ↓ 0 [79]. Conversely, the block
matrices with off-diagonal entry (A + η1V)#(B + η1V) are positive, and letting η ↓ 0 in
the closed positive cone shows that A#B is admissible.

For an adjoint-preserving linear map Ξ : L(X ) → L(Y), define

BΞ : L(X ) → L(C2 ⊗ Y), BΞ(X) =
(

Φ(X) Ξ(X)
Ξ(X) Ψ(X)

)
.

This block-positivity characterisation of the geometric mean of completely positive maps
is also obtained by Okayasu [100], for normal completely positive maps between von Neu-
mann algebras, and by Kian [76]; we include a short proof in the present notation.

Proposition 4.14.4. The map Φ#Ψ is the largest adjoint-preserving map Ξ, in the com-
pletely positive order, for which BΞ is completely positive. Equivalently,

J(Φ)#J(Ψ) = max
{
X = X∗ :

(
J(Φ) X
X J(Ψ)

)
≥ 0

}
.
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In terms of the ARN derivative, the corresponding maximisation over L(Cr) is solved by

max
{
X = X∗ :

(
T X
X 1Cr − T

)
≥ 0

}
=
(
T (1Cr − T )

)1/2 = g#(T ).

Proof. Ordering the tensor factors as C2 ⊗ (Y ⊗ X ), the Choi matrix of BΞ is

J(BΞ) =
(
J(Φ) J(Ξ)
J(Ξ) J(Ψ)

)
,

and J(Ξ) is Hermitian because Ξ preserves adjoints. By Choi’s theorem [28], BΞ is com-
pletely positive if and only if this block matrix is positive semidefinite, and Ξ1 ≤ Ξ2 in the
completely positive order if and only if J(Ξ1) ≤ J(Ξ2). The first two statements therefore
follow from Lemma 4.14.3 with A = J(Φ) and B = J(Ψ), since J(Φ#Ψ) = J(Φ)#J(Ψ).
For the last statement apply Lemma 4.14.3 with A = T and B = 1Cr − T ; since these
commute,

T#(1Cr − T ) = (T (1Cr − T ))1/2 = g#(T )
by the functional calculus, consistently with J(Φ)#J(Ψ) = W g#(T )W ∗ from Theo-
rem 4.2.15.

Remark 4.14.5. Since X 7→ λmin(TrY X) is monotone in the Loewner order, Proposi-
tions 4.3.1 and 4.14.4 give

F̂ (Φ,Ψ) = max
{
λmin(TrY X) : X = X∗,

(
J(Φ) X
X J(Ψ)

)
≥ 0

}
,

which is the semidefinite program in [98, eq. (20)] for the square root of their geometric
channel fidelity (cf. [72] for the analogous program for the channel fidelity based on the
Uhlmann fidelity); at the level of states it reduces to the semidefinite program for the
Matsumoto fidelity [29, 90].

4.14.3 Cauchy–Schwarz bounds

Lemma 4.14.6. Let A,B ≥ 0 in L(V) and let X be such that(
A X
X∗ B

)
≥ 0.

Then

1. X = A1/2CB1/2 for some C with ∥C∥∞ ≤ 1;

2. ∥X∥2
ui ≤ ∥A∥ui ∥B∥ui for every unitarily invariant norm;

3. in particular ∥A#B∥2
ui ≤ ∥A∥ui ∥B∥ui.

Proof. Part (1) is standard [17, Chapter 1]: for A,B > 0, positivity of the block matrix is
equivalent to B−X∗A−1X ≥ 0, that is, to ∥A−1/2XB−1/2∥∞ ≤ 1; the general case follows
by replacing A,B with A + η1V , B + η1V and passing to a limit point of the contractions
Cη. Part (2) is due to Horn and Mathias [64]: writing X = Y ∗Z with Y = A1/2 and
Z = CB1/2, the Cauchy–Schwarz inequality ∥Y ∗Z∥2

ui ≤ ∥Y ∗Y ∥ui∥Z∗Z∥ui for unitarily
invariant norms [18, 64] gives ∥X∥2

ui ≤ ∥A∥ui ∥B1/2C∗CB1/2∥ui, and 0 ≤ B1/2C∗CB1/2 ≤ B
gives ∥B1/2C∗CB1/2∥ui ≤ ∥B∥ui by the Weyl monotonicity principle [16, Section III.2].
Part (3) follows from part (2) and Lemma 4.14.3.
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Theorem 4.14.7. For all Φ,Ψ ∈ CP(X ,Y), every unitarily invariant norm and every
p ∈ [1,∞],

∥J(Φ#Ψ)∥2
ui ≤ ∥J(Φ)∥ui ∥J(Ψ)∥ui, ∥Φ#Ψ∥2

p→p ≤ ∥Φ∥p→p ∥Ψ∥p→p.

The second inequality also holds for the norms ∥ · ∥cb,p→p, and in particular |||Φ#Ψ|||21 ≤
|||Φ|||1 |||Ψ|||1.

Proof. The first inequality is Lemma 4.14.6(3) with A = J(Φ) and B = J(Ψ). For the
second, BΦ#Ψ is completely positive by Proposition 4.14.4, so for positive semidefinite X
the block matrix BΦ#Ψ(X) is positive semidefinite, and Lemma 4.14.6(2) with the Schatten
p-norm gives

∥(Φ#Ψ)(X)∥2
p ≤ ∥Φ(X)∥p ∥Ψ(X)∥p ≤ ∥Φ∥p→p ∥Ψ∥p→p ∥X∥2

p.

Since Φ#Ψ is completely positive, it suffices to take the supremum over positive semidefinite
X [126]. For the norms ∥ · ∥cb,p→p, apply the same argument, for an arbitrary complex
Euclidean space V, to Φ ⊗ 1L(V) and Ψ ⊗ 1L(V), using

(Φ ⊗ 1L(V))#(Ψ ⊗ 1L(V)) = (Φ#Ψ) ⊗ 1L(V),

which holds because (A⊗ C)#(B ⊗ C) = (A#B) ⊗ C for A,B,C ≥ 0 [79].



Chapter 5

Shadows of quantum divergences:
testing regions, modular lifts and
continuity

Summary. Divergences built from Kubo–Ando means are functionals of one positive
contraction, the Arveson–Radon–Nikodym derivative, which also governs their continu-
ity (Chapter 4). We study those that are not. To a pair of states we attach three clas-
sical shadows: the reverse test, the testing region encoded by the hockey-stick profile,
and the Nussbaum–Szkoła pair of the relative modular operator. The Umegaki relative
entropy, the Hirche–Tomamichel f -divergences and the hypothesis-testing quantities
are functionals of the testing region, whose shadow consists of atoms at the relative
spectrum, dominated by those of the reverse test, and an absolutely continuous part
given by the coupling of the second state across the Helstrom test. Consequently the
measured, testing-region and maximal divergences of a strictly convex function coin-
cide only for commuting pairs. Testing-region divergences with finite boundary values
are uniformly continuous, with a dimension-free modulus, and the Umegaki relative en-
tropy is continuous exactly when the second state is invertible or the entropy is infinite.
The Petz divergences arise from the same construction applied to the relative modu-
lar operator and have the same boundary masses. Replacing the trace norm by the
Thompson metric and the relative entropy by a conditional entropy, we show that the
Stein exponent of adaptive channel discrimination is continuous exactly when the Choi
matrix of the second channel is invertible or the exponent is infinite. We prove similar
results for the strong-converse exponent and the regularised Petz divergences, and give
a one-shot dual formula for testing-region channel divergences. Tensor products are
treated in Chapter 6.

5.1 Introduction
The geometric fidelity, the geometric Rényi divergences and the maximal f -divergences of
two channels are all of the form λmax

(
TrY Wh(T )W ∗), where T is the Arveson–Radon–

Nikodym (ARN) derivative of Φ with respect to Φ + Ψ (Theorems 4.2.15 and 4.7.5 in
Chapter 4). One positive contraction and one scalar function carry the whole theory:
finiteness is a statement about the boundary values of h, continuity is the functional calculus
of T , and the continuity points are characterised by a dichotomy (Theorem 4.12.4). That
program stops at the Kubo–Ando means. The Umegaki relative entropy is not a function
of T , nor are the trace distance, the hypothesis-testing relative entropy, the Petz and
sandwiched Rényi divergences, or the regularised channel divergences that govern adaptive
discrimination.

120
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The guiding observation of this chapter is that T is one of several classical shadows of
a quantum pair, each of which plays the role of T for a different family of divergences. For
states ρ, σ with ω = ρ+ σ:

(I) the reverse test (pT , qT ), the classical pair carried by the spectral measure of T =
ω−1/2ρω−1/2 in the state ω. Its divergences are the maximal f -divergences and the
Kubo–Ando means [91] (Chapter 4);

(II) the testing region, encoded by the hockey-stick profile e(γ) = Tr(ρ − γσ)+ and its
second derivative µ = e′′. Its divergences are the hypothesis-testing quantities, the
Hirche–Tomamichel f -divergences [63] and, by Frenkel’s formula [46], the Umegaki
relative entropy;

(III) the modular shadow, the Nussbaum–Szkoła pair of the relative modular operator [99].
Its divergences are the Petz f -divergences.

A fourth family, the measured divergences, is a supremum over many classical pairs, and
a fifth, the sandwiched and regularised divergences, appears only after tensor powers. We
carry the program of Chapter 4 through families (II)–(V): a representation by a shadow,
a finiteness criterion through boundary values, continuity moduli, the continuity points,
and, where possible, channels. Three tools replace the functional calculus of T : the T-lift
(Section 5.3), the modular lift (Section 5.5), and, where tensor products break the shad-
ows, pinching, the Thompson metric and a conditional-entropy decomposition (Sections 5.6
and 5.7).

Main results.

• Structure of the testing region (Theorem 5.3.1). The shadow µ has atoms exactly at
the relative spectrum, of weight Tr Πker(ρ−γσ)σ, and an absolutely continuous part with
density

2
∑

λ>0>λ′

Tr(QλσQλ′σ)
λ− λ′ ,

the coupling of σ across the Helstrom test. The atoms are dominated by those of the
reverse test (Theorem 5.3.2), the hockey-sticks of the reverse test dominate those of the
pair, and

DBS(ρ∥σ) −D(ρ∥σ) =
∫ ∞

1

(ETγ − Eγ

γ
(ρ∥σ) +

ETγ − Eγ

γ2 (σ∥ρ)
)
dγ,

with a pointwise nonnegative integrand that vanishes identically exactly for commuting
pairs. The measured, testing-region and maximal divergences of a strictly convex f
coincide only for commuting pairs (Corollary 5.3.3).

• Continuity without a dichotomy (Theorems 5.4.1 and 5.4.3). Every testing-region f -
divergence with f(0+), f ′(∞) < ∞ satisfies

|Df (ρ∥σ) −Df (ρ′∥σ′)| ≤
∫ ∞

0
min{γ, 1, ε1 + γε2} f ′′(dγ)

in every dimension. The perturbations of size O(
√
t) that make the geometric fidelity

jump from 1 to 0 move these divergences by O(
√
t). The same modulus holds for the

measured f -divergences. The Umegaki relative entropy is continuous at (ρ, σ) if and
only if σ is invertible or D(ρ∥σ) = ∞.
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• Tensor products (Section 5.6). Explicit single-shot sandwiches

DP
α ≤ DHT

α ≤ DP
α + log 2

1 − α
for α < 1 and

|DHT
α − D̃α| ≤ α

α− 1 log v(σ) for α > 1,

which give the regularisation theorem of [63] with rates. Their behaviour under tensor
products beyond these sandwiches, including the question of super-multiplicativity, is
studied in Chapter 6.

• The adaptive Stein exponent (Theorems 5.7.2, 5.7.4 and Corollary 5.7.5). For every
divergence that is antitone and logarithmically homogeneous in the second argument,
every n-use adaptive quantity is ndT-Lipschitz in Ψ, where dT is the Thompson metric
of the Choi matrices. For the Umegaki entropy we also control the first argument
uniformly over all references, which gives

|ζ(Φ,Ψ) − ζ(Φ′,Ψ′)| ≤ 2ε log dY + (1 + ε)h
(

ε
1+ε

)
+ ε log κ(Ψ) + dT

(
J(Ψ), J(Ψ′)

)
for the Stein exponent ζ of adaptive discrimination, ε = 1

2∥Φ − Φ′∥⋄ and κ(Ψ) the
condition number of J(Ψ). The exponent is continuous at (Φ,Ψ) if and only if J(Ψ) is
invertible or ζ(Φ,Ψ) = ∞.

• Petz divergences (Section 5.5). Through the modular derivative T̃ = ∆(1 + ∆)−1 every
Petz f -divergence is a functional of a commuting pair of the kind treated in Chapter 4.
Its shadow has the boundary masses of the testing region, not those of the reverse test.
Bounded Petz divergences are continuous everywhere,

|QP
α(ρ∥σ) −QP

α(ρ′∥σ′)| ≤ (2ε1)α + (2ε2)1−α

in every dimension, and the testing-region and Petz Rényi divergences are ordered for
every α ̸= 1.

• Sandwiched and Petz exponents, and the one-shot formula (Theorems 5.7.8, 5.7.11,
5.7.13 and 5.7.16, Corollary 5.7.9). For α > 1 and invertible J(Ψ),

|D̃reg
α (Φ′∥Ψ) − D̃reg

α (Φ∥Ψ)| ≤ α
α−1 dXdY

(
m/λmin(J(Ψ))

)α−1∥Φ′ − Φ∥⋄,

so the strong-converse exponent of adaptive discrimination is continuous there. For the
regularised Petz divergences, which lack a chain rule, Theorem 5.7.11 gives Thompson-
Lipschitz dependence on Φ, stability under local perturbations uniformly in the number
of uses, and continuity at isometries and at invertible J(Φ). Testing-region channel
divergences have the exact one-shot formula of Theorem 5.7.13,

DHT
f (Φ∥Ψ) = inf

Y,Z
λmax

(
TrY

[ ∫
Yγ f

′′(dγ) +
∫
Zγ f̃

′′(dγ)
])
,

the infimum over families with Yγ ≥ 0, Yγ ≥ J(Φ) − γJ(Ψ), Zγ ≥ 0 and Zγ ≥ J(Ψ) −
γJ(Φ), in which the reverse test of Chapter 4 is one feasible family. An invertible
input is optimal exactly when it solves Γf (θ) = Dθ. Their regularisations are the Petz
(α < 1), Umegaki (α = 1) and sandwiched (α > 1) channel divergences.
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Related work. The divergences of family (II) were introduced by Hirche and Tomamichel
[63] and are also called hockey-stick f -divergences. Beigi, Hirche and Tomamichel [13] and
Liu, Hirche and Cheng [84] compared their Rényi members with the Petz and sandwiched
families. Hiai, Mosonyi and Tomamichel [58] have recently developed them in von Neumann
algebras: a Neyman–Pearson representation, the detection of reversibility, the regularisa-
tion of the Rényi members to the Petz divergences below order one and to the sandwiched
divergences above it, and partial results on when different quantum f -divergences coincide.
Our setting is finite-dimensional, and our results are of a different kind: the structure of
the shadow µ, explicit regularisation rates and continuity moduli, the rigidity statement
of Corollary 5.3.3, and the channel results; super-multiplicativity is treated in Chapter 6.
Continuity bounds for entropies through hockey-stick integral representations were devel-
oped by Berta, Lami and Tomamichel [15], and Theorem 5.4.1 is in the spirit of that
method.

The analogy with Chapter 4 is close but the answers differ in an instructive way. For
Kubo–Ando means the obstruction to continuity is the invertibility of the sum J(Φ + Ψ),
because the reverse test can be destroyed by an O(

√
t) coupling of its kernel to its range.

For the testing region that mechanism is invisible, and the only obstruction is a support
leak, which needs the invertibility of the second argument.

The quantitative claims were also checked numerically; the checks are summarised in
Section 5.9.

The chapter is organised as follows. Section 5.2 introduces the three shadows and the
testing-region f -divergences. Section 5.3 determines the structure of the testing-region
shadow and compares it with the reverse test, and Section 5.4 proves the continuity results
on states. Section 5.5 treats the modular shadow and the Petz divergences, and Section 5.6
compares the testing region with the two multiplicative shadows on tensor powers. Sec-
tion 5.7 contains the results on channels: Thompson stability, the adaptive Stein exponent,
the sandwiched and regularised Petz divergences, and the one-shot formula. Section 5.8
summarises the classification, Section 5.9 lists the numerical checks, and Section 5.10 col-
lects open problems.

5.2 Three shadows of a pair of states
Throughout, ρ, σ are density operators on a finite-dimensional Hilbert space H, ω = ρ+σ,
and ΠX denotes the support projection of a positive operator X, with Π⊥

X = 1 − ΠX . All
logarithms are natural.

Definition 5.2.1. For A,B ≥ 0 and γ ≥ 0 the hockey-stick divergence is

Eγ(A∥B) = Tr(A− γB)+ = max
0≤M≤1

TrM(A− γB).

The profile of (ρ, σ) is e(γ) = Eγ(ρ∥σ), the error profile is

η(γ) = 1 − e(γ) = Tr ρ− Tr(ρ− γσ)+,

the minimal Bayesian error with weights (1, γ), and the boundary masses are m0 = Tr Π⊥
ρ σ

and m∞ = Tr Π⊥
σ ρ.

Lemma 5.2.2. (a) e is convex and nonincreasing on [0,∞) with e′(γ) → 0 as γ → ∞,
e(0) = 1 and (1 − γ)+ ≤ e(γ) ≤ 1. Equivalently η is concave and nondecreasing,
η(0) = 0, and γ 7→ η(γ)/γ is nonincreasing.
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(b) For A,B ≥ 0, limL→∞ Tr(A − LB)+ = Tr Π⊥
BA. Hence e(∞) = m∞ and e′(0+) =

−(1 −m0).

(c) Eγ(σ∥ρ) = γ e(1/γ) − γ + 1 for γ > 0.

Proof. (a) e is a supremum of affine functions of γ with slopes − TrMσ ≤ 0, and a convex
nonincreasing function that is bounded below has e′(∞) = 0; the bounds follow from
M = 1, M = 0 and TrM(ρ− γσ) ≤ TrMρ ≤ 1. (b) The test M = Π⊥

B gives ≥. For δ > 0,

A ≤ (1 + δ)Π⊥
BAΠ⊥

B + (1 + δ−1)ΠBAΠB,

and B ≥ bΠB with b the smallest nonzero eigenvalue of B. For L ≥ (1 + δ−1)∥A∥/b we
get A−LB ≤ (1 + δ)Π⊥

BAΠ⊥
B, so Tr(A−LB)+ ≤ (1 + δ) Tr Π⊥

BA. For the slope at 0 write,
using (X)+ − (−X)+ = X,

η(γ) = γ − Tr(γσ − ρ)+ = γ
(
1 − E1/γ(σ∥ρ)

)
,

and apply the first statement to (σ, ρ). (c) is the same identity.

Definition 5.2.3 ([63]). Let f : (0,∞) → R be convex with f(1) = 0, and let f ′′ denote
its second distributional derivative, a positive Radon measure. The testing-region (Hirche–
Tomamichel) f -divergence is

DHT
f (ρ∥σ) =

∫ ∞

1

(
Eγ(ρ∥σ) f ′′(dγ) + Eγ(σ∥ρ) f̃ ′′(dγ)

)
, f̃(x) = xf(1/x).

For α ∈ (0, 1) ∪ (1,∞) and fα(x) = xα−1
α−1 we write QHT

α = 1 + (α − 1)DHT
fα

and DHT
α =

1
α−1 logQHT

α .

For smooth f , f̃ ′′(dγ) = γ−3f ′′(1/γ) dγ, which is the form used in [63]. Since DHT
f only

depends on f ′′ we may and do assume f ′(1) = 0 whenever convenient, so that f ≥ 0. By
[46], DHT

x log x is the Umegaki relative entropy D(ρ∥σ) = Tr ρ(log ρ− log σ).

Definition 5.2.4. The testing-region shadow of (ρ, σ) is the positive measure µ = e′′ on
(0,∞), completed by the atoms m0 at 0 and m∞ at ∞.

The profile is the Legendre dual of the quantum Neyman–Pearson curve, so it carries
the same information as the testing region and the quantum relative Lorenz curve [26, 113].
For commuting ρ = ∑

x px|x⟩⟨x|, σ = ∑
x qx|x⟩⟨x| one has e(γ) = ∑

x qx(px/qx − γ)+, so µ
is the law of the likelihood ratio p/q under q on {q > 0}, and m∞ = p({q = 0}).

Proposition 5.2.5 (Representation). For every convex f with f(1) = 0,

DHT
f (ρ∥σ) =

∫ ∞

0

(
e(γ) − (1 − γ)+

)
f ′′(dγ) =

∫
(0,∞)

f dµ+ f(0+)m0 + f ′(∞)m∞,

with f ′(∞) = limx→∞ f(x)/x and the convention 0 · ∞ = 0. Moreover µ((0,∞)) = 1 −m0
and

∫
γ dµ = 1 −m∞.

Proof. Write g(γ) = e(γ) − (1 − γ)+ ≥ 0. Lemma 5.2.2(c) and the substitution γ 7→ 1/γ
turn the second term of Definition 5.2.3 into

∫ 1
0 g f

′′, which gives the first formula. For the
second, both sides are linear in f ′′ with nonnegative integrands, so by Tonelli it suffices to
treat the extreme kernels f = ks, ks(x) = (x−s)+ for s ≥ 1 and ks(x) = (s−x)+ for s < 1,
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which have f(1) = f ′(1) = 0 and f ′′ = δs. Since e is convex with e′(∞) = 0, e(∞) = m∞
and e′(0+) = −(1 −m0) (Lemma 5.2.2),

e(s) = m∞ +
∫

(s,∞)
(y − s) dµ(y), e(s) = 1 − s(1 −m0) +

∫
(0,s]

(s− y) dµ(y).

For s ≥ 1 the first identity is g(s) =
∫
ks dµ + k′

s(∞)m∞, and for s < 1 the second is
g(s) =

∫
ks dµ + ks(0)m0. A general f with f(1) = f ′(1) = 0 is

∫
ks f

′′(ds) by Taylor’s
formula, and f(0+), f ′(∞) are the corresponding integrals, by monotone convergence. The
masses follow from the first identity: its derivative is e′(s) = −µ((s,∞)), so µ((0,∞)) =
−e′(0+) = 1 − m0, and at s → 0 it gives 1 = m∞ +

∫
y dµ. Adding c(x − 1) to f changes

the right-hand side by c
( ∫

(γ − 1)dµ − m0 + m∞
)

= 0, so the formula holds without the
normalisation f ′(1) = 0 whenever no ∞ − ∞ occurs.

Proposition 5.2.6 (Mellin formulas). For α ∈ (0, 1),

QHT
α (ρ∥σ) =

∫
(0,∞)

γαdµ(γ) = α(1 − α)
∫ ∞

0
γα−2η(γ) dγ.

For α > 1, QHT
α = +∞ if m∞ > 0, and otherwise

QHT
α (ρ∥σ) =

∫
(0,∞)

γαdµ(γ) = α(α− 1)
∫ ∞

0
γα−2e(γ) dγ.

Proof. Apply Proposition 5.2.5 to fα, for which fα(0+) = −1
α−1 , f ′

α(∞) = 0 for α < 1 and
= ∞ for α > 1, and f ′′

α(dγ) = αγα−2dγ. With µ((0,∞)) = 1−m0 this gives QHT
α =

∫
γαdµ

(plus ∞ · m∞ when α > 1). For the integrals use the first formula of Proposition 5.2.5:
g = min{γ, 1} − η, and

α(1 − α)
∫ ∞

0
γα−2 min{γ, 1}dγ = 1

for α < 1, while for α > 1 we use

α(α− 1)
∫ 1

0
γα−2(1 − γ) dγ = 1.

The reverse test and the modular shadow. Let T = ω−1/2ρω−1/2 on ΠωH with
spectral projections Et. The reverse test is the classical pair pT (t) = tTrEtω, qT (t) =
(1 − t) TrEtω on specT . The preparation t 7→ ω1/2Etω

1/2/TrEtω maps (pT , qT ) to (ρ, σ),
and DT

f := Df (pT ∥qT ) is the maximal f -divergence of (ρ, σ) for operator convex f [91],
equal to Trω1/2hf (T )ω1/2 with hf (t) = (1−t)f(t/(1−t)) (Theorem 4.2.15 and Lemma 4.7.4
in Chapter 4). Its profile is

ETγ (ρ∥σ) := Eγ(pT ∥qT ) = Tr ω1/2(T − γ(1 − T )
)

+ω
1/2.

The modular shadow is the Nussbaum–Szkoła pair Pij = ai|⟨xi|yj⟩|2, Qij = bj |⟨xi|yj⟩|2 built
from ρ = ∑

ai|xi⟩⟨xi| and σ = ∑
bj |yj⟩⟨yj |; its f -divergences are the Petz f -divergences

DP
f [61, 99]. The measured divergence DM

f is the supremum of Df over the outcome
distributions of all measurements.
Proposition 5.2.7 (Blackwell chain). For every convex f with f(1) = 0: DM

f ≤ DHT
f ≤

DT
f .

Proof. Both terms of Definition 5.2.3 are nondecreasing in the hockey-stick divergences,
and hockey-stick divergences satisfy data processing. Apply this to a measurement and to
the preparation channel of the reverse test, and use that DHT

f is the classical f -divergence
on commuting pairs.



CHAPTER 5. SHADOWS OF QUANTUM DIVERGENCES 126

5.3 Structure of the testing-region shadow
Both ρ and σ vanish on kerω, so we work on ΠωH. Let

Γ = {γ > 0 : ρ− γσ is singular on ΠωH},

the relative spectrum; it is the set of t/(1 − t) with t ∈ specT ∩ (0, 1), since Tu = tu
with v = ω−1/2u is (1 − t)ρv = tσv. For γ /∈ Γ write ρ − γσ = ∑

λ λQλ on ΠωH and
Pγ = ∑

λ>0Qλ, the Helstrom projection.

Theorem 5.3.1 (Structure). (a) On each interval of (0,∞) \ Γ, e is real-analytic and
e′(γ) = − TrPγσ.

(b) On (0,∞) \ Γ the shadow has the density

dµ

dγ
= 2

∑
λ>0>λ′

Tr
(
QλσQλ′σ

)
λ− λ′ ≥ 0.

(c) At γ0 ∈ Γ the shadow has the atom µ({γ0}) = Tr ΠV σ > 0, where V = ker(ρ− γ0σ) ∩
ΠωH.

(d) µ has no other part, and its absolutely continuous part vanishes identically if and only
if [ρ, σ] = 0.

Proof. (a) For γ /∈ Γ, 0 /∈ spec(ρ − γσ), so e(γ) = Trϕ(ρ − γσ) with ϕ(x) = x+ smooth
near the spectrum, and

d

dγ
Trϕ(H) = Trϕ′(H)Ḣ = − TrPγσ.

(b) By the Daleckii–Krein formula,

Ṗγ =
∑
λ,λ′

1λ>0 − 1λ′>0
λ− λ′ Qλ(−σ)Qλ′ ,

and − Tr Ṗγσ is the stated sum; only pairs with λ > 0 > λ′ survive. (c) By Rellich’s
theorem the eigenvalues of the analytic family ρ− γσ are analytic branches. The branches
through 0 at γ0 have derivatives equal to the eigenvalues of −ΠV σΠV |V , which are negative
because σv = 0 and ρv = γ0σv would force v ∈ kerω. So exactly dimV eigenvalues cross
from positive to negative, Pγ0−δ − Pγ0+δ → ΠV , and e′ jumps by Tr ΠV σ. (d) Γ is finite,
so (a)–(c) describe µ on (0,∞). If ρ, σ commute, σ is block diagonal for every ρ− γσ and
the density vanishes. Conversely, if the density vanishes then QλσQλ′ = 0 for λ > 0 > λ′,
so Ṗγ = 0 and [σ, Pγ ] = 0; then Pγ = PI is constant on each interval I of (0,∞) \ Γ and
commutes with σ and with ρ = (ρ− γσ) + γσ, hence the PI commute with each other. On
a minimal common invariant subspace B of all PI , the operator ρ− γσ is positive for small
γ and negative for large γ or has constant sign; as it is nonincreasing in γ, ρ|B = γB σ|B
for some γB ∈ [0,∞]. So ρ and σ commute.

The density in (b) is the coupling of σ between the positive and negative parts of the
optimal test at level γ. This is the information that the reverse test discards, as the next
theorem makes precise. Write µT for the shadow of the reverse test: the law of t/(1 − t)
under qT , an atomic measure at Γ ∪ {0} with µT ({γ0}) = (1 − t0) TrEt0ω, t0 = γ0/(1 +γ0),
together with the atom mT

∞ = TrE1ω at ∞.
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Theorem 5.3.2 (The T-lift). (a) Eγ(ρ∥σ) ≤ ETγ (ρ∥σ) for every γ ≥ 0, with equality if
and only if P T>c ω P T<c = 0, where c = γ/(1 + γ) and P T are the spectral projections
of T . The same holds with ρ and σ exchanged and c = 1/(1 + γ). Equality for all γ
holds if and only if [ρ, σ] = 0.

(b) The atoms are dominated: µ({γ0}) ≤ µT ({γ0}) for γ0 ∈ Γ, m0 ≤ µT ({0}) and
m∞ ≤ mT

∞, with equality at γ0 if and only if V is invariant under ω.

(c) The absolutely continuous mass of µ equals∑
γ0∈Γ∪{0}

(
µT ({γ0}) − µ({γ0})

)
.

(d) For every convex f with f(1) = 0,

DT
f (ρ∥σ)−DHT

f (ρ∥σ) =
∫ ∞

1

((
ETγ −Eγ

)
(ρ∥σ) f ′′(dγ)+

(
ETγ −Eγ

)
(σ∥ρ) f̃ ′′(dγ)

)
≥ 0.

For f = x log x this is DBS − D with f ′′(dγ) = dγ/γ and f̃ ′′(dγ) = dγ/γ2, which
refines the inequality D ≤ DBS of [57] level by level.

Proof. (a) With X = T − γ(1 − T ) we have ρ − γσ = ω1/2Xω1/2. Put A = ω1/2X+ω
1/2

and B = ω1/2X−ω
1/2. Since TrY+ = min{TrZ : Z ≥ 0, Z ≥ Y } and A ≥ A − B, we get

Eγ ≤ TrA = ETγ . If equality holds, an optimal test M satisfies Tr(1 −M)A+ TrMB = 0,
so A = MA, MB = 0 and AB = AMB = 0; conversely AB = 0 gives (A−B)+ = A. Since
ω1/2 is injective on ΠωH and X± are invertible on the ranges of P T>c and P T<c, AB = 0 is
equivalent to P T>cωP

T
<c = 0. As γ runs over (0,∞) in both directions, c runs over (0, 1),

so equality everywhere means that ω commutes with every spectral projection of T ; then
ρ = ω1/2Tω1/2 commutes with ω and with σ = ω − ρ. The converse is clear.

(b) Let γ0 ∈ Γ and let B be an isometry onto V . On V , ρ = γ0σ as quadratic forms,
so Tr ΠV σ = (1 − t0) TrB∗ωB. The spectral subspace of T at t0 is ω1/2V , with projection
Et0 = ω1/2B(B∗ωB)−1B∗ω1/2, so TrEt0ω = Tr(B∗ωB)−1B∗ω2B. Kadison’s inequality
for the unital map Z 7→ B∗ZB gives B∗ω2B ≥ (B∗ωB)2, hence TrEt0ω ≥ TrB∗ωB, with
equality if and only if (1−ΠV )ωΠV = 0. The boundary atoms are the cases V = ker ρ∩ΠωH
(where ω = σ) and V = kerσ ∩ ΠωH (where ω = ρ, using ρ-masses).

(c) Both µT (on [0,∞)) and µ + m0δ0 have total mass Trσ = 1 by Proposition 5.2.5,
and µT is atomic.

(d) DT
f is the classical f -divergence of (pT , qT ), which is Definition 5.2.3 applied to the

profile ETγ . Subtract and use (a).

Corollary 5.3.3 (Rigidity). Let f be convex with f(1) = 0 and f ′′ positive almost every-
where on (0,∞).

(i) If DHT
f (ρ∥σ) = DT

f (ρ∥σ) < ∞, then [ρ, σ] = 0.

(ii) If f(0+), f ′(∞) < ∞ and DM
f (ρ∥σ) = DHT

f (ρ∥σ), then [ρ, σ] = 0.

Proof. (i) The integrand of Theorem 5.3.2(d) is nonnegative and continuous in γ, so it
vanishes for all γ; apply Theorem 5.3.2(a). (ii) The supremum defining DM

f is attained
by some measurement M with at most (dim H)2 outcomes. Its outcome pair (p, q) has
Eγ(p∥q) ≤ Eγ(ρ∥σ) for all γ, and equality of the integrals forces equality for every γ. For
γ /∈ Γ the optimal test on ΠωH is unique, so Pγ = ∑

x: px>γqx
Mx there. These projections

are nested in γ and continuous on each interval of (0,∞) \ Γ, so they are locally constant,
and then Ṗγ = 0 forces the density of Theorem 5.3.1(b) to vanish. By Theorem 5.3.1(d), ρ
and σ commute.
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Example 5.3.4 (Two pure states). Let ρ = |ψ⟩⟨ψ|, σ = |ϕ⟩⟨ϕ| with c = |⟨ψ|ϕ⟩|2 ∈ (0, 1).
The 2 × 2 eigenvalue problem gives

e(γ) = 1
2

(
1 − γ +

√
(1 + γ)2 − 4cγ

)
,

µ(dγ) = 2c(1 − c) dγ(
γ2 + 2(1 − 2c)γ + 1

)3/2 ,

m0 = m∞ = 1 − c.

Here Γ = ∅ and the shadow is absolutely continuous, while T is a projection and µT = δ0,
mT

∞ = 1: the reverse test sees two orthogonal states. Consequently the geometric fidelity
is 0 for every c < 1, whereas

QHT
1/2(ρ∥σ) = 2c(1 − c)

∫ ∞

0

γ1/2 dγ(
γ2 + 2(1 − 2c)γ + 1

)3/2 −→ 1 (c → 1),

with QHT
1/2 = 1

4B(3
4 ,

3
4) ≈ 0.4236 at c = 1

2 .

5.4 Continuity on states
Normalise f(1) = f ′(1) = 0. Then f(0+) =

∫
(0,1) γ f

′′(dγ) and f ′(∞) =
∫

[1,∞) f
′′(dγ), so∫ ∞

0
min{γ, 1} f ′′(dγ) = f(0+) + f ′(∞). (5.4.1)

We call f bounded when this quantity is finite.

Theorem 5.4.1 (Uniform continuity). Let f be bounded. For states ρ, ρ′, σ, σ′ in any
dimension, with ε1 = 1

2∥ρ− ρ′∥1 and ε2 = 1
2∥σ − σ′∥1,

∣∣DHT
f (ρ∥σ) −DHT

f (ρ′∥σ′)
∣∣ ≤ ωf (ε1, ε2) :=

∫ ∞

0
min{γ, 1, ε1 + γε2} f ′′(dγ),

and ωf (ε1, ε2) → 0 as ε1, ε2 → 0. The same bound holds for the stabilised channel diver-
gences

DHT
f (Φ∥Ψ) = sup

ψ
DHT
f

(
(id ⊗ Φ)(ψ)∥(id ⊗ Ψ)(ψ)

)
with ε1 = 1

2∥Φ − Φ′∥⋄ and ε2 = 1
2∥Ψ − Ψ′∥⋄.

Proof. By Proposition 5.2.5, DHT
f =

∫
g f ′′ with g = e − (1 − γ)+, and 0 ≤ g ≤ min{γ, 1}

by Lemma 5.2.2. For a traceless Hermitian X,

max
0≤M≤1

| TrMX| = 1
2∥X∥1,

so |e(γ) − e′(γ)| ≤ ε1 + γε2 for the two profiles. Hence |g − g′| ≤ min{γ, 1, ε1 + γε2}. The
limit follows from (5.4.1) and dominated convergence. For channels, apply the state bound
to each input and take suprema.

For the trace distance (f ′′ = δ1) the modulus is min{1, ε1 + ε2}. For the squared
Hellinger distance f = (

√
x − 1)2, f ′′(dγ) = 1

2γ
−3/2dγ, splitting at γ = 2ε, 1 and 1/(2ε)

gives ωf (ε, ε) ≤ 4
√

2ε, so the testing-region fidelity QHT
1/2 = 1 − 1

2D
HT
(
√
x−1)2 has modulus at

most 2
√

2ε. Compare Corollary 4.12.5 in Chapter 4: the geometric fidelity, the reverse-test
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value of the same f , is discontinuous at every pair whose sum is singular and whose fidelity
is positive.

The same modulus holds for the measured divergences DM
f (ρ∥σ) = supN Df (Nρ∥Nσ),

the supremum over measurements N , and for their stabilised channel versions. Indeed, a
measurement does not increase trace distances and ωf is nondecreasing in both arguments,
so Theorem 5.4.1 applied to each pair of outcome distributions, on which DHT

f is the
classical Df by Proposition 5.2.5, gives

|Df (Nρ∥Nσ) −Df (Nρ′∥Nσ′)| ≤ ωf (ε1, ε2)
for every N , and the difference of two suprema, which are finite because f is bounded, is
at most the supremum of the differences.
Corollary 5.4.2 (No dichotomy). Every bounded testing-region divergence is continuous
at every pair of states and channels. The perturbations of size O(

√
t) in Theorem 4.12.4

of Chapter 4, which move every Kubo–Ando mean of a pair with singular sum to its affine
part, move DHT

f by at most ωf (O(
√
t), O(

√
t)).

For instance, with σ = |0⟩⟨0| and ρt = |vt⟩⟨vt|, vt =
√

1 − t |0⟩ +
√
t |1⟩, the geometric

fidelity is 0 for t > 0 and 1 at t = 0, while Example 5.3.4 gives
QHT

1/2(ρt∥σ) = 0.97904, 0.99968, 0.999996 at t = 10−2, 10−4, 10−6.

The discontinuities of mean-based divergences are therefore a property of the reverse test,
not of quantum divergences as such.
Theorem 5.4.3 (Unbounded generators). Let f be convex with f(1) = 0. Then DHT

f is
lower semicontinuous on pairs of states with values in [0,∞], and:

(a) if f ′(∞) = ∞ and f(0+) < ∞, then DHT
f is continuous at (ρ, σ) if and only if σ is

invertible or DHT
f (ρ∥σ) = ∞;

(b) if f(0+) = ∞ and f ′(∞) < ∞, then the same holds with ρ in place of σ;

(c) if both are infinite, DHT
f is continuous at (ρ, σ) if and only if both are invertible or

DHT
f (ρ∥σ) = ∞.

In particular the Umegaki relative entropy is continuous at (ρ, σ) if and only if σ is invertible
or D(ρ∥σ) = ∞.
Proof. Lower semicontinuity follows from Fatou’s lemma, because g ≥ 0 is continuous in
(ρ, σ). (a) If σ ≥ λ1 with λ > 0, then σ′ ≥ λ

2 1 for nearby σ′, and e(γ) = 0 for γ ≥ 2/λ and
all nearby ρ′, because ρ′ ≤ 1 ≤ γσ′. So the integrand g vanishes beyond 2/λ uniformly.
On (0, 2/λ] it is dominated by min{γ, 1}, which is f ′′-integrable there because f(0+) < ∞
and f ′′ is locally finite. If σ is singular and DHT

f (ρ∥σ) < ∞, take a unit vector v ∈ kerσ
and ρt = (1 − t)ρ + t|v⟩⟨v|. Then m∞(ρt, σ) ≥ t > 0 and DHT

f (ρt∥σ) ≥ f ′(∞)m∞ = ∞
by Proposition 5.2.5 (with f ≥ 0), so continuity fails. At a pair with DHT

f = ∞, lower
semicontinuity gives continuity into [0,∞]. (b) is (a) for f̃ and the exchanged pair, since
DHT
f (ρ∥σ) = DHT

f̃
(σ∥ρ). (c) combines both.

Quantitative bounds at invertible σ, in terms of Dmax, are given in [15] through the
same integral representation. Theorem 5.4.3 is the testing-region analogue of the dichotomy
of Theorem 4.12.4, but the obstruction differs. There the obstruction is the singularity of
the sum, through a coupling of size O(

√
t). Here it is the singularity of the second argument,

through a leak of size O(t).
The Petz divergences, whose shadow is the Nussbaum–Szkoła pair, are treated in Sec-

tion 5.5.
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5.5 The modular shadow: Petz divergences
Write ρ = ∑

i aiEi and σ = ∑
j bjFj with distinct eigenvalues and spectral projections. Let

Lρ and Rσ be left and right multiplication on the Hilbert–Schmidt space; they commute,
and ∆ = LρR

−1
σ is the relative modular operator. For convex f with f(1) = 0 the Petz

f -divergence is

DP
f (ρ∥σ) = ⟨1, Pf (Lρ, Rσ)1⟩ =

∑
ij

Tr(EiFj)Pf (ai, bj),

with the perspective Pf (a, b) = bf(a/b) extended by Pf (a, 0) = af ′(∞) and Pf (0, b) =
bf(0+) [61]. Its classical pair is the Nussbaum–Szkoła pair Pij = ai TrEiFj , Qij =
bj TrEiFj .

Theorem 5.5.1 (The modular lift). (a) With Ω = Lρ +Rσ and the modular derivative
T̃ = LρΩ−1 = ∆(1 + ∆)−1 on the support of Ω,

DP
f (ρ∥σ) =

〈
1, Ω1/2hf (T̃ ) Ω1/21

〉
, hf (t) = (1 − t)f

(
t/(1 − t)

)
,

the formula of Theorem 4.2.15 and Lemma 4.7.4 for the commuting pair (Lρ, Rσ) in
the vector 1.

(b) The profile of the modular shadow is the Petz hockey-stick

EP
γ (ρ∥σ) :=

∑
ij

(Pij − γQij)+ =
∑
j

TrFj(ρ− γbj1)+,

and DP
f is Definition 5.2.3 applied to EP

γ in place of Eγ.

(c) The boundary masses of the modular shadow are m0 = Tr Π⊥
ρ σ and m∞ = Tr Π⊥

σ ρ,
the same as for the testing region, and in general strictly smaller than those of the
reverse test. Consequently DP

f and DHT
f are finite under exactly the same conditions:

no positive boundary mass may meet an infinite boundary value of f .

Proof. (a) Pf (a, b) = (a + b)hf (a/(a + b)), and functional calculus of the commuting pair
gives Pf (Lρ, Rσ) = Ω1/2hf (T̃ )Ω1/2. (b) We have∑

i

(ai − γbj)+ TrEiFj = TrFj(ρ− γbj)+.

The second statement is Proposition 5.2.5 for the commuting (classical) pair (P,Q). (c)
We have

mNS
0 =

∑
i:ai=0

∑
j

bj TrEiFj = Tr Π⊥
ρ σ,

and symmetrically for m∞. The comparison with the reverse test is Theorem 5.3.2(b).

Theorem 5.5.1(c) separates two Lebesgue decompositions. The reverse test of Chapter 4
splits a pair along the spectral projections of T , whose extreme eigenspaces can be strictly
larger than the support defects. The modular and testing-region shadows split it along the
supports themselves.

Theorem 5.5.2 (Continuity of Petz divergences). (a) If f(0+), f ′(∞) < ∞, then DP
f is

jointly continuous on pairs of states.
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(b) For α ∈ (0, 1) and states in any dimension,∣∣QP
α(ρ∥σ) −QP

α(ρ′∥σ′)
∣∣ ≤ (2ε1)α + (2ε2)1−α, ε1 = 1

2∥ρ− ρ′∥1, ε2 = 1
2∥σ − σ′∥1.

The same modulus holds for the stabilised channel quantity infψ QP
α with diamond

distances.

(c) For unbounded f , DP
f is lower semicontinuous, and its continuity points are exactly

those of Theorem 5.4.3. In particular QP
α with α ∈ (1, 2] is continuous at (ρ, σ) if and

only if σ is invertible or Πρ ̸≤ Πσ.

(d) Every n-use and regularised Petz quantity with α ∈ [0, 2] is dT-Lipschitz in the second
channel (Theorem 5.7.2).

Proof. (a) Pf is continuous on [0, 1]2, with |Pf (a, b)| ≤ C(a + b) because a convex f with
finite boundary values satisfies |f(x)| ≤ C(1 + x). Uniform approximation of Pf by poly-
nomials in two variables makes (ρ, σ) 7→ ⟨1, Pf (Lρ, Rσ)1⟩ a uniform limit of continuous
functions. (b) By Hölder’s inequality,

|QP
α(ρ∥σ) −QP

α(ρ′∥σ′)| ≤ ∥ρα − ρ′α∥1/α∥σ1−α∥1/(1−α) + ∥ρ′α∥1/α∥σ1−α − σ′1−α∥1/(1−α).

The two fixed norms equal 1. Ando’s inequality for the operator monotone functions xα
and x1−α [7] gives

∥ρα − ρ′α∥1/α ≤ ∥|ρ− ρ′|α∥1/α = ∥ρ− ρ′∥α1 ,

and likewise for σ. For channels, apply this to each input. (c) DP
f is the increasing limit

of the bounded divergences with f ′′ truncated to [1/k, k], hence lower semicontinuous. At
invertible σ the perspective is continuous near the spectrum; at singular σ with finite value,
the support leak of Theorem 5.4.3 gives m∞ > 0 and an infinite value. (d) DP

α is antitone
in σ for α ∈ [0, 2] and logarithmically homogeneous.

The theory of Chapter 4 predicts discontinuity of a mean of the lifted pair wherever
Ω = Lρ + Rσ is singular, that is, wherever ρ and σ are both singular. Theorem 5.5.2(a)
shows that this never happens for bounded f . The reason is that every perturbation of
(ρ, σ) lifts to a perturbation of the commuting pair (Lρ, Rσ) inside the commuting pairs.
The O(

√
t) coupling between the kernel and the range of Ω that drives the dichotomy is

never available.

Proposition 5.5.3 (Orderings between the shadows). (a) For operator convex f , DP
f ≤

DT
f , the maximal f -divergence [61, 91].

(b) For α ∈ (0, 1), DP
α ≤ DHT

α ≤ DP
α + log 2

1−α (Proposition 5.6.1).

(c) For α > 1, DM
α ≤ DHT

α ≤ D̃α ≤ DP
α , by [84]. Theorem 6.3.2 in Chapter 6 gives a

short proof of the middle inequality for α ≥ 2.
So the testing-region and modular shadows are ordered in Rényi divergence for every

α ̸= 1, with the order reversing at α = 1, where both give the Umegaki entropy.

5.6 Tensor products: what replaces multiplicativity
The reverse test and the modular shadow are multiplicative: the shadow of (ρ⊗ ρ′, σ⊗ σ′)
is the multiplicative convolution of the two shadows, since T and the Nussbaum–Szkoła
pair factorise. The testing region is not. The Hirche–Tomamichel Rényi divergences are



CHAPTER 5. SHADOWS OF QUANTUM DIVERGENCES 132

not additive [63], so tensor powers must be handled by comparison with shadows that do
factorise. We use the modular shadow below order one and the pinched pair above it. Write
ηn for the error profile of (ρ⊗n, σ⊗n), v(σ) for the number of distinct eigenvalues of σ, and
Pσ for the pinching in the eigenbasis of σ.

Proposition 5.6.1 (Order below one). For α ∈ (0, 1), 1
2Q

P
α ≤ QHT

α ≤ QP
α. Hence

DP
α(ρ∥σ) ≤ DHT

α (ρ∥σ) ≤ DP
α(ρ∥σ) + log 2

1 − α
,

∣∣∣ 1
nD

HT
α (ρ⊗n∥σ⊗n) −DP

α(ρ∥σ)
∣∣∣ ≤ log 2

n(1 − α) .

Proof. The upper bound is [13, (1.10)]. For the lower bound, the inequality of Nussbaum
and Szkoła [99] applied to (ρ, γσ) gives η(γ) ≥ 1

2
∑
ij min{Pij , γQij} for every γ. The right-

hand side is half the error profile of the modular shadow, whose Mellin transform is QP
α by

Proposition 5.2.6 applied to a commuting pair. The modular shadow is multiplicative, so
the same holds for tensor powers with the same constant.

Proposition 5.6.2 (Order above one). For α > 1 and Πρ ≤ Πσ,

Qα(Pσρ∥σ) ≤ QHT
α (ρ∥σ) ≤ v(σ)αQα(Pσρ∥σ),

Qα(Pσρ∥σ) ≤ Q̃α(ρ∥σ) ≤ v(σ)αQα(Pσρ∥σ),

where Qα(Pσρ∥σ) = Tr(Pσρ)ασ1−α is classical and Q̃α is the sandwiched quasi-entropy.
Consequently ∣∣DHT

α (ρ∥σ) − D̃α(ρ∥σ)
∣∣ ≤ α

α− 1 log v(σ),∣∣∣ 1
nD

HT
α (ρ⊗n∥σ⊗n) − D̃α(ρ∥σ)

∣∣∣ ≤ α(d− 1)
α− 1

log(n+ 1)
n

.

Proof. The pinching is a channel fixing σ, so data processing for DHT
α (Proposition 5.2.7)

and for D̃α gives the lower bounds, and the pinched pair commutes. The pinching in-
equality ρ ≤ v(σ)Pσ(ρ) [54] and the monotonicity of A 7→ Tr(A − γσ)+ give Eγ(ρ∥σ) ≤
vEγ/v(Pσρ∥σ). The Mellin formula with α > 1 has positive weights, and the substitution
γ = vu produces the factor vα. The same inequality with the monotonicity of

ρ 7→ Tr(σ
1−α
2α ρ σ

1−α
2α )α

gives the bound for Q̃α. For tensor powers use v(σ⊗n) ≤ (n + 1)d−1 and the additivity of
D̃α.

Propositions 5.6.1 and 5.6.2 give the regularisation theorem of [63] with explicit rates:
the testing-region Rényi divergence regularises to the Petz divergence below order one and
to the sandwiched divergence above it. In shadow language, 1

n log
∫
γαdµn converges to

logQP
α for α < 1 and to log Q̃α for α > 1, where µn is the shadow of n copies. These are

exactly the cumulant functions whose Legendre transforms give the Hoeffding and strong-
converse exponents [55, 94, 96]. The two halves of the asymptotic testing region are thus
governed by the two multiplicative shadows that bracket the testing region. At α = 1 both
halves meet at the Umegaki entropy, the only additive functional consistent with optimal
binary tests [48].
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5.7 Channels: the Thompson metric and the adaptive Stein
exponent

Let Φ,Ψ : B(X ) → B(Y) be channels with Choi matrices J(Φ) = ∑
ij |i⟩⟨j| ⊗ Φ(|i⟩⟨j|),

dX = dim X , dY = dim Y. (This Choi matrix has the input factor first, unlike the other
chapters; see Table 3.1.) Write Φ ≤cp Φ′ when Φ′ − Φ is completely positive, that is,
J(Φ) ≤ J(Φ′). The Thompson metric on channels is

dT(Ψ,Ψ′) = inf{t ≥ 0 : Ψ ≤cp e
tΨ′, Ψ′ ≤cp e

tΨ} = dT
(
J(Ψ), J(Ψ′)

)
,

which is +∞ unless the Choi matrices have the same support. An n-use adaptive strategy
produces final states ρΦ

n , ρΨ
n by interleaving the n uses with fixed channels on a growing

memory. For a divergence D on positive operators let D(n)(Φ∥Ψ) = supD(ρΦ
n∥ρΨ

n ) over
adaptive strategies, let Dreg = limn

1
nD(Φ⊗n∥Ψ⊗n) when it exists, and let

DA(Φ∥Ψ) = sup
R, ρRX , σRX

[
D
(
(id ⊗ Φ)ρ

∥∥ (id ⊗ Ψ)σ
)

− D(ρ∥σ)
]

be the amortised divergence [128], the supremum running over pairs with D(ρ∥σ) < ∞.

Lemma 5.7.1. If Ψ ≤cp cΨ′, then ρΨ
n ≤ cnρΨ′

n for every n-use adaptive strategy, and
(id ⊗ Ψ)(σ) ≤ c (id ⊗ Ψ′)(σ) for every σ ≥ 0.

Proof. The second statement is the definition. For the first, let Xk ≥ 0 and X ′
k ≥ 0 be the

states before the k-th use in the two runs of the same strategy, and suppose Xk ≤ ck−1X ′
k.

Then
(id ⊗ Ψ)(Xk) ≤ c (id ⊗ Ψ′)(Xk) ≤ ck(id ⊗ Ψ′)(X ′

k),

because id⊗Ψ′ is positive. The interleaved channels are positive and preserve the order.

Theorem 5.7.2 (Thompson stability in the second argument). Let D be antitone in its
second argument and logarithmically homogeneous, D(ρ∥cσ) = D(ρ∥σ) − log c. Then for all
channels and all n, ∣∣D(n)(Φ∥Ψ) − D(n)(Φ∥Ψ′)

∣∣ ≤ ndT(Ψ,Ψ′),

and the same bound holds for parallel strategies. Consequently Dreg and DA are 1-Lipschitz
in Ψ for dT. If J(Ψ) is invertible and

η := dX ∥Ψ − Ψ′∥⋄/λmin(J(Ψ)) < 1,

then dT(Ψ,Ψ′) ≤ − log(1 − η).

Proof. If t > dT(Ψ,Ψ′), Lemma 5.7.1 gives e−ntρΨ
n ≤ ρΨ′

n ≤ entρΨ
n for the same strategy,

and the two hypotheses on D give |D(ρΦ
n∥ρΨ′

n ) − D(ρΦ
n∥ρΨ

n )| ≤ nt. Take suprema. The
amortised case is the second statement of Lemma 5.7.1 applied to each pair. For the last
claim,

∥J(Ψ′) − J(Ψ)∥∞ ≤ ∥J(Ψ′) − J(Ψ)∥1 ≤ dX ∥Ψ′ − Ψ∥⋄,

so
(1 − η)J(Ψ) ≤ J(Ψ′) ≤ (1 + η)J(Ψ).
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The hypotheses hold for the Umegaki, Petz (α ∈ [0, 2]), sandwiched (α ≥ 1
2), geometric

(α ∈ (0, 2]) and measured Rényi divergences, for Dmax, Dmin and for the hypothesis-testing
relative entropy. Theorem 5.7.2 rests on the fact that the Thompson metric is additive under
tensor products, dT(Ψ⊗n,Ψ′⊗n) = ndT(Ψ,Ψ′), whereas the diamond norm of Ψ⊗n − Ψ′⊗n

saturates. This is how tensor products are handled in the second argument. The first
argument needs a different idea, because no divergence is monotone there.

Lemma 5.7.3. For every R and σRX ≥ 0,

λmin(J(Ψ))σR ⊗ 1Y ≤ (id ⊗ Ψ)(σ) ≤ λmax(J(Ψ))σR ⊗ 1Y .

Proof. For pure σ = (M⊗1)|Ω⟩⟨Ω|(M⊗1)∗, with |Ω⟩ = ∑
i |i⟩|i⟩ and M : X → R, we have

σR = MM∗ and (id⊗Ψ)(σ) = (M ⊗1)J(Ψ)(M ⊗1)∗. Mixed states follow by linearity.

Theorem 5.7.4 (The first argument, uniformly over references). Let J(Ψ) be invertible
with condition number κ(Ψ), and let h be the binary entropy. For all channels Φ,Φ′, all R
and all ρRX , σRX with D(ρ∥σ) < ∞,∣∣∣D((id ⊗ Φ′)ρ

∥∥ (id ⊗ Ψ)σ
)

−D
(
(id ⊗ Φ)ρ

∥∥ (id ⊗ Ψ)σ
)∣∣∣

≤ 2ε log dY + (1 + ε)h
( ε

1 + ε

)
+ ε log κ(Ψ),

where
ε = 1

2∥(id ⊗ (Φ − Φ′))ρ∥1 ≤ 1
2∥Φ − Φ′∥⋄.

Hence the same bound, with ε = 1
2∥Φ − Φ′∥⋄, holds for |DA(Φ∥Ψ) −DA(Φ′∥Ψ)| and for the

stabilised channel divergence.

Proof. Put ω = (id ⊗ Φ)ρ, ω′ = (id ⊗ Φ′)ρ and ξ = (id ⊗ Ψ)σ. Since D(ρ∥σ) < ∞,
ΠρR ≤ ΠσR , and Lemma 5.7.3 gives Πω,Πω′ ≤ ΠσR ⊗ 1 = Πξ. On this support, operator
monotonicity of the logarithm and Lemma 5.7.3 give log ξ = log σR ⊗1+K with log λmin ≤
K ≤ log λmax. Both ω and ω′ have R-marginal ρR, so the term Tr(ω′ − ω)(log σR ⊗ 1)
vanishes and

D(ω′∥ξ) −D(ω∥ξ) =
[
H(Y|R)ω −H(Y|R)ω′

]
− Tr(ω′ − ω)

(
K − c01

)
,

c0 = 1
2 log(λminλmax),

using Tr(ω′ − ω) = 0. Winter’s continuity bound for the conditional entropy [129] controls
the first bracket by 2ε log dY + (1 + ε)h(ε/(1 + ε)), independently of R. The second term
is at most

∥ω′ − ω∥1 ∥K − c0∥∞ ≤ 2ε · 1
2 log κ(Ψ).

The amortised statement follows by taking suprema, since the subtracted term D(ρ∥σ)
does not depend on Φ.

The cancellation of log σR is what makes the bound independent of the reference system,
and hence of the number of uses hidden in an amortising pair. This is the conditional-
entropy replacement for the tensor-power structure that hockey-stick divergences lack.

Corollary 5.7.5 (Continuity of the adaptive Stein exponent). Let ζ(Φ,Ψ) be the optimal
type-II error exponent for adaptive discrimination of Φ against Ψ with vanishing type-I
error. Then ζ = Dreg = DA [41, 125], and:
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(a) ζ is lower semicontinuous on pairs of channels;

(b) if J(Ψ) is invertible, then ζ(Φ,Ψ) ≤ log
(
dX /λmin(J(Ψ))

)
, and for all Φ′ and all Ψ′

with the same Choi support,

|ζ(Φ,Ψ) − ζ(Φ′,Ψ′)| ≤ 2ε log dY + (1 + ε)h
( ε

1 + ε

)
+ ε log κ(Ψ) + dT(Ψ,Ψ′),

ε = 1
2∥Φ − Φ′∥⋄;

(c) ζ is continuous at (Φ,Ψ) if and only if J(Ψ) is invertible or ζ(Φ,Ψ) = ∞.

Proof. (a) By superadditivity and Fekete’s lemma, Dreg = supn 1
nD(Φ⊗n∥Ψ⊗n), a supre-

mum of lower semicontinuous functions. (b) Since J(Φ) ≤ Tr J(Φ) 1 = dX 1, we have
Φ ≤cp cΨ with c = dX /λmin(J(Ψ)), and Lemma 5.7.1 gives D(ρΦ

n∥ρΨ
n ) ≤ n log c. The

estimate is Theorem 5.7.4 at Ψ followed by Theorem 5.7.2 at Φ′. (c) If J(Ψ) is invertible,
(b) gives continuity, because dT(Ψ,Ψ′) → 0 as Ψ′ → Ψ by Theorem 5.7.2. If ζ(Φ,Ψ) = ∞,
(a) gives continuity into [0,∞]. Otherwise J(Ψ) is singular and ζ(Φ,Ψ) < ∞. Put
Φt = (1 − t)Φ + tΘ with Θ the completely depolarising channel. Then J(Φt) is invert-
ible, so its support is not contained in that of J(Ψ), and the maximally entangled input
gives ζ(Φt,Ψ) ≥ D(Φt∥Ψ) = ∞, while ∥Φt − Φ∥⋄ ≤ 2t.

Remark 5.7.6. Corollary 5.7.5 is the regularised counterpart of Theorem 4.12.4 in Chapter 4,
with “J(Φ + Ψ) invertible or the fidelity vanishes” replaced by “J(Ψ) invertible or the
exponent is infinite”. The same proof gives the dichotomy for the one-shot channel relative
entropy. By Theorem 5.7.2, the strong-converse exponent and every other regularised
quantity of an admissible D is Thompson-Lipschitz in Ψ. Continuity in Φ is Theorem 5.7.8
for the regularised sandwiched divergences, which have a chain rule, and Theorem 5.7.11
for the regularised Petz divergences, which do not. The continuity of D̃reg

α in the order α
at α = 1 was recently established in [124].

Proposition 5.7.7 (The T-lift for channels). Let J(Φ + Ψ) = WW ∗, J(Φ) = WTW ∗ as
in Theorem 4.2.2 of Chapter 4, and Hγ = TrY W (T −γ(1−T ))+W

∗. For every input ψRX
with X -marginal τ ,

Eγ
(
(id ⊗ Φ)ψ

∥∥ (id ⊗ Ψ)ψ
)

≤ Tr τTHγ ,

so the channel hockey-stick divergence satisfies E⋄
γ(Φ∥Ψ) ≤ λmax(Hγ). With f(1) = f ′(1) =

0 one has the operator identity

hf (T ) =
∫ ∞

1

(
(T − γ(1 − T ))+f

′′(dγ) + ((1 − T ) − γT )+f̃
′′(dγ)

)
,

so integrating recovers

DHT
f (Φ∥Ψ) ≤ DT

f (Φ∥Ψ) = λmax
(

TrY Whf (T )W ∗)
(Theorem 4.7.5 in Chapter 4) level by level, with the gap of Theorem 5.3.2(d) at each input.

Proof. With ψ = (M ⊗ 1)|Ω⟩⟨Ω|(M ⊗ 1)∗ the two outputs are V (T )V ∗ and V (1 − T )V ∗

with V = (M ⊗ 1)W . The argument of Theorem 5.3.2(a) gives

Eγ ≤ TrV X+V
∗ = Tr(M∗M ⊗ 1)WX+W

∗,

and M∗M = τT.
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The sandwiched divergences and the strong-converse exponent

For α > 1 the regularised sandwiched channel divergence equals its amortised version,
D̃reg
α = D̃A

α , by the chain rule of Fawzi and Fawzi [43, Corollary 5.2]. The same work
characterises the strong-converse exponent of adaptive channel discrimination through the
family {D̃reg

α }α>1. The second argument is covered by Theorem 5.7.2. For the first ar-
gument the conditional-entropy decomposition is unavailable, and we replace it by a ratio
estimate on the quasi-entropy.

Theorem 5.7.8 (First argument, sandwiched). Let α > 1, let J(Ψ) be invertible with
λ = λmin(J(Ψ)), and put m = min{dX , dY}. For all channels Φ,Φ′, all R and all ρRX , σRX
with D̃α(ρ∥σ) < ∞,∣∣Q̃α((id ⊗ Φ′)ρ ∥ (id ⊗ Ψ)σ

)
− Q̃α

(
(id ⊗ Φ)ρ ∥ (id ⊗ Ψ)σ

)∣∣
Q̃α(ρ∥σ)

≤ αdY
(m
λ

)α−1
∥J(Φ′) − J(Φ)∥1.

Consequently ∣∣D̃reg
α (Φ′∥Ψ) − D̃reg

α (Φ∥Ψ)
∣∣ ≤ α

α− 1 dXdY
(m
λ

)α−1
∥Φ′ − Φ∥⋄,

and the same bound holds for the stabilised one-shot channel divergence.

Proof. Write ω = (id ⊗ Φ)ρ, ω′ = (id ⊗ Φ′)ρ and ξ = (id ⊗ Ψ)σ, and put β = α−1
2α , so

that Q̃α(·∥ξ) = Tr(ξ−β · ξ−β)α. Let J(Φ′) − J(Φ) = J+ − J− be the Jordan decomposition
and Γ± the corresponding completely positive maps, so that ω′ − ω = ∆+ − ∆− with
∆± = (id ⊗ Γ±)ρ ≥ 0.

(i) By Lemma 5.7.3, ξ ≥ λσR ⊗ 1 on ΠσR ⊗ 1 = Πξ, and since x 7→ x−2β is operator
monotone decreasing with 2β ∈ (0, 1), we get ξ−2β ≤ λ−2βσ−2β

R ⊗ 1 there. For ∆ ≥ 0
supported in ΠρR ⊗ 1 ≤ Πξ this gives

∥ξ−β∆ξ−β∥α ≤ λ−2β∥∥(σ−β
R ⊗ 1)∆(σ−β

R ⊗ 1)
∥∥
α
.

