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Abstract

We prove that three-dimensional U(1) lattice gauge theory with the Wilson action
confines static charges at every coupling. More precisely, for each 5 > 0 there are () > 0
and R (/) < oo such that rectangular Wilson loops of sides R, T > Ry (/3) satisfy (cosf¢) <
exp(—o(B)RT + ¢(R + T)), uniformly in the finite box, with an absolute constant ¢ and
an explicit lower bound on o(8). For the Villain action this is the theorem of Gépfert and
Mack. For the Wilson action it is cited as known but has remained open. The proof rests on
a comparison. The Wilson plaquette weight is a mixture of Villain weights whose coupling
has a very light upper tail. Hence, by Ginibre’s inequality, the Wilson loop at coupling
[ is at most an average, over a sparse Bernoulli set of frozen plaquettes, of the Villain
loop at coupling K3, and frozen plaquettes are insulating walls for the monopole gas. A
variational regularization, built on the smallest minimizer of a cut functional, freezes more
plaquettes, which only increases the loop. It produces slit domains on which the multiscale
analysis of Gopfert and Mack, with wall fields graded by their periods around the handles,
runs with uniform constants. On these domains the loop decays like the exponential of the
minimal spanning area with frozen plaquettes free. A Peierls estimate shows that this area
is at least (1 —n)RT outside an event of probability at most e T +OE+T) " with n — 0
as K — oo. We carry over the steps cited from Brydges—Federbush and Gopfert—-Mack
with explicit changes and prove them in full in Part S4 of the supplementary material,
including a tree-graph counting step of Brydges whose printed deduction is incomplete.
As corollaries, we obtain the area law at every coupling for all closed subgroups of U(n)
containing the scalars, also with a Higgs field blind to the centre (as for U(2) with an
adjoint Higgs field), and for the Georgi-Glashow model at infinite Higgs coupling.

Keywords lattice gauge theory, confinement, Wilson loop, area law, Coulomb gas, Debye
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1 Introduction

1.1 The model and the main result

Three-dimensional U(1) lattice gauge theory is the simplest gauge theory in which static charges
are expected to be confined at every coupling. By Polyakov’s mechanism [Pol77, BMKT77],
magnetic monopoles form a plasma that screens the magnetic field at the Debye length and
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squeezes the electric flux between two static charges into a tube of finite tension. Gopfert
and Mack proved this for the Villain action [GM82]. In this paper we prove it for the Wilson
action.

Definition 1.1 (Wilson and Villain measures and the Wilson loop). A finite box A C Z3 is
a cell complex with vertex set A, bonds (oriented edges) e and plaquettes p (free boundary
conditions throughout); for 0 € (R/27Z)¥™) and an oriented plaquette p, 6, is the sum of 6,
around Op.

1. The Wilson measure at inverse coupling 5 > 0 and the Villain weight at coupling 7 > 0
are

1
uy 5(do) = T [TePs [[dbe,  5r(0) o Y emmO=2mm/2, (1.1)
AB p e meZ

the Villain measure ,uX’T is ,uKVB with ef <% replaced by 07 (6p).

2. For a rectangle C' = Cgr of sides R,T € N in a coordinate plane, an oriented closed
lattice path, ¢ := > . 0c, and the Wilson loop expectation is (cos 00>XVB'

3. The model has an area law at coupling B if there are o > 0, ¢ < oo and Ry < oo such
that (cos 9@}«5 < exp(—oRT + ¢(R + T)) for every rectangle C' with min(R,T) > R;
and every finite box A D C.

This area law, uniform in the box and with an explicit perimeter term, is stronger than
positivity of the iterated-limit string tension a of [GM82, (1.7)], whose finite-loop estimate
carries the loss term Pr of [GM82, (7.7)]. Theorem 2.1(c) shows that the infinite-volume limit
exists and that the area law passes to it.

Theorem 1.2 (Main theorem). For every 3 > 0 there are o(f8) > 0 and R1(8) < oo such that
for every rectangle C of sides R, T with min(R,T) > Ri(8) and every finite box A DO C,

(cosOc)N 5 < exp(—a(B)RT + c(R+T)), (1.2)

where ¢ is an absolute constant. Moreover, for every K > K, := 377.38 there is fo(K) < oo
such that, for every B> Bo(K), o(B) and R1(B) can be chosen, depending on K, so that (1.2)
holds and

o(B) > 1.35-10 4 ¢ cp, (K B) "1/ 2e 2436 K5 (1.3)

where cg,cr, are the fived regularization constants of Section 8.2; for B < Bo(K), (1.2) then
holds with o(3) and R1(B) equal to the values so chosen at Bo(K).

The first assertion follows from the second with one fixed K > K,. In the first assertion
the absoluteness of ¢ is no restriction: if (1.2) holds with a constant ¢ = ¢/(8), then it
holds with ¢ = 0 and with o(8)/2 and max(R;(53),4c¢ /o(B)) in place of o(8) and Ri(f),
since ¢(R+ T) < 2¢ max(R,T) < 30(8)RT when min(R,T) > 4¢'/o(j3). Its content is the
uniformity in A; the absolute ¢ matters together with (1.3). With ¢; = 1/4 and ¢, = 1.6-1071
(Section S1.1.1), (1.3) reads o(f) > 5.4 - 10724(K B)~1/2¢=249436K5 (Section S1.1.3).

Corollary 1.3 (Groups containing the scalars, with or without Higgs fields blind to the centre).
Let G C U(n) be a closed subgroup with {zI : |z| = 1} C G, in d = 3 with the Wilson action
BReTr U, (free boundary conditions), with or without a Higgs field coupled through any action



that depends on the links only through p(U.), p a representation of G trivial on the scalars.
At every 8 > 0 and all Higgs couplings, for every rectangle C with min(R,T) > R1(2n3) and
every finite box A D C, [(Tr[[,cc Ue)a,g| < 2nexp(—o(2nB8)RT +c(R+T)); in particular for
U(2) with an adjoint Higgs field.

Corollary 1.4 (Georgi—Glashow model at infinite Higgs coupling). The SU(2) lattice gauge
theory with the Wilson action (3 - %Tr Up and a unit adjoint Higgs field at hopping coupling
Kk = 00, defined in each finite box as the limit k — oo, is the U(1) Wilson model at coupling 3,
and it obeys the area law (1.2) at every § > 0.

1.2 Background

The Villain action. Gopfert and Mack [GM82] made Polyakov’s mechanism rigorous for the
Villain action. By duality the model is a Coulomb gas of monopoles, which they control by an
iterated Mayer expansion down to the Debye scale [GM81a] and a single-scale expansion built
on the analysis of Debye screening of Brydges and Federbush [BF80, Bry78]. Their Theorem 1
is the large-3 bound a > empB~! [GMS2, (1.9)], and all couplings follow [GMS82, Corollary 2]
by the 3-dimensional version of Guth’s inequality [Gut80, Lemma 4.1]. The expansions use
the Gaussian form of the dual weight: in [GM82, Appendix A] the Villain action is chosen
explicitly, in place of their Wilson action (A.4).

The Wilson action. In three dimensions the rigorous results are the area law at strong cou-
pling [OS78], for all compact groups, and logarithmic bounds at all couplings, for U(1) [GJ77]
and for closed G C U(n) containing the scalars [Cha26]. Frohlich’s comparison [Fr679] bounds
the Wilson loop of such a group by a U(1) loop with the Wilson action A" = —3'3_  cos(fg,) of
[Fro79, (6)], at coupling 2n3 [Fro79, (23), (24)]. Thus an area law at every coupling for groups
with a central U(1) requires the Wilson case of U(1), not the Villain case. This case is stated
as known in [CNS25, For26], and so is a mass gap for all 5 in [Nis25]. For the Wilson action,
Cao, Park and Sheffield [CPS25, open problem (b)] state that when d = 3 and N = 1 the
area law holds for all 3, citing [GMS82], and that, since U(1) is the centre of U(IV) for general
N, Frohlich’s comparison then gives the U(NN) area law for all 5 and all N > 1. Chatterjee
[Cha26, v2] leaves open whether Frohlich’s comparison can be combined with the Villain result
of [GMS82] to give an area law for U(n) with the Wilson action, on the grounds that a careful
argument would need additional technology and a careful comparison of the formulations and
limits involved.

Related work. The mixture of Lemma 2.2 is used to prove lower bounds for the XY model
[AHPS21, Lemma 9.6] and the annealed Villain model [DvEG26]. Here we use it for an upper
bound. The same Bessel dual weights and their Gaussian mixture enter recent work on the
critical planar XY model [Ope26, §2.1]. In four dimensions a Coulomb phase is proved for the
Villain [Gut80, FS82] and the Wilson action [Kin86].

1.3 Strategy

The proof has four steps.

(i) Comparison (Section 2). Lemma 2.2 expresses e’ /I5(3) as a mixture of Villain
weights ©;,,, by a theorem of Hartman and Watson [HW74], and Lemma 2.3 shows that
Villain loops are nondecreasing in each coupling. We raise the couplings below 7 = K5 to 7
and the others to oo, and Lemmas 2.4 and 2.6 allow us to dominate the set of the latter by a



Bernoulli set of density § = e=%5)? where ¢5(K)/K — co. In this way Theorem 2.5 bounds
the Wilson loop at 8 by the average over a Bernoulli set D of the Villain loop at 7 with D
frozen. Proposition 2.9 places this Villain loop in one box A° of the size of the loop, where
frozen plaquettes are insulating walls (Proposition 2.10).

(ii) Regularization (Sections 3 and 4). A deterministic construction maps each D to a hole
set and frozen sheets. It freezes more plaquettes, which only increases the loop. The hole set
of its first phase is the smallest minimizer of a cut functional that penalizes blocks crowded
with marks. Thus each cost bound is a comparison with an explicit competitor. A local seal
removes thin pieces of blocks, and a second phase enforces non-fragmentation, which is not
local. The output, a slit domain G’(D), has uniform isoperimetry, cells of controlled size and
shape with a Poincaré inequality, and non-fragmentation, with constants independent of 3, K,
C, D (Theorems 3.20, 3.21).

(iii) Deterministic area law (Sections 6 and 7, Appendices A to C and D). On each output
G'(D) we run the analysis of [GM82, GM81a, BF80] with uniform constants, grading the outer
partition functions by the periods of their walls around the handles of the insulating set. We
adapt the steps we need from these sources (Section 1.4), and Appendix A proves a tree-graph
counting step of [Bry78] for which the deduction given there is incomplete. Theorem 7.57
states that on each output the loop decays like the exponential of the min-cut area Ag/(C), in
which frozen plaquettes are free.

(iv) Min-cut lower tail (Section 5). A Peierls estimate shows that Ag/(C) > (1 — np)RT
outside an event of probability at most 24C1+5e=A T with 7 — 0 as K — oo (Theorem 5.1).
We impose the condition K > K, for this estimate alone (Lemma 2.6 and the remark after it).

In Section 8 we combine the four steps into the following chain: for 8 > [y(K), with
D ~ Ber(6) on the interior plaquettes of A°,

(cos 90>K13 <Ep gfi\’cf,T(C; D)
< Ep Wer () (C)
< Ep exp(—ovAg(p)(C) + ovnsRT + en(R+T))
= exp(—ovRT + oynsRT + cy(R+T)) Ep exp(ov (RT — Aci(py(C)))
<exp(—ov (1 —nr —ns)RT + cn(R+T) + 4|C| + 4),
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and Theorem 2.1 extends it to all 5.

Two natural routes fail.  First, the Wilson dual weight I,(8)/Io(8), of order
e~ Inllogln|(1+o(1)) *is dominated by no Villain dual weight e /(2), Second, on the car-
pet graphs of [CG25], where the Villain action is a limit of Wilson actions, the Wilson model
is the limit with the auxiliary plaquettes frozen, and hence Ginibre’s inequality bounds the
Wilson loop from below, not from above. In Appendix E we show that the first obstruction
persists on every finite box: for the Wilson action the charge-k loop around a plaquette is
at least I;(B8)/Io(B), while every Villain mixture with couplings at most 7 gives at most
e—rk?/ (27) where k > 0 depends only on the box and the plaquette (Theorem E.2). Hence
no comparison that holds for all charges at once, such as those obtained from correlation
inequalities, bounds Wilson loops by Villain loops with bounded couplings, even with a
perimeter factor (Corollary E.4), and this is why Theorem 2.5 keeps a random set of frozen
plaquettes (Remark E.7).



1.4 Conventions

Dependence between sections. Sections 2 and 8 need one fact about the construction, stated
in Theorem 3.20: the output is a deterministic function of D with D C § of (2.9). Sections 6
and 7 can be read independently of the construction, given Ag/(C') and the items listed after
Theorem 7.57, namely (R2), (R5) to (R10), (N3), Lemma 4.4, the frame of Section 3.1 and the
coarse alignment of the output. Section 5 relies on the construction of Section 3 and on the
history bounds of Theorem 3.21. The properties (G1) to (G5) contain all that we use about
the loop-adapted grid after its definition, and (R5) to (R8) all that later sections use about
the cells and interfaces of the output. Appendix E uses only Section 2, and no other part of
the paper uses it.

Couplings. We write 8 for the Wilson coupling, 7 = K for the Villain coupling of the
comparison, and Sgy = 4727 for the coupling in the normalization of [GMS82], which we use
in Sections 6 and 7 and in Appendices A to C.

Constants and units. We fix the constants once, in the order of Section 8.2. Those fixed
before K do not depend on 3, 7, K, C or D, and ¢, C' with or without indices denote such
constants, except where a dependence is shown or stated. This is the case for ¢s(K), which
also depends on 3, for c’g and ¢,, which depend on 8 through the size and the rounding of L,
and for cqep. The letter C' also denotes the loop. One site is one coarse cell of the loop-adapted
grid in Sections 3 to 5, unless “fine” is written, and the lattice spacing is one in Sections 6
and 7 (Section 2.5).

Supplement and editions. Sections S1, S2 and S3 of the supplementary material give the
values of the constants with their arithmetic, full proofs of steps sketched here, and numerical
checks (Section S3.1). Part S4, a separate file of the supplementary material, uses the sources
only as a guide and gives complete proofs of the steps that the main text takes from the
literature with changes or presents in compressed form. Sections of the main text that contain
such proofs name the relevant sections of Part S4 at their start, and the tables of changes, such
as Table 6.1, are meant for readers who know the sources. Equation, section and page numbers
of [GM82] and [GMS81a] refer to the preprints [GM81c] (DESY 81-036) and [GM81b] (DESY
81-014), equation numbers of [Fr679] to its preprint IHES/P/79/02, and lemma numbers of
[Gut80] to its preprint CLNS 79/439.

2 From the Wilson action to a diluted Villain model

In this section we bound the Wilson loop by an average of Villain loops over a Bernoulli set of
frozen plaquettes, and we show that frozen plaquettes are insulating walls.

Complexes and fields. Let X be a finite 2-dimensional cell complex with oriented edges
E(X), oriented plaquettes P(X) and incidence numbers [p : e]. For § € TFX) T = R/277Z,
we set 0, := > [p : e]fe, and for n € ZFX) (9n), = >pnplp ¢ el. An integer 1-cycle
is a C € ZPX) with zero boundary, Oc := 3, Cele, and Zo(X) := kerd. The Villain
weight of Definition 1.1, normalized by [©,d0/2r = 1, is 9,(0) = Y,z e~/ (2)ginf —
(2nt) /2 Y mez e~t6-2mm)*/2 5 () by Poisson summation, and @ — 1 uniformly as ¢t — 0.
Let /“Lyﬂt o [1,9t,(0p) [1. doe for ¢ € (0, 00)P(X) | and ul)/‘(iﬁ x [, ePeostp T df,. For T > 0,
D C P(X) and s > 0 let t;’D’S be 7 off D and s on D. Then the frozen expectation
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Y 4m.D,s €xists by Lemma 2.3, and the plaquettes of D are frozen.

9x,-(C; D) := limg_,5(cos Oc)

Ginibre’s inequality. Let p o< exp()_ 4 Jacos(A - ¢))d¢ on a torus T™, where A runs over
a finite family of integer vectors and J4 > 0. Then for all integer vectors B, B’

(cos(B-9)), 20, {cos(B - 6)cos(B'- §)) — (cos(B - §))u(cos(B' - 6)), >0, (2.1)

by [Gin70, Propositions 2 and 3] applied to the torus of [Gin70, Example 4], with S the set of
functions cos(m - ¢). In particular, d(cos(B - ¢)),/0Ja > 0 for all integer vectors B.

2.1 Monotonicity

Theorem 2.1 (Monotonicity for the Wilson action). Let C' be an integer 1-cycle supported
in a box A C Z3, in the U(1) Wilson model with free boundary conditions. (a) <e"90>K/ﬂ =

(cos 9@}(5 € [0,1]. (b) (cos QC>K{5 is nondecreasing in 3, and mondecreasing in A under
inclusion. (c) Along every increasing sequence of boves Ay, exhausting Z3 the limit {cos «90>gv =

limg (cos 90”\‘2,6 exists, equals the supremum of {(cos HC)XVﬂ over all bores A containing the
support of C', and is nondecreasing in .

Proof. (a) and the monotonicity in S are (2.1) with J, = /3, together with the substitution
6 — —6. For the volume monotonicity, let A C A’ be boxes. The expectation on A’ with
coupling s € [0, 5] on the plaquettes not in A is nondecreasing in s and equals the one on A at
s = 0, where the edges outside A interact with nothing. (c) follows, since each box lies in Ay
for large k.

2.2 The Hartman—Watson mixture and the annealed coupling field

Lemma 2.2 (Hartman-Watson mixture). For every 8 > 0 there is a unique probability mea-
sure wg on (0,00) such that, for allv >0 and 6 € T,

eV U2 o (du) = 1,(B) efcos? _ 5 "
/(o,oo) s(du) 1(8)’ Io(B) /(O’oo) 1/u(0) wp(du), (2.2)

and wg((0,¢)) < e”’¢/21,(8)/Io(B) for alle >0 and v > 0.

Proof. By [HW74, Theorem 1.3], I,(8)/Io(8) = [ e "t W (dt, 8) (0 < v < o0) with a distri-
bution function W (-, 3) on [0,00). We let wg be its image under u = 2¢, which has no atom
at 0 because I,,(8) < (8/2)"¢?*/4/T(v +1) — 0 as v — oo. The second identity follows from
the first by Fourier inversion and Fubini, as }_ I,/(8)/lo(8) = e?/I5(B) < oo (for the XY
model it is [AHPS21, Lemma 9.6]). The tail bound is the Chernoff bound 1,«. < e Eemu)/2,

It is unique, since a finite measure on [0, 00) is determined by its Laplace transform on [0, 00),
which the first identity of (2.2) gives at v?/2 for every real v > 0.

Lemma 2.3. Let X be a finite 2-complex and C an integer 1-cycle. (a) Fort € (0,00)7(X),

(sin 90>¥(,t = 0 and (cos 90)3/(,t > 0. (b) (cos 90>¥(,t is nondecreasing in each t,. (c) (a) and
(b) hold when some plaquettes are removed (weight 1, the limit t, — 0); a removed plaquette
gives a value no larger than any t, > 0. (d) For fixed couplings off D C P(X), the limit as the
couplings on D tend to oo (jointly, or all equal to s — oo; by monotonicity the two limits agree)



exists, lies in [0,1], and is nondecreasing in each remaining coupling and in D; in particular
9x,-(C; D) € [0,1] exists and is nondecreasing in D (for inclusion) and in 7.

Proof. On a cube of Z3 with couplings in (0, 00), (b) is proved in [CG25, Corollary 1.6], and
also in [Gut80, Lemma C.1] for plaquette-dependent couplings. We need the lemma for boxes
and adapt these results to them as follows. Removal, ¢, — 0, is dominated convergence in
(2.6), whose terms decrease as t, | 0 to those of the complex without p, and (c) follows. A box
is a cube with the outside plaquettes removed, and an integer 1-cycle C' has 0o = 60, for one
closed path /. Freezing, t, — 0o, is a monotone limit in [0, 1]. This yields (d), as t7P»* < ¢™P s
for D C D', s > 7. For (a) we use § — —0 and the fact that the value with all plaquettes
removed is [ cosfc df/(2m)IPl > 0. This proves the lemma on boxes. In Section S2.1 we prove
the lemma on all finite 2-complexes, by verifying Ginibre’s hypothesis for the Villain weights
directly.

The annealed coupling field. Fix X and 8 > 0. Let Z(t) := [ [, o,(6,) d6/(2m) P > 0

for t € (0,00)" (%) and let prann be the probability measure on (0,00)F (X) with density propor-
tional to Z(1/u), 1/u := (1/up)p, with respect to w?P(X). The normalization is finite and pos-

itive by (2.2) and Fubini. We also put ¥;(u) := 3" . e~"*u/2 and dg(e) == f(o 9 V7 (u) wa(du).

Lemma 2.4 (Annealed coupling field). Let X be a finite 2-complex, 5 > 0 and € > 0. (1)
For every bounded measurable F on TFX), (F)‘;(/B = f<F>;/(1/u fann(duw). (i1) (Tilt bound.)
For every p € P(X) and every u_p := (Uq)qtp, Hann(tp < € | u—p) < 0g(e). (i1) Under prann
the random set D.(u) := {p : u, < €} is stochastically dominated by Ber(8')*FX) for every
¢ € [min(dg(e),1),1]: [ F(Ds(w)) ptann(du) < EpBer(ey2re) F (D) for every nondecreasing
function F' on the subsets of P(X). (i) dz(e) < inf,>q ev’e/2 > nez Lz (B)/10(B).

Proof. (i) We multiply the second identity of (2.2) over p, integrate against F' and against 1,
and use Fubini.

(ii) The tilt is bounded because, as a function of one coupling, Z is a combination of
the functions e " /2 with nonnegative coefficients, each at most the constant coefficient.
We fix p and u—,. AS pann has density proportional to Z(1/u) with respect to a product
measure, the conditional law of u, given u_, has density proportional to u, — Z(1/u) with
respect to wg. Expanding 9y, (0p) = >, e~ up/ 2¢0p - an absolutely convergent series, we
obtain Z(1/u) = 3 7 e /24, A, = [ eintr [gzp 1/, (0g) do/(2m)El with Ag > 0
independent of u,. Here A, /Ay = (¢%) in the system with p removed. Since nf, = O
for the integer 1-cycle C' = ndp, Lemma 2.3(a),(c) shows that A, is real and 0 < A, < Ay.
Hence 1 < Z(1/u)/Ao < 9j(up), where the lower bound comes from the term n = 0, and

prann (up < € [ u_p) = f(o@)(Z/AO) dwﬁ/f(o,oo)(Z/AO) dwp < f(o,a) 0 dwg = ds(e).

(iii) Let Y}, := 1[u, > €] and fix an order sy, s2,... of P(X). Since Y, , ..., Y}, are functions
of u_g,,,, (ii) and the tower property give P(Ys,,, =1 Yy,...,Ys;) > 1 —min(dg(e),1). By

[LSS97, Lemma 1.1] this yields the domination for ¢’ = min(dg(¢), 1), and a monotone coupling
shows that EF(D) is nondecreasing in ¢'.
(iv) is the Chernoff bound 1,.. < ¢””(~)/2 integrated against 5 (vu) wg(du), with (2.2).

Theorem 2.5 (Wilson below diluted Villain). For every finite 2-complex X, integer 1-cycle
C,3>0,e>0 and ¢ € [min(ég(e),1),1],

0 < (cosbo)¥ 53 < E pBer(9)2Px) 9x,1/¢(C5 D). (2.3)

7



Proof. Lemma 2.4(i) represents the Wilson model as a Villain model with random couplings
1/up,, and by monotonicity we round all couplings up, the weak ones to 1/e and the strong
ones to co. Positivity is a case of (2.1). For fixed v and D = D.(u) we have 1/u, < 1/¢ off D,
and hence Lemma 2.3(b),(d) give (cos 9(;>}/(71/u < 9x,1/:(C; De(u)). We integrate this against
frann(du), use Lemma 2.4(i) once more, and apply Lemma 2.4(iii) to the function gx ;,.(C;-),
which is nondecreasing by Lemma 2.3(d).

2.3 The density of frozen plaquettes

From now on we take ¢ = 1/(K[3), so that the Villain coupling is 7 = Kf, and set § :=
d3(1/(KpB)) and c5(K) := —(logd)/B, a function of K and S, although the notation shows
only K. Moreover 6 > 0: ¥; > 1 gives 6 > wg((0,1/(Kf))), and wg((0,¢)) = 0 would give
L(B3)/1o(8) < e*/2 for all v > 0 by (2.2), against 1,,(8) > (8/2)"/T(v+1). For K > ¢/2 let
a, = a+(K) > e/2 be the solution of a, = K log(2a.) (unique on (e/2, 00), where a — a/log2a
increases), and put ¢§ (K) := a, (3 log2a, — 1) + 1.

Lemma 2.6. Let K >¢/2 and B > 7~ 2. Then

! ) + log((2a.8 + 5)7r\/B) + %, (2.4)

_ Sp _
logd < 5(65 (K) Ta.

so that cs(K) > &5 (K)—1/(4a.) —Ox (log 8/B). The function K — ¢;°(K)/(2K) is increasing
on (e/2,00); it equals 14.9662 at K = 377.3635, and it is at least 14.9663 for K > K, = 377.38.
Consequently, for every K > K, there are e > 0 and 1(K) such that

cs(K)

> 14.9662 + ex (B > B1(K)). (2.5)

The number 14.9662 is 672vcp(0) = 14.96613052... rounded up. Here vcop(0) =
(—Agzs)~1(0,0) = 0.2527310... is half of Watson’s integral [Wat39] in the normalization
of [Zucll], whose closed form is [Zucll, (3.6)] (Section S1.1.1), and the Debye exponent
m2vcp(0) = 2.4943550871 ... gives log(1/m) = m2vcy(0) 7 + O(log ) (Definition 3.1). Thus,
for K > K., (2.5) says 6%/2 < mSe~<x7+00%e7) I the Peierls count of Lemma 5.12 this
means that one mark, of probability at most §'/2 (Definition 3.6), outweighs the entropy
(m~1)6+°(M) of a root and a part. For the first assertion of Theorem 1.2 the value of K, is not
needed: with ¢ := log2a,(K) we have K = e'/(2t) and ¢’ (K)/(2K) = 1t(t — 2) + te™", which
tends to co with K (as t > log 2K), so every sufficiently large K satisfies (2.5).

Proof. Roughly speaking, the heavy dual tail of the Wilson weight comes from wg near u = 0.
Applying Lemma 2.4(iv) at its saddle point v = a,f, with the series of I,, log-convexity
of T', Stirling’s inequality and Io(8) > e?~Y/2/(x\/B) for § > 72, we obtain (2.4) (Sec-
tion S1.1.2 gives the computation, the monotonicity and the two values). For K > K,,
ex = 3(P(K)/(2K) — 14.9662) > 9 - 1075, since ¢;’(K)/(2K) is increasing and, by the
computation in Section S1.1.2, equals 14.96639 at K. For these K the value 14.9663 of the
statement gives e > 5-107°, and as 1/(8Ka,) < 1077 for K > K., either lower bound on ex

shows that (2.4) implies (2.5) once the Ok (log 8/3) term is below Keg.



2.4 The dual representation and the frozen limit

Let A’ be a box, regarded as a closed cubical complex with cubes Aj, plaquettes A} and
boundary plaquettes &A’, and let @ : ZA — ZA2 be the boundary map, cubes oriented
outward. Since the complex is contractible, 0 is injective, Zo(A') = 73, and each integer
1-cycle C in A’ bounds an integer 2-chain ny.

Lemma 2.7 (Dual representation). Let t € (0,00)22, let C' be an integer 1-cycle in A, and
let ng be any integer 2-chain of A with Ong = C. Then

Zk " H —(no+0k) /(2tp)
€
Zk oy Hpe (0k)3/(2tp)
c7"3

(cosfc)hr = = (2.6)

Proof. By the expansion Hp O, (0p) = Z ez H e/ () i(0n)0 \which converges absolutely
and has even coefficients, (€"¢) = (cos 0(;> is the ratio of the sums over On = C' and over
dn = 0. Since Zo(A') = dZs and 9 is injective, the chains n = ng + 9k, k € Z"s, parametrize
the first set bijectively for every choice of ny (a point that matters when frozen plaquettes
surround an edge of C).

Dually, cubes are sites, an interior plaquette is a bond between its two cubes, and a bound-
ary plaquette is a bond to an exterior ground site, where £k = 0. We now fix 7 > 0 and a
set I C A} of plaquettes to be frozen, and let t, be 7 for p ¢ F and s for p € F. The
unfrozen graph has the cubes and the ground as vertices and the plaquettes not in F' as
bonds, and K denotes the set of its components not containing the ground. A cube with all
faces in F is such a component. Fix cg € & and put W := {3 g r, agla : a € 7Z*rY and
W' = {k € Z" : k(cg) = 0 for all & € Kp}. Then Z% = W @ W', and (w), = 0 for w € W,
pEr.

Lemma 2.8. In this setting, for every integer 1-cycle C in A’ and every integer 2-chain ng of
A with Ong = C,

ZkEW’ eXp( Zng(no + 8]{5) )
lim (cos 0¢c) ks = :
s7ro0 D kew eXP( 37 2per (0F)3)

The quadratic form k — ZP¢F(6k)§ is positive definite on W' @R, so both sums converge; the

(2.7)

summands are invariant under W, so the sums run over ZAé/W (k modulo one constant on
each component in Kr) and do not depend on the choice of W'. In particular every cube all
of whose faces are frozen drops out.

Proof. Freezing deletes dual bonds. The only issue is the soft directions W, one zero mode for
each component in K, isolated cubes included, such as the cubes outside A’ in Proposition 2.9.
Along these directions only the frozen weights act, at strength 1/s. Poisson summation over
w € W, where k = w’'+w and the quadratic form of this summation is positive definite because
0 is injective, gives a prefactor that cancels in the ratio times a factor in [0, 2] tending to 1.
A w' with 1pcOw’ = 0 is constant on components and vanishes on that of the ground, which
proves the positive definiteness stated in the lemma. Dominated convergence then yields (2.7)
(see Section S2.1 for the details of this proof).



2.5 One box with insulating walls

For a box A/, D C Ay \ 8N and 7 > 0, g{f (C;D) = gar~(C; D U Ba) is the Villain
expectation on A’ with the plaquettes of D and the boundary plaquettes frozen. We write
C c A\ 90N if all edges of C lie in A’ and none lies in the boundary of A’.

Proposition 2.9. Let C be an integer 1-cycle, A a box with C C A\ 9N, K,8 > 0, T
Kf, ¢ as in Section 2.3 and 0’ := min(d,1). For every finite box A O C, (cos 90>/‘/\V6

IA I

fi .
EDNBer(d’)®(A§\B2A'> 9577 (C; D).

Proof. We use volume monotonicity and then freeze everything outside A’. Let A” D AUA’ be
a box and Fuy, := Ay \ (A} \ 92A’). Then Theorem 2.1(b), Theorem 2.5 on X = A” with ¢ =
1/(Kp), and Lemma 2.3(d) give (cos 00>Kf,6 < Epr gar +(C; DU Foyy), where D ~ Ber(8')®A2
and D := D" N (A} \ d2A’). By Lemma 2.8 on A” and on A’ (ng in A’), the right side is
g[ﬁ\’fT(C; D), as the unfrozen plaquettes are the same, the cubes outside A’ are isolated, and
the ground is not reached.

Slit graphs. Let A’ be a box, § C A}, with A’ C §, and X C A} a set of cubes all of whose
faces lie in §. The slit graph G' = (V,E) has V := Aj\ X and E := E(V)\ S, with E(V)
the nearest-neighbour pairs in V' and S those whose common plaquette lies in §. Conversely,
each triple (A, X,S), S a set of bonds with both ends in Aj \ X, arises in this way, with
§ = F(X) U Fg U 02A’, where F(X) is the set of faces of the cubes of X and Fs is the set
of plaquettes dual to S. The phrase “every slit graph” means every such triple. As E omits
the bonds of S, a slit graph is in general not an induced subgraph of Z3. Its components
are denoted R (an isolated vertex is a component), its vertices have degree at most 6, and
der(z,y) > ||z — yl|1, with dgr = oo across components. We orient a bond b = (x,y) € E and
its plaquette p, compatibly, with p, oriented as in dx. For an integer 2-chain Z of A’ with

= = C let & € Z be the coefficient of p, in Z, which for the flat rectangle spanned by C is
the signed crossing number, in {0,+1}, and for k € Z put

Zer (K, Z) ::Zexp(—2i > (mly) —m@) —k&)*),  WelC) = Zowg) @9
[m] T b=(zy)eE G

where [m] runs over the classes of m € ZY modulo functions constant on each component.

Coarse and fine. In Sections 3 to 5 the hole set X is a set of coarse sites and the frozen set S
is a set of coarse bonds, as in Definition 3.7, with the coarse slit graph (A°\X, E(A°\X)\S). In
view of Definition 3.4, a coarse face carries between T‘(2] and Fg fine plaquettes. On the fine lattice
the hole cubes are the fine cubes in sites of X, F(X) is the set of their faces (Definition 3.6),
Fg is the set of fine plaquettes in the coarse faces dual to the bonds of S, and

§ = F(X) U Fs U 8,A°. (2.9)

For the output (X,S) = (X(D),S(D)) of Theorem 3.20 the fine slit graph of this § is the
output G' = G'(D). Tts vertices are the fine cubes of A° outside the holes, and a bond at a
vertex is missing from F exactly when it leads into a hole, is frozen (dual to Fg), or leaves A°.
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Proposition 2.10 (Frozen plaquettes are insulating walls). Let A’, §, X and G’ be as above,
7> 0, and C an integer 1-cycle in A'. For every D C F\02/, gR’,"T(C’; D) < g%’,‘J(C;§\82A’) =
Wei (C), and Wei (C) depends neither on the choice of = nor on the choice of X.

Proof. By Lemma 2.3(d), freezing raises the loop, and the inequality follows. Since freezing
also deletes a dual bond, holes, sheets, cuts and box walls are admissible. For the identity we
apply Lemma 2.8 with F' = §, ng = =. Here no component reaches the ground, cubes with all
faces in § (those of X among them) are isolated and drop out, and (£+0k),, = &+ k(x) —k(y)
gives Z¢(1,2)/Z¢(0,E) with m = k|y. A change Z' = =4 9U is absorbed by m — m — Uly.
On outputs, D C F(D) for all D by Theorem 3.20, and hence the inequality applies to every
D.

Definition 2.11 (Min-cut area). For § as in (2.9), the min-cut area of C' in G' is Ag/(C) =
min{#(supp X \ §) : X an integer 2-chain of A° with 0¥ = C'}.

3 The regularization: construction and main properties

In this section we define a deterministic map D — G'(D) from sets D of frozen plaquettes to
slit domains and state its main properties, Theorems 3.20 (terminal state) and 3.21 (history),
which we prove in Section 4; the details of the proof of Lemma 3.9, including the lattice of
minimizers, are in Section S4.1. Throughout Sections 3 to 5 we fix K > K,, 8 > Bo(K),
7 = Kf and the constants fixed before K, for which we refer to Section 8 and, for their values,
to Section S1. The loop C' = 0= bounds the rectangle = := [r1,71 + R]| X [t1,t1 + T] X {20}
(r1,t1, 20 € Z, fine units), with min(R,T") > R;. We treat other planes by permuting the axes.
All statements hold for arbitrary D C A§ \ 02A°. Units are coarse (one site is one coarse cell
of the grid) and distances are coarse £>° distances unless “fine” or “Euclidean” is written. We
write Qoo(u,r) :={z : |z — uloo <71}

Before the formal definitions we outline the design of the construction. The Phase-1 hole
set is the smallest minimizer of a cut functional, given in Definition 3.11, and in Section 4.3 we
pay its cost by comparison with competitors that replace a region, at a bounded cost per mark.
Smallest minimizers are canonical, so the definition of Phase 1 involves no tie-breaking rule.
Fills add whole blocks and are triggered by a count of marks. Penalizing defective interfaces or
weak links instead fails by cascades, since freezing the bonds of one defect can create defects
of the same kind in other blocks, cells being defined through windows, whereas filling blocks
changes no bond inside other blocks. We enforce (NF,) by a rule of Phase 2, the cut rule, and
not by a term of the functional, since the deletion competitor used in that comparison can
create a fragmented split. The local seal of Definition 3.16 fills the thin pieces of blocks that
minimality does not exclude.

3.1 Scales, the box, the grid

Definition 3.1 (Scales and units). Let m € [mp/2,2mp] be the screening mass of Section 6
(fine units). The scales are: the fine side 79 > 1 of a coarse cell, which is at most 7y :=
2rg — 1; the block scale L., the largest even integer < cpm~!/ry (coarse), and L := oL, (fine);
pr = Lc/12 and the hull penalty A := 1/p) = 12/L¢; Vi := (1 — ny)3p3 /2 with n,, := 1/10;
the window bound kp := 304L,; the removal scale ¢ := {p/rg with ¢p := L[m~!/L]; and
Ry := (2rg + 5)L (fine) with rg := (kp + 3)/L. < 305.
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The lower bounds on 7 used here are L, > 4 and mL > c1/2 (Section S1.2). Since
cr, < 1/308, we have
¢>kp+4L. = 308 L, mL < cp, < 3. (3.1)

Definition 3.2 (The box A°). Put m := max(R,T), M := max(3m, ro({ + 3)) (fine), M}
the even integer in {Ma, Mj + 1}, and 0 = (01,02, 03) := (r1 + R/2, t1 +T/2, zp), the centre
of 2. Then A° := Hi:l[aM7 b,] with a,, := |o,] — M} /2 and b, := a,, + M}, a cube whose faces
are lattice planes; A§ is its set of plaquettes and J,A° the set of those contained in JA°.
Lemma 3.3. (a) A° and its grid &(C) depend only on C' and the constants. (b) Consecutive
special planes are at fine distance > L. (¢) Every coarse side of A° is > ¢ > kp + 4L., and
A° is a union of blocks and of removal cells. (d) The coarse sides n, of A° satisfy max, n, <
2min, n,. (e) A° contains the fine {>°-neighbourhood of radius m of =, so dist(C,0A°) >
max(R,T), C C A°\ 0A°, and the fine side of A° is > 3max(R,T).

Proof. Parts (a) to (d) are proved in Section $2.2, and for (e) we use M} > 3m and o, — 3 <
lon] < op. These inequalities give ry —a; > (M} — R)/2 > m, and the integer by — (r1 + R)
is at least o1 — 3 + M} /2 —r — R = (M) — R—1)/2 > m — 3}, hence at least m. Direction 2
is the same with 7', and 29 — ag = b3 — 29 = M} /2 > m.

Definition 3.4 (The loop-adapted grid &(C)). The grid &(C'), constructed in Section S2.2,
is a function of C' and the constants. Its special planes are the planes of C' and the faces
of A°. Tts sites are boxes of fine sides in [rg, o] forming, combinatorially, a box of Z3, with
nearest-neighbour bonds E. The coarse face dual to a bond is the common face of its two
sites. Blocks are the boxes between consecutive block planes of the three directions. A block
face F' is the common face of two adjacent blocks, and |F”’| is the number of bonds across
it. The block distance of two blocks is the ¢°° distance of their indices. For a remowal cell A,
|0A| is the number of bonds of Z3 with exactly one end in A, bonds leaving A° included. The
window Q(Q) of a block @ is the union of the blocks at block distance at most 75 from @, and
Q is the set of windows. For a block face F’ between blocks @, @', in the plane P’, the tube
zone Z(F') is the set of sites of Q U Q' in the L./2 layers nearest to P’ on each side, and the
tube T, of a bond b across F’ is the segment of its line formed by its L. sites in Z(F”). The
grid has the following properties. (G1) Consecutive parallel block planes are at coarse distance
in [L.,2L. — 1]. Blocks have coarse sides in [L.,2L. — 1], fine sides in [L,2L — 1], volume in
[L3,8L3), and |F'| € [L?,(2L. — 1)?]. (G2) Every block is a box with six faces, each a block
face or contained in JA°. A line in direction u crosses only block planes perpendicular to e,,.
Every special plane is a block plane, and A° and every removal cell are unions of blocks. (G3)
Removal cells tile A°, have coarse sides in [¢,2¢ + 2L, — 3] C [¢,3() and fine sides at most
3¢p (a block of coarse side a > L. > 4 has fine side at most rga + ro — 1, and ¢ > 308L;
Section $2.2), and |8A| € [6¢2,54¢2). (G4) Every window Q(Q) is a box of coarse sides less
than kp that contains Quo(u, 75L.) N A° for every site u € @, and Q U Q' C Q(Q) for every
block Q" adjacent to Q. Every site lies in at most 1513 windows. (G5) Z(F') C QU @', tube
zones of distinct parallel block faces are disjoint, and a tube crosses no block plane other than
P
We prove (G1) to (G5) in Section S2.2 and list the sizes in Table S1.2.

Lemma 3.5 (Alignment). By (G2) the planes of C' are block planes; so, with P := {x3 = zp}:
(A1) every plaquette of = lies in the block plane P, and no bond with both ends in one block
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crosses Z; (A2) every block face lies in = or contains no plaquette of E; (A3) every block lies
on one side of P, and C lies on lines of block planes. Every plaquette of Z is interior to A°.

Proof. By the construction of &(C) (Section S2.2, Steps 1-3) the special planes are block
planes, and in each direction the block intervals subdivide each special interval. (A1) A bond
crossing = joins two fine cubes on opposite sides of the block plane P, which lie in different
blocks. (A2) A block face in a plane x,, = const with 1 # 3, or in a plane x3 # 2y, contains
no plaquette of Z. A block face in P is I' x I? x {29} with block intervals I', I?; since 71,
r1 + R, t1, t1 + T are block planes, either I' x I2 C [r,71 + R] x [t1,t1 + T, and the face lies
in Z, or the interiors are disjoint. (A3) A block lies between consecutive block planes and P is
one; each side of C' lies on the intersection of P with one of the block planes z1 € {r;,r1 + R},
x2 € {t1,t1 + T}. The last claim is Lemma 3.3(e).

Definition 3.6 (Marks). For a set Y of sites, F(Y') is the set of fine plaquettes that are faces
of fine cubes contained in sites of Y. A site is marked iff one of its fine cubes has a face in D.
The set of marked sites is M = M(D), and N(P) := |P| for P C M. Then D C F(M), and a
plaquette of D marks at most two sites, since it is a face of at most two fine cubes.

3.2 States, functionals and steps

For a set Y of sites, we write E(Y) for the set of bonds with both ends in Y, Y for the set of
bonds of E' = E(A°) with exactly one end in Y, and V(A) for the set of endpoints of a bond
set A. A bond touches Y if it has an end in Y. Bonds leaving A° are not in F, that is, the
faces of the box are free.

Definition 3.7 (States). A state is a triple o = (X, U, S): the holes X C A°, the filled blocks
U C X, a union of blocks, and the frozen bonds S C E(A° \ X), each crossing a block face
and each of one kind: S = S7 U Scyt, seal bonds and cut bonds (Definitions 3.16 and 3.18).
A block is surviving if it is not contained in U. A frozen bond that X grows to touch leaves
S. Such a bond is converted, and from then on it is an ordinary hole face. The slit graph is
G'(0) == (A°\ X, E(A°\X)\ S), and R(c) := SU{b € E : b touches X} is the set of bonds
missing from it. Along a history, that is, a finite sequence of states produced by the steps
below (Definition 4.1), the base is B; :== MU Uy, and the ever-frozen set Sy is the set of bonds
frozen at some time < ¢ that do not touch By, converted bonds included, each keeping its kind.

Definition 3.8 (Hull functional). Let S C E carry weights wy, € [0,2]. For X’ C A°,

FY(X):=10X" |+ > wy+AX| (3.2)
beSNE(A°\X')

Every frozen bond has the hull weight wy :== 2 —n,, = %.

Lemma 3.9. Let S C E carry weights wy, € [0,2]. (a) FY is the sum of the cut function
of a graph on A° with nonnegative capacities and of a modular function; in particular it is
submodular. (b) For every Y C A°, the minimizers of F;\q over {X':Y C X' C A°} are closed
under union and intersection; the smallest, H;\g(Y), 1s the source side of a minimum s—t cut in
a network with nonnegative capacities. Bonds of S that touch Y may be added to S or removed
from it, with any weights, without changing H:\g(Y) (c) Hf is extensive and idempotent:
Y CHY(Y)=HJ(H{(Y)). (d) Let S, S carry weights that agree on SN S'. If Y CY' and
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R(Y,S) C R(Y',S"), where R(Y,S) := SU{b: b touches Y}, then HY(Y) C Hy (Y'). In
particular Hf s a closure operator for fited S and monotone in S.

Proof. For (a), we write a frozen bond of weight w < 2 as a modular term plus a cut term
of capacity 25% > 0. Indeed, with ¢,(X’) := 1[exactly one end of b = {u,v} in X’], the three
cases give wpl{u,v ¢ X' + cp(X') = wp — L(1u € X'] + 1[v € X']) + 252 ¢(X') for b € S,

hence

FOXN) =Y mpan(X) + Y () + > w, (3.3)

beE zeX’ bes

with kp :=1for b ¢ S, kp := (2—wp)/2 for b € S, and pu(z) := X — %Zbes,bax wp. This proves
(a) and explains why frozen bonds weigh at most 2: weights above 2 would give negative
capacities. Parts (b) and (c) are the lattice and closure properties of the minimizers of a
submodular function on {X’ DO Y'}. The network has capacities #; on the bonds, u(x)* to the
sink or from the source, and co from the source to Y. For the last assertion of (b) we observe
that, on {X’ D Y}, a bond of S touching Y contributes 1 or 0 whatever its weight.

(d) By (b) we may add the bonds of S\ S’, which touch Y’, to S” with their S-weights,
so that § C §. Then g := FY' — FY = > besn\s Wpl[no end of b in X'] is non-increasing.
With M := HY(Y) and M’ := Hy'(Y"), submodularity gives F{(M N M') + FY' (MU M') <
FJ(M) + FY(M") + g(M U M) < F(M) + FJ'(M'). Each term on the left is at least the
corresponding one on the right. Hence M N M’ DY is a minimizer, and M C M’.

Definition 3.10 (Hull step). In a history, the hull step at time ¢ replaces the hole set by
H /‘\g *(Bt), the hull from the base computed with the ever-frozen set and the hull weight, and
converts the frozen bonds that touch it. A time ¢ (or its state) is hull-closed if X; = Hft (By).

Definition 3.11 (Forced blocks and the regularization functional). For a block @ let 3Q) be the
union of the at most 27 blocks at block distance at most 1 from @, and N(3Q) := [M N 3Q)|.
The block Q is forced if N(3Q) > YL?, where ¥ := 3-107° is the forcing threshold, and
Br = Bp(D) is the set of forced blocks. Put Ay := 2¢s/¢ and up := 25. For a set S of bonds
that cross block faces, each with the hull weight, and for pairs (X,U) with Ml C X C A° and
U C X a union of blocks,

E3(X,U) == FY(X) — (A = A\p)|U| + up L2 #{Q € B : Q L U}. (3.4)

Filling a block @ costs at most [0Q| + A\y|Q| < 24.6L2 < upL?, filling the forced blocks
costs at most 27 - 24.6/9 per mark, and filling a removal cell A costs at most w, (we give
the arithmetic behind these bounds in Section S1.2). In Lemma 4.9 we deduce from the first
bound that forced blocks are filled. The last bound implies that a minimizer fills each cell
whose insulation exceeds ws, as Theorem 4.17 shows.

Lemma 3.12. Let S be as in Definition 3.11. (a) E% is, up to a constant, the cut function
of an s—t network with nonnegative capacities; its minimizers are closed under componentwise
union and intersection, and the smallest one, (X*,U*), is the source side of a minimum cut,
a deterministic function of M and S. (b) X* = H{(MUU*). (c) The smallest minimizer is
componentwise nondecreasing in S.

Proof. (a) We add to the network of Lemma 3.9(b) for F f (with oo from the source to the
marks) a node ug per block @, with capacity oo from ug to each site of @ and (A — A\py)|Q| +
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psL21[Q € Bp] from the source to ug. Putting ug on the source side means @ C U. A
finite cut has MUTU C X, and since the blocks tile A° by (G2), its capacity is £%(X,U) 4+ (A —
Av)|A°] up to the constant of (3.3). The capacities are nonnegative, as Ay < . Hence the
minimum cuts form a lattice, and the smallest source side is the set reachable from the source
in the residual network of a maximum flow. (b) For fixed U*, £5(-, U*) — F? % is constant on
{X D MUU*}, and a smaller minimizer there would give a smaller joint minimizer. (c) Let
S C &, and m, m' the smallest minimizers of £ := £5 and & := €% = £ + ¢, g(X,U) :=
Y be \S wpl[no end of b in X], which does not increase when the pair grows. Minimality of m/
for £ and g(m Um’) < g(m’) give E(m’) < E(m U m'). Combined with submodularity, this
yields E(mNm') < E(m). Thus m N'm' is a minimizer of £, and m C m/.

For a state (X,U,S) and a bond set A, we define the two-sided insulation by Az(A) =
#{b € A: b has exactly one end in X}+2#(SNA), in which a frozen bond counts 2 whatever
its weight.

Definition 3.13 (Removal). Let o be a hull-closed state with base B. For a removal cell
A Z B put w(A) := Ay(E(A)), with E(A) the set of bonds with both ends in A and S the
current frozen set. The removal step removes, all at once, every removal cell A € B with
w(A) > wy = (1 + ¢)|0A|, where ¢, € [3.3-1077,10] is the removal slack: X := X U A,
U :=UUA, and the frozen bonds touching A are converted. A hull step follows every removal
step.

Definition 3.14 (Cells, interfaces). Let o be a state, G’ = G'(0), and for Qe Qlet G'NQ
be the subgraph of G’ induced on Q \ X, with components K. For a block Q € X, the cells of
Q@ are the sets Q = QN R for the components & of G’ N Q(Q) that meet (. For a block
face I’ between blocks Q, Q" € X, an interface I is a nonempty set consisting of all G’-bonds
across F’ that join a given cell of @ to a given cell of @', and F(I) := F’. Frozen bonds and
hole faces belong to no interface. A bond b € I is good if its tube 7, is a G'-path (its sites lie
in A°\ X and its bonds are G'-bonds), and good([) is the number of good bonds of I.

Definition 3.15 (Weak links). Let Q € Q, R a component of G'N Q, and faor(A, A") the
number of G’-bonds between disjoint site sets A, A For ¥ >0, AC Ris a \'-weak link of &
if 0 < |A] < |R|/2 and fer(A, 8\ A) < X'|A|/kp. The weak-link constants are x := 2.0 - 103
and xn3 == x/3.

Weak links are excluded by Theorem 4.16(c).

Definition 3.16 (Auxiliary material and the seal). Let o = (X, U, S) be a hull-closed state
with ever-frozen set S, let j be a surviving block, and put Vj := j\X. The auziliary functional

F™ s F f oi , every bond of Jj counted as frozen with the hull weight, on the sets Y with
X CY CXUV;. Its minimizers are closed under union and intersection (Lemma 3.9(a)). The
smallest one is M and A; := M;\ X is the auziliary material of j. The seal step freezes every
G’-bond that crosses a face between two surviving blocks and has an end in U] Aj. These
bonds form S; and carry the hull weight. A hull step follows every seal step.

The set M is obtained from one maximum flow inside j. By Lemma 4.13, a block with a
thin piece, attached to the rest of the block by few bonds however large its contacts across the
faces of j, has auxiliary material, and Lemma 4.14 shows that after the seal the next hull step
fills the auxiliary material.
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3.3 Phase 1 and Phase 2

Definition 3.17 (Phase 1 and the terminal properties). Phase 1 starts from the state (M, 0, ()
with S := () and repeats the following outer step until an outer step changes neither U nor S,
that is, until both loops are at rest: (1) (X,U) := the smallest minimizer of £° (Lemma 3.12);
(2) with U fixed, as long as some surviving block has auxiliary material, perform a seal step,
add its bonds to S (in Phase 1, S is not pruned: it keeps the seal bonds that touch the
base, unlike S; of Definition 3.7; the hulls are the same, as the two sets differ only by bonds
touching By, but step (1) and Theorem 4.17 use this unpruned set), and perform the hull step
X := H{(MUU). Its final state (X!, UL, 1), with S := SN E(A°\ X!), base B! := MU TU?
and ever-frozen set S := S, is the Phase-1 output.

The terminal properties of a hull-closed state with base B, frozen set S and ever-frozen set
S are: (S-hull) X = HY(B) = H{(X); (S-rem) no removal cell A B has w(A) > w,; (S-face)
every interface I has good(I) > c4|F(I)]; (S-plug) no component of any G’ N Q,Qc Q hasa
xn3-weak link.

We show in Theorem 4.17 that Phase 1 terminates and that its output is the smallest
minimizer of 631, has no auxiliary material and no frozen bond, and has the four terminal
properties. As S does not change in the last outer step, the output is the pair returned by step
(1) of that outer step, and step (2) finds no auxiliary material.

Definition 3.18 (Scale cost, fragmented splits, the cut rule, Phase 2). Let o be a state with
slit graph G’ and cells as in Definition 3.14. Every site of A°\ X lies in exactly one cell, and
every cell in one component of G'. A cell set is a union U of cells. Its cut dg/U is the set
of G'-bonds with exactly one end in U, and |0g/U| is its number of (coarse) bonds. U is
c-connected if it is connected in the graph on U whose edges are the G’-bonds inside U and the
pairs of sites in a common cell. The distance of two interfaces is the least Euclidean distance
(fine units) between the coarse faces dual to their bonds. For a finite set B of interfaces and
s >0, ps(B) is the number of classes of the equivalence relation generated by “distance < s”.
The scale cost is J(U) 1= 350, 2i1>pyp (P2i0(0crU) — 1), where Ryp = L e Funit (fine),
Funit := opL? with op the wall tension (7.15), and Oy, C3NF > (0 are the cut-rule constants. A
pair (&, U) is fragmented if 8 is a component of G', U C £ is a nonempty c-connected cell set,
&\ U is c-connected, and J(U) > Oxp Funit|0cU|/ L2

The cut rule acts at a hull-closed state at which no removal cell is over threshold and
no surviving block has auxiliary material: a firing freezes dgvU for the first fragmented pair
(R,U) in a fixed total order of the sets U C A° that depends only on C and the constants
(for instance: order the coarse sites lexicographically by their coordinates, and let U < U’ iff
the least site of UAU’ lies in U; any such order works, since the proofs below use only that
a fragmented pair is cut, never which one; see Section S4.1); these bonds form Sc,¢, have the
hull weight and count 2 in Ay and in w(A); nothing is filled.

Phase 2 starts from the Phase-1 output, with base B! and ever-frozen set S' minus the
bonds touching B!, the ever-frozen set of Definition 3.7 (the unpruned S! is used only in
Theorem 4.17 and Section 4.3), and repeats the following pass until a full pass changes nothing:
(1) a hull step; (2) a removal step, then a hull step; (3) a seal step, then a hull step; (4) if (1)
to (3) changed nothing, one firing of the cut rule, then a hull step. Its terminal state (X, U, .S)
is the output of the construction.

The scale cost is well defined, since dgU is a union of whole interfaces (Lemma 4.27(a)).
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The trigger of the cut rule uses the coarse cut size, and the non-fragmentation condition that
the rule enforces implies the same condition with the fine cut size. Since a coarse face carries
at least rZ fine plaquettes, we have |0/ Ulgne/L? > |0g/U|/L?, and hence a split fragmented
with the fine cut size is fragmented.

Proposition 3.19. Phase 2 terminates. Its terminal state has (S-hull), (S-rem), (S-face),
(S-plug) on the global slit graph and (S-NF): for every component & of the final G’ and every
nonempty c-connected cell set U C K with R\ U c-connected,

J(U) < 9NF Funit |8(;/U’/Lz (NF*)

If the Euclidean diameter of A° (fine units) is at most Rxy, then Phase 2 makes no firing and
the output is the Phase-1 output.

3.4 The output and the regularization theorem

The output (X,U,S), with base B = MUU and S = 57 U Seuy € E(A° \ X), defines the
slit domain G’ = G'(D) := G'(X, S), the free set §F of (2.9) and the min-cut area Ag/(C) of
Definition 2.11. The fine slit graph is that of Section 2.5, and cells and interfaces are those
of Definition 3.14. The cell graph of a component & of G’ has the cells in & as vertices and
the interfaces as edges. The weight of a cell © is |Q|ape, its number of fine cubes. The U-cells
are the parts of a partition of each cell graph given by Lemma 4.21 with V = Vj; := m ™3, one
fixed choice being made for each G’. A component of weight < Vj, is a single U-cell.

Theorem 3.20 (Regularization theorem: terminal form). For every D C AS\ 02A°:

(R1) (Termination, determinism.) Phase 1 and Phase 2 terminate; the output (X,S) is a
deterministic function of D; and M C X, so that D C F(M) C F(X) C §.

The output satisfies the hull identity and the terminal properties, read on its slit graph: (N1)
(S-hull), (N2) (S-face), (N3) (S-plug) and (N4) (S-rem) of Definition 3.17, and (N5) (S-NF)
of Proposition 3.19. Consequently the following hold, with constants that depend only on the
constants fixed before K and on none of 5, 7, K, C, D, except c’g and ¢, which lie between
two such constants.

(R2) (Geometry.) For every W C A°\ X, [OaeW| < ay|0aW| + byA|W| with (ay,,b,) =
(19/9,10/9), where Opno W is the set of bonds of E with exactly one end in W and Og:W
the set of G'-bonds with exactly one end in W ; with ¢y == 2%/3, |0y W| > (9¢1/38)|W |*/3
whenever |W| < V,. No component of G' has at most V, sites.

(R5) (Cell volume.) FEvery cell satisfies c1L? < | < 8L%, with ¢; := min(cg/2, ((1 —
nw)cr/24)3).
(R6) (Poincaré inequality on cglls.) For every cell Q of a block Q) there is a connected set
f(Q) with Q C £(Q) € Q(Q) such that every A C & (Q) with 0 < |A| < |R()|/2 has
far (A, 8 () \ A) > x|A|/(3kp) (expansion form), and, for every f: A°\ X — R,
- 108
D@ —flP <5k > (@) -IW)

e {x,y}EEG/(ﬁb(Q))
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where fo is the average of f over Q and Eg/(-) the set of G'-bonds with both ends
in the set; each site lies in R(Q), and each G'-bond lies in Eq/(R(Q)), for at most
Nov < 27(kp/L¢)? cells Q (for sites: a site lies in at most 151° windows, and the sets
R(Q) of the cells of one block are disjoint).

(R7) (Cells and U-cells.) Ewvery cell lies in one block and in one component of G'; every
interface lies in one block face, and that face lies in = or contains no plaquette of =. FEvery
U-cell is a union of cells, connected in the cell graph, of weight in [Vy, (246/cq) Vi), or a
whole component of G' of weight in (cuVig, Vig), with ¢, := rgVim3 = (1—ny)ermL/24)3;

and every U-cell has Euclidean diameter at most Cym ™',

(RS) (Interfaces.) Ewvery interface I has good(I) > cy|F(I)| > cgmax(|I|,L?), good bonds on
one line are at distance > L., and the tube of a good bond of I lies in QU Q' C Q(Q) N
Q(Q’), with one half in each cell of I. A block face carries at most 1/c, interfaces, and
a cell has at most 6/cy neighbouring cells. In fine units, goodg,(I) > ¢ max(|1|gne, L?)

with ¢, = ¢g(141/Lc)72.

(R9) (Density bound.) FEvery removal cell A satisfies A2(E(A)) < wy and, counting every
bond of E with an end in A, A2(E(A) U (OANE)) < w, + 2|0A| = (3 + ¢5)|0A].

(R10) (Non-fragmentation.) (NF.) holds in the split form (S-NF) of Proposition 3.19.

Item (R1) and the terminal properties (N1) to (N5) come from the construction, and in
Section 4 we derive them from Propositions 4.3(b), (d) and 3.19. The items (R2) and (R5)
to (R10), also proved in Section 4, then follow from the terminal state alone, through (N1) to
(N5), (R10) being (N5). The two constants excepted in the theorem (Section S1.1.1) depend
on 3 only through the size of L. (c;) and through its rounding (c,). About cells and interfaces
the construction gives more than (R5) to (R8): by Theorem 4.16 there is one cell per surviving
block, of volume above (1 — 39)L3, and one interface per block face.

Below we write Pt := {x : dist(z, P) < R} and r’ := 2R, +2, where R, is the clearing-out
radius of Theorem 4.23. We let P be the partition of M into the components of the graph
joining two marks at distance at most /. The constants C, Cfee are those of Proposition 4.24.

Theorem 3.21 (Regularization theorem: history form). (R3) (Block-local hull.) At every
hull-closed time of the full history (Definition 4.1), in particular at the output, for every
block q, |(X\ B) Nq| < 2L.mq unless it vanishes, where mq is the number of marks in
q. So hull material lies only in blocks containing a mark: frozen bonds, filled blocks,
removal cells and box faces support no hull material, alone or jointly.

(a) (Area per part.) The Phase-1 output (X', U, S') has S = 0. For P € P put Yp :=
XN P Then X' = | |pep Yp, no bond joins Yp to Yp:r for P # P', every block of U
lies in one Yp, and

0Yp| + A[Yp \ U + \y|Yp NUY < CLN(P),  2|0Yp| + |Yp|/f < Cree N(P).
(b) (Uniform reach.) Every site of X! lies within distance R, of M, uniformly in M|, A°,
C and D; so Yp C PH1x,

The constants C., Cree and the ratio R./(¢logt) are bounded independently of 8, T, K, C
and D.

We prove (R3) in Corollary 4.7, (a) in Proposition 4.24 and (b) in Theorem 4.23.
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4 The regularization: proofs

In this section we prove Theorems 3.20 and 3.21 and Proposition 3.19. Several steps below
are abbreviated, for instance in the proofs of Proposition 4.3, of Theorem 4.5(iii), (iv) and of
Lemma 4.19, and we give complete proofs of all of them in Section S4.1. We first fix the class
of histories to which the arguments apply.

Definition 4.1 (Admissible history). An admissible history is a finite sequence of states oy =
(X4, U, S¢), 0 < ¢t < T, such that (H1) o9 = (M, 0,0) and the first step is a hull step; (H2)
every other step is a hull step or, at a hull-closed state, a fill, which adds a union U’ of blocks
to U and to X and converts the frozen bonds touching U’; or a freeze, which adds to S a
nonempty set of G’-bonds crossing block faces, each with its kind; (H3) every fill and every
freeze is followed by a hull step. The full history is Phase 1 followed by Phase 2.

Phase 1 is admissible: its first outer step is a hull step, the fill of U* and a hull step, every
later outer step that changes U is a fill and a hull step (Lemmas 3.12(b), (c) and 4.2), and a
seal step is a freeze. The full history is admissible as well, since its removal steps are fills and
its seal steps and cut firings are freezes.

4.1 The hull

We first show in Lemma 4.2 that the hull steps of an admissible history only enlarge the hole
set, and then derive the geometric consequences of the minimality of the hull.

Lemma 4.2. Let (01) satisfy (H1) to (H3) of Definition 4.1. At every hull-closed time t,
X = Hft(Bt) = Hft(Xt) and S; € Sy C E(A°\ By), and every bond of Sy \ S; touches X;.
Every hull step t — t + 1 satisfies X411 = Hft (Xt) O Xq.

Proof. We use that H is a closure operator, jointly monotone in the base and in the set of
missing bonds, as stated in Lemma 3.9(d). We argue by induction over the steps. By (H1) to
(H3), each time is 0, or hull-closed, or follows a fill or a freeze at a hull-closed time ¢ and is
followed by a hull step. A hull step at a hull-closed time changes nothing, and the first hull
step produces HQ(BO) D By = Xp. A freeze at t of a set A of G’-bonds, which do not touch
Xt 2 Bt, keeps B and X, while gt—l—l = St U A. Thus Xt = H}\gt (Bt) g HfH—l(Bt) = Xt+2. A
fill of U gives B;11 = B; UTU" and drops from S only bonds touching By.1. It follows that
R(Bt, S;) € R(Biy1,S:+1) and X; C Xyy9. In this case, moreover, U’ C Biy1 € Xgq2. In both
cases Byy1 C X411 C X¢12, and by monotonicity and idempotence Hft“(XtH) = X¢i2.

We now pass from S to S. Since a bond of Sy does not touch Xy O By, we have Sy C Sy
A bond of Sy \ Sy was converted, so it touches an earlier hole set and hence Xy, and by

Lemma 3.9(b) it may be dropped: Hf” (Xy) = Hft'i(Xt/). With ¢ = ¢ + 1 this is the claim on

hull steps. At a hull-closed time, with B; C X; = Hft(Bt) and idempotence, the same identity
implies X; = H ft (X;). The inclusion S; € E(A°\ B;) holds by definition.

Proof of (R1) and (N1) to (N5). These properties follow from Propositions 4.3(b), (d)
and 3.19.

Proposition 4.3. (a) Order states by o0 < o' iff X C X/, U C U and R(o) C R(¢').
Under (H1) to (H3), every step that changes the state strictly increases it; in particular (H4)
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Xy C Xyt1 and R(or) C R(ot41) for every t, so that G' only shrinks, and a bond is frozen at
most once along an admissible history. (b) Phase 1 and Phase 2 terminate, and their outputs
are deterministic functions of D. (c¢) The terminal state of Phase 2 satisfies (S-hull), (S-rem)
and (S-NF), and no surviving block has auziliary material there. (d) M C By C Xy at every
time; hence, for the output, D C F(M) C F(X) C §.

Sketch. Hull steps do not shrink X by Lemma 4.2, a fill adds blocks to U, a freeze adds
G’-bonds to S, and converted bonds stay missing. This proves (a). Phase 1 terminates by
Theorem 4.17, and Phase 2 terminates because each effective step strictly increases the state
in a finite box. Smallest minimizers are canonical and the cut rule uses a fixed order, so the
outputs are deterministic. Since a terminal pass of Phase 2 changes nothing, Lemmas 4.2
and 4.14(a) imply (c). Part (d) holds because the base stays in X.

Below, we denote by f(A, A’) the number of bonds of FE between disjoint site sets A, A’
whereas fg of Definition 3.15 counts G’-bonds. Similarly, s(A, A’) denotes the number of
bonds of S between A and A’, and s(F(A)) the number of those with both ends in A. We put

= |MJ. A state is closed if X = H{(X) for the hull weight. By Lemma 4.2, each hull-closed
state of an admissible history is closed, and so is the output.

Proof of (R2). We apply Lemma 4.4 and Theorem 4.5(i), (ii) at the output, which is closed
by (N1).

Lemma 4.4. Let (X,U,S) be closed, V :=A°\ X and W C V. Then

fX)+ > (w -1+ Y wy < |0eW+ AW, (4.1)
beS, [bNW|=1 beS, bCW
Consequently, with (a,,b,) = (1 + =, 1_177 ) = (2,32), 10reW| < ay|0cW| + byA|W|, and

No(W) = f(W, X)+8(WV\W)+28(E(WU));(\%/WH)\!W!)/(l—nw)-

Proof. Filling W does not lower the functional: F¥(XUW) > F{(X). Since bonds of S do not
touch X, passing from X to X U W changes a bond between W and X from 1 to 0, a G’-bond
between W and V' \ W from 0 to 1, a bond of S between W and V' \ W from wy, to 1 and a bond
of S inside W from wy, to 0, and adds A|W|. This is (4.1). The hull weight has wy, —1 =1—1mn,,
and wy > 2(1 —ny), and the bound on No(W) follows. For the remaining bound, note that
[OaeW | = f(W,X) + s(W,V\W) + [0 W| < [0c:W |+ No(W).

Theorem 4.5 (Geometry of the slit domain). Let (X, U, S) be closed and cy := 2%/3. For W C
A\ X: (i) O W | > (9¢1/38)|W |>/3 whenever |W| < V, = (1 — nw)p3/2; (ii) no component
of G’ has at most Vi sites; (iii) |Bgr(x,r)| > min{(c;r/(48ay))?, Vit for all x € A°\ X and
integers r > 0; (iv) AP () > (c%/(48a%))]§2|_2/3 for Q@ C A°\ X with |Q] < V.

Proof. (i) In a box H?:l{l, ...,n;}, a line parallel to e; that meets W carries a bond of the
box with exactly one end in W unless its n; sites lie in W, which happens for at most |W|/n;
lines, and the lines meeting W number at least 3|W|*? by the discrete Loomis-Whitney
inequality [LW49, Theorem 2| and the arithmetic-geometric mean inequality. In this box, such
bonds therefore number at least 3|W %3 — [W| Y, n;t > ¢f[ W2 if [W[Y/3 < 0.47 min; n;,
since 1 — 22/3/3 = 0.4708.... Lemma 4.4 controls the boundary in the box up to b,A|W|,
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which is small below Vi = (crpr/(2by))3, an identity that follows from (c;/2)® = 3. Since

W|'/3 < Vi3 < px = L./12 and each side of A° is at least ¢ > 308L, by Lemma 3.3(c), this
and Lemma 4.4 give cr|[W|?/3 < |0p W | < ay|0c W |+b, A|W |3 W 2/3 < an\ag/W|+%I|W|2/3.
We conclude that |9g/W| > (c1/(2a,))|[W|*/3 = (9¢;/38)|W /3.

(ii) A component £ of G’ has 0z R = ), so (i) excludes 0 < || < V.

(iii) (Sketch.) We put v(r) := |Bgr(x,7)|. Each G'-bond leaving Bgr(x,r) ends at distance
r+ 1. Thus |0g B (x,7)] < 6(v(r + 1) — v(r)), and by (i), v(r + 1) > v(r) + av(r)?/3
with o := ¢;/(12a,) < % while v(r) < Vi. Consequently, v(r + DY3 > v(r)'/3 + a/4, and
v(r)/3 > 14 ar/4 > crr/(48a,) until v exceeds Vi.

(iv) By (i), each nonempty A C Q has |9 A| > h|A| with h := (9¢;/38)|Q|~'/3, and the
Cheeger argument in a graph of maximal degree 6, based on the coarea formula for f2 and the
Cauchy—Schwarz inequality, yields AP () > h?/12 > (¢2/ (48@%))\9]*2/ 3.

