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THE MISSING LIN(NI)K

PAUL POLLACK

ABSTRACT. We show how Selberg’s symmetry formulas and the recent finding that there are no
Landau—Siegel zeros connect to give a radically elementary proof of Linnik’s theorem on the least
prime in an arithmetic progression.

1. INTRODUCTION

The purpose of this note is to give a simple proof of a celebrated 1944 theorem of Linnik [16, 17].

Theorem 1. There is an absolute, effectively computable constant L such that, for every q > 2
and every a coprime to q, some prime p = a (mod q) satisfies p < q.

The traditional proofs of Theorem 1 go through zero-free regions, log-free zero-density estimates,
and zero-repulsion phenomena; see, e.g., Iwaniec-Kowalski [12, Chapter 18]. Beginning with work
of Elliott [3, 4], several authors have given proofs where the analytic burden is shifted onto sieve
methods and the theory of mean values of multiplicative functions. See, for instance, the treatments
of Koukoulopoulos [15, Chapter 27| (cf. [14, 21]), Friedlander and Iwaniec [6, 7, 8], and Matomaki,
Merikoski, and Terdvéainen [18]. Our new proof of Linnik’s theorem is short, elementary (no zeros
of L-functions were harmed in the course of the argument), and “unpretentious.”

This argument comes out of recent breakthrough work announced by OpenAlI [20]. Specifically, we

need the following arithmetic encoding of the nonexistence of Siegel zeros.

Proposition 2 (Anti-concentration on ¢p = —1). For every e > 0 there is an effectively computable
A; such that, for every primitive nonprincipal real character v of conductor f,

1 1
Z in < <2 —|—5> log x (x> fAS).

p<z
P(p)=-1

For many decades, Proposition 2 was thought to lie very deep. However, Green [11] has recently
propounded a proof of (a slightly stronger version of) Proposition 2 that fits in under 5 pages.! A
technically simpler approach, using only undergraduate mathematics, has been presented by van
Dijk [26]. We include a version of his argument in Appendix 1. See also Banks [1], Barreto [2],
Kerr [13], and Tao [25].

In addition to Proposition 2, we require certain variants of Selberg’s symmetry formula [22]. Let
B be a sufficiently large integer, and put

Y = 4%, Z::qBQ.

2020 Mathematics Subject Classification. Primary 11N13; Secondary 11N36.

Key words and phrases. Linnik’s theorem, least prime in an arithmetic progression, Selberg’s symmetry formula,
sieve methods, Landau—Siegel zeros.

IThe theorem in [11] is stated with X = f€, but the proof works equally well for X > f¢, with C fixed.
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Below, o(1) indicates a quantity that tends (effectively!) to zero as B — oo, uniformly in g > 2
and in the choice of reduced residue class. In sums and products, p,r, s,/ denote primes unless
otherwise indicated.

Proposition 3 (Two- and three-prime symmetry formulas). Uniformly for (¢,q) =1 and x > Z,

log? p logplogr (1 +o(1))log?x

1) 2 p 2 o v(q) ’

Y<p<la p,r>Y, pr<z

p=c (q) pr=c (q)

log plog rlog s log? log?
@) 2 Y REPRETIORD_ 5T MR, (D)
p,r,s>Y, prs<z p Y<p<Lz p P
prs=c (q) p=c (q)

For fixed modulus, corresponding formulas without the restrictions p,r,s > Y appear in Selberg
[22, (3.4) and (3.6)]. A related uniform two-prime symmetry formula was given by Friedlander [5,
§2]. To keep the paper reasonably self-contained, we prove both formulas (1) and (2) in §3 below.

The overarching strategy of the proof goes back to Selberg [22, §§5-6] (see also [23, §3]): The
two-prime symmetry formula suggests that primes are either well distributed in progressions or
concentrated in the nontrivial coset of an index-two subgroup. (This connection is also explained
and extensively developed by Granville in [9] and [10, §2].) Using also the three-prime formula, one
shows such concentration is forced by the existence of a coprime progression with no small primes
(or with few small primes). This is then ruled out by an anti-concentration estimate—in Selberg’s
paper [22], this is his Lemma 1, while in ours, it is Proposition 2. Selberg’s regime of uniformity is
different from ours (the paper [22] considers only fixed ¢) but the philosophy is the samel!

