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Abstract. We refute the Exponential Time Hypothesis (ETH) by presenting a deterministic
algorithm for 3-SAT on n variables that runs in 2o(n) time. Our algorithm in fact solves the
harder problem #3-SAT, providing a count of the number of satisfying assignments.

The result was discovered by an internal research Claude model and has been formalized in
Lean 4.

1. Introduction

A central question in the theory of computing is the P vs NP problem [Coo71, Lev73, Kar72,
Coo06]. Roughly, it asks if, for all problems with easily-verifiable solutions, is it easy to find
such solutions? NP is the class of problems whose solutions can be verified in polynomial time
and P is the class of problems that can be decided in polynomial time.

The canonical example of an NP problem is 3-SAT. An instance of the 3-SAT problem has
n Boolean variables x1, . . . , xn and a formula consisting of the AND of m clauses, with each
clause consisting of the OR of at most 3 literals – a literal is either a variable xi or its negation
¬xi. The question is whether or not there exists an assignment of the variables that satisfies
the formula – i.e., each clause has at least one literal that is true. Given an assignment of the
variables it is easy to validate whether or not the formula is satisfied. Thus the 3-SAT problem
can be solved by enumerating all 2n possible settings of the n variables and checking whether
the formula is satisfied.

Since the 1980s, a series of works have improved on brute force enumeration and reduced the
exponent by constant factors [MS85, Sch99, PPSZ05, MS11, Her14, Sch21]; the prior record
is O(1.328n) time for deterministic 3-SAT algorithms [Liu18] and O(1.308n) for randomized
algorithms [PPSZ05, Her14, SS17, HKZZ19, Sch21].

Since 3-SAT is NP-complete [Coo71, Kar72], the P vs NP problem is equivalent to asking
whether or not we can solve 3-SAT in time polynomial in the size parameters n and m. It is
widely conjectured that P ̸= NP, i.e., that it is not possible to solve 3-SAT in polynomial time.

An even stronger conjecture is that 3-SAT requires exponential time – i.e. there is a constant
δ > 0 such that 3-SAT cannot be solved in O(2δn) time – this is the exponential time hypothesis
(ETH) of Impagliazzo and Paturi [IP01]. We show that this stronger conjecture is not true.
However, our result does not bear on the P vs NP question directly, nor does it yield any
practical algorithms for NP-complete problems.

Our result also extends to k-SAT (3-SAT but with clauses containing at most k literals;
such a formula is called a k-CNF) and to the #k-SAT problem, which asks for the number of
satisfying assignments of a k-CNF; in contrast k-SAT only asks whether that number is zero or
nonzero. We now state the general form of our main theorem.
Theorem 1 (Main Theorem). There is a deterministic algorithm that, given a k-CNF with m
clauses in which n variables occur, computes the number of satisfying assignments of these n
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variables in time
(1) 2O(min{k2n log log n/

√
log n, km/

√
log m}),

where the O(·) hides an absolute constant.
Our main theorem refutes the exponential time hypothesis, and it goes slightly further: we
give a universal 2o(n) time algorithm (refuting ETH only requires that, for every δ > 0, there
exists an O(2δn)-time algorithm), and we specify a particular o(n) rate. Our algorithm gives
a runtime bound of 2O(km/

√
log m), where m is the number of clauses. The bound in terms

of the number of variables n then follows by combining it with sparsification techniques
[IPZ01, Cal09, DHMTW14], which reduce the general case to formulas in which each variable
occurs in few clauses, and some further ideas (Appendix D).1

Consequences. Theorem 1 implies faster algorithms for many other NP-complete problems:
Independent Set, Clique, Vertex Cover and Dominating Set on graphs with n vertices can be
solved in timeO(2δn) for every δ > 0 (see Corollary 7 for Dominating Set; the other improvements
follow from prior work [IPZ01, FG04]), for example. Moreover, ENP does not have Boolean
circuits of linear size (this follows from Theorem 1 by prior work [Wil13, Wil14b, JMV15]). See
§7 for these and more consequences.

The exponential time hypothesis, and its even-stronger twin the strong exponential time
hypothesis (SETH) [IP01, CIP09], are standard hardness assumptions in the literature [LMS11,
CFKLMPPS15]. SETH is a conjecture about k-SAT, which states that for every δ < 1 there is
a large enough k = k(δ) such that k-SAT cannot be solved in O(2δn) time. SETH is known to
imply ETH [IP01, IPZ01], so Theorem 1’s refutation of ETH also refutes SETH (Corollary 5).
However, Theorem 1 does not refute the Orthogonal Vectors hypothesis, which SETH implies
and on which many lower bounds in fine-grained complexity rest [Wil05, BI18, Vas18]. In a
literature search carried out by Claude, we found more than 800 papers that prove at least one
result of their own only under ETH or under a hypothesis that implies it, such as SETH or
Gap-ETH; we did not count results that are also proved under a hypothesis that we do not
refute, such as Orthogonal Vectors.

Our result is purely asymptotic: for arbitrary 3-CNF formulas with m = 5n clauses, the
bound we prove does not improve on the 2n of exhaustive search unless n > 1010 000, and
the bound in n alone, which holds for any number of clauses, does not unless n > 10108 (see
the ends of Appendices A and D). Our general approach seems unlikely to yield any general
improvement unless n > 107, however it is instantiated. Brute force enumeration is already
impractical for n = 100, so the improvement of our result does not appear in practical settings.
Thus our result says nothing about solving formulas in practice.
Provenance. The core algorithm was found on October 16 by an internal Claude research
model with 14M output tokens and no human input. Anthropic researchers worked with Claude
to improve the presentation, resulting in this paper. Independently and concurrently, an internal
model at OpenAI claims to have proven a similar result [Ope26].

1.1. Organization. For simplicity, the main body only proves a weaker version of the main
theorem – see Theorem 2 in §2 – this suffices to refute ETH and explains the key ideas that
go into the proof, but does not attain the strongest bound. §2 gives an overview of the proof.
§3, §4 and §5 contain its core (Lemma 1, Lemma 2 and Proposition 3), §6 proves Theorem 2,
§7 derives the consequences, and §8 gives the algorithm in pseudocode. The Main Theorem
is proved in the appendices: the bound in m in Appendices A and B, and the bound in n in
Appendix D, which uses the count-preserving sparsification of Appendix C, written as a proof

1Note our main theorem implies that in the case the input is already sparse, the runtime is 2O(kn/
√

log n)

without the log log n factor in the exponent.
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sketch. Appendix E states the Main Theorem and the failure of ETH in Lean and says what
has been checked by machine and what has not. Appendix F proves the eight-square identity,
Appendix G discusses related work in more detail, and Appendix H explains how the search for
the decomposition of Lemma 2 leads to this identity and to the pieces of Appendix B.

1.2. Related work. Algorithms for k-SAT. After the branching algorithms [MS85, Kul99],
the two main randomized methods for k-SAT are the local search of Schöning [Sch99] and the
algorithm of Paturi, Pudlák and Zane [PPZ99], sharpened in later work of the authors joint
with Saks [PPSZ05]. The latter solves k-SAT in time 2(1−µk/(k−1))n+o(n), with constants µk

that increase to π2/6 [PPSZ05]; for k = 3, 4 this needs Hertli’s analysis [Her14], and later work
has lowered the exponents only minutely [SS17, HKZZ19, Sch21]. Schöning’s algorithm was
derandomized in steps [DGH+02, MS11], and the resulting bound has since been improved
[Liu18]. For counting, the known bounds were O(1.6423n) for #3-SAT [Kut07], improving an
earlier bound [DJW05], and 2(1−Θ(1/k))n for #k-SAT [IMP12, CW16]. In terms of the number
of clauses m, satisfiability of CNF formulas with clauses of any length was known in time
1.2226m times a polynomial in the length of the formula [Hir00, Yam05, CXZ21]. In terms of
the total number of literals L, the bound was O(1.0638L) [PX23].
The hypotheses and what was built on them. Before ETH, Stearns and Hunt had
proposed a hypothesis of this kind [SH90]. The bounds in the Sparsification Lemma [IPZ01]
were improved by Calabro, Impagliazzo and Paturi [CIP06] and in Calabro’s dissertation
[Cal09], and Dell et al. [DHMTW14] gave a form of it that preserves the number of satisfying
assignments. Unless ETH fails, k-Clique has no algorithm running in time f(k)no(k) [CHKX06,
LMS11], treewidth-based algorithms for constraint satisfaction are optimal up to a logarithmic
factor in the exponent [Mar10], and many parameterized algorithms are optimal [LMS18b,
CFKLMPPS15]. Under SETH there are matching bounds for dynamic programming on
graphs of bounded treewidth [LMS18a], for problems tied to CNF-SAT by reductions [PW10,
CDLMNOPSW16], and for polynomial-time problems such as Edit Distance [BI18, Vas18].
Earlier doubts. Williams refuted a Merlin–Arthur version of SETH [Wil16], and Super-Strong
ETH, a strengthening of SETH, fails for random k-SAT [VW21]. The set cover conjecture,
a relative of SETH [CDLMNOPSW16, CFKLMPPS15], is incompatible with the asymptotic
rank conjecture [BK24, Pra24]. In 2019 Williams estimated the likelihood that ETH is true at
70% and that SETH is true at 25% [Wil19].
From algorithms to circuit lower bounds. By a theorem of Williams [Wil13, Theorem 6.1],
Theorem 1 implies that ENP does not have Boolean circuits of linear size; this is part of his
program of deriving circuit lower bounds from satisfiability algorithms slightly faster than
exhaustive search [Wil13, Wil14, MW20]. The best lower bound known before for a language
in ENP, over the full binary basis, was 3.1n− o(n) [LY22]; the class S2E, which contains ENP,
requires circuits of near-maximum size [CHR24, Li24].
Sums of products and tensor networks. The sums of products that we evaluate (§2.1) are
weighted counting constraint satisfaction problems (#CSPs) with constraints on two variables
[DGJ09, CC17], pairwise sum-product expressions [Koi06], (for nonnegative weights) partition
functions of pairwise Markov random fields [WJ08], and contractions of closed tensor networks
[MS08, Oru14, RS19]. Passing from a formula to such a sum on a small dense graph follows
Williams’s algorithm for 2-CSP [Wil05], which goes back to Nešetřil and Poljak [NP85]; there
the saving comes from fast matrix multiplication, which we do not use. The closest work we
know is that of Austrin, Kaski and Kubjas [AKK22], who study the cost of evaluating such
sums by executing one tensor network along one contraction tree and prove, in that model, an
unconditional lower bound in terms of branchwidth. By our calculation (Appendix G), in that
model no algorithm for the problem on which we recurse (§2.2) has an exponent below about 4
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of that of brute force. Our algorithm lies outside the model, because it expands the sum into a
signed sum of tensor networks and contracts different terms in different orders.
Rank and expansions of a crossing (see also Appendix G). Rank-based dynamic program-
ming [BCKN12, CKN12] also exploits low rank, and upper bounds are known on the asymptotic
tensor rank of the tensor that underlies the problem on which we recurse [CVZ19, BCKLOSW26].
Expanding a gadget that is not available into a linear combination of gadgets that are was used
by Curticapean and Xia [CX15], after Galluccio and Loebl [GL99], to count perfect matchings
in non-planar graphs. Decompositions of a crossing, the function [x = v] [y = u] of §2.5,
into functions that have rank 1 by rows or by columns have been studied for other purposes:
lower bounds for arithmetic circuits and formulas, Hurwitz’s sum-of-squares problem, and
the partition rank [HWY11, Nas20, Hru24, RZ25]. The recursion needs a different quantity,
the sum of the costs by rows and by columns of each single term; Lemma 2 starts from the
classical eight-square case of Hurwitz’s problem. The identity goes back to Degen (1818) and
Graves (1843) [Bae02, Section 1]; Appendix H gives its history and shows how the search for
the decomposition that our algorithm needs leads to it.

2. Overview of the proof

Notation. Throughout, log = log2, and time is measured in the word RAM model. A
conjunctive normal form (CNF) formula is a set of clauses (i.e. no clause is repeated, and thus
a k-CNF on n variables has fewer than (2n+ 1)k clauses); our input is a k-CNF. The variables
of a formula on n variables are x1, . . . , xn; a formula in which n variables occur, as in the Main
Theorem, is one on n variables each of which occurs in some clause. By #k-SAT, we mean the
problem of counting the number of satisfying assignments to a given k-CNF.

The main body of our paper proves the following simplified statement. The improved
exponent of Theorem 1 is proved in the appendix (Appendices A and B for the bound in m,
and Appendix D for the bound in n).

Theorem 2 (Simplified version of Theorem 1). For every δ > 0 there is a deterministic
algorithm that computes the number of satisfying assignments of a 3-CNF on n variables, with
any number of clauses, in time O(2δn).

Theorem 2 refutes the Exponential Time Hypothesis (ETH) of Impagliazzo and Paturi [IP01].
The algorithm depends on δ. Adjusting the parameters appropriately and using stronger
ingredients gives the Main Theorem.

We describe the proof of Theorem 2 in six steps (§2.1 to §2.6); §2.7 explains how to strengthen
the proof to yield the Main Theorem. In this overview, we drop lower-order terms, rounding
and polynomial factors; the exact statements are in Sections 3–8. A bracket such as [x = u] is 1
if the statement inside it is true and 0 otherwise.

2.1. From #3-SAT to a sum of products on a graph. By the count-preserving form of
the Sparsification Lemma [IPZ01, DHMTW14] (Lemma 4), without loss of generality it suffices
to reach time O(2δm) for every δ > 0 under the sparsity assumption m ≤ O(n).

We can view a CNF formula as a graph. Each clause corresponds to one node, and edges
represent consistency constraints for shared variables. If two nodes have some number t of
shared variables, we say the edge between them carries t bits, corresponding to how those
shared variables are set.

The first observation is that if this graph is disconnected, then the problem can be factored
into smaller problems with no shared variables. More generally, if we can partition the graph
with few edge bits crossing the cut, then for each fixing of the shared variables we can solve the
counting problem on the two halves recursively then solve the overall counting problem via
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enumeration. In our actual algorithm, each level of the recursion rewrites the sum as a sum of
polynomially many sums, where the degree of the polynomial depends on δ. Each of these inner
sums is again a sum of products over a graph as before. We partition this graph not into two
but into some larger number of pieces, where that number also depends on δ, merge each piece
into a single node, and recurse on the resulting smaller graph, which has fewer edge bits in total.
The key quantity is still the number of edge bits that cross between different partitions. The
crux of our algorithm is to iteratively reduce this quantity while also keeping the parts small.

The other key ingredient in our algorithm is a way to rewrite edges. At a very high level, we
take a pair of edges between two parts of the graph and replace them with a single hyperedge.
This reduces the number of edge bits between parts. To explain how this works we need to
introduce an algebraic view of this graph problem that allows us to exploit cancellations.

Each node a has “local” variables za and has a value Wa(za) – this is 1 if these bits satisfy
the clause and 0 otherwise. (In general, we will let W take arbitrary values.) Two nodes a, b
are joined by an edge if their clauses share variables. The edge carries one bit for each shared
variable, and Ψa,b(za, zb) is 1 if the local variables za and zb give a consistent view of a global
set of variables and 0 otherwise. The number of satisfying assignments of the variables that
occur in the formula is
(2) Z =

∑
z

∏
a

Wa(za)
∏

{a,b}
Ψa,b(za, zb),

where the sum over z ranges over all choices of all variables across all of the nodes, the first
product is over all nodes, and the second is over all edges.

Edges can be redundant: a variable that occurs in d clauses can be compared on d(d− 1)/2
edges. Since equality is transitive, comparing consecutive occurrences in a chain gives the same
Z (Figure 1). This leaves d− 1 edge bits for the variable, and fewer than 3m bits on all edges
together.

2.2. Merging, cutting, and the parameters we track. We can view the graph cuts in §2.1
as merge operations on the graph. I.e. we combine nodes in a part of the cut into a single node.
Edges are also merged (the bits add up) or removed if both endpoints are merged together.

Merging groups the factors of Z (2). A group G of nodes becomes one node (Figure 1)
with local variables zG = (za)a∈G. All Wa and Ψa,b inside G are multiplied into WG, and all
Ψa,b between two groups G,H are multiplied into ΨG,H . For example, merging a and b gives
W{a,b} = WaWbΨa,b. Every factor of (2) is used exactly once, so Z does not change.

The cutting argument uses only the following property of Ψa,b. We say that a function
F (za, zb) costs c bits if

(3) F (za, zb) =
∑

θ∈{0,1}c

f(za, θ) f ′(zb, θ)

for two integer-valued functions f and f ′. For each fixed θ the summand is a product of a
function of za and a function of zb. A test that c bits of za equal c bits of zb costs c bits: θ is
their common value. Conversely, a function that costs c bits can be turned into an equality
test: each endpoint gets its own copy of θ, the functions f and f ′ are multiplied into Wa and
Wb, and the edge tests that the two copies agree. We define the number of bits on an edge
to mean the least number of bits that its corresponding Ψa,b costs in this sense. A product of
functions that cost c1 and c2 bits costs c1 + c2 bits (take θ = (θ1, θ2) and multiply the f ’s), so
the bits at most add up when edges are merged.

Cutting exchanges the order of summation. Take two nodes a, b, say the two merged parts of
a cut, and one edge, which costs c bits. Substitute (3) in (2) and move the sum over θ to the
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E1 = (x1 ∨ x2 ∨ ¬x3)
E2 = (¬x1 ∨ x3 ∨ x4)
E3 = (x1 ∨ x5 ∨ ¬x6)
E4 = (¬x2 ∨ ¬x5 ∨ x7)
E5 = (¬x4 ∨ x6 ∨ ¬x7)
8 edge bits in all

E1

E2

E3

E4

E5

x1, x3
2 bits

x7
1 bit

x1: 1 bit

x1 : 0 bits

x2: 1 bit

x4: 1 bit

x5: 1 bit

x6 : 1 bit

G1 G3

G2
merge

G1 G3

G2

1 + 1 = 2

1 1 + 1 = 2

Figure 1. Left: a 3-CNF formula and its graph; the dashed comparison of x1 is redundant.
Right: merging the shaded groups removes inner edges and adds up the bits between groups.

front:
(4) Z =

∑
za,zb

Wa(za)Wb(zb) Ψa,b(za, zb) =
∑

θ∈{0,1}c

(∑
za

Wa(za) f(za, θ)
)(∑

zb

Wb(zb) f ′(zb, θ)
)
.

The outer sum enumerates the bits that cross the cut; the inner sums solve the two halves.
Depending on the parameters, the right-hand side represents a more efficient way to compute
Z. The halves can be cut further in the same way.

This divide and conquer approach does not suffice to achieve subexponential time: In formulas
corresponding to sparse expander graphs (such as from random CNF formulae), every cut into
two parts of comparable size is crossed by Ω(n) bits. So any algorithm that fixes one tree of
cuts in advance and enumerates the crossing bits of each cut takes time 2Ω(n). Thus earlier
divide and conquer ideas only improved the constant in the exponent.

Edge rewriting (via the eight-square identity; see §2.4). Our new algorithm rewrites Z so that
pairs of equality tests are replaced by other integer-valued functions, which can take negative
values. These new functions are a parity on sets of four nodes – in a sense these are “hyperedges”
added to the graph. However, we then merge nodes so that each of these hyperedges becomes a
regular edge (or disappears). That is, each of these new functions either lies inside one merged
node, and then it is a factor of the W of that node, or it joins two merged nodes, and then it is
turned back into an equality test as described after Equation (3), which multiplies f and f ′

into the W of these two nodes. (After merging, none of these parity functions cross three or
more nodes.)

After this rewriting, the W can take negative values, and a term is no longer the number
of satisfying assignments of any formula. The recursion therefore has to be set up for a more
general problem: compute Z as in Equation (2) where every Ψa,b is an equality test, as before,
but the Wa are arbitrary integer-valued functions, negative values included.

Every instance on which the recursion is called has the following form. There are K nodes,
and every two of them are joined by an edge with λ bits. (Edges with fewer than λ bits are
padded with bits that the Wa force to be 0, so only the largest number of bits on an edge
matters.) Each node a holds a separate string za(b) of λ bits for every other node b, so that za

is the list of these K − 1 strings. The function Wa is arbitrary, and each edge tests that its two
strings agree:
(5) Ψa,b(za, zb) = [ za(b) = zb(a) ],
where the square brackets denote an indicator that is 1 if the statement inside is true and 0
otherwise. Let S =

(K
2
)
λ be the number of bits on all edges.

Balancing (see §2.6). We perform a second round of merging nodes to ensure that the number
of bits per edge is balanced. The algorithm is deterministic, but we use the probabilistic method
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to show that a balanced grouping exists via analyzing a random grouping; the algorithm then
tries all groupings.

2.3. The recursion. The proof tracks the number K of nodes, the largest number λ of bits
on an edge, the number S of bits on all edges, the number of steps for one value of a W , and
the number β of bits of such a value. In this section every bit on an edge is counted once.
Sections 3–8 count it at both of its ends, write B for β and factors through c bits for costs c
bits, and write the running time as 2eK2λ; since K2λ is about 2S, their exponents are about
half of those here, and trying all values gives e = 1

2 there.
Running time. The recursion has levels. Level ℓ works on instances of the form above with

Kℓ nodes, where K0 = 64 and Kℓ = 9K16
ℓ−1. For an integer β ≥ 1, let Tℓ(S) be the largest

number of steps that the algorithm takes on such an instance with S bits on its edges in which
all values of the Wa are below 2β in absolute value, where one evaluation of some Wa of the
instance at one argument counts as one step. So β bounds the number of bits of a value of a
Wa, and Tℓ(S) depends on it because the algorithm adds and multiplies these values. We do
not write β as an argument of Tℓ, because it enters the bounds below only through a factor
that is polynomial in β. When the algorithm runs on a formula with m clauses, β = O(m)
at every level, with a constant that depends only on δ, so this factor is polynomial in m. In
such an instance Z is the sum, over all values of the strings on the edges, of the product of the
values Wa(za). Level 0 tries all values of the bits on the edges, so
(6) T0(S) ≤ 2S · poly(λ).
Here and below poly(λ) is a factor that is polynomial in λ and in β, and it may depend on ℓ.
We say that level ℓ has exponent e if
(7) Tℓ(S) ≤ 2eS · poly(λ) for all S and β.

So level 0 has exponent 1, and we want levels with arbitrarily small exponents.
Merging and cutting only rearrange the sum (2). The one further ingredient is the eight-square

identity (§2.4).
One level. Write K for Kℓ−1. Let g = 3K8, so that Kℓ = g2 and S =

(g2

2
)
λ, and let t = ⌈λ/3⌉.

The nodes of an instance are placed on a grid (§2.5), and R is the set of rectangles of a g × g
grid, that is, of choices of two rows and two columns. Level ℓ does the following with an instance
on Kℓ = g2 nodes that has S bits on its edges.

Step 1. It rewrites Z by Equation (20), which applies the identity of §2.4 to blocks of 3 bits.
This gives (t+ 1)|R| terms.

Step 2. In each term it merges all rows or all columns. This gives g nodes, with at most
(11/12 + 1/g)S bits on the edges between them, up to an additive constant that
depends only on ℓ.

Step 3. It merges these g nodes further into K groups of at most 2g/K rows each, so that
every two groups share at most L bits. Here L is a number for which S′ =

(K
2
)
L

satisfies the bound in Inequality (8). It turns every edge function into an equality
test, as described after Equation (3), and pads the strings to the common length L.
The local variables are then summed out: the new W of a group G, at given strings
on its edges, is the sum over zG of the WG(zG) of §2.2 times the functions f or f ′ of
these edges. The result is an instance of level ℓ− 1, whose nodes are the groups, with
S′ bits on its edges.

