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abstract

We study the Langevin dynamics of the spherical Sherrington–Kirkpatrick model,
the diffusion on the sphere of radius

√
N in RN that is reversible with respect

to the Gibbs measure with density proportional to exp(βxTWx/
√

2), where W
is an N × N matrix from the Gaussian orthogonal ensemble. The dynamics is
started from the uniform distribution on the sphere, independently of W. We
determine the asymptotic quenched total-variation distance to equilibrium as
a function of time in the fixed-temperature, mesoscopic, critical-window, and
infinite-temperature crossover regimes described below, with convergence in prob-
ability or in distribution with respect to W. Let βc = 1/

√
2 be the critical inverse

temperature. For β < βc there is cutoff with a Gaussian profile at fixed β ∈ (0, βc),
along every mesoscopic approach of β to βc from below, and in the infinite-
temperature crossover when Nβ2

N → ∞; when Nβ2
N stays bounded, the distance

relaxes over bounded times and there is no cutoff. At fixed β ∈ (0, βc) the mix-
ing time is (log N − (3/2) log log N + O(1))/(4(1 −

√
2β)2), and the correction

−(3/2) log log N comes from the edge of the spectrum of W. For β > βc, at fixed
β and along every mesoscopic approach to βc from above, there is cutoff at a time
set by the gap between the two largest eigenvalues of W, of order N2/3 log N at
fixed β. The profile is the total-variation distance between a standard Gaussian
variable and its sum with an independent Cauchy variable; the Cauchy variable
is the ratio of the first two eigencoordinates at an early stage of the evolution. In
the critical window

√
2β = 1 + σN−1/3, the distance at time N2/3s converges in

distribution to a random profile determined by the Airy point process, and there
is no cutoff. As σ → ±∞, this profile, suitably recentered and rescaled, converges
to the profiles of the two mesoscopic regimes.
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section 1

Introduction

The spherical Sherrington–Kirkpatrick model is the simplest mean-field spin glass. Its
configurations are points x of the sphere SN = {x ∈ RN : |x|2 = N}, and its energy is
a quadratic form in x whose coefficients form a random symmetric matrix, so that its
equilibrium can be analyzed exactly through the spectrum of that matrix. The Langevin
diffusion on SN that is reversible with respect to the Gibbs measure has been studied in
physics for more than forty years, mostly through the evolution of observables such as
the energy and two-time correlation functions in the limit of infinite system size.

The goal of this paper is to describe how the law of this diffusion approaches equi-
librium when the dimension N is large and the disorder is fixed. We start the dynamics
from the uniform distribution on SN, independently of the disorder, and measure its
distance to the Gibbs measure in total variation. We determine the asymptotic behavior of
this distance as a function of time at fixed temperatures above and below the critical one,
in the crossover to infinite temperature, along every mesoscopic approach to the critical
temperature from either side, and in the critical window. In the regimes treated here
outside the critical window we find cutoff, except in the part of the crossover to infinite
temperature where Nβ2 stays bounded; there the distance relaxes over bounded times. In
each case we identify the center and the window of the transition and its limiting shape,
which we call the mixing profile. In the critical window the mixing profile is random
and determined by the edge of the spectrum of the disorder, and there is no cutoff. We
also show that the critical mixing profiles match those of the two mesoscopic regimes far
from the critical temperature.

1.1 The model and its Langevin dynamics

Spherical models. Berlin and Kac introduced the spherical model of a ferromagnet in
[28], in which the Ising spins of a lattice model are replaced by real variables subject to a
single constraint on the sum of their squares. Lewis and Wannier considered the mean
spherical model, in which this constraint holds only in expectation [107, (1)–(2), p. 683],
and Stanley identified the spherical model with the limit of classical vector spin models
as the number of spin components tends to infinity [140]. Sherrington and Kirkpatrick
introduced the mean-field Ising spin glass with independent Gaussian couplings [132].
Kosterlitz, Thouless, and Jones introduced its spherical version, whose couplings form a

1



1 Introduction 1.1 The model and its Langevin dynamics 2

random symmetric matrix, and solved its thermodynamics through the spectrum of that
matrix [97].

We use the following normalization. Let WN be an N × N matrix from the Gaussian
orthogonal ensemble (GOE), that is, a real symmetric matrix whose entries on and
above the diagonal are independent with Wij ∼ N (0, (1 + 1{i=j})/N) for i ≤ j. Let
λ1 ≥ λ2 ≥ · · · ≥ λN be its eigenvalues, and let νN be the uniform probability measure on
SN . For an inverse temperature β ≥ 0 we define the Hamiltonian and the Gibbs measure
by

HN(x) =
xTWNx√

2
, πN,c(dx) =

1
ZN,c

eβHN(x) νN(dx) =
1

ZN,c
e(c/2)xTWN x νN(dx), (1.1)

where ZN,c is the normalizing constant and c =
√

2 β. Throughout the paper we parame-
terize the temperature by the rescaled inverse temperature c, so that increasing c lowers
the temperature. The critical value is c = 1, that is, βc = 1/

√
2. Since its density with

respect to νN is the exponential of a quadratic form, πN,c is a Bingham distribution [31].
Because −WN has the same law as WN, negative inverse temperatures lead to the same
results with the roles of the top and the bottom of the spectrum exchanged, and it suffices
to consider β ≥ 0.

We work in an orthonormal eigenbasis of WN and write x1, . . . , xN for the coordinates
in this basis, the eigencoordinates. The Gibbs measure has the following Gaussian
representation. Let z > cλ1 be the unique solution of

1
N

N

∑
i=1

1
z − cλi

= 1, (1.2)

and set pi = z − cλi and qi = 1/pi. Since −∑i pix2
i /2 = −zN/2 + (c/2)∑i λix2

i on SN,
the density of a centered Gaussian vector with independent coordinates of variances
q1, . . . , qN is proportional to the Gibbs density on SN. The gradient of |x|2 has constant
length on SN, and it follows that πN,c is the law of this Gaussian vector conditioned
on |x|2 = N, where the choice of z in (1.2) makes the expected squared norm of the
unconditioned vector equal to N. The numbers z, pi, and qi are the Lagrange multiplier,
the precisions, and the variances of Definition 3.3. Equation (1.2) is the saddle-point
equation in the solution of Kosterlitz, Thouless, and Jones [97]; see [6, Lemma 1.3] for
a modern account of their contour-integral formula for ZN,c. The representation of
Bingham distributions by conditioned Gaussian vectors is classical in directional statistics
[98], and for spherical models it appears in [5, Proposition 2.7] and, in the critical regime
of the present model, in [62, Section 1.2].

As N → ∞, the empirical spectral measure of WN converges to the semicircle law
ρsc(λ) dλ = (2π)−1

√
4 − λ2 dλ on [−2, 2] [152, 153]; for convergence in probability in the

present normalization, see [4, Theorem 2.1.1, p. 7]. Also, λ1 converges to 2 by the edge
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estimates recalled in Lemma 4.2. For c < 1 we have z → 1 + c2 and the smallest precision
d = p1 = z − cλ1 converges to (1 − c)2, so that all variances qi remain bounded. For
c > 1 we have d → 0, and the first eigencoordinate carries a macroscopic fraction of the
squared norm under πN,c, in the sense that x2

1/N → 1 − 1/c in probability. This is the
condensation of the spherical model onto the top eigenvector [97], [51, Section III]. At
low temperature the Gibbs measure is therefore concentrated on two antipodal regions
in which x1 is close to

√
(1 − 1/c)N or to −

√
(1 − 1/c)N. The free energy has a phase

transition at c = 1 [97]; we refer to [47] for the replica analysis of general spherical p-spin
models and to [143] for a proof of the free-energy formula for spherical models with even
interactions, which include the present one.

Langevin dynamics. The Langevin dynamics of the model is the diffusion on SN with
generator

L = ∆SN + β∇SN HN · ∇SN , (1.3)

where ∆SN and ∇SN are the Laplace–Beltrami operator and the gradient on SN. Its
noise coefficient is

√
2, and it is reversible with respect to πN,c. We write (Pt)t≥0 for its

semigroup, so that νNPt is the law at time t of the diffusion started from the uniform
distribution. In the eigenbasis the drift is linear apart from the term that keeps the process
on the sphere. However, the noise is projected onto the tangent space of SN, and for
finite N the eigencoordinates are coupled and are not independent Ornstein–Uhlenbeck
processes.

This dynamics has a long history in physics. Shukla and Singh studied relaxation in
the spherical spin-glass model [133]. Ciuchi and de Pasquale studied nonlinear relaxation
and ergodicity breaking in random anisotropy spin glasses with many spin components
[44]. Cugliandolo and Dean solved the dynamics completely in the thermodynamic limit,
for quenches from high temperature and for more general temperature protocols [51].
They diagonalized the coupling matrix and reduced the spherical constraint to a scalar
Volterra equation for a time-dependent Lagrange multiplier [51, (II.2)–(II.7)], and from its
solution they computed correlation and response functions and showed that the dynamics
ages at low temperature. Zippold, Kühn, and Horner refined the time scales that separate
stationary relaxation from aging and compared the model with spherical ferromagnets
[156, Sections III–IV]. Cugliandolo and Kurchan developed a microscopic aging analysis
for spherical p > 2 spin glasses after taking the thermodynamic limit [50, Introduction],
and the quadratic model behaves like a coarsening system [52, Section IV.C]. Caltagirone,
Parisi, and Rizzo computed the off-equilibrium correlations at the critical temperature [38,
Section III]. On the mathematical side, Ben Arous, Dembo, and Guionnet proved aging
for the Langevin dynamics of the spherical Sherrington–Kirkpatrick model with a soft
spherical constraint [26]. The same authors derived rigorously the Cugliandolo–Kurchan
equations for the correlation and response functions of spherical spin glasses with a soft



1 Introduction 1.1 The model and its Langevin dynamics 4

spherical constraint [23, Theorem 1.2]. Dembo, Guionnet, and Mazza obtained the limit of
these equations under the hard spherical constraint [55, Proposition 1.1], and proved that
at sufficiently high temperature the solutions converge to a stationary pair that satisfies
the fluctuation-dissipation relation and decays exponentially [55, Theorem 1.3]. These
analyses take the thermodynamic limit first and then study the resulting correlation and
response functions, including their long-time behavior.

Finite-size effects enter through the edge of the spectrum. Rodgers and Moore
identified the first-gap barrier between the two antipodal low-temperature regions [124,
Section 2, (25)–(26)]; see also [73, Section 4]. Fyodorov, Perret, and Schehr showed that
at zero temperature the relaxation crosses over at times of order N2/3 from the algebraic
decay of the thermodynamic limit to an exponential decay governed by the random gap
λ1 − λ2, in a regime where observables are no longer self-averaging [73, Section 3.1].
Barbier, de Freitas Pimenta, Cugliandolo, and Stariolo studied these finite-size effects
further, including the escape from initial conditions concentrated near saddle points [13].
For gradient descent on the sphere started from the uniform distribution, which is the
dynamics at zero temperature, Yu showed that the time needed to reach a fixed overlap
with an extreme eigenvector lies between orders N2/3 and N2/3 log N with probability
at least 1 − δ, for each fixed δ > 0 [155, Section 3, Theorem 3.3]. That result concerns a
hitting time, while our results concern the law of the diffusion at positive temperature in
total variation. In an approximation that neglects finite-size fluctuations of the spectral
density, Cugliandolo, Dean, and Yoshino found a relaxation time of order N(β − βc) for
the linear susceptibility at low temperature [53, Sections 1.1 and 4.3].

The question. In this paper we study the law of the diffusion itself at finite N. We start
the diffusion from νN, independently of WN, and measure its distance to equilibrium by

DN(t) = ∥νNPt − πN,c∥TV, where ∥µ − η∥TV = sup
A

|µ(A)− η(A)| (1.4)

and the supremum is over Borel sets A ⊂ SN. We ask how DN(t) behaves as a function
of t when N is large, and how the answer depends on the temperature.

We comment on three features of this formulation. First, total variation controls the
law of the entire configuration, so that once DN(t) is small the law of every measurable
observable is close to its equilibrium law, including observables that depend on all N
coordinates; it is also the standard distance in the theory of mixing times [105]. Second,
the uniform distribution is the Gibbs measure at β = 0, and the dynamics started
from νN describes a quench from infinite temperature. In the eigenbasis a uniform
point has coordinates

√
N gi/|g|, where g1, . . . , gN are independent standard Gaussian

variables. Several of the computations cited above instead model the quench by giving
every eigenmode the same deterministic initial amplitude [51, (III.1)], [73, (6)], [13, (12)].
For a fixed matrix this is a different initial condition, and Section 1.4 explains why the
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difference matters at low temperature. Third, the law νNPt is averaged over the initial
point and the Brownian motion but not over the disorder, so that DN(t) is a random
variable that depends on WN only, and our results are statements in probability or in
distribution with respect to WN.

1.2 Cutoff and limit profiles

Diaconis and Shahshahani [58] and Aldous [1] found the cutoff phenomenon in their
analysis of card shuffling and random walks on groups, and Aldous and Diaconis named
it [2]; we refer to [56] and [105, Chapter 18] for surveys. Given a sequence of Markov
processes, let tN(ε) be the first time at which the distance to equilibrium is at most ε.
Ratios of mixing times are set to 1 when their denominator is zero. In the deterministic
setting, there is cutoff if tN(1− ε) > 0 for all sufficiently large N and tN(ε)/tN(1− ε) → 1
for every ε ∈ (0, 1/2), which means that the distance drops from close to one to close to
zero over a window of time that is much shorter than the mixing time. A finer question
asks for a limit profile, which consists of a center TN, a window wN with wN/TN → 0,
and a function P such that the distance at time TN + wNu converges to P(u) for every
u ∈ R.

Limit profiles are known for few processes. Diaconis, Graham, and Morrison studied
the random walk on the hypercube {0, 1}n that at each step stays put or flips one of the
n coordinates, each with probability 1/(n + 1). They proved in [59, Theorem 1] that its
distance to the uniform distribution at time (n log n)/4 + un converges to

Ψ(u) = 2Φ
(
e−2u/2

)
− 1, (1.5)

where Φ is the standard normal distribution function. The function Ψ(u) is the total-
variation distance between N (e−2u, 1) and N (0, 1), and it is also the profile in our
results at high temperature. Bayer and Diaconis found the profile of the riffle shuffle
[21, Theorem 4], and Lacoin found that of the simple exclusion process on the circle
[100, Theorem 2.1]. Teyssier showed that the profile of random transpositions is a total-
variation distance between two Poisson laws [144, Theorem 1.1], and Nestoridi and
Olesker-Taylor developed a general method for the profiles of reversible Markov chains
[114].

Cutoff is also known for many diffusions. Saloff-Coste [128, Theorems 2.1 and 4.2]
and Méliot [113, Theorem 6] studied Brownian motion on spheres and other compact
symmetric spaces, and Lachaud proved cutoff for samples of independent Ornstein–
Uhlenbeck processes [99, Propositions 1–2]. Boursier, Chafaï, and Labbé proved it for
the Dyson Ornstein–Uhlenbeck process [35] and computed exact profiles for Ornstein–
Uhlenbeck processes [35, Lemma 3.4]. Barrera and Jara [14, 15] studied total-variation
cutoff for small Gaussian perturbations of attracting dynamical systems, where the
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profile is obtained through a Gaussian approximation [15, Theorem 2.2]. For small
Lévy perturbations, Barrera, Högele, and Pardo treated Ornstein–Uhlenbeck systems in
Wasserstein distance [16, Section 3] and nonlinear Langevin systems with layered stable
noise in total variation [17, Section 1]. Chen and Saloff-Coste gave cutoff criteria for
maximum Lp distances with 1 < p < ∞ [41, Theorem 4.2]. Salez treated nonnegatively
curved Markov chains [126, Theorem 1] and obtained a total-variation criterion of product-
condition type for nonnegatively curved diffusions started from deterministic points [127,
Theorem 1 and Corollary 1]. Chafaï and Fathi proved cutoff under a rigidity condition
relating curvature and spectral gap [40, Corollaries 1.3–1.4], and Pedrotti and Salez
bounded the total-variation window through Poincaré constants of the evolving laws,
which allows arbitrary initial distributions [119, Theorem 1]. These criteria do not
determine the profiles studied here.

Mixing across a phase transition is best understood for the Curie–Weiss model. Levin,
Luczak, and Peres proved that the Glauber dynamics of the mean-field Ising model has
cutoff at high temperature and mixes in a time of order n3/2 at the critical tempera-
ture, while at low temperature it mixes exponentially slowly and a dynamics restricted
to configurations of nonnegative magnetization mixes rapidly [106, Theorems 1–3 and
Section 5]. Ding, Lubetzky, and Peres determined the mixing time through the criti-
cal window and along both mesoscopic approaches to it, which are governed by the
parameter nδ2 where δ is the distance to the critical temperature [60, Theorems 1–3].
In [61, Theorem 1] they showed that at low temperature a censored dynamics, which
removes the bottleneck created by the sign of the magnetization, has cutoff. Cuff, Ding,
Louidor, Lubetzky, Peres, and Sly analyzed the mean-field Potts model, whose dynamical
transition differs from its equilibrium transition [49]. In this paper we obtain a picture of
the same kind for a disordered model, with two differences: the mesoscopic parameter is
Nδ3 instead of nδ2, and in the critical window the profile is random, since it depends on
the edge of the spectrum of WN.

The mixing time also depends on the initial distribution. Lubetzky and Sly showed
that the one-dimensional stochastic Ising model started from the uniform distribution
mixes in half the time needed from almost every fixed initial configuration [108, The-
orem 2]; see also [83] for cutoff from given initial distributions. The quantity DN(t)
concerns the law obtained by averaging over the initial point, which can be much closer
to equilibrium than the law started from a typical fixed point. Our results therefore do
not describe worst-case mixing (see Section 1.4).
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1.3 Main results

Definitions

Throughout, WN is a GOE matrix and the initial distribution is νN, independent of WN.
The rescaled inverse temperature may depend on N, in which case we write cN and
evaluate DN, πN,cN , and the quantities below at c = cN; the temperature sequences need
not be monotone. Convergence in probability and in distribution refers to the randomness
of WN , and XN = oP(1) means that XN → 0 in probability. By the contraction property of
Markov semigroups, DN(t) is nonincreasing in t. The mixing time at accuracy ε ∈ (0, 1)
is

tN(ε) = inf{t ≥ 0 : DN(t) ≤ ε}.

We say that DN has cutoff profile P with center TN and window wN, which may be
random, if wN/TN → 0 in probability and

sup
u∈K

∣∣DN(TN + wNu)− P(u)
∣∣ → 0

in probability for every compact set K ⊂ R (Definition 3.7). In this random setting, cutoff
also requires P(tN(1 − ε) > 0) → 1 for every ε ∈ (0, 1/2). In every supremum of this
kind we restrict to offsets u for which the evaluation time TN + wNu is nonnegative, as
in Definition 3.7; equivalently, we set DN(t) = DN(0) for t < 0. Since wN/TN → 0
in probability, either convention changes nothing in the limit. If P is continuous and
decreases strictly from 1 to 0, then Lemma 3.11 implies that (tN(ε)− TN)/wN → P−1(ε)

in probability for every ε ∈ (0, 1), and in particular that there is cutoff. More generally,
a mixing profile is a limit of the functions u 7→ DN(TN + wNu), or of s 7→ DN(bNs) for
a time scale bN. The critical mixing profiles below are random, and they are not cutoff
profiles.

Besides the function Ψ in (1.5), we need the profiles

V(u) =
∥∥Law(G + e−2uC)− Law(G)

∥∥
TV,

Vθ(u) =
∥∥Law(G +

√
2θ e−2uC)− Law(G)

∥∥
TV,

(1.6)

where G is a standard Gaussian variable, C is an independent standard Cauchy variable,
and θ > 0. The law of G + aC is the convolution of a Gaussian and a Cauchy law, and
its density is a Voigt profile [149], [117, Section 7.19]. Both Ψ and V are continuous and
decrease strictly from 1 at −∞ to 0 at +∞ (Lemma 3.9), and Vθ(u) = V(u − log(2θ)/4).
Solving Ψ(u) = ε, we find Ψ−1(ε) = − log

(
2Φ−1((1 + ε)/2)

)
/2.

At low temperature we use the scaled eigenvalue gaps ai and the top fraction θN of
Section 3.2, given by

ai =
c
2
(λ1 − λi), θN = 1 − 1

N

N

∑
i=2

1
2ai

. (1.7)
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Since cλ1|x|2/2 is constant on SN, we have πN,c(dx) ∝ exp(−∑i≥2 aix2
i ) νN(dx). A cen-

tered Gaussian vector (x2, . . . , xN) with variances (2ai)
−1 has expected squared norm

(1 − θN)N, which is why θN approximates the squared projection x2
1/N of x/

√
N onto

the top eigenvector under πN,c. For fixed c > 1 we have θN → 1 − 1/c in probability,
and for cN = 1 + ϵN with ϵN → 0 and Nϵ3

N → ∞ we have θN/ϵN → 1 in probability
(Section 4). The convergence (1.11) of the top eigenvalues of WN to the Airy point process,
stated below, implies that N2/3a2 converges in distribution to a positive random variable.

At high temperature we use a deterministic evolution of variances, defined for a fixed
matrix WN and c ≥ 0. Let v1(t), . . . , vN(t) solve

v′i(t) = 2 + 2
(
cλi − z(t)

)
vi(t), vi(0) = 1, z(t) = 1 +

1
N

N

∑
j=1

cλjvj(t). (1.8)

These are the variances at time t of the linear system dxi = (cλi − z(t))xi dt +
√

2 dBi
with independent standard Gaussian initial values, in which the spherical constraint
holds only in expectation because the choice of z(t) keeps ∑i vi(t) = N. Cugliandolo and
Dean solved this system in the thermodynamic limit through the scalar Volterra equation
mentioned above [51, (II.4)–(II.7)]. As t → ∞, z(t) converges to the Lagrange multiplier
z and vi(t) converges to qi. The Gaussian law with variances vi(t) conditioned on SN is
the Bingham comparison law µt at time t, defined in Definition 7.5. Its distance to πN,c is
governed by the relative errors and by the information of v(t) relative to q (Definition 3.5),

ei(t) =
vi(t)

qi
− 1, IN(t) =

1
2

N

∑
i=1

ei(t)2. (1.9)

Away from the critical window

Our first result gives the profiles in the regimes treated here outside the critical window.
Each of its five cases has its own section, and Table 1.1 below summarizes the results.

Theorem 1.1 (Cutoff profiles away from the critical window). Suppose that the rescaled
inverse temperatures cN satisfy one of the conditions (1)–(5) below, and let P, TN, and wN be the
profile, the center, and the window given there. Then wN/TN → 0 in probability, and for every
compact set K ⊂ R and every ε ∈ (0, 1),

sup
u∈K

∣∣DN(TN + wNu)− P(u)
∣∣ → 0,

tN(ε)− TN

wN
→ P−1(ε) (1.10)

in probability. In particular, there is cutoff.

(1) Infinite-temperature crossover. Let cN → 0 and JN = Nc2
N → ∞. Then P = Ψ, wN = 1,

and TN = τN, where τN = inf{t ≥ 0 : IN(t) ≤ 1} if IN(0) > 1 and τN = 1 otherwise;
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with probability tending to one, IN(0) > 1 and τN is the only solution of IN(t) = 1 in
[0, ∞). Here IN is the information (1.9) at c = cN. Further, let hN = (cN/4) log JN and

B(h) = 1
2

∫ 2

−2
e4hλρsc(λ) dλ =

I1(8h)
8h

,

where I1 is the modified Bessel function of the first kind, and the quotient at h = 0 is
defined by continuous extension, with B(0) = 1/2. If (hN) is bounded, then τN =(
log JN + logB(hN)

)
/4 + oP(1). If hN → ∞, then τN − T′

N → 0 in probability, where
T′

N is the center in (2) evaluated at c = cN, and (1.10) also holds with TN = T′
N and

wN = (1 − cN)
−2.

(2) Fixed high temperature. Let cN = c ∈ (0, 1). Then P = Ψ, wN = 1/g with g = (1− c)2,
and

TN =
log N − 3

2 log log N + log Ac

4g
, Ac =

√
c (1 − c)3

4
√

π (1 + c)2 .

(3) Approach to the critical temperature from above. Let cN = 1 − δN, where δN → 0 and
MN = Nδ3

N → ∞. Then P = Ψ, wN = δ−2
N , and

TN =
log MN − 3

2 log log MN + log BcN

4δ2
N

, Bc =

√
c

4
√

π (1 + c)2 .

(4) Approach to the critical temperature from below. Let cN = 1 + ϵN, where ϵN > 0,
ϵN → 0, and Nϵ3

N → ∞. Then P = V , wN = a−1
2 , and

TN =


log(2θN Na2)

4a2
, θN > 0 and 2θN Na2 > 1,

1, otherwise.

(5) Fixed low temperature. Let cN = c > 1. Then P, wN, and TN are as in (4). Equivalently,
with θ = 1 − 1/c, (1.10) holds with Vθ in place of P and with T′′

N in place of TN, where
T′′

N = log(Na2)/(4a2) if Na2 > 1 and T′′
N = 1 otherwise. Further, a2tN(ε)/ log N →

1/12 in probability.

For finitely many fixed temperatures in (2) and (5), the conclusions hold simultaneously for the
same matrices WN.

The centers τN in case (1) and TN, T′′
N in cases (4) and (5) are random. In case (1), τN

is the first time at which IN(t) ≤ 1 on the event {IN(0) > 1}, and τN = 1 elsewhere (see
(15.7)). On {IN(0) > 1}, we have IN(τN) = 1, and this solution is unique with probability
tending to one. In cases (4) and (5), the events on which the centers are set equal to 1 have
probability tending to zero, so that TN = log(2θN Na2)/(4a2) and T′′

N = log(Na2)/(4a2)

with probability tending to one. We prove case (1) in Section 15 (Theorems 15.2 and 15.3),
case (2) in Section 13 (Theorem 13.1), and case (3) in Section 14 (Theorem 14.1). Case
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(4) is proved in Section 17 (Theorems 17.3 and 17.5 and Corollary 17.6), and case (5) in
Section 16 (Theorem 16.1).

When Nc2
N stays bounded, the uniform distribution and the Gibbs measure are not

asymptotically singular, and the distance relaxes over a bounded time.

Theorem 1.2 (Bounded-time relaxation near infinite temperature). Suppose that cN → 0
and

√
N cN → a ∈ [0, ∞). Then

sup
t≥0

∣∣∣DN(t)−
(

2Φ
( ae−2t

2
√

2

)
− 1

)∣∣∣ → 0

in probability, and for every ε ∈ (0, 1),

tN(ε) → max
{1

2
log

a
2
√

2 Φ−1((1 + ε)/2)
, 0

}
in probability, where the limit is zero if a = 0. If cN = 0, then νN = πN,0 and DN(t) = 0 for all
t ≥ 0.

Theorem 1.2 is part of Theorem 15.2. Its limit is 2Φ(
√

I(t)/2)− 1 with I(t) = a2e−4t/2,
and I(t) is the limit of the information IN(t) in (1.9), because the initial information
satisfies IN(0) = (Nc2

N/2)(1 + oP(1)) and decays at rate 4 +O(cN) (Section 15). There is
no cutoff in this regime.

Rescaled inverse temperature Center TN (leading order) Window wN Profile

cN → 0, Nc2
N → a2 < ∞ bounded relaxation time, no cutoff Theorem 1.2

cN → 0, Nc2
N → ∞ log(Nc2

N)/4 1 Ψ

c ∈ (0, 1) fixed log N/(4(1 − c)2) (1 − c)−2 Ψ

cN = 1 − δN, Nδ3
N → ∞ log(Nδ3

N)/(4δ2
N) δ−2

N Ψ

cN = 1 + σN−1/3 order N2/3, no cutoff — Fσ (random)

cN = 1 + ϵN, Nϵ3
N → ∞ log(Nϵ3

N)/(12a2) a−1
2 V

c > 1 fixed log N/(12a2) a−1
2 V

Table 1.1. The regimes of Theorems 1.1 to 1.3, from high to low temperature. The centers are given
to leading order; the exact centers are in Theorem 1.1. At low temperature a2 = c(λ1 − λ2)/2 is
of order N−2/3, and the center and the window are random at leading order, since N2/3a2 has a
nondegenerate limit in distribution.
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The critical window

In the critical window cN = 1 + σN−1/3 we express our results through the Airy point
process. Let χ1 < χ2 < · · · be the reflected GOE Airy point process, given by the eigen-
values of the stochastic Airy operator −d2/dx2 + x + 2b′(x) on L2(0, ∞) with Dirichlet
boundary condition at 0, where b′ is white noise [121, Section 2 and Theorem 1.1]. This
is one random sequence, and for every fixed k we have(

N2/3(2 − λi)
)k

i=1 =⇒ (χi)
k
i=1 (1.11)

in distribution [121, Theorem 1.1]. The points χi are almost surely distinct and tend to
infinity [121, Proposition 3.5]. We write TW1 for the law of −χ1. By (1.11) with k = 1,
N2/3(λ1 − 2) converges in distribution to TW1, the GOE Tracy–Widom distribution [145,
Section I and (53) in Section VII]. We set ∆i = χi − χ1 for i ≥ 2. Landon and Sosoe proved
that the limit

Ξ = lim
k→∞

( k

∑
i=2

1
∆i

− 2
π

(3πk
2

)1/3)
exists almost surely and that N1/3(N−1 ∑i≥2(λ1 − λi)

−1 − 1
)

converges in distribution to
Ξ [102, Theorem 6.1]. This is the regularized inverse-gap statistic of Lemma 4.5. Du and
Huang showed that the function

S (x) = Ξ +
1
x
+ ∑

i≥2

( 1
x + ∆i

− 1
∆i

)
, x > 0, (1.12)

is almost surely strictly decreasing, with limits +∞ at 0 and −∞ at +∞ [62, Proposi-
tion 1.4]. For every σ ∈ R we let ϱσ > 0 be the unique solution of S (ϱσ) = σ, and we
set

Rσ
1 =

ϱσ

2
, Rσ

i =
∆i + ϱσ

2
(i ≥ 2).

These numbers are the limiting scaled half-precisions. If cN = 1 + σN−1/3, then the
equation (1.2) for the Lagrange multiplier becomes S (ϱσ) = σ in the limit, and N2/3pi/2
converges in distribution to Rσ

i , jointly for finitely many i (Lemma 4.17).
We let ρσ be the law of a sequence (ξi)i≥1 of independent centered Gaussian variables

with variances (2Rσ
i )

−1, conditioned on

∑
i≥1

(
ξ2

i −
1

2Rσ
i

)
= 0.

The series converges almost surely because ∑i(Rσ
i )

−2 < ∞, and since the event that
it vanishes has probability zero, we define ρσ through densities (Sections 5 and 18).
Note that ρσ describes Gibbs measures in the critical window, in the sense that the first
k eigencoordinates under πN,cN , multiplied by N−1/3, converge to the corresponding
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marginal of ρσ (see Corollary 18.12 for a precise statement). Du and Huang introduced
this conditioned Gaussian sequence and the root ϱ0 at the critical temperature σ = 0, in
their study of the overlap distribution [62, Sections 1.2 and 2.2].

We define the critical mixing profile Fσ in Section 19 through the limit of the dynamics
constructed in Section 18, as follows. Let cN = 1 + σN−1/3, and let X(t) be the diffusion
started from νN . We show that N−1/3Xi(N2/3s) converges in distribution to Ui(s)/

√
Z(s),

jointly for finitely many i, where the processes Ui solve

dUi(s) = −2Rσ
i Ui(s) ds +

√
2Z(s) dBi(s), Ui(0) = 0, (1.13)

for independent Brownian motions B1, B2, . . . and Z is a positive process that solves a
stochastic Volterra equation driven by the same Brownian motions. We show that Z is the
limit of the rescaled squared norm of the unnormalized process of Section 1.6. It tends
to infinity as s ↓ 0, and this singular behavior at time zero is how the uniform initial
distribution enters the limit. Conditionally on the Airy point process, we define

Fσ(s) =
∥∥Law

(
(Ui(s)/

√
Z(s))i≥1

)
− ρσ

∥∥
TV, s > 0. (1.14)

Note that Fσ is a random function that is determined by the Airy point process.

Theorem 1.3 (The critical window). Fix σ1, . . . , σm ∈ R and let cN,j = 1+ σjN−1/3. Let D(j)
N

and t(j)
N be the distance and the mixing time at c = cN,j, for the same matrix WN. Then(

s 7→ D(j)
N (N2/3s), ε 7→ N−2/3t(j)

N (ε)
)m

j=1
=⇒

(
Fσj , F−1

σj

)m

j=1

in distribution, where all limits are defined from the same Airy point process. The topologies are
those of uniform convergence on compact subsets of (0, ∞) and of (0, 1), respectively. Almost
surely, for each j, the function Fσj is continuous and strictly decreasing on (0, ∞), Fσj(0+) = 1,
and Fσj(s) → 0 as s → ∞. Moreover, there exist c1, C1 > 0, depending on the Airy point process
and on σj, such that Fσj(s) ≥ c1e−C1s for all s > 0. For every ε ∈ (0, 1/2) and every j, with the

finite-N quotient defined to be 1 on the event {t(j)
N (1 − ε) = 0},

t(j)
N (ε)

t(j)
N (1 − ε)

=⇒
F−1

σj
(ε)

F−1
σj (1 − ε)

,

and the limit is almost surely greater than one. Finally, for every K > 0 and η > 0 there exist
C > 0 and events AN with lim infN→∞ P(AN) ≥ 1 − η with the following property. On AN,
for every σ ∈ [−K, K] and every ε ∈ (0, 1/2), the mixing time tN(ε) at c = 1+ σN−1/3 satisfies

C−1N2/3 log(1/ε) ≤ tN(ε) ≤ CN2/3 log(1/ε).
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In particular, Theorem 1.3 implies that there is no cutoff in the critical window, since
tN(ε)/tN(1 − ε) converges in distribution to a limit that is almost surely greater than
one. The convergence is stated in distribution: the theorem is formulated through the
GOE edge limit without specifying a joint coupling across matrix sizes with the limiting
Airy point process. We prove Theorem 1.3 in Sections 18 and 19. We prove convergence
for deterministic spectra satisfying the hypotheses of Section 4 in Theorem 19.2 and
deduce the statement for the GOE in Theorem 19.4. We prove the lower bound on Fσ in
Corollary 19.5 and the bounds on tN(ε) in Corollary 19.11. These bounds allow accuracies
that depend on N, and for instance they show that the mixing time at accuracy e−bN is of
order N5/3.

Our last main result describes critical mixing profiles far from the center of the
window, where they converge to the profiles of the mesoscopic regimes on the same side
of the critical temperature.

Theorem 1.4 (Matching with the mesoscopic regimes). Almost surely, for every compact set
K ⊂ R, as S → ∞,

sup
u∈K

∣∣∣F−S

(
τh

S +
u
S2

)
− Ψ(u)

∣∣∣ → 0, τh
S =

log S3 − 3
2 log log S3 − log(16

√
π)

4S2 ,

and
sup
u∈K

∣∣∣FS

(
τc

S +
2u
∆2

)
− V(u)

∣∣∣ → 0, τc
S =

log((S − Ξ)∆2)

2∆2
.

Further, S2(F−1
−S(ε)− τh

S
)
→ Ψ−1(ε) and (∆2/2)

(
F−1

S (ε)− τc
S
)
→ V−1(ε), locally uniformly

in ε ∈ (0, 1).

We prove Theorem 1.4 in Section 20 (Theorem 20.4) and Section 21 (Theorem 21.2). The
proof approximates each critical profile by finite-dimensional diffusions, taking N → ∞
at fixed σ = ∓S before letting S → ∞.

1.4 Discussion

Three mechanisms. The three profiles Ψ, V , and Fσ come from three different mecha-
nisms.

At high temperature the law of the diffusion at time t is close in total variation to the
Bingham comparison law, a Gaussian law with variances vi(t) conditioned on SN, while
πN,c is a Gaussian law with variances qi conditioned on SN. The log-likelihood ratio
of the Bingham comparison law with respect to πN,c is ∑i eix2

i /(2vi) up to an additive
constant, and when the relative errors ei are small and many coordinates contribute,
it is approximately Gaussian under πN,c with variance IN and mean −IN/2. This is
Le Cam’s Gaussian experiment [104], [146, Chapters 6–7], in which the total-variation
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distance is 2Φ(
√
IN/2)− 1. The information decays over time, and for large t its decay

is governed by the edge of the spectrum. Indeed, each relative error ei(t) decays roughly
like e−2pit, precisions near the edge satisfy pi − d = c(λ1 − λi), and the semicircle density
vanishes like a square root at the edge. A Laplace-type computation then suggests that

IN(t) ≈ Ac N (4gt)−3/2e−4gt

at fixed c ∈ (0, 1), with Ac and g as in Theorem 1.1. The center TN in case (2) agrees, up
to o(g−1), with the time at which the right side equals one, so that IN(TN + u/g) → e−4u

and the profile is 2Φ(e−2u/2)− 1 = Ψ(u). In particular, the correction −(3/2) log log N
comes from the factor t−3/2, which reflects the square-root vanishing of the semicircle
density. Factors t−3/2 of this kind, which come from Laplace transforms of the spectral
measure near the edge, appear in the physics literature on this model [51, Appendix A],
[156, (14), (17)–(18)], [73, (27)–(28)].

At low temperature the mechanism is different. We describe it through the unnormal-
ized process of Section 1.6, whose coordinates solve linear equations in which the first
coordinate has no drift and coordinate i has drift −2aiYi. During an initial period the
first two coordinates acquire values that, after a common normalization, are asymptoti-
cally independent standard Gaussian variables H1 and H2; these values are built from
the initial coordinates and the early noise. Afterwards the first eigencoordinate of the
diffusion grows until it carries a fraction θN of the squared norm, while the ratio of the
second eigencoordinate to the first decays at rate 2a2. At time TN + u/a2 the second eigen-
coordinate, divided by its equilibrium standard deviation (2a2)

−1/2, is approximately
G + e−2uH2/|H1|, where G is a fresh standard Gaussian variable independent of (H1, H2).
Since H2/|H1| has a standard Cauchy law, this leads to the profile V . The center TN
solves

√
2θN Na2 e−2a2TN = 1, where

√
θN N is the size of the first eigencoordinate, and all

other eigencoordinates relax faster and do not contribute. The appearance of the Cauchy
law depends on the initial distribution, since we need H1 and H2 to be asymptotically
independent centered Gaussian variables with the same variance. A ratio of two such
variables is a classical construction of the Cauchy law [110], and what is specific to this
model is that the ratio survives in the total-variation limit, independently of late Gaussian
noise.

In the critical window the relevant precisions are of order N−2/3 and the time scale is
N2/3. On this scale eigencoordinates are of order N1/3 and initial values of individual
coordinates are negligible, while the limit (1.13) retains infinitely many random rates Rσ

i .
The profile Fσ is determined by these random rates.

Matching across regimes. The constants in Theorem 1.1 are consistent with each other.
Since Ac = (1 − c)3Bc, the center in case (2) equals

log
(

N(1 − c)3)− 3
2 log log N + log Bc

4(1 − c)2 .
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This has the form of the center in case (3) with δ = 1 − c, except that log log N replaces
log log MN . If we replace c by cN = 1 − δN then the difference between the two centers is
−(3/8)δ−2

N log(log N/ log MN), which is of the order of the window δ−2
N or larger unless

log MN/ log N → 1. For instance, it equals (3/8)δ−2
N log(1 − 3α) for δN = N−α with

0 < α < 1/3. Thus the formula for fixed temperature does not extend to temperatures
approaching the critical one, and the logarithmic correction must be computed with MN .
Case (1) connects to case (2) in a similar way. When hN → ∞ the center τN is given by the
formula of case (2) with c = cN, and when hN is bounded the function B describes the
transition from relaxation governed by the bulk of the spectrum to relaxation governed
by its edge. Below the critical temperature, cases (4) and (5) have the same formula.

Theorem 1.4 matches the critical profiles with cases (3) and (4). If we set δN = SN−1/3

in case (3), then MN = S3 and BcN → 1/(16
√

π), so that the center and the window of
case (3), divided by N2/3, converge to τh

S and S−2. If we set ϵN = SN−1/3 formally in
case (4), then under a coupling realizing the convergence of the edge spectral data we
have N1/3θN → S − Ξ and N2/3a2 → ∆2/2. On the event {(S − Ξ)∆2 > 1}, the center
and the window divided by N2/3 then converge to τc

S and 2/∆2. This event holds almost
surely for all sufficiently large S. These substitutions are only formal, since Nδ3

N and Nϵ3
N

stay bounded. In case (4) itself we have ϵN N1/3 → ∞ and θN/ϵN → 1, and the statistic
Ξ appears only in the iterated limit, through τc

S. The mesoscopic theorems do not imply
Theorem 1.4, which concerns the order of limits in which N → ∞ first, and its proof uses
estimates that are uniform in the effective parameters Nδ3

N and θN Na2 before the limit is
taken.

Time scales and the width of the critical window. The mixing time increases from order
log N at fixed high temperature to order δ−2

N log(Nδ3
N) in the approach from above and

to order N2/3 in the critical window, and it is of order N2/3 log(Nϵ3
N) in the approach

from below and of order N2/3 log N at fixed low temperature. The window grows from
order one to order N2/3 and remains of order N2/3 below the critical temperature, where
the center and the window are random at leading order. For instance, in case (5), (1.11)
and a2tN(ε)/ log N → 1/12 imply that tN(ε)/(N2/3 log N) converges in distribution to
1/(6c∆2).

The critical window has width N−1/3 in c for the following reason. At high tem-
perature the smallest precision is d ≈ (1 − c)2, and the number of precisions in [d, 2d]
is of order N(1 − c)3, since this is the number of eigenvalues within distance (1 − c)2

of the edge. When MN = Nδ3
N → ∞, many coordinates contribute comparably to

IN and their sum produces the Gaussian profile. When Nδ3
N is bounded, the relevant

precisions are comparable to the spacing N−2/3 of the top eigenvalues, and the limit
retains their randomness. Below the critical temperature the corresponding parameter is
θN Na2, which is of order (Nϵ3

N)
1/3. The fluctuations of the free energy cross over on the

wider scale c = 1 + bN−1/3
√

log N, as predicted by Baik and Lee (see [91, Section 1.2]).



1 Introduction 1.4 Discussion 16

Landon proved the critical Gaussian limit, tightness in the crossover, and the Gaussian
and Tracy–Widom outer limits [101, Theorems 1.1–1.2]. Johnstone, Klochkov, Onatski,
and Pavlyshyn determined the full crossover law [91, Theorem 1.1, (1.7)]. Under their
centering and normalization its GOE form is Z +

√
3/2 b+TW1, where b+ = max{b, 0}

and Z is an independent standard Gaussian variable, so that the Gaussian fluctuations
from the bulk of the spectrum and the Tracy–Widom fluctuations from the edge are of
the same order there. The dynamical window is determined by the edge alone, and
the logarithm does not appear. A temperature scale N−1/3 also appears in the static
analysis of Wang and Tang, which is based on a maximum-likelihood approximation of
the spectrum [150, Section 4.1.1].

Symmetry of the initial condition. The generator (1.3), the Gibbs measure, and νN are all
invariant under each reflection xi 7→ −xi of an eigencoordinate, and therefore so is νNPt.
This symmetry is important at low temperature. There the potential ∑i≥2 aix2

i vanishes
at ±

√
N times the top eigenvector and is at least Na2 on the equator {x1 = 0}, where

Na2 is of order N1/3. This is the antipodal barrier mechanism of Rodgers and Moore
[124, Section 2, (25)–(26)], discussed further in [73, Section 4]. The sign of x1 changes only
when the process crosses the equator. Since νNPt is symmetric under x1 7→ −x1, that sign
does not affect DN(t), and the distance is the same as for the process folded onto the
hemisphere {x1 ≥ 0}. From a starting point in one hemisphere the law at time t need not
be symmetric, and Theorem 1.1 concerns only the uniform initial law. Gheissari, Grant,
and Yu compare symmetric and worst-case initial conditions for spiked matrix models
[78, Theorem 1.2], as we discuss in Section 1.5. For the Curie–Weiss model the censored
dynamics of [61] removes the analogous bottleneck by changing the dynamics.

Which temperature sequences are covered. Theorems 1.1 to 1.3 cover fixed values
c ∈ [0, 1) ∪ (1, ∞), every sequence cN → 0 along which Nc2

N converges in [0, ∞], every
sequence cN → 1 that stays on one side of 1 and satisfies N1/3|cN − 1| → ∞, and
cN = 1+ σN−1/3 with σ fixed. Several cases are not covered. First, for fixed c /∈ {0, 1} we
state the results at the fixed temperature c and not along sequences cN → c. The proofs
suggest that the results extend to such sequences with centers evaluated at cN, but a
center evaluated at the limit c instead is shifted by an amount that does not vanish unless
(cN − c) log N → 0. Similarly, in the critical window we do not treat cN = 1 + σN N−1/3

with σN → σ. Second, we do not cover the case cN → ∞, in which the temperature tends
to zero, since our proofs at low temperature use a bounded range of the scaled eigenvalue
gaps ai and a limiting top fraction in (0, 1) or tending to zero. Third, a sequence that
oscillates between regimes is analyzed along subsequences. It need not have a single
limiting profile, although subsequences with the same limiting shape can be combined
using their respective centers and windows.
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1.5 Related work

Equilibrium. The equilibrium theory of the model is well developed. Baik and Lee
proved that the free energy has Gaussian fluctuations of order N−1 at high temperature
and Tracy–Widom fluctuations of order N−2/3 at low temperature [6, Theorems 1.1–1.2];
see [7–9] for related models with a ferromagnetic interaction or a bipartite structure.
At the critical temperature, Landon proved a central limit theorem for the free energy
on the scale N−1

√
log N [101, Theorem 1.1], and Johnstone, Klochkov, Onatski, and

Pavlyshyn identified its limit law throughout the transition window [91, Theorem 1.1,
(1.7)]. Nguyen and Sosoe proved a central limit theorem for the overlap of two replicas
near the critical temperature on the high-temperature side [115, Theorem 1 and Section 5].
Landon and Sosoe identified the fluctuations of the moments of the overlap at low
temperature and in the process constructed the statistic Ξ [102, Theorems 2.1–2.3 and 6.1].
Du and Huang determined the limiting overlap distribution at the critical temperature
[62, Theorem 1.1], and our description of the Gibbs measure in the critical window
follows theirs. Results with an external field are in [10, 45, 103], variational descriptions
of spherical models of Thouless–Anderson–Palmer type are in [22, 142]. Chen extended
the spherical free-energy formula to general mixtures, including odd interactions [43],
while Panchenko and Talagrand studied multiple spherical systems with constrained
overlaps [118, Theorem 1 and Section 3]. The relation between exact and mean spherical
constraints was studied by Kac and Thompson [92], Crisanti, Sarracino, and Zannetti
[48], and Aru and Korzhenkova [5], and Lukkarinen studied condensation in spherical
models [109]. Genovese and Tantari studied the Legendre duality between spherical and
Gaussian spin-glass ensembles [75]. These works concern the Gibbs measure, which in
our setting is the end point of the dynamics.

Spherical spin glass dynamics and sampling. Gheissari and Jagannath proved that
the spectral gap of the Langevin dynamics of spherical p-spin glasses with p ≥ 3 is of
order one at sufficiently high temperature and exponentially small at sufficiently low
temperature [77, Theorem 1]; the quadratic case is excluded [77, Remark 5]. Ben Arous
and Jagannath related spectral gaps to the free-energy landscape [24] and distinguished
shattering from metastability [25, Theorems 2.5–2.6], and Ben Arous, Gheissari, and
Jagannath bounded the evolution of observables along spherical dynamics [27]. Huang,
Mohanty, Rajaraman, and Wu proved that simulated annealing based on Langevin
dynamics samples from spherical spin glasses at high temperature in polynomial time,
with small error in total variation [89, Theorem 7.2]. In [89, Section 1.5] they discuss
the different question of sampling with Langevin dynamics at a fixed temperature from
a uniform start. Huang, Montanari, and Pham obtained sampling in total variation
for spherical spin glasses by algorithmic stochastic localization [88], an algorithm that
differs from Langevin dynamics; see also [65]. For models with discrete spins, functional
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inequalities and rapid mixing at high temperature were established in [3, 20, 66]. Ge,
Lee, Lu, and Risteski gave an exact rejection sampler for Bingham distributions with
expected runtime polynomial in the dimension and the spectral range, assuming an
oracle for solving a univariate polynomial equation [74, Theorem 1.1]; it does not concern
the Langevin dynamics. Other dynamics on the sphere have been analyzed as well; for
instance, Kac’s walk mixes in order n log n steps [120] and has cutoff in total variation
from a coordinate vector [90, Theorem 1.1].

The closest work is that of Gheissari, Grant, and Yu [78], who study the Langevin
dynamics on the sphere for spiked matrix models, in which a rank-one perturbation
is added to a GOE matrix. For a sufficiently large fixed spike, they prove that at low
temperature the worst-case mixing time is exponential, while the dynamics mixes in
logarithmic time from initial distributions that are invariant under the reflection of the
top eigencoordinate, such as the uniform distribution [78, Theorems 1.2–1.3]. They also
prove cutoff in a high-temperature regime [78, Corollary 6.3]. Their results do not cover
the model without a spike, in which the gap between the two largest eigenvalues is of
order N−2/3 instead of order one. They also do not identify a profile at low temperature,
and the question of cutoff from symmetric initializations at low temperature is left
open there [78, discussion following Theorem 1.2, p. 4]. Compared to their results,
Theorem 1.1(4)–(5) concern the model without a spike and identify the profile, and
Theorems 1.3 and 1.4 have no counterpart in [78].

The physics works discussed in Section 1.1 compute observables in the thermo-
dynamic limit or at zero temperature, and several of them use a deterministic initial
amplitude in each eigenmode. Our results concern the total-variation distance of the
full law at positive temperature, from the uniform distribution and for fixed disorder.
They are consistent with the physical picture, in which the relaxation rate (1 − c)2 at high
temperature corresponds to the classical saddle point, and in which the role of the edge
of the spectrum and of the gap λ1 − λ2 at low temperature was identified in [13, 73]. We
also note that the isolated (Hamiltonian) dynamics of the same model has additional
conserved quantities that prevent relaxation to the Gibbs measure [54].

Tools. We use several classical tools and credit them where they are used. These include
the representation of uniform and Bingham laws by conditioned Gaussian vectors [31,
98], with the Gaussian approximation of spherical coordinates going back to Borel [57,
Section 6]. They also include Le Cam’s theory of Gaussian likelihood ratios [104, 146],
Stein’s method for normal approximation [141], the scalar equation of Cugliandolo and
Dean for the Lagrange multiplier [51], the Bakry–Émery calculus and logarithmic Sobolev
inequalities [11, 12, 79], and stochastic calculus [123].
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1.6 Ideas of the proofs

We describe the main ideas briefly here and refer to Section 2 for a detailed overview. The
proofs use one exact representation of the dynamics throughout. Let g = (g1, . . . , gN) be
a standard Gaussian vector, independent of independent Brownian motions B1, . . . , BN,
and let Y solve

dYi = −piYi dt +
√

2/N |Y| dBi, Y(0) = g. (1.15)

Then
√

N Y/|Y| is the Langevin diffusion with generator (1.3) started from νN (Section 10).
Shifting the precisions pi by a common constant, for instance replacing them by 2ai, does
not change

√
NY/|Y|. The process Y is the unnormalized process of Section 10, with

quadratic potential coefficients pi/2. Its coordinates solve linear equations that are
coupled only through the factor |Y| in the noise.

At high temperature we compare νNPt with the Bingham comparison law. We bound
the total-variation distance between them by integrating the error that the comparison
law makes in the forward equation of the diffusion (Section 9), which requires functional
inequalities on the sphere (Section 8) and moment bounds for the unnormalized process
(Section 10). The distance between the comparison law and πN,c is a distance between two
Gaussian laws conditioned on the same sphere. We show that it equals 2Φ(

√
IN/2)−

1 up to an error that we control quantitatively (Sections 5 and 6). We compute the
information from the covariance evolution and the edge of the spectrum (Section 7). At
low temperature we follow the mechanism described in Section 1.4. We analyze the first
coordinates of the unnormalized process directly and control the remaining coordinates
through conditional relative entropy and logarithmic Sobolev inequalities, and smoothing
estimates then upgrade weak convergence of the first coordinates to convergence in total
variation (Sections 11 and 12). In the critical window we construct the limit process (1.13)
and the limiting Gibbs law (Theorem 18.9 and Corollary 18.12). We also prove that at
every time of order N2/3 the law of the diffusion has a density with respect to the Gibbs
measure that is bounded in L2 uniformly in N (Theorem 12.13). With the smoothing of
the finite-dimensional semigroup and a Poincaré inequality for the conditional law of the
remaining coordinates, this bound controls the remaining coordinates at every fixed time
(Lemma 19.15). Integration by parts under the Gibbs measure gives a uniform translation
bound for the first-coordinate laws. Mollification upgrades their weak convergence to
convergence in total variation at each fixed positive time (Lemma 19.17). Combining this
with the bound on the remaining coordinates gives pointwise convergence of the whole
total-variation distance (Proposition 19.19). Semigroup smoothing and weak convergence
give continuity of the limiting profile; monotonicity then upgrades pointwise convergence
to locally uniform convergence, and finite-dimensional spectral correlation bounds give
strict decrease (Theorem 19.2). We prove the outer limits in Theorem 1.4 by applying
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finite-dimensional estimates that are uniform in the effective parameters Nδ3
N and θN Na2

to finite approximations of the Airy point process (Sections 20 and 21).
Two principles apply throughout the paper. First, the object of study is always the

law of the original diffusion on SN started from νN. We use Gaussian and Bingham
laws through explicit total-variation comparisons with the finite-dimensional diffusion.
In the critical window, the countable limiting laws define the limiting distance, whose
convergence follows from finite-coordinate convergence in total variation, estimates for
the remaining coordinates, and continuity of the limiting profile. Second, random-
matrix inputs enter only through deterministic hypotheses on the spectrum, which
hold with probability at least 1 − η for every fixed η > 0 with constants depending on
η. The dynamical estimates are deterministic statements about a matrix that satisfies
these hypotheses. We state the published random-matrix results that we use, in our
normalization, in Section 4.

1.7 Organization of the paper

For publication, the manuscript is divided into two volumes. The first, Part I: Foundations
and tools, contains Sections 1–12: the main statements, an overview of the proofs, the
preliminaries, and the general tools. The second, Part II: Mixing profiles and critical
dynamics, contains Sections 13–21: the proofs in the temperature regimes, the construction
and analysis of the critical dynamics, and the outer limits of the critical profiles.

Section 2 gives an overview of the proofs. Part I contains the preliminaries: in Section 3
we define the model, fix conventions, and collect the properties of the profiles, and in
Section 4 we state the random-matrix inputs and analyze the Lagrange multiplier. Part II
develops the tools, each in the generality needed later, namely Gaussian laws conditioned
on a sphere (Section 5), their likelihood ratios (Section 6), the covariance evolution
and its heat estimates (Section 7), functional inequalities on the sphere (Section 8), the
comparison with Bingham laws (Section 9), the unnormalized process (Section 10), score
bounds and conditional relative entropy (Section 11), and density bounds (Section 12).
Part III proves Theorem 1.1(1)–(3) and Theorem 1.2 (Sections 13 to 15), and Part IV proves
Theorem 1.1(4)–(5) (Sections 16 and 17). Part V constructs the critical limit process and
proves Theorems 1.3 and 1.4 (Sections 18 to 21).



section 2

Overview of the proofs

In this section, we outline the proofs of Theorems 1.1 to 1.4; the section also serves as
a map of the paper. For each regime, we explain where the mixing profile comes from,
what the main obstacle is, and which results overcome it, with references to the precise
statements in the later sections. Some computations in this overview are heuristic; precise
statements and proofs appear in the sections cited.

Section 2.1 collects the reductions that are used in every regime. Section 2.2 treats the
temperatures above the critical one, Section 2.3 the temperatures below it, and Section 2.4
the critical window. Section 2.5 explains how the critical mixing profiles are matched
with the cutoff profiles of the mesoscopic regimes. Section 2.6 records which sections
each proof uses.

2.1 Common reductions

Eigencoordinates and shifts. Since νN is invariant under orthogonal transformations, we
may work in an orthonormal eigenbasis of WN , and DN(t) depends on WN only through
its eigenvalues (Section 3.1). Most of our dynamical estimates concern a general real
symmetric matrix A with eigenvalues α1 ≥ · · · ≥ αN, the generator LA, and the Gibbs
measure πA ∝ exT Ax/2νN; the model is the case A = cWN. Because |x|2 = N on SN,
adding a multiple of the identity to A changes neither LA nor πA (see (3.7)). We use
this freedom in two ways. At high temperature and in the critical window, we write
the potential through the precisions pi = z − αi of Definition 3.3, which are positive and
satisfy ∑i p−1

i = N, so that πA is proportional to e−∑i pix2
i /2νN. At low temperature, we

use the scaled eigenvalue gaps ai = c(λ1 − λi)/2 of (3.8), for which πN,c ∝ e−FνN with
F = ∑i≥2 aix2

i , and the first eigencoordinate carries no potential. Finally, we note that LA,
πA, and νN are invariant under each reflection xi 7→ −xi, and so is νNPA

t (Lemma 3.1).

Gibbs measures as conditioned Gaussian laws. For positive numbers v1, . . . , vN with
∑i vi = N, let µv be the law of a centered Gaussian vector with independent coordinates
of variances vi, conditioned on |x|2 = N (Definition 5.4). By Proposition 5.6, the Bingham
law proportional to exp{ 1

2 ∑i bix2
i } νN with bi = z − v−1

i is µv, for every z ∈ R. In partic-
ular, we have νN = µv with all vi = 1, and πA = µq with qi = 1/pi; this representation
of Bingham laws is classical [31, 98]. Under µv, the coordinates behave like independent

21
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Gaussian variables when no coordinate carries a macroscopic share of the variance of the
radial constraint, and in Section 5 we measure this through

ηv =
maxi vi(

2 ∑j v2
j
)1/2 . (2.1)

The main results of that section are a quantitative local limit theorem for the density of
∑i vi(g2

i − 1), where the gi are independent standard Gaussian variables (Theorem 5.3);
an exact formula for the density of a set of coordinates with respect to independent
Gaussian variables (Lemma 5.9), and a bound on this density when the set carries a small
fraction of the variance (Theorem 5.11); moment bounds (Theorem 5.12); an exact formula
for quadratic exponential moments (Lemma 5.13); and moment bounds for quadratic
statistics (Theorem 5.15). For the model, ηq is of order N−1/2 at a fixed temperature
c < 1, and it is asymptotic to M−1/2

N along cN = 1 − δN (Theorem 4.13). In the critical
window and at low temperature, the first eigencoordinates carry a share of the radial
variance that does not vanish, and ηq does not tend to zero. For the critical window, we
also treat in Section 5 countable variance sequences, for which the radial constraint must
be renormalized (Definition 5.8 and Proposition 5.17).

The unnormalized process. All our dynamical estimates use one exact representation of
the diffusion. For quadratic potential coefficients ρ1, . . . , ρN ∈ R, let Y solve

dYi = −2ρiYi dt +
√

2/N |Y| dBi, Y(0) = g, (2.2)

where g is a standard Gaussian vector independent of the Brownian motions B1, . . . , BN.
We show in Lemma 10.2 that Y never vanishes and that X =

√
N Y/|Y| is the Langevin

diffusion with potential ∑i ρix2
i started from νN, with the same time parameter. If we

replace every ρi by ρi + τ, then Y(t) is multiplied by e−2τt and X does not change. We take
ρi = pi/2 at high temperature and in the critical window, which gives (1.15), and ρi = ai
at low temperature, in which case Y1 is a martingale, since E|Y(0)|2 < ∞ (Remark 10.3).

The coordinates of Y have linear drifts. By (10.5), the second moments EYi(t)2 solve
the linear system with matrix −4 diag(ρ) + (2/N)11T, and for ρi = pi/2 we find that

EYi(t)2 = hi(t), h(t) = etH1, H = −2 diag(p) +
2
N

11T, (2.3)

where H is the heat matrix studied in Section 7. The only nonlinear feature of (2.2) is
the random factor |Y| in the noise. In Section 10, we bound |Y(t)|2 from above and
from below by solutions of the linear system, in moments, in inverse moments, and
along whole paths. We also write Y = ΦX0 there, where Φ is a matrix-valued process
independent of the initial point X0 (Lemma 10.2), and this is how the initial distribution
enters the proofs at low temperature.
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Deterministic hypotheses. As explained in Section 1.6, the random-matrix results of
Section 4 enter only through deterministic hypotheses on the spectrum. These hold on
events of probability at least 1 − η, for every fixed η > 0 and with constants depending
on η (Section 3.4), and Lemma 3.8 removes the localization at the end of each proof.
We list the hypotheses of each regime in Table 2.1. When a proof uses indexed bounds
on the GOE edge gaps, Lemma 4.6 provides λ1 − λi ≍ ((i − 1)/N)2/3 at every fixed
confidence. The deterministic infinite-temperature comparison requires only the norm
bound in Theorem 15.1.

Regime Deterministic hypotheses For the GOE

cN → 0 A = cG with ∥G∥ ≤ M and c ≤ c0(M)

(Theorem 15.1)
Lemma 15.8; for the
explicit centers, also
Lemma 4.2

c ∈ (0, 1) fixed ∥A∥ ≤ Λ and Nd2 ≥ Cw(Λ) (Theorem 9.13);
eigenvalues within o((log N)−7/4) of the
semicircle quantiles, uniformly (Lemma 13.11)

Lemma 4.2
and Theorem 4.13

cN = 1 − δN d ≤ d0,
K−1((i − 1)/N)2/3 ≤ pi − d ≤ K((i − 1)/N)2/3,
and Nd3/2 ≥ M0; see (14.33)

Lemma 4.6
and Theorem 4.13

cN = 1 + σN−1/3 ∑i(2ri)
−1 = N, c0(i/N)2/3 ≤ ri ≤ C0(i/N)2/3,

and r2 − r1 ≥ δN−2/3 (Definition 4.16)
Lemma 4.17

cN = 1 + ϵN c∗(i − 1)2/3N−2/3 ≤ ai ≤ C∗(i − 1)2/3N−2/3 and
a3 ≥ (1 + ε∗)a2 (Definition 17.1); θN > 0, θN → 0,
and mN = θN Na2 → ∞ (Theorem 17.3)

Lemma 4.7

c > 1 fixed θN ≥ θ∗, aN ≤ B, aj ≥ c∗(j − 1)2/3N−2/3, and
a2 ≤ C∗N−2/3 (Definition 16.3); θN → θ ∈ (0, 1)
and 1 + ϖ ≤ a3/a2 ≤ D3 for fixed ϖ > 0,
D3 < ∞ (Theorem 16.5)

Lemmas 16.6 and 16.7

Table 2.1. The deterministic hypotheses on the spectrum in each regime, and the results that verify
them for the GOE on events of probability close to one. Here d = p1 is the smallest precision and
ri = pi/2 are the half-precisions.

From pointwise limits to profiles. The distance DN is nonincreasing by the contraction
property of Markov semigroups (Lemma 3.6). Recall from Lemma 3.9 that the profiles Ψ,
V , and Vθ are continuous and decrease strictly from 1 to 0. Suppose that TN/wN → ∞
and that DN(TN + wNu) → P(u) in probability for each fixed u, where only nonnegative
times TN + wNu are considered, as in Definition 3.7. Then Lemma 3.11 implies that
the convergence is locally uniform in u, and that (tN(ε)− TN)/wN → P−1(ε) for every
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ε ∈ (0, 1). Outside the critical window, it therefore suffices to prove convergence at each
fixed offset u. We also use repeatedly that the total variation distance between two laws
is at least the distance between the laws of any function of the configuration, for instance
of finitely many eigencoordinates; this gives lower bounds on DN.

2.2 High temperature

We first describe, for a fixed matrix A, the comparison on which cases (1)–(3) of Theo-
rem 1.1 and Theorem 1.2 rest. We then explain how each regime evaluates it.

The Bingham comparison law

Let A have precisions pi, let H and h(t) be as in (2.3), and let h̄(t) = N−1 ∑i hi(t). We
define the covariance evolution of A by

vi(t) =
hi(t)
h̄(t)

, so that
N

∑
i=1

vi(t) = N, vi(0) = 1, lim
t→∞

vi(t) = qi. (2.4)

These are the variances of the linear system (1.8), in which the spherical constraint holds
only in expectation (Section 7.2), and the Bingham comparison law at time t is µt = µv(t)
(Definition 7.5). We have µ0 = νN, and µt → πA as t → ∞ (Lemma 7.6). The mean h̄
solves the renewal equation h̄ = k + 2k ∗ h̄ with k(t) = N−1 ∑i e−2pit (Lemma 7.1); this
is the finite-dimensional counterpart of the scalar Volterra equation of Cugliandolo and
Dean [51, (II.4)–(II.7)].

By the triangle inequality, we have∣∣∣DN(t)− ∥µt − πA∥TV

∣∣∣ ≤ ∥νNPA
t − µt∥TV. (2.5)

The proof at high temperature consists of two independent estimates: the right side of
(2.5) is small at the relevant times, and ∥µt − πA∥TV converges to the profile. In general,
µt need not coincide with the time-t law, and vi(t) need not equal the second moment
of xi under µt or under νNPA

t (Remark 7.8). We compare the two laws only through the
forward equation of the diffusion.

Likelihood ratios on a common sphere

Both µt and πA are Gaussian laws conditioned on SN, with variances vi(t) and qi of
equal sum. We write vi(t) = qi(1 + ei(t)), so that ei(t) are the relative errors and
IN(t) = I(q, v(t)) = 1

2 ∑i ei(t)2 is the information of Definition 3.5. Since the two
Gaussian densities differ by the exponential of a quadratic form, we have on SN

ℓ = log
dµt

dπA
=

1
2

N

∑
i=1

ei(t)
1 + ei(t)

Z2
i + const, Zi =

xi√
qi

. (2.6)
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We now explain heuristically why ℓ is approximately Gaussian under πA. When ηq

is small, the variables Zi behave under πA = µq like independent standard Gaussian
variables, subject to the constraint ∑i qi(Z2

i − 1) = 0. When the relative errors are
small, ℓ is close to 1

2 ∑i ei(Z2
i − 1) up to a constant. For independent standard Gaussian

variables, this sum has variance 1
2 ∑i e2

i = IN, and its covariance with the constraint
is ∑i qiei = ∑i(vi − qi) = 0, so that conditioning on the constraint does not change its
variance to leading order. As

∫
eℓ dπA = 1, the mean of ℓ is then close to −IN/2. In Le

Cam’s Gaussian experiment [104], [146, Chapters 6–7], if ℓ has law N (−I/2, I) under πA,
then it has law N (I/2, I) under µt. In that case, we find that

∥µt − πA∥TV = µt(ℓ > 0)− πA(ℓ > 0) = 2Φ
(√

I/2
)
− 1 = G(I), (2.7)

where G is the function of (13.2).
We make this quantitative in Theorem 6.6. Let v and ṽ be variance sequences with

equal sums, write ṽi = vi(1 + ei), let I = I(v, ṽ) = 1
2 ∑i e2

i be the information of ṽ relative
to v, and let ℓ = log(dµṽ/dµv). Suppose that maxi |ei| ≤ 1/4, that ηv is smaller than a
universal constant, and that I ≤ B. Then the Wasserstein distance between the law of ℓ
under µv and N (−I/2, I) is at most CB(ηv + maxi |ei|), and so is the difference between
∥µṽ − µv∥TV and G(I). The proof combines an exact integration by parts formula for
quadratic statistics under µv, which accounts for the constraint (Lemma 6.3), a bound on
inverse moments (Lemma 6.2), and Stein’s method [141] (Lemma 6.4 and Theorem 6.5).
We deduce the corresponding limit statements in Theorem 6.8; in particular, the distance
tends to one when the information diverges.

We conclude that the high-temperature profile reduces to the following problem:
find a center TN and a window wN such that, at the times t = TN + wNu, we have
IN(t) → e−4u, maxi |ei(t)| → 0, and ηq → 0. Then ∥µt − πA∥TV tends to G(e−4u) = Ψ(u),
which explains why the same profile Ψ appears in cases (1)–(3).

The information at a fixed temperature

The information is determined by the mean of the heat vector (Lemma 7.3):

IN(t) =
N h̄′′(2t)
8 h̄(t)2 , h̄(t) = ϑ +

∫
e−λt ρ(dλ), (2.8)

where ϑ = N/ ∑i q2
i , and ρ is a positive measure on [2d, 2s]: together with the atom ϑ

at zero, it forms the spectral measure of −H at the unit vector N−1/21 (Lemma 7.1). In
particular, IN(t) decays at least like e−4dt, and at large times its behavior is governed by
the precisions near the smallest one, that is, by the eigenvalues near λ1.

At a fixed temperature c ∈ (0, 1), we compute IN(t) in Section 13 by comparison with
the same evolution for the semicircle law, which we solve exactly by Laplace transforms
(Proposition 13.4), using the same scalar-resolvent method as [51, Appendix A], whose
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appendix treats physical temperatures T < Tc. By Proposition 13.7, its relative errors
satisfy ηt(λ) ≈ −c(1 + c)−1e−2p(λ)t for λ within distance O(1/t) of the edge, where
p(λ) = 1 + c2 − cλ = g + c(2 − λ) and g = (1 − c)2. Using that ρsc(2 − y) ≈ π−1√y for
small y, we find heuristically that

IN(t) ≈
N
2

∫
ηt(λ)

2ρsc(λ) dλ ≈ N
2

( c
1 + c

)2
e−4gt

∫ ∞

0
e−4cty

√
y

π
dy =

N
2

Kc t−3/2e−4gt,

(2.9)
with Kc =

√
c/(16

√
π(1 + c)2) as in (13.1). As Ac = 4Kcg3/2, this is the asymptotic

stated in Section 1.4, and it tends to e−4u at the times TN + u/g. For the continuum
evolution, the last asymptotic in (2.9) holds uniformly for c ∈ (0, c1] as ct → ∞, by
Proposition 13.7. In Lemma 13.11, we compare the finite and continuum evolutions. Let
E be the supremum distance on (0, 1) between the step function of the eigenvalues and
the quantile function of the semicircle law. If E is small and cEt ≤ 1/4, the relative errors
of the two evolutions differ in L2(0, 1) by at most CcE(1 + t)e−2gt, where C depends
only on c1, and we bound the largest relative error by a separate argument. At the
times TN + u/g, the factor

√
N e−2gt is of order (log N)3/4, and the resulting error in√

2IN is O(E(log N)7/4). To prove the bound in L2(0, 1), we write both evolutions
through operators with a gap on the orthogonal complement of their stationary vectors
(Lemma 13.9), rotate one stationary vector onto the other, compare the two evolutions on
the common complement by variation of constants, and then normalize (Lemma 13.10).
Because of the factor e−2gt, we need the rigidity estimate of Lemma 4.2 only in a weak
form. It suffices that E(log N)7/4 → 0. For each fixed confidence 1 − η, Lemma 13.8
gives E ≤ (Cη + 7)N−5/12 on events of probability at least 1 − η for all sufficiently large
N; we let η ↓ 0 after the deterministic estimates. The other conditions of the reduction
above hold because ηq is of order N−1/2 and maxi |ei(t)| → 0. Combining these estimates
with Lemma 13.2, a uniform form of Theorem 6.8, we find that ∥µt − πN,c∥TV → Ψ(u)
at t = TN + u/g. Finally, Theorem 9.13, which we describe next, implies that the right
side of (2.5) is at most Ce−gt/4 on events of probability tending to one, and Theorem 13.1
follows.

Comparison through the forward equation

The density of µt does not solve the forward (Fokker–Planck) equation of LA, but it solves
it up to an explicit error. In Definition 9.2, we define the forward-equation defect Rt by
∂tµt = L∗

Aµt + Rtµt, and in Lemma 9.3 we compute it:

Rt = −
QB(t)QC(t)− µt

(
QB(t)QC(t)

)
N

,

QB(t) = xTBtx − N
(
z(t)− 1

)
, QC(t) = xT(A − Bt)x.

(2.10)
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Here µt ∝ exTBtx/2νN with Bt = diag(z(t) − vi(t)−1). Testing against the backward
evolution of a bounded function f , we have the Duhamel identity

µt( f )− νNPA
t ( f ) =

∫ t

0
µu

(
Ru PA

t−u f
)

du

of Theorem 9.5. In that theorem, we turn the identity into bounds on ∥νNPA
t − µt∥TV of

three forms. In the first, we measure the defect in L2(µu). The second also requires a
Poincaré inequality for µu and a bound on µuΓ(PA

t−u f ). In the third, we write the defect
as a divergence, µu(Rug) = µu⟨ju,∇SN g⟩, and only the size µu|ju|2 of the vector field ju
enters.

Two facts make the defect small at late times. First, the coefficients of QC(t) decay at
rate 2d: if ∥A∥ ≤ M, then ∥A − Bt∥ ≤ CMd−1e−2dt by Lemma 7.6. Second, the gradient
of PA

τ f decays. With the weight φ(x) = N−1 ∑i qix2
i , which is built from the equilibrium

variances, we derive from the weighted Bochner identity of Lemma 8.5 that

φ Γ(PA
t f ) ≤ e−2r0tPA

t
(

φ Γ( f )
)
, r0 = d − κ + κ−1

N
, κ =

s
d

(2.11)

(Theorem 8.6). This is an instance of the Bakry–Émery calculus [11, 12]. When Nd2

is large, the rate r = r0 − 1/N is at least d/2, and by the second form, if ∥A∥ ≤ Λ,
then ∥νNPA

t − µt∥TV ≤ CΛd−2e−rt (Theorem 9.13). At a fixed temperature c < 1, we
have dN → (1 − c)2, and this bound suffices. For a matrix within ϵ of a multiple of the
identity, the distance is at most C1ϵ2 min(t, 1) and at most C1ϵ2e−rt, uniformly in time
(Proposition 9.14); we use these bounds at infinite temperature.

The approach from above

Along cN = 1 − δN with MN = Nδ3
N → ∞, the smallest precision satisfies dN/δ2

N → 1
(Theorem 4.13). The product Nd2

N ≈ MNδN may tend to zero, and the times TN + uδ−2
N

are of order δ−2
N log MN. There are two new difficulties, one for each side of (2.5).

The information at a smaller scale. Let t = tN > 0 be deterministic with δ2
NtN → ∞

and δ2
NtN = o(M2/3

N ), as in (4.15). At such times, the relative error ei(t) is small unless
pi − dN is at most of order 1/t, which is much smaller than δ2

N. The number of such
indices is of order Nt−3/2, and on this scale the information is governed by eigenvalues
within distance O(1/tN) of the edge. In Section 14, we therefore work with the measure
ρ = ρN of (2.8) directly. We rescale it at the scale 1/t, as in (14.16), and the rescaled
measure converges vaguely in probability to π−1√y dy, the image of the semicircle
density near the edge (Theorem 14.2). The difficulty is that ρN is not a simple function
of the eigenvalue counts. However, its real resolvent is an explicit rational function of
the precisions (Lemma 7.1). We find the limits of these resolvents at real arguments
from the edge counts at a varying scale (Theorem 4.8 and Corollary 4.9), together with
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the asymptotics of the Lagrange multiplier (Theorem 4.13) and of the inverse gaps
(Lemma 4.5). In Lemma 7.15, we prove that convergence of the real squared resolvents
of positive measures implies their convergence against a large class of test functions; the
proof uses the compact-interval moment method (see [151, Chapter III]), a finite-difference
calculation to recover the moments, and approximation by Bernstein polynomials [29,
pp. 1–2]. The result is Corollary 14.3:

IN(t) =
Nd3/2

N
128

√
π

w−3/2e−4w(1 + oP(1)
)
, w = dNt. (2.12)

This is the right side of (2.9) with c = 1 and g replaced by dN. If we set the right
side of (2.12) equal to e−4u and solve for t, we recover the center TN of case (3), with
its correction −3

2 log log MN, up to an error that is small compared with the window
δ−2

N . To replace dN by δ2
N in the center, we need that log(2 + MN)|dN/δ2

N − 1| → 0 in
probability, which follows from Theorem 4.13. As ηq = OP(M−1/2

N ), Theorem 6.6 applies,
and ∥µt − πN,cN∥TV converges to Ψ(u) at the times TN + u/δ2

N (Theorem 14.4).

The comparison with no condition on Nd2. The bound CΛd−2e−rt of Theorem 9.13
requires Nd2 to be large, and at the times TN + uδ−2

N it is about δ−4
N M−1/4

N , which need
not be small. The obstruction is the rate r0 in (2.11), which is positive only when Nd2 is
large. To overcome this, we prove in Theorem 14.10 that for precisions that satisfy (14.33)
with M = Nd3/2 ≥ M0,

∥νNPA
t − µt∥TV ≤ C e−(d−2/N)t, 0 ≤ t ≤ CTd−1 log M, (2.13)

where C and M0 depend only on the constants in (14.33) and on CT. At these times, the
right side is M−1/4(log M)O(1), which tends to zero however slowly M grows. The proof
has three ingredients.

The first is the third form of Theorem 9.5. We solve the Poisson equation −LBu ψu =

Ru for the generator whose Gibbs measure is µu and take ju = ∇SN ψu (Lemma 9.6
and Corollary 9.7). In Theorem 9.16, we bound the energy µuΓ(ψu) by C/M times
explicit sums of the coefficients of QC(u), under conditions on the variances at a scale
δ (Definition 9.15). The proof uses the lower bound on the spectral gap of Theorem 8.8,
which is sharp when many precisions are comparable to the smallest one. Along the
covariance evolution, we find that the energy is at most C(1 + u)−1 for u ≤ d−1 and at
most Cd(1 + ds)2e−4ds at u = d−1 + s (Lemma 14.7).

The second ingredient is a bound on the gradient of PA
τ f under µu with the rate

d − 2/N in place of r0. To obtain it, we keep the variable term of the weighted Bochner
identity, which leads to the Feynman–Kac bound of Lemma 10.21:

φ(x) Γ(PA
t f )(x) ≤ e−2(d−2/N)t Ex

[
exp

(
2
∫ t

0
Γ(log φ)(Xs) ds

)
φ(Xt) Γ( f )(Xt)

]
. (2.14)
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By Lemma 8.5, the function Γ(log φ) is at most (κ + κ−1 − 2)/N, which is not small
compared with d when Nd2 is small. However, its time integral along the path is small:
by Theorem 10.15, its exponential moments are at most 1 + Cλ

√
log M/M, for every

initial law. Together with a reverse variance argument along the path, this implies the
bound of Lemma 14.9 on µuΓ(PA

τ f ) for 0 ≤ f ≤ 1.
The third ingredient consists of the path estimates for the unnormalized process

behind the second one. Under the initial law µu weighted by 1/φ, we need moments of
supt φ(Xt) along the whole time interval, and exponential moments of the occupation
integral above (Lemma 14.8). We derive them from inverse moments of |Y(t)|2 relative to
Nh̄(u + t), at fixed times (Lemma 10.14) and along the whole interval (Theorem 10.18),
and from a comparison of the initial state with all future solutions of the linear system at
once (Lemma 10.16). The inverse bounds use Lemma 10.4, which requires the conditional
relative variances to be bounded uniformly by a small constant; how small depends on
the order of the inverse moment or on the exponential parameter. Its occupation bound
additionally uses a deterministic bound on the quadratic variation of the logarithm.
Inserting the first two ingredients into the Duhamel integral, we obtain (2.13). The
estimate holds for every N and every matrix with M ≥ M0, with the same constants. We
use it again in Section 20, with M fixed while N → ∞.

The infinite-temperature crossover

When A = cG with ∥G∥ ≤ M and c small, the distance is asymptotically determined
by the information alone, uniformly over all times (Theorem 15.1). Indeed, Proposi-
tion 9.14 implies that ∥νNPA

t − µt∥TV ≤ Cc2 min(t, 1) for all t. The relative errors satisfy
maxi |ei(t)| ≤ Cce−t, and if IN(0) > 0, then the logarithmic derivative of IN(t) lies in
[−4 − Cc,−4 + Cc]. Using Lemma 13.2, we find that supt≥0 |DN(t)− G(IN(t))| → 0 as
c → 0 and N → ∞. If IN(0) → ∞, it follows that there is cutoff with a window of order
one, at the time τN defined by IN(τN) = 1.

For the GOE, we have IN(0) = (JN/2)(1 + oP(1)) with JN = Nc2
N (Theorem 15.2).

Here ei(0) = pi − 1 is close to −c(λi − N−1 ∑j λj), and the centered second moment
N−1 Tr(W2

N) − (N−1 Tr WN)
2 tends to 1 in probability. The proof of the classification

uses only the norm of WN and the traces of WN and W2
N, and not the rigidity estimate

(Lemma 15.8). If
√

NcN → a, the information is asymptotic to a2e−4t/2, and G(a2e−4t/2)
is the limit in Theorem 1.2. If JN → ∞, there is cutoff at the first time τN at which IN ≤ 1.
With probability tending to one, IN(0) > 1 and τN is the only solution of IN(t) = 1.

In Theorem 15.3, we determine τN up to o(1). Here we need the rigidity estimate,
through the approximation of the eigenvalues by the semicircle quantiles in Lemma 13.8.
On the time scale τN ≈ 1

4 log JN, the product cNτN is close to hN = (cN/4) log JN. When
hN is bounded, the rescaled relative errors c−1e2te(t) are close to −e2ctT λ, where T is
the multiplication by the eigenvalues compressed to vectors of mean zero, and λ is the
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vector of eigenvalues of G, which we may take to have mean zero (Lemma 15.9). For the
semicircle law, we compute this operator with Chebyshev polynomials (Lemma 15.10),
which gives IN(t) ≈ JNe−4tB(cNt) with B(h) = I1(8h)/(8h) (Lemma 15.11). Solving
IN(τN) = 1, we have τN = 1

4 [log JN + logB(hN)] + oP(1). When hN → ∞, the relative
errors concentrate near the edge of the spectrum. The computation of Section 13 holds
uniformly for c ∈ (0, c1], and it yields the center of case (2) evaluated at c = cN.

2.3 Low temperature

Sections 16 and 17 prove cases (5) and (4) of Theorem 1.1, at fixed c > 1 and along
cN = 1 + ϵN. We use the scaled eigenvalue gaps ai and the top fraction θN of Section 3.2,
with RN = Na2 and mN = θNRN. At fixed c > 1, a2 is of order N−2/3 and RN of order
N1/3. Along cN = 1+ ϵN , we have θN/ϵN → 1, and mN is of order (Nϵ3

N)
1/3 (Lemmas 4.7

and 17.2). Throughout, the dynamics is represented by the unnormalized process (2.2)
with ρi = ai, whose first coordinate Y1 is a martingale while Yi is pulled toward zero at
rate 2ai for i ≥ 2. At a fixed temperature, we take as its initial value a point X0 with law
νN, which also starts the diffusion from νN (Lemma 10.2).

The mechanism

We describe the mechanism at a fixed temperature, with θN → θ ∈ (0, 1), following the
outline in Section 16.1. It has three steps.

Gaussian approximation at time tp. At the time tp = (log N)/100, the pair
(Y1(tp), Y2(tp)) is close in total variation to θ−1/2(H1, H2), where H1, H2 are independent
standard Gaussian variables (Proposition 16.18). These variables are built from the
initial point and from the noise up to time tp. To see why, we write Y(t) = Φ(t)X0 as in
Lemma 10.2, with Φ independent of X0. Conditionally on Φ, finitely many coordinates
of Y(tp) are linear functions of a uniform point of SN. By the rotation invariance of νN,
they are close to a centered Gaussian vector whose covariance is the corresponding block
of ΦΦT; this is the classical Gaussian approximation of the coordinates of a uniform
point [57, (1)]. The block concentrates around θ−1 times the identity. Its diagonal entries
have means hi(tp) = EYi(tp)2, which are close to θ−1

N . Indeed, the mean of |Y|2 solves a
renewal equation whose kernel (2/N)∑i≥2 e−4ait is a defective probability density with
total mass 1 − θN, the mean square of Y1 satisfies |h1(t)− θ−1

N | ≤ C[(1 + t)−1/2 + t/N]

for 1 ≤ t ≤ N, so that h1(tp) = θ−1
N + o(1), and hi(tp) is close to h1(tp) for each fixed i,

since aitp → 0 (Lemma 16.12).

Growth of the top coordinate. After tp, the martingale Y1 barely moves, by the second
part of Proposition 16.18, while |Y(t)|2 relaxes to Y1(tp)2/θN (Proposition 16.19). In
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particular, at the times tu = log RN/(4a2) + u/a2 we have X1(tu)2/N → θ: the first
eigencoordinate grows from order one to

√
θN.

The ratio of the first two coordinates. By Duhamel’s formula, we have for t ≥ tp

Y2(t) = e−2a2(t−tp)Y2(tp) +
√

2/N
∫ t

tp

e−2a2(t−s) |Y(s)| dB2(s).

We now argue heuristically. During the last part of [tp, tu], of length of order a−1
2 , we

may replace |Y(s)| by |Y1(tp)|/
√

θN. Conditionally on (Y1(tp), Y2(tp)), the stochastic
integral is approximately centered Gaussian with variance Y1(tp)2/(2θN Na2). After
division by |Y1(tp)|, its Gaussian approximation is independent of this early pair. Recall
that X2 =

√
NY2/|Y|, and note that a2tp → 0 and

√
2a2NθN e−2a2tu =

√
2θN e−2u, since

Na2 = RN. We find that√
2a2 X2(tu) ≈

√
2θN e−2u Y2(tp)

|Y1(tp)|
+ G, (2.15)

where G is a standard Gaussian variable independent of (Y1(tp), Y2(tp)). By the first step,
the ratio is close in law to H2/|H1|, which has the standard Cauchy law [110]. Under
πN,c, the variable

√
2a2 x2 is approximately standard Gaussian. As Vθ(u) is the total

variation distance between the laws of G +
√

2θe−2uC and G, this identifies the profile,
provided that the other coordinates do not contribute.

More precisely, for every fixed k, the vector (
√

2ajXj(tu))k
j=2 converges in distribution

to (G2 +
√

2θe−2uC, G3, . . . , Gk) by Theorem 16.20, under the hypothesis Hk(ϖ, Dk) of
Definition 16.3 when k ≥ 3. In particular, a3 ≥ (1 + ϖ)a2 for a constant ϖ > 0. The
coordinates j ≥ 3 forget their values at time tp, since this separation of the gaps makes
their inherited part negligible. As the total variation distance decreases under projections,
we conclude that lim infN DN(tu) ≥ Vθ(u).

The upper bound

The main difficulty is the upper bound, since DN involves all N coordinates and weak
convergence of finitely many of them does not control it. We first reduce to a hemisphere:
by Lemma 3.1, DN(t) equals the distance between the laws folded onto {x1 > 0}. There
we use the graph coordinates y = (x2, . . . , xN), with x1 = (N − |y|2)1/2. By Proposi-
tion 16.9, the Gibbs measure in these coordinates is close to the Gaussian product law
G =

⊗
j≥2 N (0, (2aj)

−1), with an error at most C/mN + Ce−c0mN that includes the factor
(1 − |y|2/N)−1/2 of the parametrization. The bound is uniform in θN, which we need in
Section 17. We then split y into its first coordinates yz (the retained coordinates x2, . . . , xJN

at a fixed temperature, described below, and x2, . . . , xJ in the approach from below) and
the remaining coordinates yv. By Lemma 11.21, we have∣∣∣∥ρ − π∥TV − ∥µ − Gz∥TV

∣∣∣ ≤ 2(1 − Z) +
√

Hv/2 + ∥ρz − µ∥TV + ∥π − G∥TV. (2.16)
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Here ρ is the time-t law, and σ ≤ ρ is the endpoint subprobability measure weighted by a
path weight with values in [0, 1] and by a cutoff function, with mass Z > 0. The measure
σ/Z is a normalized cutoff-weighted law in the sense of Section 11, with normalizing
mass Z. Further, Hv is the relative entropy of σ/Z with respect to the product of its
marginal on yz and Gv, and µ is the limiting law of yz. We now explain how we bound
the four terms on the right side.

Weighting at the entrance into a cap. At a fixed temperature, we weight the path law
by a smooth function of the position at the time Te = χN/a2, with χN → ∞ slowly. This
function takes values in [0, 1], equals one on a cap {x2

1 ≥ σN}, and vanishes outside a
larger cap. By Proposition 16.13, the mean of the weight is at least 1− ε for large N, where
ε > 0 is small and fixed. By Proposition 16.14, the path then stays in a slightly larger
cap up to times of order log RN/a2, outside an event whose probability is exponentially
small in RN/ log RN. We also multiply the endpoint measure by a cutoff function that
depends only on x2

1, equals one on {x2
1 ≥ rN}, and vanishes on {x2

1 ≤ rN/2}, for a fixed
r > 0. We bound the derivatives of the cutoff and the mass of the region outside which it
equals one (Lemmas 16.22 and 16.23).

The conditional relative entropy of the remaining coordinates. In Section 11, we com-
pute the time derivative of the conditional relative entropy of the remaining coordinates
given the first ones exactly (Proposition 11.18) and prove a logarithmic Sobolev inequality
for this conditional relative entropy (Proposition 11.16). It follows from the Gaussian
logarithmic Sobolev inequality [79] after a comparison of the metric of the remaining
coordinates (Lemma 11.15). The entropy therefore decays at a rate close to 4b, where b
is the smallest of the gaps aj of the remaining coordinates, up to errors from the cutoff
function. At a fixed temperature, the upper bound on the density of the weighted law
gives an initial value of order N at the time Te + a−1

2 (Lemma 16.27). Heuristically, if
only x2 is retained, decay at rate 4a3 during a time close to log RN/(4a2) multiplies the
entropy by about R−a3/a2

N . Since N is of order R3
N, this does not beat the initial value

unless a3 > 3a2. To overcome this, we retain all coordinates with aj ≤ 16a2/r, and their
number is bounded (Lemma 16.16). On the support of the cutoff function, the metric of
the sphere in graph coordinates is at least r/2 times the Euclidean metric. The Gaussian
logarithmic Sobolev inequality for the remaining coordinates then bounds the entropy
by (32a2)

−1 times its dissipation (Lemma 16.17). After the error terms are absorbed, the
entropy decays at rate 16a2, which multiplies it by about R−4

N during this time. This beats
the initial value, and the entropy tends to zero at the times tu (Proposition 16.28).

The first coordinates in total variation. We upgrade weak convergence to convergence
in total variation by Gaussian smoothing (Theorem 11.8). For this, we need that the
limit µ has finite Fisher information, and that the laws ρz are close in total variation
to laws with bounded Fisher information. The limit is a Gaussian convolution, whose
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Fisher information is at most the dimension; no moment of the Cauchy law is needed
(Lemma 11.7). For the time-t law, we bound the score with a Bismut-type formula over the
final time interval of length a−1

2 (Theorem 11.5 and Corollary 11.6). This formula controls
the derivative, along a rotation in the plane of two eigencoordinates, of the logarithm of
the density of an endpoint law weighted by a functional of the path. The bound uses
only the final interval of the original uniformly initialized diffusion, with no score bound
before that interval; its left-endpoint law may be evolved and prefix-weighted. Such
formulas go back to Bismut [32] and to Elworthy and Li [67, Theorems 2.1 and 3.1]. With
the Fisher information of the coordinates in the graph chart (Lemma 11.11), this leads to
Corollary 11.12, which we use in the approach from below. At a fixed temperature, we
apply the formula over final intervals of length a−1

j ≤ a−1
2 , bound the Fisher information

of finitely many coordinates directly in the graph chart, and apply Theorem 11.8. This
gives Proposition 16.29, and Theorem 16.30 is its case of the second coordinate.

The Gibbs measure. The last term in (2.16) is small by Proposition 16.9. The parameters
of the proof are chosen in the order of Table 16.1. Since JN is bounded, Section 16.11
combines the estimates along subsequences on which JN is constant.

The approach from below

Along cN = 1 + ϵN, the top fraction θ = θN tends to zero, and m = θNa2 may tend
to infinity arbitrarily slowly. The main difficulty compared with a fixed temperature
is uniformity: the time scales θ−2 and a−1

2 and the size θ−1/2 of the first unnormalized
coordinate all depend on θ, and every error must be bounded by a negative power
of m. As we describe in Section 17.1, the mean E|Y(t)|2 decreases like N(1 + t)−1/2

up to the time θ−2 and like Nθ−2t−3/2 afterwards, until a time of order a−1
2 ; after that

time, it is of order θ−2, with its radial part determined by the first coordinate through
|Y(t)|2 ≈ Y1(t)2/θ. In Lemma 17.8 and Proposition 17.11, we prove renewal estimates
and moment bounds of all fixed orders with constants that do not depend on θ. Let
τ = maθ−2 with a = 1/10, let Hi =

√
θ Yi(τ), and let tm(u) = log(2m)/(4a2) + u/a2.

Then the following hold.

• The vector (H1, . . . , HJ) is close to a standard Gaussian vector (Lemma 17.16).
• The process θ2|Y(t)|2 stays close to H2

1 along a time interval of length of order
a−1

2 log m that contains the times tm(u) for u in a compact set, with an error bounded
by a negative power of m in every fixed Lp norm (Theorem 17.14).

• Let E = {ℓ− ≤ |H1| ≤ ℓ+, |Hi| ≤ ℓ+ (2 ≤ i ≤ J)}. On E, outside an event
of probability at most Cm−B0 for every fixed B0 > 0, the path does not leave the
domain where X2

1/(θN) ∈ [1/4, 4] during the time interval of the previous item
(Corollary 17.17). The losses from killing the path on leaving this domain and from
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the cutoff function are controlled by Corollary 17.18. We choose the bounds ℓ−, ℓ+ so
that P(E) is arbitrarily close to one and condition the path law on E.

At the times tm(u), the analog of (2.15) is
√

2a2X2 ≈ e−2uH2/|H1|+ G2, which gives the
profile V and the lower bound (Theorem 17.19).

For the upper bound, the initial value of the conditional relative entropy comes from
a different argument. Theorem 17.20 rests on the density bounds of Section 12, which
we describe in Section 2.4: at times t ≥ θ−2, every moment of the density of the time-t
law with respect to the Gibbs measure is at most eO(Nθ3) = eO(m3). The initial conditional
relative entropy is then of order m3. Heuristically, decay at rate 4a3 over an interval of
length (1/4 − 1/100)a−1

2 log m would multiply the entropy by m−(24/25)(a3/a2). If a3/a2

is close to one, this does not beat the initial factor m3. To overcome this, we keep the
first J coordinates, with J so large that b = aJ+1 ≥ 6a2. Then the conditional relative
entropy of the remaining coordinates decays at a rate at least 4 · 7

8 · b, up to errors of
order m−1 (Theorem 11.19). Over the interval from b a−1

2 log(em) to tm(u), of length
about (1

4 − 1
100)a−1

2 log m, the entropy is multiplied by at most m−5, which beats m3

(Corollary 17.23). We choose the parameters in the order of Table 17.1.
Finally, the convergence is uniform over all admissible gap vectors in AN (Defini-

tion 17.1) with θ ≤ 1/M and m ≥ M, in the iterated limit limM→∞ lim supN→∞ (Corol-
lary 17.4). We deduce it from the statement along sequences by a diagonal argument
(Lemma 17.24), and this is the form that we use in Section 21.

2.4 The critical window

In the critical window cN = 1 + σN−1/3, the half-precisions ri = pi/2 are of order
(i/N)2/3 for every i, including i = 1 (Lemma 4.17). For every fixed i, the inverse drift rate
(2ri)

−1 is of order N2/3, and the limiting dynamics retains the individual scaled rates. To
prove Theorem 1.3, we construct a countable limit of the dynamics in Section 18, and in
Section 19 we show that the distance converges to the distance between the normalized
limit and the limiting Gibbs law. We write b = N2/3.

The critical limit process

Let Ri,N = bri,N be the scaled half-precisions. We rescale the unnormalized process (2.2)
with ρi = ri,N by

Ui,N(s) = N−1/6Yi(bs), ZN(s) = b−1|Y(bs)|2, N−1/3Xi(bs) =
Ui,N(s)√

ZN(s)
, (2.17)

so that dUi,N = −2Ri,NUi,N ds +
√

2ZN dB(N)
i for independent Brownian motions B(N)

i ;
see (18.7). Each coordinate starts at Ui,N(0) = N−1/6gi, which tends to zero. The rescaled
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squared norm ZN = N−1/3 ∑i U2
i,N is a sum over all coordinates, and the corresponding

series for the limiting coordinates diverges. We describe the limit of ZN instead through
its mean and its fluctuation. Let ψN(s) = EZN(s) = N1/3h̄(bs). Then ψN converges to
the mean function ψR (Lemma 18.5), which is determined by its Laplace transform for
p > 0: ∫ ∞

0
e−psψR(s) ds =

1
2ΛR(p)

, ΛR(p) =
1
2 ∑

i≥1

( 1
Ri

− 1
Ri + p/4

)
.

The mean function solves a Volterra equation that is the rescaled limit of the renewal
equation for h̄ (Section 2.2), and in this sense it is the rescaled limit of the scalar equation
of Cugliandolo and Dean. Note that

√
s ψR(s) → ψ∗ ∈ (0, ∞) as s ↓ 0. The fluctuation

ZN − ψN converges as well, and the limit (U, Z) solves the countable system (18.51):

Ui(s) =
√

2
∫ s

0
e−2Ri(s−v)

√
Z(v) dBi(v) (i ≥ 1), Z = ψR + V,

V(s) =
√

8 ∑
i≥1

∫ s

0
ki(s − v)

√
Z(v)Ui(v) dBi(v),

with the explicit kernels ki of (18.28). This is the critical limit process of Theorem 18.9.
We show there that its law is unique and that finitely many rescaled eigencoordinates
converge to the coordinates ξi = Ui/

√
Z of the normalized critical limit process; see

(18.53). Uniqueness comes from a Picard iteration for a system in which the noise
amplitude

√
2Z and a weighted norm of the coordinates are truncated (Lemma 18.8),

and the moment bounds that we need for tightness come from Lemmas 7.14 and 10.10.
A stochastic integral is not a continuous function of its integrand and its driving path.
We identify the stochastic integrals of a limit point through the joint laws of the rescaled
processes, by approximating them with Riemann sums (Lemma 18.11).

The start is singular, and this is how the uniform initial distribution enters the limit. Ev-
ery coordinate starts at zero, while Z(s) ∼ ψ∗s−1/2 and the weighted norm ∑i Ui(s)2/Ri
tends to 2 as s ↓ 0 (Remark 18.10). In finite dimension, this weighted norm is a martingale
whose initial value N−1/3 ∑i g2

i /Ri,N is spread over all coordinates, as it is for a uniform
point of SN.

The rescaled Gibbs measures converge as well. By Corollary 18.12, the first coordinates
of N−1/3x under πN,cN converge in total variation to those of ρR, the Gaussian sequence
with variances (2Ri)

−1 conditioned on the renormalized radial constraint of Definition 5.8.
At the critical temperature, this law is due to Du and Huang [62, Section 2.2]. The proof
of Theorem 19.2 compares the normalized critical entrance process with this limiting
Gibbs law.

Density bounds

The second ingredient of the critical window, which we also use along cN = 1 + ϵN,
bounds the density of the time-t law with respect to the Gibbs measure in every space Lp,
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at times when the distance is still close to one. By Theorem 12.8, under the hypotheses of
Definition 12.2 on a time interval [0, S], we have for every fixed p > 1

log
∫

SN

(d(νNPr
t )

dπr

)p
dπr ≤ CpN(1 + t)−3/2, 0 ≤ t ≤ S. (2.18)

Heuristically, the right side counts the coordinates that have not equilibrated at time t,
namely those with rit ≲ 1, and each of them contributes a bounded amount. In the critical
window, the hypotheses hold on [0, KN2/3], and the right side is bounded at times of
order N2/3 (Theorem 12.13). With the Poincaré constant of order N2/3 of Proposition 8.21,
we deduce from the L2 bound at time b that DN(b + u) ≤ Ce−u/(KPb), where KPb is an
upper bound on the Poincaré constant (see (19.28)). This bound gives the behavior of the
critical profile at infinity (Proposition 12.14).

In the proof, we differentiate the Rényi divergence of the time-t law with respect
to a moving reference measure, the Bingham comparison law µγt at an earlier time γt
(Lemma 12.7). Rényi divergences were introduced in [122], and Vempala and Wibisono
computed their derivative along the Langevin dynamics when the reference measure
is stationary [148, Lemmas 5 and 6]; here the reference measure moves. A logarithmic
Sobolev inequality for µγt with constant of order 1 + t (Proposition 8.21) bounds the
dissipation from below. The error terms are quadratic forms in the coordinates with
small coefficients, because a term common to all coordinates cancels exactly (Lemma 12.4).
We compute their exponential moments under µγt exactly from Lemma 5.13 (Lemma 12.5).
A scalar differential inequality closes the argument (Lemma 12.6).

