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Abstract

We prove that Pisier’s operator Hilbert space OH embeds completely isometrically
into the predual of a QWEP von Neumann algebra, answering a longstanding question
introduced by Pisier and later by Haagerup and Musat. The embedding is obtained as an
ultraproduct of free probabilistic models hk = Λ 1

2 ckΛ 1
2 realized in the free group factor

VN(F∞), with the trace and circular family scaled according to the mass of the truncated
measure t− 5

3 dt.
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1 Introduction
The operator Hilbert space OH introduced by Pisier in the memoir [Pis96] is the unique op-
erator space structure on the complex Hilbert space ℓ2 which is completely isometric to its
conjugate dual via the canonical identification. The question of embedding OH into the pred-
ual of a von Neumann algebra has a rich history. Junge [Jun05] constructed the first completely
isomorphic embedding of OH into the predual of a QWEP von Neumann algebra, by means
of free probability. Pisier explicitly recorded the completely isometric embedding problem as
open in [Pis03, Remark following Corollary 7.16, p. 145]. He reiterated the question in the
introduction of [Pis04b], whose appendix gives a simpler proof of the completely isomorphic
embedding, based on complex interpolation and Shlyakhtenko’s generalized circular systems.
Pisier [Pis04a] proved that OH does not even embed completely isomorphically into the pred-
ual of a semifinite von Neumann algebra. Junge [Jun06] showed that OH embeds completely
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isomorphically into the predual of the hyperfinite factors of type IIIλ, 0 < λ ⩽ 1, and Haagerup
and Musat [HaM07, Corollary 3.8 p. 620] obtained an embedding into the predual of the hy-
perfinite factor of type III1 whose cb-isomorphism constant is at most

√
2. The constants in

the general Khintchine inequalities underlying their construction are optimal [HaM07, Theorem
3.10 p. 621]. Related questions appear in [PiS02, remark p. 208 after Corollary 3.1] and in the
introduction of [JuP10]. The aim of this paper is to answer this question.

Theorem 1.1 There exist a QWEP von Neumann algebra M and a completely isometric map
J : OH → L1(M).

By duality, Theorem 1.1 is equivalent to the fact thatthe operator space OH is a complete
quotient of a QWEP C*-algebra, see Corollary 6.3. This is in sharp contrast with the operator
spaces R + C and Rn + Cn for n ⩾ 2, which do not embed completely isometrically into non-
commutative L1-spaces according to [Arh26], although they embed completely isomorphically
[HaM07]. By Pisier’s theorem [Pis04a], the von Neumann algebra M of Theorem 1.1 cannot be
semifinite. Our construction takes M = (A∗∗)op, where A =

∏
U VN(F∞) is the C*-algebraic

(norm) ultrapower of the free group factor, see Theorem 6.2 and Remark 4.3. Corollary 6.4 also
gives a complete isometry into the predual of a σ-finite factor of type III.

The QWEP property gives finite-dimensional matrix approximations: for any integer n ⩾ 1
and any δ > 0, the operator space OHn embeds into some space SN1 with cb-distortion less
than 1+δ, by [EJR00, Corollary 7.2], see Corollary 6.3. Combining the complete isometry with
Junge’s [Jun05, Lemmas 4.4 and 4.5] gives an exact realization of completely 1-summing norms
as tensor norms in a predual. Ozawa’s compactness theorem [Oza00] then yields convergence
of the truncated models in cb-distortion for each fixed dimension, and Proposition 6.8 identifies
the joint limit of their two-factor tensor norms with ∥T∥πo

1
. For the identity on OHn, the order√

n(1 + logn) and the numerical comparison constants are inherited from [Jun05]. Section 7
derives the tensor distortion formula.

Approach of the paper Our proof consists of two exact computations. Let m,n ⩾ 1 be
integers. For any n-tuple x = (x1, . . . , xn) of matrices of Mm, consider the completely positive
maps Φx,Φ∗

x : Mm → Mm defined by

(1.1) Φx(b) def=
n∑
k=1

xkbx
∗
k and Φ∗

x(b) def=
n∑
k=1

x∗
kbxk, b ∈ Mm.

We first show in Theorem 3.2 that if the matrices Φx(1) and Φ∗
x(1) are invertible then the

system of matrix equations

(1.2) P = Φx
(
Q− 1

3
)
, Q = Φ∗

x

(
P− 1

3
)
,

admits a unique solution (P,Q) in positive definite matrices and that the norm of
∑
k xk ⊗ ek

in Sm1 (OHn) is equal to Tr(Q 2
3 ) = Tr(P 2

3 ). This turns Pisier’s factorization formula [Pis98]
into a characterization by a uniquely determined pair of positive matrices. The associated map
(P,Q) 7→ (Φx(Q− 1

3 ),Φ∗
x(P− 1

3 )) is a 1
3 -contraction for the product Thompson metric, so its

iterates converge to this pair from any positive definite initial pair. The norm identity follows
by constructing an optimal factorization and a norming functional, using a Perron-Frobenius
argument. Thus the characterization also gives an iterative procedure for evaluating these
norms, independently of the free probabilistic construction.

Next, we use a σ-system in the sense of Definition 4.1. Write |σ| def= σ((0,∞)). By Lemma
4.2, this system can be realized in a finite von Neumann algebra A with τ = |σ|φ, where φ
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is a normal faithful tracial state, and ck
def= |σ| 1

2 c0
k, where (c0

k) is a standard scalar-valued free
circular family which is free from Λ with respect to φ. For D def= W∗(Λ) and any d ∈ D, the
covariance is

ED(ckdc∗
l ) = ED(c∗

kdcl) = δklτ(d)1.

We put

(1.3) hk
def= Λ 1

2 ckΛ 1
2 .

Weighting on both sides leads to coupled covariance equations involving Φx and its adjoint
Φ∗
x, which can be matched with the two equations in (1.2). With a one-sided weighting Λ 1

2 ck,
the maps Φx and Φ∗

x enter the covariance equations with different weights, and the symmetry
of (1.2) is lost. For coefficients x with Φx(1) and Φ∗

x(1) invertible, using the operator-valued
Cauchy transform of the hermitization of Z =

∑
k xk ⊗hk, we show in Proposition 4.4 that the

norm of Z in L1(Mm⊗A) is given by

∥Z∥L1(Mm⊗A) = 1
π

∫ ∞

0
s− 1

2 Tr
(
QsFσ(Qs)

)
ds,

where σ is the distribution of Λ with respect to τ , Fσ(X) def=
∫∞

0 t(1+ tX)−1 dσ(t), and (Ps, Qs)
is the unique positive definite solution of P = s−1Φx(Fσ(Q)), Q = s−1Φ∗

x(Fσ(P )). For the
formal infinite measure σ = t−

5
3 dt, we have Fσ(X) = κX− 1

3 , where κ = 2π√
3 . If (P,Q) solves

(1.2), then the corresponding formal solution is (Ps, Qs) = (κs ) 3
4 (P,Q). Thus the two norm

computations involve the same pair of positive matrices. Among the formal measures t−1−α dt
with 0 < α < 1, the value α = 2

3 is the unique one for which the integrand in the L1-norm
formula is proportional to s−1, see Remark 4.6. This accounts for the logarithmic normalization.
We use the finite truncations σε

def= 1[ε, 1
ε ](t)t−

5
3 dt. Theorem 5.4 gives a logarithmic leading term

with a bounded remainder for non-degenerate coefficients, and in particular

lim
ε→0

1
log 1

ε

∥∥∥∥∥
n∑
k=1

xk ⊗ h
(ε)
k

∥∥∥∥∥
L1(Mm⊗Aε)

= 8κ 3
2

3π

∥∥∥∥∥
n∑
k=1

xk ⊗ ek

∥∥∥∥∥
Sm

1 (OHn)

.

An ultraproduct argument then provides the complete isometry of Theorem 1.1. Note that each
truncated model lives in a finite von Neumann algebra, in accordance with Pisier’s theorem:
for a fixed ε, the family (h(ε)

k )k⩾1 cannot span a completely isomorphic copy of OH.

Structure of the paper Section 2 contains preliminaries on vector-valued Schatten spaces,
Haagerup noncommutative L1-spaces, the operator Hilbert space, Thompson’s part metric and
operator-valued free probability. In Section 3, we describe the norm of Sm1 (OHn) by means of the
system (1.2). Section 4 is devoted to the free models (1.3). In Section 5, we analyse the truncated
power laws. We prove Theorem 1.1 in Section 6, where we also obtain finite-dimensional matrix
approximations, convergence of the truncations in cb-distortion, and tensor norm formulas and
estimates for completely 1-summing maps. Section 7 gives the tensor distortion.

2 Preliminaries
Vector-valued Schatten spaces We refer to the books [BLM04], [EfR00], [Pau02] and
[Pis03] for background on operator spaces. Suppose that 1 ⩽ p < ∞. For any integer m ⩾ 1,
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we denote by Mm the space of complex m × m matrices, by eij its matrix units, by Spm the
space Mm equipped with the Schatten norm ∥A∥Sp

m

def= Tr(|A|p)
1
p and by Pm the set of positive

definite matrices of Mm. For any matrix X ∈ Mm, we write X > 0 if X ∈ Pm. We denote by
λmin(X) and λmax(X) the smallest and the largest eigenvalues of a selfadjoint matrix X.

Let E be an operator space and m ⩾ 1 an integer. Following Pisier [Pis98], we denote by
S1
m(E) the vector-valued Schatten space. We identify the elements of S1

m(E) with matrices [uij ]
with entries in E. If a, b ∈ Mm and v = [vij ] ∈ Mm(E), we denote by a ·v ·b the matrix product.
We will use the following facts.

1. By [Pis98, Theorem 1.5 p. 21], for any u ∈ S1
m(E) we have

(2.1) ∥u∥S1
m(E) = inf

{
∥a∥S2

m
∥v∥Mm(E) ∥b∥S2

m
: u = a · v · b, a, b ∈ Mm, v ∈ Mm(E)

}
.

2. We use the parallel duality

(2.2) ⟨[yij ], [φij ]⟩ =
m∑

i,j=1
φij(yij).

With this convention, the canonical identifications Mm(F )∗ = S1
m(F ∗) and S1

m(E)∗ =
Mm(E∗) are isometric, see [Pis98, (1.1) and (1.1)∗ p. 18]. This is the convention compat-
ible with the opposite-algebra structure of Subsection 2.

3. By [Pis98, Lemma 1.7, equation (1.7)’ p. 23], a linear map u : E → F between operator
spaces satisfies ∥u∥cb,E→F = supm⩾1

∥∥IdSm
1

⊗ u
∥∥
S1

m(E)→S1
m(F ). By [Pis98, Corollary 1.2

p. 19], if u is a complete isometry then IdSm
1

⊗ u is an isometry for any m. Consequently,
a linear map u : E → F is a complete isometry if and only if IdS1

m
⊗ u : S1

m(E) → S1
m(F )

is an isometry for any integer m ⩾ 1. Indeed, if these maps are isometries then ∥u∥cb ⩽ 1
and the inverse u−1 : u(E) → E satisfies

∥∥u−1
∥∥

cb ⩽ 1 since S1
m(u(E)) is an isometric

subspace of S1
m(F ) by [Pis98, Corollary 1.2 p. 19].

Noncommutative L1-spaces Let M be a von Neumann algebra. We use the noncommu-
tative L1-space L1(M) of Haagerup, see [Ter81] and [PiX03], which is isometric to the predual
M∗. The opposite von Neumann algebra Mop = {aop : a ∈ M} has the same normed invo-
lutive vector space structure as M and the product aopbop def= (ba)op. Following Pisier [Pis03,
Chapter 7], we equip the Banach space L1(M) with the operator space structure of the predual
(Mop)∗, considered as a subspace of the operator space dual (Mop)∗. With this convention,
for any integer m ⩾ 1 the map eij ⊗ x 7→ eij ⊗ x induces an isometry from Sm1 (L1(M)) onto
L1(Mm⊗M). Indeed, (Mm⊗M)op = Mop

m⊗Mop, and the predual of a von Neumann tensor
product is the operator space projective tensor product of the preduals [EfR00, Theorem 7.2.4],
see also [Xu06, Sections 1.2 and 1.3]. Since Mop is again a von Neumann algebra, an oper-
ator space embeds completely isometrically into L1(M) for some von Neumann algebra M if
and only if it embeds completely isometrically into the predual of some von Neumann algebra.
Moreover, for any C*-algebra A, the dual operator space A∗ is the predual of the von Neumann
algebra A∗∗ equipped with its predual operator space structure. Consequently, A∗ is completely
isometric to L1((A∗∗)op).

