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ABSTRACT

We consider the Wilson lattice gauge measure for SU(2) on a periodic three-
dimensional torus of fixed size, with bare coupling ¢> = g2a proportional to the
lattice spacing a4, as dictated by the superrenormalizability of three-dimensional
Yang-Mills theory. Observables are Wilson loops of the lattice configuration
evolved by the Wilson flow, the lattice gradient flow of the Wilson action, at
positive flow time. We prove that, at every fixed value of the coupling, the joint
laws of finitely many flowed Wilson loops converge as the lattice spacing tends
to zero along the sequences of lattice sides nMF, for fixed odd M > 3 and fixed
positive n divisible by four. For each such refinement class, the limits are realized
by a unique probability measure on the space of gauge orbits of Yang-Mills
heat-flow trajectories at positive times, a version of the state space introduced
by Cao and Chatterjee. At each fixed positive time, the energies of the selected
trajectories 71 (U), with U distributed under the lattice Wilson measures, are tight
uniformly in the lattice spacing. The limiting measure is invariant under the lattice
symmetries and the center symmetries. We also show that, at short distances, the
rescaled deficits (1 — W)/(g%¢) of the normalized fundamental Wilson loops W of
loops x + &/, flowed for time oe? with fixed ¢ > 0, converge to explicit quadratic
functions of the heat-smoothed Gaussian free field. As the coupling tends to zero,
the measure concentrates on flat connections, with Gaussian fluctuations of explicit
covariance near regular commuting holonomies and fluctuations governed by the
constant-mode quartic form near the central holonomies. The proof is a multiscale
renormalization group analysis in the tradition of Bataban, carried out on a small-
tield event whose complement we show to have small probability, uniformly in the
lattice spacing, using reflection positivity and chessboard estimates. It is combined
with stochastic estimates for the lattice heat flow and a deterministic analysis of
the Wilson flow for rough initial data.
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PART X

Gaussian short-distance limits



SECTION 31

Reconstruction estimates and divergence-free
currents

This section and Section 32 prove the short-distance theorem, Theorem 2.8. We study the
heat-smoothed circulations defined in Definition 31.1: circulations, around small lattice
loops of size ¢, of the linear heat evolution of the reconstructed fine field, divided by

\/g\%e. They are linear in the link logarithms of one fixed gauge representative; flowed
Wilson loops are compared with them in Lemma 32.11.

The main result of this section is an exact decomposition of the heat-smoothed circu-
lation IX* under the conditioned Wilson measure, proved in Lemma 31.8:

K—s
I = T, + 21 T'j(6j-1)(wj — @;) + Ngs.
j=

Here T; is the contribution of the coarse field on the lattice of side ns; the j-th summand
is linear in the centered normalized fluctuation variables of the j-th RG step, so that
the sum is a martingale; and Nk ¢ collects conditional means and nonlinear terms. For
a < e <ey(s) and 7 = g3¢, we show that

C
T+ BINks| < Ve + CgaDave+Cy 1+ log(1/m)]

uniformly in the number K of RG steps, where Hy; = L/n;s is the coarse mesh and D;
is bounded uniformly in s. Theorem 31.6 identifies the covariance of the martingale
increments at the zero field:

R T L

Y T;(0T;(0)" = @ I — CiSy.

j=1
In the linearized Gaussian theory, C*** @ I is the covariance of the circulation of the
lattice Maxwell Gaussian field, and C% is the covariance of its conditional expectation
given the linearized coarse field. As a — 0 and then ¢ — 0, with s fixed, the right side

converges to X ® I3, where X is the covariance in (2.6). Section 32 uses these facts to show
that the martingale is asymptotically Gaussian.
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The normalization by /¢3¢ comes from the Gaussian Maxwell field. If A has co-

variance g2(—A)~! in three dimensions, then e”2A has typical size gze~1/2, and its
circulation around a loop of length of order ¢ has typical size g3/ = /7.

Two ideas enter the proof of the decomposition. The first concerns the zero-fluctuation
reconstruction, in which every fluctuation variable is set to zero. Let fi be the linearization
at the zero field of the i-th zero-fluctuation reconstruction map; it takes link logarithms
on the lattice of mesh a;_; to link logarithms on the lattice of mesh 4;. Each L;is a
constrained minimization of the Maxwell quadratic form. By Theorem 31.3, a product of
them agrees, up to a periodic gradient, with a single constrained minimization over all
the averaging steps at once:

a_lfk .- -ij+1v = aj_lE]‘?v + duf]-(v).

The circulation around a closed lattice loop annihilates the gradient exactly, and E;l
obeys bounds that do not depend on k — j. The nonlinear Taylor remainders R; of the
reconstruction maps are inserted at their own scale and then propagated to the fine lattice
by the linearizations:

Pi_jo--0Pjy R; LiLisa
mesh a; — " mesha; ; —— mesha; ——" mesh a.

Converting link logarithms at mesh a; into a potential at the scale 4; introduces the
factor a;/a; = Bi~i. Since ﬁi vanishes to second order, every monomial contains at least

two inputs, each carrying a contraction factor «. for every preceding step. Fori —1 —j
preceding steps, the physical rescaling is therefore controlled by

a; 1 . .
#ﬂi(l 1-j)+1 —C, (Bai)z—lf]’ Baci <
i

=

The propagated remainders are therefore summable. The result is an analytic field 671 on
the fine lattice with the same circulations as the reconstruction, whose coefficients are
bounded uniformly in the number of steps; we need no such bound for the composed
gauge representative itself.

The second idea concerns conditional means. The conditional law of the fluctuation
variables is interacting. Using its density, the local covariance estimates of Section 13,
and global color-rotation symmetry, we show that the conditional means of the nonlinear
terms are of order t]Z times the size of the coarse field. Their conditional variances are
bounded independently of the number of fluctuation variables.

We keep four kinds of variables apart. The link logarithms é\] on the lattice of mesh
aj are dimensionless; the potentials GA]-/ aj are in physical units; the normalized fluctu-
ation variables w; are distributed according to the conditional fluctuation kernel k; of
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Theorem 31.5, which is supported on a product of balls; and independent standard
Gaussian coordinates occur only in the linearized calculation of Theorem 31.6. All cir-
culations are computed for the same gauge representative and with the componentwise
heat semigroup.

The inputs come from Sections 4, 8, 10 to 13, 15, 16, and 23. Section 31.1 fixes notation.
Section 31.2 defines the circulations and computes their covariance under the lattice
Maxwell Gaussian field. Section 31.3 compares linearized reconstructions and controls
the nonlinear remainders. Section 31.4 estimates the coefficients and the conditional
means. Section 31.5 proves the covariance identity, Section 31.6 proves the decomposition
and sums over scales, and Section 31.7 records that all estimates hold at every fixed
positive coupling. All results are used in Section 32.

31.1 Setting and conventions

Fix L > 0, an odd integer M > 3, and an upper bound I' > 0 on the dimensionless
coupling. Let J, B = M/, the parameter tuple ©, the reconstruction maps, and the
minimal coarse side nr be as in Theorem 23.5; they are chosen before the coupling. Fix
0 < <T and set g3 = /L. Fix n, € 4N and the sequence of lattice sides Nx = n,BX.
For a coarse index s > 0 with ng > nr and for K > s, set

ng = n.B°, Hs = L/ng, k=K-—s,
aj=HB (0<j<k), a=a=L/Ng
d] = ](k —j), g] = gg\/a—j, /\B = M(]il)/z, t]' = )\ng, p] = Aw log(l/t])

Here 4; is the mesh of the lattice reached after j RG steps of the reconstruction, starting
from the coarse lattice of side 1. The integer d; is the number of averaging steps between
the fine lattice and the lattice of mesh aj; it determines the effective classical action used
at that scale. In the notation of Section 26, dj is the depth 0;, not the increment Xj—Xj-1
of the heat path. The number ¢; is the largest coupling among the ] intermediate scales
of the j-th RG step, and p; is the fluctuation cutoff radius, with the amplitude A,y fixed
in ©. The couplings g;, of the intermediate scales satisfy g;¢ < t;, and the ratios g; /¢,
depend only on M and J.

