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The operator Hilbert space OH embeds
completely isometrically into a noncommutative
L!-space

Cédric Arhancet

Abstract

We prove that Pisier’s operator Hilbert space OH embeds completely isometrically
into the predual of a QWEP von Neumann algebra, answering a longstanding question
introduced by Pisier and later by Haagerup and Musat. The embedding is obtained as an
ultraproduct of free probabilistic models hx = A%ckA% realized in the free group factor
VN(Fs ), with the trace and circular family scaled according to the mass of the truncated
measure ¢~ 3 dt.

Contents

1 Introduction 1
2 Preliminaries 3
3 The norm of S7*(OH,,) as a fixed point 8
4 Free models and their L!'-norms 10
5 Truncated power laws 15
6 Proof of the main theorem 18
7 Tensor distortion and complementation 26
Bibliography 27

1 Introduction

The operator Hilbert space OH introduced by Pisier in the memoir | ] is the unique op-
erator space structure on the complex Hilbert space ¢? which is completely isometric to its
conjugate dual via the canonical identification. The question of embedding OH into the pred-
ual of a von Neumann algebra has a rich history. Junge [ ] constructed the first completely
isomorphic embedding of OH into the predual of a QWEP von Neumann algebra, by means
of free probability. Pisier explicitly recorded the completely isometric embedding problem as
open in [ , Remark following Corollary 7.16, p. 145]. He reiterated the question in the
introduction of | ], whose appendix gives a simpler proof of the completely isomorphic
embedding, based on complex interpolation and Shlyakhtenko’s generalized circular systems.
Pisier | ] proved that OH does not even embed completely isomorphically into the pred-
ual of a semifinite von Neumann algebra. Junge | ] showed that OH embeds completely
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isomorphically into the predual of the hyperfinite factors of type I, 0 < A < 1, and Haagerup
and Musat | , Corollary 3.8 p. 620] obtained an embedding into the predual of the hy-
perfinite factor of type III; whose cb-isomorphism constant is at most /2. The constants in
the general Khintchine inequalities underlying their construction are optimal | , Theorem
3.10 p. 621]. Related questions appear in | , remark p. 208 after Corollary 3.1] and in the
introduction of [ ]. The aim of this paper is to answer this question.

Theorem 1.1 There exist a QWEP von Neumann algebra M and a completely isometric map
J: OH — LY(M).

By duality, Theorem 1.1 is equivalent to the fact thatthe operator space OH is a complete
quotient of a QWEP C*-algebra, see Corollary 6.3. This is in sharp contrast with the operator
spaces R + C and R,, + C,, for n > 2, which do not embed completely isometrically into non-
commutative L!-spaces according to | ], although they embed completely isomorphically
[ ]. By Pisier’s theorem | ], the von Neumann algebra M of Theorem 1.1 cannot be
semifinite. Our construction takes M = (A**)°P, where A = [[,, VN(F) is the C*-algebraic
(norm) ultrapower of the free group factor, see Theorem 6.2 and Remark 4.3. Corollary 6.4 also
gives a complete isometry into the predual of a o-finite factor of type III.

The QWEP property gives finite-dimensional matrix approximations: for any integer n > 1
and any § > 0, the operator space OH,, embeds into some space S{V with cb-distortion less

than 1446, by | , Corollary 7.2], see Corollary 6.3. Combining the complete isometry with
Junge’s [ , Lemmas 4.4 and 4.5] gives an exact realization of completely 1-summing norms
as tensor norms in a predual. Ozawa’s compactness theorem | | then yields convergence

of the truncated models in cb-distortion for each fixed dimension, and Proposition 6.8 identifies
the joint limit of their two-factor tensor norms with ||T||7rg- For the identity on OH,,, the order

v/n(1+4logn) and the numerical comparison constants are inherited from | ]. Section 7
derives the tensor distortion formula.

Approach of the paper Our proof consists of two exact computations. Let m,n > 1 be

integers. For any n-tuple = (z1,...,x,) of matrices of M,,, consider the completely positive
maps ®,, % : M, = M,, defined by

(1.1) (b)Y apbrp and @L(0) E Y aibry, b e My
k=1 k=1

We first show in Theorem 3.2 that if the matrices ®,(1) and ®%(1) are invertible then the
system of matrix equations

(1.2) P=2,(Q75%), Q=a5(P3),

admits a unique solution (P, Q) in positive definite matrices and that the norm of >, x5 ® ey,
in S7(OH,,) is equal to Tr(Q%) = Tr(P%). This turns Pisier’s factorization formula | ]
into a characterization by a uniquely determined pair of positive matrices. The associated map
(P,Q) — (<I>:E(Q_%),<I>;(P_%)) is a z-contraction for the product Thompson metric, so its
iterates converge to this pair from any positive definite initial pair. The norm identity follows
by constructing an optimal factorization and a norming functional, using a Perron-Frobenius
argument. Thus the characterization also gives an iterative procedure for evaluating these
norms, independently of the free probabilistic construction.

Next, we use a o-system in the sense of Definition 4.1. Write |o]| &f 0((0,00)). By Lemma
4.2, this system can be realized in a finite von Neumann algebra A with 7 = |o|p, where ¢



is a normal faithful tracial state, and cg def |0’|%Cg, where (c{) is a standard scalar-valued free

circular family which is free from A with respect to . For D ety (A) and any d € D, the
covariance is

Ep(cxde]) = Ep(cide) = dpi7(d)1.
We put

(13) hy dﬁfAQCkAz.

Weighting on both sides leads to coupled covariance equations involving ®, and its adjoint
&% which can be matched with the two equations in (1.2). With a one-sided weighting Az ey,
the maps ®, and ® enter the covariance equations with different weights, and the symmetry
of (1.2) is lost. For coefficients z with ®,(1) and ®%(1) invertible, using the operator-valued
Cauchy transform of the hermitization of Z = ", x ® hy, we show in Proposition 4.4 that the
norm of Z in LY(M,,®.A) is given by

1Aw§ﬁTMQJquym

Z — =

1201 00,50 = =

where o is the distribution of A with respect to 7, F,(X) Lo Joot(1+tX) "t do(t), and (Ps, Qs)

is the unique positive definite solution of P = 3_1(I> (F,(Q)), Q = s_1<I>* (F (P)). For the

formal infinite measure o = t~3 dt, we have F,(X) = kX 3, where x = \f If (P, Q) solves
) =

(1.2), then the corresponding formal solution is (Ps, Qs (%)%(P, Q). Thus the two norm
computations involve the same pair of positive matrices. Among the formal measures t 1~ d¢
with 0 < a < 1, the value a = % is the unique one for which the integrand in the L'-norm
formula is proportional to s !, see Remark 4.6. This accounts for the logarithmic normalization.

We use the finite truncations o, f ITESY (t)t’g dt. Theorem 5.4 gives a logarithmic leading term
with a bounded remainder for non-degenerate coefficients, and in particular

Zl‘k@ha)

An ultraproduct argument then provides the complete isometry of Theorem 1.1. Note that each
truncated model lives in a finite von Neumann algebra, in accordance with Pisier’s theorem:

lim
e—0 log

L (M ®Ae) k=1 S7(OHn)

for a fixed &, the family (h,(f));@l cannot span a completely isomorphic copy of OH.

Structure of the paper Section 2 contains preliminaries on vector-valued Schatten spaces,
Haagerup noncommutative L'-spaces, the operator Hilbert space, Thompson’s part metric and
operator-valued free probability. In Section 3, we describe the norm of S7*(OH,,) by means of the
system (1.2). Section 4 is devoted to the free models (1.3). In Section 5, we analyse the truncated
power laws. We prove Theorem 1.1 in Section 6, where we also obtain finite-dimensional matrix
approximations, convergence of the truncations in cb-distortion, and tensor norm formulas and
estimates for completely 1-summing maps. Section 7 gives the tensor distortion.

2 Preliminaries

Vector-valued Schatten spaces We refer to the books | L [ L [ | and
[ | for background on operator spaces. Suppose that 1 < p < co. For any integer m > 1,



we denote by M,, the space of complex m x m matrices, by e;; its matrix units, by SE, the

space M, equipped with the Schatten norm || Al gr def Tr(\A|p)% and by P,, the set of positive

definite matrices of M,,,. For any matrix X € M,,, we write X > 0 if X € P,,. We denote by
Amin (X) and Apax(X) the smallest and the largest eigenvalues of a selfadjoint matrix X.

Let E be an operator space and m > 1 an integer. Following Pisier | ], we denote by
S} (E) the vector-valued Schatten space. We identify the elements of S}, (E) with matrices [u;;]
with entries in E. If a,b € M,,, and v = [v;;] € M,,,(E), we denote by a-v-b the matrix product.
We will use the following facts.

1. By [ , Theorem 1.5 p. 21], for any u € S}, (E) we have
(2.1) ||uHS}n(E) = inf { ||a||572n [0l (m) ||bH53n tu=a-v-babeMy,veM,(E)}.

2. We use the parallel duality

(2.2) (g leisl) = > i (wij).

ij=1

With this convention, the canonical identifications M,,(F)* = SL (F*) and S} (E)* =
M,,, (E*) are isometric, see [ , (1.1) and (1.1)* p. 18]. This is the convention compat-
ible with the opposite-algebra structure of Subsection 2.