If M is a finite von Neumann algebra equipped with a normal faithful finite trace τ , then
L1(M) identifies with the tracial noncommutative L1-space L1(M, τ), whose norm is ∥h∥1

def=
τ(|h|). In this case, for any integer m ⩾ 1 the space Sm1 (L1(M)) identifies isometrically with
L1(Mm⊗M,Tr ⊗τ). An element h of L1(M, τ) is identified with the normal functional aop 7→
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τ(ha) on Mop. This identification depends on the normalization of τ , which will not be a state
in our models.

In this finite tracial setting, every unital von Neumann subalgebra D ⊂ M is the range
of a unique normal faithful τ -preserving conditional expectation ED, see [PiX03, Section 7].
Multiplying τ by a positive scalar does not change this expectation.

We will use the generalized singular numbers of Fack and Kosaki [FaK86]. Let M be a finite
von Neumann algebra equipped with a normal faithful finite trace τ and let X ∈ M. For any
t > 0, let µt(X) def= inf{∥Xe∥ : e projection of M, τ(1−e) ⩽ t}. By [FaK86, Lemma 2.5 p. 275],
we have µt(aXb) ⩽ ∥a∥ ∥b∥µt(X) for any a, b ∈ M, and by [FaK86, Corollary 2.8 p. 278], we
have τ(g(|X|)) =

∫∞
0 g(µt(X)) dt for any continuous nondecreasing function g : [0,∞) → [0,∞)

with g(0) = 0.

The operator Hilbert space We denote by OHn the n-dimensional operator Hilbert space
with its canonical basis (ek), by (e∗

k) the dual basis of OH∗
n and by OH = OH(N) the separable

operator Hilbert space. If E ⊂ B(K) is an operator space, its conjugate E = {x : x ∈ E} ⊂
B(K) is the complex conjugate vector space with the matrix norms ∥[xij ]∥Mm(E) = ∥[xij ]∥Mm(E).
Recall that the map OH∗

n → OHn, e∗
k 7→ ek is a complete isometry [Pis96] and that any unitary

of ℓ2
n induces a complete isometry of OHn. If (ek) is an orthonormal basis of OH then for any

Hilbert space K and any finitely supported family (xk) of B(K) we have by [Pis96, Theorem
1.1 p. 12]

(2.3)

∥∥∥∥∥∑
k

xk ⊗ ek

∥∥∥∥∥
B(K)⊗minOH

=

∥∥∥∥∥∑
k

xk ⊗ xk

∥∥∥∥∥
1
2

B(K)⊗minB(K)

.

For any integer m ⩾ 1 and any n-tuple x = (x1, . . . , xn) of matrices of Mm, we consider the
linear maps Φx,Φ∗

x : Mm → Mm defined by

(2.4) Φx(b) def=
n∑
k=1

xkbx
∗
k and Φ∗

x(b) def=
n∑
k=1

x∗
kbxk.

These maps are completely positive and Φ∗
x is the adjoint of Φx for the inner product ⟨a, b⟩ =

Tr(b∗a) of the Hilbert space Sm2 . If Φx(1) is invertible then for any X ∈ Pm we have Φx(X) ⩾
λmin(X)Φx(1), hence Φx(X) ∈ Pm. The same observation holds for Φ∗

x. We let

(2.5) Gm,n
def=
{
x ∈ (Mm)n : Φx(1) and Φ∗

x(1) are invertible
}
.

This set is dense in (Mm)n since it contains all the n-tuples x such that x1 is invertible. Finally,
we let

(2.6) N(x) def=

∥∥∥∥∥
n∑
k=1

xk ⊗ ek

∥∥∥∥∥
S1

m(OHn)

.

Lemma 2.1 Let m,n ⩾ 1 be integers and let y = (y1, . . . , yn) ∈ (Mm)n. We have

(2.7)

∥∥∥∥∥
n∑
k=1

yk ⊗ ek

∥∥∥∥∥
Mm(OHn)

=

∥∥∥∥∥
n∑
k=1

yk ⊗ e∗
k

∥∥∥∥∥
Mm(OH∗

n)

= ∥Φy∥
1
2
S2

m→S2
m
.
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Proof : By (2.3), the first quantity is equal to ∥
∑
k yk ⊗ yk∥

1
2 , where the norm is computed

in Mm ⊗min Mm = B(Cm ⊗2 Cm). The unitary U : Cm ⊗2 Cm → Sm2 , ξ ⊗ η 7→ ξη∗ satisfies
U(yk ⊗ yk)(ξ ⊗ η) = ykξ(ykη)∗ = yk(ξη∗)y∗

k. Hence U(
∑
k yk ⊗ yk)U∗ = Φy, which proves the

equality of the first and the third quantities. Since OH∗
n is completely isometric to OHn via

e∗
k 7→ ek, the second quantity is equal to ∥

∑
k yk ⊗ ek∥Mm(OHn) = ∥

∑
k yk ⊗ yk∥

1
2 . The flip

Cm ⊗2 Cm → Cm ⊗2 Cm is a unitary which conjugates
∑
k yk ⊗ yk with

∑
k yk ⊗ yk. The proof

is complete.
We will also use invariance under simultaneous transposition:

(2.8)

∥∥∥∥∥∑
k

yT
k ⊗ e∗

k

∥∥∥∥∥
Mm(OH∗

n)

=

∥∥∥∥∥∑
k

yk ⊗ e∗
k

∥∥∥∥∥
Mm(OH∗

n)

.

Indeed,
∑
k y

T
k ⊗ yT

k = (
∑
k yk ⊗ yk)T, and full transposition preserves the operator norm. The

same identity holds with ek in place of e∗
k.

We use the homogeneity of OH: every bounded linear map between operator Hilbert spaces
has cb-norm equal to its operator norm, see [Pis03, Proposition 7.2]. In particular, orthogonal
coordinate inclusions and projections are complete contractions. The column and row spaces
are Cn

def= B(C,Cn) and Rn
def= B(Cn,C), with their concrete operator space structures. For

finite-dimensional operator spaces E and F of the same dimension, we write

dcb(E,F ) def= inf
S

∥S∥cb
∥∥S−1∥∥

cb ,

where the infimum runs over linear isomorphisms S : E → F , see [Pis03]. A linear map q : E →
F is a complete quotient map if, for every m ⩾ 1, the map IdMm ⊗ q sends the open unit ball
of Mm(E) onto the open unit ball of Mm(F ).

We will also use the following elementary Perron-Frobenius type lemma.

Lemma 2.2 Let Ψ: Mm → Mm be a positive linear map. Suppose that there exist X ∈ Pm
and λ ⩾ 0 such that Ψ(X) = λX. Then the spectral radius of Ψ is equal to λ. If in addition Ψ
is selfadjoint on the Hilbert space S2

m, then ∥Ψ∥S2
m→S2

m
= λ.

Proof : The real number λ is an eigenvalue of Ψ, hence the spectral radius r(Ψ) satisfies
r(Ψ) ⩾ λ. Let Y ∈ Mm be a selfadjoint matrix. There exists c ⩾ 0 such that −cX ⩽ Y ⩽ cX.
Since Ψj is positive, we obtain −cλjX ⩽ Ψj(Y ) ⩽ cλjX for any integer j ⩾ 1, hence

∥∥Ψj(Y )
∥∥ ⩽

cλj ∥X∥. One may take c =
∥∥X−1

∥∥ ∥Y ∥ for selfadjoint Y . Decomposing an arbitrary matrix
into its real and imaginary parts therefore gives

∥∥Ψj
∥∥ ⩽ 2

∥∥X−1
∥∥ ∥X∥λj . We deduce that

supj λ−j
∥∥Ψj

∥∥ < ∞ if λ > 0 and that Ψj = 0 for j ⩾ 1 if λ = 0. Hence r(Ψ) = limj

∥∥Ψj
∥∥ 1

j ⩽ λ.
The last assertion follows from the equality between the norm and the spectral radius of a
selfadjoint operator on a Hilbert space.

Thompson’s part metric For any X,Y ∈ Pm, we let

(2.9) d(X,Y ) def= inf
{
r ⩾ 0 : e−rX ⩽ Y ⩽ erX

}
.

This is Thompson’s part metric on the cone Pm, see [Tho63]. We will use the following elemen-
tary properties. Let X,Y ∈ Pm.

1. We have d(X−1, Y −1) = d(X,Y ) since the map X 7→ X−1 is order reversing on Pm.
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2. For any 0 ⩽ t ⩽ 1, we have d(Xt, Y t) ⩽ td(X,Y ). Indeed, if e−rX ⩽ Y ⩽ erX then
e−trXt ⩽ Y t ⩽ etrXt by the Löwner-Heinz inequality. For completeness, the operator
monotonicity of X 7→ Xt for 0 < t < 1 follows from

Xt = sin(πt)
π

∫ ∞

0
λt−1X(λ+X)−1 dλ,

since X(λ + X)−1 = 1 − λ(λ + X)−1 is order preserving. The cases t = 0 and t = 1 are
immediate.

3. If Ψ: Mm → Mm is a positive linear map with Ψ(Pm) ⊂ Pm and if c > 0, then
d(cΨ(X), cΨ(Y )) ⩽ d(X,Y ).

4. If e−rX ⩽ Y ⩽ erX then

(2.10) e−rλmin(X) ⩽ λmin(Y ) and λmax(Y ) ⩽ erλmax(X)

5. The metric space (Pm, d) is complete. Indeed, if (Xj) is a Cauchy sequence, there exists
R ⩾ 0 such that e−RX1 ⩽ Xj ⩽ eRX1 for any j, and for any r > 0 there exists j0 such
that e−rXj ⩽ Xk ⩽ erXj for any j, k ⩾ j0. Then we have ∥Xk −Xj∥ ⩽ (er − 1)eR ∥X1∥,
so (Xj) converges in norm to a matrix X satisfying e−RX1 ⩽ X, and letting k → ∞ in
the previous inequalities we obtain d(Xj , X) ⩽ r for j ⩾ j0.

For any pairs (P,Q) and (P ′, Q′) of Pm × Pm, we let

d2
(
(P,Q), (P ′, Q′)

)
= max

{
d(P, P ′), d(Q,Q′)

}
.

Then (Pm × Pm, d2) is a complete metric space.

Operator-valued free probability We refer to [HiP00], [Spe98], [NSS02] and [MiS17] for
background on operator-valued free probability. Let A be a von Neumann algebra, B a von
Neumann subalgebra of A and EB : A → B a normal faithful conditional expectation. The
B-valued cumulants (κB

r )r⩾1 are the multilinear maps κB
r : Ar → B defined by the moment-

cumulant formula over noncrossing partitions [Spe98]. They are B-balanced, that is for any
b0, . . . , br ∈ B and any a1, . . . , ar ∈ A we have

κB
r (b0a1b1, a2b2, . . . , arbr) = b0κ

B
r (a1, b1a2, . . . , br−1ar)br.

A selfadjoint element H of A is called B-valued semicircular if κB
r (Hb1, . . . ,Hbr−1, H) = 0 for

any r ̸= 2 and any b1, . . . , br−1 ∈ B. Its covariance is the completely positive map η : B →
B, b 7→ EB(HbH) = κB

2 (Hb,H). By the moment-cumulant formula, the B-valued moments
EB(Hb1Hb2 · · · br−1H) of a B-valued semicircular element only depend on its covariance. The
operator-valued Cauchy transform G(z) = EB((z −H)−1) of H satisfies the equation

(2.11) G(z) =
(
z − η(G(z))

)−1
, z ∈ C, Im z > 0.

Indeed, for |z| large enough both sides are given by norm convergent power series in z−1, and
(2.11) is the functional equation relating the Cauchy transform of H to its B-valued R-transform
b 7→ η(b), see [Voi95], [Spe98, Chapter 4] and [MiS17, Chapter 9]. Moreover, both sides of (2.11)
are analytic functions of z on the upper half-plane. For the left-hand side this is clear. For the
right-hand side, note that ImG(z) = −(Im z)EB((z −H)−1(z̄ −H)−1) ⩽ 0. Since η is positive,
we obtain Im(z − η(G(z))) = (Im z)1 − η(ImG(z)) ⩾ (Im z)1, so that z − η(G(z)) is invertible.
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By analytic continuation, (2.11) holds on the whole upper half-plane, see also [HRS07, Section
2], where uniqueness of the solution with negative imaginary part is proved for an arbitrary
unital C*-algebra B.