The logarithmic Sobolev inequalities come from Section 8. Extending functions on the
sphere to Gaussian space, we find logarithmic Sobolev inequalities with an additive error
term (Theorem 8.11). Combined with Rothaus’s lemma [125] and a Poincaré inequality,
they imply a logarithmic Sobolev inequality as soon as three variances are comparable to
the largest one (Corollary 8.13). The Poincaré inequalities are proved separately when
many precisions are comparable to the smallest one (Corollary 8.9), and when only a few
precisions are close to the smallest one, which is the case of the Gibbs measure in the
critical window (Lemmas 8.18 and 8.19).

Convergence of the distance

Let µ∞
s be the law of ξ(s) on RN, and let FR(s) = ∥µ∞

s − ρR∥TV. Let (r·,N) be a determinis-
tic sequence of half-precisions that satisfies the critical spectral conditions and converges
to R. We prove in Theorem 19.2 that DN(bs) → FR(s) uniformly on compact subsets of
(0, ∞), and that FR is continuous and strictly decreasing, with FR(0+) = 1 and FR(∞) = 0.
The obstacle is again that DN involves all coordinates: the weak convergence of finitely
many coordinates of Theorem 18.9 controls neither the remaining coordinates nor the
total variation distance of the first ones. We first prove convergence at every fixed positive
time (Proposition 19.19), in two steps.
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The remaining coordinates. By Lemma 19.15, for every s0 > 0 we have 0 ≤ DN(bs)−
D≤J

N (bs) ≤ CJ−1/3 for all s ≥ s0, where D≤J
N is the distance between the laws of the first J

coordinates and C depends on s0. The argument is as follows. The density of the time-t
law with respect to the Gibbs measure is bounded in L2 at t = s0b/2 (Theorem 12.13). The
smoothing of the finite-dimensional semigroup then bounds its energy at every time bs
with s ≥ s0 (Lemma 19.12). Next, the conditional law of the remaining coordinates given
the first J satisfies a logarithmic Sobolev inequality with constant Cb/(γJ2/3), uniformly
over all conditioning values (Lemma 19.14); we deduce it from Corollaries 8.9 and 8.13 on
spheres of arbitrary radius (Lemma 19.13). The resulting Poincaré inequality bounds the
conditional variance of the density by a multiple of J−2/3 times its energy, and we obtain
the bound J−1/3 by comparing the L1 and L2 norms. Here J is fixed before N → ∞.

The first coordinates. For fixed J and s > 0, the total variation error between the first
J rescaled coordinates under νNPbs and their limiting law tends to zero (Lemma 19.17).
Weak convergence holds by Theorem 18.9. To upgrade it, we integrate by parts under
the Gibbs measure along vector fields that move the first J coordinates and compensate
in the remaining ones. The divergences of these fields are bounded in L2(πN) through
inverse moments of a block of coordinates, which follow from the Gaussian domination
of the Gibbs measure (Corollary 18.12 and Lemma 19.16). Together with the density
and energy bounds above, this gives a bound on translations of the first-coordinate law
that is uniform in N and in s ≥ s0 > 0. Mollification and weak convergence then give
convergence in total variation at each fixed s. Since total variation on RN is the limit of
the distances between the first J coordinates (Lemma 19.7), we combine this convergence
with the bound on the remaining coordinates, let N → ∞, and then let J → ∞. This
proves DN(bs) → FR(s) for every s > 0 (Proposition 19.19).

Continuity, positivity, and strict decrease. We prove these properties of FR with esti-
mates for the finite-dimensional semigroups that are uniform in N, and we do not need
a semigroup for the limiting process. By the spectral theorem, ∥(Pbh − I)Pbtu∥L2(πN) ≤
h∥u∥L2(πN)/(et) for t > 0 and h ≥ 0 (Lemma 19.12). We apply this bound to the density
at time s0b/2, and we find that ∥νNPbt − νNPbs∥TV ≤ L|t − s| for s, t ≥ s0, where L does
not depend on N. This bound passes to the limit through the weak convergence of
the first J coordinates and Lemma 19.7, and FR is locally Lipschitz (Lemma 19.18). The
exponential lower bound on DN of Section 2.4 passes to FR by the convergence at every
fixed time, and FR is positive. For strict decrease, suppose that FR(s1) = FR(s2) for some
s1 < s2, and write f − 1 = g+ − g−, where f is the density of the law at time bs1 and
g± ≥ 0. Then the correlations ⟨g+, Pbtg−⟩L2(πN) tend to zero for t ∈ [s2 − s1, 2(s2 − s1)],
while the constant terms of their spectral expansions tend to FR(s1)

2 > 0 (Lemma 19.20).
On the time scale b, the spectral gap of Proposition 8.21 is bounded below uniformly in
N, and the sums of the absolute values of the other spectral coefficients are bounded.
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An argument with Chebyshev polynomials then forces FR(s1) = 0, which contradicts
positivity (Lemma 19.9). Since DN(bs) is nonincreasing in s and converges at every s
to the continuous function FR, a finite grid of times gives the uniform convergence on
compact sets (Theorem 19.2). We record the order in which the parameters are chosen in
Table 19.2.

Lower bounds and the GOE

The lower bounds on the critical time scale do not use the profile. A finite-dimensional
estimate at a short critical time shows that DN(s∗b) ≥ 3/4 (Lemma 19.10). For a reversible
semigroup, a lower bound at time 2ℓ and a bound on the L4 norm of the density at time
ℓ imply an exponential lower bound at all times (Lemma 19.6). With Theorem 12.13, we
find that DN(t) ≥ c1e−C1t/b for all t ≥ 0. Together with the upper bound (19.28), this
gives c2b log(1/ε) ≤ tN(ε) ≤ C2b log(1/ε) for every ε ∈ (0, 1/2), including accuracies
that depend on N (Corollary 19.11). Combining the lower bound with the pointwise
convergence (19.51) proved in Theorem 19.2, we have FR(s) ≥ c1e−C1s (Corollary 19.5).

For the GOE, the half-precisions satisfy the critical spectral conditions on events of
probability at least 1 − η, uniformly for σ in compact sets, and the spectral data converge
jointly in distribution to their limits, which are functions of the reflected GOE Airy point
process (χi), the limit of N2/3(2 − λi), for finitely many values of σ at once (Lemma 4.17).
The finite and limiting profiles and mixing times are Borel functions of the spectral data
(Lemmas 19.21 and 19.22). The maps from the spectral data to the finite profiles depend
on N. We control them only along convergent sequences of spectral data that satisfy the
critical spectral conditions with fixed constants (Theorem 19.2 and Corollary 19.3). A
localized form of the continuous mapping theorem (Lemma 19.23), applied on the events
where these conditions hold, then gives Theorem 19.4, jointly with the spectral data and
for finitely many temperatures at once. The limit is a function of the Airy point process
arising from the distributional edge limit, and the critical mixing profile is random. Since
F−1

σ (ε)/F−1
σ (1 − ε) > 1 almost surely, there is no cutoff.

2.5 The critical mixing profile far from the critical temperature

Theorem 1.4 concerns the iterated limit in which N → ∞ first, at fixed σ = ∓S, and
then S → ∞. The mesoscopic theorems give no information here, since they assume
Nδ3

N → ∞ or mN → ∞, and the critical theorem holds at fixed σ. The link between the
regimes is that several estimates of Parts II to IV hold at every finite N, with constants
that depend only on the spacing of the precisions, and not on N or on the size of the
effective parameter, once this parameter exceeds a fixed threshold. We use them for finite
sequences that approximate the limiting rates of the critical window: we let N → ∞ with
the effective parameter fixed, and only afterwards let it tend to infinity.
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Finite approximations. Fix a realization of the Airy point process outside a null set.
For ξ > 0 and all sufficiently large N depending on ξ, we construct in Lemma 20.1 the
precisions

pi,N = N−2/3(∆i + ξ) (i ≤ N/2), pi,N = γN N−2/3(∆i + ξ) (i > N/2),

with γN ∈ (1, 3] chosen such that ∑i p−1
i,N = N. The smallest precision is ξN−2/3, so that

M = Np3/2
1,N = ξ3/2 does not depend on N, and the spacing constants do not depend on

N or ξ. The half-precisions pi,N/2 satisfy the critical spectral conditions of Definition 4.16
and converge to R = RS (ξ), and by Theorem 19.2 their distances converge to FS (ξ).

Far above the critical temperature. In Section 20, we take ξ = α2 with α large. For these
approximations, we bound the three errors of Section 2.2 at finite N, with constants that
do not depend on N or α. At the time t = w/dN, the comparison error is at most Ce−w

by (2.13), and the relative errors are at most Cwe−2w by Lemma 7.12. Further, ηq is of
order α−3/2, so that Theorem 6.6 applies. The information converges as N → ∞: by (2.8)
and Lemma 18.5, we have IN(N2/3s) → ψ′′(2s)/(8ψ(s)2), where ψ is the mean function
of the limit (Lemma 20.2). As α → ∞, the transient part of ψ is the Laplace transform
of a positive measure with an explicit real resolvent, whose asymptotics follow from
Lemma 7.15 (Lemma 20.3). At the times (w∗

α + u)/α2 with w∗
α = 1

4(log α3 − 3
2 log log α3 −

log(16
√

π)), the limiting information tends to e−4u. We let N → ∞ at fixed α, then
α → ∞, and finally pass from α to S through α2 = ϱ−S. This proves Theorem 20.4; the
order of the choices is in Table 20.1.

Far below the critical temperature. In Section 21, we take ξ = ϱS, which tends to zero
as S → ∞. By Lemma 21.1, the scaled gaps ai,N = (pi,N − p1,N)/2 are admissible in the
sense of Definition 17.1, with constants that do not depend on S, while N2/3a2,N = ∆2/2,
N1/3θN → S−Ξ, and mN → (S−Ξ)∆2/2. At fixed S, the parameter mN has a finite limit,
and Theorem 17.3 does not apply, but the uniform statement Corollary 17.4 does. For
every sufficiently large L and all S with (S − Ξ)∆2/2 > L, it implies that the error at fixed
S is at most EI(L) in the limit N → ∞, where EI(L) → 0 as L → ∞. The critical theorem
identifies the limit of the distance at the corresponding times with FS(τ

c
S + 2u/∆2). Letting

S → ∞ and then L → ∞ proves Theorem 21.2.

2.6 Dependencies

In Table 2.2, we list for each section its main results and the earlier sections whose results
it uses. Every section uses the conventions of Section 3, which we do not list.
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Section Main results Uses Sections

4 random-matrix inputs; the Lagrange multiplier —

5 Gaussian laws conditioned on a sphere —

6 Theorems 6.6 and 6.8 5

7 covariance evolution; Lemmas 7.3, 7.12, and 7.14 5

8 Theorems 8.6 and 8.8 and Proposition 8.21 4, 5, 7

9 Theorems 9.5, 9.13, and 9.16 5, 7, 8

10 Lemmas 10.2 and 10.10 and Theorems 10.15
and 10.18

5, 7, 8

11 Theorems 11.5, 11.8, and 11.19 —

12 Theorems 12.8 and 12.13 5, 7, 8

13 Theorem 1.1(2) 4, 6, 7, 9

14 Theorem 1.1(3) 4–7, 9, 10

15 Theorem 1.1(1), Theorem 1.2 4, 7, 9, 13

16 Theorem 1.1(5) 4, 10, 11

17 Theorem 1.1(4) 4, 8, 10–12, 16

18 the critical limit process; Corollary 18.12 4, 5, 7, 10

19 Theorem 1.3 4, 5, 7, 8, 10, 12, 18

20 Theorem 1.4, first part 4, 6, 7, 14, 18, 19

21 Theorem 1.4, second part 4, 5, 17, 19, 20

Table 2.2. Main results of each section and the earlier sections that it uses, besides Section 3.
Sections 5–12 form Part II.



part i

Preliminaries



section 3

The model, conventions, and the limiting profiles

This section fixes the model and the conventions used throughout the paper. In Section 3.1,
we define the spherical Langevin dynamics and its Gibbs measure, and record three exact
reductions: diagonalization of the disorder, invariance under adding a multiple of the
identity to the quadratic form, and invariance under reflections of eigencoordinates
(Lemma 3.1). We also name the symmetry sectors of L2 (Definition 3.2). Section 3.2
introduces the Lagrange multiplier and the precisions of the Gaussian representation
of the Gibbs measure, the information of one variance sequence relative to another
(Definition 3.5), and the parameters attached to each temperature regime. Section 3.3
defines the total variation distance, the mixing times, and what we mean by a mixing
profile, by a cutoff profile, and by cutoff (Definition 3.7), and recalls standard facts about
total variation and relative entropy (Lemma 3.6). Section 3.4 states once how probabilities
over the disorder and the constants in our estimates are quantified. In Section 3.5, we
prove the properties of the three cutoff profiles Ψ, V , and Vθ (Lemma 3.9), and show that
pointwise convergence of a nonincreasing distance to a profile implies locally uniform
convergence and convergence of the mixing times (Lemma 3.11).

The section uses no earlier results. Its definitions are used everywhere. Lemmas 3.9
and 3.11 are used in each section that identifies a profile, namely Sections 13 to 17, 20,
and 21.

3.1 The model

Disorder. Fix N ≥ 2. Let WN = (Wij)
N
i,j=1 be a matrix from the Gaussian orthogonal

ensemble (GOE): a real symmetric random matrix whose entries Wij, 1 ≤ i ≤ j ≤ N,
are independent centered Gaussian random variables with EW2

ij = 1/N for i < j and
EW2

ii = 2/N. We denote its eigenvalues by λ1 ≥ λ2 ≥ · · · ≥ λN. We write λi,N when
the dependence on N matters. Almost surely the eigenvalues are distinct. Indeed, the
discriminant of the characteristic polynomial of a symmetric matrix is a polynomial in
its entries which does not vanish at a diagonal matrix with distinct diagonal entries. Its
zero set has Lebesgue measure zero, while the law of WN has a density with respect to
Lebesgue measure on the space of real symmetric matrices. We write

ρsc(x) =
√

max{4 − x2, 0}
2π

42
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for the semicircle density.

The dynamics. Let SN = {x ∈ RN : |x|2 = N}, where | · | is the Euclidean norm, and let
νN be the uniform probability measure on SN. We write ∇SN and ∆SN for the gradient
and the Laplace–Beltrami operator of SN with the metric induced from RN, and ⟨·, ·⟩ for
the Euclidean inner product. For an inverse temperature β ≥ 0, we set c =

√
2 β and

HN(x) =
xTWNx√

2
, L = ∆SN + β∇SN HN · ∇SN , πN,c(dx) =

eβHN(x) νN(dx)∫
SN

eβHN dνN
. (3.1)

The inverse temperature multiplies HN and is not part of it: the Gibbs weight is e+βHN ,
so the physical energy is −HN. Note that βHN(x) = (c/2) xTWNx. We call c =

√
2 β the

rescaled inverse temperature, and use it in place of β throughout. Increasing c lowers
the temperature. The critical value is c = 1, that is, βc = 1/

√
2, and high and low

temperature mean c < 1 and c > 1, respectively. The measure πN,c is the Gibbs measure
of the quadratic spherical spin glass (the 2-spin spherical Sherrington–Kirkpatrick model)
introduced by Kosterlitz, Thouless, and Jones [97]. As a probability measure on a
sphere with density proportional to the exponential of a quadratic form, it is a Bingham
distribution [31]. We write Pt = etL for the Markov semigroup generated by L, and, for
a probability measure µ on SN, we write µPt for the law at time t of the diffusion with
initial law µ. We call µPt the time-t law.

Normalization. The GOE variances 1/N off the diagonal and 2/N on the diagonal
agree with those of the completion matrix for the Sherrington–Kirkpatrick model. In
the convention of the Sherrington–Kirkpatrick literature in which the Gibbs weight is
e(β/2)xTWx, our weight e(c/2)xTWN x has the same form. Thus c plays the role of the SK
inverse temperature, and c = 1 corresponds to βSK

c = 1. Here the reference measure νN is
the uniform probability measure on SN, rather than counting measure on the spin space.

In ambient coordinates, the diffusion generated by L is the solution of

dXt =
√

2 Π(Xt) dBt +
(

c Π(Xt)WNXt −
N − 1

N
Xt

)
dt, Π(x) = I − xxT

N
, (3.2)

where X0 ∈ SN and B is a standard Brownian motion in RN, independent of (WN, X0).
For the model, X0 has law νN independently of WN. The noise coefficient is

√
2, so

that the generator contains ∆SN and not ∆SN /2. The coefficients of (3.2) are polynomial,
hence locally Lipschitz. To see that the solution stays on SN, let Ut = 1 − |Xt|2/N. Since
xTΠ(x) = (1 − |x|2/N) xT and Tr(Π(x)Π(x)T) = N − 2|x|2/N + |x|4/N2, Itô’s formula
gives

dUt = −2Ut

N

(√
2 XT

t dBt +
(
c XT

t WNXt + N − 1 + Ut
)

dt
)

,

up to the exit time of X from any ball. This is a linear equation for U with locally
bounded adapted coefficients, and its unique solution with U0 = 0 is U ≡ 0. Hence
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|Xt|2 = N for all t ≥ 0, and in particular the solution exists for all times. For a function
f that is smooth near SN, the identities β∇SN HN(x) = c Π(x)WNx and ∆SN f (x) =

Tr(Π(x)∇2 f (x))− (N − 1)N−1⟨x,∇ f (x)⟩ for x ∈ SN show that the generator of (3.2) is
L.

General quadratic potentials. Many tools in this paper hold for an arbitrary deter-
ministic real symmetric matrix A with eigenvalues α1 ≥ · · · ≥ αN. For such A, we
write

LA = ∆SN +∇SN

(1
2

xTAx
)
· ∇SN , PA

t = etLA , πA(dx) ∝ exT Ax/2 νN(dx). (3.3)

The model (3.1) is the case A = cWN, for which αi = cλi. Let V(x) = xTAx/2. Then
LA f = e−V divSN(e

V∇SN f ), and the divergence theorem on the closed manifold SN gives,
for smooth f , g,

−
∫

SN

f LAg dπA =
∫

SN

⟨∇SN f ,∇SN g⟩ dπA. (3.4)

In particular, LA is symmetric and nonpositive on L2(πA), and πA is reversible and
invariant for PA

t . The Dirichlet form of LA is f 7→
∫
|∇SN f |2 dπA, built from the tangential

gradient. All Poincaré and logarithmic Sobolev inequalities in this paper refer to this
Dirichlet form. For a probability measure π on SN and a nonnegative measurable function
g with π(g) < ∞, let Entπ(g) = π(g log g)− π(g) log π(g) ∈ [0, ∞], with 0 log 0 = 0. We
say that π satisfies a Poincaré inequality with constant CP, and a logarithmic Sobolev
inequality with constant CLS, if for all smooth f ,

Varπ( f ) ≤ CP π
(
|∇SN f |2

)
, Entπ( f 2) ≤ CLS π

(
|∇SN f |2

)
. (3.5)

The spectral gap of LA is

λgap(LA) = inf
{πA(|∇SN f |2)

VarπA( f )
: f smooth and nonconstant

}
,

the smallest nonzero eigenvalue of −LA, by compact weighted elliptic spectral theory
[130, Section 2, p. 30]. The optimal constant in the Poincaré inequality is 1/λgap(LA).
Restricting the infimum to the symmetry sectors of Definition 3.2 below, we obtain the
spectral gaps of these sectors.

Eigencoordinates. Conditional on WN, fix an orthonormal basis u1, . . . , uN of eigen-
vectors of WN, chosen measurably, with WNui = λiui, and set xi = ⟨x, ui⟩. The map
x 7→ (x1, . . . , xN) is an orthogonal transformation of RN. It maps SN to itself, preserves
νN, and commutes with ∇SN and ∆SN . In these coordinates,

βHN(x) =
c
2

N

∑
i=1

λix2
i . (3.6)
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The distance between the time-t law and the Gibbs measure does not depend on the
choice of eigenbasis, because νN is invariant under rotations and the initial point is
independent of WN. When we study the dynamics for a fixed realization of WN, we may
therefore assume that WN = diag(λ1, . . . , λN). We call x1, . . . , xN the eigencoordinates.
No property of the eigenvectors of WN is used.

Adding a multiple of the identity. For every τ ∈ R and x ∈ SN, we have xT(A +

τ I)x/2 = xTAx/2 + τN/2. Since the added term is constant on SN, we obtain

LA+τ I = LA, πA+τI = πA, PA+τ I
t = PA

t . (3.7)

Two choices of τ are used for the model. Taking A = cWN and τ = −cλ1, we find the
form used at low temperature:

L = ∆SN −∇SN F · ∇SN , πN,c(dx) ∝ e−F(x)νN(dx),

F(x) =
N

∑
i=2

aix2
i , ai =

c
2
(λ1 − λi).

(3.8)

Here a1 = 0 ≤ a2 ≤ · · · ≤ aN , and we call the ai the scaled eigenvalue gaps. Similarly, for
any z > cλ1, the choice τ = −z yields

L = ∆SN −∇SN

( N

∑
i=1

rix2
i

)
· ∇SN , πN,c(dx) ∝ exp

(
−

N

∑
i=1

rix2
i

)
νN(dx),

ri =
z − cλi

2
> 0.

(3.9)

The particular choice of z that is used for the model is made in Section 3.2.

Reflections. For 1 ≤ j ≤ N, let Rj be the reflection of the jth eigencoordinate, Rj(x) =
(x1, . . . ,−xj, . . . , xN), and let G be the group generated by R1, . . . , RN. It contains the
antipodal map x 7→ −x. For J ⊂ {1, . . . , N}, let QJ be the map that replaces xj by |xj| for
all j ∈ J.

Lemma 3.1 (Reflections of eigencoordinates). Let A = diag(α1, . . . , αN).

1. For every g ∈ G, every bounded measurable f on SN , and every t ≥ 0, we have PA
t ( f ◦ g) =

(PA
t f ) ◦ g. The measures νN and πA are invariant under G, and so is νNPA

t for every t ≥ 0.
2. Let H be a subgroup of G, and let µ, µ′ be H-invariant probability measures on SN. Then

∥µ − µ′∥TV = sup
{
|µ(B)− µ′(B)| : B ⊂ SN Borel and H-invariant

}
.

In particular, if H is generated by (Rj)j∈J , then ∥QJ#µ − QJ#µ′∥TV = ∥µ − µ′∥TV.



3 The model, conventions, and the limiting profiles 3.1 The model 46

Proof. Each g ∈ G is a diagonal orthogonal matrix. It commutes with A, it satisfies
g Π(x) = Π(gx) g, and gB is a standard Brownian motion. If X solves (3.2) with c WN
replaced by A and X0 = x, then multiplying the equation by g shows that gX solves
the same equation with Brownian motion gB and initial point gx. By uniqueness in law,
we have PA

t ( f ◦ g)(x) = E f (gXt) = (PA
t f )(gx). The measures νN and πA are invariant

because g is an isometry of SN and xTAx = (gx)TA(gx). For every bounded measurable
f , we then have

(νNPA
t )( f ◦ g) = νN

(
(PA

t f ) ◦ g
)
= νN(PA

t f ) = (νNPA
t )( f ),

which proves the first part.
For the second part, the inequality ≥ is immediate. Let σ = µ− µ′, and let P ⊂ SN be a

positive set of a Hahn decomposition of σ, so that σ(P) = ∥µ− µ′∥TV and σ(D) ≥ 0 for all
Borel sets D ⊂ P. Each set hP, h ∈ H, is also a positive set, because σ is H-invariant. The
set B =

⋃
h∈H hP is H-invariant, and it is a positive set because every Borel subset of B is

a finite disjoint union of Borel subsets of the sets hP. We have σ(B) = σ(P) + σ(B \ P) ≥
σ(P) because P ⊂ B, and the equality follows. If H is generated by (Rj)j∈J , every H-
invariant Borel set B satisfies B = Q−1

J (B′) with B′ = {x ∈ B : xj ≥ 0 for j ∈ J}. For such
B, we have |µ(B)− µ′(B)| = |QJ#µ(B′)− QJ#µ′(B′)| ≤ ∥QJ#µ − QJ#µ′∥TV. The reverse
inequality holds because QJ#µ(B′′)− QJ#µ′(B′′) = µ(Q−1

J B′′)− µ′(Q−1
J B′′) for all Borel

sets B′′.

It follows from the first part of Lemma 3.1 that the density of νNPt with respect to πN,c
is invariant under every reflection of an eigencoordinate. It is therefore orthogonal in
L2(πN,c) to every function that is odd in some eigencoordinate, and such eigenfunctions of
L do not affect the distance of the time-t law from equilibrium. An analogous observation
for symmetric initial laws, in a spherical quadratic model with a large spike, was made
by Gheissari, Grant, and Yu [78, Definition 1.1 and Theorem 1.2(2)].

We use three classes of symmetric functions, whose spectral gaps can differ.

Definition 3.2 (Symmetry sectors). Let A = diag(α1, . . . , αN), and let µ be either νN or
πA. The coordinate-even sector, the antipodal-even sector, and the sector even in x1 are the
closed subspaces of L2(µ) that consist of the functions f with f ◦ Rj = f for all j, with
f (−x) = f (x), and with f ◦ R1 = f , respectively. The spectral gap of LA in one of these
sectors is the infimum in the definition of λgap(LA), restricted to nonconstant smooth
functions in that sector; both the variance and the Dirichlet energy are taken under πA.
We speak of the coordinate-even and the antipodal-even spectral gaps, and of the spectral
gap of the sector even in x1.

The measures νN and πA have equivalent L2 norms, since dπA/dνN is continuous
and strictly positive on the compact sphere, so these sectors have the same functions
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and null-set convention for either choice of µ. The coordinate-even sector is contained
in the other two. By the first part of Lemma 3.1, the semigroup PA

t maps each sector
into itself. A function in the sector even in x1 is determined by its restriction to the
hemisphere {x1 ≥ 0}, and its variance and Dirichlet energy under πA equal those of this
restriction under πA(· | x1 ≥ 0), with the Dirichlet form of the hemisphere that imposes
no boundary condition at the equator {x1 = 0} (see the proof of Lemma 8.1). In this sense,
the sector even in x1 describes the dynamics folded onto the hemisphere. Similarly, the
coordinate-even sector describes the dynamics folded onto the orthant {xi ≥ 0 for all i}.

3.2 Equilibrium parameters and temperature regimes

Definition 3.3 (Lagrange multiplier and precisions). Let A be a real symmetric matrix
with eigenvalues α1 ≥ · · · ≥ αN. The function z 7→ N−1 ∑i(z − αi)

−1 is continuous and
strictly decreasing on (α1, ∞), and it tends to +∞ as z ↓ α1 and to 0 as z → ∞. By the
intermediate value theorem, there exists a unique z > α1 such that

1
N

N

∑
i=1

1
z − αi

= 1. (3.10)

We call z the Lagrange multiplier of A. We define the precisions pi, the variances qi,
the matrix Q, the smallest precision d, the largest precision s, the ratio κ, and the half-
precisions ri by

pi = z − αi > 0, qi =
1
pi

, Q = (zI − A)−1, d = p1, s = pN, κ =
s
d

, ri =
pi

2
.

(3.11)
By (3.10), ∑i qi = Tr Q = N. We call this identity the Gaussian covariance trace constraint,
or briefly the trace condition.

For the model, A = cWN and c ≥ 0, we write zN = zN(c) and dN, sN for the
corresponding quantities, so that

1
N

N

∑
i=1

1
zN − cλi

= 1, pi = zN − cλi, qi =
1

zN − cλi
,

dN = zN − cλ1, sN = zN − cλN.

(3.12)

At c = 0, we have zN = pi = qi = dN = sN = 1. With z = zN in (3.9), the half-precisions
ri = pi/2 are the coefficients of the quadratic potential. These names are used throughout
the paper: the ai are the scaled eigenvalue gaps, the ri = pi/2 are the half-precisions,
and in the critical window the limits of N2/3ri are the limiting scaled half-precisions Ri
of Section 4.5. The unnormalized process of Section 10 is built from a potential ∑i ρix2

i ,
where the quadratic potential coefficients ρi are either ri or ai. Its coordinate Yi then has
drift rate 2ρi, that is, 2ri = pi or 2ai.
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Remark 3.4 (Gaussian representation). The names in Definition 3.3 come from the fol-
lowing representation. For any z′ > α1, let Y be a centered Gaussian vector whose
coordinates in an eigenbasis of A are independent with variances (z′ − αi)

−1. Its density
is proportional to exp(−z′|y|2/2 + yTAy/2). Here conditioning on |Y|2 = N means the
weakly continuous version given by the coarea formula: its density with respect to the
surface measure of SN is proportional to the density of Y restricted to SN , since the coarea
factor |∇|y|2|−1 = (2

√
N)−1 is constant there. The term −z′|y|2/2 is also constant on SN ,

and this conditional law is πA; see also Section 5. The choice z′ = z in (3.10) makes the
unconditioned mean squared norm E|Y|2 = ∑i qi equal to N, and z plays the role of a
Lagrange multiplier for this constraint. This is the device used by Kosterlitz, Thouless,
and Jones [97] to solve the statics of the model. At the critical temperature c = 1, this
representation is used by Du and Huang [62, Section 1.2, (1.7)–(1.8)]. Two cautions apply.
The coordinates of a sample from πA are not independent, and in general their variances
are not exactly qi. Also, conditioning Y on |Y|2 = N is different from normalizing it
radially: the law of

√
N Y/|Y| has density proportional to (∑i x2

i /qi)
−N/2 with respect

to νN, which is not πA unless all qi are equal. In the isotropic case both constructions
produce νN. In particular, if g is a standard Gaussian vector in RN, then

√
N g/|g| has

law νN.

The distance between two Gaussian laws conditioned on SN is governed by the
following quantity, which we use for the high-temperature profiles.

Definition 3.5 (Information). Let q = (qi)
n
i=1 and v = (vi)

n
i=1 be sequences of positive

numbers with ∑i qi = ∑i vi, that is, the diagonals of two diagonal covariance matrices
with the same trace. We call

I(q, v) =
1
2

n

∑
i=1

(vi

qi
− 1

)2
(3.13)

the information of v relative to q. For a real symmetric matrix A with variances qi as in
Definition 3.3, and for t ≥ 0, we set IN(t) = I(q, v(t)), where v(t) is the covariance
evolution of A, defined in Definition 7.5. For the model, A = cWN.

In terms of the relative errors ei = vi/qi − 1, we have I(q, v) = 1
2 ∑i e2

i . The information
is not symmetric in q and v, and it is not a Fisher information; in this paper, Fisher
information and relative Fisher information always refer to integrated squared logarithmic
derivatives of densities (Section 11). The name comes from Le Cam’s theory: when the
relative errors are small and no coordinate carries a macroscopic share of the variance,
the log-likelihood ratio between the conditioned Gaussian laws with variances v and
q is approximately Gaussian with variance I(q, v) (Section 6), as in a Gaussian shift
experiment with information I(q, v) (Remark 3.10).
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Temperature regimes. The main results concern the following regimes and parameters.
Temperature sequences need not be monotone.

• Infinite-temperature crossover: cN → 0, with JN = Nc2
N.

• Fixed high temperature: 0 < c < 1 fixed. The smallest precision satisfies dN → (1 − c)2

(Theorem 4.13).
• Approach to the critical temperature from above: cN = 1 − δN with δN ∈ (0, 1), δN → 0,

and MN = Nδ3
N → ∞. We write ℓN = log(2 + MN).

• Critical window: cN = 1 + σN−1/3 with σ ∈ R fixed, and times t = N2/3s with s > 0
fixed. The half-precisions ri = pi/2 are used, and the random limiting objects are
defined in Section 4.5.

• Approach to the critical temperature from below: cN = 1 + ϵN with ϵN > 0, ϵN → 0, and
Nϵ3

N → ∞.
• Fixed low temperature: c > 1 fixed.

In the two low-temperature regimes we use the form (3.8) and the parameters

θN = 1 − 1
N

N

∑
i=2

1
2ai

, RN = Na2, mN = θNRN. (3.14)

The quantity N(1 − θN) is the mean squared norm of a centered Gaussian vector (Zi)i≥2
with independent coordinates of variances (2ai)

−1, and NθN is the deficit of this mean
with respect to N. We call θN the top fraction. It is a Gaussian variance deficit, defined
through an unconditioned Gaussian mean. For general positive a2, . . . , aN, it satisfies
θN < 1 but may be negative, and at finite N it need not equal πN,c(x2

1)/N. Only
asymptotically does it describe the squared projection x2

1/N of x/
√

N onto the top
eigenvector under the Gibbs measure: in either low-temperature regime, Corollary 16.10
shows that for every fixed γ > 0,

πN,cN

(∣∣∣ x2
1

NθN
− 1

∣∣∣ > γ
)
−→ 0 in probability,

where the left side is set to 0 on the event {θN ≤ 0}, whose probability tends to zero. At
fixed c > 1, we have θN → θ = 1 − 1/c > 0 in probability, while along the approach from
below θN/ϵN → 1, so that θN → 0 (Lemma 4.7). On the events of that lemma, RN ≍ N1/3,
and therefore m3

N ≍ Nθ3
N; along an approach from below, Nθ3

N plays the role of MN. In
the low-temperature estimates, we abbreviate mN = θNRN by m.

3.3 Distances, mixing times, and profiles

For probability measures µ, η on a measurable space, the total variation distance is

∥µ − η∥TV = sup
B

|µ(B)− η(B)|,
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the supremum over measurable sets. If µ ≪ η, the relative entropy is KL(µ∥η) =∫
log(dµ/dη) dµ ∈ [0, ∞]; otherwise KL(µ∥η) = ∞. For the model, we set

DN(t) = ∥νNPt − πN,c∥TV, tN(ε) = inf{t ≥ 0 : DN(t) ≤ ε} (0 < ε < 1). (3.15)

We call tN(ε) the mixing time at accuracy ε. Ratios of mixing times are set to 1 when
their denominator is zero. Here the initial point has law νN and is independent of WN,
and both the initial point and the Brownian motion are integrated out, so that DN(t) and
tN(ε) are random only through WN. When several temperatures are considered at once,
they share the same matrix WN . We never couple the diffusions at different temperatures.

The initial point is integrated out before the distance is taken: DN(t) is the distance
of the averaged law νNPt from equilibrium. A formulation in which an initial point is
sampled once from the Gibbs measure and held fixed would instead concern the Gibbs
mass of initial points x for which ∥δxPt − πN,c∥TV exceeds a threshold. Our results do
not address that question; see the discussion in the introduction.

We collect standard facts about these distances.

Lemma 3.6. Let µ, η be probability measures on a measurable space E.

1. If µ and η have densities f , g with respect to a σ-finite measure λ, then ∥µ − η∥TV =∫
( f − g)+ dλ, which is half of

∫
| f − g| dλ. Moreover ∥µ − η∥TV = sup{|µ(φ)− η(φ)| :

0 ≤ φ ≤ 1}.
2. If K is a Markov kernel from E to another measurable space, then ∥µK − ηK∥TV ≤ ∥µ −

η∥TV and KL(µK∥ηK) ≤ KL(µ∥η). In particular, both inequalities hold for the push-
forwards under a measurable map.

3. For the model, t 7→ DN(t) is nonincreasing.
4. (Pinsker’s inequality) ∥µ − η∥TV ≤

√
KL(µ∥η)/2.

5. If µ = µ1 ⊗ µ2 and η = η1 ⊗ η2, then ∥µ − η∥TV ≤ ∥µ1 − η1∥TV + ∥µ2 − η2∥TV.
6. For m ∈ R, ∥N (m, 1)−N (0, 1)∥TV = 2Φ(|m|/2)− 1, where Φ is the standard normal

distribution function.

Proof. For the first part, let B = { f > g}. For every measurable B′, we have µ(B′) −
η(B′) ≤

∫
B′∩B( f − g) dλ ≤ µ(B)− η(B), and similarly η(B′)− µ(B′) ≤ η(Bc)− µ(Bc) =

µ(B)− η(B). We conclude that ∥µ − η∥TV =
∫
( f − g)+ dλ, which is half of

∫
| f − g| dλ

because
∫
( f − g) dλ = 0. The same argument bounds

∫
φ( f − g) dλ for 0 ≤ φ ≤ 1, which

proves the last claim. For the second part, observe that for 0 ≤ φ ≤ 1, the function Kφ also
takes values in [0, 1], and (µK)(φ)− (ηK)(φ) = µ(Kφ)− η(Kφ). The claim follows from
the last statement of the first part, applied to µ, η and λ = µ+ η. The inequality for relative
entropy is the data processing inequality [147, Theorem 9], with order one. The third
part follows from the second. Indeed, πN,cPs = πN,c, and the second part implies that
DN(t+ s) = ∥(νNPt)Ps −πN,cPs∥TV ≤ DN(t). The fourth part is Pinsker’s inequality [147,
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Theorem 31], whose variational distance is twice ours. For the fifth part, by the triangle
inequality, we have ∥µ − η∥TV ≤ ∥µ1 ⊗ µ2 − η1 ⊗ µ2∥TV + ∥η1 ⊗ µ2 − η1 ⊗ η2∥TV, and the
second part, applied to the kernels x 7→ δx ⊗ µ2 and y 7→ η1 ⊗ δy, bounds each term. For
the sixth part, we may take m > 0. The densities of N (m, 1) and N (0, 1) cross only at
m/2. By the first part, the distance is then Φ(m/2)− Φ(−m/2) = 2Φ(m/2)− 1.

We now define what we mean by a mixing profile, by a cutoff profile, and by cutoff.
The centers, windows, and time scales below depend on the realized spectrum, and they
are random variables.

Definition 3.7 (Mixing profiles, cutoff profiles, and cutoff). A mixing profile of DN is
a limit of the functions u 7→ DN(TN + wNu), for some centers TN ≥ 0 and windows
wN > 0, or of the functions s 7→ DN(bNs), for some time scale bN > 0, in probability or in
distribution, uniformly on compact subsets of the domain of the limit. A mixing profile
may be random.

Let P : R → (0, 1) be continuous and strictly decreasing, with P(u) → 1 as u → −∞
and P(u) → 0 as u → ∞. Let TN, wN > 0 be random variables. We say that DN has
cutoff profile P with center TN and window wN if wN/TN → 0 in probability and, for every
compact K ⊂ R,

sup
u∈K

∣∣DN(TN + wNu)− P(u)
∣∣ −→ 0 in probability,

where the supremum is restricted to u with TN + wNu ≥ 0. We say that there is cutoff
if, for every ε ∈ (0, 1/2), we have tN(1 − ε) > 0 with probability tending to one and
tN(ε)/tN(1 − ε) → 1 in probability.

A cutoff profile is a mixing profile. The critical mixing profiles Fσ of Section 19 are
limits in distribution of s 7→ DN(N2/3s), uniformly on compact subsets of (0, ∞). They
are random, and they are not cutoff profiles. This definition of cutoff refers to the fixed
initial law νN and not to the worst initial point. For background on cutoff and profiles,
see [105, Chapter 18] and [56]. A cutoff profile implies cutoff by Corollary 3.12 below.

3.4 Disorder quantifiers and constants

Our estimates for the dynamics are deterministic statements about a fixed matrix whose
spectrum satisfies explicit hypotheses. The random matrix enters only through the
probability that these hypotheses hold. We use the following convention throughout.

Eventual statements. A statement holds for all sufficiently large N, or eventually, if there
exists N0 such that it holds for all N ≥ N0. The threshold N0 may depend on c (or
on the sequence (cN)), on the confidence η, and on the fixed parameters named in the
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statement, including fixed time anchors. It never depends on WN, on the initial point, or
on a varying time over which uniformity is claimed.

Fixed-confidence events. A statement holds at every fixed confidence if, for every η ∈ (0, 1),
there exist constants depending only on η and on the fixed parameters of the statement,
and events Gη

N with lim infN→∞ P(Gη
N) ≥ 1− η, such that the statement holds on Gη

N with
these constants for all sufficiently large N. The constants are chosen before N → ∞, and
the confidence η is sent to zero last. Such estimates say nothing about exponentially small
failure probabilities, and the events Gη

N are not a single family of events of probability
tending to one with fixed constants.

Probability modes. Unless said otherwise, “in probability” refers to the law of WN, and
so do XN = OP(aN) (that is, (XN/aN) is tight) and XN = oP(aN) (that is, XN/aN → 0 in
probability). Probabilities over the initial point and the noise are written explicitly when
they occur. For fixed WN, they are deterministic quantities. Convergence in distribution,
written ⇒, is used only where a random limit appears, as in the critical window. “With
probability tending to one” means with probability over WN tending to one as N → ∞.

Power exponents. For a positive sequence (aN) and r ∈ R, we write aN = Nr+o(1) if,
for every fixed η > 0, we have Nr−η ≤ aN ≤ Nr+η for all sufficiently large N, with
a threshold that may depend on η. For nonnegative random variables UN, we write
UN = Nr+oP(1) if P{Nr−η ≤ UN ≤ Nr+η} → 1 for every fixed η > 0.

Comparisons. We write X ≲ Y if X ≤ CY for a positive constant C, and X ≍ Y if
X ≲ Y ≲ X, with constants as below. Subscripts indicate extra dependence, as in ≍K.

The next lemma records how a fixed-confidence statement is converted into conver-
gence in probability. It is used in every application to the GOE without further comment.

Lemma 3.8 (Convergence in probability from fixed-confidence estimates). Let XN be real
random variables. Suppose that for every η ∈ (0, 1) there exist events Gη

N with lim infN P(Gη
N) ≥

1 − η such that P(Gη
N ∩ {|XN| > ε}) → 0 for every ε > 0. Then XN → 0 in probability. If

instead, for every η, there exists a constant Cη with |XN| ≤ Cη on Gη
N for all large N, then

XN = OP(1).

Proof. For every ε > 0 and η ∈ (0, 1), we have lim supN P(|XN| > ε) ≤ lim supN P(Gη
N ∩

{|XN| > ε}) + lim supN P((Gη
N)

c) ≤ η. Let η → 0. The second claim is proved in the
same way.

Constants. We write C, C′, C0, c0, c∗, . . . for positive constants whose dependence is stated
each time. Their values may change from line to line. The letter c alone is reserved for
the rescaled inverse temperature c =

√
2 β. Unless stated otherwise, constants do not

depend on N or on WN; any dependence on the realized spectrum or on the Airy point
process, as in the critical-window theorem, is stated explicitly.
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3.5 The limiting profiles

Let Φ and ϕ be the standard normal distribution function and density. Throughout, G, G′

denote standard Gaussian random variables and C a standard Cauchy random variable,
all independent. We define

Ψ(u) = 2Φ
( e−2u

2

)
− 1, uε = −1

2
log

[
2 Φ−1

(1 + ε

2

)]
(0 < ε < 1), (3.16)

and, for u ∈ R and θ > 0,

V(u) =
∥∥Law(G + e−2uC)− Law(G)

∥∥
TV,

Vθ(u) =
∥∥Law(G +

√
2θ e−2uC)− Law(G)

∥∥
TV,

(3.17)

where Law(·) denotes the law of a random variable. For h > 0, let Kh be the Ornstein–
Uhlenbeck transition kernel

Kh(x, ·) = Law
(
e−2hx +

√
1 − e−4h G′), (3.18)

which is the transition kernel at time h of dZh = −2Zh dh + 2 dBh. Its density y 7→
(1 − e−4h)−1/2ϕ

(
(y − e−2hx)(1 − e−4h)−1/2) is strictly positive, and N (0, 1)Kh = N (0, 1).

Lemma 3.9 (Properties of the limiting profiles). 1. We have Ψ(u) = ∥N (e−2u, 1) −
N (0, 1)∥TV. The function Ψ is continuous and strictly decreasing on R, with Ψ(u) → 1 as
u → −∞ and Ψ(u) → 0 as u → ∞, and Ψ−1(ε) = uε for 0 < ε < 1.

2. The function V is continuous and strictly decreasing on R, with V(u) → 1 as u → −∞
and V(u) → 0 as u → ∞. Every ε ∈ (0, 1) has a unique preimage V−1(ε), which
depends continuously on ε. Moreover, for z > 0 and h > 0, we have Law(G + zC)Kh =

Law(G + e−2hzC).
3. For every θ > 0 and u ∈ R, we have Vθ(u) = V

(
u − log(2θ)/4

)
. In particular, Vθ has the

properties of the second part, and V−1
θ (ε) = V−1(ε) + log(2θ)/4.

Proof. The first part follows from the last part of Lemma 3.6 with m = e−2u, since
m 7→ 2Φ(m/2) − 1 is continuous and strictly increasing from 0 to 1 on [0, ∞) and
u 7→ e−2u is a decreasing bijection of R onto (0, ∞). Solving 2Φ(e−2u/2)− 1 = ε for u
yields u = uε.

For the second part, write T(z) = ∥Law(G + zC) − Law(G)∥TV for z ≥ 0, so that
V(u) = T(e−2u). The law of G + zC has the density fz(y) = E ϕ(y − zC), which is
continuous and strictly positive. If zn → z ≥ 0, then fzn(y) → fz(y) for all y by bounded
convergence, with f0 = ϕ, and Scheffé’s lemma [129, pp. 435–437] implies that fzn → fz in
L1; equivalently, apply dominated convergence to min{ fzn , fz} and use that both densities
integrate to one. By the first part of Lemma 3.6, T is continuous on [0, ∞) and T(0) = 0.
This proves that V is continuous and that V(u) → 0 as u → ∞. For the other limit, fix
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ℓ > 0 and the interval I = [−ℓ, ℓ]. Conditioning on G and using that the density of zC is
bounded by 1/(πz), we obtain P(G + zC ∈ I) ≤ 2ℓ/(πz). Then

T(z) ≥ P(G ∈ I)− P(G + zC ∈ I) ≥ 1 − P(|G| > ℓ)− 2ℓ
πz

.

Letting z → ∞ and then ℓ → ∞, we obtain T(z) → 1, that is, V(u) → 1 as u → −∞.
To prove strict monotonicity, we first note that e−2hG +

√
1 − e−4h G′ is a standard

Gaussian independent of C. Then

Law(G + zC)Kh = Law
(
e−2hG +

√
1 − e−4h G′ + e−2hzC

)
= Law(G + e−2hzC),

and Law(G)Kh = Law(G). Fix z > 0 and h > 0, and let σ = Law(G + zC)− Law(G). We
have σ ̸= 0, because the characteristic function of G + zC is e−ξ2/2−z|ξ|. Let σ = σ+ − σ−

be its Jordan decomposition. Since σ(R) = 0, both σ+ and σ− are nonzero, with total
mass T(z). The measures σ±Kh have densities a±(y) =

∫
kh(x, y) σ±(dx), where kh is the

strictly positive density of Kh(x, ·). In particular, a+(y) > 0 and a−(y) > 0 for all y. By
the first part of Lemma 3.6,

T(e−2hz) = ∥σKh∥TV =
1
2

∫
|a+ − a−| dy =

1
2

∫
(a+ + a−) dy −

∫
min(a+, a−) dy < T(z).

In the last step, we used
∫
(a+ + a−) dy = 2 T(z) and

∫
min(a+, a−) dy > 0. We conclude

that T is strictly increasing on (0, ∞), and that V is strictly decreasing. A continuous
strictly decreasing bijection of R onto (0, 1) has a continuous inverse, which proves the
second part.

For the third part, note that
√

2θ e−2u = exp
(
− 2(u − log(2θ)/4)

)
, so that Vθ(u) =

V(u − log(2θ)/4). The remaining claims follow from the second part.

Remark 3.10 (The Gaussian and Gaussian–Cauchy profiles). The function Ψ(u) =

2Φ(
√

I/2) − 1 with I = e−4u is the total variation distance in a Gaussian shift exper-
iment with information I, the limit experiment in Le Cam’s theory of local asymptotic
normality [146, Chapters 6–7]. As a cutoff profile, Ψ appears in the work of Diaconis,
Graham, and Morrison on the random walk on the hypercube [59, Theorem 1]: at time
(n log n)/4 + un the distance tends to erf(e−2u/

√
8) = Ψ(u). Gaussian profiles of this

kind also arise for Ornstein–Uhlenbeck processes [35, Lemma 3.4]. The law of G + zC is
the convolution of a Gaussian and a Cauchy law, and its density is a Voigt profile [149],
[117, §7.19]. We use the total variation representation (3.17) for V . In the low-temperature
sections, the variable C arises as the ratio of two independent centered Gaussian variables.

The next lemma converts pointwise convergence of a nonincreasing distance to a
profile into locally uniform convergence and convergence of the mixing times.
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Lemma 3.11 (Monotone profiles and mixing times). Let Dn : Ω × [0, ∞) → [0, 1] be jointly
measurable, with nonincreasing sample functions t 7→ Dn(t) satisfying limt→∞ Dn(t) = 0
almost surely, and let bn, wn > 0 be random variables with bn/wn → ∞ in probability. Let
V : R → (0, 1) be continuous and strictly decreasing, with V(u) → 1 as u → −∞ and
V(u) → 0 as u → ∞. Suppose that for each fixed u ∈ R and ε > 0,

P
(
bn + wnu ≥ 0, |Dn(bn + wnu)− V(u)| > ε

)
−→ 0. (3.19)

Then the following hold, with all limits in probability.

1. For each compact interval K ⊂ R, we have supu∈K |Dn(bn + wnu)− V(u)| → 0, where
the supremum is over u ∈ K with bn + wnu ≥ 0; with probability tending to one, this is all
of K.

2. Let tn(ε) = inf{t ≥ 0 : Dn(t) ≤ ε}. For each compact interval I ⊂ (0, 1),

sup
ε∈I

∣∣∣ tn(ε)− bn

wn
− V−1(ε)

∣∣∣ −→ 0.

3. For every sequence of random variables ωn → ∞ in probability, inf{Dn(t) : 0 ≤ t ≤
bn − wnωn} → 1, where the infimum over the empty set is 1.

If the hypotheses hold for deterministic Dn, bn, wn, with ordinary convergence in place of conver-
gence in probability, then the conclusions hold with ordinary convergence.

Proof. For an empty K, the error supremum in the first part is zero. In its proof assume
that K is nonempty. For each fixed u, the event {bn + wnu ≥ 0} has probability tending
to one, because bn/wn → ∞ in probability. We work on these events below. The
restricted suprema in the first part are measurable. To see this, write K = [a, b] and
ℓn = max{a,−bn/wn}. If ℓn > b, set the supremum over the empty interval to 0.
Otherwise, use a fixed countable dense subset of K containing its endpoints, retain the
points u with bn + wnu ≥ 0, and also include the random left endpoint ℓn. At every
interior point, monotonicity places Dn(bn + wnu) between its one-sided limits; continuity
of V and convexity of x 7→ |x − V(u)| therefore show that these values have the same
supremum as the whole restricted interval. The countable supremum and the additional
value |Dn(bn + wnℓn)− V(ℓn)| are measurable by joint measurability.

For the first part, fix δ > 0 and let u0 < u1 < · · · < uk be a mesh with K ⊂ [u0, uk]

and V(uj)− V(uj+1) ≤ δ for all j, which is possible because V is uniformly continuous
on [u0, uk]. Let en = maxj |Dn(bn + wnuj)− V(uj)|. Using (3.19) and a union bound over
the finitely many mesh points, we find that en → 0 in probability. For u ∈ [uj, uj+1], since
wn > 0 and Dn is nonincreasing, we have

V(u)− δ − en ≤ V(uj+1)− en ≤ Dn(bn + wnuj+1) ≤ Dn(bn + wnu)

≤ Dn(bn + wnuj) ≤ V(uj) + en ≤ V(u) + δ + en.
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Taking the supremum over u ∈ K, we find supu∈K |Dn(bn + wnu)− V(u)| ≤ δ + en, and
δ is arbitrary.

For the second part, the conclusion for I = ∅ is immediate, with the error supremum
over the empty set equal to zero. Assume henceforth that I is nonempty. Write v = V−1,
which is continuous on (0, 1). Fix h > 0. The functions ε 7→ V(v(ε) − h) − ε and
ε 7→ ε − V(v(ε) + h) are continuous and positive on the compact set I. Let γh > 0 be a
common lower bound for them on I. Let Kh = [minI v − h, maxI v + h]. By the first part,
with probability tending to one we have supu∈Kh

|Dn(bn + wnu)− V(u)| < γh, and then,
simultaneously for all ε ∈ I,

Dn
(
bn + wn(v(ε)− h)

)
> ε, Dn

(
bn + wn(v(ε) + h)

)
< ε.

The second inequality gives tn(ε) ≤ bn + wn(v(ε) + h). Because Dn is nonincreasing, the
first inequality implies that Dn(t) > ε for all t ≤ bn + wn(v(ε)− h), and then tn(ε) ≥
bn + wn(v(ε)− h). We have shown that |(tn(ε)− bn)/wn − v(ε)| ≤ h for all ε ∈ I, and h
is arbitrary. No continuity of Dn is needed.

For the third part, fix ε > 0 and let A > 0 be such that V(−A) > 1 − ε/2. On the
event {ωn ≥ A}, which has probability tending to one, the infimum is either 1 or equal to
Dn(bn − wnωn) ≥ Dn(bn − wn A), since Dn is nonincreasing. By (3.19), Dn(bn − wn A) >

1 − ε with probability tending to one.
The deterministic version follows from the same inequalities.

Corollary 3.12 (Cutoff profiles imply cutoff). If DN has cutoff profile P with center TN and
window wN in the sense of Definition 3.7, then (tN(ε) − TN)/wN → P−1(ε) in probability,
uniformly for ε in compact subsets of (0, 1), and there is cutoff.

Proof. The definition of a cutoff profile includes the hypotheses of Lemma 3.11 with
bn = TN and V = P, since DN is nonincreasing by Lemma 3.6. It is also jointly measurable
in (WN, t), because it is measurable in WN for each t and continuous in t: the density
Pth below is continuous in t in L2(πN,c). Also DN(t) → 0 as t → ∞. Indeed, νN
has a bounded density h with respect to πN,c, the density of νNPt is Pth by (3.4), and
∥Pth − 1∥L2(πN,c)

→ 0 because the spectrum of −L on the compact connected manifold
SN is discrete with kernel spanned by the constants. Then 2DN(t) ≤ ∥Pth − 1∥L2(πN,c)

by the Cauchy–Schwarz inequality. The first claim then follows from its second part.
Fix ε ∈ (0, 1/2) and write tN(ε) = TN

(
1 + (wN/TN)(P−1(ε) + oP(1))

)
, and similarly for

1 − ε. Since wN/TN → 0 in probability, we have tN(1 − ε) > 0 with probability tending
to one and tN(ε)/tN(1 − ε) → 1 in probability.



section 4

Random-matrix inputs and the equilibrium
Lagrange multiplier

This section collects the properties of the GOE spectrum used in the paper, and it deter-
mines the Lagrange multiplier of Definition 3.3 in each temperature regime. Section 4.1
states the published random-matrix results that we use, in our normalization. These
are rigidity and convergence at the spectral edge (Lemma 4.2), simultaneous control
of the eigenvalue locations (Lemma 4.3), a localized estimate for the Stieltjes transform
(Lemma 4.4), and the regularized inverse-gap statistic (Lemma 4.5). The proofs below give
the precise published estimates used to derive the stated bounds. Section 4.2 proves two-
sided bounds on all eigenvalue gaps below the top eigenvalue at every fixed confidence
(Lemma 4.6), and derives from them the spectral hypotheses used at low temperature
(Lemma 4.7). Section 4.3 proves a law of large numbers for the eigenvalues near the edge
at every scale between N−2/3 and 1 (Theorem 4.8), together with its version for the gaps
below the top eigenvalue (Corollary 4.9). Section 4.4 determines the Lagrange multi-
plier at fixed high temperature and along every approach cN = 1 − δN with Nδ3

N → ∞
(Proposition 4.11 and Theorem 4.13). Finally, Section 4.5 treats the critical window. It
proves almost-sure properties of the reflected GOE Airy point process and of the limiting
equation for the Lagrange multiplier (Theorem 4.15), and the convergence of the scaled
half-precisions together with uniform bounds on them (Lemma 4.17).

This section uses the definitions of Section 3. Theorems 4.8 and 4.13 are used at high
temperature, in Sections 13 to 15, and Corollary 4.9 is used in Section 14. Lemma 4.7
supplies the spectral hypotheses in the approach to the critical temperature from below
(Section 17). At a fixed low temperature, the proof of the main result of Section 16 uses
instead Lemmas 4.2 and 4.6, through the law of large numbers for the inverse gaps of
Lemma 16.6. The critical window uses Lemma 4.17 and the conditions (4.36), in Sections 8,
12, 18, and 19. Theorem 4.15 is used for the limits of the critical profile far from the
critical temperature (Sections 20 and 21).

Notation. Throughout this section, λ1 ≥ · · · ≥ λN are the eigenvalues of WN . For E > λ1

and E > 2, respectively, we write

mN(E) =
1
N

N

∑
i=1

1
E − λi

, msc(E) =
∫

ρsc(x)
E − x

dx =
E −

√
E2 − 4

2
(4.1)

57
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for the Stieltjes transforms of the empirical eigenvalue distribution and of the semicircle
law. With this sign convention both are positive. The papers [69, 101, 102] use the
opposite sign, which does not affect absolute differences. We let γ1 ≥ γ2 ≥ · · · ≥ γN be
the semicircle quantiles, defined by

∫ 2
γi

ρsc(x) dx = i/N. We write

CN(t) = #{i : λi ≥ 2 − tN−2/3}, ∆i,N = N2/3(λ1 − λi) (1 ≤ i ≤ N),

for the number of eigenvalues within distance tN−2/3 of the edge and for the scaled gaps
below the top eigenvalue. The following elementary bounds on the quantiles are used
several times.

Lemma 4.1 (Semicircle quantiles). For 1 ≤ i ≤ N, we have(3πi
2N

)2/3
≤ 2 − γi ≤ 7

( i
N

)2/3
.

Moreover, 2 − γi = (3πi/(2N))2/3(1 + O((i/N)2/3)
)

uniformly for 1 ≤ i ≤ N/2.

Proof. For 0 ≤ v ≤ 4, we have ρsc(2 − v) = (2π)−1
√

v(4 − v). Using
√

4 − v ≤ 2, we
find that i/N =

∫ 2−γi
0 ρsc(2 − v) dv ≤ 2(2 − γi)

3/2/(3π), which is the lower bound. For
i ≤ N/2, we have γi ≥ 0 by symmetry of ρsc. Since

√
4 − v ≥

√
2 for v ≤ 2, we then

have i/N ≥
√

2 (2 − γi)
3/2/(3π) and 2 − γi ≤ (3π/

√
2)2/3(i/N)2/3 ≤ 7(i/N)2/3. For

i > N/2, we use 2 − γi ≤ 4 ≤ 7(i/N)2/3. Finally, since
√

4 − v = 2(1 + O(v)), we have∫ u
0 ρsc(2 − v) dv = 2u3/2(1 + O(u))/(3π) for u ≤ 2. Setting u = 2 − γi ≤ 7(i/N)2/3 and

solving for u, we obtain the last claim.

4.1 Published random-matrix inputs

Imported results and their normalization. Apart from standard tools of analysis and
probability, the following are the only random-matrix inputs to the proofs of Theo-
rems 1.1–1.4: eigenvalue rigidity; convergence at the edge to the reflected GOE Airy point
process, including the GOE Tracy–Widom law; published counting estimates, used with
rigidity to obtain simultaneous control of the eigenvalue locations; the localized Stieltjes-
transform estimate; and the regularized inverse-gap statistic, including Du and Huang’s
joint inverse-gap convergence in R × ℓ2. The versions collected in this subsection suffice
for the downstream profile estimates; proofs also cite the sharper published estimates
from which they are obtained. Du and Huang’s limiting equation S and their critical
half-precision result at σ = 0 are identified where they occur in the critical-window
statements below; the quantitative bounds and the extensions in σ are proved here. All
statements use the GOE variances 1/N off the diagonal and 2/N on the diagonal, the
reflected edge coordinates N2/3(2 − λi), and the Stieltjes-transform sign convention fixed
above.
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We record the published results that we use, in the normalization of Section 3. The
random-matrix ensemble parameter of Ramírez, Rider, and Virág [121] equals 1 for the
GOE and is unrelated to the inverse temperature β.

Lemma 4.2 (Rigidity and convergence at the edge [101, Theorem 2.1, (2.16)], [69, Theo-
rem 2.2, (2.25)], [121, Theorem 1.1, (1.7), and Proposition 3.5]).

1. For every η ∈ (0, 1) there exist C > 0 and N0 such that, for N ≥ N0, the event

FC =
{

max
1≤i≤N

|λi − γi| ≤ CN−5/12
}

(4.2)

has probability at least 1 − η.
2. There exists a random sequence χ1 < χ2 < · · · , the reflected GOE Airy point process, which

almost surely is strictly increasing, has no finite accumulation point, and satisfies χi → ∞,
such that for every fixed k, (

N2/3(2 − λi)
)k

i=1 =⇒ (χi)
k
i=1.

The law of −χ1 is the GOE Tracy–Widom law TW1. In particular, N2/3(λ1 − 2) is tight,
and for every fixed k, (∆i,N)

k
i=2 ⇒ (∆i)

k
i=2, where ∆i = χi − χ1 ∈ (0, ∞) almost surely.

3. Since −WN has the law of WN, the same statements hold at the lower edge. In particular,
λN → −2 in probability, and maxi |λi| ≤ 2 + CN−5/12 on FC.

Used in: The high-temperature, low-temperature, and critical-window analyses, through
the consequences below.

Proof. The first part is a consequence of the sharper published rigidity estimate [101,
Theorem 2.1], based on [69, Theorem 2.2]. Choosing its exponent smaller than 1/4 gives
the stated fixed-confidence bound. The variance normalization in the latter reference
applies to

√
N/(N + 1)WN; undoing this scaling changes eigenvalues by O(N−1) on

a bounded-spectrum event and is absorbed by N−5/12. We use the sharper published
estimates in a few proofs below, with explicit citations, but state only the bounds needed
here. For the second part, the eigenvalues of

√
N WN have the law of the Hermite β-

ensemble with β = 1, whose density is proportional to ∏i<j |λi − λj| exp(−∑i λ2
i /4).

By [121, Theorem 1.1, (1.7)], the vector (N1/6(2
√

N −
√

Nλi))i≤k = (N2/3(2 − λi))i≤k
converges in distribution to the k smallest eigenvalues Λ0 < · · · < Λk−1 of the stochastic
Airy operator −d2/dx2 + x + 2b′(x) on L2(0, ∞) with Dirichlet boundary condition at 0.
Here b is a standard Brownian motion, and b′ is its derivative in the sense of distributions,
that is, white noise. Since b is not differentiable, this is not an ordinary differential
operator, and we use the definition of [121, Section 2]. There, the product f b′ is defined
through integration by parts, and λ is an eigenvalue if there exists a nonzero f with
f (0) = 0 and

∫ ∞
0 (( f ′)2 + (1 + x) f 2) dx < ∞ such that − f ′′ + x f + 2 f b′ = λ f in the
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sense of distributions [121, Definition 2.1]. We set χi = Λi−1. These eigenvalues are
almost surely distinct, have no finite accumulation point, and tend to infinity [121,
Proposition 3.5]. The stochastic Airy operator was proposed by Edelman and Sutton [64]
on the basis of the tridiagonal models of Dumitriu and Edelman [63]. We note that the
points χi form one random sequence, and that for every k the limit in the second part
is the law of its first k coordinates. We write TW1 for the law of −χ1. After a change of
sign, the case k = 1 of the second part reads N2/3(λ1 − 2) ⇒ −χ1. When TW1 appears
as a random variable in a joint limit with other functions of the χi, it denotes −χ1 for this
same sequence. The law TW1 is the GOE Tracy–Widom distribution, whose distribution
function is F1 in [145, Section I and (53) in Section VII]. Indeed, F1 is defined there as
the limiting distribution function of the largest eigenvalue in edge scaling. Tracy and
Widom normalize the GOE so that its off-diagonal entries have variance 1/2, which in
our notation is the matrix

√
N/2 WN. Their edge coordinate for its largest eigenvalue is√

2 N1/6(
√

N/2 λ1 −
√

2N) = N2/3(λ1 − 2), which converges in distribution to −χ1. The
universality of this law for Wigner matrices is due to Soshnikov [136]. The statements
about ∆i,N follow from the continuous mapping theorem. The third part follows from
the first two parts.

Lemma 4.3 (Simultaneous control of the eigenvalue locations). For every η ∈ (0, 1), there
exist Cη > 0, an integer N0, and measurable events Hη

N with P(Hη
N) ≥ 1 − η for N ≥ N0, on

which
N2/3|λi − γi| ≤ Cη(1 + i)1/4 (1 ≤ i ≤ N). (4.3)

Used in: The fixed-confidence gap bounds, mesoscopic edge counts, and almost-sure Airy
geometry below.

Proof. Write qi,N = N2/3(2 − γi) and a = 2/(3π). Choose a fixed b > 0 so small that
7b2/3 < 1/2. By Lemma 4.1, uniformly for i ≤ bN2/5,

qi,N ≍ i2/3, aq3/2
i,N = i + O(i5/3N−2/3) = i + O(1).

Consequently, for all sufficiently large fixed K and all large N, the thresholds s± =

qi,N ± i1/4, K ≤ i ≤ bN2/5, lie in [t0, N4/15] and satisfy

as3/2
+ − i ≥ ci7/12, i − as3/2

− ≥ ci7/12,

where t0 is any fixed sufficiently large constant. Here the exponent 7/12 is the sum
of 1/3, from the derivative of s3/2 at s ≍ i2/3, and 1/4. The published bounds [102,
Proposition 6.5, (6.11)–(6.12)] give |ECN(s)− as3/2| ≤ C and Var(CN(s)) ≤ C log(2 + s)
throughout this range. These counting estimates follow there from the Airy estimates of
Soshnikov [137], the GUE estimates of Gustavsson [80], and the superposition identity
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of Forrester and Rains [72]. If N2/3(2 − λi) < s−, then CN(s−) ≥ i; if N2/3(2 − λi) > s+,
then CN(s+) < i. Chebyshev’s inequality therefore gives

P
(

N2/3|λi − γi| > i1/4) ≤ C log(2 + i)i−7/6 (K ≤ i ≤ bN2/5).

The series on the right is summable. Choose K, depending only on η, so that its sum over
i ≥ K is at most η/4.

For the remaining indices i > bN2/5, use the sharper rigidity estimate [101, Theo-
rem 2.1], with exponent 1/10, on an event whose probability tends to one. If i ≤ N/2, it
gives

N2/3|λi − γi| ≤ N1/10i−1/3 ≤ Cbi1/4,

since i > bN2/5; if i > N/2, it gives the upper bound N1/10 ≤ Ci1/4. Finally, the first
K − 1 scaled eigenvalues are tight by Lemma 4.2, and qi,N → (3πi/2)2/3 for each fixed
i. We can therefore choose Cη so that (4.3) holds simultaneously for these first indices
with limiting failure probability at most η/4. Enlarge Cη to dominate the constants for
the other indices. Intersecting the three events gives failure probability at most η for all
sufficiently large N.

Lemma 4.4 (Localized Stieltjes transform estimate). For every η ∈ (0, 1) there are Uη, Cη >

0, an integer N0, and measurable events Rη
N of probability at least 1 − η for N ≥ N0, such that

λ1 < 2 + Uη N−2/3 on these events and, for every deterministic u ≥ Uη, with E = 2 + uN−2/3,

E
[
1Rη

N

∣∣mN(E)−msc(E)
∣∣] ≤ Cη N−1/3

(
u−1/8 + N−1/3u−1/2 + N−1/6 + u−1

)
. (4.4)

The random variable inside the expectation is defined to be zero off Rη
N; on this event E > λ1, so

the resolvent is defined.

Used in: The high-temperature multiplier estimates below.

Proof. Fix ξ = 1/200. The localized estimate of [101, Lemmas 2.2 and 2.6] supplies,
on a common event of confidence 1 − η, the bound Cη{N−1/3(1 + log2 u)/u + N−1+ξ}
for Uη ≤ u < N1/15−ξ , with Uη enlarged to put E strictly above the top eigenvalue.
Since (1 + log2 u)/u ≤ Cu−1/8 and N−1+ξ ≤ N−1/2, this is bounded by the right side of
(4.4). Intersect this event with the sharper rigidity event of [101, Theorem 2.1], choosing
both failure probabilities at most η/2. For u ≥ N1/15−ξ , that rigidity estimate and the
semicircle-quantile quadrature give, on this same event,

|mN(2 + uN−2/3)−msc(2 + uN−2/3)| ≤ CN−1/3 Nξ

u
.

To obtain this inequality, split the resolvent comparison at i ≍ u3/2, use 2− γi ≍ (i/N)2/3

below the midpoint and a fixed denominator above it, and add the quadrature error
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(N(E − 2))−1; when E ≥ 3, the fixed denominators only improve the bound. Here
Nξ/u ≤ u−1/8 for all large N, since ξ < (7/8)(1/15 − ξ). Integration over the common
event proves (4.4) on the remaining range. All event and threshold choices precede the
choice of u.

Lemma 4.5 (Regularized inverse gaps [102, Theorem 6.1, (6.3)–(6.4)], [62, Propositions 1.3
and 4.1, (4.1)]). Let tk = (3πk/2)2/3.

1. Almost surely, the limit

Ξ = lim
k→∞

( k

∑
i=2

1
∆i

− 2
π

√
tk

)
(4.5)

exists and is finite. We call Ξ the regularized inverse-gap statistic.
2. Let ΞN = ∑N

i=2 ∆−1
i,N − N1/3, and let bN = (∆−1

2,N, . . . , ∆−1
N,N, 0, 0, . . . ) ∈ ℓ2. Then

(ΞN, bN) =⇒
(
Ξ, (∆−1

i )i≥2
)

in R × ℓ2.

In particular, ΞN is tight.
3. For every c > 0,

1
N

N

∑
i=2

1
c(λ1 − λi)

=
1
c
+

ΞN

cN1/3 .

4. If cN = 1 − δN with δN → 0 and MN = Nδ3
N → ∞, then

1
δN

( 1
N

N

∑
i=2

1
cN(λ1 − λi)

− 1
)
−→ 1 in probability.

Used in: The high-temperature multiplier estimates, the low-temperature and varying
low-temperature analyses, the critical process and profile, through the consequences
below.

Proof. The first part, and the convergence in distribution of ΞN to Ξ, are due to Landon
and Sosoe [102, Theorem 6.1, (6.3)–(6.4)]. Note that 2

√
tk/π = π−1

∫ tk
0 x−1/2 dx and that

the random variable in (6.3) there equals ΞN. The joint convergence in R × ℓ2 is [62,
Proposition 4.1, (4.1)], whose inverse-gap vector has an additional first coordinate equal
to 0. See also [62, Proposition 1.3], which restates the result of Landon and Sosoe. For
the third part, recall that ∑i≥2 ∆−1

i,N = ΞN + N1/3 by the definition of ΞN. Then

1
N

N

∑
i=2

1
c(λ1 − λi)

=
N2/3

cN
(
ΞN + N1/3) = 1

c
+

ΞN

cN1/3 .

For the fourth part, the third part implies that

1
δN

( 1
N

N

∑
i=2

1
cN(λ1 − λi)

− 1
)
=

1
cN

+
ΞN

cNδN N1/3 =
1

cN
+

ΞN

cN M1/3
N

,
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where we used 1/cN − 1 = δN/cN. The right side tends to 1 in probability, because
cN → 1, MN → ∞, and ΞN is tight. The error is O(δN) + OP(M−1/3

N ).

4.2 Eigenvalue gaps at fixed confidence

The published results determine the locations of any fixed number of edge eigenvalues
and give quantitative control away from the edge. The next lemma provides two-sided
bounds on all gaps λ1 − λi with constants independent of N, at every fixed confidence in
the sense of Section 3.4. The proof uses the simultaneous location bound of Lemma 4.3,
and treats the first few gaps through edge convergence.

Lemma 4.6 (Eigenvalue gaps at fixed confidence). For every η ∈ (0, 1), there exist constants
A, K, C, cη, Cη > 0, depending only on η, and events Gη

N with lim infN P(Gη
N) ≥ 1 − η, on

which, for all sufficiently large N,

2 − λi ≥ −AN−2/3 (1 ≤ i ≤ N), #{i : λi > 2} ≤ K,

#{i : 2 − λi ≤ u} ≤ C(1 + Nu3/2) (u ≥ 0),
(4.6)

and
cη(i − 1)2/3 ≤ ∆i,N = N2/3(λ1 − λi) ≤ Cη(i − 1)2/3 (2 ≤ i ≤ N). (4.7)

Proof. Fix η ∈ (0, 1) and use Lemma 4.3 with confidence η/2. Write di,N = N2/3(2 − λi)

and qi,N = N2/3(2 − γi). On its event, |di,N − qi,N| ≤ Cη/2(1 + i)1/4 simultaneously
for every i. Since Lemma 4.1 gives (3πi/2)2/3 ≤ qi,N ≤ 7i2/3, there exist K ≥ 2 and
0 < c2 ≤ C2, depending only on η, such that on this event

c2(i/N)2/3 ≤ 2 − λi ≤ C2(i/N)2/3 (K ≤ i ≤ N). (4.8)

The location bound at i = 1 also gives |d1,N | ≤ A for a constant A depending only on
η. Ordering implies di,N ≥ −A for all i. If i ≥ K and 2 − λi ≤ u with u ≥ 0, then (4.8)
implies i ≤ N(u/c2)

3/2. Counting the first K − 1 indices separately gives

#{i : 2 − λi ≤ u} ≤ K + c−3/2
2 Nu3/2, #{i : λi > 2} ≤ K.

This proves (4.6) after increasing its constant C.
Choose i0 ≥ K so large that c2i2/3

0 ≥ 2A and C2i2/3
0 ≥ A. For i ≥ i0, subtracting d1,N

from (4.8) gives
c2

2
i2/3 ≤ ∆i,N = di,N − d1,N ≤ 2C2i2/3.

For the first few gaps, Lemma 4.2 gives (∆2,N , ∆i0,N) ⇒ (∆2, ∆i0), where 0 < ∆2 ≤ ∆i0 < ∞
almost surely. Choose 0 < δ∗ < D∗ so that P(∆2 ≤ δ∗) + P(∆i0 ≥ D∗) ≤ η/2. By
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the closed-set portmanteau bound, the event {δ∗ < ∆2,N ≤ ∆i0,N < D∗} has limiting
probability at least 1 − η/2. On it, for 2 ≤ i < i0, ordering gives

δ∗i−2/3
0 (i − 1)2/3 ≤ ∆i,N ≤ D∗(i − 1)2/3.

Intersect this event with Hη/2
N . Its limiting probability is at least 1 − η. Since (i − 1)2/3 ≤

i2/3 ≤ 22/3(i − 1)2/3 for i ≥ 2, the last two displays prove (4.7) on this intersection, with
cη = min(c2/2, δ∗i−2/3

0 ) and Cη = max(25/3C2, D∗).

We now derive the spectral hypotheses used at low temperature. Recall from (3.8)
and (3.14) the scaled eigenvalue gaps ai = c(λ1 − λi)/2, the top fraction θN, RN = Na2,
and mN = θNRN. The lemma covers both a fixed temperature c > 1 and an approach
cN = 1 + ϵN to the critical temperature from below. The low-temperature sections use
its conclusions as follows. The bounds of the second part are the deterministic spectral
hypotheses there, and the last part describes the Gaussian vector of Section 3.2.

Lemma 4.7 (Eigenvalue gaps and the top fraction at low temperature). We consider the
following two cases, with c∞ = limN cN:

(F) cN = c > 1 is fixed;
(M) cN = 1 + ϵN with ϵN > 0, ϵN → 0, and Nϵ3

N → ∞.

Let ai = cN(λ1 − λi)/2, and let θN, RN, mN be as in (3.14) with c = cN.

1. We have the identity

θN = 1 − 1
cN

− ΞN

cN N1/3 . (4.9)

In case (F), θN → θ = 1 − 1/c in probability. In case (M), θN/ϵN → 1 in probability, and
in particular θN > 0 with probability tending to one. In both cases, N2/3a2 ⇒ c∞∆2/2, and
mN → ∞ in probability. In case (F), moreover, log RN/ log N → 1/3 and RN/ log2 N →
∞ in probability.

2. For every η ∈ (0, 1), there exist constants B, c∗, C∗, ε∗ > 0, depending only on η (and on c
in case (F)), and events with limiting probability at least 1 − η, on which for all sufficiently
large N:

c∗(i − 1)2/3N−2/3 ≤ ai ≤ C∗(i − 1)2/3N−2/3 (2 ≤ i ≤ N),

aN ≤ B,
a3

a2
≥ 1 + ε∗.

(4.10)

On these events, for every integer 2 ≤ k ≤ N and every integer m′ ≥ 2,

ak
a2

≤ C∗
c∗

(k − 1)2/3, a2
2

N

∑
i=2

a−2
i ≤ 4

(C∗
c∗

)2
, ∑

i>m′

( a2

ai

)2
≤ 4

(C∗
c∗

)2
m′−1/3,

(4.11)
and c∗N1/3 ≤ RN ≤ C∗N1/3. In case (F), for any fixed θ0 ∈ (0, 1 − 1/c), these events may
also be chosen so that θN ≥ θ0.
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3. Conditional on WN, let (Zi)i≥2 be independent centered Gaussian random variables with
variances (2ai)

−1. Then E[∑i≥2 Z2
i | WN] = N(1 − θN), and for every ε > 0,

P
(∣∣∣ N

∑
i=2

Z2
i − N(1 − θN)

∣∣∣ > εN
∣∣∣ WN

)
−→ 0 in probability.

More precisely, on the events of the second part, this conditional probability is at most
Cε−2N−2/3, with C depending only on c∗.

Proof. The identity (4.9) is the third part of Lemma 4.5, since (2ai)
−1 = (cN(λ1 − λi))

−1.
In case (F), we have θN → 1 − 1/c, because ΞN is tight. In case (M), using 1 − 1/cN =

ϵN/(1 + ϵN), we find

θN

ϵN
=

1
1 + ϵN

− ΞN

(1 + ϵN) ϵN N1/3 −→ 1

in probability, because ϵN N1/3 = (Nϵ3
N)

1/3 → ∞. Next, N2/3a2 = cN∆2,N/2 ⇒ c∞∆2/2
by Lemma 4.2, and the limit is almost surely positive and finite. We have mN = θN N1/3 ·
N2/3a2. In both cases θN N1/3 tends to infinity in probability, and therefore mN → ∞ in
probability. In case (F), log RN = (log N)/3 + log(N2/3a2) with log(N2/3a2) = OP(1),
which implies the remaining two claims of the first part.

For the second part, fix η and work on the events Gη/3
N of Lemma 4.6. Using (4.7)

and 1 ≤ cN ≤ C, we obtain the two-sided bound on ai in (4.10), with c∗ = cη/3/2
and C∗ = CCη/3/2. Taking i = N, we also have aN ≤ C∗. For the third gap, a3/a2 =

∆3,N/∆2,N ⇒ ∆3/∆2, which is almost surely larger than 1 because the GOE Airy point
process is simple (Lemma 4.2). Let ε∗ > 0 be such that P(∆3/∆2 ≤ 1 + ε∗) ≤ η/3.
The portmanteau theorem gives lim supN P(a3/a2 ≤ 1 + ε∗) ≤ η/3. In case (F), the
event {θN ≥ θ0} has probability tending to one by the first part. The intersection of
these events has the properties stated in the second part. The bounds (4.11) follow from
(4.10), the bounds ∑j≥1 j−4/3 ≤ 4 and ∑j≥m′ j−4/3 ≤ m′−4/3 +

∫ ∞
m′ x−4/3 dx ≤ 4m′−1/3,

and RN = N1/3 · N2/3a2.
For the third part, the conditional mean is ∑i≥2(2ai)

−1 = N(1 − θN) by the definition
of θN, and the conditional variance is 2 ∑i≥2(2ai)

−2. On the events of the second part, it
is at most c−2

∗ N4/3 ∑j≥1 j−4/3/2 ≤ 2c−2
∗ N4/3. Chebyshev’s inequality bounds the condi-

tional probability by 2c−2
∗ ε−2N−2/3 on these events, and the convergence in probability

follows from Lemma 3.8.

4.3 Edge counts at a varying scale

We now prove a law of large numbers for the eigenvalues within distance y/hN of the
edge, at each scale h−1

N between N−2/3 and 1. The theorem is used at the scale hN ≍ δ−2
N
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in Theorem 4.13, and at the smaller scales hN = t of the times t in the high-temperature
profile windows. To cover the second use, we allow a random shift of the edge and a
factor αN → 1. For counts, the restriction hN = o(N2/3) is what allows the number of
eigenvalues at the scale h−1

N to grow arbitrarily slowly.

Theorem 4.8 (Edge counts at a varying scale). Let hN > 0 be deterministic with hN → ∞
and hN = o(N2/3), and set KN = Nh−3/2

N . Let αN > 0 be deterministic with αN → 1, and let
ξN be real random variables with hNξN → 0 in probability. We define the measure

ωN =
1

KN

N

∑
i=1

δαNhN(2−λi−ξN). (4.12)

1. For every compact Y ⊂ R, supy∈Y

∣∣ωN((−∞, y])− 2y3/2
+ /(3π)

∣∣ → 0 in probability. In
particular, for αN = 1 and ξN = 0, the first limit in (4.14) below holds.

2. With probability tending to one, every atom of ωN lies in (−1/2, ∞). For every η ∈ (0, 1),
there exist Cη and events with limiting probability at least 1 − η on which ωN((−∞, y]) ≤
Cη(K−1

N + y3/2) for all y ≥ 1.
3. Let k > 3/2, and let φ : [−1/2, ∞) → R be continuous with supy≥0(1 + y)k|φ(y)| < ∞.

Then ∫
φ dωN −→ 1

π

∫ ∞

0
φ(y)

√
y dy in probability. (4.13)

The same holds for deterministic continuous φN that converge to φ uniformly on compact
subsets of [−1/2, ∞) and satisfy supN

(
sup[−1/2,0] |φN|+ supy≥0(1+ y)k|φN(y)|

)
< ∞.

In particular, ωN converges vaguely in probability to π−1√y 1{y≥0} dy.
4. For αN = 1 and ξN = 0, we have, for each y > 0 and each fixed k > 3/2,

1
KN

#
{

i : 2 − λi ≤
y

hN

}
−→ 2

3π
y3/2 in probability,

N

∑
i=1

e−hN(2−λi) =
N

2
√

π h3/2
N

(
1 + oP(1)

)
,

N

∑
i=1

(
1 + hN(2 − λi)

)−k
= KNCk

(
1 + oP(1)

)
,

(4.14)

where Ck = π−1B(3/2, k − 3/2). In the last sum, the finitely many terms with 1+ hN(2−
λi) ≤ 1/2 are excluded, and with probability tending to one there are none.

In the third part, the integral is taken on the event of the second part that all atoms lie in
(−1/2, ∞); on the complementary event, we define it to be 0. Any other measurable finite choice
gives the same convergence in probability, and the same convention applies to φN.

Proof. The proof has four steps. We first prove the count asymptotic for αN = 1, ξN = 0,
at a fixed y > 0, using the simultaneous location bound. We then use the uniform upper
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bound (4.6) on the counting function to bound the counts uniformly in y, add the shift
and the factor αN, and integrate.

Step 1: counts without shift. Let F0
N(y) = K−1

N #{i : hN(2 − λi) ≤ y}, and fix y > 0. We
have KN → ∞ and KN = o(N). Fix r ∈ (0, 2y3/2/(3π)) and let i± = ⌊(2y3/2/(3π)±
r)KN⌋. On the events of Lemma 4.3, for every fixed confidence η > 0,

hN|λi± − γi± | ≤ CηhN N−2/3(1 + i±)1/4 ≤ Cη,y,rK−5/12
N −→ 0,

because hN N−2/3 = K−2/3
N . By Lemma 4.1, hN(2 − γi±) → (y3/2 ± 3πr/2)2/3. Thus, for

all large N on these events, ordering brackets KN F0
N(y) between i− and i+. Letting r ↓ 0

and then η ↓ 0 proves F0
N(y) → 2y3/2/(3π) in probability, however slowly KN tends to

infinity.
For y ≤ 0, we have F0

N(y) ≤ K−1
N #{i : λi ≥ 2}, which tends to zero in probability

by (4.6) and Lemma 3.8. Altogether, F0
N(y) → F(y) = 2y3/2

+ /(3π) for every y ∈ R.
Each F0

N is nondecreasing and F is continuous. Convergence at the points of a finite
mesh with spacing ϱ of a compact interval Y′, together with monotonicity, then gives
supY′ |F0

N − F| ≤ oP(1) + sup{|F(y)− F(y′)| : y, y′ ∈ Y′, |y − y′| ≤ ϱ}. Letting ϱ → 0, we
obtain supY′ |F0

N − F| → 0 in probability.

Step 2: a uniform bound on the counts. On the events of Lemma 4.6 with confidence
η/2, the last bound of (4.6) with u = y/hN shows that F0

N(y) ≤ C(K−1
N + y3/2) for all

y ≥ 0, and by the first bound we have hN(2 − λi) ≥ −AhN N−2/3, which tends to zero.
Let FN(y) = ωN((−∞, y]). On the further event {|hNξN| ≤ 1/8, αN ∈ [1/2, 2]}, whose
probability tends to one, every atom αN(hN(2 − λi)− hNξN) of ωN is larger than −1/2
for N large, and for y ≥ 1,

FN(y) = F0
N
(
y/αN + hNξN

)
≤ F0

N(2y + 1) ≤ C
(
K−1

N + (3y)3/2).

This proves the second part.

Step 3: shift and factor. Fix a compact interval Y and ϱ ∈ (0, 1). With probability tending
to one, |y/αN + hNξN − y| ≤ ϱ for all y ∈ Y, and then F0

N(y − ϱ) ≤ FN(y) ≤ F0
N(y + ϱ) by

monotonicity. By Step 1 on the interval Y′ = Y + [−1, 1] and the uniform continuity of
F, we obtain supY |FN − F| ≤ oP(1) + supy∈Y |F(y ± ϱ)− F(y)|. Letting ϱ → 0 proves the
first part.

Step 4: integration. Let φ be as in the third part, with sup[−1/2,0] |φ| + supy≥0(1 +

y)k|φ(y)| ≤ Λ. Fix η, ε > 0 and work on the events of the second part. For R ≥ 1, we
decompose (R, ∞) into the intervals (2jR, 2j+1R] and find∫

(R,∞)
|φ| dωN ≤ Λ ∑

j≥0
(2jR)−kFN(2j+1R) ≤ Cη,kΛ

(
R3/2−k + K−1

N R−k),
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and also π−1
∫ ∞

R |φ(y)|√y dy ≤ CkΛR3/2−k. Since k > 3/2, we may choose R, depending
on η, ε, k, Λ, such that both tails are at most ε for all large N. On [−1/2, R], we fix a mesh
−1/2 = y0 < y1 < · · · < yn = R on which φ oscillates by at most ε/(1 + F(R)) on each
interval [yj−1, yj]. Then∣∣∣ ∫

(−1/2,R]
φ dωN −

n

∑
j=1

φ(yj)
(

FN(yj)− FN(yj−1)
)∣∣∣ ≤ ε FN(R)

1 + F(R)
,

and the same holds with F in place of FN and π−1√y 1{y≥0} dy in place of ωN. By
the first part, the Riemann–Stieltjes sums converge in probability, and FN(R) → F(R).
Combining the three estimates, we find that |

∫
φ dωN − π−1

∫ ∞
0 φ

√
y dy| ≤ 4ε with

probability at least 1 − η − o(1). The parameters η and ε are arbitrary, and (4.13) follows.
For the sequence φN, the tail bound is uniform in N, and on [−1/2, R] we add the error
sup[−1/2,R] |φN − φ| · FN(R), which tends to zero in probability. Vague convergence is the
case of compactly supported φ.

For the fourth part, the first limit in (4.14) is the first part with αN = 1 and
ξN = 0. For the other two, take φ(y) = e−y and φ(y) = (1 + y)−k in (4.13).
We have π−1

∫ ∞
0 e−y√y dy = Γ(3/2)/π = 1/(2

√
π) and π−1

∫ ∞
0

√
y(1 + y)−k dy =

π−1B(3/2, k − 3/2) = Ck, and KN/(2
√

π) = N/(2
√

πh3/2
N ).

The theorem applies in particular to the gaps below the top eigenvalue at the scale of
the times in the window of the high-temperature profile. Let cN = 1 − δN, MN = Nδ3

N
and dN be as in Section 3.2, and let tN > 0 be deterministic with

δ2
NtN → ∞, δ2

NtN = o
(

M2/3
N

)
. (4.15)

The second condition is equivalent to tN = o(N2/3), because M2/3
N = N2/3δ2

N. Note that
cN(λ1 − λi) = pi − dN in terms of the precisions (3.12).

Corollary 4.9 (Gaps below the top eigenvalue at a smaller scale). Assume δN → 0, MN →
∞, and (4.15). Let

ω
gap
N =

t3/2
N
N

N

∑
i=1

δtNcN(λ1−λi)
.

Then ω
gap
N converges vaguely in probability to π−1√y dy on [0, ∞). If φ : [0, ∞) → R is

continuous with supy≥0(1 + y)2|φ(y)| < ∞, then∫
φ dω

gap
N −→ 1

π

∫ ∞

0
φ(y)

√
y dy in probability.

The same conclusion holds for deterministic continuous φN that converge to φ uniformly on
compact subsets of [0, ∞) and satisfy supN supy≥0(1 + y)2|φN(y)| < ∞. The atom of ω

gap
N at 0

has mass t3/2
N /N → 0.
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Proof. We use Theorem 4.8 with hN = tN , αN = cN , and ξN = 2 − λ1. Then KN = Nt−3/2
N

and ωN = ω
gap
N . Its hypotheses hold. Indeed, tN → ∞ because δN → 0 and δ2

NtN → ∞,
we have tN = o(N2/3) by (4.15), and hNξN = tN N−2/3 · N2/3(2 − λ1) → 0 in probability,
since N2/3(2 − λ1) is tight by Lemma 4.2. All atoms are nonnegative. We may therefore
extend φ and φN to [−1/2, 0) by their values at 0, and the claims follow from the third
part of Theorem 4.8 with k = 2.

Only tN → ∞, tN = o(N2/3) and cN → 1 were used in this proof.

4.4 The Lagrange multiplier at high temperature

At high temperature, 0 ≤ c < 1, the Lagrange multiplier is determined by the Stieltjes
transform of the empirical eigenvalue distribution. Indeed, for c > 0, set EN = zN/c.
Then EN > λ1, and (3.12) is equivalent to

mN(EN) = c. (4.16)

For 0 < c < 1, the semicircle equation msc(E) = c has the unique solution E∗ = c + c−1,
since

√
E2
∗ − 4 = c−1 − c. Correspondingly, cE∗ = 1 + c2. Equation (4.16) is the saddle-

point equation of the contour-integral representation of the partition function in [6,
Lemma 1.3], which goes back to [97], as noted after that lemma. Since mN is random, we
compare it with msc only at finitely many deterministic points and transfer the comparison
to the root by monotonicity. The following deterministic lemma does this.

Lemma 4.10 (Comparison of roots and derivatives). Let λ1 ≥ · · · ≥ λn be real numbers and
w1, . . . , wn > 0, and let f (x) = ∑n

i=1 wi(x − λi)
−1 for x > λ1. Let x∗ ∈ R and h > 0 with

x∗ − h > λ1, let I = [x∗ − h, x∗ + h], and let f̄ ∈ C1(I) with Λ = − f̄ ′(x∗) > 0 and

(1 − α)Λ ≤ − f̄ ′(x) ≤ (1 + α)Λ (x ∈ I)

for some α ∈ [0, 1).

1. If | f (x∗ ± h/2)− f̄ (x∗ ± h/2)| ≤ e for both signs, where e < (1− α)Λh/2, then f̄ (x∗) >
0, the equation f (x) = f̄ (x∗) has a unique solution x f ∈ (λ1, ∞), and |x f − x∗| < h/2.

2. If, in addition, | f (x∗ ± h)− f̄ (x∗ ± h)| ≤ e for both signs, then∣∣∣− f ′(x f )

Λ
− 1

∣∣∣ ≤ α +
4e
hΛ

. (4.17)

3. Let a ∈ (0, h]. If | f (x∗ ± a)− f̄ (x∗ ± a)| ≤ ea for both signs, where ea < (1 − α)Λa, then
the equation f (x) = f̄ (x∗) has a unique solution x f ∈ (λ1, ∞), and |x f − x∗| < a.
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Proof. We prove the third part first. The mean value theorem and the bound on f̄ ′ give
f̄ (x∗ − a) ≥ f̄ (x∗) + (1 − α)Λa and f̄ (x∗ + a) ≤ f̄ (x∗) − (1 − α)Λa. Combining these
bounds with the hypothesis on the errors, we obtain

f (x∗ − a) ≥ f̄ (x∗ − a)− ea > f̄ (x∗), f̄ (x∗) > f̄ (x∗ + a) + ea ≥ f (x∗ + a) > 0.

The function f is continuous and strictly decreasing on (λ1, ∞), with limits +∞ and 0.
As the level f̄ (x∗) is positive, it is attained exactly once, at a point of (x∗ − a, x∗ + a). The
first part is the case a = h/2.

For the second part, the function q = − f ′ = ∑i wi(x − λi)
−2 is positive and decreasing

on (λ1, ∞). We have x∗ − h < x∗ − h/2 < x f < x∗ + h/2 < x∗ + h, and by the mean value
theorem,

f (x∗ + h/2)− f (x∗ + h)
h/2

≤ q(x f ) ≤
f (x∗ − h)− f (x∗ − h/2)

h/2
.

By the mean value theorem, the corresponding difference quotients of f̄ lie in [(1 −
α)Λ, (1 + α)Λ]. Replacing f̄ by f at the two endpoints changes each quotient by at most
2e/(h/2) = 4e/h. We conclude that (1 − α)Λ − 4e/h ≤ q(x f ) ≤ (1 + α)Λ + 4e/h, which
is (4.17).

We now determine the Lagrange multiplier along an approach to the critical tempera-
ture from above. The error eN below comes from the common-event localized estimate
(4.4). No lower bound on the growth of MN is assumed.

Proposition 4.11 (Quantitative Lagrange multiplier near the critical temperature). Let
cN = 1 − δN with δN ∈ (0, 1), δN → 0, and MN = Nδ3

N → ∞. We write

ℓN = log(2 + MN), υN =
δ2

N
cN

, E∗ = cN + c−1
N = 2 + υN,

eN = M−5/12
N + N−1/3M−2/3

N + N−1/6M−1/3
N + M−1

N .

Let zN be the Lagrange multiplier of cNWN , let EN = zN/cN , so that mN(EN) = cN , and let dN
and qi be as in (3.12). Then

|EN − E∗| = OP(υNeN), (4.18)∣∣∣1 − c2
N

N

N

∑
i=1

q2
i − 1

∣∣∣ = OP

(√
eN

)
. (4.19)

Moreover, in probability,

ℓ2
N
|zN − (1 + c2

N)|
δ2

N
−→ 0, ℓN

∣∣∣1 − c2
N

N

N

∑
i=1

q2
i − 1

∣∣∣ −→ 0, (4.20)

ℓN

∣∣∣dN

δ2
N
− 1

∣∣∣ −→ 0. (4.21)
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Proof. We write c, δ, M, ℓ, υ, e for cN, δN, MN, ℓN, υN, eN. Note that δ = (M/N)1/3 and
N2/3υ = M2/3/c, and that e → 0. The proof has four steps. In Step 1, we record
properties of msc near E∗, and in Step 2, we bound mN −msc at deterministic points. Step
3 proves the estimate (4.18) for the root, and Step 4 proves (4.19) and the consequences.

Step 1: the semicircle transform. Differentiating (4.1), we have −m′
sc(E) =

msc(E)/
√

E2 − 4 and
d

dE
log

(
−m′

sc(E)
)
= −E +

√
E2 − 4

E2 − 4
.

At E∗, using
√

E2
∗ − 4 = c−1 − c, we find

ΛN = −m′
sc(E∗) =

c2

1 − c2 ,
∣∣∣ m′

sc(E)
m′

sc(E∗)
− 1

∣∣∣ ≤ C0
|E − E∗|

υ

(
|E − E∗| ≤

υ

2

)
, (4.22)

with a universal constant C0. For the second bound, note that E − 2 ≥ υ/2 and E ≤ 3
on this interval for N large. The logarithmic derivative is then bounded by C/(E − 2) ≤
2C/υ. Integrating it from E∗ to E, we bound the absolute value of the logarithm of the
ratio by s0 = 2C|E − E∗|/υ ≤ C, and the claim follows from |es − 1| ≤ eC|s| for |s| ≤ C.
Note also that ΛNυ = cδ/(1 + c) ≥ δ/4 for c ≥ 1/2. Let h0 = min(1/2, 1/(2C0)). On
I0 = [E∗ − h0υ, E∗ + h0υ], (4.22) shows that the hypothesis of Lemma 4.10 holds with
f̄ = msc, x∗ = E∗, Λ = ΛN, and α = 1/2, and on a subinterval of half-length h ≤ h0υ

it holds with α = C0h/υ. The interval I0 lies in (λ1, ∞) with probability tending to one,
because N2/3υ ≍ M2/3 → ∞ and N2/3(λ1 − 2) is tight.

Step 2: the transform at deterministic points. We show that for every ε > 0 there exist
L, N0 such that for all N ≥ N0 and all deterministic E with |E − E∗| ≤ υ/2,

P
(

E ≤ λ1 or
[
E > λ1 and |mN(E)−msc(E)| > L δe

])
≤ ε. (4.23)

Here mN(E) is considered only on the event E > λ1, where it is defined. This is a bound
for each deterministic point, uniform in its choice, and not a bound for the supremum
over a continuum of points. We apply it below at four points.

Let u = N2/3(E − 2), so that u ≍ M2/3 uniformly over these deterministic points. For
large N it exceeds the fixed threshold in Lemma 4.4. On its common confidence event
RN, E > λ1, and (4.4), divided by δ = M1/3N−1/3, gives

1
δ

E
[
1RN |mN(E)−msc(E)|

]
≤ CεM−1/3

(
M−1/12 + N−1/3M−1/3 + N−1/6 + M−2/3

)
= Cεe.

Choose the event with failure probability at most ε/2, then apply Markov’s inequality
with a sufficiently large L. This proves (4.23); the constants are uniform in the determin-
istic choice of E.
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Step 3: the root. Fix ε > 0, let L be as in (4.23), and set a = 16Lυe, which is at most h0υ

for N large. By (4.23) at the two points E∗ ± a, with probability at least 1 − 2ε − o(1) both
errors are at most Lδe, and I0 ⊂ (λ1, ∞). The threshold in the third part of Lemma 4.10
with α = 1/2 is ΛNa/2 ≥ 2Lδe, by Step 1. Recall that mN(EN) = c = msc(E∗). The lemma
implies that |EN − E∗| < 16Lυe, and since ε is arbitrary, this proves (4.18).

Step 4: the derivative and the consequences. Fix ε > 0 and L as before, and apply the
first two parts of Lemma 4.10 with h = υ

√
e ≤ h0υ and α = C0

√
e. With probability at

least 1 − 4ε − o(1), the errors at the four points E∗ ± h/2, E∗ ± h are at most Lδe. The
condition Lδe < (1 − α)ΛNh/2 holds for N large, since ΛNh ≥ δ

√
e/4 and e → 0. By

(4.17), ∣∣∣−m′
N(EN)

ΛN
− 1

∣∣∣ ≤ C0
√

e +
4Lδe

ΛNυ
√

e
≤ (C0 + 16L)

√
e.

We have N−1 ∑i q2
i = c−2N−1 ∑i(EN − λi)

−2 = c−2(−m′
N(EN)) and c−2ΛN = (1 − c2)−1,

which gives (4.19).
For the consequences, 1 ≤ M ≤ N eventually, so e ≤ 4M−5/12. Thus ℓ2e → 0 and

ℓ
√

e → 0. Since zN − (1 + c2) = c(EN − E∗) = OP(δ
2e), the first limit in (4.20) follows.

The second follows from (4.19). Finally, since 1 + c2 − δ2 = 2c,

dN − δ2 =
(
zN − (1 + c2)

)
+ c (2 − λ1). (4.24)

The last term is OP(N−2/3) by Lemma 4.2, and N−2/3/δ2 = M−2/3. Dividing (4.24) by
δ2, we find ℓ|dN/δ2 − 1| = OP(ℓ

2e + ℓM−2/3) → 0.

At a fixed temperature the same comparison is simpler, because the edge stays at a
fixed distance from E∗.

Lemma 4.12 (The Lagrange multiplier at fixed high temperature). Fix 0 < c < 1. Then
zN − (1 + c2) = OP(N−5/12) and N−1 ∑i q2

i → (1 − c2)−1 in probability.

Proof. Let E∗ = c + c−1, choose a fixed compact interval I ⊂ (2, ∞) around E∗, and set
Λ = −m′

sc(E∗) = c2/(1 − c2) > 0. On FC of Lemma 4.2, all denominators on I stay
uniformly positive for large N. Comparing eigenvalues with quantiles, and then using
monotone semicircle quadrature, gives

sup
E∈I

|mN(E)−msc(E)| ≤ Cc(CN−5/12 + N−1).