Let ks = UNgnsy = BNy (| SNgns,v) be the conditioned Wilson measure. We use
the joint realization of Remark 15.11, whose fine-configuration marginal is vgs. The
reconstruction and the fine configuration have the same joint gauge-invariant observables
there. The coarse field GAO is the array of link logarithms, on the lattice of side n;, of the
chosen representative of the coarse configuration; it satisfies ||§0||oo <r.Forl<j<k,

~ -~

0 = P;(0-1,8j,)),
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where CT)j is the reconstruction map of Theorem 15.13 for the j-th RG step, at the classical
recursion index d;, the w; = (wj ), are the normalized fluctuation variables of that step,
and g;.wj is the vector with components g; sw;¢. By Definition 4.9, the heat-smoothed
circulation is X% = Ia(gk), with Z, as in Definition 31.1 below. We write

Fi=0c(0,wi,...,w), @ =Ew|Fi1],  b=]0c-
The zero-fluctuation reconstruction maps and their linear and nonlinear parts are
13](7)) = C/I\Dj(v,O), f]- = Dﬁj(O), Ri(v) = 13](?)) - f]-v,

and for i > j we set I:IR_]- —Po---o0 13]~+1, which is the identity if i = j. For1 <j <k, a
field 6 on the lattice of mesh aj-1, and fluctuation variables w of the j-th step, define

G](G, ZU) = Ia (ﬁk%]C/I\DJ(Q,gJIZU)), FJ(Q) = Dij(G,O), w]- = min{aj/s, A/ S/IZ]'},

R;,:ur = G](é\]_l,w]) — G](é\]—llo) - r](é\]—l)w]

The matrix I';(6;_1) is F;_1-measurable, and the circulation Taylor remainder RS"" is the
nonlinear part of the change in the circulation caused by the fluctuations of the j-th step.

Coefficient norms. We use the norms of Definition 4.6. For a matrix T = (T,) from link
variables on a lattice of mesh % to link variables on a lattice of mesh a’, the row norm
is sup, Y, |Teu| and the volume-normalized column norm is sup, (a”®/h3) ¥, |Teu|; we
write || T||;owcol fOr the larger of the two. For a tensor of higher degree, a column sum
tixes one input index, called the distinguished input, sums over all outputs and all other
inputs, and carries the same volume factor. Every coefficient is weighted by e**, where t
is the length of a shortest connected network, with internal vertices allowed, joining the
locations of its indices. Write
~ D™F(0)

F(v) = Z Tm[v®m]/ T ol P(z) = Z fmz",  fm = 0.

m>1 m>1

We write F < ¢ if, for every m > 1, the row norm of Tj, and each volume-normalized
column norm of T, with any one input slot distinguished are at most f,,. Differentiating
marks an input once: the degree-(m — 1) tensor of DF is mT,, = D™F(0)/(m —1)!, and
is bounded by the corresponding coefficient mf,, of ¢'. These bounds on absolute values
of coefficients are stronger than bounds on the values of F, and they allow compositions
of arbitrary length below.

Parameters and constants. By Lemma 15.16 and Theorem 23.5, there exists a constant
Cs bounding the first derivative of the zero-fluctuation reconstruction maps, fixed before
J is chosen, such that

a,=C./B<1, q=Ba2=C2/B<L
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Further, there exist a constant §; and radii 7.¢ and r, chosen in this order, with

1 Toff
< =, r< =2
8 4

Byrese
1 - 0(*

such that all reconstructed fields é\] and all their zero-fluctuation continuations lie in
the ball {v : |||l < Tegr}, on which the bounds of Lemma 15.16 hold; we call it the
reconstruction domain. The deterministic coefficient bounds below hold on this domain.
The conditional fluctuation kernels, and all statements about their expectations, concern
coarse fields 6 with ¢/ € B,, the small-link domain of Definition 4.4, together with the
product-domain and support conditions of Theorem 13.8. On the support of vk ¢ these
conditions hold at every step: the coarse configurations of all RG steps lie in D,, and
the thresholds in Theorem 15.13 keep the images of the reconstruction maps inside B,

so that e’/ € B, for 0 < j < k. We write Eq for the bound, fixed in ©, on the weighted
analytic norm of the input effective interaction, which is produced by the integrations at
finer scales.

Unless stated otherwise, C and c denote positive constants that may depend on L, v,
M, J, ©, n, the analytic domains of Theorem 23.5, the loops, and ¢; this is the dependence
described in item (5) of Definition 4.14. They do not depend on K, j, dj, the point x, the
lattice offset (defined below), or the coarse field. We say explicitly when a constant does
not depend on s; otherwise it may depend on s through H; and n,. All estimates are on
the periodic torus. In the limit statements v > 0 and s are fixed, the number of steps K
tends to infinity first, € | 0 second, and no rate uniform as < | 0 is claimed.

31.2 Divergence-free currents and the Maxwell covariance

We define the circulations and the limiting covariance ¥, compute the covariance of the
circulation of the lattice Maxwell Gaussian field, and show that it converges to 2 when
the lattice spacing and then the loop size tend to zero.

Definition 31.1. Fix ¢ > 0 and finitely many smooth closed loops ¢; : [0,1] — RS,
1 <i<m.Fore>0puty = g3 and for p € R> define

R 1. _ipli(o 1 372‘7“7‘2 = ~
Ji(p) :/o li(v)e P4 gy, Zip = ) /]R3 P Ji(p) - In(p) dp.

Let G = (Gf)1<i<m,1<c<3 be a centered Gaussian vector with covariance X ® I3, write
G; = (G},G?,G?), and set Z; = |G;|*/8. In Theorem 2.8 and Section 32 this vector is
denoted C, and (Z;); is denoted Z.

For a lattice mesha = L/N < eand x € ’JI"%, let /; . , » be a closed oriented lattice cycle
approximating the loop x + ¢/; in T3, such that its physical length and diameter are at
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most Cye, it has zero winding when ¢ < ¢),,p,, and there is a based homotopy between it
and x + e/; whose swept area, counted with multiplicity, is at most Cyea. The constants C,
and ¢140p depend only on the loops; they are uniform in x and in the choice of rounding
of the loop to the lattice, which we call the lattice offset. For a link potential A on the
lattice of mesh g, in physical units, set

a
((gzz,s,JcA>1C = ﬁ Z Sgn(e) (P;EZA)Cdir(e)(xpositive(e))/ Ia(v) = (ga,s,x(v/a);
eeéi,s,a,x

for1 <i<mand1l < c < 3. Here P/ = efBa is the lattice heat semigroup, acting
componentwise; dir(e) is the coordinate direction of ¢; xpositive(€) is the starting vertex
of the positively oriented link underlying e; and sgn(e) = —1 if e is traversed against its
positive orientation, so that a reversed link contributes minus the value on its positive
orientation. The coefficient array e — asgn(e) is a divergence-free lattice current, since
the cycle is closed. We call A the heat-smoothed circulation of A, and Z,(v) that of
the link logarithms .
Finally, for k € (27t/L)Z3 (a frequency) set

. 3
]i,s,a,x(k) =a Z Sgn(e) edir(e) e_lk.xposmve(e)/ /\a(k) = 461_2 Z sinz(akr/Z),

eegi,e,a,x r=1

—2(78 Aa(k)

L _—
G = m; A Jreax ) Jhcax (0,

where k ranges over representatives of (27t/L)Z3 modulo (27t/a)Z? with |ak,| < 7, and

€ 720'|sk\

= (D) L o TR T,

ke (2rr/L)Z3\{0}

The matrix X is the covariance of heat-smoothed circulations of a massless transverse
field on R3: before smoothing, the Fourier covariance of that field is |p|~2(I — pp' /|p|?)
in each of three independent colors, and the transverse projection drops out against J;
because p - J;(p) = 0.

Lemma 31.2. In the notation of Definition 31.1, the following statements hold.

1. We have p - Ji(p) = 0 and |J;(p)| < Cymin{|p|,1}. The integral defining ¥. converges, and
X is a real symmetric positive semidefinite matrix; it may be singular.