Segment accounting. In Lemma 4.6 and Corollary 4.7 we assume that B = M’ U U with
M’ a set of sites and U a union of blocks and that S C E(A°\ B) carries weights w; € [0, 2],
and we let X := H{(B) and W C X\ B. By Lemma 4.2, this setting holds at a hull-
closed time of an admissible history, with M’ = M, U = U; and S = S; carrying the hull
weight. A segment R of W is a maximal set of consecutive sites of W on an axis-parallel
line, and m(R) := |R|. It has m(R) — 1 interior bonds and two ends, the positions just
beyond its extremities. An end is an X-end if it is a bond to X\ W, a frozen end if it is
a bond of S to A°\ X, an open end if it is a bond of E \ § to A°\ X, and a boz end if
it is on OA°. With z(R) the number of X-ends and o(R) the number of open ends, we put
ew (R) := 2(R) + 3 fosen ends (Wb — 1) 4 2 interior es Wb — 0(R) — Am(R)/3. A grid bond has
its ends in different blocks. Such a bond lies on a block plane. The grid-type terms of R are
its X-ends, frozen ends and interior frozen bonds that are grid bonds, and its box ends. The
number z,5(R) counts the X-ends, frozen ends and interior frozen bonds that are not grid
bonds. Similarly, S™ is the set of bonds of S that are not grid bonds, and fys(A, A’) counts
the bonds between A and A’ that are not grid bonds. Frozen bonds cross block faces and are
therefore grid bonds, so S™ = () at each hull-closed time of an admissible history.

Lemma 4.6. Let A\ > 12/L.. Every segment R of W satisfies cw (R) < 22ng(R) —2m(R)/Le.

Proof. Insulation on block planes, which are at least L. apart, contributes at most 2 per plane
met, while the volume term is Am/3 > 4m/L.. Indeed, since o = 2 — x — eg. — ey, where ey is
the number of frozen ends and e that of box ends, we have

cew (R) = 2x + Z wp + Z wy +ep — 2 — )\m/?). (4.2)

frozen ends interior frozen

The terms that are not grid bonds contribute at most 2z,4(R), since w, < 2. Each grid-type
term has coeflicient at most 2 and sits at its own bond position on a block plane perpendicular
to the line. The m + 1 bond positions of R lie in an interval of length m, which meets at most
m/L. + 1 block planes by (G1). Therefore ey (R) < 2zng(R) +2(m/Le + 1) —2 — 4m/Le.

Corollary 4.7 (Block-local hull). For every union N of blocks, W := (X \ B) N N is empty
or satisfies |W| < %(fng(W, B) + 3 ,cw deggn(v)), and every bond counted in fng(W, B)
ends in M' \ U. Consequently, for every block q, (X \ B) Nq| < (Lc/3)(6mg + sq) unless
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it vanishes, with mq := [M/' N q| and s, the number of endpoints in q of bonds of S, and
XCBUU{g: ¢gn(M'UV(S™) #D}. In other words, grid bonds of S of any weight in [0, 2],
filled blocks and box faces support no hull material, alone or jointly. At a hull-closed time of
an admissible history, mg is the number of marks in q and S™ = ().

Proof. Let W C X\ B be nonempty. Then the set X\ W D B is strictly smaller than the
smallest minimizer X. Since bonds of S do not touch B and each site of W lies in three
segments, passing from X to X\ W changes the contribution of an X-end by +1, that of a
frozen end by wp — 1, that of an open end by —1 and that of an interior frozen bond by +wy,
and it changes the volume term by —A|W|, so that

FYXA\W) - FI(X) =) ew(R) >0, (4.3)
R

over the segments of W in the three directions. For W = (X'\ B) N N, an X-end that is not
a grid bond has both ends in one block ¢ C N, so it ends in XN N \ W C B, but not in
U, since otherwise ¢ C U. It is not frozen either, and it is therefore counted in f,z (W, B).
A frozen end that is not a grid bond is counted once in the degree sum, and an interior
bond of S™ is counted twice. Combining (4.3), Lemma 4.6 and ), m(R) = 3|W|, we obtain
0 < Y pew(R) < 25 g ug(R) — 6]W|/Le < 2(fug(W. B) + ¥, cpy deggn(v) — 6]/ L. For
N = q, fog(W,B) < 6mg and the degree sum is at most s4, so the bound for a single block
holds. At a hull-closed time, such as the output, the last assertion of Corollary 4.7 applies,
and the bound for a single block then gives (R3).

For a hull-closed time ¢ and a block face F’ between surviving blocks @, @’, in the plane
P, we put W, := (X¢ \ B;) N (Q U Q') and supp,(F’) := fug(W;, By). For a line ¢ L F’, by
denotes its bond across F'. As B; N (Q U Q') consists of marks, supp;(F') < 6(mqg + mg).

Lemma 4.8. At every hull-closed time t of an admissible history and for every such face F':
(a) the lines ¢ L F' such that by ¢ Sy and (N Z(F") contains a site of Wy and no mark, number
fewer than 2 supp,(F") unless there is none; (b) without the condition on by, these lines number
fewer than 2 supp,(F")/my unless there is none. A frozen bond lies on the tube of a line ¢ L F’
only if it is by, that is, frozen bonds block no tube of another line.

Proof. In outline, a line on which hull material meets the tube zone carries a segment that is
either long, and pays through Lemma 4.6, or short, and then has no grid-type term except by
and has deficit at least 7,. We put d(R) := 2z,,(R) — cw(R) for the segments of W;. By
Lemma 4.6, d(R) > 2m(R)/L. > 0, and (4.3) implies > d(R) < 2" Zng(R) < 2supp;(F’),
as in the proof of Corollary 4.7. For a counted line ¢ let Ry be the segment of W; along /¢
through a site of £ N Z(F') N W;. Distinct lines give distinct segments. If m(R;) > L./2,
then d(Ry) > 1. Otherwise all bond positions of R, are at distance < L. from P’ so by (G1)
the only possible grid-type term is by, which is not an X-end, since its other end would lie in
XeN(QUQ')\ Wy C By, a mark of N Z(F"). Thus, in this case, d(R;) = 2+ Am/3 — B¢, with
B =2 —mny if by € Sy and by is a bond position of Ry, and 3, = 0 otherwise. It follows that
d(Ry) > 1 for each line counted in (a) and d(Ry) > n,, for each line counted in (b). Summing
these bounds, we obtain (a) and (b). For the last claim, recall that a frozen bond is a grid
bond, and use (G5): a tube consists of by and of bonds interior to @ or to @', which are not
grid bonds.
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4.2 Cells, giants and the seal

In this subsection we control the cells by sparseness. Since forced blocks are filled (Lemma 4.9),
a surviving block has fewer than ¥ L2 marks near it, its hole sites lie on few lines by Corollary 4.7,
and one component of its free sites, the giant, contains all but a small volume. The seal excludes
thin sets (Lemma 4.13 and Theorem 4.16), at a cost of at most 726 frozen bonds per mark
(Proposition 4.15).

Lemma 4.9. Let S be as in Definition 3.11. The smallest minimizer (X*,U*) of ES has
UBr C U*. Hence at every hull-closed time of the full history other than the first every forced
block lies in U, and every surviving block q¢ has mqy < N(3¢q) < IL2.

Proof. Suppose that @ € Bp and Q@ € U*. Then Q NU* = (), and we compare with (X* U
Q,U* U Q). Only the at most |0Q| bonds leaving @ gain weight, at most 1 each, the volume
terms change by A\y|Q| — A\|Q N X*| < A\y|Q|, and the penalty drops by upL? > |0Q| + A\|Q|
(see Section S1.2). This is a contradiction. For the second assertion we use that U never
decreases along the full history, by Proposition 4.3(a), and that the second hull-closed time
follows the first outer step of Phase 1. If that step fills nothing, then Br = ().

Lemma 4.10. At every hull-closed time of an admissible history, every surviving block q
satisfies: (a) |X N gq| < 3Lemg unless XN g = 0; (b) unless there is none, fewer than 9m,
mazimal Tuns of X in the three directions lie inside q and are joined by both end bonds to sites

of Vg :=q\ X.

Proof. (a) The set XNg¢ consists of the my marks of ¢ and, by Corollary 4.7, fewer than 2L.m,
sites of hull material. (b) At most 3m, runs contain a mark. A run without marks is a segment
R of W := (X'\ B) N ¢ with two open ends inside ¢, since in-block bonds are not frozen, and
with no grid-type term. For such a segment, d(R) := 22n5(R) —cw (R) = 2+Am(R)/3 by (4.2).
As in Lemma 4.8, we have d > 0 for each segment of W and ), d(R) < 2fue(W, B) < 12my,.
Therefore fewer than 6my runs have no mark, which proves (b).

Lemma 4.11. (a) Let Q be a box with sides Li,Ls, L3, Z C Q, Q\ Z = AU B, and n,
the number of lines of Q in direction u meeting both A and B. Then min(|A|, |B]|) < 4|Z] +
6.4max,(n,L,). (b) Let R be a rectangle of Z* with sides s1,s2 > s, and o C R with |o| < s?/4.
At least 2|o|'/? bonds of R have exactly one end in o.

Proof. (a) Let a, be the number of lines in direction p meeting A but not B. Then |A] <
L,(a, + ny), and the lines meeting B are among the other |Q|/L, — a,. By the discrete
Loomis-Whitney inequality [LW49, Theorem 2], it follows that |B|? < [1.(QI/Ly — ay) <
[L.(QI=[Al+nuLy,)/Ly,. With a := |A[/|Q], 8 :=1—a, ¢ :=|Z]/|Q| and v := max, n, L,./|Q]
this reads (8 — ¢)? < (B+v)?. If v > 0.1, then min(|A], |B|) < |Q|/2 < 6.4v|Q|. If v < 0.1,
then (8 + )32 < 832 4+ 1.6v, so B(1 —+/B) < ¢+ 1.6v. Since 1 — /B > (1 —B)/2, in this case
a(l —a) <2¢+3.2v, and min(|A4], |B|) < 2|Q|a(l — ) < 4|Z] + 6.4v|Q|.

(b) Each row and each column that meets o without lying in it carries such a bond, a
different one for each. If no row or column lies in o, the r rows and ¢ columns meeting o give
7+ ¢ > 2(rc)Y/2 > 2|0|'/? bonds. If a row lies in o (the case of a column is symmetric), all
columns meet o, and if moreover a column lies in o, at most |o|/s2 + |o|/s1 < s/2 rows and
columns lie in o, so that either way there are at least s > 2|o|"/2 bonds.
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Proposition 4.12 (The giant). At every hull-closed time of the full history other than the
first, every surviving block q has |V,| > (1—39)L2, and the graph Gy, of the G'-bonds with both
ends in q has a unique component Cy, the giant, with |V, \ Cy| < 128L.mg unless Vy = C,;.

Proof. Since bonds inside a block are never frozen, on a line of ¢ that meets two disjoint unions
A, B of components of G’q, two consecutive sites of V, in A and in B are separated by a run of
Lemma 4.10(b), a different run for each line. If AU B = V,, Lemma 4.11(a) with Z =X ng,
|Z| < 3Lcmg and Ly, < 2L, yields min(|Al, |B|) < 12L.mg + 6.4 - 9mg - 2L, < 128L.m4. By
Lemma 4.9, m, < VL2, so |V,| > (1 —39)L2 > 3-128L.m,. If each component had fewer than
|Vq4|/3 sites, a union A of components with |V,|/3 < |A| < 2|V,|/3 would violate the bound.
The largest component C, therefore has at least |V;|/3 sites, and the bound with A = C
implies |V, \ Cy| < 128L.my,.

A thin set of a surviving block j is a nonempty A C V; with |A| < egu L2 := 0.008L2 and
cut;(A) < |A|/Le, cutj(A) being the number of G’-bonds inside j between A and V; \ A.

Lemma 4.13 (Thin sets). At every hull-closed time of the full history other than the first,
every thin set A of a surviving block j satisfies F7"™(X U A) < F"(X). Hence a surviving
block without auziliary material has no thin set, and V; = Cj is connected in G;-.

Proof. A thin set is enclosed by in-block insulation in each planar slice, and planar isoperimetry
makes this insulation exceed the volume penalty. We fix a direction v. A line of j in direction
v that meets A either meets V; \ A, and then carries a bond counted in cutj(A) or a run of
Lemma 4.10(b), or lies in AU(XNy), which happens for at most (|A|+3L.m;)/L. lines. A slice
o of A perpendicular to v meets each line once. Therefore, with m; < 9JL? from Lemma 4.9,
lo| < a:=cutj(A)+9m;+ (|A|+3Lem;)/Le < (280 +129) L2 < 0.0164 L2 < L2 /4. The bonds
of the cross-section of j (sides at least L.) with exactly one end in ¢ end in X or in Vj \ A,
and there are at least 2|o|'/? > 2|o|/a'/? of them, where the first bound is Lemma 4.11(b).
Summing over the slices, we obtain fj(A,X)+cut;(A) > 2|A|/a'/? > 15.6|A|/ L, with f;(A,X)
the number of bonds inside j from A to X.

Passing from X to X U A changes F™ by —fj(A,X) on these hole faces, by at most 0 on
the bonds of 9j at A (from wy to 1, or from 1 to 0), by +cut;(A) on the in-block bonds to
Vi \ 4, and by +A|A|. In total the change is at most —15.6|A|/L. + 2 cut;(A) + 12|A|/L. < 0.
If j has no auxiliary material, X minimizes F fux, so j has no thin set. Moreover, a component
of G;- other than C; has cut; = 0 and, by Proposition 4.12, fewer than 128L.m; < e LS sites,
so it would be thin.

Lemma 4.14 (The seal). Lett be a hull-closed time of an admissible history and j a surviving
block with A; # 0. (a) Some G'-bond that crosses a face between j and a surviving block has
an end in Aj. (b) If a seal step at t is followed by a hull step with the same U, then A; C Xyyo.

Proof. On the sets between X := X; and XU A;, the functionals F' := F f " and F7M differ by
a constant unless a G’-bond leaves A; across a face of j. Indeed, since a block adjacent to j
that is not surviving lies in X, the other bonds of dj at A; touch X or are frozen. Those at
Vi \ A;j keep their values. (a) Otherwise F'(XU A;) — F(X) = F"™(M;) — F"™(X) <0, since
M; # X is the smallest minimizer. This contradicts X = H ft(Bt), as XUA; D B;.

(b) Let X’ := X442 O X (Lemma 4.2), F' := F/\SHQ, A=A\ X and C:=XU(4;nX’) C
X'. On the sets between C and M; = C' U A’ only the sites of A’ vary. The bonds inside j
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at these sites count alike in F’ and F7, and after the seal each bond of dj at them is frozen
or touches X, in both. Consequently, F" — " is constant on these sets. If A" # 0, then
C ¢ Mj, and submodularity of F' implies F'(X' U A") — F'(X') < F'(CUA") — F'(C) =

FE(My) — F*(C) < 0, contradicting the minimality of X' = Hft“ (By).

Proposition 4.15. Along the full history, a block face F' between blocks Q, Q' carries at most
121(mq + mqy) bonds frozen by seal steps, converted ones included. Hence seal steps freeze at
most Cseal N bonds, all on faces F' with mqg + m¢g > 0, where Cgea1 := 6 - 121 = 726.

Proof. Each seal bond on F’ has an end in auxiliary material, which the next hull step fills while
Q@ and @' still survive. This follows from Lemma 4.14(b), since in Phase 1 U is fixed during the
inner loop and in Phase 2 the hull step follows the seal before any removal. Consequently, at the
last hull-closed time T" at which @) and @’ both survive, each seal bond on F’ has an end in Wp
in the layer next to F’, hence in Z(F”), and distinct bonds lie on distinct lines ¢ 1 F’. At most
mq-+myy of these lines carry a mark in Z(F”), and fewer than 2 suppy(F’)/n, < 120(mg+megr)

of the others meet Wr in Z(F’), the first inequality being Lemma 4.8(b). Since a block has
six faces, summing over all block faces yields the bound on the total number of seal bonds.

Theorem 4.16 (Cells at rest). Let t be a hull-closed time of the full history other than the
first at which no surviving block has auxiliary material. Then: (a) every surviving block q
carries exactly one cell, Qy = V,, connected in q, with (1 — 39)L3 < |Q,| < 8L3, and every
other block lies in X; (b) every block face F' between surviving blocks contains no G'-bond,
or carries exactly one interface I; in the latter case F' contains no cut bond and good(I) >
(1 —1349)|F'|; in particular (S-face) holds; (c) every component & of G' N Q, Q € Q, satisfies
far(A, 8\ A) > hyA| for 0 < |A] < |8]/2, with hy :=2.2-1071Y /L., and (S-plug) holds.

Proof. (a) By Lemma 4.13, V;, = C; is connected in ¢, and therefore lies in one component of
G'n Q(q) and is the only cell of g. The volume bounds follow from Proposition 4.12 and (G1).
Finally, a block that is not surviving lies in U C X, which is the last assertion of (a).

(b) By (a), the G’-bonds across F’, if any, join the cell of @ to the cell of Q" and form
one interface. Cuts fire only at such times, where by (a) a cut, which is a union of whole
interfaces by Lemma 4.27(a), freezes all G’-bonds of each face its bonds cross. As G’ only
shrinks, a face with a G’-bond carries no cut bond. A line ¢ L F’ is good unless £ N Z(F")
contains a mark, or by is a seal bond, or else by ¢ S; and £ N Z(F') contains a site of Wj.
Indeed, on each remaining line the tube has no hole site, and its bonds are G’-bonds, since
bonds inside a block are never frozen. The first case holds for at most mg + mg lines and, by
Proposition 4.15, the second holds for at most 121(mq + m¢) lines. The third holds for fewer
than 2supp,(F’) < 12(mq + mg) lines, where the first inequality comes from Lemma 4.8(a).
With mq + mg < N(3Q) < 9L2 < J|F'|, we obtain good(I) > (1 — 1349)|F'| > ¢,|F'|.

(c) Expansion can fail only through a thin set, and by Lemma 4.13 there is none. Let
A C R, 0<|A| <|R|/2, and cut := fe(A, R\ A). Since windows are unions of blocks, by
(a) R is a union of sets V; of surviving blocks j C Q, connected through faces that contain
G’-bonds. We put A; := ANV; and B; := V; \ A;. A line of j meeting A; and B; carries a
bond counted in cut or a run of Lemma 4.10(b). If min(|4;|,|B;|) > L3 for some j, then
eenl? < 12Lom; + 12.8Lc(cut + 9m;) by Lemma 4.11(a), so cut > (ey, — 127.209)L2/12.8 >
etnL?/25.6. Otherwise each block of & is either in (|B;| < emL?) or out (J4;| < exnL?), but
not both, since |V;| > 2y, L2. If an in-block and an out-block share a face F’ that contains
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G’-bonds, we follow each line | F’ from the face into either block until it reaches the majority
side of that block through a bond counted in cut or a run, or stays in the minority side and
X for the whole block. In this case the minority side of each block meets the face layer in
at most cut + 99L2 + (eq, + 39)L? sites, all other bonds among the G’-bonds across F’, of
which there are at least (1 —1349)L? by (b), join A to &\ 4, and 3cut > (1 — 1589 — 2&y,) L2.
Otherwise all blocks are in, which is impossible since then [A] > >7.(|V;| — emnl?) > |R]/2, or
all are out. In the latter case each nonempty A; has fewer than einL? sites and is not thin, so
cut > > cut;j(A;) > |A|/Le. In all cases cut > min(3.1 - 107%L2 |A|/L:) > hy|Al|, where we
use that |A] < k%,/2 by (G4), together with the arithmetic of Section S1.2. As 3kph, > x, we
have xn3/kp = x/(3kp) < hy, and (S-plug) holds.

Theorem 4.17 (The Phase-1 output). Phase 1 terminates. Its output (X!, UL, S1) is the
smallest minimizer of 551, no surviving block has auziliary material there, and: (i) every bond

of S! touches X', so S' = ), and crosses a face between two blocks that together contain a
mark; (i) the four terminal properties (S-hull), (S-rem), (S-face), (S-plug) hold.

Proof. By Lemma 3.12(c), each outer step returns U* D U, since S only grows, and by
Lemma 4.14(a) each inner round freezes at least one bond. Each outer step except the last
enlarges U or S, which only grow in a finite box. Phase 1 thus terminates. In the last outer
step the inner loop performs no seal step, so S = S! throughout that step. Thus step (1)
of the last outer step returns the smallest minimizer of €5, with hole set H fl (MU TY) by
Lemma 3.12(b). This pair is the output, and step (2) finds no auxiliary material at it.

(i) Each bond of S! has an end in auxiliary material, which the next hull step fills by
Lemma 4.14(b). For the faces crossed by these bonds we use Proposition 4.15.

(ii) Property (S-hull) follows from Lemma 4.2, and (S-face), (S-plug) follow from Theo-
rem 4.16. For (S-rem), let A € B! be a removal cell with A ¢ X! (otherwise w(A) = 0). We
compare with (X! U A, U! U A), admissible since A is a union of blocks. The bonds of E(A)
with one end in X! lose their weight 1, since by (i) no bond is frozen. At most |0A| bonds gain
at most 1, the volume terms grow by at most Ai7|Al, and the penalty does not grow. Therefore
w(A) < [OA] + Ay]A] < (14 ¢5)|0A| = wy, since |A]/|0A| < /2 for a box with sides in [¢, 3()
(see Section S1.2).

Lemma 4.18. Let the state satisfy (S-plug), Q € Q, and & a component of G' N Q._ Then
Jar(A R\ A) > x|A|/(Bkp) for A C & with 0 < |A| < |R]/2, and > c4|f(x) — fal? <
(103/X2)k2 3 oy (2) — F(0)? for cvery f.

Proof. The first claim is (S-plug), since xn3/kp = x/(3kp). The Poincaré inequality follows
from the Cheeger argument and a median. Let p be a median of f on &. Since each of (f — )+
is supported on at most |R|/2 sites, the argument of Theorem 4.5(iv) in the graph (&, Fg (R)),
with h = x/(3kp), bounds Y (f — p)3 by 12h=2 = 108k%/x? times the Dirichlet form of
(f — p)+. We add the two bounds, using (a —b)? > (as — b1 )%+ (a— —b_)?, and replace u by
the mean.

Lemma 4.19 (Good bonds). At every state satisfying (S-face), (R8) holds, a fine bond across
F(I) being good if the segment of L fine sites of its line centred at it is a path of the fine slit
graph.
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Sketch. The first claim follows from (S-face) and (G1), and the second holds because bonds
across block faces lie on block planes, at least L. apart. A good tube is a G’-path in Z(F') C
QUQ' C Q(Q)HQ(Q’), by (G5) and (G4). Thus its half in @ lies in the component of G’OQ(Q)
of its end, the cell of I in Q. The interfaces of one face are disjoint with at least cq4|F’| bonds
each, and a block has six faces. Together, these facts bound the number of interfaces of a face
and the number of neighbouring cells of a cell. In fine units, a block face meets at most one
exceptional layer on each side, so |F'|gne < 73|F'|(1 + 1/L.)?, while each coarse good bond
carries at least r% fine good bonds.

Theorem 4.20 (Cells). At every closed state with (S-face) and (S-plug), such as the output,
(R5), (R6) and the cell part of (R7) hold, with £ () := & for the cell @ = QN R of a block Q.

Proof. For (R5), || < |Q| < 8L3 by (G1). An interface on a face F’ of @ provides, by
Lemma 4.19, at least ¢,L? good half-tubes of L./2 sites in ©, on distinct lines. Without an
interface no G’-bond leaves 2, since inside @ a G’-bond joins two sites of one cell and across
a face it belongs to an interface. In that case € is therefore a union of components of G,
each with more than Vi = ((1 — ny)er/24)3 LY sites by Theorem 4.5(ii). For (R6), we apply
Lemma 4.18 in & D Q and use that the mean minimizes the sum of squares. The overlap bound
holds because a bond lies in at most 151% < 27(kp/L.)* windows (G4) and the components &
of distinct cells of one block are distinct. For (R7), we use that R is connected in &, together
with Lemma 3.5(A2).

Lemma 4.21 (U-cells). Let T be a connected graph of mazimal degree at most D, with vertex
weights w(v) € (0,V) and total weight at least V.. Then the vertex set of T splits into parts,
each connected in T, of weight in [V, (2 + D)V'). Applied to the cell graphs of the output with
D = 6/cgy, cell weights |Qane and V = Viy = m =3, it gives the U-cell part of (R7), with Cy of
Section S1.2, provided mL > cr,/2.

The proviso mL > ¢r,/2 is a lower bound on 7.

Proof. We cut a rooted spanning tree from the leaves upward, cutting off a vertex with its uncut
descendants once their weight reaches V. A cut part weighs less than w(v) + DV < (14 D)V,
and the light remainder at the root joins an adjacent cut part. In the application, the cell
graph is connected, since G’-bonds between cells are interface bonds, and Lemma 4.19 bounds
its degree by 6/c,. A cell weighs less than 8L3 < m ™3 by (3.1). By Theorem 4.5(ii), a light
component has more than V, sites, and thus weight more than TSV* = ¢, V. Finally, a U-cell
holds fewer than (2+6/c4)m ™3 /(c1L3) connected cells by (R5), in blocks of Euclidean diameter
less than 2v/3L.

4.3 Payment and reach of the Phase-1 output

In this subsection we bound the cost of the Phase-1 output by means of the three comparisons
of Lemma 4.22. Filling everything near a point bounds the cost of a ball, deleting a region
without marks bounds its cost by the bonds of a sphere around it, and a good sphere, chosen
by averaging over the radii, makes the cost decay geometrically away from the marks. Conse-
quently, no hole lies far from a mark, as Theorem 4.23 states, and in Proposition 4.24 we pay
for the pieces near the clusters of marks by comparison with the cheapest state that covers the
marks and fills the forced blocks of the cluster.
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Throughout, (X*,U') is the Phase-1 output and &€ := £5'. By Theorem 4.17, (X!, U)
minimizes &£, and each bond of S' touches X! and has both ends within distance 4L. of a
mark. Thus, at (X!, U!), the frozen bonds count as ordinary bonds, and the penalty vanishes by
Lemma 4.9. For a set A of sites we put £4 := #{b € X' : b C A} +A\|(XN\UY)NA|+ Ay |UNA],
let B.(z) := Qoo(w,7) N A°, and for a fixed site z let f(r) := &g, (;), nondecreasing in 7.
Each competitor (X', U’) below has Ml C X’ and U’ C X’ a union of blocks, and so satisfies
EX, U > E(xtUt).

Lemma 4.22. (a) For every site x and everyr > 0, f(r) < g(r) := 6(2r+4L.)*+\y (2r+4L.)3.
(b) Let B be a set of sites with dist(B,M) > 6L, and B the union of the blocks meeting B.
Then £ < sl(B) := f(B, X'\ B)+ A U'N(B\ B)|. (¢) Putw := [120¢/c,] and w' := w+2Le.
If dist(By 4y (z), M) > 6L, then f(r) < f(r+w')/5.

Proof. (a) Let B be the union of the blocks meeting B,(z), a box of sides less than 2r + 4L..
We compare with (X! U B,U' U B). In this competitor the bonds of X! with both ends in
B disappear, at most |0B| < 6(2r +4L,)? bonds appear, the frozen bonds still touch the hole
set, each site of B ends with the weight A7, and the penalty does not grow. It follows that
f(r) < &5 <|0B|+ A\u|B].

(b) A forced block has a mark within distance 4L, of each of its sites. Consequently, no
block meeting B is forced, and no bond of S! has an end in B. We compare with (X' \ B, U’),
where U’ is the union of the blocks of U that do not meet B. This competitor contains the
marks and all forced blocks. In passing to it, the bonds of 9X! with both ends in B disappear,
at most f(B, X!\ B) bonds appear, the frozen bonds still touch the hole set, the sites of BNX?!
lose their weights, and those of U' N (B '\ B) change from Ay to A.

(¢c) We put A := B,y (z) \ By(x) and apply (b) to Bs := Bs(z) for r < s < r + w.
Since a site of X! at distance exactly s + 1 from x has at most six bonds into B;, we have
Zsf(Bs,Xl \ Bs) < 6/X! N Al. A site of U! outside By lies in a block meeting By for fewer
than 2L. values of s, and therefore > AU N (Bs \ By)| < 2A\L.JU' N A| = 24|U' N A|.
Combining the two bounds, we obtain Y sl(Bs) < 30|X'NA| < 30\~ +A;1)E4 < (30¢/c5)Ea,
using A™t + A\ = L¢/12 + £/(2¢5) < £/cs. Thus some s has sl(By) < £4/4. The bonds
and sites counted in €4 are not counted in f(r). Therefore £4 < f(r + w') — f(r), and

fr) < f(s) <sl(Bs) < (f(r+w') = f(r))/4.

Theorem 4.23. Let J be the least integer with 57 > g((J + 1)w'), and Ry := (J + 1)w' +6Le.
Every site of X! lies within distance R, of a mark, and R, = O(({/cs)log({/cs)), uniformly in
M|, A°, C and D.

Proof. Let dist(x,M) > R.. Then dist(B(j41)u (), M) > 6L, and applying Lemma 4.22(c)
J times from r = w’, together with Lemma 4.22(a), we obtain f(w') < 57 f((J + Dw') <
57g((J + 1)w') < 1. So no bond of 9X' has both ends in the box B,(x), which therefore
lies in X! or misses it. In the first case f(w') > Ay|Bu (z)| > 1. Therefore ¢ X'. With the
arithmetic of Section S1.3, this proves Theorem 3.21(b).

Proposition 4.24. Theorem 3.21(a) holds with C}, := C1 + 2Cseq, C1 := 7+ 27-24.6/9, and
Crree := CL(2+1/(2¢5) + 1/3696).

Proof. By Theorem 4.17(i), S* = (). We compare with the competitor that replaces Yp by the
marks and the forced blocks of P. The sets Yp cover X! by Theorem 4.23. Marks of distinct
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parts are more than 2R, + 2 apart, and hence no bond joins P+ to P+ Moreover, a
block of U! is connected and lies in X'. The marks of a set 3Q are within distance 6L, < r’
of each other, and hence those of a forced block lie in one part. The union Up(P) of the
forced blocks with marks in P lies in Yp, by Lemma 4.9 and because a forced block lies within
4L, of its marks. It has at most 27N (P)/(9L?) blocks, since a mark lies in at most 27 sets
3Q. The competitor X' := (X! \ Yp) U P U Up(P), U := (U'\ Yp) U Up(P) contains the
marks, U’ is a union of blocks containing all forced blocks, and the change is confined to Yp,
which no bond joins to the rest of X!. A bond of S' that loses contact with the hole set
touches Yp, so the marks of its two blocks lie within R, + 4L. < 7’ of P and therefore in P.
There are at most Cyea1N(P) such bonds by Proposition 4.15, each costing at most 2. Since
|0Q| + \v|Q| < 24.6L% and A = 12/L. < 1 (L. > 35 by item (e) of Section S1.1.4), minimality
implies [0Yp|+A|Yp\U+ Ay |YpNUL| < (6+A)N(P)+24.6- 27N (P)/94+2Csea N (P) < CLN(P).
The second inequality follows from |Yp|/¢ < (M)7IAYp \ Ul + ()~ Ay|Yp N UL, with
(A0)~1 < 1/3696 and (A\pf)~! = 1/(2cs).

4.4 Phase 2: insulation, density bound and cuts

In this subsection we first bound the insulation in Phase 2, in Lemma 4.25, and then prove the
density bound (R9), Lemma 4.27 and Proposition 3.19. Each hole site added in Phase 2 outside
the removed cells is hull material, whose removal does not lower the hull functional, while the
Phase-1 insulation ins! := X! is a fixed budget, bounded in Theorem 3.21(a). Throughout,
R; is the union of the cells removed in Phase 2 before time ¢. A cell A removed in Phase 2 is
removed at a hull-closed time ¢a, at which w(A) is evaluated. We denote by sa the number
of bonds of E(A) frozen in Phase 2 before ¢, converted ones included, with no end in X!.

Lemma 4.25. (a) Let t be a hull-closed time of Phase 2, N’ a box, W' := (X;\ (X*UR;)) NN,
Insy/(Y) := #{b € E(N’) : exactly one end in Y} + 24#{b € S; N E(N') : no end in Y}, and
cutys the number of bonds across ON' with inner end in W' whose outer end lies in X; or
which are frozen. Then

A2(E(N');t) < Insyr (XU Ry) + cutpy. (4.4)

(b) Every cell A removed in Phase 2 satisfies w(A) < [ins! N E(A)| + 2sa + |0A|, hence
cs|0A| < |ins! N E(A)| + 2sa.

Proof. (a) We put X := X; and V := A°\ X. Since B, = MUU'UR, C X! UR; C X
by Proposition 4.3(a), W’ misses B; and Insy/ (X \ W’) = Insy/ (X! U R;), while Insy/ (X) =
A(E(N'");t), since by Lemma 4.2 the bonds of S; with no end in X are those of S;. This proves
(a) if W' = (). Otherwise Fft (X\W') > Fft (X), because X = Hft (B;). Written bond by bond
as in (4.3), this inequality reads fpg\g, (W', V)+A[W'| < f(W", X\W') 43¢5, between wr,v (Wo—
1)+ hes, powr Wh, With fp g, counting unfrozen bonds. When we pass from Insy/ (X\ W) to
Insy/(X), the contribution of a bond of E(N') between W' and X\ W’ changes by —1, that of
a bond of S; inside W’ by —2, that of a bond between W’ and V by +1 if unfrozen and by —1
if frozen, and that of every other bond by 0. Inserting the inequality, we see that the bonds
between W' and X \ W’ inside N’ cancel, frozen bonds inside N’ with an end in W’ get the
coefficient wy — 2 < 0, and the bonds counted in cuty remain, each with coefficient at most 1.
We conclude that Az (E(N');t) < Insyr (X U Ry) + cutys — A\|[W/).
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(b) We take N’ := A and ¢ := ta. Since AN R; = () and, by Theorem 4.17, each bond
of S! touches X!, Insa (X' U Ry) = [0X! N E(A)] + 2#{b € S; N E(A) : no end in X!} <
lins' N E(A)| + 2sa, and cuta < |0A|. The last claim follows from the trigger.

Proposition 4.26 (Density bound). At every state satisfying (S-rem), in particular at the
output, (R9) holds, and (3 + c5)|0A] < 54(3 + c5) 2.

Proof. Since a frozen bond is a missing pair of neighbours counted at both ends, the density
count of Section 6 is two-sided, namely the hull’s own count Ay. If A Z B, then As(E(A)) =
w(A) < wy by (S-rem). If A C B C X, this count is 0. A bond of A N E weighs at most 2.
This yields the bound in which these bonds are counted as well, and the last assertion holds
as |0A| < 54¢% by (G3). For the constant cg of the conversion into fine plaquettes we refer to
Section S1.2.

We recall that Phase 2 fills only by removal and freezes by the seal and the cut rule, and
that the cut rule fires only at hull-closed states without auxiliary material, where Theorem 4.16
holds.

Lemma 4.27. Let the firings j = 1,2,... of the cut rule have times t;, components &; and
sides Uj, 8; \ Uj. (a) Every bond of OcxU joins two different cells, so it crosses a block face;
OcrU is a union of whole interfaces. (b) After the cut j no G'-bond joins U; to R; \ U;; every
later component of G’ lies in Uj, in R;\Uj, or outside R;. The sides of the cuts form a laminar
family. (c)|0q:Uj| > cyL? for every cut. (d) Cut bonds support no hull material, alone or with
seal bonds, filled blocks and box faces, and cut bonds block no tube of another interface. (e) If
J(U) >0, then OcrU contains two interfaces at distance > RNp.

Proof. (a) A G'-bond with both ends in a block @ lies in G’ N Q(Q), and hence its ends lie
in one cell. Therefore a bond of dg/U joins cells of different blocks, and all bonds across F’
between a cell of U and a cell outside U lie in dg/U. (b) The cut consists of all G’-bonds
between U; and 8&; \ Uj, where K; is a component of G’ at time t;, and G’ only shrinks by
(H4) of Proposition 4.3. Consequently, each later component lies in Uj, in &; \ U;, or outside
R;. If j, fires before jp, the sides of j; lie in R;,, a component at time t;,, so each of them
lies in a side of j, or misses both. As the two sides of one cut are disjoint, any two sides
are disjoint or nested. (c) By (a) the cut contains a whole interface I, and (S-face) holds at
t; by Theorem 4.16(b). Thus |0cUj| > good(I) > c,L?, where the second inequality comes
from Lemma 4.19. (d) Cut bonds are grid bonds with the hull weight, and they therefore
enter Corollary 4.7 and Lemma 4.8 as grid-type terms, as seal bonds do. A tube crosses no
other block plane, by (G5), and this proves the last assertion of (d). (e) If J(U) > 0, then
0s(0cU) > 2 for some s = 2/ > Ry, and interfaces in different s-clusters are more than s
apart.

Proof of Proposition 3.19. Termination is Proposition 4.3(b). At the terminal state a full pass
changes nothing. Thus the state is hull-closed, which by Lemma 4.2 implies (S-hull), and no
removal cell is over threshold, which is (S-rem). For the same reason, no surviving block has
auxiliary material, by Lemma 4.14(a), so (S-face) and (S-plug) hold by Theorem 4.16. Finally,
the cut rule has no candidate at the terminal state, which is (S-NF) and contains the form
used in Section 7.8.

We now assume that the Euclidean diameter of A° is at most Rxp. Then no pair is
fragmented, since the right side of (NF,) is positive and, by Lemma 4.27(e), J(U) > 0 would
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give two interfaces more than Rnp apart. Since, moreover, by Theorem 4.17 the Phase-1
output is hull-closed, satisfies (S-rem) and has no auxiliary material, Phase 2 changes nothing
in this case.

5 The min-cut lower tail

In this section we show that the frozen set of the construction of Section 3 lowers the min-cut
area of Definition 2.11 by at most n7RT, except with probability e 7. The proof has two
ingredients. Section 5.2 shows that, as A° is acyclic, a minimizer can be taken constant on
each piece of the hole set. In Sections 5.3 to 5.7 we then prove that the frozen plaquettes
which a part of the marks attaches are paid for by the marks of that part. Complete versions
of the proofs of this section, including proofs of the facts that are only stated here, are in
Section S4.2.

The units, 2, A, 2A°, F(Y), Fs, §, G'(D), X and S = S; U Scy are those of Sections 2.5,
3 and 3.4. A coarse face carries at most f% fine plaquettes, 7o = 2rg — 1, and = is a union of
coarse faces, since the plane of C' is a special plane of &(C). We write Pp := Ber(§)®(A5\92A%)
for the law of D and Ep for its expectation.

5.1 Statement

Theorem 5.1 (Min-cut lower tail). Fiz K > K, and 8 > Bo(K). For every rectangle C' with
min(R,T) > Ry1(B) and every o € (0,1],

Pp(Acpy(C) < (1 —np)RT) < 215~ R, (5.1)
Ep exp(o(RT — Acr(py(C))) < exp(onrRT +4|C| +4),
where Sl 20
. 9oL
77T T |10g5//| 9 (52)

with €” of (5.8) and the constants ¢, and C3 of Section S1.4. Moreover, there is 1o(K)
such that for T > 10(K) we have np < 6473Cs/(yr(K)7T), with y7(K) of Lemma 5.12, and
nr = O(F3(CL + Cresp) (1 + 1/c5)/(T1og® K)) with an absolute implied constant, uniformly in
K>K,; sonr =0 as K — o0, and as f — > at fired K > K,.

The conditions that define 5y(K) in item (a) of Section S1.1.4 are lower bounds on 7, which
persist for larger 7, while the constants ¢, C3, Cee, C%, Cresp are free of 3, 7, K, C, D. The
condition 7 > 79(K) is used only for the order of nr, not for (5.1).

5.2 The deterministic side

In this subsection we let (X, .5) be any state with S C F(A°\ X) and compute Ag(py(C) with
§=F(X)UFsUOA°. Then Fs N F(X) = (.

Box topology. Let B be a box of Z? with its cubical complex. (i) Over Z and over Zs
this complex is the tensor product of the complexes of three intervals, each chain-homotopy
equivalent to the coefficients in degree 0; hence every k-cycle with k£ > 1 is a boundary. (ii) 0
is injective on 3-chains: in a nonzero 3-chain, a cube that is extreme in the lexicographic order
has a face shared with no other cube of the chain, and the boundary has a nonzero coefficient
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there. (iii) H;(0B;Z) = 0: if z is an integer 1-cycle on the boundary bonds, then z = dc for a
2-chain ¢ of B by (i); the part of ¢ on the interior plaquettes is a closed 1-cochain on the dual
box, hence the coboundary of a 0-cochain f on the cubes, and ¢ — df is a 2-chain of boundary
plaquettes with boundary z. (iv) By (i) over Zs, the boundaries of the unit squares generate
the Zy cycle space of the box graph.

Lemma 5.2. Every integer 2-chain ¥ in A° with 0¥ = C' satisfies #(supp X \ 92A°) > RT.
Moreover Aqr(py(C) < RT.

Proof. There are RT disjoint closed dual paths that link C', namely nested closed paths of
fine cubes in the planes perpendicular to = through its plaquette rows. They lie inside A°
off 9;A° by Lemma 3.3(e), and each of them crosses = once (Section S2.3). As A° is acyclic
(Box topology (i)), ¥ — = is a boundary. Each path therefore meets supp ¥, with intersection
number +1, and different paths meet it in different plaquettes. The second claim holds because
Ac(p)(C) < |suppE| = RT'.

A piece partition is a partition ) of the sites of X into pieces, which need not be connected.
For a site set Y, let 9Y be the set of coarse bonds with exactly one end in Y, int F/(Y') the set
of fine plaquettes whose two fine cubes lie in sites of Y, and 8/Y the set of those with one fine
cube in a site of Y and the other in a site of A°\ Y. Then

FY)=int F(Y)Ud'Y U (F(Y) N 3:A°), 7Y | < 72|oY ). (5.3)

Indeed, a plaquette of F/(Y) lies in 0, A° iff it is a face of only one fine cube of A°, and otherwise
its second cube lies in a site of Y or of A°\ Y; a plaquette of &Y lies in the common coarse
face of two adjacent sites y € Y, 3/ ¢ Y, which is dual to the bond {y,y'} € Y and carries at
most 77(2) fine plaquettes.

Lemma 5.3. There is a minimizer % of Definition 2.11 (0% = C, #(supp 2\F) = Acrp)(C)),
determined by (X, S), such that for every Y of every piece partition

suppX N F(Y)C oy u (supp ENint F(Y)) U 8A°. (5.4)

Proof. By acyclicity a minimizer is the flat rectangle plus a boundary, and we may change the
boundary freely on hole cubes, where all plaquettes are free. Let X be the first minimizer in a
fixed order and ¥ — E = 0k, k an integer function on the fine cubes of A° (as in Lemma 5.2; k
is unique by Box topology (ii)). We define k := k on the fine cubes of sites of A°\ X, k := 0
on those of sites of X, and ¥ := = + dk. Then 0% = C, and %, X differ only on faces of fine
cubes of sites of X, which lie in F(X) C §. It follows that #(supp X \ §) = A (py(C). For
p € int F(Y) both cubes of p carry k = 0, and therefore ¥, = Z,. Together with (5.3), this is

(5.4), and ¥ does not involve ).

Lemma 5.4 (C-rooted minimizer). There is a minimizer ¥°, determined by (X, S) alone, with
the following properties, in which supp ¥° denotes its support in A\ 92A° and ax, := |supp 2°|.
We have supp X° C supp Y, and every component of suppX° for edge adjacency contains a
plaquette incident to an edge of C. Moreover, (5.4) holds for ¥° for every piece partition, and
ay, > RT.
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Proof. In a fixed order, we replace each component of supp % \ 02A° with no plaquette at
an edge of C by a free 2-chain on dbA° with the same boundary, which exists because that
boundary lies on dA° (Box topology (iii)) (the plaquettes of supp ¥ at an edge off C'UJA° are
pairwise adjacent). Then (5.4) passes to subsets, and ay, > RT follows from Lemma 5.2. Since
(X, 9) is a function of D by Theorem 3.20(R1), so is X°.

Proposition 5.5. For a piece partition Y, call Y € Y touched if suppX° N F(Y) # 0, and
b € S touched if supp X° meets the coarse face dual to b. Then

ax, — Agipy(C) = #(supp X°NF) < fg[ Z (210Y | + |Y|/€) + #{b € S touched}|. (5.5)
Y touched

In particular, if n € (0,1] and Ag(p)(C) < (1 —n)RT, then the right side of (5.5) is at least
ay — (1 —n)RT > nRT.

Proof. The identity holds as 0,A° C § and X° is a minimizer, and ay > RT by Lemma 5.4.
Off 02A° the free set is F(X) U Fg, and we bound the contributions of the two sets in turn.
Each touched bond of S contributes at most 73 plaquettes. A face of = carrying a plaquette
of int F(Y) has both its sites in Y. Its coarse column perpendicular to the plane of C, which
is disjoint from those of the other faces, therefore either lies in Y or contains a bond of 9Y,
and in the first case it has ng > /¢ sites, in view of Lemma 3.3(c). Consequently, |supp Z N
int F(Y)| < 73(|0Y| + |Y]/¢), and (5.4) and (5.3) show that a touched Y contributes at most
72(210Y | + |Y|/¢).

5.3 The Phase-1 Peierls estimate

In this subsection we work with the Phase-1 output (X!, U'), which has no frozen bond, take P,
r’ = 2R, +2 and the pieces Yp, P € P, from Theorem 3.21, and compute ', A := Ay (O)
and X° for (X!, ). For a plaquette set =/, let Z(Z') be the set of sites with a fine cube having
a face in /. Then |Z(Z)| < 2|Z/|, as a plaquette is a face of at most two fine cubes. We also
write Z(X°) := Z(supp £°). A part P is touched if Yp is.

Lemma 5.6. #(Supp 2°N g1) < 77(2) ZP touched(Q‘aYP‘ + ‘YP’/E) < fngree ZP touched N<P)7
and every touched part satisfies dist(P, Z(X°)) < R..

Proof. The two inequalities follow from Proposition 5.5, applied to Y := {Yp}, and from
Theorem 3.21(a). For the last assertion, note that a touched plaquette is a face of a fine cube
of a site of Yp. Thus Z(X°) meets Yp C PTR (Theorem 3.21(b)).

Lemma 5.7 (Marks). Put g, = 3(7o + 1)361/2 < 247“8(51/2. For every finite set W of sites,
W]

]PD(W g M) S dm
Proof. A plaquette marks at most two sites, and a site has at most 3(7 + 1)72 < 3(7 + 1)*
plaquettes on its fine cubes. If W C M, a choice for each x € W of such a plaquette in D takes
at least |[W|/2 distinct values, and there are at most (3(7 + 1)%)"! choices.

Lemma 5.8 (Animals). In a graph of mazimal degree Dyax, the number of connected vertex
sets of size n containing a given vertex is at most (eDuyax)" " . The number of plaquette sets
=/

= C AS with |Z'| = a each of whose components (for edge adjacency) contains a plaquette
incident to an edge of C' is at most 241°1(2k,))?, with Ky = 12e.
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Proof. Section S2.3 gives both counts in more detail. By [GK04, Lemma 2.1 and the sentence
after it, p. 141] the first number is at most (fﬁ)/n < (eD)" !, where D := Dyax denotes the
maximal degree of the graph. For the second, we choose the first plaquette at an edge of C of
each component, the sizes and the components. There are 24€| choices for the first plaquettes
and 2% for the sizes, and the components are counted by the first count with Dy, = 12.

We put e, := 8¢ (2R, + 1)3(2r" + 1)3¢y.

Proposition 5.9. Assume e, < % For every finite set Z of sites and every ug > 0,

PD(ZP&P: dist(P,Z)<Rx N(P) > UO) < 2|Z|+153;m-

Proof. Since the partition is random, we take the union bound over all candidate families of
mark sets, not over the partition, and we use only that parts are pairwise disjoint subsets of
M, r’-connected by definition (the graph on P joining sites at distance at most 7’ is connected,
see Theorem 3.21). Thus the event lies in the union, over u > wuy and all families (Py, ..., Py,)
of pairwise disjoint r’-connected site sets with dist(P;, Z) < R, and ), |P;| = u, of the deter-
ministic events {P; U---U P, C M}, each of which has probability at most ¢* by Lemma 5.7.
A family is fixed by the multiset of roots z; € Z within R, of P;, the sizes, marks y; € P;
within R, of z;, and the sets P; 3 y;. These sets are connected in a graph of degree less than
(2r' 4+ 1), and Lemma 5.8 bounds their number. There are 2/41*™ values for the multiset of
roots, 2% for the sizes and (2R, + 1)3 for each mark. Summing over m < u, we bound the
probability by 21413 er < 2lZ1H1gt0,

Lemma 5.10. Let k > 1 and j € {0,1,2,3} be integers, put cp(k) = 1 + log(2**1kp) and
cr == cr(2) = 2 +10g96, and let n € (0,1], € € (0,3] and F. > 1. Let E be an event
with E C |Jz E=, the union over the plaquette sets = of Lemma 5.8 with |Z'| > RT, where
Pp(Ez) < 2MEHi(E=0=mRT)/F.  If ploge|/F, > cr(k), then Pp(E) < 24CHi+2—RT
and every X with 0 < X < RT and X < nRT off E satisfies EpeX < eOMRTHACIH for cvery

o€ (0,1].
Proof. With \ := log(2"1 k) and w := |loge|/F, Lemma 5.8 bounds Pp(E) by 2417 times

a geometric series in a > RT of ratio e~ @~ < e~!, and the hypothesis reads nw > 1+ .
The moment bound then follows from 0 < X < RT, as we show in Section S2.3.

Proposition 5.11 (Phase-1 output). Assume e, < 3 and ng,}) := c7T3Cee/|logec| < 1. Then
for every rectangle C with min(R,T) > R1(B) and every o € (0,1], the two bounds of (5.1)

hold with A', 1) and 24173 in place of Agi(py(C), nr and 241°15,

Proof. We argue as in the proof of Theorem 5.1, without block families. On E := {A! <
(1 — pS)RTY, Proposition 5.5 with ' and Lemma 5.6 give 3> N(P) > uo(|Z]) := (|| —
(1-— n(Tl))RT)/(f%Cfree) over the parts within R, of Z(Z'), where =’ := supp X° is a function
of D by Lemma 5.4. For each deterministic =/, Proposition 5.9 bounds the probability of this
event by 9202 [+1.%0(=D - [ema 5.10, applied with k = 2, j = 1, ¢ = &., F\ = 73Chee and
X := RT — A' € [0, RT] (by Lemma 5.2), yields both bounds.

Lemma 5.12 (Threshold K,). For K > K, = 377.38 there is a (-independent yp(K) > 0
with

cs(K)
1 C>(
logeel 2 7 =57

- 14.9662) — O(log T +logro) > vr(K) T — Olog T + logro),  (5.6)

34



and (5.6) holds with " of (5.8) in place of €.

Proof. One mark costs /2 = ¢~ 7s(K)/(2K) and the root and part entropies of Proposition 5.9
cost eflog FxtO(logro) < 14.96627+0(log7+logr0)  gince 6m2ucy(0) < 14.9662. For the second
inequality we use the lower bound on c¢s5(K) of Lemma 2.6 rather than its asymptotic form,
and we take vp(K) := (¢}’ (K) —1/(4a.))/(2K) — 14.9662, which vanishes at K = 377.3635 by
the computation in Section S1.4.

5.4 Phase 2: separators and leaves

In Sections 5.4 to 5.6 we bound the Phase-2 cut bonds by the insulation around them. Since
a bond can lie next to many cuts, the main tool is the Leaf Lemma below: n cuts at one place
and scale have n+ 1 pairwise disjoint sides, each of which crosses an annulus around that place
and carries insulation of its own there.

Setting. The cuts j, their times ¢;, components &; and sides U; are those of Section 4.4.
We put Uj := &; \ Uj, cut; := 8ng U; and A; := |cut;|. At a cut time the state is hull-closed
without auxiliary material, so (S-face) and (S-plug) hold (Theorem 4.16) and each cell at time
t; lies in one block and has at least c¢1 LY sites (Theorem 4.20). A c-path is a sequence of sites,
consecutive ones joined by a G’-bond or lying in a common cell. A step of a c-path moves
less than 2L, in each coordinate. The box graph is A° with all coarse nearest-neighbour bonds
(holes and frozen bonds ignored), with box-components and box paths, and 9(Y, W) denotes
the set of box bonds from Y to W. Bonds are square-adjacent if they are edges of a common
unit square. The distance of two bonds is the least ¢*° distance of their ends, and a family
of bond sets is kp-linked if the graph joining members with bonds at distance at most kp is
connected.

Definition 5.13 (Separators). Fix a cut j and write U := Uj, U’ := Uj. Let U® be the
box-components of U, and W(«a) the set of box-components W of A°\ U* with W NU’ # 0.
Put &5 := U, Uwew(a) (U, W), and call each 9(U*, W) a piece of &7. Define &;* and its
pieces in the same way with U and U’ exchanged, and put &; := 6; U 6;*.

Lemma 5.14 (Separators). For every cut j: (a) every bond of & joins a site of U to a site
outside U and is a cut bond of j or insulating at time t; (a bond of 0Xy; or of Si;); the same
holds for &3* with U’'; (b) every piece is square-connected; (c) every piece contains a cut bond
of j, distinct pieces of 6; are disjoint, and in particular 6; has at most A; pieces; the same
holds for &3*; (d) every cut bond of j lies in a piece of &} and in a piece of &3*; (e) every box
path from U to U’ contains a bond of (‘5;f and a bond of 6;’7*; (f) the pieces of &; are kp-linked.

Proof. Ttems (a) and (c) to (e) are elementary and are proved in Section S2.3. The separators
are defined in the box graph, and the argument stays in the box graph except for (a) and the
paths of (c) and (f).

(b) The set II := 9(U*, W) is a minimal set of box bonds separating a site y € U* from
a site x € W. It separates, because each box neighbour of W outside W lies in U®. It is
minimal, because for e = (u,v) € I, u € U%, v € W, a box path inside U® from y to u, then e,
then a box path inside W from v to x, meets I only in e. The unit squares generate the cycle
space of the box graph over Zy (Box topology (iv), Section 5.2). We use Timéar’s lemma only
in the box graph, since in the slit graph the unit squares need not generate the cycle space.
By [Tim13, Lemma 1], for a minimal separating edge set IT and a generating set C of the cycle
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space, each partition (II, Ilp) of IT admits a cycle of C meeting both II; and Ily. Taking for C
the unit squares, we obtaiAn the sguare—connectedness of 1'[
(f) A cell is 2 = Q N R with K a component of G;j N Q(Q). In particular, two sites of one

cell are joined by a G'-path inside Q(Q), which by (G4) is a box of sides less than kp, and this
path lies in K; if the cell does. Bonds with all ends in Q(Q) are at distance at most kp — 1. A
ng—path in &; enters or leaves U® only through cut bonds, and such a bond with outer end v
lies in the piece 9(U*, W), where W > v is a box-component of A°\U®. Here v € &;\U =U’,
as a site of U box-adjacent to U® lies in U“.

We first link the pieces with the same « and different W. A G’-bond inside U’ joins box-
adjacent sites outside U® and therefore stays in one box-component of A°\ U®. For W; # Wy
in W(«) we take a c-path in U’ from W1NU’ to WoNU’, which exists because U’ is c-connected.
Along it the box-component of A°\ U® changes only at same-cell steps, between two sites of
a cell ¥ C U’ lying in components W # W. The G’-path inside Q joining them is a box path
from W to W and hence meets U®. Its first entry crosses a cut bond of d(U*, W) and its last

exit one of O(U?, W), since the path stays in W before the entry and in W after the exit. As
both bonds lie in Q, these two pieces contain bonds at distance at most kp. Following the
c-path, we conclude that all pieces d(U*, W), W € W(«), are linked.

We now turn to pieces with different a. A G’-bond inside U stays in one U®. Thus, along a
c-path in U, the box-component changes only at same-cell steps between sites of a cell 2 C U
lying in U* # U*2. The G’-path inside Q joining them leaves U*! and enters U*? through
cut bonds of pieces of a1 and of ag, both in Q. Each « has a piece, since the box-component
of A°\ U containing a site of U’ lies in W («). Combining this with the first case, we find that
all pieces of G are linked. The same holds for the pieces of &%, with U and U’ exchanged,

and by (d) a cut bond lies in a piece of each. Hence all pieces of &; are linked.

For a site x and r > 0, Boo(x,r) is the set of bonds with both ends within ¢°° distance r
of z. Put ¢g, := ¢1/216, and let sidenyi, be the least coarse side of A°.

Lemma 5.15 (Admissible cuts). For a site x of A° and 27L. < p < sidewin/24, a cut j is
admissible at (z, p) if (i) a cut bond of j has both ends within distance p/2+2 of z; (ii) U; and
U (at time t;) each contain a site farther than 9p from x; (iii) |cut; N Boo(x,9p)| < cshpLe/2-
If j is admissible at (x,p), then Boo(x,9p) contains al least csppLc bonds of each of &} and
Sr*.

J

Proof. Both sides of the cut cross about p/(9L.) disjoint shells around z, and in each shell the
separator, which by Lemma 5.14(e) contains all box bonds between the sides it separates, is
large by a box Cheeger inequality. We carry this out briefly here, and in full in Section S2.3.
In a box B = [n1] x [n2] x [n3] C Z3 (shell boxes need not be cubes), with n := max; n;,
each A C B with |A| < |B|/2 has at least |A|/(2n) bonds to B\ A. To see this, we route
all ordered pairs along coordinate-ordered paths. At most n|B| of them use a given bond,
and at least |A||B|/2 join A to B\ A. The shell bores form a tensor-product partition of
A° with sides in [6L., 12L,), and the shell Sh; is the union of the boxes at index distance 3i,
3i+ 1 or 3i + 2 from the box of x. A c-path moves less than 2L, per step and cells lie in
one block. It follows that each of the at least p/(9L.) disjoint, face-connected shells Sh; with
p/(36L.) +1 <i < p/(4L.) — 1 lies within 9p of x and contains a whole cell of U; and one of
U, by (i) and (ii). In each shell, the Cheeger inequality in one shell box or in the union of two
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adjacent ones gives (c1/24)L? bonds of G’ and as many of &7*. Summing over the shells, we
obtain (p/(9L.))(c1/24)L? = cqupL. bonds of each.

Lemma 5.16 (Leaf Lemma). Let n > 1 and let ji, ..., j, be distinct cuts admissible at (z, p).
Let I be the set of bonds b € Boo(x,9p) such that for some i, b € &;,, b is not a cut bond of j;,
and b is insulating at time tj,. Then |I| > (n+ 1) csnpLe/4.

Proof. The 2n sides Uj,, U ]’Z (at the respective times) are pairwise disjoint or nested
(Lemma 4.27(b)) and distinct, since the component of a later cut lies in one side of an earlier
cut or outside its component. Hence the minimal sides, the leaves, are pairwise disjoint. We
show that there are at least n + 1 of them by adding the cuts in firing order. When a cut j
is added, its two sides are leaves, since an earlier side contains £; or is disjoint from it. An
earlier leaf stops being one only if it contains £;, while the earlier sides containing £; form
a chain, with at most one minimal element. Thus each cut adds two leaves and removes at
most one. For a leaf L = Uj (resp. U]’-), Lemma 5.15 gives at least cshpLc bonds of &3 (resp.
&7*) in Boo(w,9p), of which at most csppLe/2 are cut bonds of j by Lemma 5.15(iii), while
Lemma 5.14(a) shows that the others are insulating at t; and have an end in L, so that they
lie in I. Since a bond has two ends and the leaves are disjoint, a bond of I is counted for at
most two leaves.

5.5 Phase 2: charges and domination

A cut fires only on a fragmented split, and the scale cost of such a split exceeds its area. We
spread the area of the cut over its thin clusters and, using the Leaf Lemma, charge each thin
cluster to insulation of its own, at a rate ep that is doubly exponentially small.

Scales. For the scales s = 2/ L > Ryr of Definition 3.18, which are lattice lengths, we put
p(s) :=s/(1287), a length in coarse units. Points of two sites at coarse distance d are at lattice
Euclidean distance at most v/379(d + 1). Consequently, (U1) two cut bonds whose ends are
pairwise within coarse distance d lie in one s-cluster if v/37(d+1) < s, and (U2) cut bonds of
different s-clusters have all their ends at coarse distance greater than s/(v/37)—1 > 73p(s) —1.
The charge boxes at scale s partition the coarse lattice into cubes @ of side [p(s)]| with centres
Q-

Thin clusters, good scales. Fix a cut j and a scale s. An s-cluster c of cut; is thin if it
contains a bond with an end z. such that |¢cN Beo (2, 10p(s))| < cshp(s)Le/2, and fat otherwise.
For a thin cluster we fix such a bond and end z.. The scale s is good for j if s > 2 and at
least half of the s-clusters are thin. Let ¢! be the number of thin s-clusters.

Lemma 5.17 (Charges). Assume Rnp > max(3456770Lc, 2048F0Lc/(csh0NFFunit)). For every
cut j: (a) J} =30, good(ps — 1) = J(U;)/2; (b) with q;(s,¢) = Aj(ps — 1)/ (Jjo"™) (s good,
c a thin s-cluster), 3 . wooa 2o thin 4 (8, ¢) = A4; and g;(s,c) < 4L%/(ONF Funit); (c) for good
s and thin c, with Q > x. the charge boz, j is admissible at (g, p(s)) and xo & Q for every
other thin s-cluster c'.

Proof. (a) A fat cluster has more than cq,pL./2 bonds, p = p(s), and clusters are dis-
joint subsets of cut;. Consequently, at a scale with ¢, > 2 that is not good, ¢, — 1 <
20pfat < 4A;/(cshpLe) = 51279 A;/(csnsLe). Summing over dyadic s > Rnp gives less than
102479 A; /(cshRnrLe) < J(Uj)/2, by the assumption on Ryp and the inequality J(U;) >

ONF FunitA;/ Lg, which holds because the split is fragmented.
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(b) We have 3 _g;(s,c) = Aj(ps — 1)/J}, and these sums add up to A; over good s. At a
good scale ps — 1 < s < 2001 50 gi(s,¢) < 24;/J; <4A;/J(U;) < 412/ (ONF Funit)-

(c) Take for zg a central site of Q@ NA° (nonempty, as it contains z.; for instance the centre
of @ moved coordinatewise into A°), so that zg € Q and |z, — 29| < [p]/2 < p/2+1,
p = p(s). The numerical inequalities used in (c), and the range 27L, < p < sidemin/24 of
Lemma 5.15, are established in Section S1.4. (i) The chosen bond of ¢ has both ends within
p/2+ 2 of zg. (ii) Since ¢, > 2, there is a cut bond in another s-cluster, with one end in U;
and one in Uj. By (U2) its ends are farther than 9p from xq. (iii) Boo(2q,9p) C Boo(wc, 10p),
and by (U1) all cut bonds of j in By (., 10p) lie in ¢, which is thin. Finally, if 2., z» € @, the
two chosen bonds lie in one cluster by (U1).

Classes. For a bond set Y, B(Y") is the set of blocks containing an end of a bond of Y. The
classes J are the connected components of the graph on cuts with j ~ j"if B(&;)NB(S,/) # 0.
We put X(J) = Ujcs 6;, B(T) = B(X(J)) and A(T) = >_;c7A4;. Let Scu be the set

of all bonds frozen by the cut rule and 852) the set of bonds frozen by seal steps in Phase 2,

and put ins' := 0X!. The payable bonds form Bpay = ins' U Sgye U 5’52) U 0Xfinal U Jp 0A,
the last union over the cells removed in Phase 2. We denote by m, the number of marks of
a block ¢, and by h(8) the number of sites in the blocks of B that are hull material at some
time of Phase 2. By Proposition 4.3 a bond is frozen at most once, so each cut bond belongs
to exactly one cut.

Lemma 5.18 (Classes). (a) Distinct classes have disjoint X’s and disjoint B’s. (b) The
cut bonds of every j € J lie in X(J), and every cut bond lying in X(J) belongs to a cut
of J. Moreover, |X(J) N Seut| = A(T). (c) B(T) is a union of at most 2A(J) sets, each
x-connected in the block lattice (26-adjacency), which are linked at block distance at most
ky == [kp/Lc] + 2. (d) Every bond of X(J) \ Bpay ts, at some time of Phase 2, a hole
face of a site y ¢ X' that is hull material at that time and lies in a block of B(J). So
|X(T) \ Bpay| < 6h(B(J)) < 12Lc qu%(J) Myq-

Proof. (a) A common bond or block relates two cuts.

(b) The first claim follows from Lemma 5.14(d). For the second, a cut bond of j” in &;
lies in &, so j” ~ j. The equality in (b) follows from the two claims.

(c) In view of Lemma 5.14(c), the set &; has at most 2A4; pieces, and Lemma 5.14(b), (f)
shows that they are square-connected, hence with *-connected blocks, and kp-linked. Bonds
at distance < kp have blocks at block distance < kp/L. + 1 < kp, and related cuts share a
block, which gives the linking asserted in (c).

(d) Let b € &; \ Bpay, j € J. Cut bonds and bonds frozen at ¢; lie in Scus U S§2) C Bpay,
since by Theorem 4.17 the bonds frozen in Phase 1 are converted. It follows by Lemma 5.14(a)
that b = (y,u) is a hole face at t;, with y € X, and v € R; C ng. If y € X!, then
b e oX! =ins', as u € GQJ_ C G¥%., where the inclusion holds because G’ only shrinks. If
y lies in a cell A removed in Phase 2 before t;, then b € JA, as u ¢ A C X;,. Otherwise
y ¢ XU Ry, 2 MU Ulu Ry, = By, where R; is as in Section 4.4 and we use that Phase 2 fills
only by removal. Hence, in this case, y is hull material at ¢;, also if it lies in a cell removed
after t;. Its block contains an end of b and hence lies in B(J). Since a site carries six bonds,
this gives the first inequality in (d). For the last bound, let ¢ Z U' be a block. If its removal
cell is never removed, the hull material (X; \ B;) V¢ = (X;N¢) \ M only grows in ¢. If the cell
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is removed at time ta, all hull material of ¢ before £ is hull material just before ta, because
removal cells are unions of blocks by Lemma 3.3(c). Corollary 4.7 at the final time, or just
before the removal, gives fewer than 2L.m, sites per block.

We call a hole face of (d) transient if its other end is absorbed later. There can be L.
times as many transient faces as local sources. We absorb them into ep and attach them to
the contour only through blocks.

Proposition 5.19. Under the assumption on Rnr of Lemma 5.17, for every set J of cuts,
A(T) < ep|X(T)| with ep = 3.2768 - 1077 L./ (csufnr Funit RNF), and if J is a class and
€D S %}

A(T) < 2ep (12(T) N Bpay \ Sewtl +12Lc > my). (5.7)
q€B(T)

Proof. We assign the charge g;(s,c) of Lemma 5.17 to the pair (Q,s) with @ > z.. Fix
(Q,s) and let ji,...,Jn be the cuts of J with a charge at (Q,s). By Lemma 5.17(b),
(c), each of them has exactly one charge there, of size less than 4Lg /(OnF Funit), and is
admissible at (zg,p(s)). The Leaf Lemma gives I C B (zg,90(s)) N X(J) with |[Ig| >
(n + 1)esnp(s)Le/4. Hence the charge at (Q,s) is at most 4nL?/(OxpFunit) < 16L. |X(J) N
Boo(20,90(8))]/ (cshfnk Funitp(s)). A bond lies in Boo (g, 9p(s)) for at most 203 charge boxes
@ of one scale, and ) 1/p(s) < 2567)/Rnr over dyadic s > Ryp. Summing over (@, s), we
obtain A(J) < 203 - 16 - 256 79 L¢| X(J)|/ (csnONF Funit Enr) = ep|X(J)|. For (5.7), we write
X(J) as the disjoint union of XNSeyt, XN Bpay \ Scut and X\ Bpay. The first has A(J) elements
and the last is bounded by Lemma 5.18(b), (d). Thus A < ep(A + R) with R the bracket of
(5.7), and A <epR/(1 —ep) < 2epR.

5.6 Phase 2: responses

Cuts change G’ only on their cut bonds, which cross block faces and carry the hull weight
2 — ny. The hull, removal and seal steps therefore respond to cuts as they respond to marks,
and we bound the responses locally by the marks, the cut bonds and the bonds of ins! = 9X!.
Since each frozen bond is a grid bond and supports no hull material (Corollary 4.7), a response
creates no new source, so the bound on the responses need not be iterated. Section S1.4 collects
the constants of this subsection and the next, with the arithmetic behind them. Let m(Z) be
the number of marks in Z, and let n¢y(Z) and ngea1(Z) be the numbers of cut bonds and of
bonds frozen by seal steps in Phase 2 (converted ones included) with both ends in Z. For a
removal cell Ag, N(A) is the set of the at most 27 removal cells within index distance 1 of
Ay, with union U(Ap), and Na(Ay) is the set of the at most 125 removal cells within index
distance 2 of Ag, with union Us(Ay).

Response units. These are (1) the bonds of 5’%2), (2) the bonds of 0Xgya \ ins', that is, the
hole faces created in Phase 2 and present at the end, and (3) the pairs (A,b) with A a cell
removed in Phase 2 and b € A, and transient hole faces are not units. Each unit is placed at
its bond, and units(Z) denotes the number of units with an end in Z. We assign each unit to
the removal cell of the first of its ends in A°, in a fixed order (a bond of a unit of type (3) may
leave A°). Each bond of Bpay \ Scut lies in ins' or is the bond of a unit.
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Lemma 5.20 (Units). For every removal cell Ag, units(Ag) < C,m(U2(Ag)) +
Cypnews(U2(Ag)) + Celins' N E(Us(Ag))|, with Cy := 4362 + 5808/cs, C = 2 + 4/cs
and Cp:=1+42/cs.

