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A CONTINUUM WHOSE HYPERSPACE OF REGULAR SUBCONTINUA IS
HOMEOMORPHIC TO THE IRRATIONALS

LUCAS ALVES DE ALMEIDA

ABSTRACT. For a metric continuum X, let D(X) be the hyperspace of subcontinua of X equal
to the closure of their interior, with the Hausdorff metric. Camargo, Ordofiez and Ramirez asked
whether D(X) can be homeomorphic to the rationals or to the irrationals. We answer the latter
question affirmatively. We construct a continuum X C ¢? as the closure of a countable tree of
scaled copies of an indecomposable plane continuum. Two types of piece alternate: blocks with
dense interior, and spines with empty interior carrying densely attached blocks. We characterize all
regular subcontinua by nonempty convex sets of pieces satisfying a density condition, and prove that
this coding is a homeomorphism onto a Gs subset of a Cantor cube. We then show that no point of
D(X) has a compact neighborhood. The Alexandrov-Urysohn characterization yields D(X) = N¥,
and hence D(X) is homeomorphic to the irrationals. We also explain why this construction does
not extend to the rational case, which remains open.

1. INTRODUCTION

A continuum is a nonempty compact connected metric space. For a continuum X, let C(X) de-
note its hyperspace of nonempty subcontinua, endowed with the Hausdorff metric. A subcontinuum
A is regular if A = clyxintx A. The hyperspace

D(X) = {A S C(X) : A:Clxint){A},

with the topology inherited from C(X), was introduced by Ordonez [6].

Several restrictions on D(X) are known. If X is locally connected, then D(X) is contractible,
arcwise connected, and dense in C(X) [6, Theorem 3.6]. Moreover, D(X) is compact if and only if
it is finite [6, Corollary 4.13], and D(X) = {X} whenever X is indecomposable [6, Theorem 3.7].
Camargo, Ordonez and Ramirez [1] related finite hyperspaces D(X) to graph theory, excluded
several finite cardinalities, and proved that D(X) is never homeomorphic to N [1, Theorem 3.25].
The latter result also appears in [8, Teorema 3.2.13]. That thesis proves that D(X) is always a I13
subset of C(X) and gives an example with D(X) = w? [8, Teorema 2.0.2 and Ejemplo 3.2.1].

The following question was posed in [8, Pregunta 3.2.14] and again in [1, Question 3.26].

Question 1.1. Does there ezist a continuum X such that D(X) is homeomorphic to either Q or

I=R\Q?

We refer to its two parts as Problem ) and Problem I. By the results above, any example for
either part must be decomposable, since D(X) = {X} when X is indecomposable, and not locally
connected, since D(X) is arcwise connected when X is locally connected, whereas Q and I are
nondegenerate and totally disconnected. Our main result settles Problem I.

1.1. Main result.

Theorem A. There exists a continuum X C (2 such that D(X) is homeomorphic to the Baire
space NN, and hence to 1.
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The continuum is a null tree of scaled copies of one indecomposable plane continuum: the pieces
are indexed by the vertices of a rooted tree, each non-root piece meets its parent in a single point,
all other pairs of pieces are disjoint, only finitely many pieces have diameter larger than any given
positive number, and X is the closure of the union of the pieces. Its pieces alternate between blocks,
whose interiors in X are dense in them, and spines, which have empty interior in X. Each block
carries a sequence of shrinking spines; each spine carries a dense sequence of shrinking blocks. All
attaching points on an individual piece lie in distinct composants of that piece.

The construction separates two tasks. The blocks provide a dense supply of regular closed
pieces: every regular subcontinuum of X is the closure of the union of the blocks it contains
(Lemma 4.5). The spines are nowhere dense and impose a density condition on the blocks that a
regular subcontinuum contains; this condition is what prevents points of D(X) from having compact
neighborhoods. Together, these features yield a combinatorial description of the hyperspace. The
tree structure controls which collections of pieces can occur, while the shrinking scales make the
resulting coding compatible with the Hausdorff metric.

The proof has three steps. First, Theorem 4.6 characterizes the sets of pieces contained in regular
subcontinua by nonemptiness, convexity in the tree, and a density condition at each included spine.
Second, Propositions 5.2 and 5.3 identify the Hausdorff topology with the topology of a G5 subspace
of a Cantor cube. Third, Proposition 5.4 shows that no point has a compact neighborhood, so the
Alexandrov—Urysohn theorem applies. The same characterization of the Baire space is used in
[2, Theorem 5.7] for a different hyperspace: the hyperspace of noncut subcontinua of a dendrite
with a dense set of endpoints is homeomorphic to Baire space. Remark 5.6 shows that spines are
needed, Remark 5.7 that every block must carry spines, and Remark 5.5 records the role of blocks.
Section 6 explains why the method does not furnish an example for Problem Q; no resolution of
that problem is claimed.

2. PRELIMINARIES

Throughout this section, X is a continuum with a compatible metric d. We write clx A and
intx A for closure and interior in X. For A C X and r > 0, put N(4,r) ={z € X : d(z,A) < r}
and N(z,r) = N({z},r). For nonempty compact sets A, B C X,

dr(A,B) = max{sgg d(a, B), 23}33 d(b, A)}

Throughout, N = {1,2,...}. For a countable set €2, identify its subsets with the points of the
Cantor cube 22, endowed with the product topology. A closed set R C X is regular closed if
R = clxintx R. Thus a subcontinuum is regular, in the sense of Section 1, exactly when it is
regular closed.

Lemma 2.1. If {R, : s € £} is a family of reqular closed subsets of a continuum X, then clx |J, Rs
1s regular closed.

Proof. Put R = clx |J, Rs. Since inty Ry C intyx R, regularity gives Ry C clyintx R for every
s € Y. Taking closures yields R C clx intx R. The reverse inclusion follows from closedness of
R. O

Fact 2.2. If A, B C X are closed and intxy B =0, then intx(AU B) = intx A.
Indeed, intx (AUB)\ A is open and contained in B, so it is empty. Thus the open set intx (AU B)

lies in A and hence in intx A. This also proves the version for subcontinua stated in [7, Lemma 6.3].
Fact 2.3. Let X be a continuum.

(a) If Ay D Ag O --- are nonempty compact subsets of X, then A, — (), An in the Hausdorff
metric. If all A, are continua, their intersection is a continuum.
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(b) For a closed set F C X, the set {A € C(X): F C A} is closed. For an open set U C X,
the set {A € C(X): ANU # 0} is open.

These are standard hyperspace facts; see [3, 5.
For = in a continuum K, its composant is the union of all proper subcontinua of K containing
x. This classical notion differs from the meager and filament composants studied in [1].

Fact 2.4. Let K be a nondegenerate indecomposable continuum.

(a) Ewvery proper subcontinuum has empty interior in K.

(b) The composants are pairwise disjoint, each is dense in K, and there are uncountably many
of them.