2. Forvy,...,v,m > 0, with V = diag(v;),

—-Yi0iZi _ 151/2v7y1/2\—3/2
Ee~ X% = det(I 4 jx!/2vxl/2) 77,

]EZ = %Zii/ COV(ZI', Zh) = %leh
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3. The functional €p,e,x vanishes on every periodic lattice gradient. If € < €)o0p, it also vanishes
on every constant field. For the initial potential A% = ag,}(GAK_S of Definition 4.9, we have
185 = T, (B s)-

4. Let € < €)0p, and let A be the physical Maxwell Gaussian field on the lattice of mesh a, in
three independent colors: the centered Gaussian field on link potentials modulo gradients and
constants whose density is proportional to exp(— ||d€||§2 /(2g3a)), where 6 = aA and d is
the dimensionless plaquette coboundary. Equivalently, its covariance operator for the physical
scalar product

(u,0) = a°y _ue - v,

e
is g%(—Aa)JrPtm, where Py, is the projection onto lattice divergence-free fields and (—A,)™
is the inverse of —A, on fields with zero mean. Then E[(CoexA)S(GaexA)S | = (5CC/CZ‘.Z£’L.
The longitudinal part of the covariance drops out by the exact closedness of the cycles, before
any limit is taken.
5. For each fixed ¢ € (0, e1o0p], Cv&L — C%L as a | 0, uniformly in x and the lattice offset.
Further, C&& — Y as e | 0.

The constants in these statements depend only on the loops, L, o, Cy, and Elo0p- The covariances
cael, CoL and ¥ do not depend on g;.

Proof. We verify the statements in order.

Step 1: the continuum current. Let [; = fol 1/;(v)| dv, and let y; be a point on the i-th
loop. Integrating the derivative of v + e~"(i(?) over the closed loop, we find p - J;(p) = 0.
Since fol ?; = 0, we also have

Ji(p) = /0 Ui(0)[e7 4@ — =Y dv,  [Ji(p)| < ;min{2, |p| diam ¢;}.

The integrand defining . is therefore bounded near zero and bounded by C|p|~2e=271P B
for |p| > 1; both bounds are integrable in three dimensions. For real numbers u;, the
quadratic form of X is

(2 )_3 6_20|p|2 /\( ) Zd >O
T uifi .
/IR s pP ’; ili(p ‘ p=
The substitution p — —p, together with J;(—p) = Ji(p), shows that the entries are real,
and interchanging i and / shows that X is symmetric.

Step 2: the Gaussian comparison vector. Let Z!, Z2, Z3 be independent standard Gaus-
sian vectors in R” and set G¢ = £1/2Z¢; this constructs G also when ¥ is singular. Then
Yi0,Zi = (1/8) Y. (Z¢)T2V/2v£1/27¢. Diagonalizing the positive semidefinite matrix
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2172y %1/2 by an orthogonal matrix reduces the Laplace transform to a product, over its
eigenvalues A and the three colors, of

(Zn)—uz/ o (1HA/0)22/2 3 _ (1+7/4)7172,
R

which gives the determinant formula. For a centered Gaussian pair (X,Y) we have
E(X2Y?) = EX?EY? 4 2(EXY)?; this is Isserlis’ formula [112]. Applying it to the coordi-
nates of G, we obtain EZ; = (3/8)%;; and Cov(Z;,Z;) = (1/64) ¥, 253 = (3/32)23

Step 3: gradients and constants. For a vertex function f, let d,f be the field whose
value on the positive link from y to y + ae, is (f(y + ae;) — f(y))/a. The heat semigroup
commutes with d,, since the lattice Laplacian is a sum of translations, which commute.
The oriented sum of a(P/daf)gir(e) (Xpositive (€) ) around the lattice cycle telescopes to zero.
The heat semigroup fixes constant fields, and the sum of the oriented displacement vectors
asgn(e)egir(e) vanishes for a cycle of zero winding; hence the current also annihilates
constants. Both assertions use the convention that a reversed link is evaluated on its
positive orientation, at the starting vertex of that positive link. The identity 1% =
IaNK (GAK_S) is the substitution A = ag,}( §K_S in Definition 4.9; the gauge representative is
not changed.

Step 4: the lattice covariance. We take the representatives k with |ak,| < 71 and define

dy(k) =a (e —1),  sothat  Au(k) =) |d.(K)[?

The Fourier transform of the boundary of the cycle is zero, which is the identity

Zd ) Jiga,xr(k) =0 (31.1)

at every frequency, with repeated links counted with multiplicity. Indeed, the left side
equals Y, sgn(e) (e~ *¥+(€) — g=iky-(¢)) where y. (e) are the endpoints of the positive link
underlying e, and this sum telescopes around the closed cycle. At k = 0, zero winding
implies J;(0) = 0. On each nonzero frequency, the algebraic identity

Yo |drAg — dgAr? = Mgl AP —

r<q

identifies the inverse of the Maxwell quadratic form, restricted to transverse fields, as
A7 1Py 4. This normalization agrees with the Wilson normalization of Theorem 8.3: writing
0 = aA, the quadratic exponent is

2 113
ldo]%, Y Y (daA) g ()

Zgﬁa 293 v r<q
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where d on the left is dimensionless and d,; on the right is in physical units. With A(k) =
a® Yy e~*YA(y), the covariance of the Fourier coefficients is g2L31y— _jAg(k) " Pyrq(k).
Pairing twice with the cycle, applying the two heat factors e0M(k) and dividing by 7,
we obtain the covariance

o—20*Aq(k)

3
nL3 k70 Aa(k)

in each color separately. Here (31.1) removed the projection Py 4. Since g3/17 = 1/, this
is the formula for C%*L.

Ji(k) - Ju(k),

Step 5: the limit a | 0. We lift the small cycle and the loop x 4+ &/; to a ball of diameter Ce
in R3. For a C! one-form f, replacing its integral over each oriented link by the value at
the starting vertex of the positive link changes the integral by at most a?|| D f || /2 per link;
summing over at most Cye/a links gives an error at most Cea||Df||. For a piecewise
smooth based homotopy H(u,v) between the polygon and the loop, differentiating
[ f(H)0,H dv in u and integrating by parts in v gives

ﬁolygonf N 7{6—0—56{ f= /01/01 df (H)(0yH,0,H) du do.

The endpoint terms cancel because the paths are closed and the homotopy is based;
for a piecewise smooth homotopy the formula holds piece by piece, and the internal
boundaries cancel. The swept area bounds this difference by Cea||df||. Applying both
estimates to f(y) = e~*¥dy,, and using §, Tel, e~ *Ydy = ee~*XT;(k), we obtain for each
tixed € and k

Ji .0, (k) — e Ji(ek)| < Cealk], (31.2)

uniformly in x and the lattice offset; a rounding of the common base point is included in
the same estimate. Subtracting from each exponential in the definition of J; its value at
one vertex of the cycle, which is allowed since J;(0) = 0, and using the bounds on length
and diameter, we find

J;(k)| < Cemin{1,e|k|}, %|k|2 < Aa(k) < |KJ2 (31.3)

The second assertion follows in each coordinate from 2|u|/7m < |sinu| < |u| for |u| <
7t/2. For fixed & > 0, we extend the summand defining Cael by zero outside the chosen
representatives. By (31.3) its absolute value is bounded by a summable Gaussian function
of k on the fixed reciprocal lattice (27t/ L)Z3, uniformly in a, x, and the offset. Given a
tolerance, we first truncate this Gaussian tail. On the finitely many remaining frequencies,
(31.2) and A, (k) — |k|? give uniform convergence. Substituting J;(k) = ee~**J;(ek), the
two translation phases cancel and the prefactor becomes €2/ (¢L3|k|?>) = (e/L)3|ek| 2.
This proves C#¢L — C&L,
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Step 6: the limit ¢ | 0. Let § = 2me/L and, for p # 0, define

e—201p1* — -
fin(p) = W]i(P) Jn(p)-
By Step 1, fi; is bounded near zero, smooth away from zero, and has a Gaussian tail. We
have Cf,’qL = (27) 7353 Yoez?\ {0} fin(0v). For r > 0, the contribution of the points with
|6v| < ris at most C(r + 6)3, as one sees by counting the disjoint cubes of side & centered
at these points inside the ball of radius r + /35; the corresponding integral is at most
Cr3. On a fixed annulus r < |p| < R, uniform continuity bounds the difference between
the integral over each cube and the sampled value by the modulus of continuity at /36,
and the boundary cubes have total volume tending to zero. The tails are uniform for
0 < 6 < 1: for R > 2, the absolute sum over the shell 29R < |p| < 29+1R is at most
C(27HIR + 1)38—%(2‘71{)2’ and these bounds are summable in g with sum tending to zero as
R — oo. Letting 6 | 0, then r | 0, and then R — oo, we obtain Cf}’f — 27) 73 [ fin = S
The constants used depend only on the stated data, and g3 appeared only through
g% /n=1/¢. O

31.3 Linearized reconstruction and nonlinear error terms

This section constructs the field £7 described at the beginning of the section and proves
the deterministic bounds that convert coefficient bounds into bounds for circulations. The
linear comparison follows the constrained Gaussian calculations for Bataban's averaging
operation [10, Section A, (1.1)—(1.8), pp. 18-19, and Section D, (1.47)-(1.49), p. 26, and
(1.64)—(1.67), p. 29]; the averaging map, the effective actions, and the gauge representatives
used here are those of Sections 8, 10, 11, and 15, and the comparison is proved below for
them.