Proof. We bound the units near Ay by the seal count or, through Lemma 4.25, by com-
parison with the Phase-1 output. Let U := U(Ayp), m := m(Uz(Ao)), n := newt(U) and
i := |ins! N E(U)|. A seal bond with an end in a block ¢ lies on one of the six faces of
¢, and by Proposition 4.15 the face shared with ¢ carries at most 121(mg + my) of them.
Summing over the blocks of Ag, resp. of U, we find that at most 1452m units of type
(1) have an end in Ag and that ngea(U) < 1452m. A unit (A,b) with an end in Ag has
A € N(Ayp), and by Lemma 4.25(b) the units of type (3) of the cells of N (Ag) number less
than ug 1= ¢; (i + 2ngea1(U) +2n). We turn to the units of type (2). For 1 < r < L. the boxes
N, :={z : dist(xz, Ag) < r} lie in U and have disjoint outer layers. A final hole face with an end
in Ay lies in E(N,) and has exactly one end in X, so it is counted in A(FE(N,); c0), which
(4.4) bounds by Insy, (X! URs) +cuty,. A bond of F(N,) with exactly one end in X! U R is
a bond of ins! or the bond of a unit of type (3) of a cell of N'(Ag), and a bond of S, N E(N;.)
with no end in X! was frozen in Phase 2. Hence Insy, (X! U Roo) < i + u3 + 2ngea(U) + 2n.
The sites counted in cuty, are hull material in the outer layer of IV,, each with at most
three bonds leaving N,, and the blocks of U hold fewer than 2L.m sites of hull material
(Corollary 4.7). Consequently, cuty, < 6m for some r. Adding these bounds, we obtain
units(Ag) < 1452m + 2ug + @ + 2ngea1(U) + 2n + 6m. Inserting nge,1(U) < 1452m here and in
the bound on the units of type (3) gives the claim.

Lemma 5.21. There are weights w(u, z) > 0, for u a response unit and z a source (a mark, a
cut bond or a bond of ins' ), with w(u, z) = 0 if dist(u, 2) > Ryesp := 100 and Y, w(u,2) = 1 for
every u, the weights being functions of D, such that every mark receives ), w(u,z) < 125C,,
every cut bond at most 125Cy,, and every bond of ins' at most 125C...

Proof. Since Lemma 5.20 bounds the units of a cell by the sources around it, we spread each
unit over those sources. For a unit u assigned to Ay put w(u, 2) := ¢,/ D(4A) for the sources
z of Uz(Ay), that is, the marks in Us(Ag), the cut bonds and the bonds of inst in E(Uz(Ap)).
Here ¢, = Cy, Cy, or C. according to the kind of z, and D(Ay) is the right side of Lemma 5.20.
Then ), w(u,2) = 1, and D(Ap) > units(Ag) > 0 if a unit is assigned to Ag. A source lies
in Uz(A) for at most 125 cells A and therefore receives at most 125¢,. A unit assigned to Ag
has an end in Ay, a source of Us(Ay) lies in a cell at index distance at most 2, and cells have
sides less than 3¢. Hence dist(u, z) < 9041 < Ryesp.

The constant Cresp := 375C, + 125C.C", is fixed before K. A part P owns the bonds of
OYp, which by Theorem 3.21(a) are at most C.N(P) bonds of ins'. The marks and the ins'
bonds of P therefore receive at most (125C, + 125C.C})N(P) < CiespN(P), and a cut bond
receives at most 125C) < Clegp.

5.7 Counting and the proof of Theorem 5.1

In this subsection (X, .S) is the Phase-2 output, with § and the minimizer ¥° of Lemma 5.4
computed for it, and we write 2’ := supp X° and a := ay, = |Z'| > RT. Let R’ := Ry + 2Ryesp
and

e =8¢ (2R +4L. +1)3 (2" +1)3 gp. (5.8)
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The hole set only grows, as Proposition 4.3 shows, and hence X! C X.

As pieces we take the sets Yp, P € P, of Theorem 3.21(a), the sets YA := A\ X! for the
cells A removed in Phase 2, which lie in X, and the sets Yas := (X \ X!) N A’ for the removal
cells A’ not removed in Phase 2. These sets partition X. A piece is touched if Z/ meets its
F(-), and a part P is touched if Yp is. The cell of a touched YA or Ya is a touched cell. Let
Utouch be the number of response units that have an end in a touched cell or are of type (1)
with a coarse face containing a plaquette of =’ (each unit counted once), ciouen the number of
bonds of S NS¢yt whose coarse face contains a plaquette of 2/, and %;oucn the number of bonds
of ins' with an end in a touched cell.

PI‘OpOSitiOIl 5.22. #(E/ N 3) < 77(% [Ofree ZP touched N(P) + 2O(utouch + Ctouch + Z.touch) +
(26Lc/0) > Ar touchea M(A)], the last sum over the touched cells A

Proof. We apply Proposition 5.5 to the pieces defined above. Roughly speaking, the removal
cells cut the Phase-2 hole material into pieces of diameter less than 94, each bounded by
Phase-1 insulation or by response units and entering with its volume divided by ¢. A touched
part costs at most CreeN(P), as in Lemma 5.6. A touched Ya costs 2|0YA| + |Yal|/¢, with
[Yal/l < 270% < 4.5|0A|. A bond of Y, either lies in DA, in which case it is the bond of a
unit (A, b) of type (3), or joins X! N A to A\ X!, in which case it is a bond of ins* with both
ends in A.

A touched Y := Yas costs 2|0Y | + |Y]/¢. A bond (y,v) of Y, y € Y, is of one of the
following four types. (a) v € G’, and then the bond is a final hole face with no end in X!, the
bond of a unit of type (2). (b) v € X!, so the bond lies in ins'. (c) v lies in a cell A removed
in Phase 2, so (A, (y,v)) is a unit of type (3). (d) v € (X \ X!) N A” for another cell A” not,
removed in Phase 2. For a bond of type (d), we walk from y along its coordinate line into A’
If the walk leaves Y inside A’, it leaves through a bond from Y to A’ \'Y C G’ UX!, of type
(a) or (b) with both ends in A’, and distinct walks end at distinct bonds. Otherwise the walk
crosses A’ inside Y, through at least ¢ sites, and we charge 1/¢ to each of them. Since a site
lies on three lines, each with at most two type-(d) bonds at its ends, it receives at most 6/¢.
Hence |0Y| is at most the number of bonds of types (a) to (c) with an end in Y, plus those of
types (a), (b) inside A’, plus 6]Y|/£. Phase 2 fills only by removal, so Y is hull material and
Corollary 4.7 at the final time gives |Y| < 2L.m(A").

Since the Phase-1 output has no frozen bond, a touched bond of S lies in S§2) or in SNSeyut.
In the first case it is a unit of type (1), counted in wutoyen, and in the second it is counted in
Ctouch- Each unit or bond of ins' charged above has an end in the touched cell charging it, so
it is counted in Utoueh OF itouch, and the coefficients add up to at most 20.

The attached family. Let T be the set of classes with a cut bond counted in cyoyen, and
F the smallest set of classes containing 7 with the closure property: if w(u,z) > 0 for a cut
bond z of a class J’, where (i) u is a unit counted in ugouen, or (ii) the bond of the unit u lies
in X(J) for some J € F, then J' € F. We put Br := ||, B(J) and Ax := 3 ;7 A(T).
Let Zr be the set of sites of the blocks of %}1 (the blocks at block distance at most 1 from
Br) and Qatt the set of parts P with dist(P, Z(Z')UZx) < R', and put Ng := > pco  N(P).
In Lemma 5.23 and Proposition 5.24 we assume the condition

8ep(1+ 8L¢)(CL + 3Chesp + 6)(48Chesp +2) < 1, (5.9)

which holds for 8 > 5y(K), as ep is doubly exponentially small.
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Lemma 5.23 (Attached family). (a) the units counted in uiouen and the units whose bond lies
in Jz X(J) number at most Cresp(Ng + Ar) each, so at most 2Ciesp(Ng + Ar) together; (b)
Ar <8ep(1+8L.)(CL + 3Cresp + 6) No < No/(48Chresp + 2); (¢) Ctouch < AF, itouch < CLNg
and |Br| < CyNg (Cyp of Section S1.4); (d) Br has m < 2Ar x-components.

Proof. (a) A unit of the first family has an end within 3¢ of Z(Z'), since a touched cell meets
Z(Z") and has sides less than 3¢, and since a unit of type (1) whose face meets =’ has both
ends in Z(Z'). A unit of the second family has an end in Zz. Thus, by Lemma 5.21, a source
z with w(u, z) > 0 lies within Ryesp + 3¢ + 1 of Z(Z') U ZF. If such a source is a mark, it is a
mark of a part of Q. If it is a cut bond, it belongs to a class of F by the closure property,
and there are at most Ar such bonds, by Lemma 5.18(b). If it is a bond of ins' = | |, 9Yp,
its owner P has a site of Yp C P2+ within Ryesp + 30+ 2 of Z(Z') U Zr and so lies in Qagt.
As each unit has total weight at least 1, the loads stated after Lemma 5.21 imply that each
family has at most CrespNg + 125C,Ar < Cresp(Ng + Ar) elements.

(b) We sum (5.7) over J € F. The bonds of X(J) N Bpay \ Scut are bonds of ins' or of
units. A bond of ins' lies in 9Yp for one part P, which has an end of it in Yp C P+« so
P lies within R, + 1 of Zr and belongs to Q. A part owns at most C,N(P) such bonds,
by Theorem 3.21(a). The units are bounded by (a), and the marks in blocks of 8 7 belong to
parts of Q.. Therefore

Ar <2ep|CiNg + 2Cresp(Ng + Ar) + 12L.Ng).

The coefficient of Ax on the right is 4epCresp < % by (5.9). Hence Ar < 4ep(C}, + 2Cesp +
12L.)Ng, which gives the first inequality. The second inequality is (5.9).

(c) Lemma 5.18(b) implies that a touched cut bond belongs to a cut of a class in T, and
thus ciouen < Ar. A bond counted in i¢oyen has an end within 3¢ of Z(Z'), so its owner lies
within R, +30+1 < R’ of Z(Z'), in Qatt, and Theorem 3.21(a) gives isouen < CLNg. For |B x|,
we charge each block of B(J) to a bond of X(J) with an end in it if that bond lies in Bpay,
with at most two blocks per bond. Otherwise, by Lemma 5.18(d), the block is that of a site y
of hull material or one of the six face neighbours of the block of that site, and we charge it to
the first mark of the block of y, which exists by Corollary 4.7. In this way each mark receives
at most seven blocks. Counting as in (a) and (b) gives |Br| < CyNo.

(d) By Lemma 5.18(c), B(J) is a union of at most 2A(J) *-connected sets.

Proposition 5.24. #(2'NF) < 73C3Ng, |Br| < CuNg and m < M,,Ng, with Cs, Cx free
of B, 7, K, C, D and M,, = O(epL:Cresp) (Section S1.4).

Proof. We insert Lemma 5.23 into Proposition 5.22. Touched parts lie in Q.+ by Lemma 5.6.
By Lemma 5'23(C) and the proof of (a)’ Utouch F Ctouch + Ltouch < (Cresp'i‘CL)NQ'f‘ (Cresp+ 1)A.7-"
The marks of the touched cells belong to parts of Qatt, so > o m(A’) < Ng, and 26L./¢ <
26/308. Together with Ar < Ng/(48Chesp + 2) from Lemma 5.23(b), these estimates give the
first bound, and the other two follow from Lemma 5.23(c), (b), (d).

Lemma 5.25. Assume ¢’ < 3. For a fived set Z of sites, a fized set B’ of blocks and uy > 0,
Pp (X pep. dist(P.zuy s <r N(P) = ug) < 2IZIHB H1 (g yuo,

Proof. We argue as in the proof of Proposition 5.9, with roots in Z U 98’, which give at most
2121+ 1B 1+m myltisets of roots, and with the mark y; within R’ of its root. As block sides are
less than 2L, there are (2R’ + 4L. + 1) choices for each mark.
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For Lemma 5.26 we set dy := [R'/L.| + 2. The block distance is the ¢*° distance of block
indices, and ¢(z) is the block of a site z. Since block sides are at least L., sites at distance r
lie in blocks at block distance at most /L. + 1. A block set B’ is anchored to a plaquette set
= if the graph on {o} U {*-components of B'}, in which o is joined to a component C' when
the component C has a block within block distance dy of ¢(z) for some z € Z(Z'), and two

components are joined when they have blocks within block distance dy, is connected.

/

Lemma 5.26. (a) Br is anchored to = = suppX®. (b) For every plaquette set Z' with

=/

|Z'| = a, the number of block sets anchored to = with b blocks and m *-components is at most
22a+2b+m(2d0 4 1)3m(266)b.

Proof. (a) We build F by the closure, starting from Fy := 7 and letting F41 be F; with
the classes forced by F;. A class of T has a touched cut bond, whose ends lie in Z(Z') and
whose blocks lie in its B. A class J' € Fi41 \ F has a cut bond z with w(u,z) > 0, hence
dist(u, 2) < Ryesp, for a unit u of type (i) or (ii) relative to F;. In case (i), u has an end within
3¢ of Z(Z'), so the block of an end of z is within block distance (Ryesp +3¢ +1)/L.+1 < dp
of g(z) for some z € Z(Z'). In case (ii), the block of an end of z is within block distance
(Rresp +1)/Le +2 < do of B(J), J € Fi, as u has an end in a block of B(J). In both
cases this block lies in B(J’), as z € X(J'), and B(J’) is a union of *-connected sets linked
at block distance k, < dp by Lemma 5.18(c), each of these sets lying in one component of
Br. By induction on ¢, each component meeting B(7), J € F;, is connected to o, and each
component of B r meets some B(T).

(b) Along a breadth-first spanning tree from o, built with fixed orders, the block set is fixed
by the following data, which Section S2.3 lists in more detail:

e the component sizes, with 2° choices;

e the anchors of the children of o in Z(Z'), where |Z(Z')| < 2a, and of each component
among its blocks, with 22¢t0+™ choices in all;

e the root positions relative to the anchors, with (2do + 1)™ choices;
e the components, for which Lemma 5.8 with Dyax = 26 gives (26¢)® choices.

Proof of Theorem 5.1. The conditions of item (a) of Section S1.1.4 include (5.9) and
229 96¢ - (") B) < 10 9(2dy + 1)3(")V/BMm) < 1. (5.10)

On E := {Agp)(C) < (1 —=nr)RT}, as a = Agy(py(C) + #(Z'NF), Proposition 5.24 gives
Ng > Y(ui(a) + b/Cop + m/M,y,) with b:= [B 7| and uy(a) := (a — (1 — np)RT)/(73Cs).

We first reduce the estimate to deterministic pairs. The minimizer >.° and the block family
B are functions of D, defined through fixed orders. Indeed, this holds for the output (X, 5)
by Theorem 3.20(R1), for the minimizer by Lemma 5.4, for the classes, for the weights w
by Lemma 5.21, and for the smallest closed family F. Thus, on E, the pair (supp X°, Br)
takes one deterministic value (Z',B’), with Z’ a plaquette set as in Lemma 5.8 and with 28’
anchored to =’ by Lemma 5.26(a). Hence £ C Jz gy E(Z',%B’), the union over all such
deterministic pairs, where E(Z',8’) is the event that the parts P within R’ of Z(Z') U|J®B'*!
have 3° N(P) > +(ui(|Z/|)+|B'|/Cs+m(B') /My,). In E(Z',B') the random partition appears
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only as a family of disjoint 7’-connected mark sets, by Theorem 3.21, and Lemma 5.25 sums
over all such families.

It remains to sum over these pairs. Lemma 5.25, applied with Z = Z(Z'), where
|Z| < 2a, and with the block set 9B’t! of at most 27b blocks, gives Pp(E(Z,%B’)) <
22042741 (/1) (ur+b/Cw+m/Mm)/3 - Summing over the anchored B’ with Lemma 5.26(b), we
obtain the factors (222 - 26e (¢”)1/BC8))b and (2(2dy 4 1)3(”)/BMm)ym each at most 277,
resp. 2™, by (5.10). The union over B’ therefore has probability at most 2443 (g”)u1(a)/3,
Finally, Lemma 5.10 with k = 4, j =3, ¢ = ¢, F, = 373C3 and X := RT — Ag/(p(C), for
which nr|loge”|/Fy = ¢ > erp(4) and, by Lemma 5.2, 0 < X < RT, gives both bounds of
(5.1).

The order of np. By Lemma 5.12 with £’ |loge”| > ~p(K)7/2 for 7 > 709(K), where
70(K) is chosen so that the error term of (5.6) is at most y7(K)7/2 (it grows logarithmically
in 7). This gives the first bound, and the second follows from C5 = O((C}, 4 Chesp)(1 + 1/c¢5))
(Section S1.4) and 7 (K) > 1.4-10"%log® K for K > K, (Section S4.2).

6 Stage 1: the Mayer expansion to the Debye scale on slit
domains

In this section we prove [GM82, Prop. 3|, with the iterated Mayer expansion of [GM81a], for
the gas whose kernel is the Neumann Green function of a slit graph (Theorem 6.5), and we
derive heat-kernel, covariance and depletion bounds on outputs. Since the Neumann field of a
distant source is enhanced near a free edge of a frozen sheet, the only pointwise bounds on a
Neumann kernel or its gradient that Sections 6 and 7 use near such an edge are the diagonal
lower bounds of Lemma 6.1 and heat-kernel decay from the isoperimetry (R2), in the form of
Theorem 6.8 and Lemma 6.14. The remaining inputs are the exact L' sums of Lemma 6.2
and, in Lemma 7.32, the free-space solid angle. Complete proofs of Propositions 6.3 and 6.4
are given in Section S4.3, the proof of the latter including [GM81a, Prop. 8] on Z3.

Conventions. The lattice is the fine lattice (spacing 1), fam = 4727, and distances are
Euclidean unless dg is written. Slit graphs G = (V,E), V = A\ X, £ = E(V) \ S, their
components &, the bound dg(x,y) > ||z — y[l1 and the outputs G' = G'(D) are those of
§2.5. We define (—Aq f)(y) == >_,,(f(y) — f(y')) over the G'-neighbours of y. For m > 0,

vgfL) = (=Ag +m?) " vg = ’U(G]\,/[Y), vi= U%Y), var is vMY) of the box A’ with all its bonds,
and vep is the Coulomb kernel of Z3. OnRY := {¢: >, s p(z) = 0 for all R}, G 1= (—Ag) "
is the inverse of —A¢v. The image energies are ®(z) = O () := §Bam(ver (z,2) — v(0)) and
Igi(x) :==vegr(z, ) — vpr(x, ), and the depleted set is © := {x € V : g (x) > Oy}, 0y = 0.01.
For a matrix K on V and r > 0, [|K]|, is the larger of sup, >, |K (x,y)|e" %' (#¥) and the
same expression with = and y exchanged. This norm is submultiplicative, and ||K|ja—2 <
|Klo < ||K||, for all such K and r. The activity of a unit monopole is z := e~#emven(0)/2 and
m% = 2Bamz [GM82, (1.8a)]. Hence mp = (8727)1/2¢=™*vcv(07 - Numerical values are given
in §S1.5. The mass m € [mp/2,2mp| and the Pauli-Villars mass My = m/\py are fixed in
(6.11). Until then My is any mass in Iy := [mp/(2Apv), 2mp/Apv], and all statements hold
uniformly in that range. Besides the loop, the letter C' denotes, depending on the context, the
parameter C' € (0,1) of Theorem 6.5 (the notation of [GMS82]), a generic constant, such as
those of (S5), (6.7) and Proposition 6.6, and, in Theorem 6.11 and Appendix C, the covariance
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6.1 Kernel facts on every slit graph

Lemma 6.1 (Thomson monotonicity). Let H C H' be graphs with V(H) C V(H'), E(H) C
E(H') and V(H) finite; H' = Z? is allowed. Let f be supported on V(H). (i) For every
m > 0, (f, vl(qm)f) > (f, vg??)f). (ii) If f has zero sum on every component of H, then it has
zero sum on every component of H', and (f,(—Au)Tf) > (f,(=Am)Tf); for H = Z? the
right side is (f,vonf). (iii) For every slit graph G' C N and x € V: vg,l) (x,x) > vg?)(()) and
v (x,x) > vpr(z,x). Hence Py >0 and Iy > 0.

Proof. In the variational formula (f, vl(fln)f) = sup, [2(f,¢) — X gy renimn (Py) — o(y))? —
m? D yev (i) ©(y)?], restricting ¢ from V(H’') to V(H) keeps (f,¢) and does not raise the
energy, which gives (i). In (ii), f is orthogonal to the kernels of both Laplacians, and the
formula holds at m = 0; for H' = Z3 let m | 0 in (i): the left side tends to (f,(—=Ag)*f), b
the spectral theorem on f | ker(—Ap), and the right side increases to (f,vcpf), by monotone
convergence in the Fourier formula. We obtain (iii) by taking f = 0, in (i).

Lemma 6.2. Let G' be a slit graph and 0 < m < m'. Then: (i) vg?) s symmetric and
entrywise nonnegative, and vg?)(x,y) = 0 when x and y lie in different components; (ii)
> yev vgl)(:c,y) =m~2 for every x € V; (iii) 0(0, - vgf) (m'? — mZ)Ué@vg?/), and this
matriz is entrywise nonnegative and positive semidefinite, with row sums m~= — m/~*; (iv)
spec(—Agr) C [0, 12].

Proof. Since degg < 6, the matrix P := I —(—A¢)/6 is symmetric, nonnegative and stochas-
tic, with no entry across components, and the series qu,@) = (6+m?)~! > n>0(6/(6+ m?2))"Pn

gives (i) and (ii). Part (iii) is the resolvent identity, and (iv) is Gershgorin’s theorem.

Proposition 6.3. Let G’ be a slit graph, Bam > 0, k € R and f : V — R. Put Z(k,f) =
> ) exp(—ﬁ Sper(Vo(n — kf))?), where n runs over (2nZ)Y modulo the addition of a

constant in 27 on each component. Let u := Gn — vgr on RX and let du, be the centred
Gaussian measure on Ry with covariance u. Then: (a) u = MZ(—Ag)t(=Ag + ME)~! on
RY, and u is positive definite there. (b) Z(k, f) =Ny Eq ek(@.f)e=Bam(@GND /2 the sum over
q € ZV with zero sum on every component, where Ny = [[sNg > 0 depends only on G' and
Bam. An isolated vertex carries only ¢ =0 and has Ng = 1. (¢) With 0 := 34 0zlg,

Z k(@ f) =Bam(a:GNa)/2 :/[‘ . Hd;f Ay (¢ )Zy(w+k5_1/2f+5_1/2 )7 (6.1)
0,27

q neutral
where ZY () = D gezv ¢iBhi(a¥)e=Bam(avera)/2 s the Yukawa gas on G', with no neutrality
constraint. (d) Z¥ () > 0 for real ¢, and Z¥ = [[g Z% (¢|g). Consequently the coefficients ps
of the expansion of In ZY in Theorem 6.5 vanish unless all their points lie in one component.

Proof. On each component K we carry out the argument of [GMS82, (2.4) to (2.12)], which
is written there for a measure on Z3 with charges confined to A and no zero mode (change
(c) of Table 6.1). We root & at a point zg € R Poisson summation over (27Z)f=! then
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gives the neutral charges ¢ = (q,—>_q), with (g, A7'¢) = (4§, GnQ) for the restriction A of
—Ag to 8\ {zo}. One variable 0y for each component imposes neutrality on every component,
for any number of components of any sizes. Finally, Gy = vg + u, and (a) follows from
(=Ag + ME) 1 = M, 14, which holds by Lemma 6.2(ii). The positivity Z¥ > 0 is cited in
[GM82, p. 21]. We obtain it by Poisson summation over Z", which writes Z¥ (1) as a sum of
positive Gaussians in n — ﬂéﬁw, n € (2r7Z)Y, with covariance Sgnmve. The factorization and
(d) hold because v and the potentials veG,, defined as in [GM81a, (2.5), p. 6, and (4.1), p. 17],
vanish across components by Lemma 6.2(i), and [GMS82, §3] builds ps from these potentials
through the tree formula [GM81a, (3.7)].

Proposition 6.4. Let My > My be the mass of [GM82, (3.20)], and on a slit graph G’ let
vl 1= vg‘,ﬁ), with the coincident-site rule [GM81a, (5.1a)], and v, := vgr — vly. Then the
stability bounds [GM81a, (4.2)] hold on G' with v1 = 2v};(0), with the same £1 > 0 as on Z3
[GM81a, Prop. 8], and with e9 = 69 = 0. Moreover vé,(x,y) >0, and

ol = suvalG/(m,y) = M;?, v = suvaé/(x, y) = My? — M ? (6.2)
Yy Vo

exactly, as on Z* [GMS81a, (5.3)].

Proof. By Lemma 6.1 each Yukawa energy on G’ is at least its Z3 value for the same configu-
ration. Hence the margins of [GM81a, Prop. 8] transfer. At level one, with the rule (5.1a) and
m(:L‘) = Zz miémﬂ’ EG/ = %(m7vé"m) + % inzxj, sign m;=—signm; ‘mlm]| 'Uév/(xi,l'i) > EZS by
Lemma 6.1(i), (iii), and Ezs > v1 4+ e1(—1 + >, m?), coincident positions included. At level
two, 3(m,vZ,m) > 0 by Lemma 6.2(iii), that is (4.2) with o = d» = 0. Positivity and (6.2)
follow from Lemma 6.2(i) to (iii).

6.2 The Stage 1 theorem

Theorem 6.5 (Stage 1 on slit domains). Fiz kg,u < oo and C,dgm € (0,1). There are
Ao = Xo(ks, i, Cydam) > 0 and, for Apy < Ao, B%M = ﬂ%M()\pv, ks, i, C,0agM) such that for
Bom > ﬂ%M and every My € Iy the following hold on every slit graph G’, with constants
independent of G' and My . Write £ = (m,x) with m € Z\ {0} and x € V, =€ := (—m, z),

and [d€ =3, > cv-
(S1) Expansion. For real v on'V, Z¥ (1) = exp(—Veg (1)) with

Vi) =+ 3 [ deadgpuléann € (6 (e, (63

s>1

; / . ’ . .
where £(§) := B () _ 1, the coefficients ps = pSG are real and symmetric, pg is a constant,
and the series converges absolutely, uniformly in real v. With Proposition 6.3, for every k and

f’
200 0) =No [ TI 52 [ (o) exp[-Ver o+ R6GH"1 + 6a°0)]. (6.9
R
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(S52) Coeflicient bounds. For s > 1 and every a; C 'V,

/ dé, /d£2 . / dé |ps(€1, ..., &) e (1 Imil) ((1=daa) A Ly (21,:..,35)
T1€a1

m2

< sllay| =L e #D (1 — )70 (6.5)
Bam

with A =0, where Ly (a1, . .., ay) is the tree length of [GM82, (1.11a), (1.11b)] computed with

the distance 3~'/2dg and auziliary points in V., Le/(z1,...,x5) == Ler({x1}, ..., {zs}), and

0-o00:=0. Moreover, for all ai,...,as CV

/ dgy - / d€s |ps(€17 e ,{S)] 621{5(71+Zi mal)
xr1€Q] Ts€as

GM

(827 ) Charge moments. If u > 1In3, then for every a; CV

2° 2
S Ut [de [ gl TN < o] F2 st - o)
S: r1€a] BGM

s>1

2

in particular Y o1 2r [ 1ps| (32, [mal)™ < n!(2m5)_”]V|%62"5+“(1 —C)7Y for every n > 0.

(S3) Symmetries. ps(—=&i,...,—&) = ps(&,...,&); in particular Y, mpi(m,z) =0 at
every x € V.. Moreover Vog (1) + 2#651:\5[/2[) = Veg(¥) for every I € ZV.

(S4) One-body term. The bounds of Proposition 6.6 hold.

(55) Dipole kernel. v(z1,22) := BaM Dy my M2 p2((m1, 1), (M2, 22)) is real and sym-
metric, and ||V|a—2 < |[v]o < Ce™#m?%,. If Ce ™ < &, the right side is at most 37>

With My fized in (6.11), on every output (S2) holds also with A = \/3 ky My (Proposi-
tion 6.10), and, if dom < 5, (S5) in the form |V, < Ce ™ m3, (reoy of Theorem 6.11).

Proof of Theorem 6.5. By Lemma 6.1, removing bonds raises all quadratic energies, and by
Lemma 6.2 it conserves the mass of the walk. The stability margins of [GM81a] and the pinned
L' norms of the links are therefore the same as on Z?, without image factors. Hence the proof
of [GM82, Prop. 3], together with the results of [GM81a] that it uses, runs on G’ with the
changes (a) to (h) of Table 6.1, and its other steps carry over without change, for the same
reason. Numbers refer to the DESY preprints identified in §1.4.

other steps

[GM81a] §2, (2.5) to (2.25), Prop. 2, (2.26) (its finite pieces are left arbitrary until the estimates are
made, p. 6), Prop. 3, (2.30), App. A (only (2.27) is used), Prop. 4, (3.7), App. B, (B.4) (stated
on p. 32 for any real symmetric pair array w(ij), and used here for the v&,, £ > 1), (3.8) to
(3.12), (4.3) (with (4.2) for all subconfigurations, by Proposition 6.4), Lemma 5, (4.8), App. C
(combinatorial), Prop. 6, Cor. 7, Lemma 9 (through the pinned norms of change (a) only)

[GM82] (3.1) to (3.18) (for real v, (3.14) uses only |1 + £(§)| = 1, p. 25), (4.1) to (4.11), Lemma 6
(any metric), (4.14) to (4.22), Prop. 7, Cor. 8 (through ||v¢||4 only), (4.25) (71 is the constant
of Z3), Prop. 9, (4.26) to (4.30), (4.32) (through the preceding steps, with L/ and the rate
(1 bcn) A)
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We read the statement of [GMS82, Prop. 3] with two corrections: ¢(§) = -1 +
exp[imﬁéﬁgp(m)], as in its (3.4), and 28gmm 2 p1(£1,7) — 1 at its end. The constants depend
only on (Apv, kg, i, C,dcm) and, on outputs, on those of Theorem 6.8.

A self-contained proof is given in Section S4.3. There the tree formula [GM81a, Prop. 4,
(3.7), App. B] and the tree estimate [GM8la, Lemma 5, App. C] are replaced by the forest
formula of Brydges, Kennedy, Abdesselam and Rivasseau [BK87, AR95], its decoupling prop-
erty and Cayley’s formula; the recursive bound obtained there is slightly stronger than [GMS82,
(4.16)], so that the analogues of [GM82, Cor. 8, Prop. 9] follow by their printed arguments.

Table 6.1: Changes to [GMS82, Prop. 3] and the results of [GMS81a] it uses, on a slit graph G'.

change

steps

use of Z> — on G’

(a) pinning
(b) stability
(c) Gaussian
(d) resolvents
(e) metric

(f) link norms

(g) o

(h) tree length

[GM81a, (4.5a), (4.6), pp. 18 to
20]; [GMS2, (4.12), (4.13), p. 32]

[GMS81a, Prop. 8, (5.1a) to (5.13),
App. DJ; [GM82, Lemma 5, (3.25)]
[GMS2, (2.4) to (2.12), pp. 20, 21]

[GMS2, (3.19) to (3.22)]
[GMS2, (3.23), (3.24)]

[GM82, Lemma 5, (3.26); (4.23),
(4.24), p. 34]

[GMS2, (4.33), (4.34), p. 36]
[GM82, (4.30) to (4.32), pp. 35, 36;
(4.12), p. 32]

translation invariance — pinned norms in max form, re-
rooted sums

Fourier analysis — Proposition 6.4: same 71, €1; €2 = J2 =
0

measure on Z>, no zero mode, Z(¢) > 0 cited — Propo-
sition 6.3: one zero mode per component, Z¥ > 0 proved
resolvents of Z* — of G’; rule (3.19) (= [GM8l1a, (5.1a)]),
same M7 (3.20)

3712je —ylly = | —yller == 3" 2dgs (2, ), in |- ||.4 and
LG/

momentum space — (6.2), Proposition 6.10; Debye condi-
tion A3y < C3(1 — C)Be™2msH /24

v(0) = v (z,x) in o = exp[—Bammv(0) /2]
L(a,...,as) on the right of (4.31) — Lg/(x1,...
side the sum over all positions

,Ts) in-

(a) Pinned norms. Where [GM8la, p. 18] and [GMS82, p. 32] use translation invari-
ance, the former after a preparatory majorization by functions of differences of the argu-
ments, we take instead, on G’, the norms in the max form [GM8la, (4.5b)], |loa|(ma) =
MaXica SUDzev Dz, cvn:z—z [0a(8a)|, With the weights of [GMS2, (4.12)] inserted in the same
way, and 9¢ := supy, Y, |vé, (x,y)|. We sum the positions as in the trimming of the tree in
[GM8la, p. 18], after re-rooting the tree at the vertex containing the pinned constituent, in
order of decreasing tree distance from it. Each summed vertex is then a leaf attached by
one link (7, k), and ij (e (2, )| < 0 uniformly in zj. The s-integrals and tree sums are
bounded by [GM81la, Lemma 5] independently of the positions. Hence [GM81a, (4.7), (4.10),
(4.13), (4.16), (4.17)] hold without change, and [ d&y|oa| < |V]|loa]|-

(f) Link norms. For A > 0 we put [[v5,]l4 = sup, >, [v& (z,y)] eAllz=vllar . At A = 0 the
values are (6.2), on all slit graphs. On an output, Proposition 6.10 gives ||vg/| a, [[vé/ ][4 <
3M, 2 and |vl|la < 3M[ 2 for A < /3Ky My, since ||z — y||¢r = 37/2dg (2, y), the rate of
(6.13) is nondecreasing in the mass, and My < M; < myy. These bounds replace [GMS82,
(3.26)] in [GMS2, (4.23)] and in [GMS82, (4.24)]. In [GMS2, (4.23)], 3M; % is a power of faw,
absorbed by eféMeL. In [GM82, (4.24)], 3M,? replaces 2(6M)~2 at A = (1—8)M, so the factor
%52 of the Debye condition [GM82, p. 34] becomes %. The condition then holds on [y once
My < C3(1 — C)Be~2rs—# /24 (§S1.5). This threshold does not depend on G/, and all other
thresholds of the proof are those of Z3.

(g) The leading one-body term. For a single constituent the recursion [GMS82, (3.12)] gives

ot = olexp|—Baum®vb (z,2)/2], hence of(m,z) = exp[—Bamm?ve (z,2)/2] in place of
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[GM82, (4.33)]. The argument on [GM82, p. 36], through the pinned norm of [GM82, Prop. 9],
bounds the remainder in [GM82, (4.34)] by e (1 — e=*)"2m% 85y, (1 — C)~°, uniformly in .
With the weights e2#5(mI=1) the same argument gives this bound up to a constant factor, since
we use the pinned norm with weight e(2s+#) 25 Imsl anq > jsomjl >t —1. Thus, with A=0
and uniformly in z and G’,

pr(m,z) = e Penma @2 4 Rim,g), 3 |R(m,2)| s (D < Cemmd, [ Ban. (6.7)

It replaces the final assertion of [GM82, Prop. 3], whose error at fixed pu is of order e #.

(h) The tree length inside the sum. We state the bound (S2) with the tree length of the
points inside the integral, which is what the chain [GM82, (4.30) to (4.32)] gives. By [GMS82,
(4.30)], [ps(&1s-- &)l < 81D s ) 2 la]: Cla)={1,...4} [dési1---dé |0l (&,)|. Applied to the
sets {z;}, [GM82, (4.9)] gives Ly (21, ...,2s) < L(z1,...,x;) for all t > s and 24y 1,..., 2 €
V, where L is the least length of a tree on exactly the vertices z1,...,z; [GMS82, (4.8)],
computed with 371/2dg/. In [GMS82, (4.31)] the restriction z; € a; (i > 2) enters only through
L(ay,...,as) < L(x1,..., ), since the pinned norm [GM82, (4.12)], taken in the max form
of change (a), sums all positions with the weight eA4(#») Hence (4.31) holds with z, ...,z
summed over V and the factor e(1=0em)ALgr (21.:75) op the left in place of e~(1-9am)AL(a1,....a5)
on the right. Combining this with (4.32), [GM82, Prop. 9] and the sum over z; € aj, we
obtain (6.5). The bound (6.6), which has the form of [GM82, (1.18)], follows from it, since
Lgi(ay, ... a5) < Legi(21, ..., xs) whenever z; € a;.

With these changes the proof of [GM82, Prop. 3] gives (S1) and (S2). Since the Debye
condition is the only threshold that involves My, they hold uniformly in My € Iy. By Propo-
sition 6.3(d), ps = 0 in (S2) unless w1, ..., x5 lie in one component. Together with Proposi-
tion 6.3, (S1) gives (6.4). For (S3), the activities are equal, the potentials depend on the charges
through m;m; and the rule (3.19), both invariant under m +— —m, and £(§) is QWﬂéI{f—periodiC
in ¢ (z). (S4) is Proposition 6.6. For (S5), v is real and symmetric because ps is, and it vanishes
across components by Proposition 6.3(d). Since |mimy| < Ce2ts(miltmal=1) " (6.6) at s = 2
with a; = {z1} and any az C V gives > . [v(z1,22)| < Ce_“m%e_(l_‘sGM)ALG’({“}“2).
With 4 =0 and ap = V this is [[v[jp < Ce™#m3),, at most 2m?% < 2/m? once Ce™* < L. On
outputs we take A = v/3 ky My and, for an integer k > 0, ap = {x2 : der (21, 22) > k}, Whose
tree length with {z;} is at least 3='/2k. With these choices and =, := (1 — dgm)ky My, the
tail sums Ty := sz:dcl(m,xz)Zk [v(z1,29)| satisfy Tj, < Ce #m2 e~ k. Summation by parts,

rd — 1 4 Zlgkgd(erk —er=1) gives for 0 < r < 7,

D e a)] e der ) = Ty 4y (e — )T,
2

E>1
< (1 + 1_76_7”>C'e_“mZ < (1 + )C’e_“m2
= e _ 1 b= Yo —T b

which is at most 206_“m2D for r <#,/2. For dgm < % we have v, > %/{yMy > 2K0M > 2Tcov,
where the middle inequality follows from the last assertion of Proposition 6.10, and hence
[Vl ree < 2Ce™#m%. This is (S5) on outputs, with the constant C doubled. Finally, (S21)
follows from the pinned-norm bound of [GMS82, Prop. 9] at ks + 1 1In3, since >0, (¥)2% <

3¢ < [1;<, 3™, and the moments from (3°; |m;|)™ < 71!(2,'4;5)_”(32“3Z ‘ml‘ (Section S4.3).
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Proposition 6.6 (Additive one-body bound). Let p™(m) := limyyz3 p'(m, 0), the one-point
coefficient of the Yukawa gas on Z3: p)(m, x) is the series of [GMS2, Prop. 3] over the config-
urations in A, whose terms do not depend on A, so the limit exists by dominated convergence,
does not depend on the base point, and satisfies (6.7) and (6.10) with the same constants
(Section S4.3). Let ® = ®¢r. Uniformly in z € V and G’,

(1, 2) — P (19| < Cehi(1),
pr(£Lz) < p (1) (14 Ce*),
Z |p1(m, z)| m2e2rsUmI=1 < Cm2 /8. (6.10)

Im|>2
Consequently |p1(£1,z) — prf(1)| < pi(1)(1 — e ®@ 4 Ceh).

Proof. Subtracting from (6.7) its form on Z3, prf(1) = e Pomv(0)/2 1 Ro|R>| <
Ce™"m?/Bawm, gives (6.8) and (6.9). Here we use e omve (@2)/2 = ¢=Banv(0)/26=2(2); the
coefficient p"*f(1) carries the same self-energy factor as p; up to the image term e~®, so the
subtraction involves no error of order SayMy. We also use the bound ® > 0 of Lemma 6.1
and m2,/Bam < 2p"f(1)(1 — 2Ce™*)~1, which holds because e~#em?(0)/2 > > In (6.10) the
leading terms are at most e 2Pemv(0) < e‘“m% /Bam, and in the remainders m? is absorbed
by the p-part of the weight 21225 1m5l of change (), since m2eHml < 4e=2 for |m| > 2
and p > 1, so that the Debye condition of change (f) suffices at the same kg.

Remark 6.7. We state Proposition 6.6 in additive form only, because the multiplicative form
pr(x1,z) = p*f(1)e=®@) (1 + O(e™#)) fails at a first-layer corner site of a box. There a tight
neutral pair, which feels only its dipole image, makes the one-site density exponentially larger
in Bgm (see the computation for corner sites in §53.1.5).

The masses m and My. For M € Iy let p}”\‘}f be the one-point coefficient of the Yukawa
gas on Z* with kernel (—=Ags + M?2)~1 and m(M)? := Bam Y., m2pid(m). By (6.7) and
(6.10) on Z3, in which the terms with |m| > 2 carry the weight 62’“‘5(‘7”‘ D > €25 we have
M(M)2 = 28aye P O L0 (e=h 4 e=285Ym2 = m2 (140 (BauM)) +O(eF +e~255)m,
as vg;/[)(O) = vep(0) —O(M). Since Bgump — 0, m(M) € [mp/2,2mp] once p and kg exceed
a threshold that depends on C' through the factor (1 —C)~? in the remainder of (6.7) [GMS82,
p. 36, and Bam > By Since Mj and the rule (3.19) do not depend on M, the mass M appears
only in vﬁﬂ = M) —y(M1) g each term of the expansion of p]fef is continuous in M. The t-th
term is O(te #(=1)) uniformly in M € Iy [GM82, p. 36]. With M_ := mp/(2Apy), we have
0< 1112\4 < 012\4_ entrywise by the resolvent identity, so at fixed ¢ the terms are dominated by
those with v3, in place of v2,, whose bound in [GM82] needs exactly the Debye condition of
change (f) at M = M_. By dominated convergence, M — m(M)/Apy is a continuous map of
Iy into itself. Its fixed points form a nonempty closed set. We let My be the smallest fixed

point and put

m = ﬁl(My) = Apv My € [mD/2, 2mD], pref = plg\?[fy, m? = = BaMm ZmQ ref

(6.11)
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The inverse mass m~!, which like p* is determined by the gas on Z® alone, before any
construction, is the unit of length of Sections 3 to 5, and p™ is the reference density of
Proposition 6.6 and of Section 7.

6.3 Heat kernel and covariance on outputs of the construction

We prove the statements of this subsection in Appendix D, from (R2) and, for Proposition 6.9,
from (R5) and (R6), without any Poincaré inequality or volume-growth hypothesis. Full proofs
of Proposition 6.10 and Theorem 6.11 are given in Section S2.4. The coarse slit graph of an
output is ' = (V,, E.), V. := A°\ X, E. := E(V.) \ S, the graph G’ of Sections 3 to 5 (§2.5).
For W C V., orW is the set of bonds of E. with exactly one end in W. A coarse cell is a site
of the grid of Definition 3.4, a box of fine sides in [rg, 7], not a cell of Definition 3.14. In fine
units we put

V = TOV*/Q Ruk = (1 — nw)cre,L/3, Ko := (1 —nw)crepern/6 < mRuk < 2K,
(6.12)
with ¢; = 2%/3, ¢, = 1/12, Vi = (1 — ny)?p3 /2 (coarse units). The bounds on mRyk follow
from Definition 3.1 (§51.5). Let p;(z,y) be the kernel of e!~¢’| the transition probability of the
walk X; that jumps across each bond of G’ at rate 1, and let 7(z, p) := inf{t : de/(x, X;) > p}.

Theorem 6.8 (Heat kernel at scale Ryk). Let G’ be an output, and let Cy (a function of cp of
Proposition 6.9) and 611{K be the absolute constants of §51.5. There are Cio, Cex; Cgs, Cgs, Crr >
0, depending only on Cyr, such that for Bam > B%M, z,y € V and d := dgi(z,y): (HKO)

pi(z,y) < exp(—ad + 6(coshar — 1)t) for all a,t > 0; in particular py(z,y) < e~ Y7 for

t < d; (HK1) pi(z,y) < max(Cpt™ 3/2 4/Vf) < Oy max(t _3/2,Rﬁ§’<) for all t > 0; (HK')

Epdgr (2, X;) < Omot'/? for 0 <t < R2y; (HK2) Py(7(z,p) < t) < V/2exp(—cex min(p?/t, p))
forp>1and 0 < t < ef8R2,; (HK3) pi(x,y) < Cgst>/? exp(—cgs min(d?/t,d)) for 1 <
t < 2511{KR%K; (HK}) E,efdcr(.Xs) < 1 4 O),0s'/2 for 0 < s < e KRIQ{K and 0 < 0 <
min(s~ 2, cex/2).

Proposition 6.9 (Coarse-to-fine transfer). Let G’ be an output, read on the fine lattice. (i)
Isoperimetry. |0grA| > cp|A|?/3 for every A C V with |A| < Vi, where the absolute constant
cr (§51.5) does not depend on rg. (ii) Faber—Krahn, components. For Q C V with || <
Vi, MP(Q) > (2./12)|Q|72/3, where \P(Q) is the smallest eigenvalue of —Ag: on functions
vanishing off Q; and every component of G' has more than 2V*f vertices. (i1i) Cheeger transfer.
If a set K of coarse cells satisfies |0xgW| > he min(|W|, |K \ W|) for every W C K, then its
blow-up K7 satisfies [0xcs A| > 7y min{3, he/Cpi} min(| A, |[KS \ A|) for every A C K7, with
the absolute constant Cy; of §S1.5. (iv) Cell Poincaré inequality. For every fine cell Q of a
block Q there is a connected set & with Q C & C V N Q(Q) such that > seale(z) — @al* <
C’{;Vk% ZbeE(ﬁb)(Vbnp)Q for every ¢ : V.— R, with C’{:V = 108C% /x? and ko := ro(kp + 3);
every fine site and every fine bond lies in at most Ny, < 27(kp/L.)? of the sets &, resp. E(&);
and |Q| > ¢1 L. (v) Diameter. Under (L8-2) of §7.6, every graph (8, E(&)) is connected, of
diameter d, < 2 + 0.469 Bom/m = 2 + 0.235L" in its own graph distance; in particular every
R has dey-diameter less than L.
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Proposition 6.10. Let G’ be an outpul, ky = min(1,1/(2Ch)) and my = min(1, cex/2).
For every mass 0 < M < myy,

sup Y vl (@, y)ef e W) < 32 gy = kM min(1, (1) Y2MRuk).  (6.13)
Ty

In particular, if My < myy,

sup E v (, y)e™ My (2y) < 3M,2, Ky = £ min(1, (a?K)l/QKO/)\pV), (6.14)
x
y

and the same bound holds for vé, (since 0 < vé/ < v entrywise) and for le/ at mass My <
mw. Moreover ky My > 4kom, where kg := /@W(elfK)l/QKo.

We use only one property of the constant xy: since Cps depends only on the absolute
constant Cgy (Theorem 6.8), Ky does not depend on 7, K, C or D.

Theorem 6.11 (Covariance bounds). Let G’ be an output and Cy := (My>A2, — Agr +m?)~}
on RY. Assume \py < %, My < mw and m < min(1/68,my /2) (all true for Bom > B%M)
Put k{ := min(ko/2, (2Cgs)1/2) and reoy = min(ko, £4)m, and let Ki, K|, K and K3 < 3.5 be
the constants of §51.5, which depend only on (cp,cp,cr, Apv). Then for all x,y € V: (HI1)
Co(x,x) < K1My (the zero modes included); (HI') 0 < Co(z,y) < K} Mye " omde (@y) . (H2)
1Coll ko < Ksm™2; (Hc) if v is symmetric with ||v||y.,, < e,m? and 2Kze, < 1, then C =
(Cy ' +v)~1 exists and is positive definite, C(z,x) < 2K My, |C(z,y)| < 2K} My e "eovder (@)
and ||C|| .., < 2K3m™2; the same bounds hold for every matriz Cs with |Cs(z,y)| < |C(x,y)|
entrywise and Cs(z,x) < C(z,x), such as the interpolated covariances of Appendiz C.

6.4 Depletion

In this subsection we bound the number of depleted sites per cell. The face kernel of Theo-
rem 6.15 contains all collective effects of the walls. Chebyshev’s inequality turns (R9) into a
site count, and sparse insulation costs one logarithm, which Section 7 absorbs. Throughout,
N = A°, M := My, and u, := vp/(-,x) is the kernel of the box without holes. The miss-
ing pairs are the (y,y) with y € V, |y —¢/| = 1, and ¢ € X (the set Mx) or {y,y'} € S
(the set Mg). Their union is M = Mix U Mg. A frozen bond gives one pair at each end
(frozen bonds are two-sided), and No(U) := #{(y,v') € M : y € U}. For z,y € V we put

gl‘(:u) = Zy’:(y,y’)em(UQT(y) - U/m(y/))

Lemma 6.12. For every slit graph G' C N and x € V: (a) fory € V,
(=D + M*)ug|v) () = 62(y) — 9o();

(b) Iy (x) = Z(y,y’)egm (Yed (x, y) [U:L‘(y) - ux(y/)] .

Proof. For (a), at y € V the operator —Ay + M? is —Ag + M? plus the terms of the pairs
of M at y, and (—Ap + M?)u, = 6,. For (b) we apply vg to (a) at z.

Lemma 6.13. There is an absolute constant AOAD such that on every output, for every z and
every r > 1 (fine units), No(V N B(z,7)) < A§Pr? + AFPr3/(ropy).
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Proof. At the final state Lemma 4.4 applies to all sets W C V. of coarse cells, with OrW as the
coarse cut dgrW. In (4.1) a frozen bond with one end in W carries w, — 1 = 1 — n,, and one
inside W carries wy > 2(1 — 1), where wy, = 2 —n,, is the hull weight. Hence the coarse count
NS(W) of missing pairs with first entry in W is at most (|opW |+ A|W|)/(1 — ny). Informally,
the two-sided count is forced, and it reduces the density bound to the minimality of the hull
on a ball. We first consider r > r¢, and let W be the set of coarse cells of V, that meet B(z, 7).
Then [W| < C(r/r0)3, and each bond of W joins a coarse cell meeting B(z,r) to a coarse
cell of V. that does not, so |OrW| < C(r/rp)?. Since a coarse missing pair carries fewer than
4r¢ fine ones, No(V N B(z,r)) < 4rg - L(C(r/ro)? + C(r/ro)?/py). For 1 < r < rg, the fine
missing pairs with first entry in B(z,7) cross at most six coarse grid planes, each in at most
C7? bonds, counted with both orientations.

Lemma 6.14. On every output, for all z,y € V, ver(z,y) < C’Gr[(l + |z —y))t + 77@] with
ng = ﬁ”L(KO_I + )\%VKO_S) and Cgy depending only on the constants of Theorem 6.8; and
ver(z,y) = 0 when x and y lie in different components.

Proof. We split the time integral in v = [;° e M?tp, dt, with R := Rgk. On [0,1] we use
py < 1 and (HKO). On [1, 218 R2), (HK3), split at t = dgr(, ), gives C/(1+ |z —y|). Beyond
this interval, (HK1) gives C(R™! + M~2R73) < Cng, since R > Ko/m and M = m/\py.
Across components vgr = 0 by Lemma 6.2(i). The zero mode of a component K contributes
M~2/|]] < 1/(2M2V,), by Proposition 6.9(ii), and this lies inside M 2R3,

Theorem 6.15 (Face-kernel bound). On every output, for every x € V, with r(y) := |z — y|,
Ig/(z) < CpSs(x) + CrneSa(z), where S3(x) = 32, nem(l + r(y))BeMyrW)/2 | Gy (z) =
> ynem(l + r(y)) 2 MyTW/2 ) Op = Cq, O with C the constant of Lemma D.2, and
Sa(x) < Cslog(2/My) with Cs := CAFP (1 + Apv/(cpcr)) (§51.5).

Proof. We take absolute values in Lemma 6.12(b), so no cancellation across a sheet is used
and the Neumann kernel appears only through its values. For each pair, 0 < vg(z,y) <
Car[(1+7(y)) ™" + ng] by Lemma 6.14, and |uz(y) — uz(y')| < C} (1 + r(y))"2e~MrrW)/2 1y
(L2) of Lemma D.2. That lemma applies with M = My, because |y — y'| = 1, the sides of
A° are, by Lemma 3.3(c), at least £p > %~_1 > M,?', and My < % for Bam > By A
frozen bond appears twice, each time with its own first entry. For the bound on S5 we sum
Lemma 6.13 over dyadic shells 2% < r < 25*1. Each shell inside rpy gives at most 8AOAD, and
up to r < My, ! these contributions yield the logarithm. For the shells beyond we use e My7/2,

and the growth term gives at most CAJP /(Myropy) < 2CASPApy/(cper) (§S1.5(F)).

We put gy := 6p/(27%7), so that ®(x) > 6 if and only if vg (x,2) — v(0) > e, and
ep :=€9/(4CF). With the constants Ly, Cr of §51.5, let Ryep := (32A€DL9/€F} = [Cr7/00],
and let (F) be the condition CpngCslog(2/My) < eo/4. The constant ¢y := 27 7 (ws +
2|0Al), maximized over removal cells A, comes from the two-sided bound (R9), proved in
Proposition 4.26. It satisfies cg < 25(3 + ¢;) (§51.2).

Theorem 6.16 (Depletion per removal cell). Let G’ be an output and assume Ryep < 10p,
Raep < Up and (F). Then for every removal cell Q, #(D N Q) < C(200) o + Chox +
ey log(C'7/600)], where ¢ < co is the part of the insulation lying in sparse blocks (defined
in the proof), Cpox is the box-face term, and C,C" are absolute up to Cr and Cp.
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Proof. (i) Reduction to S3. Since vgr(x,x) — v(0) = Ig(x) + [vpr (2, ) — v(0)], we have © C
{Ier > e0/2} U{®n > 60/2}, where @y (z) = 1Bam(va(z,2) — v(0)). On the first set
Theorem 6.15 and (F) give S3(z) > ep.

(ii) Far insulation. The pairs at distance more than R := Rgep from x contribute to Ss(x)
at most Y50 (28R) 3Ny (V N B(x,2k+1R))e_MY2kR/2. By Lemma 6.13, with R < rgp) and
Myropy > cper/(2Apy), this is at most 16A4P L, /R < ep/2 (§51.5(g)). There the shells with
2FHLR < ropy give 16A€D/R, and the others give a logarithm. Hence each x € ® outside the
box set has S5 (z) > ep/2, where S5 counts the pairs with first entry within R of z.

(iii) Blocks. We cover @ by grid cubes ¢ of side R. Let 3¢ be the block of 3 x 3 x 3 such
cubes centred at g, put N3, := No(V N 3q), and call g dense if N3, > R?, sparse otherwise. A
dense ¢ has #(D N q) < R® < RN3,. For a sparse ¢, Chebyshev’s inequality gives #(D Ngq) <
(2/eF) D _1eq S5 (x) < (2/er)N3q(4mlog(4R) + C3) plus the box set. Each pair lies in at
most 27 blocks 3¢, and the pairs counted for ¢ N Q # () lie within 2R < 2rgpy < {p of Q,
hence in the 27 removal cells Q" around @, as the removal cells form a product grid with sides
at least /p. Each of these cells has No(Q') < 4rd(w. + 2|0A]) < 4co/(27) by (R9), since a
coarse pair carries fewer than 473 fine ones and removed cells contain no site of V. Hence
Adense + Asparse < 4+ 27%¢cq/(27), where A, := Zq o N3g. We put ¢ := 27 Agparse/ (4 - 272) < ¢
and substitute R < 2Cr7 /0y and 2/ep = 1672Cr1 /0.

(iv) Bozx faces. By the image representation of the box kernel (proof of Lemma D.2) and
(L1), var(z, ) — v(0) < CY pdp(x)~! + 3Cim/lp, the sum over the faces F of A, dp(z)
the layer distance of x from F, and the last term from the images other than the 26 nearest
ones, which have a coordinate at distance at least 2n, > 2¢p from x (n, the sides of A’). As
Raep < €p and Cr > 247%Ciyy (§S1.5), 3Cim/lp < 60/(2Bcm). Hence the set {®p > 6p/2}
lies within distance C'7/6y of A’ and meets a removal cell, of side at most 3¢p, in at most
Cl2,7 /00 < Chox/(20) sites, since (57 < C1/m? < C/z.

Proposition 6.17. Under the hypotheses of Theorem 6.16, for every U-cell Ay of the output,
(M2 /Bam) #(D N Ay) < caep = ALY + AP log(C'7/6p), with AD := CNeoy(co + Chox)/00,
AP .= CNeove? /00 and Neoy < (Cyin™t/lp + 6)3.

Proof. Steps (i) to (iv) of the proof of Theorem 6.16 apply to any region U in place of @, the
pairs being counted in the union of the blocks 3¢ over the cubes ¢ meeting U. By (R7) the cell
Ay has diameter at most Cy/m . Hence that union lies in a cube of side Cym~! 4+ 4R, which
meets at most Neoy removal cells, each with sides > ¢p > R and with Ny < 4c¢o/(z7). Finally
m? /Bam < 4m2D /Bam = 8z. Since a U-cell lies in one component and depletion is counted site
by site, the bound does not depend on the number of components.

Lemma 6.18. Let 6y = 0.01 and
C9°P .= max{17.8 Cr/(c,cr), 3.6 - 103CrCs(Ky* + A\py Ky ™)}

If 7 >2,24941 > ln(Cfep/90)+2.51nT and mp/2 <m < 2mp, then Raep < ropx, Raep < D
and (F) hold.

Proof. By hypothesis, CIP75/26=24947 < g, With m < 2mp, ropy = cpL > cpcr/(2m) and
log(2/My) < 1In(1/mp) < 2.4944 7, the three conclusions follow by arithmetic (§51.5).

The value 6y = 0.01 is dictated by Section 7, which needs €, + 6" < 1/7 with 8/ > 1 — e,
The condition of Lemma 6.18 is a lower bound on 7 that persists.
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7 Stage 2: the single-scale expansion and the deterministic
area law

In this section we prove Theorem 7.57: for each output G’ = G’(D) of the construction and
each rectangle C' with min(R,T) > R1(5), W (C) < exp(—oy[Ag/(C) —nsRT]+cny(R+T)).
We carry out the single-scale analysis of [GMS82, Section 6, Appendices C to E|, with the
lemmas of [BF80, Section 9] that it uses, on G’. The structural changes are the following.
First, the outer partition functions are graded by the class of their walls (their periods around
the handles of the insulating set), and the Kirkwood—Salsburg system of [BF80, Appendix 4] is
solved for all classes at once in a weighted ¢! algebra. Second, the handles enter the bounds in a
single place: the area weight of a class comes from one bound at fixed class (Proposition 7.53).
In Subsections 7.1 to 7.5 we derive the class-graded polymer expansion (Corollary 7.28), and in
Subsections 7.6 to 7.9 we bound it. Sections S4.4 to S4.8 of Part S4 write out the proofs of this
section and of Appendices A to C in full, including the steps taken from [GMS82] and [BFS80].
Section S4.5 contains the proofs of Propositions 7.3, 7.4, 7.7 and 7.22, and Section S4.4 those
of Propositions 7.5 (with explicit constants), 7.8 and 7.19, Lemmas 7.6, 7.11, 7.12, 7.15, 7.21,
7.23 and 7.24, Theorems 7.16 and 7.27 and Corollary 7.18.

7.0 Standing conventions

We use the following conventions in Section 7 and Appendices A to C. The cells of Defini-
tion 3.14 may be disconnected. Interfaces, walls and tubes are defined on cells, and polymers,
seeds and the Kirkwood-Salsburg system on the U-cells of Theorem 3.20 (R7). By |X| we
mean the number of U-cells of X, not a Debye volume, and the constants of Appendix B
are per U-cell. We work in fine lattice units, a = 1. Sums over sites and bonds are plain
sums, each bond counted once. The collar scale L' is fixed by mL' = K.q18am, Keol = 2, where
Bam = 4m27. The min-cut area Ag(C) of Definition 2.11 (a support count) and the forced wall
content A(p) of Lemma 7.43 (an ¢! quantity) are related by Theorem 7.14 and Lemma 7.55.
Constants C, ¢ are absolute or depend only on the constants fixed before K (Section 8), and
change from line to line. We write (-,-) and || - || for the £ inner product and norm on V or

E, and [} := Ypey o(@)*.

7.1 Representation

Throughout, G’ = (V, F) is the fine slit graph of Subsection 2.5 for the set (2.9), with set of
components Comp(G’) 3 K. From Subsection 7.2 on, G’ will be an output of the construction.

Definition 7.1 (Operators and the loop on G’). (a) For an oriented bond b = (x,y) € E and ¢ :
V =R, Vo(b) := ¢(y) — p(x), and A := —V*V is the Neumann Laplacian of G’. (b) On R,
™l i= M2 (—A)(—A+ME) and Cp := (u™' +m?)71 = F(=A), F(t) := (My*? +t+m?)~L.
(c) For an integer 2-chain Z in A° with 02 = C and b = (z,y) € E, &, is the coefficient in = of
the plaquette p, dual to b, oriented as Ocy (¢, the cube of y), and j(b) := 27&, (the opposite
orientation of Subsection 2.5 amounts to = +— —E and leaves (2.8) unchanged, m — —m).
With n = 2mm, (2.8) reads Z(k, Z) = Zar (k,Z) = 31,1 exp(— g0 Ypep(V(b) — ki (D)%), [n]
running over (27Z)" modulo functions constant on each component; W¢/ (C) = Z(1,Z)/Z(0,Z)
does not depend on = (Proposition 2.10). (d) The Neumann solid angle f = fg solves
—Af=V*j; Rf:=Vf—jand Eg = | Ry||*.
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The operator Cj is positive definite, since v~ > 0. As Cy and u~! are both functions of
—A and Alg = 0, we have

Colg =m 2?1z (R€ Comp(G')), m*Co—1=—-Cou ' =—u'Cy. (7.1)

Since both ends of each bond lie in one component, V*j L ker A. Hence f exists, unique up
to one constant per component, and Ry, Eg do not depend on the choice.

Lemma 7.2. Let Il be the orthogonal projection of £*(E) onto ranV. Then Vf = IIj and
Ry = —(1—1I)j; hence V*Ry =0, (Vp,Rs) =0 for every ¢ : V = R, (j,Ry) = —E¢, and
Eq = min, |[Ve—j|?. Foreveryn:V =R andk € Z, Y z(Vn—kj)?> =3 p(V(n—kf))*+

K Ec, so Z(k,Z) = e ¥ Eer/2en Z(k, 2) with Z(k,E) 1= 3,1 exp(— 55— Y 5(V(n — kf))?).

Proof. The solid angle is the gradient part of the loop current, since f solves the
Euler-Lagrange equation V*(Vo — j) = 0 of |[Vy — j|>. Hence Vf = IIj and
Ry € ran(l — II) = kerV* and the identities follow. For the last one we write
Vn—kj=V(n—-kf)+kRy and use Ry L ranV.

The input from Stage 1. We use (S1) to (S5) of Theorem 6.5, with £ = (m,z) and [ d§
as there, u and dpu, of Proposition 6.3 (on Ry, where u inverts u™!), and P := 277,8611/[/2. By
(6.4) with 65 = B cq there is A > 0, independent of k and Z, such that

= dCﬁ
2(k,2) = N / [aumprevtert®,oim Yoy, 72
( ) 0 OP)Comp () H Zﬁ: AR ( )

—Vest (¢ | KZ) = po + Z /dgl “d€s ps(§1y -5 Es) enl(§1) - en(Es), (7.3)

s>1

with €x(§) = ¢im(Bchie(@)+kf@) _ 1 and the real coefficients ps = pS of (S1), and the series
converges absolutely, uniformly in real ¢. By (S3), Veﬁc(Lp—i—PI | kZ) = Veg (@ | kE) for I € ZV.
On outputs the dipole kernel v of (S5) has ||v||r.,, < e,7?, with 2K3e, < 1. The space R}

the norms || - ||, the image energy ® = ®¢ > 0 and the depleted set © are those of the
conventions of Section 6. The quantities p*f, 7 and My = m/Apy are as in (6.11), and (S4)
denotes Proposition 6.6 together with (6.10) for p™! in place of py (-, z) (proved in Section S4.3).

Proposition 7.3 ([GM82, (6.1) to (6.4)] on G'). Assume (S1) to (S3). (a) Z(k,Z) =
e W Bar/2Bam 7k, B), with Z given by (7.2): one zero-mode variable cg € [0, P) per compo-
nent of G'. (b) The integrand of (7.2) is P-periodic in each cg; hence (a) does not change
when f is changed by a constant on each component. (c) py cancels in Wei (C).

Lemma 7.2 and (7.2) give part (a) as in [GM82, (6.1) to (6.4)], except that there is one
zero mode per component (GM’s Gaussian measure is defined on (aZ)? and has none), the
loop entering only through the phases €, and that e~k Egr /28am replaces e~k (JvenJ) /28 Part
(b) is (S3) with I = 1. Part (c) holds as in [GM82, (6.5)], because pg gives the same factor
in Z(1,2) and Z(0,E). By (c), we set pop = 0 from now on.
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Cells, cell averages and block spins. We write —Veg(¢ | kE) = [d€ p1(§)er(§) + E'(¢),
where E’ collects the terms s > 2 of (7.3). The cells Q = Q7 of Definition 3.14 partition V,

each in one component. For a cell  and z € Q let A(z) = Ag and f(z) = fo be the averages

of pand fover Q, 6 :=¢p—A, 6f :=f— fand 0 := 5—0—]4:5(_;;/[/25]” Then Zzeﬂg( )=20

for each cell, and 61/290 +kf = (61/2/1 +kf) + ﬂ1/25 The block spins are the elements of
= {h : V — PZ constant on every cell}.

Proposition 7.4. Assume (S3) and >, m?|p*i(m)| < oo. (a) For every real ¢ on V,

el 4€r1(©ek(O) = ©(p) eCP) with O(yp) = S he He—{QHerBGl/Qf WP G = Gy + Gy, O =
[[gra(Aq), G2 = Go1 + Gap + Ga s,

exp{|Q| Z pref( )[ im(ﬁéﬁA—&-ka) . 1}}

ro(4) = — (7.4)
S ez exp{—4m2|Q (A + kBt fo — nP)2}
L a1/2% -
Ga = /df P (m) [eszGMé( ®) 11— zmﬁl/2 §(z) + m*Bamd(z)?],
GQ’Q — /d§ pref(m> [ezm(ﬁéﬁA(x)-I-kf(x)) _ 1] [eimﬁéﬁg(x) 1 zmﬁl/z (.%')], (7.5)

1/2

Gag = / d¢ (p1(m, x) — p'' (m)) [ Pane@HRIE) 1],

O, rq, G1 and the Go; are real, © > 0, rq > 0, and eC does not depend on h. The identity
holds for every partition of V' in place of the cells. (b) Under (S1) to (53),

d /
) =AY / H 3 / dpin(ip) e~ 3 NoHeHkB I (Glete) F'(e0)  (7,6)

heH

We obtain part (a) as in [GM82, (6.6), (6.8) to (6.11)] and part (b) as in [GM82, (6.12)],
with cells in place of blocks, || in place of L3 and pref( ) in place of p1(m,0) in [GMS82, (6.7),
(6.9), (6.10)], since on G’ the one-body coefficient depends on the site. The difference is the
term Ga3. Also, (6.12) needs a sign correction. In (b) we move the sum over h out of the
integrals by Tonelli’s theorem, as the moduli of the A-terms sum to el pls’f\eEl|.

The deficit term. Since ¢"Sdnt = 1 for h € H, (S3) for p; and p™f gives, for each h € H

and with uy, := ,6’1/2 (go—i—kﬂ_l/zf h), Gag =3, Y ey (p1(m, @) —p™ (m))(cos(mup(x)) —1),
and G2,3(Y’) is the same sum over z € Y. For a union Y of U-cells, Np(Y) denotes the number

of its U-cells that meet the depleted set © = {® > 6y}, 0y = 0.01.
Proposition 7.5. Assume (53) and (S4'), and put

0 :=1—e%+Ce ¥ +e ), (7.7)
Uniformly in real @, in h € H and in G': (a) Go3(V\D)| <0 3m?|¢ + kﬁG1/2f hHV\Q,
(b) for every Y CV, —C(e # + e~ 2”5) Bon CHDNY) < Ggg(@ﬂY) < Copan i #(@ﬁY) (c)

if G' is an output of the construction, then e~ CcderNo(Y) < G2,3(0N0Y) < eCCdePNi’ ) for every
union Y of U-cells, with cqep the constant of Proposition 6.17.
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Sketch. Off ®, ® < 0y and (S4') give >, |p1(m,z) — pf(m)|m? < 6'm?/Bam (Section S1.6),
and |cos(mu) — 1| < 2m?u? gives (a). On D the deviation is at most the density, and its
negative part is at most Ce #p™f(1) plus the tails, as e™® < 1. This proves (b). Part (c)
follows from (b) and Proposition 6.17, which gives (2 /Bam)#(D N Ay) < cqep for each U-cell
Ay.

In Lemma 7.29 we will move the quadratic part of G2 3(V'\®) into the covariance. Through-
out Section 7 we assume the standing hypothesis

e, +0 <1, (7.8)
which, by Lemma 6.18 and Section 8, holds for 8y = 0.01, u and kg large, and Sgm > B(O;M.

Walls. For h € H we put n := (ﬂéﬁ/?ﬂ')h € 7V, define the wall field w := Vh — k‘ﬁaiﬁ/zj

on E, and put N := (5&;/13[/277)@0, that is, N(b) = n(y) — n(z) — k& € Z for b = (z,y). The
wall bonds are X := {b € E : N(b) # 0}, the wall sites Xy are their endpoints, and we put
NY :=3%"cp N(b)py, with py, oriented as in Definition 7.1 (c). A wall is where the cell-constant
field fails to absorb the jump of the loop current, which is constant on interfaces because they

are aligned with =.

