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ABSTRACT

For a fixed integer q > 3, we call a graph g-colorable if its vertices admit g colors
with adjacent vertices colored differently. We prove that there exists d; > 0 such
that the random graph on n vertices with independent edge probability d/n is
g-colorable with probability tending to one for fixed 0 < d < d,; and to zero for
fixed d > d;, as n — oo. The same holds for the uniform random graph with |cn]
edges, for fixed ¢ > 0, with threshold d,/2 in c. For fixed € € (0,1), the first loss
of colorability under independent uniform additions of pairs of distinct vertices
lies with probability at least 1 — € in a deterministic window of Oy (n(logn)~3/2)
steps, where log is natural. The proof uses interpolation to establish convergence
and bounds the expected number of pairs needed to destroy colorability of the
last colorable graph by identifying random vertices and controlling the growth of
classes equal in every coloring.
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SECTION 1

Introduction

1.1 Background

Let n > 1 and q > 2 be integers. We let log denote the natural logarithm, and let IP, [E,
and Var denote probability, expectation, and variance, respectively. For every integer
k>1, weset [k] ={1,...,k}. We call a map o: [n] — [gq] a g-coloring of a graph on [n]
if o(u) # o(v) for all edges {u,v}. We call a graph g-colorable if it has a g-coloring. We
define its chromatic number to be the least number of colors in such a coloring. For every
integer 0 < m < (3), we let G(n, m) denote a uniformly random simple graph on [1] with
m edges. For p € [0,1], we let G(n, p) denote the random simple graph on [n] in which
each pair is an edge independently with probability p. This paper concerns G(#n, |cn])
and G(n,d/n) for fixed constants ¢,d > 0 and sufficiently large n. The expected average
degrees of these models tend to 2c and d, respectively.

The study of the chromatic number of sparse random graphs goes back to Erdés and
Rényi, who asked in [30, Section 10, p. 59] for the chromatic number of a random graph
on n vertices with about cn edges, for ¢ > 1/2. For every q > 3, Achlioptas and Friedgut
proved that g-colorability has a sharp threshold [2, Theorem 1.1]. More precisely, there
exists a sequence (d,;) (which depends on g) such that for every fixed w > 0,

nh_r)n IP(G(n, min{1, max{0, (d, — w)/n}}) is g-colorable) = 1,
- A 1.1
lim P(G(n, min{1, (d, + w)/n}) is g-colorable) = 0. (-1

n—o00

Their proof rests on Friedgut’s criterion for sharp thresholds [32], which relates a coarse
threshold to the approximation of the property by the appearance of bounded subgraphs,
and it leaves the dependence of d,, on n undetermined. Achlioptas and Friedgut expressed
the belief that d,, converges, and they recorded its convergence as an open problem [2,
Remark 1.2]. Achlioptas and Molloy had already noted that this convergence was widely
conjectured [3, p. 204], and later works describe it as a well-known open problem [21,
Section 1.1], [9, Section 1]. The goal of this paper is to prove that d, converges for every
qg = 3.

We first recall the known bounds on the location of the transition. For g = 3, the
random graph G(n,d/n) is 3-colorable with probability tending to one for d < 4.03 [4,
Corollary 2], and with probability tending to zero for d > 4.697 [8, Section 1.3] (see
[3, 18, 27, 41] for earlier bounds). For general g, we set v, = logq/log(q/(q —1)).
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1 Introduction 1.1 Background 2

We use 04(1) for a quantity tending to zero as q — oo, after the limit in n at fixed
g. A first-moment computation in G(n, [cn]) gives non-colorability with probability
tending to one when ¢ > 7,. Comparing the fixed-edge and binomial models gives the
same conclusion for G(n,d/n) when d > 27v,. We have 27, = 2qlogq —logg + 0,4(1).
Achlioptas and Naor showed that G(n,d/n) is g-colorable with probability tending to
one for d < 2(q —1)log(gq — 1), and that its chromatic number is concentrated on two
explicit consecutive integers [5, Theorem 1]. Coja-Oghlan and Vilenchik [21, Theorem 1.1]
and Coja-Oghlan [20, Theorem 1] then proved that

lirr_1>infdAn > 2qlogg —logg —2log2 —o04(1), limsup dy, < 29logq—logg —1+0,(1),

e (1.2)
and Coja-Oghlan and Vilenchik also showed that the chromatic number of G(n,d/n) is
concentrated on a single value for all 4 in an explicit set of asymptotic density one [21,
Theorem 1.2]. These results locate the transition. However, they do not show that dAn
converges.

Statistical physics gives precise, non-rigorous predictions. Statistical-physics computa-
tions place the 3-colorability threshold near average degree 4.69 [49], refined numerically
to 4.687(2) [63, Table II], and give the asymptotic form 2glogq —logq — 1+ 04(1) for large
q [42], which agrees with the upper bound in (1.2). The same theory predicts further
transitions in the set of colorings below the colorability threshold [43, 63]. Rigorous
results on the number of colorings below that threshold were obtained for large g [9,
Theorem 2.1] and later for all g > 3 [23, arXiv:1611.00814v4, Theorem 1.2].

For other random constraint satisfaction problems, the existence of a limiting threshold
is known in several cases. The threshold of random 2-SAT is at one clause per variable
[19, 36], with a window of order n2/3 clauses [11, Theorem 1.1]. The threshold of random
k-XORSAT was determined for k = 3 in [28] and for all k > 3 in [56]. Ding, Sly, and
Sun proved the existence of the threshold for random k-SAT, and identified its value, for
all sufficiently large k [26, Theorem 1]. For random d-regular graphs and all sufficiently
large g, Coja-Oghlan, Efthymiou, and Hetterich located the g-colorability threshold in an
interval of length less than one [22, Theorem 1.1 and Corollary 1.2]. Since the degree is an
integer, this leaves at most one degree at which the limiting behavior is not determined.
This argument does not apply to G(n,d/n), in which d varies continuously.

Recently, two preprints claimed the existence of a limiting threshold for random k-SAT
for every fixed k > 3, without identifying its value. These preprints use independent
uniformly signed clauses, with distinct variables within each clause and with replacement
between clauses. Carenini [16, Theorem 1.1 and Corollary 1.2] claims an upper bound
of order n'/2¥1/k clauses for the window, improving her earlier O(n/logn) bound
[17, Corollary 7.10]. She obtains the polynomial bound from a variance bound for
the hitting time of unsatisfiability and deduces the existence of the threshold from a
criterion of Abbe and Montanari [1], in the form stated in [55, Proposition 14]. The
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preprint [51, Theorem 1.1] claims the same conclusion, combining a variance bound for a
capped hitting time with an interpolation inequality and comparisons between systems
of different sizes. The latter preprint explicitly credits Carenini with priority for the
threshold-existence result [51, abstract and Section 1]. These preprints are unrefereed.
We give self-contained proofs of the adaptations used here, while drawing on their
arguments as described below. To the best of our knowledge, the convergence of d, had
not previously been established for a single value of g > 3.

1.2 Main results

From now on, we fix an integer 4 > 3. Recall that

_ log g 13
"1~ Tog(a/ (0 — 1)) (13)

Our main result is the existence of the g-colorability threshold.

Theorem 1.1. Let g > 3 be an integer. There exists ag € [1/2,y,] such that for every fixed real
c>0,

1 if0< ,
lim IP(G(n, [cn]) is g-colorable) = FO<c<a
n—reo 0 ifc>ay,

and for every fixed real d > 0,

1 if0<d <2,
0 ifd > 2a,,

n—o00

lim P(G(n,d/n) is g-colorable) = {

where G(n,d/n) is defined for n > d.

We define d; = 2a, to be the threshold in terms of the asymptotic average degree.
To relate our result to the sharp threshold sequence, we show that d, — d;. Fix 0 <
w <dg If d, > d, + w along a subsequence, the lower side of (1.1), with shift w/2, and
monotonicity imply that G(n, (d; + w/2)/n) is colorable with probability tending to one
along that subsequence, contrary to Theorem 1.1. If d,;, < d; — w along a subsequence,
the upper side, with the same shift, implies that G(n, (d; — w/2)/n) is colorable with
probability tending to zero, again a contradiction. This proves the claim.

The bounds on the limit inferior and limit superior in (1.2) now transfer directly to
dg. A bound at a fixed density transfers as well. If it failed for d;, a density strictly
between the two values would contradict monotonicity and Theorem 1.1. In particular,
4.03 < d3 < 4.697, and d,; satisfies the two bounds in (1.2).

The bounds 1/2 < ag < 75 in Theorem 1.1 are classical and are included for complete-
ness. The upper bound is the first-moment bound mentioned above. The lower bound
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holds since, for ¢ < 1/2, with probability tending to one every component of G(n, [cn])
is a tree or has exactly one cycle [30], [40, Theorem 5.5, p. 112], and such graphs are
3-colorable. Theorem 1.1 is an asymptotic statement. As we explain in Remark 7.4, our
proof gives no further information on the value of a; and no rate of convergence.

Our second result is a bound on the width of the transition in a random graph process.
For a finite set S, we call a finite multiset of unordered pairs of distinct elements of S a
multigraph on S, and we call its elements, counted with multiplicity, its occurrences. We
define a coloring of a multigraph on S to be a map from S to [g] giving different colors
to the endpoints of every occurrence. For n > 2, let e, ey, ... be independent random
pairs of distinct elements of [1], each uniformly distributed on the () pairs. We call the
sequence (¢;);>1 the edge process. For each integer m > 0, we let G,, denote its time-m
graph, the multigraph on [n] with occurrences ey, ..., e,,. Note that repeated pairs do not
affect colorability. For n > 2g, we define H to be the first integer m > 0 for which G, is
not g-colorable. Thus

H = min{m > 0 : G, is not g-colorable}.
By Lemma 3.10, H is finite almost surely.

Theorem 1.2. Let q > 3 be an integer, let a, be as in Theorem 1.1, and let € € (0,1). There exist
C > 0 and an integer ng > 2q, depending only on q and €, and integers my with my/n — &g as
n — oo, such that

P(|H —my| < Cn(logn)_3/2) >1—€  foralln > ny. (1.4)

Since P(H > m) = IP(G,, is g-colorable), Theorem 1.2 implies that for all n > ny and
integers m > 0,

IP(Gyy is g-colorable) -3/2.

IP(Gyy is g-colorable)

1—-€e ifm<m,—Cn(logn)
e if m>m,+Cn(logn)=>2

IN IV

Thus the probability that the process is colorable drops from 1 — ¢ to € within
O(n(logn)~3/?) steps, and the window in the edge density /1 has width O((logn)~3/2).
We will compare this bound with known bounds on threshold widths in Section 1.3. We
have not tried to optimize the exponent 3/2. The convergence criterion in Theorem 4.1
requires the relative window widths to have a finite sum along exponentially growing
sizes. The choice (logn)~3/2 meets this condition.

Theorem 1.1 is false for g = 2. We call a graph bipartite if it admits a 2-coloring. Pittel
and Yeum showed that for every d € (0,1),

1-d

1/4
. . . . _ d/2
nlgrololP(G(n,d/n) is bipartite) = e (—1 - d) € (0,1)
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[57, Section 1, equation (1.5)]. Hence there is no constant d, such that the probability
of 2-colorability tends to one below d; and to zero above it (see also the discussion in
[2, p. 64]). Our proof uses ¢ > 3 in two places, which we describe in Remark 7.2. The
essential one is the observation in Lemma 5.3 that, if a vertex receives the same color as
another vertex in every coloring, then its neighbors use at least § — 1 > 2 colors in every
coloring of the graph with this vertex removed.

Our proof has two parts, which we describe in more detail in Section 2. We begin
by showing that the existence of a, follows from the summable window bound just
described, at every sufficiently small fixed probability level. To do so, we compare the
probabilities of colorability at different numbers of vertices through an interpolation
inequality of Bayati, Gamarnik, and Tetali [10, Theorem 5 and Proposition 2]. We then
prove the window bound of Theorem 1.2. We define the expected lifetime of a colorable
graph to be the expected number of independent uniformly random pair additions
needed to make it non-colorable, including the addition that destroys colorability. A
variance argument reduces the window bound to controlling this lifetime for Gy_;.

We call ey the final edge. For a colorable graph, we call two distinct vertices a frozen
pair if they receive the same color in every coloring, and we call each equivalence class
under equality in every coloring a frozen class. The final edge joins a frozen pair of Gy_1.
We count degrees with multiplicity. We treat separately the final edges with an endpoint
of low degree (at most | (logn)!/4|), by identifying random vertices, and the final edges
between vertices of high degree, by deleting occurrences and controlling the growth of
the logarithm of the size of a frozen class.

1.3 Related work

We now discuss the sources of the methods that we use, and the known bounds on the
width of the transition.

The comparison of different system sizes in Appendix A uses the interpolation method.
System-splitting interpolation was used by Guerra and Toninelli to prove the existence of
the limiting free energy of the Sherrington—Kirkpatrick model, by interpolating between
a large system and two independent subsystems [38, Section 3]. Franz and Leone [31]
and Panchenko and Talagrand [54] developed free-energy bounds for diluted models
with Poisson numbers of interactions, including random k-SAT, under their respective
interaction and arity hypotheses. Bayati, Gamarnik, and Tetali gave a combinatorial
version for sparse random graphs [10]. They proved the convergence of the normalized
optimal values of several problems and of the normalized logarithm of the probability of
g-colorability [10, Theorem 1]. However, such a limit does not by itself locate a transition
from probability one to probability zero, since it is consistent with probabilities that tend
to zero more slowly than exponentially. For coloring, they also compared the probability



1 Introduction 1.3 Related work 6

that a graph is colorable with the probability that two smaller disjoint graphs are colorable
[10, Theorem 5 and Proposition 2], and their proof of this comparison uses the classes of
vertices that receive the same color in every coloring. Our product inequality, Lemma A.2,
is its form for a Poisson number of edges.

To pass from comparisons of system sizes to convergence, one uses a principle of
near-superadditivity. De Bruijn and Erdés proved such a principle for sequences that
are subadditive up to an error satisfying an integrability condition, for comparable
sizes [25, Theorem 23], and Abbe and Montanari gave a version with summable errors
[1, arXiv:1006.3786v1, Section 4.3, Lemma 8 and Remark 3]. In [51, Section 5], the
product inequality [51, Lemma 5.2] is used to compare the normalized center of the
transition for the combined system with the minimum of the centers for the two parts,
with polynomially small errors, and a balanced tree of blocks yields convergence [51,
Lemma 5.4]. Appendix A adapts this argument to quantiles of the hitting time and to
errors that are only summable along 1 = |e¥|. We show in Remark A.6 that a window of
order 1/ logn would not suffice for this argument.

The reduction of the window to the expected lifetime of the last colorable graph, in
Section 4.2, has several antecedents. Aldous [7, Theorem 1(b)] considered the cover time
of a finite set by independent copies of a random subset, the first time at which their union
is the whole set. He bounded the variance of the cover time by an absolute constant times
its mean times the expected time that a fresh sequence of such subsets needs to cover the
set left uncovered just before the cover time. Coloring fits this framework, if each pair
{u,v} covers the maps o: [n] — [q] with o(u) = o(v). In this case, H is the cover time,
and the set left uncovered at time H — 1 is the set of colorings of Gy_1. Carenini applied
Aldous’s bound to the last satisfiable formula in random k-SAT [16, Theorem 4.1]. In
[51, Lemmas 3.1 and 3.2], the variance of a capped hitting time is bounded through the
Efron-Stein inequality [29, 61], in the form [12, (3.6)] in which one variable is omitted, by
deleting one clause at a time without renumbering the other clauses, and a later preprint
combines expected lifetimes with such deletions [53, Section 3.3, Lemma 3.4]. Lemma 4.3
follows the deletion argument of [51] and evaluates the sum of the squared deletion
delays exactly, in terms of the expected lifetime of the last colorable graph.

The estimates specific to k-SAT in [16, 51] bound the sum over time of the fraction of
variables that take the same value in every satisfying assignment [16, Proposition 3.2], [51,
Proposition 2.2]. These proofs delete a variable and compare the clauses that contained it,
which become clauses of length k — 1, with clauses of length k. This step does not carry
over to colorings. Since permuting the colors maps colorings to colorings, no vertex of a
colorable graph receives a fixed named color in every coloring. What can be forced is the
equality of two colors. Recall that the final edge ey joins two vertices 1 and v such that
o(u) = o(v) for every coloring ¢ of Gy_1.
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Culberson and Gent studied frozen pairs and their development as edges are added
to a graph, and used frozen-pair counts to compute conditional one-edge survival proba-
bilities in a process without replacement [24, Sections 2.1 and 3.3]. The hazard identity
in Lemma 3.7 is the version for independent pairs sampled with replacement. For a
satisfiable Boolean formula, we call the literals true in every satisfying assignment its
backbone [47, 48]. Following [11], we call the literals whose addition makes some sat-
isfiable subformula unsatisfiable its spine. These notions record an absolute Boolean
value, whereas a frozen pair records equality without specifying a named color. In [11,
Section 3.3], the probability that the next clause makes a 2-SAT formula unsatisfiable is
expressed through the spine, and Lemma 3.7 is the analogous identity for frozen pairs.
Other notions of freezing concern a variable that has one value throughout a specified
restricted family of solutions [6, 46, 60]. Frozen pairs here quantify over all colorings.
Our estimates for the frozen pairs of the last colorable graph, in Sections 5 and 6, replace
the estimates specific to k-SAT. We now describe the ingredients of these estimates.

To treat final edges with an endpoint of low degree, we identify vertices. Let Z be a
nonempty set of vertices of a graph. Its colorings that are constant on Z correspond to
the colorings of the graph in which Z is identified to a single vertex. For two nonadjacent
vertices, this correspondence underlies the addition—-identification relation for chromatic
polynomials [58, Section 3, Theorem 1]. We combine it with the splitting of a Poisson
process of edges at a vertex [44, Theorems 5.2, 5.6, and 5.8, Corollary 5.9], and we prove
in Proposition 5.6 that identifying at most (log7)!/# random vertices advances the hitting
time of non-colorability, in expectation, by O(n3/8).

For final edges between vertices of high degree, we instead delete edge occurrences.
The deletion identities are the analogue, for a fixed number of independent points, of
the Mecke equation for Poisson processes [45], [44, Theorem 4.1]. We call an occurrence
at one endpoint of a frozen pair pivotal for that pair if deleting it removes the forced
equality; otherwise we call it non-pivotal. This is the usual notion of sensitivity to one
coordinate [59], applied to the event that adding the given pair destroys colorability. The
main estimate of Section 6 bounds the total, along the process, of the density of a relation
that describes how the frozen class of a vertex grows when an edge at this vertex is added.
We prove it by charging this density to the growth of the logarithm of the size of the
frozen class. Bounds on hitting and occupation times through a function whose expected
increments can be controlled are classical [39, Sections 2-3]. In the k-SAT preprints,
Carenini bounds the occupation of states through a concave function of their expected
lifetime [16, Lemma 3.1], and a later preprint charges the visits of the process above a
level of the probability of becoming unsatisfiable to the expected lifetime at the first visit
[53, Section 4.1, Lemma 4.1]. A related bounded-potential occupation argument appears
in [52, Lemmas 2.2 and 4.1]: expected increments of a bounded monotone potential
control accumulated powers of short-clause killing probabilities. The inequality that we
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need between the density of the relation and the expected growth of the frozen class,
Lemma 6.9, is specific to colorings.

Finally, we compare Theorem 1.2 with known bounds on the width of transitions. At
tixed probability levels, for every nontrivial increasing graph property that is invariant un-
der relabeling, Friedgut and Kalai proved that the transition in G(n, p) takes place within
an interval of values of p of length O(1/logn) [33, Theorem 1.1, p. 2993], and Bourgain
and Kalai improved this to O((log n)~2+9) for every 6 > 0 [14], [15, Theorem 1]. A recent
unrefereed preprint claims the bound O((log#n)~2) for every nontrivial monotone graph
property invariant under relabeling [50, Theorem 1.1]. These additive bounds do not
give a shrinking relative window when p is of order 1/n; the derivative formulation of
the Bourgain-Kalai improvement also restricts how close p may be to zero or one. The
small-p refinement in [33, Corollary 3.3, p. 2996] gives an upper bound O(1/n) when
p = ©(1/n), corresponding to O(n) expected edges; it still does not yield a shrinking
relative window. The theorem of Achlioptas and Friedgut shows that the window of
g-colorability has width o(n) in the number of edges, with no rate, and Theorem 1.2
improves this to O(n(logn)~3/2). In the other direction, Wilson proved that this window
has width at least of order \/n edges for every q > 3 [62, Corollary 6].

We do not know the true order of the window. For comparison, the window of
random 2-SAT has order n2/3 clauses [11, Theorem 1.1]. For random k-SAT, Carenini
claims a window upper bound of order n'/2*1/F clauses [16, Theorem 1.1], and two
further preprints claim that the hitting time of unsatisfiability has variance of order #, for
k > 4 [53, Theorem 1.1] and for k = 3 [52, Theorem 1.1]. As we explain in Remark 7.3,
when the probability that H lies strictly above the lower quantile and at or below the
upper quantile stays bounded away from zero, the variance bound of Section 4 cannot
certify a window smaller than order /7.

1.4 Organization

Section 2 gives an overview of the proof. Section 3 collects definitions and elementary
facts on the edge process, frozen pairs, and expected lifetimes. Section 4 states the
convergence criterion and reduces the window bound to two estimates for the final edge,
one for endpoints of low degree and one for endpoints of high degree. Section 5 proves
the first estimate. This is the main place where the assumption g > 3 is used. Section 6
proves the second estimate, which holds for 4 = 2 as well. Section 7 combines these
results and proves Theorems 1.1 and 1.2. Appendix A proves the convergence criterion.



SECTION 2

Proof overview

Notation. We fix an integer ¢ > 3 and write log for the natural logarithm. For integers
k>1, weset [k] = {1,...,k}. We write P, E, and Var for probability, expectation, and
variance, and 14 for the indicator of an event A; we also use 1{-} for the indicator of
the condition in braces. For an event A and a nonnegative or integrable expression X
defined on A, we define E[X; A] to be the integral of X over A. When we write this as
E[X14], we first extend X by zero outside A. We write Pois(y) for the Poisson law with
mean p > 0 and Bin(m, p) for the binomial law with integer m > 0 and p € [0, 1]. Inside
probability expressions, these symbols denote random variables with the specified laws.
Constants may depend on g and on fixed parameters named in a statement, but not on #;
constants denoted by C or C’ are local to their statements. We say for all large n when a
statement holds for every n > ng, where 1y depends only on those fixed parameters.

Our proof has four steps. Step 1 deduces a limiting threshold from a short interval
containing the loss of colorability with high probability. Step 2 bounds the length of
this interval through the expected number of further pair additions needed to destroy
colorability of the last colorable graph. Step 3 bounds the advance of non-colorability
under random vertex identification to treat final edges at vertices of low degree. Step 4
controls the growth of classes of vertices equal in every coloring to treat final edges at
vertices of high degree. Steps 1 and 2 adapt the k-SAT arguments of [16, 51]; our new
estimates in Steps 3 and 4 bound the expected lifetime of the last colorable graph at the
final edge. In the k-SAT proofs, the corresponding estimate uses the variables that take
the same value in every satisfying assignment and compares the clauses of length k — 1
left by deleting a variable with clauses of length k [16, 51, 53]; this comparison has no
direct analogue for colorings, since permuting the colors shows that no vertex has the
same color in every coloring. The dependencies between these steps are recorded in
Figure 2.1. Remarks labeled heuristic describe the motivation for the estimates.

We begin by defining the edge process. For a finite set S, we call a finite multiset
of unordered pairs of distinct elements of S a multigraph on S, and we call its elements,
counted with multiplicity, its occurrences. We call a map o : S — [g] a coloring when the
endpoints of every occurrence have different colors, and call the multigraph colorable
when there exists such a map. For a multigraph G and a pair e from its vertex set, we let
G + e denote the result of adding one occurrence of e; when e occurs in G, we let G — e
denote the result of removing one occurrence. We define deg (1) to be the number of
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Lemma 6.9,
Theorem 6.10

restriction on identification of Proposition 6.5
. ) ) growth of classes
neighbor colors random vertices deleting occurrences
of equal colors

N4 N/

Lemma 5.3 Proposition 5.6 Lemma 6.4,

Theorem 5.7 Theorem 6.13
final edges at final edges at
low degree high degree

\ /

Proposition 4.5 Proposition 4.6
window and lifetime splitting by degrees

e

Theorem 7.1 Theorem 4.1 (Appendix A)

bound on the window convergence of the threshold

~ 7

Theorems 1.1 and 1.2

Figure 2.1. The main steps of the proof. An arrow means that the first result is used to prove
the second. The left branch is the low-degree estimate of Section 5, and the right branch is the
high-degree estimate of Section 6. The convergence criterion is proved in Appendix A.

occurrences containing the vertex u. We call a uniformly chosen pair of distinct elements
of the specified vertex set a uniform pair.

Let n > 2q be an integer. We let 1, ¢y, ... denote independent uniform pairs of [n],
and call this sequence the edge process. For each integer m > 0, we define G, to be the
multigraph consisting of the first m occurrences of the process. We define H to be the first
m for which Gy, is not colorable. We let F;,;, denote the o-algebra generated by e, ..., ep.
The lifetime bound below implies that H is finite almost surely. These definitions apply
on other finite vertex sets when they are specified.

2.1 Step 1: the window determines the threshold

We set v, = logq/log(q/(q —1)). Throughout this overview, we take A = 7, +2
and set M = |An|. We define V to be the last colorable time capped at M by setting
V = min(H — 1, M). This makes V a bounded function of ey, ..., epr. Foreachn € (0,1/2],
we define L,(77) to be the smallest nonnegative integer m with P(V < m) > 5, and
define U, (1) to be the largest integer m € {0,..., M} with P(V > m) > 5. We call
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wy(n) = Un(y) — Ln(1y) the window at level 5. These definitions give

Ly(y) =min{m > 0:P(V <m) >y},

@.1)
U,(n) =max{m € {0,...,M} : P(V > m) > y}.

Here the extrema are over nonnegative integers. By Lemma 3.4, G, is colorable with
probability greater than 1 —# for 0 < m < L,(y), and with probability smaller than
n for U,(y) < m < M. Applying Lemma 3.17(b) with ¢y = 1/4 and part (a) with
c1 = (vg+A)/2, wehave n/4 < L,(7) < Uy(17) < M for all large n. The lower bound
uses q > 3 to color components having at most one cycle.

We define 7y to be the small quantile cutoff given by

672/\
o=—g

We will use the following convergence criterion, proved in Theorem 4.1. Let (6,,),,>1 be a
nonincreasing sequence in (0, 1] such that } 1 6|« < c0. Suppose that, for all 7 € (0,770},
there exists K'(17) > 0 such that

wn(n) < K'(y)nd,  for all large n. (2.2)

Then there exists a; € [1/2,7,4] such that L,(y)/n — a; and U,(n)/n — a, for all
11 € (0,10]. For every fixed real ¢ > 0 with ¢ # ay,

1 ifc<ay,,
lim P(H> |en]) =4  ~ =™
n—0 0 ifc> ag.

