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Abstract

An edge of a graph can be identified by its distances to a suitable set of vertices. If
the reports omit the names of these vertices, only a multiset of distances remains, and
finding a suitable set becomes more difficult. We determine the asymptotic cost of this
loss of information for subdivided complete graphs. Let Kn be the complete graph on
n ≥ 3 vertices, and let SL(Kn) replace each edge with a path of L edges, where L ≥ 2
is an integer. Let edimm be the minimum number of vertices whose distance multisets
distinguish all edges. For every fixed L ≥ 3, we prove

edimm(SL(Kn)) = ΘL

(
n1+1/⌊L/2⌋

)
(n −→∞).

Retaining the names requires only Θ(n) vertices. Without them, the cost is quadratic
at length three, has order n3/2 at lengths four and five, and has smaller exponents at
longer fixed lengths. We also settle existence at the two shortest lengths for every n ≥ 3:
no selection works at length two, whereas at length three at most

(
n
2
)

vertices suffice.
The proofs combine a count of integer vectors with realizable vertex labels. Sidon sets
distinguish endpoint pairs at odd lengths, and exact finite certificates complete the length-
three construction.

Keywords: Edge multiset dimension; graph subdivision; Sidon set; degree sequence; incidence
matrix.
Mathematics Subject Classification (2020): Primary 05C12; Secondary 05C07, 11B13.

1 Introduction
Distances from a few observation vertices can identify an unknown edge of a network. Each
observation vertex, called a landmark, reports its distance to the nearer endpoint of the edge.
Kelenc, Tratnik and Yero [12] introduced the edge metric dimension to measure the smallest
number of landmarks needed for this task. Their starting point was that a set distinguishing all
vertices can still leave two edges indistinguishable. Identifying connections therefore requires
its own choice of observation vertices.

The usual record associates each distance with the landmark that supplied it. If this
association is lost, the values and their repetitions form a multiset. Ikhlaq et al. [11] introduced
edge multiset dimension to study identification from these records. The graph and the landmark
set remain known. Their results include families where a small selection suffices and families
where no selection works. This raises two questions: when does losing the names make
identification impossible, and when it remains possible, how many additional landmarks are
required?
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We study these questions on subdivisions of complete graphs. For integers n ≥ 3 and
L ≥ 2, let Kn be the complete graph on n vertices, and let SL(Kn) replace every edge of Kn

with a path of L edges. The replacement paths have disjoint internal vertices. We call the
inherited vertices original and the others internal. Lengthening the paths adds observation
positions while preserving the symmetry among the originals, so this family separates the
freedom to place landmarks from the difficulty of distinguishing equivalent parts of the graph.

Subdivisions already serve as examples for comparing distance identification parameters.
Knor, Škrekovski and Yero [13, Proposition 2.5] determined the named-distance minimum
for S2(Kn), which grows linearly with n, in their study of vertex and edge identification in
2-connected graphs. For multiset records, the survey of Farhan et al. [9, Section 6.1] gives
computed values for small subdivisions and asks whether S2(Kn) has no resolving set for every
n ≥ 3 [9, Problem 24]. These results leave a broader issue: how does the replacement length
affect both existence and the cost of identification without names?

Consider S3(K5), with 25 vertices and 30 edges (Fig. 1). Choose the five originals as
landmarks. A middle edge is one step from the two originals at the ends of its path and four
steps from the other three. The two reports equal to one identify the path when their names
are retained. Once the names are removed, all ten middle edges give {1, 1, 4, 4, 4}. The record
still identifies the middle position, leaving ten possibilities for the path.

Choosing more vertices does not by itself settle this ambiguity. If every vertex is selected,
a permutation of the five originals still exchanges paths while preserving the selection. A
successful choice must break this symmetry and distinguish all 30 edges. Ten suitably placed
landmarks achieve this, as the construction in Section 6.2 will show.1

(a) S3(K5) (b) Distances to two middle edges

e

f

0

1

23

4

25 vertices, 30 edges

0 1e

1 step 1 step

0 2f

1 step 1 step

From every other original vertex:
3 edges to an original vertex,

then 1 more edge.

(c) Reports in vertex order 0, 1, 2, 3, 4

e : (1, 1, 4, 4, 4) f : (1, 4, 1, 4, 4)

Same multiset {1, 1, 4, 4, 4}

forget the names

Figure 1: Losing the names of the landmarks in S3(K5). In (a), the five filled vertices are selected;
the highlighted middle edges are different. In (b), each is one step from the original vertices at the ends
of its replacement path. Every other original vertex is four steps away. In (c), the two ordered records
become the same multiset. Crossings without a vertex do not join paths.

1An interactive demonstration of distance reports and landmark choices is available at
https://www.cin.ufpe.br/~pmmc/demos/edge-multiset/.
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We now make the measurement precise. Throughout, graphs are finite, simple, connected
and unweighted. For a graph G with vertex set V (G) and edge set E(G), let d(u, v) denote the
number of edges in a shortest path between vertices u, v ∈ V (G). For an edge e = xy ∈ E(G)
and a vertex s ∈ V (G), put

d(e, s) = min{d(x, s), d(y, s)}.

Fig. 2 illustrates the replacement length and this distance on an expanded path.
A landmark set W ⊆ V (G) is edge multiset resolving if the multisets {d(e, s) : s ∈W} differ

for every two distinct edges e, f ∈ E(G). Each selected vertex contributes one entry; equal
distances retain their repetitions. The least size of such a set is the edge multiset dimension
edimm(G), with value ∞ if no such set exists. Retaining the names of the landmarks instead
gives the edge metric dimension edim(G). In both definitions, each vertex may be selected at
most once.

(a) Replacing one edge of K5 (b) Measuring from W = {s1, s2, s3}

L = 2
u v

L = 3
u v

L = 5
u v

L edges, L− 1 new vertices

s1 s2 s3x y

e

d(x, s1) = 2

d(y, s1) = 3

d(e, s1) = min{2, 3} = 2

Distance multiset: {1, 2, 2}

L = 5

Figure 2: Replacement length and distance to an edge. In (a), the same original edge uv is replaced
by paths of two, three and five edges. This operation is applied to every edge of K5, keeping its five
original vertices. In (b), the circled vertices form W = {s1, s2, s3}, and e = xy is the highlighted edge
on a length-five path. The distances from e to s1, s2, s3 are two, one and two, respectively, giving
{1, 2, 2}. Filled vertices are original.

Theorem 1.1. For every n ≥ 3,

edimm(S2(Kn)) =∞, edimm(S3(Kn)) ≤
(
n

2

)
.

For every fixed integer L ≥ 3,

edimm(SL(Kn)) = ΘL

(
n1+1/⌊L/2⌋

)
as n −→∞,

where the constants and the sufficient order may depend on L.

The lower bound is proved in Section 3, the matching constructions for L ≥ 4 in Sections 4
and 5, and the two short-length statements in Section 6, including its finite certificates. The
first statement answers the length-two question above. Length three then marks a change
in existence at every order: a suitable selection always exists, and its minimum size grows
quadratically in n.

At lengths four and five the minimum has order n3/2, at lengths six and seven it has order
n4/3, and longer fixed lengths give smaller exponents. With the landmark names retained, only
Θ(n) vertices are needed at every length (Proposition 2.2). Thus the theorem gives matching
bounds for the cost of losing correspondence throughout this family, beyond the previously
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computed finite cases. It also identifies how additional positions along the paths reduce that
cost.

The lower bound comes from comparing edges next to the same original vertex. After
accounting for the choices on each edge’s own path, the changing part depends on landmark
counts in the first half of the other endpoint’s paths. Many different count vectors require
many selected vertices. For an upper bound, we choose these vectors and realize them by
selecting internal vertices. The middle edge of an odd-length path sees the sum of its two
endpoint vectors, so these sums must identify the pair. Sidon sets supply this property. Length
three requires a separate matrix construction, completed at the remaining finite orders by
exact certificates. Section 7 gives finite existence ranges and quantifies restrictions on the
available landmark positions. The corresponding refinements use exact lattice counts, label
constructions and probabilistic bounds, developed in Appendices C–F.

2 What the distance multiset records
We first express edge distances through landmark positions on the replacement paths. This
will isolate the counts that distinguish edges and turn equality of multisets into equations for
those counts.

Throughout the article, n ≥ 3 and L ≥ 2 are integers. Index the original vertices by
0, . . . , n− 1. Sums over original vertices and the rows and columns of binary matrices encoding
landmark selections use these indices. For distinct originals i, j and an integer 0 ≤ t ≤ L, let
xij(t) be the vertex in position t on the path from i to j. Thus xij(0) = i, xij(L) = j, and
xij(t) = xji(L− t). We call ij the support of each edge on this path.

Orient an edge so that its nearer original endpoint is i, and write

e = xij(a)xij(a+ 1), 0 ≤ a ≤ ⌊(L− 1)/2⌋, b = L− 1− a.

Here a and b are the distances from e to i and j, respectively, and a ≤ b. We call a the edge
depth and put δ = b− a; either orientation is permitted when a = b. An internal vertex xij(t)
has vertex depth min(t, L− t).

The distances depend on how the landmark’s support meets ij. On ij itself, the endpoints
of e are in positions a and a+ 1, as shown in Fig. 3. If t ≤ a, the nearer endpoint is in position
a, at distance a− t; if t ≥ a+ 1, it is in position a+ 1, at distance t− (a+ 1). These two cases
cover every vertex because t is an integer. In particular, the distance is zero at either endpoint
of e.

(a) t < a

i

0

j

L

xij(t)

t

e

a a+ 1

a− t

(b) t > a+ 1
i

0

j

L

e

a a+ 1

xij(t)

t

t− (a+ 1)

Figure 3: Distance on the edge’s own support. Positions are measured from i. In (a), the nearest
endpoint of e is in position a; in (b), it is in position a+ 1. Each brace measures the distance to that
endpoint. Moving the orange landmark to either endpoint gives distance zero. The paths are schematic.

For the other supports, compare routes through their original endpoints, using distance L
between distinct originals. Fig. 4 shows the two configurations where both endpoint routes
can matter.
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(a) Sharing the farther endpoint

i j

u

xju(t)

ea b

t

L− t

L

via j: b+ t

via i, u: a+ L+ (L− t)

(b) Disjoint support

i j

u v

xuv(t)

ea b

L
L

t L− t

via u: a+ L+ t

via v: a+ L+ (L− t)

Figure 4: Routes to a landmark on another support. In (a), entering ju through j or u gives lengths
b + t and a + L + (L − t). In (b), entering the disjoint support through u or v gives a + L + t or
a+ L+ (L− t). Orange vertices are landmarks. Each complete support has length L; intermediate
positions are schematic.

Table 1 collects these distances. In its first row, leaving the support of e cannot shorten the
segment drawn in Fig. 3; in the remaining rows, the shorter endpoint route gives the stated
value.

Table 1: Distances from e, with a ≤ b, a+ b = L− 1, 1 ≤ t < L, and distinct u, v /∈ {i, j}.

Landmark Distance from e

xij(t), on the support
{
a− t, t ≤ a,
t− (a+ 1), t ≥ a+ 1

xiu(t), sharing i a+ t
xju(t), sharing j min{b+ t, 2L+ a− t}
xuv(t), on a disjoint support L+ a+ min(t, L− t)
Originals i, j, u a, b, L+ a, respectively

Fix a landmark set W ⊆ V (SL(Kn)). To record which internal vertices are selected, define

ηij(t) =
{

1, xij(t) ∈W,
0, xij(t) /∈W,

i ̸= j, 1 ≤ t < L.

The two orientations describe the same vertex, so ηij(t) = ηji(L− t). Summing these indicators
over paths leaving i gives the endpoint profile

Di(t) =
∑
j ̸=i

ηij(t), 1 ≤ t < L.

Thus Di(t) is the number of landmarks in position t on paths leaving i; it summarizes their
individual choices in one integer.

We will count landmarks at each distance from an edge. For e ∈ E(SL(Kn)) and a
nonnegative integer h, put

HW
e (h) = |{s ∈W : d(e, s) = h}|, He(z) =

∑
h≥0

HW
e (h)zh.

Here z is an indeterminate and He ∈ Z[z]; the fixed set W is suppressed in He. Equality of
these histograms is exactly equality of the distance multisets. The polynomial collects the
integer counts: its exponent is a distance and its coefficient is a number of landmarks.
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For a landmark on a support disjoint from ij, only its vertex depth matters. Use this
distance as a common baseline. A landmark on a support sharing i or j changes one count
from that baseline; the following polynomials record the change:

At(z) = za+t − zL+a+min(t,L−t),

Bt(z) = zmin(b+t,2L+a−t) − zL+a+min(t,L−t), 1 ≤ t < L. (1)

Although suppressed in the notation, these polynomials depend on a, b, L. We also regard each
polynomial as a column vector indexed by distance, so its coefficient at zh is the change at
distance h.

Let Ts count all internal landmarks of depth s, where 1 ≤ s ≤ k = ⌊L/2⌋. For the original
vertices, put αi = 1{i∈W } and A0 =

∑
i αi. We use 1{P} = 1 when the condition P holds and

0 otherwise. The next identity begins with all landmarks at the disjoint-support baseline and
corrects the two families of paths through the endpoints of e. Landmarks on ij belong to both
families, so one final correction restores their actual distances.

Lemma 2.1. For a fixed landmark set W , let ηij(t) be its internal selection indicators as
defined above. For e = xij(a)xij(a+ 1), its histogram is

He(z) =
k∑

s=1
Tsz

L+a+s +
L−1∑
t=1

(
Di(t)At(z) +Dj(t)Bt(z)

)
+ Ee(z)

+ αiz
a + αjz

b + (A0 − αi − αj)zL+a, (2)

where the correction from the support of e is

Ee(z) =
L−1∑
t=1

ηij(t)
[
zmin(|t−a|,|t−(a+1)|) − za+t

− zmin(b+L−t,L+a+t) + zL+a+min(t,L−t)]. (3)

With ∥ · ∥∞ denoting the largest absolute coefficient, any two edges e, f of the same graph,
using the same set W , satisfy

∥Ee∥∞ ≤ 2, ∥Ee − Ef∥∞ ≤ 4. (4)

Proof. Initially count each internal landmark as though its support were disjoint from ij. The
columns At, Bt correct the two families of paths, using Table 1. A landmark on ij appears in
both corrections; the summand in (3) restores its actual distance. Original landmarks give the
last line of (2).

For the coefficient bound, each of the two positive exponents in (3) has at most two
preimages as t varies. Their ranges are disjoint: the first is at most b, whereas the second is at
least L+ a+ 1 > b. Their combined contribution to any coefficient is therefore at most two.
The exponent a+ t is injective and at most L+ a− 1. The other negative exponent is

L+ a+ min(δ − t, t).

Its increasing branch starts at L+ a+ 1, above the first negative range, and its decreasing
branch is injective. Thus the negative contribution also has magnitude at most two at every
coefficient. Subtracting these contributions proves the first bound; the second follows by the
triangle inequality.

We will recover the edge depth before comparing its endpoint profiles. All distances in
Table 1 are at most L+ a+ k. If a depth-k landmark lies on a disjoint support, it attains this
value, so

max{t : HW
e (t) > 0} = L+ a+ k. (5)
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The constructions in Sections 4 and 5 ensure such a landmark for every support. Equation (5)
then determines a, and hence b and δ.

Proposition 2.2. For n ≥ 3 and L ≥ 2,⌈
n− 1

2

⌉
≤ edim(SL(Kn)) ≤ n.

Proof. The original vertices resolve every edge: the two smallest named distances identify
its support endpoints, and either endpoint distance specifies its position. This proves the
upper bound. For the lower bound, associate to each landmark its original vertex, or the two
endpoints of its support if it is internal. Fewer than (n− 1)/2 landmarks leave at least two
originals unassociated. Interchanging these originals induces a nontrivial automorphism that
fixes every landmark and moves an edge of their replacement path. Those two edges have
equal named distance records, a contradiction.

