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ABSTRACT

We study the Langevin dynamics of the spherical Sherrington-Kirkpatrick model,
the diffusion on the sphere of radius /N in RN that is reversible with respect
to the Gibbs measure with density proportional to exp(Bx'Wx/+/2), where W
is an N x N matrix from the Gaussian orthogonal ensemble. The dynamics is
started from the uniform distribution on the sphere, independently of W. We
determine the asymptotic quenched total-variation distance to equilibrium as
a function of time in the fixed-temperature, mesoscopic, critical-window, and
infinite-temperature crossover regimes described below, with convergence in prob-
ability or in distribution with respect to W. Let 8. = 1/+/2 be the critical inverse
temperature. For < B, there is cutoff with a Gaussian profile at fixed p € (0, Bc),
along every mesoscopic approach of B to B. from below, and in the infinite-
temperature crossover when NB3%; — oo; when N3, stays bounded, the distance
relaxes over bounded times and there is no cutoff. At fixed g € (0,p.) the mix-
ing time is (log N — (3/2)loglog N + O(1))/(4(1 — v/2B)?), and the correction
—(3/2)loglog N comes from the edge of the spectrum of W. For B > B, at fixed
B and along every mesoscopic approach to . from above, there is cutoff at a time
set by the gap between the two largest eigenvalues of W, of order N?/3log N at
fixed B. The profile is the total-variation distance between a standard Gaussian
variable and its sum with an independent Cauchy variable; the Cauchy variable
is the ratio of the first two eigencoordinates at an early stage of the evolution. In
the critical window /28 = 1+ cN~1/3, the distance at time N?/3s converges in
distribution to a random profile determined by the Airy point process, and there
is no cutoff. As ¢ — £oo, this profile, suitably recentered and rescaled, converges
to the profiles of the two mesoscopic regimes.
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SECTION 1

Introduction

The spherical Sherrington—Kirkpatrick model is the simplest mean-field spin glass. Its
configurations are points x of the sphere Sy = {x € RN : |x|?> = N}, and its energy is
a quadratic form in x whose coefficients form a random symmetric matrix, so that its
equilibrium can be analyzed exactly through the spectrum of that matrix. The Langevin
diffusion on Sy that is reversible with respect to the Gibbs measure has been studied in
physics for more than forty years, mostly through the evolution of observables such as
the energy and two-time correlation functions in the limit of infinite system size.

The goal of this paper is to describe how the law of this diffusion approaches equi-
librium when the dimension N is large and the disorder is fixed. We start the dynamics
from the uniform distribution on Sy, independently of the disorder, and measure its
distance to the Gibbs measure in total variation. We determine the asymptotic behavior of
this distance as a function of time at fixed temperatures above and below the critical one,
in the crossover to infinite temperature, along every mesoscopic approach to the critical
temperature from either side, and in the critical window. In the regimes treated here
outside the critical window we find cutoff, except in the part of the crossover to infinite
temperature where Nf? stays bounded; there the distance relaxes over bounded times. In
each case we identify the center and the window of the transition and its limiting shape,
which we call the mixing profile. In the critical window the mixing profile is random
and determined by the edge of the spectrum of the disorder, and there is no cutoff. We
also show that the critical mixing profiles match those of the two mesoscopic regimes far
from the critical temperature.

1.1 The model and its Langevin dynamics

Spherical models. Berlin and Kac introduced the spherical model of a ferromagnet in
[28], in which the Ising spins of a lattice model are replaced by real variables subject to a
single constraint on the sum of their squares. Lewis and Wannier considered the mean
spherical model, in which this constraint holds only in expectation [107, (1)—(2), p. 683],
and Stanley identified the spherical model with the limit of classical vector spin models
as the number of spin components tends to infinity [140]. Sherrington and Kirkpatrick
introduced the mean-field Ising spin glass with independent Gaussian couplings [132].
Kosterlitz, Thouless, and Jones introduced its spherical version, whose couplings form a
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random symmetric matrix, and solved its thermodynamics through the spectrum of that
matrix [97].

We use the following normalization. Let Wy be an N x N matrix from the Gaussian
orthogonal ensemble (GOE), that is, a real symmetric matrix whose entries on and
above the diagonal are independent with W;; ~ N(0, (1 +1;;-)/N) for i < j. Let
A1 > Ay > -+ > Ay be its eigenvalues, and let vy be the uniform probability measure on
Sn. For an inverse temperature f > 0 we define the Hamiltonian and the Gibbs measure

by

-
a \V/VENx, TN ¢ (dx) = Zzl\i,ceﬁHN(x) vn(dx) = %,Ce(c/z)xTwa vn(dx), (1.1)
where Zy . is the normalizing constant and ¢ = /2 8. Throughout the paper we parame-
terize the temperature by the rescaled inverse temperature c, so that increasing c lowers
the temperature. The critical value is ¢ = 1, that is, B = 1/ V2. Since its density with
respect to vy is the exponential of a quadratic form, 7y . is a Bingham distribution [31].
Because —Wy has the same law as Wy, negative inverse temperatures lead to the same
results with the roles of the top and the bottom of the spectrum exchanged, and it suffices
to consider B > 0.

We work in an orthonormal eigenbasis of Wy and write x4, ..., xy for the coordinates
in this basis, the eigencoordinates. The Gibbs measure has the following Gaussian
representation. Let z > cA; be the unique solution of

HN(X) =

1Y 1
ﬁi_zlz—c)\i =1 1.2)

and set p; = z —cA; and ¢q; = 1/p;. Since — Y ; pix?/2 = —zN/2 + (¢/2) ¥; Aix? on Sy,
the density of a centered Gaussian vector with independent coordinates of variances
q1,--.,qn is proportional to the Gibbs density on Sy. The gradient of |x|?> has constant
length on Sy, and it follows that 7y is the law of this Gaussian vector conditioned
on |x|?> = N, where the choice of z in (1.2) makes the expected squared norm of the
unconditioned vector equal to N. The numbers z, p;, and g; are the Lagrange multiplier,
the precisions, and the variances of Definition 3.3. Equation (1.2) is the saddle-point
equation in the solution of Kosterlitz, Thouless, and Jones [97]; see [6, Lemma 1.3] for
a modern account of their contour-integral formula for Zy,.. The representation of
Bingham distributions by conditioned Gaussian vectors is classical in directional statistics
[98], and for spherical models it appears in [5, Proposition 2.7] and, in the critical regime
of the present model, in [62, Section 1.2].

As N — oo, the empirical spectral measure of Wy converges to the semicircle law
psc(A)dA = (2r)~1v/4 — A2dA on [-2,2] [152, 153]; for convergence in probability in the
present normalization, see [4, Theorem 2.1.1, p. 7]. Also, A1 converges to 2 by the edge
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estimates recalled in Lemma 4.2. For ¢ < 1 we have z — 1+ ¢? and the smallest precision
d = p; = z— cAq converges to (1 — c)?, so that all variances g; remain bounded. For
c > 1 we have d — 0, and the first eigencoordinate carries a macroscopic fraction of the
squared norm under 71y, in the sense that x3/N — 1 — 1/c in probability. This is the
condensation of the spherical model onto the top eigenvector [97], [51, Section III]. At
low temperature the Gibbs measure is therefore concentrated on two antipodal regions
in which x; is close to /(1 —1/¢)N or to —+/(1 —1/c)N. The free energy has a phase
transition at ¢ = 1 [97]; we refer to [47] for the replica analysis of general spherical p-spin
models and to [143] for a proof of the free-energy formula for spherical models with even
interactions, which include the present one.

Langevin dynamics. The Langevin dynamics of the model is the diffusion on Sy with
generator
L =Asy+BVsyHN " Vs,, (1.3)

where Ag, and Vg, are the Laplace-Beltrami operator and the gradient on Sy. Its
noise coefficient is v/2, and it is reversible with respect to 7tn .. We write (P;);> for its
semigroup, so that vy P, is the law at time ¢t of the diffusion started from the uniform
distribution. In the eigenbasis the drift is linear apart from the term that keeps the process
on the sphere. However, the noise is projected onto the tangent space of Sy, and for
finite N the eigencoordinates are coupled and are not independent Ornstein—-Uhlenbeck
processes.

This dynamics has a long history in physics. Shukla and Singh studied relaxation in
the spherical spin-glass model [133]. Ciuchi and de Pasquale studied nonlinear relaxation
and ergodicity breaking in random anisotropy spin glasses with many spin components
[44]. Cugliandolo and Dean solved the dynamics completely in the thermodynamic limit,
for quenches from high temperature and for more general temperature protocols [51].
They diagonalized the coupling matrix and reduced the spherical constraint to a scalar
Volterra equation for a time-dependent Lagrange multiplier [51, (IL.2)—(IL.7)], and from its
solution they computed correlation and response functions and showed that the dynamics
ages at low temperature. Zippold, Kiihn, and Horner refined the time scales that separate
stationary relaxation from aging and compared the model with spherical ferromagnets
[156, Sections III-IV]. Cugliandolo and Kurchan developed a microscopic aging analysis
for spherical p > 2 spin glasses after taking the thermodynamic limit [50, Introduction],
and the quadratic model behaves like a coarsening system [52, Section IV.C]. Caltagirone,
Parisi, and Rizzo computed the off-equilibrium correlations at the critical temperature [38,
Section III]. On the mathematical side, Ben Arous, Dembo, and Guionnet proved aging
for the Langevin dynamics of the spherical Sherrington-Kirkpatrick model with a soft
spherical constraint [26]. The same authors derived rigorously the Cugliandolo-Kurchan
equations for the correlation and response functions of spherical spin glasses with a soft
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spherical constraint [23, Theorem 1.2]. Dembo, Guionnet, and Mazza obtained the limit of
these equations under the hard spherical constraint [55, Proposition 1.1], and proved that
at sufficiently high temperature the solutions converge to a stationary pair that satisfies
the fluctuation-dissipation relation and decays exponentially [55, Theorem 1.3]. These
analyses take the thermodynamic limit first and then study the resulting correlation and
response functions, including their long-time behavior.

Finite-size effects enter through the edge of the spectrum. Rodgers and Moore
identified the first-gap barrier between the two antipodal low-temperature regions [124,
Section 2, (25)—(26)]; see also [73, Section 4]. Fyodorov, Perret, and Schehr showed that
at zero temperature the relaxation crosses over at times of order N?/3 from the algebraic
decay of the thermodynamic limit to an exponential decay governed by the random gap
A1 — Ay, in a regime where observables are no longer self-averaging [73, Section 3.1].
Barbier, de Freitas Pimenta, Cugliandolo, and Stariolo studied these finite-size effects
further, including the escape from initial conditions concentrated near saddle points [13].
For gradient descent on the sphere started from the uniform distribution, which is the
dynamics at zero temperature, Yu showed that the time needed to reach a fixed overlap
with an extreme eigenvector lies between orders N?/3 and N?/3log N with probability
at least 1 — 6, for each fixed § > 0 [155, Section 3, Theorem 3.3]. That result concerns a
hitting time, while our results concern the law of the diffusion at positive temperature in
total variation. In an approximation that neglects finite-size fluctuations of the spectral
density, Cugliandolo, Dean, and Yoshino found a relaxation time of order N (B — B.) for
the linear susceptibility at low temperature [53, Sections 1.1 and 4.3].

The question. In this paper we study the law of the diffusion itself at finite N. We start
the diffusion from vy, independently of Wy, and measure its distance to equilibrium by

Dn(t) = [[vnP = 7inellrv,  where || — 7]ty = sup [u(A) —=y(A)|  (1.4)
A

and the supremum is over Borel sets A C Sy. We ask how Dy/(t) behaves as a function
of t when N is large, and how the answer depends on the temperature.

We comment on three features of this formulation. First, total variation controls the
law of the entire configuration, so that once Dy (t) is small the law of every measurable
observable is close to its equilibrium law, including observables that depend on all N
coordinates; it is also the standard distance in the theory of mixing times [105]. Second,
the uniform distribution is the Gibbs measure at § = 0, and the dynamics started
from vy describes a quench from infinite temperature. In the eigenbasis a uniform
point has coordinates v/N g;/|g|, where g1,...,gn are independent standard Gaussian
variables. Several of the computations cited above instead model the quench by giving
every eigenmode the same deterministic initial amplitude [51, (IIL.1)], [73, (6)], [13, (12)].
For a fixed matrix this is a different initial condition, and Section 1.4 explains why the
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difference matters at low temperature. Third, the law vy P; is averaged over the initial
point and the Brownian motion but not over the disorder, so that Dy(t) is a random
variable that depends on Wy only, and our results are statements in probability or in
distribution with respect to Wy.

1.2 Cutoff and limit profiles

Diaconis and Shahshahani [58] and Aldous [1] found the cutoff phenomenon in their
analysis of card shuffling and random walks on groups, and Aldous and Diaconis named
it [2]; we refer to [56] and [105, Chapter 18] for surveys. Given a sequence of Markov
processes, let ty(¢€) be the first time at which the distance to equilibrium is at most e.
Ratios of mixing times are set to 1 when their denominator is zero. In the deterministic
setting, there is cutoff if (1 —€) > 0 for all sufficiently large N and tx(¢)/tn(1—¢) — 1
for every ¢ € (0,1/2), which means that the distance drops from close to one to close to
zero over a window of time that is much shorter than the mixing time. A finer question
asks for a limit profile, which consists of a center Ty, a window wy with wyn /Ty — 0,
and a function P such that the distance at time Tx + wyu converges to P(u) for every
uecR.

Limit profiles are known for few processes. Diaconis, Graham, and Morrison studied
the random walk on the hypercube {0,1}" that at each step stays put or flips one of the
n coordinates, each with probability 1/(n 4+ 1). They proved in [59, Theorem 1] that its
distance to the uniform distribution at time (nlogn)/4 + un converges to

Y(u) =2®(e2/2) -1, (1.5)

where @ is the standard normal distribution function. The function ¥(u) is the total-
variation distance between N (e=2%,1) and AN(0,1), and it is also the profile in our
results at high temperature. Bayer and Diaconis found the profile of the riffle shuftle
[21, Theorem 4], and Lacoin found that of the simple exclusion process on the circle
[100, Theorem 2.1]. Teyssier showed that the profile of random transpositions is a total-
variation distance between two Poisson laws [144, Theorem 1.1], and Nestoridi and
Olesker-Taylor developed a general method for the profiles of reversible Markov chains
[114].

Cutoff is also known for many diffusions. Saloff-Coste [128, Theorems 2.1 and 4.2]
and Méliot [113, Theorem 6] studied Brownian motion on spheres and other compact
symmetric spaces, and Lachaud proved cutoff for samples of independent Ornstein—
Uhlenbeck processes [99, Propositions 1-2]. Boursier, Chafai, and Labbé proved it for
the Dyson Ornstein—Uhlenbeck process [35] and computed exact profiles for Ornstein—
Uhlenbeck processes [35, Lemma 3.4]. Barrera and Jara [14, 15] studied total-variation
cutoff for small Gaussian perturbations of attracting dynamical systems, where the
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profile is obtained through a Gaussian approximation [15, Theorem 2.2]. For small
Lévy perturbations, Barrera, Hogele, and Pardo treated Ornstein—-Uhlenbeck systems in
Wasserstein distance [16, Section 3] and nonlinear Langevin systems with layered stable
noise in total variation [17, Section 1]. Chen and Saloff-Coste gave cutoff criteria for
maximum L7 distances with 1 < p < co [41, Theorem 4.2]. Salez treated nonnegatively
curved Markov chains [126, Theorem 1] and obtained a total-variation criterion of product-
condition type for nonnegatively curved diffusions started from deterministic points [127,
Theorem 1 and Corollary 1]. Chafai and Fathi proved cutoff under a rigidity condition
relating curvature and spectral gap [40, Corollaries 1.3-1.4], and Pedrotti and Salez
bounded the total-variation window through Poincaré constants of the evolving laws,
which allows arbitrary initial distributions [119, Theorem 1]. These criteria do not
determine the profiles studied here.

Mixing across a phase transition is best understood for the Curie-Weiss model. Levin,
Luczak, and Peres proved that the Glauber dynamics of the mean-field Ising model has
cutoff at high temperature and mixes in a time of order n%/2 at the critical tempera-
ture, while at low temperature it mixes exponentially slowly and a dynamics restricted
to configurations of nonnegative magnetization mixes rapidly [106, Theorems 1-3 and
Section 5]. Ding, Lubetzky, and Peres determined the mixing time through the criti-
cal window and along both mesoscopic approaches to it, which are governed by the
parameter né6* where ¢ is the distance to the critical temperature [60, Theorems 1-3].
In [61, Theorem 1] they showed that at low temperature a censored dynamics, which
removes the bottleneck created by the sign of the magnetization, has cutoff. Cuff, Ding,
Louidor, Lubetzky, Peres, and Sly analyzed the mean-field Potts model, whose dynamical
transition differs from its equilibrium transition [49]. In this paper we obtain a picture of
the same kind for a disordered model, with two differences: the mesoscopic parameter is
N3 instead of 162, and in the critical window the profile is random, since it depends on
the edge of the spectrum of Wy.

The mixing time also depends on the initial distribution. Lubetzky and Sly showed
that the one-dimensional stochastic Ising model started from the uniform distribution
mixes in half the time needed from almost every fixed initial configuration [108, The-
orem 2]; see also [83] for cutoff from given initial distributions. The quantity Dy(t)
concerns the law obtained by averaging over the initial point, which can be much closer
to equilibrium than the law started from a typical fixed point. Our results therefore do
not describe worst-case mixing (see Section 1.4).
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1.3 Main results
Definitions

Throughout, Wy is a GOE matrix and the initial distribution is vy, independent of Wy.
The rescaled inverse temperature may depend on N, in which case we write cy and
evaluate Dy, 7Ty ¢,, and the quantities below at ¢ = cy; the temperature sequences need
not be monotone. Convergence in probability and in distribution refers to the randomness
of Wy, and Xy = op(1) means that Xy — 0 in probability. By the contraction property of
Markov semigroups, Dy/(t) is nonincreasing in t. The mixing time at accuracy ¢ € (0,1)
is
tn(e) =inf{t > 0: Dy(t) < e}.

We say that Dy has cutoff profile P with center Ty and window wy, which may be
random, if wy/Tyn — 0 in probability and

sup|Dn(Tn + wnu) — P(u)| — 0

uck
in probability for every compact set K C R (Definition 3.7). In this random setting, cutoff
also requires P(tx(1 —€) > 0) — 1 for every € € (0,1/2). In every supremum of this
kind we restrict to offsets u for which the evaluation time Ty + wyu is nonnegative, as
in Definition 3.7; equivalently, we set Dy(t) = Dy(0) for t < 0. Since wy/Tn — 0
in probability, either convention changes nothing in the limit. If P is continuous and
decreases strictly from 1 to 0, then Lemma 3.11 implies that (¢t (¢) — Tn)/wn — P~1(e)
in probability for every € € (0,1), and in particular that there is cutoff. More generally,
a mixing profile is a limit of the functions u — Dyn(Tx + wnu), or of s — Dy(bys) for
a time scale by. The critical mixing profiles below are random, and they are not cutoff
profiles.

Besides the function ¥ in (1.5), we need the profiles

V(1) = |[Law(G + e 2'C) — Law(G) |y

1.6
Vo(u) = ||Law (G + V20 e724C) — Law (G)|| - (10

where G is a standard Gaussian variable, C is an independent standard Cauchy variable,
and 6 > 0. The law of G + aC is the convolution of a Gaussian and a Cauchy law, and
its density is a Voigt profile [149], [117, Section 7.19]. Both ¥ and V are continuous and
decrease strictly from 1 at —oo to 0 at +oco (Lemma 3.9), and Vy(u) = V(u — log(26)/4).
Solving ¥ (u) = ¢, we find ¥~ !(¢) = —log(2P ! ((1+¢)/2)) /2.

At low temperature we use the scaled eigenvalue gaps a; and the top fraction 6y of
Section 3.2, given by

1

N
1
a; = (M — M), GNzl_NZE' (1.7)
i=2 "1

NI o
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Since cA1|x|?/2 is constant on Sy, we have 7y (dx) o exp(— L=y a;x?) vn(dx). A cen-
tered Gaussian vector (xp,...,xy) with variances (2a;)~! has expected squared norm
(1 — 6x)N, which is why 6y approximates the squared projection x2/N of x/+/N onto
the top eigenvector under 7ty .. For fixed ¢ > 1 we have 6y — 1 —1/c¢ in probability,
and for cy = 1+ en with ey — 0 and Ne?\] — 0o we have Oy/eny — 1 in probability
(Section 4). The convergence (1.11) of the top eigenvalues of Wy to the Airy point process,
stated below, implies that N2/3a, converges in distribution to a positive random variable.

At high temperature we use a deterministic evolution of variances, defined for a fixed
matrix Wy and ¢ > 0. Let v1(¢), ..., on(t) solve

vi(t) =2+ 2(cA; —z(t)vi(t),  v;(0) =1, =14 = Z cAji(t (1.8)

These are the variances at time t of the linear system dx; = (cA; — z(t))x; dt + /2 dB;
with independent standard Gaussian initial values, in which the spherical constraint
holds only in expectation because the choice of z(t) keeps }; v;(t) = N. Cugliandolo and
Dean solved this system in the thermodynamic limit through the scalar Volterra equation
mentioned above [51, (I1.4)—~(I1.7)]. As t — oo, z(t) converges to the Lagrange multiplier
z and v;(t) converges to g;. The Gaussian law with variances v;(t) conditioned on Sy is
the Bingham comparison law y; at time ¢, defined in Definition 7.5. Its distance to 7y . is
governed by the relative errors and by the information of v(t) relative to q (Definition 3.5),

N
i) = Z’Iq(f) S1, Tu() = %;eimz. 1.9)

Away from the critical window

Our first result gives the profiles in the regimes treated here outside the critical window.
Each of its five cases has its own section, and Table 1.1 below summarizes the results.

Theorem 1.1 (Cutoff profiles away from the critical window). Suppose that the rescaled
inverse temperatures cy satisfy one of the conditions (1)—(5) below, and let P, T, and wy be the
profile, the center, and the window given there. Then wy /Tn — 0 in probability, and for every
compact set K C R and every e € (0,1),

sup|Dn(Tn + wnu) — P(u)| — 0, tn(e) — T

— P7(g) (1.10)
uek wWN

in probability. In particular, there is cutoff.

(1) Infinite-temperature crossover. Let cy — 0and [y = Nclz\] —o00. Then P=Y, wy =1,
and T = TN, where Ty = inf{t > 0: In(t) < 1} if Iy(0) > 1 and ©y = 1 otherwise;
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with probability tending to one, I(0) > 1 and Ty is the only solution of In(t) = 1 in
[0,00). Here Iy is the information (1.9) at ¢ = cy. Further, let hy = (cn/4) log Jn and

I(8h)
8h ’

where Iy is the modified Bessel function of the first kind, and the quotient at h = 0 is
defined by continuous extension, with B(0) = 1/2. If (hy) is bounded, then T =
(log Jn +log B(hn)) /4 + op(1). If hy — oo, then Ty — Ty — O in probability, where
T} is the center in (2) evaluated at ¢ = cn, and (1.10) also holds with Ty = Ty and
wy = (1—cn) %

(2) Fixed high temperature. Let cy = c € (0,1). Then P =Y, wy = 1/g with g = (1 —¢)?,
and

1 r2
Bh) =5 [ eMpc(a)ar =

_log N — 3loglog N +log A. 1 Ve(l—c)?

T , = v
N 4g Caym(1+c)?
(3) Approach to the critical temperature from above. Let cyy = 1 — éy, where 55 — 0 and
My = Né?\] — 00. Then P =¥, wy = 62, and

NG

BC:—

47 (1+c)?

(4) Approach to the critical temperature from below. Let cy = 1+ €N, where ey > 0,
eny — 0, and Ne3; — co. Then P =V, wy = az_l, and

{W, Ox > 0 and 20yNay > 1,

_ log My — 2 loglog My + log B,

T ,
N 452,

4&22
1, otherwise.

In =

(5) Fixed low temperature. Let cy = ¢ > 1. Then P, wy, and Ty are as in (4). Equivalently,
with 8 =1 —1/c¢, (1.10) holds with Vy in place of P and with Ty, in place of Ty, where
T, = log(Nay)/(4ay) if Nay > 1 and Ty, = 1 otherwise. Further, asty(e)/logN —
1/12 in probability.
For finitely many fixed temperatures in (2) and (5), the conclusions hold simultaneously for the
same matrices Wy;.

The centers 7y in case (1) and Ty, Ty, in cases (4) and (5) are random. In case (1), Ty
is the first time at which Zy(#) < 1 on the event {Zy(0) > 1}, and 7y = 1 elsewhere (see
(15.7)). On {Zn(0) > 1}, we have Zy(ty) = 1, and this solution is unique with probability
tending to one. In cases (4) and (5), the events on which the centers are set equal to 1 have
probability tending to zero, so that Ty = log(26NNay)/(4ay) and Ty, = log(Nay)/ (4az)
with probability tending to one. We prove case (1) in Section 15 (Theorems 15.2 and 15.3),
case (2) in Section 13 (Theorem 13.1), and case (3) in Section 14 (Theorem 14.1). Case
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(4) is proved in Section 17 (Theorems 17.3 and 17.5 and Corollary 17.6), and case (5) in
Section 16 (Theorem 16.1).

When Nc%; stays bounded, the uniform distribution and the Gibbs measure are not
asymptotically singular, and the distance relaxes over a bounded time.

Theorem 1.2 (Bounded-time relaxation near infinite temperature). Suppose that cy — 0
and /N cy — a € [0,00). Then

ae_Zt

sup Dy(t) — (2@(2\@) —1)) =0

in probability, and for every e € (0,1),

1 a
tn(e) = maxq = lo , 0
w(e) {2 §o0v201((1+¢)/2) J
in probability, where the limit is zero if a = 0. If cy = 0, then vy = 1tn o and Dn(t) = 0 for all
t>0.

Theorem 1.2 is part of Theorem 15.2. Its limit is 2&( \/W/2) —1with I(t) = ale 4 /2,
and I(t) is the limit of the information Zy(t) in (1.9), because the initial information
satisfies Zy (0) = (Nc%,/2)(1+ op(1)) and decays at rate 4 + O(cy) (Section 15). There is
no cutoff in this regime.

Rescaled inverse temperature Center Ty (leading order) Window wy Profile

cy —0,N c%\, — a2 < oo bounded relaxation time, no cutoff Theorem 1.2
cn — 0, Nex, — o0 log(Nc%,) /4 1 Y
c € (0,1) fixed log N/ (4(1—¢)?) (1—c)2 ¥
oy =1—0n, N6 — o0 log(N&3,) / (46%) N ¥
cy=1+0cN"1/3 order N?/3, no cutoff — F, (random)
cn =1+4en, Ne3; — o0 log(Ne3;)/ (12a,) ay ! )%
¢ > 1 fixed log N/ (12a;) ay! 1%

Table 1.1. The regimes of Theorems 1.1 to 1.3, from high to low temperature. The centers are given
to leading order; the exact centers are in Theorem 1.1. At low temperature a; = c(A — A2)/2 is
of order N~2/3 and the center and the window are random at leading order, since N2/34, has a
nondegenerate limit in distribution.
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The critical window

In the critical window cy = 1+ ¢N~1/3 we express our results through the Airy point
process. Let x1 < x2 < --- be the reflected GOE Airy point process, given by the eigen-
values of the stochastic Airy operator —d?/dx? + x + 2b'(x) on L?(0, c0) with Dirichlet
boundary condition at 0, where b’ is white noise [121, Section 2 and Theorem 1.1]. This
is one random sequence, and for every fixed k we have

(N*3(2 - Ai))f:l = (xi1)k (1.11)

in distribution [121, Theorem 1.1]. The points x; are almost surely distinct and tend to
infinity [121, Proposition 3.5]. We write TW; for the law of —x;. By (1.11) with k = 1,
N2/3(\1 — 2) converges in distribution to TW1, the GOE Tracy-Widom distribution [145,
Section I and (53) in Section VII]. We set A; = x; — x1 for i > 2. Landon and Sosoe proved

that the limit .
o 1 2 /3mk\1/3
== Jim(Lx-=(F) )

exists almost surely and that N'/3 (N1 Y-, (A; — A;) "1 — 1) converges in distribution to
E [102, Theorem 6.1]. This is the regularized inverse-gap statistic of Lemma 4.5. Du and
Huang showed that the function

1 1 1
P) =T L _ _>, 0, 1.12
(x) +x+;<x+Ai A; * (1.12)
is almost surely strictly decreasing, with limits 4+-co at 0 and —co at +oo [62, Proposi-
tion 1.4]. For every o € R we let o, > 0 be the unique solution of .”(0,) = o, and we
set A
RtlT = %/ R(iT = — —; &
These numbers are the limiting scaled half-precisions. If cy = 1+ ¢N~1/3, then the
equation (1.2) for the Lagrange multiplier becomes . (¢g,) = ¢ in the limit, and N?/3p;/2
converges in distribution to RY, jointly for finitely many i (Lemma 4.17).
We let p, be the law of a sequence (;);>1 of independent centered Gaussian variables
with variances (2R?) !, conditioned on

55 arp) =0

i>1

(i>2).

The series converges almost surely because Y ;(R7)™? < oo, and since the event that
it vanishes has probability zero, we define p, through densities (Sections 5 and 18).
Note that p, describes Gibbs measures in the critical window, in the sense that the first

k eigencoordinates under 7y ,, multiplied by N~!/3, converge to the corresponding
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marginal of p, (see Corollary 18.12 for a precise statement). Du and Huang introduced
this conditioned Gaussian sequence and the root g at the critical temperature o = 0, in
their study of the overlap distribution [62, Sections 1.2 and 2.2].

We define the critical mixing profile F, in Section 19 through the limit of the dynamics
constructed in Section 18, as follows. Let cy = 1+ 0cN~1/3, and let X(t) be the diffusion
started from vy. We show that N~1/3X;(N?/3s) converges in distribution to U;(s)//Z(s),
jointly for finitely many i, where the processes U; solve

dU;(s) = —2RYU,(s) ds + \/2Z(s) dB(s), Uu;(0) =0, (1.13)

for independent Brownian motions Bj, By, ... and Z is a positive process that solves a
stochastic Volterra equation driven by the same Brownian motions. We show that Z is the
limit of the rescaled squared norm of the unnormalized process of Section 1.6. It tends
to infinity as s | 0, and this singular behavior at time zero is how the uniform initial
distribution enters the limit. Conditionally on the Airy point process, we define

Fo(s) = |[Law ((Ui(s)/\/ Z(5))i>1) = Polpy, 5> 0. (1.14)
Note that F, is a random function that is determined by the Airy point process.

Theorem 1.3 (The critical window). Fix cy,...,0, € Rand let cyj =1+ (TjN_l/3. Let D%)

and t%) be the distance and the mixing time at ¢ = cyj, for the same matrix Wy. Then

(s > D%)(szs), € N_2/3t%)(8)>m !

-1
L= (Fy B

j=1

in distribution, where all limits are defined from the same Airy point process. The topologies are
those of uniform convergence on compact subsets of (0,00) and of (0,1), respectively. Almost
surely, for each j, the function Fs, is continuous and strictly decreasing on (0,0), F5,(0+) =1,
and Faj(s) — 0as s — co. Moreover, there exist c1, C; > 0, depending on the Airy point process
and on oj, such that F(s) > cre=C18 for all s > 0. For every e € (0,1/2) and every j, with the

finite-N quotient defined to be 1 on the event {t%) (1—¢) =0},
We B
t1—e  F'(1—e)

and the limit is almost surely greater than one. Finally, for every K > 0 and n > 0 there exist
C > 0 and events Ax with liminfy_,. P(Ax) > 1 — 5 with the following property. On Ay,
for every o € [—K, K] and every e € (0,1/2), the mixing time ty(e) at ¢ = 1+ o N~1/3 satisfies

C IN?/3log(1/¢) < tn(e) < CN*/3log(1/e).
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In particular, Theorem 1.3 implies that there is no cutoff in the critical window, since
tn(e)/tn(1 — €) converges in distribution to a limit that is almost surely greater than
one. The convergence is stated in distribution: the theorem is formulated through the
GOE edge limit without specifying a joint coupling across matrix sizes with the limiting
Airy point process. We prove Theorem 1.3 in Sections 18 and 19. We prove convergence
for deterministic spectra satisfying the hypotheses of Section 4 in Theorem 19.2 and
deduce the statement for the GOE in Theorem 19.4. We prove the lower bound on F; in
Corollary 19.5 and the bounds on tx(¢) in Corollary 19.11. These bounds allow accuracies
that depend on N, and for instance they show that the mixing time at accuracy e~V is of
order N°/3.

Our last main result describes critical mixing profiles far from the center of the
window, where they converge to the profiles of the mesoscopic regimes on the same side
of the critical temperature.

Theorem 1.4 (Matching with the mesoscopic regimes). Almost surely, for every compact set
KCR,as§ — o0,

ho, MY n logS®—3loglog S® —log(16+/7)
ilég F_S <TS + 52) T(U)‘ — 0, TS = 452 ’
" 2 log(($ — E)A2)
u 0g((S—E)A;
sup|Fs(ts+=— ) —V(u)| — 0, T =
et 5( s A2> ( )‘ s 27,

Further, S>(F(e) — 1) — ¥~ 1(e) and (A2/2) (F5'(e) — 1§) — V~Y(e), locally uniformly
inee (0,1).

We prove Theorem 1.4 in Section 20 (Theorem 20.4) and Section 21 (Theorem 21.2). The
proof approximates each critical profile by finite-dimensional diffusions, taking N — oo
at fixed ¢ = FS before letting S — co.

1.4 Discussion

Three mechanisms. The three profiles ¥, V, and F, come from three different mecha-
nisms.

At high temperature the law of the diffusion at time ¢ is close in total variation to the
Bingham comparison law, a Gaussian law with variances v;(t) conditioned on Sy, while
7N is a Gaussian law with variances g; conditioned on Sy. The log-likelihood ratio
of the Bingham comparison law with respect to 7ty is ) ; e,-xiz/ (2v;) up to an additive
constant, and when the relative errors ¢; are small and many coordinates contribute,
it is approximately Gaussian under 7y with variance Zy and mean —Zy /2. This is
Le Cam’s Gaussian experiment [104], [146, Chapters 6-7], in which the total-variation
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distance is 2®(v/Zy/2) — 1. The information decays over time, and for large ¢ its decay
is governed by the edge of the spectrum. Indeed, each relative error ¢;(t) decays roughly
like e~2Pit, precisions near the edge satisfy p; —d = c(A; — A;), and the semicircle density
vanishes like a square root at the edge. A Laplace-type computation then suggests that

In(t) ~ Ac N (4gt)~3/2¢ 48t

at fixed ¢ € (0,1), with A; and g as in Theorem 1.1. The center Ty in case (2) agrees, up
to 0(g~ 1), with the time at which the right side equals one, so that Zy(Tx +u/g) — e~ **
and the profile is 2®(e~2"/2) — 1 = ¥ (u). In particular, the correction —(3/2)loglog N
comes from the factor +~3/2, which reflects the square-root vanishing of the semicircle
density. Factors t~3/2 of this kind, which come from Laplace transforms of the spectral
measure near the edge, appear in the physics literature on this model [51, Appendix A],
[156, (14), (17)-(18)], [73, (27)—(28)].

At low temperature the mechanism is different. We describe it through the unnormal-
ized process of Section 1.6, whose coordinates solve linear equations in which the first
coordinate has no drift and coordinate i has drift —24;Y;. During an initial period the
tirst two coordinates acquire values that, after a common normalization, are asymptoti-
cally independent standard Gaussian variables H; and Hjy; these values are built from
the initial coordinates and the early noise. Afterwards the first eigencoordinate of the
diffusion grows until it carries a fraction 6y of the squared norm, while the ratio of the
second eigencoordinate to the first decays at rate 2a,. At time Ty + u/a; the second eigen-
coordinate, divided by its equilibrium standard deviation (2a;)~1/2, is approximately
G + e 2“Hy/|H;|, where G is a fresh standard Gaussian variable independent of (Hy, Ha).
Since Hp/|H;| has a standard Cauchy law, this leads to the profile V. The center Ty
solves /20y Nay e=22TN = 1, where /Oy N is the size of the first eigencoordinate, and all
other eigencoordinates relax faster and do not contribute. The appearance of the Cauchy
law depends on the initial distribution, since we need H; and H; to be asymptotically
independent centered Gaussian variables with the same variance. A ratio of two such
variables is a classical construction of the Cauchy law [110], and what is specific to this
model is that the ratio survives in the total-variation limit, independently of late Gaussian
noise.

In the critical window the relevant precisions are of order N~ =/° and the time scale is
N?/3. On this scale eigencoordinates are of order N'/3 and initial values of individual
coordinates are negligible, while the limit (1.13) retains infinitely many random rates RY.
The profile F;, is determined by these random rates.

2/3

Matching across regimes. The constants in Theorem 1.1 are consistent with each other.
Since A; = (1 — ¢)®B,, the center in case (2) equals
log(N(1 —¢)3) — 3 loglog N + log B,
4(1 —c)? '
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This has the form of the center in case (3) with § = 1 — ¢, except that loglog N replaces
loglog My. If we replace c by cy = 1 — dy then the difference between the two centers is
—(3/8)d5* log(log N/ log My), which is of the order of the window &5 or larger unless
log My/log N — 1. For instance, it equals (3/8)dy2log(1 — 3a) for Sy = N~ with
0 < « < 1/3. Thus the formula for fixed temperature does not extend to temperatures
approaching the critical one, and the logarithmic correction must be computed with My;.
Case (1) connects to case (2) in a similar way. When h — oo the center Ty is given by the
formula of case (2) with ¢ = ¢y, and when hy is bounded the function B describes the
transition from relaxation governed by the bulk of the spectrum to relaxation governed
by its edge. Below the critical temperature, cases (4) and (5) have the same formula.

Theorem 1.4 matches the critical profiles with cases (3) and (4). If we set 6y = SN -1/3
in case (3), then My = S° and B.,, — 1/(16+/7), so that the center and the window of
case (3), divided by N2/3, converge to 7& and S~2. If we set ey = SN~1/3 formally in
case (4), then under a coupling realizing the convergence of the edge spectral data we
have N/30y — S — Z and N?/3a, — A,/2. On the event {(S — Z)A, > 1}, the center
and the window divided by N?/3 then converge to 75 and 2/A;. This event holds almost
surely for all sufficiently large S. These substitutions are only formal, since N63; and Ne3,
stay bounded. In case (4) itself we have eyN 1/3 _ o0 and Oy/en — 1, and the statistic
E appears only in the iterated limit, through 7§. The mesoscopic theorems do not imply
Theorem 1.4, which concerns the order of limits in which N — oo first, and its proof uses
estimates that are uniform in the effective parameters N6&3, and 6y Nay before the limit is
taken.

Time scales and the width of the critical window. The mixing time increases from order
log N at fixed high temperature to order (5&,2 log(N&3,) in the approach from above and
to order N2/3 in the critical window, and it is of order N*/3log(Ne3;) in the approach
from below and of order N?/3log N at fixed low temperature. The window grows from
order one to order N?/3 and remains of order N?/3 below the critical temperature, where
the center and the window are random at leading order. For instance, in case (5), (1.11)
and axty(e)/log N — 1/12 imply that ty(g)/(N*/3log N) converges in distribution to
1 / (6CA2)

The critical window has width N~1/3 in ¢ for the following reason. At high tem-
perature the smallest precision is d ~ (1 — c)?, and the number of precisions in [d,2d]
is of order N(1 — c)3, since this is the number of eigenvalues within distance (1 — c)?
of the edge. When My = N&3; — oo, many coordinates contribute comparably to
Iy and their sum produces the Gaussian profile. When Né3; is bounded, the relevant
precisions are comparable to the spacing N=2/3 of the top eigenvalues, and the limit
retains their randomness. Below the critical temperature the corresponding parameter is
OnNay, which is of order (Ne3;)!/3. The fluctuations of the free energy cross over on the
wider scale c = 1+ bN~1/3, /log N, as predicted by Baik and Lee (see [91, Section 1.2]).
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Landon proved the critical Gaussian limit, tightness in the crossover, and the Gaussian
and Tracy-Widom outer limits [101, Theorems 1.1-1.2]. Johnstone, Klochkov, Onatski,
and Pavlyshyn determined the full crossover law [91, Theorem 1.1, (1.7)]. Under their
centering and normalization its GOE form is Z + /3/2 b, TW1, where b, = max{b,0}
and Z is an independent standard Gaussian variable, so that the Gaussian fluctuations
from the bulk of the spectrum and the Tracy-Widom fluctuations from the edge are of
the same order there. The dynamical window is determined by the edge alone, and
the logarithm does not appear. A temperature scale N1/ also appears in the static
analysis of Wang and Tang, which is based on a maximum-likelihood approximation of
the spectrum [150, Section 4.1.1].

Symmetry of the initial condition. The generator (1.3), the Gibbs measure, and vy are all
invariant under each reflection x; — —x; of an eigencoordinate, and therefore so is vnP;.
This symmetry is important at low temperature. There the potential ;- 4;x? vanishes
at ++/N times the top eigenvector and is at least Na; on the equator {x1 = 0}, where
Nay is of order N'/3. This is the antipodal barrier mechanism of Rodgers and Moore
[124, Section 2, (25)—(26)], discussed further in [73, Section 4]. The sign of x; changes only
when the process crosses the equator. Since vy P; is symmetric under x; — —x1, that sign
does not affect Dy(t), and the distance is the same as for the process folded onto the
hemisphere {x; > 0}. From a starting point in one hemisphere the law at time ¢ need not
be symmetric, and Theorem 1.1 concerns only the uniform initial law. Gheissari, Grant,
and Yu compare symmetric and worst-case initial conditions for spiked matrix models
[78, Theorem 1.2], as we discuss in Section 1.5. For the Curie-Weiss model the censored
dynamics of [61] removes the analogous bottleneck by changing the dynamics.

Which temperature sequences are covered. Theorems 1.1 to 1.3 cover fixed values
¢ € [0,1) U (1,00), every sequence cy — 0 along which N¢%; converges in [0, o], every
sequence cy — 1 that stays on one side of 1 and satisfies N'/3|cy — 1| — oo, and
cn = 1+ 0N~1/3 with ¢ fixed. Several cases are not covered. First, for fixed ¢ ¢ {0,1} we
state the results at the fixed temperature ¢ and not along sequences cy — c. The proofs
suggest that the results extend to such sequences with centers evaluated at cy, but a
center evaluated at the limit c instead is shifted by an amount that does not vanish unless
(en — ¢)log N — 0. Similarly, in the critical window we do not treat cy = 1+ oyN—1/3
with oy — 0. Second, we do not cover the case cyy — 00, in which the temperature tends
to zero, since our proofs at low temperature use a bounded range of the scaled eigenvalue
gaps a; and a limiting top fraction in (0,1) or tending to zero. Third, a sequence that
oscillates between regimes is analyzed along subsequences. It need not have a single
limiting profile, although subsequences with the same limiting shape can be combined
using their respective centers and windows.
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1.5 Related work

Equilibrium. The equilibrium theory of the model is well developed. Baik and Lee
proved that the free energy has Gaussian fluctuations of order N~—! at high temperature
and Tracy—Widom fluctuations of order N —2/3 at low temperature [6, Theorems 1.1-1.2];
see [7-9] for related models with a ferromagnetic interaction or a bipartite structure.
At the critical temperature, Landon proved a central limit theorem for the free energy
on the scale N~1,/ log N [101, Theorem 1.1], and Johnstone, Klochkov, Onatski, and
Pavlyshyn identified its limit law throughout the transition window [91, Theorem 1.1,
(1.7)]. Nguyen and Sosoe proved a central limit theorem for the overlap of two replicas
near the critical temperature on the high-temperature side [115, Theorem 1 and Section 5].
Landon and Sosoe identified the fluctuations of the moments of the overlap at low
temperature and in the process constructed the statistic = [102, Theorems 2.1-2.3 and 6.1].
Du and Huang determined the limiting overlap distribution at the critical temperature
[62, Theorem 1.1], and our description of the Gibbs measure in the critical window
follows theirs. Results with an external field are in [10, 45, 103], variational descriptions
of spherical models of Thouless—Anderson-Palmer type are in [22, 142]. Chen extended
the spherical free-energy formula to general mixtures, including odd interactions [43],
while Panchenko and Talagrand studied multiple spherical systems with constrained
overlaps [118, Theorem 1 and Section 3]. The relation between exact and mean spherical
constraints was studied by Kac and Thompson [92], Crisanti, Sarracino, and Zannetti
[48], and Aru and Korzhenkova [5], and Lukkarinen studied condensation in spherical
models [109]. Genovese and Tantari studied the Legendre duality between spherical and
Gaussian spin-glass ensembles [75]. These works concern the Gibbs measure, which in
our setting is the end point of the dynamics.

Spherical spin glass dynamics and sampling. Gheissari and Jagannath proved that
the spectral gap of the Langevin dynamics of spherical p-spin glasses with p > 3 is of
order one at sufficiently high temperature and exponentially small at sufficiently low
temperature [77, Theorem 1]; the quadratic case is excluded [77, Remark 5]. Ben Arous
and Jagannath related spectral gaps to the free-energy landscape [24] and distinguished
shattering from metastability [25, Theorems 2.5-2.6], and Ben Arous, Gheissari, and
Jagannath bounded the evolution of observables along spherical dynamics [27]. Huang,
Mohanty, Rajaraman, and Wu proved that simulated annealing based on Langevin
dynamics samples from spherical spin glasses at high temperature in polynomial time,
with small error in total variation [89, Theorem 7.2]. In [89, Section 1.5] they discuss
the different question of sampling with Langevin dynamics at a fixed temperature from
a uniform start. Huang, Montanari, and Pham obtained sampling in total variation
for spherical spin glasses by algorithmic stochastic localization [88], an algorithm that
differs from Langevin dynamics; see also [65]. For models with discrete spins, functional
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inequalities and rapid mixing at high temperature were established in [3, 20, 66]. Ge,
Lee, Lu, and Risteski gave an exact rejection sampler for Bingham distributions with
expected runtime polynomial in the dimension and the spectral range, assuming an
oracle for solving a univariate polynomial equation [74, Theorem 1.1]; it does not concern
the Langevin dynamics. Other dynamics on the sphere have been analyzed as well; for
instance, Kac’s walk mixes in order nlogn steps [120] and has cutoff in total variation
from a coordinate vector [90, Theorem 1.1].

The closest work is that of Gheissari, Grant, and Yu [78], who study the Langevin
dynamics on the sphere for spiked matrix models, in which a rank-one perturbation
is added to a GOE matrix. For a sufficiently large fixed spike, they prove that at low
temperature the worst-case mixing time is exponential, while the dynamics mixes in
logarithmic time from initial distributions that are invariant under the reflection of the
top eigencoordinate, such as the uniform distribution [78, Theorems 1.2-1.3]. They also
prove cutoff in a high-temperature regime [78, Corollary 6.3]. Their results do not cover
the model without a spike, in which the gap between the two largest eigenvalues is of
order N~2/3 instead of order one. They also do not identify a profile at low temperature,
and the question of cutoff from symmetric initializations at low temperature is left
open there [78, discussion following Theorem 1.2, p. 4]. Compared to their results,
Theorem 1.1(4)—(5) concern the model without a spike and identify the profile, and
Theorems 1.3 and 1.4 have no counterpart in [78].

The physics works discussed in Section 1.1 compute observables in the thermo-
dynamic limit or at zero temperature, and several of them use a deterministic initial
amplitude in each eigenmode. Our results concern the total-variation distance of the
full law at positive temperature, from the uniform distribution and for fixed disorder.
They are consistent with the physical picture, in which the relaxation rate (1 — c¢)? at high
temperature corresponds to the classical saddle point, and in which the role of the edge
of the spectrum and of the gap A; — A, at low temperature was identified in [13, 73]. We
also note that the isolated (Hamiltonian) dynamics of the same model has additional
conserved quantities that prevent relaxation to the Gibbs measure [54].

Tools. We use several classical tools and credit them where they are used. These include
the representation of uniform and Bingham laws by conditioned Gaussian vectors [31,
98], with the Gaussian approximation of spherical coordinates going back to Borel [57,
Section 6]. They also include Le Cam’s theory of Gaussian likelihood ratios [104, 146],
Stein’s method for normal approximation [141], the scalar equation of Cugliandolo and
Dean for the Lagrange multiplier [51], the Bakry-Emery calculus and logarithmic Sobolev
inequalities [11, 12, 79], and stochastic calculus [123].
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1.6 Ideas of the proofs

We describe the main ideas briefly here and refer to Section 2 for a detailed overview. The
proofs use one exact representation of the dynamics throughout. Let ¢ = (g1,...,gn) be
a standard Gaussian vector, independent of independent Brownian motions By, ..., By,
and let Y solve

dY; = —p;Y;dt+V2/N |Y|dB;, Y(0) =g. (1.15)

Then VN Y/ |Y| is the Langevin diffusion with generator (1.3) started from vy (Section 10).
Shifting the precisions p; by a common constant, for instance replacing them by 2a;, does
not change v/NY/|Y|. The process Y is the unnormalized process of Section 10, with
quadratic potential coefficients p;/2. Its coordinates solve linear equations that are
coupled only through the factor |Y| in the noise.

At high temperature we compare vy P; with the Bingham comparison law. We bound
the total-variation distance between them by integrating the error that the comparison
law makes in the forward equation of the diffusion (Section 9), which requires functional
inequalities on the sphere (Section 8) and moment bounds for the unnormalized process
(Section 10). The distance between the comparison law and 7ty . is a distance between two
Gaussian laws conditioned on the same sphere. We show that it equals 2P (\/Zy/2) —
1 up to an error that we control quantitatively (Sections 5 and 6). We compute the
information from the covariance evolution and the edge of the spectrum (Section 7). At
low temperature we follow the mechanism described in Section 1.4. We analyze the first
coordinates of the unnormalized process directly and control the remaining coordinates
through conditional relative entropy and logarithmic Sobolev inequalities, and smoothing
estimates then upgrade weak convergence of the first coordinates to convergence in total
variation (Sections 11 and 12). In the critical window we construct the limit process (1.13)
and the limiting Gibbs law (Theorem 18.9 and Corollary 18.12). We also prove that at
every time of order N?/3 the law of the diffusion has a density with respect to the Gibbs
measure that is bounded in L2 uniformly in N (Theorem 12.13). With the smoothing of
the finite-dimensional semigroup and a Poincaré inequality for the conditional law of the
remaining coordinates, this bound controls the remaining coordinates at every fixed time
(Lemma 19.15). Integration by parts under the Gibbs measure gives a uniform translation
bound for the first-coordinate laws. Mollification upgrades their weak convergence to
convergence in total variation at each fixed positive time (Lemma 19.17). Combining this
with the bound on the remaining coordinates gives pointwise convergence of the whole
total-variation distance (Proposition 19.19). Semigroup smoothing and weak convergence
give continuity of the limiting profile; monotonicity then upgrades pointwise convergence
to locally uniform convergence, and finite-dimensional spectral correlation bounds give
strict decrease (Theorem 19.2). We prove the outer limits in Theorem 1.4 by applying
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finite-dimensional estimates that are uniform in the effective parameters N&3; and 6y Nay
to finite approximations of the Airy point process (Sections 20 and 21).

Two principles apply throughout the paper. First, the object of study is always the
law of the original diffusion on Sy started from vy. We use Gaussian and Bingham
laws through explicit total-variation comparisons with the finite-dimensional diffusion.
In the critical window, the countable limiting laws define the limiting distance, whose
convergence follows from finite-coordinate convergence in total variation, estimates for
the remaining coordinates, and continuity of the limiting profile. Second, random-
matrix inputs enter only through deterministic hypotheses on the spectrum, which
hold with probability at least 1 — 7 for every fixed n > 0 with constants depending on
1. The dynamical estimates are deterministic statements about a matrix that satisfies
these hypotheses. We state the published random-matrix results that we use, in our
normalization, in Section 4.

1.7 Organization of the paper

For publication, the manuscript is divided into two volumes. The first, Part I: Foundations
and tools, contains Sections 1-12: the main statements, an overview of the proofs, the
preliminaries, and the general tools. The second, Part II: Mixing profiles and critical
dynamics, contains Sections 13-21: the proofs in the temperature regimes, the construction
and analysis of the critical dynamics, and the outer limits of the critical profiles.

Section 2 gives an overview of the proofs. Part I contains the preliminaries: in Section 3
we define the model, fix conventions, and collect the properties of the profiles, and in
Section 4 we state the random-matrix inputs and analyze the Lagrange multiplier. Part II
develops the tools, each in the generality needed later, namely Gaussian laws conditioned
on a sphere (Section 5), their likelihood ratios (Section 6), the covariance evolution
and its heat estimates (Section 7), functional inequalities on the sphere (Section 8), the
comparison with Bingham laws (Section 9), the unnormalized process (Section 10), score
bounds and conditional relative entropy (Section 11), and density bounds (Section 12).
Part III proves Theorem 1.1(1)-(3) and Theorem 1.2 (Sections 13 to 15), and Part IV proves
Theorem 1.1(4)—(5) (Sections 16 and 17). Part V constructs the critical limit process and
proves Theorems 1.3 and 1.4 (Sections 18 to 21).



SECTION 2

Overview of the proofs

In this section, we outline the proofs of Theorems 1.1 to 1.4; the section also serves as
a map of the paper. For each regime, we explain where the mixing profile comes from,
what the main obstacle is, and which results overcome it, with references to the precise
statements in the later sections. Some computations in this overview are heuristic; precise
statements and proofs appear in the sections cited.

Section 2.1 collects the reductions that are used in every regime. Section 2.2 treats the
temperatures above the critical one, Section 2.3 the temperatures below it, and Section 2.4
the critical window. Section 2.5 explains how the critical mixing profiles are matched
with the cutoff profiles of the mesoscopic regimes. Section 2.6 records which sections
each proof uses.

2.1 Common reductions

Eigencoordinates and shifts. Since vy is invariant under orthogonal transformations, we
may work in an orthonormal eigenbasis of Wy, and Dy (t) depends on Wy only through
its eigenvalues (Section 3.1). Most of our dynamical estimates concern a general real
symmetric matrix A with eigenvalues a7 > --- > ayp;, the generator L4, and the Gibbs
measure 774 exTAx/zvN; the model is the case A = cWy. Because |x|2 = N on Sy,
adding a multiple of the identity to A changes neither L4 nor 7t4 (see (3.7)). We use
this freedom in two ways. At high temperature and in the critical window, we write
the potential through the precisions p; = z — «; of Definition 3.3, which are positive and
satisfy Y; p; 1 = N, so that 74 is proportional to e~ Pixt /2y At low temperature, we
use the scaled eigenvalue gaps a; = c(A; — A;)/2 of (3.8), for which 7ty . « e Fry with
F = Y5, a;x?, and the first eigencoordinate carries no potential. Finally, we note that Ly4,
T4, and vy are invariant under each reflection x; — —x;, and so is VNPtA (Lemma 3.1).

Gibbs measures as conditioned Gaussian laws. For positive numbers vy, ..., vy with
Y.;vi = N, let y, be the law of a centered Gaussian vector with independent coordinates
of variances v;, conditioned on |x|?> = N (Definition 5.4). By Proposition 5.6, the Bingham
law proportional to exp{% Y bix?} vy with b, =z — v;l is yy, for every z € R. In partic-
ular, we have vy = p, with all v; = 1, and 74 = p, with g; = 1/p;; this representation
of Bingham laws is classical [31, 98]. Under y,, the coordinates behave like independent

21
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Gaussian variables when no coordinate carries a macroscopic share of the variance of the
radial constraint, and in Section 5 we measure this through

max; 0;

Mo =~ 2)1/2'

@.1)
(27

The main results of that section are a quantitative local limit theorem for the density of
y;vi(g? — 1), where the g; are independent standard Gaussian variables (Theorem 5.3);
an exact formula for the density of a set of coordinates with respect to independent
Gaussian variables (Lemma 5.9), and a bound on this density when the set carries a small
fraction of the variance (Theorem 5.11); moment bounds (Theorem 5.12); an exact formula
for quadratic exponential moments (Lemma 5.13); and moment bounds for quadratic
statistics (Theorem 5.15). For the model, 7, is of order N —1/2 at a fixed temperature
c < 1, and it is asymptotic to Mg,l/ 2 along cy = 1 — dy (Theorem 4.13). In the critical
window and at low temperature, the first eigencoordinates carry a share of the radial
variance that does not vanish, and Mg does not tend to zero. For the critical window, we
also treat in Section 5 countable variance sequences, for which the radial constraint must
be renormalized (Definition 5.8 and Proposition 5.17).

The unnormalized process. All our dynamical estimates use one exact representation of
the diffusion. For quadratic potential coefficients p1,...,on € R, let Y solve

dY; = —2p;Y;dt+2/N|Y|dB;,  Y(0)=g, (2:2)

where ¢ is a standard Gaussian vector independent of the Brownian motions By, ..., By.
We show in Lemma 10.2 that Y never vanishes and that X = v/N Y/|Y| is the Langevin
diffusion with potential Y, p;x? started from vy, with the same time parameter. If we
replace every p; by p; + T, then Y(#) is multiplied by e~2" and X does not change. We take
pi = pi/2 at high temperature and in the critical window, which gives (1.15), and p; = 4;
at low temperature, in which case Y; is a martingale, since E|Y(0)|?> < oo (Remark 10.3).
The coordinates of Y have linear drifts. By (10.5), the second moments EY;(t)? solve
the linear system with matrix —4 diag(p) + (2/N)117, and for p; = p;/2 we find that

EY;(t)? = hi(t),  h(t) =¢eH1,  H= —2diag(p)+ % 117, (2.3)

where H is the heat matrix studied in Section 7. The only nonlinear feature of (2.2) is
the random factor |Y| in the noise. In Section 10, we bound |Y(t)|?> from above and
from below by solutions of the linear system, in moments, in inverse moments, and
along whole paths. We also write Y = ®Xj there, where ® is a matrix-valued process
independent of the initial point X (Lemma 10.2), and this is how the initial distribution
enters the proofs at low temperature.
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Deterministic hypotheses. As explained in Section 1.6, the random-matrix results of
Section 4 enter only through deterministic hypotheses on the spectrum. These hold on
events of probability at least 1 — #, for every fixed # > 0 and with constants depending
on 1 (Section 3.4), and Lemma 3.8 removes the localization at the end of each proof.
We list the hypotheses of each regime in Table 2.1. When a proof uses indexed bounds
on the GOE edge gaps, Lemma 4.6 provides A; — A; < ((i — 1)/N)?/3 at every fixed
confidence. The deterministic infinite-temperature comparison requires only the norm
bound in Theorem 15.1.

Regime Deterministic hypotheses For the GOE
cy — 0 A = cG with ||G|| € M and ¢ < ¢p(M) Lemma 15.8; for the
(Theorem 15.1) explicit centers, also
Lemma 4.2
€ (0,1) fixed |All < A and Nd? > Cy(A) (Theorem 9.13); Lemma 4.2
eigenvalues within o((log N)~7/4) of the and Theorem 4.13
semicircle quantiles, uniformly (Lemma 13.11)
cy=1-—94n d <d, Lemma 4.6

K 1((i—1)/N)*3 < p;—d <K((i—1)/N)?/3,  and Theorem 4.13
and Nd®%/2 > My; see (14.33)
en=1+0N"13  Yi(2r)"' =N, co(i/N)*/® <r; <Co(i/N)?>/3,  Lemma 4.17
and r, — r; > 6N~2/3 (Definition 4.16)
cy=1+en ci(i—1)23N"2/3 <g; <Cu(i—1)*3N"?/3and Lemma 4.7
az > (1+ ¢.)ay (Definition 17.1); 6y > 0, Oy — 0,
and my = 6yNay — oo (Theorem 17.3)

¢ > 1 fixed On > 0., an < B, a; > c. (j— 1)2/3N—2/3 and Lemmas 16.6 and 16.7
1, < C.N~2/3 (Definition 16.3); y — 0 € (0,1)
and 1+ @ < az/a, < Ds for fixed @ > 0,
D3 < o (Theorem 16.5)

Table 2.1. The deterministic hypotheses on the spectrum in each regime, and the results that verify
them for the GOE on events of probability close to one. Here d = p; is the smallest precision and
r; = pi/2 are the half-precisions.

From pointwise limits to profiles. The distance Dy is nonincreasing by the contraction
property of Markov semigroups (Lemma 3.6). Recall from Lemma 3.9 that the profiles ¥,
V, and Vy are continuous and decrease strictly from 1 to 0. Suppose that T /wyn — o0
and that Dy (Ty + wnu) — P(u) in probability for each fixed u, where only nonnegative
times Ty + wnu are considered, as in Definition 3.7. Then Lemma 3.11 implies that
the convergence is locally uniform in u, and that (ty(e) — Ty)/wxn — P~!(e) for every
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€ (0,1). Outside the critical window;, it therefore suffices to prove convergence at each
fixed offset u. We also use repeatedly that the total variation distance between two laws
is at least the distance between the laws of any function of the configuration, for instance
of finitely many eigencoordinates; this gives lower bounds on Dy.

2.2 High temperature
We first describe, for a fixed matrix A, the comparison on which cases (1)-(3) of Theo-

rem 1.1 and Theorem 1.2 rest. We then explain how each regime evaluates it.

The Bingham comparison law

Let A have precisions p;, let H and k(t) be as in (2.3), and let h(t) = N=1Y; h;(t). We
define the covariance evolution of A by

vi(t) = so that Zv = v;(0) =1, tlin.}ov () =¢q;. (24)
These are the variances of the linear system (1.8), in which the spherical constraint holds
only in expectation (Section 7.2), and the Bingham comparison law at time  is pr = py(p)
(Definition 7.5). We have yy = vy, and y; — 74 as t — oo (Lemma 7.6). The mean h
solves the renewal equation i1 = k + 2k * i with k(t) = N~!Y;e~2Pit (Lemma 7.1); this
is the finite-dimensional counterpart of the scalar Volterra equation of Cugliandolo and
Dean [51, (IL.4)—(IL.7)].
By the triangle inequality, we have

DN (E) =l = allrv| < lowP? =l 25)

The proof at high temperature consists of two independent estimates: the right side of
(2.5) is small at the relevant times, and ||t — 714 ||Tv converges to the profile. In general,
t need not coincide with the time-t law, and v;(t) need not equal the second moment
of x; under y; or under vy P/ (Remark 7.8). We compare the two laws only through the
forward equation of the diffusion.

Likelihood ratios on a common sphere

Both y; and 714 are Gaussian laws conditioned on Sy, with variances v;(t) and g; of
equal sum. We write v;(f) = g;(1+ ¢;(t)), so that e;(t) are the relative errors and
In(t) = Z(g,0(t)) = ¥;ei(t)? is the information of Definition 3.5. Since the two
Gaussian densities differ by the exponential of a quadratic form, we have on Sy

Xi

— 2 =
{= logd = Z 1 +€z Zl + const, Z, \/E (2.6)
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We now explain heuristically why ¢ is approximately Gaussian under 4. When 7,
is small, the variables Z; behave under 7t4 = j, like independent standard Gaussian
variables, subject to the constraint };4;(Z? — 1) = 0. When the relative errors are
small, ¢ is close to 3 Y, ;(Z? — 1) up to a constant. For independent standard Gaussian
variables, this sum has variance %Zi elz = Iy, and its covariance with the constraint
is Y, qie; = Yi(vi — q;) = 0, so that conditioning on the constraint does not change its
variance to leading order. As [e‘dms = 1, the mean of / is then close to —Zy/2. In Le
Cam’s Gaussian experiment [104], [146, Chapters 6-7], if ¢ has law N (—1/2,1) under 74,
then it has law A (I/2,1) under y;. In that case, we find that

gt = allry = pe(€ > 0) = wa(£ > 0) = 20 (vV1/2) =1 = G(I), (2.7)

where G is the function of (13.2).

We make this quantitative in Theorem 6.6. Let v and @ be variance sequences with
equal sums, write 3; = v;(1+¢;), let | = Z(v,0) = 3 Y, ¢? be the information of 9 relative
to v, and let ¢ = log(dus/duy,). Suppose that max; |e;| < 1/4, that #, is smaller than a
universal constant, and that I < B. Then the Wasserstein distance between the law of ¢
under y, and N'(—1/2,1) is at most Cg(#, + max; |e;]), and so is the difference between
s — pollTv and G(I). The proof combines an exact integration by parts formula for
quadratic statistics under py,, which accounts for the constraint (Lemma 6.3), a bound on
inverse moments (Lemma 6.2), and Stein’s method [141] (Lemma 6.4 and Theorem 6.5).
We deduce the corresponding limit statements in Theorem 6.8; in particular, the distance
tends to one when the information diverges.

We conclude that the high-temperature profile reduces to the following problem:
find a center Ty and a window wpy such that, at the times t = Ty + wyu, we have
In(t) = e, max;|e;(t)] — 0, and 17; — 0. Then ||y; — 7w ||y tends to G(e™#*) = ¥ (u),
which explains why the same profile ¥ appears in cases (1)—(3).

The information at a fixed temperature

The information is determined by the mean of the heat vector (Lemma 7.3):

In(t) = %,

R(E) = 0+ / e M p(d)), 2.8)
where ¢ = N/ Y; 4%, and p is a positive measure on [2d,2s]: together with the atom ¢
at zero, it forms the spectral measure of —H at the unit vector N -1/29 (Lemma 7.1). In
particular, Zy(t) decays at least like e~*¥, and at large times its behavior is governed by
the precisions near the smallest one, that is, by the eigenvalues near A;.

At a fixed temperature ¢ € (0,1), we compute Zy(t) in Section 13 by comparison with
the same evolution for the semicircle law, which we solve exactly by Laplace transforms
(Proposition 13.4), using the same scalar-resolvent method as [51, Appendix A], whose
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appendix treats physical temperatures T < T.. By Proposition 13.7, its relative errors
satisfy 7:(A) ~ —c(1+c) te M for A within distance O(1/t) of the edge, where
p(A)=1+c>—cA=g+c(2—A)and g = (1 — )% Using that ps.(2 —y) ~ 1,/ for
small y, we find heuristically that

2 00
Tt~y [ Ppe)in s 3 (po) et [T e gy = Ty porzess,

(2.9)
with K. = /c/(16y/7t(1+¢)?) as in (13.1). As A, = 4K.g%/?, this is the asymptotic
stated in Section 1.4, and it tends to e ** at the times Ty + u/g. For the continuum
evolution, the last asymptotic in (2.9) holds uniformly for ¢ € (0,c1] as ¢t — oo, by
Proposition 13.7. In Lemma 13.11, we compare the finite and continuum evolutions. Let
E be the supremum distance on (0, 1) between the step function of the eigenvalues and
the quantile function of the semicircle law. If E is small and cEt < 1/4, the relative errors
of the two evolutions differ in L?(0,1) by at most CcE(1 + t)e 28!, where C depends
only on cj, and we bound the largest relative error by a separate argument. At the
times Ty + /g, the factor v/Ne~28* is of order (log N)3/4, and the resulting error in
V2Iy is O(E(log N)7/%). To prove the bound in L?(0,1), we write both evolutions
through operators with a gap on the orthogonal complement of their stationary vectors
(Lemma 13.9), rotate one stationary vector onto the other, compare the two evolutions on
the common complement by variation of constants, and then normalize (Lemma 13.10).
Because of the factor e 28, we need the rigidity estimate of Lemma 4.2 only in a weak
form. Tt suffices that E(log N)”/# — 0. For each fixed confidence 1 — 7, Lemma 13.8
gives E < (C, +7)N°/12 on events of probability at least 1 — 7 for all sufficiently large
N; we let 7 | 0 after the deterministic estimates. The other conditions of the reduction
above hold because 7, is of order N ~1/2 and max; |¢;(t)| — 0. Combining these estimates
with Lemma 13.2, a uniform form of Theorem 6.8, we find that ||y — N c|lTv — F(1)
att = Ty + u/g. Finally, Theorem 9.13, which we describe next, implies that the right
side of (2.5) is at most Ce~8*/4 on events of probability tending to one, and Theorem 13.1
follows.

Comparison through the forward equation

The density of y; does not solve the forward (Fokker-Planck) equation of L 4, but it solves
it up to an explicit error. In Definition 9.2, we define the forward-equation defect R; by
orpt = L pt + Rypy, and in Lemma 9.3 we compute it:

Q(£)Qc(t) — pur (Qr(H)Qc(t))
N ’ (2.10)
Qp(t) = x"Bix — N(z(t) — 1), Qc(t) =xT(A - B)x.

Ry = —
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Here y; o e Bx/2y with By = diag(z(t) — v;(t)!). Testing against the backward
evolution of a bounded function f, we have the Duhamel identity

() =P ) = [ (Ra P f)

of Theorem 9.5. In that theorem, we turn the identity into bounds on ||vnyP# — p¢||Ty of
three forms. In the first, we measure the defect in L?(y,). The second also requires a
Poincaré inequality for y, and a bound on ,T'(P2 ,f). In the third, we write the defect
as a divergence, 11, (Rug) = pu(ju, Vs,g), and only the size jy|ju|* of the vector field j,
enters.

Two facts make the defect small at late times. First, the coefficients of Q¢ () decay at
rate 2d: if ||A|| < M, then ||A — B|| < Cpd~'e™2# by Lemma 7.6. Second, the gradient
of PAf decays. With the weight ¢(x) = N~ Y g:x?, which is built from the equilibrium
variances, we derive from the weighted Bochner identity of Lemma 8.5 that

A —2rgt pA K+ §

gL(PLf) < e PL(9T(f)),  ro=d——5— K=, (2.11)
(Theorem 8.6). This is an instance of the Bakry-Emery calculus [11, 12]. When Nd?
is large, the rate r = ryp — 1/N is at least d/2, and by the second form, if ||A] < A,
then ||[unPA — ui||tv < Cad~2e " (Theorem 9.13). At a fixed temperature ¢ < 1, we
have dy — (1 —¢)?, and this bound suffices. For a matrix within € of a multiple of the
identity, the distance is at most C;e? min(t, 1) and at most C1e?e~"!, uniformly in time
(Proposition 9.14); we use these bounds at infinite temperature.

The approach from above

Along cy = 1 —Jn with My = N(S?V — 00, the smallest precision satisfies dy/ (512\] —1
(Theorem 4.13). The product N d%\, ~ Mpdn may tend to zero, and the times Ty + uéﬁz
are of order 51(,2 log My. There are two new difficulties, one for each side of (2.5).

The information at a smaller scale. Let t = t5 > 0 be deterministic with (5%\,15]\] — 0
and 63ty = o(M%/?), as in (4.15). At such times, the relative error ¢;(t) is small unless
pi —dn is at most of order 1/¢, which is much smaller than (5%\,. The number of such
indices is of order Nt~3/2, and on this scale the information is governed by eigenvalues
within distance O(1/ty) of the edge. In Section 14, we therefore work with the measure
p = pn of (2.8) directly. We rescale it at the scale 1/¢, as in (14.16), and the rescaled
measure converges vaguely in probability to n’l\/ydy, the image of the semicircle
density near the edge (Theorem 14.2). The difficulty is that py is not a simple function
of the eigenvalue counts. However, its real resolvent is an explicit rational function of
the precisions (Lemma 7.1). We find the limits of these resolvents at real arguments
from the edge counts at a varying scale (Theorem 4.8 and Corollary 4.9), together with
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the asymptotics of the Lagrange multiplier (Theorem 4.13) and of the inverse gaps
(Lemma 4.5). In Lemma 7.15, we prove that convergence of the real squared resolvents
of positive measures implies their convergence against a large class of test functions; the
proof uses the compact-interval moment method (see [151, Chapter III]), a finite-difference
calculation to recover the moments, and approximation by Bernstein polynomials [29,
pp- 1-2]. The result is Corollary 14.3:

3/2
_ Ndy
128/

This is the right side of (2.9) with ¢ = 1 and g replaced by dy. If we set the right
side of (2.12) equal to e~** and solve for t, we recover the center Ty of case (3), with
its correction —% loglog My, up to an error that is small compared with the window
6> To replace dy by 6% in the center, we need that log(2 + My)|dn /0% — 1| — 0 in
probability, which follows from Theorem 4.13. As 1, = OIp(MK]l/ 2), Theorem 6.6 applies,
and ||pe — 7N ¢y || TV converges to ¥ (u) at the times Ty + u/6%; (Theorem 14.4).

In(b) w32 (14 0p(1)),  w=dnt. (2.12)

The comparison with no condition on Nd?. The bound Cyd~2¢~"* of Theorem 9.13
requires N d? to be large, and at the times Ty + u(SR,Z it is about 5§4M§1/ 4 which need
not be small. The obstruction is the rate r in (2.11), which is positive only when N d? is
large. To overcome this, we prove in Theorem 14.10 that for precisions that satisfy (14.33)
with M = Nd3/2 > M,

UNPA — pyl|lry < CemW=2/NIE 0<t<Crd 'logM, (2.13)
t —H &

where C and M, depend only on the constants in (14.33) and on Cr. At these times, the
right side is M~1/4(log M)°(1), which tends to zero however slowly M grows. The proof
has three ingredients.

The first is the third form of Theorem 9.5. We solve the Poisson equation —Lp ¢, =
R, for the generator whose Gibbs measure is y, and take j, = Vg, ¢, (Lemma 9.6
and Corollary 9.7). In Theorem 9.16, we bound the energy u,I'(y,) by C/M times
explicit sums of the coefficients of Q¢ (u), under conditions on the variances at a scale
6 (Definition 9.15). The proof uses the lower bound on the spectral gap of Theorem 8.8,
which is sharp when many precisions are comparable to the smallest one. Along the
covariance evolution, we find that the energy is at most C(1 +u)~! for u < d~! and at
most Cd(1 +ds)?e™*% at u = d~! + s (Lemma 14.7).

The second ingredient is a bound on the gradient of PAf under yu, with the rate
d —2/N in place of ry. To obtain it, we keep the variable term of the weighted Bochner
identity, which leads to the Feynman—-Kac bound of Lemma 10.21:

p() TP )(x) < e 202, [exp (2 [ Tllog ) (%) ds)p(X) T(F)(Xp)] - 219
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By Lemma 8.5, the function T'(log ¢) is at most (x +x~! — 2)/N, which is not small
compared with d when Nd? is small. However, its time integral along the path is small:
by Theorem 10.15, its exponential moments are at most 1 + CA4/log M/ M, for every
initial law. Together with a reverse variance argument along the path, this implies the
bound of Lemma 14.9 on p,I'(PAf) for 0 < f < 1.

The third ingredient consists of the path estimates for the unnormalized process
behind the second one. Under the initial law p, weighted by 1/¢, we need moments of
sup, ¢(X¢) along the whole time interval, and exponential moments of the occupation
integral above (Lemma 14.8). We derive them from inverse moments of |Y(¢)|? relative to
Nh(u + t), at fixed times (Lemma 10.14) and along the whole interval (Theorem 10.18),
and from a comparison of the initial state with all future solutions of the linear system at
once (Lemma 10.16). The inverse bounds use Lemma 10.4, which requires the conditional
relative variances to be bounded uniformly by a small constant; how small depends on
the order of the inverse moment or on the exponential parameter. Its occupation bound
additionally uses a deterministic bound on the quadratic variation of the logarithm.
Inserting the first two ingredients into the Duhamel integral, we obtain (2.13). The
estimate holds for every N and every matrix with M > My, with the same constants. We
use it again in Section 20, with M fixed while N — oo.

The infinite-temperature crossover

When A = ¢G with ||G|| < M and ¢ small, the distance is asymptotically determined
by the information alone, uniformly over all times (Theorem 15.1). Indeed, Proposi-
tion 9.14 implies that ||vnyP? — p¢|lTv < Cc?min(t, 1) for all t. The relative errors satisfy
max; |e;(t)| < Cce™!, and if Zy(0) > 0, then the logarithmic derivative of Zy(t) lies in
[—4 — Cc, —4 + Cc|. Using Lemma 13.2, we find that sup,.,|Dn(t) — G(Zn(t))| — O as
¢ — 0and N — co. If Zy(0) — oo, it follows that there is cutoff with a window of order
one, at the time Ty defined by Zn(ty) = 1.

For the GOE, we have Zn(0) = (Jx/2)(1 + op(1)) with Jy = Nc%; (Theorem 15.2).
Here ¢;(0) = p; — 1 is close to —c(A; — N1 Y.jAj), and the centered second moment
N71Tr(W%) — (N1 Tr Wy)? tends to 1 in probability. The proof of the classification
uses only the norm of Wy and the traces of Wy and W%, and not the rigidity estimate
(Lemma 15.8). If /Ncy — a, the information is asymptotic to a>e~* /2, and G (a%e~*/2)
is the limit in Theorem 1.2. If [5y — oo, there is cutoff at the first time Ty at which Zyy < 1.
With probability tending to one, Zy(0) > 1 and 7y is the only solution of Zn(t) = 1.

In Theorem 15.3, we determine Ty up to o(1). Here we need the rigidity estimate,
through the approximation of the eigenvalues by the semicircle quantiles in Lemma 13.8.
On the time scale Ty ~ %llog Jn, the product cyTy is close to hy = (cn/4) log Jn. When
hy is bounded, the rescaled relative errors ¢~ le*e(t) are close to —e2*7 A, where T is
the multiplication by the eigenvalues compressed to vectors of mean zero, and A is the
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vector of eigenvalues of G, which we may take to have mean zero (Lemma 15.9). For the
semicircle law, we compute this operator with Chebyshev polynomials (Lemma 15.10),
which gives Zn(t) ~ Jye *B(cyt) with B(h) = I;(8h)/(8h) (Lemma 15.11). Solving
In(tn) = 1, we have Ty = ;[log ]y + log B(hy)] + op(1). When hy — oo, the relative
errors concentrate near the edge of the spectrum. The computation of Section 13 holds
uniformly for ¢ € (0, ¢1], and it yields the center of case (2) evaluated at ¢ = cy.

2.3 Low temperature

Sections 16 and 17 prove cases (5) and (4) of Theorem 1.1, at fixed ¢ > 1 and along
cN = 1 4 en. We use the scaled eigenvalue gaps a; and the top fraction 6y of Section 3.2,
with Ry = Nay and my = OyRy. At fixed ¢ > 1, ay is of order N~2/3 and Ry of order
N1/3. Along cy = 1+ en, we have 8y /en — 1, and my is of order (Ne?\,)l/?’ (Lemmas 4.7
and 17.2). Throughout, the dynamics is represented by the unnormalized process (2.2)
with p; = a;, whose first coordinate Y; is a martingale while Y; is pulled toward zero at
rate 2a; for i > 2. At a fixed temperature, we take as its initial value a point Xy with law
vn, which also starts the diffusion from vy (Lemma 10.2).

The mechanism

We describe the mechanism at a fixed temperature, with 5 — 6 € (0,1), following the
outline in Section 16.1. It has three steps.

Gaussian approximation at time f,. At the time t, = (logN)/100, the pair
(Y1(tp), Ya(tp)) is close in total variation to 6~1/2(Hy, H,), where Hy, H, are independent
standard Gaussian variables (Proposition 16.18). These variables are built from the
initial point and from the noise up to time t,. To see why, we write Y (t) = ®(t)Xp as in
Lemma 10.2, with ® independent of Xy. Conditionally on ®, finitely many coordinates
of Y(t,) are linear functions of a uniform point of Sy. By the rotation invariance of vy,
they are close to a centered Gaussian vector whose covariance is the corresponding block
of ®®T; this is the classical Gaussian approximation of the coordinates of a uniform
point [57, (1)]. The block concentrates around 61 times the identity. Its diagonal entries
have means h;(t,) = EY;(tp)?, which are close to 05'. Indeed, the mean of |Y|? solves a
renewal equation whose kernel (2/N) Y;~, e #i’ is a defective probability density with
total mass 1 — 6y, the mean square of Y satisfies |y (t) — 05| < C[(1+#)~V/2 +t/N]
for 1 <t < N, so that hy(tp) = 0&1 +0(1), and h;(tp) is close to hy(tp) for each fixed i,
since a;tp — 0 (Lemma 16.12).

Growth of the top coordinate. After t,, the martingale Y; barely moves, by the second
part of Proposition 16.18, while |Y(t)|* relaxes to Yi(tp)?/6n (Proposition 16.19). In
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particular, at the times t, = log Ry/(4ay) + u/a; we have X;(t,)>/N — 0: the first
eigencoordinate grows from order one to v ON.

The ratio of the first two coordinates. By Duhamel’s formula, we have for t > t,

Yo(t) = e 220y (t,) + V2/N /t 20079 |y (5)] dB ().
P

We now argue heuristically. During the last part of [t,,t,], of length of order a, 1, we
may replace |Y(s)| by |Y1(tp)|/+/0n. Conditionally on (Y1(tp),Y2(tp)), the stochastic
integral is approximately centered Gaussian with variance Y;(tp)?/(20NyNay). After
division by |Y;(tp)|, its Gaussian approximation is independent of this early pair. Recall
that X, = v/NY,/|Y|, and note that arty — 0 and /2a;NOy e 220 = /20y e, since
Na, = Ry. We find that

V2a: X5 (ty) & /20N e Yaltp) +G, (2.15)
Y1 (tp)|

where G is a standard Gaussian variable independent of (Y1 (tp), Y2(tp)). By the first step,
the ratio is close in law to Hy/|Hi|, which has the standard Cauchy law [110]. Under
7IN,c, the variable /2a; x; is approximately standard Gaussian. As Vy(u) is the total
variation distance between the laws of G + v/20e=24C and G, this identifies the profile,
provided that the other coordinates do not contribute.

More precisely, for every fixed k, the vector ( \/Tu]-X]-(tu));‘:z converges in distribution

to (Go + V20 2C, Gs, . . ., Gx) by Theorem 16.20, under the hypothesis Hy(®@, D) of
Definition 16.3 when k > 3. In particular, a3 > (1 + @)a; for a constant @ > 0. The
coordinates j > 3 forget their values at time tp, since this separation of the gaps makes
their inherited part negligible. As the total variation distance decreases under projections,
we conclude that liminfy Dy () > Vy(u).

The upper bound

The main difficulty is the upper bound, since Dy involves all N coordinates and weak
convergence of finitely many of them does not control it. We first reduce to a hemisphere:
by Lemma 3.1, Dy () equals the distance between the laws folded onto {x; > 0}. There
we use the graph coordinates y = (xy,...,xy), with x; = (N — |y|?)1/2. By Proposi-
tion 16.9, the Gibbs measure in these coordinates is close to the Gaussian product law
G=Qj>2N(0, (2a;)~1), with an error at most C/my + Ce~ ™ that includes the factor
(1 — |y|>/N)~12 of the parametrization. The bound is uniform in 6y, which we need in
Section 17. We then split y into its first coordinates v, (the retained coordinates x, ..., xj,
at a fixed temperature, described below, and x, ..., xj in the approach from below) and
the remaining coordinates y,. By Lemma 11.21, we have

lo = 7llrv = [l = Gellrv| <2(1 = Z) + VHy/2+ [lpz — plltv + [T = Gllrv.  (2.16)
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Here p is the time-f law, and ¢ < p is the endpoint subprobability measure weighted by a
path weight with values in [0,1] and by a cutoff function, with mass Z > 0. The measure
o/Z is a normalized cutoff-weighted law in the sense of Section 11, with normalizing
mass Z. Further, Hy is the relative entropy of ¢/Z with respect to the product of its
marginal on y, and Gy, and yu is the limiting law of y,. We now explain how we bound
the four terms on the right side.

Weighting at the entrance into a cap. At a fixed temperature, we weight the path law
by a smooth function of the position at the time T. = xn /a2, with xy — oo slowly. This
function takes values in [0, 1], equals one on a cap {x > ¢N}, and vanishes outside a
larger cap. By Proposition 16.13, the mean of the weight is at least 1 — ¢ for large N, where
e > 0 is small and fixed. By Proposition 16.14, the path then stays in a slightly larger
cap up to times of order log Ry /a;, outside an event whose probability is exponentially
small in Ry /log Ry. We also multiply the endpoint measure by a cutoff function that
depends only on x2, equals one on {x7 > rN}, and vanishes on {x? < rN/2}, for a fixed
r > 0. We bound the derivatives of the cutoff and the mass of the region outside which it
equals one (Lemmas 16.22 and 16.23).

The conditional relative entropy of the remaining coordinates. In Section 11, we com-
pute the time derivative of the conditional relative entropy of the remaining coordinates
given the first ones exactly (Proposition 11.18) and prove a logarithmic Sobolev inequality
for this conditional relative entropy (Proposition 11.16). It follows from the Gaussian
logarithmic Sobolev inequality [79] after a comparison of the metric of the remaining
coordinates (Lemma 11.15). The entropy therefore decays at a rate close to 4b, where b
is the smallest of the gaps 4; of the remaining coordinates, up to errors from the cutoff
function. At a fixed temperature, the upper bound on the density of the weighted law
gives an initial value of order N at the time Te +a, ! (Lemma 16.27). Heuristically, if
only x; is retained, decay at rate 443 during a time close to log Ry /(4a2) multiplies the
entropy by about RXI%/ “2. Since N is of order R3,, this does not beat the initial value
unless a3 > 3a,. To overcome this, we retain all coordinates with a; < 16a;/r, and their
number is bounded (Lemma 16.16). On the support of the cutoff function, the metric of
the sphere in graph coordinates is at least 7/2 times the Euclidean metric. The Gaussian
logarithmic Sobolev inequality for the remaining coordinates then bounds the entropy
by (32a,)~! times its dissipation (Lemma 16.17). After the error terms are absorbed, the
entropy decays at rate 164y, which multiplies it by about Ry,* during this time. This beats
the initial value, and the entropy tends to zero at the times t, (Proposition 16.28).

The first coordinates in total variation. We upgrade weak convergence to convergence
in total variation by Gaussian smoothing (Theorem 11.8). For this, we need that the
limit y has finite Fisher information, and that the laws p, are close in total variation
to laws with bounded Fisher information. The limit is a Gaussian convolution, whose
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Fisher information is at most the dimension; no moment of the Cauchy law is needed
(Lemma 11.7). For the time-t law, we bound the score with a Bismut-type formula over the
final time interval of length a, ! (Theorem 11.5 and Corollary 11.6). This formula controls
the derivative, along a rotation in the plane of two eigencoordinates, of the logarithm of
the density of an endpoint law weighted by a functional of the path. The bound uses
only the final interval of the original uniformly initialized diffusion, with no score bound
before that interval; its left-endpoint law may be evolved and prefix-weighted. Such
formulas go back to Bismut [32] and to Elworthy and Li [67, Theorems 2.1 and 3.1]. With
the Fisher information of the coordinates in the graph chart (Lemma 11.11), this leads to
Corollary 11.12, which we use in the approach from below. At a fixed temperature, we
apply the formula over final intervals of length a].*l <a, 1 bound the Fisher information
of finitely many coordinates directly in the graph chart, and apply Theorem 11.8. This
gives Proposition 16.29, and Theorem 16.30 is its case of the second coordinate.

