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Abstract. Over Q(q), for every n ≥ 4, we calculate the full space of classical-weight-preserving
solutions of the linearized braid equation at the standard type-Dn vector braiding. Its dimension
is (n + 1)(n + 2)/2. A coordinate slice for scalar and parameter variations, diagonal vector-basis
changes, and alternating twists reduces the upper bound to a homogeneous vanishing problem.
Outer-pair coefficients eliminate the zero-weight block through a recurrence closed by the
two central weights. We also give a functorial formal local parametrization over local Artin
algebras. The explicit integrable family belongs to earlier multiparameter constructions; an
exact parameter dictionary is provided. No bibliographic priority claim is made for the full
tangent-space exhaustion. The proof is uniform in n; finite-rank computations are diagnostics.

1. Introduction and main result

Multiparameter vector braidings of classical type are already known [7, 1]. The question
considered here is an exhaustion problem: at the standard type-Dn vector operator, do those
families account for every classical-weight-preserving infinitesimal braid deformation? We allow
every coefficient in the zero-weight block and impose no initial triangular-support, fixed-metric,
Hopf-algebra, or BMW-representation condition. The main step is a uniform elimination of
that block, using the outer opposite pair and a recurrence closed by the two central weights.
The explicit family is identified with prior constructions in Section 6; the computation does not
assert a new family of quantum groups or bibliographic priority for the exhaustion statement.
Conventions. Fix n ≥ 4, N = 2n, i′ = N + 1 − i, and K = Q(q), with q an indeterminate. Set

λ = q−1, δ = q−1 − q, ρi =
{

n − i i ≤ n,

n + 1 − i i > n.

The basis v1, . . . , vN of V = KN has weights wa = εa and wa′ = −εa for 1 ≤ a ≤ n. Write
ij = vi ⊗ vj and ijk = vi ⊗ vj ⊗ vk. The operator Q = Qn is specified completely by

Q(ii) = λii,

Q(ij) = ji + δ1i>jij (i ̸= j, j ̸= i′), (1.1)

Q(zj) =
N∑

i=1
Bijzi, zj = jj′,

Bij = q1i=j′ + δ1j>n1i=j − δ1i>j′q−ρi−ρj . (1.2)

This is the usual braided vector operator of type Dn. In particular it agrees with [1, Eq. (3.21)];
the final summation there is reindexed using ρi′ = −ρi. Thus Q satisfies the braid equation.
Our convention is Q = PR.
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Let Wn ⊆ EndK(V ⊗2) consist of all operators preserving total classical weight. No sparsity
condition inside a weight block is imposed. Its dimension is 12n2 − 6n. Define

LQ(H) = H12Q23Q12 + Q12H23Q12 + Q12Q23H12

− H23Q12Q23 − Q23H12Q23 − Q23Q12H23, (1.3)

Tn = ker(LQ|Wn), dn = (n + 1)(n + 2)
2 .

Products act from right to left throughout.
Theorem 1.1. For every n ≥ 4, the space Tn is precisely the tangent space of the explicit family
in Section 2. In particular,

dimK Tn = dn, rank(LQ|Wn) = 12n2 − 6n − dn.

These are dimensions before taking any quotient by changes of basis or twists. The statement is
over Q(q), and asserts no dimension formula at an exceptional specialization of q.

2. The integrable family and its coordinate slice

Put M = Zn ⊕ Zc and µi = wi + c. Choose an alternating multiplicative bicharacter χ on M ,
and set

G(ij) = χ(µi, µj)ij, D = diag(d1, . . . , dn−1, 1, . . . , 1).
All parameters are invertible. Allowing a scalar a and a parameter r near q, consider

Φ = a(D ⊗ D)GQn(r)G−1(D ⊗ D)−1. (2.1)
There are 2 +

(n+1
2
)

+ n − 1 = dn parameters, with base point a = di = χ = 1, r = q.
Lemma 2.1. Every member of (2.1) satisfies the braid equation and preserves total weight.
Proof. Only the assertion for G needs explanation. On V ⊗m let Gm multiply a basis tensor
by

∏
s<t χ(µis , µit). The sum of the two augmented weights is preserved by Qn(r), since the

classical weight is preserved and each pair contains two copies of c. Bimultiplicativity makes
every factor involving a spectator cancel in the ratio of two diagonal entries of Gm. Consequently

GmQk,k+1G−1
m = (GQn(r)G−1)k,k+1.