3 Counting possible distance records
To bound the number of landmarks from below, compare the n − 1 edges next to a fixed
original vertex i, one on each path ij. The selection around i is common to all comparisons;
the changing part comes from the first k = ⌊L/2⌋ positions measured from j. The remaining
positions give the same distances as a path sharing neither endpoint with ij. Choices on each
edge’s own path allow only bounded repetitions of a count vector, so many different vectors
force a large total count. Fig. 5 shows the cancellation for L = 6, when the first three positions
remain.

(a) The edge e and a path starting at j

i j u

e 5 edges

6 edges from i to u

t = 1 t = 2 t = 3 t = 4 t = 5

(b) Compare distances before subtracting the baseline
distance

t
6

7

8

9

1 2 3 4 5

baseline
actual

one count moves
from 6 + t to 5 + t

equal contributions
cancel

Figure 5: The three counts that matter when L = 6. In (a), e is the edge next to i, and t measures
position from j. In (b), squares give the distances for the comparison path and circles give the actual
distances. At t = 1, 2, 3, the orange arrows move one count from distance 6 + t to 5 + t. At t = 4, 5, the
values agree. Thus the changing part depends only on Dj(1), Dj(2), Dj(3).

The relevant counting fact is elementary. Call the coordinate sum of a nonnegative integer
vector its cost. For a positive integer d and a real r ≥ 0, the number of vectors in Zd

≥0 with
coordinate sum at most r is

(⌊r⌋+d
d

)
, the Ehrhart count of the standard simplex [3]. It is

at most (r + 1)d, because each coordinate is at most ⌊r⌋. For example, in two coordinates,
allowing each vector twice gives two occurrences of cost zero, four of cost one and six of cost
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two. To choose fifteen occurrences, three more of cost three are needed. Their total cost is 25
(Fig. 6).

(a) Integer vectors

x1

x2

2 2

2

2

2

2

2

1

0

0

0 1 2 3

1

2

3

(b) Count and cost by layer

r occurrences cost
0 0 · 2 = 0

1 1 · 4 = 4

2 2 · 6 = 12

3 3 · 3 = 9

2 + 4 + 6 + 3 = 15 25

Figure 6: Fifteen occurrences of integer vectors, with at most two per vector. In (a), the number inside
a point is its number of uses. In (b), squares count the allowed occurrences in the layer r = x1 + x2;
filled squares are used. The last column gives each layer’s contribution to the total cost 25.

Theorem 3.1. Let L ≥ 2, put k = ⌊L/2⌋, Q = 22k+1, and suppose n > Q + 1. Every edge
multiset resolving set in SL(Kn) contains at least

n

2

((
n

2Q

)1/k

− 1
)

internal vertices. In particular, for each fixed L ≥ 3, edimm(SL(Kn)) = ΩL(n1+1/k) whenever
a resolving set exists.

Proof. Let B be the number of selected internal vertices. For the edge eij next to i, the
far-endpoint columns in (1) are

Bt(z) =
{
zL−1+t − zL+t, 1 ≤ t ≤ k,
0, k < t < L.

Thus (2) becomes

Heij (z) = Ci(z) + αj(zL−1 − zL) +
k∑

t=1
Dj(t)(zL−1+t − zL+t) + Eeij (z),

where Ci is independent of j, and the support correction Eeij in (3) depends only on selections
along ij.

For odd L = 2k + 1, assign to j the vector pj = (Dj(1), . . . , Dj(k)). Once i, pj are fixed,
only αj and the 2k choices on ij can change the histogram. There are at most Q possibilities.
For even L = 2k, use pj = (Dj(1), . . . , Dj(k − 1), ⌊Dj(k)/2⌋). The parity of Dj(k), together
with αj and the 2k − 1 choices on ij, again gives at most Q possibilities.

Consequently no vector occurs more than Q times among the pj . Indeed, for a larger
proper class of equal vectors, choose i outside that class; two of the corresponding edges would
have equal histograms. If all n vectors agree, any i gives n − 1 > Q edges and the same
contradiction.

The cost ∥pj∥1 of a profile is the sum of its coordinates. At odd length, each internal
landmark contributes once to

∑
j ∥pj∥1, so the sum is B. At even length, a middle landmark

is counted at both ends before the last coordinate is divided by two. Rounding down can only
decrease the sum. Hence

∑
j ∥pj∥1 ≤ B in both cases.
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At least half the n profiles consequently have cost at most 2B/n. There are at most
(1 + 2B/n)k possible vectors of this cost, and each occurs at most Q times. Counting these
profiles gives

n

2 ≤ Q
(

1 + 2B
n

)k

.

Solving for B gives the required number of internal landmarks.

Corollary 3.2. For n ≥ 10, every resolving set in S3(Kn) contains at least n2/16 − n/2
internal vertices.

Proof. In the preceding proof k = 1, Q = 8, and
∑

j pj = B. The minimum sum of n = 8q + r
nonnegative integers, each used at most eight times, fills 0, . . . , q− 1 eight times and then uses
q another r times. Therefore

B ≥ 4q(q − 1) + rq = n2

16 −
n

2 + r(8− r)
16 , 0 ≤ r < 8.

The same filling argument gives an exact finite bound in any dimension. Lemma C.1
computes the minimum total cost by filling successive layers of integer vectors, and Corollary C.3
applies this count to the endpoint profiles above. These refinements are proved in Appendix C.

4 Symmetric endpoint profiles
The lower bound suggests assigning a different short integer label to each original vertex and
realizing its coordinates as landmark counts. We first do this with symmetric profiles. At
each original vertex i, we require equal landmark counts in positions s and L− s, measured
along all paths leaving that same vertex. For a fixed depth s, these counts will form the degree
sequence of a simple graph. Selecting the corresponding path positions turns these graphs into
the landmark set.

The main issue is recovery. An off-center edge sees the two endpoint labels differently,
and the equations below recover them separately. A central edge at an odd length sees only
their sum. Thus arbitrary distinct labels suffice at even lengths, while symmetric profiles
at odd lengths require distinct pair sums. This distinction will explain why the odd-length
construction of Section 5 uses asymmetric profiles.

Put k = ⌊L/2⌋. We seek a selection with endpoint counts

Di(s) = Di(L− s) = di,s (1 ≤ s < L/2).

If L = 2k, the midpoint in position k has count Di(k) = di,k. For each pair of positions
s, L − s with 1 ≤ s < L/2, combine their contributions from (1) into Φs = As + AL−s and
Ψs = Bs +BL−s. Explicitly,

Φs = za+s + za+L−s − 2zL+a+s,

Ψs = zb+s + zmin(b+L−s,L+a+s) − 2zL+a+s.

When L = 2k, position k is a single midpoint, so its contribution occurs once. Thus Φk = Ak

and Ψk = Bk, namely

Φk = za+k − zL+a+k, Ψk = zb+k − zL+a+k.

The histogram for a selection without original vertices is

He(z) =
k∑

s=1
Tsz

L+a+s +
k∑

s=1
(di,sΦs + dj,sΨs) + Ee(z).
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Lemma 4.1 (Recovery from symmetric profiles). For u = (u1, . . . , uk) and v = (v1, . . . , vk) in
Rk, consider the real linear map Sa : Rk × Rk → R[z] given by

Sa(u, v) =
k∑

s=1
(usΦs + vsΨs).

If δ = b − a > 0, this map is injective. If δ = 0, which occurs only for odd L, its kernel is
{(u, v) : u+ v = 0}.

Proof. Suppose Sa(u, v) = 0. Reading the coefficients at a+ 1, . . . , a+ k gives

us = 0 (s ≤ min(k, δ)), us + vs−δ = 0 (δ < s ≤ k).

Every other monomial of the columns has exponent above this range. For δ = 0, the two
column families agree; their distinct first exponents show that their common map is injective.
Thus the kernel is exactly u+ v = 0.

If δ ≥ k, the low coefficients give u = 0. Each Ψs has smallest exponent b+ s with positive
coefficient. These exponents strictly increase, so elimination in increasing order gives v = 0.

It remains to consider 0 < δ < k. For a paired coordinate s, the coefficient at L+ a+ s
gives

us + vs = 0, 2s > δ,
2us + vs = 0, 2s = δ,
2us + vs − vδ−s = 0, 2s < δ.

Indeed, the negative terms contribute −2(us + vs). A positive second term of Ψt reaches this
exponent precisely when min(δ − t, t) = s. For 2s < δ, the two indices are s, δ − s; for 2s = δ,
there is the single index s; for 2s > δ, there is none. The relevant indices in the first two cases
are below δ < k, so they are always paired coordinates. The equality case can occur only when
L is odd, since then δ is even. For even L, the middle coordinate instead gives

uk + vk = 0.

No positive second term reaches L+ a+ k.
The low coefficients first give u1 = · · · = uδ = 0. For δ/2 < s ≤ δ, the high equations give

vs = 0. They also give vs = 0 when 2s = δ. For s < δ/2, the coordinate vδ−s is already zero,
so vs = 0 follows. Finally, for s > δ, the earlier coordinate vs−δ = 0 gives us = 0 through
the low equation. The high equation, or the middle equation if applicable, then gives vs = 0.
Induction proves injectivity. Fig. 7 displays these dependencies for one even length.
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(a) One propagation step, 4 ≤ s ≤ 9

vs−3 = 0 us = 0 vs = 0

coefficient of za+s coefficient of zL+a+s

us + vs−3 = 0 us + vs = 0

(b) Three chains cover all nine indices

1 4 7

2 5 8

3 6 9

Index s means us = vs = 0. Shading marks the initial zeros.

Figure 7: Recovery in Lemma 4.1, for L = 18, k = 9, a = 7, b = 10, and δ = 3. In (a), the two
indicated coefficients successively force us = 0 and vs = 0 once vs−3 = 0. The final step s = 9 uses
the single middle-position columns. In (b), the shaded indices are the initial zeros, and the same step
reaches all remaining indices.

Proposition 4.2 (Realizing symmetric codes). Let L ≥ 4, k = ⌊L/2⌋, and let Q be a positive
integer with n ≥ 14Q. Suppose that n labels

ci ∈ {0, . . . , Q− 1}k

are distinct when L is even. When L is odd, suppose ci + cj = cu + cv implies {i, j} = {u, v}
for all pairs with i ≠ j and u ≠ v. Then SL(Kn) has an edge multiset resolving set with
symmetric profiles and size less than

6(L− 1)nQ.

Proof. Choose the target degrees
di,s = 6(Q+ ci,s).

For each coordinate these degrees have even sum and lie between m0 = 6Q and M0 = 12Q−6 <
n. Lemma B.2 applies, since

(M0 +m0 + 1)2

4m0
= (18Q− 5)2

24Q < 13.5Q < n.

Thus there is a simple graph Gs with these degrees. For each edge of Gs, select the two
positions s, L−s if s < L/2. If L = 2k and s = k, select its single middle vertex. The selections
use distinct vertices for different coordinates and realize the required profiles.

For a unified count, let ws = 2 at a paired coordinate and wk = 1 at a middle coordinate.
The number of depth-s landmarks is

Ts = ws

2
∑

i

di,s ≥ 3wsnQ.

Among these, at most
ws(di,s + dj,s) < 24wsQ

have supports meeting a fixed pair i, j. Since n ≥ 14Q > 8, there is a depth-k landmark
on a support disjoint from every given support. The largest occupied histogram distance is
therefore L+ a+ k, and it identifies a.
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For two edges of equal depth, subtract their histogram identities. The global terms cancel.
Every coefficient of the difference of the linear terms is divisible by six, whereas the support-
correction difference has coefficient norm at most four. Equality of the histograms therefore
forces equality of the linear terms.

For δ > 0, Lemma 4.1 recovers the two degree vectors in order. The labels are distinct in
both parities of L: in the odd case, ci = cj with i ≠ j would give ci + ch = cj + ch for a third
index h, contrary to the pair-sum hypothesis. Distinct labels therefore determine the ordered
endpoints. For δ = 0, it recovers their sum. This pair-sum property determines the unordered
endpoints, and their support has one central edge. This distinguishes every edge. Finally,

|W | =
∑

s

ws

2
∑

i

di,s < 6nQ
∑

s

ws = 6(L− 1)nQ.

Corollary 4.3. Let L = 2k ≥ 4 and Q = ⌈n1/k⌉. If n ≥ 14Q, then

edimm(S2k(Kn)) < 6(2k − 1)nQ.

For fixed k ≥ 2, this is Ok(n1+1/k).

Proof. There are Qk ≥ n labels in the box. Use any n distinct labels in Proposition 4.2.

5 Odd lengths: Sidon labels and projected kernels
Let L = 2k + 1, with k ≥ 2. Symmetric profiles require Θk(n1+2/k) landmarks when k ≥ 3
(Corollary D.1). To reach the exponent 1 + 1/k, we let the counts at opposite positions vary
separately. This gives 2k coordinates for each endpoint profile. At the central edge, a = b = k,
so the two endpoint columns in (1) coincide. Their contribution records only the sum of the
endpoint profiles. We will choose Sidon labels so that this sum identifies the pair. Away from
the center, one endpoint’s change can be cancelled by a change at the other. We must also
prevent these cancellations. For each edge position, we describe the changes that can be hidden
and bound the dimension of the space they form. This bound will allow us to discard the
conflicting pairs from a Sidon set while keeping enough labels for all n originals.

5.1 The linear information retained by a noncentral edge

A noncentral edge may hide a change at one endpoint through cancellation at the other. We
bound the dimension of these changes by viewing the histogram columns as edges between
distance levels and counting the connected components of this auxiliary graph.

Write δ = 2r, where 1 ≤ r ≤ k, and remove the common factor za from the columns. Let
ej be the coordinate vector for exponent j in a space with coordinates 1, . . . , 3k + 1. Denote
the resulting matrices by A and Br. Their columns are

At = et − eL+min(t,L−t), 1 ≤ t ≤ 2k,
(Br)t = et+2r − eL+min(t,L−t), 1 ≤ t < L− r,
(Br)t = 0, L− r ≤ t ≤ 2k. (6)

Each nonzero column has one entry +1 and one entry −1, so we can draw it as an edge joining
their coordinate indices. These indices are distance levels shifted by a, because we removed za.
The incidence-matrix rank formula converts the component count into the dimension bound
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below. Allikvere [2, Lemma 11] uses such graphs in a probabilistic analysis of hypercube
histograms. Fix a field F, and set

Ur = {u ∈ F2k : Au+ Brv = 0 for some v ∈ F2k}. (7)

A vector in Ur is therefore a change at the nearer endpoint whose effect can be cancelled at
the farther endpoint. To recover the nearer endpoint, we need labels whose nonzero differences
avoid every Ur.

Lemma 5.1. Over every field, A is injective, kerBr consists of vectors supported on their last
r coordinates, and

dimUr ≤ k − 1.

Proof. The A-columns form k disjoint two-edge stars. Star s has leaves s, L− s and center
L+ s, for 1 ≤ s ≤ k; exponent L is isolated. Thus rankA = 2k. Each nonzero Br-column has
smallest nonzero coordinate t+ 2r, with coefficient one. These coordinates strictly increase
with t, so these columns are independent. Hence rankBr = 2k − r and its kernel is as stated.

To bound dimUr, we now show that adding the Br-columns joins enough of the stars.
Figure 8 follows this step for k = 3, r = 1: the columns (B1)5 = e7 − e9 and (B1)4 = e6 − e10
leave two components, and (B1)3 = e5 − e10 connects them.

Contract the A-stars to vertices 1, . . . , k, and call the isolated exponent L vertex 0. For
every j > r, the column (Br)L−j joins j to |j − 2r| < j. These edges form a forest with
roots 0, . . . , r. The component of an index is determined by its residue modulo 2r, up to
sign: each step preserves that class and strictly decreases the index until it reaches its unique
representative in {0, . . . , r}.

The additional column (Br)k joins k to |k + 1 − 2r|. Its endpoints lie in different forest
components. Otherwise k ≡ ±(k + 1) (mod 2r), which would require the even integer 2r to
divide either one or 2k + 1. The contracted graph therefore has at most r components.

Contraction preserves the number of components, so the original incidence graph on 3k+ 1
vertices also has at most r components. An oriented incidence matrix on v vertices with
c components has rank v − c over every field, as follows by taking a spanning forest and
eliminating its leaves. Consequently,

rank[A Br] ≥ 3k + 1− r.