(ii) Lemma 5.7.3 for Γ± gives ∆± ≤ ∥J±∥∞ ρR ⊗ 1, hence, by data processing,∥∥(σ−β
R ⊗ 1)∆±(σ−β

R ⊗ 1)
∥∥
α

≤ ∥J±∥∞d
1/α
Y Q̃α(ρR∥σR)1/α ≤ ∥J±∥∞d

1/α
Y Q̃α(ρ∥σ)1/α.

(iii) Since ω ≤ mρR ⊗ 1 (either from J(Φ) ≤ dX 1 or from the general inequality ω ≤
dY ωR ⊗ 1), monotonicity of Q̃α gives

Q̃α(ω∥ξ) ≤ λ1−αQ̃α(ω∥σR ⊗ 1) ≤ λ1−αmαdYQ̃α(ρ∥σ),

and the same for ω′.

(iv) For A,B ≥ 0,

| TrAα − TrBα| ≤ αmax{∥A∥α, ∥B∥α}α−1∥A−B∥α,

by differentiating along the segment and using Hölder’s inequality.

Apply (iv) to A = ξ−βω′ξ−β and B = ξ−βωξ−β, bound ∥A − B∥α by (i) and (ii) and the
maxima by (iii). The powers of λ combine to λ−(α−1)2/α−(α−1)/α = λ1−α, and

∥J+∥∞ + ∥J−∥∞ ≤ ∥J(Φ′) − J(Φ)∥1 ≤ dX ∥Φ′ − Φ∥⋄.

This gives the first estimate. For the second, RΦ(ρ, σ) = Q̃α(ω∥ξ)/Q̃α(ρ∥σ) satisfies
D̃A
α (Φ∥Ψ) = 1

α−1 log supRΦ, and supRΦ ≥ 1 because D̃A
α ≥ 0. The supremum inherits

the uniform bound, and log is 1-Lipschitz on [1,∞).
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Corollary 5.7.9 (Continuity of the sandwiched exponents). Let α > 1.

(a) D̃reg
α is lower semicontinuous, and it is continuous at (Φ,Ψ) if and only if J(Ψ) is

invertible or D̃reg
α (Φ∥Ψ) = ∞. At invertible J(Ψ) it obeys the bound of Theorem 5.7.8

in Φ and is dT-Lipschitz in Ψ.

(b) On every compact range α ∈ (1, A] the functions α−1
α D̃reg

α (·∥Ψ) are equi-Lipschitz,
with constant dXdY(m/λ)A−1 in the diamond norm. Consequently the strong-converse
exponent of adaptive discrimination [43, Theorem 5.5],

H(r,Φ,Ψ) = sup
α>1

α− 1
α

(
r − D̃reg

α (Φ∥Ψ)
)
,

is continuous at every pair with invertible J(Ψ), for every rate r < Dmax(Φ∥Ψ).

Proof. (a) Lower semicontinuity and the discontinuity at singular J(Ψ) are as in Corol-
lary 5.7.5: a support leak gives D̃α = ∞. (b) The factor α−1

α cancels the factor α
α−1 of

Theorem 5.7.8, and m/λ ≥ 1. For

r < Dmax(Φ∥Ψ) = lim
α→∞

D̃α(Φ∥Ψ),

choose A with D̃A(Φ∥Ψ) > r. By the one-shot case of Theorem 5.7.8 and Theorem 5.7.2,
D̃A(Φ′∥Ψ′) > r for nearby pairs. Monotonicity in α then makes every term with α > A
negative, while the supremum is nonnegative (let α ↓ 1). So near (Φ,Ψ) the supremum
runs over (1, A], where the terms are equicontinuous in both arguments.

The first argument without a chain rule: regularised Petz divergences

For α ∈ (0, 1), QP
α(ρ∥σ) = Tr ρασ1−α is nondecreasing and homogeneous of degree α in

ρ, and nondecreasing and homogeneous of degree 1 − α in σ. No chain rule is known
for these divergences, so the route of Theorem 5.7.8 is closed: we cannot control one
use against an arbitrary reference and then pass from the amortised to the regularised
divergence. Example 5.7.12 shows that a one-use estimate uniform over references cannot
hold in general. We work instead with parallel uses and replace them one at a time. This
works for perturbations that act locally on the output and the input. Write D(n)

α (Φ∥Ψ) =
DP
α(Φ⊗n∥Ψ⊗n) and

DP,reg
α = lim

n

1
n
D(n)
α = sup

n

1
n
D(n)
α ,

the limit existing by superadditivity.

Lemma 5.7.10 (Local stability, uniformly over references). Let α ∈ (0, 1) and λ1 ≤
J(Ψ) ≤ Λ1 with λ > 0. Let W be an operator on Y with polar decomposition W = U |W |,
and put s = ∥W ∗W −1∥∞ and u = ∥U −1∥∞, with 2s(Λ/λ)1−α < 1 and 2uΛ/λ < 1. Then
for every R, every ω ≥ 0 on R ⊗ Y and every σ ≥ 0 on R ⊗ X , with ξ = (id ⊗ Ψ)σ,

QP
α

(
(1 ⊗W )ω(1 ⊗W )∗ ∥∥ ξ) ≥ cW QP

α(ω∥ξ),
cW = (1 + s)α−1(1 − 2s(Λ/λ)1−α)(1 − 2uΛ/λ

)1−α
.

Proof. Put A = (1 ⊗ W )ω1/2 and G = W ∗W . Then (AA∗)α = A(A∗A)α−1A∗, with the
power taken on the support of A∗A, which is that of ω. Hence

QP
α(AA∗∥ξ) = Tr

[(
ω1/2(1 ⊗G)ω1/2)α−1

ω1/2(1 ⊗W ∗) ξ1−α (1 ⊗W )ω1/2
]
.
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(i) ω1/2(1 ⊗G)ω1/2 ≤ (1 + s)ω, and x 7→ xα−1 is operator monotone decreasing, so the first
factor is at least (1 + s)α−1ωα−1 on the support of ω. (ii) We have

(1 ⊗W ∗)ξ1−α(1 ⊗W ) = (1 ⊗ |W |) ξ1−α
U (1 ⊗ |W |)

with ξU = (id⊗ΨU )σ, where ΨU = U∗Ψ(·)U . The Choi matrix J(ΨU ) = (1⊗U∗)J(Ψ)(1⊗
U) also lies between λ and Λ. By Lemma 5.7.3 and operator monotonicity of x1−α, ξ1−α

U =
N1/2MN1/2 with N = σ1−α

R ⊗ 1 and λ1−α ≤ M ≤ Λ1−α on the support of N . Now
E = 1 ⊗ (|W | − 1) commutes with N and has ∥E∥ ≤ s, and

(1 + E)M(1 + E) ≥ M − 2sΛ1−α ≥ (1 − 2s(Λ/λ)1−α)M.

Conjugating by N1/2 gives

(1 ⊗ |W |)ξ1−α
U (1 ⊗ |W |) ≥ (1 − 2s(Λ/λ)1−α) ξ1−α

U .

Finally, ∥J(ΨU ) − J(Ψ)∥ ≤ 2uΛ gives J(ΨU ) ≥ (1 − 2uΛ/λ)J(Ψ), hence ξ1−α
U ≥ (1 −

2uΛ/λ)1−αξ1−α. (iii) If A1 ≥ A0 ≥ 0 and B1 ≥ B0 ≥ 0, then TrA1B1 ≥ TrA0B0. Apply
this to the bounds of (i) and (ii). The result is

cW Trωα−1ω1/2ξ1−αω1/2 = cWQ
P
α(ω∥ξ).

The only place where the reference enters is N = σ1−α
R ⊗ 1, and the perturbation

1 ⊗ |W | commutes with it. This is the Petz counterpart of the cancellation of log σR in
Theorem 5.7.4.

Theorem 5.7.11 (First argument for regularised Petz divergences). Let α ∈ (0, 1).

(a) For all channels and all n,∣∣D(n)
α (Φ′∥Ψ) −D(n)

α (Φ∥Ψ)
∣∣ ≤ n

α

1 − α
dT(Φ,Φ′).

Hence DP,reg
α is α

1−α -Lipschitz in the first channel for the Thompson metric.

(b) If J(Ψ) is invertible, DP,reg
α (·∥Ψ) is lower semicontinuous.

(c) Let λ1 ≤ J(Ψ) ≤ Λ1 with λ > 0. Let W be as in Lemma 5.7.10, let W = W · W ∗,
and let V = V · V ∗ be a unitary channel on X with v = ∥V − 1∥∞ < λ/(2Λ). If
Φ′ ≥cp (1 − δ) W ◦ Φ ◦ V, then for every n

1
nD

(n)
α (Φ′∥Ψ) ≤ 1

nD
(n)
α (Φ∥Ψ) + α

1 − α
log 1

1 − δ
+ 1

1 − α
log 1

cW
+ log 1

1 − 2vΛ/λ.

(d) Consequently, if J(Ψ) is invertible, DP,reg
α (·∥Ψ) is continuous at every Φ with invert-

ible Choi matrix and at every isometric channel Φ = K · K∗. At a general Φ it is
continuous along every sequence Φk → Φ with Φk ≥cp (1 − δk) Wk ◦ Φ ◦ Vk, where
δk → 0, Wk → 1 and Vk → 1.

Proof. (a) If Φ ≤cp e
tΦ′, then Φ⊗n(ψ) ≤ entΦ′⊗n(ψ) for every input (Lemma 5.7.1). Mono-

tonicity and homogeneity in the first argument give

QP
α(Φ⊗nψ∥Ψ⊗nψ) ≤ entαQP

α(Φ′⊗nψ∥Ψ⊗nψ).
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Exchange the roles, take the infimum over ψ, and apply − 1
1−α log. (b) For fixed n, Φ 7→

infψ QP
α(Φ⊗nψ∥Ψ⊗nψ) is continuous, by Theorem 5.5.2(b) and compactness of the pure

inputs with reference X ⊗n. It is positive, because Ψ⊗nψ ≥ λmin(J(Ψ))nψR ⊗1 has support
containing that of Φ⊗nψ. So each 1

nD
(n)
α is continuous, and their supremum is lower

semicontinuous. (c) First, Φ′⊗n ≥cp (1 − δ)n(WΦV)⊗n, so

QP
α(Φ′⊗nψ∥Ψ⊗nψ) ≥ (1 − δ)nαQP

α((WΦV)⊗nψ∥Ψ⊗nψ).

Next remove the n copies of W one at a time. When W acts on the k-th output, the
remaining outputs form part of the reference, and the second argument is Ψ⊗nψ = (id ⊗
Ψk)(σk) for a positive σk on the other outputs and the k-th input. Lemma 5.7.10 therefore
applies at each step and gives a factor cnW . Finally, (ΦV)⊗nψ = Φ⊗nψV with ψV = (1 ⊗
V ⊗n)ψ(1 ⊗ V ⊗n)∗, and Ψ⊗nψ = (Ψ ◦ V∗)⊗nψV . Since

J(Ψ ◦ V∗) = (V ⊗ 1)J(Ψ)(V ⊗ 1)∗ ≥ (1 − 2vΛ/λ)J(Ψ)

and QP
α is nondecreasing in its second argument, we get

QP
α(Φ⊗nψV ∥Ψ⊗nψ) ≥ (1 − 2vΛ/λ)n(1−α) inf

ψ′
QP
α(Φ⊗nψ′∥Ψ⊗nψ′).

Collect the factors, take the infimum over ψ, and apply − 1
n(1−α) log. (d) For invertible J(Φ),

use (a) and the last statement of Theorem 5.7.2. Let Φ = K · K∗ with K an isometry,
so J(Φ) = |κ⟩⟨κ| with κ = (1 ⊗ K)Ω and ∥κ∥2 = dX . If ∥J(Φ′) − J(Φ)∥∞ = η, the top
eigenvalue µ of J(Φ′) satisfies µ ≥ dX − η. Its eigenvector, normalised as κ′ = (1 ⊗ B)Ω
with ∥κ′∥2 = dX and ⟨κ|κ′⟩ ≥ 0, tends to κ as η → 0, so B → K. Now

J(Φ′) ≥ µ

dX
|κ′⟩⟨κ′| = µ

dX
J(B ·B∗),

and B · B∗ = W ◦ Φ with W = BK∗ + 1 − KK∗ → 1. So Φ′ ≥cp (1 − δ)W ◦ Φ with
δ ≤ η/dX and s, u → 0. Then (c) gives lim supDP,reg

α (Φ′∥Ψ) ≤ DP,reg
α (Φ∥Ψ), and (b)

gives the matching lower bound. The last statement follows from (b) and (c) in the same
way.

The hypothesis of (d) covers post-processing by any channels Nk → id followed by
mixing in noise, and pre-processing by unitaries Vk → id. A channel close to the identity
has a Choi matrix close to |Ω⟩⟨Ω|, and therefore dominates (1 − δ)W ·W ∗ for its top Kraus
operator W → 1, by the eigenvector argument in the proof of (d).

Example 5.7.12 (No uniform one-use bound). On a qubit let Φε = (1 − ε)id + εD, with
D completely depolarising, and Φ′ = id, so ∥Φε − Φ′∥⋄ ≤ 2ε. Let J(Ψ) be invertible. Take
R = C2, ρ = |v⟩⟨v| with v =

√
1 − δ |00⟩ +

√
δ |11⟩, and σ = |1⟩⟨1| ⊗ 1

2 , so ξ = (id ⊗ Ψ)σ =
|1⟩⟨1| ⊗ Ψ(1

2 ). Then
QP
α(Φ′ρ∥ξ) = δ ⟨1|Ψ(1

2 )1−α|1⟩.

On the other hand Φερ ≥ εδ |1⟩⟨1| ⊗ 1
2 , so

QP
α(Φερ∥ξ) ≥ (εδ/2)α Tr Ψ(1

2 )1−α.

Hence
QP
α(Φ′ρ∥(id ⊗ Ψ)σ)

QP
α(Φερ∥(id ⊗ Ψ)σ) ≤

(2
ε

)α
δ1−α −−−→

δ→0
0
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for every fixed ε. No estimate QP
α(Φ′ρ∥Ψσ) ≥ c(ε)QP

α(Φερ∥Ψσ) with c(ε) > 0 can hold
uniformly over references, let alone one with c(ε) → 1. Removing noise is the bad di-
rection, and it is not local. The divergence itself is continuous at both points: at Φε by
Theorem 5.7.11(a), since J(Φε) is invertible, and at id by (d).

What remains open is continuity at channels with singular Choi matrix along pertur-
bations that rotate the support of J(Φ) by a unitary of X ⊗ Y that is not a product.
Such perturbations are not of the form in (c), and Example 5.7.12 shows that slot-by-slot
replacement cannot handle them in general.

Testing-region channel divergences: the one-shot formula

The supremum over inputs does not commute with the integral over γ, so the λmax formula
of Theorem 4.7.5 in Chapter 4 cannot hold verbatim. It holds in dual form. For an input
with X -marginal τ put θ = τT. By the proof of Proposition 5.7.7 the two outputs are
unitarily equivalent to

ωθ = (
√
θ ⊗ 1)J(Φ)(

√
θ ⊗ 1), ξθ = (

√
θ ⊗ 1)J(Ψ)(

√
θ ⊗ 1),

operators on R ⊗ Y with R ∼= X , and these formulas define ωθ, ξθ for every θ ≥ 0. Let f be
convex with f(1) = f ′(1) = 0. Write m = f ′′ and m̃ = f̃ ′′, restricted to [1,∞), and define
the testing-region operator of the input,

Γf (θ) = TrY
[ ∫

(ωθ − γ ξθ)+m(dγ) +
∫

(ξθ − γ ωθ)+ m̃(dγ)
]

≥ 0,

Tr Γf (θ) = DHT
f (ωθ∥ξθ).

We assume that the integrals converge, for instance when m, m̃ are finite or when J(Φ)
and J(Ψ) dominate each other, since then the integrands vanish for large γ.

Theorem 5.7.13 (One-shot formula). (a) The function F (θ) = DHT
f (ωθ∥ξθ) is concave

and positively homogeneous on positive operators θ. At every invertible θ it is differ-
entiable, and its gradient is θ−1/2 Γf (θ) θ−1/2.

(b) (Dual formula)

DHT
f (Φ∥Ψ) = max

θ
F (θ) = inf

{
λmax

(
TrY

[ ∫
Yγm(dγ) +

∫
Zγ m̃(dγ)

])}
,

where the maximum runs over states and the infimum over measurable families with
Yγ ≥ 0, Yγ ≥ J(Φ) − γJ(Ψ), Zγ ≥ 0 and Zγ ≥ J(Ψ) − γJ(Φ). For f ′′ with finitely
many atoms both sides are semidefinite programs.

(c) (Optimal inputs) An invertible θ is optimal if and only if Γf (θ) = c θ for a scalar c,
and then c = DHT

f (Φ∥Ψ). In particular the maximally entangled input is optimal if
and only if

TrY
[ ∫ (

J(Φ) − γJ(Ψ)
)

+m(dγ) +
∫ (

J(Ψ) − γJ(Φ)
)

+m̃(dγ)
]

is a multiple of 1X .

(d) (The reverse test is one dual point) With J(Φ + Ψ) = WW ∗ and J(Φ) = WTW ∗,
the family Yγ = W (T − γ(1 − T ))+W

∗, Zγ = W (1 − T − γT )+W
∗ is feasible in (b).

Its value is λmax(TrY Whf (T )W ∗) = DT
f (Φ∥Ψ), the closed form of Theorem 4.7.5.
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Proof. Step 1. For Hermitian X on R ⊗ Y and θ ≥ 0,

Tr
[
(
√
θ ⊗ 1)X(

√
θ ⊗ 1)

]
+ = inf{Tr(θ ⊗ 1)Y : Y ≥ 0, Y ≥ X},

and for invertible θ the infimum is attained exactly at

Y = (θ−1/2 ⊗ 1)
[
(
√
θ ⊗ 1)X(

√
θ ⊗ 1)

]
+(θ−1/2 ⊗ 1).

Indeed, write X̃ = (
√
θ⊗ 1)X(

√
θ⊗ 1), put Ỹ = (

√
θ⊗ 1)Y (

√
θ⊗ 1), which satisfies Ỹ ≥ 0

and Ỹ ≥ X̃, and let P be the projection onto the positive eigenspace of X̃. Then

Tr(θ ⊗ 1)Y = Tr Ỹ ≥ TrPỸ P ≥ TrPX̃P = Tr X̃+.

Equality forces (1 − P )Ỹ (1 − P ) = 0, hence Ỹ = PỸ P and then Ỹ = X̃+. For singular θ
use the optimiser at θ + ϵ1 and let ϵ → 0.

(a). Apply Step 1 to X = J(Φ) − γJ(Ψ) and to X = J(Ψ) − γJ(Φ), noting

ωθ − γξθ = (
√
θ ⊗ 1)(J(Φ) − γJ(Ψ))(

√
θ ⊗ 1),

and integrate. This gives F (θ) = infC Tr θ G(Y, Z), with G(Y, Z) = TrY [
∫
Y dm +

∫
Z dm̃]

and C the convex set of feasible families. So F is an infimum of linear functions: it is
concave, homogeneous and upper semicontinuous. At invertible θ0 the optimal family of
Step 1 gives the supergradient G0 = θ

−1/2
0 Γf (θ0)θ−1/2

0 . Conversely, write Gθ for the value
of G at the optimal family of θ. Since Tr θ0Gθ ≥ F (θ0), we get

F (θ) = Tr θ Gθ ≥ F (θ0) + Tr(θ − θ0)Gθ.

As θ → θ0, Gθ → G0 by continuity of θ 7→ (ωθ − γξθ)+ and dominated convergence, so F
is differentiable at θ0 with gradient G0.

(b). The set of states is convex and compact, C is convex, and (θ, (Y,Z)) 7→ Tr θ G(Y,Z)
is affine and continuous in each variable. Sion’s minimax theorem therefore gives

max
θ

inf
C

Tr θ G = inf
C

max
θ

Tr θ G = inf
C
λmax(G).

The maximum is attained because F is upper semicontinuous. For finitely many atoms,
N = (

√
θ ⊗ 1)M(

√
θ ⊗ 1) turns maxθ F into

max{
∑
k

ck TrNkXk : 0 ≤ Nk ≤ θ ⊗ 1, θ ≥ 0, Tr θ = 1},

and (b) is its Lagrange dual. Both sides are strictly feasible.
(c). If θ is invertible and Γf (θ) = cθ, the gradient is c1, and concavity gives

F (θ′) ≤ F (θ) + cTr(θ′ − θ) = F (θ)

for every state θ′; moreover c = Tr Γf (θ) = F (θ). Conversely, an optimal invertible θ lies
in the relative interior of the state space, so its gradient G satisfies Tr(θ′ − θ)G ≤ 0 for all
states θ′. That is, G ≤ (Tr θG)1 = F (θ)1, or Γf (θ) ≤ F (θ)θ, and equality of traces forces
Γf (θ) = F (θ)θ. At θ = 1/dX we have Γf (1/dX ) = d−1

X TrY [· · · ], with the bracket of (c).
(d). On ΠW ,

W (T − γ(1 − T ))W ∗ = J(Φ) − γJ(Ψ),
so the family is feasible. By the operator identity of Proposition 5.7.7,∫

Yγm(dγ) +
∫
Zγ m̃(dγ) = Whf (T )W ∗,

and the value is that of Theorem 4.7.5.
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Part (d) places the closed form of the reverse test inside the dual program of the testing
region. The two divergences are the same infimum, once over all dominating families and
once over the single family built from T . The inequality DHT

f ≤ DT
f for channels is thus

weak duality. Part (c) is a nonlinear eigenvalue problem Γf (θ) = Dθ. In the linear case
Γ(θ) =

√
θ A

√
θ of the reverse test it reduces to the top eigenvector of A = TrY Whf (T )W ∗.

In our tests the iteration θ 7→ Γf (θ)/Tr Γf (θ), started at 1/dX , converged to the optimum
(Section 5.9), but we have no proof of convergence in general. The symmetric case and two
cheap bounds follow.

Proposition 5.7.14 (Covariant pairs). Suppose that Φ and Ψ are jointly covariant, Φ(Ug ·
U∗
g ) = VgΦ(·)V ∗

g and Ψ(Ug · U∗
g ) = VgΨ(·)V ∗

g , for a group g 7→ Ug acting irreducibly on X .
Then for every convex f the maximally entangled input is optimal:

DHT
f (Φ∥Ψ) = DHT

f

(
J(Φ)/dX

∥∥ J(Ψ)/dX
)

= 1
dX

∫ ∞

1

(
Eγ
(
J(Φ)∥J(Ψ)

)
f ′′(dγ) + Eγ

(
J(Ψ)∥J(Φ)

)
f̃ ′′(dγ)

)
,

a function of the eigenvalues of J(Φ) − γJ(Ψ) only. The same holds for DP
f and every

other divergence that satisfies data processing and is additive on block-diagonal pairs.

Proof. For pure inputs the output divergence depends only on the input marginal τ on
X , since two purifications differ by an isometry on the reference, and mixed inputs do no
better, by data processing. Given ψ, attach a classical flag and twirl:

ψ′ =
∫
dg |g⟩⟨g| ⊗ (1 ⊗ Ug)ψ(1 ⊗ Ug)∗.

By covariance the outputs are block diagonal in g with unitarily rotated blocks, so the
divergence of ψ′ equals that of ψ. The marginal of ψ′ on X is 1/dX by irreducibility, so
a purification of ψ′ does at least as well as ψ and has the same value as the maximally
entangled input.

For DHT
f the statement is also a case of Theorem 5.7.13(c). Covariance makes J(Φ)

and J(Ψ) invariant under Ug ⊗ Vg, so the bracket in (c) commutes with the irreducible
representation Ug and is a multiple of 1 by Schur’s lemma. Criterion (c) is more general
than covariance, since it is one matrix equation in J(Φ) and J(Ψ).

Proposition 5.7.15 (Two-sided bounds). For all channels and convex f ,

DHT
f

(
J(Φ)/dX ∥J(Ψ)/dX

)
≤ DHT

f (Φ∥Ψ) ≤
∫ ∞

1

(
E⋄
γ(Φ∥Ψ)f ′′(dγ) + E⋄

γ(Ψ∥Φ)f̃ ′′(dγ)
)

≤ DT
f (Φ∥Ψ),

where

E⋄
γ(Φ∥Ψ) = max{TrN(J(Φ) − γJ(Ψ)) : 0 ≤ N ≤ τ ⊗ 1, τ ≥ 0, Tr τ = 1}

is a semidefinite program for each γ, and the last quantity is λmax(TrY Whf (T )W ∗). The
first two inequalities are equalities for jointly covariant pairs. The middle inequality is
an equality if and only if one input is optimal for m-almost every level of Eγ(Φ∥Ψ) and
m̃-almost every level of Eγ(Ψ∥Φ). The exact value is the program of Theorem 5.7.13(b).

Proof. The lower bound is the maximally entangled input. The middle inequality exchanges
supremum and integral. The SDP form follows by substituting N = (

√
τT ⊗1)M (

√
τT ⊗1)

for a test M , and the upper bound is Proposition 5.7.7.



CHAPTER 5. SHADOWS OF QUANTUM DIVERGENCES 143

Theorem 5.7.16 (Regularised values). For parallel strategies let DHT,reg
α (Φ∥Ψ) be the limit

of 1
nD

HT
α (Φ⊗n∥Ψ⊗n). The limit exists and

DHT,reg
α =


DP,reg
α , α ∈ (0, 1),

Dreg, α = 1,
D̃reg
α , α > 1.

In particular, for α > 1 the regularised testing-region divergence is the quantity computed
by the semidefinite hierarchy of [43].

Proof. For α < 1 apply Proposition 5.6.1 to the outputs of every input. This gives DP
α ≤

DHT
α ≤ DP

α + log 2
1−α for the n-fold channel divergences, and the Petz channel divergence is

superadditive. For α = 1 the divergences coincide input by input [46]. For α > 1, the
inequality DHT

α ≤ D̃α ([84]; Theorem 6.3.2 for α ≥ 2) applied input by input gives

1
nD

HT
α (Φ⊗n∥Ψ⊗n) ≤ 1

nD̃α(Φ⊗n∥Ψ⊗n) ≤ D̃reg
α .

For the lower bound, valid for all α > 1, fix m and an input τm for m uses, and feed τ⊗k
m .

Proposition 5.6.2 applied to the k-fold output states gives

1
km

DHT
α → 1

m
D̃α(Φ⊗m(τm)∥Ψ⊗m(τm)).

Data processing handles n not divisible by m, and we optimise over τm and m.

5.8 The classification after this chapter

Family Shadow States Channels

I. Means,
maximal

reverse test T complete (Chapter 4) closed form; dichotomy at
J(Φ + Ψ)
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Family Shadow States Channels

II. Testing
region
(Umegaki,
Eγ , DHT

f )

µ = e′′: atoms
at the relative
spectrum,
continuous
part from the
Helstrom
coupling

Theorems 5.3.1, 5.3.2; uniform moduli;
dichotomy at σ; super-multiplicative
(see Chapter 6) at α = 2, at every
integer order against pure partners
(Theorem 6.7.1), at α = 3 for sign-free
pairs, whenever one reference state has
at most two distinct eigenvalues
(Lieb–Thirring identity), against
three-level partners with a nonnegative
3-cycle and for weakly correlated
negative cycles on both sides
(Corollaries 6.7.7 and 6.7.9), at α = 3
to second order around trivial partners
σ′ ∝ 1, to first order at α = ∞, for
α > 1 with one factor measured, and
for enough copies
(Theorems 6.4.1–6.4.3, 6.5.3, 6.6.2,
Corollary 6.6.3, Propositions 6.6.5,
6.8.3); the open case at α = 3 reduces
to singular states whose reference
states have at least three distinct
eigenvalues (Corollary 6.6.6), for
three-level references to an inequality
for K3 alone (Proposition 6.7.11), and
in general to a polynomial criterion
(Theorem 6.7.12); at integer orders the
conjecture is a correlation inequality
on a simplex (Proposition 6.5.1); the
conjecture is a convex-order statement
for the Frenkel measure
(Theorem 6.8.2)

exact one-shot formula:
dual λmax program,
optimal inputs solve
Γf (θ) = Dθ, reverse test is
one dual point
(Theorem 5.7.13);
covariant pairs;
regularised values
(Theorem 5.7.16)

III. Modular
(Petz)

Nussbaum–
Szkoła;
modular
derivative T̃ =
∆(1 + ∆)−1

Theorems 5.5.1, 5.5.2: same boundary
masses as II; continuous for bounded
f ; dimension-free Hölder modulus for
QP

α; orderings with II

dimension-free modulus
for the stabilised QP

α,
α < 1;
Thompson-Lipschitz in Ψ
(α ∈ [0, 2]) and in Φ
(α < 1); first argument of
DP,reg

α : local stability,
continuity at isometries
and at invertible J(Φ)
(Theorem 5.7.11);
DHT,reg

α = DP,reg
α for

α < 1
IV.
Measured

supremum of
shadows

DM
f ≤ DHT

f , equality only if
commuting; the modulus of
Theorem 5.4.1 for bounded f

the same modulus for the
stabilised divergences;
Thompson-Lipschitz in Ψ
for the measured Rényi
divergences
(Theorem 5.7.2)

V.
Regularised,
sandwiched

limits of II, III
and pinching

DHT
α ≤ D̃α for α > 1 [84], with a short

proof for α ≥ 2 (Theorem 6.3.2); rates
in Propositions 5.6.1, 5.6.2

Stein exponent
(Corollary 5.7.5);
sandwiched and
strong-converse exponents
(Corollary 5.7.9);
DHT,reg

α = D̃reg
α for α > 1
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5.9 Numerical checks
Random states are Wishart-normalised and random channels come from random isometries.

Claim Result
Proposition 5.2.6 (Mellin formulas) agreement with Definition 5.2.3 to 7–8 digits for

α ∈ {0.3, 0.5, 0.8, 1.5, 2}
Theorem 5.3.1(b) (density) finite differences of e match the formula to 6 digits at

13 points, d = 3, 4
Theorem 5.3.1(c), 5.3.2(b) (atoms) jump of e′ equals Tr ΠV σ to 6 digits, and the

testing-region atom is at most the reverse-test atom,
at all 12 atoms of 4 random qutrit pairs

Theorem 5.3.2(a) (T-lift) min(ET
γ − Eγ) ≥ −2.4 · 10−15 over 300 pairs (d ≤ 4,

random ranks) and 100 values of γ; gap ≤ 2 · 10−16

for commuting pairs
Example 5.3.4 profile to 5 · 10−13; QHT

α to 8 digits for
α ∈ {0.3, 0.5, 0.9}

Theorem 5.4.1 (squared Hellinger) |∆DHT
f |/ωf ∈ [0.004, 0.275] over 30 perturbed pairs

Proposition 5.6.1 (Nussbaum–Szkoła
side)

min(2η − ηNS) ≥ 1.3 · 10−4 over 300 pairs; the reverse
comparison η ≤ ηNS fails (by 0.23), so the profile
comparison is one-sided, while QHT

α /QP
α ∈ [0.942, 1]

Proposition 5.6.2 QHT
α /Qα(Pσρ∥σ) ∈ [1.002, 2.105] and

QHT
α /(vαQα(Pσρ∥σ)) ∈ [0.111, 0.483] over 60 pairs,

α ∈ {1.5, 2}
Theorem 5.7.4 max(lhs − rhs) = −4.1 · 10−3 over 300 random

(Φ,Φ′,Ψ, ρ, σ) including rank-deficient inputs and
Kraus rank 1–3

Theorem 5.7.2 (n = 1) max(|∆D| − dT) = −7.6 · 10−3 over 300 trials
Theorem 5.5.2(b) max(|∆QP

α| − bound) = −5.0 · 10−3 over 900 cases,
α ∈ {0.2, 0.5, 0.8}, random ranks

Theorem 5.7.8 max |∆R|/bound = 0.016 over 300 random
(Φ,Φ′,Ψ, ρ, σ), α ∈ {1.3, 2, 3}

Proposition 5.7.14 for 20 random Pauli pairs the maximally entangled
input minimises QHT

1/2 against 200 random pure inputs
(smallest gap 1.7 · 10−3)

Theorem 5.7.13 12 random qubit channel pairs, f ′′ with 5 atoms: the
common-input SDP and the dual λmax program agree
to 7 digits; at the optimum
∥Γf (θ) −Dθ∥ ≤ 1.6 · 10−10; the iteration
θ 7→ Γf (θ)/Tr Γf (θ) from 1/2 reaches D within
3 · 10−5 in 3,000 steps; in every case maximally
entangled < D < middle bound < reverse test, e.g.
0.604 < 1.038 < 1.100 < 1.270

Lemma 5.7.10 ratio/cW ≥ 1.09 over 401 random cases with
dim R = 3 and 18 adversarial searches,
α ∈ {0.2, 0.5, 0.8}; two-fold telescoping
ratio/c2

W ≥ 1.25
Example 5.7.12 one-use ratio 0.47, 0.20, 0.074, 0.024, 0.0025 for

δ = 10−1, 10−2, 10−3, 10−4, 10−6 (α = 1
2 , ε = 0.05),

below the bound (2/ε)αδ1−α
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5.10 Open problems
1. Find the garbling that maps the reverse test to the testing-region pair, which exists by

Theorem 5.3.2. Is it the rotation of the Helstrom projections in Theorem 5.3.1(b)?

2. Is DP,reg
α (·∥Ψ), α < 1, continuous at every channel when J(Ψ) is invertible? Theo-

rem 5.7.11 reduces this to perturbations that rotate the support of a singular J(Φ) by
a non-product unitary of X ⊗ Y. Example 5.7.12 shows that any proof must use the
n-fold structure, not a one-use bound. A related question is to remove the condition
number from the constants of Theorems 5.7.4 and 5.7.8.

3. Does the iteration θ 7→ Γf (θ)/Tr Γf (θ) of Theorem 5.7.13 always converge to an optimal
input? In the linear case of the reverse test, the Cauchy–Schwarz inequality shows that
the objective increases along the iteration. In all our tests the iteration converged to
the optimum. For which pairs beyond the covariant ones is the maximally entangled
input optimal, that is, when is the bracket of Theorem 5.7.13(c) scalar?



Chapter 6

Super-multiplicativity of
hockey-stick Rényi quasi-entropies

Summary. The testing-region (Hirche–Tomamichel) Rényi quasi-entropies QHT
α of

a pair of quantum states are the Mellin moments of its hockey-stick profile e(γ) =
Tr(ρ − γσ)+. They are not multiplicative under tensor products, and we study the
conjectured inequality QHT

α (ρ ⊗ ρ′∥σ ⊗ σ′) ≥ QHT
α (ρ∥σ)QHT

α (ρ′∥σ′). We prove it at
α = 2, at every integer order against pure partners, for every α > 1 when one factor
is measured, to first order as α → ∞, and for tensor powers with enough copies. At
α = 3 we prove it for sign-free pairs and whenever one reference state has at most
two distinct eigenvalues, by writing the defect as an integral of Lieb–Thirring gaps,
and a cycle inequality | TrABC|3 ≤ Tr(A2B) Tr(B2C) Tr(C2A) for positive matrices
gives further three-eigenvalue cases. At integer orders the conjecture is a correlation
inequality for a uniform point of a simplex, which a Chebyshev inequality for Schur-
convex functions settles for pure and sign-free pairs. In general it is the family of
moment inequalities of a convex-order domination between two Frenkel measures. We
also give a layer-cake proof of DHT

α ≤ D̃α for α ≥ 2, and show that one-way LOCC
tests never beat the classical product of the shadows.

6.1 Introduction
For states ρ, σ on a finite-dimensional Hilbert space the hockey-stick divergences Eγ(ρ∥σ) =
Tr(ρ− γσ)+ describe the testing region of the pair, and integrating them against f ′′ gives
the testing-region f -divergences DHT

f [63]. Their Rényi members are given by the quasi-
entropies QHT

α , the Mellin moments of the hockey-stick profile (Section 6.2). Unlike the
Petz and sandwiched quasi-entropies, QHT

α is not multiplicative under tensor products.
This chapter is about the inequality

QHT
α (ρ⊗ ρ′∥σ ⊗ σ′) ≥ QHT

α (ρ∥σ)QHT
α (ρ′∥σ′), α ∈ (0, 1) ∪ (1,∞),

which Conjecture 6.3.5 asserts for all pairs of states. For α > 1 it says that DHT
α is

superadditive, and for α < 1 that it is subadditive; equality holds when one of the two
pairs commutes.

Main results We prove Conjecture 6.3.5 in the following cases. The testing-region quasi-
entropy is super-multiplicative at α = 2, where it is 1 + χ2

BKM and the proof reduces to a
Gaussian-mixture inequality for the kernel u/2

sinh(u/2) (Theorem 6.4.1). At integer orders the
trace formula turns the conjecture into a correlation inequality for a uniformly distributed

147
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point of a simplex (Proposition 6.5.1). A Chebyshev-type inequality for Schur-convex
functions (Lemma 6.5.2) then proves the conjecture at every integer order for pure states,
at α = 3 for every two sign-free pairs, and again at α = 2 for all pairs (Theorem 6.5.3). Sign-
free pairs include all qubit pairs, all pairs whose σ has two distinct eigenvalues, and all pure
states. Integrating a pure partner out of the trace formula and applying the Lieb–Thirring
inequality to mixtures of resolvents proves the conjecture against every pure partner at every
integer order (Theorem 6.7.1), with no condition on the other pair. For pure states the
general case is a classical convolution inequality, a Rényi-entropy submodularity for sums
(Remark 6.4.4). The testing region of a product dominates that of the shadow tensored
with any measurement of the second factor, so DHT

α (ρ⊗ρ′∥σ⊗σ′) ≥ DHT
α (ρ∥σ)+DM

α (ρ′∥σ′)
for every α (Theorem 6.4.2). The quasi-entropy is also super-multiplicative to first order
as α → ∞ (Theorem 6.4.3).

At α = 3 a second mechanism removes the sign condition. A two-time integral identity
(Proposition 6.6.1) writes the defect against a partner whose σ′ has two eigenvalues as an
integral of Lieb–Thirring gaps Tr[A3X3] − Tr[(AX)3] (Theorem 6.6.2), so the conjecture
holds at α = 3 whenever σ or σ′ has at most two distinct eigenvalues, for all states and
with the expected equality cases (Corollary 6.6.3). The same identity proves the conjec-
ture at α = 3 to second order in σ′ around σ′ ∝ 1, for every ρ′ (Proposition 6.6.5), gives
QHT

3 ≤ Tr[ρσ−γρσ−γρσ2γ−2] for every real γ, with the sandwiched quasi-entropy at γ = 2
3

(Corollary 6.6.7), and reduces the open case at α = 3 to singular ρ, ρ′ whose reference states
both have at least three distinct eigenvalues (Corollary 6.6.6). The Lieb–Thirring gap at ex-
ponent three is a rooted sum of Schur-product squares with the kernel (u−z)(v−z)(z+2u)(z+2v)

z+u+v
(Proposition 6.7.3), which proves inequality (6.5.1) (Corollary 6.7.4). The cycle inequality
| TrABC|3 ≤ Tr(A2B) Tr(B2C) Tr(C2A) for positive matrices (Theorem 6.7.5) lets a pure
profile be fitted under the two-letter weights of any state, which gives the conjecture at
α = 3 against every partner with three eigenvalues and a nonnegative block 3-cycle (Corol-
lary 6.7.7). A splitting of the defect into two-letter and three-letter parts proves it when
both block 3-cycles are negative and not too strongly correlated (Theorem 6.7.8, Corol-
lary 6.7.9). What remains for three-eigenvalue reference states is one inequality for the
kernel K3 on twisted pure data (Conjecture 6.7.10, Proposition 6.7.11). For general pairs
at α = 3 the conjecture follows from the nonnegativity of the covariances Dk of polynomial
traces Tr[AiρAjρAlρ] over compositions i+j+l = k (Theorem 6.7.12), which holds at k = 2;
at k = 3, D3 ≥ 0 follows from a single-system chirality inequality (Proposition 6.7.13).

The conjecture itself is the family of moment inequalities of one statement: the Frenkel
measure ν(dv) = (e(v) − (1 − v)+)v−2dv, whose mass and first moment are the two relative
entropies and whose moments are the Rényi quasi-entropies, should dominate, in the con-
vex order, the Frenkel measure of the classical product of the two shadows (Theorem 6.8.2).
For qubit pairs this reduces to a two-sign-change property of the profile difference, which
holds in every test, and for tensor powers the conjecture holds once there are enough copies
(Proposition 6.8.3). For every two non-commuting pairs the profile of the product crosses
that of the classical product of the shadows at least twice, so a pair and its shadow cannot
be compared through positive maps in either direction (Proposition 6.9.1). One-way LOCC
tests never beat the shadow product, and numerically neither do separable or PPT tests
(Proposition 6.9.2, Conjecture 6.9.3). The conjecture is therefore a statement about entan-
gled tests. As a by-product, DHT

2 < D̃2 for every non-commuting pair (Corollary 6.9.4).
On the Fourier side, QHT

2 is the average of a modular correlation function over a logistic
clock, and Theorem 6.4.1 says that synchronising the clocks of two factors increases it
(Proposition 6.10.1). Dephasing each factor by a modular heat flow and letting the flows
converge to the pinching reduces the conjecture to a local supermodularity condition at
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product points (Theorem 6.10.2). For two qubit pairs at α = 3 the conjecture becomes a
single explicit inequality for the logarithmic mean (Proposition 6.10.3). This is the case
of the simplex theorem in which both pairs have two eigenvalues (Corollary 6.10.4), and a
second proof uses the variation-diminishing property of the Cauchy kernel.

We give an elementary proof of DHT
α ≤ D̃α for all real α ≥ 2 (Theorem 6.3.2). The

full range α > 1 is due to [84], after the integer case of [13]. With linear-programming
duality it yields an operator layer-cake inequality (Corollary 6.3.4). Section 6.3 recalls
from Section 5.6 the explicit single-shot sandwiches DP

α ≤ DHT
α ≤ DP

α + log 2
1−α for α < 1 and

|DHT
α − D̃α| ≤ α

α−1 log v(σ) for α > 1, which give the regularisation theorem of [63] with
rates.

Related work The testing-region divergences were introduced by Hirche and Tomamichel
[63] and are also called hockey-stick f -divergences. Beigi, Hirche and Tomamichel [13]
and Liu, Hirche and Cheng [84] compared their Rényi members with the Petz and sand-
wiched families. Hiai, Mosonyi and Tomamichel [58] have recently developed them in
von Neumann algebras: a Neyman–Pearson representation, the detection of reversibility,
the regularisation of the Rényi members to the Petz divergences below order one and
to the sandwiched divergences above it, and partial results on when different quantum
f -divergences coincide.

Chapter 5 studies the testing region of a single pair: the structure of its shadow, conti-
nuity, the modular (Petz) shadow, and channel divergences. This chapter turns to tensor
products. The reverse test and the modular shadow factorise under tensor products, but
the testing region does not, and the question is what replaces multiplicativity.

Section 6.2 recalls the definitions and results of Chapter 5 that we use. Section 6.3
states the conjecture, together with the comparison inequalities for tensor powers and the
inequality DHT

α ≤ D̃α. Sections 6.4–6.7 prove the cases of the conjecture listed above.
Section 6.8 identifies the conjecture with a convex-order statement for Frenkel measures,
Section 6.9 shows why positive maps and restricted tests cannot prove it, and Section 6.10
treats modular clocks, dephasing flows and two qubit pairs. Section 6.11 summarises the
numerical checks, and Section 6.12 lists open problems.

The quantitative claims were checked numerically, and the conjectures were tested; the
checks are summarised in Section 6.11.

6.2 Preliminaries from Chapter 5
We use the notation and results of Section 5.2, recalled here without proofs. States ρ, σ are
density operators on a finite-dimensional Hilbert space H, ω = ρ + σ, ΠX is the support
projection of a positive operator X, and Π⊥

X = 1 − ΠX . Logarithms are natural.
For A,B ≥ 0 and γ ≥ 0, Eγ(A∥B) = Tr(A − γB)+ = max0≤M≤1 TrM(A − γB) is

the hockey-stick divergence. The profile e(γ) = Eγ(ρ∥σ), the error profile η(γ) = 1 − e(γ)
and the boundary masses m0 = Tr Π⊥

ρ σ and m∞ = Tr Π⊥
σ ρ are as in Definition 5.2.1, and

Lemma 5.2.2 collects their properties: e is convex and nonincreasing with (1−γ)+ ≤ e(γ) ≤
1, η is concave and nondecreasing with η(γ)/γ nonincreasing (part (a)), e(∞) = m∞ and
e′(0+) = −(1−m0) (part (b)), and Eγ(σ∥ρ) = γ e(1/γ)−γ+1 (part (c)). The testing-region
(Hirche–Tomamichel) f -divergence DHT

f of a convex f with f(1) = 0 is Definition 5.2.3 [63];
for α ∈ (0, 1) ∪ (1,∞) and fα(x) = xα−1

α−1 we write QHT
α = 1 + (α − 1)DHT

fα
and DHT

α =
1

α−1 logQHT
α . As DHT

f depends only on f ′′, we normalise f ′(1) = 0 when convenient, and by
Frenkel’s formula [46], DHT

x log x is the Umegaki relative entropy D(ρ∥σ) = Tr ρ(log ρ− log σ).
The testing-region shadow µ = e′′, completed by the atoms m0 at 0 and m∞ at ∞, is
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Definition 5.2.4; for commuting ρ, σ with eigenvalues px, qx it is the law of the likelihood
ratio p/q under q on {q > 0}.

We use two formulas from Section 5.2 directly. The representation formula of Proposi-
tion 5.2.5 states that, for every convex f with f(1) = 0,

DHT
f (ρ∥σ) =

∫ ∞

0

(
e(γ) − (1 − γ)+

)
f ′′(dγ) =

∫
(0,∞)

f dµ+ f(0+)m0 + f ′(∞)m∞,

with f ′(∞) = limx→∞ f(x)/x and the convention 0 · ∞ = 0, and that µ((0,∞)) = 1 −m0
and

∫
γ dµ = 1 −m∞. The Mellin formulas of Proposition 5.2.6 state that, for α ∈ (0, 1),

QHT
α (ρ∥σ) =

∫
(0,∞)

γαdµ(γ) = α(1 − α)
∫ ∞

0
γα−2η(γ) dγ,

and that, for α > 1, QHT
α = +∞ if m∞ > 0, and otherwise

QHT
α (ρ∥σ) =

∫
(0,∞)

γαdµ(γ) = α(α− 1)
∫ ∞

0
γα−2e(γ) dγ.

The reverse test and the modular shadow Two further shadows of the pair factorise
under tensor products; both are defined in Section 5.2. Let T = ω−1/2ρω−1/2 on ΠωH. The
reverse test is a classical pair (pT , qT ) on specT that is mapped to (ρ, σ) by a preparation.
For operator convex f , DT

f := Df (pT ∥qT ) is the maximal f -divergence of (ρ, σ) [91], equal
to Trω1/2hf (T )ω1/2 with hf (t) = (1 − t)f(t/(1 − t)) (Theorem 4.2.15 and Lemma 4.7.4 in
Chapter 4), and the profile of the reverse test is ETγ (ρ∥σ) := Eγ(pT ∥qT ) = Tr ω1/2(T−γ(1−
T )
)

+ω
1/2. The modular shadow is the Nussbaum–Szkoła pair, whose f -divergences are the

Petz f -divergences DP
f [61, 99], and DM

f is the measured divergence. These quantities
satisfy the Blackwell chain DM

f ≤ DHT
f ≤ DT

f (Proposition 5.2.7).

6.3 Tensor products and the conjecture
Since T and the Nussbaum–Szkoła pair factorise, the reverse test and the modular shadow
are multiplicative: the shadow of (ρ ⊗ ρ′, σ ⊗ σ′) is the multiplicative convolution of the
two shadows. The testing region does not factorise, and the Hirche–Tomamichel Rényi
divergences are not additive [63]. Section 5.6 therefore compares tensor powers with the
factorising shadows, the modular shadow below order one and the pinched pair above it.
We write ηn for the error profile of (ρ⊗n, σ⊗n), v(σ) for the number of distinct eigen-
values of σ, d for the dimension, and Pσ for the pinching in the eigenbasis of σ. For
α ∈ (0, 1), Proposition 5.6.1 (order below one) gives 1

2Q
P
α ≤ QHT

α ≤ QP
α. For α > 1 and

Πρ ≤ Πσ, Proposition 5.6.2 (order above one) places both QHT
α (ρ∥σ) and the sandwiched

quasi-entropy Q̃α(ρ∥σ) between the classical quantity Qα(Pσρ∥σ) = Tr(Pσρ)ασ1−α and
v(σ)αQα(Pσρ∥σ). We use the resulting estimates: for α ∈ (0, 1),

DP
α(ρ∥σ) ≤ DHT

α (ρ∥σ) ≤ DP
α(ρ∥σ) + log 2

1 − α
,∣∣∣ 1

nD
HT
α (ρ⊗n∥σ⊗n) −DP

α(ρ∥σ)
∣∣∣ ≤ log 2

n(1 − α) ,

and for α > 1 and Πρ ≤ Πσ,∣∣DHT
α (ρ∥σ) − D̃α(ρ∥σ)

∣∣ ≤ α

α− 1 log v(σ),∣∣∣ 1
nD

HT
α (ρ⊗n∥σ⊗n) − D̃α(ρ∥σ)

∣∣∣ ≤ α(d− 1)
α− 1

log(n+ 1)
n

.
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Proposition 6.3.1 (Chernoff-type sandwich). For α ∈ (0, 1),

1 − ET1 (ρ∥σ) ≤ η(1) ≤ QHT
α (ρ∥σ) ≤ η(1)α + η(1)1−α − η(1).

Proof. The first inequality is Theorem 5.3.2(a) at γ = 1. By Lemma 5.2.2(a), η(γ) ≥
η(1) min{γ, 1} and η(γ) ≤ min{min{γ, 1}, η(1) max{γ, 1}}. Insert these into the Mellin
formula of Proposition 5.2.6: α(1−α)

∫∞
0 γα−2 min{γ, 1}dγ = 1 gives the lower bound, and

splitting at η(1) and 1/η(1) gives the upper bound.

Since QHT
α ≤ QP

α [13], the middle inequality sharpens the bound η(1) ≤ Tr ρασ1−α

of Audenaert et al. [11]. The first inequality says that the reverse test always gives a
lower bound on the Bayesian error. This is the mechanism behind every converse built
from Kubo–Ando means, including the geometric Chernoff converse of Theorem 7.4.1 in
Chapter 7.

The inequality DHT
α ≤ D̃α It was proved in [13] for integers α ≥ 2 and conjectured

there for all α > 1. Liu, Hirche and Cheng [84] proved it for all α > 1 through the trace
formula QHT

α (ρ∥σ) = (α− 1)
∫∞

0 Tr
(
(σ + t)−1/2ρ(σ + t)−1/2)αdt. Proposition 5.6.2 bounds

the gap by α
α−1 log v(σ). We give a short independent proof for every real α ≥ 2. It uses

only the Helstrom projections, and it shows where the exponent α = 2 is critical.

Theorem 6.3.2. For every α ≥ 2 and all states, DHT
α (ρ∥σ) ≤ D̃α(ρ∥σ).

Proof. We may assume Πρ ≤ Πσ and work on ΠσH, where σ is invertible. Put κ = α
α−1 ∈

(1, 2], c = 1
2κ and X = σ−cρ σ−c, so that Q̃α = TrXα.

Step 1 (a variational lower bound). For every H ≥ 0, Hölder’s and Young’s inequalities
give Tr ρH = TrX(σcHσc) ≤ ∥X∥α∥σcHσc∥κ ≤ 1

α TrXα + 1
κ Tr(σcHσc)κ, that is,

Q̃α(ρ∥σ) ≥ αTr ρH − (α− 1) Tr(σcHσc)κ.

Step 2 (the Helstrom layer cake). Let Pγ be the Helstrom projections and reparametrise
by u = γα−1, writing M(u) = Puκ−1 . Choose H =

∫∞
0 M(u) du = (α − 1)

∫∞
0 γα−2Pγ dγ,

which is bounded because Pγ = 0 beyond the largest generalised eigenvalue. Then
αTr ρH = α(α− 1)

∫
γα−2 Tr ρPγ dγ.

Step 3 (the derivative bound). Put HU =
∫ U

0 M(u) du, KU = σcHUσ
c, Φ(U) = TrKκ

U

and Ψ(U) = κ
∫ U

0 uκ−1 TrσM(u) du. Both vanish at U = 0 and are absolutely continuous,
with Φ′(U) = κTr

[
σcKκ−1

U σcM(U)
]
. Since 0 ≤ M ≤ 1, HU ≤ U1, so KU ≤ Uσ1/κ. As

0 < κ− 1 ≤ 1, the function xκ−1 is operator monotone, so Kκ−1
U ≤ Uκ−1σ(κ−1)/κ and

σcKκ−1
U σc ≤ Uκ−1σ2c+(κ−1)/κ = Uκ−1σ.

Hence Φ′(U) ≤ κUκ−1 TrσM(U) = Ψ′(U), and

Tr(σcHσc)κ = Φ(∞) ≤ Ψ(∞) = α

∫ ∞

0
γα−1 TrσPγ dγ.

Step 4. Combining the steps with the Mellin formula of Proposition 5.2.6,

Q̃α ≥ α(α− 1)
∫ ∞

0
γα−2 TrPγ(ρ− γσ) dγ

= α(α− 1)
∫ ∞

0
γα−2Eγ(ρ∥σ) dγ = QHT

α (ρ∥σ).
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Remark 6.3.3 (The greedy argument and the range (1, 2)). Step 3 holds for every family 0 ≤
M(u) ≤ 1, not only for Helstrom projections. In fact, minimising

∫
TrσM(u) d(uκ) over

families with
∫
M = H is a linear program whose dual objective is Tr ΛH −CαQ

HT
α (Λ∥σ).

So the “operator bathtub inequality”

Tr
(
σ

1
2κ

( ∫ ∞

0
M(u) du

)
σ

1
2κ

)κ
≤
∫ ∞

0
TrσM(u) d(uκ) (0 ≤ M(u) ≤ 1)

for a fixed κ is equivalent to the inequality QHT
α ≤ Q̃α at α = κ/(κ− 1) for all pairs (·, σ)

(Corollary 6.3.4). For κ > 2 the pointwise inequality of Step 3 would require K ≤ A ⇒
TrKκ−1N ≤ TrAκ−1N for all 0 ≤ N ≤ A. That is operator monotonicity of xκ−1, which
fails, and we found violations numerically. The integrated inequality nevertheless held in
all our tests, including 1,200 random families with α ∈ {1.2, 1.5, 1.8}. For α ∈ (1, 2) the
inequality holds by [84], but a direct operator proof of the bathtub inequality for κ > 2
needs a non-greedy argument.

Corollary 6.3.4 (An operator layer-cake inequality). For every σ ≥ 0, every κ ≥ 1 and
every measurable family 0 ≤ M(u) ≤ 1 with

∫∞
0 M(u) du finite,

Tr
(
σ

1
2κ

( ∫ ∞

0
M(u) du

)
σ

1
2κ

)κ
≤
∫ ∞

0
TrσM(u) d(uκ).

For κ ≤ 2 this is Step 3 of Theorem 6.3.2. For κ > 2 it follows from [84].

Proof. Put α = κ/(κ − 1), H =
∫
M , and C = κ1−α/α. For every Hermitian Λ, the

inequality TrXM ≥ − TrX− for 0 ≤ M ≤ 1 gives∫ ∞

0
TrσM(u) d(uκ) ≥ Tr ΛH −

∫ ∞

0
Tr
(
Λ − κuκ−1σ

)
+du = Tr ΛH − C QHT

α (Λ∥σ),

by the substitution γ = κuκ−1 and the Mellin formula (both sides are homogeneous, so the
formula extends to unnormalised Λ). By [84], QHT

α ≤ Q̃α. Writing Y = σ−1/(2κ)Λσ−1/(2κ)

and K = σ1/(2κ)Hσ1/(2κ), we get Tr ΛH − CQ̃α(Λ∥σ) = TrY K − C TrY α. Its supremum
over Y ≥ 0 is TrKκ, because supy(yk − Cyα) = kκ for this C.

Super-multiplicativity would give a third route to these inequalities, and it is a structural
statement about how testing regions tensorize.

Conjecture 6.3.5 (Super-multiplicativity). For all α ∈ (0, 1) ∪ (1,∞) and all pairs,
QHT
α (ρ⊗ ρ′∥σ ⊗ σ′) ≥ QHT

α (ρ∥σ)QHT
α (ρ′∥σ′).

Below we prove the conjecture at α = 2, at every integer order α = n for pure states,
at every integer order against pure partners (Theorem 6.7.1), at α = 3 for all sign-free
pairs (Theorem 6.5.3), for all pairs in which one of the two reference states has at most
two distinct eigenvalues (Corollary 6.6.3), against partners with three eigenvalues and a
nonnegative 3-cycle (Corollary 6.7.7) and for weakly correlated negative 3-cycles on both
sides (Corollary 6.7.9), for one measured factor, to first order at α = ∞, and for tensor
powers with enough copies, and we show that it is the family of moment inequalities of a
convex-order statement about one measure (Theorem 6.8.2).

Equality holds when ρ′ and σ′ commute. In that case Eγ(ρ⊗ρ′∥σ⊗σ′) = ∑
y ay e(γby/ay)

and the Mellin transform factorises. For α > 1 the conjecture says that DHT
α is superaddi-

tive, and for α < 1 that it is subadditive.
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Theorem 6.3.6 (Reduction). Fix α > 1. If QHT
α (ρ⊗n∥σ⊗n) ≥ QHT

α (ρ∥σ)n for infinitely
many n, then DHT

α (ρ∥σ) ≤ D̃α(ρ∥σ). For α < 1 the same hypothesis gives DHT
α ≥ DP

α .
So Conjecture 6.3.5 would give independent proofs of [84] and of [13, (1.10)], using only
pinching and the inequalities of [11].

Proof. For α > 1, Proposition 5.6.2 applied to n copies gives QHT
α (ρ∥σ)n ≤ (n +

1)α(d−1)Q̃α(ρ∥σ)n. Take n-th roots and let n → ∞. For α < 1, choose 0 < s1 < α < s2 < 1.
The inequality of [11] gives ηn(γ) ≤ γ1−s(QP

s )n for s = s1, s2. Using the bound with s1
below γ∗ = (QP

s2/Q
P
s1)n/(s2−s1) and the bound with s2 above it, the Mellin integral gives

QHT
α (ρ⊗n∥σ⊗n) ≤ α(1 − α)

( 1
α− s1

+ 1
s2 − α

)(
(QP

s1)θ(QP
s2)1−θ)n, θ = s2 − α

s2 − s1
.

Combine this with the hypothesis QHT
α (ρ∥σ)n ≤ QHT

α (ρ⊗n∥σ⊗n), take n-th roots, and let
s1, s2 → α, using the continuity of s 7→ QP

s . This gives QHT
α ≤ QP

α.

6.4 Super-multiplicativity: three cases that can be proved
We prove Conjecture 6.3.5 at α = 2, prove a one-sided version for every f in which one
factor is replaced by a measurement, and prove it to first order as α → ∞. Throughout,
L(a, b) = a−b

log a−log b is the logarithmic mean, with L(a, a) = a.

Theorem 6.4.1 (Super-multiplicativity at α = 2). For all pairs of states,

QHT
2 (ρ⊗ ρ′∥σ ⊗ σ′) ≥ QHT

2 (ρ∥σ)QHT
2 (ρ′∥σ′),

so DHT
2 is superadditive. When the right-hand side is finite, equality holds if and only if

[ρ, σ] = 0 or [ρ′, σ′] = 0.

Proof. If Πρ ̸≤ Πσ or Πρ′ ̸≤ Πσ′ , both sides are infinite, since QHT
2 ≥ 1. Otherwise we work

on the supports. Write σ = ∑
j e

xj |j⟩⟨j| and ρjk = ⟨j|ρ|k⟩. The trace formula at α = 2 [13,
(2.11)] gives

QHT
2 (ρ∥σ) =

∫ ∞

0
Tr
[
ρ(σ + t)−1ρ(σ + t)−1]dt =

∑
jk

|ρjk|2

L(exj , exk) = 1 + χ2
BKM(ρ, σ),

where χ2
BKM is the Bogoliubov–Kubo–Mori χ2-divergence. Since

L(ex, ey) = e(x+y)/2 sinh((x− y)/2)
(x− y)/2 ,

QHT
2 (ρ∥σ) =

∑
jk

wjk k(xj − xk),

wjk = |ρjk|2e−(xj+xk)/2 = wkj ≥ 0, k(u) = u/2
sinh(u/2) .

The product pair has eigenvalues exj+x′
l and matrix entries ρjkρ′

lm. With u = xj − xk and
v = x′

l − x′
m, and using w′

lm = w′
ml,

QHT
2 (ρ⊗ ρ′∥σ ⊗ σ′) =

∑
jklm

wjkw
′
lm k(u+ v) =

∑
jklm

wjkw
′
lm

1
2
(
k(u+ v) + k(u− v)

)
.
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Euler’s product sinh z
z = ∏

n≥1
(
1 + z2

π2n2
)

gives k(u) = ∏
n

(
1 + u2

4π2n2
)−1 = E e−u2V , where

V = ∑
n

Yn
4π2n2 and the Yn are independent standard exponential variables (EV = 1

24).
Hence

1
2
(
k(u+ v) + k(u− v)

)
= E

[
e−(u2+v2)V cosh(2uvV )

]
≥ E

[
e−u2V e−v2V ] ≥ E e−u2V E e−v2V = k(u)k(v).

The last step is Chebyshev’s association inequality for the two nonincreasing functions
V 7→ e−u2V and V 7→ e−v2V . Summing over j, k, l,m proves the inequality. If neither
pair commutes, there is a term with wjkw

′
lm > 0, u ̸= 0 and v ̸= 0. For that term both

inequalities are strict, because V is not almost surely constant. If one pair commutes, the
product shadow factorises (the remark after Conjecture 6.3.5).

The proof uses the product structure in one place: the symmetrisation v 7→ −v, which
pairs the index (l,m) with (m, l). The pointwise inequality k(u + v) ≥ k(u)k(v) is false,
since k(2u)/k(u)2 = 2 tanh(u/2)/u < 1 for u > 0.

Theorem 6.4.2 (One factor measured). Let (P,Q) be the classical pair carried by the
shadow of (ρ, σ), namely Q = µ + m0δ0 and P (dγ) = γ µ(dγ) + m∞δ∞ on [0,∞]. Then
Eγ(P∥Q) = e(γ), and for every measurement N = {Ny} on the second factor, with ay =
Tr ρ′Ny, by = Trσ′Ny, and every γ ≥ 0,

Eγ(ρ⊗ ρ′∥σ ⊗ σ′) ≥
∑
y

ay e(γby/ay) = Eγ(P ⊗ a∥Q⊗ b),

where a e(γb/a) is read as its limit when a = 0 or b = 0. The same holds with both pairs
reversed. Consequently, for every convex f ,

DHT
f (ρ⊗ ρ′∥σ ⊗ σ′) ≥ sup

N
Df (P ⊗ a∥Q⊗ b),

and for every α ∈ (0, 1) ∪ (1,∞),

DHT
α (ρ⊗ ρ′∥σ ⊗ σ′) ≥ DHT

α (ρ∥σ) +DM
α (ρ′∥σ′).

Proof. Eγ(P∥Q) =
∫

(γ,∞)(λ − γ) dµ(λ) + m∞ = e(γ) by the first identity in the proof of
Proposition 5.2.5. Let Pc be the Helstrom projection onto the positive part of ρ− cσ, with
P∞ = 0, and put Mγ = ∑

y Pγby/ay
⊗Ny. Then 0 ≤ Mγ ≤ 1 and

TrMγ(ρ⊗ ρ′ − γ σ ⊗ σ′) =
∑
y

ay TrPcy (ρ− cyσ) =
∑
y

ay e(cy), cy = γby/ay.

On the classical side, Eγ(P ⊗ a∥Q ⊗ b) = ∑
y ayEcy (P∥Q) = ∑

y ay e(cy). Reversing both
pairs gives the second family of hockey sticks. Definition 5.2.3 is monotone in both fam-
ilies, and DHT

f agrees with Df on classical pairs, so the f -divergence bound follows. For
f = fα, classical Rényi divergences are additive and Dα(P∥Q) = DHT

α (ρ∥σ), since by
Proposition 5.2.5 the two pairs have the same f -divergences. Taking the supremum over
N gives DM

α (ρ′∥σ′).