Conjugating the braid equation proves the assertion. The operations involving a and D also
preserve it. □

Let En be the image of the differential of (2.1); then En ⊆ Tn. For a coefficient of H write
Hab→cd. Define the following coefficient positions for the normalization:

F (1) = {(ij → ji) : n + 2 ≤ i ≤ N − 1, n + 1 ≤ j < i},

F (2) = {(N1 → jj′) : 2 ≤ j ≤ N − 1},

F (3) = {(Nj → jN) : n ≤ j ≤ N − 1}, (2.2)

F (4) = {(N(N − 1) → N(N − 1)), (NN → NN)}.

They are disjoint, and their union F has #F = dn.
Lemma 2.2 (Coordinate slice). Evaluation πF : En → KF is an isomorphism. In particular
dimK En = dn, and every H ∈ Tn has a unique decomposition H = H0 + H̃ with H0 ∈ En and
πF (H̃) = 0.
Proof. Use tangent parameters a = 1 + αϵ, r = q(1 + βϵ), da = 1 + ℓaϵ, and χ = 1 + ϵω, where
ϵ2 = 0 and ω is alternating. Put ℓn = 0 and set the diagonal parameters at negative indices to
zero. In particular β multiplies the logarithmic derivative q∂q, not ∂q. The full tangent coefficient
is

Hij→uv = αQij→uv + β q∂qQij→uv

+ Qij→uv
(
ω(µu, µv) − ω(µi, µj) + ℓu + ℓv − ℓi − ℓj

)
.
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For a tangent vanishing on F , the two positions in F (4) give(
δ −q−1 − q

q−1 −q−1

)(
α

β

)
= 0, det = 2.

Thus α = β = 0. Write ha = ω(εa, c) and bab = ω(εa, εb) in this proof only. Both orientations of
each absolute index a = 2, . . . , n in F (2), divided by its nonzero base coefficient, give

2(h1 + ha) + ℓa − ℓ1 = 0, 2(h1 − ha) + ℓa − ℓ1 = 0.

Hence ha = 0 for a ≥ 2, ℓ1 = 2h1, and ℓ2 = · · · = ℓn−1 = 0. The positions F (1) now kill all bab

with 2 ≤ a < b ≤ n. The two positions of F (3) involving εn and −εn give h1 = b1n = 0, and
the remaining positions give b1a = 0. All tangent parameters vanish. The differential of the
parameter space to KF is therefore injective between two spaces of dimension dn, proving all
assertions. □

3. Nonopposite blocks and normalization

Lemma 3.1 (Two and three letters). Every H ∈ Tn has common scalars x, t and scalars uab

for a < b, b ̸= a′, such that

H(aa) = xaa,

H(ab) = uabba,

H(ba) = (t − uab)ab +
(
(q2 + 1)x − qt

)
ba.

Its remaining coefficients form an arbitrary, as yet unconstrained, matrix A = (Aij) on ⟨zj⟩,
with H(zj) =

∑
i Aijzi.

Proof. For one nonopposite pair a < b, initially write H(aa) = xaaa, H(bb) = xbbb, H(ab) =
pab + uba, and H(ba) = vab + dba. The coefficient aab → aab of (1.3) is (q−2 − 1)p, so p = 0.
After this substitution, the coefficients baa → baa and bba → bba are respectively

(1 − q−2)
(
(q2 + 1)xa − q(u + v) − d

)
, −(1 − q−2)

(
(q2 + 1)xb − q(u + v) − d

)
.

Thus xa = xb and the asserted diagonal formula holds with tab = u + v. For a < b < c pairwise
nonopposite, substitute these formulas. The coefficients cab → cab and bca → bca are

(q − q−1)(tab − tac), (q − q−1)(tac − tbc).