3. By | , Lemma 1.7, equation (1.7)’ p. 23], a linear map u: E — F between operator

spaces satisfies [[ul.y, p_,p = SUPy>1 HIdS;n ®UHS3H(E)—>S}H(F)' By | , Corollary 1.2
p. 19], if u is a complete isometry then Idgm ®u is an isometry for any m. Consequently,
a linear map u: E — F is a complete isometry if and only if Idg: ® u: S}, (E) — S} (F)
is an isometry for any integer m > 1. Indeed, if these maps are isometries then |lul, <1
and the inverse u~!: u(E) — FE satisfies ||u’1HCb < 1 since S} (u(E)) is an isometric

subspace of S} (F) by | , Corollary 1.2 p. 19].
Noncommutative L!-spaces Let M be a von Neumann algebra. We use the noncommu-
tative Ll-space L*(M) of Haagerup, see | ] and | ], which is isometric to the predual
M.,.. The opposite von Neumann algebra M° = {a°®? : a € M} has the same normed invo-

lutive vector space structure as M and the product a®?5°P def (ba)°P. Following Pisier [ ,

Chapter 7], we equip the Banach space L!(M) with the operator space structure of the predual
(MP°P),, considered as a subspace of the operator space dual (M°P)*. With this convention,
for any integer m > 1 the map e;; ®  — e;; ® x induces an isometry from S7"(L!'(M)) onto
LY(M,,®M). Indeed, (M,,,@M)°? = MP@MOP and the predual of a von Neumann tensor
product is the operator space projective tensor product of the preduals [ , Theorem 7.2.4],
see also | , Sections 1.2 and 1.3]. Since M°P is again a von Neumann algebra, an oper-
ator space embeds completely isometrically into L!(M) for some von Neumann algebra M if
and only if it embeds completely isometrically into the predual of some von Neumann algebra.
Moreover, for any C*-algebra A, the dual operator space A* is the predual of the von Neumann
algebra A** equipped with its predual operator space structure. Consequently, A* is completely
isometric to L((A**)°P).

If M is a finite von Neumann algebra equipped with a normal faithful finite trace 7, then

L!(M) identifies with the tracial noncommutative L'-space L*(M, 1), whose norm is ||hl| et

7(Jh|). In this case, for any integer m > 1 the space ST*(L'(M)) identifies isometrically with
LY(M,,®M, Tr ®7). An element h of L1(M, 1) is identified with the normal functional a°P



7(ha) on M°P. This identification depends on the normalization of 7, which will not be a state
in our models.
In this finite tracial setting, every unital von Neumann subalgebra D C M is the range

of a unique normal faithful 7-preserving conditional expectation Ep, see | , Section 7].
Multiplying 7 by a positive scalar does not change this expectation.

We will use the generalized singular numbers of Fack and Kosaki | ]. Let M be a finite
von Neumann algebra equipped with a normal faithful finite trace 7 and let X € M. For any
t >0, let py(X) o inf{|| Xe|| : e projection of M, 7(1—e) < t}. By | , Lemma 2.5 p. 275],
we have p;(aXb) < |la|| ||b]] ue(X) for any a,b € M, and by | , Corollary 2.8 p. 278], we

have 7(g(|X|)) = [;~ g(:(X)) dt for any continuous nondecreasing function g: [0, 00) — [0, 00)
with g(0) = 0.

The operator Hilbert space We denote by OH,, the n-dimensional operator Hilbert space
with its canonical basis (ex), by (ej,) the dual basis of OH;, and by OH = OH(N) the separable
operator Hilbert space. If E C B(K) is an operator space, its conjugate F = {Z : € E} C

B(K) is the complex conjugate vector space with the matrix norms ||[Z7;][|, B) = l[z:] ||Mm(E).
Recall that the map OH;, — OH,,, ej — € is a complete isometry | ] and that any unitary
of £2 induces a complete isometry of OH,,. If (ex) is an orthonormal basis of OH then for any
Hilbert space K and any finitely supported family (zx) of B(K) we have by | , Theorem
1.1 p. 12]

1

2
(2.3) ‘ Y wp@ey :‘Zxkébxk

k B(K)®minoH k B(K)®minB(K)
For any integer m > 1 and any n-tuple z = (z1,...,x,) of matrices of M,,, we consider the

linear maps ®,, ®%: M,, — M,, defined by
def - * * def - *
(2.4) O, (b) = apbay and (b)) =Y ajbay.
k=1 k=1

These maps are completely positive and ®* is the adjoint of @, for the inner product {(a,b) =
Tr(b*a) of the Hilbert space S3*. If ®,(1) is invertible then for any X € P,, we have ®,(X) >
Amin (X)®, (1), hence ®,(X) € P,,. The same observation holds for ®%. We let

(2.5) Gmon def {z € (M;,)": ®,(1) and ®}(1) are invertible}.

This set is dense in (M,,)™ since it contains all the n-tuples x such that z; is invertible. Finally,
we let

(2.6) N(z) &

n
E T K eg
k=1

Lemma 2.1 Let m,n > 1 be integers and let y = (y1,...,yn) € (My,)"™. We have

n n
Zyk®ek Z%@ez
k=1

k=1

Sl (OH,)

(2.7)

1
= H(I)y ||§2,_>s2, .
M,, (OHX)

M., (OHn)



Proof : By (2.3), the first quantity is equal to ||3°, vk ®y7|\%, where the norm is computed
in M, ®min My, = B(C™ @ C™). The unitary U: C™ @3 C™ — SI', £ @ 7] — &n* satisfies
Ulyr @ Jk) (€ @ M) = yi€(yrn)” = yr(En”)y;. Hence U(Y, yr ® k)U™ = @, which proves the
equality of the first and the third quantities. Since OH}, is completely isometric to OH,, via

€, — €k, the second quantity is equal to |3, Uk ® ekl om,) = ‘|Zk%®yk||%- The flip

C™m ®9 C™ — C™ ®, C™ is a unitary which conjugates >k Uk @ yr with >, yr @ Ui The proof
is complete. [ |

We will also use invariance under simultaneous transposition:

(2.8) | Syl @er > ke
k k

M., (OH},) | M, (OH},)
Indeed, >, yf ® E = (X4 yr ® k)", and full transposition preserves the operator norm. The
same identity holds with ey, in place of ej.

We use the homogeneity of OH: every bounded linear map between operator Hilbert spaces

has cb-norm equal to its operator norm, see | , Proposition 7.2]. In particular, orthogonal
coordinate inclusions and projections are complete contractions. The column and row spaces
def def

are C, = B(C,C") and R,, = B(C",C), with their concrete operator space structures. For
finite-dimensional operator spaces E and F' of the same dimension, we write

def . —
de (B, F) = inf |8 [[S7],,
where the infimum runs over linear isomorphisms S: F — F, see | ]. A linear map ¢: E —
F is a complete quotient map if, for every m > 1, the map Idy,, ® ¢ sends the open unit ball
of M,,,(E) onto the open unit ball of M,, (F).

We will also use the following elementary Perron-Frobenius type lemma.

Lemma 2.2 Let ¥: M,, — M,, be a positive linear map. Suppose that there exist X € P,
and \ > 0 such that U(X) = AX. Then the spectral radius of U is equal to A. If in addition U
is selfadjoint on the Hilbert space S%,, then || ¥ g2 g = .

Proof : The real number X is an eigenvalue of ¥, hence the spectral radius r(¥) satisfies
r(¥) > A. Let Y € M,, be a selfadjoint matrix. There exists ¢ > 0 such that —cX <Y < ¢X.
Since W/ is positive, we obtain —cA? X < W (Y) < eX X for any integer j > 1, hence |97 (Y)|| <
cM || X|. One may take ¢ = || X!|||Y] for selfadjoint Y. Decomposing an arbitrary matrix
into its real and imaginary parts therefore gives ||[WJ]| < 2||X~!||||X||A7. We deduce that
sup; A~ ||W]| < oo if A > 0 and that W/ = 0 for j > 1if A = 0. Hence r(¥) = lim; [ wi]|7 < A
The last assertion follows from the equality between the norm and the spectral radius of a
selfadjoint operator on a Hilbert space. [ ]

Thompson’s part metric For any X,Y € P,,, we let

(2.9) AX,Y) L inf{r>0:e"X <Y <X},

This is Thompson’s part metric on the cone P,,, see | ]. We will use the following elemen-
tary properties. Let X,Y € P,,.

1. We have d(X !, Y1) = d(X,Y) since the map X +~ X ! is order reversing on P,,.



2. For any 0 < t < 1, we have d(X% Y?) < td(X,Y). Indeed, if e"X <Y < e"X then
e Xt < Y < e X! by the Lowner-Heinz inequality. For completeness, the operator
monotonicity of X — X for 0 < t < 1 follows from

sin(7rt)

Xt = / MNTEX (A + X)7hd),

™ 0

since X(A + X)~! =1 — A(A+ X)~! is order preserving. The cases t = 0 and t = 1 are
immediate.

3. If ¥: M,, - M, is a positive linear map with ¥(P,,) C P, and if ¢ > 0, then
AW (X),B(Y)) < (X, V).

4. If e "X <Y <e"X then

(2.10) e " Amin(X) < Amin(Y)  and  Apax(Y) < e Apax(X)

5. The metric space (P,,,d) is complete. Indeed, if (X;) is a Cauchy sequence, there exists
R > 0 such that e X, < X; < et X, for any j, and for any r > 0 there exists jy such
that e 7" X; < X, < "X for any j,k > jo. Then we have || Xy — X;|| < (e" — 1)ef? | X1,
so (X;) converges in norm to a matrix X satisfying e BX, < X, and letting kK — oo in
the previous inequalities we obtain d(X;, X) < r for j > jo.

For any pairs (P, Q) and (P, Q") of Py, X Pp,, we let
d2((P,Q), (P, Q")) = max {d(P, P'),d(Q, Q) }.

Then (P,, X Pp,,dz) is a complete metric space.

