
EXPLICIT FINITE p-GROUP COUNTEREXAMPLES TO THE
AMIT–ASHURST CONJECTURE

SHIHAO WANG AND ZHIWEI ZHENG

Abstract. For every prime p, we construct a finite p-group G of order p498 and nilpotency class
two for which the word w =

∏12
j=1[x2j−1, x2j ] admits a value g ̸= 1 whose fibre has size strictly

less than |G|23. This gives counterexamples to the Amit–Ashurst conjecture for every prime. We
determine the exact fibre size by reducing the word equation to matrix equations over Fp and
counting their solutions.

1. Introduction

Let Fr denote the free group of rank r ≥ 1 on free generators x1, . . . , xr. An ordinary word
w ∈ Fr induces on every group G a word map w : Gr → G via substitution. When G is finite, we
denote the image of this map by w(G) = {w(g1, . . . , gr) : gi ∈ G}, and for each g ∈ G we write

Nw,G(g) =
∣∣{(g1, . . . , gr) ∈ Gr : w(g1, . . . , gr) = g}

∣∣, Pw,G(g) = Nw,G(g)
|G|r

,

for the cardinality and induced probability measure of the fibre over g, respectively.
Amit proposed the following conjecture; see [Ab06].

Amit Conjecture. For every finite nilpotent group G and every word w ∈ Fr,
Nw,G(1) ≥ |G|r−1. (1)

Ashurst [Ash12] proposed the following strengthening, called the Amit–Ashurst conjecture
[CCT23].

Amit–Ashurst Conjecture. For every finite nilpotent group G and every word w ∈ Fr,
Nw,G(g) ≥ |G|r−1 for every g ∈ w(G). (2)

Since every finite nilpotent group is the direct product of its Sylow p-subgroups [Rob96,
Theorem 5.2.4] and word evaluation commutes with direct products,

Nw,A×B

(
(a, b)

)
= Nw,A(a)Nw,B(b),

both conjectures (1) and (2) immediately reduce to the case of finite p-groups.
Solomon’s divisibility theorem [Sol69] gives Nw,G(1) ≥ |G| for every finite group and every

two-variable word. Abért [Ab06] and Nikolov–Segal [NS07] showed that a finite group G is solvable
if and only if there exists a constant εG > 0 such that Pw,G(1) ≥ εG for every r ≥ 1 and every
word w ∈ Fr. For arbitrary numbers of variables, Levy [Lev11, Theorem 1.1] and, independently,
Iñiguez–Sangroniz [IS17] proved the original Amit conjecture for finite groups of nilpotency class
two. Levy’s result also covers finite split metacyclic groups (semidirect products of two cyclic
groups) [Lev11, Proposition 1.3].

For nonidentity fibres, Ashurst [Ash12, Chapter 4] established the Amit–Ashurst conjecture for
dihedral 2-groups and generalized quaternion groups. Camina–Iñiguez–Thillaisundaram [CIT20,
Theorems A and C] proved the Amit–Ashurst conjecture for two-variable words on finite p-groups
of nilpotency class two and for products of disjoint commutators on finite p-groups with exactly
two distinct irreducible complex character degrees. Camina–Cocke–Thillaisundaram [CCT23,
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Theorem A] proved the full Amit–Ashurst conjecture for finite p-groups with a cyclic maximal
subgroup. Kishnani–Kulshrestha [KK24] proved that

Nw,G(g) ≥ |G|r−1

|G′|
(g ∈ w(G))

for every finite group G of nilpotency class two, where G′ = ⟨[x, y] : x, y ∈ G⟩ and [x, y] =
x−1y−1xy.

For a group G, set
G(0) = G, G(i) = [G(i−1), G] = ⟨[x, y] : x ∈ G(i−1), y ∈ G⟩ (i ≥ 1).

A group G has nilpotency class two, written cl(G) = 2, if
G(1) ̸= ⟨1⟩ and G(2) = ⟨1⟩.

We obtain the following result.

