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ABSTRACT

We study the Langevin dynamics of the spherical Sherrington-Kirkpatrick model,
the diffusion on the sphere of radius /N in RN that is reversible with respect
to the Gibbs measure with density proportional to exp(Bx'Wx/+/2), where W
is an N x N matrix from the Gaussian orthogonal ensemble. The dynamics is
started from the uniform distribution on the sphere, independently of W. We
determine the asymptotic quenched total-variation distance to equilibrium as
a function of time in the fixed-temperature, mesoscopic, critical-window, and
infinite-temperature crossover regimes described below, with convergence in prob-
ability or in distribution with respect to W. Let 8. = 1/+/2 be the critical inverse
temperature. For < B, there is cutoff with a Gaussian profile at fixed p € (0, Bc),
along every mesoscopic approach of B to B. from below, and in the infinite-
temperature crossover when NB3%; — oo; when N3, stays bounded, the distance
relaxes over bounded times and there is no cutoff. At fixed g € (0,p.) the mix-
ing time is (log N — (3/2)loglog N + O(1))/(4(1 — v/2B)?), and the correction
—(3/2)loglog N comes from the edge of the spectrum of W. For B > B, at fixed
B and along every mesoscopic approach to . from above, there is cutoff at a time
set by the gap between the two largest eigenvalues of W, of order N?/3log N at
fixed B. The profile is the total-variation distance between a standard Gaussian
variable and its sum with an independent Cauchy variable; the Cauchy variable
is the ratio of the first two eigencoordinates at an early stage of the evolution. In
the critical window /28 = 1+ cN~1/3, the distance at time N?/3s converges in
distribution to a random profile determined by the Airy point process, and there
is no cutoff. As ¢ — £oo, this profile, suitably recentered and rescaled, converges
to the profiles of the two mesoscopic regimes.
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SECTION 13

Fixed high temperature

In this section, we prove the second case of Theorem 1.1. Fix ¢ € (0,1) and let g = (1 —c)>.
We show in Theorem 13.1 that Dy has the cutoff profile ¥ of (3.16), the Gaussian profile
that also describes the random walk on the hypercube [59, Theorem 1], with window 1/¢
and center

_ log N — 3loglog N +log A, 4 Ve(1—¢)?

49 ’ T 4ym(1+0)?

We combine three results from Part II. First, Theorem 9.13 implies that the time-t law vy P;
is close to the Bingham comparison law j; of Section 7 once t is large. Second, both y;
and 7ty . are Gaussian laws conditioned on Sy, with variances v;(t) and g; of equal sum,
and Theorem 6.8 implies that the distance between them is close to 2®(+/Zn(t)/2) — 1,
where Zy(t) is the information of the covariance evolution (Definition 3.5). The new
work in this section is the computation of Zx(t) at the times Tx + u/g. We compare the
covariance evolution of the GOE spectrum with the same evolution for the semicircle
law, which we solve exactly. Its relative errors are of order e~ 28!, and their amplitude
is of order one only for eigenvalues within distance O(1/t) of the spectral edge. The
square-root vanishing of the semicircle density at the edge then produces a factor +~3/2
in the information, and this factor is the source of the term —3 loglog N in Ty.

We use the rigidity estimate of Lemma 4.2, Theorem 6.8, the covariance evolution of
Section 7, Theorem 9.13, and the results of Section 3.5 on profiles. The computations for
the semicircle law (Propositions 13.4 and 13.7), the comparison of the finite and continuum
evolutions (Lemma 13.11), and the uniform form of the likelihood limit (Lemma 13.2)
are stated for all ¢ in an interval (0, c;| with ¢; < 1, with constants depending only on
c1. They are used again in Section 15, where ¢ = cy — 0. The comparison bounds the
difference between the finite and continuum relative errors in L2(0,1) by a multiple of
e~28!, and it gives a separate bound on the largest relative error. Because of the factor
e~ 28", we need the rigidity estimate only in a weak form: it suffices that the eigenvalues
lie within o((log N)~7/4) of the semicircle quantiles, uniformly.

The continuum evolution of Section 13.3 is a deterministic approximation of the
covariance evolution of Section 7. It is not a description of the diffusion, which enters the
proof only through Theorem 9.13. In the thermodynamic limit, the normalization of the
covariance evolution is the solution of the scalar Volterra equation of Cugliandolo and

1N

2



13  Fixed high temperature 13.1 The main result 3

Dean [51, (I1.4)-(IL.7)], which they solved by Laplace transform [51, Appendix A]. The
power of t produced by the edge of the semicircle law in such solutions also appears in
the work of Zippold, Kiihn, and Horner [156, (14), (17)-(18)]. We follow the same route
in Proposition 13.4.

Notation. Throughout this section, we fix ¢ € (0,1) and write

1—2¢)

=(1-¢)? K= ve Ac=4K g = B
g={-¢) “ T 16y (1 + )2 = i mt oy B
Let ’y [0,1] = [—2,2] be the decreasing quantile function of the semicircle law, defined
by f ) Psc(A)dA = w, so that 7(0) = 2 and (1) = —2. Then 7(i/N) = v; is the ith

sem1c1rc1e quantile of Section 4, and fol F(y(w))dw = [ F(A)psc(A)dA for every bounded
measurable F. We identify a vector f € RN w1th the step function on (0,1) equal to f; on
((i—1)/N,i/N], so that N~! Y. figi = fol fgdw. For real numbers Ay > --- > Ay, we
write /) for the step function equal to A; on ((i —1)/N,i/N].

For I € [0,00), let

G(I) =29(V1/2) =1 = |[N(VL1) = N(0,1)] 1y (13.2)

where the second equality is the last part of Lemma 3.6. The function G is continuous
and increasing, G(I) — 1as [ — oo, and ¥ (u) = G(e~*"). The derivative of x — 2®(x/2)
is at most (271)~1/2, and we have

G(I)—G(IN| < |VI-VT| (L' >0). (13.3)

For a real symmetric matrix A, we use the Lagrange multiplier z, the precisions

pi, the variances ¢q;, and the smallest precision d of Definition 3.3, together with the
covariance evolution of Section 7: the variances v;(t), the relative errors e;(t) = v;(t)/q; —
1, the information Zn(t) = 1 ¥ €;(t)?, and the Bingham comparison law ;. Recall that
Y. vi(t) = Yiqi = N, and that p = py() and 4 = pg are the Gaussian laws with
variances v;(f) and g; conditioned on Sy (Definition 5.4 and Proposition 5.6). For the
model, A = cWy, and we write zy and dy as in (3.12).

13.1 The main result

Theorem 13.1 (Fixed high temperature). Fix 0 < ¢ < 1, let ¢ = (1 — ¢)?, and define

—c)? log N — 3 loglog N + log A,
A ved—co° g logN-—jloglogN+logAc (13.4)
47t (1+c)? 4q

Then for every compact set K C IR, in probability,

sup |Dn(Tn +u/g) — ¥ (u)| — 0.
uek
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For each ¢ € (0,1), we have g (tn(e) — Ty) — ue in probability, where ue = ¥~1(e) is given
in (3.16). In particular, ty(¢) / log N — (4g)~1 in probability, and there is cutoff with window
1/g. For finitely many fixed values c € (0,1), these conclusions hold simultaneously for the same
matrices Wy;.

As in Definition 3.7, a supremum over u € K of the distance at a time such as Ty +u/g
is taken over those u for which the time is nonnegative, and an empty supremum is zero.
This convention is used throughout this section and Section 15; for each compact K, the
restriction is void for N large or with probability tending to one.

The constant in the center comes from the following computation, which is made
precise in Proposition 13.7. At large times, the continuum approximation to the informa-
tion of the covariance evolution is asymptotic to 5 K.+73/2e 48, with K. as in (13.1). At
t = Tn + u/g, we have Ne=#8" = (log N)3/2¢ 4/ A, and t3/% ~ (4¢)3/?(log N)~3/2, s0
that the information tends to 1K.(4g)%/2A;le 4 = ¢~#". Then 2®(vVe % /2) — 1 = ¥ (u).

The proof of Theorem 13.1 is given in Section 13.5. Its steps are as follows.

1. By Theorem 9.13, ||vnP; — p¢||tv < Ce™8!/% on an event of probability tending to one,
on which dy > g/2.

2. By Lemma 13.2, a uniform form of Theorem 6.8, the distance ||j; — 7ty ||V is close
to G(ZIn(t)), because max; |e;(t)| and max; g;/ (2 Y ; 4%)!/? tend to zero.

3. By the first bound of Lemma 13.11, which compares the relative errors with those
of the semicircle law in L?(0,1), Zy(t) is close to % i ntzpsc, where 7; is the relative
error of the covariance evolution of the semicircle law (Section 13.3). Proposition 13.7
evaluates this integral.

4. The pointwise profile implies the locally uniform profile and the convergence of the
mixing times, by Lemma 3.11.

13.2 Total variation between Gaussian laws with equal traces

The following lemma is a uniform version of Theorem 6.8. It covers all values of the
information at once, including large values.

Lemma 13.2 (A uniform form of the likelihood limit). For every x > O, there exists 6 > 0
with the following property. Let n > 1, and let v,7 € (0,00)" satisfy Y ;v; = Y.;0;. Write
0; =vi(1+e¢)and I = %Zi e?, and let 17, be as in (5.1). If max; |e;| < & and 17, < 6, then

)H”” - IMUHTV - Q(I)‘ < k.

Proof. Suppose that the claim fails for some x > 0. Then for every k > 1, there exist
ny > 1 and sequences o), 5k ¢ (0, 00)™ with equal sums, whose relative differences (k)
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and information I satisfy max; |efk)\ <1/kand 1,4 < 1/k, and

‘H#ﬁm — o ||y — Q(Ik)‘ > K. (13.5)

Passing to a subsequence, we may assume that I; — I € [0, ]. The sequences v(¥) and

%) satisfy the hypotheses (6.23) of Theorem 6.8, with k in place of N. If I < oo, then
(6.25) implies that || — p,w|lTv — G(I), and G(Ix) — G(I) by continuity. If I = oo,
then the last part of Theorem 6.8 implies that || ;0 — pyw ||Tv — 1, and G(I;) — 1. In
both cases, the left side of (13.5) tends to zero, a contradiction. O

13.3 The covariance evolution for the semicircle law

We first write the covariance evolution of Section 7 as an evolution of functions on
(0,1), so that a finite spectrum and the semicircle law can be compared directly. Let
L*(0,1) be the space of essentially bounded functions on (0,1), with the norm || - ||.
For a € L*(0,1), let £, be the bounded operator on L*(0,1) defined by

,CafzzcaerZ(/olfdw)l,

and set
a tL “ra 1 a a Mta
Mo = otlet, NI =/ Midw, —of =—L  (t>0). (13.6)
0 My
Equivalently, M* is the unique solution of 9;M} = 2caM} + 2M{ with M = 1.
Two choices of a are used. First, let Ay > --- > Ayn be real and a = /5. Let

A = diag(cA;). The operator L, maps step functions to step functions, and on them it
acts as the matrix 2 diag(cA;) + (2/N)117 of (7.19), with a; = cA;. We conclude that MfN
is the step function of the solution m(t) of (7.19), and that va is the step function of the
variances v;(t) = Nm;(t)/ }_;m;(t) of the covariance evolution of A (Definition 7.5).
Second, let a = . Functions of the form F o oy form an invariant subspace of £,, and
we have M? = M; oy and v? = v; 0 7y, where M; and v; are functions on [—2,2] with

_ M
=
We call this the continuum covariance evolution. The Lagrange multiplier of the semicircle
law is 1 + c?. Indeed, with the Stieltjes transform mg of (4.1),

Mi(A) = 20AM;(A) + 28, N = / Mi(Mpsc(N)dA,  Mo=1, o

Psc(A)dr 1 1 _l.c—i—c_l—(c_l—c)_
1+ —cA cmelet ) = 2 = 13.7)

since (c +c¢1)2 -4 = (¢! — ¢)2. Accordingly, we define the continuum precision and
relative error by
p(AM)=1+2—cA,  m(A) = p(AM)vr(A) — L. (13.8)
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Note that p(A) > p(2) = ¢ > 0on [-2,2].

The multiplication operator f +— 2caf does not preserve positivity when a takes
negative values. The positivity of ¢!« comes instead from the positivity of 2
the averaging term, as follows.

and of

Lemma 13.3 (Positivity and comparison). Let a,a’ € L*(0,1).
1. For every t > 0, the operator etha maps nonnegative functions to nonnegative functions, and
M? > eeat > ),
2. Suppose that ||a — a'||ee < E. Then forall t > 0,

_ ’ / _ i !
e ZCEtM;z S M;z S €2CEtM? , e 4cEtvz; S U/tz S €4CEtZ)? ) (13‘9)

Proof. For the first part, write £, = D + P with Df = 2caf and Pf = 2(f01 fdw)l. The
operator ¢°P is multiplication by ¢2*** > 0, and P maps nonnegative functions to nonneg-
ative constants. Define So(t) = ¢/P and S, 1(t) = f(; e(t=5)PPS, (s) ds. By induction, each
S,,(t) maps nonnegative functions to nonnegative functions, and ||S,,(t)|| < etl'Pll(2¢)" /n!.
The Dyson expansion e~ = Y >0 Su(t) converges in operator norm, which proves the
first claim, and M? > Sy (t)1 = e,

For the second part, let U; = eZCEth/. Then

oy = Ea/ut +2cEU; = LU + F, F =2c (E + a — Dl) u; >0,

where F; > 0 because U; > 0and E +a’ —a > 0. Since Uy = MG = 1, we find by variation
of constants that

t
U — M = / et=9)aF, ds > 0,
0

by the first part. This is the upper bound for M{, and exchanging the roles of a and 4’
proves the lower bound. Integrating over (0,1) yields the same bounds for M?, and the
bounds for v§ follow by division. O

We now solve the continuum covariance evolution. Let
e 2p(A)t

= [ xhty ) i(t) =c* | ——— psc ,
go(t)—/ 0sc(A) dA j(t) / 0 Psc(A) dA (13.10)

K(w) = / e~22-Nw, (1) d,

for t,w > 0. Note that j(0) = ¢? by (13.7), and that 0 < j(t) < c?e 28" because p > g.
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Proposition 13.4 (The continuum covariance evolution). Let ¢ € (0,1). Forall t > 0 and
A€ [-2,2],

2c)xt+2ft 2cA(t— S)M ds

M=g¢+2¢pxM, vr(A) = i , (13.11)
t
My = 21— 2 4 (1)), (13.12)
(A) = LW[ (A) —142c2 /t 2P (A)s /ez”(“)s (a)da ds] (13.13)
nt —1_2 ) P 0 Psc , .
where (¢ * M)( fo $)M; ds. Moreover, with t = ct, for all y € [0,4],
ce28tp—2yt f )
AL P yw
72 —y) = 1_02+]()[c 2+y+2/0e K(w) da]. (13.14)

The first identity in (13.11) is the scalar Volterra equation of [51, (II.7)], and (13.12) is
its explicit solution for the semicircle law.

Proof. The proof has three steps: the renewal equation, its solution by Laplace transform,
and an integration by parts.

Step 1: the renewal equation. Solving the equation for M;(A) by variation of constants,
with the forcing 2M;, we find

t
M;(A) = e*M 4 2/ e2ME=5) N dis.
0

The first identity in (13.11) follows by integrating against psc, and the second by dividing
by Mt.

Step 2: the Laplace transform. The operator £7 has norm at most 4c +2,s0 0 < M; <

e4c+2)t and @(t) < et For ¢ > 4c +2, let f fo e~¢ f(t) dt. By Tonelli’s theorem,
R pSC( )d)\ 1 g 1 1
= — < —.

Recall that m = mg.(E) solves m®> — Em + 1 = 0. With E = {/(2c) and m = 2c$(), this
equation becomes

4290 o0 +1=0. (13.15)

The Laplace transform of the renewal equation is M = ¢ 4+ 2¢M, thatis, M = ¢/ (1 —2¢).
Next, since ( —2cA) —2p(A) = Z —2(1 + ¢?), we have the partial fraction decomposition

1 - 1 [1 B 2 }
p@ —2cA) — 20+ 2) Lp(A) ~ {—2cAl
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Integrating against psc and using (13.7), we obtain

[ e 124
PN —2ch) ~ {—2(1+ )

We conclude that

1-¢ 2 Psc(A)dr 1—2c%¢ ¢ e
7—2(1+¢) e /p(A)(é—ZC/\) T 720+ 1-2¢ M(Q). (13.16)

For the second equality, cross-multiplication shows that it is equivalent to {¢ = 1+ 4c?@?,
which is (13.15). Note that e21+)j(t) = ¢2 [ p(A)Le2Mp (1) dA, because 2(1 + ¢2) —
2p(A) = 2cA. This implies that the left side of (13.16) is the Laplace transform of
2111 — ¢2 4 j(t)). Both this function and M are continuous and bounded by e(4¢+2)t,
and their Laplace transforms agree for { > 4c + 2. We now check that they are equal,
using the compactification-and-moments proof of uniqueness of Laplace transforms in
[71, Chapter XIII, Section 1, Theorem 1 and its second proof, pp. 429-430]. Let f be their
difference, and fix b > 4c + 2. The push-forward of the finite signed measure e~ f(t) dt
under the map t — x = ¢! is a finite signed measure on [0, 1], whose nth moment
is f(b+n) = 0 for every integer n > 0. Since polynomials are dense in C([0,1]), this
measure is zero. Then f = 0 almost everywhere, and f = 0 everywhere by continuity.
This proves (13.12).

Step 3: the relative error. Fix A and write p = p(A). Inserting (13.12) into (13.11),
dividing the numerator and the denominator by 2+ and using 2cA — 2(1 +¢?) =
—2p, we find

t
(1= +j()or(A) = e 2P + 2/0 e U= (1 — 2 1 j(s)) ds.
We have 2 [) e=2P(t=5)ds = (1 — ¢~2P") /p, and integrating by parts, we find

2/ 2p(t—s) ds = J _ _/ 2p(t—s) ds.
Oe j(s)ds = ; Poe j'(s)ds

Multiplying by p, subtracting 1 — ¢? + j(t), and using j(0) = ¢

(1= im0 =e ' [p-1- [ & (s)as).

This is (13.13), because j/(s) = —2c2 [ e~ 2 (@%p..(a) da.

Finally, let A =2 —y. Then p(2—y) =g+cyand p(2—y) —1 = c(c —2+y). For
every a, we have p(a) = ¢+ c(2 — a), which gives fe_ZP(”)Spsc(a) da = e 28K (cs). The
integral in (13.13) becomes

2 we obtain

t F
202/ 283 285K (s ds = ZC/ UK (w) dw,
0 0
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where we substituted w = cs. Together with e 2Pt = ¢=28%=2/ this yields (13.14).
]

The kernel K in (13.14) carries the edge behavior of the semicircle law. We record its
two properties that are used below.

Lemma 13.5 (The edge kernel). For all w > 0, we have 0 < K(w) < 3(1 + w)~3/2, and
Jo K(w) dw =1/2.

Proof. We have K(w) < 1, because e 22-Mw < 1 on [—2,2]. For 0 < y < 4, we have
psc(2—y) = 2m) 1 y(4d —y) < 1 /7. For w > 0, this gives

4 1 [ JT 1
_ —2yw o < _/ —2yw — = .

We use K(w) < 1 < 23/2(1—i—w)_3/2 for w < 1, and 2w > 1+ w for w > 1.

Finally, Tonelli's theorem and monotone convergence give [;° K(w)dw = % [(2 -

Lemma 13.6 (An exponential convolution bound). There exists a universal constant C such
that for all b, T > 0,

T bT 1 T)fl/Z
bs ~3/2 3o < e’ (1+
/0 e”(1+s) dS_C[l—i- 10T }

Proof. We consider three cases. If bT < 2, then e’ < ¢? on [0, T], and the integral is at
most €? [ (14 s)73/2ds = 2¢2.

If T < 1and bT > 2, then the integral is at most fOT etsds < etT/b = TebT /(bT) <
e?T/(bT). Using 1+ bT < 2bT and (1+ T)~/2 > 271/2, we see that this is at most
23/2e6T(1 + T)~V2 /(14 bT).

Let T > 1and bT > 2. Then 1/b < T /2. We split the integral at s = 1/b. On [0,1/1],
we have e < ¢, and this part is at most 2e. On [1/b, T], we substitute s = x/b and use
(14 x/b)73/2 < p3/2x73/2 to find

T bT
/ ebs(l + s)_3/2 ds < bl/z/ ex 32 dy.
1/b 1

For S > 2, we have fss/z eXx3/2d0x < 23/2¢56-3/2 and fls/z eXx3/2dx < 2¢5/2. Both
are at most Coe5S3/2 with Cy = 23/242(3/¢)%/2, because sup, ., x>/2¢7*/2 = (3/¢)3/2.
With S = bT, the second part of the integral is at most Coe?” / (bT3/2). Since T > 1 and

bT > 2, we have (1 + T)2 < (2T)V/2 and 1+ bT < 2bT, which give e/ (bT3/?) <
23/2¢bT(1 4 T)=%2 /(1 + bT). This completes the proof. O
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We now evaluate the relative errors of the continuum evolution. The following
proposition holds uniformly in ¢ € (0, c1] for every fixed c¢; < 1, so that it applies both at
a fixed temperature and in Section 15, where ¢ — 0. All limits are taken as F=ct — oo.
For a fixed ¢, this means t — oo.

Proposition 13.7 (Edge asymptotics of the continuum relative errors). Let 0 < ¢; < 1.
There exists Cy depending only on ¢y such that, for all ¢ € (0,c1], t > 0 and y € [0,4], with
f=ct,
(1+ 5)71/2
1+yt } '

In particular, sup, |7:(A)]| < 2Cyce™28". Moreover, for all L,k > 0, there exists Ty depending
only on ¢y, L and « such that, for all ¢ € (0,¢1] and all t with f = ct > Ty,

7:(2 = y)| < Cree™ % [e‘zﬁ + (13.17)

1 -
sup ’ re e (2 —y) + e‘zyt‘ <x, (13.18)

0<y<L/F

and, for all k > 0, there exists T}, depending only on ¢q and « such that, for all ¢ € (0, c1] and
ct > T,

2
S 1:(A)*psc(A) dA _ 1‘ < x (13.19)

K, t—3/2¢4gt

For a fixed ¢, (13.18) states that e28!7;(2 —y) = —c(1+c¢) e 2¥ +0(1) as t — oo,
uniformly for yt in compact sets. The relative errors of eigenvalues at distance of order
1/t from the edge are of order e~28!, while (13.17) shows that the other relative errors
are smaller. The computation in (13.19) is of Laplace type, as in Watson’s lemma [117,

§2.3(i)].

Proof. Throughout the proof, C denotes a constant depending only on ¢1, whose value
may change from line to line. We use (13.14), whose prefactor is at most Cce28!e~2,
because 1 — ¢? +j(t) > 1 — c3. Note also that t > f and g > (1 — ¢1)?, which give

0 < j(t) < et < g 2(1-a)f, (13.20)

Step 1: the global bound. In the bracket of (13.14), we have |c —2 4 y| < 3. By Lem-
mas 13.5 and 13.6 with b = 2y,

(14 'f)l/z}

F E
2/ K (w) dw < 6/ e (14 w) 32 dw < C[l + -
0 0 1+ 2yt

Multiplying by the prefactor and using 1+ 2yf > 1+ yf, we obtain (13.17). The bound
on sup, |7:(A)| follows because both terms in the bracket of (13.17) are at most one.
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Step 2: the amplitude at the edge. Let £(f,y) =2 fot UK (w) dw — 1. Since 2 [;° K =1
by Lemma 13.5, we have, for 0 < R <,

£(F,y) _2/ (2o — dw+2/ UK (w) dw — 2/ w) dw.
For 0 < y < L/I, we have ¢2/% —1 < ¢2LR/T _1 for w < R, and ¢2/® < 2L for w < I. We
obtain N
sup [E(F 1) < (R/T—1) +2(e2 +1) / K(w) dw. (13.21)
0<y<L/F R

Taking first R large and then f large, we see that the right side of (13.21) tends to zero as
f — oo, at a rate depending only on L. The bracket in (13.14) equals — (1 —¢) +y+ E(f, ),
and we find

L+¢ o 1+c)(y+£E(Ey)) j(t) }
1—c2+j(t) 1—c2+j(t))

where we used (1 +¢)(1—c) =1— ¢ For 0 <y < L/¥, the absolute value of the right

side is at most (1 — ¢3) 1 [2(L/F+|E(Ey)|) + j(t)]. Using (13.21) and (13.20), we see that

this tends to zero as f — oo, uniformly in ¢ € (0, c1]. This proves (13.18).

n(2—y)+e W = ezyf[(

Step 3: the information. Let @ = c?(1 + c¢) 2 #8'F3/2, Note that K.t=3/2e~48! =
©®/(16+/7), since c*F3/2 = \/ct73/2. Also

_4x \TT 1
— dx = = .
7r/0 Ve YTy gy 164/

It therefore suffices to show that @' [57psc — (164/71)"! as f — oo, uniformly in
€ (0,¢1]. Fix L > 0 and x € (0,1], let f > max{Tp, L} with Ty as in (13.18), and split
4 8
Jnipse = Jo m(2—y)?psc(2 —y)dy aty = L/E. )
On [0, L/#], we write 17;(2 —y) = —c(1+c) " te=28!(e=2/ + o), where |o| < x by (13.18),
and psc(2 —y) = 1, /¥ /1 — y/4. The substitution y = x/f yields

L/t 1 L -
®_1/0 17t(2—y)zpsc(2—y)dy=g/0 (72 +0)*Vx \/1 — x/ (4F) dx

For x < L, we have [(e7?* +¢0)? — e | < 3k and 1 — /1 —x/(4f) < L/(4f). It fol-
lows that the right side differs from 71 fOL Vxe *dx by at most Cy(x + 1), with C,
depending only on L.

On [L/F,4], we use (13.17), (x + B)? < 2a® +2f?, and psc(2 —y) < 711, /7. Substitut-
ing y = x/f again, we have

4 - )
/ e W ydy < 5_3/2/ Vxe ¥ dx,
L

L/t
/4 VY dy <E—3/z/°° Vxdx 75
o (1+yb)?~ o (1+x)2 2 '
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Since (1 + ¢)? < 4, this gives

o [ m2—yP (Z—y)dy<8—(:%{/00\/?6‘4de+5(1+?)‘1}
L/t > - ol 2 '

Combining the two parts, we have shown that

1 (o]
limsup sup ‘@ /ntzpsc—mlgCLK-i—C/L ﬁ6_4xdx.

F2oo  c€(0,cq]

Letting ¥ — 0 and then L — oo, we obtain (13.19). O

13.4 Comparison of the finite and continuum evolutions

We now compare the covariance evolution of a finite spectrum with the continuum
evolution, at times up to a multiple of log N. The comparison is made on the common
parameter space (0,1). Let E = ||[{N — 7||co. In Lemma 13.11, we show that the difference
between the finite and continuum relative errors has norm at most CocE(1 + t)e~ 28! in
L%(0,1), and we bound the largest relative error by a separate argument. We first bound E
for the GOE. We then prove two lemmas on operators on L?(0,1): the gap of the operator
that generates the covariance evolution, on the orthogonal complement of its stationary
vector (Lemma 13.9), and a comparison of the decaying parts of two such evolutions
(Lemma 13.10).

Lemma 13.8 (Semicircle quantiles and rigidity). For all w,w’ € [0,1], we have |y(w) —
(| < (V2 |w — '|)?/3. Let Ay > --- > Ay be the eigenvalues of Wy, and fix C > 1.
There exists N¢ depending only on C such that, on the event Fc of (4.2) and for N > Nc,

[en = Ylleo < (C+7)N/12, max|A;| <3, ‘— (C+7)N-5/12,
1

For each fixed confidence 1 — 17, Lemma 4.2 supplies such a C for all sufficiently large N.

Proof. Let | = [w,a +h] C [-2,2]. The set of A € ] with 2 — |A| < h/4 has length
at most /2. For the other points of J, we have ps.(A) = 27) 1\ /(2—-A)(2+A) >
(2m)~1\/2(2—1A]) > (2m)"'W/h/2. Hence the semicircle mass of | is at least
(h/2)%/2/(2) = K¥/2/(4v2 7). If |y(w) — y(w')| = h, then |w — «'| is the mass of
an interval of length /1, which proves the first claim.

On Fc, we have |A; — ;] < CN7%/12 for all i. For w € ((i —1)/N,i/N], we have
vi = v(i/N), and by the first claim,

[n(w) =y ()| < [Ai =il + [7(i/N) = y(w)]
S CN—5/12 + (4\/§7T)2/3N—2/3 S (C+7)N_5/12.
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This is at most 1/2 for N large depending on C. The other two bounds follow from
lv] <2, fol ydw = [Apsc(A)dA =0,and N1y, A; = fol Indw. O

For the two lemmas on operators, we write (f, f’) = fo ff'dw and || f|l2 = (f, /Y12
for the inner product and the norm of L2(0,1), and || - || for the norm of an operator on it.
For background on orthogonal projections in Hilbert spaces, see [37, Section 5.1], and for
exponentials of bounded operators, see [68, Chapter I, Section 3]. For p € L*(0,1), let
H,, be the operator on L?(0,1) defined by

Hpf = —2pf +2(1, f)1.

If p is the step function of precisions py,..., pn satisfying (7.1), then H, maps step
functions to step functions, and on them it acts as the heat matrix H of (7.3). In the proof
of Lemma 13.11, we write the covariance evolutions of /5 and of 7 through two such
operators.

Lemma 13.9 (The gap on the orthogonal complement of the stationary vector). Let 0 <
d < s, and let p be a measurable function on (0,1) such that d < p < s almost everywhere
and fol p~ldw = 1. Let q = p~1, and let P, be the orthogonal projection onto the span of q
in L?(0,1). Then H, is a bounded self-adjoint operator with ||Hp,|| < 2s + 2, and its kernel is
spanned by q. For every f € L2(0,1) with {f,q) =0,

(f, Hpf) < =2d| f|l3.
For every t > 0,
lefrll <1, e (1= Py)| < e, [Hpe'r|| < (25 +2)e 2"
Finally, 1 < ||q|l2 < d~1, and for every t > 0,
2 _
(1,eHr1) = Heth/Zluz > |lq]ly2 > d>.

Proof. Multiplication by p is self-adjoint with norm at most s, and the map f — (1, f)1
is self-adjoint with norm |[1||3 = 1. This proves the first claim. Since pg = 1 and

(1,9) = fol p~ldw =1, we have Hyqg = —21+ 21 = 0. Conversely, if Hy,f = 0, then

pf = (1, 1)1 thatis, f = (1, f)q. i )
Next, let (f,q) =0, let f = (1, f), and let f = f — fg. All integrals below are finite,
because p and ¢ are bounded. Using pg =1, (1,9) = 1, and (f,q) = 0, we find

[ pPdwo= [ pfio-2p+ P = [ pfaw-7 IfIE= ISR+ PlalB
0 p 0 P P ’ 2 2 qil2-

By the definition of H,, we have (f,H,f) = —2 fo pf?dw + 2f?, and the first identity
gives

(f Hpf) = =2 [ pP i < 24 fIE < 24 I
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In the last inequality, we used the second identity.

For the bounds on the exponential, we use only that H, is bounded and self-adjoint,
that H,q = 0, and the inequality just proved. Since Hy, is self-adjoint and Hyq = 0, the
orthogonal complement g of g is invariant under H, and under ¢'r, which is defined
by a power series that converges in norm. Let f € g+ and ft = ettr f. The map t — e'™r is
differentiable in the operator norm, with derivative H petHP [68, Chapter I, Proposition 3.5],
and we have

L (M 3) = M (4l f13 + 205, Hy ) <0

We conclude that ||fi]|z < e2#| f|l2, which is the second bound. Since e'frg = g,
the orthogonal decomposition f = P,f + (I — P;)f of an arbitrary f € L?(0,1) gives
e 113 = ||PfI5 + |ler (I — P)fl5 < ||f||2, which is the first bound. Further,
Hpe!'n P, = ¢!ty H,P, = 0, so that Hye'» = Hye''»(I — P;), and the third bound fol-
lows from the second and || Hp|| < 2s + 2.

Finally, 1 = (1,4) < ||q]|> by the Cauchy-Schwarz inequality, and ||g||» < d~! because
0 < g <d~ L. Since etfr/2 is self-adjoint and e!f'7/2q = g, we have

<1’ el’Hp1> — Heth

(eM?1,q) = (Lg) =1.

By the Cauchy-Schwarz inequality, we have 1 < ||e!f»/21||,||g||2, which proves the last
claim. =

The next lemma compares the decaying parts of two such evolutions whose stationary
vectors are close. It is stated on a real Hilbert space, with inner product (-, -) and norm
|| - ||, and its constants do not depend on the space.

Lemma 13.10 (Comparison of the decaying parts of two evolutions). Let H; and Hp
be bounded self-adjoint operators on a real Hilbert space, and let uq,up be unit vectors with
(uy,up) > 0 and Hiuy = Hpyupy = 0. Suppose that there exist d > 0 and B > 0 such that
\|H1||, ||H2|| < Band, for j =1,2,

(f,Hif) < —2d|f|>  forall f with (f,u;) = 0.
Let a = |Hy — Hp|| and b = ||ug — up||. Then for all t > 0,

| Hie'ft — Hye'™2|| < 20(1 + B)?*(a + b) (1 + t)e 2,

tH

Moreover, let x be a unit vector, let t > 0, and suppose that m;(t) = (x,e"""/x) satisfies m;(t) > o

forj=1,2, for some 6 > 0. Then

H Hiet'iy HzetHZx H (20 1+ B )2(a+b) Ba

my(t) + 62 ) (1+b)e .
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Proof. The proof of the bounds on the exponential in Lemma 13.9 uses only that the
operator is bounded and self-adjoint, that it annihilates a given vector, and the inequality
on the orthogonal complement of that vector. The same argument applies to H; and
Hp. For j = 1,2 and t > 0, we obtain that e/ is a contraction, that ||e'Hif|| < e=2||f|
whenever (f, u;) = 0, and that || Hje'"i|| < Be=2,

We begin by rotating u; onto uy. Let « = (uq,up) € (0,1]. If uy = up, let U = L.
Otherwise, « < 1, and we let 8 = (1 —a?)1/2 > 0 and w = B~ (up — auy), which is a unit
vector orthogonal to 11. We define U by

Uuy = auy + pw = uy, Uw = —puy + aw,

and Uf = f for f orthogonal to u; and w. Then U is orthogonal, that is, U* = U~!. On
the span of u; and w, we have (U — I)*(U — I) = 2(1 — «)I, and U — I vanishes on the
orthogonal complement of this span. This implies that

U =1 = u= =1l = \/2(1 — &) = [Jug — ua|| < 20.

This is the case of one-dimensional subspaces of the classical construction of a uni-
tary operator that maps one projection onto a nearby one [94, Chapter I, Section 6.8,
Theorem 6.32]; we use only the explicit bound above.

Let H; = UH;U!. Then H; is self-adjoint, ||H;|| < B, and Hyju, = UHju; = 0.
If (f,up) = 0, then (U~1f,u1) = (f,Uu;) = 0, and the inequality for H; implies that
(f,Hif) = (U1 f, HHU 1 f) < —2d|f]|*>. We have shown that H; satisfies the hypotheses
imposed on H,, with the same vector uy. From the identity H; — H; = (U — [)H{U ™! +
Hy (U™ — 1), we find

|Ay — Hy|| <4Bb,  ||Hy — Hz| < a+ 4Bb.

Next, we compare H; with Hy, which annihilate the same vector 1. The operator Hy —
H, maps every vector into the orthogonal complement of uy, since ((Hy — Ha)f, up) =

(f, (H; — Hy)up) = 0. Let (f,up) = 0. Differentiating s — e(!~$)H2¢5M1 f and integrating
over [0, ], we obtain the variation of constants formula [68, Chapter III, Corollary 1.7]

~ t ~
(etHl _ etHz)f _ / pt—s)Ha (Hl _ H2)€SH1de.
0

The integrand is continuous in s. The vector esHh f is orthogonal to u; and has norm at
most e~2%||f]|, and (Hy — Hp)esf1 f is orthogonal to us. The integrand has norm at most
e 2=9)| Hy — Halle 2%/ £, and we find [|(e'™ — ¢'™2) f|| < ¢ Hy — Halle™>" f||. Now

et — Hyett — (H — Hz)etH1 + Hz((:‘tHl —¢tth2),
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and both sides vanish at u,. Applying the bounds above to f — (f, uz)u, whose norm is
at most || f||, we obtain

[Hyet™ — Hpe'™2|| < ||Ay — Ha| (1 4 Bt)e 2 < (a+4Bb)(1 + Bt)e 2,

We now return to H;. By the power series of the exponential, we have Hleﬁql =
UHpetfU=1. As above, [[UXU ™! — X|| < 4b||X|| for X = Hye!™1, whose norm is at most

Be~24*. Combining this with the last display, we find
| Hie'ft — Hpe'™2|| < (4Bb + (a +4Bb)(1 + Bt))e 2

Using 4Bb < 4(1+B)(a+b), a+4Bb < 4(1+B)(a+b), and 1 + Bt < (14 B)(1+1¢)
bounds the prefactor by 8(1 + B)?(a + b)(1 +t), and hence by the stated 20(1 + B)?(a +
b)(1+1t).

For the second claim, the variation of constants formula for H; and H» on the whole
space, together with the contraction bound, gives ||e!ft — ¢H2|| < ta, which implies that
imy(t) —my(t)| < ta. Let X; = H]'etHf'x, so that ||Xa|| < Be~2%. We have

X3 B X5 _ X1 —Xp n z(t) —ml(t)
m(t)  my(t) mq(t) mq (t)my(t)

and the right side has norm at most 6~ 1||X; — Xy || + 6~2taBe 2. The first claim and
t <14t complete the proof. O

Xo,

Lemma 13.11 (Comparison with the continuum evolution). Let 0 < ¢; < 1. There exists Cp
depending only on ¢y such that the following holds. Let ¢ € (0,¢1], N > 1,and Ay > --- > Ay,
and suppose that E = ||l — ||ec < (1 —c1)?/4. Let A = diag(cA;), with Lagrange multiplier
z and smallest precision d, and let e;(t) and Ly (t) be the relative errors and the information of its
covariance evolution. Then |z — (1+ c?)| < cE and d > g /2. Moreover, let ex(t, -) be the step
function of (e;(t));. Forall t > 0 with cEt < 1/4,

len(t,-) —nro7y|l, < CacE(1+1t)e 28, (13.22)
Further, for such t,
)\/2IN(t) - (N/;ytzpsc>1/2‘ < CocE(1+t)VNe %,
(13.23)
max |e;(t)| < CpcE (1+t) +2Cice 28!,
1

with Cy as in Proposition 13.7.

Proof. We first compare the Lagrange multipliers Let Yn(y fo — ¢fn) " 'dw, which
is decreasing on (cAq,00), and Y(y fo —cy) ldw, whlch is decreasing on (2c, ).
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Then Yy(z) = 1, and Y(1 + ¢?) = 1 by (13.7). The inequalities c/y < c7y + cE and
14+¢2 > 2 imply that Yy (1 + >+ cE) < Y(1+c?) =1, and then z < 1+ c? +cE.
If 14+ c>—cE < cAq, then z > cAy > 14 c? — cE. Otherwise, cfy > ¢y — cE gives
Yn(1+c?—cE) > Y(1+c?) =1, and again z > 1 + ¢ — cE. This proves |z — (1 +c?)| <
cE. For small w, we have Ay = {y(w) < y(w) + E <2+ E. Together withz > 1+ c2 —cE,
this gives d = z —cAy > ¢ — 2cE > g/2, where we used 2cE < (1 — c1)?/2 < g/2. Let
pn(w) =z — cln(w), the step function of the precisions p;. Then

[pn(w) = p(r(@)] < |z = (1+ )| + clfn(w) = 7(w)| < 2E. (13.24)

Next, we write the relative errors through the operators of Lemma 13.9. Let dy =
(1— c1)2/2 and d. = g — 2cE. Since 2cE < (1 — 01)2/2 < g/2,wehaved, > g/2 > dy. On
(0,1), wehave g < poy < (1+ c)?> <4, and by (13.24), we have d, < py <4+ 2cE <5.
Further, [} py'dw = N-1Y;p;! = 1 by the definition of z, and [ (po ) tdw =
[ p7psc = 1 by (13.7). By these bounds, Lemma 13.9 applies to py and to p oy, with
d. in place of d and with s = 5. Let Hy = Hy,,, and Hy = Hjo,. Since 2cly = 2z — 2py
and 2cy = 2(1+ %) — 2p o v, the operators of (13.6) satisfy L, f = Hif + 2zf and
Lof = Hof +2(1+c2)f for f € L*(0,1). The partial sums of the exponential series of
tLy,, applied to 1, converge in L*(0,1) to MfN . Since the norm of L*(0,1) dominates
that of L?(0,1), they also converge to MfN in L2(0,1), where their limit is e**/¢/H11. Let
hi(t) = e'fi1 and hi(t) = (1,h;(t)) for j = 1,2. By (13.6), we have

MY =B (t), MY =eHh(t), oV =2,

and in the same way v} = hy(t)/hy(t). By the definition of Hy, we have pyhi(t) =
—Hyhy(t)/2 + hi(t)1, and similarly for Hp. Recall from the discussion before Lemma 13.3
that va is the step function of (v;(t));, and that v/ = v; o y. Using also the definition
(13.8) of 1, we find

HletHll o _( o )07_1__H2€tH21
T A A T Ty

en(t,") = pNva 1=—

We now check the hypotheses of Lemma 13.10. Let q; = pgfl and g, = (poy)~},

and let u; = g;/|q;|l2. By Lemma 13.9, the operators H; are self-adjoint, ||H;|| < 12,

Hjuj = 0, and (f, Hif) < —2d.| f||5 whenever (fruj) = 0. Also 1 < |lgjll2 < dal, and

hi(t) > |lgjll;* = d5 for all t > 0. Since g, and g are positive, we have (i1, uz) > 0. By
(13.24),

‘PO’Y PNH < ZCE_

Hy — Hp|| <2|[py —po 7|l < 4CE, 1— 22_‘
| | <2[[pn —poqll 191 — g2 (7o 7)
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Further,

uy—uy = 02 laall2 = llall2
lq1]]2 112
and the triangle inequality and ||q1][> > 1 give |lu; — ual]2 < 2||q1 — g2/l < 4cE/d3.
We apply Lemma 13.10 with B = 12, with d, in place of d, with x = 1, for which
mj(t) = h;(t), and with § = dj. Using the formulas for ey(t,-) and #; o 7y above, we find

20132 -4cE (1+dy?) 12 -4cE ot
7 7 )(1+t)e

4

fentt,) =09l < 5 (

214¢F
S
do

(14 t)e 24,

In the last inequality, we used dy < 1/2. Since 4cEt < 1, we have e 24! = =284kt <
e-e 28t This proves (13.22) for every C; > 214, d0_4. The lower bound d. = g — 2cE for
the precisions, rather than g/2, is what gives the factor e~28".

Next, note that 2Zn(t) = Y e;(t)> = Nllen(t,-)||3 and [ 57psc = |17t © 7v||3. The first
bound in (13.23) follows from (13.22) and the triangle inequality in L?(0,1).

It remains to prove the second bound in (13.23). We do not deduce it from (13.22),
which controls only the norm in L?(0, 1), but from the positivity of the evolution. Equation
(13.9), with a = /y and a’ = 7, implies that |va/v? —1| < e*Ft —1 < 4ecEt, where we
used 4cEt < 1. Further, (13.24) and p > g give |pn/(poy) — 1| <2cE/g < 1/2. Now

L
PN_ O
poy v’
and |(1+a)(1+4 B) — 1| < |a| +2|B]| for |a| < 1. Using || < 2C; from Proposition 13.7,
we find, for every w € (0,1),

T4en(t-) = pnoly = (14 707)

len(t, @) — mi(7(@))] < (1+26;) (% +8ecEl) < CoocE (1+1),

with Ceo = (1 +2C1) max{2(1 — ¢1) 2, 8e}. Together with sup, |17:(A)| < 2Cyce™ %" from
Proposition 13.7, this gives the second bound in (13.23) for every C; > Ce. We take
C, = max{2Med,*, Cs}, which depends only on c;. O

The comparison in Lemma 13.11 is made at the actual times t, which grow with
N; no limit N — oo at fixed time is interchanged with the limit ¢ — co. At the times
t = Ty +u/g of Theorem 13.1, the information is of order one, and \/N e~ 28t is of
order (log N)3/%. The first error in (13.23) is then O(E(log N)”/#), and the second is
O(Elog N) + 0(1), with constants depending on ¢ and u. Without the factor e~28, the
first error would be of order /N Elog N. For the GOE, at every fixed confidence we
have E < (C +7)N~5/12 on the event F¢ for N large, by Lemma 13.8. The argument in
Section 13.5 uses the eigenvalues only through this bound, and it applies on any event
on which ||/y — 7|l < En, for a deterministic sequence Ex with Ex(log N)7/4 — 0.
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13.5 Proof of the main result

Fix ¢ € (0,1), a compact set K C R, and # > 0. Choose C > 1 using Lemma 4.2
so that IP(F-) > 1 — 5 for all sufficiently large N. All constants below depend only
on ¢, K and C, and they are chosen before N — oco. All estimates on F- below are
deterministic consequences of the bounds of Lemma 13.8. Let Exy = (C +7)N /12 and
tn(u) = Ty +u/g for u € K. Since Ty ~ log N/ (4g), for N large we have 1 < ty(u) <
log N/(2g) for all u € K.

Step 1: the information. On Fc, we have ||/N — 7|l < Ex by Lemma 13.8, and for N
large, Ex < (1 —c)?/4 and cEynty(u) < 1/4. By the definition (13.4) of Ty, we have
VNe 28 = A7V2(log N)3/4e=24. Let U = sup({0} U {|u| : u € K}). We apply the
first bound in (13.23) with ¢; = ¢, and use 1+ ty(u) < (1+ (2¢) " !)log N for N > 3. We
find
1/2
su};‘\&IN(tN(u)) - (N/an(u)psc> / ‘ < Coc(1+(29) A7 2U En(log N)7/4,
ue

which tends to zero, because Ey = (C 4+ 7)N~>/12. Next, we evaluate the integral with
Proposition 13.7, again with ¢; = c. We have

(log N)3/ze_4”
A, '

4gtn(u) =log N — glog log N +log A + 4u, Ne—4etn(u) —

In particular, 4gty(u)/logN — 1 uniformly in u € K, and ty(u)3/?
(4¢)3/2(log N)~3/2(1 4 0(1)). Using (13.19), we find

N N B B
> / Mi(upPse = 5 Ketn ()72 800 (14 0(1))

Kc(4g)%?
_ Ke#)™” e (140(1)) =e *(1+0(1)),
2A.

uniformly in u € K, where in the last step we used A, = 4ch3/ 2, Combining the two
displays, we conclude that, on Fc,

sup |Zy(tn(u)) —e | — 0,  supmax|e;(fn(u))] =0, (13.25)

ucek uek 1
where the second limit follows from the second, maximum-coordinate bound in (13.23),
since Exylog N — 0 and e~28tv() 0 uniformly in u € K.

Step 2: the Bingham comparison law and the Gibbs measure. We have 7y, = py; and

Ut = Ho(r), with };q; = Y 0;(t) = N and ©;(t) = q;(1 + ¢;(t)). Recall from Lemma 13.11

that dy > g/2, that is, max; q; < 2/g. Together with Y, g7 > N~1(Y;4;)> = N, this gives
max; q; 2

T Rn )T g /aN
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Combining (13.25) with Lemma 132, we have sup, .y |llpyw) — 7InellTv —
G(In(tn(u)))] — 0 on Fe. Further, (13.3) and (13.25) imply that G(Zn(tn(1))) —
G(e ) = ¥(u) uniformly in u € K. We conclude that

sup |||ty () — TNelltv — ¥(u)] =0 on Fe.
uek

Step 3: the time-t law. On Fc, we have |[cWy/| < 3c < 3 and dy > g/2, so that Nd3, >
N gz/ 4 > Cy(3) for N large, where C, is the constant of (9.35). Then Theorem 9.13, with
A = 3, implies that for all t > 0,

VNP — pelTv < C3dglze’dNt/2 < 4C38*267gt/4,

where Cj is the constant C of (9.36) with A = 3. This tends to zero uniformly in u € K,
because ty(u) > Ty — U/g — oo. By the triangle inequality and Step 2, we conclude that
sup,cx |Dn(tn (1)) — ¥(u)| = 0 on Fc.

Step 4: conclusion. Every bound in Steps 1-3 is deterministic on Fc and holds for N
larger than a constant depending on ¢, K and C. Thus, for every & > 0, the limsup of the
probability that sup, ., |[Dn(Tn +u/g) —¥(u)| > e is at most 77. Sending 7 | 0, we obtain
sup,cx |IDn(Tn +u/g) —¥(u)| — 0 in probability. Because gTn — o, the distance Dy
has cutoff profile ¥ with center Ty and window 1/g in the sense of Definition 3.7. By
Lemma 3.9 and Corollary 3.12, we have g(tn(e) — Ty) — ¥~ !(e) = u, in probability for
each ¢ € (0,1), and there is cutoff. Finally, tx(¢)/log N — (4¢) ! in probability, because
Tn/log N — (4¢)~ L.

For finitely many values ¢ € (0,1), the event F- does not depend on ¢, and on F¢
the bounds above hold for all of them once N exceeds the largest of the corresponding
thresholds. This proves the simultaneous statement and completes the proof.



SECTION 14

Approach to the critical temperature from above

In this section, we prove Theorem 1.1(3). Let cy = 1 — dy, where oy — 0 and My =
N&3; — oo. Theorem 14.1 below states that Dy has the cutoff profile ¥ with window Jy2
and center

_ log My — 2 loglog My + log B, Ve

T , .
N 482, ‘T aym(1+c)2

No condition is imposed on the rate at which My tends to infinity.

The proof compares the time-t law vyP; with the Bingham comparison law y; of
Section 7, and it has two independent parts. The first part concerns only Gaussian laws
conditioned on Sy. Both p; and 7y, are laws of this kind, and by Theorem 6.6 the
distance between them is close to 2®(\/Zn(t)/2) — 1, where Zy(t) is the information of
the covariance evolution (Definition 3.5). Recall from Lemma 7.3 that Zy (t) is determined
by the mean h of the heat vector and by its second derivative. In Section 14.2, we
compute i and k" at times of order 5&2 log M. At such times only the precisions
within a distance of order 6%,/ log My of the smallest precision matter. We describe them
through a rescaled spectral measure (Theorem 14.2). This gives the asymptotics of Zy
(Corollary 14.3) and the profile of y; (Theorem 14.4). The second part, in Section 14.3,
is deterministic. For a matrix whose precisions near the smallest precision d are spaced
like the eigenvalues of the GOE near the edge, Theorem 14.10 bounds |vxP: — p¢||Tv by
Ce~(@=2/N)t for t < Crd~'log M, where M = Nd®/2. The constant C does not depend on
N or d, and the bound holds as soon as M exceeds a fixed threshold. We combine the
two parts in Section 14.4.

We use the following earlier results. From Section 3, we use the properties of ¥
(Lemma 3.9), Lemma 3.8, and Corollary 3.12; from Section 4, Theorem 4.13, Lemmas 4.5
and 4.6, and Corollary 4.9; and from Sections 5 and 6, Proposition 5.6 and Theorem 6.6.
From Section 7, we use the covariance evolution together with Lemmas 7.3, 7.10 to 7.12,
and 7.15; from Section 9, Lemma 9.3 and Theorems 9.5 and 9.16; and from Section 10,
Lemmas 10.16 and 10.21 and Theorems 10.15 and 10.18. Theorem 14.10 is used again in
Section 20, where M stays fixed while N — oo, and its statement is therefore nonasymp-
totic.

21
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14.1 Setting and main result

The covariance evolution. Let A be a real symmetric N x N matrix with precisions
p1 < --- < pn and Lagrange multiplier z (Definition 3.3). Recall thatq; = 1/p;, }.;q; = N,
and d = p;. We work in the eigencoordinates of A. As in Section 7, we let

N
H = —2diag(py,..., pn) + %nT, ) = e, R(t) = %;hi(t),
so that hi(t) = —2p;h;(t) + 2h(t). The variances of the covariance evolution of A are
v;(t) = hy(t)/h(t), and the Bingham comparison law at time # is pif = py (), the Gaussian
law with variances v;(t) conditioned on Sy (Proposition 5.6). We have v;(0) = 1 and
#o = vnN. The numbers v;(t) are the variances of the unconditioned Gaussian vector in the
definition of y;; they need not equal the second moments of y; or those of vy P;. Recall
the relative errors and, from Definition 3.5, the information Z(t) = Z(q,v(t)):
N
ei(t) = wull) g - pivi(t) =1,  I(t) = ! Y ei(t)?.
qi 2 i=1
The matrix H is negative semidefinite, its kernel is spanned by g = (41, ...,qn), and
—H > 2d on the orthogonal complement of g (the second part of Lemma 7.1). Let
8 = N/ Y_; 4. We let p be the positive measure on [2d, o) such that

1T(—H)1 = 0(0) + [ g(x) p( ) (14.1)

for every function ¢ on the spectrum of —H; this is the measure p of Lemma 7.1. In
other words, 94 + p is the spectral measure of —H at the unit vector N~1/21, and
8 = (17g)%2/(N|g|?) is the mass of its atom at zero. The choice g(x) = e~** gives

h(t) =0+ ” )e*fxp(dx), o([2d,0)) =19, (14.2)
2d,00
which is (7.16), and by Lemma 7.3 we have
N " (2t)
I(t) = —=5~
®) 8h(t)?

When A = cyWy, we write dy, Oy, pn, and Zy for these quantities.

(t >0). (14.3)

The regime. In Sections 14.1, 14.2, and 14.4, we assume that
en=1-0y, O0<ény<1, oy—0  My=Nd— oo, (14.4)
where the sequence Jy is deterministic and need not be monotone. We write /y =
log(2 + My ). The matrix is A = cyWy;, its precisions are p; = zy — cyA;, and we set
Yi=pi—dv=cn(M1—A)  (1<i<N).
We have 1 = 0, and almost surely y; > 0 for i > 2. Probabilities refer to Wy, and op and
Op are as in Section 3.4.
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The main result. The following theorem is Theorem 1.1(3). Recall the profile ¥ (u) =
2P (e=24/2) — 1 from (3.16).

Theorem 14.1 (Profile for the approach from above). Assume (14.4). For N so large that
My > e, define

Ve log My — 3 loglog My + log BCN
B = ——%7——, T T T
‘T a/m(1+0)2 N 45% n(u) = N+52
(14'5)
Then for every ug > 0,
sup |Dn(Tn(u)) —¥(u)] — 0 (14.6)
[u|<ug
in probability. For every e € (0,1),
5% (tn(e) — Ty) —> —%log [2 <I>1<1 “)} =¥ 1(e) (14.7)

in probability. Further, 463 Ty / log My — 1, and Dy has cutoff profile Y with center Ty and
window 8y in the sense of Definition 3.7; in particular, there is cutoff.

The numbers Ty and (5&2 are deterministic. As (5]2\,TN — oo, all the times Tn(u)
with |u| < ug are positive for large N. The comparison of Ty with the center at fixed
temperature is discussed in Section 1.4.

Spectral inputs. We use the following consequences of Section 4. Recall from (4.25) in
Theorem 4.13 that
1—c - o
N Zqi—l‘—ﬂ) (14.8)
i=1

zﬂ%-ﬂ-m, zN’

in probability. As 1 — c%; = dn(2 — dy) and 8y = N/ ¥, g%, we obtain

Nd3/?
Z—ZN S jTN_N 2 (14.9)
N

in probability. By the third and fourth parts of Lemma 4.5, we have

1

_ 1 EN 1 N_ 1 EN
_gz—cw cyN1/3’ ( l:o_% >—CN+ M1/3—>1' (14.10)

where the limit holds in probability. Here Zy is the regularized sum of inverse gaps
of Lemma 4.5, which is tight; its convergence was proved by Landon and Sosoe [102,
Theorem 6.1]. Finally, by (4.7) in Lemma 4.6, and since 1/2 < ¢y < 1 for large N, for
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every 1 € (0,1) there exist a constant K;, > 1 and events G” with liminfy P(G7) > 1 —17
on which

K, (1'—T1>2/3 < < K,7<i_Tl>2/3 (2<i<N). (14.11)

The constant K;, depends on 7. As in Section 3.4, we take N — oo at fixed 7 and remove
the localization at the end with Lemma 3.8.

Deterministic inputs. Two results of Sections 6 and 7 about a fixed matrix are used
in the following form. Let K > 1, and suppose that 0 < d < 1, Nd3/?2 > 1, and
K 1((i—1)/N)?3 < p;—d <K((i —1)/N)*/3 for 2 < i < N. By (7.41) in Lemma 7.12,
there exists a constant Cg, depending only on K, such that

le;(d™ 1 +5)| < Ck pi (1+ds)e™  (s>0,1<i<N). (14.12)
i

The second input is Theorem 6.6: there exists a universal constant 7;;, > 0, and for every
B < o a constant Cg, with the following property. Let v,7 be variance sequences on
{1,...,N} with };v; = Y, 3; = N, write 7; = v;(1+ ¢;), and suppose that max; |&;| < 1/4,
o < ik, and I = 3Y;82 < B. Then

|15 — pollTv — <2<I><\/77> - 1) ’ < Cg (770 + max |§i|>. (14.13)

2

])1/ 2 is the largest standardized variance of (5.1).

Here 1, = max; v;/ (2 Yo

14.2 The information at a smaller scale

We now compute the information at times t with 6%t — co. At such a time, the relative
error ¢;(t) is small unless p; — dy is at most of order 1/t, which is much smaller than
6%,. These coordinates correspond to the eigenvalues within a distance of order 1/t of
A1, and there are of order Nt—3/2 of them. Throughout this section, we fix deterministic
times f > 0 that satisfy (4.15) with fy = fy;, that is,

(S%\[EN — 00, 5%\]{N = O(M%\IB),

and we set Wy = dyfy, which is random. Recall from (4.28) that @y / ((5]2\151\]) — 1in
probability, that fy = o(N?/3) and Nfgﬁ/z — oo, and that fy/(Néy) = 6%Fn/ My — 0.
In Theorem 14.4 below, we take fyy = Ty, for which 6%, fx ~ }Ilog My.

Counts at the scale 1/fy. The eigenvalue counts at this scale are given by Corollary 4.9,
applied with ty = fy. Recalling that cx (A1 — A;) = 7, we may state it as follows: the
positive measures
o B2
Wyt =N e (14.14)
=1

1
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on [0, o) satisfy, for every continuous function g on [0, c0) with Sup, = (1+y)?g(y)| < oo,

/ g dwf? — / v)y/y dy in probability. (14.15)

The atom of wlg\? P at zero comes from i = 1 and has mass f?l’\,/z /N, which tends to zero.

The rescaled transient measure. We rescale py at the same scale. Let my be the finite
positive measure on [0, c0) defined by

/g dmN = dN t3/2 /g(tN<g — dN>> pN(dx) (14.16)

for bounded measurable g. It is supported on [0, o) because py is supported on [2dy;, o).
We substitute x = 2dy + 2y/fy in (14.2), so that fo = 200N + 2]/ and x? = 4d%,(1+
y/ )2 We also use dyF3/? = dy!/?@3/* and B (t) = [ x%¢~"*py(dx). For every a > 0,
this gives

fz(afN) — 0N = VdyN ZT)KI?)/Ze_ZﬁwN /e—Zay mN( dy),

" — 45/2 p=3/2,p,—4awy v 2 —4ay
B (2afy) = 4d3/2 /<1+wN> =4 mx(dy).

(14.17)

These are exact identities for each N.
We say that positive measures my on [0, c0) converge vaguely in probability to m if
[ g dmy — [ g dm in probability for every continuous, compactly supported g on [0, ).

Theorem 14.2 (The rescaled transient measure). Assume (14.4), and let ty > 0 be determin-
istic times that satisfy (4.15) with tx = tn. Then, in probability,

my — £ dy wvaguely, %jg) — % (14.18)
Moreover,
- VN W&B/ze_zwl\f
h(ty) —On = VT (1+op(1)), (14.19)
o d5/2 —3/2,—4wy
B (2fy) = 4N\/_ (14 0p(1)). (14.20)

The limit 77~1, /7 dy is the image of the semicircle density near the edge, psc(2 — ) ~
m~1/r, under the rescaling of (14.14). We derive (14.20) from the exact formula for /" in
(14.17), and not by differentiating (14.19).

Proof. The proof has four steps. We first express the transforms [ (s + y) *my/(dy)
through the gaps <;, using an exact identity for the resolvent of H at a negative real
argument. We then compute their limits with (14.15) and (14.10), identify the limit of my
with Lemma 7.15, and insert the result into (14.17).
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Step 1: a resolvent identity. For ¢ € (—2dy;,0), let

cie) - 1 Yoo

as in (7.5); it has no poles on this interval. Such ¢ do not lie in {0} U [-2pn, —2d], and
the sixth part of Lemma 7.1 gives G(¢) # 1 and

O, [en(dy)  GE) (—2dy <& <0). (14.21)

¢ C+x 2(1-6(¢))
For these ¢, the left side is N~!117(¢ — H)~!1, a resolvent of the finite matrix H at a
negative argument, and not a Laplace transform of /.
Both sides of (14.21) are smooth functions of ¢ € (—2dy, 0). Differentiating, and using

G'(&) = — 5% Li(pi + €/2) 2, we obtain

/pN(dx) B 1 1 % 1 On

Er R sia@p NG mrgar @ (EEs0

Step 2: the squared transforms of my. For s > 0, write Tn(s) = [(s +y) ?my(dy),
which is finite. Fix s > 0. On the event {wy > s}, whose probability tends to one,
we set §s = —2dy + 2s/fy, which lies in (—2dy;,0). Then p; + {s/2 = ; +s/fy and
s+ In(x/2 — dy) = B (x + &). Using (14.16) and (14.22), we find

4dN pN(dx) _ dN C(JN (dy) _4le9N
VinD (48?2 (1-6(5))7 ) G+y)? Ve

In the second equality, we used that

Tn(s) = (14.23)

1 1 % 1 t3/2 % w§P (dy)
Vi Nl 1(’)’1“‘5/tN 5+tN'Yz (s+y)?
Step 3: limits of the squared transforms. We treat the three factors in (14.23) in turn.

First, the function ¢(y) = (s +y) 2 satisfies (1 + y)%g(y) < max(1,572), and (14.15)
implies that

a
Wyt (dy) l/“’ v g, L (14.24)
(s+y)? wJo (s+y)? 2y/s
in probability. The value of the integral follows from the substitution y = sr?> and
Jo (1 +r?)"2dr = /4.

Second, we show that (1 — G((s))/dny — —1 in probability. Separating the term i = 1,
we have

R
’ _NS N = vits/tn
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Fix n € (0,1) and work on G"7. The function v — b/(y(y + b)), with b = s/ty, is
decreasing on (0,00). Using (14.11), we bound the summand with index i > 2 in the
following sum by the value of this function at K, 1((i —1)/N)?/3. Comparing this right
Riemann sum of a decreasing function with the corresponding integral, we find

1Y /1 1 1 b dy
0< =y (=— </
N4 G 5e) < G

3 3/2 /oo 7’_1/2 dr 3T 3/2
< = b —_— = K
— 27 o r+b 2 vb.

In the second inequality, we substituted r = K’ 142/3 and extended the range of integra-
tion. Recall that f/(Néy) = 6%fn/ My, and note that v/s/fy /oy = (s/((SZZVEN))l/Z. We
conclude that on G,

_ 2 /
e TIERDIEE TS i

The right side is deterministic and tends to zero by (4.15). Together with (14.10) and
Lemma 3.8, this gives (G(¢s) — 1)/dy — 1 in probability. As dy /0% — 1 as well, we have
dn dn /6%

— > 1
(1-6G(&)"  ((1-6(2))/én)

in probability.
Third, on the event {@Wx > 2s} we have |{s| = 2dn(1 —s/wN) > dy, so that

4le9N 47.9]\] 419]\[ _ 71/2

S V@ dwin Van N

which tends to zero in probability by (14.9), since Wy — 0. Inserting these three limits
into (14.23), we find that for every fixed s > 0,

0<

Tn(s) — in probability, m(dy) = g dy. (14.25)

Z\f / (s + y) 2
Step 4: identification of the limit. The measures my and m have finite transforms
at s = 1, and (14.25) holds for every rational s > 1. Lemma 7.15, in its version for
convergence in probability, then implies that my — m vaguely in probability, and that
for every continuous f on [0, 1],

1 -1
Ad+y)7) my(dy) — / f (8132 )m(dy) in probability. (14.26)

1+y
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The test function (1 + y?)~! has the form in (14.26) with f(r) = (r> + (1 — r)?)~1, which
is continuous on [0,1], since (1 +y)2/(1+y?) = f((1+y)~1). This gives the second
claim in (14.18), with the value 7! [° \/%(1 +*)~1dy = 1/V/2. More generally, if g
is continuous on [0,0) and (1 +y)%g(y) — 0 as y — oo, then f(r) = r2¢(r~1 — 1) for
r € (0,1] and f(0) = 0 define a continuous function on [0, 1], and by (14.26) we have

/g dmy — %/0 g(y)y/v dy in probability. (14.27)

This applies to e~% and e~*/, and we obtain

1 [ 1
e ¥ my(d —>—/ e ydy = ——,
[y = - [y dy = = .
1 [« 1 '
—4y - —4y —
/e mN(dy)—>n/0 e Yy dy Vi3

The test function in the formula for h” in (14.17) depends on wy. On {wy > 1}, we
have 0 < (1 +y/wn)? — 1 < 3(y + y?) /@y, which gives

’/(1+%N>2€_4ymw(dy) —/3_4ymw(dy)‘ < wiNSyli%’ (T+y)*y+y?)e™) Tn(D).

The right side tends to zero in probability, since Ty (1) — 1/2 and @y — 0. Inserting this
and (14.28) into (14.17) with a = 1, we obtain (14.19) and (14.20), since 4 - (16y/71) ! =
(4y/7)~1. This completes the proof. O

Corollary 14.3 (Information at a smaller scale). Assume (14.4), and let tn > 0 be determinis-
tic times that satisfy (4.15) with ty = tN. Then

) Nd3/2
In(EN) = N
—-1/2

Moreover, max; |e;(Fn)| — 0 in probability, and 1, = max; q;/ (2%, 97)'/? = Op(My'"?).

W 2e 74N (1 4 op(1)). (14.29)

Proof. By (14.19) and @wy — oo, we have (h(fy) — dx)/+/dn — 0 in probability. As
On/vdn — 2, we have h(fy) = On(1 + op(1)). Inserting this and (14.20) into (14.3), we
find 52 372 am
_ Ny Wy “e *%N
In(fn) = — N 26
324/ 7T 0%,

and since dy /9%, — 1/4, this is (14.29).
For the relative errors, fix 7 € (0,1) and work on the event G" N {dy <1, N df{,/Z >
1, Wy > 1}, whose probability is at least 1 — 77 — 0(1). On this event, the hypotheses of

(1 + 0]p(1)),
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(14.12) hold with K = K;,. Taking s = fy — d&l > 0in (14.12), for which 1 + dys = @y,
and using dy < p;, we obtain
max |e;(fy)] < Ck, e? Wye 2N,
1

which tends to zero in probability. Removing the localization with Lemma 3.8, we
conclude that max; |e;(f5)| — 0 in probability.
Finally, max; g; = 1/dy and ) ; q% = N /Uy, so that

1 On\1/2 3o\ —1/2( On \1/2

= (= = (Nd .

AN (2v) (Ndy™) <2«/_dN)

The last factor tends to one, and Ndi,/Z/MN — 1, by (14.9). O
In (14.29), the factor N d‘;’\l/zwg]w 2 equals N 5;13/ 2 which is of the order of the number

of indices with 7; < 1/fy, and the factor e 4N comes from the decay of the relative

errors e;(t) at the rate 2dy. The center Ty of Theorem 14.1 is the time at which the right
side of (14.29) is close to one.

Theorem 14.4 (The comparison law at the times T (u)). Assume (14.4), let Ty (u) be as in
(14.5), and let y; be the Bingham comparison law of cyWn. Then for every ug > 0,

sup
Ju|<ug

[ #r(0) = TN en |l py — ‘I’(u)‘ — 0 in probability.

Proof. The proof has three steps. We first prove that the information at the times Tx (1)
converges to e~ %, uniformly in u, using one measure my for all u. We then check the
remaining hypotheses of (14.13), and finally we apply it. Fix 1y > 0, and let N be so large
that My > e and Tn(—ug) > 0.

Step 1: the information. Recall that B, — B; = 1/(164/7), so that

6% Ty = LlilogMN — gloglogMN - Alilog B, = LlilogMN (1+0(1)).

In particular, fyy = Ty satisfies (4.15) with ty = Ty. Let my and @y = dyTn be defined
with this choice. For |u| < ug, let ay(u) = Tn(u)/Tn = 1+ u/ (6% Tn). These numbers
are deterministic, sup,,,, lan(u) — 1| = 0, and ay(u) € [1/2,2] for large N. Note that
an(u)wy = dyTn(u). Then the identities (14.17) with a = ayn(u) read

E(TN(M)) = ﬁN + A /dN wg]?’/ze—ZdNTN(u) A;\}) (u),

h'(2Tn(u)) = 44572 5=3/2,—4ANTn (1) A(z)(u) (14.30)
N - NN N (1),

2
AZ(\})(M) :/ezaN(u)ymN(dy), Aﬁ)(u) — / <1+_L> 6*4“N(”)ymN(dy).
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The mean value theorem gives e 2% — e~ 2| < 2|a — 1|ye Y and |e™*¥ — ™| < 4|a —
1lye=® fora > 1/2 and y > 0, and for Wy > 1 we have 0 < (1 +y/wyN)> -1 < 3(y +
y?)/wy. Multiplying these bounds by (1 + y)? and integrating against (1 + y) 2my/( dy),
we find that

sup ‘Ag\l,)(u) - /e_zy dmN‘ + sup ‘Ag\?)(u) - /e_4y dmN‘

[u| <ug |u| <ug

;gc(supym@u)—1y+w;)7hux

[u| <ug

where C is a numerical constant and 7Ty(1) = [(1 +y) 2my(dy) as in the proof of
Theorem 14.2. The right side tends to zero in probability, because Ty (1) — 1/2, and
(14.28) implies that

sup Ag\})(u) - —0, sup Ag\?)(u)

1
jul<u dvam jul<uo
in probability.
Combining (14.30) and (14.31) with v/dyn/0ny — 1/2 and wn — oo, we find that
SUP |y <y, \h(Tn(u))/9n — 1| — 0 in probability. Inserting (14.30) into (14.3) and using
dn/ 19%\, — 1/4, we find, uniformly for |u| < uo,

1
———| —0 14.31
G (14:31)

Nd?\r/z ——3/2 —4dNTyn(u) A (2)
IN(Tn(u)) = ——wy fe N INI AL (1) (1 + op(1)).
We now replace dy by 6%, in the exponent. We have 4dnTy (1) — 463, Tn (1) = (dn /6% —
1)(46% Ty +4u), and |46, Ty + 4u| < Cly for |u| < up. Using (14.8), we see that the
difference is op(1), uniformly in |u| < ug. From the definition of Ty, we have

o408 Tn(u) — (log MN)3/2 o
My B,

Further, @y = dyTy = §log My (1 + op(1)) and Nd3/? = My(1 + op(1)). Combining
these estimates with (14.31), we conclude that uniformly for |u| < uy,

My 8 (logMy)32 ., 1
In(Tn(u)) = =5 (logMy)?2 ~ MyBe, ©  16y7 (1+or(D))
e—4u
S a— 1)).
16\/EBCN( +O]P( ))

As 16+/7 B, — 1, this proves

sup |Zn(Tn(u)) —e | — 0 in probability. (14.32)

|u| <ug
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Step 2: the relative errors and the largest standardized variance. Corollary 14.3 implies
that 17, — 0 in probability, and 7, does not depend on u. For the relative errors, fix
n € (0,1) and work on G" N {dy < 1, Nd‘;’\l/2 > 1, dyTn(—up) > 1}. As in the proof of
Corollary 14.3, (14.12) yields

sup max |e;(Ty(u))| < CK”e2 sup dyTy(u)e 2NTn()

1

|ul <uo |u|<uo

= CK”€2 dNTN(—uo) e_szTN(_uO),

where we used that r — re~?" is decreasing for r > 1/2. The right side is op(1), and
Lemma 3.8 implies that the supremum over |u| < ug of max; |e;(Tn(u))| tends to zero in
probability.

Step 3: conclusion. Let B = et 1. By Steps 1 and 2, the event that 77, < 1,
max; |e;(Tn(u))| < 1/4, and Zn(Tn(u)) < B for all |u| < ug has probability tending to
one. On this event we apply (14.13) with v = g and & = v(Tn(u)). Both sequences have
sum N, the relative errors are & = ¢;(Tn(u)), and I = Zn(Tn(u)). Recall that p; = 7y,
by Proposition 5.6. Then (14.13) gives

sup

ul< HVTN(u) - 7TN,CNHTV - (2@(%\/@) — 1))

<Cp (17q—|— sup mlax‘e,-(TN(u)) ),

[u| <ug

and the right side tends to zero in probability. Finally, ® is Lipschitz with constant
(2)~Y2 and |/a — V/b| < |a —b|"/? for a,b > 0, so that

‘2@(% IN(TN(u))> - 2@(%(3—2“)

The supremum over |u| < ug of the right side tends to zero in probability, by (14.32). As
20 (e=2#/2) — 1 = ¥ (u), this completes the proof. O

< (27T)_1/2|IN(TN(M)) _e—4u|1/2.

14.3 The time-t law and the Bingham comparison law

In this section, the matrix A is deterministic, and all statements are deterministic. We
compare vy P/ with the Bingham comparison law y; of A on the whole time interval
relevant for the profile. The main result is Theorem 14.10.

Hypotheses and constants. Let A be a real symmetric N x N matrix with precisions
p1 < --- < py and Lagrange multiplier z, and let d = p;. Fix K > 1 and dy € (0,1). We
assume that

| — 2/3 | — 2/3
0<d<d, K‘1<1N1> gpi—d§K<1N1> (2<i<N), (1433
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and we write
M = Nd*/2.

These are the hypotheses (7.30) of Section 7, together with d < dj, and they are the
hypotheses of the estimates for the unnormalized process in Section 10. The largest
precision satisfies py < do + K. Adding a multiple of the identity to A changes neither
L4 nor the covariance evolution, and the results below depend on A only through its
precisions and its eigenbasis.

We also fix Ct > 0 and set

2
T.=Crd 'logM, F=d——.
Crd "logM r=d N

The rate 7 is the rate in the weighted gradient estimate of Lemma 10.21; it is not the rate
ro of Section 9. In this section, C denotes a constant that depends only on K, dy, and
Cr, and Mj a threshold with the same dependence; when a constant also depends on a
moment order, we say so. Their values may change from line to line. Every statement
holds for every N > 2, every matrix A that satisfies (14.33) with M > M, and every time
in the stated range, with the same constants.

The coefficient differences and the forward equation. We use the notation of Sec-
tion 14.1 for the covariance evolution of A, and let {(t) = h'(t)/h(t). Summing
the equations h = —2p;h; + 2h over i, we have N~y p;h; = h —'/2, and hence
N1y, pivi(t) = 1 —Z(t)/2. Writing a; = z — p; for the eigenvalues of A, the moving
multiplier of Section 7 is therefore z(t) = 1+ N~ 'Y a;0;(t) = z + {(t)/2. The matrix
Ct = A — B; of Lemma 9.3, where By = diag(b;(t)) with b;(t) = z(t) — v;(t) 1, is diagonal,
and its entries are the coefficient differences C;(t) = a; — b;(t). Since a; = z — p; and
z(t) =z + {(t) /2, they satisfy

—p;— @ — vi(t) so that % Ci(t)vi(t) = % %U:(t) =0.
i=1

i=1
(14.34)
For the second expression of C;(t), note that v}/v; = h}/h; —{ = —2p; +2/v; — {. By
Lemma 9.3, the forward-equation defect (Definition 9.2) of the family (u¢)s>o is

Qp(H)Qc(t) — ms (Qp(£)Qc(t))

Rf —_ — N 7
N 2 N
Q) =N-Y —,  Qc(t) =Y Ci(t)x,
= wi(t) i—1

where we used that Qp(t) = x"Bjx — N(z(t) — 1) equals N — ¥; x7/v;(t) on Sy. In other
words,
Oty = Lype + Ry py, ut(Re) =0, Mo = UN. (14.35)
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The Poisson equation. The law y; is the Gibbs measure 7tp, of the generator Lg, (Propo-
sition 5.6). By Lemma 9.6, there exists a unique smooth solution ; of

—Lp Py = Ry, ut(Pr) =0,

and we write £(t) = u'(¢¢) for its energy. Recall from Corollary 9.7 that for every
smooth g,

ne(Rig) = il (Y1, 8), (14.36)

Thus R; = —divy, (Vs ), where divy, j = ¢; ' divs,, (g:j) and g = duy/ dvy; its size is
measured by E(t).

The next lemma restates Theorem 9.16 in terms of a scale d., which is the square of
the parameter J there. With § = d}/ 2, the variance conditions at scale § with constants
(co, Cp) (Definition 9.15) read

co<v; <Cod;! (1<i<N),  cNd;V?<Y v <CNd;'?,

' 14.37)
Zv? < CoNd; 3’2, ZU? < CoNd; 2, (
1 1

together with the existence of a set S C {1,...,N} with |S| > ¢yNd>/2, such that
v; > cody ! fori € Sand Y4507 > oY 0.

Lemma 14.5 (The Poisson equation at a given scale). Let 0 < ¢g < 1 < Co. There exist
constants C. and MY, depending only on cy and Cy, with the following property. Let v be a
variance sequence on {1,...,N} with ¥;0; = N, let d, € (0,1] with M, = Nd>/?> > MY,
and suppose that v satisfies the variance conditions at scale di/? with constants (co, Cy). Let
Cy, CN be real numbers with ¥; Cv; = 0, let Qp = N — Y ;x*/v;, Qc = ¥;Cix?, and
R = —N Y(QpQc — 10(QBQC)), let 1 be the solution of —Lgp = R with uy, () = 0, where
B = —diag(v; '), and let

Ic=ZC12 12, ]C:ZCIZ/ KC:ZCiZUi-
i i

i

Then

pol () < 5 (Ke+ € duic).