For α > 1 this is the inequalityQHT
α (ρ⊗ρ′∥σ⊗σ′) ≥ QHT

α (ρ∥σ)QM
α (ρ′∥σ′), the conjecture

with the second factor measured. For α < 1 it gives QHT
α (ρ ⊗ ρ′∥σ ⊗ σ′) ≤ QHT

α QM
α

′. So,
if the conjecture holds, QHT

α (ρ⊗ ρ′∥σ ⊗ σ′) lies between QHT
α QHT

α
′ and QHT

α QM
α

′ for α < 1.
Pointwise, the bound of Theorem 6.4.2 combines Helstrom tests of the first factor with a
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fixed measurement of the second. To combine Helstrom tests of both factors one would
need Helstrom projections that are nested in γ, and they are not.

Near α = ∞ the shadow concentrates at its top atom, where a second-order perturbation
computation decides the question. Let σ be invertible, and let γmax = eDmax(ρ∥σ) be a
simple eigenvalue of σ−1/2ρ σ−1/2. Let v be a unit vector with ρv = γmaxσv, and put
H = ρ− γmaxσ ≤ 0, m = ⟨v|σ|v⟩, a = σv −mv ⊥ v and

κ(ρ∥σ) = 2γmax
m

⟨a|(−H)+|a⟩ ≥ 0,

with + the Moore–Penrose inverse. Then κ = 0 for commuting pairs.

Theorem 6.4.3 (First order at α = ∞). In this setting, as α → ∞,

logQHT
α (ρ∥σ) = α log γmax + logm+ κ(ρ∥σ)

α+ 1 +O(α−2),

and for two such pairs κ(ρ⊗ ρ′∥σ ⊗ σ′) ≥ κ(ρ∥σ) + κ(ρ′∥σ′). Hence

log QHT
α (ρ⊗ ρ′∥σ ⊗ σ′)

QHT
α (ρ∥σ)QHT

α (ρ′∥σ′) = κ(ρ⊗ ρ′∥σ ⊗ σ′) − κ(ρ∥σ) − κ(ρ′∥σ′)
α+ 1 +O(α−2).

The leading coefficient is nonnegative, and when it is positive the conjecture holds for all
sufficiently large α.

Proof. Asymptotics. Let γ2 < γmax be the next generalised eigenvalue. For u ∈ (γ2, γmax]
exactly one eigenvalue λ1(u) of ρ− uσ is positive, so e(u) = λ1(u) there. The eigenvalue is
simple, so λ1 is real-analytic near γmax, with λ1(γmax) = 0, λ′

1(γmax) = −m and, by second-
order perturbation theory, λ′′

1(γmax) = 2⟨a|(−H)+|a⟩, because the other eigenvalues of H
are negative. In the Mellin formula QHT

α = α(α − 1)
∫ γmax

0 uα−2e(u) du, the integral over
[0, γmax −δ] is O(α2(γmax −δ)α). On the rest insert e(u) = m(γmax −u)+ 1

2λ
′′
1(γmax)(γmax −

u)2 +O((γmax − u)3) and use α(α− 1)
∫ γ

0 u
α−2(γ − u)k du = γα+k−1 k! Γ(α+ 1)/Γ(α+ k).

This gives QHT
α = mγαmax

(
1 + κ/(α+ 1) +O(α−2)

)
.

Superadditivity of κ. Put primes on the quantities of the second pair. The product
has top generalised eigenvalue γmaxγ

′
max, which is simple, with eigenvector v ⊗ v′, and

⟨v ⊗ v′|σ ⊗ σ′|v ⊗ v′⟩ = mm′. Expanding ρ = γmaxσ +H and ρ′ = γ′
maxσ

′ +H ′,

−H12 := γmaxγ
′
max σ⊗σ′ −ρ⊗ρ′ = A−H⊗H ′, A = γmax σ⊗ (−H ′)+γ′

max (−H)⊗σ′.

Since H ⊗ H ′ = (−H) ⊗ (−H ′) ≥ 0, we have 0 ≤ −H12 ≤ A. Both operators have kernel
C v ⊗ v′, because ⟨x|A|x⟩ = 0 forces x ∈ (H ⊗ v′) ∩ (v ⊗ H′) when σ, σ′ > 0. Hence
(−H12)+ ≥ A+. The vector for the product is

a12 = (σ ⊗ σ′)(v ⊗ v′) −mm′ v ⊗ v′ = mv ⊗ a′ +m′ a⊗ v′ + a⊗ a′ ⊥ v ⊗ v′.

For z in the range of A, ⟨z|A+|z⟩ = supx
(
2 Re⟨x|z⟩ − ⟨x|A|x⟩

)
. Take x = γ−1

max v ⊗ b′ +
γ′−1

max b ⊗ v′, with b = (−H)+a and b′ = (−H ′)+a′. Using Hv = 0, (−H)b = a and a ⊥ v,
we get A(v⊗ b′) = γmax σv⊗ a′ and A(b⊗ v′) = γ′

max a⊗σ′v′. Therefore ⟨v⊗ b′|a12⟩ = mc′,
⟨b⊗ v′|a12⟩ = m′c, ⟨v ⊗ b′|A|v ⊗ b′⟩ = γmaxmc

′, ⟨b⊗ v′|A|b⊗ v′⟩ = γ′
maxm

′c, and the cross
term vanishes, where c = ⟨a|(−H)+|a⟩ and c′ = ⟨a′|(−H ′)+|a′⟩. Hence

⟨a12|(−H12)+|a12⟩ ≥ ⟨a12|A+|a12⟩ ≥ mc′

γmax
+ m′c

γ′
max

,

and multiplying by 2γmaxγ
′
max/(mm′) gives κ12 ≥ κ+ κ′.
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Remark 6.4.4 (Pure states). If ρ = ψ is pure, then (σ + t)−1/2ψ(σ + t)−1/2 has rank one,
and the trace formula gives QHT

α (ψ∥σ) = (α − 1)
∫∞

0
( ∫ ν(dq)

q+t
)α
dt for α > 1, where ν is

the spectral measure of σ in ψ. For ψ ⊗ ψ′ this measure is the multiplicative convolution
of the two. With t = ex and µ(dy) = e(1/α−1)y (log∗ ν)(dy), one finds QHT

α (ψ∥σ) = ∥µ ∗
Kα∥αα/∥Kα∥αα with Kα(x) = ex/α/(1 + ex). This is, up to normalisation, the density of
logB for a beta-prime variable B with parameters ( 1

α , 1 − 1
α), and it is the hyperbolic

secant density at α = 2. So for pure states Conjecture 6.3.5 is the classical inequality

∥µ ∗ µ′ ∗Kα∥α ∥Kα∥α ≥ ∥µ ∗Kα∥α ∥µ′ ∗Kα∥α for finite positive measures µ, µ′ on R.

Minkowski’s inequality gives the companion upper bound ∥µ ∗ Kα∥α ≤ µ(R)∥Kα∥α, and
since µ(R) = ⟨ψ|σ(1−α)/α|ψ⟩ this is exactly QHT

α ≤ Q̃α for pure states. The lower bound is
not a property of log-concave kernels in general: for K = 1[0,1) and µ = µ′ = δ0 + δ1/2 it
reads (1 + 3α) ≥ (1 + 2α−1)2, which fails for every α ≥ 5. Any proof must therefore use the
shape of Kα, as the Gaussian-mixture argument does at α = 2.

In the language of Rényi entropies hα(f) = 1
1−α log

∫
fα, with X ∼ µ, X ′ ∼ µ′ and

Z ∼ Kα independent, the pure-state conjecture reads

hα(X +X ′ + Z) + hα(Z) ≤ hα(X + Z) + hα(X ′ + Z) (α > 1),

a submodularity of the Rényi entropy of sums in which the common summand Z has the
law of logB, B ∼ Beta′( 1

α , 1 − 1
α). For the Shannon entropy and an arbitrary common

summand this inequality is data processing: h(X + X ′ + Z) − h(X ′ + Z) = I(X;X +
X ′ + Z) ≤ I(X;X + Z) = h(X + Z) − h(Z), since X → X + Z → X + Z + X ′ is a
Markov chain; this is the pure-state shadow of the additivity of the Umegaki entropy. For
α ̸= 1 the inequality depends on the law of Z: it fails for Z uniform on [0, 1) and fair
coins X,X ′ ∈ {0, 1

2} when α ≥ 5 (the computation above), while for Gaussian Z it holds
at every integer α = n, because

∫ ∏n
i=1G(x − ai) dx ∝ exp(−1

2
∑
i(ai − ā)2) depends on

a ∈ Rn only through the Sn-invariant form Q0(a) = ∑
i(ai − ā)2, and for such a kernel

the symmetrisation of the proof of Theorem 6.4.1 works in every dimension: with a, b the
i.i.d. samples, 1

n!
∑
π∈Sn

e−⟨a−ā,πb−b̄⟩ ≥ 1 by Jensen’s inequality, because 1
n!
∑
π πb = b̄1.

At n = 2 the kernel of K2 is e−(a1+a2)/2k(a1 − a2), a Gaussian scale mixture, and the
same argument with Chebyshev’s association inequality is Theorem 6.4.1. For n ≥ 3 the
kernel Ψn(a) =

∫ ∏
iKn(x− ai) dx ∝ e(1−n)ā ∫∞

0 sn−2∏
i(1 + seai−ā)−1ds is not a function

of Q0(a): for n = 3 it decays like e−|a−ā|/
√

6 along (u, 0, 0) and like |a− ā|e−|a−ā|/
√

2 along
(u,−u, 0), and at |a − ā| = 4 the two values are 0.379 and 0.336. A mixture of Gaussians
in non-invariant quadratic forms does not support the symmetrisation step. So the integer
case n ≥ 3, even for pure states, needs an argument that does not pass through Gaussian
mixtures. Theorem 6.5.3 gives one, by majorization on a simplex, and proves the inequality
above at every integer α ≥ 2.

At integer orders the pure-state case reduces to an inequality for one explicit function
under the symmetric group, and the proof of Theorem 6.4.1 is the case n = 2 of that
inequality.

Proposition 6.4.5 (Integer orders, pure states). Let n ≥ 2 be an integer and, for w ∈ Rn
with

∑
iwi = 0,

kn(w) = (n− 1)
∫ ∞

0

dt∏n
i=1(t+ ewi) , kn(0) = 1.

(a) For a pure state ψ and faithful σ with spectral measure ν of σ in ψ, let a1, . . . , an
be i.i.d. with the law of log q under ν, and ā their mean. Then QHT

n (ψ∥σ) =
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E
[
e(1−n)ākn(a− ā)

]
, and QHT

n (ψ ⊗ ψ′∥σ ⊗ σ′) = E
[
e(1−n)(ā+b̄)kn(a− ā+ b− b̄)

]
with

b an independent sample for the second pair.

(b) If

1
n!

∑
π∈Sn

kn(u+ πv) ≥ kn(u) kn(v) for all u, v with
∑
ui = ∑

vi = 0, (6.4.1)

then Conjecture 6.3.5 holds at α = n for all pure states and all faithful σ, σ′. Inequality
(6.4.1) is implied by its logarithmic form 1

n!
∑
π log kn(u+πv) ≥ log kn(u)+ log kn(v).

(c) (6.4.1) holds at n = 2, where k2(u,−u) = u
sinhu and the logarithmic form holds factor

by factor in Euler’s product. For n = 3, k3(w) = −2∑3
i=1wi

/∏
j ̸=i(ewi − ewj ).

(d) log kn is concave on the hyperplane, so (6.4.1) and its logarithmic form are reverse
Jensen inequalities: for a concave L with L(0) = 0 one has L(u+πv) ≤ L(u)+L(πv)
for each π, and the orbit average must make up the difference.

Proof. (a) By the trace formula,

QHT
n (ψ∥σ) = (n− 1)

∫ ∞

0

( ∫ ν(dq)
q + t

)n
dt = E

[
(n− 1)

∫ ∞

0

∏
i

(qi + t)−1dt
]

with qi = eai i.i.d., and the substitution t = eāτ gives the formula. The spectral mea-
sure of σ ⊗ σ′ in ψ ⊗ ψ′ is the multiplicative convolution ν ⋆ ν ′, so the samples for
the product are ai + bi. (b) Since b is exchangeable and b̄ is permutation invariant,
E kn(a − ā + b − b̄) = E 1

n!
∑
π kn

(
(a − ā) + π(b − b̄)

)
. Apply (6.4.1) with u = a − ā,

v = b − b̄ and take expectations; the factors e(1−n)ā and e(1−n)b̄ are positive and indepen-
dent. The logarithmic form implies (6.4.1) by the arithmetic–geometric mean inequality.
(c) For n = 2, k2(u,−u) =

∫∞
0

dt
(t+eu)(t+e−u) = 2u

eu−e−u = u
sinhu , which is k(2u) in the

notation of Theorem 6.4.1, and (6.4.1) is the inequality k(u + v) + k(u − v) ≥ 2k(u)k(v)
proved there. For the logarithmic form, Euler’s product gives − log k2 = ∑

m≥1 hm(u2) with
hm(s) = log(1+s/(π2m2)) concave and vanishing at 0, so 1

2 [hm((u+v)2)+hm((u−v)2)] ≤
hm(u2 + v2) ≤ hm(u2) + hm(v2) by concavity and subadditivity. For n = 3, the partial
fraction expansion of t 7→

∏
i(t+xi)−1 gives

∫∞
0
∏
i(t+xi)−1dt = −

∑
i log xi

/∏
j ̸=i(xi−xj),

the second divided difference of − log, since ∑i

∏
j ̸=i(xi − xj)−1 = 0. (d) With xi = ewi ,∏

i(t + xi)−1 =
∫
Rn

+
e−⟨r,x⟩−t|r|1dr, so K(x) :=

∫∞
0
∏
i(t + xi)−1dt =

∫
Rn

+
e−⟨r,x⟩ dr/|r|1. In

the coordinates ri = eθi this is K(ew) =
∫
F (θ+w)G(θ) dθ with F (z) = exp(−∑i e

zi) and
G(θ) = exp

(∑
i θi−log∑i e

θi
)
, both log-concave on Rn. A convolution of log-concave func-

tions is log-concave by the Prékopa–Leindler inequality, and so is the restriction w 7→ kn(w)
to the hyperplane. The last statement is the subadditivity of concave functions vanishing
at 0.

Inequality (6.4.1) is a statement about a single function of 2(n − 1) real variables.
For n ≥ 3, kn is neither even nor a function of the invariant quadratic form, so the two
ingredients of the n = 2 proof, the Gaussian mixture and the parallelogram law, are both
unavailable. The divided-difference structure is what works: Theorem 6.5.3(b) below proves
(6.4.1) for every n, with equality only at u = 0 or v = 0. The logarithmic form remains
open for n ≥ 3; it held in all our tests (Section 6.11).
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6.5 Integer orders as a correlation inequality on a simplex
At integer orders the trace formula turns Conjecture 6.3.5 into a statement about one
random point of a simplex, and a majorization argument proves it whenever the functions
involved are real, convex and permutation invariant, possibly after symmetrisation. This
is the multivariate form of the measure pictures used so far. The product quasi-entropy
becomes the pairing of a measure on the simplex built from the first pair with a function
built from the second.

Fix an integer n ≥ 2, let ∆n−1 = {µ ∈ [0, 1]n : ∑i µi = 1}, and let U be uniformly
distributed on ∆n−1. For faithful σ = ∑

j qj |j⟩⟨j| and a word a = (a1, . . . , an) of indices,
write qa = (qa1 , . . . , qan) and Wa = ρa1a2ρa2a3 · · · ρana1 for the cycle weights of the trace
formula, and put

Fρ,σ(µ) =
∑
a

Wa (µ · qa)1−n, Gρ,σ(µ) =
∑
a

Wa kqa(µ),

where kx(µ) =
(
x1 · · ·xn

∑n
i=1 µi/xi

)−1 for x ∈ (0,∞)n. Grouping the words by eigenvalues
shows that F and G depend only on the block weights Tr(Pλ1ρPλ2ρ · · ·Pλnρ), where the Pλ
are the spectral projections of σ, so they do not depend on the choice of eigenbasis.

Proposition 6.5.1 (Simplex representation). Let σ, σ′ be faithful and write x ◦ y for the
entrywise product.

(a) For x, y ∈ (0,∞)n,

(n− 1)
∫ ∞

0

n∏
i=1

dt

t+ xi
= E (U · x)1−n, E (U · (x ◦ y))1−n = E

[
(U · y)1−n kx(U)

]
.

(b) QHT
n (ρ∥σ) = EFρ,σ(U) = EGρ,σ(U), and

QHT
n (ρ⊗ ρ′∥σ ⊗ σ′) = E

[
Fρ,σ(U) Gρ′,σ′(U)

]
.

So Conjecture 6.3.5 at α = n is the correlation inequality E[Fρ,σGρ′,σ′ ] ≥
EFρ,σ EGρ′,σ′ for the uniform law on ∆n−1.

(c) Fρ,σ and Gρ,σ are invariant under cyclic shifts of the coordinates of µ, and the reversal
(µ1, µ2, . . . , µn) 7→ (µ1, µn, . . . , µ2) replaces them by their complex conjugates. They
are real when all cycle weights are real: always at n = 2, where Wjk = |ρjk|2; for
qubit pairs; for pure ρ; and for ρ with nonnegative entries in an eigenbasis of σ. For
pure ρ = |ψ⟩⟨ψ|, Wa = ∏

i |ψai |2, and they are invariant under all permutations of
the coordinates.

Proof. (a) Let E1, . . . , En be independent standard exponential variables and S = ∑
iEi.

Then E/S is uniform on ∆n−1 and independent of S, which has the Gamma law with shape
n, so ES1−n = 1/(n−1)!. Since z1−n = 1

(n−2)!
∫∞

0 rn−2e−rzdr and E e−rE·x = ∏
i(1+rxi)−1,

E (U · x)1−n

(n− 1)! = E (E · x)1−n = 1
(n− 2)!

∫ ∞

0

rn−2 dr∏
i(1 + rxi)

= 1
(n− 2)!

∫ ∞

0

dt∏
i(t+ xi)

,

by the substitution r = 1/t. For the second identity, Xi = xiEi are independent expo-
nential variables with means xi. Writing X = RV with R = ∑

iXi and V ∈ ∆n−1, the
density of (R, V ) is (∏i xi)−1Rn−1 exp(−R∑i Vi/xi) with respect to dRdV1 · · · dVn−1, and
the coordinate measure dV1 · · · dVn−1 gives ∆n−1 total mass 1/(n− 1)!. Integrating out R
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gives E (X · y)1−n = E[(U · y)1−nkx(U)]/(n− 1)!, while E (X · y)1−n = E (E · (x ◦ y))1−n =
E (U · (x ◦ y))1−n/(n− 1)!.

(b) In the eigenbasis of σ, Tr[(ρ(σ+ t)−1)n] = ∑
aWa

∏
i(t+qai)−1, so the trace formula

QHT
n = (n − 1)

∫∞
0 Tr[(ρ(σ + t)−1)n] dt and the first identity of (a) give QHT

n = EF . The
product pair has eigenvectors |j⟩ ⊗ |l⟩ with eigenvalues qjq

′
l, and its cycle weights are

WaW
′
b. The second identity of (a), with x = q′

b and y = qa, gives QHT
n (ρ ⊗ ρ′∥σ ⊗ σ′) =∑

a,bWaW
′
b E[(U · qa)1−nkq′

b
(U)] = E[Fρ,σGρ′,σ′ ]. With y = (1, . . . , 1) it gives E kx(U) =

E (U · x)1−n, hence EG = QHT
n .

(c) Permuting the coordinates of µ by π replaces Wa by Wa◦π after relabelling the sum.
A cycle weight is invariant under cyclic shifts of its word, and reversing the word conjugates
it, because ρ is Hermitian. The remaining statements are direct.

Recall that µ is majorized by ν, µ ≺ ν, if µ is a convex combination of permutations
of ν, and that ϕ is Schur-convex if µ ≺ ν implies ϕ(µ) ≤ ϕ(ν). Schur-convex functions are
permutation invariant, and every permutation-invariant convex function is Schur-convex
[88, Ch. 3].

Lemma 6.5.2 (Chebyshev’s inequality on the simplex). Let ϕ, χ : ∆n−1 → R be bounded
Borel functions that are Schur-convex. Then

E[ϕ(U)χ(U)] ≥ Eϕ(U) Eχ(U).

If ϕ and χ are convex and permutation invariant, and neither is almost everywhere constant,
the inequality is strict.

Proof. Induction on n. For n = 2 write U = (V, 1 − V ) with V uniform on [0, 1]. A
Schur-convex function of (v, 1 − v) is a nondecreasing function of |v − 1

2 |, and Chebyshev’s
association inequality for the single variable |V − 1

2 | gives the claim.
Let n ≥ 3, let T = mini Ui, and let I be the index at which the minimum is attained,

which is unique almost surely. By the law of total covariance,

Cov(ϕ, χ) = E
[
Cov(ϕ, χ | T, I)

]
+ Cov

(
E[ϕ | T, I], E[χ | T, I]

)
.

Put ∆(s) = {µ ∈ ∆n−1 : µj ≥ s ∀j} = c + (1 − ns)(∆n−1 − c), where c = ( 1
n , . . . ,

1
n).

Given T = s and I = i, U is uniform on the facet {µi = s} of ∆(s). The map ν 7→ µ with
µi = s and µj = s+ (1 − ns)νj for j ̸= i carries ∆n−2 onto this facet and the uniform law
to the uniform law. It preserves majorization, because a doubly stochastic matrix acting
on ν extends to one acting on µ that fixes the i-th coordinate. So the restrictions of ϕ and
χ to the facet are Schur-convex functions of ν, and the first term is nonnegative by the
induction hypothesis.

Given T = s, U is uniform on the boundary of ∆(s): the facets are congruent, and
the gradient of mini µi has the same length on each of them. By permutation invariance,
E[ϕ | T, I] = Aϕ(1 − nT ), with Aϕ(r) = Eϕ(c + r(X − c)) and X uniform on ∂∆n−1. For
0 ≤ r ≤ r′ ≤ 1, the point c+ r(x− c) is a convex combination of c+ r′(x− c) and c, which
is the average of the permutations of c+r′(x− c); hence c+r(x− c) ≺ c+r′(x− c), and Aϕ
is nondecreasing. The same holds for χ, and Chebyshev’s inequality for the single variable
T makes the second term nonnegative.

For strictness, let ϕ be convex and permutation invariant. Then ϕ(c) ≤ ϕ(µ) for all
µ, and Aϕ is convex and nondecreasing with Aϕ(0) = ϕ(c). If Aϕ = ϕ(c) on [0, 1), then
Eϕ(U) = EAϕ(1 − nT ) = ϕ(c), and since ϕ ≥ ϕ(c), ϕ is almost everywhere constant.
Otherwise there is rϕ < 1 with Aϕ(rϕ) > ϕ(c), and convexity gives Aϕ(r′) − Aϕ(r) ≥
(r′ − r)

(
Aϕ(rϕ) − ϕ(c)

)
/r > 0 for rϕ ≤ r < r′ ≤ 1, so Aϕ is strictly increasing on [rϕ, 1]. If
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the same holds for χ, then both s 7→ Aϕ(1 −ns) and s 7→ Aχ(1 −ns) are strictly decreasing
on some [0, s0). The variable T has positive density there, so, with T ′ an independent copy,
the second term 1

2E
[
(Aϕ(1 − nT ) − Aϕ(1 − nT ′))(Aχ(1 − nT ) − Aχ(1 − nT ′))

]
is strictly

positive.

Call a pair (ρ, σ) sign-free if Tr(PρQρRρ) ≥ 0 for all pairwise distinct spectral pro-
jections P,Q,R of σ, and weakly sign-free if Re Tr(PρQρRρ) ≥ 0 for all of them. The
condition is empty when σ has at most two distinct eigenvalues, in particular for every
qubit pair. It holds for pure ρ, for ρ with nonnegative entries in an eigenbasis of σ, and for
commuting pairs.

Theorem 6.5.3 (Integer orders through the simplex). (a) (n = 2.) Fρ,σ(v, 1 − v) =
Gρ,σ(v, 1−v) = ∑

jk |ρjk|2/(vqj +(1−v)qk), so QHT
2 (ρ⊗ρ′∥σ⊗σ′) =

∫ 1
0 Fρ,σ Fρ′,σ′ dv.

These functions are convex and symmetric under v 7→ 1 − v, so Lemma 6.5.2 gives
Theorem 6.4.1 again.

(b) Inequality (6.4.1) holds for every n ≥ 2, strictly unless u = 0 or v = 0. Hence
Conjecture 6.3.5 holds at every integer order α = n ≥ 2 for all pure states ψ,ψ′,
and when the right-hand side is finite, equality holds only if [ψ, σ] = 0 or [ψ′, σ′] =
0. More generally it holds at α = n when one pair is pure and all block weights
Tr(Pλ1ρPλ2ρ · · ·Pλnρ) of the other are nonnegative, for instance a qubit pair or a
pair in which ρ has nonnegative entries in an eigenbasis of σ. Theorem 6.7.1 below
removes the condition on the other pair.

(c) (n = 3.) If (ρ′, σ′) is sign-free and (ρ, σ) is weakly sign-free, then

QHT
3 (ρ⊗ ρ′∥σ ⊗ σ′) ≥ QHT

3 (ρ∥σ)QHT
3 (ρ′∥σ′),

and when the right-hand side is finite, equality holds if and only if [ρ, σ] = 0 or
[ρ′, σ′] = 0. In particular this holds for all pairs in which σ and σ′ have at most two
distinct eigenvalues each, in any dimension. Corollary 6.6.3 below removes the weak
sign-freeness condition on (ρ, σ) when σ′ has at most two distinct eigenvalues.

If σ or σ′ is not faithful, either both sides are infinite or one restricts to the supports,
so for the inequalities the faithfulness assumption of Proposition 6.5.1 costs nothing.

Proof. (a) At n = 2, k(qj ,qk)(v, 1 − v) = 1/(vqk + (1 − v)qj), and the sum is symmetric in
(j, k). Each term is convex in v.

(b) Let y = eu and x = ev, so that kn(u) = E (U · y)1−n and kn(v) = E (U · x)1−n by
Proposition 6.5.1(a). The same identity with x ◦ π in place of x gives kn(u+ πv) = E[(U ·
y)1−nkx◦π(U)], and kx◦π(µ) = kx(µ ◦ π−1). Averaging over π and using the exchangeability
of U ,

1
n!
∑
π

kn(u+ πv) = E
[
ϕy(U)χx(U)

]
,

ϕy(µ) = 1
n!
∑
π

(µ ◦ π · y)1−n, χx(µ) = 1
n!
∑
π

kx(µ ◦ π),

with Eϕy = kn(u) and Eχx = kn(v). Both functions are convex and permutation invariant,
because (µ · y)1−n and kx are convex functions of a positive linear form. Lemma 6.5.2
gives (6.4.1). The function ϕy is a sum of convex functions, so it is almost everywhere
constant only if every summand is affine, that is, only if y is constant, i.e. u = 0; likewise
χx only if v = 0. This gives strictness. For the states, let ψ′ be pure. Then Gψ′,σ′ is
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a nonnegative combination of the convex functions kx and is permutation invariant, by
Proposition 6.5.1(c). If all block weights of (ρ, σ) are nonnegative, Fρ,σ is real and convex,
and by exchangeability E[Fρ,σGψ′,σ′ ] = E[F̄Gψ′,σ′ ], where F̄ is the average of Fρ,σ over
permutations of the coordinates; it is convex, permutation invariant and has the same
mean. Lemma 6.5.2 and Proposition 6.5.1(b) give the inequality. For pure ψ, Fψ,σ is the
expectation of (µ · qa)1−n over i.i.d. letters with law |ψj |2; it is constant only if ψ lies in one
eigenspace of σ, that is, only if [ψ, σ] = 0, which gives the equality statement.

(c) Group the words by spectral projections: Fρ,σ(µ) = ∑
w(λ1, λ2, λ3)(µ1λ1 + µ2λ2 +

µ3λ3)−2, with w(λ1, λ2, λ3) = Tr(Pλ1ρPλ2ρPλ3ρ). If two of the λ’s coincide, w is real
and nonnegative. Up to cyclic order it is Tr[(PρP )3], or Tr(AXX∗) with A = PρP ≥ 0
and X = PρQ. Hence Re Fρ,σ is a constant plus a nonnegative combination of convex
functions for weakly sign-free pairs. It is invariant under all permutations, because by
Proposition 6.5.1(c) the reversal conjugates F and the cyclic shifts fix it. For a sign-free
pair all block weights are real, so Gρ′,σ′ is real, convex and permutation invariant. Since
EF = QHT

3 is real and the product formula is real,

QHT
3 (ρ⊗ ρ′∥σ ⊗ σ′) −QHT

3 (ρ∥σ)QHT
3 (ρ′∥σ′) = Cov

(
Re Fρ,σ(U), Gρ′,σ′(U)

)
≥ 0

by Lemma 6.5.2. For equality, suppose [ρ, σ] ̸= 0. Then PρQ ̸= 0 for two distinct spectral
projections P,Q. The range of X = PρQ lies in the range of Pρ1/2, which is the range
of A = PρP . So A1/2X ̸= 0 and w(λ, λ, λ′) = Tr(AXX∗) = ∥A1/2X∥2

2 > 0. The term
(µ1λ+µ2λ+µ3λ

′)−2 is not affine on ∆2, so Re Fρ,σ is not almost everywhere constant. The
same argument applies to Gρ′,σ′ when [ρ′, σ′] ̸= 0, and Lemma 6.5.2 gives strict inequality.
If one pair commutes, equality holds by the remark after Conjecture 6.3.5.

By Remark 6.4.4, Theorem 6.5.3(b) is equivalent to a classical statement. For every
integer n ≥ 2, all independent real random variables X,X ′, and Z = logB with B ∼
Beta′( 1

n , 1 − 1
n) independent of them,

hn(X +X ′ + Z) + hn(Z) ≤ hn(X + Z) + hn(X ′ + Z).

This follows first for finitely supported laws, which come from pure states, and then for
compactly supported laws by approximation, since the densities ofX+Z converge uniformly
with uniform exponential tails. For general finite positive measures µ and their restrictions
µM to [−M,M ], Minkowski’s inequality gives ∥(µ−µM )∗Kn∥n ≤ (µ−µM )(R) ∥Kn∥n → 0,
so the convolution inequality of Remark 6.4.4 holds for all finite positive measures at every
integer order.
Remark 6.5.4 (What the simplex picture leaves open). In the language of measures, Propo-
sition 6.5.1 says that QHT

n (ρ⊗ ρ′∥σ⊗ σ′) is the pairing of the complex measure Fρ,σ dU on
∆n−1 with the continuous function Gρ′,σ′ . The conjecture asks that the centred measure
(Fρ,σ − QHT

n ) dU lie in the dual cone of all functions Gρ′,σ′ . Lemma 6.5.2 exhibits one
cone that is positive against itself: centred Schur-convex densities pair nonnegatively with
Schur-convex functions. Theorem 6.5.3 is the observation that sign-free pairs land in that
cone. Three things fall outside it.

(i) Chirality. For general pairs at n = 3,

QHT
3 (ρ⊗ ρ′∥σ ⊗ σ′) −QHT

3 Q′HT
3 = Cov(Re Fρ,σ,Re Gρ′,σ′) − E[Im Fρ,σ Im Gρ′,σ′ ].

The imaginary parts come from the orientation of 3-cycles through three distinct
eigenvalues, Im Tr(PρQρRρ). They are odd under transpositions of the coordinates,
and the last term has no sign. Numerically it is at most 1.4 · 10−3 of the covariance
for random 3 × 3 products.
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(ii) Schur-convexity. The covariance term is covered by Lemma 6.5.2 whenever Re Fρ,σ

and Re Gρ′,σ′ are Schur-convex. This is weaker than sign-freeness, and it held for
Re F3 in all 600 random pairs we drew in dimensions 3 and 4, but not always: Re G3
failed in 4 of them. Convexity of Re F3 fails as well for some pairs found by adversarial
search (see below). Super-multiplicativity held for every such pair against random
partners.

(iii) Order n ≥ 4. Re Fn is only dihedrally invariant. The induction in Lemma 6.5.2
needs the full symmetric group on each facet, so two qubit pairs at α = 4, whose
cycle weights are nonnegative but not permutation invariant, are already outside its
reach.

Against partners whose σ′ has at most two distinct eigenvalues, (i) and (ii) are bypassed
by Theorem 6.6.2 below, which never separates real and imaginary parts.

At n = 3, for a qubit pair (ρ′, σ′) and an arbitrary (ρ, σ), Gρ′,σ′ is a constant plus a sum
of convex functions of single coordinates. Conditioning on U1 then reduces the conjecture
to one variable: it holds for (ρ, σ) against every qubit pair if and only if (for the converse,
let ρ′

22 → 0 with |ρ′
12|2 ≤ ρ′

11ρ
′
22 to isolate one kernel)

∆(a) = 2
∫ 1

0
θ
(
R(θ) −QHT

3 (ρ∥σ)
) dθ

1 + (a− 1)θ ≥ 0 for all a > 0,

where R(θ) = E[Re Fρ,σ | U1 = 1 − θ] = ∑
ijk ρijρjkρki

/(
((1 − θ)qi + θqj)((1 − θ)qi + θqk)

)
.

Exchangeability and the cyclic invariance of F give 2
∫ 1

0 θR = 3
∫ 1

0 θ
2R = QHT

3 , so the
measure θ(R − QHT

3 ) dθ annihilates affine functions on [0, 1]. If R − QHT
3 changes sign

only twice and is positive near the ends, then ∆ ≥ 0, by comparing the convex kernel
1

1+(a−1)θ with its linear interpolant at the two crossings. For weakly sign-free pairs R is
convex, being an average of Re F over segments that move affinely with θ, and the sign
pattern follows. In general R is not convex: adversarial searches in dimensions 3 and 4
found pairs with R′′ < 0 near θ = 0 or θ = 1. In every case, including those, R − QHT

3
had the pattern + − + and ∆ > 0. In fact ∆ is the function Dρ∥σ of Theorem 6.6.2
below: Proposition 6.5.1(a) with x = (1, 1, a), for which kx(µ) = (a− (a− 1)µ3)−1, writes
Dρ∥σ(a) = E

[
(Re Fρ,σ(U) −QHT

3 )(a− (a− 1)U3)−1], and conditioning on U3 = 1 − θ, whose
density is 2θ, gives ∆. So ∆(a) ≥ 0 for every pair (ρ, σ) and every a > 0, with no condition
on R.

For a qutrit pair the matrix can be eliminated. Put K3(x) = 2
∫∞

0
∏
i(t + xi)−1dt and

Jx(a) = 1
3
∑
iK3(x(i)) −K3(1, 1, a)K3(x), where x(i) is x with xi replaced by axi. Up to a

positive factor, the contribution of a partner word (λ, λ, aλ) is

3
∑
a′ ̸=b′

ρa′a′ |ρa′b′ |2J(qa′ ,qa′ ,qb′ )(a) + 6 Re(ρ12ρ23ρ31) J(q1,q2,q3)(a).

Here J ≥ 0 by Theorem 6.5.3(b), and only the 3-cycle can be negative. For each labelling
{a′, b′, c} = {1, 2, 3} and each s > 0, |ρ12ρ23ρ31| ≤ 1

2
(
sρb′b′ |ρb′c|2 + s−1ρa′a′ |ρa′c|2

)
. Splitting

the 3-cycle in this way at all three vertices and optimising s shows that every qutrit pair
is super-multiplicative at α = 3 against every pair whose σ′ has two distinct eigenvalues,
provided

J(q1,q2,q3)(a) ≤
3∑
c=1

(
J(qa′ ,qa′ ,qc)(a) J(qb′ ,qb′ ,qc)(a)

)1/2
for all q ∈ (0,∞)3, a > 0. (6.5.1)

This is a scalar inequality between seven values of one explicit function, with equality when
two of the qi coincide. It is proved in Corollary 6.7.4 below, through a rooted sum-of-squares
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form of the Lieb–Thirring gap; its pointwise analogue for R′′, which would follow from a
Peano-kernel form of ∆ and the Cauchy–Schwarz inequality, fails near θ = 0. The same
splitting with shared budgets does not suffice in dimension 5, although the inequality it
is meant to prove still held in our searches there. Corollary 6.6.3 proves that conclusion
directly, in every dimension.

Splitting the partner side word by word is not possible. The pointwise condition of
Section 6.11 would require the inequality for single partner words with three distinct entries,
and it is false at extreme spectra. Super-multiplicativity against the actual partners still
held there, because a partner always carries its own repeated words. This is the obstruction
that survives Theorem 6.6.2: what remains open at α = 3 comes from partner words with
three distinct eigenvalues.

6.6 Order three: the defect as an integral of Lieb–Thirring
gaps

At α = 3 there is a second mechanism. It needs no sign condition on ρ and no
Schur-convexity, and it settles the conjecture against every partner whose reference
state has at most two distinct eigenvalues. Throughout, σ = ∑

k qk|k⟩⟨k| is faithful,
Wx = ρx1x2ρx2x3ρx3x1 for words x ∈ [d]3, qx = (qx1 , qx2 , qx3), and

K3(z) = 2
∫ ∞

0

dt∏3
i=1(t+ zi)

= 2
∫ ∞

0

t dt∏3
i=1(1 + tzi)

(z ∈ (0,∞)3),

the second form by the substitution t 7→ 1/t. This is the function K3 of Remark 6.5.4,
and K3(ew) = k3(w) when ∑

iwi = 0, in the notation of Proposition 6.4.5. Moreover
K3(z) = E (U · z)−2 by Proposition 6.5.1(a), K3(1, 1, 1) = 1, and K3 is symmetric and
homogeneous of degree −2. Expanding traces in the eigenbasis of σ,

Tr
[
f(σ)ρ g(σ)ρ h(σ)ρ

]
=
∑
x

Wx f(qx1)g(qx2)h(qx3) (6.6.1)

for all functions f, g, h on the spectrum, so QHT
3 (ρ∥σ) = ∑

xWxK3(qx). For a > 0 put

Dρ∥σ(a) = 2
∫ ∞

0
Tr
[
ρ(σ + t)−1ρ(σ + t)−1ρ(aσ + t)−1]dt−K3(1, 1, a)QHT

3 (ρ∥σ)

=
∑
x

Wx
[
K3(qx1 , qx2 , aqx3) −K3(1, 1, a)K3(qx)

]
,

where K3(1, 1, a) = 2(a− 1 − log a)/(a− 1)2. Since Wx is invariant under cyclic shifts of x,
the position of the dilated letter does not matter. The function Dρ∥σ vanishes identically
for commuting pairs, and Dρ∥σ(1) = D′

ρ∥σ(1) = 0 by Euler’s identity ∑i zi∂iK3 = −2K3.

Proposition 6.6.1 (A two-time representation). Let z ∈ (0,∞)3 and a > 0, and for
s, t > 0 put mi = 1 + tzi and ni = (1 + s) + t(a+ s)zi. Then

(a) 4
∫ ∞

0

∫ ∞

0
ts

m2
3

m1m2 n3
3
ds dt = K3(z1, z2, az3),

(b) 4
∫ ∞

0

∫ ∞

0

ts ds dt

n1n2n3
= K3(1, 1, a)K3(z).

Proof. All integrands are positive, so the order of integration is free. (a) For A,m > 0 the
substitution u = sm gives

∫∞
0 s (A+sm)−3ds = m−2 ∫∞

0
(
(A+u)−2−A(A+u)−3)du = 1

2Am2 .
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Since n3 = (1 + atz3) + sm3, the s-integral of sm2
3n

−3
3 is 1

2(1+atz3) , and the left side
becomes 2

∫∞
0 t [(1 + tz1)(1 + tz2)(1 + atz3)]−1dt = K3(z1, z2, az3). (b) Fix s and put

us = 1 + s and vs = a + s, so that ni = us + vstzi. The substitution t = (us/vs)u gives∫∞
0 t dt/

∏
i(us + vstzi) = u−1

s v−2
s K3(z)/2. For a ̸= 1, the partial fractions s

(1+s)(a+s)2 =
−1

(a−1)2
( 1

1+s − 1
a+s

)
+ a

(a−1)(a+s)2 give
∫∞

0
s ds

(1+s)(a+s)2 = a−1−log a
(a−1)2 = 1

2K3(1, 1, a), and the case
a = 1 follows by continuity. Hence the left side is 4 · 1

2K3(z) · 1
2K3(1, 1, a).

Write ξi = mi/ni. Then the integrand of part (a) is ts (m1m2m3)−1ξ3
3 , and that of part

(b) is ts (m1m2m3)−1ξ1ξ2ξ3. Averaging (a) over the position of the dilated letter,

Jz(a) = 1
3

3∑
i=1

K3(z(i))−K3(1, 1, a)K3(z) = 4
∫ ∞

0

∫ ∞

0

ts

m1m2m3

(
1
3
∑
i

ξ3
i −ξ1ξ2ξ3

)
ds dt ≥ 0,

with J and z(i) as in Remark 6.5.4. So the case of (6.4.1) at n = 3 in which one argument has
two equal coordinates is the arithmetic–geometric mean inequality. The noncommutative
form of that inequality is the Lieb–Thirring inequality Tr[(AX)3] ≤ Tr[A3X3] for A,X ≥ 0,
and it controls the defect for every ρ.

Theorem 6.6.2 (The defect against a two-level partner). Let ρ ≥ 0, let σ be faithful and
let a > 0. For s, t > 0 put Mt = 1 + tσ, Nt,s = (1 + s)1 + t(a + s)σ, ρt = M

−1/2
t ρM

−1/2
t

and Xt,s = MtN
−1
t,s . Then

Dρ∥σ(a) = 4
∫ ∞

0

∫ ∞

0
ts
(

Tr
[
ρ3
tX

3
t,s

]
− Tr

[
(ρtXt,s)3]) ds dt ≥ 0,

and the integrand is nonnegative at every (t, s). If [ρ, σ] ̸= 0 and a ̸= 1, then Dρ∥σ(a) > 0.

Proof. M = Mt and N = Nt,s are positive functions of σ, so they commute. Since
ρtX = M−1/2(ρN−1)M1/2, we have Tr[(ρtX)3] = Tr[(ρN−1)3], and Tr[ρ3

tX
3] =

Tr[ρM−1ρM−1ρM2N−3]. With m(q) = 1 + tq and n(q) = (1 + s) + t(a+ s)q, (6.6.1) gives

Tr[ρ3
tX

3] =
∑
x

Wx
m(qx3)2

m(qx1)m(qx2)n(qx3)3 , Tr[(ρtX)3] =
∑
x

Wx

3∏
i=1

n(qxi)−1.

These are finite sums of positive kernels that are ts ds dt-integrable by Proposition 6.6.1.
Integrating term by term, parts (a) and (b) give the two terms of Dρ∥σ(a). Since ρt ≥ 0
and X ≥ 0, the Lieb–Thirring inequality Tr[(X1/2AX1/2)r] ≤ Tr[Xr/2ArXr/2] for r ≥ 1
[9, 81], with r = 3 and A = ρt, gives Tr[(ρtX)3] = Tr[(X1/2ρtX

1/2)3] ≤ Tr[ρ3
tX

3].
For strictness we use the identity, valid for B ≥ 0 with eigenvalues bi and Hermitian Y

written in an eigenbasis of B,

Tr[Y 2B3] − Tr[BY BY B] = 1
2
∑
ij

|Yij |2(bi + bj)(bi − bj)2 ≥ 0, (6.6.2)

with equality if and only if [B, Y ] = 0. Fix s and let t → 0. Then X = (1 + s)−1(1 + tβσ+
O(t2)

)
with β = (1−a)/(1+s), and ρt = ρ+O(t). Expanding Tr[A3(1+ tY )3]−Tr[(A(1+

tY ))3] to second order in t, the terms of orders 0 and 1 cancel, and

Tr[ρ3
tX

3] − Tr[(ρtX)3] = 3t2(1 − a)2(1 + s)−5(Tr[σ2ρ3] − Tr[ρσρσρ]
)

+O(t3).

If [ρ, σ] ̸= 0 and a ̸= 1, the bracket is positive by (6.6.2). So the continuous, nonnegative
integrand is positive on a nonempty open set, and Dρ∥σ(a) > 0.
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Corollary 6.6.3 (Super-multiplicativity at α = 3 against two-level partners). Let σ′ =
λ1P +λ2P

⊥ with λ1, λ2 > 0, a projection P and P⊥ = 1 −P , and let ρ ≥ 0, faithful σ and
ρ′ ≥ 0 be arbitrary, in any dimensions. With a = λ2/λ1,

QHT
3 (ρ⊗ ρ′∥σ ⊗ σ′) −QHT

3 (ρ∥σ)QHT
3 (ρ′∥σ′) = λ−2

1

[
S1 Dρ∥σ(a) + S2 a

−2Dρ∥σ(1/a)
]

≥ 0,

where S1 = 3 Tr[Pρ′Pρ′P⊥ρ′] ≥ 0 and S2 = 3 Tr[P⊥ρ′P⊥ρ′Pρ′] ≥ 0. Hence Conjec-
ture 6.3.5 holds at α = 3 whenever σ or σ′ has at most two distinct eigenvalues, with no
condition on ρ, ρ′ or the other reference state. When the right-hand side of the conjecture
is finite, equality holds if and only if [ρ, σ] = 0 or [ρ′, σ′] = 0.

Proof. Replacing σ′ by σ′/λ1 multiplies both sides by λ2
1, so let λ1 = 1 and λ2 = a.

In an eigenbasis of σ′ adapted to P , with eigenvalues yl ∈ {1, a}, the product pair has
cycle weights WxW

′
x′ and eigenvalues qx ◦ yx′ , so the defect is ∑x,x′ WxW

′
x′
[
K3(qx ◦ yx′) −

K3(qx)K3(yx′)
]
. If all letters of x′ lie in one eigenspace, yx′ is constant and the bracket

vanishes by homogeneity. If exactly one letter lies in ranP⊥, yx′ is a cyclic shift of (1, 1, a),
and by cyclic invariance of Wx the sum over x is Dρ∥σ(a); by (6.6.1) for ρ′, with one
term for each position of the odd letter, the total weight of these words is S1. If exactly
two letters lie in ranP⊥, yx′ is a cyclic shift of (a, a, 1) = a(1, 1, 1/a), and homogeneity
gives a−2Dρ∥σ(1/a), with total weight S2. Next, S1 = 3 Tr

[
(Pρ′P )(Pρ′P⊥)(Pρ′P⊥)∗] =

3
∥∥(Pρ′P )1/2Pρ′P⊥∥∥2

2 ≥ 0, and likewise S2 ≥ 0. Theorem 6.6.2 gives the inequality, and
exchanging the two factors gives the case in which σ has at most two eigenvalues.

For equality, if [ρ′, σ′] = 0 then Pρ′P⊥ = 0 and S1 = S2 = 0, and if [ρ, σ] = 0 then
Dρ∥σ ≡ 0. Suppose neither pair commutes. Then a ̸= 1, so Dρ∥σ(a) > 0 by Theorem 6.6.2,
and Pρ′P⊥ ̸= 0. The range of Pρ′P⊥ lies in the range of Pρ′1/2, which is the range of
Pρ′P , so (Pρ′P )1/2Pρ′P⊥ ̸= 0 and S1 > 0. If σ or σ′ is not faithful, either both sides are
infinite or one restricts to the supports, as in Theorem 6.5.3.

Remark 6.6.4 (What the identity does and does not reach). (i) The proof treats the 3-
cycles of ρ, negative or complex, exactly like the other words. So the chirality and
the failures of Schur-convexity in Remark 6.5.4(i),(ii) play no role against two-level
partners. Corollary 6.6.3 contains the inequality and the equality cases of Corol-
lary 6.10.4, and the case of Theorem 6.5.3(c) in which one reference state has at most
two eigenvalues. The function ∆(a) of Remark 6.5.4 equals Dρ∥σ(a), so ∆ ≥ 0 for
every pair. For qutrits, Corollary 6.6.3 makes inequality (6.5.1) unnecessary for the
conjecture; (6.5.1) itself is proved in Corollary 6.7.4.

(ii) The mechanism does not reach partner words with three distinct eigenvalues. A
Lieb–Thirring gap Tr[A3X3] − Tr[(AX)3] in which A is ρ conjugated by a function of
σ produces kernels with two equal outer factors, as in Proposition 6.6.1(a), whereas
a partner word with eigenvalues (1, a, b) needs K3(z1, az2, bz3). Such words are not
positive one at a time (Section 6.11). So a proof of the remaining case must use the
positivity of ρ′ as well, through the repeated words that every partner carries.

(iii) In one variable, let Zs solve σZs + sZsσ = ρ, so that (Zs)jk = ρjk/(qj + sqk), and put
p(s) = Tr[Z∗

sρZs]. Then Pρ∥σ(ds) = 3
QHT

3
p(s)(1 + s)−2ds and P0(ds) = 3(1 + s)−4ds

are probability measures with mean 1
2 , the second being the value of the first for com-

muting pairs, and Dρ∥σ(a) = 2
3Q

HT
3 (ρ∥σ)(1 − a)2 ∫ (Pρ∥σ − P0)(ds)/(a+ s). So Theo-

rem 6.6.2 says that the Stieltjes transform of Pρ∥σ dominates that of P0. The stronger
statement Pρ∥σ ≥cx P0 holds for weakly sign-free pairs. Indeed, for an eigenvalue triple
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λ = (λ1, λ2, λ3) of σ let Pλ(ds) = 1
3
∑
k(1 + s)−2((λj + sλk)(λl + sλk)

)−1
ds, the sum

over the three positions k with {j, l} the other two. It has mass 1
3K3(λ) and mean

1
6K3(λ), and grouping the words by eigenvalues gives Pρ∥σ = 3

QHT
3

∑
λ Rew(λ)Pλ,

with the block weights w(λ) = Tr(Pλ1ρPλ2ρPλ3ρ) of Theorem 6.5.3(c). These have
nonnegative real parts for weakly sign-free pairs. In the variable θ = s/(1 + s) the
density of Pλ with respect to P0 is a sum of products of reciprocals of the positive
affine functions (1 − θ)λj + θλk, hence log-convex. So the set where it lies below its
mean 1

3K3(λ) is an interval. Equal masses and means exclude a single sign change, so
the difference has the sign pattern + − + or vanishes, and comparing a convex test
function with its chord through the two crossings gives Pλ ≥cx

1
3K3(λ)P0. Whether

Pρ∥σ ≥cx P0 for all pairs is open.
The same identity gives the conjecture to second order around trivial partners σ′ ∝ 1,

for every ρ′, and it reduces the remaining case to singular states.

Proposition 6.6.5 (Second order around a trivial partner). Let ρ, ρ′ ≥ 0, let σ be faithful,
let H ′ be Hermitian and σ′

ε = eεH
′. Then

QHT
3 (ρ⊗ ρ′∥σ ⊗ σ′

ε) −QHT
3 (ρ∥σ)QHT

3 (ρ′∥σ′
ε) = 3

2 (τ1 − τ2) ℓρ∥σ ε
2 +O(ε3),

where τ1 = Tr[ρ′3H ′2], τ2 = Tr[H ′ρ′H ′ρ′2] and

ℓρ∥σ = D′′
ρ∥σ(1) = 2

∫ ∞

0
t
(

Tr
[
ρ3
tS

2
t

]
− Tr

[
ρtStρtStρt

])
dt,

with ρt = (1 + tσ)−1/2ρ(1 + tσ)−1/2 and St = tσ(1 + tσ)−1. Both factors are nonnegative:
ℓρ∥σ > 0 if and only if [ρ, σ] ̸= 0, and τ1 > τ2 if and only if [ρ′, H ′] ̸= 0. When both hold,
there is ε0 > 0, depending on ρ, σ, ρ′, H ′, such that the conjecture at α = 3 holds strictly
for 0 < |ε| < ε0.

Proof. By (6.6.2) with B = ρ′ and Y = H ′, τ1 − τ2 ≥ 0, with equality if and only if
[ρ′, H ′] = 0.

The expansion. Diagonalise H ′ with eigenvalues hl. The defect is ∑x,x′ WxW
′
x′φx,x′(ε)

with φx,x′(ε) = K3(qx ◦eεhx′ )−K3(qx)K3(eεhx′ ), a real-analytic function with φ(0) = 0. By
(6.6.1) for ρ′, ∑x′ W ′

x′hx′
i

= Tr[ρ′3H ′] and ∑x′ W ′
x′h2

x′
i

= τ1 for each i, and ∑x′ W ′
x′hx′

i
hx′

j
=

τ2 for each i ̸= j. At (1, 1, 1), ∂iK3 = −2
3 , ∂2

iK3 = 1 and ∂i∂jK3 = 1
2 for i ̸= j, from

K3(z) = E (U · z)−2, EUi = 1
3 , EU2

i = 1
6 and EUiUj = 1

12 . Write u = qx and K = K3(u).
Euler’s identities ∑i ui∂iK = −2K and ∑ij uiuj∂i∂jK = 6K give

∑
x′

W ′
x′φ′

x,x′(0) = Tr[ρ′3H ′]
(∑

i

ui∂iK + 2K
)

= 0,

∑
x′

W ′
x′φ′′

x,x′(0) = τ1
(∑

i

ui∂iK +
∑
i

u2
i ∂

2
iK −K

)
+ τ2

(∑
i̸=j

uiuj∂i∂jK − 3K
)

= (τ1 − τ2)
(∑

i

u2
i ∂

2
iK − 3K

)
.

On the other hand D′′
ρ∥σ(1) = ∑

xWx
(
u2

3∂
2
3K − K

)
= 1

3
∑
xWx

(∑
i u

2
i ∂

2
iK − 3K

)
, by

cyclic invariance and ∂2
aK3(1, 1, a)|a=1 = 1. So the second derivative of the defect at 0 is

3(τ1 − τ2)ℓρ∥σ.
The formula for ℓρ∥σ. Put mi = 1 + tzi and si = tzi/mi ∈ (0, 1). From the sec-

ond form of K3, z2
i ∂

2
iK3(z) = 2

∫∞
0 t

∏
jm

−1
j 2s2

i dt, so λ(z) := 1
3
∑
i z

2
i ∂

2
iK3 − K3 =
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2
∫∞

0 t
∏
jm

−1
j

(2
3
∑
i s

2
i − 1

)
dt. For a polynomial G(s1, s2, s3), using d

dtm
−1
i = −zim−2

i and
dsi
dt = si(1 − si)/t,

d

dt

[
t2
∏
j

m−1
j G

]
= t

∏
j

m−1
j T G, T G =

(
2 −

∑
i

si
)
G+

∑
i

si(1 − si)∂iG,

and the boundary terms vanish at 0 and at ∞, so
∫∞

0 t
∏
jm

−1
j T Gdt = 0. For G =

−1
6
∑
i si − 1

2 one finds T G = 1
3
∑
i s

2
i + 1

3
∑
i<j sisj − 1, hence

λ(z) = 2
3

∫ ∞

0
t
∏
j

m−1
j

(∑
i

s2
i −

∑
i<j

sisj
)
dt.

Summing against Wx and using (6.6.1) with cyclic invariance, ∑xWx
∏
jm(qxj )−1 ·

1
3
∑
i s(qxi)2 = Tr[ρ3

tS
2
t ] and ∑

xWx
∏
jm(qxj )−1 · 1

3
∑
i<j s(qxi)s(qxj ) = Tr[ρtStρtStρt],

which gives the formula for ℓρ∥σ = ∑
xWxλ(qx). By (6.6.2) with B = ρt and Y = St, the

integrand is nonnegative and vanishes identically if and only if [St, ρt] = 0 for all t. Since
St is an injective function of σ commuting with (1 + tσ)±1/2, this happens if and only if
[ρ, σ] = 0.

Corollary 6.6.6 (Reduction to singular states). Fix pairs (ρ, σ) and (ρ′, σ′) with σ, σ′

faithful. Let diagσ(ρ) be the diagonal part of ρ in a fixed eigenbasis of σ (when σ is de-
generate it depends on the basis, which does no harm), assume O = ρ− diagσ(ρ) ̸= 0, put
ρs = diagσ(ρ) + sO and s+ = max{s : ρs ≥ 0}. Then s+ ∈ [1,∞), ρs+ is singular, and

QHT
3 (ρs ⊗ ρ′∥σ ⊗ σ′) −QHT

3 (ρs∥σ)QHT
3 (ρ′∥σ′) = s2A+ s3B, A ≥ 0.

Consequently, if the conjecture at α = 3 holds for (ρs+ , σ) against (ρ′, σ′), it holds for (ρ, σ)
against (ρ′, σ′). Applying this to both factors, Conjecture 6.3.5 at α = 3 holds for all pairs
if and only if it holds whenever ρ and ρ′ are both singular and σ and σ′ both have at least
three distinct eigenvalues.

Proof. A word x has e(x) ∈ {0, 2, 3} edges xixi+1 with distinct letters, and Wx(ρs) =
se(x)Wx(ρ). Words with e(x) = 0 are constant and contribute nothing, by homogeneity. A
word with e(x) = 2 is a cyclic shift of (b, b, c) with b ̸= c, and Wx(ρ) = ρbb|ρbc|2 ≥ 0. By
homogeneity and the symmetry of K3, the sum over the partner words is ∑x′ W ′

x′
[
K3(qx ◦

yx′) − K3(qx)K3(yx′)
]

= q−2
b Dρ′∥σ′(qc/qb), which is nonnegative by Theorem 6.6.2 applied

to the partner. This gives A ≥ 0. The off-diagonal part O is traceless, Hermitian and
nonzero, so it has a negative eigenvalue and s+ < ∞. Moreover s+ ≥ 1 because ρ1 = ρ,
and ρs+ is singular by maximality. If the defect at s+ is nonnegative, then A + s+B ≥ 0,
and since A ≥ 0 and s 7→ A + sB is affine, A + B ≥ 0, which is the defect at s = 1. For
the last statement, the case in which one reference state has at most two eigenvalues is
Corollary 6.6.3.

The Lieb–Thirring inequality also gives a family of upper bounds for QHT
3 in one line.

It contains the case α = 3 of Theorem 6.3.2.

Corollary 6.6.7 (Upper bounds at order three). For ρ ≥ 0, faithful σ and every real γ,

QHT
3 (ρ∥σ) ≤ Tr

[
ρ σ−γρ σ−γρ σ2γ−2].

At γ = 2
3 the right-hand side is the sandwiched quasi-entropy Q̃3(ρ∥σ), and at γ = 0 it is

the Petz quasi-entropy Tr ρ3σ−2.
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Proof. By the second form of K3, QHT
3 (ρ∥σ) = 2

∫∞
0 t Tr[(ρYt)3] dt with Yt = (1 + tσ)−1.

Apply the Lieb–Thirring inequality to A = σ−γ/2ρ σ−γ/2 and X = σγYt: since AX =
σ−γ/2(ρYt)σγ/2, it gives Tr[(ρYt)3] ≤ Tr[ρσ−γρσ−γρ σ2γY 3

t ]. Multiply by 2t, integrate, and
use 2

∫∞
0 t(1 + tq)−3dt = q−2.

6.7 Pure partners, a cycle inequality and negative cycles
Three further cases of the conjecture can be reached: pure partners at every integer order;
partners with three eigenvalues and a nonnegative 3-cycle; and pairs whose 3-cycles are neg-
ative on both sides and not too strongly correlated. The tools are the Lieb–Thirring inequal-
ity, the Hermite–Genocchi formula, positivity of the two-letter terms (Theorem 6.6.2), a
cycle inequality for positive matrices and the symmetric-group inequality (6.4.1). Through-
out this section σ and σ′ are faithful, which costs nothing by the remark after Theorem 6.5.3.
For z, w ∈ (0,∞)3 put

Θ(z, w) = K3(z ◦ w) −K3(z)K3(w),
Dρ∥σ[w] =

∑
x

Wx Θ(qx, w)

= 2
∫ ∞

0
Tr
[
(w1σ + t)−1ρ(w2σ + t)−1ρ(w3σ + t)−1ρ

]
dt−K3(w)QHT

3 (ρ∥σ),

the three-point defect, so that Dρ∥σ(a) = Dρ∥σ[1, 1, a] and the defect of a product is∑
x′ W ′

x′Dρ∥σ[yx′ ]. If σ′ = ∑
e yeP

′
e has spectral projections P ′

e, grouping the partner words
by eigenvalues gives

QHT
3 (ρ⊗ ρ′∥σ ⊗ σ′) −QHT

3 (ρ∥σ)QHT
3 (ρ′∥σ′) =

∑
e,f,g

w′
efg Dρ∥σ[ye, yf , yg], (6.7.1)

with the block weights w′
efg = Tr(P ′

eρ
′P ′
fρ

′P ′
gρ

′), and the same formula with the roles
exchanged. The block weights w′ are cyclically invariant and conjugated by reversal.
A two-letter block weight w′

eef = Tr
[
(P ′

eρ
′P ′
e)(P ′

eρ
′P ′
f )(P ′

eρ
′P ′
f )∗] is nonnegative, and

Dρ∥σ[ye, ye, yf ] = y−2
e Dρ∥σ(yf/ye) ≥ 0 by Theorem 6.6.2.

Theorem 6.7.1 (Pure partners at every integer order). Let n ≥ 2 be an integer, let ρ ≥ 0
and faithful σ act on Cd, let σ′ be faithful on Cd′ and let ψ ∈ Cd′. Then

QHT
n (ρ⊗ ψψ∗∥σ ⊗ σ′) ≥ QHT

n (ρ∥σ)QHT
n (ψψ∗∥σ′).

The inequality is strict unless [ρ, σ] = 0 or [ψψ∗, σ′] = 0. There is no condition on ρ: its
cycle weights may be negative or complex.

Proof. Both sides are homogeneous of degree 2n in ψ, so let ∥ψ∥ = 1. Let σ′ = ∑
i yi|i⟩⟨i|,

pi = |⟨i|ψ⟩|2, let Y be a random variable with law ∑
i piδyi , and put mt(z) = E (t +

Y z)−1 and Mt = mt(σ) = ∑
i pi(t + yiσ)−1. We use the trace formula QHT

n (ρ∥σ) =
(n− 1)

∫∞
0 Tr[(ρ(σ + t)−1)n] dt.

Step 1: the partner integrates out. (1 ⊗ ψ∗)(σ ⊗ σ′ + t)−1(1 ⊗ ψ) = Mt, so Tr[((ρ ⊗
ψψ∗)(σ ⊗ σ′ + t)−1)n] = Tr[(ρMt)n], and Q′

n := QHT
n (ψψ∗∥σ′) = (n− 1)

∫∞
0 mt(1)n dt.

Step 2: the n-th power of a mixture of resolvents. For ζ ∈ R and a ∈ Rn with ζ+ai > 0
for all i, the Hermite–Genocchi formula

n∏
i=1

1
ζ + ai

=
∫
Rn

+

e−
∑

i
ri(ζ+ai)dr =

∫
∆n−1

du

∫ ∞

0
Rn−1e−R(ζ+u·a)dR = E (ζ + U · a)−n
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holds, by the polar coordinates r = Ru and because (n−1)! du is the uniform law on ∆n−1.
Let Y1, . . . , Yn be independent copies of Y , independent of U , put ν = ∑

c Uc/Yc, and define
a finite positive measure κt on (0,∞) by

∫
φdκt = E

[
φ(tν)/(Y1 · · ·Yn)

]
. For z > 0, the

formula with ζ = z and ac = t/Yc gives∫
(z + s)−nκt(ds) = E

[ 1
Y1 · · ·Yn

∏
c

1
z + t/Yc

]
= E

∏
c

1
t+ Ycz

= mt(z)n,

so
∫

(σ + s)−nκt(ds) = Mn
t by the functional calculus.

Step 3: the t-marginal. For φ ≥ 0,
∫∞

0
∫
φdκt dt = E

[
(Y1 · · ·Yn)−1 ∫∞

0 φ(tν)dt
]

=
cn
∫∞

0 φ(s) ds with cn = E[(Y1 · · ·Ynν)−1]. For φ = (1 + s)−n, Step 2 with z = 1 gives
Q′
n = (n− 1)

∫∞
0
∫

(1 + s)−nκt(ds) dt = cn. So
∫∞

0 κt dt = Q′
n ds.