Theorem 1.1. For every prime p, there exists an explicitly defined finite p-group G of order
|G| = p498 and nilpotency class cl(G) = 2, such that for the product of twelve disjoint commutators

w(x1, . . . , x24) =
12∏

j=1
[x2j−1, x2j ] ∈ F24, (3)

there is an attained nonidentity value g ∈ w(G) \ {1} whose fibre has exact cardinality

Nw,G(g) = p11298
12∏

j=1

(
p2j − 1

)
(4)

= |G|23
12∏

j=1

(
1 − p−2j) < |G|23. (5)

Our construction uses the classical description of groups of nilpotency class two by bilinear
maps [Bae38], with quadratic maps describing central extensions of elementary abelian 2-groups
[PY07, Section 2]. We express commutators as alternating matrices and choose the relations using
a nilpotent shift and an anisotropic binary quadratic form. The word equation then reduces to
a symplectic matrix equation and a quadratic equation whose solutions are determined by the
kernels of the shifts. Counting these solutions gives the fibre size in Theorem 1.1.

2. Ambient Linear Spaces and the Relation Subspace

We first treat the case p = 2. Unless otherwise stated, all vector spaces are over F2, and all
vectors are column vectors. Let H = F11

2 be an 11-dimensional vector space over F2 equipped with
the ordered standard basis e0, e1, . . . , e10. We define the nilpotent shift endomorphism T : H → H
on basis vectors by

Tei = ei+1 (0 ≤ i < 10), T e10 = 0. (6)
For each integer 1 ≤ s ≤ 6, the s-fold iterate T s satisfies

ker T s = ⟨e11−s, . . . , e10⟩, dimF2 ker T s = s. (7)
Next, let P = F24

2 have ordered standard basis f1, . . . , f24, and form the 35-dimensional direct sum
D = P ⊕ H ∼= F35

2 ,

where we order the basis of D by placing all 24 basis vectors of P before the 11 basis vectors of H.
In characteristic two, we denote by Altn = Altn(F2) the F2-vector space of symmetric n × n

matrices with zero diagonal:
Altn =

{
M ∈ Matn×n(F2) : MT = M and Mii = 0 for all 1 ≤ i ≤ n

}
.

Here Mata×b(F2) denotes the space of a × b matrices. Clearly dimF2 Altn =
(n

2
)
. The canonical

bilinear assignment
v ∧ u 7−→ vuT + uvT (v, u ∈ Fn

2 ) (8)
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identifies the exterior square
∧2 Fn

2 isomorphically with Altn, sending each elementary wedge
ei ∧ ej (i < j) to the elementary alternating matrix having 1 at entries (i, j) and (j, i) and 0
elsewhere.

For each
z = (z1,1, z1,2, . . . , z6,1, z6,2) ∈ H12,

define C(z) ∈ Mat24×11(F2) by

C(z)2s−1,∗ = zT
s,1, C(z)2s,∗ = zT

s,2, (9)

C(z)12+2s−1,∗ =
(
T s(zs,1 + zs,2)

)T
, C(z)12+2s,∗ = (T szs,2)T , (10)

for 1 ≤ s ≤ 6, where C(z)i,∗ denotes the i-th row of C(z). Define

K =
{(024×24 C(z)

C(z)T 011×11

)
: z ∈ H12

}
⊆ Alt35 . (11)

Since each T s is linear, the map

H12 −→ Alt35, z 7−→
( 0 C(z)

C(z)T 0

)
is linear. By the construction of C(z), this map is injective. Hence K is a linear subspace and

dimF2 K = dimF2 H12 = 12 · 11 = 132.

Set W = Alt35 /K, and write π : Alt35 → W , A 7→ A + K, for the quotient map. Then

dimF2 W =
(

35
2

)
− dimF2 K = 595 − 132 = 463. (12)

Remark 2.1. One can realize W explicitly as a direct sum of matrix spaces. For R ∈ Mat24×11(F2),
let R+ consist of its first twelve rows and R− of its last twelve rows. Thus

R =
(

R+
R−

)
, R+, R− ∈ Mat12×11(F2).

Define the linear operator L : Mat12×11(F2) → Mat12×11(F2) row-wise for 1 ≤ s ≤ 6 by

L(R+)2s−1,∗ =
(
R+,2s−1,∗ + R+,2s,∗

)
(T s)T , L(R+)2s,∗ = R+,2s,∗(T s)T ,

where R+,i,∗ denotes row i of R+. Then
(R+

R−

)
= C(z) for some z ∈ H12 if and only if R− = L(R+).

Consequently, the linear map

Alt35 −→ Alt24 ⊕ Mat12×11(F2) ⊕ Alt11,

(
A R

RT B

)
7−→

(
A, R− + L(R+), B

)
,

is surjective (as seen by restricting to R+ = 0) and has kernel precisely equal to K, inducing an
explicit coordinate isomorphism W ∼= Alt24 ⊕ Mat12×11(F2) ⊕ Alt11.