Operator-valued free probability We refer to | I, [ I, [ ] and | ] for
background on operator-valued free probability. Let A be a von Neumann algebra, B a von
Neumann subalgebra of A and Eg: A — B a normal faithful conditional expectation. The
B-valued cumulants (k2),>; are the multilinear maps x5: A" — B defined by the moment-

cumulant formula over noncrossing partitions | ]. They are B-balanced, that is for any
bg,...,b. € B and any ay,...,a, € A we have
I{?(boalbl, agbg, PN ,arbr) = bolﬂ?f(al, blag, ey b,«_lar)br.

A selfadjoint element H of A is called B-valued semicircular if 2(Hby,..., Hb, 1, H) = 0 for
any r # 2 and any by,...,b._1 € B. Its covariance is the completely positive map n: B —
B, b — Eg(HbH) = x5(Hb, H). By the moment-cumulant formula, the B-valued moments
Eg(HbyHby - --b._1H) of a B-valued semicircular element only depend on its covariance. The
operator-valued Cauchy transform G(z) = Eg((z — H)~!) of H satisfies the equation

(2.11) G(z) = (= — 77(G(z)))717 z2€C, Imz > 0.

Indeed, for |z| large enough both sides are given by norm convergent power series in 2!, and
(2.11) is the functional equation relating the Cauchy transform of H to its B-valued R-transform
b — n(b), see [ L , Chapter 4] and | , Chapter 9]. Moreover, both sides of (2.11)
are analytic functions of z on the upper half-plane. For the left-hand side this is clear. For the
right-hand side, note that Im G(z) = —(Im 2)Eg((z — H)"*(z — H)~!) < 0. Since 7 is positive,
we obtain Im(z — n(G(z))) = (Im2)1 —n(Im G(z)) > (Im 2)1, so that z — n(G(z)) is invertible.



By analytic continuation, (2.11) holds on the whole upper half-plane, see also [ , Section
2], where uniqueness of the solution with negative imaginary part is proved for an arbitrary
unital C*-algebra B.

We will use the following consequence of the characterization of freeness with amalgamation
by cumulants due to Nica, Shlyakhtenko and Speicher [ , Theorem 3.6]: let (A, ¢) be a
tracial W*-probability space, let D C A be a von Neumann subalgebra and let N' C A be a von
Neumann subalgebra which is free from D with respect to . Then the D-valued cumulants of
elements of A/ with respect to the ¢-preserving conditional expectation Ep are given by

(2.12) H?(aldl, asda, ..., ar_1dr_1,0.) = Kp(ay,...,a:)p(dy) - p(dr_1)

for any ai,...,a, € N and any di,...,d,_1 € D, where k, denotes the scalar-valued free
cumulant with respect to ¢.

Finally, consider the matrix amplification with conditional expectation Idy, ® Eg. For
r>2and A4y,...,4, € My(A), its cumulants satisfy

N
(213) [er\/IN(B) (Al, N 7A7«)] ij = Z KTB((Al)“'l, ey (Ar)irflj)

i1 geeyin_1=1

For r = 1, the identity is [KII\AN(B)(Al)]ij = Eg((A1)i;j). For B = C, this is the computation
of matricial cumulants of Nica, Shlyakhtenko and Speicher | ], see also | ] for the
semicircular case. To prove these formulas in general, expand the entries of Eyy, (5)(A1 -+ 4A)
by matrix multiplication and apply the B-valued moment-cumulant formula to each summand.
Each nesting of a cumulant corresponds to summation over the intermediate matrix indices.
Thus the displayed multilinear maps satisfy the My (B)-valued moment-cumulant formula, and
uniqueness of cumulants proves the assertion. In particular, for a,b € A and § € My (B), we
have

[HIQ\AN(B)((l ®a)B,1® b)]ij - HQB(aBij’b)'

3 The norm of S7"(OH,,) as a fixed point

Throughout the paper, we let

2
def [ u”3 T 2
3.1 = du = = i
(3.1) " /0 1+u “ sinf /3

Proposition 3.1 Let m,n > 1 be integers, let v € G, , and let ¢ > 0. The system

(3.2) P=c0,(Q %), Q=cd:(P3)
admits a unique solution (P, Q) in Py X Pp,. Moreover, this solution satisfies Tr(Pg) = Tr(Q%).
Proof : Since x € G, p, the maps ®, and ®} send P,, into P,,, see Section 2. Hence the

formula T(P,Q) = (¢®,(Q™3),c®%(P~3)) defines a map T: Py, X Pry — P X Pr. For any
Q, Q' € P,,, the properties 1, 2 and 3 below Definition 2.9 give

A(e®.(Q ), B, (@) < A(QH,Q71) =d(@%,Q%) < 2d(Q.Q).



The same estimate holds for ®}. Hence T is a %—contraction of the complete metric space

(Pm %X Pm,dz2) and the Banach fixed point theorem gives the first assertion. Now, if (P, Q) is
the solution of (3.2), we have

Tr (P3) =Tr (P75P) = cTr (P 50,(Q %))
= cTr (®;(P75)Q75) = Tr (QQ%

The following result is the first main ingredient of the paper.
Theorem 3.2 Let m,n > 1 be integers and let x = (x1,...,2,) € (Mp)™.
1. Suppose that there exist a, B € Py, with Tr(a?) = Tr(8?) =1 and T > 0 such that
(3.3) O, (7Y =T and ®i(a™') =125
Then N(z) =T.
2. Suppose that © € Gy, ., and let ¢ > 0. If (P, Q) is the solution of (3.2) then
(3.4) N(z) = I Tr (Q%) =c 2Ty (P%)

Proof : 1. We first show that N(x) < T. Consider the n-tuple v = (vy,...,v,) defined by
vp, = a 'z, B~ The element u = Y, z; ® ey, of S7*(OH,,) is equal to a- (3, vi ®ey) - B. Since
||oz||S;n = ||B||S£n =1, the factorization (2.1) and Lemma 2.1 give

1 1
= H(I)v||§;n_>55" = |\‘I>Z@u\|§;n_>s; .
M,,(OH,,)

Now, we have
_ - -1 —lgp—1,% -1 _ -1 —1y -1 33) 12
—Za 2B BB e = aT P (T =" T«
k=1

and similarly ®%(a) = 71®%(a 1)~ = T?B. Hence ®:®,(3) = T*B. The map &,
is positive and selfadjoint on S3*, and ( is positive definite. By Lemma 2.2, we obtain
||<I);")<I>v||5;n_)55n = T*. We conclude that N(z) < T

Now, we turn to the inequality N(z) > T. Consider the n-tuple z = (z1,..., z,,) defined by
2z, =T 187 a7a™t. We have

() =T B lajo oo af = T2 10 (a ) 33

k=1

B

and similarly ®*(3) = T 20" '®,(f " )a~! = a. Hence ®:®,(a) = o and Lemma 2.2 gives
1®=[lg5 s = 1. By Lemma 2.1 and (2.8), the element ¢ = 37, 21 @e; of M, (OH,) has norm

1. Under the parallel duality, we have (u, ) 22 > ki (@n)ij(zi) 50 = 2, Tr(zkzg). We deduce
that

n

E -Tkzlc

k=

(3:3)

N(x) = |{u, p)| = =T ' Tr (@, (B ")a™") "= T7 e (T%0%) =T.




2. Let v = Tr(P3) = Tr(Q?), see Proposition 3.1, and put a -5 Pt and B o vTEQ3,

These matrices belong to P, and satisfy Tr(a?) = Tr(3%) = 1. Moreover, we have

2.3

(32) _1 1 _
= ¢ lyzp=c12a

(I)x(ﬁil) = V%(I)x(Qié)
and in the same way ®*(a~!) = ¢ 1283, By the first part with T = ¢ 2v, we obtain
N(z) = i, [ |

Remark 3.3 1. Suppose that ®,(1) = ®*(1) = 1 for some v > 0, for example if z1, ..., z,
are unitaries, in which case ¥ = n. Then o = 8 = m™21 satisfy (3.3) with T" = m,/7,
hence N(z) = m /7.

2. The proof of the first part shows that >, 2] ®e;, where z;, = T~ 27!, is a norming
functional of ), x; ® e, under the parallel duality.

3. Suppose that @ € G, ,. Then
(3.5) N(z)? = min { Tr(a ™ '®,(871) i, B € Py, Tr(a?) = Tr(p?%) = 1}.
def

Indeed, fix such a,  and let w = >, wi ® e}, have norm at most 1 in M,,(OH}). Put

wl (wl,... ,w;). Applying the Hilbert-Schmidt Cauchy-Schwarz inequality to the

. i S 1 1.
families a = 22,372 and BZw]a? gives

Z Tr(zpw,)
k

< Tr(oflCIDz(ﬂfl)) Tr (ﬁ@wT(a)) < Tr(aflfﬁm(ﬁfl)).

The last inequality follows from ||<I>wT||S;n_>Sén < 1, by (2.7) and (2.8), and from ||a||S;n =
18]] sp = 1. Taking the supremum over w under the parallel duality proves the lower
bound in (3.5). The matrices furnished by the second part of Theorem 3.2 attain equality,
since

Tr(a 10, (87Y) ) T2 Tr(a?) = T2 = N(2)2.
The Euler-Lagrange equations are (3.3): differentiating the objective under the two con-
straints gives ®,(571) = 2Xa? and &% (a™!) = 213, and taking traces after multiplication
by a~! and 37! shows that 2\ = 2 = T? at the minimum.
For general coefficients, a minimum over positive definite matrices need not be attained.
For example, if m = 2, n = 1 and x; = ey1, then N(z) = 1, whereas the objective
equals (a~1)11(871)11 > 1 for every admissible positive definite pair. Taking a = 8 =
diag(v/1 — 42, §) and letting § — 0 shows that the infimum is 1.

4 Free models and their L!'-norms

In this section, o denotes a nonzero finite positive Borel measure on (0,00) with compact
support. For any X € M,, with X > 0, we let

(4.1) F(x)% / t(1+tX) L do(t).
0
For any X > 0, the matrix F,,(X) is positive definite, since F,(X) > fooo t(1+t||X])"tdo(t)-1.