Step 4. It calls level ℓ − 1 on this instance, adds the results over all terms, and divides by
2t|R|.

Steps 1 and 2 are grid and merge (§2.5), and Step 3 is balancing (§2.6). Table 1 shows what
one level does to each parameter.
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before after grid and merge after balancing
number of nodes Kℓ = g2 = 9K16

ℓ−1 g = 3K8
ℓ−1 Kℓ−1

bits on an edge λ from 2
3g

2λ to about g2λ L = S′/
(

K
2
)

bits on all edges S =
(

Kℓ

2
)
λ at most ( 11

12 + 1
g )S S′ =

(
K
2
)
L ≤ ( 11

12 + 2
K )S

number of instances 1 (t+ 1)|R| = λO(g4) the same
steps for one value of a W 1 about g 25S/K times a polynomial
bits of a value of a W β gβ β′ ≤ K2

ℓ β + 5S/K +O(1)
Table 1. One level of the recursion. Here K = Kℓ−1, g = 3K8, t = ⌈λ/3⌉ and |R| =

(g
2
)2.

Additive constants that depend only on ℓ are left out, and the steps for one value of a W are
counted in evaluations of the Wa of the given instance. The corresponding bounds, in the
terms of Sections 3–8, are in the proofs of Proposition 3 (middle column) and Lemma 1 (right
column); for the last row those proofs have other bounds, gβ + g2λ+ 1 and about g3β + g4λ,
which are also linear in λ and β.

The resulting recurrence is

(8) Tℓ(S) ≤ (t+ 1)g4/4 · 2 5S/Kℓ−1 · poly(λ) · Tℓ−1(S′), S′ ≤
(11

12 + 2
Kℓ−1

)
S,

where the bound on S′ holds up to an additive constant that depends only on ℓ, and Tℓ−1(S′)
is taken with β′, the number of bits of the values of the W of the groups, in the place of β.
The factor (t+ 1)g4/4 bounds the number (t+ 1)|R| of recursive calls, one for each term, since
|R| =

(
g(g − 1)/2

)2
< g4/4 = K2

ℓ /4. It is polynomial in λ, because t ≤ λ and its degree g4/4
depends only on ℓ. The factor 25S/Kℓ−1 bounds, up to a polynomial factor, the time for one
evaluation of the W of a group; §2.6 explains it.

The solution, by induction on ℓ. The claim is that Tℓ(S) ≤ 2eℓS · pℓ(λ, β) for a polynomial
pℓ, so that level ℓ has exponent eℓ, where

(9) e0 = 1, eℓ =
(11

12 + 2
Kℓ−1

)
eℓ−1 + 5

Kℓ−1
.

For ℓ = 0 this is Inequality (6). For ℓ ≥ 1, put the claim for ℓ− 1 into Inequality (8) and use
the bound on S′:
(10) Tℓ(S) ≤ (t+ 1)g4/4 · poly(λ) · pℓ−1(L, β′) · 2 5S/Kℓ−1 + eℓ−1 (11/12+2/Kℓ−1) S .

The exponent is eℓS. The factors in front are polynomial in λ and β, because Kℓ is a constant
and L, the number of bits on an edge of the subproblem, is at most a constant times λ, and
β′ is at most K2

ℓ β + 5S/Kℓ−1 + O(1), which is linear in λ and β. The core of the proof is
Proposition 3, the exact statement of one level. In the units of Sections 3–8 its recurrence is
e′ = (ρ+ 2/K) e+ 2/K with ρ = 11

12 ; its 2/K becomes about 4/K here, which (9) bounds by
5/Kℓ−1.

The exponents go to 0. The first one is e1 = 11/12 + 7/64 ≈ 1.03. This is larger than e0 = 1,
because K0 = 64 is small. From level 2 on the exponents decrease: there Kℓ−1 ≥ K1 = 9 · 296,
and Kℓ grows doubly exponentially while eℓ shrinks only geometrically. So the terms 2/Kℓ−1
and 5/Kℓ−1 change eℓ by a negligible amount, and

(11) eℓ ≤ 1.12
(11

12
)ℓ
.

Each level reduces the number of nodes, from 9K16 to K, and the induction needs this. Step 2,
which reduces the number of bits, takes g2 nodes to g, and Step 3 takes these to K = Kℓ−1, so
that the claim for level ℓ− 1 applies to the result.
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Formulas. For a formula with m clauses there is no grid at the top: we merge the clauses
into 3K8

ℓ clusters and balance. This gives a level-ℓ instance with at most about 3m bits on
its edges and with β ≤ 3m, since a value of a W counts settings of the variables of at most
m clauses, and hence time 23eℓm+O(m/Kℓ) times a polynomial in m (Lemma 1 and §6). Since
eℓ → 0 and Kℓ →∞, a constant ℓ, depending only on δ, gives time O(2δm).

2.4. The eight-square identity.

Lemma (Eight-square identity [CS03, AM99]). There is a function σ : {0, 1}3 × {0, 1}3 →
{−1, 1} such that for all x, y, u, v ∈ {0, 1}3, with ⊕ the bitwise exclusive or,
(12) 2 [x = v] [y = u] = [x⊕ y ⊕ u⊕ v = 0]

(
σ(x, y)σ(v, u) + σ(x, u)σ(v, y)

)
.

Proof. Let σ(p, q) = (−1)ϕ(p,q) with ϕ(p, q) =
∑

k≤k′ pkqk′ + q1p2p3 + p1q2p3 + p1p2q3. Equa-
tion (12) is a statement about 12 bits, and it can be checked at all 4096 settings. (§4 and
Appendix F prove it by hand.) ■

The identity is two centuries old: Degen found it in 1818, and Graves found it again in
1843 by showing that the norm of the octonions is multiplicative [Bae02, Section 1]. In its
classical form it writes (a2

1 + · · ·+ a2
8)(b2

1 + · · ·+ b2
8) as a sum of eight squares of sums of terms

±aibj [CS03, Chapter 6, §6.10]; §4 and Appendix F derive Equation (12) from it. From now
on σ is the function from this proof. It is not symmetric in its two arguments, so their order
matters. Multiply out the right side of Equation (12), and let R(x, y, u, v) be the term with
σ(x, y)σ(v, u) and C(x, y, u, v) the term with σ(x, u)σ(v, y). Figure 2 shows the two terms;
§2.5 calls them the row choice and the column choice.

2.5. Grid and merge. The grid. Take an instance of level ℓ ≥ 1. Let g = 3K8
ℓ−1, so that it

has Kℓ = g2 nodes, and place the nodes on a g × g grid. Partition the edges into side edges
and diagonals. A side edge joins two nodes in the same row or in the same column, and every
other edge is a diagonal. The two rows and the two columns of a diagonal meet in four nodes,
the corners of a rectangle r, with top left a, top right a′, bottom left b and bottom right b′.
The diagonals of r are {a, b′} and {a′, b}, and every diagonal belongs to exactly one rectangle.
Let R be the set of rectangles, so that |R| =

(g
2
)2. Then

(13) Z =
∑

z

∏
a

Wa(za)
∏

side edges
{a,b}

Ψa,b(za, zb)
∏
r∈R

Ψa,b′(za, zb′) Ψa′,b(za′ , zb).

The placement is arbitrary. The grid is chosen by the algorithm and is not given by the instance.
Its only use is to define two partitions of the nodes into g parts, the rows and the columns. A
diagonal joins two different rows and two different columns. A side edge joins two different
rows or two different columns, but not both. Since all edges have λ bits, every placement gives
the same counts: the side edges are a 2/(g+ 1) fraction of all edges. Figure 3 shows a rectangle.

The case λ = 3. Suppose first that λ = 3. For a rectangle r, write
(14) x = za(b′), y = za′(b), u = zb(a′), v = zb′(a).
These are not the whole za, za′ , zb, zb′ . Each is the one string of 3 bits that a corner holds for its
diagonal partner. By Equation (5), the two diagonals of r contribute the factor [x = v] [y = u]
to Equation (13). Identity (12) rewrites this factor times 2. Put it into every rectangle of
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x = za(b′) y = za′ (b)

u = zb(a′) v = zb′ (a)

3 3

2 × two diagonals

=

x y

u v

σ(x, y)

σ(v, u)

row choice

+

x y

u v

σ(x, u) σ(v, y)

column choice

merge rows merge rows merge rows

x, y

u, v

x, y: 6 bits

x, y

u, v

x ⊕ y: 3 bits

x, y

u, v

x, y: 6 bits

Figure 2. Equation (12) for one rectangle, and what it costs after the rows are merged. The
corners a, a′, b, b′ hold x, y, u, v, as in Equation (14). The thick lines that meet in a dot are the
hyperedge [x⊕ y ⊕ u⊕ v = 0]. When the columns are merged instead, the row choice costs 6
bits and the column choice costs 3.

x

v

y

u

merge
rows

1

2

3

4

5 6

merge
groups

G1 G2

G3

L

L L

Figure 3. Left: the g× g grid for g = 6; the corners of a rectangle hold the copies x, v and y, u
of the strings on its two diagonals. Middle: the g merged rows; the widths show their unequal
edge bits. Right: K = 3 merged groups, padded to exactly L bits on every edge.

Equation (13):

2|R|Z =
∑

z

∏
a

Wa(za)
∏

side edges
{a,b}

Ψa,b(za, zb)

·
∏
r∈R

[x⊕ y ⊕ u⊕ v = 0]
(
σ(x, y)σ(v, u) + σ(x, u)σ(v, y)

)
,

(15)

where x, y, u, v are those of r. Expand the last product. This writes 2|R|Z as a sum of 2|R|

terms, each of the form
(16)

∑
z

∏
a

Wa(za)
∏

side edges
{a,b}

Ψa,b(za, zb)
∏
r∈R

[x⊕ y ⊕ u⊕ v = 0] σ1(r)σ2(r),

where σ1(r)σ2(r) is either σ(x, y)σ(v, u) or σ(x, u)σ(v, y). In the first case the two diagonals of
r have been replaced by two row edges, {a, a′} and {b, b′}, and a hyperedge on all four corners.
Call this a row choice for r. The factor of r is then the R(x, y, u, v) of §2.4. In the second case
they have been replaced by two column edges, {a, b} and {a′, b′}, and the same hyperedge. Call
this a column choice. The factor of r is then C(x, y, u, v). Figure 2 shows both. The algorithm
computes each term on its own, adds the results, and divides by 2|R|.

Merging. Look at any term like Expression (16). If it has at least as many row choices as
column choices, merge all rows: each row of the grid becomes one node. Otherwise merge all
columns. Say that the rows are merged, and take a rectangle r. Then x and y are part of the z
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of its upper row, and u and v are part of the z of its lower row. We say that r costs c bits if
its factor in the product, as a function of the z of these two rows, costs c bits in the sense of
Equation (3).

• Before the rewriting, r costs 6 bits, 3 for each diagonal.
• With a row choice, r costs 3 bits. The hyperedge tests that x⊕ y = u⊕ v, so the two

rows only have to agree on this one string of 3 bits. Summing over its value θ gives
(17) [x⊕ y ⊕ u⊕ v = 0]σ(x, y)σ(v, u) =

∑
θ∈{0,1}3

[x⊕ y = θ]σ(x, y)︸ ︷︷ ︸
f

· [u⊕ v = θ]σ(v, u)︸ ︷︷ ︸
f ′

.

This has the form of Equation (3) with c = 3: f depends only on θ and the z of the
upper row, and f ′ only on θ and the z of the lower row.
• With a column choice, r costs 6 bits. Its factor depends on only 6 bits of the z of the

upper row, namely x and y. Summing over their values θ = (θ1, θ2) gives
[x⊕ y ⊕ u⊕ v = 0]σ(x, u)σ(v, y)

=
∑

θ∈{0,1}6

[x = θ1] [y = θ2]︸ ︷︷ ︸
f

· [θ1 ⊕ θ2 ⊕ u⊕ v = 0]σ(θ1, u)σ(v, θ2)︸ ︷︷ ︸
f ′

,(18)

which has the form of Equation (3) with c = 6.
So no rectangle costs more than 6 bits after the merge, and at least half of them cost only 3.
This reduces 6 |R| bits to at most 4.5 |R| bits. The factor of a rectangle is no longer an equality
test, but it is turned back into one as described after Equation (3): each of the two rows gets
its own copy of θ, the function f of Equation (17) or (18) is multiplied into the W of the upper
row and f ′ into the W of the lower row, and the edge between the rows tests that the two
copies agree. The Ψa,b of the side edges inside a row become factors of the W of that row. The
side edges inside columns still run between rows with all their bits, but they are only a 1/g
fraction of the bits between rows. So for large g the merged rows share about 3/4 of the bits
that they shared before. Since g is a constant, an instance with λ = 3 has constant size, so this
case only illustrates the drop from 6 |R| to at most 4.5 |R| bits. The next part handles general
λ > 3.

General λ > 3. In the algorithm λ is not a constant. The number K of nodes depends only
on δ, while a formula with m clauses can have close to 3m bits on its edges. These bits are
spread over

(K
2
)

edges, so λ can be as large as about 3m/
(K

2
)
, which grows in proportion to m.

Let t = ⌈λ/3⌉, append zeros to the strings so that they have 3t bits, and divide each string into
t blocks of 3 bits, x = (x1, . . . , xt). Two strings are equal exactly if all their blocks are equal, so
Equation (12) can be used on each block:

(19) 2t [x = v] [y = u] =
∏
j≤t

[xj ⊕ yj ⊕ uj ⊕ vj = 0]
(
σ(xj , yj)σ(vj , uj) + σ(xj , uj)σ(vj , yj)

)
.

Expanding this product gives 2t terms for each rectangle, one for each way of making a row
choice or a column choice in every block, and 2t|R| terms for the whole grid. A block costs
3 bits one way and 6 bits the other, as before. So for each term, merging rows or columns,
whichever has more blocks with its choice, and turning the edge functions back into equality
tests gives an instance with about 3/4 of the bits on its edges.

The number of terms. The final algorithm does not use this expansion, because its number
of terms is exponential in λ. The diagonals carry about 6t |R| bits, which is almost all of S, so
2t|R| is about 2S/6. An algorithm that computes each term separately, as in the case λ = 3,
therefore takes time at least about 2S/6, whatever it does for a single term. This is too slow: we
want time 2eS for arbitrarily small e. The final algorithm uses the following expansion instead,
whose number of terms is polynomial in λ.
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Grouping the terms. For each rectangle and each i ∈ {0, . . . , t}, add up all the terms of
Equation (19) with exactly i column choices, and call the sum Ai. Then
(20) 2t [x = v] [y = u] = A0 +A1 + · · ·+At.

Putting this into every rectangle and expanding gives (t + 1)|R| terms, one for each way of
picking one Ai for every rectangle. This is polynomial in λ, because g is a constant.

How many bits Ai costs. The terms inside one Ai differ in which blocks have the column
choice, and they have different strings θ in Equation (3). For t = 2 and merged rows, the term
with a row choice in block 1 and a column choice in block 2 has θ = (x1 ⊕ y1, x2, y2), and the
term with the choices exchanged has θ = (x1, y1, x2 ⊕ y2). Each has 9 bits. So the first term
is
∑

θ f1f ′
1 and the second is

∑
θ f2f ′

2, where f1 and f2 depend on θ and the z of the upper
row, and f ′

1 and f ′
2 on θ and the z of the lower row. Their sum A1 =

∑
θ(f1f ′

1 + f2f ′
2) does

not have the form of Equation (3), which requires a single product of a function of the upper
row and a function of the lower row. But A1 =

∑
ω∈{1,2}

∑
θ fωf

′
ω does have this form, with the

string (ω, θ) of 1 + 9 bits in the place of θ. In general the extra part of the string ranges over
the

(t
i

)
sets of i blocks that have the column choice, one set for each term of Ai. This takes

⌈log2
(t

i

)
⌉ bits, which is at most t for every i. In the example it is 1 bit because

(2
1
)

= 2. We use
t bits for every i: one bit for each block, which says whether the block has the column choice.
The number i is not part of the string: the algorithm computes each of the (t+ 1)|R| terms
separately, and i is fixed within a term. Since i is fixed, θ has the same number of bits in every
term of Ai, namely 3(t− i) + 6i with rows merged and 6(t− i) + 3i with columns merged. So
Ai costs at most
(21) t+ 3(t− i) + 6i bits with rows merged, t+ 6(t− i) + 3i bits with columns merged.
It never costs more than 6t bits, since θ = (x, y) always works for rows, and θ = (x, u) for
columns. The two numbers in Expression (21) add up to 11t, whatever i is, against 6t+6t = 12t
for the two diagonals. For each block, rows plus columns, the count was 3 + 6 = 9 against 12,
and now it is 3 + 6 + 1 + 1 = 11 against 12. For each term, the algorithm merges all rows or all
columns, whichever gives the smaller number of bits on the edges of the merged instance. The
two totals add up to at most 11t |R| for the rectangles, so the smaller one is at most 5.5 t |R|,
against 6t |R| before. This is the factor 11/12. The exact statement is Lemma 2.

The two expansions side by side. Suppose that a merged instance with S′ bits on its edges
is solved in time 2eS′ , and let s0 be the number of bits on the side edges between the merged
parts. The running times with the expansion of Equation (19) and with that of Equation (20)
are then at most about
(22) 2 t|R| · 2 e (4.5 t|R|+s0) and (t+ 1)|R| · 2 e (5.5 t|R|+s0).

In each product the first factor is the number of terms, and the second is the time for one term.
For e = 1 the two products agree, up to the factor (t+ 1)|R|. For e < 1 the second product is
the smaller one as soon as (1− e) t > log2(t+ 1).

The middle column of Table 1. Two rows are joined by g side edges and by g(g−1)/2 rectangles,
so they share gλ bits plus what is counted for these rectangles, which by Expression (21) and
the sentence after it is between 4t and 6t bits each. In all, two rows share between 2

3g
2λ and

about g2λ bits. The side edges between the merged parts carry g
(g

2
)
λ < S/g bits; with the at

most 5.5 t |R| bits of the rectangles this gives the bound of Step 2, up to an additive constant
that depends only on ℓ. The W of a row is a product of the Wa of its g nodes and of functions
that are computed in polynomial time, so one value takes g evaluations.

2.6. Balancing. The running time (7) is set by the largest number of bits on an edge. After
grid and merge the edges are not uniform: they carry from 2

3g
2λ to about g2λ bits, and Step 2
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bounds only their average, by about 11
12g

2λ. Padding every string to the length of the longest
one would cancel the saving.

So we first merge the g nodes into K groups (Figure 3). An edge between two groups
combines about (g/K)2 old edges, so its number of bits is close to the average. Lemma 1 finds
a grouping in which every group has at most 2g/K nodes and every two groups share at most
L bits, where

(K
2
)
L exceeds the number of bits on the edges between the g nodes by at most

about S/K. In a random grouping, Chebyshev’s inequality and a union bound show that both
properties hold with positive probability. This argument is what requires g to be as large as
3K8. Randomness appears only in this analysis: the algorithm is deterministic and tries all Kg

groupings, a constant number.
The factor 25S/Kℓ−1 multiplies Tℓ−1 and is not added to it, for the following reason. A step

of the recursive call can be an evaluation of the W of a group G at one argument. By Steps 2
and 3, this value is a sum with one summand for each setting of zG, the strings za(b) of all
nodes a in G, and each summand is a product of values of the Wa of the given instance and of
functions that are computed in polynomial time. For a rectangle whose two rows (or columns,
if the columns were merged) both lie in G, the factor Ai is not written as a sum over θ. It is
evaluated directly, as the coefficient of τ i in

∏
j≤t(Rj + τCj), where Rj and Cj are the two

summands of Equation (19) for block j, the row choice and the column choice. A group has at
most (2g/K) · g nodes, and each of them has fewer than g2 strings of λ bits, so zG has fewer
than 2g4λ/K < 5S/K bits. The work outside the recursive calls is polynomial for each call, so
there is no further additive term.

Where the bits inside a merged part enter. Merging removes no bits. The bits on the edges
inside a group enter the running time only through the factor 25S/Kℓ−1 , and the bits on the
edges between groups enter only through Tℓ−1(S′). The exponent 5S/Kℓ−1 bounds the number
of bits of zG for a single group G. It is a maximum over the groups and not a sum, because
each evaluation concerns a single group. This gives the right column of Table 1, and the term
5/Kℓ−1 in (9) that is not multiplied by eℓ−1.

Appendix A balances with Hoeffding’s inequality in place of Chebyshev’s (Lemma 8), so that
g exceeds K only by a factor polylogarithmic in K; this is one of four changes behind the Main
Theorem (§2.7).

2.7. The stronger bounds. For Theorem 2 it is enough that e → 0 along some sequence
of constants K. For the bound in m of the Main Theorem, three things change. First, K
grows with the input, up to a small power of m, so no cost may be hidden in a constant that
depends on K (Appendix A). What matters then is how fast e falls as K grows. Above, ℓ
levels give e = Θ(ρℓ), where ρ = 11

12 , and logK = Θ(16ℓ), that is, e = Θ((logK)−α) with
α = 1

4 log(1/ρ) ≈ 0.03. Second, with the better balancing of Appendix A one level squares K,
up to a polylogarithmic factor, so logK = Θ(2ℓ) and α = log(1/ρ) ≈ 0.125. Third, Appendix B
replaces the functions Ai of Lemma 2 by O(λ2) functions with ρ = 1/

√
2, built from operators

on a polynomial ring; the numbers of bits that they cost are logarithms of sums of partition
numbers, estimated by the Hardy–Ramanujan formula [HR18], by which an integer w has 2Θ(

√
w)

partitions. Together with the better balancing this gives α = 1
2 , that is, e = Θ(1/

√
logK), and

a k-CNF is solved in time 2O(ekm). So neither the better balancing nor the new functions are
the main change: each alone would give α ≈ 0.125.

For the bound in n, a fourth change is needed. Sparsification has to be applied with a
parameter ε that tends to 0; in Calabro’s form [Cal09] it then leaves formulas in which a
variable may occur in ∆ = (k/ε)O(k) clauses, too many for the graph above, whose number of
bits on the edges grows with m. Appendix D uses a graph whose nodes hold variables instead
of clauses. The condition that no clause is violated is expanded by inclusion–exclusion over
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sets of violated clauses, cut off at about n/ log ∆ clauses, and the nodes need to agree only
on which clauses are in the set; assignments that violate more clauses are eliminated by O(n)
sparse parity checks. This gives O(kn log ∆) bits on the edges. For k ≤ (logn)1/4 we have
log ∆ = O(k log logn), which gives the factors k2 and log logn in the bound in n, and for larger
k that bound is so large that trying all assignments is within it; we do not know whether the
factor log logn can be removed.

3. Networks

Conventions. log = log2. [x = u] is 1 if the statement x = u is true and 0 otherwise. For a
positive integer K, [K] = {1, . . . ,K}; ⊕ is addition of bits modulo 2; {0, 1}0 consists of the
empty string. Time is counted in operations: operations on words, which need only be long
enough to hold an address, and table queries (Definition 3). For a formula, n is the number of
variables and m the number of clauses; a 3-CNF is a set of clauses (§6), so m = O(n3), and a
bound stated in n alone holds for every m.