Since A is injective, it maps Ur bijectively to the intersection of the two column spaces. Thus

dimUr = rankA+ rankBr − rank[A Br] ≤ k − 1.
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(a) A graph of coefficient levels
For example, (B1)5 = e7 − e9 gives the edge from 7 to 9.

9

2 5

Star 2

2

10

3 4

Star 3

3

8

6 1

Star 1

1

7

Isolated level

0

(B1)5

(B1)3 (B1)4

contract
each box

(b)
(B1)5 (B1)3 (B1)4

The solid edges leave two components. The dashed edge joins them.

The shown columns connect all ten levels.
rank[A B1] ≥ 10− 1 = 9 =⇒ dimU1 ≤ 6 + 5− 9 = 2.

Figure 8: How connectivity bounds the ambiguity in Lemma 5.1, for L = 7, k = 3, r = 1, and a = 2.
In (a), the vertices are coefficient indices after removing z2. The six blue edges are the A-columns;
three B1-columns connect their boxed components. In (b), each box becomes one vertex, retaining
those connections. The solid edges leave two components and the dashed edge joins them. Thus the
displayed columns connect all ten levels, giving rank at least nine. Since A and B1 have ranks six and
five, at most two independent changes at one endpoint can be cancelled by changes at the other.

5.2 Removing the ambiguous differences

We remove labels whose differences lie in the spaces Ur, so that cancellation cannot hide
the nearer endpoint’s label. For an abelian group, call a subset C Sidon if every equality
c1 + c2 = c3 + c4 between elements of C gives the same unordered pair, including repetitions.
Every nonzero difference then has at most one ordered representation, so counting the forbidden
differences bounds how many labels must be discarded.

Lemma 5.2. Let q be an odd prime power and d, s positive integers. Let C ⊆ Fd
q be Sidon,

and let U1, . . . , Us be subspaces of Fd
q . There is a subset C ′ ⊆ C on which each quotient map

modulo Uj is injective, with

|C ′| ≥ |C| − 1
2

s∑
j=1

(qdim Uj − 1).

Proof. For each j, a nonzero difference in Uj has at most one ordered representation in C. The
two directions of an unordered pair give distinct opposite differences because q is odd. There
are therefore at most (qdim Uj − 1)/2 unordered pairs whose difference lies in Uj . Remove one
endpoint of each such pair for all j. The remaining set has the stated size and no two of its
elements agree in any of the quotients. Fig. 9 illustrates the removal for one quotient.

Choose a prime q > k, and fix a basis of Fqk over Fq. Since k ≥ 2, the characteristic is odd.
The classical Sidon parabola is

C = {(x, x2) : x ∈ Fqk} ⊆ F2k
q . (8)
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(a) All seven labels

x

x2 mod 7

0 1 2 3 4 5 6

1

2
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4

(b) Four surviving labels

x

x2 mod 7

0 1 2 3 4 5 6

1

2
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4

Figure 9: Deleting ambiguous label differences. In (a), the seven points (x, x2) in F2
7 form a Sidon

set. Projection modulo the horizontal subspace keeps only the second coordinate; dashed lines join the
three conflicting pairs. In (b), deleting one point from each pair leaves four different second coordinates.
The deletion bound is (7− 1)/2 = 3. Elements of F7 are drawn using their representatives in {0, . . . , 6}.

Its first k coordinates specify x. To recall its Sidon property, equality of two pair sums gives
equal sums of the two field elements and of their squares. Since the characteristic is odd, the
products also agree. The unordered pairs are the roots of the same monic quadratic; see [5,15].

Apply Lemma 5.2 to the k projected kernels of Lemma 5.1, now over Fq. It gives a Sidon
subset C ′ with injective quotient maps and

|C ′| ≥ qk − k

2 (qk−1 − 1) > qk

2 . (9)

Thus qk ≥ 2n supplies n distinct labels ci ∈ C ′. In what follows, each coordinate is represented
by its integer in {0, . . . , q − 1}.

5.3 Balancing the labels and recovering the edges

For each pair of positions s, L− s, a zero-diagonal binary matrix specifies the selection: a one
in entry (i, j) selects xij(s). Its row i sums to Di(s), and its column j sums to Dj(L − s).
Summing all row margins and summing all column margins count the same selected vertices,
so these two totals must agree. The Sidon labels need not have this balance. We will adjust
their last k coordinates to obtain it, after separating the integer labels by a fixed scale. That
separation will prevent the adjustments and the support correction from hiding a nonzero
label difference.

Proposition 5.3. Let L = 2k + 1, k ≥ 2. Choose a prime q > k with qk ≥ 2n, and put

K = 2k + 5, m = K(q − 1) + 1.

If n > 12 and 2n ≥ 9m+ 3, then

edimm(S2k+1(Kn)) < k(2m+ 1)n.

For every fixed k ≥ 2, suitable primes give the bound Ok(n1+1/k) for all sufficiently large n.

Proof. Take the labels just constructed, indexed by 0 ≤ i < n. We choose target values for the
endpoint counts Di(t), for 1 ≤ t ≤ 2k. First let

µt =
⌊
K
∑

i ci,t

n

⌋
, Rt = K

∑
i

ci,t − nµt ∈ {0, . . . , n− 1}.
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Begin with degrees 2m+Kci,t − µt. For every 1 ≤ s ≤ k, modify coordinate L− s in exactly
|Rs −RL−s| entries by sgn(Rs −RL−s). Denote these corrections by εi,t, setting them to zero
in the first k coordinates, and write

Di,t = 2m+Kci,t − µt + εi,t. (10)

Here Di,t is the target value of Di(t). Write εi = (εi,1, . . . , εi,2k) ∈ Z2k. The number of modified
entries is less than n, so the choices are possible. Within a fixed coordinate all corrections
belong to {0, σt} for a single sign σt. In particular,∑

i

Di,s =
∑

i

Di,L−s = 2mn+Rs, 1 ≤ s ≤ k,

m ≤ Di,t ≤ 3m. (11)

The bounds use 0 ≤ µt ≤ K(q − 1) and |εi,t| ≤ 1.
For each pair s, L− s, realize the margins by Lemma B.1. Their total is at least 2mn, and

their maximum is at most 3m. The required inequality is

(3m+ 1)3m ≤ 2mn,

which is exactly 2n ≥ 9m+ 3. It also implies 3m < n. Select the internal vertices specified by
these k matrices, and no originals. Opposite positions are distinct since L is odd. Equation (11)
gives

|W | =
k∑

s=1

∑
i

Di,s = 2kmn+
k∑

s=1
Rs < k(2m+ 1)n. (12)

There are at least nm landmarks of depth k. The supports meeting either endpoint of a
given edge contain at most 12m such landmarks. Since n > 12, a depth-k landmark lies on a
disjoint support, and (5) identifies a.

Now compare edges e = xij(a)xij(a + 1) and f = xuv(a)xuv(a + 1) of the same depth.
The global terms in (2) cancel, as do the constants 2m − µt in their endpoint profiles. For
x,y ∈ Z2k, define Ta(x,y) =

∑2k
t=1(xtAt + ytBt) ∈ Z[z]. Equality of histograms gives

0 = KTa(ci − cu, cj − cv)
+ Ta(εi − εu, εj − εv) + Ee − Ef . (13)

Each correction difference vanishes in the first k coordinates and has every coordinate of
absolute value at most one, since its sign is fixed within each remaining coordinate. Each
endpoint map has at most k such columns, each with coefficient norm at most one. The
correction image therefore has coefficient norm at most 2k. Together with (4), the second line
of (13) has coefficient norm at most 2k + 4 < K. The first line has coefficients divisible by K.
Therefore

Ta(ci − cu, cj − cv) = 0 (14)

over the integers, and hence modulo q.
If the edge is central, the two column families agree. After removing za, each is A, which

is injective. Equation (14) gives ci + cj = cu + cv over Fq. The Sidon property identifies the
unordered support, which determines its central edge.

For a noncentral edge, write b−a = 2r. We recover the nearer endpoint first. Equation (14)
gives ci − cu ∈ Ur, so injectivity modulo Ur gives i = u. The equation then becomes
Br(cj − cv) = 0. By Lemma 5.1, this kernel is supported on the last r ≤ k coordinates. Thus
the first k coordinates of cj , cv agree. These specify the field element x in (8), and hence the
entire label, so j = v. The ordered support and the already known a identify the edge. Thus
every pair is distinguished.
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Finally, Bertrand’s postulate supplies a prime between X and 2X, where

X = max{k + 1, 3, ⌈(2n)1/k⌉}.

For fixed k, this gives q = Ok(n1/k), while m = Ok(n1/k). Since k ≥ 2, both hypotheses on n
eventually hold. Equation (12) proves the asserted asymptotic bound.

The scale K = 2k + 5 used above follows from a bound of 2k on the balancing correction
and four on the support error. Lemma D.2 reduces the first bound to two by examining the
last k columns more closely. The combined error is therefore at most six, allowing the fixed
scale K = 7; Proposition D.3 gives the resulting finite bound.

6 The two shortest subdivisions
Increasing a replacement path from two to three edges gives each support two independently
selectable internal vertices. We show how this changes the answer from impossibility to
existence for every order. In the matrix description, the single shared selection at length two
imposes symmetry; length three permits different entries in the two directions. The first part
proves that symmetry forces a collision. The remaining parts construct the nonsymmetric
matrices and complete their finite verification.

6.1 Length two: every selection leaves a collision

At length two, the two directions of a support share the same internal landmark choice. We
show that this symmetry forces a collision by encoding a selection as a symmetric binary
matrix and comparing its row sums.

Theorem 6.1. For every integer n ≥ 3, edimm(S2(Kn)) =∞.

The proof follows in this subsection, after Lemmas 6.2 and 6.3. The first finds a collision
when two adjusted degrees coincide; the second gives an explicit matrix form for the remaining
case.

Write v0, . . . , vn−1 for the original vertices, and wij = wji for the vertex inserted on vivj .
Thus wij = xij(1), and we abbreviate its selection indicator ηij(1) to ηij throughout the
length-two argument. Every edge is eij = viwij for a unique ordered pair i ≠ j. For an
arbitrary landmark set W , put

αi = 1{vi∈W }, ηij = 1{wij∈W }, di =
∑
j ̸=i

ηij , A0 =
∑

i

αi, B =
∑
i<j

ηij .

The counts of selected vertices at distances 0, 1, 2, 3 from eij are

(αi + ηij , αj + di − ηij , A0 − αi − αj + dj − ηij , B − di − dj + ηij). (15)

For example, the vertices at distance one are vj and the wik with k /∈ {i, j}; at distance three
they are precisely the wkℓ with support disjoint from {i, j}. Put ti = di + αi and ri = di − αi.
Equality of the histograms in (15) is equivalent to equality of

Γ(i, j) = (αi + ηij , ti + αj , rj). (16)

Indeed, a triple (x, y, z) recovers the histogram as (x, y − x,A0 + z − x,B − y − z + x).

Lemma 6.2. If tu = tv for distinct u, v, then two distinct edges have equal distance multisets.
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Proof. If αu = αv, then du = dv and ru = rv, so Γ(u, v) = Γ(v, u). Otherwise interchange the
indices to have αu = 0, αv = 1. Then du = dv + 1, whence∑

j /∈{u,v}
(ηuj − ηvj) = 1.

For some such j, ηuj = 1, ηvj = 0, and (16) gives Γ(u, j) = Γ(v, j).

The remaining case is described by the following matrix form of Aguilar’s classification [1,
Theorem 2.1]. The diagonal entries represent loops counted once in each degree.

Lemma 6.3. Let M be a symmetric binary matrix of order n with distinct row sums. After
possibly replacing M by its entrywise complement and simultaneously ordering its rows and
columns, its entries are

Mij = 1{i+j≥n}, 0 ≤ i, j < n.

Proof. The n distinct row sums belong to {0, . . . , n}. A zero row and an all-ones row cannot
coexist in a symmetric matrix. Thus the row sums are either 0, . . . , n− 1 or 1, . . . , n. Comple-
ment if necessary, and order them increasingly. Row zero vanishes. Row n− 1 is one except in
column zero. Deleting these two rows and columns leaves row sums 0, . . . , n− 3. Induction,
starting with orders one and two, gives the stated formula.

Proof of Theorem 6.1. Repeated values of ti are covered by Lemma 6.2. In the remaining case,
apply Lemma 6.3 to the symmetric matrix whose diagonal is αi and whose off-diagonal entries
are ηij . Complementation is legitimate: the full vertex set gives every edge the same histogram(

2, n− 1, 2n− 4,
(
n− 2

2

))
,

so complementing W preserves every collision.
We may consequently assume

ti = i, αi = 1{2i≥n}, ηij = 1{i+j≥n}, ri = i− 2αi.

For n = 3, 4, substitution into (16) gives Γ(0, 2) = Γ(1, 0) = (0, 1, 0). For n ≥ 5, put h = ⌈n/2⌉.
Then h ≥ 3, h+ 1 ≤ n− 1, and

Γ(0, h+ 1) = Γ(1, h− 1) = (0, 1, h− 1).

Indeed, both first coordinates vanish, both second coordinates equal one, and rh+1 = rh−1 =
h − 1. These are valid distinct edges. Complementation transfers the collision back to the
original landmark set when needed.

Distinct row sums still leave two edges indistinguishable. For n = 6, Fig. 10 follows the
entries and row sums that produce their common record.

For n = 2, the graph is a path and an endpoint resolves its edges. Thus the restriction
n ≥ 3 is sharp.
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(a) Landmark bits and counts (b) Cell −→ edge −→ record
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4

0 0 1 1 1 1 4 1 2
5

5

0 1 1 1 1 1 5 1 3

ti αi ri

Mij = 1{i+j≥6}

Diagonal entries give αi.
Off-diagonal entries give ηij .
Outlined cells: (0, 4) and (1, 2).

Cell (0, 4): M04 = η04 = 0

v0 w04 v4

e04
e04 = v0w04

Γ(0, 4) = (α0 + η04, t0 + α4, r4)
= (0 + 0, 0 + 1, 2) = (0, 1, 2)

Cell (1, 2): M12 = η12 = 0

v1 w12 v2

e12
e12 = v1w12

Γ(1, 2) = (α1 + η12, t1 + α2, r2)
= (0 + 0, 1 + 0, 2) = (0, 1, 2)

Γ(0, 4) = Γ(1, 2) = (0, 1, 2)

Figure 10: From landmark bits to a collision at length two, for n = 6. In (a), the adjacent columns
give ti = i, αi = Mii, and ri = i − 2αi. In (b), the cells (0, 4) and (1, 2) give the internal-vertex
bits η04 and η12; the highlighted edges are e04 = v0w04 and e12 = v1w12. Substitution from (a) gives
Γ(0, 4) = Γ(1, 2) = (0, 1, 2). Here A0 = 3 and B = 6, so (16) gives the common histogram (0, 1, 5, 3),
ordered by distances zero through three.

6.2 Length three: encode the landmarks by a matrix

The two internal vertices on each support can now be selected independently. We encode this
freedom in a binary matrix and express the edge histograms through its row sums, column sums
and diagonal, so that conditions on these quantities will ensure that all edges are distinguished.
Fig. 11 illustrates this encoding with an order-five matrix from the CSV data and its ten
landmarks. Write each replacement path as vi − xij − xji − vj , where xij = xij(1). In this
length-three argument, abbreviate ηij(1) to ηij ; now ηij and ηji refer to two different vertices.
Set

αi = 1{vi∈W }, ηij = 1{xij∈W }, pi =
∑
j ̸=i

ηij , qi =
∑
j ̸=i

ηji, A0 =
∑

i

αi, B =
∑

i

pi.

Here pi, qi are integers; the letter p without a subscript will denote a prime. Denote terminal
edges by Tij = vixij , for ordered pairs i ≠ j, and middle edges by Eij = xijxji, for unordered
pairs {i, j}. Put sij = ηij + ηji. It is convenient to encode W by a full binary matrix M ,
allowing its diagonal to be nonzero:

αi = Mii, ηij = Mij (i ̸= j), Ri =
∑

j

Mij = pi +αi, Qi =
∑

j

Mji = qi +αi. (17)

Every entry equal to one selects exactly one vertex. Hence |W | =
∑

iRi. The diagonal entries
correspond to original vertices.
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(a) M , with n = 5
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Figure 11: From a matrix to unnamed distances. In (a), a binary matrix of order five selects
ten landmarks. Its row and column sums are shown in the margins. Diagonal ones select originals;
off-diagonal ones select the corresponding internal vertices. In (b), the path from v1 to v4 illustrates
four entries; filled vertices are selected. In (c) and (d), the histograms of T14 and E14 count distances to
all ten landmarks encoded by the matrix. Both have total mass ten, and their multiplicities distinguish
these two edges; distance five already separates their types in this example. The CSV certificate checks
all edge pairs.