The same limits hold for the probability of colorability of a uniformly random simple
graph on [n] with [cn] edges, and of a simple graph on [1] in which each pair is an edge
independently with probability 2c/n. These models are defined for all sufficiently large
n. In Steps 24, we prove (2.2) with 8, = (logn)~%/2 for n > 3 and 6; = 6, = 1. This
sequence is admissible, since d) x| < (k—1)73/2 for k > 2, which proves Theorem 1.1.
For the error probability € € (0,1) of Theorem 1.2, we set 71 = min(e/2,7p) and define
my = Ly (#1). Using the window bound at level 11, we get the stated concentration around
my. The convergence criterion also implies that m, /n — &4, as shown in Section 7.2.

To prove Theorem 4.1, we compare quantiles at different numbers of vertices through
an auxiliary Poisson model. For every integer n > 1 and real ¢ > 0, we let A,(c)
denote the multiset formed by first sampling a Pois(cn) number of occurrences and,
independently of that count, sampling ordered endpoints independently and uniformly
in [n] x [n] for those occurrences. We call an occurrence whose two endpoints coincide a
loop. On a finite vertex set, we call a finite multiset of unordered pairs, allowing coincident
endpoints, a multigraph with loops. We require different colors at the endpoints of every



2 Proof overview 2.1 Step 1: the window determines the threshold 12

occurrence; a loop prevents colorability. We let p,,(c) denote the probability that A,(c) is
colorable. Lemma A.2 states that

ON;+N, (€) > pny(¢) pn,(c)  for all integers Ny, N, > 1 and all ¢ > 0. (2.3)

Let N = Nj + N, and set S; = [Nj] and S; = [N] \ [N;]. For a colorable multigraph
G on a finite vertex set and a vertex u, we define the frozen class Cg(u) to be the set of
vertices that receive the same color as u in every coloring, following [24]. For 0 < v <,
we define A(") to be the union of three independent families. These consist of Pois(Nv)
occurrences with independent uniform ordered endpoints in [N]Z, and, for j = 1,2,

Pois(Nj(c — v)) occurrences with independent uniform ordered endpoints in SJZ. The

counts and endpoints are independent. We set x(v) = IP(A(") is colorable). Adding an
occurrence destroys colorability exactly when its endpoints lie in the same frozen class.
On the event that A is colorable, let Cy, ..., Ci denote its distinct frozen classes. We
define the entire integrand below to be zero otherwise. Differentiating in the Poisson
means, we find

k 2 2 2
. CiN S| IC;N S| |Ci]

'"(v) = E|1{AW is colorable (| Ut S BT - = )
X(0) —E|1{ (5 heal I

For each such class,

ICinSi n ICiNSP?  |GI*  _ (N2JGiNSi| — Ni|C; N Sy)? > 0. (2.4)
N N, N1+ N> NiN2(N1 + Np)

It follows that pn(c) = x(c) > x(0) = pn,(c)pn,(c). This is the coloring interpolation of
[10, Theorem 5 and Proposition 2], in Poisson form as in [51, Lemma 5.2].
Fix 7 € (0,70], and set &, = L,(n)/n and A, = [\/nlogn]|. For n > 2g and ¢ > 0, let
J have the Pois(c(n — 1)) law independently of H. Splitting loops from other occurrences
gives
pn(c) =e ‘PP(H > ).

For 0 < ¢ < A, Lemma A.3(b) gives, for all large n,
c(n—1) <La(y) — Aw = pulc) > e M(1—y)(1 — e logm*/A)),
c(n—1)>U,(n) +Ay = pulc) <+ o~ (logn)?/(2A)

For large integers N1, N, we apply these comparisons at sizes N1, Np, N = Nj + Np with

‘ 24y,
C = min = — .
S\ T,

By the product inequality, we have py(c) > e=2*/2 > 2y. The upper comparison then
forces ¢(N — 1) < Un(y) + An. We can now use the bound on wy(7) to bound the
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lower quantile. For real u > 1, we define g(u) = K'(17)d|,,) + (A +6)(logu)/+/u. By
Lemma A .4, for all sufficiently large integers Nj, N», we have

€N1+N2 > min(éNl, CNQ) - g(min(Nll NZ))/ CN1+1 > gNl - g(Nl) (25)

For the adjacent-size inequality, we apply the product inequality with N, = 1 and
¢ = ¢Nn, — 2AN, /Ny, using p1(c) = e . This is a separate one-vertex comparison; the
preceding large-size hypothesis does not allow direct substitution of N, = 1.

Fix a sufficiently large integer ¢ and an integer n > ¢2. We write 1 as a sum of blocks
of sizes £ and ¢/ + 1. We form a binary tree by repeatedly dividing each collection of
blocks into two collections whose numbers of blocks differ by at most one. At each
internal node, we apply the first inequality of (2.5) with (N3, N;) equal to the total vertex
counts in its two children. For a leaf of size ¢ 4 1, we use the second inequality with
N; = (. Along each path toward the root, the vertex counts grow by a factor of at least
4/3. The function g is positive, nonincreasing on [¢?, %), and satisfies Yy g(eF) < oo.
Applying Lemma A.5 to this g, this sequence (&,), and uy = €%, we find

En > & —g(0) — ;g<§<§)i) for all n > (2. (2.6)

The right side differs from &, by an amount that tends to zero as £ — oo, since ¥ g(ef) <
co. We conclude that liminf,§, > limsup,¢y, and ¢, converges. The summability
condition is essential for this convergence argument: Remark A.6 constructs a bounded,
nonconvergent sequence satisfying the same comparisons with a nonsummable error. In
particular, a window of order n/ log n would not suffice for this argument.

Finally, for 0 < 17— < 54+ < 59 we have L,(n-) < Ly(n+) < Un(y-). All levels
therefore share one limit a,. Letting 7 — 0 after n — oo, we get the zero-one law for
P(H > |cn]), and we apply Lemma A.7(a) with m = |cn] for each fixed 0 < ¢ < A;
larger c follow by monotonicity. For a fixed d > 0, in part (b) we set p = d/n and
m = |cn], choosing d/2 < ¢ < a4 below the threshold and «, < ¢ < d/2 above it. These
substitutions give Theorem 1.1. Since the window bound holds at every small level, we
do not need the sharp threshold theorem of Achlioptas and Friedgut (see Remark 4.2).
This step adapts [51, Section 5], which compares expectations rather than quantiles and
has polynomially small errors. Summable errors appear in the classical theory of nearly
superadditive sequences [25, Theorem 23], [1, arXiv:1006.3786v1, Section 4.3, Lemma 8
and Remark 3].

2.2 Step 2: the window and the last colorable graph

We fix 7 € (0,70]. We write L, U, and w for L, (1), U,(y), and wy (1), respectively. We
call I' = Gy_1 the last colorable graph and call ey the final edge. For a multigraph G on
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a finite set with at least two vertices, we define T; to be the number of independent
uniform pair additions on that same vertex set needed to destroy colorability, counting
the destroying addition and taking T = 0 if G is already not colorable and T = oo if no
addition destroys colorability. For integers b > 0, we define the expected lifetime and its
cap by

r(G) = ETg, ry(G) = Emin(Tg, b).

We define Y = min(U, max(L, V)) to be V clipped to the interval [L, U]. Then

u
Y = min(U,max(L,V)) =L+ Y 1{Gy is colorable}.
m=L+1

For 1 < i < U, we define Y(-7) by the same sum with ¢; omitted from every G, and
all remaining indices unchanged. The omission form of the Efron-Stein inequality [12,
(3.6)] states that, for a square-integrable function Z of independent random variables
X1, ..., Xy and square-integrable functions Z; of the coordinates other than X;, we have

u

Var(Z) < Y E[(Z - Z;)?].

i=1
The variables Y and Y (=) are bounded functions of the required coordinates. Substituting
X;j=¢e,Z=Y,and Z; = YD gives

Var(Y) < i]E[(Y(‘i) —Y)2.

We evaluate this sum exactly in Lemma 4.3:

u .
Y E[(Y") —Y)?] = E[H(2ry_p1(T) —1);L < H < U]. (2.7)
i=1

The difference Y(~/) — Y counts the times m € (L, U] at which G,, is not colorable but

G, without the occurrence e; is colorable. We call a pair {u, v} of distinct vertices a frozen
pair of a colorable multigraph G if u and v lie in the same frozen class. For a colorable
multigraph G on a finite vertex set S with |S| > 2, we define x(G) to be the number of
its frozen pairs divided by (E‘). We set k(G) = 0 if G is not colorable. Conditionally on
the other occurrences up to time m, the occurrence e; is a uniform pair that makes their
multigraph G non-colorable with probability x(G). The number of later times at which
the difference persists is governed by an independent continuation of G, which leads to
the weight 2ry;_,,11(G) — 1 after squaring. The factor H comes from exchangeability.
For every nonnegative function # on multigraphs on [1] and every integer m > 0, we

have the terminal identity

E[h(T); H = m+1] = E[k(Gu)h(Gn)]. (2.8)
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More generally, let £ be a set of pairs (G, e) with G a colorable multigraph on [n] and
e a frozen pair of G. We define ¢ (G) to be the fraction of all pairs e for which (G, e) € £.
For this restriction on the edge, the identity becomes

E[(T); H=m+1, (T,ey) € &] = E[ke(Gp)(Gm)]-

Taking £ to contain all frozen pairs gives (2.8). By Lemmas 3.7 and 3.8, this identity
follows from the fact that P(H = m + 1 | Fp,) = x(Gy,). We will use (2.8) repeatedly, also
for final edges of a prescribed kind, to convert statements about I' into statements about
the graphs G, at deterministic times. This step follows the deletion argument of [51,
Lemmas 3.1 and 3.2], and the role of the lifetime of the last state goes back to Aldous [7,
Theorem 1(b)] and its application by Carenini [16, Theorem 4.1]. The related argument
with weighted deletion appears in [53, Section 3.3, Lemma 3.4]; see Section 1.3.

Lemma 4.4 uses an independent copy of Y to show that Var(Y) > P(Y = L)P(Y =
U)w? > *w?. On the event {L < H < U}, we have ryy_p1(I') < min(w, r(T)). Inserting
this into (2.7), we find

n*w? < Var(Y) < 2UE [min(w,r(T));L < H < U]. (2.9)

To bound the window, it suffices to bound the expected lifetime at final edges inside
it. We set ¢, = (logn)=3/2 for n > 3 and ¢; = &, = 1, and define x, = ne2. In the
present range n > 24, we have x,, = n(logn) 3. For every constant Ky > 0, we have by

Proposition 4.5
E[min(ne,, r(T));L < H < U] < Kone%l — w< max(1,2AK0/172)nsn.

Since
min(ne,, r(T)) < x, + ne, 1{r(T) > x,},

it suffices to prove
P(L<H<U, r(T) > x,) <2, (2.10)

and Proposition 4.6 gives the conclusion with Ky = 3.

However, the elementary lifetime bound for a single graph does not give (2.10). For
a colorable multigraph G on [n], waiting for a uniform pair that is a frozen pair gives
k(G) < 1/r(G) by Lemma 3.10. We apply (2.8) with 1(G) = 1{r(G) > x,} and sum
over L < m < U. Since ¥(G)r(G) < 1, each such time contributes at most 1/x,, to the
left side of (2.10), and summing over the M times up to the cap gives only the bound
M/x, ~ A(log n)3, which is far too large. We instead bound the sums over time directly
in Steps 3 and 4. We set D, = | (logn)!/#|. We call an endpoint low-degree if its degree in
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I' is at most Dy, and high-degree otherwise. We split according to these degrees and prove
that, for all large n,

]P(H < oo, mindegy(0v) < Dy, r(I) > xn> <en, 2.11)
H
< <
]P(H < M, maxdeg; (v) > Dn> < en. (2.12)

These are Corollary 5.8 and Theorem 6.13. Each final edge in the event of (2.10) belongs
to one of these events, since U < M. The estimates hold uniformly over the location of
the window, which is not known in advance. The first concerns final edges at all times,
and the second concerns all final edges up to time M, without any restriction on the
lifetime. Together with Proposition 4.6, they give wy(17) < (6A/5?) n(logn)~3/2 for all
large 1, which is Theorem 7.1.

2.3 Step 3: final edges at a vertex of low degree

We now explain the proof of (2.11). Theorem 5.7 shows that there exists Ciy, > 0,
depending only on g, such that for all large n and all y > 0,

IP(H < oo, mindegy(v) < Dy, r(T) > y) < Ciowy V21378, (2.13)

veey

3/2;~-1/8 'which is smaller than ¢, for all

and with y = x, the right side is Cjoy(logn)
large n.

We use the restriction on the lifetime to bound the sizes of the frozen classes. We set
A; = 2qlogq +2q + 1. For a colorable multigraph G on [n], we have x(G)r(G) < 1 and
r(G) < Ayn by Lemma 3.10. Applying Lemma 3.11 with vertex set [n] and size n > 2g,
we get the following bound whenever y > 0 and r(G) > y. Let Cy,...,Cy denote the

frozen classes of G.

G2 & (G2 1 1 _14+A;, 1+A4
< — (1= 2)k(G)+=< 2.14
22% n2 - ; n? ( n)K( )+n - r(G) < y (2.14)

so every frozen class of G has at most n((1+ A;)/y)'/? elements. For each low-degree

endpoint of a frozen pair in I', the number of possible partners is one less than the size of
its frozen class. In the edge-restricted terminal identity, we take £ to contain the frozen
pairs with an endpoint of degree at most D, take 1(G) = 1{r(G) > y}, and sum over all
m > 0. We let (I1;);>0 denote a Poisson counting process of rate one, independent of the
pairs and define G(t) = Gyy, for t > 0; we call this the Poissonized process. On any other
finite vertex set, the same term means the edge process evaluated at an independent
Poisson clock of rate one. Applying Lemma 3.13 with 6 = 1 to the resulting nonnegative
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function of G;,;, and using invariance under vertex relabeling, reduces the bound to a fixed
vertex. We set a9 = n. We bound the left side of (2.13) by (2n/(n —1))((1+ Ag)/y)*/?
times o

/0 ]P(degc(t) (a0) < Dy and ag lies in a frozen pair of G(t)) dt. (2.15)

It remains to show that this integral, the expected total time that 2y spends in a frozen
pair while degg ) (a0) < Dy, is O(n3/8).

Let G be a colorable multigraph on [n], and let a,b € [n] be distinct vertices in one
frozen class. We define B to be the multigraph on [1] \ {4} formed by the occurrences
not containing a, and define a list to be a finite sequence. We let x denote the list of the
other endpoints of occurrences containing a, counting repetitions, and call it a neighbor
list of a in G. If a coloring of B left two colors unused on this list, it would extend to two
colorings of G agreeing at b and disagreeing at a. For each coloring ¢ of B, we therefore
have

beCsa)\{a} = |{o(v):visanentryofx}|>g—1>2.

We call a list never monochromatic in a colorable multigraph if no coloring of that multi-
graph gives the same color to all entries of the list; a coloring is constant on an empty list
by convention. The displayed inequality says that x is never monochromatic in B. This
is the only use of g4 > 3 in the window estimates. For g = 2, take distinct vertices a,v, b
and define a graph by the edges {a,v} and {v,b}. It forces equal colors at a,b, but its
one-entry neighbor list (v) is constant in every coloring.

For a multigraph B on a finite set and a nonempty subset Z of that set, we define
B/Z by replacing all vertices of Z by one new vertex in every occurrence, preserving
multiplicity and retaining occurrences internal to Z as loops. We apply Lemma 5.3(iv)
with F = B. By the classical correspondence for identification [58, Section 3, Theorem 1],
we have

B/Z is colorable <= some coloring of B is constant on Z.

Taking Z to be the set of entries of x, we conclude that B/Z is not colorable.

We call the multigraph on [n — 1] formed by the occurrences of G(t) not containing ag
the background graph at time ¢. We let x denote the neighbor list of 4y at time . We apply
Lemma 3.14(c) with S = [n] and a = ay = n, using Poisson splitting [44, Theorems 5.2
and 5.8]. Before conditioning on the event in (2.15), the background graph and this list
are independent. The background graph has the law of the Poissonized process on [n — 1]
at time (n —2)t/n, and the list has a Pois(2t/n) length and, conditional on its length,
independent uniform entries in [n — 1]. Conditional on a list length at most D,, we
enlarge its set of entries by choosing D,, minus the number of distinct entries uniformly
from the complement. The resulting set Z has an unconditionally uniform law among
the D,-subsets, by invariance under relabeling, and is independent of the background
graph. The property of being never monochromatic persists under enlargement. We now
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let (By;)m>0 denote the time-m graphs of a fresh edge process on [n — 1], independent of
a uniform D,-subset Z. We define H"~1) and Hy to be the first non-colorable indices of
By, and B,/ Z, respectively. By this equivalence, we have

g1 H; = Z 1{ By, is colorable, B,,/Z is not colorable}.
m>0
We apply Lemma 3.13 on [n — 1] with 6 = (n — 2)/n to the function assigning a colorable
graph the probability that an independent uniform D,-subset destroys colorability on
identification, and assigning zero otherwise. We find

n
n—2

/Ooo IP(degg;)(a0) < Dy and ag lies in a frozen pair of G(t)) dt < E[H"Y — Hy].

(2.16)
The right side is n/(n — 2) times the expected advance of non-colorability caused by
identifying D, random vertices.

Proposition 5.6 bounds this advance. Let N > [4glogg| +1and 1 < D < N/4 be
integers. We set zg = 4glogq + 1 and C; = 2¢%, and let k > eDzg be an integer. In this
comparison, we use (B, );>0 for the time-m graphs of an edge process on [N]. We take
Z to be an independent uniform D-subset of [N], and define HN) and Hy as the first
non-colorable indices of B, and B,;/Z. Then

E[HN — Hy] < Cq<Dk+N<eD%>k+D2+l). (2.17)

For all sufficiently large n, we set k,, = [logn/ loglogn| and apply (2.17) with (N, D, k) =
(n — 1, Dy, ky). These values satisfy its integer, size, and truncation hypotheses, and

kn
Dkr < nl/4(log )14, (n—1) (einzo) < 38,
n

Using D2 < (logn)'/2, we get
E[H"Y — Hy] <2Cn3/8.

Together with the class-mass bound, the reduction to (2.15), and (2.16), this proves (2.13).
To prove (2.17), we compare the lists of neighbors before and after identification. After
Poissonizing the edge process on [N], we bound the part of the time integral beyond
2g(logg)N by 2q. Fix 0 < s < 2g(logg)N and a set of D vertices to identify. We call
the multigraph of occurrences internal to the remaining N — D vertices the background
graph. Its pair counts are independent with law Pois(s/(})). We define 2 to be the mean
length of each neighbor list from an identified vertex into the remaining set. By Poisson
splitting, we have
Z = (1\]_—ND)S < 29.
(2)
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The neighbor lists have independent Pois(Z) lengths, conditionally independent uniform
entries in the remaining set, and are independent of the background graph. Occurrences
internal to the identified set contribute Oq(DZ) to the time integral. In their absence,
identification gives the background graph together with a new vertex whose neighbor
list has Pois(DZ) independent uniform entries.

For comparison, replace the new vertex’s neighbor list by an independent list of Pois(2)
uniform entries of the remaining set. We define F(t) to be the Poissonized process on the
remaining N — D vertices together with that new vertex, and set A’ = (N"D*1) /(¥). The
resulting graph has the law of F(A’s). We apply Lemma 5.5 at the same time s with the
explicit substitutions

V' = remaining vertex set, N’ =N —D, 0= new vertex,
A =1/(%), B =background graph.
It bounds the probability that this replacement list destroys colorability of a colorable

background graph by (e? — 1)Ex(F(A’s)). Since the process loses colorability at most
once, we can integrate the probability that one further edge destroys colorability to get

0 1
! < —< .
/0 Ex(F(V's) ds < <

—_

We use the convention 0° = 1. For z > 0 and integers j > 0, we define 71,(j) = e %2/ /j!.
To compare the two list lengths, we use

mps(j) = DIe™ PV, (j) < D*ris(j)  for integers 0 < j < k. (2.18)

We bound the probability that the identified vertex has more than k neighbors by
(eDzo/k)k. Together with (2.18), this accounts for the terms in (2.17) from the length com-
parison, long lists, occurrences inside the identified set, and large times. The limitation of
this comparison is quantified in Remark 5.9: at degree of order +/logn, its two principal
terms cannot both be o(1/n), whereas the factor ((1+ Ag)/y)'/? used before (2.15) is of
order n=1/2(logn)3/? at y = x,. This explains why we use a different argument for the
remaining degrees.

2.4 Step 4: final edges at vertices of high degree

We now prove (2.12). For a colorable multigraph G on [n] and an integer j > 0, we
define x;(G) to be the number of ordered pairs (u,v) of distinct vertices in one frozen
class, which we call ordered frozen pairs, with deg.(u) = j, divided by n(n —1). We set
x;j(G) = 0 for non-colorable G. In the edge-restricted terminal identity, we take & to
contain the frozen pairs with an endpoint of degree greater than D,, take h = 1, and
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sum over 0 < m < M. Counting each eligible unordered pair through at least one of its
endpoints gives

M— m
P(H < M, E%%;‘degr( )>Dy) <2 Z:; DZ Exij(Gm).

The identification estimate above does not cover all these degrees. We instead delete
occurrences. For a colorable G and an ordered frozen pair (u,v), we call an occurrence e
containing u non-pivotal if the pair remains frozen in G — e, and pivotal otherwise. We set

= [8A]. We define K})W(G) by restricting the count in «;(G) to pairs for which at most
K — 1 occurrences at u are non-pivotal, and set it to zero for non-colorable G.

Let f be a uniform pair independent of the process. For integers 1 < i < m, the
pair (Gp, — e, ¢;) has the law of (G,_1, f); this is the analogue of the Mecke equation
for a fixed number of independent points [44, Theorem 4.1]. Deleting one of at least K
occurrences at u that are non-pivotal for (u,v) leaves u and v in one frozen class and
lowers the degree of u by one. A uniform pair contains u with probability 2/n. Using
Lemma 6.4(a), we find

~ 2m ~ 1
Ex;(Gn) < Ex " (Gm) + - EKj-1(Gm1) < Ex!™ (Gm) + 1 Exj-1(Gm—1) (2.19)
for1 <j<m < M, where we used m < M < An and K > 8A. Let wy = |D,/2].

Iterating (2.19) from the degree j down to wy, we find that for wy < j <m < M,

Exj(Gp) < Z 4~ JJ>1EK, (Gujij) +4 V" By (Gpejiay)  (2:20)
j'=wo+1

Summing (2.8) with & = 1 over m shows that }_,, Ex(G,,) < 1, since the process be-
comes non-colorable at most once. Therefore the last terms in (2.20) contribute at most
(8/3)4~ (Dnt1-0) Tt remains to bound the pivotal terms, whose degrees exceed w.

If a pivotal occurrence for (u,v) joins u to a vertex y, deleting it separates u and v into
different frozen classes. Adding it back merges those classes. For the rest of this step,
we fix a vertex u € [n] and call it the root. For a colorable multigraph G on [n], we set

= [n] \ Cg(u). We define Rg(u) to be the set of ordered pairs (y,v) € W? such that
every coloring gives u the color of y or of v. We define its density Bg(u) = |Rg(u)|/n>.
For every y € [n], we define the section Rg(u;y) = {v € [n] : (y,v) € Rg(u)}. When G
and u are fixed, we write R(y) for Rg(u;y). We set Rg(1) = @ and Bg(u) = 0 when G is
not colorable. Thus

Re(u) = {(y,v) e Wx W:co(u) € {c(y),o(v)} for every coloring ¢ of G},

2.21
ot = Bl Ry = (o (5,0) € Row)) @20
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The relation is symmetric. For y € W, Lemma 6.3 shows that G + {u,y} is colorable and
Cotfuyy(u) =Co(u) UR(y)  forally € W. (2.22)

Indeed, the colorings of G + {u,y} are the colorings ¢ of G with o(y) # o(u), and for
v € W, all of them satisfy o(v) = o(u) if and only if (y,v) € Rg(u). Hence nBg(u) is the
average of |R(y)| over y € [n], and for y € W, the number |R(y)| counts the vertices that
join the frozen class of u when {u,y} is added. Note that a pair counted in K}DIV(Gm) has
at least j — K+ 1 pivotal occurrences at u. Deleting one of them and using exchangeability
as before, we get the following bound from Lemma 6.4(b) for integers m > 1, j > K, and
all u € [n]:

B (o) < oty EMdegs, (0 =i~ Do, (0] @29

Suppose wy > K. Summing (2.23) over wy < j < m < M and using the geometric descent,
we get

P(H < M, maxdeg(v) > D,) < 24—(’3"“—“’0)

veey

16A n 2M-1
T 3w —K+2) (n — 1) mz_:() E[1{deg¢,, (1) = wo}Bc,, (u)].

It therefore suffices to bound the sum

M-1
) E[1{deg; (u) > wo}pg,, (u)]. (2.24)

m=0
The main difficulty is that B (u) can be of order one for a single colorable graph. For
the example of Remark 6.11, take g = 3, n > 7, and n = 1 (mod 3). Let G consist of
a triangle, an edge from u to one vertex of that triangle, and, for each triangle vertex,
(n —4)/3 additional vertices joined to the other two triangle vertices. Every additional
vertex receives the color of the triangle vertex to which it is not joined. The vertex u can
take two colors and Cg (1) = {u}. Here

_1)2
potwy =21 2

Adding occurrences from u to vertices forced to have its neighbor’s color can increase
its degree without changing this relation. Heuristically, this obstructs a useful uniform
bound on B¢ (u) based only on a large degree. For 0 < m < M, the elementary degree
estimate gives

2r)”

P(deg, () > w0) < (%
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Bounding B¢, (1) by one at each time and summing would give only an upper bound of
order n(2e/A/wp)™, which does not tend to zero. We instead control the total time spent
in such states through growth of the frozen class. In the example, the fraction of frozen
pairs tends to one third, so the expected lifetime stays bounded.

For a colorable G and a pair f = {a,b}, we define its credited set </5(f) as follows. If
a,b € W, we set #;(f) = R(a) N R(b). If exactly one endpoint lies in W, we set </ (f)
equal to the section of that endpoint. If both endpoints lie in C (1), we set /5 (f) = @.
This definition includes pairs for which G + f is not colorable. We let U denote a union
of disjoint sets. When G + f is colorable, we apply Lemma 6.7 with this G, the fixed root
u, and this pair f to get

Co(u)Ua6(f) € Corr(u),  |Cors(u)| = [Colu)| + 6 (f)],

For example, if a,b € W and y € R(a) N R(b), symmetry gives a,b € R(y). By (2.22),
adding {u,y} puts a,b into the class of u. The graph G + {u,y} + {a,b} is then not
colorable. Every coloring of G + {a,b} must give y the color of u.

