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Abstract

Before a quantum gate is used in a computation or a sensing protocol it is characterized,
and converse bounds on discriminating or estimating it, which limit every strategy includ-
ing adaptive ones, are then evaluated on the characterized model. Is their sensitivity to
characterization error a defect of the bounds or a property of the tasks they bound? The
book opens with this question. Its first chapter shows that the supports of the Choi matri-
ces separate genuine fragility, where the operational exponent itself jumps, from spurious
fragility, where only single-letter converses jump. Near a noisy gate the sensitivity of the
converses is governed by the noise floor, the smallest eigenvalue of the normalized Choi
matrix: at first order it belongs to the task, whereas at second order the converses can
overshoot the adaptive Stein and Chernoff exponents by factors that grow as the noise
decreases. Certifying a converse from tomographic data costs a number of channel uses set
by the same floor.

The rest of the book develops the theory behind these results. Converse bounds limit
how well quantum channels can be discriminated, estimated or used to transmit informa-
tion, and they are evaluated on a model of the channels that is known only approximately.
We study when such bounds, and the operational exponents they bound, depend continu-
ously on the channels, and what sets the size of the error when they do.

The divergences built from Kubo-Ando means, among them the geometric fidelity, the
geometric Rényi divergences and the Belavkin—Staszewski relative entropy, are functions of
a single positive contraction: the Arveson—Radon—Nikodym derivative of one channel with
respect to the sum of the pair. In this coordinate they are continuous with dimension-free
moduli. In the diamond norm, however, they are continuous at a pair of completely positive
maps exactly when the Choi matrix of the sum is invertible or the fidelity vanishes, so ideal
unitary gates are points of discontinuity. Near pairs whose Choi matrices are bounded
below by ), the fidelity is Lipschitz with a relative constant of the sharp order A~ 1.

Divergences built from hypothesis tests behave differently. The Umegaki relative en-
tropy and the hockey-stick f-divergences are functionals of the testing region of a pair, and
those with finite boundary values are uniformly continuous in every dimension. For chan-
nels, the adaptive Stein exponent is continuous exactly when the Choi matrix of the second
channel is invertible or the exponent is infinite. We also study when the hockey-stick Rényi
quasi-entropies are super-multiplicative under tensor products, and prove several cases of
the corresponding conjecture.

For adaptive discrimination, every protocol is a controlled random walk on the spectrum
of the derivative, which gives a geometric Chernoff converse with an explicit second-order
term. Single-letter converses of this kind can be infinite where the adaptive exponent
tends to zero, as for amplitude-damping channels with nearby damping rates. A chapter
of proofs then returns to noisy gates and establishes the results of the first chapter, and a
final chapter collects the open problems.
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Chapter 1

Genuine and spurious fragility of
quantum channel divergences near
noisy gates

Summary. Converse bounds on discriminating and estimating noisy quantum gates
are evaluated on a characterized model of the gate. We ask whether their sensitivity to
characterization error belongs to the task or only to the bound. The answer is governed
by the noise floor A, the smallest eigenvalue of the normalized Choi matrix. At first
order, a diamond-norm error € moves the geometric-fidelity and Belavkin—Staszewski
converses for adaptive strategies by at most order €/ A, but at the worst case the adaptive
exponents move equally, so this sensitivity is genuine. At second order, a coherent
miscalibration § of a gate with error probability p moves these converses by order §2 /p,
the Umegaki relative entropy by 62 In(1/p), and the Uhlmann fidelity only by 42, which
is not amplified by the floor. Choi supports separate genuine jumps of the exponent
from spurious ones, where converses are infinite while the exponent vanishes, as for the
Chernoff exponent of amplitude damping. At a depolarized qubit gate the converses
exceed the adaptive Stein and Chernoff exponents by at most a factor 3/2 as & — 0, but
by factors growing as 1/(,/pIn(1/p)) near 6 ~ 2,/p. For n qubits the fragile window of
the converses scales as p/2 for an error of weight w; under biased noise it is set by the
rate of the error itself. Certification through diamond-norm regions costs order 1/(n))?
uses for incoherent learners, variance-adaptive regions order 1/(n?)) for Pauli channels.
This opening chapter states the problem in physical terms and announces the results;
the general theory behind them is developed in Chapters 4-7, and the proofs specific
to noisy gates are in Chapter 8.

1.1 Introduction

Before a quantum gate is used in a computation or a sensing protocol it is characterized.
Randomized benchmarking, gate set tomography and process tomography produce a model
of the gate together with error bars [23, 39, 78], and many statements about what the gate
can do are then computed from that model. Among the most useful are converse bounds.
They limit how well two gates can be told apart, or a parameter of a gate estimated, by any
strategy, including adaptive ones that interleave the unknown gate with quantum memory
and error correction [42, 53, 56, 72, 107, 131]. A claim that an error-corrected sensor
operates at the precision limit set by its gates, or that an experiment demonstrates an
advantage in discriminating two gates, is checked against such a bound. These bounds are
single-letter: they are evaluated on one use of the channel, often as a semidefinite program,
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and they hold for any number of uses. A converse is therefore only as reliable as the model
it is evaluated on, and its response to characterization error is a practical question.

For the converses that hold against adaptive strategies the response is poor. The ge-
ometric channel fidelity and the Belavkin—Staszewski relative entropy [14, 42, 72, 91] are
discontinuous at ideal unitary gates: the geometric fidelity of a gate with itself is one, but
it vanishes against every miscalibrated copy, however close (Corollary 4.12.6 in Chapter 4).
A real gate has an incoherent noise floor, which restores continuity, but the modulus of
continuity then depends on the floor. For a depolarized single-qubit gate with error proba-
bility p, the 62 coefficient of these divergences under a small coherent over-rotation § grows
as 1/p, that of the Umegaki relative entropy as In(1/p), and that of the Uhlmann fidelity
stays of order one (Table 1.1). This is a different effect from the known gap between average
infidelity and diamond distance [80], which concerns the size of an error rather than the
response of a bound to it. The floor is also the quantity that tomography resolves worst:
for a two-qubit gate with p = 1072 under local noise the normalized floor is about 6 x 1078,
and a two-qubit ZZ over-rotation of only 5x 10~* rad already reduces the geometric fidelity
to 0.9.

Is this sensitivity a defect of the bounds or a property of the tasks they bound? The
question is not trivial, because the operational quantities are fragile too. Distinct unitaries
can be discriminated perfectly with finitely many adaptive uses [35], so adaptive error
exponents jump at ideal gates. For a rotation under depolarizing noise, the Hamiltonian
lies in the span of the products of Kraus operators, so error correction cannot restore
Heisenberg scaling [31, 32, 131, 132]; it does, however, raise the asymptotic quantum Fisher
information per use to order 1/p [36, 73, 131]. A converse valid for adaptive strategies must
reproduce these features, but it need not be more sensitive than the task itself.

In this first chapter we separate the two effects. Part of the mathematical groundwork
is developed later in the book, in Chapters 4, 5 and 7, whose results we use by forward ref-
erence, and the remaining proofs are collected in Chapter 8. “Sensitivity” has two meanings
here, which we keep apart: the first-order change of a converse per unit of diamond-norm
error in the model, and the second-order curvature of a converse in a coherent miscalibration
0. Our main findings are the following.

1. The supports of the Choi matrices decide whether a jump is genuine (the exponent
itself jumps), spurious (only the converse jumps) or absent. Amplitude damping, the
standard model of energy relaxation, is genuine for the Stein exponent and spurious
for the Chernoff exponent; a program-simulation converse stays finite there.

2. At first order, the geometric fidelity, the geometric Chernoff divergence and the
Belavkin—Staszewski divergence obey a Choi-floor law: a diamond-norm error € moves
them by at most In[1/(1 — r)] with r = ¢/(2)), where X is the floor of the normalized
Choi state. The resulting slope 1/(2)) is sharp, and at the worst case the adaptive
Stein and Chernoff exponents equal the converses and move at the same rate, so in
this first-order sense the sensitivity belongs to the task.

3. At second order, the coefficients form the hierarchy of monotone metrics, and for
n qubits the fragile window is & ~ p®/2 for a miscalibration of weight w. At a
depolarized qubit gate the 1/p curvature of the Stein and Chernoff converses is genuine
for 6 < pIn(1/p), where the ratio of converse to exponent is at most 3/2 as § — 0,
and spurious beyond, where the converse overshoots by a factor that grows as p — 0.
Under biased single-qubit noise the local ratio stays below two; for correlated two-
qubit errors it is open whether the exponent shares the window of the converse.
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Figure 1.1: Schematic of the three regimes. Top: the supports of the Choi matrices decide
whether a discontinuity is genuine (the operational exponent jumps), spurious (only single-
letter converses jump) or absent. Bottom: at a stable pair, a depolarized qubit gate with
p = 10~% and a coherent miscalibration ¢, the distinction reappears on scales set by p. The
solid line is the exact Belavkin—Staszewski converse; the dashed line is a schematic exponent
that grows as d2/(3p) and then as &1In(1/p), illustrating the growth laws of Sec. 1.6 (the
certified bracket is in Fig. 1.5). The converse follows the exponent for ¢ < pln(1/p),
overshoots it up to d ~ 2,/p, and saturates beyond.

4. Certifying a geometric converse through a diamond-norm confidence region costs of
order 1/(n))? channel uses for accuracy 1 with incoherent learners, whereas variance-
adaptive confidence regions need only O(1/(n%))) uses for Pauli channels.

Figure 1.1 summarizes the classification and the scales on which it reappears at a noisy
gate.

1.2 Setting

Let @, ¥ be quantum channels from an input space of dimension dx to an output space of
dimension dy, with Choi matrices J(®) = >>,; ®(|¢)(j|) @ [¢) (j|, so that Tr J(®) = dx. The
quantity that controls everything below is the Choi floor A(¥) = Apin(J(¥)); the floor of
the normalized Choi state is A = \/dx. Distances between channels are measured in the

unnormalized diamond norm || - [|s, so that [|® — ¥|[, < 2.
The geometric fidelity is F(®, ) = Amin Try [J(®)#J(¥)],  where
A#B = AV2(A"Y2BA-Y%)1/2AY2 s the Kubo-Ando geometric mean [79] and

Try the partial trace over the output [72] (Proposition 4.3.1). For singular arguments
the mean is defined by continuity from above, A#B = lim.o(A + €1)#(B + ¢1).
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The geometric Chernoff divergence C replaces # by the weighted means #;
and minimizes over s € [0,1], and the Belavkin—Staszewski (BS) divergence is
Dis(®[|W) = Amax Try [J3/ 2 In(J5 2 75 T8/ J8?) with Jp = J(®) [14, 42].

The operational quantities are the adaptive Stein exponent ((®||¥), the decay rate of
the type-II error at vanishing type-I error, and the adaptive Chernoff exponent &(®, V)
of the symmetric error. Both allow arbitrary adaptive strategies with quantum memory,
which can outperform parallel ones [53, 116]; ¢ equals the regularized, or amortized, channel
relative entropy [41, 125, 128]. The converses we study are

((®[|¥) < Dps(®|P), (1.2.1)
£(D,0) < C(P,0) < —2In F(P, V), (1.2.2)

from the chain rule of Fang and Fawzi [42] and from Ref. [72] and Theorem 7.4.1 and
Corollary 7.4.5 in Chapter 7. For comparison we use the Umegaki channel divergence
D(®||¥) and the Uhlmann channel root fidelity Fy(®, V), optimized over inputs with a
reference system. Neither gives an adaptive converse. The Umegaki divergence satisfies
D(®|| V) < {(P||W¥) [41, 125], so it is a lower bound on the exponent, and Fy stays close to
one for close unitaries, which are perfectly distinguishable.

Our gate model is an n-qubit unitary U with a coherent miscalibration Rp(8) = e~*F/2
about a Pauli string P of weight w, followed by local depolarizing noise,

Nps =Dy 0 Adp,,(5) © Ady, (1.2.3)

where Dy(p) = (1 — p)p + pTr(p)1/2, Ady(p) = VpVT and N, = N,o. Its Choi floor is

A= (p/2)" ie., A= (p/4)", independently of U.

1.3 Three regimes

Whether a divergence-based statement is continuous at a pair (®,¥) is decided by the
supports of Choi matrices, and the operational exponents and their converses are decided
by different ones. At the level of states, the analogous phenomenon is the discontinuity
of the quantum Fisher information and of the Bures metric where the rank of the state
changes [118, 123].

Genuine fragility. The adaptive Stein exponent is continuous at (®, V) if and only if
J(¥) is invertible or ((®||¥) = oo (Corollary 5.7.5(c) in Chapter 5). At an ideal gate U,
C(UU) = 0 but ((U'||U) = oo for every U’ # U, and the same holds for £ [35]. Every
valid converse must therefore jump at ideal gates. The same applies to zero-temperature
amplitude damping A, whose Choi matrix has rank two: for v # 4/ the outputs p,
and p, of A, and A, on a maximally entangled input satisfy suppp, Z suppp,/, so
C(Ay||Ay) = oo. A model with pure T decay thus predicts, for any two damping rates, a
type-II error that decays faster than any exponential. In this case the discontinuity lies in
the model itself.

Spurious fragility. As functions on pairs of completely positive maps, the geometric
quantities are continuous at (®,¥) if and only if J(® + ¥) is invertible or F(®, ¥) = 0
(Theorem 4.12.4 in Chapter 4). Within channels, this dichotomy is proved at the diagonal
pairs (®, ®), which are continuity points if and only if J(®) is invertible (Corollary 4.12.10);
for other channel pairs with J(® + W) singular and F > 0 it is open. The divergence C
is continuous wherever J(® + V) is invertible (Theorem 7.6.4(c) in Chapter 7 and Propo-
sition 8.15.1 in Chapter 8). When J(® + V) is singular but the true exponent is finite, a
converse can jump while the exponent does not. Amplitude damping provides the physical
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example [114]. For v # 4/ one has F(AW,AV/) =0, so C, —2InF and the barycentric
converse Chy, of Ref. [66] are all infinite (Proposition 7.6.8), whereas the true Chernoff ex-
ponent tends to zero as 4/ — . The infinite value is a property of the Choi-level geometric
mean and is witnessed by the input |0), on which both channels act identically, so it carries
no physical information. With A = v — 4/ we find (see Chapter 8, Section 8.7)

gprod < S(AvaA’y’) < —2In Moxes (131)

7Y
1—/0 =)0 =)

where &proq is the classical Chernoff information of the outputs diag(vy, 1—+) and diag(y/, 1—
~') on the product input |1). To leading order in A, &yroa ~ A%/[87(1—7)] and —21In 1, ~
A?/[442%(1 — 5)]. The upper bound comes from a converse that applies to any pair of
channels: p, is the largest overlap of two pure program states from which a common
channel simulates both channels, as in the programmable simulations of Refs. [106, 107];
it is a semidefinite program for any pair, and the error of any adaptive strategy is at least
%,uf” after n uses. For n < 4 uses, exact semidefinite programs give the minimal root
fidelity of the two final states as f", where f is the Bhattacharyya coefficient of the two
damping probabilities. This suggests the sharper bound £ < —21n f [Fig. 1.2(a)].

Replacement channels, which output a fixed state, give a second example. There are
pairs ®;, ¥; at diamond distance O(+/t) from a pair of identical channels for which C,
—2In " and C,, are infinite for every t > 0, while & = 21In[(1 + t)/(1 — t)] ~ 4t exactly
[Theorem 8.15.6 in Chapter 8 and the example after it; Fig. 1.2(b)]; the parameter ¢
controls the overlap of the two output states. Here the program-simulation converse is
tight, —21In p, = &, so the jump is an artifact of C, —2In F and C,, alone.

Stable pairs. When J(® + ) is invertible, all the quantities above are continuous
(Theorem 4.12.4(a), Theorem 7.6.4(c), Proposition 8.15.1 and Remark 8.15.3 in Chapter §;
for Dpg, Remark 8.15.4, which derives it from Theorem 4.10.4(e) and Corollary 4.7.7).
Every channel of full Kraus rank, and so every gate model with a nonzero depolarizing or
thermal floor, falls in this class. Divergences built directly from hypothesis tests, such as
the hockey-stick divergences and their integrals [58, 63], are even uniformly continuous with
dimension-free moduli (Theorem 5.4.1 and Corollary 5.4.2 in Chapter 5), but they do not
give adaptive converses. Near realistic gates the classification is therefore only qualitative,
and the rest of this chapter makes it quantitative.

fis =

1.4 First-order sensitivity: the Choi-floor law

The basic step converts a diamond-norm error into a relative error of Choi matrices. For
two channels, || J(®) — J(®')]|oo < LE||® — @'||o, with equality attained in every dimension
(Lemma 8.2.1 in Chapter 8). Hence a channel ¥’ within diamond distance € of ¥ satisfies
(1 —=r)J(¥) < J(W') < (1+7)J(P) in the positive semidefinite order, with relative radius

_dxe €
"TaNw) T an(0)

(1.4.1)

Combined with the monotonicity and homogeneity of Kubo—Ando means, and with the
operator monotonicity of the logarithm, this gives the following result.

Theorem 1.4.1 (Choi-floor law). Let W,V be channels with |V — ¥|, < e andr <1 as
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Figure 1.2: Spurious fragility of single-letter Chernoff converses. (a) Amplitude damping
A, against A, at v = 1/2, as a function of A =y —~'. The converses C, —2In F and Char
are infinite for every A # 0 (thick line, drawn at a schematic height). The true adaptive
Chernoff exponent ¢ lies in the shaded range between the product-input lower bound &pr0q
(dashed) and the program-simulation upper bound —21In p, of Eq. (1.3.1) (solid); the dotted
line is the conjectured bound —21n f. (b) Replacement channels &, ¥; with outputs ¢y, ¥,
which converge to a common state as ¢ — 0, against the diamond distance to the limiting
pair. The converses are again infinite, whereas the true exponent, the quantum Chernoff
bound of ¢; and vy, is £ = 21In[(1+¢t)/(1—1t)] = 4t (circles), which here equals the program-
simulation bound —2In u,; squares show %||(I>t — Wy||o for comparison. In both cases the
converses are infinite while the exponent tends to zero.
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in Eq. (1.4.1). For every completely positive map @,

VI—71 F(® ) < F(®,0) < V1+rF(®,0), (1.4.2)
O(®, 1) - C(@,0) < In - !

- T

and for every channel ®, —In(1+7) < Dpg(®||¥') — Dps(®||¥) < In[1/(1—7)]. Ifdx = dy
and the \-eigenspace of J(V) contains a maximally entangled vector, as for every Pauli
channel composed with a unitary, the constants are sharp. For In F,

In F(®,9') — In F(®, ¥ 1
sup limsup sup |In (2, ) — In (2, ¥)| =, (1.4.3)
O 0 W —T|o<e € 4N

and at the same ® the bounds for C and Dgg are attained to first order.

The worst case is a unitary ® = Ady whose Choi vector lies in the floor eigenspace,
perturbed towards any unitary W’ with Tr WTW’ = 0. For local noise, W differs from
the gate by a correlated error of full weight. Only the floor of the perturbed argument
enters; a two-sided version in which both channels move holds with 147 in place of v/1 £ r
(Theorem 4.8.8 in Chapter 4; Proposmon 8.15.2 in Chapter 8 allows separate floors). At
this worst case C' = Dpg = —2InF = In(1/)) (Proposition 1.6.1 below), so the three
bounds of Theorem 1.4.1 are attained together, with slope 1/(2) for ', Dgg and —21n F'.
At a depolarized qubit gate, 1 /(4\) = 1/p, so for the worst-case ® a diamond-norm error
€ can move —21In F’ by 2¢/p. In absolute terms the largest slope of F itself lies between
[2/(3v3p)][1 + o(1)] =~ 0.385/p, attained by a unitary ®, and 1/p. We conjecture that
unitary ® are the worst case; a numerical search over mixed ® found nothing larger. The
maximizing unitary sits at a pair where the converse already overshoots the Stein exponent,
by a certified factor of at least 5 at p = 1073 (Table 8.4), so this absolute slope is a property
of the converse.

The Stein exponent behaves differently in the channel under test. Errors of size ¢ =
1@ — @/||, in ® change ¢ by at most 2¢' Indy + (1 +€¢')h(e'/(1+¢€)) + € In k(¥), where h is
the binary entropy and x(¥) the condition number of J(¥) (Corollary 5.7.5 in Chapter 5).
Near a gate K ~ (4/p)™, so this modulus grows only as In(1/p). Errors in the reference
channel ¥ enter ¢ through the Thompson metric between J(¥) and J(¥’), which is at most
In[1/(1 —r)] [120] (Theorem 5.7.2, and Eq. (8.2.1) in Chapter 8). In fact, every quantity
considered here, the exponents ¢ and ¢ included, is 1-Lipschitz in the Thompson metric,
so none of them moves by more than In[1/(1 — r)] under such an error (Proposition 8.9.2).
Section 1.6 shows that the exponents attain this rate at the worst case of Theorem 1.4.1.

1.5 Second-order sensitivity: monotone metrics and the
multi-qubit window

Theorem 1.4.1 is a worst case over pairs. At a given pair, such as a gate and its miscalibrated
copy, the response is governed by curvature. The hierarchy in Table 1.1 has a simple
interpretation. To second order, each divergence is a monotone Riemannian metric [104]
evaluated on the Choi state: the right logarithmic derivative (RLD) metric for ' and Dgsg,
the Bogoliubov—Kubo-Mori (BKM) metric for D, and the symmetric logarithmic derivative
(SLD) metric for Fyy [24, 71, 104]. A coherent error couples the top eigenvector of the Choi
state, with eigenvalue p ~ 1, to a floor eigenvector with eigenvalue . The metric defined
by an operator monotone funct1on f weights such a coherence by cf (i, \) = 1/[uf (N w)],
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Table 1.1: Second-order response of channel divergences to a coherent over-rotation ¢ at a
depolarized qubit gate, N, s against N, with P = Z: coefficients of §2. Each coefficient is
a Fisher information per use of one monotone metric; the last row is the asymptotic Fisher
information with adaptive control and error correction. All entries are exact. D and Fy
use the maximally entangled input, which is optimal.

quantity coefficient of 62 p — 0
1-F FrLp/8 1/(8p)
Dgg(Nps/|Np) Frip/2 1/(2p)
D(Np.s|INp) Fgxm/2 In(4/p)/4
1 — Fy(Nps, Np)  Fsup/8 1/8
Frip (RLD) 2(1—p)*(2 —p)/[p(4 — 3p)]
Fgkm (BKM) 3(1—p)In[(4 — 3p)/p]
Fspp (SLD) 2(1-p)*/(2-p)

Foo (adaptive)  2(1—p)?/[p(3 — 2p)]

which is (1 + \)/(2u)) for RLD, In(u/\)/ (1 — A) for BKM and 2/(u + ) for SLD. The
weight stays bounded as A — 0 exactly when f (0T) > 0. Two caveats matter in practice.
The Uhlmann fidelity is not amplified by the floor for coherent errors, but an incoherent
change of a floor eigenvalue costs 1/ A in every metric; at the worst case of Theorem 1.4.1
the Umegaki divergence and the Uhlmann fidelity equal the converses and have the same
first-order sensitivity (Proposition 1.6.1). The hierarchy is therefore a statement about the
second-order response to coherent errors only. And the closed forms extend to any Pauli
channel, any Pauli-string miscalibration and any n (Theorem 8.4.1 in Chapter 8).

For n qubits the floor A = (p/4)" is exponentially small, and which errors reach it
depends on their weight. For NV, 5 of Eq. (1.2.3),

(1= %) 9@) < 1= PWNp5. M) < (o), (1.5.1)

where g(z) = 1 — (1 +2)"Y2, 2 = (ko — 1)?sin?(6/2)/(4ky), and ke = [(4 — 3p)/p]?
the ratio of the two Choi eigenvalues coupled by the error; for w = n it is the condition
number of J(Np,). The geometric infidelity therefore reaches a level 1 at the window

5y =47y (g)w/2 [1+ O(np)], (1.5.2)

with z, = (1 — n)~2 — 1, and Dgg obeys the same scaling. The window depends on the
weight of the error, not on the number of qubits: a weight-one error on any number of
qubits has dg.1 ~ 0.97,/p. A full-weight error has 4, o p/2. At p=10"3 and n = 0.1 this
is 0, ~ 4.8 x 10~% for a two-qubit ZZ error and 1.2 x 1077 for a four-qubit error of full
weight. Under global depolarizing noise of the same strength the window is 4, ~ 4\/W/ d,
with d = 2", which is 1.5 x 1072 for two qubits. By contrast D < w1In[(4 — 3p)/p]sin?(§/2)
and 1 — Fy < sin?(6/2), independently of n. The worst-case modulus of Theorem 1.4.1 at
this gate, taken over the other argument, is %(4/ p)™. Figure 1.3 shows the collapse of exact
evaluations for n = 1,2, 3.

Biased noise. The closed forms cover any Pauli noise (Chapter 8, Section 8.12). For
a miscalibration about P the window is set by the coupled rate gp, the probability of
the Pauli error P itself, as d,, ~ 4/x,qp/q1, whereas the floor A = ming qq sets the
worst-case modulus of Theorem 1.4.1; the two are set by different rates. Under dephasing-
dominated noise with bias b = p./(px + py), as in bias-preserving architectures [109, 121},
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a Z miscalibration keeps the wide window 1.94,/p, for every b, whereas the window of an
X miscalibration narrows to 1.941/p./(2b), set by the small transverse rate.

1.6 Genuine and spurious parts of the fragility

We now compare the converses with the exponents they bound, first at first order and then
at second order.
First order. At the worst case of Theorem 1.4.1 the converses are exact.

Proposition 1.6.1 (Genuine first-order fragility). Let dx = dy, let ¥ be a channel with
J(¥) > 0, and let W be a unitary whose Choi vector is an eigenvector of J(¥) with
etgenvalue dxji. Then

(=¢6=Dpg=C=-2mF=D=—-2InFy=1In(1/p), (1.6.1)

all evaluated at (Adw, W). All seven quantities have the same derivative in every direction
of ¥, so for a floor eigenvector (1 = \) each of them changes at the rate 1/(2)X) per unit
of diamond distance, the sharp rate of Theorem 1.4.1.

The optimal test is a Bell measurement in the frame of W, which detects every error
other than W; for a Pauli channel i = ¢, and Eq. (1.6.1) holds exactly at every Pauli
channel in the same frame. The sharp constant of Theorem 1.4.1 is therefore a property of
the task: the floor sets the error budget for any statement about discriminating a gate from
the model W. More generally, wherever a converse is tight and differentiable, the exponent
is at least as sensitive at first order as the converse, so a first-order spurious gap can occur
only where the converse already overestimates the exponent (Lemma 8.9.5 in Chapter 8).
For Pauli-diagonal pairs the single-letter converses are exact (Proposition 8.9.6), whereas
at the slope maximizer of Sec. 1.4 they are not.

Second order. We compare the BS converse with the exponent it bounds, ((Nps||Np),
for the qubit gate (n =1, P = Z). At small ¢ the comparison can be made exactly. Any
fixed k-use strategy gives > %D (Pi”ﬂ%), where pi are its output states [41, 125]. Because
J(Nps) > (p/2)1, these outputs have d-independent support, and the relative entropy is,
to second order, a BKM metric, which dominates the SLD metric [104]. Taking the error-
corrected strategies of Zhou and Jiang [131] gives lim infs_.g (/0% > F. /2, where F,, is the
asymptotic Fisher information per use. For this gate the Hamiltonian lies in span{K;r K},
where K; are the Kraus operators, so the scaling is linear, and Fy, = 2(1 —p)?/[p(3 — 2p)];
this is the closed form of Ref. [131], and a primal-dual pair of the corresponding semidefinite
program, evaluated in 50-digit arithmetic, agrees with it to a relative gap below 2 x 1047
(Chapter 8, Section 8.8). Since Dpg = Fr.pd?/2+O(6/p?), our result for the local regime

1S

D D
1 < liminf =Bs < lim sup =Bs

6—=0 ¢ 5—0 ¢
1.6.2
_Fup_ 2-pB-%) _3 e
=R i—3p 2

In the local regime the 1/p curvature is therefore genuine: ¢ > [1 4+ O(p)] 62/(3p) + o(6?),
and the BS converse is tight to within a factor 3/2. The local coefficient itself is known only
to lie between Fi,/2 and Frrp/2, i-e., 1/3 < p¢/d? < 1/2 for small p. The upper bound in
Eq. (1.6.2) would be attained if the local Stein coefficient were the SLD rate Fi,/2:

Conjecture 1.6.2 (Local tightness of the BS converse). For the depolarized qubit gate,
lims_,0 DS (Np,s|INp)/C(Np5|[Np) = Frip/Foo, which tends to 3/2 as p — 0.
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Figure 1.3: Fragility window of the geometric fidelity for n = 1,2, 3 qubits. (a) Miscalibra-
tion dg1 at which F(N,s,Np) drops to 0.9, from exact 50-digit evaluations (symbols), for
local depolarizing noise with a miscalibration of weight w (colors) and for global depolar-
izing noise (grey). Lines are the asymptotic laws 1.94 (p/4)%/2? and 1.94,/p/d; fitted slopes
for p < 1073 are 0.500, 1.000 and 1.500 for w = 1,2, 3. The weight-one error Z ® 1 on two
qubits (crosses) has the same window as Z on one qubit. (b) The exact curves for w =n
and p = 1072,1073,107%, plotted against u = §,/k, /4, collapse onto (1 + u?)~1/2; here
kn = [(4 —3p)/p]™ is both the ratio of the two coupled Choi eigenvalues and the condition
number of J(N,). The fragile window of an n-qubit gate is set by the weight of the error
and is exponentially small in it.
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Figure 1.4: Biased qubit noise with p, = 1073 and p, = Dy, against the bias ratio b =
p2/(Pe + py); b = % is depolarizing noise. (a) Window dp1 at which F(Ng,/\/o) = 0.9,
for Z miscalibrations (circles) and X miscalibrations (squares); markers are exact, lines
the law 601 = 1.937\/qp/q1. (b) The ratio Frrp/Fs, which bounds lim sups_,q Dps/(;
lines are the leading-order laws 1+ 1/(4b) (Z) and (1 + 4b)/(1 + 2b) (X), and the dashed
line is the depolarizing value 3/2. Errors aligned with the bias keep a wide window and a
converse within 3/2 of the exponent; misaligned errors have a narrow window and a gap
that approaches two.



CHAPTER 1. FRAGILITY NEAR NOISY GATES 12

We do not know whether Conjecture 1.6.2 holds; for the explicit strategies we evaluated,
the relative-entropy rate exceeds the SLD rate of the same strategy, so the limit could lie
strictly below Frip/Foo.

The same argument applies beyond the depolarized qubit. For every Pauli channel and
Pauli-string miscalibration the asymptotic adaptive Fisher information is Fo,, = (1-T)/T,
with I' = 370 opy 490q0r/ (9o + qop) summed over the pairs of Pauli strings coupled by
the error, which extends the qubit formula of Ref. [131] (Theorem 8.12.4 in Chapter 8). So
the local bracket is 1 < Dpg/¢ < Frrp/Fs in general. Under Z-biased noise it tightens to
1+ 1/(4b) for a Z miscalibration, and under pure dephasing the local Stein coefficient is
known exactly, lims_,o (/6% = Fno/2 = FrLp/2. For an X miscalibration it widens towards
2 [Fig. 1.4(b)], so the narrow X window is still genuine up to a factor two, and for general
single-qubit Pauli noise the ratio is unbounded at leading order (Eq. (8.12.15)). The gap
between converse and exponent therefore depends on how the error couples to the noise.
For a two-qubit ZZ miscalibration under local depolarizing noise, weight-one errors limit
Fy ~ 2/p while Frip ~ 4/p?, and the bracket widens to 2/p; for weight w it widens as
p~®/2] Whether ¢ inherits the § ~ p window of Dgg for correlated errors, or whether
that window is a spurious fragility, is open.

At finite § we bracketed ¢ numerically. Lower bounds (_ are exact relative entropies of
explicit sequential strategies with finitely many uses, including one that uses a two-qubit
code to herald bit-flip errors. Upper bounds (; are the smallest of Dgg, the continuity
bound (8.3.2) of Chapter 8 applied at the pair (N, N}), the bound ¢ < In(4/p), and the
convex-optimization divergences D¥ of Fawzi and Fawzi [43] for one and two copies, whose
feasible points we verified in high-precision arithmetic. The upper and lower bounds on ¢
differ by at most a factor 4.1. Figure 1.5 shows the result against § = §/[pIn(1/p)]. For
5 < 1 the converse coincides with the certified upper bound, (; = Dgs, and the numerical
bracket on Dgg/( is [1,3.16] for all three values of p. Its upper end lies above the proved
limit of Eq. (1.6.2) because the explicit strategies reach only p¢_ /6% — 0.158, rather than
the asymptotic pFa /2 — 1/3. Above & ~ 1 the certified ratio Dpg/(; grows. It peaks at
1.81, 3.74 and 9.15 for p = 1072, 1073 and 107, at § ~ 2,/p (§ = 0.23, 0.069 and 0.023),
where F' = 0.66-0.68; the peak value scales as 0.8/ (vpIn(1/p)). These peak values are
set by the Fawzi-Fawzi bounds alone; the continuity bound (8.3.2) enters (; only at the
largest 6.

Chernoff exponent. Symmetric discrimination behaves in the same way. Here C =
—InfF ~ Fripd?/8, and the argument behind Eq. (1.6.2), with the quantum Chernoff
bound in place of the relative entropy, gives Fi, /8 < liminfs ,o&/0? < limsups_,o&/6% <
Frip/8, so 1 < C'/f < Frip/Fx < 3/2 as § — 0 (Proposition 8.10.2 in Chapter 8).
Single-use strategies reach only ¢ ~ §2/4, without the factor 1/p, so the 1/p curvature
again comes from adaptive accumulation with error detection. At finite § we bound & by
refereed one-copy converses evaluated at the midpoint §/2. The certified overshoot C /€
then reaches 1.13, 2.48 and 6.00 for p = 1072, 1073 and 104, near § ~ 2.9,/p, and as
p — 0 it is at least 0.27/(,/pIn(1/p)).

Table 1.2 collects the verdicts. The crossover has a simple origin. The exponent grows
at least as §2/(3p), and at most as 62/(2p), only until it reaches its own continuity bound,
which is of order ¢ In(1/p); this happens at § ~ pln(1/p). Beyond that point ¢ grows at most
linearly in §, whereas Dpg continues to grow as 62/(2p) until a approaches saturation at the
window § ~ /p of Eq. (1.5.2). The three regimes of Sec. 1.3 thus reappear at a noisy gate
on three scales: genuine fragility for 6 < pln(1/p), a spurious overshoot that grows up to its
peak near 6 ~ 2,/p, and saturation beyond, where the overshoot recedes. For estimation,
which probes the local regime, the 1/p curvature of the RLD-type bounds is physical. For
discrimination of gates that differ by more than pIn(1/p), it is mostly an artifact of single-



CHAPTER 1. FRAGILITY NEAR NOISY GATES

F(a) i=2yp v Vv Vv
- ,’—AN\
—e— p=10"2 A/ \\
[ —a— p=107° ol n
—_—it— D= 104 /// O
10" F A
< C ///’D/ /E\
& g e 1 NN
B 4
) I ical: [1, 3.16] AP TA ™
+  numerical: |1, o. ::’,: O” 2
| Bemeemmgy=n=z82T ﬁ///’.wtf\ T
[] \ "
_ \Q\
/. ¢ \\ n
A
roved, d — 0: [1, 3/2 / \ N
100 -l-l_) o~ [_ / ] ] //: .\\A
:IIII 1 1 IIIIIII 1 1 IIIIIII 1 1 IIIIIII 1 1 IIIIIII
0 -
: (b)
Loee o A e H:E..r:':.::.'.r:.:T:.'"'"' ...............................
:_ ........................... _= ) .:.'._‘._..';. ............. -
- \: .“'
m.----ml__--w---.@5=~~ 2 ’
~ -1 \:: \\\
o e
b N \\\\
2 C
i upper bound ¢,
- ——=— lower bound ¢ _
----- converse Dgg
1072 e pFrip/2 —1/2
[ —— pF./2—1/3 (proved, § — 0)
[l Ll Ll

1072 107! 109

6=0/[pIn(1/p)]

13

Figure 1.5: Crossover from genuine to spurious fragility for the adaptive Stein exponent
C(NpsllNp) of a depolarized qubit gate, for p = 1072,1073,107%, against § = §/[pIn(1/p)].
Here (_ < ¢ < (4 are lower bounds from explicit finite-length strategies and certified
upper bounds. (a) Ratio of the Belavkin—Staszewski converse to ¢: solid lines divide by
(4 and are certified lower bounds on the ratio; dashed lines divide by (_ and are upper
bounds. For § < 1 the numerical bracket is [1,3.16]; the bar marks the narrower bracket
(1, Frup/Fso] C [1,3/2] that Eq. (1.6.2) proves in the limit § — 0. Arrows mark 6 = 2,/p,
near which the certified overshoot peaks. (b) (4 and Dgg in units of §2/p, with the local
limits pFi /2 — 1/3 (a proved lower bound on p¢ /42 as § — 0) and pFrrp/2 — 1/2. Below
d ~ pln(1/p) the converse follows (; above it, the converse exceeds ¢ by a factor that grows

as p decreases.
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Table 1.2: Genuine and spurious fragility of the converses, by sense of sensitivity and task.
“Genuine” means that the operational exponent has the same sensitivity as the converse
(up to the stated factor); “spurious” means that only the converse has it. The first row
concerns amplitude damping, the second the worst case of Theorem 1.4.1, and the last
two the depolarized qubit gate (N, 5,N;); under biased noise the local ratio stays below 2
for single-qubit errors, and for correlated two-qubit errors the local bracket widens to 2/p
(Sec. 1.6).

regime Stein: ¢ vs. Dgg Chernoff: ¢ vs. C and —21In F’

Choi supports  genuine: (A, [|Ay) = o0 spurious: converses = oo while

(Sec. 1.3) £E—0

first order, per unit genuine: both at most 1/(2)), genuine: both at most 1/(2}),

of ¥/ — ¥, equal at the worst case equal at the worst case

second order, 0 < genuine: 1 < Dgg/¢ < genuine: 1< C’/f < Frip/Foo <

pln(1/p) Frip/Foo <3/2as0 —0 3/2asd—0

second order, spurious: Dgs/C up to 1.81, 3.74, spurious: C’/§ up to 1.13, 2.48,

pIn(1/p) S <SP 9.15 for p = 1072,1072,107%; ~ 6.00 for p = 1072,1073,107%; ~
0.8/(y/pn ) 0.5/(y/pn )

letter bounds. A better target is then ( itself, which is computable [117, 124] although no
convergence rate is known, or its continuity bound.

1.7 Certification from finite data

A converse computed from a tomographic estimate is a statement about the estimate. To
make it a statement about the device, one needs a confidence region and a bound valid on
all of it. Equation (1.4.1) provides this.

Theorem 1.7.1 (Certified converse). Suppose that, with probability at least 1 — «, the true
channels lie within diamond distance € of channel estimates éi), U (completely positive and
trace preserving) whose Choi floors are at least X, and let r = dxe/(2\) < 1. Then, with
the same probability, the true floors are at least (1 — 7“)3\ and

§(2,0) < O(®, 1) < C(&, %) +In - ! - (L7.1)

An analogous bound for ¢ adds the continuity bound of Sec. 1.4 to Dps(®||¥) (Chap-
ter 8, Section 8.13). Both bounds are one-sided in the direction that keeps the converse
valid, which is the direction that matters for certification. Plug-in values carry no such
guarantee. In our simulations the plug-in F exceeded the true value, which makes the con-
verse claim a stronger limit than is true, in up to 32% of runs for linear inversion, depending
on p and the sample size, and in up to 96% of runs for a hedged maximum-likelihood esti-
mate [22] at small sample sizes (Section 8.13).

By the sharpness in Eq. (1.4.3), a diamond ball of radius € contains pairs whose values
of In F' differ by €/(4)), so an additive accuracy 1 requires e < 4pX. Diamond-norm
tomography [93] reaches this with O((dxdyk+dxIn 1)/ (n\)?) uses for channels of Kraus
rank k; this learner is coherent, since it processes the channel outputs jointly. For learners
that measure each channel output separately, possibly choosing later inputs from earlier
outcomes, no strategy reaches diamond accuracy € on the gate family of Eq. (1.2.3) with
fewer than order 1/€2 uses (Proposition 8.13.1(b) in Chapter 8; see also Ref. [102]), hence
order 1/(n)\)2. For such incoherent learners, certification through a diamond ball therefore
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costs order 1/(n))? uses. Whether coherent learners can do better is open. The two-point
argument behind the incoherent bound does not extend to them: with error-corrected
coherent probing the Fisher information per use for the rotation angle is Fro ~ 2/(3p), and
the same argument then gives only order p/e? ~ 1/(n?p) uses, no more than the intrinsic
cost below.

This cost is not intrinsic to the task. For Pauli channels the relevant information sits
in the error rate ¢ of a floor sector, and a relative change 7 of ¢ carries information of order
n?q per use. For local depolarizing noise, any strategy, adaptive or coherent, needs at least
0.0246/(n?\) uses to estimate F'(Adpy, ¥), the fidelity of the noisy gate with a correlated
error of full weight, to relative accuracy better than n < 0.1. Bell-basis estimation of the
Pauli error rates in a known frame [45, 52] achieves O(In(1/a)/(n?))). The separation
is therefore between variance-blind confidence regions, whose radius is set by the largest
outcome variances, and variance-adaptive ones, whose width in the floor directions shrinks
with the floor; it is not specific to the diamond norm. We conjecture that O(poly(d)/(n?)))
uses suffice for all channel pairs.

Simulations of single-qubit Pauli tomography illustrate both scalings (Fig. 1.6). For
the pair with 6 = 2,/p, where F =~ 0.71, we certified a lower bound on E', hence an
upper bound on the converse, to accuracy n = 0.05 in In £ at 95% confidence. In the first
procedure, Theorem 1.7.1 is applied to a diamond-norm ball around the linear-inversion
estimate, whose Hoeffding radius does not adapt to the small outcome probabilities in
the floor directions. Its cost, 3.6 x 103 uses per channel at p = 1073, follows from that
radius by construction and is proportional to p~2. In the second procedure, the Pauli error
rates are estimated directly in the known frame with exact binomial intervals, and Fis
minimized exactly over the resulting confidence polytope; the cost grows as p~100+0:04 354
is 1.2 x 107 uses at p = 1073. The certified bounds held in all 1000 repetitions at every p.
Through the same diamond ball, the hockey-stick divergence and the Uhlmann fidelity are
certified with a number of uses independent of p. Bounds of the opposite type, which limit
distinguishability from below, show the same separation: variance-blind isotropic regions
cost order p~2, whereas a box of exact binomial intervals on the setting probabilities, which
is variance-adaptive and needs no model assumption, already costs order p~! (Chapter 8,
Section 8.13). The second procedure assumes Pauli noise in the known frame; whether
model-free tomography attains the 1/ X law on the converse side is open. For a two-qubit
CNOT gate under local noise, plug-in (not certified) estimates of F needed a number of
shots growing approximately as p~% oc 1/A2, with A = p?/4, in line with the multi-qubit
floor (three points on a one-decade grid).

1.8 Discussion

The sensitivity of geometric channel divergences near noisy gates has two senses. At first
order, a diamond-norm error in the model moves the converses by up to order 1/ A per
unit of distance, with the sharp constant of Theorem 1.4.1. At the worst case the adaptive
exponents move at the same rate (Proposition 1.6.1), so in this sense the sensitivity belongs
to the task, and a first-order gap between converse and exponent requires a converse that is
already loose. At second order, the curvature of the converses in a coherent miscalibration
grows as 1/p. In this sense the sensitivity has two sources. One is physical: adaptive
strategies can exploit the noise floor, and the Stein and Chernoff exponents and the error-
corrected Fisher information inherit a 1/p scale for small miscalibrations. The other is
an artifact of single-letter bounds, which keep the 1/p curvature well beyond the point
where the exponent has crossed over to its In(1/p) continuity bound, and which can be
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Figure 1.6: Cost of certifying converses from simulated single-qubit Pauli tomography. (a)
Channel uses per channel for a certified lower bound on F' (Npis, Np) at 6 = 2,/p, i.e., an
upper bound on the converse —In F , to accuracy n = 0.05 at confidence 1 — a = 0.95
(median run; error bars are bootstrap intervals, lines are fits). A variance-blind diamond-
norm ball combined with Theorem 1.7.1 costs order p~2 by construction; variance-adaptive
estimation of the Pauli error rates in the known frame costs order p~!. Through the same
ball, the hockey-stick divergence and the Uhlmann fidelity at § = 1 cost the same at
every p. The dotted line is the reference scale co/(n?)), proved as a lower bound for the
related estimand F'(Adpy, ¥), not for the pair simulated here. (b) Empirical coverage of
the certified bounds in 1000 runs per point; the target is 0.95.
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infinite where the exponent vanishes. For an experimentalist the practical consequences are
concrete. A converse computed from a pure-T; or noiseless model can be infinite for reasons
that have nothing to do with the device; the residual thermal population or depolarizing
floor sets its value and must be part of the model. Error budgets for geometric converses
must be set relative to the Choi floor, which for n qubits under local noise is (p/4)", and,
for a given miscalibration, relative to the rate of the corresponding Pauli error, which under
biased noise can be far smaller than the dominant error rate. And confidence regions should
be variance-adaptive rather than isotropic in the diamond norm, which for Pauli channels
saves a factor of order 1/X in data.

Several questions remain open. We do not know whether Conjecture 1.6.2 holds, where
in its bracket the local Chernoff coefficient lies, whether unitary channels give the worst-
case slope of F, whether the exponent inherits the narrow window of the converses for
correlated multi-qubit errors, whether coherent learners can certify through a diamond ball
with fewer than order 1/(n)\)? uses, or whether the intrinsic certification cost is of order
1/ (772;\) for all channels. For amplitude damping, the conjectured bound ¢ < —21In f would
pin ¢ within a factor two. A single-letter converse that stays finite at spurious pairs, such
as min{é’ , Cbars —21n u, }, and the extension of these laws to bosonic loss channels with
energy constraints, are natural next steps.

1.9 Plan of the book

The rest of the book develops the theory behind this chapter. Chapter 2 is an overview:
it explains the three classical “shadows” of a pair of states or channels that organize the
theory, summarizes the main results of each chapter, shows how the chapters depend on
each other and suggests reading orders. Chapter 3 fixes the notation and records where
the conventions of the chapters differ. Chapter 4 introduces the Arveson—Radon—Nikodym
derivative of a pair of channels and proves the continuity dichotomy and the Choi-floor
estimates used in Sections 1.3 and 1.4. Chapter 5 treats testing regions and hockey-stick
divergences and proves the continuity properties of the adaptive Stein exponent used in
Sections 1.3 and 1.4; Chapter 6 studies the super-multiplicativity of the hockey-stick Rényi
quasi-entropies under tensor products. Chapter 7 describes adaptive discrimination as a
controlled random walk and proves the geometric Chernoff converse of Eq. (1.2.2) and the
fragility of single-letter Chernoff converses discussed in Section 1.3. Chapter 8 contains the
proofs of the results stated in this chapter, together with closed forms for Pauli channels,
the analysis of amplitude damping, the certification bounds and the numerical methods.
Chapter 9 collects the open problems of all chapters, including those listed above.



Chapter 2

Overview and reading guide

This book is about one question: when does a quantum divergence between two channels,
or an operational quantity that it bounds, depend continuously on the channels, and how
large is the error when it does? Chapter 1 has introduced the question through its physical
motivation and stated the answers for characterized gates. Chapters 4—7 develop the general
theory, and Chapter 8 contains the proofs of the results of Chapter 1. This chapter explains
the organising idea of three classical “shadows” of a pair, the main results of each chapter
and how the chapters depend on each other, and suggests reading orders. Chapter 3 fixes
the notation and records where the chapters differ in their conventions, and Chapter 9
collects the open problems.

2.1 From noisy gates to the general questions

The single-letter converses of Chapter 1, the geometric channel fidelity F , the geometric
Rényi divergences D,, and the Belavkin-Staszewski relative entropy Dpgg, are each built
from a Kubo—Ando mean of the Choi matrices of the two channels [42, 72]. That chapter
showed how badly they can depend on the model of the channels. Their discontinuities
are not limited to ideal gates: two pairs of replacement channels with the same sum can
be arbitrarily close in the diamond norm and have geometric fidelities 0 and 1 (Corol-
lary 4.3.3), just as an ideal unitary gate has geometric fidelity 1 with itself and 0 with
every miscalibrated copy (Corollary 4.12.6).
This raises several general questions, which organise the rest of the book.

(a) In which coordinates are these divergences continuous, and with which moduli?
Where exactly are they discontinuous in the diamond norm?

(b) Which divergences are continuous everywhere, and why?

(¢) Do the operational quantities, such as the Stein and Chernoff exponents of adaptive
discrimination, share the discontinuities of their converses? When a converse jumps,
does the task jump with it?

(d) Near realistic noisy gates, where continuity holds, how large is the modulus, and how
does it compare with the sensitivity of the task itself?

Chapter 1 answered (d) and the physical side of (c¢). The answers to (a)—(c) depend on the
family of divergences, and the main structural message is that each family is a functional
of a different classical object attached to the pair.

18
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2.2 Three shadows of a pair

For a pair of positive operators, or of completely positive maps, there are several ways to
extract a classical pair of measures, and each of the standard families of quantum diver-
gences is a classical divergence of one of them. We call these classical objects the shadows
of the pair. Three of them carry most of this book.

(I) The reverse test. For states p,o with w = p + o, the operator T = w™/?pw
(on the support of w) is a positive contraction, and its spectral measure in the state w
gives a classical pair. Its classical divergences are the maximal f-divergences of Matsumoto
[91] and the Kubo-Ando means; in particular F, D, and Dgg belong to this family. For
completely positive maps the role of T' is played by the Arveson-Radon—-Nikodym (ARN)
derivative of ® with respect to Q = ® 4+ W: if () has linearly independent Kraus operators
Vi,..., Ve, then ®(X) = 37, | Tj Vi XV;* for a unique 0 < 7' < 1 (Theorem 4.2.2). Its
transpose is the effect, on the environment of a Stinespring dilation of €2, that selects the
branch ® (Theorem 4.2.5). Every Kubo-Ando mean of the Choi matrices is Wy, (T)W™*
for a scalar function ¢, and the matrix W of Kraus vectors (Theorem 4.2.15). This is the
shadow of Chapters 4 and 7.

(II) The testing region. The hockey-stick profile e(y) = Tr(p — yo)4, v > 0, encodes
all the binary tests between p and o. Its second derivative u = €’ is a measure on (0, 00),
completed by boundary atoms at 0 and co. The hypothesis-testing quantities, the Hirche—
Tomamichel f-divergences [63] and, by Frenkel’s formula [46], the Umegaki relative entropy
are functionals of this shadow. It is the shadow of Chapters 5 and 6.

(III) The modular shadow. The Nussbaum—Szkola pair of the relative modular operator
[99] gives the Petz f-divergences. Through the modular derivative T = A(1 4+ A)~! it can
be treated with the same tools as the reverse test (Section 5.5).

Two further families appear as limits or suprema of these: the measured divergences,
a supremum over many classical pairs, and the sandwiched and regularised divergences,
which appear only after tensor powers. Section 5.8 contains a table that places all five
families side by side.

The three shadows are ordered. The testing-region shadow is a garbling of the reverse
test (Theorem 5.3.2), and the modular shadow has the boundary masses of the testing
region, not those of the reverse test (Theorem 5.5.1). This ordering explains the difference
in continuity. The reverse test can be destroyed by an O(y/t) perturbation that couples
the kernel of the sum to its range, so the obstruction to continuity for family (I) is the
invertibility of the sum J(® + ¥). The testing region does not see that mechanism, and
the only obstruction left for family (II) is a leak of support, which is controlled by the
invertibility of the second argument.

~1/2

2.3 Results by chapter

The results of Chapter 1 are listed in its introduction and are not repeated here. The other
chapters contain the following main results.
Chapter 4: continuity of Kubo—Ando channel divergences

Chapter 4 develops family (I) for completely positive maps. Since every quantity of the
family is a scalar function of the ARN derivative, read through the Kraus operators of the
sum, it is continuous in 7" with a dimension-free constant. For the fidelity,

|[F(@1, 1) = F(®2, Ua)| < [|127°(1y)l|oc [ T2 — T2|13
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for two pairs with the same sum €2, and the constant and the exponent are sharp (Theo-
rem 4.4.6). Analogous bounds hold for all means, for Q, with a € (0,1) and for bounded
maximal f-divergences (Theorems 4.4.5, 4.5.5 and 4.5.13), and, under a bound on Dyyx
within each pair, for Dpg and Q, with a € (1,2] (Theorem 4.6.7). Every maximal f-
divergence of an operator convex f has a closed form as the largest eigenvalue of a partial
trace and is continuous in 7" with values in (—oo, 400 (Theorems 4.7.5 and 4.7.6). Sec-
tion 4.9 gives explicit moduli for every mean and every operator convex f.

The passage to the diamond norm goes through the quantity v(£2), the smallest operator
norm of a unit combination of the Kraus operators of the sum, which bounds the derivative
distance by the diamond distance (Theorem 4.8.4, Corollary 4.8.6). Pairs with different
sums are compared through the Thompson metric (Theorem 4.10.4, Corollary 4.10.7), and
support changes through the Lebesgue decomposition of the sums (Theorem 4.11.3). The
main structural result is a dichotomy (Theorem 4.12.4): on pairs of completely positive
maps, F' is continuous at (®,¥) if and only if J(® + ¥) is invertible or F(®,¥) = 0,
with analogues for the other quantities. Within channels the dichotomy holds at diagonal
pairs (®,®), where output rotations already produce the jump (Theorem 4.12.9, Corol-
lary 4.12.10), and zero-temperature amplitude damping jumps from 1 to 0 within its own
family (Example 4.12.8). Quantitatively, if the Choi matrices are bounded below by A > 0,
the fidelity is Lipschitz in the diamond norm with a relative constant of the sharp order
A~ (Theorem 4.8.8, Example 4.8.11), and at mutually singular pairs it tends to zero at
the sharp rate d*/?/sin @ (Theorem 4.12.11).

Chapter 5: testing regions, modular lifts and continuity

Chapter 5 carries the programme of Chapter 4 through families (II)—(V). The testing-region
shadow has atoms exactly at the relative spectrum, dominated by those of the reverse test,
and an absolutely continuous part whose density is the coupling of ¢ across the Helstrom
test (Theorems 5.3.1 and 5.3.2). One consequence is an explicit nonnegative integral for-
mula for Dpg — D, and another is that the measured, testing-region and maximal diver-
gences of a strictly convex function coincide only for commuting pairs (Corollary 5.3.3).
Every testing-region f-divergence with finite boundary values is uniformly continuous with
a dimension-free modulus, so these divergences have no dichotomy (Theorem 5.4.1, Corol-
lary 5.4.2), and the Umegaki relative entropy is continuous at (p, o) exactly when o is
invertible or D(p|lc) = oo (Theorem 5.4.3). Bounded Petz divergences are continuous
everywhere, with a dimension-free Holder modulus (Theorem 5.5.2).

For channels the chapter replaces the trace norm by the Thompson metric of the Choi
matrices and the relative entropy by a conditional entropy. Every n-use adaptive quantity
of a suitable divergence is n dp-Lipschitz in the second channel (Theorem 5.7.2), and the
first argument is controlled uniformly over references (Theorem 5.7.4). Together these give
an explicit modulus for the adaptive Stein exponent ¢, and the analogue of the dichotomy:
¢ is continuous at (@, V) if and only if J(¥) is invertible or {(®, V) = oo (Corollary 5.7.5).
The chapter also treats the strong-converse exponent and the regularised sandwiched and
Petz divergences (Theorems 5.7.8 and 5.7.11, Corollary 5.7.9), and gives an exact one-shot
dual formula for testing-region channel divergences together with their regularised values
(Theorems 5.7.13 and 5.7.16).

Chapter 6: super-multiplicativity of hockey-stick Rényi quasi-entropies

The reverse test and the modular shadow factorise under tensor products, but the testing
region does not. Chapter 6 studies what replaces multiplicativity for the testing-region
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Rényi quasi-entropies QHT, the Mellin moments of the hockey-stick profile. Conjecture 6.3.5
asserts that they are super-multiplicative, so that DET is superadditive for o > 1 and
subadditive for & < 1. The chapter proves the conjecture at « = 2 (Theorem 6.4.1),
at every integer order for pure states and at @ = 3 for sign-free pairs (Theorem 6.5.3),
at every integer order against pure partners (Theorem 6.7.1), at & = 3 whenever one
reference state has at most two distinct eigenvalues (Corollary 6.6.3), for one measured
factor (Theorem 6.4.2), to first order as o — oo (Theorem 6.4.3) and for tensor powers
with enough copies (Proposition 6.8.3). Structurally, the conjecture is the family of moment
inequalities of a convex-order domination between two Frenkel measures (Theorem 6.8.2).
One-way LOCC tests never beat the classical product of the shadows (Proposition 6.9.2), so
a proof must use entangled tests. The chapter also gives an elementary proof of DT < Dy,
for « > 2 (Theorem 6.3.2). Unlike the other chapters, it is a chapter of matrix analysis:
continuity plays no role, and quantum channels appear only as garblings between a pair
and its shadow (Section 6.9).

Chapter 7: adaptive discrimination as a controlled random walk

Chapter 7 turns the ARN derivative into a converse for adaptive discrimination. Diago-
nalising T' = Y, 7P, writes the pair as ® = >, 7,y and ¥ = >",(1 — 74)Q; with com-
mon completely positive level maps €y (Lemma 7.2.1). Each use of the unknown channel
therefore selects a level and then acts in a way that does not depend on the hypothe-
sis, and every adaptive protocol is a post-processing of a controlled random walk whose
step values are fixed (Proposition 7.3.1). The result is the geometric Chernoff converse:
every adaptive strategy errs with probability at least iexp(—n@ —v2In4 Ay/n), where
C = — Inmin, Amin(Bs) is computable from one eigendecomposition (Theorem 7.4.1). No
other common decomposition gives a better bound of this kind (Proposition 7.4.3); C lies
between one half of the fidelity converse and the fidelity converse and is not comparable with
the barycentric converse (Corollary 7.4.5, Proposition 7.4.6). If the levels are orthogonal
at an optimal input, product strategies attain C (Theorems 7.5.1 and 7.5.3).

The continuity section applies Chapter 4 to the converse itself. Under perturbations

that are small relative to the pair, e~ is Lipschitz (Theorem 7.6.2), which gives a con-
verse valid for a whole neighbourhood of a model pair (Corollary 7.6.3); under general
perturbations it is only lower semicontinuous, and continuous where J(® + W) is invert-
ible (Theorem 7.6.4). Near replacement channels with rank-deficient outputs, the fidelity,
barycentric and geometric Chernoff converses are all infinite while the adaptive exponent
tends to zero (Theorem 7.6.5). The same happens for amplitude-damping channels with
nearby damping rates, where a pure-program simulation gives a finite converse of the right
order (Theorem 7.6.9, Corollary 7.6.10).

Chapter 8: noisy gates, proofs and further results

Chapter 8 proves the results that Chapter 1 states for characterized gates: the classification
of discontinuities into genuine, spurious and absent by the supports of Choi matrices, the
Choi-floor law In[1/(1 —r)] with r = ¢/(2)\) and its sharpness (Section 8.3), the equality of
converses and exponents at the worst case (Section 8.9), and the comparison of the converses
with the adaptive Stein and Chernoff exponents under a coherent miscalibration, locally
and at finite miscalibration (Sections 8.8, 8.10 and 8.11). It also contains closed forms of
the divergences and of the asymptotic adaptive Fisher information for all Pauli channels
and Pauli-string miscalibrations (Sections 8.4, 8.5 and 8.12), the analysis of amplitude
damping and of the program-simulation converse (Section 8.7), the certification bounds
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(Section 8.13) and the numerical methods (Section 8.14). Section 8.15 points to the results
of Chapters 4, 5 and 7 that these proofs use and proves the refinements of them that are
needed.

2.4 How the chapters depend on each other

Figure 2.1 shows the logical dependencies. Chapter 1 comes first because it frames the
theory, but it states its results with forward references: they are proved in Chapter 8, with
the help of Chapters 4, 5 and 7. Chapter 4 is the foundation: it introduces the ARN
derivative, the Thompson metric between sums, the relative distance of two pairs and the
dichotomy. Chapter 5 uses the reverse test of Chapter 4 as the reference point for the testing
region and the modular shadow, and compares its continuity results with the dichotomy.
Chapter 6 uses the definitions and the tensor-product sandwiches of Chapter 5. Chapter 7
uses the derivative, the level decomposition it induces, and the continuity estimates for pairs
with different sums from Chapter 4. Chapter 8 draws on all three of Chapters 4, 5 and 7:
the Choi-floor estimates and the dichotomy, the continuity of the Stein exponent, and the
geometric Chernoff converse with its fragility. Together, Chapters 1 and 8 are largely self-
contained. Chapters 6 and 7 are linked only through an open problem, which asks whether
the adaptive Chernoff exponent is a regularised testing-region quantity (Problem 9.6.6).

[ Ch. 3: Notation and } [ Ch. 1: fragility near ](

conventions noisy gates (results)

Ch. 4: ARN derivative,
continuity, dichotomy

RN

Ch. 5: testing region, Ch. 7: level decomposition,
Petz, Stein exponent Chernoff converse

Ch. 6: super- " Ch. 8: noisy gates,
multiplicativity proofs and further results

~ -
~ -
~ -
~ -
~ -
~ -
~ -

~( 17

[ Ch. 9: Open problems}

Figure 2.1: Dependencies between the chapters. A solid arrow means that the chapter at its
head uses definitions or results of the chapter at its tail. The book opens with Chapter 1
(thick frame), which states results proved in Chapter 8 (dotted arrow). Dashed arrows
indicate that the open problems draw on every chapter.

There are also some overlaps that we have kept. Chapter 6 recalls the definitions of
the testing region in a compact form, and Chapter 1 restates the results it needs from
Chapters 4, 5 and 7 so that it can be read on its own, before them; in both cases the
restatements point to the original results.
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2.5 A reading guide

The chapters after this one can be read in several orders.

Mathematicians interested in operator theory and matrix analysis can read Chapter 4
in order: Sections 4.2-4.4 contain the ARN derivative, the Kubo-Ando background and
the basic continuity estimate, and Section 4.12 the dichotomy. Chapter 5 follows naturally,
with Sections 5.2-5.5 on states. Chapter 6 can be read directly after Section 5.2; it is the
most self-contained chapter and needs no channels.

Information theorists interested in converse bounds for discrimination can continue
with Chapter 7, which needs only the ARN theorem (Theorem 4.2.2) and, in its continuity
section, the estimates of Section 4.10. Section 5.7 contains the corresponding results for
the Stein exponent and the strong-converse exponent.

Physicists interested in noisy gates and their characterization will find the results in
Chapter 1, which states them operationally and defines every symbol it uses, and their
proofs in Chapter 8. The remarks headed “Physical interpretation” in Chapter 4 explain the
derivative, the quantity v(£2) and the dichotomy in terms of instruments and environments,
and Section 4.8 contains the Choi-floor estimates in their original form.

Readers who move between chapters should consult Chapter 3. Each chapter keeps its
own notation, and the conventions differ in a few places, most importantly in the ordering
of tensor factors in the Choi matrix, in whether the fidelity of states is squared, and in the
notation for the (natural) logarithm (Table 3.1).

2.6 About this book

Chapter 4 is a revised and extended version of [69]. Theorems are numbered by chapter
and section, and every cross-reference between chapters is internal.

Numerical verification

The results of this book have been checked numerically. Every result of Chapter 4 went
through an independent, computer-assisted audit: its proofs were re-derived, and every for-
mula and constant was tested numerically, in 50-110-digit arithmetic near singular points
and with diamond norms and Schur-multiplier norms computed exactly by semidefinite
programming. No statement was found to be false and no proof was found to have a
gap; the minor corrections the audit produced (missing hypotheses, edge cases and one
display) are incorporated in Chapter 4. Every numerical value, table and figure in Chap-
ters 1 and 8 and in Section 7.6.1, and the hockey-stick estimate of Chapter 5, is repro-
duced by a script, and the proved statements of those chapters were cross-checked numer-
ically. The code, the data, the audit scripts and the audit reports are in the code/ di-
rectory of the repository that accompanies this book, https://github.com/mjones1298/
Continuity-of-divergences-python-: code/README.md maps each claim to the script
that produces it, and code/audit_ch04/ contains the audit of Chapter 4. The numerical
checks reported in Sections 5.9, 6.11 and 7.7 were computed with the author’s own code,
which is not included.
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Chapter 3

Notation and conventions

Each of Chapters 1 and 4-8 keeps its own notation; Chapters 1 and 8, on noisy gates, share
one notation. This chapter collects the definitions that are used throughout, in a common
notation close to that of Watrous [127], and Section 3.11 lists the places where the chapters
differ. A reader who moves from one chapter to another should check Tables 3.1 and 3.2
first. All Hilbert spaces are finite-dimensional.

3.1 Spaces, operators and maps

Complex Euclidean spaces are denoted by calligraphic letters X, ), Z, R, ..., and we write
dy = dim X (also dx). The standard basis of C" is ey1,...,e,, and Ey, = eqej. We write
L(X,Y) for the linear operators from X to ), L(X) = L(X, &), Pos(X) for the positive
semidefinite operators and D(X) for the density operators (states). The identity operator
is 1 or 1y, and the identity map on L(X) is id or 1y,x)- The adjoint of an operator or a
map is A*; physics notation Af is used in Chapters 1 and 8.

For Hermitian A, B, A < B means that B — A is positive semidefinite (the Loewner
order). The extreme eigenvalues are A\pin and Apax, the support projection of A > 0 is I 4,
and range A is its range. The trace is tr or Tr, and Try is the partial trace over ). The
Schatten norms are || - ||, with || - ||; the trace norm and | - ||~ the operator norm. For
Hermitian A, Ay is its positive part.

A linear map @ : L(X') — L(J)) is completely positive if ® @ idy,(z) is positive for every
Z. We write CP(X,)) for the completely positive maps and C(&X',)) for the channels,
the completely positive trace-preserving maps; a map is trace preserving exactly when
®*(1y) = 1x. For maps, & < U (also written ® <., V) means that ¥ — @ is completely
positive. Every ® € CP(X,)) has a Kraus decomposition ®(X) = >";_; V, XV with V}, €
L(X,Y), and the smallest possible r, attained exactly when the V}, are linearly independent,
is the Kraus rank. For a channel ® and a state p on R ® X we write ®, = (idr,r) ® ®)(p),
or (? ®id)(p) when the reference system is written second.

3.2 Vectorisation and the Choi matrix

The vectorisation vec : L(X,Y) — Y ® X is the linear map with vec(Eyp) = e, ® ep; it
stacks the rows of a matrix. Hence vec(uv*) = u ® v and

(A® B)vec(X) = vec(AXBT).

24
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The Choi matriz of a linear map ® : L(X) — L()) is

dx
J(®)= > ®(Ew)®Eqp €LY ®X), (3.2.1)
a,b=1

with the output factor first. Choi’s theorem [28] says that ® is completely positive if and
only if J(®) > 0, and J is a linear bijection. The map X — AXB* has Choi matrix
vec(A) vec(B)*, so a Kraus decomposition by linearly independent Vi, ...,V gives J(®) =
WW* with the injective matrix W = [vec(V1) --- vec(V;)] € L(C", Y ® X), and the Kraus
rank is rank J(®). The partial trace over the output is Try J(®) = ®*(1y) ", so Try J(®) =
1y and TrJ(®) = dy for a channel. The Choi matrix in (3.2.1) is unnormalized; the
normalized Choi state is J(®)/dx, the output of ® ® id on the maximally entangled state
vec(1ly) vec(ly)*/dy.

The Choi floor of a channel is A(®) = Apin(J(®)), and A(®) = \(®)/dy is the floor of
the Choi state. A channel has an invertible Choi matrix exactly when its Kraus rank is
dxdy, the largest possible. A unitary channel has a Choi matrix of rank one, and a qubit
depolarizing channel p — (1 — p)p + pTr(p)1/2 has Choi floor p/2.

Swapping the two tensor factors in (3.2.1) gives the input-first Choi matrix >°, , Fop ®
®(E,p), which is unitarily equivalent to J(®) through the swap of X and ). All spectral
statements (positivity, ranks, extreme eigenvalues, the Thompson metric, invertibility, par-
tial traces up to transposition) are therefore the same in the two conventions. Chapter 5
uses the input-first convention (Table 3.1).

3.3 Norms on maps

The diamond norm, or completely bounded trace norm, of a linear map A : L(X') — L(Y)
is
[A]lo = max {[|(A @ id,x))(X)[1: X e L(X @ &), | X[ <1}

[77, 127]. It is unnormalized in every chapter, so ||® — V||, < 2 for channels, and for
completely positive ® it equals |[®*(1y)|loc [103]. Chapter 4 writes ||| - |||1 for this norm.
The Choi matrix and the diamond norm are related by

17(2) = J(@)]loo < % 1@ — ']l

for channels, with equality attained in every dimension (Lemma 4.8.7). If A(¥) > 0 and
0" — W, < ¢, this gives (1 —r)J(¥) < J(¥') < (1 +7)J(V) with r = dxe/(2A(¥)) =
€/(2\(V)), which is the starting point of the Choi-floor estimates in Chapters 1, 4 and 8.

3.4 Kubo—Ando connections and means

A binary operation (A,B) — Ao B on positive semidefinite operators is a (Kubo—
Ando) connection if it is monotone in both arguments, satisfies the transformer inequality
C*(Ao B)C < (C*AC) o (C*BC), and is continuous from above [79]. The Kubo-Ando the-
orem identifies the connections with the operator monotone functions f : (0,00) — [0, c0)
through

AgB=AYV2f(ATY2BATVH) A2 (A >0),

extended to singular arguments by Ao B = lim,o(A + 7n1) 0o (B + nl). A connection is
a mean if f(1) = 1, that is, 101 = 1. Examples are the weighted arithmetic means
(f(t) =1 — s+ st), the harmonic mean, and the weighted geometric means

A#,B = AV2(ATVPBATI2 A2 s€(0,1),  A#B = A#,B.
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We use A#sB = B#t1_A, (cA)#s(¢'B) = c!=5¢ $(A#sB) for ¢, ¢ > 0, and range(A#sB) C
range ANrange B for 0 < s < 1. In particular A#sB = 0 whenever range ANrange B = {0}.
In Chapter 4 the letter o denotes a connection; in all other chapters it denotes a state.

For completely positive maps, a connection of the Choi matrices defines a completely
positive map ®o ¥ by J(®Po¥) = J(P)o J(¥) [76]; weighted geometric means of com-
pletely positive maps were first introduced in [47]. If T is the derivative of Section 3.5,
then

J(®@)o J(V) =W go(T) W7, 9o(t) =to (1 1),

a scalar function of T' (Theorem 4.2.15). For the weighted geometric means this reads
J(0)#J(®) = W gs(T) W* with gs(t) = t5(1 — )%, the function that Chapter 4 calls hs
(Eq. (4.5.1)), Chapter 7 calls g, and Chapter 8 calls bs. It is g4, ., not the function gy,
attached to the mean #;.

3.5 The Arveson—Radon—Nikodym derivative and the shad-
OWS

Let @, ¥ € CP(X,)), let Q = ® + ¥ have a Kraus decomposition by linearly independent
operators Vi, ..., V,, and let W be as in Section 3.2, so that J(Q2) = WW*. For K € L(C")
put

,
Ug(X)= > KuViXV/, J(Vg)=WKW*.
k=1
By Arveson’s Radon-Nikodym theorem in its Kraus form [10, 111] (Theorem 4.2.2) there is
a unique T with 0 < T < 1¢r and ® = Wp; then W = Uy _p. We call T the ARN derivative
of ® with respect to 2, and Vg is K read through the Kraus operators of 2. A different
choice of Kraus operators replaces T by UTU " for a unitary U, so the spectrum of 7" and all
unitarily invariant norms of differences 17 — T5 do not depend on the choice. The spectral
decomposition T = >, 74Py gives the level decomposition ® = >, 7y, ¥ = > ,(1 — 74)8
with y = Up, (Lemma 7.2.1); a level is ambiguous if 0 < 7, < 1.
Chapter 4 also uses the quantity

v(Q) = min{H XT: ckaHoo cceC) 2 = 1} > 0,
k=1

which converts derivative distances into diamond distances (Theorem 4.8.4).

For states p,o with w = p + o, the same construction gives T = w™/2pw=1/2 on
the support of w; its spectral measure in the state w is the reverse test (shadow (I) of
Section 2.2). The testing-region shadow (shadow (II)) is the measure p = € of the profile
e(y) = Tr(p — v0)4, completed by the boundary masses my = Tr Hio at 0 and me, =
TrIItp at oo (Definition 5.2.4). The modular shadow (shadow (III)) is the Nussbaum-

Szkota pair of the relative modular operator A, and T' = A(1 + A)~! is the modular
derivative (Section 5.5).

1/2

3.6 Fidelities

Several fidelities appear, and two of them come in a root and a squared form.

o The Uhlmann fidelity of states [122]. In its root form, F(p,0) = |\/pvol1 =
tr\/\/opy/o; this is the form used in Chapters 1, 4 and 8. Chapter 7 uses the
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squared form F(p, o) = ||p*/?¢'/?||}. The Uhlmann channel root fidelity Fyy(®, V) of
Chapters 1 and 8 is the minimum over inputs (with a reference system) of the root
fidelity of the two outputs.

The Matsumoto or geometric fidelity of states, F(p, o) = Far(p, o) = tr(p#o) [29, 90].
It satisfies Fiy < F, with F' the root Uhlmann fidelity.

The geometric channel fidelity

F@.0)= inf | tr (@,#9,) = du( Ty (J(@)#T(¥)

(Proposition 4.3.1). It is used in root form in every chapter, so F(®,®) = 1 for a
channel . Katariyil and Wilde [72] call its square the geometric fidelity. In Chap-
ter 7 it appears as Q1/2(®||¥), and the fidelity converse for the Chernoff exponent is

—2In F(®, V).

The Bhattacharyya coefficient of probability vectors p,q is >, \/pigi; for amplitude
damping, Chapters 1, 7 and 8 write f(v,v") = vy + (1 —7)(1 — /).

The testing-region fidelity QII{/T2 of Chapter 5 is the testing-region Rényi quasi-entropy
of order  (Section 3.7).

3.7 Divergences

Divergences of states

For p,o € D(X) (or positive semidefinite operators) we use the following quantities; each
is +0o0 when the support condition that makes it finite fails.

The Umegaki relative entropy D(p||o) = Tr p(log p — log o), finite if IT, < II,.

The maz-relative entropy Dmax(pllo) = loginf{c > 0 : p < co}; for completely
positive maps, Dmax(®[|V) = loginf{c > 0: ® <., cV}.

The mazimal f-divergence of a convex function f [61, 91], which for operator convex
fand ¢ > 0is Df(p|lo) = Tra'/2f(o=2po~1/2)a!/2. Tts boundary values f(0F)
and f’(00) = limy_, f(t)/t decide finiteness.

The Belavkin-Staszewski relative entropy Dps(pllo) = Tr plog (p'/201p'/2) [14], the
maximal f-divergence of f(t) = tlogt.

The geometmc Rényi quasi-entropy and divergence Qa(pHO') = Tr(o#ap) and
Dy = —logQa, for « € (0,1) U (1,2] (for @« > 1 through the formula

o 2(c12p5=1/2)251/2 when I, <II,). The geometric fidelity is @1/2.

l—«

The Petz quasi- entropy QP(pH ) = Trp“o and the sandwiched quasi entropy

Qa(pllo) = Tr (0 T po S ©)®, with divergences DY and D, defined by — log.

The hockey-stick divergence E,(A|B) = Tr(A —vB)4+ = maxo<ym<1 Tr M (A —vB),
v > 0, and the testing-region (Hirche-Tomamichel) f-divergence [63]

iolo) = [ (By(ello) ")+ By(olp) (). Fla) = /(1))

for convex f with f(1) = 0, with Rényi members Q2T = 1+(a— 1)D  falz) = =1

al’

and DIT = _L-1og Qi (Definition 5.2.3). By Frenkel’s formula [46] DHY =D.

zlogx —
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e The measured divergences Dl}'/[7 the supremum of the classical f-divergences of the
outcome distributions of all measurements.

The maximal divergences dominate the others: for operator convex f the measured, testing-
region and maximal f-divergences satisfy D?/I < D?T < Dy, and the three coincide for a
strictly convex f only on commuting pairs (Corollary 5.3.3). In particular D < Dgg.

Divergences of channels

For a divergence D of states, the channel divergence is

D(®[|) = sup D(P, | ¥p),
pPED(X®X)

and for the quasi-entropies with a < 1 and the fidelities the supremum becomes an infimum.
The geometric quantities have closed forms in the Choi matrices [42, 72]:

Qa(®[1%) = Ain (Try(J(1)#aJ (D)) (0 < a < 1),
Dis(9) = A (Try [7(2)!/2 10 (7(2) /27 (0) 1 (@)2) 7 (2)117)),

the latter when J (V) is invertible, and more generally ﬁf(CI)H\II) = Amax ( Try(W by (T) W*))
for operator convex f (Theorem 4.7.5). For a channel divergence we also use its n-use
adaptive version D™ the supremum over adaptive strategies of the divergence of the two
final states, its regularisation D™8(®||¥) = lim,, 1D(®"||¥*") when the limit exists, and
its amortised version D4 [128] (Section 5.7).

Three converses for the Chernoff exponent appear in Chapters 1, 7 and 8: the fidelity
converse —21In I/ (®, W) [72], the barycentric converse Chy, of Ji, Mishra, Mosonyi and Wilde
[66], and the geometric Chernoff divergence

C(@,¥) =~ In min Auin(By) = ~In inf Qu(@¥), By = ¥; 1y(1y)

where gs(t) = t5(1 — )75 on (0,1) and g5(0) = gs(1) = 0. Chapter 7 uses the first
expression and Chapter 8 the second; they agree because s — Apin(Bs) is continuous on
[0,1] and equals Q,(®||¥) for 0 < s < 1. The program overlap p,(®, V) of Theorem 7.6.9
gives a fourth converse, —2In .

3.8 The Thompson metric
For A, B > 0 the Thompson metric is
dr(A,B) =inf{t >0: e 'A< B <e'A} = max{Dpax(A||B), Dmax(B||A)},

which is finite exactly when A and B have the same support. For completely positive
maps, dp(®,¥) = dp(J(P), J(V)), equivalently the same expression with the completely
positive order. All chapters use this metric with the same normalisation; Chapter 4 writes
dp(Q1,Q2), Chapter 5 writes dp, and Chapters 7 and 8 write dp. The metric enters in
two ways: through tanh(dr/2), which measures the change of a sum in Chapters 4 and 7
(Lemma 4.10.1), and as a Lipschitz constant per channel use for adaptive quantities in
Chapters 1, 5 and 8 (Theorem 5.7.2).
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3.9 Operational exponents

An adaptive strategy with n uses of an unknown channel prepares a state on the input and
a memory, interleaves the n uses with channels acting on the output and the memory, and

ends with a measurement; parallel and product strategies are special cases. Let pfbn) and

n)

p&, be the final states under the two hypotheses.

e The adaptive Stein exponent ( is the best exponential decay rate of the type-II error
when the type-I error is required to vanish asymptotically. It equals the regularised
and the amortised Umegaki channel divergence [41, 125]. Chapter 5 writes ((®, V)
and Chapters 1 and 8 write ((®|| V).

o The adaptive Chernoff exponent is ¢ = limsup,, — = In p(n), where p(n) is the smallest

equal-prior error % — %Hng ) ng ) |1 over adaptive strategies. Chapter 7 writes adapt,
and &proq for the exponent of product strategies. The quantum Chernoff divergence
of two operators is £qc(4, B) = — Inming<s<; tr(4°B17%) [11, 99].

e The strong-converse exponent is the rate at which the success probability must vanish
when the type-II error decays faster than e ™; it is governed by the regularised
sandwiched divergences (Corollary 5.7.9).

e The Fisher informations of a one-parameter family of states or channels are written
Fsip, Fpkm and Frpp (symmetric, Kubo-Mori and right logarithmic derivative),
and Fu, is the asymptotic adaptive Fisher information per channel use [131]. They
appear in Chapters 1, 7 and 8, and must not be confused with the fidelities, which
carry no such subscript.

3.10 Logarithms

All logarithms in this book are natural, and entropies are measured in nats. Chapters 4,
5 and 6 write log, and Chapters 1, 7 and 8 write In. Chapter 4 does not state the base,
but its estimates use the natural logarithm, for instance in the factor e*® attached to the
Thompson metric. The binary entropy h(z) = —zlogx — (1 —z)log(1—x) in the continuity
bounds for the Stein exponent is also in nats.

3.11 Differences between the chapters

The chapters can be read independently, and their conventions differ in the places listed in
Table 3.1. None of these differences affects a statement that is invariant under the relevant
change; for example, every result about the spectrum of a Choi matrix holds in both tensor
orderings. Table 3.2 lists the symbols that have different meanings in different chapters.
Within a chapter, every symbol has one meaning unless the chapter says otherwise.
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Table 3.1: Conventions of Chapters 1 and 4-8. Chapters 1 and 8, on
noisy gates, share the last column. Chapter 6 works with states only

and follows Chapter 5 where the two overlap.
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Ch. 4 (continuity)

Ch. 5-6 (shadows)

Ch. 7 (Chernoff)

Ch. 1 and 8 (noisy
gates)

Choi ordering

Choi
normalisation

Vectorisation

Uhlmann
fidelity of states

Geometric
fidelity

Logarithm

Diamond norm

Derivative

Q)

Exponents

output first:

J(®) =

Zab (I)(Eab) ® Eab
onY® X (as in
[127])

unnormalized;
Try J(®) =
P* (1)T

vec(Eap) = €q @ €
(rows stacked),
vec : L(X,)) —

V®RX; J(A -B*) =

vec(A) vec(B)*

root: F(p,&) =
Iv/pvVEllL

F , root form
(Katariya—Wilde
use its square);
also Fir = tr(p#¢)
for states

log, base not
stated; natural

[l - ]|]1 (cb trace
norm), dep for
distances;
unnormalized

T: ARN derivative
of ® w.r.t.
Q=0+ 7; Ug;
frame W with r
columns; go, hy;
relative derivatives
T; for different

sums

input first: J(®) =
>, e
®(|3)(j]) on X @Y
(Ch. 5); no Choi
matrices in Ch. 6

unnormalized;
J(®) < dx1 for
channels

not fixed; the
frame W is taken
from Ch. 4
(Proposition 5.7.7);
with input-first
Choi matrices the
matching
vectorisation
stacks columns

not used (the
testing-region
iidelity is QIE/TQ)
F as in Ch. 4

log, natural
(stated)

H : H<>7
unnormalized;
moduli in

€= %H@ -5

states:

T — w—1/2pw—1/2
(reverse test),
modular derivative
T=A(1+A)1
channels: 7', W as
in Ch. 4

(@, W)

output first:
J(®) =
Zij D(eie]) @ eie]

unnormalized

vec(ys*) =y @7,
ie.

vec(eie]) = e; ® ey,
vec : L(X,Y) —

Y® X (rows
stacked, as in
Ch. 4)

squared: F(p,0) =
1p*/ 20t 2|13

ﬁ = @1/2, root
form; converse
—2In Q1/2

In

‘ | : | | )
unnormalized

T= ZETePg; L\
levels Q[ = \I/pz,
Se = (1); gs;

steps Ay = In 11(7@

— Inmins Amin (Bs),
minimum over

s €10,1]

€adapt7 5prod7 SQC

output first:
J(®) =

>, (i @
|2} (]

unnormalized,
TrJ = dx; also
the Choi state
J/dx with floor
A= )\/dx

vec(A) =

Zij Aij |Z> |]> (IOWS
stacked, as in

Ch. 4); used only
in Ch. 8

root: Fy (channel
version, minimised
over inputs)

F, root form;
converse —21n F'

In

- lo,
unnormalized;
Choi-floor law in
€=V -9,
Stein modulus in
€ = % |® — &'
in Ch. 8 only: T
with frame W,
Wwt = J(@ + ),
bs for gs; levels 74,
S¢, Bs and A as in
Ch. 7

— Ininf, @\S,
infimum over

s € (0,1), in Ch. 8;
minimum over
s€10,1] in Ch. 1
(same value)
C(2[|w), (2, V),

gprod

continued on the next page
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Ch. 4 Ch. 5-6 Ch. 7 Ch. 1 and 8
Identity, trace, 1y (space always 1, id; Tr; A 1, id; tr, Try; A™ 1, id; Tr, Try; Af
adjoint indicated), 1y,x)
for the identity
map; tr, Try; A*
Spaces and L(X), D(X), B(X) for the L, D, C(X,)); dx, dy; d = 2" for
dimensions CP(Xx,)), operators; dx, dy d=dimX n qubits
C(Xx,Y); dim X,
ny = dim y
Spelling British British American American
Table 3.2: Symbols with different meanings in different chapters.
Symbol Meanings
o a Kubo-Ando connection or mean in Ch. 4 (states there are p,£); a state in Ch. 1
and 5-8
I3 a state in Ch. 4 (and occasionally in proofs of Ch. 5); the adaptive Chernoff exponent in
Ch. 1, 7 and 8
A the Choi floor in Section 4.8 and Ch. 1 and 8; eigenvalues in the structure theorem of
Ch. 5 (Theorem 5.3.1); the log-likelihood steps A¢ in Ch. 7
v v(92), the least norm of a unit combination of Kraus operators, in Ch. 4 and 7; the
Frenkel measure in Ch. 6; the laws vg, vy in Theorem 7.5.3
T the in-pair derivative distance in Ch. 4 (pairs with different sums) and Theorem 7.6.2;
the eigenvalues (levels) 7, of 7' in Ch. 7 and 8
1) the relative distance of two pairs in Ch. 4 and 7; the distance between nearby channels
in the local comparisons of Ch. 7; a coherent miscalibration angle in Ch. 1 and 8
n the size of a Choi perturbation in Theorem 4.8.8 and a regularisation parameter in
Ch. 4; the error profile n(y) = 1 — e(y) in Ch. 5-6; a target accuracy in Ch. 1 and 8
K the condition number of J(¥) in Ch. 1, 5 and 8; a derivative radius in Corollary 7.6.3; a
parameter of the operator layer-cake inequality in Ch. 6
m the testing-region shadow u = e” in Ch. 5-6; the program overlap p. in Ch. 1, 7 and 8
r the number of Kraus operators of the sum in Ch. 4 and 7; the relative radius
r =dxe/(2)\) in Ch. 1 and 8
d a diamond distance in Ch. 4 (e.g. Theorem 4.12.11); dim X in Ch. 7; the dimension 2"
of n qubits in Ch. 1 and 8
h the functions hy, ha of the derivative in Ch. 4 (hq is the go of Ch. 7 and the b, of
Ch. 8); the binary entropy in Ch. 1, 5 and 8
F a fidelity (root or squared, see Table 3.1); with a subscript RLD, SLD, BKM or o, a
Fisher information (Ch. 1, 7 and 8)
T the ARN derivative; T1 also denotes the energy-relaxation time in the phrase “pure T
decay” in Ch. 1 and 8
A the largest absolute log-likelihood step over ambiguous levels in Ch. 7 and 8; a channel

(a simulator or a post-processing) elsewhere in the same chapters




Chapter 4

Continuity of certain quantum
channel divergences

Summary. The geometric channel fidelity, the geometric Rényi divergences and
the Belavkin—Staszewski relative entropy give converse bounds for channel capacities,
discrimination and estimation. Channels are known only approximately, yet two pairs
of channels with equal sums can be arbitrarily close in the diamond norm and have
fidelities 0 and 1. We show that continuity is recovered when pairs are compared
through the Arveson-Radon-Nikodym derivative 7' of one map with respect to the
sum. Its transpose is the environment effect that selects this map in a Stinespring
dilation of the sum. In T, the fidelity, the geometric Rényi quasi-entropies of order in
(0,1) and the bounded maximal f-divergences are continuous with explicit dimension-
free moduli. So are the Belavkin—Staszewski relative entropy and the other maximal
f-divergences of operator convex f while the spectrum of T' stays away from the points
0 or 1 at which they become infinite, and every maximal f-divergence of operator
convex f is continuous in T with values in (—oo,+00]. For two pairs of channels
with the same sum, the fidelities differ by at most 2||77 — T2||(1>é2, which gives Holder
continuity in the diamond norm on such splittings. The fidelity is continuous at a
pair of completely positive maps exactly when the Choi matrix of the sum is invertible
or the fidelity vanishes. Thus pairs containing a noisy channel of full Kraus rank are
continuity points, whereas the pair formed by an ideal unitary gate and itself is not.
Within channels, the fidelity is continuous at a diagonal pair (®, ®) exactly when the
Choi matrix of ® is invertible; if it is singular, the discontinuity already occurs along
the unitary orbit of ®. If the Choi matrices are bounded below by A > 0, a perturbation
of the Choi matrices of size n changes the fidelity by a relative amount of at most 1/,
and the order A~ ! is sharp.

4.1 Introduction

The geometric channel fidelity of ®, ¥ € CP(X,)) is ﬁ((I),\I/) = inf, tr(®,#%¥,), where
D, = (P@1y,x))(p) for states pon X®A and # is the matrix geometric mean (Katariya and
Wilde [72] use its square); the geometric Rényi divergences and the Belavkin—Staszewski
relative entropy arise in the same way from maximal f-divergences [91]. These channel
divergences give converse bounds for channel capacities [42], discrimination and estimation
[72]. In practice a channel is known only approximately, and the relevant worst-case error
is the diamond distance ||| - |||1 [80], so such bounds need continuity in this norm, and
this continuity fails. If dim) > 2, then for every n > 0 there are replacement channels

This chapter is a revised and extended version of [69].
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with &1 + ¥; = &5 + ¥y and |H(I)1 — (I)le = H|\111 — \I/2|H1 < 7, but ﬁ(@l,\l’l) =0 and
F(®,,U,) = 1 (Corollary 4.3.3); on the same pairs every bounded maximal f-divergence
with f(1) = 0 jumps by f(07)+ f’(c0), which is positive unless f is affine (Corollary 4.5.14).

Continuity is recovered by recording how a pair splits its sum. Let Q@ = & + ¥
have linearly independent Kraus operators Vi,...,V,, and let W have columns vec(V}).
By Arveson’s Radon-Nikodym theorem (Theorem 4.2.2), ®(X) = 3>, TV XV* for a
unique 0 < 7' < 1¢r on C", and 1¢r — T gives ¥. Up to normalisation, (P, V) is a two-
outcome instrument implementing €2, with which-branch effect T'T on the environment
of its Stinespring dilation (Theorem 4.2.5). By an identity essentially due to Kian [76],
J(®)o J(V) = Wy (T)W* with g,(t) = to (1 —t) for every Kubo-Ando mean o (Theo-
rem 4.2.15), so all quantities above are functions of T'. Hence, by Theorem 4.4.6,

(@1, 1) — F(®2, 05)| < 27 (1y)]o 171 — T2 1% (4.1.1)

with no dimensional factor, where 77 and T are computed in the same Kraus decompo-
sition V1,...,V, of Q; the constant and the exponent are sharp (see the remark following
Theorem 4.4.6). Here |2*(1y)|lcc = 2 if ®; and ¥; are channels, and it equals 1 if €2 itself
is a channel, as for an instrument. In the counterexample T} is a projection, on which
g+ vanishes, while Tp = %1([:7“. Analogous bounds hold for all means, the geometric Rényi
quasi-entropies Qa, o € (0,1), and bounded maximal f-divergences (Theorems 4.4.5, 4.5.5,
4.5.13). As v(Q)?|T1 — Talso < |||®1 — P2|||1, with () the least operator norm of a unit
combination of the V}, (Theorem 4.8.4), F is Holder continuous in the diamond norm on the
splittings of Q, with constant ||2*(1y)|leo/v(€2) (Corollary 4.8.6); in the counterexample
v(Q2) — 0.

On pairs of completely positive maps, Theorem 4.12.4 shows exactly where continuity
survives:

F'is continuous at (¢, V) <= J(® + ) is invertible or F(®, ) = 0. (4.1.2)

The same holds for @a, and there are analogues for all means other than the weighted
arithmetic means and, under a rank condition, for bounded maximal f-divergences. Pairs
with a channel of full Kraus rank, e.g. generalised amplitude damping with damping p €
(0,1] and thermal parameter N € (0,1) [74], are continuity points, whereas an ideal gate
U(-)U* has F' = 1 with itself and F' = 0 with every mis-rotated U’(-)U"™*, U’ ¢ CU, however
close (Corollary 4.12.6).

For unbounded divergences, if Dpax(P;]|¥;) < log((1 — €)/¢€) for both pairs, as for a
detector of efficiency 1 — €, the Belavkin—Staszewski relative entropy and @a, a € (1,2],
obey continuity estimates in 7" whose constants blow up as € | 0 (Theorem 4.6.7, Corollar-
ies 4.6.11 and 4.6.12). Every maximal f-divergence with operator convex f is continuous
in T' with values in (—oo, +00| (Theorem 4.7.6). Section 4.9 gives explicit moduli for every
mean and every operator convex f, obtained from exact operator Lipschitz constants of
one-pole kernels; for operator convex f on [e,1 — €] the Lipschitz constants obtained are
within a factor 3 of optimal, and in many cases exact.

If the two pairs have different sums, the change of the sum enters through the Thomp-
son metric; for arbitrary pairs of channels, |F(®,U;) — F(®,, U5)| < 5.066Y/2, with §
their distance relative to ®; + Uy + ®9 + ¥y (Theorem 4.10.4, Corollary 4.10.7). Support
changes, as under leakage [130], enter through the Lebesgue decomposition of the sums
(Theorem 4.11.3).

We also consider perturbations within the set of channels. If J(®) and J (V) are bounded
below by A > 0, then

dim X
2\

|F(®', U — F(®,0)| < dF(®,0)
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for all channels ®, ¥’ at diamond distance d < 2\/dim X, and the order A~! of this
Lipschitz bound cannot be improved (Theorem 4.8.8, Example 4.8.11). At every chan-
nel ® with singular Choi matrix, output rotations ® — ® keep F (®,®") bounded away
from 1, and within the zero-temperature amplitude damping family F jumps from 1
to 0 (Theorem 4.12.9, Corollary 4.12.10, Example 4.12.8). At mutually singular pairs
F = O(d'/?/sin 6), where 6 is the smallest angle between the Choi ranges; the exponent
and the angle dependence are sharp (Theorem 4.12.11, Example 4.12.12).

We now relate our results to the literature. Arveson [10] proved the Radon-Nikodym
theorem for completely positive maps; Raginsky [111] gave its Kraus form, the upper bound
of Lemma 4.4.1 and, for derivatives taken with respect to a fixed reference map, a lower
bound with the dimensional factor (dim H) 2 for maps on B(H) [111, eq. (17)]. Weighted
Kubo-Ando geometric means of completely positive maps, together with a superoperator
perspective function, were first introduced by Frenkel, Mosonyi, Vrana and Weiner [47]
in their study of error exponents for composite quantum hypothesis testing and channel
discrimination. Kian [76] later defined general Kubo-Ando means of such maps via these
derivatives, and Okayasu studied their geometric mean and Lebesgue decomposition [100].
Okayasu [101] also introduced operator-valued maximal f-divergences of completely posi-
tive maps, with criteria for a dense domain and for boundedness [101, Proposition 4.11] and
joint lower semicontinuity [101, Theorem 4.7]; in finite dimensions our closed form is the
largest eigenvalue of his divergence of the adjoint maps (Section 4.7). Matsumoto [90, 91]
introduced his fidelity and maximal f-divergences; Katariya and Wilde [72] and Fang and
Fawzi [42] gave closed forms for geometric channel divergences. Maximal f-divergences and
their lower semicontinuity are studied in [60, 61], continuity of Rényi divergences in [95],
and dimension-dependent continuity bounds for Belavkin—Staszewski quantities of states
in [21]. To our knowledge, the quantitative continuity of these divergences and means in
T, the dimension-free lower bound in the two-sided estimate, the results for different sums
and supports, and the dichotomy are new.

The chapter is organised as follows. Section 4.2 collects preliminaries on the Arveson—
Radon—Nikodym theorem and on Kubo—Ando means of completely positive maps, and
Section 4.3 presents the counterexample. Sections 4.4-4.7 prove continuity in 7": first for
the means and the fidelity, then for the geometric Rényi divergences and bounded maxi-
mal f-divergences, and finally for unbounded ones and all operator convex f. Section 4.8
passes to the diamond norm and treats pairs with a Choi floor, and Section 4.9 gives ex-
plicit moduli. Sections 4.10 and 4.11 treat pairs with different sums and with different
supports, Section 4.12 proves the dichotomy and studies perturbations within channels,
and Section 4.13 lists open questions. Section 4.14 contains norm bounds and a varia-
tional characterisation of means of completely positive maps. Remarks headed “Physical
interpretation” explain the main notions operationally.