The two histograms, ordered by distance from zero to five, are

HT (i, j) =
(
αi + ηij , pi − ηij + ηji, αj + qi − ηji,

A0 − αi − αj + pj − ηji, B − pi − qi − pj + ηji, 0
)
, (18)

HE(i, j) =
(
sij , αi + αj , pi + pj − sij , qi + qj − sij ,

A0 − αi − αj , B − pi − pj − qi − qj + sij
)
. (19)

For a terminal edge, distance zero selects its two endpoints; distance one selects xji and the
other xik; distance two selects vj and the other xki; distance three selects the remaining original
vertices and the xjk with k ≠ i, j. The remaining internal vertices have distance four. For a
middle edge, the two originals have distance one, the other internals near these originals have
distance two, their partners have distance three, the other originals have distance four, and
internals supported outside {i, j} have distance five. This proves both formulas.

We seek matrices satisfying

Ri = i, 2Qi − αi ≡ f(i) + d (mod p), f(i) = i(i+ 3)
2 , 0 ≤ i < n, (20)

where p ≥ n+5 is prime and d ∈ {0, . . . , p−1} is a common shift. Throughout this construction,
x mod p denotes the representative in {0, . . . , p− 1} of an integer x. The pair (i, f(i)) lies on
an affine image of the Sidon parabola. The added linear term makes its consecutive differences
i+ 2, which will also distinguish terminal edges.

Proposition 6.4. Let n ≥ 7, let p ≥ n+ 5 be prime, and suppose a binary matrix has row
sums Ri = i, column sums Qi, and diagonal αi satisfying (20) for some d. The corresponding
landmark set resolves S3(Kn) and has size n(n− 1)/2.

Proof. Interpret the matrix using (17). Every entry equal to one selects one vertex, so
|W | =

∑
iRi = n(n− 1)/2.
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Middle edges. Equation (19) recovers αi + αj , Ri +Rj = i+ j, and Qi +Qj . It therefore
recovers i+j and f(i)+f(j)+2d modulo p. The latter quantity, together with i+j, determines
i2 + j2, then ij, and hence the unordered pair {i, j}. Here p is odd, and the labels 0, . . . , n− 1
are distinct modulo p. Thus all middle edges are distinguished.

Terminal edges with a common origin. The sum of the first two entries of (18) is i+ ηji,
so it identifies ηji for fixed i. The third entry then identifies αj , and the fourth, which equals
A0 + j − αi − 2αj − ηji, identifies j.

Terminal edges with different origins. Suppose HT (i, j) = HT (u, v) with i < u. The sum of
the first two entries forces u = i+ 1, ηji = 1, and ηvu = 0. Set ∆1 = αu−αi and ∆2 = αj −αv.
The other equalities give

Qu −Qi = ∆1 + ∆2 − 1, j − v = 1−∆1 + 2∆2.

Writing Zi = 2Qi−αi, a collision consequently requires Zu−Zi = ∆1+2∆2−2 ∈ {−5,−4, . . . , 1}.
The value −5 forces ∆1 = ∆2 = −1 and j = v, contradicting ∆2 = −1. Hence the difference
must lie in {−4,−3,−2,−1, 0, 1}. On the other hand, (20) implies

Zi+1 − Zi ≡ f(i+ 1)− f(i) = i+ 2 (mod p).

The residue i+ 2 belongs to {2, . . . , n}, which is disjoint from {p− 4, p− 3, p− 2, p− 1, 0, 1},
because p ≥ n+ 5. This excludes every terminal-edge collision.

Separating the two types. For any middle support {i, j}, one of the three largest row indices
k is outside this support. Its internal outdegree is pk = k − αk ≥ n− 4 ≥ 3. At most two of
its selected vertices xkℓ have ℓ ∈ {i, j}. At least one is therefore supported entirely outside
{i, j}, and is at distance five from the middle edge. Every terminal histogram has distance-five
coordinate zero. This proves that W resolves all edges.

6.3 Producing the matrix margins

The remaining task is to make the column sums add up to N = 0+1+· · ·+(n−1) = n(n−1)/2,
while keeping enough room for a chosen diagonal. Each residue produced by f(i) + d offers
two choices. Write p = 2m+ 1. For a shift d, put

ri = (f(i) + d) mod p ∈ {0, . . . , 2m}, Li = ⌈ri/2⌉, α0
i = ri mod 2. (21)

The low choice (Qi, αi) = (Li, α
0
i ) satisfies 2Qi − αi = ri. The high choice is

Qi = Li +m+ 1− α0
i , αi = 1− α0

i , (22)

and satisfies 2Qi − αi = ri + p. Thus the column increases by m at odd residues and by m+ 1
at even residues.

Start with all low choices. If their sum is S, the deficit is D = N−S. Raising X odd-residue
columns and Y even-residue columns gives the exact balance precisely when

D = mX + (m+ 1)Y.

We choose the smallest eligible low values in each class, ordered by (Li, i), and leave index zero
unraised. This moves the columns towards the middle of their possible range. The resulting
concentration provides room in the matrix inequalities, even after the diagonal is fixed. The
relevant error is controlled by the quadratic character χ : Z→ {−1, 0, 1} modulo p: it is 0 on
multiples of p, 1 on nonzero squares modulo p, and −1 otherwise. An interval bound Cχ ≥ 0
means that ∣∣∣∣∣∣

u+ℓ∑
j=u+1

χ(j)

∣∣∣∣∣∣ ≤ Cχ (u ∈ Z, ℓ ∈ {0, . . . , p}).

The character is periodic, so this includes intervals that wrap modulo p. Appendix A proves
the following quantitative statement.

21



Proposition 6.5. Let p = 2m+ 1 be prime, let n = p− g, and suppose g ≥ 5 and m ≥ 150.
If the quadratic character modulo p has absolute sum at most Cχ on every interval of residues
and

H := Cχ + g + 2 ≤ m/12, (23)

then a binary matrix satisfying (20) exists. The shift d can be chosen even in [m/2, 3m/2],
with α0 = 0.

The proof in Appendix A first uses Lemma A.1 to quantify the room needed for the chosen
diagonal. Varying the modular shift then makes the column total match the row total, as
illustrated in Fig. 15. Lifting the smallest columns preserves enough room in every matrix cut.
Fig. 16 illustrates the concentration mechanism; the tail estimates in Appendix A establish
the required finite bounds.

Dusart’s prime-gap estimate and Lapkova’s character-sum estimate imply these hypotheses
for every n ≥ 10 000 (Corollary A.2). Exact certificates cover all remaining orders in Section 6.4.
Corollary 3.2 supplies the lower bound in the theorem below. Together these results give:

Theorem 6.6. For every n ≥ 3,

edimm(S3(Kn)) ≤
(
n

2

)
.

For n ≥ 10, the lower bound is n2/16−n/2. Consequently edimm(S3(Kn)) = Θ(n2) as n→∞.

6.4 Certifying the remaining orders

The analytic construction leaves the bounded range 3 ≤ n < 10 000. We complete it with two
forms of exact certificate. Small orders are supplied as explicit binary matrices. For the larger
orders, it suffices to give margins and diagonal entries and verify the following criterion.

Lemma 6.7. Let αi ∈ {0, 1}, with α0 = 0, and let the integers Qi satisfy
∑

iQi = n(n− 1)/2
and 0 ≤ Qi − αi ≤ n− 1. Put qi = Qi − αi. For each 1 ≤ k ≤ n, form the weights

w
(k)
i = i− αi + 1{qi≥k},

and write w(k)
(1) ≥ · · · ≥ w

(k)
(n) for their nonincreasing rearrangement. A binary matrix with row

sums i, column sums Qi, and diagonal αi exists if and only if

n−1∑
i=0

min(qi, k) ≥
k∑

j=1
w

(k)
(j) (1 ≤ k ≤ n). (24)

Proof. Reserve the diagonal entries and apply the forbidden-diagonal flow criterion in
Lemma B.1. For a row subset I of size k, its right side is∑

j

min(qj , k − 1{j∈I}) =
∑

j

min(qj , k)−
∑
i∈I

1{qi≥k}.

Thus its cut condition is
∑

i∈I w
(k)
i ≤

∑
j min(qj , k). The largest left side is the sum of the k

largest weights. The empty subset satisfies the condition, and the integer flow criterion proves
the equivalence. Fig. 12 shows this conversion for one cut in the order-five example.
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(a) k = 2, I = {3, 4} (b) The two largest weights

column j

qj
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2

2

1
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2
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0

3
1

1

4
2

1

demand

i = 3 3

i = 4 3

capacity

6 ≤ 2 + 2 + 0 + 1 + 1 = 6

i

w
(2)
i

1

2

3

4

1

0

2

1

1

2

3

3

4

4

3 + 4 = 7

∑
j min(qj , 2) = 7

One unit of diagonal loss: 6 ≤ 6 ⇐⇒ 7 ≤ 7.

Figure 12: The cut with k = 2 and I = {3, 4} for the matrix in Fig. 11. In (a), crosses mark forbidden
diagonal positions after reserving the diagonal entries. Column capacities are min(qj , 2− 1j∈I), giving
(2, 2, 0, 1, 1) for total demand six. In (b), weights (1, 2, 1, 3, 4) have two largest values summing to seven,
equal to

∑
j min(qj , 2). Moving the one-unit diagonal loss to the left converts the same inequality from

6 ≤ 6 to 7 ≤ 7. Every other cut size must also be checked.

Proposition 6.8. For every integer 3 ≤ n < 10 000, the graph S3(Kn) has an edge multiset
resolving set of size at most n(n− 1)/2.

Proof by exact finite certificates. The accompanying data files2 cover each integer in this range
once. For 3 ≤ n ≤ 29, small_matrices.csv gives all entries of one binary matrix of each
order. Its fields n and row identify a row, and fields c0,. . . ,c28 contain its entries followed by
empty padding. Algorithm 1 decodes the ones using (17) and verifies the resolving property
from graph distances. All 27 matrices satisfy the size bound and have distinct histograms for
their 12 177 graph edges in total.

For 30 ≤ n ≤ 9999, the file degree_certificates.csv contains one record (n, p, d,X, Y )
for each order. Algorithm 2 reconstructs the column sums and diagonal, then checks every
inequality in (24). These checks use integer arithmetic. They passed for all 9970 records,
including all 49 994 565 inequalities indexed by (n, k). The diagonal-bit identity gives 2Qi−αi ≡
f(i) + d (mod p). Lemma 6.7 therefore realizes each record, and Proposition 6.4 proves that
its matrix encodes a resolving set of size n(n− 1)/2. Table 2 records the coverage.

Table 2: Complete coverage of the length-three case. The finite rows contain exact certificates for
every integer in the indicated interval.

Orders Certificate or construction Number of orders

3 ≤ n ≤ 29 Explicit matrices; graph distances 27
30 ≤ n ≤ 9999 Margins and all integer cut inequalities 9970
n ≥ 10 000 Corollary A.2 and Proposition 6.4 All remaining orders

Proposition 6.8 and the analytic construction prove the upper bound in Theorem 6.6 for
every n ≥ 3. Corollary 3.2 supplies its lower bound for n ≥ 10, completing the theorem.

The record (30, 37, 6, 1, 6) provides a worked reconstruction (Fig. 13). Its low total is 303,
its deficit is 132, and lifting one entry with odd residue and six with even residue adds exactly
18 + 6 · 19 = 132. These are finite certificate parameters; their validity follows from the cuts,
independently of the sufficient analytic hypotheses of Proposition 6.5.

2CSV files and reading instructions:
https://github.com/tashimir/subdivided-complete-edge-multiset-data.
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n = 30, p = 37, d = 6, m = 18, N = 435
Pairs (Li, i), ordered first by Li, then by i

Odd residues
X = 1

(5, 11) (5, 23) (6, 2) (7, 8) (7, 26) (8, 3) (12, 9) · · ·

Selected: Q11 = 5 + 18 = 23, α11 = 0
Even residues
Y = 6

(2, 7) (2, 27) (4, 1) (5, 16) (5, 18) (7, 14) (7, 20) · · ·

Selected Qi: 21, 21, 23, 24, 24, 26; each final bit is 1

Exclude index zero:
(L0, 0) = (3, 0)

Q0 = 3, α0 = 0

303︸︷︷︸
low total

+ 1 · 18︸ ︷︷ ︸
ri odd

+ 6 · 19︸ ︷︷ ︸
ri even

= 435 = N

The selected prefixes add exactly D = 132, using increments m and m + 1.

Figure 13: Exact balancing in the certificate (n, p, d,X, Y ) = (30, 37, 6, 1, 6). Pairs (Li, i) are
ordered lexicographically within each parity class of the residues ri. Blue selects the first pair with
odd ri; orange selects the first six eligible pairs with even ri. The following pairs make the tie-
breaking rule visible. Index zero is excluded from the even-residue class. The total rises from 303 to
303 + 18 + 6 · 19 = 435 = n(n− 1)/2.

The two algorithms below check different mathematical objects. Algorithm 1 builds
the graph from a small matrix and compares the actual distance histograms. Algorithm 2
reconstructs the larger certificates and checks the necessary and sufficient inequalities for a
matrix to exist. The latter relies on Proposition 6.4 for the resolving property.

The CSV conventions are specified in data/README.txt. Read the fields by name and verify
that every required order and matrix row occurs exactly once before applying the algorithms.
In Algorithm 1, BreadthFirstDistances(G, s) returns the function v 7→ dG(s, v).

Algorithm 1 Check a small matrix by graph distances
Input: A binary matrix M of order n, with 3 ≤ n ≤ 29.
Output: Accept exactly when its selected vertices resolve S3(Kn) using at most

(n
2
)

landmarks.
1: Create originals v0, . . . , vn−1 in an empty graph G.
2: for each pair 0 ≤ i < j < n do
3: Create fresh vertices xij , xji.
4: Add the path vi − xij − xji − vj to G.
5: end for
6: W ← {vi : Mii = 1} ∪ {xij : i ̸= j, Mij = 1}.
7: if |W | >

(n
2
)

then return Reject.
8: (He(0), . . . ,He(5))← (0, 0, 0, 0, 0, 0) for each edge e.
9: for each s ∈W do

10: d← BreadthFirstDistances(G, s).
11: for each edge e = uv of G do
12: t← min(d(u), d(v)).
13: He(t)← He(t) + 1.
14: end for
15: end for
16: Sort the six-entry vectors (He)e∈E(G) lexicographically.
17: return Accept if no consecutive vectors agree; otherwise Reject.

The standard breadth-first search in Algorithm 1 returns the distance from s to every vertex.
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All edge-to-vertex distances in S3(Kn) are at most five, so six counters record a complete
histogram. Each landmark increments exactly one counter for each edge. Consequently
acceptance is equivalent to the definition of an edge multiset resolving set. There are O(n2)
vertices, edges, and possible landmarks; the algorithm takes O(n4) operations and O(n2)
storage. It checks distances independently of the algebraic formulas used to find the matrices.

Algorithm 2 uses the low values and parity bits from (21). The initial parity bit is denoted
by σi = α0

i to distinguish it from the final diagonal entry αi. Ordering by (Li, i) makes every
selection unambiguous. Primality may be checked by trial division through ⌊√p⌋.

Algorithm 2 Check a degree certificate
Input: Integers (n, p, d,X, Y ), with 30 ≤ n ≤ 9999.
Output: Accept exactly when the reconstruction below satisfies the prime, diagonal, total,

and matrix-cut conditions.
1: if p is not prime or p < n+ 5 then return Reject.
2: if d /∈ {0, . . . , p− 1} or min(X,Y ) < 0 then return Reject.
3: m← (p− 1)/2; N ← n(n− 1)/2.
4: for i = 0, . . . , n− 1 do
5: ri ← (i(i+ 3)/2 + d) mod p.
6: Li ← ⌊(ri + 1)/2⌋; σi ← ri mod 2; ϵi ← 0.
7: end for
8: O ← {i : σi = 1}, ordered by (Li, i).
9: E ← {i : σi = 0, i ̸= 0}, ordered by (Li, i).