Use of Super Intelligence®. This is intended as a work of exposition rather than (traditional)
research. All of the novel mathematics emerged from dialogues with ChatGPT Astra, with prompt-
ing from the human author (P.P.) to nudge the proof in the direction of his own mathematical
aesthetic. Astra also drafted the first version of the paper, with the human author revising the text
for the benefit of fellow Earth persons. P.P. claims no credit for the underlying mathematics but
takes responsibility for the final manuscript.

Lean formalizations of the main results and the arguments in the appendices, together with verifi-
cation records and instructions for reproducing the checks, are available at https://github.com/
twonth/missing-linnik-lean. The formalized results use only Lean’s standard axioms of propo-
sitional extensionality (propext), classical choice (Classical.choice), and quotient soundness
(Quot . sound).

P. P. thanks OpenAl and Anthropic for providing complimentary access through the ChatGPT for
Academic Researchers program and the Claude Team plan for scientists, respectively.

2. NOT FROM CONCENTRATE: PROOF OF THEOREM 1 MODULO THE SYMMETRY FORMULAS

The case ¢ = 2 is immediate, so assume ¢ > 3. We suppose that there is no prime p < Z3 with
p = a (mod ¢) and derive a contradiction once B is sufficiently large.

For each character x modulo ¢, put

po— L x(p)logp.
X logZ p

Y<p<Z
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this is essentially a weighted average of y along the primes in (Y, Z]. Note that by the choice of Y,
every prime p appearing in the sum is larger than ¢, and so each x(p) # 0. We have

on =1 +0(1)7 ‘bx‘ < bXO‘

Here is how the proof will go. Using the three-prime symmetry formula, we show that a residue

class containing no small primes forces Zx Zx0 |by|? to be large. Comparing this with the bound for

> o by |> obtained from Parseval’s identity and the Brun-Titchmarsh inequality, we find that
there must be a nonprincipal real character x with b, = £(1 + o(1)). The two-prime symmetry
formula rules out the plus sign, forcing by, = —(1+0(1)), contrary to the anti-concentration estimate
of Proposition 2.

Down to business. Apply the three-prime symmetry formula (2) with ¢ = @ and 2 = Z3. On the
one hand, our assumption that there are no small primes a mod ¢ implies that the single-prime

sum there vanishes, so that
Z log plogrlog s log® Z
—— =0 )
prs

p,r,s>Y, prs<z3 #la)
prs=a (q)

On the other hand, orthogonality gives

S @8 = S 8PloeTIoss s oy ()

3
x mod ¢ log 4 Y <p,r,s<Z prs x mod ¢

~ p(g) Z log plog rlog s
- 3

lOg z Y<p,r,s<Z prs

prs=a (q)

< cp(?f]) Z log plogrlog s ‘

log® Z prs

p,r,s>Y, pTSSZS
prs=a (q)

The middle expression is nonnegative, so

=
—
<
~—
S
w
I
S
—
—
~—

x mod ¢

By the reverse triangle inequality,

3) D I =1 —o(1).

X#X0
We compare (3) with what comes out of Parseval’s formula. Setting w, := @ Dy <p<zp=c (g) loﬁp ,
Dol =@ Y wi<@+o(1) Y we=(240(1))by,,
X (c.a)=1 (c.a)=1

where the middle inequality uses a weak consequence of the Brun—Titchmarsh theorem (we prove
what we need below, in (14)). Hence E := ) by > <1+ 0(1). But

XFX0
1—o Z by | < <max|b |>
XFX0
It follows that |by| = 1 + o(1) for some nonprincipal x. Moreover, x must be real: Otherwise

E > [by[* + [bg[|* = 2[by|* > 2 — o(1).



4 PAUL POLLACK

There are two possibilities: Either b, = —1 + o(1) or by = 1 + o(1). We now rule out the latter.