(c) A subcontinuum meeting two distinct composants equals K.

(d) Every nonempty open subset of K is uncountable. Consequently every countable closed
subset is nowhere dense, the complement of any countable subset is dense, and a dense
subset remains dense after removal of finitely many points.

For (a), see [5, Chapter XI| and [8, Teorema 1.1.17]. For (b), see [5, 5.20(a), 11.15 and 11.17].
Part (c) follows because a proper subcontinuum containing x lies in the composant of z. For (d), a
nondegenerate continuum has no isolated points. If U is nonempty and open, choose a nonempty
open V with clg V' C U. The compact set clg V has no isolated points: if W is open in K and
W NelgV = {z}, then W NV is nonempty because z € clg V, so WNV = {z} and z would be
isolated in K. Hence clx V is uncountable [4, Section 6]. Finally, if F is dense and F is finite,
every nonempty open U has U \ F nonempty and open, so it meets F \ F.

Fact 2.5. (a) A subspace of a Polish space is Polish if and only if it is a Gs subset [4, Theo-
rem 3.11].

(b) (Alexandrov-Urysohn) Baire space NY is, up to homeomorphism, the unique nonempty zero-
dimensional Polish space in which every compact subset has empty interior [4, Theorem 7.7].
FEquivalently, such a space is nowhere locally compact.

(c) Baire space is homeomorphic to 1, for ezample through the continued-fraction representation
[4, Chapter I].

(d) (Sierpiniski) The rationals form, up to homeomorphism, the unique nonempty countable
metrizable space without isolated points [4, Exercise 7.12]. Such a space is not completely
metrizable, by the Baire category theorem.

(e) Every compact metric space embeds in [0, 1] [4, Theorem 4.14]. The map (x,) + (zn/n)
embeds that cube in (2, so every compact metric space embeds in (2.

Example 2.6 (A null fan). Let K be a nondegenerate indecomposable continuum and fix o € K.
By Fact 2.5(e), K embeds in £?; after translating and rescaling, choose such an embedding h with
h(o) = 0 and diam h(K) = 1. Let U, be linear isometries from ¢ onto mutually orthogonal closed
subspaces H,, of ¢?. Such subspaces exist because ¢? is isometric to the Hilbert direct sum of
countably many copies of itself. Put

K, =2""Un(h(K)), p=0 X=|]K.

n>1

If z € Hy and y € Hy, with m # n, then ||z —y||*> = ||z|* + [ly[|* > ||z|]>. Hence K, N Ky, = {p}
for n # m, and every x € K, \ {p} has distance at least ||z|| > 0 from p and from every other
piece. Also diam K,, = 2~". When K is a plane continuum, one may instead take h: K — R? with
the same normalization and linear isometries U, : R? — £? whose images are mutually orthogonal
two-dimensional subspaces.

For ) # A C N, set Ax = J,,ca Kn- The map A — Ax is a homeomorphism

2N\ {0} — D(X).
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Thus D(X) is a Cantor set with one point removed; in particular it is zero-dimensional and locally
compact, and is homeomorphic to neither Q nor I.

To prove the assertion, observe first that every point of K, has norm at most 27". A convergent
sequence with points in infinitely many distinct K, has limit p; one with points in only finitely
many K, has its limit in the union of those finitely many compact pieces. Hence X and each Aa
are closed. They are totally bounded: all but finitely many pieces lie in an arbitrarily small ball
about p, and a finite union of pieces is compact. Completeness of £? gives compactness. These sets
are connected since all pieces contain p.

For every n, the set K, \ {p} is open in X, since N(z,||z||) C K, \ {p} for each of its points
x, and it is dense in K,, since K,, has no isolated points. It follows that each Aa is regular. Let
pn: X — K, be the identity on K, and constant equal to p elsewhere. This is continuous off p on
the open sets K, \ {p}, and at p because p,(x) € {z,p}.

For A € D(X), let A ={n:intx AN (K, \ {p}) # 0}. The point p is not open in X, so A # (),
and regularity gives A C Aa. If n € A, then p,,(A) is a subcontinuum of K,, containing a nonempty
relatively open subset. Hence p,(A) = K,, by Fact 2.4(a). Points of K,, \ {p} have no preimages
outside K, so K, \ {p} C A, and closedness gives K,, C A. Thus A = Ax.

If two nonempty codes agree through N, their continua differ only in pieces with index greater
than N, and dg(Aa, Aa) < 27 because p belongs to both. This proves continuity. The condition
n € A is equivalent both to meeting the open set K, \ {p} and to containing K,; it is therefore
clopen in D(X). This proves continuity of the inverse.

This example illustrates the basic geometric mechanism: shrinking indecomposable pieces at-
tached at a single point. It is an infinite version of [6, Proposition 4.15(3)], where n indecomposable
continua meeting at a single point yield 2" — 1 regular subcontinua. The main construction below
extends it by alternating blocks and spines, which changes the hyperspace from the locally compact
space 2\ {0} to the Baire space.

3. THE CONSTRUCTION

3.1. The template. Let K C R? be the Knaster bucket-handle continuum [3, Example 22.11],
scaled so that diam K = 1. Any nondegenerate indecomposable plane continuum would suffice.
Figure 1 shows a finite stage of the standard construction of K.

Lemma 3.1. There are points p, 7o, 71,72, - .. € K in pairwise distinct composants, with rp,, — Too.
There are also points q,a1,az2,... € K in pairwise distinct composants such that {ay : k > ko} is
dense in K for every kg € N.

Proof. Choose p and r, in distinct composants. Inductively choose 7, € N (70, 1/m) in a com-
posant avoiding p, o0, 71, - -, T"m—1. Lhis is possible since infinitely many dense composants remain
(Fact 2.4(b)). Next choose a sequence Vi, Vs, ... of nonempty open sets such that every nonempty
open set contains Vj, for infinitely many k, by repeating each member of a countable base infinitely
often. Choose ¢, and then a; € Vi in a composant avoiding ¢, a1, ...,ar_1. Every index tail of this
sequence is dense. O

The two families may share composants: only the first is used on blocks and only the second on
spines. Put T' = {p} U {ry, : m € N}. Its closure T'U {r} is countable and hence nowhere dense
in K by Fact 2.4(d).

3.2. The index tree. Let P consist of symbols Bg, where (3 is a finite, possibly empty, sequence
of pairs in N x N, and symbols S3,,, where m € N. Call these symbols pieces, with the former
blocks and the latter spines. The same symbols index the abstract vertices of the tree and, after
the realization in Section 3.3, the corresponding geometric pieces of X. Define

par(Sgm) = Bs,  par(Bg—(m)) = Sgm-
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FiGURE 1. The Knaster bucket-handle continuum K, drawn at a finite stage. Let
C C [0,1] be the middle-thirds Cantor set. The continuum K is the union of the

upper semicircles centered at (%, 0) that join points of C' symmetric about %, together
5

737

cn [3%, 3,1%1] symmetric about that center. The figure shows only the semicircles

whose ends are endpoints of the 2% intervals in the fourth stage of the construction
of C.

with, for each n > 1, the lower semicircles centered at ( 0) that join points of

This is a rooted tree with root By. Write M < P when M is a descendant of P, including M = P.
Denote by [P, R] the set of vertices on the unique tree path between P and R. A set F' C P is
convez if [P, R] C F whenever P,R € F'.