10: if X > |O| or Y > |E| then return Reject.
11: Set ϵi ← 1 at the first X indices of O and the first Y indices of E.
12: for i = 0, . . . , n− 1 do
13: Qi ← Li + ϵi(m+ 1− σi).
14: αi ← σi + ϵi(1− 2σi); qi ← Qi − αi.
15: end for
16: if α0 ̸= 0, or

∑
iQi ̸= N , or some qi /∈ {0, . . . , n− 1} then return Reject.

17: for k = 1, . . . , n do
18: Form wi ← i− αi + 1{qi≥k} for all i.
19: Sort these weights as w(1) ≥ · · · ≥ w(n).
20: if

∑k
j=1w(j) >

∑
i min(qi, k) then return Reject.

21: end for
22: return Accept.

Every reconstructed pair satisfies 2Qi−αi = ri +pϵi, so it has the target label value modulo
p. The last loop checks all the inequalities of Lemma 6.7; acceptance therefore proves matrix
realizability, and Proposition 6.4 proves the resolving property. No approximate arithmetic is
used. The displayed cut verification takes O(n2 logn) arithmetic operations and O(n) storage
per record.

7 Finite existence and restrictions on the selection
The fixed-length theorem leaves two quantitative questions: which finite orders admit a
resolving set, and what is lost by restricting the available landmark positions? We collect the
existence ranges first, then combine the constructions and counting bounds developed below
to compare constrained selections. We again allow all integers n ≥ 3 and L ≥ 2, with the
conventions of Section 2.
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7.1 Existence at finite orders

To locate finite orders where a resolving set exists, we combine the known cycle case with
explicit thresholds from the constructions. For n = 3, we have SL(K3) = C3L, where Cm is
the cycle on m vertices. Since edimm(Cm) = 3 for m ≥ 7 [11, Theorem 12], every L ≥ 3 works
at n = 3; the remaining bounds concern larger orders.

Corollary 7.1. For every n ≥ 210,

edimm(S4(Kn)) < 18n⌈
√
n⌉.

Proof. Apply Corollary 4.3 with k = 2. For 210 ≤ n ≤ 225, its condition is n ≥ 14 · 15. For
n ≥ 226, put Q = ⌈

√
n⌉ ≥ 16. Then n ≥ (Q− 1)2 + 1 ≥ 14Q, because Q2 − 16Q+ 2 ≥ 0.

Theorem 7.2. For every n ≥ 222 and every L ≥ 5, there is a resolving set using only internal
landmarks of depths one and two, of size less than

24n3/2 + 18n.

The proof is given in Appendix E, starting with four-coordinate Sidon labels (Lemma E.1)
and showing that balancing preserves their distinct pair sums (Lemma E.2). Proposition E.3
then recovers each edge from its histogram; the recovery cases are collected in Table 4. Both
the constant and the order threshold are independent of L. The finite prime intervals needed
for the threshold 222 appear in Table 3.

For smaller orders at long lengths, Proposition F.4 gives a resolving set using at most half
of all vertices when n ≥ 9 and L ≥ 12. Its proof bounds the probability of equal histograms
through a forest of distance levels (Lemma F.3). Fig. 17 in Appendix F shows how this forest
separates the constraints on a random selection. Fig. 14 collects these bounds with thresholds
uniform over the indicated lengths. The length-dependent conditions in Corollary 4.3 and
Proposition 5.3 cover additional pairs (n,L).

length L original vertices n construction

3 9 210 222
L = 3 Quadratic matrix

and certificates

L = 4 Symmetric profiles

5 ≤ L ≤ 11 Four positions

L ≥ 12
Probabilistic construction

Four positions

Black dots at n = 3: cycles. Arrows include every larger order.
Horizontal scale is categorical. Unmarked ranges receive no assertion here.

Figure 14: Uniform existence ranges. Each line starts at an included order and continues to the right.
The points at n = 3 use the known cycle case. In the bottom row, the two constructions overlap for
n ≥ 222. The scale groups orders by the four displayed thresholds. Unmarked intervals receive no
assertion from this summary; length-dependent conditions can cover further pairs. At length two no
resolving set exists for n ≥ 3.
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7.2 The cost of restricting the selection

The uniform construction uses only the first two depths, whatever the path length. For fixed
L ≥ 5, comparing it with the restricted-depth count in Section C shows the cost of this choice:
the minimum keeps exponent 3/2, even when further depths permit a smaller exponent.

Corollary 7.3. For each fixed L ≥ 5, the minimum size among resolving sets whose internal
landmarks have depth at most two is Θ(n3/2). For n > 33, at least F32,2(n) internal landmarks
are needed, where FQ,d is the minimum total cost of integer vectors defined in Section C.

Proof. In Theorem C.2, set s = 2, so Qs = 32. It gives the finite lower bound F32,2(n) for
n > 33, whose order is n3/2 by (48) with d = 2. Theorem 7.2 gives the matching upper
order.

For comparison, Corollary D.1 gives Θk(n1+2/k) for symmetric profiles at length 2k + 1,
when k ≥ 3. Its lower bound already follows by distinguishing only the central edges, as
Proposition F.1 shows. The unrestricted order is Θk(n1+1/k). Thus using further depths helps,
and allowing opposite profiles to differ is also essential to attain the sharp odd exponent.

The comparison with named distances follows from Theorem 1.1: Proposition 2.2 bounds
edim(SL(Kn)) between two linear functions of n, so, for every fixed L ≥ 3,

edimm(SL(Kn))
edim(SL(Kn)) = ΘL

(
n1/⌊L/2⌋

)
. (25)

This is the factor required to replace named reports by a multiset.
The growth exponents leave the optimal leading constants open. Proposition F.2 improves

the lower constant at length three to c∗ = 0.080208390067 . . ., giving

edimm(S3(Kn)) ≥ c∗n
2 −O(n).

The upper constant supplied by Theorem 6.6 is 1/2. Proposition F.5 also gives bounds using
sparse independent selections, for L ≥ 14 and the explicit order threshold stated there. These
bounds complement the fixed-length theorem when the length grows with n.

8 Conclusion and further questions
We have determined the asymptotic number of landmarks needed to identify edges of subdivided
complete graphs from unnamed distance reports. For each fixed L ≥ 3, this number has order
n1+1/⌊L/2⌋, whereas named reports require only Θ(n) landmarks. The two shortest lengths are
also settled for every n ≥ 3: no selection resolves S2(Kn), while S3(Kn) has a resolving set
of size at most

(n
2
)
. These results extend the earlier finite computations to sharp asymptotic

bounds and identify a change in existence between lengths two and three.
The proofs explain this behavior through the information retained by endpoint counts.

Counting the possible vectors gives the lower bound, while realizing suitable labels as degrees
or matrix margins gives the matching constructions. At odd lengths, Sidon labels identify
endpoint pairs, and the projected kernels describe the changes that a noncentral edge can hide.
The quantitative results also show that the freedom in these profiles matters: for fixed L ≥ 5,
using only the first two depths has cost Θ(n3/2), and symmetric profiles at length 2k + 1,
with fixed k ≥ 3, have cost Θk(n1+2/k). The constructions uniform in L and the probabilistic
bounds complement this picture with explicit finite existence ranges.

Two questions follow naturally. At length three, does edimm(S3(Kn))/n2 converge, and
what is its limiting value if it does? The current bounds place such a value between c∗ =
0.080208390067 . . . and 1/2, leaving room for sharper counting and more economical matrix
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constructions. A second question is to classify the finite pairs (n,L), with L ≥ 4, that admit a
resolving set. The criteria for realizing endpoint profiles and the exact certificate methods
provide concrete ways to investigate the orders below the sufficient thresholds obtained here.

AI-use disclosure. The author directed the research and made substantive use of OpenAI’s
ChatGPT and Codex as artificial intelligence (AI) tools for literature retrieval, mathematical
exploration, code development, symbolic and numerical checks, and manuscript preparation.
The author critically assessed this assistance and determined what to incorporate into the
work. To refine the English, grammar, and presentation of results, proofs, and figures, the
author made revisions directly or specified changes for the tools to implement, critically
assessing successive versions as the exposition developed. AI tools also assisted in checking
and maintaining the manuscript’s internal consistency. The author checked all results and
takes full responsibility for the mathematical content and the final manuscript.

A Effective realization of the quadratic margins
We prove Proposition 6.5. Throughout this appendix, p = 2m+1, n = p−g, and N = n(n−1)/2.
The quadratic character χ and its interval bound Cχ are as defined in Section 6.3, with
H = Cχ + g + 2 ≤ m/12. Each value of the quadratic modulo p offers two column sums. We
must choose between them so that their total matches the row sums and the chosen diagonal
still fits. Equal totals alone do not guarantee such a matrix. We first quantify the room
required for the diagonal, then show that lifting the smallest columns leaves enough room in
every cut.

A.1 Room for the chosen diagonal

We need enough spare capacity in each matrix cut to accommodate the chosen diagonal. For
each integer 0 ≤ k ≤ n, define the margin gap

Gk =
n−1∑
i=0

min(Qi, k)− k(2n− k − 1)
2 . (26)

The subtracted term is the sum of the largest k desired row sums; the next lemma shows how
a lower bound on this gap absorbs the diagonal corrections.

Lemma A.1. Suppose the integers Qi satisfy
∑

iQi = N and 1 ≤ Qi ≤ n− 2. Let αi ∈ {0, 1}
with α0 = 0. If

Gk ≥ n whenever min
i
Qi ≤ k ≤ max

i
Qi,

then a binary matrix with row sums i, column sums Qi, and diagonal αi exists.

Proof. Reserve the diagonal ones, subtract αi from row and column i, and forbid all diagonal
positions in the remaining matrix. The residual demands are nonnegative and have the
same total. The integral-flow criterion for matrices with a forbidden diagonal [10, p. 832,
equation (2)], applied with rows and columns interchanged, requires the following inequality
for every I ⊆ {0, . . . , n− 1}:∑

i∈I

(i− αi) ≤
∑

j

min(Qj − αj , k − 1{j∈I}) (k = |I|).

Moving the diagonal corrections to the left gives the equivalent condition∑
i∈I

i+ #{i ∈ I : αi = 0, Qi ≥ k}+ #{i /∈ I : αi = 1, Qi ≤ k} ≤
∑

i

min(Qi, k). (27)
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For k in the stated range the two counts sum to at most n, so the hypothesis verifies the cut.
If k < miniQi, the second count vanishes and the first is at most k. Here Gk = k(k+1)/2 ≥

k, so the cut also holds. If k > maxiQi, the first count vanishes and the right side is N . The
cut follows from

∑
i/∈I αi ≤

∑
i/∈I i, since α0 = 0 and αi ≤ 1 ≤ i for i ≥ 1. The empty set

satisfies the criterion as well. Integral flow gives the required residual matrix, and restoring
the diagonal completes the proof.

A.2 Two representatives and one-sided counts

The balancing step will lift the smallest low representatives from (21)–(22), so we need
bounds on how many are available in each parity class. Completing the square expresses
their multiplicities through the quadratic character, whose interval bounds will control the
cumulative counts. For counting purposes, extend f(i) = i(i+ 3)/2, ri(d) = (f(i) + d) mod p,
and Li(d) = ⌈ri(d)/2⌉ to 0 ≤ i < p; the construction retains only 0 ≤ i < n. We omit d
when the shift is fixed. Over all p indices, the multiplicity of a residue r ∈ {0, . . . , p− 1} is
1 + χ(8r + 9− 8d), by completing the square. Each multiplicity is at most two. Let ge and go
count the even and odd output residues among the removed indices n, . . . , p− 1, so ge + go = g.
Let Ce(t) and Co(t) count retained low values at most t in each parity class. For 0 ≤ t ≤ m,

⌊t⌋+ 1− Cχ − ge ≤ Ce(t) ≤ ⌊t⌋+ 1 + Cχ,

⌊t⌋ − Cχ − go ≤ Co(t) ≤ ⌊t⌋+ Cχ. (28)

Indeed, the even residues r = 2ℓ produce χ(16ℓ + 9 − 8d), and the odd residues r = 2ℓ − 1
produce χ(16ℓ+ 1− 8d). Since 16 is a square, each sum is a translated character sum on an
interval. Deleting inputs can only decrease a count.

The sum of all low values has a useful additional estimate. For integer 0 ≤ t < m, the full
count with Li ≤ t is 2t+ 1 + Et, where

Et =
2t∑

r=0
χ(8r + 9− 8d), |Et| ≤ Cχ.

Factoring the nonzero coefficient 8 reduces this to another interval sum. Consequently,

Sfull :=
p−1∑
i=0

Li = mp−
m−1∑
t=0

(2t+ 1 + Et), |Sfull −m(m+ 1)| ≤ mCχ.

Put S(d) =
∑n−1

i=0 Li(d), D(d) = N − S(d), and δ0 = g(g − 1)/(2m). Write S,D when
the shift is fixed. The deleted low values have sum between zero and mg. Expanding
N = (2m+ 1− g)(2m− g)/2 therefore gives

m− 2g + δ0 − Cχ ≤ D/m ≤ m− g + δ0 + Cχ. (29)

A.3 Balancing the total exactly

The remaining deficit must be a sum of the two available increments, m and m+ 1. We vary
the even shift d until D(d) modulo m enters an interval that gives admissible numbers of lifts,
using a walk with bounded increments to guarantee such a shift.

For t ∈ {0, . . . , p − 1}, let ct(d) = |{i : 0 ≤ i < n, ri(d) = t}| ≤ 2. Increasing d by two
raises each low value by one, except that residues p− 2 and p− 1 wrap to zero and one. It
follows that

S(d+ 2)− S(d) = n− (m+ 1)cp−2(d)−mcp−1(d),
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and hence
D(d+ 2)−D(d) ≡ g − 1 + cp−2(d) (mod m). (30)

The consecutive even shifts in [m/2, 3m/2] have J = ⌊3m/4⌋−⌈m/4⌉ ≥ m/2−2 steps. Lift the
residues D(d) mod m to an increasing walk whose increments lie in [g − 1, g + 1], as permitted
by (30). Its total increase is at least 4J ≥ 2m− 8 > m. Also g + 1 < m/3, by (23). The next
translated left endpoint of [m/3, 2m/3] is at most m away, and the first crossing overshoots it
by less than m/3. Fig. 15 shows why the crossing stays in the target interval. Thus an even
shift satisfies

Y = D(d) mod m ∈ [m/3, 2m/3], K = ⌊D(d)/m⌋, X = K − Y. (31)

lifted residue/m
1/3 2/3 1 4/3 5/3 2

total increase greater than one period

step < 1/3

target width 1/3

Figure 15: Why a suitable shift exists in (30). Divide the lifted values of D(d) mod m by m.
Consecutive values advance by less than 1/3, and the walk travels more than one period. It therefore
enters a translate of [1/3, 2/3]. The orange point marks the first crossing in a schematic walk; the
plotted values illustrate the interval argument rather than a particular degree certificate.

In particular,
D = mX + (m+ 1)Y (32)

holds exactly. Since g < m, one has δ0 ≤ g. Equation (29) gives

m− 2g + δ0 − Cχ − 1 ≤ K ≤ m− g + δ0 + Cχ. (33)

Hence 0 < X ≤ 2m/3 + Cχ. The odd class has at least m − Cχ − g indices by (28), which
exceeds this upper bound for X. The even class after excluding index zero has at least
m− Cχ − g > 2m/3 indices. These inequalities follow from Cχ + g + 2 ≤ m/12.

Choose the X smallest low values among indices with odd ri, and the Y smallest among
indices with even ri and index different from zero. Ties may be resolved arbitrarily. Set ϵi = 1
at these indices and 0 elsewhere, and define

Qi = Li + ϵi(m+ 1− α0
i ), αi =

{
α0

i , ϵi = 0,
1− α0

i , ϵi = 1.
(34)

Then 2Qi − αi = ri + pϵi, and (32) gives
∑

iQi = N . Moreover, r0 = d is even, so

α0 = 0, Q0 = d/2 ∈ [m/4, 3m/4]. (35)

This exclusion respects the zero row sum at index zero.