We will use the following consequence of the characterization of freeness with amalgamation
by cumulants due to Nica, Shlyakhtenko and Speicher [NSS02, Theorem 3.6]: let (A, φ) be a
tracial W*-probability space, let D ⊂ A be a von Neumann subalgebra and let N ⊂ A be a von
Neumann subalgebra which is free from D with respect to φ. Then the D-valued cumulants of
elements of N with respect to the φ-preserving conditional expectation ED are given by

(2.12) κD
r (a1d1, a2d2, . . . , ar−1dr−1, ar) = κr(a1, . . . , ar)φ(d1) · · ·φ(dr−1)

for any a1, . . . , ar ∈ N and any d1, . . . , dr−1 ∈ D, where κr denotes the scalar-valued free
cumulant with respect to φ.

Finally, consider the matrix amplification with conditional expectation IdMN
⊗ EB. For

r ⩾ 2 and A1, . . . , Ar ∈ MN (A), its cumulants satisfy

(2.13)
[
κMN (B)
r (A1, . . . , Ar)

]
ij

=
N∑

i1,...,ir−1=1
κB
r

(
(A1)ii1 , . . . , (Ar)ir−1j

)
.

For r = 1, the identity is [κMN (B)
1 (A1)]ij = EB((A1)ij). For B = C, this is the computation

of matricial cumulants of Nica, Shlyakhtenko and Speicher [NSS02b], see also [Shl96] for the
semicircular case. To prove these formulas in general, expand the entries of EMN (B)(A1 · · ·Ar)
by matrix multiplication and apply the B-valued moment-cumulant formula to each summand.
Each nesting of a cumulant corresponds to summation over the intermediate matrix indices.
Thus the displayed multilinear maps satisfy the MN (B)-valued moment-cumulant formula, and
uniqueness of cumulants proves the assertion. In particular, for a, b ∈ A and β ∈ MN (B), we
have [

κ
MN (B)
2 ((1 ⊗ a)β, 1 ⊗ b)

]
ij

= κB
2 (aβij , b).

3 The norm of Sm
1 (OHn) as a fixed point

Throughout the paper, we let

(3.1) κ
def=
∫ ∞

0

u− 2
3

1 + u
du = π

sin π
3

= 2π√
3
.

Proposition 3.1 Let m,n ⩾ 1 be integers, let x ∈ Gm,n and let c > 0. The system

(3.2) P = cΦx
(
Q− 1

3
)
, Q = cΦ∗

x

(
P− 1

3
)

admits a unique solution (P,Q) in Pm×Pm. Moreover, this solution satisfies Tr(P 2
3 ) = Tr(Q 2

3 ).

Proof : Since x ∈ Gm,n, the maps Φx and Φ∗
x send Pm into Pm, see Section 2. Hence the

formula T (P,Q) = (cΦx(Q− 1
3 ), cΦ∗

x(P− 1
3 )) defines a map T : Pm × Pm → Pm × Pm. For any

Q,Q′ ∈ Pm, the properties 1, 2 and 3 below Definition 2.9 give

d
(
cΦx(Q− 1

3 ), cΦx(Q′− 1
3 )
)
⩽ d

(
Q− 1

3 , Q′− 1
3
)

= d
(
Q

1
3 , Q′ 1

3
)
⩽

1
3d(Q,Q′).
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The same estimate holds for Φ∗
x. Hence T is a 1

3 -contraction of the complete metric space
(Pm × Pm, d2) and the Banach fixed point theorem gives the first assertion. Now, if (P,Q) is
the solution of (3.2), we have

Tr
(
P

2
3
)

= Tr
(
P− 1

3P
)

= cTr
(
P− 1

3 Φx(Q− 1
3 )
)

= cTr
(
Φ∗
x(P− 1

3 )Q− 1
3
)

= Tr
(
QQ− 1

3
)

= Tr
(
Q

2
3
)
.

The following result is the first main ingredient of the paper.

Theorem 3.2 Let m,n ⩾ 1 be integers and let x = (x1, . . . , xn) ∈ (Mm)n.

1. Suppose that there exist α, β ∈ Pm with Tr(α2) = Tr(β2) = 1 and T > 0 such that

(3.3) Φx(β−1) = T 2α3 and Φ∗
x(α−1) = T 2β3.

Then N(x) = T .

2. Suppose that x ∈ Gm,n and let c > 0. If (P,Q) is the solution of (3.2) then

(3.4) N(x) = c− 1
2 Tr

(
Q

2
3
)

= c− 1
2 Tr

(
P

2
3
)
.

Proof : 1. We first show that N(x) ⩽ T . Consider the n-tuple v = (v1, . . . , vn) defined by
vk = α−1xkβ

−1. The element u =
∑
k xk⊗ek of Sm1 (OHn) is equal to α · (

∑
k vk⊗ek) ·β. Since

∥α∥Sm
2

= ∥β∥Sm
2

= 1, the factorization (2.1) and Lemma 2.1 give

N(x) ⩽

∥∥∥∥∥
n∑
k=1

vk ⊗ ek

∥∥∥∥∥
Mm(OHn)

= ∥Φv∥
1
2
Sm

2 →Sm
2

= ∥Φ∗
vΦv∥

1
4
Sm

2 →Sm
2
.

Now, we have

Φv(β) =
n∑
k=1

α−1xkβ
−1ββ−1x∗

kα
−1 = α−1Φx(β−1)α−1 (3.3)= T 2α

and similarly Φ∗
v(α) = β−1Φ∗

x(α−1)β−1 = T 2β. Hence Φ∗
vΦv(β) = T 4β. The map Φ∗

vΦv
is positive and selfadjoint on Sm2 , and β is positive definite. By Lemma 2.2, we obtain
∥Φ∗

vΦv∥Sm
2 →Sm

2
= T 4. We conclude that N(x) ⩽ T .

Now, we turn to the inequality N(x) ⩾ T . Consider the n-tuple z = (z1, . . . , zn) defined by
zk = T−1β−1x∗

kα
−1. We have

Φz(α) = T−2
n∑
k=1

β−1x∗
kα

−1αα−1xkβ
−1 = T−2β−1Φ∗

x(α−1)β−1 (3.3)= β

and similarly Φ∗
z(β) = T−2α−1Φx(β−1)α−1 = α. Hence Φ∗

zΦz(α) = α and Lemma 2.2 gives
∥Φz∥Sm

2 →Sm
2

= 1. By Lemma 2.1 and (2.8), the element φ =
∑
k z

T
k ⊗e∗

k of Mm(OH∗
n) has norm

1. Under the parallel duality, we have ⟨u, φ⟩ (2.2)=
∑
k,i,j(xk)ij(zk)ji =

∑
k Tr(xkzk). We deduce

that

N(x) ⩾ |⟨u, φ⟩| =
∣∣∣∣ n∑
k=1

Tr(xkzk)
∣∣∣∣ = T−1 Tr

(
Φx(β−1)α−1) (3.3)= T−1 Tr(T 2α2) = T.

9



2. Let ν = Tr(P 2
3 ) = Tr(Q 2

3 ), see Proposition 3.1, and put α def= ν− 1
2P

1
3 and β

def= ν− 1
2Q

1
3 .

These matrices belong to Pm and satisfy Tr(α2) = Tr(β2) = 1. Moreover, we have

Φx(β−1) = ν
1
2 Φx

(
Q− 1

3
) (3.2)= c−1ν

1
2P = c−1ν2α3

and in the same way Φ∗
x(α−1) = c−1ν2β3. By the first part with T = c− 1

2 ν, we obtain
N(x) = c− 1

2 ν.

Remark 3.3 1. Suppose that Φx(1) = Φ∗
x(1) = γ1 for some γ > 0, for example if x1, . . . , xn

are unitaries, in which case γ = n. Then α = β = m− 1
2 1 satisfy (3.3) with T = m

√
γ,

hence N(x) = m
√
γ.

2. The proof of the first part shows that
∑
k z

T
k ⊗e∗

k, where zk = T−1β−1x∗
kα

−1, is a norming
functional of

∑
k xk ⊗ ek under the parallel duality.

3. Suppose that x ∈ Gm,n. Then

(3.5) N(x)2 = min
{

Tr(α−1Φx(β−1)) : α, β ∈ Pm, Tr(α2) = Tr(β2) = 1
}
.

Indeed, fix such α, β and let w def=
∑
k wk ⊗ e∗

k have norm at most 1 in Mm(OH∗
n). Put

wT def= (wT
1 , . . . , w

T
n). Applying the Hilbert-Schmidt Cauchy-Schwarz inequality to the

families α− 1
2xkβ

− 1
2 and β

1
2wT

kα
1
2 gives∣∣∣∣∑

k

Tr(xkwT
k )
∣∣∣∣2 ⩽ Tr(α−1Φx(β−1)) Tr

(
βΦwT(α)

)
⩽ Tr(α−1Φx(β−1)).

The last inequality follows from ∥ΦwT∥Sm
2 →Sm

2
⩽ 1, by (2.7) and (2.8), and from ∥α∥Sm

2
=

∥β∥Sm
2

= 1. Taking the supremum over w under the parallel duality proves the lower
bound in (3.5). The matrices furnished by the second part of Theorem 3.2 attain equality,
since

Tr(α−1Φx(β−1)) (3.3)= T 2 Tr(α2) = T 2 = N(x)2.

The Euler-Lagrange equations are (3.3): differentiating the objective under the two con-
straints gives Φx(β−1) = 2λα3 and Φ∗

x(α−1) = 2µβ3, and taking traces after multiplication
by α−1 and β−1 shows that 2λ = 2µ = T 2 at the minimum.
For general coefficients, a minimum over positive definite matrices need not be attained.
For example, if m = 2, n = 1 and x1 = e11, then N(x) = 1, whereas the objective
equals (α−1)11(β−1)11 > 1 for every admissible positive definite pair. Taking α = β =
diag(

√
1 − δ2, δ) and letting δ → 0 shows that the infimum is 1.

4 Free models and their L1-norms
In this section, σ denotes a nonzero finite positive Borel measure on (0,∞) with compact
support. For any X ∈ Mm with X ⩾ 0, we let

(4.1) Fσ(X) def=
∫ ∞

0
t(1 + tX)−1 dσ(t).

For any X ⩾ 0, the matrix Fσ(X) is positive definite, since Fσ(X) ⩾
∫∞

0 t(1+t ∥X∥)−1 dσ(t) ·1.
For any t > 0, the map X 7→ (1 + tX)−1 is order reversing on the positive matrices. Hence Fσ
is order reversing. Finally, Fσ(X) is a continuous function of X.
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Definition 4.1 A σ-system is a quadruple (A, τ,Λ, (ck)k⩾1) where A is a von Neumann algebra
equipped with a normal faithful finite trace τ , Λ is a positive element of A such that τ(g(Λ)) =∫
g dσ for any bounded Borel function g : [0,∞) → C, and (ck)k⩾1 is a sequence of elements

of A satisfying the following property. Let D be the von Neumann algebra generated by Λ and
ED : A → D the τ -preserving normal conditional expectation. For any integer r ⩾ 1, any
k1, . . . , kr ⩾ 1, any ε1, . . . , εr ∈ {1, ∗} and any d1, . . . , dr−1 ∈ D, the D-valued cumulant

κD
r

(
cε1
k1
d1, . . . , c

εr−1
kr−1

dr−1, c
εr

kr

)
vanishes unless r = 2, k1 = k2 and {ε1, ε2} = {1, ∗}, and we have κD

2 (ckd, c∗
k) = κD

2 (c∗
kd, ck) =

τ(d)1 for any k ⩾ 1 and any d ∈ D. We associate to such a system the elements hk
def= Λ 1

2 ckΛ 1
2

of A.

A unital C*-algebra B has the weak expectation property if, for a faithful unital representa-
tion B ⊂ B(H), there is a unital completely positive map B(H) → B∗∗ extending the canonical
inclusion of B into B∗∗. A C*-algebra has QWEP if it is a quotient of a C*-algebra with the
weak expectation property, see [Oza04, Definition 3.1 p. 507].

Lemma 4.2 There exists a σ-system whose underlying von Neumann algebra has QWEP.

Proof : Let σ̂ = σ((0,∞))−1σ and let (A, φ) be the reduced free product of the tracial W*-
probability spaces (L∞(σ̂),

∫
· dσ̂) and (VN(F∞), τ0), where τ0 is the canonical trace. The free

product state φ is a normal faithful trace on A, see [VDN92, Section 1.6 and Chapter 2]. Let
Λ be the function t 7→ t of L∞(σ̂) and let (c0

k)k⩾1 be a free family of circular elements of
VN(F∞) with τ0((c0

k)∗c0
k) = 1. Such a family is obtained as c0

k = 2− 1
2 (s2k−1 + is2k), where

(sj)j⩾1 is a free family of standard semicircular elements generating VN(F∞) [VDN92, Chapter
2]. Put τ def= σ((0,∞))φ and ck

def= σ((0,∞)) 1
2 c0
k. Then τ(g(Λ)) =

∫
g dσ. The von Neumann

algebra N generated by the c0
k’s is free from D = L∞(σ̂). The only nonvanishing scalar free

cumulants of the family {c0
k, (c0

k)∗} are κ2(c0
k, (c0

k)∗) = κ2((c0
k)∗, c0

k) = 1. Hence (2.12) shows
that (A, τ,Λ, (ck)) is a σ-system.

