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EXPLICIT FINITE p-GROUP COUNTEREXAMPLES TO THE
AMIT-ASHURST CONJECTURE

SHIHAO WANG AND ZHIWEI ZHENG

ABSTRACT. For every prime p, we construct a finite p-group G of order p*°® and nilpotency class
two for which the word w = H;il[xéjfl, z2;] admits a value g # 1 whose fibre has size strictly

less than |G|?3. This gives counterexamples to the Amit-Ashurst conjecture for every prime. We
determine the exact fibre size by reducing the word equation to matrix equations over ), and
counting their solutions.

1. INTRODUCTION

Let F,. denote the free group of rank r > 1 on free generators z1,...,x,. An ordinary word
w € F, induces on every group G a word map w: G" — G via substitution. When G is finite, we
denote the image of this map by w(G) = {w(g1,...,9:) : gi € G}, and for each g € G we write

Nw,G’(g)
G"

for the cardinality and induced probability measure of the fibre over g, respectively.

Nuwa(9) ={(g1,---,9r) €G" 1 w(gr,...,9r) =9},  Puclg) =

Amit proposed the following conjecture; see [Ab06].

Amit Conjecture. For every finite nilpotent group G and every word w € F,.,
Nuc(1) = |G (1)

Ashurst [Ash12] proposed the following strengthening, called the Amit—Ashurst conjecture
[CCT23].

Amit—Ashurst Conjecture. For every finite nilpotent group G and every word w € F).,

Nuw.c(g) > ]G|T_1 for every g € w(G). (2)

Since every finite nilpotent group is the direct product of its Sylow p-subgroups [Rob96,
Theorem 5.2.4] and word evaluation commutes with direct products,

Nw,AXB ((a, b)) = Nw,A(a)Nw,B(b)a
both conjectures (1) and (2) immediately reduce to the case of finite p-groups.

Solomon’s divisibility theorem [Sol69] gives N,, (1) > |G| for every finite group and every
two-variable word. Abért [Ab06] and Nikolov—Segal [NS07] showed that a finite group G is solvable
if and only if there exists a constant e > 0 such that P, (1) > eg for every r > 1 and every
word w € F,.. For arbitrary numbers of variables, Levy [Levll, Theorem 1.1] and, independently,
Iniguez—Sangroniz [IS17] proved the original Amit conjecture for finite groups of nilpotency class
two. Levy’s result also covers finite split metacyclic groups (semidirect products of two cyclic
groups) [Lev1l, Proposition 1.3].

For nonidentity fibres, Ashurst [Ash12, Chapter 4] established the Amit—Ashurst conjecture for
dihedral 2-groups and generalized quaternion groups. Camina-Iniguez—Thillaisundaram [CIT20,
Theorems A and C] proved the Amit—Ashurst conjecture for two-variable words on finite p-groups
of nilpotency class two and for products of disjoint commutators on finite p-groups with exactly
two distinct irreducible complex character degrees. Camina—Cocke-Thillaisundaram [CCT23,
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Theorem A] proved the full Amit—Ashurst conjecture for finite p-groups with a cyclic maximal
subgroup. Kishnani-Kulshrestha [KK24] proved that
| G|r—1

G|

for every finite group G of nilpotency class two, where G' = ([z,y] : z,y € G) and [z,y] =

af:_ly_lxy.

Nu,c(g) = (9 € w(G))

For a group G, set
Gy =G, Guy =[G, Gl =(lv,yl ;2 € Gy, yeG) (12> 1).
A group G has nilpotency class two, written cl(G) = 2, if

G(l) 7é <1> and G(Q) = <1>
We obtain the following result.

Theorem 1.1. For every prime p, there exists an explicitly defined finite p-group G of order
|G| = p**® and nilpotency class cl(G) = 2, such that for the product of twelve disjoint commutators
12

w(ml, - ,2824) = H[l’zjfl, $2j] € Foy, (3)
j=1

there is an attained nonidentity value g € w(G) \ {1} whose fibre has exact cardinality

12
Nua(g) =p"**® (¥ —1) (4)
j=1
12 )
=GP J[(1-p¥) <|G)*. (5)
j=1

Our construction uses the classical description of groups of nilpotency class two by bilinear
maps [Bae38], with quadratic maps describing central extensions of elementary abelian 2-groups
[PYO07, Section 2]. We express commutators as alternating matrices and choose the relations using
a nilpotent shift and an anisotropic binary quadratic form. The word equation then reduces to
a symplectic matrix equation and a quadratic equation whose solutions are determined by the
kernels of the shifts. Counting these solutions gives the fibre size in Theorem 1.1.