Proof. This is Theorem 9.16 with § = d}/ 2 e (0,1]. Indeed, N&® = M,, the conditions
(9.40) and (9.41) at scale ¢ are (14.37) and the conditions on S, and the bound (9.42) is
1\(;1** (K¢ + Jed;! +d.Ic). The only assumption on the numbers C; is Y_; C;v; = 0. O

The proof of Theorem 9.16 uses the lower bound of order d, on the spectral gap of Lg
from Theorem 8.8; this is where the set S enters. The next lemma turns bounds on the
coefficient differences into bounds on the energy €.



14 Approach to the critical temperature from above §14.3 34

Lemma 14.6 (Energy bounds from bounds on the coefficient differences). Assume (14.33).
Let v(t), t > 0, be variance sequences with y ; v;(t) = N, and let C;(t) be real numbers with
Y. Ci(t)v;i(t) = 0. Suppose that there exist Ag > 1,0 < cg < 1 < Cy, and an integer j > 0 such
that the following hold.

1. For0 <t <d landalli, |Ci(t)] < Ag(1+t)" (14 p;it)~ L.

Fors > 0and all i, |C;(d~" +5)| < Agd®p; }(1 + ds)le=24.

Fort>0andalli, Ay (1 +1t)/(1+ pit) < v;(t) < Ao(1+1)/(1+ pit).

For 0 < t < d~', the sequence v(t) satisfies the variance conditions at scale (1 + t)~1/2

with constants (¢, Cy). For t > a1 it satisfies the variance conditions at scale dl/2 with
the same constants.

For t > 0, let 1 be the solution of the Poisson equation of Lemma 14.5 defined from v = v(t) and

C; = Ci(t), and let E(t) = poy I (t). There exist C and Mo, depending only on K, do, Ao, co,
Co, and j, such that if M > MO, then

I~ L

g < <

<i 0<e<dah), £ 4s) <Cd(1+ds)Pet® (s20).

Proof. We first record two sums over the precisions. For every integer k > 2, we claim
that

N N
Z <CkN(1+t) 32 (0<t<dl, Zlkg Nd®/27k, (14.38)
i= l:1p1

provided M > 23/2, where C; depends only on K and k. For the first bound, we note
that the summand is decreasing in p;. Using (14.33) and comparing a right Riemann sum
with an integral, we find for t > 0 that

oo dy 3 30 [* rY/2dr 32
1_|_N/ =1+ =K / Nt ,
=1 1+Pz 0 (1+K-1y2/3)k 2 <o (1+r>’<>

where we substituted » = K~1y2/3t. The last integral is finite since k > 3/2. For t < 1 the
sum is at most N < 23/2N(1 + t)_3/2. For1 <t <d ! wehave +3/2 < 23/2(1 + t)_3/2,
and since 1+t < 24!, also N(1 + t)_3/2 > 2-3/2M > 1, which absorbs the term 1. The
second bound follows in the same way from

N oo ,1/2

1 3 ri/=dr
2 —<d — 4k Tg3/2 / — — \Nd¥?%k
:1pf<— CHN / d+K12/3) *3 < 0 (1—{—r)k>

1

Mz

together with d=% = Na®/2=k/ M.
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Let0 <t <d ', d.=(1+t)"1 and My = Nd>/? = N(1+t)~%/2. By (i), (iii), and
(14.38),

1
< A} —— < CM;,
= °;<1+pit)4— t

A2 1
< 0 < C(144)2
Ic_(HtZZHpit)z_C( +1) M,
AS

K 0 <C(1+t)"'M,,
C_1 Zl—l— 5 <C(1+1) t

where Ic, Jc, K¢ are defined from v(t) and (C;(t)) as in Lemma 14.5. As 1+t < 247!, we
have M; > 273/2M, and M; > MQ when M) is large. Then (iv) and Lemma 14.5 imply
that

C s M; My M; 3C

Et) < — 1+t = .
()_Mt<1+t+( +)(1+t)2+1+t> 1+t

Lett =d ! +swiths >0, letd, = d, and write L;(s) = (1 +ds)/e~%. Using (iii) and

pit > 1, we have v;(t) < Ag(1+1t)/(pit) <2Ao/p;. By (ii) and (14.38),

Ic < Cd4Lj(s)2Zl4 < CMLi(s)?,  Jc < Cd*L Z_ < Cd*ML;(s)?,

i Fi

Kc < Cd*L; 2 < CAML;(s)*.

i

With (iv) and Lemma 14.5 for M, = M, we obtam
_ C _ P
E(d1+5) < M(dM +d 'd*M+dM)L;(s)* = 3Cd (14 ds)?e**
This completes the proof. O
We now verify the hypotheses of Lemma 14.6 for the covariance evolution.

Lemma 14.7 (Coefficient differences along the covariance evolution). Assume (14.33).
There exist Ag > 1,0 < ¢g < 1 < Cy, and My, depending only on K and dy, such that if
M > My, then the variances v;(t) of the covariance evolution of A and the entries C;(t) in
(14.34) satisfy (i)—(iv) of Lemma 14.6 with j = 1. Moreover, after enlarging My, there exists C,
depending only on K and dy, such that

£ =1
Proof. The proof has five steps: bounds on & and its derivatives, the comparison (iii) of
the variances, the bound (i) on the coefficient differences at times t < d~!, the bound
(ii) at later times, and the variance conditions (iv). Throughout, M > My, and we write
a(t) = vd+ (1+t)~1/2. Positive lower-bound constants denoted by c. depend only on
K and dp and may change from line to line.

(0<t<d™l), E@d'4s)<Cd(1+ds)?e* (s>0). (14.39)
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Step 1: the function /. Recall from Lemma 7.11 that, for all + > 0 and all {,

R =a(t), () = a(t) 11+—+ptt (14.40)
where X < Y means C‘lY < X < CY. Also ¢ < v/d by Lemma 7.10, and differentiating
(14.2), we have (" (¢ )" [ x"e ™ p(dx) for n > 1. For t > 1, we use x"e ™ <
(2n/ (et))"e /2 and h(t/2) § Ch(t), Wthh follows from (14.40) and a(t/2) < v2a(t).
For t < 1, we use that p is supported in [0, ||[H||], that |H|| < 2pn +2 < 2(dy + K+ 1),
and that hi(t) > h(1) > c,. This gives

R ()] < CA+8)7"h(t)  (£>0, n=1,2). (14.41)

For t = d~! 4+ s, we use e x(d71+s) < e ¥ g=2ds oy [2d, ) and the previous bound at
time d~! to obtain |7 (d~1 +5)| < C,d"h(d'/2)e 2 < C,d"+1/2¢72%, Recall that
{ = KW' /h. As h is positive and decreasing, we have { < 0. By the Cauchy-Schwarz
inequality for the measure 96y + p, we also have ik > (I')?, that is, {’ > 0. Using (14.41)
and i > 8 > c,.\/d, we conclude that

Ml<— 0= < 1+ 1) (t=0), (14.42)

"(d ' +5) < Cd%e 2 (s>0).

Step 2: the variances. The comparison (iii) follows from (14.40), since v; = h;/h. In
particular, ¢, < v;(t) < C(1++t) for all t. For t > d~1, we have pjt > 1, so that
(1+t)/(1 + pit) lies between 1/(2p;) and 2/p;; hence v;(t) < p;! and 1+ ¢;(t) =
pivi(t) = cx.

Step 3: the coefficient differences at times t < d~!. Recall from (14.34) that 2C;(t) =

hi(t)/hi(t) — ¢(t). Fix t > 1 and an index i with p;t > 1. For r > 0, let g(r) = hi(r) —
C(t)hi(r). Differentiating h} = —2p;h; 4+ 2h, we find §'(r) = —2p;g(r) + 2h(r)(C(r) — {(t)).
Solving this linear equation on [¢/2,t] and substituting »r = t — s, we obtain

()~ S0 = e Pig(t/2) 42 [ e 9) (£ 5) (1) s

We divide by h;(t). From (14.40), we have h;(t/2) < Ch;(t) and, as 1 + p;t < 2p;t, also
h(t/2) < Ch(t) < Cp;hi(t). With |h}| < 2p;h; + 2h and (14.42), the first term divided
by h;(t) is at most C(p; +t~1)e Pt < C/(p;t?), where we used r’¢™" < Cand re™" < C
with r = p;t > 1. In the integral, |{(t —s) — {(t)| < Cs/t? for s < t/2 by (14.42), and
h(t —s) < h(t/2) < Cpihi(t). As [y se 2P ds = (4p?) ™!, the integral divided by h;(t) is
at most C/(p;t?). We conclude that

C 4C

< t>1, p;t >1).
pE S aFnatpn bzl

ICi(t)] <
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Ift > 1and p;t < 1,then 2C;(t) = —2p; +2h(t)/h;(t) — I(t), where p; < t=1, h(t)/h;(t) <
C(1+pit)/(1+1t) < 2C/t by (14.40), and |{(t)| < C/t. Together, these bounds give
ICi(#)] < C/t <4C(1+ )11 +p;t) L. If t < 1, then |Ci(t)| < vi(t) 1+ p; + ()| < C,
while (1+t)(1 + p;t) < 2(1+dg + K). This proves (i) for 0 < t < d 1.

Step 4: the coefficient differences at times t > d~ 1. Lett = d~! 4+ s with s > 0. The
hypotheses of (14.12) hold by (14.33). Using also 1 + ¢;(t) > ¢, from Step 2, we find

1 pilei(t)] —2ds
| = < . .
o (D) Pi| =1 et) S Cd(1+ds)e (14.43)

Differentiating (14.34) and using v} = 2C;v;, we find the linear equation

Ci(t) = —zziz(tt)) - g/ét).

For 0 < s1 < sp, (14.43) implies that f:lz 20;(d~1 +r)1dr > 2pi(sp — 1) —2C [y d(1+
dr)e=2 dr = 2p;(sp — s1) — 3C. Hence the integrating factor of this equation from
d=1 451 to d~ ' + s, is at most Ce2Pi(2=51), From (i) at t = d~!, we have |C;(d~1)| <
Cl+d )1+ pd 1)1 < Cd?/p;. With (14.42), we obtain

2 S
ICi(d ™ +5)| < Cd—e_ZPis + C/ o 2pi(s—7) g2,=2dr 4,
] 0

1

d? 1
< C—e 25 4 Cd?e 2 minds, —— 4
o pi { 2(p;i —4d) }

where the minimum is s if p; = d. In the last step, we wrote e 2ri(s—7)=2dr —

e~ 25 2(pi=d)(s=7) and integrated. If p; < 2d, then d?s < 2(d?/p;)ds. If p; > 2d, then
pi—d > p;/2and d?/(2(p; — d)) < d?/p;. In both cases,

2
C(d +5)] < C(1 4 ds) e=2,

pi
which is (ii) with j = 1.

Step 5: the variance conditions. Let 0 <t < d !, d, = (1+¢t)7!, and M, = N(1 +
t)=3/2 > 273/2M. We have c. < v;(t) < Cd; ! by Step 2, and (iii) and (14.38) imply that
Yo () < CA+HRT(1+pit)™F < CN(1+t)¥3/2 for k = 2,3, 4; these are the required
upper bounds. For the lower bound on Y; v? and for the set S, consider the indices with
i—1<eN(1+1t)732, where € € (0,1]. For such i, we have p; < d + Ke?/3(1 +1t)~! <
(2+K)(1+¢t)"! by (14.33) and d < 2(1+t)~!, and then v;(t) > c.(1 +t) by (iii). Taking
€ = K=3/2, we obtain at least K~3/2M,, indices with v;(t) > c.(1+ t), which gives
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Y 0i(£)% > ¢, N(1 +t)1/2. Let S consist of the first [eM,] indices, with e < K~3/2 to be
chosen. Then v;(t) > cx(1+t) = cod; ! fori € S, and if eM, > 1,

Y vi(t)? < 2eM. C*(1+1)? = 2eC*N(1 + t)V/2

€S
We choose €, depending only on K and dy, so small that the right side is at most half of
the lower bound on Y; v;()?; then the complement of S carries at least half of }; v;(t)>.
The condition eM, > 1 holds when M > M,.

Lett>d ! d,=d and M, = M. Step 2 and (14.38) yield ¢« < v;(t) < C/p; < Cd—1!
and ¥ v;(t)F < CY Pi_k < CNd®/27k. The indices with i — 1 < eM satisfy p; < (1 +
Ke?/3)d, so that v;(t) > c.d~!. The rest of the argument is the same as above. This proves
(iv), with constants depending only on K and d.

Finally, Steps 2-5 and Lemma 14.6 with j = 1 yield (14.39). O

The initial law weighted by 1/¢. As in (9.2), let

1 N

1 ¥ 1
=N E 1 qix?, and recall =N Z{ 7,
1= 1=

which is the value of ¢ at x7 = g;. On Sy we have 1/py < ¢ < 1/d, and computing its
tangential gradient, we find

F(log ¢)(x) =  ( (Ag;j’l R

We write X = (X;)s>0 for the diffusion with generator L4, and E, and E u for expectations
when Xy = x and when X, has law p. The following three estimates are proved in
Section 10 for the unnormalized process Y with quadratic potential coefficients p; =
pi/2, the half-precisions. Its normalization v/NY/|Y| is the diffusion X started from
VNYy/|Yyl|, and the quantities below depend only on the path of X. For every A > 0 and
r > 0, there exist C and My, depending only on K, dy, Cr, A, and r, such that if M > M,
then for every u > 0,

T
xs;us}l)V E,exp <)\/O I'(log ¢)(X;) ds) <C, (14.44)
Eyu[ sup (ﬂq)(xs))’] <c, (14.45)
0<s<T,
1y [(q)ﬁ(u))r + ((pfl(u))_r] <C. (14.46)

The bound (14.44) is Theorem 10.15, and (14.45) is the last bound of Theorem 10.18. For
(14.46), let Xo have law 1, and Y;(0) = X;(0)/¢(Xo)'/?, as in Lemma 10.16. As h(0) =
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and |Xp|?> = N, we have ¥, 1;(0)Y;(0)®> = N/¢(Xp). Using Lemma 10.16 at time 0, we
obtain a random variable Cj,;; > 1 with EC! .. < C, and let (p(X0)h(u))™! < Cinit,
which implies (14.46).

The weighted gradient estimate (14.47) below controls ¢ I'( P2 f) rather than T'(PAf).
To bound 1, T (P4 f), we divide by ¢, which replaces the initial law y, by the following
law.

init

Lemma 14.8 (The initial law weighted by 1/¢). Assume (14.33). For u > 0, let

1 _ 1 1
Zu—yu<%>/ fiy(dx) = Zy 09(x) pu(dx).
There exist C and My such that if M > My, then for every u > 0,

h(u) <z, < Ch(u), H djiy
Co (% dpuy llL

Fu

Further, for every r > 0 and A > 0, there exist C, 5 and My(r, A) such that if M > My(r,A),
then for every u > 0,

T
Ep,| sup (89(x))] <Ca Egexp (/\/0 F(log ¢)(X,) ds) < Cp.

0<s<T;
Proof. We have Z,, = 0 'h(u) uy,((@h(u))~!) and

di _ (ghtu)
dp pu ((@h(u)

(u)~1)
Using (14.46) with r = 1, we have u,((ph(u))™!) < C and py(¢h(u)) < C, and by
Jensen’s inequality, p, ((@h(u))~1) > u,(@h(u))~! > C~1. This proves the bounds on Z,,.
With r = 2, (14.46) implies that the L?(y,,) norm of dfi,/ du, is at most C1/2- C.
Let B > 0 be a measurable function of the path (Xs)o<s<7,. Conditionally on Xy, the
law of the path is the same whether X, has law y, or fi,. Using the Cauchy-Schwarz
inequality, we find

dV 2\1/2
With B = sup, 1 (8¢(Xs))’, the first claim follows from (14.45) with order 2r. The second
claim holds for every initial law, since (14.44) is a supremum over initial points. O

We use the weighted gradient estimate of Lemma 10.21: for every smooth g on Sy,
every x € Sy, and every s > 0,

p(x) [(P/g)(x) < e Ex[exp (2 | "T(log ¢) (Xe) do) p(X)T(g)(Xs)].  (1447)
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It follows from the Bochner identity for the Dirichlet form weighted by ¢, in which the
curvature term is at least 7 after a square is completed, together with the Feynman-Kac
formula; the term I'(log ¢) is what remains of the square. It is controlled along the paths
of the diffusion by (14.44).

Lemma 14.9 (Gradient bounds under the comparison laws). Assume (14.33). There exist C
and My such that if M > My, then d/2 <7 < d, and for every u > 0, every 0 < T < T, and
every smooth f : Sy — [0,1],

CrZ C7h(u)
A u
lu”r(PTf) < et 1 — 19(62?7_1)'

(14.48)

The factor i(u), which is of order (1 + u)~'/? for u < d~!, comes from the nor-
malization Z, of the weighted initial law. In the proof of Theorem 14.10, it makes the
contribution of times u < d~! bounded independently of d.

Proof. Note that Nd = Md=12 > M. Then2/N < d/2 when M > 4, and d/2 < 7 < d.
The proof has three steps.

Step 1: integration of (14.47). Fix T € (0, Ti] and a smooth f : Sy — [0,1]. For0 <s <7,
we apply (14.47) to ¢ = P2 .f, multiply by ¢?, and integrate over s € [0,7]. Since
PAPA | = P4, the left side becomes ¢(x)T'(PAf)(x)(e¥™ —1)/(27). On the right side, we
use I'(log @) > 0 to bound the exponential by ¢ and ¢(X;) by 9~ 1¢*, where

Or= ['Tllogg)(X) dv, i = sup 89(X), Vo= [ T(PAF)(X,) ds

0<s<t
By Tonelli’s theorem, we obtain for every x € Sy

621"1' -1

p(x) T(PAF) (x)

Step 2: the quadratic variation. Let mS = P4 f (XS) for 0 < s < 7. Using Itd’s
formula and the backward equation 9dsP. S f = —LaP# f we see that m is a continuous
martingale. Its quadratic variation is [m]s = 2 fo 4 f)(X,) do, because the noise
coefficient of the diffusion is v/2; see [123 Chapter IV, Sectlon 3]. In particular [m]; = 2V.
As 0 < f <1, wehave 0 < ms <1 and sup, |ms —mg| < 1, and the Burkholder-Davis—
Gundy inequality with exponent 6 [123, Chapter IV, Section 4] implies that

E [e*97 9% Vy]. (14.49)

|

E,V3<C (x€Sy), (14.50)

where C is a numerical constant. The same bound holds for every initial law.
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Step 3: averaging over the initial law. We divide (14.49) by ¢(x) and integrate over x
with respect to i,,. By the definition of fi,, we have [ p,(dx) (8¢(x)) 'Ey[-] = Z,Ep,[-],
and hence

627’1’ -1 . .
ul (P7f) —— < Zu g, [P 97Vx] < Zy (&%) % (B, (99 (B, V)7,

where we used Holder’s inequality with three exponents equal to 3. The quantities O+
and ¢; are at most their values at T, because T < T. Using Lemma 14.8 with A = 6
and r = 3, together with (14.50), we find that the three expectations are bounded by
a constant. This proves the first inequality in (14.48), and the second follows from the
bound Z, < Ch(u)/9 of Lemma 14.8. O

We now prove the main estimate of this section. The constants are chosen in the
following order.

Quantity Role Dependence
K, do, Cr hypotheses (14.33) and time T given
A=6,r =3 ordersin Lemma 14.8 fixed

Mo threshold for Lemmas 14.7 to 149 K, dy, Cr

C constant in (14.51) K, dy, Cr

N, A, t any, with M > Mpand 0 <t < T, last

Theorem 14.10 (Distance to the Bingham comparison law on [0, Crd~!log M]). For every
K>1,dy€ (0,1), and Cp > 0, there exist constants C > 1 and My > 4, depending only on K,
do, and Cr, with the following property. Let N > 2, and let A be a real symmetric N x N matrix
whose precisions py < --- < py satisfy (14.33) and M = Nd®/2 > My, where d = p;. Let u;
be the Bingham comparison law of A. Then for 0 < t < Crd~log M,

[unP = t]| py < min {1, Cem (2N, (14.51)

The bound contains no factor depending on d or on Nd?. At times with dt > % log M
and t < Cpd~! log M, we have 2t/N < 2CrlogM/(Nd) < 2CrlogM/M, and the
right side of (14.51) is at most Ce?“TM~1V/%; at dt = }llogM + O(loglog M) it is
M~4(log M)®). In both cases it tends to zero as M — co, however slowly.

Proof. We first bound the distance by a Duhamel integral, using part (c) of Theorem 9.5,
and then estimate the integral. Let M > My, and let T, = Crd 'logMand 7 =d —2/N €
[d/2,d] be as above.
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Step 1: the Duhamel bound. Fix t € (0, Ti]. We apply part (c) of Theorem 9.5 to the
family (yy)u>0, whose forward-equation defect is R, by (14.35), and to the semigroup
PtA. By Corollary 9.7, the flux hypothesis (9.20) holds with j, = Vg, ¢, and with
J (1) equal to the right side of (14.39), that is, J(u) = C(1+u)~! for u < d~! and
J(d7 14 5) = Cd(1 4+ ds)?e~*%. For the gradient hypothesis, let

C7h(u)

97 = g —1

(u,T € (0,1)),

where C is the constant of Lemma 14.9. For 7 < t < T,, that lemma states that
1T (PAf) < G(u,T) for every smooth f : Sy — [0,1]. Both J and G are Borel mea-
surable. As pg = vy, (9.21) gives

t
[y P = 1t oy S/o \/j(u)g(u,t—u) du.

We have G (u,t — u) = CFo~h(u)e 7= (1 — e~ 27 (t=1)) =1 which yields

e\ 7R () T ()

0 1 — ¢~ 2F(t—u)

[vNPE = ity < Ce ™ du (0<t<T,). (14.52)

Step 2: the numerator. We have 7 < d, 9! < Cd~1/2 by Lemma 7.10, and h(u) <
C(\/E—i— (1+ u)’l/z) by Lemma 7.11. For 0 < u < d~!, we have Vd < \/5(1 + u)’l/z,
e < e and J(u) = C(14u)~L. For u = d~' +s with s > 0, we have (u) < CV4d,
e < et and J(u) = Cd(1 4 ds)?e 4. We conclude that

Cd1/4(1 + u)_3/4, 0<u<dtl

14.53
Cd(14ds)e ™, u=d'1+s s>0. (14.53)

e\ [FO 1 (1) T (u) < {

The first line integrates over [0,d~] to at most 4Cd1/4(1 + d‘1)1/4 < 4.2Y4C, and the
second over s € [0,00) to C [, (1+r)e™" dr = 2C. Thus

/m ef”\/fﬁ—lfz(u)j(u) du < C. (14.54)
0

Step 3: the denominator. Let2/7 <t < T, and split the integral in (14.52) atu =t —1/7.
For u < t — 1/7, the denominator is at least (1 — e_z)l/ 2 and by (14.54) this part of the
integral is at most C(1 — 6—2)—1/2' Fort—1/7<u <t wehaveu > 1/7 > d1, so the
second line of (14.53) applies, and since (1 + r)e~" < 1, the numerator is at most Cd. By
concavity, 1 —e=% > (1 — e 2)y for 0 < y < 1, and this part of the integral is at most

Cd/l/? do - 2Cd . 4C
0o JA-eDrw Vi—-e27 V1—e?2
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where we used 7 > d/2. By (14.52), we conclude that ||1/NPtA — utl|lpy < Cle™™ for
2/7 <t < T,, with C’ depending only on K, dy, and C7. If 0 < t < 2/7, then e ™ > e 2,
and the total variation distance is at most 1 < e?¢~"". Taking C = max(C’,¢?) proves
(14.51). 0

Remark 14.11 (The parameters M and My). In Theorem 14.10, M = N d3/2 is defined from
the smallest precision of a fixed matrix, and the estimate holds for every N and every
such matrix with M > My. For A = cyWy in the regime (14.4), M = N di{z is random,
and it is related to the deterministic My = N&3; by N d?\]/z/ My — 1 in probability, by
(14.9); more precisely, {x|Nd3/?/My — 1| — 0. In Section 20, Theorem 14.10 is applied
to deterministic matrices with M fixed while N — co. The estimate requires no relation
between N and d beyond M > M), and it therefore applies however slowly My tends to
infinity.

14.4 Proof of the profile

Proof of Theorem 14.1. We first prove (14.6). Fix ugp > 0 and ¢y > 0. The parameters are
chosen in the following order.

Parameter Role When it is fixed
up, €0 range of offsets and tolerance first

ne€(0,1) confidence of the events G” in (14.11) second

K =K, constant in (14.11) depends on 7
dy=1/2,Cr =1 constants in (14.33) and in T, absolute

C, My constants of Theorem 14.10 depend on Ky
N — o0 limit in probability third

n—0 removal of the localization (Lemma 3.8) last

Let Xn = supy,<y, [Dn(Tn (1)) — ¥ (u)|. Fix 7 € (0,1), and let C and My be the
constants of Theorem 14.10 for K = K;;, dg = 1/2, and Cy = 1. Let £y be the intersection
of G"7 with the event that

1
dy < 5 Nal?\,/2 > M,, élogMN <dnTn(u) <log (Nd?\f/z) for all |u| < uy.
We claim that P(G" \ £y) — 0. Indeed, by (14.9), dy — 0 and Nd3/?/My — 1
in probability. Further, 63 Ty (1) = llog My (1 + o(1)) uniformly for |u| < up, so
dNTn(u)/logMy = (dn/6%) 6% Tn(u)/log My — 1/4 in probability, uniformly for

u| < ug, while log(Nd3/?)/ log My — 1.
g N g
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On &y, the matrix A = cyWy satisfies the hypotheses of Theorem 14.10. Indeed, its
precisions in increasing order are p; = dy + ;, and (14.11) and dy < 1/2 give (14.33).
Further M = Nd3/? > My, and 0 < Ty(u) < dy!log M for |u| < uy. By (14.51), on Ey,

sup [|[vnPry(u) — iy lpy < C sup e WINEITEINGIIN < ¢ 2TN00)NALLS,

Ju| <ug [u|<ug

The number Ty(ug)/N is deterministic and is at most Céi,z logMN/N =
Conlog M/ My, which tends to zero. In particular, the supremum is at most
ZCMK]U 8 on Ey for large N. Using the triangle inequality, we have

XN < sup [unPry) — Hrgllry + suP | g = eyl = ¥ ()]

[u|<ug [u|<ug

For N so large that ZCMK]U 8 < &9/2, we therefore have

P(G"N{XNn > ¢eo}) <P(G"\ En) —HP( sup

u|<ug

3
HVTN(M) - NNICNHTV _T(”)‘ > EO>/

and both terms tend to zero, the second by Theorem 14.4. Now Lemma 3.8 implies that
XN — 0 in probability, which is (14.6).
The center and the window are deterministic, and

43T _ | BloglogMy  logBey .
log My 2log My log My ’
NS 4

= 3 — 0.
In  log My — 5loglog My + log B,

Together with (14.6), this shows that Dy has cutoff profile ¥ with center Ty and window
657 in the sense of Definition 3.7. Recall from Lemma 3.9 that ¥ is continuous and strictly
decreasing from 1 to 0, with ¥~1(¢) = —1log[2®~!((1 + ¢)/2)]. Then Corollary 3.12
implies that (ty(e) — Tyn) /65> — ¥71(¢) in probability for every ¢ € (0,1), which is
(14.7), and there is cutoff. ]



SECTION 15

The infinite-temperature crossover

In this section, we let the rescaled inverse temperature ¢ = cy tend to zero and prove
Theorem 1.2 and the first case of Theorem 1.1. The section has a deterministic part and a
part about the GOE.

In the deterministic part, Theorem 15.1, G is a fixed symmetric matrix of bounded
norm, and A = ¢G with ¢ small. We show that the time-t law vy P/ is within O(c?) of
the Bingham comparison law p; uniformly in time, that the information Zy(t) of the
covariance evolution (Definition 3.5) decays at rate 4 + O(c), and that Dy/(t) is close to
2®(/In(t)/2) — 1 uniformly in t > 0. The distance is determined by the single function
In. If Zn(0) — oo, there is cutoff at the time Ty at which Zy(ty) = 1, with a window of
order one.

For the GOE, we show in Theorem 15.2 that Zy(0) is asymptotic to [y/2, where
N =N c%\,. If [y stays bounded, the distance relaxes over a bounded time and there is
no cutoff. If [y — oo, there is cutoff at Ty. In Theorem 15.3, we determine Ty up to
0(1). In the regime Jy — oo, let hy = (cn/4)log Jn for all sufficiently large N. When
hy is bounded, the information at times of order log i is governed by the orthogonal
compression of multiplication by the eigenvalues to the subspace of vectors with mean
zero, and its semicircle limit is computed with Chebyshev polynomials. The resulting
center involves the modified Bessel function I;. When hy — oo, the relative errors are
concentrated near the spectral edge. The computation of Section 13 holds uniformly
for small ¢, and it yields the center of Theorem 13.1 evaluated at ¢ = cy. Table 15.1
summarizes these results.

We use the covariance evolution of Section 7 (Lemma 7.6), Lemma 9.1 and Proposi-
tion 9.14, and the results of Section 3.5. From Section 13, we use the uniform form of the
likelihood limit (Lemma 13.2), which rests on Theorem 6.8. About the GOE, the proof
of Theorem 15.2 uses only the norm of Wy and the traces of Wy and WI%] (Lemma 15.8).
The proof of Theorem 15.3 uses in addition the rigidity estimate of Lemma 4.2, through
Lemma 13.8, the computations for the semicircle law (Proposition 13.7 and Lemma 13.11),
and the evolution on vectors with mean zero of Section 15.5.

Notation. We use the notation of Section 13: the function G(I) = 2®(1/1/2) — 1 of
(13.2), the semicircle quantile function <, and the identification of vectors with step
functions on (0,1). For f,f € RN, we write (f) = N7'Y; f;, (f,.f''n = N7'Y, fif!,

45
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and ||fllon = (f, f >}\]/2 Let G be a real symmetric N X N matrix with eigenvalues
AL > > Ay, letc >0, and let A = cG. We write Dy/(t) = ||[vnP/ — 74 |lTv and define
tn(€) by (3.15) with this Dy. For A = cyWy, these are the quantities of Section 3. We
use the Lagrange multiplier z, the precisions p;, the variances ¢g;, and the numbers 4
and s of Definition 3.3, and the covariance evolution of Section 7: the variances v;(t),
the moving multiplier z(¢), the Bingham comparison law y; = (), the relative errors
e;(t) = vi(t)/q; — 1, and the information Zy () = 1 ¥; e;(t)%. We write e(t) = (¢;(t)); and
e(t) = (e(t))-

Adding a multiple of the identity. Replacing A by A + 71 replaces z by z + T and leaves
the precisions p; and the variances g; unchanged. In (7.19), it multiplies m(t) by ¢?™, so
that the variances v;(t) do not change, and neither do ¢;(t), Zn(t) and pt = py(). The
quantities Dy and ty do not change either, by (3.7). In the proofs, we may therefore
replace G by G — N~!(Tr G)I, which has trace zero and norm at most 2||G||.

15.1 Statements

Theorem 15.1 (Small inverse temperature: comparison and information). Let M > 0.
There exist co € (0,1), No and C, depending only on M, such that the following holds for every
N > Ny, every ¢ € [0,¢q|, and every real symmetric N x N matrix G with |G| < M, where
A =cG.
1. Forallt > 0,
[vnP2 = ey < Cc® min(t, 1). (15.1)

2. Forall t > 0, we have max; |e;(t)| < Cce™'. If In(0) = 0, then Iy (t) = 0 forall t > 0. If
In(0) > 0, then In(t) > 0 for all t > 0, and

—4—Cc < %logIN(t) < —4+ Ce. (15.2)

3. For every k > 0, there exist ¢, € (0,co] and Ny > Ny, depending only on x and M, such
that if ¢ < ¢ and N > Ny, then

sup IDn(t) = G(In(1)] < x. (15.3)

4. If In(0) > 1, then there exists a unique TN > 0 with In(ty) = 1. It satisfies

logZN(O)<T <logIN(0)

log T 4yl < > — .
o Ce SWNE g |log In(tn + 1) +4u| < Cclu| (u > —1y)

(15.4)
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5. Let cy — 0, and for each N let Gy be a real symmetric N x N matrix with ||Gy| < M,
such that the information of A = cNGy satisfies Iy (0) — oo. Then v/ log Zn(0) — 1/4,
and for every compact set K C R and every compact interval I C (0,1),

sup [Dn(tw +u) —¥(u)| =0,  sup|tn(e) — T — ue| — 0.
uek eel
In the last part, the window is of order one while Ty — oo, so there is cutoff for
every sequence along which the initial information diverges. The relative bound 1N =
110gZn(0)(1+ O(cy)) given by (15.4) does not determine Ty up to o(1); this is done for
the GOE in Theorem 15.3.

Theorem 15.2 (Relaxation and cutoff near infinite temperature for the GOE). Let cny > 0
be deterministic with cy — 0, let [y = Nc%\,, and consider the model with A = cyWy. All
limits below are in probability.

1. Suppose that /N cy — a € [0,00). Then

2t

sup |Dn(f) — <2q)<ae_

£>0 22

and for every e € (0,1),

) - 1)‘ 0, (15.5)

tn(e) — max {%log 0, (15.6)

2/20-1((1+¢)/2) }

where the limit is zero if a = 0. If e > 2®(a/(2v/2)) — 1, then P(ty(e) = 0) — 1. If
cn =0, then tn o = vy and Dn(t) =0 forall t > 0.
2. Suppose that [Ny — oo. Define

e {inf{t >0:In(t) <1} ifIn(0) > 1, (15.7)

1 if In(0) < 1.
Then
IP(Zn(0) > 1 and Ty is the only solution of In(t) = 1in [0,00)) — 1. (15.8)

Moreover, T/ log [n — 1/4, and for every compact set K C R and every compact interval
I1C(0,1),

sup |DN(TN +u)— ‘I’(u)‘ —0, sup }tN(s) — TN — u€] — 0. (15.9)
uek ecl
ww+u>0

In particular, Dy has cutoff profile Y with center TN and window 1, and there is cutoff.
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The time 1y in (15.7) is defined for every realization of Wy, and Zy(7y) = 1 whenever
Zn(0) > 1. Indeed, for every real symmetric matrix A, the variances v;(t) are continuous
in t, and they converge to g; as t — oo by (7.22), because d > 0 (Definition 3.3). Then Zy is
continuous on [0,c0), and Zn(t) — 0 as t — co. If Zy(0) > 1, the set {t > 0: Zn(t) <1}
is nonempty and closed, and its infimum Ty belongs to it. Then 7y > 0 and Zy > 1 on
[0, T5), and continuity gives Zyn(ty) > 1. We conclude that Zy(ty) = 1, and that Ty is
the smallest solution of Zy(t) = 1 on the event {Zx(0) > 1}. The theorem asserts that it
is the only solution with probability tending to one; we do not claim uniqueness on all of
{Zn(0) > 1}. Under the assumptions of the fourth part of Theorem 15.1, the solution is
unique, and Ty is the time given there.

The time Ty is a Borel function of Wy; this is needed for the limits in probability in
the second part. To see this, fix N and cy, and write Zy(W, t) for the information at
time t when W is a real symmetric N x N matrix and A = cxyW. This function is jointly
continuous in (W, t). Indeed, the ordered eigenvalues of W are continuous functions of
W [4, Corollary A.6]. The Lagrange multiplier is the unique solution z > cyA; of (3.10),
whose left side is continuous in (z, W) and strictly decreasing in z there; bracketing the
solution between z — € and z + € shows that it depends continuously on W. Finally,
the solution of (7.19) depends continuously on the eigenvalues of A and on ¢, and its
normalization }; m;(t) is positive by Lemma 7.6. We conclude that g;, v;(t), and Zy(t) are
continuous in (W, t). For r > 0, the function W +— ming<s;<, Zx (W, s) is Borel, because
by continuity it is the infimum over a countable dense subset of [0,7]. On {Zx(0) > 1},
we have Ty < r if and only if ming<;<, Zn(s) < 1, and on {Zx(0) < 1}, we have ©y < r
if and only if r > 1. This proves that Ty is Borel. The event in (15.8) is the intersection
of {Zn(0) > 1} with the event that Zy(t) = 1 has exactly one solution, and it is Borel
as well. For m, k > 1, the sets of matrices W for which Zy(W,t) = 1 for some t € [0, m],
or for two times s,t € [0, m] with |s —t| > 1/k, are closed, by joint continuity and the
compactness of [0, m]. The set of W for which Zy (W, t) = 1 has exactly one solution in
[0, 00) is the union over m of the sets of the first kind, minus the union over m and k of
the sets of the second kind.

In (15.9), the supremum is over u € K with 7y +u > 0, and an empty supremum
is zero, as in Definition 3.7. Since Ty — oo in probability, the restriction is void with
probability tending to one. The same convention applies to the other suprema of this
kind in this section.

At equality ¢ = 2®(a/(2v/2)) — 1 with a > 0, the first part gives ty(e) — 0 in
probability, but not that tx(e) = 0 with probability tending to one. Along a sequence
with [y — ] € [0,00], the first part applies if ] < oo, with a = /], and the second if
] = oo. A cutoff profile with a diverging center therefore appears exactly when [y — co.
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For h € R, let

L (8h) 1
8h 7 B(O) - 2/

B(h) = % / 22 e oge (M) dA = (15.10)

where I; is the modified Bessel function of the first kind (Remark 15.4). The proofs use
only the integral.

Theorem 15.3 (Explicit centers). In the setting of the second part of Theorem 15.2, let hy =
(cn/4)log Jn for all N large enough that [y > 0.

1. Suppose that (hy) is bounded, and let

TRk = ~[log Jn + log B(hy)]. (15.11)

e

Then Ty — TRU& — 0 in probability, and (15.9) holds with TR in place of Tv. If moreover
hy — 0, then TRk — 11og(Jn/2) — 0.

2. Suppose that hy — oo. Let gy = (1 —cn)? and let Ty(cy) be the center (13.4) of
Theorem 13.1 evaluated at ¢ = cy, that is,
Tu(c )_logN—%loglogN-l—logACN a4 Ve(l—¢)3
NN 4gN ’ 4y +0)?

(15.12)

Then Ty — Tn(cn) — 0 in probability, and for every compact set K C R and every compact
interval I C (0,1), in probability,

SU.IIz ‘DN(TN(CN) + Ll/gN) — ‘Y(I/l)} — 0, SLIII) |gN(fN(€) — TN(CN)) — l/lg’ — 0.
ue ec
(15.13)

In the second part, no condition such as c%;log N — 0 is imposed, and gy cannot be
replaced by 1 in the center. Indeed, gg,l —1 > 2cn and cylog N > 4hn — 00, so replacing
4gn by 4 in the denominator of (15.12) changes the center by an amount that tends to
infinity. Sequences along which /1y has several limit points in [0, co] are still covered by
Theorem 15.2, with the center Ty.

Remark 15.4 (The Bessel function). By [117, (10.32.2)] with v = 1, we have [;(x) =
mlx fil V1 —1y2e¥dy. The substitution A = 2y yields [e}psc(A)dA = I1(2s)/s for
s # 0, and with s = 4h we obtain the second expression in (15.10). We also note that
B(h) > %e‘”’prsc = 1 by Jensen’s inequality, and that B(h) < 1e8 and |B'(h)| < 4e8/",
since |A| < 2 on the support of pg.
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Table 15.1. The regimes of Theorems 15.2 and 15.3, with Jy = Nc%\]. The parameter hy =
(cn/4)log Jn is used only in the regime [y — oo, for N large.

Regime Center Window  Statement

VNey — a < o no cutoff — Theorem 15.2, part 1
JN — Ty as defined in (15.7) 1 Theorem 15.2, part 2
Jn — o0, hy bounded i[log ]y +log B(hn)] 1 Theorem 15.3, part 1
JN — 00, hy — o0 Tn(cn) in (15.12) (1—cy)~2 Theorem 15.3, part 2

15.2 Small inverse temperature

The following lemmas concern a matrix A = cGwithTrG =0, ||G|| < M, and cM < 1/8.
Then |A;| < M for all i, and }; A; = 0. We write A = (A;); for the vector of eigenvalues.

Lemma 15.5 (The Lagrange multiplier and the covariance evolution). Let TrG = 0, ||G|| <
M, and cM < 1/8. Then

z—1] <8*M?,  |gi—1—cAj| <83M?,  |p;i—1]<2cM,  |g;—1| <2cM,
(15.14)
and 3/4 < d <1<s<5/4 Forallt > 0and all i,

[0i(t) — qi| < 4cMe™2%,  |e;i(t)| < 5cMe3/2, (15.15)

Proof. Since N"!Tr A = 0 and ||A|| < cM < 1/8, Lemma 9.1 with € = || A|| implies that
|z —1] <832M?, |g; —1—cA;] <82M?,and |d —1],]s — 1| <2cM < 1/4. Then p; = z —
cA; satisfies |p; — 1| < 8¢2M? + cM < 2cM, and similarly |g; — 1| < cM + 8c¢2M? < 2cM.
We have |v;(t) — g;| < (s —d)d~2e~2% by (7.22), and the first bound in (15.15) follows from
s—d=c(A;—Ay) <2cMand d=2 < 16/9. Finally, |e;(t)| = pi|vi(t) — qi] < § - 4cMe™ 2,
and 2d > 3/2. O

Lemma 15.6 (Relative errors and information). Let A be a real symmetric matrix. For all
t>0,

ei(t) = —2pie;(t) +22(t) (1 +ei(t)), Y qiei(t) =0,  z(t)=z—2(t), (15.16)

and
In(t) = —2) piei(t)* +2Ne(t)> +22(t) Y ei(t)>. (15.17)
i i
If moreover A = cG with TrG = 0, ||G|| < M, and cM < 1/8, then |e(t)| < 2cM|le(t)]]2,n
and |Z},(t) +4Zn(t)| < 16cMIn(t) forall t > 0.
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Proof. We have ¥ g;e; = ¥jv; — Y;gi = N — N = 0. Recall that z(t) = 1 + N~' ¥, a;0;(t)
with &; = z — p;, and that pjv; = 1+4¢;. Using Y ,v; = N, we find z(t) = 1+z —
N71Y,(1+¢) = z —&. Recall also from (7.21) that v} = 2+ 2(a; — z(t))v;, where now
a; — z(t) = —p; + . Multiplying by p;, we have

(:‘; = ]9[0? = 2]91' — Zpi(l + ei) + 26_(1 + 61') = —2]91'61' + 26_(1 + 6,’),

which proves (15.16). Equation (15.17) follows from 7}, = }_; e;el and }_;¢; = Ne

Now let A = cG as in the second statement. The second identity in (15.16) implies
that ¢ = N-1Y;(1 — g;)e;. We obtain |¢] < 2cM]le|on from (15.14) and the Cauchy-
Schwarz inequality. We also have |e| < 2cM max; |e;] < 10c>M? by (15.15). Recall that
le[|3 v = 2Zn/N. We bound the terms of (15.17) as follows:

‘22Pi€? _4IN’ < 2max |p;i — 1| Zeiz < 8cM Iy,
1 1

2N&* < 16¢*M* Iy, 2le]) e < 40> M*Iy.
i

As 56c2M? < 7cM, we conclude that 1 Zy +4ZN| < 15cM Iy. O

At bounded times, the relative errors are close to those of a linear evolution with rate
two.

Lemma 15.7 (Relative errors at bounded times). Let TrG =0, ||G|| < M, and cM < 1/8.
Forallt > 0,
le(t) + ce*Zt/\H2 N 242 M2 (1 + t)e !

Proof. We first note that Lemma 15.6 implies that Zy(s) < Zy(0)e~(4~16M)s that is,
le(s)|lan < |le(0)|o,ne>~8M)s. We have e(0) = (p; — 1);, because v;(0) = 1, and
||e(0)||2,N § 2cM by (15.14). We write (15.16) as ¢/ = —2e+ F with F; = —2(p; —
1)e; +2¢(1 + ;). Using Lemmas 15.5 and 15.6 and 1+ 5cM < 2, we have ||Flpny <
(4cM + 8cM)|le||2,n = 12cM]|e||2,n- By variation of constants,

e(t) = e e +/ ds.

We have ¢(0) = (z— 1)1 —cA, and therefore |e % (e(0) + cA)|on = e |z —1| <
8c2M?e~2. The integral has norm at most

/t e~ 2(t=5) 12 M - 2cMe~ (2-8M)s gg — 242 M2~ 2 /t eSMs Js < 242 M2 t o (2-8eM)t
0 0

Adding the two bounds and using 8cM < 1, we obtain the claim. O
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15.3 Proof of the deterministic theorem

Proof of Theorem 15.1. As explained at the beginning of the section, we may assume
that TrG = 0 and |G| < M/, with M’ = 2M. Let ey, Nj and C; be the uni-
versal constants of Proposition 9.14. We set C = max{C;{M"?,16M’,5M'}, cy =
min{1/2,1/(8M’),eq/M’,2/C}, and Ny = Nj,. Let ¢ < cp and N > Nj.

For the first part, we have ||[A — N~1(Tr A)I|| = ||A|| < ¢cM’ < €p, and (15.1) is the
first bound of Proposition 9.14.

For the second part, the bound on ¢;(t) is (15.15). We have |Z};| < 6Zy by Lemma 15.6.
If Zy(0) = 0, we obtain Zy = 0 from Gronwall’s inequality. If Zy(0) > 0, the same
inequality gives Zy(t) > Zn(0)e ® > 0, and dividing |Z) + 4Zn| < 16cM'Zy by Iy
yields (15.2).

For the third part, fix x > 0, and let § > 0 be given by Lemma 13.2 with x/2 in
place of k. Let ¢, < cg satisfy C;c2M"? < x/2 and 5¢cM’ < 6, and N > Ny with
(4/3)(2N,)"12 < 5. Letc < ¢, N > N and t > 0. Using (15.1) and the triangle
inequality, we have

IDn(t) — [l — alltv| < [lun P = puellry < /2.

We have p; = p,() and ma = pg, with v;(t) = g;(1 + e;(t)) and max; |e;(t)| < 5cM’ < 6.
Note that 7; < (4/3)(2N)~1/2 < §, because q; < 1/d < 4/3 and ¥;4?> > N. Then
Lemma 13.2 implies that |||yt — wa|ltv — G(Zn(t))] < k/2, and (15.3) follows.

For the fourth part, (15.2) and Cc < 2, which holds since ¢ < ¢y, show that Zy is
continuous and strictly decreasing, with Zn(t) < Zn(0)e=2 — 0. If Zy(0) > 1, it follows
that there exists a unique 7y > 0 with Zy(7y) = 1. We integrate (15.2) from 0 to Ty
to obtain the first bound in (15.4), and from Ty to Ty + u to obtain the second, using
lOgIN(TN) =0.

For the fifth part, (15.4) implies that 75/ logZx(0) — 1/4, and in particular that
Ty — o0. Fix ¥ > 0 and a compact set K, and let U = sup ({0} U {|u| : u € K}). For N
large, we have ¢y < ¢, N > Ny, and ty > U. For u € K, we have Zn(ty + 1) = e dutr
with |r| < CenU by (15.4), and then

|IN(TN + u)l/Z . 672u’ < eZU(eCCNU/2 . 1).

Combining this with (15.3) and (13.3), we find | Dy (ty + 1) — ¥ (u)| < x + e2U (eCNU/2 —
1) for all u € K. As the parameter « is arbitrary, the first limit follows. The function
Dy is nonincreasing and tends to zero as t — oo, by the arguments in the proofs of
Lemma 3.6 and Corollary 3.12, which apply to any symmetric matrix A. The second limit
then follows from the deterministic version of Lemma 3.11, with b, = 7y, w, = 1 and
V =Y, and from Y~ !(e) = u, (Lemma 3.9). O
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15.4 Proof of the classification for the GOE

Throughout the rest of this section, A; > --- > Ay are the eigenvalues of Wy. Let
A=N1Y;A=N"1TrWy,let A; = A; — A, and let G = Wy — AI, which has eigenvalues
5\1'. Let oy > 0 be defined by

~ 1 -
&= My = [ (=1 de

The proof of Theorem 15.2 uses the following elementary facts about the GOE, which
concern only the norm of Wy and the traces of Wy and W%,. The rigidity estimate of
Lemma 4.2 is used only for the explicit centers, from Section 15.5 on.

Lemma 15.8 (Norm and traces of the GOE). Let myn = N~ Tr(W%). For every N > 2,

- - 2
_ 2
]E)\ - O, IE)L m/
18
]E(mle — 1)2 S m

Moreover, P(||Wy|| < 3) — 1. In particular, with by = N~1/%, the event
Qn = {[Wnll <3, [A] < by, [mon —1] < b} (15.18)
satisfies P(Qn) — 1. On Qy, we have
TrG =0, G| <4, of=myn—A%  |ony—1| < 2by. (15.19)

Proof. For a centered Gaussian variable Y with variance v, we have EY? = v, EY* = 302,
and Var(Y?) = 202 The trace Tr Wy = Y; W;; is a sum of N independent Gaussian
variables with mean zero and variance 2/N. This gives EA = 0 and EA> = N~2. N -
2/N = 2/N?. Next,
12, 2 2
i=1 i<j
Taking expectations, we find Emyn =2/N + (N —1)/N =1+ 1/N. The variables Wl%.,
i < j, are independent, with Var(W?) = 8/N? and Var(Wz%) =2/N? for i < j. Summing
these variances, we find
1 8 4 N(N—-1) 2 8+4(N—-1) 4(N+1)
Valmy =g N et =2 M- N N

and E(myn —1)? = Var(mon) + N2 =5/N? +4/N°3 < 18/N2.

For the norm, we use the convergence of the largest eigenvalue of a Wigner matrix

to 2. Let Xy be the real symmetric matrix whose entries X;;, i < j, are independent
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Gaussian variables with mean zero and variance 1/N, including the diagonal entries.
This is a Wigner matrix in the sense of [4, Section 2.1], with standard Gaussian entries
before scaling, and it satisfies the moment condition of [4, Theorem 2.1.22]: for a standard
Gaussian variable Y and every integer k > 1, we have E|Y|F < (EY?)V/2 = ((2k —
1)!)Y/2 < kk. This theorem implies that the largest eigenvalue of Xy converges to
2 in probability. Applying this also to —Xy, which has the law of Xy, we find that
P(||Xn|| > 5/2) — 0. Let Zy,...,Zy be standard Gaussian variables, independent of
each other and of Xy, and let Yy = diag(Z;/ VN ). Then Xy + Yy has the law of Wy,
since its diagonal entries have variance 2/N. By a union bound and Markov’s inequality,

a 16-3 48
P(Yn] >1/2) < l;]P(Z;‘ > N?/16) < N - =

We conclude that P(||Wy|| > 3) < P(||Xn|| > 5/2) +48/N — 0.

By Chebyshev’s inequality and the moment bounds above, we have P(|]A| > by) <
2N~2by? = 2N"3/2 and P(|ma,n — 1| > by) < 18N~2by* = 18N~3/2. Together with the
bound on the norm, this gives P(Q%;) < IP(||Wy/| > 3) +20N~3/2 — 0.

Finally, on Qy, we have TrG = 0 and |G| < [[Wn| + |A] < 3+ by < 4. Since
N~1Y;A? = my , expanding the square gives 0%, = mp y — A% Then |0F — 1| < |myn —
1|+ A% < by + %, < 2by. As oy > 0, we have [oy — 1| = |03 — 1|/(on + 1) < |0 — 1],
which completes the proof. O

We now work on the event Qp, on which Theorem 15.1 applies with G = Wy and
M = 3. We write C, cp, cx, and Ny for its constants with M = 3. As explained at the
beginning of the section, we may compute ¢;(t), Zn(t), and Ty with the matrix cyG in
place of cyWy. By (15.19), on Qy, Lemmas 15.5 to 15.7 apply to cxyG with M = 4 once
32cy < 1, which holds for all N larger than a threshold depending only on the sequence
(cn)- Let £ be the Lagrange multiplier of cnG.

The initial information. We have ¢;(0) = Z — 1 — cyA;, because v;(0) = 1. Expanding
the square and using }; A; = 0, we find

2
Ny g2, N o2 N2 N0
In(0) = 5 );/\l + 2(z 1)? = SNt S (z-1)% (15.20)
By (15.14) with M = 4, we have |2 — 1| < 128¢%;, and hence
%\1012\] < ZIn(0) < %N(afv +2M3). (15.21)

These formulas also hold when ¢y = 0.

Proof of Theorem 15.2. 1f cyy = 0, then L = Ag,, and 7,0 = vy is invariant, so Dy = 0. We
now prove the two parts.
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The first part. Let /N cy — a € [0,00). On Qy and for N large, we use Lemma 15.7 for
cnG with M = 4, together with (1 +t)e~! <1, and find that for all > 0

)./2ZN —VNeyone™ Zf‘ < VN |le(t) + ene ],y < 384VN e,

Here we used \/2Zn(t) = VNlle(t)|l2n and |[exe % A|on = cnone . Using also
oy — 1| < 2by from (15.19) we find that, on Qy and for N large,

sup’\/ZIN —ae 2t} <RN/ RN:384WC%\]+’\/NCN—H‘+2bN\/NCN.

t>0

The number Ry does not depend on Wy, and it tends to zero, because v/Ncy is bounded

and VNc%, = (VNew)eny — 0. Let Doo(t) = G(a?e™#/2) = 2®(ae~?/(2v/2)) — 1. By

(13.3),
sup |G(Zn(t)) — Dot <2 V2gy 27w (1) — ae 2| < 271/2R .
P‘ (In(t)) ()‘_ tz]g\\/ N (f) |_ N

£>0

Fix x > 0. For N > N, with ¢y < ¢, we have sup, |Dn(t) — G(Zn(t))| < x on Qn, by
(15.3). Let oy = sup;~q|Dn(t) — Dwo(t)]. Since Dy is continuous in ¢ (see the proof of
Corollary 3.12), the supremum may be taken over rational ¢, and dy is a random variable.
Then 5y < x +27'/2Ry on Qy, for all N larger than a threshold depending only on x
and the sequence (cy). Since Ry — 0, we have P(dy > 2x) < P(QY,) for N large, and
P(Q%) — 0 by Lemma 15.8. As « is arbitrary, oy — 0 in probability, which is (15.5).

We now turn to the mixing times. Fix € € (0,1), and let s, be the right side of (15.6).
If a > 0, then Do is continuous and strictly decreasing, with D (0) = 2®(a/(2v/2)) —
and D (t) — 0, and D (s) = € exactly when s = Jlog(a/(2v/2®71((1+¢)/2))). Recall
that Dy is nonincreasing (Lemma 3.6). We consider three cases.

e If ¢ < Ds(0), then a > 0 and s, > 0. For h € (0,s,), we have Deo(s5x — h) > € >
Do (5« + ). When dy is smaller than both differences, we have Dy (s« +h) < ¢, which
gives tn(e) < s« +h, and Dy(t) > Dn(s« —h) > € for all t < s, — h, which gives
tn(e) > sy — h.

e If ¢ > Du(0), then s, = 0. When 0y < € — Do(0), we have Dy (0) < € and tx(e) = 0.
This also covers the case a = 0, in which Dy, = 0.

e If e = Dy(0) and a > 0, then s, = 0. For h > 0, we have D (h) < ¢, and when
ON < € — Doo(h), we have ty(e) < h.

In each case, the convergence 6 — 0 in probability implies that ¢x(g) — s in probability,
and in the second case P(ty(e) =0) — 1.

The second part. Let [y — co. Then cy > 0 for N large. On Qp;, (15.21) and (15.19)
imply that

In
2

‘ZIN(O)
N

Tn(0) > N1 - 2by)?, - 1‘ < by 1R 213
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Since the right sides do not depend on Wy, we have Zy(0) — oo and logZyn(0) —
log(Jn/2) — 0 uniformly on Qy. Let N be so large that Zy(0) > 1 on Qn, cn < cp,
and N > Nj. For every matrix in Qy, the fourth part of Theorem 15.1 then implies that
the equation Zy/(¢) = 1 has exactly one solution in [0, o), which is positive and satisfies
(15.4). By the discussion after Theorem 15.2, the time 7 of (15.7) is a solution of this
equation, and it is the only one. We have shown that Qy is contained in the event in
(15.8) for N large. As P(Qy) — 1, this proves (15.8).

By (15.4), the ratio v/ log Zy(0) lies between (4 + Ccy) ! and (4 — Ccy) ! on Qu,
for N large. Since Ccy < 2 for N large, we have

N 1
k)gI—Nm) 1 < Ccn on Qy-
Together with log Zy(0) — log(Jn/2) — 0 uniformly on Qn and log [y — oo, this gives
supq,, |Tn/log JN —1/4| — 0. As P(Qn) — 1, we have Ty/ log [y — 1/4 in probability,
and in particular T — oo in probability.

Next, fix a compact set K C R and x > 0, and let U = sup ({0} U {|u| : u € K}). For N
large, on Qn, we have Ty > U, cy < ¢, and N > Ny. For u € K, we have Zn(ty + 1) =
e+ with |r| < CenU, by (15.4), and then |y (ty + u)'/? — e7 24| < 22U (eCoNU/2 1),
Using (15.3) and (13.3) as in the proof of the fifth part of Theorem 15.1, we find that, on
Qn and for N large,

sup |Dn(ty + 1) — ¥ (u)| < x4 2 (e“NU/2 1),

uek
Here the restriction 7y + u# > 0 is void, because 7y > U. The left side is a random
variable: Ty is Borel, Dy is jointly measurable and continuous in ¢ (see the proof of
Corollary 3.12), and the supremum may be taken over a countable dense subset of K. As
k is arbitrary and IP(Qn) — 1, the first limit in (15.9) holds in probability. The center Ty
is a positive random variable, by the discussion after Theorem 15.2, and 1/7y — 0 in
probability. Then Dy has cutoff profile ¥ with center 7,y and window 1 in the sense of
Definition 3.7, and Corollary 3.12 gives the second limit in (15.9) and cutoff. O

15.5 The center when /iy is bounded

For the explicit centers, we use the approximation of the eigenvalues by the semicircle
quantiles, in addition to Lemma 15.8. In this section and the next, fix Cg; > 1 and work
on the event Fc,, of Lemma 4.2. Put Ex = (Cgr + 7)N=3/12_ For every 1 € (0,1), the
constant Cgr can be chosen so that P(Fc,,) > 1 — 7 for all sufficiently large N. We keep
Cgr fixed until the deterministic estimates are complete, and then let 77 | 0. Recall the
notation A and A; of Section 15.4. By Lemma 13.8, we have, on chr and for N large,

IIlN — 7]l < EN, max |A;| < 3, A| < Ey, max ’}\i| < 4. (15.22)
1 1
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The event chr is contained in the event Qx of Lemma 15.8 for N large. Indeed, fol Y dw =
[A%05c(A)dA =1 and myy = fol (3, dw. Then (15.22) implies

1
man =11 < [l =1 lén+ 1] dw < (4+ En)En < SE.

For N large, we have 5Ey < by, and also |A| < Ey < by and [|[Wy|| = max; |A;] < 3.
Every conclusion of the proof of Theorem 15.2 that holds on Qu for N large then also
holds on Fc,, for N large.

When ct is bounded, the relative errors e(t) are of order ce=?, and their profile is
obtained from a linear evolution on vectors with mean zero. Let A = diag(A;) act on RV,
letITf = f — (f)1 be the orthogonal projection onto the subspace Ho = {f : (f) = 0}, and
let 7 = IIA, restricted to Ho. For f, f' € Ho, we have (f, T f')n = (f, Af")n = (A, f')N,
so that 7 is self-adjoint on H, with || 7| < max; |A;|. When Tr G = 0, the vector A lies in
Ho. The operator T is applied only to vectors in H; equations in RN are first projected
by I

Lemma 15.9 (Evolution on vectors with mean zero). Let TrG = 0, ||G|| < M, and 0 <
cM < 1/8, and let é(t) = c~'e?e(t). For every H > 0 and every t > 0 with ¢t < H,

le(t) + e TA||, < Cume,  Cum = (S4HM? +3M?)e?MH. (15.23)

Proof. We write é = ¢° + (6)1 with é® = T1¢, derive an equation for ¢, and compare it
with atf == ZCTf

Step 1: the equation for é&. Since p; =1+ (z — 1) — cA;, (15.16) reads e} = —2¢; —2(z —

1)e; + 2cAje; + 2¢ + 2@e;. Multiplying by ¢~ le* and using c~1e?z = (¢), we find

¢ =2eA6+2(0)1+Ry, Ry=(2e—2(z—1))e.
Recall that |z — 1| < 8c2M? and |e| < 10c2M? (Lemmas 15.5 and 15.6), which give
IR1|lon < 36c2M?||é]|o,n- Next, Y;g:6; = 0 by (15.16), so that (¢) = ((1 — q)é), where

q = (qi);- Using (15.14), we find [(é)| < 2cM||é|on < %HéHZ,N- Together with ||é,n <
18%|2,n + | (&), this gives

5 5 5 4
@) <2cMliéllzn,  [[éflan < §H€0H2,N- (15.24)

Step 2: the projected equation. Applying I1, and using I11 = 0 and IIA1 = IIA = A,
we obtain

(@) =2cTE+ Ry, Ry=2c(@)A+TIR;,  &°(0) = ¢ 'TI((z— 1)1 —cA) = —A.

Using Step 1 and ||A]|yn < M, we find ||Rajo,n < 40c2M?||é]lon < 54¢>M?||é°||2, - Then
%HéOHiN < (4cM +108c2M?) |13 y < 18cM|é°||3 , where we used cM < 1/8, and
therefore

18°() [ln < MM,
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Step 3: comparison. By variation of constants on H,
(1) +e2TA = /Ot e2(=3)T R, (s) ds.
Since [|e2(t=3)T || < ¢2*M(t=5)  the right side has norm at most
/0 ' 2 M(t=3)542 \39eMs g < 542 M3te”*Mt < 54cMPHOME (¢t < H).

Finally, ||é — &ll,n = [(&)| < $cM||&0]on < 3eMZe®MH by (15.24). Adding the two
bounds proves (15.23). O

The limit of 7 for the semicircle law is identified with Chebyshev polynomials.

Lemma 15.10 (The compressed multiplication for the semicircle law). Let L3(psc) = {f €

L?(psc) : [ fpse =0}, and let Tsof = Af — ([ Afpsc)1 for f € L3(psc). Then Ty is a bounded
self-adjoint operator on L3(psc), and for every h € R,

[T Fapy = [ € psc(N) dA = 2B(h).
Proof. Self-adjointness follows as for 7. Let U, be the Chebyshev polynomials of the
second kind, and let u,(A) = U,(A/2). The U, are orthogonal on (—1,1) with weight
(1—x2)12 and fil U2(1 — x2)V/2dx = /2, and they satisfy Uy = 1, U;(x) = 2x and
Uy41(x) = 2xUp(x) — U,—1(x) [117, Table 18.3.1 and (18.9.1), Table 18.9.1]. Substituting
A = 2x, we find that (u,),>0 is orthonormal in L2(psc), with

ug =1, U = A, Ay = uq, Ay =ty +u,—1 (n>1).

Polynomials are dense in L?(psc), 50 (#y)n>0 is an orthonormal basis, and (u),>1 is an
orthonormal basis of L%(psc). In these bases, Tty = up and Tty = Uyiq + Uy 1 for
n > 2, because the projection removes only the multiple of 1. Let S : L2(psc) — L3 (psc) be
the unitary map with Su, = u,;,. Comparing the two recursions, we find 7s.S = SAs,
where Agc is multiplication by A on L?(ps.). Hence eMTse = GethAseg—1 and, since
A= U = Suo,

e

2
‘ _ <u1,e4h7§cu1> — <u0,e4hA5Cuo> — /e4h)\psc(/\) dA.

In the first step, we used that 7. is self-adjoint. O

For the GOE, we compare T with T on the common space L?(0,1). We write Ty for
the operator 7 built from the centered eigenvalues A;.
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Lemma 15.11 (The information when ct is bounded). Let H > 0. On Fc,,, for N large, all
ce€ (0,1/32) and all h € [0, H],

[ TR — /zg(h)‘ <2(2+4H)MEy. (15.25)

Moreover, there exists Cl; depending only on H such that, on Fc,,, for N large, all c € (0,1/32]
and all t > 0 with ct < H, the information of A = cWy satisfies
2€4t

S In(t) - 2B(ct)} < Cl (c+Ey). (15.26)

Proof. Let I'T be the orthogonal projection onto functions with mean zero in L2(0,1), and
let 7Y, = [IANIT and 7' = 1A, I1, where Ay and A, are multiplication by £y — A and
by . These are self-adjoint operators on L?(0,1) of norm at most 4 and 2, respectively,
by (15.22). The identification of (RY, (-,-)y) with step functions is an isometry that
commutes with IT and A, so that ||e?NA|,n = [e? TN (£y — Mli2(0q)- Similarly, the
map F + Fo is an isometry from L?(ps) into L?(0,1), which maps L3(ps.) into
functions with mean zero and intertwines Tg with 7’. Using Lemma 15.10, we find
||€2hT/’Y||L2(0,1) = v/2B(h). )

Next, (15.22) implies that |75 — 7'|| < |[f{n — A — ¥]|e < 2EN. Using the identity
eX —e¥ = fol X (X — Y)e(1=9)Yds for bounded operators, we find |[e2T% — e2'T'|| <
4hEye®". Using also ||[{y — A — Y2001y < 2En and ||| 2(01) = 1, we obtain

‘ |75 0y — A)|| — || ]| ‘ < (2+4h)eSEy < 2(2+ 4H)e*MEy,
which proves (15.25).

For (15.26), we work with ¢G, G = Wy — AI, which has the same information, and
we apply Lemma 15.9 with M = 4. Since 2Zn(t) = Nlle(t)||3 y = NcZe #[e(t)|]3 , the
left side of (15.26) equals |||é(t) ||%N — 2B(ct)|. Combining (15.23) with (15.25) for h = ct,
we have |||é(t)]|o,n — /2B(ct)| < Chac +2(2 +4H)eBEy. This proves (15.26), because

2B(ct) < e*H, O

15.6 Proof of the explicit centers

Proof of Theorem 15.3. Fix i1 € (0,1) and choose Cgr as in Section 15.5, so that IP(Fc,,) >
1 — 7 for all sufficiently large N. We work on Fc,,, with the notation of Sections 15.4
and 15.5. Since Fc,, C Qn for N large, the proof of Theorem 15.2 shows that, on Fc,, and
for N large, Zy(0) > 1 and 7y is the unique solution of Zy(7y) = 1. The function log Zy
is decreasing with derivative at most — (4 — Ccy), by (15.2), and it vanishes at 7y. This
implies that, for every s > 0,

| log T (s)|

— <
‘S TN‘ - 4—CCN

(15.27)
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In both regimes, we show that the information at the proposed center plus u (or plus
u/gn) tends to e~**, uniformly for u in compact sets.

Bounded hy. Let H = supy hy +1, fixa compact set K C R, and let U = sup ({0} U {]u] :
ue K}) Foru € K, lett = T}z,mk + u. Using % < B(h) < %esh (Remark 15.4), we have

lent — hy| < CIN| log B(hn)| +enU < en(2H +1 4+ U) — 0.

For N large, we have 0 < cyt < H. Note that [ye * = e=#/B(hy) by (15.11). Then
(15.26) gives
—4t
In(t) = ]Nez <ZB(CNt) + Ogl(en + EN)> — M [Z’((CTI\]:)) + Opnu(en + En).

We also have |B(cyt) — B(hy)| < 4e87|cnt — hy| — 0 and B(hy) > 1/2, by Remark 15.4.
We conclude that sup,, g |IN(TK,u1k +u) —e *| = 0on Fe,,. With u = 0, (15.27) gives
TRk — 7y — 0 on Fc,,, which proves the convergence in probability after letting
n | 0. Using (15.3) and (13.3), we also find that sup, g |[Dn(TQ"S + u) — ¥ (u)| —
0 in probability. Because TR — oo, Corollary 3.12 then gives the second limit in
(15.9) with TRk in place of Ty. Finally, if iy — 0, then B(hy) — B(0) = 1/2, and
TR — 1 log(Jn/2) = }log(2B(hy)) — 0.

Diverging hy. Let hy — co. For N large, cy < 1/2, and since Jy < N, we have
cnlogN > cylog |y = 4hy — oo. For N large, it follows that cy > 1/log N and
|logen| < loglogN. Recalling that log Ac = 1logc + 3log(1l —¢) — 2log(1 +¢) —
log(4/7), we find |log Ac,| < 3loglog N + Cy with a universal Cp. Fix a compact
set K, and for u € Klet t = ty(u) = Tn(en) + u/gn- By (15.12),

(log N)3/Ze_4”
.A.C '

4gnt = log N — glog log N +log Acy, + 4u, Ne 48nt =
N

The first identity gives 4gnf/log N — 1 uniformly in u € K. As gy € [1/4,1], for N large
we have t < 2log N and cyt > cylog N/5 — co.

We now use Lemma 13.11 and Proposition 13.7 with ¢c; = 1/2. On chr, for N large,
we have |[{ny — 7]lo < Eny < 1/16 and cyEnt < EylogN < 1/4 for all u € K. Let
U = sup({0} U{|u| : u € K}). By the second identity in the last display, v/N e 2n! =
Ac_Nl/ 2(log N)3/4¢=2"_ Then the first bound in (13.23), with C, the constant of Lemma 13.11

for c; = 1/2, together with 1+t < 3log N, implies that

1/2 c
sup ’\/ZZN(t) - <N/17t2psc) ‘ < 3Cpe?Y \/2’_ En(log N)7/* < 36C,e?UEy(log N)7/4,
CN

uek

where 7; is the continuum relative error of Section 13.3 with ¢ = cy. In the last inequality,
we used that ¢ A7 Y2 = 27/4c3/4(1 4+ ¢) (1 — ¢)3/2 < 6211 /434 < 12for 0 < ¢ < 1/2.
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The right side tends to zero, because Ey = (Cgr +7)N —5/12. No assumption that A,
is bounded away from zero is needed, since the factor cy in (13.23) compensates AC_NU 2,

Because cyt — oo uniformly in u € K, we may use (13.19), and we find

N N Ay
3/’7tzpsc = ?KCNt 32 4gNt(1+0(1))

_ KCN (4gN)3/2 e—4u

= S e (1 o(1) = (1 +0(1)),

uniformly in u € K. Here we used t~3/2 = (4¢x)3/?(log N)3/2(1 +0(1)) and the identity
Ac = 4K.g3/? of (13.1), valid for every c € (0,1). Combining the last two displays, we
obtain sup,, .y [Zn(tn(u)) —e 4| — 0 on Fc,,.

Taking u = 0 in (15.27), we find that | Ty (cy) — Tv| — 0 on Fc,,, and letting 77 |. 0 gives
the convergence in probability. By (15.3) and (13.3), we also have sup,,. |Dn(Tn(cn) +
u/gn) —¥(u)| — 0in probability, which is the first limit in (15.13). Because ¢nTn(cn) —
co, the distance Dy has cutoff profile ¥ with center Ty(cy) and window 1/gy, and
Corollary 3.12 gives the second limit in (15.13). This completes the proof. O



PART IV

Low temperature



SECTION 16

Fixed low temperature

In this section, we determine the total-variation profile of the dynamics at a fixed rescaled
inverse temperature ¢ > 1, which is case (5) of Theorem 1.1. The result is Theorem 16.1,
with its consequence for cutoff Corollary 16.2. Both are deduced in Section 16.1 from a
deterministic statement about sequences of spectra, Theorem 16.5, whose proof occupies
the rest of the section. Along the way, we prove Proposition 16.9, which compares the
Gibbs measure, written in graph coordinates over the top eigencoordinate, with a product
of Gaussian laws. That estimate is uniform in the top fraction 6y, and Section 17 uses it
when 05 — 0.

We use the conventions of Section 3: the reflection symmetry Lemma 3.1, the facts on
total variation in Lemma 3.6, the profiles and their properties in Lemma 3.9, the passage
from pointwise convergence to profiles and mixing times in Lemma 3.11, and the removal
of localizations in Lemma 3.8. The random-matrix inputs to the proof of Theorem 16.1
are the eigenvalue gaps at fixed confidence (Lemma 4.6) and rigidity and convergence at
the edge (Lemma 4.2), from which we deduce a law of large numbers for the inverse gaps
(Lemma 16.6). We also use the representation of the dynamics through the unnormalized
process (Lemma 10.2) and the following results of Section 11: the Bismut-type bound for
scores over a final time interval (Theorem 11.5), the generator and the scores in graph
coordinates and the score of a marginal (Lemmas 11.9, 11.10, and 11.14), the Gaussian
logarithmic Sobolev inequality (11.50), the time derivative of the conditional relative
entropy (Proposition 11.18), the bounds on weighted logarithms (Lemma 11.17), the
passage from weak convergence to total variation by Gaussian smoothing (Theorem 11.8
and Lemma 11.7), and the final comparison of product measures (Lemma 11.21).

16.1 Results and outline

The main result
Fix ¢ > 1 and let Wy be a GOE matrix with eigenvalues A; > --- > An. As in (3.8) and
(3.14), we set

_c B N _ 181 _
ai—i()q—)\i), F(X)—Zéaixi, GN_l_ﬁZ;Tm' Ry = Nay,
1= 1=

63
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so that L = Ag,, — Vs, F- Vg, and . o e Fyy. Almost surely the eigenvalues are
distinct, so 0 = a1 <ap < --- < apn. Let0 =1 —1/¢, and define the centers

log R
{Og N Ry>1, {w, Oy > 0 and 20NRy > 1,

4612 TN = 4a2
1, Ry <1, 1, otherwise.

(16.1)

Both centers are positive. The events on which the second formulas are used have
probabilities tending to zero (Lemma 16.7 below), so that T}, = log Ry / (442) and Ty =
log(20NRy)/ (4a;) with probability tending to one. For t < 0 we set Dy(t) = Dx(0), so
that expressions such as Dy/(Ty; + 1/ ay) are defined for all u € RR; this convention does
not change the mixing times. Recall the profiles V and Vj from (3.17), and recall from
Lemma 3.9 that Vy(u) = V(u — log(26)/4).

Theorem 16.1 (Profile at fixed low temperature). Fix ¢ > 1 and let 6 =1 —1/c. Then Dy
has cutoff profile V with center Ty and window a, ', in the sense of Definition 3.7. Equivalently,
for every compact set K C R,

sup |DN(Ty + u/az) — Vo(u)| — 0 (16.2)
uek

in probability. For every compact interval I C (0,1),

sup |az (tn(e) — T) — Vo H(e)| = 0, sup|ax(tn(e) — Tn) — V()| =0,

eel eel

in probability, and axty(€)/ log N — 1/12 in probability for every € € (0,1). For finitely many
fixed values cy, . ..,cy > 1, these conclusions hold simultaneously for the same matrices Wiy.

The centers are random through the first spectral gap Ay — Ay, which is of order
N~2/3, and through 6y. By Lemma 4.2, N?/3a, converges in distribution to cA,/2, where
A, is almost surely positive and finite (see Lemma 16.7). We make no statement with a
deterministic center.

Corollary 16.2 (Cutoff at fixed low temperature). Fix ¢ > 1. For every fixed n € (0,1),
Dn((1=mTy) =1 Dn((L+mTy) =0

in probability. For every e € (0,1), we have ty(e) = Ty + Op(ay '), and log(a, ')/ log N —
2/3 in probability. Further, Dn(TY + wn/az) — 0 in probability for every deterministic
sequence wy — ©o.

The proofs of Theorem 16.1 and Corollary 16.2 are given in Section 16.1.
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Deterministic hypotheses

The dynamical estimates of this section are statements about a fixed sequence of spectra.
Throughout the section, N > 3, and 0 = a1 < ap < a3 < --- < ay are real numbers,
which may depend on N. We define F, L, 7, 0, and Ry by the formulas above, write
P, = etl, and set

Dn(t) = |[unPr — 7|y, tn(e) =inf{t > 0: Dy(t) < €},

with Dy (t) = Dy(0) for t < 0. For the model, these are the quantities of Section 3, by
(3.8) and the reduction to eigencoordinates.

Definition 16.3 (Hypotheses at low temperature). Let 6, € (0,1) and B, c,,Cx > 0. We
say that (a;) satisfies H(0,, B, c«, Cy) if

On>0., anv<B, g >c(j-1)*°N?? (2<j<N), @ <CN?3
(16.3)
For k > 3, @ > 0, and Dy > 1, we say that (a;) satisfies Hy (@, Dy) if

Bs11e, %<p,. (16.4)
an an
A sequence of spectra satisfies these hypotheses if it does so for all sufficiently large N,
with constants independent of N.

Recall that the first condition in (16.3) says that the Gaussian vector (Z;);>, with
independent coordinates of variances (24;) ~! has mean squared norm at most (1 — ,)N.
The other conditions give a lower bound of order ((j —1)/N)?/3 on each 4; and the two-
sided bound ¢,N~2/3 < a; < C,N~2/3; an upper bound on a;/a;, is imposed separately
in Hy(®, D). The condition H3(w@, D3) is used in two places. Its lower bound separates
the third gap from the second, and in Theorem 16.20 it ensures that the standardized
coordinates Xj, j = 3, have standard Gaussian limits. Its upper bound controls the
singular factor of the Gibbs measure in graph coordinates in Proposition 16.9. We record
some elementary consequences.

Lemma 16.4 (Consequences of the hypotheses). Assume H(0., B, c«, Cy). Then the following
hold.

1. We have c,N1/3 < Ry < C4,N3 and F < BN on Sy.

2. We have a3 ijiz aj_z < Co, where Cy = (Ci/ci)? sy n 43,

3. For every t > 0, we have E]-]\iz e~ 4t < C1Nt=3/2 where C; depends only on c..
4. We have 65 <1— (N —1)/(2BN).



16 Fixed low temperature 16.1 Results and outline 66

Proof. The first claim follows from a; > c,N~2/3, 4, < C,N~%/3, and F(x) < ay/|x|*. For
the second, we have a%a;z < Cfc; 2( j— 1)_4/ 3. For the third, we note that the function

—4c, tu2/3N—2/3

u—e is decreasing on [0, c0), which implies that

N 00
a4 _ 2/387—2/3 -~ 2/37—2/3 3./ 7T _
Ze dajt < Z p—dc:tn?AN S/ p—dext? AN 4 {(46*15) 32,
]‘:2 n>1 0

where we substituted w = 4c,tu**N~%/3 and used [;° w!/?e~“dw = /71/2. The last
claim follows from aj < B. O

The deterministic theorem

For u € IR, we write

u
tu:TI/\/]—‘I—_
az

for the time at offset u. Under H(,, B, cx, C), we have Ry > c,N/3 > 1 for large N,

and then t, = log Ry /(4ay) + u/ap and at, = log Ry /4 + u — oco. In particular, ¢, > 0
for large N.