The Gibbs measure. The last term in (2.16) is small by Proposition 16.9. The parameters
of the proof are chosen in the order of Table 16.1. Since ]y is bounded, Section 16.11
combines the estimates along subsequences on which [y is constant.

The approach from below

Along cy = 1+ €y, the top fraction 6 = 0y tends to zero, and m = 6Na, may tend
to infinity arbitrarily slowly. The main difficulty compared with a fixed temperature
is uniformity: the time scales 02 and a, ! and the size 0~1/2 of the first unnormalized
coordinate all depend on 6, and every error must be bounded by a negative power
of m. As we describe in Section 17.1, the mean E|Y(¢)|? decreases like N(1 + t)~1/2
up to the time 6-2 and like N6~2+3/2 afterwards, until a time of order a, 1. after that
time, it is of order 62, with its radial part determined by the first coordinate through
1Y (t)|? ~ Y1(t)?/6. In Lemma 17.8 and Proposition 17.11, we prove renewal estimates
and moment bounds of all fixed orders with constants that do not depend on 6. Let
T = m®0~2 with a = 1/10, let H; = v0Y;(1), and let t,,(u) = log(2m)/(4az) + u/a;.
Then the following hold.

e The vector (Hy, ..., Hj) is close to a standard Gaussian vector (Lemma 17.16).

e The process 0%|Y(t)|? stays close to H? along a time interval of length of order
a, Yog m that contains the times t,,(1) for u in a compact set, with an error bounded
by a negative power of m in every fixed L? norm (Theorem 17.14).

e Let E = {{_ < |Hy| < /{4, |H| <ty (2 <i < ]J)} OnE, outside an event
of probability at most Cm 50 for every fixed By > 0, the path does not leave the
domain where X}/(6N) € [1/4,4] during the time interval of the previous item
(Corollary 17.17). The losses from killing the path on leaving this domain and from
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the cutoff function are controlled by Corollary 17.18. We choose the bounds ¢_, /. so
that IP(E) is arbitrarily close to one and condition the path law on E.

At the times t,, (1), the analog of (2.15) is \/2ayX, ~ e 2"H,/|H;| + G,, which gives the
profile V and the lower bound (Theorem 17.19).

For the upper bound, the initial value of the conditional relative entropy comes from
a different argument. Theorem 17.20 rests on the density bounds of Section 12, which
we describe in Section 2.4: at times t > 672, every moment of the density of the time-t
law with respect to the Gibbs measure is at most eO(N 6°) — ¢O(m*)_ The initial conditional
relative entropy is then of order m®. Heuristically, decay at rate 4a3 over an interval of
length (1/4 —1/100)a; ' log m would multiply the entropy by m—(24/25)(a3/ @) 1f a5/ a,
is close to one, this does not beat the initial factor m>. To overcome this, we keep the
first | coordinates, with | so large that b = a;,1 > 6a;. Then the conditional relative
entropy of the remaining coordinates decays at a rate at least 4 - % - b, up to errors of
order m~! (Theorem 11.19). Over the interval from ba, 'log(em) to ty(u), of length
about (} — ﬁ)az_ Yogm, the entropy is multiplied by at most m >, which beats m®
(Corollary 17.23). We choose the parameters in the order of Table 17.1.

Finally, the convergence is uniform over all admissible gap vectors in Ay (Defini-
tion 17.1) with § < 1/M and m > M, in the iterated limit limp;_, limsupy,_, ., (Corol-
lary 17.4). We deduce it from the statement along sequences by a diagonal argument
(Lemma 17.24), and this is the form that we use in Section 21.

2.4 The critical window

In the critical window ¢y = 1+ ocN—1/3, the half-precisions r; = p;/2 are of order
(i/N)?/3 for every i, including i = 1 (Lemma 4.17). For every fixed i, the inverse drift rate
(2r;)~! is of order N?/3, and the limiting dynamics retains the individual scaled rates. To
prove Theorem 1.3, we construct a countable limit of the dynamics in Section 18, and in
Section 19 we show that the distance converges to the distance between the normalized
limit and the limiting Gibbs law. We write b = N2/3.

The critical limit process

Let R; y = br; y be the scaled half-precisions. We rescale the unnormalized process (2.2)
with Pi =TiN by

U; n(s) = N~Y0Y;(bs), Zn(s) = b Y(bs)|?, N1/3Xi(bs):u"Z— (2.17)

so that dU; y = —2R; yU; nds + /22N dBZ.(N) for independent Brownian motions BZ(N);

see (18.7). Each coordinate starts at U; y(0) = N —1/6 gi, which tends to zero. The rescaled
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squared norm Zy = N~1/3y; U%N is a sum over all coordinates, and the corresponding
series for the limiting coordinates diverges. We describe the limit of Zy instead through
its mean and its fluctuation. Let ¥n(s) = EZn(s) = N/3k(bs). Then gy converges to
the mean function ¢g (Lemma 18.5), which is determined by its Laplace transform for

p>0:
© _ 1 1 11
/OEWR“)”ZS—W' M) =5 X (7~ mra7a)

i>1 !
The mean function solves a Volterra equation that is the rescaled limit of the renewal
equation for & (Section 2.2), and in this sense it is the rescaled limit of the scalar equation
of Cugliandolo and Dean. Note that /s g(s) — 9. € (0,00) as s | 0. The fluctuation
ZN — PN converges as well, and the limit (U, Z) solves the countable system (18.51):

Uj(s) = ﬁ/o e R6) [7(0)dBi(0) (i>1), Z=yr+V,
V(s) = VB L [ k(s - 0)y/Z(0) Ui(o) dBi(o),

i>1

with the explicit kernels k; of (18.28). This is the critical limit process of Theorem 18.9.
We show there that its law is unique and that finitely many rescaled eigencoordinates
converge to the coordinates & = U;/v/Z of the normalized critical limit process; see
(18.53). Uniqueness comes from a Picard iteration for a system in which the noise
amplitude V27 and a weighted norm of the coordinates are truncated (Lemma 18.8),
and the moment bounds that we need for tightness come from Lemmas 7.14 and 10.10.
A stochastic integral is not a continuous function of its integrand and its driving path.
We identify the stochastic integrals of a limit point through the joint laws of the rescaled
processes, by approximating them with Riemann sums (Lemma 18.11).

The start is singular, and this is how the uniform initial distribution enters the limit. Ev-
ery coordinate starts at zero, while Z(s) ~ 1.s~1/2 and the weighted norm ¥_; U;(s)?/R;
tends to 2 as s | 0 (Remark 18.10). In finite dimension, this weighted norm is a martingale
whose initial value N—1/3 Y giz/ R; n is spread over all coordinates, as it is for a uniform
point of Sy.

The rescaled Gibbs measures converge as well. By Corollary 18.12, the first coordinates
of N~1/3x under 7y, converge in total variation to those of pg, the Gaussian sequence
with variances (2R;) ! conditioned on the renormalized radial constraint of Definition 5.8.
At the critical temperature, this law is due to Du and Huang [62, Section 2.2]. The proof
of Theorem 19.2 compares the normalized critical entrance process with this limiting
Gibbs law.

Density bounds

The second ingredient of the critical window, which we also use along cy = 1+ €y,
bounds the density of the time-t law with respect to the Gibbs measure in every space L?,
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at times when the distance is still close to one. By Theorem 12.8, under the hypotheses of
Definition 12.2 on a time interval [0, S], we have for every fixed p > 1
r
log <M>pdm <C,N(1+H732,  0<t<S, (2.18)
SN dr,

Heuristically, the right side counts the coordinates that have not equilibrated at time t,
namely those with 7;t < 1, and each of them contributes a bounded amount. In the critical
window, the hypotheses hold on [0, KN?/%], and the right side is bounded at times of
order N2/3 (Theorem 12.13). With the Poincaré constant of order N2/3 of Proposition 8.21,
we deduce from the L2 bound at time b that Dy (b4 u) < Ce~*/(Keb) where Kpb is an
upper bound on the Poincaré constant (see (19.28)). This bound gives the behavior of the
critical profile at infinity (Proposition 12.14).

In the proof, we differentiate the Rényi divergence of the time-t law with respect
to a moving reference measure, the Bingham comparison law p.; at an earlier time -yt
(Lemma 12.7). Rényi divergences were introduced in [122], and Vempala and Wibisono
computed their derivative along the Langevin dynamics when the reference measure
is stationary [148, Lemmas 5 and 6]; here the reference measure moves. A logarithmic
Sobolev inequality for u,; with constant of order 1 + ¢ (Proposition 8.21) bounds the
dissipation from below. The error terms are quadratic forms in the coordinates with
small coefficients, because a term common to all coordinates cancels exactly (Lemma 12.4).
We compute their exponential moments under yi; exactly from Lemma 5.13 (Lemma 12.5).
A scalar differential inequality closes the argument (Lemma 12.6).

The logarithmic Sobolev inequalities come from Section 8. Extending functions on the
sphere to Gaussian space, we find logarithmic Sobolev inequalities with an additive error
term (Theorem 8.11). Combined with Rothaus’s lemma [125] and a Poincaré inequality,
they imply a logarithmic Sobolev inequality as soon as three variances are comparable to
the largest one (Corollary 8.13). The Poincaré inequalities are proved separately when
many precisions are comparable to the smallest one (Corollary 8.9), and when only a few
precisions are close to the smallest one, which is the case of the Gibbs measure in the
critical window (Lemmas 8.18 and 8.19).

Convergence of the distance

Let 1% be the law of ¢(s) on RN, and let Fr(s) = ||u° — pr||lTv- Let (7. n) be a determinis-
tic sequence of half-precisions that satisfies the critical spectral conditions and converges
to R. We prove in Theorem 19.2 that Dy (bs) — Fgr(s) uniformly on compact subsets of
(0,00), and that Fg is continuous and strictly decreasing, with Fg(0+) = 1 and Fg(o0) = 0.
The obstacle is again that Dy involves all coordinates: the weak convergence of finitely
many coordinates of Theorem 18.9 controls neither the remaining coordinates nor the
total variation distance of the first ones. We first prove convergence at every fixed positive
time (Proposition 19.19), in two steps.
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The remaining coordinates. By Lemma 19.15, for every syp > 0 we have 0 < Dy/(bs) —
D]%]] (bs) < CJ —1/3 for all s > s, where DZ%I] is the distance between the laws of the first |
coordinates and C depends on sp. The argument is as follows. The density of the time-t
law with respect to the Gibbs measure is bounded in L? at t = sob/2 (Theorem 12.13). The
smoothing of the finite-dimensional semigroup then bounds its energy at every time bs
with s > sp (Lemma 19.12). Next, the conditional law of the remaining coordinates given
the first ] satisfies a logarithmic Sobolev inequality with constant Cb/ (J?/3), uniformly
over all conditioning values (Lemma 19.14); we deduce it from Corollaries 8.9 and 8.13 on
spheres of arbitrary radius (Lemma 19.13). The resulting Poincaré inequality bounds the
conditional variance of the density by a multiple of J=2/3 times its energy, and we obtain
the bound J~'/3 by comparing the L! and L? norms. Here ] is fixed before N — oo.

The first coordinates. For fixed | and s > 0, the total variation error between the first
J rescaled coordinates under vy Py and their limiting law tends to zero (Lemma 19.17).
Weak convergence holds by Theorem 18.9. To upgrade it, we integrate by parts under
the Gibbs measure along vector fields that move the first | coordinates and compensate
in the remaining ones. The divergences of these fields are bounded in L?(7ry) through
inverse moments of a block of coordinates, which follow from the Gaussian domination
of the Gibbs measure (Corollary 18.12 and Lemma 19.16). Together with the density
and energy bounds above, this gives a bound on translations of the first-coordinate law
that is uniform in N and in s > sy > 0. Mollification and weak convergence then give
convergence in total variation at each fixed s. Since total variation on RN is the limit of
the distances between the first | coordinates (Lemma 19.7), we combine this convergence
with the bound on the remaining coordinates, let N — oo, and then let ] — oo. This
proves Dy (bs) — Fr(s) for every s > 0 (Proposition 19.19).

Continuity, positivity, and strict decrease. We prove these properties of Fr with esti-
mates for the finite-dimensional semigroups that are uniform in N, and we do not need
a semigroup for the limiting process. By the spectral theorem, |[(Py, — I) Ppstt|2(7,) <
hllul 2y / (et) for t > 0 and h > 0 (Lemma 19.12). We apply this bound to the density
at time syb/2, and we find that ||vnyPy; — UnPps||Tv < L|t —s| for s, t > s, where L does
not depend on N. This bound passes to the limit through the weak convergence of
the first | coordinates and Lemma 19.7, and Fy is locally Lipschitz (Lemma 19.18). The
exponential lower bound on Dy of Section 2.4 passes to Fr by the convergence at every
fixed time, and Fy is positive. For strict decrease, suppose that Fr(s1) = Fr(sz) for some
s1 < sp, and write f —1 = g, — g¢_, where f is the density of the law at time bs; and
g+ > 0. Then the correlations (g+, Ppg—)12(r) tend to zero for t € [sp —s1,2(s2 — 1)),
while the constant terms of their spectral expansions tend to Fg(s1)? > 0 (Lemma 19.20).
On the time scale b, the spectral gap of Proposition 8.21 is bounded below uniformly in
N, and the sums of the absolute values of the other spectral coefficients are bounded.
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An argument with Chebyshev polynomials then forces Fr(s;) = 0, which contradicts
positivity (Lemma 19.9). Since Dy(bs) is nonincreasing in s and converges at every s
to the continuous function Fg, a finite grid of times gives the uniform convergence on
compact sets (Theorem 19.2). We record the order in which the parameters are chosen in
Table 19.2.

Lower bounds and the GOE

The lower bounds on the critical time scale do not use the profile. A finite-dimensional
estimate at a short critical time shows that Dy/(s.b) > 3/4 (Lemma 19.10). For a reversible
semigroup, a lower bound at time 2¢ and a bound on the L* norm of the density at time
¢ imply an exponential lower bound at all times (Lemma 19.6). With Theorem 12.13, we
find that Dy(t) > cie~C1/? for all t > 0. Together with the upper bound (19.28), this
gives cpblog(1/¢e) < tn(e) < Coblog(1l/e) for every € € (0,1/2), including accuracies
that depend on N (Corollary 19.11). Combining the lower bound with the pointwise
convergence (19.51) proved in Theorem 19.2, we have Fg(s) > cie 1 (Corollary 19.5).

For the GOE, the half-precisions satisfy the critical spectral conditions on events of
probability at least 1 — 77, uniformly for ¢ in compact sets, and the spectral data converge
jointly in distribution to their limits, which are functions of the reflected GOE Airy point
process (x;), the limit of N2/3(2 — A;), for finitely many values of ¢ at once (Lemma 4.17).
The finite and limiting profiles and mixing times are Borel functions of the spectral data
(Lemmas 19.21 and 19.22). The maps from the spectral data to the finite profiles depend
on N. We control them only along convergent sequences of spectral data that satisfy the
critical spectral conditions with fixed constants (Theorem 19.2 and Corollary 19.3). A
localized form of the continuous mapping theorem (Lemma 19.23), applied on the events
where these conditions hold, then gives Theorem 19.4, jointly with the spectral data and
for finitely many temperatures at once. The limit is a function of the Airy point process
arising from the distributional edge limit, and the critical mixing profile is random. Since
F;'(e)/E;1(1 —€) > 1 almost surely, there is no cutoff.

2.5 The critical mixing profile far from the critical temperature

Theorem 1.4 concerns the iterated limit in which N — oo first, at fixed ¢ = FS, and
then S — co. The mesoscopic theorems give no information here, since they assume
N (51?{] — 00 or my — o0, and the critical theorem holds at fixed ¢. The link between the
regimes is that several estimates of Parts II to IV hold at every finite N, with constants
that depend only on the spacing of the precisions, and not on N or on the size of the
effective parameter, once this parameter exceeds a fixed threshold. We use them for finite
sequences that approximate the limiting rates of the critical window: we let N — co with
the effective parameter fixed, and only afterwards let it tend to infinity.
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Finite approximations. Fix a realization of the Airy point process outside a null set.
For ¢ > 0 and all sufficiently large N depending on ¢, we construct in Lemma 20.1 the
precisions

pin=N"23n;+¢& (i<N/2), pin = INN"23(A; + &) (i >N/2),

with vy € (1, 3] chosen such that ) ; p;ﬁ, = N. The smallest precision is ¥N~2/3, so that

M=N p%/]\z, = ¢3/2 does not depend on N, and the spacing constants do not depend on
N or ¢. The half-precisions p; /2 satisfy the critical spectral conditions of Definition 4.16
and converge to R = R (©), and by Theorem 19.2 their distances converge to F (&)

Far above the critical temperature. In Section 20, we take ¢ = a? with « large. For these
approximations, we bound the three errors of Section 2.2 at finite N, with constants that
do not depend on N or a. At the time t = w/dy, the comparison error is at most Ce™%
by (2.13), and the relative errors are at most Cwe 2w by Lemma 7.12. Further, 7, is of
order a~3/2, so that Theorem 6.6 applies. The information converges as N — oo: by (2.8)
and Lemma 18.5, we have Ty (N?/3s) — 9" (2s)/(8¢(s)?), where ¢ is the mean function
of the limit (Lemma 20.2). As & — oo, the transient part of ¢ is the Laplace transform
of a positive measure with an explicit real resolvent, whose asymptotics follow from
Lemma 7.15 (Lemma 20.3). At the times (w} + u)/a® with w} = 1(loga® — 3 logloga® —
log(16+/7)), the limiting information tends to e 4. We let N — oo at fixed &, then
a — o0, and finally pass from a to S through a? = ¢_s. This proves Theorem 20.4; the
order of the choices is in Table 20.1.

Far below the critical temperature. In Section 21, we take { = ¢g, which tends to zero
as S — oo. By Lemma 21.1, the scaled gaps a; y = (pi N — p1,N)/2 are admissible in the
sense of Definition 17.1, with constants that do not depend on S, while N2/ 3a2,N =NA>/2,
N30y — S — &, and my — (S — E)A,/2. At fixed S, the parameter my has a finite limit,
and Theorem 17.3 does not apply, but the uniform statement Corollary 17.4 does. For
every sufficiently large L and all S with (S —E)A,/2 > L, it implies that the error at fixed
S is at most Ej(L) in the limit N — oo, where Ej(L) — 0 as L — oo. The critical theorem
identifies the limit of the distance at the corresponding times with Fs(7$ +2u/A;). Letting
S — oo and then L — oo proves Theorem 21.2.

2.6 Dependencies

In Table 2.2, we list for each section its main results and the earlier sections whose results
it uses. Every section uses the conventions of Section 3, which we do not list.
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Section Main results Uses Sections
4 random-matrix inputs; the Lagrange multiplier =~ —
5 Gaussian laws conditioned on a sphere —
6 Theorems 6.6 and 6.8 5
7 covariance evolution; Lemmas 7.3, 7.12,and 7.14 5
8 Theorems 8.6 and 8.8 and Proposition 8.21 4,5,7
9 Theorems 9.5, 9.13, and 9.16 57,8
10 Lemmas 10.2 and 10.10 and Theorems 10.15 57,8
and 10.18
11 Theorems 11.5, 11.8, and 11.19 —
12 Theorems 12.8 and 12.13 57,8
13 Theorem 1.1(2) 4,6,7,9
14 Theorem 1.1(3) 4-7,9,10
15 Theorem 1.1(1), Theorem 1.2 4,7,9,13
16 Theorem 1.1(5) 4,10, 11
17 Theorem 1.1(4) 4,8,10-12, 16
18 the critical limit process; Corollary 18.12 4,5,7,10
19 Theorem 1.3 4,5,7,8,10,12,18
20 Theorem 1.4, first part 4,6,7,14,18, 19
21 Theorem 1.4, second part 4,5,17,19, 20

Table 2.2. Main results of each section and the earlier sections that it uses, besides Section 3.
Sections 5-12 form Part II.



PART I

Preliminaries



SECTION 3

The model, conventions, and the limiting profiles

This section fixes the model and the conventions used throughout the paper. In Section 3.1,
we define the spherical Langevin dynamics and its Gibbs measure, and record three exact
reductions: diagonalization of the disorder, invariance under adding a multiple of the
identity to the quadratic form, and invariance under reflections of eigencoordinates
(Lemma 3.1). We also name the symmetry sectors of L? (Definition 3.2). Section 3.2
introduces the Lagrange multiplier and the precisions of the Gaussian representation
of the Gibbs measure, the information of one variance sequence relative to another
(Definition 3.5), and the parameters attached to each temperature regime. Section 3.3
defines the total variation distance, the mixing times, and what we mean by a mixing
profile, by a cutoff profile, and by cutoff (Definition 3.7), and recalls standard facts about
total variation and relative entropy (Lemma 3.6). Section 3.4 states once how probabilities
over the disorder and the constants in our estimates are quantified. In Section 3.5, we
prove the properties of the three cutoff profiles ¥, V, and Vy (Lemma 3.9), and show that
pointwise convergence of a nonincreasing distance to a profile implies locally uniform
convergence and convergence of the mixing times (Lemma 3.11).

The section uses no earlier results. Its definitions are used everywhere. Lemmas 3.9
and 3.11 are used in each section that identifies a profile, namely Sections 13 to 17, 20,
and 21.

3.1 The model

Disorder. Fix N > 2. Let Wy = (Wij)%‘:l be a matrix from the Gaussian orthogonal
ensemble (GOE): a real symmetric random matrix whose entries Wi, 1 <i<j<N,

are independent centered Gaussian random variables with IEWI%- =1/N fori < jand
lEWI% = 2/N. We denote its eigenvalues by Ay > Ay > --- > Ayn. We write A; y when
the dependence on N matters. Almost surely the eigenvalues are distinct. Indeed, the
discriminant of the characteristic polynomial of a symmetric matrix is a polynomial in
its entries which does not vanish at a diagonal matrix with distinct diagonal entries. Its
zero set has Lebesgue measure zero, while the law of Wy has a density with respect to
Lebesgue measure on the space of real symmetric matrices. We write

pee(x) = \/max{24ﬂ— x2,0}

42
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for the semicircle density.

The dynamics. Let Sy = {x € RN : |x|*> = N}, where | - | is the Euclidean norm, and let
vy be the uniform probability measure on Sy. We write Vg, and Ag, for the gradient
and the Laplace-Beltrami operator of Sy with the metric induced from RN, and (-, -) for
the Euclidean inner product. For an inverse temperature > 0, we set ¢ = v/2 8 and

eﬁHN(x) VN(dX)
fSN ePHN dyy

xTWnx

N

The inverse temperature multiplies Hy and is not part of it: the Gibbs weight is e ™A1,
so the physical energy is —Hy. Note that BHy(x) = (c/2) x"Wyx. We call ¢ = /2 the
rescaled inverse temperature, and use it in place of B throughout. Increasing c lowers
the temperature. The critical value is ¢ = 1, that is, B, = 1/ V2, and high and low
temperature mean ¢ < 1 and ¢ > 1, respectively. The measure 7y . is the Gibbs measure
of the quadratic spherical spin glass (the 2-spin spherical Sherrington-Kirkpatrick model)
introduced by Kosterlitz, Thouless, and Jones [97]. As a probability measure on a
sphere with density proportional to the exponential of a quadratic form, it is a Bingham
distribution [31]. We write P; = el for the Markov semigroup generated by L, and, for
a probability measure u on Sy, we write uP; for the law at time ¢ of the diffusion with
initial law p. We call pP; the time-t law.

Hy(x) = L =Asy +BVsyHn - Vsy, TIN,c(dx) = CAY

Normalization. The GOE variances 1/N off the diagonal and 2/N on the diagonal
agree with those of the completion matrix for the Sherrington—Kirkpatrick model. In
the convention of the Sherrington-Kirkpatrick literature in which the Gibbs weight is
eB/2DXTWx oy weight e(¢/ 2xTWNT has the same form. Thus ¢ plays the role of the SK
inverse temperature, and ¢ = 1 corresponds to 2K = 1. Here the reference measure vy is
the uniform probability measure on Sy, rather than counting measure on the spin space.
In ambient coordinates, the diffusion generated by L is the solution of
N-1 xxT

dX; = V2I1(X,) dB; + (c [1(X)) Wy Xs — —— Xt> at,  (x)=1-=-, (2

where X € Sy and B is a standard Brownian motion in RV, independent of (Wy, Xo).
For the model, Xy has law vy independently of Wy. The noise coefficient is V2, so
that the generator contains Ag, and not Ag,, /2. The coefficients of (3.2) are polynomial,
hence locally Lipschitz. To see that the solution stays on Sy, let Uy =1 — \Xt|2 /N. Since
xTTII(x) = (1 —|x[?/N)x" and Tr(IT1(x)I1(x)T) = N — 2|x|>/N + |x|*/N?, 1t6’s formula
gives

22Uy
N
up to the exit time of X from any ball. This is a linear equation for U with locally
bounded adapted coefficients, and its unique solution with Uy = 0 is U = 0. Hence

du; = o (V2 XT B+ (e XTWaXi + N = 1+ Uy) dt),
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|Xt|2 = N for all t > 0, and in particular the solution exists for all times. For a function
f that is smooth near Sy, the identities Vs Hy(x) = cII(x)Wnx and Ag, f(x) =
Tr(I1(x)V?f(x)) — (N —1)N~1{x, Vf(x)) for x € Sy show that the generator of (3.2) is
L.

General quadratic potentials. Many tools in this paper hold for an arbitrary deter-
ministic real symmetric matrix A with eigenvalues a; > --- > ay. For such A, we
write

1
Lo = Ag, + Vs, (EXTAX> Vs, pA = e'la, 7Ta(dx) o gr Ax/2 vn(dx). (3.3)

The model (3.1) is the case A = cWy, for which &; = cA;. Let V(x) = xT Ax/2. Then
Laf = eV divg,, (eVV sy f), and the divergence theorem on the closed manifold Sy gives,
for smooth f, g,

a /st Lagdma = /5N<V5Nf/ Vsyg) dma. (3.4)

In particular, L4 is symmetric and nonpositive on L?(774), and 74 is reversible and
invariant for P/. The Dirichlet form of L is f — [ |V, f|?d7a, built from the tangential
gradient. All Poincaré and logarithmic Sobolev inequalities in this paper refer to this
Dirichlet form. For a probability measure 77 on Sy and a nonnegative measurable function
g with 71(g) < oo, let Ent;(g) = nt(glogg) — (g)log 7t (g) € [0, c0], with 0log 0 = 0. We
say that 77 satisfies a Poincaré inequality with constant Cp, and a logarithmic Sobolev
inequality with constant Cyg, if for all smooth f,

Varn(f) S CP ﬂ(’VSNfF), Ent;-((fz) S CLS 7T(|V5Nf|2). (3.5)

The spectral gap of L4 is

ma(IVsyf1?)
Varz, (f)

the smallest nonzero eigenvalue of —L,4, by compact weighted elliptic spectral theory
[130, Section 2, p. 30]. The optimal constant in the Poincaré inequality is 1/Agap(La).
Restricting the infimum to the symmetry sectors of Definition 3.2 below, we obtain the
spectral gaps of these sectors.

Agap(La) = inf { : f smooth and nonconstant},

Eigencoordinates. Conditional on Wy, fix an orthonormal basis uy,...,uyN of eigen-
vectors of Wy, chosen measurably, with Wyu; = Aju;, and set x; = (x,u;). The map
x +— (x1,...,xy) is an orthogonal transformation of RY. It maps Sy to itself, preserves
vy, and commutes with Vg, and Ag, . In these coordinates,

c N
BHy(x) = 5 Y Ak (3.6)
i=1
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The distance between the time-t law and the Gibbs measure does not depend on the
choice of eigenbasis, because vy is invariant under rotations and the initial point is
independent of Wy. When we study the dynamics for a fixed realization of Wy, we may
therefore assume that Wy = diag(Aq,...,An). We call xq,..., xy the eigencoordinates.
No property of the eigenvectors of Wy is used.

Adding a multiple of the identity. For every T € R and x € Sy, we have x"(A +
tI)x/2 = xT Ax/2 4+ TN /2. Since the added term is constant on Sy, we obtain

LA+TI = LA, TCA4 1] = TTA, PtA_'_TI = PtA (37)

Two choices of T are used for the model. Taking A = cWy and T = —cA4, we find the
form used at low temperature:

L= ASN — VSNF . VSN, T(Nlc(dx) e e_F(x)vN(dx),

N (3.8)
c
F(x) = Zaixiz, a; = 5()\1 - Ai)-
i=2

Here a; = 0 < a; < --- < ayp, and we call the a; the scaled eigenvalue gaps. Similarly, for
any z > cAq, the choice T = —z yields

N N
L = ASN — VSN ( ' 1rixi2> . VSN’ NN,C(dx) X exp ( — Erix?)vN(dx), (3 9)
i= i= .
1= z _20/\i > 0.

The particular choice of z that is used for the model is made in Section 3.2.

Reflections. For 1 < j < N, let R; be the reflection of the jth eigencoordinate, R;(x) =
(x1,..., —x]-,...,xN), and let G be the group generated by Rj,...,Ry. It contains the
antipodal map x — —x. For | C {1,..., N}, let Qj be the map that replaces x; by |x;| for
allj e J.

Lemma 3.1 (Reflections of eigencoordinates). Let A = diag(ay,...,aN).

1. For every g € G, every bounded measurable f on Sy, and every t > 0, we have P/ (f o g) =
(PtA f) o g. The measures vy and 714 are invariant under G, and so is VNPtA for every t > 0.

2. Let H be a subgroup of G, and let i, y' be H-invariant probability measures on Sy. Then
|1 — p'|lrv = sup {|u(B) — 4’ (B)| : B C Sy Borel and H-invariant}.

In particular, if H is generated by (R;)ic;, then || Quup — Qv = ||t — #'[|v.
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Proof. Each ¢ € G is a diagonal orthogonal matrix. It commutes with A, it satisfies
¢TI(x) = TI(gx) g, and gB is a standard Brownian motion. If X solves (3.2) with ¢ Wy
replaced by A and Xy = x, then multiplying the equation by g shows that ¢X solves
the same equation with Brownian motion ¢B and initial point gx. By uniqueness in law,
we have PA(fog)(x) = Ef(¢X¢) = (P/f)(gx). The measures vy and 7,4 are invariant
because g is an isometry of Sy and x" Ax = (gx)T A(gx). For every bounded measurable
f, we then have

(P (fog) =vn((Pf)og) = w(P{f) = (vwwP)(f),

which proves the first part.

For the second part, the inequality > is immediate. Let 0 = u — 3/, and let P C Sy be a
positive set of a Hahn decomposition of ¢, so that ¢(P) = ||u — /||ty and ¢ (D) > 0 for all
Borel sets D C P. Each set hP, h € H, is also a positive set, because ¢ is H-invariant. The
set B = J,ey hP is H-invariant, and it is a positive set because every Borel subset of B is
a finite disjoint union of Borel subsets of the sets hP. We have ¢(B) = ¢(P) +c(B\ P) >
o(P) because P C B, and the equality follows. If H is generated by (R;);ej, every H-
invariant Borel set B satisfies B = Ql_l(B’ ) with B’ = {x € B: x; > 0 for j € J}. For such
B, we have |u(B) — p'(B)| = [Qpuu(B") — Quu'(B')| < [|Qup — Qpup'||lTv. The reverse
inequality holds because Qjsu(B") — Quu’'(B") = y(Q;lB”) — y’(Q;lB”) for all Borel
sets B”. O

It follows from the first part of Lemma 3.1 that the density of vx P with respect to 77y
is invariant under every reflection of an eigencoordinate. It is therefore orthogonal in
L?(7ty ) to every function that is odd in some eigencoordinate, and such eigenfunctions of
L do not affect the distance of the time-f law from equilibrium. An analogous observation
for symmetric initial laws, in a spherical quadratic model with a large spike, was made
by Gheissari, Grant, and Yu [78, Definition 1.1 and Theorem 1.2(2)].

We use three classes of symmetric functions, whose spectral gaps can differ.

Definition 3.2 (Symmetry sectors). Let A = diag(«y,...,an), and let u be either vy or
1t4. The coordinate-even sector, the antipodal-even sector, and the sector even in x1 are the
closed subspaces of L?(j) that consist of the functions f with f o R; = f for all j, with
f(—x) = f(x), and with f o Ry = f, respectively. The spectral gap of L4 in one of these
sectors is the infimum in the definition of Agap(L4), restricted to nonconstant smooth
functions in that sector; both the variance and the Dirichlet energy are taken under 7 4.
We speak of the coordinate-even and the antipodal-even spectral gaps, and of the spectral
gap of the sector even in x;.

The measures vy and 74 have equivalent L? norms, since dmr4/dvy is continuous
and strictly positive on the compact sphere, so these sectors have the same functions
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and null-set convention for either choice of . The coordinate-even sector is contained
in the other two. By the first part of Lemma 3.1, the semigroup P{* maps each sector
into itself. A function in the sector even in x; is determined by its restriction to the
hemisphere {x; > 0}, and its variance and Dirichlet energy under 714 equal those of this
restriction under 7t4 (- | x; > 0), with the Dirichlet form of the hemisphere that imposes
no boundary condition at the equator {x; = 0} (see the proof of Lemma 8.1). In this sense,
the sector even in x; describes the dynamics folded onto the hemisphere. Similarly, the
coordinate-even sector describes the dynamics folded onto the orthant {x; > 0 for all i}.

3.2 Equilibrium parameters and temperature regimes

Definition 3.3 (Lagrange multiplier and precisions). Let A be a real symmetric matrix
with eigenvalues a; > - -+ > ay. The function z — N~ Y;(z — a;) ! is continuous and
strictly decreasing on (a7, 00), and it tends to +o0 as z | a1 and to 0 as z — oo. By the
intermediate value theorem, there exists a unique z > a7 such that

—Z

We call z the Lagrange multiplier of A. We define the precisions p;, the variances g;,
the matrix Q, the smallest precision d, the largest precision s, the ratio x, and the half-
precisions r; by

3.10
P (3.10)

1 _ 5 i
Pi:Z_“i>0/ qi:E/ Q:(ZI_A) 1/ d:plr 5 = PN, K:EI T’i:%.
@3.11)

By (3.10), }_; g = Tr Q = N. We call this identity the Gaussian covariance trace constraint,
or briefly the trace condition.

For the model, A = ¢cWy and ¢ > 0, we write zy = zy(c¢) and dy, sy for the
corresponding quantities, so that

1
Sy 1, pi—an—ch, g ——
N ,:21 Zn — cA; PiseN = i oA (3.12)

dN:ZN—C/\l, SN :ZN—C)LN.

Atc =0, we have zy = p; = q; = dy = sy = 1. With z = zy in (3.9), the half-precisions
r; = p;/2 are the coefficients of the quadratic potential. These names are used throughout
the paper: the a; are the scaled eigenvalue gaps, the r; = p;/2 are the half-precisions,
and in the critical window the limits of N2/3¢; are the limiting scaled half-precisions R;
of Section 4.5. The unnormalized process of Section 10 is built from a potential ¥ ; p;x?,
where the quadratic potential coefficients p; are either r; or a;. Its coordinate Y; then has
drift rate 2p;, that is, 2r; = p; or 2a;.
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Remark 3.4 (Gaussian representation). The names in Definition 3.3 come from the fol-
lowing representation. For any z’ > aq, let Y be a centered Gaussian vector whose
coordinates in an eigenbasis of A are independent with variances (z' — a;) 1. Its density
is proportional to exp(—z'|y|?/2 + yT Ay/2). Here conditioning on |Y|?> = N means the
weakly continuous version given by the coarea formula: its density with respect to the
surface measure of Sy is proportional to the density of Y restricted to Sy, since the coarea
factor |V|y|?|~! = (2v/N)~! is constant there. The term —z’|y|?/2 is also constant on Sy,
and this conditional law is 77 4; see also Section 5. The choice z' = z in (3.10) makes the
unconditioned mean squared norm E|Y|? = ¥;4; equal to N, and z plays the role of a
Lagrange multiplier for this constraint. This is the device used by Kosterlitz, Thouless,
and Jones [97] to solve the statics of the model. At the critical temperature ¢ = 1, this
representation is used by Du and Huang [62, Section 1.2, (1.7)—(1.8)]. Two cautions apply.
The coordinates of a sample from 774 are not independent, and in general their variances
are not exactly g;. Also, conditioning Y on |Y|?> = N is different from normalizing it
radially: the law of v/N Y/|Y| has density proportional to (¥; x?/g;)~N/? with respect
to vy, which is not 714 unless all g; are equal. In the isotropic case both constructions
produce vy. In particular, if ¢ is a standard Gaussian vector in RN, then v/N g¢/|g| has
law vy.

The distance between two Gaussian laws conditioned on Sy is governed by the
following quantity, which we use for the high-temperature profiles.

Definition 3.5 (Information). Let ¢ = (g;)"_, and v = (v;)""_; be sequences of positive
numbers with ) ;gq; = ) ; v;, that is, the diagonals of two diagonal covariance matrices
with the same trace. We call

1 v 2
I(g,0) = 5 g <% - 1) (3.13)

the information of v relative to q. For a real symmetric matrix A with variances g; as in
Definition 3.3, and for t+ > 0, we set Zn(t) = Z(q,v(t)), where v(t) is the covariance
evolution of A, defined in Definition 7.5. For the model, A = cWy.

In terms of the relative errors e; = v;/q; — 1, we have Z(g,v) = % Yo eiz. The information
is not symmetric in g and v, and it is not a Fisher information; in this paper, Fisher
information and relative Fisher information always refer to integrated squared logarithmic
derivatives of densities (Section 11). The name comes from Le Cam’s theory: when the
relative errors are small and no coordinate carries a macroscopic share of the variance,
the log-likelihood ratio between the conditioned Gaussian laws with variances v and
g is approximately Gaussian with variance Z(g,v) (Section 6), as in a Gaussian shift
experiment with information Z(gq,v) (Remark 3.10).
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Temperature regimes. The main results concern the following regimes and parameters.
Temperature sequences need not be monotone.

* Infinite-temperature crossover: cy — 0, with [y = N c%\].

e Fixed high temperature: 0 < ¢ < 1 fixed. The smallest precision satisfies dy — (1 — c)?
(Theorem 4.13).

e Approach to the critical temperature from above: cy = 1 — dy with oy € (0,1), oy — 0,
and My = N(S%l — co. We write { = log(2 + My).

e Critical window: ¢y = 1+ ocN~1/3 with ¢ € R fixed, and times t = N?/3s with s > 0
fixed. The half-precisions r; = p;/2 are used, and the random limiting objects are
defined in Section 4.5.

» Approach to the critical temperature from below: cy = 1+ en with ey > 0, ey — 0, and
N e;’\] — 00.
e Fixed low temperature: ¢ > 1 fixed.

In the two low-temperature regimes we use the form (3.8) and the parameters

N
GN =1- %i_z Ziﬂli, RN = Nllz, my = QNRN. (3.14)
The quantity N(1 — 6y) is the mean squared norm of a centered Gaussian vector (Z;);>»
with independent coordinates of variances (24;) !, and N6y is the deficit of this mean
with respect to N. We call 0y the top fraction. It is a Gaussian variance deficit, defined
through an unconditioned Gaussian mean. For general positive ay, ..., ay, it satisfies
On < 1 but may be negative, and at finite N it need not equal 7ty (x7)/N. Only
asymptotically does it describe the squared projection x2/N of x/+/N onto the top
eigenvector under the Gibbs measure: in either low-temperature regime, Corollary 16.10
shows that for every fixed v > 0,

2
Non
where the left side is set to 0 on the event {f < 0}, whose probability tends to zero. At
fixed ¢ > 1, we have Oy — 6 = 1 —1/c¢ > 0 in probability, while along the approach from
below 05 /en — 1, so that 6y — 0 (Lemma 4.7). On the events of that lemma, Ry =< N1/3,

and therefore m3; < N63;; along an approach from below, N63; plays the role of My. In
the low-temperature estimates, we abbreviate my = 0x5Ry by m.

TCN,CN (

- 1‘ > ’y) — 0 in probability,

3.3 Distances, mixing times, and profiles
For probability measures y, 77 on a measurable space, the total variation distance is

|1 —nllrv = sup |u(B) —n(B)],
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the supremum over measurable sets. If y < 7, the relative entropy is KL(ul||y) =
[log(du/dn)du € [0,00]; otherwise KL(p||77) = oco. For the model, we set

Dn(t) = |[vnP — inelltv,  tn(e) =inf{t > 0:Dy(t) <e} (0<e<1). (3.15)

We call ty(e) the mixing time at accuracy e. Ratios of mixing times are set to 1 when
their denominator is zero. Here the initial point has law vy and is independent of Wy,
and both the initial point and the Brownian motion are integrated out, so that Dy(#) and
tn(e) are random only through Wy. When several temperatures are considered at once,
they share the same matrix Wy. We never couple the diffusions at different temperatures.

The initial point is integrated out before the distance is taken: Dy () is the distance
of the averaged law vnP; from equilibrium. A formulation in which an initial point is
sampled once from the Gibbs measure and held fixed would instead concern the Gibbs
mass of initial points x for which ||0xP; — 7ty c||Tv exceeds a threshold. Our results do
not address that question; see the discussion in the introduction.

We collect standard facts about these distances.

Lemma 3.6. Let u,n be probability measures on a measurable space E.

1. If u and n have densities f,g with respect to a o-finite measure A, then ||u — y|lrv =
Jf — g+ N, which is half of [ |f — g|dA. Moreover |t — yllry = sup{|(¢) — ()] :
0<¢ <1}

2. If K is a Markov kernel from E to another measurable space, then |uK — K|y < ||u —
n|ltv and KL(uK||yK) < KL(p||n7). In particular, both inequalities hold for the push-
forwards under a measurable map.

3. For the model, t — Dy (t) is nonincreasing.

4. (Pinsker’s inequality) ||u — 7|ltv < KL(ul||%7)/2.

5 If = @ppand g = m @y, then [[p —nllrv < {lp = mllrv + llp2 = nallrv.

6. Form € R, |N(m,1) — N(0,1)|tv = 2®(|m|/2) — 1, where ® is the standard normal
distribution function.

Proof. For the first part, let B = {f > g¢}. For every measurable B/, we have u(B’) —
n(B') < [pnp(f —8)dA < pu(B) —5(B), and similarly 7(B') — u(B') < 5(B) — u(B°) =
#(B) —(B). We conclude that ||y — 17|ty = [(f — g)+dA, which is half of [ |f —g|dA
because [(f —g)dA = 0. The same argument bounds [ ¢(f —g)dA for 0 < ¢ <1, which
proves the last claim. For the second part, observe that for 0 < ¢ < 1, the function K¢ also
takes values in [0,1], and (#K)(¢) — (7K)(¢) = u(K¢p) — n(K¢). The claim follows from
the last statement of the first part, applied to 1,7 and A = u 4 7. The inequality for relative
entropy is the data processing inequality [147, Theorem 9], with order one. The third
part follows from the second. Indeed, 7ty Ps = 7y, and the second part implies that
Dn(t+s) = || (vnPt)Ps — in o Ps||tv < Dn(t). The fourth part is Pinsker’s inequality [147,
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Theorem 31], whose variational distance is twice ours. For the fifth part, by the triangle
inequality, we have ||y —7||Tv < ||[p1 ® p2 — 11 @ p2||Tv + |11 @ p2 — 11 ® n2||Tv, and the
second part, applied to the kernels x — 6, ® p2 and y — 171 ® ¢, bounds each term. For
the sixth part, we may take m > 0. The densities of A/ (m,1) and N(0,1) cross only at
m /2. By the first part, the distance is then ®(m/2) — ®(—m/2) =2P(m/2) — 1. O

We now define what we mean by a mixing profile, by a cutoff profile, and by cutoff.
The centers, windows, and time scales below depend on the realized spectrum, and they
are random variables.

Definition 3.7 (Mixing profiles, cutoff profiles, and cutoff). A mixing profile of Dy is
a limit of the functions u — Dy(Tyn + wnu), for some centers Ty > 0 and windows
wyn > 0, or of the functions s — Dy (bns), for some time scale by > 0, in probability or in
distribution, uniformly on compact subsets of the domain of the limit. A mixing profile
may be random.

Let P: R — (0,1) be continuous and strictly decreasing, with P(u) — 1 as u — —oo
and P(u) — 0 as u — oo. Let Ty, wy > 0 be random variables. We say that Dy has
cutoff profile P with center Ty and window wy if wy /Ty — 0 in probability and, for every
compact K C R,

sup ‘DN(TN + wnu) — P(u)| — 0 in probability,

uek
where the supremum is restricted to u with Ty + wyu > 0. We say that there is cutoff
if, for every ¢ € (0,1/2), we have ty(1 — &) > 0 with probability tending to one and
tn(e)/tn(1 —¢e) — 1 in probability.

A cutoff profile is a mixing profile. The critical mixing profiles F, of Section 19 are
limits in distribution of s — Dy(N?/3s), uniformly on compact subsets of (0,c0). They
are random, and they are not cutoff profiles. This definition of cutoff refers to the fixed
initial law vy and not to the worst initial point. For background on cutoff and profiles,
see [105, Chapter 18] and [56]. A cutoff profile implies cutoff by Corollary 3.12 below.

3.4 Disorder quantifiers and constants

Our estimates for the dynamics are deterministic statements about a fixed matrix whose
spectrum satisfies explicit hypotheses. The random matrix enters only through the
probability that these hypotheses hold. We use the following convention throughout.

Eventual statements. A statement holds for all sufficiently large N, or eventually, if there
exists Np such that it holds for all N > Nj. The threshold Ny may depend on ¢ (or
on the sequence (cy)), on the confidence 77, and on the fixed parameters named in the
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statement, including fixed time anchors. It never depends on Wy, on the initial point, or
on a varying time over which uniformity is claimed.

Fixed-confidence events. A statement holds at every fixed confidence if, for every 7 € (0,1),
there exist constants depending only on # and on the fixed parameters of the statement,
and events (JK, with lim infy_ e IP(QZ,) > 1 — 1, such that the statement holds on QZ, with
these constants for all sufficiently large N. The constants are chosen before N — oo, and
the confidence 7 is sent to zero last. Such estimates say nothing about exponentially small
failure probabilities, and the events QZ, are not a single family of events of probability
tending to one with fixed constants.

Probability modes. Unless said otherwise, “in probability” refers to the law of Wy, and
so do Xy = Op(ay) (thatis, (Xy/an) is tight) and Xy = op(ay) (that is, Xy /ay — 0 in
probability). Probabilities over the initial point and the noise are written explicitly when
they occur. For fixed Wy, they are deterministic quantities. Convergence in distribution,
written =, is used only where a random limit appears, as in the critical window. “With
probability tending to one” means with probability over Wy tending to one as N — co.

Power exponents. For a positive sequence (ay) and r € R, we write ay = Nr+e() f,
for every fixed 7 > 0, we have N"~" < ay < N'*7 for all sufficiently large N, with
a threshold that may depend on 7. For nonnegative random variables Uy, we write
Uy = N™Hop(D §f P{N""" < Uy < N1} — 1 for every fixed 7 > 0.

Comparisons. We write X < Y if X < CY for a positive constant C, and X < Y if

X S Y < X, with constants as below. Subscripts indicate extra dependence, as in <.
The next lemma records how a fixed-confidence statement is converted into conver-

gence in probability. It is used in every application to the GOE without further comment.

Lemma 3.8 (Convergence in probability from fixed-confidence estimates). Let Xy be real
random variables. Suppose that for every 17 € (0,1) there exist events G, with liminfy P(G);) >
1 — 17 such that P(G], N {|Xn| > €}) — 0 for every ¢ > 0. Then Xy — 0 in probability. If
instead, for every 1, there exists a constant C, with |Xy| < C; on QK] for all large N, then
Xy = Op(1).

Proof. For every e > 0 and 77 € (0,1), we have limsup,, P(|Xy| > €) < limsupy P(G}, N
{|Xn| > €}) + limsupy P((G),)) < 5. Let 7 — 0. The second claim is proved in the
same way. [

Constants. We write C,C’, Cy, o, ¢, . .. for positive constants whose dependence is stated
each time. Their values may change from line to line. The letter c alone is reserved for
the rescaled inverse temperature ¢ = /2 8. Unless stated otherwise, constants do not
depend on N or on Wy; any dependence on the realized spectrum or on the Airy point
process, as in the critical-window theorem, is stated explicitly.
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3.5 The limiting profiles

Let @ and ¢ be the standard normal distribution function and density. Throughout, G, G’
denote standard Gaussian random variables and C a standard Cauchy random variable,
all independent. We define

_;u) -1, ugz—%log [2q>—1(1;8>] (0<e<1),  (3.16)

and, foru € Rand 6 > 0,

e

¥ (1) = 2c1>(

V(u) = H Law (G + 672uc) — Law(G) ”TV’

3.17
Vo(u) = || Law (G + V20 e *'C) — Law(G)|| s 317)

where Law(-) denotes the law of a random variable. For h > 0, let K}, be the Ornstein—
Uhlenbeck transition kernel

Ki(x,) = Law (e 2x + V1 —e 4 G), (3.18)
which is the transition kernel at time h of dZ;, = —2Z,dh +2dB),. Its density y —

(1—e )12 ((y — e=2x)(1 — e~4)~1/2) is strictly positive, and N'(0, 1)K, = N(0,1).

Lemma 3.9 (Properties of the limiting profiles). 1. We have ¥(u) = [N (e ?%,1) —
N(0,1)||ry. The function ¥ is continuous and strictly decreasing on R, with ¥ (u) — 1 as
u— —coand ¥(u) — 0asu — oo, and ¥~1(e) = ue for 0 < e < 1.

2. The function V is continuous and strictly decreasing on R, with V(u) — 1 as u — —oo
and V(u) — 0as u — oco. Every e € (0,1) has a unique preimage V~'(e), which
depends continuously on €. Moreover, for z > 0 and h > 0, we have Law (G + zC)K}, =
Law (G + e~ ?"zC).

3. For every 0 > 0 and u € R, we have Vy(u) = V (u — log(20) /4). In particular, Vy has the

properties of the second part, and Vy ' (e) = V~1(e) + log(20) /4.

Proof. The first part follows from the last part of Lemma 3.6 with m = ¢ 2", since

m — 2®(m/2) — 1 is continuous and strictly increasing from 0 to 1 on [0,00) and
u — e~?" is a decreasing bijection of R onto (0,0). Solving 2®(e~2"/2) — 1 = ¢ for u
yields u = u,.

For the second part, write T(z) = ||Law(G + zC) — Law(G)||Tv for z > 0, so that
V(u) = T(e=?*). The law of G + zC has the density f.(y) = E¢(y — zC), which is
continuous and strictly positive. If z, — z > 0, then f;, (y) — fz(y) for all y by bounded
convergence, with fy = ¢, and Scheffé’s lemma [129, pp. 435-437] implies that f,, — f, in
L!; equivalently, apply dominated convergence to min{f,, f-} and use that both densities
integrate to one. By the first part of Lemma 3.6, T is continuous on [0, ) and T(0) = 0.
This proves that V is continuous and that V(1) — 0 as u — co. For the other limit, fix
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¢ > 0 and the interval I = [—/, /]. Conditioning on G and using that the density of zC is
bounded by 1/(7z), we obtain P(G + zC € I) < 2¢/(7ntz). Then
20
T(z) >P(Gel)—P(G+zCel)>1-P(|G| >¢)— —

Letting z — oo and then ¢ — co, we obtain T(z) — 1, thatis, V(u) — 1 as u — —oo.
To prove strict monotonicity, we first note that e2"G + v/1 — e=#" G’ is a standard
Gaussian independent of C. Then

Law(G +zC)K), = Law (¢ "G + V1 — e~ 4 G’ + ¢ ?"2C) = Law(G + e #zC),

and Law (G)Kj, = Law(G). Fixz > 0 and > 0, and let ¢ = Law (G + zC) — Law(G). We
have ¢ # 0, because the characteristic function of G + zC is e /2=2l8 Leto = ot — o~
be its Jordan decomposition. Since ¢(R) = 0, both ¢+ and ¢~ are nonzero, with total
mass T(z). The measures 0K}, have densities a*(y) = [ kj,(x,y) 0 (dx), where k;, is the
strictly positive density of Kj,(x,-). In particular, a*(y) > 0 and a~(y) > 0 for all y. By
the first part of Lemma 3.6,

T(e ™) = [oKillry = 5 [ 10" =a7dy = 5 [(@* +a")dy— [min(a®,a7)dy < T(z).

In the last step, we used [(a* +4a~)dy =2T(z) and [ min(a*t,a”)dy > 0. We conclude
that T is strictly increasing on (0,00), and that V is strictly decreasing. A continuous
strictly decreasing bijection of R onto (0, 1) has a continuous inverse, which proves the
second part.

For the third part, note that v20e~2" = exp ( — 2(u — log(20)/4)), so that Vy(u) =
V(u —log(26)/4). The remaining claims follow from the second part. O

Remark 3.10 (The Gaussian and Gaussian—Cauchy profiles). The function ¥(u) =
2®(\/1/2) — 1 with I = e™** is the total variation distance in a Gaussian shift exper-
iment with information I, the limit experiment in Le Cam’s theory of local asymptotic
normality [146, Chapters 6-7]. As a cutoff profile, ¥ appears in the work of Diaconis,
Graham, and Morrison on the random walk on the hypercube [59, Theorem 1]: at time
(nlogn)/4 + un the distance tends to erf(e=2#/+/8) = ¥(u). Gaussian profiles of this
kind also arise for Ornstein—-Uhlenbeck processes [35, Lemma 3.4]. The law of G + zC is
the convolution of a Gaussian and a Cauchy law, and its density is a Voigt profile [149],
[117, §7.19]. We use the total variation representation (3.17) for V. In the low-temperature
sections, the variable C arises as the ratio of two independent centered Gaussian variables.

The next lemma converts pointwise convergence of a nonincreasing distance to a
profile into locally uniform convergence and convergence of the mixing times.
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Lemma 3.11 (Monotone profiles and mixing times). Let D, : Q) x [0,00) — [0, 1] be jointly
measurable, with nonincreasing sample functions t — Dy (t) satisfying lim; e Dy(t) = 0
almost surely, and let b,, w, > 0 be random variables with b, /w, — oo in probability. Let
V : R — (0,1) be continuous and strictly decreasing, with V(u) — 1 as u — —oo and
V(u) — 0as u — oo. Suppose that for each fixed u € R and ¢ > 0,

P (by + wyu > 0, |Dy(by + wyu) — V(u)| >¢) — 0. (3.19)

Then the following hold, with all limits in probability.

1. For each compact interval K C R, we have sup,,cg |Dy(bn + wyu) — V(u)| — 0, where
the supremum is over u € K with b, + w,u > 0; with probability tending to one, this is all
of K.

2. Let ty(e) = inf{t > 0: D, (t) < ¢}. For each compact interval I C (0,1),

Wy

sup

V*l(s)‘ — 0.
eecl

3. For every sequence of random variables w, — oo in probability, inf{D,(t) : 0 < t <
by — wpwy } — 1, where the infimum over the empty set is 1.

If the hypotheses hold for deterministic D, by, wy, with ordinary convergence in place of conver-
gence in probability, then the conclusions hold with ordinary convergence.

Proof. For an empty K, the error supremum in the first part is zero. In its proof assume
that K is nonempty. For each fixed u, the event {b, + w,u > 0} has probability tending
to one, because b,/w, — oo in probability. We work on these events below. The
restricted suprema in the first part are measurable. To see this, write K = [4,b] and
¢, = max{a, —b,/w,}. If ¢, > b, set the supremum over the empty interval to O.
Otherwise, use a fixed countable dense subset of K containing its endpoints, retain the
points u with b, + w,u > 0, and also include the random left endpoint ¢,. At every
interior point, monotonicity places Dy, (b, + w,u) between its one-sided limits; continuity
of V and convexity of x — |x — V(u)| therefore show that these values have the same
supremum as the whole restricted interval. The countable supremum and the additional
value | Dy, (b, + wnly) — V(¢,)| are measurable by joint measurability.

For the first part, fix 6 > 0 and let up < 17 < --- < uy be a mesh with K C [up, uy]
and V(uj) — V(ujy1) < ¢ for all j, which is possible because V is uniformly continuous
on [ug, ug). Let e, = max; | Dy (by + wyu;) — V(u;)|. Using (3.19) and a union bound over
the finitely many mesh points, we find that e, — 0 in probability. For u € [uj, uj+1], since
wy, > 0 and D, is nonincreasing, we have

< Dy(bn +wyu;) < V(uj) +en < V(u)+0+ep.
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Taking the supremum over u € K, we find sup, g |Dy(by +wyu) — V(u)| <6+ ey, and
J is arbitrary.

For the second part, the conclusion for I = @ is immediate, with the error supremum
over the empty set equal to zero. Assume henceforth that I is nonempty. Write v = V1,
which is continuous on (0,1). Fix & > 0. The functions ¢ — V(v(¢) — h) — ¢ and
e — ¢ — V(v(e) + h) are continuous and positive on the compact set I. Let v, > 0 be a
common lower bound for them on I. Let K, = [min; v — h, max; v + h]. By the first part,
with probability tending to one we have sup, ., [Dn(bn +wnu) — V(u)| < 7, and then,
simultaneously for all € € I,

Dy (by + wa(v(e) —h)) > ¢, Dy (by + wu(v(e) +h)) <e.

The second inequality gives t,(¢) < b, + wy,(v(e) + h). Because D, is nonincreasing, the
first inequality implies that D, (f) > € for all t < b, + wy,(v(e) — h), and then t,(e) >
bn + wy(v(e) — h). We have shown that |(t,(e) — by)/w, —v(e)| < hforalle € I, and h
is arbitrary. No continuity of D, is needed.

For the third part, fix ¢ > 0 and let A > 0 be such that V(—A) > 1 —¢/2. On the
event {w, > A}, which has probability tending to one, the infimum is either 1 or equal to
D, (b, — wywy) > Dy(by, — wyA), since Dy, is nonincreasing. By (3.19), Dy (b, — w,A) >
1 — e with probability tending to one.

The deterministic version follows from the same inequalities. O

Corollary 3.12 (Cutoff profiles imply cutoff). If Dy has cutoff profile P with center Ty and
window wy in the sense of Definition 3.7, then (ty(e) — Tn)/wn — P~1(e) in probability,
uniformly for € in compact subsets of (0,1), and there is cutoff.

Proof. The definition of a cutoff profile includes the hypotheses of Lemma 3.11 with
b, = Ty and V = P, since Dy is nonincreasing by Lemma 3.6. It is also jointly measurable
in (W, t), because it is measurable in Wy for each t and continuous in f: the density
Pih below is continuous in t in L?(7ty.). Also Dy(t) — 0 as t — oo. Indeed, vy
has a bounded density h with respect to 7y, the density of vy P is Pih by (3.4), and
| Pth — 1| 12(ny,) — 0 because the spectrum of —L on the compact connected manifold
Sy is discrete with kernel spanned by the constants. Then 2Dy(t) < [[Pth — 1|12, )
by the Cauchy-Schwarz inequality. The first claim then follows from its second part.
Fix ¢ € (0,1/2) and write ty(e) = Ty (1 + (wn/Tn) (P! (e) + op(1))), and similarly for
1 —e. Since wy/Tyn — 0 in probability, we have fy(1 — &) > 0 with probability tending
to one and tn(¢)/tn(1 —€) — 1 in probability. O



SECTION 4

Random-matrix inputs and the equilibrium
Lagrange multiplier

This section collects the properties of the GOE spectrum used in the paper, and it deter-
mines the Lagrange multiplier of Definition 3.3 in each temperature regime. Section 4.1
states the published random-matrix results that we use, in our normalization. These
are rigidity and convergence at the spectral edge (Lemma 4.2), simultaneous control
of the eigenvalue locations (Lemma 4.3), a localized estimate for the Stieltjes transform
(Lemma 4.4), and the regularized inverse-gap statistic (Lemma 4.5). The proofs below give
the precise published estimates used to derive the stated bounds. Section 4.2 proves two-
sided bounds on all eigenvalue gaps below the top eigenvalue at every fixed confidence
(Lemma 4.6), and derives from them the spectral hypotheses used at low temperature
(Lemma 4.7). Section 4.3 proves a law of large numbers for the eigenvalues near the edge
at every scale between N~2/3 and 1 (Theorem 4.8), together with its version for the gaps
below the top eigenvalue (Corollary 4.9). Section 4.4 determines the Lagrange multi-
plier at fixed high temperature and along every approach cy = 1 — 6y with N&3; — oo
(Proposition 4.11 and Theorem 4.13). Finally, Section 4.5 treats the critical window. It
proves almost-sure properties of the reflected GOE Airy point process and of the limiting
equation for the Lagrange multiplier (Theorem 4.15), and the convergence of the scaled
half-precisions together with uniform bounds on them (Lemma 4.17).

This section uses the definitions of Section 3. Theorems 4.8 and 4.13 are used at high
temperature, in Sections 13 to 15, and Corollary 4.9 is used in Section 14. Lemma 4.7
supplies the spectral hypotheses in the approach to the critical temperature from below
(Section 17). At a fixed low temperature, the proof of the main result of Section 16 uses
instead Lemmas 4.2 and 4.6, through the law of large numbers for the inverse gaps of
Lemma 16.6. The critical window uses Lemma 4.17 and the conditions (4.36), in Sections 8,
12, 18, and 19. Theorem 4.15 is used for the limits of the critical profile far from the
critical temperature (Sections 20 and 21).

Notation. Throughout this section, A; > --- > Ay are the eigenvalues of Wy. For E > A4
and E > 2, respectively, we write

N _JVE2
my(E) = N Z 3 _1 pY msc(E) = (]);C—_(szdx = % (4.1)
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for the Stieltjes transforms of the empirical eigenvalue distribution and of the semicircle
law. With this sign convention both are positive. The papers [69, 101, 102] use the
opposite sign, which does not affect absolute differences. We let y; > 7y, > --- > N be
the semicircle quantiles, defined by | 721 Psc(x)dx =i/N. We write

Cn(t) =#{i: A >2—tN"23},  An=N?P(A1—-A) (1<i<N),

for the number of eigenvalues within distance tN—2/3 of the edge and for the scaled gaps

below the top eigenvalue. The following elementary bounds on the quantiles are used
several times.

Lemma 4.1 (Semicircle quantiles). For 1 <i < N, we have

<32,_7§)2/3 <2< 7<%)2/3.

Moreover, 2 — «y; = (37ti/(2N))?/3(1 + O((i/N)*/3)) uniformly for 1 <i < N/2.

Proof. For 0 < v < 4, we have ps.(2 —v) = (2r)"'\/v(4 —v). Using /4 —v < 2, we
find thati/N = fozf%' Psc(2 —v)do < 2(2 —7;)%/2/(37), which is the lower bound. For
i < N/2, we have 7; > 0 by symmetry of ps.. Since VA —0v > /2 for v < 2, we then
have i/N > /2 (2 —;)%2/(3m) and 2 — ; < (37/+/2)*/3(i/N)*/3 < 7(i/N)?/3. For
i > N/2,weuse2—; <4< 7(i/N)*/3. Finally, since v/4 — v = 2(1 + O(v)), we have
o psc(2 =) dv =2u3/2(1+ O(u))/ (37) for u < 2. Setting u =2 —; < 7(i/N)*? and
solving for u, we obtain the last claim. O

4.1 Published random-matrix inputs

Imported results and their normalization. Apart from standard tools of analysis and
probability, the following are the only random-matrix inputs to the proofs of Theo-
rems 1.1-1.4: eigenvalue rigidity; convergence at the edge to the reflected GOE Airy point
process, including the GOE Tracy-Widom law; published counting estimates, used with
rigidity to obtain simultaneous control of the eigenvalue locations; the localized Stieltjes-
transform estimate; and the regularized inverse-gap statistic, including Du and Huang’s
joint inverse-gap convergence in R x ¢2. The versions collected in this subsection suffice
for the downstream profile estimates; proofs also cite the sharper published estimates
from which they are obtained. Du and Huang’s limiting equation . and their critical
half-precision result at ¢ = 0 are identified where they occur in the critical-window
statements below; the quantitative bounds and the extensions in ¢ are proved here. All
statements use the GOE variances 1/N off the diagonal and 2/N on the diagonal, the
reflected edge coordinates N2/3(2 — A;), and the Stieltjes-transform sign convention fixed
above.
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We record the published results that we use, in the normalization of Section 3. The
random-matrix ensemble parameter of Ramirez, Rider, and Virdg [121] equals 1 for the
GOE and is unrelated to the inverse temperature B.

Lemma 4.2 (Rigidity and convergence at the edge [101, Theorem 2.1, (2.16)], [69, Theo-
rem 2.2, (2.25)], [121, Theorem 1.1, (1.7), and Proposition 3.5]).

1. For every 1 € (0,1) there exist C > 0 and Ny such that, for N > Ny, the event

Fc = { max |A; — ;] < CN_5/12} 4.2)

1<i<N

has probability at least 1 — 1.

2. There exists a random sequence x1 < x2 < - - -, the reflected GOE Airy point process, which
almost surely is strictly increasing, has no finite accumulation point, and satisfies x; — oo,
such that for every fixed k,

(N?/3(2 - Ai))le = (1)1

The law of —x1 is the GOE Tracy—Widom law TWy. In particular, N?/3(Ay — 2) is tight,
and for every fixed k, (A;N)5_, = (A5, where A; = x; — x1 € (0,00) almost surely.

3. Since —Wy has the law of Wy, the same statements hold at the lower edge. In particular,
AN — —2 in probability, and max; |A;| < 24+ CN~5/12 on F.

Used in: The high-temperature, low-temperature, and critical-window analyses, through
the consequences below.

Proof. The first part is a consequence of the sharper published rigidity estimate [101,
Theorem 2.1], based on [69, Theorem 2.2]. Choosing its exponent smaller than 1/4 gives
the stated fixed-confidence bound. The variance normalization in the latter reference
applies to /N /(N + 1) Wy; undoing this scaling changes eigenvalues by O(N~!) on
a bounded-spectrum event and is absorbed by N—5/12. We use the sharper published
estimates in a few proofs below, with explicit citations, but state only the bounds needed
here. For the second part, the eigenvalues of VN Wn have the law of the Hermite -
ensemble with B = 1, whose density is proportional to [];;|A; — Aj| exp(— ¥;A7/4).
By [121, Theorem 1.1, (1.7)], the vector (NV6(2v/N — v/NA;))i<x = (N?/3(2 — A;)) i<k
converges in distribution to the k smallest eigenvalues Ag < - -+ < Ag_; of the stochastic
Airy operator —d?/dx? + x + 2b'(x) on L?(0,c0) with Dirichlet boundary condition at 0.
Here b is a standard Brownian motion, and ¥’ is its derivative in the sense of distributions,
that is, white noise. Since b is not differentiable, this is not an ordinary differential
operator, and we use the definition of [121, Section 2]. There, the product fb’ is defined
through integration by parts, and A is an eigenvalue if there exists a nonzero f with
f(0) =0and [;°((f)*+ (14 x)f?)dx < oo such that —f" + xf 4+ 2fb' = Af in the
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sense of distributions [121, Definition 2.1]. We set x; = A;_1. These eigenvalues are
almost surely distinct, have no finite accumulation point, and tend to infinity [121,
Proposition 3.5]. The stochastic Airy operator was proposed by Edelman and Sutton [64]
on the basis of the tridiagonal models of Dumitriu and Edelman [63]. We note that the
points x; form one random sequence, and that for every k the limit in the second part
is the law of its first k coordinates. We write TW; for the law of —x;. After a change of
sign, the case k = 1 of the second part reads N?/3(\; —2) = —x;. When TW appears
as a random variable in a joint limit with other functions of the y;, it denotes —x; for this
same sequence. The law TW is the GOE Tracy-Widom distribution, whose distribution
function is F; in [145, Section I and (53) in Section VII]. Indeed, F; is defined there as
the limiting distribution function of the largest eigenvalue in edge scaling. Tracy and
Widom normalize the GOE so that its off-diagonal entries have variance 1/2, which in
our notation is the matrix v/ N /2 Wy. Their edge coordinate for its largest eigenvalue is
V2 NY6(\/N/2 )i —+/2N) = N?/3(A; — 2), which converges in distribution to —x;. The
universality of this law for Wigner matrices is due to Soshnikov [136]. The statements
about A; n follow from the continuous mapping theorem. The third part follows from
the first two parts. O

Lemma 4.3 (Simultaneous control of the eigenvalue locations). For every n € (0,1), there
exist Cy > 0, an integer Ny, and measurable events HWN with IP(HWN) >1—mnfor N> Ny, on
which

NP =y < C(1+D)Y* (1<i<N). (4.3)

Used in: The fixed-confidence gap bounds, mesoscopic edge counts, and almost-sure Airy
geometry below.

Proof. Write q;y = N?/3(2 — ;) and a = 2/(37). Choose a fixed b > 0 so small that
7b%/3 < 1/2. By Lemma 4.1, uniformly for i < bN2/3,

gin =73, agt =i+ O0(PPN"3) =i+ 0(1).

Consequently, for all sufficiently large fixed K and all large N, the thresholds s+ =
qiN £ i1/ K <i < bN?/3,lie in [ty, N*/1%] and satisfy

3/2

as? 7/12, i — as/? > ci7/12,

—i>ci
where tj is any fixed sufficiently large constant. Here the exponent 7/12 is the sum
of 1/3, from the derivative of s3/2 at s =< i?/3, and 1/4. The published bounds [102,
Proposition 6.5, (6.11)(6.12)] give [ECn(s) — as®/?| < C and Var(Cy(s)) < Clog(2 +s)
throughout this range. These counting estimates follow there from the Airy estimates of
Soshnikov [137], the GUE estimates of Gustavsson [80], and the superposition identity
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of Forrester and Rains [72]. If N?/3(2 — ;) <s_, then Cn(s_) > i; if N¥/3(2 — A;) > s,
then Cn(s4) < i. Chebyshev’s inequality therefore gives

P(N?3|A; — v > i'/*) < Clog(2+i)i "¢ (K <i<bN>?).

The series on the right is summable. Choose K, depending only on 7, so that its sum over
i > K is at most 1 /4.

For the remaining indices i > bN?/5, use the sharper rigidity estimate [101, Theo-
rem 2.1], with exponent 1/10, on an event whose probability tends to one. If i < N/2, it
gives

N23|A; — | < NV10,-1/3 < ¢,i1/4,

since i > bN?/5; if i > N/2, it gives the upper bound N'/10 < Cil/4. Finally, the first
K — 1 scaled eigenvalues are tight by Lemma 4.2, and q; y — (371i/2)?/2 for each fixed
i. We can therefore choose C; so that (4.3) holds simultaneously for these first indices
with limiting failure probability at most 77/4. Enlarge C,, to dominate the constants for
the other indices. Intersecting the three events gives failure probability at most # for all
sufficiently large N. O

Lemma 4.4 (Localized Stieltjes transform estimate). For every 1 € (0,1) there are u,, ¢, >
0, an integer Ny, and measurable events R?\I of probability at least 1 — 17 for N > Ny, such that
A1 < 2+ Uy N~2/3 on these events and, for every deterministic u > Uy, with E = 24+ uN—2/3,

E| 1y [mn(E) = mee(E)]| < CNTV3 (w84 N2 NTVE Lyt ) (4)

The random variable inside the expectation is defined to be zero off R,; on this event E > Ay, so
the resolvent is defined.

Used in: The high-temperature multiplier estimates below.

Proof. Fix ¢ = 1/200. The localized estimate of [101, Lemmas 2.2 and 2.6] supplies,
on a common event of confidence 1 — 7, the bound C,{N~1/3(1 + log?u)/u + N~1+¢}
for Uy < u < N1/15=¢ with U, enlarged to put E strictly above the top eigenvalue.
Since (1 +log?u)/u < Cu~1/8 and N~1*¢ < N=1/2, this is bounded by the right side of
(4.4). Intersect this event with the sharper rigidity event of [101, Theorem 2.1], choosing
both failure probabilities at most 77/2. For u > N'/15=¢, that rigidity estimate and the
semicircle-quantile quadrature give, on this same event,

N¢
Imn (2 + uN"2/3) —mg (24 uN"2/3)| < CN_1/37.

To obtain this inequality, split the resolvent comparison at i < u3/2, use 2 — v; < (i/N)?/3
below the midpoint and a fixed denominator above it, and add the quadrature error
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(N(E —2))71; when E > 3, the fixed denominators only improve the bound. Here
N¢/u < u~1/8 for all large N, since ¢ < (7/8)(1/15 — &). Integration over the common
event proves (4.4) on the remaining range. All event and threshold choices precede the
choice of u. O

Lemma 4.5 (Regularized inverse gaps [102, Theorem 6.1, (6.3)—(6.4)], [62, Propositions 1.3
and 4.1, (4.1)]). Let t, = (37tk/2)%/3.

1. Almost surely, the limit
k
1 2
Z = lim ( — = tk> (4.5)

exists and is finite. We call & the reqularized inverse-gap statistic.
2. Let By = YN, AL — NV3, and let by = (Ay ), ..., Ay, 0,0,...) € ¢2. Then

(En,bn) = (B, (A7 Y)i>2) inR x (2.

In particular, Zy is tight.
3. For every c > 0,
1Y 1 1 Ey

— _— = - 4 —
Ni_ZZ'C()Ll—)\i) c cN1/3
4. Ifcy = 1— 8y with 6y — 0 and My = N&3;, — oo, then
1 <1 N 1

— (= ———— — 1) — 1 in probability.
ON \N l; en (M —Ay) ) $ !

Used in: The high-temperature multiplier estimates, the low-temperature and varying
low-temperature analyses, the critical process and profile, through the consequences
below.

Proof. The first part, and the convergence in distribution of &y to &, are due to Landon
and Sosoe [102, Theorem 6.1, (6.3)—(6.4)]. Note that 2./, /7w = 7! fotk x~ 12 dx and that
the random variable in (6.3) there equals Ey. The joint convergence in R x ¢ is [62,
Proposition 4.1, (4.1)], whose inverse-gap vector has an additional first coordinate equal
to 0. See also [62, Proposition 1.3], which restates the result of Landon and Sosoe. For
the third part, recall that ) ;~, Al_ﬁl =8y + N1/3 by the definition of Zy. Then

1y 1 N2/3 1, Ey
= = EN+NY3)y == — .
Nizzzc()\l—)\i) cN (Bn + ) c+cN1/3
For the fourth part, the third part implies that
RN(ES ppt S B
N \N Zen(A —Ay) on - eNONNYB ey My
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where we used 1/cy —1 = dy/cn. The right side tends to 1 in probability, because
cy — 1, My — o0, and Ey is tight. The error is O(dy) + OP(M&1/3). 0

4.2 Eigenvalue gaps at fixed confidence

The published results determine the locations of any fixed number of edge eigenvalues
and give quantitative control away from the edge. The next lemma provides two-sided
bounds on all gaps A1 — A; with constants independent of N, at every fixed confidence in
the sense of Section 3.4. The proof uses the simultaneous location bound of Lemma 4.3,
and treats the first few gaps through edge convergence.

Lemma 4.6 (Eigenvalue gaps at fixed confidence). For every n € (0,1), there exist constants
A,K,C,cy,Cy > 0, depending only on 1, and events G, with iminfyP(Gl) > 1 —1, on
which, for all sufficiently large N,

2—A>—-AN"23 (1<i<N), #{i:N>2}<K,

#{l 12— /\i < u} < C(l + Nu3/2) (Ll > O), (46)

and
p(i—12P < AN=N"A—-1) <C(i-1)*® (2<i<N). (47

Proof. Fix 7 € (0,1) and use Lemma 4.3 with confidence #/2. Write d; y = N?/3(2 — A;)
and g;ny = N?/3(2 — ;). On its event, |d;n — qin| < Cy/a(1+ i)1/% simultaneously
for every i. Since Lemma 4.1 gives (371i/2)%/3 < gq; 5 < 7i%/3, there exist K > 2 and
0 < ¢2 <y, depending only on 7, such that on this event

e (i/N)?3<2—-1 <C(i/N)*®  (K<i<N). (4.8)

The location bound at i = 1 also gives |d; y| < A for a constant A depending only on
1. Ordering implies d; y > —A for alli. If i > Kand 2 — A; < u with u > 0, then (4.8)
implies i < N(u/cp)3/2. Counting the first K — 1 indices separately gives

#i:2— A <u} <K4¢22°Nud?,  #{i: A >2) <K

This proves (4.6) after increasing its constant C.
Choose iy > K so large that czi%/ 3>2A and Czig/ 3> A. Fori> i, subtracting d;
from (4.8) gives

co . .
5212/3 <Ay =din —din < 2Ci%3.

For the first few gaps, Lemma 4.2 gives (Ay N, Ajyn) = (A2, 4j,), where 0 < Ay < A;) < o0
almost surely. Choose 0 < J, < Dy so that P(A, < é6,) +P(A;, > Dy) < 5/2. By
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the closed-set portmanteau bound, the event {4, < Ayn < A; ny < D.} has limiting
probability at least 1 — # /2. On it, for 2 < i < iy, ordering gives

8.ig 23 (i —1)%3 < Ay < Du(i —1)%/5.

Intersect this event with HWN/2. Its limiting probability is at least 1 — 7. Since (i — 1)%/3 <
i2/3 < 22/ 3(1' — 1)2/ 3 for i > 2, the last two displays prove (4.7) on this intersection, with
¢y = min(cy/2, 5*1'52/3) and C, = max(2°/3C,, D,). O

We now derive the spectral hypotheses used at low temperature. Recall from (3.8)
and (3.14) the scaled eigenvalue gaps a; = c(A1 — A;) /2, the top fraction Oy, Ry = Nay,
and my = OyRy. The lemma covers both a fixed temperature ¢ > 1 and an approach
cn = 1+ ey to the critical temperature from below. The low-temperature sections use
its conclusions as follows. The bounds of the second part are the deterministic spectral
hypotheses there, and the last part describes the Gaussian vector of Section 3.2.

Lemma 4.7 (Eigenvalue gaps and the top fraction at low temperature). We consider the
following two cases, with ce = limp cN:

(F) cn = ¢ > 11is fixed;
(M) cny =1+ ey withey >0, ey — 0, and Ne3; — 0.

Let a; = cn(A — A;) /2, and let Oy, Ry, my be as in (3.14) with ¢ = cy.

1. We have the identity

1 En
IN=1——— ———.
N CN CN]\Il/3

In case (F), Oy — 0 = 1 —1/c in probability. In case (M), On/en — 1 in probability, and
in particular 8y > 0 with probability tending to one. In both cases, N*/3ay = cooN2 /2, and
my — oo in probability. In case (F), moreover, log Ry /log N — 1/3 and Ry / log® N —

oo in probability.

(4.9)

2. For every i1 € (0,1), there exist constants B, cx, Cx, € > 0, depending only on n (and on c
in case (F)), and events with limiting probability at least 1 — 1, on which for all sufficiently

large N:
e (i—1)23N"2/3 < g, < Co(i—1)¥3N"%3 (2<i<N),
4.10
ay <B, B >1+e,. (410)
a2
On these events, for every integer 2 < k < N and every integer m’ > 2,
N
aj C* 2/3 2 ) C* 2 a 2 C* 2 1—-1/3
— < —(k—1 o <A4(— = <4(—
az_C*( )7 a2§a1 - <c*>' i;,<ai> - (c*>m ’
(4.11)

and ¢, N3 < Ry < C.N/3. In case (F), for any fixed 6y € (0,1 —1/c), these events may
also be chosen so that 0 > 6.
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3. Conditional on Wy, let (Z;)i>» be independent centered Gaussian random variables with
variances (2a;) 1. Then E[Y;>, Z? | Wy] = N(1 — 0y), and for every e > 0,

N
11)(\ Y 72— N(1- eN)‘ > eN \ WN) — 0 in probability.
i=2
More precisely, on the events of the second part, this conditional probability is at most

Ce 2N~2/3, with C depending only on c..

Proof. The identity (4.9) is the third part of Lemma 4.5, since (24;) ™' = (cn(A — A7) 7L
In case (F), we have 6y — 1 —1/c, because Zy is tight. In case (M), using 1 —1/cy =
en/(1+eyn), we find

[z

GN o 1 _ N \ 1
en l+eny (1+en)eyN/3 7

in probability, because eyN'/3 = (Ne3,)1/3 — oo0. Next, N>/3a; = cNAyN/2 = o2 /2
by Lemma 4.2, and the limit is almost surely positive and finite. We have my = 8yN'/3.
N2/34,. In both cases Oy N1/3 tends to infinity in probability, and therefore my — oo in
probability. In case (F), logRy = (logN)/3 + log(N?/3a,) with log(N?/3a,) = Op(1),
which implies the remaining two claims of the first part.

For the second part, fix # and work on the events QZI/ 3 of Lemma 4.6. Using (4.7)
and 1 < ¢y < C, we obtain the two-sided bound on a; in (4.10), with ¢, = Cy /3/2
and C, = CCU/3/2. Taking i = N, we also have ay < C,. For the third gap, a3/a; =
A3 N/Ax N = A3z/Ay, which is almost surely larger than 1 because the GOE Airy point
process is simple (Lemma 4.2). Let ¢, > 0 be such that P(A3/A; < 1+¢,) < 1/3.
The portmanteau theorem gives limsupy P(az/a2 < 14 ¢,) < /3. In case (F), the
event {0y > 6y} has probability tending to one by the first part. The intersection of
these events has the properties stated in the second part. The bounds (4.11) follow from
(4.10), the bounds 2]21 j_4/3 < 4 and ijm/j_4/3 < m'43 4 fnc:,) x4 dx < 4m'~V/3,
and Ry = N1/3. N2/34,.

For the third part, the conditional mean is ¥;~,(24;) 7! = N(1 — 6y) by the definition
of f, and the conditional variance is 2 Y ;~,(24;) 72. On the events of the second part, it
is at most c; 2N*/3 Y1 j74/3/2 < 2¢;2N*/3, Chebyshev’s inequality bounds the condi-
tional probability by 2c;2¢"2N~2/3 on these events, and the convergence in probability
follows from Lemma 3.8. O]

4.3 Edge counts at a varying scale

We now prove a law of large numbers for the eigenvalues within distance y/hy of the
edge, at each scale hg,l between N~2/3 and 1. The theorem is used at the scale hy < (5](,2
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in Theorem 4.13, and at the smaller scales /iy = t of the times t in the high-temperature
profile windows. To cover the second use, we allow a random shift of the edge and a
factor ay — 1. For counts, the restriction iy = 0(N?/3) is what allows the number of
eigenvalues at the scale /15! to grow arbitrarily slowly.

Theorem 4.8 (Edge counts at a varying scale). Let hy > 0 be deterministic with hy — oo
and hy = o(N%/3), and set Ky = Nhy>'%. Let an > 0 be deterministic with ay — 1, and let
¢N be real random variables with hny¢n — 0 in probability. We define the measure

1 N
WN = 3o 1_21 Oy (2—A—En)* (4.12)

1. For every compact Y C R, sup, cy |wn((—o0,y]) — 3/2/(371)‘ — 0 in probability. In
particular, for an = 1 and ¢n = 0, the first limit in (4.14) below holds.

2. With probability tending to one, every atom of wy lies in (—1/2,00). For every n € (0
there exist C,; and events with limiting probability at least 1 —  on which wy ((—o0,y]
Cy(K§' +3/2) forall y > 1.

3. Letk > 3/2,and let ¢ : [-1/2,00) — R be continuous with supyzo(l +19)¥ o (y)| < oo
Then

,1),
) <

/(pdwN — — / v)\/ydy in probability. (4.13)

The same holds for deterministic continuous ¢y that converge to ¢ uniformly on compact
subsets of [—1/2,00) and satisfy sup (Sup[—l/z,o] [on| +sup,o(1+ v lon(y)|) < .
In particular, wy converges vaguely in probability to n_l\/y 11,50 dy.

4. For an = 1 and ¢y = 0, we have, for each y > 0 and each fixed k > 3/2,

1 Yy 2 3/2 . .
< N
KN#{ 12—\ hN} — 3.9 in probability,

N
I S
= 2/ 3>

(1+hn(2— )™ = KnGe(1+0p(1)),

(1+op(1)), (4.14)

gk

I
—_

i
where Cy = 1w 'B(3/2,k —3/2). In the last sum, the finitely many terms with 1+ hy (2 —
A;) < 1/2 are excluded, and with probability tending to one there are none.

In the third part, the integral is taken on the event of the second part that all atoms lie in
(—1/2,00); on the complementary event, we define it to be 0. Any other measurable finite choice
gives the same convergence in probability, and the same convention applies to ¢.

Proof. The proof has four steps. We first prove the count asymptotic for ay =1, {ny =0,
at a fixed y > 0, using the simultaneous location bound. We then use the uniform upper
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bound (4.6) on the counting function to bound the counts uniformly in y, add the shift
and the factor ay, and integrate.

Step 1: counts without shift. Let F{(y) = Ky'#{i: hy(2 — A;) <y}, and fix y > 0. We
have Ky — o0 and Ky = o(N). Fix r € (0,2y%/2/(37)) and let iz = [(2y3/%/(3m) £
r)Kn]. On the events of Lemma 4.3, for every fixed confidence 17 > 0,

because hyN—2/3 = K§2/3. By Lemma 4.1, hy(2 — v;, ) — (y*/2 +37r/2)?/3. Thus, for
all large N on these events, ordering brackets KyFy(y) between i and i.. Letting | 0
and then 7 | 0 proves FJ(y) — 2y*/%/(37) in probability, however slowly Ky tends to
infinity.

For y < 0, we have F(y) < Ky'#{i : A; > 2}, which tends to zero in probability
by (4.6) and Lemma 3.8. Altogether, FY(y) — F(y) = 2y>/*/(3r) for every y € R.
Each FY is nondecreasing and F is continuous. Convergence at the points of a finite
mesh with spacing o of a compact interval Y/, together with monotonicity, then gives
supy, [Fy — F| < op(1) +sup{|F(y) = F(y")| : y, v €Y', [y —y'| < ¢}. Letting ¢ — 0, we
obtain supy, |FY — F| — 0 in probability.