Since exactly half the reduced residue classes satisfy x(¢) = —1, the two-prime symmetry formula
(1) implies that
log? p log plog r 1 9
(4) > ot > - 5 To(l) ) log® Z.
Y<p<Z p,r>Y
x(p)=—1 prz
x(pr)=—1

If by, =1+ o(1), then

1 by, — b
M_ = Z O}%p: X°2 Xlog Z = o(log 7).
Y<p<Z
x(p)=-1

T

But then the left-hand side of (4) is at most M_log Z +2M_ %y _, ., 87 — h(log? Z), contradict-
ing (4) for large B. We use here that x(pr) = —1 implies x(p) = —1 or x(r) = —1.

We conclude that b, = —1 + o(1), and therefore

log p
(5) Y P o (1-0(1))log 2.
Y<p<Z p
x(p)=—1

Let 1) be the primitive nonprincipal real character inducing y, of conductor f | g. Then ¥ (p) = x(p)
for all primes p > Y. Choose B so large that the 1 — o(1) coefficient in (5) exceeds 3/4 and so that,
in the notation of Proposition 2, B? > Ays. Then

3 log p log p 3
ZlogZZ Z p > Z p :(1—0(1))logZ>ZlogZ.
p<Z Y<p<Z
Y(p)=—1 x(p)=—1

Absurd! Thus, there must be some prime p = a (mod ¢) with p < Z3 = q332. We have shown
Theorem 1 with L = 3B2 O

3. UNBREAKING SYMMETRY: PROOF OF PROPOSITION 3

Once we know that Y-rough numbers (numbers all of whose prime factors exceed Y') are sufficiently
equidistributed in progressions, elementary divisor-sum manipulations give the symmetry formulas.
To establish this latter fact, we use the following consequence of the Fundamental Lemma of the
Sieve (for which see, e.g., [15, Theorem 18.11(a)]). Write P~ (n) for the least prime factor of n,
with P~ (1) = oo, and let

V(z) = H(l —1/p).

p<z

Lemma 4 (Estimate for the count of rough numbers in progressions). For (b,q) = 1, z > max(2, q),
t > 0, and all sufficiently large real h,

tV(z)

efh Z3h.
=) {1+0(e™)} +0(=")

(6) #{n<t:n=b (modygq), P (n)>z2}=

All constants are absolute and effective.

A proof of Lemma 4 is given in Appendix 2.



THE MISSING LIN(NI)K 5

Below, we shall make free use of the elementary Chebyshev—Mertens estimates

1
Y logp < t, Z BP _1ogt+0(1), V(t)=— (t>2).

o<t e logt
(See, e.g., [12, Chapter 2].)

For (b,q) = 1, let Ay(t) count the Y-rough integers n < ¢t with n = b (mod ¢), and let A(t) count
all Y-rough integers n < t. Applying Lemma 4 with h a sufficiently large, fixed constant, and
2z =YY" we deduce that

t t

(7) Ap(t) < 2 logY’ Alt) <

t>Y).
logY (tzY)

(Here the O(Y''/2) error term gets absorbed, since t > Y = ¢% and ¢(q)log Y <« Y''/2 for sufficiently
large B. The condition z > ¢ required by Lemma 4 is satisfied once B > 6h, which we may assume.)

Moreover, we have the uniform distribution estimate

A(t) t logt
®) ) =5 < ayiogy P <‘610gy> =)

When logt/logY is sufficiently large, (8) follows from (6) with z =Y and h = Gﬁzggg,. (The O(t'/?)

error is again easily absorbed.) When logt/logY is bounded, (8) is immediate from (7).

The two-prime symmetry formula. We turn now to the proof of (1). Put

log? p log plogr
Q)= Y Loy losplosr

Y <p<zx p p,r>Y, pr<x pr
p=c (q) pr=c (q)
We will prove the slightly stronger statement
log?z + O(log Y log
) Qule) = ( )

v(q)

The extra uniformity in = will be needed when establishing the three-prime formula (2).