2. AMBIENT LINEAR SPACES AND THE RELATION SUBSPACE

We first treat the case p = 2. Unless otherwise stated, all vector spaces are over Fo, and all
vectors are column vectors. Let H = Fi! be an 11-dimensional vector space over Fy equipped with
the ordered standard basis eg, e1, ..., e19. We define the nilpotent shift endomorphism T: H — H
on basis vectors by

Te; =eir1 (0<i<10), Teg = 0. (6)

For each integer 1 < s < 6, the s-fold iterate T satisfies
ker T% = (e11—s,...,€10), dimp, ker 7% = s. (7)
Next, let P = F3* have ordered standard basis fi, ..., fa4, and form the 35-dimensional direct sum

D=P@®H=XFP,
where we order the basis of D by placing all 24 basis vectors of P before the 11 basis vectors of H.

In characteristic two, we denote by Alt,, = Alt,(F2) the Fa-vector space of symmetric n X n
matrices with zero diagonal:

Alt, = {M € Mat,xn(Fo) : MT = M and M;; =0 for all 1 <i < n}.
Here Matgy(F2) denotes the space of a x b matrices. Clearly dimg, Alt, = (). The canonical

bilinear assignment
v Aur—s vul +uv? (v,u € Fy) (8)
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identifies the exterior square A2 % isomorphically with Alt,, sending each elementary wedge

e; Nej (i < j) to the elementary alternating matrix having 1 at entries (¢,j) and (j,i) and 0
elsewhere.

For each
z = (2171, 21,25 ++5%6,1, Z6,2) S H12,
define C'(z) € Matasx11(F2) by
0(2)25—17* = 23:17 0(2)257* = 23:2’ (9)
T

C(2)12425—1,5 = (T%(2s1 + 2s,2)) ", C(2)124255 = (T*252)7, (10)

for 1 < s < 6, where C(z); « denotes the i-th row of C(z). Define

O24x24  C(2) > 12}

K= ize H C Altss . 11
{(C(Z)T Onxnn) ° = (11)

Since each T is linear, the map

H12—>A1t35, Z— (C(

s )

is linear. By the construction of C(z), this map is injective. Hence K is a linear subspace and
dimg, K = dimp, H'? =12- 11 = 132.
Set W = Altss /K, and write 7 : Altgs — W, A— A+ K, for the quotient map. Then

35

dimp, W = (2

) — dimg, K = 595 — 132 = 463. (12)

Remark 2.1. One can realize W explicitly as a direct sum of matrix spaces. For R € Matagx11(F2),
let Ry consist of its first twelve rows and R_ of its last twelve rows. Thus

R
R = <R+> , Ry, R_€ Matlgxll(ﬂ?g).

Define the linear operator L: Matiax11(F2) — Matioxi11(F2) row-wise for 1 < s <6 by
L(R+)25—1,* = (R+,25—1,* + R+,25,*)(T8)T7 L(R—F)Qs,* = R—&—,Qs,*(TS)Ta
where R ;. denotes row i of R;. Then (}+) = C(z) for some z € H'? if and only if R_ = L(R}).

Consequently, the linear map

A R
Altgs — Altos @ Matmxll(Fg) @ Altqq, <

RT B
is surjective (as seen by restricting to Ry = 0) and has kernel precisely equal to K, inducing an
explicit coordinate isomorphism W = Altoy @ Matiayx11(F2) @ Altq;.

) — (A, R_ + L(Ry), B),

3. CONSTRUCTION OF THE 2-GROUP G

To construct a central extension of D = P ® H = F3® by W, we introduce the bilinear map
F: D x D — Altss by

viug, if1<d<j <35,
F(v,u)ij = qvju;, if1<j<i<35, (13)
0, iti=j.
It is immediate from (13) that F'(v,u) is a symmetric matrix with zero diagonal and F is bilinear
in (v,u). Moreover, F satisfies the fundamental identity

F(v,u) + F(u,v) = vul +uv’ € Altss (v,u € D). (14)
Composing F' with the quotient map 7: Altss — W, we set
f(v,u) =m(F(v,u)) € W
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and endow the Cartesian product G = D x W with the binary operation
(v,a)(u,b) = (v+u, a+ b+ f(v,u)) (v,u € D, a,be W). (15)
Write Z(G) = {z € G : zz = xz for every x € G} for the center of G. The exponent exp(G) of
a finite group G is the least positive integer n such that " = 1 for every = € G.