A.4 Bounds for the column tails

The selection concentrates the columns. In the ideal case of uniform low values and X = m−Y ,
its two classes occupy the intervals [Y, Y + m] and [m − Y, 2m − Y ], shown in Fig. 16. We
bound the finite errors through the two tails to verify that this concentration leaves enough
room for the chosen diagonal. For a real number x, write x+ = max{x, 0} for its positive part.
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(a) Ideal densities, Y/m = 1/3

degree/m

density

0 1/3 2/3 1 4/3 5/3 2

1

2
columns

rows

(b) The room in the cut at k = m

x

cumulative mass

0 1/3 2/3 1

1

2/9

ideal gap/m2 =
∫ 1

0

(
x− (x− 1

3 )+ − (x− 2
3 )+
)
dx = 2/9

Figure 16: How concentration of the columns creates room for the chosen diagonal. In (a), the ideal
column measure is the sum of uniform densities on [1/3, 4/3] and [2/3, 5/3]; the dashed row measure is
uniform on [0, 2]. The horizontal coordinate is a row or column sum divided by m; both measures have
mass two and mean one. In (b), their cumulative masses up to the normalized value x ≤ 1 enclose an
area of 2/9. Multiplying this area by m2 gives the ideal gap at the cut k = m. The finite construction
requires the error estimates below to retain enough of this gap.

Put
ℓ1 = Y − 2H, ℓ2 = m− Y − 2H, ρ = m/6. (36)

Both ℓ1 and ℓ2 are at least ρ. An unselected low value with odd ri is at least X − Cχ, by
the upper bound in (28); an eligible unselected low value with even ri is at least Y − Cχ − 1.
Equations (33) and (36) imply

X − Cχ ≥ m− Y − 2g − 2Cχ − 1 ≥ ℓ2, Y − Cχ − 1 ≥ ℓ1.

The lifted columns are at least m+ 1, and (35) handles index zero. Thus Qi ≥ ρ for every i.
Let C̃e exclude index zero from Ce. The lower bounds in (28) imply, for 0 ≤ t ≤ m,

Co(t) ≥ t− 1− Cχ − go, C̃e(t) ≥ t− 1− Cχ − ge. (37)

Therefore every lifted column with odd ri is at most Uo, and every lifted column with even ri

is at most Ue, where

Uo = m+X + Cχ + go + 1, Ue = m+ Y + Cχ + ge + 2.

For example, the X-th low value in the odd-residue class is at most X + Cχ + go + 1 by (37);
the same reasoning applies to the even class. Using (33) gives

n− Uo ≥ Y − δ0 − 2Cχ − go ≥ ℓ1,
n− Ue = m− Y − g − Cχ − ge − 1 ≥ ℓ2. (38)

Here δ0 ≤ g and ge, go ≤ g. Unlifted columns are at most m < n− ρ. We conclude that

ρ ≤ Qi ≤ n− ρ (0 ≤ i < n). (39)

Since m ≥ 150, the columns are integers between one and n− 2.
For real t, put CQ(t) = #{i : Qi ≤ t}. For 0 ≤ t ≤ m, lifted values do not contribute, and

selection of the smallest values gives

CQ(t) = (Co(t)−X)+ + (C̃e(t)− Y )+ + 1{Q0≤t}.
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The preceding estimates yield

CQ(t) ≤ (t− ℓ1)+ + (t− ℓ2)+ + 1{m/4≤t}. (40)

For k ≥ m, only lifted columns contribute to
∑

i(Qi − k)+. In a class where the smallest T
low values were selected, the number of selected values above a real threshold t is (T −C(t))+.
Here C = Co for odd residues and C = C̃e for eligible even residues. Integrating (37) therefore
gives ∑

i

(Qi − k)+ ≤
(Uo − k)2

+
2 +

(Ue − k)2
+

2 . (41)

For the even class at k = m, the low-value integration starts at −1. On [−1, 0], its tail count
is at most Y , which is bounded by Y +Cχ + ge + 1− t. Thus (41) also holds at that endpoint.
Above m, the low-value tail is zero, and extending the positive-part bound only increases the
integral.

A.5 Uniform room in the matrix inequalities

The tail estimates must now give Gk ≥ n throughout the range required by Lemma A.1. We
use the lower and upper tails through the respective identities

Gk = k(k + 1)
2 −

∫ k

0
CQ(t) dt,

Gk = (n− k)(n− k − 1)
2 −

∑
i

(Qi − k)+ (42)

from (26) and
∑

iQi = N . These forms reduce the small and large cuts to a common
one-variable bound. For real x ∈ [ρ,m], define

F (x) = x(x− 1)
2 −

(x− ℓ1)2
+

2 −
(x− ℓ2)2

+
2 . (43)

For k ≤ m, integrating (40) in the first identity of (42) gives

Gk ≥ F (k) + k − (k −m/4)+ ≥ F (k).

For k ≥ m, use (38) and (41) in the second identity to obtain Gk ≥ F (n − k). When
miniQi ≤ k ≤ maxiQi, the relevant argument is in [ρ,m], by (39) and n−m = m+1−g < m.

The minimum of F on this interval is attained at an endpoint. Its derivative is initially
x − 1/2 > 0, then min(ℓ1, ℓ2) − 1/2 > 0, and finally ℓ1 + ℓ2 − x − 1/2. The last expression
decreases, so it can produce a maximum but cannot produce an interior minimum. At the
endpoints,

F (ρ) = m2/72−m/12,
F (m) = Y (m− Y )− 2mH − 4H2 −m/2 ≥ m2/36−m/2. (44)

The second estimate uses m/3 ≤ Y ≤ 2m/3 and H ≤ m/12. Both expressions are at least 2m
when m ≥ 150. Thus Gk ≥ 2m ≥ n for every cut in the occupied column range. Lemma A.1
realizes the margins and diagonal in (34), proving Proposition 6.5.
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A.6 An explicit threshold

To verify the hypotheses of Proposition 6.5 for every n ≥ 10 000, we combine published bounds
on prime gaps and quadratic-character sums. Dusart [7, Theorem 1, p. 55] proves that for
every x ≥ 3275 there is a prime

x < p ≤ x
(

1 + 1
2 log2 x

)
. (45)

For the quadratic character modulo a prime p > 2, Lapkova [14, Lemma 3A] bounds every
interval sum. Her two cases, χ(−1) = 1 and χ(−1) = −1, have leading constants 2/π2 and
1/(2π), respectively. Both imply the common bound

Cχ = (0.203 log p+ 0.947)√p+ 1.668. (46)

The constants for χ(−1) = 1 are 2/π2, 0.9467, 1.668; those for χ(−1) = −1 are smaller. All
logarithms are natural.

Corollary A.2. For every integer n ≥ 10 000, a prime p ≥ n + 5 and a binary matrix
satisfying (20) exist.

Proof. Apply (45) to x = n+ 4, and put g = p− n and m = (p− 1)/2. Since log(n+ 4) > 9,

g

n
≤ 4

10 000 + 1.0004
162 < 0.006576, p < 1.01n.

The functions log(1.01n)/
√
n and 1/

√
n decrease for n ≥ 10 000. Using log 10 100 < 10 and√

1.01 < 1.01 in (46),

Cχ

n
<

1.01(2.03 + 0.947)
100 + 1.668

10 000 = 0.0302345.

Consequently

Cχ + g + 2
n

< 0.0302345 + 0.006576 + 0.0002 = 0.0370105 < 1
24 .

Since g ≥ 5, one has m > n/2, so Cχ + g + 2 < m/12. Also m ≥ 150. Proposition 6.5
applies.

B Realizing endpoint profiles
The constructions in Sections 4 and 5 use two standard sufficient conditions for realizing
chosen landmark counts. The first produces binary matrices for different endpoint profiles; the
second handles symmetric selections, including middle vertices. We recall their short proofs
and describe how each realization yields an ordinary landmark set.

Lemma B.1. Let ri, ci ∈ {0, . . . , n − 1}, for 0 ≤ i < n, have common sum E, and suppose
ri ≤Mr, ci ≤Mc, with nonnegative integer bounds. If

(Mr + 1)Mc ≤ E,

there is a binary n× n matrix with zero diagonal, row sums ri, and column sums ci.
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Proof. This sufficient condition is due to Burstein and Rubin [4]; we give the flow argument.
If E = 0, use the zero matrix. Otherwise Mc > 0. The bipartite flow criterion with diagonal
entries forbidden [10] requires, for each set I of s rows,

∑
i∈I

ri ≤
n−1∑
j=0

min{cj , s− 1j∈I}.

For 1 ≤ s ≤Mc, the right side is at least

∑
j

min(cj , s)− s ≥
sE

Mc
− s ≥ sMr.

For s ≥ Mc + 1, it equals E. For the empty row set, both sides are zero. All cuts therefore
have sufficient capacity, and integral flow supplies the binary matrix.

Given such a matrix for positions t, L− t, where t is an integer with 1 ≤ t < L/2, select
xij(t) when its (i, j)-entry is one. Equivalently, on support ij with i < j, its two relevant
entries select positions t and L− t. The row sums become Di(t), and the column sums become
Di(L− t).

Lemma B.2. Let m,M be positive integers. Suppose positive integers d0, . . . , dn−1 have even
sum and satisfy

m ≤ di ≤M < n, 4nm ≥ (M +m+ 1)2.

Then they are the degrees of a simple graph.

Proof. This is the sufficient condition of Zverovich and Zverovich [16, Theorem 6], also recalled
in [6, Theorem 2]. Order the degrees nonincreasingly and use the Erdős–Gallai inequalities.
For s ≤ m, their right side is s(n− 1), which dominates the sum of the first s degrees. For
s > m, the right side minus that sum is at least

s(s− 1) + (n− s)m− sM = s2 − (M +m+ 1)s+ nm ≥ 0.

The last inequality follows from the assumed discriminant bound. Thus all the inequalities
hold.

For a simple graph with degrees di, selecting both positions t, L− t on each of its edges
gives Di(t) = Di(L− t) = di. If L = 2k, selecting just the middle vertex on each graph edge
gives Di(k) = di. In that case the total number of middle landmarks is 1

2
∑

i di.

C Exact lattice counts and restricted depths
To turn the profile count into a finite lower bound, we fill integer-vector layers in increasing
order of their coordinate sum. For positive integers Q, d and a nonnegative integer N , let
FQ,d(N) be the minimum total coordinate sum of N vectors in Zd

≥0, with each vector allowed
at most Q occurrences. This allowance accounts for endpoints with the same vector that can
still be distinguished by their local choices. The minimization ignores the cost of those local
selections; in particular, FQ,d(0) = 0.
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Lemma C.1. Let ℓ be the smallest nonnegative integer satisfying Q
(ℓ+d

d

)
≥ N . Then

FQ,d(N) = Qd

(
ℓ+ d− 1
d+ 1

)
+ ℓ

(
N −Q

(
ℓ+ d− 1

d

))
. (47)

For fixed Q, d,

FQ,d(N) = d

d+ 1

(
d!
Q

)1/d

N1+1/d +OQ,d(N). (48)

Here
(u

v

)
= 0 for nonnegative integers u < v.

Proof. There are
(r+d

d

)
nonnegative integer vectors of coordinate sum at most r. This is the

Ehrhart polynomial of the standard simplex [3]. A minimum fills each layer below ℓ with Q
copies of every vector, and then uses the required number of vectors in layer ℓ. The completed
layers cost

Q
ℓ−1∑
r=0

r

(
r + d− 1
d− 1

)
= Qd

(
ℓ+ d− 1
d+ 1

)
.

This gives the exact formula. As N tends to infinity,

N = Q

d!ℓ
d +OQ,d(ℓd−1), FQ,d(N) = Qd

(d+ 1)!ℓ
d+1 +OQ,d(ℓd).

Eliminating ℓ proves the asymptotic formula.

Theorem C.2 (The number of active depths). Let s be an integer with 1 ≤ s ≤ ⌊L/2⌋, put
Qs = 22s+1, and suppose n > Qs + 1. If an edge multiset resolving set in SL(Kn) has all its
internal landmarks at depth at most s, then its number B of internal landmarks satisfies

B ≥ FQs,s(n).

Original vertices may also be selected. In particular, for fixed s,

B ≥ asn
1+1/s −Os(n), as = s

s+ 1

(
s!

22s+1

)1/s

.

The lower bound is uniform over all integers L ≥ 2s.

Proof. Fix an original vertex i, and let eij be the edge adjacent to i on support ij. The
far-endpoint columns of its histogram are

Bt(z) =
{
zL−1+t − zL+t, 1 ≤ t ≤ ⌊L/2⌋,
0, ⌊L/2⌋ < t < L.

Consequently its histogram has the form

Heij (z) = Ci(z) + αj(zL−1 − zL) +
⌊L/2⌋∑
t=1

Dj(t)(zL−1+t − zL+t) + Eeij (z),

where Ci is independent of j, and the support correction Eeij from (3) depends only on the
landmark bits on support ij.

First suppose L > 2s. The only allowed internal positions are 1, . . . , s, L − s, . . . , L − 1.
The second group lies above ⌊L/2⌋, so assign to j the profile

pj = (Dj(1), . . . , Dj(s)).
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For fixed i, pj , the displayed histogram is determined by αj and the 2s bits on support ij.
There are at most 22s+1 = Qs possibilities.

If L = 2s, use instead

pj = (Dj(1), . . . , Dj(s− 1), ⌊Dj(s)/2⌋).

The additional parity bit of Dj(s) recovers its unrounded value. Together with αj and the
2s− 1 support bits, this again gives at most 22s+1 histograms.

No profile class can have more than Qs members. For a proper class with more than Qs

members, take i outside it and apply the preceding bound to its targets. If the class contains
all n original vertices, any origin sees n− 1 > Qs targets. Either case would give a collision.

For L > 2s, every internal landmark contributes once to
∑

j ∥pj∥1, so this sum is B. For
L = 2s, every nonmiddle landmark still contributes once, while a middle landmark is counted
at both endpoints before the division by two. Hence∑

j

∥pj∥1 = B − 1
2
∣∣{j : Dj(s) is odd}

∣∣ ≤ B.
The multiplicity bound givesB ≥ FQs,s(n), and Lemma C.1 gives the asymptotic statement.

Corollary C.3. For L ≥ 2, put k = ⌊L/2⌋. If n > 22k+1 + 1, every resolving set in SL(Kn)
has at least F22k+1,k(n) internal landmarks. For each fixed L,

edimm(SL(Kn)) ≥ akn
1+1/k −Ok(n)

whenever a resolving set exists. In particular a2 = 1/6.

Proof. Every internal vertex has depth at most k, so Theorem C.2 applies with s = k.
Its finite bound and asymptotic constant give the assertion; at k = 2, the constant is
(2/3)(2/32)1/2 = 1/6.

D Restrictions and constants in the label constructions
The label constructions leave two quantitative questions at odd lengths: the cost of symmetric
profiles and the scale needed for asymmetric ones. We answer the first by matching a Sidon
construction with a central-edge count, and improve the second by bounding the correction
terms more closely.

D.1 Symmetric profiles at odd lengths

To determine the cost of symmetric profiles at odd lengths, we match a construction with the
central-edge lower bound in Proposition F.1. Integer Sidon labels keep the endpoint sums
distinct, and writing them in a suitable base turns them into short coordinate vectors.

Corollary D.1. Let L = 2k + 1 ≥ 5, suppose n > 2, choose a prime P with n ≤ P < 2n,
and put Q = ⌈(2P 2)1/k⌉. If n ≥ 14Q, there is a resolving set with symmetric profiles and size
less than 12knQ. For every fixed k ≥ 3, the minimum size of a resolving set with symmetric
profiles in S2k+1(Kn) is Θk(n1+2/k).

Proof. For i = 0, . . . , n− 1, take the integer labels

zi = 2Pi+ (i2 mod P ) ∈ [0, 2P 2).