Taking inspiration from H.N. Shapiro [24, §10.4, pp. 417-418], we start from the classical identity
logn = Zd|n A(d). Multiplying by logn and splitting log n = log d + log(n/d) gives

log?n =Y A(d)logd + > A(d)log(n/d)

dln dln
=S Ad)logd + " A(d) S Av)
dln d|n vln/d

In the double sum on d, v, group terms according to the value of m = dwv; this yields
log?n =Y <A(m) logm + Y A@)A@)) ,
m|n uv=m

so that by Md&bius inversion,

(10) Z,u )log?(n/d) = A(n)logn + Z A(u)A(v

din uv=n
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We use (8) to compare the average of (10), taken over Y-rough numbers in a given residue class
mod ¢, with the corresponding average over unrestricted Y-rough numbers. First we argue that,
uniformly for v > 1 and (b,q) =1,

log?m 1 log?m log? Y
- 2 @ = m S e
m<v, P~ (m)>Y m<v
m=b (q) P~ (m)>Y

To prove (11), we note that %log2 t vanishes at t = 1, so that the left-hand side is unchanged upon
adding the restriction m > Y. For v <Y, the left-hand side is zero. For v > Y, we evaluate by
integrating %log2 t against d(Ay(t) — ¢(q) "t A(t)), from t = Y to t = v. Proceeding by parts, the
t =Y and t = v contributions fit comfortably inside the claimed error in (11), while the remaining
integral contributes

<< 1 /OO 10g2te_ logt/(ﬁlogY) dt _ 10g2Y /OO UQe—u/6 du << IOgQY
o(q)logY Jy o(q) S ©(q)

Letting d run over Y-rough numbers not exceeding z (so that (d,q) = 1), we apply (11) with
v=2x/dand b= cd~! (mod ¢), multiply by p(d)/d, and sum on d. We find that

d) log? 1 d) log? log Y1
(12) y, o Mdoem DY pdlos"m <0g(<))gx>
dm<z, P~ (dm)>Y m i dm<zx m Plq
dm=c (q) P~ (dm)>Y

where the contributions from the right-hand side in (11) are estimated using

log? Y 1 log?Y 1\""  logYl
R A || (1_> < logYloga
vla) = d - wla) b, p v(9)

P~ (d)>Y

From (10) and (12),

(13) Z A(n)logn n Z A(u)A(v)

n uv
n<z, P~ (n)>Y uv<z, P~ (uv)>Y
n=c (q) uv=c (q)
1 A(n)logn A(u)A(v) (log Y log m)
=~ e A L SR yo (Bl er))
v(q) 2 n 2 uv o(q)

n<x uv<z
P~ (n)>Y P~ (wv)>Y

The same estimate holds if we remove the contributions to the A-terms frqm proper prime powers.
Indeed, the total contribution of such terms is < logz .y ;5o logp/p’ < logz/Y, which fits
comfortably inside the existing error.

It remains to evaluate the parenthesized main term on the right-hand side of (13), with n,u,v
restricted to primes. By partial summation and Mertens’ estimate for the partial sums of log p/p,

log’p 1
E %8 P _ —log?z 4+ O(log z).
D 2

p<z
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Furthermore,

log plog log p { T }
O8POBT log X +0(1
> > ) g (1)

7
pr<zx p p<x

1 log?
:1ogxz O]gjp—z in-i-O(logav)

p<z p<zm

1
=3 log? z + O(log ).

These are almost the sums we want; we still have to impose p,7 > Y. This is no trouble at all:
Removing the primes at most Y from either sum costs only O(logY logz). This proves (9) and
hence (1).

Remark 5 (a crude Brun—Titchmarsh inequality). The two-prime symmetry formula also yields
log p/p-weighted estimates for primes in progressions (cf. [22, §3, eqns. (3.4) and (3.7)]). For
example, forget about the (nonnegative) contribution of prime pairs and use partial summation to
introduce a weight of 1/logt. This gives

1 (Z Z Q.(t
3 ngg?(Z)Jr Q(z) Y
o P og y tlog“t
p=c (q)
2log Z +O(logY (1 +1log B)) (2+o0(1))log Z

(14) ¢(q) a o(q)

The three-prime symmetry formula. Again, we follow Shapiro (compare the derivation of
equation (10.4.23) in [24, §10.4, pp. 421-422]; see also Exercise 7, p. 424). Let x > Z. Introducing
a weight of logt into (9) gives

log? log plog r1 21og? log Y log?
(15) Yo kery oy leplsrloshn) 2w, <W>
Y <p<z p p,r>Y, pr<z pr CP((]) Sa(q)
p=c (q) pr=c (q)

Now multiply (9), in the residue class cp~!