The root bracket Lemma 4.10 gives |EN − E∗| ≤ Cc,CN−5/12 on FC. Taking confidence
arbitrarily close to one proves the stated multiplier rate. For the derivative bracket take
h = N−5/24; the relative derivative error is bounded by Cc,C(h + N−5/12/h) → 0 on FC.
Since N−1 ∑i q2

i = c−2(−m′
N(EN)) and c−2Λ = (1 − c2)−1, this gives the trace limit.
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We collect the consequences used in the high-temperature sections.

Theorem 4.13 (The Lagrange multiplier above the critical temperature).

1. For fixed 0 < c < 1, in probability,

zN − (1+ c2) = OP(N−5/12), dN → (1− c)2, sN → (1+ c)2,
1
N

N

∑
i=1

q2
i → 1

1 − c2 .

2. Let cN = 1 − δN with δN ∈ (0, 1), δN → 0, MN = Nδ3
N → ∞, and ℓN = log(2 + MN).

Then, in probability,

ℓ2
N
|zN − (1 + c2

N)|
δ2

N
→ 0, ℓN

∣∣∣dN

δ2
N
− 1

∣∣∣ → 0,

sN → 4, ℓN

∣∣∣1 − c2
N

N

N

∑
i=1

q2
i − 1

∣∣∣ → 0.
(4.25)

3. In the setting of the second part, for every fixed k > 3/2,

N

∑
i=1

qk
i = Nc−3/2

N δ3−2k
N Ck

(
1 + oP(1)

)
, Ck =

1
π

B
(3

2
, k − 3

2

)
,

maxi qi√
2 ∑i q2

i

= M−1/2
N

(
1 + oP(1)

)
.

(4.26)

4. In the setting of the second part, fix A > 0, and let JN be the number of indices i with
2 − λi ≤ Aδ2

N/ℓN. Then

JN =
2A3/2

3π

MN

ℓ3/2
N

(
1 + oP(1)

)
,

∑i≤JN
q2

i

∑N
i=1 q2

i

=
4A3/2

3π
ℓ−3/2

N
(
1 + oP(1)

)
. (4.27)

Proof. In the first part, the statements on zN and on ∑i q2
i are contained in Lemma 4.12.

The limits of dN and sN follow from the identities dN = (zN − (1+ c2)) + (1− c)2 + c(2−
λ1) and sN = (zN − (1+ c2)) + (1+ c)2 − c(2+ λN), together with λ1 → 2 and λN → −2
in probability (Lemma 4.2). In the second part, all statements except sN → 4 are (4.20)
and (4.21), and sN → 4 follows from the same identity for sN.

For the third part, write υN = δ2
N/cN and EN = zN/cN as in Proposition 4.11, and

set yi = (2 − λi)/υN and ϑN = (EN − 2)/υN. Then qi = c−1
N (EN − λi)

−1 = c−1
N υ−1

N (ϑN +

yi)
−1, and ϑN = 1 + OP(eN) → 1 in probability by (4.18). We apply Theorem 4.8 with

hN = υ−1
N , αN = 1, and ξN = 0; this is admissible because hN → ∞ and hN/N2/3 =

cN/M2/3
N → 0, and then KN = Nυ3/2

N . With probability tending to one, mini yi ≥ −1/4
and |ϑN − 1| ≤ 1/4, and then, by the mean value theorem,∣∣(ϑN + yi)

−k − (1 + yi)
−k∣∣ ≤ k 2k+2 |ϑN − 1| (1 + yi)

−k,
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since every point between ϑN + yi and 1 + yi is at least (1 + yi)/2, and 1 + yi ≥ 3/4. The
fourth part of Theorem 4.8 gives K−1

N ∑i(1 + yi)
−k → Ck in probability. We conclude that

∑i(ϑN + yi)
−k = KNCk(1 + oP(1)), and

N

∑
i=1

qk
i = c−k

N υ−k
N KNCk

(
1 + oP(1)

)
= Nc−k

N υ3/2−k
N Ck

(
1 + oP(1)

)
,

and c−k
N υ3/2−k

N = c−3/2
N δ3−2k

N . For the ratio, we have maxi qi = q1 = d−1
N = δ−2

N (1 + oP(1))
by the second part, and ∑i q2

i = (N/(2δN))(1+ oP(1)) by the case k = 2, where C2 = 1/2.

These two asymptotics give q1/
√

2 ∑i q2
i = δ−2

N (N/δN)
−1/2(1 + oP(1)) = M−1/2

N (1 +

oP(1)).
For the fourth part, apply Theorem 4.8 with hN = ℓN/(Aδ2

N), αN = 1, and ξN = 0.
This is admissible because hN → ∞ and hN/N2/3 = ℓN/(AM2/3

N ) → 0. Here KN =

A3/2MN/ℓ3/2
N , and the asymptotic for JN is the count at y = 1. The eigenvalues are

ordered, and the selected indices are 1, . . . , JN. For these indices, by (4.24),

pi = zN − cNλi = δ2
N +

(
zN − (1 + c2

N)
)
+ cN(2 − λi),

where zN − (1 + c2
N) = oP(δ

2
N), 0 ≤ cN(2 − λi) ≤ Aδ2

N/ℓN = o(δ2
N) when λi ≤ 2, and

cN(2 − λi) ≥ −cN(λ1 − 2) = OP(N−2/3) = oP(δ
2
N) otherwise. Thus q2

i = δ−4
N (1 + oP(1))

uniformly for i ≤ JN. Dividing JNδ−4
N (1 + oP(1)) by ∑i q2

i = (N/(2δN))(1 + oP(1)) we
arrive at the second claim, since 2JN/(Nδ3

N) = 2JN/MN.

Remark 4.14 (Scales of the precisions and counts when tN = o(N2/3)). In the setting of
the second part of Theorem 4.13, assume also (4.15). Then, in probability,

dNtN

δ2
NtN

→ 1,
Nd3/2

N
MN

→ 1, tN = o(N2/3), Nt−3/2
N → ∞,

tN

NδN
=

δ2
NtN

MN
→ 0.

(4.28)

4.5 The critical window

In the critical window, cN = 1 + σN−1/3, the Lagrange multiplier is determined by the
gaps at the top of the spectrum. This section first studies the GOE Airy point process
and the limiting equation for the multiplier, and then the half-precisions at finite N.

The limiting equation. Recall the reflected GOE Airy point process χ1 < χ2 < · · · of
Lemma 4.2, the limit of N2/3(2 − λi), its gaps ∆i = χi − χ1, the regularized inverse-gap
statistic Ξ of Lemma 4.5, and tk = (3πk/2)2/3. By [62, Proposition 1.4], almost surely
χk/tk → 1, and the function

S (x) = Ξ +
1
x
+

∞

∑
i=2

( 1
x + ∆i

− 1
∆i

)
= lim

k→∞

( k

∑
i=1

1
x + ∆i

− 2
π

√
tk

)
(x > 0) (4.29)
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is well defined, strictly decreasing on (0, ∞), and tends to +∞ as x ↓ 0 and to −∞ as
x → ∞. We prove these facts, with quantitative bounds, in Theorem 4.15 below. For
σ ∈ R, we let ϱσ > 0 be the unique solution of S (ϱσ) = σ. We set

Rσ
1 =

ϱσ

2
, Rσ

i =
∆i + ϱσ

2
(i ≥ 2). (4.30)

We call the Rσ
i the limiting scaled half-precisions. In the third part of Lemma 4.17 below,

we prove that the scaled half-precisions N2/3ri converge to them in distribution, jointly
for finitely many i. The map σ 7→ ϱσ is a continuous strictly decreasing bijection of R

onto (0, ∞). At σ = 0, the root ϱ0 is the quantity ∆(χ) of [62, Proposition 1.4(b)], which
describes the Gibbs measure at the critical temperature.

Theorem 4.15 (The GOE Airy point process and the limiting equation (cf. [62, Propo-
sition 1.4])). Let CA(T) = #{i : χi ≤ T} and E(T) = CA(T)− 2T3/2/(3π). There exists
an event of probability one on which the following hold, with random constants Cω (and Cω,k,
depending also on k).

1. |E(T)| ≤ Cω(1 + T)7/8 for all T ≥ 0, and |χk − tk| ≤ Cωt3/8
k for all k ≥ 1. In particular,

C−1
ω (i − 1)2/3 ≤ ∆i ≤ Cω(i − 1)2/3 for i ≥ 2, and ∑i≥2 ∆−2

i < ∞.
2. The series in (4.29) converges locally uniformly on (0, ∞), together with its derivative, both

expressions in (4.29) agree, and S is continuously differentiable and strictly decreasing, with
S (x) → +∞ as x ↓ 0 and S (x) → −∞ as x → ∞. For x > max(0, χ1) and t = x − χ1,

S (x) = −
√

t +
∫ ∞

0

E(u)
(t + u)2 du + Bω(t), Bω(t) = ∑

i:χi<0

( 1
t + χi

− 1
t

)
. (4.31)

3. As h ↓ 0 and x → ∞, respectively, and for each fixed k > 3/2,

∑
i≥1

e−h∆i =
1 + Oω(h5/8)

2
√

π h3/2 , −S ′(x) =
1 + Oω(x−5/8)

2
√

x
,

∑
i≥1

1
(x + ∆i)k = Ckx3/2−k(1 + Oω,k(x−5/8)

)
,

(4.32)

where Ck = π−1B(3/2, k − 3/2).
4. As S → ∞, we have ϱ−S = S2 + Oω(S3/4) on this event. Moreover, with probability over

the GOE Airy point process,

ϱ−S = S2 + χ1 + OP

(
S3/4

)
(S → ∞). (4.33)

Used in: The high-temperature and low-temperature limits of the critical profile.

Proof. Let a = 2/(3π). We first transfer the simultaneous location bound to the Airy limit
and derive its counting asymptotics. We then use Stieltjes integration to study S , the
traces, and the root.
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Step 1: the points and the counting function. Fix η ∈ (0, 1) and use Lemma 4.3.
For each fixed L, the vector (N2/3(2 − λi))i≤L converges in law to (χi)i≤L, and qi,N =

N2/3(2 − γi) → ti. Hence, for every ε > 0 and all large N,

P
(
|N2/3(2 − λi)− ti| ≤ Cη(1 + i)1/4 + ε for 1 ≤ i ≤ L

)
≥ 1 − η.

The set defined by these inequalities is closed. The portmanteau theorem, followed by
ε ↓ 0 and then L → ∞, gives

P
(
|χi − ti| ≤ Cη(1 + i)1/4 for all i ≥ 1

)
≥ 1 − η.

Taking the union of these events for η = 2−j, j ≥ 1, gives an event of probability one on
which |χi − ti| ≤ Cωt3/8

i for all i. In particular, χi/ti → 1. Intersect this event with the
probability-one events of Lemmas 4.2 and 4.5 on which the χi are distinct, tend to infinity,
and Ξ exists.

For large T, write k = CA(T), so that χk ≤ T < χk+1. The point asymptotics first
imply tk ≍ T ≍ tk+1, and the point bounds then give

tk ≤ T + CωT3/8, tk+1 ≥ T − CωT3/8.

Using k = at3/2
k and k + 1 = at3/2

k+1 in these inequalities proves |k − aT3/2| ≤ CωT7/8.
The counting function is finite on bounded intervals, so enlarging Cω proves |E(T)| ≤
Cω(1 + T)7/8 for every T ≥ 0.

Step 2: the gaps. The point bound gives ∆i = χi − χ1 ≍ω i2/3 for large i. The finitely
many remaining ∆i, i ≥ 2, are positive, so the two-sided bound in the first part follows,
as does ∑i≥2 ∆−2

i < ∞. For all sufficiently large k, we also have

√
χk −

√
tk =

χk − tk√
χk +

√
tk

= Oω(t−1/8
k ) −→ 0. (4.34)

Step 3: the function S . For x > 0 and i ≥ 2, we have |(x + ∆i)
−1 − ∆−1

i | ≤ x∆−2
i and

|∂x(x + ∆i)
−1| ≤ ∆−2

i . By the first part, the series in (4.29) and its termwise derivative
converge uniformly on compact subsets of (0, ∞), and S is continuously differentiable
with

−S ′(x) = ∑
i≥1

(x + ∆i)
−2 > 0.

The two expressions in (4.29) agree because the partial sums of the second expression
equal x−1 + ∑k

i=2((x + ∆i)
−1 − ∆−1

i ) + (∑k
i=2 ∆−1

i − 2
√

tk/π), and the last bracket tends
to Ξ by (4.5). As x ↓ 0, we have S (x) → +∞, because the term x−1 tends to infinity and
the series stays bounded.



4 Random-matrix inputs and the equilibrium Lagrange multiplier § 4.5 77

Now fix x > max(0, χ1) and let t = x − χ1 > 0, so that x + ∆i = t + χi > 0 for all i.
For a real cutoff T > 0, we have the exact identity

∑
i:χi≤T

1
t + χi

=
CA(T)
t + T

+
∫ T

0

CA(u)
(t + u)2 du + Bω(t). (4.35)

Indeed, a point χi ∈ [0, T] contributes (t + T)−1 +
∫ T

χi
(t + u)−2 du = (t + χi)

−1 to the first

two terms on the right, and a point χi < 0 contributes (t + T)−1 +
∫ T

0 (t + u)−2 du = t−1,
which Bω(t) corrects to (t + χi)

−1. Inserting CA(u) = au3/2 + E(u) and integrating by
parts in the continuum term, we obtain

aT3/2

t + T
+

∫ T

0

au3/2

(t + u)2 du =
1
π

∫ T

0

√
u

t + u
du =

2
π

(√
T −

√
t arctan

√
T/t

)
,

where we used 3a/2 = 1/π. We obtain

∑
i:χi≤T

1
t + χi

− 2
π

√
T = − 2

π

√
t arctan

√
T/t +

E(T)
t + T

+
∫ T

0

E(u)
(t + u)2 du + Bω(t).

As T → ∞, the right side tends to the right side of (4.31), since E(T)/(t+ T) = Oω(T−1/8)

and the integral converges absolutely by Step 1. On the left side, for χk ≤ T < χk+1, the
sum equals ∑i≤k(x + ∆i)

−1, and 2(
√

T −
√

tk)/π → 0 by (4.34) applied at k and k + 1,
together with

√
tk+1 −

√
tk → 0. By the second expression in (4.29), the left side tends to

S (x), and (4.31) follows. For t ≥ 1, Step 1 gives∣∣∣ ∫ ∞

0

E(u)
(t + u)2 du

∣∣∣ ≤ Cω

∫ ∞

0

(1 + u)7/8

(t + u)2 du ≤ Cωt−1/8,

and |Bω(t)| ≤ Cωt−2 for t ≥ 2|χ1|, since only finitely many points are negative and all are
at least χ1. Combining these bounds with (4.31), we find S (x) = −

√
x − χ1 + Oω((x −

χ1)
−1/8) → −∞. This completes the proof of the second part.

Step 4: traces. For h ∈ (0, 1], the same bookkeeping as in (4.35) shows that

∑
i≥1

e−hχi = h
∫ ∞

0
e−huCA(u) du + ∑

i:χi<0

(
e−hχi − 1

)
.

The leading part is ah
∫ ∞

0 e−huu3/2 du = aΓ(5/2)h−3/2 = (2
√

π)−1h−3/2, the part coming
from E is at most Cωh

∫ ∞
0 e−hu(1 + u)7/8 du ≤ Cωh−7/8, and the finite sum is Oω(h).

Multiplying by ehχ1 = 1 + Oω(h), we obtain the first formula in (4.32). For k > 3/2 and
t = x − χ1 ≥ 1, similarly,

∑
i≥1

1
(t + χi)k =

∫ ∞

0

k CA(u)
(t + u)k+1 du + ∑

i:χi<0

( 1
(t + χi)k −

1
tk

)
.
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The leading part is π−1
∫ ∞

0
√

u (t + u)−k du = π−1t3/2−kB(3/2, k − 3/2) = Ckt3/2−k, the
part coming from E is at most Cω,kt7/8−k, and the finite sum is Oω,k(t−k−1). The third
formula follows, because x + ∆i = t + χi and t3/2−k = x3/2−k(1+Oω,k(x−1)). The second
formula is the case k = 2, since −S ′(x) = ∑i(x + ∆i)

−2 and C2 = π−1B(3/2, 1/2) = 1/2.

Step 5: the root. Let x = ϱ−S and t = x − χ1. We have x → ∞ as S → ∞, because
S decreases from +∞ to −∞. From the end of Step 3, we have

√
t = S + Oω(t−1/8).

Then t/S2 → 1 and
√

t − S = Oω(S−1/4), and multiplying by
√

t + S ≤ 3S, we obtain
t − S2 = Oω(S3/4), that is, ϱ−S = S2 + χ1 + Oω(S3/4) = S2 + Oω(S3/4).

For (4.33), the pathwise bound just proved and the finiteness of χ1 imply that
S−3/4(ϱ−S − S2 − χ1) is bounded eventually on each sample path. The root is con-
tinuous in S, so its eventual bounds can be tested on rational S and then localized by
measurable events at any fixed confidence. This gives the asserted OP(S3/4) estimate.

The half-precisions at finite N. The critical sections use the following deterministic
conditions on the half-precisions. Recall from (3.9) that the Gibbs measure is π ∝
exp(−∑i rix2

i )νN, where ri = pi/2.

Definition 4.16 (Critical spectral conditions). Let 0 < c0 ≤ C0 and δ > 0. A sequence
0 < r1 ≤ r2 ≤ · · · ≤ rN satisfies the critical spectral conditions with constants (c0, C0, δ) if

N

∑
i=1

1
2ri

= N, c0

( i
N

)2/3
≤ ri ≤ C0

( i
N

)2/3
(1 ≤ i ≤ N), r2 − r1 ≥ δ

N2/3 . (4.36)

For M > 0, N > (2M)3, and |σ| ≤ M, let cN,σ = 1 + σN−1/3 ∈ [1/2, 3/2]. Let zN,σ

be the Lagrange multiplier of cN,σWN, let dN,σ = zN,σ − cN,σλ1 be the smallest precision,
and let

ri,N,σ =
zN,σ − cN,σλi

2
, ϱN,σ =

N2/3dN,σ

cN,σ
.

Then r1,N,σ = dN,σ/2 and N2/3ri,N,σ = cN,σ(ϱN,σ + ∆i,N)/2, where ∆1,N = 0. The con-
dition N > (2M)3 ensures cN,σ > 0. Without such a condition the analysis below fails
at small N: if cN,σ < 0, then cN,σλ1 is the smallest of the numbers cN,σλi, and the
half-precisions are no longer ordered as above.

Lemma 4.17 (Half-precisions in the critical window (cf. [62, Proposition 4.1, (4.2)])). Fix
M > 0, and let N > (2M)3.

1. For |σ| ≤ M, the root ϱN,σ is the unique positive solution of SN(ϱN,σ) = σ, where

SN(x) = ΞN +
1
x
+

N

∑
i=2

( 1
x + ∆i,N

− 1
∆i,N

)
, (4.37)

and ΞN is as in Lemma 4.5. The map σ 7→ ϱN,σ is strictly decreasing.
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2. For every η ∈ (0, 1), there exist 0 < c0 ≤ C0 and δ > 0, depending only on η and
M, and events AN with lim infN P(AN) ≥ 1 − η, on which, for every σ ∈ [−M, M]

simultaneously, the sequence (ri,N,σ)
N
i=1 satisfies the critical spectral conditions (4.36) with

constants (c0, C0, δ).
3. Let σ1, . . . , σm ∈ [−M, M]. Let vN,σ = ((N2/3ri,N,σ)

−1)i≥1, padded with zeros for i > N,
and vσ = ((Rσ

i )
−1)i≥1, with Rσ

i as in (4.30), where ϱσ solves

Ξ +
1
x
− ∑

i≥2

x ∆−2
i

1 + x∆−1
i

= σ. (4.38)

Then, jointly in distribution,(
ΞN, bN, (ϱN,σj)j≤m, (vN,σj)j≤m

)
=⇒

(
Ξ, (∆−1

i )i≥2, (ϱσj)j≤m, (vσj)j≤m
)

in R × ℓ2 × Rm × (ℓ2)m, with bN as in Lemma 4.5. All limits are functions of the same
GOE Airy point process.

Used in: The functional inequalities, density estimates, critical process, critical profile.
The left side of (4.38) is S (x), since (x + ∆i)

−1 − ∆−1
i = −x∆−2

i /(1 + x∆−1
i ); thus ϱσ

is the root defined before Theorem 4.15. Similarly, SN is S with the GOE Airy point
process replaced by the scaled eigenvalues.

Proof. We write c = cN,σ and ϱN = ϱN,σ when σ is fixed. The proof has three steps: the
finite equation, convergence through a deterministic continuous map, and the bounds at
fixed confidence.

Step 1: the finite equation. We have zN,σ − cλi = cN−2/3(ϱN + ∆i,N), and the equation
(3.12) reads ∑N

i=1(ϱN + ∆i,N)
−1 = cN1/3 = N1/3 + σ. Subtracting ∑i≥2 ∆−1

i,N = ΞN + N1/3,
which is finite because the eigenvalues are almost surely distinct, we obtain SN(ϱN) = σ.
The function SN is continuous and strictly decreasing on (0, ∞), with limit +∞ at 0 and
limit ΞN − ∑i≥2 ∆−1

i,N = −N1/3 at ∞. Since σ ≥ −M > −N1/3, the level σ is attained
exactly once, and the root is decreasing in σ. The condition zN,σ > cλ1 of Definition 3.3
is equivalent to ϱN > 0.

Step 2: convergence. For ξ ∈ R, a sequence u = (ui)i≥2 ∈ ℓ2 with ui ≥ 0, and x > 0, let

Θ(ξ, u; x) = ξ +
1
x
− ∑

i≥2

xu2
i

1 + xui
,

so that SN(x) = Θ(ΞN, bN; x) and S (x) = Θ(Ξ, (∆−1
i )i≥2; x). For 0 < x ≤ L and

ui, wi ≥ 0, the derivative of v 7→ xv2/(1 + xv) is xv(2 + xv)/(1 + xv)2 ≤ 2xv. Integrating
this bound between wi and ui, we obtain∣∣∣ xu2

i
1 + xui

−
xw2

i
1 + xwi

∣∣∣ ≤ 2L(ui + wi)|ui − wi|.
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Summing and using the Cauchy–Schwarz inequality, we obtain

sup
0<x≤L

|Θ(ξ, u; x)− Θ(ξ ′, w; x)| ≤ |ξ − ξ ′|+ 2L
(
∥u∥2 + ∥w∥2

)
∥u − w∥2.

By Lemma 4.5 and the Skorokhod representation theorem [30, Theorem 6.7], we may
assume that (ΞN, bN) → (Ξ, (∆−1

i )i≥2) almost surely in R × ℓ2, where the limit is built
from a GOE Airy point process. Then SN → S uniformly on compact subsets of (0, ∞),
almost surely. Let x− = ϱM/2 and x+ = 2ϱ−M, so that S (x−) > M and S (x+) < −M.
For N large, we have SN(x−) > M and SN(x+) < −M, and by monotonicity all roots
ϱN,σ, |σ| ≤ M, lie in (x−, x+). For ε ∈ (0, x−/2), the quantity

γε = min
|σ|≤M

min
(
S (ϱσ − ε)− σ, σ −S (ϱσ + ε)

)
is positive, by continuity and compactness. Once sup[x−/2,2x+] |SN −S | < γε, we have
|ϱN,σ − ϱσ| < ε for all |σ| ≤ M, by monotonicity. We conclude that ϱN,σ → ϱσ almost
surely, uniformly for |σ| ≤ M. Finally,

(
N2/3r1,N,σ

)−1
=

2
c ϱN,σ

,
(

N2/3ri,N,σ
)−1

=
2
c

∆−1
i,N

1 + ϱN,σ∆−1
i,N

(i ≥ 2).

The map v 7→ v/(1+ xv) is 1-Lipschitz on [0, ∞), and |v/(1+ xv)− v/(1+ x′v)| ≤ v2|x−
x′|. These two bounds show that the map (x, u) 7→ (ui/(1 + xui))i≥2 from (0, ∞)× ℓ2

+ to
ℓ2 is continuous, with modulus bounded by ∥u − w∥2 + ∥u∥2

4|x − x′|. Since cN,σ → 1, we
conclude that vN,σ → vσ in ℓ2 almost surely, for each σ. This proves the third part.

Step 3: bounds at fixed confidence. Fix η ∈ (0, 1). By Lemma 4.6 with confidence η/2,
there exist 0 < c1 ≤ C1 and events of limiting probability at least 1 − η/2 on which

c1(i − 1)2/3 ≤ ∆i,N ≤ C1(i − 1)2/3 (2 ≤ i ≤ N). (4.39)

These events and constants do not depend on σ. By Step 2, (ϱN,M, ϱN,−M) ⇒ (ϱM, ϱ−M),
and the limit is almost surely in (0, ∞)2. Let 0 < ϱmin < ϱmax be such that P(ϱM ≤
ϱmin) + P(ϱ−M ≥ ϱmax) ≤ η/2. By the portmanteau theorem, lim supN P(ϱN,M ≤
ϱmin or ϱN,−M ≥ ϱmax) ≤ η/2. Let AN be the intersection of the complement of this
event with the events above. On AN, by the monotonicity in Step 1, ϱmin ≤ ϱN,σ ≤ ϱmax

for all |σ| ≤ M, and since 1/2 ≤ cN,σ ≤ 3/2,

ϱmin

4
≤ N2/3r1,N,σ ≤ 3ϱmax

4
,

ϱmin + c1(i − 1)2/3

4
≤ N2/3ri,N,σ ≤ 3(ϱmax + C1(i − 1)2/3)

4
(i ≥ 2).
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Using 2−2/3i2/3 ≤ (i − 1)2/3 ≤ i2/3 for i ≥ 2, we deduce from these bounds that
c0(i/N)2/3 ≤ ri,N,σ ≤ C0(i/N)2/3 for all i, with c0 = min(ϱmin, c1)/8 and C0 =

3(ϱmax + C1)/4. For the first gap, N2/3(r2,N,σ − r1,N,σ) = cN,σ∆2,N/2 ≥ c1/4, which
allows δ = c1/4. The half-precisions are nondecreasing in i because the eigenvalues are,
and ∑i(2ri,N,σ)

−1 = N holds by the definition of the Lagrange multiplier. This proves
the second part. All constants are chosen before N → ∞, and they do not depend on
σ ∈ [−M, M].

At σ = 0, the convergence in distribution of vN,0 is equivalent to [62, Proposition 4.1,
(4.2)], whose coefficients (N2/3pi)

−1 are half of ours. There it is used to describe the
Gibbs measure at the critical temperature as a Gaussian sequence conditioned on a
renormalized radial constraint. The extension to bounded σ and the uniform bounds of
the second part are the deterministic arguments above.



part ii

Tools



section 5

Gaussian laws conditioned on a sphere

This section and the next collect deterministic estimates for a centered Gaussian vector
with independent coordinates, conditioned on the event that its squared norm equals
its expectation. We show in Proposition 5.6 that the Gibbs measures πA of Section 3
are laws of this kind, and so are the Bingham comparison laws µt of Section 7. The
main results are a quantitative local limit theorem for weighted sums of centered squares
of Gaussian variables (Theorem 5.3); a formula for the density of a set of coordinates
under the conditioned law, relative to independent Gaussian variables, together with a
comparison when these coordinates carry a small fraction of the variance (Lemma 5.9
and Theorem 5.11); moment bounds (Theorem 5.12); an exact formula for quadratic
exponential moments (Lemma 5.13); and moment bounds for quadratic statistics (Theo-
rem 5.15 and Corollary 5.16). We treat finite and countably infinite variance sequences
together. The countable case is needed in the critical window, where the limiting Gibbs
law is a countable Gaussian sequence conditioned on a renormalized radial constraint.
We construct this law in Lemma 5.7, identify its finite-coordinate marginals in Lemma 5.9,
and prove in Proposition 5.17 that it depends continuously on the variance sequence,
with moment bounds that hold uniformly along a converging sequence of finite approxi-
mations; Section 18 specializes these results to the critical variances.

The proofs use only the notation of Sections 3 and 4. The results are used in Section 6,
in the comparison and moment bounds of Sections 9, 10, and 12, in Part III, and in
Section 18. All statements are deterministic. A constant is called universal if it does not
depend on the number of coordinates, on the size of the smallest variance, or on any
other feature of the variance sequence.

5.1 Notation

A variance sequence is a family v = (vi)i∈I of positive real numbers, indexed by a nonempty
finite or countably infinite set I, such that ∑i∈I v2

i < ∞. We call v finite or countable
according to whether I is finite or countably infinite. Let g = (gi)i∈I be independent
standard Gaussian random variables, and define

Tv = ∑
i∈I

vi(g2
i − 1), Sv =

(
2 ∑

i∈I
v2

i

)1/2
, v̂i =

vi

Sv
, ηv = max

i∈I
v̂i. (5.1)

83
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For countable I, the summands of Tv are independent and centered, with variances
2v2

i whose sum is finite. The series converges in L2 to a limit that does not depend on
the order of summation. For any enumeration of I, its partial sums form a martingale
bounded in L2, which converges almost surely by the martingale convergence theorem.
We have Var Tv = S2

v and ∑i v̂2
i = 1/2, so that ηv ≤ 2−1/2; the maximum in (5.1) is

attained because v̂i → 0 along any enumeration of a countable I. The quantity ηv is small
exactly when no single coordinate carries a macroscopic part of the variance of Tv. For
instance, if vi = 1 for 1 ≤ i ≤ n, then Sv = (2n)1/2 and ηv = (2n)−1/2.

When Tv has a continuous density, we denote it by pv, and write fv(x) = Sv pv(Svx)
for the density of Tv/Sv. We write f̂v(t) = EeitTv/Sv for the characteristic function of
Tv/Sv. The standard Gaussian density and distribution function are ϕ and Φ, and G
denotes a standard Gaussian random variable.

For A ⊂ I, we write v|A for the restriction of v to A, and Tv,A = ∑i∈A vi(g2
i − 1) and

pv,A for the corresponding sum and its density. We let γA be the standard Gaussian
law on RA, the product of standard Gaussian laws on the coordinates, and, for finite A,
ϕA(z) = ∏i∈A ϕ(zi) its density. For z ∈ RA we set

UA(z) = ∑
i∈A

vi(z2
i − 1), hA =

∑i∈A v2
i

∑i∈I v2
i

, Sv|I\A
= Sv(1 − hA)

1/2. (5.2)

For infinite A, the series UA(z) is defined for γA-almost every z, as the almost sure and
L2(γA) limit of its partial sums. Note that Tv,A = UA(gA), where gA = (gi)i∈A, and hA is
the fraction of the variance of Tv contributed by the coordinates in A.

Under the conditioned laws defined below, the random point is denoted by Y =

(Yi)i∈I , and its standardized coordinates are Zi = Yi/
√

vi. For a probability measure µ

and a coordinate set A, we write µZA for the law of ZA = (Zi)i∈A under µ. For r > 0,
let Sr = {y ∈ RI : |y|2 = r} when I is finite, with (|I| − 1)-dimensional surface measure
H|I|−1; in particular SN = SN when I = {1, . . . , N}.

5.2 Densities of weighted sums of centered squares

The following lemma is the basis of all density estimates in this section.

Lemma 5.1 (A differential equation for the characteristic function). Let v be a variance
sequence. The characteristic function f̂v is continuously differentiable and satisfies

f̂ ′v(t) = ωv(t) f̂v(t), ωv(t) = −2t ∑
i∈I

v̂2
i

1 − 2itv̂i
, f̂v(0) = 1, (5.3)

where the series defining ωv converges uniformly on bounded intervals. Further,

| f̂v(t)| = ∏
i∈I

(
1 + 4t2v̂2

i
)−1/4 ≤

(
1 + 4η2

vt2)−1/(8η2
v), (5.4)
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and, if |t|ηv ≤ 1/4, then ∣∣ f̂v(t)− e−t2/2∣∣ ≤ ηv|t|3e−2t2/5. (5.5)

Proof. We begin with one coordinate. For b > 0, let kb(t) = Eeitb(G2−1). We may differ-
entiate under the expectation, since EG2 < ∞. Applying Gaussian integration by parts,
E[Gψ(G)] = E[ψ′(G)], to ψ(x) = xeitbx2

, we find that

E
[
G2eitbG2]

= E
[
eitbG2]

+ 2itb E
[
G2eitbG2]

, that is, (1 − 2itb)E
[
G2eitbG2]

= E
[
eitbG2]

.

Inserting this into k′b(t) = ib e−itb(E[G2eitbG2
]− E[eitbG2

]
)
, we obtain

k′b(t) = − 2tb2

1 − 2itb
kb(t).

Taking the real part of 2kbk′b, we find that |kb|2 solves the real equation

d
dt

|kb(t)|2 = − 4tb2

1 + 4t2b2 |kb(t)|2,

and solving this equation with |kb(0)| = 1 gives |kb(t)| = (1 + 4t2b2)−1/4. For finite I,
the variable Tv/Sv is the sum of the independent variables v̂i(g2

i − 1), and f̂v = ∏i kv̂i .
Differentiating this finite product yields (5.3) and the identity in (5.4).

Let I be countable, fix an enumeration of I, and let Xn be the n-th partial sum of
the series X = Tv/Sv. The characteristic functions f̂n of Xn converge to f̂v uniformly
on bounded intervals, because Xn → X in L2. Their derivatives f̂ ′n(t) = iE[XneitXn ] also
converge uniformly for |t| ≤ T, since∣∣E[XneitXn ]− E[XeitX]

∣∣ ≤ E|Xn − X|+ E
[
|X| |eitXn − eitX|

]
≤ ∥Xn − X∥2 + T∥X∥2∥Xn − X∥2.

The summands of ωv have modulus at most 2Tv̂2
i for |t| ≤ T, and the coefficients of the

finite equations converge to ωv uniformly for |t| ≤ T. Passing to the limit in the finite
equations, we find (5.3); the finite products of moduli converge to the infinite product in
(5.4).

For the inequality in (5.4), we use that a 7→ a−1 log(1 + ax) is nonincreasing on a > 0
for every x ≥ 0, since its derivative has the sign of ax/(1 + ax)− log(1 + ax) ≤ 0. Using
v̂2

i ≤ η2
v, we find

∑
i∈I

log
(
1 + 4t2v̂2

i
)
≥ ∑

i∈I

v̂2
i

η2
v

log
(
1 + 4η2

vt2) = 1
2η2

v
log

(
1 + 4η2

vt2),

which is the inequality in (5.4). Next, using log(1 + x) ≥ x/(1 + x), we have

| f̂v(t)| ≤ exp
{
− ∑

i∈I

t2v̂2
i

1 + 4t2v̂2
i

}
≤ exp

{
− t2

2(1 + 4η2
vt2)

}
≤ e−2t2/5, |t|ηv ≤ 1/4.
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Since ∑i v̂2
i = 1/2, we have

|ωv(t) + t| =
∣∣∣2t ∑

i∈I
v̂2

i
2itv̂i

1 − 2itv̂i

∣∣∣ ≤ 4t2 ∑
i∈I

v̂3
i ≤ 2ηvt2.

By variation of constants in (5.3), we have, for t ≥ 0,

f̂v(t)− e−t2/2 =
∫ t

0
e−(t2−s2)/2(ωv(s) + s

)
f̂v(s)ds.

For 0 ≤ s ≤ t ≤ (4ηv)−1, the integrand has modulus at most 2ηvs2e−t2/2+s2/2−2s2/5 ≤
2ηvs2e−2t2/5. Integrating in s gives (5.5) for t ≥ 0. Negative t follow by complex conjuga-
tion.

Lemma 5.2 (Bounded densities from three coordinates). Let v be a variance sequence such
that I has at least three elements.

1. The variable Tv has a bounded continuous density pv. For any three distinct indices j1, j2, j3 ∈
I,

∥pv∥∞ ≤ c3

min{vj1 , vj2 , vj3}
, c3 =

1
4π

∫
R
(1 + s2)−3/4 ds. (5.6)

2. We have pv(t) > 0 for every t > −∑i vi, where the sum may be infinite. If ∑i vi < ∞, then
pv(t) = 0 for t ≤ −∑i vi.

3. If A ⊂ I and I \ A has at least three elements, then

pv(t) = E pv,I\A
(
t − Tv,A

)
for every t ∈ R. (5.7)

Proof. By (5.4) with t = uSv, we have |EeiuTv | = ∏i(1 + 4u2v2
i )

−1/4. Every fac-
tor is at most one. Keeping only the three factors with indices j1, j2, j3, we have
|EeiuTv | ≤ (1 + 4u2m2)−3/4, where m = min{vj1 , vj2 , vj3}. This bound is integrable
in u, and Fourier inversion yields a bounded continuous density pv with ∥pv∥∞ ≤
(2π)−1

∫
(1 + 4u2m2)−3/4 du = c3/m, which proves the first part.

For the third part, Tv = Tv,A + Tv,I\A with independent summands. By Fubini’s
theorem, the right side of (5.7) is a density of Tv, and it is continuous in t by dominated
convergence, since pv,I\A is bounded and continuous. Two continuous densities of the
same law agree everywhere, and (5.7) follows.

For the second part, if ∑i vi < ∞, then Tv ≥ −∑i vi and pv vanishes on (−∞,−∑i vi),
and by continuity also at −∑i vi. Now let t > −∑i vi, and choose a finite set B ⊂ I
with at least three elements and ∑i∈B vi > −t. By [62, Lemma 2.2], the variable ∑i∈B vig2

i
has a continuous density that is positive on (0, ∞). Equivalently, pv,B is positive on
(−∑i∈B vi, ∞). By (5.7) with A = I \ B, we have

pv(t) = E pv,B
(
t − Tv,I\B

)
≥ E

[
pv,B

(
t − Tv,I\B

)
1{Tv,I\B ≤ 0}

]
> 0.
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In the last step, we used that t − Tv,I\B ≥ t > −∑i∈B vi on the event {Tv,I\B ≤ 0}, and
that this event has positive probability because Tv,I\B has mean zero (it is identically zero
if B = I).

Theorem 5.3 (A quantitative local limit theorem). For each integer j ≥ 0, there exist universal
constants ηj > 0 and Cj < ∞ with the following property. If v is a variance sequence with ηv ≤ ηj,
then fv has j continuous derivatives and

sup
x∈R

∣∣ f (j)
v (x)− ϕ(j)(x)

∣∣ ≤ Cjηv. (5.8)

Further, there exist universal constants ηloc, c0 > 0 and C < ∞ such that ηv ≤ ηloc implies

fv(0) ≥ c0, ∥ fv∥∞ + ∥ f ′′v ∥∞ ≤ C, | f ′v(0)| ≤ Cηv,
∫

R
t2| f̂v(t)|dt ≤ C. (5.9)

The constants do not depend on the number of coordinates, the smallest variance,
or the relative sizes of the variances, and the theorem applies to finite and countable
sequences alike. Note that ηv ≤ ηj forces I to have at least (2η2

j )
−1 elements.

Proof. Fix j ≥ 0 and let η2
j ≤ aj, where aj = 1/(8(j + 4)). The function a 7→

(1 + 4at2)−1/(8a) is nondecreasing on a > 0, by the monotonicity used in the proof
of Lemma 5.1. Then (5.4) implies that, for ηv ≤ ηj,

| f̂v(t)| ≤ (1 + 4ajt2)−1/(8aj) = (1 + 4ajt2)−(j+4),

and |t|j| f̂v(t)| is integrable. By Fourier inversion, fv exists, is j times continuously
differentiable, and

f (j)
v (x)− ϕ(j)(x) =

1
2π

∫
R
(−it)je−itx( f̂v(t)− e−t2/2)dt.

We bound the integral of |t|j| f̂v(t) − e−t2/2| over two regions. On |t| ≤ (4ηv)−1, (5.5)
bounds it by ηv

∫
|t|j+3e−2t2/5 dt = Cjηv. On |t| > (4ηv)−1, we set u = 2ηv|t| ≥ 1/2 and

split the exponent in (5.4) into two equal halves:

| f̂v(t)| ≤ (1 + u2)−1/(16η2
v)(1 + u2)−1/(16η2

v) ≤ e− log(5/4)/(16η2
v)(1 + u2)−(j+4)/2,

where we used u2 ≥ 1/4 in the first factor and 1/(16η2
v) ≥ (j + 4)/2 in the second.

Changing variables, we find∫
|t|>(4ηv)−1

|t|j| f̂v(t)|dt ≤ e− log(5/4)/(16η2
v)(2ηv)

−j−1
∫

R
|u|j(1 + u2)−(j+4)/2 du ≤ Cjηv,

since x−j−2e− log(5/4)/(16x2) is bounded on x > 0. The Gaussian tail
∫
|t|>(4ηv)−1 |t|je−t2/2 dt

is also at most Cjηv. This proves (5.8), and also
∫
|t|j| f̂v(t)− e−t2/2|dt ≤ Cjηv.
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For (5.9), let ηloc ≤ min{η0, η1, η2} be so small that C0ηloc ≤ ϕ(0)/2. Using (5.8) with
j = 0, 1, 2 and ϕ′(0) = 0, we have fv(0) ≥ ϕ(0)/2, the bounds on ∥ fv∥∞ and ∥ f ′′v ∥∞,
and | f ′v(0)| ≤ C1ηv. Finally,

∫
t2| f̂v| ≤

∫
t2e−t2/2 dt + C2ηv ≤ C by the last bound of the

previous paragraph.

5.3 Conditioning on the sphere: finite sequences

Definition 5.4 (Gaussian law conditioned on a sphere). Let v be a finite variance sequence
and R2 = ∑i∈I vi. The Gaussian law µv conditioned on the sphere is the probability measure
on SR2 given by

µv(dy) =
1
Zv

exp
{
− 1

2 ∑
i∈I

y2
i

vi

}
H|I|−1(dy), y ∈ SR2 , (5.10)

where Zv is the normalizing constant.

This is a Bingham distribution [31]: a probability measure on a sphere whose density
with respect to surface measure is the exponential of a quadratic form. The next lemma
justifies the name: µv is the law of Y = (

√
vi gi)i∈I conditioned on |Y|2 = R2, that is, on

Tv = 0. This description is classical; see [98, Abstract] for its use in the computation of
Bingham normalizing constants, [62, Section 1.2, (1.7)–(1.8)] for the case of the spherical
Sherrington–Kirkpatrick model at the critical temperature, and [5, Proposition 2.7] for a
lattice spherical model.

Lemma 5.5 (Radial densities). Let v be a finite variance sequence, n = |I|, R2 = ∑i vi, and
Y = (

√
vi gi)i∈I , with density γv(y) = ∏i(2πvi)

−1/2e−y2
i /(2vi). For a bounded nonnegative

measurable function F, or a continuous real-valued function F, on RI , and for t > −R2, let

pv[F](t) =
1

2(R2 + t)1/2

∫
SR2+t

F(y)γv(y)Hn−1(dy). (5.11)

1. For bounded nonnegative measurable F on RI and nonnegative measurable K on R, we have
E[F(Y)K(Tv)] =

∫ ∞
−R2 K(t) pv[F](t)dt.

2. If F is continuous, then pv[F] is finite and continuous on (−R2, ∞). In particular, pv[1] is a
continuous and positive version of the density of Tv on (−R2, ∞).

3. For every continuous F, we have µv(F) = pv[F](0)/pv[1](0). For every bounded continuous
F, we have E[F(Y) | |Tv| ≤ ε] → µv(F) as ε ↓ 0.

Proof. In polar coordinates,
∫

Rn H(y)dy =
∫ ∞

0

∫
Sr2

H dHn−1 dr for nonnegative measur-

able H. Substituting s = r2, we find that
∫

Rn H(y)dy =
∫ ∞

0 (2
√

s)−1
∫
Ss

H dHn−1 ds. With
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H(y) = F(y)γv(y)K(|y|2 − R2) and t = s − R2, this is the first part, since Tv = |Y|2 − R2.
For the second part, by scaling the sphere, we have∫

SR2+t

Fγv dHn−1 = (R2 + t)(n−1)/2
∫
S1

F
(
(R2 + t)1/2θ

)
γv

(
(R2 + t)1/2θ

)
Hn−1(dθ).

The integrand is jointly continuous in (t, θ) and the unit sphere is compact, so the integral
is continuous in t > −R2. Taking F = 1 in the first part, we see that pv[1] is a density of
Tv; it is positive because γv > 0.

For the third part, recall from (5.10) that the density of µv with respect to surface
measure is proportional to γv on SR2 , which is the identity µv(F) = pv[F](0)/pv[1](0).
Finally, for bounded continuous F, the second part implies that

E
[
F(Y)

∣∣ |Tv| ≤ ε
]
=

∫ ε
−ε pv[F](t)dt∫ ε
−ε pv[1](t)dt

−→ pv[F](0)
pv[1](0)

= µv(F),

as ε ↓ 0.

For a nonnegative continuous F that is unbounded on RI , bounded radial truncation
justifies each later use of the coarea identity: on any compact interval J ⊂ (−R2, ∞),
multiply F by a continuous compactly supported function of |y|2 that equals one on the
radii R2 + J. The resulting test is bounded and agrees with F on the relevant spheres.
Thus the first part applies on J; increasing such intervals gives any nonnegative integral
identity used below. The exact-level identity already applies directly to continuous
polynomial and exponential tests.

For every finite variance sequence, we define pv(t) = pv[1](t) for t > −R2 and
pv(t) = 0 for t ≤ −R2; this is a density of Tv. When I has at least three elements, it
agrees everywhere with the continuous density of Lemma 5.2, since both are densities
of Tv that are continuous on (−R2, ∞) and vanish on (−∞,−R2]. When I has one
or two elements, pv is continuous only on (−R2, ∞): for one variance v1, it equals
(2πv1(t + v1))

−1/2e−(t+v1)/(2v1) for t > −v1, which is unbounded near −v1. Taking F = 1
in (5.11) at t = 0 gives the normalization∫

SR2

γv dH|I|−1 = 2R pv(0),
dµv

dH|I|−1
(y) =

γv(y)
2R pv(0)

, y ∈ SR2 . (5.12)

Proposition 5.6 (Bingham laws as conditioned Gaussian laws). Let N ≥ 2.

1. The uniform measure νN on SN is µv for v = (1, . . . , 1) ∈ RN. If g is a standard Gaussian
vector in RN, then g/|g| is independent of |g|, and

√
N g/|g| has law νN.

2. Let v be a variance sequence on {1, . . . , N} with ∑i vi = N, let z ∈ R, and let bi = z − v−1
i .

Then the probability measure on SN proportional to exp{1
2 ∑i bix2

i } νN(dx) is µv.
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3. Let A be a real symmetric N × N matrix with eigenvalues α1 ≥ · · · ≥ αN, and let
z > α1 be its Lagrange multiplier, the unique solution of N−1 ∑i(z − αi)

−1 = 1. In the
eigencoordinates of A, the Gibbs measure πA ∝ exT Ax/2νN is µq, where qi = (z − αi)

−1.
4. For every variance sequence v and λ > 0, if Y has law µv, then λY has law µλ2v. Each µv is

invariant under the reflections yi 7→ −yi, i ∈ I.

The last part also holds for countable v, with µv as in Definition 5.8 below; see the
remark after that definition.

Proof. For the first part, we note that the density in (5.10) with vi = 1 equals e−N/2 on
SN, and µv is normalized surface measure, that is, νN. In polar coordinates g = rθ, the
density of g is (2π)−N/2e−r2/2rN−1 times the surface measure HN−1(dθ) on the unit
sphere. This density is a product of a function of r and a function of θ. It follows that |g|
and g/|g| are independent, and that g/|g| is uniformly distributed on the unit sphere.
For the second part, on SN we have 1

2 ∑i bix2
i = zN

2 − 1
2 ∑i x2

i /vi. The first term is constant,
and µv lives on SN because ∑i vi = N, so the two densities agree up to a constant factor.
We obtain the third part as the case vi = qi and bi = αi of the second, since ∑i qi = N by
the definition of z. The existence and uniqueness of z follow since z 7→ N−1 ∑i(z − αi)

−1

decreases continuously from +∞ to 0 on (α1, ∞); see Section 4. For the fourth part, the
map y 7→ λy carries SR2 onto Sλ2R2 and multiplies surface measure by a constant, and
∑i(λyi)

2/(λ2vi) = ∑i y2
i /vi. The density in (5.10) and the sphere are invariant under

each reflection.

The spherical constraint goes back to the spherical model of [28, Abstract], and its
spin-glass version was introduced in [97, Abstract]. In the present normalization, the
Lagrange multiplier z is the unique critical point on (α1, ∞) of

AN(u) =
Nu
2

− 1
2 ∑

i
log(u − αi),

since A′
N(u) =

1
2 [N − ∑i(u − αi)

−1] is increasing and vanishes exactly at u = z.

5.4 Countable sequences and coordinate marginals

For countable v there is no sphere of finite radius when ∑i vi = ∞, which is the case in the
critical window. We define the conditioned law through its finite-coordinate marginals,
following [62, Section 2.2], where this is done for sequences with the decay of the inverse
Airy gaps; the arguments apply to every variance sequence. For finite A ⊂ I such that
I \ A has at least three elements, we define

rv,A(z) =
pv,I\A

(
− UA(z)

)
pv(0)

, z ∈ RA. (5.13)
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This is well defined by Lemma 5.2, since pv(0) > 0.

Lemma 5.7 (Consistent marginals). Let v be a countable variance sequence. For every finite
A ⊂ I, rv,A is a probability density with respect to γA. If A ⊂ A′ are finite, then the image of
rv,A′ dγA′ under the projection RA′ → RA is rv,A dγA. There exists a unique probability measure
on RI whose image under the projection to RA is rv,A dγA for every finite A ⊂ I.

Proof. By (5.7) at t = 0, we have
∫

rv,A dγA = E pv,I\A(−Tv,A)/pv(0) = 1. It suffices to
check consistency when A′ = A ∪ {j}. For fixed z ∈ RA, integrating out the coordinate j
and applying (5.7) to the sequence v|I\A, split into {j} and I \ A′, we have∫

R
pv,I\A′

(
− UA(z)− vj(x2 − 1)

)
ϕ(x)dx = pv,I\A

(
− UA(z)

)
.

Dividing by pv(0) proves the consistency. The last statement follows from Kolmogorov’s
extension theorem.

Definition 5.8 (Countable conditioned law). Let v be a countable variance sequence, and
let Z = (Zi)i∈I have the law constructed in Lemma 5.7. The Gaussian law µv conditioned
on Tv = 0 is the law of Y = (

√
vi Zi)i∈I on RI .

By (5.13), the laws µZA
v are invariant under each reflection zi 7→ −zi, and the stan-

dardized coordinates of λY with respect to λ2v are again Z. This proves the fourth part
of Proposition 5.6 for countable v. As shown in Propositions 5.10 and 5.17 below, µv is
supported on the set where ∑i(y2

i − vi) = 0, and, for any enumeration (ik)k≥1 of I, it is
the limit of the finite laws µv|{i1,...,in}

as n → ∞, in total variation on every finite set of
coordinates.

Lemma 5.9 (Marginal densities). Let v be a variance sequence, and let A ⊂ I. Suppose that
I \ A has at least three elements, or that A is infinite and Tv,I\A has a bounded density pv,I\A.
Then µZA

v has density

rv,A(z) =
pv,I\A

(
− UA(z)

)
pv(0)

(5.14)

with respect to γA. If A is infinite, UA(z) is the series defined for γA-almost every z after (5.2),
and the right side of (5.14) does not depend on the choice of a version of pv,I\A, since UA has an
absolutely continuous law under γA.

Proof. Let I be finite, and let F be a bounded continuous function of z ∈ RA. Define
the bounded continuous physical-coordinate test F̃(y) = F((yi/

√
vi)i∈A) on RI . By

independence of gA and gI\A, for bounded nonnegative measurable K,

E[F̃(Y)K(Tv)] =
∫

RA
F(z)ϕA(z)

∫
R

K
(
UA(z) + x

)
pv,I\A(x)dx dz

=
∫

R
K(t)

[ ∫
RA

FϕA pv,I\A
(
t − UA

)
dz

]
dt.
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The bracket is a continuous function of t, by dominated convergence, since pv,I\A is
bounded and continuous (Lemma 5.2). By Lemma 5.5, applied to the positive and
negative parts of F̃, pv[F̃] is another density of the same measure, continuous on (−R2, ∞).
The two densities agree at t = 0, by continuity. Dividing by pv[1](0) = pv(0) and using
the third part of Lemma 5.5, we obtain µv(F̃) =

∫
F rv,A dγA, that is, Eµv F(ZA) =∫

F rv,A dγA. Since bounded continuous functions determine a probability measure on
RA, this proves (5.14) for finite I.

Let I be countable. For finite A, (5.14) is the definition of µv. Let A be infinite, and let
λA(dz) = pv(0)−1pv,I\A(−UA(z))γA(dz), where pv,I\A is a bounded density of Tv,I\A;
this holds in both cases of the hypothesis, by Lemma 5.2. For every infinite A′ ⊂ A, the
variable Tv,A′ has a bounded continuous density pv,A′ , by Lemma 5.2, and the convolution
t 7→

∫
pv,I\A(t − x)pv,A′(x)dx of a bounded and an integrable function is continuous. It

is a density of Tv,(I\A)∪A′ , which has a continuous density by Lemma 5.2, and the two
agree everywhere:

pv,(I\A)∪A′(t) = E pv,I\A
(
t − Tv,A′

)
for every t ∈ R. (5.15)

With A′ = A and t = 0, this shows that λA is a probability measure. Let A0 ⊂ A be finite.
Since UA = UA0 + UA\A0

almost surely and the coordinates are independent under γA,
integrating out the coordinates in A \ A0 yields the density

E pv,I\A
(
− UA0(z)− Tv,A\A0

)
pv(0)

=
pv,I\A0

(
− UA0(z)

)
pv(0)

= rv,A0(z), z ∈ RA0 ,

where we used (5.15) with A′ = A \ A0. We conclude that λA and µZA
v have the same

finite-dimensional marginals. Since two probability measures on RA that agree on
cylinder sets are equal, we have λA = µZA

v .

For finite A, the formula (5.14) appears in [62, Lemma 4.6] for finite sequences and in
[62, (2.14)] for countable ones.

Proposition 5.10 (The radial constraint). Let v be a countable variance sequence and (ik)k≥1
an enumeration of I. Under µv, the partial sums ∑k≤n(Y2

ik
− vik) = ∑k≤n vik(Z2

ik
− 1) converge

to zero almost surely and in L2(µv).

Proof. This is proved in [62, Lemma 2.4] for sequences with the decay of the inverse Airy
gaps; we give the argument for general v. Let An = {i1, . . . , in} and Qn = UAn(ZAn). For
n ≥ 3, the density qn of Tv,An under the Gaussian product law satisfies ∥qn∥∞ ≤ ∥pv,A3∥∞,
since Tv,An is the sum of Tv,A3 and an independent variable. By Lemma 5.9, we have

Eµv Q2
n =

1
pv(0)

∫
R

x2qn(x) pv,I\An(−x)dx ≤
∥pv,A3∥∞

pv(0)
E T2

v,I\An
=

∥pv,A3∥∞

pv(0)
2 ∑

k>n
v2

ik ,
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which tends to zero. For almost sure convergence, let B = A3. Applying Lemma 5.9 with
A = I \ B, we find that the law of ZI\B under µv is absolutely continuous with respect to
γI\B. Under γI\B, the partial sums ∑3<k≤n vik(z

2
ik
− 1) converge almost surely, as noted

after (5.1). It follows that Qn converges µv-almost surely, and its limit is zero because
Qn → 0 in L2(µv).

The next theorem compares a set of coordinates of µv with independent Gaussian
variables when the coordinates carry at most a fixed fraction of the variance of Tv.

Theorem 5.11 (Gaussian approximation of coordinate marginals). There exist universal
constants η∗ > 0 and C < ∞ with the following property. Let v be a variance sequence with
ηv ≤ η∗, and let A ⊂ I with hA ≤ 1/2. Then I \ A has at least three elements, and∥∥µZA

v − γA
∥∥

TV ≤ C(ηv + hA), 0 ≤ rv,A ≤ C. (5.16)

Further, for each ε ∈ (0, 1) there exist η(ε) > 0 and Cε < ∞ such that ηv ≤ η(ε) and hA ≤ 1− ε

imply that I \ A has at least three elements and rv,A ≤ Cε.

For the uniform measure, Borel gave the Gaussian limit of one coordinate; see [57,
Section 6.1]. Stam proved a bound in total variation for a number of coordinates that
grows more slowly than

√
N [139], and Diaconis and Freedman proved a bound of order

k/N for k coordinates, which is small whenever k = o(N) [57, (1)]; see [57, Sections 6.1
and 6.4] for the history. Theorem 5.11 allows arbitrary variances, with constants that do
not depend on the smallest variance.

Proof. The standardized variances of v|I\A are vi/Sv|I\A
= v̂i(1 − hA)

−1/2, and in particu-

lar ηv|I\A
≤ ηv(1 − hA)

−1/2. Let ηloc, c0, C0 be as in Theorem 5.3. If ηv(1 − hA)
−1/2 ≤ ηloc,

then I \ A has at least (2η2
loc)

−1 ≥ 3 elements, and Lemma 5.9 applies. Writing
pv,I\A(x) = S−1

v|I\A
fv|I\A

(x/Sv|I\A
) and pv(0) = S−1

v fv(0) in (5.14), we obtain

rv,A(z) =
1

(1 − hA)1/2

fv|I\A
(−τA)

fv(0)
, τA =

UA(z)
Sv(1 − hA)1/2 . (5.17)

By Theorem 5.3 with j = 0, we have fv|I\A
= ϕ + e1 and fv(0) = ϕ(0) + e2, where

∥e1∥∞ ≤ C0ηv(1 − hA)
−1/2, |e2| ≤ C0ηv.

Let hA ≤ 1/2 and η∗ ≤ ηloc/
√

2, with
√

2C0η∗ ≤ ϕ(0)/2. Then fv(0) ≥ ϕ(0)/2 and
fv|I\A

≤ ϕ(0) +
√

2C0ηv, and (5.17) gives rv,A ≤ C. Further, we have |(1 − h)−1/2 − 1| ≤ h
for h ∈ [0, 1/2] and |ϕ(x)− ϕ(0)| ≤ ϕ(0)x2/2. Inserting these bounds into the numerator
of rv,A − 1 = [(1 − hA)

−1/2 fv|I\A
(−τA)− fv(0)]/ fv(0), we find that it is at most C(ηv +

hA + τ2
A) in absolute value. We conclude that

|rv,A(z)− 1| ≤ C
(
ηv + hA + τA(z)2).
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Under γA, we have E U2
A = 2 ∑i∈A v2

i = hAS2
v, which gives

∫
τ2

A dγA = hA/(1 − hA) ≤
2hA. Recalling that ∥µZA

v − γA∥TV = 1
2

∫
|rv,A − 1|dγA, we conclude that (5.16) holds.

Now let hA ≤ 1 − ε, and let η(ε) = min{ηlocε1/2, ϕ(0)/(2C0)}. Then ηv|I\A
≤

ηvε−1/2 ≤ ηloc and fv(0) ≥ ϕ(0)/2, so that (5.17) yields rv,A ≤ ε−1/2(ϕ(0) +
C0ηvε−1/2)/(ϕ(0)/2) ≤ Cε.

5.5 Moments of coordinate marginals

The density bounds of Theorem 5.11 transfer moments of Gaussian observables to the
conditioned law.

Theorem 5.12 (Moments under the conditioned law). Let η∗ ≤ 1/2 be as in Theorem 5.11,
and let v be a variance sequence with ηv ≤ η∗. If A ⊂ I satisfies hA ≤ 1/2, p > 1, and
F ∈ Lp(γA), then F(ZA) is integrable under µv and∣∣Eµv F(ZA)− EγA F

∣∣ ≤ Cp∥F∥Lp(γA)
(ηv + hA)

1−1/p. (5.18)

In particular, uniformly in i ∈ I,

EµvY2
i = vi

[
1 + O(η1/2

v )
]
,

EµvY4
i = 3v2

i
[
1 + O(η1/2

v )
]
,

Varµv(Y
2
i ) = 2v2

i
[
1 + O(η1/2

v )
]
,

(5.19)

where the implicit constants are universal. For each ε ∈ (0, 1), let η(ε) and Cε be as in Theo-
rem 5.11. If ηv ≤ η(ε) and hA ≤ 1 − ε, then for every p > 1, F ∈ Lp(γA), and L > 0,

Eµv

[
|F(ZA)|1{|F(ZA)| > L}

]
≤ CεL1−p∥F∥p

Lp(γA)
. (5.20)

In particular, every family of such observables F(ZA) with bounded Lp(γA) norms is uniformly
integrable under the corresponding conditioned laws.

Proof. For (5.18), let q = p/(p − 1). We have ∥rv,A − 1∥∞ ≤ C and
∫
|rv,A − 1|dγA ≤

C(ηv + hA) by Theorem 5.11, so

∥rv,A − 1∥Lq(γA)
≤ ∥rv,A − 1∥1−1/q

∞ ∥rv,A − 1∥1/q
L1(γA)

≤ Cp(ηv + hA)
1−1/p.

The bound rv,A ≤ C implies that F(ZA) is integrable under µv. By Lemma 5.9 and
Hölder’s inequality,∣∣Eµv F(ZA)− EγA F

∣∣ = ∣∣∣ ∫ F(rv,A − 1)dγA

∣∣∣ ≤ ∥F∥Lp(γA)
∥rv,A − 1∥Lq(γA)

,
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which proves (5.18). For A = {i} we have hA = 2v̂2
i ≤ 2η2

v ≤ 1/2. Taking p = 2 and
F(z) = z2

i or F(z) = z4
i , whose Gaussian L2 norms are universal constants, gives∣∣Eµv Z2

i − 1
∣∣+ ∣∣Eµv Z4

i − 3
∣∣ ≤ C(ηv + 2η2

v)
1/2 ≤ Cη1/2

v .

Scaling by vi and v2
i gives the first two estimates in (5.19); the third follows by subtracting

(EµvY2
i )

2 from EµvY4
i . Finally, under the assumptions of the last statement, rv,A ≤ Cε by

Theorem 5.11, and

Eµv

[
|F(ZA)|1{|F(ZA)| > L}

]
≤ Cε

∫
|F|1{|F| > L}dγA ≤ CεL1−p

∫
|F|p dγA,

which is (5.20).

5.6 Exponential tilts and quadratic statistics

Lemma 5.13 (Quadratic exponential moments). Let v be a variance sequence, and let w =

(wi)i∈I be real numbers, with only finitely many nonzero when I is countable. Let t ∈ R satisfy
1 − twi > 0 for every i, and let

vi(t) =
vi

1 − twi
, ∆(t) = ∑

i∈I

(
vi(t)− vi

)
.

Then v(t) is a variance sequence, and

Eµv exp
{ t

2 ∑
i∈I

wiZ2
i

}
= ∏

i∈I
(1 − twi)

−1/2 pv(t)
(
− ∆(t)

)
pv(0)

. (5.21)

All the quantities on the right side are real, and no smallness of ∆(t) is assumed.

Proof. For one coordinate, multiplying the Gaussian density with variance vi by
exp{twiy2/(2vi)} gives (1 − twi)

−1/2 times the Gaussian density with variance vi(t).
Multiplying over i, we have, with γv as in Lemma 5.5,

exp
{ t

2 ∑
i

wi
y2

i
vi

}
γv(y) = ∏

i
(1 − twi)

−1/2 γv(t)(y). (5.22)

Let I be finite, R2 = ∑i vi, and let W(y) be the exponential on the left of (5.22). Since
∑i vi(t) = R2 + ∆(t), the definition (5.11) applied to v(t) at the point s − ∆(t) integrates
over the same sphere SR2+s as pv[W](s), and (5.22) implies that

pv[W](s) = ∏
i
(1 − twi)

−1/2 pv(t)
(
s − ∆(t)

)
, s > −R2.

Evaluating at s = 0 and dividing by pv(0), we obtain (5.21) from the third part of
Lemma 5.5.
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Let I be countable, and let F ⊂ I be a finite set containing the indices with wi ̸= 0.
The sequence v(t) agrees with v off F. In particular, it is a variance sequence and
pv(t),I\F = pv,I\F. By Lemma 5.9 and (5.22),

Eµv exp
{ t

2 ∑
i∈F

wiZ2
i

}
= ∏

i∈F
(1 − twi)

−1/2 E pv,I\F
(
− ∑i∈F(vi(t)g2

i − vi)
)

pv(0)
.

Since ∑i∈F(vi(t)g2
i − vi) = Tv(t),F + ∆(t), the expectation equals pv(t)(−∆(t)) by (5.7) for

v(t). This proves (5.21).

For independent Gaussian variables, the analogous moment bound for quadratic
statistics is classical; we record it with its short proof, since it is also used in Proposi-
tion 5.17.

Lemma 5.14 (Quadratic statistics of independent Gaussians). For every p ≥ 1 there exists
Cp < ∞ such that, for every finite or countable index set J and every real w ∈ ℓ2(J), the series
X = ∑i∈J wi(g2

i − 1) satisfies EetX ≤ e2t2∥w∥2
2 for |t| ≤ (4∥w∥2)

−1, and ∥X∥Lp ≤ Cp∥w∥2.
Here (4∥w∥2)

−1 = +∞ when w = 0.

Proof. If w = 0, then X = 0 and both claims hold immediately. Fix a finite nonzero w
and t with |t| ≤ (4∥w∥2)

−1, so that |2twi| ≤ 1/2 for every i. For |2u| ≤ 1/2, we have
−u − 1

2 log(1 − 2u) = ∑k≥2(2u)k/(2k) ≤ 1
4(2u)2/(1 − |2u|) ≤ 2u2. Since Eesw(g2−1) =

e−sw(1− 2sw)−1/2 for 2sw < 1, we have log EetX = ∑i[−twi − 1
2 log(1− 2twi)] ≤ 2t2∥w∥2

2.
For countable J, the partial sums converge almost surely along a subsequence, and the
same bound follows from Fatou’s lemma. At t = ±(4∥w∥2)

−1, Markov’s inequality
implies that P(|X| > s∥w∥2) ≤ 2e1/8e−s/4 for s ≥ 0. Integrating this tail against psp−1 ds
yields E|X|p ≤ Cp

p∥w∥p
2 .

Theorem 5.15 (Quadratic statistics under the conditioned law). There exist universal con-
stants η0, c∗ > 0 and C < ∞ such that the following holds for every variance sequence v with
ηv ≤ η0. Let w = (wi)i∈I be real numbers, with only finitely many nonzero, and let

Qw = ∑
i∈I

wi
(
Z2

i − 1
)
= ∑

i∈I
wi

(Y2
i

vi
− 1

)
, ∥w∥2 =

(
∑

i
w2

i

)1/2
> 0.

Then
Eµv etQw ≤ CeCt2∥w∥2

2 , |t| ≤ c∗/∥w∥2. (5.23)

For every real p ≥ 1, there exists Cp < ∞ such that

∥Qw∥Lp(µv) ≤ Cp∥w∥2. (5.24)

If I is countable and w ∈ ℓ2(I), then the series defining Qw converges in Lp(µv) for every p ≥ 1,
and its limit satisfies the same two bounds.
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If w = 0, then Qw = 0 and there is nothing to prove. The theorem bounds Qw itself,
which is centered at the mean under the independent Gaussian law; the mean Eµv Qw

need not vanish.

Proof. We set c∗ = 1/8 and fix t with |t| ≤ c∗/∥w∥2, so that |2twi| ≤ 1/4 for every i. We
apply Lemma 5.13 to the coefficients 2wi, with

vi(t) =
vi

1 − 2twi
∈
[4

5
vi,

4
3

vi

]
,

4
5

Sv ≤ Sv(t) ≤
4
3

Sv, ηv(t) ≤
5
3

ηv.

Since tQw = t ∑i wiZ2
i − t ∑i wi, we find from (5.21) that

Eµv etQw = exp
{

∑
i∈I

[
− twi −

1
2

log(1 − 2twi)
]} pv(t)

(
− ∆(t)

)
pv(0)

.

Let η0 = 3
5 ηloc, so that (5.9) applies to v and v(t). Using the upper bound for fv(t) and the

lower bound for fv(0), we have

pv(t)(−∆(t))
pv(0)

≤
C/Sv(t)

c0/Sv
≤ C,

whatever the size of ∆(t). The elementary inequality in the proof of Lemma 5.14 bounds
the exponent by 2t2∥w∥2

2, which proves (5.23).
At t = ±c∗/∥w∥2, Markov’s inequality and (5.23) give µv(|Qw| > s∥w∥2) ≤ Ce−c∗s for

s ≥ 0. Integrating this tail against psp−1 ds gives (5.24). For countable I and w ∈ ℓ2(I),
the bound (5.24) applied to differences of partial sums shows that the partial sums form
a Cauchy sequence in every Lp(µv). The limits for different p agree almost surely, since
they are also limits in probability. Along an almost surely convergent subsequence,
Fatou’s lemma yields (5.23) for the limit, since c∗/∥w∥2 is at most the corresponding
threshold for each partial sum; norm convergence yields (5.24).

The case p = 2 is used often enough to be stated separately, in the variables Yi. Its
left side is a second moment about the deterministic center ∑i wivi, and it bounds the
variance of ∑i wiY2

i under µv.

Corollary 5.16 (Quadratic second-moment bound). Let η0 be the constant of Theorem 5.15.
There exists a universal constant C such that, for every variance sequence v with ηv ≤ η0 and all
real wi, only finitely many nonzero,

Eµv

[
∑
i∈I

wi
(
Y2

i − vi
)]2

≤ C ∑
i∈I

w2
i v2

i . (5.25)

For countable I and ∑i w2
i v2

i < ∞, the series is the L2(µv) limit of its partial sums, and (5.25)
holds.

Proof. We have ∑i wi(Y2
i − vi) = Qw′ with w′

i = wivi, and the claim is Theorem 5.15 with
p = 2.
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5.7 Continuity in the variance sequence

The estimates of the previous sections assume that ηv is small. The conditioned law in
the critical window has a fixed positive ηv. Instead, we use the following domination by
independent Gaussian variables, together with continuity of the law under convergence
of the variance sequence in ℓ2. For finite B ⊂ I such that B and I \ B both have at least
three elements, let

M(v, B) =
max{∥pv,B∥∞, ∥pv,I\B∥∞}

pv(0)
. (5.26)

Proposition 5.17 (Continuity and domination). Let v be a variance sequence.

1. Let B ⊂ I be finite, and suppose that B and I \ B both have at least three elements. Then for
all nonnegative measurable functions H1 on RB and H2 on RI\B,

Eµv H1(ZB) ≤ M(v, B)
∫

H1 dγB, Eµv H2(ZI\B) ≤ M(v, B)
∫

H2 dγI\B. (5.27)

In particular, for every p ≥ 1 we have supi∈I Eµv |Zi|p ≤ M(v, B)E|G|p, and
Eµv ∑i uiZ2

i ≤ M(v, B)∑i ui for all ui ≥ 0. For every real w ∈ ℓ2(I), the series
∑i wi(Z2

i − 1) converges in Lp(µv), and∥∥∥∑
i∈I

wi
(
Z2

i − 1
)∥∥∥

Lp(µv)
≤ 2CpM(v, B)1/p∥w∥2, (5.28)

where Cp is the constant of Lemma 5.14.
2. Let v(n), n ≥ 1, be variance sequences indexed by subsets In ⊂ I, extended by zero to

I, such that ∑i∈I(v
(n)
i − vi)

2 → 0. Suppose that I has at least three elements. Then
pv(n)(0) → pv(0). Let A ⊂ I be finite such that I \ A has at least three elements. Then
A ⊂ In and In \ A has at least three elements for all large n, and

sup
x∈R

∣∣pv(n),In\A(x)− pv,I\A(x)
∣∣ → 0,∥∥µZA

v(n)
− µZA

v
∥∥

TV → 0,
∥∥µYA

v(n)
− µYA

v
∥∥

TV → 0,

where µYA is the law of YA = (Yi)i∈A under µ. If B is as in the first part, then M(v(n), B) →
M(v, B). In particular, there exists n0 such that the bounds of the first part hold for µv(n) ,
n ≥ n0, with M(v, B) replaced by 2M(v, B).

For variance sequences with the decay of the inverse Airy gaps, the convergence of
finite-coordinate marginals in the second part, with uniform bounds on second moments,
is proved in [62, Lemma 4.7]; see (4.24)–(4.27) there. The domination in the first part,
from which we obtain all moments and the bound (5.28), is the additional input needed
in Section 18.
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Proof. For the first part, we use Lemma 5.9 with A = B and with A = I \ B. The
densities rv,B = pv,I\B(−UB)/pv(0) and rv,I\B = pv,B(−UI\B)/pv(0) are bounded by
M(v, B), which proves (5.27). We obtain the bound on Eµv |Zi|p by applying (5.27) to
H(z) = |zi|p in whichever of the two sets contains i, and the bound on Eµv ∑i uiZ2

i follows
by monotone convergence. For (5.28), the partial sums of ∑i∈I\B wi(Z2

i − 1), along any
enumeration, form a Cauchy sequence in Lp(µv), since by (5.27) and Lemma 5.14,

Eµv

∣∣∣ ∑
i∈F

wi
(
Z2

i − 1
)∣∣∣p

≤ M(v, B)Cp
p

(
∑
i∈F

w2
i

)p/2

for every finite F ⊂ I \ B. The same bound holds for the limit, with F replaced by I \ B,
and for the sum over B. The triangle inequality and ∥w|B∥2 + ∥w|I\B∥2 ≤ 2∥w∥2 prove
(5.28).

For the second part, we take the same independent variables g for all n, so that
Tv(n) = ∑i∈I v(n)i (g2

i − 1). Then E|Tv(n) − Tv|2 = 2 ∑i(v
(n)
i − vi)

2 → 0, and the characteristic
functions φn of Tv(n) converge pointwise to the characteristic function φ of Tv. Fix three

indices j1, j2, j3 ∈ I, and let m = 1
2 mink vjk . For large n, we have v(n)jk

≥ m, and the

argument in the proof of Lemma 5.2 shows that |φn(u)|+ |φ(u)| ≤ 2(1 + 4m2u2)−3/4. By
Fourier inversion and dominated convergence,

sup
x

∣∣pv(n)(x)− pv(x)
∣∣ ≤ 1

2π

∫
R
|φn(u)− φ(u)|du → 0.

The same argument, with three indices of I \ A, proves the uniform convergence of
pv(n),In\A. Every finite subset of I is contained in In for large n, since v(n)i → vi > 0 for each

i; this proves the claims about A ⊂ In. The laws µZA
v(n)

and µZA
v have the densities rv(n),A and

rv,A with respect to γA, by Lemma 5.9. Using U(n)
A (z) = ∑i∈A v(n)i (z2

i − 1) → UA(z), the
uniform convergence of densities, the continuity of pv,I\A, and pv(n)(0) → pv(0) > 0, we
find that rv(n),A → rv,A pointwise. By Scheffé’s lemma, we have

∫
|rv(n),A − rv,A|dγA → 0,

which is the convergence of µZA
v(n)

in total variation.

For YA, let Dn and D be the diagonal matrices with entries (v(n)i )1/2 and v1/2
i , i ∈ A.

Total variation is invariant under the bijection Dn, and by the triangle inequality we have∥∥µYA
v(n)

− µYA
v
∥∥

TV ≤
∥∥µZA

v(n)
− µZA

v
∥∥

TV +
∥∥Law(DnD−1YA)− Law(YA)

∥∥
TV,

where YA has law µYA
v . The law of YA has a Lebesgue density ρ ∈ L1(RA), and the

law of DnD−1YA has the density ρ(DD−1
n y)det(DD−1

n ). Since DnD−1 → Id, this density
converges to ρ in L1: this is clear for continuous ρ with compact support, by dominated
convergence, and the general case follows by approximation, since the change of variables
preserves the L1 norm. This proves the convergence of µYA

v(n)
. Finally, the same Fourier
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argument shows that pv(n),B → pv,B and pv(n),In\B → pv,I\B uniformly, so that their

suprema converge, and together with pv(n)(0) → pv(0) this gives M(v(n), B) → M(v, B).



section 6

Likelihood ratios on a common sphere

This section compares two Gaussian laws conditioned on the same sphere, µv and µṽ with
∑i vi = ∑i ṽi. We write ṽi = vi(1 + ei), so that I = I(v, ṽ) = 1

2 ∑i e2
i is the information

of ṽ relative to v (Definition 3.5). The main result, Theorem 6.6, states that under µv the
logarithm of the likelihood ratio dµṽ/ dµv is close in the Wasserstein distance W1 to the
Gaussian law N (−I/2, I), with an error CB(ηv + maxi |ei|) that is uniform over I ≤ B,
including I = 0. As a consequence, ∥µṽ − µv∥TV is close to 2Φ(

√
I/2)− 1. With I = e−4u,

this is the Gaussian profile Ψ(u) of Section 3, which is how Ψ arises at high temperature.
In Theorem 6.8, we deduce the corresponding limit statements, including convergence of
exponential moments and the case of diverging information.

The proof has four ingredients: an identity expressing total variation through the
likelihood ratio (Lemma 6.1); a bound on inverse moments of a positive quadratic form
under µv (Lemma 6.2); an exact integration by parts formula for quadratic statistics
under µv (Lemma 6.3); and Stein’s method, which turns this formula into a normal
approximation for quadratic statistics (Lemma 6.4 and Theorem 6.5). The log likelihood
ratio is a quadratic statistic plus a constant, and the information I is its asymptotic
variance. We use Theorems 5.3, 5.11, and 5.15, Lemmas 5.9 and 5.13, and Corollary 5.16
from Section 5. The results are used in the high-temperature profiles of Sections 13 to 15
and in the outer limit of Section 20.

The Gaussian law N (−I/2, I) and the profile 2Φ(
√

I/2)− 1 are those of the Gaussian
shift experiment in Le Cam’s theory of local asymptotic normality [104, Section 2, pp. 40–
43]; see [146, Chapters 6–7]. The results below concern the log likelihood ratio of two
fixed laws, or of finitely many, and do not involve a parametrized family of laws. Normal
approximation by an integration by parts identity is Stein’s method [141]; see [116,
Sections 3.1–3.5] and [42, Chapter 2] for modern accounts.

Conventions. Throughout this section, all variance sequences are finite, indexed by
{1, . . . , n}, and µv is the law of Definition 5.4 on the sphere SR2 , R2 = ∑i vi. We keep the
notation Sv, v̂i, ηv of (5.1) and write Zi = Yi/

√
vi under µv. Recall that |Y|2 = R2 under

µv; dividing |Y|2 − R2 = ∑i vi(Z2
i − 1) by Sv, we obtain the identity

n

∑
i=1

v̂i
(
Z2

i − 1
)
= 0 everywhere on SR2 . (6.1)

101
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For probability measures λ1, λ2 on R with finite first moments, W1(λ1, λ2) =

suph |
∫

h dλ1 −
∫

h dλ2|, the supremum being over 1-Lipschitz functions h. We write
Lawµ(X) for the law of X under µ, and N (m, 0) is the point mass at m. For w ∈ Rn,
∥w∥2 and ∥w∥∞ are the Euclidean and maximum norms, and ⟨·, ·⟩ is the Euclidean inner
product.

6.1 Total variation and likelihood ratios

Lemma 6.1 (Total variation through the likelihood ratio). Let P, Q be probability measures
on a common space, with Q absolutely continuous with respect to P, and let ℓ = log(dQ/ dP) ∈
[−∞, ∞). Then

∥P − Q∥TV = EP
(
1 − eℓ

)
+

. (6.2)

Let I ≥ 0 and let X have law N (−I/2, I). Then

E
(
1 − eX)

+
= 2Φ

(√
I/2

)
− 1, EetX = e(t

2−t)I/2 (t ∈ R). (6.3)

Further, the function x 7→ (1 − ex)+ is bounded by one and 1-Lipschitz on R, which gives
|EP(1 − eℓ)+ − E(1 − eX)+| ≤ W1(LawP(ℓ),N (−I/2, I)) whenever ℓ is real-valued and
integrable under P.

Note that N (−I/2, I) is the law of log(dN (
√

I, 1)/ dN (0, 1)) under N (0, 1), so that
(6.2) and (6.3) imply that ∥N (

√
I, 1)−N (0, 1)∥TV = 2Φ(

√
I/2)− 1.

Proof. Let L = dQ/ dP = eℓ. Note that EP(1 − L) = 0, so that EP(1 − L)+ = EP(1 −
L)− = 1

2EP|1− L|, and 1
2EP|1− L| = 1

2

∫
|dP − dQ| = ∥P − Q∥TV. This proves (6.2). The

first identity in (6.3) is immediate at I = 0, when X = 0; for its proof we may therefore
assume I > 0. We write X = −I/2 +

√
I G and x =

√
I/2, so that X < 0 exactly when

G < x. Completing the square, we have e−I/2+
√

Igϕ(g) = ϕ(g −
√

I), and

E
(
1 − eX)

+
= Φ(x)−

∫ x

−∞
ϕ
(

g −
√

I
)

dg = Φ(x)− Φ(x −
√

I) = 2Φ(x)− 1,

where we used x −
√

I = −x. The second identity in (6.3) is the Gaussian moment
generating function. The function (1 − ex)+ vanishes for x ≥ 0 and has derivative
−ex ∈ [−1, 0) for x < 0, which implies the last statement.

6.2 Integration by parts under the conditioned law

Lemma 6.2 (Inverse moments of a quadratic form). There exist universal constants ηinv > 0
and C < ∞ such that every finite variance sequence v with ηv ≤ ηinv satisfies

EµvV−p ≤ C, p = 1, 2, where V =
n

∑
i=1

v̂2
i Z2

i . (6.4)
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The constant does not depend on the dimension or on the smallest variance. Note
that V > 0 everywhere on SR2 .

Proof. We fix ηinv such that η2
inv ≤ 1/48 and ηinv is at most the constant η∗ of Theorem 5.11.

We add indices 1, 2, . . . to a set J until qJ = ∑i∈J v̂2
i first reaches 1/6. This happens, since

∑i v̂2
i = 1/2, and since the last index added contributes at most η2

v ≤ 1/48, we have
1/6 ≤ qJ ≤ 3/16. The fraction of the variance of Tv carried by J is hJ = 2qJ ≤ 3/8 ≤ 1/2,
and Theorem 5.11 implies that rv,J ≤ C. Using V ≥ ∑i∈J v̂2

i Z2
i and Lemma 5.9, we obtain

EµvV−p ≤
∫ (

∑
i∈J

v̂2
i z2

i

)−p
rv,J(z) γJ(dz) ≤ C E

(
∑
i∈J

v̂2
i g2

i

)−p
.

Using x−p = Γ(p)−1
∫ ∞

0 tp−1e−tx dt, Tonelli’s theorem, and Ee−sg2
= (1 + 2s)−1/2, we

have
E
(

∑
i∈J

v̂2
i g2

i

)−p
=

1
Γ(p)

∫ ∞

0
tp−1 ∏

i∈J

(
1 + 2tv̂2

i
)−1/2 dt.

Let mJ = maxi∈J v̂2
i ≤ η2

v. The function x 7→ log(1 + 2tx) is concave and lies above
its chord on [0, mJ ], that is, log(1 + 2tv̂2

i ) ≥ (v̂2
i /mJ) log(1 + 2tmJ) for i ∈ J. Then the

product is at most (1 + 2tmJ)
−a with a = qJ/(2mJ), and with the substitution s = 2tmJ

and the beta integral we find

1
Γ(p)

∫ ∞

0
tp−1(1 + 2tmJ)

−a dt =
Γ(a − p)

(2mJ)p Γ(a)
=

p

∏
r=1

(
qJ − 2rmJ

)−1, p = 1, 2.

Since 2pmJ ≤ 4η2
v ≤ 1/12 ≤ qJ/2, each factor satisfies qJ − 2rmJ ≥ qJ/2 ≥ 1/12; in

particular a > p, and the integral converges. This bounds the product by 12p and proves
(6.4).

Lemma 6.3 (Integration by parts for quadratic statistics). Let v be a finite variance sequence,
and let w ∈ Rn satisfy ∑i v̂iwi = 0. Define, on SR2 ,

Qw = ∑
i

wi
(
Z2

i − 1
)
, V = ∑

i
v̂2

i Z2
i , Kw = ∑

i
v̂iwiZ2

i ,

Jw = ∑
i

w2
i Z2

i , Lw = ∑
i

v̂2
i wiZ2

i , V3 = ∑
i

v̂3
i Z2

i ,

and

Aw = 2Jw − 2K2
w

V
, Rw =

2Lw

V
− 2KwV3

V2 . (6.5)

For every continuously differentiable f : R → R,

Eµv

[
(Qw + Rw) f (Qw)

]
= Eµv

[
Aw f ′(Qw)

]
. (6.6)
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Further, there exist universal constants ηibp > 0 and C < ∞ such that, if ηv ≤ ηibp, then

Eµv

∣∣Aw − 2∥w∥2
2
∣∣ ≤ C

(
∥w∥∞∥w∥2 + η2

v∥w∥2
2
)
,

Eµv |Rw| ≤ Cηv∥w∥2, Eµv |RwQw| ≤ Cηv∥w∥2
2.

(6.7)

The identity (6.6) is exact and holds without any smallness assumption. If µv were
replaced by the law of independent Gaussian variables, the corresponding identity would
hold with Rw = 0 and Aw = 2Jw; the term −2K2

w/V and the correction Rw come from
the constraint (6.1).

Proof. We first prove the identity, using a vector field tangent to the spheres Sr, and then
bound the coefficients.

Step 1: a divergence identity on spheres. Let X be a continuously differentiable vector
field on Rn \ {0} with X(y) · y = 0 for all y. We claim that

∫
Sr

div X dHn−1 = 0 for every
r > 0. Indeed, for 0 < a < b, the divergence theorem on the shell {a ≤ |y| ≤ b} gives∫

a≤|y|≤b div X dy = 0, since the outward normals at the two boundary spheres are ±y/|y|
and X · y = 0 there. In polar coordinates, this says that

∫ b
a

( ∫
Ss2

div X dHn−1)ds = 0 for
all 0 < a < b. The inner integral is continuous in s, and it vanishes for every s > 0.

Step 2: the identity (6.6). We regard zi = yi/
√

vi, and hence Qw, V, Kw, Jw, Lw, V3, Aw, Rw,
as functions of y ∈ Rn; they are smooth on Rn \ {0}, where V > 0. Let α = Kw/V and
define the vector field T̃ on Rn \ {0} by

T̃i(y) =
√

vi
(
wi − αv̂i

)
zi.

Using
√

vizi = yi and vi = Svv̂i, we have

T̃(y) · y = Sv ∑
i

v̂i(wi − αv̂i)z2
i = Sv(Kw − αV) = 0.

Recalling that ∂yi = v−1/2
i ∂zi , we find by direct computation that

div T̃ = ∑
i
(wi − αv̂i)− ∑

i
v̂izi∂zi α, T̃ · ∇ log ρ = −∑

i
(wi − αv̂i)z2

i ,

T̃ · ∇Qw = 2Jw − 2αKw = Aw,

where ρ(y) = exp{−1
2 ∑i y2

i /vi}. Further, ∂zi α = 2v̂iwizi/V − 2Kwv̂2
i zi/V2, which gives

∑i v̂izi∂zi α = Rw. Adding the first two identities gives

ρ−1 div
(
ρT̃

)
= −∑

i
(wi − αv̂i)

(
z2

i − 1
)
− Rw = −Qw + α ∑

i
v̂i
(
z2

i − 1
)
− Rw.
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On SR2 , the middle term vanishes by (6.1). Now apply Step 1 to X = ρ f (Qw)T̃,
which is continuously differentiable on Rn \ {0} and satisfies X · y = 0. Since
div X = ρ

[
f (Qw)ρ−1 div(ρT̃) + f ′(Qw)T̃ · ∇Qw

]
, we obtain∫

SR2

ρ
[
− (Qw + Rw) f (Qw) + Aw f ′(Qw)

]
dHn−1 = 0.

The density of µv with respect to Hn−1 on SR2 is proportional to ρ, by (5.10), and this
identity is (6.6).

Step 3: the error bounds. We take ηibp ≤ min{η0, ηinv}, where η0 is the constant of
Theorem 5.15 and ηinv that of Lemma 6.2. All norms below are in Lp(µv). We have
∥Qw∥4 ≤ C∥w∥2 by Theorem 5.15. Since ∑i v̂iwi = 0, we have Kw = ∑i v̂iwi(Z2

i − 1), and
∥Kw∥4 ≤ Cηv∥w∥2 by Theorem 5.15 with coefficients v̂iwi. Similarly, using Jw − ∥w∥2

2 =

∑i w2
i (Z2

i − 1), we find that∥∥Jw − ∥w∥2
2
∥∥

1 ≤
∥∥Jw − ∥w∥2

2
∥∥

2 ≤ C
(

∑
i

w4
i

)1/2
≤ C∥w∥∞∥w∥2.

Next, Lw = ∑i v̂2
i wi + ∑i v̂2

i wi(Z2
i − 1). By the Cauchy–Schwarz inequality, |∑i v̂2

i wi| ≤
(∑i v̂2

i )
1/2(∑i v̂2

i w2
i )

1/2 ≤ ηv∥w∥2, and Theorem 5.15 bounds the second sum in L4 by
C(∑i v̂4

i w2
i )

1/2 ≤ Cη2
v∥w∥2. We conclude that ∥Lw∥4 ≤ Cηv∥w∥2. Finally, 0 ≤ V3 ≤ ηvV

pointwise, so that |Rw| ≤ 2(|Lw|+ ηv|Kw|)/V, and ∥V−1∥2 ≤ C by Lemma 6.2.
We now combine these bounds. By Hölder’s inequality,

E
∣∣Aw − 2∥w∥2

2
∣∣ ≤ 2

∥∥Jw − ∥w∥2
2
∥∥

1 + 2∥Kw∥2
4∥V−1∥2 ≤ C

(
∥w∥∞∥w∥2 + η2

v∥w∥2
2
)
.

Using the Cauchy–Schwarz inequality, we find

E|Rw| ≤ 2
(
∥Lw∥2 + ηv∥Kw∥2

)
∥V−1∥2 ≤ Cηv∥w∥2,

and by Hölder’s inequality with exponents 4, 4, and 2,

E|RwQw| ≤ 2
(
∥Lw∥4 + ηv∥Kw∥4

)
∥Qw∥4∥V−1∥2 ≤ Cηv∥w∥2

2.

This proves (6.7).

6.3 Normal approximation of quadratic statistics

Lemma 6.4 (Solutions of the Stein equation). There exists a universal constant C with the
following property. Let h : R → R be smooth, and suppose that h is 1-Lipschitz or that ∥h∥∞ ≤ 1.
Then there exists a smooth bounded solution f of

f ′(x)− x f (x) = h(x)− Eh(G), x ∈ R, (6.8)

with ∥ f ∥∞ + ∥ f ′∥∞ ≤ C.
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For background on Stein’s equation and the generator approach, see [141] and [42,
Chapter 2]. We prove the bounds here.

Proof. We set h̄ = h − Eh(G) and define

f (x) = ex2/2
∫ x

−∞
h̄(u)e−u2/2 du = −ex2/2

∫ ∞

x
h̄(u)e−u2/2 du,

where the two expressions agree since
∫

h̄ϕ = 0. Differentiation shows that f is smooth
and solves (6.8). It is the only bounded solution, since the solutions of the homogeneous
equation are the multiples of ex2/2.

Suppose ∥h∥∞ ≤ 1, so that |h̄| ≤ 2. For x > 0, the substitution u = x + s shows that

ex2/2
∫ ∞

x
e−u2/2 du =

∫ ∞

0
e−xs−s2/2 ds ≤ min

{√
π/2, 1/x

}
,

and the second expression for f gives | f (x)| ≤ 2
√

π/2 and |x f (x)| ≤ 2. The case x < 0
follows from the first expression in the same way, and the bounds at x = 0 follow by
continuity. Finally, (6.8) gives | f ′| ≤ |x f |+ |h̄| ≤ 4.

Suppose h is 1-Lipschitz, and assume first that all positive-order derivatives of h are
bounded. Let Pth(x) = Eh(e−tx+ stG) with st = (1− e−2t)1/2 be the Ornstein–Uhlenbeck
semigroup, and let

F(x) = −
∫ ∞

0
e−tPt(h′)(x)dt.

Then ∥F∥∞ ≤ ∥h′∥∞ ≤ 1. For t > 0, Gaussian integration by parts gives (Pt(h′))′(x) =
e−tE[h′′(e−tx + stG)] = e−ts−1

t E[Gh′(e−tx + stG)], and

|F′(x)| ≤
∫ ∞

0

e−2t

st
E|G|dt = E|G| =

√
2/π,

where we used
∫ ∞

0 e−2t(1 − e−2t)−1/2 dt = 1. Further, (Pth)′ = e−tPt(h′), and ∂tPth =

(Pth)′′ − x(Pth)′ by direct differentiation of the Gaussian integral. We obtain

F′(x)− xF(x) = −
∫ ∞

0

[
(Pth)′′(x)− x(Pth)′(x)

]
dt = −

∫ ∞

0
∂tPth(x)dt = h(x)− Eh(G),

since P0h = h and Pth(x) → Eh(G) as t → ∞. The bounds on the integrands justify the
interchanges of derivatives and integrals. We conclude that F is a bounded solution of
(6.8), and F = f . For a general smooth 1-Lipschitz h, let hε = h ∗ ρε for a nonnegative
smooth compactly supported mollifier of unit mass. Then hε remains 1-Lipschitz, has
bounded derivatives of every positive order, and converges uniformly to h. The integral
formula gives fε(x) → f (x), while f ′ε(x) = x fε(x) + hε(x)− Ehε(G) → f ′(x) for each x.
Thus ∥ f ∥∞ ≤ 1 and ∥ f ′∥∞ ≤

√
2/π.
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Theorem 6.5 (Normal approximation of quadratic statistics). There exist universal constants
ηnor > 0 and C < ∞ with the following property. Let v be a finite variance sequence with
ηv ≤ ηnor, and let w ∈ Rn be arbitrary. Let

w⊥ = w − 2⟨v̂, w⟩v̂, σ2
w = 2∥w⊥∥2

2, Qw = ∑
i

wi
(
Z2

i − 1
)
.

If σw = 0, then Qw = 0 on SR2 . In all cases,

W1
(

Lawµv(Qw),N (0, σ2
w)

)
≤ C

(
ηvσw + ∥w⊥∥∞

)
. (6.9)

If σw > 0, then also∥∥Lawµv(Qw)−N (0, σ2
w)

∥∥
TV ≤ min

{
1, C

(
ηv + ∥w⊥∥∞/σw

)}
. (6.10)

Further, ∣∣Eµv Qw
∣∣ ≤ C

(
ηvσw + ∥w⊥∥∞

)
, (6.11)∣∣Eµv Q2

w − σ2
w
∣∣ ≤ C

(
ηvσ2

w + σw∥w⊥∥∞
)
. (6.12)

Since ∥v̂∥2
2 = 1/2, the vector w⊥ is the orthogonal projection of w onto the orthogonal

complement of v̂. The variance σ2
w is therefore no greater than the variance 2∥w∥2

2 of
∑i wi(g2

i − 1) for independent Gaussian variables, by the part of w along the constrained
direction. The constants do not depend on the dimension or on the smallest variance.

Proof. We set ηnor = ηibp, the constant of Lemma 6.3. By (6.1), we have Qw − Qw⊥ =

2⟨v̂, w⟩∑i v̂i(Z2
i − 1) = 0, which means that Qw = Qw⊥ on SR2 ; also ⟨v̂, w⊥⟩ = 0. If

σw = 0, then w⊥ = 0 and Qw = 0. Let σw > 0 and u = w⊥/σw, so that ⟨v̂, u⟩ = 0,
2∥u∥2

2 = 1, and Qu = Qw/σw.
Let h be smooth, and either 1-Lipschitz with bounded derivatives of every positive

order or bounded by one, and let f be the solution of (6.8) from Lemma 6.4. By (6.6) for
u, we have E[Qu f (Qu)] = E[Au f ′(Qu)]− E[Ru f (Qu)], and

Eh(Qu)− Eh(G) = E
[

f ′(Qu)− Qu f (Qu)
]
= E

[
(1 − Au) f ′(Qu) + Ru f (Qu)

]
.

Since 1 = 2∥u∥2
2, the bounds (6.7) imply that∣∣Eh(Qu)− Eh(G)

∣∣ ≤ C
(
E|Au − 2∥u∥2

2|+ E|Ru|
)
≤ C

(
ηv + ∥w⊥∥∞/σw

)
, (6.13)

where we used ∥u∥∞∥u∥2 ≤ ∥w⊥∥∞/σw and η2
v ≤ ηv.

Let h be 1-Lipschitz. The convolution hδ of h with a smooth probability density
supported in [−δ, δ] is smooth, 1-Lipschitz, has bounded derivatives of every positive
order, and satisfies ∥hδ − h∥∞ ≤ δ. Applying (6.13) to hδ and letting δ → 0, we find
that (6.13) holds for h. Taking the supremum over h, we obtain W1(Law(Qu),N (0, 1)) ≤
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C(ηv + ∥w⊥∥∞/σw). Since W1(Law(σX), Law(σX′)) = σW1(Law(X), Law(X′)) for σ > 0,
this is (6.9).

For (6.10), we claim that the total variation distance between two probability measures
λ1, λ2 on R is the supremum of |

∫
h dλ1 −

∫
h dλ2| over smooth h with 0 ≤ h ≤ 1.

Indeed, given a Borel set E and δ > 0, by regularity of the finite measure λ1 + λ2 there
exist a compact K and an open O with K ⊂ E ⊂ O and (λ1 + λ2)(O \ K) ≤ δ. Covering
K by finitely many open intervals whose closures lie in O, we find a smooth h with
1K ≤ h ≤ 1O, and then |λj(E)−

∫
h dλj| ≤ δ for j = 1, 2. By the claim and (6.13) for

smooth h with values in [0, 1], we have ∥Law(Qu)−N (0, 1)∥TV ≤ C(ηv + ∥w⊥∥∞/σw).
Total variation is invariant under multiplication of both variables by σw, and it is at most
one, which proves (6.10).

For the moment bounds, we apply (6.6) to w⊥ with f (x) = 1 and f (x) = x, which
gives

EQw⊥ = −ERw⊥ , EQ2
w⊥ = EAw⊥ − E

[
Rw⊥Qw⊥

]
.

Using Qw = Qw⊥ , 2∥w⊥∥2
2 = σ2

w, and (6.7), we have |EQw| ≤ Cηv∥w⊥∥2 ≤ Cηvσw, which
implies (6.11), and∣∣EQ2

w − σ2
w
∣∣ ≤ E

∣∣Aw⊥ − 2∥w⊥∥2
2
∣∣+ E|Rw⊥Qw⊥ | ≤ C

(
∥w⊥∥∞σw + ηvσ2

w
)
,

which is (6.12).

6.4 Likelihood ratios

Let v and ṽ be finite variance sequences on {1, . . . , n} with ∑i vi = ∑i ṽi = R2. Then µv

and µṽ are laws on the same sphere SR2 , with positive continuous densities, so they are
mutually absolutely continuous. We write

ṽi = vi(1 + ei), ẽi =
ei

1 + ei
, ē = max

i
|ei|, I =

1
2 ∑

i
e2

i , (6.14)

where I = I(v, ṽ) is the information of ṽ relative to v (Definition 3.5). The equality of the
traces means that ∑i viei = 0, that is,

∑
i

v̂iei = 0. (6.15)

By (5.12), dµv/ dHn−1 = γv/(2Rpv(0)) on SR2 , and γṽ(y)/γv(y) = ∏i(1 +

ei)
−1/2 exp{1

2 ∑i ẽiy2
i /vi}, since v−1

i − ṽ−1
i = ẽi/vi. We conclude that the log likeli-

hood ratio ℓ = log(dµṽ/ dµv) is, exactly,

ℓ = k0 + Qw, w = 1
2 ẽ, k0 =

1
2 ∑

i

[
ẽi − log(1 + ei)

]
+ log

pv(0)
pṽ(0)

, (6.16)
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where Qw = ∑i wi(Z2
i − 1) as in Theorem 6.5. Equivalently, with ℓprod = −1

2 ∑i log(1 +

ei) +
1
2 ∑i ẽiZ2

i the log likelihood ratio of the unconditioned Gaussian laws,

eℓ = eℓ
prod pv(0)

pṽ(0)
. (6.17)

Theorem 6.6 (Quantitative likelihood ratios on a common sphere). There exists a universal
constant ηlik > 0 such that, for every B < ∞, there exists CB < ∞ with the following property.
Let v, ṽ be finite variance sequences with ∑i vi = ∑i ṽi, and define ei, ē, I by (6.14). Suppose that

ē ≤ 1
4

, ηv ≤ ηlik, I ≤ B.

Then, with ℓ = log(dµṽ/ dµv),

W1
(

Lawµv(ℓ),N (−I/2, I)
)
≤ CB

(
ηv + ē

)
, (6.18)

and ∣∣∣∥∥µṽ − µv
∥∥

TV −
(
2Φ(

√
I/2)− 1

)∣∣∣ ≤ CB
(
ηv + ē

)
. (6.19)

The threshold ηlik does not depend on B, and the bounds hold uniformly down to
I = 0. The constants do not depend on the dimension or on the smallest variance.