Definition 1. Let X ,X ′ be finite sets and c ≥ 0 an integer. A function F : X ×X ′ → Z factors
through c bits if there are functions f : X × {0, 1}c → Z and f ′ : X ′ × {0, 1}c → Z, called a
factorization of F , with
(23) F (z, z′) =

∑
θ∈{0,1}c

f(z, θ) f ′(z′, θ) for all z ∈ X , z′ ∈ X ′.

Equivalently, the matrix F (first index z, second index z′) is the product f · (f ′)⊤ of two integer
matrices (second index θ) with inner dimension 2c; in particular its rank is at most 2c. Two
observations:
(a) If F1, F2 on X × X ′ factor through c1, c2 bits, then the pointwise product F1F2 factors
through c1 + c2 bits: take θ = (θ1, θ2) and multiply the functions.
(b) For any π : X → {0, 1}c and π′ : X ′ → {0, 1}c, the function [π(z) = π′(z′)] =∑

θ∈{0,1}c [π(z) = θ][π′(z′) = θ] factors through c bits.

Definition 2. Let P,B, τ ≥ 1 be integers. A network on J with parameters P,B, τ consists of
a finite set J of nodes; for each node a, a finite set Sa of settings and a function Wa : Sa → Z;
and for each unordered pair {a, b} of distinct nodes, a function Ψa,b : Sa × Sb → Z (with
Ψb,a(zb, za) = Ψa,b(za, zb)), an integer ca,b = cb,a ≥ 0, and a factorization (fa,b, fb,a) of Ψa,b

through ca,b bits. The settings of each node a are encoded as bit strings of one fixed length
Pa ≤ P (we identify Sa with a subset of {0, 1}Pa , so |Sa| ≤ 2P ), and: (i)

∑
b∈J\{a} ca,b ≤ P for

every a ∈ J ; (ii) all values of all Wa,Ψa,b, fa,b are below 2B in absolute value; (iii) an algorithm
receives P,B and the numbers Pa, ca,b as input, and can decide membership in Sa and compute
any value of Wa,Ψa,b, fa,b with at most τ operations.

We write za for a setting of node a, and we say that a and b share ca,b bits. The value of the
network is
(24) Z =

∑
z∈
∏

a∈J
Sa

∏
a∈J

Wa(za)
∏

{a,b}⊆J

Ψa,b(za, zb),

where the sum is over all choices z = (za)a∈J of one setting za ∈ Sa for each node a, and the
second product is over all unordered pairs of distinct nodes. The number U = 2

∑
{a,b}⊆J ca,b,

the total of the network, counts every shared bit from both of its ends. As a sum over ordered
pairs, U =

∑
(a,b)∈J2: a̸=b ca,b, so U ≤ |J |P by (i).

Definition 3. Let K ≥ 2 and λ,B ≥ 1 be integers. The (K,λ)-clique with tables W1, . . . ,WK is
the following network on [K]. A setting zw of node w is a (K−1)-tuple of strings zw(w′) ∈ {0, 1}λ,
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one for each w′ ∈ [K] \ {w}, and Sw = ({0, 1}λ)K−1 is the set of all such tuples. For w ̸= w′

and θ ∈ {0, 1}λ,
(25) cw,w′ = λ, Ψw,w′(zw, zw′) = [zw(w′) = zw′(w)], fw,w′(zw, θ) = [zw(w′) = θ].
The Ww : Sw → Z are arbitrary functions with |Ww| < 2B. A setting zw is encoded by
concatenating its K − 1 strings zw(w′), so Pw = P = (K − 1)λ. The tables are not written out:
an algorithm queries them by naming w and zw ∈ Sw, and receives Ww(zw) at the cost of one
operation.

The pairs {w,w′} of distinct nodes are the edges of the clique, and zw(w′) and zw′(w) are
the two copies of the string on the edge {w,w′}, held at w and at w′; the factor Ψw,w′ of
the edge checks that they agree. So only the terms in which the two copies on every edge
agree contribute, and the value is the sum, over all choices of one string in {0, 1}λ per edge, of∏

w∈[K]Ww evaluated at the strings on the edges at w. Here τ may be taken to be a constant
multiple of Kλ.

Definition 4. For an integer K ≥ 2 and a real e ≥ 0, the pair (K, e) is achievable if there are
an algorithm and a constant C, both depending only on K and e, such that for all integers
λ,B ≥ 1 and all tables with |Ww| < 2B the algorithm, given λ, B and query access, outputs
the value of the (K,λ)-clique within C 2eK2λ(B + λ)C operations.

If (K, e) is achievable, so is (K, e1) for every e1 ≥ e. Define e∗ as the infimum of all e such
that (K, e) is achievable for infinitely many K. Trying all 2λK(K−1)/2 choices of one string per
edge shows that (K, 1

2) is achievable for every K, so e∗ ≤ 1
2 . From now on, poly(·) denotes a

polynomial whose degree and coefficients depend only on K and e.

Lemma 1. Let (K, e) be achievable and g = 3K8. There is a constant C1 = C1(K, e) such
that the value of every network on [g] with parameters P,B, τ and total U is computed within
C1 2 e(U+gP/K)+2gP/K(P +B)C1τ operations.

Proof (Figure 3, middle and right). A grouping is a function χ : [g] → [K]; its groups are
the sets Gγ = χ−1(γ), γ ∈ [K]. For γ ̸= γ′ let Yγ,γ′ = Yγ′,γ be the sum of ca,b over all
a ∈ Gγ and b ∈ Gγ′ . Call χ good if (G1) every group has at most 2g/K nodes, and (G2)
Yγ,γ′ ≤ (U + gP/K)/K2 for all γ ̸= γ′.

A good grouping exists. Note: we use the probabilistic method here just to show existence,
but the eventual algorithm finds the good grouping via brute force search, deterministically
(see line 10 of Algorithm 1 in §8). Choose χ(a) ∈ [K] independently and uniformly for
each node a. Each ordered pair (a, b) contributes with probability 1/K2, so EYγ,γ′ = U/K2.
The indicators of two ordered pairs have covariance 0 if the pairs are disjoint and at most
1 otherwise, and by (i) the ordered pairs that meet a fixed pair have c-values summing to
at most 4P . Hence VarYγ,γ′ ≤

∑
(a,b)∈[g]2: a̸=b ca,b · 4P = 4PU ≤ 4gP 2, and by Chebyshev

Pr(Yγ,γ′ > U/K2 + gP/K3) ≤ 4K6/g = 4/(3K2). By a union bound over the fewer than K2/2
pairs of groups, some pair violates this bound with probability less than 2/3. A group has
mean size g/K and variance at most g/K, so it exceeds 2g/K with probability at most K/g;
by a union bound over the K groups, some group does so with probability at most K2/g < 1/3.
By a union bound over these two events, the grouping fails to be good with probability less
than 1, so a good grouping exists.

The algorithm. Being good depends only on the numbers ca,b. Go through all Kg groupings
(a constant) and fix the first good one. Let L = max{1, ⌊(U + gP/K)/K2⌋}, so that Yγ,γ′ ≤ L.
We define a (K,L)-clique whose nodes are the groups. By Definition 3 only its tables W̃γ

need to be defined. For each pair of groups {γ, γ′} choose an order of the pairs {a, b} with
a ∈ Gγ , b ∈ Gγ′ (any order will do). In this order, the pair {a, b} is assigned a block of ca,b
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consecutive positions of {1, . . . , L}; the L−Yγ,γ′ positions after the last block hold the appended
bits. An argument of W̃γ is a function Θ : [K] \ {γ} → {0, 1}L. For a ∈ Gγ and b /∈ Gγ let
θa,b ∈ {0, 1}ca,b consist of the bits of Θ(χ(b)) in the block of {a, b}. Put

W̃γ(Θ) = [all appended bits are 0]
∑

(za)a∈Gγ

∏
a∈Gγ

Wa(za)
∏

{a,b}⊆Gγ

Ψa,b(za, zb)

∏
a∈Gγ , b/∈Gγ

fa,b(za, θa,b).
(26)

Here each za ranges over Sa. The value of this clique is by definition a sum over the settings
of its nodes γ. The two copies of the string on an edge {γ, γ′} must agree, and both W̃γ and
W̃γ′ read θa,b from the same block of this string, so θa,b = θb,a; the appended bits must be 0.
Together with the sums inside the tables, this is a sum over all z ∈

∏
a∈[g] Sa and over one

string θa,b ∈ {0, 1}ca,b per pair {a, b} of nodes in different groups. Each θa,b occurs only in fa,b

and fb,a, and
∑

θa,b∈{0,1}ca,b fa,b(za, θa,b) fb,a(zb, θa,b) = Ψa,b(za, zb), so the value equals Z.
Cost. The sum defining W̃γ(Θ) has at most (2P )2g/K = 22gP/K terms, each a product of at

most g2 values. So |W̃γ | < 2B′ with B′ = ⌈2gP/K⌉+ g2B, and one entry costs 22gP/K poly(P +
B) τ operations. Run the algorithm for (K, e) with L,B′ in the roles of λ,B; this is legitimate
because Definition 4 covers all integer tables. Answer each of its at most C 2eK2L(B′ + L)C

queries by computing the entry. Since K2L ≤ K2 + U + gP/K and L ≤ 2gP , the bound
follows. ■

4. Two crossing equalities as a sum of ⌈λ/3⌉+ 1 cheaper functions

Here x,y,u,v ∈ {0, 1}λ are strings, and x, y, u, v, p, q, k ∈ {0, 1}3 are blocks of three bits, on
which ⊕ acts bit by bit. A function of (x,y,u,v), or of four blocks (x, y, u, v), factors through
c bits row-wise if it does so as a function of (x,y) and (u,v), and column-wise if it does so as
a function of (x,u) and (y,v) (Definition 1); §2.5 says “with rows merged” and “with columns
merged”. The product [x = v][y = u] is called a crossing: each of its two equalities joins a
string of (x,y) to one of (u,v), and a string of (x,u) to one of (y,v), so both splits separate
the two strings of each equality. The starting point is a classical identity, the eight-square
identity. For blocks p = (p1, p2, p3) and q = (q1, q2, q3) define the sign
(27) σ(p, q) = (−1)ϕ(p,q), ϕ(p, q) =

∑
1≤i≤j≤3 piqj + q1p2p3 + p1q2p3 + p1p2q3.

Eight-square identity (Degen 1818, Graves 1843). For all blocks p, q, p′, q′ with p⊕ q = p′⊕ q′

and q ̸= q′,
(28) σ(p, q)σ(p′, q′) + σ(p, q′)σ(p′, q) = 0.
Equivalently, for real variables ap, bq, where p, q, k range over the blocks,

(29)
(∑

p a
2
p

)(∑
q b

2
q

)
=
∑

k

(∑
p,q: p⊕q=k σ(p, q) apbq

)2
.

Only (28) is used below; Appendix F proves it by a short computation modulo 2 and shows
that the two forms are equivalent. The classical identity writes (a2

1 + · · ·+ a2
8)(b2

1 + · · ·+ b2
8)

as a sum of eight squares, each the square of a sum of eight terms ±aibj ; Conway and Smith
print it in full [CS03, Chapter 6, §6.10]. It says that the norm of the octonions is multiplicative
[CS03, §§6.3–6.4]. The second form above is this statement for an orthonormal basis (ep) of the
octonions with epeq = σ(p, q) ep⊕q; that the octonions have such a basis is due to Albuquerque
and Majid [AM99, Propositions 3.7 and 4.4] (the arXiv version misprints the last term of ϕ).
For the history see Baez [Bae02, Section 1].
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Let ψk(p, q) = [p⊕ q = k]σ(p, q), and for blocks x, y, u, v let

(30) R(x, y, u, v) =
∑

k∈{0,1}3

ψk(x, y)ψk(v, u), C(x, y, u, v) =
∑

k∈{0,1}3

ψk(x, u)ψk(v, y).

So R factors through 3 bits row-wise, C factors through 3 bits column-wise, both have values
in {−1, 0, 1}, and
(31) R+ C = 2 [x = v][y = u].
Indeed, R = [x ⊕ y = v ⊕ u]σ(x, y)σ(v, u) and C = [x ⊕ u = v ⊕ y]σ(x, u)σ(v, y), and both
brackets say x⊕ y ⊕ u⊕ v = 000. If this fails, all three functions in (31) are 0. If it holds and
y = u, then x = v and R = C = σ(x, y)2 = 1. If it holds and y ≠ u, then R + C = 0 by (28)
with (p, q, p′, q′) = (x, y, v, u).

Definition 5. Let t = ⌈λ/3⌉. Append 3t − λ zeros to each of x,y,u,v and cut the results
into blocks xs, ys, us, vs ∈ {0, 1}3, s ∈ [t]. For a formal variable T , the functions A0, . . . , At :
({0, 1}λ)4 → Z are the coefficients in
(32)

∏t
s=1
(
R(xs, ys, us, vs) + T · C(xs, ys, us, vs)

)
=
∑t

i=0Ai(x,y,u,v)T i.

Let crow
i = min{2λ, 4t+ 3i} and ccol

i = min{2λ, 7t− 3i}.

Lemma 2. For every λ ≥ 1 and i ∈ {0, . . . , t}:
(a) A0 + · · ·+At = 2t[x = v][y = u], and Ai has integer values with |Ai| ≤ 2t, computable in
time poly(λ).
(b) As a function of (x,y) and (u,v), Ai factors through crow

i bits; as a function of (x,u) and
(y,v), through ccol

i bits. The functions of both factorizations have values at most 2t in absolute
value, computable in time poly(λ).
(c) crow

i ≤ 2λ, ccol
i ≤ 2λ, and crow

i + ccol
i ≤ 4ρλ+ 8, where ρ = 11/12.

Proof. (a) Set T = 1 and use (31); the appended zeros agree. The t factors are polynomials in
T of degree at most 1 with coefficients in {−1, 0, 1}, so multiplying them out one at a time
takes time poly(λ), and |Ai| ≤

(t
i

)
≤ 2t.

(b) Every function F : {0, 1}c ×X ′ → Z factors through c bits, by F (z, z′) =
∑

θ∈{0,1}c [z =
θ]F (θ, z′). So Ai factors through 2λ bits, and R and C through 6 bits, both row-wise and
column-wise. Now Ai is the sum, over the sets Q ⊆ [t] with |Q| = i, of the product that takes
C at the blocks s ∈ Q and R at the others. By (30) and observation (a) after Definition 1, this
product has a row-wise factorization (fQ, f

′
Q) through 3(t− i) + 6i bits, whose index θ′ lists the

indices of the blocks s = 1, . . . , t in this order, with values in {−1, 0, 1}. Let θ = (Q, θ′), where
a set Q ⊆ [t] is written as a string of t bits, and put f(·, θ) = fQ(·, θ′) and f ′(·, θ) = f ′

Q(·, θ′)
if |Q| = i, and f(·, θ) = f ′(·, θ) = 0 otherwise. This is a row-wise factorization of Ai through
t+ 3(t− i) + 6i = 4t+ 3i bits. Column-wise the roles of R and C are exchanged, which gives
t+ 6(t− i) + 3i = 7t− 3i bits. Whenever one of these numbers exceeds 2λ, use the factorization
through 2λ bits instead.

(c) The first two bounds hold by definition. Moreover crow
i + ccol

i ≤ (4t+ 3i) + (7t− 3i) = 11t,
and t ≤ (λ+ 2)/3, so 11t ≤ 11λ/3 + 8 = 4ρλ+ 8. ■

Each block costs 3 + 6 bits in the two directions together, plus 1 + 1 bits to name Q: 11
bits, against 6 + 6 without (31). The four-square identity, on blocks of two bits, would give
2 + 4 + 1 + 1 = 4 + 4, no saving.
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5. One level of the recursion

Let ρ = 11/12, as in Lemma 2(c), and for a given λ let t = ⌈λ/3⌉, as in Definition 5.

Proposition 3. If (K, e) is achievable and g = 3K8, then (g2, e′) is achievable for e′ =
(ρ+ 2/K)e+ 2/K. Hence e∗ = 0.

Proof. Take a (g2, λ)-clique with value Z and put N = g4λ; the goal is cost 2e′N poly(B + λ).
Identify the nodes with grid points (a, j) ∈ [g]2 (row a, column j). A rectangle q is a choice of two
rows a < a′ and two columns j < j′, adjacent or not; its corners are (a, j), (a, j′), (a′, j), (a′, j′),
its diagonals are the edges {(a, j), (a′, j′)} and {(a, j′), (a′, j)}, and its four strings are (Figure 3,
left)
(33) xq = z(a,j)((a′, j′)), yq = z(a,j′)((a′, j)), uq = z(a′,j)((a, j′)), vq = z(a′,j′)((a, j)).
So [xq = vq][yq = uq] is the product of the clique’s factors Ψ on the two diagonals of q. Every
edge whose endpoints differ in both row and column is a diagonal of exactly one rectangle,
the one given by the rows and columns of its endpoints; call the other edges (inside a row or
inside a column) straight. The set R of rectangles has

(g
2
)2 ≤ g4/4 elements. Multiply Z by

2t|R|, apply Lemma 2(a) to every rectangle, and expand:

(34)

2t|R|Z =
∑

ι:R→{0,...,t}
Zι,

Zι =
∑

z

∏
w

Ww(zw)
∏

{w,w′} straight
[zw(w′) = zw′(w)]

∏
q∈R

Aι(q)(xq,yq,uq,vq).

Here z = (zw)w∈[g]2 ranges over all choices of one setting zw ∈ Sw for each grid point w, and
the first product is over all w ∈ [g]2.

Two networks for each ι. Fix ι. The row network has node set [g], the rows. A setting of
row a is the tuple (z(a,j))j∈[g] of the settings of its g grid points; Sa is the set of these tuples,
encoded by concatenation in g(g2 − 1)λ ≤ P bits, where P = g3λ. Wa is the product of the g
table entries of row a and of the factors of the straight edges inside row a. Ψa,a′ is the product
of the factors of the g straight edges between rows a and a′ and of Aι(q)(xq,yq,uq,vq) over
the g(g − 1)/2 rectangles q with these two rows. Each factor in (34) is used exactly once, so
the value is Zι. Since xq,yq belong to row a and uq,vq to row a′, observations (a), (b) after
Definition 1 and the first factorization in Lemma 2(b) show that Ψa,a′ factors through
(35) ca,a′ = gλ+

∑
q with rows a,a′ crow

ι(q) ≤ gλ+ g(g − 1)λ = g2λ bits.
The column network is defined in the same way with rows and columns exchanged. There xq,uq

and yq,vq are separated, so the second factorization applies, and (35) holds with ccol in place
of crow. Both networks satisfy Definition 2 with P = g3λ (so gP = N), with B1 = gB + g2λ+ 1
in the role of B, and with τ = poly(B + λ): indeed

∑
a′∈[g]\{a} ca,a′ ≤ g3λ, |Wa| < 2gB, and

Ψa,a′ and the functions of its factorization are products of indicators and of g(g− 1)/2 numbers
of absolute value at most 2t ≤ 2λ.

The smaller total. Let Urow, Ucol be the totals U of the two networks. By (35), and because
U counts ordered pairs, Urow = g2(g − 1)λ+ 2

∑
q∈R crow

ι(q) and Ucol = g2(g − 1)λ+ 2
∑

q∈R ccol
ι(q).

By Lemma 2(c), crow
i + ccol

i ≤ 11λ/3 + 8. Hence
(36) min(Urow, Ucol) ≤ 1

2(Urow + Ucol) ≤ N
g + |R|

(
11λ/3 + 8

)
≤ N

(
ρ+ 1

g

)
+ 2g4.

Without Lemma 2 each rectangle would contribute 4λ to each total, and both totals would be
g3(g − 1)λ ≈ N . Rows or columns are chosen once per ι, for the whole grid; nothing is chosen
rectangle by rectangle.
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Cost. Apply Lemma 1 to the network with the smaller total. By (36), gP = N and 1/g ≤ 1/K,
its exponent satisfies e(U +N/K) + 2N/K ≤ N

(
(ρ+ 2/K)e+ 2/K

)
+ 2eg4 = e′N + 2eg4, and

the other factors are poly(B + λ). There are (t + 1)|R| ≤ (B + λ)g4/4 functions ι. This is a
polynomial in B + λ because g depends only on K, and Definition 4 allows such a factor; 22eg4

is a constant. Adding the Zι and dividing by 2t|R| gives Z. So (g2, e′) is achievable.
e∗ = 0. Let e > e∗; then (K, e) is achievable for infinitely many K. Let e′′ > ρe. For all

large K we have (ρ+ 2/K)e+ 2/K ≤ e′′, so (9K16, e′′) is achievable for infinitely many K, and
therefore e∗ ≤ e′′. Letting e′′ → ρe and e → e∗ gives e∗ ≤ ρe∗. Since 0 ≤ e∗ ≤ 1

2 and ρ < 1,
e∗ = 0. That is, for every η > 0, (K, η) is achievable for infinitely many K. ■

6. Proof of Theorem 2

A literal is a variable (positive literal) or its negation (negative literal), a clause is a nonempty
set of literals, and a 3-CNF is a finite set of clauses with at most 3 literals each.

Lemma 4 (Sparsification Lemma; Impagliazzo, Paturi and Zane [IPZ01, Corollary 1, p. 523],
in the form of Dell et al. [DHMTW14, Lemma A.1 with condition (1′)], for clauses of at most
3 literals). For every ε > 0 there is a constant M(ε) ≥ 1 such that for every 3-CNF φ on n
variables one can compute deterministically, in time 2εn times a polynomial in n, at most 2εn

3-CNFs on the same variables, each with at most M(ε) · n clauses, such that an assignment
satisfies φ if and only if it satisfies at least one of them, and no two of them share a satisfying
assignment.

That no two of the formulas share a satisfying assignment is what condition (1′) of Dell et al.
adds; they sketch its proof, and Appendix C sketches the analogous change in the algorithm of
Calabro [Cal09].

Proof of Theorem 2. Constants and reduction. We may assume δ ≤ 1. Let M = M(δ/3) and
δ′ = δ/(3M) ≤ 1

3 . Since e∗ = 0 < δ′/12 and achievability is monotone in e (Definition 4),
(K, δ′/12) is achievable for infinitely many K. Fix such a K ≥ 72/δ′ and put g = 3K8; all these
constants depend on δ only. By Lemma 4 with ε = δ/3, the number of satisfying assignments
of the given formula is the sum of those of the formulas of the lemma, so it suffices to compute
the number of satisfying assignments of a 3-CNF Φ on n variables with m ≤Mn clauses, in
time O(2δ′m) plus a polynomial in n. If m = 0 the number is 2n; let m ≥ 1.

Clusters, occurrences, equality tests (Figure 1; there each clause is drawn as its own node,
each bit on a solid line between two clauses is an equality test, and the shaded sets, labeled
G1, G2, G3, are three clusters). Divide the clauses of Φ into g clusters, numbered by a ∈ [g], of
at most m̄ = ⌈m/g⌉ clauses each; clusters may be empty. An occurrence is a pair o = (E,ω) of
a clause E ∈ Φ and a literal ω ∈ E, that is, one position of one clause. It is an occurrence of
the variable of ω, whether ω is positive or negative, and it lies in the cluster of E. For each
variable, list all its occurrences in Φ, across all clusters, in some order o1, . . . , od (any order will
do); the pairs {o1, o2}, {o2, o3}, . . . , {od−1, od} of consecutive occurrences are the equality tests,
or tests, of this variable. An occurrence lies in at most two tests. The total number of tests is
the number of occurrences minus the number of variables that occur, hence at most 3m− 1.
The network of Φ is the following network on [g] with P = 6m̄ and B = 1.
• A setting za of node a is a bit string with one bit za[o] for each occurrence o in cluster a,

and Sa is the set of all these bit strings. Their length is at most 3m̄ ≤ P .2 The bit za[o] is a
proposed value of the variable of which o is an occurrence, not of the literal: call o = (E,ω)
true if ω is positive and za[o] = 1, or ω is negative and za[o] = 0.

