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Abstract

The current best upper bound for deterministic factoring is N'/°+°(1) We provide a Lean
certificate that there exists a deterministic Turing machine that computes the smallest prime
factor of every N in N°() steps: for every k > 1 it runs within Cj 2"/% steps on n-bit inputs.
The algorithm reduces factoring to counting divisors with prescribed leading bits, and counts
them by leveraging the counting engine used to refute the Exponential Time Hypothesis (ETH).
The Lean statement that a reader must check to verify the proof is only 13 lines and only uses
Mathlib. The full proof is about 36,000 lines. This note was written less than 24 hours after the
ETH refutations were posted. No human-readable explanation of these results exists yet, and
their Lean proofs are long: Anthropic’s alone runs to about 152,000 lines. Our proof re-proves
only the part of the counting engine it needs and imports nothing from those developments. We
hope this application, with its short statement, serves as a stepping stone for those working to
understand the engine; a follow-up paper will explain this proof in detail.

1 Introduction

Let minFac(N) be the smallest prime factor of N. We prove, in Lean 4 [13] with Mathlib [38]:

Theorem 1 (subexponentialRate). Let N € N have an n-bit binary encoding. There is one
deterministic Turing machine, with a finite alphabet, that takes in N and outputs minFac(N), such
that for every k > 1 there is a constant C, for which it halts within C), 2"/% steps on every input of
length n. Its running time is therefore 200 = No().

Theorem 1 gives the smallest prime factor of V. The following is a direct implication.

Theorem 2 (not in Lean). There is one deterministic Turing machine that takes in N > 1 and
outputs its complete factorization into primes in time No(),

Proof. Run the machine of Theorem 1 on N, divide out the prime it returns, and repeat until 1 is
left. There are at most logy N < n rounds, each on an input of at most n bits, so the total time is
at most n (Cy, 2™* + poly(n)) for every k, which is N°(), O

We have audited this result, not the proof. We checked the statement, 13 lines of Lean, re-
produced in §3; the proof is checked by Lean. The result came about as follows. We asked Al to
apply the result of the ETH paper [31] to factoring, and then to conjecture how much the exponent
could be easily pushed down. The first request produced Theorem 1. The second is recorded as
Conjecture 1. All the ideas were Al-generated: the reduction, the choice of method, the proof plans
and all of the Lean code were produced by AI agents (Claude, Anthropic). Our role was to pose the
questions and design the statement. The algorithm is galactic: its advantage over known methods
appears only for astronomically large V.
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2 Background

Deterministic factoring. Times count bit operations, i.e. multitape Turing machine steps [18].
Trial division takes N'/2te()  Lehman reached N'/3+°(1) [25]; Pollard [32] and Strassen [37]
reached N1'/4to() and Bostan, Gaudry and Schost [4] and Costa and Harvey [10] improved
Strassen’s method by factors of logarithmic size; methods based on Coppersmith’s lattice tech-
nique [9] reach N'/4t°(1) in polynomial space [18]. Hittmeir improved the exponent-1/4 bounds by
a superpolynomial factor [21] and then broke the exponent 1/4 with N2/9+°(1) [22]. Harvey proved
O(N'/510g'6/> N') [18], and Harvey and Hittmeir improved it by a factor (loglog N)3/ [19]; this is
the record for every N. A recent paper gains a further factor 10g3/ 5 N for balanced semiprimes [17].
Every one of these bounds has a fixed positive exponent, and so do the conditional ones: under
the generalized Riemann hypothesis, the class group method of Shanks [35] runs in time N 1/5+0(1)
(as reported in [18], after [11, §5.6.4]), and Umans and Wang show that a number-theoretic con-
jecture would give exponent 1/6 [39] (a sufficient arithmetic-progression form of it has since been
refuted [20]). We know of no earlier deterministic bound of the form N°(1) conditional or not.

Faster, but randomized or heuristic. With Ly|a, c] = exp((c+o(1))(log N)*(loglog N)*~¢):
Dixon’s random squares method [14] and the class group relations method, in the variant of Lenstra
and Pomerance [28], are proved but randomized, the latter in expected time Ly[1/2,1]. The
continued fraction method [29] and the quadratic sieve [33] are deterministic, with running times
near Ly [1/2] that rest on unproved smoothness heuristics. Lenstra’s elliptic curve method [27] is
randomized and heuristic, with a running time governed by the smallest prime factor. The number
field sieve [26] is heuristically Lx/[1/3,(64/9)'/%] and is behind the recent records for numbers
without small factors. On a quantum computer, Shor’s algorithm factors in polynomial time [36].
For a survey see [11]. Theorem 1 beats none of the classical methods above: N°() is far slower
than Ly|[a] for any o < 1. What is new is a proven deterministic bound of N°(),