Step 4: Lieb–Thirring. For fixed t and s put A = M
1/2
t ρM

1/2
t ≥ 0 and Xs =

(σ + s)−1M−1
t ≥ 0, which commutes with Mt. Then AXs = M

1/2
t ρ(σ + s)−1M

−1/2
t , and

Tr[AnXn
s ] = Tr[(ρMt)n−1ρ (σ + s)−nM1−n

t ]. The Lieb–Thirring inequality gives Tr[(ρ(σ +
s)−1)n] = Tr[(AXs)n] ≤ Tr[AnXn

s ], and by Step 2 the right-hand side integrates against κt
to Tr[(ρMt)n]. By Step 3, Tonelli’s theorem and Step 1,

QHT
n (ρ∥σ)Q′

n = (n− 1)
∫ ∞

0
dt

∫
Tr
[
(ρ(σ + s)−1)n

]
κt(ds)

≤ (n− 1)
∫ ∞

0
Tr[(ρMt)n] dt = QHT

n (ρ⊗ ψψ∗∥σ ⊗ σ′).

Strictness. The defect is (n− 1)
∫∞

0 dtE
[
Γ(t, tν)/(Y1 · · ·Yn)

]
with the continuous, non-

negative Lieb–Thirring gap Γ(t, s) = Tr[AnXn
s ] − Tr[(AXs)n]. If [ψψ∗, σ′] = 0, then Y

is constant, all partner words are constant and the defect vanishes; if [ρ, σ] = 0 it van-
ishes as well. Otherwise Y has at least two values. Let ηk = EY −k. As t → 0 with
ν fixed, Mt = σ−1(η1 − tη2σ

−1 + O(t2)) and (σ + tν)−1 = σ−1(1 − tνσ−1 + O(t2)), so
X = η−1

1 (1 + tB1 +O(t2)) with B1 = (η2/η1 − ν)σ−1, and A = At → A0 = η1σ
−1/2ρ σ−1/2.

For a fixed A ≥ 0 and X = θ(1+ tB1 + t2B2 +O(t3)) with X,B1, B2 commuting, the terms
of order 1 and t of Tr[AnXn] − Tr[(AX)n] cancel, and so do the terms containing B2. In
an eigenbasis of A, with eigenvalues ai, the coefficient of t2 is

θn
n

4
∑
i,j

|(B1)ij |2
n−1∑
k=1

(aki − akj )(an−k
i − an−k

j ) ≥ 0,

because the t2-part of Tr[(AX)n] is θn
(
nTr[AnB2] + n

2
∑n−1
k=1 Tr[B1A

kB1A
n−k]

)
. It is pos-

itive if and only if [A,B1] ̸= 0. Since the gap vanishes to second order in X − θ1 for
every A, replacing At by A0 changes Γ(t, tν) only by O(t3). Since [A0, σ

−1] ̸= 0, Γ(t, tν)/t2
therefore has a positive limit for every ν ̸= η2/η1, locally uniformly in ν. The variable ν has
a continuous distribution on the event that Y1, . . . , Yn are not all equal, which has positive
probability. So the integrand is positive on a set of positive measure, and the defect is
positive.

The argument is a noncommutative Hölder inequality, a special case of Epstein’s con-
cavity theorem [40]: the partner contributes only the classical law of Y , and the n-th
power of the mixed resolvent Mt is an integral of n-th powers of single resolvents. For
a mixed partner ρ′ = V V ∗, σ′ = ∑

e yeP
′
e, the same route at n = 3 would need a pos-

itive matrix-valued measure with
(∑

e(t + yeσ)−1 ⊗ Fe
)3 =

∫
(σ + s)−3 ⊗ κt(ds), where

Fe = V ∗P ′
eV ≥ 0. At d = 1 such a measure is unique, by Stieltjes inversion, and already

for two non-commuting rank-one weights it is indefinite: for F1 = e1e
∗
1 and F2 = gg∗ with
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g = (cosϕ, sinϕ), its density near the left end of its support is a positive multiple of a 2 × 2
matrix with determinant − cos2 ϕ sin2 ϕ < 0. So Theorem 6.7.1 and Corollary 6.6.3 are
genuinely different mechanisms.

Corollary 6.7.2 (Adding commuting noise). At α = 3, adding to ρ′ a positive operator
that commutes with σ′ does not decrease the defect of (ρ, σ) against (ρ′, σ′), and likewise
for ρ. In particular Conjecture 6.3.5 holds at α = 3 for ρ′ = ψψ∗ + N with N ≥ 0 and
[N, σ′] = 0, against every (ρ, σ).

Proof. In (6.7.1), constant block words contribute nothing, and three-letter block weights
depend only on the off-diagonal blocks P ′

eρ
′P ′
f , e ̸= f . A two-letter block weight changes

from Tr[(P ′
eρ

′P ′
e)OefO∗

ef ] to Tr[(P ′
e(ρ′ +N)P ′

e)OefO∗
ef ], with Oef = P ′

eρ
′P ′
f . This does not

decrease it, and its coefficient Dρ∥σ[ye, ye, yf ] is nonnegative. Combine with Theorem 6.7.1.

The Lieb–Thirring gap at exponent three also has a rooted Schur-product structure.
It turns the three-vertex splitting before (6.5.1) in Remark 6.5.4 into an identity, and it
proves inequality (6.5.1).

Proposition 6.7.3 (A rooted sum of squares for the Lieb–Thirring gap). Let g(ξ) =
1
3
∑
i ξ

3
i − ξ1ξ2ξ3 and, for z, u, v > 0,

H(z;u, v) = (u− z)(v − z)(z + 2u)(z + 2v)
z + u+ v

.

(a) For each z > 0, (u, v) 7→ H(z;u, v) is a positive semidefinite kernel, H(z; z, v) = 0
and H(z;u, u) = 3g(u, u, z). Moreover, for all ξ ∈ (0,∞)3,

H(ξ2; ξ1, ξ3) +H(ξ3; ξ2, ξ1) +H(ξ1; ξ3, ξ2) = 3g(ξ).

(b) For Hermitian A and X = diag(ξ) > 0,

Tr[A3X3] − Tr[(AX)3] =
∑
c

∑
a,b

H(ξc; ξa, ξb)AacAcbAba =
∫ ∞

0
Tr
[
e−λXY ∗

λAYλ
]
dλ,

where Yλ = e−λX(2X[X,A] + [X,A]X
)
. For A ≥ 0 the last integrand is nonnegative,

which proves Tr[(AX)3] ≤ Tr[A3X3] by a sum of squares.

Proof. (a) Since (z+u+v)−1 =
∫∞

0 e−λ(z+u+v)dλ, H(z;u, v) =
∫∞

0 e−λzϕλ(u)ϕλ(v) dλ with
ϕλ(u) = (u − z)(z + 2u)e−λu, a positive semidefinite kernel. The next two identities are
direct. For the rotation identity put S = ξ1 +ξ2 +ξ3 and Pi = (ξj−ξi)(ξk−ξi) for {i, j, k} =
{1, 2, 3}. The three terms are Pi(ξi+2ξj)(ξi+2ξk)/S, and (ξi+2ξj)(ξi+2ξk) = S2−(ξj−ξk)2.
With D = (ξ1−ξ2)(ξ2−ξ3)(ξ3−ξ1) one checks P1(ξ2−ξ3) = P2(ξ3−ξ1) = P3(ξ1−ξ2) = −D,
so∑i Pi(ξj−ξk)2 = −D

∑
i(ξj−ξk) = 0. Hence the sum is S∑i Pi = S

(∑
i ξ

2
i −
∑
i<j ξiξj

)
=∑

i ξ
3
i − 3ξ1ξ2ξ3 = 3g(ξ).

(b) By (6.6.1), Tr[A3X3] − Tr[(AX)3] = ∑
xWx(A)g(ξx) after averaging ξ3

x1 over the
rotations of x. By the rotation identity in (a),

∑
x

Wx(A)g(ξx) = 1
3
∑
x

∑
rot

Wx(A)H(ξx2 ; ξx1 , ξx3) =
∑
x

Wx(A)H(ξx2 ; ξx1 , ξx3),

which is the double sum. For the integral, (Yλ)ac = ϕλ(ξa)Aac with z = ξc, and summing
e−λξc(Yλec)∗A(Yλec) over c gives the integrand.
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Call a function C on (0,∞)3 AM–GM representable if

C(z) =
∫
ω(dθ)µθ(z1)µθ(z2)µθ(z3) g

(
ξθ(z1), ξθ(z2), ξθ(z3)

)
for a positive measure ω and positive measurable functions µθ, ξθ, with an absolutely con-
vergent integral. Such functions are symmetric and nonnegative.

Corollary 6.7.4 (Rooted inequality; inequality (6.5.1)). If C is AM–GM representable,
then for all z ∈ (0,∞)3

C(z1, z2, z3) ≤
3∑
c=1

√
C(za, za, zc)C(zb, zb, zc) ({a, b} = {1, 2, 3} \ {c}).

This applies to z 7→ Jz(a) for every a > 0, so inequality (6.5.1) holds. It also applies to the
pure-partner kernel GY (z) = EK3(z◦(Y1, Y2, Y3))−EK3(Y1, Y2, Y3)K3(z), for independent
copies Yc of a positive random variable with finite support.

Proof. By Proposition 6.7.3(a), 3g(ξ) = ∑
cH(ξc; ξa, ξb) over the three rotations, and

the 2 × 2 matrix of H(ξc; ·, ·) at (ξa, ξb) is positive semidefinite, so |H(ξc; ξa, ξb)| ≤
3
√
g(ξa, ξa, ξc)g(ξb, ξb, ξc). With µ1µ2µ3 =

√
µ2
aµc · µ2

bµc this gives

µ1µ2µ3g(ξ) ≤
∑
c

√
µ2
aµcg(ξa, ξa, ξc) · µ2

bµcg(ξb, ξb, ξc)

pointwise in θ, and the Cauchy–Schwarz inequality in ω gives the claim. For Jz(a), the
identity after Proposition 6.6.1 is a representation with ω = 4ts ds dt, µ(z) = (1 + tz)−1

and ξ(z) = (1 + tz)/((1 + s) + t(a + s)z). For GY , take ω = 2 dt κt(ds) from the proof of
Theorem 6.7.1 at n = 3, µ(z) = mt(z) and ξ(z) = (z + s)−1/mt(z). Then µ1µ2µ3g(ξ) =
1
3
∑
c

(∏
c′ mt(zc′)

)
mt(zc)−3(zc+s)−3−

∏
c(zc+s)−1. By Steps 2 and 3 of that proof, the first

term integrates to 2
∫∞

0
∏
cmt(zc) dt = EK3(z ◦ Y ) and the second to EK3(Y ) ·K3(z).

An elementary proof of the case ω = δ (the rooted arithmetic–geometric mean inequality
g(ξ) ≤

∑
c

√
g(ξa, ξa, ξc)g(ξb, ξb, ξc)) also follows from

√
u(u+ 2v) ≥ u + v − v2/(u + v)

applied to the three square roots, which share the value u+ v = ξ1 + ξ2 + ξ3.
For partners with three eigenvalues the remaining terms are the 3-cycles, and a trace

inequality decides how much of a 3-cycle the two-letter terms can absorb.

Theorem 6.7.5 (A cycle inequality). For positive semidefinite A,B,C of the same size,

| Tr(ABC)|3 ≤ Tr(A2B) Tr(B2C) Tr(C2A).

Proof. Since Tr(ABC) = Tr
[
(A2/3B1/3)(B2/3C1/3)(C2/3A1/3)

]
, Hölder’s inequality for

Schatten norms gives

| Tr(ABC)| ≤ ∥A2/3B1/3∥3 ∥B2/3C1/3∥3 ∥C2/3A1/3∥3.

Now ∥A2/3B1/3∥3
3 = Tr[(B1/3A4/3B1/3)3/2]. The Araki–Lieb–Thirring inequality

Tr[(Rr/2P rRr/2)q] ≤ Tr[(R1/2PR1/2)rq] for P,R ≥ 0,

0 < r ≤ 1 and q > 0 [9], applied with P = A2, R = B, r = 2
3 and q = 3

2 , bounds it by
Tr(B1/2A2B1/2) = Tr(A2B). The other two factors are bounded in the same way.
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Lemma 6.7.6 (Domination by a pure profile). Let Π1,Π2,Π3 ≥ 0, W = Tr(Π1Π2Π3) ̸= 0
and wbbc = Tr(Π2

bΠc) for b ̸= c. Then there is p ∈ (0,∞)3 with p1p2p3 = |W | and
p2
bpc ≤ wbbc for all six ordered pairs b ̸= c.

Proof. By the Cauchy–Schwarz inequality, |W | = |⟨Π3Π1/2
2 ,Π1Π1/2

2 ⟩2| ≤ √
w112w332, and

cyclically |W |2 ≤ w221w331 and |W |2 ≤ w223w113. These three “V” inequalities show that
all wbbc > 0. In logarithmic coordinates xb = log pb we need x ∈ R3 with ∑b xb = log |W |
and 2xb + xc ≤ Lbc := logwbbc. By Farkas’ lemma this system is feasible unless there
are θ ∈ [0,∞)6, indexed by ordered pairs, with ∑

θbc(2eb + ec) = ℓ(1, 1, 1) for some ℓ,
necessarily ℓ = ∑

θbc, and ∑ θbcLbc < ℓ log |W |. The condition on θ says that ∑ θbcvbc = 0,
where vbc = 2eb + ec − (1, 1, 1) = eb − ea, a being the third index. The six vectors vbc
are the vertices of a regular hexagon in the plane {

∑
i xi = 0}, and the cone of such θ

is generated by the minimal positive dependencies of the hexagon. These are the three
opposite pairs {θ12, θ32}, {θ21, θ31}, {θ23, θ13} and the two alternating triples {θ12, θ23, θ31},
{θ21, θ32, θ13}. On the pairs, ∑ θL ≥ ℓ log |W | is a V inequality. On the triples it reads
w112w223w331 ≥ |W |3 and w221w332w113 ≥ |W |3, which are Theorem 6.7.5 for (Π1,Π2,Π3)
and (Π2,Π1,Π3), since | Tr(Π2Π1Π3)| = |W |.

Corollary 6.7.7 (Partners with three eigenvalues). Let σ′ = ∑3
e=1 yeP

′
e have three distinct

eigenvalues, of arbitrary multiplicities, let ρ′ ≥ 0 and let (ρ, σ) be arbitrary. With W ′ =
Tr(P ′

1ρ
′P ′

2ρ
′P ′

3ρ
′) and Z = Dρ∥σ[y1, y2, y3],

QHT
3 (ρ⊗ ρ′∥σ ⊗ σ′) −QHT

3 (ρ∥σ)QHT
3 (ρ′∥σ′) ≥ 6

(
Re(W ′Z) − |W ′| ReZ

)
.

In particular Conjecture 6.3.5 holds at α = 3 whenever W ′ is real and nonnegative, for
every (ρ, σ).

Proof. By (6.7.1), the defect is 3∑b̸=cw
′
bbcEbc + 6 Re(W ′Z) with Ebc = Dρ∥σ[yb, yb, yc] ≥ 0.

If W ′ = 0 we are done. Otherwise apply Lemma 6.7.6 to Πe = ρ′1/2P ′
eρ

′1/2, for which
Tr(Π1Π2Π3) = W ′ and Tr(Π2

bΠc) = w′
bbc, and let ψ be a vector with ∥P ′

eψ∥2 = pe. By
Theorem 6.7.1 the pure partner (ψψ∗, σ′), whose block weights are pepfpg, has nonnegative
defect 3∑ p2

bpcEbc + 6p1p2p3 ReZ. Since Ebc ≥ 0 and p2
bpc ≤ w′

bbc, the defect of (ρ′, σ′) is
at least 3∑ p2

bpcEbc + 6 Re(W ′Z), which is at least 6(Re(W ′Z) − |W ′|ReZ).

For two qutrit pairs with nondegenerate reference states, Corollaries 6.6.3 and 6.7.7
and the symmetry of the conjecture leave the case in which neither 3-cycle lies in [0,∞).
The next result covers the case in which both 3-cycles are negative and not too strongly
correlated, in every dimension.

Theorem 6.7.8 (Negative cycles on both sides). Let (ρ, σ) and (ρ′, σ′) be pairs with σ, σ′

faithful, let ∆ be the pinching of ρ by the spectral projections of σ and O = ρ − ∆, and
likewise ∆′, O′. Suppose:

(i) every block 3-cycle Tr(PaρPbρPcρ) of ρ, over distinct spectral projections of σ, is real
and ≤ 0, and likewise for ρ′;

(ii) there are β, β′ > 0 with 1
β + 1

β′ ≤ 1, ∆ + βO ≥ 0 and ∆′ + β′O′ ≥ 0.

Then QHT
3 (ρ⊗ ρ′∥σ ⊗ σ′) ≥ QHT

3 (ρ∥σ)QHT
3 (ρ′∥σ′).

Proof. Write the block expansion of the defect, ∑x,x′ wxw
′
x′Θ(qx, yx′) over block words x of

σ and x′ of σ′, with qx, yx′ the corresponding eigenvalue words; constant words contribute
nothing. Let AA′, BA′, AB′ and BB′ be the partial sums over the pairs (x, x′) in which
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x is a two-letter word (A) or a three-letter word (B), and likewise x′ (A′ or B′). Then
Def = AA′ + BA′ + AB′ + BB′. A block weight scales as wx(∆ + sO) = se(x)wx(ρ), with
e = 2 for two-letter and e = 3 for three-letter words. So for every s > 0,

AA′ + sBA′ = s−2 ∑
x′ two-letter

w′
x′ D∆+sO∥σ[yx′ ],

where Dτ∥σ is defined by the same block formula for a Hermitian τ . If ∆ + sO ≥ 0, each
term is nonnegative, by Theorem 6.6.2 and w′

x′ ≥ 0 for two-letter x′. Put λ = 1/β. The
set of s ≥ 0 with ∆′ + sO′ ≥ 0 is an interval containing β′, and (1 − λ)−1 ≤ β′, so in

Def = λ
[
AA′ + λ−1BA′]+ (1 − λ)

[
AA′ + (1 − λ)−1AB′]+ BB′

both brackets are nonnegative, the second by the same argument with the factors ex-
changed, using Θ(z, w) = Θ(w, z). Finally, by (i), the block weight of a three-letter word
depends only on the set T of its three eigenvalues, because it is real and conjugated by
reversal; call it wT ≤ 0. Hence BB′ = 36∑T,T ′ wTw

′
T ′ Ψ(qT ; yT ′), with qT , yT ′ the eigen-

value triples in any order and Ψ(z;w) = 1
6
∑
π∈S3 K3(zπ ◦ w) − K3(z)K3(w) ≥ 0 by Theo-

rem 6.5.3(b), and wTw
′
T ′ ≥ 0.

Corollary 6.7.9 (Two families with negative cycles). (a) Let ρ = D−N and ρ′ = D′ −
N ′ in eigenbases of σ and σ′, with D,D′ ≥ 0 diagonal and N,N ′ entrywise non-
negative with zero diagonal. If Dbb ≥ 2∑cNbc and D′

ee ≥ 2∑f N
′
ef for all b, e, the

conjecture holds at α = 3.

(b) Let d = d′ = 3, let σ, σ′ have three distinct eigenvalues, and let the 3-cycles W , W ′

be real and negative. Put rbc = |ρbc|/
√
ρbbρcc and rmax(ρ) = maxb̸=c rbc, and likewise

for ρ′. If rmax(ρ) + rmax(ρ′) ≤ 1, the conjecture holds at α = 3.

Proof. (a) All block 3-cycles are − Tr(PaNPbNPcN) ≤ 0, and D − 2N and D′ − 2N ′ are
diagonally dominant, so Theorem 6.7.8 applies with β = β′ = 2; entries of N inside an
eigenspace of σ belong to ∆ and only help. (b) In the proof of Theorem 6.7.8 the bracket
AA′ + sBA′ is nonnegative under the weaker condition that D∆+sO∥σ[ye, ye, yf ] ≥ 0 for the
two-letter words of σ′. Averaging over the position of the odd letter gives

D∆+sO∥σ[ye, ye, yf ] = 3s2y−2
e

[∑
b̸=c

wbbcJbc + 2sW J123
]
, wbbc = ρbb|ρbc|2,

with Jbc = J(qb,qb,qc)(yf/ye) and J123 = J(q1,q2,q3)(yf/ye) ≥ 0. By Corollary 6.7.4, J123 ≤∑
c

√
JacJbc, and 2s|W |

√
JacJbc ≤ waacJac + wbbcJbc as soon as s2W 2 ≤ waacwbbc. Since√

waacwbbc/|W | = 1/rab, this holds for s ≤ 1/rmax(ρ). Each ordered pair occurs at exactly
one vertex, so the bracket is nonnegative. Take λ = rmax(ρ), so that λ−1 = 1/rmax(ρ) and
(1 − λ)−1 ≤ 1/rmax(ρ′), and conclude as in Theorem 6.7.8.

Part (b) covers, for instance, the singular states D1/2
p
(3

21 − 1
2ee

T)D1/2
p , with Dp =

diag(p), e = (1, 1, 1) and all rbc = 1
2 , on both sides. For pairs with a nonnegative 3-

cycle the conjecture is Corollary 6.7.7. What remains for qutrits is the chiral case and the
strongly correlated negative case rmax(ρ) + rmax(ρ′) > 1. Both reduce to one inequality for
the kernel K3 alone, on data that are not the cycle weights of any qutrit state.

For p ∈ (0,∞)3 and φ ∈ R, the twisted pure data are wp,φx = px1px2px3e
iφn(x) on x ∈ [3]3,

where n(x) = 1 on the rotations of (1, 2, 3), n(x) = −1 on the rotations of (1, 3, 2) and
n(x) = 0 otherwise. For φ /∈ 2πZ they are the cycle weights of the indefinite Hermitian
matrix D

1/2
p TφD

1/2
p , where Tφ has unit diagonal, (Tφ)12 = (Tφ)23 = (Tφ)31 = eiφ/3 and
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(Tφ)21 = (Tφ)32 = (Tφ)13 = e−iφ/3. They are not the cycle weights of any qutrit state:
for a state, ρbb|ρbc|2 = p2

bpc for all b ̸= c and |ρ12ρ23ρ31| = p1p2p3 force ρbb = pb and
|ρbc|2 = ρbbρcc, so ρ has rank one and its 3-cycle is positive.

Conjecture 6.7.10 (Twisted pure data). For all q, y ∈ (0,∞)3 with distinct entries, all
p, p′ ∈ (0,∞)3 and all φ,φ′, ∑

x,x′∈[3]3
wp,φx wp

′,φ′

x′ Θ(qx, yx′) ≥ 0.

Proposition 6.7.11 (Reduction of the three-eigenvalue case). (a) If Conjecture 6.7.10
holds, then Conjecture 6.3.5 holds at α = 3 for all pairs in which σ and σ′ each
have at most three distinct eigenvalues, of any multiplicities. For given pairs only
the eigenvalue triples of σ, σ′ and the phases φ = argW , φ′ = argW ′ of their block
3-cycles are needed.

(b) Conjecture 6.7.10 holds when φ ∈ 2πZ or φ′ ∈ 2πZ.

(c) At real phases, φ,φ′ ∈ πZ, Conjecture 6.7.10 reduces to the single case φ = φ′ = π.

Proof. For data w,w′ on [3]3 write Def(w,w′) = ∑
x,x′ wxw

′
x′Θ(qx, yx′). By (6.7.1) and its

symmetric form this is the defect when w,w′ are block weights, and it is bilinear. For a two-
letter word x and genuine block weights w′, the coefficient ∑x′ w′

x′Θ(qx, yx′) = Dρ′∥σ′ [qx] is
nonnegative.

For twisted data wp,φ and a two-letter word x′ with eigenvalues (ye, ye, yf ), the cyclic
invariance of the data and of Θ gives∑

x

wp,φx Θ(qx, yx′) = y−2
e

[
3
∑
b̸=c

p2
bpc Jbc + 6p1p2p3 cosφJ123

]
≥ 0,

where Jbc = J(qb,qb,qc)(yf/ye) and J123 = J(q1,q2,q3)(yf/ye). The inequality holds because
0 ≤ J123 ≤

∑
c

√
JacJbc (Corollary 6.7.4) and 2p1p2p3

√
JacJbc ≤ p2

apcJac + p2
bpcJbc.

(a) If σ or σ′ has at most two eigenvalues, use Corollary 6.6.3. If W = 0, the defect is
the sum of its two-letter terms in w, which are nonnegative; similarly if W ′ = 0. Otherwise
Lemma 6.7.6 gives p with p2

bpc ≤ wbbc and p1p2p3e
iφ = W . Replacing the two-letter weights

of w by p2
bpc does not increase Def, because their coefficients are nonnegative, and leaves

the three-letter part unchanged. So Def(w,w′) ≥ Def(wp,φ, w′). In the same way, using
the nonnegative coefficients of the display, Def(wp,φ, w′) ≥ Def(wp,φ, wp′,φ′) ≥ 0.

(b) If φ′ = 0, then wp
′,0 are the cycle weights of the pure partner

√
p′√p′T against

diag(y), and Def = ∑
xw

p,φ
x G(qx) with G = (∑e p

′
e)3GY , where GY is the pure-partner

kernel of Corollary 6.7.4 for the law p′/
∑
e p

′
e on {ye}. That corollary and the argument

of the display give 3∑ p2
bpcGbbc + 6p1p2p3 cosφG123 ≥ 0. The case φ = 0 follows from

Θ(z, w) = Θ(w, z).
(c) The data depend on the phases only through eiφ and eiφ

′ , so at real phases there
are four cases, and three of them are covered by (b).

Numerically Conjecture 6.7.10 holds with a margin. Over 8,000 random instances,
the minimum over a grid of phases, divided by the value at φ = φ′ = 0, is +0.0079,
always attained at φ = φ′ = π, and it approaches 0 only at degenerate configurations
(Section 6.11).
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A polynomial criterion

The kernel K3 can be expanded into polynomial moments, which gives a sufficient condition
for the conjecture at α = 3 in terms of finitely many traces at each order. For ρ ≥ 0 and
A ≥ 0 put

Qk(ρ∥A) =
(
k + 2

2

)−1 ∑
i+j+l=k

Tr
[
AiρAjρAlρ

]
,

Dk = Qk(ρ⊗ ρ′∥A⊗B) − Qk(ρ∥A) Qk(ρ′∥B),

with Dk = Dk(ρ,A; ρ′, B). With Tλ(ρ,A) = Tr[Aλ1ρAλ2ρAλ3ρ] and λ uniform on the
(k+2

2
)

compositions of k into three parts, Qk(ρ⊗ ρ′∥A⊗B) is the mean of Tλ(ρ,A)Tλ(ρ′, B). So
Dk is the covariance of Tλ(ρ,A) and Tλ(ρ′, B). It vanishes when [ρ,A] = 0 or [ρ′, B] = 0,
and D0 = D1 = 0.

Theorem 6.7.12 (Polynomial reduction). Let σ, σ′ be faithful. For t > 0 put st = t∥σ∥∞,
At = st1 − tσ ≥ 0, Bt = σ′(1 + stσ

′)−1 and ρ′
t = (1 + stσ

′)−1/2ρ′(1 + stσ
′)−1/2. Then

QHT
3 (ρ⊗ ρ′∥σ ⊗ σ′) −QHT

3 (ρ∥σ)QHT
3 (ρ′∥σ′) = 2

∫ ∞

0
t
∑
k≥2

(
k + 2

2

)
Dk(ρ,At; ρ′

t, Bt) dt.

Consequently, if Dk(ρ,A; ρ′, B) ≥ 0 for all integers k ≥ 2 and all positive semidefinite
ρ, ρ′, A,B, then Conjecture 6.3.5 holds at α = 3.

Proof. By the second form of K3, K3(z◦w) = 2
∫∞

0 t
∏
i(1+tziwi)−1dt. Also K3(z)K3(w) =

EU [(U · z)−2K3(w)] = EU K3((U · z)w) = 2
∫∞

0 tEU
∏
j(1 + t(U · z)wj)−1dt. So the defect

is 2
∫∞

0 t∆t dt with ∆t = ∑
x,x′ WxW

′
x′k(tqx, yx′) and

k(s, y) =
∏
i

1
1 + siyi

− EU
∏
j

1
1 + (U · s)yj

.

For s0 > 0, 1 + siyj = (1 + s0yj)
(
1 + (si − s0)y′

j

)
with y′

j = yj/(1 + s0yj), and U · s− s0 =
U · (s − s01). So k(s, y) = ∏

j(1 + s0yj)−1 k(s − s01, y′). The factor ∏j(1 + s0yx′
j
)−1

turns W ′
x′(ρ′) into W ′

x′(ρ′
t) when s0 = st. Put s̃ = st1 − tqx, the eigenvalue word of

At, and note that 0 ≤ s̃iy
′
j < 1. The Hermite–Genocchi formula of Theorem 6.7.1 gives∏

i(1 − xi)−1 = EV (1 − V · x)−3 for x ∈ [0, 1)3. Expanding (1 − u)−3 = ∑
k

(k+2
2
)
uk, which

converges uniformly on the relevant compact range, gives

k(−s̃, y′) =
∑
k≥0

(
k + 2

2

)[
EV
(
V · (s̃ ◦ y′)

)k − EU (U · s̃)k EV (V · y′)k
]
.

Since EU (U ·a)k =
(k+2

2
)−1

hk(a) with hk the complete homogeneous symmetric polynomial,
(6.6.1) turns∑xWxEU (U ·ax)k into Qk(ρ∥At), and likewise on the product space. Summing
over the finitely many words gives ∆t = ∑

k

(k+2
2
)
Dk(ρ,At; ρ′

t, Bt), and the terms k = 0, 1
vanish.

Proposition 6.7.13 (The first two orders). D2(ρ,A; ρ′, B) = 1
4E(ρ,A)E(ρ′, B) ≥ 0, where

E(ρ,A) = Tr[ρ3A2] − Tr[ρ2AρA] = Tr
[
[A, ρ]∗ρ[A, ρ]

]
. For k = 3, with T300 = Tr[ρ3A3],

T210 = Tr[A2ρAρ2], T111 = Tr[(Aρ)3], u = T300 − ReT210, v = ReT210 − T111 and primed
quantities for (ρ′, B),

D3 = 18
100uu

′ + 3
100(u+ v)(u′ + v′) + 6

100vv
′ − 6

10 ImT210 ImT ′
210.
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Here u + v is the Lieb–Thirring gap and u − v = Tr[AKρK] ≥ 0 with K = −i[A, ρ], so
u ≥ |v|. Consequently D3 ≥ 0 whenever

|Im Tr[A2ρAρ2]| ≤ 1√
20
(

Tr[ρ3A3] − Tr[(ρA)3]
)

(6.7.2)

holds for (ρ,A) and for (ρ′, B).

Proof. On the compositions of 2, Tλ equals Tr[ρ3A2] on the three rotations of (2, 0, 0) and
the real number Tr[ρ2AρA] on the three rotations of (1, 1, 0). A two-point covariance with
equal masses is a quarter of the product of the differences. The commutator form of E
follows by expansion, and E ≥ 0 by (6.6.2). On the ten compositions of 3, Tλ equals T300
on the three rotations of (3, 0, 0), T210 on the three rotations of (2, 1, 0), T210 on those of
(2, 0, 1), and T111 at (1, 1, 1). The covariance splits into the covariance of the real parts, a
three-point covariance with masses ( 3

10 ,
6
10 ,

1
10), minus that of the imaginary parts, which

have mean zero; this gives the formula. Expanding Tr[A(Aρ− ρA)ρ(Aρ− ρA)] gives v− u,
so u − v = Tr[AKρK] = Tr[A1/2KρKA1/2] ≥ 0. Under (6.7.2), 6

10 |ImT210 ImT ′
210| ≤

3
100(u+ v)(u′ + v′), so D3 ≥ 18

100uu
′ + 6

100vv
′ ≥ 12

100uu
′ ≥ 0.

In our tests Dk ≥ 0 for k = 2, . . . , 12, and the ratio in (6.7.2) stayed below 0.07, against
the 0.224 allowed. Our attempts to certify (6.7.2) by universal rooted kernels of the type
of Proposition 6.7.3 failed: at very spread spectra the constants such a kernel must satisfy
can be met only with equality. A proof will probably have to use the positivity of ρ across
different roots.

6.8 What the conjecture is a shadow of: the Frenkel measure
and the convex order

We now identify the measure that controls Conjecture 6.3.5 for all α at once. In this section
all states are faithful, so that m0 = m∞ = 0 and all quantities below are finite.

Definition 6.8.1 (Frenkel measure). The Frenkel measure of (ρ, σ) is νρ∥σ(dv) =
g(v) v−2 dv on (0,∞), where g(v) = e(v) − (1 − v)+.

The measure is positive and supported in [γmin, γmax], the convex hull of the relative
spectrum, because e(v) = 1 − v below γmin and e = 0 above γmax. By the first formula of
Proposition 5.2.5,

DHT
f (ρ∥σ) =

∫
v2f ′′(v) νρ∥σ(dv) for every convex f,

so ν has total mass D(σ∥ρ) (take f = − log), first moment D(ρ∥σ) (take f = v log v; this
is Frenkel’s formula [46]), and QHT

α = 1 + α(α− 1)
∫
vα dν for every real α. For a classical

pair (P,Q) with Q(dv) = µ(dv), P (dv) = v µ(dv) the same formulas hold with the classical
f -divergence, since both are

∫
f dµ.

Let (ρ, σ) and (ρ′, σ′) be two pairs, (P,Q) and (P ′, Q′) the classical pairs carried by
their shadows (Theorem 6.4.2), and write

e12(v) = Ev(ρ⊗ ρ′∥σ ⊗ σ′), ecl(v) = Ev(P ⊗ P ′∥Q⊗Q′) =
∫

Tr(λ′ρ− vσ)+ dµ
′(λ′),

and δ = e12 − ecl, and ν12, νcl for the Frenkel measures of the two product pairs, so that
ν12 − νcl has density δ(v)v−2. Recall that a finite measure ν2 dominates ν1 in the convex
order, ν2 ≥cx ν1, if

∫
ψ dν2 ≥

∫
ψ dν1 for every convex ψ; this forces equal masses and equal

first moments.
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Theorem 6.8.2 (The conjecture as a moment inequality). In this setting:

(a) ν12 and νcl have the same mass D(σ∥ρ) + D(σ′∥ρ′) and the same first moment
D(ρ∥σ) +D(ρ′∥σ′), and for every real α ̸= 0, 1,

QHT
α (ρ⊗ ρ′∥σ ⊗ σ′) −QHT

α (ρ∥σ)QHT
α (ρ′∥σ′) = α(α− 1)

∫
vα d(ν12 − νcl)(v)

= α(α− 1)
∫ ∞

0
vα−2δ(v) dv.

So Conjecture 6.3.5 says that M(s) =
∫∞

0 vs−1δ(v) dv has the sign of s(s+ 1) for all
s; it vanishes at s = 0 and s = −1.

(b) If ν12 ≥cx νcl, then Conjecture 6.3.5 holds for the two pairs and all α ∈ R \ {0, 1}.
More generally, DHT

f (ρ ⊗ ρ′∥σ ⊗ σ′) ≥ Df (P ⊗ P ′∥Q ⊗ Q′) for every convex f such
that v 7→ v2f ′′(v) is convex, and the reverse inequality holds when v2f ′′ is concave.
Equality holds for f = v log v and f = − log v.

(c) The convex-order statement is equivalent to U(c) ≥ 0 for all c > 0, where

U(c) =
∫ ∞

c

(v − c) δ(v)
v2 dv = Dfc(ρ⊗ ρ′∥σ ⊗ σ′) −Dfc(P ⊗ P ′∥Q⊗Q′),

with fc(v) = (v + c) log v on [c,∞), continued affinely and C1 below c. Equivalently,
with the single function j(u) =

(
(u+ 1) log u− 2(u− 1)

)
+, the Jeffreys kernel cut off

at the Helstrom point,

U(c) = DHT
j (ρ⊗ ρ′∥c σ ⊗ σ′) −Dj(P ⊗ P ′∥cQ⊗Q′) (c > 0).

Here U(0) = U(∞) = U ′(0) = U ′(∞) = 0 and U ′′(c) = δ(c)/c2.

(d) If δ changes sign at most twice on (0,∞) and both pairs are non-commuting, then
ν12 ≥cx νcl, δ changes sign exactly twice, and it is positive near both ends of its support
and negative in between.

Proof. (a) Classical Rényi quasi-entropies are multiplicative and relative entropies are ad-
ditive, so the moments of νcl are

∫
vαdνcl =

(
QHT
α Q′HT

α − 1
)
/(α(α− 1)), and the mass and

first moment are the sums of the relative entropies. For ν12 use additivity of D under tensor
products. Subtracting the two formulas Qα = 1 + α(α − 1)

∫
vαdν gives the identity. The

zeros of M at s = 0 and s = −1 are the equalities of first moments and of masses.
(b) Apply the definition of the convex order to ψ = v2f ′′, which is admissible because

both measures have compact support in (0,∞). For fα, v2f ′′
α = αvα is convex for α /∈ (0, 1)

and concave for α ∈ (0, 1); in both cases α(α− 1)
∫
vαd(ν12 − νcl) ≥ 0. For f = v log v and

f = − log v the function v2f ′′ is affine, and both inequalities hold.
(c) For measures with equal mass and mean, the convex order is equivalent to

∫
(v −

c)+ d(ν12 − νcl) ≥ 0 for all c, since the functions (v − c)+ and the affine functions generate
the convex cone. This is U(c) ≥ 0. The boundary values follow from (a): U(0) = M(0),
U ′(c) = −

∫∞
c δv−2dv, so U ′(0) = −M(−1), and both vanish. The identification of fc:

f ′′
c (v) = (v − c)+/v

2, and (v + c) log v has second derivative 1/v − c/v2. For the second
form, j vanishes on (0, 1], j(1) = j′(1) = 0 and j′′(u) = (u−1)+/u

2, so only the first family
of hockey sticks enters Definition 5.2.3, and Eu(ρ∥cσ) = Ecu(ρ∥σ) with the substitution
v = cu gives DHT

j (ρ∥cσ) =
∫∞
c (v − c)v−2e(v) dv.

(d) Suppose δ ̸≡ 0 changes sign at most twice. U is C1 with U ′′ = δ/c2 and vanishes
with its derivative at 0 and ∞. If δ had no sign change, U would be convex or concave
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with zero boundary values, hence U ≡ 0 and δ ≡ 0. If δ had one sign change, U ′ would
be monotone on each side of it and vanish at both ends, hence of one sign, and U would
be monotone with zero boundary values; again δ ≡ 0. So δ changes sign exactly twice, at
a < b. If δ > 0 on (0, a), then U is convex on (0, a) and on (b,∞) and concave on (a, b).
On (0, a), U(0) = U ′(0) = 0 gives U ≥ 0; on (b,∞), convexity with U(∞) = U ′(∞) = 0
gives U ≥ 0; on (a, b) concavity gives U ≥ min{U(a), U(b)} ≥ 0. If instead δ < 0 on (0, a),
the same argument gives U ≤ 0, hence

∫
ψ d(ν12 − νcl) ≤ 0 for all convex ψ, in particular

QHT
2 (ρ ⊗ ρ′∥σ ⊗ σ′) ≤ QHT

2 Q′HT
2 , which contradicts the strict inequality of Theorem 6.4.1

for non-commuting pairs.

Theorem 6.8.2 identifies the structure behind Conjecture 6.3.5. The quantity that
tensorizes badly is the Frenkel measure, and the conjecture says that its Mellin transform
is super-multiplicative at every order. The natural stronger statement is domination in the
convex order,

νρ⊗ρ′∥σ⊗σ′ ≥cx νP⊗P ′∥Q⊗Q′ , (6.8.1)

which says that a quantum product pair is a mean-preserving spread of the classical product
of the two shadows: the same relative entropies in both directions, more mass at the ends
of the testing region. The one-shot picture behind (6.8.1) is the sign structure of δ. Near
both ends of the support δ ≥ 0 to second order when the extreme relative eigenvalues are
simple, by Theorem 6.4.3 applied to the pairs and to the reversed pairs (δ(v) = v δrev(1/v)
by Lemma 5.2.2(c)); this is where entangled tests beat every test built from one factor at a
time. In between, δ < 0 on a middle interval: the classical product of the shadows, which
tests the first factor by its Helstrom test at the level set by an ideal measurement of the
second, is easier to discriminate there than the quantum product. The two sign changes are
the one-shot counterparts of the three asymptotic comparisons: for n copies and v = enr,
the quantum product loses in the Chernoff and Hoeffding regimes, where its exponents are
governed by DP

α ≤ DHT
α (α < 1), and wins in the strong-converse regime, where they are

governed by D̃α ≥ DHT
α (α > 1), by [11, 55, 94, 96] and the ordering of Proposition 5.5.3.

Numerically (Section 6.11), δ changes sign exactly twice for every pair of qubit pairs
we generated, so (d) applies and (6.8.1) holds for them. In dimensions 2 × 3 and higher, δ
can change sign four, six and eight times, so (d) does not apply, but U ≥ 0 held in every
case, including adversarial searches. We therefore record (6.8.1) as the conjecture behind
Conjecture 6.3.5. Theorem 6.4.1 is the case ψ(v) = v2 of (6.8.1), and the second-order
statement at α = 1 is the case ψ = v log v: superadditivity of the testing-region variance∫
v log2 v dµ−D2.

Finally, the conjecture does hold for tensor powers once there are enough copies, with
an explicit threshold, because the regularised values of Theorem 5.7.16 lie on the right side
of the one-shot value.

Proposition 6.8.3 (Tensor powers). Let ρ, σ be states on Cd with Πρ ≤ Πσ.

(a) If α > 1 and DHT
α (ρ∥σ) < D̃α(ρ∥σ), then QHT

α (ρ⊗n∥σ⊗n) > QHT
α (ρ∥σ)n for every n

with n
(
D̃α −DHT

α

)
> α(d−1)

α−1 log(n+ 1).

(b) If α ∈ (0, 1) and DHT
α (ρ∥σ) > DP

α(ρ∥σ), then the same holds for every n with n
(
DHT
α −

DP
α

)
> log 2

1−α .

The hypotheses hold for every non-commuting pair in our tests, and for pure ρ and α > 1
they hold whenever [ρ, σ] ̸= 0, by the strict Minkowski inequality in Remark 6.4.4.
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Proof. (a) Proposition 5.6.2 for n copies gives 1
nD

HT
α (ρ⊗n∥σ⊗n) ≥ D̃α(ρ∥σ)− α(d−1)

α−1
log(n+1)

n ,
which exceeds DHT

α (ρ∥σ) under the stated condition; for α > 1 this is the claim. (b)
Proposition 5.6.1 gives DHT

α (ρ⊗n∥σ⊗n) ≤ nDP
α(ρ∥σ) + log 2

1−α < nDHT
α (ρ∥σ), and for α < 1

super-multiplicativity of Q is subadditivity of D.

6.9 Why channels cannot close the gap: the shadow discrep-
ancy and restricted tests

The standard tools for comparing statistical experiments act through positive maps. These
include Blackwell’s theorem and Le Cam deficiencies, the Alberti–Uhlmann theorem for
qubits [1], Buscemi’s comparison with quantum side information [25], Matsumoto’s reverse
test [91], and Gour’s bracketing of quantum Lorenz curves by classical polygons [48]. In
Gour’s language, inclusion of testing regions is the convex order of the shadows µ them-
selves [48, Cor. 7], while (6.8.1) is the convex order of the Frenkel measures, which sits
two integrations higher. The next two results show that tools of this kind cannot prove
Conjecture 6.3.5 on their own, and they locate the missing ingredient in entangled tests.
Proposition 6.9.1 (The shadow discrepancy is two-sided). Let (ρ, σ) and (ρ′, σ′) be pairs
of faithful states, neither commuting, and let (P ′, Q′) be the classical pair carried by the
shadow of (ρ′, σ′). Then δ = e12 − ecl changes sign at least twice. In particular:

(a) there are levels v± with Ev+(ρ⊗ ρ′∥σ⊗σ′) > Ev+(ρ⊗P ′∥σ⊗Q′) and Ev−(ρ⊗ ρ′∥σ⊗
σ′) < Ev−(ρ⊗ P ′∥σ ⊗Q′);

(b) there is no positive trace-preserving map Λ with Λ(P ′) = ρ′, Λ(Q′) = σ′, and none
with Λ(ρ′) = P ′, Λ(σ′) = Q′, although (ρ′, σ′) and (P ′, Q′) have the same testing
region. The ancilla pair (ρ, σ) witnesses both failures at once.

Proof. By Theorem 6.8.2(a),
∫∞

0 δ(v)v−2dv = M(−1) = 0 and QHT
2 (ρ ⊗ ρ′∥σ ⊗ σ′) −

QHT
2 Q′HT

2 = 2
∫∞

0 δ(v) dv. The right-hand side is strictly positive by the equality case of
Theorem 6.4.1. So δ > 0 somewhere and, because of the vanishing mass, δ < 0 somewhere.
The argument of Theorem 6.8.2(d) shows that a nonzero δ with M(0) = M(−1) = 0 cannot
change sign only once. This proves (a), since ecl(v) = Ev(ρ ⊗ P ′∥σ ⊗ Q′) by the testing-
region equality of (ρ, σ) and (P,Q). (b) A positive map whose domain is commutative,
or whose range is commutative, is completely positive. If Λ maps (P ′, Q′) to (ρ′, σ′), then
id ⊗ Λ maps (ρ ⊗ P ′, σ ⊗ Q′) to the product pair, and data processing gives e12 ≤ ecl,
which contradicts v+. If Λ is a measurement producing (P ′, Q′), Theorem 6.4.2 with that
measurement gives e12 ≥ ecl, which contradicts v−.

Part (b) is known in other forms. The first half follows from the minimality of the
reverse test [91] and Corollary 5.3.3, and the second half from the strict inequality between
measured and testing-region divergences; [89] gives an example of the same phenomenon.
The new point is (a): a single product with any non-commuting ancilla shows that the
shadow is incomparable with the pair in both directions. So Conjecture 6.3.5 cannot be
proved by sending either factor to or from its shadow through a positive map, nor by any
pointwise comparison of profiles. The comparison has to be integrated, and the next result
says which tests make it possible.

For a level v ≥ 0 put hv(λ) = Tr(λρ − vσ)+ and h′
v(λ) = Tr(λρ′ − vσ′)+. Both are

convex and positively homogeneous in λ ≥ 0. A one-way LOCC test measures one factor
with a POVM {Ny} and then applies a test My on the other factor that depends on the
outcome, so that M = ∑

yMy ⊗Ny or M = ∑
yNy ⊗My. A separable test is one with both

M and 1 −M separable.



CHAPTER 6. SUPER-MULTIPLICATIVITY OF QUASI-ENTROPIES 180

Proposition 6.9.2 (One-way tests never beat the shadow product). In the setting of
Theorem 6.8.2,

ecl(v) = DHT
hv

(ρ′∥σ′) = DHT
h′

v
(ρ∥σ) (v ≥ 0),

and every one-way LOCC test M , in either direction, satisfies TrM(ρ ⊗ ρ′ − v σ ⊗ σ′) ≤
ecl(v). Consequently, at every level v+ of Proposition 6.9.1 the product pair has a test
that beats every one-way LOCC test by at least δ(v+) > 0. Such levels exist for every two
non-commuting pairs.

Proof. For the classical product, Ev(P⊗P ′∥Q⊗Q′) =
∫

Tr(λρ−vσ)+Q
′(dλ) = Dhv (P ′∥Q′),

where P ′ = λQ′ on the finite part. By Proposition 5.2.5, this equals DHT
hv

(ρ′∥σ′); the second
identity is the same computation with the roles exchanged. For M = ∑

yMy ⊗ Ny with
ay = TrNyρ

′ and by = TrNyσ
′,

TrM(ρ⊗ ρ′ − v σ ⊗ σ′) =
∑
y

TrMy(ayρ− vbyσ)

≤
∑
y

Tr(ayρ− vbyσ)+ = Dhv (a∥b) ≤ DHT
hv

(ρ′∥σ′)

by data processing for DHT
hv

under the measurement N . The other direction uses h′
v.

Proposition 6.9.2 is in the spirit of Piani’s inequalities for relative entropies under
one-way LOCC measurements [105], now for every hockey stick and against the shadow.
Numerically the bound extends much further, as the following conjecture records.

Conjecture 6.9.3 (Separable tests). Every separable test satisfies TrM(ρ⊗ρ′ −v σ⊗σ′) ≤
ecl(v) for all v ≥ 0. Equivalently, the testing region of (ρ⊗ ρ′, σ⊗ σ′) under separable tests
is contained in the testing region of the classical product of the shadows (P ⊗ P ′, Q⊗Q′).

We tested the stronger statement with PPT tests (M , 1 − M , MΓ, (1 − M)Γ ≥ 0),
which coincide with separable tests in dimensions 2 × 2 and 2 × 3 [65]. It held for 97
random product pairs in dimensions 2 × 2, 2 × 3 and 3 × 3, and against adversarial search
in 2 × 2, to the accuracy of the semidefinite solver (Section 6.11). It is not a consequence
of Proposition 6.9.2: computed exactly by a linear program over measurements on a great
circle, the one-way LOCC value stays below the PPT value by up to two thirds of the gap
ecl − ePPT.

Conjecture 6.9.3 has a Blackwell form. After refinement a separable test is a coarse-
graining of a POVM {Gj ⊗ Hj} with product elements. The claim is that the outcome
experiment pj = TrGjρ TrHjρ

′, qj = TrGjσ TrHjσ
′ is a garbling of (P ⊗P ′, Q⊗Q′), that

is, the law of xjx′
j under q is dominated in convex order by the law of λλ′ under Q ⊗ Q′,

where xj = TrGjρ/TrGjσ and x′
j = TrHjρ

′/TrHjσ
′. For every state τ on the second

factor, {Tr(Hjτ)Gj}j is a POVM on the first. This controls the law of x conditionally
on any grouping of the outcomes in which the Hj add up to a POVM element, which is
the case for one-way protocols, and it then gives the claim by conditioning and Blackwell’s
theorem on each factor. For general separable POVMs no such grouping exists. A proof
would need a “quasi-preparation” of the shadow that is positive only on the cone generated
by the Gj , which is a Blackwell problem for a polyhedral operator system.

Taken together, Propositions 6.9.1–6.9.2 and Conjecture 6.9.3 split the profile difference
as

δ = (e12 − eSEP)︸ ︷︷ ︸
≥0: gain of entangled tests

− (ecl − eSEP)︸ ︷︷ ︸
≥0 (conjecturally): deficit of separable tests

,
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so Conjecture 6.3.5 says that, in the Frenkel convex order, entangled tests on a product
pair gain more than separable tests lose against the classical product of the shadows. This
is the opposite of quantum data hiding [92], where entangled tests gain a lot against a
restricted class. Here the gain is of second order, near the two ends of the testing region
(Theorem 6.4.3), and the restricted class is benchmarked by the shadow and not by the
full product. Any proof must therefore use the entangled optimal tests, as the proof of
Theorem 6.4.1 does implicitly through the symmetrisation v 7→ −v, which pairs the matrix
element ρ′

lm with ρ′
ml across the tensor product.

Theorems 6.3.2 and 6.4.1 also settle the sign of the regularisation gap ∆+
α = D̃α −DHT

α

of [48, (45)] at α = 2 for all non-commuting pairs, not only for qubits.

Corollary 6.9.4 (Strict regularisation gaps). Let ρ, σ be faithful with [ρ, σ] ̸= 0.

(a) DHT
2 (ρ∥σ) < D̃2(ρ∥σ).

(b) If the largest eigenvalue γmax of σ−1/2ρσ−1/2 is simple and its eigenvector v (with ρv =
γmaxσv) is not an eigenvector of σ, then DHT

α (ρ∥σ) < D̃α(ρ∥σ) for all sufficiently
large α.

Proof. D̃α is additive and dominates DHT
α for α > 1 ([84]; for α ≥ 2 also Theorem 6.3.2),

so
D̃α(ρ∥σ) = 1

2D̃α(ρ⊗2∥σ⊗2) ≥ 1
2D

HT
α (ρ⊗2∥σ⊗2).

It therefore suffices that QHT
α (ρ⊗2∥σ⊗2) > QHT

α (ρ∥σ)2. At α = 2 this is the equality case
of Theorem 6.4.1. For (b), by Theorem 6.4.3 it suffices that κ12 > 2κ for the doubled
pair. In the proof of Theorem 6.4.3, ⟨z|A+|z⟩ −

(
2 Re⟨x|z⟩ − ⟨x|A|x⟩

)
= ⟨x− x∗|A|x− x∗⟩

with Ax∗ = z = a12, and the chosen x satisfies Ax = a12 + a ⊗ a′. Hence the inequality
⟨a12|A+|a12⟩ ≥ mc′

γmax
+ m′c

γ′
max

is strict as soon as a⊗ a′ ̸= 0. For the doubled pair a′ = a, and
a ̸= 0 exactly when σv /∈ Cv.

6.10 Modular clocks, dephasing flows and two qubit pairs
The results so far treat Conjecture 6.3.5 through measures on the testing region. A second
family of measures lives on the time axis of the modular group of σ. Write σ = ∑

j e
xj |j⟩⟨j|.

In this basis σiTρ σ−iT has entries ρjkeiTωjk with frequencies ωjk = xj −xk. Averaging over
a random time T with law π multiplies each entry by the characteristic function π̂(ωjk).
For product pairs, (σ ⊗ σ′)iT = σiT ⊗ σ′iT , so both factors are driven by one clock.

Proposition 6.10.1 (The logistic clock). Let σ be faithful, Y = σ−1/4ρ σ−1/4 and

gρ,σ(t) = Tr
[
Y σitY σ−it] =

∑
jk

|Yjk|2 cos(ωjkt).

Let T have the logistic density π
2 sech2(πt). Then

QHT
2 (ρ∥σ) = E gρ,σ(T ), QHT

2 (ρ⊗ ρ′∥σ ⊗ σ′) = E
[
gρ,σ(T ) gρ′,σ′(T )

]
.

So Theorem 6.4.1 says that the modular autocorrelation functions of two pairs are positively
correlated under a common logistic clock: synchronising the clocks of the two factors can
only increase QHT

2 .
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Proof. |Yjk|2 = wjk in the notation of the proof of Theorem 6.4.1, and E cos(ωT ) =
ω/2

sinh(ω/2) = k(ω) is the characteristic function of the logistic law. For products, Y12 = Y ⊗Y ′

and the frequencies add. In this language, the proof of Theorem 6.4.1 represents T
as a Gaussian scale mixture, T | V ∼ N(0, 2V ). For a centred Gaussian T one has
E[cos(aT ) cos(bT )] − E cos(aT )E cos(bT ) = e−(a2+b2)V (cosh(2abV ) − 1) ≥ 0, and Cheby-
shev’s inequality handles the mixture over V .

At integer orders the same Fourier analysis applies to all n. With the Mellin–Barnes
formula 1

t+q = 1
2πi
∫

Re z=c
π

sinπz q
−ztz−1dz on the lines c = 1 − 1

n , the t-integral of the trace
formula produces δ(∑k yk). This gives

QHT
n (ρ∥σ) =

∫
Hn

Wn(y)Gρ,σ(y) dy, Gρ,σ(y) = Tr
[
ρ̂ σ−iy1 ρ̂ σ−iy2 · · · ρ̂ σ−iyn

]
,

where ρ̂ = σ− n−1
2n ρ σ− n−1

2n , on the hyperplane Hn = {
∑
k yk = 0}, with the weight Wn(y) ∝∏

k π/ sin(πn − iπyk) normalised so that
∫
Hn

Wn = 1. The multi-time correlation function
is multiplicative, Gρ⊗ρ′,σ⊗σ′ = Gρ,σGρ′,σ′ , so Conjecture 6.3.5 at order n says

∫
WnGG

′ ≥∫
WnG

∫
WnG

′. At n = 2 the weight is the positive logistic density of Proposition 6.10.1.
For n ≥ 3 it is complex. One may move the n contours to lines Re zk = ck with ∑k ck =
n− 1. Each factor π/ sin(πzk) is real on its line only when ck = 1

2 , and then ∑k ck = n− 1
forces n = 2. This is the Fourier-side form of the obstruction in Proposition 6.4.5. The
simplex representation of Proposition 6.5.1 avoids it. There the reference law is the uniform
law on ∆n−1, which is positive for every n, and the two factors enter through different
functions, F and G, instead of through one multiplicative correlation function.

The clock picture suggests interpolating instead of comparing directly. Let Eσs (ρ) =
EσiTρ σ−iT with T ∼ N(0, 2s). This is the modular heat flow: the quantum Markov
semigroup esLσ with Lσ(X) = −[log σ, [log σ,X]], which multiplies the (j, k) entry by e−sω2

jk .
It is unital and fixes σ. As s → ∞ the Gaussian laws converge, on the frequency group, to
the Haar average, so Eσs (ρ) tends to the pinching of ρ with respect to σ.

Theorem 6.10.2 (Reduction to a local supermodularity). Let ρ, σ, ρ′, σ′ be faithful, α ∈
(0, 1) ∪ (1,∞), and

Ψ(s, t) = logQHT
α

(
Eσs ρ⊗ Eσ′

t ρ
′ ∥∥σ ⊗ σ′)− logQHT

α (Eσs ρ∥σ) − logQHT
α (Eσ′

t ρ
′∥σ′).

Then Ψ(s,∞) = Ψ(∞, t) = 0, and

log QHT
α (ρ⊗ ρ′∥σ ⊗ σ′)

QHT
α (ρ∥σ)QHT

α (ρ′∥σ′) = Ψ(0, 0) =
∫ ∞

0

∫ ∞

0
∂s∂t logQHT

α

(
Eσs ρ⊗ Eσ′

t ρ
′ ∥∥σ ⊗ σ′) ds dt.

Consequently Conjecture 6.3.5 holds at order α for all pairs if the following local condition
holds for all faithful pairs:

(Sα) ∂s∂t
∣∣
s=t=0 logQHT

α

(
Eσs ρ⊗ Eσ′

t ρ
′ ∥∥σ ⊗ σ′) ≥ 0.

The same holds with the Gaussian law replaced by any symmetric infinitely divisible law
whose exponent vanishes only at 0, for instance the Poisson flow e−s|ωjk|.

Proof. Eσs is a mixture of unitaries that commute with σ, so Eσs ρ is faithful and converges
exponentially fast, with rate e−sminω2

jk over ωjk ̸= 0, to a state commuting with σ. If
one pair commutes, the product shadow factorises (the remark after Conjecture 6.3.5), so
Ψ(∞, t) = Ψ(s,∞) = 0. By the trace formula, QHT

α is real-analytic on faithful states. The
single-factor terms of Ψ have zero mixed derivative, so the double integral of ∂s∂tΨ over
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[0,∞)2 equals Ψ(0, 0) − Ψ(∞, 0) − Ψ(0,∞) + Ψ(∞,∞) = Ψ(0, 0). The semigroup property
Es+h = EhEs turns the mixed derivative at (s, t) into the mixed derivative at (0, 0) for the
pairs (Esρ, σ) and (Etρ′, σ′), so (Sα) for all pairs makes the integrand nonnegative.

Condition (Sα) is local and stronger than the conjecture: it asks that logQHT
α of a

product be supermodular along the two independent flows. Numerically it holds for every
pair and every order we tested (Section 6.11). For two qubit pairs it takes an especially

concrete form. In the eigenbasis of σ write ρ =
(
p1 c
c̄ p2

)
. The flow multiplies c by e−sω2 ,

so along the flows only X = |c|2 and Y = |c′|2 change, and (Sα) says that (X,Y ) 7→ logQHT
α

is supermodular.

Proposition 6.10.3 (Two qubit pairs at integer orders). Let (ρ, σ) and (ρ′, σ′) be faithful
qubit pairs and n ≥ 2 an integer. With the diagonals in the eigenbases of σ, σ′ fixed,
QHT
n (ρ ⊗ ρ′∥σ ⊗ σ′) is a polynomial of degree ⌊n/2⌋ in each of X = |c|2 and Y = |c′|2.

For n = 2, 3 it is bilinear, c00 + c10X + c01Y + c11XY . Then (Sn) on the qubit flows,
Conjecture 6.3.5 and c00c11 ≥ c10c01 are equivalent.

(a) For n = 2 the condition is E[cos(ωT ) cos(ω′T )] ≥ E cos(ωT )E cos(ω′T ), which holds
by Theorem 6.4.1.

(b) For n = 3 the conjecture for all pairs of qubit pairs is equivalent to (and proved in
Corollary 6.10.4)

Φ(a, b) := D(1, ab) + 2D(a, b) − 6D(1, a)D(1, b) ≥ 0 for all a, b > 0,

where D(x, y) =
∫∞

0
dt

(t+1)(t+x)(t+y) = L(x)−L(y)
y−x and L(γ) = log γ

γ−1 , the reciprocal of the
logarithmic mean of γ and 1. Here a and b range over the eigenvalue ratios of σ and
σ′ and their inverses.

Proof. In Qn = (n− 1)
∫∞

0 Tr[(ρ12(σ12 + t)−1)n] dt, every term is a closed walk of length n
on the product basis. Its first coordinate crosses between the two levels an even number
of times, each crossing contributing c or c̄, and the same holds for the second coordinate.
This gives the polynomial structure. For a bilinear f , ∂X∂Y log f = (c00c11 − c10c01)/f2

and f(1, 1)f(0, 0) − f(1, 0)f(0, 1) = c00c11 − c10c01, which gives the equivalences. (a) is the
computation in Proposition 6.10.1 with one frequency per factor.

(b) The term c00 is the product of the diagonal parts, and c10 = c′
00E, c01 = c00E

′,
where E is the coefficient of X in Q3(ρ∥σ). So the condition is c11 ≥ EE′. Walks with two
crossings in a factor visit one level twice and the other once, in all three cyclic positions.
Hence c11 is a sum over the two choices of doubled level in each factor of 1

3
∑
π∈S3 of the

kernel
∫∞

0
∏
k(t + qikq

′
π(ik))−1dt with positive weights WϵW

′
ϵ′ , which are the same weights

that appear in E and E′. After scaling out the homogeneity, the difference c11 − EE′

becomes 2
3
∑
ϵ,ϵ′ WϵW

′
ϵ′ Φ(aϵ, bϵ′) times positive factors, with a = q2/q1 and b = q′

2/q
′
1, and

the kernel is D(1, ab) when the singly visited levels of the two factors occupy the same
position of the walk and D(a, b) otherwise. The ratio W+/W− = (p1/p2)(q2/q1)2/3 can
take any positive value, so each term must be nonnegative separately.

Inequality (b) is the case of the symmetric-group inequality (6.4.1) at n = 3 in which
each of u and v has two equal coordinates, so it is covered by Theorem 6.5.3.

Corollary 6.10.4 (Super-multiplicativity at α = 3 for qubits). For all pairs of qubit states,

QHT
3 (ρ⊗ ρ′∥σ ⊗ σ′) ≥ QHT

3 (ρ∥σ)QHT
3 (ρ′∥σ′),
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with equality if and only if [ρ, σ] = 0 or [ρ′, σ′] = 0. Equivalently, Φ(a, b) ≥ 0 for all
a, b > 0, with equality exactly when a = 1 or b = 1.

Proof. Qubit pairs are sign-free, because σ has at most two distinct eigenvalues, so Theo-
rem 6.5.3(c) gives the inequality and the equality cases. The statement about Φ is (6.4.1)
at n = 3 for u and v proportional to centred versions of (0, 0, log a) and (0, 0, log b), with
the strictness of Theorem 6.5.3(b); it is also equivalent to the first statement by Proposi-
tion 6.10.3(b). The inequality and its equality cases are also the case of Corollary 6.6.3 in
which both pairs are qubit pairs.

We first proved Corollary 6.10.4 by a one-variable Stieltjes-transform argument of the
same kind as the θ-reduction in Remark 6.5.4, and we record it because it is explicit.
Substituting t = 1/λ gives D(1, x) = 1

2Eµfx and D(x, y) = 1
2Eµ[fxfy], with µ(dλ) =

2λ dλ
(1+λ)3 and fx(λ) = 1+λ

1+xλ . The identity fab(λ) = fa(λ)fb(aλ) then writes 2Φ(a, b) = (1 −
1
b )
∫∞

0
κa(dλ)
1+bλ , where κa is a signed measure of mass 0 whose density is 2λ

(1+λ)3 times a
rational function with a cubic numerator Na. Since Na(−a) = −(a − 1)3(a + 1) and
Na(−1) = 3ca(a − 1)3, with ca = 2D(1, a) > 0, have opposite signs, κa changes sign at
most twice on (0,∞). The variation-diminishing property of the Cauchy kernel [70, Ch. 5,
Thm. 3.1] and the signs of Φ at the ends of each line then locate the only zero at b = 1. The
ingredients were checked symbolically and numerically (Section 6.11). This route needs the
bilinearity of QHT

3 in the flow variables, so it does not extend beyond qubits. The simplex
route does, because it needs only convexity and symmetry.