2P is taken as large as 6m̄ because
∑

b̸=a
ca,b can reach 6m̄.
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• Wa : Sa → {0, 1} is 1 exactly if every clause of cluster a has a true occurrence and
za[o] = za[o′] for every test {o, o′} with both occurrences in cluster a.
• For a ≠ b, ca,b is the number of tests with one occurrence in cluster a and the other in

cluster b. Choose an order of these tests, and let za|b ∈ {0, 1}ca,b list the bits of za at
their occurrences in cluster a; likewise zb|a. Put Ψa,b(za, zb) = [za|b = zb|a], factorized by
fa,b(za, θ) = [za|b = θ] and fb,a(zb, θ) = [zb|a = θ], θ ∈ {0, 1}ca,b .

Definition 2 holds:
∑

b̸=a ca,b ≤ 2 · 3m̄ = P , all values are 0 or 1, and τ is polynomial in m, after
a preparation in time polynomial in n. Every term of the value Z is 0 or 1. Each test is checked
exactly once, by a Wa or a Ψa,b, so a term is 1 exactly if all occurrences of each variable carry
the same bit and every clause has a true occurrence. Hence Z is the number of assignments of
the variables occurring in Φ that satisfy Φ, and Φ has Z · 2n′ satisfying assignments, where n′

of the n variables do not occur in Φ.
Cost. U counts each test between two clusters twice, so U ≤ 2(3m − 1) < 6m; and

gP = 6g⌈m/g⌉ ≤ 6(m + g). With e = δ′/12, K ≥ 72 and 1/K ≤ δ′/72, the exponent in
Lemma 1 is

eU + e gP
K + 2gP

K < 1
2δ

′m+ 1
144δ

′(m+ g) + 1
6δ

′(m+ g)
= 97

144 δ
′m+ 25

144 δ
′g ≤ 3

4 δ
′m+ δ′g.

(37)

The remaining factor C1 2δ′g(P + B)C1τ is polynomial in m, hence O(2δ′m/4). So, with the
preparation, Z is computed in time O(2δ′m) plus a polynomial in n, and δ′m ≤ δ′Mn = δn/3.
Lemma 4 yields at most 2δn/3 such formulas, in time 2δn/3 times a polynomial in n, and
multiplying by 2n′ and adding up takes time polynomial in n for each of them, so the total
time is O(2δn). ■

7. Consequences

Definition 6 (sk, s∞ and ETH [IP01, p. 368]; SETH [CIP09, p. 77]). For an integer k ≥ 1,
a k-CNF is a finite set of clauses with at most k literals each, and k-SAT is the problem of
deciding whether a given k-CNF is satisfiable. Let sk be the infimum of all δ ≥ 0 such that some
deterministic algorithm decides k-SAT on n variables in time O(2δn), and let s∞ = supk≥3 sk.
The Exponential Time Hypothesis (ETH) is the statement that sk > 0 for all k ≥ 3. The Strong
Exponential Time Hypothesis (SETH) is the statement s∞ = 1.

Trying all assignments gives sk ≤ 1, so s∞ ≤ 1. A k-CNF is also a (k+ 1)-CNF, so sk ≤ sk+1.
Hence s∞ = limk→∞ sk, and ETH is the same as s3 > 0. Impagliazzo and Paturi [IP01, p. 374]
pose s∞ = 1 as an open problem, and Calabro, Impagliazzo and Paturi [CIP09] give it its name.
Impagliazzo and Paturi [IP01] do not say whether the algorithms in the definition of sk are
deterministic or randomized, and Calabro, Impagliazzo and Paturi [CIP09] allow randomized
ones. A deterministic algorithm is a randomized algorithm that uses no random bits, so allowing
randomness can only make sk smaller, and Corollary 5 holds under each of these conventions.

Corollary 5. sk = 0 for every k ≥ 3. Hence s∞ = 0, and both ETH and SETH are false.

Proof. A 3-CNF is satisfiable if and only if its number of satisfying assignments is positive,
so Theorem 2 gives s3 = 0, which is the negation of ETH; for this, the proof of Theorem 2
needs Lemma 4 only in the form of Impagliazzo, Paturi and Zane [IPZ01, Corollary 1, p. 523],
without the condition that no two of the formulas share a satisfying assignment: without it
the sum may count an assignment more than once, but it is still positive exactly if the given
formula is satisfiable. By a theorem of Impagliazzo, Paturi and Zane [IPZ01, Theorem 3, p. 525],
which rests on their Sparsification Lemma, s3 = 0 implies sk = 0 for every k ≥ 3; the reduction
(sparsify, then split every long clause into clauses of 3 literals with new variables) uses no
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randomness (Calabro, Impagliazzo and Paturi [CIP06, Lemma 1] state the Sparsification Lemma
with a deterministic algorithm). In terms of the numbers sk this is stated by Impagliazzo and
Paturi [IP01, Theorem 1, p. 368]: the statements “For all k ≥ 3, sk > 0”, “For some k, sk > 0”
and “s3 > 0” are equivalent. Hence s∞ = limk sk = 0 ̸= 1. Put differently: s∞ = 1 gives sk > 0
for some k, hence s3 > 0; so SETH implies ETH, and refuting ETH refutes SETH. ■

The nondeterministic variant NSETH [CGIMPS16], which says that for every ε > 0 there is a
k such that the tautologies among the k-DNF formulas on n variables are not recognized in
nondeterministic time 2(1−ε)n, is false as well: a k-DNF is a tautology exactly if its negation, a
k-CNF, is unsatisfiable, and a deterministic algorithm is in particular a nondeterministic one.
Circuit lower bounds. By a theorem of Williams [Wil13, Theorem 6.1], if ETH is false
then ENP, the class of languages decided in time 2O(n) with an oracle for NP, does not have
linear-size circuits (see also Williams [Wil14b, Theorem 5.8] and Jahanjou, Miles and Viola
[JMV15, Corollary 2, item (1), with Corollary 3, item (1′)]). So, by Corollary 5, there is a
language in ENP that is not decided by (non-uniform) Boolean circuits of size O(n).

Corollary 6. For every k ≥ 3 and δ > 0 there is a deterministic algorithm that computes the
number of satisfying assignments of a k-CNF on n variables in time O(2δn). For k = 3 this
says that the counting version #ETH of ETH [DHMTW14, p. 21:5] is false.

Proof. For k = 3 this is Theorem 2. By the work of Dell et al. [DHMTW14, Lemma A.1 with
condition (1′), and the proof of Theorem 1.1, pp. 21:24–21:25] this case suffices. First, their form
of the Sparsification Lemma, which Lemma 4 states for k = 3, turns a k-CNF on n variables,
for any ε > 0, into at most 2εn k-CNFs on the same variables, each with O(n) clauses, no two
of which share a satisfying assignment, so that their numbers of satisfying assignments add up.
Second, each of these is turned into a 3-CNF with O(n) clauses and O(n) variables and the
same number of satisfying assignments, by the standard width reduction, which introduces a
constant number of new variables for each clause. The number is preserved if each new variable
is forced, by three clauses of at most 3 literals, to equal the disjunction of the two literals that
it replaces in a long clause; Dell et al. [DHMTW14] do not spell this out. The constants in
O(n) depend on k and ε, so choosing ε = δ/3 first and then applying Theorem 2 with a small
enough value in place of δ gives time O(2δn). ■

Corollary 7. For all δ > 0 and k ≥ 3 there are deterministic algorithms that, given a graph
on n vertices, with any number of edges, and an integer s, compute in time O(2δn) the number
of its independent sets of size s, and likewise of its cliques, vertex covers and dominating sets
of size s and of its proper colorings with k colors. In particular, they decide Independent Set,
Clique, Vertex Cover, Dominating Set and k-Coloring, since subsets of independent sets and of
cliques, and supersets of vertex covers and of dominating sets, are again such sets.

Proof. For deciding Independent Set, Clique, Vertex Cover and k-Coloring, the corollary follows
from prior work: these problems, with the number n of vertices as the parameter, reduce to
3-SAT by subexponential reduction families [IPZ01, Theorems 3 to 5, pp. 525–526], which carry
over Theorem 2’s time O(2δn) for every δ > 0 (see also Flum and Grohe [FG04, Corollary 7.1]).
These results cover neither Dominating Set nor the counts, for which we argue as follows.

Let the variable xv say whether the vertex v is in the set S. As in the work of Impagliazzo,
Paturi and Zane [IPZ01, proof of Theorem 5], a circuit with O(n) gates of two inputs tests
whether |S| = s; a new variable for each gate, clauses of at most 3 literals that force it to
equal the value of the gate, and a clause that makes the output true give a 3-CNF Γ with O(n)
variables and O(n) clauses. Each S of size s extends to exactly one satisfying assignment of Γ,
and no other S to any. Add the clause {¬xu,¬xv} for each edge uv; Corollary 6 then counts
the independent sets of size s. The cliques of size s are the independent sets of size s of the
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complement graph, and the vertex covers of size s are the complements of the independent sets
of size n− s. The proper colorings correspond one to one to the satisfying assignments of a
k-CNF on kn variables, which says that each vertex has exactly one color and that the ends of
each edge have different colors. For dominating sets add to Γ, for each vertex v, the clause
that consists of xv and of xu for all neighbors u of v, and, for an integer w ≥ 3, shorten these
clauses as Calabro, Impagliazzo and Paturi do [CIP06, §3]: while a clause has more than w
literals, pick w of them and branch, either deleting its other literals or setting the w literals to
false. Each satisfying assignment survives in exactly one branch. A path to a leaf takes the
first branch at most n times and the second, which sets w more of the variables xv, at most
n/w times, so there are 2O(n log w/w) leaves, each a w-CNF on the variables not yet set. Choose
w so large that the number of leaves is at most 2δn/2, apply Corollary 6 to each leaf, and add
up. All these formulas have O(n) variables, so Corollary 6, applied with a small enough value
in place of δ, gives time O(2δn). ■

8. The algorithm in pseudocode

The proofs go from small K to large K; Algorithm 1 runs the other way. For ℓ ≥ 0 let
(38) K0 = 64, e0 = 1

2 , gℓ = 3K8
ℓ , Kℓ+1 = g2

ℓ = 9K16
ℓ , eℓ+1 = (ρ+ 2/Kℓ) eℓ + 2/Kℓ.

By brute force and Proposition 3, (Kℓ, eℓ) is achievable for every ℓ, and eℓ → 0, because ρ < 1
and Kℓ →∞.

The number of nodes drops from Kℓ to Kℓ−1 ≈ K
1/16
ℓ per level, so the depth of the recursion

is ℓ: a constant for fixed δ. From one level to the next the total K2λ shrinks by a factor of

Algorithm 1. Counting the satisfying assignments of a 3-CNF. The numbers Kℓ, gℓ, eℓ are defined in
(38). For Theorem 2, ε = δ/3, δ′ is as in §6, and ℓ is the first level with Kℓ ≥ 72/δ′ and eℓ ≤ δ′/12. The
algorithm of Theorem A has the same structure; it differs in the choice of ε and ℓ, in the numbers Kℓ, gℓ,
which are those of (40) (but 3K8

ℓ clusters in line 8), in the groupings and the number L (Lemma 8) and,
for other pieces, in lines 16 and 19; for the decision statement, Theorem A(d), whose list of formulas is
Calabro’s [Cal09], the value returned in line 4 is positive exactly if φ is satisfiable; see Appendix A.

1 procedure #Sat(φ) ▷ φ is a 3-CNF on n variables
2 for each Φ in the list that Lemma 4 computes from φ and ε do
3 NΦ ← 2n′ ·Count(Φ) ▷ n′ of the n variables do not occur in Φ
4 return

∑
Φ NΦ ▷ the number of satisfying assignments of φ

5 procedure Count(Φ) ▷ Φ is a 3-CNF with m clauses; §6
6 if m = 0 then return 1
7 choose the level ℓ ▷ see above
8 return Network(ℓ, the network of Φ on gℓ clusters)
9 procedure Network(ℓ, a network on gℓ nodes) ▷ returns its value; Lemma 1, K = Kℓ

10 try all groupings into Kℓ groups until one is good ▷ good: (G1) and (G2) in the proof of Lemma 1
11 let L and the tables W̃γ be as in the proof of Lemma 1 ▷ not stored; computed when queried
12 return Clique(ℓ, L, (W̃γ)γ)
13 procedure Clique(ℓ, λ, the tables (Ww)w of a (Kℓ, λ)-clique) ▷ its value; Proposition 3, K = Kℓ−1

14 if ℓ = 0 then return the sum of
∏

w∈[K0] Ww over all choices of one string per edge (brute
force)

15 put the Kℓ = g2 nodes on a g × g grid, where g = gℓ−1; sum ← 0
16 for each function ι : R → {0, . . . , ⌈λ/3⌉} do ▷ R is the set of rectangles
17 form the row network and the column network of ι ▷ g nodes each; both have the value Zι

18 sum ← sum + Network(ℓ− 1, the one of the two with the smaller total U)
19 return sum / 2⌈λ/3⌉|R| ▷ by (34)
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about ρ or more, and brute force at the bottom costs about 2K2
0 λ/2; this is where eℓ ≈ 1

2ρ
ℓ

comes from (precisely, unrolling (38) gives 1
2ρ

ℓ ≤ eℓ ≤ 0.56 ρℓ; the excess comes from the two
terms 2/Kℓ in (38)). A table passed to Clique is not an array but a procedure: a query to W̃γ

is answered by evaluating the sum in Lemma 1, which in turn queries the tables one level up.
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Appendix A. The running time as a function of m and n

Here the number K of nodes grows with the input, so no factor may be hidden in a constant
that depends on K. Theorem A turns any decomposition of the crossing into pieces, with the
three properties that Proposition 3 uses, into a bound for cliques (part (b) of Theorem A).
From the proofs of Lemma 1 and Proposition 3 we take over constructions and identities only;
all costs are counted again, because poly(·) there hides constants that depend on K and e. In
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this appendix ln is the natural logarithm, C1 is an absolute constant, and C0, C2, C3, C4, C5
depend only on the constant c of the following definition. The numbers Kℓ, gℓ, eℓ of (40) are
not those of (38), and ρ, which is 11/12 in the main text, is a parameter here.

Definition 7. Let 1
2 ≤ ρ < 1 be real and c ≥ 1 an integer. Pieces with parameters (ρ, c) consist,

for every λ ≥ 1, of an integer d ≥ 1, a finite set I of integers and functions Ai : ({0, 1}λ)4 → Z,
i ∈ I, such that:
(a)

∑
i∈I Ai = d [x = v][y = u];

(b) Ai factors through crow
i bits as a function of (x,y) and (u,v), and through ccol

i bits as a
function of (x,u) and (y,v), where crow

i + ccol
i ≤ 4ρλ+ c log(2λ);

(c) |I| ≤ (2λ)c; the number d, the elements of I and all values of the Ai and of the functions
of these factorizations are below 2(2λ)c in absolute value; and one algorithm computes each of
them, and I, crow

i , ccol
i , from λ, i and the arguments within 2cλ operations.

By Lemma 2, the functions A0, . . . , At of Definition 5 are pieces with parameters (11/12, c), with
I = {0, . . . , t}, d = 2t and the numbers crow

i , ccol
i defined there, for which crow

i + ccol
i ≤ 11λ/3 + 8.

This holds for every integer c ≥ 8 such that 2cλ exceeds the polynomial running times in
Lemma 2 for all λ ≥ 1. We may and do assume crow

i , ccol
i ≤ 2λ: any F : {0, 1}2λ × X ′ → Z

factors through 2λ bits, as F (z, z′) =
∑

θ∈{0,1}2λ [z = θ]F (θ, z′), and a longer factorization is
replaced by this one (and c by c+ 2, which pays for computing crow

i or ccol
i first).

Lemma 8. Let K, g ≥ 2 be integers and 0 < ζ ≤ 1. Take a network on [g] with parameters
P,B, τ and total U , and assume that (i) g = 3K8 and ζ = 1/(2K), or (ii) K divides g, ca,b ≤
P/g for all a ≠ b, and 2ζ2g ≥ K ln(2gK). Put L = ⌈(U+2ζgP )/K2⌉ and B′ = ⌈2gP/K⌉+g2B.
If an algorithm outputs the value of every (K,L)-clique with |Ww| < 2B′ within T operations,
then the value of the network is computed within

(
Kg + T · 22gP/Kτ

)(
g(P +B)

)C1 operations,
by one procedure, the same for all K, g, ζ and all networks, which calls that algorithm.

Proof. Groupings χ, their groups Gγ and the numbers Yγ,γ′ are as in the proof of Lemma 1.
Some grouping has at most 2g/K nodes in every group and Yγ,γ′ ≤ L for all γ ̸= γ′. In case (i)
this is shown in that proof, which uses nothing about cliques at this point. In case (ii), let χ be
uniformly random among the groupings in which every group has exactly g/K nodes; then each
Gγ is a uniformly random set of g/K nodes. By Hoeffding’s inequality for sampling without
replacement [Hoe63, Theorem 2 and Section 6], the sum S of a uniformly random set of j entries
of a list of numbers in [0, R] satisfies Pr(S ≥ ES + ζjR) ≤ exp(−2jζ2), which for j = g/K is
at most 1/(2gK). Let ca,a = 0 and ca =

∑
b∈[g] ca,b ≤ P , so that U =

∑
a∈[g] ca. Apply the

inequality, for each γ, to
∑

a∈Gγ
ca, with R = P and expectation U/K; and, for each node a

and each γ′, to
∑

b∈Gγ′ ca,b, with R = P/g and expectation ca/K. These are (g + 1)K < 2gK
events, so for some χ none of them occurs. For this χ we have

∑
a∈Gγ

ca < (U + ζgP )/K and∑
b∈Gγ′ ca,b < (ca + ζP )/K for all γ, γ′ and a. Summing the second bound over the g/K nodes

a ∈ Gγ , where γ ̸= γ′, and inserting the first gives

(39) Yγ,γ′ <
1
K

∑
a∈Gγ

ca + g

K
· ζP
K

<
U + 2ζgP

K2 .

The algorithm is that of Lemma 1: find the first such grouping among all Kg, define the
(K,L)-clique with the tables W̃γ , whose value is that of the network, run the given algorithm
on it, and answer each query by computing the entry. That construction works for all g and K,
and uses only these two properties of the grouping. As shown there, |W̃γ | < 2B′ , and an entry
is a sum of at most 22gP/K terms, each a product of at most g2 values. Testing a grouping,
finding the blocks in an argument Θ, which has fewer than KL bits, and the arithmetic for one
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term, on integers of at most B′ bits, take time polynomial in g(P +B), because K ≤ g in both
cases and L ≤ gP + 1. ■

Theorem A. Suppose that there are pieces with parameters (ρ, c), and let α′ = log(1/ρ). Let
x0 ≥ 18 be an integer with 2x0 ≥ c+ 5, and for ℓ ≥ 0 let

(40)
K0 = 2x0 , ζℓ = 2−ℓ−5, gℓ = 23ℓ+x0Kℓ, Kℓ+1 = g2

ℓ ,

e0 = 1
2 , eℓ+1 = (ρ+ 3ζℓ) eℓ + 3/Kℓ.

(a) logKℓ = (3x0 + 6)2ℓ − 6ℓ− 2x0 − 6, so Kℓ < Kℓ+1 ≤ K10
ℓ ; and 1

2ρ
ℓ ≤ eℓ ≤ 0.85 ρℓ, where

ρℓ ≤
(
(3x0 + 6)/ logKℓ

)α′
.

(b) One deterministic algorithm, given ℓ ≥ 0, λ,B ≥ 1 and query access to tables with |Ww| < 2B,
outputs the value of the (Kℓ, λ)-clique within 2eℓK2

ℓ λ
(
Kℓ(λ+B)

)C0K2
ℓ operations.

(c) One deterministic algorithm counts the satisfying assignments of a k-CNF with m ≥ 2
clauses in which n variables occur, as assignments of these n variables, in time 2O(km/(log m)α′ ),
where the O depends on ρ and c but not on k. For fixed k and n ≥ 4 variables the time is
2O(n log log n/(log n)α′ ), provided that a number between 0.85 ρℓ and ρℓ can be computed from ℓ in
time polynomial in Kℓ, as is the case for ρ = 11/12 and for ρ = 1/

√
2.

(d) One deterministic algorithm decides 3-SAT on n ≥ 2 variables in time 2O(n/(log n)α′/10).

Proof. (a) The numbers xℓ = logKℓ satisfy xℓ+1 = 2xℓ + 6ℓ + 2x0, which gives the formula
by induction. Since xℓ ≥ 2ℓx0 ≥ max{ℓ, x0}, we get xℓ+1 ≤ 10xℓ. Clearly eℓ ≥ 1

2ρ
ℓ. By

ρ ≥ 1
2 , the numbers yℓ = eℓρ

−ℓ satisfy yℓ+1 ≤ (1 + 2−ℓ−2)yℓ + 6 · 2ℓ/Kℓ, and Kℓ ≥ 218(ℓ+1). So
yℓ ≤ exp

(∑
j≥0 2−j−2)(1

2 +
∑

j≥0 6 · 2j−18(j+1)) ≤ e1/2 · 0.51 < 0.85. Finally ρℓ = (2ℓ)−α′ and
2ℓ ≥ xℓ/(3x0 + 6).

(b) By induction on ℓ, with C0 = 2(c + C4 + 1) + C5 for the constants C4, C5 that occur
below; they depend only on c. For ℓ = 0, brute force sums 2λK0(K0−1)/2 ≤ 2e0K2

0 λ terms, each
at a cost of at most (K0(λ+B))C5 . For the step from ℓ to ℓ+ 1 write K, e, g, ζ for Kℓ, eℓ, gℓ, ζℓ.
Take a (g2, λ)-clique with |Ww| < 2B, and put N = g4λ and Ξ = g2(λ+B). Follow the proof
of Proposition 3, with this g, with the Ai, i ∈ I, in place of A0, . . . , At and with d in place
of 2t, up to (36); this part of that proof works for every g ≥ 2. Thus d|R|Z =

∑
ι Zι over the

|I||R| ≤ Ξcg4/4 functions ι : R → I, and each Zι is the value of the row network and of the
column network. In (35) we have crow

ι(q) ≤ 2λ as before, so again P = g3λ, gP = N , and moreover
ca,a′ ≤ g2λ = P/g. By Definition 7(c), Definition 2 holds with B1 = gB + g2(2λ)c in the role of
B and with τ = 2cλΞC2 . By Definition 7(b), (36) becomes
(41) U = min(Urow, Ucol) ≤ N

g + |R|
(
4ρλ+ c log(2λ)

)
≤ N

(
ρ+ 1

g

)
+ c

4 g
4 log(2λ).

Case (ii) of Lemma 8 applies to the network with the smaller total (with B1 in the role of B):
K divides g and 2ζ2g = 2ℓ+x0−9K, while 2gK ≤ g2 = Kℓ+1 gives ln(2gK) ≤ 0.7 logKℓ+1 ≤
1.4 (3x0 + 6) 2ℓ, and 1.4 (3x0 + 6) ≤ 2x0−9 for x0 ≥ 18. Also 1/g ≤ ζ, since ζg = 22ℓ+x0−5K. So
the lemma’s L satisfies
(42) K2L ≤ U + 2ζN +K2 ≤ (ρ+ 3ζ)N + c

4 g
4 log(2λ) +K2.