We now take f uniformly among pairs of distinct vertices of [1], and let [E; denote
expectation over this pair. The main combinatorial estimate is

2 |6 (f)]
< ——IEslog(1 2.2
pou) < 1o Erlos(1+ 12207 (225)
which bounds the density by the expected credited logarithmic increment. The increment
is bounded by the actual growth of the logarithm of the class size when the added pair
preserves colorability, and remains defined when it destroys colorability. To prove this
estimate, we use the following inequality from Lemma 6.8, with the current graph G and
root u:

u min (1@ 1RO
IR ( )’SZ(M);XW ( |Cq(u)] rl)
— min IR(a)
+2(|Cg (u)] 1)a§V (|CG(u)|'1> '

Its proof uses symmetry to count relation pairs incident to a section of size at least
|Cg(u)| through the first sum; pairs for which both sections are smaller are bounded by
the second sum. Counting ordered pairs of distinct vertices in the definition of «7;(f)

then gives
By min ([2e0)] 1) 5 [Ra(wl  Bo(u)
|Co(u)] n(n—1) = 2
Here pairs with one endpoint in Cg(u#) supply the second contribution and compensate
for the diagonal terms in W x W, which are not possible added edges. Applying log(1 +
z) > (log2) min(z,1) for z > 0, with z = |5 (f)|/|Cg(u)|, proves (2.25).
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We define T = min(H, M). For integers 0 < m < H, we define the potential ®,, =
log |Cg,, (1)| and the credited logarithmic increment ¥, = log(1 + |/, (em+1)]/|Cg,, (1)]).
We set @, =¥, = 0 for m > H. The potential takes values in [0,logn]. By absorption,
we have

D1 — Py > when m +1 < H.

At the last index before 7, disjointness inside [n] gives
TT,1 < logn - ql(,l.

The pair e; is the final edge if T = H and the edge at the cap if T = M < H. Let 1o be a
stopping time of (Fy,)m>0 with values in {0,1,... } U {co}. By telescoping, we have

Y. ¥u < (logn)1{r < t}.
m: <m<tT
For 0 < m < M, we apply (2.25) conditionally on F;,;, with G = G, and f = e;,11 on
the event m < H. The fresh pair is uniform and independent of F,,,. Multiplying by the
Fm-measurable indicator of {19 < m < 7}, summing, and taking expectations gives

E Y fo,)< @ (logn) P(1 < 7). (2.26)

m: u<m<T

This estimate controls the total occupation of the process. The final edge must be credited.
In the example above, pairs f for which G + f is colorable contribute only O((logn)/n)
to (2.25), although Bg(u) — 2/9; see Remark 6.11.

We now take 19 = min{m > 0 : degg (u) > wo}, with value co if the set is empty.
Since degrees are nondecreasing and B¢, (1) = 0 after H, the left side of (2.26) is (2.24).
For wy > K, applying the binomial tail estimate with number of trials M — 1, success
probability 2/n, and threshold wy gives

Pt < ) < P(Bin(M —1,2/n) > wp) < (@) g

wo

Inserting this bound into (2.26) gives the estimate of Corollary 6.12 with j = wy. This
argument uses no independence between the degree and the relation density. Combining
it with the descent estimate proves, for wy > K,

]P(H <M, g&g}){(degr(v) > Dn>

(2.27)

<§4,(Dn+1,w0)+ 32A ( n >2 logn <2eA>wO
-3 3log2\n -1/ wo—K+2\ wy .

Since wy > (logn)'/4/2 — 1, the bound is at most ¢, for all large n, proving (2.12). The
argument also holds for 4 = 2 (Remark 6.14).



SECTION 3

Preliminaries

This section gives the definitions and elementary facts used throughout the paper. We
introduce the random graph process and its quantiles, record identities for the step at
which colorability is lost, and prove the elementary estimates used below. The assumption
g > 3 is used to color unicyclic components in Lemma 3.16(a), which supplies the lower
bound in Lemma 3.17(b). All remaining statements of this section hold for g = 2 as well.

Throughout the paper, we fix an integer 4 > 3. For each integer k > 1, we define
k] ={1,...,k}. We let log denote the natural logarithm. The constants in our statements
may depend on g and on the fixed parameters named in the statement, but not on n.
Constants denoted by C or C’ are local to the statement or proof in which they occur. We
say that a statement holds for all large n if there exists an integer ny, depending only on ¢
and those fixed parameters, such that it holds for every n > ng. Each assertion involving
a fixed parameter holds separately at each value of that parameter; its onset may depend
on that value.

3.1 The edge process

We begin with multigraphs and their colorings. We will sample pairs of vertices with
replacement and count degrees with multiplicity.

Definition 3.1. Let S be a finite set. We call a set {u, v} with u,v € S and u # v a pair of
S. We define a multigraph on S to be a finite multiset G of pairs of S. We call the elements
of G, counted with multiplicity, the occurrences of G. For a pair e of S, we let G 4 e denote
the multigraph obtained from G by adding one occurrence of e, and, if e occurs in G, we
let G — e denote the multigraph obtained from G by removing one occurrence of e. For
pairs py, ..., px of S, we write G + p1 + - - - + pi for the multigraph obtained from G by
adding one occurrence of each p;, and p; + - - - 4 pi for the multigraph with occurrences
pP1,- -, P (the empty multigraph if k = 0). We write G C G if every pair has at most the
same multiplicity in G as in G'. For u € S, we define the degree deg (1) to be the number
of occurrences of G that contain u. For S’ C S, we let G[S'] denote the multigraph on §’
formed by the occurrences of G that are pairs of S’. For a bijection ¢: S — S', we let ¢G
denote the multigraph on S’ whose occurrences are the pairs {¢(u), $(v)}, where {u, v}
runs over the occurrences of G. We call a map ¢: S — [g] a coloring of G if o(u) # o(v)

24
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for every occurrence {u, v} of G. We let Col(G) denote the set of colorings of G, and we
say that G is colorable if Col(G) # @.

A multigraph has the same colorings as the simple graph formed by its distinct pairs.
Repeated occurrences therefore do not affect colorability. They do affect degrees, and in
this paper degrees always count occurrences. Note also that Col(G’) C Col(G) whenever
GcCdG.

Definition 3.2. Let S be a finite set with at least two elements. We define an edge process
on S to be a sequence of independent random pairs of S, each uniformly distributed on
the set of its (‘g') pairs. For each integer m > 0, we call the multigraph whose occurrences
are the first m terms its time-m graph.

Let n > 2g be an integer. Throughout the paper, we let (¢;);>1 denote an edge process
on [n]. For each integer m > 0, we define G, = e1 + --- + ey. We let F,,, denote
the o-algebra generated by eq,...,e,. A vertex u € [n] belongs to e; with probability
(n—=1)/(3) = 2/n, and deg; (u) has the law Bin(m,2/n). We define the hitting time of
non-colorability

H = min{m > 0 : G, is not colorable}. (3.1)

We use the convention min @ = co. We set A; = 2qlogq + 29 + 1. Since G is empty, we
have H > 1, and we will show in Lemma 3.10(d) that EH < Agn; in particular, H is finite
almost surely. On the event {H < oo}, we let I' = Gy_1 denote the last colorable graph
of the process, and we call ey the final edge. Note that P(H > m) = IP(G,, is colorable)
for all m > 0, and that this probability is nonincreasing in m.

We set

log g

"1 log(a/(g = 1))’ 2
For every real ¢; > v, the firstmoment bound of Lemma 3.17(a) implies that the
probability that G|, is colorable tends to zero. Thus 7, is an upper bound for the
threshold, measured in edges per vertex. We fix a real number A > <, + 1. Throughout
the paper, we allow constants and the onset of statements for all large n to depend on
this fixed A. In the final proofs, we set A = 7, +2. We set M = [An| and

V = min(H — 1, M). (3.3)

The cap M makes V a bounded function of ey, ..., ep, which is convenient for variance
bounds. By Lemma 3.17(a), the quantiles defined below are smaller than M for all large
n.

Definition 3.3. For € (0,1/2], we define the lower quantile L, (1) and the upper quantile

Ux(17) by
Ly(n) = min{m > 0:P(V <m) > n},

Uy () = max{m € {0,...,M} : P(V > m) > 1}, (3.4)
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where m ranges over integers, and we call w,(17) = U,(n7) — L, (1) the window at level y.
We also set 779 = e 2" /8.

The two sets in (3.4) are nonempty, since P(V < M) =1 and IP(V > 0) = 1. The first
identity also implies that L, () < M. In later sections, we restrict the quantile level to

n € (0,79]. We use the value of 7y in Appendix A. When n and # are fixed, we write L,
U, and w for L,(17), Uu(1), and wy (7).

Lemma 3.4. Let 7 € (0,1/2]. Then L < U < M. Further, we have

P(H>m)>1—n  forallintegers0 <m <L,

3.5
P(H>m)<mn  forallintegers U < m < M. (3.5)

Proof. By the minimality of L, we have P(V < L —1) < y (if L = 0, this holds because
V > 0). Hence
P(V>L)=1-P(V<L-1)>1-75>n,
where we used 7 < 1/2 in the last step. Since also L < M, the integer L belongs to the
set that defines U, and therefore L < U. The bound U < M holds by the definition of U.
Next, we observe that for every integer m < M,

{V>m}={H—-1>m} ={H > m}. (3.6)
Taking m = L in (3.6), we find that
P(H>L)=P(V>L)>1—py,
and the first bound in (3.5) follows because IP(H > m) is nonincreasing in m. Now let

U < m < M. By the maximality of U, the integer m does not belong to the set that
defines U, and (3.6) implies that P(H > m) =P(V > m) < #. O

3.2 Frozen pairs

The final edge of the process joins two vertices that receive the same color in every
coloring of the last colorable graph. We now introduce the corresponding notions.

Definition 3.5. Let S be a finite set with N > 2 elements, and let G be a multigraph on
S. For u,v € S, we write u ~¢g v if G is colorable and (1) = o (v) for all ¢ € Col(G).
We call a pair {u,v} of S a frozen pair of G if u ~g v. If G is colorable, we call the set
Cg(u) = {v € S:u~g v} the frozen class of u € S. If G is colorable, let Cy, ..., Cy denote
its distinct frozen classes. We define

k :
|Cil )2’ (3.7)

x(G) = (Z;[) 1#{frozen pairs of G}, Q(G) = 2 < N

i=1
and we set Q(G) = 0 if G is not colorable.
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The relation ~¢ is an equivalence relation on S whenever G is colorable, since it is
defined by equalities of colors. Its classes are the frozen classes, and u € Cg(u) for all
u € S. We say that u lies in a frozen pair of G if |Cg(u)| > 2. We have «(G) = 0 when
G is not colorable, since ~¢ is then empty. Observe that «(G) is the probability that a
uniformly random pair of S is a frozen pair of G. A frozen pair of G is not an occurrence
of G, since every coloring of G gives different colors to the endpoints of each occurrence.

Throughout the paper, we define numerical statistics constructed from colorings or
frozen classes to be 0 when the multigraph is not colorable, and set-valued statistics to
be the empty set. We evaluate expressions involving frozen classes, including logarithms
and quotients, on the colorable event, and define the entire expression to be 0 otherwise.
In particular, Col(G) = @ when G is not colorable. We use this convention in every
identity involving these statistics.

Culberson and Gent studied frozen pairs in random graph coloring and the graph
obtained by merging their equivalence classes [24, Sections 2.1 and 3.2]. Their tests
for frozen and free pairs use edge addition and vertex identification, respectively [24,
Section 2.2]. Our relation ~¢ quantifies over all colorings of G.

Lemma 3.6. Let S be a finite set with N > 2 elements, and let G be a multigraph on S.

(a) For all distinct u,v € S, the multigraph G + {u, v} is colorable if and only if G is colorable
and u ¢ v. If f is a uniformly random pair of S, then

IP(G is colorable and G + f is not colorable) = x(G).

(b) Let G’ be a colorable multigraph on S with G C G'. Then G is colorable, u ~¢ v implies
ur~govforallu,veS, Cq(u) C Co(u)forallu € S, and x(G) < x(G’).

(c) If G is colorable, then

Q(6) = (1= 3 )¥(6) + .

and |Cc(u)| < NQ(G)V2 forall u € S.

Proof. We begin with (a). Observe that
Col(G+{u,v}) = {o € Col(G) : o(u) # o(v)}.

This set is empty if and only if either Col(G) = @, or Col(G) # @ and o(u) = o(v) for
all ¢ € Col(G). By the definition of ~¢, the second alternative means that u ~g v. The
second statement of (a) follows by averaging over the (I;’ ) values of f.

To prove (b), we use the inclusion Col(G’) C Col(G), which implies that G is colorable.
Suppose that u ~g v. Then every ¢ € Col(G’) is a coloring of G and therefore satisfies
o(u) = o(v). This means that u ~5 v. The remaining statements of (b) follow.
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Finally, let Cy,...,Cy be the distinct frozen classes of G. A frozen pair is a pair of
distinct elements of one class, so

Z ICi|*> = Z ICi|(|Ci] = 1) + Z |Ci| = 2#{frozen pairs of G} + N = N(N — 1)x(G) + N.
i=1 i=1

Dividing by N2, we obtain the formula for Q(G) in (c). The bound on |Cg(u)| follows

from (|Cg(u)|/N)* < Q(G). O

Lemma 3.6(a) is the elementary case of the addition-identification relation for chro-
matic polynomials [58, Section 3, Theorem 1]. For nonadjacent u and v, this relation splits
the colorings of G into the colorings of G + {u,v} and the colorings that are constant on
{u,v}. The latter correspond to the colorings of the graph obtained from G by identifying
u and v.

3.3 The final edge

We now express the law of the final edge ey through the frozen pairs of the graphs G, at
deterministic times. Culberson and Gent used frozen-pair counts to compute conditional
one-edge survival probabilities in a process without replacement [24, Section 3.3]; here
independent sampling with replacement gives the normalization (g)_l. For random
2-SAT, a related conditional probability is computed in [11, Section 3.3]; our proofs follow
the same idea. They are short applications of Lemma 3.6(a).

Lemma 3.7. For all integers m > 0, we have
P(H=m+1|Fy) = «(Gn) almost surely. (3.8)

For every JFy,-measurable random variable { > 0, we have E[{x(Gy,)] = E[{1{H = m + 1}].
In particular, if J is a set of nonnegative integers and (y, is an F,-measurable random variable
with values in [0, 1] for each m € J, then

Y E[wc(Gw)] <P(H-1€ J) <1 (3.9)
meJ
Proof. We have

{H =m+1} = {G,, is colorable and G, + ¢;, 1 is not colorable},

where Gy, is a function of e4, ..., ey, and ey, 11 is a uniformly random pair of [n] indepen-
dent of F;,. Using Lemma 3.6(a) with G = G, and f = e,,1, we obtain (3.8). Multiplying
(3.8) by ¢ and taking expectations gives the second statement. To prove (3.9), we use the
second statement for each m € 7 and the bound {;,, < 1, and we find

Y. E[Guc(Gw)] = Y E[gnl{H=m+1}]< Y} P(H=m+1)=PH-1€ J),
meJ meJ meJ



3 Preliminaries 3.3 The final edge 29

where the last equality holds because the events {H = m + 1} are disjoint. O

To isolate final edges with prescribed properties, we use sets of frozen pairs. Let £
be a set whose elements are of the form (G, e), where G is a colorable multigraph on [n]
and e is a frozen pair of G. For a multigraph G on [n], we define

-1
ke(G) = (Z) #{e: (G,e) € &}. (3.10)

Then 0 < x¢(G) < x(G), and x¢(G) = 0 if G is not colorable. For a permutation ¢
of [n] and a pair e = {u,v}, we write ¢(e) = {$p(u), p(v)}. We say that £ is invariant
under relabeling if, for every permutation ¢ of [n], we have (¢G, ¢(e)) € £ if and only
if (G,e) € £. We call a function h on multigraphs on [n] invariant under relabeling if
h(¢G) = h(G) for every multigraph G and permutation ¢ of [n]. We call the law of a
random multigraph G on [n| invariant under relabeling if ¢G has the law of G for every
permutation ¢ of [n]. For example, the law of Gy, is invariant under relabeling for every
m > 0.

Lemma 3.8. Let £ be a set whose elements are of the form (G,e), where G is a colorable
multigraph on [n] and e is a frozen pair of G.

(a) Let ho, hy, ... be functions with values in [0, 00) on the set of multigraphs on [n], let L' > 0
be an integer, and let U’ be an integer with U' > L' or let U' = co. When U’ = oo, we
define {L' < H < U’} to mean {L' < H < co}. Then

Ehy_1(T)1{L' <H < U, (T,ey) € £}] = uzllE[Kg(Gm)hm(Gm)}. (3.11)

m=L'
If U’ = oo, the sum runs over all m > L'. In particular, (3.11) holds with hy,, = h for all m,
for every function h > 0 on multigraphs on [n].
(b) Suppose that £ and a function h > 0 on multigraphs on [n] are invariant under relabeling,

and let G be a random multigraph on [n] whose law is invariant under relabeling. Then for
all distinct a,b € [n], we have

E (ke (G)h(G)] = E[1{(G,{a,b}) € E}n(G)]. (3.12)

Proof. We begin with (a). Fix m > 0, and suppose that (Gu,e,+1) € €. Then Gy
is colorable and e, is a frozen pair of G, so that G, + e;+1 is not colorable by
Lemma 3.6(a), and H = m + 1. Since I' = G, and ey = e, 11 on the event {H = m + 1},
it follows that

{H=m+1, (T,eg) € £} = {(Gm,em+1) € E}. (3.13)
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The pair e,, 11 is uniformly distributed on the pairs of [n] and independent of F,.
Therefore the conditional probability of the event (3.13) given Fy, is kg (Gy, ). Since iy (Gpy)
is nonnegative and J,;,-measurable, we obtain

E [thl(r)l{H =m+1, (P, eH) € 5}] =E [hm(Gm)l{(Gm, €m+1) € g}}
=E [KE(Gm)hm(Gm)} .
The event {L’ < H < U’} is the disjoint union of the events {H = m + 1} over L' < m <
U’ — 1. Summing the previous display over these m, we obtain (3.11). (All terms are
nonnegative, and the exchange of sum and expectation is justified even when the sum is
infinite.)
We now prove (b). By the definition (3.10), we have

-1
w(GG) = (3)  L1(G0) € 1),

where the sum runs over the pairs e of [n]. For each pair e, we choose a permutation ¢ of
[n] with ¢(e) = {a,b}. The invariance of £ and & gives

1{(G,e) € £}h(G) = 1{(¢G, {a,b}) € E}h(9G),

and since ¢G has the law of G, the expectation of the right side is the right side of (3.12).
Averaging over the () pairs e completes the proof. ]

Lemma 3.8(a) converts statements about the final edge into statements about frozen
pairs at deterministic times. We use this identity to estimate probabilities involving the
final edge.

3.4 Lifetime

We will control the window by the expected number of further uniformly random pairs
that the last colorable graph I' can accept. We now define this quantity for a general
multigraph.

Definition 3.9. Let S be a finite set with N > 2 elements, let G be a multigraph on S, and
let f1, f2,... be an edge process on S. We define

Tc =min{k > 0: G+ f1 +--- + fx is not colorable} € {0,1,...} U {oo}. (3.14)

We call r(G) = ETg € [0, 00| the expected lifetime of G, and for integers b > 0, we set
Vb(G) = ]Emin(TG, b)
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In words, r(G) is the expected number of independent uniformly random pairs that
must be added to G to make it non-colorable. The law of T is the same for every
edge process on S, and therefore r(G) and r,(G) are functions of G. Since min(Tg,b) =
ZZ;}, 1{Tc > k}, we have

b—1
r(G) = Y P(Tg > k). (3.15)
k=0
Lemma 3.10. Let S be a finite set with N > 2 elements, and let G and G’ be multigraphs on S.

(a) If G is not colorable, then r(G) = 0 and ry,(G) = 0 for all b > 0. If G is colorable, then
1 < ry(G) < min(b, r(G)) for all integers b > 1, and r,(G) is nondecreasing in b. If G is
colorable and N > 2g, then

r(G) < A,N. (3.16)

(b) If G C G, thenr(G'") < r(G) and r,(G") < r,(G) forallb > 0. If ¢p: S — S’ is a bijection,
then r(¢pG) = r(G) and ry(¢G) = 1,(G) for all b > 0.
(c) If k(G) > 0, then r(G) < 1/x(G).

(d) For the edge process on [n] and all integers m > 0, we have
r(Gm) =E[(H—m)1{H > m} | Fy|  almost surely. (3.17)
In particular, EH = r(Go) < Agn.

Proof. We begin with (a). We have Tg = 0 if G is not colorable, and T > 1 if G is
colorable, so that min(Tg,b) > 1 for b > 1 in the latter case. The bounds min(Tg,b) < b
and min(Tg, b) < Tg, and the monotonicity in b, hold pointwise.

We now prove (3.16). Let @ denote the empty multigraph on S, and compute T and
Ty, from the same edge process. If G + f1 + - - - + fi is colorable, then so is f1 + - - + fi.
This implies that Tg < Tp,, and it suffices to bound 7(@s).

Let c: S — [g] be a map. For i € [q], we define b; = |c~!({i})|. Using the convexity
of x — x(x — 1)/2 and Jensen’s inequality, we have

1 b.(h. _ _
#{pairs {u,0} of S : o(u) = 0(0)} = ) bl(blz DA N(N/Zq D)

The fraction of pairs of S on which ¢ is constant is at least (N/g —1)/(N — 1), which is
at least 1/(2q) when N > 24.

It follows that o is a coloring of fi + - - - + f with probability at most (1 —1/(29))* <
e~¥/(24)| Taking a union bound over the gN maps ¢, we obtain

]P(T@s > k) = I[)(fl +-+ fris colorable) < min (Lqu*k/(ZQ)).
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Let ko = [2gNlogg]. For k > ko, we have qu—k/(2q) < e~ (k=k0)/(29) 'and therefore

1

r(@s) = Y P(Tog > k) ko + L e/ =k —— s

k>0 j=0
<2gNlogq+29+2 < A4N.

In the second line, we used 1/(1 —e ) <1+ 1/x forx > 0and 29+ 2 < (29+1)N,
which holds since N > 2.

For (b), we compute Tg and T from the same edge process. If G’ + f1 + - - - + fi is
colorable, then so is G + f1 + - - - + fx. We conclude that T < T pointwise, which gives
the inequalities.

Now let ¢: S — S’ be a bijection. Then (¢(fx))k>1 is an edge process on S’, and
o+ oo¢!is a bijection from Col(G + f1 + - - - + fi) to Col(¢G + ¢(f1) + - - - + ¢(fx))-
The random variable T,c, computed from (¢(fi)), coincides with T, which gives the
invariance.

Next, we prove (c). Let ) denote the set of frozen pairs of G. Then | V| = x(G)(}) > 0.
We set

T'=min{k > 1: f, € V}.

Then T’ has the geometric law with parameter x(G) on {1,2,...}, and ET' = 1/x(G). It
remains to show that Tg < T'.

This holds if G+ f1 + - - - + f7_1 is not colorable. Otherwise, every coloring of G + f1 +
-+ -+ fr_1 is a coloring of G and is constant on the frozen pair fr/, so G+ f; + - - - + fp
is not colorable.

Finally, we prove (d). For a multigraph G on [n] and a sequence (py)r>1 of pairs of
[n], let

O(G, (pk)k>1) = min{k > 0: G+ p1 + - - - + py is not colorable}.

By the definition of T, we have EQ(G, (f)r>1) = r(G) for every multigraph G on [#]
and every edge process (fx) on [n].

If H> m, then H—m = O(Gy, (ey4k)k>1)- If H < m, then Gy, is not colorable and
O(Gm, (em+k)k>1) = 0. Hence

(H—m)1{H >m} = 0(Gu, (emik)k=1)-

The sequence (e, )x>1 is an edge process on [1] independent of F;,;, and Gy, is a function
of e1,...,en. Since ® > 0, the conditional expectation of the right side given Fy, is r(Gp),
which is (3.17). Taking m = 0 and expectations, and using (a) with N = n > 24, we
obtain EH = r(Gg) < Agn. O

The identity (3.17) holds at deterministic times m. Since H — 1 is not a stopping time,
we always pass from I to the graphs G, through Lemma 3.8 when we bound ().
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Lemma 3.11. Let S be a finite set with N > 2q elements, let G be a colorable multigraph on S,
and let y > 0. If r(G) >y, then

1+A 1+A
Q(G) < 1 Cc(u)| <N 1
©)=—, Catu)] < N(—
Proof. By Lemma 3.10(c), we have «(G)r(G) < 1 (this is trivial if «(G) = 0). Lemma 3.10(a)

gives 7(G)/N < A,. Using Lemma 3.6(c), we obtain

1/2
) forallu € S. (3.18)

Q(G)r(G) = <1 — l)K(G)r(G) + r(6) <1+ A,

N N
Since r(G) > y, this gives the first bound in (3.18), and the second follows from the
bound |Cg(u)| < NQ(G)Y? of Lemma 3.6(c). O

3.5 Poissonization and splitting

When the number of sampled pairs is Poisson, splitting the possible pairs into disjoint
sets gives independent sublists. We record the facts that we use.

Definition 3.12. Let S be a finite set with at least two elements, let fi, f2,... be an edge
process on S, and let (I1;);>¢ be a rate-one Poisson counting process independent of
(fi). We define a list to be a finite sequence. We call the multigraph-valued process
t — f1+ -+ fo, the Poissonized process on S. We call its value at time ¢ the Poissonized
process on S at time t. Fora € S, S' C S\ {a}, and t > 0, we define the neighbor list of a
in S’ at time t by including one entry x for every index i < IT; with f; = {a,x} and x € &,
in increasing order of i.

A neighbor list may have repeated entries. For y > 0 and a finite set E’ with a
probability measure v/, we call a random list a list of Pois(p) independent elements of E’
with law v' if its length has the Pois(u) law and, conditionally on its length, its entries are
independent with law v/. Throughout the paper, we let (I1;);>( denote a rate-one Poisson
counting process independent of (¢;), and we set G(t) = Gy, for t > 0. Thus (G(f))>0
is the Poissonized process on [n], and the law of G(t) is invariant under relabeling for
every t > 0. For the rest of this section, let S be a finite set with at least two elements.
We let (G3,)m>0 denote the time-m graphs of an edge process on S, and (G°(t));>o the
Poissonized process on S built from it.

Lemma 3.13. Let S be a finite set with at least two elements, and let h > 0 be a function on
multigraphs on S. For every real 6 > 0, we have

/0 T ER(GS(6)) dt = % Y ER(GS), (3.19)

m>0

where both sides may be infinite.