Section 6.11 summarises the numerical evidence; we mention four checks here. For
Theorem 6.3.2, QHT

α /Q̃α ≤ 0.9980 for 160 random pairs with α ∈ {2, 2.5, 4, 7}. In the range
(1, 2), which is covered by [84], QHT

α /Q̃α ≤ 1.0000 for 120 random pairs in dimensions 2–
5 and α ∈ {1.2, 1.5}. The Helstrom layer-cake inequality of Step 3 held for 30 pairs
with α ∈ {1.2, 1.5}. Super-multiplicativity was tested on 40 random pairs of qubit pairs
with α ∈ {0.3, 0.7, 1.5, 2, 4}, and all 200 ratios are at least 1 to six decimal places. An
adversarial search (Nelder–Mead on the ratio, well-conditioned states) for α from 0.05 to
40 found no violation. In every run the minimiser drove one pair towards commuting, the
equality case, and 30-digit arithmetic at the minimisers gives ratios above 1 by exactly
the predicted second-order amount. Apparent violations at near-singular σ′ were rounding
artefacts. At α = 40, 30-digit arithmetic with the tensor products formed exactly gives
ratio −1 = +1.4 · 10−10, where double precision had given −1.2 · 10−6. Finally, for tensor
powers, 1

nD
HT
2 increases monotonically towards D̃2 for qubit powers up to n = 32, and

1
nD

HT
1/2 decreases towards DP

1/2 up to n = 16.

6.11 Numerical checks
Random states are Wishart-normalised.

Claim Result
Proposition 6.3.1 no violation over 40 pairs and α ∈ {0.2, 0.5, 0.8}
DHT

α ≤ D̃α [84] QHT
α /Q̃α ∈ [0.665, 1.0000] over 120 pairs,

d ∈ {2, . . . , 5}, α ∈ {1.2, 1.5, 2, 3}
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Claim Result
Conjecture 6.3.5 all 200 ratios QHT

α (ρ⊗ ρ′∥σ ⊗ σ′)/(QHT
α Q′HT

α ) lie in
[1.000000, 1.0169]: 40 random pairs of qubit pairs,
α ∈ {0.3, 0.7, 1.5, 2, 4}. Adversarial minimisation over
well-conditioned states, 2 × 2 for
α ∈ {0.05, 0.2, 0.5, 0.8, 0.95, 1.05, 1.5, 2, 3, 6, 15, 40} and
2 × 3 for α ∈ {0.5, 1.5, 3}: every minimiser approaches
a commuting pair, with ratio −1 in
[−3 · 10−11, 10−11], the rounding floor (an exactly
commuting pair returns −3 · 10−12 at α = 15). Along
the minimising direction the ratio is 1 + Ct2 with
C = +1.2 · 10−6 (α = 15) and +6.2 · 10−5 (α = 40).
With exact inputs in 30-digit arithmetic the two
minimisers have ratio −1 = +2.49 · 10−14 and
+1.62 · 10−12, which equals Ct20 at their distances
t0 = 1.45 · 10−4 and 1.62 · 10−4 from commuting.

Theorem 6.8.2(d), sign pattern of δ 2 × 2: 100 random pairs, all + − + (the signs near
both ends verified with an exact routine at relative
distances 10−3 and 10−2; one apparent extra change
at relative distance 2 · 10−6 from γmax is below the
accuracy); 2 × 3: 25 pairs + − + and 15 pairs
+ − + − + of 40; 3 × 3: 16, 11, 3 pairs with two, four,
six sign changes of 30; 3 × 4: 5, 4, 1 of 10

Convex order (6.8.1) U ≥ 0 in all 180 pairs above: computed from both
ends by piecewise Gauss–Legendre quadrature
(breakpoints at every kink of δ), minU ≥ −2 · 10−11

in absolute terms against peaks of 10−6 to 10−2, with
quadrature defects |M(0)|, |M(−1)| ≤ 6 · 10−11; an
adversarial Nelder–Mead minimisation of the dip of U
over the middle 80% of its support, relative to its
peak, moved it from 1.3 · 10−4 to 1.1 · 10−4 (2 × 2)
and from 1.9 · 10−3 to 1.6 · 10−3 (2 × 3) in 1,000
evaluations, never approaching zero

Theorem 6.8.2(a) M(s) has the sign of s(s+ 1) at
s ∈ {−3,−2,−1.5,−0.7,−0.3, 0.5, 1, 2, 4} for every
pair above

φ(α) = logQHT
α (ρ⊗ ρ′∥σ ⊗ σ′) −

logQHT
α − logQ′HT

α on α ∈ [−3, 6]
φ ≥ 0 on the whole grid (step 0.25) for 85 pairs (2 × 2,
2 × 3, 3 × 3), with minφ = 3.4 · 10−7 on [−3, 0); φ has
double zeros at α = 0, 1 and is not convex in any of
the 85 cases (a local maximum inside (0, 1) and
another beyond 2), so super-additivity of the tilted
testing-region variance is not available as a route

Proposition 6.4.5, inequality (6.4.1)
(proved in Theorem 6.5.3(b))

n = 3:
min 1

n!
∑

π kn(u+ πv)/(kn(u)kn(v)) = 1.0000079 over
300 random pairs; n = 4: 1.0000296 over 150; n = 5:
1.00051 over 40; adversarial minimisation (4 starts
each) returns 1.0000000 at u = 0 or v = 0 only.
Logarithmic form: minimum gap +6.3 · 10−6 (n = 3,
200 pairs) and +3.5 · 10−5 (n = 4, 100 pairs),
adversarial minima ≥ +4 · 10−16 at the equality cases.
The closed form of k3 agrees with the integral to
10−15
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Claim Result
Proposition 6.5.1 (simplex
representation)

EF , EG and E[FG′], computed by a tensor
Gauss–Legendre rule on ∆n−1, agree with the trace
formula to relative error 2 · 10−12 for n = 2 (3 × 3),
n = 3 (3 × 2, 3 × 3) and n = 4 (2 × 2, 3 × 2), 3
random pairs each; for generic 3-dimensional pairs F
is complex (|Im F|/|F| up to 1.7 · 10−3), cyclically
invariant and conjugated by reversal to 10−15, and
Re F4 is not S4-invariant (relative deviation 4 · 10−5)

Lemma 6.5.2 Cov ≥ 0 for random pairs of Schur-convex functions
(symmetrised exponentials of linear forms,
symmetrised (µ · y)−p, symmetrised maxima of affine
functions, −

∏
i µi, increasing functions of

∑
i µ

2
i and

of maxi µi) on ∆2, ∆3, ∆4: minimum correlation
+3.8 · 10−2 (n = 3, 369 pairs), +6.0 · 10−3 (n = 4, 383
pairs) and +1.0 · 10−1 (n = 5, 288 pairs), after
discarding numerically constant functions; the
quadrature reproduces EU1 and EU2

1 to 10−14

Theorem 6.5.3(b) pure⊗pure ratios minus 1: ≥ 9.7 · 10−6, 1.7 · 10−6,
1.5 · 10−4, 1.4 · 10−7 at n = 3, 4, 5, 6 (24 products each,
dimensions 2 × 2 to 2 × 4); pairs with nonnegative
entries (including qubits) tensored with pure pairs:
≥ 3.6 · 10−5, 9.4 · 10−6, 2.0 · 10−5 at n = 4, 5, 6 (20
products each)

Theorem 6.5.3(c) 64 products of sign-free pairs drawn from four classes
(σ with two distinct eigenvalues and random ρ in
dimensions 3, 4; nonnegative ρ; pure ρ; qubits): ratio
minus 1 at least 2.7 · 10−7; smallest relative Hessian
eigenvalue of Re F3 on a grid +6.9 · 10−3, +6.1 · 10−2,
+1.3 · 10−1 for the first three classes
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Claim Result
Remark 6.5.4 Re F3 Schur-convex in all 600 random pairs in

dimensions 3, 4, Re G3 in 596; for the 4 exceptions the
ratio minus 1 is at least 2.0 · 10−4 against 4 random
partners each; the chirality term |E[Im F Im G′]| is at
most 1.4 · 10−3 of the covariance (median 10−4) over
20 random 3 × 3 products; the pointwise condition
1
6
∑

π∈S3
Iπ(x) ≥ 2

∫∞
0
∏

i(t+ xi)−1dt QHT
3 (ρ∥σ), with

Iπ(x) =
2
∫∞

0 Tr[ρ(t+ xπ1σ)−1ρ(t+ xπ2σ)−1ρ(t+ xπ3σ)−1] dt,
which would give super-multiplicativity against every
sign-free partner, held at 360 random points (ρ, σ, x)
in dimensions 3, 4 (minimum relative margin
4.5 · 10−7) but is false at extreme spectra: for
q = (2.03 · 10−5, 1.04 · 103, 1.08 · 10−2),
x = (2.82, 2.08 · 105, 1.48 · 10−4) and a rank-2 qutrit ρ
with a negative 3-cycle the difference is −1.27 · 10−9

in 60-digit arithmetic (−8.6% of the sum of the
absolute values of its terms), while against pure
partners with eigenvalues x the full defect stays
positive; inequality (6.5.1): minimum of the ratio
right side/left side 1.0000 over 60,000 samples
(log qi, log a uniform in [−S, S], S = 2, 6, 12), attained
at coinciding qi; the exact worst phase for qutrits
against two-equal partner words gives a normalised
defect ≥ +0.029 (600 samples, S = 6, 12), and for
d = 4, 5 an adversarial search over all ρ gives minima
≥ −4 · 10−14 (rounding at degenerate spectra); an
adversarial search of the full defect for 3 × 2 and 3 × 3
products with log-eigenvalues in [−12, 12] (and in
[−6, 6], [−3, 3]) found no violation, its minimisers
approaching commuting pairs (two apparent
violations at −10−15 were rounding: +10−25 in
60-digit arithmetic); R(θ) convex in all 600 random
pairs in dimensions 2, 3, 4, 6, while three adversarial
pairs have R′′ < 0 (down to −243) yet R−QHT

3 has
two sign changes, 2

∫
θR = 3

∫
θ2R to 12 digits, and

∆(a)/QHT
3 > 0 for a from 10−4 to 104

Theorem 6.6.2, Proposition 6.6.1,
Corollaries 6.6.3 and 6.6.7,
Proposition 6.6.5

the Lieb–Thirring double integral reproduces Dρ∥σ(a)
to 12 digits for a random qutrit pair and for a pair
with a strongly negative 3-cycle (a = 0.15, 3.7), with
a pointwise nonnegative integrand; the defect of
qutrit⊗qutrit products with σ′ = diag(1, 1, a) equals
S1D(a) + S2a

−2D(1/a) to 10–12 digits; the defect
divided by ε2 tends linearly to 3

2 (τ1 − τ2)ℓρ∥σ; the
bounds of Corollary 6.6.7 hold for 200 random pairs
(d ≤ 4, γ ∈ {−1, 0, 1

3 ,
2
3 , 1, 2}), with minimal relative

slack 6 · 10−6
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Claim Result
Theorem 6.7.1, Proposition 6.7.3,
Corollaries 6.7.4, 6.7.7, 6.7.9,
Theorems 6.7.5, 6.7.8, 6.7.12,
Proposition 6.7.13

pure partners against chiral 3 × 3 pairs: ratio minus 1
at least 2.3 · 10−4, 9.3 · 10−5, 5.0 · 10−5 at n = 3, 4, 5
(25 products); the rotation identity of H to 5 · 10−15,
[H(z; ai, aj)] positive semidefinite in 500 random 7 × 7
instances, the trace identity to 12 digits; (6.5.1):
maximal ratio 0.9992 over 400 samples with
eigenvalue ratios up to e12; Theorem 6.7.5: minimal
ratio 1.012 over 2 · 104 random triples of sizes 2–4 and
random ranks; Corollary 6.7.7 against partners with a
degenerate three-level σ′; negative-cycle pairs of both
families of Corollary 6.7.9: all defects positive; ∆t

equals the Dk-series of Theorem 6.7.12 to 9 digits; the
formulas for D2, D3 and u− v to 10−14; ratio in
(6.7.2) at most 0.036 over 3000 random pairs and
about 0.06 after adversarial search; Dk ≥ 0 for
k = 2, . . . , 12 in 3000 random trials;
Conjecture 6.7.10: over 8000 random instances the
minimum over a 73 × 73 phase grid, divided by the
value at (0, 0), is +0.0079, always at (π, π)

Proposition 6.9.1 δ takes both signs in all 180 random pairs of
non-commuting pairs of the census above (it must, by
the proposition)

Proposition 6.9.2 one-way LOCC value computed exactly (linear
program over rank-one POVMs on a great circle of
the Bloch sphere, 2400 directions, both directions of
communication): maxv(e1LOCC − ecl) = −1.1 · 10−8

over 6 qubit product pairs and 40 levels
(discretisation error of the circle)

Conjecture 6.9.3 (PPT tests) maxv(ePPT − ecl)/max |δ|: ≤ −3.5 · 10−9 over 60
random 2 × 2 pairs (80 levels each) and ≤ −5.8 · 10−9

after adversarial Nelder–Mead search (4 starts, 250
evaluations, 25 levels); ≤ −7.9 · 10−10 over 25 random
2 × 3 pairs; ≤ +2.9 · 10−8 over 12 random 3 × 3 pairs
(solver tolerance, where PPT tests include
PPT-entangled ones). The PPT tests capture a
fraction ≤ 3 · 10−9 of the positive part of δ, while all
tests exceed ecl on about 70% of the levels. PPT tests
beat one-way LOCC tests by up to
0.66 maxv(ecl − ePPT)

Proposition 6.10.1 QHT
2 by the trace formula and by the logistic

modular-clock average agree to 10 digits (3 × 3
example)

Theorem 6.10.2, flow monotonicity dephasing the second factor by the modular heat flow
or the Poisson flow,
R(t) = QHT

α (ρ⊗ Etρ
′∥σ ⊗ σ′)/QHT

α (Etρ
′∥σ′) is

nonincreasing in t in all 240 cases (30 random qubit
products, α ∈ {0.5, 2, 3, 6}, both flows)

Condition (Sα) discrete mixed differences of logQHT
α on a grid in

(s, t), with s, t from 0 to ∞: no negative cell beyond
−10−11 (the accuracy of logQ) in 119 random
products: α ∈ {0.3, 0.5, 0.7, 1.5, 2, 3, 6, 15}, dimensions
2 × 2 and 2 × 3, Gaussian flows, and Poisson flows at
α = 0.3
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Claim Result
Proposition 6.10.3, Corollary 6.10.4 bilinearity of QHT

3 in (X,Y ) to 4 · 10−15 (5 random
pairs of qubit pairs); the closed form 2e−2(s+r)Φ
matches the direct computation of F to 12 digits;
Φ ≥ 0 in 40-digit arithmetic on a 121 × 121 grid of
log a, log b ∈ [−30, 30], with minimum of
Φ max(1, a) max(1, b)/(log a log b)2 equal to 6.5 · 10−5,
attained at the corner (30, 30), where the leading
term is (2 log a− 7)/a2; adversarial minimisation (40
starts) moves only towards infinity along the
diagonal. The ingredients of the Stieltjes proof were
checked symbolically (sympy: ∂bΦ(a, 1) = 0, the four
limits, Na(−a) and Na(−1)) and numerically
(2Φ = (1 − 1

b )Sa(b) to 12 digits; κa has mass 0 and
two sign changes for a ∈ {0.2, 3, 40}). At α = 4, where
QHT

4 is biquadratic, the coefficient matrix is not
always totally positive (relative minor −9 · 10−3), so
that sufficient condition fails

Local form of Conjecture 6.3.5 for ρ′
t = ρ′

c + tX with [ρ′
c, σ

′] = 0, the coefficient
C(α) = limt t

−2(Q(ρ⊗ ρ′
t∥σ ⊗ σ′) −QQ′

t

)
is positive

for α ∈ {0.1, 0.3, 0.5, 0.7, 0.9, 1.1, 1.5, 2, 3, 5, 10} in 4
random qubit cases (C/(QQ′) between 1.5 · 10−5 and
3 · 10−2), and limt t

−2δ has the pattern + − +
Theorem 6.4.1 minQHT

2 (ρ⊗ ρ′∥σ ⊗ σ′)/(QHT
2 Q′HT

2 ) = 1.000006 over
150 random pairs (d ∈ {2, 3}); the logarithmic-mean
formula matches the trace formula to 6 · 10−14

Theorem 6.4.2 minγ

[
Eγ(ρ⊗ ρ′∥σ ⊗ σ′) −

∑
y aye(γby/ay)

]
= −10−15

over 60 qubit pairs, random 3-outcome measurements
and 25 levels;
DHT

α (prod) −DHT
α −Dα(Nρ′∥Nσ′) ≥ 0.039 for

α ∈ {0.5, 2}
Theorem 6.4.3 (logQHT

α − α log γmax − logm)(α+ 1) =
0.1669, 0.1576, 0.1526, 0.1501 at α = 10, 20, 40, 80,
against κ = 0.1475; κ12 ≥ κ+κ′ in 2,000 random 2 × 2
and 500 random 2 × 3 cases, and at an adversarial
point in 30- and 60-digit arithmetic (+4.9 · 10−13)

Tensor powers (qubits, Schur–Weyl
blocks)

1
nD

HT
2 =

0.3058, 0.3070, 0.3090, 0.3120, 0.3159, 0.3203 for
n = 1, 2, 4, 8, 16, 32 (limit D̃2 = 0.3361);
1
nD

HT
1/2 = 0.1356, 0.1355, 0.1352, 0.1348, 0.1340 for

n = 1, 2, 4, 8, 16 (limit DP
1/2 = 0.1281); both

monotone, at the slow rate allowed by
Propositions 5.6.1 and 5.6.2

Theorem 6.3.2 QHT
α /Q̃α ≤ 0.9980 over 160 pairs, d ∈ {2, . . . , 5},

α ∈ {2, 2.5, 4, 7}; the Helstrom layer-cake inequality of
Step 3 held for 15 pairs at each of α ∈ {1.2, 1.5, 2, 3, 5}
(ratio ≤ 0.9998), and for 1,200 random rank-one
families with α ∈ {1.2, 1.5, 1.8} (ratio ≤ 0.988)

6.12 Open problems
1. Prove the convex-order statement (6.8.1), or at least Conjecture 6.3.5. The conjecture

holds at α = 2 (Theorem 6.4.1), at every integer order for pure states and at α = 3
for sign-free pairs (Theorem 6.5.3), at every integer order against pure partners (Theo-
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rem 6.7.1), at α = 3 whenever one of the two reference states has at most two distinct
eigenvalues (Corollary 6.6.3), at α = 3 in the further cases of Corollaries 6.7.7 and 6.7.9,
at α = 3 to second order around trivial partners σ′ ∝ 1 (Proposition 6.6.5), to first order
at α = ∞ (Theorem 6.4.3), for α > 1 with one factor measured (Theorem 6.4.2), and
for tensor powers with enough copies (Proposition 6.8.3). By Theorem 6.3.6 it would
give independent proofs of [84] and of [13, (1.10)]; the full regularised identity has since
been proved directly in [58], by Haagerup reduction. Theorem 6.8.2 reduces (6.8.1) to
U(c) ≥ 0: the truncated Jeffreys divergence Dj , j(u) = ((u + 1) log u − 2(u − 1))+, of
the quantum product pair dominates that of the classical product of the shadows for
every scaling c of the second argument; for qubit pairs it reduces further to the two-sign-
change property of δ, which held in every test. Two special cases of the conjecture are
of independent interest: the pure-state case at non-integer orders, which is the Rényi
submodularity of Remark 6.4.4 (proved here at integer orders through (6.4.1), Theo-
rem 6.5.3(b); the stronger logarithmic form of (6.4.1) is open for n ≥ 3); and the second-
order case at α = 1, superadditivity of the testing-region variance

∫
γ log2 γ dµ − D2,

which is the case ψ = v log v of (6.8.1). Pointwise comparison of profiles cannot prove
the conjecture, and neither can positive maps between a pair and its shadow: δ changes
sign for every two non-commuting pairs (Proposition 6.9.1). One-way LOCC tests, and
numerically all separable and PPT tests, never beat the classical product of the shadows
(Proposition 6.9.2, Conjecture 6.9.3), so a proof must use entangled tests. A related
question is a direct, non-greedy operator proof of Corollary 6.3.4 for κ > 2.

2. Extend Lemma 6.5.2 beyond Schur-convex functions. Is Cov(ϕ(U), χ(U)) ≥ 0 for convex
functions on ∆n−1 that are only invariant under the dihedral group Dn of cyclic shifts
and reversals? This would give the conjecture at every integer order for all pairs with
nonnegative cycle weights, in particular for all pairs of qubit pairs, by Proposition 6.5.1.
Our induction fails because the stabiliser of a facet in Dn is too small. Numerically the
answer looks positive: the minimum correlation over 600 random pairs of D4-invariant
convex functions was +7.7 · 10−6, and for 40 random pairs of qubit pairs at n = 4 the
correlation of F4 and G′

4 was at least 0.23. At integer orders n ≥ 4 the conjecture is now
known for pure partners against arbitrary pairs (Theorem 6.7.1); the dihedral question
would add all pairs of pairs with nonnegative cycle weights. At α = 3 the conjecture
is proved whenever σ or σ′ has at most two distinct eigenvalues, for pure partners and
pure partners with commuting noise, against partners with three eigenvalues and a
nonnegative block 3-cycle, and for pairs whose block 3-cycles are negative on both sides
and not too strongly correlated (Corollaries 6.6.3, 6.7.2, 6.7.7, 6.7.9, Theorems 6.7.1,
6.7.8). What remains has both reference states with at least three distinct eigenvalues,
and by Corollary 6.6.6 both states may be taken singular: pairs with chiral block
3-cycles, strongly correlated pairs with negative 3-cycles on both sides, and, when a
reference state has four or more eigenvalues, pairs whose real block 3-cycles have mixed
signs, or are nonnegative on one side and nonpositive on the other. Three concrete
targets would settle parts of it. (a) Conjecture 6.7.10, an inequality for the kernel K3
alone, which by Proposition 6.7.11 gives every pair whose reference states have at most
three eigenvalues, including d = d′ = 3; at real phases it is the single corner φ = φ′ = π.
(b) The chirality inequality (6.7.2), which gives D3 ≥ 0 in the polynomial criterion of
Theorem 6.7.12; more ambitiously, Dk ≥ 0 for all k ≥ 2, which gives the conjecture at
α = 3. (c) For a qutrit ρ against an arbitrary partner, with the partner kernel Cx =
Dρ′∥σ′ [qx], the bound |C123| ≤ minp>0

∑
b̸=c p

2
bpcCbbc/(2p1p2p3), which by Lemma 6.7.6

implies the conjecture for every qutrit ρ; Theorem 6.7.1 gives its negative real direction,
and Corollary 6.7.4 gives the stronger rooted bound |C123| ≤

∑
c

√
CaacCbbc for two-level
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and pure partners. Partner words with three distinct eigenvalues are not positive one at
a time (the pointwise condition of Section 6.11 is false at extreme spectra), the product-
space Lieb–Thirring and matrix-measure versions of Theorem 6.7.1 fail for structural
reasons (Remark 6.6.4(ii) and the remark after Theorem 6.7.1), and no universal rooted
kernel certifies (6.7.2), so a proof must use the positivity of both pairs together and
across different roots. Remark 6.6.4(iii) records a stronger one-variable convex-order
statement, open beyond weakly sign-free pairs. The local supermodularity (Sα) of
Theorem 6.10.2, which implies the conjecture and held in every test, is a different route
with the same first open cases.

3. Prove Conjecture 6.9.3: separable tests on a product pair are dominated by the classical
product of the shadows. It holds for one-way LOCC tests (Proposition 6.9.2). Does
it hold for two-way LOCC tests? In its Blackwell form it asks whether every outcome
experiment of a product-element POVM is a garbling of (P ⊗ P ′, Q⊗Q′).

4. Is the adaptive Chernoff exponent, − lim 1
n log inf ηn(1), the minimum over α of a reg-

ularised testing-region cumulant function? Proposition 6.3.1 gives one inequality for
every strategy.



Chapter 7

Adaptive quantum channel
discrimination as a controlled
random walk

Summary. We study converse bounds on the error exponent of adaptive discrim-
ination between two quantum channels, with n channel uses and arbitrary quantum
memory. Diagonalising the Arveson–Radon–Nikodym derivative of a channel Φ with
respect to Φ + Ψ writes any pair of channels as Φ =

∑
ℓ τℓΩℓ, Ψ =

∑
ℓ(1 − τℓ)Ωℓ with

common completely positive level maps Ωℓ. We show that this turns every adaptive dis-
crimination protocol into a post-processing of a controlled random walk. Consequently
every adaptive strategy errs with probability at least 1

4 exp
(

− nĈ − 1.67 Λ
√
n
)
, where

Ĉ is the geometric Chernoff divergence of the channels, computable from one eigende-
composition, and Λ is a Thompson-type constant that is finite for every pair. No other
decomposition of the pair into common pieces gives a better bound of this kind, and
the bound is not comparable with the barycentric converse of Ji, Mishra, Mosonyi and
Wilde. A dynamic program gives finite-n lower bounds on the error. If the levels are
orthogonal at an optimal input, product strategies attain Ĉ; if moreover every level
map is a multiple of a channel, a product strategy is exactly optimal for every n and
every error criterion. Finally, e−Ĉ is Lipschitz under perturbations that are small rela-
tive to the pair, but under general perturbations Ĉ is only lower semicontinuous. Near
replacement channels with rank-deficient outputs, and for amplitude-damping channels
with nearby damping rates, the fidelity, barycentric and geometric Chernoff converses
are all infinite while the adaptive exponent tends to zero.

7.1 Introduction

7.1.1 Background and motivation

In binary discrimination of two channels Φ,Ψ ∈ C(X ,Y), a tester uses the unknown channel
n times, possibly adaptively and with quantum memory, and then guesses which channel it
was. With equal priors the optimal error decays as e−nξ, where ξ is the adaptive Chernoff
exponent. For classical channels adaptivity does not help and ξ is the largest Chernoff
information over input letters [56]; for classical–quantum channels the same holds with the
quantum Chernoff divergence [116]. For general channels adaptivity can help, even turning
a finite non-adaptive exponent into perfect discrimination after two uses [53, 116], and no
formula for ξ is known.

192
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Lower bounds on ξ come from product inputs and the quantum Chernoff bound [11, 99].
General upper bounds that hold for adaptive strategies have so far come from chain rules.
Katariya and Wilde [72] proved a chain rule for the geometric Rényi divergences of order
α ∈ (0, 1) and deduced that ξ is at most the negative logarithm of the geometric fidelity
of the channels, −2 ln Q̂1/2(Φ∥Ψ); Nuradha and Wilde [98] used such bounds for query
complexity. Ji, Mishra, Mosonyi and Wilde [66, 67] proved a barycentric converse built
from the Belavkin–Staszewski channel divergence, which is evaluated by a convex program.
With a single Rényi order, as in the fidelity converse, turning a bound on the non-i.i.d.
final states into an error exponent loses up to a factor of two.

7.1.2 Contributions

Our starting point is a structural observation (Lemma 7.2.1 and Proposition 7.3.1). Let T =∑
ℓ τℓPℓ be the spectral decomposition of the Arveson–Radon–Nikodym (ARN) derivative

of Φ with respect to Ω = Φ+Ψ [10, 111] (Section 4.2 and Theorem 4.2.2 in Chapter 4). Then
Φ = ∑

ℓ τℓΩℓ and Ψ = ∑
ℓ(1 − τℓ)Ωℓ with the same completely positive level maps Ωℓ. Each

use of Φ (respectively Ψ) therefore selects a level ℓ with probability τℓ tr Ωℓ(ρ) (respectively
(1 − τℓ) tr Ωℓ(ρ)) and then outputs the hypothesis-independent state Ωℓ(ρ)/ tr Ωℓ(ρ). By
multilinearity, the final states of any adaptive protocol are post-processings of a classical
pair of laws on level records, and the log-likelihood ratio of a record is a random walk whose
step values do not depend on the inputs.

Our main results are the following.

1. Chernoff converse for all pairs (Theorem 7.4.1). Every adaptive strategy has error
at least 1

4 exp
(

− nĈ −
√

2 ln 4 Λ
√
n
)
, so ξ ≤ Ĉ(Φ,Ψ) = − ln min0≤s≤1 Q̂s(Φ∥Ψ), the

geometric Chernoff divergence. The proof uses no chain rule.

2. Canonicity (Proposition 7.4.3). Every decomposition of the pair into common com-
pletely positive pieces gives a random-walk converse, and the level decomposition
gives the best one. In particular Theorem 7.4.1 is never weaker than the converse
obtained from a classical-program simulation.

3. Comparison (Corollary 7.4.5, Proposition 7.4.6). Ĉ lies between one half of the fidelity
converse and the fidelity converse, and for nearby channels it is δ2

8 FRLD +O(δ3), one
half of the fidelity converse. It is not comparable with the barycentric converse Cbar
of [66]: Cbar ≤ Ĉ for level-balanced pairs and Ĉ ≤ Cbar for flagged pairs, and both
inequalities can be strict.

4. Finite-n bounds (Corollary 7.3.2). A dynamic program over O(nm) log-likelihood
values, where m is the number of distinct eigenvalues of T , lower-bounds the optimal
adaptive error.

5. Operational meaning, strong converse (Proposition 7.4.4, Corollary 7.4.7). Ĉ is the
exact exponent when the tester is told the level after every use, and the walk gives
strong-converse bounds for all Rényi orders α > 1.

6. Exactness (Theorems 7.5.1 and 7.5.3). If the levels are orthogonal at an optimal
input, equivalently if T commutes with the environment state there, then ξ = Ĉ
and product strategies are optimal. If in addition each level map is a multiple of a
channel, a product strategy is exactly optimal for every n and every error criterion.

7. Continuity and fragility (Theorems 7.6.2, 7.6.4 and 7.6.5, Corollary 7.6.3). If all levels
of two pairs lie in [ε, 1 − ε], then |e−Ĉ(Φ1,Ψ1) − e−Ĉ(Φ2,Ψ2)| ≤ 2M(ε)τ + 4

√
2 tanh dT

2 ,
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with M(ε) ≤ ε−1, in terms of the in-pair derivative distance τ and the Thompson
distance dT between the sums; this yields a converse valid on a whole neighbourhood
of a model pair. The converse is lower semicontinuous, continuous where J(Φ + Ψ)
is invertible, and infinite exactly when some input avoids every ambiguous level.
Near replacement channels with rank-deficient outputs, all three known single-letter
converses are infinite while the adaptive exponent tends to zero.

8. Amplitude damping and a pure-program converse (Proposition 7.6.8, Theorem 7.6.9,
Corollary 7.6.10). The same happens for two amplitude-damping channels with damp-
ing rates γ′ → γ, although their Choi ranges intersect nontrivially. A converse ob-
tained by simulating each channel use with a pure program state shows that the
adaptive exponent is of order (γ − γ′)2 for 0 < γ < 1, with upper and lower bounds
that differ by the factor 2/γ to leading order; Conjecture 7.6.13, which we verified
numerically for γ = 1

2 and n ≤ 4, would reduce this factor to 2.

Section 7.6 applies the continuity theory of the derivative developed in Chapter 4 to the
converse itself. It shows where Ĉ is stable and where it, together with the other single-letter
converses, breaks down.

7.1.3 Related work

The converse half of Theorem 7.5.3 can also be obtained by simulating each channel use
with a classical program, as for programmable and teleportation-covariant channels [107];
the level decomposition gives a canonical, checkable sufficient condition for such a simu-
lation. Theorem 7.4.1 covers the general case, in which the law of the program depends
on the input. Theorem 7.6.9 extends the simulation approach to programs that are pure
quantum states. For amplitude damping, Remark 7.6.12 relates the exponent to the bound
of Demkowicz-Dobrzański and Maccone on the quantum Fisher information of adaptive
strategies [30].

7.1.4 Notation

For finite-dimensional Hilbert spaces X ,Y we write L(X ,Y) for the linear maps from X to
Y, L(X ) = L(X ,X ), D(X ) for the density operators on X , and C(X ,Y) for the channels
(completely positive trace-preserving maps) from L(X ) to L(Y). We write A∗ for the
adjoint, 1 for the identity operator, id for the identity map, tr for the trace, TrY for the
partial trace over Y and (ek) for standard bases. The vectorisation vec : L(X ,Y) → Y⊗X is
the linear map with vec(yx∗) = y⊗x, that is, vec(eie∗

j ) = ei⊗ej , and J(Φ) = ∑
i,j Φ(eie∗

j )⊗
eie

∗
j is the Choi matrix of a map Φ on L(X ). For maps, Φ ≤ Ψ means that Ψ − Φ is

completely positive. The trace norm, operator norm and diamond norm are ∥ · ∥1, ∥ · ∥∞
and ∥ · ∥⋄; λmin and λmax are the extreme eigenvalues of a Hermitian operator; A#sB is
the weighted geometric mean of positive operators [79]; and F (ρ, σ) = ∥ρ1/2σ1/2∥2

1 is the
fidelity. Logarithms are natural. This chapter writes ∥ · ∥⋄ for the diamond norm, which
Chapter 4 writes ||| · |||1, and 1 without a subscript. The function gs(t) = ts(1 − t)1−s of
Section 7.2 coincides on (0, 1) with the function hs of (4.5.1), not the function gσ attached
there to a mean σ.

7.1.5 Organization

The remainder of this chapter is organized as follows. Section 7.2 introduces the level
decomposition and the quantity Ĉ. Section 7.3 shows that every adaptive protocol is a
controlled random walk and derives the dynamic-programming bound. Section 7.4 proves
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the geometric Chernoff converse, shows that the level decomposition gives the best converse
of this kind, compares it with the fidelity and barycentric converses and derives strong-
converse bounds. Section 7.5 gives conditions under which the bound is attained. Sec-
tion 7.6 studies the continuity of the converse, and Section 7.6.1 treats amplitude damping.
Section 7.7 contains numerical illustrations, and Section 7.8 concludes with open problems.

7.2 The level decomposition
Throughout, Φ,Ψ ∈ C(X ,Y) are channels and d = dim X . Let Ω = Φ + Ψ have the Kraus
decomposition Ω(X) = ∑r

k=1 VkXV
∗
k with linearly independent Vk, and let 0 ≤ T ≤ 1

be the ARN derivative of Φ with respect to Ω, so that Φ = ΨT and Ψ = Ψ1−T , where
ΨK(X) = ∑

k,lKklVkXV
∗
l . With W : Cr → Y ⊗ X , Wek = vec(Vk), the Choi matrix of

ΨK is J(ΨK) = WKW ∗.

Lemma 7.2.1 (Level decomposition). Let T = ∑m
ℓ=1 τℓPℓ with distinct τℓ ∈ [0, 1] and

orthogonal projections Pℓ, and put Ωℓ = ΨPℓ
. Then each Ωℓ is completely positive and

nonzero,
∑
ℓ Ωℓ = Ω,

Φ =
m∑
ℓ=1

τℓ Ωℓ, Ψ =
m∑
ℓ=1

(1 − τℓ) Ωℓ,

and the Ωℓ do not depend on the choice of Kraus decomposition of Ω. Choosing an orthonor-
mal eigenbasis (fi) of T with Tfi = tifi and putting Ki = ∑

k(fi)kVk gives the common
diagonal Kraus form Φ = ∑

i tiKi · K∗
i , Ψ = ∑

i(1 − ti)Ki · K∗
i . Finally, Φ ≤ eaΨ in the

completely positive order if and only if τℓ ≤ ea(1 − τℓ) for all ℓ.

Proof. Linearity and positivity of K 7→ ΨK give the first claims, and ΨPℓ
̸= 0 because

K 7→ ΨK is injective. A change of Kraus decomposition conjugates T , and hence each Pℓ,
by a unitary, and leaves ΨPℓ

unchanged. The Kraus form follows from Tkl = ∑
i ti(fi)k(fi)l.

The last claim is the order isomorphism of the ARN theorem applied to ea(1 −T ) −T .

We write Sℓ = Ω∗
ℓ (1Y) ≥ 0 and aℓ(ρ) = tr Ωℓ(ρ) = tr(Sℓρ). Since Φ and Ψ are trace

preserving, ∑
ℓ

τℓSℓ = 1,
∑
ℓ

(1 − τℓ)Sℓ = 1. (7.2.1)

Let λℓ = ln τℓ
1−τℓ

∈ [−∞,∞]. A level is ambiguous if 0 < τℓ < 1; we write I for the
set of ambiguous levels and Λ = maxℓ∈I |λℓ|. When I contains every level, Λ equals
the Thompson distance dT (Φ,Ψ) = max{Dmax(Φ∥Ψ), Dmax(Ψ∥Φ)} by Lemma 7.2.1. For
s ∈ [0, 1] let gs(t) = ts(1 − t)1−s for 0 < t < 1 and gs(0) = gs(1) = 0, and put

Bs =
∑
ℓ

gs(τℓ)Sℓ = Ψ∗
gs(T )(1), Qs(ρ) = tr(ρBs),

and define
Ĉ(Φ,Ψ) = − ln min

0≤s≤1
λmin(Bs) ∈ [0,∞].

Only ambiguous levels contribute to Bs, and s 7→ Bs is continuous on [0, 1].
Remark 7.2.2. By the fundamental principle (Theorem 4.2.15 and Remark 4.2.16 in Chap-
ter 4), J(Ψ)#sJ(Φ) = Wgs(T )W ∗ for 0 < s < 1. The closed form of the geometric
Rényi quasi-entropy of channels [72] (Lemma 4.5.3) then gives λmin(Bs) = Q̂s(Φ∥Ψ) =
infρ tr

(
(Ψ ⊗ 1)(ρ)#s(Φ ⊗ 1)(ρ)

)
, so Ĉ = sups(1 − s)D̂s(Φ∥Ψ) is the geometric Chernoff

divergence. Computing it needs one eigendecomposition of an r × r matrix and a one-
dimensional minimisation.
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Definition 7.2.3. The pair is level balanced if every Ωℓ is a multiple of a channel, that is,
Sℓ = cℓ1 for all ℓ. For σ ∈ D(X ) let Gσ be the r × r matrix (Gσ)lk = tr(V ∗

l Vkσ); it is the
transpose of Ωc(σ), where Ωc is the complementary map of Ω for the Stinespring operator∑
k Vk ⊗ ek. The levels are orthogonal at σ if tr(B∗Aσ) = 0 whenever A ∈ Kℓ and B ∈ Kℓ′

with ℓ ̸= ℓ′, where Kℓ = {
∑
k ckVk : c ∈ ranPℓ}.

For u = vec(A) we write Φu = (Φ ⊗ 1)(uu∗) and Ψu = (Ψ ⊗ 1)(uu∗); the reduced state
of uu∗ on the input is AA∗.

Lemma 7.2.4 (Orthogonal levels and commuting outputs). Let σ ∈ D(X ) and u = vec(A)
with AA∗ = σ.

(a) The levels are orthogonal at σ if and only if [T,Gσ] = 0.

(b) If [T,Gσ] = 0, then Φu and Ψu commute, and there are orthonormal vectors xi
with Φu = ∑

i tigi xix
∗
i and Ψu = ∑

i(1 − ti)gi xix∗
i , where (ti, gi) runs over the joint

eigenvalues of (T,Gσ) with gi > 0. In particular tr(Φs
uΨ1−s

u ) = Qs(σ) for 0 ≤ s ≤ 1,
where M0 denotes the support projection of M .

(c) If σ is invertible and Φu, Ψu commute, then [T,Gσ] = 0.

Proof. Let X : Cr → Y ⊗ X be given by Xek = vec(VkA). Then X∗X = Gσ and (ΨK ⊗
1)(uu∗) = XKX∗ for every K, so Φu = XTX∗ and Ψu = X(1 − T )X∗; also tr ΨK(σ) =
tr(KGσ). (a) For c ∈ ranPℓ and d ∈ ranPℓ′ we have tr

(
(∑k dkVk)∗(∑k ckVk)σ

)
= d∗Gσc,

so orthogonality means Pℓ′GσPℓ = 0 for ℓ ̸= ℓ′, that is, Gσ commutes with every Pℓ. (b)
ΦuΨu = XTGσ(1 − T )X∗ and ΨuΦu = X(1 − T )GσTX∗ agree when [T,Gσ] = 0. For a
joint orthonormal eigenbasis Tfi = tifi, Gσfi = gifi, the vectors Xfi are orthogonal with
∥Xfi∥2 = gi, and xi = Xfi/

√
gi give the stated forms. Hence tr(Φs

uΨ1−s
u ) = ∑

i gs(ti)gi =
tr(gs(T )Gσ) = tr Ψgs(T )(σ) = Qs(σ), the convention gs(0) = gs(1) = 0 matching the
support projections at s ∈ {0, 1}. (c) If σ is invertible, X is injective because the Vk
are linearly independent, so X

(
TGσ(1 − T ) − (1 − T )GσT

)
X∗ = 0 forces TGσ(1 − T ) =

(1 − T )GσT , which is TGσ = GσT .

7.3 Every adaptive protocol is a controlled random walk
An adaptive strategy with n uses consists of a state ρ0 ∈ D(X ⊗ R0), channels Γk :
L(Y ⊗ Rk−1) → L(X ⊗ Rk) for 1 ≤ k ≤ n− 1, and a final measurement on Y ⊗ Rn−1. We
write ρ(n)

Φ , ρ(n)
Ψ for the final states, padapt(n) for the infimum over strategies of the equal-prior

error 1
2 − 1

4∥ρ(n)
Φ −ρ(n)

Ψ ∥1, and ξadapt = lim supn − 1
n ln padapt(n). Product strategies u⊗n with

u ∈ X ⊗ X achieve ξprod = supu ξQC(Φu,Ψu), with ξQC(A,B) = − ln min0≤s≤1 tr(AsB1−s)
[11, 99].

Proposition 7.3.1 (Controlled random walk). Fix an adaptive strategy with n uses. There
are states ρk(ℓ1, . . . , ℓk−1) ∈ D(X ) and states σ

ℓ⃗
on the final system such that

ρ
(n)
Φ =

∑
ℓ⃗

PΦ(ℓ⃗)σ
ℓ⃗
, ρ

(n)
Ψ =

∑
ℓ⃗

PΨ(ℓ⃗)σ
ℓ⃗
,

where ℓ⃗ = (ℓ1, . . . , ℓn) and

PΦ(ℓ⃗) =
n∏
k=1

aℓk(ρk) τℓk , PΨ(ℓ⃗) =
n∏
k=1

aℓk(ρk) (1 − τℓk),

ρk = ρk(ℓ1, . . . , ℓk−1).
(7.3.1)
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PΦ and PΨ are probability distributions, and the log-likelihood ratio of a record is L(ℓ⃗) =∑
k λℓk .

Proof. The final state is multilinear in the n channel uses. Inserting Φ = ∑
ℓ τℓΩℓ and

Ψ = ∑
ℓ(1 − τℓ)Ωℓ gives ρ(n)

Φ = ∑
ℓ⃗

(∏
k τℓk

)
Θ
ℓ⃗

and ρ
(n)
Ψ = ∑

ℓ⃗

(∏
k(1 − τℓk)

)
Θ
ℓ⃗
, where

Θ
ℓ⃗

≥ 0 is the output of the strategy when round k uses the completely positive map
Ωℓk . Let ζk be the unnormalised state entering round k in this run; it depends only on
ℓ1, . . . , ℓk−1. Since the Γk preserve the trace and tr(Ωℓ⊗ id)(ζ) = aℓ(TrR ζ), induction gives
tr Θ

ℓ⃗
= ∏

k aℓk(ρk) with ρk = TrR ζk/ tr ζk; when tr ζk = 0 the choice of ρk is irrelevant.
Put σ

ℓ⃗
= Θ

ℓ⃗
/ tr Θ

ℓ⃗
. Normalisation follows from (7.2.1).

Hence the final pair of every strategy is obtained from the classical pair (PΦ, PΨ) by a
classical-to-quantum channel, and its performance under any error criterion is dominated
by that of (PΦ, PΨ). The inputs enter only through the laws aℓ(ρk) of the levels, while the
step values λℓ are fixed.

Corollary 7.3.2 (Computable finite-n bound). Define vn(x) = 1
2 min{ex, 1} for x ∈

[−∞,∞) and, for k = n− 1, . . . , 0,

vk(x) = λmin
( ∑
ℓ: τℓ<1

(1 − τℓ) vk+1(x+ λℓ)Sℓ
)
.

Then padapt(n) ≥ v0(0). The recursion only visits the values x = ∑
ℓ nℓλℓ with

∑
ℓ nℓ ≤ n,

so it needs O(nm) eigenvalue computations of d× d matrices. The value v0(0) is the exact
optimal error of the problem in which the tester also learns the level after each use.

Proof. By Proposition 7.3.1, the error is at least 1
2
∑
ℓ⃗
min{PΦ, PΨ} = ∑

ℓ⃗
PΨ(ℓ⃗) vn(L(ℓ⃗)),

where records with PΨ(ℓ⃗) = 0 contribute nothing. For a prefix of length k with Ψ-weight
b and log-likelihood ratio x, the remaining contribution is b times a function of x and
of the future inputs, and the next step enters linearly through aℓ(ρk+1) = tr(Sℓρk+1).
Backward induction with tr(ρM) ≥ λmin(M) shows that this contribution is at least b vk(x),
and choosing at each step an eigenvector for λmin attains the bound when the level is
revealed.

7.4 The geometric Chernoff converse
Theorem 7.4.1. For every pair of channels, every n ≥ 1 and every adaptive strategy with
n uses,

1
2 − 1

4
∥∥ρ(n)

Φ − ρ
(n)
Ψ
∥∥

1 ≥ 1
4 exp

(
− n Ĉ(Φ,Ψ) −

√
2 ln 4 Λ

√
n
)
.

In particular ξadapt(Φ,Ψ) ≤ Ĉ(Φ,Ψ).

Proof. We may assume Ĉ < ∞. By Proposition 7.3.1 the error is at least
1
2
∑
ℓ⃗
min{PΦ(ℓ⃗), PΨ(ℓ⃗)}, and we may restrict the sum to records with all ℓk ∈ I.

Tilting. For ℓ ∈ I put wℓ(s) = gs(τℓ) = (1 − τℓ)esλℓ . For each k let sk ∈ [0, 1] minimise
s 7→ Qs(ρk); it depends only on the past. Let R be the law of the adaptive process on In
with R(ℓk = ℓ | past) = aℓ(ρk)wℓ(sk)/Qsk

(ρk). With L = ∑
k λℓk and M = ∑

k skλℓk , a
case distinction on the sign of L gives the identity

min
{∏

k

τℓk ,
∏
k

(1 − τℓk)
}

=
∏
k

(1 − τℓk) emin{L,0} =
∏
k

wℓk(sk) emin{X,Y },
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where X = ∑
k(1 − sk)λℓk and Y = −

∑
k skλℓk . Moreover∏

k

aℓk(ρk)wℓk(sk) = R(ℓ⃗)
∏
k

Qsk
(ρk) ≥ R(ℓ⃗) e−nĈ ,

because Qs(ρ) ≥ λmin(Bs) ≥ e−Ĉ . Hence the error is at least 1
2e

−nĈ ER[emin{X,Y }].
Drift. The function s 7→ lnQs(ρ) = ln∑ℓ∈I aℓ(ρ)(1− τℓ)esλℓ is smooth and convex, and

ER[λℓk | past] = δk := d
ds lnQs(ρk)|s=sk

. Minimality of sk gives δk = 0 if 0 < sk < 1, δk ≥ 0
if sk = 0, and δk ≤ 0 if sk = 1. In all cases (1 − sk)δk ≥ 0 and −skδk ≥ 0, so X and Y are
R-submartingales whose increments lie in [−Λ,Λ].

Concentration. By the Azuma–Hoeffding inequality [12] applied to the martingale parts,
R(X ≤ −nδ) +R(Y ≤ −nδ) ≤ 2e−nδ2/(2Λ2). Choosing δ = Λ

√
2 ln 4/n makes this at most

1
2 , so ER[emin{X,Y }] ≥ 1

2e
−nδ, which gives the bound.

Remark 7.4.2. The proof uses no chain rule. For unequal priors p, 1 − p the same bound
holds with 1

4 replaced by 1
2 min{p, 1 − p}. If all levels are ambiguous, Λ = dT (Φ,Ψ).

The proof only used that Φ and Ψ are mixtures of common completely positive pieces
with weights τℓ and 1−τℓ. Any other such decomposition gives a converse in the same way,
and the level decomposition gives the best one.

Proposition 7.4.3 (Canonicity). Let Φ = ∑J
j=1 pjΓj and Ψ = ∑

j qjΓj with nonzero
completely positive maps Γj and pj , qj ≥ 0, pj + qj > 0. Proposition 7.3.1 and the proof of
Theorem 7.4.1 apply verbatim to this decomposition and give a converse with exponent

CΓ = − ln min
0≤s≤1

λmin
( ∑
j: pjqj>0

psjq
1−s
j Γ∗

j (1)
)
.

For every such decomposition CΓ ≥ Ĉ(Φ,Ψ), with equality for the level decomposition. In
particular, if Φ = ∑

j pjEj and Ψ = ∑
j qjEj for channels Ej, then the Chernoff information

of (p, q) is at least Ĉ(Φ,Ψ).

Proof. Since Ω − (pj + qj)Γj is completely positive, the ARN theorem gives Rj ≥ 0 with
(pj + qj)Γj = ΨRj . Injectivity of K 7→ ΨK and ∑j ΨRj = Ω = Ψ1 give ∑j Rj = 1, and
Φ = ∑

j tjΨRj with tj = pj/(pj + qj) gives T = ∑
j tjRj . For 0 < s < 1 the function gs is

operator concave on [0, 1]: gs(T ) = (1−T )#sT , and the weighted geometric mean is jointly
concave [79]. Jensen’s operator inequality [51] therefore gives ∑j gs(tj)Rj ≤ gs

(∑
j tjRj

)
=

gs(T ). The map K 7→ Ψ∗
K(1) is positive and gs(tj)(pj + qj) = psjq

1−s
j , so∑

j

psjq
1−s
j Γ∗

j (1) =
∑
j

gs(tj)Ψ∗
Rj

(1) ≤ Ψ∗
gs(T )(1) = Bs.

Taking λmin and using continuity in s at the endpoints gives CΓ ≥ Ĉ. For channels Ej we
have E∗

j (1) = 1, and CΓ is the Chernoff information of (p, q).

Proposition 7.4.4 (Operational meaning). Let Φ̃(X) = ∑
ℓ τℓΩℓ(X) ⊗ eℓe

∗
ℓ and Ψ̃(X) =∑

ℓ(1 − τℓ)Ωℓ(X) ⊗ eℓe
∗
ℓ , the channels that also announce the level. Then ξadapt(Φ̃, Ψ̃) =

ξprod(Φ̃, Ψ̃) = Ĉ(Φ,Ψ).

Proof. The flagged pair has the same τℓ and Sℓ, so Theorem 7.4.1 applies to it with the
same Ĉ. With a fixed input ρ, a product strategy that keeps the flags sees i.i.d. records
with laws (aℓ(ρ)τℓ)ℓ and (aℓ(ρ)(1 − τℓ))ℓ, whose Chernoff information is − ln minsQs(ρ).
Maximising over ρ gives − ln mins minρQs(ρ) = Ĉ.
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Corollary 7.4.5. (a) − ln Q̂1/2(Φ∥Ψ) ≤ Ĉ(Φ,Ψ) ≤ −2 ln Q̂1/2(Φ∥Ψ). The right-hand
side is the geometric fidelity converse of [72, 98].

(b) Let θ 7→ Φθ be a C2 family of channels with J(Φθ) > 0. Then

Ĉ(Φθ,Φθ+δ) = δ2

8 FRLD(θ) +O(δ3), −2 ln Q̂1/2(Φθ∥Φθ+δ) = δ2

4 FRLD(θ) +O(δ3),

where FRLD(θ) = λmax
(

TrY [(∂θJ)J−1(∂θJ)]
)
, J = J(Φθ), is the RLD Fisher infor-

mation of the channel family [72].

Proof. (a) The first inequality is the choice s = 1
2 . For the second, the Cauchy–Schwarz

inequality gives Q1/2(ρ)2 ≤ Qs(ρ)Q1−s(ρ), and weighted AM–GM with (7.2.1) gives
Q1−s(ρ) ≤

∑
ℓ aℓ(ρ)

(
(1 − s)τℓ + s(1 − τℓ)

)
≤ 1. Hence Qs(ρ) ≥ Q̂ 2

1/2 for all s and ρ.
(b) All levels are ambiguous. Put xℓ = 2τℓ−1, so that ∑ℓ aℓ(ρ) = 2 and ∑ℓ aℓ(ρ)xℓ = 0.

The expansion (1+x)s(1−x)1−s = 1+(2s−1)x−2s(1−s)x2 +O(x3), uniform in s ∈ [0, 1],
gives Qs(ρ) = 1 − s(1 − s)χ(ρ) + O(∥2T − 1∥3) with χ(ρ) = ∑

ℓ aℓ(ρ)x2
ℓ = tr Ψ(2T−1)2(ρ).

Hence Ĉ = 1
4 maxρ χ(ρ) + O(∥2T − 1∥3) and −2 ln Q̂1/2 = 1

2 maxρ χ(ρ) + O(∥2T − 1∥3).
Since J(Φ) − J(Ψ) = W (2T − 1)W ∗, J(Φ) + J(Ψ) = WW ∗ is invertible here, and W is
injective,

max
ρ

χ(ρ) = λmax
(

TrY
[
(J(Φ) − J(Ψ))(J(Φ) + J(Ψ))−1(J(Φ) − J(Ψ))

])
,

which is δ2

2 FRLD(θ) +O(δ3) for Φ = Φθ, Ψ = Φθ+δ, and ∥2T − 1∥ = O(δ).

We compare with the barycentric converse. For states put DBS(ω∥ρ) =
tr
(
ω ln(ω1/2ρ−1ω1/2)

)
[14], and for channels D̂(T ∥Φ) = supρDBS

(
(T ⊗ 1)(ρ)∥(Φ ⊗ 1)(ρ)

)
.

For two channels the bound of [66, Theorem 24] reads ξadapt ≤ Cbar(Φ,Ψ) with

Cbar(Φ,Ψ) = sup
0≤s≤1

inf
T ∈C(X ,Y)

[
s D̂(T ∥Φ) + (1 − s) D̂(T ∥Ψ)

]
.

Proposition 7.4.6 (Comparison with the barycentric bound). (a) If the pair is level
balanced, then Cbar(Φ,Ψ) ≤ Ĉ(Φ,Ψ).

(b) For the flagged pair of Proposition 7.4.4, Ĉ = ξadapt ≤ Cbar.

Proof. (a) Here Bs = Z(s)1 with Z(s) = ∑
ℓ cℓgs(τℓ), so Ĉ = − ln mins Z(s) and Z ′(s) =∑

ℓ∈I cℓgs(τℓ)λℓ. For s ∈ [0, 1] the map Ts = Ψgs(T )/Z(s) is a channel, since Ψ∗
gs(T )(1) = Bs.

Its Choi matrix Wgs(T )W ∗/Z(s) is supported in W ranPI , where PI = ∑
ℓ∈I Pℓ, and this

subspace lies in the supports of J(Φ) and of J(Ψ) because T and 1 − T are invertible on
ranPI ; in particular Dmax(Ts∥Φ) and Dmax(Ts∥Ψ) are finite. By the closed form of the
Belavkin–Staszewski channel divergence under such a bound [42, 66] (Lemma 4.6.5 and
Theorem 4.6.7(a) in Chapter 4), D̂(Ts∥Φ) = λmax TrY

[
J1/2 ln(J1/2J(Φ)−1J1/2)J1/2] with

J = J(Ts). The operator perspective is covariant under congruences, and W is injective,
so the operator inside the partial trace equals Wh(T )W ∗, where h(t) = gs(t)

Z(s) ln gs(t)
Z(s)t is

evaluated on the commuting pair gs(T )/Z(s), T . Since TrY(WKW ∗) = Ψ∗
K(1)⊤ and

ln gs(t)
t = −(1 − s) ln t

1−t , level balance gives, since conclusive levels contribute nothing,

D̂(Ts∥Φ) =
∑
ℓ∈I

cℓh(τℓ) = −(1 − s)Z
′(s)
Z(s) − lnZ(s), D̂(Ts∥Ψ) = s

Z ′(s)
Z(s) − lnZ(s),
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the second by the same computation. Let s∗ minimise Z on [0, 1]. Then (1 − s∗)Z ′(s∗) ≥ 0
and s∗Z

′(s∗) ≤ 0, so both divergences of Ts∗ are at most − lnZ(s∗) = Ĉ, and Cbar ≤
sups[sD̂(Ts∗∥Φ) + (1 − s)D̂(Ts∗∥Ψ)] ≤ Ĉ.

(b) Proposition 7.4.4 and ξadapt ≤ Cbar.

Part (a) applies to replacement channels Φ = tr(·)ϕ, Ψ = tr(·)ψ with invertible ϕ, ψ;
there Ĉ = − ln mins tr(ψ#sϕ), while ξadapt = ξQC(ϕ, ψ) because the outputs do not de-
pend on the inputs. Part (b) applies to measurement channels whose POVM elements are
proportional, Φ(ρ) = ∑

ℓ aℓ⟨eℓ, ρeℓ⟩e′
ℓe

′∗
ℓ and Ψ(ρ) = ∑

ℓ bℓ⟨eℓ, ρeℓ⟩e′
ℓe

′∗
ℓ with orthonormal

e′
ℓ, which are equivalent to their flagged pairs because the output reveals the level. Sec-

tion 7.7 gives examples with strict inequality in both cases, so neither converse dominates
the other. For level-balanced pairs whose levels are orthogonal at some input, (a) and The-
orem 7.5.3 below give Cbar = Ĉ = ξadapt. At pairs with trivially intersecting Choi ranges
both converses are infinite (Theorem 7.6.4(d)).

Corollary 7.4.7 (Strong converse). Suppose τℓ < 1 for all ℓ, that is, Dmax(Φ∥Ψ) < ∞,
and for α > 1 put Dlev

α (Φ∥Ψ) = 1
α−1 lnλmax

(∑
ℓ τ

α
ℓ (1 − τℓ)1−αSℓ

)
. If an adaptive strategy

with n uses has type-II error βn ≤ e−nr (accepting Φ when Ψ is true), then its type-I success
probability satisfies

1 − αn ≤ exp
(

− n sup
α>1

α−1
α

(
r −Dlev

α (Φ∥Ψ)
))
.

For 1 < α ≤ 2, Dlev
α is the geometric Rényi divergence of the channels [42] (Corollary 4.6.12

in Chapter 4), and for these orders the bound also follows from its chain rule [42].

Proof. By Proposition 7.3.1 the pair (1 − αn, βn) is achieved by a classical test on records,
and classical data processing for α > 1 gives (1 − αn)αβ1−α

n ≤
∑
ℓ⃗
PαΦP

1−α
Ψ . Summing over

ℓn, then ℓn−1, and so on, and using ∑ℓ aℓ(ρ)ταℓ (1 − τℓ)1−α ≤ λmax
(∑

ℓ τ
α
ℓ (1 − τℓ)1−αSℓ

)
,

bounds the right-hand side by en(α−1)Dlev
α .

Remark 7.4.8. As α ↓ 1, Dlev
α → λmax

(∑
ℓ τℓλℓSℓ

)
= D̂(Φ∥Ψ), the Belavkin–Staszewski

channel divergence (Theorem 4.7.5 in Chapter 4); if some τℓ = 1, both are +∞ by the
same theorem. These rates are robust: for two splittings of one sum with derivatives
T1, T2 ≤ (1 − ε)1, the quantities e(α−1)Dlev

α , 1 < α ≤ 2, differ by at most 2
(
(4 − α)ε1−α +

(α − 1)ε−α)∥T1 − T2∥∞ (Corollary 4.6.12). The optimal adaptive Stein exponent is the
regularised Umegaki channel divergence Dreg(Φ∥Ψ) ≤ D̂(Φ∥Ψ) [41], so the walk does not
improve Stein’s exponent; Corollary 7.4.7 is useful for rates r above D̂(Φ∥Ψ).

7.5 When the bound is attained
Theorem 7.5.1 (Exact exponent). Suppose that σ∗ ∈ D(X ) and s∗ ∈ [0, 1] satisfy
Qs∗(σ∗) = e−Ĉ and that the levels are orthogonal at σ∗, equivalently [T,Gσ∗ ] = 0. Then
ξadapt = ξprod = Ĉ, attained by the product inputs u⊗n with u = vec(σ1/2

∗ ).

Proof. By Lemma 7.2.4(b), min0≤s≤1 tr(Φs
uΨ1−s

u ) ≤ Qs∗(σ∗) = e−Ĉ , so ξQC(Φu,Ψu) ≥
Ĉ, which the product strategy u⊗n achieves [11, 99]. Theorem 7.4.1 gives the reverse
inequality.

Remark 7.5.2 (Classical channels). For classical channels P (y|x), Q(y|x) the Kraus op-
erators of Ω can be taken to be multiples of eye∗

x. Then Bs is diagonal with entries
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∑
y P (y|x)sQ(y|x)1−s, so Ĉ = maxxC

(
P (·|x), Q(·|x)

)
, and the levels are orthogonal at

every basis state. Theorem 7.5.1 with σ∗ = ex∗e
∗
x∗ for a maximising letter x∗ is Hayashi’s

theorem [56]. Such pairs are in general not level balanced.

Theorem 7.5.3 (Exact optimality at every n). Suppose the pair is level balanced, Sℓ = cℓ1,
and the levels are orthogonal at some σ ∈ D(X ). Let νΦ(ℓ) = τℓcℓ and νΨ(ℓ) = (1 − τℓ)cℓ,
and let u = vec(A) with AA∗ = σ. Then for every n:

(a) the final pair of every adaptive strategy is a post-processing of (ν⊗n
Φ , ν⊗n

Ψ );

(b) the pairs (Φ⊗n
u ,Ψ⊗n

u ) and (ν⊗n
Φ , ν⊗n

Ψ ) are post-processings of each other.

Consequently the product strategy u⊗n is optimal among all adaptive strategies with n uses,
simultaneously for every binary error criterion: Bayesian error with arbitrary priors and
the whole Neyman–Pearson trade-off. All error exponents (Stein, Chernoff, Hoeffding,
strong converse) are those of the classical pair (νΦ, νΨ), and, with D the Umegaki channel
divergence and Dreg its regularisation,

D(Φ∥Ψ) = Dreg(Φ∥Ψ) = D̂(Φ∥Ψ) = D(νΦ∥νΨ).

Proof. (a) Level balance gives aℓ(ρ) = cℓ for every ρ, so in (7.3.1) PΦ = ν⊗n
Φ and PΨ = ν⊗n

Ψ
for every strategy; apply Proposition 7.3.1. (b) By Lemma 7.2.4(b), Φu = ∑

ℓ τℓRℓ and
Ψu = ∑

ℓ(1 − τℓ)Rℓ with Rℓ = ∑
i: ti=τℓ

gixix
∗
i ; these have orthogonal supports and trRℓ =

tr(PℓGσ) = aℓ(σ) = cℓ. Measuring the projections onto the supports of the Rℓ produces
(νΦ, νΨ), and preparing Rℓ/cℓ on outcome ℓ reproduces the outputs; tensor powers follow.
For the last display, D(Φ∥Ψ) ≥ D(Φu∥Ψu) = D(νΦ∥νΨ), while D ≤ Dreg ≤ D̂ by additivity
of the Belavkin–Staszewski channel divergence [42], and D̂(Φ∥Ψ) = λmax

(∑
ℓ τℓλℓSℓ

)
=∑

ℓ cℓτℓλℓ = D(νΦ∥νΨ) by the closed form of Theorem 4.7.5(b) in Chapter 4.