Crude bounds give L ≤ N + 1, B′ ≤ N + g2B1, g(P +B1) ≤ Ξc+4 and K(L+B′) ≤ Ξc+5. By
the induction hypothesis and e ≤ 1, the lemma’s T may be taken as

(43) T = 2eK2L(K(L+B′)
)C0K2

≤ 2e(ρ+3ζ)N Ξcg4/4+K2+(c+5)C0K2
.

(The number L depends on ι; the bound holds for every ι.) The set I and the numbers
d, crow

i , ccol
i are computed once. All integers that occur have a number of bits polynomial in
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Ξ, so each of the following takes at most ΞC3 operations: finding the numbers ca,a′ and the
totals of both networks for one ι; adding one Zι; computing d|R| and dividing by it. A sum
of numbers that are at least 2 is at most their product, Kg ≤ Ξg, (2|I|+ 2) 2cλ ≤ Ξc+1τ , and
cλ ≤ N/K. So the total number of operations is at most

(44) |I||R|
((
Kg + T 22N/Kτ

)
Ξ(c+4)C1 + 2 ΞC3

)
+ (2|I|+ 2) 2cλ + ΞC3

≤ Ξcg4/4+g+C4 T 22N/K+cλ ≤ 2eℓ+1N Ξcg4/2+g+K2+C4+(c+5)C0K2
.

Since (c+ 5)K2 ≤ 2x0K2 ≤ g4/2, the exponent of Ξ is at most (c+C4 + 1)g4 + 1
2C0g4 ≤ C0g4 =

C0K2
ℓ+1 by the choice of C0. The algorithm uses ℓ, the pieces, the totals Urow, Ucol and the

constant c (through x0 and B1), but neither ρ nor eℓ.
(c) Define the network of a k-CNF as in §6. A cluster now has at most k⌈m/g⌉ occurrences,

each in at most two tests, and there are at most km−1 tests. So P = 2k⌈m/g⌉, B = 1, U < 2km,
gP ≤ 2k(m+ g), and τ is polynomial in km after a preparation that lists the occurrences and
the tests. The preparation takes time polynomial in km, because the variables are named
x1, . . . , xn (§2), so that the formula has length O(km logn), and n ≤ km; the term O(log(km))
below covers it. Let m ≥ K9

0 (for smaller m, try all assignments), let K = Kℓ, e = eℓ for the
largest ℓ with Kℓ ≤ m1/9, and g = 3K8 ≤ m. By (a), K ≥ m1/90 and e = O((logm)−α′). By
case (i) of Lemma 8, with T from (b), the logarithm of the number of operations is at most

(45) eK2L+ C0K
2 log

(
K(L+B′)

)
+ g logK + 2gP/K +O(log(km))

≤ 2ekm+O
(
km/K +K8 logK +K2 log(km)

)
,

and every term after 2ekm is O(km1−1/90). The second statement follows from Theorem D(a),
whose conditions n ≥ K17

0 and k ≤ (logn)1/4 hold for all but finitely many n when k is
fixed; for the finitely many other n the algorithm tries all assignments, and a formula with
k ≤ 2 is read as a 3-CNF. Its hypothesis holds by (a) and (b), with the larger of C0 and 10:
eℓ ≥ 1

2ρ
ℓ ≥ 2−ℓ−1 ≥ 1/ logKℓ, and a number between 0.85 ρℓ and ρℓ lies in [eℓ, 2eℓ].

(d) We use a form of Lemma 4 in which the formulas may share satisfying assignments, but
which is otherwise stronger [Cal09, Theorem 5.15; outlined in CIP06, §6]: one deterministic
algorithm takes ε ∈ (0, 1] as an input, runs in time 2εn times a polynomial in n that does
not depend on ε, and achieves M(ε) = O(ε−9). Each formula that it produces has m ≤
M(ε)n clauses. The function m/(logm)α′ increases with m ≥ 3, because ln 3 > 1 ≥ α′, and
log(M(ε)n) ≥ logn because M(ε) ≥ 1. So by (c) each formula (one with fewer than 3 clauses is
decided at once; in the others the variables that occur are first renamed to fit the convention of
§2, in time polynomial in m logn) takes time 2O(M(ε)n/(log n)α′ ), and the total time is 2εn times
a polynomial in n times 2O(M(ε)n/(log n)α′ ). With M(ε) = O(ε−9), the choice ε = (logn)−α′/10

makes both exponents O(n/(logn)α′/10). This gives (d). ■

With the pieces of Lemma 2, α′ = log(12/11) = 0.125 . . .; with those of Appendix B, α′ = 1
2 . In

Appendix C, α denotes this last value, 1
2 . If the constant c of the pieces is not known explicitly,

the theorem only says that such algorithms exist.
The bound is purely asymptotic. For a k-CNF with m = rn clauses the main term 2eℓkm of

the exponent is below n, the exponent of trying all assignments, only if eℓ < 1/(2kr). Since
eℓ ≥ 1

2ρ
ℓ, this requires ρℓ < 1/(kr), which for ρ = 1/

√
2 means 2ℓ > (kr)2. The algorithm

uses the largest ℓ with Kℓ ≤ m1/9, so logm ≥ 9 logKℓ, and logKℓ ≥ 60 · 2ℓ − 6ℓ − 42 by
Theorem A(a), because x0 ≥ 18. For k = 3 and r = 1 this gives ℓ ≥ 4 and logm > 8000; for
r = 5 it gives ℓ ≥ 8 and logm > 1.3 · 105. For smaller m the bound proved here is no better
than that of trying all assignments, so it says nothing about inputs of any realistic size.
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Appendix B. Pieces with ρ = 1/
√

2

Theorem B. There are pieces with parameters (1/
√

2, c), for an absolute constant c.

With Theorem A this gives the exponent log(1/ρ) = 1
2 of logm, that is, the bound in m of

the Main Theorem. The pieces are matrix entries of operators on a polynomial ring, and the
number of shared bits of a piece is the logarithm of a number of partitions.

The ring and its operators. For integers k and j ≥ 0 let
(k

j

)
= k(k − 1) · · · (k − j + 1)/j!,

and
(k

j

)
= 0 for j < 0; Pascal’s rule and Vandermonde’s identity

∑
j

( k
i−j

)(k′

j

)
=
(k+k′

i

)
hold

for all integers k, k′. A partition µ of E is a multiset of positive integers, its parts, with sum
|µ| = E. We list the parts as µ1, µ2, . . . in some order; sums and products over i run over this
list, so equal parts are distinguished. Let multk(µ) be the number of parts equal to k, and
zµ =

∏
k k

multk(µ) multk(µ)!. Let p(E) be the number of partitions of E, with p(0) = 1 and
p(E) = 0 for E < 0. Adding a part 1 shows p(E) ≤ p(E + 1), and by the asymptotic formula
p(E) ∼ exp(π

√
2E/3)/(4E

√
3) of Hardy and Ramanujan [HR18, (1.41)] there is a constant

CHR such that, with cHR = π
√

2/3/ ln 2,

(46) cHR
√
E − logE − CHR ≤ log p(E) (E ≥ 1), log p(E) ≤ cHR

√
E + CHR (E ≥ 0).

Let V = Q[t1, t2, . . . ], with the basis of monomials tµ =
∏

i tµi ; [tµ]f is the coefficient of tµ in f .
Let VE be the span of the tµ with |µ| = E, the polynomials of weight E; so dimVE = p(E),
V0 = Q, and VE = 0 for E < 0. For k ≥ 1 let ∇−kf = tkf and ∇kf = k ∂f/∂tk; so ∇k maps
VE to VE−k for every k ̸= 0. For a monomial a = tµ and r ∈ Z define the linear map

(47) a[r] =
∑∑

i
ki=−r

∏
i

(
−ki − 1
µi − 1

)
·
∏

i: ki<0
∇ki
·
∏

i: ki>0
∇ki

: V → V,

summed over all choices of one nonzero integer ki for each part µi with the given sum, and
extend it linearly to all a ∈ V . In each term the differentiations are applied first. On f ∈ VE a
term vanishes if its positive ki add up to more than E, so only finitely many terms are nonzero.
Clearly:
(O1) a[r] maps VE to VE+r, so a[r]f = 0 if f ∈ VE and E + r < 0; it maps integer polynomials
to integer polynomials if a is one; and 1[r] = [r = 0] Id.
(O2) Sorting the terms by the integer chosen for one part n: if a = tna

′ with a monomial a′,
then a[r] =

∑
l≥n

( l−1
n−1

)
∇−l a

′[r − l] +
∑

k≥1
(−k−1

n−1
)
a′[r + k]∇k.

(O3) If b ∈ Vh, then a[−h] b ∈ V0 is a number, and only terms with all ki positive contribute to
it: if some ki is negative, the positive ones add up to more than h.

Now let h ≥ 1, b ∈ Vh, and a =
∑h

h′=0 āh′ with āh′ ∈ Vh′ . Put a⟨i⟩ =
∑

h′
(h′+h

i

)
āh′ and, for

s ∈ Z,

(48) Qs(a, b) =
2h∑

i=0
(−1)i a⟨i⟩[s− h+ i] b[h− s− i].

Lemma 9. On VE, for every E ≥ 0: (a) Qs(a, b) does not change if the two factors are exchanged
in all products of (48) at once; (b) Qs(a, b) = 0 for |s| > E + h; (c)

∑
|s|≤E+hQs(a, b) =

(a[−h] b) · Id.

Proof. All three claims are linear in a and b, so let a = tµ with |µ| = h′ ≤ h and b = tν ; then
a⟨i⟩ =

(H
i

)
a with H = h′ + h.

Series. Let L = Q[ω1, ω
−1
1 , ω2, ω

−1
2 ], let L+ be the ring of formal series

∑
j≥j0 qj(ω1)ωj

2 with
qj ∈ Q[ω1, ω

−1
1 ], and L− the same with ω1 and ω2 exchanged. Both contain L and are closed
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under termwise differentiation, which satisfies the product rule, and ω1 − ω2 has the inverse
ε+ =

∑
j≥0 ω

−j−1
1 ωj

2 in L+ and ε− = −
∑

j≥0 ω
−j−1
2 ωj

1 in L−. Differentiating (ω1 − ω2) ε± = 1
gives ∂ω1ε± = −ε2

± and ∂ω2ε± = ε2
±. So for j, n ≥ 1 there is a number Γj,n, the same for both

signs, with
(49) 1

(j−1)! (n−1)! ∂
j−1
ω1 ∂ n−1

ω2 ε2
± = Γj,n ε

j+n
± .

Generating functions. For n ≥ 1 put J+
n (ω1) =

∑
l≥1
( l−1

n−1
)
∇−l ω

l−n
1 and J−

n (ω1) =∑
k≥1

(−k−1
n−1

)
∇k ω

−k−n
1 . By (47), Y (a, ω1) :=

∑
r a[r]ωr−h′

1 =
∑

S

∏
i∈S J

+
µi

(ω1)
∏

i/∈S J
−
µi

(ω1),
summed over all sets S of parts of µ. Take further variables xn, x

′
n (n ≥ 1), write xµ =

∏
i xµi

and µ! =
∏

k multk(µ)!, and put A± =
∑

n xnJ
±
n (ω1), B± =

∑
n x

′
nJ

±
n (ω2). Exponentials of

these are formal power series in the xn, x
′
n, and an equation between products of them means:

apply both sides to a polynomial, and take the coefficient of a monomial in the tk and of
a monomial in the xn, x

′
n. In all products below, eA+ stands to the left of eA− , and eB+ to

the left of eB− . If moreover eB− does not stand to the left of eA+ , the result lies in L+: the
differentiations from B− are then applied before all multiplications, so their indices add up to
at most the weight of the polynomial; a power of ω2 then leaves finitely many choices for the
multiplications from B+; and the weights bound the rest. Likewise it lies in L− if eA− does
not stand to the left of eB+ . Expanding the exponentials gives eA+

eA− =
∑

µ x
µ Y (tµ, ω1)/µ!,

and likewise eB+
eB− =

∑
ν x

′ν Y (tν , ω2)/ν!. Now B+ is multiplication by
∑

k Bktk with
Bk =

∑
n x

′
n

(k−1
n−1

)
ωk−n

2 , and A− =
∑

k Ak∇k with Ak =
∑

j xj
(−k−1

j−1
)
ω−k−j

1 . By Taylor’s
formula eA− is the ring homomorphism that maps every tk to tk +kAk, applied to the coefficient
of each power of ω2. It maps

∑
k Bktk to

∑
k Bktk + κ, so eA−

eB+ = eκ eB+
eA− in L+, with

(50) κ =
∑

k

kAkBk =
∑
j,n

xjx
′
n

∑
k≥1

k
(−k−1

j−1
)(k−1

n−1
)
ω−k−j

1 ωk−n
2 =

∑
j,n

xjx
′
n Γj,n ε

j+n
+ ,

because the sum over k is the left side of (49) for ε2
+ = ∂ω2ε+ =

∑
k k ω

−k−1
1 ωk−1

2 . In the
same way eB−

eA+ = eκ′
eA+

eB− in L−, with κ′ =
∑

j,n xjx
′
nΓj,nε

j+n
− , because ε2

− = −∂ω1ε− =∑
k k ω

−k−1
2 ωk−1

1 . Multiplications commute with each other, and so do differentiations; and
these identities may be used inside a product of four factors, because the sums over the
monomials in between are finite. So, with N = eA+

eB+
eA−

eB− ,

(51) eA+
eA−

eB+
eB− = eκN in L+, eB+

eB−
eA+

eA− = eκ′ N in L−.

One Laurent polynomial. Fix partitions σ, σ′ of E and write ⟨X⟩ = [tσ]X tσ
′ . Only the

∇k with |k| ≤ E contribute to ⟨N⟩, so the coefficient nµ′′,ν′′ of xµ′′
x′ν′′ in ⟨N⟩ lies in L; and

n∅,∅ = [σ = σ′]. The coefficient of xµ′
x′ν′ in eκ is Γµ′,ν′ ε

|µ′|+|ν′|
+ for a number Γµ′,ν′ , and in

eκ′ it is Γµ′,ν′ ε
|µ′|+|ν′|
− . Let f+ = ⟨Y (a, ω1)Y (b, ω2)⟩ ∈ L+ and f− = ⟨Y (b, ω2)Y (a, ω1)⟩ ∈ L−.

Comparing the coefficients of xµx′ν in (51) gives f± = µ! ν!
∑
Γµ′,ν′ ε

|µ′|+|ν′|
± nµ′′,ν′′ , summed

over all pairs of partitions µ′, µ′′ with union µ and ν ′, ν ′′ with union ν. Therefore (ω1 − ω2)Hf+
and (ω1 − ω2)Hf− are the same element F = µ! ν!

∑
Γµ′,ν′(ω1 − ω2)H−|µ′|−|ν′|nµ′′,ν′′ of L, and

F (1, 1) = µ! ν!Γµ,ν [σ = σ′].
Reading off. By (O1), f+ =

∑
r⟨a[r] b[−r]⟩ωr−h′

1 ω−r−h
2 , with no terms for r > E, and

f− =
∑

r⟨b[−r] a[r]⟩ωr−h′

1 ω−r−h
2 , with no terms for r < −E. Multiplying by (ω1 − ω2)H =∑

i(−1)i
(H

i

)
ωH−i

1 ωi
2 shows that F =

∑
s Fs ω

s
1ω

−s
2 , where Fs =

∑
i(−1)i

(H
i

)
⟨a[s−h+ i] b[h−s−

i]⟩ = ⟨Qs(a, b)⟩, and also Fs =
∑

i(−1)i
(H

i

)
⟨b[h− s− i] a[s− h+ i]⟩. This is (a). For s > E + h

all terms of the first sum vanish, and for s < −E − h all terms of the second; this is (b). And∑
s⟨Qs(a, b)⟩ = F (1, 1) = µ! ν!Γµ,ν [σ = σ′].
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The constant. The number Γµ,ν does not depend on E. For E = 0 we have ⟨N⟩ = 1, so f+ =
µ! ν!Γµ,ν ε

H
+ , in which ω0

2 has the coefficient µ! ν!Γµ,νω
−H
1 . In f+ =

∑
r⟨a[r] b[−r]⟩ωr−h′

1 ω−r−h
2 it

has the coefficient a[−h] (b[h] 1)ω−H
1 , and b[h] 1 = b: in (47) only terms with all ki = −li negative

act on 1, and
( li−1

νi−1
)

= 0 for li < νi, so
∑

i li = h forces li = νi. Hence µ! ν!Γµ,ν = a[−h] b, which
proves (c). ■

Lemma 10. Let yn =
∑n

j=1
(n

j

)
tj, and for a partition µ of h let aµ =

∏
i(−1)µi−1yµi and

bµ = (h!/zµ) tµ. Then aµ[−h] bν = h! [µ = ν] for all partitions µ, ν of h.

Here h!/zµ is an integer, the number of permutations of [h] whose cycle lengths are the parts of
µ [Sta12, Proposition 1.3.2].

Proof. Let ϑn(k) =
∑n

j=1
( n

n−j

)(−k−1
j−1

)
. Multiplying out

∏
i yµi and using (47) and (O3) for each

monomial gives, for b ∈ Vh,
(52)

(∏
i yµi

)
[−h] b =

∑∑
i

ki=h, ki≥1

∏
i

ϑµi(ki) ·
∏

i

∇ki
b.

By Vandermonde’s identity ϑn(k) =
(n−k−1

n−1
)
, which is 0 for 1 ≤ k < n and (−1)n−1 for k = n.

So a nonzero term has ki ≥ µi for all i, hence ki = µi, because both add up to h. Therefore
aµ[−h] b =

∏
i∇µib. For b = tν this is 0 if multk(µ) > multk(ν) for some k; otherwise µ = ν,

because |µ| = |ν|, and it is zµ. ■

Proof of Theorem B. Given λ ≥ 1, let h ≥ 2 be the least integer with p(h) ≥ 2λ, and let
µ(x) be the partition of h with number x ∈ {0, 1}λ (read as an integer, counting from 0) in the
lexicographic list of the partitions of h, written as nonincreasing sequences. Let d = h! and
I = {−2h, . . . , 2h}. The pieces are
(53) As(x,y,u,v) = [tµ(u)]Qs

(
aµ(x), bµ(v)) tµ(y) (s ∈ I).

Here aµ(x) is a combination of monomials of weight at most h, as (48) requires. By Lemma 9(b),
(c) with E = h and Lemma 10,

∑
sAs = h! [x = v] · [tµ(u)]tµ(y) = h! [x = v][y = u].

Factorizations. Write a = aµ(x), b = bµ(v). In (48), b[h− s− i] tµ(y) lies in V2h−s−i; with the
factors exchanged, a⟨i⟩[s− h+ i] tµ(y) lies in Vs+i. Expanding these polynomials in monomials
tσ gives

As =
2h∑

i=0

∑
|σ|=s+i

(−1)i [tσ]a⟨i⟩[s− h+ i] tµ(y) · [tµ(u)]b[h− s− i] tσ(54)

=
2h∑

i=0

∑
|σ|=2h−s−i

(−1)i [tµ(u)]a⟨i⟩[s− h+ i] tσ · [tσ]b[h− s− i] tµ(y).(55)

All factors are integers by (O1). In (54) the first factor depends on (x,y) and the second on
(u,v); in (55), on (x,u) and on (y,v). The numbers of terms are Rrow

s =
∑2h

i=0 p(s+ i) and
Rcol

s =
∑2h

i=0 p(2h− s− i), both at least 1. Number the pairs (i, σ) of each sum from 0, read θ
as an integer, put the sign (−1)i into the first function, and let both functions be 0 if θ is not
the number of a pair. This gives factorizations (Definition 1) through crow

s = ⌈logRrow
s ⌉ and

ccol
s = ⌈logRcol

s ⌉ bits.
Numbers of bits. Since p(h − 1) < 2λ, (46) gives cHR

√
h− 1 < λ + log h + CHR. Hence

h = O(λ2), and then cHR
√
h ≤ cHR

√
h− 1 + cHR ≤ λ + O(log 2λ). As p is nondecreasing,

Rrow
s ≤ (2h+1) p(2h+s) and Rcol

s ≤ (2h+1) p(2h−s). By (46) and
√

2h+ s+
√

2h− s ≤ 2
√

2h,

(56) crow
s + ccol

s ≤ 2
√

2 cHR
√
h+ 2 log(2h+ 1) + 2CHR + 2 ≤ 2

√
2λ+O(log 2λ).
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Sizes and operations. List the partitions of 0, 1, 2, . . . until h is found, and then up to 4h.
Their number ∆ is at most (4h+ 1) p(4h), so log ∆ ≤ 2cHR

√
h+O(log 2λ) = O(λ) by (46), and

all partitions in (54) and (55) are among them. The list gives I, d, the numbers crow
s , ccol

s , the
partition µ(x), and the pair (i, σ) with a given number θ. For a monomial a of weight at most
h, its table consists of the integers [tσ′ ]a[|σ′| − |σ|] tσ for all listed σ′, σ; the table of 1 is [σ′ = σ].
Since ∇kt

σ = k multk(σ) tσ/tk, and the coefficient of tσ′ in tlf is that of tσ′
/tl in f , by (O2)

each entry of the table of tna′ is a sum of at most 8h entries of the table of a′, multiplied by
integers of absolute value at most 4h · 25h. A monomial of weight at most h has at most h
factors. So all entries of all tables are at most (32h2 25h)h ≤ 212h2 in absolute value, and the
tables, of which there are at most ∆, are computed with ∆O(1) operations. Each factor in (54)
and (55) is a combination of entries with the coefficients of a⟨i⟩ or b. The coefficients of aµ are
found by multiplying in one yµi at a time and collecting equal monomials after each step, of
which there are never more than ∆. The absolute values of the coefficients add up to at most
22h∏

i 2µi = 23h for a⟨i⟩, and to at most h! for b. And As is a sum of at most ∆ products of two
factors. Hence all these numbers are 2O(h2) = 2O(λ4) in absolute value, and each is computed
with ∆O(1) = 2O(λ) operations. So Definition 7 holds with ρ = 1/

√
2 if c is large enough. ■

Appendix C. Counting satisfying assignments as a function of n (proof sketch)

Theorem A(d) only decides, because the formulas produced by the sparsification in its
proof may share satisfying assignments. Dell et al. [DHMTW14, Appendix A] change the
sparsification algorithm so that they share none (Lemma 4). Their Lemma A.1 gives no explicit
bound on the number of clauses, so we make the analogous change in the algorithm of Calabro
[Cal09, Figure 5.1 and Theorem 5.15], which the proof of Theorem A(d) uses.
Theorem C. One deterministic algorithm computes the number of satisfying assignments of a
3-CNF on n ≥ 2 variables in time 2O(n/(log n)α/10).
Proof sketch. First delete every clause that contains a variable together with its negation; this
does not change the satisfying assignments. Given a 3-CNF ψ and ε ∈ (0, 1], the algorithm of
Calabro [Cal09, Figure 5.1] deletes every clause that properly contains another clause, which
does not change the satisfying assignments either, and then either outputs ψ, or selects a
nonempty set H of literals and a set F ⊆ ψ of clauses that properly contain H and calls
itself on ψ ∪ {H} and on ψ ∪ Q, where Q = {E \ H : E ∈ F}. We carry along a set N of
clauses with one literal each, empty at the start, which the algorithm never reads: the first
call receives N , the second N ∪ {{¬ω} : ω ∈ H}, where ¬ω is the negation of the literal ω;
and where the algorithm outputs ψ we output ψ ∪N . An assignment of the n variables that
satisfies ψ ∪N satisfies ψ ∪ {H} ∪ N if it makes some literal of H true; otherwise it satisfies
ψ ∪Q ∪N ∪ {{¬ω} : ω ∈ H}, because each E ∈ F has a true literal, which lies in E \H. No
assignment satisfies both, since the second contains {¬ω} for every ω ∈ H and the first contains
the clause H. Conversely, each of the two contains ψ ∪N , so an assignment that satisfies either
of them satisfies ψ∪N . By induction over the recursion, each satisfying assignment of the input
satisfies exactly one output, and no other assignment satisfies any. Since no choice depends on
N , the tree of recursive calls and the formula ψ at each leaf are those of Calabro’s algorithm
[Cal09]: there are at most 2εn outputs, produced in time 2εn times a polynomial in n that does
not depend on ε, and each has at most (M(ε) + 2)n clauses, as there are only 2n clauses with
one literal. If an output Φ has m ≥ 2 clauses, Theorem A(c), applied after the v variables that
occur in Φ have been renamed to x1, . . . , xv, computes the number Z of §6, and Φ has Z · 2n−v

satisfying assignments; with no clause it has 2n, and with one clause of j literals (2j − 1)2n−j .
Sum over the outputs. The time is bounded as in the proof of Theorem A(d), with M(ε) + 2 in
place of M(ε), and ε = (logn)−α/10 gives the theorem. ■
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Dell et al. [DHMTW14] add the clauses {¬ω} to ψ itself, where the next reduction deletes the
other clauses that contain ¬ω, so the recursion tree can change; keeping them in N leaves
Calabro’s analysis [Cal09] untouched. For clauses of 3 literals, a bound in Calabro’s proof
[Cal09, (5.4), in the proof of Theorem 5.15] gives M(ε) = O(ε−2 log2(1/ε)), and with it the
time becomes 2O(n(log log n)2/3/(log n)α/3).