4.2 Preliminaries

Notation. We follow [127]. Complex Euclidean spaces are denoted by calligraphic letters,
1y is the identity operator on V, and 1y, is the identity map on L(V); the space is always
indicated, for instance 1¢r for the identity on the space C" of an ARN derivative. We write
j=(1,...,1)7 for the all-ones vector, of the length dictated by the context, so that jj' is
the matrix all of whose entries equal 1; it should not be confused with an identity operator.
Finally, 8, denotes the unit point mass at a point x.
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4.2.1 The Arveson—Radon—Nikodym theorem

Given two completely positive maps, [10] showed that one can construct a kind of Radon—
Nikodym derivative analogue. This is used in [76] to construct the mean of completely pos-
itive maps. We will repeat the construction here in the finite-dimensional setting, adjusting
the notation to be compatible with Watrous [127]. For now we recall the important facts for
the Arveson-Radon-Nikodym (ARN) theorem. The following follows from [10] with some
objects changed to fit the conventions of [76]. We show the proof in the finite-dimensional
case. This version uses the Kraus form of the ARN theorem [111]. The following lemma is
a special case of the Douglas factorisation lemma [34]; we include a proof for completeness.

Lemma 4.2.1. Let W € L(C",V) be injective and let Y € L(V) satisfy 0 <Y < WWW*.
Then there is a unique T' € L(C") with Y = WTW™*, and it satisfies 0 <T < 1¢r.

Proof. Since W has full column rank, W*W is invertible, and the Moore—Penrose pseudoin-
verse W = (W*W)~1W* satisfies WHW = 1¢r. The operator P = WWT is a self-adjoint
orthogonal projection onto range(W).
If W*z =0, then
0<a*Ya < a*WWrz = ||[W*z||? = 0,

so Y2z = 0 and therefore Yo = 0. Hence (range W)+ = ker W* C ker Y. This implies
Y(1y — P) =0, that is, Y = Y P. Taking adjoints and using that P and Y are self-adjoint,
we obtain Y = PY, so that Y = PY P.

Let T = WTY (W™)*. This satisfies

WIW* = WWHY(WW*)*=PYP =Y.
Since conjugation preserves the Loewner order, 0 <Y < WW™ implies
0<T<WHWW*(WH)* = (WTW)(WTW)* = 1¢r.

Finally, suppose that T, 7" € L(C") satisfy WTW* = WT'W*. Multiplying by W™ on the
left and by (W™)* on the right, and using WW = 1¢r, we obtain T = T". O

Theorem 4.2.2 (Arveson’s Radon-Nikodym theorem, Kraus form). Let & € CP(X,))
with ®(X) = Y5 VXV, where Vi,...,V, € L(X,Y) are linearly independent. For
T € L(C") define the linear map

Up(X) =Y TuViXV/.
k,l=1

A linear map ¥ : L(X) — L(Y) satisfies
0<T<d

in the completely positive ordering (that is, ¥ and ® — ¥ are completely positive) if and
only if W = Uy for some T € L(C") satisfying 0 < T < 1cr. This T is unique. Moreover,
with the injective operator W = [vec(Vy) --- vec(V;)], we have J(Wp) = WTW™* for every
T € L(C).

Proof. Let W = [vec(Vy) --- vec(V;)]. Since vec is a linear bijection and the Vj are
linearly independent, W has full column rank. As the map X — AX B* has Choi matrix
vec(A) vec(B)* [127, Section 2.2.2], linearity of J gives J(¥r) = WTW™ for every T, and
in particular J(®) = WW*. If 0 < ¥ < @, then by Choi’s theorem [28] 0 < J(V¥) <
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J(®) = WW*, so Lemma 4.2.1 yields a unique 7" with 0 < 7T < 1¢r and J(V) = WTW* =
J(Urp); injectivity of J gives ¥ = Wy, and uniqueness of T follows from the uniqueness in
Lemma 4.2.1. Conversely, if 0 < T < 1¢r, then J(Ur) = WITW* > 0 and J(® — ¥r) =
W(lecr — T)W* > 0, so Uy and ® — Uy are completely positive by Choi’s theorem, that
is, 0 < Up < P. O

This theorem really says that we have an order preserving bijection
{TeL(CH:0<T <1cr} & {¥ e CPX,Y): ¥ < P}

We make a definition which differs slightly from the general C*-algebra version, this is
purely out of convenience because in the finite-dimensional case, the corresponding com-
mutant elements are decided by positive semidefinite operators [100].

Definition 4.2.3. Let ® and ¥ be as above. We say that the matrix 7' is the ARN
derivative of U with respect to ® (relative to the Kraus decomposition Vi,...,V, of ®).

Remark 4.2.4. Two Kraus decompositions (V);_; and (V})’_; of ® by linearly independent
operators are related by a unitary U € L(C"), Vj’ = > 1 UjrVi [127, Section 2.2.2]. A
direct computation shows that the corresponding ARN derivatives of a fixed ¥ < & are
related by 7/ = U T U ". In particular T and 7" have the same spectrum, and all unitarily
invariant norms of 7', and of differences T7 — 15 of derivatives computed in the same Kraus
decomposition, are independent of the decomposition chosen.

or a nonzero completely positive map Q with Kraus decomposition Q(X) =
> k=1 VXV by linearly independent operators Vi,...,V;, let

v(Q) = min{H ickaHoo ey 2 = 1} > 0.
k=1

This quantity relates the operator norm of a derivative to the completely bounded trace
norm of the corresponding map; its properties are collected in Lemma 4.8.2 and Theo-
rem 4.8.4 in Section 4.8.

4.2.2 The effect point of view

One may represent a completely positive map as the compression of an operator which acts
on the tensor product of the underlying space and some ancillary space. One can read the
ARN derivative as saying that if ¥ < &, then ¥ can be understood as applying an effect on
the ancilla space with respect to which the Stinespring dilation [119] of ® is written. Let
® € CP(X,)) have Kraus decomposition ®(X) = >;_; VXV, with linearly independent
Vi, let Z = C" with standard basis ey, ...,e,, and let S € L(X,) ® Z) be the Stinespring
operator written in the style of [127, Section 2.2.2]

,
Sw:Zka®ek,
k=1

so that ®(X) = Trz(SX S*). We can then consider the complementary completely positive
map [33] ¢¢(X) = Try(SXS¥).

Theorem 4.2.5. For Hermitian T € L(Z) we have

L Wp(X) =Trz ((1y ® TT)SXS*) for all X € L(X);



CHAPTER 4. CONTINUITY OF QUANTUM CHANNEL DIVERGENCES 37

2. tr(Up(X)) = tr(T T ®°(X));
3. Wi(ly) = S*(1y @ TT)S = (8°)*(TT).

If 0 <T <1z, one can consider Y as the outcome of applying ® and measuring an effect
T on the ancillary environment generated by ®. In particular, one can decompose each
channel ® as a sum Y, U, where the T,' form a POVM on the environment Z. Moreover,
for T > 0 the completely bounded trace norm (which coincides with the induced trace norm
for completely positive maps [103]) satisfies

||l = tr(T" ®°(p)).
il = mae er(T70%(p))
Proof. We have SXS* =5, Vi, XV}* ® erej, hence

Trs ((1y®TT SXS*) Ztr Tere)) ViX Vi = 3 TV X Vi = Wp(X),
kl

since tr(T Tege}) = (T'T)y = Tk This proves (1).
Taking the full trace in (1) and using

tr((1y @ TT)SXS*) = tr(T T Try(SXS*))

gives (2).
For (3), the adjoint of
X (1yeT")sxs
is
R~ S*(1y ® T)RS
and the adjoint of Trz is
Y—»Y®1z.

Hence we have that
UH(Y)=S*1y@T) (Y ®12)S =S*(Y @T)S = S*(Y @ T")S,

where we have used that T = T'" for Hermitian 7', and letting Y = 1y and comparing
with (®€)*(Z) = S*(1y ® Z)S. Finally, if T' > 0 then U7 is completely positive, so we may
apply the Russo—Dye theorem [115] in the form [103, Proposition 3.6] to conclude

[l = Y7 (1y)llec = e tr(Ur(1y)p) = [ tr(¥r(p)),

and (2) gives the last formula. O

Remark 4.2.6 (Physical interpretation). Applied to @ = ® + U, the theorem shows that
® = Urand ¥ = Wy, _7, where T'is the derivative of ® with respect to €2, arise by running
a Stinespring dilation of 2 and measuring the POVM {T'",1z — T'"} on its environment.
So (®, ¥) is a two-outcome instrument implementing Q (when € is a channel), and T is
the which-branch effect hidden in the environment. Classically, ¢ = dIP’/d(IP’ + Q) is the
posterior probability of P under a uniform prior and D¢(P||Q) = [ h¢(t) d(P+ Q), with hy
as in Lemma 4.7.2; by analogy, Theorem 4.7.5(b) is its channel version.
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4.2.3 Kubo-Ando means of operators

Means of channels were first considered by Frenkel, Mosonyi, Vrana and Weiner [47], who
introduced weighted Kubo—Ando geometric means of completely positive maps; in [76], one
considers general Kubo—Ando means of channels. Hence we must take a quick detour and
list some background facts.

In order to consider any kind of notion of means of channels using Kubo—Ando theory,
as performed in [76], we must first recall the Kubo—Ando theory of means of positive
semidefinite operators. The following is an amalgamation of facts from [16], [59], [62], and
the original paper [79] and none of these results are claimed as ours. In order to make later
steps more compatible with quantum information theory related texts, we rephrase some
statements or change notation to be consistent with [127]. This will be consistent across
the rest of the text.

Matrix means are usually studied through operator connections. Although operator
connections need only satisfy a few general properties, they admit several useful classifi-
cation theorems. We will be denoting complex Euclidean spaces using calligraphic letters,
X,Y and Z, etc. Many of the philosophies in this section carry over to the analogous
operator convex setting, where one defines relations between positive semidefinite matrices
using operator convex functions (see [62],[16]). However, by shifting the point of view ap-
propriately, we can obtain the desired results for some divergences without considering the
techniques of Section 4.6.

Definition 4.2.7 (Loewner order). Given a complex Euclidean space X', the Loewner order
is the partial order on the Hermitian operators given by

A<B < B-A>0
in the sense that B — A is positive semidefinite.

Definition 4.2.8 (Operator connection [79]). A family of binary operations (4, B) +—
Ao B on Pos(X), one for each complex Euclidean space X, is an operator connection if it
satisfies the following on each X

¢ (monotonicity) 0 < A< A’ and 0 < B< B’ imply Ac B< A'o B';
o (transformer inequality) for A, B > 0 and arbitrary C,
C*(Ao B)C < (C*AC) o (C*BC);
o (continuity from above) if A,, | A and B,, | B then
(Ano Ba) L (A0 B),

where A, | A indicates that A, — A in the operator norm and Ay > Ay > ....

In particular, for A, B € Pos(X') one has

Ao B =1im A, o By,
nd0

where A, = A+ nly and B, = B 4 nly, so that a connection is determined by its values
on positive definite operators.
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4.2.4 Constructing operator connections

We will see that we can construct operator connections in a standard way. We need to
introduce several definitions before we continue.

Definition 4.2.9 (Operator monotone function [16, Chapter V]). Let (t_,¢4+) be an open
interval. A function f : (t_,t4+) — R is said to be operator monotone (or matrix monotone)
on (t_,ty) if f(A) < f(B) whenever A < B are Hermitian operators, of any size, with
spectra contained in (t_,t, ).

Definition 4.2.10 (Pick function [16, Chapter V]). Let C* = {z € C : Im(z) > 0}. A
function f : Ct — C is called a Pick function if it is analytic and Imf(z) > 0 for all z € C*
(by the open mapping theorem, a nonconstant Pick function maps C* into C*). We denote
the set of all Pick functions by P. Given a real interval (t_,t;), we denote by P(t_,t )
the set of all Pick functions which extend analytically across (¢_,t¢;) with real values on

(t,, tJr) .
Finding operator monotone functions may appear to be a tricky business; however, they
are characterised by a theorem of Loewner [85]; see also [16, Chapter V].

Theorem 4.2.11 (Loewner [85]). Let (t—,t1) be a real interval (possibly all of R) and f
a real valued function on (t_,ty). Then f is operator monotone on (t_,ty) if and only if
f is the restriction to (t_,t4) of a function in P(t_,ty).

The next theorem tells us that operator connections correspond to operator monotone

functions, and the general theory of operator means defined in this way shares the name
Kubo-Ando with this theorem.

Theorem 4.2.12 (Kubo-Ando theorem [79]). For each operator connection o there exists
a unique operator monotone function f, : (0,00) — [0,00), the representing function of o,
such that

fg(t)lgg = 1)((7(151)()
for every t >0, and, for A >0 and B > 0,
AocB=AV2f (ATV2BATY2) A2 = f(BA™YA

via the functional calculus, with f,(0) = f5(07) when B is singular. If A is not invert-
ible, one perturbs it and takes limits from above. Conversely, every operator monotone
f :(0,00) — [0,00) defines, by this formula, an operator connection whose representing
function is f.

Definition 4.2.13. If also f,(1) = 1, that is 1y 0 1x = 1x, we call o an operator mean.

Remark 4.2.14. The term operator mean varies in the literature, and one must take care
here. We do not impose on operator means that they be commutative unlike other authors.

For example, the representing functions v/, t* with 0 < a < 1, and t/(1 + t) give,
respectively, the geometric mean [79, 110], the weighted geometric mean [79] and the parallel
sum [3],

A#B = A1/2(A’I/QBA’UZ)IMAI/Q,
A#aB _ AI/Q(A—I/QBA—I/Q)OCAI/Q’
A:B=(AT1+B ),

for positive definite A, B, extended to positive semidefinite operators by the regularisation
above.

We then see by combining Theorems 4.2.12 and 4.2.11 that every nonnegative function
in P(0, 00) gives rise to an operator connection.
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4.2.5 The mean of completely positive maps

We now come to the construction developed by [76]. Given two completely positive maps
O, ¥ e CP(X,Y), let Q@ = &+ ¥. If Q has Kraus decomposition Q(X) = > Ve XV}
with linearly independent Vi, then

(@oV)(X) =) (TioT)uViXV*
k=1

where 177 and T3 are the ARN derivatives of ® and ¥ with respect to the Kraus decom-
position of 2. Kian defines the mean of two maps dominated by a common map through
their Arveson—Radon—Nikodym derivatives, so that the derivative of the mean is the mean
of the derivatives [76, Proposition 3.5], and the formula above is, in our notation, the
finite-dimensional Kraus form of this definition, which [76, Proposition 3.13] gives in the
Heisenberg picture. The choice 2 = & + ¥ gives what Kian calls the intrinsic Kubo—Ando
mean [76, Remark 3.3]. In general the relative mean depends on the dominating map [76,
Remark 3.3], but not in our setting: the relative geometric mean does not depend on it [76,
Remark 4.2], and for maps between matrix algebras the same holds for every Kubo—Ando
mean [76, Theorem 5.1]. One observation which is easily made is that under the ARN bi-
jection, since the derivative of {2 with respect to itself is 1¢r, we must have T = 1¢r — T7.
We now formulate the fundamental theorem of means of completely positive maps which
will inform the rest of the chapter. Let o be a Kubo—Ando mean, so that its representing
function f, is positive on (0,00) and f,(1) = 1. For scalars s,t > 0 we have sot = sf,(t/s).
We define the function

go(t) =to(1—1t)=tf, (1t_t) 0<t<l.

For a function f on (0,00) we write f(0") = limg o f(¢) and f'(c0) = lim¢ oo f(¢)/t when-
ever these limits exist, following [101]. For f = f, both limits exist in [0, 00), since f, is non-
decreasing and concave [16, Theorem V.2.5], and we set g,(0) = f/(00) and g,(1) = f,(07),
which are the limits of g, at the endpoints. The following theorem is essentially due to
Kian: the Choi-level identity [76, Theorem 5.1], together with the Kraus form [76, Propo-
sition 3.13], gives

J(®) o J(U) = J(®o V) =W(To(ler — T))W*

in the notation of the theorem, and for the geometric mean the identity J(®#WV) =
J(®)#J (V) is also [100, Proposition 4.1]. We include a proof for completeness in the
present notation; what we add is the identity T o (1cr — T) = g,(T), through the func-
tional calculus, and the resulting description of the spectrum.

Theorem 4.2.15. Let o be a Kubo—Ando mean with representing function f,, let &,V €
CP(X,)), let Q = & + ¥ have a Kraus decomposition with linearly independent operators
Vie, let W = [vec(V1) --- vec(V,)], and let T be the ARN derivative of ® with respect to €.
Then at the Choi level

J(®@) o J(U) =Wy (TYW* =W (T1/2f0' (T2 (1 — T)Tfl/z)Tl/Q) W,

where in the case of singular T or 1¢cr —T one takes decreasing nonsingular reqularisations
from above, using the continuity from above of operator connections. Consequently the mean
Qo VU is a submap of ® + U with ARN derivative g,(T"), whose spectrum is g, (spec(T)).
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Proof. Let W+ = (W*W)~!W* and P = WW™ be as in the proof of Lemma 4.2.1, so that
WTW = 1¢r and P is the orthogonal projection onto range(W). We first show that

(WAW*)o (WBW?™*) =W (Ao B)W* for all A, B € Pos(C"). (4.2.1)

Let M = (WAW™*)o (WBW?*). We first note that the transformer inequality also holds
for rectangular C' € L(V1, Vs), by embedding in V; @ Vs, with zero extension. This uses that
(A®0)o (B®0) = (Ao B)@®0, by the Kubo-Ando formula for positive definite operators
and regularisation. The transformer inequality with C' = W* gives W (Ao B)W* < M.
With cq g = max{|| 4|, | Bl }, monotonicity gives

M < (caBWW?*)o (caBWW?™) =ca pWW™,

since X 0 X = X for a mean [79]; hence ker W* C ker M, and M = PM P. The transformer
inequality with C' = (W™)* gives

WMWY < (WHWAW*(WH)*) o (WHWBW*(W*)*) = Ao B,

and conjugating by W yields M = PM P < W (Ao B)W*, which proves (4.2.1).

By the proof of Theorem 4.2.2, J(®) = WTW* and J(¥) = W (1lcr — T)W™, so (4.2.1)
gives J(®)o J(¥) = W(T o (1cr — T))W*, and the second expression in the statement
is the Kubo—Ando formula when T and 1¢r — T are invertible. It remains to show that
To(ler —T) = go(T). For nn > 0 the operators T'+nlcr and (1cr —T') +nlcr are positive
definite and commute, so by Theorem 4.2.12 and the functional calculus,

(T + 771(Cr) o (1(CT — T+ ’f]].(cr) = ga,r](T)

with g,(t) = (t + n)fg(l;f:”). As n | 0 the left-hand side decreases to T'o (1cr — 7))
by continuity from above, while g, ,(t) = g-(t) for every t € [0,1]: for 0 < ¢t < 1 by
continuity of f,, and at t = 0 and ¢ = 1 by the definitions of f/(co) and f,(0"). Since T is
a positive semidefinite operator and o is a Kubo-Ando mean, g, ,(T) = g-(T"), and hence
To(ler —T) = g,(T).

Finally, for 0 < ¢ < 1 monotonicity gives

0<go(t)=to(l—t)<lol=1,

and the same holds at the endpoints by taking limits. Thus 0 < ¢g,(7") < 1¢r, and o ¥ =
V7o (1er—1) = g, () 18 @ submap of Q with ARN derivative g,(7T') by Theorem 4.2.2. The
statement about the spectrum is the spectral mapping theorem. O

By Theorem 4.2.15 and injectivity of J, the map ® ¢ ¥ is determined by J(®)o J(V),
so it does not depend on the Kraus decomposition of €2 used to define it. It is completely
positive, but even for channels ® and ¥ it is in general only trace non-increasing: concavity
of f, gives fo(z) < 1—w+Hwz with w = f/(1), which lies in [0, 1] because f, is nondecreasing
and f,(0") > 0; hence ® 0 ¥ < (1—w)P+wV in the completely positive order, for instance
OHY < %(Cb + ¥), and ®#VY = 0 for the replacement channels of Proposition 4.3.2 below.
Thus a mean of channels is a completely positive map, but in general not a channel.
Remark 4.2.16. The proof of Theorem 4.2.15 uses only monotonicity, the transformer in-
equality, continuity from above and the identity X o X = f,(1)X. It therefore applies ver-
batim to every operator connection o, with representing function f, as in Theorem 4.2.12.
Put

poll) =t (1=t =tf,(*7) O<t<D,  pol0)= foloc) o) = fo(0%),

which are the limits of ¢, at the endpoints, since f, is nonnegative, nondecreasing and
concave. Then:
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1. (4.2.1) holds for the connection o, that is, (WAW*) o (WBW?*) = W (Ao B)W* for
all A, B € Pos(C");

2. To(ler —T) = ¢o(T) for 0 <T < 1¢r, in the functional calculus.

If o is a mean, then ¢, = g,.

4.3 The mean of channels and geometric channel fidelity

In this section, we present a concrete application of the means of completely positive maps
in terms of the ARN derivative. In quantum information theory, one can consider many
kinds of divergence. One of these is the geometric channel fidelity. This quantity has some
annoying properties. In this section, we will build up the definition through the Matsumoto
fidelity [90]. We will retranslate some definitions in [90] and [72] in the language of Watrous
[127].

4.3.1 Matsumoto fidelity
Motivation of the definition

In quantum information theory, one often wants to consider how much two quantum states
“overlap”. One ubiquitous example of this is the quantum (or Uhlmann) fidelity [122] of
two states. Given a complex Euclidean space X' and density operators p,£ € D(&X), their

fidelity is defined as
F(p.€) = tr (\/VERVE) = IVAVElL:

The quantum fidelity is the analogue of the Bhattacharyya coefficient in classical probability
(see, for example, [127, Section 3.2]). The fidelity is closely related to the geometric mean:
for invertible £ one checks directly that

F(p,&) = tr (£ (£ " #p)).

In [90], Matsumoto considers flipping the definition for quantum fidelity, and instead takes
the trace of the geometric mean of the operators themselves. The Matsumoto fidelity is
defined on states p,& € D(X') by

Fa(p, §) = tr(p#).

The following interpretation is given in [29]. Two classical probability distributions
{pi},{q@:} prepare states p and ¢ if there exists a quantum channel ® such that
O (diag({p;})) = p and P(diag({g;})) = & The Matsumoto fidelity is the maximal
possible classical fidelity between classical probability distributions that can prepare states
p and &. The quantum fidelity is the minimum classical fidelity over quantum-to-classical
measurement procedures; the Matsumoto fidelity is the maximum classical fidelity over
classical-to-quantum preparations. In this sense, it is a kind of dual to the quantum fidelity
[29]. Comprehensive properties of the Matsumoto fidelity can be found in [29] and the
original paper by Matsumoto [90].

4.3.2 Geometric channel fidelity

Given two channels ®, ¥ € C(X,)), one can consider the maximum output fidelity [127,
Section 3.3] given by
Fmax(q)a \Il) = mnax F((I)(p)v \Ij(é))
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The geometric channel fidelity as defined in [72] (see also [98, eq. (19)]) is a kind of opposite
to this, using the Matsumoto fidelity. They define the geometric channel fidelity as the
square of the following quantity:

F(®,¥) = peDi(I}(f®X) Fru (@ @ 1)) (0), (¥ @ 1ix))(p))-
We will not be using the squared quantity, and will refer to the above as the geometric
channel fidelity. We notice in this definition that there is only one input state, shared
by both channels. This is because if we allowed two, it would be very easy to make this
quantity zero.

In this section and the next we work under the assumption that we are considering
completely positive maps, not necessarily channels. The definition of the geometric channel
fidelity still makes sense, because complete positivity guarantees that (¢ ® 11,x))(p) and
(¥ ® 1y,x))(p) are positive semidefinite, which is all we require for the geometric mean to
make sense; by Choi’s theorem [28] the same holds for the Choi matrices J(®) and J().

~

Proposition 4.3.1. For ®, ¥ € CP(X,Y), F(®,U) = Apin(Try(J(®)#J(D))).

Proof. For channels this is a consequence of [72, Proposition 44] at a = % (see also

the semidefinite program for the square root of the geometric fidelity of channels in [98,
eq. (20)]); we include the short argument since we need it for completely positive maps.
Since Fy is jointly concave on pairs of positive semidefinite operators (for states see [29]; in
general, F); is positively homogeneous, and the transformer inequality with C: v — v @ v,
applied to A ® A" and B @ B’, together with (A ® A)#(B @ B') = (A#B) ® (A'#B’),
gives (A#B) + (A'#B') < (A+ AN#(B + B') [79]) and p — (P ® 1px))(p) is linear,
the function being minimised is concave on the compact convex set D(X ® X'), so the in-
fimum may be taken over pure states uu*. Every unit vector u € X ® X is of the form
u = vec(A) = (1x ® AT)vec(1ly) with ||A|z = 1 [127, Section 1.1.2], whence

(P ® 1y (uu) = (1y @ AT)J()(1y ® A7), (4.3.1)

and similarly for ¥. If A is invertible, the transformer equality for invertible operators [79]
gives

tr ((CI) &® lL(X))('LLU*)#(\I/ &® IL(X))('LL'LL*)) = tr ((ly &® ZAT> J((I))#J(\I/))
= tr ((AA7)" Try(J(2)#J(V))),

since (1y ® AT)*(1y ® A7) = 1y ® (AA*)T. As A ranges over invertible operators with
|Allz2 = 1, (AA*)T ranges over the invertible density operators, so the infimum over such u
is

Amin ( Try (J(2)#J(V))).
Finally, Fs is upper semicontinuous (it is a decreasing limit of the continuous functions

tr(pp#£<y)), so the infimum over all pure states equals the infimum over the dense set of
pure states with invertible A. O

4.3.3 An alarming property

The Matsumoto fidelity is the trace of a geometric mean of positive semidefinite operators.
It is well-known that if one takes the geometric mean of operators whose ranges have
intersection {0}, then this mean is zero. This observation is stated in [29] as the distinct
image property. This distinct image property extends to Choi matrices of completely
positive maps. This leads to the following proposition.
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Proposition 4.3.2. Suppose dimY > 2. There exist pairs of channels (91, ¥1), (P2, ¥2)
from X to Y such that ®1 + U1 = $g + Uy but F(P1, V1) =0 and F(Dg, Uy) = 1.

Proof. Let ¢ = y1y] and ¢ = y2y5 be distinct pure states on ), which exist since dim Y > 2,
and let ®; = tr(-) ¢ and WUy = tr(-) ¢ be the corresponding replacement channels. Their
Choi matrices are

J(@1)=¢®@1ly,  J(V1)=¢®1lx,

with ranges span{y; } ® X and span{ys} ® X. Since ¢ # 1, the unit vectors y; and ys are
linearly independent, so these ranges intersect trivially. Hence J(®1)#J(¥1) = 0 by the
distinct image property [29], and Proposition 4.3.1 gives F(®1, ¥1) = Apin(0) = 0.

Let Q = &1 + ¥ and &y = ¥y = %Q, so that &1 + ¥y = &9+ Uy and J((I)Q) = J(\Ilg) =
3(¢+ 1) @ 1y. Since A#A = A, we have J(@2)#J(¥3) = J(P5), and therefore

~

F((I)Q, \I/Q) = )\min(TI'y (%((25 + w) ® 1)()) = )\min(% tr(¢ + T/J> 1)() = 1,
since ¢ and 1) are states. O

Proposition 4.3.2 suggests something alarming. One may have two pairs of completely
positive maps which sum to the same completely positive map, with each pair having
opposite geometric fidelities. Stronger still, by rotating ¢ slightly, the two splittings can be
made arbitrarily close in the completely bounded trace norm.

Corollary 4.3.3 (The completely bounded trace norm is ineffective for geometric fidelity).
Suppose dim) > 2. For any n > 0, there exist channels ®1,¥1, P9, Vo € C(X,)) such
that ®1 + ¥ = &y + Uy,

[[|@1 — Pol[[1 = [[| W1 — Wa|l[1 <17

and R
F(®q,U1) =0, F(®g,¥y) = 1.

Proof. Choose 0 € (0,7/2) with sinf < n, and let ¢ = y1y] and ¥ = y2y5 be pure states
on Y with [(y1,y2)| = cosf; they are distinct since § > 0. Define &1, ¥y, Py, ¥y as in

~

the proof of Proposition 4.3.2. That proof gives ®; + ¥; = &y + Uy, F(P;, V) = 0 and

~

F(®y,Vy) =1.
It remains to compute the distances. We have

By — By = L(®) — Uy) = — (T — Ty).
For X1, X € L(X),
(@1 = V1) @ 1)) (X1 ® X2) = tr(X1) (¢ — ¥) @ Xa,
s0 by linearity, for every p € D(X ® X),
(21— T1) @ 1)) (p) = (6 —¥)®@pr,  pr= (tr@1yx))(p) € D(X).

Since ||A® B|l1 = ||A|l1]|B]|1 and ||pr|/1 = 1, this has trace norm

¢ = ¥ll1 = 24/1 = [{y1,y2)[* = 2sin 0

for every p. As ®; — ¥, is Hermitian-preserving, its completely bounded trace norm is the
supremum of this quantity over p € D(X ® X') [127, Section 3.3], so |||®1 — U1]||1 = 2sin b
and

[[@1 = Pa[l1 = [[|¥1 — Wa|l[y = sinf < 7. O
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Remark 4.3.4. The mechanism behind Proposition 4.3.2 and Corollary 4.3.3 is known at
the level of states: the Matsumoto fidelity of two distinct pure states vanishes [29], and
maximal f-divergences are lower semicontinuous [60, Section 5], [95, Theorem A.4] (see also
[91]) but in general not continuous. Section 4.12 determines exactly where the quantities
considered here are continuous.

We seek to address this problem through the ARN derivative, in particular to explain
why it is allowed to happen. First we must take a detour and develop some norm inequal-
ities.

4.4 Norm and continuity estimates

Throughout this section ||| - |||1 denotes the completely bounded trace norm [77], [127,
Section 3.3.2]. For completely positive maps it coincides with the induced trace norm
and equals ||®*(1y)||co; this follows from the Russo-Dye theorem [115], in the form [103,
Proposition 3.6], together with the duality between the completely bounded trace norm
and the completely bounded operator norm [68, Theorem 3].

Lemma 4.4.1 (Sharp Lipschitz inequality in ARN derivatives). Let 0 < Wy, Uy < P
with ARN derivatives Ty, Ty with respect to a fived Kraus decomposition of ® by linearly
independent operators. Then

Y, — Ul < 197 —1pllln < (IR 171 — T2| o
Remark 4.4.2. The outer inequality was shown by Raginsky in [111].

Proof. Let © = ¥, — Up, and write 77 — T = Ay — A_ with Ay > 0and Ay A_ =0 (the
Jordan decomposition), so that [T} — To| = Ay + A_. By linearity of 7'+ U7 we have

Up — U, =Wy, — Wy .

The map O is Hermitian-preserving, so by [127, Section 3.3], the completely bounded trace
norm is attained on a pure state uu* with uv € X ® X a unit vector. Since uu* is positive
semidefinite, and each W4, is completely positive, we have

(0 & Lpx))(wu’) = X4 — X

where X = (W4, ® 1px))(uu®) > 0 and X = (V4 ® 1yx))(uu®) > 0. Let p be the
reduced state of uu* on the first tensor factor, so that tr((£ ® 1p,x)(uu*)) = tr(E*(1y)p)
for every map =. By the triangle inequality and the fact that the trace norm of a positive
operator is its trace, we obtain

lIOl][r = [IX ¢ = X[y < tr(Xy) + tr(X) = tr (Pa, + Pa_)"(1y)p)
= tr (Vg g (19)P) < W7, 1) (13)[loo;

the last step because \IJ|*T1—T2|(137) > 0 and p is a state. Since ¥|p,_p, is completely
positive, [103, Proposition 3.6] and [68, Theorem 3] give

17y 1y (1) lloo = ¥y~ ]2
which proves the first inequality. For the second, Theorem 4.2.5 gives

i (1y) = S* (Lly ® [Ty — Ty| 1)S.
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Since 0 < |Ty — Ty|" < ||T1 — T2||so1z and conjugation preserves the Loewner order,
0< S5 1y @ |Th = To|")S < Ty = TaflooS™S = [Ty — Toloc®* (1)

By the Weyl monotonicity principle [16, Section III1.2], this inequality between positive
operators carries over to the operator norm, so

15" 1y @ Ty = To| )Sllso < I Th = Talloo |27 (1) lloc = [[1@[[[1]|T2 — Tol|oo,

where we have applied [103, Proposition 3.6] again in the last equality. O

Proposition 4.4.3. 1. For a complex Euclidean space Z and 0 < E,E' < 1z,

I(E ~ B?) = (B' = E®)||o0 < [|IE — E[|cc-
2. For E,E' as above, with g4(t) = \/t(1 —t), we have

lg4(E) — g4 (E')l|oo < |1 E — E'| 2.

Hence, for completely positive pairs (P1, V1), (Pa, o) with the same sum Q and deriva-
tives Th and Ty of ®1 and ®o with respect to ), relative to one fired Kraus decomposition
of Q by linearly independent operators, we have that

1D1#W1 — Do W[y < |21 IT7 — T2l &7

Proof. 1. Let A=F —FE and B=1z— FE — FE'. Since

B~ B = [(A(E+F) + (B + F')A),

we have

(E—-E*) —(E' -E?) = %(AB + BA).

Since 0 < E+ FE' <2-1z, we have —1z < B < 1z, s0 ||B||loc < 1. By the triangle
inequality and submultiplicativity of the operator norm,

I(E = E%) = (B' = E®)]lso < | Allscll Blloo < [Allsc = |1 E = E'||o0-

2. Since E and 1z — E commute, we have g4(F) = (E — E?)'/2 > 0. Since the
square Toot is operator monotone on [0, 00) and v/0 = 0, we have by [7] (see also [16,

Theorem X.1.1]) that [|[vX — VY ||o < ||X—Y]|é</>2 for X, Y > 0, and therefore, using
part (1),

lg3(E) = g4 (E)lloe < |(E — E?) — (E' = E?)|I}* < | B — E'|l 3%

Suppose now that ®; + ¥; = &y + ¥y = Q and let 77 and T, be the respective ARN
derivatives of ®; and ® with respect to 2. By Theorem 4.2.15, ®;#WV; = ¥, (1;), so
Lemma 4.4.1 (applied with ® = Q) gives

@171 — Pogt Vo[l < [[|Ql1llg4(T1) — 9#(T2)|oo-

Using part (2), we obtain

11141 — B [[1 < (121 IT1 — T3
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Remark 4.4.4. Both the constant and the exponent in part (2) are sharp: for 1 x 1 matrices
E =6 and E' = 0one has ||g4(E)—gx(E') |« = /0(1 — 9), so the ratio to | E—E| V2o s
tends to 1 as 6 — 0. The same example, with Q = V(-)V* for a single Kraus operator
V #£0, Ty = § and T, = 0, shows that the constant and the exponent in the last display of
Proposition 4.4.3 are sharp as well.

Theorem 4.4.5. Let Q = &1 + Uy = $y + YUy be completely positive maps and let T;
be the ARN derivative of ®; with respect to 2, relative to one fixred Kraus decomposition

of Q by linearly independent operators, the same for i = 1,2. For a continuous function
g:[0,1] = R let

wg(8) = sup {lg(E) — g(E)low : 0 B, E' <1z, |[E— | <6}, 820,
the supremum being over all finite-dimensional Z. Then, for every Kubo—Ando mean o,
1|10 W1 = o0 Wal[[1 < [[|€2[[1 wg, (1T1 = T2[oo)-

Proof. By Theorem 4.2.15,
(1310'\111 —(I)QO'\IIQ :\I/K
where K = g5(1T1) — g-(12). By definition of wy,,
1K loo < wy, (|1 = Taloo)-

Since ¢,(T1) and g,(T») are effects, Lemma 4.4.1 gives [||[Yk||l1 < |[|Q||1]|K||co, Which
implies the claim. O

We now come to the main result, which suggests that in order to resolve this problematic
behaviour of the geometric channel fidelity, one has to look at the ARN derivatives of the
completely positive maps.

Theorem 4.4.6. Suppose we are given completely positive maps ®1, V1, Po, Vo such that
Q=& +V¥ = §y + Uy, Let }?’1 = ﬁ(q)l,‘lfl) and F‘Q = ﬁ(q)g,‘lfg). Let Ty and Ty be
the respective ARN derivatives of ®1 and ®o with respect to 2, relative to one fired Kraus
decomposition of Q by linearly independent operators, the same for both pairs. Then

|Fy — By| <19 (1y) ool T1 — Tol| 12

Proof. By Weyl’s inequality [16, Section III.2], Ani, is 1-Lipschitz with respect to the
operator norm on Hermitian operators. Let K = g4(T1) — g4 (1%), which is Hermitian. By
Proposition 4.3.1 and Theorem 4.2.15,

By = B| < || Tey(J(@1)#T (V1) — J(@2)#7 (¥2))|oc
= [ Tey(WEW?)|oc-
Since
—|K||eoWW* < WEW* < || K||cc WW*
and the partial trace is a positive map,
—[[ K loe Try(WW?F) < Try(WEWT) < || Koo Try(WWT),

and for a Hermitian H and positive M with —sM < H < sM one has ||[H||co < 8||M||oo-
Moreover
Tey(WW) = Tryp(J(Q)) = (1),

whose operator norm is ||Q2*(1y)|lc. Hence, by Proposition 4.4.3(2),
By = Bo| < (1K [|oo |2 (1) oo < 127 (13) [l I T1 = TolIL*. ]
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What Theorem 4.4.6 says is that if two pairs of completely positive maps have the
same sum, then their respective geometric channel fidelities are controlled by the operator
norm of the difference of their ARN derivatives Coming back to Corollary 4.3.3, in the
Kraus decomposition {V; = yief, V/ = yaef} | of Q, where n = dim X and ey, ..., e, is
an orthonormal basis of X’ (these 2n operators are linearly independent because y; and ys
are), the derivative of ®; is the projection 77 = 1¢c» @ Ocn, while the splitting (%, %) has
ARN derivative Ty = %lczn. Hence |Th — Ta||co = % for every 6 > 0, however small. The
adjoint of () evaluated at 1y is

O (1y) = (tr(¢) + tr())1x = 2- 1x,

so the right-hand side of Theorem 4.4.6 equals
12" (Wp)lloo I T1 = T2l 3> =2 (5)/* = V2> 1 = |Fi — F|.

The completely bounded trace norm between the splittings tends to zero, but the distance
between the derivatives does not, which is exactly what allows the fidelity to jump.

Remark (Sharpness of Theorem 4.4.6). The constant [Q2*(1y)|o and the exponent %
in Theorem 4.4.6 are both attained asymptotically, already by channels. Let ®;,¥; €
CP(X,Y) be nonzero with range J(®1) Nrange J(¥;) = {0}, as for the replacement chan-

nels of Proposition 4.3.2, and for 0 < s < % put
oy = (1 — S)(I)l + sWUq, Uy = sPy + (1 - S)\Ifl,

so that o+ Uy = @1+ ¥ = Q. Since J(®1) = WT1W* and J(¥;) = W(1lcr —T1)W* have
ranges WrangeT) and W range(1lcr — 71) and W is injective, an eigenvector of 77 with
eigenvalue in (0,1) would give a nonzero vector in both ranges; hence T} is a projection,
different from 0 and 1¢r because ®1,¥; # 0. By uniqueness in Theorem 4.2.2, T, =
(1 —=s)T1 + s(1cr — T1), so

|71 — Talloo = [|5(2T1 — 1cr)||oo = 8

and spec(T2) = {s,1—s}, whence g#(Tl) = 0and gx(T>) = /s(1 — s) 1¢r. Theorem 4.2.15
and Proposition 4.3.1 give F1 =0 and F2 V8(1 = 8) Amin (2%(1y) ), so

BBl g Al @)
127 (1) [lso I T2 — T} 127(13) 1o

If ®; and ¥y are channels, then Q*(1y) = 2- 1y and the ratio is (1 — 5)/2 — 1 as s — 0,
while
[[®1 = Pof|ls = s[[|®1 = Vul[y < 2s.

Remark 4.4.7 (Physical interpretation). By Remark 4.2.6, pairs with the same sum are one
device € with different which-branch effects. A classical readout that reports the outcome
of ® as that of ¥ with probability pg1, and conversely with probability pig, gives the pair

(1= po1)® + p10V¥, po1® + (1 — p1o)¥).

The sum is unchanged, and T" becomes piolcr + (1 — po1 — p10)7T, a change of norm at
most max{po1, p1o} because spec(T') C [0,1]. So, for every pair, Theorem 4.4.6 bounds the
change of F' by [|Q*(1y)]|so max{po1,pio}*/2. Such classical noise was found to dominate
readout errors on superconducting devices [87]. If pg1 + p1p < 1, the new spectrum lies in
[p10, 1 — po1]: imperfect readout gives the two-sided bounds of Sections 4.7 and 4.9.
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We now verify the modulus of continuity does indeed behave properly under the right
circumstances.

Lemma 4.4.8. For a compact interval I C R and a continuous function g : I — R put

wé(é) =sup {||g(E) — g(E')||oc : E,E’" Hermitian with spectra in I,
1B = E'llo <0}, 020,

the supremum being over all finite dimensions, so that w, = WO s the modulus of The-
orem 4.4.5; for e € (0,1) we also write wée) = w_t[]o’l_ﬁl. Then wl(6) — 0 as 6 — 0. In
particular this holds for g = g,, where o is any Kubo-Ando mean, and for g = hy, where
f is as in Lemma 4.5.12.

Proof. Let n > 0 and R = max{|z| : x € I}. By the Weierstrass approximation theorem
there is a polynomial §(t) = 37— cxt® with sup,c; |g(t) — G(t)| <. If E, E' are Hermitian
with spectra in I, the spectral theorem gives ||g(E)—G(E)||lcoc < nand ||g(E")—g(E")|cc < 1.
Since [|E||co; | E' |loo < R and

k—1
E¥—E* =3 EIE-F)E'" 1,
=0

we have ||E¥ — E'*||oo < kR*"Y|E — E'||oo, and hence ||G(E) — G(E')||oo < Lgl|E — E'||l
with Lz = ") k|ex|R¥~1, a constant independent of the dimension. Therefore

19(E) — g(E")[|oc < 20+ Lgl|E — E' ||,

SO w;(é) < 2n+ Lgé and limsups_, wé(é) < 27. Since n > 0 was arbitrary, wé(&) — 0.
For the two special cases it remains to check continuity on [0,1]. The function g, is
continuous on (0,1), and at the endpoints its values were defined as the limits ¢,(0) =
J4(00) and g5 (1) = f5(0T). The function hy is continuous on [0,1] by the first paragraph
of the proof of Theorem 4.5.13, up to the sentence “Hence hy is continuous on [0, 1]”, which
does not use the present lemma. ]

Continuity results regarding maximal divergences have also been studied by [95], and
more recently in the von Neumann algebra context via lower semicontinuity by Okayasu in
[101].

We conclude this section with a lower bound for the maps themselves.

Proposition 4.4.9. Let Q(X) = > ;. Vi XV)* with linearly independent Vi,...,V,, let
W = [vec(V1) --- vec(V;)] and G = W*W . For Hermitian Th,T5 € L(C"),

)\min(G)

FIa 1Ty — Tolly < [[[¥7, — ¥rpllx

< [19°(1p) oo 1Tt = T2|o-

Proof. The upper bound follows from the proof of Lemma 4.4.1 with & = ), which uses
only that 77 — T, is Hermitian, together with |[|Q|||1 = ||2*(1y)|lco. For the lower bound
put K =T — Ty, so that ¥, — ¥y, = Vg and J(Vg) = WKW*. Since

J(\I/K) = (\I/K & lL(X))(Vec(l;() VeC(]_)()*)
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and vec(1ly)vec(ly)*/dim X is a density operator, |[WEKW*|; < dim X |||¥k]|||1. Write
W = UGY? with U an isometry (polar decomposition); then |[WEKW*||; = ||G/2KG'/?||;,
and since G is invertible, by Holder’s inequality [16, Chapter IV],
1K = |G~ (G P RGYHG2|),y
<G NG 2EG | = Ain (G) M GH2K G2

Combining these estimates gives the lower bound. O

We record the estimate used in the proof of Theorem 4.4.6 in the form in which it is
used later.

Lemma 4.4.10. Let Q, Vi,..., V. and W be as in Proposition 4.4.9. For Hermitian
Ny, No € L((CT),

| Try(WNW™) = Try(WN.W)|| < [[97(1y)[loo [N — Naloo,
and the same bound holds for
[Amin (Try (WNLW)) = Amin (Try (W N2 W)
and for the corresponding difference of largest eigenvalues.

Proof. Put K = Ni — Na. Since —|K||oclcr < K < ||K||oolcr and the partial trace is
positive,
K oo Tey (W) < Tryp(WETW) < [[K oo Try (W),
and
Try(WW*) = Try J(Q) = Q*(1y) " > 0.

For a Hermitian H and positive M with —sM < H < sM one has ||H||co < s||M |00, which
gives the first claim; the second follows from Weyl’s inequality [16, Section III.2]. O

4.5 A general approach

4.5.1 Geometric Rényi relative entropy

The problem presented in Corollary 4.3.3 is not unique to the geometric channel fidelity. In
general, any channel divergence which can be expressed through a Choi-level Kubo—Ando
mean that vanishes on pairs with trivially intersecting ranges will have this problem as
well; Theorem 4.5.6 below characterises these means.

In [72], the following definitions are made which we recall (see also [42]; up to sign, the
underlying state quantity @a is the maximal f-divergence of [91] for the power function

ft) =1%).

Definition 4.5.1 (Geometric Rényi relative entropy). Let p € D(V) be a quantum state
and let & € Pos(V) be a positive semidefinite operator. Let o € (0,1) U (1,00). The
geometric Rényi relative quasi-entropy is defined as

Qalpll€) = lim tr (EX/2 (& 12 pe %) eb /)

where &, = £ +nly. The geometric Rényi relative entropy is then defined as

Dalplle) = —— 108 Qulpl).

«
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We note that in the above definition, we do not even require p to be a state for the
definition to make sense. We consequently do not require that p is a state in the rest of
this text.

If a € (0,1), then t — t* is operator monotone on (0, 00) and takes the value 1 at ¢t = 1;
it is the representing function of the weighted geometric mean #,. In this notation

Qa(pll€) = tr(E#ap) = tr(p#1-af),

with the regularisation from above built into the definition of the mean. This will prove
important shortly. The next definition we recall from [72] is the following; again we drop
the requirement that the maps be channels and replace it with complete positivity.

Definition 4.5.2 (Geometric Rényi relative entropy of completely positive maps). Let
®, U € CP(X,)Y) be completely positive. The geometric Rényi relative entropy is defined
for a € (0,1) U (1,00) as

~

Do(®|¥)= sup Dy((@® 1) () (¥ ® 1) (p))-
pPED(XRX)

For a € (0,1) this quantity admits a closed form in terms of the Choi matrices [72],

and for o € (1,2] one is given in [42, Lemma 5]. We state it for a € (0,1), where, since

—L_ <0, the supremum of D, corresponds to an infimum of Q..

a—1

Lemma 4.5.3 ([72, Proposition 44]). Let ®, ¥ € CP(X,Y) and o € (0,1), and define
0.(2|) = inf  Qu((®®1 U@l :
Q@) = it Qul(® 1) ()| (¥ © L))

Then

Do(2]¥) =

1 ~ ~
1108 Qa (@), Qa(®[¥) = Amin (Try (J(¥)#aJ(®))),
where the weighted geometric mean is understood with the regularisation from above.

Proof. The first identity follows from the definitions, since ¢ — ﬁ logt is decreasing for
a € (0,1). For the second, the proof of Proposition 4.3.1 applies verbatim with # replaced
by #4: joint concavity of (p,&) +— tr(§#ap) [79] reduces the infimum to pure states,
the transformer equality [79] handles invertible A, and upper semicontinuity handles the
closure; compare [42, Lemma 5] for the case o € (1,2]. O

The careful reader will notice that Dy (®||¥) may take the value +oo for a € (0,1).
This is not a problem; it corresponds to @a(fbH\I/) = 0, which occurs for instance when the
Choi matrices have ranges with trivial intersection.

It is not much of a stretch to see that the problem of Proposition 4.3.2 extends to
@a, because this quantity is induced by a Kubo—Ando mean of Choi matrices; indeed the
same replacement maps work, since A#,B = 0 whenever the ranges of A and B intersect
trivially (Theorem 4.5.6 below). We will again demonstrate that we can control such prob-
lems through the ARN derivative. Since J(V)#,J(P) = J(®)#1-0J(¥), Theorem 4.2.15
applied to the mean #1_, shows that J(¥)#,J(®) = Whe(T)W*, where T is the ARN
derivative of ® with respect to 2 = ® + ¥ and

ha(t) = g0 () = t#1_a(l =) =51 =)=, te0,1].  (45.1)

Lemma 4.5.4. Let Z be a complex Euclidean space, let 0 < E;E' <1z and let a € (0,1).
Then
1ha(E) = ha(E) oo < ||E = E'||% + |1E - E'[| 55
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Proof. Since E and 1z — E' commute, we have

ha(B) = E(17 — B)'= > 0,
and therefore

ha(E) = ha(E') = (B® = E®)(1z — E)' =+ E*((1z - B)' ™" = (1z — E)'7°).
By the triangle inequality and submultiplicativity of || - ||cc,
1ha(E) = ha(E) e < [|1E® = E®[ls0 (12 = E)'~|ls
HIE o (12 = B)' 7 = (12 — E)'7| ..
Since [|[(1z — E)'"joc < 1 and [|[E"||c < 1,
1ha(E) = ha(E)||oo < [|1E* = E™|loo + [[(Lz — B)'™* = (1z = )"~ .

Now apply the operator-norm Holder continuity of positive power functions [7], [16, Theo-
rem X.1.1]: for A, B >0 and S € (0,1],

147 = B7 || < || A = B|%-
Taking f = «a, A= E, B = E' gives |[E* — E'|« < ||E — E'||%, and taking 8 =1 — «,
A=1z—FE, B=1z — F’ gives
|1z =B = (1z - BN <M1z = B) - (1z — B[l = | B — E'[|5c ™
Combining the two bounds,
1ha(E) = ha(E")llo < |1E — E'|% + |1 E — E'[l5 %,
as claimed. O

Theorem 4.5.5. Let a € (0,1) and let &1, ¥y, Py, Uy € CP(X,)) satisfy Q = P + ¥y =
Do+ Ws. Let Ty and Ty denote the ARN derivatives of ®1 and ®o with respect to 2, relative
to one fixed Kraus decomposition of Q) by linearly independent operators, the same for both
pairs. Then

Qa(®1[1¥1) — Qa(®2]|¥2)| < 19" (1y) oo (IT2 — T2ll% + T2 — T2ll55°).

Proof. By Lemma 4.5.3, Qa(®i]|¥;) = Amin(Try(Whe(T})W*)). The proof of Theo-
rem 4.4.6 now applies verbatim with g4 replaced by h, and Proposition 4.4.3(2) replaced
by Lemma 4.5.4. 0

4.5.2 The meta problem

In this subsection we describe in general terms when the problem of Proposition 4.3.2
occurs. Let o be a Kubo-Ando mean with representing function f,. By the integral
representation of operator connections [62, Theorem 5.11], for all positive semidefinite

A7 B7

1
AJB:aUA—l—bUB—l—/ %)\(()\A):B)dmg()\),
(0,00)
where m, is a finite positive measure, a, = f,(07) = 100 and b, = f.(c0) = 0o 1.

Evaluating the representing function at 1 gives
ag + by +my((0,00)) = fo(1) = 1.

We also use that range(A : B) = range(A) Nrange(B) for positive semidefinite A, B [3].
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Theorem 4.5.6. Let o be a Kubo—Ando mean with representing function f,.

1. If fo(0%) = f/(c0) = 0, then range(A o B) = range(A) Nrange(B) for all positive
semidefinite A, B. In particular, Ao B = 0 if and only if range(A) Nrange(B) = {0}.

2. Conversely, if Ao B = 0 for all positive semidefinite A, B on a space of dimension
at least 2 with range(A) Nrange(B) = {0}, then f,(01) = f.(c0) =0

Proof. (1) Here ay = b, = 0 and m,((0,00)) = 1. Since range(AA) = range(A) for A > 0,
each of the positive semidefinite operators (AA) : B has range R = range(A) N range(B),
and hence kernel R*. If v € R* then (v, (Ao B)v) = 0. If v ¢ R* then (v, (AA) : B)v) >0
for every A > 0, and since m, # 0 the integral is strictly positive. Thus ker(Ao B) = R+,
that is, range(Ao B) = R.

(2) Let e1, e3 be orthonormal and A = eje}, B = ege;. Then range(A)Nrange(B) = {0},
so every (AA) : B vanishes and Ao B = a, A + b, B. If this is zero, then a, = b, =0. [

Consequently, suppose that a real-valued function D on CP(X,)) x CP(X,)) has the
form D(®,¥) = H(J(®)o J(¥)) for a function H with H(0) = 0, where o satisfies the
hypothesis of Theorem 4.5.6(1). Then D(®, V) = 0 whenever range(J(®)) Nrange(J(¥)) =
{0}. By Proposition 4.3.1 this applies to F', with H(X) = Apin(Try X), and by Lemma 4.5.3
it applies to @a with the roles of ® and ¥ exchanged. The converse implication fails in
general, because Apin(Try X) can vanish for nonzero X > 0. For instance, if & = ¥ and
®*(1y) is singular, then F(®,®) = Apin(®*(1y)T) = 0, although the Choi ranges coincide.

We can consider this in relation to the ARN derivative. Let Q@ = & + ¥ and let T
be the ARN derivative of ® with respect to Q. The condition f,(07) = f/(c0) = 0 says
exactly that g,(0) = g,(1) = 0, while g,(t) = tfs(1) > 0for 0 < ¢t < 1. Since W
is injective, Theorem 4.2.15 shows that J(®)o J(V) = Wg,(T)W* vanishes if and only
if spec(T') C {0,1}, that is, if and only if T is a projection. For the geometric mean
this vanishing criterion was obtained by Kian [76], in the form that ®#W¥ = 0 exactly
when ® and ¥ have no nonzero common completely positive submap; submaps whose
derivative is a projection are the sharp submaps studied in [75]. The replacement maps
of Proposition 4.3.2 are of exactly this kind: in the Kraus decomposition described after
Theorem 4.4.6, the ARN derivative of ®1 is 1¢n @ Ocn.

4.5.3 Operator convex functions and divergences

In this subsection, we show that the Kubo—Ando framework from above extends further
to other channel level divergences. Many channel divergences are defined through operator
convex functions instead of Kubo—Ando means.

Definition 4.5.7 (Operator convex function [16, Chapter V]). Let ({_,t;) be an open
interval. A function f: (¢_,¢t;+) — R is said to be operator convex on (¢_,¢,) if

f(tA+ (1 —=)B) <tf(A)+ (1 -t)f(B)

for all ¢ € [0, 1] and all Hermitian operators A, B of the same (arbitrary) size with spectra
contained in (t_,t;). It is operator concave if —f is operator convex.

Multiple quantum channel divergences can be framed in a similar way to those defined
by Kubo—Ando means. A broad class of these channel divergences are the maximal f-
divergences, introduced by Matsumoto [91] and studied systematically in [60, 61].
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Definition 4.5.8 (Maximal f-divergence [61, 91]). Let f : (0,00) — R be operator con-
vex; the limits f(0") and f’(co) (notation as before Theorem 4.2.15) exist in (—oo, +00]
(Lemma 4.7.2). For positive definite A, B € L(V) the mazimal f-divergence is

Dy(A||B) = tr(BY2f(B=1/24B~1/%)B'/?),
and for positive semidefinite A, B it is defined by

Dy(AI1B) = lim Dy (A +nlv||B +ly).

We call f bounded if f(07) < oo and f'(00) < 0.

Definition 4.5.9 (Maximal f-divergence of completely positive maps; cf. [42, 72]). For
o,V € CP(X,)), ) .
Dp(®W) = sup  Dg(®, [ ¥,),
pED(XRX)
where @, = (® ® 1p,x))(p) and ¥, = (¥ @ 1y,x))(p)-
Definition 4.5.10 (Examples). For positive semidefinite A, B and 0 < a < 1:
1. Hellinger divergence [20, 108]: fu(t) = (1 — v/1)?, and

Du(A|B) = tr A + tr B — 2tr(A#B).

11—t
2. Hellinger divergence of order o [82]: fi o(t) = and

Cl—a’

]-A)H,a(AHB) _trB - tr(B#aA).

l—a

(t—1)°

——, and
1 0

3. Vincze—Le Cam (triangular) divergence [82]: fuc(t) =

Dic(A|B) =trA+tr B —4tr(A: B).

1+t
4. Mazimal Jensen—Shannon divergence [83]: fis(t) = tlogt — (1 +t)log i , and

Dys(A||B) = tr(Bl/2fJS (B*1/2AB*1/2)31/2).

Each f above is bounded, with (f(0T),f'(c0)) equal to (1,1), (:£-,0), (1,1) and
(log 2,10g 2) respectively.

Remark 4.5.11. If ® = U7 and ¥ = Wy, _7, where T is the ARN derivative of ® with
respect to 0 = ® + ¥, then the maximal f-divergence of the pair is governed by h;(T),
where hy(t) = (1 —t)f(14;) on (0,1), extended by hy(0) = f(0) and hy(1) = f'(c0). For
the examples above,

hy(T) =1cr — ZW’ hH,a(T) _ (1cr = T) — T(1¢r — T)l—oz7

l1—«

hic(T) = (2T — 1¢r)?, his(T) = (log2) 1cr + Tlog T + (1¢cr — T)log(1cr — T).
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Under certain circumstances, the problem of Proposition 4.3.2 reappears. We first de-
compose a bounded maximal f-divergence into an affine part and a Kubo—Ando connection.
Divergences of this form, built from Kubo—-Ando means, appear in [108]; the closed-form
expression in Theorem 4.5.13 extends those of [42, 72|, and an operator-valued analogue is
the divergence of [101, Definition 3.1].

Lemma 4.5.12. Let f: (0,00) — R be operator convezr with f(07) and f'(co) finite. Set
h(t) = f(0T) + f/(c0) t = f(t),  t>0.

Then h is a nonnegative operator monotone function on (0, 00) with h(07) = 0 and h(t)/t —
0 as t — oco. Writing o, for the Kubo—Ando connection with representing function h, we
have, for all positive semidefinite A, B € L(V),

Dy(A||B) = f(0F)tr B+ f'(co)tr A — tr(B oy A).

Proof. Extend f to [0,00) by f(0) = f(0"); the extension is convex, so t — (f(t) — f(0))/t
is nondecreasing on (0,00) with limit f/(co). Hence f(t) < f(0") + f/(c0)t, that is,
h > 0. As an affine function minus an operator convex function, h is operator con-
cave, and extended by h(0) = 0 it is continuous, nonnegative and operator concave on
[0,00); it is therefore operator monotone [16, Theorem V.2.5]. The two limits follow
from the definitions of f(0") and f’(cc). For positive definite A, B, applying the func-
tional calculus to f = f(0F) + f/(co)t — h and using B/2(B~1/2AB~1/2)BY/? = A and
Bop A= BY2h(B~1/2AB~1/2)B1/2 gives

BY2f(B~12AB~Y/?)B'? = f(0M)B + f'(00)A — Boy, A.
For positive semidefinite A, B, replace A, B by A + nly, B + nly, take traces and let

1} 0: the left-hand side converges to lA)f(AHB) by definition, and (B + nly) oy (A + nly)
decreases to B oy, A [79]. O

Theorem 4.5.13. Let f be as in Lemma 4.5.12. Let Q € CP(X,)Y) have a Kraus de-
composition QUX) = Y Vi XV with linearly independent Vi,...,V,, and let W =
[vec(Vi) --- vec(V;)]. Define hy :[0,1] = R by
t
h)=(1=0F(;=;) O<t<1).  h0)=F0"),  hs1)=f(c0).
(a) If0<T <1lcr, ® =¥7 and ¥ = Uy, _7, then
Dy(®]0) = Amasc( Try (W hg(T) W7)).

(b) IfO S Tl,TQ S 1@7‘7 then

Dy (W[ 1 -1,) = Dy (U1 ¥ -7)

<1927 () oo wny (171 = T2lloo),

where wp, is as in Theorem 4.4.5, and wp,(6) — 0 as 6 — 0.

Proof. The argument follows the strategy of [42, Lemma 5]. With h as in Lemma 4.5.12, put
k(t) = (1—t) h(75) for 0 < t < 1 and k(0) = k(1) = 0. Substituting f = f(07)+ f'(c0)t—h
into the definition of hy gives

hi(t) = FOD)(L—t) + F(c0) t—k(t),  0<t<L.
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The function k is continuous on [0,1]: as ¢ | 0 we have k(t) — h(0%) = 0, and as ¢ 1 1,
writing © = t/(1 — t) — oo, we have k(t) = t h(xz)/x — 0. Hence h; is continuous on [0, 1],
and wy, (0) — 0 by Lemma 4.4.8.

The ARN derivatives of ¥ and ® with respect to Q are 1¢» — T and T, and the scalar
connection satisfies soj, (1—5) = s h(%), which equals k(t) at s = 1 —¢. Theorem 4.2.15,
applied to the pair (¥, ®), therefore gives J(¥) oy, J(®) = WE(T)W*. (If h # 0 then
h(1) > 0 and oy, = h(1) oy 1) With oy 1) @ mean; if h = 0 there is nothing to prove.)
Since J(®) = WT'W* and J(V) = W (1lcr — T)W*, we then have

Zp = fON)J(V) + f'(00)J(®) — J(¥) 0p, J(®) = W hy(T) W*.

Let M = Try(W hy(T) W*), a Hermitian operator on X. Let u = vec(A) with [|Alj2 =1
and A invertible, and let C = 1y ® A", which is invertible. As in the proof of Proposi-
tion 4.3.1, (® ® 1y, x))(vu*) = C J(®) C* and similarly for U. By the transformer equality
for invertible operators [79],

(CI(W)C™) on (CT(R)CT) = C(J(¥) o4 J () C7,
so Lemma 4.5.12 gives
Dy((®® 11(x)) (uu®)[[(0 @ 1) (uu™)) = tr(CZpC*) = tr ((1y ® (AA*) ") Zy)
= tr ((44%) T M),
using C*C' = 1y ® (AA*)T and the previous part. Let

d(p) =Ds((2® 1) (0)[|(¥ @ 11x))(p))

for p € D(X ® X). By Lemma 4.5.12, d is a linear function minus

p =t (U@ 1na))(p) on (2 @ 1)) (p)),

which is concave because oy, is jointly concave [79] and p — (2@ 1y,x))(p), (¥ @11x))(p))
is linear. Thus d is convex, and writing p = >, p;u;u; in its spectral decomposition gives
d(p) < max; d(u;u}); so the supremum defining ﬁf(qJH\Il) may be taken over pure states.
Moreover d is lower semicontinuous: for n > 0 the map

(A, B) = tr ((B +nlygx) on (A +nlygy))

is continuous and decreases to tr(Bop A) as ] 0, so (A, B) — tr(B oy, A) is upper semi-
continuous. Every unit vector u = vec(A) is a limit of unit vectors u,, = vec(A,) with A,
invertible, and then d(uu*) < liminf, d(u,u}). Hence the supremum may be taken over
u = vec(A) with A invertible. As A ranges over such operators, (AA*)T ranges over the
invertible density operators on X', which are dense in D(X'). By the previous parts,

Dy(®||W¥) = sup { tr(EM) : £ € D(X) invertible} = gér]gaé) tr(EM) = Apax (M),

which is (a).
Let M; = Try(W hy(T;) W*) and K = hy(T1) — hy(T2). By (a) and Weyl’s inequality
[16, Section III.2], the left-hand side of (b) is

’)\max(Ml) - /\max(MQ)‘ S HMl - M2Hoo
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Since — || K ||ooler < K < ||K||oo1cr, conjugating by W and applying the positive map Try
gives
—[[Kloe Try(WW?™) < My — My < [|K|oo Try(WWT),

and
Try(WW*) = Try J(Q) = Q*(1y)" > 0.
Hence
[My = Mal|oo < [|2°(1p)lloo [ K loo < 127 (13)lo0 why ([T1 = T2[|oo),
which is (b). O

Theorem 4.5.13 also explains how the problem of Proposition 4.3.2 arises for maximal
f-divergences. By Lemma 4.5.12, the connection o}, inside D ¢ has representing function h
with 2(0T) = 0 and h/(c0) = 0, so, by Theorem 4.5.6, it vanishes on Choi matrices whose
ranges intersect trivially.

Corollary 4.5.14. Let f be as in Lemma 4.5.12 and let &, ¥ € CP(X,)). Ifrange(J(®))N
range(J(V)) = {0}, then (cf. [101])

D(®]|) = Amax (F(07) T*(1y) + f'(00) D*(1y)).

In particular, if f(1) = 0, then for the maps of Corollary 4.3.3 we have lA)f(CInH\I/l) =
F(07) + f'(c0) and Dy(22[|T2) =0, although |[|®1 — Pao|l1 = [[[¥1 — Tal[[1 <.

Proof. Apply Theorem 4.5.13 with = ® + U. Its proof shows that ﬁf(q)H\I') =
Amax(Try Zy), where

Z = F(0M)I(T) + f/(00)J(®) — J(T) o4 J(®).

If h # 0, then oy, = h(1) oy, /p1) and oy,/5(1) is @ mean satisfying the hypothesis of Theo-
rem 4.5.6(1); if h =0 then oj, = 0. In either case J(¥) oy J(®) =0, so

Try Zp = (£(0F)T*(1y) + f/(c0)@*(1y)) ',

using Try J(Z) = Z*(1y)". Transposition does not change eigenvalues, which proves the
formula.

For the maps of Corollary 4.3.3, the Choi ranges of ®; and ¥, intersect trivially by the
proof of Proposition 4.3.2, and ®3(1y) = Wi(1y) = 1y, so Dp(®1]|¥1) = £(0T) + f(c0).

For ®3 = ¥y we have J(P2) oy, J(P2) = h(1)J(P2), hence
Zy = (f(07) + f'(00) = h(1)) J(®2) = f(1)J(®2) =0
and Dy (®2||Ty) = 0. O

Thus every bounded maximal f-divergence with f(1) =0 and f not affine exhibits the
phenomenon of Corollary 4.3.3: the jump f(07) + f/(c0) equals h(1), which vanishes only
if h = 0, since a nonnegative concave function on [0,00) vanishing at 0 and 1 vanishes
identically, that is, only if f is affine. Theorem 4.5.13(b) shows that the divergence is
controlled by the ARN derivative.

Remark 4.5.15. The normalisation f(1) = 0 is used only in the last statement of Corol-
lary 4.5.14, where it is assumed. Lemma 4.5.12, Theorem 4.5.13 and the first statement of
Corollary 4.5.14 hold for every bounded operator convex f, that is, every operator convex
f with £(0%) and f’(oc0) finite.
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4.6 Unbounded maximal f-divergences

Theorem 4.5.13 requires both f(07) and f/(cc) to be finite. Several of the most widely
used maximal f-divergences have f’(co) = 4o00: the Belavkin—Staszewski relative entropy,
with f(t) = tlogt [14]; the geometric Rényi quasi-entropies with « € (1,2], with f(t) =t
[42, 72]; and the maximal x*-divergence, with f(t) = (¢t — 1)%. For these the function hs
of Theorem 4.5.13 is continuous on [0,1) but unbounded near ¢t = 1, which is where the
ARN derivative 1cr — T of W degenerates. In this section we show that the closed form
and the continuity estimates of Theorem 4.5.13 persist under a bound on the max-relative
entropy, which keeps the spectrum of T' away from 1, and we compute explicit moduli of
continuity for the first two examples. We first make a note of why the max-relative entropy
is the natural object to discuss. Let ® and ¥ be completely positive maps and suppose
that ¢ < ®. Let W be the column matrix of a Kraus decomposition of ® by linearly
independent operators, as in Theorem 4.2.2, and let T" be the ARN derivative of ¥ with
respect to ®. Then the top eigenvalue t; of T is the quantity

min{A > 0: ¥V < \®}.
This is because by Choi’s theorem, we have
U <AP <= J(V) < A\J(D).

By transferring to the positive semidefinite picture by the ARN correspondence, this means
that
U <A <= W(Aler —T)W* > 0.

But this is only true if and only if Algr — T > 0. Since T is positive semidefinite, we then
have AMlgcr — T > 0 if and only if A > t for every eigenvalue t of T', that is, if and only if
A > t1. The max-relative entropy Dpax(V||®) is the logarithm of this value. So this is a
natural object with which to control things.

Throughout this section f : (0,00) — R is operator convex with f(0") < co. We do
not assume that f(1) = 0 or that f’(c0) < oo, and we extend f continuously to [0, 00)
by f(0) = f(0"). The maximal f-divergences Bf(AHB) and lA?f(<I>||\I/) are defined by
the formulas of Definitions 4.5.8 and 4.5.9; Lemma 4.6.4 below shows that the limit in
Definition 4.5.8 exists in (—oo, +00]. For A > 0 and positive definite B we write

Pf(A, B) — Bl/Qf(B—l/QAB—l/Q)Bl/Q

for the operator perspective of f, so that ﬁf(A||B) = trP¢(A4, B) in that case.

4.6.1 The operator perspective on supports

In this subsection, we show similar results to the Kubo—Ando case for operator convex f.
This is necessary for the unbounded case, as we cannot exploit the rewriting of unbounded
maximal f-divergences in the same way as the bounded case through the mean. We present
a few well-known facts. The first is the invariance under congruences of operator perspec-
tive functions (the analogous objects to the connections induced by operator monotone
functions).

Lemma 4.6.1. Let A, B, R € L(V) with A >0, B > 0 and R invertible. Then

P;(RAR*, RBR*) = RP;(A, B) R".
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Proof. Let Y = RB/? which is invertible, and let Y = (YY*)/2U be its polar decompo-
sition, with U unitary. Since YY* = RBR* and RAR* = Y XY* with X = B~Y/24B~1/2,
we have

(RBR*)"'Y?RAR*(RBR*)"'/? = UXU",

and hence
F(RBR*)"Y2RAR*(RBR*)™Y/?) = U f(X)U"*.

Therefore
P;(RAR*, RBR*) = (YY*)V2U f(X)U*(YY*)'/?
= Yf(X)Y* = RP;(A,B)R". O
Definition 4.6.2. Let A, B € Pos(V) with range(A) C range(B) and B # 0. Let m =

dimrange(B), let U € L(C™,V) be an isometry with range range(B), and put Ay = U*AU
and By = U*BU, so that By > 0, A = UAqU* and B = UByU*. We set

P;(A, B) = U Ps(Ag, Bo) U™,
and P;(0,0) = 0.

The identity A = UAoU* holds because A is Hermitian with range(A) C range(U), so
that A = UU*AUU*. Two isometries with range range(B) differ by a unitary on C™, so
by Lemma 4.6.1 the definition does not depend on the choice of U; for B > 0 we may take
U = 1y, and the definition agrees with the previous one.

Lemma 4.6.3. Let A,B € Pos(V) with range(A) C range(B), and let C € L(V,V’) be
injective on range(B). Then range(C AC*) C range(CBC*) and

Pr(CAC*,CBC*) = CPs(A, B)C*.

Proof. We may assume B # 0. With U, Ay and By as in Definition 4.6.2, the operator
Y = CU is injective. Its polar decomposition is Y = U’R, where R = (Y*Y)!/2 is invertible
and U’ = YR™! is an isometry with range range(Y). Then CBC* = U'(RByR)U’* and
CAC* =U'(RAyR)U"™ with RByR > 0, so

range(CBC*) = range(U’) D range(CAC™).
Using Definition 4.6.2 with the isometry U’ and then Lemma 4.6.1,

P(CAC*,CBC*) = U’ Ps(RA)R, RByR) U™ = U'RP¢(Ay, By) RU™
— Y P(Ag, B)Y* = CP(A, B)C". O
Lemma 4.6.4. Let A, B € Pos(V) and ny = dim V.

1. The function
wn(A, B) = tr Pp(A+nly, B+nly) —nny f(1)
is nonincreasing in n € (0,00). Consequently the limit defining lA?f(AHB) exists in
(—00,+00], and Dy(A||B) = sup,~q ¢y (A, B).

2. The map (A, B) — ﬁf(A||B) is jointly convex and lower semicontinuous on Pos(V) x
Pos(V).

3. If range(A) C range(B), then ﬁf(A]\B) = trPy(A, B); in particular, lA)f(AHB) is
finite.
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Proof. (1) On pairs of positive definite operators, Py is jointly operator convex [37] (see
also [38]) and positively homogeneous, P¢(AA,AB) = APf(A, B) for A > 0. It is therefore
subadditive:

Pf(Al + A9, B1 + By) = 277f(%(A1 + Az), %(Bl + Bg)) < Pf(Al,Bl) + Pf(AQ,Bz).

For 0 < n <, apply this with (41, B1) = (A+7'1y, B+1'1y) and A2 = By = (n—1')1y,
and use Py(cly, cly) = cf(1)1y; taking traces gives ¢, (A, B) < ¢,y(A, B). Hence ¢,(A, B)
increases as 7 | 0, and since nny f(1) — 0, the limit of tr Py(A + nly, B 4+ nly) exists in
(=00, +oo] and equals sup, o ¢y(A, B).

(2) For fixed 1 > 0, the map ¢, is continuous, by continuity of square roots, inverses and
the continuous functional calculus on positive definite operators, and it is jointly convex,
as the trace of a jointly operator convex map plus a constant. A pointwise supremum of
continuous jointly convex functions is lower semicontinuous and jointly convex, so (1) gives

(2).

(3) We may assume B # 0. Decompose V = range(B) @ ker(B). Since range(A) C
range(B) and A is Hermitian, ker(B) C ker(A), so A = A9 ® 0 and B = By & 0 with
By > 0, identifying range(B) with C™ as in Definition 4.6.2. The functional calculus
respects direct sums, so

tr Pr(A+nly, B +nly) = tr Pr(Ao + nlcm, Bo + nlcm) + nf(1) dimker(B).
As n | 0, the operators

X, = (Bo +nlcm) Y3 (Ag + nlem)(By + nlem) /2

converge to Xog = B, 1 2AOBO_ 1 2, and for n < 1 their spectra lie in a fixed compact interval
In € [0,00). Since f is continuous on Iy, f(X,) = f(Xo), and therefore

P(Ao + nlem, Bo + nlcm) — Pr(Ao, Bo).
The second term tends to 0, so

Dy(A||B) = tr P(Ao, Bo) = tr Py (A, B).

4.6.2 Closed form and continuity

We now come to a statement further relating the max-relative entropy and the ARN deriva-
tive. We notice that this then relates to the Lebesgue decomposition of Proposition 4.7.1.

Lemma 4.6.5. Let Q and W be as in Theorem 4.5.18, let 0 <T < 1¢r, and put ® = ¥p
and ¥ = Wy, 7. For ¢ >0, we have ® < ¢V in the completely positive order if and only
if T' < 15;1cr. Consequently,

17l

Diax(®|| V) :=loginf{c > 0: & < ¥} =log ————,

with log 0 = —00 and Dpax(P||V) = +o0 when |T|| = 1. In particular, for e € (0,1) we
have Diax(®||¥) < log =< if and only if T < (1 — €)1cr.
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Proof. By linearity of T+ Wp, ¢c¥ — ® = W,y . _(14¢)7, Whose Choi matrix is
W(eler — (1+)T) W

by Theorem 4.2.2. By Choi’s theorem, ¢¥ — @ is completely positive if and only if this
operator is positive semidefinite, and this happens if and only if ¢1¢cr — (14 ¢)T > 0.
Reasoning about the spectrum of T', we then obtain that this translates to

17|00
———— < ¢ < o0
1= [Tl

This then implies that

[N
{c>0: 0 < ¥} = [7oo>
1= {[Tloo

if | T|lco < 1, and is empty otherwise. This gives the formula for Dyax. The last statement
follows because t — t/(1 — t) is increasing on [0, 1). O

Remark 4.6.6 (Physical interpretation). For channels and ¢ > 1, ® < ¢¥ holds if and only
if O =c 104 (1—c1)Z with Z = (c¥ — ®)/(c— 1) a channel, so e~ Pmax(®I¥) ig the largest
probability with which ¥ secretly runs ®. Equivalently, by complete positivity of c¥U — &,
on every input, ancilla allowed, every measurement outcome is at most ePmax(®I¥) times
likelier under ® than under V¥, as for states [112]. Detector inefficiency € € (0, 1) gives such
bounds: an instrument (®, V) is observed as ((1 — €)®, ¥ + e®), the case pg1 =€, p1op =0
of Remark 4.4.7, with derivative (1 —€)T" < (1 — €)1¢r, so

Dimax((1 — €)@ ¥ + ¢®) < log((1 — €)/¢)

by the lemma, whatever the ideal pair.
For € € (0,1) and a continuous function ¢ : [0,1 — ¢] — R we use the modulus wée) =
wéo’l_d of Lemma 4.4.8, which tends to 0 as § — 0.

Theorem 4.6.7. Let Q € CP(X,)) have linearly independent Kraus operators Vi,...,V,,
so that QX)) =>4 Vil X V5, let W be the matriz with columns vec(Vy), ..., vec(V;), and
define the continuous function hy :[0,1) — R by

het) = (1—1) f(li_t) so that hy(0) = £(07).

Let e € (0,1).

(a) If0<T < (1—-€)lcr, =V and ¥ = Yy, _7, then Bf(<1>||\1') is finite and
Dp(@)1%) = Ama ( Try (W hy(T) W)
(b) IfO < Tl,TQ < (1 - E)l(cr, then

‘Bf(\IITl H\IILCT—Tl) - ﬁf(\pTzH\plccr—B)

<197 (1) oo wiy) (1T = Tol),

and w}(;)(é) —0asd— 0.

By Lemma 4.6.5, the hypotheses say exactly that the pairs involved satisfy Dpax < log %
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Proof. (a) The structure of the first part is that we aim to use the conditions to transform
into the absolute continuity form of Lemma 4.6.4(3). Let ¢ = (1 —€)/e. Then ® < ¢¥ by
Lemma 4.6.5. We proceed in a similar way to the bounded case by letting p € DX ® X)
write @, = (® @ 1p,x))(p) and ¥, = (¥ @ 1y,x))(p), and let d(p) = Dy (®,[|¥,).

Since c¢¥ — @ is completely positive, ®, < c¥,; if ¥V,o = 0 then 0 < v*®v <
cv*¥yu = 0, so ker(¥,) C ker(®,) and range(®,) C range(V,). By Lemma 4.6.4(3),
d(p) = tr Pr(®,, ¥,) is finite for every p.

We now need to inspect these quantities at the Choi level, following that we can reduce
the maximal f-divergences to partial traces of Choi relations. By Theorem 4.2.2, J(®) =
WTW* and J(V) = W(1cr —T)W*. Since 1¢cr — T > €ler is invertible and W is injective,
Lemma 4.6.3 with C' = W gives range(J(®)) C range(J(¥)) and

Pr(J(®),J(¥)) = W P(T,1cr —T) W™,
As T and 1¢r — T commute,
(1er —=T)V?T(1er = T) V2 =T(A¢er = T)7,
and the functional calculus for operator perspectives gives
Pi(T,1cr = T) = (1er = T)f(T(1er — T) 1Y) = hy(T).

Hence Py(J(P), J(V)) = W he(T) W*.

We now show that the supremum over input states in the definition of lA?f(CIJH\I/) is
the largest eigenvalue of the partial trace of this Choi-level operator, by the same line of
reasoning as in the Kubo—Ando case. We again look at invertible operators first.

Let M = Try(W hy(T) W*), a Hermitian operator on X. Let u = vec(A) with [|Alls =1
and A invertible, and put C = 1y ® AT, which is invertible. By (4.3.1), @y« = C J(®) C*
and U,,» = C J(¥)C*. By Lemma 4.6.4(3), Lemma 4.6.3 and the previous step,

d(uu®) = tr (CPp(J(®), J(¥)) C¥)
— tr ((1y @ (AA7)T) W hy(T) W)
= tr ((AA*) T M),

using C*C = 1y ® (AA*) T,

By Lemma 4.6.4(2), d is convex and lower semicontinuous on D(X ® X'), being the
composition of a jointly convex, lower semicontinuous function with the linear map p —
(), ¥,). Writing p = >, piusu in its spectral decomposition, convexity gives d(p) <
max; d(u;u)), so the supremum defining lA)f(CbH\I/) may be taken over pure states. Every
unit vector u = vec(A) is a limit of unit vectors u, = vec(A,) with A,, invertible, and
lower semicontinuity gives d(uu*) < liminf,, d(u,u}), so the supremum may be taken over
u = vec(A) with A invertible. As A ranges over such operators, (AA*)T ranges over the

invertible density operators on X', which are dense in D(X’). Hence

Dy(®[|¥) = sup { tr(EM) : £ € D(X) invertible} = 52&)}({) tr(EM) = Amax(M).

(b) Let M; = Try(W hy(T) W*) and K = hy(Ty) = hy(T3), so that || Kles < wj (T3 -

Ts||s) by definition. By (a), the left-hand side of (b) is |Amax(M1) — Amax(M2)|, which
is at most [|2*(1y)||oc || K |lc by Lemma 4.4.10. Finally, hy is continuous on [0,1 — €], so

w}(;)(é)%()aséﬁo. O
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Remark 4.6.8 (Physical interpretation). For states, ﬁf is the least classical f-divergence
of a pair of distributions that prepares them through one classical-to-quantum channel
[91]. For channels and an input u = vec(A) with A invertible, let 7" = >, ¢; P; spectrally,
W= (1y® AW and w; = tr(WPW*). The distributions p; = t;w;, ¢ = (1 — t;)w;
and the preparation 8; — W EP,W* /w; give the outputs WTW* and W (1lcr — T)W* (see
(4.3.1)), and >, qif (pi/ai) = >_; wih¢(t;) is the quantum value by Lemma 4.7.4, so they
are optimal. Their likelihood ratios #;/(1 — #;) do not depend on the input, and D ¢ (P[|W)
is the worst case over the weights w;. The bound Dpax < log((1 — €)/€) means that all
ratios lie in [0, (1 — €)/¢], and the constants of Corollaries 4.6.11 and 4.6.12 measure how
steep hy is on [0,1 — €.

4.6.3 The relative Rényi entropies continued

In Section 4.5, we considered the bounds for the Rényi relative entropies for o € (0,1). We
now have the machinery in place to compute explicit bounds for a € (1,2]. We first need to
list some useful bounds. Using the subsequent results, we will also show continuity bounds
for the Belavkin—Staszewski divergence. In the following lemma, integrals of matrices are
understood in the functional calculus sense.

Lemma 4.6.9. Let V be a complex Euclidean space, § € (0,1], 8 € (0,1] and € > 0.
1. Ile,Xg > le, then H logX1 — IOgXQHOO < ||X1 — X2||Oo/€.
2. If X1, X9 > ely, then

1X77? = X570 < Be P71 X1 — Xo oo
3. If0< A B<1y and ||[A— Bl <9, then

|Alog A — Blog Bl|so < 5log%+ (14+d)log(1+46) < 5log§+210g2-5

4. If0 < A B < 1y, then |A'F — B < (3 - B)||A — Blloo-

Proof. (1) For X > 0, the scalar identity

o0 1 1
1 = — d
08T /0 (l—i-s 1‘4—5) 5

and the functional calculus give
(e e}
log X = / (1 +s)" 11y — (X +s1y) 1) ds.
0

Hence -
IOg X; — IOgXQ = / (X1 + Sly)_l(Xl — XQ)(XQ + 81]}>_1 ds,
0

and ||(X; + s1y) 7l < (e +8)71 gives the bound
> 2
X1 = Xalloo | (e 9)"2ds = X1 = Xl /e
(2) For 3 = 1 this follows from X; ' — X; ' = X7 1(Xy — X1)X5 ' For 0 < 8 < 1 we

use the representation
sin B [°
P = b / sP(x+s) " ds,
™ 0
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valid for > 0 [16, Chapter V], which gives

_ _ sin ©
XX, = fﬂ/ 570X+ s1y) N (X — X0)(Xa + s1y) " ds.
0

Since [|(X; + s1y) oo < (e +5)7! and
B

sin 87

/oo sPle+s5)2ds = PIT1 =BT+ ) =€ P!
0

the norm of the right-hand side is at most Be 1| X; — X3|loc where T is the gamma
function.

(3) The case A = B is trivial, and since the right-hand side is increasing in & we
may assume § = [|A — Blloo > 0. For s > 0 let gs(t) = - — -=. The scalar identity

1+s t+s”
tlogt = [;° gs(t) ds, valid for t > 0, gives

Alog A — Blog B = /OOO (9s(A) — gs(B)) ds.

We claim 5 )
S A - Ys B oo S i T, N4, (-
l9s(A4) = go(Blloe < min{ [~y }
Indeed, the first bound is Lip®(g,) = ﬁ from Corollary 4.9.7(d), whose proof does

not use the present lemma, and the second holds because, by the same corollary, gs(A) and

gs(B) have spectra in [— 1is’0]' Integrating,

6
|Alog A — Blog B||oo </

ds /°° dds 1+6
“Jo 1+s 5

=log(1+9)+41
S0t 9) og(1 +0) + dlog ——,
which is the first bound. The second follows from (1+0)log(1+4d) < 2log2-4 for § € [0, 1],
by convexity.
(4) For 8 =1 the claim is ||A%? — B?||oc < 2||A — B||o, which follows from
1
A? - B% = 5((A+B)(A — B) + (A—- B)(A+ B)).

For 0 < 8 < 1, the representation

] (o.9]
zf = Smﬁﬁ/ 7L a(x 4 s)"ds
™ 0

for z > 0 [16, Chapter V] gives

AP = s1nﬁ7r/ sP LA (A + s1y) " Lds

™ 0

and similarly for B. Writing
A2(A4s1y) P =A—s1y + s2(A+s1y) 7!

and

A(A+ Sly)fl
B(B +sly)™!

Y
Zs

so that
s(A+sly) ™t =1y - Y,
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and
s(B+sly)™t =1y — Z,

we obtain with H = A—- B
A2(A4s1y) P = B*B+s1y) ' =H -1y - Yy)H(1ly — Z,) = Y.H + HZ, — Y, HZ,.

Since 0 < A, B < 1y, we have ||Ys||co, || Zs|loo < (1 + 8)71, so the norm of this operator is

B—1
at most (%s + ﬁ)HHHoo As [o° G ds = sgx and
~ ot (- ppr
5 ds=T(Br2-pg) =27
/0 (14 s)? s (B2 = B) sin B
integrating gives ||A™# — B178|| < (2+1 = B)|| H|0o- O

Remark 4.6.10. For f(t) = t“, Bhatia and Sinha [19] showed that the Fréchet derivative of
A+ A® at a positive operator A € L(V) has norm ||Df(A)| = ||aA% || when a < 0 or
a > 2, extending the case 0 < a < 1 obtained earlier, but that this fails when 1 < a < V2.
Since

IDF(A) > 1DF(A)(Av)lloo = oA o

and Df(cA) = ¢ IDf(A) for ¢ > 0, for each 1 < a < /2 there is a positive A with
|Aljoc = 1 and ||Df(A)| > a; as the best constant in Lemma 4.6.9(4) is Lip®!(t1+F) >
|IDf(A)| for such A and @ = 1+ 3 (Lemma 4.9.3 and the Daleckii-Krein formula), the
constant 3 — (3 there cannot be lowered to 1 + 3, the maximum of the derivative of ¢t'*5
on [0,1], when 0 < 8 < /2 — 1. For 8 = 1 the constant 3 — 8 = 2 is optimal, since
Df(1y)(H) = 2H for f(t) = t>.

Using these bounds, we now obtain continuity bounds for the Belavkin—Staszewski

relative entropy for channels with the same sum with max-relative entropy upper bounds
on the ARN derivative.

Corollary 4.6.11. Let Dpg = ]_A)f with f(t) = tlogt, the Belavkin—Staszewski relative
entropy [14], and let Q, W, €, T1, Ty be as in Theorem 4.6.7(b). Let ®; = Uy, U; = Wy, 1,
and 6 = ||Th — T2||oo. Then

~ ~ 4 1
[ D (®1][¥1) — Dis(@]|W2)]| < (12" (1) oo 8 (log 5 + ).

the right-hand side being interpreted as 0 for 6 = 0.
Proof. Here f(07) =0 and

t
hy(t) = tlog 1

.= tlogt — tlog(1l —t).
With L; = log(1cr — T3),

hf(Tl) - hf(TQ) = (T1 IOng - T2 IOng) - (T1 - TQ)LI - TQ(Ll — LQ)
Since § < 1, the first term has oco-norm at most § log % +2log2-d by Lemma 4.6.9(3). The
spectrum of 1¢- —T7 lies in [¢, 1], s0 || L1 [|oc < log 1, and Lemma 4.6.9(1) with X; = 1¢» —T;
gives ||L1 — La|loc < d/€; also [|T2||oo < 1. Thus

0

€

1 1
|y (T1) — hy(To)|loo < 510g5 +2log2-6 ~|—logg -0+

:5<log%+%>,

and the proof of Theorem 4.6.7(b) gives the claim. O
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Corollary 4.6.12. Let o € (1,2A] and f=a—1, and let Q, W, €, Th, To, ®;, ¥; and § be
as in Corollary 4.6.11. Define Quo(®||V) = sup,cpxax) Qa(Ppll¥p), so that Do (P[|¥) =
Lo log Qu(®[|T). Then

Qa( @i W3) = A (Try (W ha(T) W), ha(t) = £5(1 = ),

and
|Qa(@1][91) = Qu (@] )] < 107 (1y) oo (4 — @) 7 + (a = 1) ) 4.

If moreover ®1, ¥, ®o, Uy are channels, then |Do(®1||¥1) — Do (P2 2)| is at most L
times the right-hand side.

Proof. The function f(t) =t is operator convex on (0,00) for a € [1,2] [16, Chapter V],
with f(07) = 0, and hy = hq is given by the formula (4.5.1), now considered on [0,1).
The definition of Qu(p||¢) regularises only &, but when range(p) C range(€) the direct-
sum argument in the proof of Lemma 4.6.4(3) shows that it also equals tr P (p, &), since
0% = 0. By the proof of Theorem 4.6.7(a), range(®;,) C range(¥;,) for every p, so
Qo (@] W) = lA)f(CI)iH\IJi), and Theorem 4.6.7(a) gives the closed form.

For the estimate, put X; = 1¢r — T; > elgr, so that ho(T;) = TZ-D‘X;B and

ha(T1) = ha(T) = (T = TS X7 + T3 (X777 — X, P).

By Lemma 4.6.9(4) and (2), together with | X;”|ec < € and ||T¢|/o < 1, the norm of
this operator is at most

(3—B)e P54 Be P15 = ((4— )™ + (a — 1)e )6,

and the proof of Theorem 4.6.7(b) gives the estimate. If all four maps are channels, then
®; , and ¥; , are states, so @a(@,pH\Pi,p) > 1 by the data-processing inequality for D, under
the trace [72]; hence Qo (®4]|¥;) > 1, and the last claim follows from |logz —logy| < |z —y|
for z,y > 1. O

Remark 4.6.13. The same argument applies to the maximal x2-divergence, f(t) = (t — 1),
for which hy(t) = (2t — 1)%(1 —t)~L. Writing

h(Th) = h(To) = (2T — 1er)® = (2T — 1er)?) X7
+ (2T — 1e)* (X7 = X5 )

with X; = 1¢r — 75, the identity

A? - B*= _((A+B)(A—B)+(A—-B)(A+B))

1
2
gives w,(ff)(é) < (4e 1 +€e72)6. By Corollary 4.9.7(b), this improves to the optimal w](;)(é) <
(€2 —4)éfore < 1.

Remark 4.6.14. The hypothesis Dy.x < log % cannot simply be dropped when f/(oc0) =
+00, since then lA)f(AHB) = 400 whenever range(A) ¢ range(B) (the case dim&X = 1
of Theorem 4.7.5(a); for the standard divergence see [61, Corollary 3.4]). In the example
of Corollary 4.3.3, the derivative T} of ®; is a projection, $0 Dpax(®1]|¥1) = +o0 by
Lemma 4.6.5, and ﬁf(tIqH\Ill) = 400, whereas ﬁf(@gH\I/g) = f(1) by Theorem 4.6.7(a)

with T = %1([:7“. The constants in Corollaries 4.6.11 and 4.6.12 blow up as € | 0, that
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is, as the max-relative entropy within the pairs grows, and the impossibility example is
the limiting case. If instead f(01) = 400 and f/(c0) < oo, the transpose f(t) = tf(1/t)
is operator convex with f(01) = f/(c0), and ﬁf(A||B) = ﬁf(BHA) (immediate from
the reverse-test definition [91]; for the standard divergence see [61, Proposition 3.7]); the
results of this section then apply with the roles of ® and ¥ exchanged, under the hypothesis
T > El(cr.

4.7 All operator convex functions

Section 4.6 assumed f(0") < oo, and the remark at its end treated the mirror case f’'(c0) <
co. Several natural divergences have f(07) = f/(c0) = +o00. Examples are the Jeffreys
divergence, with f(t) = (t—1)logt; the symmetrised y2-divergence, with f(¢) = (t—1)*(1+
t~h); and f(t) = t*+t~" with a € (1,2], 8 € (0,1]. In this section we assume only that f is
operator convex. The closed form of Theorem 4.6.7 then holds verbatim, with h; extended
to [0,1] by the boundary values f(07) and f/(co). As we will show, finiteness determines
when values of co are attained.

4.7.1 The Lebesgue decomposition of a pair

For A, B € Pos(V), Ando’s Lebesgue decomposition [5] writes A = A, + As. Here Ay is the
largest positive operator below A that is dominated by a multiple of B; in finite dimensions
it is the shorted operator of A to range(B) [2, 4], and range(As) Nrange(B) = {0}. For
completely positive maps we apply this to Choi matrices. Okayasu has recently considered
the Lebesgue decomposition in [100].

Proposition 4.7.1. Let Q, Vi,..., V. and W be as in Theorem 4.2.15, let 0 < T < 1¢r,
S =Ur and ¥ = Wy, _7, and let By and Py be the spectral projections of T' for the eigenval-
ues 0 and 1 (zero if these are not eigenvalues). Relative to J(V), the Lebesgue decomposition
of J(®) is J(P)ac = WT(1cr — Pr) W* and J(®)s = WPLW*. Symmetrically, relative to
J(®), J(¥)s = WP W*. We write &5 = ¥p, and Vs = Vp,. In particular, the following
are equivalent: &5 = 0; 1 ¢ spec(T); range J(®) C range J(V); and Dmax(P||¥) < oo.

Proof. We repeat a similar argument to the Douglas factorisation used to prove The-
orem 4.22. If 0 < C < WTW?*, then rangeC C rangeW, so C = WC'W* with
C'=WTC(WH)*and 0 < " < T. Since W is injective, the short of J(®) to range J(¥) =
W range(1cr — T') is W times the short of T" to range(1cr — T') = range(lcr — Pp), times
W*. Write Pf— = 1¢r — Pp; it commutes with 7. If 0 < ¢’ < T and range C’ C range PlJ-,
then C' = P{+C'Pj- < P{*TPj- = TP;{-. Moreover TP~ < T, because T —TPj- = TP, > 0.
So the short is TP, and J(®)s = WTP{W* = W PW*. The last equivalences follow from

range J(®) C range J(V) <= rangeT C range(ler —7T) < P1 =0

and from Lemma 4.6.5. O

4.7.2 Boundary values

Lemma 4.7.2. Let f : (0,00) — R be operator convex. The limits f(0F) = limy o f(¢)
and f'(00) = limy_oo f(t)/t exist in (—oo,+00]. The function hy(t) = (1 —t)f(15) on
(0,1), extended by hf(0) = f(0T) and hy(1) = f'(c0), is convex and continuous as a map
[0,1] = (=00, +00]. In particular my = ming 3 hy is finite.
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Proof. Fort € (0,1), the convex function f satisfies f(¢) > f(1)+ f_(1)(t—1), so lim o f(¢)
exists in (—oo, +o0]. The chord slopes (f(¢) — f(1))/(t — 1) increase in ¢, so their limit
as t — oo, which is also the limit of f(t)/t, exists in (—oo,+oc]. On (0,1) we have
h¢(t) = g(t,1 —1t), where g(x,y) = yf(x/y) is the perspective of f, which is jointly convex
on (0,00)?; hence hy is convex on (0,1). Ast 0, hy(t) = f(0T). Ast 11, hy(t) =t f(z)/z
with © = t/(1 —t) — o0, so hf(t) — f'(c0). A convex function on (0,1) with limits in
(=00, +00] at both ends is bounded below and extends continuously to [0, 1] with values in
(—00, 4. O

For Hermitian 7" with spectrum in [0, 1], we say that hy(T) is finite if hy is finite on
spec(T); then hy(T) is defined by the functional calculus. By Proposition 4.7.1, h¢(T) is
finite exactly when f/(0c0) < oo or @5 =0, and f(0) < oo or ¥s = 0.

