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Abstract

This survey explores the theoretical scope of effective computation and formal axiomatic
systems, emphasizing a constructive perspective based on computable trees and their asso-
ciated path spaces. No new technical results are presented; rather, the aim is to synthesize
established results from computability theory and mathematical logic into a unified frame-
work that clarifies what can be computed in principle, complementing the classical emphasis
on undecidability results.

It is argued that standard models of computation, such as Turing machines and equivalent
formalisms, are computationally saturated: any effective extension of their instruction sets
does not enlarge the class of effectively computable functions and algorithms. This saturation
corresponds, on the logical side, to the representational completeness of Robinson arithmetic,
which is sufficient to encode all computable functions despite being finitely axiomatized.

The survey proceeds by showing how standard models of computation give rise to com-
putable trees whose infinite paths correspond to complete and consistent, but typically non-
computable, extensions. This construction links effectively closed (H?) classes in Cantor space
with spaces of completions of formal theories and clarifies the boundary between effective com-
putability and logical possibility. Since Cantor space is homeomorphic to the classical Cantor
set, this framework provides a natural bridge between discrete computability-theoretic and
logical structures on the one hand, and continuous topology on the other.

Introduction

The development of the Turing machine laid the foundation for modern computer science [T*36].
Although originally proposed as a mathematical abstraction, it rapidly became clear that this model
captures the essential features of algorithmic computation realized by physical machines. Today,
the conceptual reach of the Turing model underlies virtually all theoretical accounts of computation
[Co017]. The aim of this survey is to clarify, in a condensed and somewhat informal manner, the
scope and limits of effective computation by integrating classical results from computability theory,
logic, and topology into a unified conceptual framework.

The Church—Turing thesis asserts that every effectively calculable function is computable by a
Turing machine. While the thesis itself is not a theorem (it relates an informal notion of effective
calculability to a formal model), it is supported by a remarkable convergence of independently
proposed and mathematically precise models of computation, all of which turn out to be equivalent
[Cut80, Soal6, Cool7]. Much of the popular discussion of the thesis focuses on limitations such
as undecidability and the halting problem, whereas comparatively less emphasis is placed on the
robustness and closure properties of the class of computable functions. That is, what can in fact
be effectively computed?

During the early and mid twentieth century, it was established that recursive (computable)
functions, Turing machines, register machines, and Post production systems all define the same
class of functions [Cut80]. From the perspective of mathematical logic, these functions are ex-
actly those representable in Robinson arithmetic, that is, Peano arithmetic without the induction
schema. This correspondence highlights a deep connection between effective computation and
first-order arithmetic reasoning about the natural numbers.

Fundamental results in model theory such as the completeness theorem, compactness theorem,
and Lowenheim—Skolem theorem characterize the expressive limits of first-order logic itself [Rau06].
These results show that first-order logic is, in a precise sense, maximal among logics satisfying cer-
tain natural properties, but they do not imply that any particular first-order theory is complete or
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decidable. In particular, the logical framework of first-order arithmetic supports full representabil-
ity of computable functions, even though no computable axiomatization of a sufficiently strong
arithmetic theory can decide all arithmetical truths.

Godel’s incompleteness theorems demonstrate that any consistent, effectively axiomatized the-
ory capable of representing a sufficient fragment of arithmetic must be incomplete. While Godel’s
original results apply to Peano arithmetic, related arguments show that Robinson arithmetic is es-
sentially undecidable: no consistent computable extension of it can be complete. Stronger systems,
such as second-order arithmetic or Zermelo—Fraenkel set theory with Choice (ZFC), are subject to
analogous incompleteness phenomena.

In what follows, computability-theoretic and logical perspectives are unified by viewing con-
sistent computable theories as giving rise to computable trees whose infinite paths correspond to
complete consistent, but typically undecidable, extensions. This representation connects I19 classes
in Cantor space with spaces of complete consistent extensions (e.g. models), highlighting the dis-
tinction between what is logically possible and what is effectively computable, and situating this
distinction within a compact topological space that is equally amenable to discrete and continuous
interpretation.