Proof. If I = 0, then ṽ = v, ℓ = 0, and the left sides of (6.18) and (6.19) vanish, so both
inequalities hold. Let I > 0. We use the exact decomposition (6.16): we show that the
constant k0 is close to −I/2, that the projected coefficient vector w⊥ of Theorem 6.5 has
small entries and norm close to

√
I/2, and then apply Theorem 6.5 and Lemma 6.1. We

take ηlik ≤ min{ 3
5 ηloc, ηnor}, where ηloc is the constant of Theorem 5.3 and ηnor that of

Theorem 6.5. Note that |ẽi| ≤ |ei|/(1 − ē) ≤ 4
3 |ei|.

Step 1: the constant k0. Recall that S2
ṽ = 2 ∑i v2

i (1 + ei)
2, so that 1 − ē ≤ Sṽ/Sv ≤ 1 + ē

and ηṽ ≤ 1+ē
1−ē ηv ≤ 5

3 ηv ≤ ηloc. Writing pv(0) = fv(0)/Sv, and similarly for ṽ, we have

log
pv(0)
pṽ(0)

= log
fv(0)
fṽ(0)

+ log
Sṽ

Sv
.

By Theorem 5.3, fv(0) and fṽ(0) are at least ϕ(0)/2 and differ from ϕ(0) by at most Cηv,
and the first logarithm is at most Cηv in absolute value; the second is at most 4

3 ē. Thus∣∣∣ log
pv(0)
pṽ(0)

∣∣∣ ≤ C
(
ηv + ē

)
. (6.20)

Next, the function κ(e) = 1
2 [e/(1+ e)− log(1+ e)] + e2/4 satisfies κ(0) = κ′(0) = κ′′(0) =

0 and κ′′′(e) = (2 − e)(1 + e)−4, which is at most 8 for |e| ≤ 1/4. Taylor’s formula gives
|κ(e)| ≤ 4

3 |e|3 for |e| ≤ 1/4. Summing over i, we obtain∣∣∣1
2 ∑

i

[
ẽi − log(1 + ei)

]
+

I
2

∣∣∣ ≤ 4
3 ∑

i
|ei|3 ≤ 8

3
ēI.
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We conclude that
|k0 + I/2| ≤ C

(
ηv + ē

)
+ 3ēI ≤ CB

(
ηv + ē

)
. (6.21)

Step 2: the projected coefficients. With w = 1
2 ẽ, we have 2⟨v̂, w⟩ = ⟨v̂, ẽ⟩ and w⊥ =

1
2 ẽ − ⟨v̂, ẽ⟩v̂. By (6.15) and ẽi − ei = −e2

i /(1 + ei),∣∣⟨v̂, ẽ⟩
∣∣ = ∣∣∣∑

i
v̂i

e2
i

1 + ei

∣∣∣ ≤ 4
3

ηv ∑
i

e2
i =

8
3

ηv I.

This cancellation, which comes from the equality of the traces, keeps the projection small,
and it gives

∥w⊥∥∞ ≤ 2
3

ē +
8
3

η2
v I.

Recall that w⊥ is the orthogonal projection of w onto the complement of v̂ and ∥v̂∥2
2 = 1/2,

so that
σ2

w = 2∥w⊥∥2
2 =

1
2
∥ẽ∥2

2 − ⟨v̂, ẽ⟩2.

Using |ẽ2
i − e2

i | = e2
i |(1 + ei)

−2 − 1| ≤ 4ēe2
i , we find∣∣σ2

w − I
∣∣ ≤ 4ēI + 8η2

v I2, σ2
w ≤ 1

2
∥ẽ∥2

2 ≤ 2I.

Dividing by σw +
√

I ≥
√

I, we find∣∣σw −
√

I
∣∣ ≤ 4ē

√
I + 8η2

v I3/2. (6.22)

Step 3: conclusion. By Theorem 6.5 and Step 2,

W1
(

Lawµv(Qw),N (0, σ2
w)

)
≤ C

(
ηvσw + ∥w⊥∥∞

)
≤ CB

(
ηv + ē

)
.

Coupling N (0, σ2
w) and N (0, I) as σwG and

√
IG, and using (6.22), we have

W1(N (0, σ2
w),N (0, I)) ≤ E|G| |σw −

√
I| ≤ CB(ηv + ē). Since ℓ = k0 + Qw and a

deterministic shift changes W1 by at most its size, (6.21) implies that

W1
(

Lawµv(ℓ),N (−I/2, I)
)
≤ |k0 + I/2|+ W1

(
Lawµv(Qw),N (0, I)

)
≤ CB

(
ηv + ē

)
,

which is (6.18). Finally, by Lemma 6.1 with P = µv and Q = µṽ, we have ∥µṽ − µv∥TV =

Eµv(1 − eℓ)+, and the last statement of Lemma 6.1, together with (6.3), proves (6.19).

Remark 6.7 (Disorder-dependent sequences). Theorem 6.6 is deterministic. In the applica-
tions, v and ṽ depend on the disorder and on time, and the hypotheses are verified on
events of high probability. The bound B is then fixed before N → ∞: if ηv + ē → 0 in
probability and the information is tight, then for each δ > 0 we choose a deterministic
B with lim supN P(I > B) ≤ δ, apply (6.19) on the event {I ≤ B, ē ≤ 1/4, ηv ≤ ηlik},
and then let δ → 0. We obtain ∥µṽ − µv∥TV − (2Φ(

√
I/2)− 1) → 0 in probability. The

statement concerns a fixed pair of laws; uniformity over a family of pairs indexed by
time requires the hypotheses to hold uniformly over the family.
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Theorem 6.8 (Gaussian limits of likelihood ratios on a common sphere). For each N ≥ 1,
let v = v(N) and ṽ = ṽ(N) be finite variance sequences with

∑
i

vi = ∑
i

ṽi, ṽi = vi(1 + ei), ēN = max
i

|ei| → 0, ηv → 0, (6.23)

as N → ∞, where the indices i and the coefficients ei depend on N. Let IN = 1
2 ∑i e2

i and
ℓN = log(dµṽ/ dµv). If IN → I ∈ [0, ∞), then under µv,

ℓN ⇒ N (−I/2, I), Eµv etℓN → e(t
2−t)I/2 for each fixed t ∈ R, (6.24)

and ∥∥µṽ − µv
∥∥

TV → 2Φ
(√

I/2
)
− 1. (6.25)

If IN → ∞, then ∥µṽ − µv∥TV → 1.

The convergence of exponential moments is for each fixed t; in its proof, the tilted
variances are positive only for N large depending on t. In the case IN → ∞, no relation
between ηv and IN is assumed.

Proof. We prove the three assertions in turn.

Weak convergence and total variation. Let IN → I < ∞ and B = I + 1. For
N large, ēN ≤ 1/4, ηv ≤ ηlik, and IN ≤ B, and by Theorem 6.6 we have
W1(Lawµv(ℓN),N (−IN/2, IN)) ≤ CB(ηv + ēN) → 0. Coupling with one standard Gaus-
sian variable, we have W1(N (−IN/2, IN),N (−I/2, I)) ≤ |IN − I|/2 + E|G| |

√
IN −√

I| → 0. Convergence in W1 implies weak convergence, which proves the first part
of (6.24), including the case I = 0. By (6.19) and continuity of I 7→ 2Φ(

√
I/2)− 1, we

obtain (6.25).

Exponential moments. Fix t ∈ R. Recall that |ẽi| ≤ 4
3 ēN → 0; we have |tẽi| ≤ 1/2 and

|(1 − t)ei| ≤ 1/2 for all i when N is large. We assume this from now on. By (6.17),

Eµv etℓN =
( pv(0)

pṽ(0)

)t
∏

i
(1 + ei)

−t/2 Eµv exp
{ t

2 ∑
i

ẽiZ2
i

}
.

We apply Lemma 5.13 with coefficients ẽi. The tilted variances are

vi(t) =
vi

1 − tẽi
=

vi(1 + ei)

1 + (1 − t)ei
, KN(t) = ∏

i
(1 + ei)

−t/2(1 − tẽi)
−1/2, (6.26)

and we obtain

Eµv etℓN =
( pv(0)

pṽ(0)

)t
KN(t)

pv(t)(−∆N(t))
pv(0)

, ∆N(t) = ∑
i

(
vi(t)− vi

)
.
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We treat the three factors separately. The first tends to one, by (6.20). For the third, using
the identity ∑i viei = 0, we find, exactly,

∆N(t) = ∑
i

tviei

1 + (1 − t)ei
= −t(1 − t)∑

i

vie2
i

1 + (1 − t)ei
, |∆N(t)| ≤ 2|t(1 − t)| ηvSv ∑

i
e2

i .

(6.27)
The ratios vi(t)/vi tend to one uniformly in i, so that Sv(t)/Sv → 1 and ηv(t) ≤ ηv(1 +

o(1)) → 0. As IN is bounded, we deduce from (6.27) that ∆N(t)/Sv(t) → 0. Using
Theorem 5.3 with j = 0, we find that fv(t) → ϕ and fv → ϕ uniformly. Since ϕ is
continuous, it follows that

pv(t)(−∆N(t))
pv(0)

=
Sv

Sv(t)

fv(t)(−∆N(t)/Sv(t))

fv(0)
→ 1. (6.28)

For the second factor, log KN(t) = ∑i kt(ei) with

kt(e) =
1 − t

2
log(1 + e)− 1

2
log

(
1 + (1 − t)e

)
,

which follows from 1 − tẽi = (1 + (1 − t)ei)/(1 + ei). We have kt(0) = k′t(0) = 0 and
k′′t (0) = (t2 − t)/2, and Taylor’s formula gives |kt(e)− (t2 − t)e2/4| ≤ Ct|e|3 for |e| small,
depending on t. We obtain

log KN(t) =
t2 − t

4 ∑
i

e2
i + Ot

(
ēN ∑

i
e2

i

)
→ (t2 − t)I

2
.

Combining the three factors, we obtain the second part of (6.24).

Diverging information. Let IN → ∞, and consider the single quadratic statistic

QN(y) = ∑
i

ei

(y2
i

vi
− 1

)
.

For N large, ηv and ηṽ ≤ 5
3 ηv are at most the constant η0 of Theorem 5.15. Under µv, by

Theorem 5.15 with p = 2, we have Eµv Q2
N ≤ C ∑i e2

i = 2CIN . Under µṽ, with Z̃i = Yi/
√

ṽi,
we have y2

i /vi = (1 + ei)Z̃2
i , and hence the exact identity

QN = 2IN + ∑
i

ei(1 + ei)
(
Z̃2

i − 1
)
.

By Theorem 5.15 under µṽ, we have Eµṽ(QN − 2IN)
2 ≤ C ∑i e2

i (1 + ei)
2 ≤ CIN. By

Chebyshev’s inequality,

µv
(
QN > IN

)
≤ C

IN
, µṽ

(
QN ≤ IN

)
≤ µṽ

(
|QN − 2IN| ≥ IN

)
≤ C

IN
.

We conclude that ∥µṽ − µv∥TV ≥ µṽ(QN > IN)− µv(QN > IN) ≥ 1 − 2C/IN → 1, as
desired.



section 7

Deterministic covariance evolution and heat estimates

This section collects deterministic facts about the exponential of a diagonal matrix per-
turbed by a matrix of rank one. For positive precisions p1, . . . , pN with ∑i p−1

i = N, we
study the heat matrix H = −2 diag(p) + (2/N)11T, the heat vector h(t) = etH1, and its
mean h̄(t). These objects describe the evolution of Gaussian variances that we use at high
temperature to approximate the time-t law, and they also describe the second moments
of the unnormalized process of Section 10. In Section 7.1, we prove the algebraic facts
once (Lemma 7.1): positivity of etH, the kernel of H and the weight of its zero eigenvalue,
a representation of h̄ by a positive spectral measure, the coordinate Duhamel formula,
and the resolvent of H. We also prove an exact formula for the information in terms
of h̄ (Lemma 7.3) and rescale the spectral measure at the scale of the smallest precision
(Lemma 7.4). In Section 7.2, we define the covariance evolution and the Bingham com-
parison law µt of a symmetric matrix A, and prove their basic properties (Lemmas 7.6
and 7.7). The next two subsections prove estimates under two different hypotheses on the
precisions. In Section 7.3, the smallest precision d is at most one and the other precisions
exceed d by an amount of order ((i− 1)/N)2/3, which is the situation at high temperature
(Lemmas 7.10 to 7.13). In Section 7.4, the half-precisions ri = pi/2 are of order (i/N)2/3

for all i, including i = 1, which is the situation in the critical window (Lemma 7.14).
Finally, in Section 7.5, we show that convergence of the real squared resolvents of positive
measures implies their convergence against a large class of test functions (Lemma 7.15).

We use only the definitions of Section 3, namely the operators (3.3) and the Lagrange
multiplier of Definition 3.3, and the identification of Bingham laws with conditioned
Gaussian laws in Proposition 5.6. All statements are deterministic, except for the random
version of Lemma 7.15. The covariance evolution and the Bingham comparison law are
used in Section 9 and in Part III. The algebra of Lemma 7.1 is used in Sections 10 and 14,
and the estimates of Section 7.3 are used in Sections 10, 14, and 20. Lemma 7.14 is used
in Sections 8, 10, 12, 18, and 19, and Lemmas 7.3 and 7.15 are used in Sections 14 and 20.

Notation. Throughout this section, N ≥ 2 and p = (p1, . . . , pN) is a sequence of positive
numbers such that

N

∑
i=1

1
pi

= N. (7.1)
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Recall from Definition 3.3 that the precisions pi = z − αi of a real symmetric matrix A
with eigenvalues α1 ≥ · · · ≥ αN satisfy (7.1). Conversely, every sequence p satisfying
(7.1) arises in this way up to a permutation of the eigencoordinates, since the Lagrange
multiplier of A = −diag(p) is z = 0. We write

qi =
1
pi

, d = min
i

pi, s = max
i

pi, ϑ =
N

∑N
i=1 q2

i

. (7.2)

For the matrix A, we have ϑ = N/ Tr Q2 with Q = (zI − A)−1. We call ϑ the weight of
the zero eigenvalue; Lemma 7.1 below explains the name. We distinguish this weight
from the low-temperature top fraction θN . Let 1 = (1, . . . , 1)T. We define the heat matrix,
the heat vector, and its mean by

H = −2 diag(p) +
2
N

11T, h(t) = etH1, h̄(t) =
1
N

N

∑
i=1

hi(t), t ≥ 0. (7.3)

The heat vector h(t) has positive coordinates (Lemma 7.1 below). We define the variances
and the relative errors, and recall the information IN(t) = I(q, v(t)) of v(t) relative to q
from Definition 3.5:

vi(t) =
hi(t)
h̄(t)

, ei(t) =
vi(t)

qi
− 1 = pivi(t)− 1, IN(t) =

1
2

N

∑
i=1

ei(t)2. (7.4)

For a matrix A, we show in Section 7.2 that v(t) is the covariance evolution of A; in
particular, (7.4) agrees with (1.9) and with Definition 3.5. Finally, for complex ζ with
ζ ̸= −2pi for all i, let

G(ζ) = 1
N

N

∑
i=1

1
pi + ζ/2

, S(ζ) = 1
N

N

∑
i=1

1
pi(pi + ζ/2)

, (7.5)

and for a locally integrable function f on [0, ∞) of at most exponential growth, let
f̂ (ζ) =

∫ ∞
0 e−ζt f (t) dt be its Laplace transform, for real ζ large enough.

7.1 The heat matrix

The following lemma contains the algebra used in all later estimates. A real square matrix
whose off-diagonal entries are nonnegative is called a Metzler matrix, after [111]. The
positivity of its exponential, which we use below, follows from the series argument in
the proof of the first part; for background on positive linear systems, see [70, Chapter 2,
pp. 7–15].

Lemma 7.1 (The heat matrix). Let p satisfy (7.1).
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1. The matrix H is symmetric, and its off-diagonal entries are positive. For every t ≥ 0, the
matrix etH has nonnegative entries, and hi(t) ≥ e−2pit > 0 for all i.

2. We have d ≤ 1 ≤ s and d ≤ ϑ ≤ 1. The matrix H is negative semidefinite, and its kernel is
spanned by the vector q = (q1, . . . , qN)

T. Every eigenvalue of the restriction of −H to the
orthogonal complement of q lies in [2d, 2s].

3. There exists a positive measure ρ on [2d, 2s] with total mass 1 − ϑ such that

h̄(t) = ϑ +
∫

e−λt ρ(dλ), t ≥ 0. (7.6)

In particular, h̄ is completely monotone, h̄(0) = 1, ϑ ≤ h̄(t) ≤ 1, and h̄(t) decreases to ϑ as
t → ∞. For every integer j ≥ 1 and all 0 ≤ t0 ≤ t with t > 0,

0 ≤ (−1)jh̄(j)(t) ≤ (2s)j(h̄(t)− ϑ
)
, (−1)jh̄(j)(t) ≤

(2j
et

)j(
h̄(t/2)− ϑ

)
,

(−1)jh̄(j)(t) ≤ e−2d(t−t0)(−1)jh̄(j)(t0).
(7.7)

4. For all t ≥ 0 and 1 ≤ i, j ≤ N,

(etH)ij = e−2pitδij +
2
N

∫ t

0
e−2pi(t−u)hj(u) du, (7.8)

and in particular

hi(t) = e−2pit + 2
∫ t

0
e−2pi(t−u)h̄(u) du. (7.9)

With k(t) = N−1 ∑i e−2pit, we have h̄(t) = k(t) + 2
∫ t

0 k(t − u)h̄(u) du.
5. For all t ≥ 0, we have ∑i qihi(t) = N.
6. For every complex ζ /∈ {0} ∪ [−2s,−2d], the matrix ζ I − H is invertible, G(ζ) ̸= 1, and

1
N

1T(ζ I − H)−11 =
ϑ

ζ
+

∫
ρ(dλ)

ζ + λ
=

G(ζ)
2
(
1 − G(ζ)

) , 1 − G(ζ) = ζ

2
S(ζ). (7.10)

For real ζ > 0, these quantities are equal to ̂̄h(ζ).
7. For all t ≥ 0 and all i, we have ∑i vi(t) = N, ∑i qiei(t) = 0, and

h′i(t) = −2h̄(t)ei(t), h̄′(t) = −2h̄(t)
N

N

∑
j=1

ej(t). (7.11)

Proof. We prove the parts in order, except that the lower bound on hi(t) in the first part
uses (7.9), whose proof does not use it.
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Part 1. The off-diagonal entries of H are equal to 2/N. Since the diagonal entries of
H + 2sI are 2(s − pi) + 2/N ≥ 0, the matrix H + 2sI and all its powers have nonnegative
entries. The expansion

etH = e−2st
∞

∑
n=0

tn(H + 2sI)n

n!

shows that etH has nonnegative entries for t ≥ 0. In particular, h(t) has nonnegative
coordinates and h̄(t) ≥ 0. The integral in (7.9) is nonnegative, and hi(t) ≥ e−2pit.

Part 2. The numbers qi lie in [1/s, 1/d], and their average is one by (7.1). Hence d ≤ 1 ≤ s.
By the Cauchy–Schwarz inequality, we have N2 = (∑i qi)

2 ≤ N ∑i q2
i , that is, ϑ ≤ 1. Also

∑i q2
i ≤ d−1 ∑i qi = N/d, that is, ϑ ≥ d. For y ∈ RN, we have

−yTHy = 2 ∑
i

piy2
i −

2
N

(
∑

i
yi

)2
. (7.12)

Writing yi =
√

qi ·
√

pi yi and using the Cauchy–Schwarz inequality and (7.1), we find
(∑i yi)

2 ≤ ∑i qi ∑i piy2
i = N ∑i piy2

i , with equality if and only if (
√

pi yi)i is proportional
to (

√
qi)i, that is, if and only if y is proportional to q. We conclude that −H is positive

semidefinite and that yTHy = 0 only for y ∈ span(q). Every vector y in the kernel
satisfies yTHy = 0, and (Hq)i = −2+ 2N−1 ∑j qj = 0. Therefore the kernel is spanned by
q. Since H is symmetric and Hq = 0, the orthogonal complement q⊥ is invariant under
H. Let y ∈ q⊥. Using piqi = 1 and ∑i qiyi = 0, we find ∑i yi = ∑i(pi − d)qiyi, where the
numbers pi − d are nonnegative. Then the Cauchy–Schwarz inequality implies that(

∑
i

yi

)2
≤ ∑

i
(pi − d)q2

i ∑
i
(pi − d)y2

i ≤ N ∑
i
(pi − d)y2

i ,

where in the last step we used ∑i(pi − d)q2
i = N − dN/ϑ ≤ N. Inserting this bound

into (7.12) gives −yTHy ≥ 2d|y|2. Also −yTHy ≤ 2 ∑i piy2
i ≤ 2s|y|2. This shows that the

eigenvalues of −H on q⊥ lie in [2d, 2s].

Part 3. By the second part, there exists an orthonormal basis u0, u1, . . . , uN−1 of RN with
u0 = q/|q| and Huk = −λkuk, where λ0 = 0 and λk ∈ [2d, 2s] for k ≥ 1. Then

h̄(t) =
1
N

1TetH1 =
N−1

∑
k=0

e−λkt (1
Tuk)

2

N
.

By (7.1), the term k = 0 is (∑i qi)
2/(N ∑i q2

i ) = ϑ. Let ρ = ∑k≥1 N−1(1Tuk)
2δλk . Its

mass is N−1|1|2 − ϑ = 1 − ϑ by Parseval’s identity, and (7.6) holds. Differentiating the
finite sum, we have (−1)jh̄(j)(t) =

∫
λje−λtρ(dλ) ≥ 0. In particular, h̄ is completely

monotone and decreases from h̄(0) = 1 to its limit ϑ. For λ ∈ [2d, 2s], we have λje−λt ≤
(2s)je−λt and λje−λt ≤ e−2d(t−t0)λje−λt0 . Since supx>0 xje−xt/2 = (2j/(et))j, we also have
λje−λt ≤ (2j/(et))je−λt/2. Integrating these three inequalities against ρ and recalling that∫

e−λtρ(dλ) = h̄(t)− ϑ, we obtain (7.7).
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Part 4. Since etH is symmetric, we have ∑k(etH)kj = (etH1)j = hj(t). The equation
d
dt etH = HetH reads, entrywise,

d
dt
(etH)ij = −2pi(etH)ij +

2
N ∑

k
(etH)kj = −2pi(etH)ij +

2
N

hj(t),

and the variation of constants formula with (e0H)ij = δij yields (7.8). Summing (7.8) over
j gives (7.9), and averaging (7.9) over i gives the equation for h̄.

Part 5. Since Hq = 0, we have etHq = q. By the symmetry of etH, we find ∑i qihi(t) =
qTetH1 = (etHq)T1 = ∑i qi = N.

Part 6. The eigenvalues of ζ I − H are ζ and ζ + λk, k ≥ 1, which do not vanish for
ζ /∈ {0} ∪ [−2s,−2d]. Expanding 1 in the basis of the third part gives the first identity in
(7.10). Let y = (ζ I − H)−11 and ȳ = N−1 ∑i yi. The ith coordinate of (ζ I − H)y = 1 reads
(ζ + 2pi)yi − 2ȳ = 1. Since ζ + 2pi ̸= 0, we obtain yi = (1 + 2ȳ)/(ζ + 2pi). Averaging
over i, we find ȳ = (1 + 2ȳ)G(ζ)/2, that is,

ȳ
(
1 − G(ζ)

)
= G(ζ)/2.

If G(ζ) = 1, this identity would read 0 = 1/2. Therefore G(ζ) ̸= 1 and ȳ = G(ζ)/(2(1 −
G(ζ))). By (7.1), 1 − G(ζ) = N−1 ∑i(qi − (pi + ζ/2)−1) = (ζ/2) S(ζ). For real ζ > 0, we
have ̂̄h(ζ) = ϑ/ζ +

∫
ρ(dλ)/(ζ + λ) by (7.6) and Fubini’s theorem.

Part 7. We have ∑i vi = ∑i hi/h̄ = N by (7.3), and ∑i qiei = ∑i vi − ∑i qi = 0 by (7.1). The
equation h′ = Hh reads h′i = −2pihi + 2h̄ = −2h̄(pivi − 1) = −2h̄ ei. Averaging over i
gives the formula for h̄′.

The positivity in the first part holds more generally for the solutions of the linear
system y′ = My for every real matrix M with nonnegative off-diagonal entries: if y(0)
has nonnegative coordinates, then y(t) = etMy(0) has nonnegative coordinates for all
t ≥ 0. The proof is the same, with H + 2sI replaced by M + τ I for τ large. We use this in
the proof of Lemma 7.6.

Remark 7.2 (Precisions and half-precisions). The critical sections use the half-precisions
ri = pi/2. In terms of these, the trace condition (7.1) and the heat matrix read

N

∑
i=1

1
2ri

= N, H = −4 diag(r) +
2
N

11T, h(t) = etH1,
N

∑
j=1

hj(t) = Nh̄(t), (7.13)

and the matrix −4 diag(r) + (2/N)11T of the critical sections is the same matrix H. With
k(t) = N−1 ∑i e−4rit, the fourth and sixth parts of Lemma 7.1 read Nh̄ = Nk + 2k ∗ (Nh̄)
and, for ζ > 0,

N̂h̄(ζ) =
Nk̂(ζ)

1 − 2k̂(ζ)
, k̂(ζ) =

1
N

N

∑
i=1

1
ζ + 4ri

, 1 − 2k̂(ζ) =
ζ

2N

N

∑
i=1

1
ri(ζ + 4ri)

. (7.14)
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Indeed 2k̂(ζ) = G(ζ) and S(ζ) = N−1 ∑i[ri(ζ + 4ri)]
−1. Table 7.1 lists the two conventions

side by side.

precisions pi half-precisions ri = pi/2

trace condition ∑i p−1
i = N ∑i(2ri)

−1 = N
heat matrix H −2 diag(p) + (2/N)11T −4 diag(r) + (2/N)11T

kernel of H spanned by (p−1
i )i spanned by (r−1

i )i
decay in (7.8) e−2pit e−4rit

limit of ∑j hj(t) Nϑ = N2/ ∑i p−2
i 4N2/ ∑i r−2

i

Table 7.1. The heat matrix in terms of precisions and of half-precisions.

At low temperature the potential is written with the scaled eigenvalue gaps ai =

c(λ1 − λi)/2 of (3.8), and ai = ri − d/2. More generally, for a real number τ, the matrix
built from the coefficients ri − τ/2 is −4 diag(ri − τ/2) + (2/N)11T = H + 2τ I, and its
exponential is e2τtetH. For τ = d, the zero eigenvalue of H becomes the eigenvalue 2d,
and the exponential grows at rate 2d instead of converging.

The next lemma expresses the information through the function h̄ alone. This is how
the information is computed in Section 14.

Lemma 7.3 (An exact formula for the information). Let p satisfy (7.1). For every t ≥ 0,

IN(t) =
1
2

N

∑
i=1

ei(t)2 =
N h̄′′(2t)
8 h̄(t)2 . (7.15)

Moreover, there exists a finite positive measure ρ supported on [2d, ∞) such that

h̄(t) = ϑ +
∫

e−λt ρ(dλ), ρ([2d, ∞)) = 1 − ϑ. (7.16)

Proof. The measure ρ of Lemma 7.1 has the required properties. Since H is symmetric
and commutes with etH,

h̄′′(2t) =
1
N

1TH2e2tH1 =
1
N
(

HetH1
)T(HetH1

)
=

1
N
∣∣Hh(t)

∣∣2.

By (7.11), (Hh(t))i = h′i(t) = −2h̄(t)ei(t). Inserting this into the last display gives
h̄′′(2t) = 4h̄(t)2N−1 ∑i ei(t)2 = 8h̄(t)2IN(t)/N, which is (7.15).

At high temperature the relevant times are of order d−1, and the transient part of h̄ is
best viewed at that scale. The total mass of the measure nN below is (1 − ϑ)/

√
d, which

need not stay bounded as N → ∞.
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Lemma 7.4 (The transient spectral measure at the scale of the smallest precision). Let p
satisfy (7.1), and let ρ be the measure of (7.16). Let nN be d−1/2 times the image of ρ under the
map λ 7→ λ/(2d)− 1; it is a finite positive measure on [0, s/d − 1]. For w ≥ 0, let

fN(w) =
h̄(w/d)√

d
, jN(w) = fN(w)− ϑ√

d
= e−2w

∫
e−2wx nN(dx). (7.17)

Then fN(w) decreases to ϑ/
√

d as w → ∞. For every complex ζ /∈ {0} ∪ [−2s/d,−2], and in
particular for every real ζ ∈ (−2, ∞) with ζ ̸= 0,∫

nN(dx)
ζ + 2 + 2x

=

√
d

2
(
1 − G(dζ)

) −
√

d
2

− ϑ√
d ζ

. (7.18)

For real ζ > 0, the left side of (7.18) is ĵN(ζ), and f̂N(ζ) =
√

d/(2(1 − G(dζ)))−
√

d/2.

Proof. The measure nN is supported in [0, s/d − 1] because ρ is supported in [2d, 2s]. By
definition of nN, we have

∫
g(λ/(2d)− 1) ρ(dλ) =

√
d
∫

g(x) nN(dx) for every bounded
measurable g. With λ = 2d(1 + x), we find from (7.16) that

h̄(w/d)− ϑ =
∫

e−λw/dρ(dλ) =
√

d
∫

e−2w(1+x) nN(dx),

which is (7.17). By Lemma 7.1, fN decreases to ϑ/
√

d. Let ζ /∈ {0} ∪ [−2s/d,−2]. Then
dζ /∈ {0} ∪ [−2s,−2d], and∫

ρ(dλ)

dζ + λ
=

1
d

∫
ρ(dλ)

ζ + λ/d
=

1√
d

∫
nN(dx)

ζ + 2 + 2x
.

Inserting this into (7.10) at dζ, multiplying by
√

d, and writing G/(2(1 − G)) = 1/(2(1 −
G)) − 1/2, we obtain (7.18). For real ζ > 0, the substitution t = w/d yields f̂N(ζ) =√

d ̂̄h(dζ), and the formula for f̂N follows from the sixth part of Lemma 7.1. Finally,
ĵN(ζ) =

∫
nN(dx)/(ζ + 2 + 2x) by Fubini’s theorem.

7.2 The covariance evolution and the Bingham comparison law

Let A be a real symmetric matrix with eigenvalues α1 ≥ · · · ≥ αN. We work in its
eigencoordinates, in which A = diag(α1, . . . , αN), and we let z be its Lagrange multiplier
and pi = z − αi its precisions (Definition 3.3). Then p satisfies (7.1), and d = p1 ≤ p2 ≤
· · · ≤ pN = s. All notation of this section refers to this sequence p.

Definition 7.5 (Covariance evolution and Bingham comparison law). Let m(t) ∈ RN be
the solution of the linear system

m′
i(t) = 2αimi(t) +

2
N

N

∑
j=1

mj(t), mi(0) = 1, and let vi(t) =
Nmi(t)
∑j mj(t)

. (7.19)
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We define the moving multiplier z(t), the coefficients bi(t), the matrix Bt, and the Bingham
comparison law µt by

z(t) = 1 +
1
N

N

∑
i=1

αivi(t), bi(t) = z(t)− 1
vi(t)

, Bt = diag
(
bi(t)

)
,

µt(dx) =
exTBtx/2 νN(dx)∫

SN
eyTBty/2 νN(dy)

.

(7.20)

We call v(t) the covariance evolution of A.

The matrix of (7.19) is 2 diag(α) + (2/N)11T = H + 2zI, so that m(t) = e2zth(t). By
Lemma 7.1, m(t) has positive coordinates, and vi(t) = hi(t)/h̄(t) agrees with (7.4). In
particular, ei(t) = vi(t)/qi − 1 and IN(t) are the relative errors and the information of
the covariance evolution. On SN we have xTBtx/2 = Nz(t)/2 − ∑i x2

i /(2vi(t)). Since
∑i vi(t) = N, the second part of Proposition 5.6 implies that µt = µv(t) is the Gaussian
law with variances vi(t) conditioned on SN.

The covariance evolution has the following interpretation. Consider the linear system
dxi = (αi − z(t))xi dt +

√
2 dBi(t), driven by independent standard Brownian motions Bi

and started from independent standard Gaussian values, where z(t) is chosen so that
E|x(t)|2 = N for all t. The variances Exi(t)2 then solve v′i = 2 + 2(αi − z(t))vi, and
the constraint forces z(t) = 1 + N−1 ∑i αivi(t); this is the system (7.21) below. In this
system the spherical constraint holds only in expectation. For the spherical Sherrington–
Kirkpatrick model, Cugliandolo and Dean solved this system in the limit N → ∞ by
diagonalizing the interaction matrix [51, (II.2)–(II.4)], and they reduced the multiplier
to a scalar Volterra equation [51, (II.6)–(II.7)]; see also [156, Section II, (2)–(6)]. In our
notation, the function e2zth̄(t) = N−1 ∑j mj(t) is equal to exp(2

∫ t
0 z(u) du), by (7.11) and

the identity N−1 ∑j ej(t) = z − z(t), and averaging the variation of constants formula for
(7.19) shows that it solves

e2zth̄(t) =
1
N ∑

i
e2αit + 2

∫ t

0

( 1
N ∑

i
e2αi(t−u)

)
e2zuh̄(u) du.

This is the finite-dimensional form of the Volterra equation of Cugliandolo and Dean,
at temperature one, with unit initial variances, and with the average over the spectrum
taken with respect to the empirical spectral measure of A. What we add is the comparison
of the Bingham comparison law µt with the time-t law of the diffusion on SN, which is
carried out in Section 9.

Lemma 7.6 (Positive covariance evolution and uniform variance bounds). All mi(t) are
positive, ∑i vi(t) = N, and, for all t ≥ 0,

v′i = 2 + 2
(
αi − z(t)

)
vi, b′i = z′(t) +

2(αi − bi)

vi
,

N

∑
i=1

(
αi − bi(t)

)
vi(t) = 0. (7.21)
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With qi = (z − αi)
−1, d = z − α1, and s = z − αN, we have, for all t ≥ 0 and all i,

1
s
≤ vi(t) ≤

1
d

, |vi(t)− qi| ≤
s − d

d2 e−2dt. (7.22)

If ∥A∥ ≤ M, then, uniformly in t ≥ 0,

∥Bt∥ ≤ 2 + 3M, ∥A − Bt∥ ≤ CMd−1e−2dt, |z(t)− z| ≤ (1 + 2M) d−1e−2dt, (7.23)

where CM = 4M(1 + M). Moreover, µ0 = νN, and µt → πA in total variation as t → ∞, for
fixed N and A.

Proof. The proof has five steps: the identities (7.21), a transformed linear system and the
decay of its oscillation, the range of vi, the bounds on z(t) and Bt, and the values at t = 0
and t = ∞.

Step 1: identities. We showed above that mi(t) > 0. Let Λ(t) = N−1 ∑j mj(t). By (7.19),
Λ′ = N−1 ∑j(2αjmj + 2Λ) = 2Λ

(
1 + N−1 ∑j αjvj

)
= 2z(t)Λ. Using vi = mi/Λ, we find

v′i =
m′

i
Λ

− miΛ′

Λ2 = 2αivi + 2 − 2z(t)vi,

which is the first identity in (7.21). Also, ∑i vi = N by definition. Differentiating
bi = z(t)− v−1

i and using the first identity, we obtain

b′i = z′(t) +
v′i
v2

i
= z′(t) +

2
vi

( 1
vi

+ αi − z(t)
)
= z′(t) +

2(αi − bi)

vi
.

Finally, ∑i(αi − bi)vi = ∑i αivi − z(t)∑i vi + N = N(z(t)− 1)− Nz(t) + N = 0.

Step 2: a transformed system. Let wi(t) = pihi(t) = e−2ztmi(t)/qi. Recall that h′i =

−2pihi + 2h̄ and h̄ = N−1 ∑i hi. Multiplying by pi, we find

w′
i = 2pi

(
h̄ − wi

)
, wi(0) = pi, h̄ =

1
N

N

∑
i=1

qiwi, vi =
qiwi

h̄
. (7.24)

Note that h̄(t) is an average of the numbers wi(t) with positive weights qi/N that sum to
one. In particular, h̄(t) lies between w(t) = mini wi(t) and w(t) = maxi wi(t). We claim
that

osc w(t) = w(t)− w(t) ≤ (s − d) e−2dt, t ≥ 0. (7.25)

Fix t. By continuity, for small ε > 0 the maximum of wj(t + ε) over j is attained at an
index j that maximizes wj(t). It follows that the right derivative of w at t exists and equals
max{w′

i(t) : wi(t) = w(t)}. For such i, we have w′
i(t) = 2pi(h̄ − w) ≤ 2d(h̄ − w), since

h̄ − w ≤ 0 and pi ≥ d. In the same way, the right derivative of w is at least 2d(h̄ − w).
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Subtracting, we find that the right derivative of osc w is at most −2d osc w. A continuous
function whose right derivative exists everywhere and is nonpositive is nonincreasing.
We conclude that e2dt osc w(t) is nonincreasing, and (7.25) follows from osc w(0) = s − d.
The same argument shows that w is nonincreasing and w is nondecreasing; in particular,
wi(t) ∈ [d, s] for all i and t.

By Lemma 7.1, we have h̄(t) ≥ ϑ ≥ d. Using also qi ≤ 1/d, we obtain

|vi − qi| =
qi|wi − h̄|

h̄
≤ osc w

d2 ≤ s − d
d2 e−2dt,

which is the second bound in (7.22).

Step 3: the range of vi. The right side of (7.9) is a nonincreasing function of pi, because
h̄ ≥ 0. Then v1(t) ≥ v2(t) ≥ · · · ≥ vN(t), and it suffices to show v1 ≤ 1/d and vN ≥ 1/s.

For the upper bound, let ki = wi −w1 for 2 ≤ i ≤ N. We have h̄−w1 = N−1 ∑j qj(wj −
w1) = N−1 ∑j≥2 qjk j, and (7.24) yields

k′i = 2pi(h̄ − wi)− 2d(h̄ − w1) =
2(pi − d)

N ∑
j≥2

qjk j − 2piki, ki(0) = pi − d ≥ 0.

This is a linear system whose matrix has the nonnegative off-diagonal entries 2(pi −
d)qj/N. As noted after Lemma 7.1, its solution stays nonnegative, since it starts from
nonnegative values. Thus w1 = w ≤ h̄, and v1 = q1w1/h̄ ≤ q1 = 1/d.

For the lower bound, (7.9) with pN = s implies that

wN(t) = se−2st + 2s
∫ t

0
e−2s(t−u)h̄(u) du ≥ se−2st + h̄(t)

(
1 − e−2st) ≥ h̄(t),

where we used that h̄ is nonincreasing and s ≥ 1 ≥ h̄(t) (Lemma 7.1). We conclude that
vN = qNwN/h̄ ≥ qN = 1/s. This proves the first bound in (7.22).

Step 4: the multiplier and the quadratic coefficient matrix. Let wav = N−1 ∑i wi. Since
N−1 ∑i pivi = wav/h̄ and N−1 ∑i pivi = z − N−1 ∑i αivi = z − z(t) + 1, we have

z(t)− z =
h̄ − wav

h̄
, v−1

i − pi =
h̄ − wi

h̄ vi
, (7.26)

where the second identity follows from vi = qiwi/h̄. Both h̄ and wav lie between w and w.
Since also vi ≥ 1/s, we conclude that

|z(t)− z| ≤ osc w(t)
h̄(t)

, |v−1
i − pi| ≤

s osc w(t)
h̄(t)

, ∥A − Bt∥ ≤ (1 + s) osc w(t)
h̄(t)

,

(7.27)
where for the last bound we used αi − bi = (v−1

i − pi)− (z(t)− z). Suppose now that
∥A∥ ≤ M. Then s − d = α1 − αN ≤ 2M and, since d ≤ 1, also s ≤ 1 + 2M. By (7.25)
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and h̄ ≥ d, we have |z(t) − z| ≤ 2Md−1e−2dt and ∥A − Bt∥ ≤ (2 + 2M)2Md−1e−2dt,
which are the last two bounds in (7.23). Also |z(t)| ≤ 1 + MN−1 ∑i vi = 1 + M and
v−1

i ≤ s ≤ 1 + 2M, so that ∥Bt∥ = maxi |bi(t)| ≤ 2 + 3M.

Step 5: the endpoints. At t = 0, vi(0) = 1 and bi(0) = z(0)− 1 = N−1 Tr A for all i. The
density of µ0 with respect to νN is then constant on SN, and µ0 = νN. As t → ∞, we
have bi(t) → αi by (7.22) and (7.27). Then the densities of µt with respect to νN converge
uniformly on SN to that of πA, and the total variation distance, which is half the L1(νN)

distance of the densities, tends to zero.

For the model A = cWN, where αi = cλi, the first identity in (7.21) shows that v
solves the system (1.8) of the introduction. Its right side is a polynomial in v, and in
particular locally Lipschitz. Therefore v is the unique solution of that system, and the
two definitions agree.

The proof of Lemma 7.6 contains a conserved quantity and a more precise form of the
bounds on z(t)− z and A − Bt, which we record separately.

Lemma 7.7 (A conserved quantity and the weight of the zero eigenvalue). For the
covariance evolution of Definition 7.5, let wi(t) = pihi(t) = e−2ztmi(t)/qi; then h̄(t) =

N−1 ∑i qiwi(t). For all t ≥ 0,

N

∑
i=1

q2
i wi(t) = N, 1 ≥ h̄(t) ≥ ϑ, h̄(t) −→ ϑ (t → ∞). (7.28)

Moreover, with Ωt = (s − d)e−2dt,

osc w(t) ≤ Ωt, |z(t)− z| ≤ Ωt

h̄(t)
, ∥A − Bt∥ ≤ (1 + s)Ωt

h̄(t)
. (7.29)

Proof. By the fifth part of Lemma 7.1, we have ∑i q2
i wi = ∑i qihi = N, and the remaining

assertions of (7.28) are contained in the third part of that lemma. The bounds (7.29) are
(7.25) and (7.27).

Note that ϑ is the long-time limit of h̄, not a rate of decay. The decay of h̄ towards ϑ is
governed by the spectral measure ρ on [2d, 2s]. Under the hypothesis (7.30) of the next
subsection, Lemma 7.10 shows that h̄(t) is comparable to (1 + t)−1/2 for 0 ≤ t ≤ d−1 and
to

√
d for t ≥ d−1, with constants depending only on the constant K in (7.30).

Remark 7.8 (The variances are not second moments). The Bingham comparison law µt

is an explicit comparison law. In general, it is not equal to the time-t law νNPA
t of the

diffusion, since the dynamics does not preserve the family of Bingham laws; the two laws
agree at t = 0, and for all t when A is a multiple of the identity. The numbers vi(t) are
the variances of the Gaussian law that is conditioned on SN to obtain µt. In general, they
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are equal neither to the second moments µt(x2
i ) nor to the second moments of the time-t

law, and in general qi is not equal to πA(x2
i ). The difference is already visible in the first

derivative at t = 0. On SN we have

LAx2
i = 2 + 2(αi − 1)x2

i −
2
N

x2
i xTAx,

and under νN we have
∫

x2
i x2

j dνN = N(1 + 2δij)/(N + 2). With ᾱ = N−1 Tr A, we find

d
dt

∣∣∣
t=0

∫
x2

i d(νNPA
t ) =

∫
LAx2

i dνN =
2N

N + 2
(αi − ᾱ), v′i(0) = 2(αi − ᾱ),

so the two vectors of initial derivatives differ unless A is a multiple of the identity. For
a general nonscalar A, the equations for the second moments of the coordinates under
the time-t law involve mixed fourth moments, since LAx2

i contains the term x2
i xTAx. Our

use of µt in Section 9 does not require any identification of moments: it compares the
two laws through the forward equation.

7.3 Estimates under two-sided precision-spacing bounds

In this subsection we fix K ≥ 1 and assume the following two-sided precision-spacing
bounds with constant K:

0 < d ≤ 1, p1 = d,
1
K

( i − 1
N

)2/3
≤ pi − d ≤ K

( i − 1
N

)2/3
(2 ≤ i ≤ N),

N

∑
i=1

1
pi

= N, Nd3/2 ≥ 1.
(7.30)

In particular, d = mini pi and s ≤ d + K ≤ 1+ K. Constants denoted CK or cK are positive
and depend only on K; their values may change from line to line. For positive X, Y, we
write X ≍K Y if cKY ≤ X ≤ CKY. We abbreviate

a(t) =
√

d + (1 + t)−1/2, t ≥ 0. (7.31)

We use the following elementary properties of a: it is decreasing, a(t/2) ≤
√

2 a(t),∫ t
0 a(u) du ≤

√
d t + 2

√
t, a(t) ≤ 3(1 + t)−1/2 for t ≤ d−1, and a(t) ≤ 2

√
d for t ≥ d−1.

Remark 7.9 (Precision-spacing bounds and the order of the coordinates). The hypothesis
does not depend on the order of the indices i ≥ 2, in the following sense. Let g1 = 0 and
gi = pi − d, and let g(1) ≤ · · · ≤ g(N) be the increasing rearrangement. The bounds in
(7.30) increase with i. Thus the i numbers g1, . . . , gi are at most K((i − 1)/N)2/3, which
implies that g(i) ≤ K((i − 1)/N)2/3. The N − i + 1 numbers gj with j ≥ i are at least
K−1((i − 1)/N)2/3; at most i − 1 of the gj are smaller, and g(i) ≥ K−1((i − 1)/N)2/3.
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Hence the increasing rearrangement of p satisfies (7.30) with the same K. For the model
at fixed high temperature and in the approach to the critical temperature from above,
pi − d = c(λ1 − λi), and (7.30) holds at every fixed confidence in the sense of Section 3.4,
with K depending on the confidence (and on c at fixed temperature), by Lemma 4.6
and Theorem 4.13. This is checked in Sections 13 and 14.

Lemma 7.10 (Bounds on h̄ under precision-spacing bounds). Assume (7.30). Then, for all
t ≥ 0,

ϑ ≍K
√

d, h̄(t) ≍K
√

d + (1 + t)−1/2 = a(t). (7.32)

Moreover, h̄ is completely monotone and has the representation

h̄(t) = ϑ +
∫
[2d,∞)

e−λt ρ(dλ), ρ ≥ 0, ρ([2d, ∞)) = 1 − ϑ. (7.33)

Proof. The representation (7.33) and complete monotonicity are the third part of
Lemma 7.1. It remains to prove (7.32). The proof has four steps: a bound on the
sum S of (7.5), from which ϑ ≍K

√
d follows; bounds on the Laplace transform of h̄; the

upper bound on h̄; and the lower bound on h̄.

Step 1: a rational sum. We show that, for 0 ≤ ζ ≤ 1,

S(ζ) = 1
N

N

∑
i=1

1
pi(pi + ζ/2)

≍K
1√

d +
√

d + ζ
. (7.34)

Let dζ = d + ζ/2, and let ϕ(x) = [(d + x)(dζ + x)]−1 for x ≥ 0, a decreasing function. For
i ≥ 2 and yi = (i − 1)/N, we have ϕ(Ky2/3

i ) ≤ [pi(pi + ζ/2)]−1 ≤ ϕ(K−1y2/3
i ) by (7.30).

For a decreasing function g on [0, 1], we have

∫ 1

1/N
g(y) dy ≤ 1

N

N−1

∑
j=1

g(j/N) ≤
∫ 1

0
g(y) dy,

∫ 1/N

0
g(y) dy ≤ g(0)

N
.

The summand i = 1 in (7.34) equals ϕ(0)/N = (Nddζ)
−1. Applying these inequalities to

g(y) = ϕ(Ky2/3) and to g(y) = ϕ(K−1y2/3), we obtain

IK ≤ S(ζ) ≤ IK−1 +
1

Nddζ
, IL =

∫ 1

0
ϕ(Ly2/3) dy =

3
2L3/2

∫ L

0

√
x dx

(d + x)(dζ + x)
, (7.35)

where we substituted x = Ly2/3. The substitution x = y2 and partial fractions give, for
d ̸= dζ , and by continuity also for d = dζ ,

∫ ∞

0

√
x dx

(x + d)(x + dζ)
=

π√
d +

√
dζ

. (7.36)
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Since dζ ≤ d + ζ ≤ 2dζ , we have
√

d +
√

dζ ≤
√

d +
√

d + ζ ≤
√

2(
√

d +
√

dζ). It
therefore suffices to prove (7.34) with dζ in place of d + ζ.

For the upper bound, we have IK−1 ≤ 3
2 K3/2π(

√
d +

√
dζ)

−1 by (7.36). For the sum-
mand i = 1, we use Nd3/2 ≥ 1 and d ≤ dζ to find

1
Nddζ

=
1

Nd3/2 ·
√

d
dζ

≤
√

d
dζ

=
1√

d +
√

dζ

( d
dζ

+

√
d
dζ

)
≤ 2√

d +
√

dζ

.

For the lower bound, we bound IK from below. If 2dζ ≤ K, we restrict the integral in
(7.35) to [dζ , 2dζ ], where

√
x ≥

√
dζ , d + x ≤ 3dζ , and dζ + x ≤ 3dζ . This gives∫ K

0

√
x dx

(d + x)(dζ + x)
≥ dζ ·

√
dζ

9d2
ζ

=
1

9
√

dζ

≥ 1

9(
√

d +
√

dζ)
.

If 2dζ > K, then dζ ≥ 1/2 (since K ≥ 1) and dζ ≤ 3/2. Restricting the integral to
[K/4, K/2], we find that it is at least a positive constant depending only on K, while
(
√

d +
√

dζ)
−1 ≤

√
2. In both cases, IK ≥ cK(

√
d +

√
dζ)

−1, which completes the proof
of (7.34). At ζ = 0, we have S(0) = N−1 ∑i q2

i = 1/ϑ, and (7.34) implies that ϑ ≍K
√

d.

Step 2: the Laplace transform. Let 0 < ζ ≤ 1. By (7.10), ̂̄h(ζ) = G(ζ)/(ζ S(ζ)). We
have G(ζ) ≤ G(0) = 1 and G(ζ) ≥ (1 + K + 1/2)−1, since pi ≤ 1 + K. Using (7.34) and√

d +
√

d + ζ ≍
√

d +
√

ζ, we obtain

̂̄h(ζ) ≍K

√
d +

√
d + ζ

ζ
≍K

√
d +

√
ζ

ζ
, 0 < ζ ≤ 1. (7.37)

Step 3: the upper bound. Since h̄ is nonincreasing and nonnegative, for every t > 0,

̂̄h(1/t) ≥
∫ t

0
e−u/th̄(u) du ≥ e−1t h̄(t).

For t ≥ 1, (7.37) with ζ = 1/t gives h̄(t) ≤ e t−1̂̄h(1/t) ≤ CK(
√

d + t−1/2) ≤ CKa(t). For
t ≤ 1, we have h̄(t) ≤ 1 ≤

√
2 a(t). Thus h̄(t) ≤ C1a(t) for all t ≥ 0, for a constant

C1 = C1(K).

Step 4: the lower bound. By (7.37), there exists c1 = c1(K) > 0 such that ̂̄h(1/t) ≥ c1
√

t
for t ≥ 1. Fix ε = ε(K) ∈ (0, 1) such that C1(ε + 2

√
ε) ≤ c1/2, and let 1 ≤ t ≤ d−1. Using

Step 3 and
√

d t ≤
√

t, we have∫ εt

0
e−u/th̄(u) du ≤ C1

∫ εt

0
a(u) du ≤ C1

(√
d εt + 2

√
εt
)
≤ C1(ε + 2

√
ε)
√

t ≤ c1

2

√
t.

Since h̄ is nonincreasing, the remaining part of the integral defining ̂̄h(1/t) is at most
h̄(εt)

∫ ∞
0 e−u/t du = th̄(εt). Then th̄(εt) ≥ (c1/2)

√
t, that is, h̄(v) ≥ (c1

√
ε/2)v−1/2 for
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v = εt ∈ [ε, ε/d]. On this interval, we have
√

d ≤
√

ε/v and hence a(v) ≤ (1+ ε−1/2)v−1/2.
Then h̄(v) ≥ cKa(v) for ε ≤ v ≤ ε/d. For 0 ≤ v ≤ ε, we have h̄(v) ≥ e−2sv ≥ e−2(1+K) by
the first part of Lemma 7.1, while a(v) ≤ 2. For v ≥ ε/d, we have h̄(v) ≥ ϑ ≥ cK

√
d by

Step 1, while a(v) ≤ (1 + ε−1/2)
√

d. The three intervals cover [0, ∞), since d ≤ 1. This
proves the lower bound in (7.32).

Lemma 7.11 (The coordinates of the heat vector). Assume (7.30). Uniformly for every t ≥ 0
and 1 ≤ i ≤ N,

h̄(t) ≍K a(t), hi(t) ≍K a(t) 1 + t
1 + pit

, max
j

hj(t) ≤
CK√

d
.

Moreover, for every nonzero y ∈ [0, ∞)N,

max
j

hj(L − u)
h(u)Ty
h(L)Ty

≤ CK
a(u)

d
, 0 ≤ u ≤ L < ∞. (7.38)

Proof. The bound on h̄ is Lemma 7.10. We use (7.9), hi(t) = e−2pit + 2
∫ t

0 e−2pi(t−u)h̄(u) du,
and recall that pi ≤ 1 + K.

For t ≤ 1, we have e−2(1+K) ≤ hi(t) ≤ 1 + 2t ≤ 3, since h̄ ≤ 1, while 1/(2(2 + K)) ≤
a(t)(1 + t)/(1 + pit) ≤ 4. This proves the bounds on hi for t ≤ 1. Let t ≥ 1. For the lower
bound, we keep only the integral over [t/2, t], where h̄(u) ≥ h̄(t):

hi(t) ≥ 2h̄(t)
∫ t/2

0
e−2piv dv = h̄(t)

1 − e−pit

pi
≥ h̄(t)

t
1 + pit

≥ cKa(t) 1 + t
1 + pit

,

where we used 1 − e−x ≥ x/(1 + x) and t ≥ (1 + t)/2. For the upper bound, on [t/2, t]
we use h̄(u) ≤ CKa(t/2) ≤ CKa(t) and 2

∫ t/2
0 e−2piv dv ≤ min{t, p−1

i } ≤ 2t/(1 + pit). On

[0, t/2] we use e−2pi(t−u) ≤ e−pit ≤ (1 + pit)−1 and
∫ t/2

0 h̄ ≤ CK(
√

d t +
√

t) ≤ CKa(t)(1 +
t). Finally, e−2pit ≤ (1 + pit)−1 ≤ a(t)(1 + t)/(1 + pit), since a(t)(1 + t) ≥

√
1 + t ≥ 1.

Adding the three contributions gives the upper bound on hi(t).
For the maximum, note that a(t)(1 + t)/(1 + pit) ≤ a(t)(1 + t)/(1 + dt). Since d ≤ 1,

we have
√

d(1 + t)/(1 + dt) ≤
√

d max{1, d−1} = d−1/2. Further,
√

1 + t/(1 + dt) is at
most

√
1 + d−1 ≤

√
2/d if dt ≤ 1, and at most

√
2t/(dt) ≤

√
2 d−1/2 if dt ≥ 1. With the

upper bound on hj, this gives maxj hj(t) ≤ CKd−1/2.
For (7.38), let 0 ≤ u ≤ L. Since y ̸= 0 has nonnegative coordinates and hi(L) > 0, we

have h(u)Ty/h(L)Ty ≤ maxi hi(u)/hi(L). By the bounds on hi,

hi(u)
hi(L)

≤ CK
a(u)
a(L)

· 1 + piL
1 + L

· 1 + u
1 + piu

≤ CK
a(u)√

d
max{1, pi} ≤ CK

a(u)√
d

.

In the second step, we used a(L) ≥
√

d and that x 7→ (1 + pix)/(1 + x) is monotone with
values between 1 and pi; the ratio of its values at L and at u ≤ L is therefore at most
max{1, pi}. Multiplying by maxj hj(L − u) ≤ CKd−1/2 yields (7.38).
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The next lemma bounds the relative errors ei(t) = pivi(t)− 1 of (7.4), and their mean
square N−1 ∑i ei(t)2 = 2IN(t)/N, before and after the time d−1.

Lemma 7.12 (Relative errors before and after the time d−1). Assume (7.30), and let T = d−1.
There exists CK < ∞ such that, for all 1 ≤ i ≤ N,

|ei(t)| ≤
CK

1 + pit
(0 ≤ t ≤ T), (7.39)

1
N

N

∑
j=1

ej(t)2 ≤ CK(1 + t)−3/2 (0 ≤ t ≤ T), (7.40)

|ei(T + τ)| ≤ CK
d
pi

(1 + dτ) e−2dτ (τ ≥ 0), (7.41)

1
N

N

∑
j=1

ej(T + τ)2 ≤ CKd3/2(1 + dτ)2e−4dτ (τ ≥ 0). (7.42)

The factor 1 + dτ in (7.41) comes from the coordinates with pi − d ≤ d, whose own
relaxation rate 2pi is comparable to the rate 2d at which h̄ approaches ϑ; it is integrated
in later estimates and cannot be dropped in this argument.

Proof. We first prove the coordinate bounds before T, then the bound on the mean square
before T, and finally the bounds after T. By the third part of Lemma 7.1 with j = 1, for
every v > 0,

−h̄′(v) ≤ 2
ev

h̄(v/2). (7.43)

Coordinates before T. For t ≤ 1, we have hi(t) ≤ 1 + 2t ≤ 3 by (7.9) and h̄ ≤ 1, and
h̄(t) ≥ cK by Lemma 7.10. Since pi ≤ 1 + K, this gives |ei(t)| ≤ pihi(t)/h̄(t) + 1 ≤ CK ≤
CK(2 + K)/(1 + pit). Let now 1 ≤ t ≤ T. Then h̄(t) ≍K t−1/2 by Lemma 7.10, since
a(t) ≤ 3(1 + t)−1/2 for t ≤ d−1.

If pit ≤ 1, then (7.9) and
√

d t ≤
√

t give hi(t) ≤ 1 + 2
∫ t

0 h̄ ≤ 1 + CK(
√

d t +
√

t) ≤
CK

√
t. Then pihi(t)/h̄(t) ≤ CK pit ≤ CK, and |ei(t)| ≤ CK + 1 ≤ 2(CK + 1)/(1 + pit).

If pit ≥ 1, we split the integral in (7.9) at t/2 and integrate the part over [t/2, t] by
parts, using d

du e−2pi(t−u) = 2pie−2pi(t−u). The result is the exact identity

pihi(t)− h̄(t) = pie−2pit + 2pi

∫ t/2

0
e−2pi(t−u)h̄(u) du

− e−pith̄(t/2)−
∫ t

t/2
e−2pi(t−u)h̄′(u) du.

(7.44)

We divide (7.44) by h̄(t) ≥ cKt−1/2 and bound the four terms on the right. The
first contributes at most CK pi

√
te−2pit ≤ CK pite−pit. Using

∫ t/2
0 h̄ ≤ CK

√
t, we see

that the second contributes at most 2pie−pit
∫ t/2

0 h̄/h̄(t) ≤ CK pite−pit. The third
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contributes at most e−pith̄(t/2)/h̄(t) ≤ CKe−pit. For u ∈ [t/2, t], (7.43) implies
that −h̄′(u) ≤ (4/(et))h̄(t/4) ≤ CK h̄(t)/t, and the last term contributes at most
CKt−1

∫ ∞
0 e−2piv dv ≤ CK/(pit). Since (1 + x)e−x ≤ C/x for x ≥ 1, we obtain

|ei(t)| = |pihi(t)− h̄(t)|/h̄(t) ≤ CK/(pit) ≤ 2CK/(1 + pit). This proves (7.39).

Mean square before T. By (7.39), it suffices to show that N−1 ∑j(1 + pjt)−2 ≤ CK(1 +

t)−3/2 for t ≤ T. At t = 0 the sum equals one. For 0 < t ≤ T, the summand j = 1 is
at most 1/N ≤ d3/2, and d3/2 ≤ min{1, t−3/2} ≤ 23/2(1 + t)−3/2. For j ≥ 2, we have
pj ≥ K−1((j − 1)/N)2/3, and y 7→ (1 + K−1ty2/3)−2 is decreasing. For t ≥ 1, we find

1
N ∑

j≥2

1
(1 + pjt)2 ≤

∫ 1

0

dy
(1 + K−1ty2/3)2 =

3
2

(K
t

)3/2 ∫ t/K

0

√
x dx

(1 + x)2 ≤ 3π

4

(K
t

)3/2
,

where we substituted x = K−1ty2/3 and used
∫ ∞

0
√

x(1 + x)−2dx = π/2. For t ≤ 1, the
sum is at most one. Squaring (7.39) proves (7.40).

After T. Using (7.43) and Lemma 7.10, we find that −h̄′(T) ≤ 2d h̄(T/2)/e ≤
CKd a(T/2) ≤ CKd3/2. The last bound in (7.7) with j = 1 implies that

−h̄′(T + u) ≤ CKd3/2e−2du, u ≥ 0. (7.45)

Let κi = pihi − h̄ = h̄ ei. From h′i = −2pihi + 2h̄, we find κ′i = −2piκi − h̄′. Solving this
equation from time T by variation of constants and dividing by h̄(T + τ), we obtain

ei(T + τ) = e−2piτ
h̄(T)

h̄(T + τ)
ei(T)−

1
h̄(T + τ)

∫ τ

0
e−2pi(τ−u)h̄′(T + u) du. (7.46)

By Lemma 7.10, we have h̄(T) ≤ CKa(T) ≤ CK
√

d and h̄(T + τ) ≥ ϑ ≥ cK
√

d, so that
h̄(T)/h̄(T + τ) ≤ CK. Further, (7.39) at t = T gives |ei(T)| ≤ CK/(1 + pi/d) ≤ CKd/pi.
The first term in (7.46) is at most CK(d/pi)e−2dτ. By (7.45), the second term is at most

CK
d3/2
√

d

∫ τ

0
e−2pi(τ−u)e−2du du = CKd e−2dτ

∫ τ

0
e−2(pi−d)(τ−u) du

≤ CKd e−2dτ min
{

τ,
1

2(pi − d)

}
,

where the minimum is τ when pi = d. We claim that d min{τ, (2(pi − d))−1} ≤ 2(1 +

dτ)d/pi. If pi − d ≤ d, then d/pi ≥ 1/2 and dτ ≤ 2(1 + dτ)d/pi. If pi − d > d, then
2(pi − d) ≥ pi and d/(2(pi − d)) ≤ d/pi. This proves (7.41). Finally, N−1 ∑j(d/pj)

2 =

d2/ϑ ≤ CKd3/2 by Lemma 7.10, and squaring (7.41) proves (7.42).

Lemma 7.13 (Derivatives of the heat vector). Assume (7.30). There exists CK < ∞ such that,
for every t ≥ 0 and 1 ≤ i ≤ N,

max
j

pjhj(t)2 ≤ CK(1 + dt), max
j

√
pj |h′j(t)| ≤

CK

1 + t
, |h′i(t)| ≤

CKhi(t)
1 + t

. (7.47)
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In particular, for all t, u ≥ 0,

max
j

pj
[
hj(t + u)− hj(t)

]2 ≤ CK log2
(

1 +
u

1 + t

)
, (7.48)

and, for every nonzero y ∈ [0, ∞)N,
∣∣ d

dt h(t)Ty
∣∣ ≤ CK h(t)Ty/(1 + t).

Proof. Let T = d−1. We use Lemma 7.11, the identity h′i = −2h̄ ei of (7.11), and
Lemma 7.12.

For the first bound, let t ≥ 1. Since (1 + x)2 ≥ 4x, we have pi/(1 + pit)2 ≤ 1/(4t).
Using Lemma 7.11, we find

pihi(t)2 ≤ CKa(t)2 pi(1 + t)2

(1 + pit)2 ≤ CKa(t)2 (1 + t)2

4t
≤ CK

(
d + (1 + t)−1)(1 + t) ≤ CK(1 + dt),

where we used a(t)2 ≤ 2(d + (1 + t)−1), (1 + t)/(4t) ≤ 1/2, and d ≤ 1. For t ≤ 1, we use
pi ≤ 1 + K and hi ≤ 3.

For the third bound, note that Lemma 7.11 implies h̄(t)/hi(t) ≤ CK(1 + pit)/(1 + t).
If t ≤ T, then (7.39) yields

|h′i(t)|
hi(t)

=
2h̄(t)|ei(t)|

hi(t)
≤ CK

1 + pit
1 + t

· 1
1 + pit

=
CK

1 + t
.

If t = T + τ with τ ≥ 0, we use (7.41) and d(1 + pit)/pi ≤ 1 + dt = 2 + dτ to find

|h′i(t)|
hi(t)

≤ CK
1 + pit
1 + t

· d
pi
(1 + dτ)e−2dτ ≤ CK

1 + t
(2 + dτ)(1 + dτ)e−2dτ ≤ CK

1 + t
.

For the second bound,
√

pi|h′i| = 2
√

pi h̄|ei|. For t ≤ 1, this is at most 2
√

1 + K CK.
For 1 ≤ t ≤ T, we have

√
pi/(1 + pit) ≤ 1/(2

√
t), since 1 + x ≥ 2

√
x, and h̄(t) ≤

CK(1 + t)−1/2. Then (7.39) implies that
√

pi|h′i(t)| ≤ CK/(
√

t
√

1 + t) ≤ CK/(1 + t). For
t = T + τ, we have h̄(t) ≤ CKa(t) ≤ CK

√
d. Using (7.41) and pi ≥ d, we obtain

√
pi |h′i(t)| ≤ CK

d3/2
√

pi
(1 + dτ)e−2dτ ≤ CKd(1 + dτ)e−2dτ

≤ CK

1 + t
(2 + dτ)(1 + dτ)e−2dτ ≤ CK

1 + t
,

where we used d(1 + t) = d + 1 + dτ ≤ 2 + dτ.
Integrating the second bound in (7.47), we find √pj|hj(t + u)− hj(t)| ≤ CK

∫ t+u
t (1 +

v)−1 dv = CK log(1 + u/(1 + t)), and squaring yields (7.48). Finally, for y ≥ 0, we have
| d

dt h(t)Ty| ≤ ∑j |h′j(t)|yj ≤ CK(1 + t)−1 ∑j hj(t)yj by the third bound.



7 Deterministic covariance evolution and heat estimates § 7.4 131

7.4 Estimates in the critical window

In the critical window, the smallest half-precision is of order N−2/3 and no gap between
the first two half-precisions is assumed. The following lemma uses only the trace con-
dition and two-sided bounds of order (i/N)2/3 on all half-precisions. These hypotheses
are part of the critical spectral conditions (4.36), which hold for the model at every fixed
confidence by Lemma 4.17. We write X ≍ Y if c∗Y ≤ X ≤ C Y for positive constants c∗, C
that depend only on the quantities named in the statement.

Lemma 7.14 (Heat estimates in the critical window). Let N ≥ 2 and 0 < c0 ≤ C0, and let
r1, . . . , rN > 0, not necessarily ordered, satisfy

N

∑
i=1

1
2ri

= N, c0

( i
N

)2/3
≤ ri ≤ C0

( i
N

)2/3
(1 ≤ i ≤ N). (7.49)

Let H, h(t), and h̄(t) be as in (7.3) with pi = 2ri; then H is the matrix (7.13). For every fixed
K < ∞, uniformly in 0 ≤ t ≤ KN2/3 and 1 ≤ i ≤ N,

h̄(t) =
1
N

N

∑
j=1

hj(t) ≍
1√

1 + t
, hi(t) ≍

√
1 + t

1 + rit
, (7.50)

with constants depending only on c0, C0, and K. There exists C < ∞, depending only on c0 and
C0, such that for all u, w ≥ 0,

N

∑
i=1

1
(1 + riw)2(1 + riu)

≤ CN
(1 + w)3/2 min

{
1,

1 + w
1 + u

}
. (7.51)

The entries of etH are given by

(etH)ij = e−4ritδij +
2
N

∫ t

0
e−4ri(t−u)hj(u) du. (7.52)

Proof. The identity (7.52) is (7.8) with pi = 2ri. In this proof, c∗ and C denote positive
constants depending only on c0 and C0, and CK also depends on K. Note that pi = 2ri ≤
2C0. The proof has five steps: bounds on the Laplace transform of h̄, the upper bound on
h̄, the lower bound on h̄, the bounds on hi, and the bound (7.51).

Step 1: the Laplace transform. By (7.10) and (7.14), for ζ > 0,

̂̄h(ζ) = G(ζ)
ζ S(ζ) , G(ζ) = 1

N ∑
i

1
2ri + ζ/2

, S(ζ) = 1
N ∑

i

1
ri(ζ + 4ri)

.

For 0 < ζ ≤ 1, we have (2C0 + 1/2)−1 ≤ G(ζ) ≤ G(0) = 1. We show that

S(ζ) ≤ Cζ−1/2 (ζ > 0), S(ζ) ≥ c∗ ζ−1/2 (N−2/3 ≤ ζ ≤ 1). (7.53)
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For the upper bound, the lower bound in (7.49) and the monotonicity of y 7→ [c0y2/3(ζ +

4c0y2/3)]−1 give

S(ζ) ≤
∫ ∞

0

dy
c0y2/3(ζ + 4c0y2/3)

=
6

(4c0)3/2
√

ζ

∫ ∞

0

dx√
x (1 + x)

=
3π

4c3/2
0

√
ζ

,

where we substituted 4c0y2/3 = ζx. For the lower bound, suppose first that N−2/3 ≤ ζ ≤
2−2/3. The interval [Nζ3/2, 2Nζ3/2] has length at least one and lies in [1, N]. It contains
at least Nζ3/2/2 integers i, and for each of them we have ri ≤ C0(2ζ3/2)2/3 ≤ 2C0ζ and
[ri(ζ + 4ri)]

−1 ≥ [2C0(1 + 8C0)ζ
2]−1. Summing over these i yields S(ζ) ≥ c∗ ζ−1/2. If

2−2/3 ≤ ζ ≤ 1, the bound ri ≤ C0 yields S(ζ) ≥ [C0(1 + 4C0)]
−1 ≥ c∗ ζ−1/2. Combining

(7.53) with the bounds on G, we obtain

c∗ ζ−1/2 ≤ ̂̄h(ζ) ≤ Cζ−1/2, N−2/3 ≤ ζ ≤ 1. (7.54)

Step 2: the upper bound on h̄. As in the proof of Lemma 7.10, h̄(t) ≤ e t−1̂̄h(1/t) for
t > 0. For 1 ≤ t ≤ N2/3, this bound and (7.54) imply that h̄(t) ≤ Ct−1/2. For t ≤ 1, we
have h̄(t) ≤ 1. For N2/3 ≤ t ≤ KN2/3, monotonicity gives h̄(t) ≤ h̄(N2/3) ≤ CN−1/3 ≤
C
√

K t−1/2. Altogether, h̄(t) ≤ CK(1 + t)−1/2 for 0 ≤ t ≤ KN2/3.

Step 3: the lower bound on h̄. Let ρ̄ = ϑδ0 + ρ. By Lemma 7.1, we have h̄(t) =∫
e−λtρ̄(dλ) and ̂̄h(ζ) = ∫

ρ̄(dλ)/(ζ + λ) for ζ > 0. Let c2, C2 be the constants in (7.54),
and fix L ≥ 1 such that 2C2L−1/2 ≤ c2/2. Let N−2/3 ≤ ζ ≤ 1/L. For λ > Lζ, we have
(ζ + λ)−1 ≤ λ−1 ≤ 2(Lζ + λ)−1, so∫

(Lζ,∞)

ρ̄(dλ)

ζ + λ
≤ 2̂̄h(Lζ) ≤ 2C2(Lζ)−1/2 ≤ c2

2
ζ−1/2,

where we used (7.54) at Lζ ∈ [N−2/3, 1]. It follows that
∫
[0,Lζ] ρ̄(dλ)/(ζ + λ) ≥

(c2/2)ζ−1/2. The integrand is at most ζ−1, which implies that ρ̄([0, Lζ]) ≥ (c2/2)ζ1/2.
Then

h̄(1/ζ) ≥
∫
[0,Lζ]

e−λ/ζ ρ̄(dλ) ≥ e−Lρ̄([0, Lζ]) ≥ e−L c2

2
ζ1/2.

Setting t = 1/ζ, we obtain h̄(t) ≥ c∗t−1/2 for L ≤ t ≤ N2/3. For t ≤ L, we have
h̄(t) ≥ e−4C0t ≥ e−4C0L by the first part of Lemma 7.1. For t ≥ N2/3, we use h̄(t) ≥ ϑ. By
(7.2), ϑ = N/ ∑i(2ri)

−2 = 4N/ ∑i r−2
i , and (7.49) gives

C−2
0 N4/3 ≤ r−2

1 ≤ ∑
i

r−2
i ≤ c−2

0 N4/3 ∑
i≥1

i−4/3 ≤ 4c−2
0 N4/3.

This gives c2
0N−1/3 ≤ ϑ ≤ 4C2

0 N−1/3; in particular, ∑j hj(t) decreases to Nϑ ≍ N2/3. For
t ≥ N2/3, we have (1 + t)−1/2 ≤ N−1/3 and therefore h̄(t) ≥ c2

0(1 + t)−1/2. We conclude
that h̄(t) ≥ c∗(1+ t)−1/2 for all t ≥ 0, and together with Step 2 this proves the first bound
in (7.50).
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Step 4: the coordinates. By (7.9), hi(t) = e−4rit + 2
∫ t

0 e−4ri(t−u)h̄(u) du. For t ≤ 1, we have
e−4C0 ≤ hi(t) ≤ 3, while (1+C0)

−1 ≤
√

1 + t/(1+ rit) ≤
√

2. Let 1 ≤ t ≤ KN2/3. For the
lower bound, we keep the integral over [t/2, t] and use Step 3 and 1 − e−x ≥ x/(1 + x):

hi(t) ≥ 2h̄(t)
∫ t/2

0
e−4riv dv = h̄(t)

1 − e−2rit

2ri
≥ h̄(t)

t
1 + 2rit

≥ c∗

√
1 + t

1 + rit
.

For the upper bound, we have h̄(u) ≤ CK(1 + t)−1/2 for u ∈ [t/2, t] by Step 2, and
2
∫ t/2

0 e−4riv dv ≤ min{t, (2ri)
−1} ≤ 2t/(1 + rit). Thus the integral over [t/2, t] is at most

CK
√

1 + t/(1 + rit). The integral over [0, t/2] is at most 2e−2rit
∫ t/2

0 h̄ ≤ CKe−2rit
√

t ≤
CK

√
1 + t/(1 + rit), and e−4rit ≤ (1 + rit)−1. This proves the second bound in (7.50).

Step 5: the sum (7.51). Let w̄ = 1 + w and ū = 1 + u. Since ri ≤ C0, we have 1 + riw̄ ≤
(1 + C0)(1 + riw), and similarly for u. The summand in (7.51) is a decreasing function of
ri, and the lower bound in (7.49) gives

N

∑
i=1

1
(1 + riw)2(1 + riu)

≤ (1 + C0)
3

N

∑
i=1

ϕ
(
c0(i/N)2/3), ϕ(x) =

1
(1 + w̄x)2(1 + ūx)

.

Since ϕ is decreasing, the right side is at most (1 + C0)
3N

∫ 1
0 ϕ(c0y2/3) dy, and the substi-

tution x = c0y2/3 bounds this by CN
∫ ∞

0
√

x ϕ(x) dx. If ū ≤ w̄, we bound the last factor
of ϕ by one and substitute x = x′/w̄:

∫ ∞

0

√
x ϕ(x) dx ≤

∫ ∞

0

√
x dx

(1 + w̄x)2 = w̄−3/2
∫ ∞

0

√
x′ dx′

(1 + x′)2 =
π

2
w̄−3/2.

If ū ≥ w̄, we use (1 + ūx)−1 ≤ (ūx)−1 and the same substitution:∫ ∞

0

√
x ϕ(x) dx ≤ 1

ū

∫ ∞

0

dx√
x (1 + w̄x)2 =

w̄−1/2

ū

∫ ∞

0

dx′√
x′ (1 + x′)2

=
π

2
w̄−3/2 w̄

ū
.

In both cases, the integral is at most (π/2)w̄−3/2 min{1, w̄/ū}, and (7.51) follows.

7.5 Positive measures from real squared resolvents

The following lemma identifies limits of positive measures on [0, ∞) from the conver-
gence of their squared resolvents at real arguments. It is used in Sections 14 and 20,
where these squared resolvents are computed from exact resolvent identities such as
(7.10). The compact-interval moment method goes back to Hausdorff [81, 82]; see [151,
Chapter III, pp. 100–143]. After compactifying [0, ∞) to [0, 1], we recover the moments
from the squared resolvents by the finite-difference calculation below. A related use of
compactification and Hausdorff moments for generalized Stieltjes transforms appears in
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[135, proof of Theorem 2, (13)]. We then approximate continuous functions by Bernstein
polynomials [29, pp. 1–2]. We include the short proof because we need versions with
varying test functions, with uniformity over families of test functions, and with random
measures.

Lemma 7.15 (Positive measures from real squared resolvents). Let µn, n ≥ 1, and µ be
positive Borel measures on [0, ∞), and let

Tn(ζ) =
∫
[0,∞)

µn(dy)
(ζ + y)2 , T(ζ) =

∫
[0,∞)

µ(dy)
(ζ + y)2 , ζ ≥ 1.

Suppose that Tn(1) and T(1) are finite and that Tn(ζ) → T(ζ) for every rational ζ ≥ 1.

1. For every continuous function f : [0, 1] → R,

∫
[0,∞)

f
(
(1 + y)−1)
(1 + y)2 µn(dy) −→

∫
[0,∞)

f
(
(1 + y)−1)
(1 + y)2 µ(dy). (7.55)

In particular, µn → µ vaguely.
2. Let φn, φ : [0, ∞) → R be continuous functions such that sup0≤y≤R |φn(y)− φ(y)| → 0

for every R < ∞, and

lim
R→∞

sup
n

sup
y≥R

(1 + y)2|φn(y)| = 0, lim
R→∞

sup
y≥R

(1 + y)2|φ(y)| = 0. (7.56)

Then
∫

φn dµn →
∫

φ dµ.
3. Let Θ be a set, and let φn,θ, φθ, θ ∈ Θ, be continuous functions on [0, ∞). Suppose that

supθ sup0≤y≤R |φn,θ(y)− φθ(y)| → 0 for every R, and that (7.56) holds with supθ inserted
before supy≥R in both conditions. Suppose also that the family (φθ)θ∈Θ is uniformly bounded
and uniformly equicontinuous on [0, R] for every R. Then supθ |

∫
φn,θ dµn −

∫
φθ dµ| →

0.
4. Suppose instead that µn and µ are random measures, that Tn(1) and T(1) are almost surely

finite, and that Tn(ζ) − T(ζ) → 0 in probability for every rational ζ ≥ 1. Then the
conclusion of the first part holds in probability for every continuous f , and also for every
random f that is a measurable random element of C([0, 1]). The conclusions of the second
and third parts hold in probability for deterministic tests that satisfy their hypotheses. They
also hold in probability for random tests under the following conditions.

• The tests are measurable random elements of C([0, ∞)), with the topology of uniform
convergence on compact sets. In the third part, all suprema over θ that appear in the
hypotheses and in the conclusion are measurable.

• For each n,
∫
|φn| dµn +

∫
|φ| dµ < ∞ almost surely, and in the third part the same

holds for each θ.
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• For every R < ∞, supθ sup0≤y≤R |φn,θ(y)− φθ(y)| → 0 in probability.
• For every ε > 0, there exist events E ε

n with lim infn P(E ε
n) ≥ 1 − ε and a deterministic

function τε with τε(R) → 0 as R → ∞ such that, for each n, on E ε
n,

sup
θ∈Θ

sup
y≥R

(1 + y)2(|φn,θ(y)|+ |φθ(y)|
)
≤ τε(R) for every R ≥ 1.

In the third part, we also assume that on E ε
n the functions φθ are bounded by a determin-

istic constant Bε and have, on each interval [0, R], a modulus of continuity bounded by a
deterministic function ϖε,R with ϖε,R(r) → 0 as r ↓ 0.

In the second part, the suprema over θ are omitted.

Proof. We first compactify, then recover the moments by finite differences, approximate
continuous functions by Bernstein polynomials, and finally treat varying tests, families
of tests, and random measures.

Step 1: compactification. Let λn and λ be the images of the finite measures (1 +

y)−2µn(dy) and (1 + y)−2µ(dy) under the map y 7→ x = (1 + y)−1 from [0, ∞) to
(0, 1]. They are finite measures on [0, 1] with no atom at 0 and with total masses Tn(1)
and T(1). The left side of (7.55) is

∫
f dλn. For t ≥ 0, let Ft(x) = (1 + tx)−2. Since

(1 + t/(1 + y))−2(1 + y)−2 = (1 + t + y)−2, we have∫
Ft dλn = Tn(1 + t),

∫
Ft dλ = T(1 + t). (7.57)

In particular, λn([0, 1]) = Tn(1) → T(1) = λ([0, 1]).

Step 2: moments. Fix an integer k ≥ 1 and a rational δ > 0, and let

Dk,δ(x) =
1

(−1)k(k + 1)! δk

k

∑
j=0

(−1)k−j
(

k
j

)
Fjδ(x).

We have ∂k
t Ft(x) = (−1)k(k + 1)! xk(1 + tx)−k−2. The kth forward difference of t 7→ Ft(x)

with step δ is the integral of ∂k
t Ft(x) at t = t1 + · · ·+ tk over (t1, . . . , tk) ∈ [0, δ]k, by the

fundamental theorem of calculus applied k times. Hence

Dk,δ(x) = δ−k
∫
[0,δ]k

xk

(1 + (t1 + · · ·+ tk)x)k+2 dt1 · · · dtk.

For x ∈ [0, 1] and 0 ≤ τ ≤ kδ, Bernoulli’s inequality (1+ τx)−k−2 ≥ 1− (k + 2)τx implies
that 0 ≤ xk − xk(1 + τx)−k−2 ≤ (k + 2)kδ. Taking τ = t1 + · · ·+ tk and averaging over
the cube, we obtain

sup
0≤x≤1

∣∣Dk,δ(x)− xk∣∣ ≤ k(k + 2) δ. (7.58)
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By (7.57),
∫

Dk,δ dλn is a finite linear combination of the numbers Tn(1 + jδ), at rational
arguments, and it converges to

∫
Dk,δ dλ. Further, (7.58) gives∣∣∣ ∫ xk λn(dx)−

∫
xk λ(dx)

∣∣∣ ≤ ∣∣∣ ∫ Dk,δ dλn −
∫

Dk,δ dλ
∣∣∣+ k(k + 2)δ

(
Tn(1) + T(1)

)
.

Letting n → ∞ and then δ ↓ 0 through the rationals, we find that every moment of λn

converges to the corresponding moment of λ. For k = 0 this is Tn(1) → T(1).

Step 3: continuous functions. For a continuous f on [0, 1] and m ≥ 1, let Bm f (x) =

∑m
j=0 f (j/m)(m

j )xj(1 − x)m−j be its Bernstein polynomial, and let ω f be its modulus
of continuity. Let J be a binomial random variable with parameters m and x. Then
Bm f (x)− f (x) = E[ f (J/m)− f (x)], and J/m has mean x and variance x(1 − x)/m ≤
1/(4m). Splitting according to whether |J/m − x| ≤ r and using Chebyshev’s inequality,
we find

∥Bm f − f ∥∞ ≤ ω f (r) + 2∥ f ∥∞
1

4mr2 = ω f (r) +
∥ f ∥∞

2mr2 .

With r = m−1/4, the right side tends to zero as m → ∞. Then∣∣∣ ∫ f dλn −
∫

f dλ
∣∣∣ ≤ ∣∣∣ ∫ Bm f dλn −

∫
Bm f dλ

∣∣∣+ ∥Bm f − f ∥∞
(
Tn(1) + T(1)

)
.

The first term tends to zero as n → ∞ by Step 2, since Bm f is a polynomial. Letting
n → ∞ and then m → ∞ proves (7.55). If φ is continuous with compact support in [0, ∞),
then f (x) = x−2φ(x−1 − 1) for x ∈ (0, 1] and f (0) = 0 defines a continuous function on
[0, 1] that vanishes near zero, with

∫
f dλn =

∫
φ dµn, and vague convergence follows

from (7.55).

Step 4: varying tests. Define fn(x) = x−2φn(x−1 − 1) and f (x) = x−2φ(x−1 − 1) for
x ∈ (0, 1], and fn(0) = f (0) = 0. With y = x−1 − 1, we have | f (x)| = (1 + y)2|φ(y)|.
The second condition in (7.56) then shows that f is continuous at zero, and similarly for
each fn. Also

∫
φn dµn =

∫
fn dλn and

∫
φ dµ =

∫
f dλ. Let R > 0. For x ≥ (1 + R)−1,

that is y ≤ R, we have | fn(x)− f (x)| ≤ (1 + R)2 sup[0,R] |φn − φ|. For x < (1 + R)−1, we
have | fn(x)− f (x)| ≤ supy≥R(1 + y)2(|φn(y)|+ |φ(y)|). Choosing first R large and then
n large, we find ∥ fn − f ∥∞ → 0. Then∣∣∣ ∫ fn dλn −

∫
f dλ

∣∣∣ ≤ ∥ fn − f ∥∞ Tn(1) +
∣∣∣ ∫ f dλn −

∫
f dλ

∣∣∣ −→ 0,

by Step 3. This proves the second part.

Step 5: families of tests. Define fn,θ and fθ as in Step 4. As in Step 4, we have
supθ ∥ fn,θ − fθ∥∞ → 0. We claim that { fθ : θ ∈ Θ} is uniformly bounded and uni-
formly equicontinuous on [0, 1]. Let τ(R) = supθ supy≥R(1 + y)2|φθ(y)|, which tends to
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zero. On [0, (1 + R)−1] we have | fθ| ≤ τ(R). On [(1 + R)−1, 1], the map x 7→ x−1 − 1 is
Lipschitz with constant (1+ R)2, and x 7→ x−2 is bounded by (1+ R)2 and Lipschitz with
constant 2(1 + R)3. Therefore the uniform bound and the uniform modulus of continuity
of (φθ) on [0, R] yield a uniform bound and a uniform modulus of continuity of ( fθ)

there. Given ε > 0, we choose R with 2τ(R) ≤ ε; two points of [0, 1] at distance at most r
that are not both in [(1 + R)−1, 1] can be compared through the point (1 + R)−1, where
| fθ| ≤ τ(R). This proves the claim. By the Arzelà–Ascoli theorem, for every ε > 0 there
exist finitely many continuous functions g1, . . . , gL on [0, 1] such that every fθ satisfies
∥ fθ − gl∥∞ ≤ ε for some l. Then

sup
θ

∣∣∣ ∫ fθ dλn −
∫

fθ dλ
∣∣∣ ≤ max

l≤L

∣∣∣ ∫ gl dλn −
∫

gl dλ
∣∣∣+ ε

(
Tn(1) + T(1)

)
,

and the maximum tends to zero by Step 3. Since ε is arbitrary and supθ ∥ fn,θ −
fθ∥∞ Tn(1) → 0, the third part follows.

Step 6: random measures. Under the hypotheses of the fourth part, Tn(1) converges in
probability to the almost surely finite T(1). The total masses are therefore tight, that is,
for every ε > 0 there exists Mε with P(Tn(1) + T(1) > Mε) ≤ ε for all large n. In Step 2, at
fixed k and δ,

∫
Dk,δ dλn −

∫
Dk,δ dλ tends to zero in probability. Given ε > 0, we choose δ

with k(k + 2)δMε ≤ ε and then n large; this shows that every moment difference tends to
zero in probability. In Step 3, for deterministic f , we choose m with ∥Bm f − f ∥∞Mε ≤ ε.
For a random f that is a measurable random element of C([0, 1]),

∫
Bm f dλn −

∫
Bm f dλ

is a sum of m + 1 products of the almost surely finite random variables f (j/m) with
moment differences of xj(1 − x)m−j, which tend to zero in probability. Hence it tends to
zero in probability, and ∥Bm f − f ∥∞ → 0 almost surely as m → ∞. This proves the first
part in probability.

For random tests, the integrals in the second and third parts are almost surely defined
by the integrability assumption, and the measurability assumptions make the events
below measurable. Since the limit tests φθ do not depend on n, the event on which their
weighted tails are bounded by τε, and in the third part also the bound Bε and the moduli
ϖε,R hold, contains E ε

n for every n, and so has probability at least 1 − ε. On this event,
the transformed limit tests fθ are continuous at zero, and in the third part they lie in a
fixed deterministic set Kε of functions on [0, 1] with a common bound and a common
modulus of continuity, as in Step 5. This set is compact in the uniform topology by the
Arzelà–Ascoli theorem, so the functions g1, . . . , gL of Step 5 can be chosen deterministic.
On E ε

n, as in Step 4,

sup
θ

∥ fn,θ − fθ∥∞ ≤ (1 + R)2 sup
θ

sup
0≤y≤R

|φn,θ(y)− φθ(y)|+ τε(R)

for every R ≥ 1. We choose R with τε(R) small and then let n → ∞; since the comple-
ments of the events above have probability at most ε asymptotically, supθ ∥ fn,θ − fθ∥∞ → 0
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in probability. The first part, in probability, applied to g1, . . . , gL and to f , together with
the tightness of Tn(1) + T(1), completes the proof as in Steps 4 and 5.



section 8

Functional inequalities on the sphere

In this section, we prove the functional inequalities used in the rest of the paper. They
concern the Langevin generator of a quadratic potential on SN and its Gibbs measure,
which is a Bingham distribution. We note that all statements of this section are deter-
ministic. They hold for a fixed matrix, or for a fixed sequence of precisions, that satisfies
explicit hypotheses. In the applications, these hypotheses are verified on events of the
disorder, following the convention of Section 3.4.

In Section 8.1, we fix the conventions and collect standard tools. In Section 8.2, we
write the Bochner formula for the generator in ambient coordinates (Lemma 8.3). With a
weight built from the equilibrium covariance, we then prove a weighted gradient estimate
for the semigroup and a lower bound on the spectral gap (Lemma 8.5 and Theorem 8.6).
These results are used in Sections 9 and 10. Section 8.3 contains a lower bound on the
spectral gap that is sharp when many precisions are comparable to the smallest one
(Theorem 8.8), and the Poincaré inequality that follows from it (Corollary 8.9). The first
is used in Section 9, and the second in Sections 12, 17, and 19. In Section 8.4, we extend
functions from the sphere to Gaussian space and obtain logarithmic Sobolev inequalities
with an additive error term (Theorem 8.11). We also bound the density of a weighted
sum of squared Gaussian variables (Lemma 8.12). Together with a Poincaré inequality,
these results give logarithmic Sobolev inequalities (Corollary 8.13). Section 8.5 treats the
case where only a few precisions are close to the smallest one (Lemmas 8.18 and 8.19),
which is the situation in the critical window. In Section 8.6, we combine these results. We
bound the Poincaré and logarithmic Sobolev constants of the Gibbs measure by CN2/3

in the critical window, and those of the Bingham comparison law at time t ≤ KN2/3 by
CK(1 + t) (Proposition 8.21). This is used in Sections 12 and 19.

We use the definitions of Section 3, the conditioned Gaussian laws µv of Definition 5.4,
the hypotheses (4.36) on the critical half-precisions, and the heat estimates of Lemma 7.14.
The analytic inputs are classical; we recall them in Lemma 8.2. They are the Bochner
formula and the Γ2 calculus of Bakry and Émery [11, 12], the Gaussian logarithmic
Sobolev inequality [79], Rothaus’s lemma [125], the Brascamp–Lieb inequality [36] in its
version on convex domains [96], and the perturbation argument of Holley and Stroock
[84, Lemma 5.1, pp. 1183–1184].

139
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8.1 Conventions and standard tools

Dirichlet forms. Throughout this section, N ≥ 2. For a function f defined near SN, we
write ∇S f for its gradient along SN and set Γ( f , g) = ⟨∇S f ,∇Sg⟩ and Γ( f ) = Γ( f , f ) =
|∇S f |2. For a probability measure µ on SN with a smooth positive density with respect
to νN, we write

Eµ( f ) =
∫

Γ( f ) dµ

for the spherical Dirichlet form, defined on the closure H1(SN) of the smooth functions in
the norm (µ( f 2) + Eµ( f ))1/2, and CP(µ) and CLS(µ) for the smallest constants such that
the Poincaré and logarithmic Sobolev inequalities (3.5) hold. Recall from Section 3 that
every such inequality in this paper refers to this spherical form, which is the Dirichlet form
of the Langevin generator with noise coefficient

√
2. Ambient Euclidean and Gaussian

forms appear only inside proofs, where they are named. The inequalities (3.5) for smooth
f extend to H1(SN): if fn → f in H1(SN) and almost everywhere, then Varµ( fn) →
Varµ( f ) and Eµ( fn) → Eµ( f ), and Fatou’s lemma, applied to f 2

n log f 2
n + e−1 ≥ 0, gives

Entµ( f 2) ≤ lim infn Entµ( f 2
n). We use this density argument without further comment.

Quadratic potentials. Let A be a real symmetric N × N matrix with eigenvalues α1 ≥
· · · ≥ αN , and recall the generator LA, the semigroup PA

t and the Gibbs measure πA from
(3.3). In the notation of this section, the integration by parts formula (3.4) reads∫

f (−LAg) dπA =
∫

Γ( f , g) dπA (8.1)

for smooth f and g. By elliptic spectral theory on the compact connected weighted
manifold SN [130, Section 2, p. 30], the closure of −LA is self-adjoint and nonnegative
on L2(πA), its spectrum is discrete, its eigenfunctions are smooth, and its kernel consists
of the constant functions. In particular, the spectral gap λgap(LA) of Section 3 is the
smallest λ > 0 for which there exists a nonconstant smooth f with LA f = −λ f , and
CP(πA) = 1/λgap(LA).

We recall from Definition 3.3 the Lagrange multiplier z > α1, the precisions pi = z− αi,
the variances qi = 1/pi, which satisfy ∑i qi = N, the smallest and largest precisions
d = p1 and s = pN, the ratio κ = s/d, and the half-precisions ri = pi/2. We also write
Q = (zI − A)−1. Unless stated otherwise, we work in an orthonormal eigenbasis of A, so
that A = diag(α1, . . . , αN), Q = diag(q1, . . . , qN), and x1, . . . , xN are the eigencoordinates.
Recall from Proposition 5.6 that πA is the conditioned Gaussian law µq of Definition 5.4;
on SN, it is proportional to exp(−1

2 ∑i pix2
i ) νN = exp(−∑i rix2

i ) νN. By (3.7), adding
a multiple of the identity to A changes neither LA nor πA. It shifts z by the same
amount and leaves the precisions and variances unchanged. In particular, LA = L−P and
πA = π−P for P = diag(p1, . . . , pN). Conversely, for every q ∈ (0, ∞)N with ∑i qi = N,
the law µq equals πA for A = −diag(q−1

1 , . . . , q−1
N ), whose Lagrange multiplier is z = 0
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and whose variances are q1, . . . , qN. We use this identification without further comment:
a statement about πA in terms of its precisions is a statement about every µq. As
in Definition 3.3, the variances qi are the parameters of the Gaussian vector before
conditioning; they need not equal the second moments of πA.

Reflections. For 1 ≤ j ≤ N, let Rj be the reflection that changes the sign of xj. When
A is diagonal, Rj preserves νN, πA, LA and Γ (see Lemma 3.1). Let µ be a probability
measure on SN with a smooth positive density that is invariant under Rj. We write
H+

j = {x ∈ SN : xj ≥ 0} and µ+
j = µ(· | H+

j ), and we equip µ+
j with the reflecting form

Eµ+
j
(u) =

∫
H+

j

Γ(u) dµ+
j , u ∈ H1(H+

j ).

No boundary condition is imposed on u. When µ is invariant under every Ri, we similarly
equip the orthant O = {x ∈ SN : xi ≥ 0 for all i} with µO = µ(· | O) and the reflecting
form. A function invariant under every Ri, that is, a function in the coordinate-even
sector of Definition 3.2, is determined by its restriction to O. We call CP(µO) and CLS(µO)

the constants of the coordinate-even sector. When j = 1 we write µ+ = µ+
1 .

Lemma 8.1 (Reflecting hemispheres and the coordinate-even sector). Let µ be invariant
under Rj, and let α, β ≥ 0. Suppose that

Entµ( f 2) ≤ α Eµ( f ) + βµ( f 2) for all f ∈ H1(SN).

Then the same inequality holds for µ+
j and every u ∈ H1(H+

j ). Also, CP(µ
+
j ) ≤ CP(µ) and

CLS(µ
+
j ) ≤ CLS(µ). If µ is invariant under every Ri, the same conclusions hold for µO.

Proof. Let ϕj(x) be x with xj replaced by |xj|. For u ∈ H1(H+
j ), the even extension

ũ = u ◦ ϕj belongs to H1(SN), and Γ(ũ) = Γ(u) ◦ ϕj almost everywhere, because Rj
is an isometry of SN whose fixed set is the smooth hypersurface {xj = 0}. We have∫

g ◦ ϕj dµ =
∫

g dµ+
j for every measurable g ≥ 0 on H+

j , because µ is Rj-invariant.
Applying this to g = u2, u2 log u2 and Γ(u), we find that the variance, the entropy and
the energy of ũ under µ coincide with those of u under µ+

j . This proves the claims for
µ+

j . For µO, use ϕ(x) = (|x1|, . . . , |xN|).

Lemma 8.2 (Standard tools). The following hold.

(i) (Bounded perturbation.) Let µ and µ′ = ρµ be probability measures on a finite-dimensional
Euclidean space carrying an energy

∫
Γ(u) dµ with the same pointwise energy density

Γ(u) ≥ 0 for both measures. If sup ρ/ inf ρ ≤ eω, then CP(µ
′) ≤ eωCP(µ).

(ii) (Rothaus’s lemma.) For every probability measure µ on SN with a smooth strictly positive
density relative to νN, every smooth real-valued f on SN, and every a ∈ R, we have
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Entµ( f 2) ≤ Entµ(( f − a)2) + 2µ(( f − a)2). If Entµ( f 2) ≤ αEµ( f ) + βµ( f 2) for all
smooth f , with α, β ≥ 0, then CLS(µ) ≤ α + (β + 2)CP(µ).

(iii) (Positive test functions.) For every smooth positive w and every smooth u on SN,∫
u2 −LAw

w
dπA ≤

∫
Γ(u) dπA.

(iv) (Gaussian logarithmic Sobolev inequality.) If γ is the standard Gaussian measure on Rm,
then Entγ(F2) ≤ 2

∫
|∇F|2 dγ for every smooth compactly supported F.

(v) (Brascamp–Lieb inequality on a convex domain.) Let m ≥ 1, let Ω ⊂ Rm be a nonempty
bounded convex open set with smooth boundary, let Ω′ be an open set containing Ω̄, and let
U ∈ C1,1(Ω′). Suppose that ∇2U ⪰ Λ almost everywhere on Ω′, where Λ is a continuous
field of positive definite matrices on Ω′. If µ is the probability measure on Ω proportional to
e−Udy, then

Varµ(u) ≤
∫
⟨Λ−1∇u,∇u⟩ dµ for every u ∈ C1(Rm).

(vi) (Spheres.) The uniform probability measure on the unit sphere Sk−1 ⊂ Rk, k ≥ 2, with
its spherical gradient, has Poincaré constant 1/(k − 1), and so does the uniform measure
on the unit hemisphere {ω ∈ Sk−1 : ω1 ≥ 0} with its reflecting form. In particular,
CP(νN) = N/(N − 1).

Proof. For (i), we have

Varµ′( f ) ≤
∫
( f − µ f )2 dµ′ ≤ (sup ρ)Varµ( f )

≤ (sup ρ)CP(µ)
∫

Γ( f ) dµ ≤ sup ρ

inf ρ
CP(µ)

∫
Γ( f ) dµ′.

This is the Poincaré version of the perturbation argument of Holley and Stroock [84,
Lemma 5.1, pp. 1183–1184]. The inequality in (ii) is due to Rothaus [125]; see also [18,
Lemma 4]. Applying it with a = µ( f ), and then the hypothesis to f − µ( f ), we obtain

Entµ( f 2) ≤ α Eµ( f ) + (β + 2)Varµ( f ) ≤
(
α + (β + 2)CP(µ)

)
Eµ( f ).

For a reflecting hemisphere or orthant obtained from a reflection-invariant smooth posi-
tive spherical law, the same Rothaus inequality follows by even extension and approxima-
tion in H1, as in Lemma 8.1. Consequently the tightening implication also holds for each
of these reflecting forms, using its own Poincaré constant. For (iii), (8.1) with f = u2/w
and g = w gives∫

u2 −LAw
w

dπA =
∫

Γ
(u2

w
, w

)
dπA

=
∫ (

2u Γ(u, log w)− u2 Γ(log w)
)

dπA ≤
∫

Γ(u) dπA,
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where in the last step we used |∇Su − u∇S log w|2 ≥ 0. This elementary inequality is
the basis of the Lyapunov-function method; see [12, Section 4.6.1, (4.6.4)–(4.6.5), p. 202].
For the marginal generators below, the diffusion matrices are symmetric and positive
definite on the open chart. The same proof then applies once the integration by parts
produces no boundary term; we check this in each use. Item (iv) is Gross’s inequality [79,
Corollary 4.2, (3.4), p. 1073], multiplied by 2.