Theorem 16.5 (Deterministic profile). Let (a;) be a sequence of spectra satisfying
H(6., B, c«, Cy) and Hj(w@, D3), and suppose that Oy — 6 for some 6 € (0,1). Then the
following hold.

1. For every compact set K C R, we have sup,, |Dn(ty) — Vo(u)| — 0.

2. For every compact interval I C (0,1), we have sup,; |ax(tn(e) — T¥) — Vy (e)| — 0.

3. Let Ty be as in (16.1), so that Ty = log(20NRy)/ (4az) for large N. For every compact

set K C R and every compact interval I C (0,1), we have sup,,.y |Dn(Tn + u/az) —
V(u)| — 0and sup,; |az(tn(e) — Tn) — V=1 (e)| — 0.
The second part gives exact limits for the differences of mixing times on the scale a, L
for 0 < e < & < 1, we have ay(ty(e) — tn(€')) = Vyt(e) — Vy 1(¢') > 0. The proof of
Theorem 16.5 is completed in Section 16.11.

Outline of the proof
We first describe the mechanism, which is visible in the unnormalized process of Sec-
tion 10. Let Y solve

dY; = —2a;Y;dt +v2/N|Y|dB,, Y(0) = Xo ~ vn, (16.5)

so that X = v/NY/|Y| is the diffusion generated by L and started from vy. The first
coordinate Y7 is a martingale, because a; = 0, while the coordinates Y]-, j > 2, are pulled
toward zero at rate 2a;.
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* Gaussian approximation at time t,. At the time t, = (log N)/100, the coordinates
(Y1(tp), Ya(tp)) are close in total variation to a pair 6-1/2(g1,g>) of independent
centered Gaussian variables with variance 0. They are built from the initial point
and the noise up to time fp.

o Growth of the top coordinate. The martingale Y7 barely moves after t,, while |Y|? relaxes
to Y1(tp)?/6On. After normalization, the top eigencoordinate carries the fraction 6y of
the squared norm, and X; grows from order one to v&N.

e The ratio of the first two coordinates. The second coordinate decays like e~2%f. At time
t,, its standardized value /2a; X5 (t,) is approximately

_ Ya(tp) _oy Ya(tp)
/20, N0y e 2Rt P4 G =\ /2gye 2 P 4 G,
Y1 (tp)| Y1 (tp)|

where G is a standard Gaussian variable produced by the noise in coordinate 2 during
the last time interval of length of order a, !, independent of (g1, ¢2). The ratio g2/g1]
has the standard Cauchy law, which gives the profile V.

* The remaining coordinates. We retain all coordinates X; with aj < Aa, where A = 16/r
and r > 0 is a fixed constant chosen in Section 16.8; by Lemma 16.16, their number
is bounded. On the support of a cutoff function that vanishes on {x} < rN/2},
the Gaussian logarithmic Sobolev inequality bounds the conditional relative entropy
of the other coordinates given the retained ones by (32a,)~! times its dissipation.
The resulting contraction rate 16a; is four times the rate 4a, that sets the profile,
and it absorbs an initial value of order N. We show that the conditional law of the
coordinates x; with a; > Aa; given the retained ones is close to its equilibrium at time
t,.

The ratio of two independent centered Gaussian variables is a classical construction of
the Cauchy law; see [110]. The exponential relaxation of the dynamics on the time scale
N?2/3, governed by the random first spectral gap, was identified at zero temperature by
Fyodorov, Perret, and Schehr [73]; see also the study of finite-size effects by Barbier, de
Freitas Pimenta, Cugliandolo, and Stariolo [13]. The hitting-time bounds of orders N 2/3
and N?/3log N in [155, Section 3, Theorem 3.3] concern gradient descent on the sphere
started from the uniform distribution, and the time it needs to reach a fixed overlap with
an extreme eigenvector. In a spherical quadratic model with a large spike, Gheissari,
Grant, and Yu proved fast mixing from symmetric initial laws at low temperature [78,
Theorem 1.2]. The renewal structure of the mean squared norm in Section 16.3 is the
tinite-dimensional counterpart of the self-consistent equation of Cugliandolo and Dean
[51, (IL4)-(IL7)].

The proof proceeds in the following steps.
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1.

In Section 16.2, we compare the Gibbs measure in graph coordinates with the
Gaussian product law G = ®;j=, N (0, (24;)71), including the singular factor
(1 — |y|?/N)~1/2 of the graph parametrization (Proposition 16.9).

. In Section 16.3, we compute the mean of |Y|?> through a renewal equation

(Lemma 16.12). In Section 16.4, we deduce that at the time T, = xn/az, with
xN — oo slowly, the diffusion lies in a fixed spherical cap {x? > oN} outside an
event of small fixed probability (Proposition 16.13). We also show that the uniformly
initialized path, reweighted by a bounded measurable function of its past at entrance,
stays in a slightly larger cap for times of order log Ry /a, (Proposition 16.14).

. In Section 16.5, we show that for every fixed A > 1 the number of coordinates x;

with a; < Aay is bounded (Lemma 16.16). For densities that vanish outside a cap,
we prove a logarithmic Sobolev inequality for the conditional relative entropy of the
other coordinates given these, with constant of order (Aa,)~! (Lemma 16.17).

. In Section 16.6, we prove the Gaussian limit of the first coordinates of Y(t,) (Propo-

sition 16.18). In Section 16.7, we prove that X;(t,)?/N — 6 (Proposition 16.19) and
identify the weak limit of finitely many standardized coordinates (Theorem 16.20).

. In Section 16.8, we weight the path law by a smooth function of the position at the

time T,, with values in [0, 1], which vanishes outside a cap and has mean at least
1 — e. We multiply the endpoint law by a cutoff function that depends only on x?
and vanishes outside a larger cap. We describe the density of this law and prove
bounds on the cutoff, on the density, and on the scores (Lemmas 16.21 to 16.26).

. In Section 16.9, we show that the relative entropy of the conditional law of the

coordinates x; with a; > Aa, given the retained ones, under the weighted law
multiplied by the cutoff and normalized, with respect to its Gaussian equilibrium,
tends to zero at the times ¢, (Lemma 16.27 and Proposition 16.28). The initial value
is of order N, and the contraction rate is 16a,.

. In Section 16.10, we upgrade the weak limit of finitely many standardized coordinates

to convergence in total variation (Proposition 16.29), and Theorem 16.30 is its case
of the second coordinate. In Section 16.11, we combine these estimates and prove
Theorem 16.5. The number of retained coordinates may depend on N, and we pass
to subsequences on which it is constant.

Table 16.1 lists the parameters of the proof in the order in which they are chosen. All

constants in the estimates below depend only on the parameters chosen before them in
the table.

Proof of the main result

We now deduce Theorem 16.1 and Corollary 16.2 from Theorem 16.5. The spectral
input consists of the eigenvalue gaps at fixed confidence of Lemma 4.6, rigidity and
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Parameter Role Depends on

0., B,cs,Cy; @,D3 spectral constants, (16.3)—(16.4) fixed

e€ (0,1/8) loss allowed in the weight ¥ of (16.53) fixed

h, M; 0., 0y bounds of Proposition 16.13 with loss &/2; g, spectral
caps {x? > 0N} and {x? > 0yN} for the constants
weight

r cutoff cap, (16.57); residence in {x% > 2rN} 00, 04

A=16/r, Ma; In threshold for the retained coordinates and r,¢x, Cy; JN also on
bound on their number; last retained index, N and the
(16.34) spectrum

Y, X, 1 cutoff functions in (16.59) r

1/8 Young's inequality for the two gradient terms numerical
in the entropy estimate

u, or a compact set K offset of the time t, fixed

N — o0

510

el0

determines xny = y/loglog N, Tc = xn/a2, to,
t1, tp = (log N)/100, and py in (16.58)

last noise interval and restriction to

{IY1(tp)| > 1o} in Theorem 16.20

loss in the weight used in Proposition 16.29; §
is fixed before N — oo, and the smoothing
scale of Theorem 11.8 tends to zero before
610

removal of the weight

all of the above

after N — oo

after N — o0

last

Table 16.1. Parameters in the proof of Theorem 16.5, in the order in which they are chosen.

convergence at the edge (Lemma 4.2), and the following law of large numbers for the
inverse gaps, which we deduce from them.

Lemma 16.6 (A law of large numbers for the inverse gaps). Let Ay > --- > Ay be the
eigenvalues of Wy. Then

1% 1 — 1
Nizz)\l—)\i

in probability. (16.6)

The left side of (16.6) is defined on the event {A; > A,}, and we set it equal to
zero on its complement. Since the ordered eigenvalues are continuous functions of
the entries of Wy, this defines a random variable. The complement has probability
zero, because the eigenvalues of Wy are almost surely distinct: the discriminant of the
characteristic polynomial is a nonzero polynomial in the independent entries, whose zero
set has Lebesgue measure zero, and the entries have a joint density. The limit 1 equals
limg |, mse(E), with mg as in (4.1).
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Proof. We write Iy for the left side of (16.6). Fix € (0,1), and let QZ]/Z and ¢, /; be as in
Lemma 4.6. Then lim infy IP(QZ/Z) >1—1/2,and by (4.7), on gZ,/Z and for large N,

M=A>c,p(i—1)*3N"23  (2<i<N). (16.7)

In particular Ay > A, there. Fix a € (0,1/2) and let m = |aN |, so that m > 2 for large N.
We split the sum defining Iy at the index m.

The first indices. By (16.7), on QZ]/Z,

1 m 1 —1/3 m—1 1/3
0<=Y <Ny g2 o i(ﬂ) < W5 (168)
NZM-A" on 3 Cys2 \N n/2

In the second inequality, we compared the sum with fom_l s72/3ds =3(m —1)1/3.

Comparison with the quantiles. By Lemma 4.2, choose C = C; and Ny such that the
event F = F¢ in (4.2) has probability at least 1 —# /2 for N > Ny. On F, we have |A; — ;| <
CN~/12 for all i, and Lemma 4.1 with i = 1 gives |A; — 2| < CN~5/12 4 7N=2/3, Then

_ —-5/12 —2/3
max [(M—A) = (2=m)[ Sen, ey =2CN/ELTNEE,
For i > m, we have i/N > «, and Lemma 4.1 gives 2 — ; > d, with d, = (3710&/2)2/3.
For large N, we have e < d, /2, so that Ay — A; > d, /2 for i > m. Writing the difference
of the inverses over a common denominator, we obtain, on F and for large N,

1 Y ‘ 1 1 2eNn
— — < ) (16.9)
N i:;H M—A 2—7 dz

The sum over the quantiles. The map x — | xz psc(y) dy is a continuous, strictly decreas-
ing bijection from [—2,2] onto [0,1]. Let Qs: [0,1] — [—2,2] be its inverse, which is
continuous, and let ¢(s) = (2 — Qsc(s)) ! for 0 < s < 1. Then ; = Qsc(i/N). Since
psc(x) < 1712 — x, we have s < 2(2 — Qsc(s))3/2/(37), that is,
2 \2/3

o(s) < <%) 0<s<1), (16.10)
which is the lower bound of Lemma 4.1 for a continuous index. The function ¢ is
continuous on [x/2,1], and we let w, be its modulus of continuity there. For large N, we

have m/N > a/2, and comparing each term N~1¢(i/N) with [ (11/, 1\1]) /N ¢, we find

1

L) - L8] <ot

i=m+1
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Since |m/N —a| <1/N and ¢ < Cy = (4/(37a))?/3 on [x/2,1] by (16.10), we obtain

‘ Loy 1 /14;(5) ds‘ < wa(1/N) + < (16.11)
N — ~ o . .
N Sm12=7 N
Substituting x = Qsc(s), we find
1 2
_ Psc(x) .
/o $(s)ds = L, dx = 1. (16.12)

For the last equality, we substitute x = 2 cos t with 0 < t < 7, under which ps.(x) dx/(2 —
x) becomes 717 1(1 + cost) dt, up to orientation. By (16.10), we have
1 « 2 \2/3
<1- — < 1/3 Y e _
0<1 /‘X ¢(s)ds /0 $(s)ds < Cserr’?, Cse 3<3n>
Conclusion. Combining (16.8), (16.9), (16.11), and the last display, we find that on
QZI/Z N F, for large N,

3 2e C
Iy —1] < (%7 + Csc>zx1/3 + d—g’ + we(1/N) + W"‘
Let ¥ > 0. We choose a such that the first term is less than 7y/2. The other terms are
deterministic and tend to zero as N — oo, and we obtain limsup, P(|Iy — 1| > ) <

lim suleP((QZ,/2 NF)¢) <n.Asn € (0,1) is arbitrary, this proves (16.6). O

In the proof, the confidence 7 is fixed before the index m = [aN |, because the first
indices are controlled by the lower bounds (16.7) at fixed confidence; the convergence
of the empirical eigenvalue distribution alone would not control them. The constants ¢,
need not be bounded below as 7 — 0, and the proof gives no rate of convergence.

Lemma 16.7 (Hypotheses for the GOE). Fixc > 1,leta; = c(Ay —A;)/2,andlet =1—1/c.
Then Oy — 6 in probability, and N*/3a, and (N?/3ay) =1 are tight. Further, for every 17 € (0,1)
there exist constants 0, € (0,0), B,cx,Cx,@ > 0, and D3 > 1, depending only on c and 1,
and events G, with liminfy IP(G)}) > 1 — 1, such that for all sufficiently large N, on G, the
spectrum has distinct eigenvalues and satisfies H(0., B, c«, C«) and Hz (@, D3).

Proof. Since 2a; = c¢(Aq — A;), wehave Oy =1—c !N"1Y,5,(A; — A;) 7!, and Lemma 16.6
implies that )y — 1 — 1/c = 0 in probability. By the second part of Lemma 4.2, N?/3a; =
cAyN/2 = cAy/2, where A is almost surely positive and finite. This implies that N2/34,
and its reciprocal are tight; for the reciprocal, we use the portmanteau theorem [30,
Section 2] for the closed sets [0,1/M], M > 0. In particular, Ry = N'/3. N?/33, — o
and OyRy — oo in probability, so that the events on which (16.1) uses the value 1 have
probabilities tending to zero.
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Now fix 7 € (0,1). Let G}, be the events of Lemma 4.6 with 77/3 in place of 7, and let
¢y/3, Cy /3 be the corresponding constants in (4.7). We set
c ¢

C*:_C V2 B:C*:
n/3 5

C
Dy = 2%/3%,
2 3

C17/ 3/ s = g/ .
On Gy, for large N, we have c.(i — 1)2/3N~2/3 < g; < C.(i — 1)?>/3N~2/3 for2 < i < N.
In particular, ay < C, = B, ap < C.N~2/3 and a3/ay < D3, where D3 > 1 because
Cs« > cy. Further, a3/ay; = A3 N /A N converges in distribution to A3/ A;, by the second
part of Lemma 4.2 and the continuous mapping theorem [30, Section 2], and A3/A; > 1
almost surely, because the reflected GOE Airy point process is simple. We choose
@ > 0 such that P(A3/A; <1+ @) < /3, which is possible because these probabilities
decrease to IP(A3/A; < 1) = 0as @ | 0. The portmanteau theorem for the closed set
(—o0,1+ @] gives limsupy P(a3/a;, < 1+ @) < /3. Let G, be the intersection of Gy,
the events {a3/a, > 1+ @} and {6y > 6/2}, and the event that the eigenvalues are
distinct. Since IP(6y < 6/2) — 0 and the eigenvalues are almost surely distinct, we have
liminfy P(G);) > 1—21/3 > 1 — 5. These events are measurable, since they are defined
by inequalities between the ordered eigenvalues. For large N, on G/, the spectrum has
distinct eigenvalues and satisfies H(0., B, c«, C«) and both inequalities of H3(, D3), with
constants depending only on c and 7. O

Proof of Theorem 16.1. Fix u € R and v > 0. We first show that Dyn(t,) — V(1) in
probability. Because 6y — 6 in probability, there exists a deterministic sequence { | 0
such that P(|0y — 8| > {n) — 0. Fix 7 € (0,1) and let Ey = G, N {|6ny — 0] < {n}. We
claim that P(Ex N {|Dn(t,) — Vo(u)| > v}) — 0. Suppose that this fails. Then there exist
a > 0 and a subsequence (Ny) along which this probability is at least «; in particular,
the event is nonempty. Recall that Dy (t) depends on Wy only through its eigenvalues
(Section 3.1). We may therefore choose, for each k, a spectrum in this event. The resulting
deterministic sequence of spectra, indexed by Ny, satisfies H(0, B, c«, C«) and H3(@, D3)
with 6y, — 6, and |Dy, (tu) — Vp(u)| > < for all k. This contradicts the first part of
Theorem 16.5, whose proof applies verbatim along any subsequence of dimensions. We
conclude from Lemma 3.8 that Dy (t,) — Vy(u) in probability.

Next, Dy is nonincreasing (Lemma 3.6), Dny(t) — 0 as t — oo (see the proof of
Corollary 3.12), and a,T{; = log Ry /4 on {Ry > 1}, which tends to infinity in probability
by Lemma 16.7. Recall from Lemma 3.9 that Vjy is continuous and strictly decreasing
from 1 to 0. Using Lemma 3.11 with by = T{, wy = az_l, and V = V), we obtain (16.2)
and the convergence of a;(tx(€) — Ty;), uniformly for ¢ € I.

For the center Ty, we work on the event {Ry > 1, 6y > 0, 20NRy > 1}, whose
probability tends to one by Lemma 16.7. On this event, Ty + u/a; = t,;, with
Iy = log(20yn)/4, and ln — log(26)/4 in probability. By (16.2) applied on a com-
pact neighborhood of u + log(26) /4 and the continuity of V,, we have Dn(Tx + u/ay) —
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Vo(u +log(20)/4) = V(u) in probability, where we used the third part of Lemma 3.9.
On the same event, a, Ty = log (26N Ry ) /4, which tends to infinity in probability, so that
a, /Ty — 0. Then Lemma 3.11 with by = Ty and V = V implies that Dy has cutoff pro-
file V with center Ty and window a; !, together with the convergence of ax(ty(e) — Tn).

For the last claim, ayty(e) = logRy/4+ V, '(e) + op(1) and log Ry = (log N)/3 +
log(N?/3a,) = (log N) /3 + Op(1) by Lemma 16.7, so axtn(e)/ log N — 1/12 in probabil-
ity. Finally, each of the conclusions above is a convergence in probability of a function of
Wy For finitely many temperatures, each of them holds separately for the same matrices
Wy, and they therefore hold simultaneously. O

Proof of Corollary 16.2. Fix n € (0,1) and A > 0. As in the proof of Theorem 16.1,
1, T{; — oo in probability. Then (1 — #)T}; < t_4 with probability tending to one, and on
this event Dy ((1 —#)Ty;) > Dn(t_4), because Dy is nonincreasing. Then (16.2) implies
that Dy(t_4) — Vy(—A) in probability, and Vy(—A) — 1 as A — oo. This proves the
first limit, and the second is proved in the same way with t4 (this is the argument of the
third part of Lemma 3.11). The same bracketing with ¢4 proves the claim for wy — co.
The statement ty(e) = T% + Op(a, !) is part of Theorem 16.1, and log(a, ')/ log N — 2/3
because N?/3a, and its reciprocal are tight (Lemma 16.7). O

16.2 The Gibbs measure in graph coordinates

In this section, we compare the Gibbs measure with a Gaussian product law. The
comparison is uniform in the top fraction 6y, which may tend to zero, so that it also
applies in Section 17. We use only the spectral quantities, not the dynamics.

Graph coordinates. Let Q(11(x) = (|x1,x2,...,xy) be the map that folds the first eigen-
coordinate (see Section 3.1). We identify the closed upper hemisphere {x € Sy : x; > 0}
with the closed ball {y € RN~!: |y|?> < N} through

y=(x2,...,xN), x1 =1/N—|y|%

We call y the graph coordinates and write y = (y2,...,yn), so that y; = x;. For a
probability measure p on Sy, we write u* for the image of y under x — (x,...,xN);
when p is invariant under the reflection R; of the first eigencoordinate, this is the image
of y under Qyy) in graph coordinates, and by the second part of Lemma 3.1 we have

I —p[lrv = |t — 1" ||y (16.13)

for any two Rj-invariant probability measures u, 4’ on Sy; see also (11.30). On the open
upper hemisphere, the surface measure of Sy is VN x; Ydy. In particular, vy has a
Lebesgue density proportional to (1 — |y|?>/N)~1/2 on {|y|*> < N}.



16 Fixed low temperature 16.2 The Gibbs measure in graph coordinates 74

Let G be the centered Gaussian measure on RN~ with independent coordinates of
variances (24;) 71,2 < j < N, that is, G(dy) H] 2/aji/me %Y} dy;. Write
~1/2
(L= [yP/N) % lylP <N,
Jy) = Zg = Eg|J].
=1, yE > N, [J]

Recall that 77 « e~ Fvy and F(x) = Yj>2 a]-y]Z. It follows that the folded Gibbs measure 7t

satisfies
E( ) = ()
ic V' =z
This identity is exact; the factor | is the Jacobian of the graph parametrization. Under G,
the squared radius S = |y|?> has mean EgS = 2;‘22(2“]')_1 = (1—6N)N. When 0y >0, a
typical sample of G lies inside the ball, and the remaining squared radius, about Oy N,
corresponds to the top coordinate. We set

(16.14)

my = GNNCIZ = QNRN.

Lemma 16.8 (Sums of Gaussian squares). Assume a3 Y2 a]TZ < Cy, and let S = |y|* under
G. Then the following hold.

1. We have EgS = (1 — 6n)N and Varg(S) = Yj>o8; 2/2 < Co/(2a3).
2. For |A| < ap/4, we have

A2
(S—EgS)
log B¢ eM57EcS) < > ; (16.15)

MIﬁ

In particular, G(|S — EgS| > x) < 2e“0/32¢=%2%/4 for every x > 0.

3. Let 0 < A < ap/4, and let G, (dy) = MV’ G(dy)/EgeS. Under G,, the coordinates are
independent centered Gaussian variables with variances (2(a; — A)) ™!, and S has a density
bounded by \/(a, — A)(az — A) < \/azas.

Proof. We write S = ijz(Zaj)’l g]2 with independent standard Gaussian variables g;.

The first part follows from Eg?> = 1 and Var(g?) = 2. For the second, the identity
Eess® = (1—2s)"1/2 for s < 1/2 gives

log Eget(5—FeS) = 12 [ —log(1 —x;) — xj], Xj = A €[-
2 = aj

u>|>~
N»—\

For |x| < 1/4, we have —log(1 —x) —x = Y=o x"/n < (x2/2) Lys0 |x|" < x2. We
obtain (16.15), where in the last step we used A? < a%/ 16. The tail bound follows from
Markov’s inequality applied to e*%2(S~EcS)/4,
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For the third part, the density of G, is proportional to [T; e~ @A) ,and a; — A >
3a;/4 > 0. If y; has density \/p/rce_pyz, then y]z- has density \/p/ms /%7 on (0, 00).
With p; = a; — A, we find that the density of y3 +y3 at v > 0 is

\/P2P3/ e~ Paw=ps(0—w) \/Pzps/ _ /o

The density of S is the convolution of this density with the law of the independent variable
Lj>4 yjz-, and convolution with a probability measure does not increase the supremum of
a density. O

Proposition 16.9 (The Gibbs measure in graph coordinates). Let B, D, Cy > 0, and assume
that Oy > 0 and

N
ay <B, a3<Da,, a3 Zajfz < Cp. (16.16)
j=2
There exist constants ¢y, C' > 0, depending only on B, D, and Cy, such that

/

|VONZg — 1|+ ||m" = Gllrv < mi + Cle~ 0N, (16.17)
N

Further, consider a sequence of spectra satisfying (16.16) with fixed constants and my — oo.
Then x%/(ONN) — 1 in probability under 7, and for every fixed k > 2 the law of (/2a; x]-);.‘:2

under 7t converges in total variation to the standard Gaussian law on RF1,

The estimate (16.17) is uniform in y: the constants do not depend on a lower bound
for the top fraction. The concentration of S alone does not control the singular factor |
near the sphere |y|? = N. For this part, we use the bound on the density of S under an
exponential tilt from Lemma 16.8.

Proof. Let W = /0N ], so that /O Zg = EGW. On {S < N}, we have 1 — S/N =
Oy — (S —EgS)/N, so that

S —]EGS>1/2.

W:<1_ OnN

We bound Eg|W — 1| separately on three events. Here and below, C and ¢y denote
positive constants depending only on B, D, and Cp.

The central event. On {|S — EgS| < yN/2}, the derivative of s — (1 —s/(8yN))~1/2
ats = S — EgS is at most (OyN) 1271232 < 2/(9yN). As W = 1 at S = E5S, the first
part of Lemma 16.8 implies that

2 2 /Co\/2 _ C
W—-1 E < 2l < ——RE E < < —,
Eg || ;1S —EgS| < 0NN /2] NN c|S —EgS| N<2a2> .
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The lower complement. On {S < EgS —60yN/2}, we have 1 — S/N > 36y/2, which
gives W < 1 and |W — 1| < 1. The probability of this event is at most Ce™"N/8, by the
second part of Lemma 16.8 with x = OyN /2.

The upper complement. Let { = OyN/2, so that EGS+/¢ = N —/. On {S > N} we
have W = 0, and on {N — ¢ < S < N} we have |W — 1| < W 4 1. The probability of
{S > N — ¢} is at most Ce™"~/8, as before. It remains to bound Eg[W; N — £ < S < NJ.
Let A = ap/4 and let G, be the tilted measure of Lemma 16.8. For a nonnegative function

¢,
Ealf(5)] = Ea[e! 5755 Eg, [p(s)e5e5)] < o0/ g, [p(s)eN5FeS)]

We use this identity with ¢(S) = Wliy_scs.ny}, and we write S = N —r with 0 <r < £.
Then S —EgS = 20 —r and W = /OyNr /2. The density of S under G, is at most
axa3 < v/Day, and we find

/
Eg[W; N—¢ < S < NJ] <e“/32y/Day, /HNNeM/ o Al=1),=1/2 g,
0

On [0,£/2] the integrand is at most e */%~1/2 and on [(/2,/] it is at most
(£/2)"V2e=AL=7) The integral is then at most 2v//e */2 4 \/2¢-1/2)~1 Using
M = mn/8, a3 /OINNVL = mn/ V2, and a,/ONN £~1/2)~1 = 4./2, we obtain

Eg[W; N—/¢ <S<N]< C(mNe_3mN/16 + e—mN/S) < Ce~Comn

Conclusion. Combining the three bounds, we find
C —Ccom
E|W — 1] < — + Ce "N, (16.18)
my

This bounds |\/OnZg — 1| = |Eg(W — 1)|. For the total-variation distance, by (16.14) and
the first part of Lemma 3.6, we have

W _1‘ _ E[W —1|+ [EcW —1| _ Eg|W 1]
EcW - 2EGW - EsW .

1
|7 = Glirv = 5Eq|

If Eg|W —1| <1/2, then EGW > 1/2, and the right side is at most 2Eg|W — 1|. Other-
wise, the total-variation distance is at most 1 < 2[Eg|W — 1|. In both cases, (16.18) gives
(16.17) after enlarging C'.

The limits as my — oo. Under 71, we have x2 = N — |y|?. Under G, the first part of
Lemma 16.8 gives

N-S
OnN

VarG(S) < C()

E
¢ 2N2 = 2m?,

— 0.

2
f -
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Using |7 — G|ltv — 0, we find that the event {|x2/(6yN) — 1| > ’y} has 7t-probability
tending to zero for every v > 0. The image of G under y > (,/24; y] _, is the standard
Gaussian law, and the image of 7 is the image of 7", since the map does not involve x;.
The second part of Lemma 3.6 implies that the total-variation distance between the two

images is at most ||7" — G|ty — 0.
[

The following consequence makes precise the statement that the Gibbs measure places
the fraction 0y of |x|2 on the top eigencoordinate.

Corollary 16.10 (The top fraction under the Gibbs measure). Under the hypotheses of
Proposition 16.9, for every y > 0,

"(‘efN 1]>7) < iJFCI S 27C21N

For the GOE model, in either case (F) or case (M) of Lemma 4.7, the left side of (16.19) with
TT = TIN,cy tends to zero in probability for every -y > 0. In particular, at a fixed temperature
¢ > 1, we have 7in o (|x2/N — (1 —1/c¢)| > ) — 0 in probability for every 7y > 0.

(16.19)

Proof. Recall that x3 = N — |y|? and Eg|y|> = (1 —6N)N. By Chebyshev’s inequality
and Lemma 16.8, we have G(|N — |y|> — 6yN| > 90yN) < Varg(|y|?)/(v6nN)?

Co/(2y*m%;). The event in (16.19) is invariant under R;, and its 7t-probability equals its
7r+—pr0bab111ty. Then (16.17) implies (16.19). For the GOE model, my — oo in probability
by the first part of Lemma 4.7, and on the events of its second part (intersected with {6y >
0} in case (M)) the hypotheses (16.16) hold with D = 22/3C, /¢, and Cy = 4(C./c«)?, by
(4.11). The right side of (16.19) then tends to zero in probability, by Lemma 3.8. In case
(F), we also use Oy — 1 — 1/c¢ in probability. O

The statement and proof of Proposition 16.9 use only (16.16). Under H(0,, B, c«, Cs)
and H3(®@, D3), these hold with D = D3 and Cy from Lemma 16.4, and my > 6,c,N'/3.
The following static bounds on a cap give an upper bound on the density of the Gibbs
measure in graph coordinates away from the sphere {|y|> = N}, which we use in
Section 16.8.

Lemma 16.11 (The Gibbs measure on a cap). Assume H(60y, B, c«,Cx), and let 0 < r < 0,/2.
Let C, = {x € Sy : x; > V/rN}, let D, = {y : |y|*> < (1 —7r)N} be its image in graph
coordinates, and let 7t¢, be the probability measure 7t conditioned on C,. Then, for N larger than
a constant depending only on the spectral constants and r,

_ dr ]1D —
DE) < Co/32-my/8 - L <212, 16.2
G(Dy) <e ’ aG IEG[]lDr] = (16.20)

Further, Z¢ > On > 04, and dret /dG < r=1/201 on D,.
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Proof. Since r < 0y/2, we have D¢ C {S —EgS > 65N /2}, and the first bound follows
from (16.15) and Markov’s inequality applied to e®(5~Fc$)/4 The formula for the density
follows from (16.14). On D,, we have 1 < | < r~1/2. This gives Eg[J1p,] > G(D,) > 1/2
for large N, and the bound on the density follows. We also have G(S > N) < EgS/N =
1 — 6y by Markov’s inequality, which implies Zg > G(S < N) > 6Oy. The last claim
follows from (16.14). O

16.3 The unnormalized process and its mean

From now on, we assume H(6,, B,c., C.) and N > 3. Unless said otherwise, constants
denoted C and ¢y depend only on 6., B, c4, and Cs, and they may change from line to
line.

The unnormalized process. We use Lemma 10.2 with the quadratic potential coefficients
pi = a;. Let B = (Bij)%zl be a matrix of independent standard Brownian motions,
independent of Xy ~ vy, and let ® solve the linear matrix equation

dd = —2D,ddt +V2/NdB®D, ®0)=1, D, =diag(a,...,an). (16.21)

By the fifth part of Lemma 10.2, ®(t) is invertible for all t+ > 0, and Y = ®Xj is the

unnormalized process with initial value Xy, with respect to the filtration (F;) generated

by Xy and B. That is, there exists a standard Brownian motion B = (B, ..., By) for this

tiltration such that Y solves (16.5). The first two parts of that lemma imply that Y never

vanishes, and X = v/NY/|Y| is the diffusion generated by L, started from vy; it solves
2F(X) N-1

dX]-:fz(dBj—Xijlx-dB)jL[—za]-Jr N TN ]det. (16.22)

In particular, the law of X; is v P;. We also know from the first part of the same lemma
that Y is a strong solution, and Y and X are adapted to the filtration generated by X, and
B. Note that Y; is a martingale, since a; = 0. We write

() =E[Y(),  hi(t) = BYi(1)

The process Y has moments of all orders at every fixed time, since |Y(t)| < ||®(t)|| VN
and @ solves a linear equation.

The renewal kernel. Let

N t
K== Yo, Y= Tk HE =1+ [ YE)ds,
j=2

n>1

where k*" is the n-fold convolution of k on [0, ). Note that [;”k = (2/N) 2]22(491]-)_1 =
1—-0n <1 —0.. In the terminology of renewal theory, k is a defective renewal kernel.
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Lemma 16.12 (Renewal estimates). Assume H(0x, B, c«, Cy). There exists C > 0, depending
only on 0, and c., such that the following hold.
1. For t > 0, we have k(t) < C(1+1£)73/2,Y(t) < C(1+1)7%2, [TY < C(1+1t)71/2,
JooY = (1—06n)/6n, and H(t) < 1/6y < 1/6..
2. We have the identity

N 2
and, for 0 <t <N,
t
v(t) < e/ ONI[1 4 N(1 4 £)73/2], / v(s)ds < C(t+ N). (16.24)
0

3. For1 <t < N, we have |hy(t) — 05'| < C[(1+ )12+ t/N]. For every i and t > 0, we
have 0 < hl(t) - hi(t) < 4aith1(t).

4. The first column ey satisfies E|P(t)e;|* < 0,12/ (O-N) and E|Dq (t) — 1| < Ct/N for
0<t<N.

C1t73/2, and k(t) < 2 for all t.

Proof. First part. By the third part of Lemma 16.4, k(t) < 2
n > 1, write

Together, these bounds imply k(t) < C(1 + t)~3/2. For

k*l’l t — k i)s
LR SIS § L

where the integral is with respect to the Lebesgue measure in the variables (sq,...,5,-1),
with s, =t—s; —--- —s,_1. On this simplex at least one coordinate is at least t/n. It
follows that k*" () is at most the sum over i of the integrals over {s; > t/n}. The integrand
is symmetric under permutations of the coordinates, and each of these integrals equals
the one with i = n. In that integral we bound k(s,) < C(1+t/n)~3/2? and integrate
$1,--.,5u—1 over [0,c0). We obtain

-3/2
K (t) < nC(l + %) (1—6xn)""1 < Cn¥/2(1 4+ £)73/2(1 — 0,)" 1,

where we used 1+ t/n > (1+t)/n. Summing over n, we obtain the bound on Y,
and integrating it, we find the bound on [~Y. As [k*" = (1 —6y)", we have [Y =
(1 —6x)/6n, which implies H(t) <1+ (1 —6y)/0n = 1/6N.

Second part. Using Itd6’s formula and (16.5), we have d (Y]2) = —4a]-Y]-2 dt +
(2/N)|Y|?dt + dM; with a martingale M;. Taking expectations, and using EXoXJ = I,
we find ;

hi(t) = e it + % / e~ 4(=5)y (5) ds. (16.25)
0

Summing over j and separating j = 1, for which 4; = 0, we obtain the renewal equation

v:l—}-%k—kk*v—}—%l*v,
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where 1x*v(t) = fot v. The measure Jy + Y is the convolution inverse of ) — k, since
Y = k+ k +Y. Convolving the renewal equation with 6y + Y, and using (dp+Y) *1 = H
and (dp +Y) xk = Y, we obtain (16.23). The convolutions are well defined, because all
terms are nonnegative.

The first part shows that ¢ = H + (N/2)Y satisfies g(t) < C[1 + N(1 + t)73/2] and
f(;g < C(t+ N). Using H < 1/6, in (16.23), we find v(t) < g(t) + ocf[;v with & =
2/(0«N). By Gronwall’s inequality,

v(t) < g(t) +w /Ot eS¢ (s) ds < g(t) + ae™C(t + N),

and for t < N we have a(t+ N) < 4/6,. This proves the first bound in (16.24). Integrating
the same inequality over [0, t] and using ate® < Ce?/% for t < N gives the second bound.
Third part. By (16.25) with j = 1 and by (16.23),

t):1+%/0tv: / ds+—/t(H*v)(s)ds.

We have 0](]1 —H(t) = [Y < C(1+ t)~1/2, the second term is at most 2t/ (6.N),
and the third is at most (4t/(0+N?)) fotv < Ct(t+ N)/N? < Ct/N for t < N. This
proves the bound on hy. Further, (16.25) shows that h;(f) < 1+ (2/N) fot v = hy(t) and
]’li(t) > 6_4aith1(t), sothat0 < h; —h; < (1 — €_4ait)h1 < da;th;.

Fourth part. The column V = ®e; solves dV = —2D,V dt ++/2/N dBV with V(0) = e;.
As in the second part, f; = ]EV].2 satisfies f].’ = —4a;f;+ (2/N)f with f = Y f; and
fj(0) = 14j—1y. Then f = 1+kx* f + (2/N)1  f, and convolving with dy + Y as before, we
find f = H+ (2/N)H* f < 0,1+ (2/(6.N)) fot f. Gronwall’s inequality now gives the
first claim. The entry ®1; = V; is a martingale with ®11(0) = 1 and quadratic variation
(2/N) [5 |V (s)|?ds, which implies [E[®1(t) —1|> = (2/N) [, f < Ct/Nfor t <N. [

16.4 Entrance into a cap and residence

For o € (0,1),let C, = {x € Sy : x1 > VoN } be the spherical cap around the top
eigenvector, and let —C, = R;C,. In this section, we show that the diffusion enters
Cs U (—Cy) at a time much smaller than log Ry /ay, outside an event of small fixed
probability (Proposition 16.13), and that the original uniform-start path, after a bounded
reweighting at a deterministic entrance time supported in these caps, stays in a slightly
larger cap for times of order log Ry /a, (Proposition 16.14).

Proposition 16.13 (Entrance into a cap). Assume H(0, B, c«,Cy), let xny — o0 with xnN =
o(logRy), and let To = xn/az. For every € > O there exist h > 0 and M < oo with h*> < M,
depending only on ¢, 0, c«, and C,, such that

P(|Y1(Te)| >k, |Y(Te)[* < M) >1—¢e—o(1). (16.26)
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In particular, P(X1(Te)?> > oN) > 1 —¢e—o(1) with ¢ = h?>/ M.

Proof. We have T, > XNNZ/?’/C* by Lemma 16.4, and T./N = xn/Rn — 0. It follows
that N(1+ T,) /2 < C32x¥? < C, and by (16.24), we have E|Y(T.)|* < C, for
large N, with C; depending only on 0., c,, and C.. Then Markov’s inequality gives
P(|Y(Te)|* > M) < Co/ M.

For the first coordinate, we condition on the matrix ®, which is independent of Xp.
We have Y1 (Te) = (¢, Xo), where ¢ is the first row of ®(T.). For a fixed vector ¢ # 0,
rotation invariance of vy shows that (¢, Xo) has the law of |¢| x; under vy. The density
of x; under vy, for |x| < V/N, is

I'(N/2) <1 B x_2>(N3)/2 - I['(N/2) <1
I'((N-1)/2)vzN N TT((N-1)/2)ynN ~ v2r’

and we set it equal to zero for |x| > v/N. For the bounds, we used N > 3 and T'(z +
1/2) < \/zT(z) for z = (N — 1) /2, which follows from the log-convexity of I'. On the
event {®11(T.) > 1/2}, we have |¢| > 1/2, and then P(|Y{(Te)| < h | @) < 4h/\/2m <
2h. The fourth part of Lemma 16.12 and Chebyshev’s inequality give P (P11 (Te) < 1/2) <
4E|®q1(Te) — 1|> < CTe/N = 0(1). Combining these bounds, we obtain

P(|Y1(Te)| < h) <2h+o0(1).

Let ¢g = min{e,1/2} and choose h = ¢p/4 and M = max{2Cy/¢g,1}. Then 2h < ¢y/2,
Co/M < gp/2,and 0 < h2/M < 1/64 < 1. Thus the probability in (16.26) is at least
1 —¢p —o0(1), which is positive for large N and implies the stated bound for every ¢ > 0.
On the event in (16.26), X1(Te)? = NY1(T.)?/|Y(Te)|? > h*N/M. O

The estimate (16.26) concerns the whole initial law vy. It does not assert that a single
tixed cap carries all but a vanishing fraction of the mass; the fraction left out is a fixed
number ¢, which is sent to zero only after N — co.

For K > 1, let
_ KlogRn

az
Note that Ux/N = Klog Ry /Rx — 0, by Lemma 16.4.

Uk

Proposition 16.14 (Residence in a cap). Assume H(0., B,c«,Cx), and fix o € (0,1). Let
v =0,/1024, I = 32/6., and choose ¢’ with
0 0.0
! '<min{—, ———— |- :
0<o <o, (T_mm{8'16(1+é)} (16.27)
Let P be the law of the uniformly initialized path (16.5), let T > 0 be deterministic, and let w be
an Fr-measurable random variable with 0 < w < 1 and Epw > 0. Suppose that w # 0 implies
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Xl(T)2 > 0N, P-almost surely, and set Q = wP/Epw. For every K > 1 there exists co > 0,
depending only on K, ¢/, 0, and B, such that for N larger than a constant depending on the same
quantities and c., Cy, uniformly in T and w,

Q(3s € [0,Uk] : X1(T +5)* < ¢'N) < ey,

16.2
EN — zechRN/logRN + (N3 + 2)673931{]\]/1024 + 2(N3 + 2)6700]\]3. ( 6 8)

The reweighting changes the law up to time T, the Brownian increments after T remain Brownian
under Q.

Note that ey tends to zero faster than any power of N, by Lemma 16.4. The constant
o’ depends only on ¢ and 6. The proof follows the ratios Xj/ X1, j > 2, whose evolution
does not contain the radial term 2F(X)/N of (16.22).

Proof. Under Q, restart at T and reflect the first coordinate by st = sgn X;(T). Since w
and st are Fp-measurable, the reflected increments (sp(B1(T +t) — B1(T)), Bo(T +t) —
By(T),...) form a Brownian motion for the restarted filtration. In this proof only, write
X; for this reflected restarted path; then Xy € C,, Q-almost surely. Let T = inf{t > 0 :
X;(t) < v/0'N} and U = Ug. The proof has four steps: an exact formula for the ratios,
a bound on an integrating factor, a bound on the noise at a fixed time, and a bound
between the points of a fine grid.

Step 1: the ratios. For t < 7, we have X;(t)> > ¢/N > 0, and we set rj = X;/X;
forj>2and S = )5 rjz = (N — X3)/X3. The covariation of (16.22) is d(X;, Xx) =
2(0x — Xi X/ N)dt. 1td’s formula for the quotient gives

V2

27
~— dB;j — V2 ]
X1

1

2
dr; = (—2a;+ X—%>r]- dt + dBy. (16.29)
Indeed, the common factor 2F/N — (N — 1)/N in the drifts of X; and X; cancels in the
quotient, and so do the terms containing X - 4B in the noise. The second-order terms are
—d(Xj, X1)/X} = 2X;/(NXq)dt and X;d(X;)/ X5 = (2X;/X] —2X;/(NXq)) dt, whose
sum is 2r; X; "2 dt. Let 5 solve

A& = %St dt — L_Et dBy, =1,
1

so that log& = fo 2ds — fot V2X;1dBy. Tto’s formula shows that d(1/€) =
V2X[ le-14dB,, and then thatd(r;/€) = —2a;(r;/E) dt + V2(X1E)7! dBj; the drift 2rj/ X3
cancels against the covariation of rj and 1/&. Integrating, we obtain, for t < T,

rj(t) = Efe7r(0) + My(H)],  My(t) Z/Ote_zaf(t_s)%wi(s)- (16.30)
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Step 2: the integrating factor. Let 7z = inf{f : |log&| > v} and T = T A 7. Before
7, the drift of log € is at most (¢/N)~! per unit time and the quadratic variation of its
martingale part grows at rate at most 2(¢/N)~!. For large N, we have U/(¢’N) < /2.
Then, on {t¢ < U A T}, the martingale part reaches /2 in absolute value before time
U A t. We use the exponential inequality for a continuous martingale m with my = 0 and
(m); <y, forx,y > 0:

(sup |ms| > x) < 2e7%/ ), (16.31)

s<t
It follows from Doob’s maximal inequality [123, Chapter II.1] applied to the supermartin-
gales exp(EAms — A?(m)s/2), with A = x/y. By (16.31),

(1/2)? 7*0'Rn

— ) =2 — ).

2- 2U/(0’N)> P ( 16K1og RN)

In (16.30) and below, we replace the integrand of M; by zero after 7. This defines M;(t)
for all ¢, and (16.30) holds for t < T. The integrand is predictable and bounded by
V2e7 (o' N)~1/2,

Step 3: the noise at a fixed time. Fix t < U and a deterministic vector v = (v;);>2. The
process s — ) v IS e_zaf(t_s/)\/E(Xlﬁ')_ll{sl<?} dB;(s'),s < t,is a continuous martingale,
and since the B; are independent, its quadratic variation at time  is at most }; d]-vjz, where

Q(te <UAT) §2exp(—

27 e27(1 - 6y) 27

di=——, d; = —, di=——.
/= 20'Na; ]; T 2Ry

Since the exponential of a continuous martingale minus half its quadratic variation is
a supermartingale, we have Eg exp((v, M(t))) < exp(Y; djvjz-/ 2). We use the Gaussian
linearization technique of [86, Theorem 1 and Remark 2]. Let g be a standard Gaussian

vector independent of everything else. For ug > 0 and z € RN~!, we have etolz? —
Egev 2u0(82), By Fubini’s theorem,

EqetoMOP < Egexp (uo Zdjg]z) =11 2uodj) /2
] )

if 2ug max; d; < 1. The auxiliary vector g is used only for this identity; we make no claim
about the conditional law of M(t). If 2ugmax;d; < 1/2, the inequality —log(1 — x) <

x+x2for0<x<1/2 gives logIEQe”0|M(t)|2 < ug Zjd- + 2u(2) maxjd[:]- d]-. We choose
0,0’ Rye 27 T e27(1 — Oy + 6, /8)

32 0~ o’
Then 2upmax;jd; = 6./32, up(To — L;d;) = 63RyN/256, and 2ufmax;d;y;d; <
02Ry/1024. By Markov’s inequality,

Ug =

02Ry  6?Ry >
B> > Tp) < — £ ) = e 0Rn /1024, 16.32
Q(IM(H)]* > To) _eXp( 26 T 1024> e (16.32)
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Now suppose that t < T and |M(t)|> < Tp. By (16.30) and (a +b)? < (1+)a®> + (1 +
¢ he?,
S(t) < (14+2)e*'S(0) + (1+ 7 He*'Ty.
Since X € C, almost surely under Q, we have S(0) < ¢!, and by (16.27) and ¢*7 < 2, the
first term is at most 0,/ (8¢”). For the second term, we use ¢*7 < 1+ 6,./128, which gives
1+ He*r < (14+6./32)(1+6,./128) < 1+6,/16, and 1 — Oy +0,/8 < 1 —760,/8.
The product of the last two bounds is at most 1 — 0, /2. We conclude that
< ZTOIO (1) = 2

Slt)<— 77— = (U, 1) 107 (16.33)
where the last inequality uses ¢’ < 6,/8. Recall that the boundary of C, is {S =
1/¢" —1}. The bound (16.33) is a margin of 0./ (4c”) below the boundary.

Step 4: between the points of a grid. By Itd’s formula and (16.29),

—Z(N; 1)]dt+dM3, d(Mg) = —8(S+82)

dt.
Xy X

s = [—42ajr§+;—f+
j>2 1

Before T, we have S < 1/¢’ and X% > ¢’ N. It follows that the drift is at most a constant
Cy g in absolute value and the quadratic variation grows at rate at most C,//N. We
consider the stopped process S(t A T) and the grid t; = iN"2,0 < i < |UN?] + 1, which
has at most N3 +2 points for large N, since U < N. On each interval [t;,t;1], the drift
changes S(- A T) by at most C,s pN~2 < 6, /(160”) for large N, and (16.31) shows that
the martingale part deviates from its value at t; by more than 60../(160") on [t;,t; 1] with
probability at most 2exp(—coN?). Let A be the event on which 7¢ > U A 7, the bound
|M(t;)|* < Ty holds at every grid point #; < U, and

sup [S(sA%)—S(tAT)| < 2
SE[titiy1] 80

for every grid interval. Combining Step 2, (16.32), and a union bound, we find Q(.A) <
EN.

We claim that T > U on A. Suppose that T < U. We have T > 0, because Xy € Cs
almost surely and ¢’ < ¢. Let t; be the last grid point with t; < 7. On A, we have
T = 7, and in particular t; < T, so that (16.33) holds at t;. As T < t;.1, we have
S(t) < 8(t;) +0+/(80"), and by (16.33), this implies S(7) < 1/¢” — 1, which contradicts
X1(t)? = ¢/’N. We conclude that Q(t < U) < Q(A°) < ey. If the original path has
X (T + 5)2 < ¢'N for some s < U, continuity forces T < U, which proves (16.28). ]

Corollary 16.15 (Entrance and residence). Assume H(0., B, c., Cy), let Te and € be as in
Proposition 16.13, and choose h, M as in its proof. Let o = h?/ M, choose ¢ as in (16.27), and
fix K> 1. Then

P(X1(Te)* > oN, X1(t)*> > 0'N forall t € [T, Te + Ux]) > 1—e—o(1).
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On this event, the sign of X is constant on [Te, Te + Uk].

Proof. Let Ex be the event in (16.26). It belongs to Fr,, has probability at least 1 —
min{e, 1/2} —o(1) > 0 for large N, and implies X;(Te)?> > h*N/M = oN. Apply
Proposition 16.14 to the original uniform-start path with T = T, and w = 1g,,. Under the
resulting conditional law, the probability of leaving {x7 > ¢’N} before T, + Uk is at most
en = o(1). Multiplying by IP(Ey) proves the claim. Continuity and the positive lower
bound on X? give sign constancy. O

16.5 Retained coordinates and a logarithmic Sobolev inequality on a cap

In this section, we prove two deterministic facts that Sections 16.8 and 16.9 use. For every
fixed A > 1, the number of coordinates x; with a; < Aaj is bounded under H(6,, B, c«, Cx)
(Lemma 16.16). We retain these coordinates. For a density that vanishes outside a cap,
the conditional relative entropy of the other coordinates given the retained ones is at
most a constant of order (Aay)~! times its dissipation (Lemma 16.17).

Lemma 16.16 (The number of retained coordinates). Assume H(0,, B, ¢, C.) and fix A > 1.
There exists an integer M 4 > 2, depending only on A, c«, Cy, such that C*Mi/ > > AC,. Fix one
such M. For N > My, let [y = max{j € {2,...,N} :a; < Aay}. Then

2<NSMa<N, a<Aa 2<j<]n), aj>Aa (JN<j<N). (16.34)

Proof. The set in the definition of [y contains 2, because A > 1. Choose M4 large enough
that C*Mi/ 3 > AC,. Such an integer exists because m?/3 — co. With this choice, the
hypotheses H(0., B, c«, C«) give

AM 441 = C*Mi‘BN_Z/?’ > AC,N7%/3 > Au,.

As the a; are nondecreasing in j, every j > M4 satisfies a; > Aap, which implies [y < Ma.
The other claims follow from the monotonicity of the a; and the definition of Jy. O

Every coordinate with a; = Aaj is retained, and equal values among the a; cause no
difficulty. The index [y may depend on N and on the spectrum, and we use only the
bound Jy < M. The hypotheses H(6s, B, c«, C«) give no upper bound on ay/a; for a
prescribed index k > 3, and we do not assume one.

For the second fact, we use the notation of Sections 11.4 and 11.5. Let 2 < | < N.
As in Section 11, | is the index of the last retained coordinate, and it is unrelated to the
function J(y) of Section 16.2, which does not appear in the rest of this section. We split
vy = (z,v) with z = (yp,...,y7) and v = (yj41,...,¥n), so that G = G, ® Gy. We use
the matrix g(y) = I —yy' /N, the carré du champ T'(¢) = V¢'gV e, and the quantities
#(w) and Z(w) of (11.46). In graph coordinates, we write q(y) = 1 — |y|?>/N, so that
q = x3/N.
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Lemma 16.17 (A logarithmic Sobolev inequality on a cap). Let 2 < | < N, A > 0, and
ro € (0,1), and suppose that aj > Aay for ] < j < N. Let w € C*(RN™1) be a nonnegative
probability density with respect to G, with compact support in Uy, such that w = 0 on {q < ro}.
Then ' (w) and P (w), the latter defined by the formula in (11.46), are finite, and

0 < H#(w) < L

< tamr 7). (16.35)

Proof. Let y € Uy and b € RN~1. The Cauchy-Schwarz inequality (y-b)> < |y|?|b|?
implies that

b 2 2
bTa(y)b = |b* — % > (1- WW') 6% = q(y)|b]. (16.36)

We first show that both quantities are finite. Since [wdG = 1 and w is bounded,
we have KL(wG||G) = [wlogwdG < logsupw < oo, and the chain rule (11.47) gives
0 < #(w) < KL(wG||G). Let M, > 0 be an upper bound for the operator norm of the
Hessian of w. For y with Vw(y) # 0 and s > 0, Taylor’s formula along —Vw(y)/|Vw(y)]
gives 0 < w(y) — s|Vw(y)| + Mas?/2, and the choice s = |Vw(y)|/ M, yields |Vw|? <
2Mpw. In particular, Vw = 0 where w = 0, and f |\Vw|?/wdG < 2M,, where the
integrand is zero on {w = 0}. The function @(z) = [w(z,v)Gy(dv) is of class C?,
since w has compact support and we may differentiate under the integral, and the
Cauchy-Schwarz inequality on each fiber gives |V@|? < @ [ |V,w[*/wdGy. As g < I
and Vg = Vw/w — V@ /@ on {w > 0}, we obtain

2 7|2 2
@(w)gz/de+2/dezg4/de<oo.
w w w

Now fix z with @w(z) > 0, and let ¢ = w(z,-)/@(z), a nonnegative function of
class C? with compact support and [ ¢dG, = 1. Then [¢$log¢pdG, = Eylg | z], and
(00,4)%/¢ = ¢ (95,)% on {¢ > 0}. By the Gaussian logarithmic Sobolev inequality [79],
in the form (11.51), which follows from (11.50) [76, Theorem 2.7, (9), p. 5] after a diagonal
change of variables, and by a; > Aay for i > ], we have

ol 2] < L 3 Bol00)* 2] < g BalVeg? 1)
Here (11.51), which is stated for smooth functions, applies to ¢, with the integrand on
the right set to zero on {¢ = 0}. Indeed, the mollifications ¢, of ¢ are smooth and
nonnegative, they are supported in a common compact set, and they converge to ¢ in C?,
because the derivatives of ¢ up to order two are uniformly continuous. Fix e > 0, and
apply (11.51) to (¢, +e€)/(cn +€), where ¢, = [ ¢, dGy — 1. The integrands on both
sides are bounded uniformly in 7, since ¢, + e > e, and they are constant outside the
common support. Dominated convergence then gives the inequality for (¢ +¢)/(1+e).
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As e | 0, the left side converges by bounded convergence, because ¢ is bounded and
slogs is continuous on [0, c0). The right side is Y~ ;(4a;) " [(90,¢)*/ (¢ +€)(1+e¢)) dGy,
and it converges by monotone convergence, since V¢ = 0 on {¢ = 0}. Since w = 0 on
{g < 1o}, we have |V,¢|> < |Vg|> <T(g)/ro on {w > 0}, by (16.36). Multiplying by @(z)
and integrating with respect to G,, we obtain (16.35). Fibers with @(z) = 0 contribute
zero to both sides. L

Forr € (0,1), we use Lemma 16.17 with rg = r/2 and A = 16/r. Then 4Aayrg = 32a,,
and under the hypotheses of the lemma,

H(w) < 32%2 P w). (16.37)
The constant in (16.35) is cruder than that of Proposition 11.16, which keeps the matrix
Ay of Lemma 11.15. Here we bound g from below by g times the identity, which loses the
fixed factor ro, and we compensate for this loss by retaining all coordinates with a; < Aa;
for a large A. The dissipation Z(w) contains the derivatives in all variables, and the proof
uses only its part in v.

16.6 Gaussian approximation of the coordinates at time £,

In this section, we show that at the time

. _logN
P 100 7

tinitely many coordinates of the unnormalized process are close in total variation to
independent centered Gaussian variables with variance 0!, and that the first coordinate
barely moves afterwards. These Gaussian variables are not the initial coordinates of Xj;
they are built from X, and the noise up to time t,. The proof conditions on the matrix
®, which is independent of X, and uses the rotation invariance of vy; it does not use a
central limit theorem for martingales.

Proposition 16.18 (Gaussian approximation at time tp). Assume H(6x, B, cx, Cx).
1. Suppose that Oy — 6 € (0,1), and let k > 1 be fixed with axlog N — 0. Then

| Law (Ya(tp), ..., Yi(tp)) = N(0,6 7 L)|| 1y — O. (16.38)
2. For every K > 1 and every U with t, < U < Uk,
2 u _
E sup [Yi(t) = Yi(tp)|” < c[ﬁ +(1+t) 772, (16.39)

tp<t<U

where C depends only on 0., c«, and C,. The right side tends to zero.
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The hypothesis a;log N — 0 holds for k < 2 under H(0,, B, ¢, Cs«), and for every
fixed k under Hy(w, Dy) as well, since then a; < DyC.N ~2/3_The second part, combined
with the first, gives the weak limit A/(0,671) for Y (t) at every later time t < Uk, jointly
with (Yq(tp), ..., Yi(tp)). It does not give convergence in total variation at later times.

Proof of the first part. Let & = ®®T, with entries Y. As Xp is independent of ® and
EXoX] = I, we have E[Y(+)Y(t)T | ®] = %(t), and in particular EX;(t) = h;(t). The
proof has three steps: we bound the second moments of ¥, show that the first k x k block
of X(tp) concentrates around 61}, and then use the conditional law of Y given ®.

Step 1: second moments of >. By Itd’s formula and (16.21),

s, = [ —2(D,Z +ED,) + %Tr(z)l] dt + 1/ %(dB % +xdB"). (16.40)
The drift term (2/N)Tr(X)I comes from (dBXdBT); = 63 Tr(X)dt. Expanding
dTr(X?) = 2Tr(ZdX) + Tr(dX d¥), the noise contributes four contractions: Tr(dBZdB¥)
and Tr(ZdBTZdBT) each equal Tr(X?)dt, and Tr(dBX2dBT) and Tr(ZdBTdB L) each
equal N Tr(X?) dt. We obtain

ZET(2?) = E [ — 8Tr(DeE2) + 1
Note that Tr(D,X?) > 0, because a; > 0, and that (TrX)? < N Tr(X?). With Tr(X(0)?) = N
and N > 2, we obtain E Tr(X(t)?) < Ne'?. Next, let U; = (X?);; = Y 212] We see from
(16.40) that the quadratic variation of X;; grows at rate (2/N)(U; +U;) for i # j, and that
of X;; at rate (8/N)U;. Summing d (212) over j, we find that the drift of I/, is

TrE)? + (4 + %) Tr(zz)]

2
—4aU; — 4251]22 + — Tr (Z)Zii 4+ —

N [(N +2)U; + Tr(22)].

Using X;; < U}/?, we find (4/N) Tr(Z)Zi < 4(Tr(X2)/N)V2UM? < 2U; + 2 Tr(22)/N.
Then u; = EU; satisfies u} < 6u; + 4e't and u;(0) = 1, and Gronwall’s inequality gives

EU;(t) < 2%, (16.41)

These computations are justified first up to bounded stopping times and then by mono-
tone convergence, since all moments of ®(t) are finite.

Step 2: concentration of the covariance. The diagonal of (16.40) reads

2
d(Zi1, ..., ZaN) T = A0, .., ZN) TdE+dM, A= —4D, + NnT,
where dM; = 2v/2/N Y Z;dBj. Since the martingale M; uses only the i-th row of

B, we have (M;, M;) = 0 for i # j, and d{M;) = (8/N)U;dt. The vector h = (h;)
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solves i’ = Ah with h(0) = 1. The off-diagonal entries of A are nonnegative, so e* has
nonnegative entries; together with A1 < 2 -1 entrywise, this shows that its row sums are
at most e?. By variation of constants, the orthogonality of the M;, and (16.41),

8 ¢ - 5 16 rt B zelzt
Bl () ~ () = [} 5 (N B () ds < 7 [ < SO
]

For i # j, the entry X;; starts at zero and has drift —2(a; + a;)%;;, so that
2t 2e12!
IEZi]-(t) < N A ]E(Z/{I(S)-I-u](s)) ds < 3N

Att = tp, we have e?r /N = N=22/25_ Recall from the third part of Lemma 16.12 that
h1(tp) — 05" < Cl[(1+tp) Y2+ t,/N] and |hy(tp) — hi(tp)| < dagtphy(tp) for i < k.
Using Oy — 0 and axt, — 0, we conclude that the block Xy = (£;;(tp)); i<k satisfies

E|[Zi — 6 Ii||fs — O (16.42)

Step 3: the conditional law given ®. Let @y be the k X N matrix formed by the first
k rows of ®(t,). As ®(tp) is invertible, the matrix Xy = CIJ[k]CIDF,—d is positive definite,

and O = 2[7(]1/ 2CI>[k] has orthonormal rows. We complete O to an orthogonal matrix. By
the rotation invariance of vy and the independence of Xy and @, conditionally on & the
vector OXp has the law of Zyy = (x1,...,x¢) under vy. It follows that Law (Y} (p) |

®) = Law (Z/?7 . Since an invertible linear map preserves total variation, we obtain
(k] “Nk PP

| Law (Y (tp) | @) =N (0, Zg) || py = €Nk enk = | Law(Zni) — N0, )| v-

For N > k + 2, the law of Zy  has the density

7

2 (N-k=2)/2
I'(N/2) (1_ H >< )

T((N —k)/2)(mN)k/2 N /4

which converges pointwise to the standard Gaussian density on RF, since
I(N/2)/T((N —k)/2) ~ (N/2)2. Scheffé’s lemma then implies ey — 0. This
is the classical Gaussian approximation of the coordinates of a uniform point on a
high-dimensional sphere; quantitative bounds are in [57, (1)]. Further, for positive
definite X1, >y, Pinsker’s inequality and the formula for the relative entropy of Gaussian
laws give

1

IN(0,Z1) — N(0,Z0) |3y < 1 [Tr(z(;lzl) —k—log det(Zo_lZl)],
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and the right side tends to zero as X1 — Xy. Using (16.42) and bounded convergence,
we find E[|N(0,Zy5) — N(0,6 I ) [[rv — 0. By the convexity of total variation under
mixtures, we obtain

|| Law (Y () — N'(0,6 1) ||y < enje + E[|N(0,Z) = N (0,6 L) ||y — O,

My < My

which proves (16.38). O

Proof of the second part. Recall that Y; is a martingale with d(Y;) = (2/N)|Y|?dt. By
Doob’s inequality in L2 and (16.24), we have, for tp <U < Ug <N,

8 u
E sup [Yi(t) —Yi(tp)? < — [ v(s)ds
tp<t<U N Jy,
cC 4 _3/2 u _1/2
< — < — .
_N/tp [1+N(1+s5s) ]ds_C[N+(1+tp) ]
The right side tends to zero, since Ux/N = Klog Rx/Ryx — 0 by Lemma 16.4. O

16.7 The late-time squared norm and finitely many coordinates

In this section, we fix

xnv=+loglogN, T.=2  zy=v(t).

a

Under H(0., B, c«, C), we have xn = o(log Ry ), and Proposition 16.13 applies at the time
Te. Further, t, < T < t, for large N, and
_ log Ry

ar(t, — Te) = 1 +u— YN — o, ty — Te < Uy (16.43)

for every fixed u and large N. In this section, “in probability” refers to the randomness
of the initial point and the noise; the spectra are deterministic.

Proposition 16.19 (The squared norm at time t,). Assume H(6s, B, c«, C.), and fix u € R.

Then
2

Z
Y (£,)])* — ﬁ —0,  Yi(ty)—Zy —0 (16.44)

in probability. If, in addition, O — 0 € (0,1), then Xq(t,)?/N — 6 in probability.

The first convergence says that the squared norm of the unnormalized process at time
t, is determined by its first coordinate: the remaining coordinates have relaxed, and their
total squared norm is the fraction (1 — 6y) /60y of YZ. The proof conditions the path law
on the event of Proposition 16.13, stops the process when it leaves a cap, and solves the
renewal equation for |Y|? along the stopped process.
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Proof. Fix ¢ € (0,1/4), let h, M be as in Proposition 16.13, let Ey = {|Y1(Te)| >
h, |Y(Te)|*> < M}, and choose ¢’ > 0 so that 20’ satisfies (16.27) with ¢ = h%/M.
Let U = U;. Throughout the proof, IPr and [Er denote probability and expectation
conditionally on Ey, and C denotes constants depending only on ¢ and the spectral
constants.

Step 1: the stopped process. Let sy = sgnYi(T.). Since Ey € Fr, and the incre-
ments of B after T, are independent of Fr,, the process r — (syY1,Y2, ..., YN)(Te + 1)
solves (16.5) under Py with the Brownian motion r +— (syBy,Ba,...,By)(Te +7) —
(snB1, By, ..., By)(Te), which we denote by B. Let T = inf{r > 0: sy X;(Te +7) < V0'N}.
On Ey, the first squared coordinate at T is at least cN. Apply Proposition 16.14 directly
to the original uniform-start path with T = T, w = 1g,, and residence threshold 2¢”.
Since hitting the stopping threshold ¢’ entails falling below 2¢’, we obtain

PN:]PE(Tgll)SﬁN—)O.

We define Y (r) = (syY1,Ya, ..., YN)(Te + 1) for r < 7; for r > 7, let Y1(r) = Y1(t) and
Yi(r) = e (Y*T)Y]-(T) for j > 2. In other words, Y follows the unnormalized process
until 7, and afterwards its noise is removed and its first coordinate is frozen. Let A = |Y|?
and y = Y;(0) = |Y1(Te)|, so that h <y < v/M on Ey. Then

le = 2/N A1/21{1,<T} dBl, dY] = —26!]'17]' dr + vV 2/N Al/zl{r<r} dB] (] > 2)
(16.45)
Before T, we have le > g’ A. After T, the first coordinate is frozen and the others decrease,
which gives A(r) < A(t) < Yi(1)?/0’. We conclude that

A(r) < % (r)*

(r > 0). (16.46)

Step 2: moments of the first coordinate. For an integer ¢ > 1, Itd’s formula, (16.45),
and (16.46) show that the drift of Y?* is at most 2£(2¢ — 1)(¢/N)~1Y?. We then have
ErY;(r)% < M@=/ (@'N) by Gronwall’s inequality. As U/N — 0, the moments
of order up to eight of Yi(r) and, by (16.46), of A(r)'/? are bounded uniformly for
r < U. The process Y? — y? has drift (2/N)A1 {r<7) and a martingale part with quadratic
variation (8/N)AY?1 {r<7} dr. By Doob’s inequality in L? and Minkowski’s inequality, we

obtain
u u
< — 4+ — ). .
. c(w/ <+ N) (16.47)

sup | Y1(r)* — y°|

r<u
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Step 3: the renewal equation for the stopped process. For j > 2, [t0’s formula and
variation of constants give

Yj(1’)2 411 rY] N/ —4a (r—w) )1{w<T} dw

+ \/;/0 6_4af(r_w)A(w)l/ij(W)l{w<T} dB](ZU)

Summing over j > 2, we obtain
A=Y+ ly+kxA+n—e (16.48)

where k is the kernel of Lemma 16.12 and

,
_ 26—411]'1’Y],(0)2 < Me4ar e(r) = /0 k(r — w) A(w) 1<y dw,
j=2
and n(r) is the sum of the stochastic integrals. The term e is present because the noise
was removed after 7. Using the independence of the B; and Step 2, we find

Ep n(r)? Z/ e 80— . [AY 1{w<T}} dw < —/ EpA(w)?dw < %

]>2
Using Holder’s inequality, we find [|A(w)1r<ulli2p,) < (EEA(w) )1/4;91/4 < Cp1/4
and Minkowski’s inequality and [k <1 then give |[e(r)||2(p,) < Cpl/* for r < U.

Step 4: solving the renewal equation. Convolving (16.48) with éy 4+ Y, which has total
mass 1/6y, we obtain A = (8 + Y) * (Y2 + £y +n —e). Recall that (6 + Y) x1 = H and
that ;' — H(t) = [°Y < C(1+t)"1/2 by Lemma 16.12. We obtain

2

[CERERGORY

sup |Y1(r)? —y |H —|—CM(1+t)_1/2.

L2(Pg) 9* r<u

Splitting the convolution at ¢/2, we find

o0 M
(60 +Y) * £o(t) < Me™ 4™t 1 M ) Y + G—e—%f < Cle ™22 4 (141)71/2].
t/2 *
The convolutions of n and e with dy + Y are bounded in Lz(]P ), uniformly for t < U,
by 6,! times the bounds of Step 3. Combining these bounds with (16.47), we obtain, for
every 0 <oy < U,

] u u
sup HA(t)—y— _C[\/N—i- +p1/4+e*2“2”N+(1+vN)*1/2] (16.49)

ZJNStSU 9N

L2(IPg)

The supremum is over the values of the norms at fixed times; this is not a bound on the
norm of a supremum. If a,vn — 00, then also vy — oo, and the right side tends to zero.
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Step 5: conclusion. By (16.43), we may take t = t, — T. and vy = t in (16.49). On
EnyN{T > U}, we have A(t, — Te) = |Y(t,)|* and y?* = Y1(T.)?. Then, for every ¢ > 0,
Markov’s inequality and Cauchy-Schwarz imply

2

— 0.

P(Enx NA{I[Y (ta)[* = Y1(Te)?/6n| > 7)) < pn+ v‘lHA(fu ~Te)— ¢ L2(Pp)
E

Oy

Further, (16.39) gives E|Y{(Te) — Zn|?> — 0 and E|Y;(t,) — Zn|* — 0, and EY;(t)? =
hi(t) < C for t < N by Lemma 16.12. It follows that Y;(Te)? — Z% — 0 in probability,
and 2
limsup1P<)|Y(tu)|2 — Q—N) > 2’y> <limsupPP(EY) < e.
N N N

As ¢ is arbitrary, (16.44) follows. Finally, assume 6y — 0. We know from Proposition 16.18
with k = 1 that Zy converges in distribution to A/(0,671). For ry > 0, on {|Zn| > 70}
the ratio Xq(t,)?/N = Y1(t,)?/]Y(t,)|* differs from 6y by a quantity tending to zero in
probability, by (16.44), and limsupy, P(|Zn]| < ro) < P(|N(0,671)| < ry), which tends to
zero as rg — 0. [

Theorem 16.20 (Finitely many coordinates). Assume H(0s, B, ¢, Cy) and 6y — 6 € (0,1).
Fixk > 2,and ifk > 3 assume also Hy(, Dy). Let Gy, . . ., Gy be independent standard Gaussian
variables and C an independent standard Cauchy variable. Then for every fixed u € R,

(/20 Xj(t))}_, = (Go+ V20e72C, Gs, ..., Gy). (16.50)

If, in addition, a3/a; is bounded uniformly in N, then Proposition 16.9 shows that
the same vector under 7t converges in total variation to (Gy, ..., Gi). This upper bound
on az/ap is included in H3(@, D3) in the main deterministic theorem. Under these
hypotheses, since the total-variation distance is at least half the difference of expectations
of a function with values in [—1, 1], (16.50) for k = 2 gives liminfy Dy/(t,) > Vy(u). The
matching upper bound requires control of all N coordinates, which is the content of
Sections 16.8 to 16.11.

Proof. We write »j = a]-/az for2 <j<k,sothatl < »j < Dy and »j > 14w forj > 3;
for k = 2, set D, = 1. Note that aitp, < DkC*N_z/B’t‘p — 0. By Proposition 16.18, we have

| Law (Yi(tp), ..., Ye(tp)) — Law (0 Y2(Hy, ..., Hy)) || ry — O, (16.51)

where Hj,...,Hy are independent standard Gaussian variables. Let Ay =
VON |Y(t4)|/|ZNn|. Then Proposition 16.19 implies that, for every rp > 0, Ay — 1 in
probability on the event {|Zx| > ro}.
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Step 1: decomposition. For 2 < j < k, variation of constants in (16.5) from time ¢, gives

V2N Yi(t 7
\/24) Xj(tu) = V24N Yi(t) AR [S]-,N + Voy (1].(1) + 1% 4100

1Y (tu)] |ZN| j J
where
/20; N8y e 251t Y (1) (1-5)/2 Y;(tp)
SN = ] J\'P — 20~ ¢ R ] 872%]‘” eZa]»tp J\"P ,
N Zx]| VENTIEN |Zx]|

and I].(l), I]-(Z), I](3) are the integrals /4a; [ e 24t | Y (1) dB;(r) over the intervals [tp, Te],
[Te, In], and [N, t,], with Iy = t, — M, /ay for a fixed M, > 0. In the formula for SiN, we
used =2t = R/7%e~2%" and | /2a;NOy = /2087 R/>.

Step 2: the initial terms. For j = 2, we have S,y = /20y e 2“e?™2 Y, (tp)/|Zn|. For
j > 3, we have Rl(\}i%j)/z < RR,‘D/Z — 0, while e~ 2" eitr < 2Dxlul+1 for large N. Since
Y;(tp) is tight by (16.51), we conclude that S;y — 0 in probability on {|Zx| > 7o} for

j>3.

Step 3: the early noise. By Itd’s isometry and (16.24),

Te
]E|I].(1) > = 4aj/ e~ 4ty (r) dr < 4a]'e_4”f(t“_Te) C[Te + N(1+tp) 3],

tp

Recall from (16.43) that e~ Te) = R e~#7(=1N)_ Using a;T. = s and R;\;%j <1,
we obtain

E[IV[ < CDjePuan) [%N 41+ tp)—l/z] .o
N

because ¢*PAN = (log N)*Pk/AN grows more slowly than every positive power of log N.
For T, <r < T, + Uy, we have v(r) < C by (16.24), because N (1 + Te)’?’/2 < C. It follows
that

l
B[P < da)C [ el g — ComqM: < Co M-

Step 4: the late noise. Let G;n = /44; flt;]‘ e~ 2%i(tu=7) dBj(r). These variables are indepen-
dent centered Gaussian variables with variances 1 — e~ 4*Mx
of i, in partic_ular of Fr, and of (Y1,...,Y)(tp). We compare I].(3) with |ZN|9K]1/ZQJ-,N.
Let En, Pg, T, A, y, and U = U be as in the proof of Proposition 16.19, for a fixed . On

Ex N {T > U}, we have I].(3) = I;, where

, and they are independent

~ ty e _
I]' = 1/4[1/1]' /ZN e Za](tu r) A(]’ — Te)l/zl{r_Te<T} dB](l’)
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is the integral with the stopped amplitude. Let ce = y/+/0n, which is Fr,-measurable
and at most (M/G*)l/2 on Ey. By It6’s isometry and 4a; flx e~ 4ai(tu=1) gy <1,

- 2 _ b
]EEH]- — cegj,N} < l sup Eg|A(r— Te)l/zl{r,Teq} — Ce]
N<r<ty
_ 2, 2M
<2 sup ]EE‘A(r—Te)—y—‘—i— PN,
In<r<t, Onl O

where we used |v/a — v/b|?> < |a —b| for a,b > 0. As ax(Iy — Te) — o, the right side
tends to zero by (16.49). Further, G, y is independent of F1, and has variance at most
one, and we have

e (e~ ) g < EEEAE o

by (16.39). We conclude that \/6N|ZN|_1I].(3) —Gjn — 0 in probability on Ex N {|Zn]| >
1’0}.

Step 5: conclusion. Combining Steps 14, for fixed ¢, ro, M., and v > 0,

lim;upﬂj<2r£1]§:1§xk‘ 2a;X;(tu) — (Sj,Nl{j:Z} + QJDN)| > ’)')
<e+P(|Hi| < Vorg) + 72—1:26_4]”*,
0

where we used that S; 5 and G; y are tight, Chebyshev’s inequality for I ].(2), and the factor

VON/|Zn| < 1y, The vector (Gj,N)2<j<k is independent of (Y1,Y2)(tp), and its law is
within total-variation distance Cke=*M+ of the standard Gaussian law on R¥~!. Using
(16.51), e*2'r — 1, and 6y — 6, we see that the variable So N converges in distribution
to v/20e~2“H,/|Hy|. Testing against bounded Lipschitz functions, letting first N — oo,
then M, — oo, then ¢ | 0 and rp | 0, and finally ¢ | 0, we obtain that ( Zanj(tu));?zz

converges in distribution to (G + Vv 20e~%"H,/|Hy|,G3,...,Gy), where G,...,Gy are
independent standard Gaussian variables, independent of (Hy, Hy). Finally, the density
of Hy/|H;| atw € R is

o 1 R —(1+ 2 2/2 1
2/0 sP(s)p(ws)ds = E/o se” (1Hw)s™/2 g At
and H,/|H;| has the standard Cauchy law. This proves (16.50). O

The Cauchy variable in (16.50) is the ratio Hp/|H;| of the Gaussian approximations
of the first two coordinates at time t,, and the Gaussian variable G; is produced by the
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noise in the second coordinate during the last time interval [t, — M. /ay,t,]. They are
independent because the Brownian increments after time Iy are independent of 7. We
never assign a Gaussian law to the stochastic integrals with the random amplitude |Y(r)|;
they are compared with integrals of deterministic functions after the amplitude has been
replaced by an Fr,-measurable variable.

16.8 The weighted law, the cutoff function, and scores

In this section, we weight the path law by a smooth function of the position at the time
Te, introduce a cutoff function, and prove the estimates that Sections 16.9 and 16.10 use: a
formula for the density of the weighted law and its forward equation (Lemma 16.21), the
probability that the cutoff differs from one and the fourth moments of the coordinates
(Lemma 16.22), bounds on the derivatives of the cutoff (Lemma 16.23), bounds on the
scores (Lemmas 16.24 and 16.26), and an upper bound on the density (Lemma 16.25).
Throughout the section, we assume H(0, B, cx, C«); no bound on a3/a; is used.