These computations use only (1.1). The graph of distinct nonopposite weights is a complete
graph minus a perfect matching. Its vertices are connected and its edges are connected through
triangles: two edges sharing a vertex are in a triangle unless their other endpoints are opposite;
in that case insert a vertex avoiding these three absolute indices, which exists for n ≥ 4. Disjoint
edges can first be joined through an edge meeting both (choosing endpoints that are not opposite).
This gives common x, t. The only remaining weight space is the zero-weight space. □

From now on assume πF (H) = 0, subtracting the unique element of En provided by Lemma 2.2.
The two positions in F (4) give x = t = 0. We can therefore write

H(ii) = 0, H(ij) = sijji (i ̸= j, j ̸= i′), sij = −sji. (3.1)

All coefficients between two distinct negative indices vanish, by F (1) and the negative positions
in F (3). Also

snN = 0, AiN = 0 (2 ≤ i ≤ N − 1). (3.2)
Let I = {2, . . . , N − 1}, and set

ci = BiN , c1 = q, ci = −δqn−1−ρi (i ∈ I), cN = δ(1 − q2(n−1)). (3.3)

Every ci with i ∈ I is nonzero. For 2 ≤ k ≤ n put

τk = ck′

ck
= q2(n−k). (3.4)
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Useful consequences of (1.2), valid for internal indices, are

Bk′k = q, BNk = ck, Bik = −δ
ci

ck′
1i>k′ (i /∈ {k, k′}), Bkk = 0 (k ≤ n), Bn′n′ = 0.

(3.5)

4. Outer columns and the uniform coefficient equations

Lemma 4.1 (Outer reduction). A normalized H satisfies
A•1 = 0, A•N = γeN , siN = 0 (i ∈ I) (4.1)

for a scalar γ = ANN .

Proof. Here and below a displayed coefficient of LQ(H) must be zero. Applying (1.3) to 11N
gives

[ 11N → 11N ] = (λ2 − q2)A11, [ 11N → i1i′ ] = δAi1 (i ∈ I).
Thus H(z1) = ηzN . By (3.2), write H(zN ) = ζz1 + γzN , and put ai = siN . The next coefficient
is

[ NN1 → ii′N ] = ci(λζ + ai + ai′) (i ∈ I).
Take i = n: both an = 0 and an′ = 0, so ζ = 0. For every positive internal i, the coefficient ai′ is
zero because both its indices are negative. Hence every ai = 0. Finally

[ N1N → Nii′ ] = −λciη (i ∈ I)
forces η = 0. This proves (4.1). Each coefficient follows by substituting (1.1)–(1.2) in the six
terms of (1.3); none requires a numerical value of n. More explicitly, the six signed contributions
to the first two coefficients are

(0, λ2A11, 0, 0, −q2A11, 0), (0, λAi1, 0, 0, −qAi1, 0).
After the column-1 reduction, the contributions to NN1 → ii′N are (0, λciζ, 0, ciai′ , ciai, 0).
After ζ = ai = 0, only the sixth term contributes to N1N → Nii′, and it equals −λciη. □

Put bk = s1k for k ∈ I. The following equations retain all internal zero-weight coefficients,
including the diagonal and reflected entries.

Lemma 4.2 (Outer-pair equations). Under (3.1) and (4.1), one has, for i, k ∈ I,
bi + bi′ = 0, (4.2)

δ
∑
j∈I

cjAij + λγci = 0. (4.3)

If i /∈ {k, k′}, one further has
ci(bk + ski + ski′) + δck′1i<k′Aik = 0, (4.4)

ck′Aik + δci1i>k′(ski + ski′) = 0. (4.5)
For every k ∈ I one has

A1k = 0, (4.6)
ck′(ANk + ckbk) + δγ = 0. (4.7)

Finally, for every k ∈ I and 1 ≤ r ≤ N ,
λckArk + ck′BkkAr,k′ + δ

∑
j∈I, j<k

j ̸=k′

cjArj + ck′AkkBr,k′ = −bkck1r=k′ . (4.8)

Proof. The two coefficients of N11 with outputs 1ii′ and ii′1 are respectively −ci(bi +bi′) and the
left side of (4.3). For the first, only terms one and two contribute, giving −cibi and −cibi′ ; for
the second, only terms one and three contribute, giving δ

∑
j∈I cjAij and λγci. The coefficients

of kN1 with outputs ii′k and iki′ are the negatives of the left sides of (4.4) and (4.5). Before
using (3.5), the latter coefficient is

ck′Bikski′ − ck′Aik − δci1i>k′ski.
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For input kN1 and output 1kN , only the fifth term contributes, giving −ck′A1k. For input kN1
and output Nk1, terms four, five, and six give −ck′ckbk, −ck′ANk, and −δγ, proving (4.7).