The components of the tree with M deleted are the descendant sets of its children and, when
M is non-root, the set of nondescendants of M. Distinct vertices P, R # M lie in different such
components exactly when M € [P, R|. A simple path whose endpoints lie outside a descendant set
never enters that set.

For a non-root piece P, let tp be the point of its parent’s template where it is attached, and op
the point of its own template identified there. Set

p, P is a non-root block,

ts, =r tBs~ = ag op = : ;
Bm LM B (m.k) ’ g, P is a spine.

Thus a non-root block meets its parent spine at the image of p in its own template, and a spine
meets its parent block at the image of ¢ in its own template. Set op, = (0,0) as a coordinate
convention; it need not belong to K. The scales are

Mg, =1, s =27k

_ o—(m+1
m_2(m ) -

8, ABg» ABBA(m,k)

Every child has scale at most one quarter of its parent’s scale, and each parent has finitely many
children above any fixed positive scale. Put

Py={PecP: p>2"} (N =0).

For each non-root P, its own attaching point op and the points ¢, for its children lie in pairwise
distinct composants. Figure 2 shows the first levels of the tree schematically.

3.3. Realization in Hilbert space. We now realize the abstract tree geometrically in ¢2. Each
piece P is represented by a copy of the same continuum K, scaled by the factor Ap and attached
to its parent at the image of the prescribed template point. Every piece receives its own two-
dimensional coordinate plane, orthogonal to the planes of all other pieces, so that distinct pieces
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FIGURE 2. Schematic picture of the first levels of the index tree P. Rectangles are
blocks and ellipses are spines. The label on an edge is the template point ¢. of the
parent at which the child c is attached: 7, for the spine Sg,, and a; for the block
Bg~(m,k)- Every block has infinitely many child spines and every spine has infinitely
many child blocks, as indicated by the dots. The picture is only schematic: in the
construction the pieces are scaled copies of K placed in pairwise orthogonal planes
of £2, not in the plane of the drawing.

can be separated by orthogonal projections, while the rapidly decreasing scales keep all descendants
of a piece within a small ball around the point where that piece is attached. Lemmas 3.2 and 3.3
establish the separation and compactness properties needed later.

Concretely, fix an orthonormal family {ep, fp : P € P} in £2. Let Ep = span{ep, fp}, let
Jp: R? — Ep be the isometry Jp(x,y) = rep +yfp, and let 7p be orthogonal projection onto Ep.
Set pp, = 0 and define recursively

op(z) =pp +ApJp(2 —op), PP = Ppu(p)(tr) (P # By).

Thus ¢p, = Jp,|x. Identify each piece P with ¢p(K). For a non-root piece, ¢p(op) = pp €
P Npar(P). The root point pp, is not an attaching point and is not required to lie in By.
Define closed sets

Yp=dcp | J M, X=Yg, Zp=dg |J M (P+#By).
M=P MZAP

All closures of subsets of X may be taken either in X or in ¢2, since X is closed. We use the norm
metric.

Lemma 3.2 (Coordinates). Let By = Py, P1,..., P, = M be the root path of M. For z € K and
r = pum(2), put w; =tp,_, fori<n and w, = z. Then

wp,(x) = Ap,Jp,(w; —op,) (0 <1i<n), mr(z) =0 (R ¢ {Po,.. .,Pn}).

Proof. Since pp,, = ¢p,(tp,.,) = pp, + Ap,Jp,(tp,,, — op,) for i < n, and pp, = 0, o, = (0,0),
unfolding the recursion along the root path gives

z=par + AuJu(z = onr) = Y ApJp (wi — op).
=0

The i-th summand lies in Ep,, and the planes Ep, P € P, are pairwise orthogonal. Applying 7p,,
or g for R off the root path, gives the assertion. O
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The following lemma collects the geometric properties of the realization. Parts (a)—(b) control
the sizes of subtrees; parts (c)—(g) describe how subtrees intersect and how they are separated; part
(h) shows that X is a continuum.

Lemma 3.3 (Geometry of X). (a) Every Py is finite, contains the root, and contains the par-
ent of each of its mon-root members.
(b) If P # By and x € Yp, then ||z — pp|| < §Ap. In particular, diamYp < 3Xp.
(c) For every piece P, one has Yp = P UJ,.Y., where ¢ ranges over the children of P.
(d) For every P, including the root, wp is constant on each child subtree Y:

wp(Ye) = {\pJp(t. —op)}.

(e) If P # By, then wp vanishes on Zp, and for x € Yp it vanishes if and only if v = pp.

(f) Distinct children ¢, of P satisfy YeNYy =0, and Y. N P = {p.}.

(g) If P # By, then X = YpU Zp and Yp N Zp = {pp}. Thus Yp \ {ppr} = X \ Zp and
Zp\{pr} = X\ Yp are open in X.

(h) The space X is a continuum. Along any infinite branch By = Py, Py, . . .,

diamYp, <3\p, <3- 4_(n_1)>\p1 (n > 1),

and (), Yp, is a singleton. Every point of X either belongs to a piece or is the point of such
an intersection.

Proof. Tree and scale estimates. (a) Every step multiplies the scale by 2-0U+1) with j > 1. The
inequality Ap > 27 therefore bounds depth by N/2 and bounds each index in the name of P.
There are finitely many such names, and scales decrease along paths away from the root.

(b) Suppose x € M = P, and write P = My, My, ..., M; = M. Then

Tr—pp= Z(pMi+1 _pMi) + (z — pm)-
1<j
All these pieces are non-root. Each displacement in M; has norm at most Ay, diam K = A\p;, and
H.T} —pMH S )\M- Thus
lz = ppll S Ap> 47 = 3)p.
i>0
The bound passes to the closure; the diameter is at most %x\ p < 3\p.

Subtree decomposition and separation. (c) Only the inclusion from left to right needs proof.
Choose z, — y € Yp, with x,, in descendant pieces. If a subsequence lies in P or in a fixed Y,
closedness gives the conclusion. Otherwise pass to a subsequence lying in pairwise distinct child
subtrees Y, . Then \., — 0, so (b) gives ||z, — p, || = 0. Since p,, € P and P is compact, y € P.
This uses no compactness assumption on X.

(d) The root path of every descendant of ¢ passes through P and then ¢. Lemma 3.2 therefore
gives the specified coordinate on the descendant union, and continuity extends it to Y.