4.7.3 The closed form

We want to derive a closed form for all operator convex functions with appropriate condi-
tions. Lemma 4.6.4(3) says that we have a closed form when range(A) C range(B). This
is not always true, but we can perform congruence transformations to fix this issue as the
below lemma shows.

Lemma 4.7.3. Let f be operator convex. Parts (1) and (2) of Lemma 4.6.4 hold for f, with
the same proofs. If A, B € Pos(V) satisfy range(A) = range(B), then, with U, Ay, By as in
Definition 4.6.2, both Ay and By are invertible and ﬁf(A||B) = tr'Pr(A, B). If moreover
C' is injective on range(B), then

D (CAC*||CBC*) = tr (CPs(A, B) C).

Proof. Parts (1) and (2) of Lemma 4.6.4 use only the joint operator convexity and positive
homogeneity of P; on positive definite pairs and the continuity of ¢, which hold for
every operator convex f. For the second statement we follow the proof of part (3): now
Xo = By 1 2AOBD_ 2 4 invertible, so for small 7 the spectra of X, lie in a fixed compact
interval Iy C [£Amin(X0), 00), where f is continuous, and

Pf(Ao +nlcem, By + T]l(cm) — Pf(Ao, B()).

For the last statement, CAC* and CBC* again have equal ranges. The proofs of Lem-

mas 4.6.1 and 4.6.3 use f only on the spectrum of Bgl/zAngl/Q, which is now contained
in (0,00), so Ps(CAC*,CBC*) = CPs(A, B) C*, and the second statement applies. O

Since T is positive semidefinite, and congruence transformations are injective, we obtain
a specific closed form for the above by applying the positive semidefinite functional calculus.

Lemma 4.7.4. Let f be operator convex, let W e L(C", V) be injective, and let 0 < T < 1cr
have spectral decomposition T = 3"\ AP\. Then tr(WP\W*) > 0 for every A € spec(T),
and
Dy(WIW* |[W(ler —T)W*) = > hy(\) tr(WPAW?),
Aespec(T)
with values in (—oo,+00|. In particular the left-hand side is finite if and only if hy(T') is
finite, and then it equals tr (W hy(T) W*).
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Proof. Since W is injective, tr(WP\W*) = |[WPy[2 > 0. Put A= WTW* B=W(1¢cr —
T)W* and, for 6 € (0,1], Ty = (1 — 0)T + glcr. Then Ty and 1cr — Ty are invertible, so
Ay = WTQW* and By = W(lcr - TQ)W* both have range range W. Lemma 4.7.3, applied
with C = W to the invertible pair Ty, 1¢cr — Ty, and the commuting positive semidefinite
calculus as in the proof of Theorem 4.6.7(a), give

ﬁf(AgHBg) = tr (W Pf(Tg, 1cr — Tg) W*) = tr (ﬁ// hf(Tg) W*)
=3 "hy((1— O+ 4) tr(WPAW™).
A

As 6 | 0, the right-hand side tends to >y hy(A) tr(W PA\W*) in (—o00, +00], by Lemma 4.7.2.
On the other hand, (4g, Bg) = (1—6)(A, B)+6(N, N) with N = WW*, and D;(N||N) =
f(1)tr N because Py(X,X) = f(1)X for X > 0. Joint convexity (Lemma 4.6.4(2), valid
by Lemma 4.7.3) gives

Dy(Ag||Bg) < (1—0)Dys(A|lB) +6f(1)tr N,

and lower semicontinuity gives liminfyo ﬁf(AQHBG) > lA?f(AHB). Hence ﬁf(A9||Bg) —
D¢(A||B) in (=00, 400], and the two limits agree. O

We now combine the previous two lemmas in the following formula.

Theorem 4.7.5. Let f : (0,00) — R be operator convex, let Q, Vi,..., V. and W be as in
Theorem 4.2.15, let 0 <T < 1¢r, and put & = VU and ¥ = ¥y, 7.

(a) Df((I>||\I/) < oo if and only if hy(T) is finite, that is, if and only if
[f/(00) <00 or ®s=0] and [f(0T) < oo or Vs =0].
(b) In that case
Dp(@)1%) = Ama ( Try (W hy(T) W)
(c) In that case, with Py = 1cr — Py — P1, ®ac = ¥rp, and Vo = V(1. _7)p,,
Try (W hf (T) W*) = Try Pf(J((I)aC), J(‘l’ac)) + f/(OO) Try J(‘I)S) + f(0+) Try J(\I/S),

where a term with an infinite coefficient is absent because the corresponding singular
part vanishes.

Proof. We prove (a) and (b) together in a very similar manner to the Kubo—-Ando case.
Let u = vec(A) with ||A]l2 = 1 and A invertible, put

C=1y® A"
and W = CW , which is injective. By (4.3.1) and Theorem 4.2.2, &« = WTW* and

Uy = W(ler — T)W*

If h¢(T) is not finite, Lemma 4.7.4 gives lA?f(CI)uu*H\IJW*) = 400, hence lA)f(q)H\IJ) = 4o00.
If hy(T) is finite, Lemma 4.7.4 gives

D (@ | Vo) = tr(W hp(T) W*) = tr (AA*) T M)
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with M = Try(W hy(T) W*), as in the proof of Theorem 4.6.7(a). The rest of that proof
uses only the convexity and lower semicontinuity of p — D +(®,||¥,), which hold for every
operator convex f by Lemma 4.7.3, and gives D #(@[|¥) = Amax(M). The reformulation in
(a) is Proposition 4.7.1.
()
hy(T) = hy(T)Pa + f'(00) PL + f(0T) Py

and J(®g) = WPW*, J(¥s) = WPyW*. On range P, the operators T and 1¢r — T are
invertible. Lemma 4.7.3, with C' = W restricted to range P,, gives

Pr(WTPW* W (ler — T)PAW*) = W hy(T) P, W*.

Part (c) is the channel analogue of the classical formula [82]

APy
D ®I0) = [ £(G5"
where P = P, + Ps and Q = Q¢ + Qs, with P, and Q.. mutually absolutely continuous,
Py L Q and Qs L P. Theorem 4.7.5 contains Theorem 4.5.13(a), where both boundary
values are finite, and Theorem 4.6.7(a). It also contains the mirror case discussed after
Corollary 4.6.12. When both boundary values are infinite, a case not covered by those
results, part (a) requires &5 = ¥y = 0, that is, range J(®) = range J(¥). The operator-
valued counterpart of part (a) is [101, Proposition 4.11], which characterises when the
divergence of [101, Definition 3.1] has dense domain and gives sufficient conditions for it to
be bounded; when f(0") = f’(c0) = 400, a dense domain requires ® and ¥ to be mutually
absolutely continuous, that is ® < ¥ and ¥ < @ [101, Proposition 4.11(3), Definition 4.10],
and boundedness holds if each is dominated by a multiple of the other, which in our setting
is again the condition range J(®) = range J(¥), by Proposition 4.7.1. In finite dimensions
the two are directly related. In the Stinespring representation ¥ — S*(Y ® 1z)S of Q*
given by Theorem 4.2.5, the Radon-Nikodym derivatives of ®* and ¥* are 1y ® T'" and
1y ® (1cr — T)7, so, when hy(T) is finite, the divergence of [101, Definition 3.1] of the
adjoint maps is S*(1y ® he(T)T)S = \I/;:f(T)(ly), the transpose of Try(W hy(T) W™).

Part (b) thus identifies D #(®||W) with the largest eigenvalue of Okayasu’s operator-valued
divergence of ®* and ¥*; to our knowledge this scalar identification, and the closed form
when both boundary values are infinite, are new. Quantitatively, elcr < T < (1 —¢€)1¢r is
equivalent to

)dQuc + f(00)BS(8) + F(0)Q(S).

1—c¢

max{ Dmax (P|| V), Dmax(V]|®)} < log

by Lemma 4.6.5, so the natural parameter for such f is the Thompson distance between ®
and V.

4.7.4 Continuity in the derivative

We now show continuity results in this more general setting described in the previous
theorem.

Theorem 4.7.6. Let f be operator convex and let & and W be as in Theorem 4.2.15.
Write D(T) = Df(\I]TH\Illcr—T) fO?" 0 S T < ]_(CT.

(a) Let I C [0,1] be a compact interval on which hy is finite. If spec(T1),spec(Tr) C I,
then
[D(Ty) = D(T2)] < [ (1y)lloo i, (171 = Tol|oc)-
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(b) For every T and every A € spec(T),

D(T) = v(Q)*(hp(N) — my) +min{my, 0} |Q2"(1y)]|oo-

(¢c) The map T — D(T) is continuous from {0 <T < 1¢r} to (—oo, +00].

Proof. (a) By Theorem 4.7.5(b) and Lemma 4.4.10, as in the proof of Theorem 4.6.7(b).
(b) We may assume D(T") < co. Let v be a unit eigenvector of 17" for A. Then

hf(T) > mf]_(cr —+ (hf()\) — mf)vv*
so, since conjugation by W and the partial trace are positive,
M =Try(W he(T)W*) > ms Try(WW™) + (hy(X) — myg) Try(Woo*WF).

With B = 3, vtV we have Wv = vec(B) and Try(vec(B) vec(B)*) = (B*B)", whose
largest eigenvalue is || B||2, > v(Q)2. Moreover Try(WW*) = Q*(1y)". The inequality

)\max(X + Y) Z Amax(X) + )\min(y)

and Theorem 4.7.5(b) give the claim.

(c) Let Fy = {t € [0,1] : hy(t) < oo}, which is [0, 1] minus at most the endpoints. If
h¢(T) is finite, choose a compact interval I C F; whose relative interior in [0, 1] contains
spec(T). By Weyl’s inequality, spec(T”) C I for T' close to T, and (a) together with
Lemma 4.4.8 gives continuity at 7. If h(T) is not finite, then D(T") = 400, and some
A € spec(T) is an endpoint with hy(X) = +o00. Every T” close to T has an eigenvalue X’
close to A, and hf(\') = 400 by Lemma 4.7.2. So D(T") — +o0 by (b), since v(2) > 0. [

Thus the ARN derivative is a coordinate in which every maximal f-divergence is con-
tinuous, finite or not. This stands in contrast with the completely bounded trace norm
(Corollary 4.3.3). Part (b) also shows how fast the divergence grows with the max-relative
entropy, since Amax (7)) = ¢(Dmax(®P||¥)) with g(z) = €*/(1 + €*) by Lemma 4.6.5.

Corollary 4.7.7. For every operator convex f and all ®,V € CP(X,Y) with Q = &+ #
0, with the conventions g(—oo) = 0 and g(4+00) = 1, and with the right-hand side read as
+oo where hy is +o0,

Dy(@[¥) > v(Q)? hy (9( Dmax ([ ))) — |mp | (1(2)% + 27 (13)]|oo),

and the same holds with hy(1 — g(Dmax(¥||®))). For the Belavkin-Staszewski relative
entropy, he(g(x)) = g(x)x > x/2 for x > 0, and |my| < 0.28, so

Ds(®[|¥) > 50/()* Dinax (@[ %) — 0.28((2)* + |27 (1y)|oo)

DN |

whenever Diyax(®||¥) > 0.

Proof. Apply Theorem 4.7.6(b) with A\ = Apax(T), respectively A\ = Apin(T) = 1 —
g(Dmax(\I]Hq))), and use

—v(Q)*my +min{mg, 0} (1)l > —Ims|((2)* + Q7 (1y)l|oo)-

For f(t) = tlogt, hy(t) = tlog 5, and its minimum on [0,1] is —0.2785. . .. O
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4.8 Continuity in the completely bounded trace norm

All estimates so far are stated in terms of ARN derivatives. Fault-tolerance thresholds,
however, refer to additive worst-case errors, for which the completely bounded trace (di-
amond) norm is the standard measure [80]. In this section we show that, for a fixed €,
the operator norm distance between derivatives and the completely bounded trace norm
distance between the corresponding submaps are equivalent, with constants that do not
depend on any dimension (Theorem 4.8.4). The continuity estimates in T of Sections 4.4—
4.7 therefore hold in the completely bounded trace norm on the splittings of a fixed map
(Corollary 4.8.6), and the impossibility example of Corollary 4.3.3 is identified as the case
in which the constant degenerates. Pairs with different sums are treated in Section 4.10.

Let Q@ € CP(X,Y) be nonzero with Kraus decomposition Q(X) = >7j_; Vi XV,
Vi,...,V; linearly independent, and W = [vec(V1) --- vec(V;)]. Recall from Section 4.2
the quantity v(£2), the smallest operator norm of a normalised linear combination of the
Kraus operators. The minimum is attained and positive, since the unit sphere is compact
and the Vi are linearly independent. We first record the intrinsic meaning of the operator
norm of a derivative.

Lemma 4.8.1. For Hermitian K € L(C") and every unitarily invariant norm || - ||,
K[| = [lT7() "2 T (U ) J(Q) 2],

where J(Q)Y/2 is the square oot of the Moore-Penrose inverse of J(Q). Moreover, for
d >0 we have ||K||loo < d if and only if —dQ < W < d) in the completely positive order.
In particular, if ®1 + V1 = ®g + Vo = Q with derivatives Ty, Ty, then ||Th — Tzl is the
smallest d > 0 such that —dQ < &1 — $y < d ).

Proof. Write W = UGY? with G = W*W invertible and U an isometry (polar decompo-
sition). Then J(Q) = WW* = UGU*, so J(Q)t'/2 = UG~Y/2U*, and

J(Ug)=WKW* =UGY?KG'?U*.

Hence J(Q)FY/2J(Wg)J(Q)T/2 = UKU*, which has the same singular values as K. For
the second statement, d 2 + W = W43, 1+ has Choi matrix W (dlc- £ K)W*. By Choi’s
theorem [28], both maps are completely positive if and only if W(dler £ K)W* > 0,
and conjugating by W+ = (W*W)~'W* and by W shows that this holds if and only if
dler £ K > 0, that is, ||K|lec < d. The last statement follows with K = T — T», since
By — Dy = Upy_7,. O

One of the principal pains with continuity results for channel divergences is dimensional
constraints. The next lemma shows that in the same-sum case, we have a natural candidate
which depends on the sum being considered. The primary application of this will be control
from below of quantum channel divergences which consider two different decompositions of
the same completely positive map.

Lemma 4.8.2. Let Q be as above and J = J (), with A}, (J) its smallest nonzero eigen-
value.

1. We have
v(Q)? = min {|| vec ! (w)||%, / (w, JTw) : w € range(J) \ {0}},

where JT is the Moore—Penrose inverse of J. In particular v(Q) does not depend on
the Kraus decomposition.
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2. At (J)/min{dim X, dim Y} < v(Q)? < At (J).

min min

3. If Y € CP(X,)) satisfies ' > Q in the completely positive order and range J()') =
range J(Q), then v(QY) > v().

Proof. (1) By linearity of vec, 3, cxVi = vec™}(Wc). As c ranges over the unit sphere of
C", the vector w = We ranges over range(W) = range(WW™*) = range(J), and ¢ = Wtw
with W+ = (W*W)~1W*, so that

lell3 = {w, WH)WHw) = (w, JTw),
because
(WHWT = W(W*W)2W* = (WW*)*.
Hence v(Q)? is the minimum of || vec™!(w)||%, over w € range(J) with (w, JTw) = 1, and
the formula follows by homogeneity. It involves only J(£2).
(2) For w € range(J) we have
[w]|3/Amax (T) < (w, TFw) < Jwll3/A50m(),

min
while

w][3 lwlf3

< -1 2 -1 2 _ 2
(i v G < amkivee ) < e @2 < llvee™ )l = ol

The lower bound follows from (1). For the upper bound take w to be an eigenvector of J
for the eigenvalue \f. (J).

(3) Put R = range J(2) = range J(2'). By Choi’s theorem [28], J(©2') > J(€); both
operators are positive definite on R and vanish on R*, so operator monotonicity of inversion
on R gives J(Q)" < J(Q)T, hence (w, J(Q)Tw) < (w, J(Q)Tw) for w € R, and (1) gives
v()2 > v ()2 O

Remark 4.8.3 (Physical interpretation). Since Q°(p) = 37 ; tr(VkpV)*) exe; (proof of Theo-
rem 4.2.5), (u, Q(p)u) = tr(V,pVy) with V,, = 3, ug Vi, whose maximum over states p is
Va2, Hence
v(Q)? = min max(u, Q%(p)u),
fulle=1" P

the excitability of the least excitable environment direction. As Ugzgz+ = V,,(+)V,S, changing
T by ww* for a minimising u, a change of norm 1, changes the submaps by only v(Q)? in
[||-]|]1: this is the mechanism behind Corollary 4.3.3, where v(£2) — 0 as § — 0. Noise helps:
if ® and ¥ each contain a fraction p of the completely depolarising channel, whose Choi
matrix is 1lygx/ny with ny = dim ), then J(2) > (2p/ny)lygx, and Lemma 4.8.2(2)

gives v(Q)? > 2p/(ny min{dim X', ny}); in particular Theorem 4.12.4(a) applies.
Theorem 4.8.4. Let Q, Vi,...,V, be as above. For every Hermitian K € L(C"),

V()2 Koo < [11Wslll1 < 12 (1y)|oo 1 K [loo-
The upper bound is attained for K = 1¢r, and the lower bound is attained for the completely
dephasing map QUX) =31 | E; X Ey; on C" and K = %jj*, where j is the all-ones vector,
one has v(Q)? = 1 [|K|| =1 and |[|Vk|1 = L.
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Proof. The upper bound is the proof of Lemma 4.4.1 with ® = €2, which uses only that K
is Hermitian, together with |||Q[||1 = [|2*(1y)]co-

For the lower bound let v € C" be a unit eigenvector of K with Kv = v and |[A\| =
|K||oo- On the subspace & = span{Vj,...,V,.} of L(X,)) define the linear functional
o>k ckVi) = >k ckUk, which is well defined by linear independence. By the Cauchy—
Schwarz inequality and the definition of v(Q),

leo(Xk ceVi)l < llellzllvllz = llella < () HI g cxVilloo,

0 o has norm at most (Q)~! with respect to the operator norm. By the Hahn-Banach
theorem it extends to a functional on L(X,)) of the same norm, and by the duality between
the operator norm and the trace norm [127, Section 1.1.3] there is Z € L(X,)) with
1Z]1 < v(Q)~! and tr(Z*V,) = o) for k=1,...,7.

Let Z = U|Z| be a polar decomposition and put A = |Z|'/? € L(X) and M =
U|Z|'? € L(X,Y), so that Z = MA*, Z* = AM* and ||A|}3 = |M|3 = tr|Z| = ||Z];.
Consider the density operator p = vec(A)vec(A)*/||Al|3 on X ® X and the operator
N = vec(M)vec(M)*/||M||3 on Y ® X, which satisfies |N|s = 1. Since vec(A4) =
(1xy ® AT)vec(ly) and (1y ® AT)vec(Vi) = vec(ViA) [127, Section 1.1.2], the identity
J(¥g)=WKW?* from the proof of Theorem 4.2.2 gives

(Px @ 1y,x)) (vec(A) vec(A)*) = ET: Ky vec(ViA) vec(V,A)*,
k=1
and therefore
tr (N (W @ 1y )) (vee(A) vee(4)") ) [|M]3
= Z K (vec(M), vec(ViA)) (vec(M), vec(V;A)).
k,l

Here
(vec(M), vee(Vi A)) = tr(M*ViA) = tr(Vi, AM®)
== tr(VkZ*) = tr(Z*Vk) = Vg,

so the right-hand side equals 37, ; Kytpv, = (v, Kv) = A. Since ||[N| = 1, the duality
between the trace norm and the operator norm gives

A Koo
| ‘ _ ” H >V(Q)2HK”007

(Tr®1 P, > = >
| v @)l = e = Tz

and the left-hand side is at most |||¥x|||1 because p is a density operator.

For the example, || Y ¢iEiilloo = max;|e;| > n~1/? for unit ¢, with equality for ¢ =
=125, 50 v(Q)? = L and Wi (X) = LY, EiXEj; = X, s0 [||Uk||lh = £, while K is a
rank-one projection. O

Remark 4.8.5. By Lemma 4.8.2(2), Theorem 4.8.4 implies

min{dim X, dim Y}

Amin (7(92))
which is never weaker than the operator norm consequence of Proposition 4.4.9, and is
attained, up to the value of ()%, in the dephasing example. In practice A (J(Q)) is
computable from the Choi matrix, whereas v/(2)? is the minimum of a nonconvex function

1Ko < 19k l]1,
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on a sphere; Lemma 4.8.2(2) provides the computable substitute. An earlier lower bound
of this kind, with the dimensional factor (dim )2 in place of v(2)?, is due to Raginsky
[111, eq. (17)], for maps on B(H) and derivatives taken with respect to a fixed reference
channel.

Corollary 4.8.6. Let &1 + ¥ = Oy + Uy = O # 0 with ®;,V; € CP(X,)), let T; be the
ARN derivative of ®; with respect to €1, in one fired Kraus decomposition of ), and put

0 = |[|®1 — @of[[1/w(2)* = [[[T1 — Wa|1/w(2)*.

Then || Ty — Ta||co < 0§, and consequently

1/2
11— @o||I1/?,

|F(®1,01) — F(®g, Us)| < HQV((lg))Hoo

while
[[|®10 W — Pyo Wafl|1 < |27 (1y)][0o wy, (9)

for every Kubo—Ando mean o. More generally, each of the estimates of Theorems 4.4.5,
4.4.6, 4.5.5, 4.5.13(b), 4.6.7(b) and 4.7.6(a) and of Corollaries 4.6.11 and 4.6.12 remains
valid, under its hypotheses, with ||Th — Ta||eo Teplaced by min{o, 1}.

Proof. Since ®1—®9 = Uy, _p, and V1 —Vy = —(P;—Py), Theorem 4.8.4 gives || 11 —T5]|co <
9, and ||T1 — Talleo < 1 because 0 < T; < 1¢r. The right-hand side of each cited estimate
is a nondecreasing function of |7} — T ||s € [0, 1]: the moduli wy, wée) and wé are suprema
over sets that increase with &, the functions § — 6%/2 and 6§ — 0% + 6'~*, a € (0,1), are
increasing, the bound of Corollary 4.6.12 is linear in 4, and that of Corollary 4.6.11 has

derivative log % -1+ % > 0 for 6 € (0,1]. The displayed bound is Theorem 4.4.6 with
1Ty — Ty|| 32 < 6V/2. O

Pairs with a Choi floor

Corollary 4.8.6 and Theorem 4.12.4(a) give Holder continuity of order % If the Choi
matrices of both maps are bounded below, the fidelity is in fact Lipschitz continuous, with
a constant of the sharp order A_1,. We first record the comparison between the operator
norm of a Choi matrix and the completely bounded trace norm.

Lemma 4.8.7. Let A: L(X) — L(Y) be Hermitian-preserving and n = dim X. Then
17(M)lso < 5 1IAIlL + 5 [tr J(A)] < nl[|A[llr.

In particular ||J(A)|lec < 5 [||A][|1 if troA = 0, for instance if A is the difference of two
channels. Both constants are altained for every n: the second by A = €1y,x), € > 0, and
the first, when Y = X, by A = 1y,x) — V(-)V* with V unitary and trV = 0.

Proof. Let 7 = L vec(1x) vec(1x)*, a density operator on X ® X, so that J(A) =n(A®
1y,x))(7) [127, Section 2.2.2]. The operator Z = (A ® 1y,x))(7) is Hermitian, with ||Z||; <
[|Allly and trZ = L tr J(A). Writing Z = Z; — Z_ with Z > 0 and Z,Z_ = 0, we get

1
1Zlloc = max{[|Z+loo, 12 lloc} < max{tr Zy, tr Z-} = S (| Z]|1 + [ tr Z]),

which is the first inequality after multiplication by n. The second follows from |tr Z| <
|Z]|1. If troA = 0, then tr J(A) = Y ,trA(E;) = 0. For A = €l (x), J(A) =
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evec(ly)vec(ly)* has norm ne = n||[All|;. For A = 1px) — V(-)V* with trV = 0,
the vectors vec(1y) and vec(V) are orthogonal, since (vec(1y),vec(V)) = trV, and both
have squared norm n. Hence ||J(A)|lc = n, and Z is the difference of two orthogonal
rank-one projections, so |||Al|l1 > [|[Z][1 = 2. As |[|A]|]i < 2 for a difference of channels,

17(A)lleo = SII1A[l]1- O

Theorem 4.8.8. Let &,V € CP(X,Y) with A = min{Apin(J(P)), Amin(J(¥))} > 0, let
o' ¥ e CP(X,Y), and put

n =max {[|J(®) = J(®)]loc, [[J(¥) = J(¥)]loc}-
(a) For every operator connection o, J(®')o J(¥') < (1 + 1) J(®)o J(¥), and if

A also J(@)o J(¥') > (1 — ) J(®)o J(¥). Consequently ||[®'c¥ — ®o¥|||;
L @o®lly if n < A

INIA

(b) F(®,0) < (1+ 1) F(®, ), and if n < X,
(1-1)F(®,0) < F(@', ), | log F(®', W) — log F(®, ¥)| < —log (1 - 1).

In particular |F(®',¥) — F(®,¥)] < %ﬁ(@ﬂl’) The same bounds hold for Qq,
€(0,1). If ¥' =W, the factors 1 £ 3 for F may be replaced by (1 + %)1/2.

(¢) Withde, = max{|||®'—®|||1, |||¥'—¥||[1} we have n < dim X dep,, andn < § dim X d,
if all four maps are channels.

Proof. (a) Since J(®) > Alygx,
(1-9)J(®) < J(®) — nlygx < J(@) < J(®) + nlygx < (1+ %) J (),

and likewise for ¥. Monotonicity of o in both arguments and (cA)o (¢B) = ¢(Ao B) for
¢ >0 [79] give the two operator inequalities. Put 2= ®o ¥ and G = J(E) = J(®) o J(¥)
(Theorem 4.2.15 and Remark 4.2.16); we may assume Z # 0. Then —31G < J(®' o ¥') —
G < 3G, so the range of J(® 0 ¥') — G lies in that of G. With respect to a Kraus
decomposition of Z by linearly independent operators, ® o ¥’ — Z = U for a Hermitian
K, and Lemma 4.8.1 gives ||K||oc < ¥. The upper bound of Theorem 4.8.4, applied to Z,
gives
k1 < I1E" () llool K lloo = [IE] 1K oo-

(b) By Proposition 4.3.1, F = Amin © Try applied to the geometric mean of the Choi
matrices, and Z +— Apin(Try Z) is monotone and positively homogeneous; apply (a) with
o = #. By Lemma 4.5.3 the same argument applies to @a, with the weighted geometric
mean. Moreover

J(@)#J (V) = (Mygx)#(Alygx) = AMygx,
so F(®,0) > AdimY > 0 and the logarithmic form is defined; it follows from log(1 + z) <
—log(l—x) for 0 <z < 1. If ¥ = U, use (cA)#B = c'/?2(A#B) instead.
(c) This is Lemma 4.8.7 applied to ® — ® and ¥’ — . O

Remark 4.8.9. Theorem 4.8.8 complements Theorem 4.12.4(a). If J(®),J(¥) > Aygx,
then J(§2) > 2A\1ygx, and Lemma 4.8.2(2) gives v(Q)? > 2\/min{dim X, dim Y'}. For
channels, Theorem 4.12.4(a) therefore bounds |F(®,¥) — F(®', ¥')| by

5.06 (min{dim X', dim Y} dcb/(2)\))1/2,
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whereas Theorem 4.8.8 gives digi\x dep, F (®,0) < dign)\x dep. The second bound is smaller
as soon as

dep, < 51 Amin{dim X, dim Y} /(dim &)?;
it is linear rather than of order % in d¢p. Theorem 4.8.8 also controls the relative error, and
so the error of —log F', which is the quantity entering converse bounds.

Corollary 4.8.10 (Noisy gates). Letdim X = dim Y = n, let Dy(p) = (1—p)p+ptr(p)ly/n
be the depolarising channel with p € (0,1], let ®o, Uy be channels (for instance unitary
gates), and put ® = Dy o &g, U =D, o ¥y and p = min{p,q}. For all channels @', ¥ with

da, = max{|||®’ — ||, [[[¥' — ¥[||1} < 2p/n”,

P, W) — F(@,0)] < "% Fa,w),
Bea! 7 ndch
|log (@', 0') — log F(®, )| < ~log (1 - ) )

with X\ = p/n, so that the first factor is nda,/(2p), and 2de,/p for a qubit. For n = 2F
and k qubits with local noise Dg?k and D?k in place of D, and Dy, the same holds with
A= (p/2)F and dg, < 2)\/n.

Proof. We have
p p
J(Dpo ®g) = (1 —p)J(Po) + Slyex 2 lyea,

because the Choi matrix of tr(-)1y/n is %1y®x. Apply Theorem 4.8.8(b),(c) with A = p/n
and 1 < dq, < A. For local noise, Df?k - ka%Qk is completely positive, so

J(DS* 0 ®g) > p*J(DFF 0 @) = (p/2)*1yzx.
]

Example 4.8.11. The order A~! in Theorem 4.8.8 cannot be improved. Let Y = CZ2,
0 <A< 3, p=dag\1—)),¢=diag(l—\N\), and let & = tr(-)p and ¥ = tr(-)¢ be
replacement channels in CP(X,Y). Then J(®) = p® 1y and J(¥) = £ ® 1y have smallest
eigenvalue A, and since (A @ C)#(B ® C) = (A#B) @ C [79], F(®,V) = tr(p#£) =
2/A(1=M). For 0 <e < Alet @, = tr(-)diag(A +e,1 — X —e), so that n = e and V' = ¥.
Then

F(@,0) = /A +e)(1 =X +/(1= A=), i F(@ ) —F(@,0) _ 1-2)

e—0 eﬁ(q)’ ) - A1 =N’
while Theorem 4.8.8(b) with ¥/ = ¥ bounds this quotient by lim._,g e ((1+e/A\)/2 1) =
%. The ratio of the two is 21(1_73\‘) — % as A — 0.

4.9 Explicit moduli for all operator convex functions and all
means, with sharp or near-sharp constants

Lemma 4.4.8 shows that wé (6) — 0 for every continuous g, but gives no rate. Explicit
moduli were computed above only for individual functions: for the geometric mean in
Proposition 4.4.3, for the weighted geometric means in Lemma 4.5.4, and for the Belavkin—
Staszewski relative entropy and the geometric Rényi divergences with a € (1,2] in Sec-
tion 4.6. In this section we obtain explicit, dimension-free moduli for every operator convex
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f and for every Kubo—Ando mean from their integral representations. The kernels of these
representations are rational functions with a single pole. We compute their operator Lips-
chitz constants exactly (Theorem 4.9.6), and this makes the resulting constants optimal in
many cases and within a factor 3 of optimal in general (Theorem 4.9.9).

4.9.1 Operator convex functions

We first recall some well-known facts about operator convex functions, many of which can
be found in [61]. They form the backbone of the following subsections.
Every operator convex f : (0,00) — R has a representation [61, eq. (2.2)]

(z—1)

fl@)=a+blz—1)+cx—-1)*+ o) T

du(s), x>0, (4.9.1)
with a = f(1), b= f’(1), ¢ > 0 and a positive measure x on [0, 00) with [(1+ s) " 1du(s) <
00; conversely every such function is operator convex. Very similarly to the Kubo—Ando

case, the value c is the limit ¢ = lim,_,o f(z)/2%. We call (a,b,c, 1) the Loewner data of
f. Substituting = = t/(1 —t) gives, for 0 < ¢ < 1,

he(t) =a(l —t)+b(2t — 1) + choo(t) + 000) ks(t) du(s), (4.9.2)
where (2t —1)2 (2t —1)2
ks(t) = SA—f)+1 (s >0), Kool(t) = e

Since 4(0) = 1/s and k4(1) = 1, monotone convergence gives f(07) = a—b+c+ [ s~ du(s)
and f'(00) = b+ u([0,00)) if ¢ = 0, while f'(c0) = +oc if ¢ > 0. Thus f is bounded in the
sense of Definition 4.5.8 if and only if ¢ =0, Jjo s7ldu(s) < oo (in particular u({0}) = 0)
and p is finite. The affine part of (4.9.2) has slope 2b — a. Every kernel kg, s € [0, 00], is
convex on its domain, vanishes to second order at t = %, and for s # 1 has a single pole, at
t=s5/(s—1) ¢ (0,1) (at t = 1 for s = o), while sy (t) = (2t — 1)2.

4.9.2 Operator Lipschitz constants and Schur multipliers

We will produce concrete, explicit bounds in a similar manner to the methods of Section 4.5.
We first recall some useful facts which can be found in any foundational textbooks on
matrix analysis (e.g. [62], [16]).

Definition 4.9.1 ([16, Section 1.6]). The Schur product or Hadamard product of two
matrices A and B is defined to be the matrix A o B whose (3, j)-entry is A;; B;;. This has
the following significant properties.

1. [[Ao Blloo < ||A|lso||Bllos for all A, B.
2. If A,B >0, then Ao B > 0.

Theorem 4.9.2 (Daleckii-Krein formula [62, Theorem 3.25]). Assume that f is a C!-
function on an open interval containing ti,ta, ..., tn, and let A = diag(tq,ta,...,tn). If
B = B*, then the derivative of t — f(A+tB) att =0 is a Schur product:

d
Z f(A+tB)| =MoB, (4.9.3)
dt —o
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where M is the divided difference matrix:

Ft) = ft) ..,
Mij = thj ifti—t; #0,

F(t) ifti —t; = 0.

For a compact interval I of positive length and a function g that is continuously differ-
entiable on I, with one-sided derivatives at the endpoints, put

19(X) — 9(¥)[lo
X =Yoo

Lip!(g) = Sup{ : X #Y € L(V) Hermitian with spectra in I},

the supremum being over all finite dimensions, so that wé (6) < Lip!(g) 6. For a finite set

ACTlet g/[\l] = [gM(X\, X)]aen be the divided difference matrix, with gl!l(\, A) = ¢/(\).
For a real matrix M let

[M|ls = sup{[[M © Z]|oo : [| Z]lcc <1}

be the norm of the Schur multiplier Z — M o Z, where Z ranges over all complex matrices
of the size of M.

We can express the Lipschitz continuity modulus in terms of the divided difference
matrix.

Lemma 4.9.3. Lip/(g) = sup, Hg/[\l]Hs, the supremum being over finite subsets A C I. In
particular Lip! (g) > maxy |¢'|.

Remark 4.9.4 (Schur products and multipliers). The following lemma and proof uses four
standard facts. First, the Schur product depends on the choice of basis, but operator
norms do not: if Z is a linear map on matrices and U is unitary, then X — U*XU is an
isometric bijection for the operator norm, so the induced norm of = is the same whether
= is written in the standard basis or in the basis given by the columns of U. Second
(Grothendieck-Haagerup), |[M||s < C if and only if there are vectors x;,y; in a Hilbert
space with M;; = (z;,y;) and sup; ||lz;]|sup; ||y;|| < C, and |[[M||s is the least such C.
Third, if M]; = M, (i), for surjective maps t1,t2, so that M’ is obtained from M by
repeating rows and columns, then | M’||s = |[M]|s. Indeed, a factorization M;; = (x;, y;)
gives M/, = (x,,(i), Yi,(j)) With the same bound, so ||M'[ls < [|[M|s. Conversely, choose
one index in each fibre of +; and of 19; for ||Z]| < 1, let Z' be Z placed in the chosen
rows and columns and zero elsewhere, so that || Z’||cc = || Z]|cc and M’ o Z' is M o Z placed
in the same positions, whence ||M||g < ||[M’||s. Fourth, if M is real symmetric and H is
Hermitian, then M o H is Hermitian, since M;; Hj; = M;; H;;.

Proof of Lemma 4.9.3. Both sides depend only on the restriction of g to I, so we may
extend g beyond the endpoints of I by its tangent lines there and assume that g is continu-
ously differentiable on a neighbourhood of I. Let Z =}, APy be Hermitian with spectrum
A C I. The Daleckii-Krein formula [16, Theorem V.3.3] (see also [62, Theorem 3.25]) gives

Dg(Z)[H] =Y g"(\, X) PAHPy.
AN

Choose an orthonormal basis adapted to the Py, and let A; be the eigenvalue of Z belonging
to the i-th basis vector. The (i,j) entry of Dg(Z)[H] is then gl!l(\;, \;)H;;, with the
convention g!(A, ) = ¢’()\), that is,

Dg(Z)[H] =MoH, Mij = g[l]()‘iv)‘j)'
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The matrix M is obtained from gl[xl] = (g, \)) \vea Dy repeating each row and column
according to the multiplicity of the corresponding eigenvalue. By the repetition and basis-
independence facts of Remark 4.9.4, ||[M|ls = | g/[\l}Hs and the choice of adapted basis is

irrelevant, so
1
IDg(2)] < llg]s-

The set of Hermitian operators with spectra in I is convex, so for X,Y in this set the
segment Y + u(X —Y), u € [0, 1], stays in it, and

900 = 90) = [ Dgly +u(X ~¥))[X ~ V] du,

Therefore
1
l9(X) = g(¥)loe < sup g s [1X = V|oo

which gives Lip’ (g) < sup, Hg[[\” Ils-
For the reverse inequality, let A = {A1,..., A} lie in the interior of I, and put Z =

diag(A1, ..., \p) and M = g/[\l], which is real symmetric. For Hermitian H of the same size
and small u, the spectrum of Z+uH lies in I, and by [62, Theorem 3.25], Dg(Z)[H| = MoH,
SO
N H -1 _
Mo H = lim u~ (9(Z +ull) - g(2).

Hence
|M o Hl||so < Lip!(g) | H||so for all Hermitian H. (4.9.4)

To pass from Hermitian H to arbitrary matrices, let N be any n X n matrix and set

— M M -~ [o N
M_[M M]’ N_lN* 0]‘

Then N is Hermitian with || N]/es = ||N||s0, and
— 0 MoN 0 MoN
MON_[MON* 0 ]_[(MON)* 0 ]

where the lower-left block satisfies M o N* = M o N* = (M o N)* because M = M " = M.
This matrix is Hermitian with norm ||M o N||s. Moreover M is the matrix associated in
the same way with diag(Z, Z), whose eigenvalues are those of Z repeated twice and still lie
in the interior of I, so the argument leading to (4.9.4) applies to it and gives

1M o Nlloo = M o Nos < Lip’(9)[[ N oo = Lip" (9)|| V||oo-

Taking the supremum over ||[N|/s < 1 yields | g/[\l]HS < Lip/(g) for A in the interior of I,
and continuity of gl and hence of A — || g/[\l} |ls, extends this to all finite A C 1.

Finally, take A = {t} with ¢ € I. Then gl[xl] is the 1 x 1 matrix (¢/(¢t)), whose Schur
norm is |¢/(t)|, so Lip?(g) > |¢/(t)| for every t € I, that is, Lip’(g) > maxy |¢/|. O

Lemma 4.9.5. Let M be a real matrix.

(a) ||[M|s > max; j |M;;|, and || M|s = max; My if M > 0. For vectors x,y, ||:UyT||S =
max; |z;| max; |y;|.
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(b) (Compression.) If M is k x k and Il is a real n x k matriz whose rows have {*-norm
at most 1, then |[IIMIL" || < || M]|s.

(c) (2 x 2 matrices.) For real q1,q,q2 put L = max{|q|, |q2|} and, for t > L, A(t)

(t —q)(t — q2) and B(t) = \/(t + q1)(t + q2). Then ||[] & ]| is the smallestt > L
with A(t) + B(t) > 2|q|.

(d) If 1 < q < qo, then ||[% &]|lg < V2 max{|qi],|gal}.

Proof. We use Haagerup’s characterisation [103, Chapter 8]: ||M||s < t if and only if there
are vectors z;,y; in a Hilbert space with M;; = (z;,y;) and ||z;||%, [|y;/|* < ¢; equivalently,
if and only if there are positive semidefinite Y7, Y5 with diagonal entries at most ¢ such that
[ ya] =0
(a) The first claim follows from [(x;,y;)| < t. If M > 0, write M;; = (gs,9;) with
|> = My;. For 2y " use one-dimensional vectors, rescaled.
(b) Put of = 3, Hya; and yj = S jpyr. Then (zf,y}) = (IIMIIT);; and ||z <
3 Mol < V2

(c) Since M is real and complex conjugation preserves positivity, the entrywise real parts
%(Yi +Y1), %(YQ +Y3) of an admissible pair form an admissible pair, so we may assume that
Y7 and Y3 are real. If (Y7,Y3) is an admissible pair for the block decomposition from M, so
is (Y2,Y7), by conjugation with the flip of the two blocks, and hence so is (%, %)

Moreover
Yi M
>
(M Y1> - 0

if and only if Y1 £ M > 0, and raising the diagonal of Y7 to t preserves both conditions.
Hence |[|[M||s <t if and only if there is a real ¢ with

ttq 4+q
- >0
(qiq ttq) —
for both signs, that is, t > L, |§ — q| < A(t) and |G+ ¢| < B(t). Such a ¢ exists if and only
if 2|q| < A(t) + B(t). Since A and B are nondecreasing on [L, o), the claim follows.
(d) Replacing M by —M and exchanging the two indices preserves the Schur multiplier

norm and maps (q1, ¢, ¢2) to (—q2, —q, —q1), so we may assume ¢ > 0, and by scaling L = 1;
then 0 <g< g <1land —1 < qg; < qo. Let ¢t = v/2. Since

| gi

00 (At B) = Lt + @)/ a) — [t~ )/t~ 0) 2 0

for ¢1 < g9, we have

A() + B(t) > (g2) == /(¢ + 1)(t —q2) +/(t = 1)(t + g2).

The function ¢ is concave, ¢(0) > 0 and ¢(1) = 2vt2 — 1 = 2, s0 ¢(q2) > 2g2 > 2q on
[0, 1], and (c) gives the claim. O

We now combine the previous lemmas into a theorem which will begin to allow us to
express the continuity moduli for the operator convex functions in terms of their integral
representations. In the following theorem, the function has the structure of (4.9.1).

Theorem 4.9.6. Let I = [t_,t,] witht_ < ty, let p € R\ I, ¥(t) = |t — p|~!, and
g=C+ Bt+wy with C,5,w € R. Then:
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(a) .
R OSNTIN i\ | g gty
o) = I lls = | |0y oty
which is given explicitly by Lemma 4.9.5(c);
(b) maxp|g'| < Lip’(g) < v2 maxr |¢/|;

(¢) Lip!(g) = maxy |¢'| if Bw(p—1t_) >0, orif ¢'(ty) = 0 for some ty € I with 1(ty) <
((t-) +¥(ty)). The latter holds whenever to lies on the far side of the midpoint
of I from p, the midpoint included;

(d) the constant /2 in (b) is optimal: k,(t) =t + 222/(t + 2) satisfies max 1] |K,| = 1
and Lip®(k,) = V2 as 2 | 0.

Proof. Let ¢ = +1if p >t and ¢ = —1 if p < t_. We then have ¥ (z,y) = (¥ (2)¥(y)
for x,y € I. This is because if p ¢ I, the sign of t — p is constant on I, equal to —(, so

Y(t) = —¢/(t —p) and Y(z)(y) = 1/((x — p)(y — p)). For z # y in I,

1 1 €x —
w“”‘w@*:‘“x—p‘y—p):Cu—mxj—M’

so Yl(z,y) = CY(x)Y(y). For x =y, ' (z) = {/(x — p)? = C¥(x)?, so the formula holds
on the diagonal too.

g, y) = B+ Cwd(@)u(y).
(a) The function ® is continuous and monotone on I, so for = € I there is A(z) € [0, 1] with
P(x) = Mx)Y(t-) + (1 = XMx))Y(ty). Put A= = Xand Ay, =1 — A Since \i_ + Ay, =1
and the kernel 5 + (wwuqus is affine in u; and in wuo,

day) = Y M@ ) g(Et),  wyel
te'e{t_,t+}
Thus g[[\l} = HgEL ’ t+}HT, where II has the nonnegative entries A\;(z) and rows summing to

1. Lemma 4.9.5(b) and Lemma 4.9.3 give Lip’(g) < || g‘[{i ) |ls, and the reverse inequality
is Lemma 4.9.3 with A = {¢t_, ¢} }. ,

(b) The first inequality is in Lemma 4.9.3. Since ¢g” has constant sign on I, gl!(¢t_,t,)
lies between ¢'(t_) and ¢'(t), and ¢’ is monotone, so maxy |¢'| = max{|¢'(t-)|, |¢'(t+)|}-
Lemma 4.9.5(d), applied to g or to —g, gives the second inequality.

(c) If BCw > 0, then ¢ sgn(w) g/[\u = |Bl3j " +|w|wy T > 0, where v also denotes the vector

(¥(x))zen, so Lemma 4.9.5(a) gives Hg/[\l]Hs = max, |¢'|. Otherwise put ¢y = /—8/(Cw) >
0, so that ¢’ = Cw(¥? — &) and, with v = ¥ — cgj,

1 . . .
g/[\] = Cw(w@Z}T — C(Q]JJT) = (w(co vl +eoju! + U’UT).
By Lemma 4.9.5(a),
1
lgills < lwl(2c0lN + N2) = fw]((co + N)? — )
with N = maxy ¢ — co|. If ¢p < %(@bmin + ¥max), where ¥min, ¥max are the values of ¥ at

the endpoints, then N < tax — co and the bound is |w|(y2,, — c3) = |¢'(t1)|, where t; is
the endpoint closest to p. If ¢’(t9) = 0 then 1(ty9) = ¢o, which gives the stated condition.
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Finally, v is convex and decreases away from p; if £y lies on the far side of the midpoint
tmid, then

Ult0) < Ultmia) < () + (1)),

(d) Here k.(t) = 1 —22%/(t + 2)? increases from —1 to 1 —222/(1+ 2)?, and kL”(O, 1) =
1—22z/(1 + 2). The endpoint matrix tends to [ 3! 1], whose Schur multiplier norm is v/2
by Lemma 4.9.5(c), since A(t) + B(t) = 2v/t?> — 1. The norm in Lemma 4.9.5(c) depends
continuously on (¢1,q,¢2), and (a) gives the claim. O

Theorem 4.9.6(d) shows that operator convexity does not imply Lip!(g) = max;|¢'|,
even for a single pole. The operator Lipschitz constant can exceed the scalar one because
g’ changes sign on I, from —1 at the endpoint near the pole to almost 1 on the rest of the
interval.

We now construct sharp constants for the kernels described in (4.9.2). This will allow us
to define continuity constants for operator divergences defined through convex perspectives.

Corollary 4.9.7 (Sharp constants for the kernels). Let I C [0,1] be a compact interval
and r; = maxgey |2t — 1].

(a) Let s >0 and {s(t) = s(1 —t) +1t, and assume ds = mingey 5(t) > 0 (fort € [0, 1] the
function £s(t) = (1 —t)s + t is a convex combination of s and 1, so this fails only if
s=0and0€I). Then fortel,

01 = 12t = 1 (555 + )
the bracket is positive, and therefore
0l < i+ 1;)
and
Lip!(ks) < ”(6123 + 1;;9),

with equality, and equal to maxy |kL|, if I is symmetric about % The same holds for
Kooy With oo(t) =1 —t and 1+ s replaced by 1. In addition

|ks(X) — £s(Y)|loo < 0sCrhs = MAX ks — mlinms.

(b) Lip» (ko) =2 —4 for0 < e< 3.
(c) For s >0, the kernel ns(t) = (1 +s)t(1 —t)/(1 4+ (s — 1)t) of (4.9.5) below satisfies

Lipl®t (n,) = o .| = (1 + s) max{1,s~1}.

(d) FOT s > 0; gs(t) - . SatiSﬁGS Llp[o’l](gs) = 78( 1 and

1+s t+s 1+s) < 9gs <0 on
0,1].

__1
1+s

(e) ds > (1 + s) minge; min{t, 1 — t}.
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Proof. (a) The identity
(I—s)(2t—1) =204(t) — (1 + )

gives
KW= (2t —1)(205 + (1 +5)) /2,

which is the formula. For the bound, with X,Y € L(V) Hermitian with spectra in I, put
fs(X) = S(lv — X) + X

and
R(X) = (2X — 1y)ls(X) T,

so that
ks(X) = (2X — 1y)R(X), 105(X) oo < Y,

and ||R(X)||co < 7r/ds. Expanding,
X = 1)ls(Y) = £(X)(2Y —1y) = (1 +5)(X - Y),
since the terms in XY cancel. Hence
R(X) = R(Y) = (1+8) £:(X) 71X = V)b (V) 7,
using that £4(X)~! commutes with 2X — 1y, and
Fs(X) = ks(Y) = 2(X = Y)R(Y) + (1 + 5) R(X)(X = Y)ts(Y) ™,

which gives
2 1+s
530 = oV lloo < 71 (- + =

If I is symmetric about %, then at the endpoint where ¢4 is minimal both |2t — 1| = r; and
ls = dg, so maxy |k,| equals the bound, and Lemma 4.9.3 gives equality. For k. use

)X =Yoo

loo(X) =1y — X

and
X -1y -Y)-(ly - X)2Y - 1y) =X - Y.

The last statement holds because xs(X) and x4(Y") have spectra in [min; ks, maxy Kg).
(b) We have
Foo(t) = (1 — 1)1 — 4t
a one-pole function with p = 1, § = —4 and w = 1, and k. vanishes at ty = % On [0,1—¢],
(t) = (1—1)~! takes the values 1 and €' at the endpoints and v(tg) = 2, so the condition
of Theorem 4.9.6(c) is

2< (14

N

that is, € < % Then
Lip = max{|x/_(0)], k(1 — €)} = max{3,e > -4} =2 -4
(c) For s = 1, m(t) = 2t(1—t), and for every quadratic g the matrix g/[\” is a compression
of gm as in the proof of Theorem 4.9.6(a), with A affine; here

{t—7t+}
m (2 0
913 = (o —2
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has Schur multiplier norm 2, since ||diag(d)||s = max; |d;|, as diag(d) o Z = diag(d; Zi;).
For s > 1, —n; is a one-pole function with pole p = —1/(s — 1) < 0; then

Pt) = (s —1)/(1+ (s = 1)t)

with ¢(0) = s — 1 and ¢ (1) = (s — 1)/s. The derivative n, vanishes at to = 1/(1 + /s),
where 9 (to) = (s — 1)/y/s. The condition ¢ (to) < 3(1(0) + ¢(1)) reads 2¢/s < 1+ s, so
Theorem 4.9.6(c) gives

Lip = max{n{(0), [ni(1)[} = max{1+ s, (1+s)/s} =1+s
For s < 1 use ns(1 —1t) = ny/s(t).

(d) We have
t s
t) = -1
95(1) 1+s * t+s
which is a one-pole function with p = —s, = 1 + 5 and w = s. Its derivative
1 S
9:(0) = 17 ICEDE

vanishes at
to=1/s(1+5)—s€(0,1)
where 9(to) = (s(1+ s))~%/2. The condition of Theorem 4.9.6(c) is
1,1 1

1 12 <22
(49 < S+ )
that is, 24/s(1 + s) < 1+ 2s, which holds. Hence
1 1
L‘ — / 0 / 1 — -
ip = max{[g4 0} g4(1)} = max{ s ot = S
(e) s(1— t) + t > (1 + s)min{t, 1 — t}. O

We finally come to the explicit modulus data for the integral representative of the
operator perspective channel divergences.

Theorem 4.9.8. Let f be operator convex with Loewner data (a,b,c, ), and let I C [0,1]
be a compact interval on which hy is finite. With ry, ds and ds as in Corollary 4.9.7, for
0>0,

1
w,{f( )<|2b—a|5+cr1( +/ min 7’1 + C—; )6 OSC[I{S}d;L()

where the c-term is absent if ¢ = 0. Consequently, Theorems 4.5.13(b), 4.6.7(b)
and 4.7.6(a) hold with this explicit modulus.

Proof. If 1 € I then ¢ = 0, and if 0 € I then u({0}) = 0, since hy is finite on I; so all
constants are finite where they occur. For X € L(V) with spectrum in I, (4.9.2) and the
spectral theorem give

hi(X) = (a—0b)1y + (20 — a) X + c koo (X) +//<;S(X) du(s)

the integral being a finite sum of convergent scalar integrals times spectral projections. Sub-
tract the same identity for Y, take norms inside the integral, and apply Corollary 4.9.7(a).
O
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4.9.3 Sharp Lipschitz constants

On the intervals [e, 1 — €] that correspond to a two-sided bound on the max-relative entropy,
the kernel constants of Corollary 4.9.7 are attained. For 0 < € < % put re =1 — 2,

2 1 1 — 4€?
Ms(e):m(df-i-%), ds = €(1+s) + remin{1, s}, Moo(e)zeize7

so that Ms(e) = max.j_q|#5| for s € [0, 00] by Corollary 4.9.7(a), and
Ly(e) =|2b — al + c M (€) —i—/[ )Ms(e) du(s).
0,00

Theorem 4.9.9. Let f be operator convex with Loewner data (a,b,c, ), let 0 < € < % and
I=le,1—¢.

(a) maxy b < Lip! (hy) < Ly(e) < 3max; |1

(b) Lip!(hf) = Ly(e) = Wy(1 =€) if p is carried by [1,00) and 2b > a; and Lip/(hy) =
Ly(e) = —hy(e) if c=0, p is carried by [0,1] and 2b < a.

(¢) If hy(1 —t) = hg(t) for all t, equivalently f(x) = zf(1/x), then Lip’(h;) =
maxy [h] = b} (1 —e).

Proof. (a) The first inequality is Lemma 4.9.3, and the second follows from (4.9.2) as in
the proof of Theorem 4.9.8.
For the third, write _ = e and t; = 1—e. Each ks, s € [0, o0}, is convex with x}(1) = 0,
S0
RL(E) <0< Rt

and M;(e) = max{|r(t-)], r5(t1)}-

Writing
Sy = erlo(t) + [ it du(s)
and
Yo =cl|r( ‘—f—/’/ﬂ ) du(s)
so that
Li(e) <|2b—a|+34 + X
and

Wy(t-) = (2b—a)—%_.

Since hy is convex,
N = ma ] = ma {|R (1)1, 11 ¢

Hence

and N > ¥_ — (2b—a), so ¥4 +X_ < 2N. Moreover N > |2b — a|: if 2b > a this follows
from the first inequality, and otherwise from the second. Thus L¢(e) < 3N.

(b) For s > 1 the function ¢, is nonincreasing, so maxy |k}| is attained at ¢, by the
formula in Corollary 4.9.7(a); the same holds for k. If p is carried by [1,00) and 2b > a,
then

Ly(e) = (26— a)+ crbe(te) + [ ift2) du(s) = Wy(ts) < max 1,
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and (a) gives equality throughout. The second case is the mirror image.
(c) Write §(¢) = g(1 —t). Since hy = 3(hs + hy) and the affine part of the right-hand
side has slope 0, (4.9.2) gives

hy = const + § k™ + 5 / K™ dp(s KYM(t) = ks(t) + ks(1 —1).
We claim that Lip! (k%™) = (k%™)'(t,) for every s € [0, 00]. Then

. c 1

Lip! (hy) < () (1) + 5 [ (02) dus) = Ry (22),
and Lemma 4.9.3 gives equality. For s = 1, k1" = 2k, is quadratic, and the claim follows
as in the proof of Corollary 4.9.7(c). For s # 1, kg = C + St + wip, with one pole p ¢ (0,1)
and ¥,(t) = |t — p|~Y; then ky(1 —t) = C' + ﬂ’t + wi1—p, with the mirrored pole on the
other side of [0,1], and the slopes cancel because £¥¥™ is symmetric. By the computation
in the proof of Theorem 4.9.6, with u = ((2))zen and @ = (V1—p(T))zen,

:l:(/fiym)g\l] =wuu —ai') =2(u—a)(ut+a)" +u+a)u—2a)").

By Lemma 4.9.5(a) its Schur multiplier norm is at most |w| maxy |u — @] maxy (u+ ). On
the symmetric interval I, the function 1, — 11—, is monotone and antisymmetric about %,
and v, +11_, is convex and symmetric, so both maxima are attained at ¢, and the bound
equals

[wl [1p(t4)? = Prp(t4)?] = (™) (21)].

Finally (k%™)/(t4) > 0, because ™ is convex and symmetric about 3. O

Part (c) applies to the Jeffreys, symmetrised x2, Le Cam, Hellinger and Jensen—Shannon
divergences, and part (b) to the Pearson and Neyman y2-divergences. For these, Table 4.2
gives the exact Lipschitz constants. For the Belavkin—Staszewski and Rényi divergences
the Loewner data are two-sided and the theorem gives only max; [h)] < Lipl(hf) < Ly(e).

The next proposition shows that if the identity Lip’(g) = Hg{t ¢ }HS of Theo-
rem 4.9.6(a) holds for all combinations of two kernels xg, then it holds for every hy.

Proposition 4.9.10. Let I = [t_,t.] € (0,1). IfLipI(g) = Hgg t+}HS for every g = Bt +

W1Ks, + Waks, with § € R, w1,wy > 0 and s1,s2 € [0,00], then Lip’ (hy) = H(hf>{t t+}HS
for every operator convex f.

Proof. Suppose first that h = gt + ny:l wiks, with w € 0, o0)V: the c-term is the case

s = 00, and constants do not affect divided differences. Put u, = nLl,j (t—,ty) — KL (t2)

Sk
and uy, = kg, (t4) — /iLl,j (t_,t4+), which are positive by strict convexity. The endpoint data

(W (t-), (¢t ), W (t1)) are determined by h/(t_), ) wrug and 3wy, The set P of
w' € [0,00)N with 35, whup = Yp wpuy, and 3, whul, = 3, wiu), is a compact polytope
containing w, whose vertices have at most two nonzero coordinates. Write w =3, )\jv(j )
as a convex combination of vertices, and let h; = 8t + >, v,(f )/-ask, with 3; chosen so that
R(t-) = R'(t-). Then each h; has the same endpoint data as h, and h — 37; A;h; is affine

with derivative 0 at t_, hence constant. For every finite A,

InR s < S ALip! () = (1A, lIs.
J
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In general, [ksdu(s) = [(1 + s)ksdfi(s) with the finite measure dji = (1 + s)~'du,
and s — (1 + s)ks is continuous from [0, o] into C1(T), with value ko at s = oo, because
I C (0,1). Approximating fi + cd by finitely supported positive measures along finer
and finer partitions of [0, oo], uniform continuity gives functions h,, of the above form with
hn — hy in CY(I). Then (hy) — (k)M uniformly on T x I, and for every finite A,

102p) s = tim | () s < i ([ () ) s = 1G2) ), 5 s

O

Corollary 4.9.11 (Lipschitz moduli under a Thompson bound). Let f be operator convex
with Loewner data (a,b,c, ) and € € (0, %), for e = % the interval [e,1 — €] is a point and
the modulus vanishes. Then w,[f}l_d(d) < L¢(e) 0, where Ly(e€) is within a factor 3 of the
optimal constant Lip[e’l_d(hf), and

1 — 4é? du(s)
L < |2b — .
fe) < [20—al + 7 (c+/[0m) )

Hence, if ®; = V7, and V; = Wy, 1, satisfy

1—c¢

max{ Dmax (Pi[|¥s), Dimax (¥i[|Pi)} < log -

fori=1,2, then
[Dp(P1]|W1) — Dy(@2¥2)| < [Q°(1y)lloc Ly (€) |1 T1 — T2loo-

Proof. The first statement is Theorem 4.9.9(a). Corollary 4.9.7(e) gives ds > €(1+s), hence

Mg(e) < r. 621({_2;) = E%Hﬁ)‘ The last statement follows once we identify the hypothesis
with elecr < T; < (1 — €)1lcr, and Theorem 4.7.6(a). O

Every operator convex f therefore gives a divergence that is Lipschitz in the derivative
under a two-sided bound on the max-relative entropy. The factor e =2 is attained for the
x2-divergences, for which L(e) is exact. For logarithmic f the order is ¢! (Table 4.2).

Corollary 4.9.12 (Bounded f: rates). If f is bounded, then for all § > 0,

. ((1+3s)d 1 .
wh(0) < [2b—ald + /(07” min {T, g}d,u(s) + /(l,oo) min{ (3 + $)d, 1} du(s),

with the exact kernel constants of Corollary 4.9.7(a), and the right-hand side tends to 0 as
5 — 0. If moreover du(s) < Cs*ds on (0,1] and du(s) < Cs~'"Nds on (1,00) for some
A A >0, then wy, (6) < C/omin{ANLY ith an extra factor log  if min{\, \'} = 1. Here
C' depends only on a,b, C, \, \.

Proof. Take I = [0,1] in Theorem 4.9.8, so that r; = 1 and dy = min{1,s}. For s < 1,

% + % = 15’5, and for s > 1,2+ 1+ s =3+ s. Since ks is convex and nonnegative,

osc ks < max{ks(0),ks(1)} = max{é, 1}.

The limit is dominated convergence, since [, 1] s7tdp + p((1,00)) < co. For the rate, use
(14+3s)s72 <45 2on (0,1] and 3+ s < 4s on (1,00), and split fol min{46s72, s~ }s'ds at
s =4d, and [°min{4sd,1}s7 1"V ds at s = 1/(49). O
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For f(t) = —t*, a € (0,1), one has dy = 272 (l—Sf—s)QdS sodX=aand N =1-a.

gmin{osl—a} of T emma 4.5.4, with a worse constant.

Corollary 4.9.12 then recovers the order

Example 4.9.13. Table 4.1 collects the operator perspective divergences and their
Loewner data, along with the measures their integrals are taken with respect to in their
integral representations, as well as the function emerging from the operator perspective
version of Theorem 4.2.15. Table 4.2 is its continuation, collecting where the divergences
are finite (in terms of the spectrum of the ARN derivatives) and where in this chapter the
moduli can be found, along with the optimal Lipschitz constants in the case of bounds in
terms of the max-relative entropy.

divergence f(x) (a,b,c) du(s) hy(t)
Belavkin—Staszewski xlogx (0,1, ) mds tlogﬁ
reverse BS —logx (0,—1,0) (14}5)2 ds (1—t)log 1+t
Jeffreys (x—1)logx (0,0, O) 1isds (2t —1)log 14
Pearson x? (x —1)? (0,0,1) 0 %
Neyman y2 @ (0,0,0) & M

c2 1 (2t=1)°
symmetric x (x—1)2(1+ 1) (0,0,1) do =)
Le Cam (2:1)2 (0,0,0) & (2t — 1)2
Hellinger (Vz —1)2 (0,0,0)  2Lds (Vi —1T—1)2
Jensen—Shannon zlogz — (14 2)log £ (0,0,0) Hzllnif)é} ds log 2 — Hyn(t)
Rényi, a € (1,2) z° (1,a,0)  Smmleclostods (1)t
Rényi, a € (=1,0)  z° (1,@,0)  =sinre (1_{;)2ds t(1 —t)t-«

Table 4.1: Loewner data and extended hy for the standard examples. For the Jensen—
Shannon divergence, Hy;, is the binary entropy in nats.

divergence finite on  modulus on that interval Lip!©1=(h )
Belavkin—Staszewski [0, 1) Cor. 4.6.11 logt==+1 1
reverse BS (0,1] mirror of Cor. 4.6.11 logi=¢ +1 4
Jeffreys (0,1) last column 2log 1? + 611__2:)
Pearson y? [0,1) (e72—4)5ife< i €24
Neyman x> (0,1] (e2—4)ife<s e2—4
symmetric x> (0,1) last column e2—(1-¢7?
Le Cam [0,1] 40 4(1 — 2¢)
Helli 0,1 2V/6 1—2¢

ellinger [0,1] Vo e
Jensen—Shannon [0,1] 26 log % +4log2-9 log == 1=e
Rényi, a € (1,2) [0,1) Cor. 4.6.12 (a—14¢ U= 4
Rényi, a € (—1,0) (0,1] mirror of Cor. 4.6.12 (e—a) (161€)a T

Table 4.2: Moduli and optimal Lipschitz constants. In the third column, € is the distance
of the spectrum of 7" from the infinite endpoints, and § = |71 — T2||ec. The last column is
the exact operator Lipschitz constant of hy on [e,1 — €], except for the entries marked f.
These are lower bounds.
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4.9.4 All Kubo—Ando means

We now repeat the above process using the integral representation of the Kubo—Ando
means, as for the operator perspectives. Every operator connection o has a representing
function of the form [79]

z(1+s)

o - 0’+b0' +
f(x) ¢ ’ (0,00) Tr+s

dmo(s)7 aavba > 07

with a finite positive measure my; then a, = f,(0"), b, = f.(o0), and o is a mean if and
only if ay + by + m4((0,00)) = 1. The function ¢, (t) = tf,((1 —t)/t) is therefore

Got) =agt by (1=0)+ [ ny(t) dmos) (4.9.5)

where

s(t) = (1115();(—1 1—);) B <1 Jlr ;P %4-8 - t)fl)_l’

a mixture of weighted harmonic means of ¢t and 1 — ¢.
By Corollary 4.9.7(c),

Lip®Y () = max .| = (14 s) max{1,s '}

for s > 0.

Lemma 4.9.14. For s >0, 0 <, < (17{#\/55)2 <1 on [0,1].

Proof. We have n4(0) = ns(1) = 0 and

(1+s)(1—2t—(s—1)t?)

)= T T

The numerator is positive at ¢ = 0, negative at ¢ = 1, and a polynomial of degree at most 2,
so its only zero in (0,1) is tg = 1/(14+/s). Hence maxy 1175 = 1s(to) = (1+5)/(1++/5)* <
1. O

Theorem 4.9.15. For every operator connection o with representation as above,

(1—{—5)571

Wy, (0) < Jag — bs| 0 + min{ .

(0,1]

} dm(s)

+ min{(1 + s)J, 1} dmy(s) — 0.
(1,00) 0—0

Consequently Theorem 4.4.5 and Theorem 4.10.4(a) hold with this explicit modulus for

every mean. If dmy(s) < Cs*ds on (0,1] and dmg(s) < Cs ™ ds on (1,00) with
AN € (0,1), then wy, (6) < C'g™n{ANY,

Proof. Insert (4.9.5) into ¢s(X) — ¢(Y); the affine part has slope a, — b,. Use Corol-
lary 4.9.7(c), together with the bound [[7s(X) — 7s(Y)||cc < maxns < 1 of Lemma 4.9.14.
The rate follows as in Corollary 4.9.12. O
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4.10 Pairs with different sums

We now come to the more general and noncommutative setting. In general, two pairs of
completely positive maps need not have the same sum. In this section we use the sum
of all four maps as the dominating map. In this noncommutative setting the inequalities
are weaker than before, and an extra term in the Thompson metric appears. This term
behaves well enough as a continuity constant.

Let @, Uy, ®9, ¥y € CP(X,Y), put @ = &, +U;, @ = Q1 +Qy and Q = 3,
and assume Q' # 0. Let Q(X) = >1_; V& XV;* with linearly independent Vi,...,V, and
W = [vec(V1) --- vec(V,)]. Each of the four maps lies below €' in the completely positive
order, so by Theorem 4.2.2 there are unique 0 < A;, B; < 1¢r with ®; = ¥4, and ¥; = Up,,
all taken with respect to Vi,...,V,.. We put

Ci=Ai+B;, v=|C1—3lerlloe, 0 =max {||A; — As|ls, |B1 — Ballso}-

Since W4, 4B, 44,48, = @ = Uy, uniqueness in Theorem 4.2.2 gives Cy + Cy = 1¢r; in
particular C7 and Cy commute and

1 1
7=1C2 = Flerllee = SCL = Colloe.

Note that [|Q™*(1y)]lec = 22 (1y)]|c. By Lemma 4.8.1, applied to @ with K = A; — Ay
and K = By — By, § is the smallest d > 0 such that —dQ < ®; — & < dQ and
—dQY < Uy — Uy, <dY.

Thus § measures the distance between the two pairs relative to their total €', in the
completely positive order. The second parameter is the distance between the two sums.
With Dpax as in Lemma 4.6.5, we define the Thompson distance

dT(Ql, Qg) = max {Dmax(QIHQ2)7 Dmax(Q2HQI)} € [0, —|—OO]

This is the natural object to introduce, as in the commuting case, the infinite behaviour
of the divergences was controlled by the max-relative entropy. Physically (Remark 4.6.6),
dr(Q1,€Q9) < dsays that every outcome probability of the device with its outcome forgotten,
on every input with ancilla, is reproduced within a factor e*?: a multiplicative calibration
error. Theorem 4.10.4 separates the in-pair change 7 from this drift, and Corollary 4.10.8
and Lemma 4.10.5 bound both by the additive errors |||®1 — ®2||[1 and |||V — Yal||1

(through &, when 6 < 3).

Lemma 4.10.1. The following are equivalent:
(1) dr (1, 2) < oo;
(7i) range J(§21) = range J(Q2);

(iii) C1 and Co are invertible;

(iv) v < 3.

When they hold,
2y = ||C1 — Cs|oo = tanh (3d7 (1, Q2)).

Proof. Let A_ and A4 be the smallest and largest eigenvalues of C1, so that v = max{A; —

3.3 — A_} and the spectrum of Cy = 1¢r — Cp is {1 — A: X € spec(Cy)}. As in the proof

of Lemma 4.6.5, Q1 < ¢y if and only if C; < ¢Cy = ¢(1cr — C1), that is, (14 ¢)Cy < clcr,
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that is, Ay < ¢/(1+ ¢). Hence Dynax(1[|Q2) = log 24— if Ay < 1 and 400 if Ay = 1;

similarly Dmax(€2]|$21) = log 1;’\_ if A- > 0 and +oo if A = 0. Thus (i) holds if and

only if 0 < A_ < Ay < 1, which is (iii), and (iii) is equivalent to (iv) because v < 3 means
exactly A >0 and Ay < 1.
For (ii), Theorem 4.2.2 gives

J(Q) = WCW* = (WC ) (wel ),

whose range is W (range C;); since W is injective, (ii) holds if and only if rangeC; =
range Cy. If C7 and Cy are invertible this is clear. Conversely, if range C7 = range Co = R,
then R D range(C; + C2) = C", so both are invertible. Finally, tanh(; logz) = i—;} gives

tanh(3 log ﬁ—i) =2X; — 1 and tanh(3 log 1;i\

) =1 — 2)\_; since tanh is increasing,

1
tanh(idT) =max{2\; — 1,1 —2\_} = 2+,

and
”Cl — CQHOO = HQCI — 1CTHOO = 2.

O

For the rest of this section we assume that range J(€2;) = range J({22), that is, that the
two sums have the same Choi support. By Lemma 4.10.1, C; and Cy are then invertible,
and we put

a=C"  a=0"  T=cAcT'? =T - T

Lemma 4.10.2. Under this assumption, 0 < T; < 1¢r and 1cr — T; = C;l/ZBinl/Q.
Moreover, T; is the ARN derivative of ®; with respect to €;, relative to the Kraus decompo-
sition of §; whose column matriz is WC’il/2. Finally, a? + a% = 1¢r, the operators a; and
ay commute, and

a1 — azlloe <27,  Jlar + azlle < V2.

Proof. Positivity of A; and B; gives T; > 0 and C’;l/ ZBZ-C; 1/2 > 0, and these two op-

erators add up to C’;l/2C'iC;1/2 = 1¢r. The columns of WCil/2 are Vec(f/j), where

17]- = Zk(Cil/ 2)ijk; these are linearly independent because Cil /% is invertible. By The-
orem 4.2.2,
J(Q) = WCW* = (e wel Py,

so the ‘7] form a Kraus decomposition of €2;, and
J(®;) = WAW* = (W) T, (we)?)r

identifies T; as the derivative of ®; in this decomposition. The operators a; and ao are
functions of Cy, hence commute, and a? + a3 = C; +Cy = 1¢r. If X runs over the spectrum
of C1, the eigenvalues of a; F as are VA F /1 — ), and

2X —1

by VA + 1 —X > 1 and the Cauchy-Schwarz inequality. O
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Lemma 4.10.3. Let ¢ : [0,1] = R be continuous, with ||| = maxq ) |¢|. Then

22y
a1 (T a1 —azp(Ta) asl , < heplm) + T g gl 8= y/1- 422,
(14 54)

and in particular
a1 o(Th) ar — az @(Ts) az|| < 5 we(T) +2V27 [ @] o-

The coefficient of the second term is sharp as v — 0. If T1,T5 < (1 — €)1¢r for some
€ € (0,1) and ¢ is only assumed continuous on [0,1 — €|, the same holds with w, replaced
by wg) and [|¢||co by maxp 1 [p|. More generally, if spec(T1),spec(Ts) C I for a compact

interval I on which ¢ is continuous, the same holds with wfp and maxr |p|.

Proof. Put H_ = ¢(T1) — p(T2) and Hy = ¢(T1) + ¢(T3), both Hermitian, with ||H_||s <
wy(7) and ||Hy||oo < 2[|¢|loo- Then

a1o(Ti)ar — azp(To)as = (a1 H_ay + asH_as)
+ i(((ﬁ — ag)H+(a1 + az) + (CL1 + az)H+(a1 — ag)),

as one checks by expanding the right-hand side. Since —||H_||sclcr < H- < ||H_||cclcr
and a? + a2 = 1¢r, conjugating by a; and by as and adding gives

_HH—HOO]-(CT <arH_a1 +asH_ a9 < HH—HOO]-(CH

so the first term has norm at most 3 ||H_||sc < 3wy (7). For the second term Y = 1(vH u+
uHv), with u = a1 + az and v = a3 — ag, let eq, ..., e, be an orthonormal eigenbasis of Cy
with Cre; = \ie;, and write \; = cos? §; with 3; € [0, Zland ¢; = § — B € [-F, 7] Then
ai1e; = cos (B; e; and age; = sin f3; €;, S0 ue; = V2 cos ¥; e; and ve; = V/2sin ; e;, and

(e, Yej) = L(H )i (2sing; costh; + 2cosp;sin ;) = $(Hy)jsin(y; + ;).

Let m = max; |sin);|; if m = 0 then Y = 0. Otherwise put z; = (m~'/2sin ), m'/? cos )
and y; = (m'/? cosvpj, m~/?sin;) in R?, so that (x;, ;) = sin(y;+1;) and |22, [Jy;]|> <
m 4+ m = 2m. With the operators X,Y’: C" — C" ® C? given by Xe; = ¢; ® x; and
Y'ej = e; ®y; we have Y = JX*(H,: ® 1¢2)Y”, and || X||oo, [|Y'[|oc < (2m)'/2 because the
vectors e; ® x; are pairwise orthogonal. Hence ||Y|co < m|Hi|loo < 2m||¢]lso. Finally
sin 21p; = cos23; = 2\; — 1, so |sin 2¢);| < 2; as |21;] < 7§, this gives cos2¢; > s, and

sin® ¢; = 5(1 — cos2¢;) < 5(1 —o) = 1 357'

Thus m < v/27v (1 + s,)~'/2, which gives the first inequality, and the second follows from
sy > 0. For ¢ =1 and T1 = T3 the left-hand side is ||C1 — Ca|/cc = 27, while the bound
is 27 ( ﬁ)l/ 2 = 29(1 4+ O(~?)); this is the sharpness assertion. The other statements are

proved in the same way. O

Theorem 4.10.4. Let ®1,¥;, P9, Uy € CP(X,)) be such that range J(®; + Vi) =
range J(®o + Ws), and let Q, 7 and dy = dp(®1 + U1, Py + Ws) be as above.

(a) For every Kubo—Ando mean o,

1910 %1 = @20 Wsl[[1 < |2 (1) oo (wg, (7) + 2V/2 |9 oo tanh % ).
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(b) For the geometric channel fidelity,

[P(@1,01) = (@2, )] < [ Q" (13) oo (72 + V2 tanh %)

(¢c) For a € (0,1),

[Qa(@1][%1) = Qu (@] )] < " (1) oo (7 + 717 + 2v/2 tanh 4 ).

(d) For f as in Lemma 4.5.12,
| Dp(@1]| 1) = D (@3] Wa)]| < |27 (13)|oo (wn, () + 22 [[og oo tanh % ).
(¢) For f as in Section 4.6, if moreover Diyax(®;||¥;) < log1=¢ for i = 1,2 and some
€ (0,1), then (d) holds with wy, replaced by w,(ff) and ||hs|lec by maxyi_q |hy|-

(f) For every operator convex f and every compact interval I C [0,1] on which hy is
finite, if spec(T;) C I fori=1,2, then

IDy(@1]|W1) = Dy (8 2)] < [0 (13) o (w0, (7) + 2V marx || tamh & ).

For I =le,1 — €] with € € (0, 3) the hypothesis says

1—c¢

)
€

Max{ Dmax (Pil|¥;), Dmax (Vs @)} < log

and Corollary 4.9.11 gives w,{f (1) < Lg(e)r.

If &1+ Uy = Oy + Uy, then dr =0, Q = &1 + Uy, and 7 = ||T1 — To||s for the derivatives
T; of ®; with respect to this common sum, so that (a)—(e) reduce to Theorems 4.4.5, 4.4.6,
4.5.5, 4.5.13(b) and 4.6.7(b) with the same constants.

Proof. By Lemma 4.10.2, A; = a;T;a; and B; = a;(1cr — T;)a; for ¢ = 1,2. By
Lemma 4.10.1, 2v = tanh %T, so Lemma 4.10.3 reads

|a1p(T1)ar — azp(T2)az|| < Tw,(T) + V2 |¢||s0 tanh %T. (4.10.1)

Let ¢’ be an operator connection. By (4.2.1), which holds for connections by Re-
mark 4.2.16, J(®;) o’ J(¥;) = W(A; o’ B;)W*. The transformer equality for the invertible
operator a; [79], followed by Remark 4.2.16(2) for the commuting pair T;, 1cr — T;, gives

Az’ 0'/ Bz = aZ(TZ 0'/ (1(cr — Tz))az = a; (pgl(Ti) a,

and in the same way B; o’ A; = a; p,(1cr — T;) a;. For a mean o we have ¢, = g,-.
The partial-trace estimate. If N1, Ny € L(C") are Hermitian, Lemma 4.4.10, applied to
Y, gives
| Tey (WN W) = Tey (W NaW )| < 119 (1) oo 1M1 = Nolloc
= 2|7 (1) [loo N1 = N2l oo,

and the same bound holds for the difference of the smallest, or of the largest, eigenvalues.
The factor 2 combines with the factor 3 in (4.10.1).
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(a) By definition of the mean and the first step,
J((I)i O'\I/i) = J(Cbl) g J(\I/Z) = W(Az O‘Bi)W*,

so ®; 0 ¥; = ¥y, with respect to V1,...,V;, where N; = a;9,(1;)a;. Theorem 4.8.4, applied
to ', gives
TN, = T, [l < 1927 (19) oo N1 = Naloo-

Now apply (4.10.1) with ¢ = g,-.

(b) By Proposition 4.3.1 and the first step, ﬁ(fbi, U;) = Amin ( Try(WN;W*)) with N; =
aig#(Ti)a;. Apply the partial-trace estimate and (4.10.1) with ¢ = gy, using wg,, (t) < /2
(Proposition 4.4.3(2)) and [|gx|l« = 3.

(c) By Lemma 4.5.3,

Qo (P4 W3) = Ain ( Try(J (W;) #a J (®5))),
and since g, . = hq, the first step gives
J(V;) #a J(®;) = J(Pi) #1-a J (V) = W aiha(Ti)a; W

Apply the partial-trace estimate and (4.10.1) with ¢ = h,, using wp, (t) < t* + t1=@
(Lemma 4.5.4) and ||hqllco < 1.

(d) By Lemma 4.10.2, T; is the derivative of ®; with respect to §2;, relative to the Kraus
decomposition with column matrix Wa;. Theorem 4.5.13(a), applied to £2; with this matrix
in place of W, gives

D4 (®i]|W:) = Amax ( Try(W ash s (Ti)a; W*)).

Apply the partial-trace estimate and (4.10.1) with ¢ = hy.

(e) Put ¢ = (1 —€)/e. The set of ¢ > 0 with ®; < U, is closed and upward closed,
so the definition of Dy in Lemma 4.6.5 gives ®; < ¢¥,, that is, W(cB; — A)W* > 0
by Choi’s theorem; conjugating by W gives ¢B; > A;, and conjugating by a; L gives
c¢(1er —T;) > Ty, that is, T; < (1—€)1cr. In particular B; is invertible, so Lemma 4.6.3 with
C =W, Lemma 4.6.1 with R = a;, and the computation in the proof of Theorem 4.6.7(a)
give

Pf (J(‘bi), J(\I/z)) = WPf(AZ‘, Bz) W* = Waihf(Ti)ai WH.
The remainder of the proof of Theorem 4.6.7(a) uses only ®; < ¢¥; and this representation,
and shows that R
Df(q)zH\I/z) = )\max( TI'y(W aihf(Ti)ai W*))

Apply the partial-trace estimate and the second statement of Lemma 4.10.3, in the form
(4.10.1), with ¢ = hy.

(f) By Lemma 4.10.2, T; is the derivative of ®; with respect to €;, relative to the Kraus
decomposition with column matrix Wa;. Theorem 4.7.5(b), applied to €2; with this matrix
in place of W, gives

D#(®i]|W:) = Amax ( Try(W a;hf(Ti)a; W*)),

since hy(T;) is finite. Apply the partial-trace estimate and the last statement of
Lemma 4.10.3 with ¢ = hy. The identification of the hypothesis for I = [e,1 — €] is
Lemma 4.6.5 applied within each pair, in the frame Wa;, to T; and to 1¢r — T;.

Finally, if ®; + Uy = &5 + Uy = Q, then Q' = 2Q and dr = 0; the derivatives with
respect to 0 are A; = %Tl and B; = %(lcr — T;), where T; is the derivative of ®; with
respect to , so C7 = Cy = %1@« and the operators T; defined above coincide with these
derivatives. O
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Since 2y = tanthT and (1 — 47%)'/2 = sech %T, the first inequality of Lemma 4.10.3
shows that each of the estimates (a)—(f) of Theorem 4.10.4 remains valid with tanh%T
replaced by tanh %T (14sech %T) —1/2
and 1.

, which is smaller by a factor between 2-1/2 (as dr — 0)

Lemma 4.10.5. Without any assumption on the supports, v < d. If § < %, then
range J(€) = range J(22) and

2V/26 226
T < .
T V1 =492 T /1 - 462

The constant 2v/2 is optimal: in Ezample 4.10.6, 7/6 — 2v/2 as § — 0.

Proof. We have
2y =1C1 = Cafloc < [|A1 = Azllec + || B1 — B2lloo < 20.

Ifo < % then v < %, and Lemma 4.10.1 gives the support condition. Put v = a1 + a2 and
v = a1 — ag, which commute with C7, and

T=3T+T), T=1-T, M=T-T, T =Ti-T.

Since 0 < T} < 1¢r, also 0 < T, T’ < 1¢r. By Lemma 4.10.2, A; — B; = a;(2T; — 1¢)as,
and 277 —1cr =M +T_, 215 —1cr =M —T_, so

(Al — Ag) — (Bl — BQ) = (alMal — CLQMCLQ) + (alT,al + CLQT,CLQ).

For every X, a1 Xa1 + asXas = %(uXu +vXv) and a1 Xa; —aeXag = %(uXv +vXu), as
one checks by expanding. Moreover

wv = a} — a3 = Oy — Oy = (A1 — A3) + (By — B).

Put

E=u"YA; — Ay)u™, F=u"YB; - By)u™*, N =uto.

Since u and v commute, N is Hermitian and N = v~ (uv)u~! = E + F. Conjugating the
displayed identity by v ! gives

E—F

1 1
5 (VM + MN) + (T + NT_N).

Since M =T —T" and 1¢r = T + T, this is the exact identity

T +NT_N=2Y, Y=ET +TE-FT-TF. (4.10.2)

v ] [?]+[E ] m

as a sum of products of a row and a column of operators. We have

Write

T = TNZ = 1T + T2l < 17"+ Tloe =1,

and likewise for the column (T, 7). Withﬁ = max{|| E| oo, HFHOO}, the column (F, F) and
the row [E — F] have norm at most v/20. Hence ||Y||oo < 2v/26.
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Let A run over the spectrum of Cy, which lies in [1 —~, 2 +7], and put 6, = 2/A(1 — X)
and s, = /1 — 442, Since 4\(1 — \) = 1 — (2A — 1)2, we have 0, > s,. The eigenvalues
of u?> = 1¢r + 2aja are 1 4+ 65 > 1+ S+, SO 5 < d/(1 + sy). Those of N2 = 242 are
(1=0,)/(1+6x) < (1= 359)/(1+55). By (4.10.2), [T-]loc < 2[[¥lc + [IN 37|, and

therefore

2|lY 2v/26 1 2429
P T < A e 220 14 sy 2030

—INI% =7 148, 2s, 5
The second inequality of the statement follows from vy < 4. O

Example 4.10.6. Let 7 = 2, Z = diag(1,—1), X = [{}], and let Uy = (Z + X)/V/2 and
Uy = (Z — X)/V/2, which are symmetric unitaries. For 0 < § < § put Ty = diag(d,1 — 9)
and

Ao =3(Ty £6Up),  Bia= 3(1cz — Tp £ 6Uy).

These are positive semidefinite, since all four have positive diagonal entries and determinant
at least \f/_gl 5(1 —2d) > 0. They sum to 1c2, and ||A1 — A2|lcc = ||B1 — B2llec = J; by
Theorem 4.2.2 they are the derivatives of four completely positive maps with respect to
any linearly independent pair Vi, Va. Here C1 = 4 (1¢c2 +v262), so u = v21¢2 + O(6),
N = 0(6), E = 83Uy + O(8%), F = SU; + O(6%) and T = diag(0,1) + O(6). A direct
computation gives

UoTg + ToUo — UnTo — ToUr = v2§j', T = diag(0,1), Tj = diag(1,0),
soY = \%jj—r + O(6?%), and (4.10.2) gives 7 = 2v/28 + O(§?). Since 2v/2 > 2, we get
7 > 24 for small 0, so the sharp bound 2§ of the commuting case (see the remark following
Corollary 4.10.8) does not hold in general.

Corollary 4.10.7. For all ®1,Vq, P9, Uy € CP(X,Y) with Q' # 0,
|F(®1, 1) — F(®y, Us)| < 2.528 (|27 (1y) |00 6V/2,
where § is the relative distance of Lemma 4.8.1. For channels the constant is 5.06.

Proof. Put dp = 0.1566 and s, = (1 — 422)/2, so that S5, > 0.94968. Suppose first that
0 < dg. By Lemma 4.10.5,

T < 2V28/s5 < 2V26 /85, < 2.9783 6,

so /2 < 1.72585'/2.  The proof of Theorem 4.10.4(b), with the first inequality of
Lemma 4.10.3 in place of (4.10.1), gives

2v24 )

F(®1,0,) — F(®, Us)| < |07 (1) |0 (712
F(@1, 90) = F(@2, W) < [0 (1)l (7 + 757 577

The function z +— x(1 + s,)~ /2 is increasing on [0, %), and v < § < §p by Lemma 4.10.5,
so the second term in the bracket is at most

22602 (1 + s5,) " /26/% < 0.801761/2.

This gives the constant 1.7258 + 0.8017 < 2.528. If § > §p, we use that 0 < ﬁ(fbi, U,;) <
127 (1) loo: indeed,

T@)HI(W) < 5(J(®) +T(V1)) = 2I()

N —
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by the arithmetic—geometric mean inequality [79], so Proposition 4.3.1 gives

—_

F(®;,0;) <

x Lo —
< (@ (19)7) < 519 (13) oo < 7 (1y)c,

using Q; < Q@ = 2Q. Hence the left-hand side is at most Q" (1) |e0 < 561/2”5*(13;)”0051/2,
and 65 /% < 2.5270. For channels, @ (1y) = 2 1y, and 2 - 2.528 < 5.06. The threshold &,
is essentially optimal for this argument, since the two constants (2v/2/s5)1/2 +2/26/2(1+
55)"1/2 and 6=/ coincide at 6 = 0.15657, where both equal 2.5273. (With the weaker
bound 2v/27|/¢lle for the second term of Lemma 4.10.3, the same optimisation gives

2.7437.) O

Corollary 4.10.8. For all ®1, ¥, P9, ¥y € CP(X,Y) with Q' # 0,

5 < max {[||®1 — Pol[1, [[|¥1 — Wal|[1}
— IJ(Q’)Q ’

and if range J (P2 + Vo) C range J(P1 + ¥q), then v(Q) > v(P1 + Uy). Consequently, in
the latter case,

2.528 || (1y)
V(q)l =+ ‘1/1)

1/2

|F(®1, 1) — F(Pa, W)| < max {|[|®1 — ®a||1, [|[¥1 — Tall[1}*

Proof. With respect to the Kraus decomposition of ' we have ®; — &3 = U4, _4, and
Uy — Uy = Up, _p,, so the first inequality is Theorem 4.8.4 applied to €. If range J(Py +
Uy) C range J (P + Uy), then, since the range of a sum of positive semidefinite operators
is the sum of their ranges, range J(2') = range J(®; + ¥;), and @ > ®; + ¥y in the
completely positive order, so Lemma 4.8.2(3) gives v(Q)') > v(®1+ ¥1). The last statement
follows from Corollary 4.10.7. O

Remark 4.10.9. Corollary 4.10.8 shows that the geometric channel fidelity is locally Holder
continuous of order % in the completely bounded trace norm at every pair (®1, V), along
perturbations that do not enlarge the Choi support of the sum, with a constant that depends
only on v(®1 + ¥1) and on |2 (1y)[e < S(125(1y)]ls + 1925(1y)]|o), and not on any
dimension. The same argument applies to the other quantities in Theorem 4.10.4, with the
corresponding moduli. The support condition is needed here only to control 7 by §: if ®5
adds a small multiple t= of a map whose Choi matrix has range outside range J(®; + V1),
then v(€2')? may be of order ¢, and Corollary 4.3.3 shows that some dependence on v is
unavoidable. Section 4.11 extends Theorem 4.10.4 itself to arbitrary supports. In the
commuting case ||Th — Ta||oo < 26, and this is sharp. Indeed, on a common eigenvector let
t;, xi, y; and ¢; = x; + y; be the eigenvalues of T;, A;, B; and Cj, so that x; = ¢;t; and
yi = ¢i(1 —t;), write ¢; = % +9 and cp = % —+/, and assume that d = t; — to > 0. If
7' >0, then ¢1d = (x1 —xa) — 2v'ta < §; if 4/ < 0, then cod = 27/ (1 —t1) — (y1 —y2) < 4. In
both cases the coefficient of d is at least %, so d < 24. Equality holds for equal sums with
to = 0 and t; = 26. Example 4.10.6 shows that noncommutativity costs a factor V2 in the
leading constant of Lemma 4.10.5, and no more.

4.11 Sums with different Choi supports

We now drop the hypothesis range J(€2;) = range J(£22) of Section 4.10. Its only role there
was to make C7 and C5 invertible. Lemma 4.10.3 then measures the change of the sums
by v = ||C1 — 41¢r||ec, & supremum over the spectrum of Cy. A single direction that is
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present in one sum and absent from the other gives v = %, however small its weight, and
the estimate becomes trivial. We replace this supremum by weighted estimates, organised
by the Lebesgue decomposition of Section 4.7.

We keep the notation of Section 4.10: ', Vi,...,V,, W, A;, B;, C;, a1 = 011/2 and
1/2
az = Cy'". Put
A(Z) =Try(WZW™), Z e L(C"),

a completely positive map. For K > 0, A(K) = Try J(¥k) is the transpose of ¥} (1y), so
1A1er) oo = 127 (13) e = 20127 (13) ]l

and ||A(Ci)lleo = |27 (1y)]|co- We use two elementary facts. If Z is Hermitian and —K <
Z < K, then
[A(D)]loo < NAE) oo, [[1¥2][[1 < 1P (19)lloo- (4.11.1)

The first holds because A is positive. For the second, Vi + W,y = Vg, is completely
positive, so
(Vg @ 1) (p) < (Vz @ 1x))(p) < (Vi @ 1) (p)

for every state p, and therefore
(W7 @ 1)) (p)lh S tr(Vr @ 1)) (p) < [ (1y) oo

4.11.1 The Lebesgue decomposition of the sums

Let Q1, Qr and Q2 be the spectral projections of Cy for {1}, (0,1) and {0}. They commute
with a1 and ag, and P, = Q1 + Qr and P» = Qg + Q)2 are the range projections of C; and
Cy = 1¢r — C1. By Proposition 4.7.1, applied to the pair (21,2), whose derivative with
respect to ' is Cq, the singular part of ; relative to Qs is (Q1)s = ¥g,, and that of Qy
relative to 2 is (€22)s = ¥q,. The absolutely continuous parts Q3¢ = Q; — (;)s = Y0,
have the same Choi range, and the supports of the sums agree if and only if )1 = Q2 = 0.

Lemma 4.11.1. Let T = aiFAlaf and Ty = a;Aga;, where 7 denotes the Moore—Penrose
inverse, regarded as operators on range P| and range P;.

(a) 0<T; < P, A; = a;Tia; and B; = a;(P; — T;)a;.

(b) If U; is an isometry with range range P;, then U}T;U; is the derivative of ®; with
respect to );, relative to the Kraus decomposition of ); whose column matriz is Wa;U;.

(¢) For every operator connection o', A; o’ B; = a; o (T;) a;, where o,(T;) is formed by
the functional calculus in L(range P;) and extended by 0.

(d) Let N; = a;o(T;)a; in this sense. Then J(®;)o J(V;) = WN;W* for a mean o
and ¢ = gg, so that F(®;, ;) = Auin(ADN;)) for ¢ = gy and Qa(®;]|T;) =
Amin(A(N;)) for ¢ = ha. For every operator convex f with hy(T;) finite, lA)f(@ZH\IIZ) =
Amax(A(Ni)) for o = hy.

Proof. (a) Since 0 < A; < C; = a2, we have range A; C rangeC; = range P;, so A; =
PAP, = aiafAia;rai = a;T;a;. Moreover T; < ajCia? = P, and B; = C; — A; =
ai (P — Ti)ai.
(b)
J(Qz) = WCZ'W* = (WCLZ‘UZ‘)(WCLZ‘UZ‘)*,
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and Wa;U; is injective because W is injective and a; is injective on range P;. By (a),
J((I)l) = WAZW* == (WCLZUl) UZ*Tle (WCLZUZ)*,

and Theorem 4.2.2 gives the claim.

(c) The operators A;, B; and a; vanish on ker P; and leave range P; invariant. A con-
nection respects such direct sums, by its defining formula for invertible arguments and
continuity from above, and 0¢’0 = 0. On range P; the operator a; is invertible, so the
transformer equality and Remark 4.2.16(2), applied in L(range P;), give

Aio' B; = a;(T; 0’ (P, — T;))a; = aijp (1) ai.

(d) The first statements follow from (c) and (4.2.1), exactly as in the proof of The-
orem 4.10.4, and from Proposition 4.3.1 and Lemma 4.5.3. For the last, apply Theo-
rem 4.7.5(b) to ©; with the Kraus decomposition of (b). O

We now define the quantities that replace 7 and ~. Put

Tac = [|QrR(T1 — T2)QRlloos ki = |QiTiQR| (i =1,2),
Yac = ||QR(Cl - %]—C’")QR”oo-

These are the in-pair distance on the common part of the supports, the coupling inside each
pair between the singular and the common directions, and the half-distance of C; from %
on the common part. Since Qg is the spectral projection for (0,1) and r < oo, we have
Yac < % If Qr # 0, the proof of Lemma 4.10.1, applied to Q¢ and Q3°, whose derivatives

with respect to their sum Wq, are the restrictions of 'y and C> to range Qr, gives
tanh (%dac) = 2%ac, dac = dp (027, Q5°) < 0.

If Qr = 0, that is, if the Choi ranges of the two sums intersect trivially (for instance if one
sum is 0), then Q3¢ = Q3° = 0 and 7y,c = 0, and we set dac = 0, so that tanh(%dac) = 2%ac
in all cases. Let Q;#8 be the completely positive map with Choi matrix J(€;)#J(Q2).
By (4.2.1) this Choi matrix is W(C1#Ca)W* = WajaaW*, since C and Cy commute, and
2 is completely positive, and

ajag = QRalazQR. Hence Qéllc + Q%C — 20 #Qs = ‘IIQR(GJ—CLQ)
we put
hae = [[(23° +05° — 200#0) ()12, me = (s + (Q2)s) (1) .

Thus h,. is a Hellinger-type distance between the absolutely continuous parts of the sums,
and my is the size of their singular parts.

Lemma 4.11.2. (a) If range J(£21) = range J(22), then mg = k1 = kg = 0, Tae = T,
Yac = ¥ and daye = dr.