For completeness, project all six terms at input kN1 to output krr′. Their contributions, in
the order in (1.3), are

0, −bkck1r=k′ , 0,

− λckArk − ck′BkkAr,k′ − δ
∑

j∈I, j<k
j ̸=k′

cjArj ,

− ck′AkkBr,k′ , 0.

For example, in the fourth term Q23 first gives
∑

j cjkjj′. The three cases j = k, j = k′, and
j /∈ {k, k′} give exactly its three displayed summands. In the last case the part of Q(kj) retaining
first index k occurs precisely when j < k. This proves (4.8) for all r, including its overlapping or
central cases.

The other coefficient formulas are obtained by the same three-case separation. For output ii′k,
the second, fourth and fifth terms contribute respectively −bkci, −ciski′ , and −ciski−δck′1i<k′Aik;
the remaining terms contribute zero. For output iki′, the fourth and fifth terms give the expression
displayed above. This supplies an index-uniform expansion for the equations, independently of
the diagnostic scripts. □

5. Elimination of the zero-weight block

Lemma 5.1 (Off-diagonal entries). For i, k ∈ I, i /∈ {k, k′}, the equations imply

ski + ski′ = −bk, Aik = δ
ci

ck′
bk1i>k′ . (5.1)

Proof. If i < k′, (4.5) gives Aik = 0 and (4.4) gives the exchange sum. If i > k′, use (4.4) first
and then (4.5). All divisions are by nonzero ci, ck′ . □

Lemma 5.2 (Positive and reflected entries). For 2 ≤ k ≤ n,
Akk = 0, Ak′,k = −qbk, Ak,k′ = qbk. (5.2)

Also An′,n′ = 0.

Proof. Use (4.8) with a positive k and r = k. Its sum involves only positive j < k and hence
vanishes by (5.1): the row index k is smaller than j′. Since Bkk = 0 and Bk,k′ = q, it reduces to

(λck + qck′)Akk = 0.

The coefficient is nonzero by (3.4). Use (4.8) again with r = k′. The earlier-column entries still
vanish, and Akk = 0, giving λckAk′,k = −bkck.

Next use (4.8) with input index k′ and output index r = k. The second term contains Akk = 0,
and the last term contains Bkk = 0. In its sum, a positive column j ̸= k contributes zero because
k < j′; a negative column j = a′ < k′ has a > k, so again the row index k < j′ gives zero. Thus
Ak,k′ = −qbk′ = qbk by (4.2).

Finally set the input and row index to n′ in (4.8). The middle diagonal Bn′n′ is zero, and
every preceding column in the sum is positive other than n, so contributes zero. Since cn′ = cn,
the result is (λ + q)cnAn′n′ = 0. □

Lemma 5.3 (Recurrence and central boundary). All bi and γ vanish.

Proof. For a positive row k = 2, . . . , n, substitute (5.1) and (5.2) in (4.3) and divide by ck. This
gives

λγ + δqτkbk − δ2
k−1∑
a=2

τaba = 0. (5.3)

Indeed, the reflected column k′ contributes ck′qbk, and the only other nonzero entries are
columns a′ with a < k, each contributing −δckτaba. The positive diagonal and all other columns
contribute zero.
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For the negative central row n′, the same equation gives

λγ − δqbn − δ2
n−1∑
a=2

τaba = 0, (5.4)

using An′n = −qbn, An′n′ = 0, and τn = 1. Subtracting (5.4) from (5.3) at k = n gives 2δqbn = 0,
hence bn = 0.

Subtract (5.3) at k from the same equation at k + 1. As q + δ = λ and τk = q2τk+1, the
difference is

δqτk+1(bk+1 − bk) = 0 (2 ≤ k < n). (5.5)
All positive internal bk are equal to bn = 0. Equation (4.2) kills the negative ones, and (5.3) at
k = 2 gives γ = 0. □

Proof of Theorem 1.1. It remains to prove that a normalized H is zero. The preceding lemmas
show that bi = 0, γ = 0, and all outer exchanges vanish. For distinct a, b ∈ {2, . . . , n}, apply
the exchange equation in (5.1) with k = b′ and i = a′. The negative-negative exchange sb′a′ is
zero by normalization, so sb′a = 0. Thus all internal mixed-sign nonopposite exchanges vanish.
Apply the same equation with k = a, i = b to kill sab. All exchanges in (3.1) have now vanished.