Times and the weight. Fix ¢ € (0,1/8). With xy = /loglog N and T. = xN/a; as in

Section 16.7, let
1 log R
to=Tet —, 1 =Tt BN (16.52)
a ar

and recall that U, = 2logRy/ay. For every fixed u € R, we have tp < t, < t; for
large N, by (16.43), and t; < T + U;. Fix once and for all the smooth transition (s) =
b(s)/(b(s) 4+ b(1 —s)), where b(s) = e~/ for s > 0 and b(s) = 0 for s < 0. It satisfies
¢ =0on (—o0,0] and p = 1 on [1,00). Only bounds on ¢’ and ¢" enter the estimates
below.

Let 1, M be given by Proposition 16.13 with ¢/2 in place of ¢, so that they depend only
on e, 6., ¢y, and C. Let 0o = min{h*/M,1/2} and 0y = 0./2, and write g(x) = x2/N.
By Proposition 16.13, we have IP(q(Xt,) > 0e) > 1 —¢€/2 —0(1). We define

x

Fo(x) = ¢(M - ) ¥ = ¥o(Xr), Zy = EY. (16.53)
0o

The function ¥y is smooth on Sy, invariant under R;, equal to one on {q > o.}, and

equal to zero on {g < 0p}. It follows that Zy > P(q(Xr,) > 0c) > 1 — ¢ for large N. We

write P for the law of the whole process (X, B), as in Section 11.1, and we call

b4
=_7P
Q=7

the weighted law. For t > 0, we let Q; be the law of X; under Q.
The variable ¥ is Fr,-measurable. By the Markov property of (16.22), conditionally
on Fr,, the process (Xr,+5)s>0 is the diffusion generated by L started from Xr,, and the
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increments of B after T, are independent of Fr,. Both statements remain true under Q,
because dQ/dP =Y/ Zy is Fr,-measurable. In particular, Q; = Qr.P;_7, for t > T, and
Qr. is concentrated on {g > 0p}. We make no claim about the law of B before T, under
Q. The law of (Xj, B) is invariant under the reflection of the first coordinates of X, and
B, which maps X to R;X and leaves ¥ unchanged. It follows that every Q; is invariant
under R;. By Lemma 11.3, applied to the law of X; and the measure A — E[¥Y1x,c3],
and since 0 < ¥ < 1, we have

vN P
Ly !

Qr < 1Qt —vNPrlltv <1—Zy <e. (16.54)
Lemma 16.21 (The density of the weighted law). For t > T, the law Q; has a density p; =
dQ;/dvy which is twice continuously differentiable in space and once continuously differentiable
in time. The density, its first and second spatial derivatives, and its time derivative are jointly
continuous on (T, 00) X SN. Let Zn = fe_F dvy. Fors >0,

dQr, Yo F dQr,+s _ , (dQr,
T = e Pr(Zeh), = Py = ). (16.55)

In graph coordinates, a nonnegative representative f; = dQ;"/dG has the same C? spatial and
C! time reqularity, with fi, ¥V f;, V2 fi, and 0, f; jointly continuous, hence bounded on compact
cylinders in (Te, 00) x Uy, and satisfies

dift = Lgfr — divg <% ft>, Lg = divg(gV), (16.56)
with g and divg as in Section 11.5.

Proof. The density of vy with respect to 7t is Zzef, which is bounded. For bounded mea-
surable @, the reversibility of 7 gives [ @ d(vNPr,) = [ Pr,p Zzef dn = [ ¢ Pr,(Zxef)dn,
so that d(vNPr,)/dmt = Pr,(Zzet). As Qr.(A) = Z§1E[T0(XTQ)1{XTeeA}], we obtain the
first formula in (16.55). For s > 0, the identity Q1.5 = Qr.Ps and reversibility give

_ dQTe o dQTe
/gonTe+S —/ e PsgodN—/q)Ps< = >d7T,

which is the second formula.

For the regularity, let 0:(A) = E[¥1;x,c4}] = Z¢Qt(A) be the endpoint measure of
Lemma 11.4 with T = T, the weight ¥, and D = Sy. Apply that lemma to the original
uniformly initialized diffusion and choose its density representative u, retaining its first
time derivative and first two spatial derivatives. Set p; = u(t, )/ Zy. The graph formula
in Lemma 11.9 gives fi(y) = 2wnpt(x(y))/ (x1(y)7(y)) on Uy, where 7 is the density
(11.32) of G. The chart map and its prefactor are smooth on Uy, so the chain rule gives
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the asserted spatial derivatives and their joint continuity; the same holds for the time
derivative. Let ¢ € CZ°(Uy). By (11.55), divided by Zy,

%/(PfthZ/ft<LG(P+%.V(p) dG:/(p(LGft—diVG (%ft»dc_

In the second step, we used (11.44) and the divergence theorem for the weighted diver-
gence divg. Differentiating under the integral on the left, which is allowed by the joint
continuity of d; f; and the compact support of ¢, and using that ¢ is arbitrary, we obtain
(16.56). 0

We work with this representative of the density throughout. The estimates below use
only this finite regularity near the support of the cutoff function, and no lower bound on
it.

The cap of the cutoff and the residence error. Let

. 1
6,00 L A= 16 (16.57)

1 . 0
r:—mm{ao, .

*

4 87 16(1+32/6.)

and let M4 and ]y be as in Lemma 16.16, for N > M. Then ¢/ = 2r satisfies (16.27) with

o = 0y, with the strict inequality 2r < 0. Let ¢y > 0 be small enough that the bounds in

Proposition 16.14 and its ratio construction hold with o = oy, ¢’ = 2r, for both K = 1 and
K = 2; it depends only on r, 6., and B. We set

CoC*N1/3

_ W) (N3 +2) ¢33 N1 /1024 2N?+2) N (1658)
*

PN = 2exp (
By Lemma 16.4, we have c, N 1/3 < Ry < C,N1/3, and therefore, for large N, the bound ey
of (16.28) with these parameters satisfies ey < pn. The sequence pyn does not depend on
the spectrum, and NYpy — 0 for every b > 0: the first exponent is of order N'/3/log N,
and the other two exponentials decay faster than every power of N. Here and below, “for
large N” means for N larger than a constant depending only on ¢, the spectral constants,
and .

The cutoff function. Let

x0)=p(2-1),  (=xoq q=0% (16.59)

r

Then x = 0 on (—oo,7/2] and x = 1 on [r,o0), and we have |||l < 2[|¢/||o/7r and
X" |leo < 4||¢"||eo/7?. The functions { and 7 are smooth on Sy, invariant under every
reflection R;, equal to one on {gq > r}, and equal to zero on {g < r/2}. They depend only
on x3, and they do not restrict the other coordinates. Let

K={qg<r}, M=EgnX), Q]=-"=.
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Outside K, we have 77 = 1, and all derivatives of 7 vanish. The probability measure Q/ is
the normalized cutoff-weighted law of Section 11.1, with normalizing mass M;.

Lemma 16.22 (The region outside which the cutoff equals one). There exists C > 0,
depending only on € and the spectral constants, such that for large N and all t € [Te, Te + Uy,

Qg(Xy) <2r) <pn, QXreK)<pn, 1-M:<pn, Qn(Xi)#1)<pn,
(16.60)
and, for t € [Te, t1] with s =t — Te, for every2 < j < N,

EoX;(t)* < CN?[e™%° + (Naj) 7 + pn]. (16.61)

The constant in (16.61) does not depend on j, N, or t. The bounds (16.60) hold at
each fixed time through T, 4 Uy; the fourth-moment bound is asserted only through
t; = Te +log Ry /ay. This shorter interval contains every fixed-offset profile time ¢, for
all sufficiently large N.

Proof. Apply Proposition 16.14 to the original uniform-start path with T = T,, w = ¥,
o = o0y, 0 = 2r, and K = 2. Its support hypothesis holds because ¥ # 0 implies
q(Xt,) > 0p. The resulting weighted law is exactly Q, so the first estimate in (16.60)
follows, with error at most e5y < py. For the ratio and moment estimates, use the same
weighted-path construction over the shorter interval 0 < s < log Ry /a2. Reflecting the
first coordinate by its F7,-measurable sign leaves the later Brownian increments Brownian
and changes neither X; for j > 2 nor any cap event. The construction in the proof of
Proposition 16.14, now with K = 1, supplies an event A with Q(A°) < py, on which
X1(Te + )% > 2rN, |log &| < v with ¢ = 6, /1024, and
Xj(Te + S) —2a;s Xj(Te) ;

RTre =5 e eI Mis)|, =2, (16.62)
where £ and the stopped integrals M; are those of (16.30) for the reflected process.

The other three bounds in (16.60) follow from K C {q < 2r}, {y # 1} C K, and
1—M; < Q(n(X¢) # 1), which holds because 0 < 1 < 1.

For the fourth moments, fix 0 <s < logRy/ay and j > 2. As in Step 3 of the proof of
Proposition 16.14, with ¢’ = 2r, the variable M;(s) is the terminal value of a continuous
martingale whose quadratic variation is at most d; = 27/ (4rNa ;). Under Q, the Brownian
increments after T, remain Brownian, so the third bound in (11.14) with p = 2 directly
gives IEQM]'(S)4 < 16d]2. We use only this moment bound, and we make no claim about
the conditional law of Mj(s). On A, we have X% < N, X]-(Te)z/Xl(Te)2 < 0’61, and
e?r < 2. Using (16.62) and (b; + bp)* < 8(b} + b3), we find that on A,

Xi(Te +s)*

X (T, b N2 L=
]( e+S) - Xl(Te+S)4

< 16N?[oy 2% + M;(s)*].
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On A°¢, we use X;l < N2. Combining these bounds, we obtain
EQXj(Te +5)* < 16N? [0y %% +16d7] + N?p,
and 16d7 = ¢*7r~?(Naj)~> < 2r=2(Na;) 2. This proves (16.61). O

Lemma 16.23 (Derivatives of the cutoff). There exists C > 0, depending only on v, B, and 1,
such that on Sy, for 2 < j <N,

FE;?)' << LSO Kyl <Pt <cp (166

where the ratio is zero where 1 = 0, and Kyj = x10; — xj01.

Proof. Recall from (3.2) that, for a function f smooth near Sy, we have T'(f) = |[I1(x)Vf|?
and Lf = Tr(I1(x)V?f) — (1—=1/N){x, Vf) — (I1(x)VF, V f). For g, a direct computation
gives

() = w < % Lq:%—2q+%,
where we used I'I(x)VF - Vg = —4qF /N, which holds because (VF); =0and x - VF =
2F, and 0 < F < BN. Further, Kyjq = —2x1x;/N, so that |[Ky;q| < (x7 +x7)/N < 1. By
the chain rule, with x and its derivatives evaluated at g,

|ILg| <2+4B,

Vi =8x"x'Va, Ly =8xx"Lg+ (56x°(x')> +8x"x")T(q),  Kyjn =8x"x' Kyjq.
Since 73/* = x® and 17/8 = X7, we obtain I'(17) /1 = 64x°(x")’T'(q) < 64||xX'[|IZN"153/4,
L] < (8lIxlloo (2 +4B) + 561”12 + 8lIx"[lo) 17",

and |Kyjn| < 8(|x"l|leo7”/8. In the bound on Ly, we used x” < x°® and T'(g) < 1. All these
derivatives vanish unless x'(q) # 0 or x”(q) # 0, which happens only in {r/2 < g <
r} C K. The bounds on ' and x” stated after (16.59) complete the proof. O

Lemma 16.24 (Scores of the weighted law). There exists a numerical constant C > 0 such
that for large N, t € [to, t1],and 1 < i < j < N, the law Qy has a weak Kij-score K;; log p¢, and

Eq|Kijlogpy(Xy)|" < CN%a2. (16.64)

In particular, Eg| Ky log pi(X¢)|> < CRy.

Proof. We use Theorem 11.5 with p = 2, the domain D = Sy (so that there is no killing),
H = N, the Killing field Kj;, the final interval [t — ¢t with ¢ =1/ aj, the linear ramp,
and the weight W = Y. We check its hypotheses. The domain Sy is invariant under
all rotations, and xi2 + x]Z < N on Sy. The process X solves (16.22), which is (11.2), and
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it is adapted to the filtration (F;) generated by Xy and B, for which B is a Brownian
motion (Section 16.3). Since ¥ < 1/a and t > tg = Te +1/a, we have t — ¢ > T,. In
the notation of Theorem 11.5, the weight is W = ®(¢, X|;_ ) with the F; ,-measurable
variable { = ¥ and ®(e,w) = e; it takes values in [0,1], and it is unchanged by the
rotations, which act only on [t — ¢, t]. The normalizing constant is EW = Zy > 1/2, and
the weighted endpoint law is Q;. With A = a; —a; < 4, (11.13) implies

C _
EqlKijlogpr(X)|* < ZZ [N(¢™! +020)]? < 8GN,

where C; is the constant of Theorem 11.5 with p = 2. For (i,j) = (1,2), this is 8C,R%,,
and the Cauchy-Schwarz inequality gives the last claim. O

The bound (16.64) requires no bound on the scores of the law at earlier times: the
rotation acts only on the last interval of length 1/4;, and it starts from the identity, also
when t — { = T,.

Graph coordinates for the weighted law. We use the graph coordinates y = (x, ..., xN)
of Section 16.2 and the splitting y = (z,v) of Section 11.4 with | = Jy. Thus z =
(x2,...,xj,) are the retained coordinates and v = (xj,41,...,XN) the remaining ones,
and G = G, ® Gy. Recall that Jy is the index of Lemma 16.16 with A = 16/r; it may
depend on N and on the spectrum, and 2 < [y < My4. Recall also from Lemma 16.21 that
ft =dQ;"/dG for t > Te. Viewed as a function of y, 7 is smooth with compact support in
Uy, since 77(y) # 0 only if |y|> < (1 —r/2)N. Let

o= @) = [wiz0)Gilao) (16.65)
t

extended by zero outside Uy. Then w;G = (Q?)*, and w; is the density of the law of z

under Q’Z with respect to G,. The function w; vanishes on {q < r/2}.

Lemma 16.25 (An upper bound on the density). For t > Te, we have dQ;/dmt < BN/ Zy
on Sy. For t > T, and large N,

eBN

fi < 700, (172172 <eN  onD,p={y: |y <(1-r/2)N}, (16.66)

with C depending only on B, 0, and r.

Proof. The density of vy with respect to 7t is Zef, with Z; <1, and it is at most 2N by
Lemma 16.4. By the reversibility of 7, the density of vy P; with respect to 7t is Pt(ZneF ) <
eBN, by the positivity of P, and Pi1 = 1. Then (16.54) implies dQ;/dm < eBN/Zy. Both
Q¢ and 7 are invariant under R, and the same bound holds for dQ;r/ drtt. Finally,
r/2 < 6./2, and Lemma 16.11 gives dnt /dG < (1’/2)_1/2(9*_1 on D, ;. This proves the
first bound in (16.66), and the second follows from Zy > 1/2. O
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The bound (16.66) is crude, but it holds for Q; itself, at every time. We use it only
through logarithms, where it costs a factor of order N.

The score of the retained coordinates. For ¢ € [t, 1], let
Si(z) =z V.logwi(z),  B(t) = / w; $2dG, (16.67)

where S; is defined on {@; > 0}. The function @; is C2, since w; is C% with compact
support. The quantity B(t) is the second moment, under Q/, of the derivative of log @;
along the radial vector field z - V, of the retained coordinates.

Lemma 16.26 (The score of the retained coordinates). There exists C > 0, depending only
on ¢, 0y, B, cx, Cy, and , such that for large N and all t € [to, t1],

B(t) < c{l + Rye~2(t=Te) 4 R2 p=8a2(t-Te) } (16.68)

The constant depends on the spectral constants also through A and My, and it is
uniform over the index Jy and over the ratios 4;/a, with j < Jy. We use no convergence
of these ratios. The last term in (16.68) comes from the Gaussian reference G,. It is
large at the beginning of the interval, and it is integrated against a contracting factor in
Section 16.9.

Proof. For 2 < j < N, let sj = Kyj log o be the weak score of Lemma 16.24. The
law Q{ is invariant under R; and vanishes on {x? < rN/2}. Since s; € L*(Q;) and
[K1jn| < Cy'/2 (Lemma 16.23), Lemma 11.2 with p = 1 implies that Q/ has the weak
Kjj-score sj +1¢,-0)Ky; log 7. We apply (11.34) of Lemma 11.10 with | = Jy and rg = /2.
For 2 < j < ]y, almost everywhere on {@; > 0}, we obtain

2
zjazj log w; = Ey [i—] sj o xt + i_f (Klj logn) o xt + 2_]2 ‘ z] + Zajzjz., (16.69)
1 1 X]
where E| - | z] is the conditional expectation under w;G and x1 = x1(y). The term z?—/ x2
comes from the Jacobian x|’ ! of the graph coordinates (Lemma 11.9), and it has a positive
sign. The term Za]-zjz comes from the Gaussian reference G,.

Using the conditional Jensen inequality and (by + by + bz + bs)? < 4(b3 + b3 + b3 +b2),
we see that f o (z]-BZ]. log wt)z dG is at most four times the sum of the second moments
under w;G of the four terms. The functions |[s;|, |Kyj7], x]2., and x% are invariant under
R; (see the discussion after Lemma 11.9), and these second moments are equal to the
corresponding second moments under Q/. On the support of 7, we have x2 >rN/2, and

Q? < Qi/M; < 2Q; for large N, by (16.60). We write [Eg for expectations of functions of
X; under Q, and recall that Zj = X;.
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The first term. By the Cauchy-Schwarz inequality, (16.61), and Lemma 16.24,

4
Qy x% rN
C[Naje #4=Te) 11 4 Na;pl/?].

E ~(Eox?) 2 (Eqls )2

The second term. Using Kyjq = —2x1x;/N, we find

zjKyjlog 16ZJ X (
X1 N x(q)

In the second moment under Q'Z, the factor 1 = XS cancels the denominator, and this

term contributes at most CIEQX?/ NZ2. The third term contributes at most 8IEQX]‘.1/ (rZNz),

since x{ > r?N*/4 on the support of 1. The fourth term contributes at most 847 EqX.
For 2 <j <]y, we have a; < aj < Aap by Lemma 16.16, and (16.61) gives

E X4
z% P < Clt+ Rie 80T 4 R pu]
and
Nﬂ] —4a; (f Te)+Na]P1/2<A[R e —4ay (t— Te)+R pl/Z].

As pn tends to zero faster than any power of N, the terms RNp}\I/Z and R%pn are at most
one for large N. We conclude that, for 2 <j < Jy,

/wt (zjazj log wt)z dG < C{1+ Rye 4n2(t-Te) 4 Rlz\,e_SC‘Z(t_Te) }.

Finally, S; = Z}L zjoz;log Wy, and the inequality ():]].iz bj)> < (Jn — 1)2]]22 bjz with
JnN < My proves (16.68). ]

16.9 Conditional relative entropy of the remaining coordinates

In this section, we show that, for the weighted law multiplied by the cutoff and normal-
ized, at the times t,, the conditional law of the remaining coordinates v = (xj41,...,XN)
given the retained coordinates z = (x», ..., xj, ) is close to the Gaussian law G, in relative
entropy. We use the notation of Section 16.8, and for t € (Te, Te + Up) we let

g = logwt — IOgTDt, %(t) = /wtgt dG, .@(t) = /wt F(gt) dG, (1670)

where, in graph coordinates, ['(¢) = Vo'(I —yy"/N)Vg is the carré du champ of
L. Logarithms and their derivatives are evaluated only on {w; > 0}, and integrands
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that contain the factor w; are set to zero elsewhere. These are the quantities (11.46) of
Section 11.5, with | = Jy. In particular, 5#(t) = KL (w;G || (#:G,) ® Gy) € [0,00] is
the conditional relative entropy of the remaining coordinates given z, averaged over the
law of z. Throughout the section, we assume H(0,, B, ¢+, C«), and C denotes constants
depending only on ¢, the spectral constants, and .

The argument has three parts. The initial value J#(ty) is of order N, by the upper
bound on the density (Lemma 16.27). The conditional relative entropy identity of Sec-
tion 11, together with Lemma 16.17, gives a differential inequality with rate 16a,. During
the time t, — tg, which is close to log Ry / (4a3), this rate multiplies the entropy by about
Rgfl, and this beats the initial value N < ¢, 3R§’V.

Lemma 16.27 (Initial entropy). For large N and every t € (Te, Te + Ua),

0 < .7(t) < KL(w:G||G) < BN +log 5 CN. (16.71)

4 o
(r/2)1/2 =
In particular, 7 (ty) < CN.

Proof. We have M; > 1/2 by (16.60), and # vanishes outside D, ;. Since Zy > 1/2,
Lemma 16.25 implies that w; < 4eBN/(9*(r/2)1/2). As fZdeG = 1, we have
KL(w;G||G) = [wilogw:dG < logsupw;, which is the third inequality. Here the
positive part of w;logw; is integrable because w; is bounded, and its negative part
is bounded by 1/e. The chain rule (11.47) [46, Theorem 2.5.3 and Section 8.5] gives
KL(w:G||G) = KL(@0:G;||G,) + #(t), and both terms on the right are nonnegative. This
proves the first two inequalities, and the last follows from N > 1. O

The bound (16.71) concerns the weighted law itself, and it uses no comparison with an-
other process. It is of order N, which is of order R3,, and the rate 16a, below compensates
for this.

Logarithms. Fixt € (T, Te+ Uy) and let f = filp ,. Then [ fdG <1, and Lemma 16.25
gives [ f2dG < e¢“N. We use Lemma 11.17 with p = 2, its parameter A equal to N,
zo = 1/2, a9 = 1/2, and the product G = G, ® Gy. Since 7 vanishes outside D, ;, the
functions w;, @, and g; are the same for f and for f;, and f n f dG = M; > 1/2. We
obtain, for a € [1/2,1],

/{ o) fin®(|gt]* + | log wi|® + | log @) dG < CN?. (16.72)
wt
Together with (16.71) and [ f; dG = 1, this gives

/ftn”z(gt — #(1))*dG < CN. (16.73)
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Proposition 16.28 (Conditional relative entropy at the times f,). Assume H(6s, B, c«, C),
fix e € (0,1/8), and let 5 be as in (16.70). For every compact set K C R, there exist
Ck, Nk < oo, depending only on K, €, 0+, B, c«, Cs, and ¢, such that for N > Nk and u € K,

0< #(t) < CK{Rg,leMXN n R?\,pll\l/z}. (16.74)

The right side tends to zero as N — oo.

The bound is uniform over all spectra that satisfy H(0., B, c,,Csx) with N > Nk,
because py does not depend on the spectrum. It concerns the splitting after the coordinate
xj, of Lemma 16.16, and its constants may deteriorate as 6, — 0.

Proof. We write 5 = J(t), 2 = 2(t), and S = 5, and we write E,, for integration
against w;G.

Step 1: the entropy identity. We apply Proposition 11.18 with | = Jy, the domain
D = Sy (no killing), the time T = T, the weight ¥ of (16.53), the function { = x o g of
(16.59), k = 8, and the interval 7 = (T, Te + Uz). We check its hypotheses. The weight is
Fr,-measurable with values in [0, 1]. The endpoint measure at time T,, Z¢Qr,, and the
domain Sy are invariant under R;. In graph coordinates, { is smooth, takes values in [0, 1],
and has compact support in {|y|> < N} = D™, since {(y) # 0 only if |y|> < (1 —r/2)N.
Finally, M; > 1 —pny > 0 on 7, by (16.60). The endpoint subprobability measures of
Lemma 11.4 are ZyQ;, whose densities in graph coordinates are Zy f;; the quantities wy,
Wy, §t, A, 7, and the identity below are unchanged when f; and M; are multiplied by
the same constant. By Proposition 11.18, 7 (t) and Z(t) are finite for t € T, the function
J¢ is absolutely continuous on [f, t1], and for almost every t € T,

H' = -9+ %Ew [(1+S)v-Vog| +2E,T (g logn) + Mit /ft(g — ) LydG. (16.75)
The second term on the right comes from the drift N~'y - V, by which the generator in
graph coordinates differs from the symmetric operator L (see (11.45)); the coefficient one
in the factor 1 4 S is the coefficient of this drift. The terms that contain only derivatives
in z cancel, because f wi V.1 dGy = 0 for every z with @;(z) > 0.

The proof of Proposition 11.18 uses only the stated C? spatial and C! time regularity
of f; near the support of {, and no lower bound on f;. For completeness, we recall its
steps in the present setting. Fix a compact interval Z C 7 and a compact neighborhood
O C Uy of D, /5. By Lemma 16.21, the functions f;, Vf;, \V& ft, and 0 f; are bounded on
Z x O, and M; is bounded below by a positive constant on Z. Let d be the distance from
D, /, to the complement of O, and let M, > 0 bound V2f; on Z x O. On D, /,, Taylor’s
formula along —Vf;/|Vf;| gives 0 < fi — ¢|V fi| + Mag?/2 for 0 < ¢ < dy. The choice
¢ = |V fi|/ M if this is at most dy, and ¢ = d otherwise, yields |V f;|> < C'f; on D, .
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In this paragraph, the constant C’ may depend on N and Z; such constants justify the
identity, and they do not enter the estimates below. Expanding w; = C ft/ M;, we deduce
that, uniformly for t € Z,

/Mdc < o0, / VoulP 46, < /wt V. log wi]? dG < co. (16.76)
Wt Wy

Here the first integrand is bounded by constants times f;Z®|V{|?> and ¢8|V f;|?/ f;, and the
second inequality is the Cauchy-Schwarz inequality on each fiber. In particular, Z(t) is
finite. For 0 < e <1, let ®,.(g) = (¢ +e¢)log(c+e) — ¢, g = log(w; +¢) —log(w; +e), and
H(t) = [ ®e(wi) dG — [ P (w:) dG,. Then 5 = [ 0pw; g dG. Using (16.56), integration
by parts with the compactly supported function g., and M; = [ f;Ly dG, we find

A = —/F(wt,ge)dGJr/wt%'VgedG+—/ftgeL77dG

2 M
+M/ftr(;7,ge)dG—M/wtgedG.

As e | 0, the integrands converge pointwise, and they are dominated by means of (16.76),
(16.72) with & = 3/4, the bound |Ly| < CZ%, and |log(¢ + )| < |logg| + log?2 for ¢ > 0.
Here we used that the first derivatives of f;, w;, and @; vanish where these functions
vanish, that fy = 0 on {# > 0, w; = 0}, and that Ly = 0 where { = 0. Integrating
(16.77) over subintervals of Z and letting e¢ | 0 by dominated convergence, we find that
€ is absolutely continuous on Z, and that its derivative is, almost everywhere, the limit
of the right side of (16.77). The identity f wV;8+dGy = 0 and the expansion of I in
the variables (z,v) turn this limit into (16.75). This is the classical entropy dissipation
calculation [12, Section 5.2], with the additional conditional and cutoff terms, which are
derived in the proof of Proposition 11.18.

(16.77)

Step 2: the drift term. On the support of 77, we have g > /2, and (16.36) gives |Vg|? <
2T'(g)/r. Since |v|> < N, we have |v- V,g|*> < 2NT(g)/r there. The Cauchy-Schwarz
inequality and xy < x2/8 + 2y give

%‘Ew[(lﬂLS)v-vaH < @1/2<2]Ew 1-|-S )

7 4E,(1+5)? _ 7  C

sgt—x = 8+N(1+B(t)).

In the last step, we used (1 + S)? < 2 + 252 and the definition (16.67).

(16.78)

Step 3: the terms containing the cutoff. By the Cauchy-Schwarz inequality, 2xy <
x%/8 + 8y, Lemma 16.23, M; > 1/2, and (16.60),

9 C
2|l (g,log )| < 5 +BEul (logn) = ¢ + 7 [ ae <74 Spn a6m)
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Here we used that K is invariant under Ry, so that [ filxdG = Q(X; € K) < pn.

For the last term in (16.75), we write 73/% = #1/441/2, and we use Lemma 16.23, the

Cauchy-Schwarz inequality, (16.73), and (16.60):

]M /ffg )Ly dG| < c( /f;yl/zg H)? dG /fml;gdG
<CNp1/2.

(16.80)

All these estimates concern the same weighted law, and no relative entropy is transferred
through a total variation bound.

Step 4: the differential inequality. Combining (16.75), (16.78), (16.79), (16.80), and
Lemma 16.26, we obtain, for almost every t € [ty, 1],

%, S _Z@ _|_ %{1 + RNe—4l12(t—Te) _|_ Rlz\]e—Sﬂz(t—Te)} _|_ CN pl/z (1681)

For each t € [ty t1], the function w; is C?, has compact support in Uy, and vanishes
on {g < r/2}, and a; > Aa, for j > Jy by Lemma 16.16. Then (16.37) implies that
9 > 32a,.77, and since 7 > 0, we have —3%/4 < —24a,# < —16a,.7. We conclude
that, for almost every t € [to, t1],

A< A6ay .+ %{1 4 Rye4(t=Te) 4 R%Ve*SMU*Te)} +CNpl/2. (16.82)

The threshold A = 16/r compensates for the factor r/2 lost in (16.36). No comparison of
metrics finer than (16.36) is used.

Step 5: integration. Let K C R be compact, let u € K, and let S, = ay(t, — Te) =
log RNy /4 +u — xn. For N larger than a constant depending on K, we have 1 < S, <
log Ry, that is, tg < t, < t;. Since J¢ is absolutely continuous on [tg, f1], so is elomt (1),
and by (16.82) its derivative is at most e'0%2t times the last two terms of (16.82), almost
everywhere. Integrating from fg to t,, changing variables to ¢ = a,(t — Te), and using
1/(Nay) = 1/Ry and Lemma 16.27, we obtain

Su
H(t) < CNeT 66D 4 /1 e 105u6) (1 4+ Rye ™ + R3e ) dg

Rn
CN pl/z
16a, "N -

(16.83)

Only the inequality (16.82) almost everywhere is used here. Factoring out e~ 1%, we see
that the three parts of the integral are at most C/(16Ry), Ce %54 /12, and CRye 8% /8.
By Lemma 16.4, we have c.N1/3 < Ry < C.N1/3, and therefore

N N2

765
R}, 16.84
o RN (16.84)

N < ¢;3R3,
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Using e 45 = Rﬁle"‘(XN —), we find that the first term of (16.83) is at most
Cey 36161{&1@16(){1\1 ~4), that the second and third parts of the integral are at most
CRK]1€4(XN_L£)/12 and CR;,leS(XN_”) /8, and that the last term is at most Cc;6R?\]p}\,/2/l6.
As xn > 0 and |u| is bounded on K, we obtain (16.74) from these bounds.

Finally, logRy > (log N)/3 +logc. and 16xy = 16,/loglog N = o(log N), which
implies that Rg,lem?fN — 0. Further, R?\,p}\,ﬂ — 0, because py tends to zero faster than

any power of N. O

The rate 16a; in (16.82) is four times the rate 4a, that sets the profile. The initial
entropy is of order N =< R3, and it is multiplied by e~ 16m(tu—t)) — el6RI(]4el6(7(N_”),
which leaves a quantity of order R&lemm. This is why we retain all coordinates with
aj < 16ay/r: the inequality (16.37) loses the factor r/2 from the metric on the cap, and
the threshold restores the rate. The lower bound on a3/a, in H3(w@, D3) is not used in
this section.

16.10 Finitely many coordinates in total variation

In this section, we upgrade the weak convergence of finitely many standardized coordi-
nates in Theorem 16.20 to convergence in total variation. The tool is Theorem 11.8: a weak
limit with finite Fisher information, together with laws of bounded Fisher information
that are close in total variation, gives convergence in total variation. We obtain such laws
from the weighted law of Section 16.8 and the cutoff, with a loss that is sent to zero
after N — oco. Their Fisher information is bounded through the scores of Lemma 16.24,
which use only the last time interval of length aj_l before t,,. The weak limit is a Gaussian
convolution, although it has no finite variance.

Proposition 16.29 (Finitely many coordinates in total variation). Assume H(6x, B, c«, Cx)
and Oy — 6 € (0,1). Fix k > 2, and if k > 3 assume also Hy(®, Dy). Let Gy, ..., Gy be
independent standard Gaussian variables and C an independent standard Cauchy variable. Then
for every fixed u € R,

H Law ((y/2a; X;(t))5_,) — Law (G +v28¢72C, Gs, ..., Gy) Hw 0. (16.85)

Like the other results of Section 16, Proposition 16.29 holds along every increasing
sequence of dimensions, since its proof uses only limits as N — oo. No convergence of
the ratios a;/a; is assumed.

Proof. Let zy = (,/24; X]-(tu));-‘zz, let un be its law, and let y be the law of (G +

\/%e_Z”C, G3,...,Gg). Theorem 16.20 implies that yn = p. The law p is the convo-
lution of the standard Gaussian law on R¥~1 with the law of (\/%e_Z”C, 0,...,0), and
Lemma 11.7 implies that FI(1) < k — 1, no moment of C is needed (see Remark 11.13).
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This is the classical Fisher information bound for a Gaussian convolution, related to
the Stam-Blachman convolution inequality and its score proof [33, 138]. By the second
statement of Theorem 11.8, it suffices to construct, for every 6 € (0,1/8), probability
measures 713, on R*"! such that limsupy, ||y — #||tv < & and FI(3%,) < C; for large N,
where C; does not depend on N.

Fix 6 € (0,1/8). We repeat the construction of the weight and of the cutoff in
Section 16.8 with J in place of ¢, and we keep k fixed. This gives a weight ¥° with mean
7% > 1 — 5, the law Q° with the time marginals Qf and their densities pf = de/ dvy, a
cap parameter °, a cutoff #7° that vanishes on {q < r°/2}, its mass M¢ = ]EQm‘S(Xt), and
the sequence p$; of (16.58). Below, t = t,, which lies in [to, t;] for large N, and C; denotes
constants depending only on §, k, and the spectral constants. Let p = 7°Q?/M?, and let
113, be the law of zy under p.

Total variation. The law 7% is the law of zy under (U/EU)P, where U = ¥°1°(X;)
takes values in [0,1] and EU = Z°M¢. By Lemma 11.3 and Lemma 16.22,

lun = Al <1=2°M7 < (1= Z°) + (1= M) <5+,
and p; — 0. We do not identify a weak limit of 7i3;.

Scores. For 2 < j <k, lets; = Kyjlog 0. By Lemma 16.24 and the Cauchy-Schwarz
inequality, IEQgsJZ < C;Na;. By Lemma 11.2 with p = 1 and Lemma 16.23, the law p has

the weak Kjj-score ¢; = s; + 1{,75>0}K1]' log 77‘5, and

]Eﬁl%z < Mif (]EQ(SS}?- + C5) < Cfs(NLZ]' +1).
Fisher information. The law p is invariant under Ry and vanishes on {x? < r°N/2}. Let
fT be the Lebesgue density of o', extended by zero outside Uy. By the third part of
Lemma 11.9, for 2 < j < k, the weak derivative of f* iny;is f*(8j0x"/x; +y;/x%), and
it vanishes where f* = 0. We change variables to (z,v), with zj = \/Z_aj Y; for2 <j<k
and v = (Yii1,.-.,¥n), and we let f(z,0) = fT(y) H§:2(2a]~)_1/2 be the joint density.
Then 9,, = (Zaj)_l/zayj, and on {f > 0},

~ 1 /(9 0xT)? y?
antog 2 < L (o Yy
On the support of p, we have x? > r°N/2 and y]2 < N. Integrating, and using that |¢;] is
invariant under R; (see the discussion after Lemma 11.9), we find

- - i 4 1
/flaZ] tog fI"dzdv < 5 52 Na = Cs(1 Naj> =Co
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since Na; > Ry > 1 for large N. Let p(z = [ f(z,v)do be the density of 1i},. As in
the proof of Lemma 11.11, we have d;p(z) = [ o, f z, v) dv, and the Cauchy-Schwarz
inequality on each fiber gives

|8]p /f 2,0) |9, log f(z,0) 2 do

where p(z) > 0, and d;p = 0 where p = 0. Integrating in z and summing over j, we
obtain FI(7%) < (k — 1)C; for large N.

Applying the second statement of Theorem 11.8, we obtain (16.85). In its proof, the
Gaussian smoothing scale is sent to zero after N — co and before § | 0, and the translation
estimate (11.29) rests on the Sobolev approximation of [37, Theorem 9.2, p. 265]. The
constants Cs need not be bounded as ¢ | 0. O

The weighted laws are used only to obtain laws of bounded Fisher information that
are close to uy in total variation. The limit in (16.85) concerns the law of the diffusion
started from vy. The second coordinate is the case k = 2.

Theorem 16.30 (The second coordinate in total variation). Assume H(0,, B, ¢, Cy) and
Oy — 6 € (0,1). Let G be a standard Gaussian variable and C an independent standard Cauchy
variable. Then for every fixed u € R,

| Law (v/2a2 Xa(t,)) — Law (G + V20 e **C) ||y — O (16.86)
Proof. This is the case k = 2 of Proposition 16.29, in which Hy (@, Dy) is not assumed. [

Theorem 16.30 concerns the law of X, (t,) under the whole initial law vy. The weight
and the cutoff are used only to obtain a score bound for a law that is close to it in total
variation; we do not identify a weak limit of the weighted law.

16.11 Proof of the deterministic theorem

Proof of Theorem 16.5. Pointwise convergence. Fix u € R and ¢ € (0,1/8), and use the
notation of Sections 16.8 and 16.9 with this e. In particular, [y € {2,..., My} is the index
of the last retained coordinate. We first show that

limsup |Dn(ty) — Vo(u)| < 2¢ (16.87)
N—o0, NEN]
for every | such that the set Nj = {N : Jy = J} is infinite. Fixsucha J. If ] > 3,
then az/a; > 1+ @ by Hz(w@,D3) and a;/a; < A by Lemma 16.16, so that the spectra
with N € N satisfy Hj(w, A). For N € Nj, we use Lemma 11.21 on the product
space R/~! x RN~/ of the coordinates (z,v), where measures on the ball {|y|> < N} are
extended by zero, with the product probability G = G, ® G, and the following choices:
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e 0= (vNP,)T, the law of (Xy, ..., Xn)(ty);
* 0(E) = Ep[¥7(Xs,)1(x,,.xy)(t)eE}) for Borel sets E, which satisfies o < p since
0 < ¥y <1, and has mass ZyM;,, so that o/ (Z¢M;,) = (Q’Zu)Jr = w,G;

o the target law u of ((251]-)‘1/?-1*]-)]].:2 for the first factor, where (Iy,...,I}) = (G +

e ,Gs, ..., wit i an as in Proposition 16.29, and the folde 1bbs
V20e72“C,G;,...,Gj) with G; and C as in Proposition 16.29, and the folded Gibb
measure 7t " in the role of 7.

With these choices, the relative entropy Hy in Lemma 11.21 is KL(w;, G|| (¢, G,) ® Gy) =
A (tu), and the first marginal p, of p is the law of (X, ..., Xj)(#,) under the original law
P, without weight. By (11.85),

llp =7t v = I = Gallr| <201 = Z¢My,) + /7 (1) /2+ lp2 = pllav + |77 = Glav.

(16.88)
We identify each term. Both vyP;, and 7 are invariant under R;, and (16.13) gives
lo — 7*||tv = Dn(tu). The map (y]')]I:2 — (\/Z_LZ]']/]')]]-ZZ is a bijection of R/~! that maps
G, to the standard Gaussian law and y to the law of (I'p, ..., T}). For probability measures
a,«’ on R and a probability measure 8 on R/~2, we have ||[a ® B — &’ @ B|Tv = |la — &/ || v,
as in the proof of Lemma 11.21. AsT3,...,I'; are standard Gaussian variables independent
of I';, we obtain

It — Gzlltv = || Law (Gz + V28~ 2“C) — Law(Ga)|| 1y = Vo (). (16.89)

Using (16.54) and Lemma 16.22, we find 1 — ZgyM;, < (1 —Zy)+ (1 — M;,) < e+ pn.
Proposition 16.28 implies that ./ (t,) — 0. By Proposition 16.29 with k = |, applied
along N7, and the invariance of total variation under the above bijection, ||p, — |7y — 0
along Nj; for | > 3, this uses Hj(®, A), and with it the lower bound on a3/4,. Finally,
|7" — G|lTv — 0 by Proposition 16.9 with D = Dj, the constant Cy of Lemma 16.4, and
my = OyRy > 0.c.N'/3; this uses the upper bound a3 < D3a;. We obtain (16.87).

The index [y takes at most M4 — 1 values. If limsupy, |Dn/(ty) — Vo(u)| were larger
than 2¢, there would exist ¥ > 0 and an infinite set of dimensions N with |Dy(t,) —
Vo(u)| > 2¢ + k. One of the values of Jy would be taken for infinitely many of these N,
which contradicts (16.87). We conclude that

limsup |Dy(ty) — Vo(u)| < 2e.
N

All the estimates used here hold with constants fixed after ¢ and before N — oo, and we
do not assume that [y converges. Letting ¢ | 0, we obtain Dy(t,) — Vy(u) for every
fixed u.

Uniform convergence and mixing times. The function Dy is nonincreasing by the sec-
ond part of Lemma 3.6, and Dy(t) — 0 as t — oo, by the argument in the proof of
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Corollary 3.12, which applies to the generator L of this section. For large N, we have
1T, = logRyn/4 — oo by Lemma 16.4, and Vj is continuous and strictly decreasing
from one to zero by Lemma 3.9. The deterministic version of Lemma 3.11, with by = Ty},
WN = a, 1 and V =V, gives the first two parts of Theorem 16.5.

The recentered profile. For large N, we have 6 > 0 and 20NRy > 1, so that Ty =
log(20NRN)/ (4a2) and Ty +u/ay = t,4 ¢, with {y = log(20y)/4 — log(20)/4. By the
first part and the continuity of Vy, Dn(Tn +1/a3) — Vg(u +1og(260)/4) = V(u) for every
u, where the last identity is the third part of Lemma 3.9. As a; Ty = log(20NRy)/4 — oo,
Lemma 3.11 with by = Ty and V =V gives the third part. O

The proof compares four measures on the same space: the law of the diffusion at
time t, in graph coordinates; the measure obtained from it by weighting with ¥7(X,),
normalized; the product of the marginal of this normalized measure on the retained
coordinates (xo,...,xj, ) with Gy; and the Gibbs measure in graph coordinates. Relative
entropy is used only for the normalized weighted law QZ{, for which it was estimated
directly. The weight is removed in total variation, through (11.85), and the marginal on
(x2,...,xj,) that enters there is that of the diffusion itself.



SECTION 17

Approach to the critical temperature from below

In this section, we prove case (4) of Theorem 1.1: when cy = 1+ ey with ey — 0
and Ne3; — oo, the distance Dy has the Gaussian-Cauchy profile V, with the random
center log(20yNay)/(4a,) and the random window a,!. As elsewhere in the paper,
the dynamical statements are deterministic. In Theorem 17.3, we prove the profile for
every sequence of scaled eigenvalue gaps that satisfy the bounds of Definition 17.1,
provided that the top fraction 6 tends to zero and that m = ONa, tends to infinity. We
deduce the statement for the GOE in Theorem 17.5, and the limits of the mixing times in
Corollary 17.6. We also show in Corollary 17.4 that the convergence is uniform over all
vectors in Ax with 0 < 1/M and m > M, in the iterated limit in which N — oo first and
M — oo afterwards; this is used in Section 21.

The proof follows the strategy of Section 16 for a fixed temperature ¢ > 1. Now every
estimate must be uniform in the top fraction, which tends to zero, and the errors must
be expressed through the parameter m alone, which may diverge arbitrarily slowly. We
use the profile lemmas of Section 3 (Lemmas 3.9 and 3.11), the spectral geometry at low
temperature (Lemma 4.7), and the unnormalized process (Lemma 10.2). We also use
the score bounds, Gaussian smoothing, and conditional relative entropy estimates of
Section 11, the density bounds of Section 12 (Theorem 12.8), two functional inequalities
of Section 8 (Corollaries 8.9 and 8.13), and the comparison of the Gibbs measure with a
Gaussian product law in Proposition 16.9.

Section 17.1 states the hypotheses and the main results, and describes the proof.
Sections 17.2 and 17.3 estimate the means and all fixed moments of the unnormalized
process. Section 17.4 shows that the radial part of the unnormalized process is determined,
along the time interval that we study, by its first coordinate at an earlier time. Section 17.5
gives a Gaussian approximation of the coordinates at an early time T and controls the
domain visited by the path. Section 17.6 identifies the limit of finitely many coordinates
and proves the lower bound on the distance. Section 17.7 bounds the density of the time-t
law at time 62, Section 17.8 bounds the conditional relative entropy of the remaining
coordinates, and Section 17.9 proves the main results.

113
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17.1 Setting and main results

The dynamics. Throughout this section, N > 3 and a4 = (a3, ...,ay) is a deterministic
vector with
O=m <ay<az<---<ay.

We consider the diffusion on Sy with generator and invariant measure

e F@) yy (dx)
Jsye Fdvn

This is the operator L, of (3.3) with A = —2diag(a,...,an), and by (3.8) the model at
rescaled inverse temperature c is the case a; = ¢(A1 — A;) /2, written in the eigencoordi-
nates. We write P; = e'l, p; = vn P for the time-t law, and D(t) = ||po; — 7t||v for t > 0.
As in Section 16, we set D(t) = D(0) for t < 0, so that expressions such as D(t, (1))
below are defined for all u# € R. This convention does not change the mixing times, and
D remains nonincreasing on IR. When we consider a sequence of vectors a, we add the
corresponding index to these symbols.

N
L = As, —Vs,F-Vs,, F(x) =Y anx?, nt(dx) = (17.1)
i=2

Spectral hypotheses. The following bounds play the role of the spectral hypotheses of
the other sections.

Definition 17.1 (Scaled-gap bounds and separation of a3 from a,). Let 0 < ¢, < Cs. We
say that a satisfies the indexed bounds with constants (¢, C) if

c(i—1)23N"28 <4, < C.(i—1)*3N"23 (2<i<N). (17.2)
Let moreover e, > 0. We say that a is admissible with constants (Cs, Cy, €4) if

c(i—1)3N"23 < g, < C(i —1)2PN"23 (2<i<N), Z—3 >14e,. (17.3)
2

We write Ax = An(cs, Cs, €4) for the set of admissible vectors of length N.

By Lemma 4.7, the eigenvalue gaps of the model satisfy (17.3) at every fixed confidence.
Note that the upper bound in (17.2) with i = N implies that ay < C..

Parameters. We write

a=a 9—1—1N L m = 0Na (17.4)

- N5 o '
For the model, these are ay, the top fraction 6y, and my = OyRy of (3.14). A centered
Gaussian vector (xp,...,xy) with independent coordinates of variances (24;) ~! has mean
squared norm (1 — 6)N; when 6 > 0 is small, the Gibbs measure places the small fraction
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0 of |x|?> = N on the first coordinate (Proposition 16.9). We will see that 1 is comparable

to (N 93)1/ 3 and that it measures how far the system is from the critical window: for the
model, my is of order (Ne3;)/3. Finally, for m > 0 and u € R we define

tm(u) = + 4 (17.5)

and we recall from (3.17) that V(u) = || Law(G + e 2“C) — Law(G)||ty, where G is a
standard Gaussian random variable and C is an independent standard Cauchy random
variable.

We use the following elementary consequences of the indexed bounds throughout the
section.

Lemma 17.2 (Consequences of the indexed bounds). Suppose that a satisfies (17.2). There
exists C > 1, depending only on c, and C,, such that the following hold.

1. We have c,N—2/3 < 4 < C,N~2/3 and a; < (Ci/cs)(k— 1)2/3afor 2<k<N.

2. 1If0 > 0, then

3 3 2
m 3 _m m? _ 6% _m 1/3
ag=\r=g g=o=g m=eNT
3. For every x > 0,
X \3/2 3/2
i — — < > < <
mm{N 1, [N(C*) J} #li>2:0;,<x} < N(C*>

4. Forallt >0,h>0,s > 0,and integers 1 <k < N —1,

N N N

1

YoMty ———— <CN(1+t)7%2 Y min{t,a;'}* < CNVY,
i=2 (1+a;t) i

=2
e~ s CN
S =
NG

<3>2 < Ck '3, Zz :1 < CN?/3!/3,
1=

N i — N
Z;—SCN\/E, Z

Proof. The first part is (17.2) with i = 2 and i = k. For the second part, we have
0 = m/(Na), so that N6*> = m3/(N?a®) and 6% /a = m?/(N?a®), and the first part implies
that ci < N2g3 < Ci. Also 8 <1, and m < Na < C,N'/3. For the third part, if a; < x
then c.(i — 1)2/3N’2/3 < x,thatis,i—1 < N(x/c*)3/2; conversely, every i > 2 with
i—1< N(x/C*)3/2 satisfies a; < x.

For the fourth part, the first two bounds at t = 0 follow from 2(N — 1) < 2N and
YN, min{0, a; 112 — 0. In proving those bounds below, assume t > 0. We write j = i — 1
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and compare the sums with integrals of decreasing functions of j. For the first sum, using
the lower bound in (17.2), we find

(o] [oe]
Yot < / A INTEEE g N s / e gy,
= 0 (4c.t)3/2 Jo

and the sum is also at most N; the sum of (1 + a;t)~2 is bounded in the same way
by N(c.t)3/2 fooo(l + x2/3)=2 dx, which is finite. For the second sum, the indices with
a; < 1/t number at most N(c,t)~3/2 and contribute at most t?> each, while

N4/3
Z a;2§ 2
C*

ia;>1/t

Z ]-74/3 < CN\/E

j>N(Cit)—3/2

when N(C.t)73/2 > 1; when N(C.t)7%/2 < 1, the full sum Y;»pa; 2 < 4c;2N%/3 is at
most CN+/t. The third sum is the same computation with the summand min{#, a;l}alfl,
which equals h/a; when a; < 1/h and a;z otherwise; for the first group we use
Ejéxj_z/?’ < 3x1/3. For the fourth sum, we have

—a; 2/3 2/3

Z e 1is - N / /oo y—Z/Se—C*SN%ByZ/S dy _ 3ﬁ N / _ CN’
5 a ~ o Jo 2c, (cxsN—2/3)1/2 /s

where we substituted x = yZ/ 3. For the last two sums, we use a/a; < (Cy/cx) j*Z/ 3,
ai—l < C;1N2/3]'72/3, ijk]'f4/3 < 4k71/31 and ngkj*2/3 < 3k1/3. ]

Main results

The first theorem is the deterministic form of the main result. We recall that V is
continuous and strictly decreasing from 1 to 0 (Lemma 3.9).

Theorem 17.3 (The profile below the critical temperature). Fix 0 < csx < Cy and e, > 0.
For each n > 1, let a® € An, (¢, Cy, €4), and let 6,, my, Dy, and t,,, (1) be the quantities
defined above for a\™). Suppose that 6, > 0 for all n, that 8, — 0, and that m, — co. Then, for
every compact interval I C R,

sup | Dy (tm, (1)) — V(u)| — 0 (n — o0). (17.6)
uel

The hypotheses force N, — oo, because m;, < C, N}Z/ 3 by Lemma 17.2, and the times
tm,(u), u € I, are positive for all large n; for the finitely many other n, the convention
D(t) = D(0) for t < 0 applies. The dimensions N, need not be distinct or increasing;
this matters for the next corollary, which is proved by applying Theorem 17.3 along a
diagonal sequence.
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Corollary 17.4 (Uniformity in the gaps). Fix 0 < cx < Cy, & > 0, and a nonempty compact
interval I C R. For N > 3 and M > 1 with log(2M) +4minI > 0, let

1
En(M) = sup { sup | D(£n(u)) = V()| :a € An(ce,Cures), 0 <0< —, m > M},
uel M
where D, 6, and m are computed from a, and the supremum of the empty set is zero. The condition
on M ensures that ty,(u) > 0 for u € I and m > M. Then

lim limsup (M) = 0. (17.7)

M*}OO N*}OO

Moreover, the following holds. Let So > 0, and for S > Sgand N > 3 let a(NS) ¢ An(cx, Cy, €4),
with parameters Oy s > 0 and myg. Suppose that for each fixed S we have Oy — 0 and
my s — mg € (0,00) as N — oo, and that mg — o0 as S — oo. Then

lim limsup sup |Dy,s(fmy s (1)) — V(u)| =0, (17.8)

50 N wucl

where Dy ,s and ty, ;(u) are computed from aN-S) with Dy s(t) = Dy s(0) for t < 0. For all
sufficiently large fixed S, the times ty, (1), u € I, are positive for all large N.

The point of Corollary 17.4 is the order of the limits. At a fixed value of m the
error need not be small; the corollary states that the error is small in the limit N — oo,
uniformly over Ay, once m is large and 6 is small. This is the form in which the result
enters the iterated limit of Section 21, where at each fixed outer parameter S the vectors
a(N:5) have a finite limit mg of m N,S-

We now turn to the model. Recall from (3.14) that a; = cy(A — A;)/2, Oy = 1 —
N1 ZiZZ(Zai)*l, and my = Oy Nas.

Theorem 17.5 (The profile for the GOE). Let cy = 1 + ey, where ey > 0, ey — 0, and
Ne3; — oco. Almost surely the eigenvalues are distinct, so that a; > 0. Let

log(2my)
TN = 4&2
1, otherwise,

, Oy >0and2my > 1,

and let Dn(t) = Dn(0) for t < 0. Then Ty > 0, P(6n > 0, 2my > 1) — 1, Ty — o0 in
probability, and for every compact interval I C R,

sup |Dn(Tn +u/az) — V(u)| — 0 in probability.
uel

In particular, Dy has cutoff profile V with center Ty and window a, ' in the sense of Defini-
tion 3.7.
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Corollary 17.6 (Mixing times). The following hold.

1. In the setting of Theorem 17.3, let T, = log(2my,)/ (4a§n)), which is positive for all large n,
and let t,(¢) = inf{t > 0: D, (t) < e}. Then, for every compact interval I' C (0,1),

sup
ecl’

and for every fixed n € (0,1), we have D,,((1 —n)T,) — 1 and D,,((1+#4)T,,) — O.
Moreover, (a‘g_n)Tn)_1 =4/log(2my,) — 0,and for 0 < g1 < &3 < 1,

2" (tale) = T) = V71 (e)| — 0,

& (tn(er) — ta(e2)) — V7 (e1) = V1 (e2) > 0.

2. In the setting of Theorem 17.5, let tn (€) be the mixing time (3.15) and Ty as in Theorem 17.5.
Then the convergence assertions of the first part hold in probability: a(tn(e) — Tn) —
V~=Y(e) uniformly for € in compact subsets of (0,1), Dny((1 —n)Tn) — 1 and Dy((1+
1) Ty) — O for every fixed 1 € (0,1), (aaTn)™' — 0, and ax(tn(e1) — tn(e2)) —
V= 1(e1) =V~ 1(ez) for 0 < &1 < &5 < 1, all in probability. On the event {0y > 0, 2my >
1}, whose probability tends to one, we have (ayTy) ™! = 4/ log(2my). In particular, there

is cutoff.

Outline of the proof

We explain the mechanism and then list the steps of the proof. Let X be the diffusion
started from vy, and write X = v/NY/|Y|, where Y is the unnormalized process of
Section 10:

dY; = —2a;Y;dt +V2/N |Y|dB;, Y(0) € Sy uniform.

The second moment £;(t) = EY;(t)? solves a linear equation whose kernel is k(t) =
(2/N) Li=p e %!, a defective probability density with total mass 1 — 6. Since a; = 0,
the first coordinate Y; is a martingale, and its mean square increases to order 6~ 1. The
mean squared norm [E|Y(t)|? decreases, like N(1 -+ t)~/2 up to the time 6~2 and like
N6~2t—3/2 afterwards, until a time of order a~!. After that time the mean squared norm
is of order 62, while the mean square of the first coordinate is of order 61 so that
X% =N le/ ]Y]z is of order ON. In the first part of the proof (Sections 17.2 and 17.3), we
estimate these means, and all fixed moments, uniformly in 6.

Let T = m%0~2 for a fixed a € (0,1), and let H; = v/0 Y;(T). We show in Section 17.5
that, for each fixed J, the vector (Hy, ..., Hj) is close to a standard Gaussian vector. After
a time T of order a~1logm, the process 8%|Y(t)|? stays close to H7 along the whole
interval [T, Koa~! log m], with an error bounded by a negative power of m in every fixed
L? norm (Section 17.4). At the time t = t,,(u), the standardized second coordinate is then

/ H t H
o Xz(t) _ vV2aN 9Y2(t) ~ /2 o~ 20t A2 + ‘/461/ p—2a(t=s) de(S) ~ 672”72 + Gy,
01Y (t)] |Hi| T |Hy |
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where G; is a standard Gaussian variable independent of (Hj, Hy). The ratio Hy/|H;| is
approximately a ratio of independent standard Gaussian variables, that is, approximately
standard Cauchy. The coordinates 3 < i < | are approximately independent standard
Gaussian variables, because the separation a3 > (1 + €,)a makes their inherited part
(2m)(1-a/2)/2[, /| H, | negligible. Under the Gibbs measure, the same coordinates are ap-
proximately independent standard Gaussian variables (Proposition 16.9). This identifies
the limit of finitely many coordinates and gives the lower bound lim inf D(t,, (1)) > V(u)
(Section 17.6).

For the upper bound we must control all coordinates at once. We keep the first |
coordinates, where | is fixed so large that b = a;,1 > 64, and we compare the remaining
coordinates with independent Gaussian coordinates of variances (2a;)~!. Section 17.7
shows that the density of the time-t law with respect to the Gibbs measure has all
moments of size eON®) = (O(m*) at time 672; this gives the initial conditional relative
entropy, of order m>. The conditional relative entropy of the remaining coordinates then
decays at a rate of at least 4 - (7/8) - b up to errors of order m~! (Section 17.8). Over the
interval from T to t,(u), of length about (1/4 — 1/100)a~! logm, the entropy is therefore
multiplied by at most exp(—4 - (7/8) - (b/a) - (24/100)logm) < m~>, since b/a > 6,
and this beats the initial value m>. The entropy estimate is proved for the endpoint
measure weighted by the indicator of an event at time 7 and killed on leaving a domain,
multiplied by an endpoint cutoff function and normalized; the mass removed by the
event restriction, the killing, and the cutoff is controlled in Section 17.5. Finally, the
finitely many retained coordinates converge in total variation, by the Gaussian smoothing
argument of Section 11, and Section 17.9 combines the two estimates with the stationary
comparison.

The parameters of the proof of Theorem 17.3 are chosen in the order of Table 17.1. All
constants depend only on the parameters above them in the table, and every estimate
holds for m > mg and 6 < 1/2, with a threshold mg that depends on the same parameters.

The moment order p in the table is the order used for the ratio ¢ in Corollary 17.18.
The proof of Corollary 17.17 uses a larger moment order pres of the path estimate of
Theorem 17.14, chosen with 2p.s¢ > Bjy. For the exponents above, ¢ = 1/800, and
Pres = 8000 suffices. All these orders are fixed before the threshold for m.

The main difficulty compared with Section 16 is that the time scales 82 and a~! and
the mean square 6! of the first coordinate all depend on 6, which tends to zero at an
arbitrary rate. The renewal estimates of Section 17.2 are therefore proved with constants
that do not depend on 6, the moment bounds of Section 17.3 are proved by a comparison
that keeps the small deficit 6, and every probability of failure is bounded by an explicit
negative power of m.
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Table 17.1. Parameters in the proof of Theorem 17.3, in the order in which they are fixed.

Parameter Role Value or dependence

Cx, Cy, €4 constants of Definition 17.1 given

J number of retained coordinates, with Cx, Cy
ar+1 > 6a

a,b,(,Kg  exponents: T =m0 2, T =ba 'log(em), a=1/10,b = =1/100,
cone width § = m~¢; horizon Ky=1
Koa~!log(em)

0% tolerance for the mass removed by the fixed; v — 0 last
event restriction

0,0 the event {/_ < |Hy| < {4, |H;| </{li}at 7v,]
time T

s,Lo,L1,L cutoff and killing levels by, ]

p, Bo moment order in the bound on the mass p = 200, By = 20

of the set C outside which the cutoff
equals one; failure exponent
mp threshold for m all of the above

17.2 The unnormalized process and its mean

In this section and in Sections 17.3 to 17.6, the vector a satisfies the indexed bounds (17.2)
with constants (¢4, Cy), and 0 < 6 < 1/2. We fix Ky > 1 and write

Ko log(em)
Tmax - T

for the end of the time interval that we study; the times t,,(u) with © in a compact set lie
in [0, Tmax) once m is large. We also write

fot) = 1+ 1)"Y2min {1, [*(1+ 1)1} (t>0). (17.9)

Unless said otherwise, the constants C,cy > 0 depend only on c., Cs, and Ky, and the
estimates hold for m > mg, with a threshold m that depends on the same parameters.
Positive constants in lower bounds are written ¢y, cp, with the same dependence; the letter
c alone is the rescaled inverse temperature. In particular, no constant depends on 6 or on
N, and the thresholds involve no negative power of 6 and no power of N.

The unnormalized process

Let B = (By, ..., By) be a standard Brownian motion in RN, let g be a standard Gaussian
vector in RN independent of B, and let Xo = v/N g/|g|, which has law vy. Let Y and Y©
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be the solutions of

dY; = —2a;Y;dt +v2/N|Y|dB; (1<i<N) (17.10)
with Y(0) = Xg and Y©(0) = g, respectively. By Lemma 10.2, applied with the quadratic
potential coefficients p; = a;, both solutions exist, are unique, and never vanish, and

X = V/NY/|Y| is the diffusion with generator L of (17.1) started from vy. Then p; is
the law of X(t). We call Y the unnormalized process with the uniform start, and Y© the
unnormalized process with the Gaussian start. Moments are easier to compute for the
Gaussian start. The next lemma transfers upper bounds to the uniform start.

Lemma 17.7 (Gaussian and uniform starts). Almost surely, YC(t) = (|g|/V/N) Y(t) for
all t > 0, and |g| is independent of (Xo, B), hence of the path Y. In particular, if & > 0 is a
measurable function of the path such that ®(\y) = A2P®(y) for all A > 0, for some real p > 1,
then E®(Y) < E®(YC), with equality if p = 1.

Proof. The drift in (17.10) is linear, and the diffusion coefficient |y| is positively homo-
geneous of degree one. By the third part of Lemma 10.2, applied with the random
variable A = |g|/+/N, which is measurable at time zero, the process AY is the unnor-
malized process with initial value A Xy = g, driven by the same Brownian motion B.
Pathwise uniqueness implies that Y¢ = (|g|/+v/N)Y. The variables |g| and g/|g| are
independent by the rotation invariance of g, and both are independent of B. We ob-
tain E®(Y®) = E[(|g|*/N)?] E®(Y), and E(|g|*/N)? > (E|g|*/N)? = 1 by Jensen’s
inequality, with equality if p = 1. l
The second moments. Let 1;(t) = EY;(t)?, and let h(t) = N~1 Y h;i(t) = N~ YE|Y(¢)[?
be their mean. The variable sup,_, |Y(s)| has finite moments of every order for each t,

since the coefficients of (17.10) are globally Lipschitz, and the stochastic integrals below
are martingales. By Ito6’s formula,

2 2
d(Y?) = ( — 40, Y2 + N|Y|Z>dt +2y/ Y] Y; dB. (17.11)
Recall that ]EX(Z),i = 1. The second moments solve ' = Hh with h(0) = 1, where
H = —4diag(ay,..., any) + %11? (17.12)

Using Lemma 17.7 with p = 1, we see that the Gaussian start has the same second
moments. In coordinates, since a; = 0,

hl(t):1+2/0tfz(s)ds, hi(t) 4“+2/ “(t=Sh(s)ds (i>2). (17.13)

In particular, #; is nondecreasing. The difference h; — h; vanishes at zero and has
derivative 4a;h; > 0. Therefore h; < hy, and we have

0< hl(t) — hi(t) = /Ot 4[11'}11'(5) ds < 4a;t hl(t). (17.14)
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Renewal kernels. For a vector k¥ = (k;);>» of positive numbers, we define

2 N —4aq;t *N 0 1 N K
) =g Ure ™ U= DR 6e=1- [Fkndi=1-5 o
=2 n>1 i—p <

(17.15)
where k*" is the n-fold convolution on [0, ). We write k, U for the case x; = 1 for all i,
for which 6, = 6. If 6, > 0, the series defining U, converges in L1, f0°° Ue = (1—64)/04,
and Uy is the unique locally bounded solution of the renewal equation U = ki + ki * U.
Summing the second identity in (17.13) over i > 2, we find Nh — hy = (N/2)k + k* (Nh),
and convolving with &y 4 U yields

- 1 1

where we used k + U x k = U. The next lemma collects the properties of these kernels.
Its constants do not depend on 6, and this is what makes all later estimates uniform in
the top fraction.

Lemma 17.8 (Renewal estimates uniform in the top fraction). Let K; > 1, and suppose
that 1/2 < x; < Ky for all i > 2 and that 6/2 < 6, < min{26,2/3}. There exist C > 1 and
co € (0,1], depending only on c, Cs, and Ky, such that if m > C, the following hold.
1. Let t; = \/%; and Hy = —4 diag(ay, ..., an) + (2/N)ii'. Then Uy(t) = (2/N) i eMxq,
and all eigenvalues of the symmetric matrix Hy are smaller than —2a. In particular, Uy (t) =
[ e7* u(dz) for a finite positive measure j,c supported in (2a,00), and Uy is positive and
nonincreasing.
2. Fort>1, [FU, < CoO 2712
3. We have Uy (t) < Cfy(t) for 0 < t < co/a, and U(t) < C(NB?)le=2e(t=c0/a) for
t > co/a. In particular, Uy (t) < CO2(1+t)=3/2 forall t > 0.
4. Ifx; = 1 forall i, then U(t) > C 1fy(t) for 0 < t < 1/a.

Proof. We prove the four parts in order. Throughout the proof, C denotes a constant
depending only on c, C, and Kj.

Step 1: spectral representation. By the Duhamel formula for the rank-one perturbation,
t 2
et — o=#D +/ g~ 4(t=s)D ﬁaaTeSH" ds, D = diag(ay, ..., an).
0

Multiplying by (2/N)ii" on the left and by # on the right, we find that ®(t)
(2/N)ii"etMx i1 solves ® = ky + ky * @, so @ = U,. For v € RN~1, we have (i1 - v)?
Y xi(4a;) "1 - ¥, 4a;0? by the Cauchy-Schwarz inequality, and therefore

2 .
oTH0 < —4Zi:aiv%<1 - 24%) = —49K;aiv$ <0 (v#£0).

i

IA I
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This shows that H, is negative definite, and the spectral theorem yields Ui (t) =
[ e #ux(dz), where p, puts mass (2/N)(iI, ¢)? at z for each unit eigenvector ¢ of
—H, with eigenvalue z > 0. It remains to locate the eigenvalues. Let G,(y) =
(2/N) Li=p xi(4a; + y) 1, which is decreasing in y > —4a, with G¢(0) =1 —6,. If —z is
an eigenvalue of H, with eigenvector ¢ and z ¢ {44;}, then (4D —z)¢p = (2/N)i(ii - ¢),
which implies that 7 - ¢ # 0 and G«(—z) = 1. Using 4a; — 2a > 2a;, we find

2 2ax; Kia
_ — = <
Gr(—20) = Ge(0) = 7 ), da;(4a; — 2q) = 2N

i>2

*2<£—Q
Zai “Na m'
i>2

by Lemma 17.2. Together with 6, > 6/2, this implies that G,(—2a) <1—-60/2+C0/m < 1
for m > 2C. If 0 < z < 2a, then G,(—2z) < G¢(—2a) < 1, and —z is not an eigenvalue; the
remaining candidates z = 4a; satisfy z > 4a. Every eigenvalue of Hy is therefore smaller
than —2a.

Step 2: the tail. Note that 1 — 6, > 1/3. Then the function px = k/(1 —0x) is a
probability density with p,(t) < 3Kik(t) < C(1+t)73/2, by Lemma 17.2. For t > 1, its
tail beyond t is at most Ct~1/2 and its first moment truncated at t is at most C+/t. Let
Sn be a sum of n independent random variables Xj, ..., X;,, with density p,. Bounding
separately the event that some X; exceeds t, and the event that the truncated sum exceeds
t (by Markov’s inequality), we obtain

C
P(S, > t) < nP(X; > t) + ?E[Xll{xlgt}] L

Vi
Using Ux = ¥,(1 — 6,)"ps", we find [~ Ux = ¥,(1— 6,)"P(S, > t) < Ct7 /20,2 <
4Ct~1/2972,

Step 3: the upper bound before time cy/a. For y > 0, the Laplace transform of Uy is
Uy (y) = Gx(y)/ (1 — G(y)), by the renewal equation. Let C’ = 22/3C, /c,, so that y > C'a
implies N(y/C*)3/2 > 2, and let C'a < y < 1. By the third part of Lemma 17.2, at least
min{N — 1, N(y/C,)%/?/2} indices i > 2 satisfy a; < y. For these indices 4a; +y < 5y
and ai_l > y‘l, and since x; > 1/2, we find

2

Ky 1 1
1-G(y) =6 +=Y — 7 >0 +— > 0+ Cov/7,
x(y) = O Nizzzélai(élai—i—y) K Ni22§§y20ai kT e2vy

where in the last step we used y < 1 when the minimum is N — 1. Splitting the sum at
a; = y and using the third and fourth parts of Lemma 17.2, we also find

/ 2 Ki 2K1 #{l . a; < y}
Gely) NZ(4ai+y)2 =N (

i

1 C
+Z@)§ﬁ-

2
y i:a; >y
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Since Uy is nonincreasing, for t > 0,

00 t 2
s/t (s) ds > UK(t)/ se lds = i L;Ke(t)
0

-Gyt = |

0

On the other hand, —I:[,’c = —GL/(1 —Gy)? Letcg = 1/C". For 1 < t < ¢g/a, the two
bounds at y = 1/t yield

2eCt3/2
(O + cot—1/2)

Uy () < 5> < Cmin {t71/2,07273/2} < Cfy(t).

For t < 1, the renewal equation and k, < C imply that U(t) < C+C fot Uy, and by
Gronwall’s inequality U, < C on [0, 1], while fy(t) > 2-1/2 there because 6 < 1/2.

Step 4: the upper bound after time ¢y/a. Let tg = cp/a. From Step 1, we have U, (t) <
e~20(t=10) 1, (ty) for t > to. Step 3 gives Uy (tg) < Cfy(ty) < CO2(a/co)?/? < C(NB?)71,
where we used 23/2 < C‘;’/ 2N~1, This is the second bound of the third part. For the last
bound, fy(t) < 872(1+1t)73/2 covers t < ty, and for t > ty we have (1 + )3/2¢720t <
Ca—3/2 < CN.

Step 5: the lower bound. Let x; = 1 for alli. Let1 <t < 1/a. We claim that at
least ¢coNt3/2 indices i > 2 satisfy a; < 1/t. If N(tC*)_3/2 > 1, this follows from
the third part of Lemma 17.2. Otherwise, the index i = 2 qualifies, because a < 1/t,
and Nt~3/2 < C3/2. 1t follows that k(t) > (2/N)e *#{i > 2 : a; < 1/t} > cot73/2,
and also k(t) > 2(N — 1)e 4 /N > ¢, for t < 1. In particular, the probability density
p = k/(1—6) satisfies p(t) > k(t) > c2(1+1t)"3/20on [0,1/a]. Fixt € [1,1/a] and n > 2.
The density of S, at t is an integral over the set where the n summands add up to ¢t. Up
to a null set, the parts of this set where the jth summand is at least t/2, for j =1,...,n,
are disjoint, and by symmetry they contribute equally. On the part with j = n, the last
summand lies in [t/2,t] and the others add up to at most t/2. We obtain

p(t) >n [rr/gn] p-P(S,_1 <t/2) > cont 32P(S,_1 < t/2).
t/2t

Using Step 2, we choose ¢; > 0, depending only on ¢, and C,, such that P(S,_1 > t/2) <
1/2 forn <1+ c1vt Let ny = min{[1+c1v/t],[1/6]}. Using 1 — 0 > ¢=2% and 6n. < 2,
we obtain

Ny Ny
U(t) > Y (1=0)"p™ (1) > et 27 ) > 2t 2min{t, 072} > c2fp(1).

n=1 n=1

Fort <1, wehave U > k > ¢y > c3fy. This completes the proof. O
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A weighted mean

The proof of the moment bounds in Section 17.3 compares the moments with products of
the solutions of a linear system in which the coupling coefficients of the first coordinates
are increased. The next lemma bounds these solutions. Its constants do not depend on
the size C; of the perturbation of the remaining coordinates, which is chosen afterwards
in terms of these constants.

Lemma 17.9 (Heat estimates uniform under bounded perturbations). Fix Cy > 1 and
C1 >0, let ny, = |m|, and let x; = Co for 1 < i < ny, and x; = 1+ C10/nyy, for i > ny,. Let
w(t) = (w1(t),...,wn(t)) solve

2
wl/ — —4ﬂiwi —+ NKZ' wy, Wy = ZCU], CUz(O) =1.

There exist C > 1, depending only on c., C,, Co, and Ko, and my, depending in addition on Cy,
such that the following hold for m > my and 0 < t < Tax.

1. We have w1 (t) < C/0, wg(t) < C[Nfa(t) +672], and fOTma" wy < CN/6.

2. Fori > 2,

[ | min{t, “z'_l}} t<62
wil 1 + a i T Ne ’ -
e~2t  min{t,a; '} min{t,a; '} S g2
e e b 120
3. The mean satisfies Nh(t) > C 1 [Nfp(t) +072].
4. We have
- P . wi(t) _ CH

Nh(t) < ws(t) < CNh(t), wi(t) < Chi(t) (1<i<N), max < —
i>ny, (,Ug(t) Ny
The case Cop = 1, C; = 0is w = h, and then the first two parts hold for the second moments h;
and Nh = wsy.

Proof. The proof has four steps: we compare the perturbed kernel with the unperturbed
one, bound the first coordinate and the total, bound the other coordinates, and finally

bound & from below and compare. Throughout, C denotes a constant depending only on
cx, Cy, Cp, and Kp.

Step 1: the perturbed kernel. Let x, = (k;);>;. Using Lemma 17.2, we have
Yo<i<n, 4 a1 < CN?/31}/3 and N=1/3 = N2/34/m < C.0/m. It follows that
1 —x—-1_GCo 1 G0 _COnk® 0
0<0—0, =Y - <20 v =0 + 49
b N 1222 2(11' N 2§§nm a;

N m M
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which is at most /2 for m > m(Cy). Also 1 < x; < Cy+ 1 once C16/n,, < 1. We may
therefore use Lemma 17.8 for x;, with K; = Cy + 1, and its constants depend only on c,
Cs, and Cy. This is the only place where C; enters, through the threshold my.

Step 2: the first coordinate and the total. As in (17.16), summing the equations for i > 2,
we find

Wy, = W+((50+UKb)*CU1, W = (50+U,<b)*l<b, Kb(t) = Z€_4ait,
i>2

and w; = 1+ (2Cy/N) fng. Because x; > 1, we have K, < (N/2)k,, and W <
(N/2)(ky, + Uy, * ky,) = (N/2)Uy,. The function w; is nondecreasing, and ((dy + U, ) *
w1)(t) <wi(H)(1+ [Uy,) = wi(t) /b, < 2wq(t)/6. We conclude that

N 2
ws(t) < 5 U, (6) + 5 (0), (17.17)
and, integrating,
Co 4Cy t 3Cy  4Cy !
<1+ —+ — < —4+ — .
wi(f) <1+ b, + o ; wi(s)ds < 7 T o ; wi(s)ds

Gronwall’s inequality implies that wy(t) < 3C0 10t/ (NO) - For t < Tmax, We have
t/(N8) < Kolog(em)/(aN6@) = Kylog(em)/m < Ky, and wi(t) < C/6. Inserting this
and the third part of Lemma 17.8 into (17.17), we find ws(t) < C[Nfq(t) + 672] for
t < co/a, and wyg(t) < CO 2 for t > co/a. This proves the first two bounds of the first
part. For the third, we integrate (17.17): [;™ wy < N/6 + CO 2T ax, and 0 2Tmax =
(N/6)Kolog(em)/m < CN/6.

Step 3: the other coordinates. Leti > 2. By variation of constants,
2% [t
wi(t) = e 4t 4 %/ e~ 4i(1=5) (s (5) ds. (17.18)
0

Let t < 072. Then fy(s) < (1+5)~1/2, and splitting the integral at s = t/2, we have

t V2min{t,a7'}  CvV1+t
—4a;(t—s) 1 -1/2 ds <2 —2a;t 1+t ) <
/Oe (1+5s) s < 2e vV1+t+ T S Trat

where in the last step we used a; < C,; the term with 02 contributes 82 min{t, (4a;)"1}.
This proves the first case of the second part. Now let t > 672, and split (17.18) at s = #/2.
For s < t/2, the exponential is at most e—24t and the first part gives (2x;/N) fOTmaX wy <
C/6. For s € [t/2,t], we have fy(s) < 672(1+s)"3/? < 3072t73/2, which implies
that wy(s) < C[NO2t73/2 +972], and ftt/z e~4(t=5)ds < min{t,a;'}. Together with
e~ it < g20it < 9=1¢=24it  this proves the second case.
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Step 4: lower bound and comparisons. By (17.16), we have h > U/2, and the fourth
part of Lemma 17.8 implies that Ni(t) > ¢;Nfy(t) for t < 1/a. Recall from (17.13) that
hi(s) =142 fg h>1+ fos U. Let t > 2. Since h; is nondecreasing, (17.16) implies that

t/2 t/2 t/2 2
NA(t) > hy(t +/ ()l (t—s) ds > by (£/2) 1+/ (1+/O u)".
The second part of Lemma 17.8 implies that 1+ ft/z =01 [ou>6"1-Co2 2
We conclude that Ni(t) > (462)~! for t > C,6~2, with C; depending only on c,, C,. We
now combine these bounds. For t < C,0~2, we have fo(t) > 16, and the second
part of Lemma 17.2 implies that Nfg(t) > c;NO > c;072N6® > 162, Then Nh(t) >
ciNfo(t) > c1[Nfo(t) +072]. For C,072 < t < 1/a, both lower bounds apply; note
that C,60~2 < 1/a for large m, because 62/a > m?/C3. For 1/a < t < Tmax, We have
Nfo(t) < No~243/2 < C3/29-2, and Nh(t) > (462)1. This proves the third part.