It remains to check the QWEP property. Abelian von Neumann algebras have the weak
expectation property. The algebra VN(F∞) is the weak* closure of the increasing union of the
algebras VN(Fr), each of which is a reduced free product of r copies of VN(Z). The stability of
QWEP under reduced free products [Jun05, Theorem 7.15 p. 279] and increasing weak* closures
[Oza04, Proposition 4.1 (iii) p. 516] shows that the von Neumann algebra VN(F∞) has QWEP.
Applying [Jun05, Theorem 7.15 p. 279] once more proves that the algebra A has QWEP.

Remark 4.3 Suppose that σ has no atoms. Then the algebra A constructed in the proof of
Lemma 4.2 is isomorphic to VN(F∞). Indeed, σ̂ is a nonatomic Borel probability measure on a
compact interval, so (L∞(σ̂),

∫
· dσ̂) is isomorphic to (L∞([0, 1]),

∫
· dt) [Kec95, Theorem 17.41

p. 116], hence to (VN(Z), τZ) by Fourier transform. The reduced free product of group von
Neumann algebras equipped with their canonical traces is the group von Neumann algebra of
the free product group. Hence (A, φ) is isomorphic to (VN(Z ∗ F∞), τ) = (VN(F∞), τ0). This
applies to the measures σε of Section 5. Recall also that VN(F∞)op is isomorphic to VN(F∞)
via λop

g 7→ λg−1 .

For any integers m,n ⩾ 1, any x ∈ (Mm)n and any σ-system, we consider the element

(4.2) Zx
def=

n∑
k=1

xk ⊗ hk
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of Mm⊗A. We equip Mm⊗A with the normal faithful finite trace Tr ⊗τ . The following result
is the second main ingredient of the paper.

Proposition 4.4 Let m,n ⩾ 1 be integers and let x ∈ Gm,n.

1. For any s > 0, the system

(4.3) P = s−1Φx
(
Fσ(Q)

)
, Q = s−1Φ∗

x

(
Fσ(P )

)
admits a unique solution (Ps, Qs) in Pm × Pm.

2. Consider a σ-system and put Y def= Z∗
xZx. For any s > 0, we have

(4.4) (Tr ⊗τ)
(
Y (s+ Y )−1) = Tr

(
QsFσ(Qs)

)
.

3. Consequently, we have

(4.5) ∥Zx∥L1(Mm⊗A) = 1
π

∫ ∞

0
s− 1

2 Tr
(
QsFσ(Qs)

)
ds.

Proof : 1. We first prove the uniqueness. Fix s > 0. Consider the map R : Pm → Pm
defined by R(P ) = s−1Φx(Fσ(Q(P ))) where Q(P ) = s−1Φ∗

x(Fσ(P )). If (P,Q) is a solution
of (4.3) in Pm × Pm then R(P ) = P and Q = Q(P ). Hence it suffices to show that R
has at most one fixed point. Since Fσ is order reversing and since Φx and Φ∗

x are positive,
the map R is order preserving. Let λ > 1 and P ∈ Pm. For any t > 0 and any positive
matrix X, the commuting positive matrices X and 1 satisfy λ(1 +λtX)−1 ⩾ (1 + tX)−1, hence
Fσ(λX) ⩾ λ−1Fσ(X). We deduce that Q(λP ) ⩾ λ−1Q(P ) and, since Fσ is order reversing,
that Fσ(Q(λP )) ⩽ Fσ(λ−1Q(P )). Moreover, for any X ∈ Pm we have

λFσ(X) − Fσ(λ−1X) = λ(λ− 1)
∫ ∞

0
t(1 + tX)−1(λ+ tX)−1 dσ(t),

which is positive definite since σ is nonzero and supported in (0,∞). Since Φx sends Pm into
Pm, we obtain

R(λP ) ⩽ s−1Φx
(
Fσ(λ−1Q(P ))

)
= λR(P ) − s−1Φx

(
λFσ(Q(P )) − Fσ(λ−1Q(P ))

)
,

hence

(4.6) R(λP ) < λR(P ),

where X < Y means that Y − X is positive definite. Now, let P, P ′ ∈ Pm be two fixed points
of R. Suppose that P ′ ̸⩽ P and let λ = min{µ ⩾ 1 : P ′ ⩽ µP}. Then λ > 1 and

P ′ = R(P ′) ⩽ R(λP )
(4.6)
< λR(P ) = λP.

Hence λP − P ′ is positive definite, so P ′ ⩽ (λ − δ)P for some δ > 0, which contradicts the
minimality of λ. Thus P ′ ⩽ P and, by symmetry, P ⩽ P ′. This proves the uniqueness. The
existence will follow from the proof of the second part, since σ-systems exist by Lemma 4.2.

2. Let D be the von Neumann algebra generated by Λ, which we identify with L∞(σ) in
such a way that Λ corresponds to the function t 7→ t and τ |D to the integral with respect to σ.
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Consider the von Neumann algebras B = M2m(D) ⊂ M2m(A) and the conditional expectation
E = IdM2m

⊗ ED. Consider the hermitization of Zx, that is the selfadjoint element

H
def=
[

0 Zx
Z∗
x 0

]
= Λ̂ 1

2

(
n∑
k=1

(Xk ⊗ 1)(1 ⊗ ck) + (X∗
k ⊗ 1)(1 ⊗ c∗

k)
)

Λ̂ 1
2

of M2m(A), where Xk = e12 ⊗ xk ∈ M2 ⊗ Mm = M2m and Λ̂ = 1M2m
⊗ Λ ∈ B. Note that the

matrices Xk ⊗ 1 and X∗
k ⊗ 1 belong to B. By (2.13) and Definition 4.1, the elements 1 ⊗ ck and

1 ⊗ c∗
k have vanishing B-valued cumulants of order r ̸= 2, and for any β ∈ B we have

κB
2
(
(1 ⊗ ck)β, 1 ⊗ c∗

l

)
= κB

2
(
(1 ⊗ c∗

k)β, 1 ⊗ cl
)

= δkl(IdM2m
⊗ τ)(β) ⊗ 1

and κB
2 ((1 ⊗ ck)β, 1 ⊗ cl) = κB

2 ((1 ⊗ c∗
k)β, 1 ⊗ c∗

l ) = 0. Indeed, every cumulant of H expands, by
multilinearity and balancing, into a finite sum of terms

b0κ
B
r

(
(1 ⊗ cε1

k1
)b1, . . . , (1 ⊗ cεr

kr
)
)
br, b0, . . . , br ∈ B.

Here each εj is either 1 or ∗, so c
εj

kj
denotes ckj or its adjoint. For r ̸= 2 these terms vanish

by (2.13) and Definition 4.1, the factors Λ̂ 1
2 ∈ B are absorbed in the bi’s by the balancing

property. Thus H is B-valued semicircular. Moreover, using again the balancing property and
the commutation of Λ̂ with M2m ⊗ 1, its covariance is

η(β) = E(HβH) =
n∑
k=1

(
XkγβX

∗
k +X∗

kγβXk

)
⊗ Λ,

where γβ = (IdM2m
⊗ τ)(Λ̂ 1

2 βΛ̂ 1
2 ) = (IdM2m

⊗ τ)(Λ̂β), since D is abelian. We view the elements
of B as 2 × 2 block matrices β = [βij ] with entries in Mm(D) = L∞(σ,Mm). Since XkγX

∗
k =

e11 ⊗ xkγ22x
∗
k and X∗

kγXk = e22 ⊗ x∗
kγ11xk for any γ = [γij ] ∈ M2m, we obtain

(4.7) η(β) =
[
η1(β22) 0

0 η2(β11)

]
,

where

η1(b)(t) = tΦx
(∫ ∞

0
t′b(t′) dσ(t′)

)
and η2(b)(t) = tΦ∗

x

(∫ ∞

0
t′b(t′) dσ(t′)

)
for any b ∈ L∞(σ,Mm) and σ-almost every t.

Fix s > 0 and put z
def= i

√
s. Since H2 = diag(ZxZ∗

x, Z
∗
xZx), we have (z − H)−1 =

(z + H)(z2 − H2)−1. Hence the diagonal blocks of (z − H)−1 are −i
√
s(s + ZxZ

∗
x)−1 and

−i
√
s(s + Z∗

xZx)−1. The range of η is diagonal by blocks, by (4.7). Therefore the Dyson
equation (2.11) shows directly that G(z) = E((z −H)−1) is diagonal by blocks. Consequently,
we have G(z) = −i

√
sdiag(W1,W2) where

W1 = EMm(D)
(
(s+ ZxZ

∗
x)−1) and W2 = EMm(D)

(
(s+ Z∗

xZx)−1).
These elements are positive and invertible since (s + ∥Zx∥2)−1 ⩽ (s + ZxZ

∗
x)−1 and (s +

∥Zx∥2)−1 ⩽ (s+ Z∗
xZx)−1. By (2.11) and (4.7), we have

−i
√
sW1 =

(
i
√
s+ i

√
sη1(W2)

)−1 and − i
√
sW2 =

(
i
√
s+ i

√
sη2(W1)

)−1
,
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that is W1 = s−1(1 + η1(W2))−1 and W2 = s−1(1 + η2(W1))−1. Put

P
def= Φx

(∫ ∞

0
tW2(t) dσ(t)

)
and Q

def= Φ∗
x

(∫ ∞

0
tW1(t) dσ(t)

)
.

By (4.7), we have W1(t) = s−1(1 + tP )−1 and W2(t) = s−1(1 + tQ)−1 for σ-almost every t.
Substituting in the definitions of P and Q, we obtain that (P,Q) is a solution of (4.3). Moreover,
we have

∫∞
0 tW2(t) dσ(t) ⩾ (s+∥Zx∥2)−1 ∫∞

0 t dσ(t) ·1, hence P ∈ Pm since Φx(1) is invertible,
and similarly Q ∈ Pm. This proves the existence in the first part. By uniqueness, we have
(P,Q) = (Ps, Qs). Finally, using (Tr ⊗τ) ◦ EMm(D) = Tr ⊗τ , we obtain

(Tr ⊗τ)
(
Y (s+ Y )−1) = (Tr ⊗τ)

(
1 − s(s+ Y )−1) =

∫ ∞

0
Tr
(
1 − sW2(t)

)
dσ(t)

=
∫ ∞

0
Tr
(
1 − (1 + tQs)−1) dσ(t) =

∫ ∞

0
Tr
(
tQs(1 + tQs)−1) dσ(t) = Tr

(
QsFσ(Qs)

)
.

3. For any y ⩾ 0, we have y 1
2 = 1

π

∫∞
0 s− 1

2 y
s+y ds. By the spectral theorem and the normality

of the trace, we obtain

∥Zx∥L1(Mm⊗A) = (Tr ⊗τ)
(
Y

1
2
)

= 1
π

∫ ∞

0
s− 1

2 (Tr ⊗τ)
(
Y (s+ Y )−1) ds,

and (4.4) gives (4.5).
For any x ∈ Gm,n and any s > 0, we let

(4.8) fσ,x(s) def= Tr
(
QsFσ(Qs)

)
,

where (Ps, Qs) is the solution of (4.3). By Proposition 4.4, this quantity does not depend on
the choice of the σ-system.

Lemma 4.5 Let σ′ be a nonzero finite positive Borel measure on (0,∞) with compact support
and let S ⊂ (0,∞) be a Borel subset with σ′(S) > 0. Put σ def= 1Sσ′. For any integers m,n ⩾ 1,
any x ∈ Gm,n and any s > 0, we have fσ,x(s) ⩽ fσ′,x(s).

Proof : Let (A, τ,Λ′, (c′
k)) be a σ′-system, see Lemma 4.2, let D′ be the von Neumann algebra

generated by Λ′ and let p = 1S(Λ′) ∈ D′. We first show that (pAp, τ |pAp, pΛ′, (pc′
kp)) is a

σ-system. The restriction of τ is a normal faithful finite trace on pAp and the functional
calculus of pΛ′ in pAp satisfies g(pΛ′) = (g1S)(Λ′), hence τ(g(pΛ′)) =

∫
g1S dσ′ =

∫
g dσ. The

von Neumann algebra generated by pΛ′ in pAp is pD′, and the restriction of ED′ to pAp is
the τ -preserving conditional expectation onto pD′, since p ∈ D′. Write Ep = ED′ |pAp. For
y1, . . . , yr ∈ pAp, the balancing relations give

κD′

r (y1, . . . , yr) = pκD′

r (y1, . . . , yr)p ∈ pD′.