For any t > 0, the map X + (1 +tX)~! is order reversing on the positive matrices. Hence F,
is order reversing. Finally, F,(X) is a continuous function of X.
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Definition 4.1 A o-system is a quadruple (A, 7, A, (c;)k>1) where A is a von Neumann algebra
equipped with a normal faithful finite trace T, A is a positive element of A such that T(g(A)) =
[ gdo for any bounded Borel function g: [0,00) — C, and (cx)r>1 is a sequence of elements
of A satisfying the following property. Let D be the von Neumann algebra generated by A and
Ep: A — D the T-preserving normal conditional expectation. For any integer r > 1, any
ki,....; k. 21, any e1,...,&e, € {1,%} and any dy,...,d,—1 € D, the D-valued cumulant

D( g1 Er—1 Er
Ky (ckldl, ey O e, ckr)

vanishes unless 7 = 2, k1 = ka and {e1,e2} = {1,x}, and we have k% (crd,c}) = k¥ (cid, cx) =

7(d)1 for any k > 1 and any d € D. We associate to such a system the elements hy, def AZcpA?
of A.

A unital C*-algebra B has the weak expectation property if, for a faithful unital representa-
tion B C B(H), there is a unital completely positive map B(H) — B** extending the canonical
inclusion of B into B**. A C*-algebra has QWEP if it is a quotient of a C*-algebra with the
weak expectation property, see | , Definition 3.1 p. 507].

Lemma 4.2 There exists a o-system whose underlying von Neumann algebra has QWEP.

Proof : Let 6 = o((0, oo))*la and let (A, ) be the reduced free product of the tracial W*-
probability spaces (L>°(6), [ -dé) and (VN(F), 70), where 7y is the canonical trace. The free
product state ¢ is a normal falthful trace on A, see [ , Section 1.6 and Chapter 2]. Let
A be the function t +— ¢ of L>°(6) and let (c})r>1 be a free family of circular elements of
VN(Fs) with 7o((¢2)*¢)) = 1. Such a family is obtained as ¢ = 272 (sg_1 + is2x), Where

(s;)j>1 is a free family of standard semicircular elements generating VN(F) | , Chapter
e

2]. Put 7 o a((0,00))p and ¢ o o((0,00))22. Then 7(g(A)) = [ gdo. The von Neumann
algebra N generated by the ¢{’s is free from D = L°°(5). The only nonvanishing scalar free
cumulants of the family {c?, (c)*} are ra(cl, (c2)*) = ka((c2)*, ) = 1. Hence (2.12) shows
that (A, 7, A, (cx)) is a o-system.

It remains to check the QWEP property. Abelian von Neumann algebras have the weak
expectation property. The algebra VN(F,) is the weak™* closure of the increasing union of the
algebras VN(F,.), each of which is a reduced free product of r copies of VN(Z). The stability of
QWEP under reduced free products | , Theorem 7.15 p. 279] and increasing weak* closures
[ , Proposition 4.1 (iii) p. 516] shows that the von Neumann algebra VN(F,) has QWEP.
Applying | , Theorem 7.15 p. 279] once more proves that the algebra A has QWEP. &

Remark 4.3 Suppose that o has no atoms. Then the algebra A constructed in the proof of
Lemma 4.2 is isomorphic to VN(IF ). Indeed, & is a nonatomic Borel probability measure on a
compact interval, so (L>°(& f dé) is isomorphic to (L°([0,1]) f dt) , Theorem 17.41
p. 116], hence to (VN(Z), TZ) by Fourler transform. The reduced free product of group von
Neumann algebras equipped with their canonical traces is the group von Neumann algebra of
the free product group. Hence (A, ¢) is isomorphic to (VN(Z *Fw,),7) = (VN(Fw ), 7). This
applies to the measures o, of Section 5. Recall also that VN(F )P is isomorphic to VN(Fy)
via AQP = Ay

For any integers m,n > 1, any x € (M,,)™ and any o-system, we consider the element

(4.2) Zo EN @y
k=1
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of M,,®A. We equip M,,,®A with the normal faithful finite trace Tr @7. The following result
is the second main ingredient of the paper.

Proposition 4.4 Let m,n > 1 be integers and let © € Gy .

1. For any s > 0, the system
(4.3) P=sT10,(F,(Q), Q=s'®;(F.(P))

admits a unique solution (Ps, Qs) in P X P,

2. Consider a o-system and put Y def 4 Zy. For any s > 0, we have

(4.4) (Trar)(Y(s+Y) ™) = Tr (QsFr(Qs)).

3. Consequently, we have

1 [ _1
(15) 1Zels o,z = 5 |57 T (@uFo(Q) ds.

Proof : 1. We first prove the uniqueness. Fix s > 0. Consider the map R: P,, — Ppn,
defined by R(P) = s71®,(F,(Q(P))) where Q(P) = s 1®%(F,(P)). If (P,Q) is a solution
of (4.3) in Py, X Pp, then R(P) = P and @ = Q(P). Hence it suffices to show that R
has at most one fixed point. Since F, is order reversing and since ®, and @} are positive,
the map R is order preserving. Let A > 1 and P € P,,. For any ¢t > 0 and any positive
matrix X, the commuting positive matrices X and 1 satisfy A(1+ AtX)~! > (1+¢tX)~!, hence
F,(AX) > A 'F,(X). We deduce that Q(AP) > A~'Q(P) and, since F, is order reversing,
that F,(Q(AP)) < F,(A1Q(P)). Moreover, for any X € P, we have

MNF,(X) = F,(A'X) = (A —1) /Oo tL+tX) PN +tX) " do(t),
0

which is positive definite since o is nonzero and supported in (0,00). Since ®, sends P,, into
Pm, we obtain
RO\P) < 5710, (F,(A\1Q(P))) = AR(P) — 570, (AF, (Q(P)) — Fo(A\"'Q(P)),
hence
(4.6) R(AP) < AR(P),
where X < Y means that Y — X is positive definite. Now, let P, P’ € P,, be two fixed points
of R. Suppose that P’ £ P and let A = min{y > 1: P’ < uP}. Then A > 1 and
(4.6)
P'=R(P'") < R(AP) < AR(P)=\P.

Hence AP — P’ is positive definite, so P’ < (A — §)P for some § > 0, which contradicts the
minimality of \. Thus P’ < P and, by symmetry, P < P’. This proves the uniqueness. The
existence will follow from the proof of the second part, since o-systems exist by Lemma 4.2.

2. Let D be the von Neumann algebra generated by A, which we identify with L>°(¢) in
such a way that A corresponds to the function ¢ — ¢ and 7|p to the integral with respect to o.

12



Consider the von Neumann algebras B = Ma,, (D) C Mz, (A) and the conditional expectation
E = Idy,,, ® Ep. Consider the hermitization of Z,, that is the selfadjoint element

def | O ZI Al i . § -
H= {Z; 0} _A2(;(Xk@)l)(l@ck)Jr(Xk®1)(1®Ck)>A2

of My, (A), where X = €12 ® x, € Ma ® M,,, = Ma,,, and A= Im,,, ® A € B. Note that the
matrices X ® 1 and X; ® 1 belong to B. By (2.13) and Definition 4.1, the elements 1 ® ¢;, and
1 ® ¢, have vanishing B-valued cumulants of order r # 2, and for any 3 € B we have

k5 (1@ cp)Bl@c) =k5((1ec)B,1®a) = du(ldy,, @T)(B) @1

and k5 ((1®¢;)B3,1®¢) = kK5((1®¢})B,1®c}) = 0. Indeed, every cumulant of H expands, by
multilinearity and balancing, into a finite sum of terms

borp (L@ )by, ..., (1@ c))by,  bo,..., by €B.

Here each ¢; is either 1 or x, so ¢;’ denotes ¢y, or its adjoint. For r # 2 these terms vanish
J

by (2.13) and Definition 4.1, the factors A% € B are absorbed in the b;’s by the balancing
property. Thus H is B-valued semicircular. Moreover, using again the balancing property and
the commutation of A with Ms,, ® 1, its covariance is

n(8) =E(HBH) =Y (Xpvs X + XjvsXe) @ A,
k=1

where vg = (Idm,,, ®T) (Az8Az) = (Idyy,,, ®7)(AB), since D is abelian. We view the elements
of B as 2 x 2 block matrices § = [f;;] with entries in M,,(D) = L*(0,M,,). Since Xy X} =
e11 @ xpy20xy, and X v Xy = e ® xjy112 for any v = [v55] € Ma,,, we obtain

(4.7) n(8) = {771(522) 772(%11)} ’

where
n(b)(t) = t@m( /0 Oot'b(t’) da(t’)> and  12(b)(t) = t<I>;;< /0 wt’b(t’)da(t’))

for any b € L*°(0,M,,,) and o-almost every .

Fix s > 0 and put z iy/s. Since H? = diag(Z,Z},Z:Z,), we have (z — H)™! =

(2 + H)(22 — H?*)~!. Hence the diagonal blocks of (z — H)™! are —i\/s(s + Z,Z})~! and
—iv/s(s + Z:Z,)"t. The range of n is diagonal by blocks, by (4.7). Therefore the Dyson
equation (2.11) shows directly that G(z) = E((z — H)~!) is diagonal by blocks. Consequently,
we have G(z) = —iy/sdiag(W1, Wa) where

Wi =Ewm,,0)((s+ Z:,25)7") and Wa=Ey, p)((s+ ZiZ,)7").