Lemma 7.6 (Walls). Let h € H and k € Z. (a) N(b) # 0 only on interface bonds, and N is
constant on each interface I; we write Ny. (b) Frozen bonds, bonds into X and bonds leaving
A° are not in E; they carry no wall. (¢) ONY = —kC +0Y for an integer 2-chain'Y supported
in§ = F(X)UFsU0A°. (d) For every cycle v of G', 3 e N(b) = —k lk(v,C). Moreover
N(h) = N(K') if and only if h — h' is constant on every component of G'; so N determines
the class [h] of h modulo Cp := {3 4 Pnglg : ng € Z}. (e) (Relatively closed walls.) For
an integer field M : E — 7 with MY := %", . M(b)py, the following are equivalent: (i) M is
relatively closed: OMY = dY for an integer 2-chain Y supported in §; (i1) M has zero periods:
> bey M (D) = 0 for every cycle v of G'; (iii) M = Vn' for some n’: V — Z.

Proof. (a) We have Vh = 0 on bonds inside a cell, which do not cross = by Lemma 3.5 (A1).
Other bonds join two blocks, and by Theorem 3.20 (R7) an interface lies in one block face,
which lies in = or misses it. (b) is the definition of E. (c¢) Extend n by 0 to X and let
U := > ,cyvn(z)c,. A plaquette of a cube of V not dual to a bond of E is a face of a
hole cube, a frozen face or in 02A°, so OU = >, Vn(b)py + Y1 with suppY; C §. Likewise,
Y pep $Pp = E—Ya, with Y5 the part of Z in §, since Z is interior to A° by Lemma 3.5 and F'(X)
contains all faces of hole cubes. So NV = U — Y] — kE+ kY5 and ONY = —kC + 9(kY> — Y1).
Thus the wall spans C' relative to the insulating set and may end on faces of hole cubes, on
frozen faces and on JA°. (d) > e, Vn(b) =0, and 3, & counts the crossings of v with E,
that is, lk(v,C). If N(h) = N(h'), then V(n—n') = 0. (e) Since the box is acyclic, the relative
cycle MY —Y is a boundary W, which a cycle of G’ crosses as often inwards as outwards. As
plaquettes dual to bonds of E are not in §, this proves (i)=(ii). Integrating along paths, we
obtain (ii)«<(iii), and the computation of (c) with & = 0 gives (iii)=-(i).

Handles. In Z3 the period condition of Lemma 7.6 (d) is local, and by Lemma 7.6 (e) walls
with zero periods are removed by h — h—Pn’. In G’ a cycle v around a handle of the insulating
set with lk(v,C') = 0 may be crossed once each, with opposite signs, by two separated wall
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pieces. We therefore write the shift in the source form of Proposition 7.8 and, in Definition 7.25,
grade the outer partition functions by the class of their walls.

Proposition 7.7. Assume (S1) to (83) and (S5). For each h € H let g = g5, - V — R be
equivariant Jh+c = gn + ¢ for c € Cp. Put H:=h-— kﬂ_l/Qf cl =0yt 4 v, E(z/;)

E'(¢+g)+ WW!J) ge = *Coll, Fy := yin?|lg—H|]*+3(g,u""g) and F» —<1/), ) H(9-9c0))-
Then C~1 > C > 0, and with duc the centred Gaussmn measure on RY wzth covariance
c,
Z N/duc eCHg) o= F1 =12 (7.9)
GH/CP

where N' > 0 depends on G', My, m and v, and not on k, Z or h. Each term of (7.9) does
not depend on the representative of [h].

The proof follows [GM82, (6.13) to (6.20)], with xo = 1 on V and E the E of [GMS82,
(6.14c)], except that the sum over h is unfolded over H/Cp and the mass acts at every site.
The integrand of (7.6) is invariant under (¢ + ¢,h) — (¢ +c+ d,h+ ), ¢ € Cp, since
each cell lies in one component rqo is P-periodic, and the phases of E’ shift by multiples of
2. Hence the sum over ¢’ turns the zero-mode mtegrals into Lebesgue measure on RComp(G")
As u'1g = 0, the measure becomes e —3(pu ?'dp on RV, and Cp = (u=' + m?)~" is one
operator on RV, whereas in [GM82, (6.15)] the mass term is m2ya. By (S5), C~! > %C’gl,
and equivariance with (7.1) gives the independence of the representative.

7.2 The shift and the localized F}

From now on G’ is an output of the construction and Bgy > B%M, so that L' > 16 and
L/2 < L'. We write d = dg for the graph distance of G’ (d(x,y) = oo for sites in different
components) and N,(A) := {z € V : d(z,A) < r}. By Theorem 3.20 (R7), each cell lies
in one U-cell and each U-cell lies in one component. A good tube of an interface bond b
(Subsection 7.3) is a straight path of G’ of L sites with middle bond b.

The wall neighbourhood. The set 3 is the union of the U-cells A with d(A,Xy) < L/,
as on [GMS82, p. 47] with U-cells for unit cubes and d for GM’s distance 3~Y2|lz — y||; of
[GMS82, (1.11a), (3.23)]. The wall components Sz are the unions of the U-cells of the connected
components of the graph on the U-cells in 3, two being adjacent when a bond of G/ joins them.
We put X := Xy NS and wg := wlps,), where E(Sg) is the set of bonds of E with both
ends in Sg. The wall sources and the standard cutoff are sg := M;Q(—A + MZ)V*wg and
xg = ((d(-,2g)), with ( = 1 on [0,L'/2], {(t) = 3 —4t/L’ on [L'/2,3L'/4] and { = 0 on
[3L'/4,00). The transition set Ag is the set of endpoints of bonds {z,y} € E with x(z) #
xs(y). The shift, which near each wall component subtracts the response Cpsg to the wall
source of that component, is

g:=H— ZXﬂCO%, D:=g—H= ZDﬁ, Dg := —x3Cosg. (7.10)
B B

Proposition 7.8. For every h € H and k € {0,1}: (a) every wall bond lies in E(Sg) for
exactly one 3, so w = 26 wg with disjoint supports; {z : d(z,¥g) < L'} C Sg; every interface
carrying a wall lies in one E(Sg), and the good tubes of its bonds lie in Sg; (b) x3 = 0 off
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Sg, xg = 1 on Xg, d(Ag,Xp) > L'/2 -1 > 7, Ni(Ag) C Sz, and xp is (4/L')-Lipschitz

for d; (c) u'H = Zﬁ sg and suppsg C Ni1(Xg); (d) g = H off Uﬁsuppxg, in particular

g+kﬁ(_;;/[/2f =h on V\f); on Sg, g =H —xpCosg; and g is equivariant; (e) Fj = C’al(g—gc)

satisfies

Fy=Y Fyg  Fyg:=—[Cy',xs]Cosg,  suppFy5 C Ni(Ag) C S, (7.11)
5

Cy'Dg + s = Fy 5 (as xg = 1 on suppsg), and on Ni(Ag) one has sz = 0 and Iy =
— alxﬁc’osﬁ; (f) given Sg, the functions sg, D|s, and Féﬁ depend on h only through N|E(5ﬁ)'

Proof. Parts (a), (b), (d) and (f) are support checks. A geodesic of length less than L' to
25 stays in f], hence in one wall component, and good tubes lie within L/2 < L' of their
middle bond. The function ¢ is (4/L’)-Lipschitz, which gives the Lipschitz bound of (b). Since
Aﬁ - {LI/Z —1< d(-,Eﬁ) < 3L//4+ 1} and L' > 16, we have Nl(A/B) C {d(, 25) < L/} - S,B-
Finally, Ve = 0 for ¢ € Cp, and wg = 2WB5M2N on E(Sg), whose wall bonds have endpoint
set Xg.

(c) Inserting —Af = V*j, we find —AH = V*Vh — kBg|°V*j = V*w, so u"'H =
M;Q(—A+M}2,)V*w = > _5p by (a). Roughly speaking, on each bond with N = 0 the jumps
of h across Z cancel 7, and hence u~'H is a pure wall source. Moreover, V*wg is supported in
Y, and —A + M% enlarges supports by at most one step.

(e) By (7.1), Cy'g. = m*H and Cy'H — m?H = w~'H, and by (c) we obtain Fj =
> 58 — Cy'xsCosg). A site z € N1(Zp) \ X is adjacent to some z € g, and xs(z) =
1, since otherwise z € Ag, against (b). Thus xg = 1 on Ni(X¥g) 2 suppsg, and hence
sp—CyxsCoss = —[Cy t, x5]Cosp. The kernel Cy ! (z,y) = (My2A? — A +m?)(z, y) vanishes
unless d(z,y) < 2. Hence ([Cy!, xp]v)(z) = >y Cy () (x5(y) — x5(x))v(y) vanishes unless
X5 changes along a path of at most two bonds from z, which puts x in N;(Ag) C Ss. Since
d(Ag,¥g) > 7> 3, the sets N1(Ag) and Ni(Xg) are disjoint, so sg = 0 on N;(Ag), and there
Fj = —Cy 'xsCoss-

The construction above uses no extension of h|s, to V. A construction through an extension
h§ of h|s, that is constant on the components of V'\ S, as in [GMS82, (6.24)], is not available
on G’: such an extension exists only if wg has zero periods on all cycles of G', and a wall
spanning the central hole of a solid torus of X has period £1 on a meridian of the torus. When
an extension exists, (7.10) agrees with [GMS82, (6.24), (6.25)] up to the choice of cutoff and Cp
for C(]o.

Proposition 7.9. For everyh e H, k€ Z and D : V — R, with g := H+ D,
2F = m?||D|? + |w + VD|]* + My ?|AD — V*wl|* — k*Bgy Eor- (7.12)

Proof. As u™' = —A + My ?A? and —A = V*V, we have (g,u"'g) = ||[Vg||> + M| Ag|>.
The idea is that the gradient of g differs from the wall field plus VD by a multiple of the
Biot—Savart field, which is orthogonal to gradients and has inner product —F¢ with j. Now
Vg = Vh—k,BéMQ(j%—Rf)%—VD = (w+VD)—kBéI{/{2Rf and, by Lemma 7.2, (w+VD, Ry) =
—kﬂéif(j, Ry) = kﬂai/l/QEG/, so ||[Vgl||? = |w+ VD|]? — kQB(_;lhEGI, and the perimeter energy
separates exactly. Next Ag = Ah + kﬂéi/lﬂv*j + AD = AD — V*w. Adding m?||g — H||?> =
m?||D|? gives (7.12).
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Corollary 7.10 (Localization). Let D be the shift (7.10). For each wall component put
2F1(8g) = m* | Dgl|* + |lwg + VDg||* + My *|ADg — V*wg|?, (7.13)

and for every wunion Y of wall components and of U-cells outside f], Flloc(Y) =
ZB:SBQYFl(Sﬁ)' Then: (a) Fi = Fl°°(V) — k280 Eeri (b) Fi(Sg) > 0, and given
Sg it depends on h only through N|E(5B)" if E(Sg) contains no =-bond, it does not depend on
(k,2); (c) for every such'Y,

ocC ~ - 2
Fleey) > 3m? S (g - H)P+ 5 Y |Vg+ ko el (7.14)
€Y beE(Y)

(d) Z(k,Z) is the right side of (7.9) with e~ replaced by e_Flloc(V), and the prefactor
e~k*Ear/28am of Lemma 7.2 cancels.

Proof. Each term of (7.12) but the last is a sum of squares of functions supported in the
wall components: VDg is supported on E(Sg) and ADg on Sg, since a bond leaving Sz from
supp xg would end in Ag C Sg. This gives (a). Part (b) is Proposition 7.8 (f), and off Z-bonds
N = Vn does not involve k. For (c¢) we drop the terms with M;Q, as Vg+k:ﬁ(_;§/[/2Rf =w—+VD.
Part (d) follows from Lemma 7.2, Proposition 7.7 and (a), and since the prefactor cancels, E¢

does not enter the perimeter constant.

7.3 The wall tension and the spanning area

Tubes on the fine lattice. Let b = (z,y) be a bond of an interface I = (€, '), oriented
from Q to &, with y = = + oey, 0 = £1. We put 7,7 := {x —ioe, : 0 < i < L/2},
mt={y+ioe,:0<i<L/2}and 7,:=7, U7, , a segment of L sites (L is even). The bond
b is good if 7, C V and the L — 1 consecutive bonds of 7, lie in E. We write good(/) for the
number of good bonds of I. On the fine lattice the face rule gives, by Theorem 3.20 (R8) and
Lemma 4.19, good(I) > ¢, max(|I[, L?) for each interface, with ¢ := ¢g(1+1/L;)"% > 2y

Lemma 7.11. Let z1,...,z1, be a path, let H = c_ on {z1,- ., 212} and H = ¢. on
{20)2415- 520}, Ji==cy —c—, and let m (L/2) < 1/v/2. Then for every g, 3m? > i<rn(9(zi) —
H(z))* + 5 2 (9(zi41) — 9(22))? > gm? (L/2) J2.

Sketch. With g1 the averages of g on the two halves, we write J = (¢4 — g4 ) + (9+ — §—) +
(g— — c—) and apply Cauchy—Schwarz to each term. Roughly speaking, the mass term supplies
the lower bound if g does not follow the jump, and the gradient term supplies it if g does.

Lemma 7.12 (Tube geometry). (a) If b € I(Q,$Y) is good, then 7, C Q and 7,7 C . (b)
Good tubes on a common lattice line are site-disjoint. Hence every site lies in at most 3 good
tubes and every bond in at most one. (c) No bond of 1, other than b crosses Z, and §, Vh, N
are constant on every interface.

Sketch. A good tube is a straight path of G’ crossing one block face at its middle bond,
and by (G1) of Definition 3.4 blocks are at least L long. The chain Z lies in grid planes by
Lemma 3.5 (A1), and for (c¢) we use Lemma 7.6 (a).
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Theorem 7.13 (Wall tension). Let h € H, k € {0,1}, and let Y be a union of wall components
and of U-cells outside . With J; = 2#65M2N1,
2./

1 2 2 2 _ T miL
> gt Zgood )Ji =200 Y NOb)?,  opi= —, (7.15)

Fe)
cy beE(Y) 18 fam

\/

where I CY means that both cells of I lie in' Y. We put Funit := opL?.

Proof. For a good bond b of an interface I C Y, Lemma 7.12 (a), (c) shows that 7, C Y and,
with ¥y := D + JblTb*v that w4+ VD = V¥, on the bonds of 7, and g — H = 9, — JblTb+ on Tp.

Hence, as mL/2 < ¢, /2 < l/ﬂ, Lemma 7.11 with m = m, c. = 0 and ¢; = J, bounds the
part of the right side of (7.14) on 7, below by %mQ%Jf. Summing over good bonds, we count
each site at most three times and each bond at most once, by Lemma 7.12 (b). The second
1nequahty follows from (v N? =>cy [I|N} and good(I) > ¢ |I|. The constant & is the
g of Lemma 7.11 divided by the overlap 3 of good tubes, and the remaining factor 2 in front
of o is used in Subsection 7.8. By comparison, [GM82, Lemma 12, (C.9)] gives @ together
with a perimeter term, which the bound of the theorem does not contain.

Theorem 7.14 (Walls span the loop). Let k = 1, let n : V. — Z be arbitrary, and N(b) :=
Vn(b) — & on E. Then Y ,.x N(b)> > #{b€ E : N(b) # 0} > Ax(C).

Proof. With U as in the proof of Lemma 7.6 (c), we correct = by the boundary of the integer
field and obtain the integer 2-chain ¥ := = — QU in A°, with 90X = C. The coefficient of p
in ¥is & — Vn(b) = —N(b) for b € E, and all other plaquettes of A° are faces of hole cubes,
frozen faces or faces in 0,A°, hence lie in §. So the support of this chain outside the free set
§ is exactly the set of wall bonds, supp X\ § = {py : b € E, N(b) # 0}, and Definition 2.11,
applied to this 2-chain spanning C, gives Ag/(C) < #{N # 0} < > 5 N2, since N is integer
valued.

7.4 The fluctuation term F; is small

Throughout this subsection we assume Apy < i and m < My < 1, which hold for Sgm > B%M,
and put Rs := (—A +s)~! for s > 0 and

reim MMR(E (L= 03)Y2), G im CoMyA(—A+ M) (7.16

Asry +r_ = MZ and rir_ = m2MZ, partial fractions in t = —A give Cp = w(R,_ — R,.)
and G =cy R, —c_R,,, with @ := M /(ry —r_) and ¢y :=ry/(ry —r_). Bounds on these
quantities, the derivation of the numerical constants of Lemma 7.15 and the arithmetic in the
proofs of Theorem 7.16 and Corollary 7.18 are given in Section S1.6. For X a union of wall
components and of U-cells outside 3 we put Fy(X) := (1xv, Fj) = 2535@§X<¢’Fé75>’ where
the last equality holds by Proposition 7.8 (e).

Lemma 7.15. (a) (Combes-Thomas.) Let p: V — R satisfy |p(x) — p(y)| < o on every bond
of G', and let kot = s — 6(cosha — 1) > 0. Then ||e’Rse™"|| < kgt. (b) Let B C E have
endpoint set Vg, and let A CV with d(A,Vg) > r > 0. Then |[14GV*15| < 8.71 1 2e~™/3,
(¢) If x : V = [0,1] is Ay -Lipschitz for d, then ||[Cy ", x| < Ay (144M52 + 6) < 150 A, M52
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Proof. All three are operator norms from the Schur test and the degree bound 6, so missing
bonds enter only through the degree. (a) The bound follows by the method of [CT73, Theo-
rem 1, p. 257], in a lattice form not stated there. With e?(—A 4 s)e™” = —A + s + B, pair-
ing the two orientations of each bond gives Re(f, Bf) = — > 4 2(cosht — D)Re(f(2)f(y)),
t := p(x) — p(y), which is at least —6(cosha — 1)||f||>. As —A > 0, it follows that Re(f, (—A +
s+ B)f) > ror|f||?>. The antisymmetric part of 8 drops out, so p may have kinks, such
as those of d at slit edges and hole corners, and the second-order form matters: in (b), at
s =r_ < 1.08m? and a = /3, the first-order quantity s —6(e® — 1) is negative. (b) We apply
(a) with p := 2 min{d(-, V),r} to the two resolvents of G, and the Schur test to e?V*e™". (c)
We use [CyL, x] = My 2(A[A, x] + [A, XJA) — [A, ],

Theorem 7.16 (F, is controlled by Fi; [GM82, Lemma 14] on G'). For every h € H,
k € {0,1} and every union X of wall components and of U-cells outside ¥, ) Fj(x)? =
D3:8,CX 1F5 5l* < m?e(L) F1°°(X), where

(L) i= Cecy ' Aby ™0 (1L /2) M (L) 2™ /3, (7.17)
with the absolute constant C. of Section S1.6.

Proof. By Proposition 7.8 (e), Fy 5 = —[Cy ™, xp11aGV* 15w with A’ := Nj(Ag), B :=
suppwg, d(A',Vg) > L'/2 — 2 and A, = 4/L’. The idea is that the commutator is local-
ized where x 3 changes, at distance at least L'/2 — 1 from the walls, and that at that distance
the Combes-Thomas decay outweighs the polynomial loss, because mL’ o Sgm. We apply

Lemma 7.15 (b), (c), and bound } 4 Jwgl|* by Theorem 7.13 with good(I) > ¢, |1].
This proof follows [GM82, Appendix D, (D.3) to (D.16)], with the following changes.

(1) The operator norms of Lemma 7.15 replace GM’s pointwise bounds [GMS82, (D.10)],

which come from [GM82, Lemma B.3] and fail within distance 2 of a missing bond. This

loses a factor M;4m_4.

(2) The source form of Proposition 7.8 (e) replaces [GM82, (D.3) to (D.5)], since hj need not
exist on G'.

(3) Theorem 7.13 replaces [GM82, Lemma 12, (C.21)], so the bound has no perimeter term
Pr and is uniform in A°, C, Z, the hole set X, S, h, k and X.

Corollary 7.17 (Gaussian F, factors). Let C' be positive semidefinite on RY with ||C|| <
tem™2, and let ducr be the centred Gaussian measure with covariance C'. For every p € R
and every X as in Theorem 7.16,

/dum (1) e P20 = exp(3p*(Lx F3, C"1x F3)) < exp(p’tc e(L)) F{**(X)).
Proof. Since F»(X) = (¢, 1xFy) is linear in 1, its Laplace transform is Gaussian. The bound
then follows from (F, C'F) < ||C'||||F||*> and Theorem 7.16. We will apply the corollary with the

C’ of Lemma 7.29, for which C’ < apCy < %m_Q, so that tc = % < 2, and with block-diagonal
restrictions ) ; 1y;Coly;, for which t¢ = 1.
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Corollary 7.18 (Collar). Let pa, p3, p', ¢ and cy be the Hélder exponents and the constant
of Subsection 7.6, and gy := min{(1 — 1/p3 — cx)/(2p2), 2(p'/q')*} (values in Section S1.6).
There is By such that (L') < eq for Bam > By

Proof. We have mL' = 2Bam, while for e(L') < g9 we need only mL’ > 27log(1/m) + O(1)
(Section S1.6), with log(1/m) < 2.49447 and Ko, = 2 > 27 - 2.4944/(472) = 1.706. A collar
with m L' fixed, as in [GM82, p. 47], does not suffice on G'.

Proposition 7.19. Let Dg = Cym ™! bound the Euclidean diameter of U-cells (Theo-
rem 3.20 (R7)) and neo := (2v/2L + Dg + 3)/L'. For every wall component Sg, with n;(B)

2. .
the number of interfaces of Sg carrying a wall: (a) F1(Sg) > Wgcg e nr(B) = 2Fmit nr(5);

Bam

(b) Sg has at most ny(B)ax(MmL')>(1 + neo1)® U-cells; (c) for Bam > By, every U-cell of

3cq,
3 receives a share at least @y of Fi°°, that is, F1(Sg) > ®y - #{U-cells of Sg}, where the
constant ®y (Section S1.6) satisfies Py — 00 as Pam — 0.

Sketch. (a) is Theorem 7.13 with Y = S, J? > 47%/Bcy and good(I) > c’gLQ. (b) Each U-cell
of Ss lies within d-distance L’ of a wall interface, and by (R7) this interface lies in one block
face and U-cells are disjoint with at least ¢, /m 2 sites. (c) We divide (a) by (b). Then &y, — oo,
because the energy is exponential in Sqn, whereas the collar is polynomial in mL’ o< Squm.

7.5 The class-graded expansion

By Corollary 7.10(d), Z(k,E) = Yy N [ dpc P Qn with Qy = eCGW+9) o= (V)e—F2  We
expand the Gaussian integral at fixed h and then resum the walls, graded by their class.

Definition 7.20 (Closures, wall polymers, seeds). Fix h € H. (a) The closure cl(S) of a
union S of U-cells is S together with the U-cells joined to S by a bond of G’. Closures
of wall components are linked if they share a U-cell; a wall polymer S,(h) is the union of
a maximal linked family of closures. (b) The wall polymers and the U-cells contained in
no wall polymer form a partition ?(h) of V, whose members are the elements. A set is
admissible (for h) if it is a union of elements; sat;(S) is the union of the elements that meet
S. (c) X is the union of the U-cells that contain an endpoint of a bond of G’ crossing =,
and A; is a fixed U-cell. The seeds are Yi(h) := saty(X1) in the expansion of Z(1,Z) and
Yi(h) = satp(A;) in that of Z(0,Z). (d) M(h) := {X D Yi(h) : X admissible}. (e) For
admissible Y, G(Y) := > gy Inra(Aq) + > ; G2,i(Y) (the site sums of (7.5) restricted to
Y) and Qp(Y) = eCMe=F"(M)e=F2(Y) (Fy(Y) as in Subsection 7.4); E(Y) and E(Y,s) are
defined in Appendix C.

An admissible set is a union of wall components and of U/-cells outside f], as a U-cell of
joined by a bond to Sz belongs to Sz. Hence Fj°¢(Y) and F5(Y) are defined. An element that
meets X lies in each admissible X D X, since the elements partition V' and admissible sets
are unions of elements. Therefore M(h) = {X D X; : X admissible}, as in the rule of [GM82,
p. 50], and with A; for £ =0, as on [GMS82, p. 51].

Lemma 7.21. Let Y,Y' be disjoint admissible sets. Then Qp(Y UY") = Qn(Y)Qr(Y'); in
particular Qnp = Qr(X)Qr(V \ X) for admissible X. Moreover Qn(Y'), and every term of
E(Y,s), depend on (1, h) only through 1|y and N|gy. The same holds with G® of Lemma 7.29
in place of G.
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Sketch. We follow [GM82, (E.4)], with admissible sets in place of unions of unit cubes. The
action is a sum of cell terms (Inrq), site terms (Ga;, the terms of G¥ and of E) and wall-

component terms (F1(Sg), I 5), and an admissible set contains each cell and wall component

entirely or not at all. As g + kﬁé;ﬁ f = h+ D with h cell-constant and PZ-valued, each

phase is eimﬁéﬁ(wD ), and rq is P-periodic. By Proposition 7.8 (f) and Corollary 7.10 (b),
Dly, Fl°¢(Y) and F»(Y) depend on h only through N|gwy)-

Since F}°¢ does not split inside a wall polymer, this factorization holds for admissible sets
only, so we saturate the seed, as X7 itself need not be admissible.

Proposition 7.22 (Cluster expansion at fixed h; [GM82, Lemma E.1, Proposition E.2] on
G'). Assume (S1) to (55) and the hypotheses of Lemma C.2, and let C € {C,C'} (C" of
Lemma 7.29). Let U =V, or U =V \ Xq for a union Xo of U-cells; let N be a wall field on
E(U) (see the paragraph on wall fields before Lemma 7.24, where E(Y,s) and Qn are defined
for wall fields) whose wall polymers have their closures in U (for U = V, N = N(h) with
any h € H), with D, Sg, F1(Sp), F 5 and the elements defined from N (Proposition 7.8 (f),
Corollary 7.10 (b)); and let Y1 C U be nonempty and admissible for N on U (it may depend
on N and need not be connected). With Cy := 1yCly on RY,

/ dpc, () "VQn(U) =Y Kn(X) / dpc, () POXQN U\ X), (7.18)
X

where X runs over the admissible subsets of U containing Y1, Kn(X) := Zg;X(g):X Ky over the
sequences y = (Y1,...,Y,) of pairwise disjoint nonempty admissible sets with union X (y) = X,
and

Ky ::/ ds/dﬂi’(w) e X (7, 5) Qn (X (), (7.19)
0.1~

with dp? (covariance (C.1) at s, =0), EY and the operator k(y,s) of Appendiz C, built from
Cy. Every sequence has length at most ey + 1, en the number of elements of U not contained
in Y1; all sums are finite, all integrals converge absolutely, and fduCUeE(Y)QN(Y) € (0,00)
for every admissible Y C U. Ky depends only on g, the X (y) x X(y) block of C and N|g(x(y)),
not on U.

We give the proof in Appendix C.

Admissibility in terms of walls. For a set W of wall bonds with endpoint set V (W), (W)
is the union of the U-cells A with d(A,V(W)) < L'. For a union X of U-cells, 90X is the set of
bonds of G’ joining X to X¢:= V' \ X, and we put Wy := XpNE(X) and Wxe := XgNE(X°).
We consider the conditions (in) cl(3(Wx)) € X, (out) cl(X(Wxe)) € X¢, and () N = 0 on
0X.

Lemma 7.23. Let k € {0,1}, h € H, and let X be a union of U-cells with X 2 X3 if k =1
and X 2 Ay ifk=0. Then X € M(h) if and only if (in), (out) and (9) hold. In that case the
elements of Y(h) inside X are determined by X and N]E(X), and those inside X°¢ by X and

Nlp(xe)-
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Sketch. By Proposition 7.8 (a), each wall component, with its closure, belongs to the side that
contains its walls. No element straddles 90X when X carries no wall, since under (9) we have
3 = B(Wx) US(Wxe), no U-cell of one being adjacent to one of the other by (in) and (out),
and the wall components inside X are the components of (Wx), with Wy = supp N| B(X)-

At k =1, since both ends of each Z-bond lie in X7 C X, the set 0.X contains no Z-bond,
and (0) is equivalent to h(z) = h(y) for all {z,y} € 0X, as at k = 0. By Lemmas 7.21 and
7.23, for admissible X D X the activity KCp(X) with first set saty(X1) depends on h only
through N|g(x).

Wall fields. A wall field on a union U of U-cells is a function N : E(U) — Z, extended
by 0 to E, that vanishes on the bonds inside cells and is constant on each interface. By
Lemma 7.6 (a), the restriction N(h)|g) is a wall field for h € H and k € {0,1}. The objects

Sg, X8, 85, D, F1(Sg), Foc, Fé’ﬂ and F»(Y") of Subsection 7.2 are functions of w := 27rﬁ81{/[/2N
alone, as Proposition 7.8 (f) and Corollary 7.10 (b) show. For a wall field N we define G(Y'),
GY(Y) (Lemma 7.29), E(Y) and E(Y,s) by their formulas with ¢ + g + kﬁ(_;;/[ﬂf replaced by
1+ D in all phases and all cell averages, and put Qn(Y) := eCG(Y)e=F1°(Y)=F2(Y)  Under this
replacement, Aq + kﬂé;ﬁfg becomes avgq (¢ + D), and & becomes (¥ + D) —avgq(v + D).

Lemma 7.24 (Wall form). (a) If U is admissible for h € H (U =V, or U = X° with
X € M(h)), k € {0,1} and N = N(h)|gw), then the elements of N are the elements of h
inside U, Qn(Y) = Qn(Y), and E(Y,s) is the same in both definitions, for every admissible
Y CU. (b) Definition 7.20 applies, and Lemma 7.21, Proposition 7.22 and Lemma 7.23 hold,
for every wall field N on E(U) whose wall polymers have their closures in U, with V replaced
by U and without the condition on the seed in Lemma 7.23; Theorem 7.13 holds for every wall
field; and Proposition 7.5 holds with ||¢ + kﬂ&l{/{ﬁf — h|| replaced by |3y + D]|.

Sketch. (a) As in the proof of Lemma 7.21, h drops out. (b) Since the action consists of
cell, site and wall-component terms, these proofs use h only through (a) and the walls. In
Theorem 7.13, (7.14) becomes (7.13) without its last term, and w = 0 inside cells. The proof

of Proposition 7.5 is pointwise in ﬁéﬁ (¢ + D)(x), and Appendix C uses Lemma C.1 and the
Poincaré inequality on cells, pointwise in (¢, D) (details in Section S2.5).

Definition 7.25 (Classes and outer partition functions). (a) The m3-graph has the sites of V'
as vertices, joined by the bonds of E' and by the pairs of sites in a common cell; a closed walk
« in it has the length |v|, the sum of the dgs-distances of its steps. The class of a function N
on E (extended by 0 to the same-cell pairs) is [N] : v+ >° . N(e) (oriented sum) on closed
m3-walks. (b) A wall field N is long if [N]() = 0 for every closed m3-walk ~ with |y| < 2L'.
Nong([7) is the set of long wall fields on E(U), and Digpg := {[N] : N € N"&(V)}; it is a
group. (c) For a union X of U-cells and p € I'iong,

2,(X) = SN [ duc(w) 5 Qn(x0), (7.20)
N

the sum over the N € N'°"8(X¢) that satisfy (out) and have [N] = p, with the integrand of
Lemma 7.24; Z(X) := (Z,(X))periong> Z2p(X) := 0 for p & Tiong, Zp := Z,(0) and Z := Z.
(d) For k € {0,1} and a union X of U-cells, with X O X if k = 1, an inside field at coupling
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k is a wall field Nx on E(X) that satisfies (in) and for which [(Nx + k&§)1g(x)] vanishes on
the closed m3-walks in X; its outer class is px(Nx) := —[(Nx + k&) 1p(x))-

Integrating along m3-paths, we see that, for NV vanishing on the bonds inside cells (for
instance a wall field), [N] = 0 if and only if N = Vn with n : V' — Z constant on each cell
(on the cycles of G alone n need not be constant on cells, which may be disconnected). With
Lemmas 7.6 (d) and 7.24 (a), this characterization gives Z = Z(0,Z): the configurations of
Zy are the walls of the [h] € H/Cp at kK = 0. A long wall field has period 0 around each
plaquette of G’, which is a closed walk of length 4. For X D X, £ vanishes off F(X), so by
Lemma 7.6 (d) an inside field at k = 1 has the periods —lk(-,C') on the cycles of G’ in X, and
P1(Nx)(7) = —1k(7,C) = X ceynp(x) NVx (€) on the cycles of G'. In general, such a field is not
long.

Lemma 7.26 (Long fields). (a) A closed m3-walk v with |y| < 2L that contains a wall bond
of a wall component Sg has all its sites in Sg. Hence, if N € N8 has its wall polymers’
closures inU andY C U s a union of elements of N, then N1gy) and N1gqny) are long, and
their classes add up to [N]. (b) Let h € H, k =1 and X € M(h). Then N(h)|g(x) is an inside
field at k = 1, N(h)|g(xe) is long and satisfies (out), and [N(h)|gxe)] = p1(N(h)|gx)) €
11long-

Proof. A closed walk of length less than 2L’ stays at dq/-distance less than L’ from each of its
sites. (a) So all sites of ~ lie in Sg (Proposition 7.8 (a)), all wall bonds of v lie in F(S3), and
Sp lies in one element. Thus the period of N1gwyy) on 7 is 0 or that of N, and N vanishes
on the bonds between Y and U \ Y by Lemma 7.23. (b) We put N := N(h) = Vn — ¢,
Nx := Nlgx) and N’ := N|g(xe). By Lemma 7.23, Nx satisfies (in), N’ satisfies (out),
and N = 0 on 0X. Since £ vanishes off £(X), we have Nx + {1gx) = Vn on E(X) and
[N'] = =[Nx +&1gx)] = p1(Nx), as [N 4+ ] = 0. A short closed walk through a site of X
carries no wall of N’, by (out), and on one inside X the period of N’ = Vn is 0. Hence N’ is
long.

For unions Z C Y of U-cells and a wall field Ny on E(Y") of which Z is a union of elements,
we write ICE\%Y)(Y) for the activity of Proposition 7.22 at Ny with first set Z, and K(A) for
that of a wall-free U-cell A (n =1). The finiteness of > . \ICE\?Y) (Y)[ and of sup, Z,(X) used

below is Proposition 7.47, proved without Theorem 7.27 for the activities and outer partition
functions built with (C’, G%, ¢cA) (Lemma 7.29 (f)), the only ones used from Lemma 7.29 on.

Theorem 7.27 (Resummation). Assume the hypotheses of Proposition 7.22, and that the
sums below converge absolutely; for the objects built with (C',G%, ¢<N') of Lemma 7.29 (f) they
do, by Proposition 7.47. (a) For X D X and an inside field Nx at k = 1, let Ky, (X) :=

KE\S,?(XI))(X). Then
Z(LE): Z ZICNX(X)ZPI(NX)(X)’
X2OX1 Nx

the inner sum over the inside fields at k = 1. (b) (Kirkwood—Salsburg identity.) Let Xo C V
be a union of U-cells and A C X§ a U-cell. For every p € I'iong,

=3 S kY 2, vy (XU Y), (7.21)

YA Ny
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the sums over the unions Y C X§ of U-cells containing A and the Ny € N8V satisfying
(in), with first set satn, (A). The term Y = A, Ny = 0 is K(A)Z,(Xo UA). (¢) (Prescribed
walls.) Let R be a family of disjoint unions S of U-cells, each with a long wall field Ns on
E(S) of which it is a wall polymer, o := (|JR,> g Ns), and for r € T'iong let Z,.(R) be the part
of Zy from the configurations N in which every S € R, with N|g(s) = Ns, is an element. Then

Zr(R) =>_yoURr 2Ny IC%R)(Y) Z,_ny)(Y), the sum over the Ny € N8V satisfying (in)
with Ny |gyr) = 2_s Ns of which |J R is a union of elements.

Proof. (a) By Corollary 7.10(d) and Proposition 7.22 with U = V and first set saty(X1),
Z(1,E) = YN Xxemm Kn(X) [ duc e?XIQu(Xe). Fix X O Xi. The map [h] —
(N(MW)|ex), N(h)|g(xe)) is a bijection from {[h] : X € 9M(h)} onto the pairs (Nx, N') of
an inside field at k¥ = 1 and a configuration N’ of Z, (v,)(X). It maps into this set by
Lemma 7.26 (b), and it is injective by Lemma 7.6 (d). It is onto, since N := Nx + N’ has
[N +¢&] = [(Nx +&)1gx)] + [N] =0, hence N = N(Pn) with n cell-constant, and (in), (out),
(0) give X € M(Pn) (Lemma 7.23). The activity depends only on Ny (Lemmas 7.21, 7.23).
Since both ends of each =Z-bond lie in X; C X, the outer integral depends only on N’ and is
the summand of (7.20) (Lemma 7.24 (a)). The outer integrals are > 0 (Lemma 7.42), and the
absolute convergence allows the sums to be exchanged. Only inside fields with p1(Nx) € Liong
occur, by Lemma 7.26 (b), and for them }_y  |[Kny(X)| < oo (Proposition 7.47, for the ob-
jects built with (C’,G%, cN)). (b), (c) In (b) we fix a configuration N of Z,(Xp) and expand
on U = X§ with first set saty(A) by Proposition 7.22 in wall form (Lemma 7.24 (b)). In (c)
we fix a configuration N of Z,(R) and expand in the same way on U = V with first set |J R,
possibly disconnected. The index sets agree: if each S € R is an element of N, then JR is
admissible; conversely, every site within distance L’ of a wall of Ng lies in a wall component of
Ns, hence in S (Proposition 7.8 (a)), so the wall components of ) ¢ Ns are those of the Ng,
closures from different S are disjoint, and the elements of Ny in [J R are the S (Lemma 7.23).
By Lemma 7.23 in wall form and Lemma 7.26 (a), the map N + (Y, N1gy, N1ggny)) is a
bijection onto the triples of Y, Ny as stated and a configuration of Z,_x,(XoUY') in (b), and
of Z._ny1(Y) in (c). The summand factorizes (Lemma 7.21), and the absolute convergence
allows the sums to be exchanged. For Y = A and Ny = 0, the U-cell A is a wall-free element.

At fixed walls the expansion factorizes over the elements, admissibility splits into conditions
on the two sides (Lemma 7.23), and the class of the walls is additive. This class is therefore
all that the inside constrains on the outer side. In (b) the removal of Y moves the class by
[Ny], and each pair (X,p), X # 0, enters the identity for (X \ A,p) through the wall-free
term Y = A, the form of [BF80, (A4.3), (A4.5)]. The class cannot be dropped: removing the
polymer of one of the two walls in the paragraph headed Handles (Section 7.1) leaves outer
walls of nonzero class, which are not the walls of a height on the complement.

Corollary 7.28 (Loop expansion). Under the hypotheses of Theorem 7.27, in the finite boz,

Zp, (Nx) (X)
Wor (@)= 3 Y Kny(X) % (7.22)
XDX1 Nx
the inner sum over the inside fields at k =1, and Z, (n)(X) > 0.

Proof. We divide Theorem 7.27 (a) by Z = Z(0,Z) > 0 and use Lemma 7.42. Here Z,(X)/Z is
a ratio of two absolutely convergent sums in the finite box, which Theorem 7.49 only bounds.
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7.6 Brydges—Federbush Section 9 on slit domains

In this subsection we bound the activities of Section 7.5 on G’ by [BF80, Section 9] and [GM82,
Section 7]. On G’ the argument differs from these references in the following points. There is a
one-body deficit, and Lemma 7.29 moves its quadratic part into the covariance. Lemmas 7.32
and 7.33 avoid both an extension of the wall field across = and a Poincaré inequality across
a slit. Finally, the covariance rate is small and independent of 7 (Proposition 7.36). The
proofs of this subsection are written out in full in Section S4.6, with the rate conditions of
Proposition 7.36 checked one by one, together with Section S4.4 for Lemma 7.29, including
Theorem 7.27 and Corollary 7.28 for (C’, G?, cN'). Section S4.7 does the same for Appendix B,
and Section S4.8 for Lemmas 7.37 and 7.44 and Propositions 7.46, 7.47 and 7.52, the last with
the encoding written out.

Throughout, X is a polymer (a union of elements of Y (%) in the sense of Definition 7.20), | X|
is its number of U-cells, ¥ := 1+ D, where D := g— H is the field in the phases, and 6 = Py,
where Pxv := 1 — avgq ¥ on each cell Q C X and Py := 0 off X. We put C,, := 2+ 6/cy,
so that #A < C,m =3 for each U-cell A by (R7), and ||A||, := sup, >y |A(z,y)|e" %o (@) for
a matrix A on V and r > 0. Constants C,C,, depend only on those of Theorem 6.5 and
Proposition 6.6.

The deficit decomposition. By Proposition 7.4 the inhomogeneity is confined to the term

Ga,3 of (7.5), which by (S3) is >, .0 > _sev(p1(m, z) — pref(m))(cos(mﬂéﬁﬁ(x)) —1). Let Ggg
be its part with = € ©, and put

no(@) = Bant Y m?(pr(m,x) — p (m)) Lo (), (7.23)
m7#0
Gisi=D_ > (pi(m,z) — g (m)) (cos(mBhpd(x)) — 1 + im?Bear(x)?).
m#0 zeV\D

Then, identically in ),

Gas = G5 — 3(u, uot) + G5 5. (7.24)
We write G§3(Y), Gg’?)(Y) for the sums over € Y. Finally, let G? := G + Go1 + Gao +
Ggg + Ghz,3 and C' := (Cy ' + v+ pp) ™!, where the operator sp depends only on G’ (through
p1). At a site with D(z) = 0 we have 9y(,)Gaz = —po(z)1(x) + O0"m*Bam|i(x)]?), with
0" > 1 — e % fixed, that is, with no power of Sgm, whereas [BF80, (9.813) to (9.819)] need
ﬁ(l}/l\%[ per derivative of a one-body coefficient of order m?/Bgy. For this reason we move the
quadratic part into the covariance, as v is, and Gg,g is of fourth order (type vi of [BF80,
(9.811))).
Lemma 7.29. Assume the standing hypothesis (7.8), €, + 6 < 1/7, with €, of Section 7.1
(the output form of (S5)) and @' from (7.7). Then, uniformly in v, h, k, 2 and G', with Cgp
the constant C of Proposition 7.5(b): (a) |po(x)| < 0'm? for every z; for every union Y of
U-cells, —Co(e " + e725) cgepNa (V) < G§3(Y) < CopcdepNo (Y) and

(GRa(V)| < 300 S eyyo (9(2)° + 9(2)°).
(b) At a site x ¢ © with D(xz) = 0, the n-th derivative in ¥(x) of the xz-term of G;3 is

at most Cp0'm?Bam|¢(z)|*™™ for 0 < n < 4 and at most C’nG’Th2Bgﬁ_l forn > 4. At
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r €D, the n-th derivative (n > 1) of the x-term of G5 53 s at most Cy(m Q/BGM)ﬂgﬁ (c) C’
exists, is positive definite, and C' < apCy as forms, with ap = (1 —¢, — )7t < 7/6. (d)
The bounds of Theorem 6.11 hold for C' and for every z'nterpolated covariance C, of (C.2):
Cl(x,z) = C'(x, :c) < apKiMy, |Cl(z, y)| < 2K Mye Teovdar(@9) || C < 2K3m~? and
|C a2 < apm™2. (e) As measures on RV

’ ‘ Tcov

CUFD) dpc(y) = c e duc (),

_ <det0’)l/2’ (7.25)

det C

and ¢ does not depend on h, k or =. (f) The representation (7.9), Corollary 7.10(d) and
Proposition 7.22 hold with (C, G, N) replaced by (C', G%, cN'); Theorem 7.27 and Corollary 7.28
hold for the activities and outer partition functions built with (C', GY, cN), with the same left
sides Z(1,E2), Z,(R) and W (C); and We (C), every Z, and every Z.(R) are unchanged.

Proof. (a) Arguing as in the proof of Proposition 7.5(a), with m? replaced by |m|", we obtain,
for x ¢ ® and n > 2,

Bt Y [ml" |pr(m, z) = p(m)| < Cp'm?, (7.26)
m#0

with Cy = 1 once C in (7.7) is large, and at each x the left side is at most C,m?. For n = 2
this bounds pg. In the same case, together with |cosy — 1 + %22| < %y2 + %22, applied with
Y= mﬁéﬁﬁ(m) and z = mﬁéﬁzﬁ(m), it also bounds Gg73. The bound on G§3(Y) follows from
Proposition 7.5(b) together with Proposition 6.17.

(b) If D(x) =0, then 9(x) = ¢(x) and f(v) := cos(mﬁ 7,/)) — 14 $m?Bemy? vanishes to
fourth order with |f(™| < |m|"j n/2 Atz €9, |0y cos(mﬁGM )| < Im|"B "/2
with (7.26).

(c) The Schur test gives ||[v]jas2 < ||[V]lrw, < vm?, part (a) gives ||uo |22 < 0'm2, and
C’O_1 =u~ ! +m? > m? by Definition 7.1. Hence Co_l +rv+un > (1—¢, —0’)6’0_1 > %C’O_l >0,
and (c) follows, since inversion reverses the order of positive definite forms.

(d) Theorem 6.11 applies to C" = (Cyt + /)™ v/ i= v + pg, as 2K3||V/ ||, < 2K3(e, +

We then sum

0"ym? < m?, where we used K3 < 3.5. The diagonal bound follows from (c). Block com-
pressions keep the diagonal and positivity and increase no other bound, which extends these
bounds to the interpolated covariances.

(e) By (7.24), eFW+9) — G em2mav)  Since C1 = Cy' + v by Proposition 7.7, we
have eféw”“@wduc(w) = (det 2%0)_1/267%<¢’C/_1¢>dw = c¢dpc(¢). The operators Cy, v, po
depend only on G’, My and m, so the factor ¢ does not depend on h, k or =, and since (7.25)
is an identity of measures, it also preserves absolute integrability.

(f) We insert (7.25) in Proposition 7.7. Those proofs use only factorization over cells and
sites, the margin of Lemma C.2 (qp; < 1/6 for C”) and the quadratic bound on |E(X, s)|, and,
as G—GI = —%(@Z), o) does not depend on the wall field, (7.25) applies to each configuration
of Z(k,=Z), Z, and Z,(R), so these are unchanged; the outer partition functions with X # ()
are not the same for the two choices, and from here on only those built with (C”, G%, ¢N) are
used.

Like the Z,(X), the activities are now built with (C’, G% ¢N'). For a polymer X, N(X)
is the set of wall configurations Nx := N|g(x) of cell-constant labels hx with values in PZ
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(P = 2%5(;;4/2) whose walls lie in E(X). At & = 0 the statements of this subsection and
Lemma 7.48 hold for the long wall fields of Definition 7.25, by Proposition 7.46. We write
ny(X) for the number of interfaces with both cells in X, and put A, := 2F ;.

Lemma 7.30 (Wall entropy). (a) FI°°(Y) > Ay Y ;cy N? for every union Y of elements of
Y (h), where Ny is the constant value of N on the interface I (Lemma 7.6(a)). (b) For every
polymer X and every cq > 0 with e~ 4w < %, ZNXEN(X) e~ (X) < 1+ 36704‘4“’)”1()()
< eAlXl with ¢ = 9C,e=w /(cyer (1RL)3).

Proof. We adapt the proof of [BF80, Lemmas 9.2, 9.3] to G’ as follows. (1) The face sum
of [BF80, (9.117)] becomes the interface sum. Indeed, walls are supported on interfaces by
Lemma 7.6(a), and by Theorem 7.13 with good(I) > ¢ L?, which holds by (R8) in fine units and
Lemma 4.19, an interface I C Y gives at least 18mQL L% - An?N?/Bam = 2Funit N7. (2) The

sum over h becomes the injection Nx — (Ny)r € Z™ (X ), each interface giving 3 e —eaduwn® <
1+3e~4w_ (3) The cube count becomes ny(X) < 3C, |X|/(cgcl (mL)3), since a cell has at 1east
c1L? sites by (R5) and at most 6/c, neighbours by (R8), and a U-cell has fewer than C,m >
sites. With log(14-3t) < 3t this gives the second inequality of (b), and by Corollary 7.10(d) no
perimeter term arises. For the value ¢4 = ¢//4 of Table S1.4, ¢ is doubly exponentially small
in 7, as Ay > (72¢,/72)c} (mBam) " by mL > cr/2.

In Debye units, for the Peierls factor rq of (7.4), we put vg = m3|Q|, p(m) := m=2p"f (m),

bp = Bamm, P = 27h, 1/2 and
. exp{vY_,, p(m) [eimbgzx -1]}
Ry(x) :== m (7.27)

Y onez exp{f%v(x - nP)Q}

so that rq(A) = Ry, (m Y2(A + k/BGl/2fQ)) By (R5) in fine units and ¢1/2 < mL <
cr, we have vg € [v_,vi] = [e1c? /8, 8c3]. Let my := sup0<s<7r[ 2bp Y, p(m )(1 -
cosms)/s?] < i = 1— %(1 — Cpe2s) 4 Che s < 1 — ﬂ2 + 2C;e~27s, where C,

4C = bp -2 [P(M)] m2e2#s(m=1) with C of (6.10) (v > mp/2); unlike 7,, the bound ]
does not depend on bp.

Lemma 7.31. Fiz ng € (7,1). There are by > 0 and c7,¢;, ¢4, depending only on vy, ng, Cj
and kg, such that for bp < by, v € [v_,v4], all real x and all integers N > 0,

07 (2] < e (el ") N et 108 N e
Consequently, uniformly in h, with 0Aq/0y(x) = 1/|Q| (x € ),

10X ra(Aq)| < cr (chby om~ 12N et NIos N eXp(%nHmz > 19(36)2)-
HISY)

The first bound is proved as [BF80, Lemma 9.7, (9.51)], with Ip=1,1% > v, 8 — bp,

pi — p(m), 7 — P, except for the following points. (1) There are infinitely many charges. The
Taylor expansions of the factors I, IT of [BF80, (9.53)] converge for |Im x| < bBl/ % by the tails of

(S47), a s elmlbs® e=2nsiml is summable. (2) The constants are uniform in v € [v_,v4] C (0,00),
not for a fixed volume L3. (3) We need an explicit exponent for app'ng < 1 in (L8-1). The

71



inequalities 1—cos s > 252 /72 on [0, 7] and 28cmp™ (1) > (1—Cse2%5)m? bound 7, and each
nu € (7,1) is admissible in [BF80, (9.59)]. The second bound follows from the P-periodicity,
from Aq+kBar)” fo = ha+avgqd with hg € PZ, and from [Q|(avgg )2 < 3, 9(x)2 With
7y 1= num?, the second bound is the analogue on G’ of [GMS82, (7.9), (7.10)]: each derivative

of G contributes a factor bg6, times ez Xx 9%,

Holder exponents and the hypotheses (L8-1) to (L8-4). We fix ny € (7,1), Holder
exponents pi,...,ps > 1 with >~ 1/p; = 1 and p; even, and p’ > p3, ¢ with 1/p' +1/¢ =
1/ps, at the values given in Section S1.7.1. Let C’{:V, ko = roL, Ny and ﬁ?} D Q, with
sites in the box Q(Q) of fine side at most kg, be those of the cell Poincaré inequality of
Proposition 6.9(iv), and let C, := C{:VT%NOV, so that ClL? = C’{:Vk%]\fov. Hypothesis (L8-1) is
the standing hypothesis (7.8) together with 7 := app/ng < 1, which implies appsng < 1 (in
[BFS0, (9.638)] the constant 7 is denoted § < 1). (L8-2) requires (L) < /8, so that
Op := (49/nu)Cp(mL)? < 1 and vy := max(, 0p) < 1. (L8-3) requires e(L) < 2(p'/¢')?, with
g(L') of Theorem 7.16, and (L8-4) states that each &2, has dg-diameter less than L. At the
values fixed above, (L8-1) holds. Hypothesis (L8-2) holds by the choice of ¢y, since mL < cr,,
(L8-3) holds by Corollary 7.18, and (L8-4) follows from (L8-2) by Proposition 6.9(v). A cell
Q C Q is near if the ¢*°-distance from the sites of Q(Q) to C is at most %, and far otherwise.
For a union Y of elements, E(N(Y)) is the union of the E(£%) over the near cells Q C Y.

The free-space solid angle. Let Qz(y) € (—2m,27) be the signed solid angle of the flat
rectangle = seen from a point y off its plane, increasing by 47 when y crosses = in the direction
in which & = +1. For a site © of G’ (a dual site of Z3, never in the plane of Z) we put

fC(x) = %QE(:L') and, for each dual bond b = (z, ') of Z3, RC(b) := fC(a') — fC(x) — j(b),

where j(b) = 27§, which on the bonds of G’ is the jump field of = (Section 7.1). The field
f¢ depends only on C, not on G’, unlike the Neumann solid angle fo of Lemma 7.2, and R®
differs from Ry. Let S(D) := Xy, yp.c)<D |R(b)|?, the sum running over dual bonds of Z3,

and Dar := V3 ko + 1.

Lemma 7.32. (a) Assume (LS8-4). Let Y be a union of elements of Y (h) and Q CY a cell.
For every ¥ € RV, every function a on the sites of ﬁ?z and every € € (0,1],

|Pad|]* < (14 )CRREIIVY + wy Iy ) + (L+1/2)K Bayda(a)’,
da(a) = (Ciy) kol Va = jll gy + | Paalla,

where wy = Zsﬂgy wg. If Q is far, there is an a with éq(a) = 0. (b) For every dual bond b
of Z3, d(b,C) > 3 and |RE(b)| < 27/d(b, C); at every dual site, | f€| < m. (¢) On every output
G/? ZQ nearHRCHZE(RE) S NOVHRCHZE(N(V)) S NOVS(DN)7 and Zf ‘C| 2 8kD; then

S(Dy) < Cps|C| (log kg + Can), Cps = 2473,  Cy, 1= 92.

Proof. Heuristically, on a box crossed by C' the trivial primitive leaves a flat sheet of jumps,
of energy = k2, and with the solid angle only the Biot-Savart residual remains, of energy
= kglog kg per unit length of C.
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(a) We first show that w = wy on E(8}). Let ¥ € E(8}) be a wall bond. It belongs to
one component wg and has a wall site z as an endpoint. Fix x € Q. Then dg/(z,2) < L'
by (L84). Hence each U-cell met by a G'-path of length de(z,z) from z to z lies in 3,
consecutive ones being joined by a bond, and by Proposition 7.8 the U-cell of x lies in Sgr.
This U-cell also lies in the element of ¥ containing (2, and each Sg lies in one element, in
view of Definition 7.20. Hence Sg C Y. Other bonds carry w = 0 = wy. Next we define

= h — k:ﬂGl/2a on the sites of ﬁ';]. Here, at £k = 0, for long wall fields, the label is
replaced by the primitive of Lemma 7.45 (Proposition 7.46), and at k = 1, for the inside
fields of outer class in I'iong, by the primitive of Lemma 7.45b (b). As h is constant on cells,
Poh =0 and Pod = Po(¥ + aq) + kﬁéi/l/QPQa. On E(ﬁ" ), since w = Vh — kﬂGM 7, we have
V(9+aq) = V19+wy+krﬁ(_;§4/2(j—Va). The Poincaré inequality of Proposition 6.9(iv) for ¥+aq
on £, and the triangle inequality give ||Pod|| < (C’{,cv)l/ZkDHVﬁ + waE(%) + kﬁéifdg(a).
We then square, using (z +y)? < (14 ¢)a? + (1 + 1/¢)y?

Now let 2 C @ be far, and let IT be the plane of =. A dual bond crossing II crosses it at
the centre of a plaquette, and j(b) # 0 iff that plaquette lies in Z. The plaquettes crossed by
bonds of Q(Q) form a rectangle. If this rectangle contained plaquettes in and outside Z, it
would contain two sharing an edge e € 9= = C at £°°- distance 1 5 from a site of Q(Q), which is
excluded for a far cell. Hence j = 2r0V1+ on E(Q(Q)) for some o € {—1,0,1}, where IT" is
the set of sites on one side of II. With this o, the function a := 2wol+ has Va = j on E(£2)
and is constant on 2, as @ lies on one side of IT by (A3) of Lemma 3.5. Thus dq(a) = 0.

(b) Primal edges are at distance at least % from dual bonds, which gives the first assertion.
Off C, VQz extends continuously across = as the Biot-Savart field of C. Hence |RY(b)| <
%maxyeb J(y), where J(y) := §,|dl||ly —1|72. Let y =/ + he with ¢ € Il and h > 0. The
length of {l € C : |y — l| g t} vanishes for t < d(y',C) and is at most 27t, since this set
lies in the boundary of a convex subset of a disc of radius ¢. Integration by parts and the
substitution ¢ = htan ¢ give J(y) < 4w /d(y,C). Finally, |Q=z| < 27, since the radial projection
of the rectangle from a point off II lies in an open hemisphere.

(c) For a near cell 2 C @, the bonds of ﬁ?) are dual bonds of Z3 joining sites of Q(Q), a

box of diameter at most /3 ko within Euclidean distance @ of C, so d(b,C) < Dy. Each
|RC(b)|? is a fixed nonnegative number attached to a dual bond of Z?, independent of G’, and
passing from Z> to G’ can only delete terms of free-space ¢2 sums, since freezing a plaquette
deletes a bond and a hole deletes sites and bonds. The bounds are therefore free-space bounds,
independent of the Neumann field and its enhancement at the slit edges, and with the overlap
Nov these facts give the first two inequalities. For the last one, we use the number N (r) of dual

bonds with d(b,C) < r, which vanishes for r < . The midpoints of these bonds lie within

r+ 3 of C and form three translates of Z*. Hence, with r, := 5 + \{, N(r) <3y :d(y, C) <
r+r < 3W|C](r+r*)2+167r(r+r*)3. By (b) and summation by parts, Zd (b,C)<D d(b,C)~2
N(D)D2 + 2f1/2 )r=3dr. The term 37|C|r? gives 67|C|log D + O(|C|), and the other
terms give O(|C| + D) The factor (27)2 of (b) gives Cps = (27)? - 67 = 2473. At D = Dy <
2kn and |C| > 8kg the remaining constants add up to Cy, = 92 (Section S1.7.2).

For a polymer X put

=12 0@+ DS @ Toi= | [ dcy () e oxeen)]

zeX | zeX

1/ps3
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With v = ngm? we have %pg'y S 9%+ 2p3m? > 62 = psnaBx (). Hence T3 is the third
factor of the Holder split (Proposition 7.35), and it is the analogue on G’ of [BF80, (9.64)].
The near-cell factor is

_ 4nm?
W(Y) = 262850 |9 1R vy + S 1PesCIR).
QCY near
We also use its cellwise version n”(Y) := 2k?8g,, 2-QCY near [Nov ||RC||2 4’7m |1 PofC13]

which is additive over disjoint unions of cells and satisfies n” < ', as each bond of E(N(Y))
lies in at most Ny of the sets E(82) (Theorem 3.20 (R6)).

Lemma 7.33. Assume (L8-1) to (L8-4), and let cg and cyear be the constants of Section S1.7.5.
For every h, every polymer X and every s,

| X| +0'(X) | Fo°(X
X0 | FEO0Y
p b3
andnw' =0 fork =0. Ifmin(R,T) > Ri(B) = (2rao+5)L, then W' (V) < cpear|C|, and uniformly
for Bam > B

T3 < exp{

20pCrsCy + 10247 ?7(27“[] + 5) (anl)
Bam

Cnear < 0.12640pCgs +

Proof. Step 1 (local untranslation identity). We absorb the shift D by a translation, which
turns %(@Z),C’Elw + Fy 4 FJ°¢ into one quadratic form of ¢ + D. In local form, this is the
step of [BF80, p. 226] in which (7.8) to (7.10) are applied backwards. Let Y be a union
of elements, let Dy, wy, sy be the sums of Dg, wg, sg over Sg C Y, and let Qy(¥) :=
29?2 + ||V + wy || + My 2| AY — V*wy ||2. Then for all 1p € RY

31, Co ) + Fa(Y) + F*°(Y) = 5Qy (¢ + Dy). (7.28)
Indeed, since Cyj' = m? — A + M, 2A? and —~A = V*V, the right side is 1(y,Cy ') +
(1, Cy ' Dy + Sy> + 2 Qy(Dy) with sy = v2(—A + M2)V*wy. By Proposition 7.8, Dg =
—XﬁCoSﬁ and (1 — X,B) sg = 0, s0 Cy'Dg —|— sg = —[Cyt, x5]Coss = F} 5, supported in Sp.

Therefore the cross term is F(Y). Slnce the functions Dg, VDg, wg, ADg, V*wg are supported
in Sz or E(Sg), terms of different 8 have disjoint supports, and %Qy(Dy) = ESBQY Fi(Sg) =
Fl°¢(Y') by Proposition 7.9 and Corollary 7.10.

Step 2 (the Gaussian integral at fized Y ). We show

Jy = /duc0 ) exp{ABy () + D) — F{°°(Y) = F5(Y)} < exp{es|Y|+n"(Y)}.  (7.29)

Each Sz lies in Y or is disjoint from it, so D = Dy on Y. Let N := fm?ly + (49m?/nu) Py,
so that 7By (9) = 1(J,NV), since Py = 1y Pyly is an orthogonal projection. By (7.28)
and ¥ = ¢ + Dy, Jy is the ratio of the integrals over RV of exp{—3Qy (9) + (9, Nv)}
and of 6-%(¢,Cglw>’ with quadratic part —3 (0, (Cyt — N)¥). For positivity we use [BFS0,
(9.637), (9.640) to (9.642)], with the cell Poincaré inequality summed with overlap Noy, that is,
| Pyd||? < C%L%| VY%, in place of the Neumann Laplacian of the cubes in (9.642). We obtain
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(9, N9) < 5in2||9]2+0p||VI||?> < 1o(9, Cy '9), the last step because Cy ' > m?—A. Thus K :=
C’é/QNC'é/Z satisfies 0 < K < 1 < 1, and hence Jy = det(l — K)~1/2 exp{supy[—3Qy (V) +
L{o, NO)}.

We first bound the supremum by Lemma 7.32, and only near cells leave a remainder.
For a far cell we apply Lemma 7.32(a) with dg(a) = 0 and ¢ — 0, and for a near cell with
e=1,a= fC and do(f°)? < 2CY, WHEIRCI, ) + 2PafCl3. Summing over the cells of

Y with overlap N,, and multiplying by 277m2/77H gives, as (27m?/ng) - 2CWk% o = Op,

(0, N9) < ;ﬁthHﬁHY —|— 0p||VVI + wy||?> + n”(Y), the near-cell remainders adding up exactly
to n”(Y). Since Qy (9) > m?||9(|> + || VY + wy ||, the exponent is at most —1 (1 — #)m?||J||* —
000 - g (Y)Y

For the determinant, we have —31 logdet(1 — K) < tr K/(2(1 — 1)) [BF80, Appendix 3],
and tr K = tr(NCo) < A(1+4/ng)m? K1 My#Y < 2(1 —14)cs]Y| by Py < 1y, Theorem 6.11,
My = ﬁl/)\pv and #Y < Cuﬁ’bfg‘Y‘.

Step 3 (assembly). We follow [BF80, (9.65) to (9.626)], adapted to G’ as follows. (1)
We apply the convexity step [BF80, (9.67) to (9 611)], fact S3 of Table S1.3, to the block
compressions C! = ZJ ly,C'ly, of (C.2), C; = > . Ac(s)CL. The factors in this step are
finite, because for (9, N19) = psnyBx (9) we have apNy < N (as p3 < p'), N commutes
with each 1y,, and C! < apCy., so that ||N11/202N11/2H < 1y < 1 by the positivity step.
(2) In the monotonicity step (9.612) to (9.617) we use Lemma 7.29(c), C! < apCye with
Coe :=Y_; 1y, Coly,, instead of (9.618) to (9.622). (3) After Holder’s inequality (9.625) with
exponents p’/ps, ¢'/ps, both integrals factor over the sets Y, unions of elements (9.626), and
the first factor is at most exp{(Cg|X| +0"(X))/p'} < exp{(cs|X| +n'(X))/p'} by (7.29), the
additivity of n” and n” < w/. (4) Corollary 7.17 with t¢ = 1 and (L8-3) replaces (9.632):
(f dpic,e(@ /PP ))l/q YD/ < 1 0/Ps a5 1/ps—1/p = 1/q. For k =0, n' = 0, since
n’ carries the factor k2.

Step 4 (the perimeter bound). Lemma 7.32(c) and k < 1 show that the first part of
W/ (V) is at most 285,,0pChs|C|(logkn + Cspn), as |C| = 2(R + T) > 4Ri(B) > 8kn. By
Lemma 7.32(b), ||PofC||3 < 72| < 872L3. It remains to count the near cells. A near cell
Q) C Q lies in a block Q € Q(Q) all of whose sites are within ¢>°-distance kg + % of C. The
(>-neighbourhood of width s of C' has volume at most (25)%(|C| + 8s), and for s = kg + 2
and L > 4, 25 < (2rg + 5)L and 8s < (8rg + 20)L. Blocks are disjoint with at least L? sites,
and by (R5) a block contains fewer than 8/c; cells. Hence, as |C| > 4R1(8) = (8o + 20)L,
Npear < §(27’D +5)2(|C| + (8rg + 20)L)/L < 18 (2ro + 5)%|C|/L, and the second part of

W(V) is at most 268, 7 872 L? Nyear < %jf”( 0+5)2¢3 4L using L < ;. Adding the
two parts gives n'(V) < cpear|C]. The bound on cpear, umform in Bam > B%M, then follows

(Section S1.7.3) from log ko < log(rocr) + log(1/m) and the value of m.

By Proposition 7.7, E(¢) = E'(¢Y + g) + %W, v)), where E’ collects the Mayer terms of
order s > 2 of Theorem 6.5. We write E/(X) for the part of E localized in X, as in Section 7.5.
Both Ga1 and Ga are real, by (S3). Let ¢y := $(1—1/p3), ¢} :=Ce™* +¢e,), cg:=c\ + 0,
Gg = Go1+Gop+G33+ Ghz’?), and assume

2
baapCy

—_— = < cy. 7.30
1-— 204Dp4CE tee=a ( )

2appace < %,
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For the values of Section S1.7.4, (7.30) follows from cp < 1/70, which is the case for 6y = 0.01
and u, kg, Bam large.

Lemma 7.34. Assume e, +6 <1/7 and (7.30). For every h, every polymer X and every s,

Ty = [/ duc

with Cg = Q(XDCEchu/)\pv.

1/pa

(BE(X)eGg(X)efm712 Ty o ‘p‘l} < eXp{CQ|X’ + C@CdepN@(X) + C)\Flloc(X)},

Proof. The proof of [BF80, Lemma 9.9, (9.72) to (9.718)] carries over to G’ with the following
changes. (1) In (9.72), the bracket of Go1 lies in [0, 1y?], where y = mﬁéﬁg, and that of G2
is at most y2, so by (S4') G2,1(X) + Go2(X) < 3(1+ Ce 2 s)m2 Y 62 < 2m2 3"y 62, (2)
By Lemma 7.29(a), G33(X) < ¢CocaepNo(X) anq |Gg73(X)| < 20?3 ¢ (92 +1?). Thus c} of
(9.712) becomes cg. (3) On G’ the bounds (9.73) to (9.712), |E(X)| < $cAm? 3 (92 + ¢?),
remain valid. Indeed, |ex| < |m|ﬁé/13[|29] as in (9.78), since the phase at 1 + g is mﬁéﬁ(ﬂ +h)
with h € PZ, and (9.711) follows from (S2) of Theorem 6.5, which is uniform in G’, by the

Schur test [BF80, Lemma 9.6] together with the bound ||v|| < e,/m? of (S5). (4) In (9.716) to
(9.718), the bound C’ < apm ™2 of Lemma 7.29(d) takes the place of the lower bound on C;!.

With it, K4 := 2p4cEm2Cé1/21XC;1/2 has ||K4|| < 2appscg < %, and —%logdet(l - Ky) <

tr Ky < pscg|X|, the last inequality by Theorem 6.11. Condition (7.30) is (9.718), and the
bound $m?||1x D> < Fl°¢(X) of Corollary 7.10 replaces 5 [ f* < Fy.

Let k' be a term of the expansion of an activity, with the parameters of [GMS82, (7.3)
to (7.5)] referring to U-cells: as in Lemma A.6, the cubes (ai,...,a;) of a Mayer factor are
replaced by its number ¢ of points and its set of U-cells. We put Pf, := eV V)P and

1/p1 1/p2
1= [ [ ane, [J1oor ] ™ 2= [ [ ducye 0]
Proposition 7.35 (Holder split). Assume (L8-1) to (L8-4), (7.30) and
pae(L') < 5(1—1/ps — ). (7.31)
Fiz h, X, s and a term k’. (a) There is a kernel k((x;)) > 0 such that

/ dpcy

eE(X,s)RleGh(X)efFioc(X)eng(X) ‘0

< / k() / dpcye®eFie " T (i) €37 Ex ¥ F17(0,
r;€X p

(b) The right side of (a) is at most [ k((z;)) ThT» e 1) T3Ty, with Ts as in Lemma 7.38 and

Ty as in Lemma 7.34. (¢) Ty < c%j " Hj n;!, where n; is the number of points x; in the j-th U-
cell and ey depends only on p1, o, apKi/ py, Ki/Apv, ¢, and Cy; and Ta < ep2e(L)Fe(X)
(d) We have

Tye P 1T, < Pl ec131X[+COncaep No (X) = (),

with c13 1= cg/p' +cg and ¢ :=1—1/p3 — cx — pae(L') > ¢, := 3(1 — 1/p3 — c); at the values
of Section S1.7.4, ¢fy =1/16. For k=0, P/, = 1.
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Proof. (a) is the analogue on G’ of [GMS82, (7.9)], that is, of [BF80, (9.22), (9.23), (9.81)
to (9.823)], with the differentiated factors of Appendix B, the rates of Proposition 7.36 and
Lemma 7.31 for the derivatives of G;. By (S3), E and Gg are real for real ¢. (b) follows
as in [GMS2, (7.11)], that is, [BF80, (9.25)], since (27 2x ?*¢2m* Xx 8%)ps — epsnuBx(9)  (¢)
For T} we use [BF80, (9.31) to (9.33)], with Lemma 7.29(d) in place of the Neumann series of
(9.32) and (R7) for the number of U-cells within a given distance. The bound on T3 follows
from Corollary 7.17 with tc = ap < 2. (d) This is [GMS82, Lemma 13] on G’. By (c¢) and
Lemmas 7.33, 7.34, the exponents of F}°°(X) add up to —1 + pae(L') + 1/p3 + ¢y = —, and
(7.31) gives ¢ > ¢). Finally, eV (¥)/P" < PL as n’ is monotone in X.