Step 2: a uniform bound on the counts. On the events of Lemma 4.6 with confidence
1/2, the last bound of (4.6) with u = y/hy shows that F(y) < C(Ky' + y*/?) for all
y > 0, and by the first bound we have hy(2 — A;) > —AhyN—2/3, which tends to zero.
Let Fy(y) = wn((—00,y]). On the further event {|hinCN| < 1/8, an € [1/2,2]}, whose
probability tends to one, every atom an(hyn(2 — A;) — hnén) of wy is larger than —1/2
for N large, and for y > 1,

F(y) = FX (y/an +hnén) < EY(2y +1) < C(Ky' + (39)*2).
This proves the second part.

Step 3: shift and factor. Fix a compact interval Y and ¢ € (0,1). With probability tending
to one, |y/an +hnEn —y| < oforally € Y, and then Fy(y — 0) < Fx(y) < FY(y + 0) by
monotonicity. By Step 1 on the interval Y/ = Y + [—1,1] and the uniform continuity of
F, we obtain supy [Fy — F| < op(1) +sup,cy [F(y = ¢) — F(y)|. Letting ¢ — 0 proves the
first part.

Step 4: integration. Let ¢ be as in the third part, with sup;_, lp| + supyzo(l +
y)¥lo(y)| < A. Fix 77,& > 0 and work on the events of the second part. For R > 1, we
decompose (R, o) into the intervals (2/R,2/+1R] and find

/(R,oo) lp|dwy < AJ;)(ziR)kFN(ZJ'HR) < CU,kA(RWZ*k +K§1R*k),
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and also 7! [ |¢(y)| /7 dy < CkAR3/27k Since k > 3/2, we may choose R, depending
on 77,¢k, A, such that both tails are at most ¢ for all large N. On [—1/2, R], we fix a mesh
—1/2=yp <y1 < --- < yn = R on which ¢ oscillates by at most ¢/(1 + F(R)) on each
interval [y;_1,y;]. Then

’ /(1/2,R] ¢ dwn _E{ () (En(yj) — En(yj-1))| < %

and the same holds with F in place of Fy and 71,/ 1(,>0y dy in place of wy. By
the first part, the Riemann—Stieltjes sums converge in probability, and Fyx(R) — F(R).
Combining the three estimates, we find that | [ gdwy — 77! [ ¢/ dy| < 4e with
probability at least 1 —# — 0(1). The parameters # and ¢ are arbitrary, and (4.13) follows.
For the sequence ¢y, the tail bound is uniform in N, and on [—1/2, R] we add the error
Sup|_y,, g| [N — @] - Fn(R), which tends to zero in probability. Vague convergence is the
case of compactly supported ¢.

For the fourth part, the first limit in (4.14) is the first part with ay = 1 and
Iy = 0. For the other two, take ¢(y) = eV and ¢(y) = (1+y)7* in (4.13).
We have ! [Pe ¥ ydy = T'(3/2)/m = 1/(2y/7) and 7! 7\ /5(1+y) Fdy =
7 1B(3/2,k —3/2) = Cy, and Ky /(2/71) = N/ (2y/7h3]?). O

The theorem applies in particular to the gaps below the top eigenvalue at the scale of
the times in the window of the high-temperature profile. Let cy =1 —én, My = N (5?\]
and dp be as in Section 3.2, and let 5 > 0 be deterministic with

Sty — 00, Sty = o(M3?). (4.15)

The second condition is equivalent to ty = o(N?/3), because M%\]/ 3 = N¥ 352.. Note that
cn(A1 — A;) = p; — dy in terms of the precisions (3.12).

Corollary 4.9 (Gaps below the top eigenvalue at a smaller scale). Assume oy — 0, My —
oo, and (4.15). Let

gp BN
“N TN 2‘%1\/@\1@1—?\1)‘
1=
Then w¥¥ converges vaguely in probability to 7=, /ydy on [0,00). If ¢ : [0,00) — R is

continuous with supyzo(l +1)?|o(y)| < oo, then

/godw%?p — %/ ¢(y)\/ydy in probability.
0

The same conclusion holds for deterministic continuous @y that converge to ¢ uniformly on
compact subsets of [0, 00) and satisfy supy sup,~,(1 + y)%on(y)| < 0. The atom of wi;* at 0

has mass t%]/z/N — 0.
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Proof. We use Theorem 4.8 with hy = ty, an = cn, and {y = 2 — Ay. Then Ky = Nt‘g,?’/2
and wy = w}g\? P Tts hypotheses hold. Indeed, tn — oo because 5 — 0 and 52NtN — 00,
we have ty = 0(N?/3) by (4.15), and hy¢n = tyN~2/3 - N?/3(2 — A1) — 0 in probability,
since N2/3(2 — A1) is tight by Lemma 4.2. All atoms are nonnegative. We may therefore
extend ¢ and @y to [—1/2,0) by their values at 0, and the claims follow from the third
part of Theorem 4.8 with k = 2. O

Only ty — oo, ty = 0(N?/3) and cy — 1 were used in this proof.

4.4 The Lagrange multiplier at high temperature

At high temperature, 0 < ¢ < 1, the Lagrange multiplier is determined by the Stieltjes
transform of the empirical eigenvalue distribution. Indeed, for ¢ > 0, set Ey = zn/c.
Then Ey > A4, and (3.12) is equivalent to

mN(EN) = C. (4.16)

For 0 < ¢ < 1, the semicircle equation ms.(E) = ¢ has the unique solution E, = ¢ + ¢!,
since \/E2 —4 = ¢! — c. Correspondingly, cE. = 1+ c2. Equation (4.16) is the saddle-
point equation of the contour-integral representation of the partition function in [6,
Lemma 1.3], which goes back to [97], as noted after that lemma. Since my is random, we
compare it with mg. only at finitely many deterministic points and transfer the comparison
to the root by monotonicity. The following deterministic lemma does this.

Lemma 4.10 (Comparison of roots and derivatives). Let Ay > --- > A, be real numbers and
w1, ..., wy >0, and let f(x) = Y wi(x —A;) "L for x > Ay, Let x. € Rand h > 0 with
Xy —h > Ay, let I =[x, —h,x.+h],and let f € C'(I) with A = —f'(x,) > 0 and

1—a) A< —fl(x) <(1+a)A (x€l)

for some o € [0,1).

1. If |[f(x« £ h/2) — f(x« £ h/2)| < e for both signs, where e < (1 —a)Ah/2, then f(x,) >
0, the equation f(x) = f(x.) has a unique solution x; € (A1,00), and |x; — x.| < h/2.

2. If, in addition, |f (x« £ h) — f(x« £ h)| < e for both signs, then

—f'(xf) 4e

3. Leta € (0,h]. If | f(x« £a) — f(x« £ a)| < e, for both signs, where e, < (1 — «)Aa, then
the equation f(x) = f(x«) has a unique solution x; € (A1,00), and [x; — x| < a.
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Proof. We prove the third part first. The mean value theorem and the bound on f’ give
f(xs —a) > f(xs) + (1 —a)Aa and f(x. +a) < f(x.) — (1 — a)Aa. Combining these
bounds with the hypothesis on the errors, we obtain

flxe—a) > f(xe—a) —es > f(xi),  flxe) > f(xe+a)+e, > f(xe+a)>0.

The function f is continuous and strictly decreasing on (A, o), with limits +oco and 0.
As the level f(x,) is positive, it is attained exactly once, at a point of (x. — a,x, +a). The
tirst part is the case a = h/2.

For the second part, the function g = — f' = ¥; w;(x — A;) 2 is positive and decreasing
on (Ay,00). We have x, —h < x. —h/2 < xf < x. + h/2 < x, + h, and by the mean value

theorem,

o WD =J0AR) () o S0 [l D)
By the mean value theorem, the corresponding difference quotients of f lie in [(1 —
a)A, (1+ a)A]. Replacing f by f at the two endpoints changes each quotient by at most
2¢/(h/2) = 4e/h. We conclude that (1 —a)A —4e/h < q(xs) < (1+ a)A +4e/h, which
is (4.17). 0

We now determine the Lagrange multiplier along an approach to the critical tempera-
ture from above. The error ey below comes from the common-event localized estimate
(4.4). No lower bound on the growth of My is assumed.

Proposition 4.11 (Quantitative Lagrange multiplier near the critical temperature). Let
ey =1 — 8y with 8y € (0,1), 6y — 0, and My = N&3, — oo. We write

(52
/N =log(2+ My), UN = c_N' E. =cn+ cgjl =2+ vy,
N

en = MK]S/lZ +N71/3MK]2/3 +N71/6M&1/3 +MK]1

Let zn be the Lagrange multiplier of cyWn, let EN = zn/c¢N, so that my(En) = cn, and let dy
and q; be as in (3.12). Then

|EN — E*| = OIP(UNEN)/ (418)
2 Y aF - 1] = Op(ven): (4.19)
i=1
Moreover, in probability,
lzy — (1 + %) 1—¢%3, N
3, 7 INPARNENYY eN‘ NNZ%L;%—1‘—>0, (4.20)
1=

eN‘%—Q 0. (4.21)
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Proof. We write c,8, M, £, v,e for cy,dn, My, {n,Un,en. Note that § = (M/N)/3 and
N?/3p = M?/3/c, and that e — 0. The proof has four steps. In Step 1, we record
properties of mg. near E,, and in Step 2, we bound my — mg. at deterministic points. Step
3 proves the estimate (4.18) for the root, and Step 4 proves (4.19) and the consequences.

Step 1: the semicircle transform. Differentiating (4.1), we have —m{.(E) =

msc(E)/VE? —4 and
dlo (—m, (E))——E+ B -4
dE 08\ T MelB) =TT
At E,, using \/E2 —4 = ¢! — ¢, we find
c? mg(E) |E— Ei|

AN = _mgc(E*) =

1< G (E-EJ<3), @22

1= Im(E)
with a universal constant Cy. For the second bound, note that E—2 > v/2 and E < 3
on this interval for N large. The logarithmic derivative is then bounded by C/(E —2) <
2C/v. Integrating it from E, to E, we bound the absolute value of the logarithm of the
ratio by so = 2C|E — E.|/v < C, and the claim follows from |e° — 1| < €€|s| for |s| < C.
Note also that Ayv = ¢6/(1+c) > é/4 for c > 1/2. Let hp = min(1/2,1/(2Cy)). On
Ip = [E« — hov, E« + hyv], (4.22) shows that the hypothesis of Lemma 4.10 holds with
f = Mg, Xx = Ex, A = Ay, and « = 1/2, and on a subinterval of half-length 1 < hyv
it holds with @ = Cyoh/v. The interval I lies in (A1, 00) with probability tending to one,
because N?/3v < M?/3 — oo and N?/3(A; — 2) is tight.

Step 2: the transform at deterministic points. We show that for every ¢ > 0 there exist
L, Ny such that for all N > Nj and all deterministic E with |E — E.| < v/2,

]P(E <Ay or [E> Ay and [my(E) — mee(E)| > L5e]> <e (4.23)

Here my(E) is considered only on the event E > A1, where it is defined. This is a bound
for each deterministic point, uniform in its choice, and not a bound for the supremum
over a continuum of points. We apply it below at four points.

Let u = N?/3(E — 2), so that u < M?/3 uniformly over these deterministic points. For
large N it exceeds the fixed threshold in Lemma 4.4. On its common confidence event
RN, E > Ay, and (4.4), divided by 6 = M/3N~1/3, gives

1
“E[1z,|mn(E) — ms(E)[] < C:M~1/3 (M—1/12 + N V3SMY3 L N6 4 M_2/3>

)
= Cee.

Choose the event with failure probability at most €/2, then apply Markov’s inequality
with a sufficiently large L. This proves (4.23); the constants are uniform in the determin-
istic choice of E.
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Step 3: the root. Fix ¢ > 0, let L be as in (4.23), and set a = 16Lve, which is at most hgv
for N large. By (4.23) at the two points E, =+ a, with probability at least 1 — 2e — 0(1) both
errors are at most Lde, and Iy C (A1, 00). The threshold in the third part of Lemma 4.10
with o = 1/21is Aya/2 > 2LJe, by Step 1. Recall that my(Ey) = ¢ = mgc(Ex). The lemma
implies that |Ex — E«| < 16Lve, and since ¢ is arbitrary, this proves (4.18).

Step 4: the derivative and the consequences. Fix ¢ > 0 and L as before, and apply the
first two parts of Lemma 4.10 with & = vy/e < hyv and & = Cy+/e. With probability at
least 1 — 4e — 0(1), the errors at the four points E, £+ h/2, E, £ h are at most Lée. The
condition Lée < (1 —a)Anh/2 holds for N large, since Ayh > 6y/e/4 and e — 0. By
(4.17),

/
% ~1] < Covet AiLj\e/E < (Co+16L)v/e.
We have N1y, g7 = ¢ 2N Y, (Ey — Ay) 72 = ¢ ?(—m)y(En)) and ¢ ?Ay = (1 —¢2) 7},
which gives (4.19).
For the consequences, 1 < M < N eventually, so e < AM5/12 Thus ¢?¢ — 0 and
¢y/e — 0. Since zy — (14 ¢?) = c(Ex — E«) = Op(d%e), the first limit in (4.20) follows.
The second follows from (4.19). Finally, since 1 + ¢*> — 6% = 2c,

dn =6 = (zn — (1+ %)) +c(2 = Ap). (4.24)

The last term is Op(N~2/3) by Lemma 4.2, and N=2/3/6% = M~2/3. Dividing (4.24) by
62, we find £|dy /6% — 1| = Op(£2e + (M~2/3) — 0. O

At a fixed temperature the same comparison is simpler, because the edge stays at a
fixed distance from E..

Lemma 4.12 (The Lagrange multiplier at fixed high temperature). Fix 0 < ¢ < 1. Then
zn — (1+¢2) = Op(N~312) and N71Y ;4% — (1 — )~ in probability.

Proof. Let E, = c+ ¢! choose a fixed compact interval I C (2,00) around E,, and set
A = —ml(E) = /(1 —=¢c?) > 0. On Fc of Lemma 4.2, all denominators on I stay
uniformly positive for large N. Comparing eigenvalues with quantiles, and then using
monotone semicircle quadrature, gives

sup |my(E) — mge(E)| < Co(CN73/12 L N1,
Eel

The root bracket Lemma 4.10 gives |Ex — E.| < C.cN~°/12 on Fc. Taking confidence
arbitrarily close to one proves the stated multiplier rate. For the derivative bracket take
h = N~5/24; the relative derivative error is bounded by C.c(h + N~>/12/h) — 0 on Fc.
Since N™1Y; g7 = c72(—mj(En)) and ¢ ?A = (1 — ¢?) 7, this gives the trace limit. [
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We collect the consequences used in the high-temperature sections.

Theorem 4.13 (The Lagrange multiplier above the critical temperature).

1. For fixed 0 < c < 1, in probability,

1 N
-1 2 -0 N—5/12 d 1— 2 1 2 - )
(1+c¢%) = Op( ), dn — (1=c¢)%, sy — (1+c¢), N; 1_C2

2. Letcey =1— 06N withdy € (0,1), 6y — 0, My = N(S?\] — 00, and ¢y = log(2 + Mn).
Then, in probability,

— (143 d
2, 552+CN)‘—>0, eN‘5—2N—1‘—>0,

N N
N (4.25)

2
C
Ny -1 =0,

i=1

SN — 4, l N‘
3. In the setting of the second part, for every fixed k > 3/2,

3 —3/23— 1 .,3 3
gq;‘ = Ne/203 % C (1 +0p(1)), Cr= %B(E'k _ E)’

max; g, (4.26)

/2L g7

4. In the setting of the second part, fix A > 0, and let | be the number of indices i with
2—A; < A8%/UN. Then

= My2(1 +0p(1)).

3/2 . 2 3/2
2A MN(1+0P(1)) Zz<mql 4A

> (1 +0p(1 427
3m 32 YN 7 3 (1+op(1)).  427)

IN=—F—

Proof. In the first part, the statements on zy and on }; 47 are contained in Lemma 4.12.
The limits of dyy and sy follow from the identities dy = (zy — (1+¢?)) + (1 —¢)2 +¢(2 —
M) and sy = (zy — (1+¢?)) + (1 +¢)? — c(2+ Ay), together with A; — 2 and Ay — —2
in probability (Lemma 4.2). In the second part, all statements except sy — 4 are (4.20)
and (4.21), and sy — 4 follows from the same identity for sy.

For the third part, write vy = (52N/ cy and Ey = zy/cn as in Proposition 4.11, and
sety; = (2—A;)/vy and Oy = (Ey —2)/vn. Then q; = e (Ex — Ai) 71 = ctoy' (On +
y;)~!, and 9y = 1+ Op(en) — 1 in probability by (4.18). We apply Theorem 4.8 with
hy = vgll, any = 1, and &y = 0; this is admissible because hy — oo and hy/N?/3 =
cn/ M%]/ 3 50,and then Ky = N v‘;’\j/z. With probability tending to one, min; y; > —1/4
and |9n — 1] < 1/4, and then, by the mean value theorem,

(O + i) F = (L+y)F] <k2 2oy — 1| X +y) 5,
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since every point between ¢y + y; and 14y;is at least (1+y;)/2,and 1+ y; > 3/4. The
fourth part of Theorem 4.8 gives Ky 1yi(1+vy;)™%F — Ci in probability. We conclude that
Yi(On +yi) 7 = KnCe(1 +op(1)), and

N
Y- qf = ey o KnCi(1+ op(1)) = Ney o/ Ci (1 + 0p(1),
i=1

and cNk ?\]/2 k= CN3/2(53 2k For the ratio, we have max; g; = q; = dy' = 65 (1 +op(1))

by the second part, and Y; 7 = (N/(26n))(1+ op(1)) by the case k = 2, Where C,=1/2.
These two asymptotics give q1/1/2Y: 47 = 65°(N/0n) V2(1 +op(1)) = My (1 +
op(1))-

For the fourth part, apply Theorem 4.8 with hy = ¢n/(Ad%), ay = 1, and &y = 0.
This is admissible because hy — oo and hy/N?/3 = EN/(AM%\I/‘Q’) — 0. Here Ky =
A3 2 My / f‘;’\l/z, and the asymptotic for [y is the count at y = 1. The eigenvalues are
ordered, and the selected indices are 1,..., Jy. For these indices, by (4.24),

Pi = ZN — CNAZ' = 512\[ + (ZN — (1 + C%\])) + CN(Z — )\Z’),
where zy — (1+¢%) = op(d%), 0 < en(2 — ;) < AS% /N = 0(6%) when A; < 2, and
en(2—Aj) > —en(M —2) = Op(N~2/3) = op(8%;) otherwise. Thus g2 = 6*(1 +op(1))
uniformly for i < Jy. Dividing Jndy*(1+ op(1)) by Y;q? = (N/(20n))(1 + op(1)) we
arrive at the second claim, since 2]y / (Né?\,) =2]n/Mn. O

Remark 4.14 (Scales of the precisions and counts when ty = o(N?/3)). In the setting of
the second part of Theorem 4.13, assume also (4.15). Then, in probability,

dntn Ndy/ 2/3 _3/2 tN 0NN
— 1, — 1, tN = o(N“"7), Nt — 00, — = =—— = 0.

512\[tN My N 0( ) N OO Non My
(4.28)

4.5 The critical window

In the critical window, cy = 1+ cN~1/3, the Lagrange multiplier is determined by the
gaps at the top of the spectrum. This section first studies the GOE Airy point process
and the limiting equation for the multiplier, and then the half-precisions at finite N.

The limiting equation. Recall the reflected GOE Airy point process x1 < x2 < --- of
Lemma 4.2, the limit of N?/3(2 — \;), its gaps A; = x; — x1, the regularized inverse-gap
statistic & of Lemma 4.5, and f; = (37tk/ 2)2/ 3, By [62, Proposition 1.4], almost surely
xx/tr — 1, and the function

> 1 1

y(x):5+§+2(x+Ai Ai> k%(ix ——\/—) (x>0) (4.29)

i=2
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is well defined, strictly decreasing on (0, ), and tends to +o0 as x | 0 and to —oo as
x — oo. We prove these facts, with quantitative bounds, in Theorem 4.15 below. For
o € R, we let ¢, > 0 be the unique solution of . (¢,) = 0. We set

R‘{:%, R?:Ai‘;QU
We call the RY the limiting scaled half-precisions. In the third part of Lemma 4.17 below,
we prove that the scaled half-precisions N2/3r; converge to them in distribution, jointly
for finitely many i. The map ¢ + ¢, is a continuous strictly decreasing bijection of IR
onto (0,00). At ¢ = 0, the root gp is the quantity A(x) of [62, Proposition 1.4(b)], which
describes the Gibbs measure at the critical temperature.

(i >2). (4.30)

Theorem 4.15 (The GOE Airy point process and the limiting equation (cf. [62, Propo-
sition 1.4])). Let Cao(T) = #{i : x; < T} and E(T) = Ca(T) — 2T%/2/(37). There exists
an event of probability one on which the following hold, with random constants C, (and C, ,
depending also on k).
1. |E(T)| € Co(1+T)/8 forall T > 0, and |xx — ti| < Cot’® for all k > 1. In particular,
Col(i—1)23 <A < Co(i—1)¥3fori >2,and Yinpy A7 < 0.
2. The series in (4.29) converges locally uniformly on (0, c0), together with its derivative, both
expressions in (4.29) agree, and ./ is continuously differentiable and strictly decreasing, with
L (x) = +ooas x | 0and S (x) — —o0as x — oo. For x > max(0, x1) and t = x — x1,

© E(u) 1 1
S(x) = — t—l—/ du + By (t), Bu(t) = ——]. (431
() = Vi | dut Ba(t), Bu(t) i:,§<0<t+xi ;). @3D
3. As h | 0and x — oo, respectively, and for each fixed k > 3/2,
5/8 —5/8
Y e hhi = 14+ 0wt ?) ;\?3;@1/2 ), —(x) = ! +Ozw\§£ ),
. T x
121 : (4.32)
= G TR (1 4 O p (x778)),
i>21 (.X + Ai)k kX ( wlk(x ))

where Cy, = m'B(3/2,k —3/2).
4. As S — oo, we have 9_g = S* + Oy, (S3/*) on this event. Moreover, with probability over
the GOE Airy point process,

0_s=S%+x1+Op (53/4) (S — o0). (4.33)
Used in: The high-temperature and low-temperature limits of the critical profile.

Proof. Leta = 2/(37). We first transfer the simultaneous location bound to the Airy limit
and derive its counting asymptotics. We then use Stieltjes integration to study .7, the
traces, and the root.
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Step 1: the points and the counting function. Fix 7 € (0,1) and use Lemma 4.3.
For each fixed L, the vector (N?/3(2 — Ai))i<1 converges in law to (xi)i<r, and g;n =
N2/3(2 — v;) — t;. Hence, for every & > 0 and all large N,

P(IN*3(2—A;) =] < Cy(1+i) /4 +efor1 <i<L)>1-7.

The set defined by these inequalities is closed. The portmanteau theorem, followed by
e | 0 and then L — oo, gives

P(|x; —t] < Cy(1+i)*foralli >1) >1—1.

Taking the union of these events for 7 = 27/, j > 1, gives an event of probability one on
which |x; — t;] < th?/ 8 for alli. In particular, x;/t; — 1. Intersect this event with the
probability-one events of Lemmas 4.2 and 4.5 on which the y; are distinct, tend to infinity,
and = exists.

For large T, write k = C4(T), so that xxy < T < xx.1. The point asymptotics first
imply ty < T < t;,1, and the point bounds then give

b < T+CoT%8,  tq >T—CuoT%S.

Using k = ati/z and k+1 = atiﬁ in these inequalities proves |k —aT3/2| < C,T7/8.
The counting function is finite on bounded intervals, so enlarging C,, proves |£(T)| <

Cw(1+ T)7/8 for every T > 0.

Step 2: the gaps. The point bound gives A; = x; — x1 < /3 for large i. The finitely
many remaining A;, i > 2, are positive, so the two-sided bound in the first part follows,
as does Y_;=, A;? < oo. For all sufficiently large k, we also have

—t
Ve — V= ﬁ = 0,( %) — 0. (4.34)
Step 3: the function .. For x > 0 and i > 2, we have |(x +A;)"! — A;1| < xA;? and
|0x(x + A;) 1| < A72. By the first part, the series in (4.29) and its termwise derivative
converge uniformly on compact subsets of (0,00), and .7 is continuously differentiable
with
—S(x) = Z(x—I—Ai)_Z > 0.

i>1
The two expressions in (4.29) agree because the partial sums of the second expression
equal x 1+ YK (x+A)7" - A7)+ (k. A1 —2\/f/7), and the last bracket tends
to E by (4.5). As x | 0, we have .#(x) — o0, because the term x~! tends to infinity and
the series stays bounded.
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Now fix x > max(0, x1) and let t = x — x1 > 0, so that x + A; = t+ x; > 0 for all i.
For a real cutoff T > 0, we have the exact identity

1 _ CA(T) T CA(L[)
i:,;THx,- T T +/0 (2 Tt Balt) (4.35)

Indeed, a point x; € [0, T] contributes (t+ T) ™1 + f (t+u)"2du = (t+ x;) ! to the first

two terms on the right, and a point x; < 0 contrlbutes (t+T)" 1+ fo (t+u)2du=1t"1,
which B, (t) corrects to (t + x;) . Inserting C(u) = au®/ 2 + £(u) and integrating by
parts in the continuum term, we obtain

aT®2 (T qy3/2 1 /T Vu

2
i == T — T
t+T+ ; (t—l—u)zdu el t+udu 7r<\/_ V't arctan v/ /t),

where we used 3a/2 = 1/7w. We obtain

1 2 2 T T
Z — VT =— tarctan\/T/t-i—&—I—/
7T t+ T 0

ix; <T E+xi

“))2 di + Bo(1).

As T — oo, the right side tends to the right side of (4.31), since £(T)/(t+T) = O, (T~1/%)
and the integral converges absolutely by Step 1. On the left side, for xx < T < xk+1, the
sum equals Y ;< (x + A;) 71, and 2(VT — )/ — 0 by (4.34) applied at k and k + 1,
together with /fx, 1 — \/fx — 0. By the second expression in (4.29), the left side tends to
Z(x), and (4.31) follows. For t > 1, Step 1 gives

7/8
‘/ cl ‘_ / Md < Cpt™ 1/8
t+u 0o (t+u)?

and | B ()| < Cept~2 for t > 2|x1|, since only finitely many points are negative and all are
at least 1. Combining these bounds with (4.31), we find . (x) = —/x — x1 + Ou ((x —
x1)"Y/8) — —oo. This completes the proof of the second part.

Step 4: traces. For I € (0, 1], the same bookkeeping as in (4.35) shows that

Y el —h/ e, )y du+ Y (e — 1),

i>1 irx;<0
The leading part is ah [, e " u3/2du = al'(5/2)h=3/2 = (2/7) "1h=3/2, the part coming
from € is at most Coh [y e ™ (1 + u)”/8du < C,h™"/8, and the flmte sum is O (h).
Multiplying by e*1 =1+ O, (h) we obtain the first formula in (4.32). For k > 3/2 and
t =x— x1 > 1, similarly,

Z%:/ow(ff/;) wt B (ary w)

i>1 (t+Xi) itx; <0 (t+?(z
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The leading part is 771 [;” /u (t + u)*du = n=13/27kB(3/2,k — 3/2) = Ct3/%>7K, the
part coming from £ is at most Cw,kt7/ 8-k and the finite sum is Ow,k(t_k_l). The third
formula follows, because x + A; = £+ x; and £3/27%F = x3/27K(1 4O, 1 (x~1)). The second
formula is the case k = 2, since —.%/(x) = Y;(x + A;) 2 and C; = 7 'B(3/2,1/2) = 1/2.

Step 5: the root. Let x = o_gand t = x — x;. We have x — c0o as S — oo, because
7 decreases from +oo to —oco. From the end of Step 3, we have Vi=S§+ Ow(t’l/ 8).
Then /5% — 1and Vi— S = Ow(5_1/4), and multiplying by Vi+ S < 35, we obtain
t— 5?2 = 0, (S%*), thatis, 0_s = S? + x1 + 0w (5%*) = S2 + 0, (5%/4).

For (4.33), the pathwise bound just proved and the finiteness of x; imply that
S3/4(g_s — S* — x1) is bounded eventually on each sample path. The root is con-
tinuous in S, so its eventual bounds can be tested on rational S and then localized by
measurable events at any fixed confidence. This gives the asserted Op(S3/*) estimate. [J

The half-precisions at finite N. The critical sections use the following deterministic
conditions on the half-precisions. Recall from (3.9) that the Gibbs measure is 7
exp(— Y, rix?)vy, where r; = p; /2.

Definition 4.16 (Critical spectral conditions). Let 0 < cp < Cp and § > 0. A sequence
0<r <r<-.--<ry satisfies the critical spectral conditions with constants (co, Cy, d) if
o 1 N : 2/3< < C AT 1<i<N >
, ol — <r< — <i<N), TD— 71 > —rs
0 (N) i 0(N> ( ) 2N

i—1 27‘1'
For M >0, N > (2M)3, and |o| < M, let ey, = 1 +0N"1/3 € [1/2,3/2]. Let zn,
be the Lagrange multiplier of cn W, let dy, = zn s — cN,¢cA1 be the smallest precision,

and let 23
_ ZNe — CNA _ N*2dy o
Y'iNoc = > ONog = ———.
CN,o

Then 1 ny = dno/2 and N?/37; Ny = cno(one + Ain)/2, where Ay y = 0. The con-
dition N > (2M)? ensures cy, > 0. Without such a condition the analysis below fails
at small N: if cy, < 0, then cyAq is the smallest of the numbers cy,A;, and the
half-precisions are no longer ordered as above.

Lemma 4.17 (Half-precisions in the critical window (cf. [62, Proposition 4.1, (4.2)])). Fix
M > 0,and let N > (2M)3.

1. For |o| < M, the root o  is the unique positive solution of N (on ) = o, where

yN(x):EN+1+N( ! ! )

— (4.37)
X = X+ Ai,N Ai,N

and By is as in Lemma 4.5. The map o — on  is strictly decreasing.
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2. For every n € (0,1), there exist 0 < ¢9 < Co and 6 > 0, depending only on 1 and
M, and events Ay with liminfy P(Ay) > 1 — 1, on which, for every o € [—M, M]
simultaneously, the sequence (”i,N,o)fi | satisfies the critical spectral conditions (4.36) with
constants (cg, Co, 9).

3. Let oy,...,0m € [—M, M]. Let vy, = ((N2/3ri,N,U)_1)i21, padded with zeros for i > N,
and vy = ((R7)™1);>1, with RY as in (4.30), where g, solves

1 xA;Z

e (4.38)
X i>2 1 + XAZ-

Then, jointly in distribution,

-

(BN, b, (0N jm (VN )jzm) == (B, (87 )iz2, (00))j<ms (Vo) j<m)

in R x £2 x R™ x (£2)™, with by as in Lemma 4.5. All limits are functions of the same
GOE Airy point process.

Used in: The functional inequalities, density estimates, critical process, critical profile.

The left side of (4.38) is . (x), since (x + A;) "L — A1 = —xA;2/(1 + xA;1); thus oo
is the root defined before Theorem 4.15. Similarly, .y is . with the GOE Airy point
process replaced by the scaled eigenvalues.

Proof. We write ¢ = cn and oy = on When ¢ is fixed. The proof has three steps: the
finite equation, convergence through a deterministic continuous map, and the bounds at
fixed confidence.

Step 1: the finite equation. We have zy , — cA; = cN~2/3(on + A; i), and the equation
(3.12) reads Zfil(gN + Ai,N)_l = cNV3 =NV3 4 ¢ Subtracting } -, A;ﬁ, = By + N3,
which is finite because the eigenvalues are almost surely distinct, we obtain .y (on) = 0.
The function .y is continuous and strictly decreasing on (0, o), with limit 40 at 0 and
limit Ex — Y i>» Al_l\lj = —N'3 at co. Since ¢ > —M > —N/3, the level ¢ is attained
exactly once, and the root is decreasing in ¢. The condition zx > cA; of Definition 3.3
is equivalent to o > 0.

Step 2: convergence. For ¢ € R, a sequence u = (ui)izz € (2 with u; > 0,and x > 0, let
xu?

1+xui'

1

O(g,u;x) =¢ + i Z
i>2
so that #(x) = O(EN,by;x) and #(x) = O(E, (A;1);>2x). For 0 < x < L and
u;, w; > 0, the derivative of v — xv?/ (1 + xv) is xv(2 + xv) /(1 + xv)? < 2xv. Integrating
this bound between w; and u;, we obtain

xu? xw?
14+ xu; 14 xw;

< 2L(u; + wi) |u; — wyl.
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Summing and using the Cauchy-Schwarz inequality, we obtain

sup [O(Z,u;x) —O(Z, w;x)| < | — &'+ 2L (Jlullz + llwll2) lu — wll2.

0<x<L

By Lemma 4.5 and the Skorokhod representation theorem [30, Theorem 6.7], we may
assume that (En, by) — (&, (A; 1);>2) almost surely in R x £2, where the limit is built
from a GOE Airy point process. Then .y — .% uniformly on compact subsets of (0, o),
almost surely. Let x_ = 0p1/2 and x4 = 20_p, so that “(x_) > M and . (x4) < —M.
For N large, we have #y(x—) > M and /N (x4) < —M, and by monotonicity all roots
oNe lo| < M, liein (x_, x4 ). For e € (0,x_/2), the quantity

Ye = min min (Y(QU—S) — 0, U—y(Qa‘i‘S))
loj<M
is positive, by continuity and compactness. Once supp, /5, SN — | < 7e, we have
loNe — 00 < € for all || < M, by monotonicity. We conclude that ox, — 0, almost
surely, uniformly for |o| < M. Finally,
12 By
(N*Pring) == 1—N,1 (i>2).
¢ 14—QpLgALN

2

V4
CON,o

(N*3r1n,0) =

The map v + v/ (1+ xv) is 1-Lipschitz on [0, ), and |0/ (14 xv) — /(1 + x'v)| < v?|x —
x'|. These two bounds show that the map (x,u) — (u;/ (1 + xu;));>» from (0,00) x £ to
(2 is continuous, with modulus bounded by |[u — w||2 + ||u||3|x — x'|. Since cn — 1, we
conclude that vy , — vy in 2 almost surely, for each ¢. This proves the third part.

Step 3: bounds at fixed confidence. Fix # € (0,1). By Lemma 4.6 with confidence 7/2,
there exist 0 < ¢; < C; and events of limiting probability at least 1 — 77/2 on which

ai-12P<Aan<GiE-1)*7  (2<i<N). (4.39)

These events and constants do not depend on ¢. By Step 2, (on m, oN,—M) = (oM, 0—Mm),
and the limit is almost surely in (0,00)%. Let 0 < 0min < Omax be such that P(oy <
Omin) + P(0-M > 0Omax) < 7/2. By the portmanteau theorem, limsupy P(onm <
Omin OF ON—M > Omax) < 77/2. Let Ay be the intersection of the complement of this
event with the events above. On Ay, by the monotonicity in Step 1, 0min < 0N < Omax
for all |c| < M, and since 1/2 < cn, < 3/2,

e ¢ 5, < B
. 2/3 : 2/3
Omin + 014(1 -1 < N3N0 < 3(omax + Ci(l — 1) (i>2).
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Using 272/3{2/3 < (i — 1)2/3 < 2/3 for i > 2, we deduce from these bounds that
co(i/N)?/3 < tiNg < Co(i/N)?/3 for all i, with ¢y = min(omin,c1)/8 and Cy =
3(0max + C1)/4. For the first gap, N?>/3(rono — rine) = CNeDan/2 > c1/4, which
allows 6 = c1 /4. The half-precisions are nondecreasing in i because the eigenvalues are,
and Y ;(2r;n o) "' = N holds by the definition of the Lagrange multiplier. This proves
the second part. All constants are chosen before N — oo, and they do not depend on
ce|[—-M, M. O

At o = 0, the convergence in distribution of vy ¢ is equivalent to [62, Proposition 4.1,
(4.2)], whose coefficients (N2/3p;)~! are half of ours. There it is used to describe the
Gibbs measure at the critical temperature as a Gaussian sequence conditioned on a
renormalized radial constraint. The extension to bounded ¢ and the uniform bounds of
the second part are the deterministic arguments above.



PART II

Tools



SECTION 5

Gaussian laws conditioned on a sphere

This section and the next collect deterministic estimates for a centered Gaussian vector
with independent coordinates, conditioned on the event that its squared norm equals
its expectation. We show in Proposition 5.6 that the Gibbs measures 774 of Section 3
are laws of this kind, and so are the Bingham comparison laws p; of Section 7. The
main results are a quantitative local limit theorem for weighted sums of centered squares
of Gaussian variables (Theorem 5.3); a formula for the density of a set of coordinates
under the conditioned law, relative to independent Gaussian variables, together with a
comparison when these coordinates carry a small fraction of the variance (Lemma 5.9
and Theorem 5.11); moment bounds (Theorem 5.12); an exact formula for quadratic
exponential moments (Lemma 5.13); and moment bounds for quadratic statistics (Theo-
rem 5.15 and Corollary 5.16). We treat finite and countably infinite variance sequences
together. The countable case is needed in the critical window, where the limiting Gibbs
law is a countable Gaussian sequence conditioned on a renormalized radial constraint.
We construct this law in Lemma 5.7, identify its finite-coordinate marginals in Lemma 5.9,
and prove in Proposition 5.17 that it depends continuously on the variance sequence,
with moment bounds that hold uniformly along a converging sequence of finite approxi-
mations; Section 18 specializes these results to the critical variances.

The proofs use only the notation of Sections 3 and 4. The results are used in Section 6,
in the comparison and moment bounds of Sections 9, 10, and 12, in Part III, and in
Section 18. All statements are deterministic. A constant is called universal if it does not
depend on the number of coordinates, on the size of the smallest variance, or on any
other feature of the variance sequence.

5.1 Notation

A variance sequence is a family v = (v;);c of positive real numbers, indexed by a nonempty
finite or countably infinite set I, such that };c;v? < co. We call v finite or countable
according to whether I is finite or countably infinite. Let ¢ = (g;)ic; be independent
standard Gaussian random variables, and define

1/2 o X
T, = Zvi(giz - 1), Sy = (2 szz) , 0, = —~ No = r?ealx 0;. (5.1

icl icl

83
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For countable I, the summands of T, are independent and centered, with variances
2v? whose sum is finite. The series converges in L? to a limit that does not depend on
the order of summation. For any enumeration of I, its partial sums form a martingale
bounded in L2, which converges almost surely by the martingale convergence theorem.
We have VarT, = S% and ) ; ﬁlz = 1/2, so that 1, < 2-1/2. the maximum in (5.1) is
attained because 9; — 0 along any enumeration of a countable I. The quantity 7, is small
exactly when no single coordinate carries a macroscopic part of the variance of T,. For
instance, if v; = 1 for 1 <i < n, then S, = (2n)'/2 and 1, = (2n)~ /2.

When T, has a continuous density, we denote it by p,, and write f,(x) = Sypo(Sox)
for the density of T, /S,. We write fv(t) = EeltTe/50 for the characteristic function of
Ty/Sy. The standard Gaussian density and distribution function are ¢ and ®, and G
denotes a standard Gaussian random variable.

For A C I, we write v|4 for the restriction of v to A, and T, o = Y ;c 4 vi(g? — 1) and
Po a for the corresponding sum and its density. We let 4 be the standard Gaussian
law on R4, the product of standard Gaussian laws on the coordinates, and, for finite A,
¢ 4(z) = [Tica ¢(z;) its density. For z € R* we set

2

YicA U
Uaz) = Y 0i(z2 —1), ha=2Z54E5 s
icA YiclV;

s = So(L=ha)2 (52)
For infinite A, the series U4 (z) is defined for v 4-almost every z, as the almost sure and
L?(7 ) limit of its partial sums. Note that T, 4 = Ux(g4), where g4 = (gi)ica, and hy is
the fraction of the variance of T, contributed by the coordinates in A.

Under the conditioned laws defined below, the random point is denoted by Y =
(Yi)ic1, and its standardized coordinates are Z; = Y;/,/v;. For a probability measure y
and a coordinate set A, we write %4 for the law of Z4 = (Z;);ca under u. For r > 0,
let S, = {y € R': |y|?> = r} when [ is finite, with (|I| — 1)-dimensional surface measure
HII=1; in particular Sy = Sy when I = {1,...,N}.

5.2 Densities of weighted sums of centered squares
The following lemma is the basis of all density estimates in this section.

Lemma 5.1 (A differential equation for the characteristic function). Let v be a variance
sequence. The characteristic function f, is continuously differentiable and satisfies

~2

B0 =), @)= 2L —hm BO=1 63

iel
where the series defining w, converges uniformly on bounded intervals. Further,

Fo(B)] = [T (1+4£202) % < (14 ay22) /O (5.4)
iel
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and, if |t|n, < 1/4, then
|folt) — e /2| < P25, (5.5)

Proof. We begin with one coordinate. For b > 0, let k;(t) = Eelt’ (G*-1) We may differ-
entiate under the expectation, since EG? < c0. Applying Gaussian integration by parts,
E[Gy(G)] = E[¢/(G)], to p(x) = xel™, we find that

E[G2C"] = E[¢"C°] +2itb B[G2™C7], thatis, (1 2ith) E[G%"C] = E[ei¢].
Inserting this into k} (t) = ibe it (E[G2¢l?C’] — E[¢i?C"]), we obtain

ooy 2th?

Taking the real part of 2k,k,, we find that |k;|? solves the real equation

4tb? 5
—m|kb(t)| ,

and solving this equation with |k,(0)| = 1 gives |k, (t)| = (1 + 4t2b?)~1/%. For finite I,
the variable T, /S, is the sum of the independent variables 9;( gi2 —1), and fv = [Tiks;.
Differentiating this finite product yields (5.3) and the identity in (5.4).

Let I be countable, fix an enumeration of I, and let X, be the n-th partial sum of
the series X = T,/S,. The characteristic functions fn of X, converge to fv uniformly
on bounded intervals, because X, — X in L?. Their derivatives f/(t) = iE[X,e'*"] also
converge uniformly for |t| < T, since

d 2 _
Sl =

[E[X,e™X] — E[Xe'X]| < E|X, — X| +E[|X] [eXr — X]]
< [|Xn — X[l + T)| X|2/| Xn — X 2.

The summands of w;, have modulus at most 2T9? for |t| < T, and the coefficients of the
finite equations converge to w, uniformly for || < T. Passing to the limit in the finite
equations, we find (5.3); the finite products of moduli converge to the infinite product in
(54).

For the inequality in (5.4), we use that a — a~!log(1 + ax) is nonincreasing on a > 0
for every x > 0, since its derivative has the sign of ax/(1 + ax) —log(1 + ax) < 0. Using
2312 < 1722,, we find

A 02 1

Y log (1+4t*67) > Y —Llog (1 +4n3t%) = 5,7 108 (1+473%),

i€l il lo To

which is the inequality in (5.4). Next, using log(1+ x) > x/(1 + x), we have
1267 2

3 t S ex — — L S eXx — 5 A S €_2t2/5, t S 1/4
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Since ) ; 1312 = 1/2, we have

21tvl
2it?0;

< 417Y 07 < 2t
iel

wo(t) 1] = 2t 07 T o5

i€l

By variation of constants in (5.3), we have, for t > 0,

Fult) — e 2/2 _ /Ot e—(t2_52)/2(wv(s) +S)fz;(5) ds.

For 0 < s <t < (41,)71, the integrand has modulus at most vasze_t2/2+52/2_252/5 <
ZUUsze_2t2/ >. Integrating in s gives (5.5) for ¢ > 0. Negative ¢ follow by complex conjuga-
tion. O

Lemma 5.2 (Bounded densities from three coordinates). Let v be a variance sequence such
that I has at least three elements.

1. The variable T, has a bounded continuous density p,. For any three distinct indices 1, j», j3 €
I,

o < — , 1 ds. 5.6
Ipolles < min{vj , vj,, v}, } ST in ( +57)7 s (:6)
2. We have py(t) > 0 for every t > —Y_; v;, where the sum may be infinite. If }; v; < oo, then
po(t) =0fort < —Yv;.
3. If A C Tand I\ A has at least three elements, then

po(t) =Ep,pa(t—Toa)  foreveryt€R. (5.7)

Proof. By (5.4) with t = uS,, we have |Ee"Te| = TT;(1 + 4u?v?)"1/4. Every fac-
tor is at most one. Keeping only the three factors with indices j,j2,j3, we have
[Ee“To| < (1+ 4u*m?)~3/%, where m = min{vj,vj,,v;,}. This bound is integrable
in u, and Fourier inversion yields a bounded continuous density p, with ||py|le <
(271) 7t [(1+ 4u?m?)=3/*du = c3/m, which proves the first part.

For the third part, T, = Ty a + T, n 4 With independent summands. By Fubini’s
theorem, the right side of (5.7) is a density of T, and it is continuous in ¢ by dominated
convergence, since p, 1 4 is bounded and continuous. Two continuous densities of the
same law agree everywhere, and (5.7) follows.

For the second part, if }; v; < oo, then T, > — }; v; and p, vanishes on (—oo0, — Y; v;),
and by continuity also at —} ;v;. Now let t > — ) v;, and choose a finite set B C I
with at least three elements and ¥ ;g v; > —t. By [62, Lemma 2.2], the variable Y ;p v;¢?
has a continuous density that is positive on (0,). Equivalently, p,p is positive on
(— Yicpvi, o). By (5.7) with A = I'\ B, we have

po(t) = Epo(t — Ty np) > Elpos(t — Tpns) U Tonp < 03] >0
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In the last step, we used that t — T, np > t > —};cpv; on the event {T, np < 0}, and
that this event has positive probability because T, ;\ g has mean zero (it is identically zero
if B=1I). O

Theorem 5.3 (A quantitative local limit theorem). For each integer j > 0, there exist universal
constants 11; > 0 and C; < oo with the following property. If v is a variance sequence with 11, < 17;,
then f, has j continuous derivatives and

e 4 9 (x) = o) (2)] < Gy (5.8)

Further, there exist universal constants #1oc,co > 0 and C < oo such that 17, < 1o implies

fo0) Zco,  follo +Iflle <C, 1£5(0)] < Crpo, /]Rf2|fv(f)| dt <C. (59)

The constants do not depend on the number of coordinates, the smallest variance,
or the relative sizes of the variances, and the theorem applies to finite and countable
sequences alike. Note that 17, < #; forces I to have at least (217].2)_1 elements.

Proof. Fix j > 0 and let 17]2 < aj, where a; = 1/(8(j +4)). The function a

(1 + 4at?)~1/(8) is nondecreasing on a > 0, by the monotonicity used in the proof
of Lemma 5.1. Then (5.4) implies that, for 1, < 7;,

fo(£)] < (1+4a;t3) 7Y/ 65 = (1 4 4a,42) =0+,
and |t|/|f,(t)| is integrable. By Fourier inversion, f, exists, is j times continuously
differentiable, and
: - 1 i iesa P
) = ¢ (x) = 5 /]R (—itYe i (fo(t) — e~F/2) dt.

We bound the integral of |t|/|f,(t) — e’t2/2| over two regions. On |t| < (41,)7}, (5.5)
bounds it by 7, [ |t]t3e2"/5dt = Cjtjo. On [t| > (417,) "1, we set u = 21, |t| > 1/2 and
split the exponent in (5.4) into two equal halves:

1Fo(£)] < (1 + 1)~/ (61 (1 4 3y2) =1/ (1615) < o= log(5/4)/(1615) (1 4 3,2)=(7+4)/2,

where we used u?> > 1/4 in the first factor and 1/(1672) > (j +4)/2 in the second.
Changing variables, we find

JI £ < flog(5/4)/(167712;) jl/ j 2\—(j+4)/2 <C
/|t>(4’7v)1 [t fo(t)dt <ee (2770) | (1+%) du < Cio,

since x/~2¢~108(5/4)/(16:%) js hounded on x > 0. The Gaussian tail f‘t‘>(4’70)*1 ’t\je_tz/z dt

is also at most C;i,. This proves (5.8), and also [ |t fo(£) — e /2| dt < Cinto.
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For (5.9), let 1710 < min{#o, 71,72} be so small that Coryc < ¢(0)/2. Using (5.8) with
j =0,1,2 and ¢'(0) = 0, we have f,(0) > ¢(0)/2, the bounds on ||fs|l~ and || f7/ ||,
and [f}(0)| < Cy7j. Finally, [ £|f,| < [ t2e="/2dt + C17, < C by the last bound of the
previous paragraph. [

5.3 Conditioning on the sphere: finite sequences

Definition 5.4 (Gaussian law conditioned on a sphere). Let v be a finite variance sequence
and R? = Y ;c; v;. The Gaussian law p, conditioned on the sphere is the probability measure
on Sz given by

1 1y, -
Hy(dy) = Zexp{ - EZZ—Z} HII=1(dy), y € Sy, (5.10)

iel 71
where Z, is the normalizing constant.

This is a Bingham distribution [31]: a probability measure on a sphere whose density
with respect to surface measure is the exponential of a quadratic form. The next lemma
justifies the name: yy is the law of Y = (,/7; g;)ic; conditioned on |Y|? = R?, that is, on
T, = 0. This description is classical; see [98, Abstract] for its use in the computation of
Bingham normalizing constants, [62, Section 1.2, (1.7)—(1.8)] for the case of the spherical
Sherrington-Kirkpatrick model at the critical temperature, and [5, Proposition 2.7] for a
lattice spherical model.

Lemma 5.5 (Radial densities). Let v be a finite variance sequence, n = |I|, R? =Y, v;, and
Y = (\/3;8)ic1, with density v,(y) = T1;(27wv;)~Y2e %/ 2%), For a bounded nonnegative
measurable function F, or a continuous real-valued function F, on R!, and for t > —R2, let

PlF)) = sy o, POV R () 611

1. For bounded nonnegative measurable F on R! and nonnegative measurable K on R, we have
E[F(Y)K(To)] = [Zra K(t) po[F](t) dt.

2. If F is continuous, then p,|F) is finite and continuous on (—R?,00). In particular, py[1] is a
continuous and positive version of the density of T, on (—R2,00).

3. For every continuous F, we have yu,(F) = p,[F](0)/p»[1](0). For every bounded continuous
F, we have E[F(Y) | |Ty| < €] = po(F) ase | 0.

Proof. In polar coordinates, [, H(y)dy = [;° [s ,H dH"~1 dr for nonnegative measur-
able H. Substituting s = r?, we find that [, H(y)dy = [5*(2v/s)™" [s H dH"~!ds. With
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H(y) = F(y)v,(y)K(|ly|*> — R?) and t = s — R?, this is the first part, since T, = |Y|> — R?.
For the second part, by scaling the sphere, we have

J

The integrand is jointly continuous in (t,0) and the unit sphere is compact, so the integral
is continuous in t > —R2. Taking F = 1 in the first part, we see that p,[1] is a density of
T,; it is positive because 7y, > 0.

For the third part, recall from (5.10) that the density of u, with respect to surface
measure is proportional to v, on Sg2, which is the identity u,(F) = py[F](0)/po[1](0).
Finally, for bounded continuous F, the second part implies that

_JEpelFl) de
S5 pol1](t) dt

ase ] 0. O

Fyy dH" 1 = (R* + t)(”_l)/z/ F((R*+)1/20) 7, (R* +)1/20) H"~1( d#).

R24t S

F)0)
1) ~ "

B[F(Y) ||ITe| <] 2

For a nonnegative continuous F that is unbounded on R/, bounded radial truncation
justifies each later use of the coarea identity: on any compact interval | C (—R?,c0),
multiply F by a continuous compactly supported function of |y|? that equals one on the
radii R?> + J. The resulting test is bounded and agrees with F on the relevant spheres.
Thus the first part applies on J; increasing such intervals gives any nonnegative integral
identity used below. The exact-level identity already applies directly to continuous
polynomial and exponential tests.

For every finite variance sequence, we define p,(t) = po[1](t) for t > —R? and
po(t) = 0 for t < —RZ; this is a density of T,. When [ has at least three elements, it
agrees everywhere with the continuous density of Lemma 5.2, since both are densities
of T, that are continuous on (—R? ) and vanish on (—co, —R?]. When I has one
or two elements, p, is continuous only on (—Rz,oo): for one variance vj, it equals
(27101 (t +v1)) "1/ 2e~ (t421)/(2%1) for t > —v;, which is unbounded near —v;. Taking F = 1
in (5.11) at t = 0 gives the normalization

- dpy o(y)
=1 = K AV
/SR2 Yo dH 2R py(0), T v) =57 ) Y€ Sgz. (5.12)

Proposition 5.6 (Bingham laws as conditioned Gaussian laws). Let N > 2.
1. The uniform measure vy on Sy is py for v = (1,...,1) € RN. If ¢ is a standard Gaussian
vector in RN, then ¢/|g| is independent of |g|, and /N g/|g| has law vy.

2. Let v be a variance sequence on {1,..., N} with Y ;v; = N, let z € R, and let b; = z — vi_l.
Then the probability measure on Sy proportional to exp{3 ¥; bix?} vn(dx) is .
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3. Let A be a real symmetric N X N matrix with eigenvalues oy > --- > ap, and let
z > w be its Lagrange multiplier, the unique solution of N~' Y ;(z — a;) ™1 = 1. In the
eigencoordinates of A, the Gibbs measure 74 o ex Ax/2y i yg, where g; = (z — a;) "L,

4. For every variance sequence v and A > 0, if Y has law y,, then AY has law y ,2,. Each p, is

invariant under the reflections y; — —y;, i € L.

The last part also holds for countable v, with i, as in Definition 5.8 below; see the
remark after that definition.

Proof. For the first part, we note that the density in (5.10) with v; = 1 equals e~/2 on
SN, and yy is normalized surface measure, that is, vy. In polar coordinates g = r6, the
density of g is (271)~N/ 20-7/2yN-1 times the surface measure HN~1(df) on the unit
sphere. This density is a product of a function of  and a function of 6. It follows that |g]
and g/|g| are independent, and that g/|g| is uniformly distributed on the unit sphere.
For the second part, on Sy we have % Y b,-xl.2 = % — % Y xl.2 /v;. The first term is constant,
and y, lives on Sy because ) ; v; = N, so the two densities agree up to a constant factor.
We obtain the third part as the case v; = g; and b; = «; of the second, since ) ;q; = N by
the definition of z. The existence and uniqueness of z follow since z — N~ 1Y ;(z — a;) 7!
decreases continuously from +oco to 0 on (a1, %); see Section 4. For the fourth part, the
map y — Ay carries Sp2 onto S22 and multiplies surface measure by a constant, and
Yi(Ay;)?/(A\*v;) = ¥;y?/v;. The density in (5.10) and the sphere are invariant under
each reflection. O

The spherical constraint goes back to the spherical model of [28, Abstract], and its
spin-glass version was introduced in [97, Abstract]. In the present normalization, the
Lagrange multiplier z is the unique critical point on (a7, c0) of

Nu 1
An(u) = - 5 Zlog(u — ),

since Aj (1) = 3[N — ¥;(u — a;) 1] is increasing and vanishes exactly at u = z.

5.4 Countable sequences and coordinate marginals

For countable v there is no sphere of finite radius when ) ; v; = co, which is the case in the
critical window. We define the conditioned law through its finite-coordinate marginals,
following [62, Section 2.2], where this is done for sequences with the decay of the inverse
Airy gaps; the arguments apply to every variance sequence. For finite A C I such that
I\ A has at least three elements, we define

roa(z) = Pona( —Ua(2))  LeRrA 519

PU(O)
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This is well defined by Lemma 5.2, since p,(0) > 0.

Lemma 5.7 (Consistent marginals). Let v be a countable variance sequence. For every finite
A C I, ry 4 is a probability density with respect to y4. If A C A’ are finite, then the image of
1y, A1 Ay o7 under the projection R4 — R4 is rv,4 Ay a. There exists a unique probability measure
on R! whose image under the projection to R is r, o d-y 4 for every finite A C L.

Proof. By (5.7) at t = 0, we have [r,adya = E Pona(—Tya)/po(0) = 1. It suffices to
check consistency when A’ = A U {j}. For fixed z € R4, integrating out the coordinate j
and applying (5.7) to the sequence o[, 4, split into {j} and I'\ A, we have

[ Ponar (= Ua(@) =9, = 1)¢(x) dx = popa( = Ua(2).

Dividing by p,(0) proves the consistency. The last statement follows from Kolmogorov’s
extension theorem. O

Definition 5.8 (Countable conditioned law). Let v be a countable variance sequence, and
let Z = (Z;);c; have the law constructed in Lemma 5.7. The Gaussian law u, conditioned
on T, = 0 is the law of Y = (,/0; Z;);e; on RL.

By (5.13), the laws y? A are invariant under each reflection z; — —z;, and the stan-
dardized coordinates of AY with respect to A?v are again Z. This proves the fourth part
of Proposition 5.6 for countable v. As shown in Propositions 5.10 and 5.17 below, y; is
supported on the set where Y;(y? — v;) = 0, and, for any enumeration (iy);>7 of I, it is
the limit of the finite laws p,, iy ST, in total variation on every finite set of

}
coordinates.

Lemma 5.9 (Marginal densities). Let v be a variance sequence, and let A C 1. Suppose that
I\ A has at least three elements, or that A is infinite and Ty, 1\ has a bounded density p, p a-

Then ,ug A has density

Po,nal —Ua(z))
rpAl(Z) = — 5.14
v,A ( ) Do (0) ( )
with respect to «y 4. If A is infinite, U (z) is the series defined for <y 4-almost every z after (5.2),
and the right side of (5.14) does not depend on the choice of a version of p,, p\ a, since Ua has an

absolutely continuous law under v 4.

Proof. Let I be finite, and let F be a bounded continuous function of z € R%. Define
the bounded continuous physical-coordinate test F(y) = F((y;/+/7;)ica) on RL. By
independence of g4 and gp\ 4, for bounded nonnegative measurable K,

BIF(YK(T)] = [ F@$aE) [ K(UaR) +3)pynalx) drdz

_ /]RK(t)[ [ Fpaponalt—Us) dz] dt
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The bracket is a continuous function of f, by dominated convergence, since p, p\ 4 is
bounded and continuous (Lemma 5.2). By Lemma 5.5, applied to the positive and
negative parts of F, p,[E] is another density of the same measure, continuous on (—R?, co).
The two densities agree at t = 0, by continuity. Dividing by p,[1](0) = p»(0) and using
the third part of Lemma 5.5, we obtain p,(F) = J Froadya, that is, E, F(Z4) =
f Fry,adya. Since bounded continuous functions determine a probability measure on
R4, this proves (5.14) for finite I.

Let I be countable. For finite A, (5.14) is the definition of y,. Let A be infinite, and let
Ag(dz) = pv(O)*lpvll\A(—UA(z))'yA( dz), where p, \ 4 is a bounded density of T, \ 4;
this holds in both cases of the hypothesis, by Lemma 5.2. For every infinite A’ C A, the
variable T, 4 has a bounded continuous density p,, 4/, by Lemma 5.2, and the convolution
t > [ ponalt —x)py,ar(x) dx of a bounded and an integrable function is continuous. It
is a density of T;, ( 4)uar, which has a continuous density by Lemma 5.2, and the two
agree everywhere:

Po,nayuar(t) =Epypalt—Tyar) for every t € R. (5.15)

With A’ = A and t = 0, this shows that A4 is a probability measure. Let Ay C A be finite.
Since Up = Uy, + Uy 4, almost surely and the coordinates are independent under 74,
integrating out the coordinates in A \ Ay yields the density

E py,nal—Ua(z) = Ty a\a,) _ Po, 4, (— Uny(2))
po(0) p»(0)

where we used (5.15) with A’ = A\ Ay. We conclude that A4 and y% A have the same
finite-dimensional marginals. Since two probability measures on R“ that agree on
cylinder sets are equal, we have A4 = yg A O

= 10,4,(2), z € R4,

For finite A, the formula (5.14) appears in [62, Lemma 4.6] for finite sequences and in
[62, (2.14)] for countable ones.

Proposition 5.10 (The radial constraint). Let v be a countable variance sequence and (iy)i>1
an enumeration of 1. Under i, the partial sums Zkgn(Yi —0j) = Yg<n Uik(Zizk — 1) converge
to zero almost surely and in L2(u,).

Proof. This is proved in [62, Lemma 2.4] for sequences with the decay of the inverse Airy
gaps; we give the argument for general v. Let A,, = {i1,...,in} and Q, = Uy, (Z4,). For
n > 3, the density g, of T, 4, under the Gaussian product law satisfies ||, |lco < || P, 45| cos

since Ty 4, is the sum of T, 4, and an independent variable. By Lemma 5.9, we have

[P0, 450 1P0,45 |0
IEMQ% = /]sz%(x) pv,I\An(_x) dx < pv—le TS,I\An = %2 Z vlzk’

1
pv(O) pv(O) k>n
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which tends to zero. For almost sure convergence, let B = Az. Applying Lemma 5.9 with
A = I\ B, we find that the law of Zj g under p is absolutely continuous with respect to
1. Under vy, the partial sums } 3 <, vj, (zlzk — 1) converge almost surely, as noted
after (5.1). It follows that Q, converges j,-almost surely, and its limit is zero because
Qn — 0in L?(1y). O

The next theorem compares a set of coordinates of y, with independent Gaussian
variables when the coordinates carry at most a fixed fraction of the variance of T,.

Theorem 5.11 (Gaussian approximation of coordinate marginals). There exist universal
constants 1, > 0 and C < oo with the following property. Let v be a variance sequence with
No < s, and let A C Twithhy < 1/2. Then I\ A has at least three elements, and

122 = Yallpy < Clpo+14),  0<rys<C. (5.16)

Further, for each ¢ € (0,1) there exist n7(e) > 0 and Ce < oo such that , < n(e)andhy <1—¢
imply that I\ A has at least three elements and r, 4 < Ce.

For the uniform measure, Borel gave the Gaussian limit of one coordinate; see [57,
Section 6.1]. Stam proved a bound in total variation for a number of coordinates that
grows more slowly than v/N [139], and Diaconis and Freedman proved a bound of order
k/N for k coordinates, which is small whenever k = o(N) [57, (1)]; see [57, Sections 6.1
and 6.4] for the history. Theorem 5.11 allows arbitrary variances, with constants that do
not depend on the smallest variance.

Proof. The standardized variances of v|p 4 are v;/S = 9;(1—h,)~1/2, and in particu-

Z7|1\A

lar Molpa < 1o(1 —ha) 712, Let #10c, co, Co be as in Theorem 5.3. If #7,(1 — ha) ™2 < #ioe,

then I\ A has at least (272 _)~! > 3 elements, and Lemma 5.9 applies. Writing
Pona(x) = Sa}\/‘fvhm(x/svhm) and p,(0) = S;1£,(0) in (5.14), we obtain

1 fopa(eTa) _ Ual2)
Al SR T 0 AT S k)

By Theorem 5.3 with j = 0, we have f,| . = ¢ +e; and f,(0) = ¢(0) + ep, where

(5.17)

Ina
le1lleo < Compo(1 —Ta) "2, le2] < Coto-

Let hy < 1/2 and #7x < #1oc/ V2, with v/2Con. < ¢(0)/2. Then £,(0) > $(0)/2 and

fU|1\A < ¢(0) + v2Co1p, and (5.17) gives r, 4 < C. Further, we have |(1 —h) /2 1| <h

for h € [0,1/2] and |¢(x) — ¢(0)] < ¢(0)x?/2. Inserting these bounds into the numerator
of rya —1=[(1- hA)_l/vah\A(—TA) — £2(0)]/ f+(0), we find that it is at most C(1, +

ha + 72%) in absolute value. We conclude that

[t0,a(z) —1| < C(qv +ha +TA(Z)2).
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Under 4, we have EU% = 2Y ;4 vf— = huS2%, which gives [t3dya = ha/(1—ha) <
2h4. Recalling that ||pt5A —vallTv = % [ 70,4 — 1| dya, we conclude that (5.16) holds.
Now let hy < 1—¢ and let 7(e) = min{rye'’? ¢(0)/(2Co)}. Then Mol a

<
e /2 < o and £,(0) > $(0)/2, so that (5.17) yields rya < & 1/2(¢(0) +
Coroe™1/2)/(9(0) /2) < Ce. -

5.5 Moments of coordinate marginals

The density bounds of Theorem 5.11 transfer moments of Gaussian observables to the
conditioned law.

Theorem 5.12 (Moments under the conditioned law). Let 1. < 1/2 be as in Theorem 5.11,
and let v be a variance sequence with 1, < 1. If A C I satisfies hy < 1/2, p > 1, and
F € LP(ya), then F(Z4) is integrable under p, and

By, F(Z4) = By F| < CollFllp(y ) (10 + ha) 1P, (5.18)
In particular, uniformly in i € I,
Ey Y7 =vi[1+0(1,/%)],
E,, Y} = 30?[1+0(1)/?)], (5.19)
Vary, (Y2) = 207 [1+ O(/?)],

where the implicit constants are universal. For each € € (0,1), let n(e) and C¢ be as in Theo-
rem 5.11. If 1, < n(e) and hy <1 —¢, then for every p > 1, F € LP(y4), and L > 0,

Ey, [[E(ZA)I{IF(Za)] > L} < CLYPIEN - (5.20)

In particular, every family of such observables F(Z 4) with bounded LF(vy o) norms is uniformly
integrable under the corresponding conditioned laws.

Proof. For (5.18), let ¢ = p/(p —1). We have |[r,a — 1|0 < C and [ |rya —1|dya <
C(#o + ha) by Theorem 5.11, so

1-1/ 1/ _
70,4 = Ulragy,) < Mroa —1loo " iroa = 1I4E | < Cpligo+ha) VP

Ll(v4)

The bound r, 4 < C implies that F(Z,) is integrable under y,. By Lemma 5.9 and
Holder’s inequality,

|Ey, F(Za) — Eq,F| = ‘/F(VU,A =D dya| < [IFllery ) llro,a = Ulragy,),
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which proves (5.18). For A = {i} we have hy = 20? < 252 < 1/2. Taking p = 2 and
F(z) = z2 or F(z) = z}, whose Gaussian L? norms are universal constants, gives

‘lEvaiz — 1]+ |]EHUZ;'L =3[ < Cln +2)'? < Cpp2.

Scaling by v; and v? gives the first two estimates in (5.19); the third follows by subtracting
(lEval?-)2 from IEWY;". Finally, under the assumptions of the last statement, r, 4 < C¢ by
Theorem 5.11, and

B [IFZIUIFZa) > LY] < Ce [ IFA{IFI > Ly dya < LI [ [FPdoa,

which is (5.20). ]

5.6 Exponential tilts and quadratic statistics

Lemma 5.13 (Quadratic exponential moments). Let v be a variance sequence, and let w =
(w;) ;e be real numbers, with only finitely many nonzero when I is countable. Let t € R satisfy
1 — tw; > 0 for every i, and let

0j

v;(t) = , A(t) = v;(t) — ;).
Then v(t) is a variance sequence, and
t 72\ _ L N—1/2 pv(t)( —A(t))

All the quantities on the right side are real, and no smallness of A(t) is assumed.

Proof. For one coordinate, multiplying the Gaussian density with variance v; by
exp{tw;y*/(20;)} gives (1 — tw;)~1/? times the Gaussian density with variance v;(t).
Multiplying over i, we have, with 7, as in Lemma 5.5,

t y? _
exp {5 Zwiv—f}’yv(y) =111 - tw;) 1/2 Yot (Y)- (5.22)
i i i
Let I be finite, R = Y;v;, and let W(y) be the exponential on the left of (5.22). Since
Y vi(t) = R2 + A(t), the definition (5.11) applied to v(t) at the point s — A(t) integrates
over the same sphere Sy, as py[W](s), and (5.22) implies that
palWI(s) = TT(1 = ) 2 pyy (s = AB)), s > —R2.

1

Evaluating at s = 0 and dividing by p,(0), we obtain (5.21) from the third part of
Lemma 5.5.
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Let I be countable, and let F C I be a finite set containing the indices with w; # 0.
The sequence v(t) agrees with v off F. In particular, it is a variance sequence and
Po(t),\F = Po,1\F- By Lemma 5.9 and (5.22),

t 2\ 1 E Po.ne( — Lier(vi(t)g? — v1))
EE,, exp {2 ngzi } = 11;[:(1 tw;) () ]

Since Y (vi(t)g? — v;) = Ty(),r + A(t), the expectation equals p, ) (—A(t)) by (5.7) for
v(t). This proves (5.21). O

For independent Gaussian variables, the analogous moment bound for quadratic
statistics is classical; we record it with its short proof, since it is also used in Proposi-
tion 5.17.

Lemma 5.14 (Quadratic statistics of independent Gaussians). For every p > 1 there exists
Cp < oo such that, for every finite or countable index set | and every real w € (*(]), the series
X = Yies w;(g? — 1) satisfies EeX < 212 |lwl13 for |t| < (4||wll2)~Y, and | X|r < Cpllw])2.
Here (4||w||2) ! = +o0 when w = 0.

Proof. If w = 0, then X = 0 and both claims hold immediately. Fix a finite nonzero w
and t with [t| < (4||w|2) 7}, so that |2tw;| < 1/2 for every i. For |2u| < 1/2, we have
—u — 2log(1 —2u) = Y=o (2u)¥/(2k) < 1(2u)?/(1 — |2u|) < 2u?. Since Eesw(8’~1) =
e~ (1 —2sw)~1/2 for 2sw < 1, we have log Ee'X = ¥ ;[—tw; — 1 log(1 — 2tw;)] < 2t2||w]|3.
For countable ], the partial sums converge almost surely along a subsequence, and the
same bound follows from Fatou’s lemma. At t = =+ (4||w|2)~!, Markov’s inequality
implies that P(|X| > s||w]||2) < 2e1/8e7%/4 for s > 0. Integrating this tail against ps”~! ds
yields E|X|P < Cp||w|}. O

Theorem 5.15 (Quadratic statistics under the conditioned law). There exist universal con-
stants 1o, c« > 0 and C < oo such that the following holds for every variance sequence v with
o < 1o. Let w = (w;);e1 be real numbers, with only finitely many nonzero, and let

Y?2 1/2
Qu=Yw(Z-1) =Y w(L-1), Jol=(Lw}) >0
icl iel Ui i
Then
E,e'Q < CeCllolE, |t < e/ ||w], (5.23)

For every real p > 1, there exists C, < oo such that

1QullLr () < Cpllwll2: (5:24)

If I is countable and w € (%(I), then the series defining Q,, converges in L¥ () for every p > 1,
and its limit satisfies the same two bounds.
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If w = 0, then Qy = 0 and there is nothing to prove. The theorem bounds Q, itself,
which is centered at the mean under the independent Gaussian law; the mean [E; Qy
need not vanish.

Proof. We set ¢, = 1/8 and fix t with [t| < c./||w]|2, so that |2tw;| < 1/4 for every i. We

apply Lemma 5.13 to the coefficients 2w;, with
Y 4 4 4 4 5
vi(t) = 1— 2w, € [gvi, gvi], gsv < Sy < 550, Mo(r) < 3o

Since tQy =t); wl-Zl-2 —tY; w;, we find from (5.21) that

1 Po(r) (= A(1))
tQuw i — = _ ,
E,,e exp { 1621 [ tw; — 3 log(1 2tw1)] } )
Let 179 = %moc, so that (5.9) applies to v and v(¢). Using the upper bound for f, ;) and the
lower bound for f,(0), we have

Po(r) (—A(1)) < S5 _ c.

Pv(o) ~ co/Sv T

whatever the size of A(t). The elementary inequality in the proof of Lemma 5.14 bounds
the exponent by 2t?||w/||3, which proves (5.23).

Att = +c./||wl2, Markov’s inequality and (5.23) give py(|Qw| > s||wl|2) < Ce™¢* for

s > 0. Integrating this tail against ps”P~!ds gives (5.24). For countable I and w € ¢2(I),

the bound (5.24) applied to differences of partial sums shows that the partial sums form

a Cauchy sequence in every LP (). The limits for different p agree almost surely, since

they are also limits in probability. Along an almost surely convergent subsequence,

Fatou’s lemma yields (5.23) for the limit, since c./||w||, is at most the corresponding

threshold for each partial sum; norm convergence yields (5.24). O

The case p = 2 is used often enough to be stated separately, in the variables Y;. Its
left side is a second moment about the deterministic center } ; w;v;, and it bounds the
variance of ) inl-Z under .

Corollary 5.16 (Quadratic second-moment bound). Let 1 be the constant of Theorem 5.15.
There exists a universal constant C such that, for every variance sequence v with 1, < 19 and all
real w;, only finitely many nonzero,

2
E,, [Zwl(le - vl-)] <CY wivt. (5.25)
il il
For countable I and Y ; w?v? < oo, the series is the L*(yy,) limit of its partial sums, and (5.25)
holds.

Proof. We have Y; w;(Y? — v;) = Qqy with w} = w;v;, and the claim is Theorem 5.15 with
p —= 2. D
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5.7 Continuity in the variance sequence

The estimates of the previous sections assume that 7, is small. The conditioned law in
the critical window has a fixed positive #,. Instead, we use the following domination by
independent Gaussian variables, together with continuity of the law under convergence
of the variance sequence in ¢2. For finite B C I such that B and I\ B both have at least

three elements, let
max{||po,8|leo, || Po,nBlleo}

po(0)
Proposition 5.17 (Continuity and domination). Let v be a variance sequence.

1. Let B C I be finite, and suppose that B and I\ B both have at least three elements. Then for
all nonnegative measurable functions Hy on R® and Hy on RME,

(5.26)

M(v,B) =

E,,H1(Zp) < M(v, B) /Hl dys,  EuHx(Zpp) < M(v,B) /Hz dypg. (5:27)

In particular, for every p > 1 we have sup,.;E,,|Z;|? < M(v,B)E|G|F, and
E,, Y uiZ2 < M(v,B)Y;u; for all u; > 0. For every real w € (*(I), the series
Y wi(Z? — 1) converges in LP (yy), and

| Loz -1

< 2C,M(v, B)VP|lw|,, (5.28)
icl LP (p2) pM(o,B) Pl

where C, is the constant of Lemma 5.14.
2. Let U(”), n > 1, be variance sequences indexed by subsets I, C I, extended by zero to
I, such that Ziel(vgn) —v;)> — 0. Suppose that I has at least three elements. Then

P, (0) = pu(0). Let A C I be finite such that 1\ A has at least three elements. Then
A C Iy and I, \ A has at least three elements for all large n, and

SUp [Py 11 4 (%) — Punia(®)] =0,
xeR

Hﬂf(ﬁ) - VEAHTV — 0, ||VZ(/11) - VZAHTV — 0,

where ¥4 is the law of Y = (Y;)ica under . If B is as in the first part, then M(0("), B) —
M(v, B). In particular, there exists ng such that the bounds of the first part hold for p. ),
n > ng, with M(v, B) replaced by 2M(v, B).

For variance sequences with the decay of the inverse Airy gaps, the convergence of
finite-coordinate marginals in the second part, with uniform bounds on second moments,
is proved in [62, Lemma 4.7]; see (4.24)—(4.27) there. The domination in the first part,
from which we obtain all moments and the bound (5.28), is the additional input needed
in Section 18.
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Proof. For the first part, we use Lemma 5.9 with A = B and with A = I\ B. The
densities 7,5 = p,,np(—Up)/po(0) and r, ng = po(—Upg)/po(0) are bounded by
M(v, B), which proves (5.27). We obtain the bound on E,, |Z;|” by applying (5.27) to
H(z) = |z;|? in whichever of the two sets contains i, and the bound on E,,, ¥; #;Z? follows
by monotone convergence. For (5.28), the partial sums of } ;cp\p w;(Z? — 1), along any
enumeration, form a Cauchy sequence in L (},), since by (5.27) and Lemma 5.14,

Y wi(72-1)|" < M(2,B) Ch( Y w?)

ieF ieF

p/2
E,,

for every finite F C I\ B. The same bound holds for the limit, with F replaced by I \ B,
and for the sum over B. The triangle inequality and [|w|[g||2 + |[w|ppll2 < 2[|w]|2 prove
(5.28).

For the second part, we take the same independent variables g for all n, so that
T, = Liel vl(”) (§2—1). Then E|T,(,) — To|* = 221-(01(") —1v;)?> — 0, and the characteristic
functions ¢, of T, converge pointwise to the characteristic function ¢ of T;. Fix three
indices ji,j2,j3 € I, and let m = %mink v;,. For large n, we have v](-:) > m, and the
argument in the proof of Lemma 5.2 shows that |, ()| + |@(u)| < 2(1 4 4m?u?)~3/4. By
Fourier inversion and dominated convergence,

Sup | pyin () ~ p (0] < 5 [ Joulu) = p(u)| du =0,

The same argument, with three indices of I\ A, proves the uniform convergence of

Poin) 1,4+ BVery finite subset of I is contained in I, for large n, since vfn) — v; > 0 for each
i; this proves the claims about A C I,,. The laws yf{fﬂ and y% “ have the densities 7, , and
r» 4 with respect to 4, by Lemma 5.9. Using UI(L‘") (z) =Yica vgn) (z2 —1) = Ua(z), the
uniform Convergence of densities, the continuity of p, p\ o, and p ) (0) = p»(0) > 0, we
find that 7 ) 4 — 75,4 p01ntw1se By Scheffé’s lemma, we have [ |1 ) 4 — 70,4/ dva — 0,
which is the convergence of pt ) in total variation.

For Yy, let D, and D be the dlagonal matrices with entries (v, (n ))1/ 2 and vl/ 2 i€ A.
Total variation is invariant under the bijection D;, and by the trlangle 1nequahty we have

HVZ(?«) - VZAHTV < Hyfﬁb - ‘ugAHTV + H Law (DD~ 'Ys) — Law(Y) HTV’

where Y, has law y},/f‘. The law of Y4 has a Lebesgue density p € L'(IR?), and the
law of D,D~1Y4 has the density p(DD,; 'y) det(DD,,; ). Since D,D~! — Id, this density
converges to p in L!: this is clear for continuous p with compact support, by dominated
convergence, and the general case follows by approximation, since the change of variables
preserves the L! norm. This proves the convergence of yza). Finally, the same Fourier
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argument shows that p )5 — pop and p m I\B " Pol\B uniformly, so that their

suprema converge, and together with p_)(0) — p,(0) this gives M (o), B) — M(v, B).
U



SECTION 6

Likelihood ratios on a common sphere

This section compares two Gaussian laws conditioned on the same sphere, i, and p; with
Y, 0; = Y, 0;. We write 3; = v;(1+¢;), so that I = Z(v,3) = 1Y ¢? is the information
of 7 relative to v (Definition 3.5). The main result, Theorem 6.6, states that under y, the
logarithm of the likelihood ratio dps/ duy is close in the Wasserstein distance Wj to the
Gaussian law N (—1/2,1), with an error Cg(1, + max; |e;|) that is uniform over I < B,
including I = 0. As a consequence, |15 — po||Tv is close to 2@ (+/1/2) — 1. With I = e,
this is the Gaussian profile ¥ (u) of Section 3, which is how ¥ arises at high temperature.
In Theorem 6.8, we deduce the corresponding limit statements, including convergence of
exponential moments and the case of diverging information.

The proof has four ingredients: an identity expressing total variation through the
likelihood ratio (Lemma 6.1); a bound on inverse moments of a positive quadratic form
under y, (Lemma 6.2); an exact integration by parts formula for quadratic statistics
under y, (Lemma 6.3); and Stein’s method, which turns this formula into a normal
approximation for quadratic statistics (Lemma 6.4 and Theorem 6.5). The log likelihood
ratio is a quadratic statistic plus a constant, and the information I is its asymptotic
variance. We use Theorems 5.3, 5.11, and 5.15, Lemmas 5.9 and 5.13, and Corollary 5.16
from Section 5. The results are used in the high-temperature profiles of Sections 13 to 15
and in the outer limit of Section 20.

The Gaussian law A/ (—1/2,1) and the profile 2d(+/1/2) — 1 are those of the Gaussian
shift experiment in Le Cam’s theory of local asymptotic normality [104, Section 2, pp. 40—
43]; see [146, Chapters 6-7]. The results below concern the log likelihood ratio of two
tixed laws, or of finitely many, and do not involve a parametrized family of laws. Normal
approximation by an integration by parts identity is Stein’s method [141]; see [116,
Sections 3.1-3.5] and [42, Chapter 2] for modern accounts.

Conventions. Throughout this section, all variance sequences are finite, indexed by
{1,...,n}, and uy is the law of Definition 5.4 on the sphere Sg2, R? = ¥; v;. We keep the
notation Sy, 9;, 1, of (5.1) and write Z; = Y;//v; under p,. Recall that |Y|?> = R? under
jy; dividing |Y|? — R*> = Y;v;(Z? — 1) by Sy, we obtain the identity

n
Y 9;(ZF—1) =0  everywhere on Sp.. (6.1)
i=1

101
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For probability measures Aq,A; on R with finite first moments, Wj(Aj,A2) =
sup, | [ hdA; — [hdA;|, the supremum being over 1-Lipschitz functions . We write
Law, (X) for the law of X under y, and A (m,0) is the point mass at m. For w € R",
||lw||2 and ||w||e are the Euclidean and maximum norms, and (-, -) is the Euclidean inner
product.

6.1 Total variation and likelihood ratios

Lemma 6.1 (Total variation through the likelihood ratio). Let P, Q be probability measures
on a common space, with Q absolutely continuous with respect to P, and let £ = log(dQ/ dP) €
[—00,00). Then

[P = Qllrv =Ep(1-¢).. (62)
Let I > 0 and let X have law N (—1/2,1). Then

E(1-¢¥), =20(V1/2) -1,  EeX =12 (teR). (6.3)

Further, the function x +— (1 — e*)y is bounded by one and 1-Lipschitz on R, which gives
Ep(1—ef)y —E(1 —eX);| < Wi(Lawp(¢), N (—1/2,1)) whenever { is real-valued and
integrable under P.

Note that A'(—1/2,1) is the law of log(dN'(v/1,1)/ dN(0,1)) under N (0,1), so that
(6.2) and (6.3) imply that |V (v/I,1) — N'(0,1) ||ty = 2®(V/1/2) — 1.

Proof. Let L = dQ/dP = e’. Note that Ep(1 — L) = 0, so that Ep(1 — L), = Ep(1 —
L)- = 3Ep|1—L|,and 3Ep|1 —L| = } [|dP — dQ| = ||P — Q|/1v- This proves (6.2). The
tirst identity in (6.3) is immediate at I = 0, when X = 0; for its proof we may therefore
assume I > 0. We write X = —1/2++/IG and x = v/1/2, so that X < 0 exactly when
G < x. Completing the square, we have e 1/2+VI8g(¢) = (g — V1), and
X
E(1—eX), = o(x) / ¢(g— V1) dg = (x) — ®(x — VI) = 20(x) - 1,

where we used x — /I = —x. The second identity in (6.3) is the Gaussian moment
generating function. The function (1 — e¥); vanishes for x > 0 and has derivative
—e* € [—1,0) for x < 0, which implies the last statement. O

6.2 Integration by parts under the conditioned law

Lemma 6.2 (Inverse moments of a quadratic form). There exist universal constants 1iny > 0
and C < oo such that every finite variance sequence v with 17, < Hiny satisfies

n
E,V*P<C  p=12  where V=Y 0777 (6.4)
i=1
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The constant does not depend on the dimension or on the smallest variance. Note
that V > 0 everywhere on Sg..

Proof. We fix 7jiny such that 72 < 1/48 and iy is at most the constant 7. of Theorem 5.11.
We add indices 1,2,... to a set J until gy = Y ;¢ 07 first reaches 1/6. This happens, since

; l = 1/2, and since the last index added contrlbutes at most 17 < 1/48, we have
1/6 < q; < 3/16. The fraction of the variance of T, carried by [ is hj = 2q; <3/8 <1/2,
and Theorem 5.11 implies that r, ; < C. Using V > } ;¢ 0?Z? and Lemma 5.9, we obtain

IEMV_”S/<ZU 2) (@)1 (d2) < CE(Lok?)

i€] i€]

Using x 7 = T'(p)~! [;°tP~le~* dt, Tonelli’s theorem, and Ee~8" = (1+2s)"1/2, we

have , -
52,2 -1 A2\ —1/2
E( o) TP)/O P (1 +2102) 2 d,

ie] i€]

Let m; = max;c;0? < 53. The function x — log(1 4 2tx) is concave and lies above
its chord on [0, m;], that is, log(1 + 2t0?) > (02/my)log(1 + 2tm;) for i € J. Then the
product is at most (1 4 2tmj)~" with a = gq;/(2m;), and with the substitution s = 2tm;
and the beta integral we find

1 ['(a P

R )_”dt—— —2rm)) ", =1,2.
iy 2 )~ LL@—2m)

Since 2pm; < 4175 < 1/12 < q;/2, each factor satisfies q; — 2rm; > gq;/2 > 1/12; in
particular a > p, and the integral converges. This bounds the product by 127 and proves
(6.4). O

Lemma 6.3 (Integration by parts for quadratic statistics). Let v be a finite variance sequence,
and let w € R" satisfy ) ; 6;w; = 0. Define, on Sg2,

Qu = Zwi (z2-1), V= Z@%Z?, Ky = Z@iwiZ?,

Jo = szzz Ly = Zv w;Z?, Zﬁ3Z2
and 5
2K 2Ly 2Ky V-
Aw =2Juw — TWI Ry = TW - ‘;02 > (6.5)

For every continuously differentiable f : R — R,

Ey, [(Qu + Ru)f(Qu)] = Ey, [Awf'(Qu)]- (6.6)
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Further, there exist universal constants 1y, > 0 and C < oo such that, if 1, < 1pp, then

E, | Aw = 2|lw[[5] < C([|w]leollwll2 + 73 ]|w]]3),
lEyv|Rw| < C’?v”sz, IEVU|Rwa| < CWUHWH%-

6.7)

The identity (6.6) is exact and holds without any smallness assumption. If y, were
replaced by the law of independent Gaussian variables, the corresponding identity would
hold with Ry, = 0 and Ay, = 2Jy; the term —ZKZ%,/ V and the correction R, come from
the constraint (6.1).

Proof. We first prove the identity, using a vector field tangent to the spheres S;, and then
bound the coefficients.

Step 1: a divergence identity on spheres. Let X be a continuously differentiable vector
field on R™ \ {0} with X(y) -y = 0 for all y. We claim that fSr div X dH"~! = 0 for every
r > 0. Indeed, for 0 < a < b, the divergence theorem on the shell {a < |y| < b} gives
/. <ly|<b div X dy = 0, since the outward normals at the two boundary spheres are £/ |y|
and X -y = 0 there. In polar coordinates, this says that fab ([ s, div X dH"1) ds = 0 for
all 0 < a < b. The inner integral is continuous in s, and it vanishes for every s > 0.