For (v), we first suppose that U is smooth on Ω̄ and that ∇2U is positive definite
there. Then the claim with Λ = ∇2U is [96, Theorem 1.2(1)], applied with 1/N = 0 to the
weighted manifold Ω̄ with the Euclidean metric and the measure e−Udy. Its boundary
is locally convex because Ω is convex, and its generalized Ricci tensor is ∇2U. For
Ω = Rm this is the inequality of Brascamp and Lieb [36]. In general, let Uε = U ∗ ϕε for a
standard mollifier ϕε, defined on Ω̄ for small ε. The gradient ∇U is locally Lipschitz, and
∇2Uε = (∇2U) ∗ ϕε. Fix θ ∈ (0, 1). There exists ε0 > 0 such that Λ(y − w) ⪰ (1 − θ)Λ(y)
for y ∈ Ω̄ and |w| ≤ ε0, because Λ is continuous and positive definite on a compact
neighborhood of Ω̄. Then ∇2Uε ⪰ (1 − θ)Λ on Ω̄ for ε ≤ ε0, and the smooth case gives
the claim for e−Uε with the factor (1 − θ)−1. Finally, Uε → U uniformly on Ω̄, and we
may let ε → 0 and then θ → 0.

For (vi), the eigenvalues of the Laplacian of Sk−1 are ℓ(ℓ+ k − 2), ℓ ≥ 0, and the first
positive one, k − 1, has the linear functions as eigenfunctions. For k ≥ 3, this value also
attains the Lichnerowicz bound [12, Section 4.8, (4.8.1), p. 213]. The reflecting form of the
hemisphere corresponds to the functions on Sk−1 that are even in ω1, as in Lemma 8.1,
and ω2 is such an eigenfunction. Scaling by

√
N gives CP(νN) = N/(N − 1).

8.2 Ambient calculus for the quadratic generator

The results of this section use only Euclidean derivatives, matrix algebra and (8.1). We
fix a real symmetric matrix A, which we do not assume to be diagonal. For x ∈ SN, let

Πx = I − xxT

N
, eA(x) =

xTAx
N

, bA(x) = Ax −
(

eA(x) +
N − 1

N

)
x.

For a smooth function u defined near SN , we write Du and D2u for its Euclidean gradient
and Hessian. Then

LAu = tr(ΠxD2u) + bA(x) · Du, Γ(u, v) = (Du)TΠxDv (8.2)

on SN. The second formula holds because ΠxDu is the tangential part of Du. For the
first, we note that its right side depends only on the restriction of u to SN. Indeed,
suppose u = 0 on SN. Then ΠxDu = 0. For a unit vector e orthogonal to x, the curve
γe(r) = (x + re)/(1 + r2/N)1/2 stays on SN and satisfies γ′

e(0) = e and γ′′
e (0) = −x/N.

Differentiating u(γe(r)) = 0 twice at r = 0 gives eTD2u e = x · Du/N, and summing
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over an orthonormal basis of x⊥, we find tr(ΠxD2u) = (N − 1)x · Du/N. Also, Du
is parallel to x, which gives bA(x) · Du = (x · Du)(xTAx − NeA(x) − (N − 1))/N =

−(N − 1)x · Du/N. The two terms cancel, and the right side vanishes. It suffices to check
(8.2) for an extension that is constant along rays. For such u, the identities x · Du = 0 and
xTD2u x = 0 imply that tr(ΠxD2u) = ∆u = ∆Su, and bA(x) · Du = (Ax)TΠxDu is the
drift term of LA.

For a smooth positive function w on SN, we define

Γ2( f ) = 1
2

(
LAΓ( f )− 2Γ( f , LA f )

)
, Γw,2( f ) = 1

2

(
LA(wΓ( f ))− 2w Γ( f , LA f )

)
.

Lemma 8.3 (Bochner formula in ambient coordinates). Let f be smooth on SN , and extend it
to {

√
N/2 < |x| < 2

√
N} by f (x) = f (

√
Nx/|x|). On SN, let

g = D f , E = D2 f , ∇2
S f = ΠxEΠx.

Then x · g = 0, Γ( f ) = |g|2, and

Ex = −g, E = ∇2
S f − gxT + xgT

N
, (8.3)

∥E∥2
HS = ∥∇2

S f ∥2
HS +

2|g|2
N

, tr(ΠxE2) = ∥∇2
S f ∥2

HS +
|g|2
N

. (8.4)

Moreover,

Γ2( f ) = ∥∇2
S f ∥2

HS + gT
[(

eA + 1 − 2
N

)
I − A

]
g, (8.5)

and for every smooth positive w on SN, with a = ∇S log w,

Γw,2( f ) = w∥∇2
S f ∥2

HS + w gT
[(

eA + 1 − 2
N

+
LAw
2w

)
I − A

]
g + 2w∇2

S f (a, g). (8.6)

Here ∇2
S f (a, g) = aT(∇2

S f )g. The matrix ∇2
S f represents the Hessian of f on SN , since

the extension is constant along rays, and (8.5) is Bochner’s formula for LA, written in
ambient coordinates; compare [40, equations (1.38)–(1.41)], with potential V = −1

2 xTAx.
For A = 0, the identity (8.5) implies that Γ2( f ) ≥ (1 − 2/N)Γ( f ), the curvature bound
Ric = (N − 2)/N of SN . The semigroup interpolation argument based on Γ2 is the method
of Bakry and Émery [11]; see [12, Corollary 3.3.19, p. 163]. The weighted expression used
here is computed directly in (8.6) and specialized to the covariance weight in Lemma 8.5.

Proof. Since the extension is constant along rays, Euler’s identity implies that x · D f = 0.
Differentiating it once, we obtain g + Ex = 0, and multiplying by xT yields xTEx = 0.
We decompose E with the orthogonal projections Πx and xxT/N. Using Ex = −g and
Πxg = g, we find ΠxE(xxT/N) = −gxT/N. Its transpose is (xxT/N)EΠx = −xgT/N,
and (xxT/N)E(xxT/N) = 0. This proves (8.3). The three matrices ∇2

S f , gxT/N and
xgT/N are orthogonal for the Hilbert–Schmidt inner product, since (∇2

S f )x = 0 and
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x · g = 0, and the last two have squared norm |g|2|x|2/N2 = |g|2/N. This proves the first
identity in (8.4). For the second, we compute ΠxE = ∇2

S f − gxT/N and

ΠxE2 =
(
∇2

S f − gxT

N

)(
∇2

S f − gxT + xgT

N

)
= (∇2

S f )2 −
(∇2

S f )g xT

N
+

ggT

N
,

whose trace is ∥∇2
S f ∥2

HS + |g|2/N.
Let G = |D f |2 on the annulus. The function G is homogeneous of degree −2, because

the gradient of a function that is homogeneous of degree zero is homogeneous of degree
−1. By Euler’s identity, we have x · DG = −2G and xTD2G x = 6G. Also DG = 2Eg and
D2G = 2E2 + 2 ∑j gjD2(∂j f ); taking the trace, we find tr(D2G) = 2∥E∥2

HS + 2g · D∆ f . By
(8.2), using xTEg = −|g|2, we find

LAG = 2∥E∥2
HS + 2g · D∆ f − 6G

N
+ 2gTEAx + 2

(
eA +

N − 1
N

)
G.

By (8.2), the function ∆ f + Ax · D f is an extension of LA f , since x · D f = 0 and xTEx = 0.
Its gradient is D∆ f + Ag + EAx, and taking the inner product with g, we find

2Γ( f , LA f ) = 2g · D∆ f + 2gTAg + 2gTEAx.

Subtracting and using the first identity in (8.4), we have

Γ2( f ) = ∥E∥2
HS +

(
eA + 1 − 4

N

)
|g|2 − gTAg,

which is (8.5). Finally, by the product rule LA(wG) = wLAG + GLAw + 2Γ(w, G), we
have

Γw,2( f ) = wΓ2( f ) + 1
2 G LAw + Γ(w, G).

The tangential part of DG = 2Eg is 2ΠxEg = 2(∇2
S f )g by (8.3). Since a = ∇S log w, we

have Γ(w, G) = 2w∇2
S f (a, g), which proves (8.6).

Corollary 8.4 (Gradient of the norm of the gradient). In the notation of Lemma 8.3, for every
ε > 0 the function uε = (Γ( f ) + ε2)1/2 satisfies

Γ(uε) =
|(∇2

S f )g|2

|g|2 + ε2 ≤ ∥∇2
S f ∥2

HS.

Proof. As shown at the end of the previous proof, the tangential gradient of Γ( f ) = G is
2(∇2

S f )g. Using the chain rule, we find ∇Suε = (∇2
S f )g/uε, and the claim follows from

|(∇2
S f )g| ≤ ∥∇2

S f ∥HS|g|.

We now use the equilibrium covariance Q = (zI − A)−1 as a weight. Let

φ(x) =
xTQx

N
, x ∈ SN.

Note that 1/s ≤ φ ≤ 1/d on SN, because the eigenvalues of Q lie in [1/s, 1/d].
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Lemma 8.5 (The weight φ and a weighted curvature bound). Let a = ∇S log φ and
J = (κ + κ−1 − 2)/N. Then

LA φ = 2(z − 1 − eA)φ, |a|2 ≤ J, (8.7)

and, in the notation of Lemma 8.3,

Γφ,2( f ) = φ
{
∥∇2

S f ∥2
HS + 2∇2

S f (a, g) + gT
[
(zI − A)− 2

N
I
]

g
}

. (8.8)

In particular, with r0 = d − (κ + κ−1)/N,

Γφ,2( f ) ≥ r0 φ Γ( f ). (8.9)

The identity (8.8) and the bound (8.9) hold for every symmetric A, also when r0 ≤ 0.

Proof. By (8.2) with Dφ = 2Qx/N and D2φ = 2Q/N, and using tr Q = N, we have

LA φ =
2
N

(
tr Q − xTQx

N

)
+

2
N

(
xTAQx −

(
eA +

N − 1
N

)
xTQx

)
= 2 − 2φ +

2
N

xTAQx − 2eA φ.

Recall that AQ = zQ − I. Then xTAQx = Nzφ − N, and the first identity in (8.7) follows.
For the second, we work in an eigenbasis of A and write ωi = x2

i /N, so that ωi ≥ 0 and
∑i ωi = 1. We have

|a|2 =
4

N2φ2

(
|Qx|2 − Nφ2

)
=

4
N

(
∑i ωiq2

i
(∑i ωiqi)2 − 1

)
,

where we used that the tangential part of Dφ is 2Qx/N − 2φx/N. Let ℓ = 1/s and
ū = 1/d. Then qi ∈ [ℓ, ū], and therefore q2

i ≤ (ℓ+ ū)qi − ℓū. With m = ∑i ωiqi ∈ [ℓ, ū],
the ratio above is at most ((ℓ+ ū)m − ℓū)/m2. As a function of m > 0, this is maximized
at m = 2ℓū/(ℓ+ ū), where it equals (ℓ+ ū)2/(4ℓū) = (κ + 2 + κ−1)/4. We conclude that
|a|2 ≤ (κ + κ−1 − 2)/N = J. This is the elementary form of the Kantorovich inequality [93,
pp. 142–143]. For the equivalent second-moment form and its earlier history, including
the work of Frucht, see [112, Section 1, (1.3)].

Inserting LA φ/(2φ) = z − 1 − eA into (8.6), we find that the function eA cancels,
which proves (8.8). For (8.9), let T = (agT + gaT)/2. Then ⟨∇2

S f , T⟩HS = ∇2
S f (a, g) and

∥T∥2
HS = (|a|2|g|2 + (a · g)2)/2 ≤ |a|2|g|2. Completing the square, we find

∥∇2
S f ∥2

HS + 2∇2
S f (a, g) = ∥∇2

S f + T∥2
HS − ∥T∥2

HS ≥ −|a|2|g|2 ≥ −J|g|2.

The eigenvalues of zI − A are at least d. Inserting these two bounds into (8.8), we obtain
Γφ,2( f ) ≥ φ(d − 2/N − J)|g|2 = r0φΓ( f ).
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Theorem 8.6 (Weighted gradient estimate and spectral gap). Let r0 = d − (κ + κ−1)/N.
For every t ≥ 0 and every smooth f on SN,

φ Γ(PA
t f ) ≤ e−2r0tPA

t
(

φ Γ( f )
)
, Γ(PA

t f ) ≤ κ e−2r0tPA
t Γ( f ). (8.10)

If r0 > 0, then λgap(LA) ≥ r0. These conclusions remain true when r0 is replaced by any smaller
number, for instance by r = d − (κ + 1 + κ−1)/N = r0 − 1/N.

Proof. Fix t > 0. The function (u, x) 7→ PA
u f (x) is smooth on [0, t]× SN, by parabolic

regularity on the compact manifold SN. For 0 ≤ u ≤ t, let

K(u) = e−2r0uPA
u
(

φ Γ(PA
t−u f )

)
.

Using ∂uPA
t−u f = −LAPA

t−u f and the definition of Γφ,2, we find

K′(u) = e−2r0uPA
u

(
LA

(
φΓ(PA

t−u f )
)
− 2φΓ

(
PA

t−u f , LAPA
t−u f

)
− 2r0φΓ(PA

t−u f )
)

= 2e−2r0uPA
u

(
Γφ,2(PA

t−u f )− r0φΓ(PA
t−u f )

)
,

which is nonnegative by (8.9) and the positivity of PA
u . Comparing K(0) and K(t) proves

the first inequality in (8.10). The second follows from 1/s ≤ φ ≤ 1/d.
Let f be a nonconstant smooth eigenfunction, LA f = −λ f . By (8.1), we have∫

LA(φΓ( f )) dπA = 0. Using also Γ( f , LA f ) = −λΓ( f ), we find∫
Γφ,2( f ) dπA = λ

∫
φ Γ( f ) dπA.

The last integral is positive. Integrating (8.9), we find λ ≥ r0. Since this holds for
every nonconstant eigenfunction, we conclude that λgap(LA) ≥ r0. The last assertion is
immediate, since e−2r0t ≤ e−2rt and r ≤ r0.

The rate r0 is positive only when d > (κ + κ−1)/N. Near the critical temperature,
κ is of order d−1, and this condition requires Nd2 to be large. The next section proves
a lower bound on λgap(LA) without this restriction, and Sections 8.5 and 8.6 treat the
critical window, where Nd2 tends to zero.

8.3 Many precisions comparable to the smallest one

In this section, A is diagonal, with precisions pi, variances qi, smallest precision d = p1

and weight φ = xTQx/N, as in Sections 8.1 and 8.2. Let L ≥ 1, and let K ⊂ {1, . . . , N}
be a set of k ≥ 3 indices such that

pi ≤ L d for every i ∈ K. (8.11)

We write ℓ = k − 2 and SK(x) = ∑i∈K x2
i . The gradient of log φ can be large where the

coordinates in K are small. The following inequality, of Hardy type, controls its square
on average by 1/SK, which is small on average when k is large.
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Lemma 8.7 (A Hardy-type inequality). Assume (8.11). For every smooth u on SN,

πA
(
Γ(log φ) u2) ≤ 8L2d

k − 2
πA(u2) +

32L(1 + L)
(k − 2)2 πA

(
Γ(u)

)
. (8.12)

Proof. Since LA = L−P and πA = π−P, we may assume that A = −P, so that z = 0 and
eA = − p̄, where p̄(x) = N−1 ∑i pix2

i . By (8.2), for every i,

LAx2
i = 2 − 2x2

i − 2pix2
i + 2p̄ x2

i .

Multiplying by qi/N and summing over i, and using ∑i qi = N and |x|2 = N, we find
LA φ = 2( p̄ − 1)φ, in agreement with (8.7). It follows that LA log φ = 2p̄ − 2 − Γ(log φ).
Summing over i ∈ K instead, and using Γ(SK) = 4SK − 4S2

K/N, we find

LA log SK =
LASK

SK
− Γ(SK)

S2
K

=
2(k − 2)

SK
− 2 − 2p̄K + 2p̄ +

4
N

, p̄K =
∑i∈K pix2

i
SK

.

Let Υ = log(SK/φ). Subtracting the two identities, we obtain

LAΥ =
2(k − 2)

SK
− 2p̄K +

4
N

+ Γ(log φ). (8.13)

By the computation of |a|2 in the proof of Lemma 8.5,

Γ(log φ) =
4 ∑i q2

i x2
i

(∑i qix2
i )

2
− 4

N
≤ 4q1

∑i∈K qix2
i
≤ 4L

SK
,

where we used qi ≤ q1 = 1/d for all i and qi ≥ 1/(Ld) for i ∈ K. Together with
Γ(log SK) ≤ 4/SK, this gives Γ(Υ) ≤ 2Γ(log SK) + 2Γ(log φ) ≤ 8(1 + L)/SK.

We claim that ∫
u2LAΥ dπA = −2

∫
u Γ(u, Υ) dπA. (8.14)

If k = N, then SK = N, the function Υ is smooth, and (8.14) is a case of (8.1). If k < N,
then Υ is smooth on {SK > 0}, and |LAΥ| and Γ(Υ) are bounded by a constant multiple
of 1/SK. Under νN, the variable SK/N has the Beta(k/2, (N − k)/2) distribution, whose
density is proportional to sk/2−1(1 − s)(N−k)/2−1, and 1/SK is integrable because k ≥ 3;
the same holds under πA, whose density with respect to νN is bounded. For 0 < ε < N,
we apply the divergence theorem on {SK > ε}. Its boundary {SK = ε} is a product of
spheres of dimensions k − 1 and N − k − 1 with radii

√
ε and

√
N − ε, and its (N − 2)-

dimensional volume is at most CN,kε(k−1)/2. The normal derivative of Υ there is at most
Γ(Υ)1/2 ≤ (8(1 + L)/ε)1/2. The boundary term is O(ε(k−2)/2), which tends to zero, and
the two integrals over {SK > ε} converge to those in (8.14) by dominated convergence.
This proves (8.14).
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Let n = πA(u2), U = πA(u2/SK) and E = πA(Γ(u)). In (8.13), we drop the non-
negative terms 4/N + Γ(log φ) and use p̄K ≤ Ld. Then (8.14) and the Cauchy–Schwarz
inequality give

2(k − 2)U − 2Ld n ≤ 2
(
πA(u2Γ(Υ))

)1/2E1/2

≤ 2
(
8(1 + L)UE

)1/2 ≤ (k − 2)U +
8(1 + L)

k − 2
E.

Absorbing the term (k − 2)U, we find U ≤ 2Ld n/(k − 2) + 8(1 + L)E/(k − 2)2. Multi-
plying by 4L and using Γ(log φ) ≤ 4L/SK, we obtain (8.12).

Theorem 8.8 (Spectral gap when many precisions are comparable to the smallest one).
Assume (8.11), and set

AH =
8L2d
ℓ

, BH =
32L(1 + L)

ℓ2 , ρε =
1
2
+

1
4ε

(ε > 0).

(i) For every smooth f on SN,

πA
(
Γ(log φ)Γ( f )

)
≤ AH πA

(
Γ( f )

)
+ BH πA

(
∥∇2

S f ∥2
HS

)
. (8.15)

(ii) Let f be a nonconstant smooth function with LA f = −λ f , and write E1 = πA(Γ( f )) and
E2 = πA(∥∇2

S f ∥2
HS). Then for every ε > 0,

λE1 ≥ (1 − ε − ρεBH) E2 +
(

d − 2
N

− ρε AH

)
E1. (8.16)

(iii) If ℓ ≥ 64L2, then

λgap(LA) ≥ d − 2
N

− 8L2d
ℓ

.

Proof. For (i), we apply Lemma 8.7 in the form

πA
(
Γ(log φ)u2) ≤ AH πA(u2) + BH πA

(
Γ(u)

)
(8.17)

to the smooth function uε = (Γ( f ) + ε2)1/2. Using Γ( f ) ≤ u2
ε and the bound Γ(uε) ≤

∥∇2
S f ∥2

HS of Corollary 8.4, we find

πA
(
Γ(log φ)Γ( f )

)
≤ πA

(
Γ(log φ)u2

ε

)
≤ AH

(
E1 + ε2)+ BHE2,

and we let ε → 0.
For (ii), we again take A = −P, so that eA = − p̄ and (8.5) reads

Γ2( f ) = ∥∇2
S f ∥2

HS + ∑
i

pig2
i +

(
1 − 2

N
− p̄

)
|g|2,
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with g = D f as in Lemma 8.3. Recall from the proof of Lemma 8.7 that 1 − p̄ =

−1
2 LA log φ − 1

2 Γ(log φ). By (8.1), πA(Γ2( f )) = πA((LA f )2) = λE1. Also by (8.1), and
since the tangential gradient of Γ( f ) is 2(∇2

S f )g,

−1
2

∫
(LA log φ) Γ( f ) dπA =

1
2

∫
Γ
(

log φ, Γ( f )
)

dπA =
∫

∇2
S f (a, g) dπA,

where a = ∇S log φ. Integrating the expression for Γ2( f ), we obtain

λE1 = E2 + πA

(
∑

i
pig2

i

)
− 2

N
E1 + πA

(
∇2

S f (a, g)
)
− 1

2
πA

(
Γ(log φ)Γ( f )

)
.

We have ∑i pig2
i ≥ d|g|2, and |∇2

S f (a, g)| ≤ ε∥∇2
S f ∥2

HS + |a|2|g|2/(4ε) with |a|2 =

Γ(log φ). Inserting these bounds, we have

λE1 ≥ (1 − ε)E2 +
(

d − 2
N

)
E1 − ρε πA

(
Γ(log φ)Γ( f )

)
,

and (8.16) follows from (8.15).
For (iii), we take ε = 1/2, so that ρε = 1. If ℓ ≥ 64L2, then BH ≤ 64L2/ℓ2 ≤

1/(64L2) < 1/2, and the coefficient of E2 in (8.16) is nonnegative. Dropping this term
and dividing by E1 > 0, we find λ ≥ d − 2/N − AH for every nonconstant eigenfunction,
which proves (iii).

Corollary 8.9 (Poincaré inequality when many precisions are comparable to the smallest
one). Assume (8.11) with ℓ ≥ 64L2, and suppose that Nd ≥ 8. Then CP(πA) ≤ 2/d. The same
bound holds for every coordinate hemisphere with its reflecting form and for the coordinate-even
sector. Equivalently, in terms of the half-precisions ri = pi/2 and rmin = d/2: if ri ≤ Lrmin for
i ∈ K, k − 2 ≥ 64L2, and Nrmin ≥ 4, then CP(πA) ≤ 1/rmin.

Proof. Under these hypotheses, 8L2d/ℓ ≤ d/8 and 2/N ≤ d/4. Theorem 8.8 implies
that λgap(LA) ≥ 5d/8 ≥ d/2, that is, CP(πA) ≤ 2/d. The other cases follow from
Lemma 8.1.

Several later arguments apply these inequalities to conditional laws on spheres of
other radii. We record the scaling.

Remark 8.10 (Spheres of other radii). Let n ≥ 2, S > 0 and v ∈ (0, ∞)n with ∑i vi = S,
and let µv be the probability measure on {y ∈ Rn : |y|2 = S} proportional to
exp(−∑i y2

i /(2vi)) times the surface measure, as in (5.10), with the spherical Dirich-
let form of that sphere. The map x 7→ (S/n)1/2x carries µnv/S on Sn to µv. If f
is a function on {|y|2 = S} and f ′(x) = f ((S/n)1/2x), then Γ( f ′) = (S/n)Γ( f ) at
corresponding points, while variances and entropies are unchanged. It follows that
CP(µv) = (S/n)CP(µnv/S), and similarly for CLS. With ri = 1/(2vi) and rmin = mini ri,
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Corollary 8.9 reads as follows: if ri ≤ Lrmin for k indices i, with k − 2 ≥ 64L2, and
Srmin ≥ 4, then CP(µv) ≤ 1/rmin. Likewise, the inequalities of Corollary 8.13 below hold
for µv in the form CLS(µv) ≤ Cδ maxi vi + CδCP(µv), since this form is invariant under
the scaling.

8.4 Logarithmic Sobolev inequalities from a Gaussian extension

In this section, q ∈ (0, ∞)N satisfies ∑i qi = N, and µ = µq; recall from Section 8.1 that
µq = πA for A = −diag(q−1

1 , . . . , q−1
N ), whose smallest precision is 1/ maxi qi. We write

|q|2 = ∑i q2
i . Let G1, . . . , GN be independent standard Gaussian variables, and let hq

be the density of ∑i qiG2
i . The number hq(N) is the value of this density at its mean

E ∑i qiG2
i = N.

Recall that µq is the conditional law of a Gaussian vector given that its squared norm
equals N. In the next proof, we extend a function f on SN to Gaussian space, in a thin
layer outside the sphere, so that the Gaussian norm, energy and entropy of the extension
are controlled by those of f . We then apply the Gaussian logarithmic Sobolev inequality
to the extension. The extension must compensate for the Jacobian of the coarea formula,
which varies along the sphere. We obtain a logarithmic Sobolev inequality with an
additive error term, which we then remove with a Poincaré inequality.

Theorem 8.11 (A logarithmic Sobolev inequality with an error term). After relabeling the
coordinates, let q1 ≥ q2 ≥ · · · ≥ qN , and write osc q = q1 − qN . Fix η ∈ (0, 1] and suppose that

|q|2 ≥ (1 + η)(osc q)2. (8.18)

There exists Cη < ∞, depending only on η, such that for every f ∈ H1(SN),

Entµ( f 2) ≤ Cη q1 Eµ( f ) +
[
Cη + log

(
hq(N)2|q|2

)]
µ( f 2), (8.19)

Entµ( f 2) ≤ Cη q1 Eµ( f ) +
[
Cη + log

|q|2
q1q2

]
µ( f 2). (8.20)

Moreover,

CLS(µ) ≤ Cη q1 +
[
Cη + 2 + log

|q|2
q1q2

]
CP(µ). (8.21)

The same three inequalities hold for every coordinate hemisphere and for the coordinate-even sector,
with Ent, E and CP of that form. In particular, if q2 ≥ δq1 and |q|2 ≤ K′q2

1 for some δ ∈ (0, 1]
and K′ < ∞, then CLS(µ) ≤ Cδq1 + Cδ,K′CP(µ).

In terms of the half-precisions ri = 1/(2qi), the first term is Cηq1 = Cη/(2 mini ri).

Proof. The proof has seven steps. Step 1 transfers the problem to an ellipsoid in Gaussian
coordinates. Step 2 proves a weighted estimate on the ellipsoid. Steps 3–5 construct
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the extension along a normal flow and bound its norm and energy. Step 6 applies the
Gaussian logarithmic Sobolev inequality and absorbs a logarithmic weight. Step 7 bounds
hq(N) and concludes. We may take f smooth, by the density argument of Section 8.1.
By Lemma 8.1, it suffices to prove (8.19) and (8.20) on the full sphere: they then hold for
every hemisphere and for the orthant, and (8.21) for each of these forms follows from
Lemma 8.2(ii), since the bracket in (8.20) is nonnegative (see Step 7).

Step 1: an ellipsoid in Gaussian coordinates. Let Q = diag(q1, . . . , qN), Q(y) = yTQy,
and ϖ(y) = yTQ2y = |∇Q(y)|2/4. For ℓ > 0, the level set Eℓ = {Q = ℓ} is a smooth
ellipsoid with unit normal n = Qy/ϖ1/2. Let γ be the standard Gaussian measure on
RN and σℓ the surface measure of Eℓ. By the coarea formula [134, Chapter 2, Section 6,
(6.3), p. 66], for bounded measurable g,

∫
g dγ =

∫ ∞

0

∫
Eℓ

g(y)
e−|y|2/2

(2π)N/2 2ϖ(y)1/2 σℓ(dy) dℓ.

In particular, the inner integral with g = 1 is hq(ℓ), and the probability measure µ(ℓ) on
Eℓ with density proportional to e−|y|2/2ϖ−1/2 with respect to σℓ is the conditional law of
a standard Gaussian vector G given Q(G) = ℓ. The vector X = Q1/2G has independent
N (0, qi) coordinates and |X|2 = Q(G). By the coarea formula in the coordinates x, where
|∇|x|2| is constant on each sphere, the conditional law of X given |X|2 = ℓ is proportional
to e−∑i x2

i /(2qi) times the surface measure; for ℓ = N this is µq. Both families of conditional
laws depend continuously on ℓ, and they describe the same random vector given the
same variable. We conclude that µE = µ(N) is the image of µq under x 7→ Q−1/2x. We
write E = EN.

Let ΓE( f̂ ) = |(I − nnT)∇ f̂ |2 be the Euclidean tangential energy on E. For f smooth
near SN, let f̂ (y) = f (Q1/2y). Using ∂yi f̂ = q1/2

i ∂i f and ∇Q = 2Qy, we find, at
x = Q1/2y,

ΓE( f̂ ) = min
b∈R

∣∣∇ f̂ − 2bQy
∣∣2 = min

b∈R
∑

i
qi
(
∂i f − 2bxi

)2 ≤ q1 min
b∈R

∑
i

(
∂i f − 2bxi

)2
= q1Γ( f ).

Here ∂i f are the derivatives of any smooth extension of f , and both minima are tangential
energies, which do not depend on the extension. The image map preserves Ent and µ( f 2),
and it suffices to show that for every smooth f on E,

EntµE( f 2) ≤ Cη

∫
ΓE( f ) dµE +

[
Cη + log

(
hq(N)2|q|2

)]
µE( f 2). (8.22)

Step 2: a weighted estimate on E. For y ∈ E, let wi(y) = q2
i y2

i /ϖ(y). These weights
form a probability vector, and we write ⟨q⟩w = ∑i wiqi and Varw(q) = ∑i wiq2

i − ⟨q⟩2
w.

Then ⟨q⟩w ∈ [qN, q1] and Varw(q) ≤ (osc q)2/4. The generator LE of the form
∫

ΓE dµE is
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∆E +∇E log ρ · ∇E, where ρ ∝ e−|y|2/2ϖ−1/2 and ∆E is the Laplace–Beltrami operator of
E. For a smooth function f defined near E, we have ∆E f = tr((I − nnT)D2 f )− (div n) n ·
D f , where div n = (tr Q − ⟨q⟩w)/ϖ1/2 is the mean curvature of E. The tangential
part of ∇ log ρ = −y − Q2y/ϖ is −y +Q(y)Qy/ϖ − Q2y/ϖ + ⟨q⟩wQy/ϖ, since n · y =

Q(y)/ϖ1/2 and n · Q2y = ⟨q⟩wϖ1/2. Adding the term −(div n) n · D f and using tr Q =

N = Q(y) on E, we obtain

LE f = tr
(
(I − nnT)D2 f

)
+

(
− y − Q2y

ϖ
+

2⟨q⟩wQy
ϖ

)
· D f .

For ϖ, with Dϖ = 2Q2y and D2ϖ = 2Q2, this formula gives

LEϖ = 2|q|2 − 2ϖ − 4 Varw(q), ΓE(ϖ) = 4ϖ Varw(q),

LE log ϖ =
2|q|2

ϖ
− 2 − 8 Varw(q)

ϖ
.

(8.23)

The formula for ΓE(ϖ) uses only the normal n and holds on every level set Eℓ. Let
W = ϖ−η. Then

−LEW
W = ηLE log ϖ − η2ΓE(log ϖ) =

2η|q|2 − (8η + 4η2)Varw(q)
ϖ

− 2η ≥
Λη

ϖ
− 2η,

with Λη = η[2|q|2 − (2 + η)(osc q)2]. We claim Λη ≥ η2q2
1/4. If osc q ≥ q1/2, then

(8.18) implies that 2|q|2 − (2 + η)(osc q)2 ≥ η(osc q)2, and Λη ≥ η2(osc q)2 ≥ η2q2
1/4. If

osc q < q1/2, then |q|2 ≥ q2
1 and (2 + η)(osc q)2 < 3q2

1/4, and Λη ≥ 5ηq2
1/4 ≥ η2q2

1/4.
The manifold E is compact and has no boundary. The argument of Lemma 8.2(iii) applies
to LE and W , and we obtain∫

f 2 q2
1

ϖ
dµE ≤ 4

η2

∫
ΓE( f ) dµE +

8
η

µE( f 2). (8.24)

We also record that
∫

LEϖ dµE = 0. Integrating the first identity in (8.23) against µE, we
find µE(ϖ) = |q|2 − 2µE(Varw(q)) ≤ |q|2.

Step 3: the normal flow. For ω ∈ E, let (Yℓ(ω))ℓ≥N solve

dYℓ

dℓ
= V(Yℓ), V(y) =

Qy
2ϖ(y)

, YN(ω) = ω.

We have Q(Yℓ) = ℓ, because ∇Q · V = 1. On {Q ≥ N}, we have ϖ ≥ qNQ > 0, and V
is smooth with linear growth. The solution exists for all ℓ ≥ N, and the flow, with its
inverse obtained by running it backward, maps E diffeomorphically onto Eℓ. We write
u = ℓ− N, ϖℓ(ω) = ϖ(Yℓ(ω)) and ϖ0 = ϖN. Using dϖℓ/dℓ = Dϖ · V = ⟨q⟩w(Yℓ), we
find

dϖℓ

dℓ
∈ [qN, q1], ϖ0 ≤ ϖℓ ≤ ϖ0 + q1u. (8.25)
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For tangent vectors ξ, ξ ′ to E at ω, let ξℓ = DYℓ(ω)ξ and ξ ′ℓ = DYℓ(ω)ξ ′, which are
tangent to Eℓ. Then

d
dℓ

⟨ξℓ, ξ ′ℓ⟩ = ⟨DVξℓ, ξ ′ℓ⟩+ ⟨ξℓ, DVξ ′ℓ⟩ =
ξT
ℓ Qξ ′ℓ
ϖℓ

,

because DVξ = Qξ/(2ϖ)− Qy (Dϖ · ξ)/(2ϖ2) and Qy ⊥ ξ ′ℓ. In particular |ξℓ| is non-
decreasing in ℓ. We say that a function g̃ on Eℓ is transported from Eℓ′ , N ≤ ℓ′ ≤ ℓ, if
g̃(Yℓ(ω)) = g(Yℓ′(ω)) for a function g on Eℓ′ . Writing Γℓ for the tangential energy on Eℓ,
we see from the monotonicity of |ξℓ| that

Γℓ(g̃)
(
Yℓ(ω)

)
≤ Γℓ′(g)

(
Yℓ′(ω)

)
. (8.26)

Applying (8.23) on each level, we find that Γℓ(log ϖ) ≤ (osc q)2/ϖ on Eℓ. Combined with
(8.26) and (8.25), this shows that for every N ≤ ℓ′ ≤ ℓ the function log ϖℓ′ , viewed on Eℓ,
satisfies Γℓ(log ϖℓ′) ≤ (osc q)2/ϖ0.

We now compute the Gaussian density in the coordinates (ω, ℓ) ∈ E × [N, ∞).
We write γ(dy) = jℓ(ω) σN(dω) dℓ on {Q ≥ N}. At ℓ = N, the factor jN(ω) =

(2π)−N/2e−|ω|2/2/(2ϖ1/2
0 ) is the coarea density of Step 1, and jN(ω) σN(dω) =

hq(N) µE(dω). By the Liouville formula, ∂ℓ log jℓ = (div V − y ·V)(Yℓ), where y ·V comes
from the Gaussian factor. We have div V = tr Q/(2ϖ)− ⟨q⟩w/ϖ and y · V = Q/(2ϖ).
On Eℓ, where Q = N + u and tr Q = N, this gives ∂ℓ log jℓ = −u/(2ϖℓ) − ⟨q⟩w/ϖℓ.
Integrating, and using ∂ℓ log ϖℓ = ⟨q⟩w/ϖℓ, we arrive at

jℓ
jN

=
ϖ0

ϖℓ
e−Iℓ , Iℓ =

∫ u

0

v
2ϖN+v

dv. (8.27)

For 0 ≤ u ≤ ϖ1/2
0 , we have 0 ≤ Iℓ ≤ u2/(4ϖ0) ≤ 1/4.

Step 4: the extension and its norm. Fix once and for all a nonzero χ ∈ C∞
c ((1/4, 3/4)),

and let χ0 =
∫

χ2, χ1 =
∫
(χ′)2 and χ2 =

∫
χ2 log χ2. For smooth f on E, we define

F = 0 on {Q < N} and

F
(
Yℓ(ω)

)
= aℓ(ω) f (ω)χ

(
u/ϖ0(ω)1/2), aℓ =

( jN

jℓ

)1/2
ϖ−1/4

0 =
(ϖℓ

ϖ0

)1/2
eIℓ/2ϖ−1/4

0 .

(8.28)
On the support of F , we have ϖ1/2

0 /4 ≤ u ≤ 3ϖ1/2
0 /4. The function ϖ0 is bounded

above and below on E, and this support is compact and at positive distance from E, and
F is smooth on RN. The amplitude cancels the Jacobian: a2

ℓ jℓ = jNϖ−1/2
0 . Substituting

u = ϖ1/2
0 t, we find∫

F 2 dγ =
∫

E
jN(ω) f (ω)2

∫ ∞

0
χ(t)2 dt σN(dω) = χ0 hq(N) µE( f 2). (8.29)
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Step 5: the energy of the extension. For a function G on {Q > N}, the gradient splits
into its tangential part on Eℓ and its normal part. As V = n/(2ϖ1/2), the derivative ∂ℓ
along the flow at fixed ω satisfies n · ∇G = 2ϖ1/2

ℓ ∂ℓG, and so

|∇G|2 = Γℓ(G) + 4ϖℓ (∂ℓG)2.

Let f̃ be f transported along the flow, so that ∂ℓ f̃ = 0 and Γℓ( f̃ ) ≤ ΓE( f ) by (8.26). Let
H0 = q2

1/ϖ0, a function on E, and recall osc q ≤ q1. We bound the derivatives of the two
other factors in (8.28) on the support of F .

First, log aℓ = 1
2 log ϖℓ − 3

4 log ϖ0 +
1
2 Iℓ. Tangential differentiation fixes u. By the

bound at the end of Step 3 and Minkowski’s inequality,

Γℓ(Iℓ)1/2 ≤
∫ u

0

v
2ϖN+v

Γℓ(log ϖN+v)
1/2 dv ≤ osc q

ϖ1/2
0

∫ u

0

v
2ϖ0

dv ≤ osc q
4ϖ1/2

0

,

since u ≤ ϖ1/2
0 . Using the inequality (θ1 + θ2 + θ3)

2 ≤ 3(θ2
1 + θ2

2 + θ2
3) and the bounds of

Step 3, we obtain

Γℓ(log aℓ) ≤ 3
(1

4
+

9
16

+
1
4
· 1

16

) (osc q)2

ϖ0
=

159
64

(osc q)2

ϖ0
≤ 159

64
H0.

In the normal direction, ∂ℓ log aℓ = ⟨q⟩w/(2ϖℓ) + u/(4ϖℓ). Since ⟨q⟩w ≤ q1, ϖℓ ≥ ϖ0 and
u ≤ ϖ1/2

0 , we have

4ϖℓ(∂ℓ log aℓ)
2 ≤ 2⟨q⟩2

w
ϖℓ

+
u2

2ϖℓ
≤ 2H0 +

1
2

.

Together, |∇ log aℓ|2 ≤ 5H0 + 1. Second, let t = u/ϖ1/2
0 ≤ 1. Then ∂ℓt = ϖ−1/2

0 , and the
tangential gradient of t is −(t/2) times that of log ϖ0, and Γℓ(t) ≤ (osc q)2/(4ϖ0) ≤ H0/4.
Using (8.25) and 4H1/2

0 ≤ 2 + 2H0, we find

|∇χ(t)|2 = χ′(t)2
(

Γℓ(t) +
4ϖℓ

ϖ0

)
≤ χ′(t)2

(H0

4
+ 4 +

4q1u
ϖ0

)
≤ χ′(t)2

(
6 +

9
4

H0

)
.

By the product rule and the same elementary inequality,

|∇F|2 ≤ 3a2
ℓ

(
f̃ 2χ(t)2(5H0 + 1) + χ(t)2 ΓE( f ) + f̃ 2χ′(t)2

(
6 +

9
4

H0

))
.

We integrate against jℓ(ω) σN(dω) dℓ, use a2
ℓ jℓ = jNϖ−1/2

0 and dℓ = ϖ1/2
0 dt, and obtain∫

|∇F|2 dγ ≤ 3hq(N)
{

χ0

∫
ΓE( f ) dµE + (χ0 + 6χ1) µE( f 2) +

(
5χ0 +

9
4

χ1

)
µE( f 2H0)

}
.

(8.30)
By (8.24), the right side is at most χ0hq(N)

(
Aη

∫
ΓE( f ) dµE + Bη µE( f 2)

)
, where

Aη = 3 +
12
η2

(
5 +

9χ1

4χ0

)
, Bη = 3

(
1 +

6χ1

χ0

)
+

24
η

(
5 +

9χ1

4χ0

)
.
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Step 6: the Gaussian inequality and the absorption of a weight. Let n f = µE( f 2).
Computing

∫
F 2 logF 2 dγ as in (8.29) and using

∫
F 2 dγ = χ0hq(N)n f , we obtain

Entγ(F 2)

χ0hq(N)
= EntµE( f 2) +

1
χ0

∫
f 2
( ∫ ∞

0
χ(t)2 log

(
a2
ℓχ(t)2) dt

)
dµE − n f log

(
χ0hq(N)

)
.

We have log a2
ℓ = log(ϖℓ/ϖ0) + Iℓ − 1

2 log ϖ0 ≥ −1
2 log ϖ0, and the inner integral is at

least χ2 − χ0
2 log ϖ0. By Lemma 8.2(iv) and Step 5,

EntµE( f 2) ≤ 2Aη

∫
ΓE( f ) dµE + C′

η n f +
1
2

∫
f 2 log ϖ dµE + n f log hq(N), (8.31)

with C′
η = 2Bη + log χ0 − χ2/χ0. The weight log ϖ must be paid with the factor f 2. By

the variational formula for the entropy,
∫

f 2g dµE ≤ EntµE( f 2) + n f log
∫

eg dµE for every
bounded measurable real function g; with g = log(ϖ/q2

1), which is bounded since E is
compact and ϖ > 0, and the bound µE(ϖ) ≤ |q|2 from Step 2,∫

f 2 log
ϖ

q2
1

dµE ≤ EntµE( f 2) + n f log
|q|2

q2
1

.

Writing log ϖ = log(ϖ/q2
1) + 2 log q1, we find 1

2

∫
f 2 log ϖ dµE ≤ 1

2 EntµE( f 2) +
1
2 n f log |q|2. Inserting this into (8.31) and absorbing half of the entropy, we obtain (8.22)
with Cη = max{4Aη, 2C′

η, 0}, which depends only on η since χ is fixed. Together with
Step 1, this proves (8.19).

Step 7: the density at the mean. The variable qiG2
i has density e−y/(2qi)/(2πqiy)1/2 on

(0, ∞). The density of q1G2
1 + q2G2

2 at y > 0 is the convolution of these densities, which is
at most

1
2π(q1q2)1/2

∫ y

0

dv
(v(y − v))1/2 =

1
2(q1q2)1/2 .

Convolution with the law of ∑i≥3 qiG2
i preserves this bound. Thus hq(N)2 ≤ 1/(4q1q2),

and (8.19) implies

Entµ( f 2) ≤ Cη q1 Eµ( f ) +
[
Cη + log

|q|2
4q1q2

]
µ( f 2), (8.32)

which gives (8.20). The bracket in (8.20) is nonnegative, because |q|2 ≥ q2
1 + q2

2 ≥ 2q1q2,
and Lemma 8.2(ii) implies (8.21). Finally, if q2 ≥ δq1 and |q|2 ≤ K′q2

1, then |q|2 ≥ (1 +

δ2)q2
1 ≥ (1 + δ2)(osc q)2, which is (8.18) with η = δ2, and log(|q|2/(q1q2)) ≤ log(K′/δ).

This completes the proof.

The second inequality is useful only when |q|2/q2
1 is bounded. When at least three

variances are comparable to the largest one, the density hq(N) in (8.19) is bounded by a
constant multiple of |q|−1, whatever the size of |q|2/q2

1. This is the content of the next
lemma, which is also used in Sections 12, 17, and 19.
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Lemma 8.12 (Densities of weighted sums of squared Gaussians). Let b1, . . . , bn > 0,
β = maxi bi, M1 = ∑i bi and |b|2 = ∑i b2

i . Let G1, . . . , Gn be independent standard Gaussian
variables, let hb be the density of Qb = ∑i biG2

i , let fi be the density of biG2
i , and let hb,−i be the

density of Qb − biG2
i . Fix δ ∈ (0, 1] and suppose that there exist three distinct indices i with

bi ≥ δβ. Then there exist cδ, Cδ > 0, depending only on δ, such that

hb(M1) ≥
cδ

|b| , sup
y

hb(y) ≤
Cδ

|b| , sup
y

hb,−i(y) ≤
Cδ

|b| for every i.

Moreover, for every i, the conditional expectation at the exact level,

E
[
biG2

i
∣∣ Qb = M1

]
=

1
hb(M1)

∫ M1

0
y fi(y) hb,−i(M1 − y) dy,

satisfies E[biG2
i | Qb = M1] ≤ Cδbi.

Proof. Let R = |b|2/β2 ≥ 1. We distinguish bounded and large values of R, with a
threshold R0 fixed below that depends on nothing.

Large R. Let σ2 = 2|b|2, which is the variance of Qb, let Z = (Qb − M1)/σ, and let
ĥ(t) = EeitZ. With uj = bj/β ≤ 1, we have ∑j u2

j = R and

ĥ(t) = ∏
j

e−itbj/σ
(
1 − 2itbj/σ

)−1/2, |ĥ(t)| = ∏
j

(
1 +

2t2u2
j

R

)−1/4
≤

(
1 +

2t2

R

)−R/4
,

where we used log(1 + xs) ≥ s log(1 + x) for x ≥ 0 and s = u2
j ∈ [0, 1], which holds

because the left side is concave in s. For |t| ≤ R1/2, we have |ĥ(t)| ≤ e−t2/6 by the
bound log(1 + x) ≥ x/3 on [0, 2]. For |t| ≥ R1/2, the bound 1 + 2y2 ≥ 3y for y ≥ 1
gives

∫
|t|≥R1/2 |ĥ(t)| dt ≤ 2R1/23−R/4/(R/4 − 1) when R > 4. Next, with wj = 2itbj/σ,

we have |wj| ≤
√

2|t|R−1/2 and −1
2 log(1 − w) = 1

2 w + 1
4 w2 + 1

2 ϵ(w) with |ϵ(w)| ≤
2
3 |w|3 for |w| ≤ 1

2 . The linear terms cancel the factors e−itbj/σ, the quadratic terms
sum to −t2|b|2/σ2 = −t2/2, and since ∑j b3

j ≤ β|b|2, the remainders sum to at most

|t|3R−1/2 in absolute value. It follows that ĥ(t) → e−t2/2 uniformly on compact sets
of t as R → ∞, uniformly in b. Let ϵ0 = (2π)−1/2/4. We first choose T0 such that
π−1

∫ ∞
T0
(e−t2/6 + e−t2/2) dt ≤ ϵ0/3, and then RF ≥ max{8, 8T2

0} such that, for R ≥ RF, the

integral of π−1|ĥ(t)− e−t2/2| over [0, T0] and the quantity π−1R1/23−R/4/(R/4 − 1) are
each at most ϵ0/3. For R ≥ RF, Fourier inversion shows that Z has a continuous density
gZ with |gZ(x)− (2π)−1/2e−x2/2| ≤ ϵ0 for all x. In particular, gZ(0) ≥ 3

4(2π)−1/2 and
sup gZ ≤ 5

4(2π)−1/2. The identity hb(y) = σ−1gZ((y − M1)/σ) then yields the first two
bounds with absolute constants when R ≥ RF.

Let R0 = RF + 1 and suppose R > R0. Deleting coordinate i leaves weights b(−i) with
|b(−i)|2 ≥ |b|2 − β2 ≥ |b|2/2 and maximum at most β, and the ratio of |b(−i)|2 to the
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square of this maximum is at least R − 1 > RF. Applying the previous paragraph to
these weights, we find that sup hb,−i ≤ C|b(−i)|−1 ≤

√
2C|b|−1.

Bounded R. Suppose R ≤ R0. Let i1 be an index with bi1 = β, let i2 ̸= i1 be one of the
distinguished indices, so that bi2 ≥ δβ, and let U be the sum of the remaining terms bjG2

j .
Then Var U ≤ 2|b|2 ≤ 2R0β2. Let s0 = (bi1 + bi2)/2 ≥ β/2. By Cantelli’s inequality,

P
(
U − EU ≤ s0

)
≥

s2
0

Var U + s2
0
≥ 1

8R0 + 1
=: p0,

and by Chebyshev’s inequality, P(U − EU < −L0β) ≤ 2R0/L2
0 ≤ p0/2 if L2

0 = 4R0/p0.
On the event {−L0β ≤ U − EU ≤ s0}, which has probability at least p0/2, the variable
M1 − U = bi1 + bi2 − (U − EU) lies in [s0, (2 + L0)β]. The density of bi1 G2

i1
+ bi2 G2

i2
at y is

1
2π(bi1bi2)

1/2

∫ y

0

e−v/(2bi1
)−(y−v)/(2bi2 )

(v(y − v))1/2 dv ≥ e−y/(2bi2 )

2(bi1bi2)
1/2 ≥ e−(2+L0)/(2δ)

2β

for y ≤ (2 + L0)β, where we used bi2 ≤ bi1 and
∫ y

0 (v(y − v))−1/2dv = π. Averaging
over U, we obtain hb(M1) ≥ (p0/4)e−(2+L0)/(2δ)β−1, and β ≤ |b| ≤ R1/2

0 β. For the upper
bounds, after deleting any coordinate i, at least two of the three distinguished indices
remain, say j and j′. By the computation in Step 7 of the proof of Theorem 8.11, the
density of bjG2

j + bj′G2
j′ is at most (2(bjbj′)

1/2)−1 ≤ (2δβ)−1, and convolution with the

other terms preserves this bound. Using |b| ≤ R1/2
0 β, we find sup hb,−i ≤ R1/2

0 /(2δ|b|).

Conclusion. In both cases, sup hb ≤ sup hb,−i, since hb = hb,−i ∗ fi. Finally,

E
[
biG2

i
∣∣ Qb = M1

]
≤ sup hb,−i

hb(M1)

∫ ∞

0
y fi(y) dy =

sup hb,−i

hb(M1)
bi ≤ Cδbi.

Corollary 8.13 (Logarithmic Sobolev inequality when three variances are comparable to
the largest one). Let q ∈ (0, ∞)N with ∑i qi = N, write qmax = maxi qi, and let δ ∈ (0, 1].
Suppose that there exist three distinct indices i with qi ≥ δqmax. There exists Cδ, depending only
on δ, such that for the full sphere, every coordinate hemisphere with its reflecting form, and the
coordinate-even sector,

Entµq( f 2) ≤ Cδ qmax Eµq( f ) + Cδ µq( f 2), CLS(µq) ≤ Cδ qmax + Cδ CP(µq),

where E , Ent and CP refer to the corresponding form.

In terms of half-precisions, qmax = 1/(2rmin), and the hypothesis says that three of
the ri are at most rmin/δ.
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Proof. At least two of the three indices differ from an index where the maximum is
attained, and their squares contribute at least 2δ2q2

max to |q|2. Using osc q ≤ qmax, we
see that |q|2 ≥ (1 + 2δ2)q2

max ≥ (1 + η)(osc q)2 with η = min{1, 2δ2}. By Lemma 8.12
with b = q and M1 = N, we have hq(N) ≤ Cδ|q|−1, that is, log(hq(N)2|q|2) ≤ 2 log Cδ.
Inserting this into (8.19) proves the first inequality, for all three forms. The second follows
from Lemma 8.2(ii), applied to each form with its own Poincaré constant.

8.5 A few precisions close to the smallest one

In the critical window, the smallest precision is of order N−2/3, the gap between the two
smallest precisions is of the same order, and the conditions (4.36) place only a bounded
number of precisions within a fixed factor of the smallest one. These conditions do not
guarantee the hypotheses of Corollary 8.9. In this section we prove a Poincaré inequality
on the hemisphere {x1 ≥ 0} with its reflecting form (Lemma 8.18), and then pass to the
full sphere (Lemma 8.19).

Setting. Throughout this section, k ≥ 5 and N > k are integers, and a1, . . . , aN ≥ 0 are
quadratic potential coefficients such that, for some 0 < ā ≤ a,

a1 = 0, 0 < a2 ≤ ai ≤ ā (2 ≤ i ≤ k), aj ≥ a (j > k). (8.33)

Let F(x) = ∑i aix2
i , let µ be the probability measure proportional to e−FνN, and let

µ+ = µ(· | x1 ≥ 0). Note that µ = πA with A = −2 diag(a1, . . . , aN): the coefficients
ai are half-precisions shifted so that the smallest one is zero. We write x = (

√
S ω, y),

where y = (xk+1, . . . , xN) ∈ BN = {y ∈ RN−k : |y|2 < N}, S = N − |y|2 = ∑i≤k x2
i and

ω is in the unit sphere Sk−1 ⊂ Rk. Let σk be the uniform probability measure on Sk−1

and σk
+ that on Sk−1

+ = {ω ∈ Sk−1 : ω1 ≥ 0}. In these coordinates, the metric of SN is
(I + yyT/S)⊕ S gSk−1 , whose volume element with respect to dy σk(dω) is proportional
to Sk/2−1. We obtain

µ(dx) ∝ e−V(y)e−SA(ω)Sk/2−1 dy σk(dω), V(y) = ∑
j>k

ajy2
j , A(ω) = ∑

i≤k
aiω

2
i ,

(8.34)
and, since the inverse of I + yyT/S is My = I − yyT/N,

Γ( f ) = Γy( f ) + S−1|∇ω f |2, Γy( f ) = (∇y f )TMy∇y f . (8.35)

Here ∇ω f is the gradient on Sk−1 of ω 7→ f (
√

Sω, y), and ∇y f is the gradient of
y 7→ f (

√
N − |y|2 ω, y) at fixed ω. The marginal law of y under µ, and also under

µ+ since A is even in ω1, is

µrem(dy) ∝ e−V(y)Sk/2−1Z(S) dy, Z(S) =
∫

e−SA dσk =
∫

e−SA dσk
+.
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Given y, the conditional law of ω is ϑS ∝ e−SAσk under µ, and ϑ+
S = ϑS(· | ω1 ≥ 0) under

µ+. We write ⟨A⟩S and VarϑS(A) for the mean and variance of A under ϑS, which are the
same under ϑ+

S . With ψ = log Z, differentiation under the integral gives ψ′(S) = −⟨A⟩S
and ψ′′(S) = VarϑS(A) ≥ 0. For functions u of y alone, (8.35) shows that the Dirichlet
form of µ restricts to

∫
Γy(u) dµrem, whose generator on BN is Lremu = ρ−1 div(ρMy∇u),

where ρ is the density of µrem.

Lemma 8.14 (Moments of the angular law). There exist absolute constants C1, C2, CA, CV
such that the following hold.

(i) For α ≥ 2 and τ ≥ 0, let να,τ be the probability measure on (0, 1) proportional to vα−1(1 −
v)−1/2e−τv dv. Then

Eνα,τ [τv] ≤ α + C1
√

α, Eνα,τ

[
(τv)2] ≤ C2α2. (8.36)

(ii) Let a1 = 0 and a2, . . . , ak ≥ 0, with k ≥ 5, and let ϑS ∝ e−SAσk. Then for every S > 0,

S⟨A⟩S ≤ k − 1
2

+ C1

√
k − 1

2
≤ CAk, S2 VarϑS(A) ≤ S2EϑS [A

2] ≤ CVk2. (8.37)

The same bounds hold under ϑ+
S .

Proof. Let pα(w) = wα−1e−w/Γ(α) be the Gamma(α, 1) density. We first show that there
exist absolute constants c, C > 0 such that, for all α ≥ 2,

pα(w) ≥ c√
α

for α − 1
2

√
α ≤ w ≤ α,

pα(w) ≤ C√
α

e−(w−α)2/(16α) for α ≤ w ≤ 4α,

pα(w) ≤ C√
α

e−w/10 for w ≥ 2α.

(8.38)

Stirling’s formula gives pα(α) ≍ α−1/2. For w = α(1 + x), we have log(pα(w)/pα(α)) =

(α − 1) log(1 + x)− αx. Using log(1 + x) ≤ x − x2/(2(1 + x)) for x ≥ 0 and α − 1 ≥ α/2,
we see that this is at most −αx2/16 for 0 ≤ x ≤ 3, which proves the second bound. For
w ≥ 2α, it is at most α(log(1+ x)− x) ≤ −α(1+ x)/10 = −w/10, because log y− y+ 1 ≤
−y/10 for y ≥ 2; this proves the third bound. For −1/(2

√
α) ≤ x ≤ 0, the inequality

log(1 + x) ≥ x − x2/(2(1 + x)) shows that the logarithm is at least −(α − 1)x2 ≥ −1/4,
which gives the first bound.

For (i), the claims are immediate if τ ≤ α, since τv ≤ τ. Let τ > α. The variable
w = τv has density proportional to pα(w)(τ −w)−1/2 on (0, τ), with normalizing integral
H(τ). Integrating the first bound in (8.38) over its interval, we find

H(τ) ≥ c
2
(τ − α +

√
α)−1/2. (8.39)
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Then Ew ≤ α + K(τ)/H(τ) with K(τ) =
∫ τ

α (w − α)(τ − w)−1/2pα(w) dw. Suppose first
α < τ ≤ 4α, and let T = (τ − α)/

√
α. Substituting w = α +

√
α x and using the second

bound in (8.38), we find

K(τ) ≤ Cα1/4
∫ T

0
x(T − x)−1/2e−x2/16 dx ≤ Cα1/4

√
T + 1

.

For the last inequality: if T ≤ 2, the integral is at most
∫ T

0 x(T − x)−1/2dx = 4
3 T3/2; if T >

2, the part over [0, T/2] is at most (T/2)−1/2
∫ ∞

0 xe−x2/16dx = 8(2/T)1/2, and the part
over [T/2, T] is at most Te−T2/64(2T)1/2. Then (8.39) implies that K/H ≤ C

√
α, because

τ − α +
√

α =
√

α(T + 1). Suppose next τ ≥ 4α, and split K at τ/2 ≥ 2α. On [α, τ/2], we
have (τ − w)−1/2 ≤ (2/τ)1/2 and

∫
(w − α)+pα(w) dw ≤

√
α, the standard deviation of

pα. On [τ/2, τ], the third bound in (8.38) gives at most τ · Cα−1/2e−τ/20(2τ)1/2. Using
H(τ) ≥ (c/2)τ−1/2 and the boundedness of τ2e−τ/20, we again find K/H ≤ C

√
α. This

proves the first bound in (8.36). For the second, suppose first α < τ ≤ 4α. The bound
w2 ≤ α2 + 2α(w − α)+ + (w − α)2

+ gives Ew2 ≤ α2 + 2αK(τ)/H(τ) + K2(τ)/H(τ), where
K2(τ) =

∫ τ
α (w − α)2(τ − w)−1/2pα(w) dw. The same substitution and the same split, with

x2 in place of x, give K2(τ) ≤ Cα3/4(T + 1)−1/2. Then K2/H ≤ Cα and Ew2 ≤ Cα2. If
τ ≥ 4α, the integral of w2(τ − w)−1/2pα(w) over [0, τ/2] is at most (2/τ)1/2α(α + 1), and
over [τ/2, τ] it is at most Cα−1/2τ5/2e−τ/20. Dividing by H(τ) ≥ (c/2)τ−1/2, and using
that τ3e−τ/20 is bounded, we find Ew2 ≤ Cα2.

For (ii), we write ω = (ω1, (1 − ω2
1)

1/2η) with η in the unit sphere of the coordinates
2, . . . , k. Under σk, the variable v = 1−ω2

1 has density proportional to v(k−3)/2(1− v)−1/2

and is independent of η, which is uniform. In these coordinates, A(ω) = v ∑i≥2 aiη
2
i ,

and SA = τv with τ = S ∑i≥2 aiη
2
i ≥ 0. Given η, the law of v under ϑS is then να,τ with

α = (k − 1)/2 ≥ 2. The bounds (8.36) are uniform in τ, and integrating them over η, we
obtain (8.37); in the second bound, we bounded the variance by the second moment. The
sign of ω1 plays no role in this argument, and the same bounds hold under ϑ+

S .

Lemma 8.15 (A drift inequality for the remaining coordinates). Assume (8.33). For ζ ∈
(0, 1/2], let ãj = aj − ζa ≥ a/2 for j > k, and

Qζ(y) = ∑
j>k

y2
j

2ãj
, Rζ =

Qζ

S
, Dζ = N − ∑

j>k

1
2ãj

.

(i) On BN,

LremRζ = 2 −
2Dζ

S
− 4ζaRζ + 4⟨A⟩SRζ −

2(k − 4)Rζ

S
. (8.40)

(ii) There exists k0(ζ), depending only on ζ, such that if k ≥ k0(ζ) and

Dζ ≥ 0, (8.41)
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then on BN,
LremRζ ≤ 2 − 2ζaRζ . (8.42)

(iii) We have µrem(LremRζ) = 0. For w = (1 + aRζ)
1/2 and every bounded u ∈ C1(BN) with∫

Γy(u) dµrem < ∞, ∫
u2 −Lremw

w
dµrem ≤

∫
Γy(u) dµrem.

Proof. For (i), we compute Lremu = div(My∇u) +∇ log ρ · My∇u, with

∇ log ρ = −2(ajyj)j>k − 2y
(k/2 − 1

S
− ⟨A⟩S

)
,

where we used ∇S = −2y and ψ′ = −⟨A⟩S. For a smooth u, we have div(My∇u) =

∆u − ((N − k + 1) y · ∇u + yT∇2u y)/N. For u = S, we have My∇S = −2Sy/N and
div(My∇S) = −2(N − k) + 2(N − k + 2)|y|2/N. For u = Qζ , we have My∇Qζ = ∇Qζ −
2Qζy/N and div(My∇Qζ) = ∑j>k ã−1

j − 2(N − k + 2)Qζ/N. We also use ∑j>k ajy2
j /ãj =

|y|2 + 2ζaQζ , |y|2 = N − S and ∑j>k ã−1
j = 2N − 2Dζ . Collecting terms, we obtain, with

V∗ = V + S⟨A⟩S,

LremS = 2k − 2S − 4S⟨A⟩S +
4SV∗

N
, LremQζ = 2S − 2Dζ − (2 + 4ζa)Qζ +

4QζV∗
N

,

Γy(S) = 4S
(

1 − S
N

)
, Γy(Qζ , S) = −

4QζS
N

.

The quotient rule L(Q/S) = LQ/S − QLS/S2 − 2Γ(Q, S)/S2 + 2QΓ(S)/S3 then gives
(8.40); the terms containing V∗ and the terms of order Rζ/N cancel.

For (ii), by (8.37), we have 4⟨A⟩S − 2(k − 4)/S ≤ (6 + C4
√

k)/S with C4 = 2
√

2 C1.
Let Lζ = max{1, (C4 + 6/

√
5)/(2ζ)} and k0(ζ) = max{8, ⌈16L2

ζ⌉}. If S ≥ Lζ

√
k/a, then

(6 + C4
√

k)/S ≤ (6/
√

5 + C4)a/Lζ ≤ 2ζa. If S < Lζ

√
k/a, we use ⟨A⟩S ≤ ā ≤ a and

2(k − 4)/(Lζ

√
k) ≥

√
k/Lζ ≥ 4, which hold for k ≥ k0(ζ); then 4⟨A⟩S − 2(k − 4)/S ≤

4a − 4a ≤ 2ζa. In both cases the coefficient of Rζ in (8.40) is at most −2ζa. Together with
Dζ ≥ 0, this proves (8.42).

For (iii), we fix the finite model; the constants C below may depend on it. Near
∂BN = {S = 0}, the density ρ is at most CSk/2−1, since Z ≤ 1 and V ≥ 0. We have Qζ ≤ C,
and Qζ ≥ c > 0 near ∂BN, where |y|2 is close to N. Using ∇Rζ = ∇Qζ/S + 2Qζy/S2

and Myy = Sy/N, we find |My∇Rζ | ≤ C/S and Γy(Rζ) ≤ C/S3, and (8.40) gives
|LremRζ | ≤ C/S2. Integrating LremRζ ρ = div(ρMy∇Rζ) over {S > ε}, the boundary term
is at most Cεk/2−1ε−1 = Cεk/2−2, which tends to zero because k ≥ 5. The function S−2

is µrem-integrable, because
∫

0 S−2Sk/2−1dS < ∞ for k ≥ 5, and dominated convergence
gives µrem(LremRζ) = 0. For w = (1 + aRζ)

1/2, we have ∇ log w = a∇Rζ/(2(1 + aRζ))

and
−Lremw

w
=

−aLremRζ

2(1 + aRζ)
+

a2Γy(Rζ)

4(1 + aRζ)2 .
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Near ∂BN, we have 1 + aRζ ≥ c/S, which implies that |Lremw/w| and Γy(log w) are at
most C/S, a µrem-integrable function, and |My∇w|/w ≤ C/S. As in Lemma 8.2(iii), on
{S > ε} we have∫

{S>ε}
u2 −Lremw

w
dµrem =

∫
{S>ε}

(
2uΓy(u, log w)− u2Γy(log w)

)
dµrem + O

(
εk/2−2),

where the error is the boundary term, bounded using sup |u|. The integrand on the right
is at most Γy(u), and it is integrable by the Cauchy–Schwarz inequality. Letting ε → 0
proves (iii).

The next lemma combines a Poincaré inequality on a set Ω with an inequality of
the type in Lemma 8.15(iii), which has a gain outside Ω. This is the Lyapunov-function
method; see [12, Theorem 4.6.2, pp. 202–203].

Lemma 8.16 (From a local to a global Poincaré inequality). Let µ be a probability measure
and E(u) =

∫
Γ(u) dµ an energy with Γ(u) ≥ 0 and Γ(u + c) = Γ(u) for constants c. Let Ω be

measurable with µ(Ω) > 0, and let Ploc, λ > 0 and B ≥ 0. Suppose that, for every u in a class of
square-integrable functions of finite energy that is stable under the addition of constants,

Varµ(·|Ω)(u) ≤ Ploc

∫
Γ(u) dµ(· | Ω),

∫
u2(λ1Ωc − B1Ω

)
dµ ≤ E(u).

Then Varµ(u) ≤
[
λ−1 + (1 + B/λ)Ploc

]
E(u) for every such u.

Proof. Let c =
∫

u dµ(· | Ω) and v = u− c. The first hypothesis and Γ ≥ 0 give
∫

Ω v2 dµ ≤
Ploc

∫
Ω Γ(u) dµ ≤ PlocE(u). The second hypothesis, applied to v, gives λ

∫
Ωc v2 dµ ≤

E(u) + B
∫

Ω v2 dµ. Adding the two bounds, we find
∫

v2 dµ ≤ [λ−1 + (1+ B/λ)Ploc]E(u),
and Varµ(u) ≤

∫
v2 dµ.

If the class contains a function u with µ(u2) + E(u) < ∞, then applying the second
hypothesis to u + c, dividing by c2, and letting |c| → ∞, we find λµ(Ωc)− Bµ(Ω) ≤ 0,
that is, µ(Ω) ≥ λ/(λ + B). In particular, the lemma does not apply to sets of arbitrarily
small mass with fixed λ and B. We first use it on the unit hemisphere, where it yields the
angular part of the estimate.

Lemma 8.17 (Poincaré inequality on a hemisphere with a quadratic potential). Let
k ≥ 5, let t2, . . . , tk ≥ t ≥ 8k, and let ϑ be the probability measure on Sk−1

+ proportional to
exp(−∑i≥2 tiω

2
i ) σk

+, with the reflecting form of the unit hemisphere. Then

CP(ϑ) ≤
14
t

. (8.43)

No upper bound on the ti is needed.
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Proof. Let z = ω2
1, Ft(ω) = ∑i≥2 tiω

2
i ≥ t(1 − z), and let Lt be the generator of ϑ. On the

unit sphere, we have ∆ω2
1 = 2 − 2kz, and the tangential inner product of the gradients of

Ft and z is −4Ftz. Then

Ltz = 2 − 2kz + 4Ftz, Γ(z) = 4z(1 − z).

Let ε = 4/t and w = (z + ε)−1. Then

−Ltw
w

=
Ltz

z + ε
− 8z(1 − z)

(z + ε)2 .

On {z ≤ 1/4}, we have Ft ≥ 3t/4 and 2k ≤ t/4, so that Ltz ≥ 2 + 5
2 tz and

−Ltw
w

≥ 2ε − 6z
(z + ε)2 +

5
2 tz

z + ε
≥ t

2
.

For the last inequality, write s = tz; after multiplying by (s + 4)2/t, the difference of the
two sides is 8 − 6s + 5

2 s(s + 4)− 1
2(s + 4)2 = 2s2 ≥ 0. Everywhere, dropping Ft ≥ 0 and

using z/(z + ε)2 ≤ 1/(4ε), we have −Ltw/w ≥ −2k − t/2 ≥ −t. The function w depends
on ω1 only through ω2

1, and its normal derivative on the boundary {ω1 = 0} vanishes.
The argument of Lemma 8.2(iii) then shows that

∫
u2(−Ltw/w) dϑ ≤

∫
Γ(u) dϑ for every

smooth u on the closed hemisphere. This is the second hypothesis of Lemma 8.16, with
Ω = {z > 1/4}, λ = t/2 and B = t.

On Ω, we use the coordinates v = (ω2, . . . , ωk) in the ball {|v|2 < 3/4}, with ω1 =

(1 − |v|2)1/2. In these coordinates, the uniform measure has density proportional to
z−1/2, the metric is I + vvT/z, and its inverse is I − vvT ⪰ zI ⪰ 1

4 I. The density of ϑ is
proportional to e−U with U(v) = ∑i≥2 tiv2

i +
1
2 log(1 − |v|2), and

∇2U = 2 diag(ti)−
I
z
− 2vvT

z2 ⪰ (2t − 4 − 24)I ⪰ t I,

since z ≥ 1/4, |v|2 ≤ 3/4 and t ≥ 8k ≥ 40. A smooth spherical test is smooth on
a neighborhood of the closure of this chart ball and, after multiplication by a cutoff
outside that neighborhood, admits an ambient smooth extension. By Lemma 8.2(v),
Varϑ(·|Ω)(u) ≤ t−1

∫
|∇vu|2 dϑ(· | Ω) ≤ 4t−1

∫
Γ(u) dϑ(· | Ω). Lemma 8.16 with Ploc =

4/t gives CP(ϑ) ≤ 2/t + 3 · 4/t = 14/t.

Lemma 8.18 (Poincaré inequality on the hemisphere with a few small precisions). Assume
(8.33), and suppose that (8.41) holds for some ζ ∈ (0, 1/2]. There exist k0(ζ) and C(ζ) < ∞,
depending only on ζ, such that if k ≥ k0(ζ), then

CP(µ+) ≤ C(ζ) exp
{

C(ζ)k2 +
8kā
a2

}(k
a
+

1
a2

)
. (8.44)

The same bound holds for the coordinate-even sector.
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The lemma assumes no upper bound on the coefficients aj, j > k. It does not control
the full sphere: functions that are odd in x1 are treated in Lemma 8.19.

Proof. We decompose the variance of f into the variance of its conditional mean given
y and the conditional variance given y. The marginal law µrem of y satisfies a Poincaré
inequality by Lemma 8.16: on a region where S is not small, a convexity argument applies
after a bounded modification of the density (Steps 2 and 3), and Lemma 8.15 controls the
complement of this region (Step 4). The angular law is controlled by Lemma 8.17 and
a bounded perturbation (Step 1). Step 5 combines the two, using an exact formula for
the gradient of the conditional mean. Table 8.1 lists the constants, in the order in which
they are chosen. By density, it suffices to consider f smooth on the closed hemisphere
{x1 ≥ 0}.

Table 8.1. Constants in the proof of Lemma 8.18, in the order of their choice.

Constant Choice Depends on

CA, CV Lemma 8.14 nothing
Lζ , k0(ζ) Lemma 8.15(ii) ζ

K0 2/ζ ζ

CT max{1, 4CA/ζ, 32CVK0} ζ

λ0, T a/(8K0), CTk2/a ζ, k, a
Θ exp(8kā/a2) k, ā/a2

Step 1: the angular law. By Lemma 8.14(ii) and ⟨A⟩S ≤ ā,

⟨A⟩S ≤ min
{

ā,
CAk

S

}
, VarϑS(A) ≤ CVk2

S2 . (8.45)

Let Θ = exp(8kā/a2). If Sa2 ≥ 8k, Lemma 8.17 with ti = Sai and t = Sa2 implies
that CP(ϑ

+
S ) ≤ 14/(Sa2). If Sa2 < 8k, then SA has oscillation at most Sā ≤ log Θ, and

Lemma 8.2(i),(vi) give CP(ϑ
+
S ) ≤ Θ/(k − 1). In both cases, for every S > 0 and every

smooth g on the closed unit hemisphere,

Varϑ+
S
(g) ≤ 2Θ

k

∫
|∇ωg|2 dϑ+

S , Varϑ+
S
(g) ≤ 14Θ

a2

∫
S−1|∇ωg|2 dϑ+

S . (8.46)

For the first bound we used 14/(Sa2) ≤ 14/(8k) and 1/(k − 1) ≤ 2/k; for the second,
Θ/(k − 1) ≤ (8k/(Sa2))Θ/(k − 1) ≤ 10Θ/(Sa2) when Sa2 < 8k and k ≥ 5.

Step 2: a modification of the marginal density. Recall that ψ = log Z is convex with
−ā ≤ ψ′ ≤ 0. Let T = CTk2/a, and let ψ̃ be the C1 convex function equal to ψ on [T, ∞)

and to its tangent line at T on [0, T); if T > N, only the tangent line is used on [0, N]. For
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S < T, convexity implies that ψ(S) ≥ ψ̃(S), and ψ(S)− ψ(T) ≤ ā(T − S) together with
ψ′(T) ≤ 0 gives ψ(S)− ψ̃(S) ≤ āT. We conclude that, on the whole interval [0, N],

0 ≤ ψ − ψ̃ ≤ āT ≤ CTk2. (8.47)

Let µ̃rem be the probability measure on BN proportional to e−Ũdy, where Ũ = V − ( k
2 −

1) log S − ψ̃(S). The density of µrem with respect to µ̃rem is proportional to eψ−ψ̃.

Step 3: a local inequality for the marginal. Let K0 = 2/ζ and λ0 = a/(8K0) = ζa/16,
and let

Ω = {Rζ < K0/a} =
{

∑
j>k

( 1
2ãj

+
K0

a

)
y2

j <
K0N

a

}
,

with Rζ , Qζ and ãj as in Lemma 8.15. This is a nonempty convex ellipsoid with smooth
boundary, and its closure lies in BN, since Qζ ≤ K0S/a on Ω̄ forces S > 0. Similarly,
Ω′ = {Rζ < 2K0/a} is an open neighborhood of Ω̄ whose closure is a compact subset
of BN. The function Ũ belongs to C1,1

loc(BN), and in particular to C1,1(Ω′). Almost
everywhere,

∇2Ũ = 2 diag(aj)j>k +
(k − 2

S
+ 2ψ̃′

)
I +

(2(k − 2)
S2 − 4ψ̃′′

)
yyT. (8.48)

We claim that ∇2Ũ ⪰ λ0M−1
y almost everywhere on Ω′, where M−1

y = I + yyT/S. First,
ψ̃′ ≥ −CAk/T on (0, N] by (8.45), and ψ̃′′ = 0 below T while 0 ≤ ψ̃′′ ≤ CVk2/S2 above T.
The diagonal part of ∇2Ũ − λ0M−1

y is

Λy = 2 diag(aj) +
(k − 2

S
+ 2ψ̃′ − λ0

)
I ⪰ 2 diag(ãj),

because 2CAk/T + λ0 ≤ ζa/(2k) + ζa/16 ≤ 2ζa by the choice of CT. The remaining
part is ξ yyT with ξ = 2(k − 2)/S2 − 4ψ̃′′ − λ0/S. If ξ ≥ 0, there is nothing to prove. If
ξ < 0, then Λy + ξyyT ⪰ 0 as soon as |ξ| yTΛ−1

y y ≤ 1, by the Cauchy–Schwarz inequality
(yTe)2 ≤ (yTΛ−1

y y)(eTΛye). We have yTΛ−1
y y ≤ Qζ and |ξ| ≤ λ0/S + 4ψ̃′′. On Ω′ with

S ≤ T, this gives |ξ|yTΛ−1
y y ≤ λ0Rζ < 2λ0K0/a = 1/4. On Ω′ with S > T, it gives

at most (λ0 + 4CVk2/T)Rζ < 1/4 + 8CVK0/CT ≤ 1/2. This proves the claim. The
matrix field M−1

y is continuous and positive definite on BN . Applying Lemma 8.2(v) with
Λ = λ0M−1

y , we obtain, for ambient C1 tests u,

Varµ̃rem(·|Ω)(u) ≤
1

λ0

∫
(∇u)TMy∇u dµ̃rem(· | Ω) =

8K0

a

∫
Γy(u) dµ̃rem(· | Ω).

By (8.47) and Lemma 8.2(i), applied to the conditioned measures,

Varµrem(·|Ω)(u) ≤ Ploc

∫
Γy(u) dµrem(· | Ω), Ploc =

8K0

a
eCTk2

. (8.49)
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Step 4: the Poincaré inequality for the marginal. Let w = (1 + aRζ)
1/2. By (8.42) and

Γy(Rζ) ≥ 0, we have
−Lremw

w
≥

−aLremRζ

2(1 + aRζ)
≥ a

ζaRζ − 1
1 + aRζ

.

The right side is at least −a everywhere. It is increasing in aRζ , and for aRζ ≥ K0 = 2/ζ

it is at least aζ/(ζ + 2) ≥ ζa/4. With λ = ζa/4, this means that

−Lremw
w

≥ λ1Ωc − a1Ω. (8.50)

By Lemma 8.15(iii), the second hypothesis of Lemma 8.16 holds with B = a for every
bounded u ∈ C1(BN) with finite energy, and (8.49) is the first hypothesis. Applying
Lemma 8.16, we obtain, for every such u,

Varµrem(u) ≤ P
∫

Γy(u) dµrem, P =
1
λ
+

(
1 +

a
λ

)
Ploc ≤

C′(ζ)

a
eCTk2

, (8.51)

where C′(ζ) depends only on ζ.

Step 5: the conditional mean and the conclusion. For y ∈ BN, let m(y) =∫
f (
√

Sω, y) ϑ+
S (dω). Differentiating the conditional law, whose density is proportional

to e−SA, and using ∇S = −2y, we find

∇ym =
∫

∇y f dϑ+
S + 2y Covϑ+

S
( f ,A).

By Jensen’s inequality for the quadratic form My, the Cauchy–Schwarz inequality,
yTMyy = |y|2S/N ≤ S, (8.45), and the first bound in (8.46),

Γy(m) ≤ 2
∫

Γy( f ) dϑ+
S + 8S Varϑ+

S
(A)Varϑ+

S
( f )

≤ 2
∫

Γy( f ) dϑ+
S + 16CVkΘ

∫
S−1|∇ω f |2 dϑ+

S .
(8.52)

The function m is bounded and C1 on BN, and Γy( f ) + S−1|∇ω f |2 = Γ( f ) is bounded.
Further, m has finite energy by (8.52), and (8.51) applies to it. By the conditional variance
formula, the second bound in (8.46), (8.51) and (8.52),

Varµ+( f ) =
∫

Varϑ+
S
( f ) dµrem + Varµrem(m)

≤ 2P
∫

Γy( f ) dµ+ +
(14Θ

a2
+ 16CVkΘP

) ∫
S−1|∇ω f |2 dµ+.

By (8.35), the two integrals add up to Eµ+( f ). Using Θ ≥ 1, 2+ 16CVk ≤ (2+ 16CV)k and
the bound on P in (8.51), we see that the right side is at most

(
(2+ 16CV)C′(ζ)ΘeCTk2

k/a+
14Θ/a2

)
Eµ+( f ). This proves (8.44) with C(ζ) = max{CT, 14, (2 + 16CV)C′(ζ)}. Finally,

since µ+ is invariant under R2, . . . , RN, the argument of Lemma 8.1 bounds the constant
of the coordinate-even sector by CP(µ+).
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Lemma 8.19 (From the hemisphere to the full sphere). Assume the hypotheses of Lemma 8.18,
and suppose in addition that

D0 = N − ∑
j>k

1
2aj

≤ M0k
a

for some M0 ≥ 0. Let M1 = M0 + 1/ζ and T1 = 2M1k/a. Then

CP(µ) ≤ 5CP(µ+) +
4T1eāT1

k − 1
.

Proof. We first show that µ(S ≤ T1) ≥ 1/2. Let R0 = ∑j>k y2
j /(2ajS). For j > k, we

have ∂j log ρ = −2ajyj − (k − 2)yj/S + 2⟨A⟩Syj, and the divergence of the vector field
ρ(y)yjej/(2aj) is ρ(1+ yj∂j log ρ)/(2aj). We integrate it over {S > ε}. The boundary term
is O(εk/2−1), and the integrand is O(1/S) near ∂BN, which is integrable. Letting ε → 0
and summing over j > k, we obtain

∑
j>k

1
2aj

= Eµrem [N − S] + (k − 2)Eµrem [R0]− 2Eµrem

[
S⟨A⟩SR0

]
,

so that ES ≤ D0 + (k − 2)ER0. We have R0 ≤ Rζ , because aj ≥ ãj, and Lemma 8.15(iii)
and (8.42) give 0 = E[LremRζ ] ≤ 2 − 2ζaERζ . We obtain ER0 ≤ 1/(ζa) and ES ≤
M0k/a + k/(ζa) = M1k/a. By Markov’s inequality, the set B0 = {S ≤ T1} satisfies
µ(B0) ≥ 1/2.

For S ≤ T1, the conditional law ϑS on the full unit sphere has potential SA with
oscillation at most āT1. By Lemma 8.2(i),(vi), for every smooth g on Sk−1,

VarϑS(g) ≤ eāT1

k − 1

∫
|∇ωg|2 dϑS ≤ J1

∫
S−1|∇ωg|2 dϑS, J1 =

T1eāT1

k − 1
.

Let f be smooth on SN, and let fe and fo be its even and odd parts under R1.
Since µ and Γ are invariant under R1, the cross terms are odd and integrate to zero,
so that Varµ( f ) = Varµ( fe) + µ( f 2

o ) and Eµ( f ) = Eµ( fe) + Eµ( fo). As in Lemma 8.1,
Varµ( fe) ≤ CP(µ+)Eµ( fe). For the odd part, for each y, the function ω 7→ fo(

√
Sω, y) is

odd in ω1, and its mean under ϑS vanishes. By the last display and (8.35), we have∫
B0

f 2
o dµ =

∫
{S≤T1}

VarϑS( fo) dµrem ≤ J1 Eµ( fo).

Let m = µ+( fo). The restriction of fo to the hemisphere is a function of the reflecting
form, with no boundary condition, and f 2

o , Γ( fo) and 1B0 are even. Using µ+(B0) =

µ(B0) ≥ 1/2, we find

m2

2
≤ m2µ+(B0) ≤ 2

∫
B0

f 2
o dµ+ + 2

∫
B0

( fo − m)2 dµ+ ≤ 2J1Eµ( fo) + 2CP(µ+)Eµ( fo).
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We conclude that

µ( f 2
o ) = µ+( f 2

o ) = Varµ+( fo) + m2 ≤
(
5CP(µ+) + 4J1

)
Eµ( fo).

Combining the two parts proves the lemma. Note that the indicator of B0 is only
integrated, never differentiated.

8.6 The critical window

We now prove the Poincaré and logarithmic Sobolev inequalities used in the critical
window. In this section, r1 ≤ r2 ≤ · · · ≤ rN are positive half-precisions with ∑i(2ri)

−1 =

N, and πr is the probability measure proportional to e−∑i rix2
i νN . We abbreviate b = N2/3.

In the application to the GOE, ri = (zN − cNλi)/2 with cN > 0 and λ1 ≥ · · · ≥ λN . These
half-precisions are ordered, and on the events of Lemma 4.17 they satisfy (4.36).

Lemma 8.20 (Poincaré and logarithmic Sobolev constants for half-precisions of order
(i/N)2/3). Let 0 < c∗ ≤ C∗ and δ∗ > 0. There exist N0 and C, depending only on c∗, C∗
and δ∗, such that the following holds for N ≥ N0. Suppose that 0 < r1 ≤ · · · ≤ rN satisfy
∑i(2ri)

−1 = N and

c∗
( i

N

)2/3
≤ ri ≤ C∗

( i
N

)2/3
(1 ≤ i ≤ N), r2 − r1 ≥ δ∗

b
. (8.53)

Then CP(πr) ≤ Cb and CLS(πr) ≤ Cb. The same bounds hold for every coordinate hemisphere
with its reflecting form and for the coordinate-even sector.

Proof. Let ai = ri − r1, so that πr is the measure µ of Section 8.5 with these coefficients,
since a common shift of the coefficients does not change it. We use Lemmas 8.18 and 8.19
with a fixed number J of coordinates in place of k. The parameters are chosen in the
order of Table 8.2.

Table 8.2. Parameters in the proof of Lemma 8.20, in the order of their choice.

Parameter Choice Depends on

ζ min{1/4, c2
∗/(96C2

∗)} c∗, C∗
J smallest integer with c∗(J + 1)2/3 ≥ 2C∗, c∗, C∗

J2/3 ≥ 48C2
∗/c2

∗ and J ≥ k0(ζ)

N0 J + 1 c∗, C∗

We take k = J, ā = aJ and a = aJ+1. By the ordering, we have a2 ≤ ai ≤ ā ≤ a ≤ aj for
2 ≤ i ≤ J < j, and a2 = r2 − r1 ≥ δ∗/b > 0. This is (8.33). From (8.53) and the choice of J,

c∗(J + 1)2/3

2b
≤ c∗(J + 1)2/3 − C∗

b
≤ a ≤ rJ+1 ≤ 2C∗ J2/3

b
, ā ≤ rJ ≤

C∗ J2/3

b
.
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We check (8.41). By the choice of ζ and c∗ ≤ C∗, we have ζa ≤ c∗ J2/3/(48b), and
r1 ≤ C∗/b ≤ c∗(J + 1)2/3/(2b). For j > J, it follows that r1 + ζa ≤ 3

4 c∗(J + 1)2/3/b ≤ 3
4rj,

that is, ãj = rj − r1 − ζa ≥ rj/4. By the trace condition ∑i(2ri)
−1 = N, we have

Dζ = ∑
i≤J

1
2ri

− ∑
j>J

r1 + ζa
2rj ãj

.

The first sum is at least J/(2rJ) ≥ bJ1/3/(2C∗). Using ∑j>J j−4/3 ≤ 3J−1/3 and r1 + ζa ≤
(C∗/b)(1 + 2ζ J2/3), we see that the second sum is at most

2(r1 + ζa) ∑
j>J

1
r2

j
≤ 6C∗b

c2
∗

(
J−1/3 + 2ζ J1/3) ≤ bJ1/3

4C∗
,

where the last inequality uses J2/3 ≥ 48C2
∗/c2

∗ for the first term and ζ ≤ c2
∗/(96C2

∗) for
the second. Then Dζ > 0. Moreover, since aj ≤ rj and ãj ≤ aj,

0 ≤ Dζ ≤ D0 ≤ ∑
i≤J

1
2ri

≤ b
2c∗

∑
i≤J

i−2/3 ≤ 3bJ1/3

2c∗
≤ 3C∗

c∗
J
a

,

so the hypothesis of Lemma 8.19 holds with M0 = 3C∗/c∗.
We have 8Jā/a2 ≤ 8C∗ J5/3/δ∗, J/a ≤ 2J1/3b/c∗ and 1/a2 ≤ b/δ∗, and Lemma 8.18

implies that CP(πr,+) ≤ Cb, where πr,+ = πr(· | x1 ≥ 0). In Lemma 8.19, we have T1 =

2M1 J/a ≤ 4M1 J1/3b/c∗ and āT1 ≤ 4M1C∗ J/c∗, and the lemma implies that CP(πr) ≤
Cb. For the entropy, the variances vi = 1/(2ri) satisfy maxi vi = v1 ≤ b/(2c∗) and
vi/v1 = r1/ri ≥ c∗/(32/3C∗) for i ≤ 3. Corollary 8.13 implies that CLS(πr) ≤ C(v1 +

CP(πr)) ≤ Cb. The bounds for hemispheres and for the coordinate-even sector follow
from Lemma 8.1.

We now state the result in the form used later. Part (ii) concerns the Bingham
comparison law of Definition 7.5 for the matrix with half-precisions ri. With H =

−4 diag(r1, . . . , rN) +
2
N 11T and h(t) = etH1, as in (7.3) with pi = 2ri, its Gaussian

variance parameters are, by (7.4),

vi(t) =
hi(t)
h̄(t)

, h̄(t) =
1
N ∑

j
hj(t),

and µt = µv(t) is proportional to e−∑i ri(t)x2
i νN with ri(t) = 1/(2vi(t)) = h̄(t)/(2hi(t)).

Since ∑i vi(t) = N, these are the half-precisions of µt in the sense of Section 8.1, and
µ0 = νN . We emphasize that µt is a comparison law; in general, it need not coincide with
the law νNPt of the diffusion.
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Proposition 8.21 (Poincaré and logarithmic Sobolev constants in the critical window).
Let r1 ≤ · · · ≤ rN satisfy (4.36) with constants c0, C0, δ, that is, ∑i(2ri)

−1 = N, c0(i/N)2/3 ≤
ri ≤ C0(i/N)2/3 for all i, and r2 − r1 ≥ δN−2/3.

(i) There exist N0 and C, depending only on c0, C0 and δ, such that for N ≥ N0,

CP(πr) ≤ CN2/3, CLS(πr) ≤ CN2/3.

(ii) For every K < ∞, there exist N0 and CK, depending only on K, c0, C0 and δ, such that for
N ≥ N0 and 0 ≤ t ≤ KN2/3,

CP(µt) + CLS(µt) ≤ CK(1 + t). (8.54)

These bounds hold for the full sphere, for every coordinate hemisphere with its reflecting form, and
for the coordinate-even sector.

Proof. Part (i) is Lemma 8.20 with (c∗, C∗, δ∗) = (c0, C0, δ). For part (ii), we may enlarge the
time horizon by replacing K with max{K, 1}, and hence assume K ≥ 1. The hypotheses
(7.49) of Lemma 7.14 hold; that lemma uses only the trace condition and the two-sided
bounds on the ri, for every N ≥ 2. It gives constants 0 < cK ≤ CK, depending only
on K, c0 and C0, such that for 0 ≤ t ≤ Kb we have h̄(t) ≍ (1 + t)−1/2 and hi(t) ≍
(1 + t)1/2/(1 + rit), with these constants. After adjusting cK and CK, we find

cK
1 + rit
1 + t

≤ ri(t) ≤ CK
1 + rit
1 + t

(1 ≤ i ≤ N, 0 ≤ t ≤ Kb). (8.55)

The coordinates of h solve h′i = −4rihi + 2h̄ with hi(0) = 1. By variation of constants,
hi(t) = ht(ri) and ri(t) = rt(ri), where

ht(r) = e−4rt + 2
∫ t

0
e−4rτ h̄(t − τ) dτ, rt(r) =

h̄(t)
2ht(r)

.

The function ht is decreasing and rt is increasing. Hence r1(t) ≤ · · · ≤ rN(t). The
parameters are chosen as follows: cK and CK as above; L = 2CK/cK; k the smallest integer
with k − 2 ≥ 64L2; ε0 = min{1, 1/(C0k2/3)}; and finally N0, as specified below. All of
them depend only on K, c0, C0 and δ.

Early times, 0 ≤ t ≤ ε0b. For i ≤ k, we have rit ≤ C0(k/N)2/3ε0b ≤ 1, and (8.55) implies
that ri(t) ≤ 2CK/(1 + t) ≤ Lr1(t). Also, the trace condition and ri(t) ≤ Lr1(t) for i ≤ k
give

N =
N

∑
i=1

1
2ri(t)

≥ k
2Lr1(t)

, that is, Nr1(t) ≥
k

2L
≥ 4,

since k ≥ 64L2 + 2 ≥ 8L. Corollary 8.9, in its form with half-precisions and with
K = {1, . . . , k}, gives CP(µt) ≤ 1/r1(t) ≤ (1 + t)/cK. For i ≤ 3, the variances satisfy
vi(t) = 1/(2ri(t)) ≥ v1(t)/L, and maxi vi(t) = v1(t) ≤ (1 + t)/(2cK). We conclude from
Corollary 8.13 that CLS(µt) ≤ C(1 + t).



8 Functional inequalities on the sphere 8.6 The critical window 172

Late times, ε0b ≤ t ≤ Kb. We take N large enough that ε0b ≥ 1. Then (8.55) gives ri(t) ≥
cKrit/(1 + t) ≥ (cK/2)ri ≥ (cKc0/2)(i/N)2/3. Also, since 1/t ≤ 1/(ε0b) ≤ ε−1

0 (i/N)2/3,
we have ri(t) ≤ CK(1/t + ri) ≤ CK(ε

−1
0 + C0)(i/N)2/3. It remains to bound r2(t)− r1(t)

from below. Differentiating rt, we find

r′t(r) =
4 rt(r)
ht(r)

(
te−4rt + 2

∫ t

0
τe−4rτ h̄(t − τ) dτ

)
.

Let r ∈ [r1, r2]. Then r ≤ 22/3C0/b and 4rτ ≤ 25/3C0K for τ ≤ t/2. Restricting the
integral to τ ∈ [t/4, t/2] and using h̄(t − τ) ≥ cK(1 + t)−1/2, we see that the bracket
is at least c t2(1 + t)−1/2, with c > 0 depending only on K, c0 and C0. Also ht(r) ≤
ht(r1) = h1(t) ≤ CK(1 + t)1/2 and rt(r) ≥ rt(r1) = r1(t) ≥ cK/(1 + t). Combining these
bounds, we find r′t(r) ≥ c′t2/(1 + t)2 ≥ c′/4, since t ≥ 1. By the mean value theorem,
r2(t)− r1(t) ≥ (c′/4)(r2 − r1) ≥ c′δ/(4b). We have shown that the half-precisions ri(t)
satisfy (8.53), and the trace condition, with

c∗ =
cKc0

2
, C∗ = CK

(
ε−1

0 + C0
)
, δ∗ =

c′δ
4

,

which depend only on K, c0, C0 and δ. For N ≥ N0(c∗, C∗, δ∗), Lemma 8.20 gives
CP(µt) + CLS(µt) ≤ Cb ≤ (C/ε0) t.

Taking N0 to be the largest of the thresholds above proves (8.54). The bounds for
hemispheres and for the coordinate-even sector follow from Lemma 8.1.

The restriction N ≥ N0 is used only to ensure that the fixed numbers J and k of
eigencoordinates are smaller than N and that ε0N2/3 ≥ 1; in the applications N → ∞.



section 9

Comparison with Bingham laws through
the forward equation

In this section, we compare the time-t law νNPA
t of the Langevin diffusion started from

the uniform distribution with the Bingham comparison law µt of Section 7. The law µt is
built from the covariance evolution of the linear dynamics, whose scalar normalization
goes back to Cugliandolo and Dean [51, pp. 8–9, (II.2)–(II.7)]. In general, its density does
not solve the forward (Fokker–Planck) equation of LA, but it solves this equation up to
an explicit error term, which we call the forward-equation defect (Definition 9.2). In
Lemma 9.3, we show that the defect is −1/N times a centered product of two quadratic
forms. Duhamel’s formula, tested against the backward evolution PA

t−u f of a bounded
function f , then bounds ∥νNPA

t − µt∥TV by an integral over u ∈ [0, t] of the size of the
defect at time u, measured against the gradient of PA

t−u f . This is Theorem 9.5. It has two
forms. In the first, the defect is measured in L2(µu), and a Poincaré inequality for µu

bounds the variance of PA
t−u f by its Dirichlet energy. In the second, the defect is written

as a divergence by solving a Poisson equation for the generator of µu, and only the energy
of the solution enters.

The section contains three applications. Theorem 9.13 bounds ∥νNPA
t − µt∥TV by

CΛd−2e−rt when ∥A∥ ≤ Λ and Nd2 is large; it is used at fixed high temperature in
Section 13. In Proposition 9.14, we obtain a bound of order ϵ2, uniformly in time, when A
lies within ϵ of a multiple of the identity; this bound is used for the infinite-temperature
crossover in Section 15. Theorem 9.16 bounds the energy of the solution of the Poisson
equation −LBψ = R for a Bingham law whose variances satisfy explicit conditions at a
scale δ. Together with the second form of Theorem 9.5 and Corollary 9.7, it is used in
Section 14 near the critical temperature, where Nd2 may tend to zero.

We use the covariance evolution of Section 7 (Lemmas 7.6 and 7.7); the moment bounds
and the bounds on marginal densities for Gaussian laws conditioned on the sphere from
Section 5 (Theorems 5.11 and 5.15); and, from Section 8, the weighted gradient estimate
of Theorem 8.6 and the lower bound on the spectral gap in Theorem 8.8.

In this section, we compare probability measures on SN, and the time evolution is
always given by the semigroup PA

t of the diffusion. The numbers vi(t) are the variance
parameters of µt as a conditioned Gaussian law. They need not equal the second moments
of either µt or νNPA

t (Remark 9.4). Accordingly, the quadratic forms below are centered

173
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at these parameters, and the only centering by an actual expectation is the one in the
defect itself.

9.1 Notation

Throughout this section, we fix N ≥ 2 and a real symmetric N × N matrix A. We work in
an orthonormal eigenbasis of A, with coordinates x1, . . . , xN, so that A = diag(αi) with
α1 ≥ · · · ≥ αN; all matrices below are diagonal in this basis. For a symmetric matrix D
we write ΦD(x) = xTDx/2. As in Section 3, LA = ∆SN +∇SN ΦA · ∇SN , PA

t = etLA and
πA ∝ eΦA νN, where ∆SN is the Laplace–Beltrami operator of SN and ∇SN is the gradient
along SN. We write Γ( f , g) = ⟨∇SN f ,∇SN g⟩ and Γ( f ) = |∇SN f |2. Adding a multiple of
the identity to D changes ΦD only by a constant on SN; it changes neither LD nor πD.
Recall that πD is reversible for LD, that is, πD( f (−LDg)) = πDΓ( f , g), and that a positive
lower bound λ > 0 on the spectral gap λgap(LD), the smallest positive eigenvalue of −LD,
is equivalent to the Poincaré inequality VarπD( f ) ≤ λ−1πDΓ( f ); see Section 3.1. For a
probability measure µ and p ≥ 1, we denote by ∥ · ∥p the norm of Lp(µ) when µ is clear
from the context.

We use two formulas of spherical calculus. Let Px = I − xxT/N be the orthogonal
projection onto the tangent space of SN at x, and let uD = xTDx. For symmetric matrices
D and D′, we have ∇SN ΦD(x) = PxDx and

∆SN ΦD = Tr D − uD, Γ(ΦD, ΦD′) = xTDD′x − uDuD′

N
. (9.1)

The second formula follows from ∇SN ΦD = PxDx and P2
x = Px. The first follows from

the formula ∆SN f = Tr(PxD2 f )− (N − 1)N−1x · D f for the Laplace–Beltrami operator of
the sphere of radius

√
N, applied to f = ΦD, for which D2 f = D and x · D f = uD.

Recall that the Lagrange multiplier of A is the unique z > α1 such that ∑i(z − αi)
−1 =

N. We write pi = z − αi for the precisions, qi = 1/pi for the variances, Q = diag(qi),
d = p1, s = pN and κ = s/d, and we set

ϑ =
N

∑i q2
i

, φ(x) =
xTQx

N
=

1
N ∑

i
qix2

i . (9.2)

Using ∑i qi = N and qi ≤ 1/d, we have N ≤ ∑i q2
i ≤ N/d, where the lower bound is the

Cauchy–Schwarz inequality. Thus d ≤ ϑ ≤ 1. Also 1/s ≤ φ ≤ 1/d on SN. The function
φ is the weight of Lemma 8.5, and (9.3) below is (8.10). Let

r0 = d − κ + κ−1

N
, r = d − κ + 1 + κ−1

N
.

Recall from Theorem 8.6 that, for all t ≥ 0 and smooth f ,

φΓ(PA
t f ) ≤ e−2r0tPA

t
(

φΓ( f )
)
, Γ(PA

t f ) ≤ κe−2r0tPA
t Γ( f ), (9.3)
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and that λgap(LA) ≥ r0 when r0 > 0. Both inequalities in (9.3) also hold with r in place
of r0, because r ≤ r0. We define the numbers z, d, s, κ and r0 in the same way for any
symmetric matrix in place of A, in particular for the diagonal matrices B below.