For the fourth part, note that the matrix of the system for w is H + (2/N)(x — 1)1T,
where H is the matrix of (17 12). Since x; > 1, this matrix dominates H entrywise. The
difference e = w — h solves ¢’ = He + ¢ with ¢(0) = 0 and ¢; = (2/N)(x; — 1)wg > 0, and
e(t) = fot et=5Mp(s) ds > 0, because e'M has nonnegative entries. We conclude that w > h
componentwise, and in particular wy > Nh. Combining the first and third parts, we
have wy < C[Nfg +672] < CNh. Inserting wy < CNF into (17.18), and comparing with
(17.13), we obtain w; < (Co + 1)Ch; for i > 2; similarly wy = 1+ (2Cy/N) [ ws, < CoChy.
Finally, let i > n,, so thati —1 > n,,. Lett < 6=2. Then fo(t) > (1+ t)_1/2/2, and using
the second and third parts, we find

wi(t) - w;(t) 1+t ¢1—+t}< C <1+ 1 >< C

ws(t) — Nh(t) ~ [N(1+ait) * N202g;1 — Na; N63/ = Na;’

where we used 4; < C, and v/1+t < V207 L. Lett > 6~2. Then Nh(t) > cl[NO_zt_3/2 -+
0~2], and dividing the three terms of the second part by this bound, we obtain

wi(t)
Nh(t)

03/ 20— 2ait 1 1 6 1 ]

<[ *mﬁz\mj SC[@*@ '

where we used sup, t3/2¢ =24t < Cai_3/2. Note that Na‘?/2 > ¢3/2p,, and Na; > c,n2/>N1/3,
by (17.2). Using N1/30 > m/C, and n,, < m, we find (Na;)~1 < Cﬁm_ln,f”S < CO/ny,.
This completes the proof. O

We record the consequences for the second moments ; and their mean .

Corollary 17.10 (Bounds for the mean). For m > mg and 0 < t < Tmay, the following hold.
1. hi(t) < hy(t) < 0712/ NO) < C /0 for all i, and Ohy (t) > 1 — C(6%t) V2 for t > 1.
2. h(t) <U)/2+C/(N6?),and [U < CO2 Y2 fort > 1.
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3. CMfo(t) + (NO*) '] < h(t) < Clfy(t) + (NO*) 1.

4. For t > co/a, we have h(t) < C(N6?)~1 and h;(t)

5. For 0 < t < 072, we have C"1(1+ )12 < U(t)
h(t) < C[(1+1)~12 + (N§*) 1.

C[0~te 2%t + (N6%a;) Y] for i > 2.

<
<C(1+8H)V2and C1(1+1)"V2 <

Proof. Using (17.16) and the monotonicity of k1, we have h(t) < U(t)/2+ hy(t)/(N6). In-
tegrating and using 1+ [ U = =1, we find /11 (t) < 6~ + (2/(N8)) [, h1, and Gronwall’s
inequality yields the upper bound in the first part; the bound by C/6 follows as in Step 2
of the previous proof. For the lower bound, 0 (t) > 6(1 + fot U) =1-6 U, and the
second part of Lemma 17.8 applies. The second part follows from h < U /2 + hy/(N@)
and the first part. The third part is Lemma 17.9 with Cy = 1 and C; = 0. For the fourth
part, cp/a > 672 when m is large, and the second case of Lemma 17.9 applies, with
0=2t732min{t,a; '} < 072(a/cp)>/%a; ' < C(N6%a;)~L; the bound on  is part of Step 2
there. For the fifth part, 02 < cp/a, and Lemma 17.8 implies that C~'f, < U < Cfg on
[0,672], and (14 1)71/2/2 < fy(t) < (1+t)~ /2 there; the bounds on & follow from the
third part and from h > U/2. O

17.3 Moments of all orders

The time-t law depends on the unnormalized process through the ratio Y/|Y|, and
the path estimates of Section 17.4 require moments of |Y(¢)|? and Y;(t)? of every fixed
order. The noise amplitude |Y| is random, and the coordinates are not Gaussian. We
bound the moments by comparing the exact linear equations they satisfy with an explicit
supersolution. The comparison keeps the small deficit 8: the coupling coefficient of the
remaining coordinates exceeds one only by C;0/n,,, which the bound of Lemma 17.9 on
w;/wsy allows.

Proposition 17.11 (All fixed-order moment bounds for the uniform start). Let Y have the
uniform start Y(0) ~ vy. For every real r > 1 there exist C, and my, depending only on r, c.,
Cs, and Ko, such that for m > mg, 0 <t < Tax, and 1 <i < N,

1Y) |, < CNR(E),  ||[i@)?||, < Chit),  |[IY(E) Y1), < CNR(t)hi(t),

where || - || is the norm of L"(IP).
Proof. We first prove the bounds directly for Y and integer orders p > 2.

Step 1: the moment equations. For a multi-index n € NN with |n| =ny +--- +ny = p,
let S, () = ETT; Y;(£)2". For f(y) =TTy, we have y;d;f = 2n;f and y202f = 2n;(2n; —

1

1)f. Applying It6’s formula to f(Y), using (17.10), and taking expectations, we obtain

2 N
S = —4(n-a)S,+ N Y. ni(2n;—1) 2 Sn—eitejs (17.19)

iin;>1 j=1
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where ¢; is the ith unit vector and we used |Y|?> = Y Y2 The stochastic integrals have
mean zero because Y has finite moments of all orders on bounded time intervals. The
system (17.19) is linear in (Sn)|n|:p/ and its off-diagonal coefficients are nonnegative. By
independence of Gaussian radius and direction, as in Lemma 17.7, we have S,(0) <
ETT; g = [1;(2n; — 1)1, with the convention (—1)!! = 1.

Step 2: a supersolution. Let C}, be the constant of the last bound in the fourth part
of Lemma 17.9 for Cy = 2p — 1; it does not depend on C;. Lemma 17.9 applies with
Co=2p—1and C; =2(p —1)C,. Let y, = max;~,,, w;i/ws, so that n,, < C,0/n,, on
0, Tmax]- Increasing mg, we may assume that (2p — 1)1, < 1. Define

N

Su(t) = p—DU] Jewi(t)" TT 2n; — 1)1,

i=1 >Ny,

We call the indices i < n, low indices and the indices i > n, high indices. From
w! = —4a;w; + (2/N)xjws, we find

- - 2 -
S,/1 = —4(7’1 : a) Sn + = Z ﬂiKl'ﬂ Sn.

iin;>1 i

The function S is a supersolution of (17.19) if, for every n and every i with n; > 1,

N G,
K22 > (2m; — 1) Z ‘”e’ (17.20)

Wi

The ratio S_n,eﬁej /S, equals one if j = i. If j # i, it equals a)]-/ w; times a factor from the
double factorials: a factor (2n; — 1)1 if i is a high index, and a factor 2n;+1if jis a high
index.

Let i be a high index. Multiplying by w;/ws, the right side of (17.20) becomes

%Z[(Zni—l)wi—k Y wi+ ), 2n]+1)a)]} —1+—< Y njwj — wi)

j<ny J>1, jF J>nm

<14+2(p =i,

because Y-, 1jw; — wi = Yisy, (n; — 8ij)w; and Yi(n; — &;;) < p — 1. The cancellation
of the factor 2n; — 1 is what keeps the coefficient of the high indices close to one. The
condition (17.20) holds, because «; =1+ C10/1y, > 14 2(p — 1) p.

Let i be a low index. The same computation gives the right side

2
(2n,-—1)(1+(u—Z ; njw]-> < 2= 1) (142(p — 1)) < 2n—142(p—n;) =2p—1,
J=Mm
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where we used that the high indices carry at most p — »; units of n, and (2n; — 1)1, < 1.
Here x; = 2p — 1, and the condition (17.20) holds.

At time zero, 5,(0) > S5,(0), because [T;<,, (2n; — 1)!! < (2p — 1)!!: the left side
counts the pairings of 2}, 7; points that respect a partition into groups of sizes 21;,
and these are among the pairings of 2p points.

Step 3: comparison. Let A be the matrix of the system (17.19). Then ' > AS component-
wise, 5(0) > S(0), and S’ = AS, and the difference satisfies (S — S)’ = A(S — S) + ¢ with
¢ > 0. Since A has nonnegative off-diagonal entries, choosing A with A 4+ AI > 0 we have
eth = e MY tF(A+ AI)K/k! > 0 entrywise, and therefore

5(t) — S(t) = e (5(0) +/ (=9)Ap(s5) ds > 0.

This proves the comparison principle used here.

Step 4: conclusion. The double factorials in S, are at most ((2p — 1)!)?

multinomial formula and S < S, we obtain

. Using the

2p — p' < _ 2, ,pP
BV = ¥ s < (Gr- 1Pl
and IEYin = Spe, < ((2p — 1)!1)?w!. Recall that wy < CNT and w; < Ch;, by the fourth
part of Lemma 17.9. This proves the radial and coordinate bounds for integer orders
p > 2; the case p = 1 follows from the identities E|Y|*> = Nh and EY? = h;. For real
r > 1, we increase r to the integer [r] and use |||Y]?Y?||, < || ]Y]ZHZrHYZZHzr O

For p = 2, these are the fourth-moment bounds

E[Y(1)[* < C(NR(D)®,  E[Y(H)PYi(t)?] < CNR(ORi(t) (0 <t < Tmax). (17.21)

17.4 Concentration of the radial part along the path

At late times, the radial part |Y(¢)|? has size 62 and the square of the first coordinate has
size 0~ 1. The first coordinate determines the noise amplitude at late times through 6]Y|? ~
YZ. In this section, we show that after a time of order a~! the quantity 6%|Y(¢)|? is close
to H?, where H; = V0 Yi(T) is the scaled first coordinate at an earlier time 7, uniformly
in t up to time Tmax. The difference 62|Y|> — H? involves the projection of the vector of
squares (Y?); onto the stable directions of the mean matrix H; Lemma 17.12 collects the
properties of the projected kernel, and Theorem 17.14 proves the concentration.
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The projected kernel

The matrix H of (17.12) has a positive eigenvalue, because a; = 0, and this eigenvalue
drives the growth of the mean. We remove the corresponding component.

Lemma 17.12 (Projected kernel estimates). There exist C and my, depending only on c,, Cs,
and Ko, such that the following hold for m > my.

1.

The matrix H has exactly one positive eigenvalue A .. It is the unique positive solution of
(2/N) ¥ (4a; + A)~t = 1, with eigenvector u = ((4a; + A+ )~1);, and all other eigenvalues
of H are smaller than —2a. Let § = 2/(NA,.). Then
0<0<0(1+Cm?) A< 2
= = s + m
Let d(t) = eM(81 — e1), and let U = Ug be the resolvent (17.15) with &; = 4a;/ (4a; + A, ).
Then d(t) is orthogonal to u, and

di=0e 4« (5 +U) (i>2),
_ [ N ) 17.22
—9/ U(s)ds, No Uu(t). ( )

In particular d; > 0 for i > 2, and —d is nonincreasing, with values in [0, 1].

Fort > 1/a, we have 0¥ ;d;(t) < Ce=2" and
_ C 172
ld@)ll2 < ce, ()] < = (L dir)?) . (17.23)
Mmii=
We have
™2 < co2 i < > 2 LSy
/O 1< og(em), / 1_8—% (i>2), /;a— o (17.24)
Extend each d; by zero on (—o0,0), and write || - ||2 for the norm of L2(R). For h > 0,

|d;(- +h) —d;||5 < 2min{h, (4a;,)"'} (i >2), (17.25)

¥ i€+ 1) =dilly _ -y < _\/@ (0<h<1/a), (17.26)

i>2 a;
[d1(- +h) —di[[5 < 2. (17.27)

For every s > 0,
2
14'(s)ll2 < = lld(s/2) 2. (17.28)
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Proof. For the first part, let ¢ be an eigenvector of H with eigenvalue yu. Then (u +
da;)p; = (2/N)1-¢ for all i. If u ¢ {—4a;}, then1- ¢ # 0 and ®(y) = 1, where
®(u) = (2/N)Li(p +4a;)~"'. On (0,00), ® decreases strictly from +oo to 0, which
implies that there exists exactly one positive eigenvalue A, with eigenvector u; it exists
because elTHel = 2/N > 0. On (—44,0), ® decreases strictly from +oco to —oo, and
H has at most one eigenvalue y» in this interval. The other eigenvalues are at most
—4a. With the notation of the proof of Lemma 17.8, we have ®(—2a) = —(Na)™! +
G1(—2a) < —0/m+1—60+C60/m < 1 for m large, and since ® is decreasing on (—44,0),
any eigenvalue yp in this interval satisfies pp < —2a. Next, ®(A;) = 1 implies that
0 =2/(NAy) =1—(2/N)¥Li>o(4a;+ A4)"! > 6, and hence Ay < 2/(N6) = 2a/m.

Also
. C Cco

A2
==y 2 Ay 2o - =
N Z 4a;(4a; + Ay) — 8N l.;al — N20a2 m?2

i>2

by Lemma 17.2.

For the second part, the secular equation yields } ; u; = N/2 and u; = /\;1 = N0/2,
and u - (f1 — e1) = 0. The matrix H is symmetric. Then the orthogonal complement of
u is invariant, and d(t) L u for all t. In coordinates, di/Ay + Y ;o d;/(4a; + Ay ) = 0,
that is, di = — Y;5o(1 — &;)d;, and Y ;d; = Y;>, Kid;. The vector d; = (d;);>, therefore
solves dj = [—4diag(ay, ..., an) + (2/N)1&"|d, with d,(0) = 01. As in (17.16), the sum
Q = Y5, &id; solves Q = (NO/2)kz + ki * ), which implies that Q = (N6/2)U, and
variation of constants gives the first identity in (17.22). The third identity is } ;d; = Q.
Since di = (2/N)¥;d; = 60U, d1(0) = 6 —1, and [°U = (1 — 6z)/6; with 6; =
1—(2/N)Y;>2(4a; + A4 )1 = 0, we obtain the second identity. The coefficients satisfy
1>% >1—Ay/(4a) > 1/2, and 6 = 6 € [0,20] with 6 < 2/3 for m large, so
Lemma 17.8 applies to U with Ky = 1.

For the third part, the third identity in (17.22) and Lemma 17.8 give 0 ;d;(t) <
CN6?(NB?)~le=20(t=c0/a) < Ce=20 for t > cg/a. Let tg = co/a. Splitting the convo-
lution in (17.22) at tp/2 and using the third part of Lemma 17.8, we find d;(ty) <
fe—4aito 4 =240 C0‘1ta3/2 min{t, a;l}. Using Lemma 17.2 and a3/2 < C¥?/N,
we have Y-, %t < CNt‘O—‘g/2 < C and Y min{i‘o,ai_l}2 < CNy/tp. We ob-
tain ) >, di(tg)? < C+ C()‘ZNtaS/2 < C+C02%a < C, since #2/a > m?/C3. Let
P = diag(y/%;)i>2. Then P[—4diag(a) + (2/N)1&T]P~! = H, the symmetric matrix
of Lemma 17.8, all of whose eigenvalues are smaller than —2a. Because ||P|| [|P7!|| < v/2,
we have ||dy(t)][2 < v2e=2t=10) || dy(tg)||2 < Ce=2 for t > ty. Finally, by the Cauchy-
Schwarz inequality, |d1| < A4 (=0 (4a;)"2)12|\dy|l2 < (2a/m) Ca=Y||dy||2.

For the fourth part, by (17.22), §(8y + U) is a probability measure on [0, c0), since its
mass is 8(1 + (1 —0)/8) = 1. Using Young’s inequality, we have ||d;||;2 < [le™%"||;» =
(84;)~'/2, and summing a; ' |||, with Lemma 17.2 yields the third bound. For the first
bound, we have |d;(t)| < 1 for every t > 0, and the second part of Lemma 17.8 also
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gives |di(t)| < CO~1t~1/2 for t > 1. Consequently |d ()| < min{1,CO~ (1 +t)~1/2} for
all t+ > 0, after increasing C. Integrating its square gives fOTma" dy(t)?dt < CO2log(e +
02 Tiax) < CO~2 log(em), since 02 Tnax < Cm? log(em).

For the fifth part, because translation commutes with convolution, we have d;(- 4+ h) —
di = 0(6 + U) * (gi(- + h) — g;) with g;(t) = e“mitl{tzo}, and Young's inequality yields

w < 2min{h,%},

h
i+ 1) = dil}3 < llgi(- +h) — gill3 = /0 e s+ ai

where in the last step we used (1 — e *)? < min{x?,1}. Summing with the weights
al._l and using Lemma 17.2, we obtain (17.26). The second inequality there uses Nv/i =
a—2y/ah Na®/2. For (17.27), on [—h,0) the difference is d;(- + k), which is bounded by
one. On [0, ), the difference d;(t + h) — dy(t) lies in [0, 1], and its square is at most itself,
and [°(dy(t+h) —dy(t)) dt = [} |dy] <.

For the sixth part, d(s) = e(*/2Hd(s/2) and d(s/2) L u. On the orthogonal
complement of u, the matrix H is symmetric with eigenvalues —z, z > 2a, and
IHe®/2Mg|| < sup,.oze /2| gl| = (2/(es)) ] ¢l| for ¢ L u. O

A maximal inequality

The path estimates use a supremum over a time interval of length of order a~! log m. The
following deterministic chaining inequality reduces them to bounds at fixed times and
for increments.

Lemma 17.13 (Dyadic maximal inequality). For every p > 2 there exists a finite constant
Cp > 0 with the following property. Let vg < vy and A,B > 0, and let Z be a real process
with measurable one-time evaluations and almost surely continuous paths on [vg,v1]. Assume
separately that

|Z(t)|l2p < A forevery t € [vg,0v1],

and that
|Z(t +h) = Z(t)]|2p < Bh'/*  whenever t,t +h € [vy,v1], 0<h <1.

Let n = max{1, [v; — vg|}. Then

sup |Z(t)] Hzp <P (A+C,B).

Zﬂogtgl)l
Proof. 1f vy = vy, the conclusion follows directly from the one-time moment bound and
B > 0. Otherwise, divide [vg, v1] into n intervals of equal length 0 < ¢ < 1 and fix one of

them, [s,s 4 £]. For j > 1, let A; be the maximum of |Z(s 4 (k + 1)£27/) — Z(s 4 ké27/)]
over 0 < k < 2/. Bounding the 2p-th power of the maximum by the sum of the 2p-th
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powers, we have IEAfp < 2B (€271)P/2, that is, ||Ajl|2p < B2//(2P)=j/4  Every dyadic
point ¢ of [s, s + £) is reached from s by at most one increment of each level j, and therefore
1Z(t)| < [Z(s)| + ¥j>1 ;- This holds for all t € [s,s + {] by continuity, and the triangle
inequality in L% bounds the supremum norm by A plus the sum of the increment norms.
The increment bounds form a convergent geometric series because p > 2; choose Cy, to
bound its sum. Finally, the supremum over [vy, v1] is the maximum of the n suprema,
and bounding the 2p-th power of the maximum by the sum gives the factor n!/(2?).  [J

Concentration of the radial part

Fix a € (0,1). We define the earlier time and the scaled coordinates at that time,

ma

g Hi= VoYi(t) (1<i<N), (17.29)

T =
and, for 8 < x < (Ko/2)log(em), the time T = x/a. Since at < C3m°®~2 by Lemma 17.2,
we have T < T/2 for m > my. Let
log(em)

=m 24 — =, Bmx) = (log(em)) Y/ @P) (e=X/% 1 =1/2) 4 el/2 42,

Em

Theorem 17.14 (Concentration of the radial part along the path). For every integer p > 2
there exist C, and my, depending only on p, a, c«, C«, and Ko, such that for m > mg and every

X € [8,(Ko/2)log(em)],
| sup |2 - Hi|| < CF(m,x),
TStSTmax p

sup ‘\/EYl(t) — Hy| HZp <Gy el/2,

T<t<Tmax

(17.30)

In particular, if x = blog(em) for a fixed b € (0, Ko /2], then both right sides are at most Cpm—°
for m > myg, where ¢ = min{a, b,1}/8 does not depend on p, and C,, mg depend also on b.

The proof writes |Y|? — Y7 as a stochastic convolution against the projected kernel
d of Lemma 17.12. We first bound its terms at fixed times and their increments, for the
Gaussian start, and apply Lemma 17.13. Then we transfer the bound to the uniform start,
treat the first coordinate, which is a martingale, and replace ] by 6.

Proof. Throughout, C, denotes a constant depending only on p, a, cx, C«, and Ko; t,t +h €
[T, Tmax] and 0 < ah < 1.
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Step 1: decomposition. Let D(t) = 0|YC(¢)|> — YT (t)* = (01— e1) - Q(t), where Q; =
(YE)2. By (17.11), dQ = HQdt + dM, where dM; = 2+/2/N |YC|YF dB; are orthogonal
martingales. By variation of constants and the symmetry of H,

_QZd H+2(),  Z()=0) di(t)(gF -

Z(t) = 9\/52/0 di(t —s) |YC(5)| YC () dB;(s).

The process Z has continuous paths, since D and d are continuous.

Step 2: the mean and the initial term. The third part of Lemma 17.12 shows that
0y, di(t) < Ce~2%t < Ce~2X. For a nonzero vector v, the centered Gaussian quadratic
form Y ;v;(g? — 1) satisfies logEe!¥i g1 < 2A2[pf2 for [A| < (4]v])"!, because
—log(1—x) —x < x2 for |x| < 1/2. It follows that Ee!Zi vilgi—1)I/(4le]) < 2¢1/8 and hence
| ¥ vi(§2 —1)||l2p < Cp|o|. This last bound also holds for v = 0, when the quadratic form
vanishes. With (17.23) and (17.28), we find || Z(t)|2p < Cp||d(t)|2 < Cpe ' and

h
IZ(t+ 1) = Z(#)ll2p < Cphisup [d'(s)l2 < Cp 7 sup [|d(s/2)[l2 < Cp(ah)e”
s>t s>t
where weused t > T = x/aands/2>T/2>1/a.

Step 3: the noise at a fixed time. Put R = |g|?/N. For every integer p > 1, the Gaussian
radial moments satisfy ER?? = Hzp 1(1 +2j/N) < (2p)!, since N > 2. By Lemma 17.7,

Y® = VRY and R is independent of Y. Thus Proposition 17.11 gives the particular
Gaussian-start bound needed here:

[IYS@©PYESP|, = BR[|V () PYi(s)?]|, < CpNR(s)hi(s). (1731)

For real p > 1, the same bound follows by increasing p to [p]. For deterministic kernels
v;(s), the Burkholder-Davis—-Gundy inequality [123, Chapter IV, Theorem 4.1, p. 160] for
continuous local martingales vanishing at zero, Minkowski’s inequality, and this bound

give
ey % X [ty
N : !

2 Cp 62
., <% /zv PIIIYE(s)PYE(5)?]|, ds
< CpQZ/ZUi s)2 hi(s)hi(s) ds.
i

(17.32)

This uses only the quadratic variation. No Gaussian property of the stochastic integrals
is used. We apply (17.32) with v;(s) = d;(t —s), s < t, and split the integral at s = ¢/2.
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e Fors < t/2, we use h; < hy, and (17.23) implies that ), d;(t — s)? < Ce 2%, The
identity 1} = 2h and Corollary 17.10 imply that fOTmaX hhy = (h(Tmax)? —1)/4 < CO2.
This part contributes Cpe 2.

e For s > t/2, we have s > cp/a, so that i(s) < C(N6?)7L, hi(s) < CO71, and
hi(s) < C[8~1e 2% + (N6%a;)~ 1], by Corollary 17.10. By (17.24), the first coordinate
contributes at most C,0%(N6%)~16~2log(em) = C,log(em)/(N6°); the part (N6?a;) !
of h; contributes at most Cp(N6) 2Y ;54,2 < Cy(N8a)~2 = C,m~%; and the part
0~ 1e 205 < 9~ le %! contributes at most Cp(N6) 1Y >, e ! /a;, which is at most
Cp(NO)~te=®/2y e /2 /q; < Cym~le X/2, by the fourth sum in Lemma 17.2 with
s=t/2>1/a.

Recall that N6 > m3/ C“;’ . We conclude that
IZ(t)|I5, < Cple ™2+ m™2+log(em)/(N6)] < Cple X/ +m™]. (17.33)

Step 4: increments of the noise. We extend d by zero on (—o0,0). Then Z(t+h) — Z(t)
is the stochastic integral (17.32) with v;(s) = d;(t+h —s) —d;j(t —s), 0 < s < t+h. It
includes the new noise on [t,t + h|. We split the integral at s = T /2.

e For s < T/2, we have t —s > T/2, and (17.28) and (17.23) give ||d(t +h —s) —
d(t —s)|l2 < hsup,o7 ), [|d'(r)|l2 < C(ah)e=X/2. As in Step 3, this part contributes
Cp(ah)?eX.

e For s > T/2, we use the bounds on & and h; of Step 3 and the translation
bounds of Lemma 17.12. The first coordinate contributes C,6*(N6%)~1.2h =
Cpah/m, by (17.27). The part (N62a;)~! contributes C,(N0) ™25 a; b|d;(- + ) —
dil|3 < Cp(Nba)=2Vah = Cp\/ﬁ/mz, by (17.26). The part §~le=24s < g=le=aT
contributes Cp(NO) th Yy ;spe %1 < Cp(ah/m)e X2, by (17.25) and Yspe %1 <
e X2y e MiT/2 < CeX/2,

We conclude that
IZ(t+h) — Z(t)|3, < Cp[(ah)?e™ + ah/m + Vah/m?]. (17.34)

Step 5: the supremum for the Gaussian start. We apply Lemma 17.13 to s — Z(s/a) and
s+ Z(s/a) on [x,aTmax), an interval of length at most Ky log(em). For 0 < 1’ <1, (17.34)
yields the increment bound Cph''/4(e=%/2 4 m~1/2), and (17.33) gives the pointwise
bound C, (e X/4 +m~1/2). Step 2 provides the corresponding bounds for Z, with e~%.
Together with the bound on the mean, we obtain

| sup oD@, < Cplloglem)/ ) (e x/4 4 112).
TStSTmax p

Step 6: transfer to the uniform start. By Lemma 17.7, D(t) = (|g|?>/N) DY(t) for all ¢,
where D" = |Y|2 — Y? is computed for the uniform start, and |g| is independent of the
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path Y. The functional sup . |DY|? is homogeneous of degree 4p, and Lemma 17.7
shows that the bound of Step 5 holds for D". This transfer involves no inverse moment

of [g].

Step 7: the first coordinate. The coordinate Y7 is a martingale, because a; = 0, and
d(Y1) = (2/N)|Y|?dt. By the Burkholder-Davis-Gundy inequality, Proposition 17.11,
and h} = 2h,

sup VO |Yi(t) — Yl(T)|”; < C,f /TTmX %H|Y(5)|2de5 < Cp0(h1(Tmax) — 1 (7)).

T<t<Tmax

From Corollary 17.10, we have 0h(Tpax) < e2Tmax/ (NO)  —  p2Kologlem)/m < 1 4
Clog(em)/m and 6hi(t) > 1— C(6°t)"/? = 1 - Cm 2. This proves the sec-
ond bound in (17.30). Using Doob’s inequality, we find ||sup,.r VoY1 (t)]lap <

Cp(0h1(Tmax))'/? < Cp, and the Cauchy-Schwarz inequality yields
| sup lova (o2 —H3(|| < ||sup VoY1 (t) — Ful|, |[sup vBIYi(t)| + IFnl||, < Cperf?,
t 4 t ap ity 4p

where the suprema are over T < t < Tax.

Step 8: conclusion. From the definition of D", we have the exact identity

6 0 6
2iv2 _ 12 — Yapu i Yipgy2 g2 v_ 2
O°[Y]? — H} = 50D + = (0] — H}) + (9 1>H1
Since § < 6, |6/6 — 1| < Cm~2, and ||H?||2p < Cp, Steps 6 and 7 prove the first bound
in (17.30). No moment of sup, |Y(t)|* is used in this step. For the last statement,
e X% = (em)~%/4, and all powers of log(em) are absorbed by the margin between ¢

and min{a, b,1} /4. O
We record the consequences at fixed times that are used in Section 17.6.

Corollary 17.15 (Radial part and first coordinate at fixed times). Fix a € (0,1) and
b € (0,Ko/2], and let x = blog(em). There exist C and myg, depending only on a, b, cx, C, and
Ko, such that for m > my,
1
OE sup |Yi(t)—Yi(T)]? < c{m*ﬂ/2 + M}, (17.35)
T<t<Tmax m
and ,
sup  (E[62[Y ()2~ HE| + Elo|y(t)] — |Hu[[*) < Cm~.
T<t<Tmax

Proof. The first bound is Step 7 of the previous proof with the exponent 2 in place of 2p.
The second follows from Theorem 17.14 with p = 3 and the inequality |/x — /7|* <
|x —y| for x,y > 0. O
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17.5 Gaussian approximation at time 7 and the domain of the path

In this section, we show that the scaled coordinates Hy, ..., Hj at the time T are close to
independent standard Gaussian variables, and that, outside an event whose probability
is smaller than any fixed power of m~!, the path stays after time T in a domain where
the first coordinate carries a fraction of order 0 of the squared norm. We then define the
endpoint measure, weighted by the indicator of an event and killed on leaving a domain,
to which the entropy estimate of Section 11 is applied, and bound its loss of mass, its
moments, and the mass of the set outside which the cutoff function equals one. We keep
the notation (17.29).

Coordinates at time T

Lemma 17.16 (Gaussian approximation of the coordinates at time 7). Fix a € (0,1) and
an integer | > 2, and let

g(m) _ mfa/Z + m73(17a)/2 + mafZ.

There exist C;j and my, depending only on |, a, cx, and Cy, such that for m > myq the following
holds. There exist independent standard Gaussian variables Gy, ..., Gy, which are functions of g
and B, such that

J 1/2
(EY[Hi~Gi?) " < Ciglm).
i=1

Moreover, for 0 < ¢_ < (., the event
E=FEr o ={f- <|Hi| <ty [H|<l; 2<i<])} (17.36)

satisfies, for every 0 < eg < ({4 —4_)/2,

C 2

P(E) > P (/- +¢e9 < |Gj| < ly —ep, |Gf| <lp—eg(2<i<])) _Lzm).
€0
Note that ¢(m) — 0. A prescribed loss of probability can therefore be achieved with
fixed /4 and a finite threshold for m. The approximation by a Gaussian vector is not a
statement about the coordinates at the later times f,, (1), where the amplitude |Y| of the

noise is random; at time 7, this amplitude is still close to its mean.

Proof. We work with the Gaussian start, for which H® = Vo YC(7), and then pass to the
uniform start. The proof has four steps.
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Step 1: deterministic bounds on [0, 7]. Note that T < ¢y/a for m > my, since at <
C3m®~2. We claim that, for 0 <t < 7,

Zh 2<C[Nfo(t)+607%],  Nh(t)hi(t) <CN,  Nh(t) > c1Nfg(t). (17.37)

The third bound is the third part of Corollary 17.10. For the first, h% < CO72, and we
use the coordinate bounds of Lemma 17.9 with Cy = 1, C; = 0. If + < 872, the sum
of (14 #)(1+ a;t)~2 is at most CN(1 + t)~1/2 = CNfy(t) by Lemma 17.2, and the sum
of min{t,a; 1}2(N6?)~2 is at most Cv/t/(N6*) < CO72/(N63). If 62 < t < 7, the
three terms give at most CO2Nt3/2 CO* 3Nt < CO 2Nt 32, and Cﬁ/(N04) =
CO2m"/2/(N6®) < CO~2; and #~2Nt~3/2 < CNfy(t) in this range. For the second bound
in (17.37), if t < 672 we have Ni(t) < CN(1+t)"%2 and h;(t) < C/1+t+ Ct/(N6?),
whose product is at most C[N + v/t072] < C[N +673] < CN;if t > 072, then Nh(t) <
C[N6=2t73/2 + 972 < C[NO +672] and h; < hy < CH~!, whose product is at most CN,
because N63 > 1.

Step 2: the relative variance of the radial part. Let AC(t) = |YC(t)|?> =1-Q(t), where
Q; = (YF)% Asin Step 1 of the proof of Theorem 17.14, and since h(t) = /"1, we have

AC(t) =Lihi(t)g?+ X fo s) dM;(s). Since the two terms are uncorrelated and the
martingales M; are orthogonal we have

Var AS (f) _2Zh 2, ° Z/ (t—5)2E[AS(s)YC (5)?] ds. (17.38)

By (17.31) with p = 1 and (17.37), we have E[AC(s)Y®(s)?] < CNh(s)h;(s) < CN, and
therefore, using [ fo < 560!, the second term is at most C fo [Nfo+ 072 < C[NO~ 1+
t0=2]. We divide by (Nh(t))? > c1(Nfy(t))?. For t < 672, where fy(t) > c16, the four
resulting terms are at most C(N§%)~! + C(N63)72. For t = w2 with 1 < w < m*,
where fy(t) > c10w=3/2, they are at most Cw®/2(N63)~1, Cw?(N6®)~!, Cw3(N6%)~1, and
Cw*(N6%)~2. Using N6° > m®/C2, we conclude that

, Var A®(t)

e = sup —— 2 < ClmB 3 4 pto—6] < Cypp 3019, 17.39
"= S N2 = C < (17:39)

Step 3: coupling with a Gaussian process. On the same probability space, let

Gi(t) = e 2t +¢z/—N/ =)/ Ni(s) dBy(s).

These are independent centered Gaussian variables with variances h;(t), by (17.13). Using
the mild form Y (t) = e"2%!g; + \/2/N ft ~24i(t=5)|YG (s)| dB;(s), the Itd isometry, and
(vVx — /¥)* < (x — y)*/y, we obtain

EIYS() = GO = = [ e O IE(YO(5)| - /NR(s)) s < e i)
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Let GF = G;(1)/+/hi(T), which are independent standard Gaussian variables. Then
E|HS — GF|? < 20¢,,1;(t) + 2(1/6hi(1) — 1)* < Cély, + 2(6h;(1) — 1)

From Corollary 17.10, we have |0h1 (1) — 1| < Cm~%/2 4 ¢27/(NO) _1 < C[m~%/2 4 m*~3)],
and by (17.14) and Lemma 17.2, 0|k (7) — h;(7)| < 4a;7 6hy(t) < Cym®2 for i < J. Com-
bining this with (17.39), we obtain (EY;<; |HS — G;[>)/2 < C;[m=3(1-9)/2 4 yy=a/2
mu—2]'

Step 4: the uniform start. Recall from Lemma 17.7 that H® = (|g|/+/N)H, with |g| inde-
pendent of H. We obtain E|H® — H|> = E(|g|/vN —1)2E|H[> < (2/N) 0 i< hi(t) <
C;/N, where we used (v/x —1)? < (x —1)? and Var|g|> = 2N. Since N~1/2 <
Ci/ 2m=3/2 < Cm—3(1-0)/2 by Lemma 17.2, this proves the first claim. For the second,
if |H; — G| < g for all i < J and G* lies in the smaller rectangle, then E holds; and
IP(max; |H; — G| > ¢g) < Cjg(m)?/e} by Markov’s inequality. O

Residence of the path

Fix b € (0,1/4), let x = blog(em) and T = x/a, and fix ] > 2and 0 < /— < {,. We
write |x<j|? = Yy x7 and let

4 /52 2
Cres = 37 [(55) + -1 +172]. (17.40)
Corollary 17.17 (Residence of the path). For every By > O there exist C and my, depending
only on By, U+, ], a, b, cs, Cs, and Ky, such that for m > my,

113(15 N {at € [T, Tmax] : X1(t)? ¢ [GTN,ALGN] or | X< (H)? > creseN}) < CmBo,

The probability of E intersected with the event that Xy changes sign on [T, Tmax] is also at most
CmBo, IfIP(E) > ¢ > 0O, the same bounds hold for the law conditioned on E, with the right
sides divided by cy.

This is a statement about the path started from vy on the event E, which is measurable
at time 7. It does not concern other initial laws.

Proof. Throughout, C denotes a constant depending only on the parameters listed in the
statement and on the moment orders chosen below. By Theorem 17.14 with y = blog(em),
the right sides of (17.30) are at most C,m %, where ¢ > 0 does not depend on p. Let G;
be the event that

2 0_

sup |02|Y(t)]? — H?| < - and sup [VOYi(t) — Hy| < T
T<t<Tmax T<t<Tmax
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We have P(G) < Cp,m 2% by Markov’s inequality. We fix the integer p > 2 with
2p9 > By. On ENG;, we have |H;| > ¢_, so that v/8Y;(t) has the sign of H; and
1VOY1(t)| € [3|H1|/4,5|H;|/4] for t € [T, Tmax], and 62|Y ()|?> € [H? — 2 /4, H? + (% /4]
for t € [T, Timax|. For these t, we find

Xi(t)?  6Yy(t)? [9 H? 25 H? }C [1 }

= S S —— —4
ON  2[Y(t)|> " 16 H?+¢2 /4" 16 H? — (2 /4 4

It remains to bound the coordinates 2 < i < J.

The coordinates at time T. For 2 < i < ], the mild form of (17.10) gives v0Y;(T) —
e~ 2i(T-T)H; = \/meT e=20(T=5)|Y (s)| dB;(s). By the Burkholder-Davis-Gundy in-
equality and Proposition 17.11, its L?’ norm squared is at most C,0 | TT e~ 4ai(T=3)]y(s) ds.
We split at s = cp/a. For s < ¢y/a, the exponential is at most Ce #4iT since a; < C ja, and
26 fTCO/a h=0(hi(co/a) —hi(t)) < C[m=*2 + m~1] by Corollary 17.10. For s > cy/a, we
have i(s) < C(N6?)~1, and the integral is at most C(Nfa;)~! < C/m. We conclude that

[VOYi(T) — e 2T H [, < €y [/ 24T 1],

and the event G, that [v/0Y;(T) — e 24(T-DH;| < 1/2 for all 2 < i < | satisfies P(G5) <
Cm~Bo, after increasing p. On E N Gy, we have |v0Y;(T)| < ¢4 +1/2.

The coordinates after time T. Let Tamp = inf{s > T : 6|Y(s)|> > 2/2}, with Tomp = T
if 02|Y(T)|?> > 2¢3. For i > 2 and t > T, define the process with stopped amplitude

Vilt) = DT + M), M) = \/% [NV (5) Ly 4Bi(5)

! (17.41)
This process is used only for estimates. On E N Gy, we have 02|Y|*> < (2 + (2 /4 < 202
on [T, Tmax). Then Tamp > Tmax and Y, = Y; on [T, Tmax]- The integrand of VOM,; is
bounded by 2/, (N8)~/2. In the time variable v = at, the process v/0M;(v/a) has
the form [e~2(%/8)(*="¢(r)dB'(r) for a Brownian motion B’ and an adapted ¢ with
|¢| < 20, m~1/2. Using the Burkholder-Davis-Gundy inequality, we bound its L2’ norm
at fixed times by Cpm’l/ 2. For increments of length K < 1, we write the increment as
(e e/l _ 1) times the old value plus the integral over the new interval, which yields
the bound C,m~1/2(W + W''/2) < C,m~1/21/1/4. Applying Lemma 17.13 on an interval of
length at most Kolog(en), we obtain ||supr VO|M;||l2p < Cp(log(em))t/ @)m=1/2,
Let Gz be the event that SUP(T T,00] \/§|Ml| < 1/2for 2 < i < J; then P(G5) < Cm—Bo
after increasing p.
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Conclusion. Let G = G; NGy N Gs, so that P(G°) < Cm 5. On ENG, for t € [T, Tmax]
and 2 < i < ], we have |v0Y;(t)| < |vVOY:(T)| + V0| M;(t)| < £+ + 1, and therefore

X< (O _ y 0Y;(t)® _ (50./4°+(J-1(¢ +1)* _ C
ON = eY(HP? 302 /4 -

This proves the first claim. We have already proved that X;, which has the sign of Y7,
does not change sign on [T, Tmax] on E N Gy. O

The endpoint measure weighted by 1r and killed on leaving D
We now define the endpoint subprobability measure to which Theorem 11.19 is applied.
Fix Lo, L1, L with Cres < Lo < L1 < L, and let
D={x€Sy:|x<j? <LON},  Teqr =inf{t>T:X(t) ¢ D},
with Texit = T if X(T) ¢ D. For t > T, let
01(A) =P (E, Texit > t, X(t) € A). (17.42)

This is the endpoint subprobability measure (11.7) of Section 11.1, weighted by ¥ = 1
and killed on leaving D. It is dominated by the time-t law: ¢; < p; as measures. The
weight and the killing change the mass of the measure, not the sample paths. We also
use the weighted ratio of the remaining coordinates to the first ones,

ap Yy X7/ a
X< |2

¢(x)

with ¢(x) = 0 when |x<j| =0, as in (11.62). We write a; = a;,1/a.

Corollary 17.18 (Moments, survival, and the mass where the cutoff may differ from one).
For every p > 1 and By > 0 there exist C and my, depending only on p, By, ¢+, ], L, a, b, cs,
C., and Ky, such that the following hold for m > mg and t € [T, Tmax-

1. The killing loss satisfies
]P(E/ Texit < Tmax) < Cm~Po. (17.43)

2. For2<j<],
2 1/p C4a(t—T) |, 1 —By/
(/\x]-y Pdoy) " < ClONe™#07T) 4 g 1]+ CoNm B0/, (17.44)
If By > p, the last term is at most Caj_l.

3. For0< 6 <1,
o{E > 08/2} < Cm B+ CoP[e71X 4 m~ 1], (17.45)
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4. Let 0 <s<1/4,1et 0 < 6 <1, and let
C = {x} <sON}U{|x<;|* > LoON} U {¢ > 5/2}.

Then 01(C) < Cm~Bo 4+ 4 {& > §/2}, and for every measurable ¢ : Sy — [0,1] that equals
one outside C,

/(pdat >P(E) — Cm B — o {& > 6/2}.

In the third part, the bound concerns each fixed time t. It does not state that the
path stays in {¢ < §/2}. Ifa; > a. > 0 and § = m~¢ with 0 < { < min{1,2a,b},
the second term in (17.45) is at most Cm—PMin{20:0-01-C} " which is smaller than any
prescribed power of m~! once p is large. For example, if a; > 6 and b = { = 1/100, then
the exponent is pmin{11/100,99/100}, and with p = 200 we obtain m~22.

Proof. Let G be the event of the proof of Corollary 17.17, for the exponent By. Recall that
P(G°) < Cm~P. On E N G, the path satisfies |X§]|2 < CresN < LON on [T, Tax]- Then
Texit > Tmax, and this proves the first part. We keep the definition of 3, and use the event
G only to split integrals.

For the second part, let2 < j < J. On EN G, we have 02|Y(t)|?> > 3¢%2 /4 and Y= 17]
Then X;(t)* = NY;(£)*/]Y(t)]* < (4N92/(3€2,))17j(t)2. On E\ G, the measure o only
sees the event {Teyit > t}, on which X;(#)? < |X<j(t)|> < LON. We obtain

2 ~
[ 1xPrden < (%57 ) BT (6P + (LoN) P(GF).

By (17.41), the Burkholder-Davis—Gundy inequality with the bounded integrand, and
Proposition 17.11,
C,2

M:(£)?], < ,
[ M;(£)7]|p < N6,

~ 1
: 2 —411i(f—T) . ’
1Yi(t) ||p <G [e hi(T) Nezal} (i>2), (17.46)

and hj(T) < hy(T) < CO~'. Taking the power 1/p proves (17.44). If By > p, then
ONm~ /P <ON/m =a~"' < Cja; .
For the third part, the normalization cancels in ¢:

i~y Yi(t)*/a;
E(x() =" szi <]]Yl,(§))2 =,

On E NG, the denominator is at least Y;(t)2 > 9¢2 /(166), and Y; = Y; for all i > 2. By
Minkowski’s inequality and (17.46),

s

i>]

Yi(t)?
a;

¥ oo Dy(r) +

H §Cpa]+19
p Z>] 1
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Using Corollary 17.10 and T > c¢y/a, we have h;(T) < C[0~1le 24T + (N6%a;) 1.
The terms with (N6%a;)~! contribute at most C(aj;1/(N0)) Yispa;2 < Caj/m, by
Lemma 17.2. For the terms with e 2%7 | the indices with a 1 < a; < 2a54q number at
most (2C./c4)3/?], by (17.2), and each contributes at most e~2+17. For the indices with
a; > 2aj.1, we have e 2T < ¢=2111Te=0T and aj,1 Y spe %1 /a; < CNaj T-V2 < C,
by the fourth sum in Lemma 17.2 and T > 1/a. Using a;,1 < Cja, we have

S 2
Yl(t) S C[e—Za]x _|_m—1:|/
i

Jara0 2|
i) 4 P

where we used a;,1T = ajx. Markov’s inequality on EN G and the bound on IP(G°) give
(17.45).

For the fourth part, on E N G we have x% > 6ON/4 > sON and |x§]|2 < Cres N < LoON
at time t, by Corollary 17.17. It follows that 0;(C) < P(E\ G) + 0:{¢ > J/2}. Finally,
f (de’t > O't(SN) — Ut(C) and O't(SN) > IP(E) — IP(E, Texit < Tmax)- OJ

17.6 The limit of finitely many coordinates

In this section, we identify the limit in distribution of finitely many standardized coordi-
nates at the times t,,(u), and we deduce the lower bound on the distance. For the rest of
this section, we fix the following choices of the parameters of Sections 17.4 and 17.5:

K():1, a:ﬁ, b:m,

(17.47)
T:%C, Hl':\/éYi(T).

L m1/10 _ log(em)
A

For a fixed u € R, the time t,, (1) of (17.5) lies in [T + 1/a, Tmax| for m > mgy(u), because
aty(u) = log(2m)/4 4 u. For | > 2, we write z(x) = (v/2a2xz,...,+/2a;x;) € R/~ for
the standardized coordinates, as in (11.36), and we let

uy = Law (G + e 2C, Gs, ..., Gj), (17.48)

where G, ..., Gy are independent standard Gaussian variables and C is an independent
standard Cauchy variable.

Theorem 17.19 (The limit of finitely many coordinates and the lower bound). Let a(™) be
as in Theorem 17.3. For every fixed u € R and | > 2, the law of z(X(ty, (1))), where X is the
diffusion for a\") started from vy, converges weakly to ;. Moreover, for every compact interval
ICR,

sup (V() = Da(tm, (1)), — 0.
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We describe the proof. For 2 < i < ], the mild form of (17.10) on [z, ] splits Y;(t)
into the inherited part e~2%(!=7)Y;(t), the noise on [t, T|, and the noise on [T, t]. After
normalization by |Y(t)|, the inherited part of the second coordinate is e~2“H,/|Hy|, up
to a vanishing error, and the inherited parts of the other coordinates vanish because
a; > (14 &,)a. The noise on [7, T| is negligible. On [T, ], we replace the amplitude
8|Y(s)| of the noise by the variable |H;|, which is measurable at time 7; after division
by 0|Y(t)| ~ |H;p|, this noise becomes a centered Gaussian variable independent of
(Hi,...,Hj). No Gaussian property of a stochastic integral with random amplitude
is used. We do not claim that H,/|H;| has a Cauchy law for finite N. It converges
in distribution to the ratio of two independent standard Gaussian variables, which is
standard Cauchy [110, Section 1, p. 193].

Proof. We fix u and ], drop the index 1, and write t = t,,(1). Throughout, C denotes a
constant depending only on u, |, ¢+, Cs, and ¢4, and «; = a;/a, so that 1 < a; < C for
i<Janda; >1+e,for3 <i <.

Step 1: decomposition. For 2 < i < ], we have /2a;X;(t) = /2a;N0Y;(t)/(0|Y(¢)]),
and the mild form of (17.10) gives v/2a;N 6Y;(t) = I; + Q; + R;, where

I; = \/2a;Ng e 24T g,
T t
Q: = \/4a; / e 2i(=99|y(s)|dB(s),  R; = \/4a; / e 21(=9)g| Y ()| dB(s).
T T
Step 2: the inherited part. Since 2a;N6 = 2x;m and e 2% = (2m)~%/2¢=2%* we have
I = \/Ez (Zm)(1_ai)/2€_2aiu€2aiTHi.

Here a;,7 < Cféocim“_z —0.Fori=2,wehaveay =1 and I, = e 2“¢*"H,. For3 < i < I,
the coefficient is at most C(2m)~¢/2 — 0. By Lemma 17.16, (Hjy, ..., H}) converges in
distribution to a standard Gaussian vector. This sequence is tight, and I, — e 2H, = 0
and I; — 0 (i > 3) in probability.

Step 3: the noise on |7, T]. Using the It6 isometry and E|Y(s)|?> = Nh(s), we have

T _ T -
EQ? = 4ai926_4”"t/ eMiSNR(s) ds < le_”‘lﬁ/ eYish(s) ds,
T

T
where we used 44;0>Ne~ %4t = 4a;0m(2m) e %, We split the integral at s = cp/a.
For s < cg/a, we have ¢* < C and, by Corollary 17.10, h < U/2 + C(N#?)~! and
0 [ZU<CO It /2 =Cm™ /2 also 0+ (N62)~leg/a < C/m. For cp/a < s < T, we have
hi(s) < C(N62)~! and 6 [T ¢%is(N62)Lds < CeiT /(NOa;) < Cm~le*iX. Since a; > 1
and X = (em)*/?, we obtain

EQ? < C[m 2+ m ™' 4+ m % (em)"/*] — 0,
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Step 4: the noise on [T, t]. The variable |H;| is measurable at time T < T; in particular,
the process s — |Hi|1(,>7) is predictable. Let

t
N; = \/4a1-/ 29 gB.(s)  (2<i<]).
T
The variables N; are independent centered Gaussian variables with variances 1 — e~4%(=T),
and they are independent of the o-algebra of time T, which contains (Hjy, ..., Hj). Their
variances tend to one, because a;(t — T) > log(2m)/4 —log(em)/100 + u — oo. By the
Itd isometry and Corollary 17.15,

t
E(R; — |Hi|N;)? = 4a1-/ e 4ni=S)E (0] Y (s)| — |Hy ) ds
T

< sup E(8]Y(s)| - |Hy|)> — 0.
T<5<Tmax
Step 5: the limit. Let ®,(h,n) = (e ?*hy/|h1| + nz,n3,...,n;) for h € R/ with hy # 0
and n € R/, and let N = (N2,...,Nj). Fix £ € (0,1), and consider the event £ =
{|H1| > ¢, 10]Y ()| — |H1|| < £/2}, on which 6|Y(t)| > ¢/2. On &, Steps 1-4 give, for
the coordinate with index i,

(Ii — 1{1':2}(3_2qu) + Qi + (Rz - |H1|Nl)
01 (t)]

1/ e 2“H, + |Hq|N;
+< |Ha| _1) {i=2} 2+ [Hi| i
oY (t)] |Hy |

(2(X(t) — Du(H,N)), =

and every term tends to zero in probability, because 6|Y (t)| > ¢/2 and ||H1|/(0|Y(t)|) —
1| <267Y6]Y(t)| — |Hy||- Then P(|0|Y(t)| — |Hy|| > ¢/2) — 0 by Corollary 17.15. We
conclude that, for every e > 0,

limsup P (|z(X(t)) — ®u(H,N)| > ¢) < limsupP(|H;| < £) =P(|G1| < ¢),

where G; is standard Gaussian, and letting ¢ — 0 shows that z(X(¢t)) — ®,(H,N) — 0
in probability. The vectors H and N are independent, H converges in distribution to a
standard Gaussian vector (G}, ..., G}) by Lemma 17.16, and N converges in distribution
to a standard Gaussian vector (G, ...,Gj). The map @, is continuous on {h; # 0},
which has full measure for the limit, and the continuous mapping theorem implies that
®,(H,N) = ®,(G,G). The ratio G;/|Gj| has the law of G}/ G/, the standard Cauchy law,
because G} is symmetric and independent of |G} |; it is also independent of (G, ..., Gj).
We conclude that @, (G’, G) has law yu,, and Slutsky’s lemma proves the first claim.
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Step 6: the lower bound. Let ¢ : R — [0,1] be continuous. By Proposition 16.9, the
law of v/2a x, under 7 converges in total variation to the standard Gaussian law. Its
hypotheses hold with constants depending only on c. and Cs, by Lemma 17.2: ay < C,,
a3 < 22/3(C./c.)a, and a® YN ,a;% < C. By the first claim with | = 2, and the second
part of Lemma 3.6,

liminf D(t) > lim ‘1E¢(\/sz(t)) — Erg(V2ax)) ‘ — [E@(G + e 2C) — Eg(G)].

The two limiting laws have continuous densities, and the supremum of the right side
over continuous ¢ with values in [0,1] is their total variation distance V(u), by the
first part of Lemma 3.6 and the density of continuous functions in L!(IR). This proves
liminf D(t,, (1)) > V(u) for each u.

For the uniformity, fix § > 0 and a mesh ug < - -+ < uy with I C [ug, ux] and V(u;) —
V(ujy1) < 6, which exists because V is uniformly continuous on [ug, ux] (Lemma 3.9).
Since D is nonincreasing, for u € [uj, uj1] we have D(ty(u)) > D(tm(uj41)), and
therefore

V() = D{tw(u)) < 8+ max (V) = Dltn(w))).

The maximum over the finite mesh has nonpositive limit superior, and J is arbitrary. [

17.7 Density moment bounds for ¢t > 62

In this section, we bound all moments of the density of the time-t law with respect to
the Gibbs measure, for t > 0~2. The bound OV ) — ¢O("°) is far from one. It is used
in Section 17.8 only as the initial value of a conditional relative entropy that then decays.
The proof is an application of Theorem 12.8, after the quadratic potential is shifted so
that it has the form considered in Section 12.

Theorem 17.20 (Density moment bounds for t > 6~2). Suppose that a satisfies the indexed
bounds (17.2) and that 0 < 6 < 1/2. For every p > 1 there exist Cy and my, depending only on
p, ¢+, and C,, such that if m > my, then for every t > 62,

d,ot P 3 3
Lt < < ‘ .
log Sy <d7z> dm < CpN6°,  KL(pt[|r) < C;N6 (17.49)

Proof. Let A4 be the eigenvalue of Lemma 17.12, and let r; = a; + A, /4. The secular
equation (2/N)Y;(4a; + A+)~! = 1 says that Y;(2r;)"! = N, thatis, r = (r1,...,7n)
satisfies (12.1). On Sy, we have Y, r;x? = F(x) + A4 N/4, so that the generator, the
semigroup, and the Gibbs measure of (12.2) are L, P, and 7. Let S = 0-2. We verify the
hypotheses (H1)—(H5) of Definition 12.2 on [0, S|, with a constant Cyy depending only on
¢+ and Cs. Then Theorem 12.8 yields log f(dpg/drc)pdrc < CN(1+ S)_3/2 < CN63, the
monotonicity of the p-th moment in ¢, and the bound on the relative entropy with p = 2.
Throughout, C denotes a constant depending only on ¢, and C..
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(H1) and (H4). We have A, < 2a/m by Lemma 17.12. Then max;r; < Cy +1 and
ALS <2/(N63) <2C3/md. Also N(1+S)73/2 >273/2N63 > 273/253 /C3 > 1 for large
m. For (H4), the indices i = 1, 2,3 satisfy r;S < (a3 + A+ /4)072 < C(a/6%)+C/m> < C,
by Lemma 17.2.

(H3). Fori>2,wehaver; >a; > c.((i — 1)/N)2/3, and Lemma 12.3 applies with kg =1
and gives Y;(1+7;t)72 < 1+ CN(1+t)73/2; the term 1is at most N(1+¢)~3/2fort < S,
by (H1).

(H2). The heat vector of Section 12 for the half-precisions r is e!(H=A+1)1 = e=A+tp(¢),
since —4diag(r) + (2/N)11" = H— A, I. Fort < S, we have e*+! € [¢7],1], and it
suffices to prove the bounds of (H2) for & and h;. From the fifth part of Corollary 17.10,
we have C1(14+£)"V2 < h(t) < C[(1 +t)"V2 4 (N6?)71], and (NO?>)! < (1+1t)71/2
for t < S because N6 > 2. This proves the bounds on h, and the following bounds hold
fort <S:

Cla+nV2<u@)<c+67V2 c'a+)V2<ht)<C1+t)"V2

(17.50)

Since A+t < 1, we have 1 +a;t < 1+t < (5/4)(1+ a;t), and we may replace r; by

a; in the bounds on h;. For the upper bound with i > 2, the first case of Lemma 17.9

(with Co = 1, C; = 0) gives hi(t) < C[v1+t/(1+ a;t) + min{t,a;'}/(N6?)], and

min{t,a; '} <2(14t)/(1+a;t) and 1+t < 2/6 bound the second term by the first.

For i = 1, we have hy(t) = 142 fotfl < CV1+t, by (17.50). For the lower bound, let

¢; = min{t, (4a;)~'}, with ¢; = t; by (17.13) and (17.50),

t ) 2/,
hi(t) > e 4t 42 - e 4= (s) ds > et 4 C—é(l +1)71/2,
If a;t < 1/4, the right side is at least c; V1 +t; otherwise it is at least c¢1/(a;v/1+1t) >
cV1+1t/(1+a;t), since a;(1+t) < (4C« + 1)a;t when a;t > 1/4. Together, we obtain

T+t VIFt
c1vat! <e Mip(t)<C + (0<t<S,1<i<N). (17.51)
147t 1+t

(H5). Let v;(t) be the normalized variances of (12.3) for the half-precisions r, and y; =
}y(t) the Bingham comparison law, whose half-precisions are k;(t) = (20;(t))~1. By (H2)
and the first part of Lemma 12.4, there exists C3 > 1, depending only on c, and C, with
Cl(1+t) /(A +rt) <vi(t) < C3(1+1t)/(1+rt). In particular, max; v;(t) < C3(1+1¢)
and kpin (t) > (2C3(1+t)) ™!, and every index with r;S < 1 satisfies v;(t) > (1+1)/(2C3),
that is, k;(t) < Lygkmin(t) with Ly = 2C§. Let ky, = [64L%ﬂ + 2. Using Lemma 17.2,
we have 7, S < C(k.)?/3a072 4+ C/m3 < 1 and Nkmin(t) > N6?/(4C3) > 4 for large

m. Corollary 8.9, in its form for half-precisions applied to the indices 1, ..., k., gives
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Cp(pt) < 1/kmin(t) < 2C3(1+t). The indices 1,2,3 satisfy v;(t) > (2C3)~! max; v;(t),
and Corollary 8.13 with 6 = (2C3) ! gives

Crs(pt) < Csmaxv(t) + CoCp(pe) < C(1+1)  (0<t<8). (17.52)

This is (H5), and the logarithmic Sobolev inequality refers to the spherical Dirichlet form
of ys. The constants Ly and k. depend only on c. and C,, and they are fixed before the
threshold for m is chosen. This completes the proof. O

The proof of Theorem 12.8 compares the time-t law with the comparison law p.; at
the earlier time <y¢. The coefficients of the comparison law are controlled by Lemma 12.4,
and its exponential moments by Lemma 12.5. In the present setting, the counting bound
(H3) contains the extra index i = 1, with r; = A, /4 of order (N8)~!. Its contribution is
absorbed because N (1 + S)~3/2 is of order N6° > 1.

The next corollary bounds the relative entropy of a law obtained from the time-t
law by an endpoint cutoff, relative to the Gaussian product law in the chart. It is not
used in the proof of the main results, where the corresponding bound is obtained inside
Theorem 11.19. Let G be the centered Gaussian measure on RN~! with independent
coordinates of variances (2a,~)’1, 2 <i < N, asin (11.32), and for a measure p on Sy let
p" be its image under x — (xp,...,xN).

Corollary 17.21 (Relative entropy after an endpoint cutoff). In the setting of Theorem 17.20,
let t > 072 5 >0,zy >0, and let ¢ : Sy — [0,1] be measurable and equal to zero on
{x3 < sON}, with Z = [ @dp; > zq. Let p? = @pt/Z. There exist C and my, depending only
on s, zq, ¢cx, and Cy, such that for m > my,

D((p?)" || G) < CNe°. (17.53)

In particular, for every splitting G = G, ® Gy of the coordinates, the relative entropy of the
conditional law of the remaining coordinates given the first ones, averaged over the first ones, is at
most CN6°.

Proof. We have ¢/Z < 1/zj, and Theorem 17.20 with p = 2 implies that [(dp?/dm)?dr <
25 %N Then KL(p?||71) < log [(dp?/dr)*dm < CN6° + 2log(1/z) by Jensen'’s
inequality. By the second part of Lemma 3.6, applied to the map x — (xp,...,xN), we
have KL((p?)"||t") < KL(p?||7r). No symmetry of ¢ is needed for this. Recall from
(16.14) that drr /dG(y) = (1 — |y|?>/N)~Y2/Z, which is at most (s§)~1/?/Zs < 2s71/2
on the support of (p?)", where x% =N - ]y|2 > sON; here we used v0Zs > 1/2, which
holds for large m by Proposition 16.9, whose hypotheses hold by Lemma 17.2. We obtain
+
D((6?)*6) = D((p")*|17*) + [ 1og G- (o) * < CaNo® +-2log - +log —,
which is at most CN63, since N§® > 1. The last claim follows from the chain rule (11.47),
which applies because the relative entropy in (17.53) is finite. O
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17.8 Conditional relative entropy of the remaining coordinates

In this section, we verify the hypotheses of Theorem 11.19 for the endpoint subprobability
measures 0; of (17.42), weighted by 1r and killed on leaving D, and we integrate its
differential inequality up to the times t,,(1). We use the notation of Section 11.5: the
retained coordinates are xj,...,x;, we write y = (z,v) with z = (xp,...,xj) and v =
(Xj41,---,2N), b = aj41, u = x3/(6N), @ = |x<j|*/(6N), ¢ as in (11.62), the cutoff
function n = 7 of (11.63), and the set C of (11.64), outside which the cutoff equals one.
For t > T, f; is the density of (7;r with respect to G = G, ® Gy, Z; = f nfrdG, wyG with
wt = 1 ft/ Z; is the image of the normalized cutoff-weighted law 10; / Z;, with normalizing
mass Z;, W is the density of its first marginal, and J#(t) and 2(t) are the conditional
relative entropy of the remaining coordinates and its dissipation, as in (11.46) and (11.56).

The filtration. The weights below depend on the unnormalized process. Let F; be the
o-algebra generated by ¢ and (B, ),<s. The process B is an (F;)-Brownian motion, because
¢ is independent of B, and Y, YC, and X = v/NY/|Y| are (F;)-adapted. Itd’s formula for
V/NY;/|Y| shows that X solves the equation (11.2) driven by the same Brownian motion
B, with noise v/2TI(X) dB; this is the diffusion of the second part of Lemma 10.2. In
particular, the setting of Section 11.1 holds with this filtration, and the event E of (17.36),
which is determined by Y(7), belongs to F=.

Lemma 17.22 (Mass, collar, and fourth-moment bounds for the entropy estimate). Let a
satisfy the indexed bounds (17.2) with 0 < 6 <1/2, fix2 < ] < N, suppose that b = a J+1 = 64,
and use the parameters (17.47): a =1/10,b = ¢ =1/100, and Ko = 1. Fix 0 < {_ < {4, let
E and Cies be as in (17.36) and (17.40), and set

1
5= g’ Lo=Cres+1, L1 =Cres+2, L=Crs+3 0= m—l/lOO’ k = 16.

Fix the smooth transition

B e‘l/v, v >0, . bO(v)

and use the cutoff (11.63) with

x1(v) =p(16v—1),  x(v) =1-9@-Ces—1),  x3(v) =1-9(20-1).

Let D and oy be as in (17.42), let C be as in (11.64), and write Z;y = [ 1 doy. There exist C and
my, depending only on |, l+, c., and C., such that for m > mqy and every t € [T + 1/a, Tmax),

Zi >P(E)—Cm™®,  g(C) < Cm™?,

and, for2 <j <],
1/2
(/x;L dat) < C{@Ne_4“f(t_T) + aj_l}.
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Proof. Apply Corollary 17.18 with By = 20 and p = 200. Since a; = b/a > 6 and
b = = 1/100, the example after that corollary bounds the cone term by Cm~22. Thus
01{¢ > 6/2} < Cm~ 2. The cutoff 7 takes values in [0, 1] and equals one outside C, by
the displayed definitions of x1, x2, x3. The fourth part of Corollary 17.18 therefore gives
both the mass and collar bounds. The fourth-moment bound is the second part of that
corollary with p = 2 and By = 20; its last term is absorbed into Ca]-*1 because By > p. [

We now integrate the conclusion of Theorem 11.19 over the time interval from t; =
T 4 1/a to the times t,(u). The integration uses only (11.69), (11.70), and the absolute
continuity of #, and it is deterministic.

Corollary 17.23 (Scalar entropy bound at the times ¢,,(1)). Fix b € (0,1/8), { > 0, K > 0,
Co > 0, ap > max{2,3/(1 —4b)}, and a compact interval I = [u_,u]. There exist C and my,
depending only on these parameters, with the following property. Let a > 0 and m > my, let
T =blog(em)/a, to =T+ 1/a, ty(u) = log(2m)/(4a) + u/a, and t; = t,,(uy). Suppose
that 7€,D : [ty,t1] — R, that F is absolutely continuous, that 7 (ty) < Com?3, and that, for
every t € [ty, t1],

0< (1), 0<D(t), 4w (t) < D),

and, for almost every t € [to, 1],
Coa

A () < =D(t) + == + Comme™5=1) 4 Coam>+2% K72,

Then, for every u € I,
H(tw(4)) < Ew,  Epy = C[m>700(1=40) g 1480 4y 5+20-K/2) (17.54)

For example, with b = { = 1/100, K = 20, and «¢ = 4, the three exponents in (17.54)
are 3 —4-24/25 = -21/25, —1+8/100 = —23/25, and 5+ 2/100 — 10 = —249/50, so
that E,, < Cm™*/5. To apply the corollary to Theorem 11.19, take D = (1 —2¢)2 and
5 =m . If ps < Csm~ K its conclusions give the scalar hypotheses, with a fixed Cy,
provided that

(1—2¢)b
= > an.
= T 206/s) = 0
The values in the example are used in Section 17.9; there b > 6a and ¢ = 1/16, so that
ay > (7/8)-6/(1+ 2L1m_1/100/s) > 4 for large m.

(17.55)

Proof. Throughout, C denotes a constant depending only on the parameters listed in
the statement. For m large, t,(u_) > to, since a(ty,(u_) —ty) = log(2m)/4+u_ —
blog(em) —1 — oo. Using D > 4an.7# in the assumed differential inequality, we obtain,
for almost every t € [to, 1],

H'(t) < —dangH(t) + % 4 Came 88(=T) 4 Camd+28-K/2,
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Since /# is absolutely continuous, we may multiply by ¢! and integrate from #y to

(1) < %(to)e_4”“0(t_t0) + te_4““0(t_r) [Q + Came=820=T) 4 Cam5+2g_K/2} dr.
< . -
We bound the four terms. By the initial bound, ##(t)) < Cm?, and a(t —to) >
log(2m)/4 + u_ — blog(em) — 1, which bounds the first term by Cm3~%(1-4b)  The
constant forcing Ca/m contributes at most C/(4aom), and the last forcing contributes at
most Cm5T2-K/2 For the third forcing, since ag > 2,

t
e—4aao(t—r)e—8a(r—T) dr < Cm e—8a(t—T) < Cm—1+8b,

C
am to ~ 4ua9—8 B

because e 84(i=T) — —2log(2m)—8u+8blog(em) < (=248 The term C/m is at most
Cm~118% and (17.54) follows.
O]

17.9 Proof of the main results

The profile under the scaled-gap bounds

Proof of Theorem 17.3. For each n, the function t — D, (t) is nonincreasing and tends to
zero as t — oo. This follows as in the proof of Corollary 3.12, since 7t is the reversible
invariant measure of P; and vy has a bounded density with respect to 7r. Discarding

finitely many n, we may assume that 2m, > 1. Then the centers b, = log(2m,,)/ (4a§”))

and windows w,, = 1/ aén) are positive and satisfy b,/w, = log(2m,)/4 — oo, and V is
continuous and strictly decreasing from one to zero (Lemma 3.9). It therefore suffices,
by the deterministic version of Lemma 3.11, to prove that Dy (¢, (1)) — V(u) for each
fixed u € R. The lower bound liminf,, D (¢, (1)) > V(u) is part of Theorem 17.19, and
it remains to prove the upper bound.

We fix u, drop the index n, and write t = t,(1). We choose the parameters in the
order of Table 17.1, and all thresholds my below depend only on them and on u. All
estimates below hold for n large, because m — co.

Step 1: parameters. Let | > 2 be the smallest integer with (c,/C.)J*/3> > 6. Since
m < (C./2)N'/3, we have N — oo and thus | < N for large n. By (17.2), b = a;,1 >
c*lz/‘?’N’z/3 > 6C.N~2/3 > 64, so that ay = b/a > 6. We use the parameters (17.47),
the exponent = 1/100 with 6 = m~1/1% and the cutoff power k = 16. Fix a tolerance
v€(0,1/4). Let0 < /_ < ¢4 and gg € (0, (£ —£—)/2) be such that a standard Gaussian
vector (Gy,...,Gy) satisfies {_ +¢9 < |G| < {4 —gpand |G| < 04 —gfor2 <i <]
with probability at least 1 — 7. Let E and Cies be as in (17.36) and (17.40), let s = 1/8,
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Lo = Cres +1, L1 = Cres +2, L = Cres + 3, and use the three fixed cutoff functions of
Lemma 17.22. Let 0} be the endpoint subprobability measure (17.42), weighted by 1 and
killed on leaving D, and let # be the cutoff function (11.63).

Step 2: the mass removed by the event restriction and the cutoff. For a = 1/10, the
function g(m) of Lemma 17.16 is at most 3m~1/20. That lemma gives

1—P(E) <9+ Cym /10, (17.56)

By Lemma 17.22, for every t' € [T +1/4a, Tmax),

ow(C)<Com™, dy=1-Zp<y+Cm YO  Z7,>. (17.57)

N —

Here C, depends on <y through /., and on the other parameters of Table 17.1. The fourth-
moment bound of the lemma gives (11.68). For the density hypothesis (11.65), note that
T > 072 for large m, since 0T = x6?/a > xym?/C% — oo, and apply Theorem 17.20 with
p = 2. For (11.66), the indexed bounds imply the hypotheses of Proposition 16.9 with
B =C,, D =2%53C,/cs, and Cy = 4(C./c,)?. Thus v8Zc > 1/2 for large m, and (16.14)
gives, on {x3 > sON/4},

dnt  (N/x3)1/2 _ (s0/4)~1/2

< 45712,
adG Za - Za =%

All these are statements about the single family of measures ¢y, which is dominated by
the time-t' law.

Step 3: the remaining coordinates. We verify the setting of Section 11.5 directly. By
Lemma 17.2, N3 < ¢;3m? and ay < (Cy/ci)(J— 1)2/351. The initial law is vy, the time T is
deterministic, and ¥ = 1 is Fr-measurable because T < T. The set D = {|x<j|> < LON}
is invariant under Rj, and (17.42) is precisely the law weighted by ¥ and killed after
T in this set. The law of (g, B) is invariant under (g, B) +— (R1g, R1B); by pathwise
uniqueness this transformation sends Y to R;Y, while preserving E, which depends only
on |Y;(7)|. Hence A — E[1g1{x,c )] is invariant under R; as required. The preceding
bounds now verify the hypotheses of Theorem 11.19 on [ty, 1] = [T+ 1/a,tm(u +1)],
with p, = C,m 2% and zy = 1/2, for m large. Note that t,,(u + 1) < Tmax for large m.
Take ¢ = 1/16 and Ds. = (1 —2¢) 2, and apply Corollary 17.23 with scalar dissipation
D=Ds, I=[u—1u+1],b=_=1/100, K = 20, ag = 4, and a sufficiently large fixed
Cp depending on <. The consumer gives the scalar differential and initial bounds, and
(17.55) holds for large m by the remark after that corollary, since a; > 6. The corollary
gives the entropy bound below. By (11.46), #(t) is the relative entropy of w;G with
respect to (0:G;) ® Gy, so Pinsker’s inequality (Lemma 3.6) gives the second bound:

H(t) < Com 5, ||wG — (@04Gz) ® Gy ||y < Cym 275, (17.58)
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The initial entropy Cm?®, which comes from the density bound of Theorem 17.20, is
removed by the contraction over the interval [to,t], whose length is about (1/4 —
1/100)a~! log m, because b > 6a.

Step 4: the first | coordinates. Let uy be the law of z(X(t)) under the time-t law
itself, and let u, be as in (17.48). We verify the hypotheses of Corollary 11.12, along
the sequence of gap vectors a("). The bounds (11.35) hold with C; = (Cu/cx)(J —1)?/3
and m — oo, and t > 1/a. By Theorem 17.19, uny = uu, and yu, is the convolution of
the law of (e_Z”C, 0,...,0) with the standard Gaussian law on R/~1. Lemma 11.7 then
implies that FI(y,) < ] —1. Let 8’ € (0,1) be the tolerance of Corollary 11.12, and choose
v =min{#’,1/8} in Step 1. Let W = 1g1yr, -y and 70 = 7.

1. The weight W equals ® (&', X|(_1/4,4), where ¢’ = 11(x(y)eD for re[T,t~1/a]} 1 Ft—1/a"
measurable (since t —1/a > T) and ®(e,w) = €1y, epforanr}- The set D is open,
invariant under all rotations of (xy,...,xj), and contained in {|x<;|* < LON}. A
rotation of the path in the (1,j)-plane, 2 < j < ], preserves D, and therefore & is
invariant under these rotations. The measure A — E[W1 (X(D)e A}] is 0y, which is
invariant under R; by the third part of Lemma 11.4, because D and or are.

2. The function 7 is smooth with values in [0, 1], depends on x; only through x%, and
vanishes on {x? < (s/2)0N}. Then |Ky;y| < Cpl=1/k < Cyl/2 by (11.75).
3. E[Wn(X(t))] = Zt > 1 — v — C,m~1/19, and its limit inferior is at least 1 — &'

Using Corollary 11.12 with s/2 in place of s, we therefore obtain
|un = pullTv — 0. (17.59)

This statement concerns the law of the first coordinates under the time-t law itself, not
under the weighted measure ;.

Step 5: combination. We use Lemma 11.21 on R/ =1 x RN=/, with p = p;", the image of
the time-t law under x — y = (x,...,xy), extended by zero outside the ball {|y|> < N};
with ¢ = (50y)", which satisfies ¢ < p and has mass Z;; with G = G, ® Gy; with
i = py, the law of (xo,...,x7) = (zj/\/Z—aj)zng] when z ~ p,; and with 7" in the
role of 71. Note that the relative entropy H, of the lemma is /7 (t), by (11.46). As
the standardization z — z is a bijection, we have ||o;, — fiulltv = |lun — pullTv and
#iw — Gzlltv = |lpe — N(0,I;_1)||tv = V(u), where the last identity holds because
and N (0,Ij_1) differ only in the first coordinate, by a common independent factor. By
(11.30), |lp;" — *|lrv = ||t — 7t|ltv = D(t), because p; and 7 are invariant under R;
(Lemma 3.1). Recall from Proposition 16.9 that ||7" — G|ltv < C/m + Ce™, with C
and c; > 0 depending only on c. and Ci. Inserting these bounds and (17.58) into (11.85),
we obtain

_ C _
[D(tn(u)) = V()| < 2ds + Com ™"+ iy — prulry + — + Ce™™. (17.60)
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The limit superior of the right side is at most 27 by (17.57) and (17.59). Since ¢’ € (0,1)
is arbitrary and y < &', this proves Dy, (t, (1)) — V(u). O

The proof uses only finite bounds in which the tolerance o and the parameters of
Table 17.1 are fixed before m — oo, together with two convergences along the sequence:
the weak convergence of Theorem 17.19, and its upgrade (17.59). No step exchanges
these limits.

Uniformity and the GOE

The next lemma converts convergence along every sequence of vectors in 4y into the
uniform statement (17.7) and into convergence in probability for the GOE.

Lemma 17.24 (From sequences to uniform bounds). Fix 0 < ¢, < C, and €, > 0, and for
each N > 3 let Qn : An(cs, Cs,€4) — [0,00]. Suppose that Qn, (a™)) — 0 for every sequence
aln) e An, (¢, Cy, €4) with 6, > 0, 0, — 0, and m,, — oo. Then

lim limsupsup {Qn(a) :a € Ay(cs,Cy,e4), 0< 0 <1/M, m > M} =0,

M=o N 50
where the supremum of the empty set is zero.

Proof. Suppose the conclusion fails. Since the quantity inside the limit in M is nonin-
creasing in M, there exists ¢ > 0 such that, for every M, the limit superior in N exceeds
¢. We can therefore choose M; — oo, dimensions N; — oo, and vectors a!) ¢ An, with
0<6,<1/M;, m > M,;, and QNl(a(l)) > ¢. This sequence satisfies the hypothesis, and
Qn, (a)) £ 0, a contradiction. O

Proof of Corollary 17.4. We use Lemma 17.24 with Qn(a) = sup{|Da(tm(u)) —V(u)| : u €
I, ty(u) > 0} when 6 > 0, and Qn(a) = 0 otherwise; the supremum over an empty set
is also set to 0. Here D, is the distance for the vector a. The hypothesis of the lemma
is Theorem 17.3, because along a sequence with m, — oo the times t,,, (u), u € I, are
positive for large n. If log(2M) +4min I > 0, then all times in the definition of (M)
are positive, and Ey(M) is at most the supremum in the lemma. This proves (17.7).
For (17.8), fix M > 1 with log(2M) +4minI > 0. For every S with mg > M, we have
Ons < 1/M and my g > M for all large N, so that the error at (N, S) is at most Ey(M),
and hence
limsup sup | D5 (tmy s (1)) — V()| < limsup En(M).

N—oo ucl N—oo
This holds for all large S, because mg — co. Letting S — oo and then M — o in (17.7),
we obtain (17.8). ]

The same argument applies to random families. Let the vectors aN'5) be random,

and let ey s = Qn(aM?)), with the preceding nonnegative-time and empty-supremum
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conventions. Suppose that for every # > 0 there exist constants c, Cx, €+, not depending
on N and S, and events g;\’,s on which a(N5) ¢ An(cx, Cy, €4), such that

limsup limsup P ((GY, 5)°) <7,

S—o0 N—o00

and suppose that for every fixed M > 1,

lim limsup P (6,5 < 0or fys > 1/Mor mys < M) = 0.