Remark. In these bounds the perimeter is carried by the factor P/, alone. Far cells contribute
nothing, and Eg of Corollary 7.10 (d) drops out of the bounds, since the factor e~k Egr/2Bam of
Proposition 7.3 cancels against F}°¢(V) = F° 1+%k‘2 B&{/IEG/ and every later use of F}°° is a lower
bound. Hence Theorem 7.57 contains no factor log(1 + min(R, T)), and P, < e2ncar(F+T)/p",

We measure distances between U-cells in Debye units, dist(A, B) := mdg/(A, B). The
covariance rate in these units, r¢ := reov/m, does not depend on 7, by Theorem 6.11. The
rate conditions [BF80, (9.123), (9.124)] require a rate of at least (1 —d1)/Ip > %, whereas on
G’ the rate r¢ is small. In (9.95) we take the exponent with the minus sign that (9.124) has.
Proposition 7.36. Let 0 < 0, < § < r¢ and put Chye = 2(rc — 8). Every step of [BFS0,
Section 9] that uses the rate conditions [BF80, (9.123), (9.124)], the covariance bounds [BF80,
(9.82), (9.34)] or [BF80, (9.95)] holds on G’ with the bounds of Lemma 7.29(d) for C., with
(S2) of Theorem 6.5 and with any T-independent margin, in particular c,,., in place of a lower

bound on the rates. The pinning factor of [BF80, Lemmas 9.10, 9.11] is used with the margin
¢p = (rc —6)/18.

Proof. The argument uses the rate conditions through margins, and the changes are as follows.

(i) Tree factor ¢, d = 3", dist(Al, AY). Link i decays at rate rc by Lemma 7.29(d), and
pinning brings a factor €%, The rest ro — 6 — 9¢, = Clae is left for the sum over the positions
of A/, as dgr dominates the Euclidean distance and by (R7) at most 4T (r + 2Cy)? /¢, U-cells
lie within Debye distance r of a given one.

(ii) Mayer factors. The factors e%0 and "% of [GMS82, (7.3), (7.4)] are absorbed by the
tree decay of (S2) at the Stage 1 rate v/3ky My > 4v/37coy > 6 of Proposition 6.10 and by
e Hs=1) of (S2). The details are in the Tree weights step of the proof of Proposition B.7.

(iii) Wick’s theorem. The rate % is needed only to obtain (9.32) by a Neumann series,
whereas Lemma 7.29(d) gives the pointwise bound directly. The contraction count holds for
all rates, with constants depending on r¢, K7 /Apv, cu, Cy.

(iv) Clustering. Since each application has W C Z or W D Z, we do not use the factor
e~ (17200) dist(X1, W) of [BF80, (9.122)].

(v) We work in the finite box, and the only role of [BF80, (A4.25), (A4.26)] is in the
infinite-volume limit of [BF80, Lemma A4.1].

Seed configurations and the seeded activity. A pair (U, k) is admissible if U =V and
ke {0,1}, or U = X§ := V\ Xo with Xo C V a union of U-cells and k = 0. A seed configuration
in (U, k) is a pair 0 = (Z, Nz) with Z C U a nonempty, possibly disconnected union of U-cells,
Z D Xy itk =1, and Nz a wall field on E(Z) whose wall polymers have their closures in Z
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(so that Z is a union of elements of N); for label configurations, Ny € N(Z). For X D Z,
Ny(X) is the set of Nx € N(X) with Nx|gz) = Nz for which Z is a union of elements

of Nx. The seeded activity ICEVZ)Z (X) is the activity of Proposition 7.22 at Nx with first set

e z _
Yy = Z, built with (C',G): KY)(X) = Y, fig s ds [ dpcy () ePOn(7,5) Qy (X)), the
sum over § = (Z,Ys,...,Y,) with the Y; (j > 2) disjoint unions of elements and Uj Y; = X,
and Q?VX (X) := G (X)e=F1**(X) o= F2(X) - We write X = Z L Xs U X,, where X consists of
the non-seed U-cells in wall polymers and X, of the other non-seed U-cells (the lone cells).
A cell is of class B if it is one of the U-cells of |J; S5, and of class A otherwise. Since
supp D Usupp Iy C |J Sp by Proposition 7.8 (b), (e), we have D = I, = 0 on every class-A
cell. As in [BF80, p. 214], | - |o is the absolute value taken inside the sums and integrals that
result when all differentiations in " are performed.

Lemma 7.37. Let (U, k) be admissible, 0 = (Z,Nyz) a seed configuration in (U, k), ¢, >0, ¢
as in Lemma 7.30 with ¢4 = ¢}, e’ > 4C,, where Cy, < 00 is the link sum of Lemma A.6, and
ck :=1log(2eDy) +4 + ¢} +a" + a. Then

Z Z |’C§VZ)2 (X)) el X1 < sup ec’lF}"C(XJVX)-‘!'CQLX|+52d/dluCé

X2Z NxeNo(X) )
XCU

P Q (0],

where the supremum runs over n, T, ¥, the elementary terms, s € [0,1]" ! and Nx €
Ny(X); k' is the elementary term without its tree weight q(T,s) (Lemma A.1) and with ev-
ery Mayer factor € replaced by 3 a ecloLnAeC'llotgnA ([BF80, (9.18), (9.18a), (9.19)]); and
d = Y, dist(A;, A7), the sum over the links i with a covariance line (types (2) to (5),
Lemma A.1). The constant c% depends only on Dy, ¢y, Cy, a, not on L', and it is bounded
uniformly in Bam and T (¢ depends on them through Ay, but it is doubly exponentially small
by Lemma 7.30). The bound also holds for the sum restricted by X "W # 0 if W C Z or
W DZ.

This lemma is the version on G’ of [BF80, Lemmas 9.1, 9.4], in the distance-zero form,
for seeds that may depend on the configuration, be disconnected, omit X; when k = 0, and
lie in X§, and we prove it in Proposition A.7. For the last assertion of the lemma, note that
every term of the sum then satisfies the restriction. In the supremum we take together the
elementary terms with the same link data in the sense of Lemma A.6, as in the definition of ’
above and in Proposition A.7; that is, x’ contains, inside | - |o, the sums over the assignments
of the points of each £-factor to the cells of its set of cells, over their positions and over their
charges (and, for ¢t = 2, over the forms).

Lemma 7.38. Insert Proposition 7.35 and the Wick bound into the right side of Lemma 7.37.
In the resulting bound, the factor e2X| of [BF80, (9.823)], with e2X| and e“31X! is at most
[Tacx e - TIA ciass BeCB(bD) . HAQQ#Q eCoCer  the products running over U-cells, and the
near-cell factor is pulled out globally as P(.. Here c, does not depend on L' and is bounded
uniformly in bp and T, and, with the leftover pinning exponent q1 = 2 of Lemma B.9, cg(bp) <
2(0‘;/2 + C’é/Q)bBl/Q, where Cg and Cg, the constants of Proposition B.10, are independent of
L'. Every class-B cell lies in Xx or in the seed, and every factor on a class-A cell carries in
addition a nonnegative power of bp. The resulting bound depends on the scale L' only through
the set of cells in X, through e(L'), which is decreasing, and through the monotone hypotheses
(L8-3), (L8-4) and (7.31).
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Proposition 7.39. Insert Proposition 7.35 and the Wick bound into Lemma 7.87 with ¢} =
d /4, and distribute FI°° by the fractions of Table S1.4. Then for Bam > B%M, in the resulting
bound, every non-seed U-cell A of X carries a factor at most ean, where

en 1= Kean e T%er (b Apy) /0 (A C X,),
en = Keonl et Cocdepten(bp)—(c'/8)Pu /(1+Du) (A C Xy),

and every seed cell carries at most Kcelleo”rc@cdep, times eB(0D) if it is of class B. Here
Koo := Kpelestes)Cu max(l,)\%,/\?) with Kp independent of bp, L' and 7, ®y is the share
of Proposition 7.19, and the exponent po = 1/6 is attained.

Lemma 7.38 and Proposition 7.39 are a quantitative version on G’ of [BF80, Section 9.8,
(9.81) to (9.824)] and are proved in Appendix B. With pg := 1/6 we put

CIDG = 2K el @ TCnCdep maX{(bD/)\Pv)po’ eCB(bD)—(C'/S)‘I’u/(1+Du)}_ (7.32)

Theorem 7.40 (Removal of the logarithm). Fiz . There is 1o such that ¢y <1 for 7 > o,
and 0{36 — 0 as T — o©. Consequently the depletion factor eCocdeoNo(X) - gnd with it the log 7
in Cdep, ts absorbed by the per-cell smallness of Proposition 7.39.

Proof. The first branch of (7.32) is at most 1 if a < pglog(Apv/bp) — Cocdep — 10g(2K cen).
This holds for 7 > 7y, because the per-cell gains are exponentially small in 7 and the depletion
exponent is O(log 7): we have log(1/bp) > m2vcy,(0)7— 3 log 7—C as m < 2mp, caep = O(log 7)
by Proposition 6.17, and log K. is affine in «. In the second branch, Proposition 7.19 with
L > cp/2 and mL' = 2Bawm gives (c'/8)®y/(1+ Dy) > cbp' Bgay which outweighs the bound
cp(bp) < C’b;/2 of Lemma 7.38. A depleted cell that is lone or in X has its factor e“®%ep
inside ea < 3 (Section S1.7.5).

Let K(A) be the activity of the single element A at k = 0 (first set A, n = 1), with no wall
on A.

Lemma 7.41. For 7 > 19 and every wall-free U-cell A, K(A) > %

Proof. A single U-cell that is an element lies in no Sg, so D = 0 on A and F[°°(A) = [»(A) = 0.
The label is constant on A and, at k£ = 0, contributes only a multiple of 27 to each phase.
Hence ¥ = ¢ on A, K(A) = fduO/AeE(A)+Gh(A) with C’\ the A x A block of C’, and the
exponent is real by (S3). Positivity at £ = 0 allows us to use Jensen’s inequality, which gives

K(8) 2 exp(~EIB(A)] ~ E|G1(A)] — E|Gs,1(A) + Gaa(A)] — E(GE4(A)) _ — EIGE4(A)]).

expectations under dyucs . A supremum bound does not suffice here, since supy, (—G33(A))
is only bounded by C(e " 4 e~ 2r5)cqep, which grows like log7. Let z, := apKibp/Apv.
Then BomC'(z,2z) < x by Lemma 7.29(d) and My = m/Apy. Moreover, #A < Cym 3,
and A contains at most Cy/v_ cells. As we will show below, each expectation is at most

C’(bg2 + Cdepbp), With C depending only on the constants fixed before 79. Since cqepbp =
O(log 7)e~2497 5 0, the sum is then at most In2 for 7 > 7.

We begin with G2©,3‘ At z € © the z-term can be negative only because of the ex-
cess p1(m,z) > p'(m), which is at most Ce #p™f(1) for m = £1 by Proposition 6.6 and
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e~® < 1, and is bounded by the |m| > 2 moment bound otherwise. With 1 — cosu < %u2,

Ev(z)? = C'(z,x) and Proposition 6.17, E(G§3(A)), < Cle ™ +e 2 Ym2 ap K1 My #(® N
A) < C(e "+ e_QKS)aDchdepr/)\pV.

The other four terms are moment bounds with SomC’(z,z) < zp. First, E|E(A)] <
C#A(m%/,@’GM)xS/Q < Cbgz, as each term of E(A) has at least three factors € or € := ¢ —
imﬁéﬁ@/} and the weight e2#s(2[mil=1) of (S2) absorbs the charges. Second, E|G1(A)| < Cbp,
as log R, (x) = O(vbpz* + e~ v/bD) for |z| < bz)l/Z by Taylor’s formula and the periodization,
with a Gaussian tail beyond. Third, E|G2; + G22| < C(bp + bgz), as the brackets are
of fourth and third order and Vard(z) < 2ap(Ki/Apy + 1/v_)m. Finally, E|Gh25(A)] <
3C40'Cy(apK1)?bp/Ady by Lemma 7.29(b) with n = 0 and E¢* = 3C"(x, x)%.

The bound K(A) > 3 replaces [BF80, (A4.16) to (A4.21)], which use translation invariance,
whereas here the positivity at £ = 0 of Lemma 7.42 and the diagonal bound of Theorem 6.11
suffice.

7.7 The Kirkwood—Salsburg system in the class algebra

In this subsection we solve the Kirkwood—Salsburg system of Theorem 7.27 (b) by the argument
of [BF80, Appendix 4] in a weighted ¢! algebra over [iong, with the area weight of the classes
(Theorem 7.49). The area decay of Z,(X)/Z will then follow from that of Z,,/Z, established in
Subsection 7.8. Activities and outer partition functions are built with the triple (C, G%, cN\)
of Lemma 7.29 (f).

Lemma 7.42 (Positivity). At k =0 and for real v, the functions E, G and G* of Lemma 7.2/
are real, and eE(Y)ng(Y) > 0 for every wall field N and every union'Y of its elements. Hence
Z,(X) >0 for every X and p, Z > 0, and every activity with n =1 is positive.

Proof. By (S3) the terms of m and —m in the charge sums of E, G1, G21, G2 are complex
conjugate, and G%, G;g, F{OC, F, are real. Hence eE(Y)QEV(Y) is the exponential of a real
number. The outer partition functions Z,(X) and the activities with n = 1 are integrals of
such factors, with ¢<AV > 0, and Z contains N = 0.

Lemma 7.43. For an additive function p on the cycle space of G' let A(p) be the minimum
of Yoeer |N(e)| over the N € Z¥ with [N](v) = p(y) for every cycle v of G', and A(p) := oo
if no such N exists; for p € Tiong, A(p) is that of the restriction of p to the cycles of G'. Then
A(0) = 0, A(=p) = A(p), Alp+q) < A(p) + Alg), and A((N]) < 3 IN| for every N € ZF;
in particular A < 00 on Diong. Fiz ep € (0,¢)/8] and put o’ := egor and w(p) = e AP).
Then w(0) =1 < w and w(p + q) < w(p)w(q) on Tong, s0 Ay := {a : Tiong = C : [lal|, =
>y la(p)|w(p) < oo}, with (axb)(p) := >, a(q) b(p—q), is a commutative Banach algebra with
unit dg, and ||a % bl|w < ||allw||b]|w-

Proof. Sums and negatives of admissible cochains are admissible, N is admissible for [N], and

>pllaxb)(p)lwp) <32, la(@)|w(q) [b(p — @) w(p — q).

Lemma 7.44. Let Q be a cell of the output. For all sites x,y € Q, dg/(z,y) < Deen =
Tro(2t1 + 1), where t1 := 1+ [(12kp/xn3) In k] (kp in coarse units). If ¢, < 1.99 - 10~ 4yns,
then Deen < L' for Bam = Byr-
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Sketch. By (N3) of Theorem 3.20, there is no yn3-weak link. Hence, in the component & of
G’ NQ(Q) with © = Q N & as in Definition 3.14, where |&] < k3, balls with |By| < |8]/2
grow by the factor 1 + xn3/(6kp) per step. Balls of radius t; about z, y therefore meet. A
coarse path of length ¢ gives a G’-path of at most 7ro(¢ + 1) fine steps. With L, > 35 and
cr, < 1.99 - 10~ %yn3, we obtain Do < L' (Section S1.8).

Lemma 7.45. Let N be a long wall field, w := 27rﬁ81{/[/2N, and let Q) be a cell with the set ﬁ?z

of Proposition 6.9 (iv). Then there is h' : 82, — PZ, constant on Q, with Vh' = w on E(8%).

Proof. The graph (£, B(8Y)) is connected, of diameter d, < 2 + 0.469 Ban/m = 2 + 0.235L
(Proposition 6.9 (iv), (v)). We define h'(x) as the sum of w along the path from zy € Q to
x in a breadth-first spanning tree. Then h’ is PZ-valued. Such a primitive can fail only on
closed walks of about twice the diameter of ﬁ?z, which is less than L'. A bond of E (ﬁ';)) off the
tree closes a walk of length at most 2d, + 1 < 2L’ with two tree paths, on which N has period
0. Hence VA = w on E(8}). For z € Q, the tree path from xg to 2 and the same-cell step
back form a closed m3-walk of length at most d, + Deen < 2 + 0.235L" + L + 0.964L" < 2L/,
by Lemma 7.44 and Section S1.8, using L' > 16 and L < L'/(48am). Therefore h'(x) = h'(x)
for each such z.

Definition 7.45a (Primitive-admissible wall fields). Let k& € {0,1}, X a union of U-cells
(X D X1if k=1), and N a wall field on E(X) whose wall polymers have their closures in
X. Then N is primitive-admissible at coupling k if for every union ¥ C X of elements of N
and every cell Q C Y there is h' : ﬁ?} — PZ, constant on €, with Vi = P(N1gyy) + k§) on

E(8).

Lemma 7.45b (Primitives for long and inside fields). (a) Every long wall field on E(X) whose
wall polymers have their closures in X is primitive-admissible at k = 0. (b) If X O X1 and
Nx is an inside field at k = 1 with p1(Nx) € I'iong, then Nx is primitive-admissible at k = 1.

Proof. (a) For Y a union of elements, N1gy) is long (Lemma 7.26 (a)); apply Lemma 7.45.
(b) Let Y C X be a union of elements, Ny := NXlE(y) and Q2 C Y a cell. Each wall of Nx
on E(£2) lies in Y (first step of the proof of Lemma 7.32 (a)), and & vanishes off E(X). Hence
Ny +& = (Nx +&)1pgx) on E(£2), and its period on a closed m3-walk v in 82, is —p1(Nx)(7),
which is 0 if |y| < 2L’. The breadth-first-tree argument of Lemma 7.45, whose closed walks
(fundamental cycles of length at most 2d, + 1, same-cell closures of length at most d, + Deenr)
are shorter than 2L', gives h’ with values in PZ.

Proposition 7.46 (Long wall fields). At k = 0, the bounds of Subsection 7.6 and of Ap-
pendices A and B, and Lemma 7.48, hold with N'(X) and N,(X) replaced by N'**8(X) and
N8 (X) = {Nx € N'ng(X) : Nx|gz) = Nz, Z a union of elements of Nx}, for seed
configurations o = (Z, Nz) with Ny € N'"8(Z), with the integrand of Lemma 7.24 and the
same constants. In Lemma 7.32 (a) the label is replaced by the primitive h' of Lemma 7.45.
The same holds at k = 1 for the inside fields Nx with pi(Nx) € Tiong, with the primitive
of Lemma 7.45b (b) and P’ = Pf,; in general, the bounds hold for every class of primitive-
admissible wall fields (Definition 7.45a).

Sketch. For the sums over configurations, in Lemma 7.30 (b) and in steps (2), (3) of the proof
of Proposition A.8, the injection Nx +— (Nj)rcx into integer interface values is all that is
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needed, and it is valid for all wall fields. At a fixed configuration the label occurs in four places:
the phases (Lemma 7.24), w = 0 inside cells, the walls in (7.28) and, in Lemma 7.32 (a), a
primitive of wy on E(£2) constant on Q. In the last case N1 E(v) is long by Lemma 7.26 (a),
and Lemma 7.45 gives such a primitive (details in Section S2.6). Only the existence of the
primitive is used, so the argument applies to every primitive-admissible field.

Heuristically, a fixed fraction of the F}°¢ of each configuration accounts for its walls, which
carry at least the area of their class.

Proposition 7.47 (Absolute convergence). There is ¢ < 0o, depending on T and the fized
constants only, such that || Z(X) . < N elHDIX for every union X of U-cells, with ¢, from
Lemma 7.30 at ¢y = /2. Moreover 3y > .. |IC§\,ZY)(Y)]w([Ny]) el < 0o for the seeds Z of
Theorem 7.27(b), (c), and 3 [Kny (X)| < 00 in Theorem 7.27 (a), the sum over the inside
fields Nx at k =1 with p1(Nx) € [ong. Hence the sums of Theorem 7.27 converge absolutely.

Proof. By Holder’s inequality as in Proposition 7.35(b), (d) at & = 0, with Lemma 7.31
at N = 0 and Proposition 7.46, the term of N in Z,(X) is at most N ed X le=¢ Fie(XeN)
Moreover, w([N]) < 7 2INI < eCr/DFI(XN) the first inequality by Lemma 7.43 and the
second by Theorem 7.13 and |[N| < N2. We also have eg < ¢/, and by Lemma 7.30 (b) the
sum of e~ (¢/DF(X°N) gyer the wall fields on E(X°€) is at most 11Xl We bound the seeded
sums by Lemma 7.48 (a), (¢/), withe =eg/2at k=0and e =0 at k = 1. At k = 1 the inside
fields with p(Nx) ¢ Iiong contribute 0 to Theorem 7.27 (a), as Z,(X) = 0 for p ¢ I'iong by
Definition 7.25(c). For the inside fields at & = 1 with p1(Nx) € Iiong, Lemma 7.48 (a) applies
by Lemma 7.45b (b) and Proposition 7.46.

Constants of the seeded sums. The constant Cy bounds the number of interfaces within
Euclidean distance 7 of a given interface or site by Co(r/L + 1)3. The Euclidean link range
is g :== 2L + 4Dg + 2 (Dg of Proposition 7.19). We put ¢ := ¢s + 2 = O(log7) and
c16 1= ¢l + Nseed — 0 as T — 00, where cl} is defined in (7.32) and cg, 7seeq in Section S1.8.
Let P':= P, if k =1 and P’ := 1 if k = 0. For a seed configuration o = (Z, Nz), Z* is the
union of its wall polymers and Z° := Z\ Z*. For an anchor Sy C U, that is, a nonempty union
of U-cells with Sy 2 X if k =1, and for Nx € N (X), saty, (Sp) is the union of the elements
of Nx meeting Sp.

Lemma 7.48 (Seeded sums at k = 0 and k = 1). Let (U, k) be admissible, fonm > ﬂ%M, and
e €[0,d/2]. (a) (Variable first set.) For every anchor Sy C U,

Z Z }IC (sat vy (So)) (X)] QI X[+eFIS(X,Nx) < i gealSol,
SoCXCU NxeN(X

(b) (Strict containment.) The sum in (a) without the term X = Sy, Nx = 0 is at most
c16 P’ 1%l () (Prescribed seed walls, k = 0.) For every seed configuration o = (Z,Ny) in
(U,0) with Z° =0, every € € [0, /8] and ¢, := ' /16,

SN Ky el R YN qen I (ZNZ) < T e (/DFS)
Y - )
ZCYCU Ny€eN,(Y) 5

the product over the wall polymers S of Ny.
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We prove Lemma 7.48 in Appendix A. Proposition A.8 treats a fixed seed configuration,
and for (a), (b) the entropy of the first set is controlled by its walls.

Theorem 7.49 (The Kirkwood-Salsburg system in A,; [BF80, Lemma A4.1] on G'). Fiz a
linear order on the U-cells; for X # () let £(X) be its last U-cell and X* := X \ {(X). For a
U-cell A and a union'Y 3 A of U-cells let K\ (Y) € A, be the sequence q — ZICg\S,it(A))(Y),
the sum over the Ny of (7.21) with [Ny]| = q and (Y, Ny) # (A,0). There is exactly one
family (r(X))x in A, with r(0) = do and maxxp e *X||r(X)|w < 0o such that, for every
X #90,

r(X*) = K((X))r(X) + > Kiyx)(Y) #r(X*UY), (7.33)

Y24(X), YNX*=0

and it satisfies, with o« = 1n8: (a) ||r(X)|l. < 3%604)(‘ for every X #0; (b) Z(X) =r(X)*xZ(0)
for every X, that is, Z,(X) =3, 7(X)(q) Zp—q-

Proof. By Theorem 7.27 (b) the system has the form of [BF80, (A4.5)] with values in A,,, and
we run the contraction of [BF80, (A4.6) to (A4.13)] with ||- ||, in place of |-|. The normalization
r(@) = dp replaces the division by Z, which is not available for the sequence Z(f), and (b)
follows from uniqueness in the finite box.

We need two bounds. (K1) K(A) > 3, by Lemma 7.41, and of the two bounds this is the one
that rests on positivity, at & = 0 in the proof of Lemma 7.41. (K2) >y A [\ (Y)|,e! < %.
By Lemma 7.43 and Theorem 7.13, w([Ny]) < ¢ =Vl < e(E6/DF(V:Ny) | Hence (K2) follows
from Lemma 7.48 (b) with Sy = A, k = 0 and € = eg/2, over long fields by Proposition 7.46,
and from the bound cjge®? < % of Lemma S1.2.

Step 1 (the map). Let B be the Banach space of families s = (s(X))xxp in A, with
l[Is|[| := maxy_p e~ X||5(X)||w, put s(0) := &g, and let (T's)(X) be K(£(X))~! times s(X*)
minus the sum in (7.33). A family satisfies (7.33) if and only if T's = s.

Step 2 (contraction). By |la*b|l, < |lallw||bllw, |[X*UY| =|X]—-1+1Y], [Is(0)|l. = 1, (K1)
and (KK2), we obtain ¢~ X1[|(Ts)(X)[ls < 2e~*max(1L, ||s|}) + [[ls]l|/8] = + max(1, |[s]|}) +
|I]1|/32, and in the same way [||Ts — Ts'||| < 2e7*(1+ 3)|l|s — §'l|| = 5lls — §'[|, since
(s —s")(0) = 0. Let r be the fixed point of T

Step 3 ((a)). If |||r]|| > 1, Step 2 gives |||r]|| < 3%]||r||], which is impossible. Therefore
7M1l < 3+ llr[l1/32, that s, [[[[]] < 57

Step 4 ((b)). We set s(X) := r(X) « Z(0) — Z(X), which has s(}) = 0. By associativity
and commutativity, X — r(X) % Z(0) satisfies (7.33), and so does X +— Z(X), by (7.21) with
Xo = X* and A = ((X). Consequently s satisfies the linear part of (7.33) with s()) = 0.
Moreover, |||s]|| < oo, since there are finitely many X and || Z(X)||,, < oo by Proposition 7.47.
As in Step 2, [||s||| < 35l/|s||, and hence s = 0.

The bounds in the proof above are uniform in G, A° and C. We obtain the invertibility of
Z(0) in A, as a consequence of Theorem 7.49 (b): (V) x Z(0) = Z(V) = N dp.

7.8 Frozen flux costs area: group charge and the count

In this subsection we prove that the partition function at fixed class r carries the area weight
of r (Proposition 7.53). The bounds of this subsection are the only ones that use the handles
of the insulating set and (NF,), which holds by (R10) of Theorem 3.20. In a configuration of
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class r, a group of wall polymers realizing r is re-expanded as a seed at X = (), and its entropy
is controlled by Proposition 7.52.

Polymers, realizations and the reference realization. Fix r € I'iong \ {0} with Z, # 0.
For a configuration N of Z, (Definition 7.25), P(N) is the set of its wall polymers, and we
put Ns := Nlgg) for S € P(N) and Ng := ) 5cpNs, qr = [Ng], |R| := ||Ng|1 for
R C P(N). By Proposition 7.8 (a), each wall bond lies in exactly one wall polymer. Hence
ZSEP(N) Ns = N and gp(y) =1, and qg € Tong by Lemma 7.26 (a). A family R realizes r if
qr = 7, and is irreducible if no nonempty T C R has gr = 0. An inclusion-minimal realizing
subfamily of P(N) is irreducible: if ) # 7T C R had gp =0, then T'# R asr # 0, and R\ T
would realize 7. Let &(r) be the set of families R, with their wall configurations, that occur
as irreducible realizations of r in some configuration of Z,. We fix Ry € &(r) of least area
by a deterministic choice, so that |R| > |Ry| > A(r) for all R € &(r), the last inequality by
Lemma 7.43. A polymer is determined by its wall interfaces and their values, since closures
and links are functions of the walls. Thus R is determined by Npg: the wall components
of Np are those of the members of R, closures from different members are not linked (they
are distinct wall polymers of one configuration), so the wall polymers of N are exactly the
members of R. We also set v(R) := Z[gsuppNR NIQ, cw = /16, \g := 2¢cp,0p = %UF
and O4(r) = ZReg(r) e~ el [Iscr e~ (@/2DF(S) " The notion of c-connectedness is that of
Definition 3.18, and distances between bond sets are Euclidean.

Lemma 7.50. Let R € &(r). Then Nr— Npg, = >, €xV1p, with ey € {—1,1}, where (i) each
Py, is a nonempty c-connected cell set with c-connected complement in its component & of G';
(ii) 6G’Pk - suppNR U suppNRO; (iii) Zk |801Pk| = HNR — NRo”l < ’R‘ + ‘Ro’ < Q‘R’; and
(iv) every Py is joined to supp Ng, by a chain Py, = Py, ..., Py, with dist(0Py,_,,0P,) < g
and dist(0P;,supp Ng,) < g.

Proof. (1) Since [Ngp — Ng,] = qr — qr, = 0, Definition 7.25 gives Np — Ng, = Vf with
f:V — Z constant on each cell.

(2) By the coarea formula for the level sets of f, Vf =", £V1y, with >, |0U;| = ||V f]1.
We split each Uy into its c-components W and write V1y = — . Vg, over the c-components
C; of R\ W, where R is the component of W. Since each C; is c-connected with c-connected
complement and the cuts partition, (i) to (iii) hold.

(3) For (iv) we use irreducibility, which forbids groups of pieces far from Ry, since these
would be sub-families of R of class zero. We group the pieces into clusters by the relation
“cuts within distance ¢g”. Let V be a cluster no cut of which is within g of supp Ng,, and let
B := Uiey OP,. Within distance g of B, N, = 0 and the other pieces contribute nothing.
It follows that Ngr = Ny := >, ), exV1p, in this region, and each wall bond of Ng within
distance g of B lies in B. Two wall bonds of one polymer are joined by a chain of wall bonds
of that polymer with consecutive gaps at most g, since walls of one Sg have gaps less than
2L' 4+ 2Dp and linked closures add at most 2D g + 2. Hence the polymers of R meeting B form
a sub-family T" with Ny = Nrlp = Ny, the gradient of a cell-constant function, and therefore
gr = 0. By irreducibility 7' = ), so that Ny, = 0. By (iii) the terms of Ng — Ng, do not cancel,
and hence neither do those of the sub-sum: ||[Nyl|[y = ),y [0F|. So Ny = 0 forces 0P, = ()
for every k € V. This is impossible, since by (i) each P} is a nonempty proper cell set of its
component K. Therefore no such cluster exists: every cluster has a cut within g of supp Ng,,
and chaining inside the cluster gives (iv).
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For a finite set B of interfaces and s > 0, the s-clusters of B and their number ¢s(B) are
those of Definition 3.18 (for a cut, of its set of interfaces), and MST(B) denotes a minimal
spanning tree of the complete graph on B with edge lengths /. the distances of interfaces. Let
J0) :==#{j >0:27L < (}.

Lemma 7.51 (Kruskal’s identity). For every s > 0, #{e € MST(B) : {. > s} = ¢s(B) — 1,
and ZeeMST(B)j<€e) = is0(pr(B) —1).

Proof. The edges of MST(B) of length < s form a spanning forest of the threshold graph
{¢ < s}, since Kruskal’s algorithm processes them first. Thus they number |B| — ¢s(B). For
the second identity we sum 1[¢, > 2/ L] over j > 0 and e.

Let knr = 4(cq +4)/c§, and let Rnr, ONF, cgNF, J be as in Definition 3.18. Applying (R10)
in the form of Proposition 3.19 to the pieces P, of Lemma 7.50, we obtain

J(Pg) < ONF Funit |0cr Pi| /L, (7.34)

with the cut measured in fine bonds, of which a coarse face carries at least r%. Here J depends
only on the cut.

Proposition 7.52 (The count). For fom > ﬂ?}M, every 1 € Tiong \ {0} and every v > 1,
#{R € &(r) : v(R) = v} < exp((¢//2) Fynit v). Consequently O4(r) < 1.

Proof. The idea is that, by Kruskal’s identity, specifying the positions of the cut patches costs,
per dyadic scale, the number of clusters minus one. Below Ryp this is at most logy(RNr/L)
per interface, within the factor e(¢'/2/Funit and above Ryy it is J, bounded by the cut (7.34).
We first bound the count and then prove the second assertion, ©4 < %.

Fix R with v(R) = v. Let S, Sp be the interface sets of supp Ngp and supp Ng,, put
n =S| < v, ng := |Sy| and T := S USy, and let I be the interface set of 9P;. An
interface has between c;]L2 and 4L? bonds by (R8) and since block sides are less than 2L,
and |Ro| < |R| < 4L?v. Hence ng < (4/c¢,)v, and by Lemma 7.50(iii) Y, [0P;| < 8L%v,
> k] < (8/¢))v < knpr. The last inequality follows from 8/c, < 128/(9¢,) < 4(cy + 4)/c2,
which holds since ¢ > ¢y by Section S1.1.4(e) and ¢y < 7. Since a bond where Ng # Ng,
lies on some 0Py, we have S C Sy U, Iy C T.

Step 1 (a spanning forest). For each k let t; be the least j for which a chain P, =
Py, -, P; as in Lemma 7.50(iv) exists. Let H be the graph on T' whose edges are the edges
of the MST(I) and, for each k, one parent edge at distance at most 2¢: from an interface of
I, to one of Sy if t;, = 0, and otherwise to one of I/, where P is the second piece of a chain
of length t, so that ¢ty =t — 1. Here we use that a bond and its dual coarse face are within
distance v/3 7y < g/2. Each node of T'\ Sy lies in some Iy, and ¢ decreases along parent edges.
Hence the parent edges lead to Sy. Consequently H contains a spanning forest F' of T with
roots in Sy, as one sees by adding a virtual node joined to all of Sy and removing it from a
spanning tree. Let B := 3" pj(le) <> cpile).

Step 2 (encoding). We record the roots (at most 2" choices), the shape of the plane forest
on |T| < n+np nodes (at most 4"7™0) and for each child the number j. and the child among
the at most Cg(27¢ + 1)3 < 8Cy 8¢ interfaces within distance 27¢L of its parent. Sequences of
|F'| nonnegative integers with sum at most Bpax (the bound of Step 3, a function of v only)
number at most 28maxtFl - We then record S C T' (at most 2"70) and the values N; with
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S>> N? = v (at most 47, counting signs and compositions of > |N;| < v). Since R is determined
by Ng, we obtain In#{R : v(R) = v} < C(n +ng + V) + Bmnax In 16 with C := In(64Cy) + 2.

Step 3 (the bound on B). By Lemma 7.51, 3" cyigrr,) d(Ce) = 2 50(02i0(Ik) — 1). The
scales with 2/ < Ryp number at most j, := c3NFFunit /In2 + 1, each contributing at most
|Ix| — 1, while the scales with 2/L > Rnp contribute exactly J(Py), by Definition 3.18. A
parent edge has j < j, :=1log,(2¢9/L) + 1 = O(In Bgm), and there are at most ), |[Ix| < kv
pieces. With (7.34),

NF
3 KNF

B < (ju+jq)tinev + Ox Fanie Y [0F]/12 < (22

k

+80NF> unit V + (1 +]g)’€NFV =: Bnax.

Step 4. By Definition 3.18, 4cf¥snr = c)/4 and 80nxrpInl16 < ¢)/8. Hence In# <
%c{)FunitV +O((1 +InBam)v) < %Funity for Bam > ﬁ%M, as Funit is exponentially large by
Section S1.8.

It remains to prove ©4 < 7, which rests on the factor 2 of Lemma 7.30(a), that is, on the
constant 1/18 of Theorem 7. 13 set against the bound of the count. By Lemma 7.30(a),
Flo¢(S) > 2Fumitv(S) for each wall polymer S. Hence the summand of ©4 is at most
e_C,FunitV(R)’ and @4( ) Z e(c /2)Funitv p—c ' FunitV < 2e” (c'/2) Funit < 1

Proposition 7.53 (Frozen flux costs area). For every r € I'iong, Z, < e~ oA 7

Proof. We extract an irreducible realization from each configuration and re-expand it as a seed,
which pays for its own cells and shape from its own FllOC and leaves the fraction ¢//2 of it. The
outer factors are bounded by Theorem 7.49 and by the quantity being bounded, which closes
the argument. We put Cpp := sup,er,,, w(s)Zs/Z. Then 1 < Cpp < oo, by taking s = 0 and
by Proposition 7.47. Let r # 0 with Z, # 0.

(1) Union bound. For each configuration we choose one irreducible realization R(NN) C
P(N) by a fixed rule. All terms are nonnegative by Lemma 7.42. Hence Z, < ZREG(T) Z.(R),
with Z,(R) as in Theorem 7.27 (¢). Dropping the condition R = R(N) only enlarges the right
side.

(2) Re-expansion. By Theorems 7.27 (¢) and 7.49 (b), with ¢ := (UR, Ngr), Z(R) <
Syvour oy entonscry KN (V] g MY )(@)] Ze— vy 1=

(3) Weights. By Lemma 7.43, w(r) < w([Ny])w(q)w(r — [Ny] — q), and w([Ny]) <
eEe/DF*°(Y) by Theorem 7.13. The definition of Cpp and Theorem 7.49 (a), which applies
as Y D UR # 0, give 2, [r(Y)(@)] (@) w(r — [Ny] — ) Zr_vy)g < %1 Cin 2.

(4) Activity. So that the sum takes the form ©4(r) of Proposition 7.52, we insert 1 <
ecw 1 (UR)e=ABIB| which is valid since Fl°°(UR) > 20p|R| and 2¢,0F = Ag. The final esti-
mate of this step holds without this insertion as well, since the proof of ©4 < % bounds e~ A& IE
by 1 and Lemma 7.48 (¢’) without the factor e 1°°(Z:N2) > 1 follows from (¢/). Lemma 7.48 (¢')
over long fields, which holds by Proposition 7.46, applied with the seed configuration o, all of
whose U-cells lie in wall polymers, and with ¢ = ¢ / 2 < /8, bounds the sum over Y and
Ny, including eo“y|e(€E/2)Floc(Y) cwF(UR) 1y [Iscr //2)Floc( ). Collecting (1) to (4), we
obtain w(r)Z,/Z < £CprO4(r) < ZCpr by Prop081t10n 7.52.

(5) The supremum. With s = 0, we obtain Cpp < max(1, 57 2 Cpp). Since Cpp < o0, this
gives Crp = 1.

Il I/\
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Remark. The position entropy is part of the count of &(r), and so the bound just proved
carries no position factor, such as a sum over a cycle detecting r or |y|, even for a long handle
with a tapered thin neck, since its cuts of one class are compared with Ry by Lemma 7.50.

Lemma 7.54. Let a =1n8, e € (0,¢,/8], 0’ = egor and Bom > By For every nonempty
union X of U-cells and every p € Topng, 0 < Z,(X)/Z < f—leo‘m‘e*"%(p). The bound is uniform
in G', A° and C.

Proof. By Theorem 7.49 (b) and Lemma 7.43, we have w(p)Z,(X)/Z < >, |r(X)(q)|w(q) -
w(p — q)Zp—q/Z, and this is at most ||r(X)|., < %e“'m by Proposition 7.53 and Theo-
rem 7.49 (a). Nonnegativity follows from Lemma 7.42.

7.9 The deterministic area law
We now prove the deterministic area law, Theorem 7.57.

Lemma 7.55. Let X DO X be a union of U-cells, Nx an inside field at k = 1 on X, and
p = p1(Nx) its outer class (Definition 7.25). Then 3_ cp(x)|Nx(e)| + A(p) = Ac (C).

Proof. Since linking numbers are additive, the inside walls and a cheapest cochain with the
forced periods form a wall field at & = 1, and by Theorem 7.14 this field spans C' modulo the
frozen complex. Let N’ € Z” realize A(p), which is finite since —¢ — Nx1 E(x) has periods
p. By definition of p1, Nx1pg(x) has periods —lIk(-,C) — p, and hence M := Nxlpx) + N’
has periods —lk(-,C). Since ¢ has periods lk(-,C) by Lemma 7.6(d), we get M + & = Vm
for some m : V — Z, and M = Vm — £ is the £ = 1 wall field of m. By Theorem 7.14,
>op M| = #{M #0} = Aq/(C), and 35 [M| < 3 gy INX [+ IN'| = X px) INx[+A(p).
Lemma 7.56. With Cy and c, as in (R7) and Cx = 3Cy/cy, | X1| < Cx(m>RT +3Cym(R+
T) +9C3).

Proof. The U-cells of X; meet bonds crossing =, by Definition 7.20. Thus they lie within
Euclidean distance Dg + 2 of Z, where D = Cym~' > 4, in a set of volume at most
3Dg(R+ 3Dg)(T + 3Dg). Each of these cells has at least ¢, m ™3 sites by (R7).

For a rectangle C of sides R, T we put Ry(53) := (2rg + 5)L, where L is the block scale of
Definition 3.1 at 7 = K.

Theorem 7.57 (Deterministic area law). Fix the constants of Section S1.1.1 of the supplement.
There is B%M such that for Bam > B%M, for every output G' = G'(D) of the construction, for
every D, and for every rectangle C' with min(R,T) > Ry1(8) = (2ro +5)L,

ng(C) < eXp(—Uv[AGV(C) — nsRT] + CN(R + T)),
with

cgmL m 1 18¢2Cx
Oy =€ROp = 9216 =+ (5E:m)a 775:%”27

7 = O(nm 1
o L mBam (mBamlog 7),

and cy as in Remark 7.58. The degenerate output X = A° (G' =0, W (C) =1, Aq:(C) =0)
15 1ncluded.
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Section S1.8 gives the values of oy and 7ng. The geometric input of the proof consists of
(R2), (R5) to (R10), Theorems 6.5 and 6.8 to 6.11, Proposition 6.17, the frame, the coarse
alignment of the holes and frozen bonds, Lemma 4.4, in Lemma 6.13, and (N3) of Theorem 3.20,
in Lemma 7.44. The frame, which does not depend on D, is made up of the box (Lemma 3.3),
the grid with its windows and removal cells (Definition 3.4) and the alignment (A1) to (A3)
(Lemma 3.5). The holes and frozen bonds are unions of coarse sites and of whole coarse faces
(Section 2.5).

Proof. We bound the outer factors of the loop expansion by Lemma 7.54. If no bond of G’
crosses = (for instance if G’ = ()), then X; = () and the bound holds trivially. Indeed, in this
case 7 = 0 on E, which gives Z(1,Z) = Z(0,Z) and W (C) = 1. Moreover, by the proof of
Lemma 7.6(c), each plaquette of = is then a face of a hole cube or a frozen face, hence lies
in §, and Definition 2.11 with ¥ = = gives A¢/(C) = 0. Finally, oynsRT + cy(R+T) > 0.
Otherwise X7 # (), and

X 8 "
WG/(C) = Z ZICNX _ 3— Z Z |ICN \X| "A(p1(Nx)) (7.35)
X2X1 Nx X2X1 Nx
8 — o / a loc 8 . . /
< ﬁ e EE FAq (C) Z Z “CNX(X)‘ e | X|+epF°°(X,Nx) < 3717)/6'6 2‘X1|6 v A (C)

XDX; Ny

2¢ Cnear 902 CX C
+ 362 CX Cz,{m T(B)

and the bracket, b(3), is at most cy. The equality follows from Corollary 7.28 together with
Lemma 7.29(f). Its terms with p;(INx) ¢ I'iong vanish by Definition 7.25(c). Consequently, in
(7.35), each sum over Nx runs over the inside fields at & = 1 with p1(Nx) € T'iong. Lemma 7.54
gives the first inequality. The second uses Lemma 7.55, 0/ = egop and Flloc(X, Nx) >
207 Y- p(x) | Nx|, which holds by Theorem 7.13 since X is a union of elements. The third
follows from Lemma 7.48(a) with k =1, U =V, Sy = X1, € = eg < /2, applied to these
fields. These fields are primitive-admissible at k¥ = 1 (Lemma 7.45b (b)), so Lemma 7.48(a)
applies to them by Proposition 7.46. The last inequality uses log(8/31) < 0, Lemma 7.56 with
caCxm? = oyng and R+ T > 2R (), and P, = eV (V)P < 2enear(BAT)/P (Lemma 7.33).

< exp(—aVAGI(C) + oynsRT + [ ] (R+ T))

Remark 7.58 (The perimeter constant). Schematically, the proof above obtains egopAg/ (C)
from a fraction g of the wall energy of the seeded polymer, with the area weight, by
Lemma 7.55; the seed contributes X1l whose bulk part gives ns and whose remainder is a
perimeter term, and the near cells give the perimeter factor P(,. Let cy := SUD 0> 60, b(B),
where b(3) is the bracket in (7.35) (see also the remark after the proof of Proposition 7.35)
and p’ = 1.3. It is finite and depends only on the constants fixed before K, since cpear is
bounded uniformly for Sam > 5%, by Lemma 7.33 together with log(1/7m)/Bcn < 0.0632,
and the last two terms tend to 0 (Section S1.8). Since 8 and K appear in Sections 3, 6 and 7
only in the combination 7 = Kf3, that is, in Bgm = 4727, and every condition on Bgy used
there is a lower bound in terms of items 0 to 14 of Section S1.1.1, it follows that Theorem 7.57,
its threshold 8%, and ¢y use items 0 to 14, not K and Sy(K) (items 15 and 16). Section 8
needs this, since there ¢ = ¢y + 10 must be absolute.
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8 Proof of the main theorem

8.1 The chain

The deterministic area law holds for each frozen set D, and the min-cut lower tail is exactly
the exponential moment of the area deficit RT — A/ (C). Multiplying the two, we obtain
e BT . Epe?(BT=4) and the two deficits ns and nr add. We fix K > K, and 8 > fy(K) as
in Section 8.2. With 7 = K3, the conditions defining £y(K) include 8 > 72, § < 1 and the
condition (2.5) of Lemma 2.6, that is § > (1(K), as well as the hypotheses of Theorems 5.1
and 7.57 for § and Bqu = 4n%7. They also include 1y + ng < % and oy < 1, which are true
for large 7, since np — 0 by Theorem 5.1, ng = O(mfBgmlogT) — 0 by Theorem 7.57, and
oy = (c;mL/9216)m/T — 0. Let C be a rectangle with min(R,T) > Ri(8) = (2ro + 5)L
(Definition 3.1), A° = A°(C) the box of Definition 3.2, and A O C' any finite box.

Proof of Theorem 1.2. We prove the chain (1.4) to (1.8), where Ep is the expectation over
D ~ Ber(§)@NA3\0:A%),

Step (1.4). Lemma 3.3(e) gives dist(C,0A°) > max(R,T) > 1. Hence Proposition 2.9
applies with A’ = A° and ¢ = 6. By Lemma 3.3(a), the box A° is determined by C and the
constants, so it is the same for all A and D and is fixed before D is drawn.

Step (1.5). Theorem 3.20 shows that for each D C A§\ 02A° the output (X(D), S(D)) is a
deterministic function of D with D C §(D). Hence Proposition 2.10 applies to each D.

Step (1.6). Theorem 7.57 applies to each output G'(D) and each rectangle with min(R,T) >
R1(p), pointwise inside Ep. We need it for every D, because Ber(d) charges each subset of
A3\ 02A° and the construction is deterministic. Its functional Ag/(py(C) is the min-cut area
of Definition 2.11 for the same output on the same box A°.

Step (1.7) is the identity —oy A = —oy RT + oy (RT — A).

Step (1.8). Theorem 5.1 at 0 = oy € (0,1], applied to the same random set D, the
box A°, the output G'(D) and the functional Ag/(py(C) of Steps (1.5) and (1.6), bounds the
expectation in (1.7) by exp(oynrRT + 4|C| + 4).

Constants. Since |C| =2(R+T) and R+ T > 2, we have 4|C|+4 < 10(R+T), and (1.8)
gives (1.2) with o(8) := (1 —nr —ns)ov, Ri(B8) = (2ro+ 5)L, both depending on K through
7= K@, and ¢ := ¢y + 10. This constant is absolute in the sense of Theorem 1.2, since, by
Remark 7.58, ¢y depends only on constants fixed before K, namely those of items (0) to (14)
of the ordered list in the next subsection. Using nr + ng < % and the bound c’gThL > %cch
of Section S1.1.3, we obtain

CoCL T 8r2)1/2 e B o
92157- > ( 212; CgCLT 1/26 'UCb(O)T Z 135 . 10 4CgCL7_ 1/26 2.49436T’ (81)

a(B) >

by 7 > mp/2 and the formula mp = (8727)Y/2e~™ (07 of Section 6, with the Debye
exponent m2vcy, (0) = 2.4943550871 . .. rounded up and the prefactor rounded down (see Sec-
tion S1.1.3). This proves the second assertion of Theorem 1.2 for 8 > (y(K). Remark 8.1 gives
the case f < fo(K) at the same K, and the first assertion follows with one fixed K > K, for
instance K = 378 (any sufficiently large K also works, by the remark after Lemma 2.6).

Remark 8.1 (Small § and the infinite-volume limit). For fixed K > K, and 8 < [o(K),
Theorem 2.1(b), applied pointwise in A and C, gives Theorem 1.2 at § with the three constants
o(Bo(K)), ¢, R1(Bo(K)). Only the Wilson side is monotone in J: raising J raises 7 but lowers
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0, so the right side of Theorem 2.5 is not monotone. The bound depends on A only through
Proposition 2.9, on D only inside Ep and on C only through R, T, and by Theorem 2.1(c) it
holds for the infinite-volume limit (cos HC%V, which is nondecreasing in 3. Hence the string
tension 00 () 1= Hminf i (r 7)—00 —R—lT log(cos GCR,T>EV € [0, 00], where Cg 1 is a coordinate
rectangle of sides R, T, is nonincreasing in  and at least o(/3).

Remark 8.2 (Loops below the non-fragmentation scale). If diam A° < Ryp, for instance if
both 3v3max(R,T) + /3 and v/3(ro(¢ + 3) + 1) are at most Ry, then Phase 2 makes no
firing by Proposition 3.19, and Proposition 5.11, with the deficit ngrl ), replaces Theorem 5.1 in

Step (1.8). The string tension, by contrast, uses Theorem 5.1 in full.

8.2 The order of the constants

We fix the constants once, in the following order. (0) Absolute constants, among them
72vcp(0), the threshold 14.9662 of Lemma 2.6 and the absolute constants quoted from [GMS2,
GM81a, BF80] (those that depend on the parameters C, dgm, i, ks, Apyv of Theorem 6.5 are
fixed with them, in (12) and (13)); (1) ro; (2) ¢g = 1 (all ¢4 € (0, 1] work); (3) nw = 15; (4)
¢p = 73, that is A = 12/Lc; (5) kp/L. = 304; (6) ¢1 and cqn; (7) ¢s € [3.3-1077,10]; (8) the
forcing threshold ¢, the penalty up and the thin-set constant eg; (9) the weak-link constants
x = 2.0-1078 of (R6) and yn3 = x/3 of (N3); (10) the constants derived from these, among
them C,, Ciee, Ca, Cp, Cc and Chesp; (11) ¢ = 1.6 - 107", and then the scales L., L, kp,
¢, which depend on [ only through m; (12) the Stage 1 and Stage 2 constants: C' € (0, %]
and dgm < % of Theorem 6.5, ng = 0.62, the rate cip < grc with r¢ taken at mL = cr,/2,
then ¢, then p > 1+ 2¢f, and kg, and ¢, = 1—16; (13) Apy, and with it My, m = Apy My
and the constants of [GM82, GM81la, BF80] and of Stage 1 that depend on Apy; (14) the
cut-rule constants Oxr and ¥ (15) K > K,; (16) Bo(K), defined by the conditions listed in
Section S1.1.4. The values of these constants, and the statements that use each of them, are
given in Section S1.1.1.

Four placements are forced. First, kp/L., ¥ and ey, precede x, because the expansion
constant of Theorem 4.16(c), which bounds Y, is computed from them. Second, y precedes
cr, because the condition Cpc? < (1 —4/7%)/8 that fixes cg, has Cp < 2916r2,C2 /x>, Since
1 —4/7% < ny and mL < cr, the condition that fixes ¢y, also gives the condition Ch(mL)? <
nm /8 of Stage 2. Third, C, dam, c10, ¢}y, 1+ and kg precede A\py, because the Debye condition
of Theorem 6.5 gives A\g = A\o(ks, i1, C,0gm) and each earlier constant uses A\py only through
Apy < i. Fourth, Oy and CSNF are built from the pure number 66, and no earlier constant
depends on them.

Each condition defining §y(K) is, at fixed K, a lower bound on 7 = K that persists for
larger 7. Those of Section 2 are 3 > 772, f > B1(K) and § < 1, which (2.4) gives for all
large 5. In all the others the left side is a fixed function of 7 (built from m, 7, log7 and
the doubly exponential scale Rxr) tending monotonically to its limit. The value 5o(K) is the
largest of these thresholds divided by K. It is very large (|loge”| > 10'* in Theorem 5.1), and
the constants are far from sharp, but the proof uses only that those fixed before K do not
depend on T.
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9 Corollaries

In this section we prove the two corollaries of the introduction (more detailed proofs are in
Section S4.9 of the supplement). The central phases are described by a U(1) Wilson model
with configuration-dependent couplings at most nf (Section 1.2), also in the presence of a
Higgs term invariant under the centre. Since the plaquettes of a finite 2-complex are attached
along closed edge paths, U, (the ordered product of the links around p) and 6, are defined.
We write Tr for the trace of n X n matrices.

Proposition 9.1 (Frohlich’s comparison). Let G C U(n) be a closed subgroup with {zI : |z| =
1} C G, X a finite 2-complex, and pg g(dU) o< [[, exp(BRe TrUp) [ ], dUe, dU. Haar measure
on G (free boundary conditions). For every closed edge path ¢ in X,

‘<Trg U€>G 8

)

< 2n(cos 04)%2%, (9.1)

where the right side is the U(1) Wilson model on the same complex.

Proof. Let v be the law on U (1)2(X) x GE(XX) with density proportional to Hp exp(BRe Tr(E,Up)),

where &, = €' and & = ¢'®» is the product of the ¢! around p. Since &.I € G is central, its
image under (§,U) — €U is pg,g, and Tr[[ o (&Ue) = €9t Tr[[.c, Ue. Given U, ¢ has the
law (-)y with density proportional to [], exp(8|Tr Up| cos(¢p — ¢p)), where 1y, := — arg Tr Uy,
Hence |(Tr[[.c,Ue)asl < nsupysup,(cos(¢e — a))y. We bound (cos(¢, — a))y by
(cos 95)3(‘/7”5 using [MMSP78, Proposition 1 and the remark after its proof, p. 21], with
couplings nf > B|Tr U,| on the plaquette vectors, where terms with the same vector up to sign
are combined. The remark is stated (p. 21) for « equal to the phase of the interaction, but
for each « it follows from the proof of Proposition 1, since for the edge vector M of ¢ and two
copies ¢, ¢’ of the angles cos(M - ¢) —cos(M - ¢’ — ) = 2sin(M - & — §)sin(M - &' — §), where
® = 1(¢/ + ¢) and ¥ = 3(¢/ — ¢). Consequently, the left side of (9.1) is at most n(cos 0g>1)/}/7n/3,
which is at most the right side, since U(1) Wilson loops are nonnegative and nondecreasing in
the coupling by Ginibre’s inequality, on all finite complexes, as in Theorem 2.1(a), (b). The
constants 2n and 2nf in (9.1) are those of [Fro79, (23), (24)].

Corollary 9.2 (Corollary 1.3). Let G be as in Proposition 9.1, with the Wilson action
BReTr U, on finite bozes of Z3, p a representation of G with p(zI) =1 for |2| = 1, (®,po) a
probability space of Higgs field values, and h > 0 a measurable function of ((p(Ue))e, (¥z)z);
the Higgs weight, for any values of the Higgs couplings, with 0 < [h < oo (h = 1 is the
model without Higgs field). On a finite box A take the measure with density proportional to
h((p(Ue))e: (z)z) times [],exp(BReTrUpy) with respect to [], dU.[], po(dps). Then (9.1)
holds for every closed path £, and the bound of Corollary 1.3 for every rectangle C' with
min(R,T) > Ri(2nf) and every finite box A O C, with o, Ry, ¢ of Theorem 1.2. In particular
the string tension of G at coupling B is at least o(2n3) > 0, also for U(2) with an adjoint
Higgs field, at all gauge and Higgs couplings.

Proof. Since p(&Ue) = p(&)p(Ue) = p(U.), the proof of Proposition 9.1 applies to the joint
law with the extra factor h((p(Ue))e, ) [ 1, po(dez), which cancels from the conditional law
of £&. We then apply Theorem 1.2 at 2nf. The case of U(2) with an adjoint Higgs field is
included, since Ad(zU) = Ad(U). ([Fr679, Corollary 2] states confinement of static quarks for
all U(n) in three dimensions from the comparison and the results cited there; the area law is
new.)
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The Georgi—Glashow model. On a finite box A we take links U, € SU(2), U_. = U, '}, a
unit adjoint Higgs field n, € S? (the London limit), the adjoint representation R : SU(2) —
SO(3), B,k > 0, and

HA:B,5 X exp(ﬁ Z % TrU, + K Z Ng - R(Ue)ny) H dU, H dng (9.2)
p e T

e=(z,y)

(dU, Haar, dn, uniform on S2). The weight in (9.2) is invariant under U, > ggCUeg;l7 Ng —
R(gz)nz (g € SU(2)Y), and f(U,n) is gauge invariant if it is. Write D(6), := diag(e'®, %)
and e3 for the constant field n, = es.

Proposition 9.3 (Georgi—Glashow model at infinite Higgs coupling). For every finite box A,
every > 0 and every bounded continuous gauge invariant f, the limit lim, oo (f)A.8,x equals
<f(D(9),63)>K/ﬁ, the expectation in the U(1) Wilson model at coupling 5. In particular, for

every closed path C, (3 Tt [[,cc Ue)aip,e — (cos 90>/V\Vﬂ.

Proof. We pass to the unitary gauge. Since R(SU(2)) is transitive on S?, gauge invariance
gives [[FdndU = [ F(U,e3)dU for F = fw and F' = w, where w is the weight of (9.2). With
U. of diagonal entries a., @. and off-diagonal entries b., —b,, the hopping factor is [] . e”_2“‘be|2,
Haar measure is b, uniform on the unit disc times arga. = 6. uniform, and as kK — oo the
weights e~ 2rlbe® concentrate at b = 0, where U, = D(0), and %TrUp = cosf,. The limit is

taken in each fixed box, in the London limit |n,| = 1, and for § Tr (the full trace gives 2 cos f¢).

Corollary 9.4 (Corollary 1.4). Atk = oo, for every 8 > 0, every rectangle C' with min(R,T) >
Ri(B) and every finite box A O C, the limit of (5 Tr[[,cc Ue)an as & — oo has absolute
value (cos GC>IV\I{,3’ which is at most exp(—o(B)RT + c(R+1T)).

Proof. This follows from Proposition 9.3, Theorem 2.1(a) and Theorem 1.2.

Remark 9.5 (Villain action and other models). The theorem of [GM82] holds in the form of
Definition 1.1: for 7 > Kfp(K) and § := 7/K, Lemma 2.3(c),(d) as in Proposition 2.9 give
(cosOc)) . < giix (C;0) <EpghiX _(C; D), Steps (1.5) to (1.8) give the bound of Theorem 1.2
at 3, and Lemma 2.3(b), pointwiée in A, gives smaller 7. The proof uses d = 3 throughout.
The Georgi—Glashow model at finite Higgs and weak gauge coupling is not covered: the centre
Zy of SU(2) contains no U(1), and [Fr679, Theorem 1] leads to the pure Zy gauge theory,
which confines only at strong coupling.

A Brydges—Federbush §9.1 on slit domains, and a counting
step

In this appendix we prove Lemmas 7.37 and 7.48, carrying [BF80, §9.1] with [Bry78, §5] over to
G’'. The arguments are given here in condensed form. The complete proofs are in Section S4.8
of the supplement, and Table S1.3 lists the structural facts about the expansion that the
arguments use.! Proposition A.4 counts the sets with the tree weight w(T) kept outermost,
which cancels the moments d;! that the count produces.

LOf these facts, S6 is used in the proof of Lemma A.1, S5 in the paragraph on link data and S13 in item (4)
of the proof of Proposition A.7.
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Conventions. We assume that (U, k) is admissible and that ¢ = (Z, Nz) is a seed configura-
tion in (U, k) (Section 7.6). By Proposition 7.46, at k = 0 the configuration sets may be those of
long wall fields. We write |Y'| for the number of U-cells of Y and set dist(A, B) := mdg/ (A, B).
The U-cell graph joins two U-cells when a bond of G’ joins them, and D;; bounds its degree;
by (R7) we may take Dy := %’T(QCM +2)3 /ey, a constant, since the U-cells joined to a given
one lie in the ball of radius 2Cym ! 4+ 2 about one of its sites and each has more than ¢,m >
sites (m < 1).

The quantity IC(Z)( X) is the sum over y = (Y1,...,Yy), Y1 = Z, of the terms of Propo-
sition 7.22. For 2 < Jj < n, link j is the operator x(j — 1)[Y;] of (C.6), which creates Y},
differentiates s;_1, and is a sum of elementary terms of the five types listed after (C.5). We
also write X; ;==Y U---UYj. A treeisamap T : {2,...,n} = N with T'(j) < j. We put
di(T) == #{j : T(j) = i}. Thus d,(T) = 0 and > ,d;(T) = n — 1. The weight of [BFS80,
(9.115)] is

n 7j—2
q(T,s) := H H Sk, w(T) :—/ q(T,s)ds (A.1)
J=2 k=T(j) [0~

since dsd (87(¢j) **8j—1) = S1(j) - * * Sj—2. The variable s,,_1 does not occur.

Lemma A.1 (Tree form). Let X D Z, Nx € Ny(X) and § = (Z,Ys,...,Y,), n > 2. Ezpand
k(9, S)QBVX (X) into elementary terms 0 = (62,...,6y), 8; a term of link j, and assign to 6
a tree T = T(0) and U-cells A} C Yp(;), A7 C Y if 9] is of type (2) to (5), it contains
Os;_CY(x,y) with x € Y;, y € Yy, a < j, and T(j) = a, A;-’, A; the U-cells of x, y; if
0j = (0s;_yws(7))er is of type (1), T(j) := min{i : supp7 NY; # 0} and A, AT are the first
U-cells, in a fized order, of supp T in Yp(; and in'Y;. Then

(0-term) = q(T, s) Ry(s), (A.2)

where Rg(s) depends on s only through the weights ws(7') € [0,1] of E-terms, through the
covariance CY and through eZX%) . Each 0 receives exactly one tree.

Proof. We apply the tree decomposition [Bry78, (5.1), (5.2)] to the expansion of Proposi-
tion 7.22, with the following modifications. (1) We interpolate the covariance as in [GMS82,
App. E, (E3)]: for x € Y}, y € Ya, 05, ,C¥(2,y) = 54---55-2C(z,). (2) For the weights
ws(7) we use the rule of [GM82, p. 89], under which ¢ € I if 1 <i < n — 1 and 7 has a cube
an C Y} for some j > 7 and a cube ag C Uz< Y. Under thls rule the expansion is an identity,

by the proof of Proposition 7.22, and 0s;_,ws(7) = sk, as among k < j — 1 the set

k T(J)
supp 7 meets both X} and its complement exactly for k& > T'(j). The rule stated in [BF80,
p. 212] has Y;4; in place of (J j>in. Under that rule a term meeting Y7 and Y3 but not Y5
carries no factor s1, and no tree weight dominates it. Finally, link j differentiates s;_1 and no

other si, so each s is differentiated once, in link k + 1.

As the bounds of Section 7.6 and Appendix B on Ry(s) are uniform in s (Table S1.3, S1),
the weights lie in [0,1] and [ ¢(T,s)ds = w(T), grouping the elementary terms by their link
data A = (\j);>2 (defined below; they determine the tree 7' = T}) gives

Z) \<ZZU) T)) sup Z /d,u PSRy (s )QNX( ) (A.3)

500 (0)=\
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with the supremum outside the sum over the terms with one link datum, which Proposition B.7
bounds together.

Lemma A.2. Forn>2 and y1,...,yn > 0,

S [T Tl ds < envooms (A4)
T 71 j=2

In particular > w(T) < e 1.

Proof. This is [Bry78, (5.5)] and [BF77, Lemma 5.5], for real weights. The sum over 7' is
H:Ln_zll (Ym + Pm—1(s)) with P, := s (Ym + Pm—1), Po := 0, and we integrate over s,_2,...,s1
in turn using fol xeSTds < e®.2

Lemma A.3. Forn>2,y; >0 and by,...,b,—1 €[0,1),

n—1 n—1
ST w(@) y ™ I do(r) el ™ < e TT (- b)) (A.5)
T =2 =2

Proof. We use the identity d!b¢ = fooo(bt)de*t dt for each ¢ = 2,...,n — 1. Since Hj yr() =
I ydi(T) and d,,(T) = 0, Tonelli’s theorem and (A.4) with y; := b;t; (2 <i <n—1) bound the

)

left side by [pn-2 eV tlibitio= 2iti gt = e H?;;(l — b))t
+

For a finite set A of U-cells, Y(A) is the set of nonempty unions Y of U-cells each of whose
components in the U-cell graph meets A. For a = log(2eDy) + a’ + a” with o/ > 4, a” > 0,
and all integers d > 0,

Syep [Y[4e ¥ <ea” 2l gra=d . (A.6)

if W contains each U-cell independently with probability p € [0, 1], then p!¥(1—p)I?¥] 9Y the
set of cells outside Y adjacent to Y, is the probability that W 2 Y and WNJY = (); for each W
at most 214! sets YV € 2 (A) have this property, since such a Y is the union of the components
of W that meet ANY. Hence } ycq) 4 P11 = p)loYT < 2141 and with [0Y| < Dy|Y| and
p=1/(Dy + 1), at most 24!(e(Dy + 1))V < 2M41(2eDy)N sets Y € Y(A) have |Y| = N. We
conclude with N%e~9'N/2 < q1(2/a’)%.

Link data. The link datum A; of an elementary term 60; consists of its type, of the number
of points and the set of U-cells containing them for each of its E-terms (at most two), and of
the cells A”, A” of Lemma A.1. The set A(\;) consists of A7 and the U-cells of its E-terms,
and ¢ > 0 is a weight on link data with

Cy :=sup Z () 24N < o, (A.7)

Each Y; (j > 2) of a term with §; # 0 lies in (A(A;)). Indeed, each element is connected
in the U-cell graph, since a wall component is a component of by and, by Definition 7.20, a
closure adds bond neighbours and linked closures share a U/-cell. Each element of Y} also meets
S(0;) \ Xj_1, because link j creates Y; as the union of the elements that meet this set. This
set lies in the cells of A();), as the point y of a covariance line lies in X;_;.

2For n < 7 we have also evaluated the left side of the lemma’s inequality exactly, and it is at most the right
side (Section S3.1.5).
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Proposition A.4. Let a be as in (A.6), with 20506_‘1” < % For every seed configuration

g = (Z, Nz), .
S Y wm ety el <26, (A.8)

n>1 T (Y00, i=2

where Y1 := Z, the sum runs over all trees T, all link data with A; C Y7, and all Y; €
D(A(N))) (the Y; may overlap, and Y; C U need not hold), and the term n =1 equals 1.

Proof. We keep the tree outermost with its weight and count the sets backward from the
last one, each set rooted at its own link and each link rooted in an earlier set. The roots in
earlier sets produce the moments of Lemma A.3. We fix n > 2 and T and sum in the order
(Ya, An), ..., (Y2, A2), innermost first, and inside stage j first over Y}, then over A; with A;
fixed, then over A;» C Yr(j).- In this order every constraint ties a variable only to variables
summed further out.

We claim that at stage j the summand depends on Y; only through D/}]dj(T)e*a‘Yi'

. . . d —alY:
and” the constraint Y; € 2(A();)). At stage j, (A.6) gives ZYjGQJ(A(Aj)) ]YjJIJe a¥il <
e ? 2|A()‘J')|dj!2*df. The sum over \; with A;» fixed then gives at most C,e™® dj!Q*dJ' by
(A.7), and the remaining sum contributes ) ALCYr) 1 = |Y7(; l, a factor that is handled at

C
stage T'(j) < j. This preserves the claim for the stages that follow.

After stage 2 the factor |Z|“(") remains, and the sum over (Yj,););>2 is at most
(Cpe=a")r=1|z|4(T) H?:_zl d;(T)! 2%, Multiplying by w(T) and summing over T, we
obtain the bound (C,e~*")"1el%1272 from Lemma A.3 with y; = |Z| and b; = 1. Finally
1+ elZl57 o (Cpem @) 712n=2 < 1 4 Jel?l < 2el21,

Remark A.5 (The printed deduction). In [Bry78, p. 329] the bound corresponding to Proposi-
tion A.4, (5.4), is deduced from (5.5), 3.5 [dsq(T, s,5) < elX| (trees at fixed sets), and (5.6)
(sets at fixed tree, with the supremum over trees outside). Writing the summand of (5.4) as
f(T.9)g(T,y) with f:= [ds q(T, s,7)e" X, the deduction uses

> AT 9(T9) < (sup D AT, 5) (sup D o(T,5)),
T,y vor Y

which fails for general nonnegative f,g: for T,y ranging over {1,..., N} and f = g = 075 the
left side is N and the right side 1. The conclusion holds with a different per-cell constant, by
Proposition A.4, or by keeping (5.6) and using > 7, fg < (3rsupy fe Xl supy >0 ge X1,
whose first factor is at most ((1+ €)/e)" ! by Lemma A.3 and whose second is (5.6) with c5
raised by 2e.

In [BF80, p. 215] the joint choice for 5¥ and 6% cites “(5.6) of [1] or Lemma 5.5 of [2]”.
The inequality used there is [Bry78, (5.5)], which [BF77, Lemma 5.5] states at fixed weights,
and the conclusion of [BF80, Lemma 9.1] holds. In [BF80, pp. 213-217] the sums are listed
in the inverse order in which they are performed, so the constraint of 3%, that the set contain
one of the cubes ‘mentioned in 10Y’°, refers to an inner sum; in the count of Proposition A.4
each constraint links a variable only to variables outer to it.