3. Construction of the 2-Group G

To construct a central extension of D = P ⊕ H ∼= F35
2 by W , we introduce the bilinear map

F : D × D → Alt35 by

F (v, u)ij =


viuj , if 1 ≤ i < j ≤ 35,

vjui, if 1 ≤ j < i ≤ 35,

0, if i = j.

(13)

It is immediate from (13) that F (v, u) is a symmetric matrix with zero diagonal and F is bilinear
in (v, u). Moreover, F satisfies the fundamental identity

F (v, u) + F (u, v) = vuT + uvT ∈ Alt35 (v, u ∈ D). (14)
Composing F with the quotient map π : Alt35 → W , we set

f(v, u) = π
(
F (v, u)

)
∈ W
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and endow the Cartesian product G = D × W with the binary operation
(v, a)(u, b) =

(
v + u, a + b + f(v, u)

)
(v, u ∈ D, a, b ∈ W ). (15)

Write Z(G) = {z ∈ G : zx = xz for every x ∈ G} for the center of G. The exponent exp(G) of
a finite group G is the least positive integer n such that xn = 1 for every x ∈ G.
Proposition 3.1. The multiplication rule (15) makes G into a finite 2-group with the following
properties:

(1) |G| = 2498, cl(G) = 2 and exp(G) = 4.
(2) For all (v, a), (u, b) ∈ G,

[(v, a), (u, b)] =
(
0, π(vuT + uvT )

)
. (16)

(3) G′ = Z(G) = {0} × W .

Proof. We first verify the group law, and then prove (2), (3) and (1).
Since f : D × D → W is bilinear, we have for all v, u, t ∈ D the 2-cocycle identity

f(v, u) + f(v + u, t) = f(v, u) + f(v, t) + f(u, t) = f(u, t) + f(v, u + t),
which guarantees that the multiplication (15) is associative. Because f(v, 0) = f(0, v) = 0, the
element 1G = (0, 0) is the two-sided identity, and every element of {0} × W satisfies

(v, a)(0, b) = (v, a + b) = (0, b)(v, a),
so {0} × W ≤ Z(G). Moreover, since 2v = 0 in D and 2a = 0 in W , we have

(v, a)
(
v, a + f(v, v)

)
=
(
2v, 2a + 2f(v, v)

)
= (0, 0) =

(
v, a + f(v, v)

)
(v, a),

establishing the inverse formula
(v, a)−1 =

(
v, a + f(v, v)

)
.

By (12),
|G| = |D| · |W | = 235 · 2463 = 2498,

so G is a finite 2-group.
Proof of (2). For x = (v, a) and y = (u, b) in G, applying (15) and the inverse formula above

gives
x−1y−1x =

(
v, a + f(v, v)

)(
u, b + f(u, u)

)
(v, a)

=
(
u, b + f(u, u) + f(v, u) + f(u, v)

)
,

and multiplying on the right by y = (u, b) yields, via (14),
[x, y] =

(
0, f(v, u) + f(u, v)

)
=
(
0, π(vuT + uvT )

)
,

proving (16).
Proof of (3). Since the elementary wedges vuT + uvT span Alt35 as v, u range over D and

π : Alt35 → W is surjective, we obtain
G′ = {0} × spanF2

{
π(vuT + uvT ) : v, u ∈ D

}
= {0} × W.

To determine the center, write v = p + h with p ∈ P and h ∈ H. If (v, a) ∈ Z(G), then
vuT + uvT ∈ K for all u ∈ D. Since every element of K has zero diagonal blocks, choosing u ∈ P
and u ∈ H gives, respectively,

puT + upT = 0 (u ∈ P ), huT + uhT = 0 (u ∈ H).
Thus p = h = 0, and Z(G) = {0} × W .

Proof of (1). The order of G was computed above. By (3), G′ = {0} × W ⊆ Z(G). Since
dimF2 W = 463 > 0, we have G′ ̸= {1G}, and hence cl(G) = 2.