570 N
Then limg_,, limsupy,_, . P(exs > r) = 0 for every r > 0. Indeed, fix r > 0 and
n > 0, and use (17.7), with the constants for #, to choose M with log(2M) +4minI > 0
and limsup,, Ey(M) < r. On Q;ZIIS N{0 < Ons < 1/M, myg > M}, we have ey g <
En(M) < r for all large N, and therefore limsupglimsupy P(ens > 7) < 1. Then let
7 — 0. This is a statement in probability, and the limit in N is taken before the limit in S.

Proof of Theorem 17.5. By Lemma 4.7, case (M), we have P(6y > 0) — 1, Oy — 0, and
my — oo in probability. In particular, the event Ly = {6 > 0, 2my > 1} has probability
tending to one, and a;Ty = log(2my)/4 on Ly, which implies that a;Ty — oo in
probability. In the eigencoordinates, the model is the diffusion (17.1) with a; = ¢ (A —
Ai)/2, by (3.8), and Dy(t) is the distance D(t) of this vector a. Fix € (0,1), and let
Q;\’, be the events of the second part of Lemma 4.7, with constants c., Cy, e« depending
only on 77; on Gy, the vector a belongs to Ay(c, Cs, ¢:) for all large N. Fix a compact
interval I. The assertion is immediate when I = @; assume [ # @. Fix ¢ > 0, and let
en = sup,c; |Dn(Tn + u/a2) — V(u)|, with the convention Dy(t) = Dy(0) for t < 0. By
Corollary 17.4, there exists M > exp(4 max; |u|) with limsup,, Ey(M) < &. On the event
{0 <6y <1/M, my > M}, which is contained in Ly, we have T + u/ay =ty (1) > 0
foru € I. Then ey < En(M) < eon G;N{0 < Oy < 1/M, my > M} for all large N,
and we obtain

limsup]P(QZ, N{en > ¢}) <limsupP(6y < Oor by >1/Mormy < M) =0,
N N

and Lemma 3.8 shows that ey — 0 in probability. The center Ty and the window
a, ! are positive, and a, ' /Ty = (a2Tn) "' — 0 in probability. Since the supremum in
Definition 3.7 is over a subset of I, this proves that Dy has cutoff profile V with center
Ty and window a, L ]

Mixing times
Proof of Corollary 17.6. For the first part, we discard the finitely many n with 2m, <1 and

apply the deterministic version of Lemma 3.11 with b, = T, w, =1/ aén), and V =V its
hypotheses were checked at the beginning of the proof of Theorem 17.3. Its second part
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gives the uniform convergence of aén) (tu(e) — Ty) to V~1(e) on compact subsets of (0,1).
Since (1 — )Ty = Ty, — wy, - log(2my) /4 and ylog(2m,) /4 — oo, its third part implies
that D, ((1 —#)T,) — 1. For every fixed uy, we have (1+#)T,, > T, + upw, for large n, so
that limsup,, D,,((1 +#)T,) < lim, D, (T,, + uow,) = V(up), and V(ug) — 0 as ug — .
The identity (aén)Tn)_1 = 4/log(2m,) is the definition of T,,. For 0 < &1 < &3 < 1, the
uniform convergence implies that agn)(tn(el) — tu(e2)) — V7l(e1) — V~1(ez), which is
positive because V is strictly decreasing.

For the second part, Theorem 17.5 and Corollary 3.12 give the convergence of
ay(tn(e) — Ty) in probability, uniformly for & in compact subsets of (0,1), and cut-
off. They also give (a2Ty)~! — 0 in probability, and (a,Ty)~! = 4/log(2my) on Ly
by the definition of Ty. Let wy = nayTy, which tends to infinity in probability. The
identities (1 +#)Ty = Tn £+ wn/az hold everywhere, and (1 —7)Ty > 0. The third
part of Lemma 3.11, applied with wy, implies that Dy ((1 —#)Ty) — 1 in probabil-
ity. For the last limit, fix ugp and ¢ > 0. Since Dy is nonincreasing on R, we have
Dn((1+#%)Tn) < Dn(Tn +uo/az2) on {wn > up}, and

]P(DN((l +77)TN) > V(ug) —|—€) < IP(LUN < u())
—f-]P(|DN(TN —|—u0/a2) — V(I/lo)| > €) — 0,

by Theorem 17.5. Finally, V(uy) — 0 as ug — oo. The limit of a,(tn(e1) — tn(€2)) follows
as in the first part. O



PART V

The critical window



SECTION 18

The critical limit process and the limiting Gibbs law

In this section and the next, we study the dynamics in the critical window cy = 1+
oN~1/3 on the time scale N?/3. The goal of this section is to construct the critical
limit process and the limiting Gibbs law, in terms of which Section 19 expresses the
critical profile F;, and to prove that the rescaled dynamics started from vy converge
to its normalization. Lemma 18.5 identifies the limit ¢g of the mean of the rescaled
squared norm of the unnormalized process; we call g the mean function. Theorem 18.9
constructs the critical limit process, a countable system of stochastic differential equations
whose coordinates share a common random noise amplitude, and shows that finitely
many rescaled eigencoordinates of the Langevin diffusion started from vy converge
to the corresponding normalized coordinates & = U;/+/Z. Corollary 18.12 identifies
the limit pr of the rescaled Gibbs measures, a Gaussian sequence conditioned on a
renormalized radial constraint. The uniqueness statement behind Theorem 18.9 is proved
in Lemma 18.8. In Section 19, the proof of the results on the critical profile uses the critical
limit process of Theorem 18.9 and the limiting Gibbs law, and the continuity, positivity,
and strict decrease of the profile are proved there with estimates for finite-dimensional
semigroups.

We use the unnormalized process of Lemma 10.2, the heat matrix (7.13) and its
estimates in Lemma 7.14, the moment bounds of Lemma 10.10, and the countable condi-
tioned Gaussian laws of Section 5. All results of this section are deterministic statements
about a fixed sequence of half-precisions satisfying the hypotheses of Definition 18.1
below; probabilities refer only to the initial point and the driving Brownian motions. For
the GOE and every fixed # > 0, Lemma 4.17 gives constants ¢y, Cyp and events Ay with
liminfy P(Ay) > 1 — 5 on which the trace condition and the Weyl bounds hold. The
inverse scaled half-precisions converge in distribution in ¢2, and their limits have the
Weyl asymptotic almost surely. Section 19 applies the deterministic results of this section
to the GOE through a localized form of the continuous mapping theorem (Lemma 19.23).
The results of this section that Section 19 uses are Lemma 18.5, Theorem 18.9, and Corol-
lary 18.12, together with the estimates in their proofs; Lemma 18.5 and Corollary 18.12
are also used in Sections 20 and 21.

Before entering into details, we describe the critical limit process informally. Its
coordinates U;, i > 1, solve

dU; = —2R;U;ds + V2Z dB;, u;(0) =0,

159
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where the B; are independent Brownian motions and the noise amplitude v/2Z is common
to all coordinates. The ratios ¢; = U,/ V/Z are the limits of the rescaled eigencoordinates
N —1/3X; (NZ/ 3s). In finite dimension, Z corresponds to the rescaled squared norm Zy =

“3yu N of the unnormalized process. We call Z the rescaled squared-norm process.
Passmg to the limit in this identity coordinate by coordinate is not justified. In the limit,
Z is determined by the stochastic Volterra equation (18.51) below. The start is singular:
every coordinate starts at zero, while Z(s) is of order s71/2 as s | 0 and the weighted
norm Y; U;(s)?/R; tends to 2. We explain this in Remark 18.10.

18.1 Scaled half-precisions and the rescaled unnormalized process

Half-precisions. Throughout this section, N ranges over an infinite set \ of integers N >
2, and limits as N — oo are taken along AV. Foreach N € N, let0 <r;ny < -+ < rynN-
The main example is given by the half-precisions r; y = p;/2 = (z — a;) /2 of a symmetric
matrix A with eigenvalues a1 > - -+ > ay (Section 3). Then ¥;(2r; y) ™' = ¥;¢; = N, and
on Sy we have Y ; ri,inz =2zN/2 — xT Ax/2. The first term is constant on the sphere, so
that the generator L4 and the Gibbs measure 774 are those of the potential ), rl-,lez:

La = As, — VSN(Zrl NX; > VSN, ma(dx) xe” Yirinag vn(dx). (18.1)

Conversely, every positive vector (r;n) with Y;(2r;n)~! = N is of this form, with
A = —2diag(r; y) and Lagrange multiplier z = 0. We use (18.1) to define L4 and 74 for
every such vector. We write R;y = N 2/ 31’, N for the scaled half-precisions, and we set
R;y = 0fori> N.

Definition 18.1 (Critical sequences). Let 0 < ¢y < Cp < oo, and let R = (R;);>1 be a
sequence of positive numbers. We say that (r;n)i<n Nen IS a critical sequence with
constants (cp, Cp) and limit R if the following three conditions hold.

1. For every N € N, we have the trace condition

N
(18.2)
; rlN
2. For every N € N, we have the Weyl bounds
i \2/3 2/3
co(§> <r,N<C0<N> . 1<i<N; (18.3)

equivalently, coi?/3 < Rin < Coi2/3 for1 <i < N.
3. The inverse scaled half-precisions converge in ¢2, and the limit has a Weyl asymptotic:

lim 3[R\ —R'[* =

N—>ool>1

12/3 = for some 1y € (0,0). (18.4)
1—00
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Let (r; ) be a critical sequence with limit R. Since the inverses converge coordinate-
wise, the Weyl bounds pass to the limit, and R is nondecreasing with

coi?/3 < R; < Coi¥’3,  i>1. (18.5)

In the scaled wvariables, the trace condition (18.2) reads }; Ri_ﬁj = 2N/3. We have
Y RZ_]\ZI < ¢y 2 Yis1 i3 < 4cy 2 by the Weyl bounds, and the same bound holds for
R. In particular, ) ; R;z < 0o, while }; R;l = oo by (18.5).

The critical window. For the model with ¢y = 1+ ocN~1/3, we take A = cyWy and

riN = pi/2, with the Lagrange multiplier z = zyx(cy). Lemma 4.17 shows that for every
1 > 0 there exist constants ¢y, Cyp and events of probability at least 1 — # for all large N
on which (18.2) and (18.3) hold, and that the inverse scaled half-precisions converge in
distribution in ¢2 to ((R7)™!);>1, where

(i>2).

Here A; = x; — x1, where (x;) is the reflected GOE Airy point process, the limit of
N2/3(2 — A;), and o, is the root of .7 (0, ) = ¢ for the function . of (4.29). Almost surely,
xi/ (37i/2)*/3 — 1 by [62, Proposition 1.4(a)], so that the second assertion of (18.4)
holds with v = ygog = %(371 / 2)2/ 3. Section 19 transfers the deterministic results of this
section to these random sequences with a localized form of the continuous mapping
theorem (Lemma 19.23), using the critical spectral conditions with fixed constants at each
confidence level. We write p, = pre for the limiting Gibbs law of Corollary 18.12 in this
case.

The rescaled unnormalized process. Let By, ..., By be independent standard Brownian
motions with respect to a filtration (F;);>0, and let Y be the unnormalized process of
Lemma 10.2 with the quadratic potential coefficients p; = r; :

dY; = —2r;nY;dt +V2/N|Y|dB;, 1<i<N, (18.6)

with an Fj-measurable initial vector Y(0) # 0. Parts (a) and (b) of Lemma 10.2, which
allow any Fp-measurable initial vector that is nonzero almost surely, and (18.1) imply
that (18.6) has a unique strong solution, that Y never vanishes, and that X = v/NY/|Y/|
is the Langevin diffusion with generator L4 started from the law of vNY(0)/|Y(0)]. If
Y(0) = g is a standard Gaussian vector, then X starts from vy. We rescale time by N2/3
and define, for s > 0,

Uin(s) = NTVOY(N*s),  Zy(s) = N2P[Y(N?%s5)2, - BiY(s) = N™V/2Bi(N?/%s).
(18.7)
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The BY are independent standard Brownian motions with respect to the filtration F¥ =
Fn2sg- Fori > N, we set U; y = 0 and let BZN be further independent Brownian motions,
independent of everything else. The rescaled eigencoordinates of the Langevin diffusion

are
Uin(s)

Zn(s)

Let H = —4diag(r;y) + 2117 be the heat matrix (7.13); this is the matrix —2 diag(p) +

%11T of Section 7 with p; = 2r; y. Let h(t) = e''1. We define the scaled kernels and the
scaled mean by

N~V3X,(N?/35) = (18.8)

kin(s) = NTVOhi(N*s),  yy(s) = 2/3Zh N?/35) 1/3Zk]N . (18.9)
j=1

In terms of the mean k(t) = N~1Y;ij(t) of Section 7, we have n(s) = N'/3h(N?/3s),
For i > N, we set k; y = 0; all sums and suprema involving R; yk; y are over 1 <i < N.
We recall from Section 7 that H is symmetric, has nonnegative off-diagonal entries, and is
negative semidefinite with kernel spanned by (rijl\ll)iﬁ n; that e’ has nonnegative entries;
and that t — 17ef1 is completely monotone, being the Laplace transform of the spectral
measure of —H at 1.

Table 18.1 lists the objects of this section, in finite dimension and in the limit.

Object Finite dimension Limit

scaled half-precisions Rin = N2/ 37’1’,N R;, (18.4)
coordinates U; n(s) = N~V/6Y;(N?/3s) U;(s), Theorem 18.9
rescaled squared norm  Zy(s) = N=2/3|Y(N?/3s)|? Z(s) = yr(s) + V(s)
mean function Pn(s) =EZn(s) for Y(0) =g 1/JR (s), Lemma 18.5
kernels kin(s) = N~1/3h;(N?/3s) ki(s ) (18 28)
normalized coordinates N~1/3X;(N?/3s) Ci(s) =Ui(s)//Z
Gibbs law law of (N~1/3x;);< under t4  pg, Corollary 18. 12

Table 18.1. The rescaled objects of Section 18. Times s are in units of N?/3.

The following lemma collects the exact identities satisfied by the rescaled process. It
requires only the trace condition.

Lemma 18.2 (Exact identities). Assume (18.2), and let Y(0) be an Fy-measurable random
vector with Y (0) # 0 and E|Y(0)|?7 < oo for every g > 1. Then the following hold for all s > 0.

1. We have ¥_; U; n(s)* = NV/3Zn(s), and

dU; y = —2R; yU; y ds + \/2Zy dBN. (18.10)
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2. For every sy > O,

N

So+5 ZkzN zN 50)2
i=1

Z

S
+ VB /0 kin(s — 0)y/ Zn (50 + 0) Ui (50 + 0) dBN (59 + 0).  (18.11)
i=1

3. The weighted norm ||Un (s)||z,, = ¥ Uin(5)*/Rin is a martingale, and

N s
UGy = IOy + VEL [ Ri/Zu(0) Uin (o) dBY ). (1812
i=1

4. The kernels satisfy

5 N .
ki,N(S) = N*1/3e*4Ri,NS + 2/ 674Ri,N(S*‘U)lPN(v) d?), 2 kl,N(S -2 (1813)
0 = Rin
5. If Y(0) = g is a standard Gaussian vector, then YN (s) = EZn(s), and
ZN(s) = ¥n(s) + In(s) + On(s), (18.14)
where
N
In(s) = N7V Yk () (82 — 1),
- (18.15)

N s
— \/§;/O kin(s —0)1/ Zn(0) Ui n(0) dBN ().

Proof. We work in the unscaled time t and write Q; = Y? and A = |Y|? = ¥; Q;; we use
the letter A to distinguish the squared norm from the matrix A. Since the coefficients
of (18.6) are globally Lipschitz, we have Esup,_ 1 |Y(#)|*! < oo for all g and T. Every
stochastic integral below with a fixed terminal time is square integrable and has mean
zero, and the stochastic integrals in (18.12) are true martingales. By It6’s formula,

2
dQi = (—4r;nQi + N,4) dt +2v2/N|Y|Y;dB, (18.16)

thatis, dQ = HQdt + dM with dM; = 2v/2/N |Y|Y;dB;. Itd’s product rule applied to
e tHQ(t) gives, for tg > 0 and t > 0,

to+t
Qto+1) = eHQ(tg) + [ elot=nH dp(u),

to
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We multiply by 17 and use the symmetry of H, which gives 1Te""? = h(¢)T. This yields
to+t
Alto+1) = Lhi(H)Qi(to) +2V2/NY [ hilto +t =) Y (1) ;) By ().
i i V0

We now substitute tg = N?/3sg, t = N?/3s, u = N?/3(sg +v), and use |Y| = N'/3\/Zy,
Y; = NVoU; N, h; = NY3k; 5, and dB;(N?/3.) = N1/3 dBN. The powers of N in the
stochastic integral are N~2/3. N~1/2. N1/3. N1/3. N1/6. N1/3 — 1, and those in the first
term are N~2/3. N1/3. N1/3 = 1. This proves (18.11). The identity ) ; LII.Z,N = N1/37y and
(18.10) follow from the definitions in the same way.

Since (7’1_1\11) spans the kernel of the symmetric matrix H, we have }; r;z\lf(H Q); =0.
Then ) ; Q;/r; N is a martingale with differential ), rz_l\ll dM,;, and rescaling gives (18.12).
For the same reason, % Y.ihi(t)/rin =0. Hence Y hi(t)/ri N = irij]\ll = 2N, where we
used (18.2). After rescaling, we obtain the second identity in (18.13). The ith coordinate
of i = Hh reads hi = —4r; yh; + % Y hj, with h;(0) = 1; solving this linear equation and
rescaling gives the first identity in (18.13).

Finally, let Y(0) = g. Taking expectations in the identity for A with fy = 0, and using
Eg? = 1, we find EA(t) = Y ;(t), that is, EZn(s) = ¢n(s). With so = 0, the first term
of (18.11) is N™1/3 Y, k; n(5)g? = ¥n(s) + In(s), which proves (18.14). O

We use (18.11) with sy = 0 for the process started from vy;.

We use the following elementary sums repeatedly. Here and below, C denotes a large
constant and ¢, a small positive constant; they depend only on the parameters indicated,
and their values may change from line to line.

Lemma 18.3 (Sums over the scaled half-precisions). Let (R;);c; be positive numbers, indexed
byl ={1,...,N}orI={1,2,...}, with R; > cgi*/3 for all i € I. There exists C = C(cp)
such that for all t,h > 0,

o—4Rit

Y <ctV2, Y et <72 (18.17)

icl i iel

1 1
<t - < Ct? (18.18)

iEZI (1 -+ Rit)z - g Ri(l —+ Rii’)z -

in{1, R;h}? in{h, R;"!
ZM < C\/ﬁ, ZM < cvh. (18.19)
il R; icl R;

Moreover, for every p > 2 there exists C = C(co, p) such that forall ] > 1,

y 10g(3{;r R;) < Clog(2]+ ]), ZR;Hl/p < CJ1/3+2/ ), (18.20)

i>] i>]
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Proof. Each summand has the form f(R;) for a nonnegative nonincreasing function f on
(0,00). Using R; > cpi?/3, we have

Zf ) < Zf (coi?) < / Fleox?’3)d 3/2/ Fly)y2dy,

iel i>1

where we substituted y = cox2/3. For the six functions in (18.17)—(18.19), the last integral
equals, respectively, /7t (4t)~1/2, (\/7/2)(4t)=3/2, Z+73/2, Z4=1/2 8.\/h, and 4v/h. For
the last two, we split the mtegral at y = 1/h. The bounds (18.20) follow in the same
way from Y| f(coi?/3) < f]wf(c0x2/3) dx, using log(2 + cox?/3) < Clog(2 + x) and that
34 > lforp>2. O

18.2 Moment and kernel bounds at the critical scale

The next lemma restates the heat estimates of Lemma 7.14 and the moment bounds of
Lemma 10.10 in the rescaled variables, and adds bounds on the derivatives of the kernels.
Throughout, N~2/3 plays the role of a short-time cutoff: in the rescaled time, s + N~2/3
corresponds to (14 t)N—2/3 in the original time t = N?/3s,

Lemma 18.4 (Moment and kernel bounds). Let (r; ) satisfy (18.2) and (18.3), and fix K > 0.
There exist C,c,. > 0, depending only on co, Co, K, such that for all N € N, 0 < s < K, and
1<i<N,

m S yn(s) < JW [P ()] < (S+NC2/3)3/2, (18.21)
VBN i) < SN o) < =
1+Riys — N = "T14Rins NS = Vst N2 (14 Rins)’
(18.22)
3 2 ¢ / 2 C
JgkﬁN(s) = (s + N—2/3)1/2’ Jgkj,N(S) < (s + N 2/3)572 (18.23)

Moreover, for every p > 0 there exist C, and Ny, depending only on ¢, Co, K, p, such that the
following holds. If Y (0) = g is a standard Gaussian vector, then for all N > Ny, 0 < s < K, and
1<i<N,

C
1ZNn(s)||p € ———, EZy(s) P < Cp(s+ N-2/3)P/2,

Vs+ N-2/3

Wi, < 25 TN U], < — 2
/ p—= 1+ Ri,NS ¢ =1 + Ri’NS

(18.24)

Here ||F||, = (E[F|7)!/?.

Proof. We write t = N2/3s,so0 that 1 + t = N2/3(s + N_2/3) and r; Nt = R; Ns.
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Step 1: two-sided bounds. By Lemma 7.14, uniformly in 0 < ¢t < KN2/3, we have
Yihi(t) < N(1+ £)~12 and h;(t) < (14 t)V/2(1 4+ r; nt) 7!, with constants depending
only on cg, Co, K. Multiplying by N=2/3 and N~1/3, respectively, gives the two-sided
bounds in (18.21) and (18.22).

Step 2: the derivative of . The function ¢y is completely monotone, so ¢y (s) =
[e?sm(dA) for a positive measure m on [0,00). Using Ae *$/2 < 2/(es), we find
i (s )] g 25 N (s/2). If s > N72/3, then s + N~2/3 < 25, and by Step 1 we have
[ (s)| < Cs73/2 < C(s + N72/3)73/2 If s < N~2/3, then yj(s) = 1" Hetf'1 with t < 1.
Since ¢! is a contraction and ||H|| < 4max;r;ny +2 < 4Cy+ 2, we find [P} (s)] <
(4Co +2)N = (4Co +2)(N—2/3)73/2 which is at most C(s + N~2/3)73/2,

Step 3: the derivative of k; 5. Fix i and abbreviate R = R; y and k = k; . Differentiating
(18.13), we have k' = —4Rk + 2¢y. Suppose first that Rs < 1. Using also RN~2/3 =
rin < Co, we find R(s + N72/3) <1+ Cp, and Step 1 gives

ACR(s+ N~2/3) +2C - C
Vs + N-2/3 Vs N-23
which is the claim, since 1+ Rs < 2. Suppose next that Rs > 1. Then s > R~ >

N~2/3/Cy, which gives s + N=2/3 < (14 Cy)s. Since 8R [ e —4R(570) gy = 2(1 — e~4Rs),
we may write 2y (s) = 8R [7 e *RE)yy(s) do+2¢pn(s)e *R¢, and (18.13) gives

[K'(s)| < 4Rk(s) +2¢n(s) <

K'(s) = (2¢n(s) —4RN"/3)e 4R _gR /0 e 4R(0) (yn(0) — Yn(s)) do.  (18.25)

This subtraction is the point of the argument: estimating the two terms of k¥ = —4Rk +
2N separately would lose a factor Rs. On [s/2,s], we have |¢n(v) — Pn(s)| < C(s —
v)s~3/2 by Step 2, and 8R [ fe *Rfd¢ = (2R)™%; this part of the integral is at most
C(Rs*2)71 < Cs71/2(1 + Rs)~1. On [0,5/2], we have 0 < ¥n(v) — ¢¥n(s) < ¢n(v), and

S/Z N < Cy/s by Step 1; this part is at most CRy/se 2R < Cs~1/2(1 + Rs)~!, because
(Rs)(l + Rs)e2Rs is bounded. For the first term in (18.25), we use ¥y (s) < Cs~ /2 and
N~1/3 < \/Cy/R, which give

12N (s) —ARN 13| 4R < Cs71/2(1 + (Rs)!/2)e*R < ﬁ
S s

Combining these bounds with s =< s + N~2/3 proves the derivative bound in (18.22).

Step 4: the sums. Using (18.22), we have ¥ k;n(s)? < C(s + N~2/3) ¥;(1 + Rjns) 2. If
s > N2/3 then (18.18) bounds the last sum by Cs3/2 and s+ N2/3 < 2s. If s < N~2/3,
then the sum has at most N = (N =2/ 3)_3/ 2 terms. In both cases, the sum is at most
C(s + N~2/3)73/2 which gives the first bound in (18.23). The second bound follows in
the same way from the derivative bound in (18.22).
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Step 5: moments. Let Y(0) = g and A = |Y|?>. By Lemma 10.10, for every p > 0 there
exist C, and Ny such that for N > Npand 0 <t < KN2/3,

A(t) 17 Yihi(t)qp
Zjhj(t)] +E| j4(]f) |'<c

and, for p > 1, ||Y;(t)?||, < Cph;(t). Since Zn(s)/¥n(s) = A(t)/ ¥;hj(t), Step 1 implies
the first two bounds in (18.24). Using U; n(s)? = N~1/3Y;(t)?, we have ||U; n(s)?[|, <
Cpkin(s) for p > 1, and the third bound follows from Step 1; for p < 1 it follows from
the case p = 1. The fourth bound follows from the first and third by the Cauchy-Schwarz
inequality, [|ZNU7y Iy < 12812y | U7y ll2p- O

E|

18.3 The mean function

For a positive sequence R = (Ri)i21 with }; Ri_2 < oo, we define

_p 1 ( 1 1 > >

= -, > 0. 18.26
1>21 R+p/4) 21-221 R, Ri+pl4 P (18.26)
The function Ay is finite, continuous, and increasing, with Ag(0) = 0. If }; Ri’1 = 00,
then Ar(p) — o0 as p — oo, by monotone convergence in the second expression. For
finite vectors (Rl N)i<N, we write Ay for the same expression with the sum over i < N.

We write Lf(p fo e P f(s) ds for the Laplace transform.

Lemma 18.5 (The mean function). Let (r; ) be a critical sequence with limit R. There exists a
unique continuous function Pr: (0,00) — (0,00) such that

o0 s - 1
/0 e PSpr(s) ds — A

p > 0. (18.27)

The function PR is completely monotone. For every j > 0, the derivatives ¢%) converge to tpg )
uniformly on compact subsets of (0,00). For every i > 1, k; 5 converges uniformly on compact
subsets of [0, 00) to

S
§) =2 / e~4Ri=2) e () dlo. (18.28)
0
Finally, with vy as in (18.4),
‘ 4,.)/3/2 4

The function g depends only on R, and not on the critical sequence converging
to R. For the GOE value ygop = %(37‘(/2)2/3, we have 'yé/OZE = 37/2%/2 and hence



18 The critical limit process and the limiting Gibbs law 18.3 The mean function 168

Proof. We first derive the Laplace transform of ¢y, then prove compactness of (yn),
identify the limit through its transform, and finally compute the two asymptotics in
(18.29).

Step 1: the transform of yy. Let hi(t) = N1 Y.ihj(t), so that pn(s) = N1/3}(N?/35),
and let
1

y N
GA)==) ——, A > 0.
( ) N 1—21 A + 41’1',]\]
We recall from (7.14) that the Laplace transform of & is G(A)/(2(1 — G(A))), and
A 1
1-G(A) = = ;
( ) 2N 1_21 ri,N()\ + 47’1"N)

the last identity follows from (18.2) by writing 1 = 4 ¥;(2r; ) ~!. Substituting t = N?/3s,
we find that Ly (p) equals N~1/3 times the Laplace transform of & at A = pN—2/3. At
this A, we have 1 — G(A) = N~1/3Ay(p), and therefore

_G(pN2P) 1 1
BN = SRG) T 2An) N

p > 0. (18.30)

Step 2: convergence of Ay. Letu;y = Rl_l\lj and u; = R ' Then An(p) = £ ¥, gp(uiN)
with g,(u) = u?/(1+ pu/4). A direct computation gives gp(u) = (2u + pu?/4)(1 +
pu/4)~% € [0,2u] for u, p > 0. It follows that |gp (1) — gp(w)| < 2max{u, w}|u — w|, and
by the Cauchy-Schwarz inequality we obtain

Yy (uin) — Y gp(m)

Then (18.4) implies that Ay — Apg uniformly on bounded subsets of [0, c0). Then (18.30)
implies that Lyn(p) — (2Ar(p))~! for every p > 0, uniformly on compact subsets of
(0, 00).

< 2(llunlle + lull2) lun — ulle-

Step 3: compactness. Let f be a completely monotone function, f(s) = [e **m(dA).
Since f is nonincreasing, f(s)se™"° < [y e P’f(v)dv < Lf(p), so that
ePs

o <o), 196 = [Vetmian <i(3) 672, asan

where in the second bound we used Me=*%/2 < (2j/(es))/ < j!(2/s)!. Using Step 2 and
the first bound in (18.31) with p = 2/sp, we find that supy ¢n(s0/2) < oo for every
so > 0; the second bound then shows that every derivative of ¢y is bounded on [sg, o),
uniformly in large N. By the Arzela—Ascoli theorem and a diagonal argument, every
subsequence of () has a further subsequence along which all derivatives converge
uniformly on compact subsets of (0,00). Each limit ¢ is nonnegative and completely

monotone, since (—1)/ 1[]5{? > 0 for all j.
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Step 4: identification of the limit. Let ¢ be such a subsequential limit, and fix p > 0.
For 0 < § < K, we split Lipx(p) into integrals over [0,6], [4, K], and [K, c0). Using (18.21),
we have [y < 2Cv/3 + N-273. The tail satisfies [ e Py (s)ds < e PK/2Lyy(p/2),
since 1y is nonnegative, and this is at most Ce=X/2 for large N by Step 2. On [6, K], ¥y —
¢ uniformly along the subsequence. Letting N — oo, then ¢ | 0 and K — oo, and using
Fatou’s lemma for the integrability of i near zero, we find that Ly(p) = (2Ar(p)) !
for every p > 0. A continuous function on (0, ) whose Laplace transform is finite on
(0, 0) is determined by it [71, Section XIII.1, corollary on p. 433]. All subsequential limits
therefore coincide, the whole sequence (¢n) converges together with all derivatives,
and the limit ¢r is the unique continuous function satisfying (18.27). It is completely
monotone by Step 3, and positive by the second limit in (18.29), which we prove below.

For the kernels, we use (18.13). For fixed i, we have R; y — R;, the term N —1/3p—4R; s
tends to zero uniformly, and the integral 2 fos e #Rin(=2)y (v) dv converges to k;i(s)
uniformly for s in compact subsets of [0, c0). Indeed, the contribution of v € [0, ] is at
most 2 fO(S YN < CVd+ N—2/3 for both Py and g, and on [§, K] the integrands converge
uniformly.

Step 5: the asymptotic as s | 0. We first show that

lim - =31y /2 18.32
Fix € € (0,1) and choose iy such that (1 —€)yi®/3 < R; < (14 ¢€)yi?/3 for i > ip.
The terms with i < iy contribute at most 4p~1/2 Yiciy Ri_1 — 0. Since the function
x +— (x(x+p/4))~! is decreasing, we may compare the remaining terms, fora = (14¢)7,
with

VP Z ai2/3( a12/3 +p/4)

The summand is decreasing in 7, so thls sum differs from the integral of the same function
over [ip, c0) by at most its value at i = iy, which tends to zero. The integral over [0, ig] is
at most /P [," 4(apx?/3)~1dx — 0. Finally, the substitution r = ax?/3 gives

dx ,-3/2 r2dr 3 5, —3/2
= — 2T =
\/—/ ax?/3 ax2/3+p/4) 2 \/_/ r+p/4 2" 7= S

where we used fo r~Y2(r 4 b)~1dr = mb~1/2 with b = p/4. Letting € | 0 proves (18.32).
By (18.27), we obtain

Lyr(p) = ! Cop V2 (p— ) C _P (18.33)
PRUP) = oac oy ~ P P ’ T T3 '

The function 1R is nonnegative and nonincreasing. By Karamata’s Tauberian theorem for
Laplace transforms at infinity [71, Section XIIL.5, Theorems 2 and 3, p. 445], (18.33) implies
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that F(h fo ¥r(s) ds satisfies F(h) ~ C.h'/2/(\/7/2) = 2Cot~ /212 as h | 0. For
completeness we recall the argument. For i > 0, let v;, be the measure on [0, c0) with
v,([0,x]) = h~Y2F(hx). Tts Laplace transform at g > 0is h~'/?Lyr(q/h), which tends to
C.q~ 2 as h | 0, the Laplace transform of the measure C.7t~1/2x~1/2 dx. By the extended
continuity theorem for Laplace transforms [71, Section XIII.1, Theorem 2a, p. 433], v,
converges vaguely to this measure, which has no atoms; hence h~'/2F(h) — 2C, 7t~ /2.
We now pass from F to g by monotonicity. For A > 1,

F(Ah) — F(h) () < F(h) — F(h/A)
A—1)n = VR (1—A1)h

Multiplying by v/ and letting /& | 0, the left and right sides tend to 2C,7t~/2(A1/2 —
1)/(A —1) and 2C,t=Y2(1 — A71/2) /(1 — A71). Letting A | 1, both tend to C,r~1/2.
This proves the first limit in (18.29), with ¢, = Cot™ 12 = 4')/3/2/(3713/2).

Step 6: the limit as s — oo. The limit ¢ = lim;_,o {r(s) exists because g is nonin-
creasing and nonnegative. For K > 0, we have pfOK e Pypr < pfOK yr —+ 0asp | O,
while p [ e PSipr(s) ds lies between fe~PX and r(K)e PK. Letting p | 0 and then
K — 0, we find E = lim, o pLYPr(p). Using monotone convergence, we find that

Ar(p)/p — § iR 2 as p | 0. We conclude that ¢ = 4/ Y; R 2, which is positive. This
completes the proof O

The finite-dimensional analog of the second limit in (18.29) is the weight of the zero
mode of H: limg o0 P (s) = 4/ ¥; R; 2

Lemma 18.6 (The limiting kernels). Let (r; n) be a critical sequence with limit R, and fix
K > 0. There exist C,c, > 0, depending only on co, Co, K, such that for all 0 < t < K and all
i>1,

Cx C C
FEmO < RO 5 (18.34)
ceV/t CVt C
<kj(t) < , K] < ———M, 18.35
1+ Rt — l()_l-l-Rit |1()|_\/E(1—|—Rit) ( )
C C
Y ki W Y ki(t)? < 57 (18.36)
i 1
Moreover, for 0 < t < Kand u > 0,
Ct
sup Rik;(+)? < C, ki()2e 4R < = (18.37)
12119 i z( ) > 1221 1( ) - (t+u)3/2

and for all t > 0,

Y ki) _ o (18.38)
i>1
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Proof. The bounds (18.34) and (18.35) follow from (18.21) and (18.22) by letting N — oo,
using Lemma 18.5, R; y — R;, and, for the derivatives, k;/N = —4R;Nkin + 2N —
—4R;k; + 2r = ki. The sums (18.36) follow from (18.35), (18.5), and (18.18). The first
bound in (18.37) follows from R;k;(t)> < C2R;t(1 + R;t)~2 < C2. For the second, if u < t,
it follows from the first bound in (18.36) and (t + u)3/2 < (2t)%/2; if u > t, it follows from
ki(t)?> < C?t, (18.17), and u—3/2 < 23/2(t 4 1) ~3/2. Finally, by (18.13), ¥; ki n(t) /Rin = 2
for every N. For fixed t > 0, each term converges to k;(t)/R;, and by (18.22) we have the
summable bound k; n(t)/R;n < CVK+T1(tR?) ! < CVK +1t71¢y2i~4/3, uniformly
in N. We obtain (18.38) by dominated convergence. O

By Tonelli’s theorem, Y ; k;(t)/R; = 2 fot Yr(0)ZR(t — v) do, where
o ARt

Sr(t) =) R t > 0. (18.39)
i>1 l

In other words, (18.38) states that the mean function solves the Volterra equation
fot Yr(0)ZR(t —v)dv =1 for t > 0. In finite dimension, the corresponding object is the
renewal equation for Y h; behind (7.14). This renewal equation is the finite-dimensional
analog of the scalar Volterra equation for the spherical constraint derived by Cuglian-
dolo and Dean [51, (IL.4), (I1.6)-(IL.7)] for the dynamics with a deterministic Lagrange
multiplier in the thermodynamic limit, and the equation above is its rescaled limit at the
critical temperature. In our setting, the mean function describes only the mean of the
random amplitude Z of the critical limit process.

18.4 A clipped system and uniqueness

The critical limit process is obtained in Section 18.5 as a limit point of the rescaled
processes, and its law is identified through a uniqueness statement for the limiting
equations. These equations are singular in two ways: the noise amplitude v/2Z is not
Lipschitz near zero and is unbounded at the entrance, and the equation for Z involves
infinitely many stochastic integrals. We first solve a clipped version of the equations, in
which the noise amplitude and a weighted norm of the coordinates are truncated, by a
contraction argument. We then show that every solution of the untruncated equations
agrees with the clipped solutions up to the time at which the truncation becomes active.

The weighted space. For a positive sequence R, let Er be the Hilbert space of real

sequences u = (u;);>1 with
2
us
fulfe= T % < oo
i=1

If R satisfies (18.5), then || - || is equivalent to the norm (¥; u?i~2/%)1/2, with constants

depending only on ¢, Cp; in particular, the sets Eg coincide for all such R. The Borel
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o-field of Ey is the trace of the product o-field of RN, since the coordinates are continuous
on Eg and ||u — w||g is a supremum of countably many finite sums.

Definition 18.7 (Entrance solutions). Let R be a positive nondecreasing sequence with
R;/i?/3 — 4 € (0,0), let ¥ = g and (k;) be the mean and kernels of Lemma 18.5, and
let K > 0. Let (Q0, F, (Ft)iecpox), IP) be a filtered probability space satisfying the usual
conditions, carrying a sequence B = (B;);>1 of independent (F;)-Brownian motions. An
entrance solution on [0, K] is a pair (U, V) of adapted processes, U = (U;);>1, with the
following properties. Each Uj; is continuous with U;(0) = 0. The process V is continuous
with V(0) =0, and Z = ¢ + V is positive on (0,K]. For t € (0,K], U(t) € Eg; the map
t — U(t) is continuous from (0, K] into Eg; and |U(#)||% — 2 as t | 0. Finally, for every
t € [0,K], almost surely,

t
ul t — 2 —ZRi(f—U) Z dBl , . > 1,
() =v2 )€ VZ(v)dBi(v), >

¢ (18.40)
V() = VBY [ kit —0)y/2(0) U(v) dBi(o),

where the series converges in probability. A global entrance solution is a pair defined on
[0, c0) that is an entrance solution on [0, K] for every K.

The stochastic integrals are well defined. We have v/t Z(t) — . as t | 0, because
V is continuous with V(0) = 0; hence Z is integrable on [0,K], and the integrands
ki(t —v)?Z(v)U;(v)? are integrable in v as well.

We introduce the clipping maps. Let w(t) = t~1/2 for t > 0, and let m > 1. We set

am(t,z) = (min {mw(t), max{mw(t) z}})l/2 [yu = min{ H\/[ }u (18.41)

with IT,,0 = 0. The map II,, is the metric projection of Er onto the closed ball of radius

.

Lemma 18.8 (A clipped system and uniqueness). Let R be positive and nondecreasing, with
R;/i?/3 — 4 € (0,00). Set 1 = g and let k; be the kernels (18.28). These objects are defined
by Lemma 18.5: the construction of Lemma 19.1, with its first-gap assertion omitted when
Ry = Ry, supplies a critical sequence with limit R. In particular, there exist co, Cy > 0 with
coi?/3 < R; < Coi*/3; by Lemmas 18.5 and 18.6, \/t P(t) — ¢, € (0,00), ¥, k;(t)/R; = 2, and
for every K > 0 there exists Cg such that

CxV't
1+ R;t’

Cx
Ki(t)| < —2—, 0<t<K i>1l (18.42)

V(14 R;t)

Fix K > 0 and a filtered probability space as in Definition 18.7. There exists my >
max{2, ., P, 1}, allowed to depend on R, K, and the filtered Brownian driver fixed above,
such that part (a) holds for every m > msy.

ki(t) <
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1. The clipped system

t
U (t) = V2 [ e 00y, (0,(0) + V"' (0) dBi(o),

° (18.43)
VM (t) = \/52/0 ki(t —v) aw (v, (v) + V" (v)) (1L, U™ (v)), dB;(v)

i>1

has a solution on [0, K] such that V'™ is continuous with V" (0) = 0, each U!" is continuous
with U"(0) = 0, and the series converges in probability in C([0,K]). The map t — U™ (t)
is continuous from (0,K] into Eg, and |[U™(t)||% — 2 as t | 0. Any two such solutions are
indistinguishable.

2. There exist Mean > max{2, ., ¥; 1} and Borel maps T,, n > 0, from countable Wiener
space C([0, K])N to C([0, K])™N x C([0,K]), such that T, represents a clipped solution on
that space at level mcan + n. For every filtered Brownian driver there is a deterministic n,
allowed to depend on that driver, such that for every n > ng and every clipped solution on
its space at level Mean + 1,

(UMeantn YyMeant) — T (B)  almost surely on [0, K].

3. There is a Borel map & on the same input and output spaces as in (b) such that every
entrance solution (U, V) on [0, K] satisfies (U, V) = &(B) almost surely. In particular,
writing W for countable Wiener measure, the joint law of (U, V, B) is the image of W under
b— (&(b),Db).

Part (c) is a uniqueness statement only. The existence of an entrance solution is proved
in Theorem 18.9. No first-gap assumption on R is needed.

Proof. On the fixed filtered space, choose mg > max{y,,¥;!,2} large enough for the
construction below and fix m > mgy. We first record deterministic bounds (Step 1). We
then construct the clipped solution as the fixed point of a contraction on a weighted
L? space of progressively measurable processes (Step 2), show that the fixed point has
continuous paths and that the series converge in path space (Steps 3 and 4), and compute
the weighted norm at the entrance (Step 5). Step 6 constructs the Borel maps in (b), and
Step 7 proves the uniqueness statement (c) by localization. Throughout, C denotes a
constant depending only on cy, Cy, K, m, 1, and the constants Ck in (18.42), unless further
dependence is indicated; it never depends on the input process.

Step 1: deterministic bounds. By Lemma 18.3 and (18.42), for0 <t <t+h <K,
Yr(t) < Ct71/2, sup Rik;(t)> < C, sup Riki(t)> < Ct72,
i i

2 (18.44)
sup Ri[ki(t + 1) — ki(£) 2 < Cmin{l,t—z},
i
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with X as in (18.39). For the second and third bounds, we used R;t(1 + R;t)~2 < 1. For
the fourth, we used the second bound and |k;(t + 1) — ki(t)| < hsupy, . |K;| together
with the third. The clipping maps satisfy

am(t,2)? < mw(t), lam(t,z) — am(t,2')|? < 1z —2'|?,
" " " 4w(t) (18.45)
ITLyullR < m, [Tt =Tyl < JJu—w]|g.
The second bound holds because clipping is 1-Lipschitz and the square root has Lipschitz
constant (4m~1w(t)) ™12 on [m~lw(t), ), and the last holds because metric projections
onto closed convex subsets of a Hilbert space are 1-Lipschitz. The function w(t) = t~1/2

is nonincreasing, w(#)~! < v/K on (0, K], and Lo(v)do = 24/t
g 0

Step 2: a contraction. For A > 0, let H, be the space of real progressively measurable
processes V on [0, K], modulo dt ® dIP-null sets, with

K
V|3 :/0 e ME[V (D)2 dt < co.

This is an L? space, hence complete, and the norms || - ||, are equivalent for different A.
Given V € H,, let U[V] be defined by the first line of (18.43) with V in place of V™. Since
each coordinate U;[V] is continuous and adapted, the process |[U[V](t)]|% is progressively
measurable, and so is the integrand

Zi(v) = aw (v, 9(0) + V(0)) (ILU[V](0)).
Note that Y; 7;(v)?/R; < m?w(v) pathwise, by (18.45). Using (18.44), we obtain

t t ()2 t
;]E/O ki(t —0)%Ci(v)? do §/O sngiki(t—v)zE;%dv < CmZ/O w(v)dv < C.

The stochastic integrals in the second line of (18.43) are orthogonal in L?, and the series
converges in L%, we define T,V (t) as its sum. We show in Step 3 that 7,V has a
continuous adapted version; in particular, 7,V € H,. Changing V on a dt ® dP-null set
changes neither U[V] nor 7, V. The coordinates satisfy, by [td’s isometry and (18.45),

E||uv](n)|f = z/ot SR (t — 0) Eap(0,9(0) + V(0))? do
(18.46)

f w(o)
<cm | do < C,
- 0 Vt—ov
The last integral equals 7t for ¢t > 0. In particular, U[V](t) € Eg almost surely.
Let V,V € H, and Y(v) = E|V(v) — V(v)|?. Itd’s isometry and (18.45) give

m v Y(w)
4w(w)Y(w) dw<C A o O g dw.
(18.47)

E|[U[V](v) — U[?)(0)]|% < 2/00 (0 — w)
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In the radial integrand, we write aIl, U — LU = (a —a)I1,U + a (I, U — Hmljl),
with the obvious abbreviations. By Itd’s isometry, (18.44), and (18.45),

2 m*Y(0)
4w(v)

E|TuV(s) — ’TmV(s)|2 <16 /S sup Riki(s —0) do

+16/ sup Riki(s — 0)2 mw(v) E||U[V](2) — U[V](0)|]

[k dv
<< [ at

—|—C/O w(v)/o %dwdv.

Note that w(v)/w(w) < 1 for w < v, because w is nonincreasing, and that wlis
bounded on (0, K]. Exchanging the order of integration in the second term, we find

E|TuV(s) — 2 < C/ (1+ (s —w)"?)Y(w) dw.

We multiply by e=*%, integrate over s € [0, K], and exchange the order of integration once
more. Since [, e M4 012)dl = A7 + (V71 /2)A73/2, we obtain

[TV = TV} < C(A+ (V7/2)A32) |V — V|3 (18.48)

We fix A so large that the coefficient in (18.48) is at most 1/4. By the Banach fixed
point theorem, 7, has a unique fixed point V" € #,, and (U[V™], V™) solves (18.43).
Conversely, the V-component of any solution of (18.43) with the properties stated in (a)
is a fixed point of 7, since its integrands are bounded as above. This proves uniqueness
up to modification; by continuity, up to indistinguishability. The fixed point on [0, K]
restricts to the fixed point on [0, K'] for K" < K.

Step 3: continuous paths and convergence of the series. Let V € H, be any input and
(iasin Step 2. For0 <s <s+h <K,

TaV (s 1) = TaV (5) = VB [ (s =) = (s ~ 2))i(0) dBi(o)
+fz/ ki(s + 1 = 0)2i(0) dBi (o).

By (18.44) and ) ; @Z-z/ R; < m*w, the quadratic variations of the two terms are bounded

pathwise by
2 s+h
C / mm h—} do and C /
"(s—v)? s
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The second is at most Cv/h. For the first, if s < 2h we bound the minimum by 1 and
obtain at most 2./s < CvVh. If s > 2h, the part v < s/2is at most h2(2/5)%-24/s < CVh,
and the part v > s/2 is at most v/2/s [;° min{1,h?(~2} d¢ = 2h\/2/s < Cvh. By the
Burkholder-Davis—Gundy inequality [123, Theorem IV.4.1 and Corollary IV.4.2], for every
p=2,

E|TuV(s+h) — TuV(s)|" < C,hP/4, (18.49)

uniformly over inputs V. Fix p > 4. By Kolmogorov’s continuity criterion [123, Theo-
rem 1.2.1], 7,,V has a continuous version, with E[[T,,V]§] < Cp for the Holder semi-
norm of order « < 1/4 —1/p, and T,,V(0) = 0. The same bounds hold, uniformly in
J, for the tails Tm>] V obtained by restricting the series to i > |. At each fixed s, Itd’s
isometry gives

1E}7}1>]V(s)‘2§8m suka(s—v)zw(v)dv—>0 (] — o),
0 i>]

by dominated convergence, since Rik;(¢)?> < C(R;¢)~! tends to zero as i — oo for each
¢ > 0. Fix 7 > 0 and a mesh J > 0. On the event that the Holder seminorm is at most M,
the supremum of |7, > V| over [0, K] exceeds 7 only if its value at some point of the grid
62N |0, K] exceeds 17 — Mé*. Choosing M, then 6, then ], we find that supy g |Tm> v =0
in probability. This proves that the series converges in probability in C([0, K]). Since the
fixed point V™ equals 7, V", it has a continuous version vanishing at zero; replacing it by
this version does not change any stochastic integral. Each coordinate U}" is continuous,
since U (t) = v/2¢ 2Rt fot e?Ri®q,, dB;, and the last integral is a continuous martingale
because fOK a2, <m fOKw < 00. We have U"(0) = 0.

Step 4: continuity in Eg. Fix J € (0,K) and put tyg = §/2. For t > t(, write
U (1) = e 2RIt (1) + S(8), — 2 / (t=2)g.. dB;.

By (18.46), U™(ty) € Er almost surely. The deterministic semigroup orbit ¢t —
e~ 2R(t=t) 1™ (1y) is continuous into Ex by dominated convergence. On [ty, K], the clipped
amplitude satisfies a2, <mw(ty). Fortg <t <t+h <K,

Si(t+h) —Si(t) = (e 2Rt —1); +\/_/ e 2Ri(t+h—v), dB,;.

By the Burkholder-Davis—-Gundy inequality, HSZ(t)H%7 < Cps/R; and || ftHh o H}% <
Cpsmin{h, R;'}. Using Minkowski’s inequality in LP/2 and (18.19), we obtain

mm{l Rh} mm{h R}

541 —s@IR], < Cos B 5" Vi

MZ
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For p > 4, Kolmogorov’s criterion gives a continuous Eg-valued version of S, whose
coordinates are the continuous processes S;. Thus U™ is continuous into Eg on [J, K].
Taking a countable sequence J | 0 gives continuity from (0, K] into Eg.

Step 5: the weighted norm at the entrance. Abbreviate a(v) = a, (v, (v) + V™(v)). By
Itd0’s formula and variation of constants, for each i and t > 0,

_2/ (0)? dv+2f/ %) a(v) U (v) dB;(v).

We divide by R; and sum over i. For the first terms we use Tonelli’s theorem. For
the second terms, by the Burkholder—Davis—Gundy inequality and a* < mw, we have
|um )2, < C fv —4Ri(0—w)gy=1/2 qgp < Cpy/o(1+ Rv) ™1, so that |ja(v)*U" (v)?]|, <
Cp(1+R; i0)~1; since ¥, R2 . = < oo, this shows that the stochastic series converges in every
L?. We obtain, for each t > 0, almost surely,

(s ||R:2/ ZRt—v)dv+j()

—2f2/ (0) U (v) dBi(o).

i>1

(18.50)

From the same bounds, we obtain || 7 () ||% < Cp i R72min{t, R Mlog(1+ Rit)} < Cpt,
and increments with || 7(t + h) — J (¢ )||2 <G VI the fresh part is bounded using
YR 2 < C, and the old part using (18.19). Then J has a continuous version with
J(O) = 0 by Kolmogorov’s criterion. Since V" (0) = 0 and o ¢(v) — . € (m~1,m),
there exists a random 7y > 0 such that a(v)?> = ¢(v) + V" (v) for v < 19. For t < 1,
Tonelli’s theorem and the hypothesis }; k;(t) /R; = 2 give

z/ota(v)zZR(t_v)dv_ +2/ V™ (v t—v)dv—2+O(\/Zsup|V’”(v)|>,

o<t

where we used fot Yr < Cv/t. The right side of (18.50) is therefore continuous on (0, 1],
as is the left side by Step 4. Both sides agree almost surely at all rational times, hence at
all times in (0, 7], and we conclude that ||[U™(t)||% — 2 as t | 0.

Step 6: Borel representations. Perform (a) on canonical countable Wiener space
C([0,K])N, with its usual augmented filtration, and choose one threshold mcyn >
max{2, ., P, '} there. At the countable levels 7.y, + 1, choose Borel versions ¥, of
these canonical solutions.

To transfer the construction, approximate each stochastic integral by elementary
adapted integrands. If F is a progressively measurable process on canonical Wiener space
with [E fOK |F|? < oo, then F is an L? limit of elementary processes whose coefficients are
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measurable functions of the Wiener paths up to their left endpoints. Substituting B on
another filtered space preserves both these elementary integrals and their L? limits, since
B has law W. Applying this at every Picard iterate and then at their limit pulls each
canonical solution back under the Brownian input map; completing the filtration does
not change the stochastic integrals. On the other space, (a) supplies its own threshold
my. For all n large enough that mc.n +n > mp, uniqueness in (a) identifies every clipped
solution with ¥, (B). This proves (b).

The same approximation argument also shows that the joint law of stochastic integrals
of measurable adapted functionals of (U, V, B) is determined by the joint law of (U, V, B),
whenever those integrals are well defined. For locally square-integrable integrands, first
stop at increasing bounds for their quadratic integrals and then remove the stopping.

Step 7: uniqueness by localization. Let (U, V) be an entrance solution, as in Defini-
tion 18.7, on the same filtered space as (U™, V™). Let 1, be the first time ¢t € (0,K] at
which one of the strict inequalities

Z(1)

mt < w(h) < m, |Ut)||% < m
fails, with 7, = K if none fails. Then 7, > 0 almost surely, because Z(t)/w(t) =
VEZ(t) — ¢ € (m~1,m) and ||U(t)||2 — 2 < m. The function Z/w extends to a
positive continuous function on [0, K], and ||U(t)||% is bounded on (0,K]. Then 7, = K
for all large m, almost surely.

For v < 7, the clipping is inactive: /Z(v) = ay(v,¢(v) + V(v)) and U(v) =
IT,,U(v). We define the stopped processes (U7, V') by inserting the predictable indicator
1{y<q,) into all stochastic integrands of (18.40), keeping the full kernels e 2Ri(t=2) and
ki(t —v). Then (U7, VT) coincides with (U, V) on [0, 7], and it solves the system obtained
from (18.43) by inserting the same indicator into the stochastic integrands. The clipped
solution (U™, V™), stopped in the same way, solves the same modified system. All the
estimates of Step 2 remain valid with the indicator, and the modified map is again a
contraction on H,, with both stopped processes as fixed points. By uniqueness of the
fixed point, V' and the stopped V™ agree, and by continuity (U, V) = (U™, V™) on
[0, T | almost surely. We stress that stopping the process V itself, as V(t A T,;), would not
preserve the Volterra kernels; this is why we stop the integrands.

Use the countable maps T, of (b), and define &(b) to be their eventual constant
value whenever it exists, and a fixed path otherwise. The eventual-constancy set and
the resulting map are Borel, since the output path space is Polish and the sequence is
countable. On any filtered space carrying an existing entrance solution, Step 6 identifies
the clipped solutions for all sufficiently large indices, and the preceding localization
argument makes them equal to (U, V) once 7, = K. Countably many almost-sure
identities can be imposed on one event. Thus the maps are eventually constant at (U, V)
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almost surely, proving (c). No existence assertion for the untruncated equations is used
here. [

18.5 Construction of the critical limit process

We now construct the critical limit process as the limit of the rescaled unnormalized
processes started from a standard Gaussian vector, whose radial normalizations are the
Langevin diffusions started from vy.

Theorem 18.9 (The critical limit process). Let (r; n) be a critical sequence with limit R, let g
and k; be as in Lemma 18.5, and let Y (0) = g be a standard Gaussian vector. Then the following
hold.

1. There exists, on some filtered probability space carrying independent Brownian motions

B = (B;);i>1, a global entrance solution (U, V) in the sense of Definition 18.7, with { = .
That is, with Z = ¢pr + 'V,

U(s) = v2 /0 e Ri60), [7(0)dBi(v),  i>1,

V(s) =v8Y_ /OS ki(s —0)y/ Z(v) Ui(v) dBi(v), (18.51)

i>1
s 1
Us)||z =2+ 8 /— Z(v)U;(v)dB;(v), s > 0.
IU(s)lx ;oRiV()Z() i(v)
The joint law of (U,V,B) is unique. We call (U,Z) the critical limit process, and { =
(&)i>1, & = U;/\/Z, the normalized critical limit process.
2. For every K, the series in (18.51) converge in probability in C([0,K]). The process s

|U(s)||%, extended by the value 2 at s = 0, is continuous on [0, 00). Almost surely, Z(s) > 0
foralls > 0,and \/sZ(s) — . ass 0. Foreveryp >0,K>0,0<s<K,andi >1,

c )
Iz, <L BT <G,
Cp/5

, Z(s\)U;(s)?||, <
s 1ZEUEP, <

18.52
Cp (18.52)

1+ R;s’

1U;(s)?]|, <

with Cy, as in (18.24).
3. As N — oo,
(UiN)is1, Zn — YN, |Un Ry (BY)iz1) = (Ui)is1, V, [|U|R, (B)is1)
N

in law in C([0,K])N x C([0,K])? x C([0, K])N, with the product topology, for every K. In
particular, for every | > 1and 0 < sop < K,

(NTVOXi(N?s)),_ = (8i(s)),.;  inlaw in C([s0, K], R/). (18.53)
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The denominator Z in & = U;/+/Z is random. The coordinates U; are driven by
independent Brownian motions but are not independent Ornstein—Uhlenbeck processes:
they share the noise amplitude v/2Z, and Z depends on all coordinates through the
second line of (18.51).

Remark 18.10 (Behavior as s | 0). The start of the critical limit process is singular. Each
coordinate starts at zero, because U; y(0) = N~1/¢¢;. On the other hand, Z(s) ~ tp,s~1/2
as s | 0, and the weighted norm ||U(s)||% tends to 2, not to 0. In finite dimension,
|lUN(s) H%N is a martingale by (18.12), with initial value N~1/3Y; ¢?/R; y, which has
mean 2 and variance 2N~2/3 ¥, R;ﬁ, — 0. At time zero, the contribution of any
tixed finite set of coordinates to this weighted norm tends to zero in every LF, since
U;n(0)2/R;ny = N71/3¢?/R; . At a small positive time s, the kernel bounds give
E U;(s)2/R; < /s R; 1 (14 R;s) 7!, and the weighted norm is carried by the coordinates
whose index is of order s73/2. As s | 0 these indices tend to infinity, and U(s) has no
limit in Eg. The normalized coordinates ¢;(s) tend to zero as s | 0, in agreement with
the fact that the coordinates of a uniform point of Sy, multiplied by N —1/3 are of order
N~1/3,

In Step 4 of the proof below, we identify the stochastic integrals of a limit point
through the joint laws of the rescaled processes. A stochastic integral is not a continuous
function of its integrand and of the driving path, and we use the following elementary
lemma, in which only the function f and the approximating functions S are required to
be continuous.

Lemma 18.11 (Identification from joint laws). Let E be a Polish space, and let 9),, n > 1, and
Q) be E-valued random variables, defined on possibly different probability spaces, such that the
laws of the ), converge weakly to the law of Q). Let f: E — R be continuous, and let & = G(2))
for a Borel function G: E — IR. Assume that for every € > O there exists a continuous function
S: E — R such that

E|f(Dn) — S(@n)|2 < e for all sufficiently large n, and  E|E - S(@)|2 <e.
(18.54)
Then & = () almost surely. More precisely, every such pair (g, S) satisfies E|f(2)) — &[> < 4e.

The first condition in (18.54) concerns only the laws of the 2),. The functions f
and S need not be bounded, and G need not be continuous. In Step 4 of the proof of
Theorem 18.9, = is a stochastic integral of the limit point, and S is a Riemann sum.

Proof. Fix e and S as in the statement. For L > 0, the function ®; = min{L, |f — S|?} is
bounded and continuous on E, and ®; < |f — S|2. By weak convergence [30, Section 2],
we have

E®L(D) = lim E®y (D) <.
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Letting L — oo, we find E|f(2) — S(2)|?> < ¢ by the monotone convergence theorem.
Since |f(2) — E|* < 2[f(D) — S(V)|*> +2|S(Y) — E|?>, we obtain E|f(Y) — E|* < 4e. As
e > 0 is arbitrary, & = f(2)) almost surely. O

Proof of Theorem 18.9. We first prove increment bounds for the rescaled processes, which
give tightness (Step 2), and estimates for the coordinates with large index (Step 3). We
then identify the equations satisfied by any limit point (Step 4), show that its rescaled
squared norm Z is positive (Step 5), and conclude with the uniqueness statement of
Lemma 18.8 (Step 6). Table 18.2 lists the parameters and the order in which they are
chosen.

Parameter Role Order of choice

K time horizon fixed first

p moment order (p > 4; p = 16 in Step 5) fixed with K

1 accuracy of a probability bound after K and p

M bound on a Holder seminorm after i

o,h cutoff near the entrance; mesh of a time grid after M

] number of coordinates treated explicitly after 6 and h

N dimension first limit: N — oo, then | — oo

Table 18.2. Parameters in the proof of Theorem 18.9, in the order used in Step 3. In Step 4, a
coordinate or | is fixed first, then § and h, and N — oo is the first limit. In Step 5, ¢ is fixed first,
and the limits & | 0 and then M — oo are taken.

Constants in the estimates for whole sums depend only on ¢y, Cp, K, p, and on § where
indicated. Constants in the estimates for a fixed coordinate, and in the arguments of
Step 4 for a fixed ], may also depend on that coordinate or on J. No constant depends
on N, h, or M. The moment bounds (18.24) and the kernel bounds of Lemma 18.4 are
used with K+ 1 in place of K and for N > Ny. We use two standard facts. First, for
progressively measurable f; and p > 2, the Burkholder-Davis—Gundy inequality [123,
Theorem 1V.4.1 and Corollary 1V.4.2] and Minkowski’s inequality in LP/2 give

Y[ o) <o [ Ll (18.55)
7 Ja p a5

Second, by Lemma 5.14, for independent standard Gaussian variables g; and real numbers
w;, of which finitely many are nonzero,

<C, ( Zw$) v (18.56)
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Step 1: the exact equations. We recall from Lemma 18.2 that U; y satisfies (18.10) with
U; n(0) = N~1/%g;, the rescaled squared norm satisfies Zy = ¥y + Iy + @, and the
weighted norm satisfies ||Uy(s) H%N = |[|Un(0) H%{N + My (s), where

_ \/5%/0512;1\1]\/21\;(0) Ui n(v) dB (0).
i=1

Recall that Y Rl_ﬁl — 2N!3.  The initial value is therefore ||Uy(0 )||2 = 2+
N-1/3y, Rl_lzl(gl2 —1). It converges to 2 in every L? by (18.56) and Y; R, & < 400 2, For
J > 1, we write @I%,] and /\/lN] for the sums over i < | in Oy and My, and @N , ./\/li,]
for the remaining sums.

Step 2: increment bounds and tightness. We first show that for 0 < h <1,
h 5 K 2
/O Y ke (1) du + /0 Y (ki (1 + 1) — ki () du < CV/E. (18.57)
i i

By (18.23), the first integral is at most C foh u~12du < Cv/h, and so is the part u < h of
the second. For u > h, the Cauchy-Schwarz inequality and (18.23) give

Y (kin(u+ 1) — <h/ Zk )2 dw < Ch2u~
i
whose integral over [h, 00) is %Chl/ 2, This proves (18.57).

We next bound the increments of ©y. For 0 < s < s+ h < K, the increment Oy (s +
h) — On(s) is the sum of a stochastic integral over [0,s] with integrands v/8(k; n(s +
h—v) —kin(s —v))v/ZnU; Ny and a stochastic integral over [s,s + h| with integrands

V8ki N (s +h — v)y/ZyU; n. Note that ||/Zn(0)U; y(v )5 = 1Zn(0)Uin(0)?]|p2 < C,
by (18.24). By (18.55) and (18.57), for p > 2,

|On(s +h) — On(s)|, < Cplt''™. (18.58)

The same bound holds for (H)f]] and @If,] , uniformly in J. For the initial fluctuation, we
find from (18.56) and (18.23) that ||In(s) ||, < C,N~1/3(¥; ki n(5)?)Y/2 < C,N~1/6 and

1/2
1/3 (1,2 2 1/2
N - S .
[In(s+1) = In(s)]|, < CNTY3 (12 sup Yk n(w)?) " < CNY2h
0<ZU<K i

Note that min{N~1/¢, N1/21} < hl/4 (consider 1 > N~2/3 and h < N—2/3 separately).
We obtain || In(s + k) — In(s) ||, < Cph'/%. For fixed i, (18.10), (18.55), and (18.24) give

s+h

s+h 1/2
[Uin (s + 1) = Uin(s) ||, < 2Rin : |Uin () [|p do + Cp(/s 1Zn(0) 1 p/2 dU)
S Cp,ih1/4/



18 The critical limit process and the limiting Gibbs law §18.5 183

where we used R; y < Coi?/3 and j;s+h(v + N~2/3)=1/2dy < 2+/h. Finally, the integrands
of My satisfy ¥; R, 3 ZvUZllp/2 < CELiR; G < C, and (18.55) gives || My (s +h) —

N(s)|lp < Cyh/2, and the same holds for Mf,].

We fix p > 4. By Kolmogorov’s criterion, each of the processes U; n, In, @1%]] , @;,] ,
M}%]] , My has a Holder seminorm of order « € (0,1/4 —1/p) on [0,K] whose pth
moment is bounded uniformly in N (and in ). Since their initial values are tight, the
Arzela—Ascoli theorem implies that each of them is tight in C([0, K]). Further, Iy — 0 in
probability in C([0, K]): its values at the points of a finite grid tend to zero in L?, and its
Holder seminorm is bounded in L”.

Step 3: coordinates with large index. Fix ¢ € (0,K) and s € [§, K]. By Itd’s isometry and
(18.24),
El0)(s)]> < / kinG =0 4,
|®N ( DZ] 1 + Rz NU ’

We split the integral at v = s/2 and abbreviate R = R;N. For v < s/2, we have
ki n(s —v)? < CsR2 by (18. 22) and fs/z 1+ Ro)~'dv < R~'log(1+ RK). For v >s/2,
we have (14 Ro)~! < 2(Ré)~! and

s/2 u-+N-2/3 log(1+RK) A N72/3
kin .
/ C/ [(ESE %)

IA

Together with (18.20), this gives

log(2 + R; N—2/3 log(2 + _
Eloy () <G Y ( Og(R3 iN) = ) < CJ(M +N23). (1859)
i>] iN i,N

We now show that

lim lim suplP( sup ‘@ s)| > 17> for every 17 > 0. (18.60)

J=e N-—eo s€[0,K]

Let [-]4 denote the Holder seminorm of Step 2. For M, é,h > 0, we have

]P<?u;? o] > '7) <P([0]« > M) + Livses>y /2y + L mne>y /2
0,K
+ L P10y (s))] > n/2),
]
where s; ranges over the grid (6 + hZ) N [, K]; here we used @I?,](O) =0 fors < 4. We
choose M so that the first term is small uniformly in N and ], then § and & so that the
indicators vanish, and then | so that, by (18.59) and Chebyshev’s inequality, the sum is
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small for all large N. This proves (18.60). For the weighted norm, Doob’s inequality [123,
Chapter II, (1.7)], (18.24), and (18.20) give

log(2+7)
Esup | M (s)|" < C / <C . 18.61
SSE‘ Gl l;m 1+R1Nz} ] (18.61)

Finally, we bound the weighted norm of the coordinates with large index, uniformly
in time. Fix i > | and abbreviate R = R; 5. We cover [J, K] by at most KR + 1 intervals
a, by], where b, = min{a + R™1,K}. On such an interval, we have by (18.10) that

S
sup |Ujn(s)| < |Ujn(a)| + V2 sup R0, [Zy(v) dBY (),

a<s<b, a<s<b,

since e~ 2R(5-7) < 1. By the Burkholder-Davis-Gundy inequality and (18.24), the L% norm
of the supremum on the right is at most C,(e*R ™ sup;_, ¢ [|Zn(0)[|,)1/? < C,sR71/2,
and [|U;n(a)?]|, < Cp(1+ RS)~! < C,sR™!. Combining these bounds, we find that the
pth moment of supy, , , UiZIN is at most (Cp,(gR_l)F’ . Bounding the maximum over the
intervals by the {7 norm, we find E supj; UiZIN < Cps(KR + 1)1/PR=1. Summing over
i > ] and using (18.20), we obtain for every fixed p > 2

Ui N
E sup ) — .( ) Cos LR TP < Cp ] 1/3H2/00), (18.62)
6<s<Ki>] N i>]

Step 4: limit points and their equations. Let X’ be the countable product of copies of
C([0,c0)), with the topology of locally uniform convergence in each factor; it is a Polish
space. Consider the X'-valued random variable

v = (Un)izn Zn = v (U, ©OF)21 (MR, (BY)iz1):

Every factor is tight by Step 2, so (Xy) is tight. By Prokhorov’s theorem [30, Theorem 5.1]
and Skorokhod’s representation theorem [30, Theorem 6.7], every subsequence has a
turther subsequence along which, on some probability space, Xy — X almost surely,
where

X = ((U)z>1, V, W, (@);51, (M5, (Bi)i21>-

We fix such a subsequence and work on this probability space. Let (Gs) be the usual
augmentation of the filtration generated by X, and let Z = g + V on (0, c0). Lemma 18.5
implies that Zy — Z locally uniformly on (0, o), almost surely. Note that Z > 0, and
that V(0) = 0 because Zx(0) — n(0) = In(0) — 0.

The Brownian motions. For finite N, every component of Xn(v), v < s, is ]-"SN-
measurable; this includes the coordinates, the amplitude, the weighted norm, the partial
sums @I%,] and M3/, and the Brownian motions. The increments of (BN); after time s
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are therefore independent of (Xy(v))y<s. For bounded continuous functions F of finitely
many coordinates of (Xn(v))y<s and G of finitely many increments after s, we have
E[F G] = E[F] E[G], and this identity passes to the limit. Let H? be the o-field generated
by X(v), 0 < v < s. By a monotone class argument [123, Chapter 0, Section 2], the
increments of B after s are independent of 7. Since the law of (BN);>; does not depend
on N, the B; are independent standard Brownian motions. It remains to replace 7—[2 by
its usual augmentation Gs [123, Chapter I, Section 4]. Let Y be a bounded §s-measurable
random variable, let t1,...,t;, > sand d > 1, let G be a bounded continuous function
on R, and for r € [s,min;t;) write G(r) = G((B;(t;) — Bi(r))i<a,j<m)- Let r¢ | s with
rx < min; t;. For each k, the o-field §s is contained in the completion of 7-[9,{, so Y is almost
surely equal to an H? -measurable random variable, and E[Y G(r¢)] = E[Y] E[G(ry)]. Let-
ting k — oo, and using the continuity of B and dominated convergence, we obtain
E[YG(s)] = E[Y]E[G(s)]. By a monotone class argument, this identity extends to
bounded measurable functions of the increments. We conclude that the increments of B
after s are independent of Gs, and that (B;);>1 is a sequence of independent (G )-Brownian
motions.

Moments. By Fatou’s lemma, the bounds (18.24) pass to the limit and give (18.52). The
increment bounds of Step 2 also pass to the limit; for instance, ||V (s 4+ k) — V(s)||, <
Cyphl/4.

Stochastic integrals. We identify the stochastic integrals of the limit point through the
joint laws of the random variables Xy, using Lemma 18.11. For x € X, we write u;, (, 67,
m/, and b; for the components of x in the positions of U; n, Zn — ¥, @1%,] , M]%,] , and BIN
in Xy, and for v > 0 we let

9x(0) = (max{ygr(v) +{(v),0})

For each v > 0, the map x — ¢x(v) is continuous on X. Since Z = Yr +V > 0, we
have qx(v) = \/Z(v). For finite N, g%, (v) is the square root of the positive part of
ZNn(v) + ¢Yr(v) — PN (v). The expression inside the positive part may be negative.

Fix K > 0 and s € (0, K]. We treat three families of stochastic integrals at once. Each
family is given by a constant c, a finite set I of indices, deterministic weights «; 5 and «;
on [0,s], and a continuous function f on X

1. the coordinates: for fixed i, we take ¢ = v/2, I = {i}, x; 5(0v) = e 2Rin(=?) ;(v) =
e 2Ri5=7) and f(x) = u;(s);
2. the rescaled squared norm: for fixed |, we take ¢ = V8, I = {1,....]} xin(0) =
kin(s —0), xi(0) = ki(s —v), and f(x) = 0/(s);
3. the weighted norm: for fixed ], we take ¢ = V8, 1=1{1,...,]}, KiN = R;Z\lj, K = Ri_l,
and f(x) = m/(s).
For the coordinates, we set B;n(v) = xin(v)\v/Zn(v) and Bi(v;x) = «i(v) gx(v).
For the two other families, we set B;n(v) = x;n(v)\/ZNn(v) U;n(v) and Bi(v;x) =

1z (18.63)
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ki(v) gx(v) u;(v). By (18.10) and the definitions of @Z%,] and MZ%,] in Step 1, we have

fEN) = +c) /O S Bin(v)dBN (v), (18.64)

iel

where 1y = e 2RinsN—1/ 6gl~ for the coordinates and (5 = 0 for the two other families.
Here and below, we evaluate expectations of functions of Xy on the original probability
space, with the filtration (FXV). This is legitimate, since they depend only on the law of
XnN. We show that f(X) = E almost surely, where

E=cY / " Bi(v; X) dB;(0). (18.65)
ie1”’0
We choose a Borel version of & as a function of X: elementary adapted integral approx-
imations depend measurably on its paths and Brownian coordinates, and an almost
surely convergent subsequence of their probability limits supplies such a version. Set this
function to zero on the exceptional set where the chosen approximations do not converge.
For each i € I, the process B;(-;X) is continuous and (Gy)-adapted on (0, s]; with
the value zero at v = 0, it is progressively measurable. We have EZ(v) < Cjo~!/2
and E[Z(v)U;(v)?] < C; by (18.52), and the weights «; are bounded on [0,s] by (18.5)
and (18.35). By Tonelli’s theorem, we find E fos Bi(v; X)?>dv < co. Then (18.65) is a sum
of square-integrable Itd integrals with respect to the (G,)-Brownian motions B; [123,
Chapter IV, Section 2].
The approximating functions are left Riemann sums with the limiting weights. For
0 <J <sandaninteger n > K, letv; =0+ j(s —0)/nfor0 <j<mn,leth=(s—03)/n,
so that i < 1, and define

n—1
Ssn(x) =c)_ Y Bi(vj;x)(bi(vjt1) — bi(v)).

i€l j=0

This is a continuous function on &, since it is a finite sum of products of continuous
functions of the values of x at the times v; > 4. The same function S; , is evaluated at Xy
and at X. A sum formed with ¥y, R; n, and k; 5 would change with N, and Lemma 18.11
would not apply to it. Let B (v;x) = B;(vj;x) for v € (v;,v;41]. The value B;(vj; Xn)
is F)N-measurable, Bi(vj; X) is Go;-measurable, and both are square integrable by the
bounds below. Then

Ss(Xn) =Y /5 Bl (0 xN)dBN (D),  Spn(X) =cY /5 " B7(0; %) dBi(0).

icl icl

We now bound f(Xy) — S;,,(Xn) and E — S;,,(X) in L2, In the following four esti-
mates, C depends only on ¢, Cp, K, and the coordinate i or the number ], and Cs depends
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also on J. The estimates for finite N hold for all N larger than a threshold depending on
the same parameters. We use Itd’s isometry and the orthogonality of stochastic integrals
with respect to different Brownian motions throughout.

First, we bound the contribution of the entrance. We have

IE‘CZ/ Bin(v v) dBN (v _CZZ/ EBin(v)~dv

iel iel (18 66)
< {Cél/ 2 for the coordinates, '

CJo for the two other families.

For the coordinates, we used «; y < 1 and EZyn(v) = ¢n(v) < Co~Y2, from (18.21). For
the two other families, we used E[Zy(v)U; n(v)?] < C, from (18.24), and x; 5y < C, from
(18.22) and R; y > co. In the same way, using (18.52) and (18.35), we find that the integral
over [0, 4] in (18.65) satisfies the same bound. These are bounds for second moments, and
both are at most C61/2.

Second, we show that the coefficients ;(-; Xn) and B;(-; X) have a common modulus
of continuity in L?: for v,v' € [§,s] with [v —¢/| <h <1,

E|Bi(v; XN) — ﬁi(v’;aew)}z < Csh'*, E|Bi(v;X) - 5,-(0’;35)]2 < Csh'4. (18.67)

Let An(v) = Zn(v) + ¢r(v) — pn(0), so that gx,(v) = (max{An(v),0})!/2, and
let A(v) = Z(v). By (18.24) and the uniform convergence Yy — Pr on [J,K]
from Lemma 18.5, we have |[An(v)]2 < C; and ||U;n(v)]]la < C. The increment
An(v) — AN(?') is the sum of Pr(v) — Pr(v’), which is at most C6~3/?h in absolute
value by (18.34), and of the increment of Zy — ¥y = Iy + On. Then Step 2 implies that
|AN(v) — An(?)]]2 < Csh'/* and ||U; 5(v) — U; n(2')||4 < CHI/4. Since An(v) — A(v)
and U; y(v) — U;j(v) almost surely for each v, Fatou’s lemma shows that these four
bounds also hold for A and U;. We now argue in the same way in the finite model and
in the limit, and drop N, Xy, and X from the notation. For real a2 and b, we have the
elementary inequality

| (max{a,0})"/2 — (max{b,0})"/?|* < |a — b|. (18.68)
It gives
Elq(v) — q(')]* < [|A(0) = A(@)[l2 < CshY%, lg(0)[IF < [ A(0)]l2 < Cs,
lg(v) — q(")[7 < [|A(v) — A(0") |2 < Csh'/™%
Writing q(2) Ui (v) — g(0)Ui(2') = (q(0) — q('))Us(0) + (/) (U;(0) — Us(v)) and using

Minkowski’s and Holder’s inequalities, we find
l9(0)Ui() = q(@")Ui(@) |12 < [19(0) = q(@)[la[|Ui(©) lla + (19 (") |4l Ui (o) — Ui () |4

S C§h1/81
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and [|g(v)U;(v)|l2 < |l9(v)]|a||Ui(v)||la < Cs. Finally, the weights satisfy |x;| < C and
|xi(v) — x;(v)| < ChY/2 on [0,s]. For the coordinates, this follows from |d,e~2Ri(s=?)| <
2R; and h < h1/2. For the rescaled squared norm, we have |K}(u)| < Cu~1/2 by (18.35),
and hence |k;(u + h) — k;j(u)| < 2Cv/h for all u > 0, including u = 0. The weights
Ri_1 are constant. We write B;(v) — B;(v') as «;(v) times the increment of g or qU;, plus
ki(v) — x;(v') times the value of g or gU; at v/, and we obtain (18.67).