‘We obtain

mod ¢ and at z/p, by log p/p, and sumover Y < p < z/Y.

log plog? r log plogrlog s
(16) Z —+ Z EEEE—

p,r>Y, pr<x pr p,r,s>Y, prs<x prs
pr=c (q) prs=c (q)
1 ] log Y log? log? log Y log?
“ . nglog2<w/p)+0<0g 7] x) - 30g<:§+0<0g 7] x)
(qu<p§x/Y PY\q w\q ®wlq

(The final equality follows from Mertens’ theorem for the partial sums of log p/p, after introducing
a weight of log?(z/t).) Swapping p and r shows that twice the pair sum in (16) is the pair sum in
(15). We subtract twice (16) from (15). The pair terms and main terms both cancel, completing
the proof of (2).

APPENDIX 1. PROOF OF PROPOSITION 2

Following van Dijk [26], we prove the following slightly more precise version of Proposition 2.
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Proposition 6. For every integert > 3 and every primitive real Dirichlet character i of conductor
f=2,

an > o groum)isr  (r2 ),
oot

with an absolute, effective implied constant.

First, a little groundwork. All implied constants below are absolute and effective.

Let t > 3 be an integer, and let x > ftz, as in the proposition. We may assume there is a prime
p € (8, x] with ¢ (p) = —1; otherwise,

lo lo log x
P L %,
p p<8t

p<z
P(p)=-1

which already implies (17). Below, we take
L :=max{p <z:¢(p) = -1},
so that
L > 8t.

By the classification of primitive real characters, we can identify v with a Kronecker symbol:
P(-) = (%l), where d := ¢)(—1) f is a fundamental discriminant. See, for instance, [19, Theorem 9.13].
In particular, ¢)(p) = —1 for an odd prime p precisely when d is a nonsquare modulo p.

Our proof of Proposition 6 proceeds in three steps:
(1) Construct a matrix over Z[v/d] having a nonzero minor.
(2) Show that small primes p having ¢(p) = —1 divide this minor to large powers.
(3) Bound the absolute value of this minor under each embedding of Q(v/d).

If the left-hand side of (17) is too large, the size bounds of Step 3 will contradict the divisibility
obtained in Step 2.

Step 1. A matrix with a nonzero minor. We take our matrix to have rows indexed by the
formal monomials Z"W?#  where r, s are nonnegative integers with r +ts < L, and columns indexed
by integers j,u,v with 0 < j < L/t and 0 < u,v < v/L. Here the (j,u,v)-th entry of the Z"W?*-th
row is the jth Z-derivative of Z"W?* evaluated at
(18) (Z,W) = (u+vVd,u—vVd),
that is, (717';)'(“ + vVd)" I (u — vV/d)* if j <, and 0 otherwise.
We let

N := number of rows of our matrix,

E .= sum of the Z-degrees of the monomials indexing the rows.

Suppose p is an odd prime for which (%) = —1. Then working in Z[v/d] mod p amounts to working
in the field of p? elements. Indeed,

Z[Vd)/(p) = Z[T)/(T? — d,p) ~ (Z/pZ)[T]/(T* - d) =~ Fp.
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The argument below makes essential use of the fact, familiar to students of algebraic number theory,
that the pth power map on F,2 is induced by conjugation on Z[\/d]. The “freshman’s binomial

theorem” yields a down-to-earth proof: For all u + vvVd € Z[\/&],
(19) (u+vVd)P =P + P(Vd)P = u+0vdPV2Vd=u—vVd (mod pZ[Vd)),
where the second step uses Fermat’s little theorem and the last uses Euler’s congruence d®—1)/

(%) (mod p).