Equation (5.1) kills every internal off-diagonal entry except the reflected ones, which are zero
by (5.2). Equations (4.6), (4.7), and (4.1) kill all entries meeting an outer row or column. The
positive diagonal is already zero. For a negative index k′ with 2 ≤ k ≤ n, equation (4.8) with
input and row index k′ now reduces to

(λck′ + qck)Ak′,k′ = 0.

Its coefficient is nonzero in K, so the remaining diagonal entries vanish. Hence H = 0. Lemma 2.2
gives Tn = En, and the asserted dimension and rank follow. □

Corollary 5.4 (Formal local completeness). Let Yn ⊆ Wn be the affine K-scheme defined by
all coefficients of the braid polynomial

B(X) = X12X23X12 − X23X12X23.

For every commutative local Artin K-algebra (A,m) with residue field K, the parameters of (2.1)
reducing to their base values biject naturally with

DQ(A) = {X ∈ A ⊗K Wn : B(X) = 0, X mod m = Q}.

Consequently
ÔYn,Q

∼= K[[t1, . . . , tdn ]].
This is a formal parametrization of the specified operator scheme, before taking any gauge
quotient.

Proof. Write the family parameters locally as a−1, r/q −1, di −1, and χ(eu, ev)−1 for a basis of
M . The map from these parameters to πF (Φ − Q) has invertible differential by Lemma 2.2. The
formal inverse function theorem gives a unique parameter tuple with any specified F -coordinates
in mF ; its power series evaluate in A because m is nilpotent.

Given X ∈ DQ(A), choose these parameters for πF (X − Q) and let Y be the corresponding
family member. Thus ∆ = X − Y ∈ m ⊗K Wn and πF (∆) = 0. Suppose inductively that
∆ ∈ mr ⊗K Wn. Since X, Y ≡ Q (mod m), expanding the cubic polynomial gives

0 = B(X) − B(Y ) ≡ LQ(∆) (mod mr+1 ⊗K EndK(V ⊗3)).
Its graded class therefore belongs to

∆ ∈ (mr/mr+1) ⊗K Tn, (id ⊗πF )(∆) = 0.

Tensoring kernels with a K-vector space is exact. Theorem 1.1 and Lemma 2.2 imply ∆ = 0, so
∆ ∈ mr+1 ⊗K Wn. Nilpotence now gives ∆ = 0. Uniqueness of the parameters follows from their
F -coordinates. The construction commutes with homomorphisms of local Artin K-algebras; it
thus identifies the represented formal functors and their complete local rings. No analytic or
global classification, or assertion at exceptional q, follows from this argument. □



INFINITESIMAL BRAID DEFORMATIONS IN TYPE D 7

6. A precise dictionary with earlier multiparameter matrices

The explicit family should be distinguished from its exhaustion of Tn. Earlier work already
provides the former, including the augmented-weight directions. Here is a direct comparison
with Isaev–Ogievetsky–Pyatov [7, Eq. (43)]; see also Isaev [8, Sec. 3.10].

Let Jvi = vi′ , η(w) = χ(w, c), and χ0 = χ|Zn×Zn . Bimultiplicativity gives the exact factoriza-
tion

χ(wi + c, wj + c) = χ0(wi, wj)η(wi)η(wj)−1, G = G0(Aη ⊗ A−1
η ),

where Aηvi = η(wi)vi and G0(ij) = χ0(wi, wj)ij. Thus the
(n+1

2
)

alternating parameters split
into

(n
2
)

ordinary weight twists and n character parameters.
For clarity write the parameter in [7] as s and put Λ = s − s−1. Its type-D formula is

R̂ f
s =

∑
i,j

s1i=j−1i=j′ fij

fji
Eij ⊗ Eji + Λ

∑
i<j

Eii ⊗ Ejj

− Λ
∑
i>j

sρi−ρj
fi′i

fjj′
Ei′j ⊗ Eij′ .