Step 2: the identity (6.6). We regard z; = y;/./v;, and hence Qq, V, Ky, Juw, Lw, V3, Aw, Rw,
as functions of y € R”; they are smooth on R" \ {0}, where V > 0. Let « = K,/ V and
define the vector field T on R" \ {0} by

Ti(y) = /i (w; — ad;)z;.
Using /v;z; = y; and v; = 5,0;, we have

T(y) -y = So ) 0i(w; — ady)z} = So(Koy — aV) = 0.

1/28

Recalling that d,;, = v; "/ “d,,, we find by direct computation that

divT =Y (w; — at;) — Y 9;zi0z,a, T-Viegp = — Y (w; — at;)z?,
i i i

T-VQuw = 2Jw — 20Ky = Aw,

where p(y) = exp{—% Y y?/v;}. Further, 9,0 = 20;w;z;/V — 2Kq,0?z;/ V?, which gives
Y. 0izi0,,& = Ry. Adding the first two identities gives

ot div (pT) = - Y (w;—at;)(z7 —1) — Ry = —Qu+a y_0;(z7 — 1) — Re.

i



6 Likelihood ratios on a common sphere §6.3 105

On Sg2, the middle term vanishes by (6.1). Now apply Step 1 to X = pf(Qu)T,
which is continuously differentiable on R"” \ {0} and satisfies X -y = 0. Since

divX = p[f(Qu)p ' div(pT) + f(Qu)T - VQu], we obtain

[, Pl (Qu+ Ru)f(Qu) + Auf'(Qu)] ¥ = 0.

R2
The density of y, with respect to #"~! on Sy is proportional to p, by (5.10), and this
identity is (6.6).

Step 3: the error bounds. We take 7, < min{7o, 7inv}, Where 7 is the constant of
Theorem 5.15 and 7y that of Lemma 6.2. All norms below are in L?(y,). We have
|Qull+ < Cllw]|2 by Theorem 5.15. Since ¥; 9;w; = 0, we have Ky, = ¥; 9;w;(Z? — 1), and
| Kwlla < Cipo||w]||2 by Theorem 5.15 with coefficients 9;w;. Similarly, using J, — ||w||3 =
Y, w?(Z? — 1), we find that

1/2
1o = I3l < [[Jo = llBll, < (L) ™ < Clwlolwl.
1

Next, Ly, = Y, 0?w; + ¥; 0?w;(Z? — 1). By the Cauchy-Schwarz inequality, | Y; 0?w;| <
(X 02) V2 (2 92w?) /2 < 5y|lw||2, and Theorem 5.15 bounds the second sum in L* by
C(Y; ﬁ?wiz)l/z < Cn3|lwl|>. We conclude that ||Ly||s < Cryl|lw|o. Finally, 0 < V3 < 1,V
pointwise, so that |Ry| < 2(|Ly| + 75|Kw|)/V, and ||V} < C by Lemma 6.2.

We now combine these bounds. By Holder’s inequality,

E[Aw — 2|wl3] < 2{|Jw — [[wll3]l, + 21K lZIV 2 < C(llwllllwll2 + n5lw]3).
Using the Cauchy-Schwarz inequality, we find
E[Re| < 2([|Lwll2 +770||Kw||2)||v_1||2 < Cipol[wll2,
and by Holder’s inequality with exponents 4, 4, and 2,
E|RwQul < 2(I[Lalla + 10l Ko lla) | Qullal V= l2 < Crpoflw]l5.
This proves (6.7). O

6.3 Normal approximation of quadratic statistics

Lemma 6.4 (Solutions of the Stein equation). There exists a universal constant C with the
following property. Let h : R — R be smooth, and suppose that h is 1-Lipschitz or that ||h||e < 1.
Then there exists a smooth bounded solution f of

f(x) —xf(x) = h(x) — Eh(G), x €R, (6.8)
with || flle + || f'llec < C.
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For background on Stein’s equation and the generator approach, see [141] and [42,
Chapter 2]. We prove the bounds here.

Proof. We set h = h — Eh(G) and define

X o _
flx) = exz/z/ h(u)e /2 du = _exz/z/ h(u)e /2 du,
—o x
where the two expressions agree since [ h¢ = 0. Differentiation shows that f is smooth
and solves (6.8). It is the only bounded solution, since the solutions of the homogeneous
equation are the multiples of ¥’ /2,

Suppose |||l < 1, so that |i| < 2. For x > 0, the substitution u = x + s shows that

X2 /Oo e 24y = /Ooo e~ *5/2ds < min {Vm/2,1/x},
X

and the second expression for f gives |f(x)| < 2v/7/2 and |xf(x)| < 2. The case x < 0
follows from the first expression in the same way, and the bounds at x = 0 follow by
continuity. Finally, (6.8) gives |f'| < |xf| + |h| < 4.

Suppose h is 1-Lipschitz, and assume first that all positive-order derivatives of h are
bounded. Let Ph(x) = Eh(e~*x +5;G) with s; = (1 —e2*)!/2 be the Ornstein-Uhlenbeck
semigroup, and let

F(x) = — /O Y e P () (x) dt.

Then ||F|jo < ||I|lc < 1. For t > 0, Gaussian integration by parts gives (P(h'))'(x) =
e 'E[h" (e7tx +5:G)] = e ts; VE[GH (e7'x + 5:G)], and

o ,—2t
F(x)] < / ElGldt =E|G| = v2/7,
0 St
where we used [, e (1 — e 2)"1/2dt = 1. Further, (Ph)’ = e 'P(I'), and 0;Pih =
(Pth)" — x(P:h)" by direct differentiation of the Gaussian integral. We obtain

F'(x) — xF(x) = —/

0°° [(P)" (x) — x(Psh)' (x)] dt = — /O " 9:Pih(x) dt = h(x) — Eh(G),

since Pyh = h and Pih(x) — Eh(G) as t — oco. The bounds on the integrands justify the
interchanges of derivatives and integrals. We conclude that F is a bounded solution of
(6.8), and F = f. For a general smooth 1-Lipschitz h, let h; = h * p, for a nonnegative
smooth compactly supported mollifier of unit mass. Then h remains 1-Lipschitz, has
bounded derivatives of every positive order, and converges uniformly to h. The integral
formula gives f.(x) — f(x), while f/(x) = xfe(x) + he(x) — Eh:(G) — f'(x) for each x.
Thus ||f|lee <1 and ||f']|e < V2/ 7. O
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Theorem 6.5 (Normal approximation of quadratic statistics). There exist universal constants
fnor > 0 and C < oo with the following property. Let v be a finite variance sequence with
o < nor, and let w € R" be arbitrary. Let

vt =w-20,0)5,  B=2w B Qu=Yw(Z-1).
i

If oy = 0, then Qy = 0 on Sga. In all cases,

Wi (Lawy, (Qu), N (0,0%)) < C (10w + | [|oo).- 6.9)
If o0y > 0, then also
| Law, (Qw) = N (0,0%) || ry < min {1, C (170 + [[w™ [[oo/ o) }- (6.10)
Further,
E;1,Qu| < C(1700w + |0 ||oo), (6.11)
|y, Q% — 03] < C(1102 + 0wl [|oo). 6.12)

Since ||9]|3 = 1/2, the vector w™ is the orthogonal projection of w onto the orthogonal
complement of 0. The variance 02 is therefore no greater than the variance 2|wl|3 of
Y, w;(g? — 1) for independent Gaussian variables, by the part of w along the constrained
direction. The constants do not depend on the dimension or on the smallest variance.

Proof. We set fjnor = 7jipp, the constant of Lemma 6.3. By (6.1), we have Qu — Q1 =
2(0,w) ¥;0;(Z* — 1) = 0, which means that Q, = Q1 on Sg; also (o, wr) = 0. If
0w = 0, then wt = 0and Q, = 0. Let 0y, > 0 and u = w' /0oy, so that (6,u) = 0,
2[lull3 =1, and Qu = Qu /0w

Let h be smooth, and either 1-Lipschitz with bounded derivatives of every positive
order or bounded by one, and let f be the solution of (6.8) from Lemma 6.4. By (6.6) for

u, we have E[Q, f(Qu)] = E[Auf (Qu)] — E[R,f(Qu)], and
Eh(Qu) - Eh(G) = E[f/(Qu) - Quf(Qu)} = E[(l - Au)f/(Qu) + Ruf(Qu)}‘

Since 1 = 2||u|3, the bounds (6.7) imply that

IEh(Qu) — Eh(G)| < C(E|Ay —2||u|)3] + E|Ru|) < C(no + || ||/ 0w), (6.13)

where we used ||u||o||t]]2 < |0t ||eo /0w and 72 < 15

Let h be 1-Lipschitz. The convolution h; of h with a smooth probability density
supported in [0, d] is smooth, 1-Lipschitz, has bounded derivatives of every positive
order, and satisfies ||l — h|l < . Applying (6.13) to hs and letting 6 — 0, we find
that (6.13) holds for h. Taking the supremum over /i, we obtain Wy (Law(Q,,), N (0,1)) <
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C(17y + [|[wt||eo / 0w). Since Wy (Law (0 X), Law(c X)) = oW (Law(X), Law(X")) for o > 0,
this is (6.9).

For (6.10), we claim that the total variation distance between two probability measures
A1,A2 on R is the supremum of | [hdA; — [ hdA,| over smooth h with 0 < h < 1.
Indeed, given a Borel set E and § > 0, by regularity of the finite measure Ay + A; there
exist a compact K and an open O with K C E C O and (A1 + A2)(O \ K) < 4. Covering
K by finitely many open intervals whose closures lie in O, we find a smooth h with
1x < h < 1p, and then |/\]'(E) — fhd)xj] < ¢ for j = 1,2. By the claim and (6.13) for
smooth & with values in [0, 1], we have || Law(Q,) — N(0,1) v < C(17o + ||w]|co/ o).
Total variation is invariant under multiplication of both variables by oy, and it is at most
one, which proves (6.10).

For the moment bounds, we apply (6.6) to w* with f(x) = 1 and f(x) = x, which
gives

EQ,. = —ER,., EQ3, =EA, —E[R, Q,].

Using Quw = Q,1, 2||wL||% = 02, and (6.7), we have [EQy| < Cpy||w™ |2 < Cry0w, which
implies (6.11), and

‘]EQ%J - Uzzu| S E‘Awi - 2||wJ_||%| +]E|Rlewl| S C(l|wJ_||°°0w +77001%2)/

which is (6.12). O

6.4 Likelihood ratios

Let v and  be finite variance sequences on {1,...,n} with ¥ ;v; = ¥; 5; = R%. Then u,
and 5 are laws on the same sphere Sz, with positive continuous densities, so they are
mutually absolutely continuous. We write

_ &
o 1—|—€1"

1
0; = vi(1+e), € €= miax leil, I= 2 Zilezz' (6.14)

where I = Z(v,7) is the information of 7 relative to v (Definition 3.5). The equality of the
traces means that ) ; v;e; = 0, that is,

Y die; = 0. (6.15)
i

By (5.12), dpo/dH"' = 7/(2Rpy(0)) on Sgo, and 7s(y)/70(y) = TL(1+
e;) /2 exp{%zi éy?/v;}, since vi_l — 771._1 = &;/v;. We conclude that the log likeli-
hood ratio ¢ = log(dus/ duy) is, exactly,

1 »(0
{ = ko + Qu, w = %”, ko = 5 Z (& —log(1+¢;)] +log ?EO;’ (6.16)
i (%
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where Q, = ¥ w;(Z?* — 1) as in Theorem 6.5. Equivalently, with (P4 = —1 %" log(1 +
e;) + % Y éiZl-z the log likelihood ratio of the unconditioned Gaussian laws,

ot = o PO 6.17)

ps(0)
Theorem 6.6 (Quantitative likelihood ratios on a common sphere). There exists a universal
constant 1y > 0 such that, for every B < oo, there exists Cp < oo with the following property.
Let v, @ be finite variance sequences with ) ; v; = Y, 0;, and define e;, €, I by (6.14). Suppose that

e < le, o < ik, I <B.
Then, with ¢ = log(dus/ duy),
Wi (Lawy, (€), N (=1/2,1)) < Cp(no +¢), (6.18)
and
l#o = pollzy — C@(VI/2) = 1)| < Ca (o +2). (6.19)

The threshold 73 does not depend on B, and the bounds hold uniformly down to
I = 0. The constants do not depend on the dimension or on the smallest variance.

Proof. If I =0, then @ = v, £ = 0, and the left sides of (6.18) and (6.19) vanish, so both
inequalities hold. Let I > 0. We use the exact decomposition (6.16): we show that the
constant kg is close to —1/2, that the projected coefficient vector w' of Theorem 6.5 has
small entries and norm close to v/1/2, and then apply Theorem 6.5 and Lemma 6.1. We
take 7y < min{gmoc, Nnor }, Where 7o is the constant of Theorem 5.3 and #nor that of
Theorem 6.5. Note that |&;| < |e;|/(1 —¢) < 3|ei].

Step 1: the constant ko. Recall that S2 =2Y;0?(1+¢;)?% sothat1 —¢ < S5/S, <1+¢
and 75 < 217, < 315 < joe. Writing pv( ) = f»(0)/S,, and similarly for 7, we have
po(0) fo(0)
lo =lo +lo .
£ 40) ~ B0 %,

By Theorem 5.3, f,(0) and f5(0) are at least ¢(0) /2 and differ from ¢(0) by at most Cys,
and the first logarithm is at most Cr, in absolute value; the second is at most %e‘. Thus

‘lgpv ‘_ (170 + ). (6.20)

Next, the function k(e) = 1[e/(1+e) —log(1 +e)] +¢?/4 satisfies x(0) = «’(0) = «”(0) =
0 and «"'(e) = (2 —e)(1 +¢)~*, which is at most 8 for |e| < 1/4. Taylor’s formula gives
x(e)| < 3e|® for |e] < 1/4. Summing over i, we obtain

I 8
& —log(1+e)] +5| < 3 2|e1\3 < Sel.

i

2L
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We conclude that
ko +1/2| < C(1,+¢€) +3el < Cp(no +¢). (6.21)

Step 2: the projected coefficients. With w = &, we have 2(6,w) = (9,¢) and w' =
3¢—(0,8)0. By (6.15) and &; —¢; = —€?/ (1 +¢;),
- e 4 , 8
o1~ Lol < g =t

This cancellation, which comes from the equality of the traces, keeps the projection small,
and it gives

2 8
w0 < 3¢t g’?gl-

Recall that w is the orthogonal projection of w onto the complement of ¢ and ||9]|3 = 1/2,
so that .
2 L2 512 (A 5
o = 2[wt |l = S ell3 — (8,2)*

Using |62 — ¢?| = ¢?|(1 +¢;) "2 — 1| < 4@e?, we find
1
o3 — 1| < 4del+87217, 03 < EHéH% <2l

Dividing by oy, + VI > /I, we find
|0 — V1| < 42V + 872132, (6.22)
Step 3: conclusion. By Theorem 6.5 and Step 2,
W1 (Lawy, (Qw), N (0,03)) < C(17o0w + |w™"||e) < Cp (170 +&).

Coupling N (0,02) and N(0,I) as 0,G and +IG, and using (6.22), we have
W1 (N(0,02),N(0,1)) < E|G||ow — VI| < Cp(yy +&). Since £ = kg+ Qp and a
deterministic shift changes W; by at most its size, (6.21) implies that

Wi (Lawy, (0), N (~1/2,1)) < [ko +1/2] + Wi (Lawy,(Qu), A(0,1)) < Ci (10 +2),

which is (6.18). Finally, by Lemma 6.1 with P = p, and Q = pg, we have ||us — po||Tv =
E,,(1- el )+, and the last statement of Lemma 6.1, together with (6.3), proves (6.19). [

Remark 6.7 (Disorder-dependent sequences). Theorem 6.6 is deterministic. In the applica-
tions, v and ¥ depend on the disorder and on time, and the hypotheses are verified on
events of high probability. The bound B is then fixed before N — oo: if 17, +¢& — 0 in
probability and the information is tight, then for each § > 0 we choose a deterministic
B with limsupy IP(I > B) < 4, apply (6.19) on the event {I < B, ¢ < 1/4, 1o < mx},
and then let § — 0. We obtain || — pto||v — (2®(/1/2) — 1) — 0 in probability. The
statement concerns a fixed pair of laws; uniformity over a family of pairs indexed by
time requires the hypotheses to hold uniformly over the family.
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Theorem 6.8 (Gaussian limits of likelihood ratios on a common sphere). For each N > 1,
let v =o(N) and 5 = \N) be finite variance sequences with

Y 0oi=) 7, 0=vi(l+e) éy=maxleg] =0, 7,—0, (6.23)
s . 1
1 1

as N — oo, where the indices i and the coefficients e; depend on N. Let Iy = %Zi e? and
On =log(dus/ duy). If Iy — I € [0,00), then under iy,

In=N(=1/2,1), Eue™ — (P12 for each fixed t € R, (6.24)

and
HP‘ﬁ - VUHTV - 2q)(\/7/2) - L (6.25)

IfIN — 00, then ||;/lﬁ — ,uUHTV — 1.

The convergence of exponential moments is for each fixed ¢; in its proof, the tilted
variances are positive only for N large depending on ¢. In the case Iy — oo, no relation
between 7, and Iy is assumed.

Proof. We prove the three assertions in turn.

Weak convergence and total variation. Let Iy — I < oo and B = [+ 1. For
N large, ey < 1/4, 1o < m, and Iy < B, and by Theorem 6.6 we have
Wi (Law,,, (¢n), N (=In/2,IN)) < Cp(1o + én) — 0. Coupling with one standard Gaus-
sian variable, we have Wy (N (—In/2,IN), N (=1/2,1)) < |Iy — 1|/2 + E|G||VIN —
VI| — 0. Convergence in W; implies weak convergence, which proves the first part
of (6.24), including the case I = 0. By (6.19) and continuity of I — 2®(1/1/2) — 1, we
obtain (6.25).

Exponential moments. Fix t € R. Recall that |¢;] < 3éy — 0; we have |t&;| < 1/2 and
|(1 —t)e;] <1/2 for all i when N is large. We assume this from now on. By (6.17),

= () T e "o (5 2ot}

i

Ey

We apply Lemma 5.13 with coefficients é;. The tilted variances are

v vi(l+e) _ N—t/201 iz \—1/2
%) = % T T ne Kn() =[] +e) 21 —ta)""%, (626

and we obtain

e = (20 ) P EENO) ) 5 (o) — o),
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We treat the three factors separately. The first tends to one, by (6.20). For the third, using
the identity ), v;e; = 0, we find, exactly,
2
M) = Dy e = 0 O D gy SN0 <200 0lns. e
(6.27)
The ratios v;(t)/v; tend to one uniformly in 7, so that S,;)/Sy — 1 and 1, < 70(1 +
0(1)) — 0. As Iy is bounded, we deduce from (6.27) that An(t)/S,y) — 0. Using
Theorem 5.3 with j = 0, we find that f,;) — ¢ and f, — ¢ uniformly. Since ¢ is
continuous, it follows that

Poiy (=BN()) Sy forry(ZAN(E)/Sor))

_ S (6.28)
po(0) So(t) fo(0)
For the second factor, log Ky (t) = Y_; kt(e;) with
1t

ki(e) = 5 log(1+e) — %log (1+(1—t)e),

which follows from 1 —t&; = (1+ (1 —t)e;)/(1 +e;). We have k;(0) = k;(0) = 0 and
k}'(0) = (#> —t)/2, and Taylor’s formula gives |k;(e) — (t* — t)e? /4| < Cie|? for |e| small,
depending on t. We obtain

£2 ¢ 22—
IOgKN(t) = TZef‘ —|—Ot (B_N Zef‘) — (T)
1 1

Combining the three factors, we obtain the second part of (6.24).

Diverging information. Let Iy — oo, and consider the single quadratic statistic

On(y) = Z@(ﬁ - )

Uj

For N large, 17, and 15 < %170 are at most the constant 79 of Theorem 5.15. Under yu,, by
Theorem 5.15 with p = 2, we have E,, Q%\] <CY; e% = 2Cly. Under u3, with Z; = Y;//7;,
we have y?/v; = (1+ ¢;)Z?, and hence the exact identity

Qn = 2Iy + Zei(l +e)(Z7 - 1).

By Theorem 5.15 under ji5 we have E,, (Qn — 2Iy)* < CY;e?(1+¢)? < CIy. By
Chebyshev’s inequality,
C C
1o (Qn > In) SE' 1o (On < In) < ps(|Qn —2In| > In) < s

We conclude that [|us — polltv > p#s(Qn > In) — #o(Qn > In) > 1-2C/Iy — 1, as
desired. []



SECTION 7

Deterministic covariance evolution and heat estimates

This section collects deterministic facts about the exponential of a diagonal matrix per-
turbed by a matrix of rank one. For positive precisions py, ..., py with }; p;l = N, we
study the heat matrix H = —2diag(p) + (2/N)117, the heat vector h(t) = 1, and its
mean /i(t). These objects describe the evolution of Gaussian variances that we use at high
temperature to approximate the time-t law, and they also describe the second moments
of the unnormalized process of Section 10. In Section 7.1, we prove the algebraic facts
once (Lemma 7.1): positivity of e'?, the kernel of H and the weight of its zero eigenvalue,
a representation of /1 by a positive spectral measure, the coordinate Duhamel formula,
and the resolvent of H. We also prove an exact formula for the information in terms
of i (Lemma 7.3) and rescale the spectral measure at the scale of the smallest precision
(Lemma 7.4). In Section 7.2, we define the covariance evolution and the Bingham com-
parison law y; of a symmetric matrix A, and prove their basic properties (Lemmas 7.6
and 7.7). The next two subsections prove estimates under two different hypotheses on the
precisions. In Section 7.3, the smallest precision d is at most one and the other precisions
exceed d by an amount of order ((i —1)/N)?/3, which is the situation at high temperature
(Lemmas 7.10 to 7.13). In Section 7.4, the half-precisions r; = p;/2 are of order (i/N )2/ 3
for all 7, including i = 1, which is the situation in the critical window (Lemma 7.14).
Finally, in Section 7.5, we show that convergence of the real squared resolvents of positive
measures implies their convergence against a large class of test functions (Lemma 7.15).

We use only the definitions of Section 3, namely the operators (3.3) and the Lagrange
multiplier of Definition 3.3, and the identification of Bingham laws with conditioned
Gaussian laws in Proposition 5.6. All statements are deterministic, except for the random
version of Lemma 7.15. The covariance evolution and the Bingham comparison law are
used in Section 9 and in Part III. The algebra of Lemma 7.1 is used in Sections 10 and 14,
and the estimates of Section 7.3 are used in Sections 10, 14, and 20. Lemma 7.14 is used
in Sections 8, 10, 12, 18, and 19, and Lemmas 7.3 and 7.15 are used in Sections 14 and 20.

Notation. Throughout this section, N > 2 and p = (p1,...,pn) is a sequence of positive
numbers such that

— =N. (7.1)

N
—1 Pi

1
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Recall from Definition 3.3 that the precisions p; = z — a; of a real symmetric matrix A
with eigenvalues a; > --- > ay satisfy (7.1). Conversely, every sequence p satisfying
(7.1) arises in this way up to a permutation of the eigencoordinates, since the Lagrange
multiplier of A = — diag(p) is z = 0. We write

g = l’ d = min Pi, S = maxp;, 0= N (7-2)

Pi i i Zz 1 qz .
For the matrix A, we have ¢ = N/ Tr Q% with Q = (zI — A)~!. We call ¢ the weight of
the zero eigenvalue; Lemma 7.1 below explains the name. We distinguish this weight
from the low-temperature top fraction fy. Let 1 = (1,...,1)T. We define the heat matrix,
the heat vector, and its mean by

1 N
==Y m(t), t>0. (7.3

H = —2diag(p) + %HT, h(t) = e'f1,
i=1

The heat vector h(t) has positive coordinates (Lemma 7.1 below). We define the variances
and the relative errors, and recall the information Zn(t) = Z(g,v(t)) of v(t) relative to g
from Definition 3.5:

. , N
oi(t) = at)= M ampon -1, Iu) = S Lt @4
=1

For a matrix A, we show in Section 7.2 that v(t) is the covariance evolution of A; in
particular, (7.4) agrees with (1.9) and with Definition 3.5. Finally, for complex ¢ with
¢ # —2p; for all i, let

1 N N
=N i +c/2 ; pi(pi +€/2) 79

i=

and for a locally integrable function f on [0,00) of at most exponential growth, let
= [y e ¢'f(t) dt be its Laplace transform, for real { large enough.

7.1 The heat matrix

The following lemma contains the algebra used in all later estimates. A real square matrix
whose off-diagonal entries are nonnegative is called a Metzler matrix, after [111]. The
positivity of its exponential, which we use below, follows from the series argument in
the proof of the first part; for background on positive linear systems, see [70, Chapter 2,

pp. 7-15].
Lemma 7.1 (The heat matrix). Let p satisfy (7.1).
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1. The matrix H is symmetric, and its off-diagonal entries are positive. For every t > 0, the
matrix e'™ has nonnegative entries, and h;(t) > e=?Fit > 0 for all i.

2. Wehaved <1 <sandd < ¢ < 1. The matrix H is negative semidefinite, and its kernel is
spanned by the vector g = (q1,...,qn)". Every eigenvalue of the restriction of —H to the
orthogonal complement of q lies in [2d,2s].

3. There exists a positive measure p on [2d,2s] with total mass 1 — O such that
h(t) =9+ /e_Mp(dA), t>0. (7.6)
In particular, h is completely monotone, h(0) =1, ¢ < h(t) < 1, and h(t) decreases to ¢ as
t — oo. For every integer j > 1 and all 0 < to < t with t > 0,

2j

0< (—1)R(1) < 2 (w2 -0, 7.7)

sY(h(t)—8),  (=1/RD() < (
< 1R >< £) < e 20 (—1)/R0) (1),

4. Forallt >0and1<1i,j <N

2 t

and in particular

t
hi(t) = e 2Pt —|—2/ e 2P (1) du, (7.9)
0

With k(t) = N=1Y; e~ 2Pit, we have h(t) = k(t) + 2 fot k(t —u)h(u) du.
5. For all t > 0, we have Y_; g;h;(t) = N.
6. For every complex { & {0} U [—2s, —2d], the matrix {I — H is invertible, G({) # 1, and

%ﬂ(gz ~H)y =" + / E'(?A (?@), 1-6(Q) = gS(g). (7.10)

For real ¢ > 0, these quantities are equal to ﬁ(@ ).
7. Forall t > 0 and all i, we have }; v;(t) = N, Y; q;e;(t) = 0, and

hi(t) = =2h(t)ei(t),  H'(t) = __T( % (7.11)

Proof. We prove the parts in order, except that the lower bound on #;(t) in the first part
uses (7.9), whose proof does not use it.
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Part 1. The off-diagonal entries of H are equal to 2/N. Since the diagonal entries of
H + 2sI are 2(s — p;) +2/N > 0, the matrix H + 2sI and all its powers have nonnegative

entries. The expansion
"(H + t(H +2s1)"

et —25t Z

shows that eff! has nonnegative entries for t > 0. In particular, h(t) has nonnegative
coordinates and %(t) > 0. The integral in (7.9) is nonnegative, and h;(t) > e 2Pit,

Part 2. The numbers g; liein [1/s,1/d], and their average is one by (7.1). Henced <1 <'s.
By the Cauchy-Schwarz inequality, we have N = (Y¥;4;)> < N Y 47, that is, ¢ < 1. Also
Yiq? <d1Y,q;=N/d, thatis, ¢ > d. For y € RY, we have

2 2
—yTHy =2} p? - (L) - (7.12)

Writing y; = /q; - \/Piyi and using the Cauchy-Schwarz inequality and (7.1), we find
(Zivi)? < Xiqi X piv? = NY; piy?, with equality if and only if (\/p; y;); is proportional
to (\/9i)i, that is, if and only if y is proportional to . We conclude that —H is positive
semidefinite and that y"Hy = 0 only for y € span(g). Every vector y in the kernel
satisfies y" Hy = 0, and (Hq); = —2+2N"1}; q; = 0. Therefore the kernel is spanned by
g. Since H is symmetric and Hq = 0, the orthogonal complement g is invariant under
H. Lety € g*. Using p;q; = 1 and ¥;q;y; = 0, we find ¥, y; = Y (p; — d)q:y;, where the
numbers p; — d are nonnegative. Then the Cauchy-Schwarz inequality implies that

(Zyz)<2 ) Epi —d)gE <N Tl
1 1

where in the last step we used Y ;(p; —d)q? = N —dN/¢ < N. Inserting this bound
into (7.12) gives —yTHy > 2d|y|*. Also —y"Hy < 2Y; pjy? < 2s|y|. This shows that the
eigenvalues of —H on g lie in [2d, 2s].

Part 3. By the second part, there exists an orthonormal basis ug, 11, ..., un_1 of RN with
up = q/|q| and Huy = —Aguy, where Ag = 0 and Ay € [2d,2s] for k > 1. Then

7 L1 i1 et (TTug)?

h(t)—ﬁl el = k;)e k N
By (7.1), the term k = 0is (¥;4:)*/(N¥L;q?) = 0. Let p = Yoy N1 (1T1y)%6,. Its
mass is N7![1|> — @ = 1 — ¢ by Parseval’s identity, and (7.6) holds. Differentiating the
finite sum, we have (—1)/20)(t) = [AeMp(dA) > 0. In particular, & is completely
monotone and decreases from h( ) = 1 to its limit 8. For A € [2d,2s], we have Me M <
(25)ie=* and Me ™M < e=24(=t) Aje=Mo_ Since sup,. o ¥/ */2 = (2j/(et))/, we also have
Me=M < (2j/(et))/e=*M/2. Integrating these three inequalities against p and recalling that
[e Mp(dA) = h(t) — 8, we obtain (7.7).
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Part 4. Since e’ is symmetric, we have Zk(etH)kj = (e'M1); = hj(t). The equation
Lot = HetH reads, entrywise,

d 2

dt (etH)l —2191( tH 1] + = Z tH ] _2pi(etH)i]' + Nhj(t)/

and the variation of constants formula with (e° )ij = 4;j yields (7.8). Summing (7.8) over
j gives (7.9), and averaging (7.9) over i gives the equation for h.

Part 5. Since Hg = 0, we have e!flg = . By the symmetry of e/, we find ¥; g;h;(t) =
gle = (eMg)"1=y,q:=N

Part 6. The eigenvalues of (I — H are { and { + Ay, k > 1, which do not vanish for
¢ ¢ {0} U [—2s, —2d]. Expanding 1 in the basis of the third part gives the first identity in
(7.10). Lety = ({I — H)"'1and 7 = N~! Y ;y;. The ith coordinate of ({I — H)y = 1 reads
({+2p;)y; — 2§ = 1. Since { +2p; # 0, we obtain y; = (1+27)/(C + 2p;). Averaging
over i, we find 7 = (1 + 2y) G({) /2, that is,

7(1-6(0)) = 6(0)/2.
If G({) = 1, this identity would read 0 = 1/2. Therefore G({) # 1 and 7 = G({)/(2(1 —

G(¢))). By (7.1), 1 = G(¢) = N~" Li(q: — (pi +¢/2)71) = (£/2) S({). For real { > 0, we
have h(C) =8/C+ [p(dA)/(C+ A) by (7.6) and Fubini’s theorem.

Part 7. We have Y ;v; = Y ;h;/h = N by (7.3),and ¥ ; gie; = Y ;v; — Y ;q; = 0 by (7.1). The
equation i’ = Hh reads h} = —2p;h; +2h = —2h(p;v; — 1) = —2he,. Averaging over i
gives the formula for /'. O

The positivity in the first part holds more generally for the solutions of the linear
system iy’ = My for every real matrix M with nonnegative off-diagonal entries: if y(0)
has nonnegative coordinates, then y(t) = ¢y(0) has nonnegative coordinates for all
t > 0. The proof is the same, with H + 2sI replaced by M + 7I for T large. We use this in
the proof of Lemma 7.6.

Remark 7.2 (Precisions and half-precisions). The critical sections use the half-precisions
r; = p;i/2. In terms of these, the trace condition (7.1) and the heat matrix read
N
1

— _ : 3 T _ tH
lzlzri_N, H= 4d1ag(r)+N11, h(t) = €', Zh ), (7.13)

and the matrix —4 diag(r) + (2/N)117 of the critical sections is the same matrix H. With
k(t) = N71Y;e %, the fourth and sixth parts of Lemma 7.1 read Nh = Nk + 2k * (Nh)
and, for > 0,

G — _NK@©) Ly = fy L
NS = Ty ;g+4n 1 Zk(g)_ZNgri(ngélri)' (7.14)
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Indeed 2k(Z) = G(¢) and S(Z) = N~1Y,[r;(Z +4r;)] L. Table 7.1 lists the two conventions
side by side.

precisions p; half-precisions r; = p;/2
trace condition }; pi_1 =N yi(2r) ' =N
heat matrix H ~ —2diag(p) + (2/N)11T —4diag(r) + (2/N)117
kernel of H spanned by (p; 1); spanned by (r; 1),
decay in (7.8) e 2Pt e~ it
limit of Yo, 1j(t) N® = N2/ ¥, p;> AN?/ Y12

Table 7.1. The heat matrix in terms of precisions and of half-precisions.

At low temperature the potential is written with the scaled eigenvalue gaps a; =
c(A —A;)/2 of (3.8), and a; = r; — d /2. More generally, for a real number 7, the matrix
built from the coefficients r; — 7/2 is —4diag(r; — t/2) + (2/N)11T = H + 271, and its
exponential is e?*e!". For T = d, the zero eigenvalue of H becomes the eigenvalue 24,
and the exponential grows at rate 2d instead of converging.

The next lemma expresses the information through the function / alone. This is how
the information is computed in Section 14.

Lemma 7.3 (An exact formula for the information). Let p satisfy (7.1). For every t > 0,

In(t) = 5 ;ei(t)z = % (7.15)

Moreover, there exists a finite positive measure p supported on [2d,00) such that
R(t) = 8+ /e—Mp(dA), 0([2d,00)) =1 — 8. (7.16)

Proof. The measure p of Lemma 7.1 has the required properties. Since H is symmetric
and commutes with et

_ 1 1 T 1 2
n'(2t) = N1THZerH1 = N(Hele) (He't'1) = ~HRO[
By (7.11), (Hh(t)); = hi(t) = —2h(t)e;(t). Inserting this into the last display gives
B (2t) = 4h(t)>N-1 Y e;(t)? = 8h(t)*In(t)/ N, which is (7.15). O

At high temperature the relevant times are of order d !, and the transient part of & is
best viewed at that scale. The total mass of the measure ny below is (1 — ®)/+/d, which
need not stay bounded as N — co.
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Lemma 7.4 (The transient spectral measure at the scale of the smallest precision). Let p

satisfy (7.1), and let p be the measure of (7.16). Let ny be d~1/? times the image of p under the
map A — A/(2d) — 1, it is a finite positive measure on [0,s/d — 1|. For w > 0, let

h(w/d) . o

w) = , w) = fn(w) — —=

fn(w) Nz jn(w) = fn(w) N

Then fy(w) decreases to 8/+/d as w — oo. For every complex { ¢ {0} U [—2s/d, —2], and in

particular for every real { € (—2,00) with { # 0,
nN(dx) o \/H B ﬁ B 9
{+242x  2(1-G(d)) 2 dg

For real { > 0, the left side of (7.18) is jn({), and j/f]\\;(g) =Vd/(2(1—-G(d]))) —Vd/2.

= e‘zw/e_zwx ny(dx). (7.17)

(7.18)

Proof. The measure ny is supported in [0, s/ d — 1] because p is supported in [2d,2s]. By
definition of ny, we have [ g(A/(2d) — 1) p(dA) = Vd [ g(x) ny(dx) for every bounded
measurable g. With A = 2d(1 + x), we find from (7.16) that

F(w/d)— 8 — /Aw/d (dA) f/ w(143) g (dx),

which is (7.17). By Lemma 7.1, fy decreases to 9/v/d. Let { ¢ {0} U[—2s/d, —2]. Then
g ¢ {0} U[—2s,—2d], and

p(dA 1 ny (dx)

dC+A d C—i—/\/d Val T+2+2x
Inserting this into (7.10) at d{, multiplying by Vd, and writing G/(2(1—-G)) =1/(2(1 —
G)) — 1/2, we obtain (7.18). For real { > 0, the substitution t = w/d yields fx({) =

\/_ i_z(dC ), and the formula for ﬁ\\] follows from the sixth part of Lemma 7.1. Finally,
in(Q) = [nn(dx)/ (42 4 2x) by Fubini’s theorem. O

7.2 The covariance evolution and the Bingham comparison law

Let A be a real symmetric matrix with eigenvalues a7 > --- > an. We work in its

eigencoordinates, in which A = diag(a1,...,an), and we let z be its Lagrange multiplier

and p; = z — a; its precisions (Definition 3.3). Then p satisfies (7.1), and d = p; < p <
- < pNn = s. All notation of this section refers to this sequence p.

Definition 7.5 (Covariance evolution and Bingham comparison law). Let m(t) € R be
the solution of the linear system
2 Y Nm;(t)

m(t) = 2e;m;(t) + —]; mi(t),  mj(0)=1, andlet v;(t) = ¥ mi(t)

(7.19)
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We define the moving multiplier z(t), the coefficients b;(f), the matrix B;, and the Bingham
comparison law p; by

=11k Du ;b =20 o B =ding (5(1),

X Bix/2 vy (dx)
Jsy e B un (dy)

We call v(t) the covariance evolution of A.

(7.20)
pi(dx) =

The matrix of (7.19) is 2diag(a) + (2/N)11" = H + 2zI, so that m(t) = e**'h(t). By
Lemma 7.1, m(t) has positive coordinates, and v;(t) = h;(t)/h(t) agrees with (7.4). In
particular, e;(t) = v;(t)/q; — 1 and Zy(t) are the relative errors and the information of
the covariance evolution. On Sy we have x"B;x/2 = Nz(t)/2 — ¥, x?/(2v;(t)). Since
)i vi(t) = N, the second part of Proposition 5.6 implies that i = p, () is the Gaussian
law with variances v;(t) conditioned on Sy.

The covariance evolution has the following interpretation. Consider the linear system
dx; = (a; — z(t))x; dt + v/2dB;(t), driven by independent standard Brownian motions 5;
and started from independent standard Gaussian values, where z(t) is chosen so that
E|x(t)]> = N for all t. The variances Ex;(t)> then solve v/ = 2 + 2(a; — z(t))v;, and
the constraint forces z(t) = 1+ N~ Y a;0;(t); this is the system (7.21) below. In this
system the spherical constraint holds only in expectation. For the spherical Sherrington—
Kirkpatrick model, Cugliandolo and Dean solved this system in the limit N — oo by
diagonalizing the interaction matrix [51, (I1.2)—-(I.4)], and they reduced the multiplier
to a scalar Volterra equation [51, (IL.6)-(IL.7)]; see also [156, Section II, (2)—(6)]. In our
notation, the function e?*'hi(t) = N~ 1; m;(t) is equal to exp(2 [y z(u) du), by (7.11) and
the identity N1 Yjej(t) =z —z(t), and averaging the variation of constants formula for
(7.19) shows that it solves

(1) Zem it 2/ Zez""'(t_“)>ezz”i_z(u) du.
i

This is the finite-dimensional form of the Volterra equation of Cugliandolo and Dean,
at temperature one, with unit initial variances, and with the average over the spectrum
taken with respect to the empirical spectral measure of A. What we add is the comparison
of the Bingham comparison law y; with the time-t law of the diffusion on Sy, which is
carried out in Section 9.

Lemma 7.6 (Positive covariance evolution and uniform variance bounds). All m;(t) are
positive, Y ;v;(t) = N, and, for all t > 0,

v =2+2(a; —z(t))v;,  bi=Z(t)+ M, % (@i = bi(t))vi(t) = 0. (7.21)
i i=1



7 Deterministic covariance evolution and heat estimates §7.2 121
With q; = (z —a;) ™', d = z — a1, and s = z — a, we have, for all t > 0 and all i,

oi(t) — g < S 2, (722)

<oi(t) < 7

©® | =

1
dl
If ||A|l < M, then, uniformly in t > 0,
|B¢|| <2+ 3M, |A = By|| < Cppd e, z(t) —z| < (1+2M)d e, (7.23)

where Cp; = 4M(1 + M). Moreover, uy = vN, and uy — 714 in total variation as t — oo, for
fixed N and A.

Proof. The proof has five steps: the identities (7.21), a transformed linear system and the
decay of its oscillation, the range of v;, the bounds on z(t) and By, and the values at t = 0
and t = oo.

Step 1: identities. We showed above that m;(t) > 0. Let A(t) = N~! y.;m;j(t). By (7.19),
A= N71Yi(2um; +2A) = 2A (14 N7 aj0;) = 22(t)A. Using v; = m;/ A, we find

!/ /
m;  n;A\
’0/:—1— !

A A2

which is the first identity in (7.21). Also, )} ;v; = N by definition. Differentiating
bi = z(t) — v; ! and using the first identity, we obtain

= 20;0; +2 — 2z(H)v;,

v 2/1
’ Y _ < (1 o _
b! —z(t)+viz z(t)+vi<vi+ocl z(t)) 2/() +
Finally, ;(a; — b;)v; = Y ;a0 — z(t) Y;vi + N = N(z(t) — 1) — Nz(t) + N = 0.

Step 2: a transformed system. Let w;(t) = pih;i(t) = e ?*'m;(t)/q;. Recall that h} =
—2p;h; +2h and h = N1 ¥ ; h;. Multiplying by p;, we find

] g w;
w: = 2pl (I’l — wi), wl(O) = Pi, h = N . qiwi, Ui = qlljl - (724)

Note that /i(t) is an average of the numbers w;(t) with positive weights g;/N that sum to
one. In particular, h(t) lies between w(t) = min; w;(t) and W(t) = max; w;(t). We claim
that

oscw(t) =w(t) —w(t) < (s—d)e ¥, t>0. (7.25)

Fix t. By continuity, for small & > 0 the maximum of w;(t + ¢) over j is attained at an
index j that maximizes w;(t). It follows that the right derivative of w at ¢ exists and equals
max{w!(t) : w;(t) = @W(t)}. For such i, we have w/(t) = 2p;(h —w) < 2d(h — W), since
h—@w < 0and p; > d. In the same way, the right derivative of w is at least 2d(h — w).
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Subtracting, we find that the right derivative of oscw is at most —2d oscw. A continuous
function whose right derivative exists everywhere and is nonpositive is nonincreasing.
We conclude that e# osc w(t) is nonincreasing, and (7.25) follows from oscw(0) = s — d.
The same argument shows that @ is nonincreasing and w is nondecreasing; in particular,
w;(t) € [d,s] for all i and ¢.

By Lemma 7.1, we have h(t) > ¢ > d. Using also q; < 1/d, we obtain

qi|wi—f1|<oscw<s—d —odt
h - 42 T 42

vi — qi| =
which is the second bound in (7.22).

Step 3: the range of v;. The right side of (7.9) is a nonincreasing function of p;, because
h > 0. Then vy (t) > va(t) > -+ > vn(t), and it suffices to show v; < 1/d and vy > 1/s.

For the upper bound, let k; = w; — wy for2 < i < N. We have h — w; = N1 Y qj(wj —
wy) = N~ ¥, gikj, and (7.24) yields

ki =2p;(h — w;) — 2d(h — wy) Zq] — 2piki, ki(0) =pi—d >0.
j>2

This is a linear system whose matrix has the nonnegative off-diagonal entries 2(p; —
d)q;/N. As noted after Lemma 7.1, its solution stays nonnegative, since it starts from
nonnegative values. Thus wy = w < h, and vy = quw,/h < ¢ =1/4d.

For the lower bound, (7.9) with py = s implies that

t
wn (t) = se” >t + 25/ e 2R (u) du > se 2t 4 () (1 — e~ 5t) > R(t),
0

where we used that  is nonincreasing and s > 1 > h(t) (Lemma 7.1). We conclude that
oN = gnwn/h > gy = 1/s. This proves the first bound in (7.22).

Step 4: the multiplier and the quadratic coefficient matrix. Let w,, = N~ Y w;. Since
N=1Y; piv; = way/hand N7 Y pjo; = z— N7 Y a0, = z — z(t) + 1, we have

h— way . ._fz—wi
n S

z(t) —z = (7.26)
where the second identity follows from v; = g;w;/h. Both h and way lie between w and .
Since also v; > 1/s, we conclude that

oscw(t) (14 s)oscw(t)
Rt W)
(7.27)
where for the last bound we used a; — b; = (vi_1 — pi) — (z(t) — z). Suppose now that

|A|l < M. Thens —d = a3 —any < 2M and, since d < 1, also s < 1+ 2M. By (7.25)

1 soscw(t)

|z(t) —z| < i —pil < W/ |A— By <

v
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and 1 > d, we have |z(t) — z| < 2Md~e=% and ||[A — B;|| < (2 +2M)2Md~te=2#,
which are the last two bounds in (7.23). Also |z(t)] < 1+ MN'Y,;v; = 1+ M and
07t <5 <1+2M, so that |B;|| = max; |b;(t)] <2+ 3M.

Step 5: the endpoints. Att=0,7;(0) =1and b;(0) =z(0) — 1= N"!Tr A for all i. The
density of po with respect to vy is then constant on Sy, and pg = vN. As t — co, we
have b;(t) — a; by (7.22) and (7.27). Then the densities of y; with respect to vy converge
uniformly on Sy to that of 774, and the total variation distance, which is half the L'(vn)
distance of the densities, tends to zero. O

For the model A = cWy, where a; = cA;, the first identity in (7.21) shows that v
solves the system (1.8) of the introduction. Its right side is a polynomial in v, and in
particular locally Lipschitz. Therefore v is the unique solution of that system, and the
two definitions agree.

The proof of Lemma 7.6 contains a conserved quantity and a more precise form of the
bounds on z(t) — z and A — By, which we record separately.

Lemma 7.7 (A conserved quantity and the weight of the zero eigenvalue). For the
covariance evolution of Definition 7.5, let w;(t) = p;ih;(t) = e %*'m;(t)/q;; then h(t) =
N=1Y,; giw;(t). Forall t >0,

iq%wi(t) =N, 1>h(t) > 9, h(t) — 9% (t — o). (7.28)
i=1

Moreover, with QO = (s — d)e™ 2,

O (1 —+ S) on
t) < Qy, t) —z| < —, A—Bi| < ——+—. 7.29
oscwlt) SO, () -2 < g 1A= Bl <S4 7.29)
Proof. By the fifth part of Lemma 7.1, we have } ; q?wi =Y. qihi = N, and the remaining
assertions of (7.28) are contained in the third part of that lemma. The bounds (7.29) are
(7.25) and (7.27). O

Note that ¢ is the long-time limit of /, not a rate of decay. The decay of i towards ¢ is
governed by the spectral measure p on [2d,2s]. Under the hypothesis (7.30) of the next
subsection, Lemma 7.10 shows that /(t) is comparable to (1 +t)~'/2 for 0 < t < d~! and
to \/d for t > d~1, with constants depending only on the constant K in (7.30).

Remark 7.8 (The variances are not second moments). The Bingham comparison law p;
is an explicit comparison law. In general, it is not equal to the time-t law vy P/ of the
diffusion, since the dynamics does not preserve the family of Bingham laws; the two laws
agree at t = 0, and for all f when A is a multiple of the identity. The numbers v;(t) are
the variances of the Gaussian law that is conditioned on Sy to obtain y;. In general, they
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are equal neither to the second moments j;(x?) nor to the second moments of the time-t
law, and in general g; is not equal to 714 (x?). The difference is already visible in the first
derivative at t = 0. On Sy we have

2
Lax? =2+ 2(a; — 1)x? — N x?xT Ax,

and under vy we have [ x?sz dvy = N(1+26;5)/ (N +2). Witha = N~ Tr A, we find

d 2N ] ]
E‘t_o/xizd(vzvpfq) = /LAxiz dvn = 5 (i = &), vi(0) = 2(w; — &),

so the two vectors of initial derivatives differ unless A is a multiple of the identity. For
a general nonscalar A, the equations for the second moments of the coordinates under
the time-t law involve mixed fourth moments, since L Axlz contains the term xiszAx. Our
use of p in Section 9 does not require any identification of moments: it compares the
two laws through the forward equation.

7.3 Estimates under two-sided precision-spacing bounds

In this subsection we fix K > 1 and assume the following two-sided precision-spacing
bounds with constant K:

P 2/3
<p-d<k(' )7 @<isw,

i—142/3
N N

0<d< 1, p1 = d,
(7.30)

—

i=1 Pi

N, Nd3/2 > 1.

MZNM—\

In particular, d = min; p; and s < d + K < 1+ K. Constants denoted Ck or ck are positive
and depend only on K; their values may change from line to line. For positive X, Y, we
write X <g Y if cxY < X < CgY. We abbreviate

a(t) =Vd+(1+t)7V2, t>o0. (7.31)

We use the following elementary properties of a: it is decreasing, a(t/2) < v/2a(t),
fota(u) du < Vdt+2vta(t) <3(1+t)"V2fort <d',and a(t) <2vdfort>d L.

Remark 7.9 (Precision-spacing bounds and the order of the coordinates). The hypothesis
does not depend on the order of the indices i > 2, in the following sense. Let g1 = 0 and
gi = pi —d, and let g(1) < --- < g(y) be the increasing rearrangement. The bounds in
(7.30) increase with i. Thus the i numbers g1, ..., g; are at most K((i — 1)/N)?/3, which
implies that g;) < K((i —1)/N)?/3. The N —i+ 1 numbers g; with j > i are at least
K=1((i —1)/N)?/3; at most i — 1 of the g; are smaller, and 8 = K Y((i—1)/N)%5.
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Hence the increasing rearrangement of p satisfies (7.30) with the same K. For the model
at fixed high temperature and in the approach to the critical temperature from above,
pi —d = c(A — A;), and (7.30) holds at every fixed confidence in the sense of Section 3.4,
with K depending on the confidence (and on c at fixed temperature), by Lemma 4.6
and Theorem 4.13. This is checked in Sections 13 and 14.

Lemma 7.10 (Bounds on & under precision-spacing bounds). Assume (7.30). Then, for all
t>0,
O =xVd,  h(t) =g Vd+ 1+t =a(t). (7.32)

Moreover, h is completely monotone and has the representation

h(t) =9+ o )e*“p(d)\), 0>0, po([2d,0)) =1-10. (7.33)

Proof. The representation (7.33) and complete monotonicity are the third part of
Lemma 7.1. It remains to prove (7.32). The proof has four steps: a bound on the
sum S of (7.5), from which ¢ =g V/d follows; bounds on the Laplace transform of &; the
upper bound on /; and the lower bound on #.

Step 1: a rational sum. We show that, for 0 < ¢ <1,

(7.34)

N
; P:+C/2 fwﬁ

Letd; =d+ /2, and let ¢(x) = [(d + x)(d; + x)] ! for x > 0, a decreasing function. For
i >2and y; = (i —1)/N, we have ¢(Ky;"®) < [pi(pi +¢/2)] 7" < p(K~1y?"?) by (7.30).
For a decreasing function g on [0, 1], we have

— /
/11 ; SU/N) < /olg(y)d% /01 Ng(y)dysg(To).

/N

The summand i = 1 in (7.34) equals ¢(0)/N = (Ndd;)~'. Applying these inequalities to
g(y) = (,D(K]/2/3) and to g(y) = qb(K_lyz/?’), we obtain

Ix <S(Q) < Igxa+

1 . 1 2/3 L 3 L \/}dx
Ndd;’ It _/0 olly™)dy = 2L3/2/o (d+ x)(d; +x)’ (7.35)

where we substituted x = Ly?/3. The substitution x = y? and partial fractions give, for
d # dg, and by continuity also for d = dg,

o0 Vxdx B Tt
b GrDGR Vi v 7%
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Since d; < d+{ < 2d;, we have Vid + \/d—g < Vd+ A+ < \/i(ﬁ-l— \/d_g) It
therefore suffices to prove (7.34) with d; in place of d + (.

For the upper bound, we have Iy 1 < 3K3/27(v/d + \/d;)~! by (7.36). For the sum-
mand i = 1, we use Nd*/2 > 1 and d < dg to find

1 1 Vd _Vd 1 d d 2
TN g S w o Ea ) S
Nddg — N#*/2 dg = dg - d+/d; \dg ¢/ T Vd+\/d;
For the lower bound, we bound Ix from below. If 2d; < K, we restrict the integral in
(7.35) to [d;,2d;], where VX > /dg, d+x < 3dg, and d; + x < 3d;. This gives

/K VX dx -4 .\/d_g: 1 1
o (d+x)(d;+x)~ ¢ 9d% 9\/d_g_9(\/3+\/d_§)‘

If 2d; > K, then d; > 1/2 (since K > 1) and d; < 3/2. Restricting the integral to
[K/4,K/2], we find that it is at least a positive constant depending only on K, while
(Vd+ \/d;)"! < V2. In both cases, Ix > cx(v/d + /d;) !, which completes the proof
of (7.34). At { =0, we have S(0) = N~'Y;4? = 1/9, and (7.34) implies that ¢ = V/d.

Step 2: the Laplace transform. Let 0 < ¢ < 1. By (7.10), ﬁ(@) = G(2)/(CS(0)). We
have G({) < G(0) = 1 and G({) > (1 + K+ 1/2)71, since p; < 1+ K. Using (7.34) and
Vd+\/d+ = d+ /T, we obtain

= WA+ \d+T _ VA+T

Step 3: the upper bound. Since / is nonincreasing and nonnegative, for every t > 0,

0<7<1. (7.37)

=~ ¢ - -

(/1) z/ e i(u) du > e VER().
0

For t > 1, (7.37) with { = 1/t gives h(t) < et_lﬁ(l/t) < Cx(vd 4 t71/2) < Cka(t). For

t < 1, we have ii(t) < 1 < v/2a(t). Thus h(t) < Cja(t) for all t > 0, for a constant

¢ = Cy(K).

Step 4: the lower bound. By (7.37), there exists ¢; = ¢1(K) > 0 such that ﬁ(l /t) > 1Vt
for t > 1. Fix e = ¢(K) € (0,1) such that C;(e +2y/e) < ¢1/2,and let 1 < t < d~1. Using
Step 3 and Vdt < \/t, we have

/€f e "h(u)du < Cy /Osta(u) du < Cy(Videt +2Vet) < Ci(e+2ve)V't < %1\/{

0

Since h is nonincreasing, the remaining part of the integral defining ;_1\(1 /t) is at most
h(et) [;° e/t du = th(et). Then th(et) > (c1/2)V/t, that is, i(v) > (c11/2/2)v™1/? for
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v = et € [g,£/d]. On this interval, we have v/d < v/e/v and hence a(v) < (1+4¢~1/2)p~1/2,
Then /1(v) > cxa(v) for e < v < ¢/d. For 0 < v < ¢, we have fi(v) > e 27 > ¢ 2(14K) py
the first part of Lemma 7.1, while a(v) < 2. For v > ¢/d, we have h(v) > ¢ > cxVd by
Step 1, while a(v) < (1+&71/2)y/d. The three intervals cover [0,00), since d < 1. This
proves the lower bound in (7.32). O

Lemma 7.11 (The coordinates of the heat vector). Assume (7.30). Uniformly for every t > 0
and 1 <i <N,

1+t

h(t) =g a(t), hi(t) <k a(t) 15 it maxh i(t) < 7
Moreover, for every nonzero y € [0,00)N,
h(u) "y a(u)
(L — < — <u< . .
mjaxh](L u) (L)Y < Ck I 0<u<L<o (7.38)

Proof. The bound on  is Lemma 7.10. We use (7.9), h;(t) = e 2Pt +2 [ e=2Pil=) )i (u) du,
and recall that p; <1+ K.

For t < 1, we have e 2(1+K) < j;(t) <1 +2t < 3, since I < 1, while 1/(2(2 + K)) <
a(t)(1+1t)/(1+ p;t) < 4. This proves the bounds on /; for t < 1. Let t > 1. For the lower
bound, we keep only the integral over [t/2,t], where h(u) > h(t):

1—e Pt _ t 14 ¢
- > h(t > t ,
> h(t) t_CKa()l-l-Pit

) ZC P
hi(t) > Zh(t)/o e do = (1) —— T
where we used 1 —e™* > x/(1+x) and t > (1 +t)/2. For the upper bound, on [t/2, ]
we use h(u) < Cga(t/2) < Cka(t) and 2]”2 “2% du < min{t, p; '} <2t/(1+pit). O
[0,/2] we use e~ 2Pilt=1) < e=Pit < (1 + p;t)~! and ft/zh < Cx(Vdt++/t) < Cga(t)(1+
t). Finally, e 2%t < (1+p;it)~ ! < a(t)(1+t)/(1+ pit), since a(t)(1+1t) > 1+t > 1.
Adding the three contributions gives the upper bound on #;(t).

For the maximum, note that a(¢)(1+1¢)/(1+ p;t) < a(t)(1+t)/(1+dt). Sinced <1,
we have Vd(1+1)/(1+dt) < vVdmax{1,d~1'} = d~V/2. Further, \/1+t/(1 +dt) is at
most /1 +d-1 < /2/d if dt <1, and at most v/2t/(dt) < v/2d~V/? if dt > 1. With the
upper bound on £, this gives max; h;(t) < Cxd™~ 172,

For (7.38), let 0 < u < L. Since y 75 0 has nonnegative coordinates and h;(L) > 0, we
have h(u)Ty/h(L)Ty < max; h;(u)/h;(L). By the bounds on h;,

hi(u) a(u) 14+piL 1+u a(u) a(u)
WD) S KaD) TxL 1w = kg madlpit = G 2
In the second step, we used a(L) > v/d and that x — (1 + p;x)/(1 + x) is monotone with
values between 1 and p;; the ratio of its values at L and at u < L is therefore at most
max{1, p;}. Multiplying by max; i;j(L — u) < Cxd~'/? yields (7.38). O
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The next lemma bounds the relative errors ¢;(t) = p;v;(t) — 1 of (7.4), and their mean
square N~ 1Y e;(+)? = 2Zn(t)/N, before and after the time d 1.

Lemma 7.12 (Relative errors before and after the time d~1). Assume (7.30), and let T = d—1.
There exists Cx < oo such that, forall 1 <i <N,

Ck

lei(t)] < T+ pi (0<t<T), (7.39)
1
—Ze] < Cx(1+1)73/2 (0<t<T), (7.40)
ei(T+7)] < Ck pi (1+dr) =27 (x> 0), 7.41)
i
1 N
N Y ei(T+1)* < Ckd®?(1 4 dr)?e " (T >0). (7.42)

j=1
The factor 1+ dt in (7.41) comes from the coordinates with p; —d < d, whose own

relaxation rate 2p; is comparable to the rate 2d at which h approaches 9; it is integrated
in later estimates and cannot be dropped in this argument.

Proof. We first prove the coordinate bounds before T, then the bound on the mean square
before T, and finally the bounds after T. By the third part of Lemma 7.1 with j = 1, for
every v > 0,

—H' () <~ (v /2). (7.43)

Coordinates before T. For t < 1, we have hi(t) <1+2t<3by(79)and h < 1, and
h(t) > cx by Lemma 7.10. Since p; < 1+ K, this gives |e;(t)| < p;h;i(t)/h(t) +1 < Cx <
Cx(2+K)/(1+4 pit). Let now 1 < t < T. Then h(t) <g t~'/? by Lemma 7.10, since
a(t) <3(1+t)"V2fort <d L.

If pit < 1, then (7.9) and Vdt < vt give I;(t) < 1+2 [ <1+ Cx(Vdt+ V1) <
CxV't. Then p;h;(t) /h(t) < Cxpit < Ck, and |e;(t)| < Cx+1 < 2(Cx +1)/(1 + pit).

If pjt > 1, we split the integral in (7.9) at /2 and integrate the part over [f/2,t] b
parts, using +-e~27ilt=#) = 2p,e=27i(!=4) The result is the exact identity

_ t/2 _
pili(t) — h(t) = pie” 2P +2Pi/ e 2P () du
0

t (7.44)
—e Pith(t/2) — // e 2P R (1) du.
£/2

We divide (7.44) by h(t) > cxt~'/? and bound the four terms on the right. The
first contributes at most Cxp;v/te 2Pit < Cyp;te~Pi*. Using fot/ 2fi < CxV/t, we see
that the second contributes at most 2p;ePil t/zh/h() < Ckpite Pit.  The third
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contributes at most e *ith(t/2)/h(t) < Cge Pit. For u € [t/2,t], (7.43) implies
that —h'(u) < (4/(et))h(t/4) < Ckh(t)/t, and the last term contributes at most
Cxt™! [y e ?P"dv < Ck/(pit). Since (1+x)e™® < C/x for x > 1, we obtain
|€i(t)| = |pih,'(t) - h(i’)|/h(t) < CK/(plt) < 2CK/(1 + pit). This proves (7.39).

Mean square before T. By (7.39), it suffices to show that N™! Y (1 4 p;jt) 2 < Cx(1 +
if)’s/2 fort < T. Att = 0 the sum equals one. For 0 < t < T, the summand j = 1 is

at most 1/N < d%/2, and d*/? < min{1,t73/2} < 23/2(1 4+ t)=3/2, For j > 2, we have
pj > K (- )/N)Z/3 and y > (1 + K~ 'ty?/3)=2 is decreasing. For t > 1, we find

1 dy 3 /K\3/2 (/K \/xdx _ 3w K\3/2
_Z / -1 2/32:_<_> / 2§_<_> ’
N = 1+P1 o (L+K-1ty>/?)2 2\t o (I+x)2~ 4\t

where we substituted x = 1ty2/3 and used fo Vax(1+x)~ 2dx = 71/2. For t < 1, the
sum is at most one. Squaring (7.39) proves (7.40).

After T. Using (7.43) and Lemma 7.10, we find that —/#'(T) < 2dh(T/2)/e <
Cxda(T/2) < Cxd®'2. The last bound in (7.7) with j = 1 implies that
—H'(T+u) < Cxd®/?e24", u>0. (7.45)

Let x; = p;h; — h = he;. From h} = —2p;h; + 2h, we find k] = —2p;x; — I’. Solving this

equation from time T by variation of constants and dividing by k(T + T), we obtain
h(T) 1 /T o ()T

et ei(T) = PR (T + u) du. 7.46

im0 D T rTa o b ¢ (THu)du. (746)

By Lemma 7.10, we have /1(T) < Cga(T) < CxVd and A(T + 1) > 0 > cxV/d, so that

h(T)/h(T + t) < Ck. Further, (7.39) at t = T gives |e;(T)| < Cx/(1+ p;/d) < Cxd/p;.

The first term in (7.46) is at most Cx(d/p;)e~2%T. By (7.45), the second term is at most
d3/2

\/—

ei(T+1)=e 2T

_Zpi(r—u)e—Zdu du = Cxd p—2dT /T e—Z(pi—d)(T—u) du
0

< CKde—ZdTmin{T, ﬁ},
i—

where the minimum is T when p; = d. We claim that d min{t, (2(p; —d))~'} < 2(1+
dr)d/p;. f pj—d < d, thend/p; > 1/2 and dt < 2(1+dt)d/p;. If p; —d > d, then
2(pi—d) > piand d/(2(p; —d)) < d/p;. This proves (7.41). Finally, N"' Y ;(d/p;)* =
d?/9 < Cxd®'? by Lemma 7.10, and squaring (7.41) proves (7.42). O
Lemma 7.13 (Derivatives of the heat vector). Assume (7.30). There exists Cx < oo such that,
foreveryt > 0and1 <i <N,

Ckhi(t)
1+t

max p]'h]'(t‘)2 < Cg(1+4t), max \/_\h’ | < — |hi(t)] <

j < + 2 (7.47)
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In particular, for all t,u > 0,

2 2 u
1. N < - )
m]axp] [hj(t +u) — hj(t)]” < Cklog (1—|— 1+t)' (7.48)
and, for every nonzero y € [0,00)N, [ Lh(t)Ty| < Cx h(t)Ty/(1+1).
Proof. Let T = d~!. We use Lemma 7.11, the identity h; = —2he; of (7.11), and
Lemma 7.12.

For the first bound, let t > 1. Since (1 + x)? > 4x, we have p;/(1+ p;t)?> < 1/(4t).
Using Lemma 7.11, we find

pili(t)? < Cra(p? BLED

1+t)2 5 (141)?
(T+pit)> —

At pip = el g
< Cr(d+( 1+t DM +1t) < Cx(1+4db),

)(
where we used a(t)? <2(d+ (1+t)"1), (1+¢t)/(4t) <1/2,and d < 1. For t < 1, we use
pi <1+ Kandh; <3.
For the third bound, note that Lemma 7.11 implies i(t)/h;(t) < Cx(1+ p;it)/ (1 +1¢).
If t <T, then (7.39) yields

\Hi()| 2h(t)|ei(t)] 1+ pit 1 Ck
= < Ck . = )
hi(t) hi(t) 1+t 1+pt 1+t

If t =T+ 7 with T > 0, we use (7.41) and d(1 + p;t)/p; <1+ dt =2+ d7 to find

|1 ()]
hi(t)

For the second bound, ,/p;|h!| = 2,/p;hle;|. For t < 1, this is at most 2/1 4 K Ck.
For 1 <t < T, we have \/p;/(1+ pit) < 1/(2V/t), since 1+ x > 2y/x, and h(t) <
Cx(1+t)~1/2. Then (7.39) implies that \/p;|hi(t)| < Ck/(VtVI+t) < Ck/(1+1). For
t = T 4 7, we have i1(t) < Cka(t) < CxVd. Using (7.41) and p; > d, we obtain

LEpit 4 4 grye2i < K

C
JE— 72dT< K
s 113 (2+d1’)(1+d7)e

— 14t

< Ck

4372
5 (1+d7)e " < Cxd(1 +dt)e 47

Vrilhi(t)] <

Ck —2dt Ck
< — < -2
11 (2+dt)(1+dT)e < Tir
where we used d(1+t) =d+1+dt <2-+dr.
Integrating the second bound in (7.47), we find /p;|h;(t +u) — h;(t)| < Ck :Jr”(l +
v)~ldv = Cxlog(1+ u/(1+1t)), and squaring yields (7.48). Finally, for y > 0, we have
| Fh()Ty| < X 1j(#)]y; < Cx(1+ 1)1 L hy(t)y; by the third bound. O
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7.4 Estimates in the critical window

In the critical window, the smallest half-precision is of order N~2/3 and no gap between

the first two half-precisions is assumed. The following lemma uses only the trace con-
dition and two-sided bounds of order (i/N)?/3 on all half-precisions. These hypotheses
are part of the critical spectral conditions (4.36), which hold for the model at every fixed
confidence by Lemma 4.17. We write X < Y if ¢,Y < X < CY for positive constants c., C
that depend only on the quantities named in the statement.

Lemma 7.14 (Heat estimates in the critical window). Let N > 2 and 0 < ¢y < Cy, and let
r1,...,¥N > 0, not necessarily ordered, satisfy
N1

N, co(i)m <r< co(i)z/3 (1<i<N). (7.49)

= 2r; N - N

Let H, h(t), and h(t) be as in (7.3) with p; = 2r;; then H is the matrix (7.13). For every fixed
K < oo, uniformly in 0 < t < KN%/3and1 <i <N,

N
M) = e () = ) ()= Y2

with constants depending only on cq, Co, and K. There exists C < oo, depending only on cg and
Co, such that for all u,w > 0,

N

(7.50)

N
1 CN 1+w
< in<l, —— . 7.51
i—21(1+7’1‘ZU)2(1+1’iu) - (1+w)3/2mm{ 1—i—u} 751
The entries of et are given by
7t
tHY  _ ,—drts. —4ri(t—u)p, .

(e™)ij = e "5 + ﬁ/o e il ”)h](u)du. (7.52)

Proof. The identity (7.52) is (7.8) with p; = 2r;. In this proof, ¢, and C denote positive
constants depending only on ¢y and Cp, and Ck also depends on K. Note that p; = 2r; <
2Cp. The proof has five steps: bounds on the Laplace transform of &, the upper bound on
h, the lower bound on &, the bounds on #;, and the bound (7.51).

Step 1: the Laplace transform. By (7.10) and (7.14), for ¢ > 0,
- G(Q) 1 1 - l 1
)= @S—(C)' o) = N;m' S) = N Zi:ri(g‘f‘ﬁh’i).

For 0 < 7 <1, we have (2Cy +1/2)"! < G(Z) < G(0) = 1. We show that

=)

SQ)<CcgV* (£>0), S =gV (NI (7.53)
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For the upper bound, the lower bound in (7.49) and the monotonicity of y +— [coy?/3({ +
degy?/®)] 1 give

B 37

© dy 6 «
S(7) S/O coy2’3( + 4cqy?/3) - (460)3/2\/Z/0 Vx (1+x) 4(:0/2\/_

where we substituted 4coy?/3 = {x. For the lower bound, suppose first that N=2/3 < 7 <
272/3_ The interval [NZ3/2,2N73/?] has length at least one and lies in [1, N]. It contains
at least NZ3/2/2 integers i, and for each of them we have r; < Cy(2¢%/2)?/3 < 2Cy and
[r;(Z +4r;))] 1 > [2Co(1 +8Cp)Z?~!. Summing over these i yields S(g) > ¢, V2. If
272/3 < 7 <1, the bound r; < Cg yields S(Z) > [Co(1 +4Cp)]~! > ¢, {~1/2. Combining
(7.53) with the bounds on G, we obtain

eV <h@)<cg?, NPl 759

Step 2: the upper bound on /. As in the proof of Lemma 7.10, h(t) < etflﬁ(l/t) for
t > 0. For 1 < t < N2/3, this bound and (7.54) imply that h(t) < Ct~1/2 Fort <1, we
have i(t) < 1. For N?/3 < t < KN?/3, monotonicity gives h(t) < h(N?/3) < CN~1/3 <
CVKt~1/2, Altogether, ii(t) < Cx(1+ )12 for 0 < t < KN?/3,

Step 3: the lower bound on h. Let p = 96 + p. By Lemma 7.1, we have h(t) =
[eMp(dA) and h = [p(dA)/ (L + A) for { > 0. Let cp, C; be the constants in (7.54),
and fix L > 1 such that 2C, L™ 1/2 < /2. Let N72/3 < { <1/L. For A > L, we have
(C+A)P< At <2(Lg+A)7T

(dA) 7 ~1/2 ~ €2 ,—1/2
J 1o B S0 <2C(10) V2 < T0 7,

q\;‘?m

where we used (7.54) at L{ € [N~2/3,1]. It follows that fo 1 PN/ (E+A) =
(c2/2)¢~12. The integrand is at most {~!, which implies that p([0, LZ]) > (c2/2)¢'/2.
Then

R(1/7) > /[O € ERN) > e p000)) = 0

Setting t = 1/, we obtain h(t) > it V2 for L <t < N2/3, Fort < L,
h(t) > e~4C0t > 4Gl by the first part of Lemma 7.1. For t > N?/3, we use h(t
(7.2), 8 = N/ ¥;(2r;) 2 = 4N/ ¥;r; 2, and (7.49) gives

C0—2N4/3 < 7’ < Zr -2 < o 2N4/3ZZ —4/3 < 40_2N4/3
i>1

we have
) > 9. By

This gives 3N~1/3 < ¢ < 4C3N~1/3; in particular, Y hj(t) decreases to N¢ = N?/3, For
t > N?/3, we have (1+1t)"1/2 < N~ /3 and therefore h( ) > c3(1+t)~1/2. We conclude
that /1(t) > c.(1+t)~1/2 for all t > 0, and together with Step 2 this proves the first bound
in (7.50).
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Step 4: the coordinates. By (7.9), h;(t) = e~ +2 [ e=*il=")]i(u) du. For t < 1, we have
e~4C < I;(t) < 3, while (1+Co) ' < V1+t/(1+7t) < V2. Let1 <t < KN?/3. For the
lower bound, we keep the integral over [t/2,t] and use Step 3and 1 —e™* > x/(1 + x):

_ t/2 o 1—e 2t t 1+
h~t>2ht/ L T T N A >
Z()_ () 0 € v () Zi’i - ()1+21’1’t_c*1+1”it

B

For the upper bound, we have i(u) < Cx(1+t)"'/2 for u € [t/2,t] by Step 2, and
2 ft/z —4i0 du < min{t, (2r;) "'} < 2t/(1 + r;t). Thus the integral over [t/2,t] is at most
Cxv/1+1t/(1+r;t). The integral over [0,t/2] is at most 2¢~ it fot/zl_z < Cye Zity/t <
CxvV1+t/(1+r;it),and e~#it < (1+r;t)~1. This proves the second bound in (7.50).

Step 5: the sum (7.51). Let@® =1+ w and # = 1+ u. Since r; < Cy, we have 1+ ;0 <
(14 Co)(1 + rjw), and similarly for u. The summand in (7.51) is a decreasing function of
r;, and the lower bound in (7.49) gives

N 1

N
(11 r0)2(1 % r710) <1+ Co)3;¢(co(i/N)2/3)’ P(x) = AT a0t an)

i=1

Since ¢ is decreasing, the right side is at most (1 + Cy)>N f01 ¢(coy*/3) dy, and the substi-
tution x = coy?/? bounds this by CN 5 v/x ¢(x) dx. If i1 < @, we bound the last factor
of ¢ by one and substitute x = x’/@:

- © Vxdx g, (0 VXA w5
/o \/ECP(x)de/O 1+ 7 =W /o ( —Lw

1+ wx) 1+x)2 2

If i > @, we use (1+ ix)~ ! < (iix) ! and the same substitution:

71/2

% 1 [ dx T 3,0 W
/0 \/Egb(x)dxgﬁ/o \/E(1+wx)2: / \/_1+x) ;=50 3/25.

In both cases, the integral is at most (77/2)@~3/2min{1,@/}, and (7.51) follows. O

7.5 Positive measures from real squared resolvents

The following lemma identifies limits of positive measures on [0, o) from the conver-
gence of their squared resolvents at real arguments. It is used in Sections 14 and 20,
where these squared resolvents are computed from exact resolvent identities such as
(7.10). The compact-interval moment method goes back to Hausdorff [81, 82]; see [151,
Chapter III, pp. 100-143]. After compactifying [0, o) to [0, 1], we recover the moments
from the squared resolvents by the finite-difference calculation below. A related use of
compactification and Hausdorff moments for generalized Stieltjes transforms appears in
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[135, proof of Theorem 2, (13)]. We then approximate continuous functions by Bernstein
polynomials [29, pp. 1-2]. We include the short proof because we need versions with
varying test functions, with uniformity over families of test functions, and with random
measures.

Lemma 7.15 (Positive measures from real squared resolvents). Let y,, n > 1, and u be
positive Borel measures on [0,00), and let

_ pn(dy) _ p(dy)
BO= o Trar TO= fo o P21
Suppose that T, (1) and T (1) are finite and that T,,({) — T({) for every rational { > 1.

1. For every continuous function f : [0,1] — R,

f((1+y)h f((A+y))
o) kg2 M) fo T Ty

p(dy). (7.55)

In particular, u, — yu vaguely.
2. Let ¢n, ¢ : [0,00) — R be continuous functions such that supy_, g [¢n(y) — ¢(y)| — 0
for every R < oo, and

lim sup sup(1+y)?|@n(y)| =0, lim sup(1+y)?|¢(y)| = 0. (7.56)

Then [ ¢ndyun — [ @dp.

3. Let © be a set, and let ¢, 9, pg, 6 € O, be continuous functions on [0,00). Suppose that
SUPp SUPg < <g |Pn0(y) — o(y)| — 0 for every R, and that (7.56) holds with sup, inserted
before sup, - in both conditions. Suppose also that the family (¢g)gce is uniformly bounded
and uniformly equicontinuous on [0, R] for every R. Then supy | [ ¢uodpin — [ @odu| —
0.

4. Suppose instead that u, and y are random measures, that T,,(1) and T (1) are almost surely
finite, and that T, ({) — T({) — 0 in probability for every rational { > 1. Then the
conclusion of the first part holds in probability for every continuous f, and also for every
random f that is a measurable random element of C([0,1]). The conclusions of the second
and third parts hold in probability for deterministic tests that satisfy their hypotheses. They
also hold in probability for random tests under the following conditions.

e The tests are measurable random elements of C ([0, 00)), with the topology of uniform
convergence on compact sets. In the third part, all suprema over 6 that appear in the
hypotheses and in the conclusion are measurable.

o Foreach n, [ |@u|dun+ [ |@|du < oo almost surely, and in the third part the same
holds for each 6.
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* For every R < oo, supy supg, g |¢n0(y) — @o(y)| — 0 in probability.
e For every € > 0, there exist events E5 with liminf, IP(E5) > 1 — e and a deterministic
function T, with t.(R) — 0 as R — oo such that, for each n, on £,

sup sup(1 +y)*(|¢no(y)| + |@o(y)]) < Te(R)  for every R > 1.

0cO y>R
In the third part, we also assume that on &£, the functions g are bounded by a determin-
istic constant B, and have, on each interval [0, R], a modulus of continuity bounded by a
deterministic function @, g with @gr(r) — 0asr | 0.

In the second part, the suprema over 0 are omitted.
Proof. We first compactify, then recover the moments by finite differences, approximate

continuous functions by Bernstein polynomials, and finally treat varying tests, families
of tests, and random measures.

Step 1: compactification. Let A, and A be the images of the finite measures (1 +
y) 2un(dy) and (1 + y) ?u(dy) under the map y — x = (1+y)~! from [0,00) to
(0,1]. They are finite measures on [0, 1] with no atom at 0 and with total masses T, (1)
and T(1). The left side of (7.55) is [ fdA,. For t > 0, let F(x) = (1+ tx)~2 Since
(1+t/1+y)2(1+y) 2= (1+t+y) 2 we have

/Pt Ay = Ta(1+ 1), /Pt A =T(1+t). (7.57)

In particular, A, ([0,1]) = T,,(1) — T(1) = A(]0,1]).

Step 2: moments. Fix an integer k > 1 and a rational § > 0, and let

k (k
D) = e Y ()

We have o¥F;(x) = (—1)%(k + 1)! x¥(1 + tx) ~¥=2. The kth forward difference of ¢ — F(x)
with step J is the integral of ofF;(x) at t = t; + - -+ + t; over (t1,...,t;) € [0,6]%, by the
fundamental theorem of calculus applied k times. Hence

xk

Ok (T4 (1 4 - - + t)x)k+2

Dklg(x) = 5_k/[ dty - - - dty.
0
For x € [0,1] and 0 < T < k4, Bernoulli’s inequality (1 + tx)*2 > 1 — (k +2)tx implies
that 0 < x¥ — x*(1 + tx) %2 < (k +2)ké. Taking T = t; + - - - + t; and averaging over
the cube, we obtain
sup |Dys(x) — x| < k(k+2) 0. (7.58)

0<x<1
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By (7.57), [ Dy sdAy is a finite linear combination of the numbers T, (1 + jé), at rational
arguments, and it converges to f Dy s dA. Further, (7.58) gives

’/xk)\n(dx) —/xk)x(dx)’ < ]/Dk,(sdAn—/Dk,(;dA‘ +k(k+2)0(Ty(1) + T(1)).

Letting n — oo and then § | 0 through the rationals, we find that every moment of A,
converges to the corresponding moment of A. For k = 0 this is T,,(1) — T(1).

Step 3: continuous functions. For a continuous f on [0,1] and m > 1, let B, f(x) =

im0 f(j/ m)('?)x] (1 — x)™J be its Bernstein polynomial, and let w; be its modulus
of continuity. Let | be a binomial random variable with parameters m and x. Then
Buf(x) — f(x) = E[f(J/m) — f(x)], and J/m has mean x and variance x(1 — x)/m <
1/(4m). Splitting according to whether |J/m — x| < r and using Chebyshev’s inequality,
we find

B 2 1 ) Hf”oo
J— < w
H mf f||°° — f(r) ||f||00 ]1’}17‘2 - f(r) 21’)17’2'

With r = m~1/4, the right side tends to zero as m — co. Then

‘/fd)\n—/fd)x‘ < ‘/BmfdAn—/BmfdA‘+||Bmf—f]|oo(Tn(1)+T(1)).

The first term tends to zero as n — oo by Step 2, since B,,f is a polynomial. Letting
n — oo and then m — oo proves (7.55). If ¢ is continuous with compact support in [0, o),
then f(x) = x2¢(x~! —1) for x € (0,1] and f(0) = 0 defines a continuous function on
0,1] that vanishes near zero, with [ fdA, = [ ¢ du,, and vague convergence follows
from (7.55).

Step 4: varying tests. Define f,(x) = x 2¢,(x~ ' —1) and f(x) = x 2¢(x~' — 1) for

€ (0,1], and f£,(0) = f(0) = 0. Withy = x~' — 1, we have |f(x)| = (1+vy)?|o(y)|.
The second condition in (7.56) then shows that f is continuous at zero, and similarly for
each f,. Also [ @nduy, = [ fadA, and [@du = [ fdA. Let R > 0. For x > (1+R)71,
that is y < R, we have |f,(x) — f(x)] < (1+ R)? supo g) [¢n — | For x < (1+ R)1, we
have |f,(x) — f(x)] < sup, - g(1+ 1)2(|@u(y)| + |@(y)]). Choosing first R large and then
n large, we find ||f, — f||cc = 0. Then

[ feana— [ £ar] <o~ floTa) +| [ Fare— [ far| —o,

by Step 3. This proves the second part.

Step 5: families of tests. Define f,9 and fy as in Step 4. As in Step 4, we have
supy || fue — folloe — 0. We claim that {fy : 6 € ©} is uniformly bounded and uni-
formly equicontinuous on [0,1]. Let 7(R) = suppsup, (1 + y)?| @ (y)|, which tends to
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zero. On [0, (1+ R)~!] we have |fy| < T(R). On [(1+ R)™1,1], the map x — x~1 —1is
Lipschitz with constant (1 + R)?, and x — x~2 is bounded by (1 + R)? and Lipschitz with
constant 2(1 + R)3. Therefore the uniform bound and the uniform modulus of continuity
of (¢g) on [0, R] yield a uniform bound and a uniform modulus of continuity of (fy)
there. Given ¢ > 0, we choose R with 27(R) < ¢ two points of [0,1] at distance at most r
that are not both in [(1+ R)~!,1] can be compared through the point (1 + R)~!, where
|fo| < T(R). This proves the claim. By the Arzela—Ascoli theorem, for every € > 0 there
exist finitely many continuous functions g1, ..., g1 on [0, 1] such that every fy satisfies
Il fo — g1l < € for some I. Then

sgp‘/fgd/\n—/fgd)x‘ < max| [gar, — [gidA| +e(T(1) + T(V),

and the maximum tends to zero by Step 3. Since ¢ is arbitrary and supy ||f,¢ —
folloo Tn(1) — 0O, the third part follows.

Step 6: random measures. Under the hypotheses of the fourth part, T,(1) converges in
probability to the almost surely finite T(1). The total masses are therefore tight, that is,
for every ¢ > 0 there exists M, with P(T,,(1) + T(1) > M,) < ¢ for all large n. In Step 2, at
fixed k and J, [ Dy sdA, — [ Dy sdA tends to zero in probability. Given € > 0, we choose &
with k(k +2)0M, < e and then n large; this shows that every moment difference tends to
zero in probability. In Step 3, for deterministic f, we choose m with ||By f — f|lccM, < €.
For a random f that is a measurable random element of C([0,1]), [ ByfdA, — [ Buf dA
is a sum of m + 1 products of the almost surely finite random variables f(j/m) with
moment differences of x/(1 — x)™~/, which tend to zero in probability. Hence it tends to
zero in probability, and ||By,f — f||c — 0 almost surely as m — oo. This proves the first
part in probability.

For random tests, the integrals in the second and third parts are almost surely defined
by the integrability assumption, and the measurability assumptions make the events
below measurable. Since the limit tests ¢y do not depend on 7, the event on which their
weighted tails are bounded by 7, and in the third part also the bound B, and the moduli
@, R hold, contains &}, for every n, and so has probability at least 1 — e. On this event,
the transformed limit tests fy are continuous at zero, and in the third part they lie in a
fixed deterministic set K, of functions on [0,1] with a common bound and a common
modulus of continuity, as in Step 5. This set is compact in the uniform topology by the
Arzela—Ascoli theorem, so the functions gy, ..., g1 of Step 5 can be chosen deterministic.
On &, as in Step 4,

sup [|fo — folleo < (1+R)?sup sup [@ue(y) — go(y)| + (R)
0 § 0<y<R
for every R > 1. We choose R with 7;(R) small and then let n — oo; since the comple-
ments of the events above have probability at most € asymptotically, supy || f.0 — folleo — 0
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in probability. The first part, in probability, applied to g1, ..., g and to f, together with
the tightness of T,,(1) + T(1), completes the proof as in Steps 4 and 5. O



SECTION 8

Functional inequalities on the sphere

In this section, we prove the functional inequalities used in the rest of the paper. They
concern the Langevin generator of a quadratic potential on Sy and its Gibbs measure,
which is a Bingham distribution. We note that all statements of this section are deter-
ministic. They hold for a fixed matrix, or for a fixed sequence of precisions, that satisfies
explicit hypotheses. In the applications, these hypotheses are verified on events of the
disorder, following the convention of Section 3.4.

In Section 8.1, we fix the conventions and collect standard tools. In Section 8.2, we
write the Bochner formula for the generator in ambient coordinates (Lemma 8.3). With a
weight built from the equilibrium covariance, we then prove a weighted gradient estimate
for the semigroup and a lower bound on the spectral gap (Lemma 8.5 and Theorem 8.6).
These results are used in Sections 9 and 10. Section 8.3 contains a lower bound on the
spectral gap that is sharp when many precisions are comparable to the smallest one
(Theorem 8.8), and the Poincaré inequality that follows from it (Corollary 8.9). The first
is used in Section 9, and the second in Sections 12, 17, and 19. In Section 8.4, we extend
functions from the sphere to Gaussian space and obtain logarithmic Sobolev inequalities
with an additive error term (Theorem 8.11). We also bound the density of a weighted
sum of squared Gaussian variables (Lemma 8.12). Together with a Poincaré inequality,
these results give logarithmic Sobolev inequalities (Corollary 8.13). Section 8.5 treats the
case where only a few precisions are close to the smallest one (Lemmas 8.18 and 8.19),
which is the situation in the critical window. In Section 8.6, we combine these results. We
bound the Poincaré and logarithmic Sobolev constants of the Gibbs measure by CN?/3
in the critical window, and those of the Bingham comparison law at time t < KN?/3 by
Ck(1+t) (Proposition 8.21). This is used in Sections 12 and 19.