Reduce the matrix modulo L. We claim that its rows are linearly independent over F ;2. Supposing
otherwise, we choose coefficients ¢, € Fy2, not all zero, giving a zero linear combination of the
rows. Put

2

C(Z):= D 2" eFpalZ).
r4ts<L
Since 0 < r < L, the exponents r + Ls are distinct, and so C(Z) # 0.

In characteristic L, differentiation treats Z1° as a constant. Thus, taking the jth derivative of
Z"+Ls gives the same result as differentiating Z"W* j times with respect to Z and then setting
W = Z. By (19), (u+vVd)* = u — vv/d in Fj2, so the assumed linear dependence gives

CY(u+vVd) =0

forall 0 < j < L/t and all 0 < u,v < /L. Since |L/t| < L, the factorials j! for 0 < j < L/t
are invertible in F;2. It follows that C' vanishes to order at least |L/t] + 1 > L/t at each of
the (1 + [VL])? > L distinct elements u + vv/d. (These are distinct because 1,v/d are linearly
independent over Fy, and 0 < u,v < L.) As C # 0, this forces deg C > L?/t. On the other hand,
every exponent appearing in C' satisfies

L
r+ Ls < ?(7" +ts) < L*/t,
so that deg C' < L?/t. Contradiction.

Hence, the rows are independent modulo L, and there is a minor A of order N which is nonzero
modulo L and hence also nonzero in Z[v/d].

Step 2. Divisibility by small primes. Fix a prime p with ¢ < p < L and ¥(p) = —1. We
determine a power of p dividing A. For the row indexed by (r,s), put h = |r/p|, and replace its
monomial Z"W?® by
Zr Py <Zp — W>h :
p
As before, the new entries are obtained by taking Z-derivatives and evaluating at the conjugate

pairs in (18).
We first check that all the new entries belong to Z[v/d]. By (19),

ZP;WGZ[\/&] when  (Z,W) = (u+ vVd,u— vV/d).

Moreover, its first Z-derivative is ZP~!, so all its positive-order Z-derivatives have integer coeffi-
cients. The product rule now shows that every Z-derivative of the replacement polynomial takes
values in Z[/d] at these pairs, as desired.

To see what these replacements do to the determinant, expand:

p_ h h
ZT‘*PhWS <Z . W) _ pfhers _i_pfh Z(_l)k (Z) ZT‘*pkws+k.
k=1
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Every monomial on the right indexes an original row. Indeed, » — pk > 0, and
(r—pk)+t(s+k)=r+ts—k(p—t) <r+ts<L.

Furthermore, every term in the sum has Z-degree less than 7.

Order the rows by increasing r, breaking ties arbitrarily, and make the replacements from last

to first. Each replacement multiplies the current row by p~" and adds a linear combination of

earlier, unchanged rows. Thus, on the columns defining our minor A, the new determinant is

A/pXr+is<eI7/P) - Since all its entries belong to Z[v/d], so does this determinant. Hence p2=r+ts<rL7/P]
divides A. Since these prime powers are pairwise coprime, their product also divides A. Thus

D = H p21‘+ts<L I-T/pJ leldeS A
t<p<L
Y(p)=—1

Let us estimate the size of D. Since [r/p] > r/p—1, we have }_ ., _,[r/p] > % — N, and so

1
(20) ogD>E > 22 NY logp.
t<p<L p<L
YP(p)=-1

Step 3. Bounds under both embeddings. We begin with a few estimates for the rows of our
matrix. Since 0 <r < L and 0 < s < L/t, we have N < L2/t. For a lower bound on F, consider
the rows with L/4 <r < L/2 and 0 < s < L/(4t). All these pairs satisfy r + ts < L. There are
> L2/t of them, each contributing at least L/4 to E. Thus E > L3/t, and so N < E/L. Also,
the sum of the W-degrees of the monomials indexing the rows is at most LN/t < E/t.

We now bound the entries of our matrix in either embedding of Q(v/d) into C. Since |d| = f, the

grid coordinates u + vv/d have absolute value at most \/f(l + v/ f) < 4yLf. The entry in row
Z"W?# and column (j, u,v) is zero if j > r; otherwise, its absolute value is at most

VIR < DAL < LI

(r—J)!
Each term in the determinant expansion contains one entry from each row and each column, and
there are N! terms. Writing A for the conjugate of A, we obtain

max{|A[, |A]} < NILFN/t(a\/Lf)PHN/,
Taking logarithms,
~ LN LN
max{log |A|,log |A]} < log(N!) + -+ log L + <E + t) log(4+/Lf).