These are the classical integer Sidon labels of Erdős and Turán [8]. For completeness, an
equality zi + zj = zu + zv first gives i+ j = u+ v over the integers: the difference between two
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residue sums has absolute value below 2P . The residue sums then agree, so reduction modulo
P gives i2 + j2 = u2 + v2. Since P is odd, the products agree as well. The two unordered pairs
are the roots of the same monic quadratic over FP , and the indices 0, . . . , n− 1 are distinct
modulo P .

Write each zi in base Q, using k digits. The resulting vectors belong to {0, . . . , Q− 1}k
because Qk ≥ 2P 2. Equality of their vector pair sums would imply equality of the corresponding
integer pair sums. Hence they form a Sidon set, and Proposition 4.2 applies.

For fixed k ≥ 3, Bertrand’s postulate provides the stated prime, and Q ≤ 81/kn2/k +1. Thus
n ≥ 14Q eventually holds. The symmetric central-edge bound with s = k in Proposition F.1
supplies the matching lower order.

D.2 A smaller scale for odd-length labels

The construction in Proposition 5.3 remains valid with the fixed scale K = 7 if its correction
terms are bounded independently of k. We obtain this improvement by checking the nonzero
columns among the last k positions of each incidence matrix; within each family, their distance
coordinates are all distinct.

Lemma D.2. Let k ≥ 1 and 0 ≤ r ≤ k be integers, and put L = 2k + 1. Use the integer
coefficient matrices A,Br from (6), after removing za, with δ = 2r. For r = 0, put B0 = A. If
vectors u, v ∈ Z2k vanish in coordinates 1, . . . , k and satisfy ∥u∥∞, ∥v∥∞ ≤ 1, where this norm
is the largest absolute coordinate, then

∥Au+ Brv∥∞ ≤ 2 (0 ≤ r ≤ k).

Proof. In the last k coordinates the columns of A are

At = et − e2L−t, k + 1 ≤ t ≤ 2k.

All 2k displayed endpoints are distinct: positive exponents lie in [k + 1, 2k], and negative ones
lie in [2k + 2, 3k + 1]. Consequently ∥Au∥∞ ≤ 1.

For r > 0, the only nonzero columns of Br among these coordinates are

(Br)t = et+2r − e2L−t, k + 1 ≤ t ≤ 2k − r.

Their positive exponents are distinct and at most 2k+ r. Their negative exponents are distinct
and at least 2k+ r+ 2. Thus all endpoints within this restricted family are again distinct, and
∥Brv∥∞ ≤ 1. The family is empty if r = k. For r = 0, the same estimate follows from B0 = A.
The triangle inequality proves the assertion.

Proposition D.3. Let L = 2k + 1, k ≥ 2. Choose a prime q > k with qk ≥ 2n, and put
m = 7(q − 1) + 1. If n > 12 and 2n ≥ 9m+ 3, then

edimm(S2k+1(Kn)) < k(2m+ 1)n.

Proof. Use the labels and balanced degrees of Proposition 5.3, with K = 7. The margin,
size, and depth arguments are unchanged. In (13), each correction difference is supported
on the last k coordinates and has norm at most one. Lemma D.2 bounds its image by two.
The support error adds at most four, so the total is at most 6 < 7. The integer divisibility
argument therefore gives (14), and the same recovery proves the claim.

E A bound uniform in the path length
We prove Theorem 7.2 using only positions 1, 2, L − 2, L − 1, so the construction uses four
endpoint counts for every L ≥ 5. A four-coordinate Sidon labeling provides the counts; we
balance and realize them as landmark selections, then recover each edge from its histogram.
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E.1 Four-coordinate labels

The four counts must identify endpoint pairs at central edges and still permit recovery away
from the center. We obtain labels with both properties by writing a finite-field parabola in
four coordinates, then scale and balance them so that binary matrices realize the counts. Fix
integers n ≥ 222 and L ≥ 5, and let q be the least prime strictly larger than ⌈

√
n⌉. Choose a

nonsquare ν ∈ Fq and n distinct pairs

(ui, vi) ∈ Fq × F×
q .

Index these pairs by 0 ≤ i < n. There are enough pairs because q(q − 1) ≥ n. With
representatives in {0, . . . , q − 1}, put

ci = (ui, vi, u
2
i + νv2

i mod q, 2uivi mod q). (49)

The first two coordinates identify i, and vi ̸= 0.

Lemma E.1. The vectors ci have distinct unordered pair sums in Z4, including pairs with
repetition.

Proof. In Fq2 = Fq(
√
ν), put xi = ui + vi

√
ν. An equality of integer vector sums implies

xi + xj = xk + xℓ, x2
i + x2

j = x2
k + x2

ℓ .

Since q is odd, the products also agree. Both pairs are the roots of the same monic quadratic.
The pairs of indices therefore agree as multisets. This is the finite-field parabola construction
of [5, 15], in coordinates.

The four coordinates will determine counts at positions 1, 2, L − 2, L − 1, in that order.
Their margins must have matching totals. For t ∈ {1, 2, 3, 4}, define

µt =
⌊3
∑

i ci,t

n

⌋
, Rt = 3

∑
i

ci,t − nµt ∈ {0, . . . , n− 1},

and set m = 3q−2, T = 2m = 6q−4. The number T is the common base of each target margin.
Start with T + 3ci,t − µt. In coordinate 3, add σ3 = sgn(R2 −R3) to exactly |R2 −R3| entries.
In coordinate 4, add σ4 = sgn(R1 −R4) to exactly |R1 −R4| entries. The chosen entries may,
for example, be the first ones in the indexing of the vertices. Write these corrections as εi,t,
with εi,1 = εi,2 = 0, and define

Di,t = T + 3ci,t − µt + εi,t, Di = (Di,1, . . . , Di,4). (50)

Then∑
i

Di,1 =
∑

i

Di,4 = nT +R1,
∑

i

Di,2 =
∑

i

Di,3 = nT +R2, m ≤ Di,t ≤ 3m. (51)

The last bounds use 0 ≤ µt ≤ 3(q − 1) and |εi,t| ≤ 1.

Lemma E.2. The vectors Di retain distinct unordered pair sums. In each of their first two
coordinates, the possible values differ by multiples of three.

Proof. In each corrected coordinate all corrections belong to {0, σt} for one fixed sign σt.
The difference between two sums of two corrections has absolute value at most two. Hence
an equality Di + Dj = Dk + Dℓ forces ci + cj = ck + cℓ coordinatewise: the other part of
the difference is a multiple of three. Apply Lemma E.1. The first two coordinates have no
corrections, which proves the second assertion.
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Apply Lemma B.1 to (D·,1, D·,4) and (D·,2, D·,3). By (51), their totals are at least nT , and
their maximum is at most ∆ = 3m. The sufficient inequality becomes

∆(∆ + 1) ≤ nT ⇐⇒ 2n ≥ 27q − 15. (52)

It also implies ∆ < n: n ≥ (3/2)(∆ + 1) > ∆.
For n ≥ 1024, Bertrand’s postulate gives q < 2⌈

√
n⌉ < 2

√
n + 2. The inequality 2n ≥

54
√
n+ 39 holds at n = 1024 and its left side minus its right side is increasing thereafter. This

proves (52). Table 3 covers the remaining interval; the left endpoint of each interval suffices.

Table 3: Prime intervals establishing (52) for 222 ≤ n < 1024. For each interval, q is the least prime
strictly exceeding ⌈

√
n⌉.

Range of n q 27q − 15 Range of n q 27q − 15

222–256 17 444 485–784 29 768
257–324 19 498 785–900 31 822
325–484 23 606 901–1023 37 984

Let M (1),M (2) be any two matrices realizing these pairs of margins. For every i < j, select
vertices according to

ηij(1) = M
(1)
ij , ηij(2) = M

(2)
ij , ηij(L− 2) = M

(2)
ji , ηij(L− 1) = M

(1)
ji . (53)

Let W consist precisely of these selected vertices. The four positions are distinct for L ≥ 5.
Their degree profile is

(Di(1), Di(2), Di(L− 2), Di(L− 1)) = Di.

Writing T1 =
∑

iDi(1), T2 =
∑

iDi(2), we obtain

|W | = T1 + T2 = 2nT +R1 +R2 < (12q − 6)n < 24n3/2 + 18n. (54)

Thus the size estimate will follow once every realization is shown to resolve.

E.2 Recovering every edge from its histogram

To prove that the constructed selection resolves the graph, we recover an edge from its
histogram. The last occupied level determines its depth, and the remaining levels recover
the endpoints through separate counts, a Sidon pair sum, or the mixed coordinates listed in
Table 4.

Table 4: Recovery after the depth is known. The three cases distinguish whether the endpoint counts
can be read separately or first appear as a sum.

Case Information recovered How it identifies the edge

δ ≥ 2 ui, vi, then uj , vj Read the nearer endpoint from (56), then the farther
one from (57) or (58).

δ = 0 Di +Dj The Sidon property identifies the unordered pair. Its
central edge is unique.

δ = 1 ui, vj , vi + uj , 2ujvj mod q Equation (59) gives these four values. Divide the fourth
by 2vj ̸= 0 in Fq to recover uj , then subtract from the
third to recover vi. The ordered pair fixes the central
position.
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Proposition E.3. Every selection defined by (53), using any matrices with the margins (50),
resolves SL(Kn).

Proof. We first recover the depth a of an edge. By Table 1, every landmark is at distance
at most L+ a+ 2. The bounds in (51) give at least nm landmarks of depth two, while the
supports sharing i or j contain at most 4∆ = 12m such landmarks. Since n > 12, a depth-two
landmark exists on a disjoint support. Consequently,

max{t : HW
e (t) > 0} = L+ a+ 2. (55)

It remains to distinguish edges at the same a.
We repeatedly use the following elementary observation. If y = 3x + C + ξ, where C is

known and ξ lies in a known interval of three consecutive integers, then y determines the
integer x. The intervals for consecutive values of x are disjoint.

Write ηt = ηij(t), with value zero at positions outside 1, 2, L− 2, L− 1, and Di(t) = 0 at
inactive positions. There are three cases.
Case 1: δ = b− a ≥ 2. For s = 1, 2, Table 1 gives

HW
e (a+ s) = Di(s)− ηs + η2a+s+1. (56)

The paths from i supply Di(s)− ηs; the supporting path can supply the displayed additional
bit. Other supports have larger distances. The error is in [−1, 1]. Therefore these layers
recover ui, vi, and hence i.

If a ≥ 1, the next useful layers are

HW
e (b+ s) = Dj(s) +Di(δ + s)− ηL−s − ηδ+s, s = 1, 2. (57)

These layers precede contributions from disjoint supports. Contributions from the supporting
path itself vanish, since b + s > b, its largest edge-to-vertex distance on that path. After
subtracting the known Di(δ + s), the remaining error is in [−2, 0]. The two coordinates of j
are therefore recovered.

If a = 0, the second layer in (57) would receive contributions from disjoint supports. Instead
use

HW
e (L) = Dj(1)− ηL−1,

HW
e (L+ 1) = T1 −Di(1)−Di(L− 1)−Dj(1) +Dj(2) + ηL−1 − ηL−2. (58)

The first equation recovers uj , so Dj(1) is known. After moving the other known terms in the
second equation, the remaining error is in [−1, 1], recovering vj . Thus the histogram identifies
the ordered endpoints and the position.
Case 2: δ = 0. Here L = 2h+1 and the edge is central. For s = 1, 2, put γij,s = ηij(s)+ηij(L−s),
the number of selected vertices of depth s on its own support. For each active position
t ∈ {1, 2, L− 2, L− 1}, put

Xij,t = Di(t) +Dj(t)− ηij(t)− ηij(L− t).

This counts landmarks at that position on paths sharing one endpoint, with ij excluded. The
histogram identity (60) records γij,s at distance h− s and Xij,t at distance h+ t; these levels
are distinct. Since

Di(t) +Dj(t) = Xij,t + γij,min(t,L−t)

at each active position, it determines Di +Dj . Lemma E.2 identifies the unordered support,
which contains exactly one central edge.
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Case 3: δ = 1. Here L = 2h, h ≥ 3, and a = h− 1, b = h. Directly from Table 1,

HW
e (h) = Di(1)− η1,

HW
e (h+ 1) = Di(2) +Dj(1)− η2 − ηL−1,

HW
e (h+ 2) = Dj(2)− ηL−2,

HW
e (3h− 1) = Dj(L− 1)− η1. (59)

For the last equation, only landmarks at position L− 1 on paths leaving j reach that layer;
landmarks on disjoint supports begin at 3h. The first and third equations recover ui, vj ,
and the second recovers the integer vi + uj . The last recovers the fourth code coordinate
2ujvj mod q. Indeed, its total correction εj,4 − η1 lies in [−1, 1] when σ4 = 1, in [−2, 0] when
σ4 = −1, and in [−1, 0] when σ4 = 0. Each is a known interval of width at most two.

Since vj ̸= 0, division by 2vj in Fq gives uj . The integer sum already recovered then gives
vi. The ordered support and edge position are determined. This explains the nonzero second
coordinate imposed in (49). All three cases identify the support and position once the depth
is known. Together with the size estimate (54), this proves Theorem 7.2.

F Additional quantitative bounds
We refine the finite lower bounds and extend the known existence ranges for long replacement
paths. Central-edge histograms give stronger counts, while independent selections, controlled
through distance-level forests, give further existence estimates and allow the selection proba-
bility to vary.

F.1 Finite central-edge bounds

Counting only the central edges gives another finite estimate and, at some odd lengths, a
larger leading constant. Its symmetric specialization also quantifies the cost of equal profiles
at opposite positions.

Proposition F.1. Let n ≥ 3, let k, s be integers with k ≥ 1 and 1 ≤ s ≤ k, and put L = 2k+1.
Suppose a landmark set distinguishes the central edges and has no internal landmark of depth
greater than s. Its number B of internal landmarks satisfies

B ≥
⌈
F3s+1, 2s

((n
2
))

2(n− 2)

⌉
.

If its endpoint profiles are symmetric, Di(t) = Di(L− t), then also

B ≥
⌈
F3s+1, s

((n
2
))

n− 2

⌉
.

In particular the respective asymptotic orders are Ωs(n1+1/s) and Ωs(n1+2/s). The first bound
has leading constant

cs = 2s
2s+ 1

((2s)!
3s+1

)1/(2s)
2−2−1/(2s).

Proof. For a support ij, put

γij,t = ηij(t) + ηij(L− t) (1 ≤ t ≤ s),
Xij,t = Di(t) +Dj(t)− ηij(t)− ηij(L− t) (1 ≤ t < L).
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Each Xij,t counts selected vertices on paths sharing an endpoint, other than ij, and is therefore
nonnegative. Only the positions

Js = {1, . . . , s, L− s, . . . , L− 1}

can have a nonzero X-coordinate. Let A0 =
∑

i αi, and let Tt be the total number of selected
internal vertices of depth t. Write Hij = HW

eij
for the histogram of the unique central edge eij

on ij. Its nonzero ranges are

Hij(k − t) = γij,t (1 ≤ t ≤ s),
Hij(k) = αi + αj ,

Hij(k + t) = Xij,t (t ∈ Js),
Hij(L+ k) = A0 − αi − αj ,

Hij(L+ k + t) = Tt − γij,t −Xij,t −Xij,L−t (1 ≤ t ≤ s).

(60)

All other entries are zero. These ranges are disjoint. For the fixed landmark set, the central
histogram is thus equivalent to the tuple consisting of the s+1 tags γij,1, . . . , γij,s, αi +αj , each
in {0, 1, 2}, and the 2s coordinates (Xij,t)t∈Js . The

(n
2
)

such tagged vectors must be distinct.
Every selected internal vertex on support uv contributes once for each support containing

u but not v, and once for each support containing v but not u. Hence∑
i<j

∑
t∈Js

Xij,t = 2(n− 2)B.

Apply Lemma C.1 with Q = 3s+1, d = 2s, and N =
(n

2
)
, then divide by 2(n− 2). Integrality

gives the first finite bound, and the asymptotic formula gives the stated constant.
Under symmetry, Xij,t = Xij,L−t. The first s coordinates therefore determine the tuple,

and their total sum is (n− 2)B. The same argument with d = s gives the second bound.