The ETH refutations (as interpreted by Claude while writing the proof). The Expo-
nential Time Hypothesis [24] says that 3-SAT needs time 2°4™). In October 2026 two unrefereed
preprints refuted it by counting satisfying assignments in time 2°("). OpenAI’s preprint [31] de-
forms the count polynomially, evaluates it where a few shared linear measurements split the sum
into groups, and recovers it by Hermite interpolation, in polynomial space. The second, by Claude
(Anthropic) [5], uses a recursion on networks: nodes with finite setting sets and weights, and a
factor on each pair of nodes that factors through a stated number of shared bits [5, Defs. 1-2].
Grouping ¢ = 3K® nodes into K balanced groups turns a network into a clique with equality
tests on its edges [5, Lemma 1], a variant of the grouping move of Williams [41] after Nesetfil and
Poljak [30]. The eight-square identity of Degen and Graves [2, §1], [6, §6.10], in the sign form
of Albuquerque and Majid [1, Props. 3.7, 4.4], gives a crossing identity (the construction of [23,
Prop. 4.1] applied to it) that splits two crossing equality tests into pieces whose costs add up to
11/12 of theirs [5, Lemma 2]. One level puts g? nodes on a grid, expands every rectangle into such
pieces (in the spirit of [16, 12], which replace a gadget by a linear combination of available ones),
merges rows or columns and regroups, so that the exponent obeys ¢/ = (11/12+0(1/K))e+O(1/K)

and tends to 0 with the number of levels [5, Prop. 3|. Its main theorem counts k-CNF solutions in
time 20(min{k*nloglogn/vlogn, km/\/logm} ), and it is itself formalized in Lean.

What we use from these papers. The proof uses Sections 3-5 of [5] (Definitions 1-3 and 5,
Lemma 1, Lemma 2 with its eight-square and crossing identities, Proposition 3 and the conclusion



e* = 0), re-proved from scratch. It does not use that paper’s Definition 4, its sparsification, its
CNF network, or its Appendices A-D. Nothing of [31] enters the proof. The Lean package imports
no statement, definition or code from either paper.

3 The statement

The Lean development is registered in the Palomar registry as entry PALOMAR-2026-10-28-000015
(https://palomar-registry.org/entry?id=PALOMAR-2026-10-28-000015&version=1).

The audit surface is one file of the registered development, Challenge.lean, built with Lean
v4.35.0 and Mathlib v4.35.0. It imports only Mathlib (Mathlib.Computability.TuringMachine.
Computable, Mathlib.Data.Nat.Prime.Defs and Mathlib.Data.Nat.Log). The declarations be-
low are verbatim; doc comments, the module header and the namespace lines are omitted. The
definitions:

def factor : N — N := Nat.minFac
abbrev FactoringMachine := TM2ComputableInTime encodeNat encodeNat factor

def FactoringMachine.FiniteAlphabets (M : FactoringMachine) : Prop :=
V k, Finite (M.tm.I" k)

def FactorsWithin (M : FactoringMachine) (T : N — N) : Prop :=
M.FiniteAlphabets A V n, M.time n < T n

def FactoringInTime (T : N — N) : Prop :=
3 M : FactoringMachine, FactorsWithin M T

The result, as the Challenge states it (its sorry is filled by Solution.lean), and the conjecture,
stated as a proposition:

theorem subexponentialRate :
3 M : FactoringMachine, Vk : N, 1 <k — 3 C : N,
FactorsWithin M (fun n => C * 2 =~ (n / k)) := by
sorry

def SqrtLogLogConjecture : Prop :=
3 C : N, FactoringInTime (fun n => C * 2 = (C * n / (Nat.sqrt (Nat.log 2 n) + 1)))

The proof is Solution.lean, which states the same declarations with the same names and
types and proves the theorem by one line naming a lemma of the proof files. For Factoring.
subexponentialRate, #print axioms prints [propext, Classical.choice, Quot.sound].

How to read it.

o Factoring means minFac (Mathlib’s Nat.minFac). Applying it repeatedly gives the full factor-
ization with at most logy N calls (Theorem 2).

e The machine model is Mathlib’s Turing machine model TM2. A TM2ComputableInTime structure
bundles a finite-state machine (FinTM2), its input and output alphabets, a time function, and
a proof that on every input a it outputs the encoding of f(a) within time(|encode(a)|) steps.
Numbers are written by Computability.encodeNat (binary), so the input length n is the num-
ber of bits of N and 2" =~ N. Mathlib’s TM2 machines are Carneiro’s, and FinTM2 with its time
notion is Spelier and van Gent’s (file headers; we know of no paper on them). Mathlib requires
only the input stack’s alphabet to be finite; FiniteAlphabets requires it of every stack.
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Conjecture 1 (SqrtLogLogConjecture). Factoring can be done in time exp(O(log N/+/loglog N)),
written in the input length as C - 2167/ (Lv/ llogzn]]+1)]

This is a conjecture made by the Al when we asked it what it could easily prove. We did not
ask it to follow through and prove this conjecture. The Challenge states it as a proposition, not as
a theorem.