Theorem 31.3. Assume the setting of Section 31.1 and the loop data of Definition 31.1. Fix a
coarse index s with ng > nr and K > s. Then the following statements hold.

1. On the larger analytic domain fixed in Theorem 23.5, the zero-fluctuation reconstruction
maps satisfy

-~

XiZ (v B(0) — DB(0)0) < asBz’

T 17 1—- Bz’

with output rows, every volume-normalized column with a distinguished input, and a fixed
spatial weight. The constant By is chosen on that domain before 1o and r.

P =< ¢(2)

2. There exist deterministic matrices E]”f, 0 <j <k with E,‘z = I, each a scalar multiple of the
identity on the color factor, with rows and volume-normalized columns (with factor as/ a? )
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bounded by a constant, and with a fixed positive spatial decay rate measured in units of a;,
such that

a 'Ly - -fj+1v - a;lE?v = d,fi(v)
for a periodic vertex function f;(v) on the fine lattice depending linearly on v. The difference

has no constant part, because the block averaging constraint fixes the componentwise means
in physical units. These bounds do not depend on k — j.

3. Let T be a matrix from link variables on a lattice of mesh h to link variables on the fine lattice,
with row norm and volume-normalized column norm at most Ao, and with at most a fixed
number of input coordinates per cell of side h. Then for 0 < t < ae%oop,

sup || rowy (P T) |2 < CAg min{1, B3/2(t + a%) 734}, | PET|| poospo < A
y

Consequently, fora < e < €loop-

gsx/ﬁT

|€0exB52T| < CAomin{h/e, Ve/h),
oS58, < Choten

where €% and (> refer to the counting norms on the inputs.
4. Fori> jputr' =i—1—jand D = B;/(1 — ). Then

~ z2

(Z) — Ri(Hi_1<_]-(v))) =< Cer +1m/

for rows and for columns with the normalization a3 / a;’. Derivatives with a distinguished
input are bounded by derivatives of the same series, with the same spatial decay rate.
5. Define the field on the fine lattice

j(v) = Efv+ Z ]Ea (T 167(v)).
i= ]+1

For ||v]|e < ref, it is equivariant under global color rotations, vanishes at v = 0, and
satisfies

7, (IAT;“_]-(U)) = Cuex (aj_lg‘]? ().
Its rows and its columns with normalization a> / a? are bounded by a power series independent
of k, j, and dj. In particular, on the reconstruction domain,

IDE} (0)lrowcot < C, [IDE] (2) = DE(0) lrow-tcol < Cl0]lcc,
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and every fixed higher derivative obeys the corresponding bound. The conversion to physical
units is governed by the identities

3

X
[¢¥]

3_[1
3= 3
; as
) )

a; / / / /
] 2r'+1 r+1 2r'+1 r
—ai" =Bt = Ciq”,

th
N.())
S

a;

The constants in the coefficient bounds depend only on M, |, ©, the analytic domains and their
ratios, the spatial decay rates, and the number of coordinates per cell; the constants in the heat and
circulation bounds may in addition depend on L, o, Cy, and Eloop- None depends on K, s, |, d]-, or
the coarse field in the reconstruction domain.

Remark 31.4. The identity in part (5) is an identity between circulations. It does not say
that the composed nonlinear reconstruction I, ; coincides with a single reconstruction
over all intermediate scales, and no inverse of the Maxwell operator on the coarse lattice
is used.

Proof. The proof has six steps. Step 1 recalls the analytic input. Step 2 proves the linear
comparison of part (2), which is the source of the exact cancellation of gradients. Step
3 proves the heat and circulation bounds of part (3). Steps 4 and 5 show that coefficient
bounds survive compositions of arbitrary length and prove part (4). Step 6 assembles the
field £7'.

Step 1: the analytic input. The coefficient bound on the larger domain and the order in
which the constants are chosen are given by Lemma 15.16. The identification of C, with
the constant Ccp of that lemma and the choice of | are part of Theorem 23.5; in particular
we use g < 1/4, and no constant of an all-order bound at fixed | is used to choose ]J.
Restricting the joint coefficient series of Lemma 15.16 to zero fluctuation variables gives
the two majorants of part (1), with the stated output and distinguished-input conventions.
Its domain inclusions hold on the reconstruction domain.

Step 2: the linear comparison. For j < k we apply Lemma 11.9 once, with J(k — )
averaging steps, preceding classical recursion index zero, coarse mesh 4;, and relative fine
spacing u = a/a;. The logarithm of the representative given by that lemma is uA,(v),
and we define

E} = DA,(0).

By the first-derivative clause of that lemma, we have the row bound and the column
factor u® = a3/ a?, with one positive spatial decay rate in units of 4;, uniformly in the
number J(k — j) of averaging steps. We use no bound on the dependence on fluctuation
variables at this growing number of steps. By global color equivariance, each 3 x 3 color
block of E? commutes with every rotation. Commuting with the rotations by 7 about
the coordinate axes makes the block diagonal, and commuting with the rotations that
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permute the axes makes its three diagonal entries equal. Hence E7 is a scalar multiple of
the identity on the color factor. We set Ef = I.

We now show that uE} represents the composed linearization for circulations. First
let v be real; all minimizations and comparisons of nonnegative quadratic forms in this
paragraph are on real tangent spaces. By the quadratic part of the nested minimization
identity of Theorem 10.10, each linearized reconstruction minimizes the inherited non-
negative Maxwell quadratic form over the free coordinates, on which this form is positive
definite. If a quadratic form Q(x,y, z) has positive blocks in the constrained variables y
and z, then

iIZ’lfinlfQ(x, Y,z) = inf) Q(x,y,z).

Indeed, every value of the problem on the right bounds the left side from above, and for
each fixed z the inner minimizer realizes the infimum over y. Completing the squares
in the positive blocks shows that both infima are attained at the classical tangents. We
iterate this equality over the finitely many averaging steps. Since the indices d; = J(k — j)
are compatible, the inherited forms are exactly the successive Schur complements. Thus
the composed tangent Ly - - -f]grlv and the tangent uE;?v minimize the same quadratic
form on the fine lattice subject to the same linearized averaging constraint v. The gauge
transformations of Theorem 15.13 depend only on the coarse field and equal the identity
at the tree roots; they preserve the constraint and the gauge orbit of the minimizer. Their
derivatives at zero add periodic gradients, which do not affect this conclusion.

Let X and Y be these two minimizers, and let Qp be the Maxwell quadratic form.
Since the constraint is linear, the midpoint satisfies it. By the parallelogram identity, we

have
X+Y

Qo(FEY) = 2Qu(x) + 5Q0(0) — (X~ V).

Minimality and nonnegativity imply Qo(X —Y) = 0; in particular (X —Y) = 0. We
determine the kernel. Let Z = X — Y and fix a nonzero lattice frequency, with b, =
ej"kr — 1. Zero curl says erq = qu. Choosing an index r with b, # 0, we have
Zg = by(Z;/b,) for every g; that is, every nonzero-frequency part of Z is a periodic
gradient. The zero-frequency part is a constant field, and its componentwise means in
physical units are its constant components.

This constant vanishes for X — Y. By Lemma 8.1, the derivative of the composed block
averaging map is the box and segment average plus a periodic gradient on the coarse
lattice, and its version in physical units preserves each componentwise mean. Explicitly,
if m = a]-/ a is the total blocking factor and K,y the box and segment average, the box
and segment formula counts each fine link m’ times before its factor m’~3, so that

m,z

Y (KwZ)e(Y) =m'" ZZZr ma3z =a

Y y
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The coarse gradient has mean zero. Since X — Y satisfies the homogeneous constraint,
its mean in physical units is zero. The same argument applies to coarse fields with
nonzero constant components, which are fixed by the constraint. We conclude that
a (X —Y) = dufj(v) for a periodic vertex function, chosen with mean zero, which
depends linearly on v by the frequency formula above. This proves part (2), and by
Lemma 31.2 the circulation annihilates the gradient. The maps in this identity are real
linear; their complex-linear extensions give the same identity for complex v.