For any (v, a) ∈ G, squaring via (15) gives (v, a)2 = (0, f(v, v)) ∈ {0} × W , and squaring again
gives (v, a)4 = (0, 2f(v, v)) = (0, 0) = 1G. To see that exp(G) = 4, take v = f1 + f2 ∈ P , where
fi is the standard basis vector; then F (v, v) has (1, 2) entry v1v2 = 1 in the upper-left block, so
F (v, v) /∈ K. Hence (v, 0)2 = (0, πF (v, v)) ̸= 1G, confirming exp(G) = 4. □
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4. The Attained Target Value and the Anisotropic Shift Lemma

On P , we fix the standard 24 × 24 nondegenerate alternating block matrix

J =
(

0 I12
I12 0

)
∈ GL24(F2),

where In is the n × n identity matrix and GLn(F2) is the group of invertible n × n matrices. The
matrix J satisfies JT = J and J2 = I24, so that J−1 = J .

We define the target matrix A0 ∈ Alt35 and the corresponding central group element g ∈ G′ =
{0} × W by

A0 =
(

J 0
0 0

)
∈ Alt35, g = (0, πA0) ∈ G. (17)

Because the upper-left 24 × 24 block of A0 is J ≠ 0, whereas every matrix in K has zero upper-left
24 × 24 block by Remark 2.1, we have A0 /∈ K and hence g ̸= 1G.

To verify that g is attained by the word w =
∏12

j=1[x2j−1, x2j ] ∈ F24, evaluate w on the specific
24-tuple of basis lifts

x2j−1 = (fj , 0), x2j = (f12+j , 0) (1 ≤ j ≤ 12). (18)
By the commutator formula (16) and the centrality of G′, we have

w(x1, . . . , x24) =

0, π

 12∑
j=1

(
fjfT

12+j + f12+jfT
j

) = (0, πA0) = g.

Thus g ∈ w(G), confirming that the fibre w−1(g) is nonempty.
Before parameterizing the full fibre w−1(g), we study the equation C(z)T JC(z) = 0 for z ∈ H12,

with C(z) defined in (9)–(10). Under the identification (8) on H = F11
2 , expanding the block

product C(z)T JC(z) ∈ Alt11 across the rows (9)–(10) yields

C(z)T JC(z) =
6∑

s=1

(
zs,1 ∧ T s(zs,1 + zs,2) + zs,2 ∧ T szs,2

)

=
6∑

s=1
Qs(zs,1, zs,2), (19)

where for each 1 ≤ s ≤ 6 and a, b ∈ H, the quadratic map Qs : H × H → Alt11 is defined by
Qs(a, b) = a ∧ T sa + a ∧ T sb + b ∧ T sb. (20)

Set q(a, b) = a2 + ab + b2 for a, b ∈ F2. It is direct to show that q(a, b) = 0 if and only if
(a, b) = (0, 0).

The following lemma is the heart of the characteristic-two counting argument: it exploits a
degree grading on

∧2 H together with the anisotropy of q(c1, c2) = c2
1 + c1c2 + c2

2 over F2 to show
that C(z)T JC(z) vanishes if and only if every parameter vector zs,1, zs,2 lies in the kernel of T s.

Lemma 4.1. For every z ∈ H12, the matrix C(z) defined by (9)–(10) satisfies

C(z)T JC(z) = 0 ⇐⇒ zs,1, zs,2 ∈ ker T s for every s = 1, . . . , 6. (21)
Consequently, the solution set in H12 has exact cardinality∣∣{z ∈ H12 : C(z)T JC(z) = 0}

∣∣ = 242. (22)

Proof. Expand any vector z ∈ H in the standard basis as z =
∑10

i=0 ziei, and endow the basis
elements ei ∧ ej (0 ≤ i < j ≤ 10) of

∧2 H ∼= Alt11 with the additive degree
deg(ei ∧ ej) = i + j.

For a given parameter tuple z = (zs,1, zs,2)6
s=1 ∈ H12, consider the active index set

S =
{
s ∈ {1, . . . , 6} : (T szs,1, T szs,2) ̸= (0, 0)

}
.
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If S = ∅, then T szs,1 = T szs,2 = 0 for every 1 ≤ s ≤ 6, so each summand Qs(zs,1, zs,2) in (19)
vanishes identically and C(z)T JC(z) = 0.

Suppose conversely that S ≠ ∅. For each s ∈ S, define the leading nonvanishing coordinate
index

as = min
{
i ∈ {0, . . . , 10} :

(
(zs,1)i, (zs,2)i

)
̸= (0, 0)

}
,

and set c1 = (zs,1)as ∈ F2 and c2 = (zs,2)as ∈ F2. Therefore, (c1, c2) ̸= (0, 0) in F2
2. Since

(T szs,1, T szs,2) ̸= (0, 0), at least one of zs,1, zs,2 has a nonzero coordinate at an index ≤ 10 − s,
which implies that as + s ≤ 10.