These elements are positive and invertible since (s + || Zz]|*)™" < (s + Z.Z7)~! and (s +
1Z.1%) Y < (s + Z2Z,)~'. By (2.11) and (4.7), we have

SiVsWh = (ivs +iVem (W) and  —ivsWs = (iv/s + V(W)
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that is W1 = s~ 11 + 0y (W2)) ™! and Wy = s~ (1 + n2(W1)) L. Put

p et cpx( /O T o) da(t)) and Q% @;( /O T do(t)).

By (4.7), we have Wi (t) = s71(1 + tP)~! and W(t) = s (1 + tQ)~! for o-almost every t.
Substituting in the definitions of P and @, we obtain that (P, @) is a solution of (4.3). Moreover,
we have [ tWa(t) do(t) > (s+ 1 Z %)t J, S tdo(t)-1, hence P € Py, since ®,(1) is invertible,
and similarly @ € P,,. This proves the existence in the first part. By uniqueness, we have
(P,Q) = (Ps,Qs). Finally, using (Tr ®7) o Eyp,,, (p) = Tr ®7, we obtain

(Trer)(Y(s+Y) ™) = (Trar)(1-s(s+Y)™ ') = /OOO Tr (1 — sWa(t)) do(t)

- /Ooo Tr (1 — (14+tQs) ") do(?) :/0 Tr (tQs(1 +tQ,) ") do(t) = Tr (Qs Fr (Qs)).

1
1 [P —5_ ¥

3. For any y > 0, we have y2 = [ s Py
of the trace, we obtain

ds. By the spectral theorem and the normality

[N

(Trer)(Y(s+Y)™ ') ds,

SR

1 *
1Zzllts o, 5.4) = (Tr@r)(Y?) = /0 s

and (4.4) gives (4.5). [ |

For any = € G,,, , and any s > 0, we let

def
(48) fd,m(s) = Tr (QSFO'(QS)>7

where (Ps, @) is the solution of (4.3). By Proposition 4.4, this quantity does not depend on
the choice of the o-system.

Lemma 4.5 Let ¢’ be a nonzero finite positive Borel measure on (0,00) with compact support

and let S C (0,00) be a Borel subset with o’(S) > 0. Put o def 1go’. For any integers m,n > 1,
any « € Gy and any s > 0, we have fy 4(s) < for ().

Proof : Let (A, 1,A’,(c},)) be a o’-system, see Lemma 4.2, let D’ be the von Neumann algebra
generated by A’ and let p = 1g(A’) € D’. We first show that (pAp, 7|pap, PA, (pc)p)) is a
o-system. The restriction of 7 is a normal faithful finite trace on pAp and the functional
calculus of pA’ in pAp satisfies g(pA’) = (g1ls)(A), hence 7(g(pA’)) = [glsdo’ = [ gdo. The
von Neumann algebra generated by pA’ in pAp is pD’, and the restriction of Ep: to pAp is
the 7-preserving conditional expectation onto pD’, since p € D’. Write E, = Ep/|,4,. For
Y1, - -+, Yr € pAp, the balancing relations give

"f? (Y1, Yr) :p“? (Y1,---5yr)p € pD'.
The restrictions of these cumulants satisfy the moment-cumulant formula for E,, since every
intermediate value lies in pD’. By uniqueness, they are the pD’-valued cumulants of the corner.

Consequently, for r > 2, a1,...,a, € {¢},cff : k> 1} and dy,...,dr—1 € pD’, we have

/#T’D/ (paipdy, ..., pa,p) = pm?(aldl, ceey Q)P
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Indeed, the intermediate projections are absorbed by the balancing relations and pd; = d;p = d;.
The first cumulants vanish by compression of the centering identity. All cumulants of order at
least 3 vanish, and the only nonzero second cumulants are

D’ *
wh (pcipd, pe;"p) = omT(d)p,
D/
Ky (peypd, peip) = ot (d)p.
Thus (pc},p) has the covariance required by Definition 4.1 with the restricted trace 7|,.4,. This

proves that we have a o-system, whose associated elements are hy, = (pA’)%pcécp(pA’)% = php.

Let 7/ % Sypar @, and Z C 1epZ1®p) =Y, 2, ®he. For any s > 0, the

function gs(u) = ;{5 is continuous, nondecreasing and satisfies g5(0) = 0. Since g;(0) = 0, the
element g, (]Z|) is the same, whether it is computed in (1®p)(M,,®A4)(1®p) or in M,,,R.A. By
Proposition 4.4 applied to both systems and by the facts recalled in Subsection 2, we obtain

fon(s) = (Tren) (g.(12))) = / " g2t
</ " g Z) dt = (Tr @) (6, 2') = for (),
0

where we used the inequality p:(Z) = p:((1 @ p)Z'(1®@p)) < we(2'). [ |

Remark 4.6 Let x € G, ,, and 0 < a < 1. For the formal infinite measure o, = t7lmadt, a

change of variables gives F,_ (X) = ¢, X! for X > 0, where c, et Sn(may- The argument

of Proposition 3.1, with contraction ratio 1 — «, gives a unique positive definite solution of the
corresponding formal system (4.3) at s = 1. Homogeneity then gives

(Py,Qs) = s (P, Q).

Consequently, Tr(Q,F,, (Q,)) is proportional to s~ 2=, and substituting this profile into the

integrand of (4.5) gives s7277% . Thisis proportional to s~! if and only if o = % This explains
the exponent —g of the truncated measures of Section 5 and the logarithmic normalization.
5 Truncated power laws

For any 0 < € < 1, we consider the finite measure

def _5
(51) O = 1[55](t)t 3 dt

on (0,00) and we let F, = F;,_ and fe , = for. o, see (4.1) and (4.8). For any g > 0, we let

def 3 11 3 2 2
(5.2) we(q) = Eséqé +%5§q .
Lemma 5.1 Let 0 <e < 1.
1. For any q > 0, we have (1 — ws(q))mf% < Fo(g) < kg3,

2. Let 0 < q— < q+ and let X € P, whose spectrum is contained in [q—,q4]. Put w def

2
3

%E%qf_ + %s%q_ . Then (1 —w)kX 3 < F.(X) < kX3,
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3. We have 0.((0,00)) < 273 and [;" tdo.(t) < 3¢5,

1

Proof : 1. With the change of variables u = tq, we have fooo t=3 (1 +tq)~tdt = kg~35. Hence
1
= /= t73(1+tq) "t dt < kg3 and

e _2 o _2 5 [e%¢)
~5 — F.(q) / be dt+/ be dt</f%dt+1/ Edt = 3eh 4+ 0
K —_ = NS bl = 9¢& —E&
q U= T g v Taig o ¢ )2 %

1

Dividing by xq~3, we obtain the first point.

2. The matrices F.(X) and X ~% are functions of X. Hence the second point follows from
the first one by considering an orthonormal basis of eigenvectors of X, since w.(q) < w for any
q € [g-, q+]-

1 5 2 1 2 1

3. We have [*t73dt < 3e 3 and [F ¢35 dt <373, [ |

Let m,n > 1 be integers and let z € G, . We denote by (P, Q) the solution of the system
(3.2) with ¢ = &, see Proposition 3.1, and we fix 0 < a < b such that the spectra of P, and Q.
are contained in [a,b]. For any 0 < ¢ < 1 and any s > 0, we let

Wl

def 3 11 1 3 /e % 2 1
53 x y = — b 33 4 7<7) 3 2,
(5.3) wy (€, 9) K(e)gs —|—2,€ €3s
Proposition 5.2 Let m, n 1 be integers and let x € Gy, . For any 0 < e <1 and any s >0

such that w = w (e, s) < 5, we have

(5.4) (1 —w)?63N(z)s72 < feu(s) < (1 —w) 'kIN(z)s™ 2.

Proof : Consider the set K = {(p,Q) € Py X P i e 1P, < P < eP,, e_}Q* < Q< eQ.},
which is a compact convex subset of M,, X M,,, and the continuous map R: K — P,, X Py,
defined by

R(P,Q) = (s ha,(R(s71Q)),s 1L (s~ 1 P))).

A pair (P,Q) is a fixed point of R if and only if the pair (s ~iPs %Q) is a solution of the
system (4.3) for the measure o..

Let (P,Q) € K. By (2.10), the spectrum of s~1Q is contained in [s~ ie la,s 4eb] By
the second point of Lemma 5.1 applied with ¢g_ = s Ze g and qp = s~ 4eb for which the

. . . S| ~1
associated number is exactly w, and since (s~7Q)73 = P Q~ 3, we obtain

(5.5) (1 - W)@, (Q75) < 5710, (F(s77Q)) < hP,(Q77).
Moreover, by the properties 1, 2 and 3 below Definition 2.9 and by (3.2), we have

A(kPo(Q7F), P,) = d(5@,(Q73), 10,(Q- %)) < 2d(Q, Q) <

1
3

w\»—u

%e_% > e~ . We deduce that e 1 P, < s_%q)w(FE(s_%Q)) <

eP,. The same argument applies to the second component. Hence R(K ) C K. By Brouwer’s
fixed point theorem, R admits a fixed point in K. By the uniqueness in Proposition 4.4, we
~ ~ 3 3
conclude that the pair (P, Qs) = (s7Ps, s1Q;) belongs to K, where (Ps, Q) is the solution of
(4.3) for the measure o.
Now, let D o max{d(P,, P,),d(Q,,Q.)} < 1. Since P, = s 1®,(F.(s~1Q,)), the inequal-
ities (5.5) give d(Ps, s®,(Qs ?)) < log ﬁ Using the triangle inequality and the previous

Since w < %, we have (1—w)e s >
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estimate, we obtain d(P, P,) < log ﬁ + %. The same inequality holds for d(Qs, Q.). Hence
D < logﬁ + %, that is