Appendix D. Counting satisfying assignments: the bound in n

In Theorems A(d) and C the exponent of logn is only a tenth of the exponent of logm in
Theorem A(c), because the total U of the network of §6 grows with the number of clauses,
and sparsification with a small ε leaves O(ε−9n) clauses. Here a different network has U =
O(kn log ∆) when every variable occurs in at most ∆ clauses, so the number of clauses left by
sparsification enters only through log ∆ = O(k log(k/ε)).

Theorem D. (a) For a constant C0 ≥ 1 and all integers ℓ ≥ 0 let Kℓ ≥ 2 be integers and
eℓ reals with Kℓ < Kℓ+1 ≤ KC0

ℓ and (logKℓ)−C0 ≤ eℓ ≤ 1. Suppose that Kℓ and a number in
[eℓ, 2eℓ] can be computed from ℓ in time polynomial in Kℓ, and that one deterministic algorithm,
given ℓ ≥ 0, λ,B ≥ 1 and query access to tables with |Ww| < 2B, outputs the value of the
(Kℓ, λ)-clique within

(57) 2eℓK2
ℓ λ ·

(
Kℓ(λ+B)

)C0K2
ℓ operations.

Then one deterministic algorithm computes, for all integers n and k with n ≥ K17
0 and

3 ≤ k ≤ (logn)1/4, the number of satisfying assignments of a k-CNF on n variables in
time 2O(k2en log(k/e)), where e = eℓ for the largest ℓ with Kℓ ≤ n1/17. In particular, if eℓ =
O((logKℓ)−α′) for a constant α′ > 0, the time is 2O(k2n log log n/(log n)α′ ).
(b) The pairs (Kℓ, eℓ) of (40), for the pieces of Appendix B, satisfy this hypothesis, and
eℓ = Θ((logKℓ)−1/2). So there are a deterministic algorithm and an absolute constant C
such that, for all integers k ≥ 1 and n ≥ 4, the algorithm computes the number of satisfying
assignments of a k-CNF on n variables in time 2Ck2n log log n/

√
log n.

The constants in the O in (a) depend only on those of the hypothesis, not on k.

Part (b) gives the bound in n of the Main Theorem. The bound (57) is that of Definition 4
with C made explicit, for one algorithm; that each pair is achievable is not enough, because
K grows with n. Step 5 of the proof below takes from Appendix C, which is a proof sketch,
the change to the sparsification algorithm and the argument that every satisfying assignment
satisfies exactly one output; the other steps are proved in full.

Corollary 11. There are an absolute constant C and a deterministic algorithm that, given
a k-CNF, for any k ≥ 1, with m ≥ 2 clauses in which n ≥ 4 variables occur, computes the
number of its satisfying assignments, as assignments of these n variables, in time at most

(58) min
{
2 C·km/

√
log m, 2 C·k2n log log n/

√
log n}.

Proof. Run the algorithm of Theorem A(c), with the pieces of Appendix B, and the algorithm of
Theorem D(b) in alternation, one operation of each at a time, and output the result of the one
that stops first. Both compute the same number. This multiplies the number of operations of
the faster one by a constant; as km/

√
logm and n log logn/

√
logn are at least 2, this constant

goes into C. Computing the two exponents up to a factor 2 and running only the algorithm
with the smaller one gives the same bound. ■

This is the Main Theorem, with the ranges of k, m and n made explicit. For a formula on
N ≥ n variables of which n occur, renaming these to x1, . . . , xn takes time polynomial in the
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length of the formula, and the number of satisfying assignments of all N variables is 2N−n

times the number computed here.
Idea. Let V (ξ) be the set of clauses that the assignment ξ violates; we want the number
of ξ with V (ξ) = ∅. Inclusion–exclusion writes [V (ξ) = ∅] as the sum of (−1)|Π| over all sets
Π ⊆ V (ξ) of marked clauses. If the nodes of a network hold the variables, they then have to
share only the marks, at about log ∆ bits each. We cut inclusion–exclusion off at n̄ ≈ n/ log ∆
marks, which cost O(n) bits. This changes nothing for the ξ with |V (ξ)| ≤ n̄. The ξ with
|V (ξ)| > n̄ are killed by parities: r = O(n) sparse sets Λj of clauses (checks) such that each
such V (ξ) meets some Λj in an odd number of clauses. In the expansion [q even] =

∑q
i=0 σi

(q
i

)
the coefficient σi is ±2i−1 for i ≥ 1, so modulo 2n+1 all terms with more than n+ r marks in
all checks together can be dropped; the O(n) marks that remain cost O(log ∆) bits each. The
checks are found one at a time, by exhaustive search in an explicit family of polynomial size in
which every set V of more than n̄ clauses has odd intersection with at least a quarter of the
members. The integer X =

∑
ξ∈{0,1}n

(|V (ξ)|
n̄+1

)
[all parities so far are even], which a network of

the same kind computes, stays below (3
4)r2O(n) after r checks, and X = 0 certifies the checks.

Setting and parameters. In Steps 1–4, 3 ≤ k ≤ (logn)1/4, and Φ is a k-CNF with
m ≥ 1 clauses on n variables in which every variable occurs in at most ∆ clauses, where
2 ≤ ∆ ≤ (logn)4kC0 for the constant C0 of Theorem D(a); so m ≤ ∆n. Assignments ξ ∈ {0, 1}n
are assignments of all n variables; ξ violates a clause if it makes all its literals false, and
V (ξ) ⊆ Φ is the set of clauses that ξ violates. For integers t ≥ 0, 0 ≤ µ ≤ µ′ and µ′ ≥ 1,
(59) log

( t
µ

)
≤ µ′ max{1, log(3t/µ′)},

since
( t

µ

)
≤ (3t/µ′)µ′ if µ′ ≤ t, and

( t
µ

)
≤ 2t ≤ 2µ′ otherwise. Let n ≥ 2 log(2∆), let n̄ ≥ 2 be

the power of two with n/(2 log(2∆)) < n̄ ≤ n/ log(2∆), and, if m > n̄, let

(60)
β = n+

⌈
log

( m
n̄+1

)⌉
+ 1, r̄ = min{j ≥ 0 : 3j2β < 4j}, M = r̄ + β − 1,

s̄ = 16m/n̄, p = 16/(15n̄), t̄ = min{c ≥ 0 : 2c ≥ m(1 + p)r̄}.

Here 2β−1 will bound X, r̄ the number of checks, M the number of their marks, and s̄ the size of a
check; p will bound the fraction of the candidate checks that contain a given clause, and t̄+2 the
number of chosen checks that contain it. Since m/n̄ < 2∆ log(2∆), we have s̄ < 32∆ log(2∆) and
3m/(n̄+1) < 6∆ log(2∆) ≤ (2∆)3, so by (59) β ≤ n+3(n̄+1) log(2∆)+2 ≤ 4n+3 log(2∆)+2;
and r̄ ≤ 2.41β + 1 because 2.41 log 4

3 > 1. The constants in O(·) and o(·) below do not depend
on k. As log ∆ ≤ 4kC0 log logn ≤ 4C0(logn)1/4 log logn, there is an n0 that depends only on
C0 such that for n ≥ n0, which we assume from now on, ∆ ≤ n1/(40C0), n ≥ 2 log(2∆) and
(61) r̄ ≤ 10n, M ≤ 14n.
Then pr̄ < 22 log(2∆), and with log(1 + p) ≤ 3

2p also t̄ ≤ logm+ 33 log(2∆) + 1.
Step 1: parity checks, and a cut-off modulo a power of 2. A check is a set of clauses of Φ.

For a list Λ = (Λ1, . . . ,Λr) of checks, which may overlap or repeat, let Vj(ξ) = Λj ∩ V (ξ), let
η(ξ) be the sum of (−1)|Π| over the sets Π ⊆ V (ξ) with |Π| ≤ n̄, and

(62) F (Λ) =
∑

ξ∈{0,1}n

η(ξ)
r∏

j=1
[ |Vj(ξ)| even ], X(Λ) =

∑
ξ∈{0,1}n

(|V (ξ)|
n̄+1

) r∏
j=1

[ |Vj(ξ)| even ].

(63) If X(Λ) = 0, then F (Λ) is the number of satisfying assignments of Φ.
Indeed, the terms of X(Λ) are nonnegative; so for every ξ with |V (ξ)| > n̄ the product over j
is 0, and it does not matter that η(ξ) is then an uncontrolled integer. If 1 ≤ |V (ξ)| ≤ n̄, then
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η(ξ) runs over all subsets of V (ξ) and is 0. If V (ξ) = ∅, all factors are 1. If m ≤ n̄, the empty
list has X = 0, and Step 2 is skipped.

Let σ0 = 1 and σi = (−1)i2i−1 for i ≥ 1; then [q even] = 1
2(1 + (1− 2)q) =

∑q
i=0 σi

(q
i

)
for all

integers q ≥ 0.

Lemma 12 (Cut-off). Let Λ be a list of r checks, φ : {0, 1}n → Z a function, and ν ≥ 1 and
M ′ ≥ ν − 1 + r integers. Then

(64)
∑

ξ∈{0,1}n

φ(ξ)
r∏

j=1
[ |Vj(ξ)| even ] ≡

∑
ξ∈{0,1}n

φ(ξ)
∑

(Π1,...,Πr)

r∏
j=1

σ|Πj | (mod 2ν),

where the inner sum is over the tuples with Πj ⊆ Vj(ξ) for all j and
∑r

j=1 |Πj | ≤M ′.

Proof. Without the last condition the two sides are equal, since
(|Vj(ξ)|

i

)
counts the sets Πj ⊆ Vj(ξ)

of size i. The term of a tuple is ±φ(ξ)2y with y =
∑r

j=1 max{|Πj | − 1, 0} ≥
∑r

j=1 |Πj | − r, and
y ≥ ν for an omitted tuple. ■

In Lemma 12, for a list of r ≤ r̄ checks, take M ′ = M , and (φ, ν) = (
( |V |

n̄+1
)
, β) or (φ, ν) =

(η, n+ 1), and write φ(ξ) as a sum over sets Π0 ⊆ V (ξ):

(65)

X(Λ) ≡
∑

ξ∈{0,1}n

∑
(Π0,...,Πr): |Π0|=n̄+1

r∏
j=1

σ|Πj | (mod 2β),

F (Λ) ≡
∑

ξ∈{0,1}n

∑
(Π0,...,Πr): |Π0|≤n̄

(−1)|Π0|
r∏

j=1
σ|Πj | (mod 2n+1),

where the tuples have Π0 ⊆ V (ξ), Πj ⊆ Vj(ξ) for 1 ≤ j ≤ r, and |Π1| + · · · + |Πr| ≤ M .
The residues determine the numbers: 0 ≤ X(Λ) ≤ 2n

( m
n̄+1

)
≤ 2β−1, and 0 ≤ F (Λ) ≤ 2n if

X(Λ) = 0.
Step 2: finding the checks. Let m > n̄.

Lemma 13 (Family of checks). Let v be a power of two with 2 ≤ v ≤ m. In time polynomial
in m one can list sets Γu ⊆ Φ, u ∈ Ω, with |Ω| < (32m)4, such that (a) |Γu| ≤ 16m/v for all
u ∈ Ω; (b) every clause lies in Γu for at most 16

15v |Ω| indices u; (c) for every set V ⊆ Φ of more
than v clauses, |Γu ∩ V | is odd for at least 1

4 |Ω| indices u.

Proof. We subsample pairwise independently at rate 2/v and then take a small-bias parity. Let
F = GF(2s) with 16m ≤ 2s < 32m (an irreducible polynomial of degree s is found by search),
with elements written as s-bit strings, and let ⟨·, ·⟩ be the inner product of such strings modulo
2. Give the clauses E ∈ Φ distinct elements ϑE ∈ F and distinct numbers ι(E) ∈ {0, . . . ,m− 1}.
For u = (u1, u2, u3, u4) ∈ F4 let Γu consist of the clauses E such that the first log v − 1 bits of
u1ϑE +u2 are 0 (event HE) and ⟨uι(E)

3 , u4⟩ = 1, where u0
3 = 1 also for u3 = 0. Let u be uniformly

distributed in F4. For distinct ϑ, ϑ′ ∈ F the pair (u1ϑ+ u2, u1ϑ′ + u2) is uniformly distributed
in F2 [Vad12, §3.5], so the events HE have probability 2/v and are pairwise independent. Hence
for |V | > v the number Y of E ∈ V with HE has a mean y > 2 and variance at most y, and
by the Cauchy–Schwarz inequality Pr(Y > 0) ≥ (EY )2/E(Y 2) ≥ y2/(y2 + y) > 2

3 . For every
nonempty set V ′ of clauses,

∑
E∈V ′⟨uι(E)

3 , u4⟩ is odd with probability at least 1
2(1− m−1

2s ) ≥ 15
32 :

the sum is ⟨w, u4⟩ modulo 2 with w =
∑

E∈V ′ u
ι(E)
3 , a nonzero polynomial of degree at most

m− 1 in u3, so w = 0 for at most m− 1 values of u3, and for w ≠ 0 the probability is 1
2 . This is

the powering construction of small-bias sample spaces [AGHP92] (see also [NN93]). As (u3, u4)
is independent of (u1, u2), |Γu ∩ V | is odd with probability at least 2

3 ·
15
32 = 5

16 . A clause lies in
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Γu with probability at most 1
v , so |Γu| > 16m/v with probability at most 1

16 . Let Ω be the set
of the other u; then |Ω| ≥ 15

16 |F|
4, which gives (b), and (c) holds because 5

16 −
1
16 = 1

4 . ■

Take v = n̄ in Lemma 13; then part (a) says |Γu| ≤ s̄, and the bound in part (b) is p|Ω|. For a
list Λ of r ≤ r̄ checks let load(E) be the number of its checks that contain the clause E, let
(Λ,Γ) be Λ with the check Γ appended, and

(66) Υ(Λ) =
(4

3
)r X(Λ)

2β−1 + (1 + p)r̄−r 2−t̄
∑
E∈Φ

2load(E).

Algorithm: start with the empty list; while X(Λ) > 0, replace Λ by the list (Λ,Γu), u ∈ Ω, with
the smallest Υ; then output F (Λ). Every list that is reached has Υ(Λ) ≤ 2. For the empty list
both terms are at most 1, by X ≤ 2β−1 and the choice of t̄. If Λ is reached and X(Λ) > 0: a
nonzero term ξ of X(Λ) has |V (ξ)| > n̄, and appending Γu multiplies it by [ |Γu ∩ V (ξ)| even ],
so by part (c) the average of X(Λ,Γu) over u ∈ Ω is at most 3

4X(Λ); by part (b) the average of
2[E∈Γu] is at most 1 + p. So the average of Υ(Λ,Γu) is at most Υ(Λ), and so is the minimum.
Hence X(Λ) ≤ (3

4)r2β, which for r = r̄ is below 1: the loop ends after at most r̄ rounds with
X(Λ) = 0, and the output is right by (63). Also 2load(E)−t̄ ≤ 2 for every clause E. So every list
whose X or F is needed (a reached list, possibly with one more Γu) has
(67) r ≤ r̄ checks, |Λj | ≤ s̄ for all j, load(E) ≤ t̄+ 2 for all E ∈ Φ,
and there are at most r̄(32m)4 + 2 such lists. The number Υ is a rational with polynomially
many bits, so the comparisons are exact.

Step 3: a network with two kinds of marks. We compute the right sides of (65) for a list
with (67). Let 2 ≤ g ≤ n (in Step 4, g = 3K8). Distribute the variables over the nodes a ∈ [g],
at most ⌈n/g⌉ to each, and give check j the home h(j) ∈ [g] with h(j) ≡ j (mod g). Objects
are the clauses (kind 0) and the incidences (E, j) with E ∈ Λj (kind 1); there are I ≤ rs̄
incidences. A clause touches the nodes that hold its variables; (E, j) touches these nodes and
h(j). If an object touches a1 < · · · < at, its owner is a1 and its tests are the pairs {ai, ai+1},
1 ≤ i < t; an object of kind κ ∈ {0, 1} has at most k − 1 + κ tests. A setting za has a value
bit for each variable at a and a mark bit for each object that touches a. Let Wa(za) = 0 if a
marked object has a true literal at a; otherwise Wa(za) =

∏
j: h(j)=a σqj , where qj is the number

of marked incidences of check j, times, for F only, (−1)q, where q is the number of marked
clauses owned by a. Let Ψa,b(za, zb) = 1 if za and zb give the same mark to every object with
the test {a, b}, and 0 otherwise. In a nonzero term the marks of an object agree at all nodes
that it touches, because its tests form a path. So the term is given by ξ and the sets Π0 and Πj

of the clauses E for which E, respectively (E, j), is marked; all literals of a marked clause are
false, so Π0 ⊆ V (ξ) and Πj ⊆ Vj(ξ); and h(j) sees |Πj |. Hence the nonzero terms are the tuples
(ξ,Π0, . . . ,Πr), each once, with the values in (65).

Profiles. A profile consists of integers µa,κ ≥ 0 and µa,b,κ = µb,a,κ ≥ 0 for a ̸= b in [g] and
κ ∈ {0, 1}. Its network has Sa restricted to the settings in which exactly µa,κ objects of kind κ
owned by a, and for each b ≠ a exactly µa,b,κ of the ta,b,κ objects of kind κ with the test {a, b},
are marked. Every nonzero term belongs to exactly one profile, which has

∑
a∈[g] µa,0 = |Π0|,∑

a∈[g] µa,1 =
∑r

j=1 |Πj |, µa,b,κ ≤ ta,b,κ and
∑

{a,b}⊆[g] µa,b,κ ≤ (k − 1 + κ)
∑

a∈[g] µa,κ. Call
a profile with the last two properties admissible if

∑
a∈[g] µa,0 = n̄ + 1 (for F : ≤ n̄) and∑

a∈[g] µa,1 ≤ M . Each right side of (65) is the sum of the values of the networks of the
admissible profiles, of which there are at most (I +m+ 1)2(g2+g).

The total. Within a profile, replace the string of the marks of the ta,b,κ objects, in a fixed
order, by its position in the list of all strings of this length with µa,b,κ ones. By observation (b)
after Definition 1, Ψa,b factors through ca,b =

∑
κ∈{0,1}⌈log

( ta,b,κ
µa,b,κ

)
⌉ bits. A product of binomial
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coefficients is at most the binomial coefficient of the sums, so
∑

{a,b}⊆[g] log
( ta,b,κ

µa,b,κ

)
≤ log

(Tκ

µκ

)
,

where µκ =
∑

{a,b}⊆[g] µa,b,κ and Tκ =
∑

{a,b}⊆[g] ta,b,κ is the number of tests of the objects of
kind κ, so T0 ≤ (k − 1)m and T1 ≤ krs̄. By (59) with µ′ = (k − 1)(n̄+ 1), kind 0 costs at most
(k− 1)(n̄+ 1) · 3 log(2∆) ≤ 3(k− 1)(n+ log(2∆)) bits; this is why n̄ ≈ n/ log ∆. With µ′ = kM
and 3T1/µ′ ≤ 3s̄ (as r ≤M), kind 1 costs at most kM log(3s̄) bits. Adding two roundings per
pair, by (61) the total U = 2

∑
{a,b}⊆[g] ca,b satisfies

(68) U ≤ 6k
(
n+ log(2∆)

)
+ 28kn log

(
96∆ log(2∆)

)
+ 2g2 = O(kn log ∆) + 2g2.

The parameters. At most ∆⌈n/g⌉ clauses have a variable at a; each gives za one mark of
kind 0 and load(E) ≤ t̄+ 2 marks of kind 1; the checks with home a give at most ⌈r̄/g⌉s̄ more.
So za has at most P0 = ⌈n/g⌉(1 + ∆(t̄+ 3)) + ⌈r̄/g⌉s̄ bits. An object has at most two tests at
a, and ⌈log

( t
µ

)
⌉ ≤ t, so condition (i) of Definition 2 holds with P = ⌈2P0⌉, and

(69) gP ≤ 2(n+ g)
(
1 + ∆(t̄+ 3)

)
+ 2(10n+ g)s̄+ g = O

(
n∆(log ∆ + logn)

)
.

This is what the second term of Υ is for: otherwise one clause could lie in all checks, and P ≥ r
is more than the term 2gP/K in (70) below can bear. A marked incidence that touches a is
owned by a or has a test at a, so a setting of an admissible profile has at most (k+1)M of them;
as |σi| ≤ 2i, condition (ii) holds with B = (k+ 1)M + 1. Counting marks, multiplying powers of
2 and finding the position of a string among those with as many ones take τ = nO(1) operations,
as condition (iii) requires. If m ≤ n̄, the list is empty and there are only clauses: then F (Λ)
equals the right side of (65), every test costs at most one bit, so U ≤ 2(k − 1)n̄ ≤ 2kn, and
P = 2⌈n/g⌉(1 + ∆) and B = 1 will do.

Step 4: cost. Assume the hypothesis of Theorem D(a). Let n ≥ max{K17
0 , n0}, let K = Kℓ

and e = eℓ for the largest ℓ with Kℓ ≤ n1/17, and let g = 3K8. Then KC0 ≥ Kℓ+1 > n1/17,
so n1/(17C0) < K ≤ n1/17 and e ≥ (logn)−C0 ; moreover g2 ≤ 9n16/17 and g ≤ n, and K and a
number in [e, 2e] are found in time polynomial in n. Take a network on [g] with parameters
P,B, τ and total U , and let L = ⌈(U + gP/K)/K2⌉ and B′ = ⌈2gP/K⌉+ g2B. By case (i) of
Lemma 8, with T taken from (57) for L,B′ in the roles of λ,B, and by K2L ≤ U + gP/K+K2,
its value is computed with a number of operations whose logarithm is at most
(70) e (U + gP/K +K2) + 2gP/K + C0K

2 log
(
K(L+B′)

)
+ g logK +O

(
log(gPBτ)

)
.