Since N < L?/t and N < E/L, we have

ElogL FElogL
L STt
and LN/t < E/t. Thus the first two terms contribute O(F log L/t), while the last is

log(N!) < Nlog N < Nlog L <«

log L
(E+O(E/t)) (3log L+ L log f +log4) = 5ElogL+O<E <0% +log f + 1)) )
Consequently,

~ log L
(21) max{log|Al,log |A|} < E {élogL—i— O(O’?r +log f + 1) } .
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Wrap-up. Now for the big finish. We compare (20) and (21), noting that N} _; logp < NL <
E.If -

1 log L
Z ng>%logL+C’<Og +10gf+1>

t<p<L t
P(p)=-1

for a sufficiently large absolute effective C, both conjugates of A/D have absolute value less than

1. But A/D is a nonzero element of Z[v/d], so its norm is a nonzero integer of absolute value less
than 1, a contradiction.

Adding the contribution of primes below ¢, keeping in mind the definition of L, we obtain

D

p<w
Y(p)=—1

1 1
°ep S%logaz+0<ofx+logf+t>.

Since x > ft2 and f > 2, both log f and t are O(log x/t). This gives (17) and completes the proof
of Proposition 6. U

Remark 7. The strategy may be compared with Selberg’s proof of Lemma 1 in [22, §4], where he
compares the size of a product of norms u? —dv? over a rectangular grid with its prime factorization.
Such products are closely connected with Vandermonde determinants on grid points u 4+ vv/d. But
the two arguments run in opposite directions. Selberg bounds his product from below and observes
that an odd prime p with (g) = —1 divides u? — dv? only when it divides both u and v, so such
primes barely show up in the factorization; the split primes are left to pick up the slack. We instead
use the Frobenius congruence (19) to force the primes with ¢ (p) = —1 to divide A many times
over, and then let the size bound on A tell us there cannot be too many of them.

APPENDIX 2. PROOF OF LEMMA 4

We give a proof using Selberg’s upper bound sieve. Although we make no claim of human originality
for any part of this paper, this deserves particular emphasis here: All ingredients are standard.

Proposition 8 (Sieving progressions, a la Selberg). Let q be a positive integer, let P be a product
of distinct primes, none dividing q, let R > 1, and put

1
H = E —_—
p(m)
m|P
m<R
Then, for every v > 0 and integer a,

(22) #{n<v:n=a (mod q), (n,P)zl}gqu—f—Rz

Proof. For d | P, choose
p(d)d 1
pa = —
SO 2 b

(k,d)=1
dk<R

and put pg = 0 otherwise. Thus p; = 1 and pg; = 0 for d > R. (This initially strange-seeming
choice of coefficients arises naturally from a minimization problem; see [6, §7.1, pp. 90-92].)
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If (n, P) =1, then Zd‘n pa = p1 = 1. Consequently,

2
#{n<v:n=a (modyg), (n,P)=1}< Z (Zpd>

n<v din
n=a (q)
2
Pdl)e
(23) - Z (Z!/M\) :
d |P d,e d|p

In the last line, we use that [d, €| is coprime to ¢, so that the number of multiples of [d, €] in our
progression is v/(q[d, e]), up to an error at most 1.

Continuing, observe that the products jk with j | d, (k,d) = 1, and dk < R are distinct divisors of

P at most R. Hence,
1 d 1
H > Z Z O] > 0

k|P k|P
(k d)=1 (k,d)=1
dk<R dk<R

Comparing with the definition of p; shows that each |pg| < 1. In particular, (Zd|P lpal)? < R
Hence, Proposition 8 will be proved once we show that the double sum over d, e in (23) is 1/H.