3 Preliminaries 3.5 Poissonization and splitting 34

Proof. For s > 0, the random variable I1; is independent of the edge process and has the
Pois(s) law, so that
Eh =) e IEh (G-
m>0
We insert this identity with s = 60t into the left side of (3.19), and we exchange sum and
integral, which is allowed by Tonelli’s theorem since all terms are nonnegative. Using

that - apym .
/ e—@t( t) dt = =
0 m! 0

for every integer m > 0, we obtain (3.19). O

Lemma 3.14. (a) Let E be a finite set, let v be a probability measure on E, let X1, Xp, ...
be independent random elements of E with law v, and let I be an independent random
variable with the Pois(u) law, where y > 0. Let Ey, ..., Ej be a partition of E into sets
with v(E;) > 0. Then the subsequences of (X1, ..., Xy) formed by the terms in Ey,..., E;
are independent, and for each j, the subsequence formed by the terms in E; is a list of
Pois(uv(E;)) independent elements of E; with law v( - | E;).

(b) Let S be a finite set with N > 3 elements, let Sy C S, and set ' = S\ Sp. Suppose that S’
has at least two elements, and let t > 0. Then the multigraphs G°(t)[S'] and G°(t)[So] and
the neighbor lists of the vertices a € Sq in S’ at time t are independent. Further, G (t)[S']
has the law of the Poissonized process on S’ at time t(‘gl|) / (g] ), and each of these neighbor
lists is a list of Pois(t|S'|/ (%)) independent uniformly random elements of S'.

(c) Let S be a finite set with N > 3 elements, let a € S, and let t > 0. Then degGs(t)(a)
is the length of the neighbor list of a in S\ {a} at time t, and G°(t) is obtained from
G5(t)[S\ {a}] by adding one occurrence {a,x} for each entry x of this list. The list is
independent of G5(t)[S \ {a}], it is a list of Pois(2t/N) independent uniformly random
elements of S\ {a}, and G°(t)[S \ {a}] has the law of the Poissonized process on S\ {a} at
time (N — 2)t/N.

Proof. We begin with (a). Fix integers kq,...,k; > 0, let k = k; +--- + kj, and fix
sequences

. - : K, :
y(]):(ygj),...,yl(é))EE]]/ 1§]§]'

The subsequences of (Xj, ..., X]) formed by the terms in Ej,.. ., Ej equal y(l), .. .,y(])

if and only if I = k and (Xj,..., X)) is one of the k!/(k;!---kj!) sequences obtained by

interleaving y(1), ..., y/). Each such sequence has probability H] 1 Hl 1 V(yl( )) so the

probability of this event is

LR T ST (v (Ep)5 5 vy
-k — —pv(Ej) i
e k! kllk]'gz V H( k' U V(E]) >/

j=1
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where we used that v(E;) + - - - +v(Ej) = 1. The j-th factor on the right is the probability
that a list of Pois(pv(E;)) independent elements of E; with law v( - | E;) coincides with
y(f ). Since all lists take values in countable sets, (a) follows.

For (b), let (f;);>1 denote the edge process underlying G°(t). We apply (a) with E
the set of pairs of S, v the uniform law, X; = f;, I =I1;, and u = t. We partition E into
the pairs of S’, the pairs of Sy (if |So| > 2), and, for each a € Sy, the |S'| pairs {a,x}
with x € S’. The multigraph G%(t)[S'] is formed by the subsequence of the pairs of S/,
which is a list of Pois(t(|52/|) /(%)) independent uniformly random pairs of S'. Let IT’ be

an independent rate-one Poisson counting process, and set s = t(‘g') /(5. Then this is
the law of the multigraph formed by the first I'T, terms of an edge process on S'.

The multigraph G5(t)[So] is a function of the subsequence of the pairs of Sy. The
neighbor list of a2 € Sy in S’ is obtained from the subsequence of the pairs {a,x} with
x € S’ by replacing each pair {a, x} by x, and the uniform law on these pairs corresponds
to the uniform law on S’. By (a), these subsequences are independent and have the stated
laws, which proves (b).

To prove (c), we take Sy = {a} in (b), so that |S'| = N — 1, and we note that
MNoh/ (%) = (N—-2)/Nand (N —1)/(§) = 2/N. The occurrences of G5(t) that contain
a are the pairs {a, x} with x an entry of the neighbor list of 4 in S \ {a}, which gives the
first two statements of (c). O

Lemma 3.14 is a special case of the restriction and marking theorems for Poisson
processes; see [44, Theorems 5.2, 5.6, and 5.8, Corollary 5.9]. We use it only at fixed times,
and we have included the short computation for this case.

3.6 Tail bounds

We use the convention 0° = 1. For z > 0 and integers k > 0, we define 7, (k) = e~ %zk /K.
We also set m,(—1) = 0. For k > 0, the value (k) is the probability that a Pois(z)
random variable takes the value k. Inside a probability expression, we let Pois(z) denote
a random variable with the Poisson law of mean z. We use the analogous convention for
Bin(m, p). We will use the following elementary tail bounds.

Lemma 3.15. (a) Let X have the Bin(m, p) law, where m > 1 is an integer and p € [0,1]. For
all integers k > 1, we have

i (1) (2

(b) Let X have the Pois(u) law, where > 0. For all real k > u, we have P(X > k) < (eu/k)¥.
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(c) Let X have the Pois(p) law, where y > 0. For all real t > 0, we have
t2 2

(d) For all real z > 0 and integers i > 1, we have
IP(Pois(z) > i) < (¢* —1)m.(i —1).

Proof. We begin with (a), where we may assume k < m, since otherwise the probability
is zero. If X > k, then some set of k of the m trials consists of successes, and the union
bound over these sets gives the first inequality. The second follows from (%) < m*/k!
and k! > (k/e)k.

To prove (b) and (c), we use the Cramér—Chernoff method [13, Section 2.2]. If 4 =0,
then X = 0 and (b) holds. We now suppose that u > 0. We have Ee?* = exp(u(e? — 1))
for every real ¢. Applying Markov’s inequality, we find that for ¢ > 0 and every real x,

P(X >x) <exp(—gx+pu(e?—1)). (3.20)

For (b), choosing e? = k/u gives

rxzi (%) = (2)!

For the first bound in (c), we set x =t/ and
P(v) = (1+0v)log(l+v)—v, v>—1
Choosing e? = 1 4 x in (3.20), we obtain
P(X > p+t) <exp(—@(p+t)+u?—1)) =exp (- uy(x)).

Since ¢(0) =0, ¢'(0) =0, and ¢"(v) = 1/(1 + v), we have

Yx—0v 1 x X
= > — ==
p) /0 1+vdv_1+x/o(x ) dv =333y

and therefore utp(x) > t2/(2(u +t)).

For the second bound in (c), observe that the event is empty if ¢ > y, and that its
probability is e # < e7#/2 if t = u. Suppose that 0 < t < y, and set x = t/u € (0,1). For
@ < 0, Markov’s inequality applied to e?X gives

P(X <p—t) <exp(—o(p—1t)+pue?—1)),
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and the choice e? =1 — x yields P(X < u —t) < exp(—uyp(—x)), by the same computa-
tion. As before, we have

X X —70 d > X d
g = [ fopde> [(x-o)do=7,
so that u(—x) > t2/(2u).

It remains to prove (d). Both sides vanish if z = 0. If z > 0, then

P(Pois(z) > 1) Zi(i —1)! Jj .
IS VR Bh s prr I B b

|
j>1 =17

where we used that

([—=1+))! I
N =JJG—-1+1) >t O

3.7 Bounds on the quantiles

We now bound the quantiles L, (7) and U,(7) from above and below. The upper bound
is the first-moment bound. The lower bound rests on the classical fact that, for every
fixed cg € (0,1/2), with probability tending to one every component of G(n, [con|) is a
tree or has exactly one cycle [30, Theorem 5e]. A quantitative form, proved by counting
witness subgraphs, appears in [40, Theorem 5.5 and its proof, pp. 112-113]. We use the
same witness types below, with a count adapted to our process, which samples pairs
with replacement.

We will need the following lemma on cycles in multigraphs. For an integer j > 0, we
define a path of length j to consist of distinct vertices vy, ..., v; and distinct occurrences
p1,-- ., pj with p; = {v;_1,v;}. For an integer j > 2, we define a cycle of length j to consist
of distinct vertices vy, ...,v; and distinct occurrences py, ..., p; with p; = {v;,vi41} for
i <jand p; = {vj,v1}. (A cycle of length 2 consists of two occurrences of the same pair.)
We call a multigraph a theta if it consists of three paths of lengths at least 1 between the
same two distinct end vertices, with no other vertices or occurrences in common. We call
those two end vertices its branch vertices. We call a multigraph a dumbbell if it consists of
two cycles without common occurrences, which either have exactly one common vertex,
or have no common vertex and are joined by a path of length at least 1 whose only
vertices on the two cycles are its end vertices, one on each cycle. A theta or a dumbbell
with k vertices has k + 1 occurrences. For a multigraph F, we let v(F) denote the number
of vertices that lie in some occurrence of F, and |F| the number of occurrences of F.

Lemma 3.16. Let F be a connected multigraph with at least two vertices.
(a) If |F| < v(F), then F is colorable.
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(b) If |F| > v(F) + 1, then F contains a theta or a dumbbell.

Proof. Let T be a spanning tree of F. It consists of v(F) — 1 occurrences of F, no two of
them occurrences of the same pair. For an occurrence p = {x,y} of F outside T, the
occurrence p and the path in 7 from x to y form a cycle of length at least 2, and p is the
only occurrence of this cycle outside 7.

For (a), we use the assumption g > 3. If |F| = v(F) — 1, then F = T is a tree, which
has a coloring with two colors. Otherwise, F has exactly one occurrence p outside 7, and
we let C be the cycle formed by p as above. The cycle C has a coloring with three colors.

We now extend this coloring to F. Since T is a tree and p is the only occurrence of F
outside 7, the only occurrences of F between vertices of C are those of C. We color the
remaining vertices in order of increasing distance in 7 from the vertex set of C. Each
vertex y outside C is joined in F to exactly one vertex that is colored before it, namely its
neighbor on the path in 7 from y to C, since its other neighbors in 7 are farther from C.
We give y a color different from the color of that neighbor, and we obtain a coloring of F.

We now prove (b). Let p and p’ be two distinct occurrences of F outside 7, and let C
and C’ be the cycles that they form. The only occurrence of C outside 7T is p, so p’ does
not belong to C.

Suppose first that C and C’ have at most one common vertex. Then they have no
common occurrence. If they have one common vertex, they form a dumbbell. If they have
none, we let P be a shortest path in F from a vertex of C to a vertex of C’. By minimality,
the only vertices of P on C or C’ are its end vertices, and C, C/, and P form a dumbbell.

Suppose now that C and C’ have at least two common vertices. We write the ver-
tices of C’ in cyclic order as vy,...,v;, with p’ = {v;,v1}, and we let i; and i, be the
smallest and the largest index i such that v; is a vertex of C. Then i; < i, and the path
Viys Vig41s+ -1 0j, U1, - -+, Uiy along C’ contains p’, joins the distinct vertices v;, and v;, of C,
and has no other vertex on C. Its occurrences are not occurrences of C.

Indeed, p’ is not, and if the path has length at least 2, then each of its occurrences
contains a vertex outside C. Together with the two paths along C between v;, and v;,, this
path forms a theta. O

Lemma 3.17. Let 7 € (0,1/2].
(a) Let c; > Yq be real, and let n > 2q be an integer. We set

Then

P(H > |c1n]) < Ce exp < —n(c1 — 7v4) log ; z 1). (3.21)

For every c¢1 > 4, we have L,(17) < Uy (17) < cin for all large n. Moreover, Uy, (1) < M
for all large n.
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(b) For every ¢y € (0,1/2), there exists C(cg) such that P(H < |con]) < C(cg)/n for all
n > 2q. Further, L, (1) > con for all large n.

Proof. We begin with (a). Let o: [n] — [g] be a map. As in the proof of Lemma 3.10(a), the
fraction of pairs of [n] on which ¢ is constant is at least (1n/q —1)/(n — 1). This implies
that ¢ is a coloring of the single occurrence e; with probability at most

n/q=1 _q-1 n

1 = .
n—1 g n-—1

Since the pairs ¢; are independent, a union bound over the 4" maps o gives, for all m > 0,

B . " q_l m n m
P(H > m) = IP(Gyy is colorable) < g ( p ) <n — 1) . (3.22)
We set a = log(q/(q —1)) and m = [cin]. Then logq = y4a and cin —1 < m < c¢qn.
Taking logarithms in (3.22), we find

loglP(H > m) < ny,a —ma + nmj

< nyga— (cin —1)a+2cq
= —n(c1 —yqg)a+a+2c,

where we used log(n/(n—1)) < 1/(n—1) and m/(n —1) < 2¢; for n > 2. Since
e =q/(qg—1), this is (3.21).

To deduce the bounds on the quantiles, fix ¢; > 7,. For every integer m with
lc1n| < m < M, we have by (3.6) that

P(V>m)=P(H>m)<P(H> [cin]),

and by (3.21) the right side is smaller than # for all large n. For such 1, no integer m >
|c1n| belongs to the set that defines Uy, (7). Therefore U, (1) < c¢in, and L, (1) < Ux(y)
by Lemma 3.4. To prove that U,(17) < M, we set ¢} = (74 + A)/2. Then ¢} > 7, and
cin < [An] = M for all large n. We apply the preceding bound with this value of c].

We now prove (b). Suppose that G, is not colorable. Then some connected com-
ponent F of Gy, is not colorable, and Lemma 3.16(a) implies that |F| > v(F) + 1. By
Lemma 3.16(b), it follows that G, contains a theta or a dumbbell. We now count these
multigraphs.

Let k > 2. A theta with k vertices is determined by the lengths ji, jo,j3 > 1 of its three
paths, which satisty j; + j» + jza = k + 1, together with the list of its two branch vertices
followed by the interior vertices of the three paths in order. A dumbbell with k vertices is
determined by the lengths ji,j» > 2 of its cycles and the length j3 > 0 of the joining path,
which satisty j; + j» + j3 = k + 1, together with a list of its vertices.
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We list the vertices of the first cycle in cyclic order, starting from its attachment vertex.
If j3 = 0, the two attachment vertices coincide, and we next list the other j, — 1 vertices
of the second cycle in cyclic order from that shared vertex. If j3 > 1, we next list all
j2 vertices of the second cycle in cyclic order, starting from its attachment vertex, and
finally the j3 — 1 interior vertices of the joining path in order. In the first case the list has
j1 +j2 — 1 = k entries, and in the second it has j; + j» + j3 — 1 = k entries.

In both cases, the list consists of k distinct elements of [1], and two of the three lengths,
each in {0,...,k + 1}, determine the third. There are at most (k + 2)? choices of lengths
and at most #* lists. The number of multigraphs on [#] that are thetas or dumbbells with
k vertices is therefore at most 2(k + 2)%nk.

Let F be one of these multigraphs, and let py,..., px11 denote its occurrences. If
F C Gy, then there exist distinct indices iy, ...,ix11 < m with ei; = pj for all j. There

are at most mF*1

(Z)_(kﬂ), so that

choices of these indices, and for each choice this event has probability

P(F C Gy) < (m (Z) 1>k+l.

Now let m < ¢yn, so that m(g)_1 < 2cp/(n—1). A union bound over k and F gives

n 2c0 \Kt1  2¢?
. < 2 k 0 <
P(Gy, is not colorable) < k_ZZZ(k +2)n <—n — 1> <3

Y (k+2)?(2¢0)F ",
k>2

where we used that for k < n,

(ni1>k < (1+ nil)n < /(1) < g2,

The last series converges since 2¢y < 1. Taking m = |con| and using 1/(n —1) < 2/n
gives the required bound. We define the constant by

C(co) = 4€? Y (k+ 2)%(2¢)* 1.
k>2
Finally, we fix c6 € (co,1/2). For all large n, we have con +1 < c6n < M. For such n
and every integer m with 0 < m < con, we have m < M, hence {V < m} = {H < m+ 1},
and therefore
C(cp)

P(V<m)=PH<m+1)<P(H< |c¢gn]) < .

The right side is smaller than 7 for all large n. For such n, no integer m < con belongs to
the set that defines L, (), so L,(17) > con. O

The assumption g > 3 is needed in (b), since for 4 = 2 a component with exactly one
cycle is not colorable when the cycle has odd length.



SECTION 4

Reduction to two estimates

In this section, we reduce the existence of the threshold to two estimates on the final
edge ep. The reduction has three steps. In Section 4.1, we state our convergence criterion,
Theorem 4.1. It asserts that a, exists if, at every small quantile level 7, the window
satisfies wy(17) = O(nd,) for a sequence J, that is summable along n = |e*|. We prove
it in Appendix A. In Section 4.2, we bound the variance of a capped version of V by
the expected lifetime of T, restricted to final edges inside the window. We conclude in
Proposition 4.5 that wy, () = O(ne,) whenever this expected lifetime, capped at ne,, is
O(ne?). In Section 4.3, we split the last expectation according to the degrees in I of the
endpoints of ey, and we state the two estimates that remain. The heuristics behind these
steps are explained in Section 2.

From Section 3, we use the quantiles of Definition 3.3 and Lemma 3.4, the frozen
pairs of Definition 3.5 and Lemma 3.6, the identity (3.11), and the expected lifetime of
Definition 3.9. We now fix the sequences that are used in the rest of the paper. We set
en = (logn)™3/2 forn > 3 and ¢ = &5 = 1, and we define

Xp = ne2, D, = | (logn)/4]. 4.1)

We call x;, the lifetime level and D, the degree cut.

4.1 The convergence criterion

Recall the level 779 = e=2" /8 and the window wy(17) = Uy,() — L,(n) of Definition 3.3.
The following theorem reduces the existence of the threshold to a bound on the window.
Its proof, in Appendix A, uses the coloring interpolation of Bayati, Gamarnik, and Tetali
[10, Theorem 5 and Proposition 2] and adapts the comparisons between system sizes
and the balanced-tree argument of the k-SAT preprint [51, Section 5] to quantiles and
geometrically summable errors. The earlier additive form of near-superadditivity appears
in [1, arXiv:1006.3786v1, Section 4.3, Lemma 8 and Remark 3].

Theorem 4.1. Let (6,),>1 be a nonincreasing sequence in (0,1] such that Y j~q Ok < 0.
Suppose that for every 1 € (0,19] there exist K'(17) > 0 and an integer n1 (1) such that

wy(n) < K'(n)né,  foralln > nqi(7). 4.2)
Then there exists gy € [1/2,74] with the following properties.

41
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(1) For every n € (0,10], we have L, (17)/n — ay and U, (n)/n — ag as n — co.

(2) For every c € [0,a,), we have P(H > [cn|) — 1 and P(G(n, [cn]) is colorable) — 1 as
n — oo. For every ¢ > g, both probabilities tend to 0.

(3) For every d € [0,2a,), we have IP(G(n,d/n) is colorable) — 1 as n — oo. For every
d > 2wy, this probability tends to 0.

Note that the statements on IP(H > |cn]) in (2) determine &, so a; depends only on
g (and not on A or on the sequence 4,). We will apply Theorem 4.1 with §,, = ¢,. The
remaining argument verifies (4.2) for this sequence.

Remark 4.2. The window bound at every level y € (0,7] makes the sharp-threshold
theorem of Achlioptas and Friedgut [2, Theorem 1.1] unnecessary for the proof of Theo-
rem 4.1. In Appendix A, we first prove convergence of the normalized quantiles at each
level, use their nesting to identify a common limit, and then let # tend to zero to obtain
the zero-one laws. The summability of (& B J) is needed for the comparisons used there;
see Remark A.6.

4.2 Deletion and the expected lifetime of the last colorable graph

Throughout Sections 4.2 and 4.3, we fix 7 € (0,7] and an integer n > 2q. We write L,
U, and w for L, (1), U,(7n), and w, (7). Recall from Definition 3.3 and Lemma 3.4 that
0 <L < U< M. For an event A and a nonnegative or integrable expression X defined
on A, we define E[X; A] to be the integral of X over A. When we write this as [E[X14],
we first extend X by zero outside A. We define the capped variable

Y = min(U, max(L, V)). (4.3)

Since U < M and V = min(H — 1, M), we have Y = min(U, max(L, H — 1)). Checking
the three cases H < L+1,L+1 < H < U, and H > U separately, we find

#H{me{L+1,...,U} :m < H} =min(U,max(L,H—1)) — L.

Since Gy, is colorable if and only if m < H, this implies

u
Y=L+ )Y  1{Gp is colorable}. (4.4)
m=L+1

For1 <i<Uand m > 0, we let G,(nfi) denote the multiset {e]- :1<j<m,j#i}. We
have G,([l) = Gy, for m < i, and for m > i the multigraph G,(,fl) is obtained from G, by
omitting the occurrence e; (the other occurrences keep their indices). Following (4.4), we

define u
Y =14+ Y 1{G!," is colorable}. (4.5)
m=L+1
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The variable Y(~9) is a function of the pairs ej with j < U and j # i.

The next lemma gives an exact identity for the sum of the squared differences (=) — .
Bounds of this kind have antecedents. In [7, Theorem 1(b)], Aldous considered the first
time T at which independent copies of a random subset of a finite set cover that set. He
bounded the variance of T by an absolute constant times [ET times the expected time
that a fresh independent sequence of such subsets needs to cover the set left uncovered
by the first T — 1 of them. This theorem applies to H. Indeed, let each pair {u,v} cover
the maps o: [n] — [g] with o(u) = o(v); since n > ¢, every map is covered by some
pair. Then H is the first time at which ey, ..., ey cover all maps, the maps left uncovered
by ey, ...,eg_1 form the set Col(I'), and the expected time to cover this set is #(I'). The
theorem therefore bounds Var(H) by an absolute constant times EH Er(T).

For random k-SAT, Carenini’s 2026 preprint applies Aldous’s bound to the expected
number of further independent clauses needed to make the final satisfiable formula
unsatisfiable [16, Theorem 4.1 and equation (4.1)]. The limiting-threshold preprint [51,
Lemmas 3.1 and 3.2] applies the deletion form of the Efron-Stein inequality to a capped
hitting time, retains the original clause indices, and expands the squares of deletion
delays over pairs of times. The variance preprint [53, Section 3.3, Lemma 3.4] also
combines these delays with expected lifetimes. Lemma 4.3 is the analogous computation
for colorability. Instead of the bound for Var(H), we use the exact identity (4.6), in which
only final edges ey with L < H < U appear, and we give its short proof.

Lemma 4.3. Let 7 € (0,19] and let n > 2q be an integer. Then
U .
Y E[(YC) —Y)?] = E[H(2ry-p+1(T) —1);L < H < U] (4.6)
i=1
and
Var(Y) < 2U E[min(w,r(T)); L < H < U]. (4.7)
Proof. We begin by computing the differences Y(~/) — Y. Fix 1 < i < U, and for m > i let

X i = {G,(ﬂ_i) is colorable and G, is not colorable}.

For m < i, we have G,(n_i) = Gy,. For m > i, we have G, = G,(ﬂ_i) + e;, and every coloring

of Gy, is a coloring of G,Sfi), so that
l{G,Sfi) is colorable} — 1{Gy, is colorable} = 1y, .

Subtracting (4.4) from (4.5), we have

) u
YED—y= Y 1y . (4.8)
m=max(i,L+1) ’
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Next, we square (4.8). Let m < I be indices in the range of the sum. The multigraph
G contains Gy, so it is not colorable on &}, ;, and hence

X iNAX =Xy iN {Gl(fi) is colorable}.

Expanding the square gives

u u
(=) _y)2 — .
(Y Y) - Z <1Xm,i +2 Z 1Xm im{G](ﬂ) is colorable}) ) (4.9)
m=max(i,L+1) I=m+1 ’

The main step is to compute the conditional probabilities of these events given G,S;i).
Fix m > i and | > m. The multigraph Gr(n_l)

j # i, and we have

is a function of the pairs ¢; with j < m and

G =G +e, G =G et ta
The pairs e;, e,,+1, . . ., ¢/ are independent, uniform, and independent of G,(ﬂ_i).

Let G be a colorable multigraph on [n] with ]P(G,(,fl) = G) > 0. By Lemma 3.6(a),
the multigraph G + ¢; is not colorable if and only if e; is a frozen pair of G, and this has
conditional probability x(G).

The definition of T in Definition 3.9 shows that G + ¢, 11 + - - - + ¢; is colorable with
conditional probability P(Tg > | —m). Using the independence of ¢; from e, 1,..., ¢,

we find that
P(X; | Gy = G) = x(G),
o =6 =) .
P (X,,; N{G, " is colorable} | Gl = G) = «(G)P(Tg > | —m).

The two probabilities in (4.10) vanish if G is not colorable, and so does «(G).
Form e {L+1,...,U} and a multigraph G on [n], we set

h,,(G) = 1{G is colorable} (2r(_,4+1(G) — 1).
For colorable G, we have IP(T; > 0) = 1, and (3.15) and Lemma 3.10(a) give
u
1+2 ) P(Tg>1—m)=2ry_pu+1(G) —1 =hy,(G) > 1. (4.11)
I=m+1
The indicator makes /;, nonnegative, as Lemma 3.8 requires. Taking expectations in (4.9)

and inserting (4.10) and (4.11), we obtain

E[(YC)-v)2 = Y E[x(GhL G (4.12)

m=max(i,L+1)
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We now sum over i. For fixed m € {L+1,...,U}, the terms of (4.12) with index m
(i)

occur exactly for 1 <i < m. For each such i, G,, "~ is the multiset of m — 1 independent
uniform pairs, and it has the law of G,,_;. Exchanging the two sums, we find

E[(YC) -2 = Y mE[x(Gu1)l(Gu-1)]- (4.13)
m=L+1

u u
i=1

To evaluate the right side of (4.13), let £ denote the set of all pairs (G, e) such that G is
a colorable multigraph on [n] and e is a frozen pair of G. Then k¢ = x. By Lemma 3.6(a),
the final edge ey is a frozen pair of I' whenever H < oo, and then (T, ey) € €. Applying
Lemma 3.8(a) with this £, with L’ = m — 1 and U’ = m, and with h,,_1 = h),, we have

E[k(Gu_1 )y (Gu1)] = E [y (T); H = m].

Inserting this into (4.13), and using that I' is colorable, we arrive at (4.6). This is an
identity of expectations. An individual deletion delay need not vanish on a trajectory
with H < L.

To prove (4.7), we use the Efron-Stein inequality [29, 61] in the following form, stated
in [12, (3.6)] and [13, Theorem 3.1]. Let X3, ..., Xi be independent random variables, let Z
be a square-integrable function of (Xj, ..., Xi), and for each i let Z; be a square-integrable
random variable that is measurable with respect to ¢(X; : j # i). Then

Var(Z) < élE[(Z - Z)?].

By (4.4), the variable Y is a bounded function of the independent pairs ey, ..., ey, and
Y (1) is a bounded function of the pairs ej with j < U and j # i. Applying the inequality
with Z =Y and Z; = Y=, and using (4.6), we find

Var(Y) < ]E[H(ZTU_H_H(F) — 1),’L <HZL U}
Wehave H< Uand 1 <U—H+1 < won the event {L < H < U}, and therefore
ru—m+1(I) < 1o(T) < min(w, r(T)),

where we used that T’ is colorable and that, by Lemma 3.10(a), r,(G) is nondecreasing in
b and bounded by min(b, (G)) for colorable G and integers b > 1. Inserting this into the
previous bound and dropping the term —1 gives (4.7). O

We will also need the following elementary lower bound on the variance of Y.