We use the definitions of Section 3, the conditioned Gaussian laws y, of Definition 5.4,
the hypotheses (4.36) on the critical half-precisions, and the heat estimates of Lemma 7.14.
The analytic inputs are classical; we recall them in Lemma 8.2. They are the Bochner
formula and the T, calculus of Bakry and Emery [11, 12], the Gaussian logarithmic
Sobolev inequality [79], Rothaus’s lemma [125], the Brascamp-Lieb inequality [36] in its
version on convex domains [96], and the perturbation argument of Holley and Stroock
[84, Lemma 5.1, pp. 1183-1184].

139
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8.1 Conventions and standard tools

Dirichlet forms. Throughout this section, N > 2. For a function f defined near Sy, we
write Vgf for its gradient along Sy and set I'(f, g) = (Vsf, Vsg) and T'(f) =T(f, f) =
|Vsf|2. For a probability measure y on Sy with a smooth positive density with respect
to vy, we write

Ef) = [ T(f)dp

for the spherical Dirichlet form, defined on the closure H'(Sy) of the smooth functions in
the norm (p(f?) + £4(f))*/?, and Cp() and Crs(p) for the smallest constants such that
the Poincaré and logarithmic Sobolev inequalities (3.5) hold. Recall from Section 3 that
every such inequality in this paper refers to this spherical form, which is the Dirichlet form
of the Langevin generator with noise coefficient v/2. Ambient Euclidean and Gaussian
forms appear only inside proofs, where they are named. The inequalities (3.5) for smooth
f extend to H'(Sy): if fu — f in H'(Sy) and almost everywhere, then Var,(f,) —
Var, (f) and &,(fx) — &u(f), and Fatou’s lemma, applied to fZlog f2 +e~! > 0, gives
Ent, (f?) < liminf, Ent,(f2). We use this density argument without further comment.

Quadratic potentials. Let A be a real symmetric N X N matrix with eigenvalues ay >
.-+ > ay, and recall the generator L4, the semigroup P/ and the Gibbs measure 774 from
(3.3). In the notation of this section, the integration by parts formula (3.4) reads

[ f(-Lagydra = [T(f.8)dms (5.1)

for smooth f and g. By elliptic spectral theory on the compact connected weighted
manifold Sy [130, Section 2, p. 30], the closure of —L 4 is self-adjoint and nonnegative
on L%(7ty4), its spectrum is discrete, its eigenfunctions are smooth, and its kernel consists
of the constant functions. In particular, the spectral gap Agap(La) of Section 3 is the
smallest A > 0 for which there exists a nonconstant smooth f with Lof = —Af, and
CP(HA) = 1/Agap(LA)-

We recall from Definition 3.3 the Lagrange multiplier z > &4, the precisions p; = z — «;,
the variances q; = 1/p;, which satisfy } ;q; = N, the smallest and largest precisions
d = p1 and s = py, the ratio x = s/d, and the half-precisions r; = p;/2. We also write
Q = (zI — A)~1. Unless stated otherwise, we work in an orthonormal eigenbasis of A, so
that A = diag(ay,...,an), Q = diag(q1,...,qn), and x1, ..., xyN are the eigencoordinates.
Recall from Proposition 5.6 that 714 is the conditioned Gaussian law j; of Definition 5.4;
on Sy, it is proportional to exp(—3 ¥ pix?) vy = exp(— ¥;rix?) vy. By (3.7), adding
a multiple of the identity to A changes neither L4 nor 74. It shifts z by the same
amount and leaves the precisions and variances unchanged. In particular, L4 = L_p and
g = 7_p for P = diag(py, ..., pn). Conversely, for every g € (0,00)N with Y;q; = N,
the law p, equals 74 for A = — diag(q; Lo, qgll), whose Lagrange multiplier is z = 0
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and whose variances are 4y, ...,qN. We use this identification without further comment:
a statement about 774 in terms of its precisions is a statement about every p;. As
in Definition 3.3, the variances ¢; are the parameters of the Gaussian vector before
conditioning; they need not equal the second moments of 774.

Reflections. For 1 < j < N, let Rj be the reflection that changes the sign of X;. When
A is diagonal, R; preserves vy, 74, Ly and I' (see Lemma 3.1). Let u be a probability
measure on Sy with a smooth positive density that is invariant under R;. We write
H]-Jr ={x€Sn:x; >0} and y;“ = (| H]Jr), and we equip y;r with the reflecting form

_ - 1(py+
Eﬂf(u) = /H/+ F(u)dy]. , ueH (Hj )-

No boundary condition is imposed on 1. When y is invariant under every R;, we similarly
equip the orthant O = {x € Sy : x; > 0 for all i} with yp = u(- | O) and the reflecting
form. A function invariant under every R;, that is, a function in the coordinate-even
sector of Definition 3.2, is determined by its restriction to O. We call Cp(yp) and Crs(po)
the constants of the coordinate-even sector. When j = 1 we write 4 = .

Lemma 8.1 (Reflecting hemispheres and the coordinate-even sector). Let u be invariant
under R;, and let a, p > 0. Suppose that

Ent, (f2) < a&u(f) + Bu(f2)  forall f € H'(Sy).

Then the same inequality holds for y;~ and every u € Hl(Hf). Also, Cp(p") < Cp(p) and
CLS(y;r) < Crs(p). If p is invariant under every R;, the same conclusions hold for po.

Proof. Let ¢j(x) be x with x; replaced by |x;[. For u € Hl(H].JF), the even extension
i = uo ¢; belongs to H'(Sy), and I'(ii) = I'(u) o ¢; almost everywhere, because R;
is an isometry of Sy whose fixed set is the smooth hypersurface {x; = 0}. We have
Jgo¢idu = [ gdy;r for every measurable ¢ > 0 on H]-Jr, because y is Rj-invariant.
Applying this to ¢ = u?, u?logu? and T'(u), we find that the variance, the entropy and
the energy of 7 under p coincide with those of # under y;r. This proves the claims for

pt;“. For up, use ¢(x) = (|x1],...,|xn]|)- O
Lemma 8.2 (Standard tools). The following hold.

(i) (Bounded perturbation.) Let y and u' = pu be probability measures on a finite-dimensional
Euclidean space carrying an energy [ T(u)dy with the same pointwise energy density
['(u) > 0 for both measures. If sup p/ infp < e%, then Cp(u') < e“Cp(p).

(ii) (Rothaus’s lemma.) For every probability measure y on Sy with a smooth strictly positive
density relative to vy, every smooth real-valued f on Sy, and every a € R, we have
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Ent,,(f2) < Ent,((f —a)?) +2u((f — a)?). If Enty(f*) < a&yu(f) + Pu(f?) for all
smooth f, with o, p > 0, then Crs(p) < a+ (B+2)Cp(u).

(iii) (Positive test functions.) For every smooth positive w and every smooth u on Sy,

/Mz —LJ;\ZU d?'CA < /F(u) dﬂA.

(iv) (Gaussian logarithmic Sobolev inequality.) If 7y is the standard Gaussian measure on R"™,
then Ent, (F?) < 2 [ |VF|*d~y for every smooth compactly supported F.

(v) (Brascamp-Lieb inequality on a convex domain.) Let m > 1, let (3 C R™ be a nonempty
bounded convex open set with smooth boundary, let Q) be an open set containing ), and let
U € CYL(QY). Suppose that VU = A almost everywhere on (Y, where A is a continuous
field of positive definite matrices on (Y. If u is the probability measure on Q) proportional to
e~ Udy, then

Vary, (u) < /<A1Vu, Vu)du  for every u € CLH(R™).

(vi) (Spheres.) The uniform probability measure on the unit sphere S*~1 C R, k > 2, with
its spherical gradient, has Poincaré constant 1/(k — 1), and so does the uniform measure
on the unit hemisphere {«w € S*=1 : wy > 0} with its reflecting form. In particular,
Cp(vn) = N/(N —1).

Proof. For (i), we have
Vary (F) < [ (f = uf)?dn’ < (sup p) Var, (f)

< (supp) Co(p) [ T(F)dye < TEE Colp) [ T(F) i

This is the Poincaré version of the perturbation argument of Holley and Stroock [84,
Lemma 5.1, pp. 1183-1184]. The inequality in (ii) is due to Rothaus [125]; see also [18,
Lemma 4]. Applying it with a = u(f), and then the hypothesis to f — j(f), we obtain

Enty (f%) < a&u(f) + (B+2) Vary(f) < (a+ (B+2)Cp(p)) Eu(f)-

For a reflecting hemisphere or orthant obtained from a reflection-invariant smooth posi-
tive spherical law, the same Rothaus inequality follows by even extension and approxima-
tion in H', as in Lemma 8.1. Consequently the tightening implication also holds for each
of these reflecting forms, using its own Poincaré constant. For (iii), (8.1) with f = u?/w
and ¢ = w gives

/u2 —I;;4w dms = /F(%z,w) dma

= / (2uT (u,logw) — u*T(logw)) drra < /F(”)dﬂA/
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where in the last step we used |Vsu — uVglogw|? > 0. This elementary inequality is
the basis of the Lyapunov-function method; see [12, Section 4.6.1, (4.6.4)—(4.6.5), p. 202].
For the marginal generators below, the diffusion matrices are symmetric and positive
definite on the open chart. The same proof then applies once the integration by parts
produces no boundary term; we check this in each use. Item (iv) is Gross’s inequality [79,
Corollary 4.2, (3.4), p. 1073], multiplied by 2.

For (v), we first suppose that U is smooth on Q) and that V2U is positive definite
there. Then the claim with A = V2U is [96, Theorem 1.2(1)], applied with 1/N = 0 to the
weighted manifold O with the Euclidean metric and the measure e~ Ydy. Its boundary
is locally convex because () is convex, and its generalized Ricci tensor is V2U. For
) = R this is the inequality of Brascamp and Lieb [36]. In general, let U, = U * ¢. for a
standard mollifier ¢, defined on Q) for small €. The gradient VU is locally Lipschitz, and
V2U, = (V2U) * ¢.. Fix 6 € (0,1). There exists g > 0 such that A(y — w) = (1 —0)A(y)
for y € O and |w| < ¢, because A is continuous and positive definite on a compact
neighborhood of Q. Then V32U, > (1—6)A on Q) for ¢ < gy, and the smooth case gives
the claim for e~ with the factor (1 —0)~!. Finally, U, — U uniformly on (), and we
may let ¢ — 0 and then 6 — 0.

For (vi), the eigenvalues of the Laplacian of S*~! are £(¢ + k —2), £ > 0, and the first
positive one, k — 1, has the linear functions as eigenfunctions. For k > 3, this value also
attains the Lichnerowicz bound [12, Section 4.8, (4.8.1), p. 213]. The reflecting form of the
hemisphere corresponds to the functions on S*~! that are even in wy, as in Lemma 8.1,
and w; is such an eigenfunction. Scaling by v/N gives Cp(vy) = N/ (N —1). O

8.2 Ambient calculus for the quadratic generator

The results of this section use only Euclidean derivatives, matrix algebra and (8.1). We
tix a real symmetric matrix A, which we do not assume to be diagonal. For x € Sy, let

xx’ xT Ax N-1
N el = ;o balx) = Ax — (EA(X) + )x-

e =1- N N

For a smooth function u defined near Sy, we write Du and D?u for its Euclidean gradient
and Hessian. Then

Lau = tr(I1,D*u) + bs(x) - Du,  T(u,v) = (Du)"11,Dv (8.2)

on Sy. The second formula holds because I1,Du is the tangential part of Du. For the
tirst, we note that its right side depends only on the restriction of u to Sy. Indeed,
suppose u = 0 on Sy. Then II,Du = 0. For a unit vector e orthogonal to x, the curve
Ye(r) = (x +re)/(1+7*/N)¥2 stays on Sy and satisfies 7,(0) = e and 7/ (0) = —x/N.
Differentiating u(7,(r)) = 0 twice at r = 0 gives ¢! D’ue = x - Du/N, and summing
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over an orthonormal basis of x*, we find tr(IT,D?u) = (N —1)x - Du/N. Also, Du
is parallel to x, which gives bs(x) - Du = (x-Du)(xTAx — Nes(x) — (N —1))/N =
—(N —1)x-Du/N. The two terms cancel, and the right side vanishes. It suffices to check
(8.2) for an extension that is constant along rays. For such u, the identities x - Du = 0 and
x"D?ux = 0 imply that tr(IT,D?u) = Au = Agu, and by (x) - Du = (Ax)TI1;Du is the
drift term of L4.

For a smooth positive function w on Sy, we define

Ta(f) = 3(LaT(f) = 20(f,Laf)),  Twa(f) = 3(La(wl(f)) —2wT(f,Laf)).

Lemma 8.3 (Bochner formula in ambient coordinates). Let f be smooth on Sy, and extend it

to {V/N/2 < |x| <2vV/N} by f(x) = f(v/Nx/|x|). On Sy, let
¢=Df, E=D,  Vif=ILEIL.

Thenx-¢ =0,T(f) = |¢|? and

T T
Ex=—g, E:VZf—w, (8.3)
E 2 v |g’2 I EZ _ v ’g|2 8.4
IElls = 1VEflls + =5 tr(E?) = [[VEfllis + 7 (8.4)
Moreover,
2
La(f) = [V ls +8" | (ea+1— 1)1 — Alg, (8.5)
and for every smooth positive w on Sy, with a = Vglogw,
2  Ljw
Fualf) = w| Vil +wg"[(ea+1— 5 + A2 ) - Alg+20VEif(a,g).  (86)

Here V2f(a,g) = a' (V%f)g. The matrix V4 represents the Hessian of f on Sy, since
the extension is constant along rays, and (8.5) is Bochner’s formula for L4, written in
ambient coordinates; compare [40, equations (1.38)—(1.41)], with potential V = —% TAx.
For A = 0, the identity (8.5) implies that I';(f) > (1 —2/N)I'(f), the curvature bound
Ric = (N —2)/N of Sy. The semigroup interpolation argument based on I'; is the method
of Bakry and Emery [11]; see [12, Corollary 3.3.19, p. 163]. The weighted expression used
here is computed directly in (8.6) and specialized to the covariance weight in Lemma 8.5.

Proof. Since the extension is constant along rays, Euler’s identity implies that x - Df = 0.
Differentiating it once, we obtain ¢ + Ex = 0, and multiplying by x" yields xTEx = 0.
We decompose E with the orthogonal projections Iy and xx'/N. Using Ex = —g and
II,g = g, we find [T;E(xxT/N) = —gxT/N. Its transpose is (xxT/N)EIL, = —xg" /N,
and (xxT/N)E(xx"/N) = 0. This proves (8.3). The three matrices V4f, ¢x' /N and
xg"/N are orthogonal for the Hilbert-Schmidt inner product, since (V4f)x = 0 and
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x - g = 0, and the last two have squared norm |g|?|x|?/N? = |g|?>/N. This proves the first
identity in (8.4). For the second, we compute II.E = V4f — ¢x" /N and
T T T 2 T T
2_ (v2p_ 8% (g2 8% TX8'\ _ g2pe_ (VEEX | gg
ILE? = (Vif -5 ) (V3f ——E) = (Vi) SR
whose trace is ||V2f]|%5 + |g]?/N.

Let G = |Df|? on the annulus. The function G is homogeneous of degree —2, because
the gradient of a function that is homogeneous of degree zero is homogeneous of degree
—1. By Euler’s identity, we have x - DG = —2G and x"D?G x = 6G. Also DG = 2Eg and
D*G = 2E* +2Y;¢;D?(9;f); taking the trace, we find tr(D*G) = 2| E||fs +2¢ - DAf. By
(8.2), using xEg = —|g|?, we find

6G N-1
LAG = 2||E|}s +2g - DAf — = +2gTEAx—|—2(eA i T)G'

By (8.2), the function Af + Ax - Df is an extension of L4 f, since x- Df = 0 and x" Ex = 0.
Its gradient is DAf + Ag + EAx, and taking the inner product with g, we find
2T(f,Laf) = 2g- DAf +2¢" Ag +2¢TEAx.

Subtracting and using the first identity in (8.4), we have

_EI2 AN 2T
L2(f) = ||EllRs + (ea +1— < ) 18P — g7 Ag,

which is (8.5). Finally, by the product rule La(wG) = wLAoG + GLaw + 2T (w, G), we
have

Twa(f) = wha(f) + 3G Law +T(w, G).
The tangential part of DG = 2Eg is 2I1,Eg = 2(V2f)g by (8.3). Since a = Vglogw, we
have I'(w, G) = 2w V2f(a, g), which proves (8.6). O

Corollary 8.4 (Gradient of the norm of the gradient). In the notation of Lemma 8.3, for every
e > 0 the function u, = (T(f) + €2)'/2 satisfies

[(V3f)gl? 2 7112
I(ue) = P+ < [Vsfllis:
Proof. As shown at the end of the previous proof, the tangential gradient of I'(f) = G is

2(V%f)g. Using the chain rule, we find Vgu, = (V4f)g/u, and the claim follows from

(V38 < 1V fllnslgl- -
We now use the equilibrium covariance Q = (zI — A)~! as a weight. Let
T
p(x) = a Z\CIQX’ X € SN.

Note that 1/s < ¢ < 1/d on Sy, because the eigenvalues of Q lie in [1/s,1/4].
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Lemma 8.5 (The weight ¢ and a weighted curvature bound). Let a = Vglog ¢ and
J=(k+x1 —2)/N. Then

Lap =2(z—1—ea)p,  |a]* <], (8.7)
and, in the notation of Lemma 8.3,
Toa(f) = o{ IV Iis +2V3f (0,9) + 87 [(el — 4) — =1]g}. 89
In particular, with rg = d — (k +x~1) /N,
Lpa(f) = ro@T(f). (8.9)

The identity (8.8) and the bound (8.9) hold for every symmetric A, also when o < 0.
Proof. By (8.2) with D = 2Qx/N and D?¢ = 2Q/N, and using tr Q = N, we have

Lio= 2(w0- T &) 2(TAe- (e V)T

2
=2-2¢+ NxTAQx —2e5.

Recall that AQ = zQ — I. Then xTAQx = Nz@ — N, and the first identity in (8.7) follows.
For the second, we work in an eigenbasis of A and write w; = xiz/ N, so that w; > 0 and
Y, w; = 1. We have

2 2 4 ( Liwg
"= N2 2 (‘Qx’ ) B N((Ziwi%’)z - 1)'

where we used that the tangential part of D¢ is 2Qx/N — 2¢x/N. Let £ = 1/s and
ii = 1/d. Then q; € [, 1], and therefore g% < (¢ + i1)q; — {i. With m = Y, w;q; € [{, 1),
the ratio above is at most ((¢ + @1)m — ¢i1) /m?. As a function of m > 0, this is maximized
at m = 20ii/ (¢ + i1), where it equals (¢ +i1)?/(4¢i1) = (k +2 + k1) /4. We conclude that
la> < (k+x~1 —2)/N = J. This is the elementary form of the Kantorovich inequality [93,
pp- 142-143]. For the equivalent second-moment form and its earlier history, including
the work of Frucht, see [112, Section 1, (1.3)].

Inserting Lag/(2¢) = z—1—ey4 into (8.6), we find that the function e4 cancels,
which proves (8.8). For (8.9), let T = (ag" +ga")/2. Then (Vif, T)us = V4f(a,g) and
T3 = (|a?|g]* + (a-g)?)/2 < |al?|g|*. Completing the square, we find

IVE£llEs +2VEf(a,8) = [VEf + Tllfhs — I TllEs > —lal?gl* > —JIgI.

The eigenvalues of zI — A are at least d. Inserting these two bounds into (8.8), we obtain
Tyo(f) > ¢(d —2/N —])|gl* = ropI (f). O
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Theorem 8.6 (Weighted gradient estimate and spectral gap). Let o =d — (x +x~1)/N.
For every t > 0 and every smooth f on Sy,

oT(P{f) <e P (9T (f)),  T(P{'f) <xe ™ PAT(f). (8.10)
If ro > 0, then Agap(La) > rq. These conclusions remain true when rq is replaced by any smaller

number, for instance by r = d — (k+1+ K_l)/N =ro—1/N.

Proof. Fix t > 0. The function (u,x) + PZf(x) is smooth on [0,¢] x Sy, by parabolic
regularity on the compact manifold Sy. For 0 < u <, let

K(u) = e " P (9T (PL,f)).
Using 0,P ,f = —LaP/ ,f and the definition of ['y2, we find

K (1) = e 0P (La (pL (PR f)) = 29T (P f, LaPLt ) — 2rogT (P, f) )
= 2720 (T (P, f) — rogT(PRLf)),

which is nonnegative by (8.9) and the positivity of P2A. Comparing K (0) and K (t) proves
the first inequality in (8.10). The second follows from 1/s < ¢ < 1/d.

Let f be a nonconstant smooth eigenfunction, L4f = —Af. By (8.1), we have
J La(oI(f))dma =0. Using also I'(f,Laf) = —AL'(f), we find

/I“q,,z(f)dnA :/\/gor(f)dnA.

The last integral is positive. Integrating (8.9), we find A > ry. Since this holds for
every nonconstant eigenfunction, we conclude that Agap(La) > 79. The last assertion is
immediate, since e~ 2! < ¢=2"* and r < ry. O

The rate rq is positive only when d > (x +x~!)/N. Near the critical temperature,
x is of order d!, and this condition requires Nd? to be large. The next section proves
a lower bound on Agap(L4) without this restriction, and Sections 8.5 and 8.6 treat the
critical window, where Nd? tends to zero.

8.3 Many precisions comparable to the smallest one

In this section, A is diagonal, with precisions p;, variances g;, smallest precision d = p;
and weight ¢ = xTQx/N, as in Sections 8.1 and 8.2. Let L > 1, and let K C {1,...,N}
be a set of k > 3 indices such that

pi < Ld for every i € K. (8.11)

We write £ = k — 2 and Sk(x) = ¥;cx x?. The gradient of log ¢ can be large where the
coordinates in K are small. The following inequality, of Hardy type, controls its square
on average by 1/Sg, which is small on average when k is large.
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Lemma 8.7 (A Hardy-type inequality). Assume (8.11). For every smooth u on Sy,

2
74 (T (log @) u?) < SL_Z T4 (u?) + 32(5_1—;)5) 7ta (T (u)). (8.12)

Proof. Since Ly = L_p and w4 = 7m_p, we may assume that A = —P, so that z = 0 and
ea = —p, where p(x) = N~y pix?. By (8.2), for every i,

Lax? =2 —2x? — 2p;x7 + 2p x7.

Multiplying by g;/N and summing over i, and using };4; = N and |x|*> = N, we find
Lap =2(p —1)¢, in agreement with (8.7). It follows that L4 log ¢ = 2p —2 —I'(log ¢).
Summing over i € K instead, and using I'(Sk) = 45k — 45% /N, we find

LASk F(SK) 2(k—2) _ _ 4 _ Yick pixz
alogSk="g "~ "g Sk A S A T
Let Y = log(Sk/ ). Subtracting the two identities, we obtain
2(k—-2 4
LAY = ( ) _ 2pk + — +T'(log ). (8.13)
Sk N

By the computation of \a|2 in the proof of Lemma 8.5,

4y, ¢?x? 4 4q1 4L
T(logg) = —17L _ — < L <22
(log #) (Liqix?)* N 7 Liekqix} ~ Sk
where we used q; < g = 1/d for all i and q; > 1/(Ld) for i € K. Together with
I'(log Sk) < 4/Sk, this gives T'(Y) < 2I'(log Sk) + 2T (log ¢) < 8(1+ L)/ Sk.
We claim that
/uzLAdeA - —Z/uF(u,Y) drs. (8.14)

If k = N, then Sg = N, the function Y is smooth, and (8.14) is a case of (8.1). If k < N,
then Y is smooth on {Sx > 0}, and |L4Y| and T'(Y) are bounded by a constant multiple
of 1/Sk. Under vy, the variable Sk /N has the Beta(k/2, (N — k)/2) distribution, whose
density is proportional to s/2-1(1 — s)(N=K)/2=1 ‘and 1/Sy is integrable because k > 3;
the same holds under 74, whose density with respect to vy is bounded. For 0 < & < N,
we apply the divergence theorem on {Sx > €}. Its boundary {Sx = ¢} is a product of
spheres of dimensions k — 1 and N — k — 1 with radii v/¢ and v/N — ¢, and its (N — 2)-
dimensional volume is at most Cles(k_l)/ 2. The normal derivative of Y there is at most
I'(Y)2 < (8(1+ L)/e)'/2. The boundary term is O(e*=2)/2), which tends to zero, and
the two integrals over {Sx > ¢} converge to those in (8.14) by dominated convergence.
This proves (8.14).
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Let n = mma(u?), U = ma(u?/Sk) and E = A (T(u)). In (8.13), we drop the non-
negative terms 4/N + I'(log ¢) and use px < Ld. Then (8.14) and the Cauchy-Schwarz
inequality give

z(k - 2)u —2Ldn < 2(7TA(1/£2F(Y)))1/2E1/2
S(0+1)

- E.

< 2(8(1+ L)UE)"? < (k—2)U +

Absorbing the term (k —2)U, we find U < 2Ldn/(k —2) + 8(1 + L)E/(k — 2)?. Multi-
plying by 4L and using I'(log ¢) < 4L/Sk, we obtain (8.12). O

Theorem 8.8 (Spectral gap when many precisions are comparable to the smallest one).
Assume (8.11), and set

8L _ 32L(1+1L) 11
Ap="p=  Bu=""p ",  pe=5+ . (£>0)
(i) For every smooth f on Sy,
2 7112
74 (T(log @)T(f)) < Aua(T(F)) + Byt a (V3£ [fis)- (5.15)

(ii) Let f be a nonconstant smooth function with Lof = —Af, and write Ey = m4(T(f)) and
Ey = 4 (||V2f|%s)- Then for every e > 0,

AE1 > (1—¢ — peBy) Ea + <d - % - pgAH> E:. (8.16)
(iii) If ¢ > 64L2, then
Meap(La) 2 d— =~ ?.
Proof. For (i), we apply Lemma 8.7 in the form
74 (T(log @)u?) < Apma(u?) + By ta(T(u)) (8.17)

to the smooth function u, = (T'(f) + €*)!/2. Using I'(f) < u? and the bound T'(u;) <
| V4f|% of Corollary 8.4, we find

A (T(log )T (f)) < 7wa(T(log ¢)uz) < Au(E1 +€*) + Buka,

and we let ¢ — 0.
For (ii), we again take A = —P, so that e4 = —p and (8.5) reads

2
N2(f) = V3 f ks + Spigt + (1- < —7) lel
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with ¢ = Df as in Lemma 8.3. Recall from the proof of Lemma 8.7 that 1 — p =

—1Lalog g — 3T (log ¢). By (8.1), ma(Ta(f)) = ma((Laf)?) = AE;. Also by (8.1), and
since the tangential gradient of I'(f) is 2(V4f)g,

—5 [(Lalog ) T(H)dra = 5 [T(logg,T(f)) dra = [ VEf(a,8)da,

where 1 = Vlog ¢. Integrating the expression for I';(f), we obtain
2 2 2 1
AE; = Ep + NA(Zpigi) -NE 7ta(Vsf(a,g)) — 57A (T(log @)L (f))-
1

We have ¥ pig? > digP, and [V2f(a,g)| < el[V3fls + laPIgP/ (4e) with [a]2 —
I'(log ¢). Inserting these bounds, we have

My > (1- s+ (4~ = )Er — peta (T(log )T (),

and (8.16) follows from (8.15).

For (iii), we take ¢ = 1/2, so that p, = 1. If ¢/ > 6412, then By < 64L%2/0% <
1/(64L?) < 1/2, and the coefficient of E in (8.16) is nonnegative. Dropping this term
and dividing by E; > 0, we find A > d —2/N — Ap for every nonconstant eigenfunction,
which proves (iii). O

Corollary 8.9 (Poincaré inequality when many precisions are comparable to the smallest
one). Assume (8.11) with £ > 64L2, and suppose that Nd > 8. Then Cp(rt4) < 2/d. The same
bound holds for every coordinate hemisphere with its reflecting form and for the coordinate-even
sector. Equivalently, in terms of the half-precisions r; = p;/2 and rin = d/2: if r; < Ltmin for
i€ K, k—2>64L?, and Nrmyin > 4, then Cp(4) < 1/ min.

Proof. Under these hypotheses, 8L%d/¢ < d/8 and 2/N < d/4. Theorem 8.8 implies
that Agap(La) > 5d/8 > d/2, that is, Cp(7ta) < 2/d. The other cases follow from
Lemma 8.1. [

Several later arguments apply these inequalities to conditional laws on spheres of
other radii. We record the scaling.

Remark 8.10 (Spheres of other radii). Letn > 2, S > 0and v € (0,00)" with Y ;v; = S,
and let y, be the probability measure on {y € R" : |y|> = S} proportional to
exp(— Y;y?/(2v;)) times the surface measure, as in (5.10), with the spherical Dirich-
let form of that sphere. The map x + (S/n)/?x carries p,,/5 on S, to py. If f
is a function on {|y|> = S} and f'(x) = f((S/n)Y%x), then T(f') = (S/n)T(f) at
corresponding points, while variances and entropies are unchanged. It follows that
Cp(po) = (S/n)Cp(Myy/s), and similarly for Crg. With r; = 1/(2v;) and rmin = min; 7,
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Corollary 8.9 reads as follows: if ¥; < Lrmin for k indices i, with k —2 > 6412, and
Stmin > 4, then Cp(py) < 1/7min. Likewise, the inequalities of Corollary 8.13 below hold
for i, in the form Cyg(py) < Csymax; v; + CsCp(py), since this form is invariant under
the scaling.

8.4 Logarithmic Sobolev inequalities from a Gaussian extension

In this section, g € (0,00)N satisfies Y;q; = N, and y = j4; recall from Section 8.1 that
pg = 71p for A = — diag(qfl, ceey qgll), whose smallest precision is 1/ max; q;. We write
l9]> = ¥;q%. Let Gy,...,Gy be independent standard Gaussian variables, and let hg
be the density of ¥ ;4;G?. The number h,(N) is the value of this density at its mean
EY,;q:G? = N.

Recall that 1, is the conditional law of a Gaussian vector given that its squared norm
equals N. In the next proof, we extend a function f on Sy to Gaussian space, in a thin
layer outside the sphere, so that the Gaussian norm, energy and entropy of the extension
are controlled by those of f. We then apply the Gaussian logarithmic Sobolev inequality
to the extension. The extension must compensate for the Jacobian of the coarea formula,
which varies along the sphere. We obtain a logarithmic Sobolev inequality with an
additive error term, which we then remove with a Poincaré inequality.

Theorem 8.11 (A logarithmic Sobolev inequality with an error term). After relabeling the
coordinates, let g1 > qp > - - - > qn, and write oscq = q1 — qn. Fix 5 € (0,1] and suppose that

9> > (1+17)(oscq)?. (8.18)

There exists Cy, < oo, depending only on 1, such that for every f € H'(Sn),

Enty (f%) < Cyq1 Eu(f) + [Cy +log (hg(N)?|q1*) | u(f?), (8.19)
Ent, (£2) < C, q1 Ex(f) + [CW—{—log 9l ] (2. (8.20)
Moreover,
Cis(u) < Cyqr + [C +2+log W} Cr(p). (8.21)
U 1 7192

The same three inequalities hold for every coordinate hemisphere and for the coordinate-even sector,
with Ent, € and Cp of that form. In particular, if o > 6q1 and |q|> < K'q? for some § € (0,1]
and K’ < oo, then Crs(p) < Csq1 + Cs,xCp(1t).

In terms of the half-precisions r; = 1/(2g;), the first term is C;q; = C;/(2min; ;).

Proof. The proof has seven steps. Step 1 transfers the problem to an ellipsoid in Gaussian
coordinates. Step 2 proves a weighted estimate on the ellipsoid. Steps 3-5 construct
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the extension along a normal flow and bound its norm and energy. Step 6 applies the
Gaussian logarithmic Sobolev inequality and absorbs a logarithmic weight. Step 7 bounds
hy(N) and concludes. We may take f smooth, by the density argument of Section 8.1.
By Lemma 8.1, it suffices to prove (8.19) and (8.20) on the full sphere: they then hold for
every hemisphere and for the orthant, and (8.21) for each of these forms follows from
Lemma 8.2(ii), since the bracket in (8.20) is nonnegative (see Step 7).

Step 1: an ellipsoid in Gaussian coordinates. Let Q = diag(qy,...,qn), Q(y) =y Qy,
and @(y) = y' Q% = |VQ(y)|>/4. For £ > 0, the level set E, = {Q = /} is a smooth
ellipsoid with unit normal n = Qy/®'/2. Let y be the standard Gaussian measure on
RN and oy the surface measure of E,. By the coarea formula [134, Chapter 2, Section 6,
(6.3), p. 66], for bounded measurable g,

o0 —lyl?/2
/gdv :/0 /Eég(y) (27t)15/22a)(y)1/2 o¢(dy) dt.

In particular, the inner integral with ¢ = 1is h,(¢), and the probability measure ulY) on
1/2

E, with density proportional to e~ WV2/2p=1/2 wyith respect to oy is the conditional law of
a standard Gaussian vector G given Q(G) = /. The vector X = Q'/?G has independent
N (0, g;) coordinates and |X|?> = Q(G). By the coarea formula in the coordinates x, where
|V|x|?| is constant on each sphere, the conditional law of X given |X|?> = / is proportional
to e~ Li%/(29) times the surface measure; for £ = N this is ;. Both families of conditional
laws depend continuously on ¢, and they describe the same random vector given the
same variable. We conclude that uf = (V) is the image of g under x — Q~1/2x. We
write E = Ey.

Let Tr(f) = |(I — nn")V f|? be the Euclidean tangential energy on E. For f smooth
near Sy, let f(y) = f(QY%y). Using d,,f = q;/%9;f and VQ = 2Qy, we find, at
x = Q'2y,

. . . 2 . 2 . 2
Te(f) Zfbfgﬂg‘vf—szﬂ :rbré%;qi(aif—be,-) <q Ibréllgz;(aif—%xi) = qI'(f).

Here 9;f are the derivatives of any smooth extension of f, and both minima are tangential
energies, which do not depend on the extension. The image map preserves Ent and u(f?),
and it suffices to show that for every smooth f on E,

Ent, (f?) < Cn/FE(f) dp® + [Cy +log (hg(N)?q?) ] u"(f?). (8:22)

Step 2: a weighted estimate on E. For y € E, let w;(y) = g7y?/@(y). These weights

form a probability vector, and we write (q), = ¥; wig; and Var,(q) = ¥ wig? — (9)3.

Then (q)w € [qn, q1] and Vary(q) < (oscq)?/4. The generator Lg of the form [T'pduf is
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Ag+ VEglogp - Vi, where p « e~ 1v*/21/2 and Ag is the Laplace-Beltrami operator of
E. For a smooth function f defined near E, we have Agf = tr((I —nn")D?*f) — (divn)n -
Df, where divn = (trQ — (q)s)/@'/? is the mean curvature of E. The tangential
part of Vlogp = —y — Q*y /@ is —y + Q(y)Qy/@ — Q*y/@ + (7)»Qy /@, since n - y =
Q(y)/@'? and n - Q%y = (q)»@'/?. Adding the term —(divn)n - Df and using tr Q =
N = Q(y) on E, we obtain
2
2
Lef =tr (I —nn")D*f) + ( —y— Qv <‘7>wa> - Df.

@ @

For @, with Do = 2Q2y and D?@ = 2Q?, this formula gives

Le@ = 2|q|* — 2@ — 4 Vary(q),  Tr(@) = 4@ Vary(q),

2 (8.23)

Lrlogw = _2|6]| _2_—8Varw(q).
@ w

The formula for I'r(@) uses only the normal n and holds on every level set Ey. Let

W = @~ 1. Then

“LeW L log@ — T (log @) = 217|q|* — (817 + 41°) Vary(q)
w @
with A, = 7[2|g> = (24 71)(0scq)?]. We claim A, > n%q3/4. If oscq > q1/2, then
(8.18) implies that 2|q|> — (2 +17)(0scq)? > n7(oscq)?, and A, > y?(oscq)? > g3 /4. If
oscq < q1/2, then |g|> > g% and (24 77)(oscq)? < 343/4, and A, > 5nq3/4 > n?q3/4.
The manifold E is compact and has no boundary. The argument of Lemma 8.2(iii) applies
to Lg and VW, and we obtain

2 >A’7 2
'7_(17 1,

2
[ 7Lt < 2 [Ter) it + (), 829

We also record that [ Lp@ dut = 0. Integrating the first identity in (8.23) against u£, we
find p*(@) = |q]* — 2u* (Vary(q)) < Iq]*.

Step 3: the normal flow. For w € E, let (Y;(w)),>N solve

dYy _ Qy _

¥ V(Yy), V(y) = 20(y)’ Yn(w) = w.

We have Q(Yy) = ¢, because VQ -V =1. On {Q > N}, we have @ > gyQ > 0, and V
is smooth with linear growth. The solution exists for all £ > N, and the flow, with its
inverse obtained by running it backward, maps E diffeomorphically onto E,. We write
u=4~0—N, o (w) =@(Yy(w)) and @y = @wyn. Using dw,;/dl = Do -V = (q)4(Yy), we
find

dw
d—; € [E]N, ql], @y < wyp < @+ qiu. (8.25)
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For tangent vectors ¢, ¢’ to E at w, let {y = DYy(w)¢ and §; = DYy(w)¢’, which are
tangent to E;. Then

d ¢, Q¢

ﬂ(gﬁl €2> = <DV‘:€/ §2> + <€€/ DV€2> = é@—//
because DV¢ = Q¢/(20) — Qy (Dw - £)/(2@?) and Qy L ). In particular || is non-
decreasing in ¢. We say that a function ¢ on E, is transported from E,, N < ¢/ < ¢, if
S(Yi(w)) = g(Yp(w)) for a function g on Ey. Writing I'y for the tangential energy on Ey,
we see from the monotonicity of |&,| that

Ty(§)(Ye(w)) <Tp(g) (Yo (w)). (8.26)

Applying (8.23) on each level, we find that I';(log @) < (oscq)?/@ on E;. Combined with
(8.26) and (8.25), this shows that for every N < ¢/ < ¢ the function log @, viewed on E/,
satisfies T'y(log @) < (0scq)?/@o.

We now compute the Gaussian density in the coordinates (w,f) € E x [N, o).
We write v(dy) = jy(w)on(dw)dl on {Q > N}. At £ = N, the factor jy(w) =
(27‘[)_N/2€_|w|2/2/(2@é/2) is the coarea density of Step 1, and jy(w)on(dw) =
hg(N) uF(dw). By the Liouville formula, 9;log j, = (divV —y - V)(Y;), where y - V comes
from the Gaussian factor. We have divV = tr Q/(2®w) — (g)w/@ and y -V = Q/(2w).
On Ey, where Q = N+ u and trQ = N, this gives dylogj, = —u/(20) — (7)w/@.
Integrating, and using d,log @y = (q)w/ @, we arrive at

s .
JO_ D0t g, = / . (8.27)
JN @y 0 20N+v

For0<u < w(l)/z, we have 0 < I, < u?/(4@g) < 1/4.

Step 4: the extension and its norm. Fix once and for all a nonzero x € C*((1/4,3/4)),
and let xo = [x% x1 = [(X')? and x» = [ x*logx?. For smooth f on E, we define
F=0on{Q < N} and

F(Yg(w)) _ ag(w)f(w)x(u/wo(w)l/z), a, = <j_—N)1/26’00_1/4 _ <g>1/261e/2w0—1/4.

Je @o
(8.28)
On the support of F, we have c@é/ 2/4 <u < 3(0(1)/ 2/4. The function @ is bounded
above and below on E, and this support is compact and at positive distance from E, and
F is smooth on RN. The amplitude cancels the Jacobian: a?j, = jN@, /2 Substituting

u= co(l)/zt, we find

o0

[ F2ar = [in@)f@? [ xtPdton(do) = xohy(N) (). (829)
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Step 5: the energy of the extension. For a function G on {Q > N}, the gradient splits
into its tangential part on E; and its normal part AsV =n/ (2&)1/ 2), the derivative d,
along the flow at fixed w satisfies n- VG = 2w, 1/29,G, and so

IVG|?> =Ty(G) + 4@, (3,G)>.

Let f be f transported along the flow, so that 9,f = 0 and T;(f) < T'r(f) by (8.26). Let
Hy = q% /@y, a function on E, and recall oscq < gq;. We bound the derivatives of the two
other factors in (8.28) on the support of F.

First, loga, = %log @y — %log @o + %Ig. Tangential differentiation fixes u. By the
bound at the end of Step 3 and Minkowski’s inequality,

u v 0SC 0SsC
rg(lg)l/z < /0 Z(DN_H) Fé(long+v)1/2 do < (Dl/z/ 2(,’00 1/q2/

since u < wo/ 2. Using the inequality (61 + 62 + 63)% < 3(62 + 63 + 63) and the bounds of
Step 3, we obtain

2 2
9 1 1 ) (oscq)® 159 (oscq) < 159H0.

1
] < LA _
rf(og“‘f)—3<4+16+4 16/ @y 64 @ — 64

In the normal direction, dylog a; = (9)w/ (20,) + 1/ (4w@;). Since (7)) < g1, @¢ > @o and
u < a)l/z we have

2(g)2 2 1
)2§ <q> +—<2H0+—

4w,(0,1
¢(9¢loga, o, 2, 5

Together, |V logay|? < 5Hy + 1. Second, let t = u/col/2 < 1. Then o,t = c’oo 2, and the
tangential gradient of t is —(¢/2) times that of log @, and T(t) < (oscq)?/ (4@0) < Hy/4.
Using (8.25) and 4[—11/2 < 2+ 2H,, we find

V(B = X (2 (To(t) + ‘%) <X (TR v av 42—10”) <X (07 (64 Ho).

By the product rule and the same elementary inequality,

VF < 36 (Px(t(5Ho +1) + x (0P Te(f) + P (1 (6+ o) ).

We integrate against jy(w) on(dw) d¢, use a2j; = jy@, */? and d¢ = @}/?dt, and obtain

9
[V FRay < 30g(N){xo [ Te(F)dut + (o +6x0) 1) + (50 + 1 ) (FHo) }.
(8.30)
By (8.24), the right side is at most xohq(N) (A, [ Te(f) dut + B, ut(f?)), where

A,7_3+17 (5+Z§;), B,7_3<1+6XX01>+2174(5+%)
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Step 6: the Gaussian inequality and the absorption of a weight. Let ny = uE(f?).
Computing [ F2log F2d as in (8.29) and using [ F?dy = Xohq(N)ng, we obtain

Ent., (F?
x&ﬁN; Ent,: /ﬁ | c(e)?10g (aFx(1)?) dt) dn” — nylog (xahy (N)).

We have loga? = log(@¢/@p) + I — 3 Llog @y > —% log @y, and the inner integral is at
least x» — & log @). By Lemma 8.2(iv) and Step 5,

1
Entyg(fz) < ZAU/FE(f) dyE+C,’7nf+E/leogcodyE+nfloghq(N), (8.31)

with Cj, = 2By +log xo — X2/ xo- The weight log @ must be paid with the factor f2. By
the variational formula for the entropy, [ f2gdut < Ent,r( f?) +n rlog [ €8 duf for every
bounded measurable real function g; with ¢ = log(@/4?), which is bounded since E is
compact and @ > 0, and the bound u£(@) < |g|? from Step 2,

210 @ S E 2 w
flog — du” < Ent,e(f°) +nylog—-.
71 T

Writing log@ = log(@w/q%) + 2logq:, we find § [ f2log@duf < %Entyg (f3) +
%n rlog |g|?>. Inserting this into (8.31) and absorbing half of the entropy, we obtain (8.22)
with C; = max{44,,2C;,0}, which depends only on 7 since x is fixed. Together with
Step 1, this proves (8.19).

Step 7: the density at the mean. The variable ¢;G? has density e/ (4 /(27r4;)'/? on
(0, 0). The density of 1G? + q2G3 at y > 0 is the convolution of these densities, which is

at most
1 1

y dou
2%@wﬁ”2A (v(y—o)V2  2(qug2)V/?

Convolution with the law of Y ;-3 4;G? preserves this bound. Thus h,(N)? < 1/(44192),
and (8.19) implies

2
Bty (12) < Cy 1 (1) + Gy +log 10| u(2), 632

which gives (8.20). The bracket in (8.20) is nonnegative, because |q|> > ¢ + g3 > 24142,
and Lemma 8.2(ii) implies (8.21). Finally, if go > g1 and |g|*> < K'g3, then |q|2 (1+
6%)q3 > (1+ 6%)(oscq)?, which is (8.18) with 7 = 62, and log(|9|>/ (q192)) < log(K'/$).
This completes the proof. O

The second inequality is useful only when |q|?/43 is bounded. When at least three
variances are comparable to the largest one, the density /,(N) in (8.19) is bounded by a
constant multiple of |q| ™!, whatever the size of |q|>/43. This is the content of the next
lemma, which is also used in Sections 12, 17, and 19.
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Lemma 8.12 (Densities of weighted sums of squared Gaussians). Let by,...,b, > 0,
B = max; b;, My = Y ;b; and |b|*> = ¥ blz. Let Gy, ..., Gy be independent standard Gaussian
variables, let hy, be the density of Q, = ); biGiz, let f; be the density of biGiZ, and let hy, _; be the
density of Qp — b;G?. Fix 6 € (0,1] and suppose that there exist three distinct indices i with
b; > 6B. Then there exist c5, Cs > 0, depending only on J, such that

G

) for every i.

c C
hy(Mi) 2 g suply(y) <t suphy,i(y) <
0] y bl y

Moreover, for every i, the conditional expectation at the exact level,

2 1 My
]E[biGi | Qp = Ml} = M/O y fi(y) hy,—i(M1 —y) dy,

satisfies ]E[biGi2 | Qp = M;] < Csb;.

Proof. Let R = |b|?/B> > 1. We distinguish bounded and large values of R, with a
threshold Ry fixed below that depends on nothing.

Large R. Let 0> = 2|b|?, which is the variance of Q, let Z = (Qp — M1)/0, and let
h(t) = Eel*?. With uj ="b;/p <1, wehave ) ; ujz = Rand

) | R 2t2u%\ —1/ 2\ —R/
h(t) = [Te /7 (1 —2itb; /)2, [R()] =H<1+ Ru]> s <1+%) v
; j

where we used log(1 + xs) > slog(1+x) for x > 0 and s = ujz € [0,1], which holds

because the left side is concave in s. For |t| < R'/2, we have |i(t)| < e /6 by the
bound log(1 + x) > x/3 on [0,2]. For |t| > R'/2, the bound 1+ 2y? > 3y for y > 1
gives f\t\>R1/2 |h(t)|dt < 2RY23-R/4/(R/4 —1) when R > 4. Next, with w; = 2itb;/ o,

we have |wj| < V2[t|{R71/2 and —Jlog(1 — w) = jw + jw® + Je(w) with |e(w)| <

Z|lw|3 for |w| < . The linear terms cancel the factors e /7 the quadratic terms

sum to —t?|b|>/¢* = —t2/2, and since ) b;’ < B|bJ?, the remainders sum to at most
t|PR~1/2 in absolute value. It follows that i(f) — e~/ uniformly on compact sets
of t as R — oo, uniformly in b. Let g = (271)"1/2/4. We first choose T, such that
1 f;oo(e’tz/6 + e’t2/2) dt < €yp/3, and then Ry > max{8,8T§} such that, for R > Ry, the
integral of 71 [l (t) — e=/2| over [0, Ty] and the quantity 7~ 1R1/237R/4/(R/4 — 1) are
each at most €p/3. For R > Rp, Fourier inversion shows that Z has a continuous density
gz with |gz(x) — (271)"1/2e7**/2] < ¢ for all x. In particular, gz(0) > 3(27r)~"/2 and
sup gz < 2(27) /2. The identity hy(y) = 0 1gz((y — M;)/0) then yields the first two
bounds with absolute constants when R > Rp.

Let Ry = Rf + 1 and suppose R > Ry. Deleting coordinate i leaves weights b(~) with
Ibi=D2 > |b|? — B2 > |b|>/2 and maximum at most B, and the ratio of |b(~7)|? to the
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square of this maximum is at least R —1 > Rr. Applying the previous paragraph to
these weights, we find that sup h;, _; < C|b(~)|~1 < v/2C|b|~.

Bounded R. Suppose R < Ry. Let iy be an index with b;, = B, let iy # i1 be one of the
distinguished indices, so that b;, > 6B, and let U be the sum of the remaining terms b]-GJZ.

Then Var U < 2|b|> < 2RoB?. Let sg = (b;, + b;,)/2 > B/2. By Cantelli’s inequality,

2

S 1
P(U-EU < sg) > L > =: 1y,
( = 0)—Varu+sg—8R0+1 po

and by Chebyshev’s inequality, P(U — EU < —LoB) < 2Ro/L3 < po/2 if L§ = 4R/ po.
On the event {—Lop < U — EU < sp}, which has probability at least py/2, the Variable
M; — U = b;, +b;, — (U —EU) lies in [sy, (2 + Lo)p]. The density of b;, Gl2 +b;,G? ; atyis

> >
27 (biy biy)'/2 / -0z 7 2(b1~1bi2)1/2 -2
for y < (24 Lo)B, where we used b;, < b;, and fo —0))"V2dv = 7. Averaging

over U, we obtain h,(M;y) > (po/4)e” 2+L0 2‘5 )1 and ﬁ < |b] < R}/?B. For the upper
bounds, after deleting any coordinate i, at least two of the three distinguished indices
remain, say j and j/. By the computation in Step 7 of the proof of Theorem 8.11, the
density of b]-G]Z + b]-/G]% is at most (2(b]-b]-/)1/2)_1 < (26B8)7!, and convolution with the
other terms preserves this bound. Using |b| < Ré/ 2B, we find sup hy, _; < Ré/ 2/(25b)).

Conclusion. In both cases, sup h, < sup hy,_;, since h, = hy, _; * f;. Finally,

sup h _su h
E[b:G} | Qy = M hp 2 1/ y fily)dy = I:z b)l b; < Csb;.

O
Corollary 8.13 (Logarithmic Sobolev inequality when three variances are comparable to
the largest one). Let g € (0,00)N with ¥;q; = N, write gmax = max; q;, and let 6 € (0,1].
Suppose that there exist three distinct indices i with q; > dqmax. There exists Cs, depending only

on 6, such that for the full sphere, every coordinate hemisphere with its reflecting form, and the
coordinate-even sector,

Ent,, (f*) < Cs Gmax En, (f) +Cs ,”q(fz)r Crs(tg) < Csqmax + Cs Cp(pgq),
where &£, Ent and Cp refer to the corresponding form.

In terms of half-precisions, gmax = 1/(2rmin), and the hypothesis says that three of
the r; are at most rin /4.
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Proof. At least two of the three indices differ from an index where the maximum is
attained, and their squares contribute at least 26%32,, to |q|>. Using oscq < gmax, We
see that |g|> > (1+26%)g2,.« > (1+17)(0scq)? with 7 = min{1,26?}. By Lemma 8.12
with b = g and My = N, we have I, (N) < Cs|q| ™}, that is, log(he(N)?|g|?) < 2logCs.
Inserting this into (8.19) proves the first inequality, for all three forms. The second follows
from Lemma 8.2(ii), applied to each form with its own Poincaré constant. O

8.5 A few precisions close to the smallest one

In the critical window, the smallest precision is of order N~2/3, the gap between the two
smallest precisions is of the same order, and the conditions (4.36) place only a bounded
number of precisions within a fixed factor of the smallest one. These conditions do not
guarantee the hypotheses of Corollary 8.9. In this section we prove a Poincaré inequality
on the hemisphere {x; > 0} with its reflecting form (Lemma 8.18), and then pass to the
full sphere (Lemma 8.19).

Setting. Throughout this section, k > 5 and N > k are integers, and ay,...,ay > 0 are
quadratic potential coefficients such that, for some 0 < 2 < g,

a1 =0, O<m<am<a (2<i<k), aj>a (j>k). (8.33)

Let F(x) = Y,a;x?, let u be the probability measure proportional to e fvy, and let
p+ = u(- | x1 > 0). Note that y = w4 with A = —2diag(ay,...,ay): the coefficients
a; are half-precisions shifted so that the smallest one is zero. We write x = (v/Sw,y),
where y = (xg;1,...,xn) € By = {y e RN F: |[y2 < N}, S =N — |y|? = Ljx x? and
w is in the unit sphere S¥~1 C R*. Let ¢* be the uniform probability measure on S~
and o that on Skgl = {w € §¥1: w; > 0}. In these coordinates, the metric of Sy is
(I4+yy'/S) ® S gsr-1, whose volume element with respect to dy o*(dw) is proportional
to S¥/2-1. We obtain

§(dx) o e~ V() p=SA(w) gk/2—-1 dy o (dw), V(y) = Z ajyjz, Alw) = Zaiwl-z,
j>k i<k
(8.34)
and, since the inverse of I + yy'/Sis My = —yy' /N,

F(f) = ry(f) + S_1|Va>f|2/ ry(f) = (Vyf)TMyvyf- (8.35)

Here V,f is the gradient on S*~! of w ~ f(1/Sw,y), and Vyf is the gradient of
y — f(v/N—|y|?w,y) at fixed w. The marginal law of y under y, and also under
i+ since A is even in wy, is

Hrem(dy) o e VWSK2-17(S) dy, 7(S) = / =S4 do = / e~ SAdok .



8 Functional inequalities on the sphere §85 160
Given y, the conditional law of w is 8 « e~ SAc* under u, and 8¢ = 95(- | wy > 0) under
ti+. We write (A)g and Vary, (A) for the mean and variance of A under ¢, which are the
same under 9. With ¢ = log Z, differentiation under the integral gives ¢/'(S) = —(A)g
and ¢"(S) = Vary, (A) > 0. For functions u of y alone, (8.35) shows that the Dirichlet
form of y restricts to [ Ty (1) djirem, whose generator on By is Lremtt = p~ ! div(oM, Vi),
where p is the density of prem.

Lemma 8.14 (Moments of the angular law). There exist absolute constants C1,Ca, C4, Cy
such that the following hold.

(i) For a > 2 and T > 0, let vy ¢ be the probability measure on (0,1) proportional to v*~1(1 —
v)~1/2e=T dy. Then

Ey, . [t0] < a4+ Civa, E,, . [(t0)?] < Coa®. (8.36)
(i) Let ay = 0 and ay,...,a; > 0, with k > 5, and let 95 o< e~ 5Ac*. Then for every S > 0,

S(A)g < k%l +C k%l < Cpk,  S*Vary(A) < STEy[A?] < Cyk®. (8.37)

The same bounds hold under 19;

Proof. Let py(w) = w* le~%/T () be the Gamma(a, 1) density. We first show that there
exist absolute constants ¢, C > 0 such that, for all « > 2,

pa(w)Z% fora — 3va <w <a,

Pa(w) < %6_(w_“)2/(16“) for o < w < 4a, (8.38)
C w0

pu(w) < —=e~/ for w > 2.
N/

Stirling’s formula gives p, () < a~1/2. For w = «(1 + x), we have log(p,(w)/pa(x)) =
(¢ —1)log(1+ x) — ax. Using log(1+x) < x —x*/(2(1+x)) forx >0and &« — 1 > a/2,
we see that this is at most —ax2/16 for 0 < x < 3, which proves the second bound. For
w > 2w, itis at most a(log(1+x) —x) < —a(1+x)/10 = —w/10, because logy —y +1 <
—y/10 for y > 2; this proves the third bound. For —1/(2/a) < x < 0, the inequality
log(1+x) > x — x2/(2(1 + x)) shows that the logarithm is at least —(a — 1)x? > —1/4,
which gives the first bound.

For (i), the claims are immediate if T < «, since Tv < 7. Let T > a. The variable
w = 7o has density proportional to p,(w)(t —w)~'/2 on (0, T), with normalizing integral
H(7). Integrating the first bound in (8.38) over its interval, we find

H(t) > = (T—a+ &) V2 (8.39)

N o
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Then Ew < & + K(1)/H(t) with K(7) = [ (w — a)(T — w) " 2p,(w) dw. Suppose first

a < T <4a, and let T = (T — a)/+/a. Substituting w = a + y/a x and using the second
bound in (8.38), we find

s [T ~1/2,-x2/16 Cal/*

K(t) < Ca /0 x(T—x)""“e dx < T
For the last inequality: if T < 2, the integral is at most fOT x(T—x)"Y2dx = 3T %A T >
2, the part over [0, T/2] is at most (T/2)71/2 7 xe ™ /164x = 8(2/T)'/2, and the part
over [T/2,T] is at most Te~T"/64(2T)1/2. Then (8.39) implies that K/H < Cy/«, because
T—a++/a = /a(T+1). Suppose next T > 4a, and split K at /2 > 2a. On [a, T/2], we
have (T —w)~12 < (2/7)2 and [(w — &)1 po(w) dw < /&, the standard deviation of
pa. On [1/2,7], the third bound in (8.38) gives at most T - Ca~1/2e=7/29(27)1/2, Using
H(t) > (c/2)7~1? and the boundedness of ¢~ 7/, we again find K/H < C+/a. This
proves the first bound in (8.36). For the second, suppose first « < T < 4a. The bound
w? < a?+2a(w—a)y + (w—a)? gives Bw? < a? +2aK(7)/H (1) + K2(T)/H(T), where
Kr(7) = f{;(w —)%(t — w)"2p,(w) dw. The same substitution and the same split, with
x? in place of x, give K»(1) < Ca®/4(T +1)"1/2. Then K»/H < Ca and Ew? < Ca?. If
T > 4a, the integral of w?(T — w) ™/ 2p,(w) over [0,7/2] is at most (2/7)"/2a(ax + 1), and
over [1/2,7] it is at most Ca~1/27%/2¢=7/20, Dividing by H(t) > (c/2)T~'/?, and using
that T3¢~ 7/20 is bounded, we find Ew? < Ca?.

For (ii), we write w = (w1, (1 — w?)1/25) with 77 in the unit sphere of the coordinates
2,...,k. Under ¢*, the variable v = 1 — w? has density proportional to v¢=3)/2(1 — v)~1/2
and is independent of 7, which is uniform. In these coordinates, A(w) = vY >, a;17?,
and SA = to with T =S5);~, amiz > 0. Given 7, the law of v under g is then v, with
a = (k—1)/2 > 2. The bounds (8.36) are uniform in 7, and integrating them over #, we
obtain (8.37); in the second bound, we bounded the variance by the second moment. The
sign of wy plays no role in this argument, and the same bounds hold under 9. O

Lemma 8.15 (A drift inequality for the remaining coordinates). Assume (8.33). For { &
(0,1/2], let ij=a;—Ca> a/2 for j >k, and

2
Y; Q¢ 1
QW)=Y 5 R=-=%, Di=N-} .
=k 24; 5 ik 24
(0 on B 2D 2(k — 4)R
LiemRg =2 — ~2& — 4ZaRg + 4{A)sRy — =" (8.40)

(ii) There exists ko((), depending only on {, such that if k > ko(C) and

D; >0, (8.41)



8 Functional inequalities on the sphere §85 162

then on By,
LremR; <2 —2CaR;. (8.42)

(iii) We have pirem (LremR7) = 0. For w = (1 + aR;)'/? and every bounded u € C*(By) with

fr d,urem < o0,
—Liemw
/uZ % d,urem < /ry(u) d,urem-

Proof. For (i), we compute Lremu = div(M,Vu) + Vlogp - My Vu, with

k/2—-1

Vlogp = —2(ay)jor —2(~5— — (A)s),
where we used VS = —2y and ¢’ = —(A)g. For a smooth u, we have div(M,Vu) =
Au—((N—-k+1)y-Vu+y"™V?uy)/N. For u = S, we have M,VS = —25y/N and
div(M,VS) = —=2(N — k) + 2(N — k+2)|y|>/N. For u = Q;, we have M, VQ; = VQ; —
2Qry/N and div(M,VQ;) = Yok b ;' —2(N —k+2)Q;/N. We also use Yisk a]'yjz/ﬁj =
y|* +22aQg, ly|> = N — S and Yok ~_1 = 2N — 2D;. Collecting terms, we obtain, with
Vi=V+S(A)s,

4SV* V*
_ S o 4QS
Fy(s) _4S<1_ﬁ)/ ry(QCrS) - N

The quotient rule L(Q/S) = LQ/S — QLS/S? —2I(Q,S)/S?* +2QT(S)/S? then gives
(8.40); the terms containing V, and the terms of order R;/N cancel.

For (ii), by (8.37), we have 4(A)s —2(k —4)/S < (6 + C4vk)/S with C; = 2v/2C;.
Let L; = max{1, (C4 +6/+/5)/(2)} and ko({) = max{8, [16L§] }. If S > Lyvk/a, then
(6 +Csvk)/S < (6/V5+ Cs)a/L; < 27a. If S < Lgvk/a, we use (A)s < @ < a and
2(k—4)/(LgVk) > Vk/L; > 4, which hold for k > ko({); then 4(A)s —2(k—4)/S <
4a — 4a < 2(a. In both cases the coefficient of R; in (8.40) is at most —2{a. Together with
D; > 0, this proves (8.42).

For (iii), we fix the finite model; the constants C below may depend on it. Near
0By = {S = 0}, the density p is at most CS*/2~1, since Z < 1and V > 0. We have Q: <C,
and Q; > ¢ > 0 near 9By, where |y|* is close to N. Using VR; = VQ;/S + 2Qy/S?
and M,y = Sy/N, we find |[M,VR;| < C/S and I';y(R;) < C/S? and (8.40) gives
|LremRz| < C/ S2. Integrating LemRz p = div(oM, VR;) over {S > ¢}, the boundary term
is at most Cek/2-1¢=1 = Cek/2-2 which tends to zero because k > 5. The function S—2
is prem-integrable, because fo §—26k/2-148 < oo for k > 5, and dominated convergence
gives firem(LremR;) = 0. For w = (1+ aR;)'/2, we have Vlogw = aVR;/(2(1 + aR;))
and

~Lyemw  —aLremR;  a’Ty(Ry)
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Near 0By, we have 1 +aR; > c/S, which implies that |Liemw/w| and T'y(logw) are at
most C/S, a prem-integrable function, and ]Mwa| /w < C/S. As in Lemma 8.2(iii), on
{S > ¢} we have

—Lyemw
2 —Lrem _ 2 k/2-2
u Alrem = 2ul’y(u,log w) — u“T'y(log w)) ditrem + O (€ ,
/{M} o rem = [ (2uTy (1, logw) — Ty (log w)) djtrem + O(e77)
where the error is the boundary term, bounded using sup |u|. The integrand on the right
is at most I'y (1), and it is integrable by the Cauchy-Schwarz inequality. Letting ¢ — 0
proves (iii). O

The next lemma combines a Poincaré inequality on a set () with an inequality of
the type in Lemma 8.15(iii), which has a gain outside ). This is the Lyapunov-function
method; see [12, Theorem 4.6.2, pp. 202-203].

Lemma 8.16 (From a local to a global Poincaré inequality). Let yu be a probability measure
and E(u) = [T (u)dy an energy with T(u) > 0 and T'(u + ¢) = T'(u) for constants c. Let O} be
measurable with p(Q) > 0, and let Poc, A > 0 and B > 0. Suppose that, for every u in a class of
square-integrable functions of finite enerqy that is stable under the addition of constants,

Var,, 0y () < Ploc / T(u)du(- | Q), / 12 (Mee — Blg) dp < £(u).

Then Vary, (1) < [A™1 + (14 B/A)Pioc] € (1) for every such u.

Proof. Letc = [udpu(-|Q)and v = u —c. The first hypothesis and I' > 0 give [, v*dp <
Pioc [ T(u)dp < Pioc€(u). The second hypothesis, applied to v, gives A [ v?*dp <
E(u) + B [ v*dp. Adding the two bounds, we find [0*du < [A~1 + (14 B/A)Poc)€ (1),
and Var, (1) < [o*dp. O

If the class contains a function u with pu(u?) + £(u) < oo, then applying the second
hypothesis to u + ¢, dividing by ¢?, and letting |c| — oo, we find Au(QF) — Bu(Q) <0,
that is, 1£(Q2) > A/(A + B). In particular, the lemma does not apply to sets of arbitrarily
small mass with fixed A and B. We first use it on the unit hemisphere, where it yields the
angular part of the estimate.

Lemma 8.17 (Poincaré inequality on a hemisphere with a quadratic potential). Let
k > 5, letty,...,.tx >t > 8k, and let ¥ be the probability measure on S’_‘[1 proportional to
exp(— Lisz tiw?) o, with the reflecting form of the unit hemisphere. Then

<14

Cp(9) < - (8.43)

No upper bound on the ¢; is needed.
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Proof. Let z = w?, F(w) = Yo tiw? > t(1 — z), and let L; be the generator of 8. On the
unit sphere, we have Aw? = 2 — 2kz, and the tangential inner product of the gradients of
F; and z is —4F;z. Then

Liz =2 — 2kz + 4Fz, ['(z) =4z(1 —z).
Lete =4/tand w = (z +¢)~ 1. Then

—Liw Lz 8z(1-—2z)
w  z+e (z+¢)?°

On {z <1/4}, we have F; > 3t/4 and 2k < t/4, so that L;z > 2 + gtz and

5
—Liw _ 2e—6z + stz >£.
w ~ (z4+e€)? z4+e 2

For the last inequality, write s = tz; after multiplying by (s + 4)?/t, the difference of the
two sides is 8 — 65 + 3s(s +4) — 3(s +4)? = 252 > 0. Everywhere, dropping F; > 0 and
using z/(z +¢)? < 1/(4e), we have —Lyw/w > —2k —t/2 > —t. The function w depends
on wj only through w?, and its normal derivative on the boundary {w; = 0} vanishes.
The argument of Lemma 8.2(iii) then shows that [ u?(—Lyw/w)d® < [T (u)dd for every
smooth u on the closed hemisphere. This is the second hypothesis of Lemma 8.16, with
QO={z>1/4},A=t/2and B=1.

On O, we use the coordinates v = (wj, ..., wy) in the ball {|v|?> < 3/4}, with w; =
(1 —|v/?)V/2. In these coordinates, the uniform measure has density proportional to
72712 the metricis [ + vo' /z, and its inverse is [ — vo! = zI = }ll . The density of ¢ is
proportional to e~Y with U(v) = Y=, ;07 + 3 log(1 — |0|?), and

I 200"

V2U = 2diag(t;) — ST R

= (2t —4—24)] = t],

since z > 1/4, |v]2 < 3/4 and t > 8k > 40. A smooth spherical test is smooth on
a neighborhood of the closure of this chart ball and, after multiplication by a cutoff
outside that neighborhood, admits an ambient smooth extension. By Lemma 8.2(v),
Varg. o) (1) < t71 [ [Voul?do(- | Q) < 4t71 [T(u)dd(- | Q). Lemma 8.16 with P, =
4/t gives Cp(9) <2/t+3-4/t =14/t. O

Lemma 8.18 (Poincaré inequality on the hemisphere with a few small precisions). Assume
(8.33), and suppose that (8.41) holds for some { € (0,1/2]. There exist ko({) and C({) < oo,
depending only on {, such that if k > ko((), then

Co(p+) < C(§) exp {C(O)K + @} (E+-2). (8.44)

ar a ar

The same bound holds for the coordinate-even sector.
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The lemma assumes no upper bound on the coefficients a;, j > k. It does not control
the full sphere: functions that are odd in x; are treated in Lemma 8.19.

Proof. We decompose the variance of f into the variance of its conditional mean given
y and the conditional variance given y. The marginal law e of y satisfies a Poincaré
inequality by Lemma 8.16: on a region where S is not small, a convexity argument applies
after a bounded modification of the density (Steps 2 and 3), and Lemma 8.15 controls the
complement of this region (Step 4). The angular law is controlled by Lemma 8.17 and
a bounded perturbation (Step 1). Step 5 combines the two, using an exact formula for
the gradient of the conditional mean. Table 8.1 lists the constants, in the order in which
they are chosen. By density, it suffices to consider f smooth on the closed hemisphere
{x1 > 0}.

Table 8.1. Constants in the proof of Lemma 8.18, in the order of their choice.

Constant Choice Depends on
Ca,Cy Lemma 8.14 nothing

L;, ko() Lemma 8.15(ii) g

Ko 2/¢ ¢

CT max{1,4CA/C, 32CVKO} g

Ao, T a/(8Ky), Crk*/a C, ka

® exp(8ka/ay) k,a/ap

Step 1: the angular law. By Lemma 8.14(ii) and (A)s < g,

Cak

2
(A)s < min {ﬁ, %}, Vary (A) < Cvk

s2
Let ® = exp(8ki/ay). If Sap > 8k, Lemma 8.17 with t; = Sa; and t = Sap implies
that Cp(8¢) < 14/(Saz). If Say < 8k, then SA has oscillation at most 57 < log ®, and

Lemma 8.2(i),(vi) give Cp(8d) < ©/(k —1). In both cases, for every S > 0 and every
smooth ¢ on the closed unit hemisphere,

(8.45)

140

20
Varg:(8) < = [ |Vwgl?dod, Vary: (g) <
S k S a,

/ STUVaglPdo.  (846)
For the first bound we used 14/(Sa;) < 14/(8k) and 1/(k — 1) < 2/k; for the second,
©/(k—1) < (8k/(Sa2))®/(k—1) < 100©/(Say) when Sa; < 8k and k > 5.

Step 2: a modification of the marginal density. Recall that ¢ = log Z is convex with
—a < ¢’ <0. Let T = Crk?/a, and let ¢ be the C! convex function equal to ¢ on [T, o)
and to its tangent line at T on [0, T); if T > N, only the tangent line is used on [0, N]|. For
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S < T, convexity implies that ¢(S) > ¥(S), and ¥(S) — ¢(T) < a(T — S) together with
P'(T) < 0 gives P(S) — P(S) < aT. We conclude that, on the whole interval [0, N],

0<y—¢<aT < Crk% (8.47)

Let firem be the probability measure on By proportional to e’ady, where U = V- (’E‘ —
1)logS — (S). The density of prem with respect to firem is proportional to e¥~¥.

Step 3: a local inequality for the marginal. Let Ko =2/ and Ay = a/(8Kp) = a/16,

and let 1 K KN

= = 0 20°Y

0= R <Ko = {2 (4 + ) < )

with Rz, Q7 and 4; as in Lemma 8.15. This is a nonempty convex ellipsoid with smooth
boundary, and its closure lies in By, since Q; < KoS/a on Q) forces S > 0. Similarly,
O = {R; < 2Ky/a} is an open neighborhood of Q) whose closure is a compact subset
of By. The function U belongs to Clloi( n), and in particular to C(Q)'). Almost
everywhere,

~ k—2 ~ 2(k—2 ~
V20 = 2 diag(a;) -k + <T + 24/) I+ ( ( @ ) _ 4¢”)ny. (8.48)
We claim that V20 > )\OMy_ L almost everywhere on (), where My_ =T+ ny /S. First,
¢’ > —Cak/T on (0, N] by (8.45), and §"" = 0 below T while 0 < ¢ < Cyk?/S? above T.
The diagonal part of V2UI — AoM,, lis

k-2 .
Ay = 2 diag(a)) + (T + 23 — A0>I ~ 2 diag(a;),

because 2Cak/T + Ay < Ca/(2k) + a/16 < 2(a by the choice of Cr. The remaining
part is ¢yy' with & = 2(k —2)/S% — 49" — Ao/S. If & > 0, there is nothing to prove. If
¢ <0, then Ay +¢yy" = Oassoonas |G|y A, 'y < 1, by the Cauchy-Schwarz inequality
(vTe)* < (y"A, 'y)(eTAye). We have yTA, 'y < Qp and || < Ag/S +4¢". On Q' with
S < T, this gives |§|yTAy_1y < AoR; < 2M0Kp/a = 1/4. On QO with § > T, it gives
at most (Ag + 4CVk2/T)R§ < 1/4+8CyKo/Cr < 1/2. This proves the claim. The
matrix field M, ! is continuous and positive definite on By. Applying Lemma 8.2(v) with
A = AgM; !, we obtain, for ambient C! tests ,

1 8K
Varﬁrem(.m)(”) < A—O/(VM)TMyv“ dfirem(- [ ) = /Fy ) dfirem (- | Q).

By (8.47) and Lemma 8.2(i), applied to the conditioned measures,

8K0 eCTkz

Val'yrem(,|0) (M) < PIOC/Fy(u) dﬂrem(‘ ‘ Q), Ploc = (849)
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Step 4: the Poincaré inequality for the marginal. Let w = (1 +aR;)'/2. By (8.42) and
I'y(R7) > 0, we have

—Lyemw > _aLreng >4 CaRg — 1.
w - 2(1 + Ele) - 1+ aRg
The right side is at least —a everywhere. It is increasing in aR;, and for aR; > Ko =2/
it is at least al/({ + 2) > Ca/4. With A = {a/4, this means that

- Lremw

> Mae — alg,. (8.50)
w

By Lemma 8.15(iii), the second hypothesis of Lemma 8.16 holds with B = a for every
bounded u € C!(By) with finite energy, and (8.49) is the first hypothesis. Applying
Lemma 8.16, we obtain, for every such u,

/
Var,urem(u) < P/ry(u) d,urem; P = %—1— (1 + %)PIOC < #eqkz, (8.51)

where C’({) depends only on (.

Step 5: the conditional mean and the conclusion. For y € By, let m(y) =
[ f(V/Sw,y) ¥¢ (dw). Differentiating the conditional law, whose density is proportional
to e=54, and using VS = —2y, we find

Vym = [ Vyf ot +2yCovee (£, A).

By Jensen’s inequality for the quadratic form M,, the Cauchy-Schwarz inequality,
y"Myy = |y|*S/N < S, (8.45), and the first bound in (8.46),

r,(m) < Z/Fy(f) dod +85Var195+(¢4) Varﬂ;(f)
(8.52)
< 2/ry(f) a0y +16cvk@/s—1|vwf|2d19;

The function m is bounded and C! on By, and Ty (f) + S|V f|? = I'(f) is bounded.
Further, m has finite energy by (8.52), and (8.51) applies to it. By the conditional variance
formula, the second bound in (8.46), (8.51) and (8.52),

VarV+ (f) = /Varﬁ;' (f) d,urem + Varyrem(m)
140
< ZP/Fy(f) dps + (= +16CykoP) /slwwf\zdm.
2
By (8.35), the two integrals add up to &, (f). Using ® > 1,24 16Cyk < (2 +16Cy )k and
the bound on P in (8.51), we see that the right side is at most ((2+ 16CV)C’(§)®ech2k/a +
140/a3)E,. (f). This proves (8.44) with C() = max{Cr, 14, (2 +16Cy)C’(¢)}. Finally,
since yi4 is invariant under Ry, ..., Ry, the argument of Lemma 8.1 bounds the constant
of the coordinate-even sector by Cp (). O
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Lemma 8.19 (From the hemisphere to the full sphere). Assume the hypotheses of Lemma 8.18,
and suppose in addition that
=N- Z Za]

>k

Mok

for some My > 0. Let My = Mo+ 1/ and Ty = 2M;k/a. Then

4T e™h
Cp(p) <5Cp(p+) + kl_ T

Proof. We first show that u(S < Ti) > 1/2. Let Ro = Y- y7/(24;S). For j > k, we
have d;logp = —2a;y; — (k — 2)y;/S + 2(A)sy;, and the divergence of the vector field
p(y)yje;/ (2a;) is p(1 +y;9;logp)/ (2a;). We integrate it over {S > e}. The boundary term
is O(¢k/271), and the integrand is O(1/S) near 9By, which is integrable. Letting ¢ — 0
and summing over j > k, we obtain
1

g = ]E,urem [N - S] + (k - 2)]E}’lrem [RO] - 2]E,urem [S<A>SRO}’
>k <4
so that ES < Dy + (k — 2)[ERg. We have Ry < R, because a; > d;, and Lemma 8.15(iii)
and (8.42) give 0 = E[LiemR;] < 2 —27aER;. We obtain ERy < 1/(fa) and ES <
Mok/a +k/(ga) = Mjk/a. By Markov’s inequality, the set By = {S < T} satisfies

For S < Tj, the conditional law &5 on the full unit sphere has potential SA with
oscillation at most 2T;. By Lemma 8.2(i),(vi), for every smooth g on sk=1,

tZ Ty Tl eﬁ Ty

— [IVagPdds <1y [$7VugPds, =15

Vary (g) <

Let f be smooth on Sy, and let f. and f, be its even and odd parts under R;.
Since u and T are invariant under Rj, the cross terms are odd and integrate to zero,
so that Var,(f) = Varu(fe) + u(f2) and E,(f) = Eu(fe) + Eu(fo). As in Lemma 8.1,
Vary(fe) < Cp(p+)Eu(fe). For the odd part, for each y, the function w — fo(vVSw,y) is
odd in w1, and its mean under @5 vanishes. By the last display and (8.35), we have

B, fodu = /{SSH} Varg, (fo) dpirem < J1 Eu(fo)-
Let m = 4 (fo). The restriction of f, to the hemisphere is a function of the reflecting

form, with no boundary condition, and f2, T(f,) and 1p, are even. Using p4(By) =
#(Bg) > 1/2, we find

2
m7 < m*u (By) < 2/ f2 dy++2/ Vdpy < 211E4(fo) +2Cp (44 )En(fo)-
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We conclude that

P‘(fg) = l/‘+(f02) = Vary+(f0) +m* < (5CP(P‘+) +4]1)5y(f0)-

Combining the two parts proves the lemma. Note that the indicator of By is only
integrated, never differentiated. O

8.6 The critical window

We now prove the Poincaré and logarithmic Sobolev inequalities used in the critical
window. In this section, r; < rp; < --- < ry are positive half-precisions with Zi(Zri)_l =
N, and 7, is the probability measure proportional to e~ i i3} yy. We abbreviate b = N2/3,
In the application to the GOE, r; = (zy — cnA;) /2 with ey > 0and Ay > - -+ > Ay. These
half-precisions are ordered, and on the events of Lemma 4.17 they satisty (4.36).

Lemma 8.20 (Poincaré and logarithmic Sobolev constants for half-precisions of order
(i/N)?/3). Let 0 < cx < C, and 6, > 0. There exist Ny and C, depending only on c,, C.
and ., such that the following holds for N > Ny. Suppose that 0 < r; < .- < ry satisfy
Y (2r;)~' = N and
i\2/3 i\2/3 Ox
= <r <C.— <i<N), — > 2E .
c (N) _rl_C(N> (1<i<N) rp—rn =z (8.53)

Then Cp(7t,) < Cb and Crg(mt,) < Cb. The same bounds hold for every coordinate hemisphere
with its reflecting form and for the coordinate-even sector.

Proof. Let a; = r; — ry, so that 7, is the measure u of Section 8.5 with these coefficients,
since a common shift of the coefficients does not change it. We use Lemmas 8.18 and 8.19
with a fixed number | of coordinates in place of k. The parameters are chosen in the
order of Table 8.2.

Table 8.2. Parameters in the proof of Lemma 8.20, in the order of their choice.

Parameter Choice Depends on
Z min{1/4, ¢2/(96C?)} cx, Cx
] smallest integer with c. (] + 1)2/3 > 2C,, Cx, Cy
J?/% > 48C%/c; and | > ko(g)
No J+1 Cx, Cx

We take k = |, @ = aj and a = aj 1. By the ordering, we have a, <a; <a <a < aj for
2<i<]J<j,andap =ry —r; > 6+/b > 0. This is (8.33). From (8.53) and the choice of J,

2/3 2/3 _ 2/3 2/3
e« (J+1) < e (J+1) C 2C,] , a<rn< CJ"”
2b b b b

= <a<rp <
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We check (8.41). By the choice of { and c. < C,, we have {a < c*]2/3/(48b), and
r1 < Ci/b<ci(J+ 1)2/3/(217). For j > ], it follows that 1 + {a < %c*(]—{— 1)2/3/17 < %rj,
that is, 4; = r; —r — {a > r;/4. By the trace condition y;(2r;))~! = N, we have

1 . r +Ca
21’1' Zi’jﬁj )

D; =

i<] >
The first sum is at least J/(2r)) > bJ*/3/(2C.). Using Yisg 743 <317 V3 and ry + fa <
(C+/b)(1+27J%/3), we see that the second sum is at most

6C*b

2(r1 + Za) Z S <5 TP +2g) <

> T :

where the last inequality uses J?/3 > 48C2/c? for the first term and { < c2/(96C?) for
the second. Then D; > 0. Moreover, since aj <, and aj < aj,

1/3
b 3bJ'/° _3C, |

0< D, <Dy< —2/3 <
¢ 0 EZrl_Zc*gl = 20k

— 7
Cx a

so the hypothesis of Lemma 8.19 holds with My = 3C, /c.

We have 8]a/a, < 8C.J°/3/6,, J/a < 2JY/3b/c, and 1/ay < b/é,, and Lemma 8.18
implies that Cp(7,+) < Cb, where 7, . = 71,(- | x1 > 0). In Lemma 8.19, we have T} =
2M;J/a < 4M JY3b/c, and aTy < 4M;C.J/cs, and the lemma implies that Cp(7,) <
Cb. For the entropy, the variances v; = 1/(2r;) satisfy max;v; = v; < b/(2¢) and
v;/v1 = r1/r; > ¢/ (3%/3C,) for i < 3. Corollary 8.13 implies that Cis(7;) < C(vq +
Cp(7y)) < Cb. The bounds for hemispheres and for the coordinate-even sector follow
from Lemma 8.1. O

We now state the result in the form used later. Part (ii) concerns the Bingham
comparison law of Definition 7.5 for the matrix with half-precisions r;. With H =
—4diag(ry,...,rn) + £117 and h(t) = €1, as in (7.3) with p; = 2r;, its Gaussian
variance parameters are, by (7.4),

and py = iy is proportional to e L3ty with ri(t) = 1/(205(t)) = h(t)/(2hi(1)).
Since Y ; v;(t) = N, these are the half-precisions of y; in the sense of Section 8.1, and
Ho = vN. We emphasize that i is a comparison law; in general, it need not coincide with
the law vy P; of the diffusion.
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Proposition 8.21 (Poincaré and logarithmic Sobolev constants in the critical window).
Let r1 < --- < ry satisfy (4.36) with constants cq, Co, d, that is, ¥;(2r;) "1 = N, cO(i/N)z/3 <
r < Co(i/N)2/3f0r all i, and ry — 1y > SN—2/3,

(i) There exist Ny and C, depending only on ¢y, Co and 6, such that for N > Ny,
Cp(m,) < CN?3,  Cig(m,) < CN?/3,

(ii) For every K < oo, there exist Ny and Ck, depending only on K, ¢y, Co and 6, such that for
N > Npand 0 < t < KN?2/3,

Cp(pt) + Crs(pe) < Cx(1+1). (8.54)

These bounds hold for the full sphere, for every coordinate hemisphere with its reflecting form, and
for the coordinate-even sector.

Proof. Part (i) is Lemma 8.20 with (c«, C«, d+) = (co, Co, d). For part (ii), we may enlarge the
time horizon by replacing K with max{K, 1}, and hence assume K > 1. The hypotheses
(7.49) of Lemma 7.14 hold; that lemma uses only the trace condition and the two-sided
bounds on the r;, for every N > 2. It gives constants 0 < cx < Cg, depending only
on K, ¢g and Cy, such that for 0 < t < Kb we have i(t) < (1+t)"V2 and h;(t) <
(1+ )12/ (1 +r;t), with these constants. After adjusting cx and Cg, we find

1—’1—7’it 1+rit
<rt) <C
O S

The coordinates of 1 solve h = —4r;h; + 2h with h;(0) = 1. By variation of constants,
hi(t) = be(r;) and r;(t) = v(r;), where

cK (1<i<N,0<t<Kb). (8.55)

—4rt ! —4rT 7, E(t)

he(r) =e +2/0 e Th(t—1)dr, v (r) = 20 ()"

The function b is decreasing and t; is increasing. Hence r1(t) < --- < ry(t). The

parameters are chosen as follows: cx and Ck as above; L = 2Ck/ck; k the smallest integer

with k —2 > 64L?%; ¢g = min{1,1/ (Cokz/ 3)}; and finally Nj, as specified below. All of
them depend only on K, ¢y, Cy and 4.

Early times, 0 < t < ggb. For i < k, we have r;t < Co(k/N)2/380b <1, and (8.55) implies
that r;(t) < 2Ck/(1+41t) < Lri(t). Also, the trace condition and r;(t) < Lry(t) fori < k
give

k k

N
hat i — >4
Z 2Lr1(t)' thatis,  Nr(t) > T

=12
since k > 6412 +2 > 8L. Corollary 8.9, in its form with half-precisions and with
K ={1,...,k}, gives Cp(pr) < 1/r1(t) < (1+t)/ck. For i < 3, the variances satisfy
v;i(t) = 1/(21’1( )) > v1(t)/L, and max; v;(t) = v1(t) < (1 +t)/(2ck). We conclude from
Corollary 8.13 that Crg(p:) < C(1+1).
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Late times, egb < t < Kb. We take N large enough that ¢gb > 1. Then (8.55) gives r;(t) >
ckrit/(L+1) > (cx/2)ri > (cxeo/2)(i/N)?/3. Also, since 1/t < 1/(eob) < g5 (i/N)?/3,

we have 7;(t) < Cx(1/t+r;) < Ck(ey* + Co)(i/N)?/3. It remains to bound r5(t) — rq(t)
from below. Differentiating v;, we find

_ 4tt(1")
be(r)

Let r € [ry,r2]. Then r < 22/3Cy/b and 4rt < 25/3CyK for T < t/2. Restricting the
integral to T € [t/4,t/2] and using i(t — T) > cx(1+ t)71/2, we see that the bracket
is at least ct?(1 4 t)~1/2, with ¢ > 0 depending only on K, ¢y and Cy. Also b;(r) <
be(r1) = h(t) < Cx(1+t)V/2 and v(r) > v (r1) = r1(t) > cx/ (1 + t). Combining these
bounds, we find t/(r) > ¢'t?/(1 +t)?> > ¢’/4, since t > 1. By the mean value theorem,
ro(t) —ri(t) > (c'/4)(ry —r1) > ¢'6/(4b). We have shown that the half-precisions 7;(t)
satisfy (8.53), and the trace condition, with

t -
v (7) (te*‘m - 2/ e ¥ Th(t — 1) dT).
0

cKCo 1 c'é
Cyx = T/ C* — CK(SO + CO)/ 5* - I/
which depend only on K, ¢y, Cp and §. For N > Ny(c«,Cs,9d+), Lemma 8.20 gives
Cp(pt) + Crs(pue) < Cb < (C/eo) t.
Taking Ny to be the largest of the thresholds above proves (8.54). The bounds for
hemispheres and for the coordinate-even sector follow from Lemma 8.1. O

The restriction N > Ny is used only to ensure that the fixed numbers | and k of
eigencoordinates are smaller than N and that SoNZ/ 3> 1;in the applications N — oo.