(b) K1, kK9 S %
(c)
hae < min {[[A(QR|C1 = Caf)lloo, 472 AQR) |}

and 472 AQR) s < 872/ (1y)lloo. Here A(QR|Cy — Cy|) is the transpose of
\II*QR|01_02|(1:)})7 the total variation of the absolutely continuous parts measured in
the frame of €Y.
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Proof. (a) is immediate from the definitions. (b) Let u € range@; and v € range Qr be
unit vectors with |(u,Thv)| = k1. The compression of T} to span{u,v} is a 2 x 2 matrix
[£ %] with eigenvalues in [0,1] and |z| = k1. Then |z|> < st and |z]? < (1 —s)(1 — ¢),

so |z[* < s(1—s)t(1 —t) < 7. The same argument applies to k2. (c) For commuting

ai,az > 0, |ay — az] < a1 + ag, so
(a1 — CL2)2 < ]al — ag\(al + CLQ) = \a% — CL%’ = |Cl — CQ’

Also |[VX — V1 =X < |2\ — 1| < 27, for X in the spectrum of C; on range Qg, so
Qr(a1 — a2)? < 42.Qr. Apply A, and use

IA@QR)lIso < [A(Ler) e = 2107 (1y)loo-

4.11.2 The estimate

Theorem 4.11.3. Let &1, V1, Py, Uy € CP(X,Y) be arbitrary, with Q' # 0, and let Ty, T,
be as in Lemma 4.11.1. Let I C [0,1] be a compact interval containing spec(11) Uspec(T2),
let ¢ : I — R be continuous, ||¢||r = maxy|p|, and N; = a;p(T;)a;. Then ||A(Ny) —
A(N2)||oo and |||¥n, — Un,l|||[1 are both at most

R, = Hﬁ*(ly)uoo wi:(TaC)
+ gl (ms + min {2v2 |07 (1)l tanh G2, 297 (1)1 hac )

+191(1) oo w (k1) + [23(1y) oo wi (i2)-

Consequently:
(a) |||®10¥ — oo Wal|l1 < Ry, for every Kubo-Ando mean o, with I = [0, 1];

(b) |F(®1, ) — F(®y, Uy)| < Ry, and with I =[0,1], wgy, (£) < Y2 and ||gs e = 3,

g#
Ry, < [0 (1) eomil® + ms+ 31197 (19)[look;’
i=1,2

o min {2 [0 (1) tanh %, (97 (1) 2 hac

(¢) 1Qa(®1]¥1) = Qa(®2]|P2)| < Ra, for a € (0,1), with I = [0,1];

(d) |ﬁf(<1>1|]\111) - ]_A)f(<ID2||\I’2)| < Ry, for every operator convex f such that hy is finite
on 1.

If range J () = range J(§2), then, taking the first entry of the minimum, R, equals the
bound of Theorem 4.10.4 for the corresponding quantity.

Proof. Let Tld = Q1T1Q1 + QrT1QRr and Tzd = QrT>Qr + Q215Q2 be the block-diagonal
parts of T; with respect to the spectral decomposition of C;. Compressions of an operator
with spectrum in the interval I have spectra in I, so ¢(T) is defined, and || T; — T so = 5,
since Ty —T¢ = Q1T1Qr +QrT1Q1 and similarly for Ty. Put Nid = aigo(Tid)ai. By (4.11.1),
all three steps below give the same bound for [|A(:)l« and for [[[¥ |||

Coupling. Since [|o(T1) — (T ||oo < w;(m), we have

+(Ny — N{i) < w(lp(m) a% = wé(m) Cq,



CHAPTER 4. CONTINUITY OF QUANTUM CHANNEL DIVERGENCES 102

and
[A(C)]leo = 1P, (1Y) [loo = 127 (1) | oo-

The same holds for the second pair.
Singular parts. On range ()1 we have a1 = liange, and az = 0, and on range Q2 we
have a; = 0 and as = Liange@,- Since Tid is block diagonal,

N{ — N§' = Q1o(Q1T1Q1)Q1 — Q29(Q2T2Q2)Q2 + Zr,
Zr = a1p(QrT1QR)a1 — a2p(QRT2QR)az,

where in Zg the functional calculus is taken in L(range Qg). The first two terms lie between

Flloll (@1 + Q2), and [|A(Q1 + Q2)[[oc = ms.

Common part. On range@Qr put H- = @(QrT1Qr) — ¢(QrT>Qr) and Hy =
AQrTIQR) + $(QRT2Qr), 50 that [H ||l < wh(rae) and |Hy [ < 2@l As in the
proof of Lemma 4.10.3,

Zp = %(alH_CU +asH _az)+Y, Y = %((al —ag)H (a1 +a2)+ (a1 +a2)Hi (a1 — ag)),

with all operators restricted to range Qr. Since a? + a2 = Qg there,
1 1
:|:§(CL1H_CL1 + (IQH_CLQ) < §||H—||ooQR,

and ||A(QR) oo < 2|7 (1y)]/0o- For Y we give two bounds. First, as in Lemma 4.10.3, on
range Qg we have

1Y ][oo < %Hal — a2lfo || H [ l@1 + azlloo < % “2%c - 2lell1 - V2,
50 £Y < 2v/27.c|l¢ll1Qr. Second, let X, X', H, be Hermitian and n > 0. Expanding
(X F 07 PXTH ) (02X F 07 PH LX) > 0
gives
HXH X + X'H X)) <nX?+ 0 ' X'HIX <nX? + 07 Hy |2 X72

With X = a; —az and X’ = a; +az, and since (a1 +a2)? = Qr+2a1a2 < 2Qr on range Qg,
this gives
+4Y < nQrlar — az)® + 20 || Hy| 2. Qr-

By definition |A(Qgr(a1 — a2)?)||ec = h2., so optimising over 7, the bound is

ac?

1

1 2 H lloohac 2 AQR) [50) " < 200197 (13)]15 Pac-

Since 27,c = tanh %¢, the first bound contributes at most 2v/2 ||¢[|7]|Q (1) tanh %c.
Adding the three steps gives R,. Parts (a)—(d) follow from Lemma 4.11.1(d) and

P‘min(M) - )‘min(M/)|a ’)‘maX(M) - )\maX(M/H < HM - M/Hoo§

for (a), ®; 0 ¥; = ¥y, with respect to Vi,...,V,. If the supports agree, Lemma 4.11.2(a)
shows that R, with the first entry of the minimum is

192" (1) oo (w4 (7) + 2v2ll el tank <),

which is the bound of Theorem 4.10.4. OJ
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Theorem 4.11.3 separates three effects. The singular parts of the sums enter linearly,
through their size mg. The change of the common part enters through the in-pair distance
Tac and through either the Thompson or the Hellinger distance of the absolutely continuous
parts, whichever is smaller. The Hellinger form is better when some common directions
carry very different relative weights in the two sums but little absolute weight. The cou-
plings k; measure how strongly each pair mixes the directions it does not share with the
other sum into the common ones. The next corollary is the cleanest case, in which only
the singular part survives.

Corollary 4.11.4 (Adding an independent branch). Let ®1,¥1,04,0y € CP(X,)), put
O = @, + ¥y and © = Og + Oy, and assume range J(Qq) Nrange J(O) = {0}. Let
Oy = D1 + Oy and Uy = Uy + Oy. Then for every operator connection o',

J(®2) 0" J(W2) = J(®1) 0" J(¥1) + J(Op) 0’ J(Ow),
and consequently
F(®1,91) + F(94,0y) < F(®2,Us) < F(®1,¥1) + 1(|0%(1y)]|so-
For every mean o,
||@20 Wy — @10 Wi[|1 = [|[Os 0 Oul|l1 < |07(1y)cc-

In the notation of Theorem 4.11.3, (1)s = 0, (Q2)s = O, and Tae = K1 = kg = dae = 0,
where dye = 0 holds by the convention above if 2 = 0.

Proof. Let V1 = range J(£21) and V, = range J(0). Since Vi N Vy = {0}, there is an
invertible Z on Y ® X with ZV; L ZV5. The Choi matrices of &1, ¥; have ranges in Vy,
and those of O, Oy in Vs, because J(P1),J(¥1) < J(21) and J(Og), J(Og) < J(O).
After conjugation by Z the two pairs live on orthogonal subspaces, where the connection
acts blockwise. The transformer equality for the invertible Z gives the identity. Taking
partial traces, Try (J(®o)#J(V2)) = M + Mg with My = Try(J(®1)#J(¥1)) and Mg =
Try(J(©s)#J(Oy)). Then

)\min(Ml) + )\min(M@) S )\min(Ml + M@) S )\min(Ml) + ||M®”00a

and J(Og)#J(Og) < 3J(O) by the arithmetic-geometric mean inequality, so [|[Melle <
511©*(1y)|lsc; Proposition 4.3.1 gives the inequalities. For a mean, 0 < J(0g) 0 J(Oy) <
J(©) in the completely positive sense, which gives the trace-norm bound. For the last
statement, choose the column matrix W = [W; We] of Q' = 2Q; +© with Wi W5 = 2J(Q)
and WeW¢ = J(0©); its columns are linearly independent because V; NV, = {0}. Then,
splitting C" = C" @ C"® according to the columns of W7 and Wg, C1 = %1@-1 @0, Cy =
%1(71 P lcre, As = A1 B Tp for the derivative Tg of Oy, and T7 = 241, To = 2A1®Te. O

Remark 4.11.5 (Physical interpretation). Corollary 4.11.4 covers heralded erasure. Regard
channels ®1, ¥; as maps into L(Y@®Cuvp), and let them output a flag vov§ with probability p:
Py = (1—p)®1 +ptr(-) vovd and likewise Wo. The corollary applies to ((1—p)®1, (1—p)¥;)
and Oy = Oy = ptr(-) vy, since range J(©) = Cvp ® X is orthogonal to Y ® X D
range J(®; + Uyp). As

~ 1 .
F(©e,0v) =p = 5[0 (Lyecw )l

and F is positively homogeneous, its two bounds coincide and give F' (Do, ¥y) = (1 —
p)F(®1,¥1) + p: an incoherent new branch enters exactly with its weight. Leakage coher-
ently coupled to existing directions [130] enters instead through the couplings k;, and can

cost a constant at vanishing weight (Example 4.11.7).
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Without the independence assumption, the quantities of Theorem 4.11.3 cannot be
bounded by the completely bounded distance between the pairs alone. Take dim X = 1, so
that completely positive maps are positive semidefinite matrices, and linearly independent
unit vectors yi, y2 with |(y1,y2)| close to 1. Let ®; = ¥y = y1y7 and @2 = y1y7, Vo = y2y5.
Then F(®;,¥;) = 1 and F(®y,¥5) = 0, because the geometric mean of two distinct
rank-one projections is 0, although || ¥} — Wyl|; is small. In the frame W = [v3y1 2]
of Q' = 3y1y} + y2y3 ome finds Cy = diag(3,0), 71 = 5 and T» = diag(1,0). Hence
(Q2)s = yous has size mg = 1, however close y9 is to y1, and 7, = % The jump is therefore
recorded by the theorem, through 7,. and mg, and not hidden. It is the support-changing
counterpart of the impossibility example of Corollary 4.3.3.

4.11.3 Continuity in the derivative across support changes

Theorem 4.11.3 is a continuity statement in which the relative distance ¢ is replaced
by the quantities of the Lebesgue decomposition. When the supports differ, § > % by
Lemma 4.10.5, so no statement in terms of d alone can cover this case.

Corollary 4.11.6 (Continuity across support changes). Fiz (®1,¥y), let (P g"),\Il(n)) be

pairs with sup,, HQ . *(ly)H < 00, and let =, 5 ) m{™ dgc),hgc) be the quantities of

Theorem 4.11.3 for the pairs (1, V1) and ((IJgn), \IJ ) If
M 0, ng ") (n) — 0, m{™ — 0, min{d®, h{M} — 0,

then F(@5,W8") — F(@1,91), Qa(@5V[5”) — Qu(®1|¥1) for a € (0,1), and
H]@én)a\llgn) — @10V |||1 — 0 for every mean o. The same holds for ﬁf for every operator
conver f such that hy is finite on a compact interval containing the spectra of all the
in-pair derivatives. If the supports of the sums agree for all n, the hypothesis reduces to
7 0 and min{dg?), hgf)} — 0, which holds in particular if 7™ — 0 and dg?) =0

(n) _(n) _(n)

Proof. Every term of RLp is a constant times wé at one of Tac’, Ki',kKg ', Or a constant times

mgn), tanh %d&’é’ or hgﬁ), and the constants are bounded in n. Lemma 4.4.8 gives w{o (6) =0

as 0 — 0. The last statement is Lemma 4.11.2(a). O

None of the hypotheses can be dropped. For 7., take the pairs of Corollary 4.3.3:
they have the same sum, so all other quantities vanish, while 7, = % and F jumps from
0 to 1. For msg, take Corollary 4.11.4 with O3 = ©g and ﬁ(@q:.,@\p) > 0, for instance
the flag of Remark 4.11.5: then 7, = kK1 = Ko = dac = hac = 0, while F increases by at
least F(Op,Oy). For min{dac, hac}, let dimX =1, Y = C2, J(®1) = J(¥;) = $1c2 and
J(®2) = J(¥s) = Zdiag(1,s) with 0 < s < 1. The supports agree and Toc = K1 = kg =
mg = 0, while d,. = log %, hae =1 —+/s and ﬁ’(@l, Uy) — ﬁ(@g, Uy) = % In the example
following Corollary 4.11.4, mgs = 1 and 7, = % while the pairs are arbitrarily close. The
next example shows that the coupling alone can carry a jump, with every other quantity
tending to zero.

Example 4.11.7 (Coupling). Let dim X = 1 and ) = C?, let P be the projection onto
(61 + 62)/[ and put Zt = dlag(\/ 1) Let J(q)t) = ZtPZt, J(\I’t) = Zt(l(C2 - P)Zt,
and J(®g) = J(¥p) = Seses. Then [|J(P¢) — J(Po)[1 and [|J(¥y) — J(Vo)|l1 are O(V/1).
Now J(®¢) and J(V;) are distinct rank—one operators, so their geometric mean is 0 and
F(®;,0,) = 0, whereas F(®g, Uo) = L. Take (®;, ;) as the first pair and (g, ¥p) as the
second. Then J(Q') = diag(t, 2), W = dlag(\f, \f) and C7 = diag(1 ,2), so Q1 = e1€],
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®Qr = eze; and Q2 = 0. Moreover 17 = P, and Ty = % on range Qr. Hence 1, = 0,
dac = hae = 0, ko = 0 and mg = t — 0, but kK1 = |{(eq, Pea)| = % for every t. The
jump of size  is carried by the coupling, and the term ||Qf(ly)||ooﬁi/2 = (1+1t)/V2 of
Theorem 4.11.3(b) accounts for it.

4.12 Where continuity fails: a dichotomy

Example 4.11.7 suggests a general mechanism. A pair whose sum has a non-invertible Choi
matrix can be approximated by pairs that use the missing Choi directions with vanishing
weight but with full coupling, and this changes the derivative in the limit. We show that
this is the only obstruction to continuity, and we compute the size of the jumps. The answer
is a dichotomy: for the fidelity, @a and every mean other than a weighted arithmetic mean,
the quantity is continuous at a pair exactly when the Choi matrix of the sum is invertible
or the quantity takes an extreme value there. For bounded maximal f-divergences this
holds under the rank condition of Theorem 4.12.4(d)(iii).

Throughout this section, ®,¥ € CP(X,)), Q@ = & + ¥ # 0 has column matrix W €
L(C",Y ® X) as in Theorem 4.2.15, T is the derivative of ® with respect to 2, and

cq =dim(Y ® X) —r = dimker J(Q)

is the Choi codimension of ). Pairs converge in any norm on the finite-dimensional space
of Hermitian-preserving maps, for instance in the completely bounded trace norm. Every
operator connection ¢ has a representing function

z(1+s)

o = U+ba +
fol)=a v (0,00) T+S

dm,(s)
with aq, b, > 0 and a finite positive measure m, [79]. By (4.9.5),

Yo =Llg + Mo, ly(t) =ast+ by (1 —1), 770:/ Ns dmy(s) > 0,
(0,00)
where 7, vanishes at 0 and 1, and is strictly positive on (0,1) unless m, = 0. By Re-
mark 4.2.16, J(®)o J(V) = We,(T)W* and axJ(®) + b, J(¥) = Wi, (T)W*. For an
operator convex f with f(07) and f’(co) finite we write £¢(¢) = f(07)(1 — t) + f/(c0)t for
the chord of hy, so that hy < £; on [0, 1].

We call @ and ¥ mutually singular if range J(®) N range J(¥) = {0}. This holds
if and only if T is a projection: an eigenvector u of T' with eigenvalue in (0,1) gives
Wu € WrangeT' N W range(1cr — T'), and conversely W is injective. By Proposition 4.7.1,
it means that ® = &5 and ¥ = ¥,. In that case J(®)o J(¥) = a,J(P) + by J(¥), and in
particular J(®)#J(¥) = 0. The equivalence of mutual singularity with J(®)#J(¥) = 0
is the criterion following Theorem 4.5.6, which for the geometric mean is due to Kian [76,
Theorem 4.3]; for states it is the distinct image property of [29].

Lemma 4.12.1 (Envelope). (a) For positive semidefinite A, B € L(V) and every con-
nection o, a; A+ b,B < Ao B.

(b) If A, — A and B,, — B, then every limit point L of (A, o By,) satisfies azA+bsB <
L <AcB.

(c) Fand Qa, o € (0,1), are upper semicontinuous on CP(X,)) x CP(X,Y). For every

N

operator convez f, Dy is lower semicontinuous. If f(07) and f'(c0) are finite, then

D(®]1®) < Amax (Try(F(01)J () + f/(00).J (@))).
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Proof. (a) For A > 0, the inequality f,(z) > a, + boz gives
AocB= A2 [ (A"V2BAY?)AY? > a4, A + by B.

The general case follows by continuity from above.
(b) Since z(1 + s)/(x + s) < 1+ z, we have f,(z) < (as + mo) + (by + mo)x with
mo = me((0,00)), so
Ay, 0B, < (ag +mo)An + (be + mo) By,

is bounded. The lower bound follows from (a), since the positive cone is closed. For A > 0,
monotonicity gives A, 0 B, < (A, + A\1y)o (B, + Aly). The right-hand side converges
to (A4 Aly)o (B + Aly), because the defining formula is continuous on positive definite
pairs. Hence L < (A + A\1y) o (B + Aly) for every A > 0, and continuity from above gives
L < AcB.

(¢) By Proposition 4.3.1, F(®, ) = Apin(Try(J(®)#J(¥))), and Apin o Try is con-
tinuous and monotone. Applying (b) along a subsequence that realises the limsup gives
upper semicontinuity, and Lemma 4.5.3 gives the same for @a. D ¢ is a supremum over p
of the functions (®, V) — lA)f(<I>p||\pr), which are lower semicontinuous by Lemmas 4.6.4(2)
and 4.7.3; see also [60, Section 5], [95, Theorem A.4] and [91]. For the last inequality,
hy <l gives

Whi(T)W* < F(01)J(¥) + f'(00) ] (®);

apply Theorem 4.7.5(b). O

Remark 4.12.2. Parts (a) and (b) of Lemma 4.12.1 are elementary consequences of the
Kubo—-Ando representation and of continuity from above, and the upper semicontinuity
of the Matsumoto fidelity was already used in the proof of Proposition 4.3.1. The lower
semicontinuity of maximal f-divergences is noted by Matsumoto [91] as a consequence of
his dual formula, and is proved in [60, Section 5] and [95, Theorem A.4]. Part (b) also
shows that one-sided perturbations cannot produce jumps: if A, > A and B, > B for
all n, then monotonicity gives A, o0 B, > Ao B, so every limit point equals Ao B, and
A, 0B, - Ac B.

Lemma 4.12.3 (Dilation into the Choi kernel). Suppose cq > 1, let K be a matriz whose
cq columns form a basis of ker J(2), and let

- T X -
T:[X* Z] on C" & C*=, 0<T <1crgcea-

Fort >0 put Wy =[W VtK], and let &; = Vs and ¥y =¥ LT with respect to the
TEBCC -

l(C
Kraus operators given by the columns of Wy. Then || J(®¢) — J(P)|| oo and ||J(¥:) — J(V)||oo
are O(\/t). For every connection o,

J(®4) 0 J(Wy) = Wipa ()W} — W o (T)] 11 W*

as t | 0, where [-]11 is the compression to C". For every operator convexr f with hf(f)
finite, R R
D (®1]11) — A (Try (WD W)).

Proof. The columns of W, are linearly independent, because

range K Nrange W = ker J(Q) Nrange J(Q2) = {0}.
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Since W, W} = J(Q) + tKK*, W, is the column matrix of ®; + ¥, and T is the derivative
of ®;. For any block operator M = [M;;] on C" @ C,

Wi MW} = WMW* + vVt (WM K* + KMoy W*) +t KMoy K*.

With M = T and M = lgrgeen — 1 this gives the first statement. With M = 0o (T),
Remark 4.2.16 gives the second. With M = h¢(T"), Theorem 4.7.5(b) gives the third, since
Amax © Try is continuous. ]

The dilations we use are projections, after Halmos [50]. If &/ C C" is invariant under T,
write T'= Ty & Ty, R = (Ty(1y — Ty))Y?, k = rank R, and let Ry be a partial isometry
from U into C°® with RjR the range projection of R, which requires k& < cq. Put

Ty RR;,

1 cQ
Rk Ro(ly - oms| ondte@eTo). (4.12.1)

Ty = Ty &

SAince Ty, R and RjRp commute, a direct computation shows that the second summand
Py, is a projection, and its compression to U is T; u- Hence for every continuous ¢ on [0, 1]
with chord £,(t) = ¢(0)(1 —t) + p(1)t, we have p(Py) = £,(FPy), and

P(T)n = 9(Ts) @ Lo(T) = 9(T) — Pulip — £,)(T) Py, (412.2)
where Py, denotes the orthogonal projection onto U, which commutes with 7.
Theorem 4.12.4 (Continuity dichotomy). Let ®, W, Q. W, T and cq be as above.

(a) If J(2) is invertible, then for every pair (®', W), with do, = max{|||® — ®'|||1, |||¥ —
U1} and Q = 3(Q+ @' + V),

|F(®, W) — F(&, )] < 2.528 [0 (1y) o0 v(Q)~1d>.

Theorem 4.10.4 and Corollary 4.10.8 give local moduli for every mean, for @a and
for Dy with bounded f. In particular all these quantities are continuous at (P, V).

(b) Suppose cq > 1. Let U C C" be invariant under T, wzth rank Tp,(1y — Tyy) < cq, and
let (®y, Wy) be the pairs of Lemma 4.12.3 with T =Ty. Then

1T(®1) = (D)oo [[ (W) = J(¥)[|oo = O(VE),
and simultaneously for all connections o,

J(‘I)t) o J(\I’t) — W((pU<T) — PM”U(T>PM)W*7
and for every operator convex f with f(0), f'(c0) < oo,

Dy(®@][W:) — A ( Try (W(hy(T) + Pully — hy)(T)B)W)).

(c) If cq > 1 and cq > rank T (1cr — T'), the choice U = range T(1cr — T') in (b) makes
&y and VU, mutually singular. (If cq = 0, the condition rank T'(1cr — T') < cq forces
T to be a projection; then ® and ¥ are already mutually singular, and the assertions
below hold with ®; = ® and V; = V.) Then

q)t o \I/t = aC,(I)t + bo—\pt — aUCIJ + bg\I/,

1£hich is the smallest limit allowed by Lemma 4.12.1. Moreover F’(CI)t,\Ilt) =
Qa(P]|¥,) =0, and for bounded f,

Dy(®4]| 1) = Amax (Try (£(01) T (V) + f'(00) T (2))),

which is the largest value allowed by Lemma 4.12.1.
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(d) Consequently:

(i) for a connection o with my # 0, the map (', V') — &' oW is continuous at
(@, W) if and only if J(Q) is invertible or ® and ¥ are mutually singular;

(ii) F is continuous at (@, W) if and only if J(S2) is invertible or F(®,%) =0, and
the same holds for Q., a € (0,1);

(iii) for bounded operator convez f, ﬁf is continuous at (®, V) if J(Q) is invertible.
If 1 < cq and rank T'(1cr — T') < cq, it is continuous if and only if

Dy(®[1%) = Amax (Try(f(07)J(¥) + f'(c0) T (®)));

(iv) if f'(c0) = +o0 or f(AOJr) = 400, and cq > 1, then every neighbourhood of (®, V)
contains pairs with Dy = +00.

Proof. (a) Since J(2) is invertible, range J(®' + ¥’) C range J(2), and Corollary 4.10.8
applies with (®1,¥;) = (&, V). For the other quantities, the same corollary gives § <
den/v(2)?. When 6 < %, Lemma 4.10.5 gives 7 < 2v/26/v/1 — 462 and tanh dT =2y <26,
and Theorem 4.10.4 applies.

(b) Since rank R = rank Ty (1y — Ty) < cq, the dilation (4.12.1) exists and 0 < Ty; <
lcrgcee. By Lemma 4.12.3 and (4.12.2) with ¢ = ¢,, whose chord is ¢, because ¢, (1) = ar
and ¢4(0) = by, the means converge to W(ps(T') — Pyne(T) Py )W*. With ¢ = hy, whose
chord is £, the divergences converge as stated.

(c) On U+, T(1cr —T) =0, 50 Ty, is a \ projection, and so is Ty. Since W, is injective,
®; and U, are mutually singular, and ¢, (Ty) = £5(T}y) gives J(®1) o J(Vi) = apJ(Pr) +
by J (V). The geometric mean and #1_, have a, = b(7 =0, so F(<I>t, U,) = @a(q)tﬂ\lit) =0
by Proposition 4.3.1 and Lemma 4.5.3. Similarly hf(Tu) = Ef(Tu) gives

Dp(@e] W) = Amax( Try(f(0T) (W) + f/(00) T (24))),

which converges as stated.

(d)(i) If J(€2) is invertible, use (a) and Theorem 4.10.4(a). If T is a projection, then
No(T) = 0, so the two bounds in Lemma 4.12.1(b) coincide, and every limit point equals
J(®) o J(V); since the sequence is bounded, it converges. Conversely, let cq > 1 and let u
be a unit eigenvector of T' with eigenvalue ¢ € (0,1). Then 7,(q) > 0 because m, # 0. With
U = Cu, (b) produces the limit W (¢, (T) — ns(q)uu*)W*, which differs from W, (T)W*
because W is injective.

(ii) If J(£2) is invertible, use (a). If F(®,¥) = 0, upper semicontinuity (Lemma 4.12.1(c))
and F > 0 give continuity. Conversely, let cq > 1 and F (¢,¥) > 0. Put M =
Try(Wgu(T)W*) and let x be a unit vector with (x,Mz) = Apnin(M) = F(®, D).
Write g4(T) = > g#(qx)uruy, the sum over the eigenvalues g, € (0,1) of T, since
g#(0) = g#(1) = 0. Since (xz, Mx) > 0, some k has

B = g3 (qr) (@, Try(Wurup W*)z) > 0.
With Y = Cuy, (b) gives

F(®0,94) = Ain( Try (W (g(T) — g (a)uul)W*) ) < {w, Mz) — i < F(®, W),

The same argument applies to @a, with h in place of g4.
(iii) The first statement is (a), with Theorem 4.10.4(d). Let

E4(P, W) = Amax (Try(f(0F)J(T) + f'(00) J(D))),
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a continuous function of the pair. If 1 < ¢q and rank T'(1cr —T') < cq, then by (c) there are
pairs converging to (®, ¥) along which lA?f — &7(®, V), so continuity forces lA)f(CDH\I/) =
E;(®, ). Conversely, if equality holds, lower semicontinuity gives liminf D/ (®'||¥) >
lA?f(<I>H\I/), and Lemma 4.12.1(c) gives

limsup Dy (®'|| W) < lim E4(®', ') = E4(D, ¥) = Dy(d| ).

(iv) If lA?f(Q)H\I/) = +oo there is nothing to prove. Otherwise apply Lemma 4.12.3
with T = T @ 1cen if f/(00) = 400, and with T = T & Oceq if f(01) = +00. Then
J(®y) = J(®) + tKK* and J(¥;) = J(V) in the first case, and J(®;) = J(®) and J(¥;) =
J(U)+tK K* in the second, so (®;, U;) — (®, ). Since T has the eigenvalue 1, respectively

0, and W; is injective, Proposition 4.7.1 shows that ®;, respectively ¥;, has a nonzero
singular part, and Theorem 4.7.5(a) gives ﬁf(q)tH\I/t) = 4o00. O

The approximants in (c) separate the Choi supports of the two maps at cost O(v/%),
and every mean then collapses to its affine part. Theorem 4.11.3 records exactly this: for
(P4, ¥y) against (P, V) one has 7, = 0, doe = 0 and mg = O(t), but the couplings do
not tend to zero. The condition ¢ > rankT'(1cr — T') holds whenever the Kraus rank
of Q is at most 3 dim X dim Y. When it fails, (b) still gives a nonzero jump whenever (d)
asserts discontinuity. Part (iv) is the channel form of the familiar fact that divergences with
f'(0) = oo or f(0F) = oo require a support condition. Parts (i)—(iii) have no classical
counterpart: if all Choi matrices involved commute, Fis continuous, since /Ty is.

The ingredients of Theorem 4.12.4 are classical, but we are not aware of an earlier
description of the points of continuity. Discontinuities at singular pairs are known: the
Matsumoto fidelity of two distinct pure states vanishes [29], which is the mechanism of
Corollary 4.3.3, and the Belavkin—Staszewski conditional entropy is discontinuous on singu-
lar states, with continuity bounds of order v/§/(A_(d~* —\_)) on states on a d-dimensional
space whose smallest eigenvalue is at least A_, where 0 < A_ < d~! [21]. Theorem 4.12.4(a)
is an analogue for completely positive maps, with a constant governed by v(€2), which
satisfies Apin(J(2))/ min{dim X, dim Y} < v(2)? < Amin(J(Q)) for invertible J(Q2) by
Lemma 4.8.2(2). The ways of approaching a singular pair that are used in the litera-
ture are all compatible with Theorem 4.12.4: regularisation from above [8, 79] and positive
semidefinite perturbations, as in the perturbation bounds for parallel sums of [86], converge
by Remark 4.12.2, and, as observed in the introduction of [91], maximal f-divergences of
states are continuous along line segments into the interior of their domain. By Corol-
lary 4.10.8 and Remark 4.12.2, a jump requires perturbations (®,,¥, ) that enlarge the
Choi support of the sum and do not satisfy both ®,, > & and ¥,, > V.

Corollary 4.12.5 (States). For positive semidefinite p1, pa on C¢ with p1 + pa # 0, the
Matsumoto fidelity tr(pi1#p2) is continuous at (p1,p2) if and only if p1 + pa is invertible
or tr(pi#p2) = 0. If rank(p1 + p2) < d/2, there are mutually singular pairs (pi14, p2,t) —
(p1,p2), which can be normalised to states when py, pa are states, and tr(p1 #p2.) = 0.

Proof. Take dim X = 1 in Theorem 4.12.4. Then F(py, p2) = tr(p1#p2), and
rank T'(1cr — T') < rank(p; + p2) < d —rank(p; + p2) =
Normalising each map by its trace preserves mutual singularity and convergence. O

For example, p1 = py = (6161 + ege3) on C* has tr(pi1#p2) = 1. Coupling e to e3
as in (4.12.1) gives p1¢+ = %(vv + ese3) and poy = 5(ww* + ezel) with v,w = e £ V/tes,
which are not unit vectors, so that trp;; = trps; = 1 + % These are at trace distance
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O(Vt) from py, and tr(p1,#p2:) = 3 (after normalisation to states, 3(1 + 5)71), because
the mean splits over Ces @ span{ey, e} and vv*#ww* = 0. Coupling ez to ey as well gives
fidelity 0.

Corollary 4.12.6 (Channels). Let ® be a channel. Then F(®,®) = 1, and if J(®) is
invertible, F is continuous at (®,®). If there are channels ®, — ® with range J(®,) N
range J(®) = {0}, then F(®,®,) = 0 for all n. This is the case for every isometric channel
¢ = V()V* with dimY > 2: take ®,, = U,V (-)V*U;} with unitaries U,, — 1y such that
U,V ¢ CV.

Proof. We have R
F(®,®) = Apin(Try J(®)) = Anin(®*(13)7) = 1.

Continuity is Theorem 4.12.4(a). If the Choi ranges intersect trivially, the pair (®,®,,) is
mutually singular, so J(®)#J(®,) = 0. For an isometric channel the Choi matrices are
[V)(V] and |U,V){U,V|, whose ranges intersect trivially when U,V ¢ CV. Choose a
Hermitian H with HV ¢ CV, which is possible because dim ) > 2; for instance H = yy*
with y*V # 0, and with y ¢ CV if dim&X = 1. Since s~ 1(e*V — V) = iHV as s — 0
and CV is closed, ¢*'V ¢ CV for all sufficiently small s # 0. Hence U,, = e/ has the
required property for all n > ng, for some ng, and we use these n. ]

Thus the geometric channel fidelity, viewed as a function of its second argument, is
discontinuous at every isometric channel, although it equals 1 there. This is the distinct
image property of [29], applied to the rank-one Choi matrices of isometric channels. By
Theorem 4.12.9 and Corollary 4.12.10 below, F(®, ) is discontinuous along channel-valued
approximants at every channel ® with non-invertible Choi matrix. Output rotations of ®
suffice, although the limiting value of the fidelity need not be 0.

Remark 4.12.7 (Physical interpretation). Corollary 4.12.6 is a caution: an ideal gate U(-)U*
and a mis-rotated gate U’(-)U’*, U’ ¢ CU, have F = 0 however close they are in ||| - |[|1,
so near unitaries F' is not a usable plug-in figure of merit. Noisy devices often have in-
vertible Choi matrices, and as J(® + ¥) > J(®), full Kraus rank of one of the maps
suffices. The generalised amplitude damping channel with damping p and thermal popula-
tion N, a qubit in a bath at nonzero temperature, has four Kraus operators [74], linearly
independent for p € (0,1] and N € (0,1) (two are off-diagonal in different positions, two
are diagonal and independent as p # 0), so pairs containing it are continuity points by
Theorem 4.12.4(a). At zero temperature (N = 0 < p < 1) the Kraus rank is 2, and as
F(®,®) = 1, Theorem 4.12.4(d)(ii) shows that F' is discontinuous at (®,®) under com-
pletely positive perturbations. Example 4.12.8 below shows that the jump persists within
the zero-temperature amplitude damping family itself, where it is a jump from 1 to 0.

Perturbations within channels

Example 4.12.8 (Amplitude damping). For v € [0,1] let A, € CP(C?,C?) be the ampli-
tude damping channel with Kraus operators Ko = egej + /1 —yere] and K1 = /7 epef,
that is, the channel of Remark 4.12.7 with N = 0 and damping ~y. For v # +/,

1/2
)

F(Ay Ay) =0, {14y = Aplll < by =71+ (= /) + 40T =7 — VI 7))

while F(A,, A,) = 1. Thus, at every v € [0,1], F(A,,-) jumps from 1 to 0 within the
amplitude damping family. For v < 1 the distance is O(|]y —+/|).
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Proof. Write e = e,®¢ep € YRX and ¢ = /1 — 7, ¢ = /1 —~'. Then vec(Ky) = ego+cei;
and vec(K1) = /7 eo1, so range J(A,) C span{eg + cer1,eo1}. A vector

a(ego + cerr) + Beor = & (ego + c'e1n) + e

has o = o and ac = /¢, hence a = 0 since ¢ # ¢. So range J(A,) Nrange J(A,) C
Ceg1, and Theorem 4.5.6(1) gives J(A,)#J(A,) = Keoref; for some x > 0. Its partial
trace keje} is singular on X = C2, so Proposition 4.3.1 gives F = 0. The value 1 is
Corollary 4.12.6. For the distance, let A be Hermitian-preserving. Its completely bounded
trace norm is attained at a pure state uu*, u = vec(A) with [|A|l2 = 1 [127, Section 3.3],
and (4.3.1), which is linear in the map, gives

1(A @ 1)) (wu®) [ < [JAZ T (A) ] < [|T(A)]1-
Here

J(Ay) — J(Ay) = (v —7') eoregy + (¢ — ) (eovely + erregy) + (v — ) enely,

and the block
0 «x
Ty

on span{eq, €11}, with x = ¢ — ¢ and y = 4/ — v, has eigenvalues %(y + (y? + 422)1/2) of
opposite signs, so its trace norm is (y% + 422)1/2 O

For 0 < 7,+" < 1, Proposition 7.6.8(b) in Chapter 7 proves 13(./47, A,) = 0 by a different
argument, from the level decomposition of the pair, and deduces that the geometric Chernoff
and barycentric converses are infinite there.

The mechanism of Example 4.12.8, a perturbation that moves the Choi range of a
channel off itself, is available at every channel with singular Choi matrix. We use the short
[A]s of a positive semidefinite operator A to a subspace S, the largest operator Z with
0<Z< AandrangeZ C S [2, 4].

Theorem 4.12.9. Let &,V € CP(X,)Y), write Re = rangeJ(®), Ry = rangeJ(¥),
Rq = range J(® + V) = Ro + Ry and G = J(®)#J(¥). For Hermitian H € L(Y) let
U; = €7itH, U, = Ut‘;[/(')Ut*, and

SH:{wEchﬂR\p: (H®1/y)w€7?,g}.
(a) [|[W: — W[y < 2t[|H|ol|[®|[|1, and
lim sup ﬁ(@, U4) < Amin ( Try[Glsy, )-

t—0

In particular F(®,-) is discontinuous at U if some unit vector x with (z, Try(G)z) =

F(®,0) satisfies (z, Try(G — [Gs,, )z) > 0.
(b) Let & = U be a channel with J(®) singular, R = range J(®), and & = U D(-)U;.
Then
Su=Ru={weR:(H®1ly)weR}

and
lim sup F(®, 1) < 1= Anax ( Try (J(@) = [J(@)]r,,)).

t—0
The Hermitian H with Ry = R form a proper real subspace of the Hermitian op-
erators on Y, and for every other H the right-hand side is strictly less than 1. If
Ry = {0}, it is 0.
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Proof. (a) For a unitary U and any X,
Ua)XU1)"-X=(U-1)o1)XU1)"+X(U-1)®1)",

so [lUCU* = 1l < 21U = 1y, and [le™™ — 1y|o < ]| H|lso by the spectral
theorem; the first claim follows by submultiplicativity of |||-]||; under composition. Choose
tn — 0 such that F(®, ¥, ) converges to the limit superior and, using the boundedness in
the proof of Lemma 4.12.1(b), such that G,, = J(®)#J(¥,,) converges to some L. Since
J(¥¢,) — J(¥), Lemma 4.12.1(b) gives L < G. We claim that range L C Sy. Let w = Lz
and w, = Guz, so w, — w. With U, = U, ® 1x we have J(¥; ) = U,J(V)U}, so
Theorem 4.5.6(1) gives w, € Re N U,Ry. Hence w = limw, € R¢ and w = lim U w,, €
Ry. Moreover
tgl(U: - Dw, = trzl(U:wn —wp) € Ry + Re = Ra,

and as t~! (e — 1y) — iH these vectors converge to i(H ® 1x)w, so (H ® 1y)w € Raq.
This proves the claim. As 0 < L < G and range L. C Sp, maximality of the short gives
L < [G]s,. By Proposition 4.3.1 and continuity and monotonicity of Apin o Try, the
limit superior equals Amin(Try L) < Amin(Try[Gls, ). For the last statement put D =
Try(G — [Glsy) > 0; then

Amin(Try G — D) < (z, Try(G)z) — (x, Dz) < F(®, D).

(b) Here R = Ry = Rg = R and G = J(®)#J(P) = J(P), so Sy = Rpy. Since
Try J(®) = ®*(1y)" = 14, we have
Amin (Try[J (@) R ) = 1 = Amax (Try (J(@) = [J (@) ),

and (a) gives the bound. The set Z of Hermitian H with (H ® 1x)R C R, that is, with
R =R, is a real linear subspace. If it contained every Hermitian operator, R would be
invariant under L()) ® 1, so its projection would commute with this *-algebra and hence
be of the form 1y ® P’. Then J(®) = (1y @ P")J(®)(1y ® P’') and

1)( :TryJ(@) :Pl TI‘yJ(@)P/ :Pl,

so R = Y ® X, contradicting the singularity of J(®). For H ¢ 7 we have Ry # R, so
D = J(®) — [J(®)|r, is positive semidefinite and nonzero, since [J(®)]r,, has range in
Rp. Then trTry D = tr D > 0 and Apax(Try D) > 0. If Ry = {0}, then [J(®)]|r,, =0
and the bound is 1 — Apax(1x) = 0. O

Corollary 4.12.10. For a channel ® € CP(X,)) the following are equivalent:
(i) J(P) is invertible;
(ii) ﬁ, restricted to pairs of channels, is continuous at (P, ®);
(iii) F(®,U®(-)U*) — 1 as the unitary U tends to 1y.
In particular the dichotomy of Theorem 4.12.4 holds within channels at all diagonal pairs.

Proof. (i)=(ii) is Theorem 4.12.4(a). (ii)=(iii) holds because F(®,®) = 1 (Corol-
lary 4.12.6) and U®(-)U* is a channel converging to ®. (iii)=-(i) is the contrapositive of
Theorem 4.12.9(b). O



CHAPTER 4. CONTINUITY OF QUANTUM CHANNEL DIVERGENCES 113

For zero-temperature amplitude damping and H = o, one checks directly that Ry =
{0}: the rotated vector

(02 ® 1)(a(ego + cer1) + Peor) = aleip + cepr) + Penn

lies in R only if a = 8 = 0. Hence output rotations also drive the fidelity of Example 4.12.8
to 0. If 2rank J(®) > dim X dim Y, then

dim Ry > 2rank J(®) — dim X dimY > 0

for every H, since the preimage of R under H ® 1y has dimension at least dim R; then the
bound of Theorem 4.12.9(b) need not vanish.

By Lemma 4.12.1(c), the fidelity is continuous wherever it vanishes. We now turn to
the rate of continuity there; at mutually singular pairs it is governed by the smallest angle
between the Choi ranges.

Theorem 4.12.11. Let &,V € CP(X,Y) be nonzero and mutually singular, let P and @ be
the projections onto range J(®) and range J(V), let 6 € (0, 5] be given by cosf = || PQ||o,
and put a = max{||J(®)|loc, ||/ (¥)||cc }. For &', ¥ € CP(X,Y) with

n = max{|[J(®) = J(®)loc; [/ (¥') = J(¥) e} < a,
tr (J(®)#J(T')) _ 3v2 dim Y (an)'/?
dim X - sin 0 ’
If all four maps are channels, then with d., = max{|||®" — ®|||1,||[¥" — ¥|||1},

F(®', 0" <

_3dimX dimydif.

Iale: YA T
F(@,v) sin 0

Proof. Since range J(®)Nrange J(¥) = {0}, || PQllcc < 1,506 > 0. As J(®) < aP, we have
J(®') < aP+nl and likewise J(¥') < aQ+nl, so J(®)#J (V') < A#B with A = aP+nl
and B = a@ + nl, by monotonicity. By Halmos’ two-subspace theorem [50], in finite
dimensions, Y ® X is an orthogonal direct sum of subspaces reducing both P and Q: the
subspaces range PNker @, ker PNrange @) and ker PNker @) (here range PNrange @ = {0}),
and two-dimensional subspaces V; on which P = w;u} and @ = v;v; for unit vectors with

|{uj,vj)| = cos; < ||PQl|o = cosb.

The mean A# B splits accordingly, and we bound its trace on each summand. On range PN
ker () and ker P Nrange @ it is

(a+m)#n = (n(a+mn)"/* < (2an)"/?
per dimension, and on ker PNker Q it is n < (an)l/ 2 per dimension. On V; the compressions
Aj, B; have det A; = det B; = n(a + 1) =: o?, and
a(4; + Bj)

A:#B; = .
]# J det(Aj+Bj)1/2

Indeed, N = Aj_l/szAj_l/2 has determinant 1, so its eigenvalues are p,p~!, and (1 +
N)det(1 + N)~'/2 has eigenvalues (1 + p)/((1 + p)(1 4+ p= N2 = p/? and =12, so it
equals N/2; conjugating by A;/2 and using det(A; + B;) = a? det(1+ N) gives the formula.
Now tr(4; + Bj) = 2a + 4n, and the eigenvalues 1 + cos 0; of uju} + v;v} give

det(A; + B;) = a*sin® 0, + 4an + 4n* > a®sin? 6.
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Hence, using n < a,

2(n(a+n)"*(a+2n) _ 6v2(an)'/?
asin 6 - sin 6

tr(A;#B;) <

9

that is, at most 3v/2 (an)'/?/sin @ per dimension. As (2an)'/? and (an)'/? are smaller, each
summand contributes at most this amount per dimension, and

3v/2 dim X dim Y (an)/?

tr (J(®)#J () < tr(A#B) < sin 0

Finally R
F(®' V) = Apin(Try (J(@)#J (V) < tr(J(®')#J(¥'))/ dim X.

For channels, J(®) = dim X (® ® 1p,x))(7) with 7 as in the proof of Lemma 4.8.7, so

a <dim&X,and n < %dim)(dcb by Lemma 4.8.7. If n < a, then (an)/? < dim X (du,/2)"/?
and the first bound gives the second. If n > a, then

1
5 dim & dey > @ > [ J(®)[|o > tr J(®)/(dim X dim V) =1/ dim Y,

so the right-hand side exceeds 3(2dim X dim Y)'/2 > 1, while F(®',¥') < 1 for channels,
as in the proof of Corollary 4.10.7. 0

Example 4.12.12. The exponent % and the factor (sin#)~! in Theorem 4.12.11 are sharp.
Let Y = C2?, let b, f, g be unit vectors with f L g and |(f,b)| = cos®, 0 € (0, 5], and let
® = tr()ff* and ¥ = tr(-)bb*. These are mutually singular, with range J(®) = Cf ® X,
range J(V) = Cb ® X and ||PQlloc = |{f,b)| = cosf. For 0 < ¢ < sin?f put & = tr(-)p.
with pe = (1 —€) ff* + egg™, so that

12" = @[]y = llpe — f£"]l1 = 2€ = dew,,

as in the proof of Corollary 4.3.3. For A > 0 the Kubo-Ando formula gives A#bb* =
(b, A=1b)~1/2bb*, and, as in Example 4.8.11, F(®', ¥) = tr(p.#bb*). Hence

~ 20 sinZ26\-1/2 € 1/2 dl/2
B, w) = (& > (€ )77 o b
(%) (1—6 + € ) = (281n29) 2sinf’

using ecos? 0 < (1 —€)sin?0. As e — 0 with 6 fixed, F(®', ¥)sin H/di{)z — 2712,

4.13 Conclusion and outlook

Channel divergences of the form H(J(®)o J(V¥)) with H(0) = 0 and f,(0") = f.(c0) =0
such as those built from the geometric mean, vanish on pairs with trivially intersecting
Choi ranges (Theorem 4.5.6); the fidelity, Qa with a € (0,1) and the bounded maximal
f-divergences with f not affine are not continuous in the diamond norm, even for pairs
with the same sum (Corollaries 4.3.3 and 4.5.14).

The Arveson—Radon—Nikodym derivative T' of ® with respect to 0 = ® + ¥ is the
coordinate in which these quantities behave well. Its transpose is an effect on the envi-
ronment of 2, so it records how an instrument splits a fixed device into two branches,
and [|T7 — T5||o measures perturbations relative to € in the completely positive order.
Every quantity considered is a scalar function of T', namely g, or hy, read through the
Kraus operators of 2. Continuity in T therefore holds with the dimension-free constant
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|12*(1y)]|co. The integral representations of means and of operator convex functions give
explicit moduli, which are exact for the one-pole kernels and, for operator convex f on
[e,1 — €], within a factor 3 of optimal (Section 4.9). Quantitative estimates for unbounded
divergences need a bound on Dy, within each pair (without it they are still continuous in
T with values in (—oo, +00]), and for a general operator convex f the Lebesgue decompo-
sition of the pair decides finiteness. Theorem 4.8.4 converts these estimates into continuity
in the diamond norm on the splittings of a fixed €2; for the fidelity this is Hélder continuity
of order 1 with constant ||Q*(1y)[/e/~(€2), and in the counterexample v(Q) — 0. When
the sums differ, their change enters through the Thompson metric or, if their Choi supports
differ, through the singular parts, the absolutely continuous parts and the couplings of the
Lebesgue decomposition of the sums.

The dichotomy of Theorem 4.12.4 says where continuity holds. The fidelity, @a with

€ (0,1), the means and the bounded maximal f-divergences are continuous at every
pair whose sum has an invertible Choi matrix. At a pair whose sum has a singular Choi
matrix each of them, as a function on pairs of completely positive maps, is continuous
exactly when it takes an extreme value there (0 for F and Qu, agJ(®) + byJ(¥) for a
mean, Amax( Try(f(01)J(¥) + f/(0c0)J(®))) for Df) for means this requires the mean
not to be a weighted arithmetic mean, and for bounded maximal f-divergences the ‘only
if’ needs a rank condition. For channels this separates noisy devices of full Kraus rank,
which are continuity points, from isometric gates, at which F (®,-) jumps from 1 to 0
(Corollary 4.12.6). Within channels, (®,®) is a continuity point exactly when J(®) is
invertible (Corollary 4.12.10), and for zero-temperature amplitude damping the fidelity
jumps from 1 to 0 within the family itself (Example 4.12.8). Quantitatively, near pairs
whose Choi matrices are bounded below by A the fidelity is Lipschitz with relative constant
of the sharp order A~! (Theorem 4.8.8), and at mutually singular pairs it tends to 0 at the
sharp rate d'/2 /sin §, where d is the diamond distance and 6 the smallest angle between the
Choi ranges (Theorem 4.12.11). Our estimates complement the joint lower semicontinuity
of the operator-valued maximal f-divergences of [101, Theorem 4.7]: in finite dimensions
and in the coordinate T', continuity is two-sided and quantitative. They also complement
the continuity results of [95] for Rényi divergences of states and channels. They are upper
bounds: the two-sided estimate of Theorem 4.8.4 concerns the maps, not the divergences.

The program is continued in later chapters: Chapter 5 treats divergences that are not
functions of T' through testing regions and hockey-stick divergences, Chapter 7 uses 1" to
prove a geometric Chernoff converse for adaptive channel discrimination, and Chapter 8
proves the results on the sensitivity of converse bounds near noisy gates announced in
Chapter 1.

We close with some open questions.

1. Constants. Lemma 4.10.5 is sharp as § — 0. Is its factor (1 — 46%)~/2 optimal
for finite 67 The constants of Corollaries 4.6.11 and 4.6.12 are not optimised. The
bound of Theorem 4.4.6 is attained asymptotically (see the remark following it), and
the coefficient of the second term of Lemma 4.10.3 is sharp as v — 0. Can the
second term be replaced by 2v||¢||~ for all 47 By the proof of Lemma 4.10.3, this
would follow if the Schur multiplier norm of [sin(v; + v;)}; ;, for ¢; € [=7, §], were
max; |sin 2¢;|. Finally, Example 4.8.11 leaves a factor 2 between the constants of
Theorem 4.8.8 and the best examples; what is the exact local Lipschitz constant of
logﬁ at noisy gates?

2. Singular pairs. Let cq = dimker J(Q2). When 1 < ¢q < rankT'(1¢cr — T'), what is
the exact set of limit points? At mutually singular pairs the fidelity is continuous at
the sharp rate d'/?/sin@ (Theorem 4.12.11). At what rate is it continuous at pairs



CHAPTER 4. CONTINUITY OF QUANTUM CHANNEL DIVERGENCES 116

with F = 0 that are not mutually singular, such as (A, Ay) in Example 4.12.87
Within channels the dichotomy holds at the diagonal pairs (Corollary 4.12.10). Does
it hold at every pair of channels with J(® + ¥) singular and F(®,¥) > 0? By
Theorem 4.12.9(a), it would suffice to find H for which the short [J(®)#J(¥)]s,
lowers Apin © Try. Is the bound of Theorem 4.12.9 an equality?

3. Convex f. For merely convex f the maximal f-divergence is still defined through
reverse tests [91], but the perspective formula need not hold. Is it still a function of
T, and of which function?

4. Operational consequences. The geometric Rényi divergences with o € (1,2] give
converse bounds for channel capacities [42], and geometric distinguishability mea-
sures limit channel discrimination and estimation [72]. Our estimates show how such
bounds respond to relative perturbations, and Theorem 4.12.4 shows that continuity
fails at pairs with singular sum unless the quantity takes its extreme value there. Can
this be made quantitative for a specific task?

5. Other norms and algebras. Proposition 4.4.3(1) holds in every unitarily invariant
norm || - ||, since ||[AB| < ||A][|Bllco, and, by Ando’s inequality [7], Proposi-
tion 4.4.3(2) becomes ||gx(E) — g#(E")||, < ||E — E’H;g for p > 2, but statements
for maps need norms adapted to the Schatten classes. The framework of Okayasu
[100, 101] suggests extensions to normal completely positive maps between von
Neumann algebras, with 7" in the commutant of a Stinespring representation; our

estimates are already dimension-free.

4.14 Norm bounds and a variational characterisation of
means of completely positive maps
Throughout this section ®, ¥ € CP(X,)), Q@ = ® + ¥ has a Kraus decomposition Q(X) =
> i1 Ve XV} with linearly independent Vi,...,V,, W = [vec(V7) --- vec(V;)], and T is
the ARN derivative of ® with respect to 2, so that ¥ = Wy _7. For a linear map
E:L(X) — L(Y) and p € [1, 00] we write
1Ellp—p = sup {IIE(X)lp : X € L(X), [| X[, <1},

its completely bounded version ||=||ch p—sp = supy, [|E@1y,y)|[p—sp, the supremum being over
all complex Euclidean spaces V, so that ||Z]|cb, 11 = [||Z]|[1, and we write || - || for an
arbitrary unitarily invariant norm [16, Chapter IV]. We use the following fact repeatedly: if

= is completely positive, then the supremum defining ||Z||,—, may be restricted to positive
semidefinite X [126].

4.14.1 Norms of means

Proposition 4.14.1. Let o be a Kubo—Ando mean. For every p € [1,00],

120 Wlpsp < Mlgo(Tlloo [QUp—ps  lgo(T)lloc = max - go(t),
tespec(T)

and forp=1,
Do Ul11 =|||®o¥l||; = max tr(g.(T)" Q(p)),
H ||1 1 H’ |H1 peDE%X) r(g ( ) ( ))

where Q€ is the complementary map of ), that is, Theorem 4.2.5 applied with  in place
of @.
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Proof. By Theorem 4.2.15, ®o ¥ = ¥, ) with g,(T) > 0. Put ¢ = [|g5(T)||co- Since
cler — go(T) > 0, the map ¢Q — Wy () = Wy, g, (1) is completely positive by Theo-
rem 4.2.2, that is, 0 < ® o ¥ < ¢ in the completely positive order. For positive semidefi-
nite X this gives 0 < (@ o ¥)(X) < cQ(X), hence [[(Po ¥)(X)|, < c||X)||, by the Weyl
monotonicity principle [16, Section III.2]. Taking the supremum over positive semidefinite
X with ||X||, < 1, which suffices for both completely positive maps [126], gives the first
claim. The formula for ||g,(T)|| is the spectral theorem, since g, > 0. For p = 1, the
induced and completely bounded trace norms agree on completely positive maps [127, Sec-
tion 3.3.2], and the formula is the last statement of Theorem 4.2.5, applied to 2 and the
positive semidefinite operator g, (7). O

Remark 4.14.2. If ® and ¥ are channels, then ||Q|1-1 = [|2*(1y)]|cc = 2, s0 |||® o P[]z <
2/|95(T")||oo- The bound depends on the spectrum of T' only through the values of g, on it;
since g, is not monotone in general (for instance g4 (t) = \/t(1 —t)), it cannot be replaced

by go ([[T]o0)-

4.14.2 A variational characterisation of the geometric mean

The following extremal property of the geometric mean is due to Ando [6]; see also [17,
Chapter 4].

Lemma 4.14.3. For positive semidefinite A, B € L(V),

A#B:maX{X:X*: <§ g) 20},

the mazimum being taken in the Loewner order. In particular, the block matrix with off-
diagonal entries A#B is positive semidefinite.

Proof. Let A > 0. By the Schur complement criterion [17, Chapter 1], the block matrix is
positive if and only if B — XA~'X > 0. With M = A~V2BA Y2 and Y = A~1/2X A~ 1/2
this reads Y2 < M. Since t — t!/2 is operator monotone, Y < [Y| < M2, so

X = Al/QYA1/2 < Al/2M1/2A1/2 = A#B;

and Y = MY? is admissible, so A#B is the maximum. For general A, B > 0, adding
nly to both diagonal blocks preserves positivity, so every admissible X satisfies X <
(A + nly)#(B + nly), which decreases to A#B as n | 0 [79]. Conversely, the block
matrices with off-diagonal entry (A + nly)#(B + nly) are positive, and letting 1 | 0 in
the closed positive cone shows that A# B is admissible. ]

For an adjoint-preserving linear map Z : L(X) — L()), define
Bz : L(X) — L(C2 ®)), B=(X) = (‘E(X) E(X)> ‘

This block-positivity characterisation of the geometric mean of completely positive maps
is also obtained by Okayasu [100], for normal completely positive maps between von Neu-
mann algebras, and by Kian [76]; we include a short proof in the present notation.

Proposition 4.14.4. The map ®#V is the largest adjoint-preserving map =, in the com-
pletely positive order, for which Bz is completely positive. Equivalently,

o (@) X
J(@)#J(¥) = max {X = X (X J(@)) >0}.
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In terms of the ARN derivative, the corresponding mazximisation over L(C") is solved by

wc(x=x0s (3% ) 20} = e )Y = )

Proof. Ordering the tensor factors as C? ® (¥ ® X), the Choi matrix of Bz is

_ (1@ e
‘”BE)‘(J(E) J(\m)’

and J(E) is Hermitian because = preserves adjoints. By Choi’s theorem [28], Bz is com-
pletely positive if and only if this block matrix is positive semidefinite, and Z; < Z5 in the
completely positive order if and only if J(Z;) < J(Z2). The first two statements therefore
follow from Lemma 4.14.3 with A = J(®) and B = J(V), since J(P#Y) = J(P)#J (V).
For the last statement apply Lemma 4.14.3 with A = T and B = 1¢r — T'; since these
commute,

TH(ler —T) = (T(1er — T)Y2 = gy (T)

by the functional calculus, consistently with J(®)#J(V) = W gx(T) W* from Theo-
rem 4.2.15. O

Remark 4.14.5. Since X + Apin(Try X) is monotone in the Loewner order, Proposi-
tions 4.3.1 and 4.14.4 give

> _ vy [J@) X
F(®, %) = max { Apin(Try X) : X = X, < e J(@)) >0},

which is the semidefinite program in [98, eq. (20)] for the square root of their geometric
channel fidelity (cf. [72] for the analogous program for the channel fidelity based on the
Uhlmann fidelity); at the level of states it reduces to the semidefinite program for the
Matsumoto fidelity [29, 90].

4.14.3 Cauchy—Schwarz bounds
Lemma 4.14.6. Let A, B >0 in L(V) and let X be such that

A X
>
(X* B) >0,
Then

1. X = AY2CBY? for some C with ||C||so < 1;
2. | X113 < |Allui | Bllui for every unitarily invariant norm;
3. in particular || A#B||% < ||Allui | B]|ui-

Proof. Part (1) is standard [17, Chapter 1]: for A, B > 0, positivity of the block matrix is
equivalent to B — X*A~1X > 0, that is, to ||A~/2X B~/2||,, < 1; the general case follows
by replacing A, B with A 4+ nly, B + nly and passing to a limit point of the contractions
C,. Part (2) is due to Horn and Mathias [64]: writing X = Y*Z with Y = A2 and
7Z = CB'Y? the Cauchy-Schwarz inequality ||[Y*Z||2, < |[Y*Y||uillZ*Z|wi for unitarily
invariant norms [18, 64] gives || X||%; < ||A|lw || BY/?C*CB'Y/?||y;, and 0 < BY2C*CBY? < B
gives ||[BY/2C*CB"?||; < ||Bl|lu by the Weyl monotonicity principle [16, Section IIL2].
Part (3) follows from part (2) and Lemma 4.14.3. O
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Theorem 4.14.7. For all &,V € CP(X,)Y), every unitarily invariant norm and every
p € [1,00],

1@ 5 < 1T @)t [Tty 19#VNZ -, < [@lpsp [ ]lpp-
The second inequality also holds for the norms || - ||cbp—sp, and in particular |||®#Y|||3 <
{1 T ]

Proof. The first inequality is Lemma 4.14.6(3) with A = J(®) and B = J(V¥). For the
second, Bexy is completely positive by Proposition 4.14.4, so for positive semidefinite X
the block matrix Beyw (X) is positive semidefinite, and Lemma 4.14.6(2) with the Schatten
p-norm gives

[(@#9) (X[l < 12X 1) [y < [@lp—p 1P llp—p 1X115.

Since ®#WV is completely positive, it suffices to take the supremum over positive semidefinite
X [126]. For the norms || - ||cbp—sp, apply the same argument, for an arbitrary complex
Euclidean space V, to ® ® 1,y and ¥ ® 1p,yy, using

(@@ 1) # (T @ 1g)) = (P#T) ® 1y,

which holds because (A ® C)#(B® C) = (A#B) ® C for A,B,C >0 [79]. O



Chapter 5

Shadows of quantum divergences:
testing regions, modular lifts and
continuity

Summary. Divergences built from Kubo—Ando means are functionals of one positive
contraction, the Arveson—-Radon—Nikodym derivative, which also governs their continu-
ity (Chapter 4). We study those that are not. To a pair of states we attach three clas-
sical shadows: the reverse test, the testing region encoded by the hockey-stick profile,
and the Nussbaum—Szkotla pair of the relative modular operator. The Umegaki relative
entropy, the Hirche-Tomamichel f-divergences and the hypothesis-testing quantities
are functionals of the testing region, whose shadow consists of atoms at the relative
spectrum, dominated by those of the reverse test, and an absolutely continuous part
given by the coupling of the second state across the Helstrom test. Consequently the
measured, testing-region and maximal divergences of a strictly convex function coin-
cide only for commuting pairs. Testing-region divergences with finite boundary values
are uniformly continuous, with a dimension-free modulus, and the Umegaki relative en-
tropy is continuous exactly when the second state is invertible or the entropy is infinite.
The Petz divergences arise from the same construction applied to the relative modu-
lar operator and have the same boundary masses. Replacing the trace norm by the
Thompson metric and the relative entropy by a conditional entropy, we show that the
Stein exponent of adaptive channel discrimination is continuous exactly when the Choi
matrix of the second channel is invertible or the exponent is infinite. We prove similar
results for the strong-converse exponent and the regularised Petz divergences, and give
a one-shot dual formula for testing-region channel divergences. Tensor products are
treated in Chapter 6.

5.1 Introduction

The geometric fidelity, the geometric Rényi divergences and the maximal f-divergences of
two channels are all of the form )\max(Try Wh(T)W*), where T is the Arveson—Radon—
Nikodym (ARN) derivative of ® with respect to ® + ¥ (Theorems 4.2.15 and 4.7.5 in
Chapter 4). One positive contraction and one scalar function carry the whole theory:
finiteness is a statement about the boundary values of h, continuity is the functional calculus
of T, and the continuity points are characterised by a dichotomy (Theorem 4.12.4). That
program stops at the Kubo—Ando means. The Umegaki relative entropy is not a function
of T', nor are the trace distance, the hypothesis-testing relative entropy, the Petz and
sandwiched Rényi divergences, or the regularised channel divergences that govern adaptive
discrimination.

120
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The guiding observation of this chapter is that T is one of several classical shadows of
a quantum pair, each of which plays the role of T for a different family of divergences. For
states p,o with w = p+ o

(I) the reverse test (pr,qr), the classical pair carried by the spectral measure of T =
wY2pw=2 in the state w. Its divergences are the maximal f-divergences and the
Kubo-Ando means [91] (Chapter 4);

(IT) the testing region, encoded by the hockey-stick profile e(y) = Tr(p — vo)+ and its
second derivative u = €”. Its divergences are the hypothesis-testing quantities, the
Hirche-Tomamichel f-divergences [63] and, by Frenkel’s formula [46], the Umegaki
relative entropy;

(ITI) the modular shadow, the Nussbaum—Szkota pair of the relative modular operator [99].
Its divergences are the Petz f-divergences.

A fourth family, the measured divergences, is a supremum over many classical pairs, and
a fifth, the sandwiched and regularised divergences, appears only after tensor powers. We
carry the program of Chapter 4 through families (I)—(V): a representation by a shadow,
a finiteness criterion through boundary values, continuity moduli, the continuity points,
and, where possible, channels. Three tools replace the functional calculus of T": the T-lift
(Section 5.3), the modular lift (Section 5.5), and, where tensor products break the shad-
ows, pinching, the Thompson metric and a conditional-entropy decomposition (Sections 5.6
and 5.7).

Main results.

o Structure of the testing region (Theorem 5.3.1). The shadow p has atoms exactly at
the relative spectrum, of weight Tr Ty, o, and an absolutely continuous part with
density

p—0)

> Y Tr(QroQx0)

/ )
A>0> ) A=A

the coupling of o across the Helstrom test. The atoms are dominated by those of the
reverse test (Theorem 5.3.2), the hockey-sticks of the reverse test dominate those of the
pair, and

00 T _ T _
Dastolle) ~ Dlplo) = [~ (2= lplle) + =5 ol))

with a pointwise nonnegative integrand that vanishes identically exactly for commuting
pairs. The measured, testing-region and maximal divergences of a strictly convex f
coincide only for commuting pairs (Corollary 5.3.3).

o Continuity without a dichotomy (Theorems 5.4.1 and 5.4.3). Every testing-region f-
divergence with f(01), f/(00) < oo satisfies

Dy(pllo) = Do/} < [ minda. 1.1 922} ()

in every dimension. The perturbations of size O(y/t) that make the geometric fidelity
jump from 1 to 0 move these divergences by O(y/t). The same modulus holds for the
measured f-divergences. The Umegaki relative entropy is continuous at (p,o) if and
only if o is invertible or D(pl|o) = co.
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o Tensor products (Section 5.6). Explicit single-shot sandwiches

log 2
Dy < D < D+ 1

fora <1 and
-«
«

|IDIT — D, | < logv(o) for a > 1,

a—1
which give the regularisation theorem of [63] with rates. Their behaviour under tensor
products beyond these sandwiches, including the question of super-multiplicativity, is
studied in Chapter 6.

o The adaptive Stein exponent (Theorems 5.7.2, 5.7.4 and Corollary 5.7.5). For every
divergence that is antitone and logarithmically homogeneous in the second argument,
every n-use adaptive quantity is n dp-Lipschitz in ¥, where dt is the Thompson metric
of the Choi matrices. For the Umegaki entropy we also control the first argument
uniformly over all references, which gives

C(®, W) — (@, 0)] < 2elogdy + (1 + £)h(155) + clog (W) + dr (J(V), (V)

for the Stein exponent ¢ of adaptive discrimination, e = 3||® — /||, and x(¥) the
condition number of J(¥). The exponent is continuous at (®, V) if and only if J(V) is
invertible or {(®, V) = oc.

o Petz divergences (Section 5.5). Through the modular derivative T = A1+ A)~L every
Petz f-divergence is a functional of a commuting pair of the kind treated in Chapter 4.
Its shadow has the boundary masses of the testing region, not those of the reverse test.
Bounded Petz divergences are continuous everywhere,

|Qa(pllo) = Qa(pllo")] < (2e1)* + (2e2)' 70

in every dimension, and the testing-region and Petz Rényi divergences are ordered for
every o # 1.

o Sandwiched and Petz exponents, and the one-shot formula (Theorems 5.7.8, 5.7.11,
5.7.13 and 5.7.16, Corollary 5.7.9). For a > 1 and invertible J(V),

yre mre a a—1
|DE(P'[|P) — D8 (2| W)| < 525 dady (m/ Amin(J (V)" [ @ — @],

so the strong-converse exponent of adaptive discrimination is continuous there. For the
regularised Petz divergences, which lack a chain rule, Theorem 5.7.11 gives Thompson-
Lipschitz dependence on ®, stability under local perturbations uniformly in the number
of uses, and continuity at isometries and at invertible J(®). Testing-region channel
divergences have the exact one-shot formula of Theorem 5.7.13,

DIT(@]¥) = inf A (Tey [ [ ¥, £7(d0) + [ 2, (@),

the infimum over families with Y, >0, Y, > J(®) —~+J(¥), Z, > 0 and Z, > J(V¥) —
vJ(®), in which the reverse test of Chapter 4 is one feasible family. An invertible
input is optimal exactly when it solves I'f(6) = Df. Their regularisations are the Petz
(v < 1), Umegaki (o« = 1) and sandwiched (« > 1) channel divergences.
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Related work. The divergences of family (II) were introduced by Hirche and Tomamichel
[63] and are also called hockey-stick f-divergences. Beigi, Hirche and Tomamichel [13] and
Liu, Hirche and Cheng [84] compared their Rényi members with the Petz and sandwiched
families. Hiai, Mosonyi and Tomamichel [58] have recently developed them in von Neumann
algebras: a Neyman—Pearson representation, the detection of reversibility, the regularisa-
tion of the Rényi members to the Petz divergences below order one and to the sandwiched
divergences above it, and partial results on when different quantum f-divergences coincide.
Our setting is finite-dimensional, and our results are of a different kind: the structure of
the shadow g, explicit regularisation rates and continuity moduli, the rigidity statement
of Corollary 5.3.3, and the channel results; super-multiplicativity is treated in Chapter 6.
Continuity bounds for entropies through hockey-stick integral representations were devel-
oped by Berta, Lami and Tomamichel [15], and Theorem 5.4.1 is in the spirit of that
method.

The analogy with Chapter 4 is close but the answers differ in an instructive way. For
Kubo-Ando means the obstruction to continuity is the invertibility of the sum J(® + V),
because the reverse test can be destroyed by an O(v/t) coupling of its kernel to its range.
For the testing region that mechanism is invisible, and the only obstruction is a support
leak, which needs the invertibility of the second argument.

The quantitative claims were also checked numerically; the checks are summarised in
Section 5.9.

The chapter is organised as follows. Section 5.2 introduces the three shadows and the
testing-region f-divergences. Section 5.3 determines the structure of the testing-region
shadow and compares it with the reverse test, and Section 5.4 proves the continuity results
on states. Section 5.5 treats the modular shadow and the Petz divergences, and Section 5.6
compares the testing region with the two multiplicative shadows on tensor powers. Sec-
tion 5.7 contains the results on channels: Thompson stability, the adaptive Stein exponent,
the sandwiched and regularised Petz divergences, and the one-shot formula. Section 5.8
summarises the classification, Section 5.9 lists the numerical checks, and Section 5.10 col-
lects open problems.

5.2 Three shadows of a pair of states

Throughout, p, o are density operators on a finite-dimensional Hilbert space H, w = p+ o,
and Iy denotes the support projection of a positive operator X, with H)L( =1-1IIx. All
logarithms are natural.

Definition 5.2.1. For A, B > 0 and y > 0 the hockey-stick divergence is

E,(A|B) =Tr(A—~B)4 = oJmax, Tr M (A —+vB).

The profile of (p, o) is e(y) = E(p||o), the error profile is

ny)=1—-e(y)=Trp—-Tr(p —v0)+,

the minimal Bayesian error with weights (1, ), and the boundary masses are my = Tr H,ﬁa
and Mmoo = TrIILp.

Lemma 5.2.2. (a) e is convex and nonincreasing on [0,00) with €'(y) — 0 as v — oo,
e(0) =1 and (1 — )+ < e(y) < 1. Equivalently n is concave and nondecreasing,
n(0) =0, and v — n(vy)/v is nonincreasing.
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(b) For A,B >0, im0, Tr(A — LB); = TrII5A. Hence e(c0) = muo and €' (01) =
—(1 = mg).

(c) Ey(ollp) =ve(l/y) =7 +1 fory>0.

Proof. (a) e is a supremum of affine functions of v with slopes —Tr Mo < 0, and a convex
nonincreasing function that is bounded below has ¢’(c0) = 0; the bounds follow from
M =1, M =0and Tr M(p—~o) < Tr Mp < 1. (b) The test M = II3 gives >. For § > 0,

A< (14 OIFAE + (1 + 6 HIpAllg,

and B > bllg with b the smallest nonzero eigenvalue of B. For L > (1 + §71)|Al|/b we
get A— LB < (1+8§)[I5AIl5, so Tr(A— LB)y < (1+6) TrII5A. For the slope at 0 write,
using (X)4 — (—X)s = X,

n(y) =7 —Tr(yo = p)s =v(1 - By (allp),
and apply the first statement to (o, p). (c) is the same identity. O

Definition 5.2.3 ([63]). Let f : (0,00) — R be convex with f(1) = 0, and let f” denote
its second distributional derivative, a positive Radon measure. The testing-region (Hirche—
Tomamichel) f-divergence is

DT (pllo) = [ (Eslello) £'(dn) + By (allo) F(d),  Fla) = af(1/a),

For o € (0,1) U (1,00) and fa(z) = T=L we write QT = 1+ (a — 1)DJIc{aT and DHT =

a—1
1 HT
o7 log Q-

For smooth f, f”(dv) = ~~3f"(1/7) dv, which is the form used in [63]. Since D?T only
depends on f” we may and do assume f’(1) = 0 whenever convenient, so that f > 0. By
[46], DL is the Umegaki relative entropy D(pl|lo) = Tr p(log p — log o).

zlogx

Definition 5.2.4. The testing-region shadow of (p,o) is the positive measure p = €’ on
(0, 00), completed by the atoms mg at 0 and my, at co.

The profile is the Legendre dual of the quantum Neyman—Pearson curve, so it carries
the same information as the testing region and the quantum relative Lorenz curve [26, 113].

For commuting p = 5, pele) (2], 0 = Sy gol){x] one has e(y) = Sy Gope/te — 1)1 50 1
is the law of the likelihood ratio p/q under g on {q > 0}, and ms = p({g = 0}).

Proposition 5.2.5 (Representation). For every conver f with f(1) =0,

DI (pllo) = | T () = (1 =) f'(d) = /( Fdut 0y mo + f/(09) me,

,O0

with f'(00) = limy_0o f(z)/x and the convention 0 - oo = 0. Moreover u((0,00)) =1 —my
and [vydp=1—mx.

Proof. Write g(v) = e(y) — (1 —v)+ > 0. Lemma 5.2.2(c) and the substitution v — 1/~
turn the second term of Definition 5.2.3 into fol g f”, which gives the first formula. For the
second, both sides are linear in f” with nonnegative integrands, so by Tonelli it suffices to
treat the extreme kernels f = ks, ks(v) = (r —s)4+ for s > 1 and ks(z) = (s —x)4 for s < 1,
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which have f(1) = f/(1) = 0 and f” = d5. Since e is convex with €¢/(c0) = 0, e(00) = Mo
and €/ (0%) = —(1 — mg) (Lemma 5.2.2),

e(s) = meo + (y=s)dply),  e(s)=1=s(l—mo)+ | (s —y)du(y).

(s,00) (0,s]
For s > 1 the first identity is g(s) = [ksdu + k.(00)meo, and for s < 1 the second is
g(s) = [ksdu + ks(0)mg. A general f with f(1) = f/(1) = 0is [ ks f”(ds) by Taylor’s
formula, and f(0"), f/(co) are the corresponding integrals, by monotone convergence. The
masses follow from the first identity: its derivative is €'(s) = —u((s, 00)), so u((0,00)) =
—€/(07) =1 —myg, and at s — 0 it gives 1 = my + [ ydu. Adding c(x — 1) to f changes
the right-hand side by ¢( [(y — 1)dp — mo + ms) = 0, so the formula holds without the
normalisation f’(1) = 0 whenever no oo — 0o occurs. O

Proposition 5.2.6 (Mellin formulas). For a € (0,1),

QI (pl]) = /(0 ) = a1~ a) dv.

For a>1, QM = 400 if my > 0, and otherwise
QT (plo) = [ atdu(n) =ata=1) [
(0,00)
Proof. Apply Proposition 5.2.5 to f, for which f,(07) a_ 7, fo(00) =0 for o < 1 and
= oo for a > 1, and f”(dy) = ay* 2dy. With u((0,00)) = 1 —my this gives Q1T = [4%du
(plus 0o - My when a > 1). For the integrals use the first formula of Proposition 5.2.5:
g = min{y,1} — 7, and

a(l — a)/ "2 min{~y, 1}dy =1
0

for o < 1, while for a@ > 1 we use

ala —1) /01 V=) dy = 1.

O]

The reverse test and the modular shadow. Let T = w Y2pw=1/2 on I, H with
spectral projections Fy. The reverse test is the classical pair pr(t) = tTr Eww, qr(t) =
(1 —t) Tr E;w on specT. The preparation t — w'/2E;w'/2/ Tr Eyw maps (pr, qr) to (p, o),
and D}F := Dy(prllgr) is the maximal f-divergence of (p,o) for operator convex f [91],
equal to Trw!/2h s (T)w'/? with hf(t) = (1—t) f(t/(1—t)) (Theorem 4.2.15 and Lemma 4.7.4
in Chapter 4). Its profile is

EL(pllo) == Ey(prllar) = Tr /(T —4(1 = T)) , w'/%.

The modular shadow is the Nussbaum-Szkola pair P;; = a;|{z;]y;)|?, Qij = b;|(x;|y;)|* built
from p = > a;|zi)(x;| and o = Y bjly;)(y;l; its f-divergences are the Petz f-divergences
Djl? [61, 99]. The measured divergence Di\/[ is the supremum of Dy over the outcome
distributions of all measurements.

Proposition 5.2.7 (Blackwell chain). For every convex f with f(1) = 0: D1}4 < D?T <
T

Df .

Proof. Both terms of Definition 5.2.3 are nondecreasing in the hockey-stick divergences,

and hockey-stick divergences satisfy data processing. Apply this to a measurement and to

the preparation channel of the reverse test, and use that D?T is the classical f-divergence
on commuting pairs. ]
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5.3 Structure of the testing-region shadow
Both p and ¢ vanish on kerw, so we work on II,H. Let
I'={y>0: p—~o is singular on I, 4},

the relative spectrum; it is the set of t/(1 — t) with ¢ € specT N (0,1), since Tu = tu
with v = w™Y2u is (1 — t)pv = tov. For v ¢ T write p — yo = 3, M@y on II,H and
P, =3 ,.0Q@», the Helstrom projection.

Theorem 5.3.1 (Structure). (a) On each interval of (0,00) \ T', e is real-analytic and
e(y) = —TrPyo.

(b) On (0,00) \ T the shadow has the density

%:2 Z TY(Q)\UQXU) >

dy A>0> N A=N a

(c) At~y € T the shadow has the atom u({yo}) = Trllyo > 0, where V = ker(p — ypoo) N
II,H.

(d) w has no other part, and its absolutely continuous part vanishes identically if and only
if [p,a] = 0.

Proof. (a) For v ¢ ', 0 ¢ spec(p — v0), so e(y) = Tr¢(p — yo) with ¢(z) = x4 smooth
near the spectrum, and

e o(H) = Trof () =~ T P

(b) By the Daleckii—Krein formula,

. 1 — 1y
Py=>" W@A(—U)Q,\u
AN -

and —Tr Pyo is the stated sum; only pairs with A > 0 > ) survive. (c) By Rellich’s
theorem the eigenvalues of the analytic family p — o are analytic branches. The branches
through 0 at vy have derivatives equal to the eigenvalues of —IIy oIly |y, which are negative
because ov = 0 and pv = yyov would force v € kerw. So exactly dim V' eigenvalues cross
from positive to negative, Py,_5 — Py 45 — Iy, and € jumps by TrIIyo. (d) T is finite,
so (a)—(c) describe p on (0,00). If p, o commute, o is block diagonal for every p — vo and
the density vanishes. Conversely, if the density vanishes then Q)yocQy = 0 for A > 0 > X,
so P, = 0 and [0, P,] = 0; then P, = Py is constant on each interval I of (0,00) \ T and
commutes with o and with p = (p — o) + vo, hence the P; commute with each other. On
a minimal common invariant subspace B of all Pr, the operator p — o is positive for small
~ and negative for large v or has constant sign; as it is nonincreasing in v, p|p = Y o|B
for some yp € [0,00]. So p and o commute. O

The density in (b) is the coupling of o between the positive and negative parts of the
optimal test at level . This is the information that the reverse test discards, as the next
theorem makes precise. Write pr for the shadow of the reverse test: the law of ¢/(1 — )
under ¢r, an atomic measure at I'U{0} with pr({1}) = (1 —to) Tr E,w, to = v0/(1 4+ Y0),
together with the atom m’, = Tr Ejw at oo.
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Theorem 5.3.2 (The T-lift). (a) E,(p|lo) < E$(pHa) for every v > 0, with equality if
and only if chszc =0, where ¢ = /(1 +7) and PT are the spectral projections
of T. The same holds with p and o exchanged and ¢ = 1/(1 4+ ). Equality for all v
holds if and only if [p,o] = 0.

(b) The atoms are dominated: w({v}) < pr({y}) for o € T, mo < pur({0}) and

Moo < mL, with equality at vy if and only if V is invariant under w.

(¢) The absolutely continuous mass of p equals

ST (r({0}) — n{v0}))-

yo€TU{0}

(d) For every convex f with f(1) =0,
DF (o) =D plo) = [ (B = B (pllo) ") + (BT — ) () " (an)) = 0.

For f = zlogx this is Dpg — D with f"(dv) = dvy/v and f"(dy) = dv/~v*, which
refines the inequality D < Dpg of [57] level by level.

Proof. (a) With X = T — 4(1 — T) we have p — y0 = w'/2Xw!/2. Put A = w/2X W'/
and B = w'2X_w'/2. Since TrY, =min{TrZ: Z >0, Z>Y} and A > A — B, we get
E,<TrA= Ez . If equality holds, an optimal test M satisfies Tr(1 — M)A+ Tr M B = 0,
so A=MA, MB =0and AB = AMB = 0; conversely AB = 0 gives (A— B)+ = A. Since
w!'/? is injective on II,H and X4 are invertible on the ranges of PT and PL, AB=0is
equivalent to PLwPL = 0. As ~ runs over (0,00) in both directions, ¢ runs over (0,1),
so equality everywhere means that w commutes with every spectral projection of T'; then
p = w/2Tw!'/? commutes with w and with o = w — p. The converse is clear.

(b) Let 79 € I and let B be an isometry onto V. On V, p = yyo as quadratic forms,
so TrIlyo = (1 — to) Tr B*wB. The spectral subspace of T at tg is w!/2V, with projection
E;, = w/?B(B*wB)"'B*w'/?, so Tr Ejw = Tr(B*wB) 'B*w?B. Kadison’s inequality
for the unital map Z — B*ZB gives B*w?B > (B*wB)?, hence Tr Ey,w > Tr B*wB, with
equality if and only if (1—1ITy )wIly = 0. The boundary atoms are the cases V' = ker pNII,H
(where w = 0) and V = kero N1II,’H (where w = p, using p-masses).

(¢) Both pp (on [0,00)) and p + modo have total mass Tro = 1 by Proposition 5.2.5,
and p7 is atomic.

(d) D}; is the classical f-divergence of (pr, qr), which is Definition 5.2.3 applied to the

profile E;F . Subtract and use (a). O

Corollary 5.3.3 (Rigidity). Let f be conver with f(1) =0 and f" positive almost every-
where on (0, 00).

(i) 1f DY (pl|o) = DT (pllo) < o, then [p,a] = 0.
(ii) If F(0F), /(<) < o and DY (plo) = DT (pl|o), then [p,a] = 0.

Proof. (i) The integrand of Theorem 5.3.2(d) is nonnegative and continuous in 7, so it
vanishes for all ~; apply Theorem 5.3.2(a). (ii) The supremum defining D}\ﬂ is attained
by some measurement M with at most (dimH)? outcomes. Its outcome pair (p,q) has
E,(pllq) < Ey(p||lo) for all v, and equality of the integrals forces equality for every ~. For
v ¢ T" the optimal test on II,H is unique, so Py = Zl':pz>'7(Iz M, there. These projections
are nested in v and continuous on each interval of (0,00) \ T', so they are locally constant,
and then P, = 0 forces the density of Theorem 5.3.1(b) to vanish. By Theorem 5.3.1(d), p
and o commute. O



CHAPTER 5. SHADOWS OF QUANTUM DIVERGENCES 128

Example 5.3.4 (Two pure states). Let p = [1) (¥, o = |¢)(¢| with ¢ = |(1|¢)|? € (0,1).
The 2 x 2 eigenvalue problem gives

e() = 5(1 =7+ /(1 +7)? —4ev),
2¢(1 —¢) dy
(72 +2(1 - 20y + 1)*/*

mg=mMe =1—c.

p(dy) =

Here I' = ) and the shadow is absolutely continuous, while T is a projection and ur = dy,
ml = 1: the reverse test sees two orthogonal states. Consequently the geometric fidelity
is 0 for every ¢ < 1, whereas

71/2 d")/
Y2 4+2(1 —2c)y+1

atolo) = 2e01 =) [ < ol o,

with QY = {B(3,4) ~ 0.4236 at ¢ = 3.

5.4 Continuity on states

Normalise f(1) = f'(1) = 0. Then f(07) = [y f"(dy) and f'(c0) = [i1 o) " (d7), s0

| miny 13 £d) = £0) + £/(o0). (54.)
0
We call f bounded when this quantity is finite.

Theorem 5.4.1 (Uniform continuity). Let f be bounded. For states p,p’,o,0" in any
dimension, with 1 = 3||p — p'|1 and es = L|jo — o’||1,
[o¢]

|DY T (pllo) = DI (P ||o")| < wyler,e2) = /0 min{~y, 1, e1 +ve2} f7(dv),

and wy(e1,e2) = 0 as e1,e2 — 0. The same bound holds for the stabilised channel diver-
gences

Dt (2| ¥) = sup Dt ((id @ @)()l|(id © ¥)(4))
with &1 = §||® — ®'||o and ez = || — V...

Proof. By Proposition 5.2.5, D?T =[gf'withg=e—(1—-7)+, and 0 < g < min{y, 1}
by Lemma 5.2.2. For a traceless Hermitian X,

1
TrMX|=—-||X
max [T MX| = 2],

0

so le(y) — €' ()| < &1 + veq for the two profiles. Hence |g — ¢'| < min{v,1,e1 + vye2}. The
limit follows from (5.4.1) and dominated convergence. For channels, apply the state bound
to each input and take suprema. O

For the trace distance (f” = 61) the modulus is min{l,e1 + e2}. For the squared
Hellinger distance f = (vz — 1)2, f"(dy) = 37~ 3/?dv, splitting at v = 2¢, 1 and 1/(2¢)
gives wy(e,e) < 4v/2e, so the testing-region fidelity Qll{/g =1- %D?}E—U? has modulus at
most 2v/2e. Compare Corollary 4.12.5 in Chapter 4: the geometric fidelity, the reverse-test
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value of the same f, is discontinuous at every pair whose sum is singular and whose fidelity
is positive.

The same modulus holds for the measured divergences Di\/[(pHa) =supy Df(Np||No),
the supremum over measurements N, and for their stabilised channel versions. Indeed, a
measurement does not increase trace distances and wy is nondecreasing in both arguments,
so Theorem 5.4.1 applied to each pair of outcome distributions, on which D?T is the
classical Dy by Proposition 5.2.5, gives

[Dy(Npl|No) — Dy(Np'[No')| < wy(er, e2)

for every N, and the difference of two suprema, which are finite because f is bounded, is
at most the supremum of the differences.

Corollary 5.4.2 (No dichotomy). FEvery bounded testing-region divergence is continuous
at every pair of states and channels. The perturbations of size O(\/t) in Theorem 4.12.4
of Chapter 4, which move every Kubo—Ando mean of a pair with singular sum to its affine
part, move D?T by at most wr(O(Vt), O(V/1)).

For instance, with o = [0)(0] and p; = |v¢)(v¢|, v = /1 —£]0) + v/ |1), the geometric
fidelity is O for t > 0 and 1 at t = 0, while Example 5.3.4 gives

Q15 (pillo) = 0.97904, 0.99968, 0.999996 at t = 1072,10~*,107°.

The discontinuities of mean-based divergences are therefore a property of the reverse test,
not of quantum divergences as such.

Theorem 5.4.3 (Unbounded generators). Let f be conver with f(1) = 0. Then D}{T is
lower semicontinuous on pairs of states with values in [0, 00|, and:
(a) if f'(0) = oo and f(0F) < oo, then D?T is continuous at (p,o) if and only if o is
invertible or D}{T(pHa) = 00;

(b) if f(0T) =00 and f'(c0) < 00, then the same holds with p in place of o;

(c) if both are infinite, D?T is continuous at (p,o) if and only if both are invertible or
DT (pllo) = oo.

In particular the Umegaki relative entropy is continuous at (p, o) if and only if o is invertible
or D(p|lo) = .

Proof. Lower semicontinuity follows from Fatou’s lemma, because g > 0 is continuous in
(p,o). (a) If 0 > A1 with A > 0, then ¢’ > %1 for nearby o', and e(y) = 0 for v > 2/ and
all nearby p’, because p’ < 1 < vo’. So the integrand g vanishes beyond 2/\ uniformly.
On (0,2/)] it is dominated by min{~, 1}, which is f”-integrable there because f(07) < oo
and f” is locally finite. If o is singular and D?T(pHJ) < 00, take a unit vector v € ker o
and py = (1 —t)p + tlv)(v]. Then moo(pt,0) >t > 0 and D?T(ptHa) > f(c0)mee = 0
by Proposition 5.2.5 (with f > 0), so continuity fails. At a pair with D}{T = oo, lower
semicontinuity gives continuity into [0,00]. (b) is (a) for f and the exchanged pair, since
D?T(pHa) = D?T(aﬂp). (c) combines both. O

Quantitative bounds at invertible o, in terms of Dy, are given in [15] through the
same integral representation. Theorem 5.4.3 is the testing-region analogue of the dichotomy
of Theorem 4.12.4, but the obstruction differs. There the obstruction is the singularity of
the sum, through a coupling of size O(v/t). Here it is the singularity of the second argument,
through a leak of size O(t).

The Petz divergences, whose shadow is the Nussbaum—Szkota pair, are treated in Sec-
tion 5.5.
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5.5 The modular shadow: Petz divergences

Write p =3, a; E; and o = }_; b; F; with distinct eigenvalues and spectral projections. Let
L, and R, be left and right multiplication on the Hilbert-Schmidt space; they commute,
and A = LIDR;1 is the relative modular operator. For convex f with f(1) = 0 the Petz
f-divergence is

DY (pllo) = (1, Py(Ly, Ry)1) = ZTI“(Ez'Fj)Pf(%bj),
ij
with the perspective Pf(a,b) = bf(a/b) extended by P¢(a,0) = af’(c0) and P¢(0,b) =
bf(0%) [61]. Its classical pair is the Nussbaum-Szkola pair P;; = a; Tr E;Fj, Qi =
bj Tr EZ'F]'.
Theorem 5.5.1 (The modular lift). (a) With Q = L, + R, and the modular derivative
T =L, =A(1+A)"! on the support of 2,

DY (pllo) = (1, QY2hp(T)QY21), hy(t) = (1= 0)f (t/(1 1)),

the formula of Theorem 4.2.15 and Lemma 4.7.4 for the commuting pair (L,, Rs) in
the vector 1.

(b) The profile of the modular shadow is the Petz hockey-stick

EY (pllo) :==Y (Pij —Qij)+ = Y Tr Fj(p — 4b;1)4,
i i

and DJI? is Definition 5.2.3 applied to EE in place of E,.

(c) The boundary masses of the modular shadow are my = Tr H,ﬁa and my, = TrIltp,
the same as for the testing region, and in general strictly smaller than those of the
reverse test. Consequently D}f and DI]ZIT are finite under exactly the same conditions:
no positive boundary mass may meet an infinite boundary value of f.

Proof. (a) Pf(a,b) = (a+b)h¢(a/(a + b)), and functional calculus of the commuting pair
gives Py(L,, Ry) = QY21 (T)QV/2. (b) We have

> (i —bj)4 Tr BiFy = Tr Fy(p — b))+
i
The second statement is Proposition 5.2.5 for the commuting (classical) pair (P, Q). (c)
We have
mp° = > Y b TrE;F; = Tr1lo,
ica;=0 j

and symmetrically for ms,. The comparison with the reverse test is Theorem 5.3.2(b). [

Theorem 5.5.1(c) separates two Lebesgue decompositions. The reverse test of Chapter 4
splits a pair along the spectral projections of T', whose extreme eigenspaces can be strictly
larger than the support defects. The modular and testing-region shadows split it along the
supports themselves.

Theorem 5.5.2 (Continuity of Petz divergences). (a) If f(01), f'(c0) < oo, then DJ}; is
jointly continuous on pairs of states.
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(b) For a € (0,1) and states in any dimension,

|Qalpllo) = Qu(pllo)] < 2e1)* + (2e2)'7%, ev=35lp =l e2=5llo =o'l

The same modulus holds for the stabilised channel quantity inf, QY with diamond
distances.

(¢) For unbounded f, DJI? s lower semicontinuous, and its continuity points are exactly

those of Theorem 5.4.3. In particular QY with o € (1,2] is continuous at (p, o) if and
only if o is invertible or 11, £ I1,.

(d) Every n-use and regularised Petz quantity with o € [0, 2] is dp-Lipschitz in the second
channel (Theorem 5.7.2).

Proof. (a) Py is continuous on [0, 1]?, with |Pf(a,b)] < C(a + b) because a convex f with
finite boundary values satisfies | f(x)| < C(1 4 «). Uniform approximation of P; by poly-
nomials in two variables makes (p,o) — (1, Pf(L,, R;)1) a uniform limit of continuous
functions. (b) By Holder’s inequality,

Qa(pllo) = Qa (o) < 1o = 2" ll1jallo ™l ya—a) + 12l /allo’ ™ = =l

The two fixed norms equal 1. Ando’s inequality for the operator monotone functions ¢
and 1~ [7] gives
1o = 2" N1/ < Mo = 1Ml ja = llo =T,

and likewise for o. For channels, apply this to each input. (c) Djlf is the increasing limit
of the bounded divergences with f” truncated to [1/k, k], hence lower semicontinuous. At
invertible o the perspective is continuous near the spectrum; at singular ¢ with finite value,
the support leak of Theorem 5.4.3 gives moo > 0 and an infinite value. (d) DY is antitone
in o for a € [0,2] and logarithmically homogeneous. O

The theory of Chapter 4 predicts discontinuity of a mean of the lifted pair wherever
= L, + R, is singular, that is, wherever p and o are both singular. Theorem 5.5.2(a)
shows that this never happens for bounded f. The reason is that every perturbation of
(p,0) lifts to a perturbation of the commuting pair (L,, R;) inside the commuting pairs.
The O(v/t) coupling between the kernel and the range of € that drives the dichotomy is
never available.

Proposition 5.5.3 (Orderings between the shadows). (a) For operator convez f, D}) <
D?, the mazximal f-divergence [61, 91].

(b) For a € (0,1), DY < DHT < DP 4 1982 (proposition 5.6.1).

l—«a

(¢c) For o > 1, DM < DHT < D, < DP, by [84]. Theorem 6.3.2 in Chapter 6 gives a
short proof of the middle inequality for a > 2.
So the testing-region and modular shadows are ordered in Rényi divergence for every
a # 1, with the order reversing at a = 1, where both give the Umegaki entropy.

5.6 Tensor products: what replaces multiplicativity

The reverse test and the modular shadow are multiplicative: the shadow of (p® p/,0 ® o)
is the multiplicative convolution of the two shadows, since T' and the Nussbaum—Szkota
pair factorise. The testing region is not. The Hirche-Tomamichel Rényi divergences are
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not additive [63], so tensor powers must be handled by comparison with shadows that do
factorise. We use the modular shadow below order one and the pinched pair above it. Write
ny, for the error profile of (p®",c®"), v(o) for the number of distinct eigenvalues of o, and
P, for the pinching in the eigenbasis of o.