Lemma 4.4. Let 7 € (0,19] and let n > 2q be an integer. Then Var(Y) > n?w?.
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Proof. If w = 0, there is nothing to prove. We may therefore assume that L < U. Let
Y’ be an independent copy of Y. We have |Y — Y/| = w on each of the disjoint events
{Y=L, Y =U}and {Y =U, Y = L}, and therefore

Var(Y) = %IE [(Y = Y)?] > P(Y =L)P(Y = U)w?.
Because L < U, the definition (4.3) gives
{(y=L}y={v<L}, {y=u}={v>u}.

Recall from the definitions of L and U in Definition 3.3 that P(V < L) > 5 and P(V >
U) > 5, which completes the proof. O

Combining the two lemmas, we bound the window by the expected lifetime of I at
tinal edges inside the window, capped at ne,.

Proposition 4.5. Let 5 € (0, 1], let n > 2q be an integer, and let Ky > 0. Suppose that
E [min(ne,, r(T)); L < H < U] < Kone?,. (4.14)
Then w < max(1,2AKy/n?)ney,.

Proof. If w < ney, there is nothing to prove. We therefore suppose that w > ne,. Then
w > 0, and for all real y > 0 we have

D min(ney, y). (4.15)

min(w,y) < ;

Indeed, if y < ne,, the right side is at least y, and if y > ne,, it equals w. Combining
Lemma 4.4, (4.7), (4.15), and (4.14), we find

n*w? < Var(Y) < 2UE [min(w, 7(T));L < H < U]
< 2Uw
ney,

E [min(ne,, r(T)); L < H < U] < 2AKone,w,

where in the last step we also used U < M < An. Dividing by 7w gives w <
(2AKo /1% )ne,. O

4.3 Splitting by the degrees of the endpoints

We now split the expectation in (4.14) according to the degrees in I' of the two endpoints
of ey. Recall that degrees count occurrences with multiplicity. When some endpoint has
degree at most D,;, we keep the restriction r(I') > x,; it is used in Section 5, through
Lemma 3.11, to bound the size of the frozen class of that endpoint. When both endpoints
have degree larger than D,,, however, the estimate of Section 6 holds without a restriction
on the lifetime.
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Proposition 4.6. Let 7 € (0,17o] and let n > 2q be an integer. Suppose that

IP(L < H < U, mindegy(v) < Dy, r(T) > xn> < ey (4.16)
and
]P(L < H < U, mindeg;(v) > Dy, r(T) > xn> < en. (4.17)
Then
E [min(ne,, r(I));L < H < U] < 3ne? and w < ?7—/2\%”.

Proof. For every real y > 0, we have
min(ne,, y) < x, + ne, {y > x,},

since the left side is bounded by y < x;, if y < x,,, and by ne, otherwise. Exactly one of the
two degree conditions in (4.16) and (4.17) holds on the event {L < H < U, r(I') > x,}.
Using this fact, (4.16), (4.17), and x, = ne2, we find that

IE [min(ne,, r(T));L < H < U] < x,P(L< H < U)+ne,P(L<H<U, r(T) > x,)

< ns%l + 2ns%l.

This is the first claim. The second claim follows from Proposition 4.5 with Ky = 3, since
6A/n? > 1. O

The hypotheses of Proposition 4.6 are verified in the next two sections, by estimates
that hold for all large n. In Section 5, we prove Theorem 5.7, and Corollary 5.8 gives, for
all large n,

]P(H < o, mindeg(v) < Dy, #(T) > xn) < e (4.18)

veey

This bound concerns final edges at all times. It implies (4.16) for every 7 € (0, 0], since
the event in (4.16) is contained in the event in (4.18). In Section 6, we prove Theorem 6.13,
which gives, for all large n and all integers 0 < L' < U’ < M,

1P<L’ < H <U’, mindeg(v) > Dn> < e,. (4.19)

veey

Taking L' = L and U’ = U, we see that (4.19) implies (4.17). The two estimates can then
be combined with Proposition 4.6 and Theorem 4.1.



SECTION 5

Final edges at a vertex of low degree

In this section, we prove Theorem 5.7. It bounds the probability that the final edge ey
has an endpoint of degree at most D, in I and that 7(I') exceeds a prescribed positive
level. At the level x;, it gives (4.18), which implies the first hypothesis of Proposition 4.6;
this is Corollary 5.8. The heuristics are explained in Section 2.

The proof has a structural part and a probabilistic part. For a multigraph G and a
vertex a, we call any list of the other endpoints of its occurrences at a4, with one entry per
occurrence, a neighbor list of a in G. The structural result, Lemma 5.3(iii), shows that if a
lies in a frozen pair of G, then every coloring of the multigraph obtained by removing
a uses at least two colors on this list. This is the only step of the window estimates that
uses g > 3, and Remark 5.4 shows that it fails for 4 = 2. (The other use of 4 > 3 in the
paper is Lemma 3.17(b), which is used in Appendix A.)

Let B be a colorable multigraph, and let x be a nonempty list of its vertices. Then
every coloring of B uses at least two colors on x exactly when the multigraph obtained by
identifying its set of entries is not colorable. This is the classical correspondence between
the colorings of an identification and the colorings that are constant on the identified set;
for two nonadjacent vertices, Read uses it in the proof of [58, Section 3, Theorem 1] to
split the chromatic polynomial. Further, Poisson splitting at a vertex of degree at most
D, makes its neighbor list a short list of independent uniform vertices, independent of
the rest of the graph. We therefore compare the hitting time of non-colorability of an
edge process with the hitting time of non-colorability after a few random vertices are
identified. This comparison, Proposition 5.6, is the main estimate of this section. In its
proof, we compare the vertex obtained by identification with the vertex added to an edge
process by the construction of Lemma 5.5. In Section 5.3, we combine these results with
the bound on frozen classes of Lemma 3.11 to prove Theorem 5.7.

5.1 Frozen pairs and neighbor lists

We first fix notation for lists and identifications. Let S be a finite set. Recall from
Section 3.5 that a list of elements of S is a finite sequence of elements of S, possibly with
repeated entries. We denote a list of length k by x = (x(1),...,x(k)). For 0 <i <k, we
let x;; = (x(1),...,x(i)) denote its prefix of length i; the prefix x| is the empty list. We
use the same notation for infinite sequences.

48
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Foramap o: S — [q], we let 0(x) = {c(x(i)) : 1 <i < k} denote the set of colors on
x. We say that o is constant on x if |o(x)| < 1, and that ¢ is constant on a set Z C S if it
takes a single value on Z. In particular, every map is constant on the empty list.

For a vertex 0 ¢ S, we let star(o,x) denote the multigraph on S U {0} with the k
occurrences {0,x(1)},...,{o,x(k)}. For a multigraph B on S, we let B + star(o, x) denote
the multigraph on S U {0} whose occurrences are those of B and those of star(o, x).

Definition 5.1. Let B be a colorable multigraph on a finite set S. We say that a list x of
elements of S is never monochromatic in B if no coloring of B is constant on x, that is, if
|o(x)| > 2 for every o € Col(B).

Identifying a set of vertices that contains a pair occurring in a multigraph produces a
loop, so we allow loops in the following definition.

Definition 5.2. Let B be a multigraph on a finite set S, let Z C S be nonempty, and let
o¢S. Letiz: S — (S\Z)U{o} be the map with 17(v) =0 forv € Z and 1z(v) = v
for v ¢ Z. We define the identification B/Z to be the multiset that contains, for each
occurrence {u,v} of B, one occurrence {1z(u),iz(v)}. For a finite set T, we define a
multigraph with loops on T to be a finite multiset of sets {u, v} with u,v € T, allowing
u = v. We call an occurrence {u, u} a loop. We call a map ¢’: T — [g] a coloring of such
a multigraph if ¢/ (u) # ¢’(v) for every occurrence {u,v}. We let Col denote its set of
colorings, and call it colorable if that set is nonempty. We view B/Z as a multigraph with
loops on (S\ Z)U{o}.

The identification B/Z keeps all multiplicities. An occurrence of B with exactly one
endpoint in Z becomes an occurrence at 0, and an occurrence that is a pair of Z becomes
a loop. A multigraph with a loop is not colorable, and a loopless B/Z is a multigraph
on (S\ Z) U {o} in the sense of Definition 3.1. (The same convention for loops is used in
Appendix A.)

The following lemma collects the facts about frozen pairs and identifications that we
need. Part (iv) is the correspondence mentioned at the start of this section. The argument
for part (iii) recolors a single vertex and is elementary, but its conclusion requires g > 3.

Lemma 5.3. Let S be a finite set, let G be a multigraph on S, and let a € S. Let B = G[S \ {a}]
be the multigraph of the occurrences of G that do not contain a, and let x be a list of the other
endpoints of the occurrences of G at a, with one entry for each occurrence, in an arbitrary order.
We let k denote the length of x. Then k = deg(a) and G = B + star(a, x).

(i) Let 0’ S — [q], and let o denote its restriction to S \ {a}. Then o’ is a coloring of G if and
only if o is a coloring of B and ¢’ (a) ¢ o(x).

(ii) Suppose that G is colorable, and let b € S\ {a}. Then a ~¢ b if and only if
B + star(a, (x(1),...,x(k),b)) is not colorable.
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(iii) Suppose that a ~¢g b for some b € S\ {a}. Then B is colorable, and |o(x)| > q — 1 for
every coloring o of B. In particular, if ¢ > 3, then x is never monochromatic in B.

(iv) Let F be a colorable multigraph on S, and let Z C S be nonempty. Then F/Z is colorable if
and only if some coloring of F is constant on Z. In particular, a nonempty list of elements of
S whose set of entries is Z is never monochromatic in F if and only if F/Z is not colorable.

Proof. For (i), note that an occurrence of G either does not contain 4, in which case it is an
occurrence of B, or it has the form {a,x(i)} for some i. Therefore ¢’ gives distinct colors
to the endpoints of all occurrences of G if and only if o € Col(B) and ¢’(a) # o(x(i)) for
all i.

To prove (ii), observe that
B + star(a, (x(1),...,x(k),b)) = G + {a, b}.

Since G is colorable and a # b, Lemma 3.6(a) shows that G + {a,b} is not colorable if and
only if a ~¢ b.

For (iii), recall that a ~ b requires G to be colorable. By (i), B is then colorable.

Suppose, for contradiction, that some coloring ¢ of B satisfies |0(x)| < g —2. Then
there exist two colors a’ # b’ outside o (x). We define ¢’ and ¢’ to agree with o on S\ {a}
and to satisfy ¢’(a) = a’ and ¢”(a) = '. By (i), both maps are colorings of G.

Using b # a and a ~¢ b, we find

a contradiction. We conclude that |o(x)| > g — 1 for all ¢ € Col(B). For g > 3, this gives
lo(x)| > 2, and x is never monochromatic in B.

For (iv), suppose first that ¢’ is a coloring of F/Z. Then F/Z has no loop, and for all
occurrences {u, v} of F, the pair {i1z(u),1z(v)} is an occurrence of F/Z. This shows that
0’ o1z is a coloring of F that is constant on Z.

Conversely, let o be a coloring of F that takes the value 4’ on Z. Then no occurrence
of F is a pair of Z, and F/Z has no loop. We define ¢/(0) = 4’ and ¢/(v) = ¢(v) for
v € S\ Z. Then ¢ = ¢’ o 1z. For all occurrences {u,v} of F, we have

o' (iz(u)) = o(u) # o(v) = 0'(1z(v)),

so ¢’ is a coloring of F/Z. The last statement of (iv) follows, since a map is constant on a
list if and only if it is constant on the set of entries of the list. O

The proof of (iv) shows that ¢’ +— ¢’ o 17 is a bijection from Col(F/Z) onto the set of
colorings of F that are constant on Z. Its first half applies to every multigraph F on S,
colorable or not, and shows that F is colorable whenever F/Z is colorable.
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Remark 5.4. The assumption g > 3 in the last statement of Lemma 5.3(iii) cannot be
removed. Suppose that g = 2. Let S be a finite set containing distinct vertices a,v, b, and
define G on S to have the occurrences {4,v} and {v,b}. We setx = (v) and B = G[S \ {a}].
Every coloring of G gives a and b the color that differs from the color of v, so a ~¢ b.
However, x has length one, and every coloring of B is constant on it. More generally, for
q = 2, the restriction of a coloring of a colorable G to S\ {a} is a coloring of B that gives
the same color to all neighbors of a. Thus, for g = 2, the conclusion of (iii) fails for every
vertex a of positive degree in every colorable G. The first assertion of (iii) remains true
for g = 2, but it only says that x uses at least one color. The argument of Theorem 5.7
therefore fails for g = 2 at the step where it uses Lemma 5.3(iii).

5.2 Identification of random vertices

Let N > 2g be an integer. Let (B, ) ;>0 be the time-m graphs of an edge process on [N], as
in Definition 3.2. We let HN) = min{m > 0 : B,, is not colorable} denote its hitting time
of non-colorability. By Definition 3.9, the variable HN) has the law of T for the empty
multigraph G on [N], and Lemma 3.10(a) implies that EHN) < AgN. In particular, H (N)
is almost surely finite.

For D € {1,...,N}, we let Z be a uniform random D-subset of [N], independent of
(By). We fix a vertex o ¢ [N], and we define

Hz = min{m > 0: B,,/Z is not colorable}.

Since B, C By,11, we have B,,/Z C By,11/Z, so By, /Z is not colorable for all m > Hy.
The remark after the proof of Lemma 5.3 implies that the multigraph B, /Z is not

colorable whenever B, is not colorable. Thus Hy < H (N). We conclude that, almost
surely,
HWN) —H, = Y | 1{By, is colorable and B,,/Z is not colorable}. (5.1)
m>0
We set
zo =4qlogqg+1, Cy = 27, N; = [4qlogq] + 1. (5.2)
Then N, > 2q.

We first treat a vertex that is added to an edge process in the same way as the other
vertices. In the proof of Proposition 5.6, the vertex obtained by identification will be
compared with such a vertex.

Lemma 5.5. Let V' be a finite set with N’ > 2 elements, let o ¢ V', and let A > 0. For
t >0, let F(t) denote the Poissonized process on V' U {o} at time t, and set A" = /\(N/zﬂ). Let
s > 0, and let B’ be a random multigraph on V! whose numbers of occurrences on the pairs of 4
are independent with the Pois(As) law. Let x = (x(1),x(2),...) be a sequence of independent
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uniform elements of V', and let | have the Pois(AN's) law, with B', x, and | independent. We
define

I, =min{i >0: B+ star(o, x;)) is not colorable }, B” =B + star (o, x(j)),
with I, = oo if there is no such i. Then B” has the law of F(A's), and
IP(B' is colorable, I, < J) < (eM's —1)Ex(F(As)). (5.3)

Moreover,
/ Ex (F(A's)) ds < % (5.4)
0

Proof. We begin with the law of B”. The numbers of occurrences of B” on the pairs {0, v},
v € V/, are the numbers of entries of x(; equal to v. Applying Lemma 3.14(a) with the
partition of V' into single vertices, we see that these numbers are independent with the
Pois(As) law. They are also independent of B’

The numbers of occurrences of B on the (¥ /2+1) pairs of V' U {0} are independent
with the Pois(As) law. Applying Lemma 3.14(a) with the partition of the pairs of V' U {0}
into single pairs, we see that the numbers of occurrences of F(A's) on these pairs have
the same joint law. Since a multigraph is determined by these numbers, B” has the law
of F(A's).

Next, we prove (5.3). We set Z = AN’s. We have I, > 1 on the event that B’ is colorable.
Since ] is independent of (B’,x) and I, is a function of (B’,x), Lemma 3.15(d) gives

IP(B' is colorable, I, < J) =) P(Bis colorable, I, =i)IP(J > i)
i>1
< (¢ —1) Y PP(B is colorable, I, = i)ms(i —1).
i>1

(5.5)

We now identify the last sum in (5.5). Using once more that | is independent of
(B/,x), we see that it equals IP(B’ is colorable, I, = J 4+ 1). By the definition of I, this
is the probability that B” is colorable and B’ + star(o, x(j,1]) is not colorable. We apply
Lemma 5.3(ii) to the multigraph B”, its vertex 0, and b = x(J + 1), and we find that this
event is the event that B” is colorable and 0 ~p» x(J + 1).

Conditional on J, the entry x(J + 1) is uniform on V' and independent of B”. This
implies that

P(B'is colorable, I, = ] +1) = %E [1{B" is colorable} (|Cps(0)| —1)].  (5.6)

The law of F(A’s) is invariant under permutations of V' U {0}, so the expectation

in (5.6) does not change if o is replaced by any other vertex of V' U {o}. Recall from
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Definition 3.5 that for a colorable multigraph F’ on V' U {0}, the number x(F’) is the
number of frozen pairs of F/ divided by (¥ IZH), so that

/
Y (ICr(v) 1) = 2(N2+1>K(F') — (N + 1)N'(F).

veV'U{o}
Averaging the right side of (5.6) over the N’ + 1 vertices in place of 0, we obtain
IP(B' is colorable, I, = [+ 1) = Ex(F(A’s)).

Inserting this into (5.5), we arrive at (5.3).

It remains to prove (5.4). Let (Fy)y>0 be the time-m graphs of the edge process on
VU {o} from which F(t) is built. The (m + 1)-st pair of this process is uniform and
independent of F,, and Lemma 3.6(a) shows that Ex(F,) is the probability that Fy, is
colorable and F,, ;1 is not colorable. These events are disjoint for different m, and therefore

Y Ex(Fy) < 1.

m=>0
This bound and Lemma 3.13 with 6 = A" imply (5.4). O

The following proposition shows that identifying D random vertices advances the
hitting time of non-colorability, in expectation, by an amount that is much smaller than
N when D is small.

Proposition 5.6. Let N > N, be an integer, let D be an integer with 1 < D < N /4, and let k
be an integer with k > eDzg. Then
(N) k eDZO k 2
E[HN) — Hy] §Cq(D +N<—> +D +1). (5.7)
k
For the following figure and the proof, let Zy be a D-subset of [N]. We let (Il;)s>0
denote a rate-one Poisson counting process independent of (B,) and Z. We set N’ =

N—-D, V' =[N]\ Zp,and A = (g)_l. For s > 0, we define B, = Byy,[V'] and 2(s) = AN's.

Proof. We first outline the argument, which Figure 5.1 illustrates. After Poissonization
and a bound for large times, we fix a time s and a D-set Zj, and we use Poisson splitting
at Zy. Unless some occurrence is a pair of Z, the identification Byy, / Zy is B, together with
a star at 0 whose list has Pois(DZ(s)) independent uniform entries in V’, independent of
B.. A vertex added as in Lemma 5.5 has a list of Pois(2(s)) entries. The main step is the
comparison of the two lists by a change of the Poisson mean that is truncated at length k,
which costs the factor D¥; we then apply Lemma 5.5.
We set
so = 2q(logq)N. (5.8)
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possible occurrence inside Zy

0
o)
identify ‘\ compare
[ . —_
no interna
occurrence ' \

Bry, near Zg Br1,/ Zo B”
list length Pois(DZ(s)) list length Pois(2(s))

1%

Figure 5.1. The construction in the proof of Proposition 5.6, at a fixed time s, for a D-set Zy with
D = 3. Left: the multigraph B, on V' = [N] \ Z (gray) and the neighbor lists in V' of the vertices
of Zy (black). The dotted occurrence illustrates the exceptional event bounded in (5.13); if present,
it becomes a loop under identification. Middle: the complementary case in which no occurrence
has both endpoints in Z. In this case, the identification By, /Z is B, together with a star at the
new vertex 0, whose list is the concatenation of the neighbor lists. It has Pois(DZ(s)) entries, and
repeated entries give parallel occurrences. Right: the multigraph B” of Lemma 5.5, built from
B’ = B., in which o has a list of Pois(2(s)) entries. It has the law of the Poissonized process on
the N’ + 1 vertices of V' U {o}. The two lists are compared in (5.15).

By Definition 3.12, s — By, is the Poissonized process on [N]. For a multigraph B on [N],
we define
h(B) = IP(B is colorable and B/Z is not colorable),

where the probability is over Z. Since Z is independent of (B,,) and 11, (5.1), Tonelli’s
theorem, and Lemma 3.13 with 6 = 1 give

E[HYN — Hz] = Y Eh(B,) = /Ooo [Eh(Bry, ) ds. (5.9)

m>0

We begin with large times. Since N > 24, every map ¢: [N]| — [g] is constant on at
least a fraction 1/(24) of the pairs of [N], as shown in the proof of Lemma 3.10(a). Hence
o is a coloring of B, with probability at most (1 —1/(2g))™, and a union bound over the
g™ maps gives

IP(B,, is colorable) < g~ (1 - ;—q)m

Using h(B) < 1{B is colorable} and the Pois(s) law of I, we obtain
/ Eh(Bry,) ds < qN/ e/ 20 ds = 2g gNe=50/(20) = 24, (5.10)
S0 50

where in the last step we used sy = 29(logq)N.
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Next, we fix s € [0,50] and a D-subset Z; of [N]| and bound the probability that By,
is colorable and Bry,/Z is not. Since Z is uniform and independent of (B,,) and IT, a
bound that holds for every Z also holds for [Eh(Byy,). We apply Lemma 3.14(b) with
S = [N] and Sy = Zy. It shows that the following are independent: the multigraph B,
which has the law of the Poissonized process on V' at time A(Z\Zﬂ)s; for each v € Z,, the
neighbor list x, of v in V/ at time s, which is a list of Pois(2(s)) independent uniform
elements of V’; and the multigraph Bry,[Zo].

Let xz, be the concatenation of the lists x, in increasing order of v € Zy. Conditional
on the lengths of all the lists, the entries of xz, are independent and uniform on V'. It
follows that xz, is a list of Pois(DZ(s)) independent uniform elements of V’, independent
of BY.

Suppose that By, [Zo] is empty. Then every occurrence of By, is either an occurrence
of B, or of the form {v,x} with v € Zy and x € V/, and the identification replaces each
occurrence of the second kind by {o, x}. Therefore

Bri,/Zo = B, + star(o,xz,) (5.11)

as multigraphs on V' U {0}, with all multiplicities. The multigraph B is colorable
whenever Bry, is colorable, and Bry, [Z] has )\(Lz) )s occurrences in expectation. Then (5.11)
and Markov’s inequality imply that

IP (Bry, is colorable and By, / Zy is not colorable)

D
< /\(2>s (5.12)

+ IP (B is colorable and B + star (0, xz,) is not colorable).

Integrating the first term over [0, sg], we find

o, (D D(D —1)s 2 »D(D—-1)N 2 22
/0 /\<2>sds IN(N—1) 29-(logq) N1 < 2g9°(logq)°D7, (5.13)
where in the last step we used D < N.

We now compare the list xz,, whose length has mean DZ(s), with a list whose length
has mean 2(s). For this comparison, we abbreviate £ = 2(s). Using AN’ < 2/(N —1) and
N —1 > 4qlogq, we find

250
N-—-1

4glo
= 4glogq + ——21 <z, (5.14)

z <

Let x = (x(1),x(2),...) be a sequence of independent uniform elements of V', and let

J and ]’ have the laws Pois(2) and Pois(Dz), with B, x, ], and ]’ independent. By the
previous paragraph, the pair (B¢, xz,) has the same law as (B{, x[j|). Let L, be defined as

in Lemma 5.5 with B’ = B..
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Non-colorability persists as j increases, so on the event that B] is colorable, the
multigraph B + star(o, x(;)) is not colorable if and only if I, < j. Using the independence
of J' from (B}, x), we obtain

IP(B; is colorable and B + star(o, xz,) is not colorable)

= Z 7tps ()P (B is colorable, I, < ).
=0

For 0 < j <k, we have
7z (j) = Dle” P~ Voms(j) < D s ().

We use this bound for j < k, and we bound the probabilities by one for j > k. Since | is
independent of (B, x), this gives

Y mtps(j)IP(B] is colorable, I, < j) < D*P(B. is colorable, I, < J) +P(J' > k). (5.15)
=0

Further, k > eDzg > DZ, and Lemma 3.15(b) implies that

o < () < (22

Integrating over [0, so|, we have

eDz ) k.

/50 P(J' > k)ds < 2q(log )N (5.16)
0 k

Next, we bound the first term on the right side of (5.15) with Lemma 5.5. Its hypothesis
on B} holds by Lemma 3.14(a), applied to the Poissonized process on V' at time A(Z\zﬂ)s

with the partition of the pairs of V’ into single pairs. Let A’ = A (Y /2+1) and let F(t) be as
in Lemma 5.5. Using (5.3), (5.14), and (5.4), we obtain

S
/ ' DPP (B! is colorable, I, < J)ds
0

k(,zo /
< D*(e 1)/0 Ex (F(A's)) ds 517)
- D¥(e% —1)
S —
< 2(¢%0 —1)Dk,

In the last step, we used N — D > 3N /4, which gives

1 N(N —1) N2 16

N (N-DL1)(N—D) = (3N/a2 9
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Finally, we collect the bounds. We split the integral in (5.9) at 59, and we use (5.10)
for the integral over [sg, o). For the integral over [0, s9], we use (5.12) and (5.15), and we
integrate with (5.13), (5.16), and (5.17). We obtain

eDzy

k
E[HN) — Hy] < 2g 4 24?(log q)*D? + 2g(log q)N( ) +2(e* —1)Dk,

Each of the four coefficients is bounded by C; = 2¢* = 2eq*1, which gives (5.7). O

5.3 Proof of the low-degree estimate

We now prove the main result of this section. Recall that D,, = | (logn)/#|, and that
r(G) is the expected lifetime of a multigraph G on [n], defined in Definition 3.9.

Theorem 5.7. There exist Cyoy, and ng, depending only on g, such that for all n > ng and all
y >0,
]P(H < oo, mindeg(v) < Dy, r(T') > y) < Ciowy V2038, (5.18)

veey

Proof. We first fix the parameters. We set

_ logn _ 1/2
ky = {ww, Clow = 8C,(1+ Ay)'/2,

and we let n; be the least integer such that every n > n, satisfies n —1 > N, and
log(ezgloglogn) < %log logn,  n'*(ogn)'*+ (logn)'/?+1<n%8.  (5.19)

There exists such an integer, depending only on g, because log(ezg loglogn)/loglogn —
0 and n'/%(logn)'/* + (logn)/2+1 = 0(n3/8) asn — 0. Let n > nyand y > 0.

Since n —1 > N; > 2q and N; > 15, we have n > 2q, loglogn > 0,and 1 < D, <
(n—1)/4.

We begin by writing the probability in (5.18) as a time integral. We define the set &,
and the function # on multigraphs on [n] by

Elow = {(G, e) : G is colorable, e is a frozen pair of G, 1’11;16116’1 deg;(v) < Dn},
h(G) = 1{r(G) > y}.