For m | P, expanding the definition of p; gives

Sh-LY Y

d|P d\P k| P d)p(k
m|d m|d (k,d)=1
dk<R

Put b = dk. Since (d, k) =1, we have b | P and ¢(d)p(k) = ¢(b). Conversely, for each b | P, every
divisor d of b gives a coprime factorization b = d(b/d), since b is squarefree. Hence

S U= Y

d|P op ¥ m\d\b
mld b<R
m|b

Writing d = me, the inner sum is
> u(d) = p(m) Y ule),
m|d|b elb/m

which vanishes unless b = m, when it equals p(m). Thus

p(m)
Z%= oy "=

d|P 0, m > R.

m|d
Using [d, €] = de/(d, ) and (d,€) = 3, (4.e) P(M) = 21114, mje (M), we obtain
2
PdPe @ . i
d.e|P m|P d|II;
as desired. ]
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Proof of the upper bound in (6). We apply Proposition 8 with
v=t, P::H€, R=z"

<z,
Uq

Comparing the statement of Proposition 8 with that of (6), it suffices to show that

(24) == V() 1+ 0™,

Let Hy be defined the same way as H but without the requirement that m < R, i.e.,

HO = ZL

o #m)

Clearly, H < Hy. The difference Hy — H can be estimated with Rankin’s trick: Since every prime
divisor of P is at most z,

Hy—H < R V5 }" m!/ 108
o em)
1/logz _ 1
_ e—logR/longOH (1 + p) .
plP b
1/log 2

For p < z, the mean value theorem gives p

1/10gz_1 1/logz_1 1
H (1 + p> < exp E p- - < exp ¢ E OgP < 1.
p p log 2 p

p|P p|P P<z

—1<elogp/log z, so that

Hence, Hy — H < Hpe™ 198 %/1982 and H = Ho{l + O(e~ 198 %/162)1 S0 once h = log R/log z is
sufficiently large,

l — i —log R/ log 2z
7= Ho{l + O(e )}
But
_ 1 1 q
H01:H<1—> :H(1—> =V(z2)
= p) o p (q)
plg

(using in the last step that z > ¢), and (24) follows.

Proof of the lower bound in (6). An integer n = b (mod ¢) removed by the sieve has least
prime factor p < z, where necessarily p { ¢. Write n = pm, where m < t/p, m = bp~! mod ¢, and
m is not divisible by any primes ¢ < p not dividing ¢. For each p < z with p { ¢, we use Proposition
8 to bound the number of removed integers with least prime factor p, by taking

v=t/p, P = H L, R=z"
{<p, tq
(So the choice of R is unchanged from before.) Write
V=[] -1/p),  W,=]Ja-1/0).

p<z I<p

plq YUq
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Arguing as in the proof of the upper bound, we find that the number of removed integers corre-
sponding to a given p < z is at most

tWw,
pfqp{l_'_O(eflogR/logp)}_i_R?

Subtracting these counts from the total number ¢/g + O(1) of integers in our progression yields a

main term of
1-> W)L

=r)a

plq
The parenthesized expression on the left simplifies to V, (Buchstab’s identity): Indeed, V; can be
viewed as the density of integers not divisible by any prime p < z,p { g. The set of such integers
is obtained by removing, for each p < z,p 1 ¢, those whose least prime factor not dividing ¢ is p.
(This is the same observation we made above, wearing a mustache and wig.) Each such set has
density Wp/p.

We therefore obtain

#{n<t:n=b (modgq), P (n)>z}> W _ O EZ %e_bgR/logp — O(zR?).
q

quz p

Piq
Since V,/q = V(2)/¢(q), the main term here is precisely tV (2)/p(q). Also, zR? = 22h+1 < 3k,

Thus, we will have our lower bound once we check that the sum in the first O-error is < e_th.

Uniformly for primes p < z, we have Wp/Vy = [[,<i<, go(1 — 1/0)~! < logz/logp. Put u =
log z/logp > 1. For h > 2, the function u?e~"" is decreasing on [1,00), so u?e™"* < e~". Since

log R = hlog z,

_h
Z%e—logR/logp<<z}10gze_1og3/1ogp< e Zlogp <ol

et AL i plogp " logz o~ p
plg plg
This finishes the proof of Lemma 4. (|
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