The restrictions of these cumulants satisfy the moment-cumulant formula for Ep, since every
intermediate value lies in pD′. By uniqueness, they are the pD′-valued cumulants of the corner.
Consequently, for r ⩾ 2, a1, . . . , ar ∈ {c′

k, c
′∗
k : k ⩾ 1} and d1, . . . , dr−1 ∈ pD′, we have

κpD′

r (pa1pd1, . . . , parp) = pκD′

r (a1d1, . . . , ar)p.
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Indeed, the intermediate projections are absorbed by the balancing relations and pdj = djp = dj .
The first cumulants vanish by compression of the centering identity. All cumulants of order at
least 3 vanish, and the only nonzero second cumulants are

κpD′

2 (pc′
kpd, pc

′∗
l p) = δklτ(d)p,

κpD′

2 (pc′∗
k pd, pc

′
lp) = δklτ(d)p.

Thus (pc′
kp) has the covariance required by Definition 4.1 with the restricted trace τ |pAp. This

proves that we have a σ-system, whose associated elements are hk = (pΛ′) 1
2 pc′

kp(pΛ′) 1
2 = ph′

kp.
Let Z ′ def=

∑
k xk ⊗ h′

k and Z
def= (1 ⊗ p)Z ′(1 ⊗ p) =

∑
k xk ⊗ hk. For any s > 0, the

function gs(u) = u2

s+u2 is continuous, nondecreasing and satisfies gs(0) = 0. Since gs(0) = 0, the
element gs(|Z|) is the same, whether it is computed in (1 ⊗p)(Mm⊗A)(1 ⊗p) or in Mm⊗A. By
Proposition 4.4 applied to both systems and by the facts recalled in Subsection 2, we obtain

fσ,x(s) = (Tr ⊗τ)
(
gs(|Z|)

)
=
∫ ∞

0
gs(µt(Z)) dt

⩽
∫ ∞

0
gs(µt(Z ′)) dt = (Tr ⊗τ)

(
gs(|Z ′|)

)
= fσ′,x(s),

where we used the inequality µt(Z) = µt((1 ⊗ p)Z ′(1 ⊗ p)) ⩽ µt(Z ′).

Remark 4.6 Let x ∈ Gm,n and 0 < α < 1. For the formal infinite measure σα = t−1−α dt, a
change of variables gives Fσα

(X) = cαX
α−1 for X > 0, where cα

def= π
sin(πα) . The argument

of Proposition 3.1, with contraction ratio 1 − α, gives a unique positive definite solution of the
corresponding formal system (4.3) at s = 1. Homogeneity then gives

(Ps, Qs) = s− 1
2−α (P1, Q1).

Consequently, Tr(QsFσα(Qs)) is proportional to s− α
2−α , and substituting this profile into the

integrand of (4.5) gives s− 1
2 − α

2−α . This is proportional to s−1 if and only if α = 2
3 . This explains

the exponent − 5
3 of the truncated measures of Section 5 and the logarithmic normalization.

5 Truncated power laws
For any 0 < ε < 1, we consider the finite measure

(5.1) σε
def= 1[ε, 1

ε ](t)t−
5
3 dt

on (0,∞) and we let Fε = Fσε
and fε,x = fσε,x, see (4.1) and (4.8). For any q > 0, we let

(5.2) ωε(q)
def= 3

κ
ε

1
3 q

1
3 + 3

2κε
2
3 q− 2

3 .

Lemma 5.1 Let 0 < ε < 1.

1. For any q > 0, we have
(
1 − ωε(q)

)
κq− 1

3 ⩽ Fε(q) ⩽ κq− 1
3 .

2. Let 0 < q− ⩽ q+ and let X ∈ Pm whose spectrum is contained in [q−, q+]. Put ω def=
3
κε

1
3 q

1
3
+ + 3

2κε
2
3 q

− 2
3

− . Then (1 − ω)κX− 1
3 ⩽ Fε(X) ⩽ κX− 1

3 .
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3. We have σε((0,∞)) ⩽ 3
2ε

− 2
3 and

∫∞
0 t dσε(t) ⩽ 3ε− 1

3 .

Proof : 1. With the change of variables u = tq, we have
∫∞

0 t−
2
3 (1 + tq)−1 dt = κq− 1

3 . Hence
Fε(q) =

∫ 1
ε

ε
t−

2
3 (1 + tq)−1 dt ⩽ κq− 1

3 and

κq− 1
3 − Fε(q) =

∫ ε

0

t−
2
3

1 + tq
dt+

∫ ∞

1
ε

t−
2
3

1 + tq
dt ⩽

∫ ε

0
t−

2
3 dt+ 1

q

∫ ∞

1
ε

t−
5
3 dt = 3ε 1

3 + 3
2q ε

2
3 .

Dividing by κq− 1
3 , we obtain the first point.

2. The matrices Fε(X) and X− 1
3 are functions of X. Hence the second point follows from

the first one by considering an orthonormal basis of eigenvectors of X, since ωε(q) ⩽ ω for any
q ∈ [q−, q+].

3. We have
∫ 1

ε

ε
t−

5
3 dt ⩽ 3

2ε
− 2

3 and
∫ 1

ε

ε
t−

2
3 dt ⩽ 3ε− 1

3 .
Let m,n ⩾ 1 be integers and let x ∈ Gm,n. We denote by (P∗, Q∗) the solution of the system

(3.2) with c = κ, see Proposition 3.1, and we fix 0 < a ⩽ b such that the spectra of P∗ and Q∗
are contained in [a, b]. For any 0 < ε < 1 and any s > 0, we let

(5.3) ωx(ε, s) def= 3
κ

(eb) 1
3 ε

1
3 s− 1

4 + 3
2κ

( e
a

) 2
3
ε

2
3 s

1
2 .

Proposition 5.2 Let m,n ⩾ 1 be integers and let x ∈ Gm,n. For any 0 < ε < 1 and any s > 0
such that ω = ωx(ε, s) ⩽ 1

3 , we have

(5.4) (1 − ω)2κ
3
2 N(x)s− 1

2 ⩽ fε,x(s) ⩽ (1 − ω)−1κ
3
2 N(x)s− 1

2 .

Proof : Consider the set K = {(P̃, Q̃) ∈ Pm × Pm : e−1P∗ ⩽ P̃ ⩽ eP∗, e−1Q∗ ⩽ Q̃ ⩽ eQ∗},
which is a compact convex subset of Mm × Mm, and the continuous map R̃ : K → Pm × Pm
defined by

R̃(P̃, Q̃) =
(
s− 1

4 Φx
(
Fε(s− 3

4 Q̃)
)
, s− 1

4 Φ∗
x

(
Fε(s− 3

4 P̃ )
))
.

A pair (P̃, Q̃) is a fixed point of R̃ if and only if the pair (s− 3
4 P̃, s− 3

4 Q̃) is a solution of the
system (4.3) for the measure σε.

Let (P̃, Q̃) ∈ K. By (2.10), the spectrum of s− 3
4 Q̃ is contained in [s− 3

4 e−1a, s− 3
4 eb]. By

the second point of Lemma 5.1 applied with q− = s− 3
4 e−1a and q+ = s− 3

4 eb, for which the
associated number is exactly ω, and since (s− 3

4 Q̃)− 1
3 = s

1
4 Q̃− 1

3 , we obtain

(5.5) (1 − ω)κΦx
(
Q̃− 1

3
)
⩽ s− 1

4 Φx
(
Fε(s− 3

4 Q̃)
)
⩽ κΦx

(
Q̃− 1

3
)
.

Moreover, by the properties 1, 2 and 3 below Definition 2.9 and by (3.2), we have

d
(
κΦx(Q̃− 1

3 ), P∗
)

= d
(
κΦx(Q̃− 1

3 ), κΦx(Q− 1
3

∗ )
)
⩽

1
3d(Q̃,Q∗) ⩽ 1

3 .

Since ω ⩽ 1
3 , we have (1−ω)e− 1

3 ⩾ 2
3 e− 1

3 ⩾ e−1. We deduce that e−1P∗ ⩽ s− 1
4 Φx(Fε(s− 3

4 Q̃)) ⩽
eP∗. The same argument applies to the second component. Hence R̃(K) ⊂ K. By Brouwer’s
fixed point theorem, R̃ admits a fixed point in K. By the uniqueness in Proposition 4.4, we
conclude that the pair (P̃s, Q̃s) = (s 3

4Ps, s
3
4Qs) belongs to K, where (Ps, Qs) is the solution of

(4.3) for the measure σε.
Now, let D def= max{d(P̃s, P∗), d(Q̃s, Q∗)} ⩽ 1. Since P̃s = s− 1

4 Φx(Fε(s− 3
4 Q̃s)), the inequal-

ities (5.5) give d(P̃s, κΦx(Q̃− 1
3

s )) ⩽ log 1
1−ω . Using the triangle inequality and the previous
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estimate, we obtain d(P̃s, P∗) ⩽ log 1
1−ω + D

3 . The same inequality holds for d(Q̃s, Q∗). Hence
D ⩽ log 1

1−ω + D
3 , that is

(5.6) D ⩽
3
2 log 1

1 − ω
.

Finally, since (P̃s, Q̃s) ∈ K, the spectrum of Qs = s− 3
4 Q̃s is contained in [s− 3

4 e−1a, s− 3
4 eb], and

the second point of Lemma 5.1 gives (1 − ω)κQ
2
3
s ⩽ QsFε(Qs) ⩽ κQ

2
3
s , where these matrices

commute. Moreover, by the second point below Definition 2.9 and (5.6), we have e− 2D
3 Q

2
3
∗ ⩽

Q̃
2
3
s ⩽ e 2D

3 Q
2
3
∗ with e 2D

3 ⩽ (1 − ω)−1. Since Q
2
3
s = s− 1

2 Q̃
2
3
s , we obtain

(1 − ω)2κs− 1
2 Tr

(
Q

2
3
∗
)
⩽ fε,x(s) = Tr

(
QsFε(Qs)

)
⩽ (1 − ω)−1κs− 1

2 Tr
(
Q

2
3
∗
)
.

By Theorem 3.2 with c = κ, we have κTr(Q
2
3
∗ ) = κ

3
2 N(x). This completes the proof.

Proposition 5.3 Let m,n ⩾ 1 be integers and let x ∈ Gm,n. For any 0 < ε < 1 and any s > 0,
we have

(5.7) fε,x(s) ⩽ κ
3
2 N(x)s− 1

2 .

Proof : Let 0 < ε′ < ε. We have σε = 1[ε, 1
ε ]σε′ . By Lemma 4.5, we obtain fε,x(s) ⩽ fε′,x(s).

Since limε′→0 ωx(ε′, s) = 0, Proposition 5.2 gives lim supε′→0 fε′,x(s) ⩽ κ
3
2 N(x)s− 1

2 .
For any 0 < ε < 1, we fix a σε-system (Aε, τε,Λε, (c(ε)

k )) with Aε having QWEP, as provided
by Lemma 4.2, and we denote by h(ε)

k the associated elements and by Z(ε)
x =

∑
k xk ⊗ h

(ε)
k . We

let

(5.8) c∗
def= 8κ 3

2

3π .

Theorem 5.4 Let m,n ⩾ 1 be integers and let x ∈ Gm,n. As ε → 0, we have

(5.9)
∥∥Z(ε)

x

∥∥
L1(Mm⊗Aε) = c∗N(x) log 1

ε
+Ox(1).

In particular,

(5.10) lim
ε→0

1
log 1

ε

∥∥Z(ε)
x

∥∥
L1(Mm⊗Aε) = c∗N(x).

Proof : Set Kx = κ
3
2 N(x) and write

ωx(ε, s) = Axε
1
3 s− 1

4 +Bxε
2
3 s

1
2 ,

where Ax, Bx > 0 are the constants in (5.3). Choose ax > 0 sufficiently large and bx > 0
sufficiently small that

Axa
− 1

4
x +Bxb

1
2
x ⩽

1
3 .

For sufficiently small ε, the interval Jε = [axε
4
3 , bxε

− 4
3 ] is nonempty and ωx(ε, s) ⩽ 1

3 on Jε.
Propositions 5.2 and 5.3 give

0 ⩽ Kxs
− 1

2 − fε,x(s) ⩽ 2Kxωx(ε, s)s− 1
2 .
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Moreover, we see that ∫
Jε

ωx(ε, s)ds
s

⩽ 4Axa
− 1

4
x + 2Bxb

1
2
x .