Recall from Lemma 3.6(a) that e is a frozen pair of I' whenever H < co. Hence the event
in (5.18) is the event that H < oo, (T, ey) € Ejow, and #(T') > y. Lemma 3.8(a) with L' =0
and U’ = oo, followed by Lemma 3.13 with 6 = 1, shows that its probability is

(o]

Y E[xe, (Gu)h(Gu)] = / E[xe, (G(1)h(G(1))] dt. (5.20)

m>0 0
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Next, we reduce to a single vertex. Let G be a colorable multigraph on [n]. Every
frozen pair e with (G, e) € &w has an endpoint a with deg(a) < D;, whose frozen class
Cg(a) contains the other endpoint. Counting each such pair at least once through such
an endpoint, we obtain

-1
ke, (G) < (721) Y 1{G s colorable, deg;(a) < D,}(|Cc(a)| —1),

a€n|

and the two sides vanish if G is not colorable.

The law of G(t) is invariant under relabeling, as a mixture of the laws of the multi-
graphs G,,. A permutation of [n] that maps a to 4’ maps Cg(a) onto the frozen class of
a’ in the relabeled multigraph and preserves degrees, and Lemma 3.10(b) shows that it
preserves h. Therefore the n terms of the sum have the same expectation at G = G(t).
We set a9 = n. We find

E [xe,, (G(t)h(G(t))] 521)
- E 11E[1{G(t) is colorable, degg, ;) (a0) < D} (ICqr) (a0)| — 1)h(G(t))]. .

<

We now use the restriction on the lifetime. By Lemma 3.11, every colorable multigraph
G on [n] with r(G) > y satisfies |Cg(a9)| < n((1+4 Ag)/y)'/2. Further, |Cg(ag)| —1 >0
if and only if a¢ lies in a frozen pair of G. Inserting these facts into (5.21), and using h <'1
afterwards, we obtain

E kg, (G(t)h(G(t))]
2n 1+ A,
—n—1 ( y

(5.22)

1/2
) lP(degG(t) (ag) < Dy and ag lies in a frozen pair of G(t)).

This is the only use of the lifetime in the proof.

Next, we use Lemma 5.3(iii). This is the step where g > 3 is used. Let B(t) =
G(t)[[n — 1]] be the multigraph of the occurrences of G(t) that do not contain ag, and let
x be the neighbor list of ag in [n — 1] at time ¢. Then

G(t) = B(t) + star(ag, x),

and deg; (a0) is the length of x.

We set p = (n —2)/n and z(t) = 2t/n. We apply Lemma 3.14(c) with S = [n] and
a = ag. It shows that B(t) and x are independent, that B(t) has the law of the Poissonized
process on [n — 1] at time pt, and that x is a list of Pois(z(¢)) independent uniform
elements of [n — 1.

Suppose that ag lies in a frozen pair of G(t). Then Lemma 5.3(iii) and g > 3 show that
B(t) is colorable and that x is never monochromatic in B(t).
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For an integer D > 0 and a multigraph B on [n — 1], we let nmp (B) denote the proba-
bility that a list of D independent uniform elements of [n — 1] is never monochromatic in
B, with nmp(B) = 0 if B is not colorable. Since every map is constant on the empty list,
we have nmgy = 0.

A coloring that is constant on a list is constant on each prefix of the list, so a list with
a prefix that is never monochromatic in B is itself never monochromatic in B. Realizing a
list of length D < D,, as the prefix of a list of length D,,, we find nmp(B) < nmp, (B).

Conditioning on the length of x and on B(t), and using }_p 77,(;(D) < 1, we obtain

PP(degg ;) (a0) < Dy and ag lies in a frozen pair of G(t))

< DZO ﬂz(t)(D)IE[an(B(t))] (5.23)

< E[nmp, (B(#))].

We now pass to identifications. Let (B, )n>0 be the time-m graphs of an edge process
on [n —1]. As in Section 5.2, we let Z be a uniform random D,-subset of [n — 1],
independent of (Bj,). We claim that for every colorable multigraph F on [n — 1],

nmp, (F) <P(F/Z is not colorable). (5.24)

To prove (5.24), let X’ be a list of D,, independent uniform elements of [n — 1], and let
Z1 denote its set of entries. Given X/, let Z’ be the union of Z; and a uniform random
subset of [n — 1] \ Z; with D,, — |Z1| elements, chosen independently of everything else.
The joint law of x’ and Z’ is invariant under relabeling of [n — 1], so the law of Z’ is
invariant under all permutations of [n — 1]. The permutations act transitively on the
D,-subsets of [n — 1], and hence Z’ is a uniform D,-subset.

Now suppose that x’ is never monochromatic in F. Then no coloring of F is constant
on Z' D Z;, and Lemma 5.3(iv) shows that F/Z’ is not colorable. This proves (5.24).

Applying Lemma 3.13 on [n — 1] with the factor p, followed by (5.24) and (5.1) with
N=n—1and D = D,;,, we find

[ B o, (B(1)] dt

EE [nmp, (By)]

3
V
o

(5.25)

IA

1

P (Bm is colorable and B,/ Z is not colorable)

T T I N
3
vV
o

E[H" Y — Hy].
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To bound the right side of (5.25), we apply Proposition 5.6 with N = n —1 > Nj,
D = Dy, and k = ky. Using log D, < (1/4)loglogn and k, < logn/loglogn + 1, we

find
logn loglogn
kn < & 8108 1/4 1/4
D, exp((loglogn+1> 1 ) n'’*(logn)*/*.

Further, using D, < (log n)l/ 4k, > logn/ loglogn, and the first condition in (5.19), we

find
eD,zo

kn
< ezp(loglogn)(logn)

—3/4
3
= exp (log (ezploglogn) — 1 loglog n)

5
< exp(—g loglog n) <1
In particular, k,, > eD;zp, and

eDy,zo

(n— 1)( )kn < nexp(—gkn loglogn> < nexp(—%logn) = n%/8,

n

1/2 5

Inserting these bounds and D? < (logn)!/? into (5.7), we obtain

E[H"Y — Hy] < Cq(n'*(logn)/* +n%/8 + (logn)V/2 +1) <2Cn®8,  (5.26)

where in the last step we used the second condition in (5.19).
Finally, we combine (5.20), (5.22), (5.23), (5.25), and (5.26). With p~! = n/(n — 2), this
gives
]P(H < 00, gg} degp(v) < Dy, r(T') > y>

IN

2n? 14+ Ag\1/2 3
.2Cn%/8
(n—l)(n—Z)( Y ) 9’
< 8C,(1+ Ag)/ 2y~ 1208,

where in the last step we used 2n?> < 4(n — 1)(n — 2), which holds for n > 6. This
completes the proof. O

With y = x,,, we obtain the first estimate required in Section 4.3.

Corollary 5.8. For all large n, we have

1P<H < o, mindeg(v) < Dy, (T) > xn) < en. (5.27)

veey

In particular, for every n € (0,10] and all large n, the hypothesis (4.16) of Proposition 4.6 holds.
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Proof. Let Cjoy, and 1, be as in Theorem 5.7, and recall that x, = n(logn)~3 for n > 3.
For n > ng, Theorem 5.7 with y = x,, bounds the left side of (5.27) by

1/2,3/8 _ 3/2,,-1/8

ow(logn)

C'low X 1;

This is bounded by (logn)~3/2 = ¢, as soon as Cj,y (logn)® < n1/8, which holds for all
large n. The last statement follows from the fact that the event in (4.16) is contained in
the event in (5.27). ]

Remark 5.9. The exponent 1/4 in D, is not essential, but Proposition 5.6 does not reach
degrees of order (logn)'/2. Let by € (0,1) and b; > 0, and let D = |(log N)%| and
k = [b1log N/ loglog N|. Then, as N — oo,

Dk — Nbobio(1) N<€[I)czo>" _ N1-bi(1-bo)+o(1)

The two exponents are equal at by = 1, where both equal by, and for every other b; the
larger of them exceeds by. With by = 1, Proposition 5.6 gives E[H(N) — H,] < Ntoto(1),
The proof of Theorem 5.7 with D,, replaced by | (logn)% | then bounds the probability in
(5.27) by nbo—1/2+0(1) For by < 1/2, this is at most ¢, for all large .

At by = 1/2, the two terms in Proposition 5.6 cannot both be o(v/N), regardless of
the admissible choice of k. Indeed, set D = | /log N | and suppose that Dk < /N. Then
k < (logN)/(2log D). The expression klog(k/(eDzp)) is increasing in k > eDzj, and
hence

k 1 !
klog (eDZo ) = 2(1)0gg1\1]) log (26DZ§IZ:g D )

_ logN  logN <ZezoD2 log D) < log N
2 2log D log N 2

for all large N, since 2ezgD?log D/ log N ~ ezploglog N — co. Thus N(eDzq/k)* > +/N.
If instead D¥ > v/N, the first term already exceeds V/N. This proves the stated limitation
of the bound at by = 1/2. Vertices of degree larger than D, require a different argument.



SECTION 6

Final edges at vertices of high degree

This section proves Theorem 6.13, the estimate for final edges at vertices of degree greater
than D, required by Proposition 4.6. It bounds the probability that the process becomes
non-colorable by time M through a final edge ey with an endpoint of degree greater
than D, in T'. The bound requires no restriction on the expected lifetime r(I'). Since it
concerns all final edges up to time M, it also bounds, for all integers 0 < L' < U’ < M,
the probability that L’ < H < U’ and both endpoints of ej; have degree greater than D,
in I'. The heuristics behind the argument are explained in Section 2. The arguments use
the number of colors only through the notion of colorability, and they hold for 4 = 2 as
well (see Remark 6.14).

The argument has three steps. In Section 6.1, we delete edge occurrences and record
whether two specified vertices must still receive the same color in every coloring. It-
erating the estimate for deletions that preserve this equality reduces the high-degree
probability to the density of pairs for which many incident deletions destroy the equality
(Proposition 6.5). We express this density through a relation, defined below, that records
possible additions to the frozen class of a vertex (Lemma 6.4). In Section 6.2, we bound
the density of this relation by the expected value of a logarithmic increment defined
below (Lemma 6.9). This increment is also defined when the added edge makes the
graph non-colorable. In Section 6.3, we compare these increments with the growth of
the logarithm of the frozen-class size before the last step and bound the last increment
separately. Their sum is bounded by logn, which controls the expected sum of the
relation densities after a stopping time (Theorem 6.10). Finally, Section 6.4 combines this
estimate with a binomial tail bound for the probability that a fixed vertex reaches the
required degree by time M.

Throughout this section, n > 3, and A > 0 and M = |An] are as in Section 3.1; the
results of this section use only A > 0. Recall the degree cut D,, = | (logn)/#| from (4.1).
We set

K=[8A], wo = |Dn/2]. (6.1)

Since n > 3, we have D,, > 1 and therefore 0 < wy < D,,. For distinct vertices a and
b, we let ab denote the pair {a,b}. Recall that the degree deg(u) counts occurrences
with multiplicity, that the relation u ~; v includes the requirement that G is colorable,
and that every quantity defined through colorings or frozen classes is set to zero on
non-colorable multigraphs.

62
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6.1 Pivotal occurrences
We first define the two kinds of occurrences at an endpoint of a frozen pair.

Definition 6.1. Let G be a colorable multigraph on [#], and let (1, v) be an ordered pair
of distinct vertices such that u ~g v. We call (1, v) an ordered frozen pair of G. Let e be an
occurrence of G with u € e. We say that e is non-pivotal for (u,v) if u ~g_, v, and that e
is pivotal for (u,v) otherwise. For an integer j > 0, we define

! ) #{(w,0) € 1 u v, u~go, degs(u) =j}, (6.2)

%) = )

and we define K]r-lp(G) by the same formula, with the additional requirement that at least

K of the j occurrences at u are non-pivotal for (u,v). We set K}Div( G) =«i(G) — K?p( G). If

G is not colorable, we set «;(G) = K]r-lp(G) = KfiV(G) =0.

Occurrences are counted with multiplicity, so that exactly deg (1) occurrences contain
u. Note that G —e C G is colorable. Moreover, G — e is determined by the pair e and
not by the occurrence that is removed. All occurrences of a pair are pivotal or all are
non-pivotal. An occurrence of a pair of multiplicity at least two is non-pivotal, since
G — e then has the same colorings as G.

A pair counted in n(n — 1)K]PW(G) has at least j — K 4 1 pivotal occurrences at u. By
Lemma 3.6(a), applied to the colorable multigraph G — ¢, the occurrence e is non-pivotal
for (u,v) if and only if (G — e) + uv is not colorable. Thus e is pivotal for (u,v) exactly
when it is pivotal, in the usual sense [59, Section 2, p. 130], for the increasing event that
G + uv is not colorable, in the sense that G belongs to this event and G — e does not (see
[37, Section 4.8, Exercise 4.9]).

We will also need a relation that records how the frozen class of a vertex grows when
an edge at that vertex is added.

Definition 6.2. Let G be a colorable multigraph on [n], letu € [n], and let W = [n] \ Cg(u).
We define Rg(u) to be the set of ordered pairs (y,v) € W x W such that

o(u) € {o(y),o(v)} for all o € Col(G). (6.3)
For y € [n], we define the section Rg(u;y) = {v € [n] : (y,v) € Rg(u)}, and we set
Bo(u) = n~2|Rg(u)]. (6.4)
If G is not colorable, we set Rg(1) = @ and Bg(u) = 0.

Equivalently, S (u) is the probability that two independent uniform vertices y and v
of [n] lie outside C; (1) and that every coloring of G gives u the color of y or the color
of v. The section R (u;y) is empty for y € Cg(u). When G and u are fixed, we let R(y)
denote Rg(u;y). In this notation, we let W denote [n] \ Cg(u).
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Lemma 6.3. Let G be a colorable multigraph on [n] and let u € [n].

(a) The relation Rg(u) is symmetric, and (y,y) & Rg(u) for all y € [n].
(b) Forally € W, the multigraph G + uy is colorable and Cg ., (u) = Cg(u) U R(y).

Proof. For (a), note that the condition (6.3) is symmetric in y and v. For v = y, it states
that o(u) = o(y) for all colorings ¢ of G, which means that y € Cg(u) and is excluded
by the requirement y € W.

For (b), let y € W. We have y # u and u ¢ y, and Lemma 3.6(a) implies that G + uy
is colorable. The colorings of G + uy are the colorings ¢ of G with ¢(y) # o(u). Therefore
v € Cguy(u) if and only if every coloring o of G with o(y) # o(u) satisfies o(v) = o'(u),
which gives

v € Coquy(u) <= o(u) € {o(y),o(v)} forall e Col(G).

The right side holds for all v € Cg(u), and for v € W itis the condition (y,v) € Rg(u). O

By Lemma 6.3(b), for y € W, the number |R(y)| counts the vertices that join the frozen
class of u when the pair uy is added to G. Since |[Rg(u)| = ¥ye[n [R(y)], the quantity
nPc(u) is the average of |R(y)| over y € [n].

We now bound the densities K?p and " of Definition 6.1 in terms of graphs with one
occurrence fewer. To that end, we remove one of the m occurrences ey, ..., e, of Gy,. For
each i < m, the multigraph G;, — ¢; is formed by the m — 1 independent uniform pairs
ey with i’ # i, which are also independent of ¢;. The pair (G, — ¢;, ¢;) therefore has the
law of (G;,—1,e), where e is a uniform pair independent of G,,_1, and for every function
h > 0 of a multigraph and a pair we have

m
E Y h(Gu —ej,e;) = mEh(Gy_1,¢). (6.5)
i=1

This is the analogue for m independent points of the Mecke equation for Poisson processes
[45], [44, Theorem 4.1].

Lemma 6.4. Let m > 1 and j > 1 be integers.

(a) We have
2_m

Ex*(Gm) < o Bxj1(Gu1). (6.6)
(b) Ifj > K, then for all u € [n],

Exj " (Gu) < (n— 1)22(7i k1) Elttdegs, () =j—1}fe,, ()] 67)
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Proof. We begin with (a). For a multigraph G’ and a pair e, we define 1(G’, e) by

hl(G// e) = Z Z 1{a ~Gl4e U, A ~G D, degG/+e(a) = ]}
aceveln]\{a}

Let (a,v) be a pair counted in n(n — 1)K?p(Gm). Then a ~g,, v, degg (a) = j, and there
exist at least K indices i < m such that a € ¢; and a ~¢,,_,. v. Each such index contributes
1 to h1(Gp — e, €;), through the endpoint a and the vertex v. Summing over the pairs
(a,v) and taking expectations, we obtain

[\13

Kn(n — 1)]E1cnp —ej,e;) = mEhi(Gy_1,e), (6.8)
where the identity is (6.5).

We now bound the right side of (6.8). For a € ¢, we have deg; ., (a) =deg;  (a)+
1. Recall from Section 3.1 that each vertex belongs to e with probability 2/#n, and note
that e is independent of G,,_;. Dropping the first indicator in the definition of h;, we find

Ehi(Gp-1,e) <EY., Y 1{a~g, v, deg; (a)=j—1}
“@vE[ \a}

= Z ). Plar~g, v degg (a)=j—1)
" aeln velu\fa)

2
= n(n— 1)]EK]~_1(Gm_1),

where in the last step we used the definition (6.2). Inserting this bound into (6.8) gives
(6.6). .

We now prove (b). Let (a,v) be a pair counted in n(n — 1)Kflv(Gm). At most K —1 of
the j occurrences at a are non-pivotal for (a,v), so there exist at least j — K+ 1 indices

i <msuch thata € ¢; and a %¢,,_,, v. Further, degGmf ei(a) = j — 1 for these indices.
We set

ha(Glie)=3 Y, Wargiev ateo, deggla)=j—1}.
aceveln]\{a}

Each index i as above contributes 1 to 1y (G, — e;, €;), and as in the proof of (a), we obtain
(j— K+ 1) n(n = 1B (Gp) < mEhy(G-1,e). (6.9)

To compute the right side of (6.9), we condition on G’ = G,,_1. We may assume that
G' is colorable, since otherwise hy(G’,e) = 0. Let a and y be distinct vertices. We claim
that
1{” ~G'tay U, 4 el U} = |RG’(a;y)| . (6.10)
ve[n]\{a}
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Indeed, suppose first that y € Cg/(a). Then G’ 4 ay is not colorable by Lemma 3.6(a), the
left side vanishes, and Rg/(a;y) = @ by Definition 6.2. Otherwise, Lemma 6.3(b) shows
that the vertices v counted on the left are exactly the elements of Rg/(a;y).

Every pair ay has probability (7) 1 and summing over the two endpoints of e amounts
to summing over ordered pairs (4,y). Using (6.10) and Rg/(a;a) = @, we obtain

~1
Elia(G,0) | 6] = (5) L tdesel@=j-1) T |Rowy

agn] ye[n]\{a}
-1
N <Z) Z[:]l{degcf(a) =j—1} [Re/(a)]
ac|n
2n .
= =5 L 1degg(a) =)~ 1} pr(a),
]

acln

where in the last step we used (6.4). Recall that the law of G,,_; is invariant under
relabeling. Relabeling G and a by the same permutation does not change 1{deg(a) =
j—1}Bc(a). Every term of the last sum has the same expectation. For all u € [n], we

have 02
Ely(Gy1€) = - - -E[1{degg, (1) = j— 1} Bg, ,(1)].

Inserting this identity into (6.9) and dividing by (j — K+ 1)n(n — 1), we arrive at (6.7). O

We now iterate Lemma 6.4(a). Recall that K = [8A], so that the coefficient in (6.6)
satisfies 2m/(nK) < 1/4 for m < M. Each application lowers the degree and the
time by one. After j — wy applications, the term Ex;(G;;) with j > Dy is bounded by
4—(j—w0)]EKwO(Gm_]-+wO) plus a combination of the terms ExP™ with i > wyp; see (6.14)
below. The terms of the first kind are controlled by Lemma 3.7, which uses that the
process becomes non-colorable at most once.

Proposition 6.5. Let n > 3. Then

1P<H < M, maxdeg.(v) > Dn>
M-1

veey
-1 M-1 (6.11)

<Spomw 8 Faeve,,

W] o

where an empty sum is zero.

Proof. We may assume that M > 1, since H > 1 and the left side of (6.11) vanishes if
M = 0. We define £ to be the set of pairs (G, ab) such that G is a colorable multigraph
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on [n], ab is a frozen pair of G, and max(deg(a),deg;(b)) > D,,. We recall the density
ke of (3.10). We claim that

M- m
P(H < M, maxdeg;(¢v) > Dy ) = Z Exe (G Z Y Exi(Gu).  (6.12)
veey m=0 j=D,+1

Since H > 1, the equality follows from Lemma 3.8(a) with h =1, L’ = 0, and U’ = M.
For the inequality, note that each frozen pair ab counted in «¢(Gy,) yields at least one
ordered pair, (a,b) or (b,a), whose first vertex has degree j > D, that the degrees in G,
do not exceed m, and that (’27)_1 =2/(n(n—-1)).

Next, let 1 <j <m < M. Since «; = K]Piv + K?p, the bound (6.6) gives

i 2m i 1
Exj(Gn) <G (G) + 2B 1(Gru1) S B (G) + 1 Exj1(Gu1),  (6:13)

where in the last step we used m < M < An and K > 8A.

Now let wg < j < m < M —1. We apply (6.13) successively at the degrees j,j —
1,...,wp + 1 and the corresponding times m,m —1,...,m — j + wo + 1. At each step, the
degree j’ and the time m — j + ' satisfy 1 < j < m — j+j < M. By induction on j — wy,
we obtain

Ex;(Gm) < Z 4~ U= f>1EKEW(Gm i) 47U By (G- (6.14)
j'=wo+1
We insert (6.14) into (6.12), which is possible since D, > wp, and we consider the
two kinds of terms separately. For the last term, fix j > D, + 1. As m ranges over
{j,...,M —1}, the times m — j + wy are distinct. Using «, < x and (3.9), we obtain

Z. ]EKwO(Gmfjero) <L

Summing over j, we find that these terms contribute at most

2 4~ (—wo) — 2 4= (Dnt1-wy)
L 3

j=Dy-+1
to the right side of (6.12).

For the first sum in (6.14), fix j/ > wy + 1 and j > max(j’,D,, + 1). As m ranges over
{j,...,M — 1}, the times m — j + j' are distinct and lie in {j/,..., M — 1}. These times
need not be distinct when j varies, but we account for the repetitions by the geometric
factor. Since all terms are nonnegative, the first sum in (6.14) contributes at most

Mi (Z4<J’7)21E,chm = 2 ZIEPWGm

j'=wo+1 Nj=j =j' J’—wO+1 m=j’
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to the right side of (6.12). Adding the two contributions and renaming j' as j gives
(6.11). O

The descent in Proposition 6.5 runs over all degrees, since the degrees in G, are at
most m and the time shifts are paid for by the factor 4~ 07,

6.2 Credited sets

In this section and the next, we fix a vertex u € [n], which we call the root. For a colorable
multigraph G, we call log |C(u)| its potential at u. By Lemma 6.3(b), the relation Rg(u)
describes the growth of C;(u) when an edge at the root is added. The next definition
assigns a set to every pair. When adding the pair preserves colorability, this set gives a
lower bound for the growth of the root’s frozen class.

Definition 6.6. Let G be a colorable multigraph on [#], and recall that W = [n] \ Cg(u)
and that R(y) denotes the section Rg(u;y). For a pair f = ab of [n], we define the credited
set of f by

R(a)NR(b) ifabeW,

Ae(f) = R(D) ifa e Cg(u)and b e W, (6.15)
¢ R(a) ifa e Wand b € Cg(u), '
@ ifa,b e Cg(u).

If G is not colorable, we set /5 (f) = @.

For a colorable multigraph G and a pair f, we call

the credited logarithmic increment of f at u.

We call the first case of (6.15) the direct case and the second and third cases the cross
case. Note that @/;(f) C W. The cross case contains the pairs f = uy with y € W, for
which @7 (uy) = R(y); by Lemma 6.3(b), this is exactly the set of vertices that join the
class of the root when uy is added. The credited set is defined whether or not G + f is
colorable, and this will be important in the proof of Theorem 6.10 (see Remark 6.11).

Lemma 6.7. Let G be a colorable multigraph on [n], and let f be a pair of [n] such that G + f is
colorable. Then Cg(u) and </g(f) are disjoint subsets of Ci ¢(u). In particular, |Cgy ¢(u)| >

[Co(u)| + 6 (f)]-

Proof. By Lemma 3.6(b), we have Cg(u) C Cgyf(u), and @/5(f) C W is disjoint from
Cg(u). Let f = aband y € @(f). Then y € W, and Lemma 6.3(b) shows that
CGiuy(u) = Co(u) UR(y). We claim that a,b € Cgyy(u).
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In the direct case, we have y € R(a) N R(b), and the symmetry of Rg(#) in
Lemma 6.3(a) gives a,b € R(y). In the cross case, we may assume that a € Cg(u)
and y € R(b), and then b € R(y) by symmetry. This proves the claim.

The claim implies that a ~g ., b. Since a # b, Lemma 3.6(a) shows that G + uy + f is
not colorable. Every coloring o of G + f therefore satisfies 0(y) = o(u), since otherwise o
would be a coloring of G + f +uy. As G + f is colorable, this means thaty € Cgs(u). O

Figure 6.1 illustrates the two cases of the proof.

direct case Cross case

Figure 6.1. The credited set of a pair f = ab, with the root u and its class Cg(u) (black outline).
Dotted lines join pairs of Rg(u). The dashed line is the pair uy, which is not added to G, and the
thick solid line is the added pair ab. Left, the direct case: a,b € W and y € R(a) N R(b). Right,
the cross case: a € Cg(u), b € W, and y € R(b). In both cases, adding uy would put a and b into
the class of u (gray outline), so G + uy + ab is not colorable. Hence every coloring of G + ab gives
y the color of u.

We next compare |R¢(u)| with two sums, which will appear as the contributions from
the direct and cross cases of (6.15) to the expected credited logarithmic increment. The
comparison is purely combinatorial; it uses the symmetry of Rg(u#) and nothing else
about colorings.

For a colorable multigraph G on [n] and the fixed root 1, we define

- _(IR@) NR)

1 (u,b)GZWxW ( [Co(u)] ~ 1)/ (6.16)
) o (IR@) |

2 =2(1CmI-1) L (ieat)

Lemma 6.8. For every colorable multigraph G on [n], we have |Rg(u)| < 2a1 + a.

Proof. We first bound a; from below. Let a,b € W. Writing the minimum as a sum over
the intersection, we have

L (IR@ARG) ) _ 1
( Co(u)] '1) yemgm(b)max(|cc(u)|,|R(a)mR(b)|)’
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where both sides vanish if R(a) N R(b) = @.
By the symmetry of Rg(u), we have y € R(a) N R(b) if and only if a,b € R(y).
Exchanging the order of summation, we obtain

1 [R(y)]
= Bk b e (Co)], R@ ARG B oityy max(1Co(u)], [R@))

yEW acR(y) beR(y yeWaeR(y

where in the last step we used |R(a) NR(b)| < |R(a)| and summed over b € R(y).