Remark 7.5.4 (Relation to programmable simulation). Level balance says that
Φ = ∑

ℓ νΦ(ℓ)Eℓ and Ψ = ∑
ℓ νΨ(ℓ)Eℓ are mixtures of the same channels Eℓ = Ωℓ/cℓ, and

orthogonality says that the Eℓ are perfectly distinguishable at u. Part (a) is then the
familiar simulation of each use by a classical program [107]. The level decomposition
makes the criterion canonical and checkable: compute T , its spectral projections and the
Sℓ. Theorem 7.4.1 is the extension to programs whose law depends on the input, and
Proposition 7.4.3 shows that it is never weaker than a program simulation.

Corollary 7.5.5 (Random-unitary channels). Let U1, . . . , UN be unitaries on X with
tr(U∗

i Uj) = d δij, and let Φ = ∑
i piUi · U∗

i , Ψ = ∑
i qiUi · U∗

i with probability vectors p, q.
Then the Choi strategy u = vec(1)/

√
d is exactly optimal among adaptive strategies for

every n, and every exponent is that of the classical pair (p, q).

Proof. Discard the i with pi = qi = 0. With Vi = √
pi + qi Ui, T is diagonal with entries

pi/(pi+ qi), each level map is ∑i∈Iℓ
(pi+ qi)Ui ·U∗

i with Sℓ = ∑
i∈Iℓ

(pi+ qi)1, and the levels
are orthogonal at 1/d. The level laws are νΦ(ℓ) = ∑

i∈Iℓ
pi, and (p, q) is a refinement of

(νΦ, νΨ) with the same likelihood ratios.

The Ui need not belong to a nice error basis: for example {1, Z,XD1, X
2D2} on C3,

with X,Z the Weyl operators and D1, D2 diagonal unitaries, is an orthogonal family, and
XD1, X2D2 are not multiples of Weyl operators for generic D1, D2.

Corollary 7.5.6 (Covariant channels). Let G act by (possibly projective) unitary represen-
tations U on X and V on Y with Φ(UgXU∗

g ) = VgΦ(X)V ∗
g and Ψ(UgXU∗

g ) = VgΨ(X)V ∗
g .
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Suppose U is irreducible and the representation K 7→ V ∗
g KUg of G on span{Vk} is multi-

plicity free. Then the hypotheses of Theorem 7.5.3 hold with σ = 1/d, so the Choi strategy
is exactly optimal for every n and the exponents are those of the commuting Choi states
J(Φ)/d, J(Ψ)/d.

Proof. On Kraus coefficients the action is by unitaries π(g) commuting with T (uniqueness
of the ARN derivative), hence with every Pℓ. Thus each Ωℓ is covariant, and Sℓ commutes
with U , so Sℓ = cℓ1 by irreducibility. The Gram matrix G1/d also commutes with every
π(g), and multiplicity freeness makes the commutant of {π(g)} abelian, so G1/d commutes
with T ; Lemma 7.2.4(a) gives orthogonality at 1/d.

Remark 7.5.7. Corollary 7.5.6 covers Weyl-covariant channels in every dimension, where it
also follows from teleportation stretching [107], and all SU(2)-covariant channels from spin
j to spin j′, since L(C2j+1,C2j′+1) ∼=

⊕j+j′

k=|j−j′| Vk is multiplicity free. Such channels are
mixtures of the channels whose Kraus operators are the components of an irreducible tensor
operator of rank k; for different k these have Choi matrices with orthogonal supports.

7.6 Continuity of the converse
The converse Ĉ depends on the pair only through the derivative T and the frame W , so
the continuity theory of the Arveson–Radon–Nikodym derivative developed in Chapter 4
applies to it. Two facts emerge. Along perturbations that are small relative to the pair in
the completely positive order, e−Ĉ is Lipschitz, with a constant governed by the Thompson
constant Λ (Theorem 7.6.2). Along additive perturbations Ĉ is only lower semicontinuous,
and it can jump to +∞. In fact, near replacement channels with rank-deficient outputs
there are pairs for which the fidelity converse, the barycentric converse and Ĉ are all infinite,
while the adaptive exponent tends to zero (Theorem 7.6.5). Section 7.6.1 shows that the
same happens for amplitude-damping channels with nearby damping rates.

For two pairs (Φ1,Ψ1) and (Φ2,Ψ2) we use the notation of Section 4.10 in Chapter 4. We
put Ωi = Φi + Ψi, Ω′ = Ω1 + Ω2 and Ω = 1

2Ω′. We write T1, T2 for the derivatives of Φ1,Φ2
within their own pairs, in a common frame, and τ = ∥T1 −T2∥∞. We write dT = dT (Ω1,Ω2)
for the Thompson distance between the sums. The relative distance δ between the pairs
is the smallest d ≥ 0 with −dΩ′ ≤ Φ1 − Φ2 ≤ dΩ′ and −dΩ′ ≤ Ψ1 − Ψ2 ≤ dΩ′ in the
completely positive order. By Lemma 4.10.2, Ti is unitarily equivalent to the derivative
of Section 7.2 for the pair (Φi,Ψi), so its eigenvalues are the levels τℓ of that pair. For
channels ∥Ω∗(1)∥∞ = 2 and ∥Ω′∗(1)∥∞ = 4.

Lemma 7.6.1. Let 0 < ε ≤ 1
2 and let E,E′ be Hermitian with spectra in [ε, 1 − ε]. For

every s ∈ [0, 1],

∥gs(E) − gs(E′)∥∞ ≤ M(ε) ∥E − E′∥∞, M(ε) = max
0≤s≤1

(
s εs−1 + (1 − s) ε−s) ≤ ε−1.

Moreover M(ε) = ε−1/2 for ε ≥ 1
50 .

Proof. On [ε, 1 − ε] we have gs(t) = ts(1 − t)1−s, and E commutes with 1 − E, so

gs(E) − gs(E′) = (Es − E′s)(1 − E)1−s + E′s((1 − E)1−s − (1 − E′)1−s),
where (1 − E)1−s and E′s have norm at most 1. For 0 < p < 1 and X,Y ≥ ε1, the
representation xp = sin pπ

π

∫∞
0 λp−1(1 − λ(x + λ)−1) dλ and ∥(X + λ)−1 − (Y + λ)−1∥∞ ≤

(ε+ λ)−2∥X − Y ∥∞ give ∥Xp − Y p∥∞ ≤ p εp−1∥X − Y ∥∞, since sin pπ
π

∫∞
0 λp(ε+ λ)−2dλ =
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p εp−1; the cases p ∈ {0, 1} are trivial. Applying this with p = s to E,E′ and with p = 1−s
to 1 − E,1 − E′ gives the bound with sεs−1 + (1 − s)ε−s ≤ sε−1 + (1 − s)ε−1. The value
ε−1/2 is the value at s = 1

2 , and a direct computation shows that this is the maximum for
ε ≥ 1

50 .

For small ε one has M(ε) ∼ (e ε ln 1
ε )−1. The spectrum of the derivative of a pair lies in

[ε, 1 − ε] exactly when all its levels are ambiguous and Λ ≤ ln 1−ε
ε , that is, ε = (1 + eΛ)−1

(Lemma 7.2.1).

Theorem 7.6.2 (Robustness). Let (Φ1,Ψ1) and (Φ2,Ψ2) be pairs of channels with
ran J(Φ1 + Ψ1) = ran J(Φ2 + Ψ2), and suppose that the levels of both pairs lie in [ε, 1 − ε]
for some ε ∈ (0, 1

2 ]. Then∣∣e−Ĉ(Φ1,Ψ1) − e−Ĉ(Φ2,Ψ2)∣∣ ≤ 2M(ε) τ + 4
√

2 tanh dT
2 .

If δ < 1
2 , the right-hand side is at most

(
4
√

2M(ε)(1 − 4δ2)−1/2 + 8
√

2
)
δ. If Φ1 + Ψ1 =

Φ2 + Ψ2, then dT = 0 and τ is the distance between the derivatives with respect to the
common sum.

Proof. For 0 < s < 1, Remark 7.2.2 and the proof of Theorem 4.10.4(c) give

λmin(B(i)
s ) = λmin

(
TrY(W aigs(Ti)aiW ∗)

)
,

where B(i)
s is the operator Bs of the pair (Φi,Ψi), W is the frame of Ω′ and a1, a2 are as in

Section 4.10. The partial-trace estimate (Lemma 4.4.10) for Ω′ and the sandwich estimate
(Lemma 4.10.3), with I = [ε, 1 − ε], φ = gs and 2γ = tanh dT

2 (Lemma 4.10.1), give∣∣λmin(B(1)
s ) − λmin(B(2)

s )
∣∣ ≤ 4

(
1
2 ω

I
gs

(τ) +
√

2 max
I

gs tanh dT
2

)
≤ 2M(ε)τ + 4

√
2 tanh dT

2 ,

by Lemma 7.6.1 and gs ≤ 1. Both sides are continuous in s on [0, 1], because all levels are
ambiguous, so the bound holds for all s ∈ [0, 1]. Since | mins xs − mins ys| ≤ sups |xs − ys|,
the first claim follows. For the second, τ ≤ 2

√
2 δ(1 − 4δ2)−1/2 and tanh dT

2 ≤ 2δ by
Lemmas 4.10.1 and 4.10.5.

Since δ ≤ max{∥Φ1 − Φ2∥⋄, ∥Ψ1 − Ψ2∥⋄}/ν(Φ1 + Ψ1)2 whenever ran J(Φ2 + Ψ2) ⊆
ran J(Φ1 + Ψ1) (Corollary 4.10.8), Theorem 7.6.2 makes e−Ĉ locally Lipschitz in the dia-
mond norm along such perturbations. Here ν is the smallest operator norm of a normalised
combination of Kraus operators (Section 4.2 and Lemma 4.8.2). The theorem also gives a
converse that is valid for a whole neighbourhood of a model pair.

Corollary 7.6.3 (Converse for an uncertain pair). Let (Φ0,Ψ0) be a pair of channels
whose levels lie in [ε, 1 − ε], let δ < 1

2 and κ = 2
√

2 δ(1 − 4δ2)−1/2 < ε, and put R =
2M(ε − κ)κ + 8

√
2 δ. Every pair of channels (Φ,Ψ) within relative distance δ of (Φ0,Ψ0)

has its levels in [ε− κ, 1 − ε+ κ], and if R < e−Ĉ(Φ0,Ψ0), then

ξadapt(Φ,Ψ) ≤ Ĉ(Φ,Ψ) ≤ − ln
(
e−Ĉ(Φ0,Ψ0) −R

)
.

The finite-n bound of Theorem 7.4.1 holds for (Φ,Ψ) with this exponent and Λ ≤ ln 1−ε+κ
ε−κ .

Proof. By Lemma 4.10.5 the sums have the same Choi support and τ ≤ κ, so the levels of
(Φ,Ψ) are within κ of those of (Φ0,Ψ0) by Weyl’s inequality. Apply Theorem 7.6.2 with
ε− κ in place of ε, and Theorem 7.4.1.
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Additive perturbations behave differently. Recall that Ĉ is defined for every pair of
completely positive maps by the same formula.

Theorem 7.6.4 (Semicontinuity). Let (Φ,Ψ) be a pair of channels, and let I, Sℓ and Ωℓ

be as in Section 7.2.

(a) e−Ĉ is upper semicontinuous: if (Φn,Ψn) → (Φ,Ψ) in any norm, then
lim infn Ĉ(Φn,Ψn) ≥ Ĉ(Φ,Ψ).

(b) Mixing with common noise never increases Ĉ: for every channel Θ and ε ∈ [0, 1],
Ĉ
(
(1 − ε)Φ + εΘ, (1 − ε)Ψ + εΘ

)
≤ Ĉ(Φ,Ψ), and the left-hand side tends to Ĉ(Φ,Ψ)

as ε ↓ 0.

(c) If J(Φ + Ψ) is invertible, then Ĉ is continuous at (Φ,Ψ).

(d) Ĉ(Φ,Ψ) = +∞ if and only if the operators Sℓ, ℓ ∈ I, have a common nonzero kernel
vector, that is, some input state σ has tr Ωℓ(σ) = 0 for every ambiguous level. This
is the case whenever ran J(Φ) ∩ ran J(Ψ) = {0}, and then also −2 ln Q̂1/2(Φ∥Ψ) =
Cbar(Φ,Ψ) = +∞.

Proof. Since s 7→ λmin(Bs) is continuous on [0, 1] and equals Q̂s(Φ∥Ψ) for 0 < s < 1
(Remark 7.2.2), we have e−Ĉ = inf0<s<1 Q̂s(Φ∥Ψ).

(a) Each Q̂s is upper semicontinuous (Lemma 4.12.1(c)), and an infimum of upper
semicontinuous functions is upper semicontinuous.

(b) Write Φε,Ψε for the mixtures. Joint concavity of the weighted geometric mean
[79] and J(Θ)#sJ(Θ) = J(Θ) give J(Ψε)#sJ(Φε) ≥ (1 − ε)J(Ψ)#sJ(Φ) + εJ(Θ). Since
TrY J(Θ) = 1 and λmin is superadditive, Q̂s(Φε∥Ψε) ≥ (1 − ε)Q̂s(Φ∥Ψ) + ε ≥ Q̂s(Φ∥Ψ),
because Bs ≤

∑
ℓ

(
sτℓ + (1 − s)(1 − τℓ)

)
Sℓ = 1 by (7.2.1). Taking the infimum over s

gives the inequality. Conversely, J(Φε) ≤ J(Φ) + εJ(Θ) and J(Ψε) ≤ J(Ψ) + εJ(Θ), so
monotonicity and continuity from above of the mean give lim supε↓0 Q̂s(Φε∥Ψε) ≤ Q̂s(Φ∥Ψ)
for each s ∈ (0, 1), and hence lim supε↓0 e

−Ĉ(Φε,Ψε) ≤ e−Ĉ(Φ,Ψ).
(c) Let (Φn,Ψn) → (Φ,Ψ). Since J(Φ + Ψ) is invertible, the relative distance δn

between the pairs tends to 0 (Corollary 4.10.8), and so do τn and tanh dT,n

2 (Lemmas 4.10.1
and 4.10.5). Choose η ∈ (0, 1

4) such that T has no eigenvalue in (0, 2η) ∪ (1 − 2η, 1). For
0 < s < 1 let ks be the function that equals gs on [2η, 1 − 2η], vanishes on [0, η] ∪ [1 − η, 1]
and is affine in between. Since gs is concave and nonnegative on [0, 1], 0 ≤ ks ≤ gs. Since
(s, t) 7→ gs(t) is uniformly continuous on [0, 1] × [η, 1 − η], the functions ks have a common
modulus of continuity ωη. In the frame of the proof of Theorem 7.6.2, gs(Tn) ≥ ks(Tn) and
positivity of X 7→ TrY(WXW ∗) give

Q̂s(Φn∥Ψn) ≥ λmin TrY
(
W anks(Tn)anW ∗)

≥ λmin TrY
(
W aks(T ) aW ∗)− 2ωη(τn) − 4

√
2 tanh dT,n

2 ,

by the sandwich estimate with φ = ks. By the choice of η, ks(T ) = gs(T ), so the first term
is Q̂s(Φ∥Ψ). Taking the infimum over s and the limit inferior over n shows that e−Ĉ is
lower semicontinuous at (Φ,Ψ). Together with (a) this gives continuity.

(d) For 0 < s < 1, Bs = ∑
ℓ∈I gs(τℓ)Sℓ with gs(τℓ) > 0, and B0, B1 are combina-

tions of the same Sℓ with positive coefficients. So mins λmin(Bs) = 0 if and only if the
Sℓ, ℓ ∈ I, have a common kernel vector. If the Choi ranges intersect trivially, T is a
projection (see the beginning of Section 4.12), so I = ∅, Bs = 0 and Q̂1/2(Φ∥Ψ) = 0.
For Cbar, let 0 < s < 1 and let T be a channel. With the maximally entangled input,



CHAPTER 7. ADAPTIVE DISCRIMINATION AS A RANDOM WALK 205

D̂(T ∥Φ) ≥ 1
dDBS

(
J(T )∥J(Φ)

)
, and the right-hand side is +∞ unless ran J(T ) ⊆ ran J(Φ)

(Theorem 4.7.5(a) and Proposition 4.7.1). The same holds for Ψ, and J(T ) ̸= 0, so one of
the two divergences is infinite for every T , and Cbar = +∞.

Part (b) gives a numerically stable way to compute Ĉ from below when J(Φ + Ψ) is
singular. The convergence can be slow. For a random Kraus-rank 2 versus 3 qubit pair
mixed with the completely depolarising channel, the gap in e−Ĉ was 7.7 · 10−2, 5.0 · 10−2,
3.8 · 10−2 and 3.1 · 10−2 at ε = 10−4, 10−6, 10−8, 10−10, that is, about 0.7/ ln 1

ε . In this
example the minimum over s is attained at s = 0, where conclusive levels τℓ = 0, perturbed
to ε′ > 0, contribute gs(ε′) ≈ ε′ s, which is not small for s ≲ 1/ ln 1

ε′ ; so the convergence is
only logarithmic. Part (d) shows that Ĉ is often infinite. If kΦ +kΨ ≤ ddim Y for the Kraus
ranks, the Choi ranges are subspaces of complementary dimensions. In our experiments
with random pairs (qubit pairs of Kraus ranks 2 and 2, and qubit-to-qutrit pairs of Kraus
ranks 3 and 3, 300 pairs in total), they always intersected trivially, so all three single-letter
converses were infinite. The finite values of Ĉ for low Kraus ranks in Table 7.5 require an
ambiguous level, which exists there because 2 + 3 > 4.

The next result shows that the jumps allowed by Theorem 7.6.4(a) occur, and that they
are not seen by the true exponent.

Theorem 7.6.5 (Fragility of single-letter converses). Let ϕ, ψ be states on Cd′ with
rank(ϕ + ψ) ≤ d′/2, and let Φ = tr(·)ϕ and Ψ = tr(·)ψ. There are states ϕt → ϕ and
ψt → ψ, at trace distance O(

√
t), such that the replacement channels Φt = tr(·)ϕt and

Ψt = tr(·)ψt satisfy, for every t > 0,

Ĉ(Φt,Ψt) = −2 ln Q̂1/2(Φt∥Ψt) = Cbar(Φt,Ψt) = +∞,

whereas

ξadapt(Φt,Ψt) = ξQC(ϕt, ψt) ≤ − ln tr
(
ϕ

1/2
t ψ

1/2
t

)
−→ − ln tr

(
ϕ1/2ψ1/2).

In particular, if ϕ = ψ, then (Φt,Ψt) converges in the diamond norm to a pair of identical
channels and ξadapt(Φt,Ψt) → 0, while all three converses are infinite along the sequence.

Proof. By Corollary 4.12.5 in Chapter 4 there are states ϕt, ψt with ranϕt ∩ ranψt = {0}
at distance O(

√
t) from ϕ, ψ; they are obtained by a Halmos dilation of the derivative of

the pair into the kernel of ϕ + ψ. Since J(Φt) = ϕt ⊗ 1 and J(Ψt) = ψt ⊗ 1, the Choi
ranges intersect trivially, and Theorem 7.6.4(d) gives the first display. The outputs of a
replacement channel do not depend on its input, so the final states of every adaptive strategy
are images of ϕ⊗n

t and ψ⊗n
t under one channel, and the product strategy is optimal. Hence

ξadapt = ξQC(ϕt, ψt) [11, 99], which is at most the value at s = 1
2 . Finally ∥Φt − Φ∥⋄ =

∥ϕt − ϕ∥1, and the square root is continuous.

Example 7.6.6. Let ϕ = ψ = 1
2(e1e

∗
1 + e2e

∗
2) on C4, and couple e1 to e3 and e2 to e4: put

v1,2 = (e1 ±
√
t e3)/

√
1 + t and w1,2 = (e2 ±

√
t e4)/

√
1 + t, so that ϕt = 1

2(v1v
∗
1 +w1w

∗
1) and

ψt = 1
2(v2v

∗
2 +w2w

∗
2). These states are at trace distance

√
t+O(t) from ϕ and their ranges

intersect trivially, while tr(ϕ1/2
t ψ

1/2
t ) =

(1−t
1+t
)2. Numerically ξadapt(Φt,Ψt) = ξQC(ϕt, ψt) =

2 ln 1+t
1−t ≈ 4t, attained at s = 1

2 , whereas Bs = 0 for all s. The same happens for any two
distinct pure output states, the simplest case.

Theorem 7.6.5 explains the gap between Ĉ and the true exponent at replacement chan-
nels noted after Proposition 7.4.6. By Proposition 7.4.4, Ĉ(Φ,Ψ) is the exponent of the
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flagged pair, which announces the level, and at mutually singular pairs every level is con-
clusive, so the flagged pair is perfectly distinguishable after one use while the original pair
need not be. By Theorem 7.6.4(c), this cannot happen near pairs with J(Φ + Ψ) invert-
ible. By Theorem 4.12.4(c), at every pair with dim ker J(Φ + Ψ) ≥ rank T (1 − T ) ≥ 1 and
Ĉ < ∞ there are completely positive pairs within O(

√
t) for which Ĉ = +∞. Whether

these can always be chosen to be channels is open (compare the question on singular pairs
in Section 4.13); Theorem 7.6.5 settles it for replacement channels.
Remark 7.6.7 (Independent branches). If Φ = (1 − p)ΦA + pΦB and Ψ = (1 − p)ΨA + pΨB

with ran J(ΦA + ΨA) ∩ ran J(ΦB + ΨB) = {0}, then every connection splits over the two
branches (Corollary 4.11.4). Consequently Bs(Φ,Ψ) = (1 − p)Bs(ΦA,ΨA) + pBs(ΦB,ΨB),
the levels of the mixture are those of the two branches, and e−Ĉ(Φ,Ψ) ≥ (1−p)e−Ĉ(ΦA,ΨA) +
p e−Ĉ(ΦB ,ΨB).

7.6.1 Amplitude damping

Theorem 7.6.5 concerns replacement channels, whose outputs do not depend on the input.
We now show that the same behaviour occurs for amplitude damping, a basic model of
physical noise, and give a converse that remains finite there. For 0 < γ ≤ 1 let Aγ be the
qubit amplitude-damping channel with Kraus operators

K0 = e0e
∗
0 +

√
1 − γ e1e

∗
1, K1 = √

γ e0e
∗
1,

and write L0, L1 for the Kraus operators of Aγ′ . For two damping rates put

f(γ, γ′) =
√
γγ′ +

√
(1 − γ)(1 − γ′), µ∗(γ, γ′) =

√
γγ′

1 −
√

(1 − γ)(1 − γ′)
.

Here f is the Bhattacharyya coefficient of the Bernoulli laws (γ, 1 − γ) and (γ′, 1 − γ′), and
µ∗ ≤ f ≤ 1. The second inequality is the Cauchy–Schwarz inequality, with equality if and
only if γ = γ′, and the first is equivalent to

√
(1 − γ)(1 − γ′) (1 − f) ≥ 0.

Proposition 7.6.8 (Levels of an amplitude-damping pair). Let 0 < γ, γ′ ≤ 1 with γ ̸= γ′,
and let Φ = Aγ, Ψ = Aγ′.

(a) The pair has three levels: τ = 1 with Ω1 = K0 · K∗
0 , τ = 0 with Ω0 = L0 · L∗

0,
and the single ambiguous level τa = γ/(γ + γ′) with Ωa = (γ + γ′) e0e

∗
1 · e1e

∗
0 and

Sa = (γ + γ′) e1e
∗
1.

(b) ran J(Φ) ∩ ran J(Ψ) = span{vec(e0e
∗
1)} ̸= {0}, and nevertheless

Ĉ(Φ,Ψ) = −2 ln Q̂1/2(Φ∥Ψ) = Cbar(Φ,Ψ) = +∞.

(c) The common kernel vector of Theorem 7.6.4(d) is e0, and Φ(e0e
∗
0) = Ψ(e0e

∗
0) = e0e

∗
0.

Proof. (a) Since K1 =
√
γ/γ′ L1, the maps Φ and Ψ are combinations of V1 = K0, V2 = L0

and V3 =
√
γ + γ′ e0e

∗
1, namely Ω = Φ + Ψ = ∑

k Vk · V ∗
k , Φ = V1 · V ∗

1 + τaV3 · V ∗
3 and

Ψ = V2 · V ∗
2 + (1 − τa)V3 · V ∗

3 . The Vk are linearly independent because γ ̸= γ′, so by
injectivity of K 7→ ΨK the derivative is T = diag(1, 0, τa) in this frame, and Lemma 7.2.1
gives the levels. Finally Sa = V ∗

3 V3.
(b) The ranges are

ran J(Φ) = span{vecK0, vec e0e
∗
1}, ran J(Ψ) = span{vecL0, vec e0e

∗
1},
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and vecK0, vecL0, vec e0e
∗
1 are linearly independent. By (a), Bs = gs(τa)(γ + γ′)e1e

∗
1 is

singular for every s, so Ĉ = +∞ and Q̂1/2(Φ∥Ψ) = λmin(B1/2) = 0 (Remark 7.2.2). For
Cbar argue as in the proof of Theorem 7.6.4(d). If both D̂(T ∥Φ) and D̂(T ∥Ψ) are finite,
then ran J(T ) ⊆ span{vec e0e

∗
1}, so T = c e0e

∗
1 · e1e

∗
0. Then T ∗(1) = c e1e

∗
1 ̸= 1, and T is

not a channel. Hence for 0 < s < 1 the barycentric objective is +∞ for every channel T .
(c) Sae0 = 0, and K0e0 = L0e0 = e0, K1e0 = L1e0 = 0.

Example 4.12.8 in Chapter 4 proves Q̂1/2(Aγ∥Aγ′) = 0, there written F̂ (Aγ ,Aγ′) = 0,
for all γ ̸= γ′ in [0, 1] by a different argument, directly from the intersection of the Choi
ranges in (b).

Part (c) explains why Ĉ is infinite. The input e0, at which Bs is singular, is one on
which the two channels act identically. By Proposition 7.4.4, Ĉ is the exponent of the
flagged pair, and on e0 the flag reveals which of the conclusive levels K0 · K∗

0 and L0 · L∗
0

occurred. These two maps agree on e0e
∗
0, so all the information comes from the flag, which

the pair (Φ,Ψ) itself does not provide. In contrast, the adaptive Stein exponent of the pair
itself is infinite: with the maximally entangled input the outputs J(Φ)/2 and J(Ψ)/2 have
different supports, so D(Φ∥Ψ) = D(Ψ∥Φ) = +∞.

To bound ξadapt from above we have to leave the class of common decompositions, since
by Proposition 7.4.3 every such decomposition, and in particular every classical program,
gives an exponent at least Ĉ = +∞. We use instead programs that are pure quantum
states. For channels Φ,Ψ ∈ C(X ,Y) with Kraus operators (Kk)k≤r and (Ll)l≤r, padded
with zeros to a common length r, put

µ∗(Φ,Ψ) = max
{

|c| :
∑
k,l

ClkL
∗
lKk = c1X for some C ∈ L(Cr), ∥C∥∞ ≤ 1

}
.

This is a semidefinite program: maximise Re c subject to the linear constraint and(
1 C
C∗ 1

)
≥ 0. It does not depend on the Kraus families, because two families of the same

channel are related by a partial isometry, which can be absorbed into C.

Theorem 7.6.9 (Pure-program converse). Let Φ,Ψ be channels.

(a) µ∗(Φ,Ψ) is the largest overlap |⟨ψΨ, ψΦ⟩| of pure states for which there is a channel
Λ with Φ(ρ) = Λ(ρ⊗ ψΦψ

∗
Φ) and Ψ(ρ) = Λ(ρ⊗ ψΨψ

∗
Ψ) for all ρ.

(b) For every n and every adaptive strategy with n uses,

1
2 − 1

4
∥∥ρ(n)

Φ − ρ
(n)
Ψ
∥∥

1 ≥ 1
2

(
1 −

√
1 − µ∗(Φ,Ψ)2n

)
≥ 1

4 µ∗(Φ,Ψ)2n,

so that ξadapt(Φ,Ψ) ≤ −2 lnµ∗(Φ,Ψ).

(c) If Φ(ρ) = Λ(ρ ⊗ πΦ) and Ψ(ρ) = Λ(ρ ⊗ πΨ) for some channel Λ and mixed program
states πΦ, πΨ, then ξQC(πΦ, πΨ) ≥ − lnµ∗(Φ,Ψ). Thus no program simulation gives
a converse below − lnµ∗.

Proof. (a) Let VΦ = ∑
kKk ⊗ ek and VΨ = ∑

l Ll ⊗ el be the Stinespring isometries into
Y ⊗ Cr, so that V ∗

Ψ(1 ⊗ C)VΦ = ∑
k,l ClkL

∗
lKk. Let C and c be feasible with |c| < 1; if

|c| = 1, then Φ = Ψ and there is nothing to prove. The unitary

U =
(

C (1 − CC∗)1/2

(1 − C∗C)1/2 −C∗

)
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on Cr ⊗ C2 has (1 ⊗ e∗
0)U(1 ⊗ e0) = C. Hence V ′

Φ = (1 ⊗ U)(VΦ ⊗ e0) and V ′
Ψ = VΨ ⊗ e0

are Stinespring isometries of Φ and Ψ with V ′∗
Ψ V ′

Φ = c1. Choose unit vectors ψΦ, ψΨ ∈ C2

with ⟨ψΨ, ψΦ⟩ = c. The prescription W (x ⊗ ψΦ) = V ′
Φx, W (x ⊗ ψΨ) = V ′

Ψx preserves all
inner products of the spanning set {x⊗ψΦ, x⊗ψΨ} of X ⊗C2, so it extends to an isometry,
and Λ = TrCr⊗C2 W ·W ∗ simulates the pair. Conversely, let Λ simulate the pair with pure
programs, and let W be a Stinespring isometry of Λ. Then W (· ⊗ ψΦ) and W (· ⊗ ψΨ)
are Stinespring isometries of Φ and Ψ, and their product is ⟨ψΨ, ψΦ⟩1. Any Stinespring
isometry of Φ has the form (1 ⊗A)VΦ with a partial isometry A, and similarly for Ψ with
some B. Hence the product equals V ∗

Ψ(1 ⊗B∗A)VΦ with ∥B∗A∥∞ ≤ 1.
(b) Replace every use of the unknown channel by Λ(· ⊗ ψiψ

∗
i ), each time with a fresh

copy of the program. The final states of the strategy are then S
(
(ψiψ∗

i )⊗n) for one channel
S that does not depend on i, as in the stretching argument of [107]. By monotonicity of
the trace norm, the error is at least that of discriminating the pure states ψ⊗n

Φ and ψ⊗n
Ψ ,

whose overlap has modulus µn∗ . This error is 1
2
(
1 −

√
1 − µ2n

∗
)
, and

√
1 − x ≤ 1 − x

2 .
(c) By Uhlmann’s theorem [122] there are purifications ψΦ, ψΨ of πΦ, πΨ with

|⟨ψΨ, ψΦ⟩|2 = F (πΦ, πΨ). The channel Λ ◦ (id ⊗ Trpurif) simulates the pair with these
pure programs, so F (πΦ, πΨ) ≤ µ2

∗ by (a). Finally mins tr(πsΦπ1−s
Ψ ) ≤ tr(π1/2

Φ π
1/2
Ψ ) ≤

∥π1/2
Φ π

1/2
Ψ ∥1 = F (πΦ, πΨ)1/2.

For replacement channels µ∗ = F (ϕ, ψ)1/2. The inequality ≤ holds because, by (a)
and monotonicity of the fidelity, F (Φ(ρ),Ψ(ρ)) ≥ µ2

∗ for every ρ. For ≥, take C = X ⊗ 1
in the Kraus operators

√
λj ϕje

∗
k and √

κi ψie
∗
k and maximise over contractions X. The

pure-program converse − lnF (ϕ, ψ) is then within a factor of 2 of the true exponent
ξQC(ϕ, ψ). It is finite on the pairs of Theorem 7.6.5 and tends to − lnF (ϕ, ψ) along
them. So min{Ĉ, Cbar,−2 lnµ∗} is a single-letter converse that does not jump at those
pairs, which bears on Question 7.8.2. Unlike the other converses, µ∗ is defined through
Stinespring isometries rather than through Choi matrices. It need not be close to the true
exponent in general, and it can vanish: µ∗ = 0 for two distinct unitary channels, for which
indeed ξadapt = +∞.

Corollary 7.6.10 (Fragility for amplitude damping). For 0 < γ, γ′ ≤ 1, µ∗(Aγ ,Aγ′) =
µ∗(γ, γ′), and

C
(
(γ, 1 − γ) ∥ (γ′, 1 − γ′)

)
≤ ξprod ≤ ξadapt(Aγ ,Aγ′) ≤ 2 ln 1 −

√
(1 − γ)(1 − γ′)√

γγ′ ,

where C is the classical Chernoff information. Moreover padapt(n) ≥ 1
2
(
1 −√

1 − µ∗(γ, γ′)2n) for every n. For fixed 0 < γ < 1 and γ′ = γ − ∆,

∆2

8γ(1 − γ) +O(∆3) ≤ ξadapt(Aγ ,Aγ′) ≤ ∆2

4γ2(1 − γ) +O(∆3).

Consequently, as γ′ → γ the pair (Aγ ,Aγ′) converges in the diamond norm to a pair of
identical channels and ξadapt → 0, while Ĉ, −2 ln Q̂1/2 and Cbar are +∞ for every γ′ ̸= γ.
The conclusion of Theorem 7.6.5 therefore holds for amplitude damping, along a physical
one-parameter family. No Halmos dilation is needed, and the Choi ranges need not intersect
trivially.

Proof. With a =
√

(1 − γ)(1 − γ′) we have L∗
0K0 = diag(1, a), L∗

1K1 =
√
γγ′ e1e

∗
1, L∗

0K1 =√
γ e0e

∗
1 and L∗

1K0 =
√
γ′ e1e

∗
0. Hence

∑
k,l

ClkL
∗
lKk =

(
C00

√
γ C01√

γ′C10 aC00 +
√
γγ′C11

)
.
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This is c1 if and only if C01 = C10 = 0, C00 = c and C11 = c(1−a)/
√
γγ′. Since

√
γγ′ ≤ 1−

a, the contraction constraint is |c|(1 − a) ≤
√
γγ′, which gives µ∗(γ, γ′). The upper bounds

follow from Theorem 7.6.9(b). The lower bound is the product strategy with input e1,
whose outputs diag(γ, 1−γ) and diag(γ′, 1−γ′) commute. The expansions are elementary:√

(1 − γ)(1 − γ + ∆) = 1−γ+ ∆
2 − ∆2

8(1−γ) +O(∆3) gives − lnµ∗ = ∆2

8γ2 + ∆2

8γ(1−γ) +O(∆3), and
the Chernoff information of two Bernoulli laws is ∆2

8γ(1−γ) +O(∆3). The diamond distance
is at most 2∑k ∥Kk − Lk∥∞ → 0. Proposition 7.6.8 gives the infinite converses.

Remark 7.6.11. The upper and lower bounds of Corollary 7.6.10 differ by the factor 2/γ
to leading order, and simulation arguments cannot close this gap. Classical programs give
an exponent at least Ĉ = +∞ by Proposition 7.4.3. By Theorem 7.6.9(c), every quantum
program gives at least − lnµ∗ = ∆2

8γ2(1−γ) + O(∆3), which exceeds ξprod by the factor 1/γ
to leading order.
Remark 7.6.12 (Local regime). For estimating γ itself, adaptivity does not help. In the
Kraus representation above, β = ∑

k K̇
∗
kKk = diag(0,−1

2) + diag(0, 1
2) = 0 and α =∑

k K̇
∗
kK̇k = 1

4γ(1−γ)e1e
∗
1. The bound of Demkowicz-Dobrzański and Maccone for adaptive

strategies [30] therefore gives quantum Fisher information at most 4n∥α∥∞ = n/(γ(1 − γ))
after n adaptive uses. This equals the Fisher information of the product input e⊗n

1 . It
suggests, but does not prove, that ξadapt = ∆2

8γ(1−γ) + o(∆2), which is the lower bound of
Corollary 7.6.10 (compare Question 7.8.3).

Numerical computations suggest a sharper bound. By Uhlmann’s theorem and the
minimax theorem, the smallest root fidelity of the final states over all adaptive n-use
strategies equals

max
∥C∥∞≤1

min
H

Re tr
(
H⊤∑

k⃗,⃗l

C
l⃗k⃗

vec(K
k⃗
) vec(L

l⃗
)∗
)
,

where H runs over deterministic n-combs and K
k⃗

= Kk1 ⊗ · · · ⊗ Kkn . After dualising the
inner minimisation, this is a semidefinite program.

Conjecture 7.6.13. For every adaptive strategy with n uses, F
(
ρ

(n)
Aγ
, ρ

(n)
Aγ′

)
≥ f(γ, γ′)2n,

with equality for the product input e⊗n
1 . Consequently padapt(n) ≥ 1

2
(
1 −

√
1 − f2n) and

ξadapt(Aγ ,Aγ′) ≤ −2 ln f(γ, γ′) = ∆2

4γ(1 − γ) +O(∆3) ≤ 2 ξprod(1 +O(∆)).

We solved this program for γ = 1
2 , n ≤ 4 and γ′ ∈ {0.05, 0.2, 0.4, 0.47, 0.49}. In each

case the optimal value agreed with fn to within 10−8, with optimal C = 1. Thus, up to the
accuracy of the solver, Conjecture 7.6.13 holds for these values of n and γ′. The conjecture
cannot be proved by amortisation, because the inequality

√
F
(
(Aγ ⊗ id)ρ, (Aγ′ ⊗ id)σ

)
≥ f(γ, γ′)

√
F (ρ, σ)

fails for some pairs of different states ρ, σ of a qubit and a two-dimensional reference. A
numerical search found a pair with

√
F
(
(A1/2 ⊗ id)ρ, (A1/5 ⊗ id)σ

)
= 0.948315

√
F (ρ, σ) <

f(1
2 ,

1
5)

√
F (ρ, σ) = 0.948683

√
F (ρ, σ), and we verified this inequality in 40-digit arithmetic.

A proof must therefore use that both branches of a strategy start from the same state. In
the dilation Aγ(ρ) = TrE Uθ(ρ⊗e0e

∗
0)U∗

θ with cos θ =
√

1 − γ and the excitation-preserving
rotation Uθ, the two branches differ by the rotations Uθ′−θ applied to fresh environments,
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γ′ ξprod Choi product −2 ln f −2 lnµ∗ Ĉ, −2 ln Q̂1/2, Cbar
(Conj. 7.6.13) (Cor. 7.6.10)

0.40 5.077 · 10−3 3.272 · 10−3 1.015 · 10−2 2.252 · 10−2 ∞
0.47 4.506 · 10−4 2.974 · 10−4 9.012 · 10−4 1.858 · 10−3 ∞
0.49 5.001 · 10−5 3.323 · 10−5 1.000 · 10−4 2.021 · 10−4 ∞

Table 7.1: Exponents for A1/2 versus Aγ′ . ξprod is attained at the input e1, and a local
optimisation over all inputs with a reference system found no larger value. The ratios
−2 lnµ∗/ξprod are 4.44, 4.12, 4.04 (limit 2/γ = 4) and −2 ln f/ξprod = 2.00.

γ′ n adaptive parallel e⊗n
1

1
2 (1 −

√
1 − f2n) 1

2 (1 −
√

1 − µ2n
∗ )

(SDP) (SDP) (Conj. 7.6.13) (Cor. 7.6.10)
0.40 1 0.4500 0.4500 0.4500 0.4497 0.4254

2 0.4409 0.4415 0.4450 0.4291 0.3951
3 0.4247 0.4260 0.4260 0.4134 0.3722

0.47 1 0.4850 0.4850 0.4850 0.4850 0.4785
2 0.4826 0.4827 0.4845 0.4788 0.4696
3 0.4771 0.4775 0.4775 0.4740 0.4627

0.49 1 0.4950 0.4950 0.4950 0.4950 0.4929
2 0.4942 0.4942 0.4950 0.4929 0.4900
3 0.4924 0.4925 0.4925 0.4913 0.4877

0.20 1 0.3500 0.3500 0.3500 0.3419 0.2452
2 0.3026 0.3050 0.3050 0.2821 0.1638
3 0.2815 0.2854 0.3020 0.2397 0.1145

Table 7.2: Optimal n-use error for A1/2 versus Aγ′ , computed by semidefinite programming
over testers [27, 49]: adaptive, best parallel (entangled, non-adaptive) and the product in-
put e⊗n

1 . The last two columns are the lower bounds given by Conjecture 7.6.13 (verified
numerically for n ≤ 4) and by Corollary 7.6.10. The bounds of Theorem 7.4.1 and Corol-
lary 7.3.2 are 0 for every n, because the flagged pair is perfectly distinguishable after one
use with the input e0.
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and f = cos(θ′ − θ). The conjecture asserts that no adaptive strategy can make these
rotations add up coherently.

Table 7.1 lists the exponents for γ = 1
2 , and Table 7.2 compares the finite-n bounds

with the optimal errors for n ≤ 3. Table 7.2 also shows that adaptivity helps at finite n.
For γ′ = 0.2 and n = 3 the optimal adaptive error is 0.2815, against 0.2854 for the best
parallel strategy and 0.3020 for e⊗3

1 . Whether adaptivity also improves the exponent is
open. Three uses are too few to decide this, but if Conjecture 7.6.13 holds, any gain is at
most a factor of 2.

7.7 Numerical illustration
All computations in this section were done with the author’s own code, which is not part
of the code/ directory described in Section 2.6. Exact optimal adaptive errors for n = 1, 2
were computed by semidefinite programming over two-round testers [27, 49]. The barycen-
tric bound Cbar was computed with a semidefinite approximation of the operator relative
entropy [44], after which the exact objective was re-evaluated at the computed channel;
for the measurement pair the problem reduces to a one-dimensional convex minimisation,
which we solved directly.

Bounds on the exponent Table 7.3 compares the achievable exponent ξprod (best prod-
uct input found by local optimisation, so a lower bound on ξadapt), the barycentric converse
Cbar, the new converse Ĉ, and the fidelity converse −2 ln Q̂1/2. In every case Ĉ is within 4%
of half the fidelity converse. The first five pairs satisfy the hypotheses of Theorem 7.5.1, so
there ξprod = ξadapt = Ĉ; also Cbar = Ĉ, for the first four rows by Proposition 7.4.6(a) and
Theorem 7.5.3, and for the classical row by [66]. The measurement pair (Example 7.7.1)
is its own flagged pair, so ξadapt = Ĉ < Cbar. For the replacement pair (Example 7.7.2)
we have Cbar < Ĉ, while the true exponent is the quantum Chernoff divergence of the two
states. In the remaining, generic cases Cbar is between 2% and 18% below Ĉ.

Example 7.7.1. Let eℓ = (cos θℓ
2 , sin

θℓ
2 ) with θ = (0, π4 ,

7π
8 ,

9π
8 ). The weights w ≥ 0 with∑

ℓwℓeℓe
∗
ℓ = 1 form a segment; let a and b be its points at 10% and 90% of its length,

a ≈ (0.9164, 0.0520, 0.4678, 0.5638) and b ≈ (0.5638, 0.4678, 0.0520, 0.9164), and let Φ,Ψ be
the measurement channels with POVM elements aℓeℓe∗

ℓ and bℓeℓe
∗
ℓ .

Example 7.7.2. The replacement channels Φ = tr(·)ϕ, Ψ = tr(·)ψ with ϕ = 1
2(1 + 0.9Z)

and ψ = 1
2(1 + 0.9X).

Exact optimality at finite n Theorem 7.5.3 predicts that the exact adaptive optimum,
the error of the Choi product strategy and the dynamic-programming value of Corol-
lary 7.3.2 coincide. Table 7.4 confirms this for a depolarising pair, an SU(2)-covariant
spin-1 pair (two levels), and a random-unitary qutrit pair built from {1, Z,XD1, X

2D2}
with random diagonal D1, D2 (four levels). The dynamic program and the Choi strategy
agree to ten digits also for n = 3.

The finite-n bound in general For pairs outside the scope of Theorem 7.5.3, Table 7.5
compares the dynamic-programming bound with the exact optimum (where computable),
with the explicit bound of Theorem 7.4.1, and with the previous finite-n bound 1

2
(
1 −√

1 − Q̂ 2n
1/2
)
, which follows from the Fuchs–van de Graaf inequality and the chain rule for

the geometric fidelity. The second pair has Kraus ranks 2 and 3, hence infinite Thompson
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pair ξprod Cbar Ĉ (new) −2 ln Q̂1/2 exact
depolarising p = 0.1 vs 0.3 0.02383 0.02383 0.02383 0.04738 Thm. 7.5.3
Pauli (.7, .1, .1, .1) vs (.6, .2, .1, .1) 0.01058 0.01058 0.01058 0.02112 Thm. 7.5.3
SU(2), spin 1, (.8, .15, .05) vs (.6, .3, .1) 0.02467 0.02467 0.02467 0.04928 Thm. 7.5.3
SU(2), spin 1, (.5, .3, .2) vs (.2, .5, .3) 0.05297 0.05297 0.05297 0.10580 Thm. 7.5.3
classical 2 × 2 0.03380 0.03380 0.03380 0.06726 Thm. 7.5.1
measurement pair, Ex. 7.7.1 0.19705 0.24697 0.19705 0.39410 Prop. 7.4.4
replacement pair, Ex. 7.7.2 0.33136 0.54272 0.57077 1.14154 ξ = ξQC(ϕ, ψ)
classical–quantum, non-commuting 0.08410 0.13035 0.13280 0.26538 –
GAD γ = 0.2 vs 0.4 (N = 0.1) 0.02126 0.11388 0.13913 0.27482 –
GAD N = 0.1 vs 0.3 (γ = 0.3) 0.00862 0.03247 0.03380 0.06726 –
random full-rank #1 0.32226 0.55379 0.60249 1.19341 –
random full-rank #2 0.19256 0.34726 0.37964 0.73026 –

Table 7.3: Bounds on the adaptive Chernoff exponent: ξprod ≤ ξadapt ≤ min{Cbar, Ĉ} and
Ĉ ≤ −2 ln Q̂1/2. The column “exact” names the result that identifies ξadapt.

pair, n exact adaptive (SDP) Choi product dynamic program
depolarising, n = 1 / n = 2 0.4250 / 0.3725 0.4250 / 0.3725 0.4250 / 0.3725
SU(2) spin 1, n = 1 / n = 2 0.4000 / 0.3600 0.4000 / 0.3600 0.4000 / 0.3600
random-unitary qutrit, n = 1 / n = 2 0.4000 / 0.3650 0.4000 / 0.3650 0.4000 / 0.3650

Table 7.4: Exact optimality of the Choi strategy for level-balanced pairs with orthogonal
levels.

n = 1 n = 2 n = 5 n = 10 n = 20

random full-rank qubit pair (Ĉ = 0.341, Λ = 2.51)
exact adaptive (SDP) 0.2158 0.1496 – – –
dynamic program (Cor. 7.3.2) 0.1758 0.1084 2.84 · 10−2 3.92 · 10−3 9.66 · 10−5

Theorem 7.4.1 2.74 · 10−3 3.46 · 10−4 4.04 · 10−6 1.54 · 10−8 2.15 · 10−12

fidelity bound 0.1484 0.0686 8.32 · 10−3 2.72 · 10−4 2.96 · 10−7

random Kraus-rank 2 vs 3 qubit pair (dT = ∞, Ĉ = 2.40, Λ = 0.90)
exact adaptive (SDP) 0.1213 0.0422 – – –
dynamic program (Cor. 7.3.2) 3.94 · 10−2 3.11 · 10−3 1.52 · 10−6 4.63 · 10−12 4.29 · 10−23

Theorem 7.4.1 5.03 · 10−3 2.45 · 10−4 5.28 · 10−8 8.00 · 10−14 4.15 · 10−25

fidelity bound 3.85 · 10−3 5.88 · 10−5 2.12 · 10−10 1.79 · 10−19 1.29 · 10−37

Table 7.5: Lower bounds on the optimal adaptive error.

distance, two conclusive levels and Ĉ = 2.40; Theorem 7.4.1 still applies with Λ = 0.90.
The explicit bound has the better exponent but a large second-order term when Λ is large,
and the dynamic program is the practical finite-n bound. For random full-rank pair #1 of
Table 7.3, the optimal two-use adaptive error (0.1539) is strictly smaller than the optimal
two-use parallel error (0.1605), so adaptivity helps at finite n.

Local regime For a random full-rank qubit channel Φ0, a second one Φ1, and Φδ =
(1 − δ)Φ0 + δΦ1, the ratio Ĉ/(−2 ln Q̂1/2) was 0.5019, 0.5009, 0.5003, 0.5001, 0.5000 for
δ = 0.2, 0.1, 0.05, 0.02, 0.01, and 8Ĉ/(δ2FRLD) was 0.64, 0.76, 0.85, 0.93, 0.96, consistent
with Corollary 7.4.5(b) and an O(δ) relative correction. The ratio Cbar/Ĉ was 0.963, 0.976,
0.993, 0.9997 for δ = 0.2, 0.1, 0.05, 0.02, so in this example the two converses have the
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same leading term.

Continuity For 60 random pairs of full-Kraus-rank qubit channels and perturbations
(1 − η)(Φ,Ψ) + η(Φ′,Ψ′) with 10−3 ≤ η ≤ 10−1, the change of e−Ĉ was at most 0.18
times the bound of Theorem 7.6.2, and the same held for 59 pairs of splittings of one sum.
For the same kind of pair, Ĉ along the perturbations with η = 10−1, . . . , 10−4 was 0.230,
0.466, 0.526, 0.534 against 0.535 at the pair, in line with Theorem 7.6.4(c). The values in
Example 7.6.6 were computed from the level decomposition and the Petz quasi-entropies
directly.

7.8 Concluding remarks
We have shown that the level decomposition of a pair of channels turns every adaptive
discrimination protocol into a controlled random walk. This yields the converse Ĉ with
an explicit second-order term (Theorem 7.4.1), and the converse is attained under the
orthogonality condition of Theorem 7.5.1. Single-letter converses of this type can, however,
be infinite at pairs whose adaptive exponent is small (Theorem 7.6.5 and Corollary 7.6.10).
We conclude with some open problems.

Question 7.8.1. Is ξadapt = ξprod whenever dT (Φ,Ψ) < ∞? This holds for classical
channels, for classical–quantum channels [116] and in the cases of Theorems 7.5.1 and 7.5.3.
The known separations [53, 116] have dT = ∞.

Question 7.8.2. Find a single-letter converse that is at most min{Cbar, Ĉ} for all pairs.
For replacement channels both exceed the true exponent ξQC(ϕ, ψ), so such a converse
should see the non-commutativity of the outputs, which every common decomposition
hides (Proposition 7.4.3). By Theorem 7.6.5, a converse that is within a bounded factor of
ξadapt must be finite on pairs whose Choi ranges intersect trivially, and so cannot be built
only from Choi-level geometric means or from divergences that require support inclusion.

Question 7.8.3. For nearby channels, is the adaptive Chernoff exponent δ2

8 F (θ) + o(δ2)
for an explicitly computable Fisher information F between the one achieved by product
inputs and FRLD? In this regime T = 1

21 +O(δ). By Lemma 7.2.4 the product input at σ
attains − ln minsQs(σ) whenever [T,Gσ] = 0, so one expects the gap between ξprod and Ĉ
to be controlled by this commutator.

Question 7.8.4. Prove a Hoeffding converse for general pairs. The walk structure applies,
but s 7→ minρ lnQs(ρ) need not be convex, so the natural candidate involves its convex
envelope.

Question 7.8.5. Does Theorem 7.6.5 hold near every pair of channels with dim ker J(Φ +
Ψ) ≥ 1 and Ĉ < ∞, that is, are there always nearby channel pairs with trivially intersecting
Choi ranges and bounded adaptive exponent? Theorem 7.6.4(c) excludes such jumps when
J(Φ + Ψ) is invertible, and Theorem 4.12.4(c) provides completely positive approximants.
For the geometric fidelity Q̂1/2, which Chapter 4 writes F̂ , that chapter gives channel-valued
approximants in two cases: at a diagonal pair (Φ,Φ) with J(Φ) singular, output rotations of
Φ make the fidelity jump (Theorem 4.12.9 and Corollary 4.12.10), and within the amplitude-
damping family it vanishes for γ′ ̸= γ (Example 4.12.8; compare Proposition 7.6.8(b)),
although these Choi ranges intersect nontrivially. The question is restated, together with
the related questions of Chapter 4, in Section 9.2.
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Question 7.8.6. Extend the level decomposition to normal channels between von Neu-
mann algebras and to bosonic channels with energy constraints. Adaptive quantum illumi-
nation is listed as open in [97].



Chapter 8

Noisy gates: proofs and further
results

Summary. This chapter contains the proofs of the results stated in Chapter 1 and
the further results behind them: closed forms for Pauli channels, including biased
noise and correlated miscalibrations, the amplitude-damping analysis, the local and
finite-miscalibration comparisons of the converses with the adaptive Stein and Chernoff
exponents, the certification bounds, the numerical methods, and the refinements of
results of Chapters 4, 5 and 7 that these proofs need.

This chapter is the companion of Chapter 1, which states the results and their physical
meaning; here we prove them. It contains the proofs of the statements made in Sections 1.2–
1.7 of Chapter 1, closed-form expressions for Pauli channels, the amplitude-damping analy-
sis, the certification bounds and the numerical methods. It keeps the notation of Chapter 1,
which Section 8.1 recalls, and the theorems, equations, figures and tables of that chapter
are cited by their numbers there, which begin with 1. Results proved in Chapters 4, 5
and 7 are used by reference; Section 8.15 collects the refinements of those results that are
needed here, together with pointers to the rest. Statements labelled as conjectures are not
claimed to be proved.

8.1 Notation and conventions
Channels Φ,Ψ map operators on X (dim X = dX) to operators on Y (dim Y = dY ).
The unnormalized Choi matrix is J(Φ) = ∑

ij Φ(|i⟩⟨j|) ⊗ |i⟩⟨j|, with output first, so that
TrJ(Φ) = dX and TrY J(Φ) = 1 for a channel. The Choi floor is λ(Φ) = λmin(J(Φ)), and
λ̃ = λ/dX is the floor of the Choi state J/dX . The diamond norm ∥·∥⋄ is unnormalized (∥Φ−
Ψ∥⋄ ≤ 2 for channels). We write vec(A) = ∑

ij Aij |i⟩|j⟩, so that J(AdA) = vec(A) vec(A)†

with AdA(ρ) = AρA†.
For positive definite A,B and s ∈ [0, 1], A#sB = A1/2(A−1/2BA−1/2)sA1/2 is the

weighted Kubo–Ando geometric mean [79], extended to positive semidefinite arguments by
continuity from above, and # = #1/2. The channel quantities are

F̂ (Φ,Ψ) = λmin TrY [J(Φ)#J(Ψ)], Q̂s(Φ∥Ψ) = λmin TrY [J(Ψ)#sJ(Φ)],
Ĉ(Φ,Ψ) = − ln inf

s∈(0,1)
Q̂s, (8.1.1)

DBS(Φ∥Ψ) = λmax TrY
[
J

1/2
Φ ln

(
J

1/2
Φ J−1

Ψ J
1/2
Φ
)
J

1/2
Φ
]
, (8.1.2)

215
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with JΦ = J(Φ) [42, 72] (Chapters 4 and 7). The Umegaki channel divergence D(Φ∥Ψ) is
the supremum over input states ψRX of D

(
(id⊗Φ)ψ∥(id⊗Ψ)ψ

)
, and the Uhlmann channel

root fidelity FU(Φ,Ψ) is the minimum over inputs of ∥
√
ω

√
σ∥1 for the two output states.

The Thompson metric is dT (Ψ,Ψ′) = inf{t : e−tJ(Ψ) ≤ J(Ψ′) ≤ etJ(Ψ)} [120]. Fisher
informations are denoted FRLD, FBKM, FSLD and F∞ for the asymptotic adaptive rate; the
Uhlmann root fidelity is FU.

For n qubits, Dp(ρ) = (1 − p)ρ + pTr(ρ)1/2 acts on each qubit, and a Pauli channel
is Pq(ρ) = ∑

Q qQQρQ with Q ranging over the d2 Pauli strings (d = 2n). Local depolar-
izing noise is D⊗n

p = Pq with qQ = (1 − 3p
4 )n−wtQ(p4)wtQ, and global depolarizing noise is

Dglob
p (ρ) = (1 − p)ρ+ pTr(ρ)1/d. The gate model is

Nδ = Pq ◦ AdRP (δ) ◦ AdU , RP (δ) = e−iδP/2, (8.1.3)

with P ̸= 1 a Pauli string of weight w, and Np,δ denotes the case Pq = D⊗n
p . For the qubit

examples we take P = Z; the choice P = X gives identical values, because the two pairs
differ by a common input and output unitary. For fixed P the Pauli strings split into d2/2
unordered pairs {Q,QP}, and for each pair we put

xQ(δ) = (qQ − qQP )2 sin2(δ/2)
4qQqQP

, g(x) = 1 − (1 +x)−1/2, φ(x) =
√

x

1 + x
arsinh

√
x.

(8.1.4)

8.2 Choi matrices and the diamond norm
Lemma 8.2.1 (cf. Lemma 4.8.7). Let M be a Hermitian-preserving map. Then
∥J(M)∥∞ ≤ dX

2 ∥M∥⋄ + 1
2 | Tr J(M)| ≤ dX∥M∥⋄. In particular ∥J(Φ) − J(Φ′)∥∞ ≤

dX
2 ∥Φ − Φ′∥⋄ for channels. Both constants are attained in every dimension: by M = id for
dX , and by id − AdV with TrV = 0, or by id − Dglob

1 , for dX/2.

Proof. The inequalities and the cases M = id and id − AdV are Lemma 4.8.7 in Chapter 4.
For id−Dglob

1 , J = |Ω⟩⟨Ω|−1/d has norm d−1/d, and writing Dglob
1 as the uniform mixture

of the d2 Weyl unitaries gives ∥id − Dglob
1 ∥⋄ ≤ 2(1 − d−2), so equality holds.

Hence, if ∥Ψ′−Ψ∥⋄ ≤ ϵ and J(Ψ) ≥ λ1, then ∥J(Ψ′)−J(Ψ)∥∞ ≤ rλ with r = dXϵ/(2λ),
and

(1 − r)J(Ψ) ≤ J(Ψ′) ≤ (1 + r)J(Ψ), dT (Ψ,Ψ′) ≤ ln 1
1 − r

(r < 1). (8.2.1)

The same holds with a Choi-state trace-norm hypothesis ∥J(Ψ)/dX − J(Ψ′)/dX∥1 ≤ ϵ,
since ∥X∥∞ ≤ 1

2∥X∥1 for traceless Hermitian X.

8.3 The Choi-floor law (Theorem 1.4.1)
Proof of Eq. (1.4.2). By Eq. (8.2.1) and joint monotonicity of #s in each argument,
J(Ψ′)#sJ(Φ) lies between [(1 ∓ r)J(Ψ)]#sJ(Φ) = (1 ∓ r)1−s J(Ψ)#sJ(Φ). The map
Z 7→ λmin TrY Z is monotone and positively homogeneous, so (1 − r)1−sQ̂s(Φ∥Ψ) ≤
Q̂s(Φ∥Ψ′) ≤ (1 + r)1−sQ̂s(Φ∥Ψ). For s = 1

2 this is the statement for F̂ , and taking the
minimum over s gives |Ĉ(Φ,Ψ′) − Ĉ(Φ,Ψ)| ≤ ln 1

1−r . No property of J(Φ) is used.
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Proof of the bound for DBS in Theorem 1.4.1. Let Φ be a channel and let P be the pro-
jection onto the support of JΦ. Put XΨ = PJ

1/2
Φ J−1

Ψ J
1/2
Φ P , regarded as a positive definite

operator on ranP . From (1 − r)JΨ ≤ JΨ′ ≤ (1 + r)JΨ and the operator monotonicity of
inversion, (1 + r)−1J−1

Ψ ≤ J−1
Ψ′ ≤ (1 − r)−1J−1

Ψ , hence (1 + r)−1XΨ ≤ XΨ′ ≤ (1 − r)−1XΨ.
The logarithm is operator monotone, so lnXΨ − ln(1 + r)P ≤ lnXΨ′ ≤ lnXΨ + ln 1

1−rP .
Conjugating with J

1/2
Φ preserves the order, and J

1/2
Φ PJ

1/2
Φ = JΦ. Taking TrY , which is

positive, and using TrY JΦ = 1 for a channel gives

TΨ − ln(1 + r)1 ≤ TΨ′ ≤ TΨ + ln 1
1−r1, TΨ = TrY

[
J

1/2
Φ ln(XΨ)J1/2

Φ
]
,

and the largest eigenvalues of TΨ and TΨ′ are the BS divergences. Since λmax is monotone
and λmax(T + c1) = λmax(T ) + c, − ln(1 + r) ≤ DBS(Φ∥Ψ′) − DBS(Φ∥Ψ) ≤ ln 1

1−r . For a
completely positive Φ the same argument gives the bound multiplied by ∥Φ∗(1)∥∞.

Proof of the sharpness statement, Eq. (1.4.3). The upper bound dX/(4λ) follows from
Eq. (1.4.2) as ϵ → 0. For the lower bound let vW = vec(W ), W unitary, be a λ-
eigenvector of J(Ψ), so ∥vW ∥2 = d, and let Φ = AdW . For B > 0 the rank-one
formula vW v

†
W#B = vW v

†
W /⟨vW , B−1vW ⟩1/2 and TrY vW v

†
W = 1 give F̂ (AdW ,Ψ′) =

⟨vW , J(Ψ′)−1vW ⟩−1/2. Take any unitary W ′ with TrW †W ′ = 0 (it need not lie in the
floor eigenspace), M = 1

2(AdW − AdW ′), which has ∥M∥⋄ = 1, and Ψe = Ψ + eM,
a channel for small |e| because J(Ψ) > 0. Then J(M) = 1

2(vW v†
W − vW ′v†

W ′),
d
de⟨vW , J(Ψe)−1vW ⟩|e=0 = −λ−2⟨vW , J(M)vW ⟩ = −d2/(2λ2) and ⟨vW , J(Ψ)−1vW ⟩ = d/λ.
Hence d

de ln F̂ = 1
2 · d

2/(2λ2)
d/λ = d

4λ . For a Pauli channel Pq ◦ AdU the vectors vec(QU)
are eigenvectors with eigenvalues dqQ, so the floor eigenspace always contains such a
vW ; for local noise Q has full weight, which is the correlated error mentioned after
Theorem 1.4.1.

A numerical check in 40-digit arithmetic gives the ratio of the slope to d/(4λ) as
1.0000000 (n = 1, p = 10−2), 1.0000034 (n = 1, 10−3), 0.9999816 (n = 2, 10−2) and
0.99999995 (n = 2, 10−3); a 60-digit finite difference confirms d2/(4pn) for n = 1, 2, 3 to
4 × 10−10.

Two-sided version. If both channels move, with ηJ = max{∥J(Φ′) − J(Φ)∥∞, ∥J(Ψ′) −
J(Ψ)∥∞} and λ = min{λ(Φ), λ(Ψ)}, then (1 − ηJ/λ)F̂ (Φ,Ψ) ≤ F̂ (Φ′,Ψ′) ≤ (1 +
ηJ/λ)F̂ (Φ,Ψ), and similarly for every Kubo–Ando connection (Theorem 4.8.8 in Chap-
ter 4; Proposition 8.15.2 also allows separate floors). Since F̂ is symmetric, Eq. (1.4.3)
shows that each of the two terms is sharp separately; whether the constant dX/(2λ) is
attained when both channels move is open.

Proposition 8.3.1 (Absolute slope at a qubit gate). Let Ψ = Dp ◦ AdU on one qubit and
Σ(p) = supΦ supM | dde F̂ (Φ,Ψ + eM)|e=0, over completely positive Φ and trace-annihilating
M with ∥M∥⋄ = 1. Then 2

3
√

3
1
p(1 + o(1)) ≤ Σ(p) ≤ 1

p . The lower bound is attained by
unitary Φ; the supremum over unitary Φ is

Σunit(p) = max
θ

√
2

4
cos2 θ/β2 + sin2 θ/λ2

(cos2 θ/β + sin2 θ/λ)3/2 , β = 2 − 3p
2 , λ = p

2 , (8.3.1)

with pΣunit = 0.384904 at p = 10−2 and 0.384900 at p = 10−3, 10−4.