Consequently, we have

1
π

∫
Jε

s− 1
2 fε,x(s) ds = Kx

π
log bxε

− 4
3

axε
4
3

+Ox(1) (5.8)= c∗N(x) log 1
ε

+Ox(1).

It remains to bound the two tails. Put Y def= (Z(ε)
x )∗Z

(ε)
x . By (4.4) and Lemma 5.1, we have

fε,x(s) ⩽ (Tr ⊗τε)(1) = mσε((0,∞)) ⩽ 3m
2 ε− 2

3 ,

and hence
1
π

∫ axε
4
3

0
s− 1

2 fε,x(s) ds ⩽
3m√

ax
π

.

For the upper tail, the covariance identities in Definition 4.1 give

ED
(
(c(ε)
k )∗Λεc(ε)

l

)
= δklτε(Λε)1.

It follows that τε((h(ε)
k )∗h

(ε)
l ) = δklτε(Λε)2, and therefore

(Tr ⊗τε)(Y ) =
(∫ ∞

0
t dσε(t)

)2 n∑
k=1

∥xk∥2
Sm

2
⩽ 9ε− 2

3

n∑
k=1

∥xk∥2
Sm

2
.

Since fε,x(s) ⩽ s−1(Tr ⊗τε)(Y ), we obtain

1
π

∫ ∞

bxε
− 4

3
s− 1

2 fε,x(s) ds ⩽ 18
π

√
bx

n∑
k=1

∥xk∥2
Sm

2
.

Both tails are nonnegative and bounded independently of ε. Combining the three intervals in
(4.5) proves (5.9), and (5.10) follows.

6 Proof of the main theorem
We start with a description of the vector-valued Schatten norms of ultraproducts of maps with
values in noncommutative L1-spaces. Let U be a free ultrafilter on N. If (Aj)j⩾1 is a sequence
of von Neumann algebras, we denote by

∏
U Aop

j the norm ultraproduct C*-algebra, that is the
quotient of ℓ∞(Aop

j ) by the ideal IU = {(aj) : limU ∥aj∥ = 0}. For each fixed m, entrywise
identification gives Mm(ℓ∞(Aop

j )) = ℓ∞(Mm(Aop
j )). Under this identification, Mm(IU ) consists

exactly of the sequences whose matrix norms tend to zero along U , since

max
a,b

∥(Aj)ab∥ ⩽ ∥Aj∥ ⩽ mmax
a,b

∥(Aj)ab∥ .

Passing to the C*-algebra quotients gives the isometric identification

Mm

(∏
U

Aop
j

)
=
∏
U

Mm(Aop
j ).

We stress that this is the C*-algebraic ultraproduct. The tracial ultraproduct of finite von
Neumann algebras is again finite, and its predual cannot contain a completely isomorphic copy
of OH by [Pis04a].
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Lemma 6.1 Let E be a finite-dimensional operator space and let (Aj)j⩾1 be a sequence of
von Neumann algebras. Let uj : E → L1(Aj) be linear maps with supj ∥uj∥cb < ∞. Put
A

def=
∏

U Aop
j . The formula

(6.1) u(ξ)
(
(aj)U

)
= lim

U
⟨uj(ξ), aj⟩, ξ ∈ E, (aj)U ∈ A,

where the brackets denote the duality between L1(Aj) = (Aop
j )∗ and Aop

j , defines a linear map
u : E → A∗ such that for any integer m ⩾ 1 and any x ∈ Sm1 [E]

(6.2)
∥∥(IdSm

1
⊗ u)(x)

∥∥
Sm

1 (A∗) = lim
U

∥∥(IdSm
1

⊗ uj)(x)
∥∥
Sm

1 (L1(Aj)).

Proof : The limit in (6.1) exists since |⟨uj(ξ), aj⟩| ⩽ supj ∥uj∥ ∥ξ∥ supj ∥aj∥, and it vanishes
if limU ∥aj∥ = 0. Hence u is well-defined. Let m ⩾ 1, write x = [xab] ∈ Sm1 (E), and let
a = (aj)U ∈ Mm(A) =

∏
U Mm(Aop

j ) with aj = [a(j)
ab ]. Under the parallel duality, we have

〈
(IdSm

1
⊗ u)(x), a

〉
=
∑
a,b

u(xab)
(
(a(j)
ab )U

) (6.1)= lim
U

∑
a,b

uj(xab)(a(j)
ab ) = lim

U

〈
(IdSm

1
⊗ uj)(x), aj

〉
.

We have isometries Sm1 (A∗) = Mm(A)∗ and Sm1 ((Aop
j )∗) = Mm(Aop

j )∗. Moreover, Sm1 (L1(Aj))
is an isometric subspace of Sm1 ((Aop

j )∗) by [Pis98, Corollary 1.2 p. 19], since L1(Aj) = (Aop
j )∗

is a completely isometric subspace of (Aop
j )∗. Taking the supremum over the elements a of the

open unit ball of Mm(A), which admit representatives (aj) with ∥aj∥ < 1 for any j, we obtain
the inequality ⩽ in (6.2). Conversely, (Id ⊗ uj)(x) defines a normal functional on Mm(Aop

j ), so
it attains its norm on the weak* compact closed unit ball. Multiplying a norming element by a
scalar of modulus 1, we may choose aj in that ball such that ⟨(Id⊗uj)(x), aj⟩ = ∥(Id ⊗ uj)(x)∥.
Then a = (aj)U belongs to the closed unit ball of Mm(A) and the previous equality gives the
reverse inequality.

We are now ready to prove Theorem 1.1.

Theorem 6.2 Let U be a free ultrafilter on N and for any integer j ⩾ 1, let Aj = Ae−j be
the finite von Neumann algebra of the σe−j -system fixed before Theorem 5.4. Put A def=

∏
U Aop

j

and M def= (A∗∗)op. The algebras A and M have QWEP, and there exists a complete isometry
J : OH → L1(M) such that for any k ⩾ 1 and any (aop

j )U ∈ A, with aj ∈ Aj, we have

(6.3) ⟨J(ek), (aop
j )U ⟩ = lim

U

1
c∗j

τe−j

(
h

(e−j)
k aj

)
,

where we identify L1(M) with A∗ and use the underlying vector aj ∈ Aj when writing the
tracial pairing.

Proof : Let V =
⋃
n⩾1 OHn be the dense subspace of finitely supported vectors of OH. For

any j ⩾ 1, consider the linear map uj : V → L1(Aj) defined by uj(ek) def= 1
c∗j
h

(e−j)
k . Note that

log 1
e−j = j.
Let m,n ⩾ 1 be integers. For any x ∈ (Mm)n, we let νj(x) = ∥

∑
k xk ⊗ uj(ek)∥L1(Mm⊗Aj) =∥∥(IdSm

1
⊗ uj)(

∑
k xk ⊗ ek)

∥∥
Sm

1 [L1(Aj)]. We claim that

(6.4) lim
j→∞

νj(x) = N(x) for any x ∈ (Mm)n.
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By Theorem 5.4, this holds for any x ∈ Gm,n. In particular, applying Theorem 5.4 with
m = n = 1 and x = (1) ∈ G1,1, for which N(x) = ∥e1∥OH1

= 1, we see that limj ∥uj(ek)∥1 = 1
for any k, since

∥∥h(ε)
k

∥∥
1 does not depend on k by Proposition 4.4. A linear map ξ 7→ ⟨ξ, η⟩h

from OHn into an operator space has cb-norm equal to ∥η∥ ∥h∥, hence Cn = supj ∥uj |OHn
∥cb ⩽

supj
∑n
k=1 ∥uj(ek)∥1 < ∞. Consequently, the seminorms νj satisfy |νj(x)−νj(y)| ⩽ νj(x−y) ⩽

CnN(x − y) for any x, y ∈ (Mm)n. Let x ∈ (Mm)n and δ > 0. Since Gm,n is dense in (Mm)n
and since N is a norm on the finite-dimensional space (Mm)n, there exists y ∈ Gm,n such that
N(x− y) ⩽ δ. Then

lim sup
j→∞

|νj(x) − N(x)| ⩽ lim sup
j→∞

(
|νj(x) − νj(y)| + |νj(y) − N(y)|

)
+ |N(y) − N(x)| ⩽ (Cn + 1)δ.

This proves (6.4).
Now, define a linear map u : V → A∗ by the formula (6.1), which makes sense since for any

ξ ∈ OHn we have supj ∥uj(ξ)∥ ⩽ Cn ∥ξ∥. For any n ⩾ 1, the restriction of u to OHn is the
map provided by Lemma 6.1 applied to the restrictions of the uj ’s. By (6.2) and (6.4), for any
integers m,n ⩾ 1 and any x ∈ (Mm)n we have∥∥∥∥∥(IdSm

1
⊗ u)

( n∑
k=1

xk ⊗ ek

)∥∥∥∥∥
Sm

1 (A∗)

= lim
U
νj(x) = N(x) =

∥∥∥∥∥
n∑
k=1

xk ⊗ ek

∥∥∥∥∥
Sm

1 (OHn)

.

The restriction of u to OHn is a complete isometry for any n. Since any element of Mm(V )
belongs to Mm(OHn) for some n, the map u : V → A∗ is a complete isometry. Since the
subspace V is dense in the space OH and A∗ is complete, u extends to a complete isometry
J : OH → A∗. Finally, A∗ is completely isometric to L1((A∗∗)op) = L1(M), see Subsection 2.
The formula (6.3) is (6.1).

By our choice of the systems, each algebra Aj has QWEP. This property passes to opposite
algebras. Indeed, for any C*-algebra B, the map bop 7→ b∗ is a *-isomorphism from Bop onto
the conjugate C*-algebra B, see [Oza04, Section 6]. If B = C/I, where C ⊂ B(H) has the
weak expectation property witnessed by a unital completely positive map P : B(H) → C∗∗,
then B = C/I, and the conjugate map P : B(H) → C

∗∗ shows that C has the weak expectation
property. The product

∏
j Aop

j has QWEP by [Oza04, Proposition 4.1 (i) p. 516], and its
quotient A therefore has QWEP. By [Oza04, Proposition 4.1 (iv) p. 516], the bidual A∗∗ has
QWEP, and so does its opposite algebra M.

By Remark 4.3, each Aop
j is isomorphic to the von Neumann algebra VN(F∞). Hence the

C*-algebra A of Theorem 6.2 is isomorphic to the C*-algebraic ultrapower
∏

U VN(F∞), and OH
embeds completely isometrically into its dual. The QWEP property of A can also be deduced
from this description.

Corollary 6.3 1. For any integer n ⩾ 1 and any δ > 0, there exist an integer N ⩾ 1 and
an injective linear map v : OHn → SN1 such that

(6.5) ∥v∥cb
∥∥v−1∥∥

cb < 1 + δ,

where v−1 is defined on v(OHn).

2. The operator space OH is completely isometric to a quotient of a QWEP C*-algebra. More
precisely, with the notations of Theorem 6.2, the map q : A → OH∗, a 7→ ⟨J(·), a⟩ is a
complete quotient map, and OH∗ is completely isometric to OH.

3. The von Neumann algebra M of Theorem 6.2 is not semifinite.
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Proof : 1. By Theorem 6.2, the algebra A has QWEP and J : OH → A∗ is a complete isometry.
By [EJR00, Corollary 7.2 p. 87], every finite-dimensional operator subspace of A∗ embeds into
some SN1 with cb-distortion less than 1 + δ. Apply this result to J(OHn) and compose the
resulting embedding with J |OHn

.
2. The space OH is reflexive, and under the canonical identification OH∗∗ = OH the adjoint

q∗ : OH → A∗ of q is the complete isometry J . Since A and OH∗ are complete, [EfR00, Corollary
4.1.9 p. 73] shows that q is a complete quotient map. Finally, recall that OH∗ is completely
isometric to OH [Pis96], and that OH is completely isometric to OH via ek 7→ ek by (2.3).

3. This follows from Pisier’s theorem [Pis04a].

Corollary 6.4 There exist a σ-finite factor K of type III and a complete isometry OH → K∗.

Proof : Put N def= Mop, so that Theorem 6.2 gives a complete isometry J : OH → N∗. Write
fk = J(ek) as

fk = ωk,1 − ωk,2 + i(ωk,3 − ωk,4),

where the ωk,l are positive normal functionals on N . The series

ψ =
∑
k⩾1

4∑
l=1

2−k−l

1 + ∥ωk,l∥
ωk,l

converges in N∗ to a nonzero positive normal functional. Let p be its support projection and
put N0

def= pNp. Each ωk,l is supported by p, hence fk(a) = fk(pap) for all a ∈ N . The
restriction R : N∗ → (N0)∗ and the preadjoint C∗ : (N0)∗ → N∗ of the normal completely
contractive map C : N → N0, a 7→ pap, are complete contractions. They satisfy RC∗ = Id and
C∗RJ = J , the latter first on the basis vectors and then by continuity. Consequently, the map
J0

def= RJ : OH → (N0)∗ is a complete isometry. The state φ = 1
ψ(p)ψ|N0 is normal and faithful,

so N0 is σ-finite.
Form the von Neumann algebraic free product

(K,χ) = (N0, φ) ∗ (VN(F∞), τ0).