3 1
. D<Cl
(5.6) 5 l0g —

_3
ta,s~1eb|, and

Finally, since (Ps, Q,) € K, the spectrum of Q, = s’%Qg is contained in [3’%(9’
2
the second point of Lemma 5.1 gives (1 — w)/QQS Qs F-(Qs) < kQZ, where these matrices
2
commute Moreover by the second point below Definition 2.9 and (5.6), we have e_%Qf <

Qs % Q* with % < (1 —w)~ L. Since QS% = s_%Qs%, we obtain
2 2
(1—w)?ks 2 Tr (QE) < few(s) = Tr (QsFo(Qs)) < (1 - w)Mrs T2 Tr (Q%).
By Theorem 3.2 with ¢ = x, we have nTr(QE) = k2N(z). This completes the proof. [ |

Proposition 5.3 Let m,n > 1 be integers and let x € G, ,. For any 0 <e <1 and any s > 0,
we have

1

(5.7) fewls) < KEN(2)s77.
Proof : Let 0 < ¢’ <e. We have 0. = 1|, 1j0.. By Lemma 4.5, we obtain f. .(s) < fer,z(s).
Since lim./ g w,(¢', s) = 0, Proposition 5.2 gives limsup,,_,q fer z(s) < k2N(z)s 2. [ |

For any 0 < e < 1, we fix a o.-system (A, 7, A, (c](:))) with A, having QWEP, as provided

by Lemma 4.2, and we denote by h( °) the associated elements and by Z(E) Yor Tk ® h,(:). We
let

(5.8) Ce =

Theorem 5.4 Let m,n > 1 be integers and let x € G, . As € — 0, we have

(5.9) |2 c.N(z) log é +0,(1).

HLI(MW@AE) -

In particular,

(5.10) lim

e—0 og ||Z

= ¢, N(x).

1 ||L1(Mm®A )

Proof : Set K, = r2N(z) and write
we (e, 8) = Age3s™i 4 Byels?,
where A, B, > 0 are the constants in (5.3). Choose a, > 0 sufficiently large and b, > 0

sufficiently small that
_1 1
Agag * + Bgbi <

4
3

1
3
]

For sufficiently small &, the interval J, = [awgé,bg;a is nonempty and w,(g,s) < 5 on Je.

Propositions 5.2 and 5.3 give

0< Kys™2 — fea(s) < 2wam(s,s)s*%‘



Moreover, we see that
ds 1
/ we (g, 8)— < 4Aza, —|—2me§.
S

Consequently, we have

ol

1 1 Ka: bﬂi 5 . 1
- / $72 fep(s)ds = —log 57& +0,(1) (5:8) c«N(z) log - + O:(1).
Je

T ™ aA,E3

It remains to bound the two tails. Put ¥ %< (Zg(f))*ngE). By (4.4) and Lemma 5.1, we have
3

feir(s) < (T @72)(1) = mo((0,00)) < e,

@l

and hence

™

4

1 [%=% 3Im,/ay

7/ $72 fep(s)ds < HvACy
0 s

For the upper tail, the covariance identities in Definition 4.1 give
Ep () Acl™) = 6um (A1

It follows that TE((h(s)) h(s)) = 67 (AL)?, and therefore

(wron) = (10 Sl <9753
0 k=1

S;’L .
Since f..(s) < s H(Tr®7.)(Y), we obtain

1 [~ . -
W/bweg fsz(

Both tails are nonnegative and bounded independently of €. Combining the three intervals in
(4.5) proves (5.9), and (5.10) follows. [ |

6 Proof of the main theorem

We start with a description of the vector-valued Schatten norms of ultraproducts of maps with
values in noncommutative L1-spaces. Let U be a free ultrafilter on N. If (Aj)j>1 is a sequence
of von Neumann algebras, we denote by [, A';.p the norm ultraproduct C*-algebra, that is the
quotient of £>°(AP) by the ideal Iy = {(aj) : limy |la;|| = 0}. For each fixed m, entrywise
identification gives M,,(£>°(A}")) = £2°(M,,(A5")). Under this identification, M, (Iy/) consists
exactly of the sequences whose matrix norms tend to zero along U, since

max [[(Aj)ap|| < [14;5]] < mmax [[(A;)a]l -
Passing to the C*-algebra quotients gives the isometric identification
Mm(HA;?P) = [ M (AP).
u u

We stress that this is the C*-algebraic ultraproduct. The tracial ultraproduct of finite von
Neumann algebras is again finite, and its predual cannot contain a completely isomorphic copy
of OH by | ]
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Lemma 6.1 Let E be a finite-dimensional operator space and let (A;)j>1 be a sequence of

von Neumann algebras. Let uj: E — LY(A;) be linear maps with sup; [ujlly, < oo. Put

A [, AS°. The formula

(6.1) u(€)((a)u) = lim{u; (&), a;), €€ B, (a5)u € 4,

where the brackets denote the duality between L'(A;) = (A7), and AP, defines a linear map
u: E — A* such that for any integer m > 1 and any x € ST"[E]

(6.2) |(Idsy @ u) ()|

= liZ/I{Il H(Idslm ® Uj)(x)Hs;n(Ll(Aj))'

S (A*)
Proof : The limit in (6.1) exists since |(u;(£),a;)| < sup; [lu;]| [[§]| sup; [|a;]|, and it vanishes
if limy ||aj|| = 0. Hence u is well-defined. Let m > 1, write x = [zq) € ST*(F), and let

a = (aj)y € My, (A) = [T,y My (A7) with a; = [affé)]. Under the parallel duality, we have

((dsp @ u)(@),a) = 3 ulwar) (a8 ) S tim S w5 (war) (@) = lim ((ldsp @ w5) (@), a).
a,b a,b

We have isometries S7*(A*) = M,,(A)* and ST*((AF")*) = M, (A")*. Moreover, Si*(L'(A;))
is an isometric subspace of S{*((Aj")*) by [ , Corollary 1.2 p. 19], since L' (A;) = (A7)«
is a completely isometric subspace of (.A;)p)*. Taking the supremum over the elements a of the
open unit ball of M,,(A), which admit representatives (a;) with [la;|| < 1 for any j, we obtain
the inequality < in (6.2). Conversely, (Id ® u;)(x) defines a normal functional on M,, (Aj"), so
it attains its norm on the weak* compact closed unit ball. Multiplying a norming element by a
scalar of modulus 1, we may choose a; in that ball such that (Id®wu;)(z), a;) = ||(Id @ u;)(z)]|.
Then a = (a;)y belongs to the closed unit ball of M,,(A) and the previous equality gives the
reverse inequality. [ ]

We are now ready to prove Theorem 1.1.

Theorem 6.2 Let U be a free ultrafilter on N and for any integer j > 1, let A; = Aq—i be

the finite von Neumann algebra of the o.—;-system fized before Theorem 5.4. Put A def I, A?p

and M & (A**)°P. The algebras A and M have QWEP, and there exists a complete isometry

J: OH — LY(M) such that for any k > 1 and any (aiP)u € A, with aj € Aj, we have

o . 1 e™J
(6.3) (Tlew), (@) = lin —7ems (¢ ay),

where we identify L' (M) with A* and use the underlying vector a; € A; when writing the
tracial pairing.

Proof : Let V = Un>1 OH,, be the dense subspace of finitely supported vectors of OH. For

any j > 1, consider the linear map u;: V — L!(A;) defined by u;(ey) & fjhffij). Note that

log 15 = J.
Let m,n > 1 be integers. For any x € (M,,)", we let v;(z) = |3, o ® uj(ek)”Ll(Mm@Aj) =
| Mdsm @ u;) (32, zr ® ek)HS;R[Ll(Aj)]' We claim that

(6.4) lim vj(x) = N(z) for any x € (M,,)".
j—o0
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By Theorem 5.4, this holds for any € G, . In particular, applying Theorem 5.4 with
m=n=1and x = (1) € G11, for which N(z) = [[e1]|oy, = 1, we see that lim; [lu;(ex)[|, = 1

for any k, since Hh,(f)Hl does not depend on k by Proposition 4.4. A linear map & — (£, n)h
from OH,, into an operator space has ch-norm equal to ||5]| |||, hence C), = sup; [|uj|om, ||, <
sup; Y,y luj(ex)]l; < oco. Consequently, the seminorms v; satisfy |v;(z) —v;(y)| < vj(z—y) <
CyN(z — y) for any z,y € (M,;,)". Let x € (M,,)" and 6 > 0. Since G, ,, is dense in (M,,)"
and since N is a norm on the finite-dimensional space (M,,)", there exists y € G, , such that
N(z —y) <. Then

i sup v ) — N(2)| < imsup (15 (2) = v5(3)] + I3 (9) = N + IN(w) — N(@)| < (Co -+ 1)5
j—oo j—o0
This proves (6.4).

Now, define a linear map u: V' — A* by the formula (6.1), which makes sense since for any
¢ € OH,, we have sup; |lu;(§)|| < Cp|[[£]|. For any n > 1, the restriction of u to OH, is the
map provided by Lemma 6.1 applied to the restrictions of the u;’s. By (6.2) and (6.4), for any
integers m,n > 1 and any = € (M,,)"™ we have

(Idsm @ u) ( Xn: Tp ® ek)

k=1

= librln vi(z) =N(z) =
SP(AY)

n
E T Q eg
k=1

The restriction of u to OH,, is a complete isometry for any n. Since any element of M,, (V)
belongs to M,,,(OH,,) for some n, the map u: V. — A* is a complete isometry. Since the
subspace V is dense in the space OH and A* is complete, u extends to a complete isometry
J: OH — A*. Finally, A* is completely isometric to L}((A**)°P) = LY(M), see Subsection 2.
The formula (6.3) is (6.1).