For a link datum A, Og() is the number of points of its E-terms and Lo(A) the sum over its
E-terms of half the dist-length of a shortest tree spanning their U-cells (Lg = Og = 0 for type
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(2)). An E-term with cells in two components of G’ has coefficient 0 by Proposition 6.3(d),
and is absent. We put

()\) — 67621““9()\) dist(A’,A") e*CIOLO(A) 670’1’000()\)7 = Supzef’ydist(Ao,A) (,}/ > 0)’

AN

¥

(A.9)
where 1jj0(A) = 1 if A is of a type with a covariance line (types (2) to (5), Lemma A.1) and
Liine(A) = 0 for type (1); ¢, < oo, since by (R7) at most 4T (r +2Cy + 1)3 /e, U-cells lie within
distance r of a given one.

Lemma A.6 (Link sum). Let c19,d2 > 0 and e“o > 16¢ max(1, ¢, /2). Then Cy, <1+ 8cs, <
o0o. Moreover, for every E-term & of \, with a the set of U-cells of its points, and every
augmented tree n* of [BF80, Appendiz 1] whose marked points lie in the cells of a, one in
each, the contribution of € to Lo(\) is at most Lya; so e10Lo(N 10N 4s dominated, inside
crol, A

|- o, by replacing each E-term & by >, 4 € eclllotc‘:nA, for any decomposition € =3, 4 Eya
([BF80, (9.18), (9.18a)]). Which point of £ lies in which cell of a, the positions and the charges
are not part of A; they are summed inside | - |o.

Proof. The argument is that of 8% and 10X of [BF80, p. 217], with the choice BsBiy =
e“1000¢e10lo together with (9.18) and the lengths [BF80, (A1.3)], adapted as follows.
(1) Positions are sets of U-cells. We count a set of k cells once for its (k — 1)! orderings,

and the tree sum gives ekc’;_o}Q (by Cayley’s formula, k=2 labelled trees on k vertices, and

kE*=2/(k—1)! < €¥). The terms with the same link datum differ in the assignment of the points
of each E-term to the cells of its set, in their positions and in their charges, and for ¢t = 2 also
in the form. Proposition B.7 bounds their sum through the bound (M4) of Lemma B.1(d),
which holds for the sum over all assignments. This is needed because a set of k cells carries
k! S(t, k) assignments of ¢ points, where S denotes the Stirling numbers of the second kind,
and t! assignments if k = ¢.

(2) The factor 214 costs 4F per E-term with a marked cell. This raises by log2 the
constant ¢f; [BF80, p. 217] gives no value for it. The cell A” costs 2¢;, in each of the four
types with a covariance line. Hence C, < 1 + 8cs,.

(3) The length L, 4 is an infimum over the positions of the marked points in the cells of
a and of the auxiliary points, measured with dist, and a tree on given points has at least
half the length of a shortest tree spanning them, which dominates one spanning their cells.
Hence Lo < Lya, and ecrolo|g| < py eCanA|S77A] as & = 3 a&pa. Under the conditions
c1p < grc and p > 14 2¢,, whose constants are fixed in the order given in Section S1.8, the
crol, A eClot

proof of Proposition B.7 absorbs the factors e of ¥ when it bounds the weights of

the augmented trees.

In the count of [GM82, (7.3) to (7.5)] the Mayer factors E(ay,...,a;) keep the ordered
tuple of cubes (aj,...,a;) among the summed parameters, with a weight exponential in the
least tree length L(aq,...,a;) of [GMS82, (1.11b)]. This count is that of [BF80, 10%]. There, on
[BF80, p. 214], the positions of the cubes are summed at a fixed augmented tree n?, with the
constant weights b,a of [BF80, (A1.4)]. With the least tree length in place of these weights,
the counting step needs a coefficient bound for the sum over all positions of the points with
their tree length inside the sum. The derivation of [GMS82, (4.31)] provides it through the
pinned norm [GM82, (4.12)]. Theorem 6.5 states (S2) in this form, and the count above uses
it as explained in Lemma A.6 and its proof.
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Proposition A.7 (Lemma 7.37 on G'). Lemma 7.37 holds, with C, the constant of
Lemma A.6. The same proof gives the bound with e X! replaced on the left by ea‘XHEF%OC(X’NX),
€ >0, and e 1 replaced on the right by e(ci+e) e,

Proof. We follow the proof of [BF80, Lemma 9.1] by the device of [BF80, (9.12)], the bound
> [f @) < (3, B(v)™!)sup, | B(v)f(v)| over the data v = (n, T, (\;);>2, Nx) of (A.3),
with B(v) 1= e?X¥\Zleci F17 (X Nx) [L; ¢(\) 7", a = log(2eDy) +4 + ¢y +a”, e > 4C,. Terms
with the same link data differ only inside | - |9, namely in the maps [ of Lemma B.2 and in the
data of the E-terms listed in the proof of Lemma A.6, and their sum is bounded as there. We
change the argument at the following points.

(1) For the count of the sets we use Proposition A.4 with o’ = 4, after summing Nx
innermost by Lemma 7.30(b) and keeping only Y; € 9(A(};)). Thus Y, w(T)B(v)~t <
e(l+ci+log2)|Z] < el the supremum carries 605‘X|, c% = a + «, and Lemma A.6 turns
I1; ec10Lo(A;)+¢p00(A;) and Ry into £’. (2) The seed is fixed and enters through |Z| and N, (X)
alone, not through its connectivity. Seeds depending on the configuration are reduced to fixed
ones in Proposition A.8. (3) No step refers to the set X; of Definition 7.20(c). (4) For U = X§
the activity is independent of the region, since it depends only on the sets of the sequence,
the block of the covariance on their union and the configuration there. (5) We use only the
distance-zero form (W C Z or W D Z, where the restriction X N W # () is vacuous), since on
G’ a U-cell can have dg/-diameter of order L' and the clustering form [BF80, (9.122)] would
therefore cost eC(ML) = O(7) per non-seed cell. As FlloC (X, Nx) depends neither on ¢ nor on
s, we may move el 1 into the supremum.

For an anchor Sy, s, (So) is the set of seed configurations o = (Z, Nz) with Z 2 Sy
each element of which meets Sp. We write F]°°(S, Ng) for the sum of Fy(S3) over the wall
components of a wall polymer S, Dy for the largest number of interfaces within Euclidean
distance g of a given interface or site, and (81), (33), (84) for the conditions (S1.5) on 82y of
Section S1.8.

Proposition A.8 (Core estimate). Let (U, k) be admissible, Bom > By and € € [0, /2].
For every seed configuration o = (Z,Nz) in (U, k),

Z Z \’CE\?) (X)] X HeFIP°(X,Nx) < P! pes|Z°] ,—(11¢ /16—)F}*°(Z,Nz) (A.10)
b'e — ’ :

XDZ NxeN,(X)

XCU

and the sum restricted to X # Z is at most c{% times the right side. Consequently Lemma 7.48
holds.

Proof. The proof combines the per-cell bound of [BF80, §9.8], applied after Lemma 7.37 with
the factor e~ F1°° divided region by region, with a split of the sum by the ﬁrst set.

(1) Booking. Proposition A.7, with ¢, = ¢//4 and the extraction 1™ together with
Proposition 7.35, Lemma 7.38 and Proposition 7.39, leaves e~ (3¢'/4= E)FlOC(X), whose part on Z
is constant on N,(X). We divide this factor between the two regions as in Table S1.4 of the
supplement. On X \ Z we use ¢//16 for |D|, |Fj| and ¢//8 for the wall polymers, and on Z
we use ¢’ /32 for |D|, |F}| and ¢//32 for the cells of Z* under (81). Then each non-seed cell

carries at most ea < %c% < % by (£4), lone seed cells carry at most e°S, and the fraction
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d—d/4—e— /32— /32 =11¢ /16 — € remains on the seed. This gives (A.10). Terms with

X # Z contain a non-seed cell and gain %ClDG.

(2) Splitting. By Lemma 7.23, the map (X,Nx) — (¢(Nx),X,Nx), o(Nx) :=
(Z, Nx|g(z)) with Z := saty (S0), is a bijection onto the triples with o € st (50), X 2 Z,
Nx € N;(X), preserving the summands.

(3) Entropy of the first set. Section S2.7 gives this step in detail. As 11¢//16 — e > /8,
the left side of Lemma 7.48(a) is at most P'e®sI50l 3™ Tge™ (¢/8)F1*(S:Ns)  We assign the wall
polymers of o to their first cells in Sy and count them by their wall interfaces and values with
Lemmas 5.8 and 7.30(a). Under (83) this gives the factor 1 + ngeeq per cell of Sp. From this
we obtain (a), then (b), and (¢/) with P’ =1, Z° = 0.

B Brydges—Federbush Section 9.8 bookkeeping on slit domains

In this appendix we prove Lemma 7.38 and Proposition 7.39, the bookkeeping of [BF80, §9.8,
(9.81) to (9.824)] on G’, again in condensed form (the complete proofs are in Section S4.7 of
the supplement). In Debye units (bp := Bgmm) each field derivative carries ng and each
coefficient 1/bp. A lone cell is of class A, and by the minimality of [GM82, (E.11)] it contains
a link end or a Mayer cube, which gives it net weight > %. Cells of Xy are paid by F{OC. We
control factorials by pinning. Since O((1 + 7)) cells lie within distance r of a cell, a sum of N
distances grows like N*/3, which outweighs log((N!)di»).

Setting. Cells are U-cells, grid cells are denoted €2, and volp(A) = M3#A € [cy, Cul.
Classes A, B and X = Z U Xy U X, are those of Section 7.6 (seed cells in wall polymers
count with Xy). On a class-A cell ¥ = ¢) modulo PZ in each phase. In the seeded activity of
Section 7.6, X; ==Y U---UY; and k(y,s) = k(n —1)--- k(1) as in [GMS82, (E.9), (E.10)] and
Appendix C. When its brackets are expanded, (i) is of one of five kinds: KO = ﬁsiE(i), K1
= 0,0, K2 = C9,(0,E), K3 = C(0,E)d, and K4 = C(0,E)(8,E). Here 9, := 0/ (x),
x € Vi1 and y € X;. An E-factor is one Mayer term of E(X,s) of the forms [GM82, (E.5a)
o (E.5d)], with its coefficient p; and its ¢ factors. Derivatives act on the factors to the right
of the differentiation, as in [GMS82, (E.13) to (E.16)], which is the rule of [BF80, p. 229].
The t-dependent atoms of Q¥(X) are: (al) rq of (7.4), for each grid cell Q C X; (a2) e“2(?)
G2(Q) := G21(2)+G22(92); (a3) 92z € XND; (ad) 695, z € X\D; (ab) e F2(X) = ¢=(Ix¥F3),
Here ¢, gE are the z-terms of G%, Ggy3 and, pairing m with —m by (S3),

Goa() = 33 A m) fa(mBehid (=), Gaal®) = 30D o (m)vn () fr(mBcid(2)).
ze€Q) m 2e€Q m

(B.1)

with f1(y) := e — 1 — iy, fo(y) :=cosy — 1+ %yQ and v, () = ¢imBchiavea? _ 1. Thus Ga,1

is of fourth order in &. The factors of an E-factor are (&) = emBe (@) +h(@) _ 1 iy (E.5a),

E(&) == e(&) —imBYL(x) in (E.5b) to (E.5d), and the y-factor imBuat(z) in (B.5¢), (E.5d).

Lemma B.1 (Debye units). Putdz := m3x counting measure on V., 1 := m—l/%, 5/60(2) :=
m=520)00(x), C(&,7) == m~1C%(x,y) (lz’k‘ewz’se for 95,C%), and ¢ := m c for a coefficient
c(x) per site. Then (a) 3, K(2,9)0p(x)0y = [[ di djm™ K (x, y) 51/)1/) (b)) if F(Y) =

>,z )f(ﬁl/zw( )), then 5F/511)( ) = ¢é(z ) 1/2!}”( 1/2#)(1‘)): each demvatwe of a function of
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ﬁéﬁd} produces exactly b2 (¢) |C(&, )| < 2K}/ \py)e Tevd@v)  C(i, 1) < apKi/Apy and
sup; [ dy |C(&,9)|e"d®y) < 2K3; (d) for a cell A, k > 2 and C), < Ck!(2ks)*: (M1)
Ja 42 32 167 (m)[Jm[* < Crvolp(A)/bp; (M2) [ di 3, o1 — p™![ml* < Creaep; (M3)
fA\:D dz " 1p1 — | Im[F < Crf'volp(A)/bp; (M4) for t > 2, a set a of cells and a cell
ay € a,

1 . N Al 268 S0, Imil ¢ 4volp(a) -1 (b (A L)
t!/Et(a)dxl.--dxtmlzmt|pt|e S 2. StKM4CM4Te 12 e GM Cl’
and hence, for all integers ki, ..., ki > 0, the left side with [, Img|*i in place of e2<s > lmal g

at most [ [, ki!(2ks) ™" times the right side. Here Z¢(a) is the set of (z1,...,x1) € V' such that
a is the set of the cells that contain some x;, A is the rate of (52), L(a) := mLc/(a) is the tree
length of (S2) of the cells of a, each listed once, in Debye units, Cprq = (1 — C)~! per point
and Kypa == €25(1 — C)719, where C is the parameter of (52), fized in (0,%] (item (12) of
Section 8.2). The left side is the sum over all assignments of the t points to the cells of a that
use every cell; it contains fal e fat for each t-tuple of cells with {ay,...,a;} = a.

Proof. Parts (a) and (b) follow from the change of variables, since m 5/ Q,Bé/l\%[ = m—?’b},/?.
Part (c) is Theorem 6.11 for C’ < apCyp, which holds by Lemma 7.29, with My /m = 1/\py

and entrywise domination of C’. Bound (M1) follows from Bam Y., m2p*i(m) = m?
and (S4). Bounds (M2) and (M3) follow from Propositions 6.17, 6.6 and (7.26).
We derive (M4) from (S2). As e2sxilmil = 2rse2rs(ilmil=1) - the left side is
s & D re=i(a) 2om |pi]ers(Z1H2: Imil) - gince in Debye units [di|p] = >, [p|. Each
x € Ei(a) has a coordinate in a,. As p;, the weight and Z;(a) are symmetric, the sum is at
most ¢ times its part with =1 € a.. For x € Z4(a), Lg/(21,...,2¢) > Ler(a). Indeed, in a tree
for x1,...,x: we keep one marked vertex in each cell of a and declare the others auxiliary.

Hence the part is at most e~(1=9cM)ALa (@) times the left side of (6.5) with s =t and a1 = a.,
and (S2), (1 —C)~719 = (1 - 0)~1°C},, and |a.lm%/Baem < 4volp(as)/bp, which holds as
mp < 2m, give (M4). Here the sum over the |a|l S(t, |a]) assignments (S as in the proof of
Lemma A.6) is a part of the sum over all ordered tuples of points in (S2), and the decay
is read off the weight on that part, so the sum over these assignments is bounded by (M4)
without a factorial. The form with [], |m;|* follows from |m|F < k!(2kg) Fe2ssiml,

Thus the expansion is as in [BF80, §9.8], with Ip =1, 8 — bp, on a fine lattice with a
regularized covariance, and infinitely many charges only produce the k! in (d). A factor f has
weight w if |f| < Kb - (field monomial) - (numerical factors) for all positions in their cells
and all fields, with K uniform in bp, L' and 7. Here a field monomial is a product of values
l1(2)| and averages avgq|i|, paid by the Wick bound T (the Wick bound gives a constant
cr, independent of bp, L', 7, per field factor, together with the factorials [] j n;! counted in
Lemma B.9). A numerical factor is [6D(#)| := |D(&) — avgqD| or |EF}(#)], with D := m~1/2D,
F} := m~%?F}. The weight of a term is the sum of those of its factors.

Lemma B.2. Ezpand every derivative of k(y,s) by the Leibniz rule, as in [BF80,
(9.84), (9.85)]. (a) k(7,8)Q%X) is a finite sum of terms, each labelled by the kinds,
the E-factors, and a map | that sends each derivative to one atom or one factor of
an E-factor which depends on the derivative’s point and lies to its right; the term
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is [[1; 9s,C" (s, yils)| 11, o' a)g [1.[coefficient of e - [],e. ' D). (b) The multi-
ple derivatives are of the types: i) 0°rq; i) from an observable (absent here); iii)
d%e = (=1l Hjest’(:rj)e*FQ; i) 9%, 0%, 8S(imﬂéﬁw); v), vi) the Faa di Bruno
blocks p*f(m)oP [ f1] and p*f(m)dPB[fa] of 852D vii), wviii) the Fad di Bruno blocks of
85¢92 and §5¢9. (c) With ny link ends, my, factors of E-factors and wy (= 0 here) factors
of an observable in the cell Ay, the number of maps 1 is at most [ [, (ma +wa +5)", and for
cp >0, n > 1 and integers m,w > 0, (m—+w—+5)" < CrHnle™ with C, = 4e® max(1,1/c,).

Proof. The lemma extends [BF80, (9.84) to (9.87), Lemma 9.10] by two new types, vii) and
viii). A bare derivative at x € A, can hit 7oy, eG2(Q2) €9z or egi, e 2 or one of the
Ma + wq factors in A,. The count therefore has +5 in place of the +3 of [BF80, (9.86)].
The undifferentiated exponentials recombine into G X)) and e F: 2 which stay in T, and T5
of Proposition 7.35. We bound each rq by Lemma 7.31, whose factor is included in Tj.
The last inequality follows from (m + w + 5)" < 2"(m" + (w + 5)"), m" < nlc,"e®™ and
(w + 5)" < nle®>. The factor n! is controlled by the pinning of Lemma B.4. Within a fixed
[ the further expansions, namely Faa di Bruno, the Leibniz rule inside v,, fi, the two parts
of 35(z)/(x) and the charge sums of Lemma B.1(d), cost at most C"(n,!)? per cell, and
e% XaMa =[], e%' is a constant per E-factor.

Lemma B.3 (Witness). (a) Link localization. Let 1 < i < n— 1 and let Y € Y (h) with
Y CYii1. Then'Y contains the point z; of the bare derivative of k(i) (kinds K1, K2), or a
cube of an E-factor of k(i). (b) Every lone cell is of class A, and F5 =0 on it. (¢) Let A € X,
with A C Yiy1, @ > 1. Then (W1) the bare derivative of k(i) sits at x; € A and hits an atom
of kind (al1) to (a4) of A, or (W2) an E-factor of k(i) has a cube equal to A.

Proof. (a) By [GM82, (E.11)], Y;1 is the smallest union of elements of Y (k) containing O — X;,
where O, the support of the term of x(i), consists of the cubes of its £-factors and the cube
of a bare x; if there is one. An element Y C Y;;; meeting no point of O — X; would make
Yit1 \ 'Y a smaller such union. As cells are U-cells, “meets” is “contains”. (b) We have
supp Dg, supp Féyﬁ C S by Proposition 7.8, and a lone cell lies in no wall polymer. (c) By (a),
A contains z;, or it contains a cube of an E-factor of £(¢), which is case (W2). In the first case
the bare derivative hits a factor to its right that depends on ¢ (z;). An atom (al) to (ad) at x;
gives (W1). The atom (a5) and the derivatives of e =2 give F}(z;) = 0 by (b). A factor at x;
of the E-factor of the y-bracket of (i) (kind K2) gives (W2). All other factors are functions
of ¢ on X;, which is disjoint from Y;1;.

For each A € X, we fix one witness, (W1) if available and otherwise an E-factor e as in
(W2). Let W (e) denote the set of lone cells witnessed by e. Each lone cell lies in exactly one
Yit1, and by (W2) of Lemma B.3(c) a witness e of a lone cell A C Y;;; is an E-factor of k(7).
It follows that all cells of W (e) lie in Yj.) 41, where (i(e)) is the link of e. Each r(i) has at
most two E-factors.

The cells of G’ have polynomial growth: #{A : dist(Ag,A) < r} < Ky4(1+ r)3 in Debye
units, for the Euclidean distance between cells and K, := (47/3)(1+2Cy)3/cu, by (R7), volp >
c, and m < 1 (the sites of the cells lie in a ball of radius r +2Cy +v/3m/2 < (1+7)(1+2Cy)).
Links have one end in Y;;; and one in X;, and the sets Y;;1 are pairwise disjoint.
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Lemma B.4. (a) Let Ay be a cell and Ay, ..., Ay cells, each repeated at most twice, with i, :=
dist(Ag, Ax) (Euclidean, in Debye units). For ¢ > 1 and ¢, > 0, (N1)? < cNexp(cp >, 7k)
with ey = e max(1,3q/(cpag))®?, ay == 3(2K,)"V/3. (b) Let d == 3, dist(A}, AY) be the
total length of the links, fLE(e) the Fuclidean Steiner length, in Debye units, of the cells of the
E-factor e (the least Steiner length of points chosen in its cells), and Lo := Y e LE(e). Pin each
E-factor e at a set Il(e) of at most four of its cells (chosen in Rule D, before Theorem B.6),
and let Ny := #{e: Ay € Il(e)}, in either class. Then, with ¢ = c(q, cp, Kg,Cy), [, (na!)? <
cmaed gnd T, (Nal)? < HE glen(Lot2d)

Proof. For (a) we argue as in [BF80, Lemma 9.11, (9.820)], with the growth K, (1 + r)3 in
place of the lattice count of [BF80, Appendix 2]. In increasing order the distances satisfy
T(k) = (k/(2K,))"/? — 1. Summing these bounds, we obtain 3, 7 > a,N*/3 — N. Moreover,
gN log N — c,a, N3 < 3¢N log" (3¢/(cpay)). (b) We first treat the derivatives. Since A, lies
in exactly one Y; i1, at most one z-end lies in A,. All other ends in A, are y-ends y; of links
J with A, C X, whose partners z; lie in Y, disjoint for distinct j. We apply (a) to the
y-ends, with n! < 2"(n — 1)!. For the E-factors, let e be pinned at A,, with link ¢ = i(e). If
A, C Y41, there are at most two such e. Otherwise A, C X;, and e reaches Y;41. For KO this
holds since 0y, E () keeps only Mayer terms with cubes in X; and in Yj41. The z-side &-factor
of K3, K4 does so through a factor at x;, and the y-side one of K2, K4 through a factor at y;,
which is joined to z; by link i. Thus dist(Ag, Yiy1) < LF(e) 4+ 20y + d;, as LF(e) is a Steiner
length over points of the cubes of e and cells have Euclidean diameter at most Cy; in Debye
units. The partner is the cell of Y;11 nearest to A,. Since distinct links give disjoint Y’s, a
partner is used only by £-factors of a single link, hence at most twice (see the paragraph after
Lemma B.3). We apply (a). Each e appears at most |II(e)| < 4 times and each link at most
twice, and the factor e3»Cu is absorbed into c.

With ¢, of Proposition 7.36 and ¢ = 7oy /7, the link decay e~ "cdsHALAY) of Lemma B.1(c)
pays the factor €% and leaves e_(5+(rf —0)/2)dist Tny the proof of Proposition B.7, the Mayer
decay of (M4) absorbs the factor el»lo together with the factors e®“n4 of x/. This uses
L > 3-12LF and, on outputs, (1 — dqm)A/V3 > %/{yMY > 2regm > 4depm for dom < %
(Proposition 6.10). Finally, #€ < Xl is a constant per cell, as a link has at most two
E-factors and there are n — 1 < | X| links (each Yj;1 contains a U-cell).

In [BF80, (9.821)], N, counts distinguished factors ¢ in class-A cubes, but the proof in
[BF80, Appendix 2] does not use the class, and (b) pins £-factors at cells of either class,
as required by Proposition B.10. As in [BF80, (9.822)], we multiply each term by 1 = f, -
[1,(naH)4(N)E, fq =11, (na!)"9(Na!)~%, and bound the second factor by (b).

We state the bounds below in the variables of Lemma B.1, at fixed positions, for k
derivatives at points of the factor’s cell (for site factors, at the site). Here § = m Y 25,
1&9 = avgmﬂ, and vg € [v_,v4] is the Debye volume of a grid cell. The chain-rule factors
5(1pa) /60 (%) = 1g(#)/vq and 66(2)/6¢(2) = §(2 — 2) —1a(&) /va, 6(2—2) := m 31z = 2], are
not shown. They are absorbed when the line end is integrated, or bounded by 1/v_. In class
B, |6| < |6¢| +|6D|. A row of Table B.1 that carries an equation number of [BF80] restates
that bound in Debye units, with the charges and volumes shown, and the other rows are new.

Lemma B.5. (a) With C numerical and |m| the charge of the factor, the factors satisfy the
bounds of Table B.1. (b) Vertex weights. A vertex is a block B on a Ga-, vii)- or viii)-atom
with its coefficient, an ro with all its derivatives, an E-factor with its coefficient and factors, or
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factor ([BF80]) k bound weight
v) vm (Q), any class (9.814) >1;0 (Im|p})? Ju_)F; 2 k/2; 0
Um (), class A 0 Im|b)? e 1/2

vi) f1(mb?8) (9.815) 0; 1;>2  Im2bpld[%; m2bp|d; (Imlby>)* 1; 1; k/2
f1, bounded form 1 2|m|b}:)/2 1/2

vi) fa(mby*0) <424 w8 (mibg®)* 2 /2
f2, bounded form 2;3 2m2bp; |m|3b3£)/2 1; 3/2
iv) & class A (9.816) 0; 1;>2  Im2bp|d|%; m2bp|df; (jmlby>)* 1; 1; k/2
g, class B (9.818) 0; 1 2+ |m|b}3/2|1[1|; 2|m|b}:,/2 0; 1/2
-factor, any class (9.816) 0;1 |m|b1D/2|1[)|; |m|b1D/2 (zero for k > 2) 1/2;1/2
e, any class (9.817) >1 (\m|b13/2)]C k/2

¢ undistinguished; distinguished, 0 2; |m|b1D/2|1/A;\ 0;1/2
class A (9.819)

vii) cos(mby,*0) — 1 >1 (Im|b}/*)* k/2

viii) fg(mlemﬁ), class A <4;>4 mib|gr, (|m|b})/2)’lC 2; k/2
viii), class B 12 >3 |mlbi? +m2bp|d|; 2mbp; (Im|bl*)k 151 k/2
i) rq (Lemma 7.31) >0 07(0'717}3/6/11,)'“66/7%logke%"H’hQ Ta?? k/6

iii) £, class B only numerical factor 0

Table B.1: Bounds per type (Lemma B.5(a)).

one factor FQ’ The coefficient weight is —1 for one-body, off-© and Mayer coefficients ((M1),
(M3), (M})) and —% for deficit coefficients on © ((M2) with cgep < bz)l/ﬁ for T > 19). For
a block with k = |B| > 1: a Ga1-block has weight > 1 in class A, > 0 in class B if k > 2,
and for k =1 in class B it is a term of weight 0 equal to 5(3?) at the derivative point plus a
term of weight —% with no field or numerical factor; a Goa-block has weight > % i class A
and > —% in class B (> 0 if k > 2), with no numerical factor; a vii)-block has weight > L.g
viii)-block has weight > 1 in class A and > —% in class B (> 0 if k > 2); rq with k derivatives
has weight k/6; FQ' has weight 0. So in class A every non-E vertex has weight > 0, and > %
if it carries a derivative; in class B every non-E vertex has weight > —%, and is negative only
for single-derivative blocks.

Proof. (a) By Lemma B.1(b) each derivative of a function of ﬁéﬁd) = b}j/zlj; brings 632, and
each derivative of 1q brings 1/vq. This gives the rows of [BF80]. For the new rows we use the
following facts. In class A, v,,(Q2) = emBchavEay _ 1, since h € PZ, and e — 1| < |t|. Next,
11| = e — 1] < min(|y|,2). Further, £(0) = 0 for j < 3 and [£Y| < 1, hence [£{¥ (y)] <
k(A=) for k<4, [fP] < 1for k>4, |£2] = |1 — cosy| < 2 and [£{Y)| = |siny| < 1.
For vii), |0Fe™™*| = |m|*. In class A the factor viii) is fg(mbg21ﬁ(2)), and in class B its first
derivative is —mle/2 sin(-) + m2bpt) and its second m2bp(1 — cos(+)). Row i) is Lemma 7.31
with Aq/dp(x) = M3 /vg. For iii), Fy = [ diFy and supp Fy C |JSs. (b) The coefficient
weights are those of (M1) to (M4). Moreover, cgep = O(log 7), while b51/6 = e ven(0)7(1+o(1),
For G 1 in class A the weight is —1+2 for k < 4 and —1+k/2 for k > 4, while in clasgB with
k = 2,3 the bounded forms give —1+ 1 and —1+ 3. In class Bwith k =1, as >, () =0
and f(y) = y — siny, we have 0,G21() m26(x) — Yom pref(m)mﬂéﬁ[sin Yp — avgq sinyl,

whose first term is (bp > ,), m2pr(m))é(2) = 6(&) (weight —1 + %+ 3) and whose second has
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weight —1 + % For Ga 2 we split k = ki + ko between vy, and fi. In class A the weight is
—1+ 1 +max(1, kp/2) if k1 = 0, else —1 +k; /2 + max(1, k2/2). In class B we distinguish three
cases. If ko =0, then >~ f1(yz) = > .cq(e™* —1) as >~ y. = 0, which is bounded by 2#
with no numerical factor, and hence the weight is —1 + k1 /2 > —%. If k9 = 1, the bounded
form gives —1 + k1 /2 + % If ko > 2, the weight is > —1 + k1/2 + ko/2 > 0. For a vii)-block
the weight is —% + k/2. For a viii)-block it is =142 in class A, and —1+1, —=1+1, -1+ k/2
in class B.

A factor of an E-factor is gaining if its weight is at least % This is the case for all
differentiated factors, in either class, for all distinguished €’s (class A), for all £’s and -factors
in class A, and for all ¥-factors in class B. Each factor has weight > 0. We select distinguished
factors as in [BF80, p. 232], with the attribution to cells fixed by Rule D.

Rule D. Let e be an E-factor of type (E.5a), t > 3. (D-a) For each A € W(e) in which e
has no differentiated factor, we distinguish one undifferentiated ¢ of e in A, which exists since
e has a cube equal to A. (D-b) While e has fewer than three gaining factors, we distinguish
another undifferentiated € of e in a class-A cell, if there is one. All other undifferentiated &’s
are bounded by 2. For types (E.5b) to (E.5d) no choice is made. The pinning set II(e) consists
of the cells of the factors distinguished in (D-b) (at most three) for (E.5a), or of the cells of
e (at most two) for (E.5b) to (E.5d), together with the charged cell defined below, if there is
one. Hence [II(e)| < 4.

Let P(e) be the weight of e under Rule D. An E-factor gives § to each cell of W(e). Its
remainder g(e) := P(e) — |[W(e)|/6 is assigned to one chosen class-B cube of e (its charged cell)
if e has a class-B cube, and to any cell of e otherwise. We call e charged if p(e) < 0. Each
non-£ vertex is assigned to its own cell.

Theorem B.6 (Net weight per lone cell). In every term, after this distribution: (i) every cell
A € X, receives weight at least %; (ii) every class-A cell receives weight at least 0; (iii) every

class-B cell receives weight at least —Ngh — %n(Al), where Nzh is the number of £-factors charged

to A and n(Al) < na the number of single-derivative blocks in A. The value % 1s attained, both
by a lone cell whose only vertex of positive weight is rq with one derivative, and by an E-factor
of type (E.5a) with t = 3 whose three factors are undifferentiated €’s in three cells of W (e).

Proof. We first treat the £ ledger. If all cubes of e are of class A, then P(e) > |W(e)|/6 and
P(e) > 0. In general P(e) > —1+ |[W(e)|/2, and hence p(e) > —1. Indeed, suppose first that
all cubes are of class A. For (E.5a), (D-b) stops only when e has g(e) > 3 gaining factors, and
the cells of W (e) contain distinct gaining factors by (D-a), hence g(e) > max(3,|W(e)|) and
P(e) > —14g(e)/2 > g(e)/6 > |[W(e)|/6. For (E.5b), P(e) > —1 41+ 1, and for (E.5¢),
(E.5d), P(e) > =141+ %, both > 2. In general the cells of W (e) are lone, hence of class
A by Lemma B.3(b), each contains a gaining factor of e, and all other factors have weight
> 0. (ii) A class-A cell receives its non-£ vertices, which have weight > 0 by Lemma B.5(b),
credits ¢, and remainders p(e) > 0 of E-factors with no class-B cube. (i) Let A € X,, with its
witness from Lemma B.3(c). In case (W1) a derivative hits an atom of A. If this atom is rq,
its vertex has weight > %, and otherwise the Faa di Bruno block containing the derivative has
weight > 1, since the cell is of class A. In case (W2), A € W(e) receives & from e. All other
items received are > 0, as in (ii). (iii) Class-B non-€ vertices have weight > —1, with negative
weight only for single-derivative blocks. Charged remainders are > —1, and uncharged ones
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are > 0. As for attainment, the first example is (W1) with Lemma B.5(b). In the second,
P(e) = —1+3 =3¢, and the remainder is zero.

Each field factor of an £-factor lies in a cell of II(e) or is the single (D-a) factor of a lone
cell, and a non-& vertex carries at most four field factors per derivative. Hence the number n;
of field factors in the cell A, satisfies n; <14 4(ny + Na).

Proposition B.7 (Per-cell form of (9.824)). Fiz the constants of Section 7.6, with c19 < %rc
in Lemma 7.37, qpin = qo + 2 with qo := 8+ ¢4, and ¢, of Proposition 7.36. For every term &'
of the activity of a polymer X with seed Z (kinds and link-end cells fized, and for each E-factor
e its number t. of points and the set a(e) of cells containing them; k' contains, inside |- |o, the
sum over all configurations of the points of e with this set of cells, that is, over the assignments
of the te points to the cells of a(e) that use every cell, over their positions in these cells and
over their charges, and over the forms [GM82, (E.5b) to (E.5d)] if te = 2), every hx and every

87
/ dNC; eE

/ /
(X,S)K/Qn(X)‘O <P 181X |+ Cncaep No (X) ,—c/F1°°(X)+ {5 F1°°(X\2)+ 55 F1°°(Z)

/ //
% H ng (6+(rc—36)/2)dist(A], A Hme H \I’A,

e ACX

where [[, runs over the links with a covariance line (types (2) to (5), Lemma A.1), Ky :=
2K{(1 4+ vy /v ) JApy is the line constant, m, = e~ (W=172e{0)(te=D)e=rcL®(€) G the leftover
Mayer weight, LF (e) the Euclidean Steiner length of the cells of a(e) (Lemma B.4(b)) (m, <1

for p > 1+2cy), and Up < K for every class-A cell, Yo < KF /6 for A € X,, and
Up < KB CB(bD) for every class-B cell, with cg as in Proposition B. 10. The constant Kég
depends only on Apvy, C, 11, K3, 0GM, Gpin, Cp, ¢, the constants of Theorem 6.11, Lemma 7.31
and the Wick bound, and the geometry constants ¢, Cy, Cy, Dy, v+; it does not depend on bp,
L' or 7, and it contains neither K, nor e“3

We give the proof after Lemma B.9.
The numerical factors 6D = D — avgoD and FQ sit at line ends integrated freely over their
cells. For a term we put N := [, [y |N;(&)|d#, the product over its numerical factors Nj,
J

and ng < na denotes the number of them in the cell A.

Lemma B.8 (Numerical factors). All numerical factors lie in class-B cells. For every union
Y of elements of Y (h) and every ¢ > 0, the numerical factors located in'Y satisfy

H / |Nj|dz < H [<2C>"A/2 N,)1/2] 8eFIoe(Y).

JiA;CY

In particular, with 3¢ = ¢ /16 on X\Z and3c = /32 on Z, N < []A[-- ]elb‘Fch(X\ZHS F(2),

Proof. First, supp Dg, supp Fé 5 C Sp by Prop~osition 7.8(b), (e). Hence all numerical factors lie
in class-B cells, and S lies in one element of Y (h). By the Cauchy—Schwarz inequality on each
cell and H(5D||L2 ) < HD||L2 ), the left side is at most [[5 (Cy aA)”A/2 with aa = HD||L2 )t
”F2HL2 (a) and a™? < (2¢)” n/2(71!)1/2 “. Finally 3 acyan < (2+ e(L))Floc(Y) < 3F}¢(Y)
by Corollary 7.10, Theorem 7.16 and Corollary 7.18.
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Lemma B.9. All factorials produced in a term are at most [], C™+Ne(ny )% (N, with
qo := 8 + . Consequently the pinning factor Japin With qpin = qo + 2 absorbs them and leaves

Ha(na!)_2(Na!)_2-

Proof. We count the factorials per cell, up to factors C™e*+Ne The Wick bound T} <
CTZ " [1; ny! with n; <1+ 4(na + Na) gives (na!)*(Na!)*, the expansions inside the types and
Lemma B.2(c) give (ny!)?, Lemma 7.31 gives (k!)°7, since klog k < log k! + k, and Lemma B.8
gives (nq!)'/2. The total exponent is 7.5 4 ¢ < qo.

Proof of Proposition B.7. We follow the argument of [BF80, (9.88) to (9.823)] on G’, make it
quantitative, and add the bound on the tree weights of x’.

Assignments. For each E-factor e we fix its form and a surjection 7. : {1,...,t.} — a(e),
the cell of each of its points. For the terms with these assignments we carry out all the steps
below except the bound on the tree weights and the collection of the constants, with the
maps [, Rule D, the pinning sets II(e), the witnesses and the weights P(e) of these terms.
In the integration over the positions we leave out the points of the £-factors. The bounds
so obtained are the same for every assignment, because the numbers mg, nqo, No, nj appear
only in Lemmas B.2(c), B.4(b), B.9 and in the Wick bound, whose right sides are uniform,
and LF(e) depends only on a(e). The positions and charges of the points of e appear only
in |pr,| and ], [ms|*, where k; is the number of derivatives on the ith factor. By |m;[F <
ki!(QﬁS)*kiezns‘mi‘, the factorials k;! are among those of Lemma B.9, namely those of the
charge sums in the proof of Lemma B.2, and the weight 275 22: 1™l does not depend on the
assignment. We therefore bound the sum over the assignments, the positions and the charges
of the points of e at once by (M4) with a = a(e). The sum over the forms costs at most a
factor 3.

Count. The sum over the maps [ and the further expansions is at most the number of
terms, which Lemma B.2(c) bounds, times the largest term, the “Sup” of [BF80, (9.88)].

Pinning. We insert f, . and bound [],(na!)%"(Ny!)%» by Lemma B.4(b), with the re-
sulting factors absorbed as explained after that lemma. This leaves e~ (0+(rc—0)/2)dist hop Jink.

Tree weights. In the term x’ of Lemma 7.37 an £-factor e appears as Zn“ ec1olya eci’otegnA,
where L, 1 is the length [BF80, (A1.3)], measured with dist and with auxiliary points in V/, of
an augmented tree n* whose marked points lie in the cells of a(e), one in each, as in Lemma A.6,
and £ = ZWA &,a. Since only Zn“ &ya = & is used, we may put £, a := £ for one such tree nA
of least length (a minimizer exists, since V' is finite and an auxiliary vertex of degree at most
2 can be removed without increasing the length) and &ya := 0 otherwise. Then e carries the
number ¢“10L"(€)¢clote Li(e) := L,a, which depends only on a(e), that is, on the link datum.
By Lemma A.6 and the Assignments step, no sum over positions at a fixed n? occurs (unlike
[BF80, p. 214], where the positions are summed at a fixed n* with the constant weights bya).
If Ley(a(e)) = oo, every configuration with the cells a(e) has points in two components of G,
so p¢, vanishes on it by Proposition 6.3(d), and £ = 0. Such a factor is absent, as noted before
Lemma A.6, so no product 0- oo arises, and in what follows L (a(e)) < oco. Since dist = mdgr
and Le is computed with 37Y/2dg:, we have L%(e) = V3mLg (ale)) = v/3 L(a(e)). Thus
the Mayer decay of (M4) is e=*sL(®) with pg 1= (1 — dam)A/(V37) > 2r¢, by the chain of
inequalities after Lemma B.4. Also, L%(e) > L% (e), since both lengths are minima over points

of the cells of e and dg dominates the Euclidean distance. With the pinning factor eenLB(e)
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of Lemma B.4(b) we obtain

ec10L(e) pdepLP () y—psL(e) < p~(ps—cro—dep)LP(e)  ,—rcLlP(e)

— - 9

because ps — cip > 0 and pg — c10 — 4¢p > 2r¢ — %rc — %(rc —0) =rc+ %5. The bound
uses L%, not LE , because on a slit graph dgs is not bounded by a multiple of the Euclidean
distance, and hence e~ "¢ LE(€) alone cannot absorb ec10-(e), Finally, t. > 2 for each &-factor,
by [GMS82, (E.5a) to (E.5d)] and Appendix C. Hence e®lote < e2¢lolte=1) which cancels against
the factor e~2¢10(te—1) of e=H(te=1) and leaves e~ (H=2¢l0)(te—1)

Hoélder and positions. At fixed positions we bound T by the Wick bound, Toe 1 T3Ty by
Proposition 7.35(d), and the factors rq by Lemma B.5. As 0 < 0s,p(z,y|s) < 1 in [GM82,
(E.3)], |05,C| < m~!|C’"|. We bound each line by its supremum over its pair of end cells,
using Lemma B.1(c), and integrate its ends against a vertex point, a cell average, an rq-
derivative (cost at most v4 /v_) or a numerical factor (kept in A'). The points of each E-factor
e, summed over all assignments at once, are integrated against its coefficient by (M4) with
a = a(e), and the other internal points by (M1) to (M3) of Lemma B.1(d). This gives at most
[L 2K Apv)e et OA0 T mass - bp](1+ vy /o )20 DA

Numerical factors and factorials. We bound these by Lemmas B.8 and B.9.

Weights. We use Theorem B.6 and bp < 1. A cell with weight > % gets at most b1D/6,

c 1

and one with weight > 0 at most 1. A class-B cell gets bBNAh_n(A)/Q with (Na!)72(n4!) =2 from
Lemma B.9 and NZh < Ng, since a charged E-factor is pinned at its charged cell. Proposi-
tion B.10 bounds the product by e¢58(tn).

Constants. The line constants (2K /Apv)(1+v4/v-)% = K stay in [[; Ky, and 31X the
factor of Proposition 7.35, stays as it is. Each remaining constant is per cell or per E-factor.
Recall that each E-factor that occurs has its cells in one component of G’. The per-E-factor
constants that grow with ¢, are 2 for each undistinguished &, from Rule D, Cjs4 for each
point and the factor t. of (M4), and e for each factor, from Lemma B.2(c). Their product
is at most t.(2Cy4e?)te. As C < %, we have 2C) 4 < %. Moreover, ¢, < rc/18 < ﬁ,
since 7o < Ko < (e§E)/2? < % by Theorem 6.11. Therefore ¢ := 2Cp4e /e < 0.9829,
K; = sup;> ittt < 22 and 204eK; = esup;>;tqt < 58. Hence t.(20p4e%)t <
20 14e? Ky ete™1, and one factor e~(te=1) absorbs ete=!. This turns the factor e~ (#=2¢o)(te=1)
obtained above into e~ (#~172¢0)(te=1) " The per-E-factor constants independent of ¢, namely
Ky, 4Cy, 2Cy4e? Ky < 58, the factor 3 for the forms when ¢, = 2, and the pinning constant
of Lemma B.4, amount to a constant per cell, as #& < 2|X|. Thus the sum over the assign-
ments contributes to Kég only the numerical factor K; < 22 per E-factor, that is, at most 222
per cell, and the sum over the forms at most 3% per cell. In particular, Kég has the dependence
stated in the proposition.

Proposition B.10. Let 1 > 1 be the exponent of the leftover pinning factor [ [, (na!) ™9 (No!) ™%
(g1 = 2 for qpin = qo + 2). The bp-dependent part of the factor on a class-B cell is at most
e8(p) where cg(bp) := q1(Ce /bp)Y/ " + Lh(C(;bBl/Q)l/‘n < ql(C'é/q1 + Cé/ql)bl_)l/ql, Cg being
the constant of one charged E-factor and Cg that of one single-derivative block; both are inde-
pendent of L'. For ¢ = 2, cg(bp) < 2(02/2 + C'é/2)b51/2. The bound gives cg(bp) = o(Py)
as T — oo if and only if g1 > 1.

Proof. By Theorem B.6(iii) and the bound for a class-B cell in the proof of Proposition B.7,

the cell carries at most (C’g/bD)NCh(C’Gbl_)lm)”(l)(Na!)_q1 (1))~ with N°* < N, n() < ng,.
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We may assume Cg/bD,Cgb51/2 > 1 and raise the exponents to N, n,. For ¢,a > 1,
supy aV /(NN < (3 a™/9/NN)T = 9" For the last assertion, we use ¥y =< bglﬁéi’/{,
which follows from Proposition 7.19 as mL' = K.u8am, and bp = e~ ven(0)7(1+o(1) - 1f

q1 > 1, then cp/®y < CbL Y783, — 0. If ¢ = 1, the bound is of order by! and the ratio
grows like Bé‘,M As Lemma B.4 holds for all ¢, the choice gpin = go + 2 is admissible.

The order b;/ % cannot be improved within the bounds of Lemma B.5: a class-B cell can
contain an E-factor all of whose factors are undifferentiated class-B ¢’s, of weight exactly —1,

since & = emBam(@+D+h) _ | with D # 0 has no small bound.

Remark B.11 (One or two derivatives on G in class-A cells). On [BF80, p. 231], the bounds
[BFS0, (9.814), (9.815)] read (c3'/2)™-2 for the nth derivative of a term from v), and ¢8(|6]>~"+
lg—h[> ™) if n < 2, (¢BY?)™ if n > 2, for either term from vi). With these bounds a Ga-block
with one or two derivatives in a class-A cell carries no net power of bp. Indeed, a G 2-block
whose single derivative falls on the factor vi) has weight —1+0+1 = 0, and a G2 ;-block with
one or two derivatives has weight —1 +1 = 0. A lone cell whose only witness is such a block
then receives no power of bp. The class-A bounds of Lemma B.5(a) supply this power. In a
class-A cell v, (2)] < ]m\ﬂéﬁ]avggw as h € PZ, and by charge symmetry Ga is of fourth
order in 4. By Lemma B.5(b), both give weight at least % Without charge symmetry the
third-order form of the second term of vi) already gives —1 + % = %

Proof of Lemma 7.38. We insert Proposition B.7 into Lemma 7.37. With 2 1X| and the factor
e131X1 of Proposition B.7, its factors are distributed cell by cell as stated, with ¢, := ck +
c13 + log K& + logmax(1, Ky) (link i is mapped injectively to a cell of Y1, so [[, K, <
[[o max(1, K¢)) and cp of Proposition B.10 with g1 = 2. Since a class-B cell meets (g S, it
lies in a wall polymer, in Xy, or in the seed. Factors on class-A cells carry in addition b with
w > 0, by Theorem B.6(ii). Their constants are independent of L', and so are C¢ and Cg,
which are built from the same quantities (see Section S1.7.6). Indeed, no class-A cell carries
D, F} or a quantity depending on fl, by Proposition 7.8(b), (e). This proves the assertion of
the lemma on L', with (L) coming from Lemma B.8.

Proof of Proposition 7.39. We insert Proposition B.7 into Lemma 7.37 with ¢| = ¢//4. Of F}°¢
we use ¢//16 on X \ Z for the numerical factors of Lemma B.8 and ¢//8 there for the wall
polymers, and ¢//32 on Z for the numerical factors. The share ¢//8 gives each cell of a wall
polymer of X \ Z the factor e~ (¢/8)®u/(4+Du) "since Fy(Sg) > ®y#Ss by Proposition 7.19(c),
a closure adds at most Dy cells per cell, and Fj°¢(S) > 3 SsCS F1(Sg) by the definition of F}°¢
in Corollary 7.10. The link decay of Proposition B.7 absorbs e%2?, as §, < §. The Mayer cubes
and the per-&-factor constants growing with t. are absorbed inside Proposition B.7, and the
leftover Mayer weights of that proposition satisfy m, < 1, since u > 1+2cf, by item (12) of the
list in Section 8.2. With Kp := K max(1, K), independent of bp, L, 7, the per-cell factors
and the line constants (one per link, and the links inject into the cells) give ea (Section S1.7.6).
The factor e“@%er is present only on cells meeting ®, and the rest of the factor on X \ Z is at
most 1. The exponent pg = % is attained by Theorem B.6.
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C Gopfert—Mack Appendix E on slit domains

In this appendix we give a condensed proof of Proposition 7.22. The complete proof, which
comprises the Gaussian layer, the abstract expansion of [GM82, Appendix E] and its verifi-
cation on G’, is written out in Section S4.5, together with complete proofs of Lemmas C.1
and C.3. The expansion of [GM82, Appendix E] is an algebraic identity, built from Bernoulli
interpolation of the couplings between consecutive sets, the fundamental theorem of calculus
and Gaussian integration by parts, and its only analytic input is absolute convergence. On G’
absolute convergence needs the Poincaré inequality on cells, as the Peierls identity of Proposi-
tion 7.4 removes the mass in the cell-fluctuation directions (Lemma C.2). On block cubes this
is the bound of [BF80, (9.640) to (9.642)].

Setting. We fix h. Everything below depends on it only through its walls and the integrand
of Lemma 7.21, and therefore holds equally for wall fields (Lemma 7.24). The covariance C
is C = (Cyt + v)~! of Proposition 7.7 or €’ of Lemma 7.29, positive definite on V with
C<aCy,a=2forCand a =ap < % for C’. The integrand is e?Qp,, Q) = eGe*F%OC(V)e*F%
with G* for G when C = C’. We write 0, := 0/0(x). A sequence is § = (Y1,...,Yy) of
nonempty admissible sets (Definition 7.20), pairwise disjoint, with the first set Y7 fixed before
the expansion starts. Its union is X (7) := U, Y.

Interpolation. For pairwise disjoint admissible Y7,..., Y, with union X, let Y,,41 :=V \ X,
Xi = ly, and, for s € [0,1]",

p(x,y|s):= Z Si - "ijl[Xi(x)Xj(y) + Xi(y)Xj($)] + Z Xi(2)xi(y), (C.1)
1<i<j<n+1 i<n+1

and C(s)(z,y) = p(x,y | 5)C(z,y), as in [GM82, (E.2), (E.3)], with xp41 = 1y\x. For

T € Yo, y € Yy, a < b, px,y | 8) = [[<p<p Sk, and hence 95, p € [0,1] vanishes unless z, y

lie on different sides of the cut between (J;,;, Y and (J,», Yi. For € € {0,1}" let 7(¢) be the

partition of {1,...,n + 1} into the maximal runs of consecutive indices joined by the k with
er =1, Yy =, Y (admissible), and Ac(s) := [], s3*(1 — si)' . Then

C(s) = A(s)Cx, C.:= Y 1y,Cly, (C.2)
€ Jem(e)

since ) _ A:(5)Cc(z,y) is C(x,y) times the probability, for independent Bernoulli(s,) variables
ek, that @ and b lie in one run. Hence Apin(C) < C(s) < ||C|| < arn™2, C(s)(z, x) = C(z, x),
|C(s)(z,y)| < |C(z,y)| (so each entrywise monotone norm of C(s) is at most that of C), and
|M2C(s)MV?|| < | MY2CMM?| for each symmetric M > 0 commuting with all y;. For
a sequence 7 of length n, we write CY(s, s,) for (C.1) built from 7 (s = (s1,...,8n_1)), dpiss,
for its Gaussian measure and d,ug for the measure at s,, = 0.

The weights of £. By (S1) and [GM82, (E.5a) to (E.5d)], E is a sum ) _e; of terms of
two kinds: for ¢ > 3 particles, e; = %pi(&1,...,&) en(&r) - -ex(&), and for t = 2 the three

terms 1 pagy(€1)3(E2), Sp2d(€r) imaBiha(ws) and Loy imi B (e1)éx(E2). Here a; € V,
m; # 0, ex(§) = i (B (+9) @) kI () _ 1 and Er(&) == er(8) — imﬁéﬁ (x). With suppT :=
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{z1,... 2}, I(7) is the set of & < n such that supp 7 meets both (J;,, Y; and U, Yi. We put

™) = [ern St B(YVo8) == Yo rcy walr)er and E(Y) i= B(Y,1), and EV(Y, (s,5,))
denotes E(Y,-) bullt from y. These functions agree with F(X, s) of [GM82, p. 89] and E(A, $Sp)
of [GM82, p. 90, (v)], with sites for the unit cubes a;.

Absolute convergence. Let Py be the cell-fluctuation projection, (Pyp)|q := ¢l —avgq ¢,
and [|v]jo := sup, >, [v(z,y)[. Summing the fine Poincaré inequality on cells, given by Theo-
rem 3.20 (R6) and Proposition 6.9 (iv), with the overlap Noy, we obtain || Py¢||? < CpL%(| V]2,
Cl := CJ,(k/L)*Noy, and by (L8-2) of Subsection 7.6, Cp (L) < 1y /8 < 1. The constants
cv, by, Cy below serve only to prove convergence and may depend on G'.

Lemma C.1 (Growth of In Qp). Let 9 := ¢¥+D. For every admissible Y, every sequence, every
s and real : (a) E(Y,s) is real, and E(Y,s) = By,s() + 3¢, vX ¢) with |Bys(¢)| < by and
vY(z1,22) = 1y (x1)1y (z2)ws (21, 22)v (21, 22), where wy(z1,12) = [lo<kep sk for x1 € Yy,
T2 € Yy, a < b; moreover ||) ||lamse < |lvllo £ g2, and |0°E(Y,s)| < Cu(1 + |[¥|) for
@] > 1; (b) G21(Y) < 5(1 + Crepe™ > )m?|[ 1y Pyd|?; (¢) Gi(Y) < cv, [Gaa(Y)| < ev(1+
[¥[11) and |G23(Y)| < cv; for the terms G5, va?) of G* (Lemma 7.29), G33(Y) < ey and
Gg,g(Y) <cy + 30'm2|[Y||?; (d) Fio°(Y) > 0 does not depend on v, Fo(Y) is linear in v, and
09I Qu(Y)] < Ca(1 + [[¢0]]) for [of = 1.

Sketch. (a) By (S3), the terms pair into complex conjugates. With g = & + imﬂéﬁw the
terms with ¢ = 2 add up to %pgﬁk&‘k plus a part with charge sum %I/. Using (S27), we bound
By by > a9 %,t >~ |pt], and its t-derivatives by the same sums with the weights (>", [m;])™,
and the Schur test with 0 < ws; < 1 gives the norm bound. (b) Here 6 = Py¥, and by
(83) Go1 is a sum of terms pmf( )[cosy — 1 + 3y%] of modulus at most 3|p™ (m)|y?, since
0 < cosy — 1+ 3y < 3% with Bam D, m2p™ (m)| < (1 + Crere 2%5)m% Part (c) is
explicit on the ﬁmte set V, with Proposition 7.5 off ©. Part (d) follows from Corollary 7.10,
Proposition 7.8, and the fact that Inrq is smooth and periodic in Ag.

Lemma C. 2 (Margin). Assume the standing hypothesis (7.8), and let kg be so large that
(1 + Crere 28 )y /8 < %, so that (L8-2) gives (1 + Crere25)Ch(mL)* < % Put M =
(1 4+ Crete™255)Ym2 Py + (e, + 0")M? for C = C" and M = (1 + Crere 2%)M2Py + e,m
for C = C. Then M > 0 is symmetric, commutes with 1q for every cell Q, M > (1 +
Crefe—QHs)mQPV + HVHO + 9/77121[0:0/], and

<907M(10> < QM<907 C_180>a qmMm < é (C = Cl)v qMm < % (C = C) (03)

Moreover ||[MY2C(s)MY?|| < qur for every sequence of admissible sets and every s, and the
same holds for 1;C1y on RY whenever U is a union of cells.

Proof. We control the cell fluctuations by the gradient through the Poincaré inequality on cells,
and the constant part by the mass. Both are dominated by Cjy’ 1= My, N2 A+m2 > mP-A,
and Cy L' < aC~'. The projection Py is block diagonal over cells, and thus M commutes with
each 1g. Moreover, ||v|lo < e,/Mm? by (S5). By the Poincaré inequality ||Py¢|/? < CpL%(|V]?,

(i, M) < (1 + Crepe™ ") Cp(L)?|[Vo|* + (e + 0 )i [l]* < 7{p, Cg '),
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which is at most 2(p, C™Ly), with a = ap < I for ¢’ and a = 2 for C (where ¢’ is absent).
We now turn to the last statement, for which any ¢qp; < 1 suffices. Inequality (C.3) says that
|MY2CMY?|| < qps. Each Y and V'\ X is a union of cells, and hence M commutes with each
xi and (C.2) applies. Since 1y commutes with M, we also get ||MY21;ClyMY2|| < qu,
and (C.2) applies on RY.

Lemma C.3. Call F : RV — C admissible if F is C? and, for |a| < 2, |0°F(¥)| < Kp(1 +
[9]1)4F exp(5 (1, M) +kp|[9h|1). Under the hypotheses of Lemma C.2: (a) for every admissible
Y and s', and every finite composition £ of operators 0, and of multiplications by sub-series,
with weights in [0, 1], of the term expansions of E(-, '), of 0, E(-,s') and of their v -derivatives
(all lie in one polynomial class), the function eY5)2Q,(Y) is admissible, uniformly in s';
(b) if t = C(t) is one of the covariances (C.1) with one s-variable moving and F is admissible,
then fdMC(t)’F’ s bounded uniformly in t and in the other variables, t — deC(t)F is C' on
[0,1], and

O / dpcmF = Z 0,C / dpic () 0x0y F; (C.4)

z,yeVv

(c) if F also depends on t, is C* in t, and F and O,F are admissible uniformly in t, then
oy deC(t)F = fd,uc(t)atF plus the right side of (C.4).

Sketch. (a) We collect the exponents of Lemma C.1 and use the lower bound on M of
Lemma C.2. (b) By Lemma C.2 and (C.2), C(t)~! > (M + 2¢)/q’ with ¢’ := qu + 2¢||C]|| < 1
for small € > 0. Therefore |F|g;, where g; is the Gaussian density, is integrable uniformly in
t. Since Oigy = %ny 0;C(t)(z,y)0,0yg:, two integrations by parts give (C.4), the step “By
partial integration” of [GMS82, p. 91]. (c¢) This follows from the product rule under the same
domination.

The operators . We fix § of length n with X := X (y) C V and write E := EY(V, (s, s,)) =
S w(T)er, By i= 0,E. As e £0,0,(ePF) = (9, + E;) (0, + E,)F is symmetric in z,y, and
s, C¥(z,y) = 0 unless z, y lie on different sides of X, Lemma C.3 (c) yields 95, [ dusl,e”F =
1l dpsd ePi(n)F for F not depending on s, with e F' admissible, where

i(n) = 0s,E + Z Z 85, C¥ (2, y)(0z + Ey)(9y + Ey), (C.5)
zeV\X yeX

as in [GM82, (E.15), (E.16)]. As GM note on p. 92, the factor 3 of (E.16) cancels by sym-

metry. Inserting F = > _w(7)e,, we write £(n) = >, typ with elementary terms of five types:
(1) (Os,w(T))er; (2) 05, C(x,9)0:0y; (3) 05, C (2, y)w(7)(9x0yer); (4) Os, Clx, y)w(T)(yer )0,
respectively (Oze-)0y; (5) 0s, C(x, y)w(T)w(r")(0zer)(0yer). The support S(f) is supp7 in
type (1), and {z,y} with the supports of the 7’s involved otherwise. If ty # 0, then S(0) € X,
since in type (1) n € I(7) and otherwise z € V' \ X. We put Y,,+1(0) := sat;(S(6) \ X) and

kMY = Yty A&n)= s, (C.6)

0: Y, 1(0)=Y" Y’

as in [GMS82, (E.11), (E.20)]. With ¢ := (7,Y’) and X' := X UY’, each € in k(n)[Y’] has
S(0) C X', coefficients depending on 9| x/ only, derivatives at x € Y’, y € X, and E-terms of
EV (X', (s,sn)) with the same weights. Thus x(n)[Y’] depends on si,...,s, only. Moreover,
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s, C¥(x,y) = 84+ 8,_1C(x,y) = 95, C¥ (x,y) for z € Y’ y € Y,. For § = (Y1,...,Yy,) the
ordered product (g, s) := k(m — 1) o--- o k(1), with k(7) := k(i) [Yit1] built from (Y1,...,Y)
and each operator acting on everything to its right, is x(g, s) of [GM82, (E.9), (E.10)].

Proof of Proposition 7.22. We follow the proof of [GM82, Lemma E.1, Proposition E.2,
(E.2) to (E.24)], an induction in n. Each step is the fundamental theorem of calculus [GM82,
(E.17)] in a new variable s,41, started from the measure and the E of the previous step by
the consistency and decoupling relations [GM82, (E.21a), (E.21b)], which hold on G’ by (C.1)
and the definition of ws(7). Lemma C.3 justifies each exchange of derivatives and integrals.
The following changes are needed on G'.

(1) Atoms are sites, whereas the atoms of [GMS82, p. 89] are unit cubes. Since each Yj is
admissible, ws(7) depends only on which Y contain the points.

(2) One finite matriz with mass at every site, and Y, 11 = 1y x, so that the region outside
A of [GM82, p. 92] does not occur. Termination occurs at m < ej, + 1, since each Y}, j > 2,
contains an element outside Y7 ([GM82, p. 93]).

(3) First sets may depend on h and be disconnected. In [GM82, p. 90, (iii)] the first set is
a fixed union of unit cubes. Here the factorization @ = Qn(Y1)Qn(V \ Y1) of Lemma 7.21
suffices for the step n = 1, and the admissibility of each Uj<in for the selection rule; every
comparison is made at one value of h. Type (2) terms reach the element of x at any distance
at which C(z,y) # 0, and therefore the sets X () are disconnected in general.

(4) On U = X§ the covariance is 1yCly: marginals of Gaussian measures are com-
pressions, and hence Ky involves the covariance only through the block p(z,y | s)C(z,y),
z,y € X(y). Lemma C.2 covers 15C1y.

(5) The selection rule: S(0) contains the bare point x of each covariance term, so that all
derivatives of a term of k(n)[Y’] act in X UY’. By contrast, [GM82, (E.11)] is stated for the
supports of the E-terms, and for the term without E-terms [GM82, p. 91; (E.19), p. 93] take
Y41 2 2.

(6) “xCx” is an exact block-sum decomposition: the convex combination of [GM82, p. 88|
is (C.2), with compressions to admissible blocks. The bounds on C(s) in Lemmas C.2, C.3
and in Section 7 (Table S1.3) follow from this decomposition. The integrals [ dpce?Y)Q(Y)
are positive, since E(Y), G, Flloc, Fy are real by Lemma C.1, and they are finite by
Lemma C.3 (b).

D Heat kernel, coarse-to-fine transfer and covariance bounds
on slit domains

In this appendix we give condensed proofs of Proposition 6.9 and Theorem 6.8 and sketch the
proofs of Proposition 6.10, Theorem 6.11 and Lemma D.2. Full proofs are in the supplement:
those of Proposition 6.9 and Theorem 6.8, with Barlow’s argument on G’, in Section S4.3,
which also has further details for Proposition 6.10, Theorem 6.11 and Lemma D.2, and those
of the last three in Section S2.4. Throughout, G’ = (V, E) is an output, d = dg, E(f) =
> (eyren(f() — f(y))?, and OU = 9 U is the set of bonds of E with exactly one end in U.
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D.1 Coarse-to-fine transfer: proof of Proposition 6.9

A large fine set either fills many coarse cells, whose boundary (R2) controls, or is spread thinly
inside cells, where box isoperimetry applies (canonical paths and Loomis-Whitney). A face
count joins the two scales. The coarse cells, the sites ¢ € V. of the coarse slit graph I' = (V,, E,)
of §6.3, are boxes B, with sides in [rg, 2rg — 1] by Definition 3.4, and by §2.5 the box graph of
B.UBy, {c,d} € E., lies in G'. Thus a coarse bond between a heavy cell (|AN B.| > |B.|/2)
and a light one carries at least 73/4 bonds of A in B.U By, and |0A| > (r3/24)|0rH| for the
set H of heavy cells. Combined with (R2), in the form of Theorem 4.5(i), (ii), this proves (i),
and the same argument with the expansion of K in place of (R2) proves (iii). We deduce (ii)
from (i) as in Theorem 4.5(iv), and from Theorem 4.5(ii) and 73V, = 2V . Part (iv) is (iii) for
the blow-up of the set £ of (R6) (Lemma 4.18) with Cheeger’s inequality, the overlap count
inherited and |Q| > ¢;L? from (R5). Finally, (v) holds because balls in a connected graph
of degree at most 6 and expansion h < 1 grow by the factor 1 + h/6 per step up to half the
vertices, so the diameter is at most 2 + (24/h)log |#°| < L’ under (L8-2). The constants are
those of §S1.5.

D.2 Nash’s inequality from Faber—Krahn, and the on-diagonal bound

Lemma D.1 (Nash inequality). For f >0 onV with > f =1, and everyr > 1 with 2r3 < V*f,
1£I13 < AnT2E(f) + 773, where Ay := 24 -22/3/c2..

Proof. We put s := 1/(2r®). Then f? < 2(f — s)% + 2min(f,s)? and Y min(f,s)* < s.
The function (f — s); vanishes off €, := {f > s}, which has |Q] < 1/s = 2r3 < V/, and
E((f — 5)+) < E(f). By Proposition 6.9(i1), S(f — 5)3 < (12/c)(2r5)/&(f).

Proof of (HK0) and (HK1). We obtain (HKO) from the degree bound alone, by Davies’ per-
turbation argument. For ¢ := —ad(x, ),

(9:€"Agre™g) = =E(9)+2 Y (cosh(y(z) — ¥(y)) — 1)g(x)g(y) < 6(cosha —1)]g[|*,
{z,y}€F

SO ||€¢.Pt€_¢||2_>2 < eG(COShO‘_l)t and pt(xvy) — ed}(y)_w(r) <6I7B¢Pt6_w5y> < e—ad-l—ﬁ(cosha—l)t‘

At o = i, 6(coshi -1) < i - 1—17 The number N; of jumps up to time ¢ is dominated by a
Poisson variable of mean 6t, and d(x, X;) < IV;.

For (HK1), the function ¢(t) := ||Pi6:]|> = pa(x,z) is nonincreasing, ¢ < 1 and
W = —28(P6,). With r(t) given by r—3 = /2, the condition 2r3 < VI becomes
Y > 4/V*f , which holds on an interval [0,t,]. On this interval Lemma D.1 implies

— > 03223 AN) = en®/3, hence ¥(t) < (%cNt)_‘g/Q, while ¢ < 4/V/ after t,. Hence
po(z, ) < max(Cys™/2,4/VY), pu(z,y) < (ps(@, 2)ps(y,y)) /2, and 4/V = SRGY (§51.5).
The zero modes lie below the plateau, since py(z,z) — 1/|Rs| < 1/(2Vi/), the last inequality
by Proposition 6.9(ii).

D.3 Barlow’s argument: proof of Theorem 6.8

From now on we assume Sgy > 8y, so that m < Ko(2Cy)~Y3, Ruk > Ko/ > (2Cy)Y/3,
and p; < Cpt=3/2 on [1, RZy] by (HK1). We obtain (HK1') as in [Bar04, Lemma 3.3(b),
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Prop. 3.4], (HK2) as in [Bar04, Lemmas 3.5, 3.6, Prop. 3.7], and (HK3) as the fixed-time form
of [Bar04, Thm 3.8], with the following adjustments, each forced by G':

(a) [Bar04, Prop. 3.1, Cor. 3.2], the on-diagonal decay in a very good ball for t < cR?/log R,
are replaced by (HK1), which holds at all centres. Every ball is a very good ball with Np =1
[Bar04, Def. 1.7], there is no localization and no log R loss, and the window is ¢ < EIEKR%IK.
The exit-time bound § + 4C2,,t/r? of [Bar04, Lemma 3.5] holds at all centres for t < R /2,
and exceeds 1 for larger ¢t when r < 2C,Ruk.

(b) The walk is the variable-speed walk with counting measure on a finite, possibly discon-
nected graph, and [Bar04, (3.8) to (3.10)] hold without change, with a,y, = 1, u = 1, as finite
sums.

(¢) The volume bound [Bar04, (1.1)] enters only [Bar04, Lemma 3.3(b)], through
>y e @4 @y) < ¢ja=3 for 0 < a < 2, which follows from dg > || - ||1: 2oy e—ad®y) <
Y aezs ezl = coth(a/2)® < (1+2/a)® < 64a=5.

(d) [Bar04, Lemma 1.1] is replaced by (HKO0), (HK1) and the Poisson domination of N;.
Let M(t) := E,d(z, X;). By (HK1), M(t) > Py(X; #z) > 1 — Cpt=3/2 > L for t > (2Cy)?/3,
and the bound by Ny gives M(t) < 6t at earlier times. For p > A;t/4 (A; of §51.5), the event
T(z, p) < t forces Ny > p.

(e) (HK4) is not in [Bar04], but it follows from (HK2). With D := d(w, X), we split the
sum in Ee?? —1 <03, e?*P(D > k) at k = s into a Gaussian part, summed with § < s=1/2,
and a Poisson part, summed with 6 < Cex/2. For s <1, D < Nj.

For (HK3), Chapman-Kolmogorov gives p;(z,y) < 2sup, ,, py/2(2, w) sup,, Py (d(w, Xy /) >
d/2), and (HK1), (HK2) bound the two factors. The constants Cio, Cex, A1, Cgs, Cgs, Crr of
§51.5 are functions of Cp.

D.4 Resolvent decay and covariance bounds

For Proposition 6.10, (HK4) gives E,efMdw:Xs) < 3 for s < Ty := min(M 2,8 RZ,).
Using blocks of length T}, we obtain Egefmd@X:) < , and the mass term outweighs
this growth in 3 Ug\,/[) (z,y)efMd@y) = I° e MR, fmd(@Xt) gt For Theorem 6.11 we write
Co = [y° k(t) P, dt with 0 < k(t) < min(Mgt,w)e ™" (§51.5). With this representation, (H1),
(H1"), (H2) follow from (HKO), (HK1), (HK3), (6.13) and the blocking bound by splitting the
time integral, and (H¢) follows from the Schur test and a Neumann series in || -

”Tcov .