Proposition 5.6.1 (Order below one). For o € (0,1), Q% < QT < QF. Hence

log 2
DE(pllr) < DI (o) < DE(pllo) + 12—, [EDHT (5" 0®") ~ DE (pllo)| <

log 2
n(l—a)

Proof. The upper bound is [13, (1.10)]. For the lower bound, the inequality of Nussbaum
and Szkota [99] applied to (p,yo) gives n(7y) > %sz min{P;;,vQ;;} for every . The right-
hand side is half the error profile of the modular shadow, whose Mellin transform is QY by
Proposition 5.2.6 applied to a commuting pair. The modular shadow is multiplicative, so
the same holds for tensor powers with the same constant. O

Proposition 5.6.2 (Order above one). For o > 1 and II, <1l,,

Qa(Popllo) < Q1" (pllo) < v(0)* Qu(Popllo),
Qa(Popllo) < Qa(pHU) < v(0)* Qa(Pspllo),

where Qo (Pyp|lo) = Tr(P,p)*a'=2 is classical and @a is the sandwiched quasi-entropy.
Consequently

~ (6%
D& (pllo) = Dalpllo)| < —
~ a(d—1) log(n+1)
LDET (o 0"") — Dalpllo)| < &2 BT

log (0,

Proof. The pinching is a channel fixing o, so data processing for DHT (Proposition 5.2.7)
and for D, gives the lower bounds, and the pinched pair commutes. The pinching in-
equality p < v(0)Ps(p) [54] and the monotonicity of A — Tr(A — yo)1 give E,(pllo) <
vE, /1, (Pypllo). The Mellin formula with o > 1 has positive weights, and the substitution
~ = vu produces the factor v®*. The same inequality with the monotonicity of
1—a 1—a
pr— Tr(oc2a po2a )@
gives the bound for Qa. For tensor powers use v(c®") < (n+ 1)%1 and the additivity of
D,,. O

Propositions 5.6.1 and 5.6.2 give the regularisation theorem of [63] with explicit rates:
the testing-region Rényi divergence regularises to the Petz divergence below order one and
to the sandwiched divergence above it. In shadow language, %log J y*dpuy, converges to
log QF for @ < 1 and to log Qa for a > 1, where trn is the shadow of n copies. These are
exactly the cumulant functions whose Legendre transforms give the Hoeffding and strong-
converse exponents [55, 94, 96]. The two halves of the asymptotic testing region are thus
governed by the two multiplicative shadows that bracket the testing region. At & = 1 both
halves meet at the Umegaki entropy, the only additive functional consistent with optimal
binary tests [48].
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5.7 Channels: the Thompson metric and the adaptive Stein
exponent

Let @,V : B(X) — B(Y) be channels with Choi matrices J(®) = >>.;|i)(j| @ ®(|3)(j]),
dy = dim X, dy = dim Y. (This Choi matrix has the input factor first, unlike the other
chapters; see Table 3.1.) Write ® <,, ® when ® — & is completely positive, that is,
J(®) < J(®'). The Thompson metric on channels is

dr(U, ') =inf{t > 0: U <, 'V, ¥V <, "W} = dp(J(V), J(¥)),

which is 400 unless the Choi matrices have the same support. An n-use adaptive strategy
produces final states p®, p¥ by interleaving the n uses with fixed channels on a growing
memory. For a divergence D on positive operators let D) (®||W) = supD(p2||pY) over
adaptive strategies, let D™& = lim,, 2D(®®"||T®") when it exists, and let

DA@I®) = sup  [D((id® )| (id ¥)o) ~D(p|o)]

R, prX, ORX
be the amortised divergence [128], the supremum running over pairs with D(p||o) < oo.

Lemma 5.7.1. If ¥ <, c¢¥’, then oy < c"pg/ for every n-use adaptive strategy, and
(id® ¥U)(o) < c(id®@ ¥') (o) for every o > 0.

Proof. The second statement is the definition. For the first, let X; > 0 and X I’C > 0 be the
states before the k-th use in the two runs of the same strategy, and suppose X < ¢#~1X b
Then

(id ® ¥)(X3) < c(id @ ¥)(Xy) < F(id @ ¥)(X7}),

because id®@ ¥’ is positive. The interleaved channels are positive and preserve the order. [J

Theorem 5.7.2 (Thompson stability in the second argument). Let D be antitone in its
second argument and logarithmically homogeneous, D(p||co) = D(p|lo) —loge. Then for all
channels and all n,

D (@] %) — D (@[ ¥)] < ndr(¥, V),

and the same bound holds for parallel strategies. Consequently D¢ and D? are 1-Lipschitz
in U for dp. If J(¥) is invertible and

n:=dx||¥V — ‘I’/HQ//\min(J(\IJ)) <1,
then dp(¥, V") < —log(1 —n).

Proof. If t > dp(¥, V'), Lemma 5.7.1 gives e ™pY < pT‘IL’/ < e™p¥ for the same strategy,
and the two hypotheses on D give |D(p®pY") — D(p®|pY)| < nt. Take suprema. The
amortised case is the second statement of Lemma 5.7.1 applied to each pair. For the last
claim,

1702 = J(P) oo < [T(¥') = J(@)][1 < dx[|[ ¥ = T,

(1 =n)J(¥) < J(¥) < (1+n)J(P).
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The hypotheses hold for the Umegaki, Petz (« € [0,2]), sandwiched (a > 3), geometric
(o € (0,2]) and measured Rényi divergences, for Dyax, Dmin and for the hypothesis-testing
relative entropy. Theorem 5.7.2 rests on the fact that the Thompson metric is additive under
tensor products, dp(¥®", ') = ndp (¥, ¥), whereas the diamond norm of ¥®" — g’®n
saturates. This is how tensor products are handled in the second argument. The first
argument needs a different idea, because no divergence is monotone there.

Lemma 5.7.3. For every R and orxy > 0,
Amin(J(¥))or @1y < (Id @ ¥)(0) < Amax(J(¥)) or ® 1y.

Proof. For pure 0 = (M ®1)|Q)(Q(M ®1)*, with |2) = >, |9)|i) and M : X — R, we have
or = MM* and (id®@¥)(0) = (M ®1)J(¥)(M ®1)*. Mixed states follow by linearity. [

Theorem 5.7.4 (The first argument, uniformly over references). Let J(¥) be invertible
with condition number k(V), and let h be the binary entropy. For all channels ®, ', all R
and all prx,orx with D(p|lo) < oo,

‘D((id ® ®)p || (id ® ¥)o) — D((d ® ®)p|| (id & \IJ)U)’

< 2¢clogdy + (1+ €)h<1i+€) +elog k(¥),

where . .
e =Sl ® (@ =)l < &~ .

Hence the same bound, with e = 1||® — &', holds for |DA(®|| W) — DA(®'|| V)| and for the
stabilised channel divergence.

Proof. Put w = (id ® ®)p, o’ = (id ® ®')p and £ = (id ® ¥)o. Since D(p|o) < oo,
II,, <Il,p, and Lemma 5.7.3 gives II,,IL, < Il;, ® 1 = Il¢. On this support, operator
monotonicity of the logarithm and Lemma 5.7.3 give logé = logor ® 1+ K with log Apin <
K < 10g Amax. Both w and w’ have R-marginal pg, so the term Tr(w' — w)(logor @ 1)
vanishes and

D(leg) - D(w”f) - [H(y’R)w - H(y’R)w’] - Tr(w/ — w) (K — CO].),

Co = %log()\min)\max)a

using Tr(w’ —w) = 0. Winter’s continuity bound for the conditional entropy [129] controls
the first bracket by 2clogdy + (1 +¢)h(e/(1 4 €)), independently of R. The second term
is at most

1
o — w1 |K = colloo < 2¢- §log k().

The amortised statement follows by taking suprema, since the subtracted term D(pl||o)
does not depend on . O

The cancellation of log oz is what makes the bound independent of the reference system,
and hence of the number of uses hidden in an amortising pair. This is the conditional-
entropy replacement for the tensor-power structure that hockey-stick divergences lack.

Corollary 5.7.5 (Continuity of the adaptive Stein exponent). Let ((®, V) be the optimal
type-1I error exponent for adaptive discrimination of ® against ¥ with vanishing type-I
error. Then ¢ = D8 = DA [/1, 125], and:
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(a) ¢ is lower semicontinuous on pairs of channels;

(b) if J(V) is invertible, then ¢(®,¥) < log (dx/Amin(J(¥))), and for all ®'" and all V'
with the same Choi support,

IC(®, W) — (&, 0')| < 2¢logdy + (1 + 5)h(1i+€

e = 3l - @'l

) + e log k(W) + dr(¥, W),

(c) ¢ is continuous at (P, V) if and only if J(¥) is invertible or ((®, V) = oco.

Proof. (a) By superadditivity and Fekete’s lemma, D™8 = sup,, + D(®“"||¥®"), a supre-
mum of lower semicontinuous functions. (b) Since J(®) < TrJ(®)1 = dxy1, we have
® <, eV with ¢ = dy/Amin(J(¥)), and Lemma 5.7.1 gives D(p2||p¥) < nloge. The
estimate is Theorem 5.7.4 at ¥ followed by Theorem 5.7.2 at ®. (c¢) If J(¥) is invertible,
(b) gives continuity, because dp (¥, V') — 0 as ¥ — ¥ by Theorem 5.7.2. If (P, V) = oo,
(a) gives continuity into [0,00]. Otherwise J(V) is singular and {(®,¥) < oco. Put
O, = (1 —t)® + ¢t© with © the completely depolarising channel. Then J(®;) is invert-
ible, so its support is not contained in that of J(¥), and the maximally entangled input
gives (P4, ¥) > D(P4]|V) = oo, while ||®; — P, < 2t. O

Remark 5.7.6. Corollary 5.7.5 is the regularised counterpart of Theorem 4.12.4 in Chapter 4,
with “J(® + ¥) invertible or the fidelity vanishes” replaced by “J(¥) invertible or the
exponent is infinite”. The same proof gives the dichotomy for the one-shot channel relative
entropy. By Theorem 5.7.2, the strong-converse exponent and every other regularised
quantity of an admissible D is Thompson-Lipschitz in . Continuity in ® is Theorem 5.7.8
for the regularised sandwiched divergences, which have a chain rule, and Theorem 5.7.11
for the regularised Petz divergences, which do not. The continuity of ﬁ};eg in the order «
at o = 1 was recently established in [124].

Proposition 5.7.7 (The T-lift for channels). Let J(® + V) = WW*, J(®) = WTW™* as
in Theorem 4.2.2 of Chapter 4, and Hy = Try W(T —~(1—=T))+W*. For every input rx
with X -marginal T,

E,((id® @)y || (id® ¥)y) < Tr 7' Hy,

so the channel hockey-stick divergence satisfies ES(®||W) < Apax(H,). With f(1) = f'(1) =
0 one has the operator identity

h(T) = [ (@ =91 = 1) f"(dy) + (1= T) = 7T) ().
so integrating recovers
DIT(@][%) < DE(®]%) = Ay (Try Why(T)W*)
(Theorem 4.7.5 in Chapter 4) level by level, with the gap of Theorem 5.3.2(d) at each input.

Proof. With ¢ = (M ® 1)|Q)(Q(M ® 1)* the two outputs are V(T)V* and V(1 —T)V*
with V' = (M ® 1)W. The argument of Theorem 5.3.2(a) gives

B, < TrVX,V*=Tr(M*M @ 1)WX, W*,

and M*M = 7", O
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The sandwiched divergences and the strong-converse exponent

For a@ > 1 the regularised sandwiched channel divergence equals its amortised version,
Dre = DA by the chain rule of Fawzi and Fawzi [43, Corollary 5.2]. The same work
characterises the strong-converse exponent of adaptive channel discrimination through the
family {f)gfg}a>1. The second argument is covered by Theorem 5.7.2. For the first ar-
gument the conditional-entropy decomposition is unavailable, and we replace it by a ratio
estimate on the quasi-entropy.

Theorem 5.7.8 (First argument, sandwiched). Let a > 1, let J(V) be invertible with

A = Amin(J(¥)), and put m = min{dx,dy}. For all channels ®,®', all R and all prx,orx

with Dy (pllo) < oo,

Ga((id @ ®)p | (id & ¥)0) — Ga((id @ ®)p || (id © ¥)o)
Qal(pllo)

<ady(F)" @) - T@)h.

Consequently

[0 m

A

and the same bound holds for the stabilised one-shot channel divergence.

Proof. Write w = (id ® ®)p, o’ = (id® ®)p and ¢ = (id ® ¥)o, and put 8 = %1, so
that Qu(-]|€) = Tr(¢7F - ¢F)2. Let J(®) — J(®) = J — J_ be the Jordan decomposition
and 'L the corresponding completely positive maps, so that o’ —w = Ay — A_ with
Ap=(id®Ty)p>0.

_ ~ a—1
[DEE(@'|0) - DEE(@9)] < = dady () 19— @]l

a—1

(i) By Lemma 5.7.3, £ > Aogr ® 1 on Il,, ® 1 = Il¢, and since = — z 2P is operator
monotone decreasing with 28 € (0,1), we get £728 < )\_2507325 ® 1 there. For A >0
supported in II,, ® 1 < Il¢ this gives

lePAE e <A (07 © DA 2 1),
(ii) Lemma 5.7.3 for I'y gives Ay < ||Ji|lco pr ® 1, hence, by data processing,
— _ 1/ax @ 1/a” e
[(07” © DAL(07 © D, < 1 Tellowdy*Qalprllor) "/ < 172 ey Qalpllo) /.

(iii) Since w < mpr ® 1 (either from J(®) < dx1 or from the general inequality w <
dy wr ® 1), monotonicity of @, gives
Qa(@[§) < A Qa(wllor ® 1) < A m*dyQalpl|o),
and the same for w'.
(iv) For A,B >0,
| Tr A* — Tr B®| < amax{[|A]la, [ Blla}* !4 = Blla,
by differentiating along the segment and using Holder’s inequality.

Apply (iv) to A = ¢ B¢ and B = ¢ PwéP, bound ||A — B, by (i) and (ii) and the
maxima by (iii). The powers of A combine to A~(a=D)?/a—(a=1)/a — A= and

1740 + 1 7-lloo < [I7(2") = J(D)]}1 < dx[|®" — 2.

This gives the first estimate. For the second, Re(p,0) = Qa(wl|€)/Qu(pllo) satisfies
DA(®|| V) = ﬁlog sup Ry, and sup Rp > 1 because D4 > 0. The supremum inherits
the uniform bound, and log is 1-Lipschitz on [1, 00). O
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Corollary 5.7.9 (Continuity of the sandwiched exponents). Let o > 1.

(a) D& is lower semicontinuous, and it is continuous at (®, W) if and only if J(¥) is
invertible or D8 (®|| V) = co. At invertible J(V) it obeys the bound of Theorem 5.7.8
in ® and is dp-Lipschitz in V.

(b) On every compact range o € (1, A] the functions O‘T_lf)geg(ﬂ\l/) are equi-Lipschitz,
with constant dxdy(m/\)A~" in the diamond norm. Consequently the strong-converse
exponent of adaptive discrimination [43, Theorem 5.5],

H(r,@,\lf):supa_

a>1 «

L - Dres(a)w)),

is continuous at every pair with invertible J(V), for every rate r < Dmax(P[| V).

Proof. (a) Lower semicontinuity and the discontinuity at singular J(¥) are as in Corol-
o

lary 5.7.5: a support leak gives Dy = oo. (b) The factor % cancels the factor —%5 of
Theorem 5.7.8, and m/A > 1. For

P < Dinax(®[|¥) = lim Do (®[|),

choose A with D4(®||¥) > r. By the one-shot case of Theorem 5.7.8 and Theorem 5.7.2,
DA(®'||¥’) > r for nearby pairs. Monotonicity in o then makes every term with a@ > A
negative, while the supremum is nonnegative (let a | 1). So near (®,¥) the supremum
runs over (1, A], where the terms are equicontinuous in both arguments. O

The first argument without a chain rule: regularised Petz divergences

For a € (0,1), QF(pllo) = Trp®c'~® is nondecreasing and homogeneous of degree « in
p, and nondecreasing and homogeneous of degree 1 — « in ¢. No chain rule is known
for these divergences, so the route of Theorem 5.7.8 is closed: we cannot control one
use against an arbitrary reference and then pass from the amortised to the regularised
divergence. Example 5.7.12 shows that a one-use estimate uniform over references cannot
hold in general. We work instead with parallel uses and replace them one at a time. This
works for perturbations that act locally on the output and the input. Write Dgn)(CPH\I/) =
DF(®®n(|¥®") and

1 1
Dg)reg — h,,Iln H_D((ln) = S%p ED&”)’

the limit existing by superadditivity.
Lemma 5.7.10 (Local stability, uniformly over references). Let a € (0,1) and A1 <
J(¥) < A1 with A\ > 0. Let W be an operator on Y with polar decomposition W = U|W|,

and put s = |[W*W — 1|0 and u = ||U — 1|0, with 25(A/A)1~% < 1 and 2uA/\ < 1. Then
for every R, everyw >0 on R® Y and every o >0 on R® X, with £ = (id ® ¥)o,

Qu(1eWwde@ W) [|§) = ar Qawlé),
cw = (1+8)° 11— 25(A/N) ) (1 — 2uh/\) %

Proof. Put A = (1 ® W)w'/? and G = W*W. Then (AA*)® = A(A*A)*"1A* with the
power taken on the support of A*A, which is that of w. Hence

QR(AA|&) = Tr [(w'2(1® G/ ! W2 (1o W) €70 (1o W)w'/?)].
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(i) w’?2(1® G)w'/? < (1+s)w, and & — 2~ is operator monotone decreasing, so the first
factor is at least (1 + 5)* 'w®! on the support of w. (ii) We have

LewHe1eW) =1 W) (1 W)

with {y = (Id® Uy )o, where Uy = U*VU(-)U. The Choi matrix J(¥y) = (1@U*)J(V)(1®
U) also lies between A and A. By Lemma 5.7.3 and operator monotonicity of 1=, £1U*a =
NY2MNY2 with N = 0713_0‘ ®1 and M7 < M < A'™® on the support of N. Now
E=1® (]W|—1) commutes with N and has ||E|| < s, and

(1+EYMA+E)> M —2sA'7% > (1 —2s(A/\)'7%)M.
Conjugating by N'/2 gives
QW& 1@ W) = (1 —2s(A/A)!7) &7

Finally, ||J(¥y) — J()|| < 2uA gives J(¥y) > (1 — 2uA/N)J(¥), hence & * > (1 —
QUA/)\)l*afl*a. (111) If Ay > Ag > 0and By > By > 0, then Tr A1 By > Tr AgBy. Apply
this to the bounds of (i) and (ii). The result is

ew Trw™ w26 = e QR (w6).
O

The only place where the reference enters is N = 07150‘ ® 1, and the perturbation
1 ® |W| commutes with it. This is the Petz counterpart of the cancellation of logor in
Theorem 5.7.4.

Theorem 5.7.11 (First argument for regularised Petz divergences). Let « € (0,1).

(a) For all channels and all n,

«

dp (D, D).

D)@ %) - DY@ W) < n <

-«
Hence DE™e8 s 1o -Lipschitz in the first channel for the Thompson metric.
(b) If J(¥) is invertible, DY*8(-|¥) is lower semicontinuous.

(c) Let \1 < J(¥) < Al with A > 0. Let W be as in Lemma 5.7.10, let W = W - W*,
and let V =V - V* be a unitary channel on X with v = ||V — 1|0 < N/ (2A). If
' >, (1—=9)WodoV, then for every n

@ 1 1 1
log + log — + log
l1-a cw

D (@' ||0) <

DI (2] W) +

1 1 N

" " 1—20A/X\

(d) Consequently, if J(V) is invertible, DY "8(-||[W) is continuous at every ® with invert-
ible Choi matriz and at every isometric channel ® = K - K*. At a general ® it is
continuous along every sequence ®p — ® with @y >¢p (1 — ;) Wy o ® o Vi, where

0, = 0, Wy, — 1 and Vj, — 1.

Proof. (a) If ® <., €'®’, then ®®"(¢)) < e™®'@" (1)) for every input (Lemma 5.7.1). Mono-
tonicity and homogeneity in the first argument give

QE (DU TE ™) < eMQE (B TE ).
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Exchange the roles, take the infimum over v, and apply —ﬁ log. (b) For fixed n, ®
inf,, QF (®%m4)||W®mep) is continuous, by Theorem 5.5.2(b) and compactness of the pure
inputs with reference X®". It is positive, because ¥&"1) > A\pin (J(¥))"pr @ 1 has support
containing that of ®®™). So each %D&n) is continuous, and their supremum is lower
semicontinuous. (c) First, ®®™ > , (1 — §)"(WPV)®", so

Qe (D'Em || TF™p) > (1 — 6)"* QL (WEV) " )| TE™ ).

Next remove the n copies of YW one at a time. When W acts on the k-th output, the
remaining outputs form part of the reference, and the second argument is ¥®"¢) = (id ®
U} ) (o) for a positive oy on the other outputs and the k-th input. Lemma 5.7.10 therefore
applies at each step and gives a factor ¢}j,. Finally, (®V)®") = ®®"y with ¢y = (1 ®
VO )h(1 @ VE)* and UOM) = (U o V*)®M)y,. Since

JWoV)=TVe1)JW)(Vel)* > (1-20A/N)J(D)
and QY is nondecreasing in its second argument, we get

Qu(@=" Py [ W) > (1= 20/ )" inf QF (7| WE"4).

Collect the factors, take the infimum over ¢, and apply —ﬁ log. (d) For invertible J(®),
use (a) and the last statement of Theorem 5.7.2. Let ® = K - K* with K an isometry,
so J(®) = |k){k| with k = (1 ® K)Q and ||s||*> = dx. If ||J(®') — J(®)||c = 7, the top
eigenvalue p of J(®') satisfies u > dy — 7. Its eigenvector, normalised as k' = (1 ® B)Q2
with ||&'||* = dx and (k|s’) > 0, tends to k as n — 0, so B — K. Now

J@) 2 W) (K] = S J(B-BY),
dx dx

and B-B* = Wo® with W = BK* +1— KK* — 1. So ® >¢, (1 — §)W o ® with

§ < n/dy and s,u — 0. Then (c) gives limsup DY™8(®'|| W) < DEF*e8(®||¥), and (b)

gives the matching lower bound. The last statement follows from (b) and (c) in the same

way. O

The hypothesis of (d) covers post-processing by any channels N — id followed by
mixing in noise, and pre-processing by unitaries Vx — id. A channel close to the identity
has a Choi matrix close to [Q2) (€], and therefore dominates (1 — )W - W* for its top Kraus
operator W — 1, by the eigenvector argument in the proof of (d).

Example 5.7.12 (No uniform one-use bound). On a qubit let &, = (1 — ¢)id + ¢D, with
D completely depolarising, and ' = id, so ||®. — ®'||, < 2e. Let J(¥) be invertible. Take

R =C2, p=|v){v| with v =+/T—5]00) + 3 [11), and o = [1)(1| ® 2, 50 £ = (Id ® V)0 =
|1)(1] @ ¥(%). Then

1 —a
QR(@'plle) = 5 (11W(5) ).
On the other hand ®.p > &6 |1)(1| ® 1, so
1 —a
Qa(Pepll§) > (£6/2)* Tr o (5)" .
Hence

Qu(®'p(id ® ¥)o)
Qr(Pepl (id ® ¥)o)

IA

2 _
(g)aél a — 0
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for every fixed e. No estimate QY (®'p||[¥a) > c(e)QL (Pp||¥o) with c(e) > 0 can hold
uniformly over references, let alone one with ¢(¢) — 1. Removing noise is the bad di-
rection, and it is not local. The divergence itself is continuous at both points: at ®. by
Theorem 5.7.11(a), since J(®.) is invertible, and at id by (d).

What remains open is continuity at channels with singular Choi matrix along pertur-
bations that rotate the support of J(®) by a unitary of X ® ) that is not a product.
Such perturbations are not of the form in (c), and Example 5.7.12 shows that slot-by-slot
replacement cannot handle them in general.

Testing-region channel divergences: the one-shot formula

The supremum over inputs does not commute with the integral over -, so the Ayax formula
of Theorem 4.7.5 in Chapter 4 cannot hold verbatim. It holds in dual form. For an input
with X-marginal 7 put # = 7. By the proof of Proposition 5.7.7 the two outputs are
unitarily equivalent to

wyg= (VO 1)J(®)(VE®1), &=(01)J(¥)(Vix1),

operators on R ® Y with R = X, and these formulas define wy, § for every 6 > 0. Let f be
convex with f(1) = f/(1) = 0. Write m = f” and m = f”, restricted to [1,00), and define
the testing-region operator of the input,

0y(8) = Try | [ (w0 = 780)+ mldn) + [ (&~ ywo)s mldy)] >0,
TeT4(6) = D™ (wplle)-

We assume that the integrals converge, for instance when m,m are finite or when J(®)
and J(¥) dominate each other, since then the integrands vanish for large ~.

Theorem 5.7.13 (One-shot formula). (a) The function F(0) = DI]ZIT(w(;Hfg) is concave
and positively homogeneous on positive operators 6. At every invertible 0 it is differ-
entiable, and its gradient is 6~1/2T () 6~1/2,

(b) (Dual formula)

D(®]|¥) = max F(6) = inf { Ay ( Ty [/Y7 m(dy) + /Z7 m(dy)])},

where the mazximum Tuns over states and the infimum over measurable families with
Y, >0,Y,>J(®) —~J(¥), Z, >0 and Z, > J(V) —~vJ(®). For f" with finitely

many atoms both sides are semidefinite programs.

(c¢) (Optimal inputs) An invertible 0 is optimal if and only if I't(0) = c0 for a scalar c,
and then ¢ = D?T(CI)H\II). In particular the mazimally entangled input is optimal if
and only if

Try [/ (J(@) =~ (V) m(dv) + / (J(T) — 7J(<I>))+m(d7)} is a multiple of 1.
(d) (The reverse test is one dual point) With J(® + ¥) = WW™* and J(®) = WTW™,

the family Y, = W(T —~(1 =T)) W*, Z, = W1 =T —~T);W* is feasible in (b).
Its value is Amax(Try Wh(T)W*) = D?(CI)H\I/), the closed form of Theorem 4.7.5.
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Proof. Step 1. For Hermitian X on R ® ) and 6 > 0,
Tr[(VE D)X(VIe1)], =inf{Tr(0®1)Y: Y >0, Y > X},
and for invertible # the infimum is attained exactly at
Y=0""e)[(Vie)X(Vie1)], (072 o1).

Indeed, write X=W0e1)XVio1),put Y = (VI®1)Y(V/io1), which satisfies Y >0
and Y > X, and let P be the projection onto the positive eigenspace of X. Then

Tr(0®1)Y =TrY > Tr PYP > Tr PXP = Tr X,.

Equality forces (1 — P)Y (1 — P) = 0, hence Y = PY P and then Y = X, . For singular 6
use the optimiser at 6 + €1 and let € — 0.
(a). Apply Step 1 to X = J(®) —~vJ(¥) and to X = J(¥) — ~vJ(®), noting

wp =€ = (VI 1)(J(®) —7J (1)) (VI © 1),

and integrate. This gives F'(0) = inf¢ Tr0 G(Y, Z), with G(Y, Z) = Try[[ Y dm + [ Z dm)
and C the convex set of feasible families. So F' is an infimum of linear functions: it is
concave, homogeneous and upper semicontinuous. At invertible §y the optimal family of
Step 1 gives the supergradient Gy = 6, 2p #(60)0, 172, Conversely, write Gy for the value

of G at the optimal family of 6. Since Tr0yGy > F(6y), we get
F(0) =Tr0Gy > F(0y) + Tr(0 — 0p)Gy.

As 0 — 0y, Gy — G by continuity of 6 — (wp — ¥&g)+ and dominated convergence, so F'
is differentiable at 6y with gradient Gy.

(b). The set of states is convex and compact, C is convex, and (0, (Y, Z)) — Tr0 G(Y, 2)
is affine and continuous in each variable. Sion’s minimax theorem therefore gives

max inf Tr 6 G = inf max Tr 0 G = inf Ayax(G).
[ C C 0 C

The maximum is attained because F' is upper semicontinuous. For finitely many atoms,
N=(0®1)M (v ® 1) turns maxy F into

max{» ¢y TrNyX,: 0< Ny <0®1, 60>0, Tro =1},
k

and (b) is its Lagrange dual. Both sides are strictly feasible.
(c). If 0 is invertible and I'f(6) = cf, the gradient is c1, and concavity gives

F(0)) < F(0) + cTe(0 — 0) = F(6)

for every state #; moreover ¢ = TrI'f(0) = F(#). Conversely, an optimal invertible 6 lies
in the relative interior of the state space, so its gradient G satisfies Tr(’ — )G < 0 for all
states 0'. That is, G < (Tr0G)1 = F(0)1, or I'y(6) < F(0)0, and equality of traces forces
T4(0) = F(0)0. At 6 = 1/dx we have T'f(1/dx) = dy' Try|- - -], with the bracket of (c).
(d). On Iy,
W(T = 5(1 = T)W* = J(®) - 7J(¥),

so the family is feasible. By the operator identity of Proposition 5.7.7,

/Y7 m(dv) +/Z,Y m(dy) = Why(T)W*,

and the value is that of Theorem 4.7.5. OJ
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Part (d) places the closed form of the reverse test inside the dual program of the testing
region. The two divergences are the same infimum, once over all dominating families and
once over the single family built from 7. The inequality D?T < D? for channels is thus
weak duality. Part (c) is a nonlinear eigenvalue problem I'¢(f) = D#@. In the linear case
I'(9) = V0 AV/0 of the reverse test it reduces to the top eigenvector of A = Try Wh(T)W*.
In our tests the iteration 6 +— I't(6)/ TrI'¢(0), started at 1/dx, converged to the optimum
(Section 5.9), but we have no proof of convergence in general. The symmetric case and two
cheap bounds follow.

Proposition 5.7.14 (Covariant pairs). Suppose that ® and ¥ are jointly covariant, ®(Uy -
Uy) = Vg@()Vy and W(Uy - Uy) = VyW()V, for a group g — Uy acting irreducibly on X.
Then for every convex f the maximally entangled input is optimal:

DY (@) = DY (J(®)/dx || J () /dx)

= = [ (B@II®) @) + B, 0@)|3@) (),

a function of the eigenvalues of J(®) — ~vJ(¥) only. The same holds for D? and every
other divergence that satisfies data processing and is additive on block-diagonal pairs.

Proof. For pure inputs the output divergence depends only on the input marginal 7 on
X, since two purifications differ by an isometry on the reference, and mixed inputs do no
better, by data processing. Given v, attach a classical flag and twirl:

v = [dglo)gle (12U aU,)"

By covariance the outputs are block diagonal in g with unitarily rotated blocks, so the
divergence of ¢’ equals that of ¢. The marginal of ¢’ on X' is 1/dy by irreducibility, so
a purification of ¢’ does at least as well as ¢ and has the same value as the maximally
entangled input. O

For D}{T the statement is also a case of Theorem 5.7.13(c). Covariance makes J(®)
and J(¥) invariant under U, ® V,, so the bracket in (c) commutes with the irreducible
representation U, and is a multiple of 1 by Schur’s lemma. Criterion (c) is more general
than covariance, since it is one matrix equation in J(®) and J(¥).

Proposition 5.7.15 (Two-sided bounds). For all channels and convex f,

DT (I(@)/dx]|T(®)/dx) < DFT@|W) < [ (BS(@I0)f"(dn) + B0 9)F" ()
< D (@][v),
where
E(®)¥) = max{Tr N(J(®) —7J(¥)): 0SN<7®1, 7>0, Trr =1}

is a semidefinite program for each vy, and the last quantity is Amax(Try Whe(T)W*). The
first two inequalities are equalities for jointly covariant pairs. The middle inequality is
an equality if and only if one input is optimal for m-almost every level of E,(®||¥) and
m-almost every level of E,(¥|®). The exact value is the program of Theorem 5.7.13(b).

Proof. The lower bound is the maximally entangled input. The middle inequality exchanges
supremum and integral. The SDP form follows by substituting N = (V7T®1) M (V7T®1)
for a test M, and the upper bound is Proposition 5.7.7. O
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Theorem 5.7.16 (Regularised values). For parallel strategies let DET78(®||¥) be the limit
of LDIT(®Em||U®™). The limit exists and

Dy, a € (0,1),
Ditrs =S pre a=1,

Dres, a1

In particular, for a > 1 the regularised testing-region divergence is the quantity computed
by the semidefinite hierarchy of [43].

Proof. For o < 1 apply Proposition 5.6.1 to the outputs of every input. This gives DY <
DHT < DP 4 110_% for the n-fold channel divergences, and the Petz channel divergence is
superadditive. For a = 1 the divergences coincide input by input [46]. For a > 1, the
inequality DET < ﬁa ([84]; Theorem 6.3.2 for « > 2) applied input by input gives

LDHT (@57 W) < L D@ wE") < Die.
For the lower bound, valid for all & > 1, fix m and an input 7, for m uses, and feed TF,
Proposition 5.6.2 applied to the k-fold output states gives

1
%DET —

1

Eﬁa((b@m(ﬂn) H\I’®m(7m))

Data processing handles n not divisible by m, and we optimise over 7,,, and m. ]

5.8 The classification after this chapter

Family Shadow States Channels

1. Means, reverse test T’ complete (Chapter 4) closed form; dichotomy at
maximal J(®+ )
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Family

Shadow

States

Channels

II. Testing
region

(Umegaki,
E,, DY)

III. Modular
(Petz)

V.
Measured

V.
Regularised,
sandwiched

u=¢": atoms
at the relative
spectrum,
continuous
part from the
Helstrom
coupling

Nussbaum-—
Szkota;

modular
derivativ

eT =
Al +A)T!

supremum of

shadows

limits of II, III
and pinching

Theorems 5.3.1, 5.3.2; uniform moduli;
dichotomy at o; super-multiplicative
(see Chapter 6) at o = 2, at every
integer order against pure partners
(Theorem 6.7.1), at o = 3 for sign-free
pairs, whenever one reference state has
at most two distinct eigenvalues
(Lieb—Thirring identity), against
three-level partners with a nonnegative
3-cycle and for weakly correlated
negative cycles on both sides
(Corollaries 6.7.7 and 6.7.9), at « = 3
to second order around trivial partners
o’ o« 1, to first order at o = oo, for

« > 1 with one factor measured, and
for enough copies

(Theorems 6.4.1-6.4.3, 6.5.3, 6.6.2,
Corollary 6.6.3, Propositions 6.6.5,
6.8.3); the open case at o = 3 reduces
to singular states whose reference
states have at least three distinct
eigenvalues (Corollary 6.6.6), for
three-level references to an inequality
for K3 alone (Proposition 6.7.11), and
in general to a polynomial criterion
(Theorem 6.7.12); at integer orders the
conjecture is a correlation inequality
on a simplex (Proposition 6.5.1); the
conjecture is a convex-order statement
for the Frenkel measure

(Theorem 6.8.2)

Theorems 5.5.1, 5.5.2: same boundary
masses as II; continuous for bounded
f; dimension-free Hélder modulus for
QY ; orderings with II

DI}{ < D?T, equality only if
commuting; the modulus of
Theorem 5.4.1 for bounded f

DHET < D, for a > 1 [84], with a short
proof for a > 2 (Theorem 6.3.2); rates
in Propositions 5.6.1, 5.6.2

exact one-shot formula:
dual Amax program,
optimal inputs solve

I'f(0) = DO, reverse test is
one dual point

(Theorem 5.7.13);
covariant pairs;
regularised values
(Theorem 5.7.16)

dimension-free modulus
for the stabilised QY
a<1;
Thompson-Lipschitz in ¥
(@ €10,2]) and in

(o < 1); first argument of
DEree: Jocal stability,
continuity at isometries
and at invertible J(®)
(Theorem 5.7.11);
DET’ng — D[li,rcg for
a<l

the same modulus for the
stabilised divergences;
Thompson-Lipschitz in ¥
for the measured Rényi
divergences

(Theorem 5.7.2)

Stein exponent
(Corollary 5.7.5);
sandwiched and
strong-converse exponents
(Corollary 5.7.9);

DHTres — f)ffg fora > 1
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5.9 Numerical checks

Random states are Wishart-normalised and random channels come from random isometries.

Claim

Result

Proposition 5.2.6 (Mellin formulas)
Theorem 5.3.1(b) (density)

Theorem 5.3.1(c), 5.3.2(b) (atoms)

Theorem 5.3.2(a) (T-lift)

Example 5.3.4

Theorem 5.4.1 (squared Hellinger)
Proposition 5.6.1 (Nussbaum-Szkota
side)

Proposition 5.6.2
Theorem 5.7.4
Theorem 5.7.2 (n = 1)
Theorem 5.5.2(b)

Theorem 5.7.8

Proposition 5.7.14

Theorem 5.7.13

Lemma 5.7.10

Example 5.7.12

agreement with Definition 5.2.3 to 7-8 digits for

a € {0.3,0.5,0.8,1.5,2}

finite differences of e match the formula to 6 digits at
13 points, d = 3,4

jump of €’ equals Tr1ly o to 6 digits, and the
testing-region atom is at most the reverse-test atom,
at all 12 atoms of 4 random qutrit pairs

min(El — E,) > —2.4-107'5 over 300 pairs (d < 4,
random ranks) and 100 values of v; gap < 2-10716
for commuting pairs

profile to 5 - 10713; QI to 8 digits for

a € {0.3,0.5,0.9}

|AD?T\/wf € [0.004,0.275] over 30 perturbed pairs
min(2n — nns) > 1.3 - 1074 over 300 pairs; the reverse
comparison 7 < nng fails (by 0.23), so the profile
comparison is one-sided, while QT /QF € [0.942,1]
QUT /Qu(Pypllo) € [1.002,2.105] and

QT /(v*Qu(Pypllo)) € [0.111,0.483] over 60 pairs,
a € {152}

max(lhs — rhs) = —4.1 - 1072 over 300 random
(®,9', T, p, o) including rank-deficient inputs and
Kraus rank 1-3

max(|AD| — dt) = —7.6 - 1073 over 300 trials
max(]AQY| — bound) = —5.0 - 1072 over 900 cases,

a € {0.2,0.5,0.8}, random ranks

max |AR|/bound = 0.016 over 300 random
(®,9", 0, p,0), a € {1.3,2,3}

for 20 random Pauli pairs the maximally entangled
input minimises {{/1; against 200 random pure inputs
(smallest gap 1.7 - 1073)

12 random qubit channel pairs, f” with 5 atoms: the
common-input SDP and the dual Ay, program agree
to 7 digits; at the optimum

ITf(0) — DO|| < 1.6 - 1071%; the iteration

6 +—T(0)/ TrT¢(6) from 1/2 reaches D within
31075 in 3,000 steps; in every case maximally
entangled < D < middle bound < reverse test, e.g.
0.604 < 1.038 < 1.100 < 1.270

ratio/cy > 1.09 over 401 random cases with

dim R = 3 and 18 adversarial searches,

a € {0.2,0.5,0.8}; two-fold telescoping

ratio/c%/v >1.25

one-use ratio 0.47, 0.20, 0.074, 0.024, 0.0025 for
§=10"1,10"2,103,10"%,107% (a = %, e = 0.05),
below the bound (2/g)*§~
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5.10 Open problems

1.

Find the garbling that maps the reverse test to the testing-region pair, which exists by
Theorem 5.3.2. Is it the rotation of the Helstrom projections in Theorem 5.3.1(b)?

. Is DP"e8 (.|| W), a < 1, continuous at every channel when .J(¥) is invertible? Theo-

rem 5.7.11 reduces this to perturbations that rotate the support of a singular J(®) by
a non-product unitary of X ® ). Example 5.7.12 shows that any proof must use the
n-fold structure, not a one-use bound. A related question is to remove the condition
number from the constants of Theorems 5.7.4 and 5.7.8.

. Does the iteration § — I'¢(0)/ Tr ' () of Theorem 5.7.13 always converge to an optimal

input? In the linear case of the reverse test, the Cauchy—Schwarz inequality shows that
the objective increases along the iteration. In all our tests the iteration converged to
the optimum. For which pairs beyond the covariant ones is the maximally entangled
input optimal, that is, when is the bracket of Theorem 5.7.13(c) scalar?



Chapter 6

Super-multiplicativity of
hockey-stick Rényi quasi-entropies

Summary. The testing-region (Hirche-Tomamichel) Rényi quasi-entropies QT of
a pair of quantum states are the Mellin moments of its hockey-stick profile e(y) =
Tr(p — v0)4+. They are not multiplicative under tensor products, and we study the
conjectured inequality QT (p ® p'|lo ® o') > QT (pllo) QT (p'||0’). We prove it at
a = 2, at every integer order against pure partners, for every a > 1 when one factor
is measured, to first order as @ — oo, and for tensor powers with enough copies. At
a = 3 we prove it for sign-free pairs and whenever one reference state has at most
two distinct eigenvalues, by writing the defect as an integral of Lieb—Thirring gaps,
and a cycle inequality | Tr ABC|® < Tr(A%B) Tr(B%C) Tr(C?A) for positive matrices
gives further three-eigenvalue cases. At integer orders the conjecture is a correlation
inequality for a uniform point of a simplex, which a Chebyshev inequality for Schur-
convex functions settles for pure and sign-free pairs. In general it is the family of
moment inequalities of a convex-order domination between two Frenkel measures. We
also give a layer-cake proof of DT < D, for a > 2, and show that one-way LOCC
tests never beat the classical product of the shadows.

6.1 Introduction

For states p, o on a finite-dimensional Hilbert space the hockey-stick divergences E (p||o) =
Tr(p — v0)4+ describe the testing region of the pair, and integrating them against f” gives
the testing-region f-divergences DIJZIT [63]. Their Rényi members are given by the quasi-
entropies Q'IT, the Mellin moments of the hockey-stick profile (Section 6.2). Unlike the
Petz and sandwiched quasi-entropies, Q!IT is not multiplicative under tensor products.
This chapter is about the inequality

Qi (pepllo®d) = Qi (plo) Qe (W l0)),  a€(0,1)U(1,00),

which Conjecture 6.3.5 asserts for all pairs of states. For a > 1 it says that DT is
superadditive, and for @ < 1 that it is subadditive; equality holds when one of the two
pairs commutes.

Main results We prove Conjecture 6.3.5 in the following cases. The testing-region quasi-
entropy is super-multiplicative at a = 2, where it is 1 + X3y and the proof reduces to a
Gaussian-mixture inequality for the kernel % (Theorem 6.4.1). At integer orders the

trace formula turns the conjecture into a correlation inequality for a uniformly distributed

147
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point of a simplex (Proposition 6.5.1). A Chebyshev-type inequality for Schur-convex
functions (Lemma 6.5.2) then proves the conjecture at every integer order for pure states,
at a = 3 for every two sign-free pairs, and again at a = 2 for all pairs (Theorem 6.5.3). Sign-
free pairs include all qubit pairs, all pairs whose ¢ has two distinct eigenvalues, and all pure
states. Integrating a pure partner out of the trace formula and applying the Lieb—Thirring
inequality to mixtures of resolvents proves the conjecture against every pure partner at every
integer order (Theorem 6.7.1), with no condition on the other pair. For pure states the
general case is a classical convolution inequality, a Rényi-entropy submodularity for sums
(Remark 6.4.4). The testing region of a product dominates that of the shadow tensored
with any measurement of the second factor, so DI (p p'|[c®0’) > DI (p||lo)+DM(p'||0”)
for every a (Theorem 6.4.2). The quasi-entropy is also super-multiplicative to first order
as @ — 00 (Theorem 6.4.3).

At a = 3 a second mechanism removes the sign condition. A two-time integral identity
(Proposition 6.6.1) writes the defect against a partner whose o’ has two eigenvalues as an
integral of Lieb-Thirring gaps Tr[A3X3] — Tr[(AX)?] (Theorem 6.6.2), so the conjecture
holds at @ = 3 whenever ¢ or ¢’ has at most two distinct eigenvalues, for all states and
with the expected equality cases (Corollary 6.6.3). The same identity proves the conjec-
ture at a = 3 to second order in ¢’ around ¢’ 1, for every p' (Proposition 6.6.5), gives
QYT < Tr[po=7po=7pa?1~2] for every real 7, with the sandwiched quasi-entropy at v = %
(Corollary 6.6.7), and reduces the open case at « = 3 to singular p, p’ whose reference states
both have at least three distinct eigenvalues (Corollary 6.6.6). The Lieb—Thirring gap at ex-
ponent three is a rooted sum of Schur-product squares with the kernel (u_z)(v_ji(iisu)(zwv)
(Proposition 6.7.3), which proves inequality (6.5.1) (Corollary 6.7.4). The cycle inequality
| Tr ABC|? < Tr(A?B) Tr(B2C) Tr(C? A) for positive matrices (Theorem 6.7.5) lets a pure
profile be fitted under the two-letter weights of any state, which gives the conjecture at
a = 3 against every partner with three eigenvalues and a nonnegative block 3-cycle (Corol-
lary 6.7.7). A splitting of the defect into two-letter and three-letter parts proves it when
both block 3-cycles are negative and not too strongly correlated (Theorem 6.7.8, Corol-
lary 6.7.9). What remains for three-eigenvalue reference states is one inequality for the
kernel K3 on twisted pure data (Conjecture 6.7.10, Proposition 6.7.11). For general pairs
at a = 3 the conjecture follows from the nonnegativity of the covariances Dy, of polynomial
traces Tr[A?pAJ pAlp] over compositions i+j+1 = k (Theorem 6.7.12), which holds at k = 2;
at k =3, D3 > 0 follows from a single-system chirality inequality (Proposition 6.7.13).

The conjecture itself is the family of moment inequalities of one statement: the Frenkel
measure v(dv) = (e(v) — (1 —v)4)v~2dv, whose mass and first moment are the two relative
entropies and whose moments are the Rényi quasi-entropies, should dominate, in the con-
vex order, the Frenkel measure of the classical product of the two shadows (Theorem 6.8.2).
For qubit pairs this reduces to a two-sign-change property of the profile difference, which
holds in every test, and for tensor powers the conjecture holds once there are enough copies
(Proposition 6.8.3). For every two non-commuting pairs the profile of the product crosses
that of the classical product of the shadows at least twice, so a pair and its shadow cannot
be compared through positive maps in either direction (Proposition 6.9.1). One-way LOCC
tests never beat the shadow product, and numerically neither do separable or PPT tests
(Proposition 6.9.2, Conjecture 6.9.3). The conjecture is therefore a statement about entan-
gled tests. As a by-product, DT < Dy for every non-commuting pair (Corollary 6.9.4).

On the Fourier side, QT is the average of a modular correlation function over a logistic
clock, and Theorem 6.4.1 says that synchronising the clocks of two factors increases it
(Proposition 6.10.1). Dephasing each factor by a modular heat flow and letting the flows
converge to the pinching reduces the conjecture to a local supermodularity condition at
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product points (Theorem 6.10.2). For two qubit pairs at & = 3 the conjecture becomes a
single explicit inequality for the logarithmic mean (Proposition 6.10.3). This is the case
of the simplex theorem in which both pairs have two eigenvalues (Corollary 6.10.4), and a
second proof uses the variation-diminishing property of the Cauchy kernel.

We give an elementary proof of DHT < D, for all real o > 2 (Theorem 6.3.2). The
full range o > 1 is due to [84], after the integer case of [13]. With linear-programming
duality it yields an operator layer-cake inequality (Corollary 6.3.4). Section 6.3 recalls
from Section 5.6 the explicit single-shot sandwiches DY < DIT < DP + 1082 for a < 1 and

-«

|IDHT _ D, | < 22 logv(o) for a > 1, which give the regularisation theorem of [63] with
rates.

Related work The testing-region divergences were introduced by Hirche and Tomamichel
[63] and are also called hockey-stick f-divergences. Beigi, Hirche and Tomamichel [13]
and Liu, Hirche and Cheng [84] compared their Rényi members with the Petz and sand-
wiched families. Hiai, Mosonyi and Tomamichel [58] have recently developed them in
von Neumann algebras: a Neyman—Pearson representation, the detection of reversibility,
the regularisation of the Rényi members to the Petz divergences below order one and
to the sandwiched divergences above it, and partial results on when different quantum
f-divergences coincide.

Chapter 5 studies the testing region of a single pair: the structure of its shadow, conti-
nuity, the modular (Petz) shadow, and channel divergences. This chapter turns to tensor
products. The reverse test and the modular shadow factorise under tensor products, but
the testing region does not, and the question is what replaces multiplicativity.

Section 6.2 recalls the definitions and results of Chapter 5 that we use. Section 6.3
states the conjecture, together with the comparison inequalities for tensor powers and the
inequality DIT < D,. Sections 6.4-6.7 prove the cases of the conjecture listed above.
Section 6.8 identifies the conjecture with a convex-order statement for Frenkel measures,
Section 6.9 shows why positive maps and restricted tests cannot prove it, and Section 6.10
treats modular clocks, dephasing flows and two qubit pairs. Section 6.11 summarises the
numerical checks, and Section 6.12 lists open problems.

The quantitative claims were checked numerically, and the conjectures were tested; the
checks are summarised in Section 6.11.

6.2 Preliminaries from Chapter 5

We use the notation and results of Section 5.2, recalled here without proofs. States p, o are
density operators on a finite-dimensional Hilbert space H, w = p + o, Il x is the support
projection of a positive operator X, and HJX =1 —IIx. Logarithms are natural.

For A,B > 0 and v > 0, E,(A||B) = Tr(A — vB)+ = maxo<p<1 Tr M(A — yB) is
the hockey-stick divergence. The profile e(y) = E5(p||o), the error profile n(y) =1 — e(7)
and the boundary masses mg = Tr Hﬁa and me, = TrIItp are as in Definition 5.2.1, and
Lemma 5.2.2 collects their properties: e is convex and nonincreasing with (1—-+)4 < e(y) <
1, n is concave and nondecreasing with 7()/~ nonincreasing (part (a)), e(co) = mq, and
¢'(07) = —(1—myg) (part (b)), and E,(co||p) = ve(1/y)—~v+1 (part (c)). The testing-region
(Hirche-Tomamichel) f-divergence D}{T of a convex f with f(1) = 0 is Definition 5.2.3 [63];
for @ € (0,1) U (1,00) and fu(z) = L=t we write QT = 1+ (a — 1)DT and D" =
ﬁ log QIIT. As D}{T depends only on f”, we normalise f'(1) = 0 when convenient, and by

Frenkel’s formula [46], DILL is the Umegaki relative entropy D(p||c) = Tr p(log p—log o).

zlogx
The testing-region shadow p = €, completed by the atoms mg at 0 and mey at oo, is
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Definition 5.2.4; for commuting p, o with eigenvalues p;, ¢, it is the law of the likelihood
ratio p/q under ¢ on {¢q > 0}.

We use two formulas from Section 5.2 directly. The representation formula of Proposi-
tion 5.2.5 states that, for every convex f with f(1) =

Py = [ e0) = (0= ") = [ St S0 mo+(00) e,
with f/(0c0) = limy_y00 f(2)/2 and the convention 0 - co = 0, and that u((0,00)) =1 —mg
and [ydu =1 — me. The Mellin formulas of Proposition 5.2.6 state that, for a € (0, 1),

QET(/)HJ)Z/(O )’yadu( l—a/ Y2 (v) dy,

)

and that, for a > 1, QUT = 400 if ms, > 0, and otherwise

QL (pllo) = /(0700) Yrdu(y) = ala — 1)/0 v e(y) dy

The reverse test and the modular shadow Two further shadows of the pair factorise
under tensor products; both are defined in Section 5.2. Let T = w™2pw=/2 on I, H. The
reverse test is a classical pair (pr, gr) on specT that is mapped to (p, o) by a preparation.
For operator convex f, D? = D¢(pr|qr) is the maximal f-divergence of (p,o) [91], equal
to Trw!/2h(T)w'/? with hy(t) = (1 —1t)f(t/(1 —t)) (Theorem 4.2.15 and Lemma 4.7.4 in
Chapter 4), and the profile of the reverse test is Ez(pHo) = B, (prllgr) = Tr w'/3(T—~(1—
T)) +w1/ 2. The modular shadow is the Nussbaum-—Szkota pair, whose f-divergences are the
Petz f-divergences D}f [61, 99], and Dﬁ\/[ is the measured divergence. These quantities
satisfy the Blackwell chain D?/I < D}{T < D? (Proposition 5.2.7).

6.3 Tensor products and the conjecture

Since T and the Nussbaum—Szkota pair factorise, the reverse test and the modular shadow
are multiplicative: the shadow of (p ® p’,0 ® ¢’) is the multiplicative convolution of the
two shadows. The testing region does not factorise, and the Hirche-Tomamichel Rényi
divergences are not additive [63]. Section 5.6 therefore compares tensor powers with the
factorising shadows, the modular shadow below order one and the pinched pair above it.
We write 7, for the error profile of (p®", o®"), v(o) for the number of distinct eigen-
values of o, d for the dimension, and P, for the pinching in the eigenbasis of . For
a € (0,1), Proposition 5.6.1 (order below one) gives %QE <QIT < QF. For a > 1 and
11, < II,, Proposition 5.6.2 (order above one) places both QT (p[|o) and the sandwiched
quasi-entropy Qa(p|lo) between the classical quantity Qa(Pypllo) = Tr(Pyp)®c'~ and
v(0)* Qa(Pspllo). We use the resulting estimates: for a € (0, 1),

log 2
1—a’

log 2
DT o) ~ DEGpllo)| < s,

Dy (pllo) < D&t (pllo) < De(pllo) +

and for o > 1 and II, < 1I,,

(6]
D& (pllo) = Dalpllo)] < — log (o),

a(d—1) log(n+1)
a—1 n '

LDIT (09" 0%™) = Dalpllo)| <
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Proposition 6.3.1 (Chernoff-type sandwich). For o € (0,1),

1= E{ (pllo) < n(1) < Qa"(pllo) < n(1)* +n(1)'~* —n(1).

Proof. The first inequality is Theorem 5.3.2(a) at v = 1. By Lemma 5.2.2(a), n(y) >
n(1) min{~,1} and n(y) < min{min{vy,1}, n(1) max{y,1}}. Insert these into the Mellin

formula of Proposition 5.2.6: a(1—a) [;°v* 2 min{~y, 1}dy = 1 gives the lower bound, and
splitting at n(1) and 1/n(1) gives the upper bound. O

Since QT < QF [13], the middle inequality sharpens the bound n(1) < Trp%c!~®
of Audenaert et al. [11]. The first inequality says that the reverse test always gives a
lower bound on the Bayesian error. This is the mechanism behind every converse built
from Kubo—Ando means, including the geometric Chernoff converse of Theorem 7.4.1 in

Chapter 7.

The inequality DIT < Do It was proved in [13] for integers o > 2 and conjectured
there for all @ > 1. Liu, Hirche and Cheng [84] proved it for all « > 1 through the trace
formula QT (pllo) = (a — 1) [° Tr (o + )~ /2p(o +t)~1/2)“dt. Proposition 5.6.2 bounds
the gap by %5 loguv(c). We give a short independent proof for every real a > 2. It uses
only the Helstrom projections, and it shows where the exponent o = 2 is critical.

Theorem 6.3.2. For every a > 2 and all states, DIT (p||o) < Da(p||o).

Proof. We may assume II, < II, and work on II,H, where o is invertible. Put x = %5 €
(1,2], c= 2—1H and X = 0 ¢po¢, so that Qn = Tr X°.

Step 1 (a variational lower bound). For every H > 0, Holder’s and Young’s inequalities
give TrpH = Tr X (6°Ho°) < || X ||allo*Ho®||, < L Tr X* + L Tr(0°Ho)", that is,

Qalpllo) > aTrpH — (o — 1) Tr(c°Ho®)".

Step 2 (the Helstrom layer cake). Let P, be the Helstrom projections and reparametrise
by u = v*!, writing M(u) = Pys—1. Choose H = [° M(u)du = (a — 1) [{°v* 2P, dy,
which is bounded because P, = 0 beyond the largest generalised eigenvalue. Then
aTrpH = a(a—1) [y*2Tr pP, dy.

Step 3 (the derivative bound). Put Hy = fOU M(u)du, Ky = 0°Hyo®, ®(U) = Tr K;
and U(U) =k fOU u ! Tr o M (u) du. Both vanish at U = 0 and are absolutely continuous,
with ®(U) = & Tr [0°K} "o M(U)]. Since 0 < M < 1, Hy < U1, so Ky < Uc'/*. As
0 < kK — 1 <1, the function 2%~ is operator monotone, so Kg_l < Ur1lgs=1/5 and

UcKlK}—lo_c < Uﬁ—lo_Qc—i-(n—l)/n _ Uﬁ_lo'.
Hence ®'(U) < kU 1 TroM(U) = ¥'(U), and
o0
Tr(cHo®)" = ®(00) < ¥(o0) = a/ Y Tro P, dy.
0
Step 4. Combining the steps with the Mellin formula of Proposition 5.2.6,

Qo > afa — 1)/0 Y2 Tr Py(p — o) dy

—a(a=1) [ 79" 2B (pllo) dy = QA (o)
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Remark 6.3.3 (The greedy argument and the range (1,2)). Step 3 holds for every family 0 <
M(u) < 1, not only for Helstrom projections. In fact, minimising [ TroM (u) d(u”) over
families with [ M = H is a linear program whose dual objective is Tr AH — C, QT (A]|0).
So the “operator bathtub inequality”

Tr(a;n(/oooM( ) du)os ) /TrUM dw’)  (0< M) <1)

for a fixed  is equivalent to the inequality QI < Qq at a = k/(k — 1) for all pairs (-, 0)
(Corollary 6.3.4). For k > 2 the pointwise inequality of Step 3 would require K < A =
Tr K" IN < Tr A*IN for all 0 < N < A. That is operator monotonicity of 2%, which
fails, and we found violations numerically. The integrated inequality nevertheless held in
all our tests, including 1,200 random families with o € {1.2,1.5,1.8}. For a € (1,2) the
inequality holds by [84], but a direct operator proof of the bathtub inequality for x > 2
needs a non-greedy argument.

Corollary 6.3.4 (An operator layer-cake inequality). For every o > 0, every k > 1 and
every measurable family 0 < M (u) < 1 with [7° M (u) du finite,

Tr(a?ln(/oooM( du U% / TroM (u) d(u®).

For k < 2 this is Step 3 of Theorem 6.3.2. For k > 2 it follows from [8/].

Proof. Put a = k/(k — 1), H = [M, and C = k'~%/a. For every Hermitian A, the
inequality Tr XM > —Tr X_ for 0 < M <1 gives

/ TroM(u)d(u”) > Tr AH — / Tr (A — /-iu”“_la)+du =TrAH — CQIT(A)0),
0 0

by the substitution ¥ = ku*~! and the Mellin formula (both sides are homogeneous, so the
formula extends to unnormalised A). By [84], QT < Q. Writing Y = o~ V(25 A g—1/(2%)
and K = o'/ Hgl/ (%) we get Tr AH — CQu(Allo) = TrYK — C'Tr Y. Its supremum
over Y > 0is Tr K*, because sup, (yk — Cy®) = k* for this C. O

Super-multiplicativity would give a third route to these inequalities, and it is a structural
statement about how testing regions tensorize.

Conjecture 6.3.5 (Super-multiplicativity). For all o € (0,1) U (1,00) and all pairs,
QI (p& pllo® o) > QT (pllo) QT (o']|e).

Below we prove the conjecture at a = 2, at every integer order o = n for pure states,
at every integer order against pure partners (Theorem 6.7.1), at a« = 3 for all sign-free
pairs (Theorem 6.5.3), for all pairs in which one of the two reference states has at most
two distinct eigenvalues (Corollary 6.6.3), against partners with three eigenvalues and a
nonnegative 3-cycle (Corollary 6.7.7) and for weakly correlated negative 3-cycles on both
sides (Corollary 6.7.9), for one measured factor, to first order at a = oo, and for tensor
powers with enough copies, and we show that it is the family of moment inequalities of a
convex-order statement about one measure (Theorem 6.8.2).

Equality holds when p’ and ¢’ commute. In that case E, (pRp'|lo®0’) = 32, ay e(vby/ay)
and the Mellin transform factorises. For a > 1 the conjecture says that DT is superaddi-
tive, and for o < 1 that it is subadditive.
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Theorem 6.3.6 (Reduction). Fiz a > 1. If QUT(p="||c®") > QUT(p||o)™ for infinitely
many n, then DIT(p|lo) < Da(pllo). For a < 1 the same hypothesis gives DIT > DP.
So Conjecture 6.3.5 would give independent proofs of [8/] and of [13, (1.10)], using only
pinching and the inequalities of [11].

Proof. For o > 1, Proposition 5.6.2 applied to n copies gives QI (pllo)™ < (n +
1)@= Q,(p||lo)". Take n-th roots and let n — oo. For o < 1, choose 0 < 51 < o < s9 < 1.

The inequality of [11] gives 1,(7) < 71 75(QY)" for s = s1,s2. Using the bound with s;

below v, = (QF /QF )™/(2=51) and the bound with sy above it, the Mellin integral gives

SS9 —

QU (p"[0") < a1 — a)(—— + —— ) (@) (@), 0=

a—S8 89—« S9 — 81

Combine this with the hypothesis QHT (p||o)™ < QHT(p®"||o®™), take n-th roots, and let
51,82 — a, using the continuity of s — QY. This gives QIT < QF. O

6.4 Super-multiplicativity: three cases that can be proved

We prove Conjecture 6.3.5 at o = 2, prove a one-sided version for every f in which one
factor is replaced by a measurement, and prove it to first order as o — oo. Throughout,
L(a,b) = m is the logarithmic mean, with L(a,a) = a.

Theorem 6.4.1 (Super-multiplicativity at o = 2). For all pairs of states,

HT(p®p/HU®U/) > QHT(pHU) IQ{T(PIHU/),

so DS is superadditive. When the right-hand side is finite, equality holds if and only if
[p,0] =0 or[p/,o'] =0.

Proof. If 11, £ I, or II,; £ I/, both sides are infinite, since QYT > 1. Otherwise we work
on the supports. Write o = 3, e®|5)(j| and pjx = (j|p|k). The trace formula at o = 2 [13,
(2.11)] gives

*© - - pikl?
S (plle) = [T lplo +0 oo +) it =3 Freer, ey = 1 b (p:),
J

where XIQSKM is the Bogoliubov-Kubo-Mori y?-divergence. Since

L(e®,e¥) = e[t/ Sin}(li(f y)?//;/2)7

H(pllo) = ijk k(zj — k),

u/2

wik = |pj|Pe” P2 = wy; > 0, k(u) = sinh(u/2)’

. . . / . . .
The product pair has elgenvalues e® T and matrix entries p;p],,. With u = z; — x), and
v =x) —x,, and using w,, = w, ,,

MMpepowd) = Z W Wyy, k(u + ) Z WKWy, 3 (k(u+v) + k(u —v)).
Jklm jklm
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Euler’s product Stz — [T (14 73—;2) gives k(u) =TI, (1 + ﬁ)_l =Ee "V, where
V=3, 473;7’;2 and the Y, are independent standard exponential variables (EV = i)
Hence

[e= @+ cosh(2uvV)]
[67“2‘/67”2‘/] > Ee 'V Ee "V = kE(u)k(v).

%(k(u +v) + k(u—v))

E
E

v

The last step is Chebyshev’s association inequality for the two nonincreasing functions
Vs eV oand V s eV, Summing over j,k,l,m proves the inequality. If neither
pair commutes, there is a term with wjzwj,, > 0, u # 0 and v # 0. For that term both
inequalities are strict, because V is not almost surely constant. If one pair commutes, the
product shadow factorises (the remark after Conjecture 6.3.5). O

The proof uses the product structure in one place: the symmetrisation v — —wv, which
pairs the index (I,m) with (m,[). The pointwise inequality k(u + v) > k(u)k(v) is false,
since k(2u)/k(u)? = 2tanh(u/2)/u < 1 for u > 0.

Theorem 6.4.2 (One factor measured). Let (P,Q) be the classical pair carried by the
shadow of (p,o), namely Q = u+ mody and P(dy) = v pu(dy) + Mmocdoo on [0,00]. Then
E,(P||Q) = e(v), and for every measurement N = {Ny} on the second factor, with a, =
Tr p'Ny, by = Tr o’ N, and every v > 0,

Ey(p@p'llo®a’) Zay (vby/ay) = Ey(P ®@ a||Q ®b),

where ae(yb/a) is read as its limit when a = 0 or b = 0. The same holds with both pairs
reversed. Consequently, for every convex f,

Dt (peplowd) > sup Dy (P ®al|Q @),

and for every a € (0,1) U (1, 00),
D (p@plo®a’) = DI (pllo) + DY (o'||o").

Proof. Ey(P||Q) = [(y.00)(A = 7) dpt(A) + mog = e(7) by the first identity in the proof of
Proposition 5.2.5. Let P, be the Helstrom projection onto the positive part of p — co, with
Peo =0, and put My =3, Py, 7q, ® Ny. Then 0 < M, <1 and

TrMy(pRp —vyo®d) ZayTrPCy — ¢yo) Zay e(ey), cy = vby/ay.

On the classical side, E, (P ® al|Q ® b) = >°, ayEe, (P[|Q) = 32, ay e(cy). Reversing both
pairs gives the second family of hockey sticks. Definition 5.2.3 is monotone in both fam-
ilies, and DIJZIT agrees with Dy on classical pairs, so the f-divergence bound follows. For
f = fa, classical Rényi divergences are additive and D, (P||Q) = DHT(p||o), since by

Proposition 5.2.5 the two pairs have the same f-divergences. Taking the supremum over
N gives DM(p'||0”). O

For a > 1 this is the inequality QT (p2p'|lo®a’) > QT (p|lo) QN (p'||0”), the conjecture
with the second factor measured. For a < 1 it gives QT (p ® p'|lo @ ¢’) < QETQM'. So,
if the conjecture holds, QT (p ® p'||o ® o’) lies between QITQIT” and QTN for o < 1.
Pointwise, the bound of Theorem 6.4.2 combines Helstrom tests of the first factor with a
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fixed measurement of the second. To combine Helstrom tests of both factors one would
need Helstrom projections that are nested in 7, and they are not.

Near o = oo the shadow concentrates at its top atom, where a second-order perturbation
computation decides the question. Let o be invertible, and let ymax = ePmax(Pllo) he g
simple eigenvalue of o=/2po~Y2. Let v be a unit vector with pv = Ymaxov, and put
H = p—Ymaxo <0, m = (v|o|v), a = ov—mv L v and

w(pllo) = T2 (o~ ) o) 20,

with T the Moore—Penrose inverse. Then x = 0 for commuting pairs.

Theorem 6.4.3 (First order at & = 00). In this setting, as o — oo,
k(pllo
log QET(p”O') = alog’)/max + logm + OEp-ﬂl) + O(Otiz),

and for two such pairs k(p ® p'llo @ o’) > k(p|lo) + k(p'||o’). Hence

log Qo & /llo®d) _ slp®plo®a) ~ wlpllo) = slelo) | 52y
Qa" (pllo) QET (P llo") a+1
The leading coefficient is nonnegative, and when it is positive the conjecture holds for all
sufficiently large c.

Proof. Asymptotics. Let o < ymax be the next generalised eigenvalue. For u € (v2, Vmax]
exactly one eigenvalue Aj(u) of p — uo is positive, so e(u) = A1(u) there. The eigenvalue is
simple, so A1 is real-analytic near Ymax, with A1 (vmax) = 0, A} (9max) = —m and, by second-
order perturbation theory, A (vmax) = 2{(a|(—H)™|a), because the other eigenvalues of H
are negative. In the Mellin formula QUT = a(a — 1) [J™ u*~2e(u) du, the integral over
[0, Ymax — ] 18 O(®(Ymax —9)%). On the rest insert e(u) = m(Ymax —u) + %A’l'('ymax)('ymax —
)2 + O((Ymax — u)?) and use a(a — 1) fJ u® 2(y — u)f du = y*** LK D (a + 1) /T (a + k).
This gives QT = mA2, (1 + x/(a+ 1) + O(a™?2)).

Superadditivity of k. Put primes on the quantities of the second pair. The product
has top generalised eigenvalue YmaxVmax, Which is simple, with eigenvector v ® v/, and
(v@V|o®dlvev')=mm'. Expanding p = ymaxo + H and p' =] .0’ + H,

_H12 = 7max7;11ax0®0,_p®p, = A_H®H/7 A= 7maX0—®(_H,)+7;nax (_H)®0/'

Since H® H = (—H) ® (—H') > 0, we have 0 < —Hy5 < A. Both operators have kernel
Cv ® v/, because (z|A|z) = 0 forces z € (H® V') N (v ® H') when 0,6’ > 0. Hence
(—Hi2)t > AT, The vector for the product is

a2 = (0@ ) (v@v)—mmver=moved+maxv+a®d L vav.

For z in the range of A, (z|At|z) = sup, (2Re(z|2) — (z]|A|z)). Take z = vl v @b +
Vol b@ ', with b= (=H)%a and & = (—H')Ta’. Using Hv = 0, (—H)b =a and a L v,
we get A(v@b') = ymax ov ®@ad’ and A(b@ V') = Y ax a @ 0’v'. Therefore (v @ '|aj2) = md,
(b@v'|a12) = m'e, (V@ V|Alv @) = Ymaxmd', (b @ V'|A|b @ V') = ~},.xm'¢c, and the cross
term vanishes, where ¢ = (a|(—H)"|a) and ¢ = (a/|(—H')"|a’). Hence

/

mc m'c
(ar2|(—H12)T|a12) > (a12|AT|a2) >

/ )
PYmaX ’Ymax

and multiplying by 29maxVimax/(mm') gives k12 > k + K. O
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Remark 6.4.4 (Pure states). If p = 1 is pure, then (¢ +t)~'/24(c + t)~1/2 has rank one,
and the trace formula gives QY (¢||o) = (o — 1) [5° ([ Vq(j'g))adt for « > 1, where v is
the spectral measure of ¢ in 1. For ¢ ® ' this measure is the multiplicative convolution
of the two. With t = ¢® and u(dy) = e/*=DY (log, v)(dy), one finds QT (v o) = ||p *
Ko |2/ 1Ko with Kq(z) = €*/%/(1 4 €*). This is, up to normalisation, the density of
log B for a beta-prime variable B with parameters (é, 1- é), and it is the hyperbolic
secant density at a = 2. So for pure states Conjecture 6.3.5 is the classical inequality

I i * Kollo |1 Kalla = i Kallo |11 * Kalla for finite positive measures u, u’ on R.

Minkowski’s inequality gives the companion upper bound |p * Kulla < p(R)|[Kqlla, and
since p(R) = (p|o1=9/%|4) this is exactly QUT < @, for pure states. The lower bound is
not a property of log-concave kernels in general: for K = 11y and u = w =g+ 0, /2 it
reads (14 3%) > (14 2%1)2 which fails for every a > 5. Any proof must therefore use the
shape of K, as the Gaussian-mixture argument does at o = 2.

In the language of Rényi entropies hq(f) = ﬁlogffo‘, with X ~ p, X' ~ p/ and
Z ~ K, independent, the pure-state conjecture reads

ha( X+ X' +2)+ho(Z2) < hoX+Z)+ho(X'+2Z) (a>1),

a submodularity of the Rényi entropy of sums in which the common summand Z has the
law of log B, B ~ Beta/(1,1 — 1), For the Shannon entropy and an arbitrary common
summand this inequality is data processing: h(X + X'+ Z) — (X' + Z) = I(X; X +
X' +2)<I(X;X+Z)=h(X+Z)—h(Z),since X > X+7Z > X+Z+X isa
Markov chain; this is the pure-state shadow of the additivity of the Umegaki entropy. For
a # 1 the inequality depends on the law of Z: it fails for Z uniform on [0,1) and fair
coins X, X’ € {0, 3} when o > 5 (the computation above), while for Gaussian Z it holds
at every integer o = n, because [[[-; G(z — a;) dz  exp(—3 3 ;(a; — a)?) depends on
a € R" only through the S,-invariant form Qo(a) = 3_;(a; — a)?, and for such a kernel
the symmetrisation of the proof of Theorem 6.4.1 works in every dimension: with a,b the
i.i.d. samples, %ZWGSH e~(a=am=b) > 1 by Jensen’s inequality, because %Zﬂ b = bl.
At n = 2 the kernel of Ky is e (41792)/2k(a; — ay), a Gaussian scale mixture, and the
same argument with Chebyshev’s association inequality is Theorem 6.4.1. For n > 3 the
kernel W, (a) = [T; Kn(z — a;) dz oc e(17™@ [ 572 [T,(1 + se®~@)~!ds is not a function
of Qo(a): for n = 3 it decays like e~lo=al/V6 along (u,0,0) and like |a — &]e_‘“_avﬁ along
(u, —u,0), and at |a — a] = 4 the two values are 0.379 and 0.336. A mixture of Gaussians
in non-invariant quadratic forms does not support the symmetrisation step. So the integer
case n > 3, even for pure states, needs an argument that does not pass through Gaussian
mixtures. Theorem 6.5.3 gives one, by majorization on a simplex, and proves the inequality
above at every integer a > 2.

At integer orders the pure-state case reduces to an inequality for one explicit function
under the symmetric group, and the proof of Theorem 6.4.1 is the case n = 2 of that
inequality.

Proposition 6.4.5 (Integer orders, pure states). Let n > 2 be an integer and, for w € R"
with Y, w; =0,

o (w) = (n—1)/0°°ml(ft+ew), ko (0) = 1.

(a) For a pure state ¥ and faithful o with spectral measure v of o in ¢, let ay,...,an
be i.d.d. with the law of logq under v, and a their mean. Then QUT(3|lc) =
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Ele("="k,(a —a)], and QT (¥ @ ¢/ |0 @ o) = E[e" @, (a — @+ b — b)] with
b an independent sample for the second pair.

(b) If
% Z En(u+mv) > kp(u)kn(v) for all u,v with Y u; = > v; =0, (6.4.1)
" meSy

then Conjecture 6.3.5 holds at o = n for all pure states and all faithful o, o’. Inequality
(6.4.1) s implied by its logarithmic form L 37 log ky(u+mv) > log kn(u) +log ky (v).
(c) (6.4.1) holds at n = 2, where ko(u, —u) = =%— and the logarithmic form holds factor

sinh u

by factor in Euler’s product. Forn =3, kz(w) = 233, w;/ [12i(e® —e*).

(d) logky is concave on the hyperplane, so (6.4.1) and its logarithmic form are reverse
Jensen inequalities: for a concave L with L(0) = 0 one has L(u+mv) < L(u)+ L(7v)
for each w, and the orbit average must make up the difference.

Proof. (a) By the trace formula,

A wlo) = -1 [~ ([ XY = E[n-1) [ T +0at

q+t

with ¢; = e% i.i.d., and the substitution ¢t = e%r gives the formula. The spectral mea-
sure of 0 ® ¢’ in ¢ ® 9’ is the multiplicative convolution v % v/, so the samples for
the product are a; + b;. (b) Since b is exchangeable and b is permutation invariant,
Eknyla—a+b—10) = ELY kn((a—a)+ n(b—1b). Apply (6.4.1) with u = a — a,

1-n)a 4nd e(l—”)i’ are positive and indepen-

v = b — b and take expectations; the factors e
dent. The logarithmic form implies (6.4.1) by the arithmetic-geometric mean inequality.
(c) For n = 2, ko(u,—u) = [;° (t+eu)c(l§+e*“) = 24 = “— which is k(2u) in the
notation of Theorem 6.4.1, and (6.4.1) is the inequality k(u + v) + k(u — v) > 2k(u)k(v)
proved there. For the logarithmic form, Euler’s product gives —log ko = 3,1 b (u?) with
him(s) = log(1+s/(m*m?)) concave and vanishing at 0, 80 5[ ((u+v)?) + hp ((u—v)?)] <
hon(u? 4+ v2) < Ay (u?) + by (v?) by concavity and subadditivity. For n = 3, the partial
fraction expansion of ¢ — [[;(t+x;) " gives [§° [[;(t+2;) " 'dt = — 3 log xi/ T[] (s —x;),
the second divided difference of —log, since Y2, [T, (i — x;)~! = 0. (d) With 2; = e*7,
[Lt+z)t = fRi e~ ra=trhidr so K(z) = [§°TL;(t + x;)"dt = fRi e~ dr/|r|;. In
the coordinates r; = % this is K(e¥) = [ F(6 +w)G(6) df with F(z) = exp(—Y_; €%) and
G(9) =exp (Y, 0;—log>; egi), both log-concave on R™. A convolution of log-concave func-
tions is log-concave by the Prékopa—Leindler inequality, and so is the restriction w — ky(w)
to the hyperplane. The last statement is the subadditivity of concave functions vanishing

at 0. O

Inequality (6.4.1) is a statement about a single function of 2(n — 1) real variables.
For n > 3, k,, is neither even nor a function of the invariant quadratic form, so the two
ingredients of the n = 2 proof, the Gaussian mixture and the parallelogram law, are both
unavailable. The divided-difference structure is what works: Theorem 6.5.3(b) below proves
(6.4.1) for every n, with equality only at u = 0 or v = 0. The logarithmic form remains
open for n > 3; it held in all our tests (Section 6.11).
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6.5 Integer orders as a correlation inequality on a simplex

At integer orders the trace formula turns Conjecture 6.3.5 into a statement about one
random point of a simplex, and a majorization argument proves it whenever the functions
involved are real, convex and permutation invariant, possibly after symmetrisation. This
is the multivariate form of the measure pictures used so far. The product quasi-entropy
becomes the pairing of a measure on the simplex built from the first pair with a function
built from the second.

Fix an integer n > 2, let A,,—; = {p € [0,1]" : >, i = 1}, and let U be uniformly
distributed on A,_1. For faithful o = 37, ¢;]7)(j| and a word a = (ay, ..., a,) of indices,
write ¢o = (¢ays---+9a,) a0d Wo = pajasPasas * - * Pana, fOr the cycle weights of the trace
formula, and put

p) = Z Wa (- qa)l_na Gp,o (1 Z Wa kQa

where kg (1) = (21 2n >y ,ui/xi)_l for x € (0,00)™. Grouping the words by eigenvalues
shows that F and G depend only on the block weights Tr(Py, pPy,p- - - Py, p), where the Py
are the spectral projections of o, so they do not depend on the choice of eigenbasis.

Proposition 6.5.1 (Simplex representation). Let o,0’ be faithful and write x oy for the
entrywise product.

(a) For xz,y € (0,00)",

/Ht+xz EU-2)'"  E(U-(zoy) " =E[U-y) " ke(U)].

(b) QI (pllo) =EF,o(U) =EG,4(U), and
Zp@pllo®d)=E[F,e(U)Gy . (U)].

So Conjecture 6.3.5 at o = n is the correlation inequality E[F,,Gy o] >
EF, e EGy o for the uniform law on Ay,_q.

(¢) Fpo and G, o are invariant under cyclic shifts of the coordinates of i, and the reversal
(1 o2y - ooy i) = (1, fhns - - -5 pi2) replaces them by their complex conjugates. They
are real when all cycle weights are real: always at n = 2, where W, = |p;x|?; for
qubit pairs; for pure p; and for p with nonnegative entries in an eigenbasis of o. For
pure p = [P) (|, Wo = T1; |a,|?, and they are invariant under all permutations of
the coordinates.

Proof. (a) Let Ei,..., E, be independent standard exponential variables and S = Y, E;.
Then E/S is uniform on A, _; and independent of S, which has the Gamma law with shape
n,s0 ES1™" =1/(n—1)!. Since z!™" = ﬁ Joerm2e T dr and Ee " = [[,(1+ra;) !,
E . 1-n P 2
(n—1)! (n—2 [LA+rz) (m—=2)0Jo TLt+ )

by the substitution » = 1/t. For the second identity, X; = x;E; are independent expo-
nential variables with means z;. Writing X = RV with R = >, X; and V € A,_1, the
density of (R, V) is ([[; z;) ' R" lexp(—RY; Vi/x;) with respect to dRdV; - - - dV;,_1, and
the coordinate measure dVj - --dV,,_1 gives A,,_1 total mass 1/(n — 1)!. Integrating out R
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gives E(X - y)1™" = E[(U - y)! "k, (U)]/(n — 1), while E(X - y)! " =E(E - (zoy))l ™" =
E(U-(xoy)"/(n—1).

(b) In the eigenbasis of o, Tr[(p(c + )1 = 3, Wa [1;(t+da,) ", 50 the trace formula
QIT = (n—1) [5° Tr[(p(0 4+ t)~1)"] dt and the first identity of (a) give QHT = EF. The
product pair has eigenvectors |j) ® |I) with eigenvalues g;q;, and its cycle weights are
W,W/{. The second identity of (a), with = ¢, and y = q,, gives QT (p @ p'|lo ® 0’) =
Yy WaWRE[(U - qa)' kg (U)] = E[FpoGy o). With y = (1,...,1) it gives Ek,(U) =
E (U - 2)7", hence EG = QHT.

(c) Permuting the coordinates of u by 7 replaces W, by Wy, after relabelling the sum.
A cycle weight is invariant under cyclic shifts of its word, and reversing the word conjugates
it, because p is Hermitian. The remaining statements are direct. O

Recall that p is majorized by v, p < v, if 1 is a convex combination of permutations
of v, and that ¢ is Schur-convez if u < v implies ¢(pu) < ¢(v). Schur-convex functions are
permutation invariant, and every permutation-invariant convex function is Schur-convex

88, Ch. 3].

Lemma 6.5.2 (Chebyshev’s inequality on the simplex). Let ¢, x : Ap—1 — R be bounded
Borel functions that are Schur-convex. Then

Elp(U)x(U)] = E¢(U) Ex(U).

If ¢ and x are convex and permutation invariant, and neither is almost everywhere constant,
the inequality is strict.

Proof. Induction on n. For n = 2 write U = (V,1 — V) with V uniform on [0,1]. A
Schur-convex function of (v,1 — v) is a nondecreasing function of [v — %], and Chebyshev’s
association inequality for the single variable |V — %| gives the claim.

Let n > 3, let T' = min; U;, and let I be the index at which the minimum is attained,
which is unique almost surely. By the law of total covariance,

Cov(¢, x) = E[Cov(¢,x | T, I)] + Cov(E[¢ | T\ 1], E[x | T, I]).

Put A(s) = {p € Apq : pj > s Vj} = c+ (1 — ns)(Ap—q — ¢), where ¢ = (£,..., 1)
Given T'= s and I = i, U is uniform on the facet {y; = s} of A(s). The map v — p with
wi = s and p; = s+ (1 —ns)y; for j # i carries A,,_o onto this facet and the uniform law
to the uniform law. It preserves majorization, because a doubly stochastic matrix acting
on v extends to one acting on p that fixes the i-th coordinate. So the restrictions of ¢ and
X to the facet are Schur-convex functions of v, and the first term is nonnegative by the
induction hypothesis.

Given T = s, U is uniform on the boundary of A(s): the facets are congruent, and
the gradient of min; u; has the same length on each of them. By permutation invariance,
Elp | T,I] = Ag(1 —nT), with Ay(r) = E¢(c + (X — ¢)) and X uniform on 9A,_;. For
0 <r <7’ <1, the point ¢+ r(z — ¢) is a convex combination of ¢+ r/(z — ¢) and ¢, which
is the average of the permutations of ¢+ 7'(x — ¢); hence c+r(x —c¢) < c+7'(x —c), and Ay
is nondecreasing. The same holds for y, and Chebyshev’s inequality for the single variable
T makes the second term nonnegative.

For strictness, let ¢ be convex and permutation invariant. Then ¢(c) < ¢(u) for all
u, and Ay is convex and nondecreasing with A4(0) = ¢(c). If Ay = ¢(c) on [0,1), then
E¢(U) = EAg(1 —nT) = ¢(c), and since ¢ > ¢(c), ¢ is almost everywhere constant.
Otherwise there is rg < 1 with Ag(rg) > ¢(c), and convexity gives Ag(r') — Ay(r) >
(r" = r)(Ag(ry) — ¢(c)) /r > 0 for ry <r <1’ <1, so0 Ay is strictly increasing on [ry, 1]. If
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the same holds for x, then both s — Ay(1—ns) and s — A, (1 —ns) are strictly decreasing
on some [0, s9). The variable T" has positive density there, so, with 7”7 an independent copy,
the second term 3E[(Ag(1 — nT) — Ag(1 — nT"))(Ay(1 — nT) — Ay (1 — nT"))] is strictly
positive. ]

Call a pair (p, o) sign-free if Tr(PpQpRp) > 0 for all pairwise distinct spectral pro-
jections P, @, R of o, and weakly sign-free if Re Tr(PpQpRp) > 0 for all of them. The
condition is empty when o has at most two distinct eigenvalues, in particular for every
qubit pair. It holds for pure p, for p with nonnegative entries in an eigenbasis of o, and for
commuting pairs.

Theorem 6.5.3 (Integer orders through the simplex). (a) (n = 2.) F,s(v,1 —v) =
Gpo(v,1—0) = Ysx lpkl?/ (vg; + (1 =v)ar), s0 QYT (p@p|lo®0”) = [y Fpo Fur o dv.
These functions are convex and symmetric under v — 1 — v, so Lemma 6.5.2 gives
Theorem 6.4.1 again.

(b) Inequality (6.4.1) holds for every n > 2, strictly unless u = 0 or v = 0. Hence
Conjecture 6.3.5 holds at every integer order o = n > 2 for all pure states 1,4,
and when the right-hand side is finite, equality holds only if [¢,0] = 0 or [¢/,0'] =
0. More generally it holds at « = n when one pair is pure and all block weights
Tr(Py, pPx,p--- Py, p) of the other are nonnegative, for instance a qubit pair or a
pair in which p has nonnegative entries in an eigenbasis of o. Theorem 6.7.1 below
removes the condition on the other pair.

(¢c) (n=3.) If (p/,0") is sign-free and (p, o) is weakly sign-free, then
Mpedlowd) = Q¥ (plo) Q4 (4|0,

and when the right-hand side is finite, equality holds if and only if [p,o] = 0 or
[p',0'] = 0. In particular this holds for all pairs in which o and o' have at most two
distinct eigenvalues each, in any dimension. Corollary 6.6.3 below removes the weak
sign-freeness condition on (p,o) when o' has at most two distinct eigenvalues.
If o or o’ is not faithful, either both sides are infinite or one restricts to the supports,
so for the inequalities the faithfulness assumption of Proposition 6.5.1 costs nothing.

Proof. (a) At n =2, kg, ¢,)(v,1 —v) = 1/(vgx + (1 — v)g;), and the sum is symmetric in
(j, k). Each term is convex in v.

(b) Let y = e* and = = ¢, so that k,(u) = E(U -y)!™" and k,(v) = E(U - 2)!™" by
Proposition 6.5.1(a). The same identity with = o 7 in place of x gives k,(u + mv) = E[(U -
) kpor (U)], and kyor (1) = ke(non™1). Averaging over m and using the exchangeability
of U,

Y () = B[, (U (0],

with E ¢, = ky,(u) and E x, = k,(v). Both functions are convex and permutation invariant,
because (u - y)'™" and k, are convex functions of a positive linear form. Lemma 6.5.2
gives (6.4.1). The function ¢, is a sum of convex functions, so it is almost everywhere
constant only if every summand is affine, that is, only if y is constant, i.e. u = 0; likewise
Xz only if v = 0. This gives strictness. For the states, let ¢’ be pure. Then Gy o is
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a nonnegative combination of the convex functions k, and is permutation invariant, by
Proposition 6.5.1(c). If all block weights of (p, o) are nonnegative, F, , is real and convex,
and by exchangeability E[F,,Gy -] = E[FGy ], where F is the average of F,, over
permutations of the coordinates; it is convex, permutation invariant and has the same
mean. Lemma 6.5.2 and Proposition 6.5.1(b) give the inequality. For pure 9, Fy , is the
expectation of (p-g,)! ™" over i.i.d. letters with law [1;]?; it is constant only if ¢ lies in one
eigenspace of o, that is, only if [¢), o] = 0, which gives the equality statement.

(c) Group the words by spectral projections: F, ,(1) = > w(A1, A2, A3) (1A + pade +
psAs) 2, with w(Ag, Ao, A3) = Tr(Py, pPy,pPysp). If two of the N’s coincide, w is real
and nonnegative. Up to cyclic order it is Tr[(PpP)3], or Tr(AX X*) with A = PpP >0
and X = Pp(@. Hence ReF,, is a constant plus a nonnegative combination of convex
functions for weakly sign-free pairs. It is invariant under all permutations, because by
Proposition 6.5.1(c) the reversal conjugates F and the cyclic shifts fix it. For a sign-free
pair all block weights are real, so G, , is real, convex and permutation invariant. Since
EF = QY7 is real and the product formula is real,

Qs (p@ o ®a’) = Q5 (pllo) Q5 (pllo") = Cov(Re Fy o (U), G o (U)) = 0

by Lemma 6.5.2. For equality, suppose [p, o] # 0. Then PpQ # 0 for two distinct spectral
projections P, Q. The range of X = PpQ lies in the range of Pp'/2, which is the range
of A = PpP. So AY2X # 0 and w(\ )\, N) = Tr(AXX*) = ||[AY2X||3 > 0. The term
(1A + p2 A+ ps\') =2 is not affine on Ag, so Re Fy.o is not almost everywhere constant. The
same argument applies to G, ,» when [p’, 0] # 0, and Lemma 6.5.2 gives strict inequality.
If one pair commutes, equality holds by the remark after Conjecture 6.3.5. O

By Remark 6.4.4, Theorem 6.5.3(b) is equivalent to a classical statement. For every
integer n > 2, all independent real random variables X, X', and Z = log B with B ~
Beta’ (%, 1-— %) independent of them,

(X 4+ X'+ 2)+ hn(Z) < ho(X +2) 4+ ho(X' + 2).

This follows first for finitely supported laws, which come from pure states, and then for
compactly supported laws by approximation, since the densities of X +Z converge uniformly
with uniform exponential tails. For general finite positive measures p and their restrictions
war to [—M, M], Minkowski’s inequality gives ||(u— par) * Kn|ln < (p—par)(R) || Knlln — 0,

so the convolution inequality of Remark 6.4.4 holds for all finite positive measures at every
integer order.

Remark 6.5.4 (What the simplex picture leaves open). In the language of measures, Propo-
sition 6.5.1 says that QT (p @ p/||o ® ') is the pairing of the complex measure F, , dU on
A, 1 with the continuous function G, 5. The conjecture asks that the centred measure
(Fpo — Q) dU lie in the dual cone of all functions Gy . Lemma 6.5.2 exhibits one
cone that is positive against itself: centred Schur-convex densities pair nonnegatively with
Schur-convex functions. Theorem 6.5.3 is the observation that sign-free pairs land in that
cone. Three things fall outside it.

(i) Chirality. For general pairs at n = 3,
?T(p ®pllo®d’) - Q?TQgHT = Cov(Re F 5, Re Gy o) — E[Im F) s Im G,y 5].

The imaginary parts come from the orientation of 3-cycles through three distinct
eigenvalues, Im Tr(PpQpRp). They are odd under transpositions of the coordinates,
and the last term has no sign. Numerically it is at most 1.4 - 1072 of the covariance
for random 3 x 3 products.



CHAPTER 6. SUPER-MULTIPLICATIVITY OF QUASI-ENTROPIES 162

(ii) Schur-convexity. The covariance term is covered by Lemma 6.5.2 whenever Re F, »
and ReG, o are Schur-convex. This is weaker than sign-freeness, and it held for
Re F3 in all 600 random pairs we drew in dimensions 3 and 4, but not always: Re Gs
failed in 4 of them. Convexity of Re F3 fails as well for some pairs found by adversarial
search (see below). Super-multiplicativity held for every such pair against random
partners.

(iii) Order n > 4. ReJ, is only dihedrally invariant. The induction in Lemma 6.5.2
needs the full symmetric group on each facet, so two qubit pairs at o = 4, whose
cycle weights are nonnegative but not permutation invariant, are already outside its
reach.

Against partners whose ¢’ has at most two distinct eigenvalues, (i) and (ii) are bypassed
by Theorem 6.6.2 below, which never separates real and imaginary parts.

At n = 3, for a qubit pair (p’, 0’) and an arbitrary (p,c), G o is a constant plus a sum
of convex functions of single coordinates. Conditioning on U; then reduces the conjecture
to one variable: it holds for (p, o) against every qubit pair if and only if (for the converse,
let phy — 0 with |p)5|? < piyphe to isolate one kernel)

A ! HT do f

(a) = 2/0 0 (RO) ~ QA 6llo) g g = 0 foralla>0,
where R(0) = E[Re Fpo | Ur = 1 — 0] = 325 pijpjnpri/ (1 — 0)gi + 0g;)((1 — 0)g; + Oar)).
Exchangeability and the cyclic invariance of F give 2 fol OR = 3 fol ?’R = QY7 so the
measure (R — Q) df annihilates affine functions on [0,1]. If R — QYT changes sign
only twice and is positive near the ends, then A > 0, by comparing the convex kernel
Wl—l)e with its linear interpolant at the two crossings. For weakly sign-free pairs R is
convex, being an average of Re F over segments that move affinely with 8, and the sign
pattern follows. In general R is not convex: adversarial searches in dimensions 3 and 4
found pairs with R” < 0 near § = 0 or §# = 1. In every case, including those, R — QYT
had the pattern + — + and A > 0. In fact A is the function D, of Theorem 6.6.2
below: Proposition 6.5.1(a) with = = (1,1, a), for which k,(u) = (a — (@ — 1)u3) ™1, writes
D,jo(a) = E[(Re Fpo(U) — Q¥T)(a— (a—1)Us) '], and conditioning on Us = 1 — 6, whose
density is 26, gives A. So A(a) > 0 for every pair (p, o) and every a > 0, with no condition
on R.

For a qutrit pair the matrix can be eliminated. Put K3(z) = 2 [;° [[;(t + z;) " 'dt and
Jo(a) =13, K3(z™) — K3(1,1,a) K3(z), where 209 is 2 with z; replaced by az;. Up to a
positive factor, the contribution of a partner word (A, A, al) is

3 Z Pata’ | Party |2J(qa/7qauqb/)(a) + 6 Re(p12023031) J(g1,2.02) (@)-
a2
Here J > 0 by Theorem 6.5.3(b), and only the 3-cycle can be negative. For each labelling
{d/,¥/,c} = {1,2,3} and each s > 0, |p12p2sps1| < 5 (spy |pyel® + 57 parar|parcl?). Splitting
the 3-cycle in this way at all three vertices and optimising s shows that every qutrit pair
is super-multiplicative at o = 3 against every pair whose ¢’ has two distinct eigenvalues,
provided

3 1/2
Jararan(@ <D (T a0 (@) Jay aya0(@)) for all ¢ € (0,00)%, a > 0. (6.5.1)

c=1

This is a scalar inequality between seven values of one explicit function, with equality when
two of the g; coincide. It is proved in Corollary 6.7.4 below, through a rooted sum-of-squares
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form of the Lieb-Thirring gap; its pointwise analogue for R”, which would follow from a
Peano-kernel form of A and the Cauchy—Schwarz inequality, fails near § = 0. The same
splitting with shared budgets does not suffice in dimension 5, although the inequality it
is meant to prove still held in our searches there. Corollary 6.6.3 proves that conclusion
directly, in every dimension.

Splitting the partner side word by word is not possible. The pointwise condition of
Section 6.11 would require the inequality for single partner words with three distinct entries,
and it is false at extreme spectra. Super-multiplicativity against the actual partners still
held there, because a partner always carries its own repeated words. This is the obstruction
that survives Theorem 6.6.2: what remains open at a = 3 comes from partner words with
three distinct eigenvalues.

6.6 Order three: the defect as an integral of Lieb—Thirring
gaps

At a = 3 there is a second mechanism. It needs no sign condition on p and no
Schur-convexity, and it settles the conjecture against every partner whose reference
state has at most two distinct eigenvalues. Throughout, o = > qi|k)(k| is faithful,
W = PayasPaszsPaszy for words @ € [dI, g = (qey; 4 Gas), and

tdt ;
-/ Hz 1t+2z / I 11+t7«’z) (€ (0,00)%),

the second form by the substitution ¢ + 1/t. This is the function K3 of Remark 6.5.4,
and K3(e¥) = kz(w) when Y, w; = 0, in the notation of Proposition 6.4.5. Moreover
K3(z) = E(U - 2)~2 by Proposition 6.5.1(a), K3(1,1,1) = 1, and K3 is symmetric and
homogeneous of degree —2. Expanding traces in the eigenbasis of o,

Tr [f(o)pg(a)phlo Z We f(de)9(es) M (qas) (6.6.1)
for all functions f, g, h on the spectrum, so QYT (pllo) = 3, W.K3(q,). For a > 0 put

Dyto@) =2 [~ Tr oo+ 07 plo + ) ol + )t — Ka1.1,0) Q4 (o)

= Wa[Ks(qar, Ges 0as) — Ks(1,1,a)K3(qz)]

where K3(1,1,a) = 2(a — 1 —loga)/(a—1)2. Since W, is invariant under cyclic shifts of z,
the position of the dilated letter does not matter. The function D, vanishes identically
for commuting pairs, and D,(1) = D;)Ha(l) = 0 by Euler’s identity »_, 2;0, K3 = —2K3.

Proposition 6.6.1 (A two-time representation). Let z € (0,00)% and a > 0, and for
s$,t >0 put m;y =1+tz; andn; = (1+s)+t(a+ s)z;. Then

4 g dsdt = K.
ts— 8 dsdt =
(e) / / 5 miman3 5 3(21, 22, 023),

(b) 4/ /°° tsdsdl _ (1.1, ) Ks(2).

nlngng

Proof. All integrands are positive, so the order of integration is free. (a) For A,;m > 0 the
substitution u = sm gives [§° s (A+sm)3ds = m™2 [° ((A+u) 2—A(A+u)~ )du = i
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Since ng = (1 + atz3) + sms, the s-integral of smgn?j?’ is m, and the left side

becomes 2 [(Ct[(1 + tz1)(1 + tz2)(1 + atzs)]'dt = Kj(z1,22,a23). (b) Fix s and put

us = 1+ s and vs = a + s, so that n; = us + vstz;. The substitution ¢ = (us/vs)u gives

Jootdt/ T (us + vstzi) = uztv;2Ks(2)/2. For a # 1, the partial fractions m =
-1 (1 1 . d _ a—l-loga _ 1

(a—1)2 (m - aTrs) + (a,l)?aJrS)Q give fooo (1+88)(5+s)2 = a(a,13)§a = §K3(1, 1,a), and the case

a = 1 follows by continuity. Hence the left side is 4 - £ K3(2) - 3K3(1,1,a). O

Write & = m;/n;. Then the integrand of part (a) is ts (mi1mams)~1€3, and that of part
(b) is ts (mymams)~1€1€2€3. Averaging (a) over the position of the dilated letter,

3
_%Z (20— K3(1,1,a)K3(z _4// mlQOS( Z& 515253)dsdt > 0,

with .J and 2( as in Remark 6.5.4. So the case of (6.4.1) at n = 3 in which one argument has
two equal coordinates is the arithmetic—geometric mean inequality. The noncommutative
form of that inequality is the Lieb-Thirring inequality Tr[(AX)3] < Tr[A3X?3] for A, X > 0,
and it controls the defect for every p.