Proof. The upper bound is Eq. (1.4.2) with F̂ ≤ 1. For unitary Φ with Choi vector
v =

√
d(cos θ ê1 − i sin θ êP ) in the eigenbasis of J(Ψ), dF̂

de = 1
2 F̂

3⟨u, J(M)u⟩ with u =
J(Ψ)−1v, which is proportional to the Choi vector of a unitary. Lemma 8.2.1 bounds
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⟨u, J(M)u⟩ ≤ d
2∥u∥2, with equality for M = 1

2(Adû − Adû′). This gives Σunit; with
sin2 θ = yλ/d and p → 0 it tends to d

4λ maxy y(1 + y)−3/2 = d
4λ

2
3
√

3 .

Conjecture 8.3.2. Σ(p) = Σunit(p), i.e., unitary Φ are the worst case.

A Nelder–Mead search over Kraus-rank-four Φ with the optimal direction from the
diamond-norm semidefinite program found no value above Σunit at p = 10−2 and 10−3;
random starts did not converge within the budget, so this evidence is weak. One apparent
violation at p = 10−3 (pΣ = 5.34, above the proved bound 1) was an artifact of double-
precision finite differences near a nearly singular J(Φ); recomputed in 80-digit arithmetic
it is 0.3846.

Stein exponent. By Corollary 5.7.5 in Chapter 5, if J(Ψ) is invertible with condition
number κ(Ψ), then ζ(Φ∥Ψ) ≤ ln(dX/λ(Ψ)) and, for all Φ′ and all Ψ′ with the same Choi
support,

|ζ(Φ∥Ψ)−ζ(Φ′∥Ψ′)| ≤ 2ϵ′ ln dY +(1+ϵ′)h
( ϵ′

1 + ϵ′

)
+ϵ′ ln κ(Ψ)+dT (Ψ,Ψ′), ϵ′ = 1

2∥Φ−Φ′∥⋄,

(8.3.2)
where h is the binary entropy (natural logarithms). The proof there combines Winter’s
continuity bound for the conditional entropy [129] with a cancellation of the reference
marginal, and the Thompson-metric Lipschitz property of all regularized quantities in the
second argument. With Eq. (8.2.1), dT (Ψ,Ψ′) ≤ ln 1

1−r .

8.4 Closed forms for Pauli channels
Theorem 8.4.1 (Pauli-block closed forms). Let Nδ be as in Eq. (8.1.3) with all qQ > 0,
and let θQ = 2 arsinh √

xQ. Then TrY of J(Nδ)#sJ(N0) and of the Belavkin–Staszewski
operator is a multiple of the identity, and, with sums over the d2/2 pairs {Q,QP},

F̂ (Nδ,N0) =
∑
pairs

(qQ + qQP )(1 + xQ)−1/2,

Q̂s =
∑
pairs

(qQ + qQP )
cosh((s− 1

2)θQ)
cosh(θQ/2) , Ĉ = − ln F̂ , (8.4.1)

DBS(Nδ∥N0) = DBS(N0∥Nδ) = 2
∑
pairs

(qQ + qQP )φ(xQ), (8.4.2)

D(Nδ∥N0) = sin2 δ
2
∑
pairs

(qQ − qQP ) ln qQ
qQP

,

FU(Nδ,N0) =
∑
pairs

√
(qQ + qQP )2 − (qQ − qQP )2 sin2 δ

2 . (8.4.3)

For D and FU the maximally entangled input is optimal.

Proof sketch. (i) Blocks. vec(QRP (δ)U) = (1 ⊗ UT )[cos δ2 vecQ − i sin δ
2 vec(QP )],

so in the orthonormal basis {vec(Q)/
√
d}, after the unitary 1 ⊗ UT ,

J(Nδ) = ⊕
pairs dR diag(qQ, qQP )R† with R the 2 × 2 rotation exp(−i δ2σx). Ev-

ery two-variable functional calculus of the two Choi matrices is block diagonal in
the same way. (ii) Partial trace. Conjugating by diag(1, i) makes both blocks real,
so each block of any such function has a purely imaginary off-diagonal entry; since
TrY | vecA⟩⟨vecB| = (B†A)T , the off-diagonal contributions 2 Re(m12)P T /d vanish and
TrY is proportional to 1. (iii) 2 × 2 identities. For A = diag(a, b) and B = RAR†, which
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share trace T and determinant, K = B−1/2AB−1/2 has eigenvalues e±θ, and one finds
Tr(B#sA) = T cosh((s− 1

2)θ)/ cosh θ
2 and DBS(A∥B) = Tθ tanh θ

2 , with sinh θ
2 =

√
x. The

minimum over s is at s = 1
2 in every block. The Umegaki and Uhlmann expressions follow

from the qubit formulas for commuting spectra. (iv) Input optimality. Both channels are
covariant under conjugation by the Paulis commuting with P and under one antiunitary
symmetry (complex conjugation, possibly composed with a Pauli anticommuting with
P ). Averaging any input over the generated group, with a classical flag, does not change
the value of a divergence that satisfies data processing, is invariant under unitaries and
complex conjugation, and is additive over flagged blocks; the averaged input marginal is
1/d, whose purification is maximally entangled.

All closed forms were compared with direct matrix computations for n = 1, 2, random
U and local and global noise, in 40-digit arithmetic; the largest deviation was 3 × 10−35.

8.5 The multi-qubit window
Theorem 8.5.1 (Window law). Let Np,δ = D⊗n

p ◦ AdRP (δ) ◦ AdU with wtP = w.

(a) λ(D⊗n
p ◦ AdV ) = (p/2)n for every unitary V ; the eigenspace is spanned by vec(QV )

with wtQ = n, and λmax = d(1 − 3p
4 )n. For global noise, λ = p/d.

(b) With κw = [(4 − 3p)/p]w and xP = (κw − 1)2 sin2(δ/2)/(4κw),(
1 − 3p

4
)n
g(xP ) ≤ 1 − F̂ (Np,δ,Np,0) ≤ g(xP ),

2
(
1 − 3p

4
)n
φ(xP ) ≤ DBS(Np,δ∥Np,0) ≤ 2φ(xP ).

(8.5.1)

(c) Let δη = inf{δ : 1 − F̂ ≥ η}, xη = (1 − η)−2 − 1 and x′
η = g−1(η/(1 − 3p

4 )n
)
. Then

2 arcsin
2√

κwxη

κw − 1 ≤ δη ≤ 2 arcsin
2
√
κwx′

η

κw − 1 , δη = 4√
xη
(p

4
)w/2

[1 +O(np)].
(8.5.2)

(d) At Ψ = D⊗n
p ◦ AdU the worst-case log-modulus of Theorem 1.4.1, over the other

argument, is d
4λ = 1

4(4/p)n.

(e) For global noise δη ≃ 4√
xηp/d. For every n, D(Np,δ∥Np,0) ≤ w ln 4−3p

p sin2 δ
2 and

1 − FU(Np,δ,Np,0) ≤ sin2 δ
2 .

Proof. (a) J(Dp) = (1 −p)|Ω⟩⟨Ω| + p
214 has spectrum {2 − 3p

2 ,
p
2 ,

p
2 ,

p
2}; tensor products and

output unitaries give the rest. (b) In Theorem 8.4.1, qQP /qQ = κ−k
1 with |k| ≤ w, and x

is increasing in | ln(qQP /qQ)|, so xQ ≤ xP , attained by the pair {1, P}. Since the weights
qQ + qQP sum to one and g, φ are increasing, 1 − F̂ = ∑(qQ + qQP )g(xQ) ≤ g(xP ), and the
lower bound keeps only the pair {1, P}, whose weight is at least (1− 3p

4 )n. (c) Invert g. (d)
Theorem 1.4.1 with W = PU for wtP = n. (e) Theorem 8.4.1 with | ln(q/q′)| ≤ w ln 4−3p

p

and ∑ |q − q′| ≤ 1; for Uhlmann,
√
s2 − ∆2t ≥ s− ∆2t/s.

Table 8.1 compares Theorem 8.5.1(c) with exact evaluations. The window δ0.1 was
found by bisection in 50-digit arithmetic, from the exact 2 × 2 block reduction, which was
checked against brute-force 16 × 16 and 64 × 64 geometric means (including CNOT and
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Table 8.1: Window δ0.1 at which F̂ (Np,δ,Np,0) = 0.9, divided by pw/2, for local depolarizing
noise and a miscalibration of weight w = n. The predicted limit is 1.9373 · 2−w. Slopes are
fitted to ln δ0.1 against ln p for p ≤ 10−3.

generator p = 10−1 10−2 10−3 10−5 limit slope
Z (n = 1) 1.0719 0.9780 0.9696 0.9687 0.96864 0.50019
Z ⊗ Z (n = 2) 0.5734 0.4923 0.4851 0.4843 0.48432 1.00031
Z⊗3 (n = 3) 0.3120 0.2482 0.2428 0.2422 0.24216 1.50047

Toffoli as U) to 10−35. All 32 local values lie inside the two-sided bounds of (c), and all 16
global values agree with the prediction to 7 × 10−17. With η = 0.1, 4√

xη = 1.9373.
A weight-one error on two qubits (Z ⊗ 1) has exactly the window of Z on one qubit

(the second factor sums out in Theorem 8.4.1), δ0.1 = 0.9696√
p at p = 10−3 and 0.9686√

p
as p → 0; global depolarizing noise gives δ0.1/

√
p → 0.4843 (n = 2) and 0.2422 (n = 3), as

predicted by 1.9373/d.

8.6 The monotone-metric hierarchy
Symmetric monotone metrics on full-rank states correspond to operator monotone f :
(0,∞) → (0,∞) with f(t) = tf(1/t) and f(1) = 1 [104]. For ρ = ∑

i µi|ei⟩⟨ei| and a
Hermitian tangent A, F f (ρ;A) = ∑

ij |Aij |2cf (µi, µj) with cf (µ, ν) = 1/(νf(µ/ν)). The
extremes are the RLD metric (f(t) = 2t/(1 + t)) and the SLD metric (f(t) = (1 + t)/2);
BKM is f(t) = (t− 1)/ ln t.
Proposition 8.6.1. Let ρ > 0, A = A†, TrA = 0 and ρt = ρ+ tA.

(i) F SLD ≤ F f ≤ FRLD = TrAρ−1A.

(ii) As t → 0: 1 − Tr(ρ#ρt) = t2

8 F
RLD +O(t3), DBS(ρt∥ρ) = t2

2 F
RLD +O(t3), D(ρt∥ρ) =

t2

2 F
BKM +O(t3) and 1 − ∥√

ρ
√
ρt∥1 = t2

8 F
SLD +O(t3).

(iii) For 0 < ν < µ: cRLD(µ, ν) = µ+ν
2µν , cBKM(µ, ν) = ln(µ/ν)

µ−ν , cSLD(µ, ν) = 2
µ+ν . In

general cf (µ, ν) = 1/(µf(ν/µ)) stays bounded as ν → 0 if and only if f(0+) > 0.

(iv) cf (µ, µ) = 1/µ for every f : incoherent perturbations do not separate the metrics.

(v) For a trace-preserving family Nt with J(N0) > 0, 1 − F̂ (Nt,N0) = t2

8 F̂RLD + O(t3)
and DBS(Nt∥N0) = t2

2 F̂RLD+O(t3), with F̂RLD = λmax TrY(J̇J−1
0 J̇) the channel RLD

Fisher information [71].
Proof sketch. (i) is Ref. [104] with the Kubo–Ando bounds 2t

1+t ≤ f(t) ≤ 1+t
2 . For (ii)

put K = ρ−1/2Aρ−1/2 and expand h(1 + tK) inside Tr ρ1/2(·)ρ1/2, with h =
√

· for # and
h(x) = x ln x for BS [61]; Tr ρ1/2K2ρ1/2 = TrAρ−1A. For Umegaki the second derivative is∫∞

0 TrA(ρ+ s)−1A(ρ+ s)−1ds, and the Uhlmann case is the Bures–SLD relation [24]. (iii)
and (iv) are algebra. (v) applies (ii) inside the partial trace; the first-order term vanishes
by trace preservation, and Weyl’s inequality gives the extremal eigenvalues.

For the qubit family (n = 1, P = Z) Theorem 8.4.1 gives exact expressions for all δ,
with x = 4(1 − p)2 sin2(δ/2)/[p(4 − 3p)]:

F̂ = p
2 +

(
1 − p

2
)
(1 + x)−1/2, DBS = (2 − p)φ(x),

D = (1 − p) sin2 δ
2 ln 4−3p

p , FU = p
2 +

√(
1 − p

2
)2 − (1 − p)2 sin2 δ

2 .
(8.6.1)
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Figure 8.1: Exact Fisher informations per use at the depolarized qubit gate: FRLD, which
governs DBS and F̂ and grows as 1/p; the asymptotic adaptive rate F∞ of Zhou and
Jiang, which grows as 2/(3p); FBKM, which governs the Umegaki divergence and grows as
1
2 ln(4/p); and FSLD, which governs the Uhlmann fidelity and stays close to one.

Their second-order coefficients give the entries of Table 1.1, with FRLD = 2(1 − p)2(2 −
p)/[p(4−3p)], FBKM = 1

2(1−p) ln 4−3p
p and FSLD = 2(1−p)2/(2−p). For n qubits, FRLD =

1
4
∑

pairs(q + q′)(q − q′)2/(qq′), FBKM = 1
2
∑

pairs(q − q′) ln(q/q′) and FSLD = ∑
pairs(q −

q′)2/(q+q′). These identities were checked symbolically and against 4×4 matrix evaluations
at δ = 10−12 to relative accuracy 2 × 10−21. Figure 8.1 shows the four Fisher informations
as functions of p.

8.7 Amplitude damping
Let Aγ have Kraus operators K0 = |0⟩⟨0| +

√
1 − γ|1⟩⟨1| and K1 = √

γ|0⟩⟨1|, and write
L0, L1 for those of Aγ′ . Proofs of the general statements used here are in Example 4.12.8,
Section 7.6.1 and Section 8.15.

Infinite converses. For γ ̸= γ′ in (0, 1], ranJ(Aγ) ∩ ranJ(Aγ′) = span{vec |0⟩⟨1|} (the
inclusion ⊆, which is all that is used, holds for all γ ̸= γ′ in [0, 1]; Example 4.12.8), and
the level decomposition of the pair (Proposition 7.6.8) has conclusive levels K0 · K†

0 and
L0 · L†

0 and a single ambiguous level with operator Sa = (γ + γ′)|1⟩⟨1|. Every Bs entering
Ĉ is a multiple of |1⟩⟨1|, hence singular, so Q̂s = 0 for all s ∈ (0, 1); hence Ĉ = +∞, and
F̂ = Q̂1/2 = 0 gives −2 ln F̂ = +∞. For the barycentric converse [66], a channel T with both
BS divergences finite would need ranJ(T ) ⊆ span{vec |0⟩⟨1|}, forcing T ∗(1) ∝ |1⟩⟨1| ̸= 1;
so Cbar = +∞. The common kernel vector is |0⟩, on which the two channels act identically.

Program-simulation converse. For channels with Kraus operators (Kk) and (Ll), padded
to a common length m, let

µ∗(Φ,Ψ) = max
{

|c| :
∑
k,l

ClkL
†
lKk = c1, ∥C∥∞ ≤ 1

}
, (8.7.1)

a semidefinite program independent of the Kraus representations. By Theorem 7.6.9 in
Chapter 7, (a) µ∗ is the largest overlap of pure program states from which a single channel
L simulates both channels, (b) every adaptive strategy with n uses has error probability
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Table 8.2: Exponents for A1/2 against Aγ′ . The product-input value is a lower bound on ξ;
−2 lnµ∗ is a proved upper bound and −2 ln f a conjectured one. The single-letter converses
Ĉ, −2 ln F̂ and Cbar are infinite in every row.

γ′ product input |1⟩ −2 ln f (conjectured) −2 lnµ∗ (proved)
0.40 5.077 × 10−3 1.015 × 10−2 2.252 × 10−2

0.47 4.506 × 10−4 9.012 × 10−4 1.858 × 10−3

0.49 5.001 × 10−5 1.000 × 10−4 2.020 × 10−4

at least 1
2(1 −

√
1 − µ2n

∗ ) ≥ 1
4µ

2n
∗ , so ξ(Φ,Ψ) ≤ −2 lnµ∗, and (c) no simulation by mixed

programs gives a converse below − lnµ∗. The proof of (b) replaces each use of the unknown
channel by L acting on a fresh program copy, as in the programmable simulations of
Refs. [106, 107]. For amplitude damping the constraint forces C to be diagonal with
C00 = c and C11 = c(1 − a)/

√
γγ′, a =

√
(1 − γ)(1 − γ′), which gives µ∗ =

√
γγ′/(1 − a)

[Corollary 7.6.10]. The product input |1⟩ produces the commuting outputs diag(γ, 1 − γ)
and diag(γ′, 1 − γ′), whose classical Chernoff information is a lower bound on ξ. With
∆ = γ − γ′,

∆2

8γ(1 − γ) +O(∆3) ≤ ξ(Aγ ,Aγ′) ≤ ∆2

4γ2(1 − γ) +O(∆3). (8.7.2)

The two bounds differ by the factor 2/γ, and simulation arguments cannot close the gap:
by Theorem 7.6.9(c), every program gives at least − lnµ∗, which exceeds the product-input
value by 1/γ to leading order.

Conjecture (Conjecture 7.6.13). For every adaptive n-use strategy, the fidelity of the two
final states is at least f2n with f =

√
γγ′ +

√
(1 − γ)(1 − γ′). Consequently ξ(Aγ ,Aγ′) ≤

−2 ln f = ∆2

4γ(1−γ) +O(∆3).

An exact semidefinite program (Uhlmann’s theorem [122] plus a minimax over n-
combs) returns fn for the minimal root fidelity to within 10−8 for n ≤ 4, γ = 1

2 and
γ′ ∈ {0.05, 0.2, 0.4, 0.47, 0.49}. The conjecture cannot be proved by amortization: for one
pair of different qubit–qubit input states the one-step fidelity ratio is 0.948315 < f(1

2 ,
1
5) =

0.948683 (40-digit check). The adaptive Fisher information for estimating γ is at most
n/(γ(1 −γ)) [30], which the product input attains (Remark 7.6.12); this suggests, but does
not prove, that ξ equals the product-input lower bound to leading order. Table 8.2 lists the
values plotted in Fig. 1.2(a). Discrimination of amplitude-damping channels with finitely
many uses is analyzed in Ref. [114].

For replacement channels Φ = Tr(·)ϕ, Ψ = Tr(·)ψ one has µ∗ = FU(ϕ, ψ), the root
fidelity [see the discussion after Theorem 7.6.9], so min{Ĉ, Cbar,−2 lnµ∗} is a single-letter
converse that does not jump at the pairs of Fig. 1.2(b). That example is defined after
Theorem 8.15.6; there ∥Φt − Φ∥⋄ = 2

√
t/(1 + t), and ξ = 2 ln[(1 + t)/(1 − t)] = −2 lnµ∗

exactly, so the program-simulation converse is tight. Numerically, this value agrees with an
independently computed quantum Chernoff bound [11] to 1.5 × 10−8, and −2 lnFU(ϕt, ψt)
with 2 ln[(1 + t)/(1 − t)] to 10−10, while F̂ ≤ 6 × 10−16 in double precision and ≤ 8 × 10−11

from the semidefinite program.

8.8 The local Stein exponent
Proposition 8.8.1. For the qubit pair (Np,δ,Np,0), lim infδ→0 ζ/δ

2 ≥ F∞/2 and
lim supδ→0DBS/ζ ≤ FRLD/F∞ = (2 − p)(3 − 2p)/(4 − 3p) < 3/2 for every p ∈ (0, 1).
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Table 8.3: Asymptotic adaptive Fisher information F∞ and the RLD information FRLD at
the depolarized qubit gate, and the resulting bound on lim supδ→0DBS/ζ.

p pF∞ pFRLD FRLD/F∞ pF∞/2 (bound on pζ/δ2)
10−1 0.578571 0.831892 1.43784 0.289286
10−2 0.657785 0.982569 1.49375 0.328893
10−3 0.665778 0.998251 1.49938 0.332889
10−4 0.666578 0.999825 1.49994 0.333289

Proof. Fix k and a parallel k-use strategy with an ancilla and input ρ. Its outputs ρδk
have support supp(ρR) ⊗ Y⊗k for all δ, because J(Np,δ) ≥ p

21 (by the Choi sandwich
(id ⊗ Ψ)(σ) ≥ λmin(J(Ψ))σR ⊗ 1 of Lemma 5.7.3), and they are analytic in δ. Proposi-
tion 8.6.1(ii) gives D(ρδk∥ρ0

k) = δ2

2 F
BKM(ρk) + O(δ3), and FBKM ≥ F SLD. Since ζ is the

regularized (equivalently amortized) channel relative entropy [41, 125], ζ ≥ 1
kD(ρδk∥ρ0

k).
Hence lim infδ→0 ζ/δ

2 ≥ supk F SLD
k /(2k) ≥ F∞/2, where F SLD

k is the optimal k-use quan-
tum Fisher information and F∞ = limk F

SLD
k /k [131]. The upper side is ζ ≤ DBS =

δ2

2 FRLD +O(δ4/p2). Finally (2 − p)(3 − 2p) < 3
2(4 − 3p) is equivalent to p < 5

4 .

Value of F∞. With Kraus operators K0 =
√

1 − 3p/4 1 and Kj =
√
p/4σj , and

generator Z/2, the span of {K†
iKj} is all Hermitian matrices, so the Hamiltonian-not-

in-Kraus-span condition fails and the scaling is linear [31, 131]. The asymptotic rate is
F∞ = 4 minh:β(h)=0 ∥α(h)∥∞ with α = (K̇− ihK)†(K̇− ihK) and β = iK†(K̇− ihK) [131].
We evaluated a feasible h (upper bound) and the minimax dual with ρ0 = 1/2 (lower
bound) in 50-digit arithmetic; they agree to a relative gap below 2 × 10−47 and with

F∞ = 2(1 − p)2

p(3 − 2p) , pF∞ = 2
3 − 8p

9 +O(p2), (8.8.1)

which is the closed form of Ref. [131, Sec. VII.A] for Pauli noise with px = py = pz = p/4.
A double-precision interior-point solution agrees to 3 × 10−9. Table 8.3 lists values.

Conjecture (Conjecture 1.6.2, restated). limδ→0DBS/ζ = FRLD/F∞, so that the ratio
tends to 3/2 as p → 0.

The conjecture holds if the local coefficient of ζ is the SLD rate F∞/2. A priori it is
governed by a relative-entropy (BKM-type) rate, which is at least the SLD rate. For the
explicit strategies we evaluated, the BKM rate of a strategy strictly exceeds its own SLD
rate, where by the rate of a k-use strategy we mean its Fisher information per use, Fk/k,
which is twice the coefficient of δ2 in the corresponding divergence per use. For example,
the sequential strategy with maximally entangled input has p×(SLD rate) = 0.2334 but
p×(BKM rate) = 0.2992, i.e., a relative-entropy coefficient pDk/(kδ2) → 0.1496. So the
limit could lie strictly below FRLD/F∞; all that is established is the bracket [1, FRLD/F∞].
Earlier sequential-strategy bounds, which gave DBS/ζ ≤ 3.34 + o(1), are superseded by
Proposition 8.8.1.

8.9 First-order fragility: task versus bound
Theorem 1.4.1 concerns a first-order modulus: the change of a quantity per unit diamond-
norm error in the reference channel. This section shows that the adaptive exponents obey
the same law as the converses, and that they attain it at the worst case of Theorem 1.4.1.
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The second-order curvature at the pair (Np,δ,Np) is a different question; the Chernoff side
of it is treated in Sec. 8.10.

Conventions. In ζ(Φ∥Ψ) the channel Φ is the null hypothesis and Ψ the alternative.
The type-I error is that of rejecting Φ, and ζ ≤ DBS(Φ∥Ψ). Theorem 1.4.1 perturbs the
alternative Ψ. For a function q of the reference channel we define the first-order modulus

Modq(Ψ) = lim sup
ϵ→0

sup
∥Ψ′−Ψ∥⋄≤ϵ

|q(Ψ′) − q(Ψ)|
ϵ

, (8.9.1)

so that Eq. (1.4.3) reads supΦ Mod−2 ln F̂ (Φ,·)(Ψ) = 1/(2λ̃). We write Dmax(Φ∥Ψ) =
ln min{t : J(Φ) ≤ tJ(Ψ)}. When J(Φ) is singular, J(Ψ)#0J(Φ) = J(Ψ) by continuity
from above, which is why Ĉ is defined with the infimum over s ∈ (0, 1); for the rank-one
pairs below the infimum is approached as s → 0.

Lemma 8.9.1 (CP domination). Suppose Ψ − cΦ is completely positive for some c > 0.
Then the final states of every n-use adaptive strategy satisfy ρ

(n)
Ψ ≥ cnρ

(n)
Φ . For every

test T with αn = Tr(1 − T )ρ(n)
Φ and βn = TrTρ(n)

Ψ it follows that βn ≥ cn(1 − αn) and
1
2(αn + βn) ≥ 1

2c
n. In particular ζ(Φ∥Ψ) ≤ Dmax(Φ∥Ψ) and ξ(Φ,Ψ) ≤ Dmax(Φ∥Ψ).

Proof. The final state is a composition of completely positive maps, each use of the channel
contributing a factor Ψ ⊗ id. Writing Ψ = cΦ + (Ψ − cΦ) in every slot and expanding,
all 2n terms are positive semidefinite, and one of them is cnρ(n)

Φ . The best constant is
c = e−Dmax(Φ∥Ψ).

Proposition 8.9.2 (Thompson–Lipschitz property). Let Φ,Ψ,Ψ′ be channels with J(Ψ) >
0. Each of ζ(Φ∥·), ξ(Φ, ·), DBS(Φ∥·), Ĉ(Φ, ·), −2 ln F̂ (Φ, ·), D(Φ∥·) and −2 lnFU(Φ, ·)
changes by at most dT (Ψ,Ψ′) when Ψ is replaced by Ψ′. By Eq. (8.2.1), each has Mod ≤
1/(2λ̃(Ψ)).

Proof. Let t = dT (Ψ,Ψ′).
Operational exponents. For ζ this is Theorem 5.7.2 in Chapter 5; the following argument

also covers ξ. Since etΨ − Ψ′ is completely positive, the expansion in Lemma 8.9.1 gives
ρ

(n)
Ψ′ ≤ entρ

(n)
Ψ for the same strategy. Hence βn and the Bayes error grow by at most ent, so

ζ(Φ∥Ψ′) ≥ ζ(Φ∥Ψ) − t and ξ(Φ,Ψ′) ≥ ξ(Φ,Ψ) − t. Exchanging Ψ and Ψ′ gives the other
direction.

The BS divergence. From J(Ψ′)−1 ≥ e−tJ(Ψ)−1 and operator monotonicity of ln
on the support of J1/2

Φ J−1
Ψ J

1/2
Φ , which equals the support of JΦ, we get J1/2

Φ ln(·)J1/2
Φ ≥

(same at Ψ) − tJΦ. Moreover TrY JΦ = 1.
The remaining quantities. Ĉ and F̂ follow as in the proof of Theorem 1.4.1. D and FU

follow from monotonicity of ln and of the fidelity in each argument.

Thus every quantity considered, operational or not, is 1-Lipschitz in the relative
(Thompson) error. The factor 1/λ̃ arises only when a diamond-norm error is converted
into a relative one, through Lemma 8.2.1.

Proposition 8.9.3 (The worst case of Theorem 1.4.1 is genuinely fragile). Let dX = dY =
d and let Ψ be a channel with J(Ψ) > 0. Let W be unitary with J(Ψ)vW = µvW for
vW = vecW , and put µ̃ = µ/d, v̂W = vW /

√
d and σ = J(Ψ)/d.

(a) The exponents, converses and comparison quantities all coincide:

ζ(AdW ∥Ψ) = ξ(AdW ,Ψ) = D(AdW ∥Ψ) = DBS(AdW ∥Ψ)
= Ĉ(AdW ,Ψ) = −2 ln F̂ (AdW ,Ψ) = −2 lnFU(AdW ,Ψ) = ln(1/µ̃).
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(b) Let M be Hermitian preserving and trace annihilating. Along Ψ + eM, each quantity
in (a) is differentiable at e = 0 with the common derivative −⟨v̂W , J(M)v̂W ⟩/µ. Each
is in fact Fréchet differentiable at Ψ.

(c) Each quantity in (a) has Mod = 1/(2µ̃), attained by M = 1
2(AdW − AdW ′) with

TrW †W ′ = 0. If µ = λ(Ψ), as at the worst case of Theorem 1.4.1, this equals
1/(2λ̃), the bound of Proposition 8.9.2.

(d) For Ψ = Pq ◦AdU and W = QU , statement (a) holds at every Pauli channel Pq′ ◦AdU
with µ̃ = q′

Q. Along the direction in (c), every quantity equals ln[1/(qQ+e/2)] exactly.

Proof. (a) Upper bound. J(Ψ)−c vW v†
W ≥ 0 holds if and only if c ≤ 1/⟨vW , J(Ψ)−1vW ⟩ = µ̃.

Lemma 8.9.1 with c = µ̃ then gives ζ, ξ ≤ ln(1/µ̃).
Lower bound. Use the maximally entangled input and the test {v̂W v̂†

W ,1 − v̂W v̂
†
W },

accepting AdW only if all n outcomes are v̂W . This gives αn = 0 and βn = ⟨v̂W , σv̂W ⟩n =
µ̃n. For a Pauli channel the test is the Bell measurement in the known frame.

Converses. For rank-one JΦ = vW v
†
W and any J > 0 we have J1/2

Φ ln(J1/2
Φ J−1J

1/2
Φ )J1/2

Φ =
ln⟨vW , J−1vW ⟩ vW v†

W and J#svW v
†
W = ⟨vW , J−1vW ⟩s−1vW v

†
W for s ∈ (0, 1]. Moreover

TrY vW v
†
W = 1. Hence DBS = Ĉ = −2 ln F̂ = Dmax = ln⟨vW , J−1vW ⟩, which equals

ln(1/µ̃).
Umegaki and Uhlmann. ln(1/µ̃) = −⟨v̂W , ln σ v̂W ⟩ ≤ D ≤ Dmax. Also µ̃ ≤ F 2

U ≤
⟨v̂W , σv̂W ⟩ = µ̃, where the first inequality is domination and the second uses the maximally
entangled input.

(b) Put u(e) = ln⟨v̂W , σ−1
e v̂W ⟩, ℓ1(e) = −⟨v̂W , ln σe v̂W ⟩ and ℓ2(e) = − ln⟨v̂W , σev̂W ⟩.

The arguments of (a) hold at every Ψe, and give ℓ1 ≤ D, ζ ≤ u and ℓ2 ≤ ξ,−2 lnFU ≤ u.
The first four quantities of (a) are equal to u for all e. The three bounding functions are
smooth and coincide at e = 0. Because v̂W is an eigenvector of σ, their derivatives also
coincide there and equal −⟨v̂W , J(M)v̂W ⟩/(dµ̃).

(c) By Lemma 8.2.1, |⟨v̂W , J(M)v̂W ⟩| ≤ d
2∥M∥⋄. For the stated M the left side equals

d/2 and ∥M∥⋄ = 1.
(d) The vector vec(QU) is an eigenvector of J(Pq′ ◦ AdU ) with eigenvalue dq′

Q.

Remark 8.9.4. At this worst case the Umegaki divergence and the Uhlmann fidelity also
equal ln(1/λ̃) and move at the rate 1/(2λ̃). The worst direction changes a floor eigenvalue,
and by Proposition 8.6.1(iv) such incoherent perturbations do not separate the metrics.
The hierarchy RLD (∼ 1/λ̃), BKM (∼ ln(1/λ̃)) and SLD (O(1)) is therefore a statement
about second-order curvature under coherent errors. It does not hold per unit of diamond
distance.

For a general unitary Φ = AdW the same arguments give a sandwich:

− ln⟨v̂W , σv̂W ⟩ ≤ ξ ≤ ζ ≤ DBS = Ĉ = −2 ln F̂ = ln⟨v̂W , σ−1v̂W ⟩, ζ ≥ −⟨v̂W , ln σ v̂W ⟩.
(8.9.2)

By Jensen’s inequality, its two ends coincide if and only if v̂W is an eigenvector of σ.

Lemma 8.9.5 (Tight converses pass on their sensitivity). Let f ≤ g near Ψ, with J(Ψ) > 0
and f(Ψ) = g(Ψ), and let g be Fréchet differentiable at Ψ. Then Modf (Ψ) ≥ Modg(Ψ). If
g is only directionally differentiable, then Modf ≥ sup∥M∥⋄=1 max{0,−g′(Ψ; M)}.

Proof. Choose M with ∥M∥⋄ = 1 along which g decreases, g′(Ψ; M) = −c ≤ 0. Then
f(Ψ + eM) ≤ g(Ψ + eM) = f(Ψ) − ce+ o(e), so |f(Ψ + eM) − f(Ψ)| ≥ ce− o(e).
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Applied with f ∈ {ζ, ξ} and g a converse, the lemma shows two things. First, wherever
a converse is tight, the exponent is at least as sensitive at first order as the converse.
Second, by Proposition 8.9.2, the exponent is never more sensitive than 1/(2λ̃). A first-order
spurious gap can therefore occur only at pairs where the converse already overestimates
the exponent, that is, at pairs that are spurious at zeroth order.

Proposition 8.9.6 (Pauli-diagonal pairs). Let Φ = Pa ◦ AdU and Ψ = Pb ◦ AdU with all
bQ > 0. Then ζ(Φ∥Ψ) = D(Φ∥Ψ) = DBS(Φ∥Ψ) = ∑

Q aQ ln(aQ/bQ), ξ(Φ,Ψ) = Ĉ(Φ,Ψ) =
− ln infs∈(0,1)

∑
Q a

s
Qb

1−s
Q , and F̂ = ∑

Q

√
aQbQ.

Proof. Achievability. The Bell measurement in the known frame produces i.i.d. samples of
a or of b, to which the classical Stein and Chernoff theorems apply.

Converse. As in the proof of Proposition 8.13.3(a), the final state of any strategy is
Λ(a⊗n) or Λ(b⊗n) for a channel Λ independent of the rates. Any test therefore pulls back
to a test between i.i.d. classical sources.

Values of the converses. The two Choi matrices commute, and TrY of each projector
onto vec(QU) is 1.

On this class the single-letter converses are exact, so their sensitivity along Pauli direc-
tions belongs to the task at every order. The pair (Np,δ,Np) is not in this class, because
the miscalibration is coherent.

Proposition 8.9.7 (A first-order spurious gap). Take preparation channels (dX = 1,
so λ̃ = λ and the diamond norm is the trace norm). Let σ = diag(1 − λ, λ) and ϕ =√

1 − yλ |0⟩ +
√
yλ |1⟩ with 0 < y < 1/λ.

(a) The converses are DBS = Ĉ = −2 ln F̂ = ln[(1 − yλ)/(1 − λ) + y], which tends to
ln(1 + y).

(b) The exponents are ζ = −(1−yλ) ln(1−λ)−yλ lnλ and ξ = − ln[(1−yλ)(1−λ)+yλ2].

(c) The first-order moduli are

ModDBS = y

2(1 + y)λ [1 +O(λ)],

Modζ = 1
2 |1 − y| +O(λ ln2 1

λ) (y ̸= 1), Modξ = 1
2 +O(λ),

(8.9.3)

and at y = 1, Modζ =
√
λ(1 − λ) ln[(1 − λ)/λ]/(1 − 2λ).

Proof. Exponents. The quantum Stein lemma gives ζ = D(ϕ∥σ). For pure ϕ the quantity
⟨ϕ, σtϕ⟩ is minimized over t ∈ [0, 1] at t = 1, which gives ξ.

Moduli. For traceless M with ∥M∥1 ≤ 1, sup | Tr MH| = 1
2 [λmax(H) − λmin(H)]. The

derivative operators are H = vv†/⟨ϕ, σ−1ϕ⟩ with v = σ−1ϕ for the converse, the Hadamard
product of ϕϕ† with the divided differences of ln for D, and ϕϕ†/⟨ϕ, σϕ⟩ for ξ.

The ratio ModDBS/Modζ is of order 1/λ; at y = 1 the two moduli are 1/(4λ) and
roughly

√
λ ln(1/λ). The values already differ at zeroth order, as Lemma 8.9.5 requires.

For replacement channels on a qubit, every adaptive strategy outputs Λ(ϕ⊗n) or Λ(σ′⊗n),
so the same moduli hold along replacement directions.

The slope maximizer of Proposition 8.3.1. Let Φ = AdRZ(θ)U and Ψ = Dp ◦ AdU with
sin2(θ/2) = p/2, the unitary that maximizes the absolute slope of F̂ . Here F̂ → 1/

√
3, and

all converses equal ln[(1 − p/2)/(1 − 3p/4) + 2] → ln 3. Table 8.4 brackets ζ. The lower
bound comes from sequential strategies with maximally entangled input. The upper bound
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Table 8.4: Converse and Stein exponent at the slope maximizer of Proposition 8.3.1. The
integer k is the number of sequential uses in the best lower-bound strategy. U3 is Eq. (8.3.2)
at the base pair (AdU ,Ψ), where ζ = − ln(1 − 3p/4) by Proposition 8.9.3.
p DBS = −2 ln F̂ ζ ≥ (k) ζ ≤ D#

α (1/α) ζ ≤ U3 ratio ≥ ratio ≤

10−2 1.09945 0.17298 (14) 0.48014 (11/16) 0.78916 2.29 6.36
10−3 1.09870 0.071789 (46) 0.22020 (3/4) 0.32478 4.99 15.3
10−4 1.09862 0.028417 (151) 0.091412 (3/4) 0.12692 12.0 38.7

is the one-copy divergence D#
α of Ref. [43], re-checked and rescaled in 40-digit arithmetic.

The converse overshoots ζ by a certified factor that grows as p decreases. The absolute
slope 0.3849/p of Proposition 8.3.1 is therefore a slope of the converse at a pair where the
converse is already spurious. The first-order modulus of ζ at this pair is not determined.

Numerical checks. All entries below were computed from direct 4 × 4 and 16 × 16
matrices in 40-digit arithmetic, without using the closed forms.

• Proposition 8.9.3(a). Cases: depolarizing noise with p = 10−2, 10−3, 10−4; a biased
Pauli channel (qZ = 10−3, qX = qY = 10−5) with W chosen both on and off the floor;
and two qubits with U = CNOT and W = (Z ⊗ X)U . In every case −2 ln F̂ , DBS,
Dmax, the Umegaki divergence at maximally entangled input, the Bell-test exponent
and −2 lnFU equal ln(1/qW ) to 10−24 or better. Ĉ agrees to 10−12, because its
infimum is approached only as s → 0.

• Proposition 8.9.3(b). In the direction of Theorem 1.4.1 and in three random directions
per case, the derivatives of u, DBS, ℓ1 and ℓ2 agree with −⟨v̂W , J(M)v̂W ⟩/µ to 3 ×
10−16. In that direction the slope times 2qW is 1.

• Proposition 8.9.2. Over eight random pairs, the largest ratio |Mq|/dT is 0.74.

• Proposition 8.9.6. The deviations are at most 2 × 10−40 (DBS) and 3 × 10−16 (Q̂s).

• Proposition 8.9.7. The moduli agree with finite-difference suprema to all printed
digits.

8.10 The Chernoff exponent at a noisy gate
For the pair of Sec. 8.8, Theorem 8.4.1 gives the exact value

Ĉ(Np,δ,Np) = − ln
[p
2 +

(
1 − p

2
)
(1 + x)−1/2

]
= FRLD

8 δ2 +O(δ4/p2), (8.10.1)

with x = 4(1 − p)2 sin2(δ/2)/[p(4 − 3p)]. We compare it with ξ.

Lemma 8.10.1 (Midpoint bound). Call B a strong-converse Stein bound if every n-use
adaptive strategy and test T satisfy TrTρ(n)

Ψ ≥ c(TrTρ(n)
Γ ) e−nB(Γ∥Ψ)−o(n), for some function

c with c(t) > 0 whenever t > 0. For such a B and any channels Φ,Ψ,Γ,

ξ(Φ,Ψ) ≤ max{B(Γ∥Φ), B(Γ∥Ψ)}. (8.10.2)

The following are strong-converse Stein bounds:

• Dmax, by Lemma 8.9.1;
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• the geometric Rényi divergences D̂α with α ∈ (1, 2], by their chain rule [42] together
with D̃α ≤ D̂α and

TrTσ ≥ (TrTρ)α/(α−1)e−D̃α(ρ∥σ);
letting α ↓ 1 gives DBS;

• the one-copy D#
α [43].

At the gate, ξ(Np,δ,Np) ≤ B(Np,δ/2∥Np).

Proof. Let T be the decision “Φ”. Whether TrTρΓ ≥ 1
2 or Tr(1 − T )ρΓ > 1

2 , one of the
two error terms is at least 1

2c(
1
2)e−nB−o(n). At the gate take Γ = Np,δ/2. Post-rotation

by RZ(−δ/2), and conjugation by X combined with a rotation, show that B(Γ∥Np,δ) =
B(Γ∥Np).

The two-copy bound 1
2D

#
α (N ⊗2∥N ⊗2

0 ) used for ζ+ is not included in the list, because
it bounds ζ only through ζ = Dreg, which is a weak converse.

Proposition 8.10.2 (Local Chernoff exponent). For every p ∈ (0, 1),

F∞
8 = (1 − p)2

4p(3 − 2p) ≤ lim inf
δ→0

ξ

δ2 ≤ lim sup
δ→0

ξ

δ2 ≤ FRLD
8 = (1 − p)2(2 − p)

4p(4 − 3p) . (8.10.3)

Hence 1 ≤ lim infδ→0 Ĉ/ξ ≤ lim supδ→0 Ĉ/ξ ≤ FRLD/F∞ = (2 − p)(3 − 2p)/(4 − 3p) < 3/2,
the same bracket as for DBS/ζ. As p → 0, p ξ/δ2 ∈ [ 1

12 ,
1
8 ].

Proof. Upper bound. Use ξ ≤ Ĉ (Theorem 7.4.1). Alternatively, Lemma 8.10.1 with
B = DBS gives ξ ≤ DBS(Np,δ/2∥Np) = FRLD

2 ( δ2)2 +O(δ4/p2), which has the same constant
and uses only Ref. [42].

Lower bound. The argument follows Proposition 8.8.1. Fix k and a parallel k-use strat-
egy with an ancilla. Its outputs ρδk have δ-independent support and are analytic in δ. The
quantum Chernoff theorem [11, 99], applied to i.i.d. blocks, gives ξ ≥ 1

kC(ρδk, ρ0
k). Moreover

C ≥ − ln Tr
√
ρδk

√
ρ0
k ≥ − lnFU ≥ 1 − FU = δ2

8 F
SLD(ρk) + O(δ3) by Proposition 8.6.1(ii).

Taking the supremum over k and using Ref. [131] gives F∞/8.

The lower-bound argument discards a Wigner–Yanase factor: a fixed strategy has local
coefficient FWY(ρk)/(8k), with F SLD ≤ FWY ≤ 2F SLD. For the sequential strategy below,
the Chernoff constant exceeds that strategy’s own SLD rate by a factor 1.186. The exact
local constant within Eq. (8.10.3) is therefore open, as it is for ζ (Conjecture 1.6.2).

Explicit strategies. Each formula below was verified against explicit simulation for k ≤ 3
to 20 digits. We consider three strategies.

• (P) Bell measurement after each use. This gives the classical Chernoff information of
(qI , qZ , p2) against (qIc2 + qZs

2, qZc
2 + qIs

2, p2) with s = sin δ
2 , which is of order δ4/p.

• (A) k sequential uses on half of a Bell pair, with U † between uses and a collective
measurement on i.i.d. blocks:

ξ ≥ −1
k

ln
[
1 − sin2 kδ

2
(√

1 − 3qk
4 −

√
qk
4

)2]
, qk = 1 − (1 − p)k. (8.10.4)

• (B) The heralded code of Sec. 8.11, with abort on a flag, rk = (1 − 2a)k and a =
(p/4)/(1 − p/2):

ξ ≥ −1
k

ln
[
1 −

(
1 − p

2
)k(1 −

√
1 − r2

k

)
sin2 kδ

2
]
. (8.10.5)
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Table 8.5: Local constants p ξ/δ2 as δ → 0, maximized over the number k of sequential
uses (in parentheses). The entry pFRLD/8 equals pĈ/δ2.

p (A) (B) pF∞/8 pFRLD/8 product (k = 1)
10−2 0.034417 (51) 0.036303 (57) 0.082223 0.122821 0.00224
10−3 0.034573 (514) 0.036504 (568) 0.083222 0.124781 0.000242
10−4 0.034588 (5145) 0.036524 (5684) 0.083322 0.124978 0.0000247
→ 0 0.0345901 0.0365266 1/12 1/8 0

For (A) with k = 1, i.e. a product strategy with a collective measurement, p ξ/δ2 → p/4 →
0. Single-use strategies therefore have curvature of order one, and the 1/p curvature is
produced by adaptive accumulation. As p → 0, the local constants of (A) and (B) tend to

cA = max
u

u

16
(√

4 − 3(1 − e−u) −
√

1 − e−u
)2

= 0.0345901,

cB = max
u

u

4 e
−u/2

(
1 −

√
1 − e−u

)
= 0.0365266.

(8.10.6)

Table 8.5 lists their finite-p values.

Proposition 8.10.3 (Finite miscalibration). (a) For p ≪ δ ≪ 1, strategy (A) with k =
⌊π/δ⌋ gives ξ ≥ δ

2π ln δ
πp [1 + o(1)]. (b) By Eq. (8.3.2) (Corollary 5.7.5), ξ ≤ ζ ≤ U3 =

δ
2 [ln 4

p + ln 2
δ +O(1)], and since Ĉ(c√p) → 1

2 ln(1 + c2/4),

sup
δ

Ĉ

ξ
≥ 0.2682 + o(1)

√
p ln(1/p) , 0.2682 = max

c

ln(1 + c2/4)
1.5 c . (8.10.7)

Proof. (a) With kδ ≃ π the block Chernoff bound is − ln[qk/2+2
√

(1 − 3qk
4 ) qk

4 ] = 1
2 ln 1

qk
[1+

o(1)], where qk ≃ πp/δ. Dividing by k ≃ π/δ gives the claim. (b) Expand U3 with
ϵ′ = (1 − p) sin(δ/2) and use h(ϵ′) = ϵ′ ln(1/ϵ′) + O(ϵ′). At δ = c

√
p this gives U3 =

δ
2 [3

2 ln 1
p +O(1)]; maximize over c.

The curvature of Ĉ is thus genuine for δ ≲ p ln(1/p) and spurious for p ln(1/p) ≲ δ ≲
√
p.

In the latter range ξ grows only linearly in δ (up to logarithms), while Ĉ keeps its δ2/(8p)
curvature. These are the same three scales as for the Stein exponent.

Table 8.6 gives certified numbers. The upper bound is ξ+ = min{Ĉ(δ), B(δ/2)}, where
B is the smallest of DBS, the certified one-copy D#

α of Sec. 8.11, Dmax = 2 arsinh
√
x

and ln(4/p). The lower bound ξ− is the best of (P), (A) and (B). Above the onset the
binding upper bound is D#

α at δ/2, so the certified overshoot rests on Refs. [42, 43] and
Lemma 8.10.1 only. The bound (8.3.2) is never binding. The program-simulation converse
of Theorem 7.6.9 gives −2 lnµ∗ ≥ 1.34 Ĉ at every tested point, so it does not help at this
pair.

8.11 The Stein exponent at finite miscalibration
Lower bounds. Each lower bound is ζ ≥ Dk/k for an explicit k-use strategy, maximized over
integer k ≤ max(10/p, 50/δ). (A) Sequential, maximally entangled input, U † between uses:
Dk = (1−q) sin2(kδ/2) ln[1+4(1−q)/q] with q = 1−(1−p)k. (B) Sequential with a heralded
two-qubit code {|00⟩, |11⟩} (probe plus noiseless ancilla), in which bit-flip errors are flagged
and phase errors act as logical dephasing: Dk = (1− p

2)k ck artanh(ck) (1−cos kδ) with ck =
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Table 8.6: Chernoff exponent at finite δ, with x = δ/(p ln(1/p)). Ratios divided by ξ+ are
certified lower bounds on Ĉ/ξ; ratios divided by ξ− are upper bounds.

p = 10−2 p = 10−3 p = 10−4

small-x value of Ĉ/ξ− (x = 0.02) 3.38 3.42 3.42
smallest x with Ĉ/ξ+ > 1.01 3.17 1.59 1.26
maximum of Ĉ/ξ+ 1.125 (δ = 0.29) 2.483 (δ = 0.087) 5.996 (δ = 0.029)
peak of Ĉ/ξ+ times √

p ln(1/p) 0.52 0.54 0.55
maximum of Ĉ/ξ− 5.23 11.1 26.4
ξ+/ξ− over the grid 1.05–4.95 2.36–5.30 3.42–5.29

Table 8.7: Key numbers of Fig. 1.5 and Fig. 8.2, with δ̄ = δ/(p ln(1/p)). Ratios divided by
ζ+ are certified lower bounds on the true ratio; ratios divided by ζ− are upper bounds.

p = 10−2 p = 10−3 p = 10−4

DBS/ζ− at δ̄ = 0.01 3.127 3.159 3.162
smallest δ̄ with DBS/ζ+ > 1.01 1.26 0.79 0.63
maximum of DBS/ζ+ 1.81 (δ = 0.23) 3.74 (δ = 0.069) 9.15 (δ = 0.023)
position of the maximum, δ/√p 2.31 2.18 2.31
F̂ at the maximum 0.66 0.68 0.65
the same with U3 and ln(4/p) only 1.29 3.06 7.70
maximum of DBS/ζ− 5.21 11.9 29.9
maximum of (−2 ln F̂ )/ζ+ 1.07 2.17 5.36
ζ+/ζ− over the grid 1.01–3.89 2.28–4.05 3.01–4.08
peak of DBS/ζ+ times √

p ln(1/p) 0.83 0.82 0.84

(1 − 2a)k, a = (p/4)/(1 −p/2). Both formulas were verified by explicit simulation for k ≤ 3
to 20 digits. As δ/p → 0 they give pζ/δ2 ≥ 0.149587 (A) and 0.158119 (B). These finite-
length strategies fall short of the asymptotic coefficient pF∞/2 → 1/3 of Proposition 8.8.1,
which is why the small-δ ratio DBS/ζ− ≈ 0.5/0.158 = 3.16 in Fig. 1.5(a) lies above the
proved bracket [1, FRLD/F∞]: the numerical bracket for δ̄ ≲ 1 is [1, 3.16], and only in the
limit δ → 0 does Proposition 8.8.1 narrow it to [1, FRLD/F∞] ⊂ [1, 3/2].

Upper bounds. ζ+ = min{DBS, U3, ln(4/p), D#
α ,

1
2D

#
α (N ⊗2∥N ⊗2

0 )}. Here U3 is
Eq. (8.3.2) applied at the pair (Np,0,Np,0), where ζ = 0 and dT = 0, with ϵ′ = (1 −
p)| sin(δ/2)| (checked against the diamond-norm semidefinite program) and κ = (4−3p)/p.
The Fawzi–Fawzi divergences satisfy ζ ≤ D̃reg

α ≤ D#
α for α > 1 [43]; we solved their

semidefinite programs for 1/α on a dyadic grid in [1
2 ,

31
32 ], re-checked each solution in 25-

digit arithmetic and rescaled it to be exactly feasible, so each value is a valid upper bound.
The two-copy program was solved on alternate grid points; it improved ζ+ by up to 6.8%
at p = 10−2 and by at most 0.5% at p = 10−3.

Which bound sets ζ+. For δ̄ ≲ 1 the minimum defining ζ+ is DBS itself. At every grid
point from the onset of the overshoot through its maximum, the minimum is attained by a
Fawzi–Fawzi divergence (one or two copies) [43]; the continuity bound U3 of Corollary 5.7.5
in Chapter 5 attains the minimum only at δ̄ ≥ 50 (p = 10−3) and δ̄ ≥ 79 (p = 10−4), far
beyond the peaks. The certified peak overshoots 1.81, 3.74 and 9.15 therefore depend on
the Fawzi–Fawzi bound only. The row “the same with U3 and ln(4/p) only” of Table 8.7
shows the weaker values obtained without the Fawzi–Fawzi bounds.

The remaining factor of at most 4.1 between ζ− and ζ+ is not attributed to either side: a
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Figure 8.2: The same bracket as Fig. 1.5(a) for −2 ln F̂ , which is a Chernoff-type quantity
and not itself a Stein converse. Solid lines divide by ζ+, dashed lines by ζ−.

strategy optimized for finite δ could raise ζ−, and more copies in the Fawzi–Fawzi hierarchy
could lower ζ+. A search over Schmidt inputs √

q|00⟩ +
√

1 − q|11⟩ found the maximally
entangled input optimal at three test points.

8.12 Biased Pauli noise and correlated miscalibrations
This section applies Theorem 8.4.1 beyond uniform depolarizing noise. We treat (i) a
single qubit with dephasing-dominated (biased) Pauli noise, as in bias-preserving architec-
tures [109, 121], for Z and X miscalibrations; (ii) the asymptotic adaptive Fisher informa-
tion F∞ for every Pauli channel and every Pauli-string miscalibration, in closed form; and
(iii) the resulting local Stein bracket, including two qubits with a ZZ miscalibration.

Setting. A qubit Pauli channel has rates q1, px, py, pz with q1 = 1 − px − py − pz.
Its bias ratio is b = pz/(px + py), so that depolarizing noise has b = 1

2 . In the examples
px = py = p⊥ = pz/(2b). The gate is Nδ = Pq ◦ AdRP (δ) ◦ AdU as in Eq. (8.1.3). In the
notation of Theorem 8.4.1, label the pairs {Q,QP} by k, with rates (qk, q′

k), and put

Tk = qk + q′
k, Γk = 4qkq′

k

qk + q′
k

, Γ =
∑
k

Γk, (8.12.1)

so that ∑k Tk = 1, 0 ≤ Γk ≤ Tk and (qk − q′
k)2 = Tk(Tk − Γk). Pairs with Tk = 0 are

omitted. The pair containing the identity is k = 1, {1, P}, with rates (q1, qP ); we call
qP the coupled rate of the miscalibration. For a qubit the second pair consists of the two
Paulis other than 1 and P . For P = Z the pairs are {1, Z} and {X,Y }; for P = X they
are {1, X} and {Y,Z}.

Closed forms and the window

Proposition 8.12.1 (Biased qubit). Let s = sin(δ/2), q1 = 1 − pz − 2p⊥, and let xk =
(qk − q′

k)2s2/(4qkq′
k) as in Eq. (8.1.4).
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(a) For a Z miscalibration the pair {X,Y } has x = 0, and for all δ

F̂ = (1 − 2p⊥)(1 + x1)−1/2 + 2p⊥, DBS = 2(1 − 2p⊥)φ(x1),

x1 = (q1 − pz)2s2

4q1pz
, (8.12.2)

D = s2(q1 − pz) ln q1
pz
, F = 2p⊥ +

√
(1 − 2p⊥)2 − (q1 − pz)2s2. (8.12.3)

(b) For an X miscalibration both pairs contribute:

F̂ = q1 + p⊥√
1 + x1

+ pz + p⊥√
1 + x2

,

x1 = (q1 − p⊥)2s2

4q1p⊥
, x2 = (pz − p⊥)2s2

4pzp⊥
, (8.12.4)

DBS = 2(q1 + p⊥)φ(x1) + 2(pz + p⊥)φ(x2),

D = s2
[
(q1 − p⊥) ln q1

p⊥
+ (pz − p⊥) ln pz

p⊥

]
, (8.12.5)

F =
√

(q1 + p⊥)2 − (q1 − p⊥)2s2 +
√

(pz + p⊥)2 − (pz − p⊥)2s2. (8.12.6)

(c) In both cases, with the per-use Fisher informations

FRLD =
∑
k

Tk(Tk − Γk)
Γk

, FBKM = 1
2
∑
k

(qk − q′
k) ln qk

q′
k

,

FSLD =
∑
k

(Tk − Γk) = 1 − Γ,
(8.12.7)

one has, as δ → 0,

−2 ln F̂ = δ2

4 FRLD +O(δ4/p2
⊥), DBS = δ2

2 FRLD +O(δ4/p2
⊥), (8.12.8)

D = δ2

2 FBKM +O(δ4 ln 1
p⊥

), 1 − F = δ2

8 FSLD +O(δ4). (8.12.9)

For a Z miscalibration FRLD = (1 − 2p⊥)(q1 − pz)2/(4q1pz) = 1
4pz

[1 + O(pz)] and
FBKM = 1

2(q1 − pz) ln(q1/pz). For an X miscalibration FRLD = (q1+p⊥)(q1−p⊥)2

4q1p⊥
+

(pz+p⊥)(pz−p⊥)2

4pzp⊥
= 1

4p⊥
[1 +O(pz)] and FBKM = 1

2 [ln 1
p⊥

+ pz ln(2b)][1 +O(pz)].

Proof. (a) and (b) are Theorem 8.4.1 with the pairs listed above; the maximally entangled
input is optimal for D and F . (c) follows from g(x) = x

2 + O(x2), φ(x) = x + O(x2),
s2 = δ2

4 +O(δ4) and∑k Tkxk = s2

4
∑
k Tk(qk−q′

k)2/(qkq′
k), together with (q−q′)2 = T (T−Γ)

and 4qq′ = ΓT . Every xk is at most s2/(4 minQ qQ), which gives the remainders. The
coefficients agree with Proposition 8.6.1(v).

Proposition 8.12.2 (Window for any Pauli noise). Let Nδ be as in Eq. (8.1.3) on n qubits
with q1 > qP > 0, let T1 = q1 + qP , and let δη = inf{δ : 1 − F̂ (Nδ,N0) ≥ η}.

(a) T1 g(x1) ≤ 1 − F̂ ≤ T1 g(x1) + (1 −T1), with equality on the left when every pair other
than {1, P} has qk = q′

k.

(b) Put δ(y) = 2 arcsin
(
2√

q1qP y/(q1 − qP )
)

and xη = (1 − η)−2 − 1. Then δη ≤
δ
(
g−1(η/T1)

)
, and, if η > 1 − T1, δη ≥ δ

(
g−1((η − 1 + T1)/T1)

)
. In particular

δη = 4
√
xη qP /q1

[
1 +O(1 − T1) +O(qP )

]
. (8.12.10)
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The window is therefore set by the coupled rate qP . For local depolarizing noise qP /q1 =
[p/(4 − 3p)]w, which recovers Theorem 8.5.1(c). For DBS, the inequality DBS ≥ 2T1φ(x1)
gives the analogous upper bound on its window, and at fixed ratios of the rates the other
pairs change the DBS window only by a relative O(1 − T1).

Proof. By Theorem 8.4.1, 1 − F̂ = ∑
k Tkg(xk) with 0 ≤ g < 1; keep the first term, or

bound the others by ∑k≥2 Tk = 1 − T1. Since x1 is increasing in δ ∈ [0, π], inverting g
and solving x1 = y for δ gives (b). As 1 − T1 → 0, both arguments of g−1 tend to η, and
2√

q1qP /(q1 − qP ) = 2
√
qP /q1 [1 +O(qP )].

Remark 8.12.3 (Floor and window are set by different rates). For Z-biased noise with
p⊥ < pz, the Choi floor is λ̃ = p⊥ whatever the miscalibration, so the worst-case modulus
(Theorem 1.4.1) is d/(4λ) = 1/(4λ̃) = 1/(4p⊥). The window of a specific miscalibration
is instead set by its coupled rate. A Z miscalibration couples to pz, the largest rate:
δ0.1 = 1.937√

pz, independent of the bias. An X miscalibration couples to px = p⊥:
δ0.1 = 1.937

√
pz/(2b), which narrows as b−1/2. At pz = 10−3 and b = 100 the two windows

are 6.14 × 10−2 and 4.34 × 10−3 rad for F̂ , and 2.88 × 10−2 and 2.04 × 10−3 rad for DBS
(Fig. 1.4(a)). Pairs that do not contain the identity carry total weight 1−T1 ≤ px+py +pz
and only shift the window at that order. If such a pair has exactly one vanishing rate, the
two Choi matrices have different supports, and DBS = D = ζ = ∞ for every δ ̸= 0. If the
coupled rate itself vanishes (qP = 0), the window closes; for example, an X miscalibration
under pure dephasing has F̂ (Nδ,N0) = 0 for every δ ̸= 0.

Asymptotic adaptive Fisher information for Pauli channels

Theorem 8.12.4 (Adaptive QFI of a Pauli-string rotation under Pauli noise). Let Nθ =
Pq ◦ AdRP (θ) ◦ AdU on n qubits, with Γ as in Eq. (8.12.1).

(a) If Γ = 0, the Hamiltonian-not-in-Kraus-span condition holds and the optimal N -use
Fisher information grows as N2. If Γ > 0 it fails, and

F∞ = 1 − Γ
Γ , F1 = 1 − Γ = FSLD, (8.12.11)

where F1 is the single-use entanglement-assisted Fisher information.

(b) If all qQ > 0, then FRLD = ∑
k T

2
k /Γk − 1 and

FRLD
F∞

= Γ
1 − Γ

(∑
k

T 2
k

Γk
− 1

)
≥ 1, (8.12.12)

with equality if and only if Γk/Tk is the same for all pairs.

For a qubit with P = Z, Eq. (8.12.11) is Eq. (50) of Ref. [131], which reads Γ = 4[pxpy/(px+
py) + q1pz/(q1 + pz)].

Proof. Since F∞ and F1 do not depend on the Kraus representation, take KQ = √
qQQU

for each Pauli string Q with qQ > 0, and KQP = √
qQP QPU for its partner, using the

operator QP itself including its phase. Then K̇Q = − i
2
√
qQQPU , and U drops out of every

quantity below. The generator is H = i
∑
QK

†
QK̇Q = P/2.

(a, scaling) K†
QKQ′ is proportional to the Pauli string QQ′, which is proportional to P

only if Q′ ∝ QP . So P/2 lies in the Hermitian span of {K†
QKQ′} if and only if some pair

has both rates positive, that is, iff Γ > 0. The scaling statement is Thm. 1 of Ref. [131].



CHAPTER 8. NOISY GATES: PROOFS 234

(a, value) By Thm. 2 of Ref. [131], F∞ = 4 minh:β(h)=0 ∥α(h)∥∞ with α = ∑
QA

†
QAQ,

AQ = K̇Q − i
∑
Q′ hQQ′KQ′ and β = i

∑
QK

†
QAQ.

Lower bound. Since ∥α∥∞ ≥ Trα/d, and the Pauli strings are orthogonal in the Hilbert–
Schmidt product, Trα/d is a sum of nonnegative terms. An entry hQQ′ with Q′ /∈ {Q,QP}
enters Trα/d only through the term qQ′ |hQQ′ |2, and enters β only along Pauli strings other
than 1 and P . The constant part i∑K†K̇ = P/2 has no such component. Setting these
entries to zero therefore keeps β = 0 feasible and does not increase the objective, so it
suffices to minimize over h supported on the pairs. Write the entries of pair k as hQQ = u,
hQP,QP = v and hQ,QP = (y + ie)/(2

√
qkq

′
k). A direct computation gives that the pair

contributes

ak1 + a′
kP to α, ak = Tk

4 + y + y2 + e2

Γk
+ qku

2 + q′
kv

2, (8.12.13)

and (qku+ q′
kv)1 + (Tk

2 + y)P to β, with a′
k = 0 when u = v = 0. For a pair with exactly

one vanishing rate, y is absent and ak ≥ Tk/4. Hence

min
β=0

Trα
d

= min
{∑

k

(Tk
4 + yk + y2

k

Γk

)
:
∑
k

yk = −1
2
}

= 1
4 − 1

2 + 1
4Γ = 1 − Γ

4Γ , (8.12.14)

attained at yk = −Γk/(2Γ) and u = v = e = 0.
Upper bound. At this minimizer every a′

k = 0, so α = 1−Γ
4Γ 1 and ∥α∥∞ = Trα/d. This

gives F∞ = (1 − Γ)/Γ.
Dropping the constraint ∑k yk = −1

2 gives yk = −Γk/2, α = 1−Γ
4 1 and F1 =

4 minh ∥α∥∞ = 1 − Γ. This coincides with FSLD at the maximally entangled input, by
Theorem 8.4.1 and Eq. (8.12.7).