Proposition 3.1. The multiplication rule (15) makes G into a finite 2-group with the following
properties:

(1) |G| = 2498, cl(G) = 2 and exp(G) = 4.
(2) For all (v,a), (u,b) € G,

[(v,a), (u,b)] = (0, m(vul + uvT)). (16)
(3) G'=Z(G)={0} x W.

Proof. We first verify the group law, and then prove (2), (3) and (1).
Since f: D x D — W is bilinear, we have for all v,u,t € D the 2-cocycle identity
fo,u) + flo+u,t) = fo,u) + f(v,8) + flu, t) = fu,t) + f(v,u+1),

which guarantees that the multiplication (15) is associative. Because f(v,0) = f(0,v) = 0, the
element 15 = (0,0) is the two-sided identity, and every element of {0} x W satisfies

(v,a)(0,b) = (v,a+b) = (0,b)(v,a),
so {0} x W < Z(G). Moreover, since 2v = 0 in D and 2a = 0 in W, we have
(v,a)(v,a+ f(v,v)) = (2v,2a + 2f(v,v)) = (0,0) = (v,a + f(v,v))(v,a),
establishing the inverse formula
(v,a)7! = (v,a+ f(v,v)).
By (12),
|G| — ‘D| . ‘W‘ — 935 9463 _ 2498’

so GG is a finite 2-group.

Proof of (2). For x = (v,a) and y = (u,b) in G, applying (15) and the inverse formula above

ives
° ey e = (v,a+ f(v,0) (w, b+ fu,u)) (v, a)
= (u,b+ f(u,u) + f(v,u) + f(u,v)),
and multiplying on the right by y = (u, b) yields, via (14),
[,y = (0, f(v,u) + f(u,0)) = (0,7 (vu” +uv™)),

proving (16).

Proof of (3). Since the elementary wedges vu’ 4 uv” span Altss as v,u range over D and
m: Altgs — W is surjective, we obtain

G' = {0} x spang, {7 (vu’ +uv’) :v,u € D} = {0} x W.

To determine the center, write v = p+ h with p € P and h € H. If (v,a) € Z(G), then
vul +uv” € K for all u € D. Since every element of K has zero diagonal blocks, choosing v € P
and u € H gives, respectively,

pu’ +up’ =0 (ueP), hul +uhT =0 (u € H).
Thus p=h =0, and Z(G) = {0} x W.

Proof of (1). The order of G was computed above. By (3), G’ = {0} x W C Z(G). Since
dimp, W = 463 > 0, we have G’ # {15}, and hence cl(G) = 2.

For any (v,a) € G, squaring via (15) gives (v,a)? = (0, f(v,v)) € {0} x W, and squaring again
gives (v,a)* = (0,2f(v,v)) = (0,0) = 1g. To see that exp(G) = 4, take v = f; + fo € P, where
fi is the standard basis vector; then F(v,v) has (1,2) entry vivg = 1 in the upper-left block, so
F(v,v) ¢ K. Hence (v,0)? = (0, 7F(v,v)) # 1¢, confirming exp(G) = 4. O
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4. THE ATTAINED TARGET VALUE AND THE ANISOTROPIC SHIFT LEMMA

On P, we fix the standard 24 x 24 nondegenerate alternating block matrix

(0 I
J = <112 0 > S GL24(1F2),
where I, is the n x n identity matrix and GL,,(F2) is the group of invertible n x n matrices. The
matrix J satisfies J© = J and J? = Iy4, so that J~! = J.

We define the target matrix Ag € Altg; and the corresponding central group element g € G/ =
{0} x W by

Ay = (g 8) € Altgs, g= (O,WA()) eq@q. (17)

Because the upper-left 24 x 24 block of Ag is J # 0, whereas every matrix in K has zero upper-left
24 x 24 block by Remark 2.1, we have Ay ¢ K and hence g # 1.