Theorem 6.6.2 (The defect against a two-level partner). Let p > 0, let o be faithful and
let a>0. For s,t >0 put My =1+to, Npy=(14+s)1+t(a+s)o, pr =M, 1/2 Mt_l/2
and X s = MtNt,s . Then

Dp||o(a)=4/0/o tS(Tr [} X3P] = Tr [(tht,s)3]>d5dt > 0,

and the integrand is nonnegative at every (t,s). If [p,o] # 0 and a # 1, then D, ,(a) > 0.

Proof. M = M; and N = N;, are positive functions of o, so they commute. Since
pX = M7Y2(pN"HMY2 we have Tr[(p;X)%] = Tr[(pN~H%], and Tr[p}X3] =
Tr[pM LpM~tp M2N—3]. With m(q) = 1+tq and n(q) = (1+s) +t(a+ s)q, (6.6.1) gives
-Xw mlds,)” 5 Tr(pX)? - W, Hn gr)
m(qz, )M (g, ) 7(s )

These are finite sums of positive kernels that are tsds dt-integrable by Proposition 6.6.1.
Integrating term by term, parts (a) and (b) give the two terms of D,,(a). Since p; > 0
and X > 0, the Lieb-Thirring inequality Tr[(X/2AX1/2)"] < Tr[X7/2A"X"/?] for r > 1
[9, 81], with 7 = 3 and A = py, gives Tr[(p;X)?] = Tr[(X/2p: X/?)3] < Tr[p} X?].

For strictness we use the identity, valid for B > 0 with eigenvalues b; and Hermitian Y
written in an eigenbasis of B,

Tr[Y?B%] — Tr[BY BY B] = > |Y;|*(bi + b;) (b — bj)* >0, (6.6.2)

]

with equality if and only if [B,Y] = 0. Fix s and let ¢ — 0. Then X = (1+s) (1 +tf80 +
O(t?)) with 8 = (1—a)/(1+s), and p; = p+O(t). Expanding Tr[A3(1+tY)3] — Tr[(A(1 +
tY))3] to second order in t, the terms of orders 0 and 1 cancel, and

Te[pf X% — Te{(peX)?] = 32(1 — ) (1 + ) (Txlo®p*) — Telpopopl) + O(t%),

If [p,0] # 0 and a # 1, the bracket is positive by (6.6.2). So the continuous, nonnegative
integrand is positive on a nonempty open set, and D, (a) > 0. O
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Corollary 6.6.3 (Super-multiplicativity at & = 3 against two-level partners). Let ¢/ =
MP 4+ Mo P with A\, Ao > 0, a projection P and P+ =1 — P, and let p > 0, faithful o and
p' >0 be arbitrary, in any dimensions. With a = \y/ )\,

1 (p@ o/l © 0’) — QY (pllo) QYT (0 l0") = A *[S1 Dy (@) + S2a72D, 5 (1/a)] > 0,

where S1 = 3Tr[Pp'Pp'P+p'] > 0 and Sy = 3Tr[PLp'P+p'Pp'] > 0. Hence Conjec-
ture 6.3.5 holds at o = 3 whenever o or o’ has at most two distinct eigenvalues, with no
condition on p, p’ or the other reference state. When the right-hand side of the conjecture
is finite, equality holds if and only if [p,o] =0 or [p/,0'] = 0.

Proof. Replacing ¢’ by ¢’/ multiplies both sides by )\%, so let Ay = 1 and Ay = a.
In an eigenbasis of ¢’ adapted to P, with eigenvalues y; € {1,a}, the product pair has
cycle weights W, W/, and eigenvalues ¢, o y,/, so the defect is P W W, [K3(qz © Yar) —
K3(gz)K3(y.r)]. If all letters of 2’ lie in one eigenspace, y,s is constant and the bracket
vanishes by homogeneity. If exactly one letter lies in ran P+, 3, is a cyclic shift of (1,1, a),
and by cyclic invariance of W, the sum over z is D,,(a); by (6.6.1) for p’, with one
term for each position of the odd letter, the total weight of these words is S1. If exactly
two letters lie in ran P+, y,/ is a cyclic shift of (a,a,1) = a(1,1,1/a), and homogeneity
gives a~?D,,(1/a), with total weight So. Next, S1 = 3Tr [(Pp'P)(Pp'PL)(Pp'PH)*] =
3“(Pp’P)1/2Pp’PL||; > 0, and likewise So > 0. Theorem 6.6.2 gives the inequality, and
exchanging the two factors gives the case in which ¢ has at most two eigenvalues.

For equality, if [p/,0'] = 0 then Pp'PL+ = 0 and S; = S = 0, and if [p,0] = 0 then
D,jo = 0. Suppose neither pair commutes. Then a # 1, so D,,(a) > 0 by Theorem 6.6.2,
and Pp/P+ # 0. The range of Pp/ P+ lies in the range of Pp/*/2, which is the range of
Pp'P, so (Pp'P)Y/2Pp' P+ 0 and S; > 0. If o or ¢’ is not faithful, either both sides are
infinite or one restricts to the supports, as in Theorem 6.5.3. O

Remark 6.6.4 (What the identity does and does not reach). (i) The proof treats the 3-
cycles of p, negative or complex, exactly like the other words. So the chirality and
the failures of Schur-convexity in Remark 6.5.4(i),(ii) play no role against two-level
partners. Corollary 6.6.3 contains the inequality and the equality cases of Corol-
lary 6.10.4, and the case of Theorem 6.5.3(c) in which one reference state has at most
two eigenvalues. The function A(a) of Remark 6.5.4 equals D, ,(a), so A > 0 for
every pair. For qutrits, Corollary 6.6.3 makes inequality (6.5.1) unnecessary for the
conjecture; (6.5.1) itself is proved in Corollary 6.7.4.

(ii) The mechanism does not reach partner words with three distinct eigenvalues. A
Lieb-Thirring gap Tr[43X3] — Tr[(AX)3] in which A is p conjugated by a function of
o produces kernels with two equal outer factors, as in Proposition 6.6.1(a), whereas
a partner word with eigenvalues (1, a,b) needs K3(z1,az2,bz3). Such words are not
positive one at a time (Section 6.11). So a proof of the remaining case must use the
positivity of p’ as well, through the repeated words that every partner carries.

(iii) In one variable, let Z, solve 07, + sZs0 = p, so that (Z,);r = pjr/(q; + 5q), and put
p(s) = Tt Z;pZs). Then Py, (ds) = ghrp(s)(1 + 5)"*ds and Po(ds) = 3(1 + 5)~*ds

are probability measures with mean %, the second being the value of the first for com-
muting pairs, and D, (a) = %Q?T(pﬂa)(l —a)? [(P,jo —Po)(ds)/(a+s). So Theo-
rem 6.6.2 says that the Stieltjes transform of P, dominates that of Pg. The stronger

statement P, >cx Po holds for weakly sign-free pairs. Indeed, for an eigenvalue triple
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A= (A1, A2, A3) of o let Py(ds) = £ 30 (1 4 8) 72 (A + she) (N + s)\k))_lds, the sum
over the three positions k with {j,1} the other two. It has mass % K3(\) and mean
%Kg()\), and grouping the words by eigenvalues gives P, = @Z)\ Rew(\) Py,
with the block weights w(X) = Tr(Py, pPr,pPryp) of Theorem 6.5.3(c). These have
nonnegative real parts for weakly sign-free pairs. In the variable § = s/(1 + s) the
density of Py with respect to Py is a sum of products of reciprocals of the positive
affine functions (1 — #)\; + 0\, hence log-convex. So the set where it lies below its
mean %Kg()\) is an interval. Equal masses and means exclude a single sign change, so
the difference has the sign pattern + — + or vanishes, and comparing a convex test
function with its chord through the two crossings gives Py >cx 3K 3(A)Pg. Whether

P, Zex Po for all pairs is open.

The same identity gives the conjecture to second order around trivial partners o’ o< 1,
for every p/, and it reduces the remaining case to singular states.

Proposition 6.6.5 (Second order around a trivial partner). Let p,p’ > 0, let o be faithful,
let H' be Hermitian and o’. = e, Then

5 (p@pllo®ar) — QT (pllo) Q5T (P llof) = § (11 = ) byjo €* + O(E?),

where 7 = Tr[p*H"?], 7o = Tr[H'p'H'p?] and
E,DHU = D/p/Ho(l) = 2/0 t(TI‘ [p?StQ} —Tr [ptStptStpt}>dt,

with p; = (1 +to)~2p(1 4+ to)~Y? and Sy = to(1 +to)~'. Both factors are nonnegative:
oo > 0 if and only if [p,0] # 0, and 71 > 2 if and only if [p', H'] # 0. When both hold,
there is eg > 0, depending on p,o,p’, H', such that the conjecture at o = 3 holds strictly
for 0 < |e| < eo.

Proof. By (6.6.2) with B = p/ and Y = H', 71 — 7o > 0, with equality if and only if
[Pl, Hl] =0.

The expansion. Diagonalise H' with eigenvalues h;. The defect is P WoW., @z 2 (€)
with ¢, ./ (¢) = K3(gy0e') — K3(g,) K3(e+"), a real-analytic function with ¢(0) = 0. By
(6.6.1) for p/, >/ Wg/c/hx; = Tr[p®H') and ¥,/ Wg/c/h?;; =1 for each i, and ", W;,hxghz; =
19 for each ¢ # j. At (1,1,1), 0;K3 = —%, 0?K3 = 1 and 0;0;K3 = % for i # j, from
K3(z) =E(U-2)"2, EU; = £, EU? = { and EU;U; = 5. Write u = ¢, and K = K3(u).
Euler’s identities ), u;0; K = —2K and Z uu;0; 8 K= 6K give

Z 1l (0) = T H'] (ZulaKHK)_o

Z W'/gpx 2(0) = Tl(Zuzé? K+ Zu262K K) + Tg(Zuiu]@i@jK — 3K>
i#j

7’1—7'2 <Zu282K 3K)

On the other hand D) (1) = X, Wa(uj03K — K) = 33, Wa( 2, uf0fK — 3K), by
cyclic invariance and 92K3(1,1,a)|s=1 = 1. So the second derivative of the defect at 0 is
3(m1 — 12)lp|0-

The formula for £,,. Put m; = 1+ tz and s; = tz;/m; € (0 1). From the sec-
ond form of K3, 2707 K3(z) = 2 ¢ t]]; 'mj_1 2s2dt, so A(z) = 1Y, 220?K3 — K3 =
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2 oo tTl; mj_l(g > 87 — 1)dt. For a polynomial G(sy, s2, s3), using %mi_l = —zm; >

7
% = Si(l — Si)/t,

%[ﬁ Hm;lG} = th}l TG, TG = (2 — Z Sl)G + Z Si(l — Si)al'G,
J J ¢

and

()

and the boundary terms vanish at 0 and at oo, so foootl—[j mj_l’TG dt = 0. For G =
—&Yisi— 5 one finds TG = 1Y, s? + %ZK]- sisj — 1, hence

9 oo
Az) = g/0 th;l(Zs? - Zsisj)dt.
7 7 1<)

Summing against W, and using (6.6.1) with cyclic invariance, >, W [I; m(qgcj)_1 :

33 8(q0)? = Tr[p}S? and 3, W, [T m(gz;) " - %Zi<j 5(qz;)8(qz;) = Tr[peSiprSipi],
which gives the formula for £,, = >2, WzA(gz). By (6.6.2) with B = p; and Y = Sy, the
integrand is nonnegative and vanishes identically if and only if [S;, p;] = 0 for all ¢. Since
S; is an injective function of o commuting with (1 + to)*/2, this happens if and only if
[p,o] = 0. O

Corollary 6.6.6 (Reduction to singular states). Fiz pairs (p,o) and (p',0') with o0’
faithful. Let diag,(p) be the diagonal part of p in a fized eigenbasis of o (when o is de-
generate it depends on the basis, which does no harm), assume O = p — diag,(p) # 0, put
ps = diag, (p) + sO and sy = max{s: ps > 0}. Then sy € [1,00), ps, is singular, and

Y (ps @ pllo@a’) — QY (psllo) QYT (p|l0") = s*A+s°B,  A>0.

Consequently, if the conjecture at o = 3 holds for (ps, ,0) against (p',0’), it holds for (p, o)
against (p',0’). Applying this to both factors, Conjecture 6.3.5 at o« = 3 holds for all pairs
if and only if it holds whenever p and p’ are both singular and o and o’ both have at least
three distinct eigenvalues.

Proof. A word z has e(x) € {0,2,3} edges x;z;t1 with distinct letters, and Wy(ps) =
s¢@W,(p). Words with e(z) = 0 are constant and contribute nothing, by homogeneity. A
word with e(z) = 2 is a cyclic shift of (b,b,c) with b # ¢, and W(p) = pw|ppe|®> > 0. By
homogeneity and the symmetry of K3, the sum over the partner words is >, W/, [K3(gy o
yrr) — K3(qz)K3(yw )] = ql)_QDp/HU/(qc/qb), which is nonnegative by Theorem 6.6.2 applied
to the partner. This gives A > 0. The off-diagonal part O is traceless, Hermitian and
nonzero, so it has a negative eigenvalue and s; < oco. Moreover sy > 1 because p; = p,
and p, is singular by maximality. If the defect at s is nonnegative, then A+ s, B > 0,
and since A > 0 and s — A + sB is affine, A + B > 0, which is the defect at s = 1. For
the last statement, the case in which one reference state has at most two eigenvalues is
Corollary 6.6.3. O

The Lieb-Thirring inequality also gives a family of upper bounds for QYT in one line.
It contains the case a = 3 of Theorem 6.3.2.

Corollary 6.6.7 (Upper bounds at order three). For p > 0, faithful o and every real v,
5 (pllo) < TrlpopoTpa 72,

At v = % the right-hand side is the sandwiched quasi-entropy Qs(p||o), and at v = 0 it is

the Petz quasi-entropy Tr p3o—2.
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Proof. By the second form of K3, QYT (pllo) = 2 [;°t Tr[(pY;)?] dt with V; = (1 +to)~!
Apply the Lieb-Thirring inequality to A = 0~ "2pc=7/2 and X = 07Y;: since AX =
o 2(pYy)o7/? it gives Tr[(pY;)?] < Tr[poYpo—"po? Y], Multiply by 2t, integrate, and
use 2 [ (1 + tq)3dt = ¢ 2. O

6.7 Pure partners, a cycle inequality and negative cycles

Three further cases of the conjecture can be reached: pure partners at every integer order;
partners with three eigenvalues and a nonnegative 3-cycle; and pairs whose 3-cycles are neg-
ative on both sides and not too strongly correlated. The tools are the Lieb—Thirring inequal-
ity, the Hermite-Genocchi formula, positivity of the two-letter terms (Theorem 6.6.2), a
cycle inequality for positive matrices and the symmetric-group inequality (6.4.1). Through-
out this section o and ¢’ are faithful, which costs nothing by the remark after Theorem 6.5.3.
For z,w € (0,00)3 put

O(z, ) = K3(zow) — K3(2)K3(w),
Dyjjolw ZW O(qz, w)

=2 /0 T (w10 + 1) p(wzo + 1) plwse + 1)~ pdt — Ka(w) QU (p]lo),

the three-point defect, so that D, (a) = D,,[1,1,a] and the defect of a product is
> WoDyjolya]. If 0’ =3, ye P, has spectral projections P/, grouping the partner words
by eigenvalues gives

FHpepllowad) = Q5 (pllo) Q¥ (llo') = > Wiy Dojolte: uss g, (6.7.1)
e.f.9

with the block weights wy,, = Tr(Pp'Pip'Pyp'), and the same formula with the roles
exchanged. The block weights w’ are cyclically invariant and conjugated by reversal.
A two-letter block weight wi,, = Tr[(Pp'P.)(P.p'P;)(Pep'P)*] is nonnegative, and
DyjioYes Yer Y] = ye_2DpH0(yf/ye) > 0 by Theorem 6.6.2.

Theorem 6.7.1 (Pure partners at every integer order). Let n > 2 be an integer, let p > 0
and faithful o act on C2, let o' be faithful on C¥ and let ¢ € C¥. Then

np@yptlowd) > QL (pllo) Qn T (vvt|e’).

The inequality is strict unless [p,o] = 0 or [p*,0'] = 0. There is no condition on p: its
cycle weights may be negative or complex.

Proof. Both sides are homogeneous of degree 2n in 1, so let ||| = 1. Let o/ = >, y;]i) (i,
pi = |(i[)]?, let Y be a random variable with law Y, p;d,,, and put my(z) = E(t +
Yz)™t and My = my(o) = 3, pi(t + yio)™'. We use the trace formula QIT(p||o) =
(n— 1) J° Tx[(plo + 1)~ dt.

Step 1: the partner integrates out. (1@ Y*)(c @ o' +1)"' A @) = My, so Tr[((p ®
B8N0 @ o + 1)) = Tr[(pMy)"], and Q) == QT (i l0") = (n — 1) J& me(1)" .

Step 2: the n-th power of a mizture of resolvents. For ( € R and a € R™ with (4+a; > 0
for all ¢, the Hermite—Genocchi formula

n 1 00
H = e~ 2imi(Ctai) gy — / du/ R e BEHwagR — B ((+ U -a)™
1 Ctai Jre w1 JO
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holds, by the polar coordinates r = Ru and because (n —1)! du is the uniform law on A,_;.
Let Y1,...,Y, be independent copies of Y, independent of U, put v = .U,/ Y,, and define
a finite positive measure x; on (0,00) by [¢dr; = E[p(tv)/(Y1---Y,)]. For z > 0, the
formula with ( = z and a. = t/Y, gives

/(z+ ) "welds) = E[ - 1Yn I +1/Yj —E[] Hlyz ——

C

so [(o 4 8) "k(ds) = M by the functional calculus.

Step 3: the t-marginal. For ¢ > 0, [°[@dridt = E[(Y1---Y,)"! [° o(tv)dt] =
cn Jo° (s)ds with ¢, = E[(Y1---Y,v)7Y]. For ¢ = (1+ s)™™, Step 2 with z = 1 gives
Q= (n—1) [57[(145)"ke(ds)dt = c,. So [5° kedt = Q) ds.

Step 4: Lieb—Thirring. For fixed t and s put A = Mtl/sztl/2 > 0 and Xg =
(0 +s)"'M; ' > 0, which commutes with M;. Then AX, = Mt1/2p(a + s)*lMt_l/Q7 and
Tr[A" X" = Tr[(pM;)" 'p (0 4+ s) "M} ~"]. The Lieb-Thirring inequality gives Tr[(p(c +
5)7H"] = Tr[(AX;)"] < Tr[A"X"], and by Step 2 the right-hand side integrates against x;
to Tr[(pM;)"]. By Step 3, Tonelli’s theorem and Step 1,

QT (plo) @1 = (n=1) [ "dt [T [(plo + 5" ds)
< (n=1) [ Tl dt = QT (0 2 v o 0 o).

Strictness. The defect is (n — 1) [;° dt E[L'(¢,tv)/(Y1 - --Y,)] with the continuous, non-
negative Lieb—Thirring gap I'(¢,s) = Tr[A"X"] — Tr[(AX,)"]. If [¢*,0'] = 0, then YV
is constant, all partner words are constant and the defect vanishes; if [p,o] = 0 it van-
ishes as well. Otherwise Y has at least two values. Let 7, = EY %, As t — 0 with
v fixed, My = o~ t(n — tneo~t + O(t?)) and (o + tv)~! = o7 1(1 — tvo~! + O(t?)), so
X = 771_1(1 +tB1 + O(t?)) with By = (n2/m —v)o~ !, and A= A, — Ag = moY2po—1/2,
For a fixed A > 0 and X = 0(1+tBy +t>By+ O(t?)) with X, By, B, commuting, the terms
of order 1 and ¢ of Tr[A"X"] — Tr[(AX)"] cancel, and so do the terms containing Bs. In
an eigenbasis of A, with eigenvalues a;, the coefficient of 2 is

n—1
n _ _
0" DB Y (af —df)(ap " —af™F) >0,
%, k=1

because the t2-part of Tr[(AX)"] is 0™ (n Tr[A"Bs] + 2 Y721 Tr[B1 A¥ By A™F]). Tt is pos-
itive if and only if [A, B1] # 0. Since the gap vanishes to second order in X — 01 for
every A, replacing A; by Ag changes I'(t,tv) only by O(t3). Since [Ag,071] # 0, (¢, tv) /t?
therefore has a positive limit for every v # 7y /11, locally uniformly in v. The variable v has

a continuous distribution on the event that Yi,..., Y, are not all equal, which has positive
probability. So the integrand is positive on a set of positive measure, and the defect is
positive. ]

The argument is a noncommutative Holder inequality, a special case of Epstein’s con-
cavity theorem [40]: the partner contributes only the classical law of Y, and the n-th
power of the mixed resolvent M; is an integral of n-th powers of single resolvents. For
a mixed partner p’ = VV* o = >, y.P., the same route at n = 3 would need a pos-
itive matrix-valued measure with (Y.(¢t + ye0) ™! ® Fe)3 = [(0 + 8)7% @ ky(ds), where
F. =V*P/V > 0. At d = 1 such a measure is unique, by Stieltjes inversion, and already
for two non-commuting rank-one weights it is indefinite: for Fy = eje] and Fy = gg* with
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g = (cos ¢, sin ¢), its density near the left end of its support is a positive multiple of a 2 x 2
matrix with determinant — cos? ¢sin?¢ < 0. So Theorem 6.7.1 and Corollary 6.6.3 are
genuinely different mechanisms.

Corollary 6.7.2 (Adding commuting noise). At o = 3, adding to p’ a positive operator
that commutes with o' does not decrease the defect of (p,o) against (p',0"), and likewise

for p. In particular Conjecture 6.3.5 holds at o = 3 for p/ = Yyp* + N with N > 0 and
[N,0'] =0, against every (p,o).

Proof. In (6.7.1), constant block words contribute nothing, and three-letter block weights
depend only on the off-diagonal blocks P/p'P}, e # f. A two-letter block weight changes
from Tr[(P;p' P,)Oc;O%;] to Tr[(Pi(p' + N)P, )OefOef] with Ocy = P.p'P}. This does not
decrease it, and its Coefﬁment D,jis[Ye, Ve, y#] is nonnegative. Combine Wlth Theorem 6.7.1.

O]

The Lieb—Thirring gap at exponent three also has a rooted Schur-product structure.
It turns the three-vertex splitting before (6.5.1) in Remark 6.5.4 into an identity, and it
proves inequality (6.5.1).

Proposition 6.7.3 (A rooted sum of squares for the Lieb—Thirring gap). Let g(§) =
15,8 — 4&¢E and, for z,u,v > 0,

(u—2z)(v—2)(z+2u)(z+ 21})'

H(z;u,v) = Ttuto

(a) For each z > 0, (u,v) — H(z;u,v) is a positive semidefinite kernel, H(z;z,v) = 0
and H(z;u,u) = 3g(u,u, z). Moreover, for all £ € (0,00)3,

H(&:61,83) + H(&3:82,61) + H(&1583,&2) = 39(8).

(b) For Hermitian A and X = diag(§) > 0,

Tr[A3X%] — Te[(AX)"] = 3° 5 H(€ei €0, &) AncAcy Apa = / Tr [e M YFAYAd),
0

c a,b

where Yy = e 2 (2X[X, Al + [X, A]X). For A > 0 the last integrand is nonnegative,
which proves Tr[(AX)3] < Tr[A3X3] by a sum of squares.

Proof. (a) Since (z+u+v)~' = [T e AEHAGN H(zu,0) = [ e M pa(u)da(v) X\ with
éa(u) = (u — 2)(z + 2u)e™™", a positive semidefinite kernel. The next two identities are
direct. For the rotation identity put S = {1 +&2+&3 and P = (&5 —&) (& — &) for {i,5,k} =
{1,2,3}. The three terms are P;(&+2&;)(&+2k)/S, and (&+2&;)(&i+28k) = S?—(&—&)%
With D = (§1—82)(§2—¢3)(§3—&1) one checks Py(§2—&3) = Pa(§3—&1) = P3(§1—&) = —D,
50, P(§—&)? = —D Y4(&;—&) = 0. Hence the sumis S, P = S( 3, €—Y,; &) =
S 60 — 3816283 = 39(8).

(b) By (6.6.1), Tr[A3X?3] — Tr[(AX)3] = Y, Wa(A)g(&) after averaging &3 over the
rotations of z. By the rotation identity in (a),

S W (A)g(Er) = Zztjw H(€asia1s6s) = S Wol D (i o1, €02)

which is the double sum. For the integral, (Y))ae = da(€a)Aqe With z = £, and summing
e e (Yaee)*A(Yyee) over ¢ gives the integrand. O
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Call a function C on (0,00)> AM-GM representable if

C(z) = /W(de) po(z1) po(z2) po(23) 9(Eo(21), Eo(22), Eo(23))

for a positive measure w and positive measurable functions ug, &y, with an absolutely con-
vergent integral. Such functions are symmetric and nonnegative.

Corollary 6.7.4 (Rooted inequality; inequality (6.5.1)). If C' is AM-GM representable,
then for all z € (0, 00)3

3
C(zlv 22, 23) S Z \/C(Za’ Zay ZC) C(Zb, Zb ZC) ({(L, b} = {17 27 3} \ {C})
c=1

This applies to z — J,(a) for every a > 0, so inequality (6.5.1) holds. It also applies to the
pure-partner kernel Gy (z) = E Kz(z0(Y1,Y2,Ys)) —E K3(Y1, Y2, Y3) K3(2), for independent

copies Y. of a positive random variable with finite support.

Proof. By Proposition 6.7.3(a), 3g(&§) = >, H(&:;&q,&) over the three rotations, and
the 2 x 2 matrix of H(&:;-,-) at (&, &) is positive semidefinite, so |H (&;&a, &) <

3V 9(Eas €ar E0)9(Epy &b, &) With papiopis = 1/ p2pic - p3 pe this gives

pipzizg(€) < \/ 1ated(€as s &) Mg (b: Ebs Ec)

pointwise in 6, and the Cauchy—Schwarz inequality in w gives the claim. For J,(a), the
identity after Proposition 6.6.1 is a representation with w = 4tsdsdt, u(z) = (1 +tz)~*
and £(z) = (1 +t2)/((1 + s) + t(a + s)z). For Gy, take w = 2dt k(ds) from the proof of
Theorem 6.7.1 at n = 3, u(z) = my(2) and £(2) = (2 + 8) 71 /my(z). Then puypousg(€) =
25 (Tl mu(ze))me(ze) 73 (2e+5) 2 —T1.(2c+5) ! By Steps 2 and 3 of that proof, the first
term integrates to 2 [ [T, m(z.) dt = EK3(z oY) and the second to EK3(Y) - K3(z). O

An elementary proof of the case w = § (the rooted arithmetic—geometric mean inequality
9() < Yo V/9(Gur€ar €)9(E0, G €2)) also follows from \/u(u+20) = u+ v — v?/(u + v)
applied to the three square roots, which share the value u +v = & + & + &3.

For partners with three eigenvalues the remaining terms are the 3-cycles, and a trace
inequality decides how much of a 3-cycle the two-letter terms can absorb.

Theorem 6.7.5 (A cycle inequality). For positive semidefinite A, B,C of the same size,
| Tr(ABC)? < Tr(A?B) Tr(B%C) Tr(C%A).

Proof. Since Tr(ABC) = Tr [(A¥3BY3)(B?/3C'/3)(C?3AY3)], Holder’s inequality for
Schatten norms gives

| Te(ABO)| < |A*2BY3||3 | B2C3)5 | O/ AV 5.
Now ||A2/3BY/3||3 = Tr[(BY/3A*/3B'/3)3/2]. The Araki-Lieb-Thirring inequality
Te[(R"/2P"R"/?)7 < Tx[(RY?PRY?)™)  for P,R >0,

0 <7 <1andq >0 ][9], applied with P = A2, R = B, r = % and ¢ = %, bounds it by
Tr(B'/2A2B'/?) = Tr(A2?B). The other two factors are bounded in the same way. O
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Lemma 6.7.6 (Domination by a pure profile). Let I1;, 115,113 > 0, W = Tr(I1;115113) # 0
and wpe = Tr(IZI,) for b # c. Then there is p € (0,00) with pipops = |W| and
p%pc < wppe for all siz ordered pairs b # c.

Proof. By the Cauchy-Schwarz inequality, |W| = |<H3H§/2,H1H$/2>2| < Jwi12ws32, and

cyclically |W1]? < wagiwsz; and |W|? < wagzwirz. These three “V?” inequalities show that
all wype > 0. In logarithmic coordinates zj, = logp, we need x € R3 with 3, 2, = log |W/|
and 2xp + . < Lp. = logwppe.. By Farkas’ lemma this system is feasible unless there
are § € [0,00)%, indexed by ordered pairs, with 3 6y.(2e, + e.) = £(1,1,1) for some ¢,
necessarily £ = > 0y, and Y 0p.Lp. < £1og|W|. The condition on 6 says that Y Op.vp. = 0,
where vy, = 2¢ep + e, — (1,1,1) = ey — €4, a being the third index. The six vectors vy,
are the vertices of a regular hexagon in the plane {},z; = 0}, and the cone of such 6
is generated by the minimal positive dependencies of the hexagon. These are the three
opposite pairs {612,032}, {021,031}, {023,013} and the two alternating triples {612, 623,031 },
{021,032,613}. On the pairs, >- 0L > flog|W| is a V inequality. On the triples it reads
wWi112W9223W331 > |W|3 and W221W332W113 > |W|3, which are Theorem 6.7.5 for (Hl,HQ,Hg)
and (IIg, ITy, II3), since | Tr(III1;I13)| = |W|. O

Corollary 6.7.7 (Partners with three eigenvalues). Let o’ = S23_, y. P! have three distinct
eigenvalues, of arbitrary multiplicities, let p' > 0 and let (p,o) be arbitrary. With W' =
Te(Pip' Pyp' Pip') and Z = D4 [y1, Y2, ys),

Qs (p@ o ®a’) = Q5 (pllo) Q5T (P llo) = 6(Re(W'Z) — [W'|Re Z).

In particular Conjecture 6.3.5 holds at o = 3 whenever W' is real and nonnegative, for
every (p,o).

Proof. By (6.7.1), the defect is 33, .. wyy. Epe + 6 Re(W'Z) with Epe = D)o [Yb, Y, Ye] > 0.
If W = 0 we are done. Otherwise apply Lemma 6.7.6 to II, = p/'/2P/p" /2 for which
Tr(ILILI3) = W’ and Tr(IIZ1L.) = w},,, and let ¢ be a vector with ||P/||> = p.. By
Theorem 6.7.1 the pure partner (¢9*, ¢’), whose block weights are pep¢p,, has nonnegative
defect 33 pipcEp. + 6p1paps Re Z. Since Ep. > 0 and pip. < wyy,., the defect of (p',0”) is
at least 33" p2p.Ep. + 6 Re(W’'Z), which is at least 6(Re(W’'Z) — [W'|ReZ). O

For two qutrit pairs with nondegenerate reference states, Corollaries 6.6.3 and 6.7.7
and the symmetry of the conjecture leave the case in which neither 3-cycle lies in [0, c0).
The next result covers the case in which both 3-cycles are negative and not too strongly
correlated, in every dimension.

Theorem 6.7.8 (Negative cycles on both sides). Let (p, o) and (p’,c") be pairs with o, o’
faithful, let A be the pinching of p by the spectral projections of o and O = p — A, and
likewise A',O'. Suppose:

(i) every block 3-cycle Tr(PapPypP.p) of p, over distinct spectral projections of o, is real
and < 0, and likewise for p';

(ii) there are 8,5 > 0 with 5 + 3 <1, A+ 0O >0 and A"+ 50’ > 0.

Then QYT (p® p'llo ® o') > Q5" (pllo) Q5™ (')

Proof. Write the block expansion of the defect, >, ./ waw',O(¢z, Yo ) over block words x of
o and 2’ of ¢/, with g, y, the corresponding eigenvalue words; constant words contribute
nothing. Let AA', BA', AB' and BB’ be the partial sums over the pairs (z,z’) in which
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x is a two-letter word (A) or a three-letter word (B), and likewise 2’ (A" or B’). Then
Def = AA' + BA' 4+ AB' + BB'. A block weight scales as wg(A + sO) = s*®w,(p), with
e = 2 for two-letter and e = 3 for three-letter words. So for every s > 0,

AA +sBA =572 > why Datsololya],

x’ two-letter

where D, is defined by the same block formula for a Hermitian 7. If A 4 sO > 0, each
term is nonnegative, by Theorem 6.6.2 and w/, > 0 for two-letter 2’. Put A = 1/8. The
set of s > 0 with A’ + sO’ > 0 is an interval containing ', and (1 — \)~! < 3, so in

Def = A[AA + AT'BA] + (1 — A)[AA + (1 = X) ' AB'] + BB

both brackets are nonnegative, the second by the same argument with the factors ex-
changed, using O(z,w) = O(w, z). Finally, by (i), the block weight of a three-letter word
depends only on the set T of its three eigenvalues, because it is real and conjugated by
reversal; call it wr < 0. Hence BB' = 36 X1 7 wrwy Y(qr; yrr), with gr,yr the eigen-
value triples in any order and W(z;w) = + 3 cg, K3(zx 0o w) — K3(2)K3(w) > 0 by Theo-
rem 6.5.3(b), and wrw/, > 0. O

Corollary 6.7.9 (Two families with negative cycles). (a) Let p=D — N and p' = D' —
N’ in eigenbases of o and o', with D,D’" > 0 diagonal and N, N’ entrywise non-
negative with zero diagonal. If Dy > 235, Noe and Dy, > 237¢ N/, for all b,e, the
conjecture holds at o = 3.

(b) Let d = d' = 3, let 0,0’ have three distinct eigenvalues, and let the 3-cycles W, W'
be real and negative. Put ry. = |poc|/\/PobPec and rmax(p) = maxpre Ty, and likewise
for p'. If rmax(p) + Tmax(p) < 1, the conjecture holds at o = 3.

Proof. (a) All block 3-cycles are — Tr(P,NP,NFP.N) <0, and D — 2N and D’ — 2N’ are
diagonally dominant, so Theorem 6.7.8 applies with 8 = 3’ = 2; entries of N inside an
eigenspace of o belong to A and only help. (b) In the proof of Theorem 6.7.8 the bracket
AA’ + sBA’" is nonnegative under the weaker condition that Da oo [Ye; Ye, ys] > 0 for the
two-letter words of o’. Averaging over the position of the odd letter gives

Dats0oVe: Ve ys) = 357y, > [Z WpbeJoe + 2sW J123}, Wabe = Pob] Poe]”
b#c

)

with Joe = Jg,.q0.00) Ur/Ye) and Ji23 = Jig, 40.45)(Yr/Ye) = 0. By Corollary 6.7.4, Jigz <
e VJacdpe, and 25|W |/ Taedve < Waaedae + WepeJpe as soon as s2W?2 < waaewppe. Since
VWaacWpbe/|W | = 1/r4p, this holds for s < 1/ryax(p). Each ordered pair occurs at exactly
one vertex, so the bracket is nonnegative. Take A = Tyax(p), so that A™! = 1/rp.x(p) and
(1 =A™ < 1/rmax(p’), and conclude as in Theorem 6.7.8. O

Part (b) covers, for instance, the singular states D;/Q(%l — %eeT)Dll,/Q, with D, =
diag(p), e = (1,1,1) and all 7. = %, on both sides. For pairs with a nonnegative 3-
cycle the conjecture is Corollary 6.7.7. What remains for qutrits is the chiral case and the
strongly correlated negative case Tmax(p) + Tmax(p’) > 1. Both reduce to one inequality for
the kernel K3 alone, on data that are not the cycle weights of any qutrit state.

For p € (0,00)% and ¢ € R, the twisted pure data are wP¥ = pxlpwzpw3ei‘p”(x) on x € [3]3,
where n(xz) = 1 on the rotations of (1,2,3), n(z) = —1 on the rotations of (1,3,2) and
n(xz) = 0 otherwise. For ¢ ¢ 277 they are the cycle weights of the indefinite Hermitian

matrix D}/QT@D;Q, where T}, has unit diagonal, (T,)12 = (T,s)23 = (Tp)31 = €?/3 and
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(Tp)a1 = (Tp)32 = (T,)13 = e /3. They are not the cycle weights of any qutrit state:

for a state, pulppc|® = pjpe for all b # ¢ and |p1apaspsi| = pipaps force py = py and
|pbe|? = pobpee, S0 p has rank one and its 3-cycle is positive.

Conjecture 6.7.10 (Twisted pure data). For all ¢,y € (0,00)> with distinct entries, all
p,p' € (0,00)% and all @, ¢,

Z wg’@wz,’w O(qs,Yar) = 0.
z,x’ €[3]3

Proposition 6.7.11 (Reduction of the three-eigenvalue case). (a) If Conjecture 6.7.10
holds, then Conjecture 6.3.5 holds at o = 3 for all pairs in which o and o' each
have at most three distinct eigenvalues, of any multiplicities. For given pairs only
the eigenvalue triples of 0,0’ and the phases ¢ = argW, ¢/ = argW' of their block
3-cycles are needed.

(b) Conjecture 6.7.10 holds when ¢ € 27Z or ¢’ € 27Z.
(c) At real phases, o, ¢’ € nZ, Conjecture 6.7.10 reduces to the single case ¢ = ¢' = .

Proof. For data w,w’ on [3]*> write Def(w, w’) = 3,  waw},O(ga, y»). By (6.7.1) and its
symmetric form this is the defect when w, w’ are block weights, and it is bilinear. For a two-
letter word 2 and genuine block weights ', the coefficient -,/ w},©(qz, Yor) = Dy o [qz] is
nonnegative.

For twisted data wP?¥ and a two-letter word z’ with eigenvalues (ye,¥e,yy), the cyclic
invariance of the data and of © gives

> Wk O(qe, yr) = v [3 > " Dipe Joe + 6p1p2ps cos @ J123} >0,
x b#c

where Jpe = J(g, q.00) (Y /Ye) and Ji2z = Jig; g0.45)(Yr/ve). The inequality holds because
0< J123 < Zc J(ICJbC (COI‘OH&I‘Y 674) and 2171])2173 Vv Jachc < P?chjac + pgpcjbc‘

(a) If o or ¢’ has at most two eigenvalues, use Corollary 6.6.3. If W = 0, the defect is
the sum of its two-letter terms in w, which are nonnegative; similarly if W/ = 0. Otherwise
Lemma 6.7.6 gives p with plz)pC < wype and p1papze’? = W. Replacing the two-letter weights
of w by pfpc does not increase Def, because their coefficients are nonnegative, and leaves
the three-letter part unchanged. So Def(w,w’) > Def(wP*¥,w’). In the same way, using
the nonnegative coefficients of the display, Def(w?P?, w’) > Def (wP?, w?#") > 0.

(b) If ¢’ = 0, then w0 are the cycle weights of the pure partner /p/ \/17T against
diag(y), and Def = 3", wP?G(q,) with G = (3, pL)3Gy, where Gy is the pure-partner
kernel of Corollary 6.7.4 for the law p’/ Y, p. on {y.}. That corollary and the argument
of the display give 32p§pchbc + 6p1pops cos w Groz > 0. The case p = 0 follows from
O(z,w) = O(w, 2).

(c) The data depend on the phases only through e’ and ¢’ so at real phases there
are four cases, and three of them are covered by (b). O

Numerically Conjecture 6.7.10 holds with a margin. Over 8,000 random instances,
the minimum over a grid of phases, divided by the value at ¢ = ¢/ = 0, is +0.0079,
always attained at ¢ = ¢/ = 7, and it approaches 0 only at degenerate configurations
(Section 6.11).
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A polynomial criterion

The kernel K3 can be expanded into polynomial moments, which gives a sufficient condition
for the conjecture at a = 3 in terms of finitely many traces at each order. For p > 0 and
A > 0 put

-1
k+2 i a
Q4(pllA) = ( : ) S T [Aipapaly),
i+j+=k
Dy = Q(p@ | A® B) — Qi(pllA) (¢ B),

with Dy, = Dy(p, A; p/, B). With Ty (p, A) = Tr[AM pA*2 pA*3p] and A uniform on the (k;rz)
compositions of k into three parts, Qr(p ® p'||A ® B) is the mean of Tx(p, A)T)\(p’, B). So
Dy, is the covariance of Ty(p, A) and T)(p', B). It vanishes when [p, A] = 0 or [p/, B] = 0,
and D() = D1 = 0.

Theorem 6.7.12 (Polynomial reduction). Let 0,0’ be faithful. Fort > 0 put s; = t||o||cc,
Ay =s1—tc >0, By =0 (1+s:0)"" and p, = (14 s;0")"/2p' (1 4 s;0")~V/2. Then

[e.e]
o @ pllo 2 o)~ QYT (pllo) QST (o) =2 [ ¢S

k42
( )Dk(p, Ay; pi, By) dt.
E>2

2

Consequently, if Di(p, A;p',B) > 0 for all integers k > 2 and all positive semidefinite
p,p', A, B, then Conjecture 6.3.5 holds at o = 3.

Proof. By the second form of K3, K3(zow) = 2 [° t [];(1+tzw;) " dt. Also K3(2)K3(w) =
Eu[(U - 2)2Ks(w)] = Ey K3((U - 2)w) = 2 [[° tEy [ +¢U - z)w;)~tdt. So the defect
is 2 (7t Apdt with Ay =32, . WoW/,Ek(tqe, yor) and

1 1
k(s,y) = —Ey [[ ————
) =115 + siyi Ul;[ 1+ (U - s)y;

%

For s9 > 0, 1+ s;y; = (14 soy;) (1 + (s: — s0)y;) with ¢ = y; /(1 + soy;), and U - s — sg =
U-(s—sol). So k(s,y) = [[;(1 + soy;) " k(s — sol,y). The factor [];(1 + soym;)_l
turns W,,(p") into W, (p;) when sy = s;. Put § = 5,1 — tg,, the eigenvalue word of
Ay, and note that 0 < §Zy; < 1. The Hermite—Genocchi formula of Theorem 6.7.1 gives
[ —2) ' =Ey(1 -V -2)73 for x € [0,1)3. Expanding (1 —u)™3 =3, (k;“2)uk, which
converges uniformly on the relevant compact range, gives

K-5y) =3 ("" ‘; 2) By (V- (5oy)" —Eu(U -5 Ev(V - y)*].
k>0

Since Ey(U-a)* = (kaLQ)_lhk (a) with hy the complete homogeneous symmetric polynomial,
(6.6.1) turns >_, W,Ey (U-az)* into Qr(p||A¢), and likewise on the product space. Summing
over the finitely many words gives A; = >, (kJQFQ)Dk(p, Ay p}, Br), and the terms k = 0,1

vanish. O

Proposition 6.7.13 (The first two orders). Ds(p, A;p/, B) = 1E(p, A)E(p', B) > 0, where
E(p,A) = Tr[p*A?] — Tr[p?ApA] = Tr [[A, p]*p[A, p]]. For k = 3, with Tso0 = Tr[p3A3],
Tglo = TI‘[A2pA,O2], T111 = TI‘[(Ap)s], u = T300 — Re Tglo, v = Re T210 - T111 and pm’med
quantities for (p', B),

D3 = ;8w + 135 (u 4 v) (0 + 0) + 15500 — & Im Ty Im T
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Here u + v is the Lieb—Thirring gap and u — v = Tr[AKpK| > 0 with K = —i[A, p], so
u > |v|. Consequently Ds > 0 whenever

I Te[A%pAR%]| < = (Trp*A%) — Tr[(pA)?)) (6.7.2)

holds for (p, A) and for (p', B).

Proof. On the compositions of 2, Ty equals Tr[p?A?] on the three rotations of (2,0, 0) and
the real number Tr[p?ApA] on the three rotations of (1,1,0). A two-point covariance with
equal masses is a quarter of the product of the differences. The commutator form of F
follows by expansion, and E > 0 by (6.6.2). On the ten compositions of 3, T equals T30
on the three rotations of (3,0,0), Tb1o on the three rotations of (2,1,0), Th19 on those of
(2,0,1), and 7717 at (1,1,1). The covariance splits into the covariance of the real parts, a
three-point covariance with masses (13—0, %, 1—10), minus that of the imaginary parts, which
have mean zero; this gives the formula. Expanding Tr[A(Ap — pA)p(Ap — pA)] gives v — u,
sou—v = Tr[AKpK] = Tr[AY2KpKAY?) > 0. Under (6.7.2), S Im Ty ImT%,] <

3 / / 18 / 6 / 12 /
105 (u +v) (v + '), so D3 > gyun’ + ggov’ > mrun’ > 0. O

In our tests Dy > 0 for k = 2,...,12, and the ratio in (6.7.2) stayed below 0.07, against
the 0.224 allowed. Our attempts to certify (6.7.2) by universal rooted kernels of the type
of Proposition 6.7.3 failed: at very spread spectra the constants such a kernel must satisfy
can be met only with equality. A proof will probably have to use the positivity of p across
different roots.

6.8 What the conjecture is a shadow of: the Frenkel measure
and the convex order

We now identify the measure that controls Conjecture 6.3.5 for all « at once. In this section
all states are faithful, so that mg = ms = 0 and all quantities below are finite.

Definition 6.8.1 (Frenkel measure). The Frenkel measure of (p,0) is v,s(dv)
g(v)v=2dv on (0,00), where g(v) = e(v) — (1 — v)4.

The measure is positive and supported in [Ymin, Ymax]|, the convex hull of the relative
spectrum, because e(v) = 1 — v below yyin and e = 0 above ypax. By the first formula of
Proposition 5.2.5,

D?T(pHU) = /UZf”(’U) Voo (dv) for every convex f,

so v has total mass D(c||p) (take f = —log), first moment D(pl||o) (take f = vlogw; this
is Frenkel’s formula [46]), and QYT =1 4+ a(a — 1) [v* dv for every real o.. For a classical
pair (P, Q) with Q(dv) = p(dv), P(dv) = v u(dv) the same formulas hold with the classical
f-divergence, since both are [ fdpu.

Let (p,o) and (p',0’) be two pairs, (P,Q) and (P’,Q’) the classical pairs carried by
their shadows (Theorem 6.4.2), and write

() = Eu(p@ o e o), ealv) = Bu(Pe PIQ@Q) = [ Tr(Xp— o) d/(V),

and § = e12 — e, and vq9, Vg for the Frenkel measures of the two product pairs, so that
V19 — Vg has density ¢ (U)’U_z. Recall that a finite measure v dominates vy in the convex
order, vy >cx v1, if [ dve > [ 1) dvy for every convex 1); this forces equal masses and equal
first moments.
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Theorem 6.8.2 (The conjecture as a moment inequality). In this setting:

(a) vi2 and vg have the same mass D(ol||p) + D(d'||p’) and the same first moment
D(pl|lo) + D(p'||o’), and for every real o # 0,1,

QET(p & fllo @ o') = QAT (pllo) QT (#l0") = ala = 1) [ 0™ d(vrz — va) (0)
=a(a—-1) /OOO v*725(v) du.

So Congjecture 6.3.5 says that M(s) = [° vS~16(v) dv has the sign of s(s + 1) for all
s; it vanishes at s =0 and s = —1.

(b) If v12 >cx Ve, then Conjecture 6.3.5 holds for the two pairs and all o € R\ {0,1}.
More generally, DHT(p ®p|lo®d’) > Di(P®P|Q®Q") for every convex f such
that v +— v2f"(v) is convex, and the reverse inequality holds when v f" is concave.
Equality holds for f =wvlogv and f = —logw.

(¢) The convez-order statement is equivalent to U(c) > 0 for all ¢ > 0, where

® (v —c)d(v
v = [ 4y~ e dloe ) - Dr(Pe Pl @),
with fe(v) = (v+c¢)logv on [ ), continued affinely and C' below c. Equivalently,
with the single function j(u) = ((u+1)logu — 2(u — 1))+, the Jeffreys kernel cut off
at the Helstrom point,

Ule) =DM (p@plco®d’) —Dj(Po P'|lcQ® Q)  (c>0).
Here U(0) = U(oo) = U'(0) = U'(00) = 0 and U"(c) = 6(c)/c?

(d) If § changes sign at most twice on (0,00) and both pairs are non-commuting, then
V12 Zex Vel, 0 changes sign exactly twice, and it is positive near both ends of its support
and negative in between.

Proof. (a) Classical Rényi quasi-entropies are multiplicative and relative entropies are ad-
ditive, so the moments of v are [v%drg = (QITQMT — 1)/(a(a — 1)), and the mass and
first moment are the sums of the relative entropies. For 19 use additivity of D under tensor
products. Subtracting the two formulas Qn = 1 + a(a — 1) [ v*dv gives the identity. The
zeros of M at s =0 and s = —1 are the equalities of first moments and of masses.

(b) Apply the definition of the convex order to 1 = v?f”, which is admissible because
both measures have compact support in (0,00). For f,, v?f = av® is convex for a ¢ (0,1)
and concave for a € (0, 1); in both cases a(av — 1) [v*d(v12 — V1) > 0. For f = vlogwv and
f = —logwv the function v?f” is affine, and both inequalities hold.

(¢) For measures with equal mass and mean, the convex order is equivalent to [(v —
¢)+ d(v12 — V1) > 0 for all ¢, since the functions (v — ¢)4+ and the affine functions generate
the convex cone. This is U(c) > 0. The boundary values follow from (a): U(0) = M(0),
U'(c) = — [ 6v~2dv, so U'(0) = —M(—1), and both vanish. The identification of f.:

"(v) = (v —c)y/v? and (v + c)logv has second derivative 1/v — ¢/v?. For the second
form, j vanishes on (0, 1], j(1) = /(1) = 0 and j”(u) = (u— 1)1 /u?, so only the first family
of hockey sticks enters Definition 5.2. 3 and E,(p|lco) = Equ(pllo) with the substitution
v = cu gives DHT(pHCU) [2%(v = c)v~2e(v) dv.

(d) Suppose § # 0 changes sign at most twice. U is C' with U” = §/c? and vanishes
with its derivative at 0 and co. If § had no sign change, U would be convex or concave
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with zero boundary values, hence U = 0 and 6 = 0. If § had one sign change, U’ would
be monotone on each side of it and vanish at both ends, hence of one sign, and U would
be monotone with zero boundary values; again 6 = 0. So ¢ changes sign exactly twice, at
a<b If 6 >0on (0,a), then U is convex on (0,a) and on (b, c0) and concave on (a,b).
On (0,a), U(0) = U’'(0) = 0 gives U > 0; on (b, 00), convexity with U(co) = U'(c0) = 0
gives U > 0; on (a,b) concavity gives U > min{U(a),U(b)} > 0. If instead § < 0 on (0, a),
the same argument gives U < 0, hence [ d(v12 — ) < 0 for all convex v, in particular

Moo plloed) < QNTQHT, which contradicts the strict inequality of Theorem 6.4.1
for non-commuting pairs. O

Theorem 6.8.2 identifies the structure behind Conjecture 6.3.5. The quantity that
tensorizes badly is the Frenkel measure, and the conjecture says that its Mellin transform
is super-multiplicative at every order. The natural stronger statement is domination in the
convex order,

Vool lowo’ Zcx VPRP!||QRQ’ (6.8.1)

which says that a quantum product pair is a mean-preserving spread of the classical product
of the two shadows: the same relative entropies in both directions, more mass at the ends
of the testing region. The one-shot picture behind (6.8.1) is the sign structure of §. Near
both ends of the support § > 0 to second order when the extreme relative eigenvalues are
simple, by Theorem 6.4.3 applied to the pairs and to the reversed pairs (§(v) = v dyev(1/v)
by Lemma 5.2.2(c)); this is where entangled tests beat every test built from one factor at a
time. In between, < 0 on a middle interval: the classical product of the shadows, which
tests the first factor by its Helstrom test at the level set by an ideal measurement of the
second, is easier to discriminate there than the quantum product. The two sign changes are
the one-shot counterparts of the three asymptotic comparisons: for n copies and v = €™,
the quantum product loses in the Chernoff and Hoeffding regimes, where its exponents are
governed by DY < DHT (o < 1), and wins in the strong-converse regime, where they are
governed by D, > DIT (a > 1), by [11, 55, 94, 96] and the ordering of Proposition 5.5.3.

Numerically (Section 6.11), § changes sign exactly twice for every pair of qubit pairs
we generated, so (d) applies and (6.8.1) holds for them. In dimensions 2 x 3 and higher, §
can change sign four, six and eight times, so (d) does not apply, but U > 0 held in every
case, including adversarial searches. We therefore record (6.8.1) as the conjecture behind
Conjecture 6.3.5. Theorem 6.4.1 is the case ¥(v) = v? of (6.8.1), and the second-order
statement at o = 1 is the case ¥ = vlogwv: superadditivity of the testing-region variance
[wvlog?vdu — D2

Finally, the conjecture does hold for tensor powers once there are enough copies, with
an explicit threshold, because the regularised values of Theorem 5.7.16 lie on the right side
of the one-shot value.

Proposition 6.8.3 (Tensor powers). Let p,o be states on C* with I, <IL,.

(a) If a > 1 and D" (p|lo) < Dalpllo), then QT (p™"(|o®") > QT (pllo)™ for every n
with n(Dy — DET) > 2D og(n 4 1).
(b) Ifa € (0,1) and DX (p|lo) > DL (p||o), then the same holds for every n with n(DMT —
DE) > 2
The hypotheses hold for every non-commuting pair in our tests, and for pure p and o > 1
they hold whenever [p,c] # 0, by the strict Minkowski inequality in Remark 6.4.4.
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Proof. (a) Proposition 5.6.2 for n copies gives  DIT(p®"||c®") > lsa(pHa)—Mw

a—1
which exceeds DHT(p|lo) under the stated condition; for o > 1 this is the claim. (b
Proposition 5.6.1 gives DT (p®"||c®") < nDF (p||lo) + 11(1% < nD!(p||o), and for a <
super-multiplicativity of @) is subadditivity of D.

~—_ o

O~

6.9 Why channels cannot close the gap: the shadow discrep-
ancy and restricted tests

The standard tools for comparing statistical experiments act through positive maps. These
include Blackwell’s theorem and Le Cam deficiencies, the Alberti—-Uhlmann theorem for
qubits [1], Buscemi’s comparison with quantum side information [25], Matsumoto’s reverse
test [91], and Gour’s bracketing of quantum Lorenz curves by classical polygons [48]. In
Gour’s language, inclusion of testing regions is the convex order of the shadows p them-
selves [48, Cor. 7], while (6.8.1) is the convex order of the Frenkel measures, which sits
two integrations higher. The next two results show that tools of this kind cannot prove
Conjecture 6.3.5 on their own, and they locate the missing ingredient in entangled tests.

Proposition 6.9.1 (The shadow discrepancy is two-sided). Let (p, o) and (p',0’) be pairs
of faithful states, neither commuting, and let (P', Q") be the classical pair carried by the
shadow of (p',0"). Then § = e1a — eq changes sign at least twice. In particular:

(a) there are levels v4 with E,, (p®@p'|lo®@0") > E, (p@P'|lc®Q") and E,_(p® p'|lc @
o) <Ey_(p® Pllo®Q);

(b) there is no positive trace-preserving map A with A(P") = p', A(Q") = o', and none
with A(p') = P', A(o’) = @', although (p',c’") and (P', Q") have the same testing
region. The ancilla pair (p, o) witnesses both failures at once.

Proof. By Theorem 6.8.2(a), [;°d(v)v™2dv = M(—1) = 0 and QYT (p ® p|jo ® o) —
QNTQHT = 2 [;°§(v) dv. The right-hand side is strictly positive by the equality case of
Theorem 6.4.1. So § > 0 somewhere and, because of the vanishing mass, § < 0 somewhere.
The argument of Theorem 6.8.2(d) shows that a nonzero 6 with M (0) = M (—1) = 0 cannot
change sign only once. This proves (a), since eq(v) = E,(p ® P'||lc ® Q') by the testing-
region equality of (p,o) and (P,Q). (b) A positive map whose domain is commutative,
or whose range is commutative, is completely positive. If A maps (P’,Q’) to (p’,¢’), then
id ® A maps (p ® P',0 ® Q') to the product pair, and data processing gives ej2 < e,
which contradicts vy. If A is a measurement producing (P’,Q’), Theorem 6.4.2 with that
measurement gives ejs > €., which contradicts v_. O

Part (b) is known in other forms. The first half follows from the minimality of the
reverse test [91] and Corollary 5.3.3, and the second half from the strict inequality between
measured and testing-region divergences; [89] gives an example of the same phenomenon.
The new point is (a): a single product with any non-commuting ancilla shows that the
shadow is incomparable with the pair in both directions. So Conjecture 6.3.5 cannot be
proved by sending either factor to or from its shadow through a positive map, nor by any
pointwise comparison of profiles. The comparison has to be integrated, and the next result
says which tests make it possible.

For a level v > 0 put hy(\) = Tr(A\p — vo)4+ and hl(\) = Tr(\p' — vo’)4. Both are
convex and positively homogeneous in A > 0. A one-way LOCC test measures one factor
with a POVM {N,} and then applies a test M, on the other factor that depends on the
outcome, so that M =3, M, ® Ny or M =3 N, ® M. A separable test is one with both
M and 1 — M separable.
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Proposition 6.9.2 (One-way tests never beat the shadow product). In the setting of
Theorem 6.8.2,
ca(v) = Di (p'lo') = Dyt (pllo) (v 2 0),

and every one-way LOCC test M, in either direction, satisfies Tc M(p ® p' —vo ® o') <
ec(v). Consequently, at every level vy of Proposition 6.9.1 the product pair has a test
that beats every one-way LOCC test by at least 6(v4) > 0. Such levels exist for every two
non-commauting pairs.

Proof. For the classical product, E,(PRP'||Q®Q") = [ Tr(Ap—vo)4 Q' (d\) = Dy, (P'||Q"),
where P’ = A Q' on the finite part. By Proposition 5.2.5, this equals D} (p'||¢”); the second
identity is the same computation with the roles exchanged. For M =} M, ® N, with
ay = Tr Nyp' and b, = Tr Nyo’,

TM(pep —vo®d)= ZTrMy(ayp— vbyo)
y

<> Tr(ayp —vbyo)+ = Dy, (allb) < D (o]0
Yy

by data processing for D,IL{UT under the measurement N. The other direction uses h,. O

Proposition 6.9.2 is in the spirit of Piani’s inequalities for relative entropies under
one-way LOCC measurements [105], now for every hockey stick and against the shadow.
Numerically the bound extends much further, as the following conjecture records.

Conjecture 6.9.3 (Separable tests). Every separable test satisfies Tr M (pQp' —vo®c’) <
eq(v) for all v > 0. Equivalently, the testing region of (p® p', 0 ® o’) under separable tests
is contained in the testing region of the classical product of the shadows (P ® P',Q ® Q).

We tested the stronger statement with PPT tests (M, 1 — M, M", (1 — M)' > 0),
which coincide with separable tests in dimensions 2 x 2 and 2 x 3 [65]. It held for 97
random product pairs in dimensions 2 X 2, 2 x 3 and 3 x 3, and against adversarial search
in 2 x 2, to the accuracy of the semidefinite solver (Section 6.11). It is not a consequence
of Proposition 6.9.2: computed exactly by a linear program over measurements on a great
circle, the one-way LOCC value stays below the PPT value by up to two thirds of the gap
€cl — €PPT-

Conjecture 6.9.3 has a Blackwell form. After refinement a separable test is a coarse-
graining of a POVM {G; ® H;} with product elements. The claim is that the outcome
experiment p; = Tr Gjp Tr Hjp', ¢; = Tr Gjo Tr Hjo' is a garbling of (P® P',Q®(Q)’), that
is, the law of xja:; under ¢ is dominated in convex order by the law of A\ under Q ® @',
where z; = TrGjp/ Tr Gjo and 2} = Tr H;p'/ Tr Hjo'. For every state 7 on the second
factor, {Tr(H;7)G;}; is a POVM on the first. This controls the law of x conditionally
on any grouping of the outcomes in which the H; add up to a POVM element, which is
the case for one-way protocols, and it then gives the claim by conditioning and Blackwell’s
theorem on each factor. For general separable POVMs no such grouping exists. A proof
would need a “quasi-preparation” of the shadow that is positive only on the cone generated
by the G, which is a Blackwell problem for a polyhedral operator system.

Taken together, Propositions 6.9.1-6.9.2 and Conjecture 6.9.3 split the profile difference
as

0= (e12 — esgp) — (écl — esEp) ,
—_——— —_————

>0: gain of entangled tests >0 (conjecturally): deficit of separable tests
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so Conjecture 6.3.5 says that, in the Frenkel convex order, entangled tests on a product
pair gain more than separable tests lose against the classical product of the shadows. This
is the opposite of quantum data hiding [92], where entangled tests gain a lot against a
restricted class. Here the gain is of second order, near the two ends of the testing region
(Theorem 6.4.3), and the restricted class is benchmarked by the shadow and not by the
full product. Any proof must therefore use the entangled optimal tests, as the proof of
Theorem 6.4.1 does implicitly through the symmetrisation v — —wv, which pairs the matrix
element p;, with p/ , across the tensor product.

Theorems 6.3.2 and 6.4.1 also settle the sign of the regularisation gap Al = Do — DHT
of [48, (45)] at o = 2 for all non-commuting pairs, not only for qubits.

Corollary 6.9.4 (Strict regularisation gaps). Let p,o be faithful with [p, o] # 0.

(a) DY (pllo) < Da(plor).

(b) If the largest eigenvalue Ymax of o712 po=1/2 is simple and its eigenvector v (with pv =

Ymax0V) s not an eigenvector of o, then DET(p|lo) < Da(pllo) for all sufficiently
large .

Proof. Dy is additive and dominates DHT for o > 1 ([84]; for a > 2 also Theorem 6.3.2),
S0
Da(pllo) = 3Da(p?*|l0%%) = D57 (p*||0?).

It therefore suffices that QT (p®2(|0®?) > QT (p||0)?. At o = 2 this is the equality case
of Theorem 6.4.1. For (b), by Theorem 6.4.3 it suffices that k12 > 2k for the doubled
pair. In the proof of Theorem 6.4.3, (z|AT|z) — (2Re(z|z) — (z|A|z)) = (x — x| Az — x4)
with Az, = 2z = aj9, and the chosen x satisfies Ar = a12 + a ® a’. Hence the inequality
(a12] AT |ar2) > 2 + ﬁ is strict as soon as a ® a’ # 0. For the doubled pair ¢’ = a, and

— “Ymax

a # 0 exactly when ov ¢ Cuv. O

6.10 Modular clocks, dephasing flows and two qubit pairs

The results so far treat Conjecture 6.3.5 through measures on the testing region. A second
family of measures lives on the time axis of the modular group of o. Write o = 3, %7 |) (4.
In this basis 0% p o~ has entries pjkeiT“J'k with frequencies wj, = x; —x. Averaging over
a random time 7" with law 7 multiplies each entry by the characteristic function 7(w;y).
For product pairs, (o ® o)1 = ¢'T ® ¢/, so both factors are driven by one clock.

Proposition 6.10.1 (The logistic clock). Let o be faithful, Y = o VoV and

9po(t) = Te [Yo"'Yo ] = 3 Vi cos(wjit).
i

Let T have the logistic density 5 sech®(rt). Then

5 (pllo) = E gpo(T), 5 (p@plo®o’) =E[gpe(T) gp o (T)].

So Theorem 6.4.1 says that the modular autocorrelation functions of two pairs are positively
correlated under a common logistic clock: synchronising the clocks of the two factors can
only increase QYT
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Proof. |Y;x|* = wjj in the notation of the proof of Theorem 6.4.1, and E cos(wT) =

% = k(w) is the characteristic function of the logistic law. For products, Y12 =Y ®Y”’
and the frequencies add. In this language, the proof of Theorem 6.4.1 represents T'
as a Gaussian scale mixture, 7' | V ~ N(0,2V). For a centred Gaussian T one has
E[cos(aT') cos(bT")] — Ecos(aT’) Ecos(bT) = e~ (@®0)V (cosh(2abV) — 1) > 0, and Cheby-

shev’s inequality handles the mixture over V. O

At integer orders the same Fourier analysis applies to all n. With the Mellin—Barnes

formula ﬁ = ﬁ Re »—c Sinﬂmqutzfldz on the lines c =1 — %, the t-integral of the trace

formula produces 0(>"; yx). This gives

Qn(pllo) = /H Wa(y) Gpo(y)dy,  Gpo(y) =Tr[po ¥ po™ ... po= ],

n—1

where p = ainafnszl, on the hyperplane H,, = {>", yx = 0}, with the weight W,,(y)
[I) 7/ sin(Z% — imyy) normalised so that [; W, = 1. The multi-time correlation function
is multiplicative, G gy o090’ = Gp,oGp o', 50 Conjecture 6.3.5 at order n says [ W,GG" >
JW,G [W,G'. At n = 2 the weight is the positive logistic density of Proposition 6.10.1.
For n > 3 it is complex. One may move the n contours to lines Re z;, = ¢; with >, ¢ =
n— 1. Each factor 7/ sin(mrz;) is real on its line only when ¢, = , and then 3, ¢y =n—1
forces n = 2. This is the Fourier-side form of the obstruction in Proposition 6.4.5. The
simplex representation of Proposition 6.5.1 avoids it. There the reference law is the uniform
law on A,_1, which is positive for every n, and the two factors enter through different
functions, F and G, instead of through one multiplicative correlation function.

The clock picture suggests interpolating instead of comparing directly. Let £7(p) =
EoTpo~ with T ~ N(0,2s). This is the modular heat flow: the quantum Markov
semigroup e**s with £,(X) = —[log o, [log o, X]], which multiplies the (j, k) entry by e 5k
It is unital and fixes 0. As s — oo the Gaussian laws converge, on the frequency group, to
the Haar average, so £7(p) tends to the pinching of p with respect to o.

Theorem 6.10.2 (Reduction to a local supermodularity). Let p,o,p' 0’ be faithful, o €
(0,1)U (1,00), and

Wis,t) = log QUT(Ep @ &7 || o 0 ') — log QIT (€2 pllo) — log QT (&7 ')
Then ¥(s,00) = ¥(oo,t) =0, and

. Qi (p& pllo ® ')
QET (pllo) QT (p'||o”)

Consequently Conjecture 6.3.5 holds at order « for all pairs if the following local condition
holds for all faithful pairs:

:\I/(O,O):/O/O asatlogQgT(é’gp@Ef/p’HU@J')dsdt.

(Sa) 353t|s:t:010gQgT(5§p®Ef/p'||J®a’) > 0.

The same holds with the Gaussian law replaced by any symmetric infinitely divisible law
whose exponent vanishes only at 0, for instance the Poisson flow e~ 5<ik!,

Proof. £7 is a mixture of unitaries that commute with o, so £Jp is faithful and converges
exponentially fast, with rate e MR Gver wjr # 0, to a state commuting with o. If
one pair commutes, the product shadow factorises (the remark after Conjecture 6.3.5), so
WU (00,t) = ¥(s,00) = 0. By the trace formula, Q!IT is real-analytic on faithful states. The

single-factor terms of W have zero mixed derivative, so the double integral of 9;0;¥ over
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[0, 00)2 equals ¥(0,0) — ¥(00,0) — ¥(0,00) + ¥(o0,00) = ¥(0,0). The semigroup property
Esin = Ens turns the mixed derivative at (s,t) into the mixed derivative at (0,0) for the
pairs (Esp, o) and (Ep’,0'), so (S,) for all pairs makes the integrand nonnegative. O

Condition (S,) is local and stronger than the conjecture: it asks that log Q1T of a
product be supermodular along the two independent flows. Numerically it holds for every
pair and every order we tested (Section 6.11). For two qubit pairs it takes an especially
P ) The flow multiplies ¢ by e‘swz,

2
so along the flows only X = |c|2 and Y = |¢/|? change, and (S,,) says that (X,Y)  log Q'I'T

is supermodular.

concrete form. In the eigenbasis of o write p =

Proposition 6.10.3 (Two qubit pairs at integer orders). Let (p,0) and (p’,c’) be faithful
qubit pairs and n > 2 an integer. With the diagonals in the eigenbases of o,0’ fized,
QI (p @ p'|lo @ ') is a polynomial of degree |n/2| in each of X = |c[?> and Y = |c|%.
For n = 2,3 it is bilinear, cop + c10X + co1Y + c11 XY . Then (S,) on the qubit flows,
Congecture 6.3.5 and copc11 = c10c01 are equivalent.

(a) For n = 2 the condition is E[cos(wT) cos(w'T)] > Ecos(wT) E cos(w'T), which holds
by Theorem 6.4.1.

(b) For n = 3 the conjecture for all pairs of qubit pairs is equivalent to (and proved in

Corollary 6.10.4)

®(a,b) := D(1,ab) + 2D(a,b) —6D(1,a)D(1,b) > 0 for all a,b > 0,

where D(z,y) = [;° T t+x)(t+y) = (32 f( Y and L(y) = log7 the reciprocal of the
logamthmzc mean 0f7 and 1. Here a and b range over the ezgenvalue ratios of o and

o' and their inverses.

Proof. In @, = (n—1) [° Tr[(p12(o12 + t)~1)"] dt, every term is a closed walk of length n
on the product basis. Its first coordinate crosses between the two levels an even number
of times, each crossing contributing ¢ or ¢, and the same holds for the second coordinate.
This gives the polynomial structure. For a bilinear f, dx0dy log f = (cooc11 — c1oco1)/ f?
and f(1,1)£(0,0) — £(1,0)f(0,1) = copc11 — c10co1, which gives the equivalences. (a) is the
computation in Proposition 6.10.1 with one frequency per factor.

(b) The term cgp is the product of the diagonal parts, and ci19 = ¢{oE, co1 = cooF,
where FE is the coefficient of X in Q3(p|/o). So the condition is ¢1; > EFE’. Walks with two
crossings in a factor visit one level twice and the other once, in all three cyclic positions.
Hence c¢11 is a sum over the two choices of doubled level in each factor of %ZWG g, of the
kernel [5°TT5(t + ¢, 4. (ik))*ldt with positive weights W.W/,, which are the same weights
that appear in F and E’. After scaling out the homogeneity, the difference ¢;; — EE’
becomes %de/ WW!, ®(af, b¢') times positive factors, with a = ¢2/q1 and b = ¢4/¢}, and
the kernel is D(1,ab) when the singly visited levels of the two factors occupy the same
position of the walk and D(a,b) otherwise. The ratio W, /W_ = (p1/p2)(q2/q1)?® can
take any positive value, so each term must be nonnegative separately. O

Inequality (b) is the case of the symmetric-group inequality (6.4.1) at n = 3 in which
each of u and v has two equal coordinates, so it is covered by Theorem 6.5.3.

Corollary 6.10.4 (Super-multiplicativity at o = 3 for qubits). For all pairs of qubit states,

§pedlowd) > Qi (pllo) Q5 (Vllo"),
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with equality if and only if [p,o] = 0 or [p/,0'] = 0. Equivalently, ®(a,b) > 0 for all
a,b > 0, with equality exactly when a =1 or b= 1.

Proof. Qubit pairs are sign-free, because ¢ has at most two distinct eigenvalues, so Theo-
rem 6.5.3(c) gives the inequality and the equality cases. The statement about ® is (6.4.1)
at n = 3 for u and v proportional to centred versions of (0,0,loga) and (0,0,logb), with
the strictness of Theorem 6.5.3(b); it is also equivalent to the first statement by Proposi-
tion 6.10.3(b). The inequality and its equality cases are also the case of Corollary 6.6.3 in
which both pairs are qubit pairs. O

We first proved Corollary 6.10.4 by a one-variable Stieltjes-transform argument of the
same kind as the #-reduction in Remark 6.5.4, and we record it because it is explicit.
Substituting ¢t = 1/A gives D(1,z) = 3E,f, and D(z,y) = 3E,[fof,], with u(d\) =

aas and fo(A) = £y, The identity fa(A) = fa(A\)fo(a)) then writes 2®(a,b) = (1 —

%) > “ffrii), where k, is a signed measure of mass 0 whose density is ﬁ times a
rational function with a cubic numerator N,. Since N,(—a) = —(a — 1)3(a + 1) and

Ny(—1) = 3cq(a — 1)3, with ¢, = 2D(1,a) > 0, have opposite signs, x, changes sign at
most twice on (0,00). The variation-diminishing property of the Cauchy kernel [70, Ch. 5,
Thm. 3.1] and the signs of ® at the ends of each line then locate the only zero at b = 1. The
ingredients were checked symbolically and numerically (Section 6.11). This route needs the
bilinearity of Q?T in the flow variables, so it does not extend beyond qubits. The simplex
route does, because it needs only convexity and symmetry.

Section 6.11 summarises the numerical evidence; we mention four checks here. For
Theorem 6.3.2, QI&IT/@a < 0.9980 for 160 random pairs with a € {2,2.5,4,7}. In the range
(1,2), which is covered by [84], Q1T/ Qa < 1.0000 for 120 random pairs in dimensions 2—
5 and o € {1.2,1.5}. The Helstrom layer-cake inequality of Step 3 held for 30 pairs
with o € {1.2,1.5}. Super-multiplicativity was tested on 40 random pairs of qubit pairs
with a € {0.3,0.7,1.5,2,4}, and all 200 ratios are at least 1 to six decimal places. An
adversarial search (Nelder-Mead on the ratio, well-conditioned states) for a from 0.05 to
40 found no violation. In every run the minimiser drove one pair towards commuting, the
equality case, and 30-digit arithmetic at the minimisers gives ratios above 1 by exactly
the predicted second-order amount. Apparent violations at near-singular ¢’ were rounding
artefacts. At o = 40, 30-digit arithmetic with the tensor products formed exactly gives
ratio —1 = +1.4 - 1071°, where double precision had given —1.2 - 1076, Finally, for tensor
powers, %D?T increases monotonically towards D, for qubit powers up to n = 32, and
%D?/g decreases towards Df/2 up to n = 16.

6.11 Numerical checks

Random states are Wishart-normalised.

Claim Result
Proposition 6.3.1 no violation over 40 pairs and « € {0.2,0.5,0.8}
DIT < D, [84] QT /Q,, € [0.665,1.0000] over 120 pairs,

de{2,...,5}, a €{1.2,15,2,3}
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Claim Result

Conjecture 6.3.5 all 200 ratios QET(p @ p'|lo ® o')/(QYTQMT) lie in
[1.000000, 1.0169]: 40 random pairs of qubit pairs,
a €40.3,0.7,1.5,2,4}. Adversarial minimisation over
well-conditioned states, 2 x 2 for
a € {0.05,0.2,0.5,0.8,0.95,1.05,1.5,2,3,6,15,40} and
2 x 3 for a € {0.5,1.5,3}: every minimiser approaches
a commuting pair, with ratio —1 in
[~3 1071110711, the rounding floor (an exactly
commuting pair returns —3 - 1072 at o = 15). Along
the minimising direction the ratio is 1 + Ct? with
C=+12-10"% (a = 15) and +6.2- 107> (o = 40).
With exact inputs in 30-digit arithmetic the two
minimisers have ratio —1 = +2.49 - 10~* and
+1.62 - 10712, which equals Ct2 at their distances
to = 1.45-10"%* and 1.62 - 10~* from commuting.

Theorem 6.8.2(d), sign pattern of ¢ 2 x 2: 100 random pairs, all + — + (the signs near
both ends verified with an exact routine at relative
distances 1072 and 10~2; one apparent extra change
at relative distance 2 - 107 from ~max is below the
accuracy); 2 X 3: 25 pairs + — + and 15 pairs
+ — 4+ — 4 of 40; 3 x 3: 16, 11, 3 pairs with two, four,
six sign changes of 30; 3 x 4: 5, 4, 1 of 10

Convex order (6.8.1) U >0 in all 180 pairs above: computed from both
ends by piecewise Gauss—Legendre quadrature
(breakpoints at every kink of §), minU > —2- 10711
in absolute terms against peaks of 107% to 1072, with
quadrature defects |[M(0)|,|M(—1)] < 6-107*; an
adversarial Nelder-Mead minimisation of the dip of U
over the middle 80% of its support, relative to its
peak, moved it from 1.3 -107% to 1.1-107% (2 x 2)
and from 1.9-1073 to 1.6 - 1073 (2 x 3) in 1,000
evaluations, never approaching zero

Theorem 6.8.2(a) M (s) has the sign of s(s+ 1) at
se{-3,-2,-1.5,-0.7,-0.3,0.5,1,2,4} for every
pair above

ola) =logQ T (p@ p'lo @ o’) — ¢ > 0 on the whole grid (step 0.25) for 85 pairs (2 x 2,

log QHT —log Q7T on « € [-3, 6] 2 x 3,3 x3), with ming = 3.4-1077 on [-3,0); ¢ has

double zeros at w = 0,1 and is not convex in any of
the 85 cases (a local maximum inside (0,1) and
another beyond 2), so super-additivity of the tilted
testing-region variance is not available as a route

Proposition 6.4.5, inequality (6.4.1) n=3:

(proved in Theorem 6.5.3(b)) min 2 >k (u + 70)/ (kn (w)ky (v)) = 1.0000079 over
300 random pairs; n = 4: 1.0000296 over 150; n = 5:
1.00051 over 40; adversarial minimisation (4 starts
each) returns 1.0000000 at v = 0 or v = 0 only.
Logarithmic form: minimum gap +6.3- 1076 (n = 3,
200 pairs) and +3.5- 1075 (n = 4, 100 pairs),
adversarial minima > +4 - 10716 at the equality cases.
The closed form of k3 agrees with the integral to
10715
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Claim

Result

Proposition 6.5.1 (simplex
representation)

Lemma 6.5.2

Theorem 6.5.3(b)

Theorem 6.5.3(c)

EF, EG and E[FG’], computed by a tensor
Gauss—Legendre rule on A, _;, agree with the trace
formula to relative error 2 - 10712 for n = 2 (3 x 3),
n=3Bx23x3)andn=4(2x2,3x%x2),3
random pairs each; for generic 3-dimensional pairs F
is complex (|Im F|/|F| up to 1.7-1073), cyclically
invariant and conjugated by reversal to 10715, and
Re Fy is not Sy-invariant (relative deviation 4 - 1075)
Cov > 0 for random pairs of Schur-convex functions
(symmetrised exponentials of linear forms,
symmetrised (u - y) P, symmetrised maxima of affine
functions, — [, wi, increasing functions of Y, u? and
of max; u;) on Ag, Az, Ay: minimum correlation
+3.8-1072 (n = 3, 369 pairs), +6.0- 1073 (n = 4, 383
pairs) and +1.0- 107! (n = 5, 288 pairs), after
discarding numerically constant functions; the
quadrature reproduces EU; and EUZ to 10~
pure®pure ratios minus 1: > 9.7-107%, 1.7-1076,
1.5-107%,1.4-1077 at n = 3,4, 5,6 (24 products each,
dimensions 2 x 2 to 2 x 4); pairs with nonnegative
entries (including qubits) tensored with pure pairs:
>36-107°,94-107%,2.0-107% at n = 4,5,6 (20
products each)

64 products of sign-free pairs drawn from four classes
(o with two distinct eigenvalues and random p in
dimensions 3, 4; nonnegative p; pure p; qubits): ratio
minus 1 at least 2.7 - 10~7; smallest relative Hessian
eigenvalue of Re F3 on a grid +6.9- 1073, 4+6.1 - 1072,
+1.3- 107" for the first three classes



CHAPTER 6. SUPER-MULTIPLICATIVITY OF QUASI-ENTROPIES 187

Claim Result

Remark 6.5.4 Re F3 Schur-convex in all 600 random pairs in
dimensions 3,4, Re Gs in 596; for the 4 exceptions the
ratio minus 1 is at least 2.0 - 10~* against 4 random
partners each; the chirality term |E[Im F Im G']| is at
most 1.4 - 1073 of the covariance (median 10~%) over
20 random 3 x 3 products; the pointwise condition
LY o In(@) = 2 [ TL(t+2) " dt QYT(pllor), with
I.(z) =
2 [0 Tr[p(t + 2x10) " p(t + T20) L p(t + 2r30) 7 d,
which would give super-multiplicativity against every
sign-free partner, held at 360 random points (p, o, )
in dimensions 3,4 (minimum relative margin
4.5-1077) but is false at extreme spectra: for
q=(2.03-1075,1.04- 103, 1.08 - 1072),
xr = (2.82,2.08-10%, 1.48 - 10~%) and a rank-2 qutrit p
with a negative 3-cycle the difference is —1.27 - 1079
in 60-digit arithmetic (—8.6% of the sum of the
absolute values of its terms), while against pure
partners with eigenvalues = the full defect stays
positive; inequality (6.5.1): minimum of the ratio
right side/left side 1.0000 over 60,000 samples
(log g;,1log a uniform in [—S, S], S = 2,6,12), attained
at coinciding ¢;; the exact worst phase for qutrits
against two-equal partner words gives a normalised
defect > +0.029 (600 samples, S = 6,12), and for
d = 4,5 an adversarial search over all p gives minima
> —4-10~ (rounding at degenerate spectra); an
adversarial search of the full defect for 3 x 2 and 3 x 3
products with log-eigenvalues in [—12,12] (and in
[—6,6], [-3,3]) found no violation, its minimisers
approaching commuting pairs (two apparent
violations at —1071% were rounding: +10~2° in
60-digit arithmetic); R(€) convex in all 600 random
pairs in dimensions 2, 3,4, 6, while three adversarial
pairs have R” < 0 (down to —243) yet R — QY™ has
two sign changes, 2 [ 0R = 3 [ 0>R to 12 digits, and
A(a)/QYNT > 0 for a from 10~% to 104

Theorem 6.6.2, Proposition 6.6.1, the Lieb-Thirring double integral reproduces D, (a)
Corollaries 6.6.3 and 6.6.7, to 12 digits for a random qutrit pair and for a pair
Proposition 6.6.5 with a strongly negative 3-cycle (a = 0.15, 3.7), with

a pointwise nonnegative integrand; the defect of
qutrit®qutrit products with ¢’ = diag(1,1, a) equals
S1D(a) + S2a=2D(1/a) to 10-12 digits; the defect
divided by €2 tends linearly to %(71 —T2)€,||»; the
bounds of Corollary 6.6.7 hold for 200 random pairs
(d<4,v€{-1,0,%,2,1,2}), with minimal relative
slack 6 - 1076



CHAPTER 6. SUPER-MULTIPLICATIVITY OF QUASI-ENTROPIES 188

Claim

Result

Theorem 6.7.1, Proposition 6.7.3,
Corollaries 6.7.4, 6.7.7, 6.7.9,
Theorems 6.7.5, 6.7.8, 6.7.12,
Proposition 6.7.13

Proposition 6.9.1

Proposition 6.9.2

Conjecture 6.9.3 (PPT tests)

Proposition 6.10.1

Theorem 6.10.2, flow monotonicity

Condition (S,)

pure partners against chiral 3 x 3 pairs: ratio minus 1
at least 2.3-107%,9.3-107°,5.0-107% at n = 3,4,5
(25 products); the rotation identity of H to 5- 10715,
[H(z;a;,a;)] positive semidefinite in 500 random 7 x 7
instances, the trace identity to 12 digits; (6.5.1):
maximal ratio 0.9992 over 400 samples with
eigenvalue ratios up to e'?; Theorem 6.7.5: minimal
ratio 1.012 over 2 - 10* random triples of sizes 2-4 and
random ranks; Corollary 6.7.7 against partners with a
degenerate three-level o’; negative-cycle pairs of both
families of Corollary 6.7.9: all defects positive; A;
equals the Dy-series of Theorem 6.7.12 to 9 digits; the
formulas for Dy, D3 and v — v to 10™!4; ratio in
(6.7.2) at most 0.036 over 3000 random pairs and
about 0.06 after adversarial search; Dy > 0 for
k=2,...,12 in 3000 random trials;

Conjecture 6.7.10: over 8000 random instances the
minimum over a 73 x 73 phase grid, divided by the
value at (0,0), is 4+0.0079, always at (7, )

0 takes both signs in all 180 random pairs of
non-commuting pairs of the census above (it must, by
the proposition)

one-way LOCC value computed exactly (linear
program over rank-one POVMSs on a great circle of
the Bloch sphere, 2400 directions, both directions of
communication): max,(eiLocc — €q) = —1.1-1078
over 6 qubit product pairs and 40 levels
(discretisation error of the circle)

max, (eppT — €q)/ max |§: < —3.5-107Y over 60
random 2 x 2 pairs (80 levels each) and < —5.8 - 10~°
after adversarial Nelder-Mead search (4 starts, 250
evaluations, 25 levels); < —7.9 - 10710 over 25 random
2 x 3 pairs; < 4+2.9-1078 over 12 random 3 x 3 pairs
(solver tolerance, where PPT tests include
PPT-entangled ones). The PPT tests capture a
fraction < 3-107? of the positive part of §, while all
tests exceed e on about 70% of the levels. PPT tests
beat one-way LOCC tests by up to

0.66 maXy, (ecl — eppT)

QT by the trace formula and by the logistic
modular-clock average agree to 10 digits (3 x 3
example)

dephasing the second factor by the modular heat flow
or the Poisson flow,

R(t) = QU (p @ & llo © o) JQET(Ep|| o) is
nonincreasing in ¢ in all 240 cases (30 random qubit
products, « € {0.5,2, 3,6}, both flows)

discrete mixed differences of log QT on a grid in
(s,t), with s,t from 0 to oco: no negative cell beyond
—107! (the accuracy of log Q) in 119 random
products: « € {0.3,0.5,0.7,1.5,2,3,6,15}, dimensions
2 x 2 and 2 x 3, Gaussian flows, and Poisson flows at
a=0.3
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Claim

Result

Proposition 6.10.3, Corollary 6.10.4

Local form of Conjecture 6.3.5

Theorem 6.4.1

Theorem 6.4.2

Theorem 6.4.3

Tensor powers (qubits, Schur—Weyl
blocks)

Theorem 6.3.2

bilinearity of QT in (X,Y) to 4-1071® (5 random

pairs of qubit pairs); the closed form 2e 20171 P

matches the direct computation of F' to 12 digits;

® > 0 in 40-digit arithmetic on a 121 x 121 grid of

log a,logb € [—30, 30], with minimum of

® max(1, a) max(1,b)/(logalogb)? equal to 6.5- 1075,

attained at the corner (30, 30), where the leading

term is (2loga — 7)/a?; adversarial minimisation (40

starts) moves only towards infinity along the

diagonal. The ingredients of the Stieltjes proof were

checked symbolically (sympy: 9,®(a,1) = 0, the four

limits, N,(—a) and N,(—1)) and numerically

(2@ = (1 — £)Sa(b) to 12 digits; k, has mass 0 and

two sign changes for a € {0.2,3,40}). At a = 4, where
IT is biquadratic, the coefficient matrix is not

always totally positive (relative minor —9 - 1073), so

that sufficient condition fails

for p, = pl, +tX with [p,0'] =0, the coefficient

C() =limy t73(Q(p ® p}llo ® ') — QQ}) is positive

for o € {0.1,0.3,0.5,0.7,0.9,1.1,1.5,2,3,5, 10} in 4

random qubit cases (C/(QQ’) between 1.5 - 107> and

3-1072), and lim; t~2§ has the pattern + — +

min QYT (p ® p'llo @ o) /(QFTQHT) = 1.000006 over

150 random pairs (d € {2,3}); the logarithmic-mean

formula matches the trace formula to 6 - 10~

min, [E,(p® p'llo @ ¢’) — 2 aye(vby/ay)] = —1071°

over 60 qubit pairs, random 3-outcome measurements

and 25 levels;

DT (prod) — DET — D, (Np'||[No') > 0.039 for

a € {0.5,2}

(log QHT — atlog Ymax — logm)(a + 1) =

0.1669, 0.1576, 0.1526, 0.1501 at « = 10, 20, 40, 80,

against kK = 0.1475; k12 > K+ &’ in 2,000 random 2 x 2

and 500 random 2 x 3 cases, and at an adversarial

point in 30- and 60-digit arithmetic (+4.9 - 10713)

LppT

0.3058, 0.3070, 0.3090, 0.3120, 0.3159, 0.3203 for

n=124,8,16,32 (limit Dy = 0.3361);

%D{I/TQ = 0.1356, 0.1355, 0.1352, 0.1348, 0.1340 for

n=1,2,4,8,16 (limit D}, = 0.1281); both

monotone, at the slow rate allowed by

Propositions 5.6.1 and 5.6.2

QHT /0, < 0.9980 over 160 pairs, d € {2, ..., 5},

a € {2,2.5,4,7}; the Helstrom layer-cake inequality of

Step 3 held for 15 pairs at each of @ € {1.2,1.5,2,3,5}

(ratio < 0.9998), and for 1,200 random rank-one

families with o € {1.2,1.5,1.8} (ratio < 0.988)

6.12 Open problems

1. Prove the convex-order statement (6.8.1), or at least Conjecture 6.3.5. The conjecture
holds at @ = 2 (Theorem 6.4.1), at every integer order for pure states and at @ = 3
for sign-free pairs (Theorem 6.5.3), at every integer order against pure partners (Theo-
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rem 6.7.1), at & = 3 whenever one of the two reference states has at most two distinct
eigenvalues (Corollary 6.6.3), at &« = 3 in the further cases of Corollaries 6.7.7 and 6.7.9,
at @ = 3 to second order around trivial partners o’ o< 1 (Proposition 6.6.5), to first order
at @ = 0o (Theorem 6.4.3), for « > 1 with one factor measured (Theorem 6.4.2), and
for tensor powers with enough copies (Proposition 6.8.3). By Theorem 6.3.6 it would
give independent proofs of [84] and of [13, (1.10)]; the full regularised identity has since
been proved directly in [58], by Haagerup reduction. Theorem 6.8.2 reduces (6.8.1) to
U(c) > 0: the truncated Jeffreys divergence Dj, j(u) = ((u+ 1)logu — 2(u — 1)), of
the quantum product pair dominates that of the classical product of the shadows for
every scaling c of the second argument; for qubit pairs it reduces further to the two-sign-
change property of §, which held in every test. Two special cases of the conjecture are
of independent interest: the pure-state case at non-integer orders, which is the Rényi
submodularity of Remark 6.4.4 (proved here at integer orders through (6.4.1), Theo-
rem 6.5.3(b); the stronger logarithmic form of (6.4.1) is open for n > 3); and the second-
order case at o = 1, superadditivity of the testing-region variance [~ylog?~ydu — D?,
which is the case ¥ = vlogv of (6.8.1). Pointwise comparison of profiles cannot prove
the conjecture, and neither can positive maps between a pair and its shadow: § changes
sign for every two non-commuting pairs (Proposition 6.9.1). One-way LOCC tests, and
numerically all separable and PPT tests, never beat the classical product of the shadows
(Proposition 6.9.2, Conjecture 6.9.3), so a proof must use entangled tests. A related
question is a direct, non-greedy operator proof of Corollary 6.3.4 for x > 2.

2. Extend Lemma 6.5.2 beyond Schur-convex functions. Is Cov(¢(U), x(U)) > 0 for convex
functions on A,_; that are only invariant under the dihedral group D,, of cyclic shifts
and reversals? This would give the conjecture at every integer order for all pairs with
nonnegative cycle weights, in particular for all pairs of qubit pairs, by Proposition 6.5.1.
Our induction fails because the stabiliser of a facet in D,, is too small. Numerically the
answer looks positive: the minimum correlation over 600 random pairs of D4-invariant
convex functions was +7.7 - 1079, and for 40 random pairs of qubit pairs at n = 4 the
correlation of F4 and G} was at least 0.23. At integer orders n > 4 the conjecture is now
known for pure partners against arbitrary pairs (Theorem 6.7.1); the dihedral question
would add all pairs of pairs with nonnegative cycle weights. At o = 3 the conjecture
is proved whenever ¢ or ¢’ has at most two distinct eigenvalues, for pure partners and
pure partners with commuting noise, against partners with three eigenvalues and a
nonnegative block 3-cycle, and for pairs whose block 3-cycles are negative on both sides
and not too strongly correlated (Corollaries 6.6.3, 6.7.2, 6.7.7, 6.7.9, Theorems 6.7.1,
6.7.8). What remains has both reference states with at least three distinct eigenvalues,
and by Corollary 6.6.6 both states may be taken singular: pairs with chiral block
3-cycles, strongly correlated pairs with negative 3-cycles on both sides, and, when a
reference state has four or more eigenvalues, pairs whose real block 3-cycles have mixed
signs, or are nonnegative on one side and nonpositive on the other. Three concrete
targets would settle parts of it. (a) Conjecture 6.7.10, an inequality for the kernel K3
alone, which by Proposition 6.7.11 gives every pair whose reference states have at most
three eigenvalues, including d = d’ = 3; at real phases it is the single corner p = ¢’ = 7.
(b) The chirality inequality (6.7.2), which gives D3 > 0 in the polynomial criterion of
Theorem 6.7.12; more ambitiously, D, > 0 for all £ > 2, which gives the conjecture at
a = 3. (c) For a qutrit p against an arbitrary partner, with the partner kernel C, =
D) 0'[qz], the bound |Cia3| < mingso >, PepChie/ (2p1p2p3), which by Lemma 6.7.6
implies the conjecture for every qutrit p; Theorem 6.7.1 gives its negative real direction,
and Corollary 6.7.4 gives the stronger rooted bound |Cia3| < 3" . v/CaacChie for two-level
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and pure partners. Partner words with three distinct eigenvalues are not positive one at
a time (the pointwise condition of Section 6.11 is false at extreme spectra), the product-
space Lieb—Thirring and matrix-measure versions of Theorem 6.7.1 fail for structural
reasons (Remark 6.6.4(ii) and the remark after Theorem 6.7.1), and no universal rooted
kernel certifies (6.7.2), so a proof must use the positivity of both pairs together and
across different roots. Remark 6.6.4(iii) records a stronger one-variable convex-order
statement, open beyond weakly sign-free pairs. The local supermodularity (S,) of
Theorem 6.10.2, which implies the conjecture and held in every test, is a different route
with the same first open cases.

3. Prove Conjecture 6.9.3: separable tests on a product pair are dominated by the classical
product of the shadows. It holds for one-way LOCC tests (Proposition 6.9.2). Does
it hold for two-way LOCC tests? In its Blackwell form it asks whether every outcome
experiment of a product-element POVM is a garbling of (P ® P',Q ® Q').

4. Is the adaptive Chernoff exponent, — lim % loginf 7,(1), the minimum over « of a reg-
ularised testing-region cumulant function? Proposition 6.3.1 gives one inequality for
every strategy.



Chapter 7

Adaptive quantum channel
discrimination as a controlled
random walk

Summary. We study converse bounds on the error exponent of adaptive discrim-
ination between two quantum channels, with n channel uses and arbitrary quantum
memory. Diagonalising the Arveson—Radon—Nikodym derivative of a channel & with
respect to ® + ¥ writes any pair of channels as ® = >, 7Qy, ¥ = >",(1 — 74)Q, with
common completely positive level maps £2,. We show that this turns every adaptive dis-
crimination protocol into a post-processing of a controlled random walk. Consequently
every adaptive strategy errs with probability at least i exp ( —nC —1.67 A\/ﬁ), where
C is the geometric Chernoff divergence of the channels, computable from one eigende-
composition, and A is a Thompson-type constant that is finite for every pair. No other
decomposition of the pair into common pieces gives a better bound of this kind, and
the bound is not comparable with the barycentric converse of Ji, Mishra, Mosonyi and
Wilde. A dynamic program gives finite-n lower bounds on the error. If the levels are
orthogonal at an optimal input, product strategies attain C'; if moreover every level
map is a multiple of a channel, a product strategy is exactly optimal for every n and
every error criterion. Finally, e~ is Lipschitz under perturbations that are small rela-
tive to the pair, but under general perturbations C' is only lower semicontinuous. Near
replacement channels with rank-deficient outputs, and for amplitude-damping channels
with nearby damping rates, the fidelity, barycentric and geometric Chernoff converses
are all infinite while the adaptive exponent tends to zero.

7.1 Introduction

7.1.1 Background and motivation

In binary discrimination of two channels ®, ¥ € C(X,)), a tester uses the unknown channel
n times, possibly adaptively and with quantum memory, and then guesses which channel it
was. With equal priors the optimal error decays as e "¢, where ¢ is the adaptive Chernoff
exponent. For classical channels adaptivity does not help and £ is the largest Chernoff
information over input letters [56]; for classical-quantum channels the same holds with the
quantum Chernoff divergence [116]. For general channels adaptivity can help, even turning
a finite non-adaptive exponent into perfect discrimination after two uses [53, 116], and no
formula for £ is known.