Robinson Arithmetic and Computability

Robinson arithmetic @Q is a finitely axiomatized first-order theory of arithmetic that omits induc-
tion. Despite its weakness, Q is sufficient to represent every recursive function. More precisely, for
every computable function there exists a formula of Q that represents it, and conversely, a formula
of Q can always be represented as a computable (recursive) function!.

One convenient computational model for establishing this correspondence is the Shepherdson—
Sturgis Universal Register Machine (URM) [Cut80], which uses a minimal instruction set:

TRANSF(I,J) # Copy value from register J to register I
INC(I) # Increment register I by one
JQ(#addr,J,K) # Jump to instruction at #addr if registers J and K are equal

These instructions suffice to compute addition, multiplication, exponentiation and all primitive
recursive operations, and hence all partial recursive functions. Any effective extension of this in-
struction set can be simulated by a standard URM, demonstrating that URMs are computationally
saturated; additional instructions will not increase effective computational power.

The representability theorem, together with Godel’s completeness theorem, shows that Q rep-
resents exactly the computable functions [Rau06]. Thus, while Q is far from complete as a theory,
it is complete with respect to representability of effective computation.

It is important to distinguish logical strength from computational power. Stronger theories
such as Peano arithmetic can prove more theorems, but they do not compute more functions. In
this sense, Q already captures the full closure of effective computation.

Results such as Lindstrom’s theorem characterize the expressive limits of first-order logic, not
of particular theories. When combined with representability results, they reinforce the conclusion
that first-order arithmetic provides a stable framework for effective computation: adding axioms
or operations does not enlarge the class of computable functions unless effectiveness itself is aban-
doned.

Undecidability, Incompleteness and Constructive Non-Computability

Post’s analysis of recursively enumerable (r.e.) sets provides an alternative and highly instructive
route to both undecidability and incompleteness [Pos44]. While standard arguments often rely
on simple diagonalization, the Recursion (Fixed-Point) Theorem reveals the ”productive” nature
of these non-computable sets, showing not just that they are undecidable, but that any attempt
to approximate them effectively will fail on specific, constructive counterexamples. To see this,
let (¢e)eecw be a standard enumeration of partial computable functions, and let W, = dom(y.).
Define the diagonal halting set:

K ={ecw:p.(e) I}

yuri Matiyasevich proved an equivalence relation between computable (recursive) enumerable sets and Dio-
phantine equations meaning that everything computable can be converted to a Diophantine equation, and vice
versa.




The set K is r.e. because it is the domain W, of the partial computable function ¢,:

W, = dom(p,) = v e (@) ¢
undefined otherwise
However, K is not decidable (i.e. computable). If it were, we could define a total computable
function h(z):

Jee(x)+1 ifre K
h(x)_{o ifr ¢ K

Since ¢, is computable for some index e, h(e) = p.(e) + 1 will also be, however h(e) # pe(e). If
e ¢ K, then h(e) = 0, which implies e € K, a contradiction.

The Recursion Theorem can now be used to strengthen this result, showing that the complement
K is not just non-r.e., but productively so [Soal6]. Suppose, for the sake of contradiction, that K
is r.e. as well so that K is recursive (A(l))7 and let f be a total computable function enumerating
K. We can then construct a total computable function g(e) that searches for e in the enumeration
f [Cool7]:

Sag(e)(y) 1= (Els)f(s) =e < ec K.

Note that the halting behavior of ¢ () depends solely on whether e is in K. Thus:
gle) € K <= ¢ge)(g(e)) | <= e € K.
By the Recursion Theorem, there exists a fixed point €* such that @e« = @g(c-). Consequently:
e e K < g(e*) e K.
Combining this with the property of g above, we obtain:
e € K — e*€K.