SECTION 9

Comparison with Bingham laws through
the forward equation

In this section, we compare the time-t law VNPtA of the Langevin diffusion started from
the uniform distribution with the Bingham comparison law y; of Section 7. The law y; is
built from the covariance evolution of the linear dynamics, whose scalar normalization
goes back to Cugliandolo and Dean [51, pp. 8-9, (I.2)-(IL.7)]. In general, its density does
not solve the forward (Fokker-Planck) equation of Ly, but it solves this equation up to
an explicit error term, which we call the forward-equation defect (Definition 9.2). In
Lemma 9.3, we show that the defect is —1/N times a centered product of two quadratic
forms. Duhamel’s formula, tested against the backward evolution P/ ,f of a bounded
function f, then bounds ||vnyP{* — u¢||Tv by an integral over u € [0, t] of the size of the
defect at time u, measured against the gradient of P f. This is Theorem 9.5. It has two
forms. In the first, the defect is measured in L?(j,), and a Poincaré inequality for y,
bounds the variance of P/, f by its Dirichlet energy. In the second, the defect is written
as a divergence by solving a Poisson equation for the generator of y,, and only the energy
of the solution enters.

The section contains three applications. Theorem 9.13 bounds ||vNyP# — u¢||Tv by
Cad—2e~" when ||A|| < A and Nd? is large; it is used at fixed high temperature in
Section 13. In Proposition 9.14, we obtain a bound of order €2, uniformly in time, when A
lies within € of a multiple of the identity; this bound is used for the infinite-temperature
crossover in Section 15. Theorem 9.16 bounds the energy of the solution of the Poisson
equation —Lg)p = R for a Bingham law whose variances satisfy explicit conditions at a
scale 6. Together with the second form of Theorem 9.5 and Corollary 9.7, it is used in
Section 14 near the critical temperature, where Nd? may tend to zero.

We use the covariance evolution of Section 7 (Lemmas 7.6 and 7.7); the moment bounds
and the bounds on marginal densities for Gaussian laws conditioned on the sphere from
Section 5 (Theorems 5.11 and 5.15); and, from Section 8, the weighted gradient estimate
of Theorem 8.6 and the lower bound on the spectral gap in Theorem 8.8.

In this section, we compare probability measures on Sy, and the time evolution is
always given by the semigroup P/ of the diffusion. The numbers v;(t) are the variance
parameters of yi; as a conditioned Gaussian law. They need not equal the second moments
of either ¢ or vy P/ (Remark 9.4). Accordingly, the quadratic forms below are centered

173
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at these parameters, and the only centering by an actual expectation is the one in the
defect itself.

9.1 Notation

Throughout this section, we fix N > 2 and a real symmetric N X N matrix A. We work in
an orthonormal eigenbasis of A, with coordinates xy, ..., xy, so that A = diag(«;) with
a1 > -+ > ayp; all matrices below are diagonal in this basis. For a symmetric matrix D
we write ®p(x) = x"Dx/2. As in Section 3, Ly = Agy + Vs, ®a- Vg, PtA = etl4 and
T4 « e®avy, where Ags,, is the Laplace-Beltrami operator of Sy and Vg is the gradient
along Sy. We write I'(f,g) = (Vs f, Vs,8) and I'(f) = | Vs, f|*>. Adding a multiple of
the identity to D changes ®p only by a constant on Sy;; it changes neither Lp nor 7p.
Recall that 7 is reversible for Lp, thatis, 7p(f(—Lpg)) = tpI'(f, g), and that a positive
lower bound A > 0 on the spectral gap Agap(Lp), the smallest positive eigenvalue of —Lp,
is equivalent to the Poincaré inequality Vary,(f) < A~1mpT(f); see Section 3.1. For a
probability measure y and p > 1, we denote by || - ||, the norm of L”(u) when y is clear
from the context.

We use two formulas of spherical calculus. Let P, = [ — xx' /N be the orthogonal
projection onto the tangent space of Sy at x, and let up = x" Dx. For symmetric matrices
D and D’, we have Vg, ®p(x) = PyDx and

Asy®p =TrD—up, T(®p,®p)=x"DD'x— % 9.1)

The second formula follows from Vg ®p = P,Dx and P2 = P,. The first follows from
the formula Ag, f = Tr(PxD?f) — (N —1)N~!x - Df for the Laplace-Beltrami operator of
the sphere of radius v/N, applied to f = ®p, for which D*f = D and x - Df = up.
Recall that the Lagrange multiplier of A is the unique z > a; such that ¥;(z — a;) ™! =
N. We write p; = z — a; for the precisions, q; = 1/p; for the variances, Q = diag(q;),
d =p1,s = pn and k = s/d, and we set
N xTQx 1
ST ¢(x) = I\? = ﬁ;‘?ixiz- 9:2)

Using Y;q; = N and q; < 1/d, we have N < Y, 4% < N/d, where the lower bound is the
Cauchy-Schwarz inequality. Thus d < ¢ < 1. Also 1/5s < ¢ <1/d on Sy. The function
¢ is the weight of Lemma 8.5, and (9.3) below is (8.10). Let

(%

K+ x ! k4+14+x1
, r=d— ———.

N N
Recall from Theorem 8.6 that, for all + > 0 and smooth f,

L(P{f) < e P (gI(f)),  T(Pf) < xe ?'PAT(f), (9-3)

T’OZd—
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and that Agap(La) > ro when rg > 0. Both inequalities in (9.3) also hold with r in place
of g, because r < rg. We define the numbers z, d, s, ¥ and rp in the same way for any
symmetric matrix in place of A, in particular for the diagonal matrices B below.

Gaussian laws conditioned on the sphere. For a positive sequence v = (v;) with
Y, v;i = N, we write y, for the law of a vector with independent N (0,v;) coordinates
conditioned on |x|?> = N ((5.10)). It is the Bingham law with density proportional to
exp(— ¥; x?/(2v0;)) with respect to vy. In particular, 74 = pg, and y, = 71p for every
matrix of the form B = yI — diag(vi_l) with y € R. Note that the Lagrange multiplier
of such a matrix B is y, because }_;(y — b;))™' = Y,;u; = N, and that its precisions are
the numbers Ui_l. As in Section 5, S, = (2Y 012)1/2 and 7, = max;v;/Sy. By the
Cauchy-Schwarz inequality, Y_; v? > N~(¥;v;)> = N, which gives

max; 0;

170 S \/2— . (9'4)
The covariance evolution. We now recall the objects of Section 7. Let H = —2diag(p;) +
(2/N)117 and h(t) = €'f1, and define
_ 1 h;(t
I’l(t) = N;hi(t)’ Ui(t) = }_ll((t))’ wi(t) = pihi(t), (9.5)
1 1
Z(t) =1+ ﬁ Zzaivi(t)/ bi(t) - Z(t) - Ui(t).

Let By = diag(b;(t)) and C; = A — By = diag(C;(t)), so that C;(t) = a; — b;(t). The
Bingham comparison law is

pi(dx) = ;7' e®5 My (dx), Zp = v (eP).

Note that ®p,(x) = Nz(t)/2 — ¥;x7/(20;(t)) on Sy. Therefore y; = Ho(r), and z(t) is the
Lagrange multiplier of B;. The functions v;, z and b; are smooth on [0, c0). We use the
following facts from Lemmas 7.6 and 7.7: for all t > 0 and all 7,

Lo =N w0)=1 <<y, 9:6)
vi(t) =2+ 2(a; — z(t))vi(t), Z(zx,- —bi(t))vi(t) =0, 9.7)
bi(t) =2/ () + 2(“’Uj(f;(t)),

Y qihi(t)=N,  0<h(t)<1,  oscw(t)=maxw;(t) — minw;(t) <, (9.8)

where () = (s — d)e 2" and ¢ = N/ ¥; 47 is the weight of the zero eigenvalue of H (see
(9.2)). The first identity in (9.8) is the conserved quantity Y, g7w;(t) = N of Lemma 7.7.
In particular, o = vy, since v(0) = (1,...,1).
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Let ¢;(t) = pivi(t) —1 = v;(t)/g; — 1 be the relative errors of the variances, so that
In(t) = Z(q,0(t)) = L,ei(t)?/2 is the information of Definition 3.5. Two consequences
of (9.8) are used repeatedly. Dividing the first identity in (9.8) by h(t), we have

N
Y givi(t) = =——. (9.9)
i v h(t)
Further, i1(t) = N~ ! Y_j qjw;(t) is an average of the numbers w;(t) with the weights g;/N,
which sum to one. It therefore lies between their minimum and their maximum, and
lw;(t) — h(t)] < O for every i. As e;(t) = (w;(t) — h(t))/h(t), we obtain

Q (s —d)e 2t
h(t) — o

We record some elementary properties of the Lagrange multiplier.

lei(t)] <

(9.10)

Lemma 9.1 (The Lagrange multiplier of a bounded or nearly isotropic matrix). We have
0<d<1<sands—d= wy—ay. Inparticular, if ||A|| < A, then s < 1+ 2A. Let
=N 1TrAand e = |A—&al|. Ife < 1/4, then for every i,

lz—1—a| <8¢, gi—1— (0; — )| < 8¢, ld —1] < 2e, s — 1] < 2e.

Proof. The numbers g; have average one. Then min;q; < 1 < max;q;, and d =
1/ max;q; <1 <1/min;q; =s. Alsod > 0 because z > «;. The identity s —d = a1 —ay
is immediate, and a7 — any < 2||A||.

For the second part, replacing A by A — &l replaces z by z — & and leaves the numbers
pi, 9i, d and s unchanged. We may therefore assume that & = 0, so that } ;«; = 0 and
laj| <e. Lety=z—1andt; =y —a;, so that p; =1+ ¢t;. If y > €, then p; > 1 for every i
and ) ;q; < N;if y < —¢, then p; < 1 for every i and }_; g; > N. We conclude that |y| < e
and |t;] <2e <1/2. Using (1+t)"' =1—t++*/(1+t) and ¥;t; = Ny, the average of
the g; is

1 1 1 t2
PN T YN R Ty

Each term 2/ (1 + t;) lies in [0, (2¢)?/(1/2)] = [0,8¢?], which gives 0 < y < 8¢2. From

the same expansion, we have q; — 1 —a; = —y + 7/ (1 + t;), which is the difference of
two numbers in [0, 8¢2]. Finally, s —d <2cand d <1 <simply1 -2 <d <1<s<
1+ 2e. O

9.2 The forward-equation defect

Definition 9.2 (Forward-equation defect). Let (3, ),>0 be a family of probability measures
on Sy with densities g, = du,, /dvy such that (u,x) — ¢, (x) is smooth and positive on
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[0,00) x Sy. Let L be the adjoint of L4 in L?(vy), that is, L} ¢ = Ag, g — div(gVs,Pa),
so that vN(fL%g) = vn(gLaf) for smooth f and g. The forward-equation defect of the
family (relative to L) is
L*
Ru = au loggu - Agu .

gu

Equivalently, 9,8, = L% gu + Rugu, which we also write as
Ity = Lypu + Rupy. (9.11)
The defect is smooth on [0, %) X Sy, and it has mean zero:

Hu(Ry) = vN(9ugu) — VN(Lagu) = 9uvn(8u) — vN(guLal) = 0.

If yy = poP; for all u, then g, solves the forward equation 9, g, = L% gu, and the defect
vanishes identically.

Lemma 9.3 (The defect of the Bingham comparison law). For t > 0, define the quadratic
forms
Qp(t) =x"Bix — N(z(t) = 1),  Qc(t) = x"Cx. (9.12)

The forward-equation defect of the Bingham comparison laws (ys)s>o is

R — — Qp(#)Qc(t) —ZP\l[t(QB(t)Qc(t))_ (9.13)

Proof. Fix t > 0. In this proof we write B = B;, C = C;, ¢ = gt = e®8/Z;, { = z(t),
¢'=72(t), vi = vi(t), bi = b;(t) and C; = Ci(t).

We begin with the adjoint. Using div(gVs, ®4) = I'(g,Pa) + gAs,Pa, we have
L%g = Dsyg —T(g, Pa) — g5 Pa. For ¢ = e®5/Z;, we also have As, ¢ = g(As, Pp +
['(®p)) and I'(g, Pa) = gT(Pp, P 4). Recalling that C = A — B, we obtain

L*
;g = Ag Pp — A5, P4 +T(Pp, Op) —I['(Pp, Pa) = —As, Pc — T'(Pp, Dc),

and then (9.1) implies that

L*
~48 _ _ Ty C 4 ue — xTBCx 4 HBYC (9.14)
g N
Next, we compute the time derivative. We have 9; log ¢ = 0;®p, — u¢(9:Pp,), because
logg = ®p, —logZ; and d¢logZ; = us(0:®Pp,). By (9.7) and 1/v; = ¢ — b;, we have
bl =" +2Ci(¢ —b;). Using |x|*> = N, we find

N{
2

1
atCDBt = E Zb:xlz = + glxlc — xTBCx.
i
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The constant N{'/2 cancels against its mean, and we are left with
dtlogg = Juc — x" BCx — py (Quc — x" BCx). (9.15)
We subtract (9.14) from (9.15). The terms x T BCx cancel, and we find

ugu t t

Ry = (C—1uc — —EI;\TC +cr = _Qs(H)Qc(t) LQC( ) +ct,
where ¢; = TrC — u;({uc — x"BCx) does not depend on x. In the second equality,
we used ugp — N({ —1) = Qp(t) and uc = Qc(t). Finally, y;(R;) = 0 implies that
ct = ur(Qp(t)Qc(t))/N, and (9.13) follows. O

We record two other expressions for the forms in (9.12). On Sy we have Zi(xlz —
v;(t)) = 0, by (9.6). By the definition of b;(t), we have Y; b;(t)v;(t) = N(z(t) — 1), and
Y. Ci(t)v;i(t) = 0 by (9.7). Combining these identities, we have

Zb (x? —vi(t)), ZC (x? —vi(1)).

We subtract z(t) ¥;(x? — v;(t)) = 0 from the first identity and add (z(t) — z) ¥;(x? —
v;(t)) = 0 to the second. Recalling that b;(t) — z(t) = —1/v;(t) and noting that C;(¢) +
z(t) —z = 1/v;(t) — p;, we find

5

QB(t):_Zi:<T(ﬂ—1>, Zez ( 12 1) (9.16)

Both forms are linear combinations of the variables x?/v;(t) — 1, to which Theorem 5.15
applies under p; = pi,(;) whenever 77, < 170, where 7 is the universal threshold of that
theorem. The coefficient vector of Qp(t) has Euclidean norm /N, and that of Q¢(t) has
Euclidean norm (¥ ¢;(t)?)1/2 = (2Zn(t))'/2.

Remark 9.4. The variance parameters v;(f) need not equal the second moments of either
ut or vy PA. For py, we have p(x?) = v;(t) (1 + O(iyi(/tz))) by Theorem 5.12 when 17,4 is
small. For the time-t law, the first derivatives at t = 0 differ whenever a; # &, where
& = N~ !Tr A; thus the vectors of first derivatives differ unless A is a multiple of the
identity. Indeed, by (9.1) we have L x? = 2 — 2x? + 2a;x7 — 2ux7/N, and vy/(x7x ]2)
N(1+2-1;—;)/(N +2). We find

d A, D 2N _ 1Y — R
T t:OUNPt (x?) = vn(Lax?) = N+2( —a), whereas v;(0) = 2(a; — &).

For this reason, the forms (9.12) and (9.16) need not have mean zero under y;, and none
of the estimates below replaces an expectation under y; or vyP/* by its value at the
parameters v;(f).
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9.3 Comparison through the defect

The following theorem compares p; with poP/, the law at time ¢ of the diffusion started
from pip. The argument uses the classical backward-semigroup interpolation underlying
Duhamel formulas; compare [12, Section 3.1, pp. 130-131]. The forward-equation defect
and resulting estimates are computed below.

Theorem 9.5 (Comparison through the forward-equation defect). Let (p,)y,>0 be a family
of probability measures as in Definition 9.2, with forward-equation defect R,,. For every t > 0
and every smooth f,

t
ne(f) — noP (f) = /O pu(RuPLL, f) du. (9.17)
Fix t > 0. All functions A, C, G and J below are Borel measurable.

(a) Suppose that A: (0,t) — [0, 00) satisfies ||Rul12(;,,) < A(u) for u € (0,t). Then

. 1 rt
lioP? — ey < mm{l’i/o A(u) du}.

(b) Suppose, in addition to the hypothesis of (a), that C: (0,t) — (0,00) and G: (0,t) x (0,t) —
[0, 00) satisfy, for all u, T € (0, 1), all smooth g, and all smooth f with0 < f <1,

Vary, (g) < C(u) mT(g),  mL(PAF) < Glu, ). 9.18)

Then

[P = pellzv < min{l,/o mm( \/C (u, t —u) )du}. (9.19)

(c) Suppose that G: (0,t) x (0,t) — [0, 00) satisfies the second inequality in (9.18), and that for
each u € (0, t) there exists a smooth tangent vector field j, on Sy such that, for all smooth g,

Hu(Rug) = P‘u<jufvSN8>/ P‘u|ju|2 < J(u), (9.20)

where J : (0,t) — [0,00). Then

t
A _ : _
”,uopt ‘ufHTV < 1’1’111’1{1,/0 \/j(u)g(urt u) du} (921)
If the hypothesis of (a) also holds, the integrand in (9.21) may be replaced by
min{A(u)/2,/J(u)G(u,t —u)}. If the hypotheses of (a) and (b) also hold, it
may be replaced by

min{ A;u), A(u)\/C(u) (u, t —u), \/j (u, t—u)}. (9.22)
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Part (a) uses no gradient bound, and part (c) uses neither a bound on || Ru|[;2(,,) nor
a Poincaré inequality for y,. The proof uses the smoothness of the family, the diffusion
property of L4 and the compactness of Sy.

Proof. We begin with (9.17). Both sides vanish for t = 0. Let t > 0 and let f be smooth.
As L4 is an elliptic operator with smooth coefficients on the compact manifold Sy, the
function (s, x) — P2 f(x) is smooth on [0,0) x Sy, and 9sP2 f = LoPAf. Then ©(u) =
uu(PA,f) = vn(guP?2 ,f) is continuously differentiable on [0,t], and by Definition 9.2
we have

0 (u) = VN((L:Zgu + Rugu)Pt{uf) - VN(guLAPtfiuf) = Hu (Ruptéuf)'

Integrating over [0,¢] and noting that @(t) = wu;(f) and ®(0) = uoP/(f), we obtain
9.17).

Next, let f be smooth with 0 < f < 1, fix u € (0,t), and let ¢ = P2 f. Then g is
smooth and takes values in [0, 1]. Using pu,(R,) = 0 and the Cauchy-Schwarz inequality,

we have

}P‘u(RugH = |P‘u (Ru(g_ Vug))‘ < ||RM||L2(yu)Var]4u(g)1/2'

As g takes values in [0, 1], we have Var,,, (g) < pu(g—1/2)* < 1/4. Under the hypotheses
of (b), we also have Vary,, (g) < C(u)u,I'(PA, f) < C(u)G(u,t —u). Under the hypotheses
of (c), we have instead, by the Cauchy-Schwarz inequality in L?(py),

‘V”(Rug)‘ = ‘VMUM/VSNg” < (Vuljulz }tur(g))l/z < \/j(u)g(u,t—u)-

Each of these bounds uses only its own hypotheses. We bound |, (R, P, f)| by the
minimum of the available bounds and integrate in u. Using (9.17), we find that |p:(f) —
1oPA(f)| is at most the integral in the corresponding statement.

It remains to pass from smooth functions to the total variation distance. Let # and p be
Borel probability measures on Sy, let E be a Borel set, and let ¢ > 0. By the regularity of
the finite measure y 4 p on the compact metric space Sy, there exist a compact set K and
an open set O such that K C E C O and (1 +p)(O \ K) < e. Let f be a smooth function
such that 1x < f < 1p. Then |u(E) — u(f)| < u(O\ K), and similarly for p. It follows
that |u(E) — p(E)| < |u(f) — p(f)| +¢, and [l — pllry is the supremum of [u(f) — p(f)|
over smooth f with 0 < f < 1. Applying this with u = y; and p = P/}, and using that
the total variation distance is at most one, we obtain each of the stated bounds. l

The flux hypothesis (9.20) is verified through a Poisson equation. This uses the
standard spectral inverse on mean-zero functions [12, Section 1.7.2, pp. 31-32]; the energy
estimate is included below.
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Lemma 9.6 (The Poisson equation for a Bingham law). Let B be a symmetric matrix, let
p = 7ig, and let Agap(Lp) > O be the smallest positive eigenvalue of —Lp. For every smooth
R with u(R) = 0, there exists a unique smooth ¢ with yu(¢) = 0 and —Lpyp = R. It satisfies

u(Rg) = ul' (¢, g) for every smooth g, and
HE(9) < Agap(Le) IR P

Proof. The operator —Lp is symmetric and nonnegative in L2(u), with u(f(—Lpg)) =
uI'(f,g). As an elliptic operator with smooth coefficients on the compact connected
manifold Sy, it has discrete spectrum and smooth eigenfunctions, and its kernel consists
of the constants. In particular, —Lp is invertible on the orthogonal complement of the
constants in L?(y), with inverse of norm at most Ag.p(Lg) ™!, and the solution ¢ of
—Lpyp = R with u(¢) = 0 exists. It is smooth by elliptic regularity, since R is smooth.
Two such solutions differ by a constant with mean zero, which must vanish. For smooth
g, we have u(Rg) = u(g(—Lpyp)) = ul'(y,g). Taking ¢ = ¢ and using the Poincaré
inequality ||1[)||%2(y) < Agap(Lp) 'l (1), we find

_ 1/2
UL () = p(Rp) < [|R]| 12y (Agap(Lp) " 1L () ",
which gives the energy bound. O

Corollary 9.7 (The defect of the Bingham comparison law as a divergence). For u > 0, let
Ry, be the forward-equation defect of the Bingham comparison laws (Lemma 9.3), and let 1, be
the smooth solution of —Lp 1, = Ry, with py () = 0. Then p,(Ryg) = uul (Yu, g) for every
smooth g. In particular, the family (u,) satisfies (9.20) with j, = Vs, , and any nonnegative
Borel measurable function J satisfying J (1) > uyI' ().

Proof. Note that y, = mp, and p,(R,) = 0. The claim follows from Lemma 9.6 with
B = B, and R = R,,. O

9.4 Reverse variance inequalities and exponential decay

To use Theorem 9.5, we need bounds on the energy of PAf for bounded f. They follow
from gradient estimates of the form (9.3) by the following reverse variance inequalities.
The proof uses the semigroup interpolation method of the Bakry—Emery theory [11];
related local Poincaré inequalities are discussed in [12, Section 4.7, (4.7.3), p. 208]. We
prove below the precise forms used here, including the constant K and the weight F.

Lemma 9.8 (Reverse variance inequalities). Let t > 0, let f be smooth, and write Vi(f) =

PACS) - (PAFP
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(a) Suppose that a smooth positive function F on Sy and constants D > 0 and p > 0 satisfy
F < D and FT(PAf") < e=20SPA(FT(f")) for all s > 0 and smooth f'. Then

T(Pf) < %Vt(f)- (9.23)

In particular, for every probability measure y on Sy and every smooth f with 0 < f <1,

Dpu(F1)
(PtAf) = m (9.24)

(b) Suppose that constants K > 1 and p > 0 satisfy T(PAf") < Ke2°PAT(f') forall s > 0
and smooth f'. Then

A
L(P{f) < mvt(f)- (9.25)
In particular, if 0 < f <1, then
Kp
sup I'( P/ TP 9.26

Proof. For 0 < s < t, let hy = Pfi of. Using the diffusion property L a(W?) = 2hLah +
2I'(h), we find
= PA(h?) = PA(La(K?) — 2hsLahs) = 2PAT (k).

Integrating over s € [0, f], we obtain

Vi(f) =2 /O 'PAT(PA.f) ds. 9.27)

Under the hypotheses of (a), using F < D, the positivity of P/ and the hypothesis with
f" = hs, we find

PAT (hs) > D7'PA(FT(hs)) > D7 e*SFT (PAhs) = D' FT (P f).

Inserting this into (9.27) and using 2 fot e*ds = (e** —1)/p, we obtain (9.23). If 0 < f <
1, then V;(f)(x) is the variance of f under the transition probability P/(x,-), which is
at most 1/4. Integrating (9.23) against u then yields (9.24). The proof of (b) is the same,
with F =1, D = 1 and the factor K in place of D. O

Lemma 9.9 (An elementary integral). Forp>0,a>2pandt >0,

A/1 — p—20t
/ <Y1z 1 (9.28)
1 — e 20(t-u) P Y

with equality in the first inequality when a = 2p.
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Proof. Asa—p > p, the integrand is at most e P*(1 — e~ 2°(t=))~1/2 with equality when
a = 2p. Substituting T = t — u, we have

/t e P dy — b o207 1 _ e Pt 1= V1-— e‘th’
0 /1 —e20(t-u) 0 Vet —1 0 0

where we used that p~1(e2°T — 1)1/2 is a primitive of ¢2*7(e*T — 1)~1/2. The singularity
of the integrand at T = 0 is of order T~!/2, hence integrable. O

Theorem 9.10 (Comparison under an exponentially decaying defect). Let (j1,)yu>0 be as in
Definition 9.2, with forward-equation defect R,. Suppose that there exist constants A > 0 and
a > 0 such that

[Rull 2,y < Ae™™  (u>0). (9.29)
Then, for every t > 0,
A _ A _
1P — ety < 5(1 —e ) < > mi (t,a™t). (9.30)

Suppose in addition that there exist constants C > 0, K > 1 and p € (0,a/2] such that
Vary,, (g) < CuyI'(g) for all u > 0 and smooth g, and T (P2 f) < Ke=2SPAT(f) forall s > 0
and smooth f. Then, for every t > 0,

A [CK _
0Pt — putllry < 5y [~ P (9.31)
Y
The first estimate uses only (9.29), and no Poincaré inequality or gradient bound.

Proof. Both estimates are trivial for t = 0. Let t > 0. By part (a) of Theorem 9.5 with
A(u) = Ae™ ™, we have

At A
A < _/ —au — VY (1 _ ,at
InoP* = pullry < 5 e du = 5 (1=,

and the inequality 1 — e~ < min(at,1) yields (9.30). For (9.31), we use part (b) of
Theorem 9.5 with C(u) = C and, by (9.26),

___ Ko

9 T) = @ —1y

Writing (e2°(t=1) — 1)=1/2 = e=p(t=u)(1 — ¢=20(t=1))=1/2 \ye see that the integrand in

(9.19) is at most
\/CK —(a—p)u
A JCG b —u) = AVERO o€ .
2 1 — e—20(t—u)

By Lemma 9.9, the integral of the last factor over u € (0,t) is at most 1/p, and (9.31)
follows. L
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9.5 An inverse moment under conditioned Gaussian laws

The weighted inequality (9.24) involves u(F~!). For the weight ¢ and the comparison
laws, this is an inverse moment of a nonnegative quadratic form under a conditioned
Gaussian law. The following lemma bounds such moments without any lower bound on
the variances.

Lemma 9.11 (An inverse moment of a nonnegative quadratic form). There exist universal
constants iny > 0 and Ciny < oo with the following property. Let v be a positive sequence with

Y.ivi = Nand 11, < Winy. Let y1,...,yn > 0 satisfy

H
Hy = Z’Yﬂ)i >0, max;v; < %
1
Then Y_; vix? > 0 for yy-almost every x, and
11 C
. 2 < an. .
Ho K; rad) | < H, 9.32)

Proof. We first fix the constants. Let 7; = #7(1/3) and K; = Cy /3 be the universal constants
of the second part of Theorem 5.11, applied with ¢ = 1/3. Thus, if 5, < 773 and J is a
set of indices such that };,; v > (1/3) ¥; v, then the law of (x;//7;)ic; under pi, has
a density bounded by K; with respect to the standard Gaussian measure on R/. We set
Niny = min{m,24_1/ 2} and Ci,y = 4K;. Let Xy =Y, v%. Each coordinate carries at most
a fraction v? /%y = 2(v;/Sy)? < 213 < 1/12 of .

Next, we split the indices into two blocks. Let n be the smallest index such that
Yi<n 012 > Y,/3,and let Jy = {1,...,n}. As each coordinate carries at most ¥,/12, we

have 2 5% 72
2 2 o 02 2

2
SELUST pELUsTS
The complement of each of the blocks Jy and Jj carries at least X,/3, and the density
bound of the previous paragraph applies to both blocks.
Let w; = 7;v;. One of the two blocks, which we call |, satisfies Hy = } ;c;w; > H, /2.
Let wi, = max;ejw;. Then w, > 0, since H; > 0, and ws < H,/8 < Hj/4. Let
(Gi)icj be independent standard Gaussian variables. Using y~! = fooo e Ydt fory > 0,

Ee~ ™G = (1+271w)~/? and Tonelli’s theorem, we have

E (Z wicf) o /00o [T +2tw;) 2 dr.

ic] €]
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For fixed T > 0, the function y — log(1 + 27y) is concave on [0, w,] and vanishes at zero.
This implies that log(1 4 2tw;) > (w;/w«)log(1 + 2Tw.) for i € ], and the product is at

most (14 27w, ) H1/(2%:), Because H;/(2w.) > 2, we have
« 1 2 4

14 2tw,) /g = —— < = <~

/()(+Tw) T H 2w, " H " H,

Finally, ¥, vix? > Yicjwi(xi/\/vi)% and the law of (x;//v;)ic; under p, has density
at most K; with respect to the law of (G;)icj. As the function y — (L;cjwiy?) ! is

nonnegative, we conclude that

-1 -1 4K
2 2 1
Ho Z’yix‘ < KllE Zw,-G- < —.
(Tred) ) < xip(et)” < 6
In particular, }; v;x7 is positive yi,-almost surely. O

9.6 Comparison when Nd? is large

In this section, the operator norm of A is bounded by a constant A > 0, and Nd? is
larger than a constant depending only on A. We fix the following notation. Let 779 > 0
and C4 < oo be the universal threshold and the constant for p = 4 in Theorem 5.15: if
o < 1o, then || ¥ a;(x?/v; — Dl pagu,) < Ca(X a?)!/2 for all real a;. Let 7iny and Ciny be
as in Lemma 9.11.

Lemma 9.12 (Poincaré constants and defect bounds for the comparison laws). Let A > 0,
suppose that | Al < A, and suppose that

Nd*> > Caim(A),  Caim(A) = max{2(3+2A), (2n3) '} (9.33)

Then r > d/2. For every t > 0, the law y; satisfies Var,,(g) < (2/d)uI(g) for all smooth g,
and its forward-equation defect satisfies

Qy
IRl 2y < Cizrm < 2ACT 812, (9.34)

*h(t)

Proof. We first show that r > d/2. We have d <1 < s < 1+ 2A by Lemma 9.1. In
particular 4 + d?/s <2, and

2
s+d+d /S<s—i—2<3—|—2A.
d - d - d
Then (9.33) implies thatd —r = (k + 1+« 1)/N < (3+2A)/(Nd) < d/2.

Next, we prove the Poincaré inequality. Fix t > 0. The Lagrange multiplier of B; is z(t),
and its precisions are the numbers 1/v;(t), which lie in [d, s| by (9.6). In particular, the

Kx+1+x
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smallest precision d; of B; satisfies d; > d, and its ratio «; of largest to smallest precision
satisfies x; < «. The function y — y + y~! is nondecreasing on [1,0). By Theorem 8.6,
applied to B;, the spectral gap Agap(Lp,) is therefore at least

Ke 4K, >d_K+K*1

di — =rg>r>

N

As y; = mp,, this is the Poincaré inequality with constant 2/d.
Finally, we bound the defect. Using (9.4) and (9.6), we find 7,y < (2Nd*) =12 <y,
and Theorem 5.15 applies to pi¢ = pi,(y)- By (9.16) and (9.10), we have
1/2 O
1Qs(t)lle < CaVN,llQe()lle < Co(Ler(?) < CaVN s
i
For every square-integrable Y, we have ||Y — u:(Y)||2 < ||Y||2. Using (9.13) and Holder’s
inequality, we find
1 1 O
Rl < — HQc(t)|l2 < = t Hlls < Cierv.
IRl < 1Qe(01Qe(1)]2 < Qa0 Il Qelt) s < Cipt
This is the first inequality in (9.34). The same argument also gives |R¢|z <
C3(2Zn(t)/N)'/2. The second inequality follows from (t) > ¢ and s —d = a1 — ay <
2A. ]

Theorem 9.13 (Comparison with the Bingham comparison law when Nd? is large). For
every A > 0, there exist constants Cy (A) > 0 and Cp > 0 such that the following holds.
Suppose that | A|| < A and that

Nd? > Cy(A). (9.35)

Then r > d/2, and for every t > 0,
||1/NPtA — I/‘tHTV < CAd_3/219_1/2€_rt < CAd_Ze_rt. (9.36)

In particular, if d > do > 0, then the left side of (9.36) is at most Cpd, 2e=d0t/2 which tends to
zero along every sequence of times tending to infinity.

We choose C,, (A) sufficiently large that (9.35) implies the following four lower bounds
on Nd2.

Proof. Choose Cy (A) > max{Cqim(A),8, (272,) "t} and Cp > 1+ 2AC3+/2max{1, Ciny }-
The proof has two steps. We first bound the energy of P4 f under y,, using the weighted
gradient estimate (9.3) for the fixed weight ¢ and an inverse moment of ¢ under y,. We
then insert this bound, the Poincaré inequality and the defect bound of Lemma 9.12 into
part (b) of Theorem 9.5, applied to the family (y,) of Bingham comparison laws, for
which yy = vn. Recall from Lemma 9.12 that r > d/2.
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Table 9.1. The conditions in (9.35).

Condition Use in the proof of Theorem 9.13

Nd? > 2(3+2A) r > d/2; Poincaré constant 2/d for y, (Lemma 9.12)
Nd*> > (275)™" 1) < 10, so Theorem 5.15 applies to i,

Nd?> > 8 max; g;0;(u) < (1/8) ¥ g;v;(u) in Lemma 9.11

Nd* > (275.,)"" () < Hiny in Lemma 9.11

Step 1: the energy of P2 f under ;. Fix u > 0. We verify the hypotheses of Lemma 9.11
with v = ov(u) and 7; = q;. We have H, = Y;q,v;(u) = N/h(u) by (9.9), and
max; q;0;(u) < d=2 by (9.6) and ¢q; < 1/d. As h(u) < 1 and Nd?> > 8, we have
max; q;0;(u) < N/8 < Hy /8. Also 17,(,) < (2Nd?)~1/2 < #iny by (9.4). Then Lemma 9.11
implies that p,[(¥; gix?) '] < Cinyhi(u)/N, that is,

uu(@~ ') < Cinvh(u). (9.37)

We note that this is a bound for an expectation under y,,. The number N/ P_z(u), which
is the value of Y; g;x7 at x? = v;(u), enters only through the hypotheses of Lemma 9.11.
The weight ¢ satisfies the hypothesis of Lemma 9.8(a) with p = r and D = 1/4, by (9.3)
with r in place of . By (9.24) and (9.37), for every T > 0 and smooth f with0 < f <1,

T (PAf) < 1@ Cinerh(u)

o 4d(€277 —-1) — 4d(62rr —1) =G (u, 7). (9.38)

Step 2: the Duhamel integral. Fix ¢t > 0. We use part (b) of Theorem 9.5 with G from
(9.38), C(u) = 2/d and A(u) = C2Q),/h(u), which are admissible by Lemma 9.12. Using
(€2r(t—u) _ 1)—1/2 — o r(t—u) (1 _ e—2r(t—u))—1/2’ we find

2d—r)u

v et e
A(u)\/C(u)Q(u,t—u):Cﬁ(s—d)\/clrzw e

We bound /(1) > ¢ and s —d < 2A. As r < d, Lemma 9.9 applies with p = r and a = 24,
and the integral over u € (0, ) of the last factor is at most 1/r. Inserting these bounds
into (9.19), we obtain

C: efrt
PA . < 2A 2 mv < —3/249—1/2 —rt
NP — pellv < 2ACEY 2 avs S Cad 9 e

where in the last step we used r > d/2. This is the first inequality in (9.36), and the
second follows from & > d. For t = 0 the left side of (9.36) is zero. If d > d, then
rt > dt/2 > dot/2, which implies the last assertion. O
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9.7 Comparison for nearly isotropic matrices

When A is close to a multiple of the identity, the defect is quadratically small, and the
comparison holds uniformly in time without any condition relating N and d beyond
N > Np. This is the input for the infinite-temperature crossover in Section 15.

Proposition 9.14 (Comparison for a nearly isotropic matrix). There exist universal con-
stants €9 > 0, No and C; such that the following holds. Suppose that N > Ny and
|A—(N"ITrA)I|| < e < e Thenr > 0, and for every t > 0,

lvnP? — uilltv < C1€2min(t,1),  ||unP? — pe|lrv < Cre2e™™. (9.39)

The constants do not depend on N ~1Tr A, so that no bound on the scalar part of A is
needed. One may take 9 = 1/4, Ny = max {35,251, 2} and C; = 8+/32C2, with 79 and C4
as in Section 9.6.

Proof. Let €9 = 1/4 and Ny = max{35,27,2}. By Lemma 9.1,
1 3
§§1—2€§d§1§5§1+2€§§, s —d < 2g, K < 3.

By (9.6), every v;(t) liesin [1/s,1/d]. As1/d—1=(1—-d)/d <4eand 1—1/s < 2¢, we
have |1 — v;(t)| < 4e. Combining (9.10) with @ > d > 1/2 and s — d < 2¢, we conclude
that |e;(t)| < 4ee=2,

We first bound the defect. By (9.4), 17, < d1(2N)"1/2 < (2/N)? < #o, and
Theorem 5.15 applies to y;. On Sy, Y (x? — v;(t)) = ¥ 0;(t) (x?/v;(t) — 1) = 0. Adding
this to the first expression in (9.16), we find

The coefficients of Qp(t) and Qc(t) in the variables x?/v;(t) — 1 are bounded in absolute
value by 4e and 4ee 2%, respectively. Then Theorem 5.15 implies that ||Qp(t)||s <
4C4ev/N and ||Qc(t)||4 < 4Csee™2#y/N. As in the proof of Lemma 9.12, we deduce from
(9.13) and Holder’s inequality that

1 -
IR 2y = 75 11Q8(E)l4ll Qe (B)[la < l6Ciee 2",

The first estimate in (9.39) now follows from (9.30) with A = 16C§e2 and a = 24, since
#o = vy and min(t,1/(2d)) < min(t, 1).

For the second estimate, we verify the remaining hypotheses of Theorem 9.10. For
N > 35and ¥ < 3, we have r > 1/2 — (13/3)/N > 3/8. Also r < d, and therefore
a = 2d > 2r. By (9.3) with r in place of rg, the gradient hypothesis holds with K = x <3
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and p = r. As in the proof of Lemma 9.12, the precisions 1/v;(t) of B; lie in [d, s], and
Agap(Lp,) > d— (k+x"1)/N > 1/2—(10/3)/N > 1/4. Thus p; = mp, satisfies the
Poincaré inequality with C = 4. By (9.31), we obtain

wm%—umw§8Q&w§§f%:8wﬁqgfm

which completes the proof. O

9.8 A Poisson equation for Bingham laws

Near the critical temperature, Nd?> may tend to zero, and the defect bound of Lemma 9.12
is too weak. In Section 14, the comparison is instead made with part (c) of Theorem 9.5,
through the Poisson equation of Corollary 9.7. This section bounds the energy of the
solution of this Poisson equation for a single Bingham law. The proof constructs an ex-
plicit approximate solution, a rational function of the quadratic form F,(x) = N~1 Y v;x?
multiplied by Qc, and handles the remainder with the spectral gap.

Throughout this section, v is a positive sequence with } ;v; = N, and y = y,. We let
B=— diag(v;l), so that y = 7p and the Lagrange multiplier of B is zero. Any other
matrix yI — diag(v;l) defines the same generator Lp. Let Sy =} ; vi.‘ fork =2,3,4 and
V = diag(v;), and set

x'Vx 1 S 1 F
B ="F-=ygLud, h=3  f)=-5+5 >0
1

Note that F is the value of F, at x> = v;. Let C = diag(C;) be a real diagonal matrix with
Y. Civ; = 0. We define

2 —
Qp=N-— 2’;—1 Qc = x'Cx, R = _Q8Qc ]\;;(QBQC), o = f(F) Qc,

and

Ic = Z(Civi)zl Je = chzl Kc = ZC?UI
i i i

When v = v(u) and C = C, for some u > 0, the condition }_; C;u; = 0 holds by (9.7),
the forms Qp and Q¢ coincide on Sy with those of (9.12) by (9.16), and R = R, is the

forward-equation defect of the Bingham comparison law at time u.

Definition 9.15 (Variance conditions at scale §). Let0 < ¢y <1< Cpand 0 < <1, and
set M = N&°. We say that v satisfies the variance conditions at scale § with constants
(Co, CO) if

<0, <Cod 2 (1<i<N), coN&1<8 <CyNs7t,

9.40
S3 < CoNé™3, Sy < CoNs~>, 0-40)
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and if there exists a set S of indices such that

|8| > coM, (7 C05_2 (l € S), Z 012 > coS». (9.41)
i¢S

The set S consists of at least coM coordinates whose variances are comparable to the
largest one. Equivalently, their precisions v;l are comparable to the smallest precision.
The last condition in (9.41) says that the remaining coordinates carry a fixed fraction
of Sp. For M > M), where M, is the constant of Theorem 9.16 below, these conditions
imply that Agap(Lp) > 6%/(2Cy), as proved in Step 6 of its proof. They also imply that
u{F, < Fo/2} < K/M for a constant K depending only on ¢y and Cy, by (9.47) with g = 2

and Markov’s inequality applied to (F, — Fy)?.

Theorem 9.16 (Energy of the solution of the Poisson equation). Let 0 < ¢y < 1 < Cp.
There exist constants My and C., depending only on cy and Cy, such that the following holds.
Let 0 < 6 < 1 and let v satisfy the variance conditions at scale § with constants (co, Co), with
M = Né&* > My. Let C = diag(C;) be real with Y_; C;v; = 0. Then the solution ¥ of —Lgy = R
with u(y) = 0 satisfies

() < & (KC pley 521C). (9.42)

M 52

Moreover, the function Py = f(F,)Qc satisfies

I Cy
1ol 24y < Ciy/ MC, ul (o) < M(KC + 6%Ic). (9.43)

Recall that the solution i exists by Lemma 9.6, because y#(R) = 0. The bound (9.42)
involves only the three sums I, Jc and K¢. The theorem assumes no relation between C
and v other than }_; C;v; = 0, and no lower bound on N4*. The lower bounds on M used
in the proof are collected in Table 9.2.

Table 9.2. Lower bounds on M = Né° used in the proof of Theorem 9.16. Here 7y is the threshold
of Theorem 5.15 and #(co) is the threshold of Theorem 5.11 for complements carrying a fraction

at least cg of S. The number M is the smallest M satisfying all of them, and depends only on cg
and Cy.

Condition Use
1 M>1and C3 < 2coniM 1o < 170 (Step 1)
2 C2 < 2¢n(co)*M bounded density of (g;)ics (Step 2)
3 cgM > 96 inverse moments of order g < 24 (Step 2)
4 oM > 64(Co/co)*+2and M > 8Cy Agap(Lp) > 6%/(2Cy) (Step 6)
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Proof. The proof has six steps. Steps 1 and 2 collect moment bounds under y for quadratic
forms and for the inverse of F,. Step 3 computes Lpyy exactly: ¢y solves the Poisson
equation up to a remainder E with mean zero. Steps 4 and 5 bound the L(1) norm of
E and the energy of 1. Step 6 solves the Poisson equation with right side E, using the
spectral gap of —Lg, whose lower bound 62/ (2Cy) is proved in Step 6 using Theorem 8.8.

Here, and for the rest of this proof, we write X < Y if X < KY for a constant K
depending only on cp and Cy and, where an exponent g appears, on 4. All exponents
below are at most 24. The number M is chosen so that the conditions in Table 9.2 hold
whenever M > M. All norms are in L9(u).

Step 1: moments of quadratic forms. By (9.40),

_ max;v; Co(sfz . Co
T = 25,)172 = (2c)Ns—1)1/2 ~ (26,M)1/2°

The first condition in Table 9.2 gives 1, < 179, the threshold of Theorem 5.15. Writing
Y a;i(x? —v;) = Yi(a0;)(x? /v; — 1) and using Theorem 5.15, we find that for every real
sequence (a;) and g > 1,

H;”i("z‘z i) ’q S (Zi:ﬂ?v?)l/z- (9.44)

If all a; > 0, then (Y a%v%)l/ 2 < y,a;v;, and adding the constant ¥;a,0; we find
| X aix?|lq < ¥ a;vi. We use these bounds for the following forms. Because Y_; Cjv; = 0,
we have Qc =Y C,-(xlz — ;). We also set Qc = Y; Cl-(xlz/vi —1). By (9.44), we have

1Qclls SVIe,  1Qclls Ve, |Ix"Vx|, <S5, |lx"Cx; S Koo (9.45)

Next, x"VCx = ¥;v?C; 4+ ¥; v;C;(x? — v;). We have | Y; 07C;| < 51/211/2 by the Cauchy-
Schwarz inequality, and by (9.44), the L9 norm of the second sum is at most a constant
times (); v}C?)1/2 < (max; v;)[/%. Recalling that (N6~ 1)/2 = §72M"/2 and M > 1, we

obtain
|xTVCxl|g S (N6™HY2+672)/Ic <672/ M. (9.46)
Finally, F, — Fy = N~y 0;(x? — v;), and (9.44) and (9.40) yield

\/5_55/2 5*1<F0
N”\/_ VMY VM

where in the last step we used Fy = So/N > cd -1,

|1Fo — Follg S (9.47)
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Step 2: inverse moments of F,. Let S be asin (9.41), let k = |S|, and write g; = x;//7;.
On Sy, we have

I v 2 F_C_M
= — ’0 ’ SO
N ; 1 N(54 Zgz Fv CO 2168 gl

icS
where we used Fy < Cpd~!. The coordinates outside S carry at least a fraction ¢y of
S», which means that the fraction carried by & is at most 1 — ¢g. By the second part of
Theorem 5.11, applied with € = ¢, there exist #(cp) > 0 and K(cp) = C;, < oo such
that, if 7, < 7(cp), the law of (g;)ies under yu has a density bounded by K(cy) with
respect to the standard Gaussian measure on R®. We have 77, < #(cg) by the second
condition in Table 9.2. Let 4 > 1 be an integer such that k > 44. Recall that a chi-
square variable X with k degrees of freedom has EX 7 =2"9T(k/2 — q)/T(k/2). Also
[(k/2)/T(k/2—q) =TT}_,(k/2~j) > (k/4)7. Then

() ] ke (7)" = ke ()"

For real 1 < g < 24, we apply this estimate with the integer m = [q] < 24 and use
Y|l < [[Y|lm for nonnegative Y under a probability measure. Using k > coM and the
third condition in Table 9.2, which gives k > 96, we conclude that for every 1 < g < 24

H H SLo fm), = \/LM (g < 12). 9.48)

For the second bound, we wrote f(F,) = —(F, — Fy)/(2F,) as —1/2 times the product of
(F, — Fy)/Fy and Fy/F,, and used Holder’s inequality, (9.47) and the first bound.

Step 3: an explicit approximate solution. We first compute the action of Ly on the
coordinates. By (9.1) with D = diag((l{j:i})].lil) and D’ = B, we have Ag x? =2 — 2x?
and T'(®g, x?) = 2(—x?/v; — upx?/N), where ug = x"Bx = Qp — N on Sy. Inserting
these into Lgx? = Ag,x? + I'(®p, x?), we find

2x?  2(Qp — N)x? 2 2Qpx}

Lax2 =2 _—y2 01 A% "T% _ o
B Xi 0; N 0; N

We multiply by v;/N or by C; and sum over i. Using } ;v; = }; xlz = N, we have

2QpF, 2Q8Qc
N 7 N

LpFy, = — LpQc = —2Qc — (9:49)
Note that F, > min; v; > 0 on Sy, which makes 1y smooth. By the diffusion property of

Lg,
Lptpo = f(Fo)LQc + Qc (f' (Fo)LpFy + " (Fo)T(Fy)) + 2" (Fo)T (F, Qc)-
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We have f'(y) = —Fy/(2y?) and f"(y) = Fy/y>. Then f'(F,)LgF, = FyQg/(NFE,),
f"(E)I(Ey) = (Fy/F,)T'(logF,) and 2f'(F,)T(Fy, Qc) = —(Fo/Fy)T'(log Fy, Qc). Insert-
ing these and (9.49), the two terms proportional to QpQc/N have the total coefficient
Fy/F, —2f(F,) = 1, and we obtain

QgQc
—L = — E
BYo N + E,

B F, K, (9.50)
E=2f(F)Qc — P_v QcT(logFy) + F_v I'(log Fy, Qc).

The function f is chosen so that Fy/y —2f(y) = 1, which produces this cancellation,
while f(F,) is small because F, concentrates around Fy. As the measure y is stationary for
Lg, we have u(Lgty) = 0 and 1#(QgQc)/N = u(E). Writing E = E — u(E), we conclude
that

—Lpypg=R+E. (9.51)

Step 4: the remainder. A direct computation from Vg F, = (2/N)P,Vx and Vs, Q¢ =
2P, Cx shows that

4x"V2x 4 - 4xTV2x 4xTVCx  4Qc

— = < I'(log F, = 52
szg N = NZFZ% 7 (Og ‘U/QC) NF-U N 7 (95 )

I'(logF,) =

and T'(Q¢) < 4xTC2%x. By (9.52), Holder’s inequality, (9.45), (9.48) and (9.40), for g < 6,

52
IT(log Fo)llg < 177 zuxTvzxn | H —% ==
Similarly, by (9.46) and Fy > cod L, for g <4,
\/_

4 . 1 F 4
IT(tog Fo, Qo)lly < 5 1TVl | 2], + 77l Qclla £

N(5 N S M'

where in the last step we used (N(S)_l\/M =62/vV/Mand N1 = 63/M < 62//M. We
now bound the three terms of E in L?(u) with Holder’s inequality:

[2£(F)Qcll, < 20 FEalGells £ /45,
1 racros ), <[ 2], log )l < VI,

I
(log Fy, Qc) lla < 62 ASI

As M > 1 and centering does not increase the L?() norm, we arrive at

I'(log Fy, Qc) H2 <| F—O

Fv

+ o Ic

Jc
E|I3 < IE|3 < 9.53
113 < IEIB < 9.53)
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Step 5: the approximate solution. By the chain rule,

Vsy¥o = f(Fo)Vs,Qc — 2F 0 QcVs, logF,,
0

and therefore LR
L(yo) < 2f(F)°T(Qc) + 5 (F—O) Q2T (log F).

By Holder’s inequality, (9.45), (9.48) and the bound on I'(log F,) from Step 4,

HAEFTQE) < AR CEl & 2
z [(%)ZQ?:F(IOng)} <

This proves the second bound in (9.43). The first follows from ||¢o|l2 < ||f(Fo)|l2l|Qclla S
VIc/ M.

Step 6: the spectral gap and the solution. The precisions of B are the numbers v,
By (9.40), the smallest one satisfies dg = 1/ max;v; > 6%/Cp, and for i € S we have
vl_l < 6%/cy < Ldg with L = Cy/cg > 1. Thus at least k of the precisions are at most Ldp,
and so are the k smallest ones. By the fourth condition in Table 9.2, k — 2 > 64L2. Then
the lower bound of Theorem 8.8, applied to B, implies that

521C

(log F)lls < °3 €.

1

2 812 dg _dp _dp _ &
Agap(LB)ZdB_N_k_z > B_Z v

T2 < 2Cy”

In the second inequality, we used 812/ (k —2) < 1/8,and 2/N = 263/ M < 6%/ (4Cy) <
dp/4, which holds because M > 8Cp and § < 1. As pu(E) = 0, by Lemma 9.6 there exists
a smooth y with 1(x) = 0 and —Lpy = —E, and by (9.53),

/6% + 671
AT Ge) < Agup(L) B 5 1222
The function ¥y — (o) + x is smooth and has mean zero, and by (9.51), —Lp (¢ —
(o) + x) = R+ E — E = R. By the uniqueness in Lemma 9.6, it equals . Finally,
I'(y) < 2T(o) + 2T (x), and (9.42) follows from Step 5 and the last display. This com-
pletes the proof. O

In Section 14, Theorem 9.16 is applied at each time u to v = v(u) and C = C,, with
a scale 0 = 0(u) depending on u. Then 1 is the function ¢, of Corollary 9.7, and (9.42)
provides the function J in part (c) of Theorem 9.5.



SECTION 10

The unnormalized process and its moments

This section introduces the stochastic representation of the Langevin dynamics on which
our moment bounds rest, and proves those bounds. For real numbers py,...,pn, the
unnormalized process is the solution Y in RY of the stochastic differential equation
dY; = —2p;Y;dt + v/2/N|Y|dB;. We show in Lemma 10.2 that it never vanishes and
that its direction /N Y/|Y| is the diffusion on Sy with potential Y; p;x?, with the same
time parameter and with noise coefficient v/2. If Y(0) is a standard Gaussian vector, this
diffusion starts from vy. The coordinates of Y have linear drifts, and when E|Y(0)|? < oo,
the expectations of the squares Y? solve the linear equation with matrix —4 diag(p) +
(2/N)117 studied in Section 7. The only nonlinear feature is the random noise amplitude
Y|, and the estimates of this section bound the squared norm |Y;|? from above and from
below by solutions of the linear equation.

Section 10.1 proves the representation (Lemma 10.2), together with a representation
Y = ®Xjp, where ® is a matrix-valued process independent of the initial point Xp.
Section 10.2 proves a criterion for positive martingales (Lemma 10.4): a uniform bound on
conditional relative variances implies bounds on conditional moments of the maximum
and of the inverse of the minimum, and on exponential moments of the quadratic
variation of the logarithm. In Section 10.3, we bound conditional moments of h(u)'Z;,
where Z; = Y? and h is the solution of the linear equation started from 1, by the
corresponding solution of the linear equation (Lemma 10.5). We also bound moments
of single coordinates by moments of the norm (Lemma 10.6). Section 10.4 applies these
results in the critical window (Corollaries 10.7 and 10.8 and Lemmas 10.9 and 10.10).
Sections 10.5 to 10.7 treat precision sequences whose smallest element d is small but
satisfies Nd3/2 >> 1, which is the situation at temperatures above and near the critical
temperature, on time intervals of length of order d ! log(Nd%/?). In Section 10.5, we prove
conditional moment bounds (Lemma 10.11), inverse moment bounds (Lemmas 10.13
and 10.14), and an exponential moment bound for the time integral of I'(log ¢) along
the path, where ¢ is the quadratic form defined in (10.40) (Theorem 10.15). Section 10.6
compares the initial state with all future solutions of the linear equation at once when
the initial law is a Bingham comparison law (Lemma 10.16). Section 10.7 upgrades
the fixed-time inverse moments of |Y;|? to a bound for the supremum over the whole
time interval (Theorem 10.18). Finally, Section 10.8 proves a Feynman-Kac bound for a
weighted gradient of the semigroup (Lemma 10.21).

195
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We use the model and its stochastic differential equation from Section 3, the con-
ditioned Gaussian laws of Section 5 (Proposition 5.6 and Theorem 5.11), the estimates
for the linear equation from Section 7 (Lemmas 7.11, 7.13, and 7.14), and the weighted
Bochner identity (8.8) from Section 8. The representation is used in Sections 16 to 19. The
estimates of Section 10.4 are used in Sections 18 and 19. The estimates of Sections 10.5
to 10.8 are used in Section 14, and through it in Section 20.

All statements in this section are deterministic in the disorder: the numbers p; and the
precisions p; below are fixed, and probabilities and expectations refer only to the initial
state and the Brownian motion. We work on a filtered probability space (Q, F, (F)t>0, P)
satisfying the usual conditions and carrying an (F;)-Brownian motion B = (Bj, ..., By).
Stopping times are taken with respect to (Ft). For a random variable ¢ and r > 0, we
write ||&]|, = (E|&|")!/7; for r > 1, this is the usual L" norm. Since B is an (F;)-Brownian
motion, it is independent of Fy; in particular, every Fp-measurable initial value below
is independent of B. The estimates below are moment bounds for the process itself,
obtained from Itd’s formula and martingale inequalities. None of them uses a Gaussian
approximation for the law of Y; or for the conditional law of a coordinate given the past.

10.1 The unnormalized process

For p = (p1,...,pn) € RN, we call the numbers p; the quadratic potential coefficients;
they are the coefficients of the potential Y, p;x?. We write D, = diag(ps, ..., pn) and

N
L, = Ag, — V5N<;pixiz> Vs, (10.1)

In the notation of (3.3), we have L, = Ly with A = —2D,, and by (3.7), Ly++1 = L, for
every T € R.

Definition 10.1 (The unnormalized process). Let p € RY, and let Y(0) be an Fop-
measurable random vector in RN with Y(0) # 0 almost surely. The unnormalized
process with quadratic potential coefficients p and initial value Y(0) is the solution of

AY;(t) = —20,Y;() dt + V2/N |Y(£)|dBi(t), 1<i<N, t>0.  (10.2)

We write

N
20 =xw  A=NoP=yzm,  xo=""10 a0y

and we call A; the squared norm.

We use the letter A for the squared norm to distinguish it from the matrix A of (3.3).
When convenient, we also write Y;, Z;, and X; for Y(t), Z(t), and X(t).
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Lemma 10.2 (The unnormalized process). Let N > 2 and p € RV,

1.

For every Fo-measurable Y(0) with Y(0) # 0 almost surely, the equation (10.2) has a
pathwise unique strong solution. Conditionally on Y (0) =y, the process Y has the law of
the solution started at y. Almost surely, Y(t) # 0 for all t > 0, and

5 = &
pt_.At

\Mz

dlog A; = (2 — 45, — %) dt +/8/N dB,, 0:Z:(1), (10.4)

i=1
where B is a standard one-dimensional Brownian motion.

The process X is the diffusion on Sy generated by L,, with noise coefficient V2 and initial
point X(0) = vNY(0)/|Y(0)|; no change of time is involved. If Y(0) is independent of
B and X(0) has law p, then X is this diffusion with initial law y. In particular, if Y(0) is
independent of B and is either a standard Gaussian vector or a random vector with law vy,
then X is the diffusion generated by L, with initial law vy.

Let A > 0 be an Fy-measurable random variable. Then AY is the unnormalized process
with coefficients p and initial value AY(0), driven by the same B. For T € R, the process
(e2™Y (t))s>0 is the unnormalized process with coefficients p + T1 and initial value Y (0),
driven by the same B. In both cases X is unchanged.

The squares satisfy

2
a7, — ( — 40,7+ = A) dt +dM;,  dM; =2v/2/NY;|Y|dB;,
N o (10.5)
d[M;, Mj]; = & N A Z;i(t) dt.
Let B = (Bij)g.:l be a matrix of independent standard Brownian motions, let Xo be a
random vector independent of B with Xo # 0 almost surely, and let ® be the solution of the
linear matrix equation

dd(t) = —2D,®(t) dt + V2/NdB(t) ®(t),  ®(0) =L (10.6)

Then almost surely, for all t > 0,
N
det ®(t) = exp { - (1 +2 Zpi)t-l— V2/N Tr B(t)} > 0. (10.7)
i=1

The process P is independent of Xo. The process Y = ® X is the unnormalized process with
coefficients p and initial value Xo, with respect to the filtration generated by Xo and B and
driven by the Brownian motion B(t) = fot dB(s)Y(s)/|Y(s)|, which is independent of Xo.
In particular, conditionally on Xo =y, the process Y has the law of the unnormalized process
started at y.
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Proof. We begin with the first part. The drift y — —2D,y is linear, and the diffusion
coefficient y — +/2/N |y| I is globally Lipschitz:

IV2/N (lyl = 1y D1 |lgs = V2 Iyl = V[ < V2ly =¥/

By [123, Theorem IX.2.1, p. 375], the equation (10.2) has a pathwise unique strong
solution for every deterministic initial value. The same Picard construction, localized
on {|Y(0)| < m} and followed by m — oo, applies to every JFy-measurable initial value.
For the conditional law, we use a stability estimate. If Y and Y’ are two solutions
driven by the same B, with Fy-measurable initial values, then A = Y — Y’ satisfies
dA = —2D,Adt ++/2/N (Y| — |Y']) dB. Doob’s L? inequality [123, Theorem I1.1.7], the
Lipschitz bound above, and Gronwall’s lemma, applied after localization and on events
in Fo, give
E| sup A ] R <cilml, £, (10.8)
s<t

where C; depends only on t and max; |p;|. For deterministic y, let Y¥ denote the
solution started at y; it is adapted to the filtration generated by B. Fix t > 0
and a bounded continuous function ® on C([0,t],RN), and let ¥(y) = E®(YY); by
(10.8), ¢ is continuous. For n > 1, let Y;,(0) be a measurable function of Y(0) that
takes countably many values y,; and satisfies |Y;,(0) — Y(0)| < 1/n. Since stochas-
tic integrals commute with multiplication by indicators of events in F(, the process
Y =y, 1 (Y,(0)=y, ;) Y+ solves (10.2) with initial value Yy (0). As Y(0) is independent
of B, we have E[®(Y())g(Y(0))] = E[¥(Y;(0))g(Y(0))] for every bounded measurable
g. By (10.8), Y(") — Y uniformly on [0, ] in probability, and ¢ (Y,(0)) — ¥(Y(0)). We
conclude that E[®(Y)g(Y(0))] = E[p(Y(0))g(Y(0))], which is the second assertion of
the first part.

Let{ = inf{t > 0: A; = 0}. For t < (, It0’s formula and the identity }; d[Y;]; = 2.A; dt
give

dA; = (2 —4p¢) Ardt +2V/2/N | Y| Y - dBy.

Let B = fot Ty |Ys| 715 - dBs + fot 1¢s>¢) dB1(s). Its integrands have unit length. Thus

B is a continuous local martingale with [B]; = t, and by Lévy’s characterization [123,
Theorem 1V.3.6], it is a standard Brownian motion. For t < {, we obtain (10.4) from It6’s

formula for log Ay; the term —4/N is —5 - &. Since || < max; |p;|, we have

4 .
log A; > log Ay — <2+4max|p1~] + N)t_ V8/N sup |B|, t<(.
1

s<t

On the event {{ < oo}, the left side tends to —co as t 1 {, by continuity of .4, while the
right side stays bounded below. Hence { = co almost surely, and (10.4) holds for all t > 0.
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For the second part, the map f(y) = v Ny/|y| is smooth on RN \ {0}, where Y stays
by the first part. With IT(x) = I — xx" /N as in (3.2), its derivatives are

N _ .
akfi(]/):\(TTH(f(y))ikr k_Zlaifi(y):—(N é)@myl-

The martingale parts of the coordinates of Y have covariations (2/N)|Y|25y; dt, so the Itd
correction in dX; is 3 - &|Y|2 k02 £;(Y) dt = — N1 X, dt. 1to’s formula gives

dX; = V2I1(X,) dB; + (H(Xt)(—ZDp)Xt - % Xt) dt, (10.9)

where we used vN Y/|Y| = X in the drift and (v/N/|Y|) - v/2/N |Y| = /2 in the noise.
In coordinates, the drift of X; is ( —2p; + & Y p]-XJZ — NF)X;. Equation (10.9) is (3.2)
with ¢cWy replaced by A = —2D,. As shown in Section 3.1, the solutions of this equation
started on Sy remain on Sy and form the diffusion generated by L4 = L,. Its coefficients
are smooth; the solution is therefore pathwise unique, and its law is determined by
the law of its initial point. If Y(0) is independent of B, then so is X(0). This gives the
assertion about the initial law u. If Y(0) is a standard Gaussian vector, then X(0) has law
vy by the first part of Proposition 5.6; if Y(0) has law vy, then X(0) = Y(0).

For the third part, since A is Fyp-measurable and A|Y| = |AY|, multiplying (10.2) by A
shows that AY solves (10.2) with the same B. The product rule shows that Y (t) = e~27Y(¢)
satisfies

dY, = —27Y,dt + e—sz( —20;Y;dt +V2/N|Y|dB;) = —2(p; + 7)Y;dt + V2/N |Y| dB,;.

In both cases Y is multiplied by a positive scalar process, which leaves X unchanged. The
fourth part follows from dZ; = 2Y;dY; + d[Y;] and d[Y;, Yj]: = 6;;(2/N).A: dt.

For the last part, the linear equation (10.6) has a unique strong solution, which is
a measurable function of B and is independent of Xy. The determinant is a polyno-
mial in the entries of ® that is affine in each row of ®. The martingale part of d®;;
is V2/N Y, @y dBjr, by (10.6). In particular, two entries in different rows have zero
covariation. Thus the second-order terms in It6’s formula for det ® vanish, and we have

ddet® = Tr (adj(®) d®) = Tr (©adj(®) ( — 2D, dt + V2/NdB))
= det® (—2) pidt + V2/NdTe B),
i
where adj(®) is the adjugate matrix, which satisfies ® adj(®) = det(P)I. The process
Tr B is a Brownian motion with variance N per unit time. The linear equation dD = D dS,

Dy =1, with S; = —2tY;p; + v2/N Tr B(t), has the unique solution D; = exp(S; —
[S]¢/2), and [S]; = 2t. This proves (10.7). In particular, ®(¢) is invertible for all ¢,
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and Y = ®Xj never vanishes. Let (G;) be the usual augmentation of the filtration
generated by X, and B; by independence, B is a (G;)-Brownian motion. The process
Bi(t) = Y fot Yi(s)|Y(s)| 1 dBix(s) satisfies d[B;, Bj]; = 6;jdt. Lévy’s characterization
implies that B is a (G;)-Brownian motion, and it is independent of Gy > Xy. Multiplying
(10.6) by X on the right, we obtain

dY; = ~2p,Y;dt +V2/N Y. YedBy = —2p,Y;dt + v2/N |Y| dB;,
k

so Y solves (10.2) with initial value X on the filtered space with filtration (G;), and the
last assertion follows from the first part. O

Remark 10.3 (The two choices of coefficients). Let A be a real symmetric matrix with
Lagrange multiplier z and precisions p; = z — «; (Definition 3.3), and work in eigencoor-
dinates of A. On Sy we have —% Y pixlz = %xTAx — %, so L, = L4 for the half-precisions
pi = r; = pi/2. The unnormalized process with these coefficients has drift rates 2r; = p;

and solves
dY; = —2r;Y;dt +/2/N|Y|dB; = —p;Y;dt + v2/N |Y|dB;. (10.10)

This choice is used in the critical window and above the critical temperature, and it is the
equation (1.15) of the introduction. For the model at low temperature, we use instead the
scaled eigenvalue gaps p; = a; = c(A; — A;)/2 of (3.8) as coefficients, for which L, is the
generator with potential F = Y ;~, a;x?; the drift rates are 2a;, and the equation reads

dY; = —2a,Y;dt + /2A/NdB;, A= |Y(t)]~ (10.11)

Since a1 = 0, the process Y1(t) — Y1(0) is a continuous local martingale in this case; if
E|Y(0)|> < oo, then Y; is a square-integrable martingale on every bounded time interval,
because =% 4; is a nonnegative local supermartingale by (10.5), so that EA; < e*E.A.
For A = cWy, we have r; = a; + dy/2, where dy = zxy — cAy. Using the third part of
Lemma 10.2, we see that the two processes with the same initial value and the same
Brownian motion are related by Y()(t) = =N Y(@(t), and that they have the same
direction X.

In [51], Cugliandolo and Dean diagonalized the interaction of this model and, in the
limit N — oo, reduced its dynamics to linear equations for the eigencoordinates and
a scalar Volterra equation for the Lagrange multiplier [51, Section II, (IL.2)—~(IL.7)]. The
unnormalized process is an exact analogue at finite N: its coordinates have linear drifts,
and when [E|Y(0)|? < oo, the expectations of their squares solve the closed linear equation
of Section 7 (see (10.21) below), while its noise amplitude |Y| is random.
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10.2 Positive martingales

The following criterion converts a bound on conditional relative variances of a positive
martingale into bounds on its maximum, on the inverse of its minimum, and on the
quadratic variation of its logarithm. It is used in Sections 10.4 and 10.5 for martingales
built from the squares Z;, and its hypothesis is verified separately in each case.

Lemma 10.4 (Maximum, minimum, and the quadratic variation of log V). Let T > 0, let
V = (Wt)o<i<t be a strictly positive continuous square-integrable martingale, and let ¢ > 0.
Suppose that for every stopping time T < T,

E[(Vr — Vo)? | Fe] < eVZ. (10.12)
1. For every p > 0 with 27 - 4e < 1 and every stopping time T < T,
VP 2P
E| sup (=X ‘ Fol < —2 (10.13)
LSSET(VS) g 1— 274

2. For every p > 0 with 2Pe < 1 and every stopping time T < T,

Ve P 7P

E e . 10.14

Li‘ng(VT> 7o < 1— 27 10.19)

3. Suppose in addition that ¢ < 1/32, and that the quadratic variation of the logarithm of V

has the form

t t
Qt:/ Vs_zd[V]S:/ gs ds, 0<t<T,
0 0

where q > 0 is progressively measurable and Qr < Q for a deterministic constant Q. Then
for every stopping time T < T,

E[Qr—Q:|F] <K,  K=6V2e (10.15)
and for every A > 0 with AK < 1,

1
MQr—Qr)
E[eMRT=R0 | Fr <T %

The constants in (10.13)—(10.16) depend only on p, €, and A; they do not depend on T or Q.

(10.16)

The bound Q is used only to show that the stochastic logarithm of V is a square-
integrable martingale. The successive hitting-time argument in Steps 1-3 follows the
classical martingale John-Nirenberg proof pattern; see [123, Chapter II, Exercise (3.16),
part 5, pp. 75-76]. We prove the conditional ordered-integral estimate (10.16) in Step 4
below; its Markov-process antecedent is [95, Lemma 3, pp. 337-338].

Proof. The proof has four steps: a bound for the probability that V moves by a fixed
fraction of its current value, its iteration at successive hitting times, the resulting moment
bounds, and the two bounds on Q.
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Step 1: one step. Fix a stopping time 7 < T and 6 > 0, and let

o=inf{s > T:|Vi— Vi| > 0V} AT, ng{ sup |VS—VT\29VT}.

T<s<T

By optional sampling, E[Vr — V¢ | F,] = V; — V4, and by the conditional Jensen inequal-
ity, E[(Vr — Vz)? | F»] > (Vi — V2)2. On Gy, we have |V, — V;| = 8V; by continuity of V.
Taking conditional expectations given J; and using (10.12), we obtain

eV2 > E[(Vy — Vo)? | Fr] > 0*VZP(Gy | Fr),

contained in Gy ,; and Gy, respectively. We conclude that

s0 IP(Gy | Fr) < ¢/6% The events {infr<s<7 Vs < V¢/2} and {sup ¢ Vs > 2V;} are

]P( inf ng%

T<s<T

fr) < 4, lP( sup Vs > 2V

T<s<T

]—"T> <e. (10.17)

Step 2: iteration. Fix 7, and for j > 0 let ¢; = inf{s > 7: V; <277V;}, with inf@® = oo,
and E; = {0; < T}. Thenog =7, E; C Ej_y,and Ej_; € Fo;_1aT- On Ej_q, continuity
gives V, | = 2177y, and V stays above 27/V; before 0;_1, so

Vo*- AT
E.—E;,_ { inf V. < ! }
I -1 4 a]-_lAHTlgng S = 2

Applying (10.17) at the stopping time ¢;_; A T and conditioning on F7, we find P(E; |
Fr) < 4eP(E;_q | Fr). By induction,

V. , ,
P( sup <X >2 ] Fo) =P(E | Fo) < (4e)), j>0.
T<s<T Vs
The same argument with the successive first hitting times of the levels 2/V; and the
second bound in (10.17) yields
V. , .
P( sup o> >2|F)<é, j=o
T<s<T VT
Step 3: moments. Let R = SUP <5< Vz/ Vs, which is finite and at least one. Splitting

according to the dyadic interval [2/,2/*1) that contains R, we have

. . . P
E[R? < Y 2¢UtD) P(R > 2/ <Py (2P 4eY = —Z
[ \.7-}]_]; (R22[Fr) < ];( ¢) 1—2P-4¢’

which is (10.13). With the second bound of Step 2 in place of the first, the same computa-
tion gives (10.14).
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Step 4: the quadratic variation of the logarithm. Lete < 1/32, fix a stopping time 7 < T,
and let R" = V1 /V;. The hypothesis (10.12) states that E[(R" — 1)? | F¢] < . By (10.13)
with p = 2, for which 22 - 4¢ < 1/2, we have E[R'~2 | F;] < 8, and then E[(1+ R'~1)? |
F:] <2(1+8) = 18. For every r > 0, we have |logr| < |[r — 1|(1 +r~!): for r > 1 this
follows from logr < r—1, and for r < 1 from log(1/r) <1/r —1= (1 —r)/r. Using the
conditional Cauchy-Schwarz inequality, we find

E[[logR'| | F¢] < Ve- V18 =3V2e.

Since [£]r = Qr < Q, the stochastic logarithm £; = f(; V,1dV; is a square-integrable
martingale on [0, T], and by Itd’s formula, log V; = log Vp + £; — $Q;. Taking conditional
expectations, we have

E[Qr — Q¢ | Fo] = —2E[log R’ | F¢] < 62,

which is (10.15).

For (10.16), we show by induction that E[(Qr — Q:)/ | Fz] < jI K for every stopping
time T < T and every integer j > 1. The case j = 1 is (10.15). Since s — (Qr — Qs)/ is
absolutely continuous with derivative —jgs(Qr — Qs)/~1, we have

. T .
(Qr—Q<) = ]/O 1{s>r} ds (Qr — Qs)]_1 ds.

The factor 1,195 is Fs-measurable. By the conditional Tonelli theorem, the tower
property, and the induction hypothesis at the deterministic time s, we obtain

, T .
E[(Qr— Q) | 7] = | E[lenaE[(Qr - Q)7 | ]
< UKVEIQr — Qr | Fe] 1K

]—}} ds

Summing the exponential series by monotone convergence, we find E[e}(Qr~Q0) | F ] <
Yis0(AK) = (1—AK) L. O

10.3 Moment bounds with backward semigroup weights

In this section, p € [0,00)N. We write

2 . 1
Hy= 4D, + 5107, h(t) =1, h(t) = G1Th(t),  m(t) = max/(t),

N
(10.18)
and, for y € [0,00)N, we set H,(t) = h(t)Ty. When p; = p;/2 for precisions p;, the
matrix H, = —2diag(p) + (2/N)117 is the matrix H of Section 7. The matrix H, is
symmetric and its off-diagonal entries are nonnegative. For ¢, = 4max; p;, the matrix
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H, + ¢,I has nonnegative entries, so et — e=Cotet(Hot6ol) hag nonnegative entries; this is

the positivity used in the first part of Lemma 7.1. By the variation of constants formula
for the coordinates of the equation ' = H,h, we have

t _
hi(t) = e it 1 % / e 4ill=5) Ni(s) ds > e %t > 0. (10.19)
0

In particular, H,(t) > 0 for every nonzero y € [0,00)N. We have 1Te'ry = #,(t) by
symmetry of H,, and the same argument applied to ¢y yields

ot
(efhoy); = e *ity; + N / e 4ilt=5) 7, (5) ds. (10.20)
0
For the unnormalized process with coefficients p € [0,00)N and E|Y(0)]? < oo, taking
expectations in (10.5) gives
EZ, = ¢H EZ,, t>0. (10.21)

Indeed, for a deterministic initial value, the local martingales M; in (10.5) are square
integrable on bounded intervals by the moment bound (10.26) proved below, so EZ;
solves the linear equation with matrix Hy; the general case follows by conditioning on
Y(0), using the first part of Lemma 10.2.

The squares of the unnormalized process satisty the following equations with € =0,
by (10.5). The estimates below also allow a nonnegative perturbation € of the drift, which
may depend on the past of the process. We say that a continuous adapted process Z with
values in [0,00)N and with A; = ¥; Z;(t) > 0 for all ¢ satisfies (10.22) with perturbation
bound E, > 0 if

dzZ; = [— 40:Zi+ (2 + ei(t))ﬁ} dt +dM;,  d[M;, Mj]: = §; % AiZi(t)dt,  (10.22)

where the M; are continuous local martingales and the €; are progressively measurable
with €; > 0 and Y €;(t) < E, for all ¢.

The following lemma bounds moments of h(u)'Z; by the corresponding power of
Hz0)(u+t). When e = 0, the process s — h(u+t—s)TZ;, 0 < s < u+t,is alocal
martingale with initial value H o) (u + t), which we call a martingale with backward
semigroup weights, and the lemma bounds its second and higher moments by powers of
its initial value. The size of the bound is governed by the quantity

_ { : Hyls) N
A((,®) = sup / m(w—s) ——~<ds: ye€[0,00)"\ {0}, 0<t<( t<w §®},
0 Hy(w)
(10.23)
which depends only on p, ¢, and ©.
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Lemma 10.5 (Moment bounds with backward semigroup weights). Let p € [0,0)N, let Z
satisfy (10.22) with perturbation bound E., let k > 2 be an integer, and let 0 < ¢ < ® < co. Set

N A

and suppose that o« < 1. Then for every bounded stopping time T, and all F-measurable random
variables u > Q0and t € [0,¢] withu +t < ©,

(¢,0), (10.24)

B((n(0)T Zes0) | 7] < Pt

In particular, if Z(0) = y is deterministic, then E[(h(u)"Z¢)X] < Hy(u+ t)*/(1 — a) for all
te[0,f)and u > 0withu+t < ©.

almost surely. (10.25)

The conditional statement allows the drift perturbation € after time 7 to depend on
the whole past; no Markov property is used.

Proof. The proof has three steps. We first prove a crude bound on moments of A, which
shows that a normalized supremum B of the left side of (10.25) is finite. We then compute
the evolution of h(w — s)T Z¢s with Ito’s formula, and tinally we show that B <1+ aB.

Step 1: a crude moment bound. Let M =} ; M;; as the M; have zero mutual covariation,
d[M]; = (8/N)A?dt. Summing (10.22) and using p > 0 and ¥ ; €; < E,, we see that A
has drift at most (2 4+ E./N).A. For an integer j > 1, Itd’s formula shows that the drift of
Al is at most chj , with

Cj :2j—|—]E*+%\]](] 1).
Fix a bounded stopping time ¢. Relative to the filtration (F,s)s>0, It0’s formula shows

that A ,

Rs = e G° (AL;H)]
is a nonnegative local supermartingale with Rgp = 1; by Fatou’s lemma, it is a super-
martingale, without any moment assumption on A,. If ¢ < ¢’ < ¢+ /¢ for a stopping
time ¢/, then ¢’ — ¢ is a stopping time for the shifted filtration, and optional sampling
gives Ele 57~ (A, / A, | Fo] < 1. Since ¢ > 0 and A, is Fy-measurable, we obtain

E[A], | Fo] < et AL (10.26)

Let mg = max;<@ m(s) and hg = ming<e min, i;(s), which is positive by (10.19). Call
a pair (u,t) of Fr-measurable random variables admissible if u > 0, t € [0,¢], and
u +t < ©O. For an admissible pair, T + ¢ is a bounded stopping time. We set

E[(h(u)TZri)* | F7]
Hz (u+ t)k

Blu,t) =
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We have h(u)"Z+1 < mgArys and Hz (u+t) > heAr, and (10.26) implies that B(u, t) <
(me/he)ke . Let B be the essential supremum of B(u,t) over all admissible pairs. It is
an F;-measurable random variable, B(u,t) < BB almost surely for every admissible pair,
and

B < (me/hg) e < co. (10.27)

Step 2: the backward semigroup weights. Fix an admissible pair (u,t), let w = u + ¢,
and set X5 = h(w —s)" Zys for 0 < s < t. Since h’ = Hyh and H, is symmetric, the terms
of (10.22) that involve H, cancel, and we have

-Ar—i—s

dXs = Dsds + Y _hij(w —s) dM;(T + ), Ze, T+5) hi(w —s).

i
The drift satisfies 0 < Dy < (E./N)m(w —s) Arys, and since Y ; h%Zi < mY,;h;Z; the
quadratic variation satisfies

d[X], :—AT+SZh —SZZ(T+s)ds<%m( —6) Arss X, ds.

Applying Itd’s formula to X, we see that the drift of X* is at most

k(k=1) oo dX)s _ K(E. + 4k = 4)

kXS Ds + 2 ds — N

m(w —s) Arys X571

We stop at the first time that A, s exceeds n, take conditional expectations given F, and
let n — oo, using conditional Fatou on the left and monotone convergence on the right.
Since Xg = Hyz.(w) and X; = h(u)" Z¢4+, this gives

E[(7h(u)" Zes)" | Fe] < Hz, (w)"

K(E. + 4k —4) [*
L ~ )/0 Lgepy m(w — (s A ) B[ Ay X5 | Fo] ds.

(10.28)

Here we used that 1,4, and m(w — (s A t)) are Fr-measurable, which allows us to take
them out of the conditional expectation; the argument w — (s A t) is nonnegative, and on
{s < t} itequals w — s.

Step 3: absorption. For s < ¢, both (0,s) and (w —s At,s A t) are admissible pairs, and
A = h(O)TZT+S. By the conditional Holder inequality and the definition of B, on the
event {s < t},

1/k

E[Ac X ) < E[AL | F)VRE[XE | F) S < B (s) My, (w) L
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Inserting this into (10.28) and dividing by Hz_(w)*, we obtain

k(Ey + 4k —4) t Hz (s)
u,t) <1+ B/mw—s = ds <1+ ab,
p(u,t) N | m(w—s) Ty (@)
where in the last step we used the definition (10.23) with y = Z;, which is a nonzero
vector in [0,00)"N. This holds almost surely for every admissible pair, and we conclude
that B < 1+ aBB almost surely. Since B is finite by (10.27) and « < 1, we conclude that
B < (1 —a)~!, which is (10.25). O

The next lemma bounds the moments of a single square by moments of the squared
norm.

Lemma 10.6 (Moments of single coordinates). Let p € [0, oo)N , let k > 1 be an integer, and
let Y be the unnormalized process with coefficients p and an Fo-measurable initial value with
E|Y(0)|* < oco. Then for every i and t > 0,

N 202k —1) [t 44
1Zi(1) || < e it HZI-(O)HH%/O e 40i1=5) || Al ds. (10.29)

Proof. All moments used below are finite and locally bounded in time, by (10.26) with
o = 0and j = 2k. Using (10.5) and Itd’s formula, we find

k(k —1)
2

d(zf) = | - akoizf T Azk Ly - %Azjf—l]dt +kZEtam,

and 2k + 4k(k — 1) = 2k(2k — 1). The martingale term has integrable quadratic variation,
since Z*"2AZ; < A%, Taking expectations, we see that ¢(t) = EZ;(t)¥ is absolutely
continuous, and by Holder’s inequality,

q')/(t) = _4kpi§b(t) + W E [AtZi(t)k‘l}
< —akpip(t) + 22D iy 4,

For 17 > 0, let oy = (¢ +1)'/X. Using (¢ + 1) /""" > (¢ +1)"/* —y'/* and ¢~ D/¥(¢ +
)1 <1, we find

U (6) < —papy () + ot + 2Ly

Integrating this linear differential inequality and letting # | 0, we obtain (10.29). O
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10.4 The critical window

In this section, we specialize Lemmas 10.5 and 10.6 to the half-precisions of the critical
window. Let 0 < r; < --- < ry be real numbers, and suppose that for fixed constants
0<co<Cy<oo,

N, C0<%>2/3 <r< CO<§)2/3 (1<i<N). (10.30)

N1

=12t

These are the hypotheses (7.49) of Lemma 7.14, and they are the first two of the critical
spectral conditions (4.36); the bound on the first gap in (4.36) is not used in this section.
For the model, fix 0p > 0 and 7 € (0, 1); the second part of Lemma 4.17 supplies constants
depending only on ¢y and 7, and events £y with liminfy_,o P(€ny) > 1 — 7, on which
(4.36) holds simultaneously for the half-precisions of (1+cN~1/3)Wy, |¢| < 0o, when
N > (20p)3. Here the probability is over the disorder Wy, and the constants are fixed
before N — oo. Note that r; < Cp for all i. We take p = r in (10.18); then H, is the
matrix H of Section 7 with p = 2r. By Lemma 7.14, for every fixed K < oo, uniformly in

0 <t < KN?/3,
_ 1
NA(H) = — DN (e = YA
Ve T

with constants depending only on ¢p, Cp, and K.

The first two statements of this section assume only a two-sided bound on the coordi-
nates of /1 on a general time interval [0, ©]; they do not use (10.30).

(10.31)

Corollary 10.7 (Second-moment bounds with backward semigroup weights). Let N > 1,
let 0 < r; < Cofor1 <i<N,andlet h(t) = e!'"1 with H, = —4diag(r) + (2/N)11". Fix
© > 0, and assume that for 0 <t < O,

:

14t

C
* 1+1’it

<hi(t) <C +!

< i<N. .
<Cip 1SisEN (10.32)

Let Z satisfy (10.22) with p = r and perturbation bound E.. There exists a constant C depending
only on ¢y, Cs, Co, and E. such that the following holds. For0 < £ < ©, leta = C(1+ ) VZ/N.
If a < 1, then every deterministic nonzero initial state Z(0) = y € [0,00)N satisfies

h(u+ )Ty

E[(h(u)th)z}g[ o 0<t<l u>0, ut+t<O. (10.33)

The same bound holds conditionally on F=, for every bounded stopping time T, with y replaced by
Zr and with Fr-measurable u and t in the same ranges.