To verify that ¢ is attained by the word w = H}il[azgj_l, Z9j] € Fhy, evaluate w on the specific
24-tuple of basis lifts

r25-1 = (f5,0), w25 = (f1245,0) (1 <7 <12). (18)

By the commutator formula (16) and the centrality of G’, we have

12
w1, ..., Toq) = (0, T (Z(fjf1T2+j + f12+jij)>> = (0,mAp) = g.

j=1
Thus g € w(G), confirming that the fibre w=!(g) is nonempty.
Before parameterizing the full fibre w™!(g), we study the equation C(2)TJC(z) = 0 for z € H'?,
with C(z) defined in (9)—(10). Under the identification (8) on H = Fil  expanding the block
product C(z)TJC(z) € Alty; across the rows (9)-(10) yields

6
Cx)tJc(z) = Z(ZSJ NT®(zs1 + 2s2) + 252 A TSZSVQ)

s=1
6
= ZQS(ZS,17ZS,2)’ (19)
s=1
where for each 1 < s <6 and a,b € H, the quadratic map Qs: H x H — Alty; is defined by
Qs(a,b) =aNT°a+aANT*b+bAT. (20)

Set q(a,b) = a® + ab + b* for a,b € Fy. It is direct to show that g(a,b) = 0 if and only if
(a,b) = (0,0).

The following lemma is the heart of the characteristic-two counting argument: it exploits a
degree grading on /\2 H together with the anisotropy of ¢(cy, c2) = c% + c1e9 + c% over 9 to show
that C(2)TJC(z) vanishes if and only if every parameter vector zs 1, 2s 2 lies in the kernel of 7.

Lemma 4.1. For every z € H'2, the matriz C(z) defined by (9)—(10) satisfies
C’(z)TJC(z) =0 <= 251,252 €kerT® foreverys=1,...,6. (21)
Consequently, the solution set in H'2 has exact cardinality
{z e H?:C(»)TJC(2) = 0}| = 2*2 (22)
Proof. Expand any vector z € H in the standard basis as z = Z%go z;e;, and endow the basis
elements e; Aej (0 < i< j <10) of A% H = Alty; with the additive degree
deg(e; Nej) =1+ j.
For a given parameter tuple z = (2,1, 2572)521 € H'? consider the active index set

S={se{l,....6}: (T2, T 22) # (0,0)}.
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If S =0, then T%2z,1 = T%252 = 0 for every 1 < s < 6, so each summand Qs(z1, 252) in (19)
vanishes identically and C(2)TJC(z) = 0.

Suppose conversely that S # &. For each s € S, define the leading nonvanishing coordinate
index

ag = min{i S {0, RN 10} : ((2571)1, (23’2)1) 75 (0, 0)},
and set ¢; = (251)a, € F2 and ca = (z52)a, € Fo. Therefore, (c1,c2) # (0,0) in F2. Since
(T%2s1,T°252) # (0,0), at least one of 2,1, 252 has a nonzero coordinate at an index < 10 — s,
which implies that as + s < 10.
Expanding Q(zs,1,%2s2) via (20) and (6), every nonzero basis term in Qs(2s 1, 2s2) is of the
form e; A ejis with 4,5 > a,. Its degree therefore satisfies

deg(e; Nejrs) =i+ j+ s> 2as+ s,
with equality i + j + s = 2as + s holding if and only if i = j = a,. At this unique minimal-degree
basis element e, A eq,+s, the coefficient in Q(2s 1,25 2) is precisely

cf + creo + C% =q(c1,c2) =1 € Fo,
because (c1,c2) € F3\ {(0,0)}. Thus Qs(2s,1, 252) has homogeneous degree-(2a; + s) component
equal to e, A eq,+s, and all of its other nonzero terms have strictly larger degree.

Now let 6 = mingeg(2as + s) be the minimum leading degree among all active indices s € S.
Extracting the homogeneous degree-§ component of the sum 35| Q4 (241, 2s2) in (19) gives

6
(Z Qs(zs,ly Zs,?)) = Z €as N\ €agts-
s=1

5 seS
2as+s=09

Crucially, the basis wedges eq, A 4,45 appearing in this sum are pairwise distinct. We conclude
that 2221 Qs(2s,1, 25,2) # 0 whenever S # @. This proves (21).