Step 3: heat and circulation bounds. Let R(T) and C(T) be the row norm and the
volume-normalized column norm of T. For a vector z of inputs, by the Cauchy-Schwarz
inequality with the weights |T,,|, we have

Z 2 Teuzy
u

e
since Y, | Teu| < (h/a)3C(T). Thus || T2,z < Ag(h/a)3/%. We use Lemma 16.1 with
the fixed horizon Tyea = 0'8%0 op and difference order zero. Its hypotheses hold on the
periodic fine lattice of mesh a = L/ Nk, with Nx > 4, and all times considered lie in
0, Theat]- Since the heat kernel of that lemma is a density with respect to a3 Yy the row
of P? at y, as a vector in the counting norm, is a>p?(y, -), and its £> norm is at most
Ca®/2(t + a*)~3/4. Applying this row to T, we obtain

" < R(T) T[Tl 242 < ROT)C(TY (/)P X 2,

| rowy (PFT)|2 < la°pi(y, M el Tl oo < CAGRY2(t+a?) /%

Since the heat kernel is positive with unit mass, the absolute row sums of P{T are at
most Ap; this bounds both the ¢2 norm of each row and the /*® — ¢® norm, including
at t = 0. The finitely many directions and input types are absorbed into C. Since the
horizon is fixed, the constants depend on its ratio to 12, and the constant mode of the
heat semigroup is included.

For & < gjoqp the time t = ¢¢? lies in [0, Theat], and a < ¢ implies (t +a?)~3/* < Cpe=3/2,
The circulation sums the rows over at most Cye/a links with the weight a/,/7, so the
prefactor multiplying a single row is

S g3\/ﬁ_
ﬁ' 2 = \/€/h.

Multiplying it by min{1, C(h/¢)3/?} proves the ¢? circulation bound, and multiplying it
by the absolute row bound proves the / bound. Summing over the fixed number of
loop and color components gives a fixed factor.

Step 4: compositions of coefficient bounds. In the composition of two tensors, fixing an
output and summing over all inputs uses the row bound of the outer tensor and a row
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bound of the inner tensor at every input slot of the outer tensor. If instead we fix one input

of the inner tensor, we follow the chain of factors through which this input enters. Along

this chain we use the column bound of the inner tensor and the column bound of the

outer tensor with the corresponding distinguished input; all other factors use rows. For

example, let B be a bilinear tensor from mesh a;_1 to mesh 4; and G a linear tensor from

mesh a; to mesh a;_1, and consider (B(Gv, Gv))e = ¥y 1 1w Beyy Gyu Gy vuvy. Fixing u
3

in the first slot, we have
aj a; )
| Y Beyy GyuGyrwr | < 3 1Gyul Y Beyy| Y |Gywr| < ag_C(G) 3 Ci(B) - R(G),

eu' yy Y ey’ u’ i—1 i

where C;(B) is the column norm of B with its first input distinguished. After multiplica-
tion by the volume factor a? / a?, the volume factors cancel:

3 3 3
ap 4 4
3 3 — 3

In general there is exactly one chain of factors carrying a fixed input slot. Its column
bound uses the same homogeneous majorant coefficient as the row bound; summing
over the possible positions of a differentiated input introduces exactly the degree factor
represented by differentiating the scalar power series, once. The Taylor coefficients
D" /n! distribute the input indices among the input slots of the outer tensor with exactly
the multiplicities of scalar substitution: ordering the slots first and then dividing by
their factorials counts each partition once. We conclude that composition of the scalar
majorants majorizes these tensor contractions, also with a distinguished input, and that
no constant is lost at successive levels.

The spatial weights are treated in the same contraction. We take the union of the
connecting networks of the participating coefficients, joined at the contracted indices.
It is a connected network joining all the external indices, so its length is at least their
minimal network length. Every later input mesh is at most 4;, so the weight of each
part of the network at its own scale dominates its weight in units of ;. Multiplying the
weights bounds the weight of the union with the initially fixed decay rate. This holds for
compositions of arbitrary length, without a reduction of the decay rate at each step.

Step 5: iterated majorants and the remainder bound. Let S, = ZZ;%) af, with Sp = 0. By
induction, using the formula for ¢, we have the identity

o'z

¢ (2) = 55~ 857 (31.4)
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For the inductive step, we substitute the right side into a.y/(1 — Bjy) and use S, =
Sy +af,. By Step 4, ﬁi,lej < (,bor/ with ¥ = i —1—j, and the remainder satisfies,
coefficientwise,

PR p or' (7))2 “21”—1—122
Riofl1e; < pr(@7(2))° _ P

1=Bypo'(z) (1= pBySpz)(1 = BSpi12)
< b2 - b (31.5)
(1 - Dz)? 1—a,

Here =< denotes coefficientwise inequality of power series. In the equality we used
1-— ‘B](por/(z) = (1 = BySp412)/(1 — BjSpz), and the coefficientwise inequality holds
because $;S; < D for every r. This proves the row, column, and distinguished-derivative
assertions of part (4), with C = B, enlarged once for the fixed convention on components.
The bound Dr.i < 1/8 makes all these substitutions convergent on the reconstruction
domain. The two inputs that every monomial of the remainder contains each contribute
a factor &’ ; this is the origin of the exponent 2 + 1.

Step 6: the field EA']?. For a finite composition we have the identity

k
[ j(v) = Lg---Ligav+ Y, L+ Liga Ri(TLi—1e(0)), (31.6)
i=j+1
which follows by induction on k — j: to pass from k — 1 to k, apply Ly to the identity at
k —1 and add Rk(ﬁk_lﬂ'(v)). We apply the linear functional Z, to (31.6) and use the
linear comparison of Step 2 on each summand, with the remainder ﬁi(ﬁi_lﬂ-(v)) as
input at scale i. Since the circulation annihilates the gradients, we obtain

k
To(Tle(0)) = Goex (a7 B0+ Y a7 EIRi(mac(0)),
i=j+1

which is the identity of part (5). Each remainder is equivariant and vanishes at zero,
and each E} is a scalar multiple of the identity on the color factor; hence g']fl has both
properties.

Let Cg be a common bound for the rows and volume-normalized columns of all Ef.
Composing E? with a remainder multiplies its column normalization a3/ a}?’ by a®/a?,

which gives a3/ a? . The factor a;/a; in the definition of éA']fZ combines with (31.5) to give
gair’ﬂ — B2 — g
i

Summing over i, a common majorant for £7' is

CeBiCe 22

I 0D (31.7)

Y(z) = Cpz +



31 Reconstruction estimates and divergence-free currents §314 18

By the fixed-input calculation of Step 4, the homogeneous column norms are bounded
by the coefficients of ¥; the differentiated tensors, with an input marked only once, are
bounded by its derivatives. It converges on a disk of radius larger than reg. Its first
derivative bounds DS ? its second derivative, integrated along the segment from 0 to v,

gives IDE! ]”( v) — DSJ“( ) lrowtcol < Cl|v|loo; and each fixed further derivative is bounded
by the corresponding derivative of ¥, since Dreg < 1/8. All constants are functions of the
coefficient data listed in the theorem; only Step 3 introduced the loops, the heat horizon,
and the torus. This completes the proof. O

31.4 Conditional current coefficients and means

We now bring in the conditioned Wilson measure. The next theorem collects the proper-
ties of the conditional fluctuation kernels that we need, bounds the coefficient matrices
I'; and their dependence on the coarse field, and bounds the conditional mean and the
conditional variance of the circulation Taylor remainders RS". The conditional kernels
satisfy a uniform convexity bound on a product of balls. The resulting dimension-free
Poincaré, logarithmic Sobolev, and covariance estimates are in the tradition of Brascamp
and Lieb [33], Bakry and Emery [8], and Helffer and Sjostrand [110]; their versions on
products of balls are proved in Sections 5 and 13.