Third, we replace the coefficients of the finite model by the common coefficients. For
z>0and reald, y, x, and «/,

x'v/zy — x(max{z + d,O})l/zy‘2 < 2|k — x|2zy? + 2?|d|y>. (18.69)

To see this, we write the difference as (k' — x)v/zy + x(1/z — (max{z +d,0})"/?)y and use
(18.68) with a = z and b = z 4 d. No sign condition on z + d is needed. We apply (18.69)
with z = Zn(v), d = Yr(v) — YN (v), ¥’ = ki n(0), Kk = Kk;(v), and y = 1 or y = U, ny(v), sO
that the left side is |B; n(v) — Bi(v; Xn)|?. For v > 4, (18.24) gives E[Zy(v)y?] < Cs and
lEy2 < C, and we obtain

2
sup E|Bin(0) — Bi(v; Xn)|” < ang,
vE[S,8]
) (18.70)
aNs = C(g(maxsup ki N — Ki| =+ sup | PN — ¢R]).
L[] [6,5]
We have ay s — 0 as N — oo. Indeed, the mean functions converge uniformly on [J, K]
by Lemma 18.5; |e2Rin(s=2) _ ¢=2Ri(s=0)| < 2K|R; y — R;|, and R;ny — R; by (18.4); the
kernels k; 5 converge to k; uniformly on [0, K] by Lemma 18.5; and R:ﬁ, — R;l.
Fourth, using (18.67), we have

Bley [ (iorn) — Bl xn) dBY )| < @lilis—o)cms, asa
iel
and the same bound holds with X and B; in place of Xy and BY.

We now combine these estimates. By (18.64), the difference f(Xy) — Ss,,(Xn) is the
sum of y, of the integral over [0,6] in (18.64), of ¢ Yic; [5 (Bin(v) — Bi(v; Xn)) dBN(v),
and of the integral in (18.71). Similarly, & — S; ,(X) is the sum of the integral over [0, J]
in (18.65) and of the limiting version of the integral in (18.71). Using (a; + - - - + a;)? <
k(a2 + -+ +4a2), B, < N~1/3,(18.66), (18.70), and (18.71), we obtain

E|f(Xn) — Ssu(XN)|” < 4N"YV3 1 C5Y2 4 Cay s+ Csh14,

) (18.72)
E|Z — S5,,(X)|” < C6Y/2 + Csh1 /2.

Given & > 0, we choose & so that C6'/2 < /4 in (18.72), then  so large that Csh!/* < /4,
and then N, so that 4AN—1/3 + Cans < €/2 for N > N;. The cutoff § and the mesh / are
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tixed before N — co. Then S;,, satisfies (18.54) along our subsequence, with 9 = Xy
and 9 = X, and Lemma 18.11 implies that f(X) = E almost surely.

The coordinates. Fix i and s > 0. For the coordinates, we have f(X) = U;(s), and we
have shown that

=2 / ( ) dB;(v) almost surely.

Moreover, U;(0) = limy N~/6¢g; = 0. The right side has the continuous version
2¢72Ris [~ e2Riv\ /7 (0v) dB;(v), since E fOK e*Ri®Z(v)dv < o by (18.52). Both sides are

continuous in s and agree almost surely at all rational times, and hence at all times. This

proves the first line of (18.51), almost surely for all s > 0 and i > 1 simultaneously.

The rescaled squared norm. Fix | and s > 0. For the rescaled squared norm, we have
f(X) = ®=/(s), and we have shown that

@</ (s 8 Z/ (s —v)4/Z(v) U;(v) dB;(v)  almost surely.

i<J
As a function of s, the right side is a stochastic convolution, not a martingale. The
continuous process ®</, which vanishes at s = 0, is a version of it, and we use this
version. Since V — @</ = limy(Iy + @;j ) almost surely in C([0,K]), where on the
probability space of the representation Iy + @;] stands for the continuous function
ZN — PN — @;I of Xy, the bound (18.60) and Iy — 0 give

(sup|V es/| > 17) < 11m1nf1P<sup|IN—|—® I > 11> —0 (] = o).
0,K] [0.K]

This proves the second line of (18.51), with convergence of the series in probability in
C([0, K]).

The weighted norm. Fix | and s > 0. For the weighted norm, we have f(X) = M=/(s),
and we have shown that

M=I(s) =8 8) / Wz almost surely.

i<J

As a function of s, the right side is a square-integrable martingale, and the continuous
process M=/, which vanishes at s = 0, is a version of it. For finite N, Step 1 gives
IUn(s) |13, = U (0%, + My (s) + M7/ (s), and ||Un(0)|}, — 2 in probability. On
the probability space of the representation, the value at zero of the component || UNH%{N
of Xy converges almost surely to WW(0), so that W(0) = 2, and /\/l;] stands for the con-
tinuous function ||Un |} — [Un(0)]|3, — M3 of Xy. Then W — 2 — M=) = limy M7/
uniformly on [0, K], almost surely, and Fatou’s lemma and (18.61) give

Esup [W(s) —2— /\/lg(s)|2 < Cw.
s<K ]
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In particular, the series in the third line of (18.51) converges in probability in C([0, K]),
with sum W — 2. The process W is continuous on [0, c0) with W(0) = 2, and it equals
the right side of the third line of (18.51). It remains to identify W(s) with ||U(s)||% for
s > 0. Fix 0 < 6 < K. For fixed |, the process } ;; U%N /R; y converges uniformly on
[6,K] to Y;<; U/ R;, so

L2 ul%N

su W — —L) = lim su
[5,15 ( KZ] R; > N—c0 [5,151'; R; N

almost surely. Using Fatou’s lemma and (18.62), we see that the expectation of the left
side is at most Cp 5] ~1/3+2/(3p). The left side is nonnegative and nonincreasing in J,
and therefore it tends to zero almost surely as | — co. This shows that, almost surely,
U(s) € Eg and ||U(s)||3 = W(s) for all s € [§,K], and the series }; U?/R; converges
uniformly on [J, K]. Since each U is continuous, we deduce from the uniform convergence
that s — U(s) is continuous from [J, K] into Eg. As d and K are arbitrary, we find that U
is continuous from (0, 0) into Eg, and ||U(s)||% = W(s) — 2 as s | 0.

Step 5: positivity of Z. Fix 0 < § < K. On [J, K], g has a bounded derivative by (18.34),
and V satisfies ||V (s +h) — V(s)||, < C,h'/4 for every p. Taking p = 16 in Kolmogorov’s
criterion, we find that the Holder seminorm [Z]; /5 of Z on [§, K] is almost surely finite.
We also have EZ(s) "¢ < C for s € [§,K], by (18.52). Let h € (0,1), and let s; range
over the grid (6 + hZ) N [4, K], which has at most K/h + 1 points. If minj;x Z = 0 and
[Z]1/s < M, then Z(s;) < Mh'/® for some j. By Markov’s inequality,

P(I[?}(r]lz_o Z1s < M) < le 5j) < Mi'/®)

< (%( + 1)(: (Mn'/8)16 < C(K +1)M"h.

Letting 7 | 0 and then M — oo, we find that minj;xZ > 0 almost surely. Since
the parameters 6 and K are arbitrary, Z(s) > 0 for all s > 0, almost surely. Finally,

VSZ(s) = /sr(s) + /s V(s) = s by (18.29) and V(0) = 0.

Step 6: uniqueness and convergence. By Steps 4 and 5, (U, V) is a global entrance
solution in the sense of Definition 18.7, with ¢ = ¢, on the filtered space (G;). The
hypotheses of Lemma 18.8 hold for (R, ¢, (k;)) by (18.5), Lemma 18.5, and Lemma 18.6.
By Lemma 18.8(c), on every interval [0,K], the joint law of (U, V,B) is the image of
W under b — (&(b),b), and so it does not depend on the subsequence. The other
components of X are determined by (U,V,B): W = ||U||3, and ®</ and M=/ are
stochastic integrals of functionals of (U, V,B), whose laws are determined by the law
of (U,V,B) by the argument of Step 6 of the proof of Lemma 18.8. It follows that all
subsequential limits of (X)) have the same law, and the whole sequence converges in law.
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This proves the existence and uniqueness in (a), the properties in (b), and the first claim
in (c). Finally, on [sg, K] the limit amplitude Z is bounded below by a positive random
constant, and 1 — g uniformly on [sg, K]. The map (uy,...,u;,v) — (u;//Pr +0)i<;
is continuous on the set of paths with minj x(¢r +v) > 0. Using (18.8) and the
continuous mapping theorem (applied on the Skorokhod space, where the convergence
is almost sure), we obtain (18.53). O]

18.6 The limiting Gibbs law

We recall the countable conditioned Gaussian laws of Section 5.4; at the critical temper-
ature, this construction is due to Du and Huang [62, Section 2.2]. Let v = (v;);>1 be a
variance sequence, that is, a sequence of positive numbers with }_; v? < oo, and suppose
that ) ;v; = oo. Let ¢ = (g;) be independent standard Gaussian variables. The series
T, = Y;vi(g? — 1) converges in L? and almost surely, and for | > 0 the tail } ;- ;v;(g7 — 1)
has a bounded continuous density p, -, which is strictly positive on R (Lemma 5.2);
we write p, = py,>0. The conditioned law p, (Definition 5.8) is the unique probability
measure on RN under which, for every | > 1, the standardized coordinates z; = y;/./7;,
i < J, have the density

Pv,>]( — Yi<] Ui(ziz - 1)) e /2

e(0) v

(18.73)

on R/ (Lemmas 5.7 and 5.9). Under iy, the centered radial series Y;(y? — v;) converges
and vanishes almost surely (Proposition 5.10). In other words, i, is the law of a centered
Gaussian sequence with variances v; conditioned on the renormalized radial constraint
Y (y? —v;) = 0. FPor a finite variance sequence with N coordinates, i, is the law of
a centered Gaussian vector with variances v; conditioned on |y|?> = ¥, v;, that is, the
Bingham law (5.10); the analogous marginal-density formula holds for | < N — 3, with the
density of the finite sum over the remaining coordinates. We write z; for the standardized
coordinates, which are denoted Z; in Section 5, to avoid a clash with the amplitude Z.
For a critical sequence with limit R, we set

1 1
R_ _— = | < N = .
1 ZRI‘, UIIN 2Ri,N (Z — )’ PR I’lZJR

(18.74)
We call pg the limiting Gibbs law. In the critical window, p, = pge is the law of a Gaussian
sequence with variances ¢, ! (for i = 1) and (A; + ¢,) ! (for i > 2), conditioned on the
renormalized radial constraint.

Corollary 18.12 (The limiting Gibbs law). Let (r; ) be a critical sequence with limit R, and
use the notation (18.74). Then the following hold.
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1. The law pgr is well defined. The density p,r is continuous and strictly positive on R; in
particular, p,r(0) > 0. The marginals of pg are given by (18.73), and ¥ ;(y? — vX) = 0
pr-almost surely.

2. Let x have law 14, as in (18.1), and let yN = (N~V3x;);<n. Then yN has law p,,, with
oN = (viN)i<N- For every | > 1, the law of (y);<; converges in total variation to the law
of (yi)i<j under pg.

3. There exists Ny such that the following holds for every u € {pr} U {poy : N > No}, with
standardized coordinates z; = y;//0; (where v = v® or v = vy, respectively). For every
q > 0, sup; E,|z;|7 < Cyr. For every p > 1 and every real sequence (w;) € (2, the series
Y wi(z? — 1) converges in L¥ (u), and

| Tz - 1)HLP < CP,R<ZZUZ-2>1/2. (18.75)

(1)

The constants depend on q, p, and the sequence (r,',N), but not on N, i, or w. More generally,
for every m > 3 there exists No(m) such that, for y as above with N > Ny(m), the law of
(zi)i<m under y has density at most C,, r with respect to the standard Gaussian law on R™.

4. We have pr(Eg) = 1, and E,g ||ly||% < Cor L;(2R?) 1 < co.

Proof. Note that v® is a variance sequence, by (18.5), with y;(vX)? = 41121' Ri_‘2 < o0 and
Y UIR = oo. Part (a) follows from Lemmas 5.2, 5.7, and 5.9 and Proposition 5.10; for the
positivity of p,z on all of R, we use that }; v} = c.

For (b), Proposition 5.6 shows that 774 = p, in the eigencoordinates, with g; =
(z— ;)7 = (2r;n) 7!, and that N~!/3x has law MN-2/35 = Poy- Using (18.4), we have
Yi(viny —oR)? = 1Y |R1_]3, — R:1?2 — 0. The second part of Proposition 5.17, with
v(N) = vy and A = {1,..., ]}, implies the convergence of (yN);<; in total variation.

For (c), let B = {1,...,m} with m > 3. The first part of Proposition 5.17 gives
the bound M(v®, B) on the density of (z;);<, under pg with respect to the standard
Gaussian law, the bound sup,E,|z;|1 < M(v®, B)E|G|? for g4 > 1, and (18.75) with
CP,R =2C,M (vR, B )1/ P, where G is a standard Gaussian variable and Cpis the constant
of Lemma 5.14. By the second part of Proposition 5.17, the same bounds hold for p,,,
N > No(m), with M(oR, B) replaced by 2M(vR, B). We take Ny = Ny(3) for the moment
bounds and the moment bounds for quadratic statistics; for 4 < 1, the moment bound
follows from the case g = 1.

Finally, the first part of Proposition 5.17 with u; = of/R; gives Ep|ly[l% =
E,, ¥ uiz? < M(oR, B) ¥;(2R?) ™1, which proves (d). O



SECTION 19

The critical profile

The goal of this section is to prove Theorem 1.3, which describes the mixing profile in the
critical window cy = 1+ cN~1/3. The proof has a deterministic part and a probabilistic
part. The deterministic part is Theorem 19.2. Consider a sequence of half-precisions that
satisfies the critical Weyl bounds and a lower bound on the first gap, and whose scaled
inverses converge. We show that the total variation distance Dy (N?/3s) then converges,
locally uniformly in s > 0, to the total variation distance Fg(s) between the time-s law of
the normalized critical limit process of Section 18 and the limiting Gibbs law. The limit is
continuous, positive, and strictly decreasing, and Corollary 19.3 transfers the convergence
to the mixing times at every fixed accuracy. The probabilistic part is Theorem 19.4.
We transfer the deterministic theorem to the GOE model with a localized form of the
continuous mapping theorem (Lemma 19.23), applied to Borel maps that send the spectral
data to the finite profiles and mixing times. The limiting curves are measurable functions
of a single Airy point process, the profile is random, and from the limit of the ratio of
two mixing times we deduce that there is no cutoff. Finally, in Corollary 19.11 we bound
the mixing times above and below by multiples of N2/3log(1/¢), for every accuracy
e € (0,1/2), and in Corollary 19.5 we deduce the lower bound Fg(s) > cie~“1°,

The proofs rely on several earlier results. Section 10 provides the representation
of the dynamics through the unnormalized process (Lemma 10.2) and its moments
(Lemma 10.10), and Section 7 provides the heat estimates of Lemma 7.14. Section 8 con-
tains the functional inequalities of Corollaries 8.9 and 8.13 and Proposition 8.21 and the
density bounds of Lemma 8.12. Section 12 bounds moments of the density of the time-t
law and gives exponential relaxation from positive times (Theorem 12.13 and Propo-
sition 12.14). Section 18 constructs the critical limit process; finitely many rescaled
coordinates converge in law to its normalization (Theorem 18.9), and the rescaled Gibbs
measures converge to the conditioned Gaussian law of Corollary 18.12. Section 4 estab-
lishes the spectral geometry of the GOE in the critical window (Lemma 4.17). Table 19.1
records the precise statements we use. Conversely, Theorem 19.2 is used again in Sec-
tions 20 and 21, where the critical profile is studied far from the critical temperature.

193
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19.1 Conditions, notation, and main results

The critical spectral conditions

Throughout this section b = N?/3. We work with the Gibbs measure written through
half-precisions: for a vector r = (r1,...,rN) we set

T (dx) = —exp < Zr, > vn(dx), (19.1)

and we let (P, )t>0 be the semigroup of the Langevin diffusion with generator L, =
Ag, — Vs, (Lirix ) Vs, - For the model with matrix A = cWy, written in an eigenbasis,
the half-prec1s10ns are r; = (z — cA;)/2, where z is the Lagrange multiplier (see (3.9));
since adding a multiple of |x|? to the potential changes neither the generator nor the
Gibbs measure, 77, and P/ are then the Gibbs measure 7y, and the semigroup P; of
Section 3. When r is fixed we drop it from the notation and write 7y = 7, Pt = P/,
Dn(t) = ||VNPt — TCNHTV' and ty(e) = inf{t >0:Dn(t) < 8}.

Recall from Definition 4.16 that, for constants 0 < ¢g < Cp and 6 > 0, a vector
r=1(ry,...,ry) with0 < ry <rp, < ... < ry satisfies the critical spectral conditions with
constants (co, Co, d) if

% 1
— =N, (19.2)
i—1 21’1'
i \2/3 i \2/3
() <r<c(y) (1<i<N), (19.3)
rp—r1 >0/b. (19.4)

These are the three conditions in (4.36). As in Definition 18.1, (19.2) is the trace condition
and (19.3) are the Weyl bounds; we call (19.4) the first-gap bound. The trace condition
and the Weyl bounds suffice for the moment estimates of Section 10 and for the lower
bound of Lemma 19.10; the first-gap bound enters through the functional inequalities of
Proposition 8.21 and the density estimates of Section 12.

As in Definition 18.1, sequences r. y = (; N)i<n Of such vectors are indexed by an
infinite set N of integers, and limits as N — oo are taken along /. We write R; y = br;
and set Rfl\lf = 0 for i > N. A sequence (7. N)Nenr converges to a sequence R = (R;);>1 of
positive numbers if

lim ) (Rl_z\lj — R._l)2 =0 and lim — Ri _ = forsome y € (0,00).  (19.5)

N—>c>ol.>1 —00 12/3

A sequence that satisfies the critical spectral conditions with fixed constants for every
N € N and converges to R is a critical sequence with limit R in the sense of Definition 18.1,
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which in addition satisfies the first-gap bound. For such a sequence, R is nondecreasing
and R, — Ry > §, since R;y — R; for each i. We denote by P the set of sequences
R = (Ri)izl With

0<R;<Ry<Rz3<--- and lim R;/i?/® € (0,00). (19.6)

i—o0

Every R € P satisfies inf; R;/ i2/3 > 0 and sup; R;/ i2/3 < co. The next lemma shows that
every R € P is the limit of a sequence satisfying the critical spectral conditions; we use
it to define the limiting objects for every R € P, and in Section 19.8 to prove that they
depend measurably on R.

Lemma 19.1 (Finite approximations of a limiting sequence). Identify R € P with the
sequence u = (Ri_l)iz1 € (2. Then P is a Borel subset of (2, and there exist Borel maps
R — rN)(R) € RN, N > 2, with the following property. For every R € P there exists
Ni(R) such that, for N > Ny (R), the vector rN) (R) satisfies the critical spectral conditions with
constants

. R;
Co = min (1 1I11f 12/3) Cp = max (2, su;p 12—/13>, 0 =Ry, — Ry, (19.7)

and the sequence (r'™)(R))y converges to R.

Proof. The set P is Borel, because it is defined by countably many conditions on the
coordinates u; (positivity, monotonicity, and existence of lim,; i2/34; in (0,00)). FixR € P,
let cg = inf; R;/i?/3, and let M = | N'/2]. Define

N <N1/3 Y R )1 Y2

i<M M<i<N

whenever the bracket is positive, let R; N = R; fori < M and Rl N = Oni2/3 for M <

i < N, let (R; n)i<n be the nondecreasing rearrangement of (R; )<, and set rl( )(R) =
R;n/b. When the bracket is not positive, set #N)(R) = (1/2,...,1/2). These maps are
Borel, since Oy is a continuous function of finitely many coordinates of u on the open
set where the bracket is positive, and rearrangement is continuous.

We now verify the critical spectral conditions for large N. Recall that ) ;i
3n!/3 + O(1), which gives Ypi<ni ¥% = 3NY3 + O(NV/®). Further, Yoy R;! <
g Ticmi ™23 = O(NV®). Then ®y — 3/2, and Oy € [1,2] for N > Nj(R). By the
definition of Oy,

b

1 b
— = R+ 0 i~??) =2 .2N'3 =N,
igZN ZrEN) (R) 2 <z§ZM l N M;'SN ) 2

—2/3

which is the trace condition. Before rearrangement we have coi?/?® < ﬁi,N < Cyi%/3 for
every i, with the constants (19.7). These bounds survive the rearrangement: at most i — 1
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indices j satisfy Rj,N < ci%/3 (all of them have j < i), so the i-th smallest value is at least
coi?/3, and at least i indices satisfy IA{]-,N < Coi?/3 (namely j < i), which bounds the i-th
smallest value by Cyi>/3. Dividing by b = N?/3 gives the Weyl bounds. For large N we
have Oy (M +1)%/3 > (M 4 1)?/3 > R,. Then the two smallest entries are R; and R,
and the first-gap bound holds with § = R, — R;.

Finally, let /15 be the vector (Rl 13,)1< N, padded with zeros. Then

lay—ul3= Y (O3 =R )+ L R2<2(1+¢2) Y i 43,
M<i<N i>N i>M

which tends to zero. The vector (R; 13[)1>1 is the nonincreasing rearrangement of iy, and
u is nonincreasing. Rearrangement does not increase the ¢? distance to u: for a > b and
c>d,

(a—d)?+b—c)*—(a—c)?—(b—d)?=2(a—b)(c—d)>0.

Successively exchanging inverted pairs therefore shows that sorting the first N entries of
iIn can only decrease their squared distance to (u;);<y; the entries after N remain zero.
Consequently the inverse vectors converge to u in 2. The second condition in (19.5) is
part of the definition of P. O

Notation

We fix the following notation for a vector r satisfying the critical spectral conditions.

e We write g; = (2r;)~! for the variances of the associated conditioned Gaussian law.
We have ) ;q; = N by (19.2), and 7ty is the law of independent centered Gaussians
with variances g; conditioned on |x|> = N (Section 5).

e For t > 0 the law vyP; has a positive density of class C? in space and C! in time
with respect to 7y, by the regularity argument of Lemma 12.7. We write fys =
d(vNPys)/drty for s > 0. By reversibility, fxs = Ppsfno, where fyo = dvn/drn.
Poincaré inequalities stated on smooth functions extend to H! by smooth approxi-
mation on the compact weighted spheres; the integration by parts arguments below
require only this C? spatial regularity.

¢ For a probability measure y on Sy and | < N, we write ]/Lg for the law of the
rescaled first | coordinates (N~!/3x;);<; under y. For a probability measure u on
RN (with the product Borel o-field), #=/ is the law of the first | coordinates. We set
D;] H vNP)S - ! H Total variation distances do not change under the
rescaling.

* We let Y be the unnormalized process of Lemma 10.2 with half-precisions r; and
Y(0) = g, a standard Gaussian vector, so that X = /NY/|Y| is the Langevin diffusion
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started from vy. We write A; = |Y(t)]?, as in Section 10, and consider the scaled
processes

U; n(s) = N10Y;(bs), Zn(s) = b1 Ay, N_1/3X(bs):uN—(S). (19.8)
ZN(S)
(N)

The processes B; ’(s) = b~1/2B;(bs) are independent Brownian motions, and the
equation dY; = —2r;Y;dt ++/2/N |Y| dB; becomes

dU; = —2R; yU; N ds + /2Zy dBN). (19.9)

Constants denoted C, C’ may change from line to line, and small positive constants always
carry a subscript, since the letter c alone denotes the rescaled inverse temperature. Unless
stated otherwise, constants depend only on (cg, Cp, d) and on the parameters indicated
in their subscripts, and never on N, s, or the conditioning values. A supremum of
nonnegative errors over the empty set is defined to be zero.

The critical limit process

Let R € P, and let (7. ) be a sequence that satisfies the critical spectral conditions
with fixed constants for every N € A and converges to R (such sequences exist by
Lemma 19.1). We use the following objects from Section 18. They depend only on R, and
not on the approximating sequence.

e The critical limit process (Theorem 18.9). This is a pair (U, Z) of processes, where
U = (U;);>1 is a sequence of continuous processes with U;(0) = 0, and Z is continuous
on (0,00) with Z(s) > 0 for every s > 0. Almost surely, s'/2Z(s) converges to a
positive constant as s | 0. For every ] and 0 < sy < sq, the processes (N~1/3X;(bs));<;,
s € [s0,51], converge in distribution in C([s,s1], R) to (U;(s)/\/Z(s))i<}, by (18.53).
Recall from Theorem 18.9 that

Z(s) = (Ui(s)/\/Z(s))izl, s>0, (19.10)

is the normalized critical limit process. We write u° for its law on RN,

e The limiting Gibbs law (Corollary 18.12). The probability measure pg on RN is the
Gaussian sequence with variances (2R;) ! conditioned on the vanishing of its cen-
tered radial series; at the critical temperature this law is due to Du and Huang [62,
Section 2.2]. For each ], the marginal p? has a density with respect to Lebesgue
measure on R/, and 7'(1%]] — p%f in total variation.

We define the critical mixing profile by

Fr(s) = [l = prllry, — 5>0, (19.11)
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the total variation distance on RN between the law of the normalized critical limit process
at time s and the limiting Gibbs law.

Table 19.1 lists the results from other sections that the proofs use, with the form in
which we use them. The constants in the middle column depend only on the constants
of the critical spectral conditions and on the indicated parameters.

Main results

Theorem 19.2 (The critical profile along a deterministic sequence). Let R € P, and let
(r.N)Nen satisfy the critical spectral conditions with constants (co, Co, 6) for every N € N and
converge to R. Then

lim sup |Dn(bs) —Fr(s)| =0  forevery 0 < sy <s; < oo. (19.12)

N= e [s0,61]

The function Fg is continuous and strictly decreasing on (0, c0), it satisfies Fr(s) > 0 for every
s > 0, and
lim F =1, lim F = 0.
im R(s) lim Fr(s)
Thus Fr is a continuous strictly decreasing bijection from (0, o0) onto (0,1), and it has
a continuous inverse Fz': (0,1) — (0, ).

Corollary 19.3 (Mixing times in the critical window). Under the hypotheses of Theorem 19.2,
for every compact interval I C (0,1),
lim sup [N~%/3ty(e) — Fg'(e)| = 0. (19.13)

N—o0 SGI
In particular, Fy'(¢) /Fg 1 (1 —€) > 1 for every e € (0,1/2).

We now turn to the GOE model, and we recall the limiting spectral objects of Section 4.
Let x1 < x2 < - - - be the reflected GOE Airy point process, the limit of (N2/3(2 — A;));<
for each fixed k [121, Theorem 1.1], and let A; = x; — x1. Let E be the regularized
inverse-gap statistic of Lemma 4.5, constructed in [102, Theorem 6.1], and let

1 1 1
=54 - — — 19.14
7 (x) +x+;(x+Ai x) >0 (19.14)

as in (4.29). By Theorem 4.15 (see also [62, Proposition 1.4]), almost surely . is continuous
and strictly decreasing, with limits +-co at 0 and —oo at co. For each ¢ € R, there exists a
unique o, > 0 with . (¢s) = ¢. The limiting scaled half-precisions are those of (4.30):

:Ai+Qa

= . > 2). 19.1
1 2’ 1 2 (Z—) (95)
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Result What is used Hypotheses
Lemma 10.2 X = v/NY/|Y| is the Langevin diffusion started any real r; Y(0) # 0
from the law of vNY(0)/|Y(0)|; with Y(0) = ¢  almost surely,
this law is vy independent of the
Brownian motions
Lemma 7.14 h(t) < (1+t)"/2 and (19.2), (19.3)
hi(t) <CA+H)Y2(1+rt) L for0 <t < Kb
Lemma 10.10 E[(Nh(t)/A¢)P] < Ck,p and (19.2), (19.3)

Lemma 8.12

Corollary 8.9
Corollary 8.13
Proposition 8.21

Theorem 12.13

Theorem 18.9
and Corollary 18.12

Proposition 5.17;
Corollary 18.12(c)

Lemma 5.9

Lemma 4.17

HYi(t)ZHP S CK,phi(t) fOI‘ t S Kb, N Z No
1/2

density of Y; 4;G? at its mean is at least cym, '/%;

with one term removed, the density is at most

-1/2

Cymy /%, where my =Y, ¢?

Poincaré constant at most 1/¢
Cis < Cy/t+CsCp
CP(TL'N) S Kpb

sup; .y 1A(UNP:) /AN L () < Cpsor N = No

the critical limit process, convergence of its
normalized coordinates, the limiting Gibbs law,
and the convergence of 7‘[]%]] , as listed in
Section 19.1

for m > 3 and N > Ny(m), the law of

(v/2Rin N71/3x;);<,, under 7ty has a density
with respect to the standard Gaussian law on R™
that is bounded uniformly in N, by domination
and continuity in the variance sequence
marginal densities of a Gaussian law
conditioned on a sphere

GOE: critical spectral conditions on events of
probability close to one; joint convergence in
distribution of the spectral data

three weights
> ¢’ max; g;

see Lemma 19.13
see Lemma 19.13
critical spectral
conditions
critical spectral
conditions
critical spectral
conditions,
convergence to R

critical spectral
conditions,
convergence to R

three remaining
coordinates

o] <M

Table 19.1. Results from other sections used in Section 19. Here h;(t) and h(t) = N~' Y, h;(t) are
the heat quantities of Lemma 7.14, A; = |Y(t)|?, and G; are independent standard Gaussians.
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Almost surely the x; are distinct [121, Proposition 3.5] and yx;/(37i/2)*/3 — 1 [62,
Proposition 1.4]. These facts show that RY = (RY);>; belongs to P, with R7/i*/3 —
(371/2)%/3/2. We write pr = pre and F, = Fge on this event, and F,(s) = ¢ ° on
its complement, which has probability zero. By Lemma 19.22 below, F, and F; ! are
random elements of C((0,00)) and C((0,1)), where these spaces carry the topology
of uniform convergence on compact subsets, and they are measurable functions of
(g, (Ai_l)izz). Finally, we use the augmented spectral data (Ey, by ) of Lemma 4.5: with
Ain = N?3(A1 = A)),

N
Ev=Y An—-NY3  by= (A0 A N, 0,0,...) € 2 (19.16)
i=2

Theorem 19.4 (Critical profiles of the GOE model). Fix m > 1 and oy,...,04 € R, and
let cnyj =1+ 0N ~1/3. For each j, let Dy,j and ty; be the total variation distance and the
mixing time of the Langevin dynamics with ¢ = cy,j and the same matrix Wy, started from vy
independently of Wy.. Then, as N — oo,

(2, b, (DN (NY2), N7P0)) ) = (B (07 )iza, (Foy B Y) o) (1917)

in distribution in R x €2 x (C((0,00)) x C((0,1)))"™. Moreover, for every j and every e €
(0,1/2), with the finite-N quotient defined to be 1 on the event {ty (1 —¢) = 0},

Eni(e) F,'(e)

=g Fl(1-e) o

and the limit is strictly greater than 1 almost surely. In particular, for each fixed o there is no

cutoff.

We note that the limit in (19.17) is a function of a single Airy point process for all j.
The convergence is stated in distribution: the theorem does not specify a joint coupling
across matrix sizes with the limiting Airy point process. Its proof applies Lemma 19.23 to
the joint law of the spectral data, and it uses, at each confidence level, the critical spectral
conditions with fixed constants.

Corollary 19.5 (Exponential lower bound for the critical profile). 1. Under the hypothe-
ses of Theorem 19.2, there exist ¢1,Cy > 0, depending only on (co,Co,d), such that
Fr(s) > c1e=%* for every s > 0.

2. For every o € R, almost surely there exist c1,Cy > 0 such that F,(s) > c1e~ 1% for every
s> 0.
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Outline of the proofs

To prove Theorem 19.2, we first establish pointwise convergence at every positive time
(Proposition 19.19). We combine two bounds.

1. The coordinates after the first | contribute little to the total variation distance: for
so > 0, we have 0 < Dy(bs) — Df,](bs) < CJ~Y/3 for every s > s (Lemma 19.15),
where C depends on sg but not on s or J. The density fy 5,2 is bounded in L?(7ty) by
Theorem 12.13, and finite semigroup smoothing bounds the energy of fy s for s > s
(Lemma 19.12). We combine this bound with a Poincaré inequality for the conditional
law of the remaining coordinates, deduced from the logarithmic Sobolev inequality
of Lemma 19.14. Its constant is of order b]~2/3 uniformly over all conditioning
values. Here | is fixed before N — co.

2. For fixed | and s > 0, the first | rescaled coordinates converge in total variation
to their limiting law (Lemma 19.17). Starting from the weak convergence of Theo-
rem 18.9, we integrate by parts under 71y along fields that move the first | coordinates
and compensate in the remaining ones. Gaussian domination of the Gibbs measure
bounds the fields and their divergences (Lemma 19.16). Together with the energy
estimate, this gives a translation bound uniform in N. Mollification and Scheffé’s
lemma then give total variation convergence at the chosen time.

The Gibbs marginals converge in total variation by Corollary 18.12, and total variation on
RN is the limit of the distances between finite heads (Lemma 19.7). Taking N — oo and
then | — oo therefore proves Proposition 19.19.

Finite semigroup smoothing also gives ||vnPy — UNPps||py < Ls,|t — s| for s, t > sp,
uniformly in N. Weak convergence of finite heads and Lemma 19.7 pass this estimate
to the limiting laws, so Fy is locally Lipschitz (Lemma 19.18). Monotonicity and a finite
grid then upgrade pointwise convergence to locally uniform convergence. The finite
exponential lower bound (19.26) gives positivity of Fr. If Fr were constant on an interval,
correlations of the positive and negative parts of the finite density minus one would
tend to zero there, while their constant spectral coefficients would tend to a positive
number. The uniform finite spectral gap and a Chebyshev-polynomial argument exclude
this (Lemmas 19.9 and 19.20). The degree is fixed before N — co and tends to infinity
afterwards. Table 19.2 records the other parameter choices.

The lower bounds of Section 19.3 do not use the profile. We derive them from a finite-
dimensional estimate at a short time (Lemma 19.10) and a lower bound for reversible
semigroups (Lemma 19.6). In Corollary 19.5 we pass the finite lower bound to Fr through
the pointwise convergence of Proposition 19.19. Besides Theorem 19.2, the proof of
Theorem 19.4 needs measurable dependence of Fg on R, which follows from Lemma 19.1
and Theorem 19.2. We then transfer the joint law of the spectral data to profiles and
mixing times with the localized continuous mapping theorem Lemma 19.23, using the
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Order Parameter Depends on

1 times s > s, for an anchor sy > 0 -

2 number | > Jp of retained coordinates R (through Jo)

3 mollifier scale « > 0 chosen after |

4 dimension N > Ny(/J, so) J, so, the sequence (7. )
5 limit N — oo, thena | 0, then | - c0 -

Table 19.2. Order of the choices in the proofs of Lemmas 19.14, 19.15, and 19.17 and Proposi-
tion 19.19: the conditional logarithmic Sobolev inequality, the bound on the remaining coordinates,
total variation convergence of the first coordinates, and pointwise convergence of the full profile.
The density is bounded in Lz(rtN) at the time s9/2. For convergence of the first coordinates alone,
any fixed | > 1 is allowed.

critical spectral conditions with fixed constants on events of probability close to one
(Lemma 4.17).

19.2 General facts about Markov semigroups and densities

In this section we collect a reversible lower bound, facts about total variation, and a
criterion for vanishing spectral correlations. Throughout, ||y — p|lrv = supg |#(B) —

p(B)|, which equals (1/2) [ |f — g|d6 if y = f6 and p = 6.

Lemma 19.6 (Reversible lower bound from two times). Let (P;)¢>o be a Markov semigroup
with reversible probability measure 7t, and let u be a probability measure. Let ¢ > 0 and
suppose that uPy has a density hy with respect to 7 such that ||hy — 1|4y < M, and that

4Py — 7t||py > d > 0. Then 4d> < M?, and
443 3 t 1 442

— > = - > —min (> =2
|\ Py — 7|y > A P < 5 log(1/9) E) (t>0), ¢ = min <2, M2>' (19.19)

Proof. All norms are in LP (7). Let f = hy — 1. By reversibility, uP,,,, = (P,hy) 7 for u > 0,
so that

1
| Ppyy — 7|l py = §||Puf||1-

We set aj = ||Pjf||3 for j > 0. Using that P, is selfadjoint and the Cauchy-Schwarz
inequality, we find

aj = (Pj—vyef Pisyef) < /a4 (G =1).

Further, ag < ||f]|3 < M2 and a1 > ||P,f||? = 4 ||pPor — 7T||”2rv > 4d?. From the last display,
we see that a;,1 = 0 would force a; = 0. Then all a; are positive, and the ratios a;,1/4;
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are nondecreasing in j. As Py is a contraction on Lz(n), we have 4d? < a1 < ag < M?,
and a;j,1/a; > ay/ag > 9. We conclude that a; > 442911 forj > 1.
Recall that ||g|]> < ||g||%/3||g||421/3 by Holder’s inequality, and note that ||P,f|ls <

|flla < M by Jensen’s inequality. We obtain ||P,f||; > ||Puf|3/M?. For u > ¢ let

j = [u/f], so that j¢ > uand j—1 < u/{. The contraction property of Pj,_, gives
|P.f]|3 > aj, and we find that

3/2
a; 4d® 5 44° 3 u
_ > 1 > 7 3(]_1)/2>_ S —
||‘qu+u 7T”TV = 2M2 = Mzﬂ = sz exp( 2108(1/19) 6)

For t > 2¢ we apply this with u =t — ¢ < t. For t < 2/, the distance is at least its value at
time 2/, because it is nonincreasing in time, and this value is at least d > 443/ M2. This
proves (19.19). O

The argument uses only the logarithmic convexity of t — ||P;f||3 for a reversible
semigroup, a consequence of the spectral theorem.

Lemma 19.7 (Total variation on a countable product). Let y and p be probability measures
on RN with its product Borel o-field. Then | — ||[u=) — p=J HTV is nondecreasing and converges

to ||yt = pl|py as ] — ce.

Proof. Let 0 = (u+p)/2 and g = du/df —dp/df. Then |g| < 2 and ||y —pllyv =
(1/2) [ |g| d6. Let F be the o-field generated by the first | coordinates. The conditional
expectation ¢; = Ey[g | F] is the difference of the densities of x=/ and p=/ with respect
to 0=/, evaluated at the first | coordinates. Hence ||y~ —p~||, = (1/2) [ |gj| df.
Conditional Jensen gives |g7| < Eg[|gj+1] | F7], and monotonicity follows. The o-fields F;
generate the product o-field, and the martingale convergence theorem [154, Section 14.2]
implies that g; — ¢ in L}(). This proves the convergence. O

Lemma 19.8 (Total variation convergence from a translation bound). Let | > 1, and let
tn, n > 1, and u be Borel probability measures on R/ such that u, converges weakly to u. For
w € R/, let T,(x) = x + w, and let T,y be the image of u under T,.
1. If py, n > 1, and p are Borel probability measures on R/ such that p, converges weakly to p,
then || — pllpy < Hminfy e [|ftn — on||y-
2. Suppose that there exist B < oo and ng such that

| Twhn — pnllpy < Blw|  foralln > ngand w € R/. (19.20)

Then p is absolutely continuous with respect to Lebesgue measure, and ||py — pt||y — 0. In
particular, if uy has the density p, and y has the density p, then p, — p in L1(R/).

The second part involves no integration in time: it concerns one sequence of measures
on R/ with ] fixed. The limit u is the given weak limit, and its absolute continuity is part
of the conclusion.
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Proof. For the first part, we recall that, for probability measures on R/, the total variation
distance is the supremum of y(¢) — p(¢) over continuous functions ¢ with values in [0, 1].
Indeed, let E be a Borel set. Since the finite measure y + p is regular [30, Theorem 1.1],
there exist a closed set F C E and an open set O D E such that (4 + p)(O \ F) is arbitrarily
small. A continuous function with values in [0, 1] that equals 1 on F and 0 off O then
approximates 1¢ in L!(u + p). For each such ¢, the difference u,(¢) — 0y () converges
to u(¢) — p(¢), and py(¢p) — pn(¢) < ||in — pullpy- Taking the supremum over ¢ proves
the first part.

For the second part, the maps 7, are continuous, and T, p, converges weakly to T, u.
Then the first part and (19.20) imply that

[ Twp — pllrv < Blw] (weR)). (19.21)

Let # be a smooth probability density supported in the unit ball, and let 7,(x) =
a5 (x/a) for & > 0. For a Borel probability measure o on IR/, the convolution ¢ * 77, has

the density
0]0’& / 770( X — )

which has integral one by Tonelh theorem. For a Borel function ¢ with values in [0, 1],
we have (0% 17,)(¢) = [ a(w) (1w0)(¢) dw, and then

|(7(fP) (0% 770) ( /17“ ) o — Two ||y dw.
Since |w| < a on the support of #,, the bounds (19.20) and (19.21) imply that
|0 = pnx allry < Ba (n>mo), [ =g tallry < Ba. (19.22)

Now fix « > 0. For every x, the function 7,(x — ) is bounded and continuous, and
by weak convergence we have g, 4(x) — g,4(x). These functions are probability den-
sities. Writing |g — ¢'| = g + 49’ — 2min(q,4’) and applying dominated convergence to
min(qy, 0 Gua) < Gua we find that g,, ¢ — gy« in L'(R)); this is Scheffé’s lemma [129,
pp- 435-437], [154, Section 5.10]. Using the triangle inequality and (19.22), we obtain

. .1
lim sup |[ptn — ptllpy < 2Ba+ nlgr.}o EH%M — el ry) = 2Ba.

n—o00

As « is arbitrary, ||y, — p||ly — 0. Finally, let E be a Borel set of Lebesgue measure zero.
Then (p x1,)(E) = 0, and (19.22) gives u(E) < Ba for every a > 0. Thus y(E) = 0, and
u is absolutely continuous. The statement about densities follows from Lemma 3.6. [

Lemma 19.9 (Vanishing spectral correlations). Let Ag > 0, M < o0, and 0 < t; < t,. For
eachn > 1, let ¢y and wy, j, j > 1, be real numbers with }; [wyj| < M, let Ayj > Ag forj>1,
and let

ha(t) =cn+ ) wn/]-e_)‘"fft (t>0).
j=1
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If ¢, — c and hy,(t) — O for every t € [t1,tp], then ¢ = 0.

The coefficients w; ; may have either sign, and we assume no convergence of the A, ;
or of the wy, ; as n — co. The proof uses both the lower bound A, which is uniform in 7,
and the bound on Y; |wy, ;.

Proof. We use the Chebyshev polynomials T, defined by Ty = 1, T1(x) = x, and
Tnt2(x) = 2xTy41(x) — Tpu(x) [117, (18.9.1) and Table 18.9.1]. The identity T;,(cos ¢) =
cos(m?) [117, (18.5.1)] shows that | T, (x)| < 1 for x € [—1,1]. We also need the lower
bound

Tu(x) >14+m?(x—1) (x>1, m>0). (19.23)

To proveit, fixx > 1,and letd = x — 1 and A, = Ty 1(x) — Tru(x). We show by induction
that Ty, (x) > 1+ m?d and Ay, > (2m +1)d. For m = 0, we have Top = 1 and Ag = d. If
both bounds hold for m, then Ty, 1(x) = Ty (x) + Ay > 1+ (m +1)d, and the recursion
gives Ayi1 = Ay +2dTy11(x) > (2m+1)d +2d = (2m + 3)d, since Ty,1(x) > 1. This
proves (19.23).

Fix an integer m > 1, and let T = (t; — t;)/m and x = e~*7 € (0,1). We define the
polynomial

Tw(2z/k—1) &

pm(z) = W Z az".
The denominator is at least 1 by (19.23), and py, (1) = 1. For z € [0,x] we have 2z/x — 1 €
[—1,1], and (19.23) gives

1 1
< <
[pm(2)] < 1+ m2(2/x—2) = 1+ 2mAo(tr — t1)

(0 <z <x). (19.24)

In the last inequality, we used 2/x — 2 = 2(e7 — 1) > 2Ao7. Since Y [wy,j| < oo, we may
exchange the finite sum over k with the sum over j, and we find

Z aghy (t1 + k1) = cppm(1) + Z Wy, je )‘"Jtl (e_/\nJT).
k=0 ji>1
Here pp(1) =1, e it <1, and e 7 € (0,x]. Using (19.24) and Yilwnl < M, we

obtain
M

1 +2m)\0(t2 — tl).

m
lcn| < Y lag| [ha(ts + kT)| +
The times #; + k7, 0 < k < m, lie in [t1, 1], and the coefficients a; do not depend on n.
Letting n — oo, we find that |c| < M/(1+ 2mAg(t; —t1)). Letting m — oo, we conclude
that c = 0. ]

We do not claim that the coefficients a; are bounded uniformly in m. This is why the
degree m is fixed before the limit n — oo.
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19.3 Lower bounds on the critical time scale

In this section we prove that the total variation distance stays above 3/4 up to a time of
order b = N?/3 (Lemma 19.10), and then that it decays no faster than exponentially on
the scale b (Corollary 19.11). The first estimate needs only the trace condition and the
Weyl bounds.

Lemma 19.10 (Lower bound at short critical times). There exist s, € (0,1] and Ny, depending
only on co and Cy, such that the following holds. If N > Ny and r satisfies (19.2) and (19.3), then

Proof. We find an event that has probability at most 1/8 under 71y and probability at
least 7/8 under vy P;, ;.

Step 1: the stationary law. By the Weyl bounds, the variances g; = (2r;) ! satisfy

W <g; < W (19.25)
In particular, q1,42,95 > 0’ max;q; with &' = ¢o/(3%/3Cy), and my = Y, ¢? satisfies
bz/(4C(2)) < mp < bz/c%, since Y;i7%/3 < 4. Let Gy,...,Gy be independent standard
Gaussians, let ¢ be the density of };4;G?, and let ¢_; be the density of ¥ ;~, 4;G?. Recall
that 7y is the Gaussian law with variances g; conditioned on |x|> = N = Y,;q;. By
Lemma 5.9, which applies since N > 4 (we take Ny > 4), the first coordinate has the
density

¢_1(N —x?) =%/ (291)

(P(N) N dx, x| < V/N.

Indeed, in the notation of Lemma 5.9 with A = {1} and x = /g1 z, the density of the
centered sum Y; 7;(G? — 1) at 0 is ¢(N), and the density of Y ;~, 4;(G? — 1) at —q1 (2> — 1)
isp_1(N— qlzz). By Lemma 8.12 and the bounds on m;, there exist c3, C3 > 0, depending
only on ¢y and Cy, such that ¢(N) > ¢3/b and sup ¢_1 < C3/b. Inserting these bounds
into the last display, we obtain, for every a € (0,1),

s
rtN(x% <ab) < C3/ dx

Vab \/27Tq1

where we used q; > b/(2Cy). We fix a € (0,1) with C;y/a < 1/8.

in(xq € dx) =

Step 2: the time-t law. By Lemma 10.2, X(t) = v/NY(¢)/|Y(t)| has law vyP;. Using
the Cauchy-Schwarz inequality and Lemma 10.10 with K = 1 and p = 2, we have, for
N >Nyand 0 <t <,

2
E[X;(t)?] = N]E[YX) | < NIV®L A7, < CP;_Z( )) < G(1+1).
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In the last step we used Lemma 7.14: hy(t) < C(1+ )12 and h(t) > c4(1 +t)~1/2, where
h(t) = N71Y;hi(t) and ¢4 depends only on ¢y and Cy. We now fix s, € (0,1] with
2Cys4 < a/8, and we increase Ny so that s.b > 1 for N > Nj. By Markov’s inequality, we
have

C2(1 —f-S*b) < 2CHs, 1

< —.
ab - a — 8

VNPS*b(x% > ab) <

Step 3: conclusion. The event {x7 < ab} has probability at least 7/8 under vyP,; and
at most 1/8 under 7. Hence Dy (s«b) > 3/4. The choices of 4, s, and Ny depend only
on ¢y and Cj. O

Corollary 19.11 (Mixing times at every accuracy). 1. There exist ¢1,Cq,c2,Co > 0 and
Ny, depending only on (co, Co, ), such that, if N > Ny and r satisfies the critical spectral
conditions with constants (co, Co, ), then

Dn(t) > cie” @ (£>0), (19.26)
and, for every ¢ € (0,1/2),
cpblog(1/¢e) < tn(e) < Cyblog(1/e). (19.27)

2. For every 7. > 0 and M < oo, there exist CU,M, Ny, and events An with
liminfy ,o P(Ayx) > 1 — 1 such that, on Ay and for N > Ny, the mixing times
of the GOE model with ¢ = 1+ cN~/3 satisfy

C, uN?log(1/€) < ty(e) < CyuN*log(1/e)
simultaneously for all o € [—M, M| and all ¢ € (0,1/2).

The bounds hold for all € € (0,1/2) at once, so they apply to accuracies that depend
on N.

Proof. We begin with the lower bound (19.26). Let s, be as in Lemma 19.10 and ¢ = s.b/2.
By Theorem 12.13 with p = 4 and sy = s./2, the density h, of vy Py with respect to 7y
satisfies ||y — 1| 1a(ry) < [[Bellra(ry) +1 < Ma, where My depends only on (co, Co, 9).
Further, Dy(2¢) > 3/4 by Lemma 19.10. Then Lemma 19.6 with d = 3/4 implies (19.26),
with M = My, ¢ = 27/(16M3), and C; = 3log(1/9)/s., where 8 = min(1/2,9/(4M3)).

For the lower bound in (19.27), let t > 0 with Dy(t) < e. Then cre it/ < ¢
by (19.26), that is, t > (b/Cy)log(c1/¢). Taking the infimum over such f, we have
tn(e) > (b/Cy)log(ci/¢). For ¢ < 7 we have log(ci/e) > log(1/e)/2, and then
tn(e) > (b/2C1)log(1/¢). For ¢ < & < 1/2, we note that Dn(t) > Dn(s.b) > 3/4
for t < s.b. Then ty(e) > s«b > s.blog(1l/e)/ log(cfz); here ¢; < 1, because
M3 > 9/4 by Lemma 19.6. The two cases together prove the lower bound, with
c2 = min(1/(2Cy), 5./ log(c;?)).
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For the upper bound, we use the Poincaré inequality and the L?> bound on the
density at time b. Let Kp be as in Table 19.1, so that Cp(7tyy) < Kpb by the first part of
Proposition 8.21, and let C; ; be the constant of Theorem 12.13 with p = 2 and sg = 1,
so that || fN,1||L2(nN) < Cp1. We increase Ny so that both bounds hold for N > Nj; the
constants Kp, Cp 1, and Ny depend only on (cg, Cp, ¢). The density fx1 = d(vNPy)/dmy is
of class C?, and 7y (fn1) = 1. By reversibility and the semigroup property, vy Py, has
the density P, fy1 for u > 0. Let g = fy1 —1and V(u) = HP”gHiZ(nN)' Since g is of class
C? and 7ty (P,g) = mn(g) = 0, the integration by parts formula (3.4) and the Poincaré
inequality give

2
V' (u) = _z/ Vs, Pugl?dry < %V

Then ¢2*/(Kpb) /(1) is nonincreasing, and 1Pugllr2(rey) < e—u/(Kpb

)Hg||Lz(7TN); this is the
usual exponential decay in L? implied by a Poincaré inequality [12, Section 4.2]. Then
Lemma 3.6 and the Cauchy-Schwarz inequality imply that

D (b + 1) = 3 1Paglliagmy) < llfn = gz e/ K < Coe™/He8) (> 0),
(19.28)
where Cs = (Cp1 +1)/2. In the last step we used [[1{[;2(,) = 1 and the triangle
inequality. Note that Co1 > ||fnallp1(ry) = 1, so that Cs > 1. For e € (0,1/2), let
u, = Kpblog(Cs/¢e) > 0. Then Dy (b + u,) < e by (19.28), and tx(e) < b+ Kpblog(Cs/e).
For e < 1/2 we have 1 < log(1/¢)/log2 and log(Cs/e) < (1+logCs/log2)log(1/e),
and the upper bound in (19.27) follows, with C; = 1/1og2 + Kp(1 +log Cs/ log 2).

For the second part, Lemma 4.17 provides, for given  and M, constants (cg, Co, d)
and events Ay with liminfy P(Ay) > 1 — 7 on which, for every o € [—M, M], the
half-precisions of the model in increasing order satisfy the critical spectral conditions
with these constants. The constants in the first part depend only on (cg, Co, d), so the first
part, applied for each o on Ay, proves the claim. O

19.4 The remaining coordinates

In this section we show that, at every time s > sy > 0, the total variation distance
is determined by the first | coordinates up to an error O(J~'/3), with a constant that
depends on sp but not on s. There are two inputs. The first is a bound on the energy of
the density fy s, which follows from the L? bound on the density at time so/2 and the
smoothing of the semigroup. The second is a Poincaré inequality for the conditional law
of the remaining coordinates, which holds for every conditioning value. For t > 0 let
On,+ = Py, whose generator is bL,, and let

EN(u) = b/ |V5Nu|2d7TN
SN



19 The critical profile 19.4 The remaining coordinates 209

be its Dirichlet form, defined on the closure of the smooth functions in the norm
(HuH%Z(nN) + En(u))/2. There is no factor 1/2 in £y, in accordance with (3.4). By
reversibility and the semigroup property, fns = Ons—tfnt for s > t > 0; indeed, both
sides have the same integral against every bounded measurable function.

Lemma 19.12 (Finite semigroup smoothing). Let N > 2 and r € RN. For every u € L*(7,),
t >0, and h > 0, the function Qn su belongs to the domain of €y, and

1

h
QN y = DNl 2y < Sllulliagry,  EN(QNm) < z||u||i2(m). (19.29)

These bounds do not depend on N or on r.

Proof. By the elliptic spectral theory recalled after (8.1) [130, Section 2, p. 30], there exists
an orthonormal basis (e]) j>0 of L?(m,) consisting of smooth eigenfunctions of —bL,, with
eigenvalues A; > 0 and ¢g = 1. We write u = Y uje;. Then Qnu = Yie Ju]e], and
Parseval’s 1dent1ty [37, Corollary 5.10] gives

2
1(Qnp — I)QN,tuH%Z(m) =) (1- e—hAj)ze_ztAju]z < (Sup h)\e*M> Y il
j A=0 j
Here we used 1 — e~ < hA. Since sup As0 e —tA = 1/(et), this proves the first bound. For
the second bound, let S, = } i<, e~ Ju]e], which is smooth. By (8.1) and orthonormality,

we have EN(Su — Sim) = Licj<n Aje 2”‘114]2- for m < n. Since Ae=2* < 1/(2et) for A > 0,
the partial sums S,, converge to QN,tu in the norm of the domain of £y, and

1
2N 2
N(Qn s1t) Z/\e s < ﬂz < 2t||u||L2 ()

]

We apply Lemma 19.12 to the densities fy ;. Fix sp > 0. By Theorem 12.13 with
p = 2, there exist My, > 1 and N;,, depending only on sy and (co, Cp,6), such that
(ry) < M, for every s > s9/2, every N > N, and every r that satisfies the
critical spectral conditions with constants (co, Cp,d). Let s > sp and N > Ny,. Applying
Lemma 19.12 with u = fy /0 and t = s —s0/2 > 59/2, we have

2 2
Mg, < Mg,

En(fns) < 265072 = 5 (s >s0, N > Ny). (19.30)

We use the density at time s¢/2, and not at time sg, so that the semigroup acts for a
time at least sp/2; no upper bound on s is needed. Similarly, let sp < s < s’. The first
bound in (19.29), applied with u = fy 5, /2, the time s —s9/2 > s9/2, and h = s’ — s, gives
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1N = sz (my) < 2Mso (s —s)/ (eso). Since 7y is a probability measure, the L' (7ty)
norm is at most the L?(7ry) norm, and Lemma 3.6 gives

— MSO
€so

HUNPbt_UNPbSHTV S LSo|t_S|/ LSO (S/t Z 50, N 2 NSO)' (1931)

The functional inequalities of Section 8 are stated on the sphere Sy of squared radius
N. The conditional laws below live on spheres of arbitrary radius, so we first record the
rescaled form. Logarithmic Sobolev and Poincaré constants are taken with respect to the
tangent gradient of the sphere on which the measure lives.

Lemma 19.13 (Spheres of arbitrary radius). Fix ¢’ € (0,1]. Let n > 3, S > 0, and let 7t be the
probability measure on {w € R" : |w|> = S} with density proportional to exp(— ¥; w;w?) with
respect to the uniform measure, where w; > 0 and Yi(2w;)™! = S. Let t = min; w;. Suppose
that St > 4, that at least 260 indices satisfy w; < 2t, and that three distinct weights (2w;) "1 are
at least &' max;(2w;) . Then

Cp(ﬂ) S 1/t, CLs(TC) S Cy/t,
where Cy depends only on &'

Proof. This is the scaling recorded in Remark 8.10; we include the short argument. Let
w = +/S/nw', so that w' lies on the sphere of squared radius 7. The density becomes pro-
portional to exp(— ¥; w/w!?) with w! = (S/n)w;, and ¥;(2w!) ™! = (n/S) L;(2w;) ™ = n.
The minimum is ¢ = (S/n)t, and nt’ = St > 4. The hypotheses on the ratios w;/t
and on the weights are unchanged. For a function ¢ on the sphere of squared ra-
dius S, let ¢'(w') = g(v/S/nw'). Then |V¢'|?> = (S/n)|Vg|* at corresponding points,
while variances and entropies are unchanged. We obtain Cp(7r) = (S/n)Cp(7r') and
Crs(t) = (§/n)Crs(77’), where 7’ is the image measure. Corollary 8.9 with L = 2 and
k = 260 shows that Cp(7r') < 1/, and then Cp(7r) < 1/t. Similarly, Corollary 8.13
implies that Cig(7r') < Cj,/t' + C;Cp(n') < 2Cj,/t', where Cj, is the constant of that
corollary. We conclude that Cyg(71) < Cy/t with Cy = 2CJ,. O

For h € R/ with |h|? < N, we write 7ty (- | x<; = h) for the conditional law of (x;);~]
under 71y given x<; = h. Conditioned on its first | coordinates, the uniform measure
vy is the uniform measure on the sphere {z € RN/ : |z]2 = N — |h|?}, and the factor
exp(— YLi<jrih?) is constant on it. Thus 7y(- | x<j = h) is the measure on this sphere
with density proportional to exp(— Yy iz7).

Lemma 19.14 (Logarithmic Sobolev inequality for the remaining coordinates). Let (7. )
satisfy the critical spectral conditions with fixed constants for every N € N and converge to R,
and let -y be as in (19.5). There exist an absolute constant C and an integer |y, depending on R,
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such that for every | > Jo there exists Ny(J) with the following property: for all N > Ny(J) and
all h € R) with |h|> < N,

b
CLS(T[N(' | X<y = h)) < % (19.32)

The order of quantifiers is 3]y V] > Jo INo(]) VN > Ny(J) Vh; no uniformity in J is
claimed for | growing with N. The bound holds for every conditioning value, including
those for which the remaining sphere is very small.

Proof. The proof has four steps. We first describe the conditional law through a common
shift of the half-precisions, which reduces the claim to a lower bound on its smallest
coefficient. In Steps 2 and 3 we identify this lower bound as N — oo and then as | — co.
In Step 4 we apply Lemma 19.13. Throughout the proof, k = 260.

Step 1: a common shift. Fix [ and N > ] +k, and let S = N — |h|?> € (0, N]. Adding a
constant to all coefficients r;, i > ], does not change the conditional law on the sphere
|z|> = S. The function a — Y~ ;[2(r; + «)] ! decreases continuously from +co to 0 on
(=7j41,00), because the r; are nondecreasing. Then there exists a unique a(S) > —ry44
with

1
L2+ a(9)

i>]

— 5,

and «(S) is nonincreasing in S. With w; = r; + «(S), the conditional law is the measure
of Lemma 19.13 with n = N — ], and its smallest coefficient is {(S) = rj1 + a(S). Since
S < N, wehave a(S) > a(N). AtS = N, the trace condition implies that Zi>](2ri)’1 <N,
and then a(N) < 0. We write a(N) = —dy,;/b with 0 < dy; < Rj41,n. Multiplying the
defining equation by 2/b and subtracting the trace condition ) Rl_ﬁf = 2N'/3, we find
that dy ; is the unique root in (0, Rj4q,n) of

d 1
Gy (d) = AN, Gy (d) = , ANT = 19.33
vy (@) = Ay, N () lg RiN(RiN —d) v g Rin (19:39
We have established that, for every S € (0, N],
R —d
£(S) > t(N) = W (19.34)

Step 2: the limit N — oo at fixed ]. Let Gj(d) = Y;»;d/(R;(R; —d)) for 0 < d < Rj 4
and Aj =}, Ri_l. The function G; is continuous and strictly increasing, with G;(0) = 0
and Gj(d) — oo as d T Rj11, and there exists a unique d; € (0, Rj41) with G;(dj) = Aj.
We claim that dy; — dj. Note that R; y — R; for each i by (19.5), and Ayx; — A;. Fix
0 < D < Rj41 and ug with R]_le < uy < D71 For large N we have R]_ng,N < up, and then
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allu =Ry Land u = R with i > ] lie in [0, up]. The summand is g;(u) = du?/(1 — du),
and for d € [0,D] and u € [0, up],

, du(2 —du 2Du
8al)] = (1(— du)z) =1 —Du)?

Integrating this bound, we have |gs(u) — g4(u')| < Cp(u + u')|u — u'|, and the Cauchy-
Schwarz inequality together with (19.5) shows that Gy; — Gj uniformly on [0, D]. Given
0 < ¢ < min{d},Rj41 —dj}, we have Gj(dj — () < A; < Gj(dj+ ). For large N,
uniform convergence gives Gy j(dj — {) < An,; < Gn,j(dj + (). Since Gy is increasing
on [0, Rj41,n), we obtain |dn,; — dj| < (.

Step 3: the limit | — co. We show that

dj
]1520 V273

= Xy, where x. € (0,1) solves \/x, artanh \/x, = 1. (19.35)

Numerically x, = 0.69481...; we only use x, < 1. Let G(x) = 3y/xartanh/x for
€ (0,1), a continuous increasing function from 0 to co. We first show that, uniformly
for x in compact subsets of (0,1),

xdu

]17/3 Gy (v]?/3x) _>/ ) = G(x). (19.36)

To evaluate the integral, we substitute u = v and obtain

B xdu B © dv  3yx, 1++x
/1 u2/3(u2/3—x)_3x/1 v2—x 2 logl_ﬁ—g(x).

Fix 0 < x; < xp < 1 and let ; = R;/(yJ*/3). The left side of (19.36) equals
J 'y x/(ti(t — x)). Let §j = sup;.; |R; /(vi*/3) — 1|, which tends to zero. Then
7 = (i/])*3(1 + O(g;)) uniformly in i > J. For large ], both 7; and (i/])?/3 are at
least 79 = (1 +xp)/2 for alli > J. For T > 19 and x < xp we have T — x > ¢,T with
¢ = (1—1x2)/(1+ x2), and the derivative of T — x/(7(t — x)) is then at most 2/ (c37°)
in absolute value. As |t — (i/])?/3| < C{;(i/])*/3, replacing T; by (i/])*/3 changes the
sum by at most

“ra() e

z>]

The function ¢y (1) = x/(u?/3(u?/3 — x)) is decreasing on [1,00), so that

/00 Px(u) du < — Z(le/] /1004>x(u)du

1+1/] I =
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and f11+1/] ¢r < ¢x(1)/] < 1/(J(1 — x2)). This proves (19.36). Next, since R; ~ 7i*/3
and ZiS]i_ZB ~ 3J1/3, we have 7A]/]1/3 — 3. Let 0 < ¢ < min{x,,1— x,}. The
function G is increasing with G(x.) = 3, so G(x« — () < 3 < G(x. + (). For large
J, v1?3(xs +{) < Rj41 because Ryi1/(7J*/3) — 1, and we deduce from (19.36) and
YA} /T3 — 3 that Gy(7]?3(x« — {)) < A; < Gj(7]*3(xx + {)). As Gy is increasing, it
follows that d;/ (7]?/3) € (xx — {, x« + {), which proves (19.35).

From (19.35) and Rji1/(7J?/3) — 1, we obtain (Rj41 —dj)/(7]J*/%) = 1—x. > 0.
Further, Ry, — Rj11 = 0(J*/%) as ] — oo, because R, and R} 1 are both 7J2/3(1+40(1)).
We choose |y such that, for all | > J,

1—x 1—x
Ry —dp > == Ry —Rpa < ——1*% (19.37)

Then, for | > ]y, Step 2 and the convergence R,y — R; provide Ny(]) such that, for
N > No(]),

1—x 1—x
Rijan —dny = T*’)’IZ/3, Rijen — Rjpin < 1 *’)/]2/3. (19.38)

Step 4: conclusion. Let | > Jo, N > Ny(J), and S € (0, N]. Combining (19.34) and
(19.38), we find that bt(S) > (1 — x,)yJ?/3/4 > Rjyxn — Rj1an. Then, for | <i < ] +k,

Ryjkn — Ryr1n
b

Thus at least k = 260 coefficients are at most Lt(S) with L = 2, and k — 2 = 258 > 6412
Using the defining equation of «(S), we have

w; = t(S) +ri— r74+1 < t(S) + < Zt(S)

k
— = =>4
4_

The three weights (2w;) ™1, i =] +1,] +2,] + 3, are at least (4¢(S)) ! = max]-(ij)_l/Z.
Now Lemma 19.13 with ¢’ = 1/2 implies that

C1/2 4C1/2 b
. = < < ’
Cis(nn(- [ x<p=h)) < HS) = 1—x, 7J2/%

which is (19.32). O

Lemma 19.15 (The remaining coordinates at positive times). Under the hypotheses of
Lemma 19.14, let sy > 0. There exists C, depending only on sg, vy, and (cg, Co, 8), such that for
every | > ]y there exists No(J,so) with

0 < Dn(bs) — D]%]](bs) <CJ Y3 forall N € N with N > No(J,so) and all s > s.
(19.39)
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As in Lemma 19.14, | is fixed before N — oo, and no uniformity is claimed for |
growing with N. The bound holds for all s > s( at once.

Proof. Let | > ]y, and let C’ be the absolute constant in (19.32). We choose Ny(],sg) >
max{Ny(J), Ns,, ] + 3}, with Ny(]) as in Lemma 19.14 and N;, as in (19.30). Fix N >
No(J,s0) and s > sg, and let 4 = vy Py and f = fy 5, which is of class C2.

Step 1: a conditional Poincaré inequality. A logarithmic Sobolev inequality implies a
Poincaré inequality with half its constant [12, Section 5.1]. In the convention (3.5), this
follows by applying the logarithmic Sobolev inequality to 1 + (g for a smooth function
¢ and letting { — 0: we have Ent((1 + {g)?) = 2¢% Var(g) + 0(¢?), while the energy of
1+ (g is ¢ times the energy of ¢. Let h € R/ with |i|?> < N. By (19.32), for every smooth
function g on the sphere {z € RN-/: |z|2 = N — |h]?},

Van ey (8) € 5ars [ V8P dmn( | xey =),

<2
where V is the tangent gradient of this sphere. This holds for every conditioning value £,
including those for which the sphere is very small.

Step 2: the conditional variance. We write x = (h,z) with h € R/ and z € RN/, we
let 77y be the law of h under 7y, and we let fy(h) = Ex[f | x<j = h], viewed also as a
function on Sy. The set {|]|?> = N} has nH-measure zero, since N > | 4+ 3 (Lemma 5.9).
The tangent space of the fiber {(h,z) : |z|> = N — |h|?} at (h,z) consists of the vectors
(0,w) with w - z = 0, which are tangent to SN at (h,z). The fiber gradient Vg, f is the
orthogonal projection of Vg, f onto this subspace, and then |V, f| < |V, f|. Applying
Step 1 to the restriction of f to each fiber, whose tangent gradient is Vg, f, and integrating
over 71y, we find

C/
If = fil B2y = | Vatay e o (F) malal) < 5 ]2/3 s [ Vs fdmy = 3o a7 EN L)
(19.40)

Step 3: comparison of distances. Let i = fymy. Since fy is nonnegative and
f fuadmny = 1, this is a probability measure. It has the same law of the first | co-
ordinates as y, and the conditional law of 7y given the first | coordinates. Then
it — Nl oy = DZ%]] (bs), since total variation distances do not change under the rescaling
of the coordinates. Using Lemma 3.6, the triangle inequality, and the fact that projection
does not increase total variation, we have

- 1 1
0 < Dy (bs) = D/ (bs) < |l = illry = 311f = futlli gy < 51F = filliz ey

Inserting (19.40) and (19.30), we obtain (19.39) with C = (Mj,/2)(C'/(27s0)) .
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19.5 Total variation of finitely many coordinates

In this section we prove convergence of the first | rescaled coordinates in total variation
at every positive time (Lemma 19.17). The proof uses bounds under 7y for vector fields
that translate the first | coordinates, the energy bound (19.30), and mollification at the
chosen time.

Let Vs, and divg, be the tangent gradient and divergence on Sy. For a smooth
tangent vector field V, we write divy, V = divs, V — V- V(¥ rix?), so that [ (V) dny =
— [ ¢ divy, Vdmy for smooth ¢.

Lemma 19.16 (Stationary bounds for the translation fields). Let (r. 5) satisfy the critical
spectral conditions with constants (cg, Co, ) for every N € N and converge to R, and fix | > 1.
For N > Jand a < ], let ¥q(x) = Y~ 4ix?, let V, be the vector field on {x € Sy : x~j # 0}
with components

Vaa=1,  (Vo)i=0 (i<] i#a), m»:-%’“ (i> ),

and let V, = NY/3V,. There exist Cj and Nj such that, for all N € N with N > Nj and all
a<],
| divay Vallaryy <G [ 1ValPdmy < Cp (19.41)

The constants Cy and Ny depend on | and on the sequence (r.,N), but not on N.

The bounds (19.41) are integrals under the Gibbs measure 7y; they do not involve
the law of the diffusion at positive times. The set {x-; = 0} has 7ry-measure zero, and
the fields are defined 7ry-almost everywhere.

Proof. We first compute the divergences of the fields, and we then bound them using
moments of the coordinates under 7.

Step 1: the divergence. Note that x-V, = x, — x,21/Z; = 0. Then V, is tangent to
every sphere centered at the origin, and V; is homogeneous of degree zero. For such
a field the spherical divergence equals the Euclidean divergence, since the Euclidean
divergence equals the spherical divergence plus (9,V;, n) for the unit normal n = x/|x|,

and 9, V; = 0 by homogeneity. Let £5(x) = Y;.;4?x7. Differentiating, we find
: Li>]Yi )y
div Vo = Y 9;(Va)i = —xa% + 2xa2—§.
i>] 1
Using 2r;q; = 1, we find that on Sy —V, - V(¥ rixf) = —2rgXg + Xa Y] xl-z/Zl =

—2raxg + Xa(N — |x<j|?) /Z1. Using Y, q; = N, we obtain

rai— |x<2 2% 2%
Zzg]% |S]| n 2}, |Vu|2:1+xﬂ 2

diVTL'N Va = —27’,1Xa -I_ Xa{ 21 ZZ ZI2 .
1 1

(19.42)
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Step 2: the rescaled fields. Let y = N~1/3x. Then V, acts on functions of y<; as 9/ 9y,
if ®(x) = ¢p(N~13x)), then V,® = (9,¢)(y<j). We write

v
“LE aw-Lf-  Hw-Ld
1>] i>] i<J
and we recall the sum Ay; = Y< Rl_l\lj of (19.33). Recall that q; = b/(2R; ) and
N2/3 = b. Then £, = b?01/2, Lo = b30»/4, Yi<jqi = bAn,;/2, and |x<j|* = bH.
Substituting into (19.42), we obtain

. ~ Anj/2—H o 2 1%
divry Vo = —2Ronya +20a{ ==+ 31, Vol 1 %2 (1943
(5] 0’1 0’1
For instance, N1/3r,x, = brayas = Ry,NVY., and the term with ¥, becomes N1/3.

2%,%0 /%2 = 2by, - (b302/4) (b?01/2) =2 = 2y,02/0%. The other terms are converted in the
same way, and the identity for |V,|? follows from x2 = by2.

Step 3: moments under 7ry. By Corollary 18.12(b), y has law i, under 7y, the con-
ditioned Gaussian law with variances v;y = (2R;n)"!. Let z; = /2R;ny; be the
standardized coordinates. By Corollary 18.12(c), whose proof rests on the domination in
Proposition 5.17, there exist Ny and B such that sup; [ |z;|!*®dny < B for N > Np. By
the same result, for every m > 3 there exist Ny(m) and 9, such that, for N > Ny(m), the
law of (z;)i<;, under 7t has density at most 91, with respect to the standard Gaussian
law on R™. Since R; 5 > ¢o by the Weyl bounds, we have

B
SUP/ lyil'® dry < By, /HSdT(N <y }:/ lyi|*®dmn < J®By, By = 5 .
1 i<J ( CO)

In the second bound we used (Y ;< y2)® < J7yic ]y}6, which follows from Holder’s
inequality. For the inverse moments of o, let I = {J+1,...,]+ 19} and N > ] +19. By
the Weyl bounds, R; y < Dj = Cy(J +19)%/3 for i € I, and then

0'1>2

For N > Ny(] +19), the law of (z;);c; has density at most 9y, 19 with respect to the
standard Gaussian law on IR/, since it is a marginal of the law of (z;);<j;19. In particular,
o1 > 0 mty-almost everywhere, and

2
_ Zi
ZZRZ — 2D2 ZZ

N el ] iel

v
1

19

-8
/a;san <B,  Bj=(2D}) Mo E( Z% ) (19.44)
=
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where Gy, ..., Gyg are independent standard Gaussian variables. The last expectation is
finite: by integration in polar coordinates in R' [134, Chapter 2, Section 6, (6.3), p. 66], it

equals
¥ 2,022 /°° 18,-¢2/2 4
e ,
/o 0 Q/ , ¢°F 0
~16,18

since 060! = ¢2. All integrals in this step are under the Gibbs measure 7y, and no
independence of the coordinates under 7y is used. Bounds on positive moments alone
would not give (19.44); the inverse moment is finite because the law of a block of 19 > 16
coordinates is dominated by a Gaussian law.

Step 4: bounds on the fields. Let N;j = max{Ny, No(J +19),] + 19}, let N > Nj and
a < J,and let
E,=1+y5+H +o,%

The Weyl bounds (19.3) imply that 0, < calcrl, RyNn < CoJ?/3, and AN < J/co. By the
inequality between arithmetic and geometric means and the bound uk <14 udforu>0
and 0 < k < 8, each of the quantities y?, y20, L yao, 2, and yaH?o[ 2 is at most E,. Using

(19.43) and (17 + up + uz + ug)? < 4(u? + 12 + 1% + u?), we find
1tuy;tuztuy

4A%\],jy§ N 16y2H? N 1612
2

%G L E
) =~ LjLqg,
71 o7 ‘Til

| divey Va|* < 16R2 32 +
where L; = 16(3(2)]4/3 + 4]2/0(2) +16+ 16/c%. In the last inequality, we used o> < calal for
the last term. Similarly, |V,|>/b =1+ 1205 /0% < 1+c;'y20; ' < (1+¢;')E,. By Step 3
and y5 <1+ 16, we have

/Eaan < E, E; =2+ By+ J®By + By.

This proves (19.41) with C; = max{(L;E;)"/2, (14 ¢, )E;}. The fields and their diver-
gences are smooth off the set {x~; = 0}, which has 7ry-measure zero. N

Lemma 19.17 (Total variation convergence of the first coordinates). Let (r. ) satisfy the
critical spectral conditions with constants (co, Co, 8) for every N € N and converge to R. Then,
for every | > 1 and every s > 0,

li H P)S — °°§fH — 0. 19.4
i (vnPes) = = (7)., (19.45)
Proof. Fix ] > 1 and s > 0, and choose sg € (0,s]. Let N € A" with N > max{Nj, Ny, ] +
3}, with Nj as in Lemma 19.16 and N, as in (19.30). Write f = fx s, which is of class C?,
and y{\,,S = (vnPys)=/. We establish a translation bound whose constant is independent
of N.
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Step 1: integration by parts. Let ¢ € C®(R/) and ®(x) = ¢(N~1/3x;), and leta < J.
We show that

/ £ (0a9)(y<))dry = — / ® (fdivay Va+ Vo - Vs f)drn,  y=N""3x. (19.46)

Both terms on the right are integrable, because @ is bounded and each term is a product
of two functions in L?(7ty), by (19.41). No division by f occurs. For # € (0,1), let
Oy = {x € Sy : |x>j| > n}. The field V; is smooth on ), and by the divergence theorem
[134, Chapter 2, Section 4, (4.21)],

/Q (Vo®@)fdry = — /Q O (f divey Vo + Vof ) driy + By,
U U

where the boundary term B, is the integral of ®f (V, - n,) over 0Q), against the density
of 7ty times the surface measure of d();, and n, is the outward unit normal. Since f is
of class C? on the compact manifold Sy, f and Vs, f are bounded. Near {x-; = 0} we
have ¥; < |xj|% Then |V4| = O(|Jx>j|7!) and |divy, Va| = O(|x~|72), while 9Q),, is
the product of spheres {|x~| = 7} x {|x<j|> = N — 5?}, of area O(yN~/~1). The term
B, is therefore O(yN~/=2), which tends to zero for N — ] > 2, and |x ;|2 is integrable
near {x-; = 0} for the same reason. Letting 7 | 0, multiplying by N'/3, and using
Va® = (9.9)(y<j), we obtain (19.46).