192
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Lower bounds on ¢ come from product inputs and the quantum Chernoff bound [11, 99].
General upper bounds that hold for adaptive strategies have so far come from chain rules.
Katariya and Wilde [72] proved a chain rule for the geometric Rényi divergences of order
a € (0,1) and deduced that & is at most the negative logarithm of the geometric fidelity
of the channels, —2In Q; /2(@||¥); Nuradha and Wilde [98] used such bounds for query
complexity. Ji, Mishra, Mosonyi and Wilde [66, 67] proved a barycentric converse built
from the Belavkin—Staszewski channel divergence, which is evaluated by a convex program.
With a single Rényi order, as in the fidelity converse, turning a bound on the non-i.i.d.
final states into an error exponent loses up to a factor of two.

7.1.2 Contributions

Our starting point is a structural observation (Lemma 7.2.1 and Proposition 7.3.1). Let T' =
> ¢ 7¢Py be the spectral decomposition of the Arveson-Radon-Nikodym (ARN) derivative
of ® with respect to = &+ [10, 111] (Section 4.2 and Theorem 4.2.2 in Chapter 4). Then
O =3, 7 and ¥ = >~ ,(1 — 7)€ with the same completely positive level maps €2y. Each
use of @ (respectively W) therefore selects a level ¢ with probability 7 tr Q(p) (respectively
(1 — 1) trQ(p)) and then outputs the hypothesis-independent state 4(p)/ tr Qs(p). By
multilinearity, the final states of any adaptive protocol are post-processings of a classical
pair of laws on level records, and the log-likelihood ratio of a record is a random walk whose
step values do not depend on the inputs.
Our main results are the following.

1. Chernoff converse for all pairs (Theorem 7.4.1). Every adaptive strategy has error
at least § exp (—nC — v2IndAy/n), so £ < O(®, ) = — Inming<s<1 Qs(P[| V), the
geometric Chernoff divergence. The proof uses no chain rule.

2. Canonicity (Proposition 7.4.3). Every decomposition of the pair into common com-
pletely positive pieces gives a random-walk converse, and the level decomposition
gives the best one. In particular Theorem 7.4.1 is never weaker than the converse
obtained from a classical-program simulation.

3. Comparison (Corollary 7.4.5, Proposition 7.4.6). C lies between one half of the fidelity
converse and the fidelity converse, and for nearby channels it is %FRLD +0(6%), one
half of the fidelity converse. It is not comparable with the barycentric converse Ch,,
of [66]: Cpar < C for level-balanced pairs and C < Char for flagged pairs, and both
inequalities can be strict.

4. Finite-n bounds (Corollary 7.3.2). A dynamic program over O(n™) log-likelihood
values, where m is the number of distinct eigenvalues of T', lower-bounds the optimal
adaptive error.

5. Operational meaning, strong converse (Proposition 7.4.4, Corollary 7.4.7). C is the
exact exponent when the tester is told the level after every use, and the walk gives
strong-converse bounds for all Rényi orders o > 1.

6. Eractness (Theorems 7.5.1 and 7.5.3). If the levels are orthogonal at an optimal
input, equivalently if T" commutes with the environment state there, then £ = C
and product strategies are optimal. If in addition each level map is a multiple of a
channel, a product strategy is exactly optimal for every n and every error criterion.

7. Continuity and fragility (Theorems 7.6.2, 7.6.4 and 7.6.5, Corollary 7.6.3). If all levels
of two pairs lie in [, 1 — €], then |e=C(®1¥1) — ¢=C(®2,¥2)| < 20 /(¢)T 4 4y/2tanh %T,
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with M(g) < e}, in terms of the in-pair derivative distance 7 and the Thompson
distance dr between the sums; this yields a converse valid on a whole neighbourhood
of a model pair. The converse is lower semicontinuous, continuous where J(® + ¥)
is invertible, and infinite exactly when some input avoids every ambiguous level.
Near replacement channels with rank-deficient outputs, all three known single-letter
converses are infinite while the adaptive exponent tends to zero.

8. Amplitude damping and a pure-program converse (Proposition 7.6.8, Theorem 7.6.9,
Corollary 7.6.10). The same happens for two amplitude-damping channels with damp-
ing rates 7/ — ~, although their Choi ranges intersect nontrivially. A converse ob-
tained by simulating each channel use with a pure program state shows that the
adaptive exponent is of order (y — /)2 for 0 < v < 1, with upper and lower bounds
that differ by the factor 2/v to leading order; Conjecture 7.6.13, which we verified
numerically for v = % and n < 4, would reduce this factor to 2.

Section 7.6 applies the continuity theory of the derivative developed in Chapter 4 to the
converse itself. It shows where C'is stable and where it, together with the other single-letter
converses, breaks down.

7.1.3 Related work

The converse half of Theorem 7.5.3 can also be obtained by simulating each channel use
with a classical program, as for programmable and teleportation-covariant channels [107];
the level decomposition gives a canonical, checkable sufficient condition for such a simu-
lation. Theorem 7.4.1 covers the general case, in which the law of the program depends
on the input. Theorem 7.6.9 extends the simulation approach to programs that are pure
quantum states. For amplitude damping, Remark 7.6.12 relates the exponent to the bound
of Demkowicz-Dobrzanski and Maccone on the quantum Fisher information of adaptive
strategies [30].

7.1.4 Notation

For finite-dimensional Hilbert spaces X', Y we write L(X,)) for the linear maps from X to
Y, L(X) = L(X,X), D(X) for the density operators on X, and C(X,)) for the channels
(completely positive trace-preserving maps) from L(X) to L()). We write A* for the
adjoint, 1 for the identity operator, id for the identity map, tr for the trace, Try for the
partial trace over ) and (ey) for standard bases. The vectorisation vec : L(X,)) — Y®X is
the linear map with vec(yz™) = y®T, that is, vec(e;e}) = e;®ej, and J(®) = 3=, ; P(ese]) @
eie¥ is the Choi matrix of a map ® on L(X). For maps, ® < ¥ means that ¥ — ® is

conjapletely positive. The trace norm, operator norm and diamond norm are || - |1, || - [
and || - |lo; Amin and Apax are the extreme eigenvalues of a Hermitian operator; A#¢B is
the weighted geometric mean of positive operators [79]; and F(p,o) = ||p'/?¢'/2||? is the
fidelity. Logarithms are natural. This chapter writes || - ||, for the diamond norm, which
Chapter 4 writes ||| - |||1, and 1 without a subscript. The function gs(t) = ¢*(1 — ¢)}~% of
Section 7.2 coincides on (0,1) with the function hs of (4.5.1), not the function g, attached

there to a mean o.

7.1.5 Organization

The remainder of this chapter is organized as follows. Section 7.2 introduces the level
decomposition and the quantity C. Section 7.3 shows that every adaptive protocol is a
controlled random walk and derives the dynamic-programming bound. Section 7.4 proves
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the geometric Chernoff converse, shows that the level decomposition gives the best converse
of this kind, compares it with the fidelity and barycentric converses and derives strong-
converse bounds. Section 7.5 gives conditions under which the bound is attained. Sec-
tion 7.6 studies the continuity of the converse, and Section 7.6.1 treats amplitude damping.
Section 7.7 contains numerical illustrations, and Section 7.8 concludes with open problems.

7.2 The level decomposition

Throughout, ®, ¥ € C(X,)) are channels and d = dim X. Let Q = ® + ¥ have the Kraus
decomposition Q(X) = Y7 VpXV}* with linearly independent Vi, and let 0 < 7' < 1
be the ARN derivative of ® with respect to €2, so that ® = Uy and ¥ = ¥q_p, where
V(X)) =28 KV XV With W: C" — Y ®@ &, Wey, = vec(Vi), the Choi matrix of
U is J(Vg) = WEKW*.

Lemma 7.2.1 (Level decomposition). Let T = >y~ 7Py with distinct 7, € [0,1] and
orthogonal projections Py, and put Qy = Wp,. Then each §}y is completely positive and
nonzero, » , 8l =,

m m
®=> 7,9, U= (1-7)%,
=1 =1
and the Qy do not depend on the choice of Kraus decomposition of Q. Choosing an orthonor-
mal eigenbasis (f;) of T with T f; = t;f; and putting K; = > 1.(fi)xVk gives the common
diagonal Kraus form ® = >, t;K; - K}, ¥ =Y ,(1 — ;) K; - K. Finally, ® < eV in the
completely positive order if and only if 7y < e®*(1 — 74) for all L.

Proof. Linearity and positivity of K — Wy give the first claims, and ¥p, # 0 because
K — Vg is injective. A change of Kraus decomposition conjugates T', and hence each Py,

by a unitary, and leaves ¥ p, unchanged. The Kraus form follows from T = >, ti(fi)x(fi)i-
The last claim is the order isomorphism of the ARN theorem applied to e*(1 -T7)—7. [O

We write Sy = Q7(1y) > 0 and a¢(p) = trQ(p) = tr(Sep). Since  and ¥ are trace
preserving,

domSe=1, Y (1-7)S =1 (7.2.1)
¢

L

Let Ay = In 1?7@ € [—o0,00]. A level is ambiguous if 0 < 7y < 1; we write Z for the
set of ambiguous levels and A = maxer |A\¢|]. When Z contains every level, A equals
the Thompson distance dp(®, V) = max{Dmax(P||¥), Dmax(¥||®)} by Lemma 7.2.1. For

s €10,1] let gs(t) =t5(1 — )75 for 0 < t < 1 and g4(0) = g5(1) = 0, and put

By = ZQS(TZ)SZ = \I/;S(T)(l)7 Qs(p) = tr(pBs),
14

and define

~

C(o,¥) = —lnolrgnslg1 Amin (Bs) € [0, 00].

Only ambiguous levels contribute to B, and s — By is continuous on [0, 1].

Remark 7.2.2. By the fundamental principle (Theorem 4.2.15 and Remark 4.2.16 in Chap-
ter 4), J(U)#:J(®) = Wys(T)W* for 0 < s < 1. The closed form of the geometric
Rényi quasi-entropy of channels [72] (Lemma 4.5.3) then gives Amin(Bs) = Qq(®||¥) =
inf, tr (¥ © 1)(p)#s(® ® 1)(p)), so C = sup,(1 — s)Dy(®||¥) is the geometric Chernoff
divergence. Computing it needs one eigendecomposition of an r X r matrix and a one-
dimensional minimisation.



CHAPTER 7. ADAPTIVE DISCRIMINATION AS A RANDOM WALK 196

Definition 7.2.3. The pair is level balanced if every €2, is a multiple of a channel, that is,
Sp = ¢¢1 for all £. For o0 € D(X) let G, be the r x r matrix (Go ), = tr(V;*Vj0); it is the
transpose of Q¢(o), where ¢ is the complementary map of € for the Stinespring operator
> 1 Vi ® e. The levels are orthogonal at o if tr(B*Ac) = 0 whenever A € Ky and B € Ky
with £ # ¢/, where Ky = {1, cx Vi : ¢ € ran Py}.

For u = vec(A) we write &, = (P ® 1)(uu*) and ¥,, = (¥ ® 1)(uw*); the reduced state
of uu* on the input is AA*.

Lemma 7.2.4 (Orthogonal levels and commuting outputs). Let o € D(X) and u = vec(A)
with AA* = 0.

(a) The levels are orthogonal at o if and only if [T, G| = 0.

(b) If [T,G,] = 0, then ®, and V¥, commute, and there are orthonormal vectors x;
with @, = >, tigi vix) and U, = 3 ,(1 — t;)g; xiz), where (t;, g;) runs over the joint

eigenvalues of (T, Gy) with g; > 0. In particular tr(®5WL=%) = Qs(0) for 0 < s <1,
where M denotes the support projection of M.

(¢) If o is invertible and ®,,, ¥, commute, then [T,G,] = 0.

Proof. Let X : C" — Y ® X be given by Xep = vec(VA). Then X*X = G, and (Vi ®
1)(uu*) = XKX* for every K, so &, = XTX* and ¥, = X(1 —T)X"*; also tr U (o) =
tr(KG,). (a) For ¢ € ran P; and d € ran Py we have tr (3, diVi)* (X, ckVi)o) = d*Goe,
so orthogonality means PyG,P; = 0 for £ # ¢/, that is, G, commutes with every P;. (b)
®,¥v, = XTG,(1 -T)X* and ¥, P, = X(1 — T)G,TX"* agree when [T,G,] = 0. For a
joint orthonormal eigenbasis T'f; = t; fi, Gofi = gifi, the vectors X f; are orthogonal with
| X fill> = g, and z; = X fi//i give the stated forms. Hence tr(®5UL %) = 3=, g5(t:)g; =
tr(gs(T)Go) = tr¥y (7)(0) = Qs(o), the convention gs(0) = gs(1) = 0 matching the
support projections at s € {0,1}. (c) If o is invertible, X is injective because the V}
are linearly independent, so X (T'G,(1 —T) — (1 — T)G,T)X* = 0 forces TG,(1 - T) =
(1 -T)G,T, which is TG, = G,T. O

7.3 Every adaptive protocol is a controlled random walk

An adaptive strategy with n uses consists of a state pg € D(X ® Ry), channels T’y :

LY®Rk_1) > L(X ®@Ry) for 1 <k <n-—1, and a final measurement on Y ® R,,—1. We
write p((l,n), ng ) for the final states, Padapt (1) for the infimum over strategies of the equal-prior

error %— % Hpﬁp”) — pgl ) 11, and Eaapt = lim sup,, —% In padapt (). Product strategies u®™ with
u € X ® X achieve Eprod = sup, £qc(Pu, Uy, with £go(4, B) = — Inming<s<; tr(4°B1™9)
[11, 99].

Proposition 7.3.1 (Controlled random walk). Fiz an adaptive strategy with n uses. There
are states pi(l1,...,L;—1) € D(X) and states o on the final system such that

oy =3 Poliop, 8 =" Pul)op,
7 7
where = (l1,...,4,) and

Py (f) = ,El ar (o) 7o, Pu(l) = kl;[lae’“ (oe) (1 = 75,), (7.3.1)

pr = pr(l1, .o k1)
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—

Py and Py are probability distributions, and the log-likelihood ratio of a record is L({) =
Dok Ay

Proof. The final state is multilinear in the n channel uses. Inserting ® = }, {2, and
U = 3>,(1 — 7)Q gives pEIf) = ZZ(HkTgk)@[ and pff,ﬂ = Z[(Hk(l — Tgk))@[, where
©; > 0 is the output of the strategy when round k uses the completely positive map
. Let (i be the unnormalised state entering round k in this run; it depends only on
l1,...,0k_1. Since the I'y, preserve the trace and tr(Qy; ®id)(¢) = a¢(Trg ¢), induction gives

tr Oy = [l ag, (pr) with px = Trg G/ tr (x; when tr ¢, = 0 the choice of pj, is irrelevant.
Put o; = ©;/ tr ©;. Normalisation follows from (7.2.1). O

Hence the final pair of every strategy is obtained from the classical pair (Pgp, Py) by a
classical-to-quantum channel, and its performance under any error criterion is dominated
by that of (Pg, Py). The inputs enter only through the laws ay(px) of the levels, while the
step values A\, are fixed.

Corollary 7.3.2 (Computable finite-n bound). Define v,(z) = 3min{e®,1} for z €
[—00,00) and, fork=n—1,...,0,

v (x) = )\min( Z (1 — 7¢) vgr1(x 4+ Ap) Sg).

<1

Then padapt(n) > vo(0). The recursion only visits the values x = Y, ngAg with Y-, ny < n,
so it needs O(n™) eigenvalue computations of d x d matrices. The value vo(0) is the exact
optimal error of the problem in which the tester also learns the level after each use.

Proof. By Proposition 7.3.1, the error is at least %szin{Pq,, Py} =3 ;Py ([) vn(L([)),
where records with P\I,(E) = 0 contribute nothing. For a prefix of length k with U-weight
b and log-likelihood ratio x, the remaining contribution is b times a function of x and
of the future inputs, and the next step enters linearly through as(pr+1) = tr(Sepki1)-
Backward induction with tr(pM) > Amin(M) shows that this contribution is at least bvg(x),
and choosing at each step an eigenvector for Ani, attains the bound when the level is
revealed. O

7.4 The geometric Chernoff converse

Theorem 7.4.1. For every pair of channels, every n > 1 and every adaptive strategy with
n uses,

5= iles” =8l = Gexp(—nC(@,9) — V2IndAyn).
In particular Eaqapt (P, V) < 6’(@, U).

Proof. We may assume C < . By Proposition 7.3.1 the error is at least
%szin{Rp(Z), Py (0)}, and we may restrict the sum to records with all ¢, € Z.

Tilting. For £ € T put wy(s) = gs(17) = (1 — 7)e* . For each k let s;, € [0, 1] minimise
s+ Qs(pr); it depends only on the past. Let R be the law of the adaptive process on Z"
with R({, = € | past) = ag(pr)we(sk)/Qs, (pr). With L = 3" Ay, and M = Y, spAg,, a

case distinction on the sign of L gives the identity

min { IENIE Tek)} = T(1 = 7o) ™20 = Ty, (55,) e,
k k K K
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where X =", (1 — sp)Ap, and Y = — ", spAg, . Moreover

—

1T ac. (or) we, (sk) = Hst pr) > R({)e”

k

because Qs(p) > Amin(Bs) > e~¢. Hence the error is at least Je "¢ E g[emin{ XY,

Drift. The function s — In Qs(p) = In X" yer ae(p)(1—7¢)e¥™ is smooth and convex, and
Egr[Ae, | past] = 6 := d% In Qs(pr)|s=s,- Minimality of s; gives dp =0if 0 < s, < 1, 05 > 0
if s =0, and & < 0 if s, = 1. In all cases (1 — sx)dr > 0 and —spdx > 0, so X and Y are
R-submartingales whose increments lie in [—A, A].

Concentration. By the Azuma—Hoeffding inequality [12] applied to the martingale parts,
R(X < —nd) + R(Y < —nd) < 2e~™0°/(2A*) | Choosing § = A/2In4/n makes this at most
1,50 EglemintXY}) > 1e=nd which gives the bound. O

Remark 7. 4 2. The proof uses no chain rule. For unequal priors p,1 — p the same bound
holds with + 7 replaced by 5 min{p, 1 — p}. If all levels are ambiguous, A = dr(®, ¥).

The proof only used that ® and ¥ are mixtures of common completely positive pieces

with weights 70 and 1 —7y. Any other such decomposition gives a converse in the same way,
and the level decomposition gives the best one.

Proposition 7.4.3 (Canonicity). Let & = Z}-lepjl“j and ¥ = 7. q;I'; with nonzero
completely positive maps I'; and pj,q; > 0, p; + q; > 0. Proposition 7.3.1 and the proof of
Theorem 7.4.1 apply verbatim to this decomposition and give a converse with exponent

Cr = lnomm /\mm< Z p]q]1 SF ))
5% Jipjq;>0

For every such decomposition Cpr > é(@, U), with equality for the level decomposition. In
particular, if ® =3, p;&; and ¥ =37, q;E; for channels E;, then the Chernoff information
of (p,q) is at least C(®, ).

Proof. Since 2 — (p; + ¢;)T';j is completely positive, the ARN theorem gives R; > 0 with
(pj +q;)T; = Vg, Injectivity of K — Wy and }°; Vg, = Q = ¥y give >3, R; = 1, and
®=>;t;Yg; with t; = pi/(pj + q;) gives T' = >_jtiR;. For 0 < s <1 the function gs is
operator concave on [0, 1]: ¢g5(T") = (1 —T)#sT, and the weighted geometric mean is jointly
concave [79]. Jensen’s operator inequality [51] therefore gives 3, gs(t;) Rj < gs(zj tiR;) =
gs(T). The map K — U7 (1) is positive and g,(t;)(p; + ¢;) = qu]l % s0

ij ¢! ng 1) < (1) = Bs.

Taking Apin and using continuity in s at the endpoints gives Cr > C. For channels &; we
have £7(1) = 1, and Cr is the Chernoff information of (p, g). O

Proposition 7.4.4 (Operational meaning). Let ®(X) = 3, 7Q(X) @ egef and U(X) =
Y01 —70)(X) ® egey, the channels that also announce the level. Then adapt(P, V) =
Eprod (P, W) = C(D, V).

Proof. The flagged pair has the same 7, and Sy, so Theorem 7.4.1 applies to it with the
same C. With a fixed input p, a product strategy that keeps the flags sees i.i.d. records
with laws (ag(p)7e)e and (ag(p)(1 — 7¢))¢, whose Chernoff information is — Inming Q4(p).
Maximising over p gives — Inmin, min, Qs(p) = C. O
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Corollary 7.4.5. (a) —InQ,,5(®||¥) < C(2,¥) < —2InQ;o(®||¥). The right-hand
side is the geometric fidelity converse of [72, 98].

(b) Let 0 — ®y be a C? family of channels with J(®g) > 0. Then

N 52 = 52
C(®g, Pors) = gFRLD(G) + 0(8%), —21n Q1 /2(Pg||Poys) = ZFRLD(G) + 0(6%),

where FRLp(0) = Amax(Try[(0g]) T 18y J)]), J = J(®yp), is the RLD Fisher infor-
mation of the channel family [72].

Proof. (a) The first inequality is the choice s = % For the second, the Cauchy—Schwarz

inequality gives Qi2(p)? < Qs(p)Q1-s(p), and weighted AM-GM with (7.2.1) gives
Q1-s(p) <X pae(p)((1 = s)7¢ + s(1 — 7)) < 1. Hence Q4(p) > @12/2 for all s and p.

(b) All levels are ambiguous. Put xy = 27, —1, so that >~, as(p) = 2 and >, ae(p)z, = 0.
The expansion (1+2)%(1—2)!7% = 1+ (25— 1)z —2s(1 — s)2? +O(z?), uniform in s € [0, 1],
gives QS( ) =1—5(1-35)x(p) + O(||2T — 1|?) with X( ) = Ze ag(p)ai = tr ¥ op_1y2(p).
Hence C' = 1 max, x(p) + O(||2T — 1|?) and 21nQ1/2 = Lmax, x(p) + O(|2T — 1|]3).
Since J(®) — J(¥) = W(2T — 1)W*, J(®) + J(¥) = WW* is invertible here, and W is

injective,

max x(p) = A Try [(J(®) — J(0))((®) + J(0)) 7 (J(@) — J(©))]).

2
which is & Frip(0) + O(63) for ® = By, U = By 5, and [|2T — 1|| = O(6). O
We compare with the barycentric converse. For states put Dpg(w|p) =

tr (wIn(w'/2p~1w'/2)) [14], and for channels D(T||®) = sup, Dps((T ® 1)(p) (2 @ 1)(p)).
For two channels the bound of [66, Theorem 24] reads adapt < Char(®, ¥) with

%ﬂém—ﬁg”&gw%Mﬂ@+ﬂ—$MW%]

Proposition 7.4.6 (Comparison with the barycentric bound). (a) If the pair is level
balanced, then Cpa(®, V) < C(P, V).

(b) For the flagged pair of Proposition 7.4.4, C= adapt < Char-

Proof. (a) Here B, = Z(s)1 with Z(s) = 3, ¢egs(7¢), so C = —Inmin, Z(s) and Z'(s) =
ez cegs(Te)Ae- For s € [0, 1] the map Ts = W, (7)/Z(s) is a channel, since ¥7 (1) = Bs.
Its Choi matrix Wgs(T)W™*/Z(s) is supported in W ran Pz, where Pr = Y ,c7 Py, and this
subspace lies in the supports of J(®) and of J(V¥) because T and 1 — T are invertible on
ran Pr; in particular Dyax(7s]|®) and Diyax(75]| V) are finite. By the closed form of the
Belavkin—Staszewski channel divergence under such a bound [42, 66] (Lemma 4.6.5 and
Theorem 4.6.7(a) in Chapter 4), D(7:]|®) = Amax Try [JY2In (T2 7(®)~1JY2)J1/?] with
J = J(Ts). The operator perspective is covariant under congruences, and W is injective,

so the operator inside the partial trace equals Wh(T)W*, where h(t) = gs((;)) In gs((t)) is

evaluated on the commuting pair g5(7)/Z(s), T. Since Try(WKW?*) = Ui (1) and

In —gst(t) =—(1—-s)n —13 ;» level balance gives, since conclusive levels contribute nothing,
Z'(s) ~ Z'(s)
‘7<I> E —InZ D(T,|| W) = —InZ(s),
H ZGICZh T[ ) Z(S) n (8)7 ( H ) § Z(s) n (8)
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$:)Z'(s4) >0

the second by the same computation. Let s, minimise Z on [0,1]. Then (1 —
= 07 and C’ba‘r <

and S*g/(s*) < 0, so botll divergencesA of T, are at most —In Z(s,)
sup,[sD(7s,[|®) + (1 — s)D(Ts.[|¥)] < C.
(b) Proposition 7.4.4 and &uqapt < Char- O

Part (a) applies to replacement channels ® = tr(-) ¢, ¥ = tr(-) ¢ with invertible ¢, 1);
there C = — Inming tr(Y#s¢), while &uqapt = {qQc(@, 1) because the outputs do not de-
pend on the inputs. Part (b) applies to measurement channels whose POVM elements are
proportional, ®(p) = >, arler, per)eye; and W(p) = >, by(er, peg)epe;” with orthonormal
ey, which are equivalent to their flagged pairs because the output reveals the level. Sec-
tion 7.7 gives examples with strict inequality in both cases, so neither converse dominates
the other. For level-balanced pairs whose levels are orthogonal at some input, (a) and The-
orem 7.5.3 below give Cp,r = C = adapt- At pairs with trivially intersecting Choi ranges

both converses are infinite (Theorem 7.6.4(d)).

Corollary 7.4.7 (Strong converse). Suppose 1y < 1 for all ¢, that is, Dpyax(P||¥) < oo,
and for o > 1 put DIV(®[|¥) = L5 In Appax (3, 78(1 — 7)1 7S,). If an adaptive strategy
with n uses has type-1I error 3, < e~ ™" (accepting ® when U is true), then its type-I success
probability satisfies

1—a, <exp ( — nsgli%(r — DEV(@H\II)D
(0%

Forl < a <2, D' is the geometric Rényi divergence of the channels [42] (Corollary 4.6.12
in Chapter /), and for these orders the bound also follows from its chain rule [42].

Proof. By Proposition 7.3.1 the pair (1 — ay,, 3,) is achieved by a classical test on records,
and classical data processing for a > 1 gives (1 — a;,)*317 < ZZPgP&fO‘. Summing over
lp, then £,_1, and so on, and using >, as(p)7(1 — 7)1 7% < Amax (S 78(1 — 70)17%S)),
bounds the right-hand side by en(@—1Da" 0

Remark 7.4.8. As a | 1, D — \pax (X, 70AeSe) = D(®||¥), the Belavkin-Staszewski
channel divergence (Theorem 4.7.5 in Chapter 4); if some 7, = 1, both are +o0c0 by the
same theorem. These rates are robust: for two splittings of one sum with derivatives
T,T5 < (1 — €)1, the quantities e=DDg” 1 < o < 2, differ by at most 2((4 — a)el +
(@ = 1)e™®)||Th — Tp||sc (Corollary 4.6.12). The optimal adaptive Stein exponent is the
regularised Umegaki channel divergence D™8(®||¥) < D(®||¥) [41], so the walk does not
improve Stein’s exponent; Corollary 7.4.7 is useful for rates r above D(®| ).

7.5 When the bound is attained

Theorem 7.5.1 (Exact exponent). Suppose that o. € D(X) and s, € [0,1] satisfy
Qs (0.) = e7¢ and that the levels are orthogonal at oy, equivalently [T,G,,] = 0. Then

n

Sadapt = Eprod = C, attained by the product inputs u®™ with u = Vec(ai/z).

~

Proof. By Lemma 7.2.4(b), ming<s<1 tr(®5¥L7%) < Qs.(0x) = e, so &qc(Pu, Uy) >
C, which the product strategy u®" achieves [11, 99]. Theorem 7.4.1 gives the reverse
inequality. O

Remark 7.5.2 (Classical channels). For classical channels P(y|x), Q(y|z) the Kraus op-
erators of {1 can be taken to be multiples of eye;. Then By is diagonal with entries
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>, Pylz)*Q(ylz)'—#, so C = max, C(P(|z),Q(-|z)), and the levels are orthogonal at
every basis state. Theorem 7.5.1 with o, = ex*e;;* for a maximising letter x, is Hayashi’s

theorem [56]. Such pairs are in general not level balanced.

Theorem 7.5.3 (Exact optimality at every n). Suppose the pair is level balanced, Sy = ¢41,
and the levels are orthogonal at some o € D(X). Let vg(€) = 1y and vy () = (1 — 14)cy,
and let u = vec(A) with AA* = o. Then for every n:

(a) the final pair of every adaptive strategy is a post-processing of (vg",vS");

(b) the pairs (PE™, WE™) and (v5",vS"™) are post-processings of each other.

Consequently the product strategy u®" is optimal among all adaptive strategies with n uses,

simultaneously for every binary error criterion: Bayesian error with arbitrary priors and
the whole Neyman—Pearson trade-off. All error exponents (Stein, Chernoff, Hoeffding,
strong converse) are those of the classical pair (ve,vy), and, with D the Umegaki channel
divergence and D8 its regqularisation,

D(®[|¥) = D*5(®[|¥) = D(®[|¥) = D(vellvy).
Proof. (a) Level balance gives ay(p) = ¢, for every p, so in (7.3.1) Pp = v3" and Py = v3"
for every strategy; apply Proposition 7.3.1. (b) By Lemma 7.2.4(b), ®, = Y, 7R, and
Wy, = 320(1 = 7¢) Ry with Ry = 37,4, giziz}; these have orthogonal supports and tr Ry =
tr(PyGy) = ay(0) = ¢o. Measuring the projections onto the supports of the Ry produces
(ve,vy), and preparing Ry/cy on outcome ¢ reproduces the outputs; tensor powers follow.
For the last display, D(®||®) > D(®,||¥,,) = D(ve|/ve), while D < D™8 < D by additivity
of the Belavkin-Staszewski channel divergence [42], and D(®[|®) = Amax (>, 7eMeSr) =
YorcemeAe = D(vo||lvw) by the closed form of Theorem 4.7.5(b) in Chapter 4. O

Remark 7.5.4 (Relation to programmable simulation). Level balance says that
O =>,vp(l)E and ¥ = Y, vy (¢)E are mixtures of the same channels & = Qy/c, and
orthogonality says that the & are perfectly distinguishable at w. Part (a) is then the
familiar simulation of each use by a classical program [107]. The level decomposition
makes the criterion canonical and checkable: compute T, its spectral projections and the
Sy. Theorem 7.4.1 is the extension to programs whose law depends on the input, and
Proposition 7.4.3 shows that it is never weaker than a program simulation.

Corollary 7.5.5 (Random-unitary channels). Let Uj,..., Uy be unitaries on X with
tr(U;U;) = d 5, and let © = >, piU; - US, W =3, q;U; - U with probability vectors p,q.
Then the Choi strategy u = Vec(l)/\/g is exactly optimal among adaptive strategies for
every n, and every exponent is that of the classical pair (p,q).

Proof. Discard the i with p; = ¢; = 0. With V; = /p; + ¢; U;, T is diagonal with entries
pi/(pi+a:), each level map is 37, (pi +qi)U; - U with Sy = 37,1 (pi +¢i)1, and the levels
are orthogonal at 1/d. The level laws are vg(f) = > ¢/, pi, and (p,q) is a refinement of
(ve, vy) with the same likelihood ratios. O

The U; need not belong to a nice error basis: for example {1, 7, XD, X?Dy} on C3,
with X, Z the Weyl operators and D1, Do diagonal unitaries, is an orthogonal family, and
X D1, X?D, are not multiples of Weyl operators for generic D1, Ds.

Corollary 7.5.6 (Covariant channels). Let G act by (possibly projective) unitary represen-
tations U on X and V on Y with ®(U,XUy;) = Vy®(X)V) and (U, XU,) = Vo¥(X)V,'.
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Suppose U is irreducible and the representation K — VKU, of G on span{Vj} is multi-
plicity free. Then the hypotheses of Theorem 7.5.3 hold with o = 1/d, so the Choi strategy
is exactly optimal for every m and the erponents are those of the commuting Choi states
J(®)/d, J(¥)/d.

Proof. On Kraus coefficients the action is by unitaries 7(¢g) commuting with 7' (uniqueness
of the ARN derivative), hence with every P,. Thus each €y is covariant, and S; commutes
with U, so Sy = ¢,1 by irreducibility. The Gram matrix Gy /4 also commutes with every
7(g), and multiplicity freeness makes the commutant of {m(g)} abelian, so G4 commutes
with T'; Lemma 7.2.4(a) gives orthogonality at 1/d. O

Remark 7.5.7. Corollary 7.5.6 covers Weyl-covariant channels in every dimension, where it

also follows from teleportation stretching [107], and all SU(2)-covariant channels from spin
j to spin j', since L(C%+! C%'+1) =~ EB?::‘;_J.,‘ V. is multiplicity free. Such channels are
mixtures of the channels whose Kraus operators are the components of an irreducible tensor
operator of rank k; for different k£ these have Choi matrices with orthogonal supports.

7.6 Continuity of the converse

The converse C depends on the pair only through the derivative T and the frame W, so
the continuity theory of the Arveson—Radon—Nikodym derivative developed in Chapter 4
applies to it. Two facts emerge. Along perturbations that are small relative to the pair in
the completely positive order, e~ is Lipschitz, with a constant governed by the Thompson
constant A (Theorem 7.6.2). Along additive perturbations C is only lower semicontinuous,
and it can jump to 4+oo. In fact, near replacement channels with rank-deficient outputs
there are pairs for which the fidelity converse, the barycentric converse and C are all infinite,
while the adaptive exponent tends to zero (Theorem 7.6.5). Section 7.6.1 shows that the
same happens for amplitude-damping channels with nearby damping rates.

For two pairs (®1, V1) and (P2, Us) we use the notation of Section 4.10 in Chapter 4. We
put Q; =®;+U;, V¥ =0 +Qy and Q = %Q’. We write 17, T5 for the derivatives of &1, ®o
within their own pairs, in a common frame, and 7 = |71 — T3 ||oo. We write dp = dp (21, Q2)
for the Thompson distance between the sums. The relative distance § between the pairs
is the smallest d > 0 with —dQ) < & — Py < dQ and —d QY < U; — Uy < dQ in the
completely positive order. By Lemma 4.10.2, T; is unitarily equivalent to the derivative
of Section 7.2 for the pair (®;, ¥;), so its eigenvalues are the levels 7, of that pair. For
channels |7 (1)]|oo = 2 and [|Q*(1) |00 = 4.

Lemma 7.6.1. Let 0 < ¢ < % and let E, E' be Hermitian with spectra in [e,1 — £]. For
every s € [0, 1],

195(E) = 0s(B") oo < M(e) |1 = B'lls,  M(e) = max (s + (1 —s)e ™) <&

Moreover M(e) = e~ /2 fore > ol
Proof. On [g,1 — €] we have g4(t) = t*(1 — t)! =%, and F commutes with 1 — E, so
9s(B) = gs(E") = (B° = E®)(1 - E)" ™+ E*(1 - E)' ™ - (1 - E')'™),

where (1 — E)!=¢ and E’s have norm at most 1. For 0 < p < 1 and X,Y > €1, the
representation a? = EPT [ APH(1 — Az + X)) dX and [[(X +A) 7t = (Y 4+ A) e <
(e+ N2 X =Yoo give [ XP = YP|loo < peP || X — Y |s0, since ZEET [ NP(e + X)~2dA =
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peP~L: the cases p € {0, 1} are trivial. Applying this with p = s to F, E' and withp =1—s
to1— E,1 — E' gives the bound with se5~! + (1 — s)e™® < se™! + (1 — s)e~!. The value
e~Y2 is the value at s = %, and a direct computation shows that this is the maximum for
1
For small € one has M(g) ~ (eeIn1)~!. The spectrum of the derivative of a pair lies in
[e,1 — €] exactly when all its levels are ambiguous and A < In %, that is, ¢ = (1 4+ e*)~!
(Lemma 7.2.1).

Theorem 7.6.2 (Robustness). Let (®1,¥1) and (P2, V2) be pairs of channels with
ran J(®q + V1) = ran J (P2 + Va), and suppose that the levels of both pairs lie in [e,1 — €]
for some € € (0, %] Then

|6_6(®1"I’1) - 6_5((1:'2"1!2” < 2M(g) T 4 4v/2 tanh dTT

If § < 5, the right-hand side is at most (4v/2 M (g)(1 — 462)712 £ 82) 5. If &1 + ¥y =
Dy + Wy, then dp = 0 and 7 is the distance between the derivatives with respect to the
common sum.

Proof. For 0 < s < 1, Remark 7.2.2 and the proof of Theorem 4.10.4(c) give
)\mln(Bgz)) = >\min ( Try(W a;gs (Tl)az W*))v

where Bgi) is the operator Bj of the pair (®;,¥;), W is the frame of ' and a1, as are as in
Section 4.10. The partial-trace estimate (Lemma 4.4.10) for €’ and the sandwich estimate
(Lemma 4.10.3), with [ = [¢,1 — €], ¢ = g5 and 2y = tanh dTT (Lemma 4.10.1), give

s

|)\min(B(1)) — /\min(B§2))| < 4(% wés (1) + \/§mlax gs tanh %T)
< 2M(e)T + 4v/2tanh dTT,

by Lemma 7.6.1 and g5 < 1. Both sides are continuous in s on [0, 1], because all levels are
ambiguous, so the bound holds for all s € [0,1]. Since | ming zs — min, ys| < sup; |xs — ysl,
the first claim follows. For the second, 7 < 2v/26(1 — 4(52)*1/2 and tanh%T < 26 by
Lemmas 4.10.1 and 4.10.5. [

Since § < max{||®1 — Pallo, [|[¥1 — Vallo}/v(P1 + ¥1)? whenever ran J(P2 + Uy) C

ran J(®; + W) (Corollary 4.10.8), Theorem 7.6.2 makes e~ locally Lipschitz in the dia-
mond norm along such perturbations. Here v is the smallest operator norm of a normalised
combination of Kraus operators (Section 4.2 and Lemma 4.8.2). The theorem also gives a
converse that is valid for a whole neighbourhood of a model pair.

Corollary 7.6.3 (Converse for an uncertain pair). Let (®g,Vg) be a pair of channels
whose levels lie in [e,1 —¢], let § < 3 and k = 2v/25(1 — 46%)Y% < ¢, and put R =
2M (s — K)k + 8v/26. Every pair of channels (®, W) within relative distance & of (%o, ¥o)
has its levels in [e — k,1 — € + K|, and if R < e~ C(®0:%0) " thep

Eadapt (®, 1) < C(®, W) < —In (¢~ C(@0¥0) _ R).
The finite-n bound of Theorem 7.4.1 holds for (®,¥) with this exponent and A < In 1E_f7:"‘

Proof. By Lemma 4.10.5 the sums have the same Choi support and 7 < k, so the levels of
(P, V) are within k of those of (®g, Up) by Weyl’s inequality. Apply Theorem 7.6.2 with
€ — k in place of €, and Theorem 7.4.1. O
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Additive perturbations behave differently. Recall that C is defined for every pair of
completely positive maps by the same formula.

Theorem 7.6.4 (Semicontinuity). Let (®, W) be a pair of channels, and let Z, Sy and §y
be as in Section 7.2.

(a) eC s _upper  semicontinuous: if (Pn,¥,) — (®,¥) in any norm, then
liminf,, C(®y,, ¥,) > C(®, V).

(b) Mizing with common noise never increases C: for every channel © and € € [0, 1],
C((1-e)®+¢e0,(1—e)V+e0) <C(P,V), and the left-hand side tends to C(P, V)
ase 0.

(¢) If J(® + ) is invertible, then C is continuous at (¥, ¥).

(d) CA'(<I>, V) = 400 if and only if the operators Sy, ¢ € I, have a common nonzero kernel
vector, that is, some input state o has tr Qy(o) = 0 for every ambiguous level. This
is the case whenever ran J(®) NranJ(V) = {0}, and then also —2In @1/2(<I)||\11) =
Cbar<q), \I/) = +o00.

Proof. Since s — Amin(Bs) is continuous on [0,1] and equals Q(®[|¥) for 0 < s < 1
(Remark 7.2.2), we have e C = infoc 1 Qs(®[| V).

(a) Each @, is upper semicontinuous (Lemma 4.12.1(c)), and an infimum of upper
semicontinuous functions is upper semicontinuous.

(b) Write ®., ¥, for the mixtures. Joint concavity of the weighted geometric mean
[79] and J(O©)#sJ(0) = J(O) give J(Vo)#sJ (D) > (1 — &) J(V)#sJ(P) +J(O). Since
Try J(©) = 1 and A is superadditive, Qy(®.[|¥.) > (1 — £)Qs(®||V) + £ > Q4(®|| V),
because Bs < Y, (s7¢ + (1 — s)(1 — 7¢))S; = 1 by (7.2.1). Taking the infimum over s
gives the inequality. Conversely, J(®.) < J(®) +J(O) and J(V.) < J(¥) + £J(O), so
monotonicity and continuity from above of the mean give lim sup, Qs(P.]| W) < Qq(®|| W)
for each s € (0,1), and hence limsup, e~ C(PeVe) < o=C(2Y),

(c) Let (®,,¥,) — (P,V¥). Since J(® + ¥) is invertible, the relative distance dy,
between the pairs tends to 0 (Corollary 4.10.8), and so do 7, and tanh dTQ’” (Lemmas 4.10.1
and 4.10.5). Choose 1 € (0, %) such that 7" has no eigenvalue in (0,2n) U (1 — 2n,1). For
0 < s <1 let ks be the function that equals gs on [27,1 — 27|, vanishes on [0,n] U [1 —n, 1]
and is affine in between. Since g5 is concave and nonnegative on [0, 1], 0 < ks < g5. Since
(s,t) > gs(t) is uniformly continuous on [0, 1] x [, 1 — 7], the functions ks have a common
modulus of continuity wy. In the frame of the proof of Theorem 7.6.2, g4(T3,) > ks(T,,) and
positivity of X — Try(WXW*) give

QS(@nH‘I’n) > Amin Try (W anks(Th)an W)
> Auin Try (W aky(T) @ W) = 20 (1) — 4v/Z tanh 252,

by the sandwich estimate with ¢ = ks. By the choice of 1, ks(T') = gs(T), so the first term

is Qs(®||¥). Taking the infimum over s and the limit inferior over n shows that e~ is
lower semicontinuous at (®,¥). Together with (a) this gives continuity.

(d) For 0 < s < 1, By = > yc79s(m)S¢ with gs(7¢) > 0, and By, By are combina-
tions of the same Sy with positive coefficients. So ming Apin(Bs) = 0 if and only if the
Sy, £ € I, have a common kernel vector. If the Choi ranges intersect trivially, T is a
projection (see the beginning of Section 4.12), so Z = (), Bs = 0 and @1/2({)”\1') = 0.

For Cpar, let 0 < s < 1 and let 7 be a channel. With the maximally entangled input,
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D(T||®) > 1 Dpg(J(T)||J(®)), and the right-hand side is +oo unless ran.J(7) C ran J(®)
(Theorem 4.7.5(a) and Proposition 4.7.1). The same holds for ¥, and J(7) # 0, so one of
the two divergences is infinite for every 7, and Cpay = +00. O

Part (b) gives a numerically stable way to compute C from below when J (P4 V) is
singular. The convergence can be slow. For a random Kraus-rank 2 versus 3 qubit pair
mixed with the completely depolarising channel, the gap in e=¢ was 7.7-1072, 5.0 - 1072,
3.8-1072 and 3.1-107% at e = 107*,1075,107%,1071%, that is, about 0.7/In1. In this
example the minimum over s is attained at s = 0, where conclusive levels 7, = 0, perturbed
to €’ > 0, contribute gs(¢’) &~ £, which is not small for s < 1/InL; so the convergence is
only logarithmic. Part (d) shows that C is often infinite. If kg +ky < ddim Y for the Kraus
ranks, the Choi ranges are subspaces of complementary dimensions. In our experiments
with random pairs (qubit pairs of Kraus ranks 2 and 2, and qubit-to-qutrit pairs of Kraus
ranks 3 and 3, 300 pairs in total), they always intersected trivially, so all three single-letter
converses were infinite. The finite values of C for low Kraus ranks in Table 7.5 require an
ambiguous level, which exists there because 2 + 3 > 4.

The next result shows that the jumps allowed by Theorem 7.6.4(a) occur, and that they
are not seen by the true exponent.

Theorem 7.6.5 (Fragility of single-letter converses). Let ¢,1 be states on C¥ with
rank(¢ + ¢) < d'/2, and let ® = tr(-) ¢ and ¥ = tr(-)¢p. There are states ¢y — ¢ and
Yy — 1, at trace distance O(\/'t), such that the replacement channels ®; = tr(-) ¢; and
U, = tr(-) ¢y satisfy, for everyt >0,

C(®, Ty) = =210 Q1 jo(Py]|Ws) = Char (P, ¥y) = +00,
whereas

Eactapt (Pr, 1) = Eqo(be, ) < —Intr (672177 — —Intr (¢1/%)1/2).

In particular, if ¢ = 1, then (P, V) converges in the diamond norm to a pair of identical
channels and Euqapt (P, Vi) — 0, while all three converses are infinite along the sequence.

Proof. By Corollary 4.12.5 in Chapter 4 there are states ¢y, ¢, with ran ¢; Nrany = {0}
at distance O(v/t) from ¢,; they are obtained by a Halmos dilation of the derivative of
the pair into the kernel of ¢ + . Since J(®;) = ¢ ® 1 and J(¥;) = ¢ ® 1, the Choi
ranges intersect trivially, and Theorem 7.6.4(d) gives the first display. The outputs of a
replacement channel do not depend on its input, so the final states of every adaptive strategy
are images of ¢ and v°" under one channel, and the product strategy is optimal. Hence
Cadapt = Eqc(ér, ¥e) [11, 99], which is at most the value at s = 1. Finally ||, — @[, =
llor — ¢]]1, and the square root is continuous. O

Example 7.6.6. Let ¢ =9 = %(ele‘f + eg€3) on C*, and couple e; to e3 and ey to eq: put
vi2 = (€1 ++/te3)/v/1+tand wig = (e2t Vtes)/v/1T+t, so that ¢y = %(vlvf +wjwy) and
Y = 3(vav3 + wow3). These states are at trace distance v/t + O(t) from ¢ and their ranges
intersect trivially, while tr(¢/*¢;/%) = (131)%. Numerically &uaup(®r, ¥r) = Eqo(dr ) =
21In % ~ 4t, attained at s = %, whereas B; = 0 for all s. The same happens for any two
distinct pure output states, the simplest case.

Theorem 7.6.5 explains the gap between C and the true exponent at replacement chan-
nels noted after Proposition 7.4.6. By Proposition 7.4.4, C'(®, V) is the exponent of the
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flagged pair, which announces the level, and at mutually singular pairs every level is con-
clusive, so the flagged pair is perfectly distinguishable after one use while the original pair
need not be. By Theorem 7.6.4(c), this cannot happen near pairs with J(® + ) invert-
ible. By Theorem 4.12.4(c), at every pair with dimker J(® + ¥) > rank7'(1 —T') > 1 and
C < oo there are completely positive pairs within O(y/t) for which C = +00. Whether
these can always be chosen to be channels is open (compare the question on singular pairs
in Section 4.13); Theorem 7.6.5 settles it for replacement channels.

Remark 7.6.7 (Independent branches). If & = (1 —p)®4+pPp and ¥ = (1 —p)¥4 +p¥p
with ran J(®4 + U4) Nran J(Pp + ¥p) = {0}, then every connection splits over the two
branches (Corollary 4.11.4). Consequently Bs(®, ¥) = (1 — p)Bs(®a, Va) + pBs(®p, ¥5),
the levels of the mixture are those of the two branches, and e=¢(®¥) > (1 —p)e=C(®a,¥a) 4

pe—ﬁ(éB,\yB)‘

7.6.1 Amplitude damping

Theorem 7.6.5 concerns replacement channels, whose outputs do not depend on the input.
We now show that the same behaviour occurs for amplitude damping, a basic model of
physical noise, and give a converse that remains finite there. For 0 < v <1 let A, be the
qubit amplitude-damping channel with Kraus operators

Ko = eoe + /1 — vereq, Ky = /v epeq,
and write Lo, L; for the Kraus operators of A,,. For two damping rates put
V7
fu) =V +yA =10 =7, ()= —.
1—/(@=71-7)

Here f is the Bhattacharyya coefficient of the Bernoulli laws (v,1 —+) and (7,1 —+/), and
e < f < 1. The second inequality is the Cauchy—Schwarz inequality, with equality if and
only if v =4/, and the first is equivalent to /(1 —~)(1 —+/) (1 — f) > 0.

Proposition 7.6.8 (Levels of an amplitude-damping pair). Let 0 < ~,~" <1 with v # +/,
andlet ® =A,, ¥ = A,

(a) The pair has three levels: T = 1 with Q; = Ko - K§, 7 = 0 with Qo = Lo - Lg,
and the single ambiguous level 1, = v/(v + ') with Qq = (v + ') ege} - eref and
Sa = (v +7) erei.

(b) ran J(®) Nran J(¥) = span{vec(epej)} # {0}, and nevertheless

a((I)a \II) =—2In @1/2(@”@) = Cbar((pv ‘;[/) = +00.

(c) The common kernel vector of Theorem 7.6.4(d) is ey, and ®(epef) = V(epel) = epeg-

Proof. (a) Since K1 = +/7/~' L1, the maps ® and ¥ are combinations of V; = Ky, Vo = Ly
and V3 = /v ++ epef, namely Q = @4+ ¥ = 3, Vi, - V5, @ = Vi - Vi + 7,V5 - V5 and
U ="V, VS + (1 —1,)V3- V5. The Vi are linearly independent because v # 4/, so by
injectivity of K — Wy the derivative is T = diag(1,0, 7,) in this frame, and Lemma 7.2.1
gives the levels. Finally S, = V3'Vs.

(b) The ranges are

ran J(®) = span{vec Ky, vec epe] }, ran J(¥) = span{vec Lo, vec ege] },
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and vec Ko, vec Lo, vecege] are linearly independent. By (a), Bs = g5(7a)(v +7/)ere] is
singular for every s, so C = 400 and Q1/2(<I>||\I/) = )\mm(Bl/Q) = 0 (Remark 7.2.2). For
Char argue as in the proof of Theorem 7.6.4(d). If both D(T|®) and D(T|¥) are finite,
then ran J(7) C span{vecepei}, so T = cepe] - erej. Then T*(1) = cere] # 1, and T is
not a channel. Hence for 0 < s < 1 the barycentric objective is +0o for every channel 7.
(C) Saeo = 0, and K()eo = L()e() = €y, K160 = L1€0 =0. ]

Example 4.12.8 in Chapter 4 proves Ql/Q(A'yH-Av’) = 0, there written 13(./47, Ay) =0,
for all v # +/ in [0, 1] by a different argument, directly from the intersection of the Choi
ranges in (b).

Part (c) explains why C is infinite. The input ey, at which By is singular, is one on
which the two channels act identically. By Proposition 7.4.4, C is the exponent of the
flagged pair, and on e the flag reveals which of the conclusive levels K¢ - K; and Lg - Lj
occurred. These two maps agree on epeg, so all the information comes from the flag, which
the pair (®, V) itself does not provide. In contrast, the adaptive Stein exponent of the pair
itself is infinite: with the maximally entangled input the outputs J(®)/2 and J(¥)/2 have
different supports, so D(®||¥) = D(¥||®) =

To bound &aqapt from above we have to leave the class of common decompositions, since
by Proposition 7.4.3 every such decomposition, and in particular every classical program,
gives an exponent at least C = +00. We use instead programs that are pure quantum
states. For channels ®, ¥ € C(X,)) with Kraus operators (Kj)r<, and (L;);<,, padded
with zeros to a common length r, put

(P, W) = max{]c[ : ZClkLZ‘Kk = c¢1y for some C € L(C"), ||C]leo < 1}.
Kl

This is a semidefinite program: maximise Rec subject to the linear constraint and

cr 1
channel are related by a partial isometry, which can be absorbed into C.

1 C
< > 0. It does not depend on the Kraus families, because two families of the same

Theorem 7.6.9 (Pure-program converse). Let @,V be channels.

(a) p(P, V) is the largest overlap |(Yw,Va)| of pure states for which there is a channel
A with (p) = A(p ® Yoyp) and U(p) = Ap® paisy) for all p.

(b) For every n and every adaptive strategy with n uses,
L= 3leS) = e = 3 (1 1= (@, 9)2) > L (@, w)

50 that Eadapt (P, V) < —21n . (P, ¥).

(c) If (p) = A(p @ ) and ¥(p) = A(p @ wg) for some channel A and mized program
states g, Ty, then {Qo(me, mw) > —In (@, ). Thus no program simulation gives
a converse below —1n .

Proof. (a) Let Vo = >, Ki ® e, and Vi = >, L; ® €; be the Stinespring isometries into
Y ®C, so that V(1 ® C)Ve = >3 CiLi Ky. Let C and c be feasible with |¢[ < 1; if
lc|] =1, then & = ¥ and there is nothing to prove. The unitary

U C (1—cCc)l/?
- (1 _ C*C)1/2 —_C*
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on C" ®C? has (1®ef)U(1®eg) = C. Hence V§ = (1@ U) (Vo ® ) and Vi, = Vi ® eg
are Stinespring isometries of ® and ¥ with V{*V{ = c1. Choose unit vectors g, ¢y € C>
with (¢g,%s) = c¢. The prescription W(z ® ) = Viz, W(xr ® ¢y) = Vg preserves all
inner products of the spanning set {z ® g,z @by} of X ®C?, so it extends to an isometry,
and A = Trergez W - W™ simulates the pair. Conversely, let A simulate the pair with pure
programs, and let W be a Stinespring isometry of A. Then W (- ® ¥g) and W (- ® ¢y)
are Stinespring isometries of ® and ¥, and their product is (¢y,1s)1l. Any Stinespring
isometry of ® has the form (1 ® A)Vg with a partial isometry A, and similarly for ¥ with
some B. Hence the product equals V(1 ® B*A)Vg with |B*A|le < 1.

(b) Replace every use of the unknown channel by A(- ® ¢;1), each time with a fresh
copy of the program. The final states of the strategy are then S((¢;1})®™) for one channel
S that does not depend on i, as in the stretching argument of [107]. By monotonicity of
the trace norm, the error is at least that of discriminating the pure states w%n and ¢§”,
whose overlap has modulus pf. This error is %(1 —/1—p),and V1—2<1-%.

(¢) By Uhlmann’s theorem [122] there are purifications g,?y of me,my with
|(Yw,¥e)|> = F(me,my). The channel A o (id ® Trpyuif) simulates the pair with these

pure programs, so F(mg,my) < 42 by (a). Finally min, tr(mgmy ™) < tr(my*my/?) <
1/2 1/2
||7T<1>/ 77\1;/ 1 = F(re, mg)Y/2. O

For replacement channels p, = F(¢,1)"/2. The inequality < holds because, by (a)

and monotonicity of the fidelity, F'(®(p), ¥(p)) > u? for every p. For >, take C = X ® 1
in the Kraus operators \/A; ¢jef and \/k; e}, and maximise over contractions X. The
pure-program converse — In F'(¢,1) is then within a factor of 2 of the true exponent
€qc(p, ). It is finite on the pairs of Theorem 7.6.5 and tends to —In F(¢,1) along
them. So min{CA’, Char, —2In .} is a single-letter converse that does not jump at those
pairs, which bears on Question 7.8.2. Unlike the other converses, u. is defined through
Stinespring isometries rather than through Choi matrices. It need not be close to the true
exponent in general, and it can vanish: u, = 0 for two distinct unitary channels, for which
indeed uqapt = +00.

Corollary 7.6.10 (Fragility for amplitude damping). For 0 < v,7" < 1, pu.(A,, Ay) =

M*(va}/% and

11— —7)(1—-7)
vV ’

C(('Ya 1- ’Y) ” ('7/7 1- 'Y/)) < fprod < fadapt(A'wAv’) < 2In

where C is the classical Chernoff information. Moreover padapt(n) > %(1 —
V1= i (7,79")?") for every n. For fized 0 <~y <1 and~ =~ — A,
2 2

+O(A3) < gadapt(A’y’A’y’) < +O(A3)

8y(1 =) 492(1 - )
Consequently, as v — ~ the pair (A,, Ay) converges in the diamond norm to a pair of
identical channels and &adapt — 0, while C, —2In Q5 and Chay are +oo for every v # 7.
The conclusion of Theorem 7.6.5 therefore holds for amplitude damping, along a physical
one-parameter family. No Halmos dilation is needed, and the Choi ranges need not intersect
trivially.

Proof. With a = /(1 —v)(1 —+') we have L§K( = diag(1,a), LT K1 = /v ere}, L{K1 =
V7 eoet and LiKy = v/ e1e. Hence

v [ Coo V7 Cot
;CZICLZ K= <\/’7010 aCoo + V7V Ci11 )
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This is c1 if and only if Cpy = C1p = 0, Cop = c and C11 = ¢(1—a)/+/y7. Since /vy < 1—
a, the contraction constraint is |c|(1 —a) < v/9/, which gives p«(7,7’). The upper bounds
follow from Theorem 7.6.9(b). The lower bound is the product strategy with input eq,
whose outputs diag(y,1—+) and diag(y’,1—+") commute. The expansions are elementary:
VA=-7)1—-~+A) = 1—7+%—8(1A7_27)+O(A3) gives — In p, = 872 +8W(1 7)—i—O(A?’) and

the Chernoff information of two Bernoulli laws is #2_7) + O(A3). The diamond distance

is at most 2", || K — L|/cc — 0. Proposition 7.6.8 gives the infinite converses. O

Remark 7.6.11. The upper and lower bounds of Corollary 7.6.10 differ by the factor 2/~
to leading order, and simulation arguments cannot close this gap. Classical programs give
an exponent at least C = +oo by Proposition 7.4.3. By Theorem 7.6.9(c), every quantum
program gives at least —In p, = ( 5+ O(A3), which exceeds &yroq by the factor 1/
to leading order.

Remark 7.6.12 (Local regime). For estimating ~ itself, adaptivity does not help. In the
Kraus representation above, § = >, K;;Kk = diag(0, —%) + diag(0, %) =0and a =
Y Kp Ky = mele? The bound of Demkowicz-Dobrzanski and Maccone for adaptive
strategies [30] therefore gives quantum Fisher information at most 4n||al/s = n/(v(1 —7))

after n adaptive uses. This equals the Fisher information of the product input . It

suggests, but does not prove, that {aqapt = ) + 0(A?), which is the lower bound of

Corollary 7.6.10 (compare Question 7.8.3).

87(1

Numerical computations suggest a sharper bound. By Uhlmann’s theorem and the
minimax theorem, the smallest root fidelity of the final states over all adaptive n-use
strategies equals

IICI‘IHI?O}EI min Retr (H ZC vec(Kp) vec(Ly) ),

where H runs over deterministic n-combs and Kj = Ky, ® - ® Ky, . After dualising the
inner minimisation, this is a semidefinite program.

Conjecture 7.6.13. For every adaptive strategy with n uses, F( 54) E4 ) > fly,y 2n,

m) and

with equality for the product input 61 . Consequently padaps(n

AQ
gadapt(-AfyaA'y’) < -2 lnf(’y,’y/) = ——+ O(Ag) < 2€prod(1 + O(A))
4y(1 =)
We solved this program for v = , n < 4 and v € {0.05,0.2,0.4,0.47,0.49}. In each

case the optimal value agreed with f” to within 108, with optimal C' = 1. Thus, up to the
accuracy of the solver, Conjecture 7.6.13 holds for these values of n and 7/. The conjecture
cannot be proved by amortisation, because the inequality

VE((A, @id)p, (Ay ®id)a) > f(7,7)VF(p,0)

fails for some pairs of different states p,o of a qubit and a two-dimensional reference. A
numerical search found a pair with \/17((./41/2 ®id)p, (A5 ®id)o) = 0.948315 VF(p, o) <
f(3, %)\/F(p, o) = 0.948683V/F(p, o), and we verified this inequality in 40-digit arithmetic.
A proof must therefore use that both branches of a strategy start from the same state. In
the dilation A, (p) = Trg Up(p®eoey)Uy with cos@ = /T — ~ and the excitation-preserving

rotation Uy, the two branches differ by the rotations Uy _g applied to fresh environments,
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~ Eprod Choi product —2In f —21n s C, —2In @1/2, Char
(Conj. 7.6.13)  (Cor. 7.6.10)

0.40 5.077-1073 3.272-1073 1.015- 1072 2.252 - 1072 00

0.47 4.506-107%* 2.974-107¢ 9.012-10~* 1.858-1073 00

0.49 5.001-107° 3.323-107° 1.000-10~* 2.021-10~% 00

Table 7.1: Exponents for A,/ versus A,. &yroq is attained at the input e, and a local
optimisation over all inputs with a reference system found no larger value. The ratios
—21In 1y [€prod are 4.44, 4.12, 4.04 (limit 2/y =4) and —21n f/&r0a = 2.00.

~' n adaptive parallel " 11—y1=pf2) 11— /1-p2")
(SDP) (SDP) (Conj. 7.6.13) (Cor. 7.6.10)

0.40 1 0.4500 0.4500  0.4500 0.4497 0.4254

2 0.4409 0.4415  0.4450 0.4291 0.3951

3 0.4247 0.4260  0.4260 0.4134 0.3722
047 1 0.4850 0.4850  0.4850 0.4850 0.4785

2 0.4826 0.4827  0.4845 0.4788 0.4696

3 0.4771 0.4775 04775 0.4740 0.4627
049 1 0.4950 0.4950  0.4950 0.4950 0.4929

2 0.4942 0.4942  0.4950 0.4929 0.4900

3 0.4924 0.4925  0.4925 0.4913 0.4877
0.20 1 0.3500 0.3500  0.3500 0.3419 0.2452

2 0.3026 0.3050  0.3050 0.2821 0.1638

3 0.2815 0.2854  0.3020 0.2397 0.1145

Table 7.2: Optimal n-use error for A, /5 versus A,/, computed by semidefinite programming
over testers [27, 49]: adaptive, best parallel (entangled, non-adaptive) and the product in-
put ef". The last two columns are the lower bounds given by Conjecture 7.6.13 (verified
numerically for n < 4) and by Corollary 7.6.10. The bounds of Theorem 7.4.1 and Corol-
lary 7.3.2 are 0 for every n, because the flagged pair is perfectly distinguishable after one
use with the input eq.
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and f = cos(#’ — 0). The conjecture asserts that no adaptive strategy can make these
rotations add up coherently.

Table 7.1 lists the exponents for v = , and Table 7.2 compares the finite-n bounds
with the optimal errors for n < 3. Table 7 2 also shows that adaptivity helps at finite n.
For v/ = 0.2 and n = 3 the optimal adaptive error is 0.2815, against 0.2854 for the best
parallel strategy and 0.3020 for 6?3. Whether adaptivity also improves the exponent is
open. Three uses are too few to decide this, but if Conjecture 7.6.13 holds, any gain is at

most a factor of 2.

7.7 Numerical illustration

All computations in this section were done with the author’s own code, which is not part
of the code/ directory described in Section 2.6. Exact optimal adaptive errors for n = 1,2
were computed by semidefinite programming over two-round testers [27, 49]. The barycen-
tric bound Cyp,r was computed with a semidefinite approximation of the operator relative
entropy [44], after which the exact objective was re-evaluated at the computed channel;
for the measurement pair the problem reduces to a one-dimensional convex minimisation,
which we solved directly.

Bounds on the exponent Table 7.3 compares the achievable exponent &,p0q (best prod-
uct input found by local optlmlsatlon so a lower bound on &,qapt), the barycentric converse
Char, the new converse C and the fidelity converse —2In Ql /2. In every case C is within 4%
of half the fidelity converse. The first five pairs satisfy the hypotheses of Theorem 7.5.1, so
there {prod = Eadapt = 6’; also Cpar = C , for the first four rows by Proposition 7.4.6(a) and
Theorem 7.5.3, and for the classical row by [66]. The measurement pair (Example 7.7.1)
is its own flagged pair, so &dapt = C < Char. For the replacement pair (Example 7.7.2)
we have Cha < c , while the true exponent is the quantum Chernoff divergence of the two
states. In the remaining, generic cases Cha, is between 2% and 18% below C.

Example 7.7.1. Let ey = (cos 92 ,sin 9“) with 0 = (0, %, 7;, 9%) The weights w > 0 with
> weeee; = 1 form a segment; let a and b be its points at 10% and 90% of its length,
~ (0.9164, 0.0520, 0.4678,0.5638) and b ~ (0.5638, 0.4678,0.0520,0.9164), and let ®, ¥ be

the measurement channels with POVM elements agesej and bege;.

Example 7.7.2. The replacement channels ® = tr(-) ¢, ¥ = tr(-) ¢ with ¢ = 1(1+0.92)
and 1 = (14 0.9 X).

Exact optimality at finite n Theorem 7.5.3 predicts that the exact adaptive optimum,
the error of the Choi product strategy and the dynamic-programming value of Corol-
lary 7.3.2 coincide. Table 7.4 confirms this for a depolarising pair, an SU(2)-covariant
spin-1 pair (two levels), and a random-unitary qutrit pair built from {1, 7, X D1, X2Ds}
with random diagonal Dy, Do (four levels). The dynamic program and the Choi strategy
agree to ten digits also for n = 3.

The finite-n bound in general For pairs outside the scope of Theorem 7.5.3, Table 7.5
compares the dynamic-programming bound with the exact optimum (where computable),
with the explicit bound of Theorem 7.4.1, and with the previous finite-n bound %(1 —

/11— @12}12), which follows from the Fuchs—van de Graaf inequality and the chain rule for
the geometric fidelity. The second pair has Kraus ranks 2 and 3, hence infinite Thompson
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pair Eprod Char c (new) —21In @1 /2 exact
depolarising p = 0.1 vs 0.3 0.02383 0.02383 0.02383 0.04738 Thm. 7.5.3
Pauli (.7,.1,.1,.1) vs (.6,.2,.1,.1) 0.01058 0.01058 0.01058  0.02112  Thm. 7.5.3

SU(2), spin 1, (.8,.15,.05) vs (.6,.3,.1) 0.02467 0.02467 0.02467 0.04928  Thm. 7.5.3
SU(2), spin 1, (.5,.3,.2) vs (.2,.5,.3)  0.05297 0.05297 0.05297 0.10580  Thm. 7.5.3

classical 2 x 2 0.03380 0.03380 0.03380  0.06726 Thm. 7.5.1
measurement pair, Ex. 7.7.1 0.19705 0.24697 0.19705  0.39410 Prop. 7.4.4
replacement pair, Ex. 7.7.2 0.33136 0.54272 0.57077 114154 & = &qc(o, )
classical-quantum, non-commuting 0.08410 0.13035 0.13280  0.26538 -
GAD y=02vs 04 (N =0.1) 0.02126 0.11388 0.13913  0.27482 -

GAD N =0.1vs 0.3 (y=0.3) 0.00862 0.03247 0.03380  0.06726 -
random full-rank #1 0.32226 0.55379 0.60249  1.19341 -
random full-rank #2 0.19256 0.34726 0.37964  0.73026 -

Table 7.3: Bounds on the adaptive Chernoff exponent: &,r0a < adapt < min{Char, CA‘} and
C < —2InQ;/- The column “exact” names the result that identifies aqapt-

pair, n exact adaptive (SDP) Choi product dynamic program
depolarising, n =1/ n =2 0.4250 / 0.3725 0.4250 / 0.3725 0.4250 / 0.3725
SU2)spinl,n=1/n=2 0.4000 / 0.3600 0.4000 / 0.3600 0.4000 / 0.3600

random-unitary qutrit, n=1/n =2 0.4000 / 0.3650 0.4000 / 0.3650 0.4000 / 0.3650

Table 7.4: Exact optimality of the Choi strategy for level-balanced pairs with orthogonal
levels.

n=1 n=2 n=>=5 n =10 n =20
random full-rank qubit pair (6 =0.341, A = 2.51)
exact adaptive (SDP) 0.2158 0.1496 - - -
dynamic program (Cor. 7.3.2)  0.1758 0.1084 2.84-1072 3.92-107% 9.66-107°
Theorem 7.4.1 2.74-1073 3.46-107* 4.04-107% 1.54-107% 2.15-107'2
fidelity bound 0.1484 0.0686  8.32-107% 2.72-107* 2.96-1077
random Kraus-rank 2 vs 3 qubit pair (dr = oo, C = 2.40, A = 0.90)
exact adaptive (SDP) 0.1213 0.0422 - - -
dynamic program (Cor. 7.3.2) 3.94-1072 3.11-107% 1.52-107% 4.63-107'2 4.29.10"%
Theorem 7.4.1 5.03-107% 2.45-107* 5.28-10"% 8.00-10"' 4.15.10"%°
fidelity bound 3.85-1072 5.88-107° 2.12-107'0 1.79.10"" 1.29.10737

Table 7.5: Lower bounds on the optimal adaptive error.

distance, two conclusive levels and C = 2.40; Theorem 7.4.1 still applies with A = 0.90.
The explicit bound has the better exponent but a large second-order term when A is large,
and the dynamic program is the practical finite-n bound. For random full-rank pair #1 of
Table 7.3, the optimal two-use adaptive error (0.1539) is strictly smaller than the optimal
two-use parallel error (0.1605), so adaptivity helps at finite n.

Local regime For a random full-rank qubit channel ®(, a second one ®1, and ®5 =
(1 —8)Py + 6Py, the ratio 6‘/(—2111 @1/2) was 0.5019, 0.5009, 0.5003, 0.5001, 0.5000 for
0 = 0.2, 0.1, 0.05, 0.02, 0.01, and 86’/((52FRLD) was 0.64, 0.76, 0.85, 0.93, 0.96, consistent
with Corollary 7.4.5(b) and an O(6) relative correction. The ratio Chyy/C was 0.963, 0.976,
0.993, 0.9997 for & = 0.2, 0.1, 0.05, 0.02, so in this example the two converses have the
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same leading term.

Continuity For 60 random pairs of full-Kraus-rank qubit channels and perturbations
(1 = n)(®,T) + n(®, V') with 1073 < 5 < 107!, the change of e~¢ was at most 0.18
times the bound of Theorem 7.6.2, and the same held for 59 pairs of splittings of one sum.
For the same kind of pair, C along the perturbations with = 1071,...,10™* was 0.230,
0.466, 0.526, 0.534 against 0.535 at the pair, in line with Theorem 7.6.4(c). The values in
Example 7.6.6 were computed from the level decomposition and the Petz quasi-entropies
directly.

7.8 Concluding remarks

We have shown that the level decomposition of a pair of channels turns every adaptive
discrimination protocol into a controlled random walk. This yields the converse C with
an explicit second-order term (Theorem 7.4.1), and the converse is attained under the
orthogonality condition of Theorem 7.5.1. Single-letter converses of this type can, however,
be infinite at pairs whose adaptive exponent is small (Theorem 7.6.5 and Corollary 7.6.10).
We conclude with some open problems.

Question 7.8.1. Is &dapt = Eproa Whenever dp(P,¥) < oo? This holds for classical
channels, for classical-quantum channels [116] and in the cases of Theorems 7.5.1 and 7.5.3.
The known separations [53, 116] have dr = oc.

Question 7.8.2. Find a single-letter converse that is at most min{Ch,,, 6’} for all pairs.
For replacement channels both exceed the true exponent {qc(¢, ), so such a converse
should see the non-commutativity of the outputs, which every common decomposition
hides (Proposition 7.4.3). By Theorem 7.6.5, a converse that is within a bounded factor of
adapt must be finite on pairs whose Choi ranges intersect trivially, and so cannot be built
only from Choi-level geometric means or from divergences that require support inclusion.

Question 7.8.3. For nearby channels, is the adaptive Chernoff exponent %F (0) + 0(6?)
for an explicitly computable Fisher information F' between the one achieved by product
inputs and Fryp? In this regime T = %1 + O(0). By Lemma 7.2.4 the product input at o
attains — Inming Qs(0) whenever [T, G,] = 0, so one expects the gap between &,,0q4 and C
to be controlled by this commutator.

Question 7.8.4. Prove a Hoeffding converse for general pairs. The walk structure applies,
but s — min,InQ,(p) need not be convex, so the natural candidate involves its convex
envelope.

Question 7.8.5. Does Theorem 7.6.5 hold near every pair of channels with dim ker J(® +
U) > 1and C < 00, that is, are there always nearby channel pairs with trivially intersecting
Choi ranges and bounded adaptive exponent? Theorem 7.6.4(c) excludes such jumps when
J(® + V) is invertible, and Theorem 4.12.4(c) provides completely positive approximants.
For the geometric fidelity @1 /2, which Chapter 4 writes F , that chapter gives channel-valued
approximants in two cases: at a diagonal pair (®, ®) with J(®) singular, output rotations of
® make the fidelity jump (Theorem 4.12.9 and Corollary 4.12.10), and within the amplitude-
damping family it vanishes for v/ # ~ (Example 4.12.8; compare Proposition 7.6.8(b)),
although these Choi ranges intersect nontrivially. The question is restated, together with
the related questions of Chapter 4, in Section 9.2.
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Question 7.8.6. Extend the level decomposition to normal channels between von Neu-
mann algebras and to bosonic channels with energy constraints. Adaptive quantum illumi-

nation is listed as open in [97].



Chapter 8

Noisy gates: proofs and further
results

Summary. This chapter contains the proofs of the results stated in Chapter 1 and
the further results behind them: closed forms for Pauli channels, including biased
noise and correlated miscalibrations, the amplitude-damping analysis, the local and
finite-miscalibration comparisons of the converses with the adaptive Stein and Chernoff
exponents, the certification bounds, the numerical methods, and the refinements of
results of Chapters 4, 5 and 7 that these proofs need.

This chapter is the companion of Chapter 1, which states the results and their physical
meaning; here we prove them. It contains the proofs of the statements made in Sections 1.2—
1.7 of Chapter 1, closed-form expressions for Pauli channels, the amplitude-damping analy-
sis, the certification bounds and the numerical methods. It keeps the notation of Chapter 1,
which Section 8.1 recalls, and the theorems, equations, figures and tables of that chapter
are cited by their numbers there, which begin with 1. Results proved in Chapters 4, 5
and 7 are used by reference; Section 8.15 collects the refinements of those results that are
needed here, together with pointers to the rest. Statements labelled as conjectures are not
claimed to be proved.

8.1 Notation and conventions

Channels ®, ¥ map operators on & (dimX = dx) to operators on Y (dim) = dy).
The unnormalized Choi matrix is J(®) = >2,; ®(|#)(j|) ® [)(j|, with output first, so that
Tr J(®) = dx and Try J(®) = 1 for a channel. The Choi floor is A(®) = Apin(J(®)), and
X = \/dx is the floor of the Choi state .J/dx. The diamond norm |- is unnormalized (||®—
Vo <2 for channels). We write vec(A) = 37,; Ajj|i)|5), so that J(Ada) = vec(A) vec(A)f
with Ada(p) = ApAT.

For positive definite A, B and s € [0,1], A#sB = AY2(A"1/2BA~1/2)sA1/? is the
weighted Kubo—Ando geometric mean [79], extended to positive semidefinite arguments by
continuity from above, and # = #1 /5. The channel quantities are

F(®, ) = Apin Try[J(@)#T ()], Qu(P[|T) = Ain Try[J(V)#, ()],

C(®,0) = —In inf Q,, (8.1.1)
s€(0,1)
Dis(®[| W) = Amax Try [Jo/ 2 In (J3/ 275 T2/%) 737, (8.1.2)

215
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with Jp = J(®) [42, 72] (Chapters 4 and 7). The Umegaki channel divergence D(®|| V) is
the supremum over input states ¢¥px of D((id® ®)v||(id® ¥)v), and the Uhlmann channel
root fidelity Fy(®, ¥) is the minimum over inputs of ||\/wy/c||1 for the two output states.
The Thompson metric is dp (¥, ¥') = inf{t : e 'J(¥) < J(V') < et J(¥)} [120]. Fisher
informations are denoted Frrp, FBKM, Fsip and Fi for the asymptotic adaptive rate; the
Uhlmann root fidelity is Fy.

For n qubits, D,(p) = (1 —p)p + pTr(p)1/2 acts on each qubit, and a Pauli channel
is Py(p) = >0 a@QpQ with Q ranging over the d? Pauli strings (d = 2"). Local depolar-
izing noise is DE" = P, with g = (1 — 22)"~WQ(E)"Q and global depolarizing noise is
D8P (p) = (1 —p)p + pTr(p)1/d. The gate model is

N5 =PgoAdp,0Ady,  Rp(8) =e P2 (8.1.3)

with P # 1 a Pauli string of weight w, and N, 5 denotes the case P, = Dy™. For the qubit
examples we take P = Z; the choice P = X gives identical values, because the two pairs
differ by a common input and output unitary. For fixed P the Pauli strings split into d?/2
unordered pairs {@, QP}, and for each pair we put

(2Q — aqp)? sin*(9/2)

r)=1—(1+x _1/2, T) =
o 9(@) =1-(1+2) o)

arsinh v/z.
(8.1.4)

zq(6) =

T
1+

8.2 Choi matrices and the diamond norm

Lemma 8.2.1 (cf. Lemma 4.8.7). Let M be a Hermitian-preserving map.  Then
[J(M)]|oo < "ZTXH,/\/IH<> + 3| Tr J(M)| < dx||[M|lo. In particular ||J(®) — J(®')||loc <

dTXH(I) — ®@'||, for channels. Both constants are attained in every dimension: by M = id for

dx, and by id — Ady with TrV =0, or by id — D¥°°, for dx /2.

Proof. The inequalities and the cases M = id and id — Ady are Lemma 4.8.7 in Chapter 4.
For id—D°" J = |Q)(Q| —1/d has norm d—1/d, and writing D¢°" as the uniform mixture
of the d> Weyl unitaries gives ||id — D%IObHQ < 2(1 —d~2), so equality holds. O

Hence, if || ¥/ —¥||, < eand J(¥) > A1, then ||J(V")—J(V)||oc < 7 with r = dxe/(2)),
and

(1= (W) < J(W) < (L4 J(®),  dp(W,¥) <1n !

(r<1). (8.2.1)

The same holds with a Choi-state trace-norm hypothesis ||J(¥)/dx — J(¥')/dx]|1 < e,
since || X |00 < %HXHl for traceless Hermitian X.

8.3 The Choi-floor law (Theorem 1.4.1)

Proof of Eq. (1.4.2). By Eq. (8.2.1) and joint monotonicity of #s in each argument,
J(U)#:J(®) lies between [(1 F r)J(V)]#:J(®) = (1 F r)17° J(V)#sJ(®). The map
Z + AminTry Z is monotone and positively homogeneous, so (1 — r)'75Q,(®||¥) <
Qs(®[| W) < (1 4+ 7)'5Q4(®|| V). For s = % this is the statement for F', and taking the
minimum over s gives |C/(®, ') — C(®, )| < In . No property of J(®) is used. O

je=r
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Proof of the bound for Dgs in Theorem 1.4.1. Let ® be a channel and let P be the pro-
jection onto the support of Jg. Put Xy = PJl/QJ 1JI/QP, regarded as a positive definite
operator on ran P. From (1 —r)Jy < Jg < (1 + ’I“)Jq; and the operator monotonicity of
inversion, (1+7)71Jg < Jg! < (1 —7)71Jg !, hence (1+7) "' Xy < Xgr < (1 — 1) ' Xy.
The logarithm is operator monotone, so In Xy — In(1 + )P < In Xy < In Xy + In ier
Conjugating with J;)/ 2 preserves the order, and Jé/ 2PJ;,/ 2 = Jo. Taking Try, which is
positive, and using Try Jp = 1 for a channel gives

Ty —n(1+7)1<Ty <Ty+In=1, Ty =Try [Jy/>In(Xy)J3"],

and the largest eigenvalues of Ty and Ty are the BS divergences. Since Apax is monotone
and Amax (T + 1) = Apax(T) + ¢, —In(1 + 7) < Dpg(®||V’) — Dps(®||¥) < InL. For a
completely positive ® the same argument gives the bound multiplied by [|®*(1)]|c- O

Proof of the sharpness statement, Eq. (1.4.3). The upper bound dx/(4)\) follows from
Eq. (1.4.2) as ¢ — 0. For the lower bound let vy = vec(W), W unitary, be a -
eigenvector of J(¥), so ||vw]|> = d, and let ® = Ady. For B > 0 the rank-one
formula Uw’UI/V#B = va;r,V/(vW,B_le>1/2 and Try ’UWv;EV = 1 give F(Ady, V) =
(vw, J(¥') Loy )~1/2. Take any unitary W’ with TrWTW’ = 0 (it need not lie in the
floor eigenspace), M = 3(Adw — Ady~), which has [M|s = 1, and ¥, = U + eM,

a channel for small |e| because J(¥) > 0. Then JM) = %(UWUI,V - vW/v;r,V,),

d%(vw, J(\Pe)*lvw)]ezo = A2 (vw, JM)vw) = —d?/(2)2) and (v, J (V) Loy) = d/\.
2 2

Hence 3 din o= - d {i(/QA/\ ) = %. For a Pauli channel P, o Ady the vectors vec(QU)

are eigenvectors with eigenvalues dqg, so the floor eigenspace always contains such a
vw; for local noise @) has full weight, which is the correlated error mentioned after
Theorem 1.4.1. O

A numerical check in 40-digit arithmetic gives the ratio of the slope to d/(4\) as
1.0000000 (n = 1, p = 1072), 1.0000034 (n = 1, 1073), 0.9999816 (n = 2, 1072) and
0.99999995 (n = 2, 1073); a 60-digit finite difference confirms d?/(4p™) for n = 1,2,3 to
4 %1071,

Two-sided version. If both channels move, with 7; = max{[|.J(®) — J(®)[ o, [|J(¥') —

(U)]|oo} and A = min{A(®),A\(¥)}, then (1 — n;/NE(®,¥) < F(®,¥) < (1 +
ns/ )\)ﬁ(@, U), and similarly for every Kubo—Ando connection (Theorem 4.8.8 in Chap-
ter 4; Proposition 8.15.2 also allows separate floors). Since F is symmetric, Eq. (1.4.3)
shows that each of the two terms is sharp separately; whether the constant dx/(2)) is
attained when both channels move is open.

Proposition 8.3.1 (Absolute slope at a qubit gate). Let ¥ =D, 0 Ady on one qubit and
Y (p) = supg sup |d F(®,¥+ e/\/l)|e —o, over completely positive ® and trace-annihilating

M with ||[M||e = 1. Then 3\75(1 +0(1)) < X(p) < 117. The lower bound is attained by

unitary ®; the supremum over unitary ® is

2 2 . 9 9
Yunit (p) :max\/i cos” 6/p° +sin” 0/

e =2-2 \=12 8.3.1
9 4 (cos?26/B+sin?6/\)3/2’ p 2 ( )

2

with p Xunit = 0.384904 at p = 1072 and 0.384900 at p = 1073,104.

Proof. The upper bound is Eq. (1.4.2) with F < 1. For unitary ® with Choi vector
v = Vd(cosféy — isinfép) in the eigenbasis of J(¥), 4L = %Fg(u,J(./\/l)m with u =
J(¥)~ v, which is proportional to the Choi vector of a unitary. Lemma 8.2.1 bounds
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(u, J M)u) < g”uHQ, with equality for M = J(Ads — Adg). This gives Zypi; with
sin?f = y\/d and p — 0 it tends to ﬁmaxy y(141y)=3/2 = %3%/5. O
Conjecture 8.3.2. X(p) = Zinit(p), i.e., unitary ® are the worst case.

A Nelder-Mead search over Kraus-rank-four ® with the optimal direction from the
diamond-norm semidefinite program found no value above St at p = 1072 and 1073;
random starts did not converge within the budget, so this evidence is weak. One apparent
violation at p = 1072 (pX = 5.34, above the proved bound 1) was an artifact of double-
precision finite differences near a nearly singular J(®); recomputed in 80-digit arithmetic
it is 0.3846.

Stein exponent. By Corollary 5.7.5 in Chapter 5, if J(¥) is invertible with condition
number £(¥), then {(®||¥) < In(dx/A(¥)) and, for all &’ and all ¥’ with the same Choi
support,

/

€
1+¢

(@[ @) —¢(@'][ )] < 26 ndy+(14+€)h( - )+ nk(V)+dr(¥, V), € = 3[o-d'|,
(8.3.2)
where h is the binary entropy (natural logarithms). The proof there combines Winter’s
continuity bound for the conditional entropy [129] with a cancellation of the reference
marginal, and the Thompson-metric Lipschitz property of all regularized quantities in the

second argument. With Eq. (8.2.1), dp(¥, V) <In .

8.4 Closed forms for Pauli channels

Theorem 8.4.1 (Pauli-block closed forms). Let N be as in Eq. (8.1.3) with all gg > 0,
and let 6g = 2arsinh \/zg. Then Try of J(N5)#sJ(No) and of the Belavkin-Staszewski
operator is a multiple of the identity, and, with sums over the d*/2 pairs {Q, QP},

(N3, No) =Y (4 + aqr)(1 + 2q) /2,

pairs

cosh((s — %)HQ)

Qs = ;}S(QQ teor) = go 0 C=—hf (8.4.1)
Dps(N5||No) = Des(NollNs) =2 ) (g + aop) #(2q), (8.4.2)
pairs
D(N5||Ng) = sin? gI;;s(qQ —qopr)In quCiD,
Fy(Ns, No) = Z \/(qQ + qopr)? — (9g — qop)? sin? % (8.4.3)
pairs

For D and Fy the mazimally entangled input is optimal.

Proof sketch. (i) Blocks. vec(QRp(0)U) = (1 ® UT)[cosgvecQ - isin%vec(QP)],
so in the orthonormal basis {vec(Q)/vd}, after the unitary 1 ® U7,
J(N5) = Dpairs d Rdiag(qq, qop)R! with R the 2 x 2 rotation exp(—iSo,). Ev-
ery two-variable functional calculus of the two Choi matrices is block diagonal in
the same way. (ii) Partial trace. Conjugating by diag(1l,7) makes both blocks real,
so each block of any such function has a purely imaginary off-diagonal entry; since
Try | vec A)(vec B| = (BYA)T, the off-diagonal contributions 2Re(m12)P”/d vanish and
Try is proportional to 1. (iii) 2 x 2 identities. For A = diag(a,b) and B = RAR', which
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share trace T and determinant, K = B Y24AB~Y2 has eigenvalues e=?, and one finds
Tr(B#sA) = T cosh((s — 3)0)/ cosh § and Dpg(A||B) = T@tanh §, with sinh § = \/z. The
minimum over s is at s = % in every block The Umegaki and Uhlmann expressions follow
from the qubit formulas for commuting spectra. (iv) Input optimality. Both channels are
covariant under conjugation by the Paulis commuting with P and under one antiunitary
symmetry (complex conjugation, possibly composed with a Pauli anticommuting with
P). Averaging any input over the generated group, with a classical flag, does not change
the value of a divergence that satisfies data processing, is invariant under unitaries and
complex conjugation, and is additive over flagged blocks; the averaged input marginal is
1/d, whose purification is maximally entangled.

O

All closed forms were compared with direct matrix computations for n = 1, 2, random
U and local and global noise, in 40-digit arithmetic; the largest deviation was 3 x 1073%.

8.5 The multi-qubit window

Theorem 8.5.1 (Window law). Let Nj 5 = Dy™ o Adp,(5) o Ady with wtP = w.

(a) )\(DI(?” o Ady) = (p/2)"™ for every unitary V'; the eigenspace is spanned by vec(QV)
with wt@Q = n, and Apax = d(1 — %Tp)”. For global noise, A = p/d.

(b) With ky = [(4 — 3p)/p]* and xp = (kyw — 1)?sin%(6/2)/(4kw),

(1-2)"g(zp) < 1— F(N5,Npo) < glap),

! (8.5.1)
2(1 = 22)"p(xp) < Dps(NpslNpo) < 2¢(zp).

(¢) Let 8y =inf{§:1—F>n}, a,=(1—-n)"2~1and z, =g ' (n/(1 - i—p)”). Then

2, [FwT 2\//%55/ w/2
2 arcsin # < 0, < 2arcsin 7_”, oy = 4\/zy (2) [1 4 O(np)].
Ky — 1 Ky — 1 4

(8.5.2)

(d) At ¥ = D®” o AdU the worst-case log-modulus of Theorem 1.4.1, over the other
argument, is 4)\ = 1(4/p)".

(e) For global noise 6, ~ 4,/T,p/d. For every n, D(N,;||Npo) < win p3p sin?$ and
1 — Fy(Np,s, Npo) < sin? 3.

Proof. (a) J(Dp) = (1—p)|2){(Q| + 514 has spectrum {2 — 2 5L 8
output unitaries give the rest. (b) In Theorem 8.4.1, qop/qq = Ky " with |k| < w, and =
is increasing in |In(ggp/qq)|, so g < zp, attained by the pair {1, P}. Since the weights
qQ + qop sum to one and g, ¢ are increasing, 1 — F= >-(g0+q0r)9(zq) < g(zp), and the
lower bound keeps only the pair {1, P}, whose weight is at least (1 — 22 17)". (c) Invert g. (d)
Theorem 1.4.1 with W = PU for wtP = n. (e) Theorem 8.4.1 with \ln(q/q ) < wln = 3”

and Y |q — ¢/| < 1; for Uhlmann, V/s2 — A%t > s — A%t/s. -

} tensor products and

Table 8.1 compares Theorem 8.5.1(c) with exact evaluations. The window &1 was
found by bisection in 50-digit arithmetic, from the exact 2 x 2 block reduction, which was
checked against brute-force 16 x 16 and 64 x 64 geometric means (including CNOT and
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Table 8.1: Window &g 1 at which £ (Np.s, Npo) = 0.9, divided by p*/2, for local depolarizing
noise and a miscalibration of weight w = n. The predicted limit is 1.9373 - 27%. Slopes are
fitted to In 8g.1 against Inp for p < 1073,

generator p=10"1 1072 1073 107° limit slope

Z (n=1) 1.0719  0.9780 0.9696 0.9687 0.96864 0.50019
Z®Z (n=2) 05734 0.4923 0.4851 0.4843 0.48432 1.00031
Z93 (n = 3) 0.3120  0.2482 0.2428 0.2422 0.24216 1.50047

Toffoli as U) to 1073%. All 32 local values lie inside the two-sided bounds of (c), and all 16
global values agree with the prediction to 7 x 1077, With = 0.1, 4,/z; = 1.9373.

A weight-one error on two qubits (Z ® 1) has exactly the window of Z on one qubit
(the second factor sums out in Theorem 8.4.1), o1 = 0.9696,/p at p = 1073 and 0.9686.,/p
as p — 0; global depolarizing noise gives dg.1/,/p — 0.4843 (n = 2) and 0.2422 (n = 3), as
predicted by 1.9373/d.

8.6 The monotone-metric hierarchy

Symmetric monotone metrics on full-rank states correspond to operator monotone f :
(0,00) — (0,00) with f(t) = ¢tf(1/t) and f(1) = 1 [104]. For p = ¥, pilei)(e;| and a
Hermitian tangent A, F7/(p; A) = >ij |Aijcr(piy pj) with cp(p,v) = 1/(vf(p/v)). The
extremes are the RLD metric (f(¢t) = 2t/(1 +t)) and the SLD metric (f(t) = (1 +t)/2);
BKM is f(t) = (t —1)/Int.

Proposition 8.6.1. Let p > 0, A= A, Tr A =0 and p; = p + tA.

(i) FSUP < pf < FRED — Ty Ap=1 A,

(i) Ast—0: 1= Te(pgp,) = ZFRD £ O(8%), Dos(pillp) = S FR 4+ O(), D(pillp) =
t2 mBKM 3 _ t2 ~SLD 3
EFPM 4 O(#) and 1~ |y/py/aill = §FSP + O().

2

In v
(iii) For 0 < v < p: crip(p,v) = ’;:V, cgrM (i, v) = li’i/y), esto(p,v) = - In

general ¢p(p,v) = 1/(uf(v/p)) stays bounded as v — 0 if and only if f(07) > 0.

() cf(p, ) = 1/p for every f: incoherent perturbations do not separate the metrics.

(v) For a trace-preserving family Ny with J(NG) > 0, 1 — E(N, Np) = %FRLD + O(t3)
and Dgs(N¢||No) = %FRLD—l—O(t?)), with FRLD = Mmax Try(on_lj) the channel RLD
Fisher information [71].

Proof sketch. (i) is Ref. [104] with the Kubo-Ando bounds f—jt < f(t) < Ht. For (ii)
put K = p~Y24p=Y? and expand h(1 + tK) inside Tr p/?(-)p'/?, with h = /- for # and
h(z) = zInx for BS [61]; Tr p'/2K2p'/? = Tr Ap~ ' A. For Umegaki the second derivative is
JoZ Tr A(p+ )"t A(p+ s)"ds, and the Uhlmann case is the Bures-SLD relation [24]. (iii)
and (iv) are algebra. (v) applies (ii) inside the partial trace; the first-order term vanishes

by trace preservation, and Weyl’s inequality gives the extremal eigenvalues. O

For the qubit family (n = 1, P = Z) Theorem 8.4.1 gives exact expressions for all ¢,
with x = 4(1 — p)?sin?(6/2)/[p(4 — 3p)):
F=5+01-5(1+2)""? Dps=(2-ppx),

(2 -
D=(1- p)81n25ln4 3p, Fy —p+\/ g — (1 —p)?sin? 3.

(8.6.1)
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Figure 8.1: Exact Fisher informations per use at the depolarized qubit gate: Frrp, which
governs Dpg and F and grows as 1/p; the asymptotic adaptive rate Fi, of Zhou and
Jiang, which grows as 2/(3p); Fpkm, which governs the Umegaki divergence and grows as
%ln(4 /p); and Fsrp, which governs the Uhlmann fidelity and stays close to one.

Their second-order coeﬂicients give the entries of Table 1.1, with Frip = 2(1 — p)?(2 —
p)/[p(4=3p)], Fekm = 3(1—p) In *=2 and Fsup = 2(1—p)?/(2—p). For n qubits, Frrp =
%Zpairs(q + q/)(q —q ) /(qq )7 FBKM = %Zpairs(q - q,) ln(Q/q/) and Fsip = Zpairs(q -
¢)?/(q+¢"). These identities were checked symbolically and against 4 x4 matrix evaluations
at § = 10712 to relative accuracy 2 x 10721, Figure 8.1 shows the four Fisher informations
as functions of p.

8.7 Amplitude damping

Let A, have Kraus operators Ko = [0)(0] + /T —~v|1)(1] and K; = /¥]|0)(1|, and write
Lo, Ly for those of A,,. Proofs of the general statements used here are in Example 4.12.8,
Section 7.6.1 and Section 8.15.

Infinite converses. For v # ~' in (0,1], ranJ(A,) NranJ(A,) = span{vec|0)(1|} (the
inclusion C, which is all that is used, holds for all v # «/ in [0, 1]; Example 4.12.8), and
the level decomposition of the pair (Proposition 7.6.8) has conclusive levels Ky - K| ! and
Lo - LJr and a single ambiguous level with operator S, = (v +7 1) (1]. Every B entering
C is a multiple of |1)(1], hence singular, so Q, = 0 for all s € (0,1); hence C' = 400, and
F=0Q, /2 = 0 gives —21In F = 400. For the barycentric converse [66], a channel T with both
BS divergences finite would need ranJ(7) C span{vec|0)(1|}, forcing 7*(1) o |1)(1] # 1,
80 Char = +00. The common kernel vector is |0), on which the two channels act identically.

Program-simulation converse. For channels with Kraus operators (Kj) and (L;), padded
to a common length m, let

(@, W) = max {|e : Y CuLiKy =1, [Clle <1}, (8.7.1)
k,l

a semidefinite program independent of the Kraus representations. By Theorem 7.6.9 in
Chapter 7, (a) ps is the largest overlap of pure program states from which a single channel
L simulates both channels, (b) every adaptive strategy with n uses has error probability
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Table 8.2: Exponents for A, /; against .A,/. The product-input value is a lower bound on ¢;
—21In py is a proved upper bound and —21n f a conjectured one. The single-letter converses
C, —2In F' and C},, are infinite in every row.

/

vy product input |[1) —2In f (conjectured) —2In p, (proved)

0.40 5.077 x 1073 1.015 x 1072 2.252 x 102
0.47 4.506 x 10~* 9.012 x 104 1.858 x 1073
0.49 5.001 x 10~ 1.000 x 10~4 2.020 x 1074

at least 2(1 — /1 —p27) > 1u2" so £(®,¥) < —2Inpu,, and (c) no simulation by mixed
programs gives a converse below — In u,.. The proof of (b) replaces each use of the unknown
channel by £ acting on a fresh program copy, as in the programmable simulations of
Refs. [106, 107]. For amplitude damping the constraint forces C' to be diagonal with
Coo = cand Cy1 = ¢(1 —a)/v/7Y, a = /(1 —7)(1 —+'), which gives p. = V7' /(1 — a)
[Corollary 7.6.10]. The product input |1) produces the commuting outputs diag(y,1 — )
and diag(y/,1 — v/), whose classical Chernoff information is a lower bound on §. With
A=vy—7,
A? A?