Finally, since dimp, ker T° = s for 1 < s < 6 by (7), the number of tuples z € H'? satisfying
C()TJC(2) =0is
6 6
H [ker TS|2 _ H 925 — 92(14+2+3+4+5+6) _ 42
s=1 s=1
which establishes (22). O

5. BIJECTIVE PARAMETERIZATION AND EXACT FIBRE ENUMERATION

We now determine the exact cardinality of the fibre w=!(g) in G?*. Let z; = (v;,a;) € G, with
v; € D and a; € W, for 1 <4 < 24, and arrange their D-coordinates v; € F%E’ as the columns of a
35 x 24 matrix X with the odd-indexed columns first, followed by the even-indexed columns:

U
X =(vivg -+ va3 Vg Vg -+ Vo) = (Y) € Matssx24(F2),

where U € Matagx24(IF2) records the P-coordinates and Y € Matiix24(F2) records the H-
coordinates. By (16) and (0, a)(0,b) = (0,a + b), we have

12 12
T T
w(ry,...,xeq) = H [132];1, IL‘Qj] = H (0, ™ (’Uzjfl’UQj + 'UQjUQj_l)>

j=1 j=1

12

T T
= 0, ™ Z <U2j71U2]‘ + 'U2j’U2j_1> .
J=1

Since
12

XJxt=3%" (Uij%;,l + vzj—WQTj) :
j=1
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we obtain

w(zy, ..., m21) = (0, W(XJXT)> . (23)

Notice that the W-coordinates a1, ...,a24 € W do not appear in (23), so they may be chosen
arbitrarily in W?24.

Let Sps,,(2) denote the symplectic group of 2m x 2m matrices over Fo:

0 I
Spom(2) = {U € GLom(F2) : UlomU" = Jom},  Jom = (I 0 ) '

Proposition 5.1. The set of matrices X = (g) € Matgsx24(F2) satisfying w(xy,...,z24) =g in
(17) is in explicit bijection with the Cartesian product

Spos(2) x {z € H?: O(2)TJC(2) = 0}

via the map

(U.2) ( T J> | (24)

The inverse sends (V) to (U, z), where

20 = (UIYT)a1,)", 2o = (UIYT)ae)” (1< s<6).

Proof. By the definitions of K in (11), g = (0,7 Ap) in (17), and w(xy,...,x24) in (23), a matrix
X = (g) satisfies m1(XJXT) = 7w(Ap) if and only if XJXT — Ay € K. Expanding the block
product

T T
XIXT — Ag (UJU J UJy )

yJur  vyJgy?

and comparing with the block structure of K in (11), we see that X JX T _ Ay € K is equivalent
to the following three matrix equations

vJut = J, Uyl =C(z) (zeH?), YJvyT=o. (25)

The first equation UJUT = J implies U € Spy,(2) < GLas(F2). For each fixed U € Spy,(2) and
each z € H'2, the second equation UJY” = C(z) has the unique solution

YT =g Wutc(z) =JUC(z) = Y =0Ck)Tu "1, (26)
since J=! = J = JT. Substituting (26) into the third equation of (25) then gives
YJIYT = (C()TU~ T J(JUC(2))
=C()T (U TJuHC(2) = C(2)TIC(2),

where we used J3 = J. Thus YJYT = 0 holds if and only if C(2)7JC(z) = 0. Thus the map (24)
is a bijection, with inverse given by the formulas above. O

For completeness, we record the classical order formula for Sps,,(2).

Lemma 5.2. For every integer m > 1, the symplectic group Sps,,(2) has order

m
[SPa(2) = 27 [T (27 - 1).
j=1
Proof. See [Tay92, p. 70]. d

We can now complete the proof of (4) and (5) in Theorem 1.1 for p = 2.
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Proof of Theorem 1.1 for p=2. A tuple (x1,...,724) € G** with x; = (v;,a;) € D x W satisfies
w(x1,...,T24) = g if and only if its matrix of D-coordinates X = () satisfies m(X JXT) = m(Ay),
while the twenty-four coordinates (a1,...,as) € W?* are completely unrestricted. Combining
Proposition 5.1, Lemma 4.1, and Lemma 5.2 (for m = 12) with |[W| = 2463 from (12), we obtain

Nuc(g) = W[ [{z € H?: C(2)TJC(2) = 0}] - |Spas(2)]

12
_ 924463 942 ol4d H (2% — 1),
j=1
Summing the powers of 2 in the prefactor gives

24463 + 42 + 144 = 11112 4 186 = 11298,
which proves (4). Since |G|? = (2498)23 = 211454 anq Z 2j = 156, we have

12

12
Nw,G(g) — 211298"1‘156 H (1 _ 2—2j) — ’G|23 H (1
i=1 ;

Because 0 < 1 — 272 < 1 for every 1 < j < 12, the product is strictly less than 1, proving
Nuw.c(g) < |G|? in (5). Together with the explicit witness (18), this establishes that G and w
form a counterexample to the Amit—Ashurst conjecture (2). O

The proof for odd primes is similar to the case p = 2, with slight changes to the construction.
We briefly give the details.