Gaussian laws conditioned on the sphere. For a positive sequence v = (vi) with
∑i vi = N, we write µv for the law of a vector with independent N (0, vi) coordinates
conditioned on |x|2 = N ((5.10)). It is the Bingham law with density proportional to
exp(−∑i x2

i /(2vi)) with respect to νN. In particular, πA = µq, and µv = πB for every
matrix of the form B = yI − diag(v−1

i ) with y ∈ R. Note that the Lagrange multiplier
of such a matrix B is y, because ∑i(y − bi)

−1 = ∑i vi = N, and that its precisions are
the numbers v−1

i . As in Section 5, Sv = (2 ∑i v2
i )

1/2 and ηv = maxi vi/Sv. By the
Cauchy–Schwarz inequality, ∑i v2

i ≥ N−1(∑i vi)
2 = N, which gives

ηv ≤ maxi vi√
2N

. (9.4)

The covariance evolution. We now recall the objects of Section 7. Let H = −2 diag(pi) +

(2/N)11T and h(t) = etH1, and define

h̄(t) =
1
N ∑

i
hi(t), vi(t) =

hi(t)
h̄(t)

, wi(t) = pihi(t), (9.5)

z(t) = 1 +
1
N ∑

i
αivi(t), bi(t) = z(t)− 1

vi(t)
.

Let Bt = diag(bi(t)) and Ct = A − Bt = diag(Ci(t)), so that Ci(t) = αi − bi(t). The
Bingham comparison law is

µt(dx) = Z−1
t eΦBt (x)νN(dx), Zt = νN

(
eΦBt

)
.

Note that ΦBt(x) = Nz(t)/2 − ∑i x2
i /(2vi(t)) on SN . Therefore µt = µv(t), and z(t) is the

Lagrange multiplier of Bt. The functions vi, z and bi are smooth on [0, ∞). We use the
following facts from Lemmas 7.6 and 7.7: for all t ≥ 0 and all i,

∑
i

vi(t) = N, vi(0) = 1,
1
s
≤ vi(t) ≤

1
d

, (9.6)

v′i(t) = 2 + 2
(
αi − z(t)

)
vi(t), ∑

i

(
αi − bi(t)

)
vi(t) = 0, (9.7)

b′i(t) = z′(t) +
2(αi − bi(t))

vi(t)
,

∑
i

qihi(t) = N, ϑ ≤ h̄(t) ≤ 1, osc w(t) = max
i

wi(t)− min
i

wi(t) ≤ Ωt, (9.8)

where Ωt = (s − d)e−2dt and ϑ = N/ ∑i q2
i is the weight of the zero eigenvalue of H (see

(9.2)). The first identity in (9.8) is the conserved quantity ∑i q2
i wi(t) = N of Lemma 7.7.

In particular, µ0 = νN, since v(0) = (1, . . . , 1).



9 Comparison with Bingham laws through the forward equation § 9.2 176

Let ei(t) = pivi(t)− 1 = vi(t)/qi − 1 be the relative errors of the variances, so that
IN(t) = I(q, v(t)) = ∑i ei(t)2/2 is the information of Definition 3.5. Two consequences
of (9.8) are used repeatedly. Dividing the first identity in (9.8) by h̄(t), we have

∑
i

qivi(t) =
N

h̄(t)
. (9.9)

Further, h̄(t) = N−1 ∑j qjwj(t) is an average of the numbers wj(t) with the weights qj/N,
which sum to one. It therefore lies between their minimum and their maximum, and
|wi(t)− h̄(t)| ≤ Ωt for every i. As ei(t) = (wi(t)− h̄(t))/h̄(t), we obtain

|ei(t)| ≤
Ωt

h̄(t)
≤ (s − d)e−2dt

ϑ
. (9.10)

We record some elementary properties of the Lagrange multiplier.

Lemma 9.1 (The Lagrange multiplier of a bounded or nearly isotropic matrix). We have
0 < d ≤ 1 ≤ s and s − d = α1 − αN. In particular, if ∥A∥ ≤ Λ, then s ≤ 1 + 2Λ. Let
ᾱ = N−1 Tr A and ϵ = ∥A − ᾱI∥. If ϵ ≤ 1/4, then for every i,∣∣z − 1 − ᾱ

∣∣ ≤ 8ϵ2,
∣∣qi − 1 − (αi − ᾱ)

∣∣ ≤ 8ϵ2, |d − 1| ≤ 2ϵ, |s − 1| ≤ 2ϵ.

Proof. The numbers qi have average one. Then mini qi ≤ 1 ≤ maxi qi, and d =

1/ maxi qi ≤ 1 ≤ 1/ mini qi = s. Also d > 0 because z > α1. The identity s − d = α1 − αN
is immediate, and α1 − αN ≤ 2∥A∥.

For the second part, replacing A by A − ᾱI replaces z by z − ᾱ and leaves the numbers
pi, qi, d and s unchanged. We may therefore assume that ᾱ = 0, so that ∑i αi = 0 and
|αi| ≤ ϵ. Let y = z − 1 and ti = y − αi, so that pi = 1 + ti. If y > ϵ, then pi > 1 for every i
and ∑i qi < N; if y < −ϵ, then pi < 1 for every i and ∑i qi > N. We conclude that |y| ≤ ϵ

and |ti| ≤ 2ϵ ≤ 1/2. Using (1 + t)−1 = 1 − t + t2/(1 + t) and ∑i ti = Ny, the average of
the qi is

1 =
1
N ∑

i

1
1 + ti

= 1 − y +
1
N ∑

i

t2
i

1 + ti
.

Each term t2
i /(1 + ti) lies in [0, (2ϵ)2/(1/2)] = [0, 8ϵ2], which gives 0 ≤ y ≤ 8ϵ2. From

the same expansion, we have qi − 1 − αi = −y + t2
i /(1 + ti), which is the difference of

two numbers in [0, 8ϵ2]. Finally, s − d ≤ 2ϵ and d ≤ 1 ≤ s imply 1 − 2ϵ ≤ d ≤ 1 ≤ s ≤
1 + 2ϵ.

9.2 The forward-equation defect

Definition 9.2 (Forward-equation defect). Let (µu)u≥0 be a family of probability measures
on SN with densities gu = dµu/dνN such that (u, x) 7→ gu(x) is smooth and positive on
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[0, ∞)× SN. Let L∗
A be the adjoint of LA in L2(νN), that is, L∗

Ag = ∆SN g − div(g∇SN ΦA),
so that νN( f L∗

Ag) = νN(gLA f ) for smooth f and g. The forward-equation defect of the
family (relative to LA) is

Ru = ∂u log gu −
L∗

Agu

gu
.

Equivalently, ∂ugu = L∗
Agu + Rugu, which we also write as

∂uµu = L∗
Aµu + Ruµu. (9.11)

The defect is smooth on [0, ∞)× SN, and it has mean zero:

µu(Ru) = νN(∂ugu)− νN(L∗
Agu) = ∂uνN(gu)− νN(guLA1) = 0.

If µu = µ0PA
u for all u, then gu solves the forward equation ∂ugu = L∗

Agu, and the defect
vanishes identically.

Lemma 9.3 (The defect of the Bingham comparison law). For t ≥ 0, define the quadratic
forms

QB(t) = xTBtx − N
(
z(t)− 1

)
, QC(t) = xTCtx. (9.12)

The forward-equation defect of the Bingham comparison laws (µt)t≥0 is

Rt = −
QB(t)QC(t)− µt

(
QB(t)QC(t)

)
N

. (9.13)

Proof. Fix t ≥ 0. In this proof we write B = Bt, C = Ct, g = gt = eΦB /Zt, ζ = z(t),
ζ ′ = z′(t), vi = vi(t), bi = bi(t) and Ci = Ci(t).

We begin with the adjoint. Using div(g∇SN ΦA) = Γ(g, ΦA) + g∆SN ΦA, we have
L∗

Ag = ∆SN g − Γ(g, ΦA)− g∆SN ΦA. For g = eΦB /Zt, we also have ∆SN g = g(∆SN ΦB +

Γ(ΦB)) and Γ(g, ΦA) = gΓ(ΦB, ΦA). Recalling that C = A − B, we obtain

L∗
Ag
g

= ∆SN ΦB − ∆SN ΦA + Γ(ΦB, ΦB)− Γ(ΦB, ΦA) = −∆SN ΦC − Γ(ΦB, ΦC),

and then (9.1) implies that

L∗
Ag
g

= −Tr C + uC − xTBCx +
uBuC

N
. (9.14)

Next, we compute the time derivative. We have ∂t log g = ∂tΦBt − µt(∂tΦBt), because
log g = ΦBt − log Zt and ∂t log Zt = µt(∂tΦBt). By (9.7) and 1/vi = ζ − bi, we have
b′i = ζ ′ + 2Ci(ζ − bi). Using |x|2 = N, we find

∂tΦBt =
1
2 ∑

i
b′ix

2
i =

Nζ ′

2
+ ζuC − xTBCx.



9 Comparison with Bingham laws through the forward equation § 9.2 178

The constant Nζ ′/2 cancels against its mean, and we are left with

∂t log g = ζuC − xTBCx − µt
(
ζuC − xTBCx

)
. (9.15)

We subtract (9.14) from (9.15). The terms xTBCx cancel, and we find

Rt = (ζ − 1)uC − uBuC

N
+ ct = −QB(t)QC(t)

N
+ ct,

where ct = Tr C − µt(ζuC − xTBCx) does not depend on x. In the second equality,
we used uB − N(ζ − 1) = QB(t) and uC = QC(t). Finally, µt(Rt) = 0 implies that
ct = µt(QB(t)QC(t))/N, and (9.13) follows.

We record two other expressions for the forms in (9.12). On SN we have ∑i(x2
i −

vi(t)) = 0, by (9.6). By the definition of bi(t), we have ∑i bi(t)vi(t) = N(z(t)− 1), and
∑i Ci(t)vi(t) = 0 by (9.7). Combining these identities, we have

QB(t) = ∑
i

bi(t)
(
x2

i − vi(t)
)
, QC(t) = ∑

i
Ci(t)

(
x2

i − vi(t)
)
.

We subtract z(t)∑i(x2
i − vi(t)) = 0 from the first identity and add (z(t) − z)∑i(x2

i −
vi(t)) = 0 to the second. Recalling that bi(t)− z(t) = −1/vi(t) and noting that Ci(t) +
z(t)− z = 1/vi(t)− pi, we find

QB(t) = −∑
i

( x2
i

vi(t)
− 1

)
, QC(t) = −∑

i
ei(t)

( x2
i

vi(t)
− 1

)
. (9.16)

Both forms are linear combinations of the variables x2
i /vi(t)− 1, to which Theorem 5.15

applies under µt = µv(t) whenever ηv(t) ≤ η0, where η0 is the universal threshold of that
theorem. The coefficient vector of QB(t) has Euclidean norm

√
N, and that of QC(t) has

Euclidean norm (∑i ei(t)2)1/2 = (2IN(t))1/2.

Remark 9.4. The variance parameters vi(t) need not equal the second moments of either
µt or νNPA

t . For µt, we have µt(x2
i ) = vi(t)(1 + O(η1/2

v(t))) by Theorem 5.12 when ηv(t) is
small. For the time-t law, the first derivatives at t = 0 differ whenever αi ̸= ᾱ, where
ᾱ = N−1 Tr A; thus the vectors of first derivatives differ unless A is a multiple of the
identity. Indeed, by (9.1) we have LAx2

i = 2 − 2x2
i + 2αix2

i − 2uAx2
i /N, and νN(x2

i x2
j ) =

N(1 + 2 · 1i=j)/(N + 2). We find

d
dt

∣∣∣
t=0

νNPA
t (x2

i ) = νN(LAx2
i ) =

2N
N + 2

(αi − ᾱ), whereas v′i(0) = 2(αi − ᾱ).

For this reason, the forms (9.12) and (9.16) need not have mean zero under µt, and none
of the estimates below replaces an expectation under µt or νNPA

t by its value at the
parameters vi(t).
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9.3 Comparison through the defect

The following theorem compares µt with µ0PA
t , the law at time t of the diffusion started

from µ0. The argument uses the classical backward-semigroup interpolation underlying
Duhamel formulas; compare [12, Section 3.1, pp. 130–131]. The forward-equation defect
and resulting estimates are computed below.

Theorem 9.5 (Comparison through the forward-equation defect). Let (µu)u≥0 be a family
of probability measures as in Definition 9.2, with forward-equation defect Ru. For every t ≥ 0
and every smooth f ,

µt( f )− µ0PA
t ( f ) =

∫ t

0
µu

(
RuPA

t−u f
)

du. (9.17)

Fix t > 0. All functions A, C, G and J below are Borel measurable.

(a) Suppose that A : (0, t) → [0, ∞) satisfies ∥Ru∥L2(µu) ≤ A(u) for u ∈ (0, t). Then

∥µ0PA
t − µt∥TV ≤ min

{
1,

1
2

∫ t

0
A(u) du

}
.

(b) Suppose, in addition to the hypothesis of (a), that C : (0, t) → (0, ∞) and G : (0, t)× (0, t) →
[0, ∞) satisfy, for all u, τ ∈ (0, t), all smooth g, and all smooth f with 0 ≤ f ≤ 1,

Varµu(g) ≤ C(u) µuΓ(g), µuΓ(PA
τ f ) ≤ G(u, τ). (9.18)

Then

∥µ0PA
t − µt∥TV ≤ min

{
1,

∫ t

0
A(u)min

(1
2

,
√
C(u)G(u, t − u)

)
du

}
. (9.19)

(c) Suppose that G : (0, t)× (0, t) → [0, ∞) satisfies the second inequality in (9.18), and that for
each u ∈ (0, t) there exists a smooth tangent vector field ju on SN such that, for all smooth g,

µu(Rug) = µu⟨ju,∇SN g⟩, µu|ju|2 ≤ J (u), (9.20)

where J : (0, t) → [0, ∞). Then

∥µ0PA
t − µt∥TV ≤ min

{
1,

∫ t

0

√
J (u)G(u, t − u) du

}
. (9.21)

If the hypothesis of (a) also holds, the integrand in (9.21) may be replaced by
min{A(u)/2,

√
J (u)G(u, t − u)}. If the hypotheses of (a) and (b) also hold, it

may be replaced by

min
{A(u)

2
, A(u)

√
C(u)G(u, t − u),

√
J (u)G(u, t − u)

}
. (9.22)
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Part (a) uses no gradient bound, and part (c) uses neither a bound on ∥Ru∥L2(µu) nor
a Poincaré inequality for µu. The proof uses the smoothness of the family, the diffusion
property of LA and the compactness of SN.

Proof. We begin with (9.17). Both sides vanish for t = 0. Let t > 0 and let f be smooth.
As LA is an elliptic operator with smooth coefficients on the compact manifold SN, the
function (s, x) 7→ PA

s f (x) is smooth on [0, ∞)× SN, and ∂sPA
s f = LAPA

s f . Then Θ(u) =
µu(PA

t−u f ) = νN(guPA
t−u f ) is continuously differentiable on [0, t], and by Definition 9.2

we have

Θ′(u) = νN
(
(L∗

Agu + Rugu)PA
t−u f

)
− νN

(
guLAPA

t−u f
)
= µu

(
RuPA

t−u f
)
.

Integrating over [0, t] and noting that Θ(t) = µt( f ) and Θ(0) = µ0PA
t ( f ), we obtain

(9.17).
Next, let f be smooth with 0 ≤ f ≤ 1, fix u ∈ (0, t), and let g = PA

t−u f . Then g is
smooth and takes values in [0, 1]. Using µu(Ru) = 0 and the Cauchy–Schwarz inequality,
we have ∣∣µu(Rug)

∣∣ = ∣∣µu
(

Ru(g − µug)
)∣∣ ≤ ∥Ru∥L2(µu) Varµu(g)1/2.

As g takes values in [0, 1], we have Varµu(g) ≤ µu(g− 1/2)2 ≤ 1/4. Under the hypotheses
of (b), we also have Varµu(g) ≤ C(u)µuΓ(PA

t−u f ) ≤ C(u)G(u, t− u). Under the hypotheses
of (c), we have instead, by the Cauchy–Schwarz inequality in L2(µu),∣∣µu(Rug)

∣∣ = ∣∣µu⟨ju,∇SN g⟩
∣∣ ≤ (

µu|ju|2 µuΓ(g)
)1/2 ≤

√
J (u)G(u, t − u).

Each of these bounds uses only its own hypotheses. We bound |µu(RuPA
t−u f )| by the

minimum of the available bounds and integrate in u. Using (9.17), we find that |µt( f )−
µ0PA

t ( f )| is at most the integral in the corresponding statement.
It remains to pass from smooth functions to the total variation distance. Let µ and ρ be

Borel probability measures on SN, let E be a Borel set, and let ε > 0. By the regularity of
the finite measure µ + ρ on the compact metric space SN , there exist a compact set K and
an open set O such that K ⊂ E ⊂ O and (µ + ρ)(O \ K) < ε. Let f be a smooth function
such that 1K ≤ f ≤ 1O. Then |µ(E)− µ( f )| ≤ µ(O \ K), and similarly for ρ. It follows
that |µ(E)− ρ(E)| ≤ |µ( f )− ρ( f )|+ ε, and ∥µ − ρ∥TV is the supremum of |µ( f )− ρ( f )|
over smooth f with 0 ≤ f ≤ 1. Applying this with µ = µt and ρ = µ0PA

t , and using that
the total variation distance is at most one, we obtain each of the stated bounds.

The flux hypothesis (9.20) is verified through a Poisson equation. This uses the
standard spectral inverse on mean-zero functions [12, Section 1.7.2, pp. 31–32]; the energy
estimate is included below.
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Lemma 9.6 (The Poisson equation for a Bingham law). Let B be a symmetric matrix, let
µ = πB, and let λgap(LB) > 0 be the smallest positive eigenvalue of −LB. For every smooth
R with µ(R) = 0, there exists a unique smooth ψ with µ(ψ) = 0 and −LBψ = R. It satisfies
µ(Rg) = µΓ(ψ, g) for every smooth g, and

µΓ(ψ) ≤ λgap(LB)
−1∥R∥2

L2(µ).

Proof. The operator −LB is symmetric and nonnegative in L2(µ), with µ( f (−LBg)) =

µΓ( f , g). As an elliptic operator with smooth coefficients on the compact connected
manifold SN , it has discrete spectrum and smooth eigenfunctions, and its kernel consists
of the constants. In particular, −LB is invertible on the orthogonal complement of the
constants in L2(µ), with inverse of norm at most λgap(LB)

−1, and the solution ψ of
−LBψ = R with µ(ψ) = 0 exists. It is smooth by elliptic regularity, since R is smooth.
Two such solutions differ by a constant with mean zero, which must vanish. For smooth
g, we have µ(Rg) = µ(g(−LBψ)) = µΓ(ψ, g). Taking g = ψ and using the Poincaré
inequality ∥ψ∥2

L2(µ)
≤ λgap(LB)

−1µΓ(ψ), we find

µΓ(ψ) = µ(Rψ) ≤ ∥R∥L2(µ)

(
λgap(LB)

−1µΓ(ψ)
)1/2,

which gives the energy bound.

Corollary 9.7 (The defect of the Bingham comparison law as a divergence). For u ≥ 0, let
Ru be the forward-equation defect of the Bingham comparison laws (Lemma 9.3), and let ψu be
the smooth solution of −LBu ψu = Ru with µu(ψu) = 0. Then µu(Rug) = µuΓ(ψu, g) for every
smooth g. In particular, the family (µu) satisfies (9.20) with ju = ∇SN ψu and any nonnegative
Borel measurable function J satisfying J (u) ≥ µuΓ(ψu).

Proof. Note that µu = πBu and µu(Ru) = 0. The claim follows from Lemma 9.6 with
B = Bu and R = Ru.

9.4 Reverse variance inequalities and exponential decay

To use Theorem 9.5, we need bounds on the energy of PA
τ f for bounded f . They follow

from gradient estimates of the form (9.3) by the following reverse variance inequalities.
The proof uses the semigroup interpolation method of the Bakry–Émery theory [11];
related local Poincaré inequalities are discussed in [12, Section 4.7, (4.7.3), p. 208]. We
prove below the precise forms used here, including the constant K and the weight F.

Lemma 9.8 (Reverse variance inequalities). Let t > 0, let f be smooth, and write Vt( f ) =
PA

t ( f 2)− (PA
t f )2.
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(a) Suppose that a smooth positive function F on SN and constants D > 0 and ρ > 0 satisfy
F ≤ D and FΓ(PA

s f ′) ≤ e−2ρsPA
s (FΓ( f ′)) for all s ≥ 0 and smooth f ′. Then

Γ(PA
t f ) ≤ Dρ

F(e2ρt − 1)
Vt( f ). (9.23)

In particular, for every probability measure µ on SN and every smooth f with 0 ≤ f ≤ 1,

µΓ(PA
t f ) ≤ Dρ µ(F−1)

4(e2ρt − 1)
. (9.24)

(b) Suppose that constants K ≥ 1 and ρ > 0 satisfy Γ(PA
s f ′) ≤ Ke−2ρsPA

s Γ( f ′) for all s ≥ 0
and smooth f ′. Then

Γ(PA
t f ) ≤ Kρ

e2ρt − 1
Vt( f ). (9.25)

In particular, if 0 ≤ f ≤ 1, then

sup
SN

Γ(PA
t f ) ≤ Kρ

4(e2ρt − 1)
. (9.26)

Proof. For 0 ≤ s ≤ t, let hs = PA
t−s f . Using the diffusion property LA(h2) = 2hLAh +

2Γ(h), we find
d
ds

PA
s (h2

s ) = PA
s
(

LA(h2
s )− 2hsLAhs

)
= 2PA

s Γ(hs).

Integrating over s ∈ [0, t], we obtain

Vt( f ) = 2
∫ t

0
PA

s Γ
(

PA
t−s f

)
ds. (9.27)

Under the hypotheses of (a), using F ≤ D, the positivity of PA
s and the hypothesis with

f ′ = hs, we find

PA
s Γ(hs) ≥ D−1PA

s
(

FΓ(hs)
)
≥ D−1e2ρsFΓ(PA

s hs) = D−1e2ρsFΓ(PA
t f ).

Inserting this into (9.27) and using 2
∫ t

0 e2ρsds = (e2ρt − 1)/ρ, we obtain (9.23). If 0 ≤ f ≤
1, then Vt( f )(x) is the variance of f under the transition probability PA

t (x, ·), which is
at most 1/4. Integrating (9.23) against µ then yields (9.24). The proof of (b) is the same,
with F ≡ 1, D = 1 and the factor K in place of D.

Lemma 9.9 (An elementary integral). For ρ > 0, a ≥ 2ρ and t ≥ 0,∫ t

0

e−(a−ρ)u√
1 − e−2ρ(t−u)

du ≤
√

1 − e−2ρt

ρ
≤ 1

ρ
, (9.28)

with equality in the first inequality when a = 2ρ.
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Proof. As a − ρ ≥ ρ, the integrand is at most e−ρu(1 − e−2ρ(t−u))−1/2, with equality when
a = 2ρ. Substituting τ = t − u, we have∫ t

0

e−ρu du√
1 − e−2ρ(t−u)

= e−ρt
∫ t

0

e2ρτ dτ√
e2ρτ − 1

=
e−ρt

ρ

√
e2ρt − 1 =

√
1 − e−2ρt

ρ
,

where we used that ρ−1(e2ρτ − 1)1/2 is a primitive of e2ρτ(e2ρτ − 1)−1/2. The singularity
of the integrand at τ = 0 is of order τ−1/2, hence integrable.

Theorem 9.10 (Comparison under an exponentially decaying defect). Let (µu)u≥0 be as in
Definition 9.2, with forward-equation defect Ru. Suppose that there exist constants A ≥ 0 and
a > 0 such that

∥Ru∥L2(µu) ≤ Ae−au (u ≥ 0). (9.29)

Then, for every t ≥ 0,

∥µ0PA
t − µt∥TV ≤ A

2a
(
1 − e−at) ≤ A

2
min

(
t, a−1). (9.30)

Suppose in addition that there exist constants C > 0, K ≥ 1 and ρ ∈ (0, a/2] such that
Varµu(g) ≤ CµuΓ(g) for all u ≥ 0 and smooth g, and Γ(PA

s f ) ≤ Ke−2ρsPA
s Γ( f ) for all s ≥ 0

and smooth f . Then, for every t ≥ 0,

∥µ0PA
t − µt∥TV ≤ A

2

√
CK
ρ

e−ρt. (9.31)

The first estimate uses only (9.29), and no Poincaré inequality or gradient bound.

Proof. Both estimates are trivial for t = 0. Let t > 0. By part (a) of Theorem 9.5 with
A(u) = Ae−au, we have

∥µ0PA
t − µt∥TV ≤ A

2

∫ t

0
e−au du =

A
2a

(
1 − e−at),

and the inequality 1 − e−at ≤ min(at, 1) yields (9.30). For (9.31), we use part (b) of
Theorem 9.5 with C(u) = C and, by (9.26),

G(u, τ) =
Kρ

4(e2ρτ − 1)
.

Writing (e2ρ(t−u) − 1)−1/2 = e−ρ(t−u)(1 − e−2ρ(t−u))−1/2, we see that the integrand in
(9.19) is at most

A(u)
√
CG(u, t − u) =

A
√
CKρ

2
e−ρt e−(a−ρ)u√

1 − e−2ρ(t−u)
.

By Lemma 9.9, the integral of the last factor over u ∈ (0, t) is at most 1/ρ, and (9.31)
follows.



9 Comparison with Bingham laws through the forward equation § 9.5 184

9.5 An inverse moment under conditioned Gaussian laws

The weighted inequality (9.24) involves µ(F−1). For the weight φ and the comparison
laws, this is an inverse moment of a nonnegative quadratic form under a conditioned
Gaussian law. The following lemma bounds such moments without any lower bound on
the variances.

Lemma 9.11 (An inverse moment of a nonnegative quadratic form). There exist universal
constants ηinv > 0 and Cinv < ∞ with the following property. Let v be a positive sequence with
∑i vi = N and ηv ≤ ηinv. Let γ1, . . . , γN ≥ 0 satisfy

Hγ = ∑
i

γivi > 0, max
i

γivi ≤
Hγ

8
.

Then ∑i γix2
i > 0 for µv-almost every x, and

µv

[(
∑

i
γix2

i

)−1]
≤ Cinv

Hγ
. (9.32)

Proof. We first fix the constants. Let η1 = η(1/3) and K1 = C1/3 be the universal constants
of the second part of Theorem 5.11, applied with ε = 1/3. Thus, if ηv ≤ η1 and J is a
set of indices such that ∑i/∈J v2

i ≥ (1/3)∑i v2
i , then the law of (xi/

√
vi)i∈J under µv has

a density bounded by K1 with respect to the standard Gaussian measure on RJ . We set
ηinv = min{η1, 24−1/2} and Cinv = 4K1. Let Σ2 = ∑i v2

i . Each coordinate carries at most
a fraction v2

i /Σ2 = 2(vi/Sv)2 ≤ 2η2
v ≤ 1/12 of Σ2.

Next, we split the indices into two blocks. Let n be the smallest index such that
∑i≤n v2

i ≥ Σ2/3, and let J0 = {1, . . . , n}. As each coordinate carries at most Σ2/12, we
have

Σ2

3
≤ ∑

i∈J0

v2
i ≤ 5Σ2

12
,

7Σ2

12
≤ ∑

i/∈J0

v2
i ≤ 2Σ2

3
.

The complement of each of the blocks J0 and Jc
0 carries at least Σ2/3, and the density

bound of the previous paragraph applies to both blocks.
Let ωi = γivi. One of the two blocks, which we call J, satisfies HJ = ∑i∈J ωi ≥ Hγ/2.

Let ω∗ = maxi∈J ωi. Then ω∗ > 0, since HJ > 0, and ω∗ ≤ Hγ/8 ≤ HJ/4. Let
(Gi)i∈J be independent standard Gaussian variables. Using y−1 =

∫ ∞
0 e−τydτ for y > 0,

Ee−τωG2
= (1 + 2τω)−1/2 and Tonelli’s theorem, we have

E
(
∑
i∈J

ωiG2
i

)−1
=

∫ ∞

0
∏
i∈J

(1 + 2τωi)
−1/2 dτ.
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For fixed τ ≥ 0, the function y 7→ log(1 + 2τy) is concave on [0, ω∗] and vanishes at zero.
This implies that log(1 + 2τωi) ≥ (ωi/ω∗) log(1 + 2τω∗) for i ∈ J, and the product is at
most (1 + 2τω∗)−HJ/(2ω∗). Because HJ/(2ω∗) ≥ 2, we have∫ ∞

0
(1 + 2τω∗)

−HJ/(2ω∗) dτ =
1

HJ − 2ω∗
≤ 2

HJ
≤ 4

Hγ
.

Finally, ∑i γix2
i ≥ ∑i∈J ωi(xi/

√
vi)

2, and the law of (xi/
√

vi)i∈J under µv has density
at most K1 with respect to the law of (Gi)i∈J . As the function y 7→ (∑i∈J ωiy2

i )
−1 is

nonnegative, we conclude that

µv

[(
∑

i
γix2

i

)−1]
≤ K1 E

(
∑
i∈J

ωiG2
i

)−1
≤ 4K1

Hγ
.

In particular, ∑i γix2
i is positive µv-almost surely.

9.6 Comparison when Nd2 is large

In this section, the operator norm of A is bounded by a constant Λ ≥ 0, and Nd2 is
larger than a constant depending only on Λ. We fix the following notation. Let η0 > 0
and C4 < ∞ be the universal threshold and the constant for p = 4 in Theorem 5.15: if
ηv ≤ η0, then ∥∑i ai(x2

i /vi − 1)∥L4(µv)
≤ C4(∑i a2

i )
1/2 for all real ai. Let ηinv and Cinv be

as in Lemma 9.11.

Lemma 9.12 (Poincaré constants and defect bounds for the comparison laws). Let Λ ≥ 0,
suppose that ∥A∥ ≤ Λ, and suppose that

Nd2 ≥ Cdim(Λ), Cdim(Λ) = max
{

2(3 + 2Λ), (2η2
0)

−1}. (9.33)

Then r ≥ d/2. For every t ≥ 0, the law µt satisfies Varµt(g) ≤ (2/d)µtΓ(g) for all smooth g,
and its forward-equation defect satisfies

∥Rt∥L2(µt) ≤ C2
4

Ωt

h̄(t)
≤ 2ΛC2

4 ϑ−1e−2dt. (9.34)

Proof. We first show that r ≥ d/2. We have d ≤ 1 ≤ s ≤ 1 + 2Λ by Lemma 9.1. In
particular d + d2/s ≤ 2, and

κ + 1 + κ−1 =
s + d + d2/s

d
≤ s + 2

d
≤ 3 + 2Λ

d
.

Then (9.33) implies that d − r = (κ + 1 + κ−1)/N ≤ (3 + 2Λ)/(Nd) ≤ d/2.
Next, we prove the Poincaré inequality. Fix t ≥ 0. The Lagrange multiplier of Bt is z(t),

and its precisions are the numbers 1/vi(t), which lie in [d, s] by (9.6). In particular, the
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smallest precision dt of Bt satisfies dt ≥ d, and its ratio κt of largest to smallest precision
satisfies κt ≤ κ. The function y 7→ y + y−1 is nondecreasing on [1, ∞). By Theorem 8.6,
applied to Bt, the spectral gap λgap(LBt) is therefore at least

dt −
κt + κ−1

t
N

≥ d − κ + κ−1

N
= r0 ≥ r ≥ d

2
.

As µt = πBt , this is the Poincaré inequality with constant 2/d.
Finally, we bound the defect. Using (9.4) and (9.6), we find ηv(t) ≤ (2Nd2)−1/2 ≤ η0,

and Theorem 5.15 applies to µt = µv(t). By (9.16) and (9.10), we have

∥QB(t)∥4 ≤ C4
√

N, ∥QC(t)∥4 ≤ C4

(
∑

i
ei(t)2

)1/2
≤ C4

√
N

Ωt

h̄(t)
.

For every square-integrable Y, we have ∥Y − µt(Y)∥2 ≤ ∥Y∥2. Using (9.13) and Hölder’s
inequality, we find

∥Rt∥2 ≤ 1
N
∥QB(t)QC(t)∥2 ≤ 1

N
∥QB(t)∥4∥QC(t)∥4 ≤ C2

4
Ωt

h̄(t)
.

This is the first inequality in (9.34). The same argument also gives ∥Rt∥2 ≤
C2

4(2IN(t)/N)1/2. The second inequality follows from h̄(t) ≥ ϑ and s − d = α1 − αN ≤
2Λ.

Theorem 9.13 (Comparison with the Bingham comparison law when Nd2 is large). For
every Λ ≥ 0, there exist constants Cw(Λ) > 0 and CΛ > 0 such that the following holds.
Suppose that ∥A∥ ≤ Λ and that

Nd2 ≥ Cw(Λ). (9.35)

Then r ≥ d/2, and for every t ≥ 0,

∥νNPA
t − µt∥TV ≤ CΛd−3/2ϑ−1/2e−rt ≤ CΛd−2e−rt. (9.36)

In particular, if d ≥ d0 > 0, then the left side of (9.36) is at most CΛd−2
0 e−d0t/2, which tends to

zero along every sequence of times tending to infinity.

We choose Cw(Λ) sufficiently large that (9.35) implies the following four lower bounds
on Nd2.

Proof. Choose Cw(Λ) ≥ max{Cdim(Λ), 8, (2η2
inv)

−1} and CΛ ≥ 1+ 2ΛC2
4

√
2 max{1, Cinv}.

The proof has two steps. We first bound the energy of PA
τ f under µu, using the weighted

gradient estimate (9.3) for the fixed weight φ and an inverse moment of φ under µu. We
then insert this bound, the Poincaré inequality and the defect bound of Lemma 9.12 into
part (b) of Theorem 9.5, applied to the family (µu) of Bingham comparison laws, for
which µ0 = νN. Recall from Lemma 9.12 that r ≥ d/2.
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Table 9.1. The conditions in (9.35).

Condition Use in the proof of Theorem 9.13

Nd2 ≥ 2(3 + 2Λ) r ≥ d/2; Poincaré constant 2/d for µu (Lemma 9.12)
Nd2 ≥ (2η2

0)
−1 ηv(u) ≤ η0, so Theorem 5.15 applies to µu

Nd2 ≥ 8 maxi qivi(u) ≤ (1/8)∑i qivi(u) in Lemma 9.11
Nd2 ≥ (2η2

inv)
−1 ηv(u) ≤ ηinv in Lemma 9.11

Step 1: the energy of PA
τ f under µu. Fix u ≥ 0. We verify the hypotheses of Lemma 9.11

with v = v(u) and γi = qi. We have Hγ = ∑i qivi(u) = N/h̄(u) by (9.9), and
maxi qivi(u) ≤ d−2 by (9.6) and qi ≤ 1/d. As h̄(u) ≤ 1 and Nd2 ≥ 8, we have
maxi qivi(u) ≤ N/8 ≤ Hγ/8. Also ηv(u) ≤ (2Nd2)−1/2 ≤ ηinv by (9.4). Then Lemma 9.11
implies that µu[(∑i qix2

i )
−1] ≤ Cinvh̄(u)/N, that is,

µu
(

φ−1) ≤ Cinvh̄(u). (9.37)

We note that this is a bound for an expectation under µu. The number N/h̄(u), which
is the value of ∑i qix2

i at x2
i = vi(u), enters only through the hypotheses of Lemma 9.11.

The weight φ satisfies the hypothesis of Lemma 9.8(a) with ρ = r and D = 1/d, by (9.3)
with r in place of r0. By (9.24) and (9.37), for every τ > 0 and smooth f with 0 ≤ f ≤ 1,

µuΓ(PA
τ f ) ≤ r µu(φ−1)

4d(e2rτ − 1)
≤ Cinv r h̄(u)

4d(e2rτ − 1)
= G(u, τ). (9.38)

Step 2: the Duhamel integral. Fix t > 0. We use part (b) of Theorem 9.5 with G from
(9.38), C(u) = 2/d and A(u) = C2

4Ωu/h̄(u), which are admissible by Lemma 9.12. Using
(e2r(t−u) − 1)−1/2 = e−r(t−u)(1 − e−2r(t−u))−1/2, we find

A(u)
√
C(u)G(u, t − u) = C2

4(s − d)

√
Cinv r

2
e−rt

d
√

h̄(u)

e−(2d−r)u√
1 − e−2r(t−u)

.

We bound h̄(u) ≥ ϑ and s − d ≤ 2Λ. As r ≤ d, Lemma 9.9 applies with ρ = r and a = 2d,
and the integral over u ∈ (0, t) of the last factor is at most 1/r. Inserting these bounds
into (9.19), we obtain

∥νNPA
t − µt∥TV ≤ 2ΛC2

4

√
Cinv

2r
e−rt

d
√

ϑ
≤ CΛd−3/2ϑ−1/2e−rt,

where in the last step we used r ≥ d/2. This is the first inequality in (9.36), and the
second follows from ϑ ≥ d. For t = 0 the left side of (9.36) is zero. If d ≥ d0, then
rt ≥ dt/2 ≥ d0t/2, which implies the last assertion.
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9.7 Comparison for nearly isotropic matrices

When A is close to a multiple of the identity, the defect is quadratically small, and the
comparison holds uniformly in time without any condition relating N and d beyond
N ≥ N0. This is the input for the infinite-temperature crossover in Section 15.

Proposition 9.14 (Comparison for a nearly isotropic matrix). There exist universal con-
stants ϵ0 > 0, N0 and C1 such that the following holds. Suppose that N ≥ N0 and
∥A − (N−1 Tr A)I∥ ≤ ϵ ≤ ϵ0. Then r > 0, and for every t ≥ 0,

∥νNPA
t − µt∥TV ≤ C1ϵ2 min(t, 1), ∥νNPA

t − µt∥TV ≤ C1ϵ2e−rt. (9.39)

The constants do not depend on N−1 Tr A, so that no bound on the scalar part of A is
needed. One may take ϵ0 = 1/4, N0 = max{35, 2η−2

0 } and C1 = 8
√

32 C2
4 , with η0 and C4

as in Section 9.6.

Proof. Let ϵ0 = 1/4 and N0 = max{35, 2η−2
0 }. By Lemma 9.1,

1
2
≤ 1 − 2ϵ ≤ d ≤ 1 ≤ s ≤ 1 + 2ϵ ≤ 3

2
, s − d ≤ 2ϵ, κ ≤ 3.

By (9.6), every vi(t) lies in [1/s, 1/d]. As 1/d − 1 = (1 − d)/d ≤ 4ϵ and 1 − 1/s ≤ 2ϵ, we
have |1 − vi(t)| ≤ 4ϵ. Combining (9.10) with ϑ ≥ d ≥ 1/2 and s − d ≤ 2ϵ, we conclude
that |ei(t)| ≤ 4ϵe−2dt.

We first bound the defect. By (9.4), ηv(t) ≤ d−1(2N)−1/2 ≤ (2/N)1/2 ≤ η0, and
Theorem 5.15 applies to µt. On SN, ∑i(x2

i − vi(t)) = ∑i vi(t)(x2
i /vi(t)− 1) = 0. Adding

this to the first expression in (9.16), we find

QB(t) = −∑
i

(
1 − vi(t)

)( x2
i

vi(t)
− 1

)
.

The coefficients of QB(t) and QC(t) in the variables x2
i /vi(t)− 1 are bounded in absolute

value by 4ϵ and 4ϵe−2dt, respectively. Then Theorem 5.15 implies that ∥QB(t)∥4 ≤
4C4ϵ

√
N and ∥QC(t)∥4 ≤ 4C4ϵe−2dt

√
N. As in the proof of Lemma 9.12, we deduce from

(9.13) and Hölder’s inequality that

∥Rt∥L2(µt) ≤
1
N
∥QB(t)∥4∥QC(t)∥4 ≤ 16C2

4ϵ2e−2dt.

The first estimate in (9.39) now follows from (9.30) with A = 16C2
4ϵ2 and a = 2d, since

µ0 = νN and min(t, 1/(2d)) ≤ min(t, 1).
For the second estimate, we verify the remaining hypotheses of Theorem 9.10. For

N ≥ 35 and κ ≤ 3, we have r ≥ 1/2 − (13/3)/N ≥ 3/8. Also r ≤ d, and therefore
a = 2d ≥ 2r. By (9.3) with r in place of r0, the gradient hypothesis holds with K = κ ≤ 3
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and ρ = r. As in the proof of Lemma 9.12, the precisions 1/vi(t) of Bt lie in [d, s], and
λgap(LBt) ≥ d − (κ + κ−1)/N ≥ 1/2 − (10/3)/N ≥ 1/4. Thus µt = πBt satisfies the
Poincaré inequality with C = 4. By (9.31), we obtain

∥νNPA
t − µt∥TV ≤ 8C2

4ϵ2
√

4 · 3
3/8

e−rt = 8
√

32 C2
4ϵ2e−rt,

which completes the proof.

9.8 A Poisson equation for Bingham laws

Near the critical temperature, Nd2 may tend to zero, and the defect bound of Lemma 9.12
is too weak. In Section 14, the comparison is instead made with part (c) of Theorem 9.5,
through the Poisson equation of Corollary 9.7. This section bounds the energy of the
solution of this Poisson equation for a single Bingham law. The proof constructs an ex-
plicit approximate solution, a rational function of the quadratic form Fv(x) = N−1 ∑i vix2

i
multiplied by QC, and handles the remainder with the spectral gap.

Throughout this section, v is a positive sequence with ∑i vi = N, and µ = µv. We let
B = −diag(v−1

i ), so that µ = πB and the Lagrange multiplier of B is zero. Any other
matrix yI − diag(v−1

i ) defines the same generator LB. Let Sk = ∑i vk
i for k = 2, 3, 4 and

V = diag(vi), and set

Fv(x) =
xTVx

N
=

1
N ∑

i
vix2

i , F0 =
S2

N
, f (y) = −1

2
+

F0

2y
(y > 0).

Note that F0 is the value of Fv at x2
i = vi. Let C = diag(Ci) be a real diagonal matrix with

∑i Civi = 0. We define

QB = N − ∑
i

x2
i

vi
, QC = xTCx, R = −QBQC − µ(QBQC)

N
, ψ0 = f (Fv) QC,

and
IC = ∑

i
(Civi)

2, JC = ∑
i

C2
i , KC = ∑

i
C2

i vi.

When v = v(u) and C = Cu for some u ≥ 0, the condition ∑i Civi = 0 holds by (9.7),
the forms QB and QC coincide on SN with those of (9.12) by (9.16), and R = Ru is the
forward-equation defect of the Bingham comparison law at time u.

Definition 9.15 (Variance conditions at scale δ). Let 0 < c0 < 1 ≤ C0 and 0 < δ ≤ 1, and
set M = Nδ3. We say that v satisfies the variance conditions at scale δ with constants
(c0, C0) if

c0 ≤ vi ≤ C0δ−2 (1 ≤ i ≤ N), c0Nδ−1 ≤ S2 ≤ C0Nδ−1,

S3 ≤ C0Nδ−3, S4 ≤ C0Nδ−5,
(9.40)
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and if there exists a set S of indices such that

|S| ≥ c0M, vi ≥ c0δ−2 (i ∈ S), ∑
i/∈S

v2
i ≥ c0S2. (9.41)

The set S consists of at least c0M coordinates whose variances are comparable to the
largest one. Equivalently, their precisions v−1

i are comparable to the smallest precision.
The last condition in (9.41) says that the remaining coordinates carry a fixed fraction
of S2. For M ≥ M0, where M0 is the constant of Theorem 9.16 below, these conditions
imply that λgap(LB) ≥ δ2/(2C0), as proved in Step 6 of its proof. They also imply that
µ{Fv < F0/2} ≤ K/M for a constant K depending only on c0 and C0, by (9.47) with q = 2
and Markov’s inequality applied to (Fv − F0)

2.

Theorem 9.16 (Energy of the solution of the Poisson equation). Let 0 < c0 < 1 ≤ C0.
There exist constants M0 and C∗, depending only on c0 and C0, such that the following holds.
Let 0 < δ ≤ 1 and let v satisfy the variance conditions at scale δ with constants (c0, C0), with
M = Nδ3 ≥ M0. Let C = diag(Ci) be real with ∑i Civi = 0. Then the solution ψ of −LBψ = R
with µ(ψ) = 0 satisfies

µΓ(ψ) ≤ C∗
M

(
KC +

JC

δ2 + δ2 IC

)
. (9.42)

Moreover, the function ψ0 = f (Fv)QC satisfies

∥ψ0∥L2(µ) ≤ C∗

√
IC

M
, µΓ(ψ0) ≤

C∗
M

(
KC + δ2 IC

)
. (9.43)

Recall that the solution ψ exists by Lemma 9.6, because µ(R) = 0. The bound (9.42)
involves only the three sums IC, JC and KC. The theorem assumes no relation between C
and v other than ∑i Civi = 0, and no lower bound on Nδ4. The lower bounds on M used
in the proof are collected in Table 9.2.

Table 9.2. Lower bounds on M = Nδ3 used in the proof of Theorem 9.16. Here η0 is the threshold
of Theorem 5.15 and η(c0) is the threshold of Theorem 5.11 for complements carrying a fraction
at least c0 of S2. The number M0 is the smallest M satisfying all of them, and depends only on c0

and C0.

Condition Use

1 M ≥ 1 and C2
0 ≤ 2c0η2

0 M ηv ≤ η0 (Step 1)
2 C2

0 ≤ 2c0η(c0)
2M bounded density of (gi)i∈S (Step 2)

3 c0M ≥ 96 inverse moments of order q ≤ 24 (Step 2)
4 c0M ≥ 64(C0/c0)

2 + 2 and M ≥ 8C0 λgap(LB) ≥ δ2/(2C0) (Step 6)
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Proof. The proof has six steps. Steps 1 and 2 collect moment bounds under µ for quadratic
forms and for the inverse of Fv. Step 3 computes LBψ0 exactly: ψ0 solves the Poisson
equation up to a remainder Ẽ with mean zero. Steps 4 and 5 bound the L2(µ) norm of
Ẽ and the energy of ψ0. Step 6 solves the Poisson equation with right side Ẽ, using the
spectral gap of −LB, whose lower bound δ2/(2C0) is proved in Step 6 using Theorem 8.8.

Here, and for the rest of this proof, we write X ≲ Y if X ≤ KY for a constant K
depending only on c0 and C0 and, where an exponent q appears, on q. All exponents
below are at most 24. The number M0 is chosen so that the conditions in Table 9.2 hold
whenever M ≥ M0. All norms are in Lq(µ).

Step 1: moments of quadratic forms. By (9.40),

ηv =
maxi vi

(2S2)1/2 ≤ C0δ−2

(2c0Nδ−1)1/2 =
C0

(2c0M)1/2 .

The first condition in Table 9.2 gives ηv ≤ η0, the threshold of Theorem 5.15. Writing
∑i ai(x2

i − vi) = ∑i(aivi)(x2
i /vi − 1) and using Theorem 5.15, we find that for every real

sequence (ai) and q ≥ 1, ∥∥∥∑
i

ai
(
x2

i − vi
)∥∥∥

q
≲

(
∑

i
a2

i v2
i

)1/2
. (9.44)

If all ai ≥ 0, then (∑i a2
i v2

i )
1/2 ≤ ∑i aivi, and adding the constant ∑i aivi we find

∥∑i aix2
i ∥q ≲ ∑i aivi. We use these bounds for the following forms. Because ∑i Civi = 0,

we have QC = ∑i Ci(x2
i − vi). We also set Q̃C = ∑i Ci(x2

i /vi − 1). By (9.44), we have

∥QC∥q ≲
√

IC, ∥Q̃C∥q ≲
√

JC, ∥xTV2x∥q ≲ S3, ∥xTC2x∥q ≲ KC. (9.45)

Next, xTVCx = ∑i v2
i Ci + ∑i viCi(x2

i − vi). We have |∑i v2
i Ci| ≤ S1/2

2 I1/2
C by the Cauchy–

Schwarz inequality, and by (9.44), the Lq norm of the second sum is at most a constant
times (∑i v4

i C2
i )

1/2 ≤ (maxi vi)I1/2
C . Recalling that (Nδ−1)1/2 = δ−2M1/2 and M ≥ 1, we

obtain
∥xTVCx∥q ≲

(
(Nδ−1)1/2 + δ−2)√IC ≲ δ−2

√
MIC. (9.46)

Finally, Fv − F0 = N−1 ∑i vi(x2
i − vi), and (9.44) and (9.40) yield

∥Fv − F0∥q ≲

√
S4

N
≲

δ−5/2
√

N
=

δ−1
√

M
≲

F0√
M

, (9.47)

where in the last step we used F0 = S2/N ≥ c0δ−1.
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Step 2: inverse moments of Fv. Let S be as in (9.41), let k = |S|, and write gi = xi/
√

vi.
On SN, we have

Fv =
1
N ∑

i
v2

i g2
i ≥

c2
0

Nδ4 ∑
i∈S

g2
i , so

F0

Fv
≤ C0

c2
0

M
∑i∈S g2

i
,

where we used F0 ≤ C0δ−1. The coordinates outside S carry at least a fraction c0 of
S2, which means that the fraction carried by S is at most 1 − c0. By the second part of
Theorem 5.11, applied with ε = c0, there exist η(c0) > 0 and K(c0) = Cc0 < ∞ such
that, if ηv ≤ η(c0), the law of (gi)i∈S under µ has a density bounded by K(c0) with
respect to the standard Gaussian measure on RS . We have ηv ≤ η(c0) by the second
condition in Table 9.2. Let q ≥ 1 be an integer such that k ≥ 4q. Recall that a chi-
square variable X with k degrees of freedom has EX−q = 2−qΓ(k/2 − q)/Γ(k/2). Also
Γ(k/2)/Γ(k/2 − q) = ∏

q
j=1(k/2 − j) ≥ (k/4)q. Then

µ
[(

∑
i∈S

g2
i

)−q]
≤ K(c0) 2−q

(4
k

)q
= K(c0)

(2
k

)q
.

For real 1 ≤ q ≤ 24, we apply this estimate with the integer m = ⌈q⌉ ≤ 24 and use
∥Y∥q ≤ ∥Y∥m for nonnegative Y under a probability measure. Using k ≥ c0M and the
third condition in Table 9.2, which gives k ≥ 96, we conclude that for every 1 ≤ q ≤ 24∥∥∥F0

Fv

∥∥∥
q
≲ 1,

∥∥ f (Fv)
∥∥

q ≲
1√
M

(q ≤ 12). (9.48)

For the second bound, we wrote f (Fv) = −(Fv − F0)/(2Fv) as −1/2 times the product of
(Fv − F0)/F0 and F0/Fv, and used Hölder’s inequality, (9.47) and the first bound.

Step 3: an explicit approximate solution. We first compute the action of LB on the
coordinates. By (9.1) with D = diag

(
(1{j=i})

N
j=1

)
and D′ = B, we have ∆SN x2

i = 2 − 2x2
i

and Γ(ΦB, x2
i ) = 2(−x2

i /vi − uBx2
i /N), where uB = xTBx = QB − N on SN. Inserting

these into LBx2
i = ∆SN x2

i + Γ(ΦB, x2
i ), we find

LBx2
i = 2 − 2x2

i −
2x2

i
vi

−
2(QB − N)x2

i
N

= 2 −
2x2

i
vi

−
2QBx2

i
N

.

We multiply by vi/N or by Ci and sum over i. Using ∑i vi = ∑i x2
i = N, we have

LBFv = −2QBFv

N
, LBQC = −2Q̃C − 2QBQC

N
. (9.49)

Note that Fv ≥ mini vi > 0 on SN, which makes ψ0 smooth. By the diffusion property of
LB,

LBψ0 = f (Fv)LBQC + QC
(

f ′(Fv)LBFv + f ′′(Fv)Γ(Fv)
)
+ 2 f ′(Fv)Γ(Fv, QC).
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We have f ′(y) = −F0/(2y2) and f ′′(y) = F0/y3. Then f ′(Fv)LBFv = F0QB/(NFv),
f ′′(Fv)Γ(Fv) = (F0/Fv)Γ(log Fv) and 2 f ′(Fv)Γ(Fv, QC) = −(F0/Fv)Γ(log Fv, QC). Insert-
ing these and (9.49), the two terms proportional to QBQC/N have the total coefficient
F0/Fv − 2 f (Fv) = 1, and we obtain

−LBψ0 = −QBQC

N
+ E,

E = 2 f (Fv)Q̃C − F0

Fv
QC Γ(log Fv) +

F0

Fv
Γ(log Fv, QC).

(9.50)

The function f is chosen so that F0/y − 2 f (y) = 1, which produces this cancellation,
while f (Fv) is small because Fv concentrates around F0. As the measure µ is stationary for
LB, we have µ(LBψ0) = 0 and µ(QBQC)/N = µ(E). Writing Ẽ = E − µ(E), we conclude
that

−LBψ0 = R + Ẽ. (9.51)

Step 4: the remainder. A direct computation from ∇SN Fv = (2/N)PxVx and ∇SN QC =

2PxCx shows that

Γ(log Fv) =
4xTV2x

N2F2
v

− 4
N

≤ 4xTV2x
N2F2

v
, Γ(log Fv, QC) =

4xTVCx
NFv

− 4QC

N
, (9.52)

and Γ(QC) ≤ 4xTC2x. By (9.52), Hölder’s inequality, (9.45), (9.48) and (9.40), for q ≤ 6,

∥Γ(log Fv)∥q ≤
4

N2F2
0
∥xTV2x∥2q

∥∥∥F0

Fv

∥∥∥2

4q
≲

S3

S2
2
≲

δ−1

N
=

δ2

M
.

Similarly, by (9.46) and F0 ≥ c0δ−1, for q ≤ 4,

∥Γ(log Fv, QC)∥q ≤
4

NF0
∥xTVCx∥2q

∥∥∥F0

Fv

∥∥∥
2q
+

4
N
∥QC∥q ≲

√
MIC

Nδ
+

√
IC

N
≲ δ2

√
IC

M
,

where in the last step we used (Nδ)−1
√

M = δ2/
√

M and N−1 = δ3/M ≤ δ2/
√

M. We
now bound the three terms of E in L2(µ) with Hölder’s inequality:

∥∥2 f (Fv)Q̃C
∥∥

2 ≤ 2∥ f (Fv)∥4∥Q̃C∥4 ≲

√
JC

M
,∥∥∥F0

Fv
QCΓ(log Fv)

∥∥∥
2
≤

∥∥∥F0

Fv

∥∥∥
6
∥QC∥6∥Γ(log Fv)∥6 ≲

δ2√IC

M
,∥∥∥F0

Fv
Γ(log Fv, QC)

∥∥∥
2
≤

∥∥∥F0

Fv

∥∥∥
4
∥Γ(log Fv, QC)∥4 ≲ δ2

√
IC

M
.

As M ≥ 1 and centering does not increase the L2(µ) norm, we arrive at

∥Ẽ∥2
2 ≤ ∥E∥2

2 ≲
JC + δ4 IC

M
. (9.53)
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Step 5: the approximate solution. By the chain rule,

∇SN ψ0 = f (Fv)∇SN QC − F0

2Fv
QC∇SN log Fv,

and therefore
Γ(ψ0) ≤ 2 f (Fv)

2Γ(QC) +
1
2

(F0

Fv

)2
Q2

C Γ(log Fv).

By Hölder’s inequality, (9.45), (9.48) and the bound on Γ(log Fv) from Step 4,

µ
[

f (Fv)
2Γ(QC)

]
≤ 4∥ f (Fv)∥2

4∥xTC2x∥2 ≲
KC

M
,

µ
[(F0

Fv

)2
Q2

CΓ(log Fv)
]
≤

∥∥∥F0

Fv

∥∥∥2

6
∥QC∥2

6∥Γ(log Fv)∥3 ≲
δ2 IC

M
.

This proves the second bound in (9.43). The first follows from ∥ψ0∥2 ≤ ∥ f (Fv)∥4∥QC∥4 ≲√
IC/M.

Step 6: the spectral gap and the solution. The precisions of B are the numbers v−1
i .

By (9.40), the smallest one satisfies dB = 1/ maxi vi ≥ δ2/C0, and for i ∈ S we have
v−1

i ≤ δ2/c0 ≤ LdB with L = C0/c0 ≥ 1. Thus at least k of the precisions are at most LdB,
and so are the k smallest ones. By the fourth condition in Table 9.2, k − 2 ≥ 64L2. Then
the lower bound of Theorem 8.8, applied to B, implies that

λgap(LB) ≥ dB − 2
N

− 8L2dB

k − 2
≥ dB − dB

4
− dB

8
≥ dB

2
≥ δ2

2C0
.

In the second inequality, we used 8L2/(k − 2) ≤ 1/8, and 2/N = 2δ3/M ≤ δ2/(4C0) ≤
dB/4, which holds because M ≥ 8C0 and δ ≤ 1. As µ(Ẽ) = 0, by Lemma 9.6 there exists
a smooth χ with µ(χ) = 0 and −LBχ = −Ẽ, and by (9.53),

µΓ(χ) ≤ λgap(LB)
−1∥Ẽ∥2

2 ≲
JC/δ2 + δ2 IC

M
.

The function ψ0 − µ(ψ0) + χ is smooth and has mean zero, and by (9.51), −LB(ψ0 −
µ(ψ0) + χ) = R + Ẽ − Ẽ = R. By the uniqueness in Lemma 9.6, it equals ψ. Finally,
Γ(ψ) ≤ 2Γ(ψ0) + 2Γ(χ), and (9.42) follows from Step 5 and the last display. This com-
pletes the proof.

In Section 14, Theorem 9.16 is applied at each time u to v = v(u) and C = Cu, with
a scale δ = δ(u) depending on u. Then ψ is the function ψu of Corollary 9.7, and (9.42)
provides the function J in part (c) of Theorem 9.5.



section 10

The unnormalized process and its moments

This section introduces the stochastic representation of the Langevin dynamics on which
our moment bounds rest, and proves those bounds. For real numbers ρ1, . . . , ρN, the
unnormalized process is the solution Y in RN of the stochastic differential equation
dYi = −2ρiYi dt +

√
2/N |Y| dBi. We show in Lemma 10.2 that it never vanishes and

that its direction
√

N Y/|Y| is the diffusion on SN with potential ∑i ρix2
i , with the same

time parameter and with noise coefficient
√

2. If Y(0) is a standard Gaussian vector, this
diffusion starts from νN . The coordinates of Y have linear drifts, and when E|Y(0)|2 < ∞,
the expectations of the squares Y2

i solve the linear equation with matrix −4 diag(ρ) +
(2/N)11T studied in Section 7. The only nonlinear feature is the random noise amplitude
|Y|, and the estimates of this section bound the squared norm |Yt|2 from above and from
below by solutions of the linear equation.

Section 10.1 proves the representation (Lemma 10.2), together with a representation
Y = ΦX0, where Φ is a matrix-valued process independent of the initial point X0.
Section 10.2 proves a criterion for positive martingales (Lemma 10.4): a uniform bound on
conditional relative variances implies bounds on conditional moments of the maximum
and of the inverse of the minimum, and on exponential moments of the quadratic
variation of the logarithm. In Section 10.3, we bound conditional moments of h(u)TZt,
where Zi = Y2

i and h is the solution of the linear equation started from 1, by the
corresponding solution of the linear equation (Lemma 10.5). We also bound moments
of single coordinates by moments of the norm (Lemma 10.6). Section 10.4 applies these
results in the critical window (Corollaries 10.7 and 10.8 and Lemmas 10.9 and 10.10).
Sections 10.5 to 10.7 treat precision sequences whose smallest element d is small but
satisfies Nd3/2 ≫ 1, which is the situation at temperatures above and near the critical
temperature, on time intervals of length of order d−1 log(Nd3/2). In Section 10.5, we prove
conditional moment bounds (Lemma 10.11), inverse moment bounds (Lemmas 10.13
and 10.14), and an exponential moment bound for the time integral of Γ(log φ) along
the path, where φ is the quadratic form defined in (10.40) (Theorem 10.15). Section 10.6
compares the initial state with all future solutions of the linear equation at once when
the initial law is a Bingham comparison law (Lemma 10.16). Section 10.7 upgrades
the fixed-time inverse moments of |Yt|2 to a bound for the supremum over the whole
time interval (Theorem 10.18). Finally, Section 10.8 proves a Feynman–Kac bound for a
weighted gradient of the semigroup (Lemma 10.21).
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We use the model and its stochastic differential equation from Section 3, the con-
ditioned Gaussian laws of Section 5 (Proposition 5.6 and Theorem 5.11), the estimates
for the linear equation from Section 7 (Lemmas 7.11, 7.13, and 7.14), and the weighted
Bochner identity (8.8) from Section 8. The representation is used in Sections 16 to 19. The
estimates of Section 10.4 are used in Sections 18 and 19. The estimates of Sections 10.5
to 10.8 are used in Section 14, and through it in Section 20.

All statements in this section are deterministic in the disorder: the numbers ρi and the
precisions pi below are fixed, and probabilities and expectations refer only to the initial
state and the Brownian motion. We work on a filtered probability space (Ω,F , (Ft)t≥0, P)

satisfying the usual conditions and carrying an (Ft)-Brownian motion B = (B1, . . . , BN).
Stopping times are taken with respect to (Ft). For a random variable ξ and r > 0, we
write ∥ξ∥r = (E|ξ|r)1/r; for r ≥ 1, this is the usual Lr norm. Since B is an (Ft)-Brownian
motion, it is independent of F0; in particular, every F0-measurable initial value below
is independent of B. The estimates below are moment bounds for the process itself,
obtained from Itô’s formula and martingale inequalities. None of them uses a Gaussian
approximation for the law of Yt or for the conditional law of a coordinate given the past.

10.1 The unnormalized process

For ρ = (ρ1, . . . , ρN) ∈ RN, we call the numbers ρi the quadratic potential coefficients;
they are the coefficients of the potential ∑i ρix2

i . We write Dρ = diag(ρ1, . . . , ρN) and

Lρ = ∆SN −∇SN

( N

∑
i=1

ρix2
i

)
· ∇SN . (10.1)

In the notation of (3.3), we have Lρ = LA with A = −2Dρ, and by (3.7), Lρ+τ1 = Lρ for
every τ ∈ R.

Definition 10.1 (The unnormalized process). Let ρ ∈ RN, and let Y(0) be an F0-
measurable random vector in RN with Y(0) ̸= 0 almost surely. The unnormalized
process with quadratic potential coefficients ρ and initial value Y(0) is the solution of

dYi(t) = −2ρiYi(t) dt +
√

2/N |Y(t)| dBi(t), 1 ≤ i ≤ N, t ≥ 0. (10.2)

We write

Zi(t) = Yi(t)2, At = |Y(t)|2 =
N

∑
i=1

Zi(t), X(t) =
√

N Y(t)
|Y(t)| , (10.3)

and we call At the squared norm.

We use the letter A for the squared norm to distinguish it from the matrix A of (3.3).
When convenient, we also write Yt, Zt, and Xt for Y(t), Z(t), and X(t).
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Lemma 10.2 (The unnormalized process). Let N ≥ 2 and ρ ∈ RN.

1. For every F0-measurable Y(0) with Y(0) ̸= 0 almost surely, the equation (10.2) has a
pathwise unique strong solution. Conditionally on Y(0) = y, the process Y has the law of
the solution started at y. Almost surely, Y(t) ̸= 0 for all t ≥ 0, and

d logAt =
(

2 − 4ρ̄t −
4
N

)
dt +

√
8/N dB̂t, ρ̄t =

1
At

N

∑
i=1

ρiZi(t), (10.4)

where B̂ is a standard one-dimensional Brownian motion.
2. The process X is the diffusion on SN generated by Lρ, with noise coefficient

√
2 and initial

point X(0) =
√

N Y(0)/|Y(0)|; no change of time is involved. If Y(0) is independent of
B and X(0) has law µ, then X is this diffusion with initial law µ. In particular, if Y(0) is
independent of B and is either a standard Gaussian vector or a random vector with law νN,
then X is the diffusion generated by Lρ with initial law νN.

3. Let λ > 0 be an F0-measurable random variable. Then λY is the unnormalized process
with coefficients ρ and initial value λY(0), driven by the same B. For τ ∈ R, the process
(e−2τtY(t))t≥0 is the unnormalized process with coefficients ρ + τ1 and initial value Y(0),
driven by the same B. In both cases X is unchanged.

4. The squares satisfy

dZi =
(
− 4ρiZi +

2
N

A
)

dt + dMi, dMi = 2
√

2/N Yi |Y| dBi,

d[Mi, Mj]t = δij
8
N

AtZi(t) dt.
(10.5)

5. Let B = (Bij)
N
i,j=1 be a matrix of independent standard Brownian motions, let X0 be a

random vector independent of B with X0 ̸= 0 almost surely, and let Φ be the solution of the
linear matrix equation

dΦ(t) = −2DρΦ(t) dt +
√

2/N dB(t)Φ(t), Φ(0) = I. (10.6)

Then almost surely, for all t ≥ 0,

det Φ(t) = exp
{
−

(
1 + 2

N

∑
i=1

ρi

)
t +

√
2/N TrB(t)

}
> 0. (10.7)

The process Φ is independent of X0. The process Y = ΦX0 is the unnormalized process with
coefficients ρ and initial value X0, with respect to the filtration generated by X0 and B and
driven by the Brownian motion B(t) =

∫ t
0 dB(s)Y(s)/|Y(s)|, which is independent of X0.

In particular, conditionally on X0 = y, the process Y has the law of the unnormalized process
started at y.
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Proof. We begin with the first part. The drift y 7→ −2Dρy is linear, and the diffusion
coefficient y 7→

√
2/N |y| I is globally Lipschitz:∥∥√2/N

(
|y| − |y′|

)
I
∥∥

HS =
√

2
∣∣|y| − |y′|

∣∣ ≤ √
2 |y − y′|.

By [123, Theorem IX.2.1, p. 375], the equation (10.2) has a pathwise unique strong
solution for every deterministic initial value. The same Picard construction, localized
on {|Y(0)| ≤ m} and followed by m → ∞, applies to every F0-measurable initial value.
For the conditional law, we use a stability estimate. If Y and Y′ are two solutions
driven by the same B, with F0-measurable initial values, then ∆ = Y − Y′ satisfies
d∆ = −2Dρ∆ dt +

√
2/N (|Y| − |Y′|) dB. Doob’s L2 inequality [123, Theorem II.1.7], the

Lipschitz bound above, and Gronwall’s lemma, applied after localization and on events
in F0, give

E
[

sup
s≤t

|∆s|2
∣∣∣F0

]
≤ Ct |∆0|2, t ≥ 0, (10.8)

where Ct depends only on t and maxi |ρi|. For deterministic y, let Yy denote the
solution started at y; it is adapted to the filtration generated by B. Fix t > 0
and a bounded continuous function Φ on C([0, t], RN), and let ψ(y) = EΦ(Yy); by
(10.8), ψ is continuous. For n ≥ 1, let Yn(0) be a measurable function of Y(0) that
takes countably many values yn,k and satisfies |Yn(0) − Y(0)| ≤ 1/n. Since stochas-
tic integrals commute with multiplication by indicators of events in F0, the process
Y(n) = ∑k 1{Yn(0)=yn,k}Yyn,k solves (10.2) with initial value Yn(0). As Y(0) is independent
of B, we have E[Φ(Y(n))g(Y(0))] = E[ψ(Yn(0))g(Y(0))] for every bounded measurable
g. By (10.8), Y(n) → Y uniformly on [0, t] in probability, and ψ(Yn(0)) → ψ(Y(0)). We
conclude that E[Φ(Y)g(Y(0))] = E[ψ(Y(0))g(Y(0))], which is the second assertion of
the first part.

Let ζ = inf{t ≥ 0 : At = 0}. For t < ζ, Itô’s formula and the identity ∑i d[Yi]t = 2At dt
give

dAt = (2 − 4ρ̄t)At dt + 2
√

2/N |Yt|Yt · dBt.

Let B̂t =
∫ t

0 1{s<ζ}|Ys|−1Ys · dBs +
∫ t

0 1{s≥ζ} dB1(s). Its integrands have unit length. Thus
B̂ is a continuous local martingale with [B̂]t = t, and by Lévy’s characterization [123,
Theorem IV.3.6], it is a standard Brownian motion. For t < ζ, we obtain (10.4) from Itô’s
formula for logAt; the term −4/N is −1

2 ·
8
N . Since |ρ̄t| ≤ maxi |ρi|, we have

logAt ≥ logA0 −
(

2 + 4 max
i

|ρi|+
4
N

)
t −

√
8/N sup

s≤t
|B̂s|, t < ζ.

On the event {ζ < ∞}, the left side tends to −∞ as t ↑ ζ, by continuity of A, while the
right side stays bounded below. Hence ζ = ∞ almost surely, and (10.4) holds for all t ≥ 0.
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For the second part, the map f (y) =
√

N y/|y| is smooth on RN \ {0}, where Y stays
by the first part. With Π(x) = I − xxT/N as in (3.2), its derivatives are

∂k fi(y) =
√

N
|y| Π

(
f (y)

)
ik,

N

∑
k=1

∂2
k fi(y) = − (N − 1)

√
N yi

|y|3 .

The martingale parts of the coordinates of Y have covariations (2/N)|Y|2δkl dt, so the Itô
correction in dXi is 1

2 ·
2
N |Y|2 ∑k ∂2

k fi(Y) dt = −N−1
N Xi dt. Itô’s formula gives

dXt =
√

2 Π(Xt) dBt +
(

Π(Xt)(−2Dρ)Xt −
N − 1

N
Xt

)
dt, (10.9)

where we used
√

N Y/|Y| = X in the drift and (
√

N/|Y|) ·
√

2/N |Y| =
√

2 in the noise.
In coordinates, the drift of Xi is

(
− 2ρi +

2
N ∑j ρjX2

j −
N−1

N
)
Xi. Equation (10.9) is (3.2)

with cWN replaced by A = −2Dρ. As shown in Section 3.1, the solutions of this equation
started on SN remain on SN and form the diffusion generated by LA = Lρ. Its coefficients
are smooth; the solution is therefore pathwise unique, and its law is determined by
the law of its initial point. If Y(0) is independent of B, then so is X(0). This gives the
assertion about the initial law µ. If Y(0) is a standard Gaussian vector, then X(0) has law
νN by the first part of Proposition 5.6; if Y(0) has law νN, then X(0) = Y(0).

For the third part, since λ is F0-measurable and λ|Y| = |λY|, multiplying (10.2) by λ

shows that λY solves (10.2) with the same B. The product rule shows that Ỹ(t) = e−2τtY(t)
satisfies

dỸi = −2τỸi dt + e−2τt(− 2ρiYi dt +
√

2/N |Y| dBi
)
= −2(ρi + τ)Ỹi dt +

√
2/N |Ỹ| dBi.

In both cases Y is multiplied by a positive scalar process, which leaves X unchanged. The
fourth part follows from dZi = 2Yi dYi + d[Yi] and d[Yi, Yj]t = δij(2/N)At dt.

For the last part, the linear equation (10.6) has a unique strong solution, which is
a measurable function of B and is independent of X0. The determinant is a polyno-
mial in the entries of Φ that is affine in each row of Φ. The martingale part of dΦij
is

√
2/N ∑k Φkj dBik, by (10.6). In particular, two entries in different rows have zero

covariation. Thus the second-order terms in Itô’s formula for det Φ vanish, and we have

d det Φ = Tr
(

adj(Φ) dΦ
)
= Tr

(
Φ adj(Φ)

(
− 2Dρ dt +

√
2/N dB

))
= det Φ

(
− 2 ∑

i
ρi dt +

√
2/N d TrB

)
,

where adj(Φ) is the adjugate matrix, which satisfies Φ adj(Φ) = det(Φ)I. The process
TrB is a Brownian motion with variance N per unit time. The linear equation dD = D dS,
D0 = 1, with St = −2t ∑i ρi +

√
2/N TrB(t), has the unique solution Dt = exp(St −

[S]t/2), and [S]t = 2t. This proves (10.7). In particular, Φ(t) is invertible for all t,
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and Y = ΦX0 never vanishes. Let (Gt) be the usual augmentation of the filtration
generated by X0 and B; by independence, B is a (Gt)-Brownian motion. The process
Bi(t) = ∑k

∫ t
0 Yk(s)|Y(s)|−1 dBik(s) satisfies d[Bi, Bj]t = δij dt. Lévy’s characterization

implies that B is a (Gt)-Brownian motion, and it is independent of G0 ∋ X0. Multiplying
(10.6) by X0 on the right, we obtain

dYi = −2ρiYi dt +
√

2/N ∑
k

Yk dBik = −2ρiYi dt +
√

2/N |Y| dBi,

so Y solves (10.2) with initial value X0 on the filtered space with filtration (Gt), and the
last assertion follows from the first part.

Remark 10.3 (The two choices of coefficients). Let A be a real symmetric matrix with
Lagrange multiplier z and precisions pi = z − αi (Definition 3.3), and work in eigencoor-
dinates of A. On SN we have −1

2 ∑i pix2
i = 1

2 xTAx− zN
2 , so Lρ = LA for the half-precisions

ρi = ri = pi/2. The unnormalized process with these coefficients has drift rates 2ri = pi
and solves

dYi = −2riYi dt +
√

2/N |Y| dBi = −piYi dt +
√

2/N |Y| dBi. (10.10)

This choice is used in the critical window and above the critical temperature, and it is the
equation (1.15) of the introduction. For the model at low temperature, we use instead the
scaled eigenvalue gaps ρi = ai = c(λ1 − λi)/2 of (3.8) as coefficients, for which Lρ is the
generator with potential F = ∑i≥2 aix2

i ; the drift rates are 2ai, and the equation reads

dYi = −2aiYi dt +
√

2At/N dBi, At = |Y(t)|2. (10.11)

Since a1 = 0, the process Y1(t)− Y1(0) is a continuous local martingale in this case; if
E|Y(0)|2 < ∞, then Y1 is a square-integrable martingale on every bounded time interval,
because e−2sAs is a nonnegative local supermartingale by (10.5), so that EAs ≤ e2sEA0.
For A = cWN, we have ri = ai + dN/2, where dN = zN − cλ1. Using the third part of
Lemma 10.2, we see that the two processes with the same initial value and the same
Brownian motion are related by Y(r)(t) = e−dN t Y(a)(t), and that they have the same
direction X.

In [51], Cugliandolo and Dean diagonalized the interaction of this model and, in the
limit N → ∞, reduced its dynamics to linear equations for the eigencoordinates and
a scalar Volterra equation for the Lagrange multiplier [51, Section II, (II.2)–(II.7)]. The
unnormalized process is an exact analogue at finite N: its coordinates have linear drifts,
and when E|Y(0)|2 < ∞, the expectations of their squares solve the closed linear equation
of Section 7 (see (10.21) below), while its noise amplitude |Y| is random.
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10.2 Positive martingales

The following criterion converts a bound on conditional relative variances of a positive
martingale into bounds on its maximum, on the inverse of its minimum, and on the
quadratic variation of its logarithm. It is used in Sections 10.4 and 10.5 for martingales
built from the squares Zi, and its hypothesis is verified separately in each case.

Lemma 10.4 (Maximum, minimum, and the quadratic variation of log V). Let T > 0, let
V = (Vt)0≤t≤T be a strictly positive continuous square-integrable martingale, and let ε ≥ 0.
Suppose that for every stopping time τ ≤ T,

E
[
(VT − Vτ)

2 ∣∣Fτ

]
≤ εV2

τ . (10.12)

1. For every p > 0 with 2p · 4ε < 1 and every stopping time τ ≤ T,

E
[

sup
τ≤s≤T

(Vτ

Vs

)p ∣∣∣Fτ

]
≤ 2p

1 − 2p · 4ε
. (10.13)

2. For every p > 0 with 2pε < 1 and every stopping time τ ≤ T,

E
[

sup
τ≤s≤T

(Vs

Vτ

)p ∣∣∣Fτ

]
≤ 2p

1 − 2pε
. (10.14)

3. Suppose in addition that ε ≤ 1/32, and that the quadratic variation of the logarithm of V
has the form

Qt =
∫ t

0
V−2

s d[V]s =
∫ t

0
qs ds, 0 ≤ t ≤ T,

where q ≥ 0 is progressively measurable and QT ≤ Q̄ for a deterministic constant Q̄. Then
for every stopping time τ ≤ T,

E
[
QT − Qτ

∣∣Fτ

]
≤ K, K = 6

√
2ε, (10.15)

and for every λ ≥ 0 with λK < 1,

E
[
eλ(QT−Qτ)

∣∣Fτ

]
≤ 1

1 − λK
. (10.16)

The constants in (10.13)–(10.16) depend only on p, ε, and λ; they do not depend on T or Q̄.

The bound Q̄ is used only to show that the stochastic logarithm of V is a square-
integrable martingale. The successive hitting-time argument in Steps 1–3 follows the
classical martingale John–Nirenberg proof pattern; see [123, Chapter II, Exercise (3.16),
part 5, pp. 75–76]. We prove the conditional ordered-integral estimate (10.16) in Step 4
below; its Markov-process antecedent is [95, Lemma 3, pp. 337–338].

Proof. The proof has four steps: a bound for the probability that V moves by a fixed
fraction of its current value, its iteration at successive hitting times, the resulting moment
bounds, and the two bounds on Q.
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Step 1: one step. Fix a stopping time τ ≤ T and θ > 0, and let

σ = inf{s ≥ τ : |Vs − Vτ| ≥ θVτ} ∧ T, Gθ =
{

sup
τ≤s≤T

|Vs − Vτ| ≥ θVτ

}
.

By optional sampling, E[VT − Vτ | Fσ] = Vσ − Vτ, and by the conditional Jensen inequal-
ity, E[(VT − Vτ)2 | Fσ] ≥ (Vσ − Vτ)2. On Gθ, we have |Vσ − Vτ| = θVτ by continuity of V.
Taking conditional expectations given Fτ and using (10.12), we obtain

εV2
τ ≥ E

[
(Vσ − Vτ)

2 | Fτ

]
≥ θ2V2

τ P(Gθ | Fτ),

so P(Gθ | Fτ) ≤ ε/θ2. The events {infτ≤s≤T Vs ≤ Vτ/2} and {supτ≤s≤T Vs ≥ 2Vτ} are
contained in G1/2 and G1, respectively. We conclude that

P
(

inf
τ≤s≤T

Vs ≤
Vτ

2

∣∣∣Fτ

)
≤ 4ε, P

(
sup

τ≤s≤T
Vs ≥ 2Vτ

∣∣∣Fτ

)
≤ ε. (10.17)

Step 2: iteration. Fix τ, and for j ≥ 0 let σj = inf{s ≥ τ : Vs ≤ 2−jVτ}, with inf ∅ = ∞,
and Ej = {σj ≤ T}. Then σ0 = τ, Ej ⊂ Ej−1, and Ej−1 ∈ Fσj−1∧T. On Ej−1, continuity
gives Vσj−1 = 21−jVτ, and V stays above 2−jVτ before σj−1, so

Ej = Ej−1 ∩
{

inf
σj−1∧T≤s≤T

Vs ≤
Vσj−1∧T

2

}
.

Applying (10.17) at the stopping time σj−1 ∧ T and conditioning on Fτ, we find P(Ej |
Fτ) ≤ 4ε P(Ej−1 | Fτ). By induction,

P
(

sup
τ≤s≤T

Vτ

Vs
≥ 2j

∣∣∣Fτ

)
= P(Ej | Fτ) ≤ (4ε)j, j ≥ 0.

The same argument with the successive first hitting times of the levels 2jVτ and the
second bound in (10.17) yields

P
(

sup
τ≤s≤T

Vs

Vτ
≥ 2j

∣∣∣Fτ

)
≤ εj, j ≥ 0.

Step 3: moments. Let R = supτ≤s≤T Vτ/Vs, which is finite and at least one. Splitting
according to the dyadic interval [2j, 2j+1) that contains R, we have

E[Rp | Fτ] ≤ ∑
j≥0

2p(j+1) P(R ≥ 2j | Fτ) ≤ 2p ∑
j≥0

(2p · 4ε)j =
2p

1 − 2p · 4ε
,

which is (10.13). With the second bound of Step 2 in place of the first, the same computa-
tion gives (10.14).
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Step 4: the quadratic variation of the logarithm. Let ε ≤ 1/32, fix a stopping time τ ≤ T,
and let R′ = VT/Vτ. The hypothesis (10.12) states that E[(R′ − 1)2 | Fτ] ≤ ε. By (10.13)
with p = 2, for which 22 · 4ε ≤ 1/2, we have E[R′−2 | Fτ] ≤ 8, and then E[(1 + R′−1)2 |
Fτ] ≤ 2(1 + 8) = 18. For every r > 0, we have | log r| ≤ |r − 1|(1 + r−1): for r ≥ 1 this
follows from log r ≤ r − 1, and for r < 1 from log(1/r) ≤ 1/r − 1 = (1 − r)/r. Using the
conditional Cauchy–Schwarz inequality, we find

E
[
| log R′|

∣∣Fτ

]
≤

√
ε ·

√
18 = 3

√
2ε.

Since [L]T = QT ≤ Q̄, the stochastic logarithm Lt =
∫ t

0 V−1
s dVs is a square-integrable

martingale on [0, T], and by Itô’s formula, log Vt = log V0 + Lt − 1
2 Qt. Taking conditional

expectations, we have

E[QT − Qτ | Fτ] = −2 E[log R′ | Fτ] ≤ 6
√

2ε,

which is (10.15).
For (10.16), we show by induction that E[(QT − Qτ)j | Fτ] ≤ j! K j for every stopping

time τ ≤ T and every integer j ≥ 1. The case j = 1 is (10.15). Since s 7→ (QT − Qs)j is
absolutely continuous with derivative −jqs(QT − Qs)j−1, we have

(QT − Qτ)
j = j

∫ T

0
1{s>τ} qs (QT − Qs)

j−1 ds.

The factor 1{s>τ}qs is Fs-measurable. By the conditional Tonelli theorem, the tower
property, and the induction hypothesis at the deterministic time s, we obtain

E
[
(QT − Qτ)

j | Fτ

]
= j

∫ T

0
E
[
1{s>τ}qs E

[
(QT − Qs)

j−1 | Fs
] ∣∣∣Fτ

]
ds

≤ j! K j−1 E[QT − Qτ | Fτ] ≤ j! K j.

Summing the exponential series by monotone convergence, we find E[eλ(QT−Qτ) | Fτ] ≤
∑j≥0(λK)j = (1 − λK)−1.

10.3 Moment bounds with backward semigroup weights

In this section, ρ ∈ [0, ∞)N. We write

Hρ = −4Dρ +
2
N

11T, h(t) = etHρ1, h̄(t) =
1
N

1Th(t), m(t) = max
i

hi(t),

(10.18)
and, for y ∈ [0, ∞)N, we set Hy(t) = h(t)Ty. When ρi = pi/2 for precisions pi, the
matrix Hρ = −2 diag(p) + (2/N)11T is the matrix H of Section 7. The matrix Hρ is
symmetric and its off-diagonal entries are nonnegative. For cρ = 4 maxi ρi, the matrix
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Hρ + cρ I has nonnegative entries, so etHρ = e−cρtet(Hρ+cρ I) has nonnegative entries; this is
the positivity used in the first part of Lemma 7.1. By the variation of constants formula
for the coordinates of the equation h′ = Hρh, we have

hi(t) = e−4ρit +
2
N

∫ t

0
e−4ρi(t−s) Nh̄(s) ds ≥ e−4ρit > 0. (10.19)

In particular, Hy(t) > 0 for every nonzero y ∈ [0, ∞)N. We have 1TetHρ y = Hy(t) by
symmetry of Hρ, and the same argument applied to etHρ y yields

(etHρ y)i = e−4ρityi +
2
N

∫ t

0
e−4ρi(t−s) Hy(s) ds. (10.20)

For the unnormalized process with coefficients ρ ∈ [0, ∞)N and E|Y(0)|2 < ∞, taking
expectations in (10.5) gives

EZt = etHρ EZ0, t ≥ 0. (10.21)

Indeed, for a deterministic initial value, the local martingales Mi in (10.5) are square
integrable on bounded intervals by the moment bound (10.26) proved below, so EZt

solves the linear equation with matrix Hρ; the general case follows by conditioning on
Y(0), using the first part of Lemma 10.2.

The squares of the unnormalized process satisfy the following equations with ϵ ≡ 0,
by (10.5). The estimates below also allow a nonnegative perturbation ϵ of the drift, which
may depend on the past of the process. We say that a continuous adapted process Z with
values in [0, ∞)N and with At = ∑i Zi(t) > 0 for all t satisfies (10.22) with perturbation
bound E∗ ≥ 0 if

dZi =
[
− 4ρiZi +

(
2 + ϵi(t)

)A
N

]
dt + dMi, d[Mi, Mj]t = δij

8
N

AtZi(t) dt, (10.22)

where the Mi are continuous local martingales and the ϵi are progressively measurable
with ϵi ≥ 0 and ∑i ϵi(t) ≤ E∗ for all t.

The following lemma bounds moments of h(u)TZt by the corresponding power of
HZ(0)(u + t). When ϵ ≡ 0, the process s 7→ h(u + t − s)TZs, 0 ≤ s ≤ u + t, is a local
martingale with initial value HZ(0)(u + t), which we call a martingale with backward
semigroup weights, and the lemma bounds its second and higher moments by powers of
its initial value. The size of the bound is governed by the quantity

Λ(ℓ, Θ) = sup
{ ∫ t

0
m(w − s)

Hy(s)
Hy(w)

ds : y ∈ [0, ∞)N \ {0}, 0 ≤ t ≤ ℓ, t ≤ w ≤ Θ
}

,

(10.23)
which depends only on ρ, ℓ, and Θ.
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Lemma 10.5 (Moment bounds with backward semigroup weights). Let ρ ∈ [0, ∞)N, let Z
satisfy (10.22) with perturbation bound E∗, let k ≥ 2 be an integer, and let 0 < ℓ ≤ Θ < ∞. Set

α =
k (E∗ + 4k − 4)

N
Λ(ℓ, Θ), (10.24)

and suppose that α < 1. Then for every bounded stopping time τ, and all Fτ-measurable random
variables u ≥ 0 and t ∈ [0, ℓ] with u + t ≤ Θ,

E
[
(h(u)TZτ+t)

k ∣∣Fτ

]
≤ HZτ(u + t)k

1 − α
almost surely. (10.25)

In particular, if Z(0) = y is deterministic, then E[(h(u)TZt)k] ≤ Hy(u + t)k/(1 − α) for all
t ∈ [0, ℓ] and u ≥ 0 with u + t ≤ Θ.

The conditional statement allows the drift perturbation ϵ after time τ to depend on
the whole past; no Markov property is used.

Proof. The proof has three steps. We first prove a crude bound on moments of A, which
shows that a normalized supremum B of the left side of (10.25) is finite. We then compute
the evolution of h(w − s)TZτ+s with Itô’s formula, and finally we show that B ≤ 1 + αB.

Step 1: a crude moment bound. Let M = ∑i Mi; as the Mi have zero mutual covariation,
d[M]t = (8/N)A2

t dt. Summing (10.22) and using ρ ≥ 0 and ∑i ϵi ≤ E∗, we see that A
has drift at most (2 + E∗/N)A. For an integer j ≥ 1, Itô’s formula shows that the drift of
Aj is at most cjAj, with

cj = 2j +
jE∗ + 4j(j − 1)

N
.

Fix a bounded stopping time σ. Relative to the filtration (Fσ+s)s≥0, Itô’s formula shows
that

Rs = e−cjs
(Aσ+s

Aσ

)j

is a nonnegative local supermartingale with R0 = 1; by Fatou’s lemma, it is a super-
martingale, without any moment assumption on Aσ. If σ ≤ σ′ ≤ σ + ℓ for a stopping
time σ′, then σ′ − σ is a stopping time for the shifted filtration, and optional sampling
gives E[e−cj(σ

′−σ)(Aσ′/Aσ)j | Fσ] ≤ 1. Since cj ≥ 0 and Aσ is Fσ-measurable, we obtain

E
[
Aj

σ′
∣∣Fσ

]
≤ ecjℓ Aj

σ. (10.26)

Let mΘ = maxs≤Θ m(s) and hΘ = mins≤Θ mini hi(s), which is positive by (10.19). Call
a pair (u, t) of Fτ-measurable random variables admissible if u ≥ 0, t ∈ [0, ℓ], and
u + t ≤ Θ. For an admissible pair, τ + t is a bounded stopping time. We set

β(u, t) =
E[(h(u)TZτ+t)k | Fτ]

HZτ(u + t)k .
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We have h(u)TZτ+t ≤ mΘAτ+t and HZτ(u+ t) ≥ hΘAτ, and (10.26) implies that β(u, t) ≤
(mΘ/hΘ)

keckℓ. Let B be the essential supremum of β(u, t) over all admissible pairs. It is
an Fτ-measurable random variable, β(u, t) ≤ B almost surely for every admissible pair,
and

B ≤ (mΘ/hΘ)
k eckℓ < ∞. (10.27)

Step 2: the backward semigroup weights. Fix an admissible pair (u, t), let w = u + t,
and set Xs = h(w − s)TZτ+s for 0 ≤ s ≤ t. Since h′ = Hρh and Hρ is symmetric, the terms
of (10.22) that involve Hρ cancel, and we have

dXs = Ds ds + ∑
i

hi(w − s) dMi(τ + s), Ds =
Aτ+s

N ∑
i

ϵi(τ + s) hi(w − s).

The drift satisfies 0 ≤ Ds ≤ (E∗/N)m(w − s)Aτ+s, and since ∑i h2
i Zi ≤ m ∑i hiZi, the

quadratic variation satisfies

d[X]s =
8
N

Aτ+s ∑
i

hi(w − s)2Zi(τ + s) ds ≤ 8
N

m(w − s)Aτ+sXs ds.

Applying Itô’s formula to Xk, we see that the drift of Xk is at most

kXk−1
s Ds +

k(k − 1)
2

Xk−2
s

d[X]s
ds

≤ k(E∗ + 4k − 4)
N

m(w − s)Aτ+sXk−1
s .

We stop at the first time that Aτ+s exceeds n, take conditional expectations given Fτ, and
let n → ∞, using conditional Fatou on the left and monotone convergence on the right.
Since X0 = HZτ(w) and Xt = h(u)TZτ+t, this gives

E
[
(h(u)TZτ+t)

k ∣∣Fτ

]
≤ HZτ(w)k

+
k(E∗ + 4k − 4)

N

∫ ℓ

0
1{s<t} m

(
w − (s ∧ t)

)
E
[
Aτ+sXk−1

s∧t
∣∣Fτ

]
ds.

(10.28)

Here we used that 1{s<t} and m(w − (s ∧ t)) are Fτ-measurable, which allows us to take
them out of the conditional expectation; the argument w − (s ∧ t) is nonnegative, and on
{s < t} it equals w − s.

Step 3: absorption. For s ≤ ℓ, both (0, s) and (w − s ∧ t, s ∧ t) are admissible pairs, and
Aτ+s = h(0)TZτ+s. By the conditional Hölder inequality and the definition of B, on the
event {s < t},

E
[
Aτ+sXk−1

s
∣∣Fτ

]
≤ E

[
Ak

τ+s
∣∣Fτ

]1/k
E
[
Xk

s
∣∣Fτ

](k−1)/k ≤ BHZτ(s)HZτ(w)k−1.
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Inserting this into (10.28) and dividing by HZτ(w)k, we obtain

β(u, t) ≤ 1 +
k(E∗ + 4k − 4)

N
B

∫ t

0
m(w − s)

HZτ(s)
HZτ(w)

ds ≤ 1 + αB,

where in the last step we used the definition (10.23) with y = Zτ, which is a nonzero
vector in [0, ∞)N. This holds almost surely for every admissible pair, and we conclude
that B ≤ 1 + αB almost surely. Since B is finite by (10.27) and α < 1, we conclude that
B ≤ (1 − α)−1, which is (10.25).

The next lemma bounds the moments of a single square by moments of the squared
norm.

Lemma 10.6 (Moments of single coordinates). Let ρ ∈ [0, ∞)N, let k ≥ 1 be an integer, and
let Y be the unnormalized process with coefficients ρ and an F0-measurable initial value with
E|Y(0)|4k < ∞. Then for every i and t ≥ 0,

∥Zi(t)∥k ≤ e−4ρit ∥Zi(0)∥k +
2(2k − 1)

N

∫ t

0
e−4ρi(t−s) ∥As∥k ds. (10.29)

Proof. All moments used below are finite and locally bounded in time, by (10.26) with
σ = 0 and j = 2k. Using (10.5) and Itô’s formula, we find

d(Zk
i ) =

[
− 4kρiZk

i +
2k
N

AZk−1
i +

k(k − 1)
2

· 8
N

AZk−1
i

]
dt + kZk−1

i dMi,

and 2k + 4k(k − 1) = 2k(2k − 1). The martingale term has integrable quadratic variation,
since Z2k−2

i AZi ≤ A2k. Taking expectations, we see that ϕ(t) = EZi(t)k is absolutely
continuous, and by Hölder’s inequality,

ϕ′(t) = −4kρiϕ(t) +
2k(2k − 1)

N
E
[
AtZi(t)k−1]

≤ −4kρiϕ(t) +
2k(2k − 1)

N
∥At∥k ϕ(t)(k−1)/k.

For η > 0, let ψη = (ϕ + η)1/k. Using ϕ(ϕ + η)1/k−1 ≥ (ϕ + η)1/k − η1/k and ϕ(k−1)/k(ϕ +

η)1/k−1 ≤ 1, we find

ψ′
η(t) ≤ −4ρiψη(t) + 4ρiη

1/k +
2(2k − 1)

N
∥At∥k.

Integrating this linear differential inequality and letting η ↓ 0, we obtain (10.29).
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10.4 The critical window

In this section, we specialize Lemmas 10.5 and 10.6 to the half-precisions of the critical
window. Let 0 < r1 ≤ · · · ≤ rN be real numbers, and suppose that for fixed constants
0 < c0 ≤ C0 < ∞,

N

∑
i=1

1
2ri

= N, c0

( i
N

)2/3
≤ ri ≤ C0

( i
N

)2/3
(1 ≤ i ≤ N). (10.30)

These are the hypotheses (7.49) of Lemma 7.14, and they are the first two of the critical
spectral conditions (4.36); the bound on the first gap in (4.36) is not used in this section.
For the model, fix σ0 > 0 and η ∈ (0, 1); the second part of Lemma 4.17 supplies constants
depending only on σ0 and η, and events EN with lim infN→∞ P(EN) ≥ 1 − η, on which
(4.36) holds simultaneously for the half-precisions of (1 + σN−1/3)WN, |σ| ≤ σ0, when
N > (2σ0)

3. Here the probability is over the disorder WN, and the constants are fixed
before N → ∞. Note that ri ≤ C0 for all i. We take ρ = r in (10.18); then Hr is the
matrix H of Section 7 with p = 2r. By Lemma 7.14, for every fixed K < ∞, uniformly in
0 ≤ t ≤ KN2/3,

Nh̄(t) ≍ N√
1 + t

, hi(t) ≍
√

1 + t
1 + rit

, (10.31)

with constants depending only on c0, C0, and K.
The first two statements of this section assume only a two-sided bound on the coordi-

nates of h on a general time interval [0, Θ]; they do not use (10.30).

Corollary 10.7 (Second-moment bounds with backward semigroup weights). Let N ≥ 1,
let 0 < ri ≤ C0 for 1 ≤ i ≤ N, and let h(t) = etHr1 with Hr = −4 diag(r) + (2/N)11T. Fix
Θ > 0, and assume that for 0 ≤ t ≤ Θ,

c∗

√
1 + t

1 + rit
≤ hi(t) ≤ C∗

√
1 + t

1 + rit
, 1 ≤ i ≤ N. (10.32)

Let Z satisfy (10.22) with ρ = r and perturbation bound E∗. There exists a constant C depending
only on c∗, C∗, C0, and E∗ such that the following holds. For 0 < ℓ ≤ Θ, let α = C(1+Θ)

√
ℓ/N.

If α < 1, then every deterministic nonzero initial state Z(0) = y ∈ [0, ∞)N satisfies

E
[
(h(u)TZt)

2] ≤ [h(u + t)Ty]2

1 − α
, 0 ≤ t ≤ ℓ, u ≥ 0, u + t ≤ Θ. (10.33)

The same bound holds conditionally on Fτ, for every bounded stopping time τ, with y replaced by
Zτ and with Fτ-measurable u and t in the same ranges.

Proof. We bound Λ(ℓ, Θ) and apply Lemma 10.5 with k = 2. Let 0 ≤ s ≤ w ≤ Θ and
y ∈ [0, ∞)N \ {0}. The ratio Hy(s)/Hy(w) is at most maxi hi(s)/hi(w), because y ≥ 0.
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The function x 7→ (1 + xw)/(1 + xs) is nondecreasing, and for ri ≤ 1 it is at most
(1 + w)/(1 + s). For 1 ≤ ri ≤ C0, we have (1 + riw)/(1 + ris) ≤ ri(1 + w)/(1 + s). Thus

1 + riw
1 + ris

≤ max(1, C0)
1 + w
1 + s

,

and by (10.32), we have

hi(s)
hi(w)

≤ C∗
c∗

√
1 + s
1 + w

· 1 + riw
1 + ris

≤ C∗
c∗

max(1, C0)

√
1 + w
1 + s

.

Together with m(w − s) ≤ C∗
√

1 + w, this yields

m(w − s)
Hy(s)
Hy(w)

≤ C1
1 + w√

1 + s
, C1 =

C2
∗

c∗
max(1, C0). (10.34)

Since
∫ t

0 (1 + s)−1/2 ds ≤ 2
√

t, we have Λ(ℓ, Θ) ≤ 2C1(1 + Θ)
√
ℓ. With k = 2, the

quantity (10.24) is at most (2E∗ + 8) · 2C1(1 + Θ)
√
ℓ/N. Thus Lemma 10.5 applies with

C = 2(2E∗ + 8)C1 and gives (10.33) and its conditional form.

Corollary 10.8 (Second moments on short intervals in the critical window). Fix K > 0,
and suppose that the hypotheses of Corollary 10.7 hold with Θ = KN2/3 and with constants c∗,
C∗, C0, E∗. For every η > 0, there exists δ > 0, depending only on η, K, c∗, C∗, C0, and E∗, such
that every deterministic nonzero initial state Z(0) = y satisfies

E
[
(h(u)TZt)

2] ≤ (1 + η) [h(u + t)Ty]2, 0 ≤ t ≤ δN2/3, u ≥ 0, u + t ≤ KN2/3.
(10.35)

The same bound holds conditionally after every bounded stopping time, as in Corollary 10.7.

Proof. Let C be the constant of Corollary 10.7, and choose

δ = min
{

K,
[ η

(1 + η)C (K + 1)

]2}
.

Let ℓ = δN2/3 ≤ Θ in Corollary 10.7. Since N ≥ 1, we have 1 + KN2/3 ≤ (1 + K)N2/3,
and therefore

α =
C(1 + KN2/3)

√
δN2/3

N
≤ C(1 + K)

√
δ ≤ η

1 + η
.

Then (1 − α)−1 ≤ 1 + η, and (10.33) implies (10.35).

For the rest of this section, Y is the unnormalized process with coefficients r, so that
by Remark 10.3 its direction is the diffusion generated by Lρ with ρ = r, and its squares
satisfy (10.22) with ϵ ≡ 0. We see from (10.31) that the hypotheses of Corollary 10.8 hold
with Θ = KN2/3, E∗ = 0, and constants c∗, C∗ depending only on c0, C0, and K.
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Lemma 10.9 (A martingale with small conditional variance). Assume (10.30), fix K < ∞
and a terminal time T ≤ KN2/3, and let Ms = h(T − s)TZ(s) for 0 ≤ s ≤ T, where Y has a
deterministic nonzero initial value. Then M is a positive continuous square-integrable martingale
with MT = AT. For every ϵ0 > 0 there exists δ > 0, depending only on c0, C0, K, and ϵ0, such
that for every interval [s1, s2] ⊂ [0, T] of length at most δN2/3 and every stopping time τ with
s1 ≤ τ ≤ s2,

E
[
(Ms2 − Mτ)

2 ∣∣Fτ

]
≤ ϵ0 M2

τ. (10.36)

This holds uniformly over all deterministic nonzero initial values.

Proof. The process M is a positive continuous local martingale, by Step 2 of the proof
of Lemma 10.5 with ϵ ≡ 0. Its quadratic variation satisfies [M]T ≤ C

∫ T
0 A2

s ds, with
C = (8/N)maxv≤T m(v)2, and the right side is integrable by (10.26). Thus M is a
square-integrable martingale. We have MT = AT, because h(0) = 1. Let δ be given by
Corollary 10.8 with η = ϵ0 and E∗ = 0. For a stopping time τ ∈ [s1, s2], we apply the
conditional form of Corollary 10.8 with u = T − s2 and t = s2 − τ, which is Fτ-measurable
and at most δN2/3; note that u + t = T − τ ≤ KN2/3. It gives

E
[
M2

s2

∣∣Fτ

]
= E

[
(h(T − s2)

TZτ+t)
2 ∣∣Fτ

]
≤ (1 + ϵ0)

(
h(T − τ)TZτ

)2
= (1 + ϵ0)M2

τ.