Expanding Qs(zs,1, zs,2) via (20) and (6), every nonzero basis term in Qs(zs,1, zs,2) is of the
form ei ∧ ej+s with i, j ≥ as. Its degree therefore satisfies

deg(ei ∧ ej+s) = i + j + s ≥ 2as + s,

with equality i + j + s = 2as + s holding if and only if i = j = as. At this unique minimal-degree
basis element eas ∧ eas+s, the coefficient in Qs(zs,1, zs,2) is precisely

c2
1 + c1c2 + c2

2 = q(c1, c2) = 1 ∈ F2,

because (c1, c2) ∈ F2
2 \ {(0, 0)}. Thus Qs(zs,1, zs,2) has homogeneous degree-(2as + s) component

equal to eas ∧ eas+s, and all of its other nonzero terms have strictly larger degree.
Now let δ = mins∈S(2as + s) be the minimum leading degree among all active indices s ∈ S.

Extracting the homogeneous degree-δ component of the sum
∑6

s=1 Qs(zs,1, zs,2) in (19) gives( 6∑
s=1

Qs(zs,1, zs,2)
)

δ

=
∑
s∈S

2as+s=δ

eas ∧ eas+s.

Crucially, the basis wedges eas ∧ eas+s appearing in this sum are pairwise distinct. We conclude
that

∑6
s=1 Qs(zs,1, zs,2) ̸= 0 whenever S ̸= ∅. This proves (21).

Finally, since dimF2 ker T s = s for 1 ≤ s ≤ 6 by (7), the number of tuples z ∈ H12 satisfying
C(z)T JC(z) = 0 is

6∏
s=1

∣∣ker T s
∣∣2 =

6∏
s=1

22s = 22(1+2+3+4+5+6) = 242,

which establishes (22). □

5. Bijective Parameterization and Exact Fibre Enumeration

We now determine the exact cardinality of the fibre w−1(g) in G24. Let xi = (vi, ai) ∈ G, with
vi ∈ D and ai ∈ W , for 1 ≤ i ≤ 24, and arrange their D-coordinates vi ∈ F35

2 as the columns of a
35 × 24 matrix X with the odd-indexed columns first, followed by the even-indexed columns:

X = (v1 v3 · · · v23 v2 v4 · · · v24) =
(

U
Y

)
∈ Mat35×24(F2),

where U ∈ Mat24×24(F2) records the P -coordinates and Y ∈ Mat11×24(F2) records the H-
coordinates. By (16) and (0, a)(0, b) = (0, a + b), we have

w(x1, . . . , x24) =
12∏

j=1
[x2j−1, x2j ] =

12∏
j=1

(
0, π

(
v2j−1vT

2j + v2jvT
2j−1

))

=

0, π

 12∑
j=1

(
v2j−1vT

2j + v2jvT
2j−1

) .

Since

XJXT =
12∑

j=1

(
v2jvT

2j−1 + v2j−1vT
2j

)
,
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we obtain
w(x1, . . . , x24) =

(
0, π(XJXT )

)
. (23)

Notice that the W -coordinates a1, . . . , a24 ∈ W do not appear in (23), so they may be chosen
arbitrarily in W 24.

Let Sp2m(2) denote the symplectic group of 2m × 2m matrices over F2:

Sp2m(2) =
{
U ∈ GL2m(F2) : UJ2mUT = J2m

}
, J2m =

(
0 Im

Im 0

)
.

Proposition 5.1. The set of matrices X =
(U

Y

)
∈ Mat35×24(F2) satisfying w(x1, . . . , x24) = g in

(17) is in explicit bijection with the Cartesian product

Sp24(2) ×
{
z ∈ H12 : C(z)T JC(z) = 0

}
via the map

(U, z) 7−→
(

U
C(z)T U−T J

)
. (24)

The inverse sends
(U

Y

)
to (U, z), where

zs,1 =
(
(UJY T )2s−1,∗

)T
, zs,2 =

(
(UJY T )2s,∗

)T (1 ≤ s ≤ 6).