Since N0 ̸= C and VN(F∞) is diffuse, [Ued11, Theorem 3.4 p. 2652] shows that K is a factor. Its
free product state is normal and faithful, so K is σ-finite. By [Ued11, Lemma 2.1 p. 2649], there
is a normal state-preserving conditional expectation E : K → N0. Its preadjoint E∗ : (N0)∗ →
K∗ is a complete isometry, since it is completely contractive and restriction to N0 is a completely
contractive left inverse. Thus E∗J0 is the required complete isometry. Finally, K cannot be
semifinite by [Pis04a], and hence it has type III.

Convergence of the finite models For 0 < ε < 1 and a fixed integer n ⩾ 1, put

(6.6) uε,n : OHn → L1(Aε), uε,n(ek) def=
h

(ε)
k

c∗ log 1
ε

and Eε,n
def= uε,n(OHn).

The algebras Aε are chosen to have QWEP, as in Theorem 6.2.

Proposition 6.5 For any fixed n, the maps uε,n are injective,

(6.7) αε,n
def= ∥uε,n∥cb,OHn→L1(Aε) −−−→

ε→0
1, and βε,n

def=
∥∥u−1

ε,n

∥∥
cb,Eε,n→OHn

−−−→
ε→0

1.
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Proof : Injectivity follows from τε((h(ε)
k )∗h

(ε)
l ) = δklτε(Λε)2. The argument proving (6.4),

applied to arbitrary truncation parameters tending to zero, gives

(6.8) lim
ε→0

∥∥(IdSm
1

⊗ uε,n)(x)
∥∥
Sm

1 (L1(Aε)) = ∥x∥Sm
1 (OHn)

for every fixed m and x ∈ Sm1 (OHn). Indeed, Theorem 5.4 gives (6.8) for coefficients in Gm,n.
Moreover, the rank-one decomposition used in the proof of Theorem 6.2 gives ∥uε,n∥cb ⩽∑n
k=1 ∥uε,n(ek)∥1, and the scalar case m = n = 1 of Theorem 5.4 shows that this bound is

uniform for small ε. The density of Gm,n then removes the non-degeneracy assumption, exactly
as in the proof of (6.4).

We now use a theorem of Ozawa [Oza00]: for each n, the set of n-dimensional operator
spaces which are completely isometric to a subspace of the predual of a von Neumann algebra
is compact for the cb-Banach-Mazur distance dcb. Fix a sequence εk → 0. After passing to a
subsequence, there are an n-dimensional operator space F and isomorphisms vk : Eεk,n → F
whose cb-distortions tend to 1. Rescaling each vk makes its cb-norm and the cb-norm of
its inverse equal to the square root of that distortion, both therefore tend to 1. The maps
wk = vkuεk,n are bounded as maps between the fixed finite-dimensional spaces OHn and F . A
further subsequence converges in operator norm to a map w. Equation (6.8) gives∥∥(IdS1

m
⊗ w)(x)

∥∥
S1

m(F ) = ∥x∥S1
m(OHn)

for every m and x, so w is a surjective complete isometry.
For every linear map L : OHn → F , the rank-one decomposition gives the estimate ∥L∥cb ⩽∑n
i=1 ∥L(ei)∥ ⩽ n ∥L∥. Thus wk → w in cb-norm. Since w is a surjective complete isometry,

the Neumann series for w−1wk gives w−1
k → w−1 in cb-norm. Since uεk,n = v−1

k wk and
u−1
εk,n

= w−1
k vk, both limsups in (6.7) are at most 1. The level-one convergence gives the

opposite liminf inequalities. Every sequence tending to zero has such a subsequence, which
proves (6.7).

Remark 6.6 Because of the compactness argument, Proposition 6.5 gives no rate in (6.7) and
no bound on N in (6.5). For a fixed ε, the cb-distortion of uε,n cannot be bounded uniformly
in n, by Pisier’s theorem [Pis04a], since Aε is finite.

Completely 1-summing maps We denote by E⊗̂F the operator space projective tensor
product, recall that (E⊗̂F )∗ = CB(E,F ∗) completely isometrically [EfR00, Corollary 7.1.5
p. 128]. Following [Jun05, Section 4], for an operator space Y we let

dSL1(Y ) def= sup
E

inf
{

∥w∥cb
∥∥w−1∥∥

cb : w : E → w(E) ⊂ Sr1 , r ⩾ 1
}
,

where the supremum runs over the finite-dimensional subspaces E of Y and the infimum over
the injective linear maps w. If N is a QWEP von Neumann algebra, then dSL1(N∗) = 1
by [EJR00, Corollary 7.3 p. 87]. For a linear map T : E → F between operator spaces, its
completely 1-summing norm is

(6.9) ∥T∥πo
1 ,E→F

def= sup
m⩾1

∥∥IdSm
1

⊗ T
∥∥
Sm

1 ⊗minE→Sm
1 (F ) .

Here the norms on the right are operator norms, see [Pis98] and [Jun05, Section 4]. By the
injectivity of Sm1 (F ), if j : F → G is a complete isometry then πo1(jT ) = πo1(T ). The next
tensor identification can also be derived from the case p = 1 of [Yew08, Corollary 11 p. 1379].
We include a short proof based on Junge’s lemmas [Jun05, Lemma 4.4 p. 250 and Lemma 4.5
p. 251].
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Corollary 6.7 Let N be a QWEP von Neumann algebra and let j : OH → N∗ be a complete
isometry, where N∗ has its predual operator space structure. Put hi

def= j(ei). For any integer
n ⩾ 1 and any linear map T : OHn → OHn, we have

(6.10) ∥T∥πo
1 ,OHn→OHn

=

∥∥∥∥∥
n∑
i=1

hi ⊗ j(T (ei))

∥∥∥∥∥
N∗⊗̂N∗

.

In particular, this applies to N = A∗∗ and j = J in Theorem 6.2, since N∗ = A∗ = L1(M)
completely isometrically.

Proof : Let In : OH∗
n → OHn be the linear map e∗

i 7→ ei. The self-duality together with (2.3),
shows that the map In is a complete isometry. Put t def=

∑n
i=1 ei ⊗ T (ei). The map associated

to this tensor is Tt : OH∗
n → OHn, f 7→ (f ⊗ Id)(t), and Tt = TIn. Thus ∥Tt∥πo

1 ,OH∗
n→OHn

=
∥T∥πo

1 ,OHn→OHn
.

Put z def= (j ⊗ j)(t). Since the von Neumann algebra N has QWEP and j is completely
contractive, [Jun05, Lemma 4.5 p. 251], applied with both target preduals equal to N∗, gives

(6.11) ∥z∥N∗⊗̂N∗
⩽ ∥Tt∥πo

1 ,OH∗
n→OHn

= ∥T∥πo
1 ,OHn→OHn

.

For the reverse inequality, let En = j(OHn) and denote by jn : OHn → En the restriction of
j. The map associated to z, regarded as a tensor of En ⊗ En, is

S : E∗
n → N∗, S(f) = (f ⊗ Id)(z) = jTInj

∗
n(f).

The map Inj∗
n : E∗

n → OHn is a surjective complete isometry. The invariance of ∥·∥πo
1 ,OHn→OHn

under complete isometries of the domain and under the inclusion j therefore gives ∥S∥πo
1 ,E

∗
n→N∗

=
∥T∥πo

1 ,OHn→OHn
. Since dSL1(N∗) = 1, [Jun05, Lemma 4.4 p. 250], applied with X = Y = N∗,

yields
∥T∥πo

1 ,OHn→OHn
= ∥S∥πo

1 ,E
∗
n→N∗

⩽ ∥z∥N∗⊗̂N∗
.

Together with (6.11), this proves (6.10).

Tensor norms in the truncated models For T : OHn → OHn and 0 < ε, η < 1, define

(6.12) Fε,η(T ) =

∥∥∥∥∥
n∑
i=1

uε,n(ei) ⊗ uη,n(T (ei))

∥∥∥∥∥
L1(Aε⊗Aη)

.

The norm uses the product trace τε ⊗ τη. With our opposite-algebra convention, the canonical
predual tensor product identification gives

L1(Aε)⊗̂L1(Aη) = L1(Aε⊗Aη)

completely isometrically. This is [EfR00, Theorem 7.2.4 p. 136], applied to Aop
ε and Aop

η ,
together with (Aε⊗Aη)op ∼= Aop

ε ⊗Aop
η , see also [Jun04, Fact 2.5 p. 990] for duals of C*-algebras.

Proposition 6.8 With the notation of (6.7), for any linear map T : OHn → OHn we have

(6.13) πo1(T )
βε,nβη,n

⩽ Fε,η(T ) ⩽ αε,nαη,n ∥T∥πo
1 ,OHn→OHn

.
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Consequently, we have

(6.14) lim
ε→0
η→0

Fε,η(T ) = ∥T∥πo
1 ,OHn→OHn

.

For fixed n, the convergence is uniform on {T : ∥T∥πo
1 ,OHn→OHn

⩽ 1}.

Proof : Put X def= L1(Aε), Y
def= L1(Aη) and z

def=
∑
i uε,n(ei) ⊗ uη,n(T (ei)). Applying [Jun05,

Lemma 4.5 p. 251] to the maps 1
αε,n

uε,n and 1
αη,n

uη,n gives the upper bound in (6.13), since
Aop
ε has QWEP and the map associated to

∑
i ei ⊗ T (ei) is TIn, with In as in the proof of

Corollary 6.7.
For the lower bound, regard z as a tensor in Eε,n ⊗ Eη,n. Its associated map is

Sz : E∗
ε,n → Y, Sz = uη,nTInu

∗
ε,n.

Here u∗
ε,n is the adjoint of uε,n : OHn → Eε,n. Since the algebra Aop

η has QWEP, we have
dSL1(Y ) = 1, and [Jun05, Lemma 4.4 p. 250] gives ∥Sz∥πo

1 ,E
∗
ε,n→Y ⩽ ∥z∥X⊗̂Y = Fε,η(T ). The

range of Sz lies in Eη,n, and regarding it as a map into this subspace does not change its
completely 1-summing norm. Composing with u−1

η,n on the left and with (u∗
ε,n)−1I−1

n on the
right gives

πo1(T ) ⩽ βη,nβε,n ∥Sz∥πo
1 ,E

∗
ε,n→Y .

This proves (6.13). Proposition 6.5 gives the limit and its stated uniformity.

Corollary 6.9 Put dn
def= ∥IdOHn∥πo

1 ,OHn→OHn
. For each fixed n, as ε → 0,

(6.15)

∥∥∥∥∥
n∑
i=1

h
(ε)
i ⊗ h

(ε)
i

∥∥∥∥∥
L1(Aε⊗Aε)

= c2
∗
(

log 1
ε

)2(
dn + o(1)

)
.

Here c2
∗

def= 512π
27

√
3 . For a rank-one map T , a more explicit formula holds at every pair of trunca-

tions:

(6.16) Fε,η(T ) = tεtη ∥T∥S2 with tε =
∥∥h(ε)

1
∥∥

1
c∗ log 1

ε

= 1 +O
(
(log 1

ε )−1).
In particular, we have ∥T∥πo

1 ,OHn→OHn
= ∥T∥S2 for maps of rank one.

Proof : Equation (6.15) follows from (6.14) and the value of c∗ in Theorem 5.4. For any
ξ = (ξi) ∈ Cn, the joint distribution of (Λε,

∑
i ξici) agrees with that of (Λε, ∥ξ∥2 c1): this

follows from the circular cumulants in Definition 4.1. Hence ∥uε,n(ξ)∥1 = tε ∥ξ∥2. Write T (ξ) =
(
∑
i aiξi)b. Then the tensor in (6.12) is uε,n(a) ⊗uη,n(b). The L1-norm of an elementary tensor

is the product of the two norms, which proves (6.16). The estimate for tε is the scalar case of
Theorem 5.4, and the last assertion follows by taking the limit. It can also be checked directly
from (6.9).

Proposition 6.10 Let T : OHn → OHn have rank r ⩾ 1. Then

(6.17) ∥T∥S2
⩽ ∥T∥πo

1 ,OHn→OHn
⩽ min

{
∥T∥S1

, 108
√

1 + log r ∥T∥S2

}
.