(e) For a nondescendant M of P, the root path omits P, so the coordinate vanishes on M and
hence on Zp. On P it vanishes exactly at pp(op) = pp. On Y, its constant value from (d) is
nonzero, because t. and op lie in distinct composants. Part (c) exhausts Yp.

(f) Apply (e) to the non-root child c¢. Its coordinate vanishes on Y» U P C Z, and vanishes on
Y. only at p.. Thus Y. NYy C {p.}, and symmetrically it is contained in {po }. Since t. # t and
@p is injective, these points differ. The same argument gives Y. N P = {p.}.

(g) Every piece is either a descendant of P or a nondescendant, so X = Yp U Zp. Part (e) gives
YpNZp C {pp}, and pp € par(P) C Zp. The open-set identities follow by taking complements of
closed sets.

Compactness and connectedness. (h) For a piece outside Py, let P be the first vertex outside
Pn on its root path. Its parent belongs to Py. Part (b) puts every point of that piece within
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%)\p < % 27N of pp € |JPy. The finite union |JPy is compact, so these estimates prove total
boundedness of the union of all pieces. Its closure in the complete space ¢? is compact. The unions
|JPn are connected, since their vertices are joined to the root by paths of incident pieces; they
increase and exhaust the piece union. Hence X is connected.

Along an infinite branch, the displayed diameter bound follows from (b) and the scale recursion.
The nonempty compact sets Yp, decrease and their diameters tend to zero, so their intersection
is a singleton. If y lies in no piece, part (c¢) successively places it in a child subtree at each level,
giving the required infinite branch. U

Remark 3.4. The intersection identities in Lemma 3.3(e)—(g) show that taking closures introduces
no additional contacts between a subtree and its complement. This includes limit points of infinitely
many small subtrees. Separation follows from the coordinates of the relevant child, together with
the distinct attachment coordinates on its parent.

For a piece M, let At(M) consist of its child attaching points p., and additionally pp; when M
is non-root. Any other piece meets M, if at all, only in At(M): descendant pieces lie in a child
subtree, and nondescendants, when present, lie in Z;.

Figure 3 illustrates the next lemma: the attaching points on a block form a small set, while the
child attachments on a spine are dense.

Lemma 3.5 (Interiors). (a) For every block B, intx B is dense in B and disjoint from At(B).
It meets no other piece.
(b) Ewvery spine has empty interior in X.
(c) The set U = |J{intx B : B is a block} is open and dense in X.

Proof. (a) Put D = clx At(B). The child attaching points of B = By are ps,, = v5(ts,,,) =
¢B(rm). When B is non-root, its own attaching point is pp = ¢p(op) = ¢p(p). Hence At(B) C
vp(T), and D is contained in the countable compact set ¢p(clg T). Thus B\ D is dense in B by
Fact 2.4(d). Fix x € B\ D and 6 = d(z,D) > 0. There are only finitely many children ¢ with
%)\c > 0/2; call this finite set £. For these children, = ¢ Y. and hence d(z,Y.) > 0. For the others,

d(z,Y.) > d(z,p.) — %)\c > 0/2.

When B is non-root, also d(z, Zg) > 0. Choose n > 0 smaller than 6/2, all d(x,Y,.) for ¢ € £, and,
only in the non-root case, d(x,Zp). The decomposition of Lemma 3.3(c),(g) gives N(z,n) C B.
For the root the parent-side term is simply absent.

Conversely, each w € At(B) is the unique intersection of B with an incident nondegenerate piece.
Such a piece has points different from w arbitrarily close to w, all outside B. Thus w ¢ inty B.
Since other pieces meet B only at its attachments, the last assertion follows.

(b) Fix x € S and n > 0. Choose kg so that % 2= (ko+t1) \g < 1/2. Tail density gives k > ko with
llps(ar) — x|l < n/2. The child block attached there lies in N(x,n) by Lemma 3.3(b) and contains
points outside S. Thus x is not interior to S.

(c) Openness is immediate. Block points lie in cly U by (a). The argument in (b) approximates
every spine point by child-block points, hence by points of U. Finally, a branch limit is approxi-
mated by points in the even-level blocks on its branch, since the subtree diameters tend to zero.
Lemma 3.3(h) exhausts X. O

4. THE REGULAR SUBCONTINUA OF X

Definition 4.1. For M € P, the branches at M are W, =Y.\ {p.} for the children ¢ of M, with
attaching points p., and, only when M # By, the set W_ = Z; \ {pas} with attaching point pyy.

Lemma 4.2 (Branches). Let M € P.
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block B spine S

FIGURE 3. Schematic comparison of a block and a spine. Both are scaled copies of
K, drawn here at a coarse stage of the construction in Figure 1. Left: the child spines
of a block B (small ellipses) are attached at the points ¢p(ry,), which converge to
©B(reo) (open circle). Together with the attaching point pp = ¢p(p) of B itself
(when B is not the root), these points lie in the countable closed set (T U{rx}),
which is nowhere dense in B; together with the subtree estimates, this gives density
of intx B in B (see Lemma 3.5(a)). Right: the child blocks of a spine S (small
squares) are attached at the points ¢g(ay), which are dense in S. Every point of S
is therefore a limit of points of X \ .S, and S has empty interior in X (Lemma 3.5(b)).
The children shrink, and only finitely many of them exceed any given size; in the
construction they lie in planes of £2 orthogonal to the plane of their parent. Blocks
supply the interior from which regular subcontinua are built (Lemma 4.5), and spines
impose the density condition (c) of Theorem 4.6. Remark 5.6 shows that spines are
needed, Remark 5.7 that every block must carry spines, and Remark 5.5 records the
role of blocks.

(a) The branches at M are open, pairwise disjoint, and disjoint from M, and together with M
they cover X.

(b) If W is a branch with attaching point w, then W U{w} is closed and meets M exactly at w.

(¢) The attaching points of distinct branches correspond under @y to points in distinct com-
posants of K.

(d) Every piece R # M lies in W U {w} for exactly one branch W, and meets W. Two pieces
R, R # M correspond to different branches exactly when M € [R, R'].

Proof. Every statement involving W_, Zj;, or the parent attaching point pp; in this proof is
restricted to non-root M.

(a) Each W, = X'\ Z. is open, since children are non-root. Distinct child branches are disjoint by
Lemma 3.3(f), and each is disjoint from M. At the root, Lemma 3.3(c) gives the entire decompo-
sition. At a non-root M, the additional branch W_ = X \ Y} is open and disjoint from M and all
child branches. Parts (c) and (g) of that lemma give the full decomposition, since all the omitted
attaching points belong to M.

(b) The relevant one-point enlargements are Y., and, in the non-root case, Zy;. The assertion
follows from Lemma 3.3(f),(g).

(c) At the root, the attaching points are @/ (r,,), which lie in distinct composants by Lemma 3.1.
At a non-root piece the template points are its child attachment points ¢. and its own attaching
point oy, again in distinct composants by construction.