By our choice of the systems, each algebra 4; has QWEP. This property passes to opposite
algebras. Indeed, for any C*-algebra B, the map b°P ~ b* is a *-isomorphism from B°P onto
the conjugate C*-algebra B, see | , Section 6]. If B = C/I, where C C B(H) has the
weak expectation property witnessed by a unital completely positive map P: B(H) — C**,
then B = C/I, and the conjugate map P: B(H) — C"" shows that C has the weak expectation

S7(OH,,)

property. The product [];A7” has QWEP by [ , Proposition 4.1 (i) p. 516], and its
quotient A therefore has QWEP. By | , Proposition 4.1 (iv) p. 516], the bidual A** has
QWEP, and so does its opposite algebra M. [ |

By Remark 4.3, each A;p is isomorphic to the von Neumann algebra VN(F,). Hence the
C*-algebra A of Theorem 6.2 is isomorphic to the C*-algebraic ultrapower [[,, VN(F), and OH
embeds completely isometrically into its dual. The QWEP property of A can also be deduced
from this description.

Corollary 6.3 1. For any integer n > 1 and any 6 > 0, there exist an integer N > 1 and
an injective linear map v: OH,, — SIV such that

(6.5) lelle, fJo~" e, < 2+0,
where v=1 is defined on v(OH,,).

2. The operator space OH is completely isometric to a quotient of a QWEP C*-algebra. More
precisely, with the notations of Theorem 6.2, the map q: A — OH*, a — (J(-),a) is a
complete quotient map, and OH" is completely isometric to OH.

8. The von Neumann algebra M of Theorem 6.2 is not semifinite.
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Proof : 1. By Theorem 6.2, the algebra A has QWEP and J: OH — A* is a complete isometry.
By | , Corollary 7.2 p. 87|, every finite-dimensional operator subspace of A* embeds into
some S} with cb-distortion less than 1 4+ 6. Apply this result to J(OH,,) and compose the
resulting embedding with J|om,, -

2. The space OH is reflexive, and under the canonical identification OH** = OH the adjoint
q*: OH — A* of ¢ is the complete isometry J. Since A and OH* are complete, | , Corollary
4.1.9 p. 73] shows that ¢ is a complete quotient map. Finally, recall that OH* is completely
isometric to OH | ], and that OH is completely isometric to OH via €, + ex by (2.3).

3. This follows from Pisier’s theorem | ]. ]

Corollary 6.4 There exist a o-finite factor K of type III and a complete isometry OH — K,.

Proof : Put NE MOP so that Theorem 6.2 gives a complete isometry J: OH — N,. Write
fie = J(ex) as

fo =wi1 —wr 2 +i(wes — wra),
where the wy; are positive normal functionals on N. The series

4

92— k—1
V=22 T o

k>11=1

converges in N, to a nonzero positive normal functional. Let p be its support projection and

put Ay def pNp. Each wy; is supported by p, hence fy(a) = fr(pap) for all a € N. The
restriction R: N, — (Np)« and the preadjoint C.: (Np). — N, of the normal completely
contractive map C: N' — Ny, a — pap, are complete contractions. They satisfy RC, = Id and

C.RJ = J, the latter first on the basis vectors and then by continuity Consequently, the map

Jo ' RJ: OH — (No)« is a complete isometry. The state p =

so Ny is o-finite.
Form the von Neumann algebraic free product

(Kv X) = (N07‘p) * (VN(FOO)’TO)'

Since My # C and VN(F,) is diffuse, | , Theorem 3.4 p. 2652] shows that K is a factor. Its
free product state is normal and faithful, so K is o-finite. By | , Lemma 2.1 p. 2649, there
is a normal state-preserving conditional expectation E: K — Njy. Its preadjoint E: (M)« —
K, is a complete isometry, since it is completely contractive and restriction to N is a completely
contractive left inverse. Thus E,Jy is the required complete isometry. Finally, K cannot be
semifinite by [ ], and hence it has type III. ]

w(p 1/J| N, is normal and faithful,

Convergence of the finite models For 0 < e < 1 and a fixed integer n > 1, put

o h(f)
(6.6) Uen: OH, — Ll(.AE), Uen(€k) def . lggl and E.,
* €

L e (OH,,).

The algebras A, are chosen to have QWEP, as in Theorem 6.2.

Proposition 6.5 For any fized n, the maps u. , are injective,

— 1.

def
| enllen., ,som, o

(6.7)  aen —— 1, and B, T |u

|Us n”cb ,OH,—L(A:) oo
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Proof : Injectivity follows from Tg((h,(:))*hl(s)) = 0p7e(Ac)?. The argument proving (6.4),
applied to arbitrary truncation parameters tending to zero, gives

S (L1(AL)) = Hx”S{”(OHn)

for every fixed m and = € S7*(OH,,). Indeed, Theorem 5.4 gives (6.8) for coefficients in Gy, .
Moreover, the rank-one decomposition used in the proof of Theorem 6.2 gives |ucn|,, <
o1 lluen(ex)|l;, and the scalar case m = n = 1 of Theorem 5.4 shows that this bound is
uniform for small . The density of Gy, ,, then removes the non-degeneracy assumption, exactly
as in the proof of (6.4).

We now use a theorem of Ozawa | ]: for each n, the set of n-dimensional operator
spaces which are completely isometric to a subspace of the predual of a von Neumann algebra
is compact for the cb-Banach-Mazur distance d.,. Fix a sequence g, — 0. After passing to a
subsequence, there are an n-dimensional operator space F' and isomorphisms vy: ., , — F
whose cb-distortions tend to 1. Rescaling each vy makes its cb-norm and the cb-norm of
its inverse equal to the square root of that distortion, both therefore tend to 1. The maps
Wk = ViU, n are bounded as maps between the fixed finite-dimensional spaces OH,, and F'. A
further subsequence converges in operator norm to a map w. Equation (6.8) gives

[(dsy, ® w)(x)HS}n(F) = llzlls1 om,)

for every m and z, so w is a surjective complete isometry.
For every linear map L: OH,, — F, the rank-one decomposition gives the estimate || L||., <
S IIL(ei)]| € n||L||. Thus wy — w in cb-norm. Since w is a surjective complete isometry,

the Neumann series for w™lwy gives w,' — w™! in cb-norm. Since u, , = v} 'wy, and
u;ﬂ{n = w;lvk, both limsups in (6.7) are at most 1. The level-one convergence gives the
opposite liminf inequalities. Every sequence tending to zero has such a subsequence, which
proves (6.7). [ |

Remark 6.6 Because of the compactness argument, Proposition 6.5 gives no rate in (6.7) and
no bound on N in (6.5). For a fixed ¢, the cb-distortion of ., cannot be bounded uniformly
in n, by Pisier’s theorem [ ], since A. is finite.

Completely 1-summing maps We denote by EQF the operator space projective tensor
product, recall that (EQF)* = CB(FE, F*) completely isometrically | , Corollary 7.1.5
p. 128]. Following | , Section 4], for an operator space Y we let

ds1a(Y) et supinf { [|w||, Hw_lﬂcb cw: E— w(E) C ST,r>1},
E

where the supremum runs over the finite-dimensional subspaces E of Y and the infimum over
the injective linear maps w. If N is a QWEP von Neumann algebra, then dgpi(N,) = 1
by | , Corollary 7.3 p. 87]. For a linear map T: F — F between operator spaces, its
completely 1-summing norm is

def
(6.9) ||T||7r‘1’,E—>F = 7Snu>p1 HIdSI"' ® T||s;ﬂ®minE_>s;ﬂ(F) :
Here the norms on the right are operator norms, see | ] and | , Section 4]. By the
injectivity of S7*(F), if j: F — G is a complete isometry then n¢(jT) = n9(T). The next
tensor identification can also be derived from the case p =1 of | , Corollary 11 p. 1379).
We include a short proof based on Junge’s lemmas | , Lemma 4.4 p. 250 and Lemma 4.5

p. 251].
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Corollary 6.7 Let N be a QWEP von Neumann algebra and let j: OH — N, be a complete

isometry, where N, has its predual operator space structure. Put h; def j(e;). For any integer

n = 1 and any linear map T: OH,, — OH,,, we have

(6.10) 1Tl 2o 01, ~om, =

Zhi ®j(T(ei>>‘

N BN,
In particular, this applies to N' = A** and j = J in Theorem 6.2, since N, = A* = LY(M)
completely isometrically.

Proof : Let I,,: OH) — OH,, be the linear map e} — e;. The self-duality together with (2.3),
shows that the map I, is a complete isometry. Put ¢ def Yo e; ®T(e;). The map associated
to this tensor is T3: OH) — OH,, f — (f ® Id)(¢), and T3 = T'I,,. Thus HTt||7r‘1’,OH;‘L~>OH“ =
I llg 0, 08,

Put » % (j ® j)(t). Since the von Neumann algebra N' has QWEP and j is completely
contractive, | , Lemma 4.5 p. 251], applied with both target preduals equal to N, gives

(6.11) ||Z||N*®N* < ||Tt||7rf1>,0H;;—>OHn = ||TH7711),OHH_>OH,L~

For the reverse inequality, let E,, = j(OH,,) and denote by j,,: OH,, — E,, the restriction of
j. The map associated to z, regarded as a tensor of E, ® E,, is

S:Ep = No, S(f) = (f@ld)(z) = jTLj,(f).

The map I,,j%: EX — OH,, is a surjective complete isometry. The invariance of ||-H7Tf7OHn _om,
under complete isometries of the domain and under the inclusion j therefore gives ||.S ng, BN, =
||TH7T(1),OHH—>OH¢L' Since dgr1 (Ny) =1, | , Lemma 4.4 p. 250], applied with X =Y = N,,
yields

||T||7-rf,OHn—>OHn = ||SH7T;,E;;—>N* < llzlla e, -
Together with (6.11), this proves (6.10). [ |

Tensor norms in the truncated models For T: OH,, - OH,, and 0 < ¢, < 1, define

(6.12) Feq(T) = Z Ue (i) @ uyn(T(ei))

L' (A:®A,)

The norm uses the product trace 7. ® 7,,. With our opposite-algebra convention, the canonical
predual tensor product identification gives

L'(A)SLY(A,) = LY(A.BA,)

completely isometrically. This is | , Theorem 7.2.4 p. 136], applied to AP and AP,
together with (A:®.A4,)°P = APRAP, see also [ , Fact 2.5 p. 990] for duals of C*-algebras.