For its admissible diagonal twists it is sufficient that fijfi′j = Uj and fijfij′ = Wi be independent
of the paired index, with UiUi′ = WiWi′ constant. Choose

s = r−1, fij = χ(µi′ , µj′), Uj = η(wj)2, Wi = η(wi)−2.

These identities follow from µi + µi′ = 2c; both constant products equal 1. Reversing all basis
indices and using ρi′ = −ρi gives, term by term,

(J ⊗ J)R̂ f
r−1(J ⊗ J) = GQn(r)G−1.

For example, its diagonal term i < j becomes i′ > j′, and its contraction term becomes the
last term of (1.2). The remaining D in (2.1) is an ordinary vector-basis change, and a is an
overall scalar. Hence our entire explicit family is contained in this earlier construction after
these elementary operations.

The additional parameter denoted by κi in [8, Eq. (3.10.35)] has the concrete value

κi = fi′i

fii′
= η(wi)4.

In the formal neighborhood of χ = 1, imposing κi = 1 forces η(wi) = 1 in characteristic zero.
After also removing scalar and diagonal-basis freedoms, the remaining parameter count is 1 +

(n
2
)
,

consistent with the usual type-D multiparameter count. Neither the extra symbols nor their
number gives a new family. The assertion proved here is that the whole weight-preserving formal
neighborhood, with no triangular-support or fixed-metric equation imposed initially, lies in
the known family. Whether this unrestricted exhaustion already has an equivalent statement
elsewhere remains a bibliographic question.
Remark 6.1 (Cocycles, gauge, and rack deformation results). Our dimension dn is a cocycle-space
dimension, not a second-cohomology dimension after quotienting by basis gauge. In the standard
normalization X = Q(1 + ϵf) one has f = Q−1H. Infinitesimal weight-preserving vector-basis
changes give

H = [T ⊗ 1 + 1 ⊗ T, Q], T = diag(t1, . . . , tN ).
Writing σi = ti + ti′ , their zero-block coefficient is (σi − σj)Bij and all nonopposite-block
coefficients vanish. By (3.3), this commutator is zero exactly when all n values σi agree. Its
image therefore has dimension n − 1. The weight-zero second Yang–Baxter cohomology, with
this usual basis-gauge quotient, consequently has dimension

dn − (n − 1) =
(

n + 1
2

)
+ 2.

This is a consequence of Theorem 1.1, not an independent novelty claim. Allowing all T ∈
EndK(V ) gives the same weight-zero coboundaries: the differential preserves weight shifts, so a
weight-zero coboundary is already the differential of the weight-zero part of T .
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Eisermann’s rack classification results [9, 10] concern linearizations of finite rack permutations.
Their eigenvalues are roots of unity. Our nonopposite block has eigenvalues q−1 and −q, whose
ratio is not a root of unity over K. Thus generic Q cannot even be a scalar multiple of an
operator similar to such a finite rack permutation. The general cohomological language applies,
but those rack-specific classification theorems do not directly calculate the present tangent space.

7. Context, provenance, and AI assistance

The standard operator is already explicit in [1, Eq. (3.21)]. Bicharacter conjugation of braided
intertwiners and its application to the classical vector matrices are described in [1, Prop. 3.9 and
Sec. 3.3]; the two-parameter classical matrices are also treated in [2]. These works are essential
comparisons for the construction in Section 2.

Schirrmacher [3, pp. L1253–L1254, Eqs. (22)–(31)] constructs multiparameter B, C, D matrices
using an ansatz motivated by the standard solutions and compatibility with an orthogonal or
symplectic metric. The present ambient space permits every zero-weight-block coefficient and
assumes no fixed metric equation. Whether that earlier ansatz, after allowing the changes of
coordinates used here, already implies precisely our local exhaustion theorem requires further
comparison. No novelty conclusion follows from the difference in presentation.