10 LUCAS ALVES DE ALMEIDA

(d) If R < ¢ for a child ¢, then R C Y,; otherwise, at a non-root M, one has R C Zy;. A
nondegenerate piece cannot be contained in the single attaching point, so it meets the corresponding
branch. The closed one-point enlargements of two distinct branches are disjoint: the open branches
are disjoint, meet no point of M, and have distinct attaching points. This proves uniqueness. The
last assertion follows from the components of the abstract tree with M deleted. ]

Lemma 4.3 (Retractions and crossing). For M € P, define rar: X — €2 by vy (x) = par+mar(2),
with pp, = 0.
(i) The map rp; takes values in M and is a 1-Lipschitz retraction of X onto M. For each

branch W at M with attaching point w, it maps W U {w} to w.
(ii) For A € C(X), the set ryr(A) is a subcontinuum of M and

rv(A) = (ANM)U{w: W is a branch at M, ANW # 0} C(ANM)UAt(M).

(iii) If A € C(X) meets W but is not contained in W, then w € A. If A is not contained in a
single branch at M, then rjpr(A) C A.
(iv) If A € C(X) meets two distinct branches at M, then M C A.

Proof. (i) Orthogonal projection gives |7 () =7y (y)|| = |7 (x—y)|| < ||lz—y||. On M, Lemma 3.2
gives mar(par(z)) = oam(z). On Y, Lemma 3.3(d) gives

v () = pav + Am Iy (te — om) = pe.
For a non-root M, part (e) of that lemma gives ry/(x) = pps on Zps. These cases cover X by
Lemma 4.2, and in each case the value lies in M. From now on we regard rj; as a map X — M.

(ii) This follows from (i) and the branch decomposition, since the continuous image of a contin-
uum is a continuum.

(iii) If w ¢ A, the disjoint open sets W and X \ (W U {w}) cover A. The assumptions force A
to meet both, contradicting connectedness. If A is not contained in any single branch, apply this
conclusion to every branch it meets and use (ii).

(iv) By (iii), rar(A) € A. This subcontinuum of M contains the attaching points of two distinct
branches, which lie in distinct composants by Lemma 4.2(c). Fact 2.4(c) forces rp(4) = M. O

Lemma 4.4 (Pieces are atoms). If A € C(X) and P is a piece with intxy AN P # 0, then P C A.

Proof. The set intx AN P is a nonempty relatively open subset of P contained in the subcontinuum
rp(A). Fact 2.4(a) gives rp(A) = P. Lemma 4.3(ii) then gives P \ At(P) C A. Since At(P) is
countable, its complement is dense in P by Fact 2.4(d), and closedness yields P C A. U

The lemma holds for every piece, but it is used below only for blocks. For a block B and
A € D(X), its hypothesis holds as soon as A meets intx B, by regularity of A.

Lemma 4.5 (Regularity comes from blocks). FEvery block is regular closed in X. For every A €
D(X),

A=clx| J{B: B is a block and B C A}.
Conwversely, the closure of the union of any nonempty family of blocks is reqular closed in X.

Proof. Blocks are regular closed by Lemma 3.5(a). The dense open set U from part (c) of that
lemma meets intx A densely in intxy A. Every such point lies in the interior of a block meeting
intx A, and Lemma 4.4 puts that entire block in A. Thus regularity of A gives the displayed
equality. The converse is Lemma 2.1. O

Lemma 4.5 shows that a regular subcontinuum is determined by the blocks it contains. The next
theorem characterizes exactly which collections of pieces arise in this way, and its proof shows where
each condition comes from. Convexity is forced by crossing indecomposable pieces: a subcontinuum
that meets two branches at a piece M must contain all of M (Lemma 4.3(iv)), because attaching
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points in distinct composants of M cannot be joined inside a proper subcontinuum of M. The
density condition is forced by regularity: by Lemma 4.5, every point of an included spine S is
approximated by included blocks; near a point of S that is not an attaching point, such blocks lie
below children of S attached nearby, and convexity puts those children into the set. Conversely,
convexity makes the union of the included pieces connected, and density puts each included spine
in the closure of the included blocks.

For Ae C(X), set F(A)={PeP:PC A}

Theorem 4.6 (Description of D(X)). A set F' C P equals F(A) for some A € D(X) if and only if

(a) F contains a block;
(b) F is convex in the tree;
(c) for each spine S € F, the set {pp: B € F is a child of S} is dense in S.

In that case

A=cx| J{B € F:Bis a block}.
In particular, A — F(A) is injective on D(X).

Proof. Necessity. Let A € D(X). Part (a) follows from Lemma 4.5 and nonemptiness of A. For (b),
if P,Re F(A)and M € [P, R]\{P, R}, then P and R meet different branches at M. Lemma 4.3(iv)
gives M C A.

For (c), let S € F(A) be a spine. Since At(.S) is countable, S\ At(S) is dense in S by Fact 2.4(d).
Fix z in that complement and € > 0. Let £ be the finite set of children ¢ with %)\C > ¢/2. The
point x belongs to neither Zg nor any Y., because their intersections with S are attaching points.
Choose

0 <n<min({e/2, d(z,Zs)} U{d(z,Y.): c € EY).
By Lemma 4.5, some block B C A meets N(z,7n) at a point y. As this neighborhood avoids Zg,
the block is below S, and hence below a unique child ¢ of S. The neighborhood avoids all Y, with
c € &, so this child is not in £. Therefore

lpe — 2]l < llpe =yl + ly — zll < gAc+ lly — 2 <e.

Convexity puts ¢ € [B,S] C F(A). This proves the required density.

Sufficiency. Suppose (a)—(c) hold. Let G be the blocks in F' and put A = clx |JG. By (a) and
Lemma 4.5, A is nonempty and regular closed. The union |J F' is connected: any two of its pieces
are joined by a finite path of included pieces with successive nonempty intersections. Each included
spine lies in A by (c), since its included child attachments are dense and belong to A. Thus

UFQAQCIXUF,

and A = cly |J F is a continuum.

We now show that closure adds no unrecorded piece. If a block B lies in A, the nonempty open
set intx B meets some member B’ of G. By Lemma 3.5(a), it meets no other piece, so B= B’ € F.
If a spine S lies in A, choose x € S\ At(S) and 0 < 1 < d(z, Zg). Some By € G meets N(z,n)
and lies below a child ¢; of S. Since = ¢ Y,,, choose 0 < 12 < min{m,d(x,Y;,)}. Some By € G
meets N (x,n2) and lies below a different child co. The path [By, Bs| passes through S, so convexity
gives S € F. Therefore F(A) = F. The formula for A and injectivity follow from Lemma 4.5. [

Remark 4.7. In the presence of (c¢), condition (a) is equivalent to F' # 0: if F' contains a spine S,
then (c) forces child blocks of S into F. This is why (a) is described as a nonemptiness condition
in the introduction and in Section 6.