(b) The formula for FRLD is Eq. (8.12.7) with ∑k Tk = 1. The inequality is Cauchy–
Schwarz, ∑k T

2
k /Γk ≥ (∑k Tk)2/

∑
k Γk = 1/Γ, with equality iff Tk/Γk is constant.

Physically, FRLD sees mainly the coupled rate, FRLD ≃ 1/Γ1 ≃ 1/(4qP ), whereas F∞ ≃
1/Γ is limited by every pair whose two Pauli errors both occur. As the total error 1−q1 → 0
at fixed ratios of the rates,

FRLD
F∞

= 1 +
∑
k≥2

Γk
Γ1

+O(1 − q1). (8.12.15)

For a qubit this is 1 + qaqb
(qa+qb)qP

, where qa, qb are the two spectator rates. The ratio is not
bounded over Pauli channels: for an X miscalibration with px ≪ py = pz it is 1+py/(2px).

Local Stein bracket

Corollary 8.12.5 (Local Stein bracket for Pauli noise). In the setting of Theorem 8.12.4
with all qQ > 0,

lim inf
δ→0

ζ(Nδ∥N0)
δ2 ≥ F∞

2 = 1 − Γ
2Γ , 1 ≤ lim sup

δ→0

DBS(Nδ∥N0)
ζ(Nδ∥N0) ≤ FRLD

F∞
. (8.12.16)

Proof. This is the argument of Proposition 8.8.1. The constant-support hypothesis holds
because, for all δ, J(Nδ) is unitarily equivalent to J(N0), whose smallest eigenvalue is
2n minQ qQ > 0. For every N -use strategy with outputs ρδN , one has ζ ≥ D(ρδN∥ρ0

N )/N [41,
125], and Proposition 8.6.1(ii) gives D = δ2

2 F
BKM + O(δ3) ≥ δ2

2 F
SLD + O(δ3). Taking

N → ∞ over optimal strategies gives F∞ (Theorem 8.12.4). The upper side is ζ ≤ DBS =
δ2

2 FRLD +O(δ3) (Proposition 8.6.1(v)).
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Table 8.8: Biased qubit noise with pz = 10−3 and px = py = pz/(2b). The first two columns
after b give the windows of F̂ (1 − F̂ = 0.1) and of DBS (DBS = 0.1). The local coefficients
are DBS/δ

2 → FRLD/2 and ζ/δ2 ≥ F∞/2. All entries are exact evaluations of closed forms.
b rotation δ0.1(F̂ ) δ0.1(DBS) FRLD/2 F∞/2 FRLD/F∞ FBKM

1
2 Z or X 6.15 × 10−2 2.89 × 10−2 124.1 82.89 1.4975 3.44
10 Z 6.14 × 10−2 2.88 × 10−2 124.6 121.6 1.0249 3.45
10 X 1.37 × 10−2 6.44 × 10−3 2494 1280 1.9487 4.95
100 Z 6.14 × 10−2 2.88 × 10−2 124.6 124.3 1.0025 3.45
100 X 4.34 × 10−3 2.04 × 10−3 2.495 × 104 1.253 × 104 1.9911 6.10
1000 Z 6.14 × 10−2 2.88 × 10−2 124.6 124.6 1.0002 3.45
1000 X 1.37 × 10−3 6.44 × 10−4 2.495 × 105 1.250 × 105 1.9955 7.25

Biased qubit. For a Z miscalibration with px = py = p⊥, Eq. (8.12.12) simplifies exactly
to

FRLD
F∞

= T1 + p⊥T
2
1

2q1pz
, T1 = 1 − 2p⊥, (8.12.17)

which equals (2 − p)(3 − 2p)/(4 − 3p) (Proposition 8.8.1) at p⊥ = pz = p/4. It satisfies
FRLD/F∞ < 3

2 whenever p⊥ ≤ pz (i.e., b ≥ 1
2) and q1 > pz. To see this, set t = p⊥/pz ∈ (0, 1]

and σ = 2(pz + p⊥) ∈ (0, 1). Then 3
2 −FRLD/F∞ has the sign of −[2t(t+ 1)σ2 − (4t2 + 2t−

1)σ+ 2t2 − 2], which is convex in σ and negative at σ = 0 (for t < 1) and at σ = 1; at t = 1
the bracket equals σ(4σ − 5) < 0. As pz → 0 at fixed bias, FRLD/F∞ = 1 + 1

4b + O(pz).
Bias toward the rotation axis thus closes the bracket.

For pure dephasing (p⊥ = 0) the range of J(Nδ), span{vec 1, vecZ}, does not depend
on δ. The argument of Corollary 8.12.5 applies on this support, and DBS = 2φ(x1) exactly,
so

lim
δ→0

ζ(Nδ∥N0)
δ2 = F∞

2 = FRLD
2 = (1 − 2pz)2

8pz(1 − pz)
. (8.12.18)

Here the local Stein coefficient is known exactly, and it coincides with the curvature of DBS.
For an X miscalibration under the same noise the spectator pair {Y, Z} has Γ2 ≃ 4p⊥,

comparable to Γ1 ≃ 4p⊥. Equation (8.12.15) then gives FRLD/F∞ → (1 + 4b)/(1 + 2b) ∈
[3
2 , 2), so the ratio 3/2 is exceeded for every b > 1

2 . The exact ratio stays below 2 on a 30-
digit grid of 22 952 points covering p⊥/pz ∈ [10−6, 1] and 2(pz + p⊥) ∈ [10−7, 0.9999], with
maximum 1.9999988; we have no proof of this bound. In this case ζ/δ2 ≥ F∞/2 ≃ 1/(16p⊥)
for b ≫ 1, so the narrow window of Remark 8.12.3 also reflects a genuine sensitivity of ζ,
with DBS larger by at most a factor 2. Table 8.8 lists values.

Correlated miscalibrations. For local depolarizing noise and P of weight w, the quan-
tities of Theorem 8.12.4 depend on w but not on n. The reason is that qubits outside the
support of P multiply both rates of a pair by the same factor. As p → 0,

FRLD = 1
4(4/p)w[1+O(p)], F∞ = Θ

(
p−⌈w/2⌉), FRLD/F∞ = Θ

(
p−⌊w/2⌋). (8.12.19)

The leading term of Γ comes from the pairs {Q,QP} in which Q and QP each have weight
about w/2 on the support of P . For example, for P = Z ⊗ Z the weight-one errors Z ⊗ 1
and 1 ⊗ Z form a pair with Γk ≃ p/2, whereas the coupled pair {1, ZZ} has Γ1 ≃ p2/4.
For two qubits this gives

F∞ = 2
p

[1 +O(p)], FRLD = 4
p2 [1 +O(p)], FRLD

F∞
= 2
p

[1 +O(p)], (8.12.20)

so Corollary 8.12.5 pins ζ/δ2 only to [1/p, 2/p2] to leading order. Table 8.9 gives the limits
for w ≤ 4. Under Z-biased local noise (pz = 10−3, b = 100) a ZZ miscalibration gives
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Table 8.9: Leading coefficients of F∞, FRLD and their ratio for local depolarizing noise
and a miscalibration Z⊗w (any n ≥ w). Values are exact closed forms at p = 10−5, scaled
as indicated; the limits are 2/3, 1, 3/2 (w = 1), 2, 4, 2 (w = 2), 2/3, 16, 24 (w = 3) and
8/3, 64, 24 (w = 4).

w p⌈w/2⌉F∞ pwFRLD p⌊w/2⌋FRLD/F∞

1 0.666658 0.999983 1.499994
2 1.999945 3.999880 1.999995
3 0.666667 15.99928 23.99892
4 2.666529 63.99616 23.99980

F∞ = 498.5 and FRLD/F∞ = 499.5 ≃ 1/(2pz). This is controlled by the weight-one Z
errors and is no better than in the depolarizing case.

Whether the true local coefficient of ζ for a weight-two error follows F∞/2 ∼ 1/p or
FRLD/2 ∼ 2/p2 is open. Explicit sequential strategies give Θ(1/p), but their relative-
entropy rate is not known to be optimal. Until this is settled, the pw/2 window of DBS for
w ≥ 2 (Theorem 8.5.1) is not known to be a property of ζ.

Numerical verification.

• The closed forms of Proposition 8.12.1 agree with direct 40-digit evaluations from
4 × 4 Choi matrices to within 1.2 × 10−33 relative. The checks covered 24 points
with Z and X miscalibrations, symmetric and asymmetric transverse rates, and Choi
floors down to 4 × 10−8. Maximally entangled inputs beat 40 random inputs for D
and F .

• All 60 exact windows (40-digit bisection) lie within the bounds of Proposi-
tion 8.12.2, and their ratio to Eq. (8.12.10) lies in [1.006, 1.024], [1.0006, 1.0024]
and [1.00006, 1.00024] at pz = 10−2, 10−3 and 10−4.

• For the qubit we certified F∞ at 29 biased points, including asymmetric px ̸= py
and pure dephasing, with the method of Proposition 8.8.1: a 50-digit minimax lower
bound over the full h, and ∥α∥∞ at the minimizer. The two agree with each other and
with Eq. (8.12.11) to within 10−46 relative, and the double-precision interior-point
solution agrees to within 2 × 10−7.

• For two qubits (16 Kraus operators, input dimension 4) we used double-precision
interior-point solutions; the within-pair minimizer evaluated in 40 digits, for which
β = 0 to 10−36 and α ∝ 1; and a double-precision lower bound over the full 16 × 16
matrix h. These agree with Eq. (8.12.11) to within 5 × 10−6, 4 × 10−36 and 2 × 10−12

relative, respectively, for ZZ at p = 10−1, . . . , 10−4, for Z ⊗ 1, and for ZZ and XX
under biased noise.

• In every case FRLD computed as λmax TrY [J̇J−1J̇ ] agrees with Eq. (8.12.7) to within
10−33, and TrY [·] is proportional to 1.

8.13 Certification
Proof of Theorem 1.7.1. The estimates are assumed to be channels, so Φ − Φ̂ and Ψ − Ψ̂
are trace annihilating and the constant dX/2 of Lemma 8.2.1 applies. On the success event,
Lemma 8.2.1 gives ∥J(Φ) − J(Φ̂)∥∞ ≤ rλ̂, so Weyl’s inequality gives λ(Φ) ≥ (1 − r)λ̂, and
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J(Φ̂) ≥ λ̂1 gives (1 − r)J(Φ̂) ≤ J(Φ) ≤ (1 + r)J(Φ̂); likewise for Ψ. Joint monotonicity
and degree-one homogeneity of (A,B) 7→ A#sB give J(Ψ)#sJ(Φ) ≥ (1 − r)J(Ψ̂)#sJ(Φ̂)
for every s, hence Q̂s(Φ∥Ψ) ≥ (1 − r)Q̂s(Φ̂∥Ψ̂), and the minimum over s gives Eq. (1.7.1).
The inequality ξ ≤ Ĉ is Theorem 7.4.1 in Chapter 7, and Corollary 8.15.5 gives the finite-n
bound with Λ ≤ dT (Φ̂, Ψ̂) + 2 ln 1

1−r .

Stein version. On the same event, Eq. (8.3.2) at the base pair (Φ̂, Ψ̂) with ϵ′ ≤ ϵ/2,
together with ζ(Φ̂∥Ψ̂) ≤ DBS(Φ̂∥Ψ̂), gives

ζ(Φ∥Ψ) ≤ DBS(Φ̂∥Ψ̂) + ln 1
1 − r

+ ϵ ln dY +
(
1 + ϵ

2
)
h
( ϵ

2 + ϵ

)
+ ϵ

2 ln κ(Ψ̂), (8.13.1)

in which every term is computable from the estimates.
Sharpness of the radius. By Eq. (1.4.3), there are model pairs and members of the

diamond ball of radius ϵ whose values of − ln F̂ differ by dXϵ
4λ (1 − o(1)). A diamond-ball

certificate with additive accuracy η therefore needs ϵ ≤ 4ηλ̃(1 + o(1)).

Proposition 8.13.1 (Cost through a diamond ball). (a) With a known lower bound λ̃0 ≤ λ̃
and diamond-norm tomography [93] at ϵ = ηλ̃0, Theorem 1.7.1 certifies Ĉ and − ln F̂ to
additive accuracy η ≤ 1 with N = O

(
(dXdY k + dX ln(1/α))/(ηλ̃0)2) uses per channel,

where 1 − α is the confidence level. This learner processes the channel outputs coherently.
(b) Consider learners that prepare a fresh input (with ancilla) for each use and measure
the output, possibly choosing later inputs from earlier outcomes. Any such learner that
outputs Λ̂ with ∥Λ̂ − Np,θ∥⋄ ≤ ϵ with probability at least 2/3 for all θ needs N ≥ 0.0589 (1 −
p)2ϵ−2(1 − o(1)) uses.

Proof of (b). Two hypotheses θ, θ′ with ∥Np,θ − Np,θ′∥⋄ = 2(1 − p) sin |θ−θ′|
2 = 2ϵ(1 + o(1))

must be distinguished with errors at most 1/3. For classically adaptive kernels, the Bhat-
tacharyya coefficient of the outcome records is at least the product of the per-round minima,
each of which is at least the channel root fidelity, equal to its Choi value by Theorem 8.4.1,
i.e., at least 1 − sin2 θ−θ′

2 . Errors at most 1/3 require a coefficient at most
√

8/9, which
gives the bound with 0.0589 = 1

2 ln 9
8 .

Remark 8.13.2 (Learner classes). Part (a) is achieved by a coherent learner and part (b)
bounds incoherent learners, so Proposition 8.13.1 does not establish a cost of order 1/(ηλ̃)2

within a single learner class. For coherent learners the two-point argument on the family
Np,θ gives much less: with error-corrected probing the Fisher information per use for θ
is at most F∞ = 2(1 − p)2/[p(3 − 2p)] ≈ 2/(3p) (Sec. 8.8), so distinguishing θ, θ′ with
|θ − θ′| ≈ ϵ/(1 − p) requires only N ≳ 1/(F∞ϵ

2) ≈ 3p/(2ϵ2), which at ϵ = 4ηλ̃ = ηp is of
order 1/(η2p), the order of the intrinsic cost of Proposition 8.13.3. Whether diamond-ball
certification costs order 1/(ηλ̃)2 uses for coherent learners is open.

Proposition 8.13.3 (Intrinsic cost). (a) Let Ψ0 = D⊗n
p ◦ AdU , and let Ψ1 be the Pauli

channel obtained by multiplying qP (wtP = n, so qP = λ̃) by [(1 + η)/(1 − η)]2 and
decreasing q1 accordingly. Any N -use strategy, adaptive or coherent and with arbitrary
quantum memory, that estimates F̂ (AdPU ,Ψ) to relative accuracy better than η (i.e., with
|f̂ − F̂ | < ηF̂ for its estimate f̂) with probability at least 2/3 under both hypotheses needs
N ≥ c0/(η2λ̃), with c0 = 0.0246 for η ≤ 0.1, p ≤ 0.04. (b) Preparing Bell pairs, applying
the channel, undoing the known U and measuring in the Bell basis, N = ⌈3 ln(2/α)/(η2λ̃)⌉
uses estimate qP , hence F̂ (AdPU ,Ψ) = √

qP , to relative accuracy (1 ± η) with probability
at least 1 − α.
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Table 8.10: Converse side: total channel uses per channel for a certified lower bound on
F̂ (and, for (b), an upper bound on DBS) at accuracy η = 0.05, median run, with fitted
exponents a in N ∝ p−a and bootstrap 95% intervals. The last row is the reference scale
c0/(η2λ̃) of Proposition 8.13.3(a), which is proved for the estimand F̂ (AdPU ,Ψ) at success
probability 2/3, not for the simulated pair with the median-run criterion.
procedure p = 10−2 3 × 10−3 10−3 3 × 10−4 10−4 a

(a) diamond ball, Thm. 1.7.1, F̂ 3.6 × 1011 4.0 × 1012 3.6 × 1013 4.0 × 1014 3.6 × 1015 2.000
(b) Pauli rates, F̂ 1.2 × 106 4.3 × 106 1.2 × 107 3.9 × 107 1.2 × 108 1.00 [0.99, 1.03]
(b) Pauli rates, DBS 1.0 × 107 3.5 × 107 1.0 × 108 3.5 × 108 1.0 × 109 1.00 [0.97, 1.03]
reference c0/(η2λ̃) 3.9 × 103 1.3 × 104 3.9 × 104 1.3 × 105 3.9 × 105 1

Proof. (a) A Pauli channel is a mixture of unitaries, so the final state of any strategy is
Λ(q⊗N ) for a channel Λ independent of q. Under the two hypotheses F̂ = √

qP and F̂ =
√
qP (1 + η)/(1 − η), so the two open acceptance intervals {|f̂ − F̂ | < ηF̂} are disjoint, and

a successful estimator yields a test with both errors at most 1/3, and data processing gives
N KL(q(0)∥q(1)) ≥ ln 2

3 . The minimum of Nη2λ̃ over η ∈ [0.005, 0.1] and p ∈ [10−6, 0.04] is
0.02465; analytically KL ≤ χ2 ≤ 16η2λ̃(1 + O(η + λ̃)). The rank-one formula of Sec. 8.3
gives F̂ (AdPU ,Ψj) =

√
q

(j)
P . (b) Multiplicative Chernoff bound for a binomial with mean

NqP .

The perturbation in (a) changes the Pauli rates in the low-probability sector, where the
information per use is (∆q)2/q ≈ η2λ̃, not η2λ̃2. A two-point lower bound of order 1/(ηλ̃)2

for the certification task itself is therefore false at this instance; the quadratic cost belongs
to certification through a diamond ball. Hypothesis-testing quantities are different: the
hockey-stick channel divergence satisfies |E⋄

γ(Φ′∥Ψ′)−E⋄
γ(Φ∥Ψ)| ≤ 1

2∥Φ−Φ′∥⋄+ γ
2 ∥Ψ−Ψ′∥⋄,

so additive accuracy η needs only ϵ ≤ 2η/(1 + γ), independently of λ.

Conjecture 8.13.4. For every channel pair with floor λ̃, the optimal number of uses for
certifying Ĉ or F̂ to relative accuracy η is Θ̃(poly(d)/(η2λ̃)).

Simulations. We simulated standard single-qubit Pauli process tomography (six input
states, three measurement bases, 18 binary settings, exact binomial sampling) for the pair
Np,δ, Np,0 with U = H and δ = 2√

p, where F̂ ≈ 0.71. All confidence regions hold
simultaneously with probability at least 0.95 (Hoeffding or Clopper–Pearson bounds with
a union bound).

Converse side. A converse is certified by a lower confidence bound on F̂ (an upper
bound on Ĉ = − ln F̂ for this pair) and an upper confidence bound on DBS. We compared
two procedures. (a) Linear inversion, which is exactly trace preserving, with the Hoeffding
trace-norm ball ∥Ji−JLI,i∥1 ≤ ϵtr; Theorem 1.7.1 then gives F̂ ≥ (1−r)F̂ (JLI,1, JLI,0) with
r = ϵtr/(2λ̂), and the bound is vacuous if r ≥ 1. (b) Direct estimation of the Pauli error
rates in the known frame (three settings per channel: prepare U †|P+⟩ and measure P ),
with Clopper–Pearson intervals defining a polytope of Pauli channels. Because F̂ is jointly
concave and DBS jointly convex while the Choi pair is affine in the rates, the minimum of
F̂ and the maximum of DBS over the product polytope are attained at pairs of vertices
and were computed exactly by vertex enumeration. Procedure (b) assumes that the noise
is a Pauli channel in the known frame. The accuracy target was ln(F̂true/F̂LCB) ≤ η in the
median run, on a grid of 1/8 decade with 100 runs (a) or 50 runs (b) per point.

The ratio of (a) to (b) is about 750/λ̃ at every p. The p−2 of (a) holds by construction:
the requirement r = ϵtr/(2λmin) ≤ η with λmin = p/2, ϵtr = 36t and the Hoeffding width
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t = [ln(1440)/(2Nset)]1/2 alone gives N = 18 · 362 ln(1440)/(2η2p2) ≈ 3.4 × 107/p2 uses
per channel, against 3.6 × 107/p2 observed. The fitted exponents in N ∝ η−b over η ∈
{0.1, 0.05, 0.025} are b = 1.94 for (a) and 1.65–1.76 for (b), below the asymptotic value
2 because these widths are pre-asymptotic. Procedure (a) lies a constant factor of about
1.5 × 106 above the incoherent-learner bound of Proposition 8.13.1(b) at the sharp radius
ϵ = 4ηλ̃, which reflects the constants of a non-optimal learner, not a different scaling.
Procedure (b) assumes that both channels are Pauli channels in the known frame. On
the converse side, the exact lower confidence bound over the model-free Clopper–Pearson
box (a′′) below is a concave minimization that we did not attempt, so whether model-free
tomography attains the 1/λ̃ law for certifying the converse is open. Procedure (b) lies a
p-independent factor of about 300 above the reference scale c0/(η2λ̃); since that scale is
proved for a different estimand and success criterion, this factor is not a gap to a lower
bound for the simulated pair. Coverage, measured in 1000 runs per p at the budget of each
procedure, was 1.000 (Clopper–Pearson interval [0.996, 1]) for every certified bound; the
median certified F̂ was 0.67–0.68 against a true value of 0.71. At δ = 1, where E1 ≈ 0.48
and F ≈ 0.88, the hockey-stick divergence (upper bound 1

2∥Φ̂−Ψ̂∥⋄ +ϵtr) and the Uhlmann
fidelity (lower bound through the purified distance) were certified through the same ball
with 3.4 × 107 and 5.9 × 1010 uses, independently of p (fitted slopes 0.000 and −0.008).

Opposite side. Upper bounds on F̂ and lower bounds on DBS, which limit distinguisha-
bility from below, are convex programs over the confidence region; we solved them with
a safety margin of 10−5 above the solver tolerance, using the geometric Rényi divergence
of order 7/8 (monotone in the order) for DBS. We used four regions: (a) the trace-norm
ball, (a′) a Hoeffding box on the 18 setting probabilities, (a′′) a Clopper–Pearson box, i.e.,
exact binomial intervals per setting with no model assumption, and (b) the known-frame
Pauli polytope. With the criterion that the certified divergence lies within a factor two
of the truth (median of 10 runs), the total uses per channel at p = 10−3 were 4.3 × 1010,
1.3 × 109, 9.4 × 106 and 2.4 × 105, with fitted exponents 1.98, 1.93, 0.96 and 0.99 over
p ∈ [10−4, 10−2], the same range as Table 8.10. A variance-adaptive region thus removes
the extra factor 1/λ̃ without any model assumption, while the variance-blind regions (a)
and (a′) do not. For the box and ball regions, 1000 repetitions at (p,N) = (10−2, 106),
(10−3, 108) and (10−4, 1010) shots per setting gave coverage 1.000 against a nominal 0.95.
At the same sample sizes, and at (p,N) = (10−3, 1010), the plug-in F̂ from linear inversion
exceeded the truth, which makes the converse claim a stronger limit than is true, in 21.8%,
8.2%, 0.6% and 31.9% of runs. A hedged maximum-likelihood estimate [22] with β = 1/2
did so in up to 96% of runs at 102–103 shots per setting (p ≤ 10−3). A route that uses only
the different-sums continuity bound of Theorem 4.10.4 in Chapter 4 with a Weyl-certified
floor did not become non-vacuous below 1012 shots per setting.

Two qubits. For a CNOT gate with a Z ⊗ Z miscalibration under local noise, plug-in
estimation of F̂ to 10% accuracy in 90% of runs (product Pauli tomography, linear inversion
with projection onto channels) needed 106, 108 and 1010 shots per setting at p = 0.1, 0.03
and 0.01, i.e., N ≈ p−4 on a one-decade grid with three points, consistent with 1/λ2 and
λ = p2/4. These are plug-in estimates, not certified bounds.

8.14 Numerical methods
Geometric means were computed through the Arveson–Radon–Nikodym factorization of
the pair, which is stable when both Choi matrices are invertible, and cross-checked against
semidefinite programs. Closed forms were verified against direct matrix computations in
40–60-digit arithmetic (mpmath); semidefinite programs used cvxpy with Clarabel, with
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SCS as a cross-check. Diamond norms used the Watrous semidefinite program [127].
Whenever a Choi eigenvalue fell below 10−8, finite differences were evaluated in multiple-
precision arithmetic, because square roots of round-off-level eigenvalues corrupt double-
precision derivatives. The code, random seeds and raw data are in the code/ direc-
tory of the repository that accompanies this book, https://github.com/mjones1298/
Continuity-of-divergences-python-; its README.md lists the script and output file be-
hind each number of this chapter and of Chapter 1.

8.15 Refinements of results from Chapters 4, 5 and 7
The continuity of the geometric quantities, the Thompson-metric and first-argument con-
tinuity of the adaptive Stein exponent, the geometric Chernoff converse and the program-
simulation converse, which Sections 1.3–1.7 of Chapter 1 and Sections 8.3, 8.7 and 8.13
of this chapter use, are proved in Chapters 4, 5 and 7. This section points to them and
proves, for finite-dimensional channels, the refinements that are needed here and are not
proved there. Maps act from L(X ) to L(Y) and are completely positive (CP), and chan-
nels when stated. We use TrY J(Λ) = Λ∗(1)T , so that TrY J(Φ) = 1 for a channel, and
TrY | vecA⟩⟨vecB| = (B†A)T .

Kubo–Ando facts. For s ∈ (0, 1) and positive semidefinite (PSD) A,B we use only the
following properties of #s [79]. (K1) #s is monotone in each argument. (K2) (aA)#s(bB) =
a1−sbsA#sB for a, b > 0. (K3) X(A#sB)X† = (XAX†)#s(XBX†) for invertible X, and
A#sB = A1−sBs for commuting A,B > 0. (K4) #s is continuous on pairs of positive
definite operators, and An#sBn → A#sB whenever An ↓ A and Bn ↓ B. (K5) A#sB ≤
(1 − s)A+ sB and A#sA = A. By the defining formula and (K4), the mean of two block-
diagonal pairs is block diagonal. With the convention of Sec. 8.1, Q̂0 = Q̂1 = 1, and
Q̂s ≤ 1 for channels (proof of Theorem 7.6.4(b)), so e−Ĉ = inf0<s<1 Q̂s; we use this form
throughout.

Derivatives and levels. Let Φ,Ψ be CP maps and fix an injective W with WW † =
J(Φ+Ψ), whose columns are linearly independent Kraus operators of Φ+Ψ. The derivative
T of Φ with respect to Φ+Ψ (Section 4.2) satisfies 0 ≤ T ≤ 1, J(Φ) = WTW † and J(Ψ) =
W (1−T )W †. With bs(t) = ts(1−t)1−s and bs(0) = bs(1) = 0 for 0 < s < 1, Theorem 4.2.15
gives J(Ψ)#sJ(Φ) = W bs(T )W †, and Theorem 4.5.6 gives ran(A#sB) = ranA∩ ranB for
PSD A,B. The levels τℓ of a pair of channels, the operators Sℓ and Bs, the constant
Λ ≤ dT (Φ,Ψ) and the identity Q̂s(Φ∥Ψ) = λmin(Bs) for 0 < s < 1 are those of Section 7.2
(Lemma 7.2.1 and Remark 7.2.2, where bs is written gs).

Continuity of the geometric quantities and the scope of the dichotomy

Q̂s and F̂ are upper semicontinuous on pairs of CP maps (Lemma 4.12.1(c)), and hence so
is e−Ĉ = inf0<s<1 Q̂s; in particular F̂ and Q̂s are continuous at every pair at which they
vanish. As functions on pairs of CP maps, F̂ and Q̂s are continuous at (Φ,Ψ) if and only
if J(Φ + Ψ) is invertible or F̂ (Φ,Ψ) = 0 (Theorem 4.12.4(a) and (d)(ii)). Restricted to
pairs of channels, F̂ is continuous at (Φ,Φ) if and only if J(Φ) is invertible, and if J(Φ)
is singular the output rotations Φt = Ade−itH ◦ Φ witness the discontinuity for suitable
Hermitian H (Corollary 4.12.10 and Theorem 4.12.9(b)); whether the ‘only if’ direction
holds at off-diagonal channel pairs with J(Φ + Ψ) singular and F̂ (Φ,Ψ) > 0 is open (Sec-
tion 4.13). For unitaries, F̂ (AdU ,AdU ′) = 0 whenever U ′ /∈ CU , while F̂ (AdU ,AdU ) = 1
(Corollary 4.12.6). For amplitude damping, ranJ(Aγ) ∩ ranJ(Aγ′) ⊆ span{vec |0⟩⟨1|} and
F̂ (Aγ ,Aγ′) = 0 for γ ̸= γ′ in [0, 1] (Example 4.12.8), and Ĉ = −2 ln F̂ = Cbar = +∞ for

https://github.com/mjones1298/Continuity-of-divergences-python-
https://github.com/mjones1298/Continuity-of-divergences-python-
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0 < γ, γ′ ≤ 1 (Proposition 7.6.8). For pairs of channels, Ĉ is lower semicontinuous every-
where and continuous wherever J(Φ + Ψ) is invertible (Theorem 7.6.4(a,c)). The following
proposition extends the last statement to completely positive maps.

Proposition 8.15.1. Let Φ,Ψ be CP maps and 0 < s < 1. If J(Φ + Ψ) is invertible, then
Q̂s, F̂ and Ĉ are continuous at (Φ,Ψ).

Proof. Near (Φ,Ψ), S′ = J(Φ′ + Ψ′) is invertible, and Theorem 4.2.15 with W = S′1/2

gives T ′ = S′−1/2J(Φ′)S′−1/2, which is continuous in the pair, and Q̂s(Φ′∥Ψ′) =
λmin TrY(S′1/2bs(T ′)S′1/2). This is continuous for fixed s. For Ĉ, since e−Ĉ is
upper semicontinuous, it remains to show lim inf e−Ĉ(Φ′,Ψ′) ≥ e−Ĉ(Φ,Ψ). Choose
η ∈ (0, 1

4) such that T has no eigenvalue in (0, 2η) ∪ (1 − 2η, 1), and let ks equal bs
on [2η, 1 − 2η], vanish on [0, η] ∪ [1 − η, 1] and be affine in between. Since bs is con-
cave and nonnegative, 0 ≤ ks ≤ bs, and ks(T ) = bs(T ). The family {ks}0<s<1 is
uniformly bounded and equicontinuous, because (s, t) 7→ bs(t) is uniformly continuous
on [0, 1] × [η, 1 − η], so it is totally bounded in the supremum norm (Arzelà–Ascoli).
Approximating by a finite net shows sups ∥ks(T ′) − ks(T )∥∞ → 0 as T ′ → T . Hence
Q̂s(Φ′∥Ψ′) ≥ λmin TrY(S′1/2ks(T ′)S′1/2) → λmin TrY(S1/2bs(T )S1/2) = Q̂s(Φ∥Ψ) uniformly
in s, and taking the infimum over s gives the claim.

The two-sided Choi-floor law with separate floors

Proposition 8.15.2. Let Φ,Φ′,Ψ,Ψ′ be CP maps. Put rΦ = ∥J(Φ′) − J(Φ)∥∞/λ(Φ) if
λ(Φ) > 0 and rΦ = 0 if Φ′ = Φ, define rΨ likewise, and assume rΦ, rΨ < 1. Then for
0 < s < 1

(1 − rΨ)1−s(1 − rΦ)s Q̂s(Φ∥Ψ) ≤ Q̂s(Φ′∥Ψ′) ≤ (1 + rΨ)1−s(1 + rΦ)s Q̂s(Φ∥Ψ). (8.15.1)

In particular

√
(1 − rΦ)(1 − rΨ) ≤ F̂ (Φ′,Ψ′)

F̂ (Φ,Ψ)
≤
√

(1 + rΦ)(1 + rΨ),

|Ĉ(Φ′,Ψ′) − Ĉ(Φ,Ψ)| ≤ ln 1
1 − max{rΦ, rΨ}

.

With λ = min{λ(Φ), λ(Ψ)} and ηJ as in Sec. 8.3, the equal-floor bounds 1 ± ηJ/λ, for F̂
and for every Kubo–Ando connection, are Theorem 4.8.8(a,b). For channels, ηJ/λ ≤ r =
dXϵ/(2λ) with ϵ = max{∥Φ′ − Φ∥⋄, ∥Ψ′ − Ψ∥⋄}, by Lemma 8.2.1.

Proof. J(Φ) ≥ λ(Φ)1 gives (1 − rΦ)J(Φ) ≤ J(Φ) − rΦλ(Φ)1 ≤ J(Φ′) ≤ J(Φ) + rΦλ(Φ)1 ≤
(1 + rΦ)J(Φ), and likewise for Ψ. Apply (K1) and (K2), and use that Z 7→ λmin TrY Z is
monotone and positively homogeneous.

For Φ′ = Φ this is Eq. (1.4.2). Since F̂ is symmetric, Eq. (1.4.3) shows that each of the
two terms is sharp separately, when the other channel is unitary and therefore has floor
0. Whether the constant dX/(2λ) for ln F̂ is attained when both channels move and both
floors are at least λ is open.

The Thompson metric and the adaptive Stein exponent

An n-use adaptive strategy consists of a state ρ1 on X ⊗ R1, channels Γk : L(Y ⊗ Rk) →
L(X ⊗ Rk+1) for k < n, and a final measurement on Y ⊗ Rn. Its final states are ρΦ

n = (Φ ⊗
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id)Γn−1 · · · Γ1(Φ ⊗ id)(ρ1) and ρΨ
n . We use ζ(Φ∥Ψ) = Dreg(Φ∥Ψ) = limn

1
nD(Φ⊗n∥Ψ⊗n) =

DA(Φ∥Ψ) [41, 125]. HereD of channels is the Umegaki channel divergence, andDA(Φ∥Ψ) =
sup[D((id ⊗ Φ)ρ∥(id ⊗ Ψ)σ) − D(ρ∥σ)] is the amortized divergence, with the supremum
over finite-dimensional R and states ρ, σ on R ⊗ X with D(ρ∥σ) < ∞. We write κ(Ψ) =
λmax(J(Ψ))/λmin(J(Ψ)) and h for the binary entropy.

The Choi sandwich λmin(J(Ψ))σR ⊗ 1 ≤ (id ⊗ Ψ)(σ) ≤ λmax(J(Ψ))σR ⊗ 1 is
Lemma 5.7.3. If J(Ψ) ≤ c J(Ψ′), then ρΨ

n ≤ cnρΨ′
n for every n-use adaptive strategy

(Lemma 5.7.1). Consequently, for every divergence that is antitone in its second argument
and satisfies D(ρ∥cσ) = D(ρ∥σ) − ln c, such as the Umegaki, Belavkin–Staszewski or
max-relative entropy, the suprema over adaptive or parallel n-use strategies are ndT -
Lipschitz in Ψ, and |ζ(Φ∥Ψ) − ζ(Φ∥Ψ′)| ≤ dT (Ψ,Ψ′) (Theorem 5.7.2). With Eq. (8.2.1),
dT (Ψ,Ψ′) ≤ ln 1

1−r for r = dX∥Ψ − Ψ′∥⋄/(2λ(Ψ)) < 1; the constant dX/2 of Lemma 8.2.1
halves the radius used in Theorem 5.7.2. The first-argument bound for D and DA,
uniformly over references, is Theorem 5.7.4. Corollary 5.7.5 gives the properties of ζ
used here: ζ is lower semicontinuous on pairs of channels; if J(Ψ) is invertible, then
ζ(Φ∥Ψ) ≤ ln(dX/λ(Ψ)) and Eq. (8.3.2) holds; and ζ is continuous at (Φ,Ψ) if and only if
J(Ψ) is invertible or ζ(Φ∥Ψ) = ∞.
Remark 8.15.3. If J(Φ + Ψ) is invertible, then either J(Ψ) is invertible or ranJ(Φ) ̸⊆
ranJ(Ψ), in which case ζ(Φ∥Ψ) ≥ D(Φ∥Ψ) = ∞. So ζ, too, is continuous at every pair
with J(Φ + Ψ) invertible.
Remark 8.15.4. DBS is continuous, with values in (−∞,+∞], at every pair of CP maps
with J(Φ + Ψ) invertible. Chapter 4 does not state this as a single result; it follows
from that chapter as follows, since DBS = D̂f with f(t) = t ln t, for which f(0+) = 0
and f ′(∞) = +∞. Let (Φ′,Ψ′) → (Φ,Ψ). Their relative distance δ to (Φ,Ψ) tends to
0 (Corollary 4.10.8), and hence so do τ and dT (Lemma 4.10.5). If J(Ψ) is invertible,
then J(Ψ′) ≥ 1

2λmin(J(Ψ))1 eventually, so Dmax(Φ′∥Ψ′) is bounded uniformly, and Theo-
rem 4.10.4(e) gives DBS(Φ′∥Ψ′) → DBS(Φ∥Ψ). If J(Ψ) is singular, then ranJ(Φ) ̸⊆ ranJ(Ψ)
and DBS(Φ∥Ψ) = +∞ (Theorem 4.7.5(a)); a bound J(Φ′) ≤ cJ(Ψ′) along a subsequence
with bounded c would give J(Φ) ≤ cJ(Ψ) in the limit, so Dmax(Φ′∥Ψ′) → +∞, while
ν(Φ′ + Ψ′) stays bounded below by Lemma 4.8.2(2) and ∥(Φ′ + Ψ′)∗(1)∥∞ stays bounded,
and Corollary 4.7.7 gives DBS(Φ′∥Ψ′) → +∞. Theorem 4.7.6 is the corresponding state-
ment for perturbations with a fixed sum Φ + Ψ, along which it holds at every pair.

The geometric Chernoff converse

For an n-use adaptive strategy as above, the optimal error with equal priors is P err
n =

1
2 − 1

4∥ρΦ
n −ρΨ

n ∥1, and ξ(Φ,Ψ) = lim supn − 1
n ln inf P err

n , the infimum running over strategies.
Every adaptive protocol is a controlled random walk on the levels of the pair (Propo-

sition 7.3.1). For every pair of channels, every n ≥ 1 and every n-use adaptive strategy,
P err
n ≥ 1

4 exp
(

− nĈ(Φ,Ψ) −
√

2 ln 4 Λ
√
n
)

with Λ ≤ dT (Φ,Ψ), so that ξ(Φ,Ψ) ≤ Ĉ(Φ,Ψ)
(Theorem 7.4.1); moreover − ln F̂ (Φ,Ψ) ≤ Ĉ(Φ,Ψ) ≤ −2 ln F̂ (Φ,Ψ) (Corollary 7.4.5(a)).

Corollary 8.15.5 (Finite-n converse for an uncertain pair). On the success event of The-
orem 1.7.1, every n-use adaptive strategy for the true pair has

P err
n ≥ 1

4 exp
(

− n
[
Ĉ(Φ̂, Ψ̂) + ln 1

1 − r

]
−

√
2 ln 4

[
dT (Φ̂, Ψ̂) + 2 ln 1

1 − r

]√
n
)
.

Proof. The proof of Theorem 1.7.1 (Sec. 8.13) gives Ĉ(Φ,Ψ) ≤ Ĉ(Φ̂, Ψ̂) + ln 1
1−r and (1 −

r)J(Φ̂) ≤ J(Φ) ≤ (1 + r)J(Φ̂), so dT (Φ, Φ̂) ≤ ln 1
1−r , and likewise for Ψ. The triangle

inequality for dT and Theorem 7.4.1 with Λ ≤ dT (Φ,Ψ) give the claim.
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Fragility of single-letter Chernoff converses

Write ξQC(ϕ, ψ) = − ln min0≤s≤1 Trϕsψ1−s for the quantum Chernoff exponent of two
states [11, 99], and FU(ϕ, ψ) = ∥

√
ϕ

√
ψ∥1 for their root fidelity.

Theorem 7.6.5 constructs replacement channels at distance O(
√
t) from a given pair at

which the three single-letter converses are infinite; the following version gives an explicit
construction and distance.

Theorem 8.15.6 (Replacement channels). Let ϕ, ψ be states on Cd′ with rank(ϕ + ψ) ≤
d′/2, and let Φ = Tr(·)ϕ, Ψ = Tr(·)ψ. There are states ϕt, ψt with ∥ϕt − ϕ∥1, ∥ψt − ψ∥1 ≤
2(

√
t + t) such that the replacement channels Φt = Tr(·)ϕt and Ψt = Tr(·)ψt satisfy, for

every t > 0,

Ĉ(Φt,Ψt) = −2 ln F̂ (Φt,Ψt) = Cbar(Φt,Ψt) = +∞,

ξ(Φt,Ψt) = ξQC(ϕt, ψt) ≤ − ln Trϕ1/2
t ψ

1/2
t −−→

t→0
− ln Trϕ1/2ψ1/2.

If ϕ = ψ, then ∥Φt−Φ∥⋄, ∥Ψt−Φ∥⋄ ≤ 2(
√
t+t) and ξ(Φt,Ψt) → 0, while the three converses

are infinite for every t > 0.

Proof. Let K = supp(ϕ + ψ). Since dim K ≤ d′/2, there is a partial isometry V with
V †V the projection onto K and ranV ⊆ K⊥. Put A± = 1 ±

√
tV , ϕt = A+ϕA

†
+/(1 + t)

and ψt = A−ψA
†
−/(1 + t). These are states, since TrV ϕ = 0 and TrV ϕV † = 1. Also

ϕt − ϕ = [
√
t(V ϕ + ϕV †) + t(V ϕV † − ϕ)]/(1 + t) has trace norm at most 2(

√
t + t), and

likewise for ψt. If A+x = A−y with x, y ∈ K, the components in K and K⊥ give x = y
and V x = −V y, so x = y = 0. Hence ranϕt ∩ ranψt ⊆ A+K ∩ A−K = {0}, and so
ranJ(Φt) ∩ ranJ(Ψt) = (ranϕt ∩ ranψt) ⊗ X = {0}, because J(Φt) = ϕt ⊗ 1. Theorem 4.5.6
gives Q̂s(Φt∥Ψt) = 0 for 0 < s < 1, hence Ĉ = −2 ln F̂ = ∞. For every channel T , J(T ) ̸= 0
cannot have range in both ranJ(Φt) and ranJ(Ψt), so, as in the proof of Theorem 7.6.4(d),
Cbar = ∞. A replacement channel ignores its input, so the final states of every adaptive
strategy are S(ϕ⊗n

t ) and S(ψ⊗n
t ) for one channel S. The strategy that measures the n

outputs is therefore optimal, and ξ = ξQC(ϕt, ψt) [11, 99]. This is at most the value at
s = 1

2 , which is continuous in the states. Finally ∥ Tr(·)(ϕt − ϕ)∥⋄ = ∥ϕt − ϕ∥1.

The example of Fig. 1.2(b). For ϕ = ψ = 1
2(|1⟩⟨1|+ |2⟩⟨2|) on C4 and V = |3⟩⟨1|+ |4⟩⟨2|,

the states ϕt = 1
2(v+v

†
++w+w

†
+) and ψt = 1

2(v−v
†
−+w−w

†
−), with v± = (|1⟩±

√
t|3⟩)/

√
1 + t

and w± = (|2⟩ ±
√
t|4⟩)/

√
1 + t, are block diagonal with pure blocks. For every s ∈

[0, 1], Trϕstψ1−s
t = |⟨v+, v−⟩|2 = (1−t

1+t)2, so ξ(Φt,Ψt) = 2 ln 1+t
1−t exactly, and ∥Φt − Φ∥⋄ =

2
√
t/(1 + t). The root fidelity is FU(ϕt, ψt) = 1−t

1+t , so the program-simulation converse of
Theorem 7.6.9, for which µ∗ = FU(ϕt, ψt) at replacement channels (see the discussion after
that theorem), is tight here: −2 lnµ∗(Φt,Ψt) = ξ(Φt,Ψt).

The program-simulation converse

Parts (a)–(c) of the program-simulation converse quoted in Sec. 8.7 are Theorem 7.6.9,
whose fidelity is the square of the root fidelity FU used here. For replacement channels
Φ = Tr(·)ϕ, Ψ = Tr(·)ψ one has µ∗(Φ,Ψ) = FU(ϕ, ψ), and −2 lnµ∗ is finite along any
approximating pairs of replacement channels and converges to its value at the limit pair,
so min{Ĉ, Cbar,−2 lnµ∗} does not jump along the pairs of Theorem 8.15.6 with ϕ = ψ
(discussion after Theorem 7.6.9). For 0 < γ, γ′ ≤ 1, µ∗(Aγ ,Aγ′) =

√
γγ′/(1 − a) with

a =
√

(1 − γ)(1 − γ′) (Corollary 7.6.10).



Chapter 9

Open problems

This chapter collects the open problems and conjectures of Chapters 1 and 4–8, grouped by
theme. Problems that were raised in more than one chapter are stated once, with references
to every place where they arise. Conjectures are stated as conjectures; each is supported
by the partial results and numerical evidence described in the chapter cited, and none is
claimed here. The problems are formulated in the notation of Chapter 3; where a chapter
uses a different convention, for instance the squared Uhlmann fidelity in Chapter 7, we say
so.

9.1 Sharp constants for the Kubo–Ando family
The continuity estimates of Chapter 4 are dimension-free, and several are known to be
sharp: the constant and the exponent of Theorem 4.4.6, the order λ−1 of Theorem 4.8.8
and the rate of Theorem 4.12.11. Others are not.

Problem 9.1.1 (Constants for pairs with different sums). Lemma 4.10.5 is sharp as δ → 0.
Is its factor (1−4δ2)−1/2 optimal for finite δ? The constants of Corollaries 4.6.11 and 4.6.12,
for the Belavkin–Staszewski relative entropy and the geometric Rényi divergences of order
α ∈ (1, 2], are not optimised either. (Section 4.13.)

Question 9.1.2 (A Schur multiplier norm). The coefficient of the second term of
Lemma 4.10.3 is sharp as γ → 0. Can the second term be replaced by 2γ∥φ∥∞ for all γ?
By the proof of Lemma 4.10.3, this would follow if the Schur multiplier norm of the matrix
[sin(ψi + ψj)]i,j , for ψi ∈ [−π

4 ,
π
4 ], were maxi | sin 2ψi|. (Section 4.13.)

Problem 9.1.3 (The local Lipschitz constant at noisy gates). What is the exact local
Lipschitz constant of log F̂ near a pair of channels whose Choi matrices are bounded below
by λ? When only one channel moves, the constant dX/(4λ) is attained, at every Pauli
channel composed with a unitary (Theorem 1.4.1, Eq. (1.4.3)). When both channels move,
Theorem 4.8.8 and Proposition 8.15.2 give the constant dX/(2λ), and Example 4.8.11 leaves
a factor 2 between this constant and the best examples. Each of the two one-sided terms
is sharp separately; whether dX/(2λ) is attained when both channels move and both floors
are at least λ is open. (Section 4.13; Section 8.3.)

For the absolute rather than the logarithmic slope, Chapter 8 computes the worst case
over unitary channels at a depolarized qubit gate, and Chapters 1 and 8 conjecture that it
is the worst case overall.

Conjecture 9.1.4 (Unitary channels are the worst case; Conjecture 8.3.2). Let Ψ = Dp ◦
AdU be a depolarized qubit gate, and let Σ(p) be the largest derivative | dde F̂ (Φ,Ψ+eM)|e=0

244
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over completely positive Φ and trace-annihilating M with ∥M∥⋄ = 1. Then Σ(p) equals
the same supremum restricted to unitary channels Φ, which is given in closed form by
Proposition 8.3.1.

Chapter 8 describes the numerical evidence for this conjecture as weak. A related problem
concerns the condition number in Chapter 5.

Problem 9.1.5 (Condition numbers in the first argument). Can the condition number
κ(Ψ) of J(Ψ) be removed from the constants of Theorems 5.7.4 and 5.7.8? (Section 5.10.)

9.2 Singular pairs and the dichotomy within channels
The dichotomy of Theorem 4.12.4 describes the continuity points of the Kubo–Ando family
on pairs of completely positive maps. Chapters 1, 4 and 7 all ask how much of it survives
within channels, and what happens at the discontinuity points.

Problem 9.2.1 (Limit points at singular pairs). Let cΩ = dim ker J(Ω) with Ω = Φ + Ψ.
When 1 ≤ cΩ < rank T (1 − T ), what is the exact set of limit points of F̂ at (Φ,Ψ)?
(Section 4.13.)

Problem 9.2.2 (Rates at pairs of zero fidelity). At mutually singular pairs the fidelity is
continuous at the sharp rate d1/2/ sin θ (Theorem 4.12.11). At what rate is it continuous
at pairs with F̂ = 0 that are not mutually singular, such as the amplitude-damping pairs
(Aγ ,Aγ′) of Example 4.12.8? (Section 4.13.)

Problem 9.2.3 (The dichotomy within channels). Within channels, the dichotomy holds
at the diagonal pairs (Φ,Φ) (Corollary 4.12.10). Does it hold at every pair of channels
with J(Φ + Ψ) singular and F̂ (Φ,Ψ) > 0? By Theorem 4.12.9(a), it would suffice to find
a Hermitian H for which the short [J(Φ)#J(Ψ)]SH

lowers λmin ◦ TrY . Is the bound of
Theorem 4.12.9 an equality? (Section 4.13; the same question is stated in Section 1.3.)

The next problem asks for the same phenomenon at the level of converses, together
with control of the operational exponent.

Problem 9.2.4 (Spurious fragility near every singular pair). Does Theorem 7.6.5 hold
near every pair of channels with dim kerJ(Φ + Ψ) ≥ 1 and Ĉ < ∞? That is, are there al-
ways nearby pairs of channels with trivially intersecting Choi ranges and bounded adaptive
Chernoff exponent? Theorem 7.6.4(c) excludes such jumps when J(Φ + Ψ) is invertible,
and Theorem 4.12.4 provides completely positive approximants. Channel-valued approxi-
mants along which F̂ jumps are known at the diagonal pairs (Theorem 4.12.9 and Corol-
lary 4.12.10, as in Problem 9.2.3) and within the amplitude-damping family (Example 4.12.8
and Proposition 7.6.8(b)); there the Choi ranges intersect nontrivially, and Corollary 7.6.10
shows that the adaptive exponent tends to 0 as γ′ → γ ∈ (0, 1). (Question 7.8.5.)

9.3 Beyond operator convex functions and finite dimensions
Question 9.3.1 (Merely convex functions). For a convex but not operator convex f , the
maximal f -divergence is still defined through reverse tests [91], but the perspective formula
need not hold. Is it still a function of the ARN derivative T , and of which function?
(Section 4.13.)
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Problem 9.3.2 (The garbling between two shadows). By Theorem 5.3.2, the testing-region
pair of (ρ, σ) is a garbling of the reverse test. Find this garbling explicitly. Is it the rotation
of the Helstrom projections in Theorem 5.3.1(b)? (Section 5.10.)

Problem 9.3.3 (Other norms, von Neumann algebras and bosonic channels). By Ando’s
inequality in unitarily invariant norms, Proposition 4.4.3(1) holds in every unitarily in-
variant norm, and Proposition 4.4.3(2) becomes ∥g#(E) − g#(E′)∥p ≤ ∥E − E′∥1/2

p/2 for
p ≥ 2, but statements for maps need norms adapted to the Schatten classes. Extend the
continuity theory of Chapter 4 to normal completely positive maps between von Neumann
algebras, with T in the commutant of a Stinespring representation, as suggested by the
framework of Okayasu [100, 101]; the estimates there are already dimension-free. Extend
the level decomposition of Chapter 7 to normal channels between von Neumann algebras
and to bosonic channels with energy constraints; adaptive quantum illumination is listed
as open in [97]. Extend the noise-floor laws of Chapter 1 to bosonic loss channels with
energy constraints. (Section 4.13; Question 7.8.6; Section 1.8.)

9.4 Regularised channel divergences and one-shot formulas
Question 9.4.1 (Continuity of regularised Petz divergences). Is DP,reg

α (·∥Ψ), for α < 1,
continuous at every channel when J(Ψ) is invertible? Theorem 5.7.11 reduces this to
perturbations that rotate the support of a singular J(Φ) by a non-product unitary of
X ⊗Y, and Example 5.7.12 shows that a proof must use the n-fold structure, not a one-use
bound. (Section 5.10.)

Question 9.4.2 (Optimal inputs for testing-region channel divergences). Does the iteration
θ 7→ Γf (θ)/Tr Γf (θ) of Theorem 5.7.13 always converge to an optimal input? In the linear
case of the reverse test the objective increases along the iteration, and in all the tests of
Chapter 5 the iteration converged to the optimum. For which pairs beyond the covariant
ones of Proposition 5.7.14 is the maximally entangled input optimal, that is, when is the
bracket of Theorem 5.7.13(c) scalar? (Section 5.10.)

9.5 Super-multiplicativity of testing-region quasi-entropies
The central conjecture of Chapter 6 is the following.

Conjecture 9.5.1 (Super-multiplicativity; Conjecture 6.3.5). For all α ∈ (0, 1) ∪ (1,∞)
and all pairs of states,

QHT
α (ρ⊗ ρ′∥σ ⊗ σ′) ≥ QHT

α (ρ∥σ)QHT
α (ρ′∥σ′).

It holds at α = 2 (Theorem 6.4.1), at every integer order for pure states and at α = 3
for sign-free pairs (Theorem 6.5.3), at every integer order against pure partners (Theo-
rem 6.7.1), at α = 3 whenever one of the reference states has at most two distinct eigen-
values (Corollary 6.6.3) and in the further cases of Corollaries 6.7.7 and 6.7.9, at α = 3 to
second order around trivial partners (Proposition 6.6.5), to first order at α = ∞ (Theo-
rem 6.4.3), for α > 1 with one factor measured (Theorem 6.4.2) and for tensor powers with
enough copies (Proposition 6.8.3). By Theorem 6.3.6 it would give independent proofs of
the inequalities DHT

α ≤ D̃α for α > 1 [84] and DHT
α ≥ DP

α for α < 1 [13]. The conjecture
is the family of moment inequalities of the convex-order statement (6.8.1) for Frenkel mea-
sures (Theorem 6.8.2), and the general problem is to prove that statement. Section 6.12
discusses the following routes and special cases in detail.



CHAPTER 9. OPEN PROBLEMS 247

Problem 9.5.2 (Special cases of independent interest). Prove Conjecture 9.5.1 for pure
states at non-integer orders, which is a Rényi-entropy submodularity for sums (Re-
mark 6.4.4); the stronger logarithmic form of the integer-order inequality is open for n ≥ 3.
Prove the second-order case at α = 1, the superadditivity of the testing-region variance∫
γ log2 γ dµ − D2. Give a direct, non-greedy operator proof of Corollary 6.3.4 for κ > 2.

(Section 6.12, item 1.)

Question 9.5.3 (Dihedral Chebyshev inequality). Is Cov(ϕ(U), χ(U)) ≥ 0 for a uniform
point U of the simplex ∆n−1 and convex functions ϕ, χ on ∆n−1 that are invariant only
under the dihedral group Dn? This extension of Lemma 6.5.2 would prove Conjecture 9.5.1
at every integer order for all pairs with nonnegative cycle weights, in particular for all pairs
of qubit pairs (Proposition 6.5.1). Numerical tests support a positive answer. (Section 6.12,
item 2.)

Problem 9.5.4 (Order three). At α = 3 the open case has both reference states with at
least three distinct eigenvalues, and both states may be taken singular (Corollary 6.6.6).
Three targets would settle parts of it: Conjecture 6.7.10, an inequality for the kernel K3
alone on twisted pure data, which by Proposition 6.7.11 covers every pair whose reference
states have at most three eigenvalues; the chirality inequality (6.7.2), which gives D3 ≥ 0
in the polynomial criterion of Theorem 6.7.12, and more ambitiously Dk ≥ 0 for all k ≥ 2,
which gives the conjecture at α = 3; and, for a qutrit ρ against an arbitrary partner, the
bound on the partner kernel stated in Section 6.12, item 2(c). The local supermodularity
of Theorem 6.10.2 is a different route with the same first open cases. (Section 6.12, item 2.)

Pointwise comparison of profiles cannot prove Conjecture 9.5.1, because the profile
difference changes sign for every two non-commuting pairs (Proposition 6.9.1), and one-way
LOCC tests never beat the classical product of the shadows (Proposition 6.9.2). Chapter 6
conjectures that the same holds for all separable tests, so that a proof must use entangled
tests.

Conjecture 9.5.5 (Separable tests; Conjecture 6.9.3). Let ecl be the hockey-stick profile
of the classical product (P ⊗P ′, Q⊗Q′) of the testing-region shadows of (ρ, σ) and (ρ′, σ′).
Every separable test M satisfies TrM(ρ⊗ ρ′ − v σ ⊗ σ′) ≤ ecl(v) for all v ≥ 0.

The conjecture holds for one-way LOCC tests (Proposition 6.9.2) and was tested numeri-
cally with PPT tests. Whether it holds for two-way LOCC tests is open; in Blackwell form
it asks whether every outcome experiment of a POVM with product elements is a garbling
of (P ⊗ P ′, Q⊗Q′). (Section 6.12, item 3.)

9.6 Adaptive discrimination of channels
Question 9.6.1 (When does adaptivity not help?). Is ξadapt = ξprod whenever dT (Φ,Ψ) <
∞? This holds for classical channels, for classical–quantum channels [116] and in the
cases of Theorems 7.5.1 and 7.5.3, and the known separations [53, 116] have dT = ∞.
(Question 7.8.1.)

Amplitude damping is a natural test case. For 0 < γ < 1 and ∆ = γ − γ′, Corol-
lary 7.6.10 brackets the adaptive Chernoff exponent between the Bernoulli Chernoff in-
formation of the product input, ∆2/(8γ(1 − γ)) + O(∆3), and the program-simulation
bound −2 lnµ∗ = ∆2/(4γ2(1 − γ)) + O(∆3); the two differ by the factor 2/γ to leading
order, and no program simulation can close the gap (Remark 7.6.11). With f(γ, γ′) =√
γγ′ +

√
(1 − γ)(1 − γ′), Chapter 7 conjectures the following; the fidelity F in it is the

squared Uhlmann fidelity, as in that chapter.
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Conjecture 9.6.2 (Fidelity of adaptive amplitude-damping strategies; Conjecture 7.6.13).
For every adaptive strategy with n uses, F

(
ρ

(n)
Aγ
, ρ

(n)
Aγ′

)
≥ f(γ, γ′)2n, with equality for the

product input e⊗n
1 . Consequently

ξadapt(Aγ ,Aγ′) ≤ −2 ln f(γ, γ′) = ∆2

4γ(1 − γ) +O(∆3) ≤ 2 ξprod (1 +O(∆)).

For γ = 1
2 , n ≤ 4 and several values of γ′, exact semidefinite programs agree with the

conjecture to the accuracy of the solver, and it cannot be proved by amortisation (Sec-
tion 7.6.1; Section 8.7). A bound on the adaptive Fisher information suggests that ξadapt
equals the product-input value to leading order (Remark 7.6.12); whether this is so is a
further open question.

Problem 9.6.3 (A single-letter converse without spurious jumps). Find a single-letter
converse for the adaptive Chernoff exponent that is at most min{Cbar, Ĉ} for all pairs.
For replacement channels both exceed the true exponent, so such a converse should see
the non-commutativity of the outputs, which every common decomposition hides (Propo-
sition 7.4.3). By Theorem 7.6.5, a converse within a bounded factor of ξadapt must be
finite on pairs whose Choi ranges intersect trivially, so it cannot be built only from Choi-
level geometric means or from divergences that require support inclusion. The program-
simulation converse −2 lnµ∗ of Theorem 7.6.9 is finite on the pairs of Theorem 7.6.5 and
on amplitude damping, which makes min{Ĉ, Cbar,−2 lnµ∗} a natural candidate to study.
(Question 7.8.2; Section 1.8.)

Problem 9.6.4 (The local Chernoff coefficient). For nearby channels, is the adaptive Cher-
noff exponent δ2

8 F (θ)+o(δ2) for an explicitly computable Fisher information F between the
one achieved by product inputs and FRLD? In this regime T = 1

21 +O(δ), and one expects
the gap between ξprod and Ĉ to be controlled by the commutator in Lemma 7.2.4. At a depo-
larized qubit gate with a coherent miscalibration δ, Chapter 1 states, and Chapter 8 proves,
that ξ/δ2 lies asymptotically between F∞/8 and FRLD/8 as δ → 0 (Proposition 8.10.2; the
lower bound uses the error-corrected strategies of Zhou and Jiang [131]); where in this
bracket the coefficient lies is open, and no Chernoff analogue of Conjecture 9.7.1 is stated.
(Question 7.8.3; Section 1.8.)

Problem 9.6.5 (A Hoeffding converse). Prove a Hoeffding converse for general pairs of
channels. The random-walk structure of Proposition 7.3.1 applies, but s 7→ minρ lnQs(ρ)
need not be convex, so the natural candidate involves its convex envelope. (Question 7.8.4.)

Problem 9.6.6 (The Chernoff exponent from testing regions). Is the adaptive Chernoff
exponent − limn

1
n log inf ηn(1), where ηn is the error profile after n adaptive uses, the

minimum over α of a regularised testing-region cumulant function? Proposition 6.3.1 gives
one inequality for every strategy. (Section 6.12, item 4.)

Problem 9.6.7 (Operational consequences for other tasks). The geometric Rényi diver-
gences with α ∈ (1, 2] give converse bounds for channel capacities [42], and geometric
distinguishability measures limit channel discrimination and estimation [72]. Chapters 1
and 7 make the continuity and the discontinuity of the converses quantitative for dis-
crimination: a converse valid on a neighbourhood of a model pair (Corollary 7.6.3), the
Choi-floor law (Theorem 1.4.1) and the comparison with the Stein and Chernoff exponents
(Section 1.6). The corresponding questions for capacity bounds and for estimation are
open: how do these converses respond to model errors, and does the sensitivity belong to
the task? (Section 4.13, item 4.)
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9.7 Noisy gates and certification
The local comparison of Chapter 1 between the Belavkin–Staszewski converse and the
adaptive Stein exponent at a depolarized qubit gate leaves the following conjecture.

Conjecture 9.7.1 (Local tightness of the Belavkin–Staszewski converse; Conjecture 1.6.2).
For the depolarized qubit gate,

lim
δ→0

DBS(Np,δ∥Np)
ζ(Np,δ∥Np)

= FRLD
F∞

,

which tends to 3/2 as p → 0.

Chapter 1 proves that the ratio lies between 1 and FRLD/F∞ < 3/2 in the limit (Eq. (1.6.2)).
It does not take a position on whether the conjecture holds: for the explicit strategies
evaluated there, the relative-entropy rate exceeds the SLD rate of the same strategy, so the
limit could lie strictly below FRLD/F∞.

Problem 9.7.2 (Correlated errors). For an n-qubit gate the fragile window of the geo-
metric converses scales as δ ∼ pw/2 for a miscalibration of weight w. For w ≥ 2 the local
bracket between the converse and the Stein exponent widens, to 2/p for a two-qubit ZZ
miscalibration under local depolarizing noise and as p−⌊w/2⌋ for weight w (Corollary 8.12.5).
Does ζ inherit the narrow window of the converse for correlated errors, or is that window
a spurious fragility? (Sections 1.6 and 8.12.)

Problem 9.7.3 (Certification with coherent learners). For learners that measure each
channel output separately, certification of a geometric converse through a diamond-norm
ball costs of order 1/(ηλ̃)2 channel uses (Proposition 8.13.1). Can coherent learners certify
through a diamond ball with fewer uses? The two-point argument behind the incoherent
bound does not extend to them (Remark 8.13.2). (Section 1.7.)

Problem 9.7.4 (Model-free certification on the converse side). Variance-adaptive estima-
tion of Pauli error rates in a known frame certifies a lower bound on F̂ , hence an upper
bound on the converse, with of order 1/(η2λ̃) uses. Does model-free tomography attain
this 1/λ̃ law on the converse side? (Section 1.7.)

Conjecture 9.7.5 (Intrinsic certification cost; Conjecture 8.13.4). For every pair of chan-
nels with Choi-state floor λ̃, the optimal number of uses for certifying Ĉ or F̂ to relative
accuracy η is Θ̃

(
poly(d)/(η2λ̃)

)
.

For local depolarizing noise, Proposition 8.13.3 gives a lower bound of this order for one
estimand and an estimator that attains it for Pauli channels in a known frame.
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