Theorem 31.5. Assume the setting of Section 31.1 and the loop data of Definition 31.1, with one
family of reconstruction maps on the whole sequence of lattices. There exists sy < oo such that for
every integer s > sq, every K > s, every 1 < j < K —s, and every e with a = ag_s < € < g9(s),
the following statements hold. One may take eo(s) < min{cHs, €ioop, ¢/ g3} for a fixed small
c>0.

1. Under vk s, the conditional law of w; given F; 1 is k; (9] 1, dw), where

lgj(w)efvf(g'w) dw

oy, e Vi) gy

]

7

m;
= 1IBr:0pi0),  pje=pj = Awlog(1/t)).
=1

The potential V; contains the part of the classical action beyond its quadratic approximation,
the input effective interaction, the Haar disintegration density, and the determinants of the
triangular change of variables. The restrictions at coarser scales do not change this kernel
once 0 is fixed. On all of ),

HD%)Vj_I“row—&-col < 19]' = C[tjpj+t]2-(1+Eq)], DZV %I

Vary, f <2 |V, Enty(f?) < 4B |V
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The number of three-dimensional blocks satisfies m; < Cj(L/aj)> < C],Lﬁtj’é, and the
conditional means satisfy sup, |Eqw; | < Ct;||0||co; in particular they vanish at 6 = 0.
Here IEq denotes expectation under k;(0, -), for a coarse field with e? € B, as in Section 31.1.

The threshold sy can be chosen so that, in addition, pi =2 1, 6m]-e_p 7/192 < 1/2, and
|]E9w;?,€| <p/ (16+/3) at all these levels, for every color component ¢ and every coarse field
with ¢ € B,.

2. For every 0 in the reconstruction domain, with b = ||0||,

ITj (@)l 2srom < Ceoj, [[Tj(0) | goymom < Cyfe/a),

IT;(6) = Tj(0) [l o gom < Cbawj, — T;(O)T;(0)T = T;(0)T;(0)'[| < Chw;,

where (> and (™ refer to the counting norms on the fluctuation variables.

3. Let t = t;, and recall that the couplings g; o < t; of the intermediate scales have fixed ratios to
tj. Let Fo(6,q) be an analytic function of the coarse field 6 and the coupling-scaled fluctuation
inputs q on the common larger coarse/free domain, with values in R3, equivariant under
global color rotations, such that F(0,0) = 0, such that its absolute coefficient row sum at
the fixed output e is at most a given constant Cr < oo, and such that, after the substitution
q¢ = 8j,ewy, every term of degree I in w carries a factor t!, also after one derivative in 6. The
constants in this part may depend on Cr and on the radius of the larger domain, but not on
the output resolution. For De(0,w) = F,(0,g;.w) — F.(0,0) and every coarse field 8 with
¢ € B,, we have

|EgD,| < Ct?||0|l,  EoD, = 0.

For 6, = u6, 0 < u <1, and the potential Vy, = V]'(Gu, ),

d
E]EGuDe(Qu/ w) = ]EeuauDe - COVGM (Dez auveu),

and the local estimates

sup 192,94 Vo, |12k (6,,)) < CEIIO]loo, Zz; 192, Dell 2 (x;(6,,.)) < Ct
hold. The derivative of the normalization, the input effective interaction, the Haar disintegra-
tion density, and all determinants are included in these statements. At 8 = 0 the covariance
of the fluctuation variables has the form I [w‘fw,l;] = S11,0,4p, with all spatial correlations Sy,
retained, and its contraction with any equivariant bilinear coefficient with values in R3 is
zero. This is a consequence of global color equivariance, not of parity.

4. With bj_1 = ||6j_1]|ccs

Tj(0-2); + B[R | Fja)| < Ctbjay/e/aj,
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E[[RS™ —E(RS™ | Fj1)[* | Fj-1] < CHpiawr?,

-~

The same mean bound holds separately for |T';(6;_1)@;| and for |1E[R]’?ur | Fj-1]|, and both
vanish when GA]-_l = 0.

All constants in parts (1)—(4) are independent of s > sy, K, j, d]', the output resolution, the point
x, and the lattice offset. They may depend on L, v, M, ], ©, the loops, o, the analytic domains,
and, in part (3), on Cr and the larger domain.

Proof. We first identify the conditional kernels and choose sy. We then bound the coeffi-
cients at a general coarse field (Step 2), prove the moment and coupling bounds needed
for general outputs (Steps 3-5), prove part (3) (Step 6), and apply it to the circulation
(Step 7).

Step 1: the kernels and the threshold. By Theorem 15.13, the reconstruction maps pre-
serve the conditional law and its product of balls at every index d;. We apply Theorem 13.8
to this law; its bound on the input effective interaction is Eq, and its largest coupling is
t;. For the selected law all cutoff radii within one RG step equal p; = Ay, log(1/t;), as in
Definition 4.4. Thus the common-radius hypotheses of the conditional estimates hold,
and choosing the coarse side large bounds the denominator in the rational estimate away
from zero. This gives the bound 9}, and the convexity, Poincaré, and entropy statements
on the closed product. Every factor coming from coarser restrictions is a function of the
coarse field and cancels in the normalized kernel, as stated in the same theorem. Neither
this cancellation nor the choice of gauge representatives removes from V; a term that
depends on w.

The count of free coordinates in Theorem 12.13, summed over the | intermediate
scales, bounds the number of three-dimensional blocks by Cj(L/ aj)S. Since t; = Apg3,/a;j,
we have (L/a;)* = L? ()\ng)6t]._6. The mean bound of Theorem 13.10, applied to this
product with its common radius p;, implies that sup, [Egw;,| < Ct;b; in particular the
means vanish at 6 = 0.

At coarse index s the largest coupling is

t(s) = gsvVHs/M,  ti(s) = t(s)B~ U172, (31.8)

and t1(s) — 0 as s — oo. All the domain, analytic, curvature, and moment conditions
required here are finitely many fixed inequalities in ¢ and in its cutoff radius p(t) =
Ay log(1/t). We also require n; > nr for every s > sg. We increase sp until all these
inequalities, including Ct1(sg)r < 1 for the constant in the mean bound, hold for every
0 < t < t1(sp). This is possible also for the condition 6mje_p 7/192 < 1/2, which involves

the number of blocks: with u = log(1/t) its left side is at most

Cjryexp(6u— Aiu*/192) — 0 (u — o).
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2
The same reasoning bounds the quantity (1 + 31;) (6m]-)1/ 2,7P; /384

cutoff estimates of Lemma 32.6. As a function of 1 = a;, we have

, which appears in the

(1 +3m]-)(6m]-)1/2e*'%2 I3 < C(14 (L/h)3) (L)) 2e<log" 1/ (CsVh), (31.9)

and for every fixed v > 0 the right side is O(h?) as h | 0, since after taking logarithms the
negative quadratic term dominates every fixed linear term. The bound on the mean in
part (1) follows from Ctjr < p;/(161/3) after another increase of sy, since ||0]| < when
¢’ € B,. These inequalities persist at every later s and every level j. Finally, we choose
go(s) as in the statement, with ¢ small enough that 7 < 1 and the small lattice cycles have
zero winding. None of these choices changes the reconstruction maps, their thresholds,
or the small-field event at any side.

Step 2: coefficients at a general coarse field. We suppress g, ¢, and x from € = €, ¢,
and define the map to the fine lattice

Zi(0,w) = & (D;(6, 8;.w)). (31.10)

By the identity of Theorem 31.3(5), we have G; = So”(aj_lz]'). We compose the joint
coefficient series of Theorem 15.13 with the majorant (31.7). The column bound for
compositions, proved in Step 4 of the proof of Theorem 31.3, applies with one fluctuation
input distinguished, and we obtain

Dij(Q,O) = ngj(Q)/ ||T]'(9)Hrow+col <C ||T](9) - Tj(0)||row+col < Cb. (31.11)

Here the fluctuation variables are referred to the mesh a;. Their meshes differ from a; by
the fixed factors 1, M, ..., M/~1 and their couplings differ from gj by the corresponding
fixed square-root factors, so converting their columns and densities to the mesh g;
introduces only constants depending on J. A derivative in 6 introduces a factor depending
only on the fixed gap between the larger and the smaller domain, and integrating it from 0
to 6 proves the last bound; no depth-dependent derivative bound or new domain is used.
Since T'j(0) = ¢'((g3,/3;/a;)T;(6)), Theorem 31.3(3), applied to T;(#) and to T;(#) — T;(0)
with i = aj, proves the three bounds on I'; in part (2). For the Gram matrices we use,
with A =T;(6) and Ag = T;(0),

IAAT = AgAg || < [IA — Aoll (IIA]l + [|Aoll),

which gives the bound Cb wjz.