Step 2: a translation bound. By (19.46), the Cauchy-Schwarz inequality, and (19.41), we
have
] 1/2 2 1/2
| [0l | < 19l (Al 2y + ()2 [ 195y fPdrn) ) < Crg 9l

(19.47)

where Cj 5y = M, (Cy + (Cj/50)'/?). In the last inequality, we used || f|[12(r,) < Ms, and

b [|Vs,flPdny = En(f) < Mg-o/so, by (19.30); the factors b'/? and b~1/2 cancel. Let

w € RJ. Since ¢(y +w) — ¢p(y) = fol Ya<j Wa(92¢)(y + 0w) dO, applying (19.47) to the

functions ¢(- + 6w), 6 € [0, 1], we obtain

| o+ losdn) = [ )i o(y)] < Craallplleo ¥ loal < CpapJ 2le0] ]

a<l]

For two probability measures on IR/, twice their total variation distance is the supremum
of the differences of their integrals of functions ¢ € C®(R/) with |¢| < 1. Indeed,
let 4 and v be the two measures. Since finite Borel measures on R/ are regular [30,
Theorem 1.1] and closed bounded sets are compact, every Borel function with values in
[—1,1] is a limit in L' (x4 + v) of continuous compactly supported functions with values in
[—1,1]. Each of these is a uniform limit of its mollifications, which are smooth, compactly
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supported, and bounded by one in absolute value [37, Proposition 4.21]. Taking the
supremum over such ¢, we find

1 1/2 ]
p— > .
v S50 Tl (we R, s > 5), (19.48)

HTZ"V{\I,S - ]’l{\l,s
with 1, as in Lemma 19.8.

Step 3: passage to total variation. By (18.53), ]’lll\l,s converges weakly to (u$°)=/. The
translation estimate (19.48) has a constant independent of N, so Lemma 19.8(b) applies
to this sequence at the fixed time s. It gives (19.45). Equivalently, at a fixed mollifier
scale the weak convergence gives convergence of the mollified densities in L' by Scheffé’s
lemma; the translation estimate bounds both mollification errors by a constant times the
scale, which is then sent to zero. O

19.6 Continuity and pointwise convergence

We now combine the estimates of the last two sections. For s > 0 and | > 1 let

SUORY (TRE

By Lemma 19.7,
Fr(s) = sup FY(s) = lim FY(s). (19.49)

Each PI({] ) is lower semicontinuous on (0,00), since s — (u)</ is weakly continuous and

total variation is a supremum of differences of integrals of continuous functions with
values in [0,1]. As a supremum of such functions, Fg is lower semicontinuous, and in
particular measurable.

Lemma 19.18 (Continuity of the limiting laws). Under the hypotheses of Theorem 19.2, for
every so > 0 and all s, t > s,

p” = #llrv < Lsgls =, [Fr(s) = Fr(£)] < Lsy[s — ], (19.50)
where L, is the constant of (19.31). In particular, Fr is continuous on (0, o).

Proof. Fix | > 1. Projecting (19.31) gives

|onPo)=T = P | < Lgls =1l

By (18.53), both heads converge weakly to the corresponding heads of pg° and y;°. Lower
semicontinuity of total variation, Lemma 19.8(a), passes the same bound to those heads.
Its right side does not depend on ], so Lemma 19.7 gives the first inequality in (19.50). The
second follows from the triangle inequality. This argument uses only weak convergence
of the heads and finite semigroup smoothing. O
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Proposition 19.19 (Pointwise convergence of the profile). Let R € P, and let (r. ) satisfy
the critical spectral conditions with constants (c, Co, ) for every N € N and converge to R.
Then

lim Dy(bs) = Fr(s) (s> 0). (19.51)

N—oo

Proof. Fix s > 0 and | > Jp, with Jp as in Lemma 19.14. For all sufficiently large N,
Lemma 19.15 gives
0 < Dy(bs) — DY/ (bs) < CsJ /3.

By the triangle inequality,

<J(ps) — gVU) <] () ST <] _ ST
D (6s) — FY 6] < [[owpoe) = )|+ 27 =07 -
which tends to zero at fixed | by Lemma 19.17 and Corollary 18.12. Since FI({] ) (s) < Fr(s),
we obtain

limsup |Dy(bs) — Fr(s)| < CsJ 13 + Fr(s) — F1(2])(5)-

N—oo
Letting ] — oo and using (19.49) proves the result. The dimension limit is taken before
the number of retained coordinates tends to infinity. [

19.7 Proofs of the deterministic results

The proof of strict decrease in Theorem 19.2 uses the following estimate for the finite-
dimensional semigroups Qn ; = Py, with Kp as in Table 19.1.

Lemma 19.20 (Finite semigroup correlations). Fix s > 0. There exist M > 1 and N,
depending only on s and (co, Co, 6), with the following property. Let N > Ny, let r satisfy the
critical spectral conditions with constants (co, Co,d), write fns —1 = g4 — g— with g4 =
max(fys—1,0) and g = max(1 — fns,0), and let

hn(t) = (84, QN8 ) 12(my) (t=>0).
Then there exist real numbers wy j and Ay, > 1/Kp, j > 1, with Zj |wN,]-| < M, such that
hn(t) = Dn(bs)* + Y _wy e it (t>0). (19.52)
j=1
Moreover, for every u > 0,

2/3

0 < hn(2u) < (M*+1)3[Dy(bs) — Dn(b(s +u))] (19.53)

The coefficients wy ; may have either sign. The bounds are uniform over all r that
satisfy the critical spectral conditions with constants (co, Co, d); the lower bound on Ay,
comes from the Poincaré inequality on the full sphere.
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Proof. By Theorem 12.13 with p = 4 and sy = s, there exist M > 1 and Ny, depending
only on s and (co, Co, 6), such that || fns|| () < M for N > Np. We increase Np so that
also Cp(7ty) < Kpb for N > Ny. Let f = fns and dy = Dn(bs).

Step 1: the decrease of the distance. Since f > 0 and [ fdry =1, we have [ g1 dny =
fg, driy = dy by Lemma 3.6. Further, 0 < ¢y < fand 0 < g < 1. Foru > 0,
the functions Qy ,g+ are nonnegative and have integral dy, and Qn 8+ — Onug— =
Onu(f —1) = fNstu — 1. Using |[a —a’'| = a+ a4’ — 2min(a,4’) and Lemma 3.6, we find

an — DN(b(S + u)) = /min(QN,ug-H QN,ug—) dry. (19-54)

Step 2: the correlation and the decrease of the distance. For a,a’ > 0, we have

ad < min(a, a/)2/3 (a4 + a/4)1/3.

Indeed, if a < a/, then (ad')® = a%a”® < a?a’* < a?(a* + a’*), and the other case is
symmetric. Since Qy ,, is selfadjoint on L?(7ry) and Qn 2; = Qn 4 Qn 4, We have iy (2u) =
[ Onug+ Onug—dry > 0. Holder’s inequality with exponents 3/2 and 3 gives

1/3

iv(2u) < ([ min(@nags, Qnag V) ( [ (Quug)* + (Quag)*) drw)

By Jensen’s inequality for the Markov operator Qy,, and the invariance of 71y, we have

[(Qnug+)tdny < [ghdny < M*and [(Qnug-)*dnn < [g* dny < 1. Inserting
(19.54), we obtain (19.53).

Step 3: the spectral expansion. Let (¢;);>o be an orthonormal basis of L?(7ty) of smooth
eigenfunctions of —bL,, with eigenvalues Anj 2 0 and ¢p = 1, as in the proof of
Lemma 19.12. For j > 1, ¢; is orthogonal to ey, and then VarnN(e]-) = 1. The Poincaré
inequality gives 1 < Kpb [ |V5Ne]-|2d7rN = KpAy,j, thatis, Ay > 1/Kp. Let aj = (g4, ¢;)
and B; = (g, ¢j), so that ag = Bo = dn. Expanding Qng— = ¥ ‘Bje_ANJtej in L2(7y),
we have
hn(t) = ) ajpie Vit = dy + ) wn e N, w = gy
j=0 j=1

By the Cauchy-Schwarz inequality and Parseval’s identity, we have

Yo lwnl < 8+ 2ien 18- 12(ey) < Nflli2(my) < M-

j=1
In the second inequality, we used 0 < ¢ < f and 0 < g_ < 1. In particular, the series
converges absolutely for every t > 0, and this proves (19.52). O

Proof of Theorem 19.2. The proof uses pointwise convergence, finite spectral correlations,
and the continuity estimate already established.
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Step 1: continuity and monotonicity. By Lemma 19.18, Fy is continuous. The conver-
gence (19.51) holds by Proposition 19.19. Since every function s — Dy /(bs) is nonincreas-
ing, its pointwise limit Fr is nonincreasing.

Step 2: positivity. By (19.26), there exist ¢1,C; > 0 and Ny, depending only on (cg, Co, d),
such that Dy(bs) > cre % foralls > 0and N € N with N > Ny. This bound was
proved in Section 19.3 without Theorem 19.2. Letting N — oo and using (19.51), we
obtain

Fr(s) >cie ¥ >0 (s> 0). (19.55)

Step 3: strict decrease. Suppose that 0 < s; < sp and Fr(s1) = Fr(sp). Since Fg is
nonincreasing, it is constant on [s1,s;]. Let T = sp — s1, and let hy, M, and N be as
in Lemma 19.20 with s = s;. For t € [1,27], we have s; +t/2 < s,. Since Dy is
nonincreasing, (19.53) with u = t/2 implies that

2/3

0 < hn(t) < (M*+1)13[Dy(bs1) — Dn(s2)] (N > Np).

By (19.51), the right side tends to (M* + 1)'/3[Fg(s;) — Fr(s2)]*/3 = 0. Thus hn(t) — 0
for every t € [r,27], while the constant term Dy /(bs;)? in (19.52) tends to Fg(s;)?. We
apply Lemma 19.9 along the increasing enumeration of {N € N : N > Ny}, with
t1 = 1, t2 = 21, Ay = 1/Kp, the coefficients wy ; and rates Ay, of (19.52), and the
bound M on ¥; |wy j|. It gives Fr(s1)* = 0, which contradicts (19.55). We conclude that
Fr(sp) < Fr(s1) whenever 0 < s; < s. Here M bounds the norm of fy, in L (my). Tt
should not be confused with the bound My in the proof of (19.26), which concerns the
centered density at the time s.b/2.

Step 4: uniform convergence on compact sets and endpoints. Let 0 < sy < s; and ¢ > 0.
Since Fr is nonincreasing and uniformly continuous on [sg, s1], there exist so = ug < 17 <
o < up =51 with Fr(u;_1) — Fr(u;) < ¢ for all I. For s € [u;_1,u;], the monotonicity of
Dy and of Fr implies that

Dn(buj) — Fr(u;) — ¢ < Dn(bs) — Fr(s) < Dn(buj—1) — Fr(u1-1) + .

By (19.51) at the finitely many points 1;, we find that lim supy,_,, sup,¢ s o, IPn(bs) —
Fr(s)| < C. As ( is arbitrary, this proves (19.12).

For the limit at zero, Theorem 18.9 gives Uj(s) — 0 and Z(s) — oo almost surely,
and hence ¢1(s) — 0 almost surely. For a > 0, let B, = {y : |y1| < a}. Then Fg(s) >
U (B,) — pr(By), so liminf, g Fr(s) > 1 — pr(Ba). Since p;' has a density, letting a | 0
gives Fr(0+) = 1.

For the limit at infinity, the finite L?> decay estimate (19.28) gives Dy(bs) <
Cse~~1/Ke for all large N and all s > 1. Passing to the limit in (19.51) yields the
same bound for Fg(s), so Fr(oo) = 0. This completes the proof. O
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Proof of Corollary 19.3. The assertion for an empty interval is immediate. Let I = [e1, €3] C
(0,1) be nonempty, and let [u1, up] = F5 '(I), a compact subinterval of (0, ) because Fy *
is continuous. Fix 0 < h < uq/2. The function

€ min{FR(Flgl(s) —h) —¢, e — Fr(Fg'(e) +h)}

is continuous and positive on I, since Fr is continuous and strictly decreasing; let £ > 0
be its minimum. By (19.12) on [u; — h, up + h|, for large N we have |Dy(bs) — Fr(s)| < ¢
for all s in this interval. Then, for every € € I, Dy(b(Fg'(e) —h)) > e and DN(b(Flgl(e) +
h)) < e. Since Dy is nonincreasing, the first inequality implies that fy(e) > b(Fg ( )—h),
and the second implies that ty/(e) < b(Fg'(e) + h). Thus sup,.; IN“2/3ty(e) — e <
h for large N. As h is arbitrary, this proves (19.13). For € € (0,1/2) we have € < 1—¢
and since Fy ! is strictly decreasing, Fz'(e) > F'(1 —¢) > 0. O

Proof of the first part of Corollary 19.5. By (19.26), with ¢1,C; and Ny depending only on
(co, Co,0), we have Dy(bs) > cie € foralls > 0and N € A with N > Np. Letting
N — oo and using (19.51) of Proposition 19.19, we obtain Fg(s) > cie~“1° for every s > 0.
The finite bound is proved using only Lemmas 19.6 and 19.10 and Theorem 12.13, and
its passage to the limit uses only Proposition 19.19. Neither argument uses positivity or
strict decrease of the limiting profile. O

19.8 The GOE critical window

To apply Theorem 19.2 to the GOE model, we need to know that the finite profiles and
the limiting profile are measurable functions of the spectral data. We first treat a fixed
dimension.

Lemma 19.21 (Profiles in fixed dimension). Let N > 2 and r € RN, and let D'(t) =
|UNP} — 71| py and t7(e) = inf{t > 0: D"(t) < e}.

1. The function t — D' (t) is continuous and nonincreasing on [0, c0) and tends to zero at
infinity. If the r; are not all equal, it is positive and strictly decreasing; otherwise it vanishes
identically.

2. The function € — t"(¢) is continuous on (0,1).

3. The maps r — D" € C([0,00)) and r — " € C((0,1)) are Borel.

Proof. The density @ = dm,/dvy is bounded above and below, and vy satisfies a Poincaré
inequality with some constant C,, since the Laplacian on Sy has a spectral gap. For
smooth g, we have

sup @

Vare, (g) < [(g - v (g)?dm <sup@Cy [ [VsygP vy < 22 ¢, [ 195, gl drm,
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so 71, satisfies a Poincaré inequality with some constant Cp; this is the perturbation
argument of Holley and Stroock [84, Lemma 5.1, pp. 1183-1184]. The semigroup (P})
is a strongly continuous semigroup of selfadjoint Markov operators on L?(7,), and
IPig = (2) 2 < et/Plg — (g

For the first part, let fy = dvy/dm,, which is bounded. Then D'(t) = ||P}fy —
1[1(r,)/2 by reversibility. The continuity of D" follows from the strong continuity
in L?(,), its monotonicity from the contraction property, and the bound D’ (t) <
et/ Ce|| fo — 1||2/2 from the spectral gap. If the 7; are all equal, then 77, = vy and D" = 0.
Otherwise fop # 1 and D"(0) > 0. If D"(¢9) = 0 for some ¢y > 0, then P} (fo —1) =0, and
the injectivity of P} = e~tA forces fy = 1, a contradiction. Thus D" > 0. For 0 < s < &/,
write Pl fo — 1 = g+ — g—, where g+ are continuous and nonnegative. Their integrals
both equal D" (s) > 0. The finite diffusion sends every nonzero nonnegative continuous
function to a strictly positive function at every positive time. Indeed, its heat equation
is uniformly parabolic in each relatively compact coordinate chart of the sphere. The
strong maximum principle implies that a zero at a positive time forces zeros at earlier
positive times throughout that chart; connectedness propagates this through a chain of
overlapping charts. This would contradict preservation of the positive integral. Applying
this to g4+ and g_ at time u = s’ —s > 0, we obtain

D'(s") = D"(s) — /min{P;g+,P£g}d7rr < D'(s).

For the second part, if D" = 0 then t" = 0. Otherwise D" is a continuous strictly
decreasing bijection from [0, ) onto (0, D”(0)]. Then #(¢) = (D")~(e) for e € (0,D(0)],
which is continuous and tends to zero as ¢ 1T D"(0), and #'(¢) = 0 for ¢ > D"(0).

For the third part, fix t > 0. By Lemma 10.2, vy P/ is the law of \/NYr(t)/]Yr(t)L
where Y solves dY; = —2r;Y;dt + +/2/N|Y|dB; with Y(0) = g. We couple all these
solutions by using the same random Gaussian vector g, independent of the same Brow-
nian motions (B;). If ¥} — r, Itd’s isometry and Gronwall’s lemma, applied to the
Lipschitz equation, give ]E|Y’(n) (t) — Y7()|*> — 0, where the expectation is over ¢ and the
Brownian motions. As |Y"(¢)| > 0 almost surely, it follows that vx P/ " vN P} weakly.
The measures 71, are also weakly continuous in r. Total variation on Sy is the supremum
of u(¢) — m(¢) over a countable dense set of continuous ¢: Sy — [0,1] (Lemma 3.6),
and therefore r — D (t) is lower semicontinuous, hence Borel. As D is continuous
in t and the Borel o-field of C([0,0)) is generated by evaluations at rational times, the
map r — D" is Borel. Finally, for ¢ € (0,1) and s > 0, we have t"(¢) > s if and only if
D’(s) > ¢, because D" is continuous and nonincreasing. We conclude that r — #"(¢) is
Borel for every ¢, and by continuity in ¢, ¥ — t" is Borel. O

Lemma 19.22 (Measurable dependence of the critical profile). Let the spaces C((0,0)) and
C((0,1)) carry the topology of uniform convergence on compact subsets.
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1. The maps R — Fg € C((0,00)) and R +— Fg' € C((0,1)) are Borel on P, where P is
viewed as a Borel subset of /> as in Lemma 19.1.

2. For every o € R, there exists a Borel map ®°: R x £> — C((0,00)) x C((0,1)) such
that, almost surely, (E,, F; 1) = @7 (E, (Afl)izz)- In particular, F, and F; 1 are random

elements of these spaces, and they are measurable functions of (&, (A;1)i>2).

Proof. For R € P let rN)(R) be the vectors of Lemma 19.1, and define
q)N(R) — (Dr(N)(R) (N2/3 . )’ N—Z/Str(N)(R)(_)) c C((0,00)) > C((O,l)).

Lemmas 19.1 and 19.21 show that ®y is Borel on P; restriction to (0, o) and rescaling
of time are continuous operations. Fix R € P. By Lemma 19.1, the vectors #(N)(R) with
N > N;i(R) satisfy the hypotheses of Theorem 19.2 with N’ = {N > N;j(R)}. Then
Theorem 19.2 and Corollary 19.3 imply that ®y(R) — (Fg, Fg '), since discarding the
finitely many dimensions N < Nj(R) does not affect the limit. A pointwise limit of Borel
maps into a metric space is Borel, and the first part follows.

For the second part, let (¢, b) € R x (2 with b; > 0 for all i, where b = (b;);>,. For
x>0, let Srp(x) = &+ x71 — Yoy xb?/ (14 xb;); this is (19.14) with b; = A; !, and for
fixed x it is a continuous function of (¢, b), since the series is bounded by x| b||3 and is
Lipschitz in b on bounded sets. Let

0(&,b) =sup {x € QN (0,00) : Szp(x) >0},

a Borel function with values in [0,c0], and on the Borel set where 0 < ¢ < oo let
u(¢,b) € £% have coordinates u; = 2/¢ and u; = 2b;/(1 + ¢b;) for i > 2. The map
u is Borel, because the Borel o-field of ¢? is generated by the coordinates. Let G be
the Borel set of (¢, b) for which u(¢,b) is defined and is the inverse sequence of an
element R of P. We set ®’(&,b) = (Fg, Fg') on G, which is Borel by the first part, and
P7(Z,b) = (s — e %, e — log(1/¢)) off G. On the event of probability one where .7 is
continuous and strictly decreasing from +-oco to —oo, the supremum over rationals equals
the root, so that o(&, (A; 1)) = ¢, and u(E, (A; 1)) = ((R?)71);>1 by (19.15). Since also

R € P almost surely, the convention for F, in Section 19.1 gives (F,, F; 1) = ®7 (&, (A; 1))

1
almost surely. ]

The proof of Theorem 19.4 transfers Theorem 19.2 and Corollary 19.3 from determin-
istic sequences to the joint law of the spectral data. The maps that send the spectral data
to the finite profiles depend on N, and they are continuous only along sequences that
satisfy the critical spectral conditions with fixed constants. We use the following localized
form of the continuous mapping theorem; compare [30, Theorem 2.7].

Lemma 19.23 (Convergence for varying measurable maps). Let E and G be Polish spaces,
let uy, n > 1, and p be Borel probability measures on E such that u, converges weakly to u, and
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let D C E be a Borel set with (D) = 1. Let f,, f: E — G be Borel maps. Suppose that for every
1 > 0 there exist Borel sets A}, C E, n > 1, with the following two properties.

1. limsup, .. un(E\ A}) <7.
2. For every strictly increasing sequence (ny)x>1 of integers, every sequence of points xy € AZk,
and every x € D with x, — x, we have f, (x;) — f(x).

Then the image of , under the map x — (x, fn(x)) converges weakly to the image of u under
x — (x, f(x)), as probability measures on E x G.

Equivalently, if X, and X are random elements of E with laws p;, and u, then
(Xn, fn(Xn)) converges in distribution to (X, f(X)); the random elements need not be
defined on a common probability space. The sets A} may depend on 7, but D and f
do not, and the points x; in the second hypothesis need not lie in D. No continuity of
fnor of fisassumed. If f, = f for all n and f is continuous at every point of D, then
the hypotheses hold with A} = E, and the lemma reduces to the continuous mapping
theorem.

Proof. Let ¢ be a bounded continuous function on E x G, let B = sup |¢|, and let h(x) =
¢(x, f(x)), a Borel function on E with |h| < B. Fix { > 0, and let 0 = min{1/2,{/(8 +
20B)}.

Step 1: a continuous approximation. We claim that there exist a compact set K C D with
#(K) > 1 — 6 and a continuous function H: E — [—B, B] with H = h on K. Indeed, yu is
a Radon measure, since E is Polish [34, Theorem 7.1.7]. By the continuous approximation
in Lusin’s theorem [34, Theorem 7.1.13], which applies to real functions on a metric
space, there exists a continuous function Hy: E — R with u(Hy # h) < 6/2. Let
H = max(—B, min(Hp, B)). Then H is continuous, H = h wherever Hy = h, and the
Borel set D N {H = h} has measure greater than 1 — 6/2. By inner regularity, it contains
a compact set K with u(K) >1—6.

Step 2: a uniform estimate near K. Let A, = A%. We claim that there exist an integer
ko > 1 and ng such that

‘cp(y,fn(y)) — H(y)| <26 whenever n > ng, y € Ay, and dg(y,K) < 1/ko. (19.56)

Otherwise, we can choose recursively n, > ny_1, yx € Ay, and zx € K such that
de(yr zx) < 1/k and |¢(yk, fu, (vk)) — H(yx)| > 26. Since K is compact, a subsequence zj,
converges to some z € K C D, and then y;, — z. The integers ny, are strictly increasing,
and by the second hypothesis, f,, (vx,) — f(z). By the continuity of ¢ and H, the
differences |¢(yy,, fu, (Yx,)) — H(yx,)| converge to |h(z) — H(z)| = 0, which contradicts
the lower bound 26. This proves (19.56). We have not used any continuity of f or of the

fa-
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Step 3: integration. Let U = {y € E : dg(y,K) < 1/ko}, an open set containing K. Since
u(E\U) < u(E\K) < 0 and E\ U is closed, the portmanteau theorem [30, Theorem 2.1]
implies that u, (E \ U) < 26 for large n. The first hypothesis with 7 = 6 implies that also
un(E\ An) < 20 for large n, and then p,(E \ (A, NU)) < 46. For a probability measure
P, Borel functions u, v with |u|,|v| < B, and a Borel set S on which |u — v| < ¢, splitting
the integral over S and its complement gives

‘/udP—/vdP‘ < c+2BP(E\S).

We apply this with P = p,, u(x) = ¢(x, fu(x)), v =H, S = A, NU, and ¢ = 26, using
(19.56), and with P = y, u = H,v = h, S = K, and ¢ = 0. We obtain, for large n,

‘ /¢(x,fn(x))yn(dx) - /den < 20+ 8B6, ‘ /de - /hdy‘ < 2B6.
Since H is bounded and continuous, | [ Hdu, — [ Hdu| < 6 for large n. Combining the
three bounds, we find that

| [0 ful) inld) = [ 9(x, £x)) ()| < (3+10B)0 < ¢

for large n. The order of the choices is ¢, {, §, then K and H, then the sets A%, then kg
and rng. As ¢ and ¢ are arbitrary, this proves the lemma. O

Proof of Theorem 19.4. We apply Lemma 19.23 to the spectral data and to the maps that
send them to the finite profiles and mixing times.

Step 1: spaces and maps. Let Y = C((0,0)) x C((0,1)), where both spaces carry
the topology of uniform convergence on compact subsets. This space is Polish. For
instance, d4(g,g') = Y41 27F min{1, sup,c}y /i 4 18(s) — §'(s)[} is a complete metric for
this topology on C((0,c0)). The piecewise linear functions with rational breakpoints and
rational values on some [1/k, k|, extended to be constant outside this interval, form a
countable dense set. For C((0,1)) we use the intervals [1/k,1 —1/k|, k > 3, in the same
way. Let
E=Rx*x (7)™, G=J)",

which are Polish spaces. Let M = 1 + maxj<y, |¢j|, and let N > (2M)3; then cn,j > 0 for
all j, and discarding finitely many N does not affect convergence in distribution. Let ”1(\]1)

be the half-precisions of the model with ¢ = cN,j, in increasing order, REJRI = brgjlz], and

VN = (( Rl%)_l)ig N, padded with zeros, as in Lemma 4.17. We set

XN = (EN,bN, (VN,U]')]'STH) € E.
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For v € /2 with v; > 0 for i < N, let r(v) € RN have the coordinates r;(v) = 1/(bv;), and
let
¥n(0) = (s = D' (bs), e b1 (e)) €,

in the notation of Lemma 19.21. For the other v € 62, let ¥ (v) = y., where y, = (s —
e %,e+— log(1/¢)). The map Yy is Borel: the set where v; > 0 for i < N is open, r(v) is
continuous on it, the maps r — D" and r — t" are Borel by Lemma 19.21, and rescaling
of time and restriction to (0, c0) are continuous. We define the Borel map fx: E — G by
n(EDb, (1) j<m) = (¥n (v (j ))) j<m- By the reductlon to eigencoordinates in Section 3.1

and (3.9), we have Dy j = D" v and ty; =t v , and r(ng) = ”1(\1) Thus

fn(XN) = (Dnj(N?3), N*Z/st,j('))jSm- (19.57)
All m curves are computed from the same matrix Wy.

Step 2: the limit. Let// = {(R; !);>1 : R € P}, a Borel subset of £2 by Lemma 19.1. For
v= (R Yis1 €U, et Ov) = (PR, 1), and for v € £>\ U, let ®(v) = v.. This map is

Borel by the first part of Lemma 19. 22 Let
D=RxxU",  f(&b ©)icu) = (@),

By the third part of Lemma 4.17, from which we omit the roots ¢n;, the data Xy
converge in distribution to

X=(&b,(Vo)j<m),  b=(8;iz2 vo; = ((R/) Diz1,

and all these limits are functions of the same Airy point process. Since R € P almost
surely for each j, the law y of X satisfies /(D) = 1. By the convention for F, in Section 19.1
and the second part of Lemma 19.22, we have

f(X) = (Fa].,F(gl)jSm — ((I)Uj(E’b))jgm almost surely. (19.58)

The inverse vectors v,; in X are functions of (Z,b), and they add no randomness.

Step 3: sets of good data. Fix 7 > 0, and let 7o = min{#/2,1/2}. By the second part of
Lemma 4.17, with confidence 7o and with M as above, there exist constants 0 < cy <Gy
and 6, > 0, depending only on 77 and M, and events B}, with liminfy P(B,) > 1 — 7o,
with the following property. On B}, the half-precisions satisfy the critical spectral
conditions with constants (c;,, C;,d;) simultaneously for every o € [-M, M]. Let A']N be

the set of x = (&, b, (v(j))]-gm) € E such that, for every j < m, we have vl(j) >0fori <N

and vlgj ) =0fori>N , and the vector 7(v(/)) is nondecreasing and satisfies the critical
spectral conditions with constants (c;, Cy, ;). This is a Borel set: the conditions on the
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coordinates i > N are countably many closed conditions, and the others are finitely many

continuous equalities and inequalities on the open set where Ufj )'> 0 fori < N. On BZ],
we have Xy € A?\]. With uy the law of Xy, it follows that

limsup un(E\ AY) < limsup P((B})) <no < 7.
N—ro0 N—ro00

The sets A}, are subsets of the space E of spectral data, and they place no condition on ¢
or b.

Step 4: the deterministic theorem. Fix # > 0, a strictly increasing sequence (Ni)r>1,
points xj € Al Y and x € D with x; — x in E. Let U,((] ) and o) be the j-th inverse vectors

of x; and x, and let RU) € P be the sequence with inverse sequence v/). For each j, the

vectors r(v(j ) ) € RNk satisfy the critical spectral conditions with the constants (c,, Cy, 6y)

for every k, and their scaled inverse vectors, padded with zeros, are the vectors v](<] ). Thus

2/3, o1 (ROY Y — (1o _ )2
)3 ((Nk ri(w)) = (R”) ) = o _U(])”EZ —0,
i>1
with the convention that the finite inverse vector vanishes for i > N}, and the second
condition in (19.5) holds because RO e P. We may therefore apply Theorem 19.2

and Corollary 19.3 with N' = {N; : k > 1}, and we obtain ‘I’Nk(v,({])) — (PRU),FIQ%)
in Y for every j < m. That is, fy (xx) — f(x) in G. This step uses Theorem 19.2

and Corollary 19.3 for general critical sequences, and not only for the sequences of

Lemma 19.1: the vectors r(v]((] )) are arbitrary vectors that satisfy the critical spectral

conditions with fixed constants.

Step 5: conclusion. By Steps 2—4, Lemma 19.23 applies to the laws uxn and p, the
set D, the maps fy and f, and the sets AJ. We obtain that (X, fn(Xn)) con-
verges in distribution to (X, f(X)) in E x G. We apply the continuous projection
((&,b, (1) j<m),¥) = (&, b,y) and the continuous mapping theorem [30, Theorem 2.7],
and we use (19.57) and (19.58). This proves (19.17), jointly for all j < m and jointly with
the spectral data.

The ratio. Fix jand e € (0,1/2). The map g+ g(¢)/g(1 —¢) on C((0,1)), defined to be
1 when g(1 —¢) = 0, is continuous at every g with g(1 — &) > 0. The finite-N quotient
in (19.18) is this map applied to N —2/ 3tN,]', with the convention of Theorem 19.4 on
{tn,j(1—€) = 0}. Since N2/3ty (1 — ¢) converges in distribution to ngl(l —¢), which
is positive almost surely, we have IP(ty (1 —¢) = 0) — 0, and the convention does not
affect the limit. We deduce (19.18) from (19.17) and the continuous mapping theorem
[30, Theorem 2.7]; note that ty;(e)/tn,j(1 — €) does not change when both times are
multiplied by N~2/3. The limit is strictly greater than 1 almost surely by Corollary 19.3.
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If there were cutoff in the sense of Definition 3.7, the ratio would converge in probability
to 1, hence in distribution to the point mass at 1, which is not the law of the limit in
(19.18). We conclude that there is no cutoff. O

Proof of the second part of Corollary 19.5. Almost surely R” € P. For such an outcome,
Lemma 19.1 provides a sequence satisfying the critical spectral conditions with constants
(19.7) computed from R” and converging to RY. The first part of the corollary then shows
that F,(s) > c1e~©1%, with c1, C; depending on these constants. O

Proof of Theorem 1.3. We use the notation F, = Fge of (19.15). The joint convergence in
distribution of the profiles and the mixing times, on a common disorder, was proved
in Theorem 19.4. Almost surely R’ € P. Using Theorem 19.2 for the sequence of
Lemma 19.1 that converges to R7, we find that F; is continuous and strictly decreasing,
with F,(0+) = 1 and F,(c0) = 0. We obtain the lower bound F,(s) > cie~“*, with
random constants, from Corollary 19.5. The convergence of the ratio of mixing times and
the absence of cutoff were also shown in Theorem 19.4. Finally, we obtain the bounds
C,7’1N2/3 log(1/¢) < tn(e) < CyN?/3log(1/e) for all e € (0,1/2), on events Ay with
liminfy P(Ay) > 1 — % and uniformly for ¢ in a compact set, from the second part of
Corollary 19.11. O



SECTION 20

The critical profile far above the critical temperature

In this section and the next, we prove Theorem 1.4, which describes the critical profile
F, as 0 — —oo and as 0 — +oo. This section treats the limit c = —S — —o0. The main
result is Theorem 20.4. It states that for every realization of the reflected GOE Airy point
process (x;), the limit of N2/3(2 — A;), outside a null set, we have F_g(t& +u/S?) — ¥ (u)
locally uniformly in u, where

= log S® — 3 loglog S® — log(161/7)
452 ’
and that the inverse functions converge correspondingly.

The proof combines the convergence theorem of the critical window, which
holds along deterministic sequences of half-precisions (Theorem 19.2, Corollary 19.3,
and Lemma 18.5), with four finite-dimensional estimates at high temperature whose
constants do not depend on the dimension: the comparison of the time-t law with the
Bingham comparison law (Theorem 14.10), the likelihood ratio estimate for Gaussian
laws conditioned on a common sphere (Theorem 6.6), the decay of the relative errors of
the covariance evolution (Lemma 7.12), and the formula for the information (Lemma 7.3).
We also use the properties of the GOE Airy point process in Theorem 4.15 and Lemma 4.5,
the convergence criterion for positive measures in Lemma 7.15, and Lemmas 3.9 and 3.11.

(20.1)

The finite approximations of the limiting scaled half-precisions constructed in Lemma 20.1
are used again in Section 21.

20.1 The order of limits

The proof first approximates F_g by finite-dimensional diffusions at each fixed S, taking
the dimension N to infinity. It then lets S — co.

This order of limits is different from the one in case (3) of Theorem 1.1, and neither
statement implies the other. If we set éy = SN ~1/3 in case (3), then My = N 5?\] =53, and
the center and window of case (3), divided by N2/3, converge to Tg and S—2. However,
the theorem behind case (3) assumes My — oo, and it gives no information when My
stays fixed while N — co. Conversely, the critical theorem holds at fixed ¢ and gives no
information as o — —oo.

The link between the two regimes is that several estimates of Parts II and III hold at
every finite N, with constants that depend only on the constant in two-sided bounds

231
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on the spacings p; — p1 of the precisions, and not on N or on M = Nd®/2, as soon
as M exceeds a fixed threshold. We apply them to finite sequences of precisions that
approximate the limiting scaled half-precisions of the critical window and have a fixed
large value of M, let N — oo with M fixed, and let M — oo only afterwards. All
comparisons with Gaussian laws conditioned on the sphere are made at finite N, for the
diffusion started from vy; in particular, the limiting Gibbs law in the critical window is
never compared with an unconditioned Gaussian product law.

20.2 Notation and inputs

The limiting equation. Recall from Section 4.5 the GOE Airy point process x1 < x2 <
-+, its gaps A; = x; — x1, with A1 = 0, the regularized inverse-gap statistic &, the
function .7 of (4.29), its roots ¢y, and the limiting scaled half-precisions RY = (A; + 0,)/2
of (4.30). In this section and the next, we regard = and (4;);>, as deterministic. We fix
EcRand0< Ay <Az <---,set A; =0and t; = (37i/2)%/3, and assume that

%_%1 (i = o), (20.2)
1 1
Loy o 0 @03
0_s=5>+0(8* (5§ — ). (20.4)

For these deterministic data, we define

1 11
7(x) :“HTL;Z(H& _E) (x > 0). (20.5)

This is the first expression in (4.29); its equality there with a regularized limit of partial
sums is used only for the GOE Airy data, and not below. We show that (20.5) is mean-
ingful under (20.2). Since A;/ (i — 1)%/3 is positive for i > 2 and converges to (37r/2)%/3
by (20.2), there exist 0 < cpy <1 < Cp, depending only on (4;), such that

cali—12P <A <C(i—1)Y°  (i>2). (20.6)

In particular, ) ;- Afz < co. For x in a compact subset of (0, ), the bounds |(x + A;) ™! —
A7 < xA;7? and [0x(x + A;) 71| < A;? show that the series in (20.5) and its termwise
derivative converge uniformly there. We conclude that .# is continuously differentiable
on (0,00), with

) (x,y > 0).
(20.7)

_y/(x):§m>0, y(x)_y(y):;<X—:Ai_]/‘:Ai
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As x | 0, the term 1/x tends to infinity while the rest of the series stays bounded, and
thus .(x) — +4o0. By (20.3), the integral of —.%’ over (1,00) diverges, and therefore
S (x) — —oo as x — co. Then .7 is a decreasing bijection of (0,00) onto R, and
00 =" Y0) and RY = (A; + 0s) /2 are defined for every o € R.

By Lemmas 4.2 and 4.5 and Theorem 4.15, the GOE Airy point process satisfies (20.2)-
(20.4) almost surely. Indeed, the points are distinct and E is finite almost surely; (20.2)
follows from |x; —tx| < C ti/ 8 in the first part of Theorem 4.15; (20.3) is the case k = 2
of (4.32), since C; = 1/2; and (20.4) is the pathwise outer-root bound of (4.33). Every
statement of this section and the next that is made under (20.2)—(20.4) therefore holds
almost surely for the GOE Airy point process.

The critical theorem along deterministic sequences. We use the results of Sections 18
and 19 for deterministic sequences of half-precisions, in the terminology of Section 19.1.
Let P be the class (19.6) of sequences R = (R;);>1 with 0 < Ry < Rp < Rz < ---
and lim; R;/i*/3 € (0,00). Let N be an infinite set of integers, and for N € A let
0 <rn <--- <ryy satisfy the critical spectral conditions (4.36) with constants (co, Co, )
that do not depend on N. Let R; y = N?/3¢; \;, and suppose that (. ) converges to R € P
in the sense of (19.5), that is,
Y (Ridlieny —Ri1? =0, limi 23R, € (0, ). (20.8)
i>1 1—00
The second condition, an exact Weyl asymptotic for the limiting scaled half-precisions,

is part of the hypotheses of Theorem 19.2 and Lemma 18.5; two-sided bounds R; < i*/3

alone do not suffice. Let Pt(N) be the semigroup generated by Ag, — Vg, (¥ r,-/leZ) Vs,

let 7(N) be its invariant law, and let D(N)(¢) = ||1/NPt(N) — 1N ||ry and t(N)(g) = inf{t >
0: DIN)(t) < ¢}. Then Theorem 19.2 and Corollary 19.3 state that, as N — oo along N,

DWN)(N?/3s) — Fr(s),  N23tWN)(g) — Frl(e), (20.9)

locally uniformly in s € (0,c0) and in € € (0, 1), respectively. Here Fy is the critical mixing
profile (19.11), which is continuous and strictly decreasing on (0, c0), with Fr(0+) =1
and Fg(co) = 0, and F;! is its inverse. We set Fg(0) = 1.

We also need the mean of the covariance evolution. With p; y = 27; n, let

2

_ 1 N
Hy = -2 diag(pLN, .. -/PN,N) + NllT, h]\](t) = etHNl, ]’ZN(t) = N ZhN,i(t)/
i=1

be the heat matrix, the heat vector, and its mean, as in (7.3), and let ¢yn(s) =
N1/37(N?/3s). By Lemma 18.5, every derivative of iy converges uniformly on compact
subsets of (0,00) to the corresponding derivative of a positive completely monotone
function ¥, which satisfies

/Ooe—PS (s)ds = (E y ;)1 (p > 0) (20.10)
0 v - \4 S Ri(Ri+p/4) : . '
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For ¢ € R, we write F, for the critical mixing profile Fgr, with limiting scaled half-
precisions R” = (RY);>1 computed from E and (4;). Under (20.2), R” belongs to P, with
i2/3RY — (371/2)%/3/2. When E and (A;) come from the GOE Airy point process, F; is
the critical mixing profile of Theorem 1.3.

Finite sequences of precisions. Let 0 < p; < pp < --- < py satisfy the trace condition
(7.1), ¥ p;l = N. As in Section 7, we write d = p1, q; = 1/p;, and ¢ = N/ ;47 for the
weight of the zero eigenvalue. We let H, h(t), h(t), vi(t), e;(t), and In(t) = Y e;(t)%/2
be the heat matrix, the heat vector and its mean, the variances, the relative errors,
and the information of (7.3) and (7.4). We also write M = Nd®/2. The matrix A =
—diag(py, - - ., pn) has Lagrange multiplier 0 and precisions p;, and we write P = P/,
which is generated by Ag, — Vg, (¥;pix?/2) - Vs,, and m = 4. By Proposition 5.6,
7T = g is the Gaussian law with variances g; conditioned on Sy, and p,(;) is the Bingham
comparison law of A. We recall that j, ;) need not coincide with the time-f law and that
v;(t) need not equal its second moments; the estimates below compare these objects. We
say that p satisfies the precision-spacing bounds with constant K > 1 if

K—l(i;)msm—pl gK(ig,l)m (2<i<N). (20.11)

We use the following four results.

1. By Theorem 14.10, for all K > 1, dy € (0,1), and Cr > 0, there exist Co, > 1 and
My > 4, depending only on K, dy, and Cr, such that if p satisfies the precision-
spacing bounds with constant K, 0 < d < dy, and M > M, then

[UNP = pogn Ity < min {1, Cpe™ @M (0 <t < Crd 'logM).  (20.12)

These are the hypotheses (14.33) of that theorem. The estimate holds for every N; in
particular, it applies when M stays fixed as N — oo.

2. By Lemma 7.12, for every K > 1 there exists Cr., depending only on K, such that if p
satisfies the precision-spacing bounds with constant K, d < 1, and M > 1, which are
the hypotheses (7.30), then

le;(d 1 +1)| < crei(1 +dr)e " (1>0,1<i<N). (20.13)
i
3. By Theorem 6.6, applied with v = g and ¥ = v(t), which have the same sum N,
there exist a universal constant 7;;, > 0 and, for every B < oo, a constant Cp with
the following property. Let 17, = q1/(2Y; q>)1/2, which is the quantity 7, of (5.1) for
v = g, since g1 = max; q;. If max; [e;(t)| < 1/4, 173 < 115, and Iy (t) < B, then

1) — 7w = (20 (y/Zn(8)/2) = 1) | < Ca (s + max e(®)]).  (2014)
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4. By Lemma 7.3, we have Zy(t) = Nh"(2t)/(8h(t)?) for t > 0, and there exists a finite
positive measure p on [2d, c0) such that

h(t) =0+ y )e)‘tp(d)\) (t>0). (20.15)

20.3 Finite approximations of the limiting scaled half-precisions

Let & > 0. The precisions N=2/3(A; +¢), 1 < i < N, which correspond to the limiting
scaled half-precisions (A; + ¢) /2, do not satisfy the trace condition }; pi_l = N. Indeed,
by (20.17) below, N~1 Y,y N¥3(A; + &)~ — (12/72)1/3 # 1. The reason is that the
gaps A; grow like i%/3 for every i, while the eigenvalues of the GOE follow the semicircle
law in the bulk of the spectrum. We keep the first half of these precisions and multiply
the second half by a factor that restores the trace exactly. This changes no fixed coordinate.
We check that the resulting sequences satisfy both the hypotheses of the critical theorem
and the precision-spacing bounds (20.11), with a constant that does not depend on the
shift ¢.

Lemma 20.1 (Finite approximations of the limiting scaled half-precisions). Assume (20.2).

There exists K > 1, depending only on (A;), with the following property. For every ¢ > 0, there

exists No(&) such that for every N > Ny(¢), with n = | N /2], there exist yn € (1,3] and a
sequence

N728(A+¢), 1<i<n,

piN = { (8 +¢) =t=r (20.16)

YWN"23(A;+¢8), n<i<N,
such that the following hold.

1. We have Y;p;y = Nand 0 < pin < pon < --- < pn,N. The smallest precision is
pin = ENT23,and M = Npy/f = /2

2. The sequence (p; ) satisfies the precision-spacing bounds (20.11) with constant K, and
max; p; y < K. Moreover, N*/3(p;ny — pin) = Aj for 2 <i <mn,and A; < N?/3(p; y —
pl,N) < 5Aif01’ n<i<N.

3. The half-precisions r; N = p; N/ 2 satisfy the critical spectral conditions (4.36) with constants
(co, Co, ), where 6 = A, /2 and cgy, Co depend only on (A;) and &. With R; = (A; + &) /2,
we have R = (R;) € P and i2/3R; — (371/2)%/3/2, and (r. ) converges to R in the
sense of (20.8).

4. The conclusions (20.9) and (20.10) hold for these sequences with R = R” ©), and Fg =
Ez@)-

Proof. Fix ¢ > 0, and let cp, Cp be as in (20.6).
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Step 1: partial traces. For 0 < a < 1,let Zy(a) = N"V3 ¥ i ,n(A; 4+ &)L We claim
that

Sn(a) — (%“)1/3 (N — o). (20.17)
Fix ¢ € (0,1). By (20.2), there exists ] such that (1 —¢e)t; < A;+¢ < (1 +¢)t; fori > J.
The terms with i < ] contribute at most JN~1/3/¢ to £x(a). The function i — i~2/3 is
decreasing, and comparison with an integral gives Y ;i %% = 3(aN)1/3 4+ O(1), so

N-1/3 Z 1 R (3—7T>_2/33a1/3— <12a>1/3.

1. 2
j<izan i 2 Tt

Combining these facts, we find that the limit points of Xy(a) lie between (1 +
e)~1(12a/7®)'/3 and (1 —e)~1(12a/7%)1/3, and e is arbitrary. This proves (20.17).

Let X3y = Zn(1/2), the sum over i < 1, and LJ; = En(1) — Zn(1/2), the sum over
n < i < N. Then (20.17) implies that

1211/3
—) > 1,

Zg,—>(£)1/3<1, Z§+Z§—><ﬂ2

2
where we used 6 < 7% < 12. Let yy = Z;\r]/(l — X), which is defined once X, < 1.
Then yy converges to
(12/71-2)1/3 . (6/71'2)1/3

- ~ 1.440,
T 1— (6/m2)173

and 7, > 1 because (12/712)1/3 > 1. We choose Ny(¢) such that for N > Ny(&) we have
1<yn <3, n>3,A, >¢, and CN_2/3 < 1. This is possible since A, — oo.

Step 2: the trace and the order. Let N > Ny(¢) and define p; y by (20.16). By the
definitions of sz\[, and vy,

N ZJr
-1 _ — N\ _
gpw = N(zy+ ’)/_N> = N.

The sequence is strictly increasing on {1,...,n} and on {n +1,..., N} because (4;) is,
and py11N = 'yNN_Z/3(An+1 + &) > pun because vy > 1. This proves the first part.

Step 3: the precision-spacing bounds. For 2 < i < n, we have N*/3(p; y — p1n) = A;.
For n < i < N, we have

N?3(pin — pin) = InAi + (yn — 1)E € [A;, 2y — 1)A;] C [A;,54],

where we used vy > 1, ¢ < Ay < Aj, and vy < 3. Together with (20.6), this gives

CA<i — 1>2/3 < piN —P1,N < 5CA<i ;,1>2/3

2<i<N),
N <i<N)
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and max; p;N = pNN < EN—2/3 4 5Cp < 1+ 5C,. This shows that (20.11) and the bound
max; p;y < K hold with K = max(c,',1+5C,), which depends only on (4;). This
proves the second part.

Step 4: the critical conditions. Let r;y = p;n/2. Then Y;(2r;n)"! = N, and rp y —
riN = N2/ (2N?/3) because 2 < n. For i = 1, we have r| y = (£/2)(1/N)?/3. Fori > 2,
we have (i —1)?/3 > 272/32/3 and Step 3 gives

<rin ) <5 (5
These bounds show that (4.36) holds with ¢y = min(¢/2,275/3c,), Cg = (& +5Cx)/2,
and 6 = A, /2.

Let R;y = N?/3#;y and R; = (A; +¢&)/2. Then R;y = R; fori < n, and R;y =
YNR; > R; for n < i < N. It follows that 0 < R;l — R;ﬁrl{igN} < R;l for every i > n.
Since this difference vanishes for i < n, we have

Y (RinLi<ny ~R)? < YR2<4Y A2 —0.

i>1 i>n i>n

i \2/3 L
CA<1> sz,NZPLN<r

25/3\ N

_ GNP 4+5CA((i=1)/N)*® _ ¢ +5Ca i>2/3
N < .

Finally, i=2/3R; = i72/3(A; +¢)/2 — (371/2)?/3/2 by (20.2), and 0 < Ry < Ry < R3 <
-+, so that R € P. This proves the third part. Since ¢y = ¢, the limiting scaled
half-precisions are R = R“(©), and the fourth part follows from (20.9) and (20.10). O]

The constant K in the precision-spacing bounds does not depend on ¢, while Ny(¢)
and the constants cg, Cy of the critical conditions do. Only K enters the estimates (20.12)
and (20.13), and only the limit N — oo at fixed ¢ uses the critical conditions.

20.4 The information of the limiting covariance evolution

For & > 0, let p; y be the sequences of Lemma 20.1 with ¢ = a?, so that dy = PIN =
a2N~2/3 and M = a®. Let hy, PN, and Iy be the quantities of Section 20.2 for p; y, let
R; = (A; +a?)/2, and write i = g for the limit in (20.10). We measure time in units
of 1/dy: the time N2/3s corresponds to w = a2s = dyN?2/3s. Accordingly, we define for
w >0

1 w 1 —1 '
By (20.21) below, for each fixed « > 0 and wy > 0, we have 0 < j,(w) < e’z(w’wO)ja(wo)
for w > wp, and hence fy(w) — wy as w — co. Lemma 20.3 below gives a relative
asymptotic for j,(w) in the joint regime a — oo, w — oo, w = o(a?). Note that (20.3)
implies that w, — 2 as & — oo.
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Lemma 20.2 (The limiting information). Assume (20.2), and fix « > 0.
1. For everys > 0,as N — oo,
Y (25) _ oy (2a%s)

IN(N?3s) — T, (s) = SP(s)2  8fa(ads)

(20.19)

2. For every z > 0,

2[S(a?) — S (a?(1+2/2))]

/0 T e (w) dw = (20.20)

3. There exists a positive Borel measure n, on [0,00) such that [ (3 + 2x) ny(dx) < oo and

ja(w) = 2 /[0 . e 2% 0 (dx)  (w > 0). (20.21)

4. For every real z > —2 withz # 0,

ng(dx) P W
/[O,oo) z+2+42x 2[7(a2) — F (02(1+2/2))] ot (20.22)

The right side extends continuously to z = 0, and the identity holds there as well.

The measure n, need not have finite total mass. The point of (20.22) is that it holds for
negative z, where the Laplace transform of f, itself diverges because f, tends to w, > 0.
In Lemma 20.3 below, we use it at z close to —2, and this is how the decay rate e 2w
enters.

Proof. The first part follows from the formula for the information and Lemma 18.5, and
the second is a computation with (20.10). In the third part, the fact that n, lives on
[0,00) comes from the lower bound 2dy on the nonzero frequencies of the covariance
evolution at finite N. The fourth part follows from the second and the third by analytic
continuation.

Step 1: the information. Recall from Lemma 7.3 that Zn () = N&J;(2t)/(8hn(t)?). Using
P (s) = NY3NA3p!L (N?/35), we find

N - N_5/31[J” (ZS) " (25)
Tn(N?/3s) = 8N72/3¢NZZ5)2 = 81;;’\](5)2.

The sequences of Lemma 20.1 satisfy the hypotheses of Lemma 18.5, which gives the
convergence of ¢ and ¢;; moreover 1 > 0. This gives the first expression in (20.19).
The second follows from 9 (s) = af,(a?s), ¢"(2s) = a®f!(2a%s), and fI' = j.
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Step 2: the Laplace transform. For R; = (A; +«?)/2 and p > 0, we have

P 1 — P :2< 1 B 1 )
4 Ri(Ri+p/4) (Ai+a?)(Ai+a?+p/2) Ai+a% ANi+a?+p/2)°

Summing over i and using (20.7), we find that the right side of (20.10) equals (2. (a?) —
(a4 p/2)])L. The substitution w = a?s gives [;° e * fu(w) dw = a [;° e=251p(s) ds,
and taking p = a?z proves (20.20).

Step 3: the positive measure. Let N > Ny(a?), and let 9y and py be the weight of the
zero eigenvalue and the measure in (20.15) for the sequence p; y; the measure is supported
on [2dy, o). Let n, iy be the image of « "' N'/3py under the map A + A/ (2dy) — 1, which
maps [2dy, o) to [0,00), and define

N3¢y

1 w .
fzx,N(w) - EQ’JN(E)/ Wy N = 2 ’ Ja,N = le,N — Wy, N-

Inserting N?/3w/a? = w/dy into (20.15), we have
Jan(w) = /[0 )e‘(z“x)“’ nen(dx)  (w>0). (20.23)

With P,y = N2/ 3pi,N =2R; Ny and g; = p;ﬁl, we have ) ; qlz = N%/3y, PZ-/_Z\%, and therefore
we N = (@) Pi,_z\%)_l. By the ¢2 convergence in the third part of Lemma 20.1, we have
PG = Li(Ai+a?) 72 and wyn — Wi Also fyn(w) — fa(w) for every w > 0,
by Lemma 18.5. We conclude that j, n(w) — ju(w) for every w > 0. Note that j, is
continuous on (0, %), since 1 is.

Fix T > 0, and let my/(dx) = e~ (>*2%)7n, \(dx), a finite measure on [0,00). Using
(20.23), we find that for every t > 0,

/e_(2+2x)tmN(dx) = juN(T+1t) — ju(T+1). (20.24)

Taking t = 0, we see that the total masses my([0,0)) = j, n(T) are bounded. The family
(my) is also tight. Indeed, for L > 0 and t > 0, we have 1 — e~ (2+29f > 1 — =2t for
x> 1L,so

(1—e Y my([L,0)) < / (1= e G2 mp (dx) = jan(T) = jan(T+ ).

Letting N — oo, then L — oo, and then ¢t | 0, and using the continuity of j, at 7, we
find that lim; _,. limsupy my([L, 00)) = 0. Let by = ju(7), the limit of the total masses.
If by = 0, then my converges weakly to the zero measure. If by > 0, then for all
large N the probability measures my/my([0,00)) are tight, and by Prokhorov’s theorem
[30, Theorem 5.1] a subsequence of them converges weakly to a probability measure;
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multiplying it by b;, we find that a subsequence of (my) converges weakly to a finite
measure m(7) on [0, 00) of mass br. The function x +— e~ (229t js bounded and continuous,
and (20.24) implies that [ e~(*2%)%,(7)(dx) = j,(T + t) for every t > 0. This determines
m 7). Indeed, the value at t = 0 is its total mass. If the mass is positive, we divide by it
and cancel the factor e~?; the image of the resulting probability measure under x + 2x
has the Laplace transform t — ¢?/j, (T +t)/j.(T), and a probability measure on [0, o) is
determined by its Laplace transform [71, Section XIII.1, Theorem 1]. The case of zero
mass is immediate. For T < 7/, the measures e_(2+2x)(7/_f)m(T)(dx) and m(™) have the
same Laplace transform t — j, (7' +t), and they are equal by the same argument. We
define n,(dx) = e(2t297,(7) (dx), which does not depend on 7. For w > 0 and T < w,
we have

/e(2+2x)w ng(dx) = /e(2+2x)(w‘r) m(T)(dx) = ju(w),

which is (20.21). Note that j, > 0. Using Tonelli’s theorem and (20.20) with z = 1, we
find

Ny (dx) /oo —w /oo —w
= < .
31 2 A e Yju(w)dw < A e Yfu(w)dw < oo

Step 4: real resolvents. Let G(z) = [(z+2+2x) n(dx) forz € C\ (—oo, —2]. For z in
a compact subset IC of this domain, there exists cx > 0 with |z 42+ 2x| > ¢k (3 4 2x) for
all x > 0, since the ratio |z 4+ 2 4 2x| /(3 + 2x) is positive and continuous in (z, x) € K X
0, c0], with value 1 at x = co. By Step 3 and dominated convergence, G is holomorphic
on C \ (—oo, —2|. For real z > 0, Tonelli’s theorem, (20.21), and (20.20) give

® w: « w
Gz) = [ e ja(w)dw = B~ D) =S - @1 +2/2).
The function . extends holomorphically to C \ (—o0,0], since the difference series in
(20.5) converges uniformly on compact subsets there by (20.6). Then D is holomorphic
on C\ (—o0, —2]. On the real interval (—2,00), D vanishes only at z = 0, because .7 is
strictly decreasing on (0, o), and this zero is simple, with
2 2
oy = % o2y = 1 _ o«

DO =—57) =5 L a5 an? = 2y~

i>1

It follows that a/(2D(z)) has a simple pole at 0 with residue «/(2D’(0)) = w,, and the
right side of (20.22) has a removable singularity at 0. Each zy € (—2,00) is the center
of an open disc in C \ (—o0, —2] on which this right side is holomorphic, and the union
Q) of these discs is a connected open set containing (—2, ). Both sides of (20.22) are
holomorphic on ) and agree on (0, ), so they agree on () by the identity theorem. This
proves (20.22), including the value at z = 0. O

The next lemma computes the decay of j, and of its second derivative in the regime
where w — oo but w/a?> — 0, which contains the times relevant for the profile. Its
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proof reads the asymptotics off the real squared resolvents of the measures n,, using
Lemma 7.15, without differentiating an asymptotic formula.

Lemma 20.3 (Decay of the transient part). Assume (20.2) and (20.3). Let o, — oo and
Wy, — 00 with wy /a2 — 0. Then

' B o~ 20ngy~3/2
jan (wn) = (14 0(1))W, (20.25)
o, (2wn) = (1+0(1))T. (20.26)

Moreover, for every compact K C IR, these relations hold uniformly in u € K for w = wy + u as
x — 00, where

1
wy = Z(log w — glog loga® — 10g(16\/E)>. (20.27)
Proof. We abbreviate & = a, and w = wy,. Let v, be w3/? times the image of n, under
X — wx, a positive measure on [0,0). For s > 0, let z = —2+2s/w > —2. Using
z+2+2x = 2(s + wx) /w and differentiating (20.22) in z, we obtain
/ vp(dy) / ng(dx) 3.7 (es) ~ Aw, (2028)
(s+y)? Vw z+2+2x) V[ (a?) - L (es)]?  Jwz? '

where e = a?/w, so that a?(1+ z/2) = es. Here the left side of (20.22) is differentiated
under the integral, which is justified because it is holomorphic, and the second term on
the right requires z # 0, that is, w # s. We note that the left side of (20.28) is finite.

We now let n — oo at fixed s > 0. Then e — co, and z — —2. Using (20.7) and (20.3),
we find —%’(x) = (1+0(1))/(2y/x) as x — co. Then —"(es) = (1+0(1))/(2+/es),
and integrating .7’ over [es, a?], we find

S () — F(es) = —(1+0(1)) (& — Ves) = —(1+0(1))a,
where we used \/es/a = \/s/w — 0. Also w, — 2 and z> — 4. Inserting these into
(20.28), we find

/ Vn(d]/) _ (1 +0(1)) “3 +O(w71/2) sy

(s+y)? 2\/es\/w «? 2\/—

since \/esy/w = ay/s. Let u(dy) = n_l\/ydy on [0, 00). The substitution y = sr? gives
© Jydy / rdr 2 w1
0 7t(s+y)? _71\/_ (1+7r2)2 7mys 4 25

We have shown that the squared Stieltjes transforms of v, converge to that of y at every
s > 0; these are the hypotheses of Lemma 7.15 for v, and u.
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Using (20.21), differentiation under the integral, and the substitution y = wx, we have

ju(w) = ezwwS/Z/ezy va(dy),  ji(2w) = 4e4ww3/2/ (1 + %>ze4y v (dy).
The differentiation is justified for w > 0 because (2 + 2x)%e~ (2200 < C e~ (2+2¥)0/2
and [ e~ (2+299/2n,(dx) = j,(v/2) < co. The tests p(y) = e 2, ¢(y) = e ¥, and
on(y) = (1+y/wy,)?e % are continuous, ¢, — e~ * uniformly on compact intervals,
and (1+y)?|eu(y)| < (1+y)*e % once w, > 1, which tends to zero as y — oo. By
Lemma 7.15, we obtain

1 [ 1
[ e vaay) 2 ey =
1

1o
/@ndvn—>%/0 Ve dy_16ﬁ,

where we used [;° \/ye" % dy = \/ma—3/2/2. This proves (20.25) and (20.26).

For the last claim, w = w} + u satisfies w — co and w/a? — 0 uniformly in u € K. If
the relations were not uniform in u € K, there would exist ¢ > 0, a;;, — o0, and u,, € K
such that one of the relative errors at w, = w, + u, is at least ¢ for every n. This
contradicts the first part applied to the sequences «;, and wy,. O

20.5 The profile

We now prove the hot half of Theorem 1.4. Recall (20.1) and (20.27). The function ¥ and
its inverse u, = ¥~ 1(e) are those of (3.16).

Theorem 20.4 (The critical profile far above the critical temperature). Assume (20.2)—(20.4);
in particular, the following holds almost surely for the GOE Airy point process. For every compact
KCR,

sup ‘Fy(lxz) (wﬁi“j ”) — ‘i’(u)‘ 50 (a— o) (20.29)
and oo
ilé}lz ‘F_S (TS + §> - ‘I’(u)’ —0 (S — o0). (20.30)

For every compact | C (0,1),

sup ‘52 (F7i(e) — 78) — ue

ec]

—50  (S— o). (20.31)

Moreover, S’F~3(¢)/ log S — 3/4 for every & € (0,1).
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In this section and the next, a supremum of nonnegative errors over the empty set is
defined to be zero. In (20.29) and (20.30), the parameters « and S are large enough that
loglog a® and loglog S® are defined and all the times are positive.

Proof. The assertions for empty K or | are immediate under this convention, so we
consider nonempty compact sets. The proof has four steps: the asymptotics of the
limiting information, the comparison at fixed a and finite N, the limit N — oo followed
by & — oo, and the change of parameter from « to S.

Step 1: the limiting information at the center. Let w = w} + u and s = w/a?, and write
¢ = loga®. Lemma 20.3 implies that j,(w) — 0, and since w, — 2, we have f,(w) — 2.
Inserting this and (20.26) into (20.19), we obtain

3
_3/26—4w _ (1+0(1)) (44 w—3/26—4w‘

128/
We have eV = 16+/71 £3/20=3¢=4 and w=3/? = (1 +0(1))8¢73/2 by (20.27). Hence

To(s) = (1+ 0(1))8_4‘f‘—4ﬁw

wy +u _
I,x< < ) —se M (a—o0), (20.32)

uniformly in u € K, by the uniformity in Lemma 20.3.

Step 2: the comparison at finite N. The constants are chosen in the order of Table 20.1.
Let Ky}, be the constant K of Lemma 20.1 in the precision-spacing bounds, which depends
only on (4;). Let Cop and My be the constants of (20.12) for the constant Kg,, dg = 1/2,
and Cr = 1, and let Cye be the constant of (20.13) for Kg,. Let B = 1+ 2 max,cx e~ #*, and
let Cp and ;¢ be the constants of (20.14). By (20.3),

“—2

(2 i>1(Aj 4+ a2)72)

Using (20.32) and (20.33), we choose ay > 1 such that for all « > ag and u € K, with
W= wy + u:

7 = (1+0(1))a?  (x — o). (20.33)

1 B
> > My, 1<w<loga’,  Crcfwe 2 < T I,x<ﬂ> <>

a2 . (k2
< — .
(221'21(Ai +“z)72)1/2 - mm( 27 ,x3/2>

(20.34)

Fix & > apand u € K, let w = w! + u and s = w/a?, and let pi N be the sequences
of Lemma 20.1 with & = a2, for N > Ny(a?) so large that dy = a®?N~2/3 < 1/2. Let
t = N2/3s = w/dy. We bound the three errors in turn.
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Order Choice Depends on

1 8, (A;) satisfying (20.2)—(20.4); constant Ky, in (20.11) —

2 do = 1/2, Ct = 1; constants Ccp, My in (20.12) Kgn

3 constant Cy, in (20.13) Kgp,

4 compact K; B; constants Cp, 73 in (20.14) K

5 a > ag satisfying (20.34) all of the above
6 u € K, and then N — oo x

7 & — 00, and then S — oo through a? = ¢_g —

Table 20.1. The order of choices in the proof of Theorem 20.4. No constant in rows 1-5 depends
on N, and the constants in rows 1-4 do not depend on a.

First, p; y satisfies the precision-spacing bounds with constant Ky, dy < 1/2, and
M = a® > M. Since w < log a3, we have t < d&l log M, and (20.12) implies that

(N) (AN—2/N)t _

— — -1/3

Second, since w > 1, we may write t = d;,l + T withdyTt=w—12>0. Sincedy < pin,
(20.13) gives

max |e;(f)]| < Crewe_2(w_1) = Crelwe 2V <
1

NI

Third, with g; = p;ﬁ, and P,y = N?/3p; y, we have

P .
q — - _ 7
@Lia)? (%P2

which converges as N — oo to the left side of (20.33), by the /2 convergence in Lemma 20.1.
Also In(t) — Zy(s) < B/2, by (20.19). Then there exists Nj(«,u) such that for N >
Ny (a, u) we have 1, < mig, 175 < 32732, and In(t) < B. Then (20.14) applies, and, since
nN) = Mg, the triangle inequality gives

1/3

‘D(N)(t) — (20(/Zn()/2) - 1)‘ < Cepe YN 1 Cp (30732 4 CrecPwe 2Y) (20.35)

for N > Ny(a,u).

Step 3: the limits N — co and &« — co. Let N — oo in (20.35), at fixed a« and u. By (20.9)
and Lemma 20.1, DN (N?/35) — Fy(42)(s), and In(t) — Zu(s). We obtain, for all a > ag
and u € K, with w = w} + u,

‘Fy(“Z) (%) — <2CI>( To(w/a?)/2) — 1)‘ < Cepe™“ +Cp (3&‘3/2 + Creezwe_zw).

(20.36)
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The right side tends to zero as & — oo, uniformly in u € K, because w > w; + min K —
c0. By (20.32) and the uniform continuity of I — 2<I>(\/T /2) —1 on [0, B], we have
20(\/Zy(w/a2)/2) =1 — 2P(e 2 /2) —1 = ¥(u) uniformly in u € K. This proves
(20.29).

Step 4: the parameter S. Let ag = Q1_/52, so that ./ (a2) = —S and Py(“é) = F_g. We have
rx% /S? =1+0(575/%) by (20.4). In particular, g — co. Using the definitions (20.1) and
(20.27), we have

> 3. logad

u . 2 1. «a
a%(r?—l—?) — Wy, — U= (S—§—1> (S8 +u) _ZlogS_§+gloglogS3'

The first term is O(S™3/*log S) uniformly in u € K, since St = O(log S); the second
is O(57°/4); and the third is O(S7>/*/log S). We conclude that 7§ 4 u/5% = (w}, 4+ u +
es(u))/a% with sup,, . |es(u)| — 0. Let K' = K+ [—1,1]. For S large, |es| < 1, and

sup ‘F,S <T§1 + %) — ‘Y(u)‘

uek
wi +u
< sup ‘Esﬂ(ag)(%a—z) —Y(u')| +sup [¥(u+es(u)) —¥(u)|
u' ek’ S uek

The first term tends to zero by (20.29) with K’ in place of K, and the second by the
uniform continuity of ¥ on K’. This proves (20.30).

Finally, we apply the deterministic version of Lemma 3.11 along an arbitrary sequence
Sy — oo, with D, = F_g , by, = Tgln, w, = S;z, and V = Y. Its hypotheses hold: F_g is
nonincreasing with F_g(c0) = 0 by (20.9), ¥ has the required properties by Lemma 3.9,
b,/w, = S%Té‘n — 00, and the pointwise convergence is (20.30). As F_g is continuous
and strictly decreasing, we have F§(e) = inf{s > 0: F_g(s) < e}. The second part of
Lemma 3.11 gives (20.31). The last claim follows from (20.31) and SZT? /logS —3/4. O



SECTION 21

The critical profile far below the critical temperature

This section treats the limit ¢ = S — +co of the critical mixing profile, which is the
second half of Theorem 1.4. The main result is Theorem 21.2. It states that for every
realization of the reflected GOE Airy point process (x;), the limit of N2/3(2 — A;), outside
a null set, we have Fs(t§ +2u/Ay) — V(u) locally uniformly in u, where

o log ((S—E)A)
ST 27, ’

and that the inverse functions converge correspondingly.

We use the notation and the conditions (20.2)-(20.4) of Section 20.2, the finite approxi-
mations of Lemma 20.1, and the critical theorem in the form (20.9). The other inputs are
the uniform version of the low-temperature profile theorem (Corollary 17.4), the identity
for the top fraction in Lemma 4.5, the properties of V in Lemma 3.9, and Lemma 3.11.

The order of limits is the same as in Section 20: first N — oo at fixed S, then S — 0.
If we set ey = SN~1/3 in case (4) of Theorem 1.1, then N e?\, =33 stays bounded, and the
profile parameter my = 6y Nay converges in distribution to the finite limit (S — E)A, /2.
The theorem behind case (4), on the other hand, requires my — co. What makes the
passage possible is that the low-temperature theorem holds uniformly over the vectors of
scaled eigenvalue gaps that satisfy the scaled-gap bounds and the separation condition
of Definition 17.1 with fixed constants, in the iterated sense lim; _,, limsupy;_, ., sup of
(21.4) below. This statement gives no bound at a fixed finite value of m and fixed N, and
none is needed.

21.1)

21.1 Finite approximations at a positive shift

In the form (3.8) of the generator, the low-temperature theorems are stated in terms of the
scaled eigenvalue gaps a; = (p; — p1)/2 and the top fraction 6y of (3.14). We compute
these quantities for the finite approximations of Lemma 20.1 with shift ¢ = gs.

Lemma 21.1 (Scaled eigenvalue gaps and top fraction of the approximations). Assume
(20.2) and (20.3). Fix S € R, write Qg = S — &, and let p; y, N > Ny(0s), be the sequences of
Lemma 20.1 with { = 0s. Let

N — 1Y 1
_ PiN— PIN Oy =1 — —

a j 4 7
N 2 N lg 2,5

my = GNNale.

246
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1. The diffusion generated by As,, — Vs, (X a; NX7) - Vs, is the diffusion with half-precisions

pin/2 of (20.9). Moreover, 0 = a1y < aan < -+ < ann, N?Bapyn = A2/2,
a3 N/ a2, N = A3/ Dy, and
cp /1 —1\2/3 5Cp /i —1\2/3 .
— <agny < — <1< .
2<N) =N = <N) 2<i<N) (21.2)
with cp, Cp as in (20.6), which do not depend on S.
2. As N — oo,
N30y — Qs. (21.3)
3. If Qs > 0, then, as N — oo,
QsAz 3 3 log(2my) c

4. As S — oo, we have gg — 0, and 0 < le —0s < QS_3 Yiso AZ._Z whenever Qg > 0.

Proof. Let & = gs. For the first part, on Sy we have Y, p; Nx?/2 = Y;a; X7 + p1 NN /2,
and the constant does not change the generator, by (3.7). The remaining claims follow
from the first two parts of Lemma 20.1. Indeed, since the indices 2 and 3 are at most 7,
we have N2/3a2,N = Ay/2 and N2/3a3,N = A3/2; and A;/2 < N2/3ai,N < 5A;/2 for all
2 <i < N, which gives (21.2) by (20.6).

For the second part, let P; 5y = N2/3pl-,N and Bjy = PN —C = 2N2/3ai,N. The trace
condition ) ; p;ﬁl = N reads ), Pl.}\} = N'/3,and P, y = & Hence

Use i 11 N(l 1>_1_N ¢
N =N l; Bin ¢ Z_Z; Bin PN/ ¢ l; Bin(Bin+¢)

For each fixed i > 2, we have B; y = A; once i < n. By the first part, B; y > A;, and the
summands are bounded by §A;2, which is summable. By dominated convergence,

1 4
NY3gy —w-—-YyY — 2 = FE)-E=85—
N g 1; Ai(Ai +¢) (©)
where we used (20.5) and (& + A;) ! — Ai_l = —C¢/(Ai(A +8)).
The third part follows from my = N1/3gy - N2/3a2,N, NG?\, = (N1/39N)3, and

log(2my) _ log(2my) | log(QsB2) _ .
Ny 2B, 24, s

[1]

4

For the fourth part, s — 0 as S — oo because . is a decreasing bijection of (0, %)
onto R. The computation in the second part shows that Qg = &1 — Y;5, &/ (Ai(A; + €)).
Multiplying by ¢, we obtain

1
=1-2y ——
QBE=1-C L K&+
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The right side is at most one. If Qg > 0, this gives § < le and 0 < le —¢ =
Qg '8 Lina(Ai(Ai +8)) 1 < Q5° Lisa A% -

The fourth part shows that the smallest scaled precision gs is close to 1/(S — E) for
large S. The second part shows that the top fraction of the approximations is of order
N-1/3 with N30y — S — E; this agrees with the top fraction of the model in the critical
window, by Lemma 4.5.

21.2 The profile

We use the low-temperature profile theorem in the following uniform form. Fix 0 < ¢, <
Ci and e, > 0, and let Ay = An(cs, Cx, €x) be the set of vectors of Definition 17.1, that is,
of vectors satisfying (17.3): the vectors 0 = a; < ay < --- < ay such that

i—1\2/3 i—1\2/3 . a
c*<N) gaigc*(N> (2<i<N), izws*.

Fora € Ay, let0(a) =1— N"1Y,-,(24;)"! and m(a) = 6(a)Nay. When 6(a) > 0, define

log(2m(a)) u
bt A P A Rl
4[12 an

ta(ut)

and let D?(t) be the total variation distance between vy Pf and the invariant law of P/,
where Pf is generated by Ag, — Vs, (¥, 4,x?) - V,. For a nonempty compact interval
I C R and L large enough that log(2L) +4minI > 0, so that all the times below are
positive, let

(u € R),

E;(L) = limsup sup { sup |[D*(ta(u)) = V(u)|:a € AN, 0<6(a) <

1
T/ m(a) Z L}/
N—oo uel L

(21.4)
where the supremum over the empty set is zero. In the notation of Corollary 17.4,
Ei(L) = limsupy En(L), and (17.7) states that E;(L) — 0 as L — oo. This is stronger
than Theorem 17.3 applied to a single sequence with 6 — 0 and m — oco: it bounds the
distance, for all large N and uniformly over Ay, at every fixed large value of m.

Theorem 21.2 (The critical profile far below the critical temperature). Assume (20.2)—(20.4);
in particular, the following holds almost surely for the GOE Airy point process. For every compact
I CR,

sup |Fs (7§ + i—”) = V(u)’ 50 (S— ). (21.5)
uel 2
For every compact | C (0,1),
sup %(Fgl(s) —1) V)| 0 (5w (21.6)

e€]
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Moreover, F5 () / log S — 1/(24,) for every € € (0,1).

Here S is large enough that S > = and that all the times in (21.5) are positive. The
center and the window depend on the realization through = and A;.

Proof. The assertions for empty I or | are immediate under the convention of Section 20.
For the profile assertion we may enlarge a nonempty compact I to its compact interval
hull, since a supremum over [ is no larger than the supremum over that hull. We therefore
fix a nonempty compact interval I. For the quantile assertion we likewise enlarge a
nonempty compact | C (0,1) to its compact interval hull, which is still contained in (0, 1).
By Lemma 21.1, for every S and every N > Ny(0s), the sequence (a; 5)i<n belongs to
An(cs, Cs, €4) with

Az
* — ——, x — T, x — < — 1 .
c C € A, >0
These constants depend only on (4A;), and not on S; only the dimension Ny(¢s) from
which the sequences are defined depends on S. Let D(N) be the distance for the corre-
sponding diffusion, which is the same for the gaps 4; 5y and for the half-precisions p; n/2,
by the first part of Lemma 21.1. For u € R, let

(1) = log(2my) L.

4ax N a2,N
be the time t,(u) for a = (a; ).

Step 1: the bound at fixed S. Fix L with log(2L) +4minI > 0, and let S be such that
Qs =S—E>0,QsA2/2 > L, and 75 +2min [/A; > 0. The second and third parts of
Lemma 21.1 give N30y — Qg > 0 and my — QgA»/2 > L. Then for all large N we
have 0 < 6y <1/L and my > L, so that (a; 5) belongs to the set in (21.4). Therefore

limsup sup | D™ (ty (1)) — V(u)| < Er(L). (21.7)
N—oo u€l
We note that at fixed S the parameter my converges to a finite limit. For this reason
Theorem 17.3 itself does not apply, while the uniform bound (21.4) does.

Step 2: identification of the left side. Using the first and third parts of Lemma 21.1, we
find () log(2my) 2 2

N(u) _ log(2my) | 2u ¢, 2u

N2 T T2, A, ST Ay
uniformly in u € I. The limits lie in the compact interval [t§ +2minI/A, 7§ +
2maxI/A;] C (0,00), and for large N all the times ty(u)/N?/3, u € I, lie in a fixed
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compact subset Kg of (0,00). By Lemma 20.1, (20.9) holds with Fg = Fs, since ¢ = 0s.
Thus

2
sup ‘D(N) (tn(u)) — Fs <T§ - A_u> ‘ < sup ‘D(N)(Nz/g’s) — Fs(s)|
uel 2 seks

sup | Fo (M) — s (15 + 57)

and both terms tend to zero, the second by the uniform continuity of Fs on Kg. Combining
this with (21.7), we obtain

4

s;tgl) ‘FS <T§ + i—i) — V(u)‘ < Ef(L)

for every S satisfying the three conditions of Step 1.

Step 3: the limits S — co and L — oo. Since Qg — o and 7§ — o0 as § — oo, the three
conditions of Step 1 hold for all large S. By Step 2, the left side of (21.5) has lim supg_,
at most E;(L), for every L with log(2L) +4minI > 0. Letting L — oo and using (17.7),
we obtain (21.5). Equivalently, after discarding finitely many dimensions at each fixed S,
Steps 1 and 3 verify the hypotheses of the second statement (17.8) of Corollary 17.4 for
the family a(NS) = (a; N), with mg = QgA»/2, and Step 2 identifies its left side.

Finally, we apply the deterministic version of Lemma 3.11 along an arbitrary sequence
Sy — oo, with D, = Fs, b, = Tgn, wy = 2/Ay, and V = V. Its hypotheses hold: Fs is
nonincreasing with Fs(co) = 0 by (20.9), V has the required properties by Lemma 3.9,
by /wy =1og(Qs, Az) /4 — o0, and the pointwise convergence is (21.5). As Fg is continu-
ous and strictly decreasing, we have Fg L(e) = inf{s > 0: Fs(s) < €}, and the second part
of Lemma 3.11 gives (21.6). The last claim follows from (21.6) and 75/ log S — 1/(24,),
which holds because Qs/S — 1. O
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