The right side is a sum over the pairs (y,a) € Rg(u). Since (y,a) — (a,y) is a bijection
of Rg(u), the same lower bound holds with the roles of y and a exchanged. Adding the
two bounds, we find

a [R(y)| IR(a)|
"= (W)gc(u) (l’nax(|CG(u)’ ’ \R(a)\) * l’nax(|CG(u)’ , \R(y)‘) ) (6.17)

We now split Rg(u) into the pairs (y,a4) with max(|R(y)|,|R(a)|) > |Cg(u)| and
the remaining pairs. For a pair of the first kind, the summand in (6.17) is at least 1.
Indeed, by the symmetry of the summand, we may assume that |[R(y)| > |R(a)|. Then
|IR(y)| > max(|Cg(u)|,|R(a)|), and the first fraction in the summand is at least 1. The
bound (6.17) therefore implies that there are at most 2a; pairs of the first kind.

It remains to count the pairs (y,a) € Rg(u) with |R(y)| < |Cg(u)| and |R(a)| <
|Cg(u)|. When |Cg(u)| = 1, there are none, since every pair (y,a) € Rg(u) satisfies
a € R(y) and hence |R(y)| > 1. Suppose that |Cg(u)| > 2.

By symmetry, the vertices y with (y,a) € Rg(u) form the set R(a), so the number of
pairs (y,a) € Rg(u) with |R(a)| < |Cg(u)| satisfies

Y IR < [Co)] X min( et ) <

aeW aceW
|R(a)|<|Cq(u)]

where we used |Cg(u)| < 2(|Cg(u)| — 1) in the last step. Adding the two counts gives
IRg(u)| < 2ay + as. O

The following lemma is the main step of this section. It bounds B¢ (u) by the expected
credited logarithmic increment when one uniform edge is added to G.

Lemma 6.9. Let G be a colorable multigraph on [n], and let f be a uniform pair of [n]. Then

Bc(u) < %Ef log(l + ||“fg((£))||), (6.18)

where E ¢ denotes the expectation with respect to f.
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Proof. For z > 0, we have log(1 + z) > (log2) min(z,1). For z € [0, 1], this follows from
the concavity of z — log(1 + z), and for z > 1 from its monotonicity. It suffices to show

that
- 176(f)] R ()|

since the right side of (6.19) is bounded below by |Rg(u)| /(2n?) = Bg(u)/2.
Since each pair has probability (Z)f1 =2/(n(n—1)), we have

() 1 min (196 (aD)]
By min( (2 1) = =D o (&) o
a#b

We split the sum in (6.20) according to the cases of (6.15). The ordered pairs of distinct

vertices of W contribute
R
a; — Z min( | (a)] ,1),
acW ‘CG(U)‘

since the terms of a; with a = b are min(|R(a)| / |Cg(u)|,1).
The ordered pairs with one vertex in Cg (1) and one in W contribute

2(Co(u)| Y min( [R(a)] ,1),

since there are |Cg(u)| choices for the vertex in Cg(u) and two orders. The pairs inside
Cg(u) contribute zero.
Adding these contributions, we find that the sum in (6.20) satisfies

(tslab)] Y v (R
L min({ZE51) =+ @ICs0l ~1) T min(eir )

aeW

1
> a4 ap > 5 |Rg(u)],

where we used 2 |Cg(u)| —1 > 2(|Cg(u)| — 1) in the first inequality, and a; > 0 and
Lemma 6.8 in the second. Dividing by n(n — 1) gives (6.19). O

The pairs f containing the root compensate for the diagonal terms a = b of a1, which
do not correspond to pairs of distinct vertices. Without them, (6.18) would carry an
additive error of order 1/n, and the sum of these errors over the M steps of the process
would be of order A.
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6.3 The potential

We now sum the one-step bound of Lemma 6.9 over time. The potential log |Cg,, ()|
takes values in [0,log n]. By Lemma 6.7, it increases at each step at least by the increment
appearing in (6.18), as long as the graph remains colorable. However, Lemma 6.7 does
not apply at the step at which the graph becomes non-colorable. The increment is still
defined at that step, and we bound it using that Cg(u) and 275 (f) are disjoint subsets of
[n].

For each integer m > 0 with m < H, we define

|G (€m+1)’)
b, =log |Cq (u)], Y,=log(1+ —2—-"|.
gl Gm( )| g( ‘CGm(u)l

For m > H, we set ®,, = ¥,, = 0. For m < H, the variable ¥, is the credited logarithmic
increment of e, 1 at u.

Theorem 6.10. Let u € [n], let T = min(H, M), and let Ty be a stopping time of the filtration
(Fm)m>o0 with values in {0,1,2,...} U {oo}. Then

E Y Bg,(u)< oo (logn)P(1 < T). (6.21)

m: H<m<T 1 23

Proof. For m < H, the multigraph G, is colorable, so 0 < ®,, < logn and ¥,;, > 0. The
variable ¥, is determined by G, and e,,;1, whether or not G, is colorable.

We first prove a pathwise bound. Let m +1 < H. Then G;,41 = Gy, + ey,41 is colorable,
and Lemma 6.7 gives

}Ccm+1 )| > |Cq,, ()| + |, (em+1)|, and hence Yy <Py —Dp. (622)

Suppose now that 79 < 7. Then 7 —1 < H. The sets C¢__, (1) and «/;__, (er) are
disjoint subsets of [n], so we have

Y1 =log(|Cq. , ()| + |4, (er)|) — Proq < logn — Dr_1.
For o <m <1 —2,wehave m +1 < 7 < H, so (6.22) applies. Telescoping, we obtain
Z‘I’mg Z D1 — D) +logn — Py =logn — Py < logn.
m=T m=T

The sum is empty if 79 > 7. Together, these cases give

Y, ¥u < (logn)1{r < t}. (6.23)

m: p<m<T
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Next, we compare the expectations. For 0 < m < M, we define I, by
Ly =1{1m <m < 1}.

Since Ty is a stopping time and, for m < M, the event {m < T} is the event that G, is
colorable, the variable I, is F;;,-measurable.

The pair e;,11 is uniform and independent of F,,. On the event {m < H}, the
conditional expectation of ¥, given F;, is the expectation in (6.18) with G = G,. Using
Lemma 6.9 and [, < 1{m < H}, we obtain

I, ()] < g EllnEYn | Fal] = 1o B[l

Since T < M, summing over 0 < m < M and using (6.23), we conclude that

M-1 )
E ) PBc.(w)= ) E[lupg, ()] < —E ), Yu
m: o<m<T m=0 g m: H<m<T
2
< .
= Tog2 (logn)P(t9 < T)
This completes the proof. O

The passage from the one-step bound to (6.21) is a standard compensator argument,
in the spirit of the drift bounds for hitting and occupation times in [39, Sections 2-3]. A
related use of a bounded monotone potential to control occupation, retaining terminal
increments, appears in [52, Lemmas 2.2 and 4.1]. Here the potential is the logarithm of a
frozen-class size, and the input specific to colorings is Lemma 6.9.

Remark 6.11. The proof of Theorem 6.10 credits the edge e; with the increment ¥Y,_,
which is defined from G;_; and e; even when G is not colorable. If T = H, this edge is
the final edge; if T = M < H, it is the edge at the cap. Correspondingly, the average in
Lemma 6.9 runs over all pairs f, including those for which G + f is not colorable. This
cannot be avoided, as the following example shows. Let g = 3, let n > 7 with n — 1
divisible by 3, and let the root be u = n. Let G consist of the triangle on the vertices
1,2,3, of (n —4)/3 vertices joined to 2 and 3, of (n —4)/3 vertices joined to 1 and 3, of
(n —4)/3 vertices joined to 1 and 2, and of the edge joining u to 3. In every coloring, the
triangle receives three distinct colors, and every other vertex except u receives the color
of the vertex of the triangle to which it is not joined. Thus G has three frozen classes
besides {u}, each of size (n —1)/3. Fori € {1,2,3}, we let C; denote the frozen class that
contains the vertex i. The root can take the color of C; or that of Cy, so Cg(u) = {u}, and
(6.3) shows that Rg(u) = (C; x C) U (Cz x Cq). Therefore

n— 2
polw) = 21
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which tends to 2/9 as n — oo.

On the other hand, a pair f with @/;(f) # @ either lies inside C; or inside Cp, in
which case G + f is not colorable, or joins u to a vertex of C; U Cy. There are 2(n —1)/3
pairs of the last kind, each with a credited set of size (n —1)/3, so

|75 (f)] , n\ '2(n—1) n+2 4logn
| = < .
IEf {log (1 + Co ()] 1{G + f is colorable} 0 3 log e

Let C,C’ > 0 be constants independent of n. Then a bound of the form

logn
n 4

‘Q{G(f” . /
Bo(u) < CEf [log (1 + Co)] )I{G + fis colorable}] +C

tails for large n. However, this does not contradict Theorem 6.10. About a third of all
pairs lie inside one of the classes Cy, C;, C3, and «(G) is close to 1/3. By Lemma 3.10(c)
and (d), on the event {G,, = G}, the conditional expectation of H — m given F,, is
r(G) <1/x(G), which is bounded.

We apply Theorem 6.10 at the time at which the root reaches a given degree.

Corollary 6.12. For all u € [n] and all integers j > 1,

M—1 j

Y E[1{degs, (1) = /) o, ()] < o5 (ogm (7). (624
m=0

Proof. We may assume that M > 1, since otherwise the left side vanishes. We set
T = min(H, M) and let 1y denote the first time m > 0 such that degg (1) > j, with
Tp = oo if there is no such time. Then T is a stopping time.

Since degrees do not decrease in m, we have deg; (u) > j if and only if 79 < m.
Further, B¢, (1) = 0 for m > H. The left side of (6.24) is the left side of (6.21). By
Theorem 6.10, it is bounded by (2/ log2)(logn)P (1 < T).

On the event {1 < 7}, we have p < M —1 and hence deg; (1) > j > 1; in
particular, this event is empty if M = 1. Suppose that M > 2. Recall that deg; (1) has
the law Bin(M — 1,2/n). Using Lemma 3.15(a) and M — 1 < An, we obtain

P(1 < 1) <P(Bin(M —1,2/n) > j) < <2€(Mn—]_1))] < (%)J

which completes the proof. O

6.4 Combining the estimates

We now combine Proposition 6.5, Lemma 6.4(b), and Corollary 6.12.
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Theorem 6.13. Let n > 3 be such that wy > K, where K and wq are given by (6.1). Then

IP(H < M, maxdeg(v) > Dn)

vEey

2
4~ (Dut1=w) 4 32A n logn 2eA WO.
3log2\n—-1/) wy—K+2\ wy

(6.25)
<

W

Further, there exists ng, depending only on A, such that for all n > ng the right side of (6.25) is
at most (log n)_3/2. In particular, for all n > ng and all integers 0 < L'<u <M,

IP(L’ < H < U, mindeg(v) > Dn) < (logn)~3/2, (6.26)
veey

Proof. We bound the pivotal sum in (6.11). Fix u € [n] and letwy+1<j<m <M —1.

Then j > K+ 1, so that (6.7) applies, and j — K+ 1 > wp — K+ 2. Using (6.7) and

m < M < An, we find

. 2
IEK;)IV(Gm) < wo —2112%-2 (TZ i 1) ]E[l{degcm_l(u) =J- 1}‘36’”*1(”)}'

For fixed m, the events {deg; (1) =j— 1} with wg+1 < j < m are disjoint and
contained in {deg; () > wo}. Exchanging the order of summation, we obtain

M-1 M-1 M—1
| Z 1 2 IE[l{degGmil(u) =j—1}Bg, ,(u)] < ZOIE[I{degGm(u) > wo} Bg,, (1) ]
]:w0+ m=j m=

2 2eA\ ™"
= log 2 (log ) (w_o) !

where the last inequality is Corollary 6.12 with j = wg > 1.

Inserting the last two displays into (6.11) and using (8/3) - 2A - (2/log2) =
32A/(3log?2), we obtain (6.25).

We now show that the right side of (6.25) is small for large n. We have

D, (logn)'/4 D,—1 _ (logn)t/*
— > — > —= > > —
Dy+1—wy> > +1> > , wo > > > > 1,
where we used D,, > (logn)l/4 —1land (D, —1)/2 <wy < D,/2.
By the first bound, the first term in (6.25) is bounded by (8/3) 2-(logm"* The sec-

ond implies that wy — co. We take n large enough that wy > max(K,2¢*A). Then
log(wg/(2eA)) > 1, which gives

zeA " =exp| —w logﬂ < gm0 < ol (logm)'/4/2
wo 08 2en ) = - '
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Using also wyg — K+2 > 2 and (n/(n —1))?> < 9/4, we bound the second term in (6.25)
by (12eA/ log2)(logn)e_(IOg”)1/4/2. As x3/2¢=x""*/2 _y 0 and x3/22*"* 5 0 as x — o,
each term is bounded by (logn)~3/2/2 for all large n, with a threshold that depends only
on A.

Finally, let 0 < L’ < U’ < M. The event in (6.26) is contained in the event in (6.25),
since H < U’ < M on this event and the minimum of the two degrees is at most their
maximum. This gives (6.26). [

Remark 6.14. For q = 2, the conclusion of this section has a short direct proof. Indeed, we
now show that K}?IV = 0 for all j > K when g = 2. Let G be a colorable multigraph and let
u ~¢c v with u # v. A connected bipartite multigraph has exactly two colorings with two
colors, which differ by exchanging the colors, and different components can be colored
independently. This implies that u and v lie in the same component of G, at even distance.
Let e be an occurrence at u such that u and v are still connected in G — e. Then they
are at even distance in G — e as well, since every path in G — e is a path in the bipartite
multigraph G, and therefore u ~;_, v. A pivotal occurrence at u is thus an occurrence of
a pair that lies on every path from u to v. We fix one such path without repeated vertices.
Its only edge at u is its first edge, so every pivotal occurrence at u is an occurrence of this
pair. Since a pair with a pivotal occurrence has multiplicity one, at most one occurrence
at u is pivotal for (u,v). If deg-(u) = j > K, then at least j — 1 > K occurrences at u are
non-pivotal, and K}DiV(G) = 0. If wp > K, all pivotal terms in Proposition 6.5 then vanish,

which leaves the bound (8/3) 4~ (P»+1-%0) without the potential argument. In particular,
the proof of Theorem 6.13 does not use g > 3.



SECTION 7

Proof of the main theorems

In this section, we prove the window bound of Theorem 7.1 and deduce Theorems 1.1
and 1.2 from it. The window bound combines the reduction of Section 4 with the estimates
of Sections 5 and 6, and the deduction uses the convergence criterion of Theorem 4.1,
which is proved in Appendix A. We end with three remarks on the scope of the argument.

7.1 Parameters and the window bound

Throughout this section, we retain the fixed integer g > 3. We now set A = 7, + 2. With
this choice, we recall the parameter definitions:

log g p—2A
— ., A=7,+2  M=|An], S —
1 og(q/ (g~ 1) " Al =T
Ag=2qlogqg+29+1, K= [8A], g =¢e =1, X, = ne, (7.1)
- logn
en = (logn) /2, kn = {@-‘, D, = | (logn)'/*], wo = [Dn/2],

where the last line is for n > 3. Each of these parameters was introduced in the section
where it is first used, and we collect them here. After choosing g, we fix 1 € (0, 770].
We use the quantiles L, (7) and U, () and the window wy,(#) of Definition 3.3 for this
value of A. Here Yq is the first-moment bound for the threshold, A; bounds the expected
lifetime in Lemma 3.10, ¢, is the target bound for the probabilities in Proposition 4.6,
x, = ne2, k, bounds the list lengths retained in the proof in Section 5, D,, is the degree
cut, and K and wy are the parameters of Proposition 6.5 and Theorem 6.13.

Every estimate used below holds for all sufficiently large n, and the conditions on n
are of three kinds. The conditions of Section 5 consist of the threshold 7, of Theorem 5.7
and, in Corollary 5.8, a comparison of the negative power n~1/8 with a power of log n.
Those of Section 6 use that wglog(wg/(2eA)) grows faster than loglog n. The thresholds
in these two sections are determined by g, through A. Finally, the bounds on the quantiles
in Lemma 3.17 hold for each fixed 7, and therefore the threshold in Theorem 7.1 depends
on 77 as well.

77
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Theorem 7.1. Let g > 3, and let the parameters be given by (7.1). For every n € (0,1o], there
exists ng, depending only on q and 1, such that for all n > ny,

wy(n) < %n(logn)_‘g/z. (7.2)

Proof. Fix n € (0,70]. We abbreviate L = L,(y) and U = U,(). We will verify the
hypotheses (4.16) and (4.17) of Proposition 4.6 for all large n.

For (4.16), recall that Corollary 5.8 gives (4.18) for all large n, with a threshold de-
pending only on 4. The event in (4.16) is contained in the event in (4.18), so (4.16) holds
for these n.

For (4.17), note that 0 < L < U < M by Lemma 3.4. We apply (6.26) with L' = L and
U’ = U, and we use that ¢, = (log n)_3/2 for n > 3. For all large n, we obtain

1P<L < H < U, mindeg(v) > Dy, #(T) > xn> < ]P(L < H < U, mindeg(v) > Dn>

vEey veey

S 81’1/

which is (4.17).
The proposition Proposition 4.6 now applies for all large n. It implies that w, () <
(6A/n?) ne,, which is (7.2). O

7.2 Proofs of the main theorems

Proof of Theorem 1.1. We apply Theorem 4.1 with J,, = €,, and we first check its hypothe-
ses. Since log3 > 1, the sequence (e,) takes values in (0, 1] and is nonincreasing. Further,
for every integer j > 2, we have |e¢/| > 3 and

lef] > el —1>e71, and hence ¢, < (logej_l)_?’/2 = (j—1)"%2

Since €|,| = €2 = 1, it follows that

Yo 1Y (-1 <o,

j>1 j>2

Next, Theorem 7.1 shows that for every 57 € (0, 1], the hypothesis (4.2) holds with
K'(17) = 6A/5? and a suitable ny (7).

The hypotheses of Theorem 4.1 hold, so there exists a constant a; € [1/2, 4] with the
properties (1)—(3) stated there. Properties (2) and (3) state that G(n, [cn]) is g-colorable
with probability tending to one for every constant ¢ € [0,a,) and tending to zero for
every constant ¢ > a4, and that the same holds for G(n,d/n) with the threshold d; = 2a,.
This is Theorem 1.1. O
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Proof of Theorem 1.2. Lete € (0,1). We set 1 = min(e/2,1p) and m, = L,(11). As shown
in the proof of Theorem 1.1, Theorem 4.1 applies. Its property (1) gives m,/n — a,.

We now bound the probability that H is far from m,. Recall from Lemma 3.17(a)
that U, (1) < M for all large n. For such n, we apply Lemma 3.4 at the level 7, with
m = L, (1) and with m = U,(%1) + 1, and we obtain

IP(H < Lu(m11)) <11, P(H > Uy(m) +1) <.

Hence, with probability at least 1 — 2771 > 1 — ¢, we have L,(171) < H < U, (1) + 1, and
on this event
0<H-—my <wy(m)+1.

Finally, applying Theorem 7.1 at the level #; € (0,%0], we have w,(1) <

(6A/173) n(logn)~3/2 for all large n. We set C = 6A /72 + 1. Using also n(logn)~3/2 > 1
for n > 3, we conclude that for all large 7,

P(|H —my| < Cn(logn)_3/2) >1—e.

This proves Theorem 1.2, with a constant C determined by g and €. O

7.3 Remarks

Remark 7.2. We record where the proof uses the assumption g > 3. There are two places.
The first is the part of Lemma 5.3 which shows that if a vertex lies in a frozen pair, then
its neighbors use at least 4 — 1 colors in every coloring of the multigraph with this vertex
removed. Since g —1 > 2, the list of its neighbors is then never monochromatic. This
is the one use of g > 3 in the proof of Theorem 5.7, and the implication fails for g = 2
(see Remark 5.4). The second is Lemma 3.17(b), which uses that a multigraph whose
components each contain at most one cycle is g-colorable when g > 3, and it gives the
lower bound «,; > 1/2. The remaining steps hold, with the same proofs, for every q > 2;
for the estimates of Section 6, see Remark 6.14. Some use of g > 3 is unavoidable, since for
g = 2 the threshold is not sharp. Indeed, for every constant d € (0,1), the probability that
G(n,d/n) is bipartite converges to e#/?((1 —d)/(1+d))/* € (0,1); see [57, Section 1,
equation (1.5)], and [2, p. 64] for a discussion of the case g = 2.

Remark 7.3. We now explain why the variance bound of Section 4 cannot certify windows
below the order \/n. Fix 57 € (0,7]. In this remark, we write L = L, () and U = U, (7).
We use the capped variable Y of (4.3) and the variables Y(~7) of (4.5) at this level; in the
latter, the occurrence e; is omitted. The proof of Proposition 4.5 rests on the inequalities

n%*wy(n)? < Var(Y) < i]E[(Y(i) — V)] = E[H(2ry g (T) —1);L < H< U].
i=1
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The first inequality is Lemma 4.4, the second is the Efron-Stein inequality used in the
proof of Lemma 4.3, and the identity is (4.6). On the event {L < H < U}, the multigraph
I' is colorable and U — H+1 > 1, so ry—g+1(I') > 1 by Lemma 3.10(a). Hence the right
side is at least E[H1{L < H < U}] > (L+ 1)P(L < H < U), and Lemma 3.17(b) with
co = 1/4 implies that L > n/4 for all large n. Thus, whenever IP(L < H < U) is bounded
below by a positive constant, the right side of (4.6) is at least of order n, and the bound on
wy (1) that these inequalities can yield is at least of order \/n. This is a limitation of the
variance bound, not a lower bound on the window. For comparison, Wilson proved that
the transition for g-colorability has width at least of order /7 in the number of edges [62,
Corollary 6]. The window 7 (log 1) ~3/? of Theorem 7.1 is much larger than this scale.

Remark 7.4. Theorems 1.1 and 1.2 are asymptotic statements, and the proof gives no
useful bounds at practical sizes of n. The conditions on n in Sections 5 and 6 are explicit
inequalities, but they hold only for very large n. For example, the hypothesis wy > K
of Theorem 6.13 is equivalent to (logn)/* > 2K, so it requires logn > (2K)* > (16A)*.
Moreover, Theorem 4.1 identifies a; only as a limit. It does not provide a rate for the
convergence of L,(1)/n to a;, and the proof gives no information on the value of a,
beyond the bounds 1/2 < a5 < 7.



APPENDIX A

Convergence of the threshold location

In this appendix, we prove Theorem 4.1, and we first recall its statement. The parameter
A > 7, + 1is fixed as in Section 3.1, and 779 = e 2N/8. Let (6n)n>1 be a nonincreasing
sequence with values in (0, 1] such that

2 5\_€kJ < 00, (Al)
k>1

and suppose that for every 1 € (0, 7] there exist K'(7) > 0 and an integer n1(7) such
that
wn(n) < K'(y)né,  forall n > nqy(y). (A.2)

Theorem 4.1 asserts that, under these hypotheses, there exists a; € [1/2, ’yq] with
the following properties. For every € (0,70], we have L,(y)/n — &, and
Uy(7)/n — a5 as n — oo. For every real ¢ > 0, the probabilities P(H > |cn]) and
IP(G(n, [cn]) is colorable) tend to 1 if ¢ < a4 and to 0 if ¢ > a,. For every real d > 0, the
probability IP(G(n,d/n) is colorable) tends to 1 if d < 2w, and to 0 if d > 2a,.

The method adapts the proof of the corresponding statement for random k-SAT in [51,
Section 5]. Its main input is a product inequality for colorability probabilities at different
system sizes, which is the coloring case of the interpolation of Bayati, Gamarnik, and
Tetali [10, Theorem 5 and Proposition 2], written for a Poisson number of edges as in [51,
Lemma 5.2]. Translated to quantiles, it shows that the normalized lower quantile L, (1) /n
at size N + N is at least the smaller of its values at sizes N; and N, up to an error.
A balanced binary tree of block sizes then shows that such comparisons in minimum
form imply convergence, as in [51, Lemma 5.4]. In [51], the comparisons concern nor-
malized expectations and have polynomially small errors. Our window bound concerns
quantiles and gives only errors of order J,. We compare quantiles using errors that are
summable on geometric scales, as in the classical theory of nearly subadditive sequences
[25, Theorem 23] and in [1, arXiv:1006.3786v1, Section 4.3, Lemma 8 and Remark 3]. This
summability cannot be dropped from the tree argument (see Remark A.6). In the last
step, we use the window bound at every small quantile level. All quantiles then share one
limit, and the zero-one laws follow without the sharp-threshold theorem of Achlioptas
and Friedgut [2] (see Remark 4.2).

In Section A.1, we prove the product inequality for a Poisson model with loops, and
in Section A.2 we relate this model to the quantiles of V. Section A.3 combines the two

81
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to compare the normalized lower quantiles at different sizes, and Section A.4 shows that
these comparisons imply convergence. Section A.5 relates the edge process to G(n, m)
and G(n, p), and we complete the proof in Section A.6.

A1 The product inequality

In this appendix, we also use multigraphs with loops. For a finite set S, we define a
multigraph with loops on S to be a finite multiset of sets {x,y} with x,y € S, allowing x = .
We call its elements, counted with multiplicity, occurrences, and an occurrence {x, x} a
loop. We define its colorings and colorability by the same inequality as in Definition 3.1,
and let Col(G) denote its set of colorings. For x,y € S, we define G + {x,y} to add
one occurrence, including when x = y. For S’ C S, we define G[S'] by retaining the
occurrences with both endpoints in §’. In particular, a multigraph with loops that contains
a loop is not colorable, and a colorable multigraph with loops is a multigraph in the
sense of Definition 3.1. When |S| > 2, its frozen classes are defined by Definition 3.5; this
includes every graph whose frozen classes are used in the interpolation proof below.

Definition A.1. Let n > 1 be an integer and ¢ > 0 a real number. Let (u;, v;);>1 be inde-
pendent random elements of [n] x [n] with the uniform law, and let I be an independent
random variable with the Pois(cn) law. We let A, (c) denote the multigraph with loops
on [n] whose occurrences are {u;,v;} for 1 <i < I, and we set

on(c) = P(Ay(c) is colorable). (A.3)
For n = 1, every occurrence of Ai(c) is a loop, so that
p1(c) =P(I=0)=e¢"". (A4)
Lemma A.2. For all integers N1, Ny > 1 and all real ¢ > 0, we have

PNi+N, (C) > PN (C)pNz(C)' (A.5)

Proof. Both sides of (A.5) equal 1 when ¢ = 0. We may assume that ¢ > 0. Let N =
Ni+Na, S; = [Ny], and Sy = [N]\ [Ni]. Let (w;)i>1 and (w?);s1, j = 1,2, be three

1
independent sequences of independent random elements. We give the entries of the

first sequence the uniform law on [N] x [N] and those of sequence j the uniform law on

For p = (po, p1, p2) with po, pi1, 2 > 0, let Iy, I, and I, be independent random
variables with the Pois(ug), Pois(y1), and Pois(y;) laws, independent of these sequences.
We let A*(u) denote the multigraph with loops on [N] whose occurrences are the sets
(2)

)i<1,, and (w;

{x,y} for the elements (x,y) of the lists (w;)i<p,, (w-(l)

l )i<1,, and we set

X(u) =P (A*(p) is colorable).
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For v € [0, c], we define the interpolating multigraph and its colorability probability by
AW = A*(Nu,Ny(c = v),Na(c = v)),  x(v) = X(Nv,Ni(c —v), Na(c = v)). (A.6)

The occurrences contributed by (w;) have mean number Nv, and those contributed by
(wi(j)) have mean number N;(c —v) for j = 1,2.