Proposition 6.8 With the notation of (6.7), for any linear map T: OH,, — OH,, we have

1 (T)
! < Fey(T) € acnagn ”THWE’,OH”—)OH,L :

6.13 ———— <
( ! ) Be,nﬁn,n
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Consequently, we have

(6.14) ;1_13% Feo(T) = HT”'n—f,OHn%OHn :
n—0
For fized n, the convergence is uniform on {T : ||TH7T; on, —om, <1}
def 1 def 4 def .
Proof : Put X = L'(A.),Y = L'(A,) and 2z = ), uc n(e;) ® uyn(T(e;)). Applying [ ,
Lemma 4.5 p. 251] to the maps 1—uc, and ;1—uy, gives the upper bound in (6.13), since
A has QWEP and the map associated to ), e; ® T'(e;) is T'I,,, with I,, as in the proof of
Corollary 6.7.
For the lower bound, regard z as a tensor in F, ,, ® E, ,,. Its associated map is

S EX, =Y, S.=uy Tlu,.
Here u? , is the adjoint of u,: OH, — E.,. Since the algebra AP has QWEP, we have

en
dsii(Y) =1, and | , Lemma 4.4 p. 250] gives ||SZ||W?,E;H_>Y < 2l xgy = Fep(T). The
range of S, lies in E, ,, and regarding it as a map into this subspace does not change its

completely 1-summing norm. Composing with u, , on the left and with (uZ,,)"'I;' on the

n.n
right gives

7 (T) < BynBen HSZHW;’,E;n—w )
This proves (6.13). Proposition 6.5 gives the limit and its stated uniformity. u

Corollary 6.9 Put d, e IIdom,, ||Tr,1, oH, som, - For each fized n, as e — 0,

(6.15) S h @ h = Z(log 1)*(d, + o(1)).
i=1

LI(A.®A.)

def .. .
Here ¢2 = % For a rank-one map T, a more explicit formula holds at every pair of trunca-

tions:
1257,

(6.16) FoofT) =tety | T2 with o = =l =1+ 0((og})).

In particular, we have HT||7rf on, —om, = |ITllgz for maps of rank one.

Proof : Equation (6.15) follows from (6.14) and the value of ¢, in Theorem 5.4. For any
& = (&) € C, the joint distribution of (A.,)", &ici) agrees with that of (A.,||£||yc1): this
follows from the circular cumulants in Definition 4.1. Hence ||uc ,(§)[l; = te ||£]],. Write T'(§) =
(3>, @i&)b. Then the tensor in (6.12) is uc (@) ® uy,,(b). The L'-norm of an elementary tensor
is the product of the two norms, which proves (6.16). The estimate for ¢, is the scalar case of
Theorem 5.4, and the last assertion follows by taking the limit. It can also be checked directly
from (6.9). [ |

Proposition 6.10 Let T: OH,, — OH,, have rank r > 1. Then

(6.17) ITlls, < I Tz 01, —0m, < min{[|ITls, ,108v/1+logr [ T]s- }-

In particular, for everyn > 1,

n(1 + logn) i
. ————F= ¢ S dp < ; .
(6.18) max {\/ﬁ, 288V } dy, < min {n, 108y/n(1 + logn)}
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Proof : If T = ¢(-)b has rank one, then Idsm ® : ST" @min OH,, — ST* has norm at most ||¢||

and [ly ® b”s;n(OHn) = Hy”S{n HbHOan so that ||TH7T§,OH”—>OHR < el ||bHOH" = ||TH52- The
trace-norm upper bound follows by decomposing 7" into rank-one maps by means of its singular
value decomposition. The logarithmic upper bound is the combmatlon of | , Corollary 4.8

and Proposition 4.9 p. 253]. The same results give d,, > (288v/271)"'\/n 1 + logn ) forn > 7.
For n < 7, this bound follows already from d,, > 1. To replace n by r in the upper bound for T,
use its singular value decomposition, the homogeneity of OH, and the completely contractive
coordinate inclusions and projections. These show that ”T”ﬂ'f,OHn _om, €quals the completely
1-summing norm of the diagonal map on OH, formed by its nonzero singular values.

For completeness, the Hilbert-Schmidt lower bound follows from trace duality. Let

Yoo (V) < inf{||Al|, | Bl : V = AB, B: OH,, — My, A: My, — OH,,, k > 1}.
We claim that
Yoo (V) < Vg2 -
Let d = (dy,...,d,) with dy > 0 and D = diag(dy). Let y € (M,,)™ be an element such that
1325k @ ekl om,) < L that is |®y[lg. o < 1 by Lemma 2.1, and let § € C™ be a unit

. * * * * &) % * * 2
vector. Since (66" = Y, () (€)™, we have Y2 [yill" < [|5(667)[[g, < 1. By the
Cauchy-Schwarz inequality,

Thus ||D: OH,, = R,||., < [|d||;s- In the same way, using ®,(££*), we obtain the inequality
|D: OH,, = Cy||, < ||d||sa. Since R} = C,, and OH;, = OH,, via e}, — ey, taking adjoints gives
|D: R,y = OHy,||,, < [|d|l;a. Now write V' = U diag(s,)W* with unitaries U, W and singular
values s;. The maps B = diag(,/sx)W*: OH,, = R,, C M,, and A = U diag( /sx)P: M,, —
OH,,, where P(z) = ej1x is the completely contractive projection of M,, onto its first row Ry,
satisfy V' = AB and ||A|| ., [|Bll., < Ok s2)2 = |V'||g2, by homogeneity of OH,,. This proves
the claim. By | , Lemma 4.1 p. 250], we have | Tr(VT)| < voo(V) HTH‘/rl,OHn—>OHn Taking

V =
u

2

Z dryr R ek
k

* 2 2
= sup > el < Nl
k

M (Rn)

mT* proves the lower bound in (6.17). Applying it to the identity completes (6.18).

Remark 6.11 Equations (6.15) and (6.18) estimate the tensor norm of the identity in the
bilateral free model, with the exact normalization c2. The logarithmic order and the constants
108 and 288y/27 come from [ ]. The number d,, is related to projection constants: if
Acb(OH,,) denotes the infimum of || P||,, over projections from B(H) onto a completely isometric

copy of OH,,, then
n

a.
This follows directly from | , Lemma 5.2 p. 111], since OH,, is 1-homogeneous and isometric
to a Hilbert space, see also the trace-duality argument in [ , Equation (4.2) and Corollary

4.12 p. 255]. For the best constant in the two-state estimate for completely bounded maps from
a C*-algebra to OH, see [ , Remark 13.12 p. 286] and | , Remark 13.12 p. 48].

Aeb(OH,,) =
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7 Tensor distortion and complementation

Let A, j and h; be as in Corollary 6.7, and put j, def jlon, . We regard the following tensor
map as a map between Banach spaces. Its inverse norm below is an operator norm, not a
cb-norm.

Proposition 7.1 The injective map i, def Jn ® jn: OH,®0H, — N.®N, satisfies

. . n
(7.1) linll =1, |lint]] = - = Aen(OHn).
Every completely bounded projection P: N, — j(OH,,) satisfies
n
(72) 1Pl > /2

In particular, j(OH) is not completely complemented in N.

Proof : Every tensor in OH,, ® OH,, has a unique expression t7 = >, _, e ® T'(e),). Projective
tensor duality identifies its dual with CB(OH,,, OH,,), see | ] and | ]. Self-duality and
homogeneity of OH,, identify this last space isometrically with B(¢%). The resulting dual norm
is the trace norm, so

) (6.10)
(7.3) ltrllom, eom, = 1Tl lin(tr)ly.en. = 1Tz 0n,-0m, -

The ideal property and homogeneity imply that ||||7r(1) is invariant under multiplication by

unitaries on either side. Let D = |T| and let u be normalized Haar measure on the unitary
group U(n). Since fZ/{(n) UDU* du(U) = n~! Tr(D)Id, convexity gives

d
ST llgs < W lhng om0, -

Equality holds for 7' = Id. This proves the inverse norm formula. The map i, is contractive,
and equality of the norms on elementary tensors gives ||i,|| = 1. The last equality in (7.1) was
recalled in Remark 6.11.

If P is a projection as stated, put r def j
space projective tensor product gives

~1p: N, — OH,,. Functoriality of the operator

n

. 2 2
(r@r)in=1d, [lrer]|<lriy = 1Pl -

Equation (7.1) therefore implies (7.2). If a completely bounded projection onto j(OH) existed,

composition with its completely contractive orthogonal coordinate projections would yield pro-

jections onto j(OH,) with uniformly bounded cb-norms. This contradicts (7.2), since (6.18)

implies 7~ — oo. [ ]

By (6.18), the inverse norm of the projective tensor inclusion has order , /% as n — oo.

AT statement. This work grew out of a quest lasting several months, during which the author
first investigated finite-dimensional obstructions before seeking a completely isometric embed-
ding of OH into a noncommutative L!'-space. Al tools supported exploratory mathematical
discussions, the development and scrutiny of tentative arguments, and revision of parts of the
manuscript. They also assisted with programming for numerical experiments involving nonlin-
ear matrix equations, random matrix models and truncation asymptotics. These experiments
informed the search for the construction and the comparison of the two norm computations.
AT tools were also used for language polishing. The author takes full responsibility for the
mathematical content and final presentation.
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