4 How the proof works (according to Claude, edited by humans)

The proof is about 36,000 lines in 143 files outside the audit surface. About 5,000 of them are
copied from an ongoing factoring-related project the authors are still working on. At a high level
the proof has five parts.

1. Factoring from counts. Write each divisor of N in binary using exactly n bits, where n is the
number of bits of N, adding zeros on the left of shorter numbers (so with n = 7, the number
7 is written 0000111). Suppose we can answer one question: given a string x of bits, does N
have a divisor other than 1 whose binary form begins with 27 Then we can find the smallest
such divisor, which is minFac(N), one bit at a time from the left. Start with the empty string.
At each step, append 0 if some divisor begins with the result, and append 1 otherwise. (Some
divisor always begins with the current string, so if none begins with it followed by 0, one begins
with it followed by 1.) After n steps the string is minFac(N). For example, the divisors of 91
other than 1 are 7, 13 and 91, written 0000111, 0001101 and 1011011, and the steps end at
0000111 = 7. Our machine answers each question by counting the divisors that begin with x
and checking whether the count is zero (search_eq_minFac). This is a standard way to turn a
search into counting; we know of no single source for it.

2. Counting as a network. Each divisor d of N pairs with exactly one e such that d-e = N,
so the count in part 1 is the number of pairs (d,e) with d-e = N and d beginning with = (the
divisor 1 is subtracted separately). We build a large system of small checks, each looking at
only a few bits, whose ways of filling in all bits that pass every check correspond exactly to
these pairs (mulNet_value). The checks carry out the fast multiplication method of Schénhage
and Strassen [34]: the product d - e is computed with a Fourier transform on numbers modulo
2™ 41, split into two layers of smaller transforms [8, 3], and then the carries are added up. Each
check only stores the values it is given, so once d and e are chosen every other bit is determined.
Grouping the checks into clusters gives a network in the sense of [5], whose value is the count
we want, and in which the clusters share at most a constant times n bits in total (clusterNet).

3. The counting engine. Evaluating such a network by trying every filling takes about 2™ steps.
The counting engine of [5], Sections 3-5, does better by repeating two moves. First, it merges
the nodes into fewer, larger groups chosen so that the shared bits are spread evenly between
groups; such a grouping always exists, and our machine finds one by trying them all. Second,
it arranges the groups in a grid and uses two algebraic identities from [5] to rewrite the value
as a sum of smaller problems, each costing a fixed fraction less in the exponent. After ¢ rounds
it finishes by direct enumeration, obtaining the count multiplied by a known power of two, 2F.
More rounds give a smaller exponent. Our machine computes ¢ from n while it runs, and ¢ grows
without bound as n grows, so a single machine runs within Cy, 2/* steps for every k (uni_exp).
We re-proved the engine instead of importing it, in a variant that writes every table out in full
and does all arithmetic modulo small numbers.

4. Deciding whether the count is zero. The number V = 2 . (count) can be far too
large to handle cheaply, so the engine only computes its remainder after division by each
m = 1,2,...,2M, which keeps every number small. If all these remainders are zero, then



V' is divisible by the binomial coefficient (2]\]\4/[ ), because (2]\]‘4/‘[ ) is a product of prime powers that
are each at most 2M. Since (2]\1‘4/1 ) > 4M/(2M + 1) and M is chosen so that V is smaller than
this, V must be 0 (eq_zero_of_all_dvd). Both facts about (2]\]\44) come from Erdés’ proof of
Bertrand’s postulate [15].

5. Running it on a Turing machine. The engine is written in a small language of arithmetic
expressions and compiled in three steps, each proved correct in Lean: to a simple register-machine
program, then to a lower-level program, and finally to a Mathlib Turing machine. Each step
slows the program down by at most a polynomial factor. Since the bound holds for every k, this
costs nothing: a polynomial slowdown of C' 2"/¥ is at most C’ 2"/% for a larger k’. That machine
models simulate each other with polynomial slowdown is classical [7, 40]; the simulations here
were written and proved from scratch.

5 Conclusion

We have provided a Lean certificate that one deterministic Turing machine finds the smallest prime
factor of every N in N°() steps, and the complete factorization in the same time. This improves
on the best known deterministic bound, N/t Relying on the result only requires a reader to
check a 13-line statement that uses nothing but Mathlib.

The algorithm reduces factoring to counting divisors with prescribed leading bits and counts
them with the engine behind the refutations of the Exponential Time Hypothesis, re-proved here
without importing anything from those developments. Those refutations are recent, and their
Lean proofs are long and not yet explained in a form a human reader can follow. We hope this
application, with its short statement, serves as a stepping stone for those working to understand
the engine. A follow-up paper will explain this proof in detail.
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