By optional sampling, E[Ms2 | Fτ] = Mτ, and (10.36) follows.

Lemma 10.10 (Two-sided moments in the critical window). Assume (10.30), and fix p > 0
and K < ∞. There exists CK,p, depending only on c0, C0, K, and p, such that the following holds
for 0 ≤ T ≤ KN2/3.

1. For every deterministic initial value Y(0) = y ̸= 0, the two inequalities

EA p
T ≤ CK,p

(
∑

i
hi(T)y2

i

)p
, EA−p

T ≤ CK,p

(
∑

i
hi(T)y2

i

)−p
(10.37)

hold.
2. Let Y(0) = g be a standard Gaussian vector independent of B. There exists N0, depending

only on c0, C0, K, and p, such that for N ≥ N0,

E
[( AT

Nh̄(T)

)p]
+ E

[(Nh̄(T)
AT

)p]
≤ CK,p, (10.38)

and, if in addition p ≥ 1,

∥Yi(T)2∥p ≤ CK,p hi(T), 1 ≤ i ≤ N. (10.39)

In the notation of Section 7, Nh̄(T) = 1Th(T) is the total mass of the solution of the
linear equation started from 1; by (10.31), it is of order N/

√
1 + T.
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Proof. For the first part, let ϵ0 > 0 satisfy 2p · 4ϵ0 ≤ 1/2, and let δ be given by Lemma 10.9.
Partition [0, T] into J ≤ ⌈K/δ⌉ intervals [sj−1, sj] of length at most δN2/3. On each
interval, the martingale (Ms)sj−1≤s≤sj , with respect to (Fs), satisfies the hypothesis (10.12)
of Lemma 10.4 with terminal time sj and ε = ϵ0, by (10.36). Then (10.13) and (10.14) at
τ = sj−1 imply that

E
[(Msj−1

Msj

)p ∣∣∣Fsj−1

]
≤ 2p+1, E

[( Msj

Msj−1

)p ∣∣∣Fsj−1

]
≤ 2p+1,

since 2pϵ0 ≤ 2p · 4ϵ0 ≤ 1/2. Writing MT/M0 as a product of the J ratios and taking iterated
conditional expectations, we have E[(MT/M0)

±p] ≤ 2(p+1)J . Here M0 = h(T)TZ(0) =

∑i hi(T)y2
i is deterministic and MT = AT, which proves (10.37) with CK,p = 2(p+1)⌈K/δ⌉.

For the second part, let S = ∑i hi(T)g2
i , hmax = maxi hi(T), and D = Nh̄(T)/(2hmax).

Conditionally on g, the process Y is the solution started at g, by the first part of
Lemma 10.2. Then (10.37) implies that E[A±p

T | g] ≤ CK,pS±p. It remains to bound ES±p

by a constant times (Nh̄(T))±p. For the positive moments, we have ESp ≤ Cp(Nh̄(T))p

by Minkowski’s inequality when p ≥ 1 and by Jensen’s inequality when p < 1, since
ES = Nh̄(T). For the inverse moments, note that the function x 7→ log(1 + x) is concave
and vanishes at zero, which implies that log(1+ 2λhi(T)) ≥ (hi(T)/hmax) log(1+ 2λhmax)

for λ ≥ 0. This gives

Ee−λS = ∏
i

(
1 + 2λhi(T)

)−1/2 ≤ (1 + 2λhmax)
−D.

Let κp =
∫ ∞

0 xp−1e−x dx. Using s−p = κ−1
p

∫ ∞
0 λp−1e−λs dλ and substituting x = 2λhmax,

we find

ES−p ≤ (2hmax)−p

κp

∫ ∞

0
xp−1(1 + x)−D dx.

If D ≥ 2p + 2, then the last integral is at most CpD−p: on [0, 1] we use (1 + x)−D ≤
e−Dx/2, and on [1, ∞) we use (1 + x)−D ≤ 2−D/2x−D/2. We conclude that ES−p ≤
Cp(2hmaxD)−p = Cp(Nh̄(T))−p. Recall from (10.31) that Nh̄(T) ≥ c1N/

√
1 + T and

hmax ≤ C
√

1 + T, with c1 > 0 and C depending only on c0, C0, and K. It follows that
D ≥ (c1/2C)N/(1 + T) ≥ cK N1/3, which is at least 2p + 2 for N ≥ N0. This proves
(10.38).

For (10.39), let first p be an integer. Then (10.38) implies that ∥As∥p ≤ CK,pNh̄(s) for
0 ≤ s ≤ T. Using Lemma 10.6 with k = p and ∥g2

i ∥p ≤ Cp, we obtain

∥Zi(T)∥p ≤ Cpe−4riT +
2(2p − 1)CK,p

N

∫ T

0
e−4ri(T−s) Nh̄(s) ds ≤ C′

K,p hi(T),

where in the last step we compared with (10.19). For noninteger p, note that ∥ · ∥p ≤
∥ · ∥⌈p⌉.
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10.5 Above the critical temperature: moments and occupation

In Sections 10.5 to 10.7, we fix K ≥ 1 and a sequence of precisions 0 < p1 ≤ p2 ≤ · · · ≤ pN
that satisfies the hypothesis (7.30) of Section 7, that is,

0 < d ≤ 1, p1 = d,
1
K

( i − 1
N

)2/3
≤ pi − d ≤ K

( i − 1
N

)2/3
(2 ≤ i ≤ N),

N

∑
i=1

1
pi

= N, Nd3/2 ≥ 1.

We write qi = 1/pi and M = Nd3/2. For a real symmetric matrix A with eigenvalues
α1 ≥ · · · ≥ αN and Lagrange multiplier z, the precisions pi = z − αi are nondecreasing
in i; for a general sequence, the increasing rearrangement satisfies (7.30) with the same
K (Remark 7.9). For the model with cN = 1 − δN, δN → 0, and Nδ3

N → ∞, and for every
η ∈ (0, 1), there exist K = Kη and events EN with lim infN→∞ P(EN) ≥ 1− η on which the
precisions satisfy (7.30); the probability is over the disorder, and Kη is fixed before N → ∞.
This is checked in Section 14. Note that pN ≤ d + K ≤ 1 + K and qi ∈ [(1 + K)−1, d−1].

Throughout these three sections, Y is the unnormalized process with coefficients
ρi = pi/2, which solves (10.10). Its direction X is the diffusion generated by LA when
pi = z − αi (Remark 10.3). The heat matrix (10.18) is H = −2 diag(p) + (2/N)11T, as in
(7.3). We use the notation h, h̄, m, Hy of (10.18). As in Sections 7 and 8, we set

a(t) =
√

d + (1 + t)−1/2, ϑ =
N

∑i q2
i

, φ(x) =
1
N ∑

i
qix2

i , (10.40)

so that φ(x) = xT(zI − A)−1x/N in eigencoordinates of A. Along the unnormalized
process, we write

Wt = ∑
i

qiZi(t), V2(t) = ∑
i

q2
i Zi(t), φ(Xt) =

Wt

At
. (10.41)

The last identity holds since Xi(t)2 = NZi(t)/At. Since qi ≤ 1/d and 1 = piqi ≤ pNqi,
we have

At ≤ pNWt, V2(t) ≤ d−1Wt. (10.42)

We use the following properties of the heat vector. Recall from Lemma 7.1 that H is
symmetric and negative semidefinite, its kernel is spanned by q, the function h̄ decreases
to ϑ, and ∑i qihi(t) = N. The vector h(t) converges to the orthogonal projection of 1 onto
the kernel, which is (qT1/|q|2) q = ϑq, and by self-adjointness, 1TetHeuH1 = 1Te(t+u)H1.
We obtain

lim
t→∞

h(t) = ϑq, h̄(t) ≥ ϑ, ∑
i

hi(t)hi(u) = Nh̄(t + u), ∑
i

qihi(t) = N. (10.43)



10 The unnormalized process and its moments § 10.5 213

We see from (7.9) that hi(t) is a nonincreasing function of pi; in particular, h1(t) ≥ h2(t) ≥
· · · ≥ hN(t). By Lemma 7.11, there exists Ch ≥ 1, depending only on K, such that for all
t ≥ 0,

C−1
h a(t) ≤ h̄(t) ≤ Cha(t), C−1

h a(t) 1 + t
1 + pit

≤ hi(t) ≤ Cha(t) 1 + t
1 + pit

, m(t) ≤ Ch√
d

,

(10.44)
and, by (7.38), for every nonzero y ∈ [0, ∞)N,

m(w − s)
Hy(s)
Hy(w)

≤ Ch
a(s)

d
, 0 ≤ s ≤ w. (10.45)

The statements below hold for all sufficiently large M, uniformly in N, d, the sequence
(pi), and, in Sections 10.6 and 10.7, the time parameter u ≥ 0 of the initial law. Table 10.1
lists the parameters and the order in which they are chosen.

Table 10.1. Parameters in Sections 10.5 to 10.7, in the order in which they are fixed.

Parameter Role Depends on

K constant in (7.30) fixed first
CT time range [0, T∗], T∗ = CTd−1 log M fixed
k, r, γ, λ moment orders and exponential tilt fixed
C, Cr, . . . constants in the conclusions K, CT, orders
M1, M2, . . . lower bounds for M = Nd3/2 K, CT, orders
N, d, (pi), u precisions, initial law arbitrary, with M large

Lemma 10.11 (Conditional moments on long time intervals). Assume (7.30). For every
integer k ≥ 2, let Ck = 8k(k − 1)Ch and

αk(T) =
Ck
Nd

(√
T +

√
d T

)
, T > 0. (10.46)

If αk(T) < 1, then for every deterministic nonzero initial value Y(0), with y = Z(0),

E
[
(h(u)TZt)

k] ≤ Hy(u + t)k

1 − αk(T)
, 0 ≤ t ≤ T, u ≥ 0. (10.47)

The same bound holds conditionally on Fτ, for every F0-measurable initial value and every
bounded stopping time τ, with y replaced by Zτ and with Fτ-measurable u ≥ 0 and t ∈ [0, T]. If
αk(T) ≤ 1/2, then for every ω ∈ [0, ∞)N,

E
[
(ωTZt)

k] ≤ C′
k
(
ωTetHy

)k, 0 ≤ t ≤ T, C′
k =

(
21/k(2k − 1)

)k. (10.48)
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Proof. Using (10.45), we find that for every Θ ≥ T,

Λ(T, Θ) ≤ Ch

d

∫ T

0
a(s) ds ≤ Ch

d
(√

d T + 2
√

T
)
,

since
∫ T

0 (1 + s)−1/2 ds ≤ 2
√

T. The squares satisfy (10.22) with ϵ ≡ 0, and the quantity
(10.24) with E∗ = 0 and ℓ = T is at most 4k(k − 1)Λ(T, Θ)/N ≤ αk(T), for every Θ ≥ T.
Let u ≥ 0 and t ∈ [0, T] be Fτ-measurable. For n ≥ 1, Lemma 10.5 with Θ = n + T
applies to the pair (u ∧ n, t), and on the Fτ-measurable event {u ≤ n} it yields the
conditional form of (10.47). Letting n → ∞ proves the conditional form, and the case
τ = 0 is (10.47).

Now let αk(T) ≤ 1/2. Then (10.47) with u = 0 implies that ∥As∥k ≤ 21/kHy(s) for
s ≤ T. Using Lemma 10.6 with ρi = pi/2, and then (10.20), we find

∥Zi(t)∥k ≤ e−2pityi +
2(2k − 1)21/k

N

∫ t

0
e−2pi(t−s) Hy(s) ds ≤ 21/k(2k − 1) (etHy)i.

Since ∥ωTZt∥k ≤ ∑i ωi∥Zi(t)∥k by Minkowski’s inequality, (10.48) follows.

For T ≤ CTd−1 log M, we have
√

T/(Nd) ≤
√

CT log M/M and
√

d T/(Nd) ≤
CT log M/M, so

αk(T) ≤ Ck

√
CT log M + CT log M

M
, T ≤ CTd−1 log M. (10.49)

This tends to zero as M → ∞, for fixed k and CT.
The vector q is a stationary solution of the linear equation, and weighting the squares

by q produces a martingale.

Lemma 10.12 (The martingale Wt = ∑i qiZi(t)). Assume (7.30), and let Y(0) be F0-
measurable with E|Y(0)|4 < ∞. Then W is a strictly positive continuous square-integrable
martingale on every bounded interval, with

dWt = ∑
i

qi dMi(t), d[W ]t =
8
N

AtV2(t) dt. (10.50)

Let k ≥ 2 be an integer and let T > 0 satisfy αk(T) < 1. For every bounded stopping time τ and
every Fτ-measurable t ∈ [0, T],

E
[
W k

τ+t
∣∣Fτ

]
≤ W k

τ

1 − αk(T)
. (10.51)

In particular, if α2(T) < 1, then for all stopping times τ ≤ D ≤ T,

E
[
(WD −Wτ)

2 ∣∣Fτ

]
≤ εT W2

τ , εT =
α2(T)

1 − α2(T)
. (10.52)
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Proof. Using (10.5) and Hq = 0, we find that the drift of W = qTZ is qTHZ = (Hq)TZ = 0,
and (10.50) holds because the Mi have zero mutual covariation. We have AsV2(s) ≤ d−2A2

s
by (10.42), and the right side is integrable on bounded intervals by (10.26). Thus W is
a square-integrable martingale; it is positive because W ≥ A/pN > 0. For (10.51),
apply the conditional form of (10.47) with lag u and let u → ∞. By (10.43), we have
h(u)TZτ+t → ϑWτ+t and HZτ(u + t) → ϑWτ. The conditional Fatou lemma then implies
(10.51), after division by ϑk.

For (10.52), note that D ≤ T ≤ τ + T. By optional sampling, WD = E[Wτ+T | FD],
and by the conditional Jensen inequality and (10.51) with k = 2 and t = T,

E
[
W2

D
∣∣Fτ

]
≤ E

[
W2

τ+T
∣∣Fτ

]
≤ W2

τ

1 − α2(T)
.

Since E[WD | Fτ] = Wτ, the conditional variance is at most (1 − α2(T))−1W2
τ −W2

τ =

εTW2
τ .

Lemma 10.13 (Moments of the maximum and inverse minimum of W). In the setting of
Lemma 10.12, let p > 0, and suppose that α2(T) < 1 and 2p · 4εT ≤ 1/2. Then for all stopping
times τ ≤ D ≤ T,

E
[

sup
τ≤s≤D

(Wτ

Ws

)p ∣∣∣Fτ

]
≤ 2p+1. (10.53)

In particular, if W0 = N, then E[sups≤T(N/Ws)p] ≤ 2p+1. Further, for every integer k ≥ 2
with αk(T) < 1,

E
[

sup
τ≤s≤D

(Ws

Wτ

)k ∣∣∣Fτ

]
≤

( k
k − 1

)k 1
1 − αk(T)

. (10.54)

Proof. We apply Lemma 10.4 on [0, T] to the stopped martingale WD
s = Ws∧D, with ε = εT.

To verify (10.12), let σ ≤ T be a stopping time and G ∈ Fσ. Then G ∩ {σ < D} ∈ Fσ∧D,
and WD

T −WD
σ vanishes outside {σ < D}. By (10.52) at the stopping times σ ∧ D ≤ D,

we obtain

E
[
1G(WD −Wσ∧D)

2] = E
[
1G∩{σ<D}(WD −Wσ∧D)

2] ≤ εT E
[
1G W2

σ∧D
]
,

which is (10.12) for WD. Then (10.13) implies (10.53), since 2p/(1 − 2p · 4εT) ≤ 2p+1. For
(10.54), Doob’s Lk inequality [123, Theorem II.1.7], applied conditionally on Fτ to the
martingale (W(τ+s)∧D)s≥0, yields

E
[

sup
τ≤s≤D

W k
s

∣∣∣Fτ

]
≤

( k
k − 1

)k
E
[
W k

D
∣∣Fτ

]
.

As in the proof of (10.52), optional sampling, the conditional Jensen inequality, and (10.51)
give E[W k

D | Fτ] ≤ E[W k
τ+T | Fτ] ≤ W k

τ/(1 − αk(T)).
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Lemma 10.14 (Inverse moments of the squared norm). Assume (7.30), let p > 0, and suppose
that α2(T) < 1 and 2p · 4εT ≤ 1/2, with εT as in (10.52). Fix a deterministic D ∈ (0, T] and
u ≥ 0, and let Vs = h(u + D − s)TZs for 0 ≤ s ≤ D. For every deterministic nonzero initial
value, with y = Z(0), and every stopping time τ ≤ D,

E
[

sup
τ≤s≤D

(Vτ

Vs

)p ∣∣∣Fτ

]
≤ 2p+1.

In particular,
EA−p

D ≤ 2p+1 Hy(D)−p, 0 < D ≤ T. (10.55)

If Y(0) is random and independent of B, then E[A−p
D | Y(0)] ≤ 2p+1HZ(0)(D)−p.

Proof. The process V is a positive continuous local martingale by Step 2 of the proof of
Lemma 10.5, and it is square integrable, as in the proof of Lemma 10.9. Let σ ≤ D be a
stopping time. By the conditional form of (10.47) with k = 2, lag u, and duration D − σ,
which is Fσ-measurable and at most T, we have

E
[
V2

D
∣∣Fσ

]
= E

[
(h(u)TZσ+(D−σ))

2 ∣∣Fσ

]
≤ HZσ(u + D − σ)2

1 − α2(T)
=

V2
σ

1 − α2(T)
.

Since E[VD | Fσ] = Vσ, the hypothesis (10.12) holds on [0, D] with ε = εT, and the first
assertion follows from (10.13). For u = 0, we have VD = h(0)TZD = AD and V0 = Hy(D),
and the first assertion at τ = 0 implies (10.55). The last assertion follows from the first
part of Lemma 10.2.

We now turn to the occupation bound. For x ∈ SN, we compute the tangential
gradient of φ and find

Γ(log φ)(x) =
|∇SN φ(x)|2

φ(x)2 =
4
N

(
N ∑i q2

i x2
i(

∑i qix2
i
)2 − 1

)
,

Γ(log φ)(Xt) =
4
N

(AtV2(t)
W2

t
− 1

)
.

(10.56)

Indeed, the tangential gradient is ∇SN φ(x) = (2/N)
(
(qi − φ(x))xi

)
i. Using ∑i qix2

i =

Nφ(x) and |x|2 = N, we find |∇SN φ(x)|2 = (4/N2)
(

∑i q2
i x2

i − Nφ(x)2), which is the
first formula after division by φ(x)2. The second follows from Xi(t)2 = NZi(t)/At.

Theorem 10.15 (Exponential moments of
∫ T

0 Γ(log φ)(Xs) ds). Fix CT > 0 and λ > 0. There
exist M1, depending only on K, CT, and λ, and C, depending only on K and CT, such that every
sequence satisfying (7.30) with M ≥ M1 and every T ≤ CTd−1 log M satisfy

sup
Y(0) ̸=0

E exp
[
λ
∫ T

0
Γ(log φ)(Xs) ds

]
≤ 1

1 − 3
√

2 λ
√

εT
≤ 1 + Cλ

√
log M

M
, (10.57)
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where the supremum is over deterministic initial values. The same bound holds for every initial
value Y(0) independent of B, and hence for the diffusion generated by LA with an arbitrary initial
law.

Proof. Using (10.49), we choose M1 such that M ≥ M1 implies α2(T) ≤ 1/64, εT ≤ 1/32,
and 3

√
2 λ

√
εT ≤ 1/2. Let Y(0) ̸= 0 be deterministic. The quadratic variation of logW

is, by (10.50),

Qt =
∫ t

0

d[W ]s
W2

s
=

∫ t

0

8
N

AsV2(s)
W2

s
ds,

and by (10.42) its density is at most 8pN/(Nd); in particular, QT ≤ 8pNT/(Nd) deter-
ministically. The process W satisfies (10.12) on [0, T] with ε = εT, by Lemma 10.12. Then
(10.15) and (10.16) apply with K = 6

√
2εT, and we obtain

E[QT − Qτ | Fτ] ≤ 6
√

2εT, EeλQT/2 ≤ 1
1 − λK/2

=
1

1 − 3
√

2 λ
√

εT
. (10.58)

Using (10.56), we obtain the exact identity∫ T

0
Γ(log φ)(Xs) ds =

QT

2
− 4T

N
,

and dropping the negative term proves the first inequality in (10.57). For the second, we
use (1− x)−1 ≤ 1+ 2x for x ≤ 1/2 and

√
εT ≤

√
2α2(T) ≤ C

√
log M/M, by (10.49). The

bound does not depend on the deterministic initial value, and the first part of Lemma 10.2
extends it to every initial value independent of B. Every initial law of X arises in this
way, by the second part of that lemma; for instance, one may take Y(0) = X(0).

10.6 Initial laws equal to Bingham comparison laws

We keep the setting of Section 10.5. For u ≥ 0, let vi(u) = hi(u)/h̄(u), so that ∑i vi(u) =
N, and let µu = µv(u) be the Gaussian law with variances v(u) conditioned on SN
(Definition 5.4). By the second part of Proposition 5.6, µu is the Bingham comparison
law at time u of Section 7, and µ0 = νN. We consider the unnormalized process with the
initial value

Y(0) =
X(0)√
φ(X(0))

, X(0) ∼ µu independent of B. (10.59)

Then W0 = ∑i qiXi(0)2/φ(X(0)) = N, and
√

N Y(0)/|Y(0)| = X(0) since |X(0)|2 = N.
We see from the second part of Lemma 10.2 that X is the diffusion generated by LA with
initial law µu. We write

H(t) = HZ(0)(t) = ∑
i

hi(t)Yi(0)2. (10.60)
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The martingale with backward semigroup weights s 7→ h(t − s)TZs, 0 ≤ s ≤ t, is
a martingale (see the proof of Lemma 10.14) with terminal value At, and we have
E[At | Y(0)] = H(t); that is, H(t) is the conditional mean of the squared norm given
the initial state. The following lemma compares H(t) with its deterministic counterpart
Nh̄(u + t) simultaneously for all t ≥ 0, with one random constant.

Lemma 10.16 (Uniform-in-time comparison of the initial quadratic forms). For every r > 0
there exist M2 and Cr, depending only on r and K, such that the following holds for every sequence
satisfying (7.30) with M ≥ M2 and every u ≥ 0. With the initial value (10.59), there exists a
random variable Cinit ≥ 1, measurable with respect to X(0), with ECr

init ≤ Cr and such that
simultaneously for all t ≥ 0,

C−1
init ≤

H(t)
Nh̄(u + t)

≤ Cinit. (10.61)

The point of the lemma is that one random constant serves for all future times. The
proof uses one comparison of the initial law with independent Gaussian variables on each
of two sets of coordinates, together with Abel summation; it involves no union bound
over times.

Proof. The proof has four steps.

Step 1: the weights carry no macroscopic fraction. Let ζi = Xi(0)/
√

vi(u) be the
standardized coordinates of X(0). For t ≥ 0, define the weight sequences

wi(t) = hi(t) vi(u), wq
i = qi vi(u), 1 ≤ i ≤ N.

Each of them is a positive nonincreasing function of i, since hi(t), vi(u), and qi are. Using
(10.43), we compute

∑
i

wi(t) =
Nh̄(u + t)

h̄(u)
, ∑

i
wq

i =
N

h̄(u)
, ∑

i
vi(u)2 =

Nh̄(2u)
h̄(u)2 . (10.62)

By (10.44) with p1 = d, we have h1(t) ≤ Cha(t)(1 + t)/(1 + dt) ≤ 4Cha(t)−1, where
we used that a(t)2(1 + t) ≤ 2(d(1 + t) + 1) ≤ 4(1 + dt) for d ≤ 1. Using a ≥

√
d and

h̄ ≥ C−1
h a, we find

w1(t)
∑i wi(t)

=
h1(t)h1(u)
Nh̄(u + t)

≤ C
Na(t)a(u)a(u + t)

≤ C
M

,
wq

1

∑i wq
i
=

h1(u)
Nd

≤ C
Nda(u) ≤ C

M
,

and similarly v1(u)2/ ∑i vi(u)2 = h1(u)2/(Nh̄(2u)) ≤ C/M. Fix C∗ ≥ 1, depending only
on K, such that each of these three fractions is at most C∗/M, for all t, u ≥ 0. In the
notation (5.1) of Section 5, the last bound gives η2

v(u) ≤ C∗/(2M).
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Step 2: two blocks of coordinates. Let I1 and I2 be the sets of odd and of even indices.
For a positive nonincreasing weight sequence x, the alternating sum x1 − x2 + x3 − · · ·
lies in [0, x1], so ∑I1

x and ∑I2
x both lie in [1

2(∑i xi − x1), 1
2(∑i xi + x1)]. Applied to the

three weight sequences of Step 1, this shows that for M ≥ 3C∗, each block carries between
1/3 and 2/3 of the sum of each of them, and that the maximal entry of w(t) or wq on
a block is at most 3C∗/M times the sum of that weight sequence over the block. In
particular, the fraction hIb = ∑i∈Ib

vi(u)2/ ∑i vi(u)2 of the variance of the radial constraint
carried by the block Ib is at most 2/3, for b = 1, 2. By the second part of Theorem 5.11
with ϵ = 1/3, for M large enough that ηv(u) ≤ η(1/3), the law of (ζi)i∈Ib under µu has
a density with respect to the standard Gaussian measure on RIb that is bounded by a
universal constant C1/3.

Step 3: prefix sums. Fix b ∈ {1, 2}, enumerate Ib in increasing order as j1 < j2 < · · · < jn,
and let Σk = ∑l≤k ζ2

jl
. Let m0 = ⌊M/(24C∗)⌋; since M ≤ N, we have m0 ≤ n. We define

sb = min
m0≤k≤n

Σk
k

, sb = max
m0≤k≤n

Σk
k

.

Under independent standard Gaussian variables, Σk has the chi-squared distribution with
k degrees of freedom, and Chernoff’s bound yields P(Σk ≤ kx) ≤ (xe1−x)k/2 ≤ (ex)k/2

for x ≤ 1, and P(Σk ≥ kx) ≤ e−kx/42k/2 ≤ e−kx/8 for x ≥ 8. Summing over k ≥ m0, we
obtain

P(sb < x) ≤ 2(ex)m0/2
(

0 < x ≤ 1
4e

)
, P(sb > x) ≤ 2e−m0x/8 (x ≥ 8).

Integrating these tails, we find that for every r > 0 there exists Cr such that Es−r
b +Es r

b ≤
Cr whenever m0 ≥ 2r + 2. Using the density bound of Step 2, we find that the same
bounds hold under µu, with Cr replaced by C1/3Cr.

Let x be one of the weight sequences w(t) or wq, restricted to Ib and written as
xj1 ≥ · · · ≥ xjn , and set xjn+1 = 0. Abel summation gives

n

∑
l=1

xjl ζ
2
jl =

n

∑
k=1

(xjk − xjk+1)Σk.

The coefficients xjk − xjk+1 are nonnegative. We also have ∑k(xjk − xjk+1)k = ∑l xjl and
∑k<m0

(xjk − xjk+1)k ≤ m0 maxl xjl . For the lower bound, we use Σk ≥ 0 for k < m0

and Σk ≥ ksb for k ≥ m0, which gives at least sb(∑l xjl − m0 maxl xjl). For the upper
bound, we use Σk ≤ Σm0 ≤ m0sb for k < m0 and Σk ≤ ksb for k ≥ m0, which gives at
most sb(∑l xjl + m0 maxl xjl). Since m0 maxl xjl ≤

M
24C∗

· 3C∗
M ∑l xjl =

1
8 ∑l xjl by Step 2, we

conclude that
7
8

sb ∑
i∈Ib

xi ≤ ∑
i∈Ib

xiζ
2
i ≤ 9

8
sb ∑

i∈Ib

xi. (10.63)
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Step 4: conclusion. Let S = 1+ s−1
1 + s1 + s2. Using the lower bound in (10.63) on I1, the

upper bounds on both blocks, and the fact that I1 carries at least a third of each weight
sequence, we find that simultaneously for every weight sequence x among w(t), t ≥ 0,
and wq,

7
24

S−1 ∑
i

xi ≤ ∑
i

xiζ
2
i ≤ 9

8
S ∑

i
xi.

No independence between the two blocks is needed. Since Xi(0)2 = vi(u)ζ2
i and

φ(X(0)) = N−1 ∑i wq
i ζ2

i , we have exactly

H(t) = ∑i hi(t)Xi(0)2

φ(X(0))
= N

∑i wi(t)ζ2
i

∑i wq
i ζ2

i
,

and by (10.62), ∑i wi(t)/ ∑i wq
i = h̄(u + t). This implies (10.61) with Cinit = 27

7 S2. By
Step 3 and the elementary inequality (∑4

l=1 xl)
2r ≤ 42r ∑l x2r

l , we have ECr
init ≤ Cr for

M ≥ M2(r). All constants depend only on r and K, and not on u, N, or d.

Corollary 10.17 (Fixed-time moments for Bingham comparison initial laws). For every
r > 0 and CT > 0, there exist M3 and Cr, depending only on r, CT, and K, such that the
following holds for every sequence satisfying (7.30) with M ≥ M3, every u ≥ 0, and every
0 ≤ t ≤ CTd−1 log M. With the initial value (10.59),

E
( At

Nh̄(u + t)

)r
+ E

(Nh̄(u + t)
At

)r
≤ Cr. (10.64)

For the diffusion X with initial law µu,

E
[(

φ(Xt)h̄(u + t)
)r]

+ E
[(

φ(Xt)h̄(u + t)
)−r] ≤ Cr, E

[(
ϑφ(Xt)

)r] ≤ Cr. (10.65)

These are bounds at each fixed time, uniform in the time; a bound for the expectation of the
supremum over t is proved in Theorem 10.18.

Proof. Let T = CTd−1 log M. By Hölder’s inequality, it suffices to treat integer r ≥ 2.
Using (10.49), we choose M3 ≥ M2(2r) so that α2r(T) ≤ 1/2 and 22r · 4εT ≤ 1/2; note
that αk(T) increases with k. We condition on Y(0), which is independent of B. By the
conditional form of (10.47) at τ = 0 with u = 0, and by the last assertion of Lemma 10.14,
we have

E
[
Ar

t
∣∣Y(0)

]
≤ 2H(t)r, E

[
A−r

t
∣∣Y(0)

]
≤ 2r+1H(t)−r.

By (10.61), H(t)±r ≤ Cr
init(Nh̄(u + t))±r, and taking expectations, we obtain (10.64). Next,

we have φ(Xt)h̄(u+ t) = (Wt/N) · Nh̄(u+ t)/At by (10.41). Since W0 = N, Lemma 10.13
and (10.51) bound E(Wt/N)±2r, and the first bound in (10.65) follows from the Cauchy–
Schwarz inequality and (10.64) at order 2r. Finally, h̄(u + t) ≥ ϑ by (10.43). Thus
ϑφ(Xt) ≤ φ(Xt)h̄(u + t) pointwise, and the last bound follows.
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10.7 The maximal inverse of the squared norm

We keep the setting of Section 10.6: the precisions satisfy (7.30), u ≥ 0, and the initial
value is (10.59). Fix CT > 0 and let T∗ = CTd−1 log M. In this section, constants depend
only on K, CT, and the indicated moment orders, and the lower bounds for M depend
on the same quantities.

Theorem 10.18 (Maximal inverse moments of the squared norm). For every r > 0, there
exist M4 and Cr, depending only on r, CT, and K, such that for every sequence satisfying (7.30)
with M ≥ M4 and every u ≥ 0,

E
[

sup
0≤t≤T∗

(H(t)
At

)r]
≤ Cr, E

[
sup

0≤t≤T∗

(Nh̄(u + t)
At

)r]
≤ Cr. (10.66)

In particular, for the diffusion X with initial law µu,

E
[

sup
0≤t≤T∗

(
ϑφ(Xt)

)r
]
≤ Cr. (10.67)

The proof occupies the rest of this section. Its outline is as follows. We write At =

H(t) + St, where St is a stochastic convolution, and bound the moments of the increments
of Jt = St/H(t) on the blocks [0, 1] and [L, 2L], 1 ≤ L ≤ T∗ (Lemma 10.19). A chaining
argument turns these into bounds for the Hölder norm of J on each block. Combined
with the fixed-time inverse moments, this yields small-ball bounds for infAt/H(t) on
each block (Lemma 10.20), with a factor that is summable over dyadic blocks. A union
bound over the blocks then proves Theorem 10.18. Both the Hölder bound and the
fixed-time inverse moments are needed.

Inputs. We collect the estimates of Sections 10.5 and 10.6 that are used below, on the
doubled interval [0, 2T∗]; doubling the interval only replaces CT by 2CT. For every r > 0,
there exist Cr and a lower bound for M such that, for all t ≥ 0 in the first two lines and
all s, t ∈ [0, 2T∗] in the last two,

h̄(t) ≍ a(t), hi(t) ≍ a(t) 1 + t
1 + pit

, (10.68)

C−1
init ≤

H(t)
Nh̄(u + t)

≤ Cinit, (10.69)

ECr
init ≤ Cr, ∥As∥r ≤ CrNh̄(u + s),

∥∥∥ sup
s≤2T∗

Ws

N

∥∥∥
r
≤ Cr, (10.70)

E
[(H(t)

At

)r]
≤ Cr. (10.71)

Here (10.68) is (10.44), (10.69) and the first bound of (10.70) are Lemma 10.16, the second
bound of (10.70) is (10.64), and the third follows from (10.54) with τ = 0 and W0 = N.
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For (10.71), we condition on Y(0) and apply (10.55) at the deterministic initial state Y(0);
no Gaussian approximation of At is involved. We also use the following bounds on the
derivatives of h, which hold for all t, z ≥ 0 by Lemma 7.13:

max
i

pihi(t)2 ≤ C(1 + dt), max
i

√
pi |h′i(t)| ≤

C
1 + t

,

max
i

pi
[
hi(t + z)− hi(t)

]2 ≤ C log2
(

1 +
z

1 + t

)
,

(10.72)

and |H′(t)| ≤ CH(t)/(1 + t), which follows by summing |h′i(t)| ≤ Chi(t)/(1 + t) against
Yi(0)2 ≥ 0. Finally, we use two elementary facts about a: for all u, t ≥ 0,∫ t

0
a(u + v) dv ≤ 2t a(u + t), a(u + v) ≤

√
2 a(u + t) for t/2 ≤ v ≤ t. (10.73)

The first follows from
∫ t

0 (1+ u+ v)−1/2 dv = 2t/(
√

1 + u + t+
√

1 + u) ≤ 2t/
√

1 + u + t,
and the second from 1 + u + t ≤ 2(1 + u + v).

The stochastic convolution. For fixed t, the martingale with backward semigroup
weights s 7→ h(t − s)TZs, 0 ≤ s ≤ t, has initial value H(t) and terminal value At.
It follows that

At = H(t) + St, St = ∑
i

∫ t

0
hi(t − s) dMi(s), Jt =

St

H(t)
, (10.74)

so that At/H(t) = 1 + Jt. The random variable H(t) is F0-measurable.

Lemma 10.19 (Increments of the normalized stochastic convolution). For every r ≥ 2
there exist Cr and a lower bound for M such that the following holds. Let 1 ≤ L ≤ T∗, and let
L ≤ s ≤ t ≤ 2L. Then

∥JL∥r ≤ CrσL, ∥Jt − Js∥r ≤ CrσL

√
t − s

L
, σ2

L =
L(1 + dL)
Na(u + L)

≤ dL + (dL)2

M
. (10.75)

On the initial block, for 0 ≤ s ≤ t ≤ 1, we have J0 = 0 and ∥Jt − Js∥r ≤ Crσ∗
√

t − s, with
σ2
∗ = [Na(u + 1)]−1 ≤ d/M. After the linear change of time that maps the block to [0, 1], let K

be the sum of the supremum of |J| and the 1/4-Hölder seminorm of J on [0, 1]. For every r > 4,

∥K∥r ≤ CrσL on [L, 2L], ∥K∥r ≤ Crσ∗ on [0, 1]. (10.76)

The restriction L ≤ T∗ is necessary: the moment inputs above hold only on [0, 2T∗],
and the bounds (10.75) fail for large L at fixed N and d. Indeed, we have AtV2(t) ≥ W2

t
by the Cauchy–Schwarz inequality, and (10.50) implies that EW2

t ≥ N2e8t/N; thus ∥Jt∥2

grows exponentially in t/N. Moreover, since logW has quadratic variation at least 8t/N,
the martingale Wt tends to zero almost surely, so that At/H(t) → 0.
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Proof. We begin with a general bound. Let ωi(v) be deterministic functions, and
let Nt = ∑i

∫ t
0 ωi(v) dMi(v). Its quadratic variation is 8

N

∫ t
0 Av ∑i ωi(v)2Zi(v) dv, and

∑i ω2
i Zi = ∑i(piω

2
i )qiZi ≤ (maxi piω

2
i )W . By the Burkholder–Davis–Gundy inequality

[123, Theorem IV.4.1] and Minkowski’s inequality in Lr/2, for r ≥ 2,

∥Nt∥2
r ≤ Cr

N

∫ t

0
max

i
piωi(v)2 ∥AvWv∥r/2 dv ≤ CrN

∫ t

0
max

i
piωi(v)2 a(u + v) dv, (10.77)

where in the last step we used ∥AvWv∥r/2 ≤ ∥Av∥r∥Wv∥r ≤ CrN2a(u + v), by (10.68)
and (10.70).

Pointwise bound. With ωi(v) = hi(t − v), the first bound in (10.72) and (10.73) give

∥St∥2
r ≤ CrN

∫ t

0
a(u + v)

(
1 + d(t − v)

)
dv ≤ CrN a(u + t) t(1 + dt), 0 ≤ t ≤ 2T∗.

(10.78)

Increments on [L, 2L]. Let L ≤ s ≤ t ≤ 2L and z = t − s, so that z ≤ L ≤ s. We split
St − Ss into an old part, the integral over [0, s] with ωi(v) = hi(t − v)− hi(s − v), and a
fresh part, the integral over [s, t] with ωi(v) = hi(t − v). Using (10.77) and (10.72), we
find that the squared Lr norm of St − Ss is at most a constant times

N
∫ s

0
a(u + v) log2

(
1 +

z
1 + s − v

)
dv + N

∫ t

s
a(u + v)

(
1 + d(t − v)

)
dv.

We bound the three integrals separately. For v ≤ s/2, the logarithm is at most z/(1 + s −
v) ≤ 2z/(1 + s), and by (10.73),

∫ s/2
0 a(u + v) dv ≤ s a(u + s/2) ≤

√
2 s a(u + s); hence

the integral over [0, s/2] is at most Ca(u + s)z2/(1 + s) ≤ Ca(u + s)z, where we used
z ≤ s. For s/2 ≤ v ≤ s, we use a(u + v) ≤

√
2a(u + s) and∫ ∞

0
log2

(
1 +

z
1 + w

)
dw ≤ 4z. (10.79)

To prove (10.79), write the logarithm as
∫ z

0 (1 + w + x)−1 dx; Minkowski’s inequality in
L2(dw) bounds its norm by

∫ z
0 (1 + x)−1/2 dx ≤ 2

√
z. For the fresh part, a(u + v) ≤

a(u + s) and
∫ t

s (1 + d(t − v)) dv ≤ z + dz2. Altogether,

∥St − Ss∥2
r ≤ CrN a(u + s) (z + dz2). (10.80)

Next, we divide by H. We write

Jt − Js =
St − Ss

H(t)
+ Js

(H(s)
H(t)

− 1
)

.



10 The unnormalized process and its moments § 10.7 224

Using Hölder’s inequality and (10.69), we find ∥(St − Ss)/H(t)∥r ≤ ∥Cinit∥2r∥St −
Ss∥2r/(Nh̄(u + t)). On the block, a(u + L)/

√
2 ≤ a(u + t) ≤ a(u + s) ≤ a(u + L),

and z + dz2 ≤ z(1 + dL). Together with (10.80) and (10.68), this gives∥∥∥St − Ss

H(t)

∥∥∥
r
≤ Cr

( z(1 + dL)
Na(u + L)

)1/2
= CrσL

√
z
L

.

In the same way, we find from (10.78) that ∥Js∥r ≤ Cr(s(1 + ds)/(Na(u + s)))1/2 ≤ CrσL
for s ∈ [L, 2L], which contains the bound on ∥JL∥r. The bound |H′| ≤ CH/(1 + t) gives
| logH(t) − logH(s)| ≤ Cz/L ≤ C, and hence |H(s)/H(t) − 1| ≤ C′z/L ≤ C′√z/L.
This proves (10.75). The bound on σ2

L follows from a(u + L) ≥
√

d and N
√

d = M/d.

The initial block. For 0 ≤ s ≤ t ≤ 1 and z = t − s, the second bound in (10.72) implies
that pi[hi(t − v)− hi(s − v)]2 ≤ Cz2, and the first gives pihi(t − v)2 ≤ C. For v ≤ 1, we
have a(u + v) ≤ a(u) ≤

√
2a(u + 1), and (10.77) yields ∥St − Ss∥2

r ≤ CrNa(u + 1)(z2 + z)
and ∥St∥2

r ≤ CrNa(u + 1). Dividing by H(t) ≥ C−1
initNh̄(u + t) ≥ c1C−1

initNa(u + 1), with
c1 > 0 depending only on K, as before, and using |H′| ≤ CH, we have ∥Jt − Js∥r ≤
Crσ∗

√
z. Also J0 = 0, since S0 = 0, and σ2

∗ ≤ (N
√

d)−1 = d/M.

Hölder norms. We use the dyadic proof of Kolmogorov’s continuity criterion, keeping
its moment bound; see [123, Theorem I.2.1 and its proof, pp. 26–28]. Let J̃ be J on one of
the blocks after the linear change of time to [0, 1], and let σ be the corresponding σL or σ∗.
The bounds above give ∥ J̃(θ′)− J̃(θ)∥r ≤ Crσ|θ′ − θ|1/2 and ∥ J̃(0)∥r ≤ Crσ. For n ≥ 0, let
∆n = max0≤k<2n | J̃((k + 1)2−n)− J̃(k2−n)|. Bounding the maximum by the ℓr sum of its
2n terms, we find ∥∆n∥r ≤ Crσ2n(1/r−1/2). For r > 4, it follows that∥∥∥ ∑

n≥0
2n/4∆n

∥∥∥
r
≤ Crσ ∑

n≥0
2n(1/r−1/4) ≤ Crσ.

Let θ < θ′ be dyadic points in [0, 1] with 2−n−1 < θ′ − θ ≤ 2−n. Approximating θ and θ′

by their dyadic expansions, as in the proof of Kolmogorov’s continuity criterion, we have
| J̃(θ′)− J̃(θ)| ≤ 2 ∑k≥n ∆k ≤ 25/4(θ′ − θ)1/4 ∑k≥0 2k/4∆k. By continuity of J̃, this bound
extends to all θ, θ′ ∈ [0, 1], and the 1/4-Hölder seminorm of J̃ is at most 25/4 ∑k 2k/4∆k.
The supremum of | J̃| is at most | J̃(0)| plus this seminorm, which proves (10.76).

Lemma 10.20 (Small values of the normalized squared norm on a block). Let 1 ≤ L ≤ T∗,
let ιL = infL≤t≤2L At/H(t), and let ι∗ = inf0≤t≤1 At/H(t). For every γ > 0 and r > 4, there
exist constants Cγ, Cγ,r and a lower bound for M such that for 0 < x ≤ 1/2,

P(ιL ≤ x) ≤ Cγxγ, P(ιL ≤ x) ≤ Cγ,r xγ/2σr/2
L , (10.81)

and the same bounds hold for ι∗ with σ∗ in place of σL.
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Proof. Let bt = At/H(t) = 1 + Jt on the block, after the change of time to [0, 1]. For
L ≤ T∗, we have σ2

L ≤ (CT log M + C2
T log2 M)/M by (10.75), and for M large every σL

and σ∗ is at most one. By (10.76), every moment of order greater than 4 of the 1/4-Hölder
seminorm of b, which equals that of J, is bounded by a constant. We choose deterministic
grid points in [0, 1] with spacing at most x8; there are at most 2x−8 of them. If the
seminorm is at most x−1, every point of [0, 1] is within x−1(x8)1/4 = x of the value at a
grid point. The event {ιL ≤ x} is contained in the union of the event that the seminorm
exceeds x−1 and the events that b ≤ 2x at one of the grid points. By Markov’s inequality,
the first event has probability at most Cγ′xγ′

for every γ′ > 4. We take γ′ = max(γ, 5). By
(10.71) with order γ + 9, each grid event has probability at most C(2x)γ+9, and the union
over the grid contributes at most 2x−8C(2x)γ+9 ≤ C′xγ. This proves the first bound.
For the second, we have {ιL ≤ 1/2} ⊂ {sup |J| ≥ 1/2}, since b = 1 + J, and (10.76)
and Markov’s inequality imply that P(ιL ≤ 1/2) ≤ 2rEKr ≤ Crσr

L. For x ≤ 1/2, the
probability P(ιL ≤ x) is at most the minimum of Cγxγ and Crσr

L, which is at most their
geometric mean. The initial block is treated in the same way, with b0 = 1.

Proof of Theorem 10.18. We take M large enough that T∗ ≥ 1 and that all the preceding
lemmas apply with the finitely many moment orders used below. Cover [0, T∗] by [0, 1]
and the dyadic blocks [2j, 2j+1], 0 ≤ j ≤ j∗, where 2j∗ ≤ T∗ < 2j∗+1. Every block lies in
[0, 2T∗], and every L = 2j satisfies 1 ≤ L ≤ T∗; thus Lemmas 10.19 and 10.20 apply. For
r > 4, the noise scales satisfy

σr/2
∗ +

j∗

∑
j=0

σr/2
2j ≤ Cr

(1 + (dT∗)2

M

)r/4
≤ Cr

(1 + log2 M
M

)r/4
. (10.82)

Indeed, by (10.75), σr/2
2j ≤ Cr[(d2j)r/4 + (d2j)r/2]M−r/4, and the two geometric sums over

j ≤ j∗ are bounded by constants times their last terms, which are at most Cr(dT∗)r/4 and
Cr(dT∗)r/2; the initial term is at most (d/M)r/4, and dT∗ = CT log M. In particular, the
number of blocks does not enter, and no factor depending on log(1/d) appears.

Let ι = inf0≤t≤T∗ At/H(t). Fix r′ > 0, and apply the second bound of (10.81) on every
block with γ = 2r′ + 2 and r = 8. By (10.82) and a union bound, for 0 < x ≤ 1/2,

P(ι ≤ x) ≤ C xr′+1
(1 + log2 M

M

)2
.

Integrating this tail bound, we find

Eι−r′ ≤ 2r′ +
∫ ∞

2
r′yr′−1 P(ι ≤ 1/y) dy ≤ 2r′ + C

(1 + log2 M
M

)2
≤ Cr′ ,

which is the first bound in (10.66). For the second, we have supt≤T∗ Nh̄(u + t)/At ≤
Cinit ι−1 by (10.69), and the claim follows from the Cauchy–Schwarz inequality, the first
bound at order 2r′, and (10.70).
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Finally, by (10.41), we have the exact identity

ϑφ(Xt) =
Wt

N
· Nh̄(u + t)

H(t)
· H(t)

At
· ϑ

h̄(u + t)
.

The last factor is at most one, since h̄(u + t) ≥ ϑ by (10.43). Hence supt≤T∗ ϑφ(Xt) ≤(
supt≤T∗ Wt/N

)
Cinit ι−1, and Hölder’s inequality with three factors, together with (10.70)

and the first bound in (10.66), proves (10.67). The laws and times in this argument are
those of the diffusion with initial law µu, for every u ≥ 0, including u = 0, where
µ0 = νN.

10.8 A Feynman–Kac bound for a weighted gradient

Let A be a real symmetric matrix with eigenvalues α1 ≥ · · · ≥ αN, Lagrange multiplier
z, and smallest precision d = z − α1 (Definition 3.3). As in Section 8, let φ(x) = xT(zI −
A)−1x/N; in eigencoordinates, this is the quadratic form (10.40). We write Γ( f1, f2) =

∇SN f1 · ∇SN f2, Γ( f ) = Γ( f , f ), and

Γφ,2( f ) =
1
2

{
LA

(
φΓ( f )

)
− 2φ Γ( f , LA f )

}
.

This is a weighted version of the iterated carré du champ; note that φΓ is not, in general,
the carré du champ of LA. Let g = ∇SN f , let a = ∇SN log φ, and let ∇2

S f be the tangential
Hessian of f , as in Lemma 8.3. By (8.8), for every smooth f on SN,

Γφ,2( f ) = φ
{
∥∇2

S f ∥2
HS + 2∇2

S f (a, g) + gT
[
(zI − A)− 2

N
I
]

g
}

, (10.83)

where ∇2
S f (a, g) = aT(∇2

S f )g.

Lemma 10.21 (A Feynman–Kac bound for the weighted gradient). Let r̄ = d − 2/N. For
every smooth function f on SN, every x ∈ SN, and every t ≥ 0,

φ(x) Γ(PA
t f )(x) ≤ e−2r̄t Ex

[
exp

(
2
∫ t

0
Γ(log φ)(Xs) ds

)
φ(Xt) Γ( f )(Xt)

]
, (10.84)

where X is the diffusion generated by LA started at x.

The inequality holds whatever the sign of r̄. In Section 14, the exponential factor in
(10.84) is controlled by Theorem 10.15.

Proof. We begin with a pointwise lower bound for Γφ,2. For a symmetric matrix H and
vectors b, v, the Cauchy–Schwarz inequality gives 2|H(b, v)| ≤ 2∥H∥HS|b||v| ≤ ∥H∥2

HS +
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|b|2|v|2. With H = ∇2
S f , b = a, and v = g, we have |b|2 = Γ(log φ) and |v|2 = Γ( f ). The

eigenvalues of zI − A are at least d, and by (10.83), we obtain

Γφ,2( f ) ≥
(
r̄ − Γ(log φ)

)
φ Γ( f ). (10.85)

Since LA is an elliptic operator with smooth coefficients on the compact manifold
SN, the function (t, x) 7→ PA

t f (x) is smooth on [0, ∞) × SN for smooth f , and so is
ϕ(t, x) = φ(x)Γ(PA

t f )(x). Using ∂tPA
t f = LAPA

t f , the definition of Γφ,2, and (10.85), we
find

(∂t − LA)ϕ = 2φ Γ(PA
t f , LAPA

t f )− LA
(

φΓ(PA
t f )

)
= −2Γφ,2(PA

t f ) ≤ Vϕ,

where V = 2Γ(log φ)− 2r̄ is smooth and bounded on SN. Fix t > 0 and x ∈ SN, let X be
the diffusion generated by LA started at x, and let

Υs = exp
( ∫ s

0
V(Xv) dv

)
ϕ(t − s, Xs), 0 ≤ s ≤ t.

By Itô’s formula for (3.2) with cWN replaced by A, whose generator is LA by the calcula-
tion in Section 3.1, the drift of Υ is

exp
( ∫ s

0
V(Xv) dv

)(
Vϕ − ∂tϕ + LAϕ

)
(t − s, Xs) ≥ 0,

and its martingale part is a stochastic integral with a bounded integrand. Thus Υ
is a submartingale, and ϕ(t, x) = Υ0 ≤ EΥt, which is (10.84). This is the Feynman–
Kac argument; see [123, Proposition VIII.3.10, pp. 358–359] for the generator identity
underlying it, after a constant shift of the bounded potential.



section 11

Score bounds, smoothing, and conditional
relative entropy

In this section, we collect the analytic tools that we use to prove upper bounds on the
total variation distance at low temperature, in Section 16 (fixed c > 1) and Section 17
(the approach to the critical temperature from below). In both regimes, we compare the
time-t law with the product of a law of finitely many eigencoordinates and a Gaussian
law of the remaining coordinates. The results below control the two factors and their
combination.

In Section 11.1, we define weak scores along rotations and record three elementary
facts: the effect of a cutoff function on a score (Lemma 11.2), the total variation cost
of a path weight (Lemma 11.3), and the smoothness of weighted and killed endpoint
measures (Lemma 11.4). Section 11.2 proves a Bismut-type formula for the score over a
final time interval: Theorem 11.5 bounds the moments of the derivative along a rotation
of the logarithm of the density of a weighted endpoint law, using only the final time
interval, and Corollary 11.6 specializes it to the time scale a−1

2 . In Section 11.3, we show
that weak convergence of finite-dimensional laws implies convergence in total variation
when nearby laws have bounded Fisher information (Theorem 11.8). Section 11.4 com-
bines these results and proves total variation convergence of finitely many standardized
eigencoordinates (Corollary 11.12). Section 11.5 concerns the conditional relative entropy
of the remaining coordinates given the first ones. It contains an exact identity for its time
derivative (Proposition 11.18), a logarithmic Sobolev inequality for it (Proposition 11.16),
and an entropy dissipation inequality under a cutoff function adapted to the approach to
the critical temperature (Theorem 11.19). Finally, Lemma 11.21 in Section 11.6 combines
the two factors in total variation.

Besides the conventions of Section 3, in particular Lemmas 3.1 and 3.6, we use only
classical tools: Itô’s formula, Lévy’s characterization of Brownian motion, Hörmander’s
hypoellipticity theorem, and the Gaussian logarithmic Sobolev inequality. The special
case of Girsanov’s theorem that we need is proved in Section 11.2. All statements are
deterministic in the coefficients of the potential. Probabilities and expectations refer only
to the initial point and the driving Brownian motion. Section 16 uses Theorem 11.5,
Theorem 11.8 and Lemma 11.7, the results of Sections 11.4 to 11.5, and Lemma 11.21.
Section 17 uses Corollary 11.12, Theorem 11.19, and Lemma 11.21; the hypotheses of

228



11 Score bounds, smoothing, and conditional relative entropy § 11.1 229

these statements are verified there.

11.1 Setting, weak scores, and weighted endpoint measures

The diffusion. Throughout this section, a1, . . . , aN are real numbers, coordinates refer to
a fixed orthonormal basis of RN, and

F(x) =
N

∑
k=1

akx2
k , L = ∆SN −∇SN F · ∇SN . (11.1)

For the model at low temperature, the coordinates are the eigencoordinates and the
ak = c(λ1 − λk)/2 are the scaled eigenvalue gaps of (3.8). More generally, by (3.7), the
generator LA of (3.3) is of the form (11.1) with ak = (α1 − αk)/2 in an eigenbasis of A. As
in (3.2), the diffusion generated by L solves

dXs =
√

2 Π(Xs) dBs + b(Xs) ds, b(x) = −N − 1
N

x −∇SN F(x), Π(x) = I − xxT

N
,

(11.2)
where ∇SN F(x) = Π(x)∇F(x). We always work on a filtered probability space with a
filtration (Fs)s≥0, on which B is an (Fs)-Brownian motion in RN and X is (Fs)-adapted,
with X0 ∼ νN. All process-specific statements in this chapter concern this original uni-
formly initialized diffusion; the statements about probability measures and weak scores
are independent of a diffusion. Solutions of (11.2) remain on SN, by the computation
following (3.2). The coefficients are smooth and may be modified outside a neighborhood
of SN to become globally Lipschitz. This implies pathwise uniqueness, and that, for
u ≥ 0, the path (Xs)s≥u is a measurable function of Xu and of the increments of B after
time u.

Rotations and reflections. For i ̸= j, let Ωij = ejeT
i − eieT

j and Rij
ϑ = eϑΩij , the rotation by

the angle ϑ in the (i, j)-plane, and let Kij be the vector field

Kij φ(x) =
d

dϑ
φ(Rij

ϑ x)
∣∣∣
ϑ=0

= xi∂j φ(x)− xj∂i φ(x).

It is tangent to SN, and Kijx = Ωijx. Since each Rij
ϑ preserves νN, differentiating

∫
φ ◦

Rij
ϑ dνN =

∫
φ dνN at ϑ = 0, we obtain∫

SN

Kij φ dνN = 0 for every φ ∈ C1(SN). (11.3)

We write R1(x) = (−x1, x2, . . . , xN) for the reflection of the first coordinate, as in
Lemma 3.1. The equation (11.2) is invariant under R1, because F is even in x1: if X
solves it with Brownian motion B, then R1X solves it with Brownian motion R1B.
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Weak scores. The following definition makes sense of a logarithmic derivative along a
rotation without assuming that a density is differentiable or positive.

Definition 11.1 (Weak score). Let ρ be a probability measure on SN with ρ ≪ νN , and let
K = Kij. A function s ∈ L1(ρ) is a weak K-score of ρ if∫

Kφ dρ = −
∫

φ s dρ for every φ ∈ C∞(SN). (11.4)

We then write s = K log(dρ/dνN).

A weak K-score is unique ρ-almost everywhere, because (11.4) determines the signed
measure sρ on the smooth functions, which are dense in C(SN). Approximating a
function of class C1 uniformly, together with its K-derivative, by smooth functions, we
see that (11.4) also holds for φ ∈ C1(SN). If dρ/dνN = f is of class C1 and positive on
an open set U, then s = K f / f almost everywhere on U. This follows from (11.4) with φ

supported in U and (11.3) applied to φ f . In particular, the weak score is the usual score
where the latter is defined. We note that (11.4) is a global identity. A jump of nonzero
size across a smooth hypersurface transverse to K contributes a singular part to K f , and
therefore prevents a weak K-score. For this reason, the cutoff functions below are smooth.

The first lemma computes the score after multiplication by a cutoff function. For
p = 1, its hypothesis is |Kη| ≤ Bη1/2.

Lemma 11.2 (Multiplying by a cutoff function). Let ρ be a probability measure on SN with a
weak K-score s, where K = Kij, and let p ≥ 1 be an integer with s ∈ L2p(ρ). Let η ∈ C1(SN)

take values in [0, 1], with Zη =
∫

η dρ > 0. Suppose that there exists B ≥ 0 such that

|Kη| ≤ B η1−1/(2p) ρ-almost everywhere. (11.5)

Then the normalized cutoff-weighted law ρ̂ = ηρ/Zη, with normalizing mass Zη, has the weak
K-score ŝ = s + 1{η>0}Kη/η, and

Eρ̂|ŝ|2p ≤ 22p−1

Zη

(
Eρ|s|2p + B2p). (11.6)

Proof. We have Kη = 0 ρ-almost everywhere on {η = 0}, by (11.5). Let φ ∈ C∞(SN).
Applying the identity (11.4) to ηφ ∈ C1(SN), we find∫

Kφ dρ̂ =
1

Zη

∫ (
K(ηφ)− φKη

)
dρ = − 1

Zη

∫
φ (ηs + Kη) dρ = −

∫
φ ŝ dρ̂.

This proves the formula for the score, once we know that ŝ ∈ L1(ρ̂), which follows from
the moment bound below. By convexity, |ŝ|2p ≤ 22p−1(|s|2p + 1{η>0}|Kη/η|2p). We have
Eρ̂|s|2p = Z−1

η

∫
η|s|2p dρ ≤ Z−1

η Eρ|s|2p, and, by (11.5),

Eρ̂

[
1{η>0}

∣∣∣Kη

η

∣∣∣2p]
=

1
Zη

∫
{η>0}

|Kη|2pη1−2p dρ ≤ B2p

Zη
.
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Combining the two bounds, we obtain (11.6).

The second lemma bounds the total variation cost of a path weight. We use it in the
following form: if 0 ≤ U ≤ 1 is a random variable with EU > 0 and Y is a random
element, then the laws of Y under P and under (U/EU)P are within 1 − EU in total
variation. This is the case σ(A) = E[U1{Y∈A}] and ρ = Law(Y) below.

Lemma 11.3 (Removing a path weight). Let ρ be a probability measure and σ ≤ ρ a measure
on the same space with total mass Z > 0. Then ∥ρ − σ/Z∥TV ≤ 1 − Z.

Proof. For both probability measures, ∥ρ − σ/Z∥TV is the supremum of σ(A)/Z − ρ(A)

over measurable sets A, by the first part of Lemma 3.6. Since ρ(A) ≥ σ(A), we have
σ(A)/Z − ρ(A) ≤ (Z−1 − 1)σ(A) ≤ 1 − Z.

The third lemma records the forward equation and the smoothness of the endpoint
measures that appear later: the path is weighted by a variable known at a time T, and
possibly killed after T when it leaves an open set.

Lemma 11.4 (Weighted and killed endpoint measures). Let X solve (11.2) with X0 ∼ νN,
let T ≥ 0, let Ψ be an FT-measurable random variable with values in [0, 1], and let D ⊂ SN be
open (possibly D = SN). Let τ = inf{s ≥ T : Xs /∈ D}, with inf ∅ = ∞, and for t ≥ T define
the endpoint subprobability measure

σt(A) = E
[
Ψ 1{τ>t}1{Xt∈A}

]
. (11.7)

1. For every φ ∈ C∞(SN) with compact support in D and all T ≤ s ≤ t,

σt(φ)− σs(φ) =
∫ t

s
σr(Lφ) dr. (11.8)

2. There exists u ∈ C∞((T, ∞)× D) such that σt(dx) = u(t, x) νN(dx) for every t > T.
3. If D and σT are invariant under R1, then σt is invariant under R1 for every t ≥ T.

Proof. For the first part, note that Xτ /∈ D on {τ < ∞}, because D is open and the path
is continuous. Let χ ∈ C∞(R × SN) be such that each χ(r, ·) has its support in a fixed
compact subset of D. By Itô’s formula,

χ(t ∧ τ, Xt∧τ)− χ(s ∧ τ, Xs∧τ) =
∫ t∧τ

s∧τ
(∂r + L)χ(r, Xr) dr +

√
2
∫ t∧τ

s∧τ
∇SN χ(r, Xr) · dBr.

On {τ ≤ t} we have χ(τ, Xτ) = 0, and the same holds with s in place of t. We multiply
by Ψ and take expectations. The stochastic integral has a bounded integrand and starts
after time T, and its product with the FT-measurable variable Ψ has mean zero. Using
Fubini’s theorem, we obtain

σt(χ(t, ·))− σs(χ(s, ·)) =
∫ t

s
σr
(
(∂r + L)χ(r, ·)

)
dr, (11.9)
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and (11.8) is the case of a χ that does not depend on r.
For the second part, we take χ ∈ C∞

c ((T, ∞) × D), s = T, and t larger than every
time in the support of χ. Then (11.9) says that the measure σr(dx) dr on (T, ∞) × D
is annihilated, in the sense of distributions, by the formal adjoint of ∂r + L. In local
coordinates on D, this adjoint is P = −∂r + L∗, where L∗ is the formal adjoint of L with
respect to the coordinate Lebesgue measure. Its second-order part is that of L, which
is ∑k,l akl∂k∂l with a smooth positive definite matrix a. Writing a = ssT with s = a1/2

smooth, we have P = ∑k V2
k + V0 + c0, where Vk = ∑l slk∂l, c0 is a smooth function,

and V0 = −∂r + V′
0 with V′

0 a first-order operator in the space variables. The fields
V1, . . . , VN−1 span all space directions, and V0 has a nonzero time component. This implies
that V0, . . . , VN−1 are linearly independent at every point. By Hörmander’s theorem [85,
Theorem 1.1], P is hypoelliptic, and the measure σr(dx) dr is a smooth function times dx dr.
In other words, there exists u ∈ C∞((T, ∞)× D) such that σr(dx) dr = u(r, x) νN(dx) dr.
For φ ∈ C∞

c (D), both r 7→ σr(φ) and r 7→
∫

φ u(r, ·) dνN are continuous on (T, ∞), the
first by (11.8). They agree for almost every r, hence for every r > T. We conclude that
σr = u(r, ·)νN on D. Since σr(Dc) = 0 for r ≥ T, the second part follows.

For the third part, let kv(x, A) be the probability that the solution of (11.2) started at
x stays in D during [0, v] and lies in A at time v. By the Markov property at the time
T, we have σt(A) =

∫
σT(dx) kt−T(x, A). Since the equation and D are invariant under

R1, we have kv(R1x, R1A) = kv(x, A). Together with the invariance of σT, this gives
σt(R1A) = σt(A).

Conditioned, weighted, and killed measures. We use the following names for the
measures that appear here and in Sections 16 and 17. For an event E with P(E) > 0, the
law conditioned on E is P(· | E) = P(· ∩ E)/P(E), with normalizing mass P(E). The
measure σt of (11.7) is the endpoint subprobability measure weighted by Ψ and killed
on leaving D. It is bounded by the law of Xt, and its mass σt(SN) ≤ 1 need not be one.
For a cutoff function η : SN → [0, 1] with

∫
η dσt > 0, the normalized cutoff-weighted law

is the probability measure ησt/
∫

η dσt, with normalizing mass
∫

η dσt. If D = SN and
Ψ = 1E for an event E ∈ FT, then σt(SN) = P(E), and σt/σt(SN) is the law of Xt under
P(· | E).

11.2 A Bismut-type formula for the score over a final time interval

Formulas that express the derivative of a diffusion semigroup through a stochastic
integral, without differentiating the initial data, go back to Bismut [32] and Elworthy and
Li [67, Theorems 2.1 and 3.1 and Corollary 3.2]; see also [87, Section 8.3, Theorems 8.3.3–
8.3.4]. Theorem 11.5 below is a version of this idea for the logarithmic derivative of
an endpoint density along a rotation. Three features are needed in the applications.
The derivative is that of the density of an endpoint law weighted by a functional of the
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path and normalized. The paths are restricted to a rotation-invariant open set on which
the change of drift is small. The bound uses only a final time interval of the original
uniformly initialized diffusion. It requires no score bound before that interval and no new
initialization at its left endpoint; the law there may be the evolved and prefix-weighted
law. The proof differentiates a Girsanov density with respect to a rotation of the path
during the final interval.

Setting. Fix i ̸= j and write K = Kij, Ω = Ωij, Rϑ = Rij
ϑ , and ∆ = |aj − ai|. Let D ⊂ SN

be an open set with RϑD = D for every ϑ ∈ R, and let H < ∞ satisfy

x2
i + x2

j ≤ H for x ∈ D. (11.10)

Fix t > 0 and ℓ ∈ (0, t], let I = [t − ℓ, t], and let κ : I → R be absolutely continuous with
κ(t − ℓ) = 0, κ(t) = 1, and

∫
I κ′(s)2 ds < ∞. For ε ∈ R, let Θε act on paths ω ∈ C(I; SN)

by (Θεω)s = Rεκ(s)ωs. Let ξ be an Ft−ℓ-measurable random element of a measurable
space E, and let Φ : E × C(I; SN) → [0, 1] be measurable with

Φ(e, ω) = 0 unless ωs ∈ D for all s ∈ I, Φ(e, Θεω) = Φ(e, ω) for all ε ∈ R. (11.11)

We call W = Φ(ξ, X|I) a path weight for the final interval I. For example, ξ may be the
path up to time t − ℓ, together with any other Ft−ℓ-measurable variable. We assume
Z = EW > 0 and define the weighted endpoint law ρW(A) = Z−1E[W1{Xt∈A}], whose
normalizing mass is Z.

Theorem 11.5 (A Bismut-type formula for the score over a final time interval). For the
uniformly initialized diffusion in this setting, the law ρW has a weak K-score, and for every integer
p ≥ 1,

EρW

∣∣∣K log
dρW

dνN

∣∣∣2p
≤

Cp

Z

[
H

∫
I

(
κ′(s)2 + ∆2κ(s)2) ds

]p
, (11.12)

where Cp depends only on p. For the linear ramp κ(s) = (s − t + ℓ)/ℓ,

EρW

∣∣∣K log
dρW

dνN

∣∣∣2p
≤

Cp

Z
[
H(ℓ−1 + ∆2ℓ)

]p. (11.13)

The proof has four steps. We first show that rotating the path during I changes its
law by an explicit Girsanov density. Using the invariance of W, we deduce the identity
(11.19). Differentiating it at ε = 0 represents

∫
Kφ dρW through a stochastic integral M.

Finally, the moments of M are bounded by its quadratic variation.

Proof. Let τ = inf{s ≥ t − ℓ : Xs /∈ D}. All integrals below may be restricted to {τ > t},
because W = 0 unless τ > t.
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An exponential bound. We use the following elementary bound twice. Let M′ be a
continuous local martingale with M′

0 = 0 and ⟨M′⟩t ≤ V for a deterministic constant
V ≥ 0. If V = 0, then M′

s = 0 almost surely for all s ≤ t, so its exponential moments
equal one and all its positive moments and tails vanish. Suppose now that V > 0. For
λ ∈ R, the process exp(λM′

s − λ2⟨M′⟩s/2) is a nonnegative local martingale, hence a
supermartingale with expectation at most one. Therefore

EeλM′
t ≤ eλ2V/2, P(|M′

t| > r) ≤ 2e−r2/(2V), E|M′
t|2p ≤ 2 p! (2V)p (11.14)

for λ ∈ R, r > 0, and integers p ≥ 1. The second bound follows from the first by
Markov’s inequality with λ = ±r/V, and the third from the second, since E|M′

t|2p =∫ ∞
0 2pr2p−1P(|M′

t| > r) dr.

Step 1: the change of drift. For ϑ ∈ R, the function y 7→ F(y)− F(R−ϑy) is the quadratic
form of a symmetric matrix Qϑ that acts only on the (i, j)-plane. In that plane, we write
diag(ai, aj) =

ai+aj
2 I +

ai−aj
2 E with E = diag(1,−1). Then Qϑ =

ai−aj
2 (E −RϑERT

ϑ ), and
RϑERT

ϑ is the reflection matrix with entries cos 2ϑ, sin 2ϑ, sin 2ϑ,− cos 2ϑ. We have

∥Qϑ∥ = ∆| sin ϑ|, ∥∂ϑQϑ∥ = ∆, ∥∂2
ϑQϑ∥ = 2∆, (11.15)

since E −RϑERT
ϑ has eigenvalues ±2| sin ϑ|, and the first two derivatives of the reflection

matrix are 2 and 4 times symmetric orthogonal matrices. For s ∈ I and y ∈ SN , we define
the tangent vector field

uε(s, y) = εκ′(s)Ωy +∇SN

{
F − F ◦ R−εκ(s)

}
(y). (11.16)

We have |Ωy| = (y2
i + y2

j )
1/2 and |∇(yTQϑy)| = 2|Qϑy| ≤ 2∥Qϑ∥(y2

i + y2
j )

1/2, and the
tangent projection does not increase lengths. Using (11.10) and (11.15), we obtain

|uε(s, y)| ≤ |ε|
√

H
(
|κ′(s)|+ 2∆|κ(s)|

)
(y ∈ D). (11.17)

We set

Λε = exp
{ 1√

2

∫ τ∧t

t−ℓ
uε(s, Xs) · dBs −

1
4

∫ τ∧t

t−ℓ
|uε(s, Xs)|2 ds

}
. (11.18)

The integrand is bounded by a deterministic function in L2(I), by (11.17). The following
special case of Girsanov’s theorem (see [123, Chapter VIII, Section 1, Theorem (1.4)])
is then elementary. We include the argument. Let vs = 2−1/21{s<τ}uε(s, Xs) for s ∈ I
and vs = 0 for s < t − ℓ, and let Λs = exp(

∫ s
0 vr · dBr − 1

2

∫ s
0 |vr|2 dr), so that Λε = Λt.

The quadratic variation
∫ t

0 |vr|2 dr is bounded by a deterministic constant Vε. For q > 1
and every stopping time σ ≤ t, we have Λq

σ = Eσ exp{(q2 − q)
∫ σ

0 |vr|2 dr/2}, where E
is the stochastic exponential of q

∫
v · dB, a nonnegative local martingale and hence a

supermartingale. Thus EΛq
σ ≤ e(q

2−q)Vε/2, the local martingale Λ is of class (D) on [0, t],
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and it is a martingale. In particular, Qε = ΛεP is a probability measure that agrees with P

on Ft−ℓ. Using Itô’s product formula, we see that each component of Λs(Bs −
∫ s

0 vr dr) is a
local P-martingale. By Bayes’ formula, after localization, B̂s = Bs −

∫ s
0 vr dr is a continuous

local Qε-martingale with quadratic covariation sIN, and Lévy’s characterization [123,
Theorem IV.3.6] shows that B̂ is a Qε-Brownian motion. For s ∈ I, we have B̂s =

Bs − 2−1/2
∫ s∧τ

t−ℓ uε(r, Xr) dr. Because uε is tangent, we have Π(Xs)uε = uε, and under Qε

the process X solves dXs =
√

2 Π(Xs) dB̂s + (b + uε)(s, Xs) ds for s ∈ [t − ℓ, τ ∧ t].
We define X̂s = R−εκ(s)Xs for s ∈ I. The map s 7→ R−εκ(s) is absolutely continuous

and Ω commutes with every Rϑ, and we find, for s ≤ τ ∧ t,

dX̂s = −εκ′(s)ΩX̂s ds +R−εκ(s)
[√

2 Π(Xs) dB̂s + (b + uε)(s, Xs) ds
]
.

For an orthogonal matrix R, we have RTΠ(Rx)R = Π(x) and RT∇SN φ(Rx) = ∇SN(φ ◦
R)(x) for every smooth φ. With R = Rεκ(s), we deduce from these identities that
RTb(Rx̂) = −N−1

N x̂−∇SN(F ◦R)(x̂) and RTuε(s,Rx̂) = εκ′(s)Ωx̂+∇SN(F ◦R− F)(x̂).
The terms with Ω and with F ◦ R cancel, which gives

dX̂s =
√

2 Π(X̂s) dB̌s + b(X̂s) ds, B̌s =
∫ s

t−ℓ
R−εκ(r) dB̂r,

for s ∈ [t − ℓ, τ ∧ t]. By Lévy’s characterization, B̌ is a Qε-Brownian motion. Moreover,
X̂t−ℓ = Xt−ℓ, and the exit time of X̂ from D is τ, because D is rotation invariant. Thus,
under Qε, the path X̂ stopped at its exit time solves (11.2) with the same Ft−ℓ-measurable
data (ξ, Xt−ℓ), whose joint law is the same under Qε and P. Pathwise uniqueness implies
that the joint law of ξ and the stopped path X̂ under Qε equals the joint law of ξ and the
stopped path X under P.

Let φ be bounded and measurable on SN. The function (e, ω) 7→ Φ(e, ω)φ(Rεωt)

vanishes unless ω stays in D, by (11.11). In particular, it depends only on e and on the
path stopped at its exit time. Using the equality of laws, then the invariance in (11.11),
and finally X = ΘεX̂ and κ(t) = 1, we find

E
[
Φ(ξ, X|I)φ(RεXt)

]
= EQε

[
Φ(ξ, X̂|I)φ(RεX̂t)

]
= EQε

[
Φ(ξ, ΘεX̂|I)φ(RεX̂t)

]
= EQε

[
Wφ(Xt)

]
.

That is,
E
[
Wφ(RεXt)

]
= E

[
WΛε φ(Xt)

]
(ε ∈ R). (11.19)

For φ = 1, this shows that E[WΛε] = Z for every ε.

Step 2: differentiation at ε = 0. Let

M =
1√
2

∫ τ∧t

t−ℓ

{
κ′(s)ΩXs + κ(s)∇SN(KF)(Xs)

}
· dBs. (11.20)
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The integrand is ∂εuε(s, Xs) at ε = 0, because ∂ε[F(y) − F(R−εκy)] = κ (KF)(R−εκy).
We claim that (Λε − 1)/ε → M in L1(P) as ε → 0. We write Λε = exp(Nε − 1

2⟨Nε⟩),
where Nε is the stochastic integral in (11.18). By (11.17), we have ⟨Nε⟩ ≤ ε2V1 with the
deterministic constant V1 = H

2

∫
I(|κ

′| + 2∆|κ|)2 ds. The second derivative of uε in ε is
bounded by 4∆κ2

√
H on D, by (11.15). The integrand of Nε − εM is therefore bounded

by 2ε2∆κ(s)2
√

H before τ, and E(Nε − εM)2 = O(ε4), since κ is bounded on I. Let
xε = Nε − 1

2⟨Nε⟩. By (11.14), we have Ee±2Nε ≤ e2ε2V1 and EN4
ε ≤ 16ε4V2

1 , and therefore
Ex4

ε = O(ε4). Using also |ex − 1 − x| ≤ 1
2 x2e|x| and the Cauchy–Schwarz inequality, we

obtain E|exε − 1 − xε| = O(ε2). Since xε − εM = (Nε − εM)− 1
2⟨Nε⟩, we conclude that

E|Λε − 1 − εM| = O(ε2), as claimed.
Now let φ ∈ C∞(SN). The left side of (11.19) has derivative E[W(Kφ)(Xt)] at ε =

0, by dominated convergence, and the claim shows that the right side has derivative
E[WMφ(Xt)]. Equating the two derivatives, we find∫

Kφ dρW = Z−1E
[
WMφ(Xt)

]
. (11.21)

Step 3: identification of the score. Let Q = (W/Z)P. Since E[W|M|] ≤ E|M| < ∞, we
may define m(x) = EQ[M | Xt = x]. Then (11.21) reads

∫
Kφ dρW =

∫
mφ dρW . The law

ρW is absolutely continuous with respect to νN : it is bounded by Z−1 times the law of Xt,
which has a density by the second part of Lemma 11.4 applied with T = 0, Ψ = 1, and
D = SN. We conclude that −m is a weak K-score of ρW , provided that it lies in L1(ρW),
which we show in the next step.

Step 4: moments. For the quadratic potential, we have

KF = 2(aj − ai)xixj, |∇SN(KF)|2 ≤ |∇(KF)|2 = 4∆2(x2
i + x2

j ). (11.22)

Together with |ΩXs| = (X2
s,i + X2

s,j)
1/2 and (11.10), this bounds the integrand in (11.20)

by
√

H(|κ′(s)|+ 2∆|κ(s)|) before τ. The quadratic variation of M therefore satisfies the
deterministic bound

⟨M⟩ ≤ H
2

∫
I

(
|κ′|+ 2∆|κ|

)2 ds ≤ 4H
∫

I

(
κ′(s)2 + ∆2κ(s)2) ds = V∗. (11.23)

By (11.14), we have E|M|2p ≤ 2 p! (2V∗)p. Applying Jensen’s inequality for conditional
expectations, we see that

EρW |m|2p ≤ EQ|M|2p = Z−1E
[
W|M|2p] ≤ Z−1E|M|2p ≤ 2 p! Z−1(2V∗)

p,

which yields (11.12) with Cp = 2 · 8p p!. For the linear ramp,
∫

I κ′2 = ℓ−1 and
∫

I κ2 = ℓ/3,
and (11.13) follows.
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No derivative of W is taken in the proof. For this reason, the path weight may be any
measurable functional satisfying (11.11). We now specialize to the low-temperature time
scale. Recall that the first coordinate is singled out by a1 = 0, and that in the applications
the parameter θ below is the top fraction θN of (3.14).

Corollary 11.6 (Scores on the time scale a−1
2 ). Let J ≥ 2, CJ ≥ 1, L > 0, z0 > 0, and θ > 0.

Suppose that 0 = a1 < a = a2 ≤ a3 ≤ · · · ≤ aJ ≤ CJa, and set m = θNa. Let D ⊂ SN be an
open set that is invariant under all rotations of the coordinates x1, . . . , xJ and contained in

{
x ∈ SN :

J

∑
k=1

x2
k < LθN

}
. (11.24)

Let t ≥ 1/a, and let W be a path weight for the final interval I = [t − 1/a, t] and the set D, as
in (11.11), which is invariant under the rotations Θε in the (1, j)-plane with the linear ramp, for
every 2 ≤ j ≤ J and ε ∈ R. Suppose that Z = EW ≥ z0. Then, for every 2 ≤ j ≤ J and every
integer p ≥ 1,

EρW

∣∣∣K1j log
dρW

dνN

∣∣∣2p
≤ C mp, (11.25)

where C depends only on p, z0, L, and CJ .

Proof. We use Theorem 11.5 with (i, j) replaced by (1, j), ℓ = 1/a, and H = LθN. The
set D is invariant under the rotations of the (1, j)-plane, and (11.10) holds because
x2

1 + x2
j ≤ ∑k≤J x2

k . With ∆ = aj ≤ CJa, the bound (11.13) becomes

EρW

∣∣∣K1j log
dρW

dνN

∣∣∣2p
≤

Cp

z0

[
LθN(a + C2

J a)
]p

=
Cp

z0

[
L(1 + C2

J )m
]p.

This is (11.25).

A weight that depends on the path only through its values before t − 1/a, multiplied
by the indicator that the path stays in D from some time T ≤ t − 1/a until t, satisfies the
hypotheses: the rotations act only on I and preserve D.

11.3 Weak convergence to total variation convergence
by Gaussian smoothing

In this section d ≥ 1 is a fixed integer and densities are taken with respect to Lebesgue
measure on Rd. For a probability density p on Rd that belongs to W1,1

loc (R
d), its Fisher

information is

FI(p) =
∫

Rd

|∇p|2
p

dz,
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where the integrand is 0 where p = 0 and ∇p = 0, and +∞ where p = 0 and ∇p ̸= 0.
For other densities, FI(p) = ∞. We write FI(µ) = FI(p) for a probability measure µ with
density p, and FI(µ) = ∞ if µ has no density. If FI(p) < ∞, then by the Cauchy–Schwarz
inequality, we have∫

Rd
|∇p| dz ≤

( ∫
{p>0}

|∇p|2
p

dz
)1/2( ∫

p dz
)1/2

= FI(p)1/2, (11.26)

so p ∈ W1,1(Rd). The first lemma is the classical Fisher information bound for a Gaussian
convolution, related to the convolution inequality of Stam [138]. Its proof uses the
conditional-score and Cauchy–Schwarz argument of Blachman [33]. We include it because
the input law is arbitrary and may, for instance, have no moments.

Lemma 11.7 (Fisher information of a Gaussian convolution). For every probability measure
λ on Rd, the convolution µ = λ ∗ N (0, Id) has a smooth positive density p with FI(p) ≤ d.

Proof. Let ϕd be the standard Gaussian density on Rd. The density of µ and its gradient
are

p(y) =
∫

ϕd(y − v) λ(dv) > 0, ∇p(y) = −
∫
(y − v)ϕd(y − v) λ(dv).

Every derivative of ϕd is bounded, and dominated convergence justifies differentiation
under the integral. In particular, p is smooth. Applying the Cauchy–Schwarz inequality
with respect to the finite measure ϕd(y − v)λ(dv), we find

|∇p(y)|2
p(y)

≤
∫

|y − v|2ϕd(y − v) λ(dv).

We integrate in y and use Tonelli’s theorem and
∫
|y − v|2ϕd(y − v) dy = d for every v.

This gives FI(p) ≤ d.

For probability measures µ, µ′ on Rd, let

dBL(µ, µ′) = sup
{∣∣∣ ∫ φ dµ −

∫
φ dµ′

∣∣∣ : ∥φ∥∞ ≤ 1, Lip(φ) ≤ 1
}

(11.27)

be the bounded Lipschitz distance. The next theorem shows that weak convergence im-
plies convergence in total variation when nearby laws have bounded Fisher information.
We smooth with a Gaussian kernel. The Fisher information is required only of approxi-
mating laws that are close in total variation. In the applications, these are obtained from
the laws of interest by path weights and cutoff functions.

Theorem 11.8 (From weak convergence to total variation). Let µN, µ, µ̂N be probability
measures on Rd. Suppose that FI(µ) ≤ I∗, FI(µ̂N) ≤ C, and ∥µN − µ̂N∥TV ≤ δN. Then for
every 0 < ε ≤ 1,

∥µN − µ∥TV ≤ 2δN + Cd ε
(√

C +
√

I∗
)
+

(
1 + Cd/ε

)
dBL(µN, µ), (11.28)
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with Cd =
√

d. In particular, suppose that µN ⇒ µ, that FI(µ) < ∞, and that for every
δ > 0 there exist Cδ < ∞ and probability measures µ̂δ

N with FI(µ̂δ
N) ≤ Cδ for all large N and

lim supN ∥µN − µ̂δ
N∥TV ≤ δ. Then ∥µN − µ∥TV → 0.

Proof. We begin with two estimates for a density q with FI(q) < ∞. Note that q ∈
W1,1(Rd), by (11.26). For q ∈ C∞

c (Rd), we see that ∥q(·+ h)− q∥L1 ≤ |h| ∥∇q∥L1 by the
fundamental theorem of calculus along segments. Smooth compactly supported functions
are dense in W1,1(Rd) [37, Theorem 9.2, p. 265], and the same inequality holds for our q.
Together with (11.26), this shows that

∥q(·+ h)− q∥L1 ≤ |h| FI(q)1/2 (h ∈ Rd). (11.29)

Let ϕε be the density of N (0, ε2 Id). For a Borel function f : Rd → [0, 1], let fε = f ∗ ϕε.
Then 0 ≤ fε ≤ 1, and Lip( fε) ≤

∫
|∇ϕε| = ε−1E|g| ≤

√
d/ε, where g is a standard

Gaussian vector. The density ϕε is even, so that
∫

fεq =
∫

f (q ∗ ϕε). Using (11.29), we
deduce that∣∣∣ ∫ ( f − fε) q

∣∣∣ ≤ ∫
ϕε(h) ∥q − q(· − h)∥L1 dh ≤ FI(q)1/2

∫
|h|ϕε(h) dh ≤

√
d ε FI(q)1/2.

We now decompose

µN( f )− µ( f ) = (µN − µ̂N)( f ) + µ̂N( f − fε) + (µ̂N − µN)( fε) + (µN − µ)( fε) + µ( fε − f ).

The first and third terms are at most δN in absolute value, by Lemma 3.6, because f and
fε take values in [0, 1]. The second and fifth terms are at most

√
d ε

√
C and

√
d ε

√
I∗.

The function fε/(1 +
√

d/ε) is admissible in (11.27), and the fourth term is at most
(1 +

√
d/ε) dBL(µN, µ). Taking the supremum over f proves (11.28).

For the second statement, we first show that dBL(µN, µ) → 0. This is classical, but we
include the argument. Fix κ0 > 0, let R satisfy µ(|z| ≤ R) ≥ 1− κ0, and let ψ : Rd → [0, 1]
be continuous, equal to one on {|z| ≤ R} and to zero outside {|z| ≤ R + 1}. By weak
convergence, µN(|z| ≤ R+ 1) ≥ µN(ψ) ≥ 1− 2κ0 for large N. The Arzelà–Ascoli theorem
shows that the restrictions to {|z| ≤ R + 1} of the functions admissible in (11.27) have
a finite κ0-net φ1, . . . , φn in the uniform norm, which we may take admissible. For an
admissible φ and φk within κ0 of it on {|z| ≤ R + 1}, we have

|µN(φ)− µ(φ)| ≤ |µN(φk)− µ(φk)|+ 2κ0 + 2
(
µN(|z| > R + 1) + µ(|z| > R + 1)

)
.

This gives lim supN dBL(µN, µ) ≤ 8κ0, and κ0 is arbitrary. Now we fix δ > 0 and use
(11.28) with µ̂N = µ̂δ

N . Letting N → ∞ and then ε → 0, we find lim supN ∥µN −µ∥TV ≤ 2δ.
Since δ is arbitrary, this completes the proof.

In the second statement, the approximating laws µ̂δ
N need not converge weakly, and

their limit points need not be µ. Weak convergence is required only of µN. The order
of the limits is: δ and the approximating laws are fixed, then N → ∞, then ε → 0, then
δ → 0.
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11.4 Fisher information of finitely many coordinates

We now relate scores along the rotations K1j to derivatives in the coordinates x2, . . . , xN,
viewed as coordinates on the hemisphere {x1 > 0}.

The chart. For x ∈ SN, let y(x) = (x2, . . . , xN) ∈ RN−1. Let UN = {y ∈ RN−1 : |y|2 <

N}, and for y ∈ UN let x1(y) = (N − |y|2)1/2 and x+(y) = (x1(y), y) ∈ SN. For a
measure ρ on SN, let ρ+ be its image under x 7→ y(x). If ρ is invariant under R1, then ρ+

determines ρ, and by the second part of Lemma 3.1, for two such probability measures
ρ, ρ′,

∥ρ − ρ′∥TV = ∥ρ+ − ρ′+∥TV. (11.30)

Indeed, ρ+ is the image of the law of (|x1|, x2, . . . , xN) under a bijection. We write |SN|
for the surface area of SN and ωN =

√
N/|SN|.

Lemma 11.9 (Densities and scores in the chart). Let ρ = f νN be a probability measure on SN
that is invariant under R1.

1. The measure ρ+ has the Lebesgue density f+(y) = 2ωN f (x+(y))/x1(y) on UN, and
ρ+(RN−1 \ UN) = 0.

2. Suppose that ρ has a weak K1j-score sj for some 2 ≤ j ≤ N, and write s+j = sj ◦ x+. Then
the distributional derivative ∂yj f+ belongs to L1

loc(UN), and

∂yj f+ = f+
( s+j

x1
+

yj

x2
1

)
almost everywhere on UN. (11.31)

3. If, in addition, ρ({x2
1 < r0N}) = 0 for some r0 ∈ (0, 1], then the extension of f+ by zero

has a weak derivative in yj on RN−1 which belongs to L1(RN−1) and is given by (11.31) on
UN and by zero outside UN.

The term yj/x2
1 in (11.31) comes from the surface element x−1

1 dy of the chart, and it
has a positive sign. In the situation of the second part, the score is odd under R1: since
K1j(φ ◦ R1) = −(K1j φ) ◦ R1 and ρ is invariant, the function −sj ◦ R1 also satisfies (11.4),
so sj ◦ R1 = −sj ρ-almost everywhere by uniqueness. In particular |sj| is invariant under
R1, and

∫
|s+j |

q f+ dy = Eρ|sj|q for every q ≥ 1.

Proof. The upper hemisphere is the graph of y 7→ x1(y) over UN . We have ∇x1 = −y/x1,
so its surface element is (1 + |y|2/x2

1)
1/2dy =

√
N x−1

1 dy, and we have
∫
{x1>0} φ dνN =

ωN
∫

UN
φ(x+(y)) x1(y)−1dy. The equator has νN-measure zero, and by the invariance of

ρ we have ρ+(A) = 2ρ({y(x) ∈ A, x1 > 0}). The first part follows.
For the second part, let ψ ∈ C∞

c (UN), and let φ(x) = ψ(y(x)) if x1 > 0 and φ(x) = 0
otherwise. Since ψ vanishes near ∂UN, the function φ vanishes near the equator and is
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smooth on SN, with K1j φ(x) = x1(∂jψ)(y(x)) for x1 > 0. Inserting φ in (11.4) and using
the first part, we find ∫

UN

x1 ∂jψ f+ dy = −
∫

UN

ψ s+j f+ dy.

In other words, the distributional derivative of x1 f+ in yj is s+j f+, which lies in L1
loc(UN)

because sj ∈ L1(ρ) and x−1
1 is locally bounded on UN. The function x−1

1 is smooth on
UN with ∂j(x−1

1 ) = yj/x3
1, and by the product rule we have ∂j f+ = ∂j(x1 f+ · x−1

1 ) =

s+j f+/x1 + f+yj/x2
1.

For the third part, f+ = 0 almost everywhere on {|y|2 > (1 − r0)N}. Let χ ∈ C∞
c (UN)

equal one on {|y|2 ≤ (1 − r0)N}. For ψ ∈ C∞
c (RN−1), we have

∫
∂jψ f+ =

∫
∂j(ψχ) f+ −∫

ψ ∂jχ f+, and the last integral vanishes because ∂jχ = 0 wherever f+ ̸= 0. The claim
follows by applying the second part to ψχ. The derivative lies in L1 because x2

1 ≥ r0N on
the support of f+ and sj ∈ L1(ρ).

We next record the score of a marginal. Let a2, . . . , aN > 0 and let G be the centered
Gaussian product law on RN−1 whose coordinates yi have variance (2ai)

−1, 2 ≤ i ≤ N.
Its density is

γ(y) =
N

∏
i=2

√
ai/π e−aiy2

i . (11.32)

Fix 2 ≤ J ≤ N − 1 and split y = (z, v) with z = (y2, . . . , yJ) and v = (yJ+1, . . . , yN), the
remaining coordinates. Then G = Gz ⊗ Gv, the product of the corresponding Gaussian
laws on RJ−1 and RN−J . For a probability density w with respect to G, let w̄(z) =∫

w(z, v) Gv(dv) be the density of its z-marginal with respect to Gz, and, for w̄(z) > 0, let
Ew[ · | z] = w̄(z)−1

∫
· w(z, v) Gv(dv) be the conditional expectation given z.

Lemma 11.10 (Marginal score). Let ρ̂ be a probability measure on SN, invariant under R1,
with ρ̂({x2

1 < r0N}) = 0 for some r0 ∈ (0, 1] and with weak K1j-scores ϑj for 2 ≤ j ≤ J. Let
w = dρ̂+/dG. Then w̄ ∈ W1,1

loc (R
J−1) and, almost everywhere on {w̄ > 0}, for 2 ≤ j ≤ J,

∂zj log w̄ = Ew

[ϑj ◦ x+

x1
+

zj

x2
1

∣∣∣ z
]
+ 2ajzj. (11.33)

In particular, with h = log w̄,

zj∂jh = Ew

[ zj

x1
ϑj ◦ x+ +

z2
j

x2
1

∣∣∣ z
]
+ 2ajz2

j . (11.34)

Proof. Let f+ = wγ be the Lebesgue density of ρ̂+, and let p(z) =
∫

f+(z, v) dv. The third
part of Lemma 11.9 implies that ∂j f+ exists in L1(RN−1) and is given by (11.31). For ψ ∈
C∞

c (RJ−1), we use the definition of the weak derivative with the test function ψ(z)χn(v),
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where χn ∈ C∞
c (RN−J) take values in [0, 1] and increase to one, and let n → ∞ by

dominated convergence. This shows that p ∈ W1,1(RJ−1) with ∂j p(z) =
∫

∂j f+(z, v) dv,
that is, ∂j p = p Ew[ϑj ◦ x+/x1 + zj/x2

1 | z] on {p > 0}. Here the conditional law of v given
z is the same under f+(z, v) dv/p(z) and under w(z, v) Gv(dv)/w̄(z). Finally w̄ = p/γz,

where γz(z) = ∏J
j=2

√
aj/πe−ajz2

j is smooth and positive, and ∂j log γz = −2ajzj. We
obtain (11.33), and (11.34) follows on multiplying by zj.

Standardized coordinates. For the rest of this section we assume

0 = a1 < a = a2 ≤ a3 ≤ · · · ≤ aJ ≤ CJa, θ > 0, m = θNa, (11.35)

for a fixed integer J ≥ 2 and a constant CJ ≥ 1; the coefficients ak with k > J are arbitrary
real numbers. In the applications, θ is the top fraction θN and m = mN, as in (3.14). We
write

z(x) =
(√

2a2 x2, . . . ,
√

2aJ xJ
)
∈ RJ−1 (11.36)

for the standardized coordinates. This scaling sends
⊗J

j=2 N (0, (2aj)
−1) to N (0, IJ−1).

Lemma 11.11 (Fisher information of the standardized coordinates). Assume (11.35) with
m ≥ 1, and let s, K0, C0 > 0. Let ρ̂ be a probability measure on SN that is invariant under R1

and satisfies
ρ̂
(
{x2

1 < sθN} ∪ {|z(x)| > K0}
)
= 0. (11.37)

Suppose that ρ̂ has weak K1j-scores ϑj with

Eρ̂|ϑj|2 ≤ C0 m, 2 ≤ j ≤ J. (11.38)

Then the law of z(x) under ρ̂ has a density p with

FI(p) ≤ (J − 1)C0

s
+

K2
0

2s2 , supp p ⊂ {|z| ≤ K0}. (11.39)

Proof. Let f+ be the Lebesgue density of ρ̂+, and change variables to (z, v) with zj =√
2aj yj for 2 ≤ j ≤ J. The joint density of (z, v) is Q(z, v) = f+(y)∏J

j=2(2aj)
−1/2. We

have ∂zj = (2aj)
−1/2∂yj and yj = zj/

√
2aj, and by the third part of Lemma 11.9,

∂zj log Q =
ϑj ◦ x+√

2aj x1
+

zj

2ajx2
1

(11.40)

almost everywhere on {Q > 0}, and ∂zj Q = 0 almost everywhere on {Q = 0}. On the
support of ρ̂, we have ajx2

1 ≥ a sθN = sm, because aj ≥ a. Using (α + β)2 ≤ 2α2 + 2β2,
(11.38), |z| ≤ K0, and m ≥ 1, we have

J

∑
j=2

∫
Q |∂zj log Q|2 dz dv ≤

J

∑
j=2

(Eρ̂|ϑj|2

sm
+

Eρ̂z2
j

2s2m2

)
≤ (J − 1)C0

s
+

K2
0

2s2 . (11.41)
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Let p(z) =
∫

Q(z, v) dv. As in the proof of Lemma 11.10, ∂j p(z) =
∫

∂zj Q(z, v) dv. By the
Cauchy–Schwarz inequality on each fiber, we have |∂j p|2 ≤ p

∫
Q |∂zj log Q|2 dv, and in

particular ∂j p = 0 where p = 0. Dividing by p, integrating in z, and summing over j, we
deduce (11.39) from (11.41).

We can now upgrade weak convergence of the standardized coordinates to conver-
gence in total variation. A path weight in the sense of (11.11) is written W = Φ(ξ, X|I),
and for 2 ≤ j ≤ J we write Θ(1j)

ε for the path rotations in the (1, j)-plane with the linear
ramp on I.

Corollary 11.12 (Total variation convergence of finitely many coordinates). For each N,
let a1, . . . , aN and θ = θN satisfy (11.35), with J and CJ independent of N and m = θNa → ∞.
Let X solve (11.2) with X0 ∼ νN , let tN ≥ 1/a be deterministic, and let µN be the law of z(XtN).
Suppose that µN ⇒ µ, where µ is a probability measure on RJ−1 with FI(µ) < ∞. Suppose
further that for every δ ∈ (0, 1) there exist s, L, B > 0, independent of N, and for every N a
random variable WN and a function η0

N, with the following properties.

1. WN = ΦN(ξN, X|IN) is a path weight for the final interval IN = [tN − 1/a, tN] and an
open set DN, as in (11.11). The set DN is invariant under all rotations of x1, . . . , xJ and
contained in {∑k≤J x2

k < LθN}. For every 2 ≤ j ≤ J and ε ∈ R, the function ΦN is

invariant under Θ(1j)
ε . The measure A 7→ E[WN1{XtN∈A}] is invariant under R1.

2. η0
N ∈ C1(SN) takes values in [0, 1], is invariant under R1, vanishes on {x2

1 < sθN}, and
satisfies |K1jη

0
N| ≤ B(η0

N)
1/2 for 2 ≤ j ≤ J.

3. lim infN→∞ E
[
WN η0

N(XtN)
]
≥ 1 − δ.

Then ∥µN − µ∥TV → 0.

Proof. Fix δ ∈ (0, 1/6) and the corresponding s, L, B, WN, and η0
N. We construct approxi-

mating laws for Theorem 11.8.

A cutoff in the standardized coordinates. Let ψ ∈ C∞(R; [0, 1]) equal one on (−∞, 1]
and zero on [2, ∞), and for K0 > 0 let ψK0(z) = ψ(|z|/K0)

2. Then |∇ψK0 | ≤
(2∥ψ′∥∞/K0)ψ1/2

K0
. We fix K0 such that µ(|z| ≥ K0) ≤ δ. The function 1 − ψK0 is

bounded, continuous, and vanishes on {|z| ≤ K0}, and weak convergence implies that
lim supN E[1 − ψK0(z(XtN))] ≤ δ. Let ηN = η0

N ψK0 ◦ z and UN = WNηN(XtN). From the
third hypothesis, we conclude that

lim inf
N

EUN ≥ lim inf
N

E
[
WNη0

N(XtN)
]
− lim sup

N
E
[
1 − ψK0(z(XtN))

]
≥ 1 − 2δ. (11.42)

Scores of the weighted endpoint law. Let ρN = ρWN be the endpoint law weighted
by WN, with normalizing mass EWN. We have EWN ≥ EUN ≥ 1/2 for large N, and
Corollary 11.6 with p = 1 and z0 = 1/2 gives EρN |K1j log(dρN/dνN)|2 ≤ Cm for 2 ≤ j ≤ J,
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with C depending only on L and CJ . The law ρN is concentrated on DN , where x2
1 ≤ LθN.

We have K1jz =
√

2aj x1ej and aj ≤ CJa, so that |K1jz| ≤ (2CJ Lm)1/2 on DN. Using the
product rule, we find that, ρN-almost everywhere,

|K1jηN| ≤ B(η0
N)

1/2ψK0 + η0
N

2∥ψ′∥∞

K0
ψ1/2

K0
(2CJ Lm)1/2 ≤ B′√m η1/2

N (11.43)

for m ≥ 1, where B′ depends on B, K0, CJ , and L. Here we used ψK0 ≤ ψ1/2
K0

and
η0

N ≤ (η0
N)

1/2. The normalizer of ηNρN is
∫

ηN dρN = EUN/EWN ≥ EUN ≥ 1/2 for
large N. Lemma 11.2 with p = 1 implies that the normalized cutoff-weighted law
ρ̂N = ηNρN/

∫
ηN dρN has weak K1j-scores with second moments at most C′m, where C′

depends on δ through B, K0, L. It is invariant under R1, by the first two hypotheses and
because z does not involve x1, and it satisfies (11.37) with s and 2K0 in place of K0. Using
Lemma 11.11, we find that the law µ̂N of z under ρ̂N satisfies FI(µ̂N) ≤ Cδ for large N,
with Cδ independent of N.