This contradiction proves that K cannot be r.e. Moreover, the situation admits a stronger, more
constructive interpretation known as productivity [Soal6]. A set A is termed ”productive” if there
exists a partial computable function p(z), called the productive function, such that for any r.e.
subset W,, C A, the function produces a "witness” p(z) € A\ W,.

For the set K, the productive function is effectively the identity map, p(x) = x. To see this,
consider any candidate z with r.e. set W, claimed to be a subset of K. Since W, C K, z € K.
However, by the definition of the complement of the halting set, z € K = x ¢ dom(yp,) = W,
or is undefined. It then follows that x € K\ W,, and so p(z) = z. Hence, = serves as a constructive
witness that W, is an incomplete approximation of K. This result bridges computability and logic:
just as no single r.e. set can exhaust K, no single consistent formal system, of sufficient complexity
(such as Q), can prove all truths of arithmetic. If W, represents the set of theorems proved by
a consistent theory, the productive function p(z) effectively constructs the Gédel-Rosser sentence
[Soal6], a true statement (in K) that the theory cannot prove (from W,)2.

The Geometric View: Computable Trees and Implicit Paths

The limitations of effective computation can also be visualized geometrically using infinite binary
trees [Soal6]. Let 2<¥ denote the set of all finite binary strings where o(i) represents the truth-
value 0/1 according to the encoding given by index i. Each i maps to a sentence i — £ in the
language £ through, for instance, a Godel numbering scheme G. A computable tree T C 2<% is a
computable set of strings closed under prefixes which, by definition [Soal6], constitutes a I1J class.
An infinite path through Tr is a sequence T € 2“ such that every finite initial segment of 7 belongs
to Tr. Each ¢ in 7(i) also corresponds to a level 4 in the tree T [Cool7].

We can define a tree T representing the logical consistency of a formal theory (such as Peano
Arithmetic (PA)). The bit-string o € 2<% represents a path in T if the finite set of sentences
encoded by o does not yield a contradiction within |o| steps of deduction. Since checking a finite
proof for validity is algorithmic, T is computable if each path o is complete and consistent (i.e.,
we can effectively decide if a finite string o is in T'). For infinite paths, such as complete and

27The conclusion is unescapable that even for such a fixed, well defined body of mathematical propositions,
mathematical thinking is, and must remain, essentially creative. To the writer’s mind, this conclusion must inevitably
result in at least a partial reversal of the entire axiomatic trend of the late nineteenth and early twentieth centuries,
with a return to meaning and truth as being of the essence of mathematics.” [Pos44]



consistent extensions of PA, T is subject to undecidability and, as such, the halting problem. To
see this, recount the construction of the Gédel-Rosser sentence above that is not decidable from a
sufficiently strong theory, i.e. the theory may be represented by multiple logically consistent paths
and is, as such, undecidable.

By the completeness of first-order logic, any consistent theory has a model, which corresponds
to an infinite path through 7' [Cool7]. The set of these paths forms a (co-r.e.) IIY class (an
effectively closed set) in the Cantor space [Soal6].

The crucial insight is the disconnect between the computability of the tree and the computability
of its paths. While we can locally verify if a node is in T by checking consistency, we cannot
effectively find an infinite path guaranteeing truth or global consistency due to the existence of
Godel-Rosser sentences. In fact, there exist computable trees that are infinite, and thus have paths
by Konig’s Lemma, but possess no computable paths [Soal6].

This geometric formulation reframes undecidability as a topological obstruction: the ”solution
space” is non-empty and clearly defined by local rules, yet it contains no computable ”points”.
Any algorithm attempting to traverse the tree will eventually hit an inconsistency or diverge,
unable to isolate a single, consistent truth assignment. Thus, as described in the previous section,
incompleteness remains; a consistent and complete extension of a theory, of sufficient complexity,
to an infinite path in [T] will remain undecidable and therefore non-computable. In this regard it
should be noted that trees represented by strings encoding complete and consistent extensions of
PA arithmetic have uncountable many paths due to the existence of Gédel-Rosser sentences.