Proof of Theorem 1.1 for odd p. Let p be an odd prime and choose a nonsquare d € IF;. Use
H= lejl, P= Fzzfl, D = P @ H, and the same shift T" as in (6). In this proof, write

Altn - {A € Matan(Fp) : AT = —A, A’L’L = 0}7 J = <_?12 I(1)2> )

and identify u A v with uv? —vu”. For z € H'2, define C(z) by
C(Z)Qs—l,* = Zz,jly C(Z)Qs,* = 2527
C(2)12425-16 = (T5251)7, C(2)124255 = —d(T*252)T

K = {(_C?Z)T Céz)) = le} . W = Altss /K,

and let 7 : Altgs — W be the quotient map. As before, dim K = 132 and dim W = 463. Define
G, =D x W by

(1 <s<6).

Set

(v,a)(u,b) = (v +u,a+b+ %W(UUT - uvT)> ,

T

where 1/2 is the inverse of 2 in F,. The bilinearity of (v,u) — m(vu? — uv?) implies that the

multiplication is associative, and
(v,a)™' = (—v, —a), (v,a)k = (kv, ka), [(v,a), (u,b)] = (0, 7(vu! —uvT)).
Thus |Gp| = p*®, G, = {0} x W < Z(Gy), cl(Gp) = 2, and exp(G) = p.
Expanding C(2)TJC(z) gives

=]

C TJC Z Zs,1 N TSZSJ — dzs,g VAN Tszs,g) .
s=1

In the proof of Lemma 4.1, the lowest-degree coefficient is now ¢2 — dc3, which is nonzero whenever
(c1,¢2) # (0,0). The corresponding basis wedges remain pairwise distinct. Hence

C()TJC(2) =0 <= 251,252 EkerT® (1 <5< 6), {z:C()TTC(z) =0} =
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Put Ap = (g 8) and g, = (0,7Ap). The tuple (18), interpreted over F,, shows that g, €
w(Gp) \ {1}. Define Spoy(p) = {U € GLoy(F,) : UJUT = J}. Since JT = J=1 = —J and
UJUT = J, the block equations give

UIYT =C(2) = Y=C)TuT), YIYT=C()TIC(2).

Proposition 5.1 therefore applies with Spy,(p) in place of Spy,(2), with the same inverse formulas.
Using | Spyy(p)| = p**4 Hjl-il(p23 — 1) [Tay92, p. 70], we obtain

Nw7Gp (gp) — p24-463+42+144 ﬁ(ij _ 1)
J=1
12
=G, [T(1 = p™) < |Gy O
j=1

Remark 5.3. The dimensions are chosen by balancing the powers of p in the normalized fibre size.
More generally, take k > 1 pairs of parameter vectors, dim P = 4k, and dim H = n > k, with
the shift Te; = ;41 for 0 < ¢ <n —1 and Te,_1 = 0 on the standard basis of H. The same
construction, using T, ..., T* and the product of 2k disjoint commutators, gives

4
dimD =4k +n, dimW = ( k;”) — 2kn,

and the same count yields

Nu,c(9) gl iy n? — (4k — 1)n + 2k2 + 10k
G = potm) ]_[1(1 —p¥),  Akn) = 5 :

J:

The condition A(k,n) < 0 requires 8k(k —6) +1 > 0, so k > 6. For k = 6, it becomes
(n—11)(n—12) < 0. Choosing the smaller integer solution n = 11 gives dim D = 35, dim W = 463,
and |G| = p1%.

Remark 5.4. Theorem 1.1 does not give a counterexample to the original Amit conjecture (1). For
every prime p, the constructed group G has nilpotency class two, so [Levll, IS17] give

Nuc(le) = |G

The counterexample to the Amit—Ashurst conjecture (2) occurs at the nonidentity value g.
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