Step 3: local moments. We fix one of these products of balls, set 8, = u6, and write [,
for expectation under k;(6,,-). By the mean bound and the inequalities of Step 1, we



31 Reconstruction estimates and divergence-free currents §314 22

have sup; |E,w;| < 1. For a scalar coordinate let { = wj — E,w{. Applying the Poincaré
inequality first to ¢ and then to ¢Z, we obtain

Euf? <2, Euf*— (Eu?)? < 2E,|VE2|? = 8E,. &% < 16.

Hence all fourth moments of scalar coordinates are bounded by a fixed constant, and
the inequality (x7 4 x3 + x3)? < 3Y, x? gives the same for each three-dimensional block.
These bounds are uniform in u, the dimension of the product, and the output mesh.

Step 4: coupling powers in the potential. We read off the powers of the coupling in the
potential from Theorem 12.13. The first derivative of each classical action with respect
to the free coordinates vanishes at its conditional constrained minimizer. Its quadratic
term becomes exactly |w;|?/2, because the normalization uses K~ 12 the inverse square
root of the constrained Hessian. Although the minimizer and the square root depend
on the fluctuation variables of the coarser intermediate scales, this quadratic expression
does not. After subtracting |w|?/2, the classical part has total degree at least three in w.
The coupling-scaled fluctuation inputs are q; = g;w; = tA;w;, with fixed A;, and the free
logarithmic coordinates are z; = z; + K 1/ zqi, where z; and K; depend on the coarser
fields. We expand the analytic reconstruction in the inputs g;, keeping the conditional
constrained minimizers and the Hessian factors inside it. Each term of total degree r then
contributes #" after the substitution, and the classical divisor g7 removes two powers of ¢.
The differences of the Haar disintegration density and of the determinants have positive
degree and no inverse power of the coupling. Writing H, for the part of degree r in w
of the interaction generated at the current integration step, there are tensors A, and B,
(unrelated to the small-link domain B,) such that

H,(0,w;t) = " 2A,(0)[w'] +t'B,(8)[w], A= Ay=0. (31.12)

The differences of the Haar density and of the determinants belong to the terms B,, and
their dependence on the fluctuation variables of the coarser intermediate scales is kept in
this decomposition.

Step 5: the mixed derivative of the potential. Fix a level j and condition on F; ;. We
apply the local clause of Theorem 13.10 with

t=t 0=0_1, E.=E, 6O,=ud (0<u<l),

jr
and check its hypotheses. The coarse field satisfies ¢ € B, on the support of vk, as
noted in Section 31.1; its radial segment remains in B, and in the larger analytic domain.
The ratios g]"g/ t; are the fixed ratios of that theorem. The product is exactly Qj, with
its radii p; ¢, which depend on the level and the coupling but not on u. The conditions
on the product, including the smallness of t;(p; + Cy)3, were imposed in the choice
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of sp, and the input effective interaction has norm at most Eq at every index d]-. By
Theorem 15.13, the change of gauge representative preserves the fluctuation variables,
the product of balls, the part of the classical action beyond its quadratic approximation,
the Haar disintegration density, the determinants, the normalization constant, and the
normalized conditional kernel; hence the theorem applies to this kernel. A difference
between two choices of the potential that depends only on the coarse field has zero mixed
derivative. We conclude that

SI;P 192,92 Vi (Ous ) 2k 6,,)) < Ctjl|]l oo (31.13)

with a constant independent of the side, j, K, d]-, and u. This is a bound at each fluctuation
index, with a summable spatial profile; no global norm of the extensive derivative 9,V is
used. The Gaussian part, the dependence of the determinants on the coarser fluctuation
variables, and the derivatives of the input effective interaction through the chain rule are
included.

For the mean bounds below the following weaker estimate suffices. Summing the
pointwise clause for the mixed derivative in Theorem 13.10 against 6, we obtain

sup [[9:,du Vi, l1> < sup [, duVe, o < CEPT)?B,  p*=p+Cp; (3114)
I l

the exponential decay in the coarse index is summable since the number of coordinates
per cell is bounded. We increase sy once more so that t(p*)? < 1 at every level. Both
estimates concern the same potential.

Step 6: general equivariant outputs. Fix Cr and the larger domain, and let F range over
the class described in part (3). Its stated absolute coefficient row bound on that domain,
together with the fixed radius margin to the smaller domain, bounds the differentiated
absolute coefficient row sum in 6 there: the degree factors from differentiation are
absorbed by the fixed radius ratio. All constants in this step may depend on Cr, the
radius, and the fixed ratios of radii, but not on the number of output sites or on the
resolution. The part of degree r in w of D, = F,(0, tAw) — F,(6,0) has row coefficients
bounded by C;C5t", also after a derivative in 6. We split D, = ngl) + Dgzz) into its part
of degree one and the sum of all higher degrees. By the mean bound and the absolute
output row, we have

IEaDV| < Ctsup |Egw;| < Ct2b.
1
For the terms of degree r > 2 in BuDe(zz), we bound two of the fluctuation factors in L*
and the others by p™. For a derivative in one fluctuation variable instead, one factor is
bounded in L? and the remaining r — 2 by p*. Summing the absolute coefficient series,

we obtain
B2, D52 < Cb, Y |00, D12 < CF (31.15)
I
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for example, the second sum is at most C ¥_,~, rCy#"(p™) =2 < Ct2. The derivative of the
part of degree one has output row at most Ct; hence }; |0y, Del|;2 < Ct for the whole
increment. All sums are at the single fixed output e, so the number of outputs does not
appear.

The local covariance inequality of Theorem 13.8 has kernel Ce . Its rows sum
to a fixed constant, since the number of fluctuation coordinates per cell is bounded and
Zqzo(q + 1)3e_b/‘7 < oo. Combining it with (31.14) and (31.15), we find

—b' dist(L,h)

| Covu (DY, 0,Vp, )| < €Y e st |13, DI 12 184,04 Vp, [l 12 < CE(p*)?b < CE2.
Lh

For each finite product, differentiation under the integral is justified: the domain is com-
pact and fixed, and the functions and their derivatives in the coarse field are continuous
on an open neighborhood. Differentiating the numerator and the denominator separately

gives exactly

d
EIEMDE = E,0,D, — Covy(D,,9,Vp,).

Thus the derivative of the normalization is present, with the minus sign in the statement,

and all Haar, determinant, and effective-interaction terms are those of the same V.

The same identity holds with DF” in place of D,. At 6 = 0 the conditional law is

invariant under simultaneous color rotation of all blocks. Both D, (0, w) and Dézz) (0, w)
transform as vectors in the adjoint representation, since taking a homogeneous part of
tixed degree commutes with color rotations. Each of their expectations is fixed by every
rotation, and a vector in IR? fixed by the rotations by 7t about two perpendicular axes is

zero. Hence both expectations vanish at 8 = 0. Integrating the identity for D§22) from

u = 0 to u = 1 and using the two bounds above, we obtain HEngZZ)] < Ct?b. Adding
the bound for the part of degree one, we find |[EgD,| < Ct?b for the whole increment.
This argument does not use (31.13).

The same reasoning proves the cancellation at 8 = 0 without discarding spatial
correlations. Let Sy, 5, = ]Eo[w?wﬁ’l] Invariance makes each 3 x 3 color matrix (S, 4p)ap
commute with every rotation, so Sy, , = S;d, by the argument used for E? in Step
2 of the proof of Theorem 31.3. If B, is an equivariant bilinear coefficient with values
in R3, then Y1 10 SinBe(era enq) is fixed by every color rotation and hence zero. Every
homogeneous equivariant term with values in R has zero expectation for the same
reason. This proves the cancellation for the whole series, which converges absolutely on
the product.