We first identify the values of x at the endpoints. The multigraph A(®) has no
occurrence joining S; and Sy, so it is colorable if and only if A[S;] and A©)[S,] are
colorable. These two multigraphs are independent, and after relabeling S, as [N3], they

have the laws of Ay, (c) and A, (c). The multigraph A(¢) has the law of Ay(c). Therefore

x(0) = pny(c)pny(e),  x(e) = pnl(c),

and it suffices to show that x is nondecreasing on [0, c].
Next, we compute the partial derivatives of y. For k = (ko, k1, k2) with nonnegative

integer entries, let a; be the probability that the multigraph with loops formed by (w;);<,,
(1) (2)

(w;”)i<k,, and (w;™")i<f, is colorable. Then

ko, ki, ko
X(p) = Y 7tpq (ko) 7oy, (K1) 70y (ko )y = e~ o 11712 Z%”k'
- — kolkq!ka!
Since |a;| < 1, the last series converges absolutely on R3. We extend ¥ to R® by the right
side of the preceding display. This extension is smooth, and its partial derivatives may
be computed term by term.
Let (x,y) be a uniformly random element of [N] x [N], independent of A*(u). The
derivative of pg — 71 (ko) is 71, (ko — 1) — 71y (ko). Using this and shifting the index ko
in the terms with 77, (ko — 1), we obtain

Ao X (1) = Y 70 (ko) 700, (k1) 7035 (k2) (@ (kg 41 ey ky) — k)
k

= —IP(A*(p) is colorable, A*(u) + {x,y} is not colorable),

In the second step, we used that adding an occurrence can only destroy colorability.
Repeating this computation for y; and pp, we find the analogous formulas, with (x,y)
uniform on S; X S;. (This is the perturbation formula for Poisson processes [44, Theo-
rem 19.1] in the case that we need.)

We now evaluate these probabilities. Let A be a colorable multigraph with loops on
[N]. Then A has no loops and is a multigraph on [N]. We claim that for x,y € [N], the
multigraph with loops A + {x,y} is not colorable if and only if x ~ 4 y. Indeed, for x =y,
the multigraph A + {x, x} contains a loop, and x ~ 4 x holds since A is colorable. For
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x # y, the claim is Lemma 3.6(a). Let Cy, ..., Cx denote the frozen classes of A. It follows
that the conditional probability that A + {x,y} is not colorable is

£ /1GCil\2 , o
Z <_> if (x,y) is uniform on [N] x [N],
S\ N

ko 1CiNS[N2
i_zl <| zNj ]|) if (x,y) is uniform on S; x §;,

where the sums run over these k classes.

On the event that A(") is colorable, let Cy,...,C, now denote its frozen classes. We
define the integrand below to be zero otherwise. Applying the chain rule to (A.6) and
inserting these formulas, we obtain

X' (v) = NOyX — N19yy X — Nady, X

k : 2 , 2 |2 (A.7)
E|1{A" is colorable} i_E 1 ( N, + N ~ )|

where the partial derivatives are evaluated at (Nv, Nj(c — v), Na(c — v)). For integers
a,b > 0, we have

a_z b_2 ~ (a+ b)>  (Npa— Nib)?

Ni N2 Ni+No NiNo(Np+Np) =7

as one checks by multiplying both sides by N1N»(N; + N»). Applying (A.8) with a =
|IC;NS1|and b = |C; N Sy in (A.7), we find that x'(v) > 0 for all v € [0, c]. Hence

(A.8)

pon(e) = x(c) = x(0) = pn, (¢)ony (c)- -

System-splitting interpolation was used by Guerra and Toninelli to prove thermo-
dynamic limits for mean-field spin glasses [38, Section 3, Theorems 1-2]. Franz and
Leone [31, Section III and appendices] and Panchenko and Talagrand [54, Sections 1-2]
developed free-energy bounds for diluted models under their stated interaction and
arity hypotheses. For the coloring problem, Bayati, Gamarnik, and Tetali compare the
colorability probability of the global model with a given number of edges with that of the
two parts [10, Theorem 5], and their proof of [10, Proposition 2] uses, as above, the classes
of vertices that receive the same color in every coloring. Averaging their comparison over
a Poisson number of edges gives (A.5). The Poisson form and its proof by differentiation
in the means are those of [51, Lemma 5.2] for k-SAT, where the sign of the derivative
comes from the convexity of x — x*. Here it comes from (A.8).
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A.2 The Poisson model and the quantiles

We now relate p,(c) to the hitting time H of the edge process on [n]. The proof uses
standard concentration bounds for Poisson random variables. For integers n > 1, we set

Ay = [Vnlogn]. (A.9)
Lemma A.3. (a) For all integers n > 2q and all real ¢ > 0, we have
Y ey (HP(H > j). (A.10)
j>0

(b) Let 5 € (0,1/2]. For all large n and all ¢ € (0, A}, the following holds. If c(n —1) <
L,(n) — Ay, then
pu(c) > e (1 — ) (1 — e~ (loem/20)), (A11)

and if c(n — 1) > Un(n) + Ay, then
ou(c) < g+ e (losm*/2A), (A.12)

Proof. We begin with (a). Each occurrence of A,(c) is a loop with probability 1/n. We
apply Lemma 3.14(a) with E = [n] X [n], v the uniform law, = cn, and the partition
of E into the diagonal {(x,x) : x € [n]} and its complement. It shows that the number
of loops of A,(c) has the Pois(c) law, and that, independently, the elements (u;, v;)
with u; # v; form a list of Pois(c(n — 1)) independent uniformly random elements of
{(x,y) € [n]?>: x # y}. For such a uniformly random element (x,y), the set {x,y} is a
uniformly random pair of [n].

Conditionally on the number j of occurrences that are not loops, the multigraph
formed by these occurrences has the law of G;. The multigraph with loops A;(c) is
colorable if and only if it has no loop and this multigraph is colorable. We have

Y 7e(u—1)(j)P(Gj is colorable),
>0
which is (A.10).
We now prove (b). We set u = c(n — 1). Let | be a random variable with the Pois(u)
law. We write L = L,(y) and U = U,(y). Suppose first that 4 < L — A,. Recall from
Lemma 3.4 that P(H > j) > 1 — 5 for all j < L. Inserting this into (A.10), we find

pu(c) > e 1) Y mu(j ‘A=—mPJ<L)>e*A—n)(1-P(J > pu+A4n)),
j<L

where we used ¢ < A and the inclusion {J > L} C {J] > u+ A,}. Further, we have
u+AN, <L<M<Anand A2 > n(log )2, so Lemma 3.15(c) gives

A2 n(log n)? o)
P(]ZV+An)§eXp<_m> SeXp<_(2Tgn)> — p—(logn)*/(2A)
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This proves (A.11).

Suppose now that y > U + A,,. By Lemma 3.17(a), we have U 41 < M for all large n.
For such n, Lemma 3.4 and the monotonicity of P(H > j) in j give P(H > j) < 7 for all
j>U+1. We bound P(H > j) by 1 for j < U and by # for j > U in (A.10), and we use
e ¢ <1. Since 0 < p < An, Lemma 3.15(c) then gives

AZ
Pn(c) SP(J<U) 45 <P(J <p—An) 415 <exp ( - ﬂ> +q < e (logm)/(28) 4y

which is (A.12). The only condition on n that we used is U +1 < M, which does not
involve c. [

A.3 Comparison of the quantiles at different sizes

In this section, we fix 7 € (0,7] and assume (A.2) at this level. We write K’ = K'(7)
and n; = ny(n). For each integer n > 2g, we set ¢, = L,(17)/n. Recall from Lemma 3.4
that L, () < M, so that 0 < §, < A. We extend the sequence (,,) to real arguments by
6(u) =6y, for u > 1, and we define

1
o(u) = K'6() + (A +6) (\’gru, u> 1. (A.13)
u
Lemma A.4. There exists an integer ng > 2q such that for all integers N1, No > ng, we have
Enp+N, > min(8ny, 6n,) — g(min(Ny, N2)),  Engra > Eny — §(N1). (A.14)

The integer 19 depends on ¢, A, 7, K’, n1, and the sequence (Jy).

Proof. We first choose ny. For each integer v > 1, we have A, < y/vlogv + 1, and hence

Ay _logo 1
< -, A15
v~ o T3 (A.15)
where the right side is nonincreasing in v > 2. Let ¢, = e~ (logn)?/(28) Using

Lemma 3.17(b) with ¢y = 1/4, the bound (A.15), and the fact that ¢, — 0, we may
choose 1y > max(2q, ny, 62) such that the conclusion of Lemma A.3(b) holds at every size
n > ng, and such that

1 2N, 1

1
— — < mi — > 1. .
&n > 4 <L, % <min <;7, 8) for all n > nyg (A.16)

We begin with the first inequality in (A.14). Let Nj, N, > ng, let N = N; + N, and
Nmin = min(N7, N;), and set

. 2AN
¢ = min <§N1 — Tll' CN, —

o)
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The bounds (A.16) give ¢ > 0, and we have ¢ < ¢y, < A. For j = 1,2, we also have
C(N] — 1) < CN]' < LNj(ﬂ) — ZANj < LNj(ﬂ) — ANj-

Therefore (A.11) applies at size N;, and together with 7 < 79 < 1/8 and (A.16) it gives

_ NYAY
pn () Z e M1 =) (1—dy) 2 e A (3)"
By Lemma A.2, we obtain
oa(7N\E e
on(e) = oy (C)pry (€) Z 24 (3) > . (A.17)

However, recall that 79 = 2" /8. Together with (A.16), this gives

e—2A
17+19N§211§2170:T.

Suppose that c(N — 1) > Ux(#) + An. Then (A.12) at size N > ng would give pn(c) <
e~2A /4, which contradicts (A.17). Hence ¢(N — 1) < Uy(7) + An. Since N > ny, the
hypothesis (A.2) gives

Un (1) = Ln(y) + wn () < Ngn + K'Néy,
and dividing by N, we find

A A A
CN>C—%—K’(5N—WNZC—N—K’(SN—WN. (A.18)

We now express the errors through Npin. We have Nj, N > Npin > 2, and the right

side of (A.15) is nonincreasing on [¢?, %), so

. log Nmin 2
¢ > min , -2 — .
- (€N1 gNz ) \/m len

Similarly, using N > Npin, we have Ax/N < (1og Nmin)/ v/ Nmin + 1/ Nmin and A/N <
A/ Nmin, and 6y < J(Nmin) since (é,) is nonincreasing. Inserting these bounds into
(A.18), we obtain

. 10g Nmin A+3 .
CN > mln(CNll ‘:Nz) - K/(S(Nmin) -3 \/m - Nmin > mm(gNl, éNz) - g(Nmin)/
where in the last step we used 1/ Npin < (10g Nmin)/ v/ Nmin for Npin > e. This is the first
inequality in (A.14).
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For the second inequality, let Ny > ng and ¢ = ¢n; — 2AN, /Ny, so that 0 < ¢ < A as
before. Using Lemma A.2 with N = 1, the identity (A.4), and (A.11) at size Nj, we have

7

oA 2 —2A
pni1(e) 2 (e 2 e (2) > =

The argument above, at size Ny +1 > n in place of N, shows that cN; < Un,4+1(77) +
ANﬁ—lr and that

e

A AN +1
>c— — K S
CNyj+1 2> € N 11 ONp+1 N, 11
logN; A+3
> ¢n, —K'6(N1) =3 NN > &Ny — 8(N1).
This completes the proof. O

The use of the one-vertex model (A.4) for the comparison of adjacent sizes follows
[51, Section 5.3]. This comparison cannot be omitted, since Remark A.6 gives a sequence
that satisfies the first inequality in (A.14) with ¢ = 0 but does not converge.

A.4 A balanced tree of blocks

We now prove a general convergence lemma from the two inequalities in (A.14). The
proof applies those inequalities along a binary tree. The next statement specifies the
condition on the error function.

Lemma A.5. Let ug > 1, and let g: [1,00) — (0,00) be a function that is nonincreasing on
[1g, 00) and satisfies Y 1 g(e") < oo. Let ng > 1 be an integer, and let (& )n>n, be a bounded
sequence of real numbers such that the two inequalities in (A.14) hold for all integers N1, Ny > ny.
Then (&) converges.

Proof. We first record the consequences of the summability of g. Let u; = ell°8%l. For
every integer k with ek > u;, the monotonicity of g gives

el do
2 <ok
[ s <s@),
and summing over these k, we find
© d
/ g(v) =2 < oo, (A.19)
u (Y
For u > 2u;, the monotonicity of g also gives

u do

swog2< | (o)

~
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so (A.19) implies that g(u) — 0 as u — oo.
For real ¢ > 4u(, we define the path-error sum

R(0) = i;g(g(%)l). (A.20)

For every i > 1, all points of the interval between (£/4)(4/3)""! and (£/4)(4/3) are at
least 1, so the monotonicity of g gives

N 4 (€/4)(4/3)! do
(= Z < -
g<4<3> >1og3 - /(5/4)(4/3)1'1‘(’7(0) v

Summing over i, we obtain

o0 do

4
R()logs < [ s(0)57,
and by (A.19) the right side tends to zero as ¢ — co.

Next, we construct the tree. Fix an integer ¢ > max(#no, 4uo,2), which we call the block
size, and let n > (2. We write n = kl 4+ jwithk = [n/f] and 0 < j < £. Since k > { > |,
we can write 7 as the sum of j blocks of size ¢ + 1 and k — j blocks of size .

We construct a rooted binary tree whose leaves correspond to the k blocks. For each
node v, we define k, to be the number of blocks below v, and N, to be the sum of their
sizes. At every node with k, > 2, we split those blocks into two children containing
[k, /2] and |k, /2] blocks (see Figure A.1). Thus the root has size 1, every leaf has size ¢
or { + 1, and the size of an internal node is the sum of the sizes of its two children. We
let ht(v) denote the height of v, the largest number of edges on a path in the tree from v
down to a leaf.

We claim that the children v; and v; of every internal node v satisfy

Ny <N, < 3N", i=1,2. (A.21)
4 : 4
Indeed, each child has at least |k, /2| > 1 and at most [k, /2] < 2|k, /2| blocks, and
each block has size between ¢ and ¢ + 1 < 3¢ /2, so that
Ny, _ [k/2](0+1) 3

<2.2=3,
N, = [kJ/2]0 =72

and the same bound holds for Ny, /N,,. Together with N,, + N,, = N,, this gives (A.21).
Now let v = vg, 11, ..., Vhy(y) be a path of maximum length from v down to a leaf.
Using (A.21), we have N,, , > (4/3)N,, for all i, which implies that

ht
4) v, (A.22)

Ne> (3
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sizen =50 +2

Figure A.1. The tree of the proof of Lemma A.5 for k = 5 blocks; internal nodes are labeled by
their numbers k, of blocks, and leaves by their sizes. Each internal node with k, blocks below it
has children with [k, /2] and |k, /2] blocks, and the leaves are blocks of size ¢ or £ + 1. Along
every path from a leaf up to the root, the sizes grow by a factor of at least 4/3 at each step, so the
errors in (A.14) accumulated along the path are bounded by the path-error sum R ().

We now show by induction on the height that every node v satisfies
> @) — - -(=) ). :
ez =50 - L 8(5(3)) (A.23)

—_

A node of height 0 is a leaf of size ¢ or ¢ + 1. The second inequality in (A.14), applied
with Ny = £ > ny, gives &p.1 > &y — g(¢), which proves (A.23) for leaves.

Now let v be an internal node with children v; and v;, and assume that (A.23) holds
for v; and v,. Their heights are at most ht(v) — 1, and their sizes are at least £ > nj.
Using the first inequality in (A.14) and the induction hypothesis, we obtain

¢n, = min(@y,,,n,,) — g(min(Ny,, Ny, ))

w08 (4()) - stmnn, ).

The bounds (A.21) and (A.22) give

ht(v)
min(Ny,, Ny,) > Ny £<é) !

>
1 = 4\3 Ho,

and since g is nonincreasing on [ug, o), the last term in the previous display is at least
—2((£/4)(4/3)P(")), This completes the induction.

Applying (A.23) at the root, we obtain &, > & — ¢(¢) — R(¢) for all n > (2. Taking
the limit inferior as n — oo, we find

liminfg, > & — g(f) ~ R(0)
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for every integer ¢ > max(ng,4u,2). We have shown that g(/) — 0 and R(¢) — 0,
and taking the limit superior as £ — oo gives liminf, ,, > limsup, ;. The sequence is
bounded, so it converges. ]

The minimum form of the size comparison and the tree with blocks of sizes £ and ¢ + 1
are as in [51, Lemma 5.4], which assumes polynomially small errors. For the classical
additive form of near-superadditivity, sufficient conditions of this summable type go
back to de Bruijn and Erdés [25, Theorem 23]; see also [1, arXiv:1006.3786v1, Section 4.3,
Lemma 8 and Remark 3]. A minimum inequality is weaker than the additive one, and
these classical results do not apply directly.

Remark A.6. The summability assumption in Lemma A.5 and the adjacent-size inequality
in (A.14) cannot be dropped from this convergence argument. First, let &: [1,00) — (0, 0)
be nonincreasing with [;~ 4(v) dv/v = oo and, for t > 1, define F(t) = flt 5(v)dv/v. For
integers n > 1, we set y, = 1+ sin(F(n))/2. For 3 < N; < N, we have

1 MNtN2 o do  log2 - log?2 ~
|yN1+N2 _yNz‘ <3 0(v)— < & 0(Np) < 5

2 /N, v 2
and |yn;+1 — YNy | < 6(N1)/(2N7) < 8(Ny). Thus (y,) satisfies the two inequalities in
(A.14) with ¢ = § and ng = 3. However, F(n) — o and F(n+1) — F(n) < §(1)/n — 0,
so the values F(n) come arbitrarily close to all large real numbers, and therefore
limsup, vy, = 3/2 and liminf,y, = 1/2. For nonincreasing 5, the divergence of
[ 8(v) dv/v is equivalent to Y 5(e¥) = oo, and this includes §(v) = 1/ log(ev). Thus,
in this argument, a window of order n/ log n would not suffice. The example concerns
the tree argument only; it does not show that the quantiles of V fail to converge under a
weaker window bound. For the classical additive form, the necessity of the corresponding
summability condition is [35, arXiv:1810.11723v1, Theorem 6].

Second, we define b, = 1{n is even} for integers n > 1. Then by, +n, > min(by,, bn,)
for all N1, N, > 1, since N + N, is even whenever N7 and N, are even. Thus (En) satisfies
the first inequality in (A.14) for every g > 0, but does not converge. It violates the second
inequality for every g that tends to zero.

A.5 Transfer to the uniform and binomial random graphs

Recall that, for integers n > 1 and 0 < m < (3), we let G(1,m) denote the uniformly
random simple graph on [n] with m edges. For p € [0,1], we let G(n, p) denote the
random simple graph on [n] in which each pair is an edge independently with probability

p.
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Lemma A.7. (a) For all large n and all integers 0 < m < An, we have

IP(G(n,m) is not colorable) < NP (H < m),

i (A.24)
IP(G(n,m) is colorable) < e** *'P(H > m).

(b) For all integers n > 2, the probability P(G(n,m) is colorable) is nonincreasing in m &
{0,...,(3)}. Further, for all integers 0 < m < (5) and all p € [0,1], if X has the
Bin((5), p) law, then

IP(G(n, p) is colorable) > IP(G(n, m) is colorable)P(X < m),

) ) (A.25)
IP(G(n, p) is colorable) < IP(G(n, m) is colorable) +P(X < m).

Proof. We begin with (a). Conditioning on a simplicity event of probability bounded
away from zero is a standard transfer from nonsimple to simple random graphs; see
[10, Section 2, paragraph on nonsimple graphs]. Let b = (3), and let D, denote the
event that the pairs ey,...,e, are distinct. For all large n and all m < An, we have
m/b <2A/(n—1) <1/2. Using log(1 — x) > —x — x? for x € [0,1/2], we obtain

v 11 ()
con(- L L p)
2 3
ow (-5 )
> e—2A2—1

where in the last step we used m?/(2b) = m?/(n(n —1)) < 2A%? and m®/b* < 4A3n/(n —
1)2 < 1 for all large n.

Conditionally on D,,, the sequence (ey,...,ey) is uniformly distributed on the se-
quences of m distinct pairs of [n]. Therefore the set {ey, ..., ey} has the law of the edge
set of G(n,m). The colorability of G, is determined by the set of its distinct pairs. If B
denotes the event that G,, is not colorable, we have

IP(G(n,m) is not colorable) = P(B | D,,) < < ANHIP(H < m),

and the second bound in (A.24) follows in the same way from the complement of B.
We now prove (b). Let m < (3). Adding to G(n,m) a uniformly random pair of [#]

that is not an edge of G(n,m) gives a graph with the law of G(n,m +1). A graph that

contains a non-colorable graph is not colorable, which gives the monotonicity.
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For this proof, we let X denote the number of edges of G(n,p). Then X has the
Bin((5),p) law. Conditionally on X, the graph G(n,p) has the law of G(n, X) [34,
Lemma 1.1], so

(2)
IP(G(n, p) is colorable) = Y _IP(X = j)P(G(n,j) is colorable).
=0

Bounding the terms with j > m by P(X = j)IP(G(n, m) is colorable) and the terms with
j < mby P(X = j) gives the second inequality in (A.25). Dropping the terms with
j > m and bounding the others from below by IP(X = j)IP(G(n,m) is colorable) gives the
first. [

A.6 Proof of Theorem 4.1

We assume the hypotheses recalled at the beginning of this appendix, and we proceed in
four steps.

Step 1 (one level). Fix n € (0,19], and let ¢, and g be as in Section A.3. The function
¢ is positive, since K’ > 0 and 6, > 0. It is nonincreasing on [¢?, ), because 6(u) is
nonincreasing in u and (logu)/+/u is nonincreasing for u > ¢?. Further, by (A.1), we
have

Y (@) =K'Y 65+ (A+6)Y ke ™? < 0.

k>1 k>1 k>1
The sequence (y)n>24 takes values in [0, A]. By Lemma A 4, it satisfies the two inequal-
ities in (A.14) for all Ny, N, > ng. Therefore Lemma A.5 with 1y = ¢*> shows that (¢&,)
converges. We let a(#) denote its limit.

Lemma 3.17 implies that ¢cg < a(#) < ¢q for all ¢cg < 1/2 and all ¢; > 74, and we
conclude that a(17) € [1/2,74]. The summability (A.1) implies &, — 0, and since
(0n) is nonincreasing, we have J§, — 0. Using (A.2), we conclude that U,(y)/n =
Ln(n)/n+ wu(n)/n also converges to a ().

Step 2 (all levels share the limit). Let 0 < y— < 4 < yj9. Every m with P(V <m) > 54
also satisfies P(V < m) > n_, which implies that L,(#—) < L,(#4). Further, as in the
proof of Lemma 3.4, we have

P(V > La(n+)) =1-P(V < Lu(n4) =1) > 1=14 > 1,
and L, (n+) < M, so L,(1+) belongs to the set that defines U, (17— ). Hence

Ln(17-) < Ln(17+) < Uy (17-)

for all n > 24.

By Step 1, the outer terms converge to a(#—). It follows that a(7+) = a(y—). We denote
the common value by &,;. Together with Step 1, this shows that L,(17)/n — a; and
Un(17)/n — ay for every 7 € (0,70], and that &y € [1/2,9,].
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Step 3 (the edge process). Let 0 < ¢ < a4, and let 7 € (0,70]. Since L,(1)/n — ay > c,
we have |cn] < L,(#) for all large 1, and for such n Lemma 3.4 gives P(H > [cn]|) >
1 — 5. Therefore liminf, P(H > |cn|) > 1 —y, and letting # — 0, we conclude that
P(H > [cn]) — 1.

Now let ¢ > a4, and assume first that ¢ < A. The convergence U,(7)/n — ay; < c
implies that U, (1) < |cn] < M for all large 1, and for such n Lemma 3.4 gives P(H >
|cn|) < 7. Letting first n — oo and then 7 — 0, we conclude that P(H > [cn|) — 0. For
¢ > A, we choose ¢’ € (x4, A) and recall that P(H > m) is nonincreasing in 1, so that
P(H > |cn]) <P(H > |['n]|) — 0.

Step 4 (the uniform and binomial random graphs). Let 0 < ¢ < a,. Since a5 < 75 < A, we
have [cn| < An, and Lemma A.7(a) and Step 3 give

IP(G(n, [cn]) is not colorable) < e2A2+11P(H < |en]) — 0.

For ay < ¢ < A, we use the second bound in (A.24) and Step 3 to obtain
IP(G(n, |cn]) is colorable) — 0. For ¢ > A, we choose ¢’ € (ag,A). For all large n,
we have [cn| < (3), and the monotonicity in Lemma A.7(b) reduces this case to the
previous one.

Now let d > 0 and let n be so large that d/n < 1. Let X have the Bin((}),d/n) law.
Then EX =d(n—1)/2and Var X <d(n—1)/2.

Suppose first that d < 2a;. We choose ¢ € (d/2,a;) and set m = |cn]. Then
m+1—EX > (c—d/2)n > 0, and Chebyshev’s inequality gives

dn

P(X >m) <P(X—-EX>(c—d/2)n) < e d/2)e — 0.

The first inequality in (A.25) and the first part of this step then give
IP(G(n,d/n) is colorable) > IP(G(n,m) is colorable)P(X < m) — 1.

Suppose now that d > 2x,. We choose ¢ € (a;,d/2) and set m = |cn]. Then EX —
m > (d/2 —c)n —d/2, which grows linearly in n, and Chebyshev’s inequality gives
P(X < m) — 0. The second inequality in (A.25) then gives

IP(G(n,d/n) is colorable) < IP(G(n,m) is colorable) + P(X < m) — 0.

This completes the proof of Theorem 4.1.

We note that a, is determined by g alone. Indeed, by Step 3, it is the unique number
such that IP(H > [cn]) tends to 1 for ¢ < &y and to 0 for ¢ > &, and these probabilities
do not involve A, 7, or the sequence (J,,). In particular, if the hypotheses of Theorem 4.1
hold for two values of A, they give the same «,.
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