Conclusion. The law µ̂N is the law of z(XtN) under (UN/EUN)P. Combining
Lemma 11.3 and (11.42), we find lim supN ∥µN − µ̂N∥TV ≤ lim supN(1 − EUN) ≤ 2δ.
The second statement of Theorem 11.8, applied with 2δ in place of δ, completes the
proof.

Remark 11.13 (Gaussian convolutions as limits). By Lemma 11.7, every limit of the form
µ = λ ∗ N (0, IJ−1) satisfies FI(µ) ≤ J − 1, for an arbitrary probability measure λ. In the
low-temperature sections, µ is the law of the sum of a standard Gaussian vector and an
independent multiple of a standard Cauchy variable in the first coordinate. Its Fisher
information is finite although the Cauchy variable has no moments.

11.5 Conditional relative entropy of the remaining coordinates

In this section, a1 = 0 < ai for 2 ≤ i ≤ N, so that F(x) = ∑i≥2 aix2
i and the Gaussian

product law G of (11.32) is defined. We fix 2 ≤ J ≤ N − 1 and use the splitting y = (z, v)
of Section 11.4. We study the relative entropy of the remaining coordinates v given z, with
respect to their Gaussian law Gv. In Section 11.5, we write the generator in the chart and
prove a logarithmic Sobolev inequality for this conditional relative entropy. Section 11.5
contains moment bounds for logarithms of densities. Section 11.5 computes the time
derivative of the conditional relative entropy along the diffusion, and Section 11.5 bounds
it under a cutoff function adapted to the approach to the critical temperature.
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The generator in the chart and a logarithmic Sobolev inequality

For y ∈ UN, let

g(y) = I − yyT

N
, Γ(φ, ψ) = ∇φTg∇ψ, Γ(φ) = Γ(φ, φ).

The matrix g(y) is the inverse of the metric I + yyT/x2
1 of SN in the chart, with eigen-

values 1 and x2
1/N. If φ is a function on SN with φ(x) = ψ(y(x)) for x1 > 0, then

|∇SN φ|2(x+(y)) = Γ(ψ)(y), so Γ is the carré du champ of L in the chart. For a smooth
vector field V on UN, let divG V = γ−1 div(γV), and let LGψ = divG(g∇ψ). By the
divergence theorem, for φ, ψ ∈ C2(UN), one of which has compact support in UN,∫

φ LGψ dG = −
∫

Γ(φ, ψ) dG. (11.44)

Lemma 11.14 (The generator in the chart). For ψ ∈ C2(RN−1), let φ = ψ ◦ y on SN. Then
Lφ = (Lψ) ◦ y on {x1 > 0}, where

Lψ = divG(g∇ψ) +
y
N

· ∇ψ. (11.45)

Proof. Using (11.2), we see that the generator acts on φ = ψ(x2, . . . , xN) as
∑k,l≥2 Π(x)kl∂k∂lψ + ∑k≥2 bk(x)∂kψ. For k, l ≥ 2 we have Π(x)kl = g(y)kl. Using ∇F =

2(akxk)k and x · ∇F = 2F, we find ∇SN F = ∇F − (2F/N)x and bk = [−N−1
N − 2ak +

2F
N ]yk

for k ≥ 2. On the other hand, LGψ = g : ∇2ψ + (div g + g∇ log γ) · ∇ψ.
In dimension N − 1, we have (div g)k = −N−1 ∑l ∂l(ykyl) = −yk, and
g∇ log γ = −2 diag(a)y + (2F/N)y because y · diag(a)y = F. Then the drift of
LG is [−1 − 2ak + 2F/N]yk, which differs from bk by yk/N. This proves (11.45). In the
uses below, a test in C∞

c (D+) is extended by zero to RN−1, so it belongs to this class;
invariance under R1 transfers the resulting integral identity to the folded measure.

The coefficient one in front of (y/N) · ∇ψ reflects the dimension N − 1 of the chart. It
produces the term 1 in the factor 1 + S in (11.57) below.

Conditional relative entropy. Let w be a probability density with respect to G. With w̄
and Ew[ · | z] as in Section 11.4, let h = log w̄ on {w̄ > 0} and g = log w − h on {w > 0}.
We write Ew for expectations under the probability measure wG, and

H (w) =
∫

wg dG, D(w) =
∫

w Γ(g) dG, (11.46)

where D(w) is defined when w ∈ C∞(RN−1) has compact support in UN . Then H (w) =

KL(wG∥(w̄Gz) ⊗ Gv) ∈ [0, ∞] is the relative entropy of the law wG with respect to
the product of its own z-marginal and the Gaussian law of the remaining coordinates.
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Equivalently, it is the average over z of the relative entropy of the conditional law of
v given z with respect to Gv. We call it the conditional relative entropy of the remaining
coordinates with respect to Gv. If KL(wG∥G) < ∞, then

KL(wG∥G) = KL(w̄Gz∥Gz) +H (w). (11.47)

This is the chain rule for relative entropy (see [46, Theorem 2.5.3 and Section 8.5]), and we
include its short proof. By Jensen’s inequality on each fiber, applied to the convex function
x log x, we have

∫
w̄ log w̄ dGz ≤

∫
w log w dG < ∞; since x log x ≥ −1/e, both w log w

and w̄ log w̄ are integrable. On {w > 0}, we have log w = log w̄+ g, and Fubini’s theorem
gives

∫
w log w̄ dG =

∫
w̄ log w̄ dGz. Hence

∫
w log w dG =

∫
w̄ log w̄ dGz +

∫
wg dG,

which is (11.47). The quantity D(w) uses the full metric g applied to the gradient of g in
all variables. The next lemma separates its part in the v variables.

Lemma 11.15 (The metric of the remaining coordinates). Let y = (z, v) ∈ UN and x2
1 =

N − |z|2 − |v|2.

1. Let Av = I − vvT/(N − |z|2). For π = (πz, πv) ∈ RJ−1 × RN−J , let π′
z = πz − z (v ·

πv)/(N − |z|2). Then

πTgπ = π′T
z

(
I − zzT

N

)
π′

z + πT
v Avπv. (11.48)

In particular Γ(φ) ≥ ∇v φTAv∇v φ. Moreover Av is positive definite and

vTA−1
v v =

(N − |z|2) |v|2

x2
1

.

2. Let b > 0 with b ≤ ai for all i > J, and suppose that b ∑i>J v2
i /ai ≤ d x2

1 for some d > 0.
Then

Av ≥ b
1 + d

diag
(
a−1

i
)

i>J . (11.49)

Proof. We write g in blocks: gzz = I − zzT/N, gzv = −zvT/N, and gvv = I − vvT/N.
By the rank-one inverse formula of Bartlett [19], usually called the Sherman–Morrison
formula [131], g−1

zz = I + zzT/(N − |z|2), and a direct computation shows that g−1
zz gzvπv =

−z (v · πv)/(N − |z|2) and

gvv − gT
zvg

−1
zz gzv = I − vvT

N
− |z|2 vvT

N(N − |z|2) = Av.

The identity in (11.48) is the completion of the square πTgπ = (πz + g−1
zz gzvπv)Tgzz(πz +

g−1
zz gzvπv) + πT

v Avπv, and the first term is nonnegative. Using the Sherman–Morrison
formula again, we find A−1

v = I + vvT/x2
1 and vTA−1

v v = |v|2 + |v|4/x2
1 = |v|2(N −

|z|2)/x2
1.
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For the second part, let D0 = diag(1 − b/((1 + d)ai))i>J , a positive definite diagonal
matrix. For a positive definite D0 and s0 > 0, the matrix D0 − vvT/s0 is positive semidefi-
nite if and only if vTD−1

0 v ≤ s0, as one sees by conjugating with D−1/2
0 . Since b ≤ ai, we

have 1/(1 − b/((1 + d)ai)) = 1 + b/((1 + d)ai − b) ≤ 1 + b/(dai), and therefore

vTD−1
0 v ≤ |v|2 + b

d ∑
i>J

v2
i

ai
≤ |v|2 + x2

1 = N − |z|2.

We conclude that D0 ≥ vvT/(N − |z|2), which is equivalent to (11.49).

The Gaussian logarithmic Sobolev inequality is due to Gross [79]. We use it in the
following form: if G is the standard Gaussian measure on Rn and ϕ ≥ 0 is smooth with
0 <

∫
ϕ dG < ∞, then ∫

ϕ log
ϕ∫
ϕ dG

dG ≤ 1
2

∫ |∇ϕ|2
ϕ

dG. (11.50)

Here 0 log 0 = 0, and |∇ϕ|2/ϕ is set to zero on {ϕ = 0}, where ∇ϕ = 0 because ϕ

is smooth and nonnegative; the energy integral may equal +∞. The identically zero
function has entropy and energy zero. See [76, Theorem 2.7, (9), p. 5]. Applying (11.50)
to ϕ(Σ1/2·) with Σ = diag((2ai)

−1)i>J , we obtain, for smooth ϕ ≥ 0 on RN−J with∫
ϕ dGv = 1, ∫

ϕ log ϕ dGv ≤ ∑
i>J

1
4ai

∫
(∂vi ϕ)

2

ϕ
dGv. (11.51)

Proposition 11.16 (A logarithmic Sobolev inequality for the conditional relative entropy).
Let w ∈ C∞(RN−1) be a nonnegative probability density with respect to G, with compact support
in UN , and let b, d be as in the second part of Lemma 11.15. Suppose that b ∑i>J v2

i /ai ≤ d x2
1 at

every point of {w > 0}. Then

H (w) ≤ 1 + d
4b

D(w). (11.52)

Proof. Fix z with w̄(z) > 0 and let ϕ(v) = w(z, v)/w̄(z), a smooth nonnegative function
with

∫
ϕ dGv = 1. Then

∫
ϕ log ϕ dGv = Ew[g | z] and, on {ϕ > 0}, (∂vi ϕ)

2/ϕ = ϕ (∂vi g)
2.

Where ϕ = 0, also ∇ϕ = 0. By (11.51), (11.49), and (11.48), we have

Ew[g | z] ≤ 1
4

Ew
[
∇vgT diag(a−1

i )∇vg | z
]

≤ 1 + d
4b

Ew
[
∇vgTAv∇vg | z

]
≤ 1 + d

4b
Ew

[
Γ(g) | z

]
.

Multiplying by w̄(z) and integrating with respect to Gz yields (11.52).

Keeping the matrix Av leads to the constant (1 + d)/(4b), close to the Gaussian value
1/(4b) when d is small. Replacing Av by its smallest eigenvalue x2

1/(N − |z|2) would
lose a factor of order one, which the applications cannot afford.
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Weighted logarithmic moments

The entropy identity below contains logarithms of densities multiplied by powers of a
cutoff function. The next lemma bounds them using only an Lp bound on the density,
with no lower bound on it. We formulate this measure-theoretic statement on an arbitrary
product of probability spaces.

Lemma 11.17 (Weighted logarithmic moments). Let G = Gz ⊗ Gv be a product probability
measure on a product space Ez × Ev. Let f ≥ 0 be measurable with

∫
f dG ≤ 1 and

log
∫

f p dG ≤ Cp A

for some p > 1, Cp > 0, and A ≥ 2. Let η be measurable with values in [0, 1], let Z =
∫

η f dG ≥
z0 > 0, and let w = η f /Z and w̄(z) =

∫
w(z, v) Gv(dv). On E = {0 < w < ∞, 0 < w̄ < ∞}

set g = log w − log w̄, and set g = 0 elsewhere. Then for every r ∈ [1, ∞) and α0 ∈ (0, 1],

sup
α∈[α0,1]

∫
E

f ηα
(
|g|r + | log w|r + | log w̄|r

)
dG ≤ Cr Ar, (11.53)

where Cr depends only on r, α0, p, Cp, and z0. Moreover 0 ≤
∫

wg dG ≤ CA, with C depending
only on p, Cp, and z0.

For every α > 0, the set E has full f ηαG-measure on {w > 0}. Indeed, the Lp

assumption makes f finite almost everywhere,
∫

w̄ dGz = 1 makes w̄ finite almost
everywhere, and Tonelli’s theorem gives w = 0 almost everywhere over the fibers where
w̄ = 0. On the latter fibers this also gives f ηα = 0 almost everywhere. Thus the estimates
do not depend on how the logarithms are defined on the exceptional set.

Proof. Throughout, C denotes a constant depending only on r, α0, p, Cp, z0. Note that
z0 ≤ Z ≤ 1. All density identities and fiber inequalities below are understood almost
everywhere. In integrals over the product space, expressions involving log w or log w̄ are
taken to be zero off E.

Step 1: moments slightly above one. Hölder’s inequality shows that log
∫

f 1+e dG is a
convex function of e ∈ [0, p− 1]. Since it is at most 0 at e = 0 and at most Cp A at e = p− 1,
we have

∫
f 1+e dG ≤ exp(Cp Ae/(p − 1)). We choose e = (p − 1)/A ≤ (p − 1)/2,

so that
∫

f 1+e dG ≤ eCp . Since w ≤ f /z0, z0 ≤ 1, and 1 + e ≤ (p + 1)/2, we find∫
w1+e dG ≤ z−(1+e)

0

∫
f 1+e dG ≤ z−(p+1)/2

0 eCp , and by Jensen’s inequality on each fiber
the functions w̄ and f̄ (z) =

∫
f (z, v) Gv(dv) satisfy∫

w̄1+e dGz ≤ z−(p+1)/2
0 eCp ,

∫
f̄ 1+e dGz ≤ eCp . (11.54)
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Step 2: the logarithms of f , η, and Z. On { f ≤ 1}, we have f | log f |r ≤ (r/eE)
r, where

eE is Euler’s number. On { f > 1}, by Markov’s inequality, we have
∫
{log f>x} f dG ≤

e−(p−1)x ∫ f p dG ≤ eCp A−(p−1)x, and this integral is also at most 1. Let x0 = 2Cp A/(p− 1).
For x ≥ x0, we have Cp A − (p − 1)x ≤ −(p − 1)x/2, and therefore∫

f (log f )r
+ dG =

∫ ∞

0
rxr−1

∫
{log f>x}

f dG dx ≤ xr
0 +

∫ ∞

0
rxr−1e−(p−1)x/2 dx ≤ CAr.

Further, ηα| log η|r ≤ (r/(α0eE))
r for α ≥ α0, and | log Z| ≤ log(1/z0). We have log w =

log f + log η − log Z on {w > 0}, and these bounds prove the part of (11.53) that concerns
log w.

Step 3: the logarithm of the marginal. Let kα(z) =
∫

f ηα dGv. By Hölder’s inequality
on the fiber with exponents 1/α and 1/(1 − α),

kα =
∫
( f η)α f 1−α dGv ≤ (Zw̄)α f̄ 1−α,

and in particular kα = 0 where w̄ = 0. On {0 < w̄ ≤ 1}, we have kα| log w̄|r ≤
w̄α| log w̄|r f̄ 1−α ≤ C f̄ 1−α, and

∫
f̄ 1−α dGz ≤ 1 by Jensen’s inequality. On {w̄ > 1},

the inequality (log x)r ≤ (r/eE)
rx for x ≥ 1, applied to x = w̄e, gives (log w̄)r ≤

(rA/((p − 1)eE))
rw̄e. Using Hölder’s inequality with exponents (1 + e)/(α + e) and

(1 + e)/(1 − α) and (11.54), we find∫
{w̄>1}

kα(log w̄)r dGz ≤ CAr
∫

w̄α+e f̄ 1−α dGz

≤ CAr
( ∫

w̄1+edGz

) α+e
1+e

( ∫
f̄ 1+edGz

) 1−α
1+e ≤ CAr;

for α = 1, the second factor is absent. We have
∫

f ηα| log w̄|r dG =
∫

kα| log w̄|r dGz, and
this proves the part of (11.53) that concerns log w̄, and the bound for g = log w − log w̄
follows.

Step 4: the entropy. The integral
∫

wg dG is the relative entropy KL(wG∥(w̄Gz)⊗ Gv) ≥
0. The functions w log w and w log w̄ are integrable by Steps 2 and 3 with α = 1.
On {w > 0}, we have log w = log w̄ + g, and Fubini’s theorem gives

∫
w log w̄ dG =∫

w̄ log w̄ dGz ≥ 0, by Jensen’s inequality for the convex function x log x and
∫

w̄ dGz = 1.
Hence

∫
wg dG ≤

∫
w log w dG = KL(wG∥G). By Jensen’s inequality under the probabil-

ity measure wG and w ≤ f /z0,∫
w log w dG =

∫
w log wp−1 dG

p − 1
≤

log
∫

wp dG
p − 1

≤
Cp A + p log(1/z0)

p − 1
≤ CA.

This completes the proof.
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The time derivative of the conditional relative entropy

We adapt the classical entropy dissipation calculation for diffusion semigroups [12, Propo-
sition 5.2.2, (5.2.3), p. 245] to the conditional entropy and cutoff-weighted endpoint law;
all additional terms are derived below. Let T ≥ 0, let Ψ be an FT-measurable random
variable with values in [0, 1], let D ⊂ SN be open (possibly D = SN), and let σt be the
endpoint subprobability measures (11.7) of Lemma 11.4. We assume that D and σT are
invariant under R1, so that every σt is. Let

D+ = {y ∈ UN : x+(y) ∈ D}.

For t > T, the measure σ+
t vanishes outside D+ up to a null set, and, by Lemma 11.4 and

the first part of Lemma 11.9, it has a density ft with respect to G such that (t, y) 7→ ft(y)
is smooth on (T, ∞)× D+. Applying (11.8) to φ = ψ ◦ y for ψ ∈ C∞

c (D+), and using
Lemma 11.14 and the invariance under R1, we obtain the weak forward equation

d
dt

∫
ψ ft dG =

∫
ft Lψ dG (t > T, ψ ∈ C∞

c (D+)), (11.55)

where L is the operator (11.45). Let ζ ∈ C∞(RN−1) take values in [0, 1] and have compact
support in D+, let k ≥ 3 be an integer, and let η = ζk. Let T ⊂ (T, ∞) be an open interval
on which Zt =

∫
η ft dG > 0. For t ∈ T , let

wt =
η ft

Zt
, w̄t(z) =

∫
wt(z, v) Gv(dv), ht = log w̄t, gt = log wt − ht, (11.56)

and let H (t) = H (wt), D(t) = D(wt), and St = z · ∇ht. The functions wt are smooth
with compact support in D+, so (11.46) applies. We write Ew for Ewt and omit the index
t when no confusion arises. Recall that Γ(φ, log η) = Γ(φ, η)/η on {η > 0}, and that
expectations Ew only see the set {w > 0} ⊂ {η > 0}.

Proposition 11.18 (Time derivative of the conditional relative entropy). In this setting,
H (t) and D(t) are finite for t ∈ T , the function H is absolutely continuous on every compact
subinterval of T , and Z′

t =
∫

ftLη dG. For almost every t ∈ T ,

H ′ = −D +
1
N

Ew
[
(1 + S) v · ∇vg

]
+ 2EwΓ(g, log η) +

1
Z

∫
f (g −H ) Lη dG, (11.57)

and

H ′ = −D +
1
N

Ew
[
(1 + S) v · ∇vg

]
+ Ew

[
(1 − g +H ) Γ(g, log η)

]
− Ew

[
(g −H ) Γ(h, log η)

]
+ Ew

[
(g −H ) Γ(log η)

]
+

1
Z

∫
f (g −H )

y
N

· ∇η dG.

(11.58)
In the last integrals of (11.57) and (11.58), the integrand is set to zero where η f = 0.
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After the second integration by parts, (11.58) contains only first derivatives of η. The
explicit drift contribution involving ∇F has been absorbed into the carré du champ terms;
the remaining first-order term is (y/N) · ∇η.

Proof. We first give the formal computation and then justify it. The justification uses that,
at fixed N, f is smooth on a neighborhood of the support of η, and no lower bound on f .

Formal computation. We have
∫

wt dG = 1 and
∫

w̄t dGz = 1. Differentiating H =∫
w log w dG −

∫
w̄ log w̄ dGz, we find H ′ =

∫
∂tw g dG. By (11.55) with ψ = η, we have

Z′ =
∫

f Lη dG, and ∂tw = η∂t f /Z − wZ′/Z. Applying (11.55) with ψ = ηg, we find

H ′ =
1
Z

∫
f L(ηg) dG − Z′

Z
H .

We expand L(ηg) = ηLg + gLη + 2Γ(η, g), write L = LG + (y/N) · ∇, and integrate the
term

∫
f ηLGg dG = Z

∫
wLGg dG by parts with (11.44). Using ∇w = w∇(g + h) on

{w > 0}, we obtain

H ′ = −D −EwΓ(h, g) +
1
N

Ew[y · ∇g] + 2EwΓ(g, log η) +
1
Z

∫
f (g −H ) Lη dG. (11.59)

Now we use the conditional structure. On each fiber with w̄(z) > 0, we have∫
w∇zg dGv =

∫
∇zw dGv − w̄∇zh = ∇zw̄ −∇zw̄ = 0, that is,

Ew[∇zg | z] = 0. (11.60)

The function h depends only on z. In Γ(h, g) = ∇zh · ∇zg − (z · ∇zh)(z · ∇zg)/N −
(z · ∇zh)(v · ∇vg)/N, the first two terms are functions of z multiplied by components
of ∇zg. Then (11.60) implies that EwΓ(h, g) = −N−1Ew[S v · ∇vg]. In the same way,
Ew[y · ∇g] = Ew[v · ∇vg]. Inserting these two identities into (11.59) gives (11.57).

For (11.58), we write Lη = LGη + (y/N) · ∇η in the last term of (11.57), and we
integrate the part with LG by parts once more:

1
Z

∫
f (g −H )LGη dG = − 1

Z

∫ [
(g −H )Γ( f , η) + f Γ(g, η)

]
dG.

On {w > 0}, we have log f = g + h − log η + log Z and Γ( f , η) = f [Γ(g, η) + Γ(h, η)−
Γ(η)/η]. Using f Γ(·, η)/Z = wΓ(·, log η) and f Γ(η)/(Zη) = wΓ(log η), we see that the
right side equals

− Ew
[
(g −H )Γ(g, log η)

]
− Ew

[
(g −H )Γ(h, log η)

]
+ Ew

[
(g −H )Γ(log η)

]
− EwΓ(g, log η).

Together with the term 2EwΓ(g, log η) of (11.57), the terms containing Γ(g, log η) combine
to Ew[(1 − g +H )Γ(g, log η)], and (11.58) follows.
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Justification. Fix a compact interval [α, β] ⊂ T . Below, “finite” and “bounded” refer
to bounds that may depend on N, α, and β, and that are uniform in t ∈ [α, β]. Let K
be a compact neighborhood of supp ζ in D+. On [α, β]×K, the function f and all its
derivatives are bounded, Zt is bounded below by a positive constant, and wt and w̄t are
smooth with bounded derivatives. The function f ≥ 0 is of class C2, and Taylor’s formula
along −∇ f shows that |∇ f |2 ≤ CK f on supp ζ. Indeed, if ρ0 is the distance from supp ζ

to the complement of K and M2 bounds ∇2 f on K, then 0 ≤ f − r|∇ f |+ M2r2/2 for
0 ≤ r ≤ ρ0, and the choices r = |∇ f |/M2 or r = ρ0 yield |∇ f |2 ≤ 2M2 f or |∇ f | ≤ 2 f /ρ0.
The following quantities are then finite:

(a)
∫

wΓ(log w) dG ≤ 2
∫

w Γ(log η) dG + 2
∫

w Γ(log f ) dG, where wΓ(log η) =

k2Z−1 f ζk−2Γ(ζ) and wΓ(log f ) ≤ Z−1η|∇ f |2/ f are bounded;
(b)

∫
w̄|∇h|2 dGz ≤

∫
w|∇z log w|2 dG, by the Cauchy–Schwarz inequality on each fiber;

hence D ≤ 2
∫

wΓ(log w) dG + 2
∫

w̄|∇h|2 dGz is finite;
(c)

∫
f ζk−2(| log w|2 + | log w̄|2) dG on {w > 0}, by Lemma 11.17 applied to f 1K, η, and

α = (k − 2)/k ≥ 1/3; and H ≤
∫

w(| log w|+ | log w̄|) dG.

Let 0 < e ≤ 1 and ge = log(w + e) − log(w̄ + e), a smooth function. Let He =∫
Φe(w) dG −

∫
Φe(w̄) dGz with Φe(x) = (x + e) log(x + e) − x, so that Φ′

e(x) =

log(x + e). Then He is continuously differentiable on [α, β] with H ′
e =

∫
∂tw ge dG,

and ηge ∈ C∞
c (D+). The formal computation up to (11.59), with ge in place of g inside

the integrals and before any use of ∇w = w∇(g + h), involves only smooth functions
and is valid. We obtain He(β)−He(α) =

∫ β
α Re(t) dt, where

Re = −
∫

Γ(w, ge) dG +
∫

w
y
N

· ∇ge dG

+
1
Z

∫
f ge Lη dG +

2
Z

∫
f Γ(η, ge) dG − Z′

Z

∫
wge dG.

Now let e → 0. We have ∇ge = ∇w/(w + e)−∇w̄/(w̄ + e), and ∇w = 0 where w = 0,
∇w̄ = 0 where w̄ = 0. The terms of Re converge pointwise to the corresponding terms
with g, and they are dominated as follows.

• By item (a), Γ(w)/(w + e) ≤ Γ(w)/w is integrable.
• By items (a) and (b), the functions |Γ(w, w̄)|/(w̄ + e) ≤ (Γ(w)/w)1/2w1/2|∇w̄|/w̄

and w|∇ge| ≤ |∇w| + w|∇w̄|/w̄ are integrable, and so is | f Γ(η, ge)| ≤
Zw Γ(log η)1/2(Γ(log w)1/2 + |∇h|).

• Since | log(x + e)| ≤ | log x|+ log 2 for x > 0 and |Lη| ≤ Cζk−2, the remaining terms
are dominated using item (c).

Here we used that f = 0 wherever η > 0 and w = 0, and that Lη = 0 where ζ = 0 because
k ≥ 3. By dominated convergence, He(t) → H (t) and Re(t) → R(t), the right side of
(11.59), with |Re(t)| bounded uniformly in e and t. We conclude that H (β)−H (α) =
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α R(t) dt. In particular, H is absolutely continuous and (11.59) holds almost everywhere.

The identity (11.60) holds because w∇zg is integrable by items (a) and (b). For the second
integration by parts, we apply (11.44) to the smooth function f (ge −H ) and to η, and
pass to the limit in the same way; here |ge Γ( f , η)| ≤ C|ge| f 1/2ζk−1 by |∇ f |2 ≤ CK f ,
which is dominated by item (c) and the Cauchy–Schwarz inequality. This proves the
proposition.

Entropy dissipation uniformly in the top fraction

We now bound the right side of (11.58) for a specific cutoff function. It is adapted to the
approach to the critical temperature from below, where the top fraction θ tends to zero
and all estimates must be uniform in θ. The point is that every error term is expressed
through the dimensionless quantity m = θNa2 and through a bound p∗ on the mass of a
region outside which the cutoff function equals one.

Setting. We assume that 0 = a1 < a = a2 ≤ a3 ≤ · · · ≤ aN, and let

θ = 1 − 1
N

N

∑
i=2

1
2ai

, m = θNa, b = aJ+1, (11.61)

where J ≥ 2 is fixed with aJ ≤ CJa. For the scaled eigenvalue gaps of the model, θ is the
top fraction θN of (3.14). We assume θ > 0, m ≥ 2, and Nθ3 ≤ C0m3. In the chart, we
write

|x≤J |2 =
J

∑
k=1

x2
k = N − |v|2, u =

x2
1

θN
, ū =

|x≤J |2
θN

, ξ =
b ∑i>J v2

i /ai

|x≤J |2
. (11.62)

Set ξ = 0 where |x≤J | = 0. The quantities ū and ξ are invariant under all rotations of
(x1, . . . , xJ). Fix 0 < s < L0 < L1 < L and functions χ1, χ2, χ3 ∈ C∞(R; [0, 1]) such that
χ1 = 0 on (−∞, s/2] and χ1 = 1 on [s, ∞), χ2 = 1 on (−∞, L0] and χ2 = 0 on [L1, ∞),
and χ3 = 1 on (−∞, 1/2] and χ3 = 0 on [1, ∞). Fix an integer k ≥ 16 and 0 < δ ≤ 1, and
let

η = ζk, ζ = χ1(u) χ2(ū) χ3(ξ/δ). (11.63)

Since ζ = 0 on {u < s/2}, an open set containing {|x≤J | = 0} and a neighborhood of
∂UN, the function ζ is smooth. Let

C = {u < s} ∪ {ū > L0} ∪ {ξ > δ/2}. (11.64)

Then η = 1 outside C, and all derivatives of ζ and η vanish outside C. Thus C is a region
outside which the cutoff function equals one, and it contains the set {η = 0}. We regard
η and C also as a function and a set on SN, through x 7→ y(x).
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Endpoint measures with weighting and killing. Let X solve (11.2) with X0 ∼ νN, and
let ρt = νNPt be its time-t law. Let π ∝ e−FνN. Fix a deterministic time T ≥ 0, an
FT-measurable random variable Ψ with values in [0, 1] such that the measure A 7→
E[Ψ1{XT∈A}] is invariant under R1, and the open set

D = {x ∈ SN : |x≤J |2 < LθN}.

Let σt, t ≥ T, be the endpoint subprobability measures (11.7): the path is weighted by Ψ
and killed when it leaves D after time T. Then σt ≤ ρt as measures. With ζ as in (11.63),
which has compact support in D+, let ft, Zt, wt, w̄t, ht, gt, H (t), D(t), and St be as in
Section 11.5.

Hypotheses. Let t0 ≥ T + 1/a and t1 ≥ t0. We assume that there exist constants p > 1,
Cp, Cπ, z0 > 0, C4, and a number p∗ ≥ 0 such that for every t ∈ [t0, t1]:

log
∫ (dρt

dπ

)p
dπ ≤ CpNθ3; (11.65)

dπ+

dG
≤ Cπ on {y ∈ UN : x1(y)2 ≥ sθN/4}; (11.66)

Zt ≥ z0, σt(C) ≤ p∗; (11.67)( ∫
x4

j dσt

)1/2
≤ C4

{
θNe−4aj(t−T) + a−1

j
}

(2 ≤ j ≤ J). (11.68)

Here (11.66) does not depend on t. The roles of the parameters are summarized in
Table 11.1.

Table 11.1. Parameters in Theorem 11.19. The constants in the conclusion depend only on the
fixed parameters in the first three rows.

Parameter Role

J, CJ , C0 number of retained coordinates; ratio bound aJ ≤
CJa; bound Nθ3 ≤ C0m3

s, L0, L1, L, χ1, χ2, χ3, k, ε cutoff function (11.63), killing set D, and the frac-
tion ε of dissipation spent on errors

p, Cp, Cπ, z0, C4 constants in the hypotheses (11.65)–(11.68)

N, θ, a2, . . . , aN free, subject to the setting; m = θNa2 ≥ 2
δ ∈ (0, 1], p∗ ≥ 0 width of the cone condition ξ ≤ δ; bound on σt(C)
T ≤ t0 − 1/a, t1 ≥ t0 time of the weight Ψ and of the start of killing;

time interval
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Theorem 11.19 (Entropy dissipation for the remaining coordinates). In this setting, the
function H is absolutely continuous on [t0, t1]. For every ε ∈ (0, 1/4), for almost every
t ∈ [t0, t1],

H ′ ≤ −(1 − 2ε)D +
Ca
m

{
1 + m2e−8a(t−T)}+ Cam5δ−2p1/2

∗ , (11.69)

and for every t ∈ [t0, t1],

H ≤ 1 + 2L1δ/s
4b

D , 0 ≤ H ≤ Cm3. (11.70)

The constants C depend only on the fixed parameters of Table 11.1; in particular, they do not
depend on N, θ, δ, p∗, T, t0, or t1.

Remark 11.20. Theorem 11.19 concerns the endpoint subprobability measures σt. The
mass removed by the weight Ψ and by killing does not enter (11.69); it is accounted
for separately, in total variation, with Lemma 11.3 and Lemma 11.21. The hypothesis
(11.68) enters only through the bound (11.76) on ∥S∥L2(w). Its proof below shows that an
additional term θNp1/2

∗ on the right side of (11.68) changes (11.69) only by a constant
factor, provided mp1/2

∗ ≤ C∗ for a fixed constant C∗; the constant C in (11.69) may then
also depend on C∗.

The proof bounds each term of (11.58). Step 1 bounds weighted logarithms of ft by m3,
using (11.65) and (11.66). Step 2 bounds the scores of the normalized cutoff-weighted law
ησt/Zt along the rotations K1j, using Corollary 11.6. Step 3 converts them into bounds
for S = z · ∇h, using Lemma 11.10 and (11.68). Step 4 computes the derivatives of the
cutoff function. Steps 5 and 6 bound the term with 1 + S and the terms supported in C,
and Step 7 concludes with Proposition 11.16.

Proof. Throughout the proof, C denotes a constant depending only on the fixed param-
eters of Table 11.1. We may assume p∗ ≤ 1, since σt(C) ≤ σt(SN) ≤ 1. Note that θ < 1,
that 1/(θN) = a/m, and that on supp ζ we have

x2
1 ≥ sθN/2, |x≤J |2 ≤ L1θN, |z|2 ≤ L1θN, ξ ≤ δ. (11.71)

Step 0: the entropy identity. The set D is open and invariant under R1, and ζ has
compact support in D+ by (11.71), because L1 < L. By (11.67) and continuity, Zt > 0 on
an open interval T ⊃ [t0, t1], and t0 > T. Proposition 11.18 shows that H is absolutely
continuous on [t0, t1] and that (11.58) holds for almost every t ∈ [t0, t1]. We fix t ∈ [t0, t1].
Steps 1–4 below hold for every such t. In Steps 5–7, we also assume that (11.58) holds at
t.
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Step 1: weighted logarithms. Let f̄ = f 1{x2
1≥sθN/4}, which agrees with f on supp η. Let

rt = dσt/dπ ≤ dρt/dπ. Since σt and π are invariant under R1, the density of σ+
t with

respect to π+ is rt ◦ x+, and
∫
(rt ◦ x+)p dπ+ =

∫
rp

t dπ. By (11.66) and (11.65),∫
f̄ p dG =

∫
{x2

1≥sθN/4}
(rt ◦ x+)p

(dπ+

dG

)p−1
dπ+ ≤ Cp−1

π

∫ (dρt

dπ

)p
dπ ≤ eCm3

, (11.72)

where we used Nθ3 ≤ C0m3 and m ≥ 2. Also
∫

f̄ dG ≤ σt(SN) ≤ 1 and
∫

η f̄ dG = Zt ≥
z0. We may therefore use Lemma 11.17 with A = Cm3, and we obtain, for every r ∈ [1, ∞)

and α0 ∈ (0, 1],

sup
α∈[α0,1]

∫
f ηα|g|r dG ≤ Cm3r, 0 ≤ H ≤ Cm3, (11.73)

where C also depends on r and α0. This proves the second inequality in (11.70). We write
A∗ = Cm3 for the constant in the second bound.

Step 2: scores after weighting by the cutoff. Let 2 ≤ j ≤ J. The normalized measure
σt/σt(SN) is the endpoint law weighted by W = Ψ1{τ>t}, where τ is the exit time from
D after T. This is a path weight for the final interval [t − 1/a, t] and the set D in the
sense of (11.11): Ψ and the event that the path stays in D during [T, t − 1/a] are Ft−1/a-
measurable, and the event that the path stays in D during [t − 1/a, t] is invariant under
the rotations Θ(1j)

ε , because D is invariant under all rotations of (x1, . . . , xJ). Its mass is
σt(SN) ≥ Zt ≥ z0, and Corollary 11.6 implies that

Eσt/σt(SN)

∣∣∣K1j log
dσt

dνN

∣∣∣4 ≤ Cm2; (11.74)

here the normalization by σt(SN) does not change the score. The quantities ū and ξ are
invariant under the rotations generated by K1j, and K1ju = −2x1xj/(θN). On supp ζ, we
have |K1ju| ≤ (x2

1 + x2
j )/(θN) ≤ ū ≤ L1, and therefore

|K1jη| = kζk−1|χ′
1(u)| |K1ju| χ2χ3 ≤ Cη1−1/k ≤ Cη3/4, (11.75)

since k ≥ 16. Let σ̂t = ησt/Zt be the normalized cutoff-weighted law, with normalizing
mass Zt =

∫
η dσt; it is a probability measure with σ̂+

t = wtG. Lemma 11.2 with p = 2
implies that its weak K1j-score ϑj satisfies Eσ̂t |ϑj|4 ≤ Cm2.

Step 3: the marginal score. The measure σ̂t is invariant under R1 and satisfies σ̂t({x2
1 <

sθN/2}) = 0. By Lemma 11.10, we have (11.34) with w = wt, and S = ∑J
j=2 zj∂jh is the

sum of the three terms

T1,j = Ew

[ zj

x1
ϑj ◦ x+

∣∣∣ z
]
, T2,j = Ew

[ z2
j

x2
1

∣∣∣ z
]
, T3,j = 2ajz2

j .
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For the first term, by Jensen’s inequality, (11.71), and the Cauchy–Schwarz inequality,

EwT2
1,j ≤

2
sθN

Ew
[
z2

j ϑ2
j
]
≤ 2

sθN
(
Ewz4

j
)1/2(

Ew|ϑj ◦ x+|4
)1/2.

We have Ewz4
j = Z−1

t
∫

ηx4
j dσt ≤ z−1

0

∫
x4

j dσt by (11.68), so (Ewz4
j )

1/2 ≤ C{θNe−4aj(t−T)+

a−1
j }. With Ew|ϑj ◦ x+|4 = Eσ̂t ϑ

4
j ≤ Cm2, by the remark after Lemma 11.9, and aj ≥ a,

we find EwT2
1,j ≤ C{me−4a(t−T) + m/(θNaj)} ≤ C{1 + me−4a(t−T)}. The second term

satisfies 0 ≤ T2,j ≤ |z|2/x2
1 ≤ 2L1/s by (11.71). For the third term, EwT2

3,j = 4a2
j Ewz4

j ≤
C{θNaje−4a(t−T) + 1}2, and θNaj ≤ CJm. Summing over j ≤ J, we have

∥S∥L2(w) ≤ C
{

1 + me−4a(t−T)}, ∥S∥L4(w) ≤ Cm. (11.76)

For the second bound, we have |T1,j|4 ≤ Ew[(zj/x1)
4ϑ4

j | z] with (zj/x1)
4 ≤ (2L1/s)2,

which gives EwT4
1,j ≤ Cm2. Further, T2,j is bounded, and 0 ≤ T3,j ≤ 2ajL1θN ≤ Cm by

(11.71). This bound uses no moment of xj.

Step 4: derivatives of the cutoff function. We write d = y/N. The following com-
putations involving ξ are on {|x≤J | > 0}, which contains supp ζ by (11.71). A direct
computation from (11.62) shows that

Γ(u) =
4u(1 − θu)

θN
, Γ(ū) =

4ū(1 − θū)
θN

,

Γ(ξ) =
4
(
vTD2

bv + ξ2|x≤J |2
)

|x≤J |4
≤ 4ξ(1 + ξ)

|x≤J |2
,

(11.77)

where Db = diag(b/ai)i>J . For the last one, we use ∇vξ = 2(Dbv + ξv)/|x≤J |2 and
v · ∇vξ = 2Nξ/|x≤J |2. Subtracting the rank-one part of g leaves the displayed expression,
and the inequality follows from D2

b ≤ Db, which holds because b ≤ ai. Also

|d · ∇u| ≤ 2
θN

, |d · ∇ū| ≤ 2
θN

, d · ∇ξ =
2ξ

|x≤J |2
, (11.78)

and, for every function h of z alone, with S = z · ∇h,

Γ(h, u) = −2uS
N

, Γ(h, ū) =
2|v|2S
θN2 , Γ(h, ξ) = − 2ξS

|x≤J |2
. (11.79)

On supp ζ, the derivatives of χ1(u), χ2(ū), and χ3(ξ/δ) are nonzero only where u ≤ s,
where ū ≤ L1, and where δ/2 ≤ ξ ≤ δ, respectively. In the last case, Γ(ξ)/δ2 ≤
8/(δ|x≤J |2) ≤ 16/(sθNδ) and |d · ∇ξ|/δ ≤ 4/(sθN) by (11.71). All these derivatives
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vanish outside C. Since η = ζk, Γ(η)/η = k2ζk−2Γ(ζ), and 1/(θN) = a/m, we conclude
that

Γ(η)
η

≤ Ca
mδ2 η1−2/k1C , |d · ∇η| ≤ Ca

m
η1−1/k1C , |Γ(h, η)| ≤ Ca

m
|S| η1−1/k1C .

(11.80)
In the first bound, δ−1 would suffice, but the weaker bound with δ−2 is enough for our
purposes.

Step 5: the term with 1 + S. By the first part of Lemma 11.15 and (11.71), we have
|v · ∇vg| ≤ (vTA−1

v v)1/2Γ(g)1/2 and vTA−1
v v ≤ N2/x2

1 ≤ 2N/(sθ). Young’s inequality
and (11.76) then yield∣∣∣ 1

N
Ew

[
(1+ S) v · ∇vg

]∣∣∣ ≤ εD +
1

2εsθN
Ew(1+ S)2 ≤ εD +

Ca
m

{
1+m2e−8a(t−T)}. (11.81)

Step 6: the terms supported in C. Each of the remaining four terms of (11.58) has the
form Ew[· · · ] or Z−1

∫
f · · · dG with an integrand that vanishes outside C, by (11.80).

We first record two consequences of (11.67) and (11.73). If β1 ≥ 0, then
∫

f ηβ11C dG ≤
σt(C) ≤ p∗. Splitting η1−2/k = η1/4 · η3/4−2/k and using the Cauchy–Schwarz inequality,
(11.73) with r = 4 and α0 = 1/2, and 3/2 − 4/k ≥ 0, we find∫

f η1−2/k(1 + g2)1C dG ≤ p∗ +
( ∫

f η1/2g4 dG
)1/2( ∫

f η3/2−4/k1C dG
)1/2

≤ CA2
∗p1/2

∗ ,

(11.82)
and in the same way

∫
f η1−2/k|g|1C dG ≤ CA∗p1/2

∗ and
∫

f η1−1/k|g|1C dG ≤ CA∗p1/2
∗ .

Recall also that H ≤ A∗.
For the first term, we have |Ew[(1 − g + H )Γ(g, log η)]| ≤ εD + (4ε)−1Ew[(1 − g +

H )2Γ(log η)], by the Cauchy–Schwarz and Young inequalities. Since wΓ(log η) =

Z−1 f Γ(η)/η, we deduce from (11.80) and (11.82) that∣∣Ew
[
(1 − g +H )Γ(g, log η)

]∣∣ ≤ εD +
Ca

mδ2 A2
∗p1/2

∗ . (11.83)

For the second term, wΓ(h, log η) = Z−1 f Γ(h, η), and (11.80) reduces it to
(Ca/m)

∫
f η1−1/k|S||g − H |1C dG. By Hölder’s inequality with exponents 4, 4,

and 2, with the weights η1/4, η1/8, and η5/8−1/k, whose product is η1−1/k,∫
f η1− 1

k |S||g −H |1C dG ≤
( ∫

f η|S|4
) 1

4
( ∫

f η
1
2 |g −H |4

) 1
4
( ∫

f η
5
4−

2
k 1C

) 1
2

≤ CmA∗p1/2
∗ ,

where we used
∫

f η|S|4 dG = Z∥S∥4
L4(w)

≤ Cm4 by (11.76). After multiplication by Ca/m,

the second term is at most CaA∗p1/2
∗ . Similarly, (11.80) and the bounds after (11.82) give

the bound (Ca/(mδ2))A∗p1/2
∗ for the third term and the bound (Ca/m)A∗p1/2

∗ for the last
term. Since A∗ = Cm3, m ≥ 2, and δ ≤ 1, all four terms are at most εD + Cam5δ−2p1/2

∗ in
total.
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Step 7: conclusion. Inserting (11.81) and the bounds of Step 6 into (11.58), we obtain
(11.69). For the first inequality of (11.70), note that on supp ζ we have ξ ≤ δ and, by
(11.71), |x≤J |2 ≤ L1θN ≤ (2L1/s)x2

1. Hence

b ∑
i>J

v2
i

ai
= ξ |x≤J |2 ≤ 2L1δ

s
x2

1 on {w > 0},

and Proposition 11.16 with d = 2L1δ/s implies that H ≤ (1 + 2L1δ/s)D/(4b). This
completes the proof.

11.6 Combining the coordinates

The last lemma combines a conditional relative entropy bound for a normalized weighted
law with a total variation bound for the first coordinates of the unweighted law. In the
applications, it is applied after the chart of Section 11.4, with (11.30); the stationary law
π is then compared with G separately.

Lemma 11.21 (Combining a conditional relative entropy bound with the first coordinates).
Let ρ be a probability measure on a product space Ez × Ev, and let σ ≤ ρ be a measure with
mass Z > 0 and ρ̂ = σ/Z. Let G = Gz ⊗ Gv be a product probability measure, and let
µ be a probability measure on Ez. Write ρz and ρ̂z for the marginals on Ez. If ρ̂ ≪ G, let
Hv = KL(ρ̂∥ρ̂z ⊗ Gv). Then

∥ρ − µ ⊗ Gv∥TV ≤ 2(1 − Z) +
√

Hv/2 + ∥ρz − µ∥TV. (11.84)

For every probability measure π on Ez × Ev,∣∣∣∥ρ − π∥TV − ∥µ − Gz∥TV

∣∣∣ ≤ 2(1 − Z) +
√

Hv/2 + ∥ρz − µ∥TV + ∥π − G∥TV. (11.85)

Proof. By Lemma 11.3, ∥ρ − ρ̂∥TV ≤ 1 − Z, and the same bound holds for the marginals
ρz and ρ̂z by the second part of Lemma 3.6. Pinsker’s inequality (Lemma 3.6) gives
∥ρ̂ − ρ̂z ⊗ Gv∥TV ≤

√
Hv/2. For probability measures α, α′ on Ez, we have ∥α ⊗ Gv −

α′ ⊗ Gv∥TV = ∥α − α′∥TV: the inequality ≥ follows by projection, and ≤ from (α − α′)⊗
Gv(B) =

∫
(α − α′)(Bv) Gv(dv), where Bv is the section of B at v. Using the triangle

inequality along ρ, ρ̂, ρ̂z ⊗ Gv, ρz ⊗ Gv, µ ⊗ Gv, we obtain

∥ρ − µ ⊗ Gv∥TV ≤ (1 − Z) +
√

Hv/2 + (1 − Z) + ∥ρz − µ∥TV,

which is (11.84). For (11.85), the reverse triangle inequality gives |∥ρ − π∥TV − ∥µ ⊗ Gv −
G∥TV| ≤ ∥ρ − µ ⊗ Gv∥TV + ∥π − G∥TV, and ∥µ ⊗ Gv − Gz ⊗ Gv∥TV = ∥µ − Gz∥TV.

If Hv = ∞, there is nothing to prove. The constant 2 in front of 1 − Z is not optimal,
but suffices for the applications.



section 12

Density bounds relative to time-dependent
Bingham laws

In this section, we bound the density of the time-t law with respect to the Gibbs measure in
every space Lp, at times when the time-t law is still far from equilibrium in total variation.
The general result is Theorem 12.8. We prove it for deterministic half-precisions r1, . . . , rN
that satisfy the hypotheses of Definition 12.2 on a time interval [0, S], and it states that,
for every fixed p > 1,

log
∫

SN

(d(νNPr
t )

dπr

)p
dπr ≤ CpN(1 + t)−3/2, 0 ≤ t ≤ S,

where πr and Pr
t are the Gibbs measure and the semigroup with these half-precisions.

In the critical window, the hypotheses hold on [0, KN2/3] for every fixed K and all large
N, and the right side is bounded at times of order N2/3. We record the consequences
in Section 12.6. The density of the time-t law has bounded Lp(πr) norm at every fixed
positive multiple of N2/3 (Theorem 12.13). Together with the stationary Poincaré in-
equality, this gives exponential decay of the total variation distance on the scale N2/3

(Proposition 12.14).
We compare νNPr

t with the Bingham comparison law µs of Section 7, evaluated at the
earlier time s = γt for a small constant γ > 0. The logarithm of the p-th moment of the
density of νNPr

t with respect to µγt is a multiple of a Rényi divergence. We differentiate
it in t along the forward equation (Lemma 12.7). The derivative contains a dissipation
term and two error terms. Using a logarithmic Sobolev inequality for µγt, we bound the
Fisher information in the dissipation term below by a multiple of the divergence itself.
The error terms come from the difference between the potential of the dynamics and that
of µγt, and from the motion of µγt; both are quadratic functions of the coordinates. Their
coefficients are small, because in each of them a term common to all coordinates cancels
exactly (Lemma 12.4). We control their exponential moments under µγt with the exact
formula of Lemma 5.13 (Lemma 12.5) and close the resulting differential inequality by
a scalar argument (Lemma 12.6). Finally, we change the reference measure from µγt to
πr, using the same exponential moments. All statements concern the time-t law of the
diffusion started from νN. The comparison laws enter only as reference measures: µs

need not coincide with the time-s law, and no such identification is used.

260
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We use the conventions of Section 3, the conditioned Gaussian laws of Section 5 (in
particular Lemmas 5.5 and 5.13), the comparison laws of Section 7 and the estimate
Lemma 7.14, and Lemma 8.12 and Proposition 8.21 of Section 8. In Section 17, we use
Theorem 12.8 below the critical temperature to prove Theorem 17.20. Theorem 12.13
and Proposition 12.14 are used for the critical profile in Section 19.

Rényi divergences were introduced in [122, Section 3, (3.3), p. 554]; we follow the
presentation of van Erven and Harremoës [147]. In [39, Theorem 1.2], Cao, Lu, and
Lu proved exponential decay of Rényi divergences along Fokker–Planck equations with
uniformly convex potentials, D2V ⪰ κ I for some κ > 0, for smooth initial data that
decay sufficiently fast. Vempala and Wibisono computed the time derivative of a Rényi
divergence along the Langevin dynamics, and proved its exponential decay when the
stationary measure satisfies a logarithmic Sobolev inequality [148, Lemmas 5 and 6,
Theorem 2]. In our argument, the reference measure need not be the stationary measure.
It moves, its logarithmic Sobolev constant grows linearly in time, and we must estimate
the error terms that its motion produces. We compute the exponential moments of these
error terms exactly through the radial densities of Section 5, and this is where the scale
N(1 + t)−3/2 comes from.

12.1 Setting and notation

Half-precisions and the dynamics. Throughout this section, N ≥ 3 and r = (r1, . . . , rN)

is a vector of positive numbers such that

N

∑
i=1

1
2ri

= N. (12.1)

Let Ar = −2 diag(r1, . . . , rN). Note that, by (12.1), the Lagrange multiplier of Ar (Defini-
tion 3.3) is z = 0, so that its precisions are 2r1, . . . , 2rN and its half-precisions are r1, . . . , rN .
We write Fr(x) = ∑i rix2

i and

Lr = LAr = ∆SN −∇SN Fr · ∇SN , Pr
t = etLr , πr(dx) =

1
Zr

e−Fr(x) νN(dx), (12.2)

where Zr =
∫

SN
e−Fr dνN . Recall from (3.9) and (3.12) that the model with rescaled inverse

temperature c is the case where ri = (zN(c)− cλi)/2 are its half-precisions; then Lr = L,
Pr

t = Pt, πr = πN,c, and νNPr
t is the time-t law. Recall from Proposition 5.6 that πr is

the conditioned Gaussian law µq with variances qi = (2ri)
−1. We write Γ( f ) = |∇SN f |2,

and logarithmic Sobolev inequalities are understood as in (3.5). Recall from (3.4) that
−
∫

f Lrg dπr =
∫
⟨∇SN f ,∇SN g⟩ dπr for smooth f and g. We also use this identity for

f ∈ C1(SN) and g ∈ C2(SN): approximate them by smooth functions uniformly together
with their derivatives through orders one and two, respectively, and pass to the limit
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on the compact sphere. The same approximation through order one extends every
logarithmic Sobolev inequality below from its smooth core to C1 tests, because both the
entropy and the energy converge under this approximation.

The comparison law. Let 1 = (1, . . . , 1)T, and let

H = −4 diag(r1, . . . , rN) +
2
N

11T, h(t) = etH1, (12.3)

and, for t ≥ 0,

h̄(t) =
1
N

N

∑
i=1

hi(t), vi(t) =
hi(t)
h̄(t)

. (12.4)

The matrix H is the matrix of the covariance evolution of Section 7 for Ar, whose pre-
cisions are 2ri; the vector h(t) is its heat vector, and v1(t), . . . , vN(t) are its normalized
variances. They are positive, ∑i vi(t) = N, and vi(0) = 1. Recall from Definition 7.5
and Proposition 5.6 that the Bingham comparison law of Ar at time t ≥ 0 is the condi-
tioned Gaussian law µt = µv(t) of Definition 5.4, that is,

µt(dx) =
1

Z(t)
exp

(
−

N

∑
i=1

x2
i

2vi(t)

)
νN(dx), (12.5)

with Z(t) the normalizing constant. Note that µ0 = νN, since vi(0) = 1. The numbers
vi(t) need not equal the second moments of µt or of the time-t law. We define

ℓ(t) =
h̄′(t)
h̄(t)

, ζi(t) = ri −
1

2vi(t)
+

ℓ(t)
4

. (12.6)

Using ∑i x2
i = N on SN , we find that Fr(x)− ∑i x2

i /(2vi(t)) = ∑i ζi(t)x2
i − Nℓ(t)/4 there,

which yields
dµt

dπr
(x) =

exp
(

∑i ζi(t)x2
i
)∫

SN
exp

(
∑i ζi(t)y2

i
)

πr(dy)
. (12.7)

The coefficients ζi(t) measure the difference between µt and πr. The common term
ℓ(t)/4 does not change (12.7); it is included because it makes all ζi(t) small at once
(Lemma 12.4).

Rényi divergences. For probability measures µ ≪ η and p > 1, we write

Rp(µ∥η) = log
∫ (dµ

dη

)p
dη ∈ [0, ∞]. (12.8)

This is p − 1 times the Rényi divergence of order p of µ from η [147, Definition 2, (9)]. It
is nonnegative by Jensen’s inequality. By Jensen’s inequality under µ, we also have

KL(µ∥η) =
1

p − 1

∫
log

(dµ

dη

)p−1
dµ ≤ 1

p − 1
log

∫ (dµ

dη

)p−1
dµ =

Rp(µ∥η)

p − 1
, (12.9)

which is the monotonicity of Rényi divergences in their order [147, Theorems 3 and 5].
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Gaussian squares. For positive w = (w1, . . . , wN), let pw be the continuous density of
Tw = ∑i wi(g2

i − 1) from Section 5.1 and Lemma 5.2, where g1, . . . , gN are independent
standard Gaussian variables. Thus pw(N − ∑j wj) is the density of ∑i wig2

i at N, and
pw(0) is its density at its mean. We use two facts. The first is Lemma 5.13 with t = 1 and
with 2viωi in place of the coefficients wi there, written in the coordinates xi =

√
vi Zi: if

∑i vi = N and ω1, . . . , ωN are real numbers with 2viωi < 1 for all i, then

∫
SN

e∑i ωix2
i µv(dx) =

N

∏
i=1

(1 − 2viωi)
−1/2 pw(N − ∑j wj)

pv(0)
, wi =

vi

1 − 2viωi
. (12.10)

The second fact is the following restatement of Lemma 8.12.

Lemma 12.1 (Weighted sums of squares). Let δ ∈ (0, 1], let w = (w1, . . . , wN) be positive,
and suppose that there exist three distinct indices i with wi ≥ δ maxj wj. There exists Cδ ≥ 1,
depending only on δ, such that

pw(0) ≥ C−1
δ

(
∑

i
w2

i

)−1/2
, sup

y∈R

pw(y) ≤ Cδ

(
∑

i
w2

i

)−1/2
. (12.11)

If moreover ∑i wi = N, then
∫

SN
x2

i µw(dx) ≤ Cδwi for every i.

Proof. Since Tw is the translate of Qw = ∑i wig2
i by ∑i wi, the lower bound in (12.11) is

the lower bound of Lemma 8.12 for the density of Qw at its mean, with b = w. For the
upper bound, fix an index k and write Qw = Qw,−k + wkg2

k , with independent summands.
If h−k is the density of Qw,−k and fk is the density of wkg2

k , then the density of Qw

is h−k ∗ fk, which is continuous because h−k is bounded and fk is integrable. Hence
sup pw = ∥h−k ∗ fk∥∞ ≤ ∥h−k∥∞∥ fk∥1 = ∥h−k∥∞, and the bound of Lemma 8.12 for the
density with one coordinate removed gives the upper bound in (12.11). For the last claim,
Lemma 8.12 bounds by Cδwi the conditional expectation of wig2

i given ∑j wjg2
j = N,

defined there through the joint density at the level N. By the third part of Lemma 5.5,
applied with F(y) = y2

i , the integral
∫

x2
i µw(dx) is the same ratio of densities at the level

N: in both cases the numerator is the value at that level of a continuous density of the
measure B 7→ E[wig2

i ; ∑j wjg2
j ∈ B], and two continuous densities of the same measure

agree. This proves the last claim.

Hypotheses. The general results of this section are stated under the following hypothe-
ses.

Definition 12.2 (Hypotheses on the time interval [0, S]). Let S > 0 and C∗ ≥ 1. We say
that r satisfies (H1)–(H4) on [0, S] with constant C∗ if the following hold.

(H1) maxi ri ≤ C∗ and N(1 + S)−3/2 ≥ C−1
∗ .
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(H2) For all t ∈ [0, S] and all i,

1
C∗

√
1 + t

≤ h̄(t) ≤ C∗√
1 + t

,
√

1 + t
C∗(1 + rit)

≤ hi(t) ≤
C∗

√
1 + t

1 + rit
.

(H3) For all t ∈ [0, S], ∑i(1 + rit)−2 ≤ C∗N(1 + t)−3/2.
(H4) There exist three distinct indices i with riS ≤ C∗.

We say that r satisfies (H1)–(H5) on [0, S] with constant C∗ if moreover the following
holds.

(H5) For every t ∈ [0, S], the comparison law µt satisfies a logarithmic Sobolev inequality
with constant C∗(1 + t):

Entµt( f 2) ≤ C∗(1 + t)
∫

SN

Γ( f ) dµt for all smooth f on SN.

The heat bounds (H2) say that h(t) behaves as in the critical window, where they
are Lemma 7.14. The counting bound (H3) holds when the half-precisions grow like
(i/N)2/3, by Lemma 12.3 below. The hypothesis (H4) ensures that three variances vi(t)
are comparable to the largest one, so that Lemma 12.1 applies to v(t). We verify all five
hypotheses in the critical window in Lemma 12.10.

12.2 The coefficients of the comparison law

We begin with an elementary counting bound.

Lemma 12.3 (Sums over the half-precisions). Let c0 > 0 and k0 ≥ 0, and suppose that
#{i : ri ≤ u} ≤ k0 + N(u/c0)

3/2 for every u > 0. Then for every j > 3/2 there exists
C = C(j, c0) such that

N

∑
i=1

1
(1 + ris)j ≤ k0 + CN(1 + s)−3/2 for all s ≥ 0.

The hypothesis holds with k0 = 0 if ri ≥ c0(i/N)2/3 for all i, and with k0 = 1 if ri ≥
c0((i − 1)/N)2/3 for all i ≥ 2.

Proof. If ri ≥ c0(i/N)2/3 and ri ≤ u, then i ≤ N(u/c0)
3/2, which gives the hypothesis

with k0 = 0; the case k0 = 1 is the same, with i − 1 in place of i. For s ≤ 1, the
sum is at most N ≤ 23/2N(1 + s)−3/2. Let s ≥ 1. For each i, we have (1 + ris)−j =∫ ∞

ri
js(1 + us)−j−1 du. Summing over i and exchanging the sum and the integral, we

obtain

N

∑
i=1

1
(1 + ris)j =

∫ ∞

0

js #{i : ri ≤ u}
(1 + us)j+1 du ≤ k0 +

N
c3/2

0

∫ ∞

0

js u3/2

(1 + us)j+1 du.



12 Density bounds relative to time-dependent Bingham laws § 12.2 265

The substitution y = us shows that the last integral is s−3/2 j
∫ ∞

0 y3/2(1 + y)−j−1 dy, and
the integral in y is finite because j > 3/2. Since s−3/2 ≤ 23/2(1 + s)−3/2 for s ≥ 1, this
completes the proof.

The next lemma is the main deterministic input. The comparability (12.12) is a
restatement of (H2). The estimates (12.13) and (12.14) use cancellations. For t ≥ 1 and
rit ≥ 1, both ri and (2vi(t))−1 are comparable to (1 + rit)/(1 + t), whereas the difference
ζi(t), which includes the common term ℓ(t)/4, is bounded by this scale times C(1+ rit)−2.

Lemma 12.4 (Coefficients of the comparison law). Let S > 0 and C∗ ≥ 1, and suppose that
maxi ri ≤ C∗ and that r satisfies (H2) on [0, S] with constant C∗. There exists C = C(C∗) such
that, for all t ∈ [0, S] and all i,

C−1 1 + t
1 + rit

≤ vi(t) ≤ C
1 + t

1 + rit
, (12.12)

|ζi(t)| ≤
C

(1 + t)(1 + rit)
, (12.13)

|ζ ′i(t)| ≤
C

(1 + t)2(1 + rit)
. (12.14)

If r also satisfies (H3) on [0, S] with constant C∗, then, for all t ∈ [0, S],

∑
i

vi(t)ζi(t)2 ≤ CN(1 + t)−5/2, ∑
i

vi(t)|ζ ′i(t)| ≤ CN(1 + t)−5/2. (12.15)

Proof. The proof has five steps. We first record bounds on the derivatives of h̄. Then we
derive an exact equation for vi, which settles the bounded times and the indices with
rit ≤ 1. For t ≥ 1 and rit ≥ 1, the bound (12.13) comes from an exact cancellation in the
Duhamel formula for hi, and (12.14) from a second-order expansion of hi combined with
the exact equation for vi. Throughout the proof, C denotes a constant depending only on
C∗, whose value may change from line to line. The comparability (12.12) follows from
(H2), with C = C2

∗, because vi = hi/h̄.

Step 1: derivatives of h̄. For y ∈ RN, we have (∑i yi)
2 ≤ ∑i(2ri)

−1 ∑i 2riy2
i = 2N ∑i riy2

i ,
by the Cauchy–Schwarz inequality and (12.1). We obtain

−4C∗|y|2 ≤ −4 ∑
i

riy2
i ≤ yTHy = −4 ∑

i
riy2

i +
2
N

(
∑

i
yi

)2
≤ 0.

Using the spectral theorem, we write h̄(t) = N−1⟨1, etH1⟩ =
∫

e−λt m(dλ), where m is
a positive measure supported in [0, 4C∗]; namely, m puts mass N−1⟨1, u⟩2 at λ for each
unit eigenvector u of −H with eigenvalue λ. Differentiating under the integral, we
find (−1)jh̄(j)(t) =

∫
λje−λt m(dλ) ≥ 0; in particular, h̄ is nonincreasing. For t ≥ 1, the
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inequality xje−x/2 ≤ (2j)j gives λje−λt ≤ (2j)jt−je−λt/2, so that |h̄(j)(t)| ≤ (2j)jt−jh̄(t/2).
For t ≤ 1, we have |h̄(j)(t)| ≤ (4C∗)jh̄(t). Also, (H2) implies that h̄(u) ≤ Ch̄(t) whenever
t/4 ≤ u ≤ t ≤ S. Combining these bounds, we find, for j = 1, 2, 3,

|h̄(j)(u)| ≤ C(1 + t)−j h̄(t), t/2 ≤ u ≤ t ≤ S. (12.16)

In particular, |ℓ(t)| ≤ C(1 + t)−1, and ℓ′ = h̄′′/h̄ − ℓ2 satisfies |ℓ′(t)| ≤ C(1 + t)−2.

Step 2: an exact equation. Differentiating (12.3), we see that the coordinates of h solve

h′i(t) = −4rihi(t) + 2h̄(t), hi(0) = 1, (12.17)

and variation of constants gives

hi(t) = e−4rit + 2
∫ t

0
e−4ri(t−u)h̄(u)du. (12.18)

We divide (12.17) by hi, subtract ℓ, and use 2h̄/hi = 2/vi. This gives (log vi)
′ = h′i/hi −

ℓ = −4ri + 2/vi − ℓ = −4ζi, that is,

v′i(t) = −4ζi(t)vi(t), 4ζi(t) = ℓ(t)−
h′i(t)
hi(t)

. (12.19)

Differentiating (12.6) and using (12.19), we find

ζ ′i =
v′i

2v2
i
+

ℓ′

4
= −2ζi

vi
+

ℓ′

4
. (12.20)

Step 3: bounded times and small rit. Let t ≤ 1. Then vi(t) ≥ C−1 by (12.12), so
that |ζi(t)| ≤ ri + (2vi)

−1 + |ℓ|/4 ≤ C and, by (12.20), |ζ ′i(t)| ≤ C. These are the
claimed bounds, because (1 + t)(1 + rit) ≤ 2(1 + C∗). Now let t ≥ 1 and rit ≤ 1. Then
vi(t) ≥ C−1t, so that (2vi)

−1 ≤ C/t, and also ri ≤ 1/t and |ℓ| ≤ C/t. It follows that
|ζi| ≤ C/t, and (12.20) implies that |ζ ′i | ≤ 2|ζi|/vi + |ℓ′|/4 ≤ C/t2. As 1 + rit ≤ 2 and
1 + t ≤ 2t, these are again the claimed bounds.

In the remaining two steps, we fix i and t ∈ [1, S] with ξ = rit ≥ 1. Recall from (H2)
that hi(t) ≥ C−1

√
1 + t/(1 + ξ) ≥ C−1

√
t/ξ, and that h̄(u) ≤ Ct−1/2 for u ∈ [t/2, t].

Step 4: the first cancellation. We split (12.18) at u = t/2 and write hi = I1 + I2, where

I1(t) = e−4rit + 2
∫ t/2

0
e−4ri(t−u)h̄(u)du, I2(t) = 2

∫ t/2

0
e−4riτ h̄(t − τ)dτ.

Each integral has a moving endpoint, and each endpoint contributes e−2ξ h̄(t/2) to the
derivative. Using h̄′(t − τ) = ℓ(t − τ)h̄(t − τ) and subtracting ℓ(t)hi(t) = ℓ(t)I1(t) +
ℓ(t)I2(t), we obtain the exact identity

h′i(t)− ℓ(t)hi(t) = −
(
4ri + ℓ(t)

)
I1(t) + 2e−2ξ h̄(t/2)

+ 2
∫ t/2

0
e−4riτ h̄(t − τ)

(
ℓ(t − τ)− ℓ(t)

)
dτ. (12.21)
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The term ℓ(t)hi(t), common to all coordinates, has been removed exactly; only the
variation of ℓ over [t/2, t] remains. We bound the three terms on the right side. For
u ≤ t/2, we have e−4ri(t−u) ≤ e−2ξ , and

∫ t/2
0 h̄(u)du ≤ 2C∗

√
1 + t by (H2). This gives

I1(t) ≤ e−4ξ + 4C∗e−2ξ
√

1 + t ≤ Ce−2ξ
√

t. Using 4ri = 4ξ/t and |ℓ(t)| ≤ C/t ≤ Cξ/t,
we see that the first term on the right side of (12.21) is at most Cξe−2ξ t−1/2 in absolute
value. The second term is at most Ce−2ξ t−1/2, since h̄(t/2) ≤ Ct−1/2. For the third
term, the bound on ℓ′ in Step 1 gives |ℓ(t − τ)− ℓ(t)| ≤ Cτt−2 for 0 ≤ τ ≤ t/2, and
h̄(t − τ) ≤ Ct−1/2. Using

∫ ∞
0 τe−4riτ dτ = (4ri)

−2, we find that the third term is at most
Ct−5/2r−2

i = Ct−1/2ξ−2. By (12.19), we have 4|ζi(t)| = |h′i(t)− ℓ(t)hi(t)|/hi(t). Dividing
the three bounds by hi(t) ≥ C−1

√
t/ξ, we conclude that

|ζi(t)| ≤
C
t

(
ξ2e−2ξ + ξe−2ξ + ξ−1

)
≤ C

tξ
,

where we used that ξ3e−2ξ is bounded. Since (1 + t)(1 + ξ) ≤ 4tξ, (12.13) follows.

Step 5: the second cancellation. To bound ζ ′i , we cannot differentiate the error terms of
Step 4. Instead, we expand hi to second order and use an exact equation. For u ∈ [t/2, t],
let

φ(u) =
1

2ri

(
h̄(u)− h̄′(u)

4ri
+

h̄′′(u)
16r2

i

)
, η(u) = hi(u)− φ(u).

Using (12.17), we find that the terms with h̄, h̄′ and h̄′′ cancel in η′ + 4riη, so that
η′(u) + 4riη(u) = −h̄′′′(u)/(32r3

i ). Variation of constants on [t/2, t] gives

η(t) = e−2ξη(t/2)− 1
32r3

i

∫ t

t/2
e−4ri(t−u)h̄′′′(u)du.

We have hi(t/2) ≤ C
√

t/ξ and h̄(t)/ri ≥ C−1t−1/2r−1
i = C−1

√
t/ξ, by (H2). By (12.16)

and 4rit ≥ 4, we have |φ(t/2)| ≤ Ch̄(t)/ri. Combining the last two bounds, we have
|η(t/2)| ≤ Ch̄(t)/ri. Also |h̄′′′(u)| ≤ Ct−3h̄(t) for u ∈ [t/2, t], by (12.16). Inserting these
bounds into the formula for η(t) and using e−2ξ ≤ Cξ−3, we find

|η(t)| ≤ Ch̄(t)
ri

e−2ξ +
Ch̄(t)
r4

i t3
≤ Ch̄(t)

r4
i t3

.

Let Θ = 2rivi = 2rihi/h̄ and d = h̄′′/h̄. The definitions of φ and η give

Θ = 1 − ℓ

4ri
+

d
16r2

i
+ ϵ, ϵ =

2riη

h̄
, |ϵ| ≤ C

ξ3 , (12.22)

all evaluated at time t. Since |ℓ| ≤ C/t and |d| ≤ C/t2, we have |Θ − 1| ≤ C/ξ; also
C−1 ≤ Θ ≤ C, by (12.12). On the other hand, by (12.19), Θ satisfies the exact equation
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Θ′ = −4ζiΘ = 4ri − (4ri + ℓ)Θ. Inserting (12.22) into its right side, without differentiating
ϵ, and using ℓ′ = d − ℓ2, we find

Θ′ = − ℓ′

4ri
− ℓd

16r2
i
− (4ri + ℓ)ϵ.

The last two terms are at most C/(r2
i t3) in absolute value, since |ℓd| ≤ Ct−3 and (4ri +

|ℓ|)|ϵ| ≤ Criξ
−3. Differentiating (2vi)

−1 = ri/Θ, we have ((2vi)
−1)′ = −riΘ′/Θ2, and

therefore

ζ ′i =
ℓ′

4
−

( 1
2vi

)′
=

ℓ′

4

(
1 − 1

Θ2

)
+ ϵ2, |ϵ2| ≤

C
rit3 ,

where ϵ2 = −riΘ−2(ℓd/(16r2
i ) + (4ri + ℓ)ϵ

)
. Using |1 − Θ−2| ≤ C|Θ − 1| ≤ C/ξ and

|ℓ′| ≤ Ct−2, we conclude that |ζ ′i(t)| ≤ C/(t2ξ). Since (1 + t)2(1 + ξ) ≤ 8t2ξ, (12.14)
follows.

Finally, assume (H3). By (12.12), (12.13), and (12.14), we have

∑
i

viζ
2
i ≤ C

1 + t ∑
i

1
(1 + rit)3 , ∑

i
vi|ζ ′i | ≤

C
1 + t ∑

i

1
(1 + rit)2 ,

and (H3) bounds both sums by CN(1 + t)−3/2. This proves (12.15).

The identities in Steps 2, 4 and 5 are exact consequences of (12.17); they can be checked
by expanding both sides in terms of hi, h̄ and the derivatives of h̄.

12.3 Exponential moments of quadratic functions

The next lemma controls exponential moments under the comparison law of quadratic
functions whose coefficients have the size of the bounds in Lemma 12.4. The constant Λ
need not be small, and the coefficients may have either sign.

Lemma 12.5 (Exponential moments under the comparison law). Let S > 0 and C∗ ≥ 1,
and suppose that r satisfies (H1)–(H4) on [0, S] with constant C∗. Let Λ ≥ 0 and s ∈ [0, S], and
let ω1, . . . , ωN be real numbers with

|ωi| ≤
Λ

(1 + s)(1 + ris)
for all i. (12.23)

There exists C = C(Λ, C∗) such that

log
∫

SN

exp
(

∑
i

ωix2
i

)
µs(dx) ≤ CN(1 + s)−3/2. (12.24)
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Proof. Throughout the proof, C denotes a constant depending only on Λ and C∗. We write
vi = vi(s) and T = 1 + s. Recall from (12.12) that C−1T/(1 + ris) ≤ vi ≤ CT/(1 + ris).
Thus vi ≤ CT for all i, and vi ≥ C−1T for the three indices of (H4), since ris ≤ riS ≤ C∗
for them. Combining the coefficient bound (12.23) with (H3), we obtain

∑
i

vi|ωi| ≤ C ∑
i

1
(1 + ris)2 ≤ CNT−3/2,

1
T2 ∑

i
v2

i ≤ C ∑
i

1
(1 + ris)2 ≤ CNT−3/2.

(12.25)
We first shift all coefficients by the same amount. On SN , we have ∑i ωix2

i = ΛN/T +

∑i(ωi − Λ/T)x2
i . Let ui = 2vi(Λ/T − ωi). The coefficient bound (12.23) implies that

0 ≤ ui ≤ 4Λvi/T ≤ C. Applying (12.10) with the coefficients ωi − Λ/T, for which
1 − 2vi(ωi − Λ/T) = 1 + ui > 0, we have

log
∫

e∑i ωix2
i dµs =

ΛN
T

− 1
2 ∑

i
log(1 + ui) + log

pw(N − ∑j wj)

pv(0)
, wi =

vi

1 + ui
.

(12.26)
The shift ensures that all the variances wi are positive, whatever the signs of the ωi.

We bound the last term in (12.26). Since 0 ≤ ui ≤ C, we have (1 + C)−1vi ≤ wi ≤ vi.
Then wi ≥ C−1 maxj wj for the three indices of (H4), and ∑i w2

i ≥ (1 + C)−2 ∑i v2
i ; the

same three indices satisfy vi ≥ C−1 maxj vj. Then Lemma 12.1, applied to v for the lower
bound at its mean N and to w for the upper bound on its density, implies that

pw(N − ∑j wj)

pv(0)
≤

C(∑i w2
i )

−1/2

C−1(∑i v2
i )

−1/2
≤ C. (12.27)

No lower bound for the density of ∑i wig2
i away from its mean is needed.

We now bound the first two terms in (12.26). Using log(1 + u) ≥ u − u2/2 for u ≥ 0,
and ∑i ui = 2ΛN/T − 2 ∑i viωi (which follows from ∑i vi = N), we find

ΛN
T

− 1
2 ∑

i
log(1 + ui) ≤

ΛN
T

− 1
2 ∑

i
ui +

1
4 ∑

i
u2

i = ∑
i

viωi +
1
4 ∑

i
u2

i .

The terms ΛN/T cancel exactly. Using (12.25) and u2
i ≤ 16Λ2v2

i /T2, we see that the right
side is at most CNT−3/2. Finally, the logarithm of (12.27) is at most C ≤ CC∗N(1+ s)−3/2,
because N(1 + s)−3/2 ≥ N(1 + S)−3/2 ≥ C−1

∗ by (H1). This proves (12.24).

12.4 A differential inequality for Rényi divergences

The following scalar lemma closes the differential inequality for the Rényi divergence.
It is stated for general probability measures µt on SN; in our application, µt will be the
comparison law at time γt.
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Lemma 12.6 (A differential inequality for Rényi divergences). Fix p > 1, C1 > 0, C2, C3 ≥
0, an integer N ≥ 3, and γ with 0 < γ ≤ min{1, (4pC1)

−1}. Let t1 > 0. For t ∈ [0, t1], let
µt be a probability measure on SN, let ft be a strictly positive function of class C2 on SN with∫

ft dµt = 1, and let Ut ≥ 0 be measurable. Let

R(t) = log
∫

f p
t dµt, ψt = f p

t e−R(t), J(t) =
∫

ψt Γ(log ψt) dµt.

Assume that J(t) and Entµt(ψt) are finite, that R is continuously differentiable on [0, t1] with
R(0) = 0, and that for every t ∈ [0, t1],

Entµt(ψt) ≤
C1(1 + γt)

4
J(t), (12.28)

log
∫

exp
(

pC1(1 + γt)Ut
)

dµt ≤ C2N(1 + γt)−3/2, (12.29)

R′(t) ≤ − p − 1
2p

J(t) + (p − 1)
∫

Ut ψt dµt + (p − 1)C3N(1 + γt)−5/2. (12.30)

Let a = (pC1γ)−1 and Q = (p − 1)[C2/(pC1) + C3]. Then a ≥ 4, and for every t ∈ [0, t1],

R(t) ≤ Q
γ(a − 3/2)

N(1 + γt)−3/2 ≤ 2(p − 1)(C2 + pC1C3)N(1 + γt)−3/2.

Proof. Fix t, and write µ = µt, ψ = ψt, and λ = pC1(1 + γt). We first bound the forcing
term. By Jensen’s inequality under the probability measure ψµ, applied to min(Ut, M)

and followed by the limit M → ∞, we have

log
∫

eλUt dµ ≥ log
∫

eλUt−log ψ ψ dµ ≥ λ
∫

Ut ψ dµ − Entµ(ψ).

This is the classical duality between relative entropy and exponential moments. Combined
with (12.28) and (12.29), this gives

∫
Ut ψ dµ ≤

Entµ(ψ)

λ
+

C2N(1 + γt)−3/2

λ
≤ J(t)

4p
+

C2

pC1
N(1 + γt)−5/2.

Inserting this into (12.30), we obtain

R′(t) ≤ − p − 1
4p

J(t) + QN(1 + γt)−5/2. (12.31)

Next, we bound J(t) below by R(t). Since ft = eR(t)/pψ1/p and
∫

ft dµ = 1, we have

e−R(t)/p =
∫

ψ1/p dµ =
∫

exp
(
− p − 1

p
log ψ

)
ψ dµ ≥ exp

(
− p − 1

p
Entµ(ψ)

)
,
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where the inequality is Jensen’s inequality under ψµ. Taking logarithms, we find
Entµ(ψ) ≥ R(t)/(p− 1). Together with (12.28), we find that J(t) ≥ 4R(t)/((p− 1)C1(1+
γt)), and (12.31) becomes

R′(t) ≤ − R(t)
pC1(1 + γt)

+ QN(1 + γt)−5/2 = − aγR(t)
1 + γt

+ QN(1 + γt)−5/2. (12.32)

Finally, we integrate. Since γ ≤ (4pC1)
−1, we have a ≥ 4. Then (12.32) implies that

the derivative of (1 + γt)aR(t) is at most QN(1 + γt)a−5/2. Integrating from 0 and using
R(0) = 0, we have

(1 + γt)aR(t) ≤ QN
∫ t

0
(1 + γu)a−5/2 du =

QN
γ(a − 3/2)

(
(1 + γt)a−3/2 − 1

)
,

which gives the first bound. For the second, note that γa = (pC1)
−1 and a − 3/2 ≥ 5a/8,

so that Q/(γ(a − 3/2)) ≤ 8pC1Q/5 ≤ 2(p − 1)(C2 + pC1C3).

The next lemma computes the derivative of the Rényi divergence of the time-t law
from a time-dependent Bingham law, and estimates it in the form (12.30). The two real
numbers a and b are free; they express that adding a common multiple of ∑i x2

i to the
potential of the reference measure, or to its time derivative, changes nothing on SN.

Lemma 12.7 (Rényi divergence from a time-dependent Bingham law). Let r1, . . . , rN > 0,
let γ > 0 and t1 > 0, and let k : [0, γt1] → (0, ∞)N be continuously differentiable with
ki(0) = 1/2 for all i. For s ∈ [0, γt1], let µk

s be the probability measure on SN proportional to
exp(−∑i ki(s)x2

i ) νN(dx). Fix p > 1, and for t ∈ [0, t1] let

ft =
d(νNPr

t )

dµk
γt

, R(t) = log
∫

f p
t dµk

γt,

ψt = f p
t e−R(t), J(t) =

∫
ψt Γ(log ψt) dµk

γt.

Then, for each t, ft is a positive function of class C2 on SN; moreover, R is continuously
differentiable on [0, t1], and R(0) = 0. Moreover, for every t ∈ [0, t1] and all real numbers a and
b,

R′(t) ≤ − p − 1
2p

J(t) + (p − 1)
∫

Ut ψt dµk
γt + (p − 1)γ

∫
∑

i
|k′i(γt)− b| x2

i dµk
γt, (12.33)

where
Ut(x) = ∑

i

(
2p

(
ri − ki(γt) + a

)2
+ γ

∣∣k′i(γt)− b
∣∣)x2

i .
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Proof. We begin with the regularity. Let g0 = dνN/dπr = ZreFr , a smooth positive
function on SN, and let gt = Pr

t g0. By the symmetry (3.4) of Lr in L2(πr), we have
(νNPr

t )(ϕ) = πr(g0Pr
t ϕ) = πr(ϕ gt) for bounded measurable ϕ, so that gt = d(νNPr

t )/dπr.
Since Lr is an elliptic operator with smooth coefficients on the compact manifold SN and
g0 is smooth, the function gt is of class C2 in space and C1 in time on [0, ∞)× SN, with
the time derivative at zero understood from the right, and solves ∂tgt = Lrgt; this is
standard parabolic regularity, and it also follows by expanding g0 in eigenfunctions of
the self-adjoint operator Lr on L2(πr), whose coefficients decay faster than any power
of the eigenvalues, together with elliptic regularity. Also gt ≥ min g0 > 0, since Pr

t
is a Markov semigroup. Let Ws(x) = ∑i ki(s)x2

i . The density of µk
s with respect to

πr is θs = eFr−Ws /πr(eFr−Ws), which is continuously differentiable in s, smooth in x,
and positive. Then ft = gt/θγt is continuously differentiable in t, twice continuously
differentiable in x, and positive, and

R(t) = log
∫

gp
t θ

1−p
γt dπr.

The integrand and its first time derivative are continuous on [0, t1]× SN , so compactness
permits differentiation under the integral, and R is continuously differentiable. At t = 0,
we have νNPr

0 = νN = µk
0, since W0 = N/2 on SN; hence f0 = 1 and R(0) = 0.

We now compute the derivative. Fix t, and write µ = µk
γt, θ = θγt, W = Wγt, f = ft,

ψ = ψt, and ∇ = ∇SN . The derivative of
∫

gp
t θ

1−p
γt dπr is the sum of

p
∫

f p−1Lrgt dπr and (1 − p)
∫

f p ∂t log θγt dµ.

For the first term, we use (3.4), gt = f θ, and ∇θ = θ∇(Fr − W):

p
∫

f p−1Lrgt dπr = −p(p − 1)
∫

f p−2⟨∇ f ,∇ f + f∇(Fr − W)⟩ dµ.

For the second term, log θs = Fr − Ws − log πr(eFr−Ws) gives ∂s log θs = −∂sWs +∫
∂sWs dµk

s , and ∂t log θγt = γ(∂s log θs)|s=γt. Let W ′(x) = ∑i k′i(γt)x2
i . Dividing by

eR(t) =
∫

f pdµ, and using f p−2|∇ f |2 = f p|∇ log f |2 and ∇ log ψ = p∇ log f , we obtain
the exact identity

R′(t) = − p − 1
p

J(t)− (p − 1)
∫

ψ ⟨∇ log ψ,∇(Fr − W)⟩ dµ

+ (p − 1)γ
( ∫

ψ W ′ dµ −
∫

W ′ dµ
)

. (12.34)

Using Young’s inequality in the form |⟨∇ log ψ,∇(Fr − W)⟩| ≤ (2p)−1|∇ log ψ|2 +

(p/2)|∇(Fr − W)|2, we find that the second term on the right side of (12.34) is at most

p − 1
2p

J(t) +
p(p − 1)

2

∫
ψ Γ(Fr − W) dµ.
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On SN, we have Fr − W = ∑i(ri − ki(γt) + a)x2
i − aN, and the constant aN has zero

gradient. The tangential gradient of a function on RN is the projection of its Euclidean
gradient, so that Γ(Fr − W) ≤ 4 ∑i(ri − ki(γt) + a)2x2

i . Similarly, W ′ = ∑i(k′i(γt)− b)x2
i +

bN on SN, and the constant bN cancels in the difference of the two integrals in (12.34).
We conclude that∫

ψ W ′ dµ −
∫

W ′ dµ ≤
∫

ψ ∑
i
|k′i(γt)− b| x2

i dµ +
∫

∑
i
|k′i(γt)− b| x2

i dµ.

Inserting the last three bounds into (12.34), we obtain (12.33).

12.5 Density bounds on the time interval [0, S]

We now combine the previous lemmas.

Theorem 12.8 (Density bounds on the time interval [0, S]). Let S > 0 and C∗ ≥ 1,
and suppose that r satisfies (H1)–(H5) on [0, S] with constant C∗. Fix p > 1, and let
γ = min{1, (4pC∗)−1}. There exists C = C(p, C∗) such that, for every t ∈ [0, S],

log
∫

SN

(d(νNPr
t )

dµγt

)p
dµγt ≤ CN(1 + t)−3/2, (12.35)

log
∫

SN

(d(νNPr
t )

dπr

)p
dπr ≤ CN(1 + t)−3/2. (12.36)

Further, the function t 7→
∫
(d(νNPr

t )/dπr)p dπr is nonincreasing on [0, ∞), and for every t ≥ 0,

KL(νNPr
t ∥πr) ≤

1
p − 1

log
∫

SN

(d(νNPr
t )

dπr

)p
dπr. (12.37)

Proof. We first prove (12.35). We use Lemma 12.7 for the comparison laws and verify
the three hypotheses of Lemma 12.6: the differential inequality (12.30) with a reference
term of order N(1 + γt)−5/2, the exponential moment bound (12.29), and the logarithmic
Sobolev inequality (12.28). Then we change the reference measure from µγt to πr, and
finally we treat later times. The parameters are chosen in the following order: p and C∗
are given, then γ = min{1, (4pC∗)−1}, then the constants of Lemmas 12.1, 12.4, and 12.5,
which depend only on C∗ and on a constant Λ = Λ(p, C∗) specified below. In this proof,
C denotes a constant depending only on p and C∗, and none of the constants depends on
N, S or t. The proof is deterministic.

Step 1: the derivative. For s ∈ [0, S], let ki(s) = (2vi(s))−1 be the half-precisions of
the comparison law µs. The map s 7→ k(s) is smooth, with values in (0, ∞)N, and
ki(0) = 1/2. The measure µk

s of Lemma 12.7 is then µs. Note that γt ≤ S for t ≤ S,
since γ ≤ 1. We apply Lemma 12.7 with t1 = S, a = ℓ(γt)/4, and b = ℓ′(γt)/4. Then



12 Density bounds relative to time-dependent Bingham laws § 12.5 274

ri − ki(γt) + a = ζi(γt) and k′i(γt)− b = −ζ ′i(γt), by (12.6). With ft, R(t), ψt, and J(t) as
in Lemma 12.7, the inequality (12.33) reads

R′(t) ≤ − p − 1
2p

J(t) + (p − 1)
∫

Ut ψt dµγt + (p − 1)γ ∑
i
|ζ ′i(γt)|

∫
x2

i dµγt,

where Ut(x) = ∑i
(
2pζi(γt)2 + γ|ζ ′i(γt)|

)
x2

i .

Step 2: the reference term. Let s = γt. Using (12.12) and (H4), we find three distinct
indices i with vi(s) ≥ δ maxj vj(s), where δ ∈ (0, 1] depends only on C∗. Since ∑i vi(s) =
N, we have

∫
x2

i dµs ≤ Cvi(s) for every i by Lemma 12.1. By (12.15) and γ ≤ 1, we have

γ ∑
i
|ζ ′i(s)|

∫
x2

i dµs ≤ C ∑
i

vi(s)|ζ ′i(s)| ≤ C3N(1 + γt)−5/2, (12.38)

for a constant C3 = C3(C∗). Thus (12.30) holds with this C3.

Step 3: exponential moments of the forcing. Next, (12.13), (12.14), and γ ≤ 1 imply that
the coefficients of the quadratic function pC∗(1 + s)Ut are at most

pC∗(1 + s)
( 2pC2

ζ

(1 + s)2(1 + ris)2 +
Cζ

(1 + s)2(1 + ris)

)
≤ Λ

(1 + s)(1 + ris)
,

where Cζ = Cζ(C∗) is the constant of Lemma 12.4 and Λ = pC∗Cζ(2pCζ + 1). By
Lemma 12.5, there exists C2 = C2(p, C∗) such that

log
∫

exp
(

pC∗(1 + γt)Ut
)

dµγt ≤ C2N(1 + γt)−3/2.

This is (12.29) with C1 = C∗.

Step 4: the logarithmic Sobolev inequality. The function ψt is positive and of class C2,
and Γ(

√
ψt) = ψtΓ(log ψt)/4. Applying the C1 extension of (H5) at time γt with f =

√
ψt,

we have Entµγt(ψt) ≤ C∗(1 + γt)J(t)/4, which is (12.28) with C1 = C∗. All the integrals
involved are finite, because their integrands are continuous on the compact manifold SN .

Step 5: conclusion for the comparison law. We conclude from Steps 1–4 that Lemma 12.6
applies with µt there equal to µγt, C1 = C∗, and the constants C2, C3 above. Recall that
R(0) = 0 by Lemma 12.7. We conclude that R(t) ≤ CN(1 + γt)−3/2. Since γ ≤ 1, we
have 1 + γt ≥ γ(1 + t), and (12.35) follows with a constant Cγ−3/2.

Step 6: change of reference measure. Let γ2 = min{1, (8pC∗)−1}, which is the value
of γ for the exponent 2p, and let s = γ2t. We have dµs/dπr = eQ/πr(eQ) with Q(x) =
∑i ζi(s)x2

i , by (12.7). Also dπr/dµs = e−Q/µs(e−Q), which gives πr(eQ) = 1/µs(e−Q),
and hence

θ :=
dµs

dπr
=

( ∫
e−Q dµs

)
eQ. (12.39)
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Let f = d(νNPr
t )/dµs, so that d(νNPr

t )/dπr = f θ. By the Cauchy–Schwarz inequality
under µs, ∫

( f θ)p dπr =
∫

f pθp−1 dµs ≤
( ∫

f 2p dµs

)1/2( ∫
θ2(p−1) dµs

)1/2
.

Using (12.35) with the exponent 2p, we see that the logarithm of the first integral on the
right side is at most CN(1 + t)−3/2. For the second integral, we have∫

θ2(p−1) dµs =
( ∫

e−Q dµs

)2(p−1) ∫
e2(p−1)Q dµs.

By (12.13), the coefficients of −Q and 2(p − 1)Q satisfy (12.23) with Λ = max{1, 2(p −
1)}Cζ . Then Lemma 12.5 implies that the logarithm of the second integral is at most
CN(1 + γ2t)−3/2 ≤ Cγ−3/2

2 N(1 + t)−3/2. This proves (12.36).

Step 7: later times and relative entropy. Let gt = d(νNPr
t )/dπr. As in the proof of

Lemma 12.7, the reversibility of πr gives gt+u = Pr
ugt for t, u ≥ 0. Since Pr

u is a Markov
operator, we have (Pr

ugt)p ≤ Pr
u(gp

t ) by Jensen’s inequality, and the invariance of πr gives∫
gp

t+u dπr ≤
∫

Pr
u(gp

t ) dπr =
∫

gp
t dπr.

Thus t 7→
∫

gp
t dπr is nonincreasing. Finally, (12.37) is (12.9).

Remark 12.9 (The comparison law at the earlier time γt). The comparison law is run at the
slower speed γ for the following reason. In (12.32), the dissipation rate (pC∗(1 + γt))−1

comes from the logarithmic Sobolev constant of µγt, while the forcing decays like (1 +

γt)−5/2. In the variable τ = γt, the divergence therefore relaxes at rate a/(1 + τ) with
a = (pC∗γ)−1, and integrating the forcing produces the decay (1 + τ)−3/2 only when
a > 3/2. Taking γ small makes a large, at the cost of comparing the time-t law with the
comparison law at the earlier time γt.

In Section 17, Theorem 12.8 is applied below the critical temperature, on a time
interval of length of order θ−2

N . There the counting bound (H3) follows from Lemma 12.3
with k0 = 1, the extra term being absorbed by the second part of (H1).

12.6 The critical window

We now specialize Theorem 12.8 to the critical window. Recall from Definition 4.16 that
a nondecreasing sequence r1 ≤ · · · ≤ rN satisfies the critical spectral conditions with
constants (c0, C0, δ) if (4.36) holds: ∑i(2ri)

−1 = N, c0(i/N)2/3 ≤ ri ≤ C0(i/N)2/3 for all i,
and r2 − r1 ≥ δN−2/3. Some of the results below use only the first two of these conditions,
without the ordering and the lower bound on r2 − r1; we then say that r satisfies the
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first two conditions in (4.36) with constants (c0, C0). The ordering and the lower bound
on r2 − r1 enter only through Proposition 8.21. For the model with cN = 1 + σN−1/3,
by Lemma 4.17, the half-precisions satisfy the critical spectral conditions at every fixed
confidence (in the sense of Section 3.4), simultaneously for all σ in a fixed compact
interval, with constants depending only on the confidence and on the interval. All
results below are deterministic. In their statements, a constant or a threshold N0 for the
dimension depends only on (c0, C0, δ) and on the parameters written as its subscripts or
arguments; it does not depend on N, on the time, or on σ. The results therefore apply
on the events of Lemma 4.17, uniformly in σ in a compact interval. Table 12.1 lists the
parameters in the order in which they are fixed.

Table 12.1. Parameters in the critical window, in the order in which they are fixed.

Parameter Role Depends on

c0, C0, δ constants in (4.36) for the GOE: the confidence
and the range of σ

(Lemma 4.17)
K time range t ≤ KN2/3 fixed
p order of the moment fixed
C∗,K constant in (H1)–(H5) c0, C0, δ, K
γp,K speed of the comparison

law
p, C∗,K

Cp,K constant in the
conclusions

p, K, c0, C0, δ

N0(K) threshold for the
dimension

c0, C0, δ, K; the bounds hold
uniformly in N ≥ N0(K)

Lemma 12.10 (The hypotheses in the critical window). Let K > 0 and S = KN2/3.

1. If r satisfies the first two conditions in (4.36) with constants (c0, C0), then r satisfies (H1)–
(H4) on [0, S] with a constant C∗ depending only on c0, C0, and K.

2. If r satisfies the critical spectral conditions with constants (c0, C0, δ), then there exists N0(K)
such that for N ≥ N0(K), r satisfies (H1)–(H5) on [0, S] with a constant C∗,K.

Proof. For (H1), we have ri ≤ C0, and N(1+ S)−3/2 ≥ N((1+K)N2/3)−3/2 = (1+K)−3/2.
The heat bounds (H2) are Lemma 7.14, whose constants depend only on c0, C0, and K.
The counting bound (H3) is Lemma 12.3 with k0 = 0 and j = 2. For (H4), the indices
i = 1, 2, 3 satisfy riS ≤ C0(3/N)2/3KN2/3 = 32/3C0K. This proves the first part. For the
second part, (H5) is the bound CLS(µt) ≤ CK(1 + t) for 0 ≤ t ≤ KN2/3 in the second part
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of Proposition 8.21, which holds for N ≥ N0(K); both N0(K) and CK depend only on c0,
C0, δ, and K.

The next corollary restates Lemmas 12.4 and 12.5 in the critical window.

Corollary 12.11 (The comparison law in the critical window). Suppose that r satisfies the
first two conditions in (4.36) with constants (c0, C0), and fix K > 0 and Λ ≥ 0. Then (12.12),
(12.13), (12.14), and (12.15) hold for 0 ≤ t ≤ KN2/3, with a constant depending only on c0, C0,
and K. Further, for 0 ≤ s ≤ KN2/3 and all real ω1, . . . , ωN with |ωi| ≤ Λ(1 + s)−1(1 + ris)−1,

log
∫

SN

exp
(

∑
i

ωix2
i

)
µs(dx) ≤ CΛ,K N(1 + s)−3/2, (12.40)

where CΛ,K depends only on Λ, K, c0, and C0.

Proof. By the first part of Lemma 12.10, r satisfies (H1)–(H4) on [0, KN2/3], with a constant
depending only on c0, C0, and K. The corollary therefore follows from Lemmas 12.4
and 12.5.

Proposition 12.12 (Rényi bounds relative to the comparison law). Suppose that r satisfies
the critical spectral conditions with constants (c0, C0, δ), and fix p > 1 and 0 < K < ∞.
There exist N0(K), γp,K ∈ (0, 1], and Cp,K such that, with γ = γp,K, for N ≥ N0(K) and
0 ≤ t ≤ KN2/3,

log
∫

SN

(d(νNPr
t )

dµγt

)p
dµγt ≤ Cp,K N(1 + t)−3/2. (12.41)

Proof. By the second part of Lemma 12.10, for N ≥ N0(K), r satisfies (H1)–(H5) on
[0, KN2/3] with the constant C∗,K. The bound (12.41) is then (12.35), with γp,K =

min{1, (4pC∗,K)
−1}.

Theorem 12.13 (Density moments in the critical window). Suppose that r satisfies the critical
spectral conditions with constants (c0, C0, δ), and fix p > 1 and 0 < K < ∞. There exist N0(K)
and Cp,K such that for N ≥ N0(K),

log
∫

SN

(d(νNPr
t )

dπr

)p
dπr ≤ Cp,K N(1 + t)−3/2, 0 ≤ t ≤ KN2/3. (12.42)

In particular, for every fixed s0 > 0, there exists Cp,s0 such that for N ≥ N0(s0),

sup
t≥s0N2/3

∥∥∥d(νNPr
t )

dπr

∥∥∥
Lp(πr)

≤ Cp,s0 .

Proof. The bound (12.42) follows from the second part of Lemma 12.10 and (12.36). For
the second claim, we apply (12.42) with K = s0 at t = s0N2/3. Since N(1+ s0N2/3)−3/2 ≤
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s−3/2
0 , the logarithm of the p-th moment at this time is at most Cp,Ks−3/2

0 with K = s0,
and we may take Cp,s0 = exp(Cp,Ks−3/2

0 /p). The p-th moment is nonincreasing in t by
Theorem 12.8, and this gives the bound for all t ≥ s0N2/3.

The applications in Section 19 use Theorem 12.13 with p = 2 and p = 4; by the
triangle inequality, it also bounds ∥d(νNPr

t )/dπr − 1∥Lp(πr) by Cp,s0 + 1 for t ≥ s0N2/3.

Proposition 12.14 (Exponential relaxation in the critical window). Fix 0 < c0 ≤ C0 and
δ > 0. For every a > 0, there exist Ca, κ > 0 and N0 such that, for every N ≥ N0 and every r
satisfying the critical spectral conditions with constants (c0, C0, δ),∥∥νNPr

sN2/3 − πr
∥∥

TV ≤ Cae−κ(s−a), s ≥ a. (12.43)

The constants and the threshold depend only on c0, C0, δ, and a.

Proof. Write b = N2/3 and gt = d(νNPr
t )/dπr. By Theorem 12.13 with p = 4, there

exist Ma > 0 and a dimension threshold such that ∥gab/2∥L4(πr)
≤ Ma. Since πr is a

probability measure, this also bounds ∥gab/2∥L2(πr). By Proposition 8.21, after increasing
the threshold, πr has Poincaré constant at most KPb, where KP > 0 depends only on
c0, C0, δ.

The density satisfies gt+u = Pr
ugt and

∫
gt dπr = 1. At positive times it has the

regularity used in the proof of Lemma 12.7. Thus (3.4) and the Poincaré inequality give

d
dt
∥gt − 1∥2

L2(πr)
= −2

∫
Γ(gt) dπr ≤ − 2

KPb
∥gt − 1∥2

L2(πr)
.

Integrating from ab/2 to sb, where s ≥ a, yields

∥gsb − 1∥L2(πr) ≤ e−(s−a/2)/KP∥gab/2 − 1∥L2(πr) ≤ (Ma + 1)e−(s−a/2)/KP .

Finally, Lemma 3.6 and the Cauchy–Schwarz inequality imply

∥∥νNPr
sb − πr

∥∥
TV =

1
2
∥gsb − 1∥L1(πr)

≤ Ma + 1
2

e−(s−a)/KP .

This proves (12.43) with Ca = (Ma + 1)/2 and κ = K−1
P .
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