Proof. We bound A(¢,®) and apply Lemma 10.5 with k = 2. Let 0 < s < w < ® and
y € [0,00)N\ {0}. The ratio Hy(s)/Hy(w) is at most max; h;(s)/h;(w), because y > 0.
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The function x — (1 + xw)/(1 + xs) is nondecreasing, and for r; < 1 it is at most
(14+w)/(1+s). For1 <r; < Cy, wehave (1+rw)/(1+rs) <ri(l4+w)/(1+s). Thus
14 rw 14w

< ]-/C -
1475 < max(1, Co) 1+s

and by (10.32), we have

hi(s) Ci /[14+s 1+rw _ C, 14w
< = . < — 1 _—
hi(w) — co V14w 1+7rs — cs max(1, Co) 1+s

Together with m(w —s) < Cyv/1+ w, this yields

Hy(s) 14w C2
— < = —
m(w —s) H(w) = C s C - max(1,Cy). (10.34)

Since fot(l +5)"12ds < 24/t, we have A({,®) < 2Ci(1+ ©®)V{. With k = 2, the
quantity (10.24) is at most (2E, 4 8) - 2C; (1 + ®)+v/£/N. Thus Lemma 10.5 applies with
C = 2(2E, + 8)C; and gives (10.33) and its conditional form. N

Corollary 10.8 (Second moments on short intervals in the critical window). Fix K > 0,
and suppose that the hypotheses of Corollary 10.7 hold with ® = KN?/3 and with constants c.,
Cs, Co, E. For every 11 > 0, there exists § > 0, depending only on 3, K, ¢, Cs, Co, and E., such
that every deterministic nonzero initial state Z(0) = y satisfies

E[(h(u)"Z)?] < (1 +n) [h(u+t)Ty]®,,  0<t<ON*3 u>0, u+t<KNY3
(10.35)
The same bound holds conditionally after every bounded stopping time, as in Corollary 10.7.

Proof. Let C be the constant of Corollary 10.7, and choose

2
5:mm{K’ [(1+17)Z(K+1)} }

Let / = 6N?/3 < @ in Corollary 10.7. Since N > 1, we have 1 + KN2/3 < (1+ K)N2/3,
and therefore

C(1+ KN?/3)V/§N2/3 U
= < 1+ K < — .
o N <C(14+KWs< Ty
Then (1 —a)~! <1+ 7, and (10.33) implies (10.35). O

For the rest of this section, Y is the unnormalized process with coefficients r, so that
by Remark 10.3 its direction is the diffusion generated by L, with p = 7, and its squares
satisfy (10.22) with € = 0. We see from (10.31) that the hypotheses of Corollary 10.8 hold
with ® = KN?/3, E,, = 0, and constants c,, C, depending only on ¢g, Cp, and K.
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Lemma 10.9 (A martingale with small conditional variance). Assume (10.30), fix K < oo
and a terminal time T < KN2/3, and let My = W(T —5s)TZ(s) for 0 < s < T, where Y has a
deterministic nonzero initial value. Then M is a positive continuous square-integrable martingale
with Mt = Ar. For every €y > 0 there exists 6 > 0, depending only on ¢y, Cy, K, and €y, such
that for every interval [s1,s5] C [0, T] of length at most SN*/3 and every stopping time T with
s1 < T < sy,

E[(Ms, — M¢)? | Fr] < eg M2. (10.36)

This holds uniformly over all deterministic nonzero initial values.

Proof. The process M is a positive continuous local martingale, by Step 2 of the proof
of Lemma 10.5 with ¢ = 0. Its quadratic variation satisfies [M|]r < C fOT A?ds, with
C = (8/N)max,<rm(v)?, and the right side is integrable by (10.26). Thus M is a
square-integrable martingale. We have Mt = Ar, because h(0) = 1. Let J be given by
Corollary 10.8 with # = €y and E. = 0. For a stopping time T € [s1, 52|, we apply the
conditional form of Corollary 10.8 with u = T — s and t = s, — T, which is F;-measurable
and at most 6N2/3; notethat u +t =T — 7 < KN?/3. 1t gives

E[M2 | Fo] = E[()(T = 52)" Zewt)? | Fe] < (14 €0) (W(T —7)7Z2)* = (1 + €9) M2.
By optional sampling, E[Ms, | F¢] = M¢, and (10.36) follows. O

Lemma 10.10 (Two-sided moments in the critical window). Assume (10.30), and fix p > 0
and K < oo. There exists Ck,, depending only on co, Co, K, and p, such that the following holds
for 0 < T < KN?/3.

1. For every deterministic initial value Y(0) = y # 0, the two inequalities
p 2 P —-p 2 -p
EAL < Cip(Lm(T2),  EA < Cop( L hi(T)?) (10.37)
1 1

hold.

2. Let Y(0) = g be a standard Gaussian vector independent of B. There exists Ny, depending
only on ¢y, Co, K, and p, such that for N > Ny,

e [(iee) T+ B[ ()] = 0 1039

and, if in addition p > 1,
1Yi(T)?||p < Ckphi(T), 1<i<N. (10.39)

In the notation of Section 7, Ni(T) = 1Th(T) is the total mass of the solution of the
linear equation started from 1; by (10.31), it is of order N/+/1+T.
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Proof. For the first part, let g > 0 satisfy 27 - 4eg < 1/2, and let J be given by Lemma 10.9.
Partition [0,T] into | < [K/J] intervals [sj_1,s;] of length at most 6N?/3. On each
interval, the martingale (M) 5j_1<5<s;/ with respect to (F;), satisfies the hypothesis (10.12)
of Lemma 10.4 with terminal time s; and ¢ = €y, by (10.36). Then (10.13) and (10.14) at
T = s;_1 imply that
M,
s[4
since 2Pey < 2F - 4¢p < 1/2. Writing M1 /My as a product of the ] ratios and taking iterated
conditional expectations, we have E[(M7/Mg)*?] < 2(P+1)] Here My = h(T)TZ(0) =
Y hi(T)y? is deterministic and My = A7, which proves (10.37) with Cg , = 2(p+1)[K/0],
For the second part, let S =Y ; hi(T)giZ, hmax = max; h;(T), and D = Nh(T)/ (2hmax)-
Conditionally on g, the process Y is the solution started at g, by the first part of
Lemma 10.2. Then (10.37) implies that ]E[.A?p | §] < CkpS™P. It remains to bound ES*7
by a constant times (NA(T))*P. For the positive moments, we have ES? < C,(NA(T))?
by Minkowski’s inequality when p > 1 and by Jensen’s inequality when p < 1, since
ES = Nh(T). For the inverse moments, note that the function x — log(1 + x) is concave

and vanishes at zero, which implies that log(1 4 2Ah;(T)) > (h;(T) / hmax) 1og(1 4+ 2Ahmax)
for A > 0. This gives

)| o] <2 IEKMNslsj ) | ] <2,
i1

Ee ™ = TT(1+2Ah(T)) "% < (14 2Ahinax) 2.

1
Letkp, = [ xP~le™*dx. Using s 77 = Krjl Jo_ AP7le™*$dA and substituting x = 2AJimay,

we find
(thax) —P
Kp

ES7 < /0 P11+ x)Pdx.
If D > 2p + 2, then the last integral is at most C,D~7: on [0,1] we use (1 + x) P <
e Px/2 and on [1,00) we use (1+x) P < 2-D/2x=D/2 e conclude that ES™7 <
Cp(2hmaxD) P = C,(Nh(T))"?. Recall from (10.31) that Ni(T) > ¢;N/v/1+T and
hmax < Cv1+ T, with ¢; > 0 and C depending only on ¢y, Cp, and K. It follows that
D > (¢;/2C)N/(1+T) > cxgN'/3, which is at least 2p + 2 for N > Ny. This proves
(10.38).

For (10.39), let first p be an integer. Then (10.38) implies that || As||, < Ck ,Nh(s) for
0 <s < T. Using Lemma 10.6 with k = p and ||g?||, < C,, we obtain

T 2(2p — 1)CK,p

T _
1Z:(T)p < Cpe*iT + N /0 e~ 4iT=) Nii(s) ds < Ck,, hi(T),

where in the last step we compared with (10.19). For noninteger p, note that || - ||, <
|- 1 p1- O
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10.5 Above the critical temperature: moments and occupation

In Sections 10.5 to 10.7, we fix K > 1 and a sequence of precisions 0 < p; < pp < -+ < py
that satisfies the hypothesis (7.30) of Section 7, that is,

1 i—12/3 i—1\2/3 .
0<d<1, p=d, K(N> <p-d<K()" @<in),
N1
Y- =N, Nd&?>1
i=1 Pi

We write g; = 1/p; and M = Nd®/2. For a real symmetric matrix A with eigenvalues
aq > --- > «y and Lagrange multiplier z, the precisions p; = z — &; are nondecreasing
in i; for a general sequence, the increasing rearrangement satisfies (7.30) with the same
K (Remark 7.9). For the model with cyy =1 — dy, 5y — 0, and N(513\, — 00, and for every
11 € (0,1), there exist K = K;; and events £y with liminfy_,o IP(x) > 1 — 1 on which the
precisions satisfy (7.30); the probability is over the disorder, and Kj, is fixed before N — co.
This is checked in Section 14. Note that py < d+ K <1+ Kand g; € [(1 +K) "1, d1].

Throughout these three sections, Y is the unnormalized process with coefficients
pi = pi/2, which solves (10.10). Its direction X is the diffusion generated by L4 when
pi = z — a; (Remark 10.3). The heat matrix (10.18) is H = —2diag(p) + (2/N)117, as in
(7.3). We use the notation h, i1, m, Hy of (10.18). As in Sections 7 and 8, we set

N

a(t) =Vd+(1+8)712, 9= e

p(x) = %;qix?, (10.40)

so that ¢(x) = xT(zI — A)~!x/N in eigencoordinates of A. Along the unnormalized
process, we write

W= Cazit), ) = TRz, e(x) =4 (1041)

The last identity holds since X;(t)?> = NZ;(t)/A;. Since g; < 1/d and 1 = p;q; < pngi,
we have
A <paWi,  Wa(t) <d W (10.42)

We use the following properties of the heat vector. Recall from Lemma 7.1 that H is
symmetric and negative semidefinite, its kernel is spanned by g, the function / decreases
to 9, and }; q;h;(t) = N. The vector h(t) converges to the orthogonal projection of 1 onto
the kernel, which is (§71/]g|2) g = 84, and by self-adjointness, 1TetHe#H1 = 1Te(t+1)HY,
We obtain

t—o0

lim h(t) = 0q,  h(t) > 9, Zhi(t)hi(u) = Nh(t+u), Zqihi(t) = N. (10.43)
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We see from (7.9) that h;(t) is a nonincreasing function of p;; in particular, hy () > hy(t) >
--- > hy(t). By Lemma 7.11, there exists C, > 1, depending only on K, such that for all
t>0,

_ = _ 1+t 1+t Ch,
Cla(t) < h(t) < Cha(t),  Cla(t < I;(t) < Cpalt , ) < b
Ja) <) < G, Glal g Sk < Gl m <
(10.44)
and, by (7.38), for every nonzero y € [0,00)Y,
Hy(s) a(s)

_ < <s<w. .
m(w —s) Hy (@) < Gy, T 0<s<w (10.45)

The statements below hold for all sufficiently large M, uniformly in N, d, the sequence
(pi), and, in Sections 10.6 and 10.7, the time parameter u > 0 of the initial law. Table 10.1
lists the parameters and the order in which they are chosen.

Table 10.1. Parameters in Sections 10.5 to 10.7, in the order in which they are fixed.

Parameter = Role Depends on

K constant in (7.30) fixed first

Cr time range [0, Ty], Tx = Crd~1 logM fixed

k,r,v, A moment orders and exponential tilt  fixed

C G, ... constants in the conclusions K, Ct, orders

My, My, ... lower bounds for M = Nd°/2 K, Ct, orders

N, d, (p;), u precisions, initial law arbitrary, with M large

Lemma 10.11 (Conditional moments on long time intervals). Assume (7.30). For every
integer k > 2, let Cy = 8k(k —1)Cy, and

ar(T) = %(Vﬂt VdT), T > 0. (10.46)

If a(T) < 1, then for every deterministic nonzero initial value Y (0), with y = Z(0),

- [(h(u)TZt)k] < Hy(u+ £k

W g<i<T, u>o. 10.47
=T (1) St W (1047)

The same bound holds conditionally on F-, for every Fo-measurable initial value and every
bounded stopping time T, with y replaced by Z, and with Fr-measurable u > 0 and t € [0, T]. If
ar(T) < 1/2, then for every w € [0,00)N,
k

E[(w"Z)¥] < G (wTe'fy) 0<t<T, Cj= (Y @k-1)" (10.48)
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Proof. Using (10.45), we find that for every ® > T,
Cn (T C
A(T,©) < 7*1/ a(s)ds < (VAT +2VT),
0

since fOT(l +35)~1/2ds < 21/T. The squares satisfy (10.22) with € = 0, and the quantity
(10.24) with Ex = 0 and ¢ = T is at most 4k(k — 1) A(T,©)/N < ay(T), for every © > T.
Let u > 0 and t € [0, T] be Fr-measurable. For n > 1, Lemma 10.5 with © = n+ T
applies to the pair (u A n,t), and on the Fr-measurable event {u < n} it yields the
conditional form of (10.47). Letting n — oo proves the conditional form, and the case
T = 0is (10.47).

Now let ax(T) < 1/2. Then (10.47) with u = 0 implies that ||As|[x < 2Y/*H,(s) for
s < T. Using Lemma 10.6 with p; = p;/2, and then (10.20), we find

2(2k —1)21/k

ZAH) |, < e 2Pity.
1zl < ety + 2

t
/0 e 2ilt=5) 94, (s) ds < 2V/%(2k — 1) (¢'Tly),.

Since ||w ' Z||x < ¥ wil|Zi(t) || by Minkowski’s inequality, (10.48) follows.

For T < Crd 'logM, we have /T/(Nd) < ,/CrlogM/M and vdT/(Nd) <
Crlog M/M, so

/Crlog M + Crlog M
a (T) < ¢ Y=1°8 M+ T8 T <CrdllogM. (10.49)
This tends to zero as M — oo, for fixed k and Cr.
The vector g is a stationary solution of the linear equation, and weighting the squares
by g produces a martingale.

Lemma 10.12 (The martingale Wy = Y ;q,Z;(t)). Assume (7.30), and let Y(0) be Fo-
measurable with E|Y(0)[* < co. Then W is a strictly positive continuous square-integrable
martingale on every bounded interval, with

AWy = Zqi dM;(t), d[W]t = %AtVQ(t) dt. (10.50)

Let k > 2 be an integer and let T > 0 satisfy ax(T) < 1. For every bounded stopping time T and
every Fr-measurable t € [0, T|,

K WE
< Tt .
E[Wiit| Fe] < T (T) (10.51)
In particular, if ap(T) < 1, then for all stopping times Tt < D < T,
T
E[(Wp — Wr)? | Fe] <er W2, 42(T) (10.52)

T (T)
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Proof. Using (10.5) and Hq = 0, we find that the driftof W = q"Zisq"HZ = (Hq)"Z =0,
and (10.50) holds because the M; have zero mutual covariation. We have A;V;(s) < d~2.42
by (10.42), and the right side is integrable on bounded intervals by (10.26). Thus W is
a square-integrable martingale; it is positive because W > A/px > 0. For (10.51),
apply the conditional form of (10.47) with lag u and let u — oo. By (10.43), we have
h(u)"Zeyt — OWeipand H z.(u+1t) = 9Wr. The conditional Fatou lemma then implies
(10.51), after division by ok,

For (10.52), note that D < T < 7+ T. By optional sampling, Wp = E[W,,r | Fp|,
and by the conditional Jensen inequality and (10.51) withk =2 and t =T

WZ

E[Wp | Fo] S EDVesr | ] < 37—y

Since E)Wp | F:] = Wy, the conditional variance is at most (1 — ap(T)) W2 — W2 =
€TW%. [

Lemma 10.13 (Moments of the maximum and inverse minimum of W). In the setting of
Lemma 10.12, let p > 0, and suppose that ap(T) < 1 and 2F - 4ep < 1/2. Then for all stopping
timest < D < T, W

1E[ sup ( T) ‘ fT} < optl, (10.53)

T<s<D

In particular, if Wo = N, then E[sup, (N /W;)P] < 2PL. Further, for every integer k > 2

with ot (T) < 1, k L
W 1
WT> ‘E} = (k—l) 1= ap(T) (10.54)

Proof. We apply Lemma 10.4 on [0, T] to the stopped martingale WP = W, p, with e = e.
To verify (10.12), let ¢ < T be a stopping time and G € F,. Then GN{c < D} € F,rp,
and WE — WP vanishes outside {c < D}. By (10.52) at the stopping times ¢ A D < D,
we obtain

E[16(Wp = Wonn)?] = E[lgne<p}(Wp = Wonp)?] < e E[1¢ W7,p],

which is (10.12) for WP. Then (10.13) implies (10.53), since 27 /(1 — 27 - det) < 2P+1. For
(10.54), Doob’s L* inequality [123, Theorem I1.1.7], applied conditionally on F: to the
martingale (W ¢14)ap)s>0, yields

| < (%)km[w’g\ﬂ}.

As in the proof of (10.52), optional sampling, the conditional Jensen inequality, and (10.51)
give EDWVE | Fr] < EWE 1 | Fo] < WE/(1— a(T)). O

IE[ sup WX

T<s<D
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Lemma 10.14 (Inverse moments of the squared norm). Assume (7.30), let p > 0, and suppose
that ap(T) < 1 and 2P - 4et < 1/2, with et as in (10.52). Fix a deterministic D € (0, T| and
u>0,andlet V; = h(u+D — s)TZS for 0 <'s < D. For every deterministic nonzero initial
value, with y = Z(0), and every stopping time T < D,

E| sup (—) |Fr| <2PFL
[z, ()17
In particular,
EA) <2 H,(D)?, 0<D<T. (10.55)

If Y(0) is random and independent of B, then E[ALF | Y(0)] < ZPH’HZ(O)(D)*p.

Proof. The process V is a positive continuous local martingale by Step 2 of the proof of
Lemma 10.5, and it is square integrable, as in the proof of Lemma 10.9. Let ¢ < D be a
stopping time. By the conditional form of (10.47) with k = 2, lag u, and duration D — ¢,
which is F,-measurable and at most T, we have
Hz (u+ D —0)? V2
E[V3 —E[(h(u)TZ o _ g
|: D}‘F‘T} |:( ( ) U’+D (T “'FU] — 1—062(T) 1_“2('11)

Since E[Vp | Fy] = V5, the hypothesis (10.12) holds on [0, D] with ¢ = e, and the first
assertion follows from (10.13). For u = 0, we have Vp = h(0)"Zp = Ap and Vy = H,(D),
and the first assertion at T = 0 implies (10.55). The last assertion follows from the first
part of Lemma 10.2. O

We now turn to the occupation bound. For x € Sy, we compute the tangential
gradient of ¢ and find

v NY
Cllog p)(x) = Vol - & (ML ),

v (( )Zl f)° (10.56)

_ 4 ANt

T(log ¢)(X;) = N( I 1).
Indeed, the tangential gradient is Vg, ¢(x) = (2/N)((g; q)(x)) x;),. Using ¥, qix? =
Ng(x) and |x|*> = N, we find |Vs,¢(x)]> = (4/N2)(Z, a7 (P( )? ) which is the
first formula after division by ¢(x)?. The second follows from X;(t)?> = NZ;(t)/ A;.

Theorem 10.15 (Exponential moments of fo (log ¢)(Xs)ds). Fix Cr > 0and A > 0. There
exist My, depending only on K, Ct, and A, and C, depending only on K and Cr, such that every
sequence satisfying (7.30) with M > My and every T < Crd~1log M satisfy

sup Eexp [A /T I'(log ¢)(Xs) ds} <1+ CAy/ logM, (10.57)
Y(0)£0 0 1-— 3\/_ )\\/_ M
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where the supremum is over deterministic initial values. The same bound holds for every initial
value Y (0) independent of B, and hence for the diffusion generated by L 5 with an arbitrary initial
law.

Proof. Using (10.49), we choose M; such that M > M; implies ap(T) < 1/64, e < 1/32,
and 3v2 A, /er < 1/2. Let Y(0) # 0 be deterministic. The quadratic variation of log W
is, by (10.50),
— _— = _— d ,

Qr /0 wz o N w2z ®
and by (10.42) its density is at most 8py/(Nd); in particular, Qr < 8pnT/(Nd) deter-
ministically. The process W satisfies (10.12) on [0, T| with € = e7, by Lemma 10.12. Then
(10.15) and (10.16) apply with K = 64/2¢T, and we obtain

1 1

E B Fl1<6 2er, IEe/\QT/2< — .
[Qr — Qr | Fo] < 6v T 1-AK/2  1-3V2MA(er

(10.58)

Using (10.56), we obtain the exact identity

T - Qr 4T
/0 F(log @) (Xs)ds = 5 — =,

and dropping the negative term proves the first inequality in (10.57). For the second, we
use (1 —x)"! <1+2xforx <1/2and VET < /205(T) < C\/W, by (10.49). The
bound does not depend on the deterministic initial value, and the first part of Lemma 10.2
extends it to every initial value independent of B. Every initial law of X arises in this
way, by the second part of that lemma; for instance, one may take Y(0) = X(0). O

10.6 Initial laws equal to Bingham comparison laws

We keep the setting of Section 10.5. For u > 0, let v;(u) = h;(u)/h(u), so that ¥; v;(u) =
N, and let p, = py(,) be the Gaussian law with variances v(u) conditioned on Sy
(Definition 5.4). By the second part of Proposition 5.6, i, is the Bingham comparison
law at time u of Section 7, and pp = vy. We consider the unnormalized process with the
initial value

X(0) ~ u, independent of B. (10.59)

Then Wy = ¥;4:X;(0)%/¢(X(0)) = N, and VN Y(0)/|Y(0)| = X(0) since |X(0)|> = N.
We see from the second part of Lemma 10.2 that X is the diffusion generated by L4 with
initial law p,. We write

H(t) = Hz)(H) = Y hilt) Y;(0)%. (10.60)
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The martingale with backward semigroup weights s — h(t — S)TZS, 0 <s <t is
a martingale (see the proof of Lemma 10.14) with terminal value A;, and we have
E[A; | Y(0)] = H(t); that is, H(t) is the conditional mean of the squared norm given
the initial state. The following lemma compares #(t) with its deterministic counterpart
Nh(u + t) simultaneously for all ¢ > 0, with one random constant.

Lemma 10.16 (Uniform-in-time comparison of the initial quadratic forms). For everyr > 0
there exist My and C,, depending only on r and K, such that the following holds for every sequence
satisfying (7.30) with M > My and every u > 0. With the initial value (10.59), there exists a
random variable Cinie > 1, measurable with respect to X(0), with EC! ;. < C, and such that
simultaneously for all t > 0,

1o H(Y)

1o M <G 10.61
init = Nh(u—H) = “init ( )

The point of the lemma is that one random constant serves for all future times. The
proof uses one comparison of the initial law with independent Gaussian variables on each
of two sets of coordinates, together with Abel summation; it involves no union bound
over times.

Proof. The proof has four steps.

Step 1: the weights carry no macroscopic fraction. Let {; = X;(0)/+/v;(u) be the
standardized coordinates of X(0). For t > 0, define the weight sequences

w;(t) = hi(t) vi(u), w! = g;0;(u), 1<i<N.

Each of them is a positive nonincreasing function of 7, since h;(t), v;(u), and g; are. Using
(10.43), we compute

h(2u
Y wi(t) = T Y w! = FZ\ZL)' ;vi(u)z = Z\I{z(iz)z) (10.62)

i

By (10.44) with p; = d, we have hy(t) < Cha(t)(1+t)/(1+dt) < 4Cpa(t)~!, where
we used that a(t)>(141t) < 2(d(1+t)+1) < 4(1 +dt) for d < 1. Using a > v/d and
h> C}Tla, we find

wl(t) _ t)hl(u) < C

1( w] i (u) . _C
Yiwi(t)  Nh(u+t) = Na(t)a(u)a(u +1t)

Yyw!  Nd ~ Nda(u)

<<, <<
- M - M
and similarly v1(u)?/ ¥; v;(u)? = hy(u)?/(Nh(2u)) < C/M. Fix C, > 1, depending only
on K, such that each of these three fractions is at most C,./M, for all t,u > 0. In the
notation (5.1) of Section 5, the last bound gives ng(u) < C«/(2M).
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Step 2: two blocks of coordinates. Let I; and I, be the sets of odd and of even indices.
For a positive nonincreasing weight sequence x, the alternating sum x; —x, +x3 —- - -
lies in [0, x1], so ¥, x and Y}, x both lie in [2(Cixi — x1), 2(Xixi + x1)]. Applied to the
three weight sequences of Step 1, this shows that for M > 3C,, each block carries between
1/3 and 2/3 of the sum of each of them, and that the maximal entry of w(t) or w7 on
a block is at most 3C,/M times the sum of that weight sequence over the block. In
particular, the fraction hj, = ¥;cp, vi(u)?/ ¥;vi(u)? of the variance of the radial constraint
carried by the block Ij is at most 2/3, for b = 1,2. By the second part of Theorem 5.11
with e = 1/3, for M large enough that 7,(,) < 17(1/3), the law of (;);cj, under py has
a density with respect to the standard Gaussian measure on R’ that is bounded by a
universal constant Cq /3.

Step 3: prefix sums. Fix b € {1,2}, enumerate I, in increasing orderas j1 < jo < -+ < ju,
and let Xy = Y g]ZI. Let myg = | M/(24C,)|; since M < N, we have my < n. We define

S )y

. - k
S, = min —, S, = max —-.
=b mog}(gn k b mogkén
Under independent standard Gaussian variables, ¥ has the chi-squared distribution with
k degrees of freedom, and Chernoff’s bound yields P(Z; < kx) < (xe!=¥)*/2 < (ex)*/2
forx <1,and P(X; > kx) < e kx/apk/2 < o=kx/8 for x > 8, Summing over k > mg, we
obtain

1
P(s, < x) < 2(ex)™0/? (O <x< @>, P(5, > x) < 20 ™8 (x> 8).

Integrating these tails, we find that for every r > 0 there exists C, such that [Es, " + [E5; <
C, whenever my > 2r + 2. Using the density bound of Step 2, we find that the same
bounds hold under y,,, with C, replaced by C;,3C;.

Let x be one of the weight sequences w(t) or w1, restricted to I, and written as

Xj, > -+ > xj,,and set x; , = 0. Abel summation gives
n ) n
Z Y65 = Z (xjk - xik+1) VS
I=1 k=1

The coefficients x; — x;,,, are nonnegative. We also have ) (x; — xj, )k = ¥ xj, and
Ykem (X, — Xj,,, )k < mpmax; xj,. For the lower bound, we use ¥ > 0 for k < mp
and Xy > ks, for k > mp, which gives at least s, () Xj, — 1Mo max; le). For the upper
bound, we use Xy < %, < mo5, for k < mg and Xy < ks, for k > mgp, which gives at
most 55(); xj, + mo max; x;,). Since mg max; x;, < % : % Yix = =Y xj, by Step 2, we
conclude that ; 9

g% L < Yl < o5 ) x (10.63)

iEIb iEIb iEIb
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Step 4: conclusion. LetS =1+s; 145 +5. Using the lower bound in (10.63) on I, the
upper bounds on both blocks, and the fact that I; carries at least a third of each weight
sequence, we find that simultaneously for every weight sequence x among w(t), t > 0,

and w1, ; 9
ﬁé‘_l in < inCiZ < gé‘in.
i i i

No independence between the two blocks is needed. Since X;(0)*> = v;(u){? and
9(X(0)) = N~y w!z?, we have exactly

_ Lihi(HXi(0)? | iwi(HE
¢(X(0)) riwie}

and by (10.62), ¥ w;(t)/ Yy w! = h(u +t). This implies (10.61) with Ciniy = % S2. By
Step 3 and the elementary inequality (¥j_; x;)% < 4% ¥, x¥, we have ECl,;, < C, for

M > M;(r). All constants depend only on r and K, and not on u, N, or 4. O

H{(t)

Corollary 10.17 (Fixed-time moments for Bingham comparison initial laws). For every
r > 0 and Cr > 0, there exist M3 and C,, depending only on r, Ct, and K, such that the
following holds for every sequence satisfying (7.30) with M > Ms, every u > 0, and every
0<t<Cpd! log M. With the initial value (10.59),

(%)r +1E(NE($:F”)? <c, (10.64)

For the diffusion X with initial law p,,
E[(p(Xo)h(u+1) ] +E[(¢(X)h(u+1))"] <Cr,  E[(®p(X:)] <Cr.  (10.65)

These are bounds at each fixed time, uniform in the time; a bound for the expectation of the
supremum over t is proved in Theorem 10.18.

Proof. Let T = Cyd 'log M. By Holder’s inequality, it suffices to treat integer r > 2.
Using (10.49), we choose M3 > M;(2r) so that ap,(T) < 1/2 and 22 . 4er < 1/2; note
that ay(T) increases with k. We condition on Y(0), which is independent of B. By the
conditional form of (10.47) at T = 0 with u = 0, and by the last assertion of Lemma 10.14,
we have

E[A]|Y(0)] <2H(t),  E[A7|Y(0)] <2H(t) "
By (10.61), H(t)*" < CI . (Nh(u +t))*", and taking expectations, we obtain (10.64). Next,

init
we have ¢(X¢)h(u+1t) = (Wi/N) - Nh(u+t)/A; by (10.41). Since Wy = N, Lemma 10.13
and (10.51) bound E(W;/N)*%, and the first bound in (10.65) follows from the Cauchy—
Schwarz inequality and (10.64) at order 2r. Finally, h(u +t) > ¢ by (10.43). Thus

9(X:) < ¢(X¢)h(u + t) pointwise, and the last bound follows. O
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10.7 The maximal inverse of the squared norm

We keep the setting of Section 10.6: the precisions satisfy (7.30), u > 0, and the initial
value is (10.59). Fix Ct > 0 and let T, = Cyd~! log M. In this section, constants depend
only on K, Cr, and the indicated moment orders, and the lower bounds for M depend
on the same quantities.

Theorem 10.18 (Maximal inverse moments of the squared norm). For every r > 0, there
exist My and C,, depending only on r, Cr, and K, such that for every sequence satisfying (7.30)
with M > My and every u > 0,

e, Ca)]=e sl (R ] e wos

In particular, for the diffusion X with initial law p,,

E| sup (80(X:)'| <G (10.67)
0<t<T,

The proof occupies the rest of this section. Its outline is as follows. We write A; =
H(t) + Si, where S; is a stochastic convolution, and bound the moments of the increments
of Jt = S¢/H(t) on the blocks [0,1] and [L,2L], 1 < L < T, (Lemma 10.19). A chaining
argument turns these into bounds for the Holder norm of | on each block. Combined
with the fixed-time inverse moments, this yields small-ball bounds for inf.A;/H (t) on
each block (Lemma 10.20), with a factor that is summable over dyadic blocks. A union
bound over the blocks then proves Theorem 10.18. Both the Holder bound and the
tixed-time inverse moments are needed.

Inputs. We collect the estimates of Sections 10.5 and 10.6 that are used below, on the
doubled interval [0, 2T,]; doubling the interval only replaces Ct by 2Cr. For every r > 0,
there exist C, and a lower bound for M such that, for all ¢ > 0 in the first two lines and
all s, t € [0,2T,] in the last two,

h(t) < a(t), hi(t) < a(t) -, (10.68)

) H(t)
it < NiGi+ ) < Cinit, (10.69)
ECi < Cr,  [lAsllr < CNR(u+5), sup |, <G, (10.70)
RSP
H(E)\T
IEK 1 ) ] <G, (10.71)

Here (10.68) is (10.44), (10.69) and the first bound of (10.70) are Lemma 10.16, the second
bound of (10.70) is (10.64), and the third follows from (10.54) with T = 0 and W, = N.
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For (10.71), we condition on Y (0) and apply (10.55) at the deterministic initial state Y(0);
no Gaussian approximation of A; is involved. We also use the following bounds on the
derivatives of h, which hold for all ¢,z > 0 by Lemma 7.13:

max p;h;(t)? < C(1+dt), max\/_ i (8)] < %

)

(10.72)

mlaxpi[h,'(t—kz) —hi(t)] < Clog? <1

and |H'(t)| < CH(t)/(1+t), which follows by summing |h}(t)

| )/ (1+1t) against
Y;(0)2 > 0. Finally, we use two elementary facts about a: for all

< Chy(t
u,t >0,

t
/ a(u+ov)do <2ta(u+t), a(u+v) <V2a(u+t) fort/2<v<t  (10.73)
0

The first follows from fof(l +u+o0) V2dov=2t/(V1+u+t+v1+u) <2t/v/1+u+t,
and the second from 1+ u +t < 2(1+ u + 0v).

The stochastic convolution. For fixed f, the martingale with backward semigroup
weights s — h(t — s)TZs, 0 < s < t, has initial value #(t) and terminal value A;.
It follows that

t
A=HO+s,  S=T [ -9, =g

0 (10.74)

so that A;/H(t) = 1+ J;. The random variable H(t) is Fo-measurable.

Lemma 10.19 (Increments of the normalized stochastic convolution). For every r > 2
there exist C, and a lower bound for M such that the following holds. Let 1 < L < T, and let
L<s<t<2L. Then

t—s L(1+dL) _ dL+ (dL)?
el < Gon, o= Jsllr < Goyf——, o= N iD S M (10.75)

On the initial block, for 0 < s < t < 1, we have Jo = 0 and ||J; — Js||» < Crou/t — s, with
= [Na(u +1)]7! < d/M. After the linear change of time that maps the block to [0,1], let K
be the sum of the supremum of |J| and the 1/4-Holder seminorm of | on [0,1]. For every r > 4,

The restriction L < T, is necessary: the moment inputs above hold only on [0,2T,],
and the bounds (10.75) fail for large L at fixed N and d. Indeed, we have A;V5(t) > W?
by the Cauchy-Schwarz inequality, and (10.50) implies that EW? > N2e8/N; thus || ]2
grows exponentially in t/N. Moreover, since log )V has quadratic variation at least 8¢/ N,
the martingale WW; tends to zero almost surely, so that A;/H(t) — 0.
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Proof. We begm with a general bound. Let w;(v) be deterministic functions, and
let Ny = Y fo w;(v) dM;(v). Its quadratic variation is & fot A Y wi(0)?Z;(v) dv, and
Y, w?Z; = Y(piw?)giZ; < (max; piw?) W. By the Burkholder-Davis-Gundy inequality
[123, Theorem IV4 1] and Mlnkowskl s inequality in L'/2 forr>2,

C. rt t
||./\/f||$ < ﬁr/o mlax piwi(v)z | AW || 2 dv < CrN/0 mlax piwi(v)za(u +v)dv, (10.77)

where in the last step we used [ AWy l|;/2 < | Aol [Wallr < CN?a(u + v), by (10.68)
and (10.70).

Pointwise bound. With w;(v) = h;(t — v), the first bound in (10.72) and (10.73) give

t
1S¢]|2 < CrN/0 a(u+0)(1+d(t—v))do < CNa(u+t)t(1+dt), 0<t<2T..
(10.78)

Increments on [L,2L]. Let L < s <t <2Land z =1t—s, so thatz < L <s. We split
S¢ — Ss into an old part, the integral over [0,s] with w;(v) = h;(t —v) — h;j(s —v), and a
fresh part, the integral over s, t| with w;(v) = h;(t — v). Using (10.77) and (10.72), we
tind that the squared L" norm of S; — Ss is at most a constant times

%p) dv+N/sta(u+v)(1+d(t—v))dv-

S
2
N/o a(u+v)log <1+1—|—s

We bound the three integrals separately. For v < s/2, the logarithm is at most z/(1 4 s —
v) < 2z/(1+s), and by (10.73), fs/z (u+v)dv < sa(u+s/2) < +2sa(u+s); hence

the integral over [0,s/2] is at most Ca(u +5)z?/(1+s) < Ca(u + s)z, where we used

z<s.Fors/2<v<s,weusea(u+v)< \/Ea(u—ts) and

w

/0 log? (1+ r) dw < 4z. (10.79)

To prove (10.79), write the logarithm as [ (1 + w + x) ! dx; Minkowski’s inequality in
L?(dw) bounds its norm by f;(l +x)"12dx < 24/z. For the fresh part, a(u +v) <
a(u+s) and f:(l +d(t —v))dv < z+dz%. Altogether,

1S — Ss||2 < CNa(u +5) (z 4 dz?). (10.80)

Next, we divide by H. We write

== S+ =)
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Using Holder’s inequality and (10.69), we find ||(S¢ — Ss)/H(t)|ly < ||Cinitl|2-||St —
Ssllor/ (NR(u + t)). On the block, a(u +L)/v2 < a(u+1t) < a(u+s) < a(u+1L),
and z + dz? < z(1 +dL). Together with (10.80) and (10.68), this gives

1/2
Il <o i) =cmyt

In the same way, we find from (10.78) that ||Js||, < C,(s(1+ds)/(Na(u +5)))'/2 < Cyor
for s € [L,2L], which contains the bound on ||].||;. The bound |H'| < CH /(1 +t) gives
|log H(t) —logH(s)| < Cz/L < C, and hence |H(s)/H(t) — 1] < C'z/L < C'v/z/L.

This proves (10.75). The bound on ¢7 follows from a(u + L) > Vd and NVd = M/d.

The initial block. For 0 <s <t <1 and z =t — s, the second bound in (10.72) implies
that p;[h;(t — v) — hi(s — v)]?> < Cz?, and the first gives p;h;(t — v)> < C. For v < 1, we
have a(u +v) < a(u) < v/2a(u+1), and (10.77) yields ||S; — S;||? < C,Na(u +1)(z2 + z)
and ||S¢||? < C,Na(u +1). Dividing by H(t) > C,_LNA(u+t) > ¢;C ENa(u + 1), with

c1 > 0 depending only on K, as before, and using |H'| < CH, we have ||J; — 5|l <
C,04+/z. Also Jo = 0, since Sy = 0, and 02 < (NVvd)~ ! =d/M.

Holder norms. We use the dyadic proof of Kolmogorov’s continuity criterion, keeping
its moment bound; see [123, Theorem 1.2.1 and its proof, pp. 26-28]. Let J be ] on one of
the blocks after the linear change of time to [0, 1], and let ¢ be the corresponding o7, or o.
The bounds above give ||J(6") — J(0)|, < C,o]0' — 8]'/% and ||J(0)||, < C,0. For n > 0, let

An = maxg<geo |J((k+1)27") — J(k27")|. Bounding the maximum by the ¢" sum of its
2" terms, we find ||A, ||, < C,o2"1/1=1/2) For r > 4, it follows that

| £ 20| < co Y21 < G
n>0 n>0

Let 6 < 6 be dyadic points in [0,1] with 27"~1 < ' — 9 < 27". Approximating 6 and 6’
by their dyadic expansions, as in the proof of Kolmogorov’s continuity criterion, we have
17(0") — J(0)] < 2 ksp Ok < 25740 — 0)1/4 42 25/4Ay. By continuity of ], this bound
extends to all 6,6’ € [0,1], and the 1/4-Holder seminorm of | is at most 2°/4 ¥, 2K/4A,,
The supremum of |J| is at most |J(0)| plus this seminorm, which proves (10.76). O

Lemma 10.20 (Small values of the normalized squared norm on a block). Let 1 < L < T,
let 1p = infy<y<op A/ H(t), and let 1, = info<;<q A/ H(t). For every v > 0 and r > 4, there
exist constants C,, C, , and a lower bound for M such that for 0 < x <1/2,

P, <x) < Cyx7, Py, <x) <Cyp x'r/Zaz/Z, (10.81)

and the same bounds hold for 1, with o, in place of oy.
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Proof. Let by = A;/H(t) = 1+ J; on the block, after the change of time to [0,1]. For
L < T., we have 0? < (Crlog M + C%log? M)/M by (10.75), and for M large every oy
and o is at most one. By (10.76), every moment of order greater than 4 of the 1/4-Holder
seminorm of b, which equals that of ], is bounded by a constant. We choose deterministic
grid points in [0,1] with spacing at most x%; there are at most 2x~® of them. If the
seminorm is at most x !, every point of [0, 1] is within x~1(x8)1/4 = x of the value at a
grid point. The event {/; < x} is contained in the union of the event that the seminorm
exceeds x~! and the events that b < 2x at one of the grid points. By Markov’s inequality,
the first event has probability at most Cvxx"Y/ for every o/ > 4. We take ¢/ = max(v,5). By
(10.71) with order y + 9, each grid event has probability at most C(2x)7"?, and the union
over the grid contributes at most 2x~8C(2x)7*® < C’x7. This proves the first bound.
For the second, we have {i; < 1/2} C {sup|J| > 1/2}, since b = 1+ ], and (10.76)
and Markov’s inequality imply that P(;;, < 1/2) < 2"EK" < C,o]. For x < 1/2, the
probability P(;;, < x) is at most the minimum of C,x” and C,0], which is at most their
geometric mean. The initial block is treated in the same way, with by = 1. O

Proof of Theorem 10.18. We take M large enough that T, > 1 and that all the preceding
lemmas apply with the finitely many moment orders used below. Cover [0, Ty] by [0, 1]
and the dyadic blocks [2/,2/*1], 0 < j < j., where 2/+ < T, < 2+*1, Every block lies in
[0,2T,], and every L = 2J satisfies 1 < L < T,; thus Lemmas 10.19 and 10.20 apply. For
r > 4, the noise scales satisfy

J» 1+ (dT,)2\r/4 1+1log? My1/4
or/2 4 ;)0;/2 < Cr(#) < (FER)T (10.82)
]:

Indeed, by (10.75), (7;/2 < C[(d2))/* + (d2/)"/?)M~"/4, and the two geometric sums over
j < j« are bounded by constants times their last terms, which are at most C,(d T*)r/ 4 and
Cr(dT*)’/ 2. the initial term is at most (d/ M)r/ 4 and dT, = Cr log M. In particular, the
number of blocks does not enter, and no factor depending on log(1/d) appears.

Let 1 = info<j<T, At/ H(t). Fix ¥’ > 0, and apply the second bound of (10.81) on every

block with v = 2r' + 2 and r = 8. By (10.82) and a union bound, for 0 < x < 1/2,
/ 1+ log2 M2
< < r+1(- T Y5 V2 )
P(:<x)<Cx ( i >
Integrating this tail bound, we find

1+1log”> M
M
which is the first bound in (10.66). For the second, we have sup,_r. Nh(u+t)/ A <

Cinit 11 by (10.69), and the claim follows from the Cauchy-Schwarz inequality, the first
bound at order 27/, and (10.70).

/ / o0 / / 2
Eo" <2 +/ Py P < 1/y)dy <2 +C< ) < Cy,
2
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Finally, by (10.41), we have the exact identity

Wi Nh(u+t) H(t) LA

N H(t) A h(u+t)

B (Xi) =

The last factor is at most one, since /(1 + t) > ¢ by (10.43). Hence sup, ;. 8¢(X;) <
(sup;.. Wi/N) Cini¢ 1~ !, and Holder’s inequality with three factors, together with (10.70)
and the first bound in (10.66), proves (10.67). The laws and times in this argument are
those of the diffusion with initial law pu,, for every u > 0, including u = 0, where

Ho = VN. L]

10.8 A Feynman-Kac bound for a weighted gradient

Let A be a real symmetric matrix with eigenvalues a; > --- > ap, Lagrange multiplier
z, and smallest precision d = z — a1 (Definition 3.3). As in Section 8, let ¢(x) = xT(zI —
A)~1x/N; in eigencoordinates, this is the quadratic form (10.40). We write I'(f1, f2) =

Vsyf1-Vsyfo, I(f) = I(f, f), and
Loalf) = 5 {LaloT () ~20T(F,Laf) }

This is a weighted version of the iterated carré du champ; note that ¢I is not, in general,
the carré du champ of Ls. Let ¢ = Vg, f, leta = Vg, log ¢, and let V2 be the tangential
Hessian of f, as in Lemma 8.3. By (8.8), for every smooth f on Sy,

Toa(f) = o{IV3f s +2V3f(a ) + 87 (e - 4) - 1]}, (1089)

where V2f(a,g) = a' (Vf)g.

Lemma 10.21 (A Feynman-Kac bound for the weighted gradient). Let 7 =d —2/N. For
every smooth function f on Sy, every x € Sy, and every t > 0,

. t
P(x) T(PAf)(x) < e Ex[exp (2 | T(logg) (X:)ds)p(X)T(A(X)], (1089
where X is the diffusion generated by L 4 started at x.

The inequality holds whatever the sign of 7. In Section 14, the exponential factor in
(10.84) is controlled by Theorem 10.15.

Proof. We begin with a pointwise lower bound for T'y,». For a symmetric matrix H and
vectors b, v, the Cauchy-Schwarz inequality gives 2|H(b,v)| < 2||H||us|b||o| < [[H||}s +
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b]?|v]%. With H = V2f, b = a, and v = g, we have |b|?> = T'(log ¢) and |v|*> = I'(f). The
eigenvalues of zI — A are at least 4, and by (10.83), we obtain

Tpa(f) > (F—T(log ¢)) 9 T(f). (10.85)

Since L4 is an elliptic operator with smooth coefficients on the compact manifold
Sn, the function (t,x) ~ P/ f(x) is smooth on [0,00) x Sy for smooth f, and so is
¢(t,x) = @(x)L (P f)(x). Using 9;P/ f = LoP{*f, the definition of I'», and (10.85), we
find

(0 —La)gp = 29T (PAf,LaPf) — La(¢T(P{'f)) = —2Ty(P{'f) < V¢,

where V = 2I'(log ¢) — 27 is smooth and bounded on Sy. Fix t > 0 and x € Sy, let X be
the diffusion generated by L4 started at x, and let

Y; = exp (/OS V(Xy) dv) p(t —s,Xs), 0<s<t

By Ito’s formula for (3.2) with cWy replaced by A, whose generator is L4 by the calcula-
tion in Section 3.1, the drift of Y is

exp (/Os V(Xo) dv) (Vo — ip+ Lag) (t — 5, Xs) > 0,

and its martingale part is a stochastic integral with a bounded integrand. Thus Y
is a submartingale, and ¢(t,x) = Yo < EY;, which is (10.84). This is the Feynman-
Kac argument; see [123, Proposition VIII.3.10, pp. 358-359] for the generator identity
underlying it, after a constant shift of the bounded potential. O



SECTION 11

Score bounds, smoothing, and conditional
relative entropy

In this section, we collect the analytic tools that we use to prove upper bounds on the
total variation distance at low temperature, in Section 16 (fixed ¢ > 1) and Section 17
(the approach to the critical temperature from below). In both regimes, we compare the
time-t law with the product of a law of finitely many eigencoordinates and a Gaussian
law of the remaining coordinates. The results below control the two factors and their
combination.

In Section 11.1, we define weak scores along rotations and record three elementary
facts: the effect of a cutoff function on a score (Lemma 11.2), the total variation cost
of a path weight (Lemma 11.3), and the smoothness of weighted and killed endpoint
measures (Lemma 11.4). Section 11.2 proves a Bismut-type formula for the score over a
final time interval: Theorem 11.5 bounds the moments of the derivative along a rotation
of the logarithm of the density of a weighted endpoint law, using only the final time
interval, and Corollary 11.6 specializes it to the time scale a, '. In Section 11.3, we show
that weak convergence of finite-dimensional laws implies convergence in total variation
when nearby laws have bounded Fisher information (Theorem 11.8). Section 11.4 com-
bines these results and proves total variation convergence of finitely many standardized
eigencoordinates (Corollary 11.12). Section 11.5 concerns the conditional relative entropy
of the remaining coordinates given the first ones. It contains an exact identity for its time
derivative (Proposition 11.18), a logarithmic Sobolev inequality for it (Proposition 11.16),
and an entropy dissipation inequality under a cutoff function adapted to the approach to
the critical temperature (Theorem 11.19). Finally, Lemma 11.21 in Section 11.6 combines
the two factors in total variation.

Besides the conventions of Section 3, in particular Lemmas 3.1 and 3.6, we use only
classical tools: Itd’s formula, Lévy’s characterization of Brownian motion, Hérmander’s
hypoellipticity theorem, and the Gaussian logarithmic Sobolev inequality. The special
case of Girsanov’s theorem that we need is proved in Section 11.2. All statements are
deterministic in the coefficients of the potential. Probabilities and expectations refer only
to the initial point and the driving Brownian motion. Section 16 uses Theorem 11.5,
Theorem 11.8 and Lemma 11.7, the results of Sections 11.4 to 11.5, and Lemma 11.21.
Section 17 uses Corollary 11.12, Theorem 11.19, and Lemma 11.21; the hypotheses of

228
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these statements are verified there.

11.1 Setting, weak scores, and weighted endpoint measures

The diffusion. Throughout this section, ay, ..., ay are real numbers, coordinates refer to
a fixed orthonormal basis of RY, and

N
F(x) =Y ax;,  L=As,—VgF-Vs,. (11.1)
k=1

For the model at low temperature, the coordinates are the eigencoordinates and the
ax = c(A1 — Ay)/2 are the scaled eigenvalue gaps of (3.8). More generally, by (3.7), the
generator Ly of (3.3) is of the form (11.1) with a; = (a7 — ax)/2 in an eigenbasis of A. As
in (3.2), the diffusion generated by L solves
-

X, = V2TI(X,) dBs + b(X.)ds,  b(x) = —NZ\‘] Ve F(x),  M(x)=1- =,

(11.2)
where Vg F(x) = II(x)VF(x). We always work on a filtered probability space with a
filtration (Fs)s>0, on which B is an (F;)-Brownian motion in RN and X is (F;)-adapted,
with Xy ~ vy. All process-specific statements in this chapter concern this original uni-
formly initialized diffusion; the statements about probability measures and weak scores
are independent of a diffusion. Solutions of (11.2) remain on Sy, by the computation
following (3.2). The coefficients are smooth and may be modified outside a neighborhood
of Sy to become globally Lipschitz. This implies pathwise uniqueness, and that, for
u > 0, the path (X;)s>y is a measurable function of X, and of the increments of B after
time u.

Rotations and reflections. For i # j, let O);; = e]-e;r — eie}r and Rg — ¢%i the rotation by

the angle @ in the (i, j)-plane, and let K;; be the vector field
Kijg(x) = L o(R = x,9; 0
§9() = So(RYx)| = xdj9(x) — xd0(x).

It is tangent to Sy, and Kjjx = ();;x. Since each Rg preserves vy, differentiating [ ¢ o
Rjdvy = [ ¢dvy at ¢ = 0, we obtain

/ Kijpdvy =0  for every ¢ € C'(S). (11.3)
SN
We write Ri(x) = (—x1,x2,...,xN) for the reflection of the first coordinate, as in

Lemma 3.1. The equation (11.2) is invariant under R;, because F is even in xj: if X
solves it with Brownian motion B, then R X solves it with Brownian motion RB.
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Weak scores. The following definition makes sense of a logarithmic derivative along a
rotation without assuming that a density is differentiable or positive.

Definition 11.1 (Weak score). Let p be a probability measure on Sy with p < vy, and let
K = Kj;. A function s € L!(p) is a weak K-score of p if

/K(p dp = — / psdp  for every ¢ € C*(Sy). (11.4)
We then write s = Klog(dp/dvy).

A weak K-score is unique p-almost everywhere, because (11.4) determines the signed
measure sp on the smooth functions, which are dense in C(Sy). Approximating a
function of class C! uniformly, together with its K-derivative, by smooth functions, we
see that (11.4) also holds for ¢ € C'(Sy). If do/dvy = f is of class C! and positive on
an open set U, then s = Kf/ f almost everywhere on U. This follows from (11.4) with ¢
supported in U and (11.3) applied to ¢f. In particular, the weak score is the usual score
where the latter is defined. We note that (11.4) is a global identity. A jump of nonzero
size across a smooth hypersurface transverse to K contributes a singular part to Kf, and
therefore prevents a weak K-score. For this reason, the cutoff functions below are smooth.

The first lemma computes the score after multiplication by a cutoff function. For
p = 1, its hypothesis is |Ky| < By1/2.

Lemma 11.2 (Multiplying by a cutoff function). Let p be a probability measure on Sy with a
weak K-score s, where K = Kjj, and let p > 1 be an integer with s € L* (p). Let n € C'(Sy)
take values in [0,1], with Z, = [ ndp > 0. Suppose that there exists B > 0 such that

Ky| < By'~1/(p) p-almost everywhere. (11.5)
Then the normalized cutoff-weighted law p = np/Z,, with normalizing mass Z,, has the weak
K-score s = s + 14,0, K11 /7, and
2p-1

N 2
E5(s]% < (Ep|s|? + B?F). (11.6)

Proof. We have Kip = 0 p-almost everywhere on {# = 0}, by (11.5). Let ¢ € C*®(Sy).
Applying the identity (11.4) to n¢ € C1(Sy), we find

1 1 o
/qudp: Z—ﬁ/(K(W)—#’K’?) dp = —Z—W/GO(USJFK’?WP: —/qudp-

This proves the formula for the score, once we know that § € L!(p), which follows from
the moment bound below. By convexity, [5]?7 < 22P~1(|s|?V + 1,50y 1Kn /1|?P). We have
Esls|? = Z,' [y|s|*P do < Z, 'E,|s|*?, and, by (11.5),

2p

2p 1 B
= — Kn|?Pyl=2P dp < —.
\ } Zﬂ/{po}! nFn p< Z,

E5 [1{r7>0} \ I%



11 Score bounds, smoothing, and conditional relative entropy §11.1 231

Combining the two bounds, we obtain (11.6). O]

The second lemma bounds the total variation cost of a path weight. We use it in the
following form: if 0 < U < 1 is a random variable with EU > 0 and Y is a random
element, then the laws of Y under P and under (U/EU)P are within 1 — EU in total
variation. This is the case 0(A) = E[U1{yc4;] and p = Law(Y) below.

Lemma 11.3 (Removing a path weight). Let p be a probability measure and o < p a measure
on the same space with total mass Z > 0. Then ||p —o/Z|tv <1— Z.

Proof. For both probability measures, ||p — 0/ Z||y is the supremum of 0(A)/Z — p(A)
over measurable sets A, by the first part of Lemma 3.6. Since p(A) > ¢(A), we have
0(A)/Z —p(A) < (Z71-1)c(A) <1-2Z. O

The third lemma records the forward equation and the smoothness of the endpoint
measures that appear later: the path is weighted by a variable known at a time T, and
possibly killed after T when it leaves an open set.

Lemma 11.4 (Weighted and killed endpoint measures). Let X solve (11.2) with Xy ~ vy,
let T >0, let ¥ be an Fr-measurable random variable with values in [0, 1], and let D C Sy be
open (possibly D = Sy). Let T = inf{s > T : X; ¢ D}, with inf @ = oo, and for t > T define
the endpoint subprobability measure

O't(A) = E[Tl{T>t}1{XteA}}' (117)
1. For every ¢ € C*(Sy) with compact support in D and all T < s < t,

01(9) — 05(@) = /Star(qu) dr. (11.8)

2. There exists u € C®((T,00) x D) such that oy(dx) = u(t, x) vy (dx) for every t > T.
3. If D and or are invariant under Ry, then oy is invariant under Ry for every t > T.

Proof. For the first part, note that X: ¢ D on {T < oo}, because D is open and the path
is continuous. Let y € C®(R x Sy) be such that each x(r,-) has its support in a fixed
compact subset of D. By Itd’s formula,

INT INT

XUENT, Xipr) — X(SAT, Xspr) = / (0, + L)x(r, X,) dr + \/_/ Vsyx(r, Xy) - dB,.

SAT

On {t < t} we have x(7, Xr) = 0, and the same holds with s in place of t. We multiply
by ¥ and take expectations. The stochastic integral has a bounded integrand and starts
after time T, and its product with the Fr-measurable variable ¥ has mean zero. Using
Fubini’s theorem, we obtain

a0c(t,) = eslx(s)) = [ (@ Lx(r, ), 19)
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and (11.8) is the case of a x that does not depend on r.

For the second part, we take xy € C*((T,) x D), s = T, and ¢ larger than every
time in the support of x. Then (11.9) says that the measure o,(dx)dr on (T,c0) x D
is annihilated, in the sense of distributions, by the formal adjoint of d, + L. In local
coordinates on D, this adjoint is P = —d, + L*, where L* is the formal adjoint of L with
respect to the coordinate Lebesgue measure. Its second-order part is that of L, which
is Y k) a"9,9; with a smooth positive definite matrix a. Writing a = ss' with s = al/2
smooth, we have P = } sz + Vo + co, where Vi = Y si9;, co is a smooth function,
and Vy = —9, + V] with V] a first-order operator in the space variables. The fields
V1,...,Vn_1 span all space directions, and Vj has a nonzero time component. This implies
that Vp, ..., Vy_1 are linearly independent at every point. By Hérmander’s theorem [85,
Theorem 1.1], P is hypoelliptic, and the measure o, (dx) dr is a smooth function times dx dr.
In other words, there exists u € C®((T,c0) x D) such that o,(dx) dr = u(r, x) vy (dx) dr.
For ¢ € C®(D), both r — 0,(¢) and r — [ @u(r,-)dvy are continuous on (T, ), the
first by (11.8). They agree for almost every r, hence for every r > T. We conclude that
or = u(r,-)uy on D. Since 0;(D¢) = 0 for r > T, the second part follows.

For the third part, let ky(x, A) be the probability that the solution of (11.2) started at
x stays in D during [0,v] and lies in A at time v. By the Markov property at the time
T, we have 0;(A) = [ or(dx) ki—7(x, A). Since the equation and D are invariant under
Ry, we have k,(R1x,R1A) = ko(x, A). Together with the invariance of o7, this gives
O't(RlA) = O't(A). L]

Conditioned, weighted, and killed measures. We use the following names for the
measures that appear here and in Sections 16 and 17. For an event E with IP(E) > 0, the
law conditioned on E is P(- | E) = IP(- N E)/IP(E), with normalizing mass IP(E). The
measure 0; of (11.7) is the endpoint subprobability measure weighted by ¥ and killed
on leaving D. It is bounded by the law of X;, and its mass 0;(Sy) < 1 need not be one.
For a cutoff function 77 : Sy — [0,1] with [ doy > 0, the normalized cutoff-weighted law
is the probability measure 70/ f 1 do, with normalizing mass f ndoy. If D = Sy and
Y = 1 for an event E € Fr, then 0;(Sy) = P(E), and 0;/0:(Sy) is the law of X; under
P(- | E).

11.2 A Bismut-type formula for the score over a final time interval

Formulas that express the derivative of a diffusion semigroup through a stochastic
integral, without differentiating the initial data, go back to Bismut [32] and Elworthy and
Li [67, Theorems 2.1 and 3.1 and Corollary 3.2]; see also [87, Section 8.3, Theorems 8.3.3—
8.3.4]. Theorem 11.5 below is a version of this idea for the logarithmic derivative of
an endpoint density along a rotation. Three features are needed in the applications.
The derivative is that of the density of an endpoint law weighted by a functional of the
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path and normalized. The paths are restricted to a rotation-invariant open set on which
the change of drift is small. The bound uses only a final time interval of the original
uniformly initialized diffusion. It requires no score bound before that interval and no new
initialization at its left endpoint; the law there may be the evolved and prefix-weighted
law. The proof differentiates a Girsanov density with respect to a rotation of the path
during the final interval.

Setting. Fix i # j and write K = Kj;, Q = (), Ry = Rg, and A = [a; —a;|. Let D C Sy

be an open set with RyD = D for every ¢ € R, and let H < oo satisfy
x;+x; <H forxeD. (11.10)

Fix t > 0and ¢ € (0,¢],let I = [t — ¢, t], and let x : ] — R be absolutely continuous with
k(t—0) =0,x(t) =1, and [;«'(s)?ds < co. For ¢ € R, let O act on paths w € C(I; Sy)
by (Ocw)s = Re(s)ws- Let ¢ be an F;_,-measurable random element of a measurable
space E, and let @ : E x C(I;Sy) — [0, 1] be measurable with

®(e,w) =0 unless ws € D foralls €1, d(e,O.w) = Ple,w) forall e € R. (11.11)

We call W = ®(¢, X|;) a path weight for the final interval I. For example, ¢ may be the
path up to time t — ¢, together with any other F;_,-measurable variable. We assume
Z = EW > 0 and define the weighted endpoint law p"(A) = Z'E[W1x,c 3], whose
normalizing mass is Z.

Theorem 11.5 (A Bismut-type formula for the score over a final time interval). For the
uniformly initialized diffusion in this setting, the law o'V has a weak K-score, and for every integer
p=1

Y _ G ()2 1 A2k( )2 del”
e A [H/I (k'(s)” + A%K(s)") ds] , (11.12)

2
=
~
3

aQ
[
‘b
A

Wi _ G

| <7 [H(¢™ + A%0)]". (11.13)

The proof has four steps. We first show that rotating the path during I changes its
law by an explicit Girsanov density. Using the invariance of W, we deduce the identity
(11.19). Differentiating it at ¢ = 0 represents [ Ko dp" through a stochastic integral M.
Finally, the moments of M are bounded by its quadratic variation.

Proof. Let T =inf{s >t — ¢ : X; ¢ D}. All integrals below may be restricted to {t > ¢},
because W = 0 unless T > t.
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An exponential bound. We use the following elementary bound twice. Let M’ be a
continuous local martingale with M, = 0 and (M’); < V for a deterministic constant
V > 0. If V=0, then M, = 0 almost surely for all s < t, so its exponential moments
equal one and all its positive moments and tails vanish. Suppose now that V' > 0. For
A € R, the process exp(AM. — A2(M')/2) is a nonnegative local martingale, hence a
supermartingale with expectation at most one. Therefore

M < V2 p(M| > ) <2070, EIMIF <2plV)P (1114)

for A € R, r > 0, and integers p > 1. The second bound follows from the first by
Markov’s inequality with A = 4+7/V, and the third from the second, since [E|M}|?? =
fo 2pr*~1P(|M]| > r) dr.

Step 1: the change of drift. For ¢ € R, the function y — F(y) — F(R_py) is the quadratic
form of a symmetric matrix Qy that acts only on the (i, j)-plane. In that plane, we write
ui—a]- ai—ﬂ]‘

diag(a;, a;) = @I + -5-1E with E = diag(1,—1). Then Qy = 5L (E — RgER}), and
ngER-lg is the reflection matrix with entries cos 29, sin 28, sin 289, — cos 28. We have

|Qsll = Alsind|,  [|0sQsll =4,  [95Qs]l =24, (11.15)

since E — RyER] has eigenvalues £2| sin 8|, and the first two derivatives of the reflection
matrix are 2 and 4 times symmetric orthogonal matrices. For s € I and y € Sy, we define
the tangent vector field

ue(s,y) = ex'(s) Qy + Vs {F = Fo R_g() } (). (11.16)

We have |Qy| = (y7 +y7)"/? and |V(y"Qey)| = 2|Qsy| < 2[|Qsll(v7 +y7)/?, and the
tangent projection does not increase lengths. Using (11.10) and (11.15), we obtain

ue(s,y)| < |e|VH(|x'(s)| +24lx(s)]) (v € D). (11.17)

We set
B 1 TAt 1 TNt zd 1118
Ae = exp{ﬁ - ue(s, Xs) - dBs — Z_L/tg lue (s, Xs)| s}. (11.18)

The integrand is bounded by a deterministic function in L?(I), by (11.17). The following
special case of Girsanov’s theorem (see [123, Chapter VIII, Section 1, Theorem (1.4)])
is then elementary. We include the argument. Let v = 271/21 (s<r)Ue(s, Xs) fors € I
and vs = 0 fors < t—/, and let A; = exp(fos v, - dB, — %fos 0,2 dr), so that Ae = Ay.
The quadratic variation fot |v,|? dr is bounded by a deterministic constant V;. For g > 1
and every stopping time o < t, we have A} = & exp{(q> —q) [y |or|*dr/2}, where £
is the stochastic exponential of g [ v - dB, a nonnegative local martingale and hence a

Ve/2

supermartingale. Thus EAY < ¢(7~9V:/2 the local martingale A is of class (D) on [0, #],
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and it is a martingale. In particular, Q; = AP is a probability measure that agrees with IP
on F;_y. Using Itd’s product formula, we see that each component of Ag(Bs — fo vrdr)isa
local IP-martingale. By Bayes’ formula, after localization, B = fo v, dr is a continuous
local Q¢-martingale with quadratic covariation sy, and Levy s characterization [123,
Theorem IV.3.6] shows that Bis a Q.-Brownian motion. For s € I, we have ES =
B, —271/2 fSAT ug(r, X;) dr. Because 1, is tangent, we have I'T(X;)u, = u,, and under Q;
the process X solves dXs = v/211(Xs) dBs + (b + u¢) (s, Xs) ds for s € [t — £, T A t].

We define X; = R _ex(s)Xs for s € I. The map s — R_(s) is absolutely continuous
and () commutes with every Ry, and we find, for s < T At,

dX; = —e’(s) QX ds + R _ey(s) [V2IL(Xs) dBs + (b + 1) (5, X;) ds].

For an orthogonal matrix R, we have RTIT(Rx)R = I1(x) and R Vs, ¢(Rx) = Vs, (¢o
R)(x) for every smooth ¢. With R = R, we deduce from these identities that
RTb(R%) = —Mx— Vs, (FoR)(%) and R Tue(s, RX) = ex’(s)Qx+ Vs, (Fo R — F)(%).
The terms with Q and with F o R cancel, which gives
S
dX; = V211(Xs) dBs + b(Xs)ds,  Bs = Rty dB,,

for s € [t — £, T A t]. By Lévy’s characterization, B is a Q.-Brownian motion. Moreover,
X;_; = X;_s, and the exit time of X from D is T, because D is rotation invariant. Thus,
under Q;, the path X stopped at its exit time solves (11.2) with the same F;_;-measurable
data (¢, X;_,), whose joint law is the same under Q, and IP. Pathwise uniqueness implies
that the joint law of & and the stopped path X under Q; equals the joint law of ¢ and the
stopped path X under IP.

Let ¢ be bounded and measurable on Sy. The function (e, w) — P(e,w)Pp(Rewt)
vanishes unless w stays in D, by (11.11). In particular, it depends only on e and on the
path stopped at its exit time. Using the equality of laws, then the invariance in (11.11),
and finally X = @.X and x(t) = 1, we find

E[®(E X[1)¢(ReXt)] = Eq [@(E, X p(ReX1)]
= Eq, [P(&, @:X|1)9(ReX)] = Eq. [We(Xy)].

That is,
E [Wgo(RgXt)} =E [WA8 go(Xt)} (e € R). (11.19)

For ¢ = 1, this shows that E[WA,| = Z for every ¢.

Step 2: differentiation at ¢ = 0. Let

TNt
M = %/H (¥'(5) X, + K(5) Vs, (KF)(Xs)} - dB. (11.20)
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The integrand is d:u(s, Xs) at ¢ = 0, because 9¢[F(y) — F(R—ey)] = x (KF)(R—exy).
We claim that (A; —1)/e — M in L'(P) as ¢ — 0. We write A, = exp(Ne — 3(N)),
where N is the stochastic integral in (11.18). By (11.17), we have (N;) < £2V; with the
deterministic constant V4 = I [,(|«| + 2A[«[)?ds. The second derivative of u, in ¢ is
bounded by 4Ax*v/H on D, by (11.15). The integrand of N, — eM is therefore bounded
by 2¢?Ax(s)?v/H before T, and E(N; — eM)? = O(e*), since x is bounded on I. Let
Xe = Np — %<N€>. By (11.14), we have Eet2Ne < 21 and EN# < 16€4V12, and therefore
Ex} = O(e*). Using also |e¥ — 1 — x| < 1x%l*l and the Cauchy-Schwarz inequality, we
obtain E|e* — 1 — x| = O(¢?). Since x; — eM = (N, — eM) — 5(N,), we conclude that
E|A; — 1 —eM| = O(¢?), as claimed.

Now let ¢ € C®(Sy). The left side of (11.19) has derivative E[W(K¢)(X;)] at e =
0, by dominated convergence, and the claim shows that the right side has derivative
E[WMeg(X;)]. Equating the two derivatives, we find

/ Kodp" = Z 'E[WMg(X,)]. (11.21)

Step 3: identification of the score. Let Q = (W/Z)P. Since E[W|M|] < E|M| < oo, we
may define m(x) = Eq[M | X; = x]. Then (11.21) reads [ K@ dp" = [ medp". The law

p" is absolutely continuous with respect to vy: it is bounded by Z~! times the law of X;,

which has a density by the second part of Lemma 11.4 applied with T =0, ¥ =1, and
D = Sy. We conclude that —m is a weak K-score of p", provided that it lies in L!(p"),
which we show in the next step.

Step 4: moments. For the quadratic potential, we have
KF =2(a; — ap)xixj,  |Vsy(KF)]? < |V(KF)[]? = 4A%(x} + 7). (11.22)

Together with |QX;| = (XS21 + st ]-)1/ 2 and (11.10), this bounds the integrand in (11.20)

by VH(|x'(s)| +2A|x(s)|) before T. The quadratic variation of M therefore satisfies the
deterministic bound

(M) < %/I(M +20[K)7ds < 4H [ (K/(57 + A% (s)?) ds = V. (11.23)

By (11.14), we have E|M|* < 2 p! (2V,)F. Applying Jensen’s inequality for conditional
expectations, we see that

Ew|m|? < Eq|M[* = Z-'E[W|M[*] < Z7'BIM|* <2p!Z71(2V.)F,

which yields (11.12) with C, = 2- 8 p!. For the linear ramp, [;x> = ¢! and [,x*> = ¢/3,
and (11.13) follows. O
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No derivative of W is taken in the proof. For this reason, the path weight may be any
measurable functional satisfying (11.11). We now specialize to the low-temperature time
scale. Recall that the first coordinate is singled out by a; = 0, and that in the applications
the parameter 0 below is the top fraction 6y of (3.14).

Corollary 11.6 (Scores on the time scale a2_1). Let ] >2,C;>1,L >0,z >0,and 6 > 0.
Suppose that 0 = a1 <a =ay <az < --- < a; < Cja, and set m = ONa. Let D C Sy be an
open set that is invariant under all rotations of the coordinates x1, ..., xj and contained in

]
{x eSy: Y w2 < LON}. (11.24)
k=1

Let t > 1/a, and let W be a path weight for the final interval 1 = [t — 1/a, t] and the set D, as
in (11.11), which is invariant under the rotations O, in the (1, j)-plane with the linear ramp, for
every2 < j < Jand e € R. Suppose that Z = EW > z,. Then, for every 2 < j < | and every
integer p > 1,

do™V |2»

. < P .
EPW‘KU log va‘ <Cmb, (11.25)
where C depends only on p, zo, L, and Cj.

Proof. We use Theorem 11.5 with (i, j) replaced by (1,), ¢ = 1/a, and H = LON. The
set D is invariant under the rotations of the (1,j)-plane, and (11.10) holds because
X2+ x]2 < Yk<j xz. With A = a; < Cja, the bound (11.13) becomes

do™ ‘217

Cp p CP p
| < e Cla)]? = Sl C)m]’.

]Epw ‘Klj log 20

This is (11.25). [

A weight that depends on the path only through its values before ¢t —1/a, multiplied
by the indicator that the path stays in D from some time T < t — 1/a until ¢, satisfies the
hypotheses: the rotations act only on I and preserve D.

11.3 Weak convergence to total variation convergence
by Gaussian smoothing

In this section d > 1 is a fixed integer and densities are taken with respect to Lebesgue
measure on R?. For a probability density p on R? that belongs to Wllo’i(le), its Fisher

information is
2
FI(p) = / IVpl® 4,
R P
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where the integrand is 0 where p = 0 and Vp = 0, and +o0 where p = 0 and Vp # 0.
For other densities, FI(p) = co. We write FI(y) = FI(p) for a probability measure p with
density p, and FI(u) = oo if u has no density. If FI(p) < oo, then by the Cauchy-Schwarz
inequality, we have

Vpl? 1/2 1/2
/]Rd Vp|dz < (/{M}%dz) (/pdz) = FI(p)'/?, (11.26)

so p € WUL(IRY). The first lemma is the classical Fisher information bound for a Gaussian
convolution, related to the convolution inequality of Stam [138]. Its proof uses the
conditional-score and Cauchy-Schwarz argument of Blachman [33]. We include it because
the input law is arbitrary and may, for instance, have no moments.

Lemma 11.7 (Fisher information of a Gaussian convolution). For every probability measure
A on RY, the convolution y = A+ N'(0, 1) has a smooth positive density p with FI(p) < d.

Proof. Let ¢ be the standard Gaussian density on R?. The density of 1 and its gradient
are

pw) = [ ¢ay—0)A(d0) >0, Vp(y) = = [ (y—0)guly —v) A(do)

Every derivative of ¢, is bounded, and dominated convergence justifies differentiation
under the integral. In particular, p is smooth. Applying the Cauchy-Schwarz inequality
with respect to the finite measure ¢;(y — v)A(dv), we find

V)2 / 2
— < -0 —0) A(dv).
) = ) T elgaly —v) Mdo)
We integrate in y and use Tonelli’s theorem and [ |y — v|?¢p4(y — v) dy = d for every v.
This gives FI(p) < d. O

For probability measures p, 1’ on R?, let

dow (o) = sup {| [ oan— [@d’| ol <1, Lip(e) <1} (11.27)

be the bounded Lipschitz distance. The next theorem shows that weak convergence im-
plies convergence in total variation when nearby laws have bounded Fisher information.
We smooth with a Gaussian kernel. The Fisher information is required only of approxi-
mating laws that are close in total variation. In the applications, these are obtained from
the laws of interest by path weights and cutoff functions.

Theorem 11.8 (From weak convergence to total variation). Let un, u, jin be probability
measures on RY. Suppose that F1(u) < I, Fl(jiy) < C, and |\un — #in|ltv < On. Then for
every 0 < e <1,

lun — pllv < 208 + Cae(VC + VL) + (1+ Cy/e) dpL(pin, 1), (11.28)
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with C; = +/d. In particular, suppose that uy = u, that FI(u) < oo, and that for every
8 > 0 there exist Cs < co and probability measures i3 with FI(7i%;) < C; for all large N and

limsupy, ||[un — @ |ltv < 6. Then ||jun — plltv — O.

Proof. We begin with two estimates for a density g with FI(g) < oco. Note that g €
WLUL(IR?), by (11.26). For g € C®(IR?), we see that ||g(- + k) — q| ;1 < |h| ||Vq]|;1 by the
fundamental theorem of calculus along segments. Smooth compactly supported functions
are dense in W' (IR%) [37, Theorem 9.2, p. 265], and the same inequality holds for our 4.
Together with (11.26), this shows that

lg(- +1) =gl < 1| FL(g)'2 (b e RY). (11.29)

Let ¢ be the density of A'(0,¢2I;). For a Borel function f : R — [0,1], let fe = f * ..
Then 0 < f, < 1, and Lip(fe) < [|V¢e| = ¢ 'Elg| < V/d/e, where g is a standard
Gaussian vector. The density ¢; is even, so that [ fog = [ f (g * ¢¢). Using (11.29), we
deduce that

[ Foa] < [ o) la—at = m)llsdh < F1(@)2 [ Blge(h) dh < VdeFi(q)!/2

We now decompose

un(f) = p(f) = (un = BN) (F) + In(f = fe) + (v = Bn) (fe) + (pn = ) (fe) + plfe = £)-

The first and third terms are at most dy in absolute value, by Lemma 3.6, because f and
fe take values in [0,1]. The second and fifth terms are at most v/de\/C and v/d e\/T..
The function f./(1+ +/d/e) is admissible in (11.27), and the fourth term is at most
(14 +/d/€)dpy(un, ). Taking the supremum over f proves (11.28).

For the second statement, we first show that dp (pn, ) — 0. This is classical, but we
include the argument. Fix xy > 0, let R satisfy u(|z] < R) > 1— o, and let ¢ : R — [0,1]
be continuous, equal to one on {|z| < R} and to zero outside {|z| < R+ 1}. By weak
convergence, un(|z| < R+1) > un(y) > 1—2x for large N. The Arzela—Ascoli theorem
shows that the restrictions to {|z| < R + 1} of the functions admissible in (11.27) have
a finite xp-net ¢, ..., ¢, in the uniform norm, which we may take admissible. For an
admissible ¢ and ¢, within kg of it on {|z|] < R+ 1}, we have

lun (@) — (@) < lun(er) — wl@)| 420 +2(un(|z| > R+1) +u(]z| > R+1)).

This gives limsup,, dpr.(pn, 1) < 8kp, and xp is arbitrary. Now we fix § > 0 and use
(11.28) with 7iy = 11%,. Letting N — co and then ¢ — 0, we find lim supy ||pn — pt||Tv < 20.
Since J is arbitrary, this completes the proof. O

In the second statement, the approximating laws 7%, need not converge weakly, and
their limit points need not be u. Weak convergence is required only of . The order
of the limits is: J and the approximating laws are fixed, then N — oo, then ¢ — 0, then
6 —0.
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11.4 Fisher information of finitely many coordinates

We now relate scores along the rotations Klj to derivatives in the coordinates x», ..., xy,
viewed as coordinates on the hemisphere {x; > 0}.

The chart. For x € Sy, let y(x) = (x2,...,xn) € RN Let Uy = {y € RN71 : |y|2 <
N}, and for y € Uy let x;(y) = (N — |[y|>)? and x"(y) = (x1(y),y) € Sn. For a
measure p on Sy, let p* be its image under x — y(x). If p is invariant under Ry, then p*
determines p, and by the second part of Lemma 3.1, for two such probability measures
P ,0/, / /

lo—p'llrv =1l —p"" [I1v. (11.30)
Indeed, p™ is the image of the law of (|x1],x2,...,xy) under a bijection. We write |Sy|
for the surface area of Sy and wy = vV N/|Sn|.

Lemma 11.9 (Densities and scores in the chart). Let p = fvy be a probability measure on Sy
that is invariant under Ry.

1. The measure p* has the Lebesque density f+(y) = 2wnf(xt(y))/x1(y) on Uy, and
0" (RN-1\ Uy) = 0.

2. Suppose that p has a weak Kyj-score s; for some 2 < j < N, and write s]* =s;ox". Then
the distributional derivative o, f* belongs to Ll (Uy), and

3, Ft = +Sf++yf Imost here on U (11.31)

yf=f <x_1 x_%> almost everywhere on Uy .

3. If, in addition, p({x3 < roN}) = 0 for some ro € (0,1], then the extension of f* by zero
has a weak derivative in y; on RN~ which belongs to L'(RN™1) and is given by (11.31) on
Uy and by zero outside Ul.

The term y;/ x? in (11.31) comes from the surface element x; 'dy of the chart, and it
has a positive sign. In the situation of the second part, the score is odd under R;: since
Kij(¢ o R1) = —(Kyij) o Ry and p is invariant, the function —s; o R; also satisfies (11.4),
S0 5; 0 Ry = —s; p-almost everywhere by uniqueness. In particular [s;| is invariant under
Ry, and [ |s;“|qj“r dy = TEp|s;|7 for every q > 1.

Proof. The upper hemisphere is the graph of y — x1(y) over Uy. We have Vx; = —y/x,
so its surface element is (1 + |y|?/x3)'/2dy = /N x; 'dy, and we have f{xl>0} pdvy =
wy |, Uy @(xT (y)) x1(y) " dy. The equator has vy-measure zero, and by the invariance of
p we have p(A) =2o({y(x) € A, x1 > 0}). The first part follows.

For the second part, let € CX(Uy), and let ¢(x) = ¢(y(x)) if x; > 0 and ¢(x) =0
otherwise. Since 1 vanishes near dlUy;, the function ¢ vanishes near the equator and is
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smooth on Sy, with Ky;9(x) = x1(9;9)(y(x)) for x; > 0. Inserting ¢ in (11.4) and using
the first part, we find

/uN x99 fdy = —/UNIPSfﬁ dy.

In other words, the distributional derivative of x;f* in y; is s;r f*, which lies in L] _(Uy)

because s; € L'(p) and x; ! is locally bounded on Uy. The function X7 ! is smooth on

Uy with aj(xfl) = y;/x}, and by the product rule we have 9,f " = 9;(x1f" - x;') =
s f/n + fryj /3.

For the third part, f™ = 0 almost everywhere on {|y|*> > (1 —ro)N}. Let x € C®(Uy)
equal one on {|y|> < (1 —ro)N}. For p € C*(RN"1), we have [0jip f* = [9i(px)f T —
J¥ojx f*, and the last integral vanishes because 0;x = 0 wherever f* # 0. The claim
follows by applying the second part to ix. The derivative lies in L! because x3 > roN on
the support of f* and s; € LY(p). O

We next record the score of a marginal. Let ay,...,any > 0 and let G be the centered
Gaussian product law on RN~! whose coordinates y; have variance (24;)~!,2 <i < N.
Its density is

N
=T Vai/me . (11.32)
=2

Fix2 < J < N—1andsplity = (z,0) withz = (y»,...,y;) and v = (yj41,...,Yn), the
remaining coordinates. Then G = G, ® Gy, the product of the corresponding Gaussian
laws on R/~! and RN~/. For a probability density w with respect to G, let w(z) =
[ w(z,v) Gy(dv) be the density of its z-marginal with respect to G,, and, for @(z) > 0, let
Ey|- | z] =@(z) 7! [ - w(z,0) Gy(dv) be the conditional expectation given z.

Lemma 11.10 (Marginal score). Let p be a probability measure on Sy, invariant under Ry,
with p({x} < roN}) = 0 for some rg € (0,1] and with weak Kyj-scores 9; for 2 < j < J. Let
w=4dp"/dG. Then w € Wllo'i (R/=1) and, almost everywhere on {@w > 0}, for2 < j <],

9; log @ = E [ﬁox + 2] +2 1133
og W v xl a;z;. (11.33)
In particular, with h = log ,
zdjh = ]Ew[ djoxt + 2 ‘ 2| + 2022 (11.34)
Proof. Let f© = wy be the Lebesgue density of o+, and let p(z) = [ f*(z,v) dv. The third

part of Lemma 11.9 implies that 9;f™ exists in Ll(IRN h and is given by (11.31). For ¢ €
Ce(R/~1), we use the definition of the weak derivative with the test function 1 (z)x,(v),
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where x, € CP(RN/) take values in [0,1] and increase to one, and let n — oo by
dominated convergence This shows that p € WY (R/™1) with 9jp(z) = [ 9;f " (z,0) do,
thatis, 9jp = pEy[0j0x"/x1 +2;/x% | z] on {p > 0}. Here the condltlonal law of v given
z is the same under fJr (z,v)dv/p(z) and under w(z,v) Gy(dv)/@(z). Finally @ = p/ 7y,

where v,(z) = ]_[][:2 \ /aj/y-(e—ajZJ2 is smooth and positive, and d;logvy, = —2a;z;. We
obtain (11.33), and (11.34) follows on multiplying by z;. O

Standardized coordinates. For the rest of this section we assume
O=m<a=ay<az<---<a; <(Cpq, 0 >0, m = 6Na, (11.35)

for a fixed integer | > 2 and a constant C; > 1; the coefficients a; with k > | are arbitrary
real numbers. In the applications, 6 is the top fraction 0y and m = my;, as in (3.14). We

write
z(x) = (V2ax3,...,1/2a;xj) € RI7! (11.36)
for the standardized coordinates. This scaling sends ®][:2 N (0, (2a;)~1) to N'(0, Ij_1).

Lemma 11.11 (Fisher information of the standardized coordinates). Assume (11.35) with
m > 1, and let s, Ky, Co > 0. Let p be a probability measure on Sy that is invariant under Ry
and satisfies

p({x3 < sON} U {|z(x)| > Ko}) = 0. (11.37)
Suppose that p has weak Kyj-scores 0; with
E;|8;)* < Com, 2<j<]. (11.38)
Then the law of z(x) under p has a density p with
—~1)Co | Kj
Fl(p) < % 2 suppp C {lz] < Ko} (11.39)

Proof. Let f* be the Lebesgue density of 7, and change variables to (z,v) with z; =
v/2ajy; for 2 < j < J. The joint density of (z,v) is Q(z,0) = f*(y) HJI.ZZ(Za]-)_l/z. We
have 9;; = (2a]-)—1/2ay]. and y; = z;//2a;, and by the third part of Lemma 11.9,

Bjox™ z;
+

V2aix1  2aix3

almost everywhere on {Q > 0}, and 9;,Q = 0 almost everywhere on {Q = 0}. On the

support of p, we have a;x] > asN = sm, because a; > a. Using (« + B)* < 2a* 4 257,
(11.38), \z| < Ky, and m > 1, we have

dz;log Q =

(11.40)

9:12 72 . 2
/Q|a log Q2 dzdv < 2( oY +252m]2> <U=DG K (11.41)

s 252
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Let p(z) = [ Q(z,v) dv. As in the proof of Lemma 11.10, 9;p(z) = [ 95,Q(z,v) dv. By the
Cauchy—Schwarz mequahty on each fiber, we have [9;p|* < p [ Q|9 7 log Q|2 dv, and in
particular d;p = 0 where p = 0. Dividing by p, integrating in z, and summing over j, we
deduce (11.39) from (11.41). O

We can now upgrade weak convergence of the standardized coordinates to conver-
gence in total variation. A path weight in the sense of (11.11) is written W = ®(¢, X|;),
and for 2 < j < | we write @2” ) for the path rotations in the (1, j)-plane with the linear
ramp on I.

Corollary 11.12 (Total variation convergence of finitely many coordinates). For each N,
let ay, ..., an and 0 = Oy satisfy (11.35), with | and C; independent of N and m = 6Na — oo.
Let X solve (11.2) with Xo ~ vy, let t > 1/a be deterministic, and let yy be the law of z( Xy, ).
Suppose that un = p, where y is a probability measure on R/~! with FI(u) < oo. Suppose
further that for every § € (0,1) there exist s,L,B > 0, independent of N, and for every N a
random variable Wy and a function 1%, with the following properties.

1. Wy = On(En, X|1) is a path weight for the final interval Iy = [ty — 1/a,ty]| and an
open set Dy, as in (11.11). The set Dy is invariant under all rotations of xq,...,x; and
contained in {¥y<;x} < LONY}. For every 2 < j < ] and ¢ € R, the function @y is

(1)

invariant under ©; *’. The measure A — E[WN1y Xiy € A} is invariant under Ry.

2. 17?\, € CY(Sy) takes values in [0,1], is invariant under Ry, vanishes on {x% < sON}, and
satisfies |Kym%| < B(yQ)V2 for2 <j<7J.
3. liminfy e E[WN 1% (Xpy)] > 1 6.
Then ||un — p||Tv — 0.

Proof. Fix 6 € (0,1/6) and the corresponding s, L, B, Wy, and 17?\,. We construct approxi-
mating laws for Theorem 11.8.