For the networks of Step 3, B grows with n; this is legitimate because (57) covers all integer tables.
The numbers L ≤ gP + 1 and B′ are polynomial in n, so the third term of (70) is O(K2 logn)
and the last is O(logn); by (69) and ∆ ≤ n1/(40C0), gP/K = O(n1−1/(17C0)+1/(40C0) logn); and
eg2, eK2, g logK and K2 logn are O(n16/17 logn). All these are o(en). So by (68) one network
costs 2O(ekn log ∆) operations. There are 2O(n16/17 log n) profiles per sum and polynomially many
sums; the values of the networks are computed as exact integers, and only their sums are
reduced modulo 2β or 2n+1. Hence the number of satisfying assignments of Φ is computed in
time 2O(ekn log ∆).

Step 5: sparsification. The change made in Appendix C to Calabro’s sparsification algorithm
[Cal09, Figure 5.1] uses nothing about clauses of 3 literals. Applied to a k-CNF on n variables
and ε ∈ (0, 1], the changed algorithm produces at most 2εn outputs in time 2εnnO(k) with
an absolute constant in the O: its tree of recursive calls, which is that of the unchanged
algorithm, is a full binary tree with at most 2εn leaves [Cal09, Lemma 5.13], so it has fewer
than 2εn+1 nodes; the formula ψ at a node, without N , has no more clauses than the input
[Cal09, Lemma 5.3], that is, fewer than (2n+ 1)k ≤ n2k; and the work at a node (the reduction,
the choice of H among the at most 2k subsets of each clause, and carrying N , which has at
most 2n clauses) is polynomial in n, 2k and the number of clauses, with an absolute exponent,
so at most nO(k), as 2k ≤ nk. Each satisfying assignment of the input satisfies exactly one
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output, and no other assignment satisfies any. Each output is ψ ∪ N , where ψ is an output
of the unchanged algorithm, in which every literal occurs at most 2 + 4α(32α)k−2 times,
where α = 2(k − 1)2ε−1 log(32(k − 1)2/ε) [Cal09, (5.4), from which Theorem 5.15, item 3(a),
is derived], and every literal occurs at most once in N . With x = 32(k − 1)2/ε we have
32α = 2x log x ≤ 2x3/2 ≤ (8k/ε)3, so 2 + 4α(32α)k−2 = 2 + 1

8(32α)k−1 ≤ (8k/ε)3k, and a
literal occurs at most (8k/ε)3k times in ψ. So every variable occurs in at most 2(8k/ε)3k + 2
clauses of each output. The algorithm takes for k the largest number of literals in a clause
of its input, or 3 if that is larger; the bound increases with k. Take ε ≤ 1 between e and 2e,
for the e of Step 4. An output without clauses counts 2n. Every other output is a formula Φ
as above, with ∆ the larger of 2 and the largest number of its clauses in which one variable
occurs; so log ∆ ≤ 3k log(8k/e) + 2 = O(k log(k/e)). As e ≥ (logn)−C0 and k ≤ (logn)1/4, this
is at most 3k

(
3 + (C0 + 1

4) log logn
)

+ 2, which is at most 4kC0 log logn for large n, because
C0 ≥ 1. Run Steps 2–4 on each of the at most 22en outputs and add the results. The time is
22en nO(k) 2O(ekn log ∆) = 2O(k2en log(k/e)), because k logn ≤ en for large n. Here n is large if it
exceeds a bound that depends only on the constants of the hypothesis. For the finitely many
smaller n ≥ K17

0 , and the k ≤ (logn)1/4 that go with them, trying all assignments is within the
bound. If eℓ = O((logKℓ)−α′), then e = O((logn)−α′) because logK > (logn)/(17C0), and
log(k/e) ≤ (C0 + 1

4) log logn. This proves Theorem D(a).
Step 6: the pairs of (40). By Theorem B, Theorem A applies with ρ = 1/

√
2 and α′ = 1

2 .
That its pairs satisfy the hypothesis of Theorem D(a) is checked in the proof of Theorem A(c).
By Theorem A(a) and its proof, 1

2ρ
ℓ ≤ eℓ ≤ 0.85 ρℓ and x02ℓ ≤ logKℓ ≤ (3x0 + 6)2ℓ, so

eℓ = Θ((logKℓ)−1/2). Here the constants of the hypothesis are absolute, because the constant
c of Theorem B is. So for n ≥ K17

0 and 3 ≤ k ≤ (logn)1/4 the algorithm of Theorem D(a)
takes time 2O(k2n log log n/

√
log n) with an absolute constant. As in Step 5, k is the largest number

of literals in a clause, or 3 if that is larger, which multiplies k2 by at most 9. In the other
cases, that is, if n < K17

0 or this k exceeds (logn)1/4, the algorithm tries all assignments;
as there are fewer than (2n + 1)k ≤ n2k clauses, this takes time 2nnO(k), reading the input
included. It is within the bound: logn ≤ n/

√
logn ≤ n log logn/

√
logn for n ≥ 4, so

k logn ≤ k2n log logn/
√

logn; if k > (logn)1/4, then k2n log logn/
√

logn ≥ n log logn ≥ n;
and if n < K17

0 , then n log logn/
√

logn ≥ n/
√

17 logK0. This proves Theorem D(b). ■

Remarks. The algorithm is deterministic and exact: probabilities occur only in the proofs
of Lemmas 1, 8 and 13, as fractions of finite sets that the algorithm searches. Time is
counted in operations, as in §3. Of the two factors k, one comes from the up to k tests
of a mark and the other from log ∆ = O(k log(k/e)). The bound in (b) is 2o(n) as long as
k = o

(
(logn)1/4/

√
log logn

)
. In (a) the bound (logn)1/4 on k is a convenient choice: with the

bound on ∆ in the Setting replaced by ∆ ≤ n1/(40C0), the proof works as long as k log(k/e) is
at most a small enough multiple, depending on C0, of logn. This proof needs some restriction:
for k near logn and e near (logn)−C0 with C0 > 2, the number ∆ is no longer no(1), while
k2e log(k/e) < 1, so that exhaustive search does not give the bound either. Only log ∆ enters,
so any form of the Sparsification Lemma with 2O(εn) outputs, found in time 2O(εn)nO(k), in
which the number of occurrences is polynomial in 1/ε and no two outputs share a satisfying
assignment gives the same bound for fixed k. The factor log ∆ = O(k log(k/e)) is paid in (68):
up to 14n marks are placed among up to r̄s̄ = O(n∆ log ∆) incidences, and the shared strings
say which.

This bound, too, is purely asymptotic. For k = 3 the main term 28ekn log(96∆ log(2∆)) of
the exponent, from (68), is below n only if 84 e log(96∆ log(2∆)) < 1. For an arbitrary formula,
Step 5 bounds ∆ by 2

(
2 + 4α(32α)k−2) + 2, with the α defined there, which for k = 3 and
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ε ≤ 2e is at least 4096 e−2 log2(64/e); with this value the condition requires e < 2.1 ·10−4. Since
e = eℓ ≥ 1

2 · 2
−ℓ/2, this means ℓ ≥ 23, and logn ≥ 17 logKℓ with logKℓ ≥ 60 · 2ℓ − 6ℓ− 42, as

at the end of Appendix A, gives logn > 8.5 · 109. In particular, the bound proved here is no
better than that of trying all assignments unless n > 10108 .

Appendix E. The main results in Lean

This appendix states two results of this paper in the language of the proof assistant Lean 4
[MU21], on top of its mathematical library Mathlib [Mat20]: that the Exponential Time
Hypothesis is false, which Theorem 2 implies, and Theorem 1, the Main Theorem; what differs
from the printed statements is listed below. The listing is a complete Lean file, with its
own comments, and exactly the file that was checked. It imports only Mathlib and contains
definitions only, no proofs. Two of its definitions are the claims:
(a) ETHIsFalse: s3 = 0, where s3 is the infimum of all δ ≥ 0 such that some deterministic
machine, in Mathlib’s multi-stack model of Turing machines and with finite stack alphabets,
decides 3-SAT on n variables within c · 2δn steps, for some c and all n.
(b) MainTheorem: there exist one such machine and one constant C, both chosen before k and
the formula, such that for every k ≥ 1, every n ≥ 4 and every k-CNF on variables x0, . . . , xn−1,
each of which occurs, with m ≥ 2 clauses, the machine computes the number of satisfying
assignments within 2C min{km/

√
log m, k2n log log n/

√
log n} steps.

What has been checked. Both propositions have been proved in Lean 4 (version 4.33.1)
over Mathlib (commit 0df444a360eaa60ab8c11dca51a86af692955474), with time measured
in steps of Mathlib’s deterministic multi-stack Turing machine. The first is derived from the
second, by an argument that applies to every machine with the bound of the second. Apart
from Mathlib, every result the proofs use is proved in the development, and they rest on no
axiom beyond Lean’s three standard ones (propext, Classical.choice, Quot.sound). They
are accepted by Lean’s kernel, by Lean’s replay checker leanchecker, module by module, and,
through Comparator, by the independently implemented kernel nanoda; leanchecker has also
checked again, starting from an empty environment, every declaration on which they depend,
Mathlib’s included, on an earlier copy of the development whose Lean files have the same code,
token for token, and differ from the published ones only in comments and white space. All 1,050
Lean modules of the development have been built together from nothing, on Mathlib fetched
compiled. Whether the two definitions say what they are meant to say, that the Exponential
Time Hypothesis is false and the Main Theorem, no machine can check; that is for the reader
of the listing to judge. The Lean development was written by AI models and reviewed by other
instances of the same models; at the time of writing no person is known to have checked it; its
constant is not explicit.

The full Lean proof, with instructions for building and checking it, is at https://github.
com/anthropics/formal-math/tree/main/eth; the listing is its file MainResults.lean.

/-
Copyright (c) 2026 Anthropic, PBC. All rights reserved.
Released under Apache 2.0 license as described in the file LICENSE.
SPDX-License-Identifier: Apache-2.0
-/
import Mathlib

/-!
# The two main results of the accompanying paper, as Lean statements

This file has definitions only: no theorem, no proof. It imports Mathlib and nothing else, so it
can be read, and compiled, on its own. Two of its definitions are the claims:

https://github.com/anthropics/formal-math/tree/main/eth
https://github.com/anthropics/formal-math/tree/main/eth
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* `ETHIsFalse`: the Exponential Time Hypothesis, `ETH`, is false.
* `MainTheorem`: one machine counts the satisfying assignments of every k-CNF (no clause written

twice) with k ≥ 1 and m ≥ 2 clauses on n ≥ 4 variables x₀ …   x_{n−1} (the paper's x₁ …   xₙ), each of
which occurs, within 2^{C ·min{km/√(log m), k² ·n ·log log n/√(log n)}} steps (log is log₂), for one
constant C that does not depend on k.

A proof is a separate file that imports this one and states theorems whose types are exactly these
two propositions.

**The machine.** An algorithm is a machine of Mathlib's kind `Turing.FinTM2`: a deterministic
machine with finitely many stacks in place of tapes. Its program is a finite set of labelled
blocks; it has finitely many internal states; on a stack it can push a symbol, pop the top symbol,
or read it. `Turing.TM2ComputableAux Bool Bool` adds a bijection from the alphabet of the input
stack to Bool = {false, true}, and one from the alphabet of the output stack; bits are written
through them. Time is the number of steps. One step runs the current block until it jumps to a
block (possibly itself) or halts; for a fixed machine this is a bounded number of stack operations.
`Turing.TM2OutputsInTime M.tm x (some y) t` says that the machine, started with x on its input
stack and all other stacks empty, halts after at most t steps with y on its output stack, all other
stacks empty, and its internal state back at its initial value. Of the stack alphabets, Mathlib
requires only that of the input stack to be finite; the condition `∀ i, Finite (M.tm.Γ i)`, used
below, requires every stack alphabet to be finite, as for a textbook machine.

**Why this machine suffices.** A random-access machine simulates such a machine with a bounded
number of operations per step, and it can rewrite a formula on the paper's variables x₁ …   xₙ into
the input words used here (with x₀ …   x_{n−1}) in time polynomial in n and the length of the
formula. In the paper a formula is a set of clauses, so no clause is repeated in it. For ETH: a
3-CNF on n variables then has length polynomial in n. So, for δ > 0, a machine here that runs in
time O(2^{δn}) gives an algorithm in the usual sense that runs in time O(2^{δn}). Hence s₃ (defined
below) for algorithms in the usual sense is at most s₃ as defined here, and s₃ = 0 here gives
s₃ = 0 there.
For the Main Theorem: every variable occurs and no clause is repeated, so n ≤ km and m ≤ (2n+1)^k;
then the formula has O(km ·log n) bits, and every polynomial in that length is at most
2^{O(min{km/√(log m), k² ·n ·log log n/√(log n)})}. So a machine as in `MainTheorem` gives an
algorithm in the usual sense within the same bound, with another constant. The simulation and the
rewriting are standard facts; they are not part of the Lean statements or proofs.
-/

namespace MainResults

open Turing
open scoped NNReal ENNReal

/-! ### Formulas -/

/-- A literal on x₀ …   x_{n−1} is a pair (i, b): it is xᵢ if b is true and ¬xᵢ if b is false. -/
abbrev Lit (n : ℕ) : Type := Fin n × Bool

/-- A clause is the OR of a list of literals; a formula is the AND of a list of clauses. -/
abbrev CNF (n : ℕ) : Type := List (List (Lit n))

/-- An instance of k-SAT: every clause has at most k literals, and no clause is written twice. A
clause is a list: it may be empty (then it is false), may repeat a literal or hold both x and ¬x,
and the same literals in another order make a different clause. So a k-CNF on n variables has at
most (2n+1)^k clauses. (Without this, no time bound in n alone could hold: before halting, a machine
must pop nearly all of its input, a bounded number of symbols per step.) -/
def IsKCNF (k : ℕ) {n : ℕ} (φ : CNF n) : Prop := (∀ C ∈ φ, C.length ≤ k) ∧ φ.Nodup

/-- The number written for one position of a clause: 0 for an empty position, 2i+1 for ¬xᵢ ,
2i+2 for xᵢ . -/
def slot {n : ℕ} : Option (Lit n) → ℕ

| none => 0
| some l => 2 * l.1.val + 1 + l.2.toNat

/-! ### The Exponential Time Hypothesis -/
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/-- Some assignment makes a literal of every clause true. -/
def Satisfiable {n : ℕ} (φ : CNF n) : Prop := ∃ a : Fin n → Bool, ∀ C ∈ φ, ∃ l ∈ C, a l.1 = l.2

/-- The input word for k-SAT with k fixed, n in unary: 1ⁿ 0, then for each clause k positions of
`Nat.log2 (2 * n) + 1` bits each (⌊log₂ (2n)⌋ + 1 bits; 1 bit when n = 0), each holding a `slot`
number, lowest bit first. A clause with fewer than k literals is padded with empty positions (0). -/
def encClauses (k : ℕ) {n : ℕ} (φ : CNF n) : List Bool :=

List.replicate n true ++ false :: φ.flatMap fun C => (List.range k).flatMap fun j =>
(List.range (Nat.log2 (2 * n) + 1)).map (slot C[j]?).testBit

/-- `M` decides k-SAT within t(n) steps: started on `encClauses k φ`, for any n and any k-CNF φ on
x₀ …   x_{n−1} with any number of clauses, it halts after at most t(n) steps with one bit as output,
which is 1 if and only if φ is satisfiable. Here k is fixed and is not a part of the input. -/
def DecidesKSat (k : ℕ) (M : TM2ComputableAux Bool Bool) (t : ℕ → ℕ) : Prop :=

∀ (n : ℕ) (φ : CNF n), IsKCNF k φ → ∃ b : Bool, (b = true ↔ Satisfiable φ) ∧
Nonempty (TM2OutputsInTime M.tm ((encClauses k φ).map M.inputAlphabet.invFun)

(some ([b].map M.outputAlphabet.invFun)) (t n))

/-- “Some deterministic algorithm decides k-SAT on n variables in time O(2^{δn})”: one machine,
finite alphabets, one constant c; the machine decides k-SAT within c ·2^{δn} steps, rounded down,
for every n. The machine and c may depend on k and on δ. -/
def InTime (k : ℕ) (δ : ℝ≥0) : Prop :=

∃ (M : TM2ComputableAux Bool Bool) (c : ℕ), (∀ i, Finite (M.tm.Γ i)) ∧
DecidesKSat k M fun n => ⌊(c : ℝ) * (2 : ℝ) ^ ((δ : ℝ) * n)⌋₊

/-- s_k: the infimum of all δ ≥ 0 such that some deterministic algorithm decides k-SAT on n
variables in time O(2^{δn}). It is a number in [0, ∞], and ∞ if there is no such δ. Only s₃ is
used below. -/
noncomputable def s (k : ℕ) : ℝ≥0∞ := ⨅ (δ : ℝ≥0) (_ : InTime k δ), (δ : ℝ≥0∞)

/-- **The Exponential Time Hypothesis** (Impagliazzo and Paturi, “On the complexity of k-SAT”,
J. Comput. Syst. Sci. 62 (2001)), in the form s₃ > 0: for some δ > 0 no deterministic algorithm
decides 3-SAT on n variables in time O(2^{δn}). The paper that this file accompanies defines ETH as
“s_k > 0 for all k ≥ 3” and notes that this is the same as s₃ > 0. The form here follows from that
one: take k = 3, then use that s₃ for algorithms in the usual sense is at most s₃ as defined here
(see the head comment); so its negation refutes both. (A remark outside Lean: a deterministic
algorithm is a randomized algorithm that uses no random bits, so allowing randomness could only make
s₃ smaller, and refuting this deterministic form also refutes the randomized form.) -/
def ETH : Prop := 0 < s 3

/-- **The Exponential Time Hypothesis is false**: not s₃ > 0. As s₃ ≥ 0, this says s₃ = 0. It is
equivalent to: for every δ > 0 some deterministic algorithm decides 3-SAT on n variables in time
O(2^{δn}) (`InTime 3 δ`, which gets weaker as δ grows). -/
def ETHIsFalse : Prop := ¬ ETH

/-! ### The Main Theorem -/

/-- Every one of the variables x₀ …   x_{n−1} occurs in φ, positively or negatively. -/
def AllOccur {n : ℕ} (φ : CNF n) : Prop := ∀ i : Fin n, ∃ C ∈ φ, ∃ l ∈ C, l.1 = i

/-- The number of satisfying assignments of φ, among all 2ⁿ assignments to x₀ …   x_{n−1}. -/
def numSat {n : ℕ} (φ : CNF n) : ℕ :=

(Finset.univ.filter fun a : Fin n → Bool => ∀ C ∈ φ, ∃ l ∈ C, a l.1 = l.2).card

/-- The lowest n + 1 bits of the number c, lowest bit first. (A count of assignments of n variables
is at most 2ⁿ, so nothing of it is lost.) -/
def binary (n c : ℕ) : List Bool := (List.range (n + 1)).map c.testBit

/-- The input word of the Main Theorem, with k as a part of it: 1ᵏ 0, then `encClauses k φ`. -/
def encInput (k : ℕ) {n : ℕ} (φ : CNF n) : List Bool :=

List.replicate k true ++ false :: encClauses k φ

/-- The paper's log: the logarithm to base 2, not rounded, and of x itself, not of x + 1. In the
comments of this file, log always means this. Under the conditions of `MainTheorem` (m ≥ 2, n ≥ 4)
it is applied only to numbers that are at least 2. -/
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noncomputable def lg (x : ℝ) : ℝ := Real.logb 2 x

/-- The exponent in the number m of clauses: k ·m/√(log m). -/
noncomputable def expM (k m : ℕ) : ℝ := (k : ℝ) * m / Real.sqrt (lg m)

/-- The exponent in the number n of variables: k² ·n ·log log n/√(log n). -/
noncomputable def expN (k n : ℕ) : ℝ := (k : ℝ) ^ 2 * n * lg (lg n) / Real.sqrt (lg n)

/-- The time of the Main Theorem, rounded down: 2^{C ·min{km/√(log m), k² ·n ·log log n/√(log n)}}. -/
noncomputable def timeMin (C k m n : ℕ) : ℕ :=

⌊(2 : ℝ) ^ ((C : ℝ) * min (expM k m) (expN k n))⌋₊

/-- `M`, started on `encInput k φ`, halts after at most t steps with output the number of
satisfying assignments of φ, written in n + 1 bits, lowest bit first (`binary`). -/
def CountsWithin (M : TM2ComputableAux Bool Bool) (k : ℕ) {n : ℕ} (φ : CNF n) (t : ℕ) : Prop :=

Nonempty (TM2OutputsInTime M.tm ((encInput k φ).map M.inputAlphabet.invFun)
(some ((binary n (numSat φ)).map M.outputAlphabet.invFun)) t)

/-- **The Main Theorem.** There is one machine with finite alphabets, and one constant C, both
chosen before k and the formula, such that: for every k ≥ 1, every n ≥ 4, and every formula φ on the
variables x₀ …   x_{n−1}, each of which occurs in it, with `IsKCNF k φ` (clauses of at most k
literals, none written twice) and m ≥ 2 clauses, the machine, started on `encInput k φ`, outputs
the number of satisfying assignments of φ within
2^{C ·min{km/√(log m), k² ·n ·log log n/√(log n)}} steps (rounded down). Where no thresholds are
stated, an O( ·) as in the bound 2^{O(…  )} speaks only of all large enough m and n; here one C
serves every m ≥ 2 and n ≥ 4, which implies that reading. These are the least values with
log m ≥ 1 and log log n ≥ 1. At n = 2 the factor log log n is 0, so the bound would be one step.
At m = 1 the divisor √(log m) is 0, so km/√(log m) is undefined (Lean's convention x/0 = 0 would
make the bound one step there too). And k ≥ 1 because the paper defines k-CNFs only for k ≥ 1; with
k = 0 every clause is empty, so there is at most one clause and no variable occurs.
Nothing is said about any other input word, including words for k = 0, for formulas with a
repeated clause or with a variable that does not occur, and for formulas with fewer than two
clauses or fewer than four variables. -/
def MainTheorem : Prop :=

∃ (M : TM2ComputableAux Bool Bool) (C : ℕ), (∀ i, Finite (M.tm.Γ i)) ∧
∀ (k n : ℕ) (φ : CNF n), 1 ≤ k → IsKCNF k φ → 2 ≤ φ.length → 4 ≤ n → AllOccur φ →

CountsWithin M k φ (timeMin C k φ.length n)

end MainResults

How to read it. The comments of the listing explain each definition and Mathlib’s machine.
Three remarks on notation: φ.length is the number m of clauses; C[j]? is the jth literal of
the clause C, counted from 0, if there is one; and Nonempty turns Mathlib’s record of a run into
a proposition. The letter C denotes a clause in some definitions and the constant in others. An
example of the input word of MainTheorem: for k = n = 2 and the single clause x0 ∨ ¬x1 it is
110 110 010 110, that is 1k0, 1n0, and the numbers 2 and 3 in three bits each, lowest bit first;
the count is 3 and the output word is 110 (this formula is too small for the hypotheses; it only
shows the code).
Differences from the printed statements. Lean names the absolute constant of the O(·):
one number C, whose value the proof does not give; and the ranges k ≥ 1, m ≥ 2 and n ≥ 4,
which the Main Theorem leaves to its O(·), are explicit, as in Corollary 11: the bound holds for
every such k, m and n, not only for large m and n. The paper measures time in the word RAM
model; the Lean statements count steps of Mathlib’s machine, the reading of the input included,
where one step runs the machine’s program as far as its next goto or halt, a number of stack
operations that is bounded for a fixed machine. The bounds are rounded down, which changes
nothing for a number of steps. The input is a fixed word: 1n0, then for each clause k positions
of ⌊log(2n)⌋+ 1 bits, each holding 2i+ 2 for xi, 2i+ 1 for ¬xi, or 0, lowest bit first; for the Main
Theorem it is preceded by 1k0. So there k is part of the input; it may exceed the length of the
longest clause, and the bound is then the one for that k. The variables are called x0, . . . , xn−1