- < =

8v(1 =) T 4y(1—9)
The two bounds differ by the factor 2/, and simulation arguments cannot close the gap:
by Theorem 7.6.9(c), every program gives at least — In p,, which exceeds the product-input
value by 1/ to leading order.

+O(A%) <€A, Ay) +0(A%). (8.7.2)

Conjecture (Conjecture 7.6.13). For every adaptive n-use strategy, the fidelity of the two

final states is at least f** with f = /47 + /(1 —7)([1 —7'). Consequently (A, Ay) <
—2In f = A= + O(A%).

An exact semidefinite program (Uhlmann’s theorem [122] plus a minimax over n-
combs) returns f" for the minimal root fidelity to within 1078 for n < 4, v = % and
v € {0.05,0.2,0.4,0.47,0.49}. The conjecture cannot be proved by amortization: for one
pair of different qubit—qubit input states the one-step fidelity ratio is 0.948315 < f( %, %)
0.948683 (40-digit check). The adaptive Fisher information for estimating v is at most
n/(v(1—+)) [30], which the product input attains (Remark 7.6.12); this suggests, but does
not prove, that £ equals the product-input lower bound to leading order. Table 8.2 lists the
values plotted in Fig. 1.2(a). Discrimination of amplitude-damping channels with finitely
many uses is analyzed in Ref. [114].

For replacement channels ® = Tr(-)¢, ¥ = Tr(-)¢ one has pu, = Fy(,), the root
fidelity [see the discussion after Theorem 7.6.9], so min{C, Cyar, —2In 1.} is a single-letter
converse that does not jump at the pairs of Fig. 1.2(b). That example is defined after
Theorem 8.15.6; there ||®; — ®||o = 24/t/(1+1t), and £ = 2In[(1 +¢)/(1 — )] = —21n p.
exactly, so the program-simulation converse is tight. Numerically, this value agrees with an
independently computed quantum Chernoff bound [11] to 1.5 x 1078, and —21n Fyy (¢, 1¢)
with 21In[(1+¢)/(1 —t)] to 10710, while ' < 6 x 1076 in double precision and < 8 x 10~ 1!
from the semidefinite program.

8.8 The local Stein exponent

Proposition 8.8.1. For the qubit pair (Nps,Npo), liminfs,o(/0° > Fx/2 and
lim sups_,o DBs/¢ < Frip/Foo = (2 —p)(3 —2p)/(4 — 3p) < 3/2 for every p € (0,1).
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Table 8.3: Asymptotic adaptive Fisher information F, and the RLD information Frrp at
the depolarized qubit gate, and the resulting bound on lim sups_,, Dps/¢.

P pF pFrip  Frip/Fsx pFsx/2 (bound on p¢/d6?)
1071 0.578571 0.831892 1.43784 0.289286
1072 0.657785 0.982569 1.49375 0.328893
1073 0.665778 0.998251 1.49938 0.332889
1074 0.666578 0.999825 1.49994 0.333289

Proof. Fix k and a parallel k-use strategy with an ancilla and input p. Its outputs pi
have support supp(pr) ® Y®F for all §, because J(N,;s) > £1 (by the Choi sandwich
(id ®@ ¥)(0) > Amin(J(¥))or ® 1 of Lemma 5.7.3), and they are analytic in 4. Proposi-
tion 8.6.1(ii) gives D(p}||lpY) = %FBKM(pk) + 0(6%), and FBEM > FSLD - Gince (¢ is the
regularized (equivalently amortized) channel relative entropy [41, 125], ¢ > £D(pj| %)
Hence liminfs_,o (/8% > supy, FPYP/(2k) > Fi\/2, where FPEP is the optimal k-use quan-
tum Fisher information and F, = limj, FP™P/k [131]. The upper side is ( < Dpg =
%FRLD + O(6*/p?). Finally (2 — p)(3 — 2p) < 3(4 — 3p) is equivalent to p < 2. O

Value of Fs. With Kraus operators Ko = /1 —3p/41 and K; = +/p/40j, and

generator Z/2, the span of {K;r K;} is all Hermitian matrices, so the Hamiltonian-not-
in-Kraus-span condition fails and the scaling is linear [31, 131]. The asymptotic rate is
Foo = 4miny, g =0 [|(h)||oc with o = (K —ihK)1(K —ihK) and 8 = iKT(K —ihK) [131].
We evaluated a feasible h (upper bound) and the minimax dual with py = 1/2 (lower
bound) in 50-digit arithmetic; they agree to a relative gap below 2 x 10747 and with

2(1 —p)?
p(3—2p)’

which is the closed form of Ref. [131, Sec. VII.A] for Pauli noise with p, = p, = p, = p/4.
A double-precision interior-point solution agrees to 3 x 10™°. Table 8.3 lists values.

2 8
Foo = PFo =% — gp + 0>, (8.8.1)

Conjecture (Conjecture 1.6.2, restated). lims_o Dps/¢ = Frip/Feo, S0 that the ratio
tends to 3/2 as p — 0.

The conjecture holds if the local coefficient of ¢ is the SLD rate F/2. A priori it is
governed by a relative-entropy (BKM-type) rate, which is at least the SLD rate. For the
explicit strategies we evaluated, the BKM rate of a strategy strictly exceeds its own SLD
rate, where by the rate of a k-use strategy we mean its Fisher information per use, Fy/k,
which is twice the coefficient of §2 in the corresponding divergence per use. For example,
the sequential strategy with maximally entangled input has px (SLD rate) = 0.2334 but
px(BKM rate) = 0.2992, i.e., a relative-entropy coefficient pDy/(ké?) — 0.1496. So the
limit could lie strictly below Frip/Fio; all that is established is the bracket [1, FRup/Fiol-
Earlier sequential-strategy bounds, which gave Dpg/¢ < 3.34 4 o(1), are superseded by
Proposition 8.8.1.

8.9 First-order fragility: task versus bound

Theorem 1.4.1 concerns a first-order modulus: the change of a quantity per unit diamond-
norm error in the reference channel. This section shows that the adaptive exponents obey
the same law as the converses, and that they attain it at the worst case of Theorem 1.4.1.
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The second-order curvature at the pair (N 5,N,) is a different question; the Chernoff side
of it is treated in Sec. 8.10.

Conventions. In ((®||¥) the channel ® is the null hypothesis and ¥ the alternative.
The type-1 error is that of rejecting ®, and ( < Dpg(®||¥). Theorem 1.4.1 perturbs the
alternative W. For a function ¢ of the reference channel we define the first-order modulus

g(¥') — q(¥)]

Mody(¥) = limsup  sup ——————, (8.9.1)
=0 [|¥—Tflo<e €

so that Eq. (1.4.3) reads supg Mod ), pg (%) = 1/(2X). We write Diax(®[¥) =
Inmin{t : J(®) < tJ(V)}. When J(®) is singular, J(V)#oJ(P) = J(¥) by continuity
from above, which is why C is defined with the infimum over s € (0,1); for the rank-one
pairs below the infimum is approached as s — 0.

Lemma 8.9.1 (CP domination). Suppose ¥ — c¢® is completely positive for some ¢ > 0.

Then the final states of every n-use adaptive strateqy satisfy ng) > c"pgl). For every

test T with oy, = Tr(1 — T)ng) and B, = TergL) it follows that B, > c"(1 — ay,) and
an + B,) > Le™. In particular ((P||¥) < Dyax(®||¥) and £(®,¥) < Dipax (P V).

Proof. The final state is a composition of completely positive maps, each use of the channel
contributing a factor ¥ ® id. Writing ¥ = ¢® + (U — ¢®) in every slot and expanding,

all 2™ terms are positive semidefinite, and one of them is c”pfbn). The best constant is

¢ = e~ Pmax(®[¥) ]

Proposition 8.9.2 (Thompson-Lipschitz property). Let ®, ¥, ¥’ be channels with J(¥) >
0. Each of {(®|-), £(®,-), Dps(®|-), C(®,-), —2In F(®,-), D(®|-) and —21In Fy(®,-)
changes by at most dp (¥, V") when ¥ is replaced by ¥'. By Eq. (8.2.1), each has Mod <
1/(2A(1)).

Proof. Let t = dp (¥, ¥').

Operational exponents. For ( this is Theorem 5.7.2 in Chapter 5; the following argument
also covers £. Since W — U’ is completely positive, the expansion in Lemma 8.9.1 gives
ng,) < e”tpgl ) for the same strategy. Hence 3, and the Bayes error grow by at most ¢, so
(@ 9") > ((®||W) — ¢ and (P, V') > (P, V) — t. Exchanging ¥ and ¥’ gives the other
direction.

The BS divergence. From J(¥')~1 > e~'J(¥)~! and operator monotonicity of In
on the support of Jé,/ZqulJé/z, which equals the support of Jg, we get Jé/z ln(‘)J;,/2 >
(same at ¥) — tJgp. Moreover Try Jgp = 1.

The remaining quantities. C and F follow as in the proof of Theorem 1.4.1. D and Fy
follow from monotonicity of In and of the fidelity in each argument. O

Thus every quantity considered, operational or not, is 1-Lipschitz in the relative
(Thompson) error. The factor 1/ arises only when a diamond-norm error is converted
into a relative one, through Lemma 8.2.1.

Proposition 8.9.3 (The worst case of Theorem 1.4.1 is genuinely fragile). Let dx = dy =
d and let ¥ be a channel with J(¥) > 0. Let W be unitary with J(¥)vw = pow for
vw = vec W, and put ji = p/d, dw = vw/Vd and o = J(¥)/d.

(a) The exponents, converses and comparison quantities all coincide:
C(Adw||¥) = £(Adw, V) = D(Adw ||¥) = Des(Adw [|¥)
= C(Ady, ¥) = —2In F(Adyy, ) = —21In Fy(Ady, ¥) = In(1/4).
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(b) Let M be Hermitian preserving and trace annihilating. Along ¥+ eM, each quantity
in (a) is differentiable at e = 0 with the common derivative — {0y, J(M)ow)/p. Each
is in fact Fréchet differentiable at V.

(¢) Each quantity in (a) has Mod = 1/(2fi), attained by M = (Adw — Ady~) with
Tr VVNTW’ = 0. If p = XNW¥), as at the worst case of Theorem 1.4.1, this equals
1/(2X), the bound of Proposition 8.9.2.

(d) For ¥ = PyoAdy and W = QU , statement (a) holds at every Pauli channel Py o Ady
with fi = qg. Along the direction in (c), every quantity equals In[1/(qq +e/2)] ezactly.

Proof. (a) Upper bound. J(V)—c UWUIJEV > 0 holds if and only if ¢ < 1/{vw, J(¥) " Loy) = fi.
Lemma 8.9.1 with ¢ = i then gives (,& <1In(1/f).

Lower bound. Use the maximally entangled input and the test {ﬁW@;r,V, 1- f;Wﬁ;r,V},
accepting Ady only if all n outcomes are Oy . This gives oy, = 0 and 3, = (0w, o0 )" =
o', For a Pauli channel the test is the Bell measurement in the known frame.

Converses. For rank-one Jgp = Uw’UI/V and any J > 0 we have J;,/Q ln(Jé/QJfljé/Q)J;)/z =

ln(vW,J_le>va}:V and J#SUWUIT/V = (vW,J_le)S_lev;EV for s € (0,1]. Moreover

Try UWUIT/V = 1. Hence Dps = C = —2InF = Dyax = In(vy, J lvy ), which equals
In(1/7).
Umegaki and Uhlmann. In(1/g) = —(dw,Inodw) < D < Dpax. Also g < F% <

(0w, 00w ) = fi, where the first inequality is domination and the second uses the maximally
entangled input.

(b) Put u(e) = In(dw, o, tow), ¢1(e) = —(dw,Ino. ty) and la(e) = — In(dyw, oeipw).
The arguments of (a) hold at every ¥., and give /1 < D,{ <wu and ¢y < ¢,—2In Fy < w.
The first four quantities of (a) are equal to u for all e. The three bounding functions are
smooth and coincide at e = 0. Because 0y is an eigenvector of o, their derivatives also
coincide there and equal —(dy, J(M)ow)/(di).

(c) By Lemma 8.2.1, |[(dw, J(M)dw)| < 3||M||o. For the stated M the left side equals
d/2 and ||M], = 1.

(d) The vector vec(QU) is an eigenvector of J(Py o Ady) with eigenvalue dgp,. O

Remark 8.9.4. At this worst case the Umegaki divergence and the Uhlmann fidelity also
equal In(1/)) and move at the rate 1/(2)). The worst direction changes a floor eigenvalue,
and by Proposition 8.6.1(iv) such incoherent perturbations do not separate the metrics.
The hierarchy RLD (~ 1/X), BKM (~ In(1/X)) and SLD (O(1)) is therefore a statement
about second-order curvature under coherent errors. It does not hold per unit of diamond
distance.

For a general unitary ® = Ady the same arguments give a sandwich:

—In(by, o0w) <€ << Dpg=C=—-2mF =In(ow,o ‘ow), > —(bw,Inoiy).
(8.9.2)
By Jensen’s inequality, its two ends coincide if and only if 0y is an eigenvector of o.

Lemma 8.9.5 (Tight converses pass on their sensitivity). Let f < g near ¥, with J(¥) > 0
and f(¥) = g(¥), and let g be Fréchet differentiable at ¥. Then Mody(¥) > Mody(¥). If
g is only directionally differentiable, then Mod; > SUP|| Al o=1 max{0, —¢'(¥; M)}.

Proof. Choose M with || M|, = 1 along which ¢ decreases, ¢'(¥; M) = —c < 0. Then
F(U+eM) <g(¥+eM)=f(¥)—ce+o(e),so|f(T+eM)— f(¥)] > ce—oe). O
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Applied with f € {(, &} and g a converse, the lemma shows two things. First, wherever
a converse is tight, the exponent is at least as sensitive at first order as the converse.
Second, by Proposition 8.9.2, the exponent is never more sensitive than 1/ (25\) A first-order
spurious gap can therefore occur only at pairs where the converse already overestimates
the exponent, that is, at pairs that are spurious at zeroth order.
Proposition 8.9.6 (Pauli-diagonal pairs). Let ® = P, o Ady and ¥ = Py o Ady with all

A

b > 0. Then ((B]¥) = D(B]|¥) = Dys(@|¥) = g ag In(ag/bg), (@, ¥) = C(®, W) =
—Ininfye01) 20 aszég_s, and F = "0 \/agbg-

Proof. Achievability. The Bell measurement in the known frame produces i.i.d. samples of
a or of b, to which the classical Stein and Chernoff theorems apply.

Converse. As in the proof of Proposition 8.13.3(a), the final state of any strategy is
A(a®™) or A(b®™) for a channel A independent of the rates. Any test therefore pulls back
to a test between i.i.d. classical sources.

Values of the converses. The two Choi matrices commute, and Try of each projector
onto vec(QU) is 1. O

On this class the single-letter converses are exact, so their sensitivity along Pauli direc-
tions belongs to the task at every order. The pair (N, s5,N},) is not in this class, because
the miscalibration is coherent.

Proposition 8.9.7 (A first-order spurious gap). Take preparation channels (dx =
so A = X\ and the diamond norm is the trace norm). Let o = diag(l — \,\) and ¢ =

V1—yA|0) +VyA|1) withO0 <y < 1/A.

(a) The converses are Dgg = C' = —2In F' = In[(1 — y\)/(1 — \) + y], which tends to
In(1+y).

[u—y
~

(b) The exponents are ¢ = —(1—yA) In(1—=X)—yAIn X and & = —In[(1—y\)(1—N)+y\?].

(c) The first-order moduli are

Y
Modons = gy O 5.9

Mod¢ = 5|1 —y[+O(AIn®5) (y#1),  Mode = 5 +O(N),

and at y =1, Mod¢ = /A(1 — A)In[(1 — X)/A]/(1 —2X).

Proof. Exponents. The quantum Stein lemma gives ( = D(¢||o). For pure ¢ the quantity
(¢, 0'®) is minimized over t € [0,1] at t = 1, which gives &.

Moduli. For traceless M with M|y <1, sup | Tr MH| = $[Amax(H) — Amin(H)]. The
derivative operators are H = vo' /{¢,071¢) with v = 0~ 1¢ for the converse, the Hadamard
product of ¢p¢! with the divided differences of In for D, and ¢¢'/(¢, o) for €. O

The ratio Modp,s/Mod, is of order 1/A; at y = 1 the two moduli are 1/(4\) and
roughly v Aln(1/)\). The values already differ at zeroth order, as Lemma 8.9.5 requires.
For replacement channels on a qubit, every adaptive strategy outputs A(¢®™) or A(c’®"),
so the same moduli hold along replacement directions.

The slope mazimizer of Proposition 8.3.1. Let ® = Adg, gy and ¥ = D), o Ady with
sin?(0/2) = p/2, the unitary that maximizes the absolute slope of . Here F' — 1//3, and
all converses equal In[(1 — p/2)/(1 — 3p/4) + 2] — In3. Table 8.4 brackets (. The lower
bound comes from sequential strategies with maximally entangled input. The upper bound
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Table 8.4: Converse and Stein exponent at the slope maximizer of Proposition 8.3.1. The
integer k is the number of sequential uses in the best lower-bound strategy. Us is Eq. (8.3.2)
at the base pair (Ady, ¥), where ¢ = —In(1 — 3p/4) by Proposition 8.9.3.

P Dps = —2In F ¢ > (k) ¢<D# (1/a) (<Us ratio> ratio <
102 1.09945 0.17298 (14)  0.48014 (11/16) 0.78916  2.29 6.36
10-3 1.09870 0.071789 (46)  0.22020 (3/4)  0.32478  4.99 15.3

1074 1.09862 0.028417 (151)  0.091412 (3/4) 0.12692 12.0 38.7

is the one-copy divergence D of Ref. [43], re-checked and rescaled in 40-digit arithmetic.
The converse overshoots ¢ by a certified factor that grows as p decreases. The absolute
slope 0.3849/p of Proposition 8.3.1 is therefore a slope of the converse at a pair where the
converse is already spurious. The first-order modulus of ¢ at this pair is not determined.

Numerical checks. All entries below were computed from direct 4 x 4 and 16 x 16
matrices in 40-digit arithmetic, without using the closed forms.

e Proposition 8.9.3(a). Cases: depolarizing noise with p = 1072,1073,10~%; a biased
Pauli channel (¢z = 1073, ¢x = qy = 107°) with W chosen both on and off the floor;
and two qubits with U = CNOT and W = (Z ® X)U. In every case —21In F, Dgg,
Dinax, the Umegaki divergence at maximally entangled input, the Bell-test exponent
and —21In Fyy equal In(1/qw) to 1072* or better. C agrees to 107'2, because its
infimum is approached only as s — 0.

o Proposition 8.9.3(b). In the direction of Theorem 1.4.1 and in three random directions
per case, the derivatives of u, Dpg, ¢; and ¢y agree with — {0y, J(M)ow)/p to 3 X
10716, In that direction the slope times 2qy is 1.

o Proposition 8.9.2. Over eight random pairs, the largest ratio |Mg|/drp is 0.74.
« Proposition 8.9.6. The deviations are at most 2 x 10740 (Dgg) and 3 x 10716 (Q,).
e Proposition 8.9.7. The moduli agree with finite-difference suprema to all printed

digits.

8.10 The Chernoff exponent at a noisy gate

For the pair of Sec. 8.8, Theorem 8.4.1 gives the exact value

C(Ny5,N,) = —In [g +(1- g)u + )72 = %52 + 054 /p?), (8.10.1)

with = = 4(1 — p)?sin?(§/2)/[p(4 — 3p)]. We compare it with &.

Lemma 8.10.1 (Midpoint bound). Call B a strong-converse Stein bound if every n-use
adaptive strategy and test T satisfy Tr Tpgl) > c(Tr Tp(Fn)) e BIEIY)=o(n)  for some function
¢ with ¢(t) > 0 whenever t > 0. For such a B and any channels ®, ¥, T,

(P, V) <max{B(l'||®), B(T'||¥)}. (8.10.2)
The following are strong-converse Stein bounds:

e Dyax, by Lemma 8.9.1;
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o the geometric Rényi divergences D, with a € (1,2], by their chain rule [}2] together
with Do, < D, and )
TrTo > (Tr Tp)®/ (@~ De=Dalrllo).

letting o L 1 gives Dps;
e the one-copy D¥ [13].
At the gate, §(Np.5,Np) < B(Np,5/2||Np)'

Proof. Let T be the decision “®”. Whether Tr Tpr > % or Tr(1 —T)pr > %, one of the
two error terms is at least %c(%)e‘"B_o(”). At the gate take I' = N, 5/2. Post-rotation
by Rz(—4/2), and conjugation by X combined with a rotation, show that B(T'||N,s) =

B(T|N,). 0O

The two-copy bound 3D (N®2||N;*?) used for (4 is not included in the list, because
it bounds ¢ only through { = D™¥, which is a weak converse.

Proposition 8.10.2 (Local Chernoff exponent). For every p € (0,1),

F 1— 2 F 1— 2 9 _
ﬁz%gliminféglimsupég RLD:( p)°(2-p)
8 4p(3 — 2p) 5—0 02 50 02 8 4p(4 — 3p)

(8.10.3)

Hence 1 < liminfs_o C/¢ < limsups .o C/€ < Frip/Fee = (2—p)(3 —2p)/(4 — 3p) < 3/2,
the same bracket as for Dps/C. Asp— 0, p&/6* € [, 3].
Proof. Upper bound. Use £ < C (Theorem 7.4.1). Alternatively, Lemma 8.10.1 with
B = Dgg gives & < Dps(Np 52| Np) = B2 (8)2 + O(5/p?), which has the same constant
and uses only Ref. [42].

Lower bound. The argument follows Proposition 8.8.1. Fix k and a parallel k-use strat-
egy with an ancilla. Its outputs pi have §-independent support and are analytic in §. The
quantum Chernoff theorem [11, 99], applied to i.i.d. blocks, gives £ > %C (pi, pY). Moreover

C>—-InTry/pd\/p) > —InFy >1—Fy = %FSLD(pk) + O(6%) by Proposition 8.6.1(ii).
Taking the supremum over k and using Ref. [131] gives Fi/8. O

The lower-bound argument discards a Wigner—Yanase factor: a fixed strategy has local
coefficient FWY (py,)/(8k), with FSIP < FWY < 9FSLD | For the sequential strategy below,
the Chernoff constant exceeds that strategy’s own SLD rate by a factor 1.186. The exact
local constant within Eq. (8.10.3) is therefore open, as it is for ¢ (Conjecture 1.6.2).

Explicit strategies. Each formula below was verified against explicit simulation for £ < 3
to 20 digits. We consider three strategies.

o (P) Bell measurement after each use. This gives the classical Chernoff information of
(41,47, 5) against (q1¢ + qz8?, qzc® + qrs®, §) with s = sin %, which is of order §*/p.

e (A) k sequential uses on half of a Bell pair, with UT between uses and a collective
measurement on i.i.d. blocks:

¢> —%m [1 - sin? %5(,/1 - \/%)2] g=1-(1-p*  (8104)

e (B) The heralded code of Sec. 8.11, with abort on a flag, r;, = (1 — 2a)* and a =
(p/4)/(1 = p/2):

£ > —%m [1— (1=2)"(1 = /1 —r2) sin? %5} (8.10.5)
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Table 8.5: Local constants p&/62 as 6 — 0, maximized over the number k of sequential
uses (in parentheses). The entry pFrrp/8 equals pC'/§2.

D (A) (B) pFx/8  pFrip/8 product (k=1)
102 0.034417 (51)  0.036303 (57)  0.082223 0.122821 0.00224
1073 0.034573 (514)  0.036504 (568) 0.083222 0.124781 0.000242
1074 0.034588 (5145) 0.036524 (5684) 0.083322 0.124978 0.0000247
—0 0.0345901 0.0365266 1/12 1/8 0

For (A) with k = 1, i.e. a product strategy with a collective measurement, p&/6% — p/4 —
0. Single-use strategies therefore have curvature of order one, and the 1/p curvature is
produced by adaptive accumulation. As p — 0, the local constants of (A) and (B) tend to

2
cA = max 1%(\/4 —3(1—e 1) — VI —e") = 0.0345901,
u

cp = max %e_“ﬂ(l — V1o e—u) — 0.0365266.
u

Table 8.5 lists their finite-p values.

(8.10.6)

Proposition 8.10.3 (Finite miscalibration). (a) For p < § < 1, strategy (A) with k =
|7m/0] gives & > iln% [1 +o(1)]. (b) By Eq. (8.3.2) (Corollary 5.7.5), £ < ( < Us =

= 27

%[ln% +In2 + O(1)], and since C’(c\/ﬁ) — 2In(1 4 c2/4),

2 0.2682 4 o(1 In(1+ c?/4
Supg > 02682 + o ), 0.2682 = max 711( +c'/ )
s & VP In(1/p) c 1.5¢

(8.10.7)

Proof. (a) With k& =  the block Chernoff bound is — In[gg /2+24/(1 — 2%)%] = JIn L1+
o(1)], where g, ~ mp/d. Dividing by k ~ 7/ gives the claim. (b) Expand Us with
¢ = (1 —p)sin(6/2) and use h(e') = € In(1/€') + O(¢'). At § = c\/p this gives Uz =

%[% ln% + O(1)]; maximize over c. =
D.

The curvature of C' is thus genuine for § < pIn(1/p) and spurious for pIn(1/p) <6 < VP
In the latter range & grows only linearly in & (up to logarithms), while C' keeps its 62/ (8p)
curvature. These are the same three scales as for the Stein exponent.

Table 8.6 gives certified numbers. The upper bound is &, = min{C(8), B(§/2)}, where
B is the smallest of Dgg, the certified one-copy Dﬁ of Sec. 8.11, Dyax = 2arsinh /x
and In(4/p). The lower bound £_ is the best of (P), (A) and (B). Above the onset the
binding upper bound is D at §/2, so the certified overshoot rests on Refs. [42, 43] and
Lemma 8.10.1 only. The bound (8.3.2) is never binding. The program-simulation converse
of Theorem 7.6.9 gives —21n p, > 1.34C at every tested point, so it does not help at this
pair.

8.11 The Stein exponent at finite miscalibration

Lower bounds. Each lower bound is ¢ > Dy /k for an explicit k-use strategy, maximized over
integer k < max(10/p, 50/5). (A) Sequential, maximally entangled input, UT between uses:
Dy, = (1—q) sin?(k6/2) In[1+4(1—q)/q] with ¢ = 1—(1—p)*. (B) Sequential with a heralded
two-qubit code {|00), |11)} (probe plus noiseless ancilla), in which bit-flip errors are flagged

and phase errors act as logical dephasing: Dy, = (1—2)* ¢ artanh(cx) (1—cos k) with ¢, =
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Table 8.6: Chernoff exponent at finite 6, with x = §/(pIn(1/p)). Ratios divided by &, are
certified lower bounds on C/¢; ratios divided by £_ are upper bounds.

p=10"2 p=10"3 p=10"*
small-z value of C'/¢_ (z = 0.02) 3.38 3.42 3.42
smallest & with C'/&, > 1.01 3.17 1.59 1.26
maximum of C'/¢, 1.125 (6 = 0.29) 2.483 (6 = 0.087) 5.996 (5 = 0.029)
peak of C/&, times vPIn(1/p) 0.52 0.54 0.55
maximum of C'/§_ 5.23 11.1 26.4
€4 /€ over the grid 1.05-4.95 2.36-5.30 3.42-5.29

Table 8.7: Key numbers of Fig. 1.5 and Fig. 8.2, with 6 = §/(pIn(1/p)). Ratios divided by
(4 are certified lower bounds on the true ratio; ratios divided by (_ are upper bounds.

p=10"2 p=10"3 p=10"*%
Dgpg/(— at §=0.01 3.127 3.159 3.162
smallest ¢ with Dgg/¢y > 1.01 1.26 0.79 0.63
maximum of Dpg/(+ 1.81 (6 =0.23) 3.74 (6 =0.069) 9.15 (6 = 0.023)
position of the maximum, 6/,/p 2.31 2.18 2.31
F at the maximum 0.66 0.68 0.65
the same with Us and In(4/p) only 1.29 3.06 7.70
maximum of Dpg/(_ 5.21 11.9 29.9
maximum of (—21In F) /¢, 1.07 2.17 5.36
(4+/¢— over the grid 1.01-3.89 2.28-4.05 3.01-4.08
peak of Dgg/(y times /pln(1/p) 0.83 0.82 0.84

(1—2a)*, a = (p/4)/(1—p/2). Both formulas were verified by explicit simulation for k < 3
to 20 digits. As d/p — 0 they give p( /6% > 0.149587 (A) and 0.158119 (B). These finite-
length strategies fall short of the asymptotic coefficient pFi, /2 — 1/3 of Proposition 8.8.1,
which is why the small-§ ratio Dgs/¢- ~ 0.5/0.158 = 3.16 in Fig. 1.5(a) lies above the
proved bracket [1, FRip/Fso): the numerical bracket for 6 < 1 is [1,3.16], and only in the
limit § — 0 does Proposition 8.8.1 narrow it to [1, Frip/Fs] C [1,3/2].

Upper bounds. (;+ = min{Dps, Us, In(4/p), D¥, LiDFWNENF?)}. Here Us is
Eq. (8.3.2) applied at the pair (N, 0,Np0), where ¢ = 0 and dp = 0, with ¢ = (1 —
p)|sin(d/2)| (checked against the diamond-norm semidefinite program) and x = (4 —3p)/p.
The Fawzi-Fawzi divergences satisfy ¢ < D' < D# for o > 1 [43]; we solved their
semidefinite programs for 1/« on a dyadic grid in [%, g—;], re-checked each solution in 25-
digit arithmetic and rescaled it to be exactly feasible, so each value is a valid upper bound.
The two-copy program was solved on alternate grid points; it improved ¢, by up to 6.8%
at p = 1072 and by at most 0.5% at p = 1073,

Which bound sets (4. For § <1 the minimum defining ¢, is Dpg itself. At every grid
point from the onset of the overshoot through its maximum, the minimum is attained by a
Fawzi-Fawzi divergence (one or two copies) [43]; the continuity bound Us of Corollary 5.7.5
in Chapter 5 attains the minimum only at 6 > 50 (p = 1073) and ¢ > 79 (p = 107%), far
beyond the peaks. The certified peak overshoots 1.81, 3.74 and 9.15 therefore depend on
the Fawzi-Fawzi bound only. The row “the same with Us and In(4/p) only” of Table 8.7
shows the weaker values obtained without the Fawzi-Fawzi bounds.

The remaining factor of at most 4.1 between (_ and (4 is not attributed to either side: a
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[ —e— p=10"2 divided by ¢

[ —m— p=10"% —-- divided by (-

T — p= 1()’4
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Figure 8.2: The same bracket as Fig. 1.5(a) for —21n F, which is a Chernoff-type quantity
and not itself a Stein converse. Solid lines divide by (, dashed lines by (_.

strategy optimized for finite § could raise (_, and more copies in the Fawzi—-Fawzi hierarchy
could lower ;. A search over Schmidt inputs ,/g|00) + /1 —¢|11) found the maximally
entangled input optimal at three test points.

8.12 Biased Pauli noise and correlated miscalibrations

This section applies Theorem 8.4.1 beyond uniform depolarizing noise. We treat (i) a
single qubit with dephasing-dominated (biased) Pauli noise, as in bias-preserving architec-
tures [109, 121], for Z and X miscalibrations; (ii) the asymptotic adaptive Fisher informa-
tion F for every Pauli channel and every Pauli-string miscalibration, in closed form; and
(iii) the resulting local Stein bracket, including two qubits with a ZZ miscalibration.
Setting. A qubit Pauli channel has rates ¢1, ps, py, p. with g1 = 1 —p, — py — p..
Its bias ratio is b = p./(pz + py), so that depolarizing noise has b = % In the examples
pz = Py = pL = pz/(2b). The gate is N = P, 0 Adg, (5 o Ady as in Eq. (8.1.3). In the
notation of Theorem 8.4.1, label the pairs {Q, QP} by k, with rates (qx, q).), and put

_ / _ Aqrgy, B
Tp=aqx+q, Tk ot r %:rk, (8.12.1)
so that >, Tp = 1, 0 < Ty < T} and (gx — q;)* = Tk(Tx — I'x). Pairs with Ty = 0 are
omitted. The pair containing the identity is k = 1, {1, P}, with rates (¢1,qp); we call
qp the coupled rate of the miscalibration. For a qubit the second pair consists of the two
Paulis other than 1 and P. For P = Z the pairs are {1, 7} and {X,Y}; for P = X they
are {1, X} and {Y, Z}.

Closed forms and the window

Proposition 8.12.1 (Biased qubit). Let s = sin(6/2), ¢ =1 —p, —2p,, and let x, =
(qr — q1.)*s*/(4qrq),) as in Eq. (8.1.4).
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(a) For a Z miscalibration the pair {X,Y} has x =0, and for all 6

F=0-2p )0 4z)""?+2p,, Dgs = 2(1 —2p, )o(x1),

o242
oy = @) (8.12.2)
4Q1pz
D =s%(q1 —p.)In Z—l, F=2p, + \/(1 —2p1 )2 — (@1 — p2)?s>. (8.12.3)
z

(b) For an X miscalibration both pairs contribute:

q1+pL Dz +DpL

F= ,
\/l —+ 21 \/1 + x9
— i )262 22
gy = WP (PPl (8.12.4)
dqpL 4p.p.
Dgs = 2(q1 + p1)p(r1) + 2(p2 + p1)p(r2),
D:SQ[(ql —pJ_)lnq—l—l—(pz—pJ_)ln p—z}, (8.12.5)
YR b1
F= \/(ql +p1)? = (1 —p1)?s® + \/(pz +p1)? = (p: —p1)?s% (8.12.6)
(¢) In both cases, with the per-use Fisher informations
Tw.(Ty, — T 1
Frip :ZM7 Fekm = 5 Y _(qk — ) In qffa
& Fk 2 & qk:
(8.12.7)
Fsip =Y (Tpy —Ty) =1-T,
k
one has, as § — 0,
—2InF' = & Fppp + 0% /p2),  Dgs = & Frip + 0(6*/p2), (8.12.8)
D=%Fexn+0(E* ), 1 F=2%Fup+0(0Y. (8.12.9)

For a Z miscalibration Frip = (1 — 2p1)(q1 — p2)?/(4q1p.) = ﬁ[l + O(p.)] and
_ (atpi)(a1-p1)? +
dq1p1

_ 2
leetp Jpempi)” — L1 4 O(p,)] and Faxu = 3o -2 + p. In(20)][1 + O(p2)].

Fpxm = %(ql —p2)In(q1/p.). For an X miscalibration Frip

Proof. (a) and (b) are Theorem 8.4.1 with the pairs listed above; the maximally entangled
input is optimal for D and F. (c) follows from g(z) = % + O(a?), ¢(z) = = + O(z?),
s? = S +0(5%) and Xy, Tywk = 5 X Th(gr—a4)?/ (axg}), together with (g—¢')? = T(T—T)
and 4qq¢’ = I'T. Every zy is at most s2/(4 ming ¢qg), which gives the remainders. The
coefficients agree with Proposition 8.6.1(v). O

Proposition 8.12.2 (Window for any Pauli noise). Let Ny be as in Eq. (8.1.3) on n qubits
with g1 > qp >0, let T = g1 + qp, and let §,) = inf{d : 1 — F(N5,No) > n}.

(a) Ty g(xy) <1—F < Ty g(x1)+ (1 —T1), with equality on the left when every pair other
than {1, P} has g, = q,.

(b) Put 6(y) = 2arcsin (2\/q1qpy/(q1 — qp)) and z, = (1 —n)~2 — 1. Then 6, <
§(g7Yn/Tn)), and, if n >1—T1, 6, > (97 ((n — 1+ T1)/T1)). In particular

5, = 4y/zyap/a [1 + O —Ty) + O(gp)]. (8.12.10)
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The window is therefore set by the coupled rate qp. For local depolarizing noise qp/q1 =
[p/(4 — 3p)]"¥, which recovers Theorem 8.5.1(c). For Dgg, the inequality Dpg > 2T1¢(x1)
gives the analogous upper bound on its window, and at fized ratios of the rates the other
pairs change the Dps window only by a relative O(1 — TY).

Proof. By Theorem 8.4.1, 1 — F = Y, Trg(zy) with 0 < g < 1; keep the first term, or
bound the others by 3>7;~o T}, = 1 — T1. Since z1 is increasing in § € [0, 7], inverting g
and solving z; = y for § gives (b). As 1 — T} — 0, both arguments of g~! tend to 7, and

2\/q1qp/(q1 — qp) = 2v/qp/q1 [1 + O(qp)]. u

Remark 8.12.3 (Floor and window are set by different rates). For Z-biased noise with
p1 < p,, the Choi floor is A= p | whatever the miscalibration, so the worst-case modulus
(Theorem 1.4.1) is d/(4\) = 1/(4X) = 1/(4p1). The window of a specific miscalibration
is instead set by its coupled rate. A Z miscalibration couples to p,, the largest rate:
do.1 = 1.937,/p., independent of the bias. An X miscalibration couples to p, = p.:
0.1 = 1.937\/p./(2b), which narrows as b='/2. At p, = 1072 and b = 100 the two windows
are 6.14 x 1072 and 4.34 x 1073 rad for F, and 2.88 x 1072 and 2.04 x 1073 rad for Dgg
(Fig. 1.4(a)). Pairs that do not contain the identity carry total weight 1 —T1 < p, +p, +p-
and only shift the window at that order. If such a pair has exactly one vanishing rate, the
two Choi matrices have different supports, and Dpg = D = ( = oo for every § # 0. If the
coupled rate itself vanishes (¢gp = 0), the window closes; for example, an X miscalibration
under pure dephasing has F'(Ns, Ny) = 0 for every § # 0.

Asymptotic adaptive Fisher information for Pauli channels

Theorem 8.12.4 (Adaptive QFI of a Pauli-string rotation under Pauli noise). Let Ny =
Py o Adg,g) o Ady on n qubits, with T' as in Eq. (8.12.1).

(a) If T' =0, the Hamiltonian-not-in-Kraus-span condition holds and the optimal N -use
Fisher information grows as N%. If ' > 0 it fails, and

1-T
Fo=-5— Fi=1-T=Fp, (8.12.11)

where Fy is the single-use entanglement-assisted Fisher information.

(b) If all g > 0, then Frip = >, T2 /Tk — 1 and

Frip _ T (T
= 1—F<Zk:Fk ) > 1, (8.12.12)

with equality if and only if Ty /Ty, is the same for all pairs.

For a qubit with P = Z, Eq. (8.12.11) is Eq. (50) of Ref. [131], which reads T' = 4[pypy/(pz+
py) + q1p2/(q1 + p2)]-
Proof. Since Fi, and F; do not depend on the Kraus representation, take Kg = /g0 QU

for each Pauli string @ with gg > 0, and Kgp = /qgop @PU for its partner, using the
operator QP itself including its phase. Then KQ = —%1 /qg QPU, and U drops out of every

quantity below. The generator is H =i} KEQKQ = P/2.

(a, scaling) K gQKQ/ is proportional to the Pauli string QQ’, which is proportional to P
only if @ o« QP. So P/2 lies in the Hermitian span of {K(J[?KQ'} if and only if some pair
has both rates positive, that is, iff I' > 0. The scaling statement is Thm. 1 of Ref. [131].
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(a, value) By Thm. 2 of Ref. [131], Fio = 4miny.g)—o [[@(h)][ec with a = 3" AZ?AQ,
AQ = KQ — iZQ’ hQQ/KQ/ and S =1 ZQ KQAQ.

Lower bound. Since ||&||sc > Tra/d, and the Pauli strings are orthogonal in the Hilbert—
Schmidt product, Tr o/d is a sum of nonnegative terms. An entry hgg with Q' ¢ {Q, QP}
enters Tr a/d only through the term g \hQQ/| and enters § only along Pauli strings other
than 1 and P. The constant part i 5. KTK = P/2 has no such component. Setting these
entries to zero therefore keeps 8 = 0 feasible and does not increase the objective, so it
suffices to minimize over h supported on the pairs. Write the entries of pair k as hgg = wu,

hgporp = v and hgop = (y +ie)/(2y/qrq),). A direct computation gives that the pair
contributes

2 2

T
akl—l—athoa, ak:—k—i—y+y+e

1 T, + qru’ + qj0?, (8.12.13)

and (gru + qv)1 + (% +y)P to 3, with aj, = 0 when u = v = 0. For a pair with exactly
one vanishing rate, y is absent and aj > T} /4. Hence

. Tra . Ty 1 1 1 1-T
rﬁnzlg 7 —mln{zk:(4+y+ ) Zyk——*}zz—g—l—E:T, (8.12.14)
attained at yr, = —T'x/(2T") and u = v =e = 0.

Upper bound. At this minimizer every aj = 0, so @ = L='1 and ||a||oc = Tra/d. This
gives Fiw = (1 —T")/T.

Dropping the constraint Y, yr = —% gives yp = —I'k/2, a = %1 and F; =
4miny, ||aflec = 1 — . This coincides with Fspp at the maximally entangled input, by
Theorem 8.4.1 and Eq. (8.12.7).

(b) The formula for Frrp is Eq. (8.12.7) with >, Tx = 1. The inequality is Cauchy—
Schwarz, > T2 /T > (34 Tk)?/ Xp Tk = 1/T, with equality iff T} /T is constant. O

Physically, Frrp sees mainly the coupled rate, Frip ~ 1/T'1 ~ 1/(4qp), whereas Fo, ~
1/T is limited by every pair whose two Pauli errors both occur. As the total error 1—g; — 0
at fixed ratios of the rates,

A
RD g4 Z L 100-q). (8.12.15)
Foo k>2 I

or a qubni 1S 1S — 5., where gq,, qp are € TWO Spectator rates. € ratio 1S no
F bit this i 1+(q‘_7:;bb)qp h the t tat tes. The ratio i t

bounded over Pauli channels: for an X miscalibration with p, < p, = p, it is 1 +py/(2ps).

Local Stein bracket

Corollary 8.12.5 (Local Stein bracket for Pauli noise). In the setting of Theorem 8.12.4
with all qg > 0,

lim inf >—1—~ CNs[INo)

1-T Dgg(N5|No) < Frip
6—0 52

= — 1 <limsup

>4°O )
-2 2T T ss0 CWNsIM) T P

(8.12.16)

Proof. This is the argument of Proposition 8.8.1. The constant-support hypothesis holds
because, for all §, J(Njy) is unitarily equivalent to J(Np), whose smallest eigenvalue is
2" ming g > 0. For every N-use strategy with outputs p;, one has ¢ > D(p||o%)/N [41,
125], and Proposition 8.6.1(ii) gives D = %FBKM + 0(8%) > %FSLD + O(63). Taking
N — oo over optimal strategies gives Fo, (Theorem 8.12.4). The upper side is ( < Dpg =
& Frup + O(8%) (Proposition 8.6.1(v)). O
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Table 8.8: Biased qubit noise with p, = 1072 and p, = Py = D=/ (20). The first two columns
after b give the windows of F' (1 — F' = 0.1) and of Dpg (Dps = 0.1). The local coefficients
are Dpg/6%? — Frip/2 and (/6% > Fy, /2. All entries are exact evaluations of closed forms.

b rotation 501(F) 60.1(DBS) FRLD/2 FOO/Q FRLD/FOC FBKM
i ZorX 6.15x107%2 2.89x 1072 124.1 82.89 1.4975 3.44
10 Z 6.14 x 1072 2.88 x 1072 124.6 121.6 1.0249 3.45
10 X 1.37 x 1072 6.44 x 1073 2494 1280 1.9487 4.95
100 Z 6.14 x 1072 2.88 x 1072 124.6 124.3 1.0025 3.45
100 X 434 x 1073 2.04 x 1073 2.495 x 10* 1.253 x 10* 1.9911 6.10
1000 Z 6.14 x 1072  2.88 x 102 124.6 124.6 1.0002 3.45
1000 X 1.37 x 1073 6.44 x 107*  2.495 x 10° 1.250 x 10° 1.9955 7.25

Biased qubit. For a Z miscalibration with p, = p, = p, Eq. (8.12.12) simplifies exactly
to
pL T}
Foo ! 2611]92 ’
which equals (2 — p)(3 — 2p)/(4 — 3p) (Proposition 8.8.1) at p; = p, = p/4. It satisfies
Frip/Fs < % whenever p, <p, (i.e,b> %) and g1 > p,. Tosee this, sett = p, /p, € (0,1]
and 0 = 2(p.+p.) € (0,1). Then 3 — Frip/Fix has the sign of —[2¢(t + 1)02 — (44> + 2t —
1)o + 2t2 — 2], which is convex in ¢ and negative at 0 =0 (fort < 1) andat 0 = 1; at t = 1
the bracket equals o(40 —5) < 0. As p, — 0 at fixed bias, Frrp/Fs = 1 + 75 + O(p2).
Bias toward the rotation axis thus closes the bracket.
For pure dephasing (p; = 0) the range of J(Ns), span{vec1,vec Z}, does not depend
on §. The argument of Corollary 8.12.5 applies on this support, and Dpg = 2¢(z1) exactly,

SO
i SWelN0) _ Foo  Frip _ (1 2p.)?
im >>——"—~ = — = )
8pz(1 —pz)

Frip

Ty =1-2pi, (8.12.17)

lim 52 5 = 3 (8.12.18)
Here the local Stein coefficient is known exactly, and it coincides with the curvature of Dgg.

For an X miscalibration under the same noise the spectator pair {Y, Z} has I's ~ 4p |,
comparable to I'y >~ 4p, . Equation (8.12.15) then gives Frip/Fs — (1 +4b)/(1 + 2b) €
[%, 2), so the ratio 3/2 is exceeded for every b > % The exact ratio stays below 2 on a 30-
digit grid of 22952 points covering p, /p, € [107%,1] and 2(p, + p.) € [1077,0.9999], with
maximum 1.9999988; we have no proof of this bound. In this case (/62 > Fuo/2 ~ 1/(16p)
for b > 1, so the narrow window of Remark 8.12.3 also reflects a genuine sensitivity of ¢,
with Dpg larger by at most a factor 2. Table 8.8 lists values.

Correlated miscalibrations. For local depolarizing noise and P of weight w, the quan-
tities of Theorem 8.12.4 depend on w but not on n. The reason is that qubits outside the
support of P multiply both rates of a pair by the same factor. As p — 0,

Frip = 1(4/p)°[1+0(p)],  Feo =0 ")), Frip/Fs = 0(p~ /). (8.12.19)

The leading term of I" comes from the pairs {@Q, QP} in which @ and QP each have weight
about w/2 on the support of P. For example, for P = Z ® Z the weight-one errors Z @ 1
and 1 ® Z form a pair with T';, ~ p/2, whereas the coupled pair {1, ZZ} has I'; ~ p?/4.
For two qubits this gives

2 1 Frip 2

Fyo = 5[1 +O0(p)],  Frup = ?[1 +O(p)], . ];[1 + O(p)],

(8.12.20)

so Corollary 8.12.5 pins (/62 only to [1/p, 2/p?] to leading order. Table 8.9 gives the limits
for w < 4. Under Z-biased local noise (p, = 1073, b = 100) a ZZ miscalibration gives
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Table 8.9: Leading coefficients of Fi,, Frip and their ratio for local depolarizing noise
and a miscalibration Z®* (any n > w). Values are exact closed forms at p = 107°, scaled
as indicated; the limits are 2/3,1,3/2 (w = 1), 2,4,2 (w = 2), 2/3,16,24 (w = 3) and
8/3,64,24 (w = 4).

w plY?Fy p“Frip  pl/2 Frip/Fo
1 0.666658 0.999983 1.499994
2 1.999945  3.999880 1.999995
3 0.666667 15.99928 23.99892
4 2.666529 63.99616 23.99980

Fy = 498.5 and Frip/Foo = 499.5 ~ 1/(2p,). This is controlled by the weight-one Z
errors and is no better than in the depolarizing case.

Whether the true local coefficient of ¢ for a weight-two error follows Fu,/2 ~ 1/p or
Frip/2 ~ 2/p? is open. Explicit sequential strategies give ©(1/p), but their relative-
entropy rate is not known to be optimal. Until this is settled, the p*/? window of Dgg for
w > 2 (Theorem 8.5.1) is not known to be a property of .

Numerical verification.

e The closed forms of Proposition 8.12.1 agree with direct 40-digit evaluations from
4 x 4 Choi matrices to within 1.2 x 10733 relative. The checks covered 24 points
with Z and X miscalibrations, symmetric and asymmetric transverse rates, and Choi
floors down to 4 x 1078, Maximally entangled inputs beat 40 random inputs for D
and F'.

o All 60 exact windows (40-digit bisection) lie within the bounds of Proposi-
tion 8.12.2, and their ratio to Eq. (8.12.10) lies in [1.006,1.024], [1.0006,1.0024]
and [1.00006,1.00024] at p, = 1072, 10~ and 10~*.

e For the qubit we certified Fi, at 29 biased points, including asymmetric p, # py
and pure dephasing, with the method of Proposition 8.8.1: a 50-digit minimax lower
bound over the full h, and |||/~ at the minimizer. The two agree with each other and
with Eq. (8.12.11) to within 1046 relative, and the double-precision interior-point
solution agrees to within 2 x 1077.

o For two qubits (16 Kraus operators, input dimension 4) we used double-precision
interior-point solutions; the within-pair minimizer evaluated in 40 digits, for which
B =0to 1073 and a « 1; and a double-precision lower bound over the full 16 x 16
matrix h. These agree with Eq. (8.12.11) to within 5 x 1075, 4 x 10736 and 2 x 10712
relative, respectively, for ZZ at p = 107',...,107%, for Z® 1, and for ZZ and XX
under biased noise.

« In every case Frip computed as Apax Try[JJ~1J] agrees with Eq. (8.12.7) to within
10733, and Try|[-] is proportional to 1.

8.13 Certification

Proof of Theorem 1.7.1. The estimates are assumed to be channels, so & — d and U — ¥
are trace annihilating and the constant dx /2 of Lemma 8.2.1 applies. On the success event,
Lemma 8.2.1 gives ||J(®) — J(P)||co < 1A, so Weyl’s inequality gives A(®) > (1 — )\, and



CHAPTER 8. NOISY GATES: PROOFS 237

J(®) > A1 gives (1 —r)J(®) < J(®) < (1 + r)J(®); likewise for ¥. Joint monotonicity
and degree-one homogeneity of (4, B) — A#,B give J(W)#,J(®) > (1 — 1) J(0)#:J (d)
for every s, hence Q,(®||¥) > (1 — 7)Q4(®||¥), and the minimum over s gives Eq. (1.7.1).
The inequality £ < C is Theorem 7.4.1 in Chapter 7, and Corollary 8.15.5 gives the finite-n

bound with A < dp(®,¥) + 21n L. O

Stein version. On the same event, Eq. (8.3.2) at the base pair (@,@) with € < €/2,
together with ((®||¥) < Dpg(®||V), gives

C(D|| V) < Dpg(®[|¥) + In +elndy + (1+2)h(5-—) + Sns(®),  (8.13.1)

1—r 2 2+4€ 2

in which every term is computable from the estimates.

Sharpness of the radius. By Eq. (1.4.3), there are model pairs and members of the
diamond ball of radius e whose values of —In F' differ by ~%(1 —0(1)). A diamond-ball
certificate with additive accuracy n therefore needs e < 4nA(1 + o(1)).

Proposition 8.13.1 (Cost through a diamond ball). (a) With a known lower bound Ao < A
and diamond-norm tomography [953] at € = 175\0, Theorem 1.7.1 certifies C and —InF to
additive accuracy n < 1 with N = O((dxdyk + dxIn(1/a))/(nX0)?) uses per channel,
where 1 — « is the confidence level. This learner processes the channel outputs coherently.
(b) Consider learners that prepare a fresh input (with ancilla) for each use and measure
the output, possibly choosing later inputs from earlier outcomes. Any such learner that
outputs A with ||A —Npollo < € with probability at least 2/3 for all 6 needs N > 0.0589 (1 —
p)2e2(1 — o(1)) uses.

Proof of (b). Two hypotheses 6,6" with [N, 9 — Nperllo = 2(1 — p) sin |0_29/‘ = 2¢(1 + o(1))
must be distinguished with errors at most 1/3. For classically adaptive kernels, the Bhat-
tacharyya coefficient of the outcome records is at least the product of the per-round minima,
each of which is at least the channel root fidelity, equal to its Choi value by Theorem 8.4.1,
i.e., at least 1 — sin? Q_Te/. Errors at most 1/3 require a coefficient at most 1/8/9, which
gives the bound with 0.0589 = %ln %. O

Remark 8.13.2 (Learner classes). Part (a) is achieved by a coherent learner and part (b)
bounds incoherent learners, so Proposition 8.13.1 does not establish a cost of order 1/(n))?
within a single learner class. For coherent learners the two-point argument on the family
Ny gives much less: with error-corrected probing the Fisher information per use for 6
is at most Foo = 2(1 — p)?/[p(3 — 2p)] ~ 2/(3p) (Sec. 8.8), so distinguishing 6,6’ with
|0 — 0| ~ ¢/(1 — p) requires only N > 1/(Fue€?) ~ 3p/(2¢?), which at € = 4np\ = np is of
order 1/(n?p), the order of the intrinsic cost of Proposition 8.13.3. Whether diamond-ball
certification costs order 1/(n))? uses for coherent learners is open.

Proposition 8.13.3 (Intrinsic cost). (a) Let Yo = D5™ o Ady, and let ¥y be the Pauli
channel obtained by multiplying qp (WtP = n, so gp = X) by [(1 + n)/(1 — n)]? and
decreasing q1 accordingly. Any N-use strategy, adaptive or coherent and with arbitrary
quantum memory, that estimates F(Ade, V) to relative accuracy better than n (i.e., with
|f — ﬁ'] < nF for its estimate f) with probability at least 2/3 under both hypotheses needs
N > co/(nQS\), with ¢y = 0.0246 for n < 0.1, p < 0.04. (b) Preparing Bell pairs, applying
the channel, undoing the known U and measuring in the Bell basis, N = [31n(2/a)/(n?\)]
uses estimate qp, hence F(Ade,\IJ) = ,/qp, to relative accuracy (1 £ n) with probability
at least 1 — .
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Table 8.10: Converse side: total channel uses per channel for a certified lower bound on
F' (and, for (b), an upper bound on Dgg) at accuracy n = 0.05, median run, with fitted
exponents a in N o« p~® and bootstrap 95% intervals. The last row is the reference scale
co/(n2X) of Proposition 8.13.3(a), which is proved for the estimand F(Adpy, ¥) at success
probability 2/3, not for the simulated pair with the median-run criterion.

procedure p=10"% 3x1073 1073 3x 1074 1074 a

(a) diamond ball, Thm. 1.7.1, £ 3.6 x 10'' 4.0 x 10'? 3.6 x 10*® 4.0 x 10'* 3.6 x 10*° 2.000

(b) Pauli rates, E 1.2x 105 4.3 x10° 1.2x107 3.9x 107 1.2x10® 1.00[0.99,1.03]
(b) Pauli rates, Dps 1.0x 10" 3.5x107 1.0x10® 3.5 x 10® 1.0 x 10° 1.00[0.97,1.03]
reference co/(n*\) 3.9x10° 1.3x10* 3.9x10* 1.3x10° 3.9 x10° 1

Proof (a) A Pauli channel is a mixture of unitaries, so the final state of any strategy is
A(g®N) for a channel A independent of ¢. Under the two hypotheses F= V/qp and P =
Vap (1+n)/(1 —mn), so the two open acceptance intervals {|f — F| < nE} are disjoint, and
a successful estimator yields a test with both errors at most 1/3, and data processing gives
NKL(q||g)) > 2. The mlnlmum of N2 over 1 € [0.005,0.1] and p € [105,0.04] is
0.02465; analytlcally KL < x? < 16n°X\(1 + O(n + A)). The rank-one formula of Sec 8.3

gives F(Adpy, ¥;) = qgg). (b) Multiplicative Chernoff bound for a binomial with mean
Ngp. O

The perturbation in (a) changes the Pauli rates in the low-probability sector, where the
information per use is (Aq)%/q ~ 7%\, not n?X\2. A two-point lower bound of order 1/(n))?
for the certification task itself is therefore false at this instance; the quadratic cost belongs
to certification through a diamond ball. Hypothesis-testing quantities are different: the
hockey-stick channel divergence satisfies | E5(®'|| W) — ES(®[|W)| < @ — [0+ 2| T—T|o,
so additive accuracy n needs only € < 2n/(1 + ), independently of A.

Conjecture 8.13.4. For every channel pair with floor 5‘1 the optimal number of uses for
certifying C or F to relative accuracy n is ©(poly(d)/(n*))).

Simulations. We simulated standard single-qubit Pauli process tomography (six input
states, three measurement bases, 18 binary settings, exact binomial sampling) for the pair
Nps, Npo with U = H and 6 = 2,/p, where F =~ 0.71. All confidence regions hold
simultaneously with probability at least 0.95 (Hoeffding or Clopper—Pearson bounds with
a union bound).

Converse side. A converse is certified by a lower confidence bound on F' (an upper
bound on €' = —In F for this pair) and an upper confidence bound on Dgs. We compared
two procedures. (a) Linear inversion, which is exactly trace preserving, with the Hoeffding
trace-norm ball ||.J; — Ji1][1 < €tr; Theorem 1.7.1 then gives F> (1— T)F(JLLI, JL1,0) with
r = €x/(2)), and the bound is vacuous if r > 1. (b) Direct estimation of the Pauli error
rates in the known frame (three settings per channel: prepare UT|P,) and measure P),
with Clopper—Pearson intervals defining a polytope of Pauli channels. Because Fis jointly
concave and Dpg jointly convex while the Choi pair is affine in the rates, the minimum of
F and the maximum of Dgg over the product polytope are attained at pairs of vertices
and were computed exactly by vertex enumeration. Procedure (b) assumes that the noise
is a Pauli channel in the known frame. The accuracy target was ln(ﬁ’true / FLCB) < 7 in the
median run, on a grid of 1/8 decade with 100 runs (a) or 50 runs (b) per point.

The ratio of (a) to (b) is about 750/ at every p. The p~2 of (a) holds by construction:
the requirement r = €4/ (2Amin) < N with Apin = p/2, € = 36t and the Hoeffding width
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t = [In(1440)/(2Nyet)]*/? alone gives N = 18 - 362 In(1440)/(2°p?) ~ 3.4 x 107 /p? uses
per channel, against 3.6 x 107 /p? observed. The fitted exponents in N oc 7 over n €
{0.1,0.05,0.025} are b = 1.94 for (a) and 1.65-1.76 for (b), below the asymptotic value
2 because these widths are pre-asymptotic. Procedure (a) lies a constant factor of about
1.5 x 10°% above the incoherent-learner bound of Proposition 8.13.1(b) at the sharp radius
€ = 4175\, which reflects the constants of a non-optimal learner, not a different scaling.
Procedure (b) assumes that both channels are Pauli channels in the known frame. On
the converse side, the exact lower confidence bound over the model-free Clopper—Pearson
box (a”) below is a concave minimization that we did not attempt, so whether model-free
tomography attains the 1/X law for certifying the converse is open. Procedure (b) lies a
p-independent factor of about 300 above the reference scale cy/ (7725\); since that scale is
proved for a different estimand and success criterion, this factor is not a gap to a lower
bound for the simulated pair. Coverage, measured in 1000 runs per p at the budget of each
procedure, was 1.000 (Clopper—Pearson interval [0.996,1]) for every certified bound; the
median certified F' was 0.67-0.68 against a true value of 0.71. At § = 1, where E; ~ 0.48
and F' ~ 0.88, the hockey-stick divergence (upper bound %H@ — ||, +€) and the Uhlmann
fidelity (lower bound through the purified distance) were certified through the same ball
with 3.4 x 107 and 5.9 x 10'° uses, independently of p (fitted slopes 0.000 and —0.008).

Opposite side. Upper bounds on F and lower bounds on Dgg, which limit distinguisha-
bility from below, are convex programs over the confidence region; we solved them with
a safety margin of 107> above the solver tolerance, using the geometric Rényi divergence
of order 7/8 (monotone in the order) for Dgg. We used four regions: (a) the trace-norm
ball, (a’) a Hoeffding box on the 18 setting probabilities, (a’) a Clopper—Pearson box, i.e.,
exact binomial intervals per setting with no model assumption, and (b) the known-frame
Pauli polytope. With the criterion that the certified divergence lies within a factor two
of the truth (median of 10 runs), the total uses per channel at p = 1073 were 4.3 x 1010,
1.3 x 10%, 9.4 x 10% and 2.4 x 10°, with fitted exponents 1.98, 1.93, 0.96 and 0.99 over
p € [107*,1072], the same range as Table 8.10. A variance-adaptive region thus removes
the extra factor 1/\ without any model assumption, while the variance-blind regions (a)
and (a’) do not. For the box and ball regions, 1000 repetitions at (p, N) = (1072,106),
(1073,108) and (107%,10'%) shots per setting gave coverage 1.000 against a nominal 0.95.
At the same sample sizes, and at (p, N) = (1072,10'°), the plug-in F' from linear inversion
exceeded the truth, which makes the converse claim a stronger limit than is true, in 21.8%,
8.2%, 0.6% and 31.9% of runs. A hedged maximum-likelihood estimate [22] with § = 1/2
did so in up to 96% of runs at 10%-103 shots per setting (p < 1073). A route that uses only
the different-sums continuity bound of Theorem 4.10.4 in Chapter 4 with a Weyl-certified
floor did not become non-vacuous below 102 shots per setting.

Two qubits. For a CNOT gate with a Z ® Z miscalibration under local noise, plug-in
estimation of £ to 10% accuracy in 90% of runs (product Pauli tomography, linear inversion
with projection onto channels) needed 10%, 10® and 10'0 shots per setting at p = 0.1, 0.03
and 0.01, i.e., N =~ p~* on a one-decade grid with three points, consistent with 1/\? and
A = p?/4. These are plug-in estimates, not certified bounds.

8.14 Numerical methods

Geometric means were computed through the Arveson-Radon—Nikodym factorization of
the pair, which is stable when both Choi matrices are invertible, and cross-checked against
semidefinite programs. Closed forms were verified against direct matrix computations in
40-60-digit arithmetic (mpmath); semidefinite programs used cvxpy with Clarabel, with



CHAPTER 8. NOISY GATES: PROOFS 240

SCS as a cross-check. Diamond norms used the Watrous semidefinite program [127].
Whenever a Choi eigenvalue fell below 1078, finite differences were evaluated in multiple-
precision arithmetic, because square roots of round-off-level eigenvalues corrupt double-
precision derivatives. The code, random seeds and raw data are in the code/ direc-
tory of the repository that accompanies this book, https://github.com/mjones1298/
Continuity-of-divergences-python-; its README.md lists the script and output file be-
hind each number of this chapter and of Chapter 1.

8.15 Refinements of results from Chapters 4, 5 and 7

The continuity of the geometric quantities, the Thompson-metric and first-argument con-
tinuity of the adaptive Stein exponent, the geometric Chernoff converse and the program-
simulation converse, which Sections 1.3-1.7 of Chapter 1 and Sections 8.3, 8.7 and 8.13
of this chapter use, are proved in Chapters 4, 5 and 7. This section points to them and
proves, for finite-dimensional channels, the refinements that are needed here and are not
proved there. Maps act from L(X) to L()) and are completely positive (CP), and chan-
nels when stated. We use Try J(A) = A*(1)T, so that Try J(®) = 1 for a channel, and
Try | vec A)(vec B| = (BT A)T.

Kubo-Ando facts. For s € (0,1) and positive semidefinite (PSD) A, B we use only the
following properties of #; [79]. (K1) #j5 is monotone in each argument. (K2) (aA)#s(bB) =
a'=5b® A#4B for a,b > 0. (K3) X (A#,B)XT = (XAXT)#,(XBXT) for invertible X, and
A#,B = A'"*B* for commuting A, B > 0. (K4) #, is continuous on pairs of positive
definite operators, and A, #sB,, — A#sB whenever A, | A and B, | B. (K5) A#,B <
(1 —3s)A+ sB and A#;A = A. By the defining formula and (K4), the mean of two block-
diagonal pairs is block diagonal. With the convention of Sec. 8.1, Qo = Q1 = 1, and
Qs < 1 for channels (proof of Theorem 7.6.4(b)), so e ¢ = infoes<1 Qs; we use this form
throughout.

Derivatives and levels. Let ®, U be CP maps and fix an injective W with WWT =
J(®+ ), whose columns are linearly independent Kraus operators of 4 W. The derivative
T of ® with respect to ® + ¥ (Section 4.2) satisfies 0 < T < 1, J(®) = WTWT and J(¥) =
W(1-T)WT. With bs(t) = t*(1—1)' =% and bs(0) = bs(1) = 0 for 0 < s < 1, Theorem 4.2.15
gives J(U)#J(®) = W by(T) W1, and Theorem 4.5.6 gives ran(A#4B) = ranANranB for
PSD A,B. The levels 7, of a pair of channels, the operators Sy and B, the constant
A < dp(®, ¥) and the identity Qq(®||¥) = Amin(Bs) for 0 < s < 1 are those of Section 7.2
(Lemma 7.2.1 and Remark 7.2.2, where by is written gs).

Continuity of the geometric quantities and the scope of the dichotomy

Q, and E are upper semicontinuous on pairs of CP maps (Lemma 4.12.1(c)), and hence so

is e7¢ = infoeseq Qs; in particular F and Qs are continuous at every pair at which they

vanish. As functions on pairs of CP maps, F' and Q; are continuous at (@, V) if and only
if J(® 4 ) is invertible or F'(®, ) = 0 (Theorem 4.12.4(a) and (d)(ii)). Restricted to
pairs of channels, F' is continuous at (®, ®) if and only if J(®) is invertible, and if J(®)
is singular the output rotations ®; = Ad,-i:n o ® witness the discontinuity for suitable
Hermitian H (Corollary 4.12.10 and Theorem 4.12.9(b)); whether the ‘only if’ direction
holds at off-diagonal channel pairs with J(® 4+ ¥) singular and F(®, ¥) > 0 is open (Sec-
tion 4.13). For unitaries, F(Ady, Adys) = 0 whenever U’ ¢ CU, while F'(Ady, Ady) = 1
(Corollary 4.12.6). For amplitude damping, ranJ(A,) NranJ(A,) C span{vec |0)(1]} and
F(AV,AW/) = 0 for v # +" in [0,1] (Example 4.12.8), and C=—-2InF =, = +o00 for
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0 < 7,7 <1 (Proposition 7.6.8). For pairs of channels, C is lower semicontinuous every-
where and continuous wherever J(® + V) is invertible (Theorem 7.6.4(a,c)). The following
proposition extends the last statement to completely positive maps.

Proposition 8.15.1. Let ®, ¥ be CP maps and 0 < s < 1. If J(® + V) is invertible, then
Qs, F' and C are continuous at (P, V).

Proof. Near (®,V), S’ = J(® + ¥') is invertible, and Theorem 4.2.15 with W = §'1/2

gives T' = S'~Y2J(®')§'~1/2, which is continuous in the pair, and Q(®'|¥') =
Amin Try(S/2b4(T7)S"/?).  This is continuous for fixed s. For C, since e~¢ is
upper semicontinuous, it remains to show liminfe ¢(®"¥) > =C(®¥)  Choose

n € (0,%) such that T has no eigenvalue in (0,2n) U (1 — 2n,1), and let k, equal by
on [2n,1 — 27|, vanish on [0,n7] U [1 — n,1] and be affine in between. Since by is con-
cave and nonnegative, 0 < ks < b, and ks(T) = bs(T). The family {ks}ocs<1 is
uniformly bounded and equicontinuous, because (s,t) +— bs(t) is uniformly continuous
on [0,1] x [n,1 — n], so it is totally bounded in the supremum norm (Arzeld—Ascoli).
Approximating by a finite net shows supy ||ks(T") — ks(T)||looc — 0 as 77 — T. Hence
Qs(®[[ W) > Amin Try (S 2k (T7)S™/2) = Amin Try(SY2b5(T)SY?) = Q4(®||¥) uniformly
in s, and taking the infimum over s gives the claim. O

The two-sided Choi-floor law with separate floors

Proposition 8.15.2. Let ®,9', ¥, ¥ be CP maps. Put ro = ||[J(P') — J(P)||oc/NDP) if
AM®) > 0 and re = 0 if & = @, define ry likewise, and assume ro,ry < 1. Then for
0<s<1

(1—re) (1 = 70)* Qs ([ ¥) < Qs(¥[|¥') < (1 +7¢) (1 +78)° Qs(®[¥). (8.15.1)

In particular

Vi—ri=re) < Gt < Jae ),
It A 1
C@. W)~ C@. )| S

With A = min{\(®), \(¥)} and n; as in Sec. 8.3, the equal-floor bounds 1 £ ny/X, for F
and for every Kubo—Ando connection, are Theorem 4.8.8(a,b). For channels, nj/A < r =
dxe/(2\) with € = max{||®" — ®|,, [|[¥' — U||o}, by Lemma 8.2.1.

Proof. J(®) > A(®)1 gives (1 —rg)J(P) < J(P) — reA(P)1 < J(P') < J(P) + 1o A (P)1 <
(1+rgp)J(®), and likewise for ¥. Apply (K1) and (K2), and use that Z — Apin Try Z is
monotone and positively homogeneous. O

For ® = & this is Eq. (1.4.2). Since F is symmetric, Eq. (1.4.3) shows that each of the
two terms is sharp separately, when the other channel is unitary and therefore has floor
0. Whether the constant dx /(2)) for In F' is attained when both channels move and both
floors are at least A is open.

The Thompson metric and the adaptive Stein exponent

An n-use adaptive strategy consists of a state p; on X ® Ry, channels I'y, : L(Y ® Ry) —
L(X ® Riy1) for k < n, and a final measurement on Y ® R,,. Its final states are p2 = (& ®
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id)[y—q -+ T1(® ®id)(p1) and pyy. We use ((®||¥) = D™8(®||¥) = lim,, 1 D(®E"||T®") =
DA(®||W) [41, 125]. Here D of channels is the Umegaki channel divergence, and D4 (®||¥) =
sup[D((id ® ®@)pl||(id ® ¥)o) — D(p||o)] is the amortized divergence, with the supremum
over finite-dimensional R and states p,o on R ® X with D(p||o) < oco. We write k(¥) =
Amax (J(¥))/Amin(J(¥)) and h for the binary entropy.

The Choi sandwich Apin(J(¥))or ® 1 < (id @ ¥)(0) < Apax(J(¥))or @ 1 is
Lemma 5.7.3. If J(¥) < ¢J(¥'), then pY < ¢"pY for every n-use adaptive strategy
(Lemma 5.7.1). Consequently, for every divergence that is antitone in its second argument
and satisfies D(pllco) = D(p|lo) — Ine, such as the Umegaki, Belavkin-Staszewski or
max-relative entropy, the suprema over adaptive or parallel n-use strategies are ndp-
Lipschitz in ¥, and |[((®||¥) — {(®||¥)| < dr(¥,¥') (Theorem 5.7.2). With Eq. (8.2.1),
dr(0, V') <In L for r = dx||¥ — ¥[|,/(2A(¥)) < 1; the constant dx /2 of Lemma 8.2.1
halves the radius used in Theorem 5.7.2. The first-argument bound for D and D4,
uniformly over references, is Theorem 5.7.4. Corollary 5.7.5 gives the properties of (
used here: ( is lower semicontinuous on pairs of channels; if J(V¥) is invertible, then
C(P||P) < In(dx/A(P)) and Eq. (8.3.2) holds; and ¢ is continuous at (®, V) if and only if
J(¥) is invertible or {(®||¥) = oc.

Remark 8.15.3. If J(® + V) is invertible, then either J(¥) is invertible or ranJ(®) ¢
ranJ (¥), in which case ((®||V) > D(®||¥) = co. So (, too, is continuous at every pair
with J(® + ¥) invertible.

Remark 8.15.4. Dgg is continuous, with values in (—oo, +00], at every pair of CP maps
with J(® + ¥) invertible. Chapter 4 does not state this as a single result; it follows
from that chapter as follows, since Dpg = ZA?f with f(t) = tInt, for which f(0") = 0
and f'(00) = +oo. Let (®',0') — (®,V). Their relative distance 6 to (®,¥) tends to
0 (Corollary 4.10.8), and hence so do 7 and dr (Lemma 4.10.5). If J(¥) is invertible,
then J(U') > LA (J(V))1 eventually, S0 Dinax(®'||¥’) is bounded uniformly, and Theo-
rem 4.10.4(e) gives Dpg(®'||¥’) — Dps(®P||¥). If J(¥) is singular, then ranJ(®) & ranJ(¥)
and Dpg(®||¥) = +oo (Theorem 4.7.5(a)); a bound J(®') < ¢J(¥’) along a subsequence
with bounded ¢ would give J(®) < ¢J(¥) in the limit, 80 Dpyax(®'[|¥’) — +oo, while
v(®" + ¥’') stays bounded below by Lemma 4.8.2(2) and ||(®' + ¥’)*(1)|| stays bounded,
and Corollary 4.7.7 gives Dpg(®’||¥’) — +o00. Theorem 4.7.6 is the corresponding state-
ment for perturbations with a fixed sum ® + W, along which it holds at every pair.

The geometric Chernoff converse

For an m-use adaptive strategy as above, the optimal error with equal priors is Py =
3—1llpE—py|l1, and (@, ¥) = limsup,, — L Ininf PS™, the infimum running over strategies.

Every adaptive protocol is a controlled random walk on the levels of the pair (Propo-
sition 7.3.1). For every pair of channels, every n > 1 and every n-use adaptive strategy,
Pt > Lexp (= nC(®,¥) — vV2Ind Ay/n) with A < dp(®, ), so that £(®,¥) < C(®,T)

(Theorem 7.4.1); moreover — In F'(®, ) < C(®, ¥) < —21In F(®, ¥) (Corollary 7.4.5(a)).
Corollary 8.15.5 (Finite-n converse for an uncertain pair). On the success event of The-
orem 1.7.1, every n-use adaptive strateqy for the true pair has

1
1—r

Pﬁrrziexp<—n[é(<i>,\i')+ln }—v21n4{dT(<i>,‘i/)—|—21n1 }\/ﬁ)

—r
Proof. The proof of Theorem 1.7.1 (Sec. 8.13) gives C(®, ¥) < C(®, ¥) + In - and (1 -
rJ(®) < J(®) < (1+7)J(®), so dp(®,d) < In -, and likewise for ¥. The triangle

inequality for dp and Theorem 7.4.1 with A < dp(®, V) give the claim. O
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Fragility of single-letter Chernoff converses

Write £qo(¢, ) = —Inming<s<i Tr¢*! = for the quantum Chernoff exponent of two
states [11, 99], and Fy(¢,v) = |[v/ov/¥||1 for their root fidelity.

Theorem 7.6.5 constructs replacement channels at distance O(v/t) from a given pair at
which the three single-letter converses are infinite; the following version gives an explicit
construction and distance.

Theorem 8.15.6 (Replacement channels). Let ¢, 1) be states on C¥ with rank(¢ + 1) <
d' /2, and let ® = Tr(-)p, ¥ = Tr(-)yp. There are states ¢y, 0y with ||¢r — o||1, || — Pl <

2(\/t +t) such that the replacement channels ®; = Tr(-)¢; and Uy, = Tr(-)y; satisfy, for
every t > 0,

C(By, U,) = —21In F(®y, ;) = Char(Py, ¥;) = 400,
E(Pr, V) = Eqa(or, ¥y) < —In'Tr ¢2/2’¢tl/2 o —InTr ¢/ 21/2,
_)

If = 1, then ||®;—®||o, | ¥y —@||o < 2(VE+t) and £(Py, Uy) — 0, while the three converses
are infinite for every t > 0.

Proof. Let K = supp(¢ + ). Since dim K < d’/2, there is a partial isometry V with
VTV the projection onto K and ranV C Kt. Put AL = 1+ tV, ¢ = A+¢Ai/(1 +t)
and 1, = AJ/}AT,/(l +t). These are states, since TrV¢ = 0 and TrV¢VT = 1. Also
bt — & = [VEH(VP + oV + t(VoVT — ¢)]/(1 + t) has trace norm at most 2(v/£ + t), and
likewise for 1. If Ayx = A_y with 2,y € K, the components in K and Kt give z = y
and Vo = —Vy, so x = y = 0. Hence rang; Nranyy C AKX N A_K = {0}, and so
ranJ (®;) NranJ (V) = (ran¢; Nranyy,) @ X = {0}, because J(P;) = ¢ ® 1. Theorem 4.5.6
gives Qq(®4|| W) = 0for 0 < s < 1, hence C = —21In F' = co. For every channel T, J(T) # 0
cannot have range in both ranJ(®;) and ranJ(¥;), so, as in the proof of Theorem 7.6.4(d),
Char = 00. A replacement channel ignores its input, so the final states of every adaptive
strategy are S(¢7") and S(1{") for one channel S. The strategy that measures the n
outputs is therefore optimal, and & = {qc(¢r, ¥¢) [11, 99]. This is at most the value at
s = 5, which is continuous in the states. Finally || Tr(-)(¢¢ — ¢)o = [|¢¢ — ¢||1- O

The example of Fig. 1.2(b). For ¢ = = S(|1)(1|+2)(2|) on C* and V' = [3)(1]+|4)(2],
the states ¢, = %(v+vi+w+w1) and ¥y = %(U_UT_+w_wT_), with ve = (|1)£V#3))/VT + 1
and wy = (|2) £ Vt[4))/v/1+t, are block diagonal with pure blocks. For every s €
0,1], Tt = [(vr, v )2 = (42, s0 €(, By) = 2In 2 exactly, and |, — &), =
2y/t/(1+1t). The root fidelity is Fy (¢, ) = %—;ﬁ, so the program-simulation converse of
Theorem 7.6.9, for which u, = Fy(dt, 1¢) at replacement channels (see the discussion after

that theorem), is tight here: —21n pu, (P¢, Uy) = &( Py, Uy).

The program-simulation converse

Parts (a)—(c) of the program-simulation converse quoted in Sec. 8.7 are Theorem 7.6.9,
whose fidelity is the square of the root fidelity Fiy used here. For replacement channels
¢ = Tr(-)p, ¥ = Tr(-)1) one has pu.(®,V) = Fy(o,v), and —21n p, is finite along any
approximating pairs of replacement channels and converges to its value at the limit pair,
SO min{é’, Char, —21In p,. } does not jump along the pairs of Theorem 8.15.6 with ¢ = ¢
(discussion after Theorem 7.6.9). For 0 < 7,9 < 1, p(Ay, Ay) = V77'/(1 — a) with
a=+/(1-7)(1—+") (Corollary 7.6.10).



Chapter 9

Open problems

This chapter collects the open problems and conjectures of Chapters 1 and 4-8, grouped by
theme. Problems that were raised in more than one chapter are stated once, with references
to every place where they arise. Conjectures are stated as conjectures; each is supported
by the partial results and numerical evidence described in the chapter cited, and none is
claimed here. The problems are formulated in the notation of Chapter 3; where a chapter
uses a different convention, for instance the squared Uhlmann fidelity in Chapter 7, we say
S0.

9.1 Sharp constants for the Kubo—Ando family

The continuity estimates of Chapter 4 are dimension-free, and several are known to be
sharp: the constant and the exponent of Theorem 4.4.6, the order A~! of Theorem 4.8.8
and the rate of Theorem 4.12.11. Others are not.

Problem 9.1.1 (Constants for pairs with different sums). Lemma 4.10.5 is sharp as § — 0.
Is its factor (1—462)~1/2 optimal for finite 67 The constants of Corollaries 4.6.11 and 4.6.12,
for the Belavkin—Staszewski relative entropy and the geometric Rényi divergences of order
a € (1, 2], are not optimised either. (Section 4.13.)

Question 9.1.2 (A Schur multiplier norm). The coefficient of the second term of
Lemma 4.10.3 is sharp as v — 0. Can the second term be replaced by 27||¢||s for all 47
By the proof of Lemma 4.10.3, this would follow if the Schur multiplier norm of the matrix
[sin(v; + ¥;)]i5, for ¥; € [=F, &, were max; | sin 2¢;|. (Section 4.13.)

Problem 9.1.3 (The local Lipschitz constant at noisy gates). What is the exact local
Lipschitz constant of logﬁ near a pair of channels whose Choi matrices are bounded below
by A? When only one channel moves, the constant dy/(4)) is attained, at every Pauli
channel composed with a unitary (Theorem 1.4.1, Eq. (1.4.3)). When both channels move,
Theorem 4.8.8 and Proposition 8.15.2 give the constant dx /(2)), and Example 4.8.11 leaves
a factor 2 between this constant and the best examples. Each of the two one-sided terms
is sharp separately; whether dx /(2)) is attained when both channels move and both floors
are at least A is open. (Section 4.13; Section 8.3.)

For the absolute rather than the logarithmic slope, Chapter 8 computes the worst case
over unitary channels at a depolarized qubit gate, and Chapters 1 and 8 conjecture that it
is the worst case overall.

Conjecture 9.1.4 (Unitary channels are the worst case; Conjecture 8.3.2). Let ¥ =D, 0

~

Ady be a depolarized qubit gate, and let X(p) be the largest derivative \%F(@, U+ eM)|e=0

244
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over completely positive ® and trace-annihilating M with || M| = 1. Then X(p) equals
the same supremum restricted to unitary channels ®, which is given in closed form by
Proposition 8.3.1.

Chapter 8 describes the numerical evidence for this conjecture as weak. A related problem
concerns the condition number in Chapter 5.

Problem 9.1.5 (Condition numbers in the first argument). Can the condition number
k(P) of J(¥) be removed from the constants of Theorems 5.7.4 and 5.7.87 (Section 5.10.)

9.2 Singular pairs and the dichotomy within channels

The dichotomy of Theorem 4.12.4 describes the continuity points of the Kubo-Ando family
on pairs of completely positive maps. Chapters 1, 4 and 7 all ask how much of it survives
within channels, and what happens at the discontinuity points.

Problem 9.2.1 (Limit points at singular pairs). Let cq = dimker J(2) with Q@ = & + .
When 1 < ¢q < rankT(1 — T'), what is the exact set of limit points of F' at (®,V)?
(Section 4.13.)

Problem 9.2.2 (Rates at pairs of zero fidelity). At mutually singular pairs the fidelity is
continuous at the sharp rate d'/2/sin6 (Theorem 4.12.11). At what rate is it continuous
at pairs with F = 0 that are not mutually singular, such as the amplitude-damping pairs
(A, Ay) of Example 4.12.87 (Section 4.13.)

Problem 9.2.3 (The dichotomy within channels). Within channels, the dichotomy holds
at the diagonal pairs (®,®) (Corollary 4.12.10). Does it hold at every pair of channels
with J(® + ¥) singular and F(®, ¥) > 0? By Theorem 4.12.9(a), it would suffice to find
a Hermitian H for which the short [J(®)#.J(V)]s, lowers Amin © Try. Is the bound of
Theorem 4.12.9 an equality? (Section 4.13; the same question is stated in Section 1.3.)

The next problem asks for the same phenomenon at the level of converses, together
with control of the operational exponent.

Problem 9.2.4 (Spurious fragility near every singular pair). Does Theorem 7.6.5 hold
near every pair of channels with dimker J(® + ¥) > 1 and C < 00? That is, are there al-
ways nearby pairs of channels with trivially intersecting Choi ranges and bounded adaptive
Chernoff exponent? Theorem 7.6.4(c) excludes such jumps when J(® + V) is invertible,
and Theorem 4.12.4 provides completely positive approximants. Channel-valued approxi-
mants along which F jumps are known at the diagonal pairs (Theorem 4.12.9 and Corol-
lary 4.12.10, as in Problem 9.2.3) and within the amplitude-damping family (Example 4.12.8
and Proposition 7.6.8(b)); there the Choi ranges intersect nontrivially, and Corollary 7.6.10
shows that the adaptive exponent tends to 0 as v — v € (0,1). (Question 7.8.5.)

9.3 Beyond operator convex functions and finite dimensions

Question 9.3.1 (Merely convex functions). For a convex but not operator convex f, the
maximal f-divergence is still defined through reverse tests [91], but the perspective formula
need not hold. Is it still a function of the ARN derivative T, and of which function?
(Section 4.13.)
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Problem 9.3.2 (The garbling between two shadows). By Theorem 5.3.2, the testing-region
pair of (p, o) is a garbling of the reverse test. Find this garbling explicitly. Is it the rotation
of the Helstrom projections in Theorem 5.3.1(b)? (Section 5.10.)

Problem 9.3.3 (Other norms, von Neumann algebras and bosonic channels). By Ando’s
inequality in unitarily invariant norms, Proposition 4.4.3(1) holds in every unitarily in-
variant norm, and Proposition 4.4.3(2) becomes ||gx(E) — g#(E')|l, < ||E — E’H;ﬁ for
p > 2, but statements for maps need norms adapted to the Schatten classes. Extend the
continuity theory of Chapter 4 to normal completely positive maps between von Neumann
algebras, with 7" in the commutant of a Stinespring representation, as suggested by the
framework of Okayasu [100, 101]; the estimates there are already dimension-free. Extend
the level decomposition of Chapter 7 to normal channels between von Neumann algebras
and to bosonic channels with energy constraints; adaptive quantum illumination is listed
as open in [97]. Extend the noise-floor laws of Chapter 1 to bosonic loss channels with
energy constraints. (Section 4.13; Question 7.8.6; Section 1.8.)

9.4 Regularised channel divergences and one-shot formulas

Question 9.4.1 (Continuity of regularised Petz divergences). Is D8 (-||¥), for a < 1,
continuous at every channel when J(W) is invertible? Theorem 5.7.11 reduces this to
perturbations that rotate the support of a singular J(®) by a non-product unitary of
X ®Y, and Example 5.7.12 shows that a proof must use the n-fold structure, not a one-use
bound. (Section 5.10.)

Question 9.4.2 (Optimal inputs for testing-region channel divergences). Does the iteration
6 — T¢(0)/ TrT' () of Theorem 5.7.13 always converge to an optimal input? In the linear
case of the reverse test the objective increases along the iteration, and in all the tests of
Chapter 5 the iteration converged to the optimum. For which pairs beyond the covariant
ones of Proposition 5.7.14 is the maximally entangled input optimal, that is, when is the
bracket of Theorem 5.7.13(c) scalar? (Section 5.10.)

9.5 Super-multiplicativity of testing-region quasi-entropies
The central conjecture of Chapter 6 is the following.

Conjecture 9.5.1 (Super-multiplicativity; Conjecture 6.3.5). For all o € (0,1) U (1, 00)
and all pairs of states,

Qat(p@lo®d) = Qe  (pllo) Qa™ (Hllo).

It holds at &« = 2 (Theorem 6.4.1), at every integer order for pure states and at aw = 3
for sign-free pairs (Theorem 6.5.3), at every integer order against pure partners (Theo-
rem 6.7.1), at a = 3 whenever one of the reference states has at most two distinct eigen-
values (Corollary 6.6.3) and in the further cases of Corollaries 6.7.7 and 6.7.9, at & = 3 to
second order around trivial partners (Proposition 6.6.5), to first order at o = oo (Theo-
rem 6.4.3), for & > 1 with one factor measured (Theorem 6.4.2) and for tensor powers with
enough copies (Proposition 6.8.3). By Theorem 6.3.6 it would give independent proofs of
the inequalities DIT < D, for a > 1 [84] and DHT > DP for o < 1 [13]. The conjecture
is the family of moment inequalities of the convex-order statement (6.8.1) for Frenkel mea-
sures (Theorem 6.8.2), and the general problem is to prove that statement. Section 6.12
discusses the following routes and special cases in detail.
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Problem 9.5.2 (Special cases of independent interest). Prove Conjecture 9.5.1 for pure
states at non-integer orders, which is a Rényi-entropy submodularity for sums (Re-
mark 6.4.4); the stronger logarithmic form of the integer-order inequality is open for n > 3.
Prove the second-order case at o = 1, the superadditivity of the testing-region variance
[~log?ydu — D?. Give a direct, non-greedy operator proof of Corollary 6.3.4 for x > 2.
(Section 6.12, item 1.)

Question 9.5.3 (Dihedral Chebyshev inequality). Is Cov(¢(U), x(U)) > 0 for a uniform
point U of the simplex A,_; and convex functions ¢, x on A,_; that are invariant only
under the dihedral group D,,? This extension of Lemma 6.5.2 would prove Conjecture 9.5.1
at every integer order for all pairs with nonnegative cycle weights, in particular for all pairs
of qubit pairs (Proposition 6.5.1). Numerical tests support a positive answer. (Section 6.12,
item 2.)

Problem 9.5.4 (Order three). At a = 3 the open case has both reference states with at
least three distinct eigenvalues, and both states may be taken singular (Corollary 6.6.6).
Three targets would settle parts of it: Conjecture 6.7.10, an inequality for the kernel K3
alone on twisted pure data, which by Proposition 6.7.11 covers every pair whose reference
states have at most three eigenvalues; the chirality inequality (6.7.2), which gives D3 > 0
in the polynomial criterion of Theorem 6.7.12, and more ambitiously Dy > 0 for all k£ > 2,
which gives the conjecture at a = 3; and, for a qutrit p against an arbitrary partner, the
bound on the partner kernel stated in Section 6.12, item 2(c). The local supermodularity
of Theorem 6.10.2 is a different route with the same first open cases. (Section 6.12, item 2.)

Pointwise comparison of profiles cannot prove Conjecture 9.5.1, because the profile
difference changes sign for every two non-commuting pairs (Proposition 6.9.1), and one-way
LOCC tests never beat the classical product of the shadows (Proposition 6.9.2). Chapter 6
conjectures that the same holds for all separable tests, so that a proof must use entangled
tests.

Conjecture 9.5.5 (Separable tests; Conjecture 6.9.3). Let e. be the hockey-stick profile
of the classical product (P ® P',Q ® Q') of the testing-region shadows of (p,o) and (p',0").
Every separable test M satisfies Tr M(p @ p' —vo @ o') < eq(v) for all v > 0.

The conjecture holds for one-way LOCC tests (Proposition 6.9.2) and was tested numeri-
cally with PPT tests. Whether it holds for two-way LOCC tests is open; in Blackwell form
it asks whether every outcome experiment of a POVM with product elements is a garbling
of (P®P',Q®Q"). (Section 6.12, item 3.)

9.6 Adaptive discrimination of channels

Question 9.6.1 (When does adaptivity not help?). Is uqapt = {prod Whenever dp(®, ¥) <
oo? This holds for classical channels, for classical-quantum channels [116] and in the

cases of Theorems 7.5.1 and 7.5.3, and the known separations [53, 116] have dr = oc.
(Question 7.8.1.)

Amplitude damping is a natural test case. For 0 < v < 1 and A = v — «/, Corol-
lary 7.6.10 brackets the adaptive Chernoff exponent between the Bernoulli Chernoff in-
formation of the product input, A?/(8y(1 — v)) + O(A?), and the program-simulation
bound —21In i, = A%/(49%(1 — 7)) + O(A3); the two differ by the factor 2/v to leading
order, and no program simulation can close the gap (Remark 7.6.11). With f(v,7") =

VY + V(1 —7)(1 —4'), Chapter 7 conjectures the following; the fidelity F' in it is the
squared Uhlmann fidelity, as in that chapter.
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Conjecture 9.6.2 (Fidelity of adaptive amplitude-damping strategies; Conjecture 7.6.13).
For every adaptive strategy with n uses, F (p%j,p%)) > f(v,Y)?*", with equality for the

’Y/
product input e?”. Consequently

2
4y(1 — )
1

For v = 3, n < 4 and several values of 7/, exact semidefinite programs agree with the
conjecture to the accuracy of the solver, and it cannot be proved by amortisation (Sec-
tion 7.6.1; Section 8.7). A bound on the adaptive Fisher information suggests that {aqapt
equals the product-input value to leading order (Remark 7.6.12); whether this is so is a
further open question.

gadapt(-A’yvA'y’) < _21nf(77’7,) = + O(Ag) < 2fprod (1 =+ O(A))

Problem 9.6.3 (A single-letter converse without spurious jumps). Find a single-letter
converse for the adaptive Chernoff exponent that is at most min{Cbar,é} for all pairs.
For replacement channels both exceed the true exponent, so such a converse should see
the non-commutativity of the outputs, which every common decomposition hides (Propo-
sition 7.4.3). By Theorem 7.6.5, a converse within a bounded factor of &,qapt must be
finite on pairs whose Choi ranges intersect trivially, so it cannot be built only from Choi-
level geometric means or from divergences that require support inclusion. The program-
simulation converse —21n p, of Theorem 7.6.9 is finite on the pairs of Theorem 7.6.5 and
on amplitude damping, which makes min{é’ y Char, —21In pu,. } a natural candidate to study.
(Question 7.8.2; Section 1.8.)

Problem 9.6.4 (The local Chernoff coefficient). For nearby channels, is the adaptive Cher-
noff exponent %F (6)+0(6?) for an explicitly computable Fisher information F between the
one achieved by product inputs and Frr,p? In this regime 7' = 1+ O(6), and one expects
the gap between {p0q and C to be controlled by the commutator in Lemma 7.2.4. At a depo-
larized qubit gate with a coherent miscalibration §, Chapter 1 states, and Chapter 8 proves,
that £/9? lies asymptotically between Fi,/8 and Fryp/8 as 6 — 0 (Proposition 8.10.2; the
lower bound uses the error-corrected strategies of Zhou and Jiang [131]); where in this
bracket the coefficient lies is open, and no Chernoff analogue of Conjecture 9.7.1 is stated.
(Question 7.8.3; Section 1.8.)

Problem 9.6.5 (A Hoeffding converse). Prove a Hoeffding converse for general pairs of
channels. The random-walk structure of Proposition 7.3.1 applies, but s — min, In Qs(p)
need not be convex, so the natural candidate involves its convex envelope. (Question 7.8.4.)

Problem 9.6.6 (The Chernoff exponent from testing regions). Is the adaptive Chernoff
exponent —limnilog inf n, (1), where n, is the error profile after n adaptive uses, the
minimum over « of a regularised testing-region cumulant function? Proposition 6.3.1 gives
one inequality for every strategy. (Section 6.12, item 4.)

Problem 9.6.7 (Operational consequences for other tasks). The geometric Rényi diver-
gences with a € (1,2] give converse bounds for channel capacities [42], and geometric
distinguishability measures limit channel discrimination and estimation [72]. Chapters 1
and 7 make the continuity and the discontinuity of the converses quantitative for dis-
crimination: a converse valid on a neighbourhood of a model pair (Corollary 7.6.3), the
Choi-floor law (Theorem 1.4.1) and the comparison with the Stein and Chernoff exponents
(Section 1.6). The corresponding questions for capacity bounds and for estimation are
open: how do these converses respond to model errors, and does the sensitivity belong to
the task? (Section 4.13, item 4.)



CHAPTER 9. OPEN PROBLEMS 249

9.7 Noisy gates and certification

The local comparison of Chapter 1 between the Belavkin—Staszewski converse and the
adaptive Stein exponent at a depolarized qubit gate leaves the following conjecture.

Conjecture 9.7.1 (Local tightness of the Belavkin—Staszewski converse; Conjecture 1.6.2).
For the depolarized qubit gate,

i Dps(NpsllNp) _ Frup
6—0 C(préHNp) Fyo '

which tends to 3/2 as p — 0.

Chapter 1 proves that the ratio lies between 1 and Frrp/Fs < 3/2 in the limit (Eq. (1.6.2)).
It does not take a position on whether the conjecture holds: for the explicit strategies
evaluated there, the relative-entropy rate exceeds the SLD rate of the same strategy, so the
limit could lie strictly below Frip/Foo-

Problem 9.7.2 (Correlated errors). For an n-qubit gate the fragile window of the geo-
metric converses scales as § ~ p“’/ 2 for a miscalibration of weight w. For w > 2 the local
bracket between the converse and the Stein exponent widens, to 2/p for a two-qubit ZZ
miscalibration under local depolarizing noise and as p~%/2! for weight w (Corollary 8.12.5).
Does ¢ inherit the narrow window of the converse for correlated errors, or is that window
a spurious fragility? (Sections 1.6 and 8.12.)

Problem 9.7.3 (Certification with coherent learners). For learners that measure each
channel output separately, certification of a geometric converse through a diamond-norm
ball costs of order 1/(nA)? channel uses (Proposition 8.13.1). Can coherent learners certify
through a diamond ball with fewer uses? The two-point argument behind the incoherent
bound does not extend to them (Remark 8.13.2). (Section 1.7.)

Problem 9.7.4 (Model-free certification on the converse side). Variance-adaptive estima-
tion of Pauli error rates in a known frame certifies a lower bound on ﬁ’, hence an upper
bound on the converse, with of order 1/ (7*X) uses. Does model-free tomography attain
this 1/ law on the converse side? (Section 1.7.)

Conjecture 9.7.5 (Intrinsic certification cost; Conjecture 8.13.4). For every pair of chan-
nels with Choi-state floor X\, the optimal number of uses for certifying C or F to relative

accuracy 1 is O (poly(d)/(72N)).

For local depolarizing noise, Proposition 8.13.3 gives a lower bound of this order for one
estimand and an estimator that attains it for Pauli channels in a known frame.
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