The point to retain from Theorem 4.6 is the representation formula

A=clx| J{B € F: B is ablock},
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which recovers a regular subcontinuum from the blocks it contains, together with the description of
the admissible sets of pieces by conditions (a)—(c). Section 5 turns this description into a topological
identification.

5. PROOF OF THEOREM A

We regard each collection of pieces as a binary code, recording every piece as either included or
excluded; thus collections of pieces are points of the Cantor cube 27. Let ® C 2% consist of the
sets satisfying (a)—(c) of Theorem 4.6. That theorem gives a bijection

3:D(X) — D, B(A) = F(A),

whose inverse is ®~1(F) = clx |J{B € F : B is a block}. In particular, inclusion of codes implies
inclusion of their corresponding continua.

The proof of Theorem A now divides into three parts. Proposition 5.2 shows that ® is a homeo-
morphism, so the hyperspace problem becomes a problem about the code space ®. Proposition 5.3
shows that ® is a nonempty zero-dimensional Polish space. Proposition 5.4 shows that no point of
D(X) has a compact neighborhood. The Alexandrov—Urysohn theorem then identifies D(X) with
the Baire space.

Lemma 5.1. If A A’ € D(X) and F(A)N Py =F(A)NPn # 0, then
dg(A,A) < 427N,

Proof. Tt suffices to bound d(y, A) for every point y in every block B C A’; Lemma 4.5, continuity
of distance, and symmetry then conclude the proof. If B € Py, it is included in both codes.
Otherwise let M’ be the first piece outside Py on the root path of B, and let M = par(M’') € Py.
Choose R in the common nonempty finite code. Every descendant of M’ has scale less than 27V,
so R is not below M’. The path [R, B] passes through M, and convexity puts M in both finite
codes. Thus py;r € A, and Lemma 3.3(b) gives

d(y, A) < |ly — parll < 520 < 5277 0
Proposition 5.2. The map ® is a homeomorphism from D(X) onto ©.

Proof. For continuity of ®, it suffices to prove that Up = {A € D(X) : P C A} is clopen for each
piece P. It is closed by Fact 2.3(b). To prove openness, suppose 4, — A in D(X) with P C A.

If P is a block, choose x € intx P, which is possible by Lemma 3.5(a), and 6 > 0 with N(z,9) C
intx P. For large n, Hausdorff proximity gives y € A, with ||y — z|| < 6/2. Regularity supplies
y' € intx A, with ||y — y|| < §/2. Then ' € intx A, Nintx P, so Lemma 4.4 gives P C A,,.

If P is a spine, Theorem 4.6(c) provides two distinct child blocks Bj, By of P in F(A). By the
block case, both lie in A,, for large n. Since [Bi, Bs] = {Bi, P, B2}, convexity of F(A;) forces
P C A,.

For continuity of ®~!, suppose F,, — F in ®. For every sufficiently large N, the set F N
Py is nonempty. Since Py is finite, eventually F;, N Py = F N Py. Lemma 5.1 then gives
dg(®~Y(F,),® Y(F)) < % 27N Letting N increase proves convergence. O

Proposition 5.3. The code space ® is a nonempty Gs subset of 2F. Consequently D(X) is a
nonempty zero-dimensional Polish space.

Proof. For a piece P, write [P] = {F C P : P € F}, a clopen cylinder. For each spine S, choose a
countable base {Vs ; : j € N} of nonempty open subsets of S. Then ® =D, N Dy, N D., where the
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three sets, which express conditions (a), (b) and (c) of Theorem 4.6, are

D, = U{[B] : B is a block},
o= () () (@P\[PDUEP\[R) UM]),

P,REP ME€[P,R]

o= N N ((27’ \[S) U J{[B] : B is a child of S with ps € VSJ}).
S spine j>1
The set D, is open, Dy, is closed, and ®. is a countable intersection of open sets. Closed sets in a
metric space are Gy, so © is a G5 set. The code P = F(X) witnesses nonemptiness. Fact 2.5(a) gives
Polishness, and zero-dimensionality is inherited from the Cantor cube. Apply Proposition 5.2. [J

The last step rules out local compactness. Given A € D(X), we modify its code inside the subtree
of an arbitrarily small spine S attached to an included block. This produces admissible codes Fj
whose regular subcontinua Ay, lie within € of A. Case 1 adds S together with shrinking tails of its
children; Case 2 removes the included children of S, together with their subtrees, finitely many at
a time. The continua Ay, converge in C'(X) to a subcontinuum A*, and the codes converge in 27 to
F(A*). This limit code contains S but none of the children of S, so it is forbidden by condition (c),
and A* is not regular. Hence no compact subset of D(X) can contain a neighborhood of A.

Proposition 5.4. For every A € D(X) and € > 0, there are A, € D(X) with dg(Ag, A) < € for
every k, such that Ay, converges in C(X) to a subcontinuum A* ¢ D(X). Consequently no point of
D(X) has a compact neighborhood in D(X).

Proof. Choose a block Bg € F(A) and a child spine S = Sg,, with 3\g < e. Write BY) = Bg—,,,
for the children of S. By Lemma 3.3(b), diam Yg < 3\g < ¢, and every point of Yy is within %)\5 <e
of pg € Bﬂ C A

Case 1: S ¢ F(A). No piece below S belongs to F(A), since its path to Bg would force S into
the code. The block representation gives A C Zg, and therefore ANYs = {pg}. Set

Fp=F(A)U{SYu{BY :j >k}

This code contains Bg. Paths between old pieces remain in the old code. If P is old and R is
new, then R lies below S and P does not, so [P, R] = [P, Bg] U [S, R|; here [P, Bg] C F(A) by
convexity, and [S, R] C {S, R}. A path between distinct new child blocks passes through S. Thus
Fy, is convex. At S, the selected child attachments form a dense tail by Lemma 3.1; at every old
included spine, the selected children are unchanged. Hence Fj € D.

Let Ay = ®~1(Fy). We claim

dy | JBY =su | BY.

=k Jjzk
The inclusion from right to left follows from density of the attaching points on S. For the reverse
inclusion, a convergent sequence in the union either has a subsequence in one fixed child block,
or has a subsequence with indices tending to infinity. In the second case its distance from the
corresponding attaching points in S tends to zero, since the child scales tend to zero. Thus the
limit lies in S.

Consequently
A, =AUSU UBU), AC A, CAUYs,
>k

and dp(Ag, A) < e. These continua decrease. Since the child blocks are pairwise disjoint, no point
belongs to every tail union, and

ﬂAk =AUS =: A*.

k
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Fact 2.3(a) gives convergence in C'(X). Since S has empty interior, Fact 2.2 gives intx (AU S) =
intx A. Therefore

clyinty A* = A#£AUS = A,

so the limit is not regular. '

Case 2: S € F(A). Put T = {j : BY € F(A)}. The set {a; : j € T'} is dense in K by
Theorem 4.6(c). Delete the entire descendant subtrees rooted at the first finitely many selected
children:

Fy=F(A)\{ReP:R=BY for some j € T with j < k}.