44 CLAUDE

and not x1, . . . , xn (§2). In the paper a clause is a nonempty set of literals and a formula is a set
of clauses; in Lean a clause is a list of literals and a formula a list of clauses in which no clause
occurs twice: a clause may be empty or repeat a literal, and the same literals in another order
count as another clause. ETH is the statement s3 > 0 for s3 defined with Mathlib’s machine;
for the s3 of Definition 6, ETH as defined there is equivalent to s3 > 0 by the remark after it.
ETHIsFalse holds if and only if for every δ > 0 some machine decides 3-SAT within c · 2δn

steps, the decision version of Theorem 2. Two steps from the Lean statements to the printed
ones are not part of the Lean proof: writing the formula as this word, in time polynomial in n
and its length, and simulating Mathlib’s machine on a word RAM, with a bounded number of
operations for each step. That this polynomial is below the bound of the Main Theorem is
proved in Lean: n ≤ km, as every variable occurs, m ≤ (2n+ 1)k, as no clause is repeated, and
every polynomial in the length of the input is at most 2C′ min{km/

√
log m, k2n log log n/

√
log n} for a

C ′ that depends only on the polynomial. The hypotheses are a promise: nothing is said about
inputs that do not meet them.
Differences in the proof. The Lean proof follows the route of the proof of Corollary 11: from
one algorithm for cliques it derives Theorem D(a), and from that the bound of Theorem D(b),
as in Step 6 of Appendix D; from the same algorithm, the first sentence of Theorem A(c) for
the pieces of Appendix B; and from these two, by running the two machines in alternation,
Corollary 11. Each step is proved for every machine that is built from the machines of the
step before as the printed proof builds it, which fixes what a machine outputs and a bound
on its steps, not the steps themselves; that such a machine exists is proved separately. The
algorithm for cliques is the recursion of Theorem A(b) as a machine with query access to the
tables, where an operation is one query or one step, a step may be any computation that
takes time polynomial in the size of the machine’s state, and the states are bounded only
by the bound on the operations; Lean proves that this machine satisfies the hypothesis of
Theorem D(a) with operations counted in this way, so, in time, the exponent eℓK

2
ℓ λ holds

only up to a constant factor, which the O in the exponent of the conclusion of Theorem D(a)
absorbs. Main differences that remain: from that hypothesis on, the proof renders T operations
as time polynomial in the input and a padding string of T ones; alternation and choice cost a
constant power on Mathlib’s machine and not a constant factor; the algorithm for the pieces
of Theorem B writes a padding string of about 2cλ ones and then does all its work in a single
step; in Step 5, Lean’s own analysis of Appendix C’s procedure replaces Calabro’s cited results
[Cal09], with thresholds we take to be Calabro’s, not checked against the dissertation; the
constants depend on the algorithm for cliques, not only on the constants of the hypothesis. AI
models, not a mechanical check, compared the Lean proof with the printed one; because of
these differences the strictest of them count it as a different proof of the same statement, along
the printed route.

Appendix F. Proof of the eight-square identity

This appendix proves the identity in the form in which §4 states it. Recall that σ(p, q) =
(−1)ϕ(p,q) with ϕ(p, q) =

∑
1≤i≤j≤3 piqj + q1p2p3 + p1q2p3 + p1p2q3 for blocks p, q ∈ {0, 1}3, and

that (28) is claimed for all blocks p, q, p′, q′ with p⊕ q = p′ ⊕ q′ and q ̸= q′.

Proof of (28). Let d = q ⊕ q′; it is not 000 because q ≠ q′, and it equals p ⊕ p′ because
p⊕ q = p′ ⊕ q′. So p′ = p⊕ d and q′ = q ⊕ d. We have to show that ϕ(p, q) + ϕ(p⊕ d, q ⊕ d) +
ϕ(p, q⊕d)+ϕ(p⊕d, q) is odd, and compute modulo 2. Every term of ϕ(p, q) contains exactly one
bit of q, so ϕ(p, q)+ϕ(p, q⊕d) ≡ ϕ(p, d) for all p, and the sum is ϕ(p, d)+ϕ(p⊕d, d). Replacing p
by p⊕d changes

∑
1≤i≤j≤3 pidj by

∑
1≤i≤j≤3 didj , and it changes d1p2p3 by d1(p2d3+d2p3+d2d3),

p1d2p3 by d2(p1d3 + d1p3 + d1d3), and p1p2d3 by d3(p1d2 + d1p2 + d1d2). In these three changes
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each of p1d2d3, p2d1d3, p3d1d2 occurs twice and d1d2d3 three times. So ϕ(p, d) + ϕ(p⊕ d, d) is
congruent to the sum of the four changes, in which the terms that occur twice cancel. With
d2

i = di this is d1 + d2 + d3 + d1d2 + d1d3 + d2d3 + d1d2d3 ≡ 1 + (1 + d1)(1 + d2)(1 + d3), which
is 1 because some di is 1. ■

Proof that the two forms are equivalent. Expand the right side of the second form (29): a2
pb

2
q

has the coefficient σ(p, q)2 = 1, and every other monomial that occurs is apap′bqbq′ with p, q, p′, q′

as in (28), with twice the left side of (28) as its coefficient. So the two sides are equal as
polynomials exactly when (28) holds. ■

Appendix G. Related work in more detail

Before this work, the fastest randomized algorithms known ran in time O(1.308n) (O(20.3874n))
for 3-SAT and 2(1−µk/(k−1))n+o(n) for k-SAT, with constants µk that increase to π2/6 [PPSZ05,
Her14]; later work has lowered the exponents only minutely [SS17, HKZZ19, Sch21]. The
fastest deterministic ones ran in time O(1.32793n) (O(20.4092n)) for 3-SAT and slightly below
(2− 2/k)n+o(n) for k-SAT [MS11, Liu18].

The closest work we know is Austrin, Kaski and Kubjas [AKK22]. Their object contains
ours: an index on every vertex of a hypergraph, an arbitrary table on every hyperedge, and the
sum, over all values of the indices, of the product of the table entries. For the (K,λ)-clique
the vertices are the

(K
2
)

pairs of nodes (indices in {0, 1}λ) and the hyperedges are the K stars
(all pairs containing a node w; table Ww). For algorithms that execute one tensor network
along one contraction tree, they prove an upper bound via fast matrix multiplication and
an unconditional lower bound of Ω

(
(2λ)bw) operations. Here bw is the branchwidth of the

hypergraph: over all trees with the hyperedges as leaves and inner nodes of degree 3, the
minimum of the largest number of vertices shared by the two sides of a tree edge. Every such
tree has an edge with about K/3 or more stars on each side, and these share about 2K2/9
or more pairs (our calculation, not in their paper [AKK22]); so in their model (K, e) is not
achievable for any e below about 2

9 , which is 4
9 of the e = 1

2 of brute force. The algorithm of
this paper is outside that model: it writes Z, times a power of 2, as a signed sum of many
networks, and merges rows in some terms and columns in others. A sum of networks can be
written as one network with one more index, but then all terms are contracted in the same
order.

The steps from a formula to a network and from a network to a clique (§6, Lemma 1) are
a variant of the move of Williams [Wil05], after Nešetřil and Poljak [NP85]: grouping the
variables of a 2-CSP into three blocks turns counting into a weighted triangle problem. There
the saving comes only from fast matrix multiplication, which is not used here. Christandl,
Vrana and Zuiddam [CVZ19] bound the asymptotic tensor rank of the complete-graph tensor,
which underlies the (K,λ)-clique; a decomposition into rank-one terms needs at least 2⌊K2/4⌋λ

terms (the matrix rank when the nodes are split into two halves), whereas the terms used here
are networks.

Low-rank expansions of a crossing, the function [x = v][y = u], have been studied in
connection with lower bounds for non-commutative arithmetic circuits. Let P (N), N = 2λ,
be the least number of rational-valued functions, each of row-wise or of column-wise rank 1
(the rank of the matrix with first index (x,y) and second index (u,v), respectively (x,u) and
(y,v)), with sum [x = v][y = u]. Naslund [Nas20, Problem 12] asks whether P (N) ≥ N1+ε for
some ε > 0 and all large N . By Lemma 3.5 of Hrubeš, Wigderson and Yehudayoff [HWY11],
P (N) is the width over Q of

∑
i,j∈[N ] xiyjxiyj , and by their Proposition 4.1 it lies between s and

4s, where s is the least number of products in an identity
(∑

i∈[N ] x
2
i

)(∑
j∈[N ] y

2
j

)
=
∑

k∈[s] fkf
′
k

with bilinear forms fk, f
′
k over Q, a variant of Hurwitz’s problem. Hrubeš [Hru24, Theorem 12]



46 CLAUDE

shows s = O(N1.62) over every field, sketching the proof as a modification of his Theorem 1, so
P (N) = O(N1.62). The eight-square identity, from which Lemma 2 starts, is the case N = s = 8;
from it Hrubeš outlines a tensor product construction with 811ℓ/6 squares over C for N = 8ℓ

[Hru24, Section 5.2], and Lemma 2 likewise gives P (N) = O(N11/6), by taking the Ai with
i < t/2 row-wise and the others column-wise, and dividing by 2t. What Proposition 3 uses is,
for each Ai, explicit integer factorizations in the two directions through at most 11λ/3 + 8 bits
together. A bound P (N) ≤ N c gives two functions whose row-wise and column-wise ranks
have product at most N2+c, which for c = 1.62 is slightly less than N11/3. So with integer
factorizations of polynomial bit length that are computable in polynomial time, Hrubeš’s bound
would give a smaller ρ, about 0.905; his proof of Theorem 12 is only sketched, and we have
not checked whether his construction provides such factorizations. In algorithms, the closest
precedent for expanding crossings that we are aware of is Curticapean and Xia [CX15], after
Galluccio and Loebl [GL99]: to count perfect matchings in non-planar graphs, they simulate
a gadget that does not exist as a linear combination of O(1) gadgets that do, and then solve
every term in the same way. Further afield: the asymptotic rank conjecture and the set cover
conjecture cannot both hold [BK24, Pra24], which is conditional, whereas the bound of Lemma 2
is explicit; rank-based dynamic programming [BCKN12, CKN12] factorizes across one fixed
family of cuts; and under ETH, treewidth-based algorithms for CSPs are essentially optimal,
up to a logarithmic factor in the exponent [Mar10]. We are not aware of the combination used
here (an exact signed low-rank expansion of crossings, a separate choice of direction for each
term, combined with recursion) appearing in the prior literature.

Appendix H. How the search for cheaper functions leads to the eight-square
identity and to ρ = 1/

√
2

No proof in this paper uses this appendix. The algorithm needs a nonzero multiple of
the crossing [x = v][y = u] written as a sum of a few functions, each of which, for long
strings, factors through fewer bits, row-wise and column-wise together, than the crossing itself
(Lemma 2, Definition 7). The first part shows, with hindsight, how two natural guesses lead
someone who looks for such a decomposition to a classical problem of Hurwitz, whose extreme
solutions are the two-, four- and eight-square identities. The second part gives a hint that leads
from there to the pieces of Appendix B. Much of this is known, and we say where. We are not
aware of earlier work that counts the bits of a single term in both directions together, or that
reads the directions as the two orders of a product.

From the crossing to sums of squares. Let x, y, u, v range over a set of N elements.
Row-wise, that is, as a matrix with row index (x, y) and column index (u, v), and column-wise,
with the indices (x, u) and (y, v) (§4), the crossing [x = v][y = u] is a permutation matrix, of
rank N2. A function that factors through c bits has rank at most 2c (see after Definition 1), so
the crossing needs 2 logN bits in each direction. We look for functions R and C whose sum is
a nonzero multiple of the crossing, R of small rank row-wise and C column-wise.
Two guesses. Exchanging y and u turns the row-wise arrangement into the column-wise one,
and it does not change the crossing. So the first guess is that the solution has the same symmetry:
C(x, y, u, v) = R(x, u, y, v). Then C is column-wise the same matrix as R is row-wise. With row
index (x, y) and column index (v, u) the crossing is the identity matrix, so the second guess is
that R is symmetric and positive semidefinite, of rank M : R(x, y, u, v) =

∑M
k=1 fk(x, y) fk(v, u)

with real functions fk. That R+ C is twice the crossing now reads

(71)
M∑

k=1
fk(x, y) fk(v, u) +

M∑
k=1

fk(x, u) fk(v, y) = 2 [x = v] [y = u].
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What the equation says. Take real variables ax and by, multiply (71) by axbyavbu, and
sum over x, y, u, v. With zk =

∑
x,y fk(x, y) axby, both sums on the left give

∑
k z

2
k, so

(72) z2
1 + · · ·+ z2

M =
(∑

x

a2
x

)(∑
y

b2
y

)
.

Conversely, the coefficient of axavbybu in the difference of the two sides of (72) is 1
2 , 1 or 2

times the difference of the two sides of (71), so (72) implies (71). Under the two guesses the
question is therefore: for which M is the product of two sums of N squares a sum of M squares
of bilinear forms? This is a case of Hurwitz’s problem [Hur98], [Hru24, Section 1].

The equivalence is known. Hrubeš, Wigderson and Yehudayoff write the crossing as the
non-commutative polynomial

∑
i,j xiyjxiyj [HWY11, (1.4)]. They pass from a decomposition

of it to an identity like (72) by letting the variables commute, and back, for a sum of squares,
by adding to each square the same product with the two y-variables exchanged [HWY11,
Proposition 4.1 and its proof]. Applied to the eight-square identity, their construction is (31).
Hrubeš writes out its coefficients, which are half the left side of (71) [Hru24b, proof of Lemma 22,
(10)]. In terms of matrices, with the indices (x, y) and (v, u): if Φ is the M ×N2 matrix with
rows fk, then R = Φ⊤Φ and C is its partial transpose [RZ25, proof of Lemma 3.15].
The least M . For fixed a with

∑
x a

2
x = 1, the linear map b 7→ z from RN to RM preserves

the norm by (72), so M ≥ N [HWY11, Section 1.2]. Hurwitz proved in 1898 that M = N is
possible only for N ∈ {1, 2, 4, 8} [Hur98], [HWY11, Theorem 1.1]; the least M for general N
is still open [Hru24, Section 1]. The identities themselves are older: after Euler’s four-square
identity of 1748 [HWY11, Section 1.2], Degen found the eight-square identity in 1818, and
Graves found it again in 1843, the year of Hamilton’s quaternions, by showing that the norm of
the octonions is multiplicative [Bae02, Section 1]. The functions fk = ψk of §4 are a solution
for N = 8; their σ is the table of signs of the multiplication of the octonions [Bae02, Section 2,
Table 1], with the basis elements renamed. Their restrictions to the blocks of the forms (p1, p2, 0)
and (p1, 0, 0) are solutions for N = 4 and N = 2.
Why eight. For strings of λ bits, Definition 5 uses the identity once for each block of three
bits; do the same with blocks of logN bits. The proof of Lemma 2 counts the bits of a piece Ai

in a simple way: it factors R or C in each block, and it names the set of the blocks that take C,
with one more bit for each block in each direction. By this count, in the two directions together,
a block takes the logarithms of the two ranks of R and 2 more bits, against 4 logN bits for the
crossing. Row-wise and column-wise, R has the ranks 2 and 2 for N = 2, the ranks 4 and 16 for
N = 4, and the ranks 8 and 64 for N = 8. This makes 1 + 1 + 2 = 4 of 4 bits, 2 + 4 + 2 = 8 of 8
bits, and 3 + 6 + 2 = 11 of 12 bits. So by this count, of the three identities only the eight-square
identity leaves a gain, the ρ = 11/12 of Lemma 2. Hrubeš tensors the same identity block by
block and counts squares rather than bits [Hru24, Section 5.2]; see Appendix G.
The count is not tight. With row index (x, y) and column index (v, u), the three identities
have R2 = NR and C = 2 · Id−R, so R and C have two common eigenspaces, of dimensions N
andN2−N , and the rank of Ai is the number of its nonzero eigenvalues, counted with multiplicity.
For λ = t logN , where no zeros are appended, this gives the rank

∑
z≤i

(t
z

)
(N2 −N)zN t−z row-

wise for N = 4, 8, and the same with t− i in place of i column-wise. For large t, the logarithms
of the two ranks of the worst piece, i = t/2, add up to about 2 + log 48 ≈ 7.58 of 8 bits for each
block if N = 4, and to about 2 + log 448 ≈ 10.81 of 12 bits if N = 8; for N = 2 both ranks are(t

i

)
2t, and there is still no gain. So counted by ranks, four squares leave a gain as well. Without

the first guess, so do single bits: [x = v][y = u] = [x = u][y = v]− [x ≠ y] (−1)x · [u ≠ v] (−1)u,
and the same argument for the pieces made from these two terms in the same way, with
eigenspaces of dimensions 1 and 3 in both directions, gives log 12 ≈ 3.58 of 4 bits, a slightly
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larger gain than that of eight squares. So “eight” is the answer under the two guesses and for
the simple count, which is the count that Lemma 2 uses.

From the octonions to operators on a graded space. The hint takes two sentences. The
two directions are the two orders of multiplying two operators, and the number of bits is at most
the logarithm of the dimension of the space through which the product passes. So replace the
octonions, where both orders pass through one space of dimension 8, by operators on a graded
space, where one order goes up in degree and the other goes down.
The identity as a relation between operators. Let Lx be the 8× 8 matrix with entry
ψk(x, y) in row k and column y, the matrix of multiplication by ex from the left in the basis
(ep) of §4. By (30),
(73) R(x, y, u, v) = ⟨eu, L

⊤
v Lx ey⟩, C(x, y, u, v) = ⟨eu, L

⊤
x Lv ey⟩,

so (31) says, entry by entry,
(74) L⊤

v Lx + L⊤
x Lv = 2 [x = v] · Id.

For M ×N matrices, these are the Hurwitz–Radon conditions, the classical form of (72) [Hru24,
Section 3, Lemma 3]. Here L000 = Id and L⊤

x = −Lx for x ≠ 000, so for x, v ̸= 000 they read
LxLv + LvLx = −2 [x = v] · Id, the relations of a Clifford algebra [Bae02, Section 2.3].
Directions are orders. In (73), x and v name operators, y names the basis vector to which
they are applied, and u names the coordinate that is read off. In R the operator named by x
acts first, and in C the operator named by v. In general, let Xx and Yv be linear maps between
spaces with fixed bases, (eτ ) the basis of the space that contains the vectors Xxey, and ⟨eτ , w⟩
the coefficient of eτ in w. Then
(75) ⟨eu, YvXx ey⟩ =

∑
τ

⟨eτ , Xxey⟩ · ⟨eu, Yveτ ⟩

is a sum of functions of (x, y) times functions of (u, v), with one term for each τ . In the other
order, ⟨eu, XxYv ey⟩ is a sum of functions of (y, v) times functions of (x, u). So we want to write
[x = v] · Id as a combination of products, in the two orders, that pass through small spaces.
What limits the octonions. In (74) each product stands in one order only, and it has full
rank in the other direction: R has the ranks 8 and 64, that is, 3 + 6 of 12 bits. The piece A0 of
Definition 5 takes R in every block, so for λ = 3t its ranks are 8t and 64t: however one counts,
a term that takes R in every block takes 3

4 of the bits. To get below 3
4 , look for terms to which

the argument of “Directions are orders” applies in both directions. Such a term can be written
in both orders: it is a combination of products that does not change when the two factors are
exchanged in all of them. And the two orders should pass through spaces of different sizes: if
λO(1) pieces add up to a nonzero multiple of the crossing of strings of λ bits, one of them needs
2λ−O(log λ) bits row-wise, which leaves it at most about (4ρ− 2)λ column-wise.
A second relation of the same form. In the notation of Appendix B, on the polynomial
ring V = Q[t1, t2, . . . ] and for k, l ≥ 1,
(76) ∇k∇−l −∇−l∇k = k [k = l] · Id = (∇ktl) · Id.
Like (74), this writes a multiple of [k = l] · Id as a combination of the two orders. The new
feature is the grading: ∇−l raises the weight by l, and ∇k lowers it by k. For k = l, on VE ,
one order passes through VE+k and the other through VE−k. As it stands, (76) is not enough:
each product stands in one order only, and k, l take far fewer values than there are monomials,
whereas x and y have the same length, so we need as many operators as basis vectors.
What Appendix B supplies. For every polynomial a and every integer r it defines an
operator a[r], a sum of products of the ∇k, that raises the weight by r; for example, t1[r] = ∇−r
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for r ̸= 0. For b of weight h and a of weight at most h, the operator Qs(a, b) of (48) is a signed
combination of 2h+ 1 products; product number i ∈ {0, . . . , 2h} consists of an operator that
comes from a and raises the weight by s − h + i, and one that comes from b and lowers it
by as much. By Lemma 9, Qs(a, b) does not change when the factors are exchanged in all
products at once, and

∑
sQs(a, b) = (a[−h] b) · Id, which has the shape of (76). Lemma 10 gives

polynomials with aµ[−h] bν = h! [µ = ν] for all partitions µ, ν of h. The piece As(x,y,u,v) is
the coefficient of tµ(u) in Qs

(
aµ(x), bµ(v)) tµ(y), with the four roles as in (73).

The count. Here h is the least integer with p(h) ≥ 2λ, so that a string x of λ bits names a
partition µ(x) of h; then λ ≈ cHR

√
h by (46). On a monomial of weight h, product number

i passes through weight s + i ≤ 2h + s if the operator from a acts first, and through weight
2h− s− i ≤ 2h− s if the one from b acts first. So for |s| ≤ 2h, up to O(log λ) bits, As factors
through cHR

√
2h+ s bits row-wise and through cHR

√
2h− s bits column-wise, and

(77) cHR
√

2h+ s+ cHR
√

2h− s ≤ 2cHR
√

2h ≈ 2
√

2λ, in place of 4λ.
What one order gains in weight the other loses, and log dim VE ≈ cHR

√
E grows like a concave

function of E. If it grew like E, the sum would be 4λ again; if it grew like Eα with 0 < α ≤ 1,
the same calculation would give ρ = 2α−1.
The same objects elsewhere. The relations (76) are those of the Heisenberg algebra, and V
with the operators ∇k is its Fock representation [Fre02, §2.3]. Comparing (47) with [Fre02, §2.3,
(4)] shows that the a[r] are the coefficients of the fields Y (a, ω) of the Heisenberg vertex algebra.
These fields are local, that is, (ω1 − ω2)H [Y (a, ω1), Y (b, ω2)] = 0 for a large enough integer H
[Fre02, §2.1 and Proposition 2.4]. Written out for each coefficient [MN99, Definition 1.5.1 and
the display after it], with H the sum of the weights of a and b, locality contains Lemma 9(a)
for homogeneous a: the lemma is its part about the products a[r] b[−r], which keep the weight.
Appendix B proves what it needs without this theory. We are not aware of earlier work that
uses these operators to decompose a crossing.
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