García–Gavarini [4] establish broad twist and cocycle deformation results for formal mul-
tiparameter quantized enveloping algebras. Frønsdal [5, Secs. 12–15] studies first-order and
exact deformations of universal R-matrices in specified classes. Zhuang–Hu–Xu [6] derive a
two-parameter type-D basic matrix and its affine RLL realization. These algebraic settings must
be compared with the full, fixed vector-operator tangent problem before either treating their
results as an exhaustion theorem for Wn or claiming that they leave it open. The mathematical
proof above does not settle that bibliographic issue. In particular an integrable twist family is
not presented as a new quantum-group construction.
Data availability. The source submission contains verification programs, rank certificates, and
machine-readable results under anc/. Reproduction commands and the scope of each check are
given in Appendix A. The mathematical proof is independent of these finite diagnostics. The
same materials are available in the versioned companion repository (commit 7f0a4e4aa8a3).
Provenance, AI assistance, and human understanding. This work originated in a computational
study carried out by Hangang Wang in January 2026, following preliminary research-direction
discussions with Rushu Zhuang. The historical MATLAB implementations and computational
experiments were carried out by Wang with AI-assisted programming, using previously published
mathematical constructions cited in this manuscript. The uniform deformation analysis reported
here was developed subsequently in October 2026 with extensive assistance from OpenAI
ChatGPT and Codex in mathematical exploration, proof derivation, exact computation, literature
comparison, and manuscript preparation. The January dates do not date the general-rank
theorem or its proof.

The human contributor understands the original computational work but does not claim
full understanding or independent verification of the complete general-rank proof. Multiple
AI-assisted mathematical and computational audits, including separately implemented programs,
have found no counterexample to the main theorem. They do not constitute independent
verification by a human specialist or a formal proof-assistant verification; neither has been
completed for this version.

This version is made available to facilitate independent mathematical scrutiny and repro-
ducibility. The explicit multiparameter family is acknowledged as prior art; bibliographic priority
for the full tangent-space exhaustion remains unresolved. Private correspondence and third-party
reference books are not included in the submission.

Appendix A. Computational verification and reproducibility

The following computations corroborate the transcription and implementation of the formulas;
the general-rank result follows from the written index-uniform proof.

https://github.com/WangHangang/dn-braid-deformation-certificates/tree/7f0a4e4aa8a38f6b1b3b268affe475c5bb46544d
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A.1. Finite-rank certificates. The supplied D4–D7 pivot rows and columns were imported
as data, and all entries of their minors were independently reconstructed from (1.1)–(1.2) and
(1.3). The main certificates at p = 1000000007 and q = 2 are listed in Table 1.

Table 1. Exact modular rank certificates for the full weight-preserving space.

n dim Wn minor size determinant modulo p dn

4 168 153 673269329 15
5 270 249 670446451 21
6 396 368 912656330 28
7 546 510 392961350 36

For D4–D6 the determinants and row-major hashes match the supplied values. The supplied
D7 data contained the row and column choices but no separate determinant value; the displayed
determinant is newly computed. The alternate D4, D5 certificates at q = 3, p = 1000000009 also
give nonzero determinants. These are exact modular certificates of generic lower bounds on
Jacobian rank, not floating-point experiments.

The coefficient identities in Sections 4 and 5 were also expanded independently over Z[q, q−1]
at n = 4, 5, 6. The written proof, rather than this finite diagnostic, supplies the assertion for
every n.

A.2. Independent coefficient checks and software. Separately implemented, AI-assisted
programs provide additional coefficient checks. Their 150 outer-column and 628 internal modular
comparisons were replayed successfully, and their five symbolic expressions were checked by
explicit equality assertions. An additional 28 comparisons directly check input kN1 and output
Nk1 in (4.7). These checks do not constitute human specialist peer review or a formal proof-
assistant verification.

The parameter dictionary in Section 6 was also checked directly over a Laurent ring in all
15 (respectively 21) independent parameters at n = 4 (respectively 5), by comparing all 299
coefficient positions and 346 twist-constraint identities across those two ranks. The argument
for the dictionary is the written uniform reindexing; these calculations check its transcription.

The accompanying scripts use Python 3.10 or later. The main coefficient, family, minor, and
dictionary checks use only the standard library:

python anc/code/run_all.py

To also replay the independent symbolic audit, install SymPy and run
python anc/code/run_all.py –include-independent-audit

The submission source ZIP includes the public verification scripts, independent audit implemen-
tations, rank certificates, and JSON results under anc/. The replay uses temporary copies and
labels the additional row-N check separately. The platform does not execute this code; readers
can run it locally. Native MATLAB was not rerun for the October verification.
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