The unrestricted central bound is the specialization s = k. For example, at L = 5, its
leading constant is c2 = 2/(5

√
6), whereas the star bound gives a2 = 1/6. At L = 7,

a3 = 3
4(3/64)1/3 ≈ 0.270421794, c3 = 6

7(80/9)1/62−13/6 ≈ 0.274765879.

Thus retaining both finite bounds preserves information beyond the common growth exponent.

F.2 A refined lower bound at length three

The count in Proposition F.1 treats the local landmark choices as a fixed number of tags. We
obtain a stronger bound by retaining the number of supports of each local type. The counting
ingredient is again the lattice-point count for a simplex [3].

For an integer t ≥ 0, write F (t) = F3,2(t), the minimum total cost of t distinct elements of
{0, 1, 2} × Z2

≥0, where the cost of (a, u, v) is u+ v. Thus F (0) = 0. If t > 0 and ℓ is the least
nonnegative integer with 3

(ℓ+2
2
)
≥ t, then

F (t) = ℓt− ℓ(ℓ+ 1)(ℓ+ 2)
2 , F (t) = 2

3

√
2
3 t

3/2 +O(t). (61)

Indeed, there are 3(j + 1) points of cost j. Filling the levels below ℓ and then the required
part of level ℓ gives the exact formula. The relations t = 3ℓ2/2 +O(ℓ) and F (t) = ℓ3 +O(ℓ2)
give its asymptotic form.

Put M =
(n

2
)
. For integers 0 ≤ b ≤ 2M , define

JM (b) = min
x∈Z

max(0,b−M)≤x≤⌊b/2⌋

(
F (M − b+ x) + F (b− 2x) + F (x)

)
. (62)

The interval in this definition is nonempty.
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Proposition F.2. Let n ≥ 3, and suppose that a set of landmarks distinguishes the central
edges of S3(Kn). If B is the number of its internal landmarks, then

2(n− 2)B ≥ JM (B). (63)

In particular, with

h(n) = min{b ∈ {0, . . . ,M} : 2(n− 2)b ≥ JM (b)},

one has
h(n) ≤ B ≤ n(n− 1)− h(n). (64)

Moreover,
B ≥ c∗n

2 −O(n), c∗ = 0.080208390067 . . . , (65)

where c∗ is the unique solution in (0, 1/10) of

2c∗ = 2
3

√
2
3
(
(1/2− c∗)3/2 + c

3/2
∗
)
. (66)

Proof. Write each replacement path as vi − xij − xji − vj , and let αi and ηij indicate the
selection of vi and xij , respectively. Here xij = xij(1) and ηij = ηij(1). Put

d+
i =

∑
j ̸=i

ηij , d−
i =

∑
j ̸=i

ηji, A0 =
∑

i

αi, B =
∑

i

d+
i .

For a support {i, j}, define

sij = ηij + ηji, uij = d+
i + d+

j − sij , vij = d−
i + d−

j − sij .

Both uij and vij are nonnegative. Its central-edge histogram, ordered by distances zero to five,
is (

sij , αi + αj , uij , vij , A0 − αi − αj , B − uij − vij − sij
)
.

Consequently, within a fixed class sij = s, the triples (αi + αj , uij , vij) are distinct.
Let Ms be the number of supports in this class. Then

M0 +M1 +M2 = M, M1 + 2M2 = B,

and ∑
i<j

(uij + vij) = 2(n− 2)B.

For the last identity, the sums of the outdegrees and indegrees over all pairs each contribute
(n− 1)B, while the two copies of

∑
i<j sij subtract 2B. Applying the definition of F in each

of the three classes gives

2(n− 2)B ≥ F (M0) + F (M1) + F (M2). (67)

Taking x = M2 proves (63).
The minimum defining h(n) exists. At b = M , the choice x = 0 gives JM (M) ≤ F (M) ≤

(n − 2)M : the levels up to n − 2 contain 3
(n

2
)

= 3M points, each of cost at most n − 2.
Equation (63) therefore gives B ≥ h(n) when B ≤M , and the same conclusion is immediate
when B > M . For the full vertex set, every central edge has histogram(

2, 2, 2n− 4, 2n− 4, n− 2, (n− 2)(n− 3)
)
.
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Subtracting the chosen histogram from this common vector shows that the complement also
distinguishes all central edges. It has 2M −B internal landmarks. Applying the lower bound
to that complement proves (64). This complementation argument concerns the central edges.

It remains to derive the constant. Write C = (2/3)
√

2/3. If B ≥ n2/10, the desired
asymptotic bound follows from c∗ < 1/10. Otherwise put c = B/n2 and d = M2/n

2. The
error term in (61) is uniform for arguments between zero and M . Divide (67) by n3 and use
M/n2 = 1/2 +O(1/n) to obtain

2c ≥ C min
0≤d≤c/2

(
(1/2− c+ d)3/2 + (c− 2d)3/2 + d3/2)−O(1/n).

The function being minimized is convex. Its right derivative at zero is

3
2
(√

1/2− c− 2
√
c
)
≥ 0 (0 ≤ c ≤ 1/10).

The minimum is therefore attained at d = 0. Define

g(c) = 2c− C
(
(1/2− c)3/2 + c3/2).

On [0, 1/10], one has

g(0) < 0, g(1/10) = 5−
√

15
25 > 0, g′(c) = 2 + 3C

2
(√

1/2− c−
√
c
)
> 2.

These facts prove the existence and uniqueness of c∗. The inequality g(c) ≥ −O(1/n), together
with the derivative bound, gives c ≥ c∗ −O(1/n), proving (65).

Every edge multiset resolving set distinguishes the central edges. Proposition F.2 thus
improves the asymptotic lower constant at length three. The simpler bound n2/16 − n/2
remains an explicit finite consequence of the terminal-edge count.

F.3 A probabilistic bound for long replacement paths

The forest estimate of Allikvere [2, Lemma 11] converts independent landmark choices into a
bound on histogram collisions. We recall the estimate and specialize its distance-level graph to
complete subdivisions. This gives an existence range at smaller orders than the four-position
construction. For every nonnegative integer j, write

β(j) = 2−j

(
j

⌊j/2⌋

)
.

Lemma F.3 (Forest estimate). Select every vertex of a finite connected graph independently
with probability 1/2, and let W be the selected set. Fix two distinct edges e, f . Suppose
that a forest F has vertices among the nonnegative distance levels and that, for each edge
{λ, µ} ∈ E(F ), a group of mλµ graph vertices has {d(e, x), d(f, x)} = {λ, µ}. Here mλµ is a
nonnegative integer and λ ̸= µ. Then

Pr(He = Hf ) ≤
∏

{λ,µ}∈E(F )
β(mλµ).

Proof. The groups are disjoint because their unordered distance pairs differ. Condition on all
landmark choices outside them. Choose an orientation of each forest edge. The contribution of
its group to He−Hf is its oriented incidence column multiplied by a signed sum of independent
Bernoulli variables. Replacing each negatively signed variable X by 1−X expresses this sum
as a translate of Bin(mλµ, 1/2). The greatest probability of any single value is β(mλµ).
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The incidence columns of a forest are independent. Equivalently, successive elimination
of leaves shows that fixing the net flow at each vertex determines every edge flow. Thus
He−Hf = 0 allows at most one value for each group sum. Conditional independence gives the
product bound, which also holds after removing the conditioning. This is the forest argument
of [2, Lemma 11].

Proposition F.4. For all integers n ≥ 9 and L ≥ 12,

edimm(SL(Kn)) ≤
⌊
n+ (L− 1)

(n
2
)

2

⌋
.

Proof. Put r = ⌊L/2⌋ and N = n+ (L− 1)
(n

2
)
. Select each of the N vertices independently

with probability 1/2, and call the selected set W .
Distance forests. For an edge e, let qe be its distance from its nearer original endpoint. Its

distances from its two supporting originals are qe, L− 1− qe; every other original is at distance
L+ qe. Fix e ≠ f , let I be the union of the originals supporting them, and interchange e, f if
necessary so that qe ≤ qf .

First suppose some nearer original u of e satisfies d(f, u) > qe. For every k /∈ I, the internal
vertices on the path uk, measured from u, satisfy

d(e, xuk(t)) = qe + t,

d(f, xuk(t)) = min{d(f, u) + t, 2L+ qf − t} > qe + t, 1 ≤ t < L.

The last inequality follows from d(f, u) > qe, qf ≥ qe, and t < L. The corresponding L − 1
unordered pairs of distance levels form a forest. Their smaller endpoints are distinct, so the
smallest vertex of a hypothetical cycle would have to be the smaller endpoint of two different
edges. For each forest edge, the group has n − |I| vertices. Lemma F.3 bounds this pair’s
collision probability by β(n− |I|)L−1.

If this case fails, every nearer original of e is also a nearer original of f , and qe = qf . Two
distinct edges with the same support cannot have this property. Nor can a central edge of an
odd path: its two nearer originals would force the supports, and then the central edges, to
coincide. The remaining pairs have supports with a common endpoint 01, 02, and both edges
are at the same depth q ∈ {0, . . . , r − 1} from the common original zero.

For such a pair and k /∈ {0, 1, 2}, the distances on path 1k are

min{L− 1− q + t, 2L+ q − t}, min{L+ q + t, 2L+ q − t}.

They differ exactly when 1 ≤ t ≤ r + q. Their smaller levels L − 1 − q + t are distinct, so
these r + q pairs also form a forest. The paths 2k give the same pairs with the opposite
orientations. Each group therefore contains 2(n − 3) vertices. Its collision probability is at
most β(2(n− 3))r+q. Fig. 17 displays this forest for one length and depth.
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(a) L = 12, q = 1, t = 4

0

1

2

k
12

e

f

q = 1

q = 1

x1k(4)

x2k(4)

4

4

(14, 17)

(17, 14)

The ordered pairs give distances to (e, f).

(b) From positions to pairs of levels

11 14 17 18 15 12

13 16 19

t = 1 t = 7 t = 5 t = 2

t = 3 t = 6

t = 4

Arrow t joins the distances at position t.

Seven distinct pairs, no cycle.

Figure 17: A shared-endpoint comparison for L = 12 and q = 1. In (a), the edges e and f have the
same distance q from the original vertex 0. The vertices at position t = 4 on the supports 1k and 2k
have ordered distance pairs (14, 17) and (17, 14). In (b), each position t = 1, . . . , 7 gives an arrow from
the smaller level ℓt to the larger level ht; the highlighted arrow corresponds to (a). These seven pairs
form a forest. For each pair, varying k outside {0, 1, 2} supplies 2(n− 3) vertices. The drawn supports
in (a) are schematic paths of length 12.

Summing the collision probabilities. We use the elementary bound

β(j) ≤
(
3⌈j/2⌉+ 1

)−1/2
. (68)

For even indices, induction starts with β(0) = 1, uses β(2k + 2) = β(2k)(2k + 1)/(2k + 2), and
observes that

(2k + 2)2(3k + 1)− (2k + 1)2(3k + 4) = k ≥ 0.

The odd indices follow from β(2k − 1) = β(2k).
Write

β̂(j) = (3⌈j/2⌉+ 1)−1/2, θn = (3(n− 3) + 1)−1/2.

The numbers of unordered pairs of supports that are equal, sharing an endpoint, or disjoint
are respectively

(n
2
)
, n
(n−1

2
)
, and 3

(n
4
)
. There are

(L
2
)

pairs of different positions on one support
and L2 position pairs on two supports. Hence the total probability for the pairs in the first
case is bounded above by

G(n,L) = L2
[

1
2

(
n

2

)
β̂(n− 2)L−1 + n

(
n− 1

2

)
β̂(n− 3)L−1 + 3

(
n

4

)
β̂(n− 4)L−1

]
. (69)

The middle term uses all pairs of positions on supports with a common endpoint to overestimate
the number in the first case. The exceptional pairs are bounded separately. There is one
exceptional position pair at each depth q for each pair of supports with a common endpoint,
giving the bound

E(n,L) = n

(
n− 1

2

)
θr

n

1− θn
. (70)

The union bound is therefore Pr(some collision) ≤ G(n,L) + E(n,L).
Uniform numerical bounds. For n ≥ 9, the ratio of the expression in (69) at successive

lengths is at most (13
12

)2 1√
10

< 1 (L ≥ 12).
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For each parity of n, every summand also decreases with n. Up to a positive constant it has
the form

n(n− 1) · · · (n− k + 1)
(n− k + d)(L−1)/2 , k ∈ {2, 3, 4}, d ∈ {2/3, 5/3}.

Its logarithmic derivative is at most

k

n− k + 1 −
L− 1

2(n− k + d) < 0.

Indeed, it suffices that 11(n − k + 1) − 2k(n − k + d) > 0. Its minimum for the displayed
choices and n ≥ 9 is 38/3, at k = 4, d = 5/3, n = 9. It follows that

G(n,L) ≤ max{G(9, 12), G(10, 12)} = G(10, 12)

= 55080
135
√

13
+ 90720

105
√

10

<
18360
371293 + 189

625 <
9
25 .

For the comparison, G(9, 12) has the same second term and numerator 2592 in its first term.
Since r ≥ 6, the expression in (70) is at most n

(n−1
2
)
θ6

n/(1 − θn), which decreases with
n ≥ 9. For example,

n

(
n− 1

2

)
θ6

n = 1
54

2∏
j=0

n− j
n− 8/3 ,

and all three factors decrease; so does (1− θn)−1. Therefore

E(n,L) ≤ 252
193(1− 1/

√
19)

<
336
6859 <

1
20 .

The probability of any collision is consequently less than 9/25 + 1/20 = 41/100 < 1/2.
Finally, the symmetry of Bin(N, 1/2) gives Pr(|W | ≤ ⌊N/2⌋) ≥ 1/2. With positive

probability the landmark set both satisfies this size bound and has no histogram collision.
Such a set proves the proposition.

F.4 Sparse independent selections

The same distance forests give a finite bound with the selection probability as a parameter.
This can be useful when L varies with n, although its fixed-length exponent is weaker than
Theorem 1.1.

Proposition F.5. Let L ≥ 14 be an integer, and put r = ⌊L/2⌋ > 6, R = L − 1, and
αL = 3R/r − 4 > 0. Define

nprob(L) =
⌈
max

{
8, 8r/(r−6), L2/αL

}⌉
.

For every n ≥ nprob(L), writing N = n+ (L− 1)
(n

2
)
, we have

edimm(SL(Kn)) ≤
⌊
8Nn−1+6/r

⌋
.

Proof. For a signed sum of independent Bernoulli variables with total variance V > 0, every
atom has probability at most

√
π/(8V ). Indeed, replace a negative Bernoulli variable by its

complement and absorb the constant. Fourier inversion bounds each atom by

1
2π

∫ π

−π
e−2V sin2(t/2) dt ≤ 1

2π

∫ ∞

−∞
e−2V t2/π2

dt =
√

π

8V .
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Here sin(|t|/2) ≥ |t|/π for |t| ≤ π.
Select each vertex independently with probability 0 < p ≤ 1/2. Let W be the selected set

and put w = np. For n ≥ 8, each generic forest group contains at least n/2 vertices and has
variance at least w/4. Each exceptional group contains 2(n− 3) ≥ n vertices and has variance
at least w/2. Their largest atoms are therefore less than

√
2/w and 1/

√
w, respectively. The

conditioning and leaf-elimination proof of Lemma F.3 applies with these atom bounds. For
w > 1, the two classes of pairs have total collision probability less than

L2n4

8

( 2
w

)R/2
and n3

2
w−r/2

1− w−1/2 .

The first count bounds all pairs among the L
(n

2
)

edges. The second sums the exceptional
depths as a geometric series.

Choose p = 4n−1+6/r. The threshold gives p ≤ 1/2, w = 4n6/r ≥ 4, and nαL ≥ L2. Thus
the two displayed probabilities are at most 1/8 and 2−r ≤ 1/128. Also αL ≥ 2− 3/r > 0, since
R ≥ 2r − 1, so the threshold is well defined. By Markov’s inequality, Pr(|W | > 2Np) ≤ 1/2.
The sum of this probability and the collision bound is less than one. Some selection resolves
all edges and has size at most ⌊2Np⌋, as required.
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