Proof. By the definitions of K in (11), g = (0, πA0) in (17), and w(x1, . . . , x24) in (23), a matrix
X =

(U
Y

)
satisfies π(XJXT ) = π(A0) if and only if XJXT − A0 ∈ K. Expanding the block

product

XJXT − A0 =
(

UJUT − J UJY T

Y JUT Y JY T

)
and comparing with the block structure of K in (11), we see that XJXT − A0 ∈ K is equivalent
to the following three matrix equations

UJUT = J, UJY T = C(z) (z ∈ H12), Y JY T = 0. (25)

The first equation UJUT = J implies U ∈ Sp24(2) ≤ GL24(F2). For each fixed U ∈ Sp24(2) and
each z ∈ H12, the second equation UJY T = C(z) has the unique solution

Y T = J−1U−1C(z) = JU−1C(z) ⇐⇒ Y = C(z)T U−T J, (26)

since J−1 = J = JT . Substituting (26) into the third equation of (25) then gives

Y JY T =
(
C(z)T U−T J

)
J
(
JU−1C(z)

)
= C(z)T (U−T JU−1)C(z) = C(z)T JC(z),

where we used J3 = J . Thus Y JY T = 0 holds if and only if C(z)T JC(z) = 0. Thus the map (24)
is a bijection, with inverse given by the formulas above. □

For completeness, we record the classical order formula for Sp2m(2).

Lemma 5.2. For every integer m ≥ 1, the symplectic group Sp2m(2) has order

| Sp2m(2)| = 2m2
m∏

j=1
(22j − 1).

Proof. See [Tay92, p. 70]. □

We can now complete the proof of (4) and (5) in Theorem 1.1 for p = 2.
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Proof of Theorem 1.1 for p = 2. A tuple (x1, . . . , x24) ∈ G24 with xi = (vi, ai) ∈ D × W satisfies
w(x1, . . . , x24) = g if and only if its matrix of D-coordinates X =

(U
Y

)
satisfies π(XJXT ) = π(A0),

while the twenty-four coordinates (a1, . . . , a24) ∈ W 24 are completely unrestricted. Combining
Proposition 5.1, Lemma 4.1, and Lemma 5.2 (for m = 12) with |W | = 2463 from (12), we obtain

Nw,G(g) = |W |24 ·
∣∣{z ∈ H12 : C(z)T JC(z) = 0}

∣∣ · ∣∣Sp24(2)
∣∣

= 224·463 · 242 · 2144
12∏

j=1

(
22j − 1

)
.

Summing the powers of 2 in the prefactor gives

24 · 463 + 42 + 144 = 11112 + 186 = 11298,

which proves (4). Since |G|23 = (2498)23 = 211454 and
∑12

j=1 2j = 156, we have

Nw,G(g) = 211298+156
12∏

j=1

(
1 − 2−2j) = |G|23

12∏
j=1

(
1 − 2−2j).

Because 0 < 1 − 2−2j < 1 for every 1 ≤ j ≤ 12, the product is strictly less than 1, proving
Nw,G(g) < |G|23 in (5). Together with the explicit witness (18), this establishes that G and w
form a counterexample to the Amit–Ashurst conjecture (2). □

The proof for odd primes is similar to the case p = 2, with slight changes to the construction.
We briefly give the details.

Proof of Theorem 1.1 for odd p. Let p be an odd prime and choose a nonsquare d ∈ F×
p . Use

H = F11
p , P = F24

p , D = P ⊕ H, and the same shift T as in (6). In this proof, write

Altn = {A ∈ Matn×n(Fp) : AT = −A, Aii = 0}, J =
(

0 I12
−I12 0

)
,

and identify u ∧ v with uvT − vuT . For z ∈ H12, define C(z) by

C(z)2s−1,∗ = zT
s,1, C(z)2s,∗ = zT

s,2,

C(z)12+2s−1,∗ = (T szs,1)T , C(z)12+2s,∗ = −d(T szs,2)T
(1 ≤ s ≤ 6).

Set

K =
{( 0 C(z)

−C(z)T 0

)
: z ∈ H12

}
, W = Alt35 /K,

and let π : Alt35 → W be the quotient map. As before, dim K = 132 and dim W = 463. Define
Gp = D × W by

(v, a)(u, b) =
(
v + u, a + b + 1

2π(vuT − uvT )
)

,

where 1/2 is the inverse of 2 in Fp. The bilinearity of (v, u) 7→ π(vuT − uvT ) implies that the
multiplication is associative, and

(v, a)−1 = (−v, −a), (v, a)k = (kv, ka), [(v, a), (u, b)] = (0, π(vuT − uvT )).