In particular, for every n ⩾ 1,

(6.18) max
{√

n,

√
n(1 + logn)
288

√
2π

}
⩽ dn ⩽ min

{
n, 108

√
n(1 + logn)

}
.
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Proof : If T = φ(·)b has rank one, then IdSm
1

⊗φ : Sm1 ⊗min OHn → Sm1 has norm at most ∥φ∥
and ∥y ⊗ b∥Sm

1 (OHn) = ∥y∥Sm
1

∥b∥OHn
, so that ∥T∥πo

1 ,OHn→OHn
⩽ ∥φ∥ ∥b∥OHn

= ∥T∥S2
. The

trace-norm upper bound follows by decomposing T into rank-one maps by means of its singular
value decomposition. The logarithmic upper bound is the combination of [Jun05, Corollary 4.8
and Proposition 4.9 p. 253]. The same results give dn ⩾ (288

√
2π)−1

√
n(1 + logn) for n ⩾ 7.

For n < 7, this bound follows already from dn ⩾ 1. To replace n by r in the upper bound for T ,
use its singular value decomposition, the homogeneity of OH, and the completely contractive
coordinate inclusions and projections. These show that ∥T∥πo

1 ,OHn→OHn
equals the completely

1-summing norm of the diagonal map on OHr formed by its nonzero singular values.
For completeness, the Hilbert-Schmidt lower bound follows from trace duality. Let

γ∞(V ) def= inf{∥A∥cb ∥B∥cb : V = AB,B : OHn → Mk, A : Mk → OHn, k ⩾ 1}.

We claim that
γ∞(V ) ⩽ ∥V ∥S2 .

Let d = (d1, . . . , dn) with dk ⩾ 0 and D = diag(dk). Let y ∈ (Mm)n be an element such that
∥
∑
k yk ⊗ ek∥Mm(OHn) ⩽ 1, that is ∥Φy∥S2

m→S2
m

⩽ 1 by Lemma 2.1, and let ξ ∈ Cm be a unit
vector. Since Φ∗

y(ξξ∗) =
∑
k(y∗

kξ)(y∗
kξ)∗, we have

∑
k ∥y∗

kξ∥
4 ⩽

∥∥Φ∗
y(ξξ∗)

∥∥2
S2

m

⩽ 1. By the
Cauchy-Schwarz inequality,∥∥∥∥∥∑

k

dkyk ⊗ e1k

∥∥∥∥∥
2

Mm(Rn)

= sup
ξ

∑
k

d2
k ∥y∗

kξ∥
2 ⩽ ∥d∥2

ℓ4 .

Thus ∥D : OHn → Rn∥cb ⩽ ∥d∥ℓ4 . In the same way, using Φy(ξξ∗), we obtain the inequality
∥D : OHn → Cn∥cb ⩽ ∥d∥ℓ4 . Since R∗

n = Cn and OH∗
n

∼= OHn via e∗
k 7→ ek, taking adjoints gives

∥D : Rn → OHn∥cb ⩽ ∥d∥ℓ4 . Now write V = U diag(sk)W ∗ with unitaries U,W and singular
values sk. The maps B = diag(√sk)W ∗ : OHn → Rn ⊂ Mn and A = U diag(√sk)P : Mn →
OHn, where P (x) = e11x is the completely contractive projection of Mn onto its first row Rn,
satisfy V = AB and ∥A∥cb ∥B∥cb ⩽ (

∑
k s

2
k) 1

2 = ∥V ∥S2 , by homogeneity of OHn. This proves
the claim. By [Jun05, Lemma 4.1 p. 250], we have | Tr(V T )| ⩽ γ∞(V ) ∥T∥πo

1 ,OHn→OHn
. Taking

V = 1
∥T∥S2

T ∗ proves the lower bound in (6.17). Applying it to the identity completes (6.18).

Remark 6.11 Equations (6.15) and (6.18) estimate the tensor norm of the identity in the
bilateral free model, with the exact normalization c2

∗. The logarithmic order and the constants
108 and 288

√
2π come from [Jun05]. The number dn is related to projection constants: if

λcb(OHn) denotes the infimum of ∥P∥cb over projections from B(H) onto a completely isometric
copy of OHn, then

λcb(OHn) = n

dn
.

This follows directly from [JuX10, Lemma 5.2 p. 111], since OHn is 1-homogeneous and isometric
to a Hilbert space, see also the trace-duality argument in [Jun05, Equation (4.2) and Corollary
4.12 p. 255]. For the best constant in the two-state estimate for completely bounded maps from
a C*-algebra to OH, see [Pis12, Remark 13.12 p. 286] and [Pis13u, Remark 13.12 p. 48].
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7 Tensor distortion and complementation

Let N , j and hi be as in Corollary 6.7, and put jn
def= j|OHn

. We regard the following tensor
map as a map between Banach spaces. Its inverse norm below is an operator norm, not a
cb-norm.
Proposition 7.1 The injective map in

def= jn ⊗ jn : OHn⊗̂OHn → N∗⊗̂N∗ satisfies

(7.1) ∥in∥ = 1,
∥∥i−1
n

∥∥ = n

dn
= λcb(OHn).

Every completely bounded projection P : N∗ → j(OHn) satisfies

(7.2) ∥P∥cb ⩾

√
n

dn
.

In particular, j(OH) is not completely complemented in N∗.
Proof : Every tensor in OHn⊗ OHn has a unique expression tT =

∑n
k=1 ek ⊗T (ek). Projective

tensor duality identifies its dual with CB(OHn,OH∗
n), see [EfR00] and [Pis03]. Self-duality and

homogeneity of OHn identify this last space isometrically with B(ℓn2 ). The resulting dual norm
is the trace norm, so

(7.3) ∥tT ∥OHn⊗̂OHn
= ∥T∥S1 , ∥in(tT )∥N∗⊗̂N∗

(6.10)= ∥T∥πo
1 ,OHn→OHn

.

The ideal property and homogeneity imply that ∥·∥πo
1

is invariant under multiplication by
unitaries on either side. Let D = |T | and let µ be normalized Haar measure on the unitary
group U(n). Since

∫
U(n) UDU

∗ dµ(U) = n−1 Tr(D)Id, convexity gives

dn
n

∥T∥S1 ⩽ ∥T∥πo
1 ,OHn→OHn

.

Equality holds for T = Id. This proves the inverse norm formula. The map in is contractive,
and equality of the norms on elementary tensors gives ∥in∥ = 1. The last equality in (7.1) was
recalled in Remark 6.11.

If P is a projection as stated, put r def= j−1
n P : N∗ → OHn. Functoriality of the operator

space projective tensor product gives
(r ⊗ r)in = Id, ∥r ⊗ r∥ ⩽ ∥r∥2

cb = ∥P∥2
cb .

Equation (7.1) therefore implies (7.2). If a completely bounded projection onto j(OH) existed,
composition with its completely contractive orthogonal coordinate projections would yield pro-
jections onto j(OHn) with uniformly bounded cb-norms. This contradicts (7.2), since (6.18)
implies n

dn
→ ∞.

By (6.18), the inverse norm of the projective tensor inclusion has order
√

n
1+logn as n → ∞.
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first investigated finite-dimensional obstructions before seeking a completely isometric embed-
ding of OH into a noncommutative L1-space. AI tools supported exploratory mathematical
discussions, the development and scrutiny of tentative arguments, and revision of parts of the
manuscript. They also assisted with programming for numerical experiments involving nonlin-
ear matrix equations, random matrix models and truncation asymptotics. These experiments
informed the search for the construction and the comparison of the two norm computations.
AI tools were also used for language polishing. The author takes full responsibility for the
mathematical content and final presentation.

26



Competing interests The author declares that he has no competing interests.

Data availability No external dataset is required for the proofs. Numerical scripts and
computational outputs were generated during the exploratory stage of this work. They are
not included in this manuscript. All results are proved analytically, without using numerical
estimates.

Bibliography
[Arh26] C. Arhancet. Column rigidity in noncommutative L1-spaces and completely isometric embed-

dings of Hilbertian operator spaces. Preprint, 2026. 2
[BLM04] D. Blecher and C. Le Merdy. Operator algebras and their modules-an operator space ap-

proach. London Mathematical Society Monographs. New Series, 30. Oxford Science Publications.
The Clarendon Press, Oxford University Press, Oxford, 2004. 3

[EJR00] E. G. Effros, M. Junge and Z.-J. Ruan. Integral mappings and the principle of local reflexivity
for noncommutative L1-spaces. Ann. of Math. (2) 151 (2000), no. 1, 59–92. 2, 21, 22

[EfR00] E. G. Effros and Z.-J. Ruan. Operator spaces. London Mathematical Society Monographs.
New Series, 23. The Clarendon Press, Oxford University Press, New York, 2000. 3, 4, 21, 22, 23,
26

[FaK86] T. Fack and H. Kosaki. Generalized s-numbers of τ -measurable operators. Pacific J. Math.
123 (1986), no. 2, 269–300. 5

[HaM07] U. Haagerup and M. Musat. On the best constants in noncommutative Khintchine-type
inequalities. J. Funct. Anal. 250 (2007), no. 2, 588–624. 2

[HRS07] J. W. Helton, R. Rashidi Far and R. Speicher. Operator-valued semicircular elements: solving
a quadratic matrix equation with positivity constraints. Int. Math. Res. Not. IMRN 2007, no. 22,
Art. ID rnm086. 8

[HiP00] F. Hiai and D. Petz. The semicircle law, free random variables and entropy. Math. Surveys
Monogr., 77, American Mathematical Society, Providence, RI, 2000. 7

[Jun04] M. Junge. Fubini’s theorem for ultraproducts of noncommutative Lp-spaces. Canad. J. Math.
56 (2004), no. 5, 983–1021. 23

[Jun05] M. Junge. Embedding of the operator space OH and the logarithmic ‘little Grothendieck
inequality’. Invent. Math. 161 (2005), no. 2, 225–286. 1, 2, 11, 22, 23, 24, 25

[Jun06] M. Junge. Operator spaces and Araki-Woods factors: a quantum probabilistic approach. Int.
Math. Res. Pap. IMRP 2006, Art. ID 76978, 87 pp. 1

[JuP10] M. Junge and J. Parcet. Mixed-norm inequalities and operator space Lp embedding theory.
Mem. Amer. Math. Soc. 203 (2010), no. 953. 2

[JuX10] M. Junge and Q. Xu. Representation of certain homogeneous Hilbertian operator spaces and
applications. Invent. Math. 179 (2010), no. 1, 75–118. 25

[Kec95] A. S. Kechris. Classical descriptive set theory. Graduate Texts in Mathematics, 156. Springer-
Verlag, New York, 1995. 11

[MiS17] J. A. Mingo and R. Speicher. Free probability and random matrices. Fields Institute Mono-
graphs, 35. Springer, New York; Fields Institute for Research in Mathematical Sciences, Toronto,
ON, 2017. 7

[NSS02] A. Nica, D. Shlyakhtenko and R. Speicher. Operator-valued distributions. I. Characterizations
of freeness. Int. Math. Res. Not. 2002, no. 29, 1509–1538. 7, 8

[NSS02b] A. Nica, D. Shlyakhtenko and R. Speicher. R-cyclic families of matrices in free probability.
J. Funct. Anal. 188 (2002), no. 1, 227–271. 8

[Oza00] N. Ozawa. On the set of finite-dimensional subspaces of preduals of von Neumann algebras.
C. R. Acad. Sci. Paris Sér. I Math. 331 (2000), no. 4, 309–312. 2, 22

[Oza04] N. Ozawa. About the QWEP conjecture. Internat. J. Math. 15 (2004), no. 5, 501–530. 11, 20
[Pau02] V. Paulsen. Completely bounded maps and operator algebras. Cambridge Univ. Press (2002).

3

27



[Pis96] G. Pisier. The operator Hilbert space OH, complex interpolation and tensor norms. Mem.
Amer. Math. Soc. 122 (1996), no. 585. 1, 5, 21

[Pis98] G. Pisier. Non-commutative vector valued Lp-spaces and completely p-summing maps.
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[Xu06] Q. Xu. Operator-space Grothendieck inequalities for noncommutative Lp-spaces. Duke Math.
J. 131 (2006), no. 3, 525–574. 4

[Yew08] K. L. Yew. Completely p-summing maps on the operator Hilbert space OH. J. Funct. Anal.
255 (2008), no. 5, 1362–1402. 22

28

https://webusers.imj-prg.fr/~gilles.pisier/grothendieck.UNCUT.pdf

	Introduction
	Preliminaries
	The norm of S1m(OHn) as a fixed point
	Free models and their L1-norms
	Truncated power laws
	Proof of the main theorem
	Tensor distortion and complementation
	Bibliography