D.5 Bounds on the lattice Yukawa kernel

Lemma D.2 (Lattice Yukawa kernel). Let 0 < M < % and vM) := (=Ags + M?)~1. There
is an absolute constant Cy, such that for all x € Z® and all unit vectors e,

o () < Cp(14]al)te M 0D (o) oD (@)] < Cp(1+[ef) 2e 3MI/4 (D.1)

If A =]],[L,n] is a box with miny, ny > M~ and uy := v/(\]}/[)(-,:r) is the kernel of the box
with all its bonds, then for x,y,y+e € A, with C, absolute,

(L) waly) S G4ty sl
(L2) |uz(y+e) —uz(y)| < C”L(l + |y — x|)*26*M|y*x|/2'
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Sketch. Exponential tilts of the three one-dimensional heat kernels and the unimodality of the
Poisson law give (D.1) after the time integral, the rate 3M/4 coming from M?t + 6%|x\2/t >
3M|z|. The box kernel is the image sum 01(3/[) (¥, ) = > 40 vM)(y — gz) over the group G
generated by the reflections in the face planes. Since min, n, > M ~1, the images cost a factor
(14 M|y — z|)3, which the loss of rate from 3M /4 to M/2 absorbs.

E Comparing Wilson and Villain loops by correlation inequal-
ities

Numbers E.n refer to the statements and subsections of this appendix, while equation numbers
(E.n), and statement numbers cited with [GM82], refer to Appendix E of [GM82].

Results for the Wilson action are often obtained by comparison with the Villain action, or
by redoing the Villain analysis with additional estimates [FS81a, Section 6 and Appendix B],
[FS82]. For upper bounds on Wilson loops, which is the direction needed for confinement,
Theorem 2.5 bounds the Wilson loop by an average of Villain loops in which a sparse random
set of plaquettes is frozen. Freezing turns the problem into a Villain model on a domain with
insulating walls, and this is where most of the length of this paper lies. It is natural to ask
whether a better comparison avoids frozen plaquettes.

Two facts are known. First, the character coefficients Ij(3)/Io(8) of the Wilson weight,
with I,(8) ~ (8/2)*/k! as k — oo, decay more slowly than those of any Villain weight,
e=*?/ (2t) 50 no Villain plaquette weight dominates the Wilson weight coefficient by coefficient
(Section 1.3). Second, Ginibre’s inequality [Gin70] transfers to Villain weights through com-
plexes that realize them as limits: cable graphs for spin systems, credited to Bellissard in
[FS81b, Section 3| and developed in [AHPS21, Appendix A] and [DG25, DvEG26], and carpet
graphs for lattice gauge theory [CG25]. Such arguments give inequalities for all characters at
once.

To our knowledge, the following box version of the first fact is new. On every finite box, an
inequality between Wilson and Villain loops that holds for all charges, even with a perimeter
factor, forces the Villain side to contain arbitrarily strong couplings (Corollary E.4 and Propo-
sition E.6). The proof pairs a lower bound from Ginibre’s inequality with the spin-wave upper
bound for Villain loops, which we extend to Villain mixtures (Theorem E.2 and Remark E.5).
We complement it with three related results. Wilson loops are not monotone in the char-
acter coefficients of the plaquette weights (Theorem E.8, proved by an exact computation).
Every representation of a weight as a mixture of Villain weights carries an explicit minimal
mass of strong couplings (Proposition E.10). Freezing plaquettes has increasing returns: the
effect of freezing two plaquettes can exceed the product of the effects of freezing each of them
(Proposition E.12).

Section numbers of [FS8la] and [FS81b] refer to their preprints IHES/P/81/25 and
IHES/P/80/10.

E.1 Setting

Complexes and loops. We use the notation of Section 2 for a finite 2-dimensional cell
complex X: E(X), P(X), [p: €], 0y, 9, Zo(X) and Oc. For n € ZFX) we have 0, = >p plp,
and we set |On| = 3 |(9n)e|. We let L(X) = ker(d ® R) € RP(X) | with the standard inner

114



product of RP(X). Since 9 is an integer matrix, Zo(X) is a lattice of full rank in L(X). We
write d, € ZF (X) for the indicator of p. In a box of Z? every integer 1-cycle is a boundary n.

Weights. A plaquette weight is an even continuous function w: T — [0, 00) whose Fourier
coefficients cj(w) = [ w(p)e ™ dp/2m are nonnegative and summable, with co(w) = 1. The
Wilson weight is w} (¢) = ¢ /Iy(B), with ci(w)) = I1(8)/Io(58). The Villain weight ¥
of Section 2 has ¢ (7;) = e **/(2) for t > 0, and Ty = 1 is a removed plaquette. A weight is
of Ginibre type if it is proportional to ef, where f(yp) = Z}-le Ajcos jo with all A; > 0. The
weight wEV is of Ginibre type. A Villain mixture with couplings at most T is w = f[oﬁ] Op v(dt)

for a probability measure v on [0,7]. Its coefficients satisfy cx(w) < e ¥/C7) for k # 0.

Gibbs measures. Given weights w = (wp),e P(x)s let px be the probability measure on
TEX) proportional to [, wp(0p) [1. dfc/2m, with expectation (-)x . If wp = wEV for all p,
this is the Wilson expectation ()gﬁ of Section 2. For n € ZPX) the Wilson loop of dn is
cos 0p,. We use one monotonicity property: if every w, is of Ginibre type, with coefficients
Ap,j; then (cosfay)x . is nondecreasing in every A, j, by Ginibre’s inequality (2.1).

Villain monotonicity states that (cos6py)x . is nondecreasing in every ¢, if w, = vy, It
is proved on the lattice in [Gut80, Lemma C.1], on the cubes {z € Z? : |z|o < L} in [CG25,
Corollary 1.6], and on finite two-dimensional complexes in Lemma 2.3(b). We do not use it in

this appendix.
Lemma E.1. For weights w and n € ZFX),

(cos Opn) X0 = Z(n)’ Z(n) = Z H Clnp+my| (Wp)-

meZa(X) peP(X)

Proof. Each series wy(6,) = >, cx(w,)e*% converges absolutely and uniformly. We expand
the product of the weights times e??» and integrate term by term. The term indexed by
1 € ZFX) contributes [, e, (wp) if (14 n) = 0, and nothing otherwise. Writing [ = m —n
with m € Z»(X) and replacing m by —m gives Z(n). The substitution 6 — —6 shows that
<ei95’")X,w = (cos Opn) x,w- The term m = 0 gives Z(O) > 1.

For Villain weights on a box, Lemma E.1 is Lemma 2.7.

E.2 All-charge comparisons

Theorem E.2. Let ng € ZXX) with dng # 0, and put x = dist(ng, L(X))?. Then x > 0, and
the following hold.

(a) If every wy is a Villain mizture with couplings at most T, then (cos kfgn,) xw < e—rk?/(27)

for every k € 7.

(b) If every wy, is of Ginibre type and 06y, # 0, then (cos kbp,) x.w > ci(wp,) for every k > 0.
In particular (cos kOyy) x,w > Ix(8)/10(B) if wp, = wgv.

The proof of (a) uses the following elementary fact.
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Lemma E.3. Let T" be a lattice of full rank in a finite-dimensional real inner product space L
with norm || - ||, and let x € L. Then ) e~ lIm+al?/2 < Y mer e lImli?/2,

Proof. By Poisson summation the left side equals ¢ ¢cp. e 27 lI€l* e27i(€,2)  \where T* is the
dual lattice and ¢ > 0 depends only on I'. All coefficients are positive, so the sum is largest at
z =0.

Proof of Theorem E.2. Since Ong # 0, the vector ng does not lie in L(X), so k > 0.

(a) Write wp = [ I/p (dt) and v = @), vp. We have c;(0;) = e 7%/ read as 1,0 when
t =0, and c] = [ ¢;(0¢) vp(dt) by Fubini’s theorem. By Lemma E.1 and Tonelli’s theorem,
Z(n) = [ Zi(n) dt for n € ZPX) | where

Z H e (”p+mp (ztp)

meZz(X) peP(X)

It suffices to show Z(kng) < e *¥°/(27) Z,(0) for every ¢ € [0,7]7X). Let first t € (0,7]7C9.
We equip RPX) with the i2nner product (x,y); = Zp Zpyp/tp and its norm | - ||;, so that
Z(n) = X mezy(x) e~lIn+mlli/2 et TI; be the orthogonal projection onto L(X) for this inner
product, and k¢ = ||ng — Iyng||?. For m € Z5(X) we have ||kng +m||t = k2ky + || kILing + m|7.

Lemma E.3 with T' = Zy(X) and 2 = kIlyng gives Zy(kng) < e **%/22,(0). Since t, < 7, we
have ||z||? > |z|?/7 for all , and hence x; > /7. If some coordinates of ¢ vanish, we replace
them by s € (0,7]. As s ] 0, every term of the resulting sums decreases to the corresponding
term for ¢, and the inequality passes to the limit by dominated convergence.

(b) By Ginibre’s inequality, (cos k6,,)x . decreases when all coefficients A, ; with p # po
are lowered to 0. Then pux,, is proportional to wp,(0p,) [, dfe/27. Since 90y, is a nonzero
integer vector, 6 — 6, is a continuous homomorphism of TEX) onto T, so it pushes Haar
measure to Haar measure. Hence the expectation equals [ cos(ko)wp, () dp/2m = ci(wp,)-

Corollary E.4. Let pg € P(X) with 96y, # 0, and let 8 > 0. Let v = (vp)pep(x) be Villain
miztures with couplings at most 7. For all constants a,b > 0 there is k > 1 with

(cos k9p0>)w</w3 > k199 (cos kbBpy) x v

In particular no inequality {cos Og,) % 58S aebl? (cos 0p,) x . holds for all n € ZXX).

Proof. Let kp, = dist(dp,, L(X))? > 0. By Theorem E.2 and I(8) > (8/2)F/k! > (B/2k)*,
the left side is at least (3/2k)¥/Iy(8) and the right side is at most ae?*19o|=rrok?*/(27)  The
ratio of the two bounds tends to infinity as k — oo.

Remark E.5. (i) For w, = v, on every plaquette, part (a) is the classical spin-wave upper
bound: the Villain loop is at most the value e~"**/(27) of the same observable for the Gaussian
spin wave. It follows from the decoupling of the Villain model into a spin wave and a Coulomb
gas [GS23, Proposition 5.2], and in three dimensions it gives the bound of Glimm and Jaffe
[GJ77], see [GS23, Corollary 7.3]. In the proof above, Lemma E.3 bounds the Coulomb-gas
factor by 1. Part (a) adds uniformity over Villain mixtures with couplings at most 7. (ii)
For a box A of Z3, L(A) is spanned by the boundaries of the cubes of A. These are the stars
of the dual graph of Section 2.4, whose sites are the cubes and the exterior ground site, as a
network with unit conductances. The matrix of the orthogonal projection onto their span is

116



the transfer-current matrix Y [LP16, Section 2.4]. Hence dist(d,, L(A))? = 1 — Y(p,p), and
Y (p, p) is the effective resistance across p [LP16, Section 4.2]. For a single cube, k = 5/6.

Comparisons are often made through auxiliary complexes. Let G be a finite two-
dimensional complex with plaquette weights w, and let v € ZP(&) with 8y # 0. The weight
realized by (G,~,w) is the density wg of the law of 0, under ug ., with respect to dy/2m. Its
coefficients are ci(wg) = (cos kbyy)a,w- If a copy of G is glued into a plaquette p of X along
07 = 09, in place of wy, then integrating out the new edges replaces w, by wg. Cable graphs
and carpet graphs are of this kind.

Proposition E.6. In this setting the following hold.

(a) If every plaquette p of G carries a weight of Ginibre type, with coefficients \p j, then each
ck(wg) is nondecreasing in every Ay ;.

(b) If every plaquette of G carries a Villain mizture with couplings at most T, then cip(wg) <
e=rGk*/T) with ke = dist(y, L(G))? > 0.

In particular, let 8 > 0. If (G,~,w) realizes wgv and every weight of G is of Ginibre type, then
raising any of the coefficients \p; produces a weight w' with cx(w') > I(8)/Io(B) for all k,
and no complex whose plaquettes carry Villain miztures with bounded couplings realizes such a
weight.

Proof. Part (a) is Ginibre’s inequality applied to cos k6, on G, and part (b) is Theorem E.2(a)
on G with ng = 7. The last assertion follows, since (3/2)/(k!Io(8)) is not bounded by
e~rGk*/(27) for large k.

Remark E.7. Ginibre’s inequality, Villain monotonicity, complexes as in Proposition E.6, and
the annealed Hartman—Watson representation with monotone rounding of the couplings (The-
orem 2.5) all give inequalities for all characters at once. By Corollary E.4 none of them bounds
Wilson loops by Villain loops with bounded couplings, even on one box. If the Villain side of
such a comparison is a Villain mixture, its mixing measure gives positive mass to arbitrarily
large couplings, and we bound the mass of strong couplings from below in Section E.4. This
is why the comparison of Theorem 2.5 keeps a random set of frozen plaquettes.

E.3 Monotonicity in character coefficients

Ginibre’s inequality gives monotonicity in the Fourier coefficients of the logarithm of a weight,
and Villain monotonicity raises all coefficients ¢ () at once. Wilson loops are not monotone
in each coefficient c;(wp) of the weights themselves.

Let X be the boundary of the unit cube, with its 8 vertices, 12 edges and 6 faces oriented by
the outward normal, and fix a face py. For a weight w and = > 0 let w, = w+2(x—c1(w)) cos ¢,
so that ¢j(w;) = = and ¢x(w,) = cx(w) for k # +£1. Put w, on pg and w on the other five
faces, and let W(x) = Z(8,,)/Z(0) as in Lemma E.1. When w, > 0, this is (cos ).

Theorem E.8. Let w be either the Wilson weight wgv or the Villain weight oy with e=1/(2Y) =
15/16. Then W is strictly decreasing on [0,00). In particular, for 0 < s < s, = %minqyw the
function w+2s cos ¢ is a plaquette weight with c1 larger than that of w and all other coefficients
equal, and its Wilson loop is strictly smaller. Here s,, = e=/(2I0(8)) for w = wY’, and s,, > 0

for w = vy. Moreover, if every face carries w + 2scos @, then %(cos Op,) is negative at s = 0.
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Proof. The complex X is a sphere, so Z3(X) = Z1p(x), where 1px) = Zp 0p. Write ¢, =
cp(w). Lemma E.1 with n = 6§y, and m = —hlpx) gives Z(8py) = Y ohez c"h_”cfh‘ and
Z(O) => C\lh\c|5h|’ where ¢’ denotes the coefficients of the weight on pg. Collecting the terms
that contain ¢} = x we get

. Ac + B¢ Ap=1+ 22}122 C?La By = 26?7

M) Ao +aBo Ao =]+ >ohs3 Ch-1€) + sy Cha€y, Bo=1+ c3.

Hence W (z) = S/(Ao + vBg)? with S = AgBc — AcBy, a number independent of x. It
remains to show S < 0. If every face carries w + 2s cos ¢, the derivative at s = 0 has the sign
of U = ZZy— ZcZj, where Z¢ = Ac + c1Be, Zo = Ay + c1Bo, Z = Be + 5¢(1 + ¢2) and
Z) =1263.

We evaluate S and U in exact rational arithmetic with intervals. Both are homogeneous
of degree 11 in (cy,), so for wl we may replace ¢ by ar = I1(8) = 3, <o 42" % /(m! (m +k)!).
The partial sums with m < 80 are rational lower bounds. Consecutive terms have ratio at most
16/(81(81 + k)) beyond m = 80, so we bound the remainder by a geometric series. Comparing
the series term by term gives Ij1(8) < 4I(8)/(k + 1), and with it we bound the parts of
the sums over h with |h| > 40 by geometric series. For @; the coefficients ¢ = (15/16)F
are rational, and we bound the parts with |h| > 40 again by geometric series. All operations
are exact, with endpoints rounded outward to 400 significant bits. Running the program
cube_amonotone.py of the script archive released with the paper (see the Data availability
statement), we obtain S < 0 and U < 0 in both cases.

Finally, minwg" = e=8/Iy(8) is attained at ¢ = 7, and 7; > 0 is continuous. For 0 < s < s,
the function w + 2scosy is nonnegative, even and continuous, with nonnegative summable
coefficients.

The same computation gives the following enclosures, at * = c1:

(cos by, ) W (c1)
wgv [0.9464020042265, 0.9464020042266] [—0.03218676455178, —0.03218676455177]
on [0.9476385735452, 0.9476385735453] [—0.03422857367245, —0.03422857367244}

Remark E.9. (i) The weight wgv is of Ginibre type, so by Ginibre’s inequality its Wilson loops
increase with every coefficient of log wé/v . Raising c; alone changes every Fourier coefficient
of the logarithm, not all in the same direction, and Theorem E.8 shows that this can lower
the loop. (ii) Villain monotonicity, Lemma 2.3(b), is therefore not an instance of a general
monotonicity in character coefficients, in line with the observation of [CG25, Remark 1.7] that
log ¥, is not positive definite. (iii) The phenomenon needs light tails and large 5 or ¢. The
Poisson kernel P.(p) =), rlklei® (0 < r < 1, has log P, with nonnegative Fourier coefficients
Ikl /|k| for k # 0, so Ginibre’s inequality applies to it by approximation. For P, on all faces,
summing geometric series in the proof of Theorem E.8 gives S = 1 — 19 > 0. Heuristically,
for w% or @, the dual variable h of the proof is close to a centered Gaussian of variance about
B/6 or t/6. On pg the loop replaces h by h — 1, whose law is close to a Gaussian with the
same variance and mean —5/6. When the variance exceeds 1, shifting a Gaussian lowers the
probability of {|h| =1} to second order.
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E.4 Villain-mixture representations

A Villain- mzxture representation of a plaquette weight w is a probability measure w on (0, c0)
with ¢x(w) = [e —k?u/2 w(du) for all k& € Z. The variable u is the inverse coupling, so that
w= [0 /u w(du). For wEV the Hartman—-Watson law wg of Lemma 2.2 is such a representation
[HW74, Theorem 1.3]. Yor [Yor80] described its density, and Patie [Pat09, Remark 2.7] relates
it to the infinitely divisible laws of Hartman [Har76]. It is used in comparisons in [AHPS21,
(9.10)] and in Section 2. By Lemma 2.2 it is the only probability measure that reproduces
I,(B)/1o(B) for every real v > 0.

Proposition E.10. Let w be a Villain-mizture representation of a weight w with coefficients
ck, let € >0, and let 1 < k1 < ko be integers with cp, > eFe/2 Then

w(0,)) > (g, — e~kEe/2) s/ (Ra=kD) KL/ (3 =k

ko
Moreover w((0,¢)) < e¥*</2¢;, for every k.

In terms of couplings, w((0,¢)) is the mass of couplings above 1/e. For w = wg the last
bound is the tail bound of Lemma 2.2.

Pmof Let F(s f(o o) w(du) for s > 0. By Hélder’s mequahty log F' is convex. Put
= k2/2. Then F(s2) < cg,, and F(s1) > cg, — f[ “y(du) > e, — e > 0.
Convex1ty on [0, so] gives log F(s1) < (1 — s1/s2)log F(0) + (31/32) log F'(s2), that is
solog F'(s1) — s1log F'(s2)

log F(0) > :
S9 — 81

and the bounds on F(s1) and F'(s2) give the claim. The upper bound is the Chernoff bound
1y < ekz(a—u)/2'

Remark E.11. (i) Only integer frequencies constrain w, and the representation is then not
unique in general. Suppose some representation has a density bounded below by a positive
constant on an interval [ug,us] C (0,00). In the variable = e~%/? the constraints read
f:z:k2 w(dxr) = ck Let [a,b] be a closed interval inside (e™%2/2,e7"1/2). Since >, -, k2 < oo,
the functions *°, k > 0, do not span a dense subspace of Cla, b] [CE43], [AIm07, Theorem 29)].
Hence some 51gned measure ¢ # 0 on [a,b] annihilates all of them. The image of ¢ under a
dilation = +— sz annihilates them too, since f(sx)kQC(dx) = ¥ kaQC(dac) = 0. We average
these images against a continuous probability density in s supported near 1. The average is
h(z) dz with h continuous and supported in [e~%2/2 ¢=%1/2], and it annihilates all 2%, As
the support of the density shrinks to {1}, the averages converge weakly to ¢, so h # 0 for a
small enough support. Adding a small multiple of hdx gives another representation. Propo-
sition E.10 applies to all of them. (ii) Numerical. For wEV with ¢ = 1/(Kp) and f — oo,

we choose k; just above the crossing of I(3)/Io(3) and e%*¢/2 and ko = ky + 1. At leading
order Proposition E.10 then gives mass at least e~63927 above the coupling 7 = K/ when
K = K,, while the upper bound gives e2%97, the order of the density & of frozen plaquettes
in Lemma 2.6. Hence, at leading order, the analogue of the condition (2.5) on the density of
frozen plaquettes fails for every representation when K < 45.3.
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E.5 Freezing has increasing returns

Let X and pg be as in Theorem E.8, let 7 > 0, and let D be a set of faces with pg ¢ D. Put 0,
on the faces outside D and o5 on those in D, and let g(D) = lims_,o(cosfp,). By monotone
convergence in Lemma E.1 the limit exists and is given by the dual formula with ¢, = 1 on
D, which is finite since py ¢ D. In the notation of Section 2, g(D) is the frozen expectation
9x,+(00p,; D). The effect of a frozen set is not bounded by the product of the effects of its
plaquettes.

Proposition E.12. For 7 > 3 and distinct faces p,p’ # po,

g({p,p'}) 9(0) > g({p}) g({P'}).

Hence D + logg(D) is not submodular, and g(D)/g(0) < [l,ep9({a})/9(0) fails for D =
{p,p'}.

Proof. By Lemma E.1 the value g(D) depends only on d = |D|. Write g4 for it. The dual
formula gives g4 = )", e_((h_1)2+(5_d)h2)/(27)/ > e~ (6=dh*/(27)  Completing the square,

©4(1/(6 —d
+ log Ry, R, = M O4(y) = Z e~ (6=d)(h—y)?/(27)

5—d
10ggq = ———— :
8947 T90(6 — d) 04(0) 2

By Poisson summation ©4(y) is a positive multiple of 1 +23 -, e=2mmm?/(6d) cos(2mmy).

This gives (1 — 20)/(1+20) < Rg < 1 with g = ¢ ™ 7/3/(1 — ¢~™7/3). The claim is log gy —
2log g1 +1og go > 0. The leading terms contribute %(—% + % - %) = ﬁ, and the terms log Ry
contribute at least —2\ with A = log %35' For 7 > 3 we have p < 5.2-107° and A < 2.1-107%,
80 2407\ < 1 at 7 = 3. Since 7 decreases in 7 for 7 > 3, the claim follows.
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Supplementary material

S1 Constants

S1.1 Constants of Sections 2 and 8: the ordered list, the threshold K, and
the conditions defining [,(K)

Here we give the values of the constants; the order in which they are fixed, and the reasons
for it, are explained in Section 8.2. The values were evaluated by computer in high-precision
arithmetic, but the proofs need only the inequalities stated.

S1.1.1 The ordered list

Each constant is fixed after all constants above it, and the constants in items 1 to 14 are
independent of 3, 7, K, the loop C' and D, except that 7y of item 1 is rg or 2rg — 1 according
to &(C), and that the depletion constant cqep of item 12 depends on 7. The scales of item 11
depend on S through m alone, and the derived quantities c’g and c¢,, which lie between two
constants of this kind, depend on £ only through the size of L. (c'g) and through its rounding
(cy). Constants built from ¢,, such as Dy of Appendix A and K of Appendix B, likewise
lie between two constants of this kind, and we treat them as constants. Illustrative values are
given at (cg,cs,7m0) = (1/4,1,1). We use coarse units for the regularization and fine units in
Sections 6 and 7.

0. Absolute constants. Among them are c; = 2%/3 and the Debye exponent m2vcy(0) =
2.49435508 ..., where wvcp(0) = (—Ags)~H0,0) = %F(i)r(%)n%)n%) =
0.25273101... is half of Watson’s integral [Wat39] in the normalization of [Zucll],
whose closed form is [Zucll, (3.6)], and log(1/mp) = m2vcL(0)r — 3 log(8w2T).
The rounding rule for the Debye exponent is in Section S1.1.3. The other absolute
constants are C}, = 384 (Proposition 6.9), the window count 1513 (Definition 3.4),
a = 1n8 and 8/31 (Theorem 7.49 and Lemma 7.54), c¢; = 2 + log 96 and the threshold
14.9662 > 672vcp(0) = 14.96613... (Lemma 2.6 and Section 5), and the absolute
constants among those of Gopfert—Mack, Brydges—Federbush and Stage 1 quoted in
Sections 6, 7 and Appendices A to C. The constants of these authors and of Stage 1
that depend on the parameters C, dgm, i, ks, Apy of Theorem 6.5 are fixed together
with these parameters, in items 12 and 13.

1. ro > 1, an integer, and 7y := 2rg — 1, or 7 := 79 if &(C) has no exceptional layer; they
are used in Definition 3.4, Lemma 5.7 and np.

2. ¢g :=1/4, the constant of the property (S-face) of Definition 3.17, which the construction
provides for all ¢; <1 — 1349 by Theorem 4.16. The proofs hold under 0 < ¢, < 1/4, so
every cq € (0,1/4] is admissible.

3. mw = 1/10, the hull-weight deficit of the frozen bonds (Definition 3.8).

4. ¢, =1/12, that is, py = L./12 and A = 12/L., the equality case of Lemma 4.6.

5. Before x and ¢y, we fix kp/L. = 304, so that the windows of Definition 3.4 have sides
less than 151 - 2L, < kp, as in (G4), and we set rg := (kp + 3)/L. < 305.
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10.

11.

12.

. ¢y :==min(cy/2, (1 — nw)ere,/2)3), which equals 2.109 - 107 for ¢4 > 4.22- 1071 We set

Csh := €1/216; Table S1.1 gives their uses.

cs € [3.3-1077,10] (illustration c¢; = 1), with w, = (1 + ¢5)|0A| (Definition 3.13)
and Ay := 2¢s/f (Definition 3.11); then 2cgf?> > 1, as £ > 308L. > 1232 (used in
Theorem 4.23).

. The forcing threshold ¥ = 3 - 1075 and the penalty ug = 25 of Definition 3.11, and

the thin-set constant ¢, = 0.008 of Section 4.2. They satisfy 24.6 < up (Lemma 4.9),
1289 < ey, 2etn + 1209 < 0.0164 and 2/4/0.0164 > 14 (Lemma 4.13), and 254.49 < ey
(Theorem 4.16); the arithmetic is in Section S1.2.

. The weak-link constant y := 2.0 - 107% and xn3 := x/3 = 6.67 - 102 of Definition 3.15.

Its value depends only on items 3, 5 and 8, item 3 through the factor 12/n,, of Propo-
sition 4.15 in the expansion bound, and this value is constrained by Theorem 4.16(c),
which provides the expansion h, = 2.2-107!1/L, on each component of G’ N Q at rest.
Since 3kphs = 2.006 - 1078 > y (Section S1.2), (N3) holds with yn3 and (R6) with x.

Consequences, fized with the constants above and independent of L. and £. Cy := 7+
27 - 24.6/0 = 2.214 - 107, Csenr = 726, C" := C1 + 2Cseq = 2.2141 - 107 and Chee 1=
ClL(2+1/(2¢s)+1/3696) = 5.536-107 (Propositions 4.15 and 4.24); C, := 4362+ 5808 /cs,
Cy:=244/cs and C. := 1+ 2/cs, equal to 10170, 6, 3 (Lemma 5.20), and the response
load Chesp := 375C, + 125C.C" = 8.307 - 10° of Section 5.6; finally, C.;y = 20, Cog =
30C%, + 170Cesp + 30 = 1.413 - 10'2 and C3 := Chree + 20(2C", + 4Chesp + 1) = 6.655 - 10
(Proposition 5.24, Theorem 5.1).

The constant ¢y, is subject to Cpel < (1 —4/n?)/8 and ¢ < %. The first condition

holds if 2916r8C3c% /x* < (1 —4/7%)/8, since Clp = CIJ;VT%NOV < 2916r3,C2 /x?, where
CJ, = 108C% /x? is the constant of Proposition 6.9(iv) and Ny, < 27r3. At ro = 305
this yields the bound 8.09 - 10712y, and the admissible choice is ¢, < 8.0 - 10712y, that
is, c;, = 1.6-107" at y = 2.0 - 1078. This choice implies mL < % for Lemma 4.21
and ¢;, < 1.99 - 10_4XN3 = 1.33 - 1072 for Lemma 7.44. The scales of Definition 3.1
are then L. := cLﬁfl/ro rounded down to an even integer, L := roL., kp := 304L,,
¢p ~ m~!, a multiple of L, and ¢ := lp/ro > kp + 4L.. The derived quantities are
¢y = ¢g(1+1/Le)"? and ¢, = rgVim® = ((1 — ny)epmL/24)%, which lies in [((1 —
nw)erer/48)3, (1 — ny)erer/24)3] once cpm™t > 4rg (Section S1.2). Further derived
quantities are Ryk = (1 — ny)crc,L/3 and the constant Ko := (1 — ny)ercyer/6 =
0.01984 ¢y, whose uses are listed in Section S1.5. Since c;/2 < mL < cr, we have
Ko < mRyuk < 2K).

Stage 1 and Stage 2 constants. These are the constants of Sections 6 and 7 and Ap-

pendices A to C. We first fix the parameters C € (0,1] and dgm € (0,3] of Theo-
rem 6.5, where this C' is not the loop; the bound dgm < % is used for (S5) on outputs
and in Lemma B.4 and Proposition B.7. The bound C < % on this parameter implies
2Cya = 2/(1 — C) < 8, hence ¢ := 2Cp4e /e < 0.9829 since ¢, < =55. In Proposi-
tion B.7, therefore, one factor e~(t=1) absorbs the per-E-factor constants te(20)4e%P ) et

up to the factor sup;>, tg'~! < 22, which contributes one factor per cell; here ¢, is the
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13.

14.

15.

16.

factor of (M4), Lemma B.1(d), which bounds the sum over all assignments of the points
to their cells.

Next come ng = 0.62, (ps,p’,q,p1,p2,ps) = (1.2,1.3,15.6,20,20,15), ¢y = 1/24, 6y =
0.01 and the link-sum rate c1g with 0 < ¢19 < grc, where r¢ is evaluated at mL = cp /2.
We use this bound in Proposition B.7, where, for dgy < %, the rate of (S2) in Debye
units is at least 2r¢ for all Apy < i, by Proposition 6.10, and pinning uses 4c, < %rc
of this rate for every 6. The quantity rc = min(rg/2, (2¢gs)'/?), as in Theorem 6.11, is
computed with the constant Ky of item 11, the value of mRuk at mL = cr,/2, which is
the worst case of mL € [cr/2,cr]. It is therefore determined by items 0 to 11, and hence
c10 is fixed independently of 3, Apy and 4.

We then fix ¢/, with e“o > 16e max(1,c.,/2) (Lemma A.6), and then the parame-
ters u and kg of Theorem 6.5, both large: p > 1+ 2¢, after ¢jp and ¢f, (the fac-
tor e #(=1) of (S2) pays eciol < e2¢lo(t=1) " Proposition B.7), and kg so large that
(14 Crere™ %5 /8 < 1 (Lemma C.2), where Cy := 8C with C' the constant of (6.10)
on Z3, so that Bam Y., m2p*H(m)| < (1 + Crepe=255)m? (as mp < 21m). This constant
C' comes from the tail bound (6.10), that is, from (S2) at s = 1 with a; = {z} and from
(6.7), whose right sides involve the parameter C' and p but not kg. Hence the constant
C of the tail bound can be chosen independently of kg and Apy, and this last condition
can be met. At C' = %, for instance, ¢, = 2200, p = 4401 and kg > 5.8 are admissible;
the binding condition on kg is (7.30).

Further, we require ¢, + ¢ < 1/7 and cg < 1/70. The depletion constant cgep =
AP + APlog(C'7/6y) of Proposition 6.17 depends on 7, but all its occurrences are in
lower bounds on 7 (Theorem 7.40). Next we fix Ko = 2 > 27 - 2.4944/(47?%) = 1.706

and g9 = 0.003125 (Corollary 7.18), and 0 < 02 < & < r¢ and dye = 3(rc — 0)

rate
(Proposition 7.36). Last come the pure number ¢, := 3(1 —1/p3 — c)) = 1/16, a lower
bound for the fraction ¢’ of Proposition 7.35, then e = ¢,/8 = 1/128, ¢, = /16 and

o = In8.

Apy < min(%,)\o), chosen after c¢; and after pu, kg of item 12, where )y =
Xo(ks, i, C,égm) of Theorem 6.5 comes from the Debye condition in its proof.
Here My is the smallest fixed point of (6.11) and m := Apy My, as in Section 6.2. The
constants above are the same for every Apy allowed by the a priori bound Apy < i,
whereas those of Gopfert—Mack, Brydges—Federbush and Stage 1 that depend on
(Apv, ks, 1, Cydcm), among them the threshold 5&\/{ of Theorem 6.5, are fixed here,

after A\py.

The cut-rule constants. Those of Definition 3.18 are Ox := cjcy/(90(cy+4)) = 4.08-1075,
AT = c{c2/(64(cy +4)) = 1.44-107° and knp := 4(cg +4)/c2 = 272 at ¢y = 1/4. They
belong to the regularization but come after item 12, because they are built from the pure
number ¢, and the constants above are independent of Oy and cyF.

K > K, = 377.38, which implies ¢§’(K)/(2K) > 14.9662 (see Section S1.1.2). Proposi-
tion 5.11 and Theorem 5.1 use this threshold.

Bo(K), determined by the conditions of Section S1.1.4.
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Among the scales determined by these constants are m !, with m € [mp/2,2mp], and L.,
L, kp, £ as in item 11. These constants further determine Vi = (1 — n,)3p3 /2, Viy = m =3,
R, =(J+ 1w +6L. = O(({/cs)log(¢/cs)) of Theorem 4.23 together with ' = 2R, + 2, and
Ryesp = 100 together with R’ = R, + 2Ryesp. The remaining scales are L' = 2(Sam Ja)m L,
Rl(ﬁ) (2ro + 5)L, Funiv = opL? = (n2c,/18)(mL)?/(mfawm) of Definition 3.18, Ry =
Le® " Funit | and the box A° of side M} € {Mny, Mp + 1}, where Mp = max(3max(R,T),r(¢ +
3)).

S1.1.2 The threshold K, of Lemma 2.6

Lemma 2.6 gives, with a, the solution of a = K log(2a),

logd| . 1 ] .
cs(K) = | O§ | > (K) — o O( O§ﬂ>, G(K) = as (% log(2a.) — 1) +1. (SL.1)

The function K — ¢§’(K)/(2K) is increasing. Indeed da,/dK = a,log(2a.)/(ax — K) and
— K = K(log(2a,) — 1), which yield

dC(SSp 1 1 da’* 1 2
K (5 log(2a.) — 5) g~ 2108 (2a);

and K - 1log?(2a.) — ¢P(K) = Klog(2a,) — 1 > 0. Hence %C‘SI({ ) >~ 0. The threshold of
Lemma 2.6 and (2.5) is 14.9662, that is, 672vcp(0) = 14.96613. .. rounded up. The equation
P(K)/(2K) = 14.9662 has the unique root K = 377.3635, and K, := 377.38 lies above it.
Hence ¢’ (K)/(2K) > 14.9662 for all K > K,. Numerically, at K = K,

=17.5-107°.

Sp K
¢ (Ks) 1106639,  ay = 3321.43,
2K, da,

The computation behind (2.4) (proof of Lemma 2.6). We put v := a,f in Lemma 2.4(iv).
Then v%¢/2 = a23/(2K). Let h(u) := (6/2)*/T (1 + 1) and p, := (n? + v*)/2 > v. From the
series 1,(8) = Zk>0(ﬁ/2)“+2k/(k:' MNpu+k+1)and (p+k+1)=T(n+1) Hle(,u +1i) >

D(pA1) (u+1)F, we get (8) < h(i) Xz (8%/(4(ut1)))F /k! = h(p)e?/U0HD) < h(pu)e/ (e)
for 4 > v. Since log I is convex, its difference quotients increase. Thus for u > v

logT(p+1) —log(v +1) > (p— v)(logN(v 4+ 1) — logI'(v)) = (1 — v) log v,

hence h(p) < h(v)(8/(2v))* ¥ < h(v)2~#=¥) because v = a,3 > . As p, —v >0 for |n| < v

and pi, — v > |n| — v otherwise,

> 1,(8) < /U n(y )(2y +1+2) 2—<m—">) < (2a.83 4 5) P/ p ().

ne”L m>v

Stirling’s inequality I'(x+1) > (z/e)? gives log h(v) < —a.B(log2a, —1). Finally, for 8 > 72,
using cosf > 1 — 62/2 on [0,3-1/2] C [0,7], we obtain Iy(f) = + = [ ePeosfqy > \/366 172,
Collecting these bounds, we obtain

2

iz "] + log(20.5 +5) + log(n/B) + 3

logd < —f a*(log2a*—1)—2K 1
A
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and a?/(2K) = 1a, log 2a, by the definition of a,, which gives (2.4), with exactly the function
¢P(K) and the correction 1/(4ay) of (S1.1).

The term O(log 5//) is absorbed in the term O(log 7+logrg) of Lemma 5.12. The margins
(K)/(2K) — 14.9662 that appear in 7y are:

K | 37738 10°  3-10%°  10*
cP(K)/(2K) | 14.9664 19.521 25.289 32.372
margin | 1.9-107* 455  10.32 17.41

Numerical values. To more digits, a.(K,) = 3321.434 and ¢’ (K.)/(2K,) = 14.966392;
moreover 1/(8K,a,) = 9.97-10~%, and the root is 377.363524, or 377.363533 with the correction
—1/(4a4). The correction 1/(4ay) in (S1.1) moves c5/(2K) by 10~ and the root by less than
1074, The inequalities I'(u + 1) (u+ 1)¥/T(u + k+1) < 1 and I,(8) < h(p)el?/ (D) proved
in the series step hold numerically on a grid of x4 € [0,10%], k¥ < 59, 3 € [0.1,100], and at
K = K, and 8 = 0.2,1,3 the bound on logd before the last two steps of the computation
above lies below the right side of (2.4). The entropy exponent of Lemma 5.12 is 672vcyp,(0) <
6 -2.4943551 = 14.96613 ... < 14.9662, so the threshold is computed without the rounding of
the Debye exponent up to 2.4944 used elsewhere; with the rounded exponent the threshold is
14.9664, whose root 377.3807 exceeds K.

S1.1.3 The string tension and the rounding rule

The slit-domain tension of Theorem 7.57 is oy = epor = (cymL/9216)m /T, with ¢ = c,(1 +
1/L.)~2 and with mL > ¢ — 2rgm by Section 3.1. For L. > 35, one of the conditions of
Section S1.1.4(e), we have cpm ™ > 35rg, and hence ¢jmL > (36/35)72(1 — 2/35) cycr, >
0.89cyer, > (9/16)cger. In (8.1), 18432 - 16/9 = 32768 = 2'° exactly and (872)Y/2/216 =
1.3559 - 10~%. We take ¢; = 1/4 and ¢, = 8.0-10712-.2.0-1078 = 1.6 - 1079, as in items 9
and 11, although any smaller admissible ¢z, also works; at these values (8.1) gives o(8) >
5.4 - 10724(1;(6)71/2672.494361(,3.

Throughout, and in particular in Section 8.1, we round as follows. The Debye exponent
is v (0) = 2.49435508 ... < 2.4943551. In a lower bound on 7, and hence on a tension,
the exponent is rounded up, to 2.49436, and prefactors are rounded down, to 1.35 - 107
In an upper bound on a scale the exponent is rounded up to 2.4944: since m > mp/2,
log(1/m) < 2.49435517 — 1log(8727) + log2 < 2.49447 for all 7 > 1. We use this form for
Keol > 27 - 2.4944/(47%), in the logarithmic step of the proof of Lemma 6.18, and in the
bound log(1/m)/Bam < 2.4944/(47%) = 0.063184 < 0.0632 of Remark 7.58. The bounds that
determine K, use the exponent without rounding. There the entropy 6log R, of a root and
a part in Lemma 5.12, with £ ~ m~!/rg and with R,, ' and R’ of Section 5, is bounded
with 72vcp(0) < 2.4943551, as in Sections S1.1.2 and S1.4 (for the threshold with the rounded
exponent, see the end of Section S1.1.2). Where the exponent serves as a lower bound on
log(1/m), it is rounded down: the hypothesis of Lemma 6.18 has 2.4947, because it is used to
bound m < 2mp < 17.8 71/26=24947 from above.

S1.1.4 The conditions defining [y(K)

We fix the constants of items 0 to 15. Each condition below is a lower bound on 7 = K that
remains true for all larger 7. Indeed, in each condition the left side is a fixed function of 7 that
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tends to its limit monotonically for large 7 and is built from powers of m, of 7, of log 7 and of
the doubly exponential scale Ryr, and hence the set of admissible 7 contains a half-line. Then
Bo(K) is 19/ K for the largest of the thresholds 7.

(a)

(f)

Section 5. The conditions used in Proposition 5.9, Lemma 5.10, Proposition 5.11,
Lemma 5.17, Proposition 5.19, Lemma 5.23, Proposition 5.24, Lemmas 5.25, 5.26 and
Theorem 5.1 are
<t om <1 <L omp<1 22266 VG0 <
2(2 "R//Lc'| + 5)3 5// 1/(488D(1+8LL)(01+30resp+6)) S %7
8ep(1+ 8L¢)(CL + 3Chesp + 6)(48Chesp +2) < 1 (that is, (5.9)),
Rxp > max (34567 Le, 204870 Lc/(cshONr Funit))-

1
29

Here ep = 3.2768 - 1077 L./ (cshONF Funit Rnr) is doubly exponentially small. The factor
229 contains the factor 2° for the sizes of the components in Lemma 5.26. The binding
condition is the first of (5.10), |loge”| > 75.16 Cy ~ 1.1-10%, while 77 < 1 needs about

1.7-10" and 17;1) < 1 needs about 3.6-108; all three values are computed in Section S1.4.

Section 6. The conditions are m < Ko(2Cy)~"/3; My < my and i < min(1/68, my /2)
for Theorem 6.11, with my = min(1, cex/2) of Proposition 6.10; My < %, for Lemma D.2
on A° in the proof of Theorem 6.15; mp/2 < m < 2mp; the coupling condition of
Lemma 6.18, 7 > 2 and 2.4947 > ln(C’fep/Ho) + 2.5In 7, whose exponent is rounded as
in Section S1.1.3; and the threshold Saym > ﬁ%M()\pv, ks, i, C, dgm) of Theorem 6.5.

Section 7 and Appendices A to C. The conditions are the slack in &, + 6’ < 1/7 and
cg < 1/70, which needs the terms BgyMy and e, e72%S to be small; e(L') < g of
Corollary 7.18; (1) and (83) of (S1.5); the cell-diameter conditions of Lemma 7.44 and
Proposition 6.9, of the form 2 4+ C'(kg/x) log ko < L’; the conditions of Proposition 7.39
and Theorem 7.40, the latter a condition 0.4157 7 > Cp AP log(C'7/0y) + o + O(log 7);
c16e®? < 1/8 of Lemma S1.2; the conditions of Lemma 7.48; ©4 < % of Proposition 7.53;
and Fynit > (8C"/¢')(1 + In Bgm) of Proposition 7.52.

Section 8. The condition is n 4+ ng < % Both deficits are explicit upper bounds that
are eventually decreasing in 7: nr = Ok(1/7), because, by Lemma 5.12, |loge”| >
yr(K)T — O(log T 4 log o) with v (K) > 0 for K > K, and ng = O(mBawm log 7).

Rounding of L. in Section 3. The conditions are L. > 4, which implies ¢, > (16/25)c, >
(9/16)cy for Lemma 4.19; L. > 35, used for A\ = 12/L, < 1 in Proposition 4.24, in
Lemma 7.44 and for cjmL > (9/16)cgcy, in Section S1.1.3 and Section 8.1; and cpm~t >
4rg, which gives mL > ¢r,/2 (the bounds on ¢, and on Cy, Lemma 4.21).

Section 2. The conditions are 8 > 72, for Lemma 2.6; (2.5), that is, 8 > $1(K); and
§ < 1, which follows from (2.4) for all large 5 and is used in Step (1.4), with 6’ = § in
Proposition 2.9.

In addition, the range of Remark 8.2, where Phase 2 is empty, is nonempty once v/3(ro(£ +
3) +1) < Rnp. This condition belongs to that remark rather than to Theorem 1.2, and it

holds for all large T because rof ~ m~

1 is exponential and Ry is doubly exponential in 7.

All these thresholds are finite but very large (Section 8.2).
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S1.2 Constants of Section 3 and Subsections 4.1 and 4.2

We group the constants by the main-text statement in which they appear.

Definition 3.1: the scales. The screening mass satisfies mp/2 < m < 2mp, so that
log(1/m) = m2vcp(0) 7 + O(log7) with m2vcy(0) = 2.49435508. .., and m~! is the Debye
length. The scales are fixed at item 11 of the ordered list in Section S1.1.1. Since ¢;, < 1/308,
(3.1) follows from ¢ > m~'/rq > L./cy. Of the conditions L. > 4 and cpm™! > 4rg of
Section S1.1.4(e), the first implies ¢ := ¢4(1 + 1/L.)™2 > l%cg, and by the second, L >
cpm ™t —2rg > cpm /2, that is, mL > cr/2.

Definition 3.4: windows. A window is the union of the blocks at block distance at most
75 from a block. It therefore has at most 151 blocks per direction, each of coarse side at
most 2L. — 1, and its sides are at most 151(2L, — 1) < 302L. < kp. A block lies in the
windows of the at most 1513 = 3.44 - 10° blocks at block distance at most 75 from it, and
1513 < 273043 = 7.6 - 10® = 27(kp/L.)3, the overlap bound of (R6).

Definition 3.11, Lemma 4.9, Theorem 4.17: the cost of a fill. A block @ has |0Q)]| <
6(2L, — 1)? < 24L2 and |Q| < 8L2. Hence, with \y = 2¢s/¢, ¢s < 10 and ¢ > 308L., we
have A\y|Q| < 16¢,L3/¢ < 0.52L2 and |0Q| + A\y|Q| < 24.6L2 < ugL? = 25L2. Also A\y =
2¢s/0 <20/(308L.) < A =12/L.. A removal cell A with sides a,b,c € [¢,3/) has |A|/|0A| =
abe/(2(ab 4 be + ca)) < (abe)'/3/6 < £/2 by the arithmetic-geometric mean inequality, so
A |A| < e5|0A| and |0A] 4+ Ay|A| < w,. The number of forced blocks is at most 27|M|/(¥L2),
since a mark lies in at most 27 sets 3Q). Hence filling them costs at most 27 -24.6 /9 = 664.2/9
per mark.

Lemma 4.4: constants that depend on the hull weight. Frozen bonds have the hull
weight 2 — 7, of Definition 3.8, and the hull weight affects the constants in two ways. Through
Lemma 4.4 it determines (ay,,b,) = (1 +1/(1 —nw),1/(1 — 1w)) and the factor 1/(1 —n,) in
the bound on Na(W). Table S1.1 lists the constants that depend on 7,, through Lemma 4.4,
with their formula in 7,, and their value at n,, = 1/10; the other constants, among them the
constant ¢y of the density bound, the bound on ¢z, K, o(f) and R1(5), do not depend on
My through Lemma 4.4. In the cell analysis the hull weight appears, by Lemma 4.8(b), as the
deficit 7, of a short segment through a frozen bond, which yields the factor 120 = 12/n,, of
Proposition 4.15. Through this factor, Cyea = 726, the number 134 of non-good lines per unit
of mg +m¢ and the 158 in the expansion bound behind h, depend on 7, (see the arithmetic
in Section S1.2), and so do the constants built from them, such as C}, Ciee and Cresp, and the
constraint on the weak-link constant x (items 9 and 10 of Section S1.1.1).

Aty = 1/10, ¢1 equals its second entry, with the factor (1—n,,)® = 0.729, when ¢, > 4.22-1074,
and ¢1 = ¢,/2 otherwise. Hence the factor (1 —n,,) ™2 = 1.372 in the table is an upper bound.
The Nash constant Ay = 24 -2%/3/ % of Appendix D depends on 7, only through cp.

Theorem 4.5. We have Vi = (crpy/(2by))3, since (cr/2)® = 3. Hence bn)\V*l/3 =c¢r/2. In
(i), a = ¢;/(12a,) = 0.0626... < %, and the two expressions in the minimum are equal at

4>
= 24(ay/by)pr = 45.6p).
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Table S1.1: Constants depending on the hull weight; values at n,, = 1/10, ¢; = 22/3 py =

L./12.
quantity formula value at 7, = 1/10 used in
(ay,by) 1+1/1 —nw), 1/(1 — (19/9,10/9) Lemma 4.4,
Nw)) (R2)
isoperimetry for  (cr/(2an))|W|** (9cr/38)|W|?/3 = Theorem 4.5(i)
[W| < V. 0.376|W|?/3
Vi (1 —nw)3p3/2 0.364505 Definition 3.1,
(R2)
volume growth con-  (cr/(48a,))? 3.844-107° Theorem 4.5(iii)
stant
saturation radius of 24a,(1 — nw)pa 45.6px Theorem 4.5(iii)
(i)
Faber-Krahn con- ¢7/(48a;) c3/213.93 Theorem 4.5(iv)
stant
N2 (W) factor 1/(1 = nw) 10/9 Lemmas 4.4,
6.13
c1 (second entry) (1 = nw)er/24)3 2.109-107* (R5)
Cu (1 — nw)crmL/24)? (0.0595 mL)3 (R7)
Ruk, Ko (1 — nw)crpr/3, Ko = mRux = 0.0397mL € Theorem 6.8
(1 = nw)ercper /6 [Ko,2Ko), Ko =
0.01984cy,
cr (fine isoperime- (cr/(2ay))/152.4 2.467-107? Proposition 6.9
try)
Cuy Nyear, Az through 1/¢; and 1/c,, factor at most 1.372 (R7), Section 7
at most the factor (1 —
o)~
Csh c1/216 9.77-1077 Lemma 5.15

Lemma 4.21. We set
Cu = 8V3 (24 6/cy)/(cr6}),

which bounds 2v/3(2 + 6/c,)/(c1(mL)?) when mL > cf, /2.

Proposition 4.26: the constant ¢y. The fine plaquettes dual to the insulating bonds with
an end in a removal cell A, those of frozen bonds counted twice, number at most 7Z(3+cs)[0A|,
since a coarse bond is dual to at most 7¢ fine plaquettes. Hence they number at most co/(27)
with ¢g := 27 7¢ (3+¢5) maxa |OA[, where z is the monopole activity of Section 6, m%, = 28amz
and z7 = mQD/(8772). Using 79 < 27, rof = {p < m '+ L < (1 4+ ¢cp)m™ !, mp < 2m, the
bound |A| < 5462 of (G3) and ¢z, < 1, we obtain

4m?

- 243
<53 4543+ cs)(1 +ep)?m™2 < ?(3+05) < 25(3 4 ¢s),

independently of 8. On a grid without exceptional layers and with cubic removal cells, ¢y =
6(3 + CS)(mDKD)Z/(STI'z).

Lemma 4.10, Proposition 4.12, Lemmas 4.13, 4.14, Proposition 4.15, Theorem 4.16:
the cell analysis. With ¥ =3 - 107° and &4, = 0.008:

e Giant. 12+ 6.4-9-2 = 127.2 < 128, and (1 — 39)L? > 3849L3 = 3 - 128JL2 since
38419 = 0.01152.
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o Thin sets. 2ey, + 1209 = 0.01636 < 0.0164 < i, and 2/4/0.0164 = 15.62 > 15.6 > 14.
Non-giant components are thin since 1289 = 0.00384 < &yy,.

e Seal. Lemma 4.8(b) with supp < 6(mqg + mg) and 1, = 1/10 gives 120(mq + mq)
lines, plus mg + mg lines with a mark, in total 121 per unit of mg + mgr, and Ceeal =
6-121 = 726.

e Interfaces. 1+ 121+ 12 = 134 non-good lines per unit of mq +me < YL2, so good(I) >
(1 — 1349)|F'| = 0.99598|F"| > c,4|F'|.

e Ezpansion. For two large sides, g¢, — 127.29 = 0.004184 > 41,/2, so cut > ey, L2/25.6 =
3.125-10~*L2. For adjacent in/out blocks, cut > (1—1589—2¢,)L?/3 = 0.32642L2. Both
are at least 3.1-107L2, and |A| < k%/2 = 1.4047-107 L. Hence h, > 3.1-107%/(1.4047 -
107L.) = 2.207-10"'1 /L. > 2.2-1071/L.. Then 3kph, = 912-2.2-10~ = 2.006-10"8 >
x =2.0-107% and yn3 = x/3 = 6.67-107? < kph, = 6.69-1077.

Theorem 4.16 shows that the construction provides c;-type volume (1 — 39)L2 per cell, one
interface per block face and six neighbouring cells per cell. These facts imply (R5) and (R8)
with the constants ¢1, 1/c4 and 6/c4, which we keep.

S1.3 Constants of Sections 4.3 and 4.4

We first list the sizes on the loop-adapted grid and then the constants, grouped by main-text
statement.

Sizes on the loop-adapted grid. Table S1.2 lists the sizes on &(C) and, for orientation
only, their values on the uniform grid, in which all coarse cells have side rg and all block
spacings are L.; the constant c¢; in the table is that of item 6 of Section S1.1.1. The opacity
property (S-face) of Definition 3.17 is normalized per face, with the threshold ¢,4|F(I)|, and
hence the good fraction and the cell degree are independent of the face area.

Lemma 4.22(c) and Theorem 4.23: the reach. In Lemma 4.22(c), A\™' + ;! = L./12+
0/(2¢5) < £/cs because ¢, < 10 < 6¢/Lc, and w > 120¢/c, gives the factor 30¢/(c,w) < .
In Theorem 4.23, w' < 121¢/¢s + 2L, < 122¢/cs, since 2L, < {/cs, and for p > 4L, we have
g(p) < 54p% + 5dcgp® /0. Therefore g((J + 1)w') < 103(J + 1)3(¢/cs)?, and J is at most the
least integer with 57 > 10%(.J + 1)3(¢/c,)?, that is, J = 2logs(¢/cs) + O(loglog(£/cs)). Hence

Ry = (J+ 1w + 6L, <122(J + 1)¢/cs + 6L, = O((€/cs)log(€/cs));

with log ¢ = 72vcp(0) 7 + O(log 7) this is Ry ~ 3807 ¢/cs, and log R, = log(1/m) + O(log 7),
the only property of R, that the threshold K, uses, in Lemma 5.12. In the clearing-out step,
each site of X! weighs at least Ay in f, because A > \y. Further, |B,(z)| > 3 since w’ > ¢
and each side of A° is at least ¢, and Ay = 2¢.0? > 1.

Proposition 4.24: the area per part. The competitor costs at most (6 + \)N(P) for
the marks, 24.6 L2 for each of at most 27N (P)/(9L?) forced blocks, and 2 for each of at most
Cseal N(P) = T26 N (P) seal bonds. We therefore set

C = T+27-24.6/0 = 7+664.2/09 = 2.214-10", C! := C142Cseq = C1+1452 = 2.2141-107

133



Table S1.2: Sizes on the loop-adapted grid &(C), in coarse units unless stated, with the values
on the uniform grid for orientation and the statements in which each size is used.

quantity on &(C) uniform grid used in

block side [Le,2L. — 1] L. (G1)

block and cell volume < 8L2 L3 (R5); Lemma 4.21
(L < 1)

face area |F"| [L2,4L2) L2 (S-face),
Lemma 4.9

block diameter < 24/3L, V3L, Cor. 4.7

window side; win- < kp; < 1513 151L; 1513 (G4), (R6)

dows per site

removal cell side [4,30) 1 Lemma 5.21

[0A| (662, 540?) 602 (R9), co of Sec-
tion S1.2

reach R. Theorem 4.23 same Theorem 3.21

kp 304L. same (G4), (R6)

c1; good fraction; cell  2.109-107%; ¢g; 6/c,  same (R5), (R8)

degree

fine good fraction cg(14+1/L.)72 Cq Lemma 4.19

qm 3(Fo + 1)361/2 < 3(ro+ 1)3(51/2 Lemma 5.7

24r35/?

fine area of a coarse < 7a < 4rg e Section 5 (7§ in nr)

face

cr for [W| <V, 22/3 22/3 Theorem 4.5

at ¥ = 3-107°, and Cpee := CL(2 + 1/(2¢5) + 1/3696) = 5.536 - 107 at ¢ = 1, where 1/(\) =
L./(12¢) < 1/3696 by (3.1). The marks of a set 3Q) are within distance 3(2L. — 1) < 6L, of
each other, and a bond of S has both ends within 4L, — 3 of a mark of its two blocks, so
R.+4L. <1 =2R, + 2.

Lemma 4.25. The comparison base is X! U R; rather than the base B, = MUU' UR;. A
bond from a block of U to hull material of X! lies in OU' but not in ins’ = 9X!, and the
marks do not bound such bonds, so only the comparison with X! U R; gives a bound by ins!.

S1.4 Constants of Section 5

Theorem 5.1. The constants of (5.2) are

dp = 14log(64kp), Kpl := 12e, C5 = Chree+20(2C, +4Cesp+1)  (Proposition 5.24),
with C;, Cee and Chesp as in item 10 of Section S1.1.1. The quantity ¢” is defined in (5.8), with
R =R, + 2Rresp = Ry + 200 and r" = 2R, + 2. The conditions used in the proof are those of
item (a) of Section S1.1.4, which hold for large 7 because |loge”| > (K )T — O(log T + log r¢)
with vp(K) > 0 for K > K, (Lemma 5.12), the constants C3 and Csy are free of § and K, the
quantities ep, M,, and R;Hl? are doubly exponentially small in 7, and logdy = O(log 7). The
constants Cresp, Cp and Cy are fixed before K, and hence they affect fy(K) but not K,. As
for the order of nr, we have Cree = O(C%(1 + 1/¢s)), hence C3 = O((C}, + Cresp)(1 + 1/¢s)),

and Lemma 2.6 shows that y7(K) is of the order of log? K as K — oc.
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Lemma 5.12. Since R, > w’ > 12¢ by Theorem 4.23, we have 2R, +1 < 3R, and 2r' +1 =
4R, + 5 < 5R,. With the bound ¢,, < 247"8’51/2 of Lemma 5.7 we obtain

loge. <log(8¢) + 3log3 + 3logh + log 24 + 6log R, + 3logry — %|log5\
< 14.4 +6log R, + 3logrg — 1| log 4.

By Theorem 4.23, R, = O(({/cs)log(¢/cs)) (Section S1.3), and ¢ < £p = O(m ') by Defi-
nition 3.1. With log(1/m) = m2vcp(0) 7 + O(log 7) and m2vcy(0) < 2.4943551, these bounds
and the bound on the entropy exponent in Section S1.1.2 give 6log R, < 14.9662 7 + O(log 7).
Also 3|log§| = ¢5(K)B/2 = Tcs(K)/(2K). This is the first inequality of (5.6). By Lemma 2.6,
cs(K) > ¢P(K) — 1/(4ay) — O(log 8/B). The function vp(K) := (¢’ (K) — 1/(4a4))/(2K) —
14.9662 is increasing in K, and its zero is given, together with the margins, in Section S1.1.2.
Hence yp(K) > 0 for K > K,. The O(log 3/3) term contributes O(log ) after multiplication
by 7/(2K). For ¢’ we use Ryesp = 10¢ from Lemma 5.21, L. < ¢ and R, = O({7). Hence
log(2R' +4L. + 1) <log(1/m) + O(log T), and the same computation applies.

Lemma 5.17. In the proof of (c), with p = p(s), we have |z, — 2g|oc < [p|/2 < p/2+1. In
(ii), the ends of the other cut bond are at distance more than 73p — 1 from z. by (U2), hence
more than 73p — p/2 — 2 > 9p from z¢. In (iii), two bonds of B (z., 10p) have ends within
coarse distance 20p, and v/37(20p + 1) < 1287yp = s, so (U1) applies. For the last claim of
(c), the two chosen bonds have ends within coarse distance p + 2, and v/37(p 4+ 3) < s. The
range 27L. < p < sidepin/24 holds. The lower bound follows from Rnp > 34567L.. For the
upper bound, s > 2 forces s below the lattice diameter of A°, which is at most V37 sidepax <
21/37g sidemin, the last inequality by Lemma 3.3(d), and hence p < 2v/3 sidempin /128.

Lemmas 5.20 and 5.21. In the proof of Lemma 5.20, summing 121(mq 4+ mgy ) over the six
faces of each block ¢q of Ag, we count at most 121(6m(Ag) +6m(U)) < 1452 m seal bonds with
an end in Ay and, summing over the blocks of U, at most 121(6m(U) 4+ 6m(Usz(A))) < 1452m
seal bonds with both ends in U. With uz < c; (i + 2904m + 2n) we obtain

5808 4 2y.
)m-i— (2_}_7)”4_ (14_7)2’
Cs Cs Cs

since 1452 4 2904 + 6 = 4362 and 2 - 2904 = 5808. At ¢s = 1, (Cq, Cy, C) = (10170, 6, 3), and
the loads of Lemma 5.21 are 125C, = 1.27 - 10°, 125C}, = 750 and 125C, = 375. Thus

units(Ag) < 1452m -+ 2uz +i+2-1452m+ 2n +6m < (4362+

Chresp := 375C, + 125C.C", = 3.81 - 10° + 375 - 2.2141 - 10" = 8.307 - 10%;

the term 125C.C”, the load of the Phase-1 insulation owned by a part, dominates. The range
is Ryesp = 100> 90+ 1.

Proposition 5.22. A touched YA costs at most 2|0A|+2[ins' N E(A)|+4.5|0A| = 6.5|0A| +
2|lins! N E(A)|. A touched Y = Yas costs 2|0Y |+ |Y|/¢, which by the bound on |0Y] is at most
4 #{bonds of types (a) to (c¢) with an end in A’} + 13|Y'|/¢, and 13|Y|/¢ < (26L./¢)m(A").
Since a bond has two ends, it is charged by at most two cells of the third kind, at most 4 each.
A unit (A, b) is charged at most 6.5 by YA and at most 4 by the cell of the other end of b. A
bond of ins! inside a removed cell is charged at most 2 by Ya. All coefficients are at most 20.
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Lemma 5.23 and Proposition 5.24. The constants are

Co 1= 30C, 4 170Cesp + 30, My, :=16ep(1 + 8Lc)(C} + 3Chesp + 6),
C5 = Chree + 20(204 + 4Cresp +1).

To obtain Ces, we consider the proof of Lemma 5.23(c). There the bonds of ins! number
at most C,Ng, as in (b), the cut bonds number at most Az, and the units number at most
2Cresp(No+Ar) by (a), each of these being charged by at most two blocks. The marks involved,
at most No, belong to parts of Qays, each charged by at most seven blocks. Summing, we obtain

|%]:‘ < Q(CLNQ + Ar+ QCreSp(NQ + A]:)) + T7Ng < (QCL + 4Cresp + 10)NQ

by Lemma 5.23(b), and 2C + 4Cresp + 10 < Cp.

For M,,, we have m < 2Ar < 16ep(l + 8L.)(C} + 3Cresp + 6)Ng = M,,Ng by
Lemma 5.23(d) and (b).

The size of Cresp. We have Cresp > 125C.C). > 125C", in particular Cresp > C), + 20.

For C3, we note that 20(ttouch + Ctouch + ttouch) < 20(Cresp +Ch)Ng+20(Cresp+1)Ax in the
proof of Proposition 5.24, and that 26L./¢ < 26/308 < 1/11. With Ar < Ng/(48Cresp + 2),
all terms with Ar together are at most Ng, and

#(E'NF) /75 < (Chree + 20C; + 20Chesp + 2) No < C3Ng.

The binding condition. The first condition of (5.10) reads |loge”| > 3Cyg In(23Y - 26¢) =
75.16 Cs. At the illustrative values (cg,cs,m0) = (1/4,1,1), the constants of item 10 are
C} = 2.2141 - 107, Cpee = 5.536 - 107 and Ciesp = 8.307 - 10, hence C3 = 6.655 - 101! and
Co = 1.413 - 102, and this condition becomes |loge”| > 1.06 - 104, The condition ny < 1

needs |loge”| > 3473Cs = 1.73 - 10137, with ¢, = 8.644, and ngpl) < 1 needs |loge.| >
chngree = 3.63 - 108F(2]. Each of these is a lower bound on 7, by Lemma 5.12.

S1.5 Constants of Section 6 and Appendix D
Masses (Section 6). The Coulomb kernel at the origin is

vep(0) = $We = (V6/(1927))T (55) ()T ()T (35) = 0.2527310098. . .,

where Wg = 773 f[o 7r]3(3 — Y. cosx;)"ldr is Watson’s integral [Wat39], in the Gamma-
function form of [Zucll, (3.6)]. Numerically, 72vcy,(0) = 2.4943550871.... Since mp =
(8727)1/2e=mven (0T and 2(8n2)L/2 = 17.77153 . ., it follows that

m < 2mp < 17.7716 71272497 (mp/2 <m < 2mp). (S1.2)

Here 2.494 is 72vcp(0) rounded down to a lower bound by the rule of Section S1.1.3, and the
hypothesis of Lemma 6.18 has the same 2.494 on its left.

Theorem 6.5: the Debye condition. In [GM82, (4.24)], at A = (1 — §)M, [GM82] use
024 < 2(6M)~2 [GMS82, Lemma 5, (3.26)], and the Debye condition [GMS82, p. 34] reads
1< %5203(1 — C’)Se_z"“/Mz/m%, where k' = kg + %u by the choice made on [GM82, p. 35].
On G’ the bound |[vZ, |4 < 3M,? holds by Proposition 6.10 on outputs for A < /3 ky My,
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and by ||vZ, |0 < My on all slit graphs. It replaces 2(3M)~2, that is, 262 by %, and hence 142
becomes %:
1< %03(1 — O)Be 2RsTHME Im,.

Since My > mp/(2Apv) on Iy, M2 /m3, > 1/(4A\%y,), and the condition holds for all My € Iy
once

My < C3(1— C)Be2rs1 /24, (S1.3)
n [GM82, (4.23)] the bound [jvi|la < 3M; 2, with My = —47B5y; In(1 — C), is a power of
Bam, which efemer absorbs for Ban > B%M. Neither condition depends on G’.

The scales of §6.3: the rounding of L. By Definition 3.1, L = rqL, with L. the largest
even integer < chrfl/ro, and cpm ™! > 4rg. Hence

CL/(277~7,) < L < CL/m. (81.4)

In fine units ropy = L/12 = c,L, where ¢, = 1/12, while ¢; = 22/3, Vi = (1 — n,,)3p}/2 in
coarse units and V; = 13Vi/2, so Ruk = (1 — nw)crropa/3 and 4R§IK/V*f = 64/27 exactly.
The constant

Ko = (1 —nw)creycr /6 (=0.2381 ¢cpcr, = 0.01984 ¢, at 1, = 0.1)

satisfies Ko < mRuk < 2Kj by (S1.4). We use K only through the lower bound mRyk > K,
in the following places.

(a) In Proposition 6.10, (e1)Y2My Ruk > (/)2 Ky/Apy, so the rate of (6.13) at M =
My is at least ky My .

(b) In (H2) of Theorem 6.11, at the mass r/?2 > @ the rate of (6.13) is at least

sy min(1, (e )I/QmRHK) > ko, using ()12 Kq < 1.

(c
(d

In (H1) and (H1’) of Theorem 6.11, Rypr=! < m 2Ry < mK;® = A\pv K, > My-.

In Lemma 6.14, Ry + My >Ry, < mKy " + My mK® = ng.

By A4), Myropy = c,My L € [cper,/(2Mpv), cocr/Apv]. We will use the lower bound in (f)

)
)
(e) In Appendix D, m < K(2Cy)~/3 gives Ruk > (2Cy)/3.
(51
o (h) below

Theorem 6.8. We set cy := ¢%/(24 - 24/3) = 1.006 - 1077, Cy := (en/3)73/% = 1.628 - 101
and ¥ := (log2)?/512 = 9.38 - 10~%. In the proof, given in Appendix D, the constant of
Lemma D.1 is Ay :— 24 - 22/3/c2. so that ex = 1/(2%/3Ay), and (HKO) uses 6(cosh

1) = 0.1885 < i — 17 = 0.1912. The constants Cpo > 1 of the moment bound, cex :=
min((log 2)/(241), 1) with 4; := 512C2 /(log2)? (so & = C2 /A1), Cg = 8CHeCeX/2
Cgs 1= Cex/8 and Cjr, which contains the factor e 1/(2¢ex) - depend only on Cg. Hence ryy =
min(1,1/(2C)s)) of Proposition 6.10 is extremely small and fixed before Sgn; what matters is
that it is a constant independent of 7, K, C' and D.
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Proposition 6.9. The box inequalities of the sketch in §D.1 are as follows. For a box graph
B with sides in [Pmin, Pmax], © = Mmax/Pmin, and U C B, canonical paths give |0gU| >
4|1U||B\ U|/(nmax|B|) > 2min(|U|,|B \ U|)/nmax, and the Loomis—Whitney inequality gives
|aBU| > 3|U’2/3 - 3|U’/nmln Hence |aBU‘ > Cbox(Q)|U|2/3 for |U‘ < |B|/27 with Cbox(@) =
6/(30+2), as one sees by minimizing over |U|"/3 = t nyy,. In the face count, for a heavy cell ¢
and a light neighbour ¢, the set D := B, U By has nmax(D) < 41 and |U||D \ U|/|D| > r3 /4
for U := AN D, so D carries at least ypr3 bonds of 94, vp = %. Summing over OprH, where
I' = (V,, E.) is the coarse slit graph of §6.3, counts the bonds inside a coarse cell at most
six times. Hence |0A| > (ypr3/6)|0rH|. With the constant a := 9¢;/38 of (R2), and using
chox(0) > 3 for p < 2 and yp = 1, the two cases of (i) give [0A] > 2723 ¢pox | AP/3 > 0.47| A]2/3
and |DA| > (ypa/6)1672/3|A]2/3 = (a/152.39...)|A|*3, so cp = a/152.4 = 2.467 - 1075.
The constant Cy) := 384 comes from ypry/(120max) > 1/384 with vpmax < 873. Further,
Cl, = 108C2/\% ko = ro(kp + 3), hf = x/(3Cwikn), 12/(hf)? = Cl k3 and N,y <
27(kp/Le)3. For (v), (L8-2) reads Clfr& Now(mL)? < ng /8 and CJ,r3(mL)? = 12m2/(h)?,
so 1/hf < 96~ Y2m~1 < 0.103m !, since ng < 1 < Noy. Moreover logkp < log(1/m) <
2.49447 = 0.0632 fgm. Also |[£] < |V N Q(Q)| < k2: a window has fewer than kp coarse
sites per direction (G4), all of fine side ry except at most one exceptional layer per special
interval (Section S2.2), of fine side at most 2rp — 1, and it meets at most three special intervals
per direction, so its fine sides are at most rokp + 3(rg — 1) < kg. Hence the diameter bound
2+ (24/hf) - 3logkg < 2+ 24-0.103 - 3 - 0.0632 Banm/m < 2Bam/m = L' holds.