Thus |Gp| = p498, G′
p = {0} × W ≤ Z(Gp), cl(Gp) = 2, and exp(Gp) = p.

Expanding C(z)T JC(z) gives

C(z)T JC(z) =
6∑

s=1
(zs,1 ∧ T szs,1 − dzs,2 ∧ T szs,2) .

In the proof of Lemma 4.1, the lowest-degree coefficient is now c2
1 − dc2

2, which is nonzero whenever
(c1, c2) ̸= (0, 0). The corresponding basis wedges remain pairwise distinct. Hence

C(z)T JC(z) = 0 ⇐⇒ zs,1, zs,2 ∈ ker T s (1 ≤ s ≤ 6),
∣∣{z : C(z)T JC(z) = 0}

∣∣ = p42.
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Put A0 =
(

J 0
0 0

)
and gp = (0, πA0). The tuple (18), interpreted over Fp, shows that gp ∈

w(Gp) \ {1}. Define Sp24(p) = {U ∈ GL24(Fp) : UJUT = J}. Since JT = J−1 = −J and
UJUT = J , the block equations give

UJY T = C(z) ⇐⇒ Y = C(z)T U−T J, Y JY T = C(z)T JC(z).
Proposition 5.1 therefore applies with Sp24(p) in place of Sp24(2), with the same inverse formulas.
Using | Sp24(p)| = p144∏12

j=1(p2j − 1) [Tay92, p. 70], we obtain

Nw,Gp(gp) = p24·463+42+144
12∏

j=1
(p2j − 1)

= |Gp|23
12∏

j=1
(1 − p−2j) < |Gp|23. □

Remark 5.3. The dimensions are chosen by balancing the powers of p in the normalized fibre size.
More generally, take k ≥ 1 pairs of parameter vectors, dim P = 4k, and dim H = n ≥ k, with
the shift Tei = ei+1 for 0 ≤ i < n − 1 and Ten−1 = 0 on the standard basis of H. The same
construction, using T, . . . , T k and the product of 2k disjoint commutators, gives

dim D = 4k + n, dim W =
(

4k + n

2

)
− 2kn,

and the same count yields

Nw,G(g)
|G|4k−1 = p∆(k,n)

2k∏
j=1

(1 − p−2j), ∆(k, n) = n2 − (4k − 1)n + 2k2 + 10k

2 .

The condition ∆(k, n) ≤ 0 requires 8k(k − 6) + 1 ≥ 0, so k ≥ 6. For k = 6, it becomes
(n−11)(n−12) ≤ 0. Choosing the smaller integer solution n = 11 gives dim D = 35, dim W = 463,
and |G| = p498.

Remark 5.4. Theorem 1.1 does not give a counterexample to the original Amit conjecture (1). For
every prime p, the constructed group G has nilpotency class two, so [Lev11, IS17] give

Nw,G(1G) ≥ |G|23.

The counterexample to the Amit–Ashurst conjecture (2) occurs at the nonidentity value g.
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[PY07] J. Pakianathan and E. Yalçın, Quadratic maps and Bockstein closed group extensions, Trans. Amer. Math.
Soc. 359 (2007), no. 12, 6079–6110.

[Rob96] D. J. S. Robinson, A Course in the Theory of Groups, 2nd ed., Graduate Texts in Mathematics, vol. 80,
Springer-Verlag, New York, 1996.

[Sol69] L. Solomon, The solution of equations in groups, Arch. Math. (Basel) 20 (1969), no. 3, 241–247.
[Tay92] D. E. Taylor, The Geometry of the Classical Groups, Sigma Series in Pure Mathematics, vol. 9, Heldermann

Verlag, Berlin, 1992.

Shihao Wang, Qiuzhen College, Tsinghua University, Beijing, China
Email address: wangshihao25@mails.tsinghua.edu.cn

Zhiwei Zheng, Yau Mathematical Sciences Center, Tsinghua University, Beijing, China
Email address: zhengzhiwei@mail.tsinghua.edu.cn


	1. Introduction
	2. Ambient Linear Spaces and the Relation Subspace
	3. Construction of the 2-Group G
	4. The Attained Target Value and the Anisotropic Shift Lemma
	5. Bijective Parameterization and Exact Fibre Enumeration
	References