A cutoff in the standardized coordinates. Let ¢ € C®(IR;[0,1]) equal one on (—oo,1]
and zero on [2,00), and for Ko > 0 let yx,(z) = ¢(|z|/Ko)*>. Then |Viyg,| <
2|y’ Hoo/Ko)lpl/z. We fix Ko such that u(|z| > Kp) < 6. The function 1 — g, is
bounded, continuous, and vanishes on {|z| < Ky}, and weak convergence implies that
limsupy E[1 — ¢k, (2(X4y))] < 6. Let n = 1% ¢k, 0z and Uy = Wy#n(Xyy ). From the
third hypothesis, we conclude that

lin}\linflEUN > 1in}\linf]E (Wi (Xt )] — limsup E[1 — ¢, (z(Xey))] > 1—26. (11.42)
N

Scores of the weighted endpoint law. Let py = "V be the endpoint law weighted
by Wy, with normalizing mass EWy. We have EWy > EUy > 1/2 for large N, and
Corollary 11.6 with p = 1 and zy = 1/2 gives E, |Kyjlog(dpn /dvn)|* < Cmfor2 <j <],
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with C depending only on L and C;. The law py is concentrated on Dy, where x7 < LON.
We have Kyjz = ,/2a; x1ej and a; < Cja, so that |Kyz| < (ZC]Lm)l/2 on Dy. Using the
product rule, we find that, p-almost everywhere,

2 ! o0
|Kijn| < BOR)Y 2wk, + 1% % K2 (2C Lm) Y2 < B'\/my? (11.43)

for m > 1, where B’ depends on B, Ky, Cj, and L. Here we used g, < 1p}<{) 2 and
7% < (1%)/2. The normalizer of nypn is [ 7ndpny = EUn/EWN > EUy > 1/2 for
large N. Lemma 11.2 with p = 1 implies that the normalized cutoff-weighted law
on = 1npNn/ [ 1N dpn has weak Kjj-scores with second moments at most C'nz, where C’
depends on J through B, Ko, L. It is invariant under R;, by the first two hypotheses and
because z does not involve x1, and it satisfies (11.37) with s and 2K in place of K. Using
Lemma 11.11, we find that the law jiy of z under py satisfies FI(jiy) < C; for large N,
with Cs independent of N.

Conclusion. The law jiy is the law of z(X;,) under (Uyx/EUyn)P. Combining
Lemma 11.3 and (11.42), we find limsupy ||un — fin|jtv < limsupy (1 — EUy) < 20.
The second statement of Theorem 11.8, applied with 26 in place of J§, completes the
proof. O]

Remark 11.13 (Gaussian convolutions as limits). By Lemma 11.7, every limit of the form
u=AxN(0,Ij_1) satisfies FI(u) < | — 1, for an arbitrary probability measure A. In the
low-temperature sections, u is the law of the sum of a standard Gaussian vector and an
independent multiple of a standard Cauchy variable in the first coordinate. Its Fisher
information is finite although the Cauchy variable has no moments.

11.5 Conditional relative entropy of the remaining coordinates

In this section, a3 = 0 < g; for 2 < i < N, so that F(x) = Y;>,a;x7 and the Gaussian
product law G of (11.32) is defined. We fix 2 < ] < N — 1 and use the splitting y = (z,v)
of Section 11.4. We study the relative entropy of the remaining coordinates v given z, with
respect to their Gaussian law Gy. In Section 11.5, we write the generator in the chart and
prove a logarithmic Sobolev inequality for this conditional relative entropy. Section 11.5
contains moment bounds for logarithms of densities. Section 11.5 computes the time
derivative of the conditional relative entropy along the diffusion, and Section 11.5 bounds
it under a cutoff function adapted to the approach to the critical temperature.
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The generator in the chart and a logarithmic Sobolev inequality

For y € Uy, let

)
o) =1-5-, Tlo,¥) =Ve'aVe,  I(g) =I(pe).

The matrix g(y) is the inverse of the metric I + yy' /x3 of Sy in the chart, with eigen-
values 1 and x2/N. If ¢ is a function on Sy with ¢(x) = ¢(y(x)) for x; > 0, then
Vs, @l?(x"(y)) = T()(y), so T is the carré du champ of L in the chart. For a smooth
vector field V on Uy, let divg V = v 1div(yV), and let Lgyp = divg(gVy). By the
divergence theorem, for ¢, € C*(Uy), one of which has compact support in Uy,

/goLGlpdG - —/r((p,¢) dG. (11.44)

Lemma 11.14 (The generator in the chart). For ¢ € C2(RN™1), let ¢ = oy on Sy. Then
Lo = (Ly) oy on {x1 > 0}, where

L = dive(aVy) + = - VY. (11.45)

Proof. Using (11.2), we see that the generator acts on ¢ = (x2,...,xN) as
Zk,lZZ H(x)klakalzp + ZkZZ bk(x)akll). For k,I > 2 we have H(x)kl = g(y)kl. Using VF =
2(agxg)g and x - VF = 2F, we find Vg F = VF — (2F/N)x and by = [— ¥ — 24, + &y,
for k > 2. On the other hand, Lgyp = g : V2 + (divg + gVliogy) - V.
In dimension N — 1, we have (divg)y = -N'Y,0,(yxyy) = -y, and
gVlogy = —2diag(a)y + (2F/N)y because y - diag(a)y = F. Then the drift of
Lg is [-1 — 2a; + 2F / N]yy, which differs from by by yx/N. This proves (11.45). In the
uses below, a test in C®(D™) is extended by zero to R¥N~1, so it belongs to this class;
invariance under R; transfers the resulting integral identity to the folded measure. [

The coefficient one in front of (y/N) - Vi reflects the dimension N — 1 of the chart. It
produces the term 1 in the factor 1 4 S in (11.57) below.

Conditional relative entropy. Let w be a probability density with respect to G. With @
and [Ey[- | z] as in Section 11.4, let h = log @ on {@ > 0} and ¢ = logw — h on {w > 0}.
We write [E,, for expectations under the probability measure wG, and

A (w) :/wgdG, P (w) =/wr(g) dG, (11.46)

where Z(w) is defined when w € C*(RN~!) has compact support in Uy. Then 7 (w) =
KL(wG||(@wG,) ® Gy) € [0,00] is the relative entropy of the law wG with respect to
the product of its own z-marginal and the Gaussian law of the remaining coordinates.
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Equivalently, it is the average over z of the relative entropy of the conditional law of
v given z with respect to Gy. We call it the conditional relative entropy of the remaining
coordinates with respect to Gy. If KL(wG||G) < oo, then

KL(wG||G) = KL(@0G,||G,) + #(w). (11.47)

This is the chain rule for relative entropy (see [46, Theorem 2.5.3 and Section 8.5]), and we
include its short proof. By Jensen’s inequality on each fiber, applied to the convex function
xlog x, we have [@logwdG, < [wlogwdG < oo; since xlogx > —1/e, both wlogw
and @ log @ are integrable. On {w > 0}, we have logw = log @ + g, and Fubini’s theorem
gives [wlogwdG = [wlogwdG,. Hence [wlogwdG = [wlogwdG,+ [wgdG,
which is (11.47). The quantity Z(w) uses the full metric g applied to the gradient of g in
all variables. The next lemma separates its part in the v variables.

Lemma 11.15 (The metric of the remaining coordinates). Let y = (z,0) € Uy and x3 =
N — |z]* — |v|%.

1. Let Ay = I —vo' /(N —|z|?). For m = (7, 1p) € RIFUX RN et tl = 71, — z (v -
7y)/ (N — |z|?). Then

N
nlgm=nmlt (I — %) 7Tl + 7] Ayt (11.48)

In particular T(¢) > Vo AyVo@. Moreover A, is positive definite and

(N = [22) ol

2

v Ajlo =
*

2. Let b > Q0 with b < a; for all i > ], and suppose that by ;- ;v?/a; < d x3 for some d > 0.
Then

b
Ay, >
R
Proof. We write g in blocks: g, = I — 22" /N, g0 = —zv' /N, and goo = I — v0' /N.
By the rank-one inverse formula of Bartlett [19], usually called the Sherman-Morrison
formula [131], ;' = [ +2zz" /(N — |z|?), and a direct computation shows that g_,' g7, =
—z(v- 7))/ (N — |z|?) and

diag (a; 1) (11.49)

i>]

oo’ z|?> 00T

gUU _gzvg,;zlgzv — I - N - N(N — |Z|2) — AU'

The identity in (11.48) is the completion of the square 71" g7t = (7; + 92, 9207T0) T 922 (72 +
gz_zl 0207Tp) + n; Ayy, and the first term is nonnegative. Using the Sherman-Morrison
formula again, we find A;! = I +00'/x} and vTAjlo = o> + |[0[*/x} = |v]*(N —
21%) /2.
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For the second part, let Dy = diag(1 —b/((1+d)a;));~}, a positive definite diagonal
matrix. For a positive definite Dy and sy > 0, the matrix Dy — vl /s is positive semidefi-
nite if and only if UTDO_ Iy < S0, as one sees by conjugating with D, 172 Since b < a;, we
have 1/(1-b/((1+d)a;)) =14+b/((1+d)a; —b) <1+ b/(da;), and therefore

b 2
oTD; 10 < 0P+ 2 Y L < o2 +x3 = N — |z
d = a;
i>] "t
We conclude that Dy > vo' /(N — |z|?), which is equivalent to (11.49). O

The Gaussian logarithmic Sobolev inequality is due to Gross [79]. We use it in the
following form: if G is the standard Gaussian measure on R” and ¢ > 0 is smooth with
0 < [¢dG < oo, then

¢ L[ [Vel
/¢1og Tpicies E/TdG' (11.50)
Here 0log0 = 0, and |V¢|?/¢ is set to zero on {¢ = 0}, where V¢ = 0 because ¢
is smooth and nonnegative; the energy integral may equal +oco. The identically zero
function has entropy and energy zero. See [76, Theorem 2.7, (9), p. 5]. Applying (11.50)
to ¢(X1/2.) with £ = diag((24;)"1);~;, we obtain, for smooth ¢ > 0 on RN~/ with
[¢dG, =1,

1 (avi()b)2
i / o dG. (11.51)

Proposition 11.16 (A logarithmic Sobolev inequality for the conditional relative entropy).
Let w € C*(IRN~1) be a nonnegative probability density with respect to G, with compact support
in Uy, and let b, d be as in the second part of Lemma 11.15. Suppose that b} ;- v?/a; < dx3 at
every point of {w > 0}. Then

/(,blogqbdGV < Z

i>]

() < % P(w). (11.52)

Proof. Fix z with @w(z) > 0 and let ¢(v) = w(z,v)/@(z), a smooth nonnegative function
with [¢dGy = 1. Then [ ¢logpdGy = Ey|g | z] and, on {¢ > 0}, (30,¢)%/¢ = ¢ (9+,9)%.
Where ¢ = 0, also V¢ = 0. By (11.51), (11.49), and (11.48), we have

1 . _
Euwlg | z] < AIIEZU [vaT diag(a; Hv.g | z]

14d
4b

Multiplying by @(z) and integrating with respect to G, yields (11.52). O

1+d
Eu [Vog" A0Vog | 2] < ——Eu([I(3) | 2].

<

Keeping the matrix A, leads to the constant (1 + d)/(4b), close to the Gaussian value
1/(4b) when d is small. Replacing A, by its smallest eigenvalue x3/(N — |z|?) would
lose a factor of order one, which the applications cannot afford.
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Weighted logarithmic moments

The entropy identity below contains logarithms of densities multiplied by powers of a
cutoff function. The next lemma bounds them using only an L¥ bound on the density,
with no lower bound on it. We formulate this measure-theoretic statement on an arbitrary
product of probability spaces.

Lemma 11.17 (Weighted logarithmic moments). Let G = G, ® Gy be a product probability
measure on a product space E, x Ey. Let f > 0 be measurable with [ fdG <1 and

log / fPAG < CyA

forsome p >1,C, > 0,and A > 2. Let 17 be measurable with values in [0,1], let Z = [ 1fdG >
zo > 0,andletw =nf/Zand w(z) = [w(z,v) Gy(dv). OnE = {0 < w < 00, 0 < @ < o0}
set ¢ = logw — log @, and set g = 0 elsewhere. Then for every r € [1,00) and ay € (0,1],

sup /fﬂ"‘(lg|r+ |logw|" + |log@|") dG < C, AT, (11.53)
] E

a€lap,1

where C, depends only on r,xq, p, Cp, and zo. Moreover 0 < f wgdG < CA, with C depending
only on p, Cp, and zo.

For every & > 0, the set E has full f#*G-measure on {w > 0}. Indeed, the L
assumption makes f finite almost everywhere, [@wdG, = 1 makes @ finite almost
everywhere, and Tonelli’s theorem gives w = 0 almost everywhere over the fibers where
@ = 0. On the latter fibers this also gives f#* = 0 almost everywhere. Thus the estimates
do not depend on how the logarithms are defined on the exceptional set.

Proof. Throughout, C denotes a constant depending only on r,aq, p, Cp,zo. Note that
zo < Z < 1. All density identities and fiber inequalities below are understood almost
everywhere. In integrals over the product space, expressions involving log w or log @ are
taken to be zero off E.

Step 1: moments slightly above one. Holder’s inequality shows that log [ f1*¢dG is a
convex function of e € [0, p — 1]. Since it is at most 0 at e = 0 and at most CyA ate = p —1,
we have [ f17¢dG < exp(CpAe/(p—1)). We choose e = (p—1)/A < (p—1)/2,
so that [ f1*¢dG < eCr. Since w < f/z9, 20 < 1, and 1+e < (p+1)/2, we find
[w!TedG < za(HE) [ fitedG < za(pﬂ)/zecp, and by Jensen’s inequality on each fiber
the functions @ and f(z) = [ f(z,v) Gy(dv) satisfy

/wl+e G, < zo_(p+1)/2ecp, /fHe dG, < er. (11.54)
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Step 2: the logarithms of f, 77, and Z. On {f < 1}, we have f|log f|" < (r/eg)", where
eg is Euler’s number. On {f > 1}, by Markov’s inequality, we have | {log f>x} fdG <
e~ (P=1)x [ fP 4G < ¢S~ (P~ and this integral is also at most 1. Let xg = 2C, A/ (p — 1).
For x > xg, we have CyA — (p —1)x < —(p — 1)x/2, and therefore

/f(logf)i G = /0 rx’ 1 /{logf>x}fdG dx < x; +/O ra’ e (PmDX/2 gy < CAT.

Further, 7%|logn|" < (r/(ageg))" for & > ap, and |log Z| < log(1/zp). We have logw =
log f +1ogn —log Z on {w > 0}, and these bounds prove the part of (11.53) that concerns
log w.

Step 3: the logarithm of the marginal. Let k,(z) = [ f#*dG,. By Holder’s inequality
on the fiber with exponents 1/a and 1/(1 — «),

k= [ ()= dG, < (zo)* ',

and in particular k, = 0 where @ = 0. On {0 < @ < 1}, we have k,|log®@|" <
@"|logw|" f1=* < Cf'™*, and [ f1"*dG, < 1 by Jensen’s inequality. On {w > 1},
the inequality (logx)" < (r/eg)’x for x > 1, applied to x = @°, gives (logw)" <
(rA/((p — 1)eg)) @w°. Using Holder’s inequality with exponents (1 +¢)/(a + ¢) and
(14+e)/(1—w) and (11.54), we find

/ ke(log @) dG, < CA’ / el 4G,
{w>1}
ate 1-a
<car( / a1edG,) " ( / frreac,) ™ < car;

for & = 1, the second factor is absent. We have [ f*|logw|" dG = [ ky|log®@|" dG,, and
this proves the part of (11.53) that concerns log @, and the bound for ¢ = logw — log @
follows.

Step 4: the entropy. The integral [ wgdG is the relative entropy KL(wGl||(0G,) ® Gy) >
0. The functions wlogw and wlog® are integrable by Steps 2 and 3 with a« = 1.
On {w > 0}, we have logw = log@ + g, and Fubini’s theorem gives [wlogwdG =
[ @wlogw@wdG, > 0, by Jensen’s inequality for the convex function xlogx and [ @dG, = 1.
Hence [wgdG < [wlogwdG = KL(wG||G). By Jensen’s inequality under the probabil-
ity measure wG and w < f/zy,

[wlogwP~1dG _ log [wPdG _ CpA+plog(1/2)

< .
p—1 It p—1 A

/wlogde =

This completes the proof. O
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The time derivative of the conditional relative entropy

We adapt the classical entropy dissipation calculation for diffusion semigroups [12, Propo-
sition 5.2.2, (5.2.3), p. 245] to the conditional entropy and cutoff-weighted endpoint law;
all additional terms are derived below. Let T > 0, let ¥ be an Fr-measurable random
variable with values in [0,1], let D C Sy be open (possibly D = Sy), and let 0; be the
endpoint subprobability measures (11.7) of Lemma 11.4. We assume that D and ot are
invariant under Ry, so that every oy is. Let

DT ={yeUy:x"(y) € D}.

For t > T, the measure U;F vanishes outside DT up to a null set, and, by Lemma 11.4 and

the first part of Lemma 11.9, it has a density f; with respect to G such that (¢,y) — f(v)
is smooth on (T,00) x DT. Applying (11.8) to ¢ = oy for p € C®(DT), and using
Lemma 11.14 and the invariance under R;, we obtain the weak forward equation

%/‘”ﬁdG = /ff LpdG  (t>T, p € CX(DT)), (11.55)

where L is the operator (11.45). Let { € C®(RN~1!) take values in [0, 1] and have compact
support in DT, let k > 3 be an integer, and let 7 = ¥. Let 7 C (T, o) be an open interval
on which Zy = [15f;dG > 0. For t € T, let

wy = %ft, wt(Z) = /wt(z, U) GV(dU), ht = logwt, g = IOgZUt — ht, (1156)
t

and let 77 (t) = 7 (w), 2(t) = 2(w:), and St = z - Vh;. The functions w; are smooth

with compact support in DY, so (11.46) applies. We write [E, for [Ey, and omit the index

t when no confusion arises. Recall that I'(¢,logn) = I'(¢,77)/n on {y > 0}, and that

expectations [E, only see the set {w > 0} C {n > 0}.

Proposition 11.18 (Time derivative of the conditional relative entropy). In this setting,
F(t) and D (t) are finite for t € T, the function ¢ is absolutely continuous on every compact
subinterval of T, and Z{ = [ f;Ly dG. For almost every t € T,

H = -9+ %]Ew [(1+8)v-Vog] +2E,I(g logn) + % /f(g — ) LydG, (11.57)
and
= — g+ %Ew[(l +5)0-Vog] + Eu[(1— g+ ) T(g,log )]
~ By [(g ~ ) T(hlogn)] + By (g — ) Tllog)] + 2. [ flg — ) & vy dc.

(11.58)
In the last integrals of (11.57) and (11.58), the integrand is set to zero where n1f = 0.
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After the second integration by parts, (11.58) contains only first derivatives of 7. The
explicit drift contribution involving VF has been absorbed into the carré du champ terms;
the remaining first-order term is (y/N) - V7.

Proof. We first give the formal computation and then justify it. The justification uses that,
at fixed N, f is smooth on a neighborhood of the support of #, and no lower bound on f.

Formal computation. We have [w;dG = 1 and [ @w;dG, = 1. Differentiating ¢ =
[wlogwdG — [wlogwdG,, we find ' = [ d;w gdG. By (11.55) with ¢ = 1, we have
Z' = [ fLydG, and oyw = nd:f/Z — wZ'/ Z. Applying (11.55) with ¢ = 57g, we find

A = l/fL(;yg) iG—Z .
Z Z

We expand L(yg) = yLg + gLy +2I'(y,g), write L = Lg + (y/N) - V, and integrate the
term [ fyLcggdG = Z [ wLggdG by parts with (11.44). Using Vw = wV(g+h) on
{w > 0}, we obtain

1 1
H'=—9—EuT(h,g) +N1Ew[}/°Vg] +2E, T (g, logn) + Z/f(g—%”) Ly dG. (11.59)

Now we use the conditional structure. On each fiber with @(z) > 0, we have
f vagdGV - f Vzw dGV - u_]th - VZZD - va - 0, that iS,

Ey[V:g | z] =0. (11.60)

The function h depends only on z. In I'(h,g) = V;h-V.9— (z-V:h)(z-V.Q)/N —
(z-Vzh)(v-Vyg)/N, the first two terms are functions of z multiplied by components
of V.g. Then (11.60) implies that E,T'(h,¢) = —N"'E,[Sv-V,g]. In the same way,
Euwly - Vg] = Eylv- Vog]. Inserting these two identities into (11.59) gives (11.57).

For (11.58), we write Ly = Lgy + (y/N) - Vy in the last term of (11.57), and we
integrate the part with Lg by parts once more:

5 [ fle=0ondG = — [ (3= A#)T(f,1) + FT(g.)] 4G.

On {w > 0}, we have log f = ¢+ h —logy +logZ and I'(f,n) = f[I'(g,n) +T(hny)—
I'(n)/n]. Using fI'(-,)/Z = wI'(-,logy) and fI'(y)/(Zn) = wI(logny), we see that the
right side equals

—Eu[(g = #)T(glogn)] — Ew[(g — 2)T(h,log1)]
+Ey[(g — )T (logn)] — Eul'(g,log 7).

Together with the term 2IE,,I'(g, log 77) of (11.57), the terms containing I'(g, log 77) combine
to E,[(1 — g+ )T (g, logn)], and (11.58) follows.
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Justification. Fix a compact interval [&, §] C 7. Below, “finite” and “bounded” refer

to bounds that may depend on N, «, and B, and that are uniform in t € [&, f]. Let K

be a compact neighborhood of supp in D. On [, ] x K, the function f and all its

derivatives are bounded, Z; is bounded below by a positive constant, and w; and @; are

smooth with bounded derivatives. The function f > 0 is of class C?, and Taylor’s formula

along —V f shows that |V f|*> < Cif on supp {. Indeed, if p is the distance from supp {

to the complement of K and M, bounds V2f on K, then 0 < f — r|V f| + Mpr?/2 for

0 < r < po, and the choices r = |V f|/ My or r = pg yield |V f|> < 2M,f or |[Vf| < 2f/ po.

The following quantities are then finite:

(@) [wl(logw)dG < 2 [wI(logy)dG + 2 [wI(logf)dG, where wI'(logy) =
K2Z=1fTk2T(7) and wI'(log f) < Z~ 4|V f|?/ f are bounded;

(b) [@|Vh|*dG, < [w|V,logw|*dG, by the Cauchy-Schwarz inequality on each fiber;
hence 7 <2 [wI'(logw)dG + 2 [ @|Vh|*>dG, is finite;

© [ fT¥2(Jlogw|*+ |log®@|?)dG on {w > 0}, by Lemma 11.17 applied to f1x, , and
v=(k—2)/k>1/3;and # < [w(|logw|+ |logw|)dG.

Let 0 < e < 1 and g = log(w + ¢) —log(w + ¢), a smooth function. Let J% =

[ @(w)dG — [ ®.(w)dG, with ®.(x) = (x+e)log(x +e) — x, so that P)(x) =

log(x +e¢). Then % is continuously differentiable on [«, 8] with JZ = [ 9w g.dG,

and 7g. € CX(D™"). The formal computation up to (11.59), with g, in place of g inside

the integrals and before any use of Vw = wV (g + h), involves only smooth functions

and is valid. We obtain J%(B) — #(a) = ff R¢(t) dt, where

R, = —/F(w,ge)dG+/w%~VgedG
+1/ L dG+3/ r( )dG—z/w e
—~ | f8eLi - | ST 8 ~ | W8 dG.

Now let e — 0. We have Vg, = Vw/(w +e¢) — Vw /(@ +e), and Vw = 0 where w = 0,
V@ = 0 where @ = 0. The terms of R, converge pointwise to the corresponding terms
with g, and they are dominated as follows.

e Byitem (a), I'(w)/(w +e) < T'(w)/w is integrable.

e By items (a) and (b), the functions |T'(w,@)|/(@ +e) < (T(w)/w)?w'/?|Va|/®
and w|Vg.| < |Vw|+ w|Vw|/@ are integrable, and so is |fT'(y,8)] <
ZwT (logn)*(T (logw)'/? + |Vh]).

e Since |log(x +¢)| < |logx| +log?2 for x > 0 and |Ly| < CZ¥2, the remaining terms
are dominated using item (c).

Here we used that f = 0 wherever # > 0 and w = 0, and that Ly = 0 where { = 0 because
k > 3. By dominated convergence, 7 (t) — (t) and R.(t) — R(t), the right side of
(11.59), with |R.(f)| bounded uniformly in e and t. We conclude that 7 () — 7 (a) =
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i) f R(t) dt. In particular, .77 is absolutely continuous and (11.59) holds almost everywhere.
The identity (11.60) holds because wV ,g is integrable by items (a) and (b). For the second
integration by parts, we apply (11.44) to the smooth function f (g, — %) and to 5, and
pass to the limit in the same way; here |g. T'(f,17)| < Clge| f/2¢5! by |Vf|> < Ckf,
which is dominated by item (c) and the Cauchy-Schwarz inequality. This proves the
proposition. [

Entropy dissipation uniformly in the top fraction

We now bound the right side of (11.58) for a specific cutoff function. It is adapted to the
approach to the critical temperature from below, where the top fraction 6 tends to zero
and all estimates must be uniform in 6. The point is that every error term is expressed
through the dimensionless quantity m = §Na, and through a bound p, on the mass of a
region outside which the cutoff function equals one.

Setting. We assume that0 =4y <a =4y <a3 <--- <ap, and let

181
0=1-— ﬁ 2_511', m = GNEI, b= a]+1, (1161)
i=2
where | > 2 is fixed with a; < Cja. For the scaled eigenvalue gaps of the model, 0 is the
top fraction Oy of (3.14). We assume 6 > 0, m > 2, and N 63 < ComA. In the chart, we
write

J x? |x<7|? by~ v?/a
=Y g =N=fof,  u=gl,  a= ﬁ E= % (11.62)
k=1 <

Set { = 0 where |x<j| = 0. The quantities @ and ¢ are invariant under all rotations of
(x1,...,x7). Fix 0 < s < Ly < L1 < L and functions x1, x2, x3 € C*(RR;[0,1]) such that
X1 =0on (—oo,5/2] and x1 = 1 on [5,), x2 = 1 on (—oo, Ly] and x2 = 0 on [Lq, ),
and x3 =1 on (—o0,1/2] and x3 = 0 on [1,0). Fix an integer k > 16 and 0 < 6 < 1, and
let

=205 0= xa(u) xa() x3(E/9). (11.63)

Since { = 0 on {u < s/2}, an open set containing {|x<;| = 0} and a neighborhood of
dUy;, the function  is smooth. Let

C={u<stu{a>Loy}U{¢>3/2}. (11.64)

Then 7 = 1 outside C, and all derivatives of { and 7 vanish outside C. Thus C is a region
outside which the cutoff function equals one, and it contains the set {# = 0}. We regard
n and C also as a function and a set on Sy, through x — y(x).
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Endpoint measures with weighting and killing. Let X solve (11.2) with Xy ~ vy, and
let py = vNDs be its time-t law. Let m « e Tvy. Fix a deterministic time T > 0, an
Fr-measurable random variable ¥ with values in [0,1] such that the measure A —
E[Y1;x,c] is invariant under Ry, and the open set

D = {x € Sy : |x<j|* < LON}.

Let 03, t > T, be the endpoint subprobability measures (11.7): the path is weighted by ¥
and killed when it leaves D after time T. Then ¢; < p; as measures. With ( as in (11.63),
which has compact support in D, let fi, Z;, wy, @, hy, g1, 7 (t), 2(t), and S; be as in
Section 11.5.

Hypotheses. Let t{) > T +1/a and t; > ty. We assume that there exist constants p > 1,
Cp, Cr, 20 > 0, C4, and a number p, > 0 such that for every t € [to, t1]:

dpe\P 3.
log/ <%) drr < C,NO%; (11.65)
d7T+ 2
el <Cr on{yelUy:x1(y)°>sON/4}; (11.66)
Zt > zg, 01 (C) < ps; (11.67)
1/2
( / o) < CufeNe T a1y 2<j<]). (11.68)

Here (11.66) does not depend on t. The roles of the parameters are summarized in
Table 11.1.

Table 11.1. Parameters in Theorem 11.19. The constants in the conclusion depend only on the
fixed parameters in the first three rows.

Parameter Role

], Cy, Co number of retained coordinates; ratio bound a; <
C;ja; bound N63 < Com®

s,Lo, L1, L, x1, X2, X3, k, € cutoff function (11.63), killing set D, and the frac-
tion ¢ of dissipation spent on errors

P, Cp, Cr, 20, Cy constants in the hypotheses (11.65)—(11.68)

N,0,ay,...,aNn free, subject to the setting; m = ONap > 2

e (0,1], p >0 width of the cone condition ¢ < J; bound on ¢;(C)

T<ty—1/a,t1 >t time of the weight ¥ and of the start of killing;

time interval
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Theorem 11.19 (Entropy dissipation for the remaining coordinates). In this setting, the
function ¢ is absolutely continuous on [ty,t1]. For every ¢ € (0,1/4), for almost every
t e [to, tl] ,

A< —(1-26)2+ %{1 +m2e 8D 4 Camd52pl/2, (11.69)
and for every t € [to, 1],

14+2L40
+ 1/89

<
= 4b ’

0< . <Cmd. (11.70)
The constants C depend only on the fixed parameters of Table 11.1; in particular, they do not
depend on N, 6, 6, ps«, T, to, or t1.

Remark 11.20. Theorem 11.19 concerns the endpoint subprobability measures ¢;. The
mass removed by the weight ¥ and by killing does not enter (11.69); it is accounted
for separately, in total variation, with Lemma 11.3 and Lemma 11.21. The hypothesis
(11.68) enters only through the bound (11.76) on ||S|| 2. Its proof below shows that an

additional term ONpl/? on the right side of (11.68) changes (11.69) only by a constant

factor, provided mp}k/ 2 < C, for a fixed constant C,; the constant C in (11.69) may then

also depend on Ci..

The proof bounds each term of (11.58). Step 1 bounds weighted logarithms of f; by m?,
using (11.65) and (11.66). Step 2 bounds the scores of the normalized cutoff-weighted law
not/ Zy along the rotations Kyj, using Corollary 11.6. Step 3 converts them into bounds
for S = z- Vh, using Lemma 11.10 and (11.68). Step 4 computes the derivatives of the
cutoff function. Steps 5 and 6 bound the term with 1 + S and the terms supported in C,
and Step 7 concludes with Proposition 11.16.

Proof. Throughout the proof, C denotes a constant depending only on the fixed param-
eters of Table 11.1. We may assume p, < 1, since 03(C) < 03(Sny) < 1. Note that 6 < 1,
that 1/(6N) = a/m, and that on supp { we have

X2 >s0N/2,  |x<* < L1ON,  |z]* < L1ON, <. (11.71)

Step 0: the entropy identity. The set D is open and invariant under R;, and { has
compact support in D" by (11.71), because L; < L. By (11.67) and continuity, Z; > 0 on
an open interval T D [to, 1], and ¢ty > T. Proposition 11.18 shows that J# is absolutely
continuous on [fo, t1] and that (11.58) holds for almost every t € [to, t1]. We fix t € [to, 1].
Steps 1-4 below hold for every such t. In Steps 5-7, we also assume that (11.58) holds at
t.
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Step 1: weighted logarithms. Let f = f1 (x2>50N/4}7 which agrees with f on supp#. Let

re = doy/dm < dp¢/dm. Since oy and 7 are invariant under Rj, the density of (7;r with
respect to 77 is r o xt, and [(r;oxt)Pdnt = [r] dr. By (11.66) and (11.65),

P ox+)p<£)pld7r+ < Cﬁi‘l/ (dpf> A < €%, (11.72)

- _
/f 4G dG dr

{x2>s0N/4}
where we used N6°> < Com® and m > 2. Also [ fdG < o3(Sy) <land [5fdG =Z; >
zo. We may therefore use Lemma 11.17 with A = Cm?3, and we obtain, for every r € [1,00)
and g € (0,1],

frtlgl"dG < Cm>,  0<.# < Cm?, (11.73)

a€ug,1]

where C also depends on r and ag. This proves the second inequality in (11.70). We write
A, = Cm? for the constant in the second bound.

Step 2: scores after weighting by the cutoff. Let 2 < j < J. The normalized measure
0t/ 01(Sn) is the endpoint law weighted by W = ¥1..,, where 7 is the exit time from
D after T. This is a path weight for the final interval [t — 1/4,t] and the set D in the
sense of (11.11): ¥ and the event that the path stays in D during [T,t — 1/a] are F; 1 ,-
measurable, and the event that the path stays in D during [t — 1/4, ] is invariant under
the rotations @Elj ), because D is invariant under all rotations of (xy,...,xj). Its mass is
0¢(SN) > Z¢ > zp, and Corollary 11.6 implies that

do,
IE(Tt/Ut (Sn) ‘Klj logd Ot

< Cm?; (11.74)
here the normalization by 0;(Sy) does not change the score. The quantities i and ¢ are
invariant under the rotations generated by Ky;, and Kyju = —2x1x;/(6N). On supp {, we
have |Kqju| < (xf + sz)/(GN) < 1 < Ly, and therefore

|Kaji| = k" xh ()| [Kqjul xoxs < Cpt =% < cp?/4, (11.75)

since k > 16. Let 0; = 1ot/ Z; be the normalized cutoff-weighted law, with normalizing
mass Z; = [ 1doy; it is a probability measure with ;" = w;G. Lemma 11.2 with p = 2
implies that its weak Kjj-score 9; satisfies Eg,|9;|* < Cm?.

Step 3: the marginal score. The measure 7; is invariant under R; and satisfies G ({x? <
sON/2}) = 0. By Lemma 11.10, we have (11.34) with w = w;, and S = Z] ,2j0jh is the

sum of the three terms

2

Z.

S ST VN AR R S
1

X1
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For the first term, by Jensen’s inequality, (11.71), and the Cauchy-Schwarz inequality,

2 n1/2 1/2
We have E,z¢ = 7,7 [ xtdoy < 257 [ x4 doy by (11.68), so (IE,zt)1/2 < C{oONe (1) 4

1} With IEw|19 oxT|* = 1E3t194 < Cm by the remark after Lemma 11.9, and a; > g,
we find E,T7; < C{me=4t=T) + m/(ONaj)} < C{1+ me4=T)}. The second term
satisfies 0 < Tp; < |z|*/x] < 2L1/s by (11.71). For the third term, IEwT2 = 4a21sz4 <
C{QNaje_4“(t_T) +1}?, and ONa; < Cym. Summing over j < |, we have

1120y < C{1+me =T}, 18|14, < Crm. (11.76)

For the second bound, we have |Ty;[* < le[(.27]~/x1)419;L | z] with (zj/x1)* < (2L1/s)?,
which gives leTf/ j < Cm?. Further, Tz,j is bounded, and 0 < T3,]- < ZaleeN < Cm by
(11.71). This bound uses no moment of x;.

Step 4: derivatives of the cutoff function. We write 0 = y/N. The following com-
putations involving ¢ are on {|x<;| > 0}, which contains supp { by (11.71). A direct
computation from (11.62) shows that

() = 200y 4000
T(&F) = 4(0"Djo + &*|x<f]?) _40+9) (11.77)
(€)= | S Pope

where D), = diag(b/a;);~;. For the last one, we use V,¢ = 2(Dyv + ¢v)/|x<j|* and
v Vol = 2N¢/|x<j|% Subtracting the rank-one part of g leaves the displayed expression,
and the inequality follows from D3 < Dj,, which holds because b < a;. Also

2 2 2¢
< — . = 11.7
[0 Vul N [0 Vit < N 0-VE E e (11.78)
and, for every function h of z alone, with S = z - Vi,
_2uS o 2|v*S 2¢S
I—‘(h/u) - _W/ r(h/u) - QNZ ’ r(h/ ‘:) W (1179)

On supp ¢, the derivatives of x1(u), x2(ii), and x3(¢/d) are nonzero only where u < s,
where i < L;, and where 6/2 < ¢ < J, respectively. In the last case, I'(¢)/ 5 <
8/(6]x<j|*) < 16/(sONS) and [d- V¢|/6 < 4/(s6N) by (11.71). All these derivatives
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vanish outside C. Since 7 = ¢¥, T() /n = k*¢*2T'(), and 1/ (ON) = a/m, we conclude
that

(77) Ca 1— 2/klc’ ‘0 Vﬂ’ < 1 1/k1 ‘ (h 77)' ‘5’771 1/k1

T S me
(11.80)
In the first bound, 6! would suffice, but the weaker bound with §=2 is enough for our
purposes.

Step 5: the term with 1 + S. By the first part of Lemma 11.15 and (11.71), we have

[0 Vog| < (vTA;10)1/2T(g)Y2 and vT Ao < N?/x2 < 2N/(s6). Young’s inequality
and (11.76) then yield

w[(1+S)v- VUgH <eZ+ Ew(1+5)2§s_@+%{1+m2 “8a(t=T)1 | (11.81)

1
’ N 2esN
Step 6: the terms supported in C. Each of the remaining four terms of (11.58) has the
form Ey[---] or Z7! [ f---dG with an integrand that vanishes outside C, by (11.80).
We first record two consequences of (11.67) and (11.73). If B; > 0, then [ frF11.dG <
01(C) < p.. Splitting n!=2/k = /4. 53/4=2/k and using the Cauchy-Schwarz inequality,
(11.73) withr =4 and ap = 1/2,and 3/2 —4/k > 0, we find

[+ g)10dG < po+ ( [ fr'/%g*dG) dG /f’? /2, dG) < CAZpL?,
(11.82)
and in the same way [ f71%/%|g|1cdG < CA.pY/? and [ fy'~*|g[1.dG < CA,pY/>
Recall also that 7 < A,.
For the first term, we have |E,[(1 — ¢ + )T (g,logn)]| < €2 + (4e) 'Eyp[(1 — g +
#)?T(logn)], by the Cauchy-Schwarz and Young inequalities. Since wI'(log#) =
Z=Y£T(y) /5, we deduce from (11.80) and (11.82) that

Ca
Ew[(1—g+)T(g logn)]| < ez + 7A2p1/2. (11.83)
For the second term, wl(hlogn) = Z 'fT(hy), and (11.80) reduces it to

(Ca/m) [ fn'=V¥|S||g — s#|1cdG. By Holder’s inequality with exponents 4, 4,
and 2, with the weights 171/4, 171/8, and 175/8_1/", whose product is 171_1/k,

1 1
1 z 1 1 5.2
[ suhislig = nedc < ([ fisit) ([ futle— 1) ([ i iac)
< CmA.pl/?,
where we used [ f17|S|*dG = ZHS[|‘i4(w) < Cm* by (11.76). After multiplication by Ca/m,

the second term is at most CaA*p* . Similarly, (11.80) and the bounds after (11.82) give
the bound (Ca/ (mé?)) A, pL/? for the third term and the bound (Ca/m)A,pl/? for the last
term. Since A, = Cm?>, m > 2, and é < 1, all four terms are at most ¢% + Cam55_2p}/2 in
total.

—

Nl
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Step 7: conclusion. Inserting (11.81) and the bounds of Step 6 into (11.58), we obtain
(11.69). For the first inequality of (11.70), note that on supp { we have ¢ < ¢ and, by
(11.71), |x<j|* < L16N < (2L;/s)x%. Hence

2
bz —§|x<]|2§L—15x% on {w > 0},
s
i>] ai
and Proposition 11.16 with d = 2L15/s implies that 5 < (14 2L16/s)2/(4b). This
completes the proof. O

11.6 Combining the coordinates

The last lemma combines a conditional relative entropy bound for a normalized weighted
law with a total variation bound for the first coordinates of the unweighted law. In the
applications, it is applied after the chart of Section 11.4, with (11.30); the stationary law
7t is then compared with G separately.

Lemma 11.21 (Combining a conditional relative entropy bound with the first coordinates).
Let p be a probability measure on a product space E, X Ey, and let o < p be a measure with
mass Z > 0and p = o/Z. Let G = G, ® Gy be a product probability measure, and let
i be a probability measure on E,. Write p, and p; for the marginals on E,. If p < G, let
H, = KL(p||pz ® Gy). Then

o — 1 ®Gylltv <2(1—2Z) + VHy/2+ |0z — #lI1v- (11.84)

For every probability measure 7t on E, X Ey,

o — 7tllrv = |l = Galltv| < 2(1 = Z) + vVHy/2+ |lp, — plltv + || T — Gllrv.  (11.85)

Proof. By Lemma 11.3, ||[p — p||tv < 1 — Z, and the same bound holds for the marginals
pz and p; by the second part of Lemma 3.6. Pinsker’s inequality (Lemma 3.6) gives
10— pz ® Gy|lTv < V/Hy/2. For probability measures «, a4’ on E,, we have ||a @ Gy —
&' ® Gy||tv = ||l@ — &' ||Ty: the inequality > follows by projection, and < from (« — ') ®
Gy(B) = [(a—a’)(B?) Gy(dv), where BY is the section of B at v. Using the triangle
inequality along p, p, pz ® Gy, pz ® Gy, p ® Gy, we obtain

lo—u®Gylltv < (1—-2)+VHy/2+ (1= 2) +||pz — 1|1v,

which is (11.84). For (11.85), the reverse triangle inequality gives |||p — 7||tv — ||y ® Gy —
Gllrv| < llo =@ Gylltv + |r = Gllrv, and |[p @ Gy = G, @ Gylltv = || = Geflv. O

If Hy = oo, there is nothing to prove. The constant 2 in front of 1 — Z is not optimal,
but suffices for the applications.



SECTION 12

Density bounds relative to time-dependent
Bingham laws

In this section, we bound the density of the time-t law with respect to the Gibbs measure in
every space LF, at times when the time-f law is still far from equilibrium in total variation.
The general result is Theorem 12.8. We prove it for deterministic half-precisions 74, ..., ry
that satisfy the hypotheses of Definition 12.2 on a time interval [0, S|, and it states that,
for every fixed p > 1,

d(VNltr) P —3/2
log SN( in, ) dr, CpN(l—l—t) , 0<t<s,

where 7, and P} are the Gibbs measure and the semigroup with these half-precisions.
In the critical window, the hypotheses hold on [0, KN?/3] for every fixed K and all large
N, and the right side is bounded at times of order N?/3. We record the consequences
in Section 12.6. The density of the time-t law has bounded L*(7t,) norm at every fixed
positive multiple of N?/3 (Theorem 12.13). Together with the stationary Poincaré in-
equality, this gives exponential decay of the total variation distance on the scale N?/3
(Proposition 12.14).

We compare vy P} with the Bingham comparison law s of Section 7, evaluated at the
earlier time s = 7yt for a small constant y > 0. The logarithm of the p-th moment of the
density of vy P] with respect to j,+ is a multiple of a Rényi divergence. We differentiate
it in t along the forward equation (Lemma 12.7). The derivative contains a dissipation
term and two error terms. Using a logarithmic Sobolev inequality for ¢, we bound the
Fisher information in the dissipation term below by a multiple of the divergence itself.
The error terms come from the difference between the potential of the dynamics and that
of y+, and from the motion of y; both are quadratic functions of the coordinates. Their
coefficients are small, because in each of them a term common to all coordinates cancels
exactly (Lemma 12.4). We control their exponential moments under u,; with the exact
formula of Lemma 5.13 (Lemma 12.5) and close the resulting differential inequality by
a scalar argument (Lemma 12.6). Finally, we change the reference measure from . to
7y, using the same exponential moments. All statements concern the time-t law of the
diffusion started from vy. The comparison laws enter only as reference measures: y;
need not coincide with the time-s law, and no such identification is used.

260
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We use the conventions of Section 3, the conditioned Gaussian laws of Section 5 (in
particular Lemmas 5.5 and 5.13), the comparison laws of Section 7 and the estimate
Lemma 7.14, and Lemma 8.12 and Proposition 8.21 of Section 8. In Section 17, we use
Theorem 12.8 below the critical temperature to prove Theorem 17.20. Theorem 12.13
and Proposition 12.14 are used for the critical profile in Section 19.

Rényi divergences were introduced in [122, Section 3, (3.3), p. 554]; we follow the
presentation of van Erven and Harremoés [147]. In [39, Theorem 1.2], Cao, Lu, and
Lu proved exponential decay of Rényi divergences along Fokker—Planck equations with
uniformly convex potentials, D>V = I for some x > 0, for smooth initial data that
decay sufficiently fast. Vempala and Wibisono computed the time derivative of a Rényi
divergence along the Langevin dynamics, and proved its exponential decay when the
stationary measure satisfies a logarithmic Sobolev inequality [148, Lemmas 5 and 6,
Theorem 2]. In our argument, the reference measure need not be the stationary measure.
It moves, its logarithmic Sobolev constant grows linearly in time, and we must estimate
the error terms that its motion produces. We compute the exponential moments of these
error terms exactly through the radial densities of Section 5, and this is where the scale
N(1+t)~3/2 comes from.

12.1 Setting and notation

Half-precisions and the dynamics. Throughout this section, N > 3 and r = (rq,...,7n)
is a vector of positive numbers such that
3 1 = N. (12.1)
=2
Let A, = —2diag(ry,...,7n). Note that, by (12.1), the Lagrange multiplier of A, (Defini-

tion 3.3) is z = 0, so that its precisions are 271, ..., 2ry and its half-precisions are r4, ..., ry.
We write F,(x) = Y¥;r;x? and

Lr:LA

r

= Ag, — Vs F - Vg, Pl = eflr, T, (dx) = Zie_Fr(x) vn(dx), (12.2)
r
where Z, = f Sy e~F dvy. Recall from (3.9) and (3.12) that the model with rescaled inverse
temperature c is the case where r; = (zn(c) — cA;) /2 are its half-precisions; then L, = L,
P/ = P, m; = nin, and vy P is the time-t law. Recall from Proposition 5.6 that 7, is
the conditioned Gaussian law y, with variances g; = (2r;)~. We write I'(f) = |V, f|*,
and logarithmic Sobolev inequalities are understood as in (3.5). Recall from (3.4) that
— [ fLygdm, = [(Vs,f,Vs,g)dm, for smooth f and g. We also use this identity for
f € Cl(Sy) and g € C?(Sy): approximate them by smooth functions uniformly together
with their derivatives through orders one and two, respectively, and pass to the limit
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on the compact sphere. The same approximation through order one extends every
logarithmic Sobolev inequality below from its smooth core to C! tests, because both the
entropy and the energy converge under this approximation.

The comparison law. Let1 = (1,..., 1)T, and let

H = —4diag(ry,...,rN) + %IIT, h(t) = e'f1, (12.3)

and, fort > 0,
1 N
=—Y nit), (¢ :_ 124
N L0, el =G (12.4)

The matrix H is the matrix of the covariance evolution of Section 7 for A,, whose pre-
cisions are 2r;; the vector h(t) is its heat vector, and v (t),...,vn(t) are its normalized
variances. They are positive, } ;v;(f) = N, and v;(0) = 1. Recall from Definition 7.5
and Proposition 5.6 that the Bingham comparison law of A, at time t > 0 is the condi-
tioned Gaussian law p; = Ho(r) of Definition 5.4, that is,

x?

1 N
pi(dx) = % exp ( — Z m)w\](dx), (12.5)

i=1""1
with Z(t) the normalizing constant. Note that y9 = vy, since v;(0) = 1. The numbers
v;(t) need not equal the second moments of y; or of the time-t law. We define

o) = W (t) o 1 0(t)

E(t) ’ gi(f) =71 — 201-(t) + T (12.6)
Using Y; x7 = N on Sy, we find that F(x) — Y; 22/ (20;(t)) = Y; ¢i(t)x? — N{(t) /4 there,
which yields

d e (RGE)
arty fsN exp (i Ci(ty?) v (dy)
The coefficients {;(f) measure the difference between y; and 7r,. The common term

£(t)/4 does not change (12.7); it is included because it makes all {;(t) small at once
(Lemma 12.4).

(12.7)

Rényi divergences. For probability measures y < 77 and p > 1, we write

Rp(uln) log/ d17 € [0, 00]. (12.8)

This is p — 1 times the Rényi divergence of order p of u from 5 [147, Definition 2, (9)]. It
is nonnegative by Jensen’s inequality. By Jensen’s inequality under y, we also have

1 dpp-1 1 dyp—1 Rp(ulln)
= — _— < [ _ .
KL () p_1/1°g(d;7) dﬂ_p_llog/<dn) dy - (12.9)
which is the monotonicity of Rényi divergences in their order [147, Theorems 3 and 5].
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Gaussian squares. For positive w = (wy,...,wy), let py be the continuous density of
Tw = Y;w;i(g? — 1) from Section 5.1 and Lemma 5.2, where g1, ..., gy are independent
standard Gaussian variables. Thus p,(N — Y;w;) is the density of }; w;g? at N, and
pw(0) is its density at its mean. We use two facts. The first is Lemma 5.13 with t = 1 and
with 2v;w; in place of the coefficients w; there, written in the coordinates x; = /v; Z;: if
Y, = N and wy,...,wy are real numbers with 2v;,w; < 1 for all 7, then

N (N —Y;w)) v;
Lot (dy) = TT(1 — 200172 P2 i i =% 1210
/SN e po(dx) i|_1l( viw;) O A ) (1210

The second fact is the following restatement of Lemma 8.12.

Lemma 12.1 (Weighted sums of squares). Let 6 € (0,1], let w = (wy, ..., wy) be positive,
and suppose that there exist three distinct indices i with w; > d max; w;. There exists Cs > 1,
depending only on 6, such that

~1/2 -1/2
pw(0) > C(s_l ( Zw?) , sup pw(y) < Cs ( szz) i (12.11)
i yeR i

If moreover Y ; w; = N, then fSN X2 iy (dx) < Csw for every i.

Proof. Since T, is the translate of Q, = ) ; wiglz by }_; w;, the lower bound in (12.11) is
the lower bound of Lemma 8.12 for the density of Q,, at its mean, with b = w. For the
upper bound, fix an index k and write Qy = Qy, i + Wy g%, with independent summands.
If h_j is the density of Q, _x and fi is the density of wkg%, then the density of Qy
is h_j * fr, which is continuous because h_j is bounded and f; is integrable. Hence
sup pw = |[[h_k * frllo < |h_klleol| fkll1 = [|P—k|lco, and the bound of Lemma 8.12 for the
density with one coordinate removed gives the upper bound in (12.11). For the last claim,
Lemma 8.12 bounds by Csw; the conditional expectation of w;g? given X w]'g]z = N,
defined there through the joint density at the level N. By the third part of Lemma 5.5,
applied with F(y) = y?, the integral [ x? piy(dx) is the same ratio of densities at the level
N: in both cases the numerator is the value at that level of a continuous density of the
measure B — E[w; 812 Y wjg]Z € BJ, and two continuous densities of the same measure
agree. This proves the last claim. O

Hypotheses. The general results of this section are stated under the following hypothe-
ses.

Definition 12.2 (Hypotheses on the time interval [0,S]). Let S > 0 and C, > 1. We say
that r satisfies (H1)-(H4) on [0, S| with constant C, if the following hold.

(H1) max;r; < Cy and N(1+8)73/2 > 1.
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(H2) Forall t € [0,S] and all 4,

; < }_l(t) < Cs , _v-r- V1+t < hi(t) < C*— ”1+t.
CiV1+t V1+t Cu(141t) 147t

(H3) Forall t € [0,S], ¥;(1+7;t)"2 < C.N(1+1t)73/2,
(H4) There exist three distinct indices i with ;S < C,.

We say that r satisfies (H1)-(H5) on [0, S] with constant C, if moreover the following
holds.

(H5) For every t € [0, S], the comparison law y; satisfies a logarithmic Sobolev inequality
with constant C, (1 + t):

Entyt(fz) < Cu(1+ t)/s T(f)du for all smooth f on Sy.
N
The heat bounds (H2) say that h(t) behaves as in the critical window, where they
are Lemma 7.14. The counting bound (H3) holds when the half-precisions grow like
(i/N)?/3, by Lemma 12.3 below. The hypothesis (H4) ensures that three variances v;(t)
are comparable to the largest one, so that Lemma 12.1 applies to v(t). We verify all five
hypotheses in the critical window in Lemma 12.10.

12.2 The coefficients of the comparison law
We begin with an elementary counting bound.

Lemma 12.3 (Sums over the half-precisions). Let co > 0 and kg > 0, and suppose that
#{i : r; < u} < ko+ N(u/cg)®? for every u > 0. Then for every j > 3/2 there exists
C = C(j, co) such that
S 1 3/2

—— <kop+CN(1+s)" orall s > 0.
sy = (1+s) f =
The hypothesis holds with kg = 0 if r; > co(i/N)?/3 for all i, and with kg = 1 if r; >
co((i—1)/N)?/3 forall i > 2.

Proof. If ; > co(i/N)?/3 and r; < u, then i < N(u/cy)3/?, which gives the hypothesis
with kg = 0; the case kg = 1 is the same, with i — 1 in place of i. For s < 1, the
sum is at most N < 23/2N(1 +)73/2. Let s > 1. For each i, we have (1 + ;)™ =
| :o js(1+us) 7~ du. Summing over i and exchanging the sum and the integral, we
obtain

% 1 ogs#{iir <u} N/°° jsud/?
0o (

. = ‘ du <ko+ —= —_—
HQ+rs)y  Joo (1+usytt w=fot /2 1+ us)itl
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The substitution y = us shows that the last integral is s~3/2; Jo v *y3¥2(1+y)~/~1dy, and
the integral in y is finite because j > 3/2. Since s73/2 < 23/2(1 + s) —3/2 for s > 1, this
completes the proof. O

The next lemma is the main deterministic input. The comparability (12.12) is a
restatement of (H2). The estimates (12.13) and (12.14) use cancellations. For t > 1 and
rit > 1, both r; and (20;(t)) ! are comparable to (1 + r;t)/(1 +t), whereas the difference
Z;(t), which includes the common term £(t) /4, is bounded by this scale times C(1 + r;t) ~2

Lemma 12.4 (Coefficients of the comparison law). Let S > 0 and C, > 1, and suppose that
max; ; < C, and that r satisfies (H2) on [0, S| with constant C... There exists C = C(Cy) such
that, for all t € [0, S] and all i,

L1+t 1+t

Cl i s vi(t) < C t (12.12)
() < (1+t)fl e (12.13)
40| < G (12.14)
If r also satisfies (H3) on [0, S] with constant C, then, for all t € [0, 5],
Y vi()gi(H)? < CN(1+1)72, Zv )|ZH(t)] < CN(141) %2, (12.15)

i

Proof. The proof has five steps. We first record bounds on the derivatives of i. Then we
derive an exact equation for v;, which settles the bounded times and the indices with
rit < 1. Fort > 1and r;t > 1, the bound (12.13) comes from an exact cancellation in the
Duhamel formula for /;, and (12.14) from a second-order expansion of #; combined with
the exact equation for v;. Throughout the proof, C denotes a constant depending only on

C., whose value may change from line to line. The comparability (12.12) follows from
(H2), with C = C2, because v; = h;/h.

Step 1: derivatives of 7. For y € RN, we have (Y;v;)? < ¥;(2r;) 1Y Zriylz =2NY; riy?,
by the Cauchy-Schwarz inequality and (12.1). We obtain

) 2
—4C.|yI> < —4) riyi <y'Hy = —4) riyi + N(ny> <0
1 1 1

Using the spectral theorem, we write i(t) = N~1(1,e'H1) = [e * m(dA), where m is
a positive measure supported in [0,4C,]; namely, m puts mass N~!(1, u) at A for each
unit eigenvector u of —H with eigenvalue A. Differentiating under the integral, we
find (—1)/2U)(t) = [ Me=* m(dA) > 0; in particular, /1 is nonincreasing. For t > 1, the
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inequality x/e=*/2 < (2j)/ gives Me M < (2j)/t7Je=M/2, 50 that [V (t)|
For t <1, we have |hU)(t)| < (4C.)/h(t). Also, (H2) implies that /1(u) <
t/4 <u <t <S. Combining these bounds, we find, for j =1, 2,3,

() <CQ+t)Th(t), t/2<u<t<Ss. (12.16)
In particular, [£(t)] < C(1+t)7!, and ¢ = h""/h — (? satisfies |¢'(t)| < C(1+t)~2.

2))it7Th(t/2).

<(
Ch(t) whenever

Step 2: an exact equation. Differentiating (12.3), we see that the coordinates of /1 solve
Wi(t) = —4r;h;(t) + 2h(t), h;(0) =1, (12.17)
and variation of constants gives
t -
Bi(t) = e~ ¥t 42 / 4= R (1) du. (12.18)
0

We divide (12.17) by h;, subtract ¢, and use 2k /h; = 2/v;. This gives (logv;)’ = hi/h; —
{=—4r;+2/v; — ¢ = —4(;, that is,

ni(t
1) = 4, ) = 00— ). (1219)
1
Differentiating (12.6) and using (12.19), we find
oY 20;
A ST LT
i 207 + 1 o, + 1 (12.20)

Step 3: bounded times and small r;t. Let t < 1. Then v;(t) > C~! by (12.12), so
that |7;(t)] < ri+ (20;)"1 + |¢|/4 < C and, by (12.20), |{/(t)] < C. These are the
claimed bounds, because (1+¢)(1+r;t) < 2(1+C,). Now lett > 1 and r;t < 1. Then
v;(t) > C~!t, so that (20;)~! < C/t, and also r; < 1/t and |¢| < C/t. It follows that
|Ci| < C/t, and (12.20) implies that |¢!| < 2|¢;|/v;i + |¢'|/4 < C/#?. As 141t <2 and
1+t < 2t, these are again the claimed bounds.

In the remaining two steps, we fix i and t € [1,S] with ¢ = r;t > 1. Recall from (H2)
that #;(t) > C™ W1 +t/(1+¢) > C'/t/¢ and that h(u) < Ct~V/2 for u € [t/2,t].

Step 4: the first cancellation. We split (12.18) at u = t/2 and write h; = I; + I, where
t/2 _ t/2 _
L(t) = e it 42 / e R du,  DL(t) =2 / e~ TRt — 7) dr.
0 0

Each integral has a moving endpoint, and each endpoint contributes e 2k (¢/2) to the
derivative. Using I'(t — t) = £(t — T)h(t — T) and subtracting £(t)h;(t) = £(+)[1(t) +
((t)I(t), we obtain the exact identity

Hi(t) — E()hi(t) = — (4r; + () 11 (t) + 2% h(t/2)

+2 /Ot/ze—‘”ﬂfz(t —7)((t—T1)—£(t))dr. (12.21)
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The term /¢(t)h;(t), common to all coordinates, has been removed exactly; only the
variation of ¢ over [t/2,t] remains. We bound the three terms on the right side. For
u < t/2, we have e ¥i=0) < =2 and [/*h(u)du < 2C./1+f by (H2). This gives
L(t) < e +4C.e™%6\/1+t < Ce 24/t. Using 4r; = 4¢/t and |((t)| < C/t < CE&/t,
we see that the first term on the right side of (12.21) is at most Cée=26t~1/2 in absolute
value. The second term is at most Ce™2t~1/2, since hi(t/2) < Ct~!/2. For the third
term, the bound on ¢’ in Step 1 gives |[{(t — ) — £(t)| < Ctt 2 for 0 < T < t/2, and
h(t— 1) < Ct71/2. Using [ te #i"dt = (4r;) 2, we find that the third term is at most
Ct=5/2¢;72 = C+~1/2¢2. By (12.19), we have 4|g;(t)| = |hi(t) — £(t)h;(t)|/hi(t). Dividing
the three bounds by h;(t) > C~ 1\/t/& we conclude that

C
t’

where we used that #3¢~2° is bounded. Since (1 + t)(1 4 &) < 4t¢, (12.13) follows.

G0 < S(@e X et rit) <

Step 5: the second cancellation. To bound /, we cannot differentiate the error terms of
Step 4. Instead, we expand #; to second order and use an exact equation. For u € [t/2,1],
let

1 B (u)  h'(u) B
o) = 5 (R0 =2+ o), () = i) — p(u).
Using (12.17), we find that the terms with h, i’ and h” cancel in 5’ + 4r;77, so that
n'(u) +4rin(u) = —h"(u)/(32r?). Variation of constants on [t/2,t] gives

t
n(t) =e %n(t/2) — 3%/ e 4R (1) du,
We have I;(t/2) < Cv/t/& and h(t)/r; > C~ 1 1V/2r71 = C~1/t/E, by (H2). By (12.16)
and 4r;t > 4, we have |¢(t/2)| < Ch(t)/r;. Combining the last two bounds, we have
17(t/2)| < Ch(t)/r;. Also | (u)| < Ct=3h(t) for u € [t/2,t], by (12.16). Inserting these
bounds into the formula for 7(t) and using e=% < CZ~3, we find

Ch(t) 5 , Ch(H) C’i( )
i i 3

n(#)] <

Let @ = 2rv; = 2r;h;/h and d = h" /h. The definitions of ¢ and 7 give

@:1_€+L+6 6227’1'17

C
il <= 12.22
4r; 167 7 el < (12.22)

(;13

all evaluated at time t. Since |/| < C/t and |d| < C/t?, we have |® — 1] < C/&; also
Cl<oe<c by (12.12). On the other hand, by (12.19), O satisfies the exact equation




12 Density bounds relative to time-dependent Bingham laws §123 268

Q' = —47;0 = 4r; — (4r; + ()O. Inserting (12.22) into its right side, without differentiating
€, and using ¢’ = d — (2, we find

A td
/
= = _ (47 )
® 167 (4r; 4+ L)e
The last two terms are at most C/(r?2) in absolute value, since |¢d| < Ct™3 and (4r; +
1])|e] < Cr;¢—3. Differentiating (2v;)~! = r;/®, we have ((2v;)"!) = —r,@'/©®?, and

therefore p Lo g . c
!/
Gi=7 <2vi> 4 (1 ®2> ten el < rit3’
where e; = —r,@72(¢d/(16r?) + (4r; + £)€). Using [1— 02| < C|®@ — 1| < C/¢ and
0] < Ct™2, we conclude that |/(t)| < C/(#3¢). Since (1+t)2(1+¢) < 82¢, (12.14)
follows.
Finally, assume (H3). By (12.12), (12.13), and (12.14), we have

c 1 ¢ L
72 < 12l <
;UZCZ < 1—}—t2(1—|—7’1t)3l 12’01|€1| — 1—|—t2(1+1’1t)2’

i i

and (H3) bounds both sums by CN(1 -+ t)~3/2. This proves (12.15). O

The identities in Steps 2, 4 and 5 are exact consequences of (12.17); they can be checked
by expanding both sides in terms of h;, i and the derivatives of .

12.3 Exponential moments of quadratic functions

The next lemma controls exponential moments under the comparison law of quadratic
functions whose coefficients have the size of the bounds in Lemma 12.4. The constant A
need not be small, and the coefficients may have either sign.

Lemma 12.5 (Exponential moments under the comparison law). Let S > 0 and C, > 1,
and suppose that r satisfies (H1)—(H4) on [0, S] with constant C. Let A > 0 and s € [0, S|, and
let wq,...,wn be real numbers with

|w;| < for all i. (12.23)

A
(14+5s)(1+4rs)

There exists C = C(A, Cy) such that

log /S exp (Zwm?) 1s(dx) < CN(1+5)"%2. (12.24)
N i
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Proof. Throughout the proof, C denotes a constant depending only on A and C,.. We write
v; = vi(s) and T = 1 +s. Recall from (12.12) that C"'T/(1 +r;s) < v; < CT/(1+1;s).
Thus v; < CT for all i, and v; > C~!T for the three indices of (H4), since r;s < r;S < C,
for them. Combining the coefficient bound (12.23) with (H3), we obtain

1 1 1
;vi\wi\ < C;m < CNT %2, ﬁ;v% < C;m < CNT¥2,
(12.25)
We first shift all coefficients by the same amount. On Sy, we have ) ; wixlz =AN/T+
Yi(w; — A/T)x?. Let u; = 2v0;(A/T — w;). The coefficient bound (12.23) implies that
0 < u; < 4Av;/T < C. Applying (12.10) with the coefficients w; — A/T, for which
1—2v;(w; — A/T) =1+ u; > 0, we have

AN

N =Y w; .
log/eZi wixy dps = I %Zlog(l + u;) +log pa L)) Vi
i

R T
(12.26)
The shift ensures that all the variances w; are positive, whatever the signs of the w;.

We bound the last term in (12.26). Since 0 < u; < C, we have (1 + C) " 'v; < w; < v;.
Then w; > C! max; w; for the three indices of (H4), and }; w? > (14 C)2Y,;v% the
same three indices satisfy v; > C -1 max; v;. Then Lemma 12.1, applied to v for the lower
bound at its mean N and to w for the upper bound on its density, implies that

N—Yw: C(Y w2)~1/2
PolN — L) i) ~ <C. (12.27)
po(0) CH(Eiv)
No lower bound for the density of }; w;¢? away from its mean is needed.

We now bound the first two terms in (12.26). Using log(1 + u) > u — u%/2 foru >0,
and Y ;u; =2AN/T — 2Y; v;jw; (which follows from ); v; = N), we find

AN 1 <A Iy Iy e Yy Y2
T_Eglog(ljtu,)g - 2;u1+4;u1—;vzw1+4;ul.

The terms AN /T cancel exactly. Using (12.25) and u? < 16A%v?/T?, we see that the right
side is at most CNT~3/2. Finally, the logarithm of (12.27) is at most C < CC.N(1+s)73/2,
because N(1+5)73/2 > N(1+ S)~3/2 > C; ! by (H1). This proves (12.24). O

12.4 A differential inequality for Rényi divergences

The following scalar lemma closes the differential inequality for the Rényi divergence.
It is stated for general probability measures yi; on Sy; in our application, y; will be the
comparison law at time *yt.
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Lemma 12.6 (A differential inequality for Rényi divergences). Fix p > 1, C; > 0, Cp,C3 >
0, an integer N > 3, and v with 0 < v < min{1, (4pCy)~'}. Let t; > 0. Fort € [0,t1], let
pt be a probability measure on Sy, let f; be a strictly positive function of class C* on Sy with
f frdus =1, and let Uy > 0 be measurable. Let

R(t) = 108/ftp du, = fle Y, (1) = /lPtF(loglPt)dﬂt-

Assume that J(t) and Enty, () are finite, that R is continuously differentiable on [0, t1] with
R(0) = 0, and that for every t € [0, 1],

Ent,, () < M (), (12.28)
log / exp (pC1(1+ yt)Up) dpe < CoN(1+ 1) 7372, (12.29)
RI(t) < —”2—;1]0) H(p=1) [Urped+ (p= DN +71) 52 (1230

Let a = (pCy7y) tand Q = (p — 1)[Ca/ (pCy) + Cs]. Then a > 4, and for every t € [0, t1],
_Q
R(t) < y(a—3/2)

Proof. Fix t, and write yu = uy, = ¢, and A = pCy(1 + t). We first bound the forcing
term. By Jensen’s inequality under the probability measure ¥y, applied to min(U;, M)
and followed by the limit M — co, we have

N(1498)732 <2(p —1)(C2 + pC1C3)N(1 + 4t) 732,

log/eAut dy > 1Og/ewtlogtplpdy > /\/utq)dy—Enty(lp).

This is the classical duality between relative entropy and exponential moments. Combined
with (12.28) and (12.29), this gives

Ent, () | GN(1 4902 _J(H) | G }
< H < 5/2.
/Ut¢dV < - <5 TN+

Inserting this into (12.30), we obtain
RI(H) < —”4—;1 1(£) + ON(1 + 7£) 2. (12.31)

Next, we bound J(t) below by R(t). Since f; = e®")/Ppl/P and [ f;du = 1, we have

R0 = [y = fenp (=P 0g) pat = exp (= ES B (),
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where the inequality is Jensen’s inequality under ¢u. Taking logarithms, we find
Ent, () > R(t)/(p —1). Together with (12.28), we find that J(t) > 4R(t)/((p —1)Ci (1 +
vt)), and (12.31) becomes

ay R(t)

+ON(149t) 2 = L2 L ON(1+91) 720 (12.32)

/ R(¢)
Rt = 14t

= G+t

Finally, we integrate. Since y < (4pC1)_1, we have a > 4. Then (12.32) implies that
the derivative of (1+ t)*R(t) is at most QN (1 + t)*~5/2. Integrating from 0 and using
R(0) =0, we have

a g a—5/2 _ QN
(14 78" R(t) < QN/O ()7 du =

v Py ((1 Foyt)2 1),

which gives the first bound. For the second, note that ya = (pC;)~! and a —3/2 > 5a/8,
so that Q/ (y(a —3/2)) < 8pC1Q/5 < 2(p —1)(Ca + pC1C3). O

The next lemma computes the derivative of the Rényi divergence of the time-t law
from a time-dependent Bingham law, and estimates it in the form (12.30). The two real
numbers 4 and b are free; they express that adding a common multiple of ¥; x7 to the
potential of the reference measure, or to its time derivative, changes nothing on Sy.

Lemma 12.7 (Rényi divergence from a time-dependent Bingham law). Let ry,...,ry > 0,
let v > 0and t; > 0, and let k : [0,9t;] — (0,00)N be continuously differentiable with
k;(0) = 1/2 for all i. For s € [0,t1], let uX be the probability measure on Sy proportional to
exp(— i ki(s)x?) vn (dx). Fix p > 1, and for t € [0, 1] let

_d(v~P)
luf)/t

g =fle 0, () = /wtr(log%)dﬂlét-

, R() =1log [ f i,

Then, for each t, fi is a positive function of class C* on Sy; moreover, R is continuously
differentiable on [0, t1], and R(0) = 0. Moreover, for every t € [0, t1] and all real numbers a and
b,

R(t) < —pz—_pll(t) +(p=1) [Uspdnly+ (p =17 [ TIK(vt) — o] Fapl, (1233)

where
Us(x) = ¥ (20 (ri = kiCvt) +a)” + y[Ki(vt) — b] ) .
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Proof. We begin with the regularity. Let g9 = dvn/dm, = Zsefr, a smooth positive
function on Sy, and let ¢t = P/go. By the symmetry (3.4) of L, in L?(7t,), we have
(vNPl)(¢) = m,(g0P{¢p) = 7 (¢ g¢) for bounded measurable ¢, so that g = d(vnP})/drm,.
Since L, is an elliptic operator with smooth coefficients on the compact manifold Sy and
Qo is smooth, the function g is of class C? in space and C! in time on [0,00) X Sy, with
the time derivative at zero understood from the right, and solves d;g; = L;g;; this is
standard parabolic regularity, and it also follows by expanding go in eigenfunctions of
the self-adjoint operator L, on L?(7,), whose coefficients decay faster than any power
of the eigenvalues, together with elliptic regularity. Also g > mingy > 0, since P/
is a Markov semigroup. Let Ws(x) = Y, k;(s)x?. The density of u* with respect to
T, is 6, = efr=Ws/ m(eP ’_WS), which is continuously differentiable in s, smooth in x,
and positive. Then f; = g;/6,; is continuously differentiable in ¢, twice continuously
differentiable in x, and positive, and

R(t) = log/gf Qit_p dry.

The integrand and its first time derivative are continuous on [0, t1] X Sy, so compactness
permits differentiation under the integral, and R is continuously differentiable. Att =0,
we have vy Py = vy = y’(‘), since Wy = N /2 on Sy; hence fop =1 and R(0) = 0.

We now compute the derivative. Fix ¢, and write y = ylfﬂ, 0 =0, W=Wy, f=f,

¥ = ¢, and V = Vs,,. The derivative of [ g} 9#;’7 dm, is the sum of

p/fp_lLrgtdrcr and (1—p)/fp8tlog07tdy.

For the first term, we use (3.4), ¢t = f60, and VO = OV (F, — W):

P/f”‘lLrgtdn'r =—plp—1) /f”‘2<Vf, Vf+fV(E—=W))du.
For the second term, logfs = F, — W; — log m,(ef""") gives dslogfs = —9;Ws +
[ 9s W duk, and o; log0,: = 7(0slogbs)|s—yt. Let W (x) = Zikg('yt)xlz. Dividing by
eR) = [ fPdyu, and using fP~2|Vf|? = fP|Vlog f|? and Vlogy = pV log f, we obtain
the exact identity

R(t) = =E==1() = (p—1) [ ¢ (Vlog, V(F — W) dy

p
+ (P—1)7</¢W'dy—/W’dy>. (12.34)

Using Young’s inequality in the form |(Vlogw, V(F, — W))| < (2p) | Viogy|? +
(p/2)|V(F, — W)|?, we find that the second term on the right side of (12.34) is at most

Pz—_pl](t) $ 22D Fyr(r—w)d



12 Density bounds relative to time-dependent Bingham laws §12.5 273

On Sy, we have F, — W = Y, (r; — ki(vt) + a)x? — aN, and the constant aN has zero
gradient. The tangential gradient of a function on RY is the projection of its Euclidean
gradient, so that ['(F, — W) < 4Y;(r; — k;(yt) + a)?x?. Similarly, W' = Y, (Ki(yt) — b)x? +
bN on Sy, and the constant bN cancels in the difference of the two integrals in (12.34).
We conclude that

Jowan— [wWan< [$T ko) - bl ddu+ [ LK) - bl Fdp

Inserting the last three bounds into (12.34), we obtain (12.33). O

12.5 Density bounds on the time interval [0, S]
We now combine the previous lemmas.

Theorem 12.8 (Density bounds on the time interval [0,S]). Let S > 0 and C, > 1,
and suppose that r satisfies (H1)—(H5) on [0,S] with constant C.. Fix p > 1, and let
v = min{1, (4pC.)~'}. There exists C = C(p, Cs) such that, for every t € [0, S],

d(unP)\P ~3/2
d(vNP])\P _3/2
log . < i ) dr, <CN(1+1¢t) >/~ (12.36)

Further, the function t — [(d(vnP})/dm,)? dr, is nonincreasing on [0, co), and for every t > 0,

.
KL ) < ! - log /SN (d(’;frl:f ))p ar,. (12.37)
Proof. We first prove (12.35). We use Lemma 12.7 for the comparison laws and verify
the three hypotheses of Lemma 12.6: the differential inequality (12.30) with a reference
term of order N(1 + 4t)~%/2, the exponential moment bound (12.29), and the logarithmic
Sobolev inequality (12.28). Then we change the reference measure from y; to 77, and
tinally we treat later times. The parameters are chosen in the following order: p and C.
are given, then v = min{1, (4pC.)~ '}, then the constants of Lemmas 12.1, 12.4, and 12.5,
which depend only on C, and on a constant A = A(p, C) specified below. In this proof,
C denotes a constant depending only on p and C,, and none of the constants depends on
N, S or t. The proof is deterministic.

Step 1: the derivative. For s € [0,5], let k;(s) = (2v;(s))~! be the half-precisions of
the comparison law ;. The map s + k(s) is smooth, with values in (0,00)", and
k;(0) = 1/2. The measure yls‘ of Lemma 12.7 is then us. Note that vt < S for t < S,
since v < 1. We apply Lemma 12.7 with t; = S, a = ¢(7t)/4, and b = ¢/(yt) /4. Then
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ri —ki(vt) +a = Ci(yt) and ki(yt) — b = =} (yt), by (12.6). With f;, R(t), i1, and J(t) as
in Lemma 12.7, the inequality (12.33) reads

2p
where U (x) = ¥ (2pi(78)2 + |20 (vt)]) 22,

Step 2: the reference term. Let s = t. Using (12.12) and (H4), we find three distinct
indices i with v;(s) > d max; vj(s), where ¢ € (0,1] depends only on C.. Since }_; v;(s) =
N, we have f xi2 dus < Co;(s) for every i by Lemma 12.1. By (12.15) and v < 1, we have

R < ~E210+ (p=1) [ Urpedpog + (p~ D D Iirt)] [ g,

Y16 [ s < CEui(s)[5Hs)] < GN(1+8) 2 (12.39)

for a constant C3 = C3(Cy). Thus (12.30) holds with this Cs.

Step 3: exponential moments of the forcing. Next, (12.13), (12.14), and y < 1 imply that
the coefficients of the quadratic function pCy (1 + s)U; are at most

2pC? C A
¢ N ¢ ) <
1+8)2(1+7rs)2  (1+9)2(1+rs)) — (1+s8)(1+mrs)

where C; = C;(C,) is the constant of Lemma 12.4 and A = pC.C;(2pC; +1). By
Lemma 12.5, there exists C; = Cp(p, Cs) such that

pCs(1 +s)<(

log / exp (pCs(1 + 90Uy diiyy < CoaN(1 + 1) ™3/2,
This is (12.29) with C; = C,.

Step 4: the logarithmic Sobolev inequality. The function ¢; is positive and of class C?,
and T'(/¥¢) = YT (log ) /4. Applying the C! extension of (H5) at time ¢t with f = /¥,
we have Enty,, (1) < Ci(1+ )] (t)/4, which is (12.28) with C; = C.. All the integrals
involved are finite, because their integrands are continuous on the compact manifold Sy.

Step 5: conclusion for the comparison law. We conclude from Steps 1-4 that Lemma 12.6
applies with p; there equal to i+, C; = Cs, and the constants C;, C3 above. Recall that
R(0) = 0 by Lemma 12.7. We conclude that R(t) < CN(1+ «t)~3/2. Since v < 1, we
have 1+ 4t > (1 4+ t), and (12.35) follows with a constant Cy~3/2,

Step 6: change of reference measure. Let 7, = min{1, (8pC,) '}, which is the value
of v for the exponent 2p, and let s = ,t. We have dus/dm, = e9/m,(eQ) with Q(x) =
Y Ci(s)x?, by (12.7). Also dm,/dus = e=9/us(e~2), which gives 7, (eQ) = 1/ps(e™9),

and hence P
_ Aks _ -Q Q
0:= an </e dpts)e . (12.39)
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Let f = d(vnP])/dus, so that d(vNP})/dm, = f6. By the Cauchy-Schwarz inequality
under p,

/ (f0) dr, = / frevtaps < ( / £ dus)l/ 2( / 62(p—1) dys>” ?

Using (12.35) with the exponent 2p, we see that the logarithm of the first integral on the
right side is at most CN (1 + t)~3/2. For the second integral, we have

/QZ(P—l) dys = (/e_Q dys>2(p_1) /eZ(P—l)Q dys.

By (12.13), the coefficients of —Q and 2(p — 1)Q satisfy (12.23) with A = max{1,2(p —
1)}C;. Then Lemma 12.5 implies that the logarithm of the second integral is at most
CN(1+7ot)3/2 < C'yz_g/zN(l + t)73/2, This proves (12.36).

Step 7: later times and relative entropy. Let ¢ = d(vnNP[)/dm,. As in the proof of
Lemma 12.7, the reversibility of 7, gives g1y, = P, g for t,u > 0. Since P}, is a Markov
operator, we have (P’¢;)P < P’ (gl) by Jensen’s inequality, and the invariance of 7, gives

[ shudm < [ Pilgh)dm, = [ gl dr.
Thus t +— [ gf d, is nonincreasing. Finally, (12.37) is (12.9). O]

Remark 12.9 (The comparison law at the earlier time yt). The comparison law is run at the
slower speed v for the following reason. In (12.32), the dissipation rate (pC, (1 + 7))~}
comes from the logarithmic Sobolev constant of ji, while the forcing decays like (1 +
vt)7%/2. In the variable T = +t, the divergence therefore relaxes at rate a/(1 + t) with
a = (pCsy)~!, and integrating the forcing produces the decay (1 + 7)~3/2 only when
a > 3/2. Taking -y small makes a large, at the cost of comparing the time-t law with the
comparison law at the earlier time -yt.

In Section 17, Theorem 12.8 is applied below the critical temperature, on a time
interval of length of order 6](]2. There the counting bound (H3) follows from Lemma 12.3
with kg = 1, the extra term being absorbed by the second part of (H1).

12.6 The critical window

We now specialize Theorem 12.8 to the critical window. Recall from Definition 4.16 that
a nondecreasing sequence r; < --- < ry satisfies the critical spectral conditions with
constants (cg, Co, ) if (4.36) holds: Y;(2r;,) ™' = N, co(i/N)?/3 < r; < Co(i/N)?/3 for all i,
andr, —r; > 6N —2/3_ Some of the results below use only the first two of these conditions,
without the ordering and the lower bound on r, — r;; we then say that r satisfies the
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first two conditions in (4.36) with constants (cp, Cp). The ordering and the lower bound
on r, — rq enter only through Proposition 8.21. For the model with cy = 1+ ¢N~1/3,
by Lemma 4.17, the half-precisions satisfy the critical spectral conditions at every fixed
confidence (in the sense of Section 3.4), simultaneously for all ¢ in a fixed compact
interval, with constants depending only on the confidence and on the interval. All
results below are deterministic. In their statements, a constant or a threshold Nj for the
dimension depends only on (¢cg, Cp, ) and on the parameters written as its subscripts or
arguments; it does not depend on N, on the time, or on ¢. The results therefore apply
on the events of Lemma 4.17, uniformly in ¢ in a compact interval. Table 12.1 lists the
parameters in the order in which they are fixed.

Table 12.1. Parameters in the critical window, in the order in which they are fixed.

Parameter Role Depends on
co, Co, 0 constants in (4.36) for the GOE: the confidence
and the range of o
(Lemma 4.17)
K time range t < KN?/3 tixed
p order of the moment tixed
Cix constant in (H1)-(H5) co, Co, 6, K
Yp,K speed of the comparison  p,C, k
law
Cpx constant in the p, K, co,Co, 0
conclusions
No(K) threshold for the co, Co, 6, K; the bounds hold
dimension uniformly in N > Ny(K)

Lemma 12.10 (The hypotheses in the critical window). Let K > 0 and S = KN?/3,

1. If r satisfies the first two conditions in (4.36) with constants (co, Cy), then r satisfies (H1)—
(H4) on [0, S| with a constant C, depending only on ¢y, Co, and K.

2. If r satisfies the critical spectral conditions with constants (co, Co, ), then there exists Ny(K)
such that for N > Ny(K), r satisfies (H1)—(H5) on [0, S] with a constant C, .

Proof. For (H1), we have r; < Cp,and N(1+5)73/2 > N((1+K)N?/3)=3/2 = (1 +K)~%/2,
The heat bounds (H2) are Lemma 7.14, whose constants depend only on ¢y, Cp, and K.
The counting bound (H3) is Lemma 12.3 with ky = 0 and j = 2. For (H4), the indices
i =1,2,3 satisfy ;S < Co(3/N)?/3KN?/3 = 32/3CyK. This proves the first part. For the
second part, (H5) is the bound Crg(p) < Cx(1+t) for 0 < t < KN?2/3 in the second part
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of Proposition 8.21, which holds for N > Ny(K); both Ny(K) and Cx depend only on cy,
Co, 6, and K. O

The next corollary restates Lemmas 12.4 and 12.5 in the critical window.

Corollary 12.11 (The comparison law in the critical window). Suppose that r satisfies the
first two conditions in (4.36) with constants (co, Cy), and fix K > 0 and A > 0. Then (12.12),
(12.13), (12.14), and (12.15) hold for 0 < t < KN?/3, with a constant depending only on cg, Co,
and K. Further, for 0 < s < KN2/3 and all real wy, . . ., wy with lwil <A1 +3s) 1147571,

log/s exp (Zw,x%) ps(dx) < CpAxN(145)7%2, (12.40)
N i

where Cp x depends only on A, K, co, and Cy.

Proof. By the first part of Lemma 12.10, r satisfies (H1)—(H4) on [0, KN 2/3], with a constant
depending only on ¢y, Cp, and K. The corollary therefore follows from Lemmas 12.4
and 12.5. O

Proposition 12.12 (Rényi bounds relative to the comparison law). Suppose that r satisfies

the critical spectral conditions with constants (cy, Co, ), and fix p > 1 and 0 < K < oo.

There exist No(K), vpx € (0,1], and Cpx such that, with v = vy, x, for N > No(K) and
0 <t < KN?/3,

d(UNPr) P _

tog [ (TN ap, < eN(L )2 1241

8 ) (Tap, ) i < CoueN (11 (12.41)

Proof. By the second part of Lemma 12.10, for N > Ny(K), r satisfies (H1)-(H5) on

[0, KN?/3] with the constant C,x. The bound (12.41) is then (12.35), with YK =

min{1, (4pC. k) '}. O

Theorem 12.13 (Density moments in the critical window). Suppose that r satisfies the critical
spectral conditions with constants (co, Co,d), and fix p > 1 and 0 < K < oo. There exist Ny(K)
and Cy g such that for N > Np(K),

d(vnPf)\P _3/2 2/3
_tZ < <t < . .
log /SN ( i, ) drr, < Cp,KN(l + t) , 0<t<KN (12.42)

In particular, for every fixed so > 0, there exists Cp s, such that for N > No(so),

d(VNP;’)

sup i

tZSQNZ/?’

< Cpan.
() — %0

Proof. The bound (12.42) follows from the second part of Lemma 12.10 and (12.36). For
the second claim, we apply (12.42) with K = sq at t = s9N>/3. Since N(1 + soN?/3)73/2 <
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So 3/2, the logarithm of the p-th moment at this time is at most Cp,xSy 3/2 with K = s,
and we may take Cp s, = exp(Cp ks, 3/2/p). The p-th moment is nonincreasing in t by

Theorem 12.8, and this gives the bound for all t > soNz/ 3, O

The applications in Section 19 use Theorem 12.13 with p = 2 and p = 4; by the
triangle inequality, it also bounds [|d(vnP})/d7ty — 1||1p () by Cps, + 1 for t > soN?/3,

Proposition 12.14 (Exponential relaxation in the critical window). Fix 0 < ¢y < Cy and
6 > 0. For every a > 0, there exist C,,k > 0 and Ny such that, for every N > Ny and every r
satisfying the critical spectral conditions with constants (co, Co, 9),

NP os — T ||y < Coe ™79, s >a. (12.43)
The constants and the threshold depend only on cy, Cy, 6, and a.

Proof. Write b = N?/3 and ¢; = d(vyP!)/dm,. By Theorem 12.13 with p = 4, there
exist M, > 0 and a dimension threshold such that ||gsp/2(/14(,) < Ma. Since 7, is a
probability measure, this also bounds [|gap/2|12(x,)- By Proposition 8.21, after increasing
the threshold, 77, has Poincaré constant at most Kpb, where Kp > 0 depends only on
Co, C() , 0.

The density satisfies g;+, = Pjg: and [ grdm, = 1. At positive times it has the
regularity used in the proof of Lemma 12.7. Thus (3.4) and the Poincaré inequality give

d 2
Gilse = Uy = =2 [ T(g dme < — g =1l
Integrating from ab/2 to sb, where s > a, yields

1856 — U2y < € 27K g0y = 1|2y < (Mg + 1)e™ (727K,

Finally, Lemma 3.6 and the Cauchy-Schwarz inequality imply

Ma+1 (50 /i
5 .

1
||VNpsrb — nrHTV = EHgsb - 1HL1(7IV) <

This proves (12.43) with C; = (M, +1)/2 and x = K; . O
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