The block Bg remains. A simple path between vertices outside a deleted hanging subtree cannot
enter it, so F} remains convex. At S, the retained child attachments are obtained by deleting
finitely many points from a dense set, hence remain dense by Fact 2.4(d). If another retained spine
S’ lost a child R, then R < BU) for a deleted child block. Since R # BU) when S’ # S, the parent
S’ would itself lie below BY) and would have been deleted. Thus every other retained spine keeps
all its selected children. Hence F} € ©.

Set A, = ®~!(F}). The sets decrease, satisfy S C Ay C A, and obey A C Ay UYs: every block
of F(A) either survives or lies in Yg, and Ay U Yy is closed. Since pg € Ay, the radius bound gives
du(Ag, A) < e. Let A* =, Ax. This is a continuum containing S, and A, — A*.

No block below S lies entirely in A*. Indeed, such a block B’ lies below a unique BY). If j € T
and k > j, then B’ ¢ F, = F(Ag), that is, B’ € Ayg; since A* C Ay, also B’ € A*. If j ¢ T, then
B’ ¢ F(A), since otherwise convexity of the path [B’, S] would force BY) € F(A); since A* C A,
again B’ Z A*.

The set O = Ys \ {ps} is open, and every piece meeting O is below S, since every nondescendant
lies in Zg. If A* were regular, Lemma 4.5 would express it as the closure of the union of the blocks
it contains. None of these blocks is below S, so all lie in the closed set X \ O, as does their union
closure. This contradicts § # S\ {ps} € A* N O. Hence A* ¢ D(X).

Finally, if a compact subset of D(X) were a neighborhood of A, it would contain some Hausdorff
ball about A and hence a sequence of the kind just constructed. A subsequence would converge
inside that compact subset, whereas its limit in C'(X) is the nonregular A*. Uniqueness of limits
gives a contradiction. O

Proof of Theorem A. By Propositions 5.3 and 5.4, the space D(X) is nonempty, zero-dimensional,
Polish, and has no compact neighborhood at any point. Equivalently, every compact subset has
empty interior. Fact 2.5(b),(c) gives D(X) = NN =~ T. O

Remark 5.5 (Blocks). Blocks are the only pieces with nonempty interior in X. They provide the
representation in Lemma 4.5, and their atomic behavior in Lemma 4.4 makes containment of a
fixed block an open condition in D(X). We make no claim about the topology of D(X) for the
variant in which every piece is a spine.

Remark 5.6 (Spines). Suppose instead that every piece is a block, each carrying shrinking child
blocks attached at the template points 7,,,, with scales 27 (™*1) times that of the parent and with
op = p for every non-root piece. Onme checks that the arguments above apply with no spine
conditions. The attaching points on each piece are still images of points of T', which lie in distinct
composants, so Lemmas 3.2-3.3, Lemma 3.5(a),(c), and Lemmas 4.2-4.5 hold, with the steps
concerning spines omitted. In Theorem 4.6, condition (¢) and the spine steps of the proof become
vacuous. In Proposition 5.2, only the block case is needed, and Lemma 5.1 uses only convexity.
Hence the regular subcontinua are coded homeomorphically by the nonempty convex subsets of the
tree. Convexity is closed, so this code space is closed in the locally compact space 27 \ {#}. It is
therefore locally compact. The density condition at spines is the feature used in Proposition 5.4 to
obtain the opposite behavior in our construction.
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Remark 5.7 (Leaf blocks). In a variant of the construction in which some non-root block B has no
children, B would be isolated in D(X). For a sufficiently close regular subcontinuum A, regularity
and a ball in intxy B imply B C A by Lemma 4.4. If A # B, the block representation supplies
another included piece, and convexity forces inclusion of the parent spine S of B. Choose z € S\ B.
Then dy(A,B) > d(z,B) > 0, independently of A. These two observations give an isolating
neighborhood of B. Thus the presence of further spines on every block, at every level, prevents
this particular obstruction.

6. REMARKS ON THE RATIONAL CASE

The construction above does not yield a hyperspace homeomorphic to Q. This section identifies
limitations of the particular coding and approximation methods used here, contrasts independent
choices with a nested approximation construction, and explains why these observations do not
resolve Problem Q in general.

The proof of Theorem A uses a homeomorphic coding by subsets of a countable tree, a Gs
description of the admissible codes, and independent choices among densely attached blocks on
small spines. These ingredients produce a Polish space with no compact neighborhoods. For Q, the
relevant characterization is instead Fact 2.5(d): a nonempty countable metrizable space without
isolated points is homeomorphic to Q.

6.1. Descriptive complexity. If D(X) = Q, then D(X) is countable, hence F, in C(X), but it
is not completely metrizable (Fact 2.5(d)) and so cannot be Gy there (Fact 2.5(a)). A coding of
the kind given by Theorem 4.6 and Propositions 5.2 and 5.3, with an open nonemptiness condition,
a closed convexity condition, and countably many open density conditions (Remark 4.7), always
produces a Gy subset of a Cantor cube, hence a Polish space. It therefore cannot produce an
example for Problem Q. This observation is compatible with the general I3 bound on D(X) [8,
Teorema 2.0.2]. In general, D(X) need not be G in C(X); the following argument is from [8, p. 23].
Let X =[0,1]?. Then D(X) is dense in C(X) [6, Theorem 3.6]. So is the set M of subcontinua
with empty interior: every subcontinuum A of the square is a Hausdorff limit of continua consisting
of finitely many segments, obtained by joining the points of a finite e-net of A that lie at distance
less than 2e. For a countable base {V},} of nonempty open subsets of X, Fact 2.3(b) shows that
M=N{AeC(X):clxV, € A} is a G; set. Since D(X) N M = (), the Baire category theorem
in the compact space C'(X) shows that D(X) is not Gs. By contrast, the hyperspace in Section 6.3
is countable and locally compact, hence Polish.

6.2. Independent approximation. The limitation in Section 6.1 concerns the topological type
of the code space. A second one concerns how many regular subcontinua occur near a given one:
by Theorem A, every nonempty open subset of D(X) has cardinality 2%°, as every nonempty open
subset of NN does. The following elementary observation isolates the underlying mechanism, inde-
pendent choices among small regular subcontinua attached to a fixed one, in a general continuum,
and turns it into a necessary condition for Problem Q.

Remark 6.1 (Independent fans). Let X be a continuum and A, By, B, ... € D(X). Suppose every
B,, meets A,

sup{d(b,A) : b € B,} — 0,
and there are points z,, € B, \ clx (A U Um;ﬁn Bm). Then

©+— Au ] B,
neo
is an injection from 2" into D(X). Indeed, put Eg = AU Unce Bn- A convergent sequence using
infinitely many distinct B, has distance tending to zero from A, so its limit lies in A. Limits
involving finitely many pieces lie in their compact union with A. Thus Eg is closed. It is connected



16 LUCAS ALVES DE ALMEIDA

because every selected B,, meets A, and regular closed by Lemma 2.1. Finally, x,, € Fg if and only
if n € ©, proving injectivity.
Since A C Eeg, one has dy(Ee, A) < sup,,>y sup{d(b, A) : b € B, } whenever © C {N,N+1,...}.