PA degrees, Effective Completions and Cantor space

A theorem of Solovay shows that a degree is a PA degree if and only if it computes a member of
every nonempty I1{ class represented as infinite paths through a tree T’ [Soal6], as described in the
previous section. These degrees are equivalent to degrees computing diagonally non-computable
(or fixed point-free) functions and are closed upward.

While PA degrees can compute objects far beyond effectively computable sets, this additional
power reflects access to non-computable information rather than an extension of effective compu-
tation itself. As described in the previous section, the structure of PA degrees thus illustrates how
logical possibility vastly exceeds effective computability.

Moreover, basic ”"clopen” sets in Cantor space generate its topology and provide a natural
setting for X9 and II{ classes (as described by the trees above) [Soal6]. Via the standard homeo-
morphism between Cantor space and the middle-thirds Cantor set, these computability-theoretic
constructions admit a natural topological interpretation by transforming discrete combinatorial
tree-like structures to sets in a compact, continuous space.

The Topological Bridge: From Discrete Trees to Continuous Space

The representation of complete consistent extensions of PA, as infinite paths through computable
binary trees, provides a geometric foundation that situates logical possibility within the rigorous
framework of the subsystem W K Ly (Weak Konig Lemma) of second order arithmetic [Sim09]. This
subsystem acts as a formal bridge, linking the discrete consistency of theories to the continuous
topology of Cantor space, where the set of all such extensions forms an effectively closed I1{ class.

Because Cantor space is homeomorphic to the classical middle-thirds Cantor set, these discrete,
countable tree structures (2<“) are naturally transformed into uncountable, compact objects (2)
within a continuous space [Sti18]. The logical strength of WK Ly, which asserts that such paths
must exist, is equivalent to the Heine-Borel theorem, alongside the Brouwer Fixed-Point Theorem
and the Peano Existence Theorem for differential equations, revealing that the ”solution space” for
logical consistency is governed by the same topological compactness that underpins real analysis
[Sim09]. While the minimal model RC Ay of effective computation contains only computable sets
[Sim09], the transition to logical possibility through the WK Lj system allows for the existence of
non-computable paths where the ”solution space” for logical consistency is governed by the same
topological compactness that underpins the behavior of real-valued functions. The Low Basis
Theorem [Soal6] provides a pathway to this complexity, ensuring that we can construct models
of these stronger theories where every set remains "low”, demonstrating that the connection to
analysis does not necessarily require a leap into the highest reaches of the arithmetic hierarchy
but remains within proximity of the computable functions. This perspective clarifies that while
effective computation remains ”saturated” at the level of local, mechanical verification, the global
existence of extendable, infinite paths provides the essential connection to mathematical analysis.
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Conclusion

A finite set of operations suffices to realize all effective computation. Standard models such as
Turing machines and URMs are computationally saturated, and Robinson arithmetic is sufficient
to represent every computable function in the usual arithmetical sense. Extensions of these systems,
through infinite paths and the Low Basis Theorem, increase logical or proof-theoretic strength, but
not effective computational power.

The representation of consistent, computable theories as trees explains why complete and con-
sistent extensions of PA exist in abundance yet are typically undecidable; non-computability ap-
pears as the absence of strictly decidable paths through such trees, while incompleteness reflects
the impossibility of effectively selecting a complete and consistent path due to the existence of
Godel-Rosser sentences.

The embedding of these tree-based constructions into Cantor space, and via homeomorphism
into the classical Cantor set, provides a topological bridge between discrete computation and real
analysis. Finite, mechanical operations give rise to infinite decision structures whose organization is
naturally captured by compact topological spaces. Hence, the outlined perspective demonstrates
how universal computation in discrete space can be extended to represent abstract topological
objects in continuous space.
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