Theorem 6.11. Let w := (1 —4)\2,,)"Y/2 € [1,1.16] and ry == s M2(1 £ (1 — 4)\2,,)/2), so
that r_ = 2/m?/(1+ (1 — 4)\3,,)Y/2) € [m?,1.087?] for Apy < 1. The constants, which depend
only on (cr, ¢y, cr, Apy), are

Ki:=3+20u(1+w)+wCripvKy?®,  Ks:=3wm?/r_ <35,
K| := max{eKi, w(313 + Cys(27/cgs)'/* + 4CH (M) 32 0oy K7%) },
K{ := max(eKy, K1).

The bound de™3%/%8 < My -d?e=34/68 < (136/3)%e~2My < 279 My, valid for d > M, !, together
with 279 < 313, accounts for the number 313.

Section 6.4: the depletion constants. Both AOAD and Cp := Cq,C) are upper-bound
constants, taken > 1; we also take Cgr > 1 and C’L > Cim, the constant of the far images in
step (iv) of the proof of Theorem 6.16, so that Cr > Ciy. Let eq := 0o/ (27%7), ep := 0/ (4CF),

Ly:=3 —&—log; (8)\pv/(cpCL)), Cr = 2567T2A0ADCFLQ, Cg = CASD(l + )\p\//(CpCL)),

so that 32A0ADLQ/5F = Cr7/0y and Rgep = [Cr7/6p]. Moreover, 2/cp = 1672Cr1 /60y and
Raep < 2Cg7 /8. Since A4P > 1 and L, > 3, Cr > 76872Cr > 2472 Cipy.

(f) In Theorem 6.15, the shells 2¥ < r(y) < 2FF! with 281 < ropy contribute at most
8AAD each to Sy(z) by Lemma 6.13, and hence at most CA5P log(2/My) up to
r < My ! The shells beyond My, L are summed with e ™y7/2 and the growth term
gives Ek(16A€D/(rop>\))2ke*MY2k/2 < CARP /(Myropy) < 2CAGPApy/(cper). Since
log(2/My) > 1, Sa(x) < Cglog(2/My).
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(g) In step (ii) of the proof of Theorem 6.16, with R < rgpy, the far pairs contribute
at most 16AAD/R + (16A8D/(rop))(2 + log} (4/(Myropn)) < (1643D/R)(3 +
logs (8A\pv/(cpcr))) = 16A5P L, /R, which is at most €p/2 for R = Rgep. In the second
sum, the shells with 2*71R > ropy give ijo e~ with a > Myrgpy/4, which is at
most 2 + logg (1/a).

(h) For Lemma 6.18, see the proof below.

As a function of Rgep, the covering number N, of Proposition 6.17 takes the same value for
all Rqep < {p, so it does not depend on 6y. It is a very large constant, and it raises ﬁgM
through a single condition, that of Theorem 7.40.

Proof of Lemma 6.18. The hypothesis says C’SEPT5/26*2'494T < 6y, and we use the bound
(S1.2) throughout.

We first prove Rqep < ropy. Since AOAD, Cr>1land Ly >3,Cr > 76872 > 7.5-103. Hence
y:= Crr/0p > 1.5-10% and Rgep = [y] < (1 +107%)y. By (S1.4), ropr = c,L > cyer/(2mm),
so it suffices that 2(1 + 107%)Cr7m < c,cpp. Using 7 > 2,

2(1+107%)Crrim < 2(1 +107%)17.7716 Crr?/2e 2497 < 17.8 Crr®/2e= 2497
< cchCfepT5/2e_2‘494T < cperbp.
Next, Rqep < £p because ropy = c,L < L < {p.

Finally, for (F), log(2/My) = In(2Apy/m) < In(1/mp) = 7m?vcp(0)7 — & In(87%7) <
2.4944 7, using Apy < 7 and m > mp/2. With ng = m(Ky 4+ A Ky ®),

CrneCslog(2/My) < CpCs(Kyt + Moy Ky 3) - 17.7716 71262497 . 2 4944 7,

and this is at most £9/4 = 0/ (87%7) because 872 - 17.7716 - 2.4944 < 3500.2 < 3.6 - 10° and
CIP > 3.6-103CrCs(Ky ' + A2y Ky ).

S1.6 Constants of Subsections 7.0 to 7.5 and Appendix C

Proposition 7.5. Off ®, (S4') gives |p1(£1,z) — pi(1)] < pref(1)(1 — e=% + Ce™H),
and S pusa(pr(ma)] + | m))m? < 2Cesmd/fan.  Since 28aup (1) =

m? — Bam 2| >2 m?p*f(m) < (1 + Ce™2%s)m? and mp < 2, we obtain, after enlarging C,

Y lpi(myz) = P (m)|m® < 0" /Ban (x ¢ D),

with 6’ of (7.7). On D we have |p1(£1,2)| < p*f(1)(1+Ce ) and, since e~® < 1, py(£1, ) —
prf(1) < Ce #prf(1). These bounds, the same tails and 23anp™ (1) < 2/m? give the constants
of part (b). At 6y = 0.01 we have 1 — e~% = 0.00995. .., and hence the standing hypothesis
(7.8) holds once &, + C(e ™ + e~2r5) < 0.1329.
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The partial fractions (7.16) and Lemma 7.15. If Apy < 1, then w = (1 — ANE) 1% €
[1,1.155], ¢t < w0, c— < 1.26 A3y, m? < r_ < 1.08m?% and r > 0.932 MZ. In part (b),
with & = m/3, the bound coshz — 1 < gicoshx < 0.5281 22 for z < é gives 6(cosha —
1) < 0.3521m2. With this «, part (a) gives ||e’R,._e~?|| < (r_ — 0.3521m%)~1 < 1.544m 2
and ||e’R,, e || < (ry — 0.3521m2)7! < 1.1 M2 = 1.1A37m 2, and hence [|e’Ge | <
(1.155 - 1.544 + 1.26 - 1.1 A}y )2 < 1.80/m 2. The matrix e’V*e ™ has entries £e?®)—r(®)
with |p(z) — p(b)] < %, at most 6 per row and 2 per column. Hence its norm is at most
V12el/3 < 4.835, and 1.80 - 4.835 < 8.71. In part (c), [|[[A,x]]| < 6A, and |A| < 12, so
I[Coh Xl € My?-2-12- 6 A, + 6A, = A\ (144M,% + 6) < 150 A, M %, since My < 1.

Theorem 7.16. The constant is C. := 3.8 - 10°. With d(4",Vg) > L'/2 — 2,
Ay = 4/L, Myt = My and m < 1, Lemma 7.15(b), (c) give [|F}4)* < (150 -

L M)2(8.71m2) 23 B |lwg||2 < 1.71 - 105 - 16 €*/3 m2 (L) “2AhyimSe T E 3 |wg |2
Theorem 7.13 and ¢}, > l%cg give

> sl < 18 F°(X)/(cin®L/2) < 32 F*(X)/ (cqin®L/2).
/BSﬁQX

The product of the numerical factors is 1.71- 10616 - 32¢*/3 < 3.4-10° < C..

Corollary 7.18. The Holder exponents and the constant of Subsection 7.6 are pa = 20,
ps = 1.2,p =13, ¢ = 15.6 and ¢y = 51, so eo = min{(1 — &5 — 5;)/40, 2(1.3/15.6)%} =
min{0.003125, 0.0139} = 0.003125. Dropping (mL')~2 < 1 in (7.17), we obtain e(L) < ¢¢ as
soon as

L' > 27log(1/m) + 3log(CeApy/(cgeoL/2)).

The second term is bounded, since ¢ /2 < mL < ¢y by Definition 3.1. For the first, Defini-
tion 3.1 and Section S1.7.3 give log(1/m) < 2.49447 = (2.4944/472)Bam for T > 79, so the
right side is at most 1.706 Sgy + O(1), while mL' = Ko 8am = 28aM-

Proposition 7.19. The constant of part (c) is

TCyCy (mL)3

Y= S G (D P07

Dividing (a) by (b) gives the share mlg’;“ (mL)3/((mBam) (ML) (1 + neo1)?), which is at least
®;; because c; > 1%09 > %cg and 7e < %0 for Bom > B%M. The latter holds since L
and Dg are O(m~!), while L' = 2B8gumm~!. With mL > cr/2 and mL' = 2Bau, Py >
megeucs /(2464 - 1.331 B, ), and mBgy — 0 because log(1/m) = 72vc(0)7 + O(log 7) and

Bam = 42T

Structural facts of the expansion (Appendix C). The bounds on the activities in
Subsections 7.6 and 7.7 and in Appendices A and B use the expansion of Proposition 7.22
only through the facts of Table S1.3, and none of them uses translation invariance, an infinite
lattice, or the shape of the atoms.

140



fact used in proof
S1 C,(z,z) = C(z,z), |Cs(z,y)| < |C(z,y)|, weighted Lemma 7.29, Prop. 7.22,
norms and ||Cs||2—2 bounded by those of C App. B change 6
S2 C, = ZE A:C., C. block diagonal with admissible Lemma 7.33 Prop. 7.22,
blocks change 6
S3  log [ duc e3¥+PME+D)) s convex in C for M >0  Lemma 7.33 [BF80, (9.67)
to (9.611)];
Lemma 7.33,
Step 3
S4 the integrand of Ky depends on v|x (5 only; covari- Lemma 7.37, Prop. 7.22
ance derivatives have both ends in X () Thm. 7.27(b), (¢)
S5 each Y;;1; is a union of elements, each meeting Lemma 7.37 selection rule
S(0:)\ X;, the part of the support of its link outside (App. A) (C.6)
X;
S6  link ¢ carries H?:lT(iH) s (covariance link from Lemma 7.37 (C.1), (C.5)
Yri41)) or Hl;ljmm sk (E-term link); all other s- (App. A)
dependence is through weights in [0, 1] and through
C,
S7 five types of terms per link App. A (C.5)
S8 link ends @ € Yiy1, y € Yp(i41), counted in U-cells  App. A selection rule
(C.6)
S9 sequences of disjoint admissible sets; finitely many  Lemma 7.37, Prop. 7.22,
Prop. 7.47 change 2
S10  Z(Y) > 0; one-set activities are positive Lemmas 7.41, Prop. 7.22
7.42, Prop. 7.53
S11  the first set may depend on h Thm. 7.27, Prop. 7.22,
Lemma 7.48 change 3
S12  the first set may be disconnected Thm. 7.27(c), Prop. 7.22,
Lemma 7.48 change 3
S13  expansion on U = X§ with 1y Cly; activities inde- Thm. 7.27(b) Prop. 7.22,
pendent of U change 4
S14  absolute convergence of every term all Lemmas C.2, C.3
Table S1.3: Structural facts of the expansion used in Section 7.
S1.7 Section 7.6 and Appendix B

S1.7.1 The Holder exponents and (L8-1)

Section S1.1.1 fixes ng = 0.62, py = py = 20, p3 = 1.2, p4 = 15, p’ = 1.3 and ¢ = 15.6.
These values satisfy >, 1/p; = 1 and 1/p/ +1/¢' = 1/ps. With the bound ap < 7/6 of
Lemma 7.29(c) we get ) = app'ny < &-1.3-0.62 = 0.94033... < 0.941, so (L8-1) holds.
Moreover, n, <7 <1 — 4/7T2 + 20[,6_2“5 < 0.62 for kg so large that C,;e_%s < 0.0126, since
1—4/m%=0.5947. ...
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S1.7.2 Lemma 7.32(c): the shell constant Cg, = 92

With r, = 1+ @, fll/)Z(r—i-r*)QT*Bdr <log(2D)+4r,+2r? and (r+r,)/r < 1+42r, forr > 1,
the shell count of the proof gives, for D > 1,

3 db,C) % < 6n(C] [mg(zp) tar 422+ 11+ 7‘*)2] +167[(1+7.)% +2(1 + 2r)%] D.
d(b,0)<D

The first bracket is at most log(2D) + 12, since 4r, + 2r2 + (1 + r,)? = 11.9951 ..., and
167[(1+74)% +2(1+2r,)%] = 16m-117.207... = 5891.4... < 5892. At D = Dyy = 3kp+1 <
2kp and |C] > 8kp > 4Dy the sum is at most 67|C|(log ko + log4 + 12 4+ 1473/(67)) <
67|C|(log ko +92), since log 4+12+1473/(67) = 91.53 . ... Multiplying by (27)? gives S(Dys) <
2473|C|(log ko + 92).

S1.7.3 Lemma 7.33: the constants cg and cpear

We set

N1 +4/nu)K1Cy 20pCrs(log ko + Cyn) | 1024727 (2rg + 5)2c]
5 Cnear = +
22pv (1 — 1) Bam NHc1 Bam

[

Uniformity of cpear- Since ko = rgL < rgep/m, logkn < log(rocr) + log(1/m) with
log(rocr) < 0. With m > mp/2, mp = (8727)/2e 007 7240 (0) < 2.4943551 and
/BGM = 47T2T)

log(1/m) _ 2.4943551 log(8727) — log 2
Bam T 4n? dm2T

Hence 20pCpglogko/Bam < 0.1264 0pCps, which gives the bound on c¢pear in Lemma 7.33.
The coefficient §p in that bound satisfies 0p < (49/ng)Cpc? < £ by (L8-2), uniformly in Sawm.

<0.0632 (7 >1).

S1.7.4 Lemma 7.34: the condition (7.30)

At py = 15 and p3 = 1.2, so that ¢y = %(1 —1/p3) = 24, and with ap < T ¢ and cg < %, we

have 2appscg < 2- 6 %8 2 L and paapcy/(1—2appicg)+cg < % i =0.00714.
0.01428... = 0.02142... < ;. In Proposition 7.35(d), ¢j) = (1 —1/ps—c)) = 3(3 — 5;) = iﬁ.

S1.7.5 Theorem 7.40: the threshold 7

With m2vcp(0) = 2.49435508 ... and py = %, the lone-cell condition in the proof of Theo-
rem 7.40 reads
0.41571 > Cp AP log(C'1/6y) + a + O(log 1),

where cqep = AL + AP log(C'7/8p) is the depletion constant of Proposition 6.17. The threshold
70 is explicit, and it is large because AP is large, as 6y is small and the covering number
of Proposition 6.17 is large. We need only that this threshold exists, and the same holds
for the threshold of Lemma S1.2. For the wall-polymer cells, Proposition 7.19 gives &;; >

(megeuct /24) /(6483 (11/10)30p).
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S1.7.6 Lemma 7.38 and Proposition 7.39: constants and fractions

Constants on class-A cells. They, and the constants Cg¢, Cq of Proposition B.10, are indepen-
dent of L’ and depend only on the following quantities:

e c¢7,c4, ¢ of Lemma 7.31 (through vy, np, kg, that is, on the grid scale L);
o Cy, 0', cgep of Lemma B.1(d);

e [, Kkg,0aM,C and the Mayer decay;

o K Ks3,apKi, \py,rc of the lines;

e Cy(cp) and c(gpin, ¢p, Ky, Cy) of the count and the pinning;

e cp of the Wick bound;

e ci3 and Cpcgep of the Holder split;

e the geometry constants c,, Cy, Cyy, Dy, v+, K.

Fractions of Flloc. They are those of Table S1.4 in Section S1.8. Proposition 7.39 uses the
entries for the numerical factors, which are ¢//16 on X \ Z (Lemma B.8) and ¢//32 on Z, and
the entry ¢//8 on X \ Z for the wall polymers.

Cells. Put Kp := K max(1, K;), with the line constant K, of Proposition B.7. Each cell
carries the per-cell constants e5T¢13 and at most the factor max (1, Ky) of the line constants,
as the links inject into the cells. Since C, > 1, CQL 4+ c13 > 0 and a > 0, it follows that
ehres < eoe(hten)Cu | With Kooy = Kpe(® 190 max(1, A\XS) and 056 = AYS(bp/Apy)' /6,
Proposition B.7 shows that a non-seed lone cell carries at most Keee®tCo%er(bp/ )\pv)l/ 6
that a non-seed cell of a wall polymer carries at most Kee®t@ocdepten(®p)o=(c'/8)Pu/(+Du)
and that a seed cell carries at most Keope®tC%er | times e“B(0) if it is of class B.

S1.8 Constants of Sections 7.7 to 7.9 and Appendix A

Lemma 7.44. Since t; < 2+ (36kp/xn3) Inkp, we have Doy < 35r¢ + 504 rokp Inkp/xNs.
In fine units rokp = 304L < 304cy/m and kp < 1/m, and therefore Inkp <
In(1/m) < 0.06325gm, as in the proof of Lemma 7.33. Hence Dgy < 35rg + 504 -
304 - 0.0632 (c1,/xn3) Bam/m < 351 + 1.927 Bam/m for ¢, < 1.99 - 10~*yn3, which is less
than L' = 28am/m for Bom > 5%M, since L. > 35 gives 3519 < L. The choice of ¢;, through
Clhe? < (1 —4/7?)/8 places it far below the threshold 1.99 - 10~ 4xns3.

Constants of the seeded sums (before Lemma 7.48). The constant Cy exists because
blocks have side at least L, a block has fewer than 8/c; cells and a cell has at most 6/c¢4
interfaces. We set?

Cs = log Keen + o+ CDCdep +1+ Cil + 10g 2, Tlseed ‘= 6D16_(C//4)Fu"it-

Since the constants log Kcel, Dy and a are fixed numbers and cgep = O(log 7) by Proposi-
tion 6.17, we have ¢g = O(log7) and ¢z = cg + 2 = O(log 7). Moreover log Dy = O(log 7), as
g/L = O(7), while Fnj is exponentially large in 7, so that 7seeq is doubly exponentially small.

3Tl‘he summand 1+ ¢} +1log 2 of cg is already contained in log Kecp: in the proof of Proposition A.7 the factor
eIteatloe D2l io hounded by ea‘Z‘, which enters ¢ = a + « and hence Keen. Counting it twice only enlarges
cs, which the later arguments allow.
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Proposition 7.52 (the count), Step 4. By Definition 3.18, cBNFfiNF = ¢,/16 and Onp =
cCq/(90(cq +4)), and hence

Inl6 yp L NF e _ 8In16 ¢
o c3 KNF = 4c3 HNF—Z, 80N In 16 = 90 o, +4

oo | S

/
cy <

With n < v, ng < (4/c)v and j; = O(In fgm), the terms C(n +mng +v) and (14 jy)rnpr In 16
of Steps 2 and 3 are at most C’(1+1n Sgyv)v with €7 depending only on Cy, ¢, c;, cr, Cy and
#NF (constants of Section S1.1.1; ¢ through M < (1+4/c;)v, and cr,, Gy through jg). Hence
In# < %cf)Fumtl/ +C'(1+1InBgm)v < %,Funitl/ as soon as Fypit > (8C"/c)(1 + In Bam), which
holds for Ban > By because Funie = (w2¢,/18)(mL)*/(mBam) > (w2¢),/144)c} /(mfBam)
(mL > cr,/2) is exponentially large. In addition, ¢ > ¢,.

Lemma 7.56 and Theorem 7.57. Under the weight 2 — 1, of the hull functional the con-
stant ¢, of (R7) is the value fixed in Section S1.1.1, and only the value of Cx = 3Cy/c, depends
on it. Since small components of G’ are U-cells of Debye volume at least c,, they are counted
in Lemma 7.56. In Theorem 7.57, with op = (7r20’g/18)(7hL)7h/ﬂGM from Definition 3.18 and
with Sam = 471'27',

m2eymL dymL o L m L caCxmm?
oy =€R =€E — = —_ at5E:m:§Oa ns = —"
18 Bem 72 T 9216 7T ov

which is the displayed expression, and it is O(mpBam log 7) because co = O(log 7).

Remark 7.58 (the perimeter constant). By Lemma 7.33, cpear < 0.126460pCpg +
O(1/Bam) with Cgs = 2473, uniformly for Bay > ,B%M. The coefficient 0.1264 6pCgs
decreases as cj, decreases, since fp c%. Since ¢ = O(logT), m = e~ von(0)r(1+0(1)) and
Ri(B) = (2ro +5)L > (2ro + 5)er/(2m), the terms 3coCx Cym and 9¢aCx CF /Ry (B) of ey

tend to 0.

Lemma A.6 and the order of cig, ¢}y, u. We fix cjo first, independently of &, with
clo < %rc. Then we fix ¢}, which depends only on ¢jo and on the growth constants Cy, ¢y,
with e“lo > 16e max(1, Cero/2); and finally we fix the Mayer parameter p with g > 14 2cf.

Proposition A.7 (the constant cf). The constant c& = a+ «, where a = log(2eDy) +4 +
¢y + a” with e’ > 4C,, is built from Dy, ¢}, Cy, and a. Of these, ¢ depends on 7, but it is
doubly exponentially small and decreasing in 7, hence bounded uniformly for 7 > 79, and in
this sense c% is uniform in L', Bgm and 7. Lemma S1.2 provides a finite threshold 7y, which

: L
grows with c5.

Proposition A.8: the conditions on B%M. The conditions on ﬁ%M used in Proposition A.8
are

(B1) &Py > (1+ Dy)(cs +cp(bp)),

, S1.5
(83) 3eDre”(¢/MFmic < 10 (g4) )y < 1. (81.5)
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Proposition A.8: the booking of Flloc. In the proof of the core estimate (A.10), we book
the factor e~ (3¢/4=e)F1°°(X) Jef by Proposition 7.35 and the extraction according to Table S1.4,
as follows.

e Type-iii factors, per region. The factors |D| and |Fj| at derivatives in a region involve
D and Fj on that region only, because supp Dg lies in the element of Sz. For a wall
component with N factors [D|, na of them in the cell A, let an := [|D| 2(a), so that
PN aQA < 2Fll°C /m?. The weighted arithmetic-geometric mean inequality and the iden-
tity sup pq(2F/(m2N))N 2= = (edm?)~N/2 give, for every 6 > 0,

HQZA eiéFlloc S (57;)«12)7]\7/2 H(nA!)l/Za
A A

and F} is handled in the same way. These constants enter Ko and the pinning factor
of Proposition B.7 and Lemma B.8. We take 6 = ¢//16 on X \ Z and § = ¢//32 on Z.

e (M-X) on X\ Z. We use ¢//8 of FI°°(X\ Z). A wall polymer S is the union of the closures
of its components, | cl(Sg)| < (14 Dy)|Ss|, and F1(Sz) > $yy|Ss| by Proposition 7.19(c).
Hence F°°(S) > ®y|S|/(1 + Dy), and each U-cell of a wall polymer of X \ Z receives
the factor e~ (¢'/8)®u/(1+Du) of £, in Proposition 7.39. Lone cells of X \ Z carry epn =
Keene®toeer (bp /Apy) /6. The remaining fraction 9¢'/16 — e > ¢//16 of Fi°°(X \ Z)
contributes a factor bounded by 1.

e Seed. We use ¢//32 of F|°°(Z,Ny) for the U-cells of Z*. FEach carries at most
Kene®tCocapten(dn) < eestenbp) by Proposition 7.39, and FIo¢(Z%) > ®y|Z%|/(1+Dy)
pays it under (51). Lone seed cells carry at most Koope®tCocder < 5. What remains is

o= (/= [A—e—c' /32— [32) FI°°(Z,N) 11¢//16—¢) Flo¢(Z,N )

= 6_( .

Each non-seed cell carries at most ep < 1cf% < 3 by (84). In (a) and (b) of Lemma 7.48, ¢//8
of the fraction 11¢//16 — € left on the seed is used for the entropy of the first set, and at least
/16 is left unused. In (¢’) of that lemma this fraction pays e < ¢//8 and ¢,, = ¢//16 and leaves
at least ¢//2.

Remark S1.1 (The Fj ledger). Table S1.4 lists, for the proofs of Lemma 7.48 and Proposi-
tion 7.39, the fractions of F|°° assigned to the non-seed elements (X \ Z) and to the seed
elements (Z). In each column the entries add up to 1, and no fraction is used twice. Since
the walls on Z are fixed on N,(X) and no wall lies on an interface between Z and X \ Z, the
weight e %" 1°°(X\2) guffices in the sum over N x in the proof of Proposition A.7, and the entry
for the h-entropy on Z is optional. We keep it, at the cost of ¢//4 on the seed that would
otherwise be left unused, so that Lemma 7.37 can be stated with e P17 (X,Nx)

Lemma S1.2 (Constant check). There is 19 such that for 7 > 1y the conditions (S1.5) hold
and c1ge? <

o=

Proof. Each condition compares an energy that is exponentially large in 7 with a cost
that is logarithmic in 7 or of smaller exponential order. Since m < 2mp and mp =
(8m27) 1/ 2e=mven (O og(1/bp) > w2uep(0) T — 2 logT — C, with m2vcy(0) = 2.49435508 ... ..
For the constants of the seeded sums we showed (Section S1.8) that log D; = O(log7) and,
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item X \ Z (non-seed) 7 (seed) where

Holder split and [GM82, Lemma 13] 1—¢ 1-¢ Prop. 7.35
(T27 T3a T4)
h-entropy, ¢} /4 ¢’ /4 (optional) Prop. A.7
extraction ¢ (¢ < ¢//2; the chain ¢ € Lemma 7.48
uses € < ep)
type-iii factors |D|, |F3 /16 c' /32 Prop. A.8
(M-X): cells of wall polymers /8 none Prop. 7.39
seed cells of Z* none c'/32 (81)
left over 9'/16 —e > /16 11/16 — & (re-

(discarded) tained)

Table S1.4: The Fy ledger: fractions of F}°° per region.

by Proposition 6.17, that cg = O(log7) and ¢o = ¢g + 2 = O(log 7). By Proposition 7.19,
Dy > cbglﬁai/[ with ¢ > 0 fixed, while c¢g(bp) < C'bjgl/2 by Lemma 7.38. Moreover, since
mL > cp/2, we have Fu, = (72, /18)(mL)*(mfam) > (72c,/144)c} (mfam) . Hence
(B1) and (83) hold for 7 > 79, and (84) is the content of Theorem 7.40. For the product, the
first branch of c{% gives

log(QKceHeo""CDchP(bD/)\pv)l/6e°2) =0O(logT) — %7‘(‘21}(}b(0) T,

and the second gives O(log7) + cp(bp) — (¢/8)Py /(1 + Dy), which tends to —oo faster.
Consequently; che? = exp(O(log 7) — ey (0)po7 (1 + o(1))) with pg = 1/6. Also Nseeqe® =
6Decs T2~ (/9 Funit js doubly exponentially small. Both are at most % for 7 > 9.

S2 Full proofs of steps sketched in the main text

Part S4 gives more detailed versions of some of these proofs: those of Section S2.3 in Sec-
tion S4.2, those of Section S2.4 in Section S4.3, those of Section S2.5 in Sections S4.4 and S4.5,
those of Section S2.6 in Section S4.8, in a version that includes the bounds for every primitive-
admissible wall field, and those of Section S2.7 also in Section S4.8.

S2.1 Full proofs for Section 2

Proof of Lemma 2.3. 'We verify Ginibre’s hypothesis [Gin70] for the Villain weights directly.
A continuous function K on T™ x T™ is a positive kernel if it is a uniform limit of finite sums
>, ui(a)ui(B) with continuous real u;. Positive kernels form a cone closed under products and
under pullback by homomorphisms T™ — T™, and [[ s(a)s(B)K (a, ) dadf > 0 for every
continuous real s. A continuous w : T — R is admissible if (a,b) — w(a + b)w(a — b) is a
positive kernel, and we write w; < wsy if (a,b) — wi(a + b)wa(a — b) — wi(a — b)wa(a + b) is
one.

Step 1 (Ginibre’s argument). Let w, > 0 be admissible, u o [[,wp(6,)d0, and B, B’
integer vectors. The map (a, ) — (a + B,a — B) of TE x TF onto itself preserves Haar
measure, and [ [, w, (0p(a) +0,(8)) wy(0p(c) —0,(5)) is a positive kernel in (a, 8). Doubling the
variables and using cos(z +y) £ cos(xz —y) € {2cosxcosy, —2sinxsiny} gives (cos B-6), >0
and (cos B - 0 cos B' - 0),, > (cosB - §),(cos B" - §),, as in [Gin70, Propositions 2, 3]. If
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moreover wy =< wy for one plaquette ¢, with wy, > 0, then the same change of variables in
[f(cos B - 0" — cos B - 0) wy(0,)w(6;) [1,24 wp(0p)wp(0},) dO dO'’, symmetrized under 3 — -8,
shows that replacing w, by wy, does not lower (cos B - 6).

Step 2 (the Villain weights). Let t,t1,to > 0. Expanding
putting p=n-+m, r =n —m (so p =r mod 2 and n? + m? =

¢ (a+b) 0 (a—b) = (c(a)c(b)+E(a)é(b)), c(a) = Ze*p2/4t cospa, ¢(a):= Z(—l)pe*pQ/‘lt cos pa,

(a £ b) in Fourier series and

U
%(p2 +72)) gives

so U¢ is admissible. For t1 < tg, with o := i + i and k := ﬁ — ﬁ >0,

U, (@4 0)0py(a — b) — 0, (@ — )0y, (a+b) =2 Z e~oW*+r?) sinh(kpr) sinpa sinrb,
p=r (2)

a positive kernel: expand sinh(kpr) =3 44 kI pird[jl and 1,=, = %(1 + (—1)P*7); the series
converges absolutely, as 0 — k/2 = 1/(4t2) > 0. Hence 9y, = 04,. Finally 9:(a —b) —0;(a+b) =
2>, e~/ gin na sin nb, so 1 < ¥, and the constant 1 (a removed plaquette) is admissible.

Step 8 (conclusion). Step 1 with w), = ¥, gives (a), with (sinfc) = 0 by § — —6. Step 1
with 0y, < 0y,, one plaquette at a time, gives (b), and with 1 < ¢; and the admissibility of 1 it
gives (c).

Step 4 (frozen limits). For fixed couplings off D, the expectation is a nondecreasing function
of the couplings on D with values in [0,1], and therefore has a limit. This limit inherits
monotonicity in the other couplings. If D C D’ and s > 7, then t7P»5 < t7P"s coordinatewise,
so (cosfc)).p., < (cos HC>¥,D/,S < gx-(C; D), and gx,(C; D) < gx,(C;D’). Monotonicity
in 7 passes to the limit in the same way.

Proof of Lemma 2.8. Let Qy(k) := 5-|1pe(ng + 9k)|> + 5=|1r(no + Ok)|?, so that by
Lemma 2.7 the left side of (2.7) at finite s is Ni/Dy with Ny := >, e"@() and D the same
sum for ng = 0. We write k = w' +w with w’ € W/, w =" saglg € W. Since 1pc0w = 0,

Ny = Z e*%\l}rc(no+8w/)|2ss(w/)7 Ss(’w/) — Z efzfls‘bJrBaP’
w' eW’ acZrF
with b := 1p(ng+0w’) € RY and Ba := 9(>_zaglg) € RY. The matrix M := BT B is positive
definite because 4 is injective. Completing the square, we get |b+ Ba|?> = (a —ag)- M (a—ag) +
|Pb|? with ag := —M~'BTb and P := 1 — BM~'BT the orthogonal projection onto (im B)> .
Poisson summation in a gives
Sy(w') = (2ms)rI/2(det M)=1/2 eI/ (1 4y (w)),

_ 2 2
r)| < psi= D e slml?/ M|
0#£meZrF

uniformly in w’, and ps — 0 exponentially. The prefactor is the same in Ny and Ds and cancels.
In the remaining sums the factor e“Pb|2/(2s)(1 + rs) tends to 1, is bounded by 2 for large s,
and differs from 1 by at most |1x(ng + 0w’)|?/(2s) + ps. If 1pcOw’ = 0 for some w’ € W @ R,
then w’ is constant on each component of the unfrozen graph and vanishes on the component
of the ground, so w’ € (W®@R)N(W’'®R) = {0}. Hence |1pc(ng+0w’)|> > cjw’|? - C for some
c > 0, and e~ 27 [1re(mo+0w)? tipeq any polynomial in w’ is summable over W’. Dominated
convergence gives (2.7), and the bound on the factor gives the rate O(1/s). Since the summands
of (2.7) are W-invariant functions of k € Z*3, the sums do not depend on the complement.
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S2.2 Section 3: the loop-adapted grid

Construction of &(C) (Definition 3.4). With A® = [] [a,,b,] as in Definition 3.2, we
construct the objects in the following order.

1.

Special planes. In direction p the special planes are the lattice planes {z, = s}, s € Sy,
with 81 = {a1, 1,11+ R, b1}, So = {ag, t1,t1 + T, b2}, S3 = {as, z0,b3}. A special interval
is the fine interval between two consecutive special planes of one direction.

. Sites. A special interval of fine length D’ is divided into | D’/r¢| consecutive intervals:

| D' /rg] —1 of length r¢, followed, at the end with the larger coordinate, by one of length
ro + (D" mod ro) € [ro,To]. The sites (coarse cells) are the boxes [, I, with I, such
intervals. Their fine sides lie in [rg, 7o], and equal ry outside at most one exceptional
layer per special interval. The sites form, combinatorially, a box of Z3. We denote by E
its nearest-neighbour bonds, and the coarse face dual to a bond is the common face of
its two sites.

. Blocks. In coarse index units, a special interval of coarse length n is divided into p :=

n/L.| consecutive intervals, and with r := n — pL. the first (r mod p) of them have
length L. + [r/p]| and the others L. + [r/p|. Their endpoints are the block planes.
Blocks are the boxes between consecutive block planes of all three directions, and a block
face is the common face of two adjacent blocks.

. Remowal cells. In each direction the block intervals, in increasing order, are grouped

greedily into consecutive groups of total coarse length > ¢, and a final remainder of
length < ¢ is merged into the last group. Removal cells A are the boxes || u Ju with J,
such groups, and |0A| is the number of bonds of Z3 (in coarse index units) with exactly
one end in A, bonds leaving A° included.

Windows. We index the blocks by their position in each direction. The block distance is
the £>° distance of these indices. For each block @, Q(Q) is the union of the blocks at
block distance at most 75 from @, a block-aligned box, and Q is the set of windows.

Tube zones and tubes. Let F’ be a block face between blocks @, @', in the plane P’. Its
tube zone Z(F") is the set of sites of Q U@’ among the L./2 layers nearest to P’ on each
side. For a bond b across F’, its tube 73, is the segment of the line of b formed by the L.
sites of that line in Z(F’). We write |F’| for the number of coarse bonds across F’.

Where the rules leave a choice, we put the exceptional coarse layer at the end with the larger
coordinate and the longer block intervals first. These conventions depend only on C' and the
constants, and any others with this property would do.

Proof of Lemma 3.3(a) to (d). (a) The quantity My is determined by R, T, r¢ and ¢,
and the centre is determined by C. The grid is built from A° and the planes of C' by rules that
involve only the constants.

(b) By (e) and m > min(R,T) > Ry > L, the special planes a,, b, are at fine distance > L
from the planes of C, and R,T > Ry > L.

(c) Step 2 cuts a special interval of fine length D’ into |D’/r¢] coarse intervals. Hence a
side of A° made of at most three special intervals has at least M) /ro — 3 > £ coarse cells.
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Step 4 tiles each side of coarse length > ¢ by groups of block intervals, so A° is a union of
removal cells. Removal cells are unions of blocks by construction. The bound ¢ > kp + 4L, is
(3.1).

(d) Each ny, lies in [M} /ro — 3, M} /ro], and M}, /rg > ¢+ 3 > 6. Hence max,n, <
M} [ro < 2(M)/ro —3) < 2min, ny,.

Proof of (G1) to (G5). (Gl) By Lemma 3.3(b), a special interval has fine length D" >
L = rgL,, hence coarse length n = |D’/rq| > L. and p > 1. Since r < L., each block interval
has length in [L.,2L. — 1]. A block lies in one special interval in each direction, so it meets at
most one exceptional layer per direction, and its fine side lies in [roL¢, (2L, — 1)ro+ (ro—1)] =
[L,2L —1].

(G2) This holds because the construction is a tensor product and the endpoints of special
intervals are block planes.

(G3) A greedy group closes as soon as its length reaches ¢, and a block interval has length
at most 2L, — 1. Hence a group has length in [¢,¢ 4 2L, — 2]. Adding a final remainder of
length at most ¢ — 1 keeps it at most 2¢ + 2L, — 3 < 3¢, by (3.1). Every side of A° is > ¢ by
Lemma 3.3(c), so there is at least one group per direction. Then |0A| = 2(s182 + s283 + $351)
with s, € [¢,30).

(G4) A window has at most 151 blocks per direction, each of coarse side at most 2L, — 1 by
(G1), so its sides are at most 151(2L, — 1) < kp. If u € Q and |y — u|e < 75L,, the segment
from u to y in each direction crosses at most 1+ [(75L. — 1)/L.] = 75 block planes, since
consecutive parallel block planes are at least L. apart. Thus the block of y is at block distance
at most 75 from @, and Qoo(u, 75L:) N A° C Q(Q) An adjacent block is at block distance 1
and therefore lies in the window. Finally, a block lies in Q(Q) only for the at most 1513 blocks
@ at block distance at most 75 from it.

(G5) This holds because blocks have at least L. layers and parallel block planes are at least
L. apart.

S2.3 Section 5

The dual paths of Lemma 5.2. In fine coordinates with = = [0, R] x [0, 7] x {0}, the dual
paths are the closed paths of fine cubes in the planes y = j + % around the rectangles of cube
centres [i+%,2R—i— %] X [i—R+%,R—i— %] in (z,2),0<j<T,0<i< R. These paths
are disjoint, and in these coordinates the path of (i, j) crosses Z once, at © =7 + %

Proof of Lemma 5.8. By [GKO04, Lemma 2.1 and the sentence after it, p. 141], the first

number is at most the number (Dn")/((D —1)n+1) = (73"1) /n of n-vertex subtrees containing

the root of the infinite rooted D-ary tree, D := Dyax, and (fﬂl)/n < DV ipn=l/nl < (eD) !
as n! > e(n/e)”. For the second, we choose the first plaquette at an edge of C' of each
component among at most 4|C| plaquettes (24! choices), the sizes of the components in the
order of these roots (2%), and each component by the first count with Dy = 12.

Proof of Lemma 5.10. We put A := log(2¥"x,)) and w := |loge|/Fy > er(k)/n > cr(k) =
1+ ). By Lemma 5.8, ]P)D(E) < 24|C|+j Za>RT e—a(w—)\)-i-w(l—n)RT < 24|C|+jﬁeRT()\—77w) <
<

2UCTHI+2e=RT a5y — X\ > 1. Since j < 3, Epe?™ < e coRTPL(E) < T (1424C1H5)
eONRT+4|C|+4
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Proof of Lemma 5.14(a), (c) to (e). We fix the cut j and write U := Uj, U" := Uj, with
U® and W(a) as in Definition 5.13.

(a) Let (u,v) be a bond of &} with u € U* and v € W. If v € U, then v is box-adjacent
to u and lies in U®, which is impossible. Hence v ¢ U. If (u,v) is a Gij—bond, then v € K;
because K; is a component, so v € U" and the bond is a cut bond. Otherwise v € X ; (a hole
face) or the bond is frozen.

(c) Let W € W(a) and z € WNU’. We take a G} -path in &; from z to U and let y be
the site just before its first entry into U%. The segment from z to y is a box path avoiding
U soy € W. Also y € R, and y ¢ U because a site of U box-adjacent to U® lies in U®.
Thus y € U’, and the bond from y into U* is a cut bond in d(U*, W). A bond (u,v) with
u € U, v ¢ U determines a (the box-component of u in U) and W (the box-component of v in
A°\ U?), so distinct pieces are disjoint. Each piece contains one of the A; cut bonds.

(d) For a cut bond (u, z) with uw € U®, 2z € U’, the box-component of z in A°\ U% belongs
to W(«). The same argument with U and U’ exchanged gives the piece of (Cha

(e) Let u* be the last site of U on the path, u* € U®". The rest of the path lies in
A°\ U C A°\ U®" and is box-connected. Hence it lies in one box-component W* of A°\ U®",
and W* € W(a*) because the path ends in U’. The bond leaving u* lies in O(U~", W*).

Proof of Lemma 5.15. Shells. We partition A° into shell bozes as a tensor product, cutting
each coordinate axis of A° into intervals of lengths in [6L., 12L.) (possible since every coarse
side of A° is at least £ > 308L., Lemma 3.3(c)). We index the boxes by ¢ € [ [0, nth) and put
5(b, ') := |t — t/|oo and npin := min,, n5". For a box by and i > 1 the shell Sh;(bo) is the union
of the boxes b with d(b,bg) € {3i,3i + 1, 3i + 2}.

Shell claim: if Sh = Sh;(by) with 3i +2 < (nmin — 1)/2 contains a whole cell of U; and a
whole cell of U; (cells at time t;), then each of &} and &5* has at least (c1/24)L? bonds with
both ends in Sh. We write U := U;. Let A’ be the set of sites joined to U by a box path
with no bond of &}, and B’ := A°\ A’. Then U; C B’ by Lemma 5.14(e), and every box
bond between A’ and B’ lies in &}. We put W := A’ N Sh. The sets W and Sh\ W contain a
cell each, hence at least c1L? sites each, and it suffices to find (c;/24)L? box bonds inside Sh
between them. The boxes of Sh form a face-connected family: since 3i+2 < (nmin —1)/2, each
index sphere of radius 3i, 37 + 1, 37 + 2 around by keeps, in each direction, at least one of its
two faces inside the index box, so its clipped faces form a connected surface, and consecutive
spheres are face-adjacent. Put f;, := |W Nb|/|b|.

Case 1: f < % for all boxes b of Sh. The box Cheeger inequality of the proof of Lemma 5.15
in each box (sides less than 12L,) gives at least |W|/(24L.) > ¢;L2/24 bonds.

Case 2: fp > % for all b. The same argument applies to Sh \ W.

Case 3: otherwise. There are face-adjacent boxes by, by with f;, > % > fp,. In the box
by Uby (sides less than 24L.) both W and its complement have at least 1(6L.)% = 108L sites,
and the same inequality gives at least 108L2/(48L.) > 2L? > (c1/24)L? bonds.

The same argument with U and U ]’ exchanged gives the bound for &7*.

Counting shells. Let by be the shell box of z. The Uj-end of the cut bond of Lemma 5.15(i)
lies within p/242 of z, hence at index distance less than p/(12L.)+2 from by, and the far site of
(ii) lies at index distance more than 3p/(4L.) — 1. A c-path in U; from the former to the latter
changes the index distance by at most 1 per step, and cells lie in one block, of side less than
the box sides. Hence each shell Sh;(by), i € I(p) :={i € Z: p/(36L.) +1 <i < p/(4L.) — 1},
contains a whole cell of Uj, and likewise of UJ’-. These shells are disjoint, lie within 9p of x,
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satisfy 3¢ + 2 < (nmin — 1)/2, and number |I(p)| > p/(9L.) for p > 27L.. In this range, the
shell claim applied in each shell gives (p/(9L.))(c1/24)L? = cqupL. bonds of &7, and as many
of &**.

J

Proof of Lemma 5.26(b). We take the breadth-first spanning tree from o of the graph
defining anchoring, with fixed orders. Along this tree, the block set is determined by the
following data:

e the sizes of the components (Qb choices);

e the anchors of the children of o in Z(Z'), |Z(Z')] < 2a, and of the children of each
component C' among its blocks (22¢+%e and 2|¢ITkc choices, k, + 3 ke = m);

e the positions of the root blocks relative to their anchors ((2dy + 1)3 choices each);

e the components, *-connected sets of given sizes containing their root blocks ((26e)!“!

choices by Lemma 5.8 with Dyyax = 26).

With 3", |C| = b the product is 2° - 22a+0Fm (24, + 1)3m(26¢)°.

S2.4 Full proofs for Section 6 and Appendix D

We use the conventions of Appendix D.

Proof of Proposition 6.10. In outline, diffusive displacement is needed only up to the
time 77 = min(M 2, E{{KR%{K). Beyond this time the walk is controlled by blocks of length

T1, each of which moves it ballistically at speed of order T} 1 2, and the mass term outweighs
the resulting growth.

We write >, vg\,/[) (z,y)edd=y) = I e MR e X g If Ty = M~2 then
O = ewM = kT % Ty = HKRZ, < M~2 then 6y = ryw M2T;/%. In both
cases Oy < min(Ty /%, cex/2), as M < myy, and CyOyT)"> < Caprw M2Ty < 10277 < L,
Hence (HK4) gives sup,, EweeMd(w’XS) <qg: =1+ C’M@MTll/2 < % for s <Ty. Fort = kT + s
with 0 < s < T, d(z, Xt) < D d(X =1y Ximy) + d(Xgry, X¢), and the Markov property
gives

EmeeMd(a:,Xt) < qk+1 < lep(CMQMt/TII/Q) < qu2t/2_

Hence the integral is at most 2¢/M? < 3M 2, which is (6.13).

At M = My, (™)Y2My Ry > (1)Y2Ky/Apy by (6.12), which gives (6.14). The
bound for vé, follows from the inequalities 0 < vé, < v of Lemma 6.2(iii), and that for v%;,
follows from (6.13) at M = My, since M +— 6y is nondecreasing. Finally, kg < kw because
(EIfIK)l/QKO < 1. 1If (E{{K)I/QKO > Apy, then sy My = /iwﬁl/)\pv > /ﬁ:om/kpv. Otherwise
ky My = /{Oﬁl/)\%v. In both cases ky My > 4kgm, because A\py < %.

Proof of Theorem 6.11. Since Cj is a difference of two resolvents, and hence a positive
mixture of heat kernels, every bound on it reduces to the heat kernel. With ry := %M%(l +
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(1 —422)1/?), the roots of s? + MZs + MZm? are —r4, and partial fractions give

Co=F(-Ag),  F(s)= (S+r_)(s+r+)_w(s+r__s+r+>’

(r1/2) (r1/2) 00
C() = W(UGT - ”UG/+ ) = / k(t)Pt dt7
0

with k(t) = w(e ™t — e7™!) and 0 < k(t) < min(M2t, w)e "~!. Since F(0) = m
m 21, that is, the zero modes are part of Cy. We put R := Ry, so that R™3r~! <
mKy® = ApvKy > My by (6.12).

(H1). Since p; < 1 on [0,1] and p; < Cyt=3/2 + Cxy R~ on [1,00) by (HK1), we have

2, Colg
771——2_[{——3

IA I

1 00 0
Co(z,2) < / Mytdt+Cy / min(Mit, @)t/ 2dt + CyR™® / we " ldt
0 1 0
< %MY + 2CH(1 + W)My + WCH)\P\/KJB’MY’

where the middle integral is split at ¢t = M;Q, whatever the order of My, 2 and R2.
1/2 1/2

(H2). Entrywise, Cp < wvg,’ , because vg,+ ) > 0 by Lemma 6.2. Since m < my/2, the

mass /% < 1.04 7 is at most myy, and (6.13) at this mass has § > ky7n min(1, (55)/2mR) >

kgm, since mR > Ky and (611{K)1/2K0 < 1. Hence the row sums of Cpe™? are at most

3w/r_ = K3m~ 2, and Cp is symmetric.

(H1). First, Co(x,y) > 0 because k > 0 and p; > 0. If d := d(z,y) < My', then
Co(z,y) < (CO(:z,x)Co(y,y))l/z < KiMy < eKjMye o™ gince komd < Apy < 1. If
d> M;l, we use Co(z,y) < wfooo e "=!'py(x,y) dt and split the time axis. (i) For t < d, by
(HKO) the contribution is at most wde Y17 < 313wMye %8 < 313wMye " 0™ bhecause
de3468 < My d?e=3%%8 < 279 My for d > My "', and ki < 1/68. (ii) For d <t < Ty :=
261K R2 we have t > d > 1, and (HK3) together with r_t + cgd?/(2t) > (2cgs7—)'/2d bounds
the contribution by

ngse_(2Cgs7"7)1/2d /OO t_3/2€—0gsd2/(2t)dt — wcgs<2ﬂ_/cgs>1/2d_1e_(26gs7.7)1/2d
0
< wch<27T/CgS)1/2MY€7'{E’md.

(iii) For t > Ty, as in the proof of (HK3), pi(z,y) < 2suppy)s - sup,, Pu(d(w, X;/9) > d/2).
Here supp;/p < C’H(EIEK)_S/ 2R3 by (HK1), and Markov’s inequality, combined with the
blocking bound from the proof of Proposition 6.10 in §52.4 at the mass 7“1,/  and with its
rate 0 > ko, gives Py, (d(w, Xy/2) > d/2) < qe%4/2¢7-t/4  Thus the contribution is at most
4wCH(sll{K)_3/2R_3r:16_"°ﬁ‘d/2 < 4wC’H(EIEK)_WQAPVKO_?’Mye_%ﬁ‘d. The three parts give
K.

1 (He). By the Schur test, ||[v]la—2 < |[v]lo < e,m?, and Cyt > m2. Hence Cy 't 4+ v > (1 —
z—:l,)C(;l > 0, C exists, is positive definite, and C' < (1—¢,)~1Cp, which gives C(z, z) < 2K My
because &, < 1/(2K3) < 3. Since reoy < komit, [|Collre,y < Kzm ™2, and the Neumann series C' =
> s0(—1)"Co(vCo)™ converges in || - ||y, With ||[Cllre, < Kzm ™23, (Kse,)" < 2K3m~2. For
the Bointwise bound we write C' = Cy — CorC' and use e"eovd(Z:¥) < greovd(t,2) greovd(z,w) greove(w,y)
and the bound sup, Co(z, z)e"v4®2) < KMy, which follows from (H1), (H1’) and reoy <
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kg This gives |C(z,y)]e ™) < K{My (1 + [V, [|Cllnee,) < K{My (1 + 2K3¢,) <
2K{ My . A matrix Cs dominated entrywise by |C|, with Cs(x,2) < C(z, ), inherits the three
bounds.

Proof of Lemma D.2. The heat kernel of Z3 factorizes into three one-dimensional kernels,
and an exponential tilt of each turns the Gaussian bound into a bound with exponential decay.
The time integral then produces the factor (1 + |z|)~! from times of order |z|* and the decay
from the mass.

Let q(k) := e 2'I;(2t) be the transition probability of the continuous-time walk on Z
that jumps to each neighbour at rate 1, so that the kernel of ez is py(x) = [1,a(z,) and
oM(z) = [;° e~ M*tp,(z)dt. For A > 0, gM(k) := qu(k)e—2t(coshA=1) i the law at time ¢ of
N, — N_ with independent Poisson variables of means te* and te~*. Conditioning on N_,
we get supy ¢ (k) < sup, P(Ny = j) < V2(1 4 t)~1/2, by Stirling’s formula. Conditioning
on N_, ¢} is a mixture of translates of the Poisson law 7 of mean te*, which is unimodal
(r(3)/7(i — 1) = teM/7); hence X, lg(k +1) — g (6)] < Xy Il + 1) — w(k)| = 2max; 7(j) <
2V2(1+1t)"1/2. Writing ¢ = q;\/Q *qt)‘/z, we obtain supy, |¢ (k+1) — ¢ (k)| < 8(1+1¢)~!. Hence,
for k > 0,

( )< f(l-f—t) 1/26—)\k+2t(cosh)\—1),
|qt(k,+1)_qt( )| ( (1+t)_ +\/5)\(1+t)—1/2)e—>\k+2t(cosh)\—1)’

the second because g (k+ 1) — g; (k) = e MF2HeoshA=D[e=ApA (4 1) — g} (k)] and 1 —e > < \.
For negative k the bounds follow by symmetry, at the cost of a factor e* in the difference
bound.

We let r := |z| > 1, choose A, := s|z,|/r with s € [0, 3], and use >_p2(cosh Ay, — 1) <

ZHAiCOSh)‘u < s%coshs and Zu)‘u’xu’ = sr. Then pi(z) < 232(1 + t)73/2 exp(—sr +
ts®coshs). For t < r the choice s = } makes the exponent at most —r/2 4 rcosh(})/4 <
—0.2187. For t > r the choice s = r/(2t) < 3 makes the exponent at most —r2/(4t) (2 —

cosh1) < —0.218r? /¢, and
M?t+ 021872/t > (M*t + Zr°/t) + 0.077r* /t > 3Mr 4 0.077r%/¢.
Hence

o) (r) < 93/2—0218r /7’(1 + t)_3/2dt + 93/2—3Mr/4 /oo t_3/2€_0'0777"2/tdt
0 0

< 95/2,-0218r 232 \/x o—3Mr/4
- V0.077r ’

and e 02187 < o=3Mr/4o=0.068" 1000150 %M < 0.15. This gives the first bound in (D.1). For
the difference in direction e = +e,, only the factor ¢;(z,) changes, and the same choices of A
give |pi(z +e) —pi(x)] < C(1+ t)_3/2((1 +1)"12 4 s) exp(—sr + ts? cosh s). For t < r this is
bounded as before. For ¢ > r we take s = r/(2t) and use [;°(t2 ot 3/2)e 00T b gy < Cp2,
For r < 1 both bounds are trivial.

For the box, the reflections in the six face planes (at half—integer positions) generate a group

G that acts coordinatewise, and v/(\, (¥, 2) =240 vM)(y — gz). Indeed, the right side is G-

invariant, so across each face its two values agree and the Neumann condition holds, and the
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orbit of z meets A’ only at x. Coordinatewise |y, — (92).| > |y, —xp| for x4,y € [1,n,], so |y—
gz| > 1yp := ly—z|, and #{g : [y—gz| < p} < 8(pM +1)? because n, > M~L. For a decreasing
f, summation by parts gives > f(|ly—gz[) <8 [(1+M7’yx)3f(rw)+f;z 3M(1+Mp)*f(p)dp].
With f(p) = Cp(14p) T 3Mr/4 | j € {1,2}, thisis at most C(1+Mry, )3 (14r,,) e 3Mrve/4 <
C'(1 + 7yp) Te~Mrve/2. Since the differences ug (y + €) — u,(y) are the sums of the differences
of the images, (L1) and (L2) follow.

S2.5 Full proofs for Subsection 7.5

Proof of Lemma 7.24. The integrand of Proposition 7.7 depends on the configuration only
through the field ¢ + g + kﬁa/[/ 2 f, read modulo PZ at each site and in each cell average, and
through the walls. We write ¥ := ¢ + D.

(a) Let h € H and k € {0,1}. By (7.10), g+ kBat°f = h + D. Since h takes values in

PZ = 2wﬁé§/{2Z, eimBehih(x) — 1, so each phase i (B (W+9) (@) +kF () of E'| ek, Ga2 and Go 3

equals eimﬂéﬁﬁ(f’f). In G1 =) o Inro(Ag) the function rq of (7.4) depends on Ag only through
Aq + kﬁé;ffg and is P-periodic in it. This quantity is avgg ¥ + hlq, as h is constant on (2.
Hence ro(Aq) is rq at k = 0 evaluated at avgg 9. Likewise § = (¢ 4 g + k:ﬁG;ff) —avgqg (1 +
g+ kﬁé;ff) =1 —avgg ¥ on Q. The terms added in G* (Lemma 7.29) are functions of 9 and
1) through the same phases. The term Fi(Sg) is given by (7.13), and F5(Y) = (1yv, F3) with
Fy=3"gF;5and I 5 = —[Cy", x5]Coss as in Proposition 7.8 (e), both functions of w alone.
Hence the two definitions of Qn(Y) and of E(Y, s) agree.

(b) After the replacement, the action is a sum of three kinds of terms. The cell terms are
Inrg(avgn ¥). The site terms are the terms of Ga1, G2, Ga3, of G and of E, functions of
1 and 9 at the sites of their support (the E-terms with weights ws(7)). The wall-component
terms Fi(Sg) and (¢, Iy 4) are supported in Sg by Proposition 7.8(e). On a union Y of

wall components and of U-cells outside 33, Proposition 7.8 (f) shows that D|y = ZsﬁgY Dgly
depends on N only through N|g(yy. The proof of Lemma 7.21 needs no more than these facts.
An admissible set contains each cell and each wall component entirely or not at all, which
gives the factorization and the locality for every wall field. Definition 7.20 and the proof of
Lemma 7.23 use only the wall sites, the wall components and Proposition 7.8 (a), all of which
are defined from N. On U # V we take closures in U, which is consistent because the wall
polymers of N have their closures in U.

Proposition 7.22 is proved in Appendix C from the factorization, the admissibility of the
sets of a sequence and absolute convergence. Absolute convergence rests on Lemma C.1, whose
bounds are pointwise in (¢,1), and on the Poincaré inequality on cells of Lemma C.2, which
does not involve the configuration. Here Lemma C.1 (b) is a bound on Ga1 by ||1y Pyd|%.

In Theorem 7.13, the bound (7.14) of Corollary 7.10(c) with ¢ — H = D and Vg +

kﬁaMZRf = w + VD reads F°°(Y) > 1m?|D|} + 3w + VD]]%(Y), which follows from

(7.13) by dropping the term with My, 2 the supports of different 8 being disjoint. In the same
theorem, the tube argument uses only that w vanishes on the bonds inside cells and is constant
on interfaces (Lemma 7.12). The proof of Proposition 7.5 bounds cos(mu) — 1 at each site, for

an arbitrary real number u. Here u = Béﬁ(g@ + kﬁ{;M 2 f — h)(x), which after the translation
¢ =1 + g equals Bé/l\%[ﬁ(x)
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S2.6 Full proofs for Subsections 7.7 to 7.9

Proof of Proposition 7.46. The bounds of Subsection 7.6 and Appendices A, B are stated
for the configurations N (X), N,(X) produced by labels. We go through the uses of the label
in their proofs and show that each of them survives for long wall fields. To this end we fix
k = 0 and a configuration Nx € N°"8(X) (or Na°"8(X)), with the integrand of Lemma 7.24.

(i) Sums over configurations. They enter only through the following. Lemma 7.30 (b)
maps Nx to its interface values (Nj)icx € Z™ (X) and drops the realizability constraints.
A wall field is constant on interfaces and vanishes off them. Hence the map is injective on
N'°mg(X), and the bound holds there as well. In the proof of Proposition A.8, step (2) splits
by the first set saty, (Sp) through Lemma 7.23, which holds in wall form by Lemma 7.24 (b),
and the seed configuration it produces is long by Lemma 7.26 (a). Step (3) of that proof
uses Lemma 5.8 to count wall polymers with their walls through their wall interfaces and
values at the Euclidean link scale g. This is again a count of integer functions on interfaces,
combined with F}°¢(S) > 2F it Y. ; N? from Lemma 7.30 (a). The sum over link data and sets
in Propositions A.4 and A.7 does not involve the configuration beyond these.

(ii) Bounds at a fized configuration. Each is a bound on a Gaussian integral whose integrand
is a function of ¥, D, w and F}, that is, of ¢y and Nx, by Lemma 7.24. The label enters these
proofs only in the following places.

e Appendix B uses the label in the phases of class-A cells, through eimﬁé/l\ih(x) = 1. Under

Lemma 7.24 the phase is eimﬁéﬁﬁ(w) by definition. The same holds for the cell function
R, of Lemma 7.31, evaluated at avgq (1) + D), and for Lemma 7.41, where D = 0 on the
wall-free cell A.

e Theorem 7.13 enters through Lemma 7.30(a), and it holds for every wall field by
Lemma 7.24 (b).

e In Step 1 of Lemma 7.33, the identity (7.28) is stated in terms of Dy, wy and sy for
unions of elements and involves no extension of h. At k = 0 the near-cell term vanishes.

e The functions G of Lemma 7.29 are functions of ¥ = ¢ + D and ¢, bounded pointwise.

e Lemma 7.32(a) is used in Step 2 of Lemma 7.33. Its proof first shows that w = wy
on E(ﬁ?l), using only (L8-4) and Proposition 7.8, and then puts aq := h on £, using
Poh = 0 and Vh = w on E(£2). For a long configuration, Lemma 7.26 (a) shows that the
field Nx1gy) on the union Y of elements is long, and Lemma 7.45 gives n ﬁ?z — PZ,
constant on €, with VA’ = wy on E(ﬁ?z) We apply Proposition 6.9 (iv) to 9 + h'.
Since V(9 + 1) = VI + wy on E(8}) and Po(9 + h') = Pod, we obtain ||Pod|? <
C{Vk%HVﬁ + wa%( which is (a) at k = 0. Step 2 of Lemma 7.33 then goes through

without change.

b
Ry)’

Absolute convergence at a fixed configuration (Proposition 7.22) follows as in Section S2.5, the
estimates used there being pointwise in (¢, D). Lemma 7.32 (a) is the only place where the
bounds use that the configuration is long: for a wall field with a nonzero period on a short
cycle of &2, or on a same-cell closure through ©, no primitive of wy constant on Q exists.
With (i) and (ii), the proofs of Propositions 7.35, 7.39, Lemmas 7.37, 7.38 and Proposition A.8
hold with the same constants, and so does Lemma 7.48.
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S2.7 Full proofs for Appendix A

Proof of Proposition A.8, step (3). We use the notation of Lemma 7.48 and Proposi-
tion A.8, and we put w(S) := e~ (@/BA*SNs)  Since Z° C Sy and 11¢//16 — e > ¢/ /8, steps
(1) and (2) show that the left side of Lemma 7.48(a) is at most P’e®sI%! 3 T w(S), the sum
over 0 € Yg(So) and the product over the wall polymers S of 0. Assigning the disjoint wall
polymers of o to their first cells in Sy bounds the sum by [Jacg, (1+ Y s34 w(S)), and

Z w(S) < 6-DI€7(CI/4)FHmt = Tseed
S3A

under (43). Indeed, Lemmas 7.6(a) and 7.23 show that a wall polymer with its walls is
determined by its wall interfaces and their values. These interfaces form a set connected at
Euclidean scale g containing one of the D; interfaces within distance g of A, so the lattice-
animal count of Lemma 5.8, together with F}°¢(S) > 2Fit > ; N? from Lemma 7.30(a), gives
S50 Dr(eDr)" 1 (3e~ (/9 Fwmit)n This gives (a).

In (b), the terms with 0 = (Sp,0) and X # Sy gain cf}, and those whose o contains a
wall polymer contribute (1 + nseed)|50| -1 nseed62|50‘, so the sum without the term X = Sy,
Nx =0 is at most (cl} + Nseed ) P’ elcs 250l = ¢ (P’ ec2lSl,

In (¢/) we have P’ = 1 and Z° = (), and (A.10) with ¢ < ¢/8 and ¢, = ¢//16 leaves

(¢ /2)FI°(Z.N7)

S3 Numerical checks

S3.1 Numerical checks for Sections 2, 6, 7, 8 and Appendix A

The computations reported in this subsection illustrate statements of the paper and play no
part in its proofs. Each number comes from a script of the archive released with the paper, and
the file names of the scripts are given in brackets. The scripts use multiprecision arithmetic
(30 to 60 significant digits) for the Bessel-function checks, exact rational arithmetic for the
tree-graph integrals, and double precision for the lattice computations.

S3.1.1 Bessel functions and the Hartman—Watson law

Complete monotonicity (Lemma 2.2) [hw_tail.py]. For g(A) := I 55(8)/Io(8) and the step
h = B2, the forward differences satisfy (—1)kAZg(O) > 0 for all orders k < 21, at 8 =2, 10
and 40, as [HW74, Theorem 1.3] requires.

The Villain coupling matched to the Wilson weight [dual _weights.py]. With ty(8) :=
1/(21og(Is(8)/11(8))), the Villain weight e~"/(21V) has the same ratio at n = 1 as I,,(3) /Io(53).
One finds 3 — ty(8) = 0.6106, 0.5650, 0.5246, 0.5112, 0.5054 at 8 = 2, 5, 10, 20, 40, in line
with ty = 8 — 1 4+ O(1/B). At each of these 3 the Wilson weight exceeds the matched Villain
weight already at n = 2, the first sign of its heavier tail. At the matched coupling the bound
of [GM82] is of order e24947 against the exponent 2.49436K 3 with K > K, of (1.3): the
constants of Theorem 1.2 are far from sharp.
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S3.1.2 Villain monotonicity

Monotonicity in each coupling [guth_check.py]. We test Lemma 2.3(b) on the complex of two
adjacent unit cubes (eleven plaquettes), with C' the boundary of an outer face, using the dual
representation (2.6) truncated at |k| < 40. For 400 random choices of the eleven couplings in
[0.2, 6], raising any one coupling by 30% never lowered (cosf¢c) (0 decreases in 4400 trials).

S3.1.3 The density of frozen plaquettes

The exponent of § (Lemma 2.6) [delta table.py]. Table S3.1 compares —3~! log of the bound
of Lemma 2.4(iv), minimized over v without restriction (golden-section search on [1a. 3, 3a./]),
with the lower bound ¢§°(K) — 1/(4as) of Lemma 2.6. The minimizer is v = a. to the
displayed precision, and the finite-3 values approach ¢§’(K) — 1/(4ay) from below at the rate
of the O(log 8/8) term of (2.4). The threshold values of Lemma 2.6 [kstar.py] are recorded
in Section S1.1.2.

Table S3.1: The exponent —3~ " log(min, ev’e/2 >on IW(,B)/IO(B)) at e = 1/(Kp).

K a. f(K)—g— B=10 B=20 [=40

5 17.886 15.090 14.948  15.002  15.037
10 44.998 57.236  57.105 57.153  57.186
15 75.199 114.295 114.170 114.215 114.247
20 107.393 181.935 181.814 181.857 181.887

The Debye exponent [watson.py]. The closed form of vap(0) = (—=Azs)~1(0,0) given
in item 0 of Section S1.1.1 and the integral [;* e %1(2¢)3 dt agree. Both give vcp(0) =
0.2527310098587, hence m2vcy,(0) = 2.4943550872 and (872)1/2 /216 = 1.35586 - 10~*, the num-
bers used in (8.1).

S3.1.4 The free-space field of the near-loop estimate

The solid-angle primitive (Lemma 7.32) [lemmaN_rectangle.py, slit nearcell.py|. For the
square loop C' = 9([0,64]? x {0}) and the flat surface = it bounds, we evaluate the free-space
solid angle f¢ = %QE on the dual lattice of a box with margin 24 around C' (602,112 dual sites).
Its largest modulus is 3.0974 < 7. The residual R” satisfies the bound |R® (b)| < 27 /d(b, C) of
Lemma 7.32(b), with exact segment-to-segment distances, on all 1,031,184 dual bonds within
distance 21 of C. Over these bonds the largest ratio |RC (b)| d(b, C)/(2r) is 0.3415. The bound
|RC(b)| < 157, d(b,e)~2, summed over the unit edges e of C, holds on the same bonds with
largest ratio 0.8645. In a near box of side 32 centred on a side of C, we build eighteen slit
geometries (cracks parallel and perpendicular to =, holes, windows, frozen pieces of = and
combs of frozen sheets) by deleting dual bonds and sites. On the eighteen slit geometries and
the free box this bound holds with largest ratio 0.8303, and on each slit geometry the energy
of f¢ on the remaining bonds, as well as the minimum of >, (Va(b) — j(b))? over fields a on
the slit graph, is at most the energy of f© on the free box. Since freezing only removes terms
from sums of fixed free-space quantities, slit edges do not enter the near-loop estimate.
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S3.1.5 Further checks

The tree-graph s-integral (Lemmas A.2 and A.3) [s_integral/tree_s_integral check.py].
In exact rational arithmetic, with the s-integrals evaluated as exact polynomial integrals, we
find for n = 2,...,7 that > w(T) = n"2/(n — 1)!, that for random rational y > 0 the left
side of (A.4) equals the volume of the polytope {0 < up < Ym + Um-1, 1 < m < n—1}
(up := 0) and is at most e¥* T T¥n-1_ that Lemma A.3 holds for random y; and b; € [0,0.9],
and that w(T") = 1/(n — 2)! for the tree with 7'(2) = 1 and 7T'(j) = 2 for j > 3.

Corner sites (Remark 6.7) [corner_pair.py, corner pair hp.py]. With v(z) =
Jo2 e 1, I, (2t)dt (30 digits), we obtain v(1,1,0) = 0.0551914336877 and v(1,1,1) =
0.0435783543977. The corner image sum is 0.4673457, which gives & = 9.22503 7, and
Epair = 0.52927 < vgr(z,xz) = 0.72008 in the limit My — 0 (0.52919 < 0.70782 at
My = 0.02).

The field near the loop (Lemma 7.32) [biot_savart shell.py]. On five rectangles (105
sample points), J(y) = § |dI|/|y—1|? satisfies J(y) d(y, C)/(4m) < 0.495. On a 64 x 64 rectangle
the dual-bond shell sums of d(b, C')~2 are at most 0.19 times the bound of Lemma 7.32(c) at
D =48, 16.

Kruskal’s identity (Lemma 7.51) [kruskal_check.py]. On 9000 random point sets the
identity holds without exception.
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