Hence every neighborhood of A in D(X) contains 2% regular subcontinua. Consequently, if D(X) =
Q, then no A € D(X) admits a sequence By, By, ... as above.

6.3. Nested approximation. A contrasting example is the null chain of [8, Ejemplo 3.2.1]. The
thesis indexes the pieces from 0; we index them from 1, so that our K,, F,, and 7T, below
correspond to K, 1, Anm:11 and A,,_1 there. Let

L:{p}UUKn, pééUKn,

n>1 n>1

where the nondegenerate indecomposable continua K, converge to {p}, consecutive pieces meet in
exactly one point z, = K, N K41, and nonconsecutive pieces are disjoint. As in [8, Figura 3.1],
the point p lies in none of the K. Finite chains of indecomposable continua are treated in [6,
Proposition 4.15(1)]. The regular subcontinua of L are exactly

Fom=|JK; A1<n<m), T,={pulJK ®n=>1)
j=n

jzn

Indeed, let U,, = K, \ {xn—1,2n}, where x( is omitted. Since K,, — {p} and p ¢ K, a point
y € U, has a neighborhood that misses p and meets only finitely many pieces; the pieces other
than K,, among them are closed and miss y, and so do z,,—; and x,, so shrinking the neighborhood
shows that U, is open in Lj; it is dense in K,, by Fact 2.4(d). Let p,: L — K, be the identity on
K, constant equal to z,—1 on J,,., Km, and constant equal to z,, on {p} UlJ,,~, Km. These
three closed sets cover L and meet only at x,_1 and x,, so p, is continuous. As in Example 2.6,
if A € D(L) and int;, A meets U,, then p,(A) = K, by Fact 2.4(a), and since points of U, have
no other preimages, K, C A. The union |J,, U, is open and dense in L, so int;, AN, Uy is dense
in A, and regularity gives A = clf, |J,,ca Kn, where A = {n : K, C A} is nonempty. In particular
AC{ptUlUjen K. It n <m <k with n,k € A and m ¢ A, then A is the union of the disjoint
nonempty closed sets ANJ,_,, K; and AN ({p} UU,~,, K;), contradicting connectedness. Hence
A is an interval of indices, and A is some F}, ,, or T,,. Conversely, these sets are connected, and
regular closed by Lemma 2.1.

For each j, the set {A € D(L) : K; C A} is closed by Fact 2.3(b) and, by the classification, equals
the open set {A € D(L) : ANU; # (0}. These clopen sets isolate each F}, ,,,: it is the only regular
subcontinuum containing Ky, ..., K, but neither K,,_; nor K,,1+1. On the other hand, z,, € T),+1
gives dp (Fpm,Ty) < diamTy,4+1 — 0 as m — oo. Thus D(L) is the topological sum of the clopen
sets {Fy,m : m > n}U{T,}, each homeomorphic to w + 1, and D(L) = w?, as in the cited example.
Moreover, T,, — {p}, which is not regular, while dy (T}, T,,+1) > 0 because K, N T,,11 = {xn}.
In particular, every non-isolated point of D(L) admits an increasing approximation by isolated
finite unions. The thesis also considers finite unions of copies of this example joined at a point [8,
Section 3.2.1].

The assumption p ¢ J,, K, prevents an additional connection between the limiting tail and an
earlier piece. Without it, the intersection conditions alone do not imply the displayed classification.
For example, identifying p with a point of K7 different from KN K> creates a regular subcontinuum
consisting of the first piece together with the third-and-later tail, which is not in the displayed list.

6.4. Scope of these observations. In summary, nested approximation along a chain keeps the
hyperspace countable but leaves isolated points, whereas independent dense attachment removes
isolated points at the cost of continuum many nearby regular subcontinua and a Polish code space.
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These are limitations of the two mechanisms considered here, not an obstruction to Problem Q in
general, which remains open.
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e use the known restrictions on D(X) to rule out hopeless cases: D(X) compact only when
finite, D(X) = {X} for indecomposable X, arcwise connected for locally connected X,
never homeomorphic to N;

e try the rational case through decomposable, inverse-limit or non-locally-connected construc-
tions, and the irrational case through the classical characterization of the Baire space.

The manuscript then went through several rounds of feedback, each followed by a revision:

(1) An audit of the first version found errors in a diameter estimate, a remark on a variant of
the construction, an index in an example, and a planar realization. These were corrected
and the proofs expanded.

(2) The author found that the core-protection conjecture of the first version is false: the con-
tinuum of [8, Ejemplo 3.2.1], discussed in Section 6.3, violates it. The author then gave
new directions:

e remove the conjecture and the claims about the rational case;
e instead, explain why the method does not apply to the rationals (Section 6);
e compare the text directly with the literature.

(3) The author revised the manuscript. An audit, checked by the author and Claude Opus 5.5,
then led to corrections of wording and citations.
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Claude formalized the combinatorial core of the proof in Lean 4 (version 4.35.0) with Mathlib
(commit 6015dbb). The Lean source accompanies this paper as supplementary material; it builds
with lake build, and lake env lean CheckAxioms.lean lists the axioms used. Sets of pieces are
encoded as points of the Cantor cube {0,1}”, where P is the tree of Section 3.2 with its parent
map; Lean indexes from 0 rather than 1, which only relabels the tree. Condition (c¢) of Theorem 4.6
is encoded without geometry: for a countable base (V;) of K, put N; = {k : a;, € V}}; an included
spine Sg , must have, for every j, infinitely many included children Bg~(y, ) with k& € N;. This
is equivalent to (c) because K has no isolated points and the points aj are distinct. Without
sorry or added axioms, Lean proves that the code space of admissible sets is a nonempty, zero-
dimensional G5 subset of the Cantor cube, that it is Polish, and that each of its compact subsets has
empty interior; these are the code-space counterparts of Propositions 5.3 and 5.4. The statement
D(X) = NN of Theorem A is then derived from two results that are not formalized and enter as
explicit hypotheses rather than axioms:

e the Alexandrov—Urysohn theorem [4, Theorem 7.7];
e the identification of D(X) with the code space (Theorem 4.6 and Proposition 5.2), the
geometric core of the paper, whose proof uses the Knaster continuum and composants.
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The final step NN = T (Fact 2.5(c)) is classical and is not formalized. The file SanityChecks.lean
checks the translation on small examples, and the development was also checked with the kernel
replay tool leanchecker and with the independent type checker nanoda.

No independent expert has yet verified the proofs. The author takes full responsibility for the
content.
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