Step 7: the remainder of the circulation. We write [E;_; = E[- | 7;_{]. The map Z; in
(31.10) belongs to one fixed class of outputs as in part (3). Indeed, we choose its larger
coarse/free domain inside the domain of Theorem 15.13, with image in the reconstruction
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domain on which EA']? is defined, and we compose the joint coefficient series with (31.7).
The composition bound fixes one constant Cr and one larger radius for all j, k, and
tine output sites; a distinguished coarse input costs one fixed restriction of the domain.
Equivariance and the value zero at (0,0) are preserved. The substitution q;, = g; ,w,
gives one factor ¢; for each fluctuation factor, also after a derivative in the coarse field.
Thus neither Cr nor the radius depends on the remaining number of steps or on the
output resolution. By part (3), the increment Z;(6,w) — Z;(0,0) has conditional mean
at most Ctjz.b at each output site. Since G;(6,w) — G;(6,0) = ‘K(aj_l(Zj(G,w) —Zi(6,0))),
and since heat smoothing does not increase supremum norms while the cycle has length
at most Cye, we obtain

Vi

and we absorb Ap into C. By the mean bound of part (1) and the £*° bound of part (2), we

2
\I‘]w] + IE.J',lR]C'ur’ <C . Ll_] b= C)\Bt]b S/a]',
]

have |T';@;| < Ct;b,/e/a; separately, and subtracting it from the preceding bound gives
the bound for [E;_4 R]C.ur|. Both vanish at zero coarse field, by the color argument of Step
6 and the vanishing of the conditional mean of w;.

Finally, every term of Dij(O, w) — Dij(G, 0) has one differentiated fluctuation factor
and at least one further fluctuation factor. In the joint coefficient series their sizes are ¢;
and at most ¢; p;’, respectively. Summing all remaining factors on the fixed larger domain,
and using the column bound with a fluctuation input distinguished, we find

HDij(Q/w) - DwZ]'(Q, 0) ||r0w+col < Ct]zpj-
We divide this matrix by ¢; and apply Theorem 31.3(3); since t;/g; = Ap, we obtain
||DwR]C'urH€2—>]R3m < Ct]'p]'a)]'.

The conditional Poincaré inequality bounds the conditional variance of each of the
3m components of RS by twice its expected squared gradient. Summing over the
components and using || Dy R]C-urH%IS < 3m|| Dy R ng proves the variance bound of part
(4), with no dependence on the number of fluctuation variables. Every constant was fixed
on the common larger domains or by the choice of sp; none depends on a later s, on X, j,
x, the lattice offset, or dj. Together with (31.13), this proves all claims. O

31.5 Covariance identity for the linearized reconstruction

The coefficients I';(0) at the zero field are derivatives of the reconstruction at the origin
in all its coordinates. We show that, in the Gaussian theory obtained by linearizing the
reconstruction, the fluctuation variables become independent standard Gaussian vectors.



31 Reconstruction estimates and divergence-free currents §31.5 26

Then the sum of the Gram matrices I';(0)I';(0) T is the covariance of the fine circulation
minus the covariance of its conditional mean given the coarse field. The calculation
is Gaussian conditioning applied to the linearized reconstruction; the corresponding
constrained Gaussian calculation for Bataban’s averaging operation is in [10, Section D,
(1.47)—(1.49), p. 26, and (1.64)—(1.67), p. 29].

Theorem 31.6. Assume the setting of Section 31.1, and let s > 5o, K > s,k = K—s, Hs = L/n,
and a = L/ Nk. Let X, be the real finite-dimensional space of link fields with three colors on the
fine lattice modulo periodic gradients and constant fields, and let G, be the Gaussian measure on
X, with density proportional to exp(—||d6||,/(2g3)), where g5 = g3a, d is the dimensionless
plaquette coboundary, and the norm counts each positive plaquette once. Let Q, 1, : Xa — Xp,
be the derivative at the identity of the composed block averaging map from the fine lattice to the
lattice of side ns, on the corresponding quotients, and let Csz = 0(Q, 1.0)-
The differential of the reconstruction at zero coarse field and zero fluctuation variables,

k
L(z,w) = Loz + Y | L}Nw]-,
i=1

is a bijection from Xp, x [1; RY™Y} onto X, and it satisfies

1 k
2L wIE = e ) + L ol Quallzw) ==
a j=1

Here H; , is the Schur complement of the quadratic form on the coarse lattice given by the nested
minimization of Theorem 10.10, including its coupling; it is positive definite on Xy, and its
inverse is used only at this fixed s. For every linear map F : X, — RY,

k
Z (FLY) FLW = Covg, (FO) — Covg, (E[F0 | Cs,4)).
Fora <& < eéjp0p the circulation F = 1, is defined on X,, and the identity reads

k
Y T;(0)T;(0)" = C*F @ I3 — C&<F, Ctet, = Covg, (E[Z40 | Cs.]) > 0.
j=1
Uniformly in K, x, and the lattice offset,
ICell < Cnie/Hs  (a<e<eo(s))

Together with Lemma 31.2, this gives, for every fixed s > sy,

limlim sup sup Z I;0)I;(0) —2® I3H =0.
el Koo x, offset " j=1
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The constant C in the bound for C;eatls depends only on L, v, M, |, ©, the loops, and o; it is
independent of s, K, and d;. Constants in the positive-definiteness and inverse estimates at a fixed

coarse side may additionally depend on ns.

Remark 31.7. The Gaussian coordinates of this theorem are independent only in the
linearized calculation; the conditional fluctuation kernels k]- are not Gaussian. The
theorem concerns the differential of the reconstruction at the origin in all coordinates. It
is not a statement about the nonlinear reconstruction conditioned on @\0 = 0, whose later
fields would remain random. Gradients and constant fields are removed only for this
Gaussian identity; they are not removed from the Wilson measure.

Proof. We first set up coordinates on the quotients and prove the energy identity, then
prove that L is bijective, and only then change variables in the Gaussian integral. Finally
we bound the coarse contribution. All quotient spaces and Gaussian coordinates in this
proof are real.

Step 1: coordinates. We choose linear coordinates on each quotient by taking the repre-
sentatives with mean zero and zero lattice divergence. By the calculation of the kernel
of the curl in Step 2 of the proof of Theorem 31.3, these representatives identify exactly
the quotient by gradients and constants. The Maxwell form is positive definite on this
space: a field of zero energy has zero curl, and its gradient and constant parts have been
removed. All Gaussian integrals below are proper finite-dimensional integrals.

We differentiate the reconstruction at its origin and write the resulting linear map,
with values in X,, as L(z, w) = Loz + ) L]ij. Here z uses the coordinates on Xy, just
described, and w; ranges over the space of free fluctuation coordinates of Theorem 12.13;
the factors Kl-_l/ 2 defining them exist by Theorem 10.10. We do not yet claim that L is
injective. The gauge transformations of Theorem 15.13, which depend only on the coarse
tield and equal the identity at the tree roots, add gradients at the identity and therefore
do not change this map with values in X,. The linearized averaging of Lemma 8.1 maps
gradients to gradients and constant fields to constant fields, so the differential of the
block averaging map descends to the map Q, y, between the quotients.

Step 2: the energy identity. We differentiate the exact classical decomposition of Theo-
rem 12.13 at zero coarse field and zero fluctuation variables and take its homogeneous
quadratic part. At every intermediate scale the normalized quadratic free action is |w;|?/2.
All remaining classical terms have degree at least three in the fluctuation variables, as
shown in (31.12), for every coarse field. They contribute nothing in total degree two,
also after composition with the coarser fields. The value and the first derivative of the
classical action at the identity vanish. It follows that the quadratic part of the fine action,
evaluated on the nonlinear reconstruction, is its quadratic form evaluated on L, with no
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contribution from second derivatives of the reconstruction. Iterating over all RG steps,

we obtain 4L (2, )2
dL(z, w 1 1
! 2 _ 2
—g - E<z, H; ,z) + 5 ; |w;l”. (31.16)
By Theorem 10.10, the form (z, H; ,z) is the nonnegative Schur-complement form, includ-
ing its coupling. Differentiating the identity expressing that the reconstruction has the

prescribed coarse field, we find
Quu.L(z, w) = z. (31.17)

The Haar, Haar disintegration, determinant, and effective-interaction terms enter the
nonlinear conditional law of Theorem 31.5; they are not part of this identity for the
classical quadratic form.

Step 3: bijectivity and positivity. If L(z,w) = 0 in X,, its Maxwell energy is zero.
Both terms on the right of (31.16) are nonnegative, so every w; = 0, and (31.17) then
implies z = 0 in Xp,. Thus L is injective. For a lattice of side n, the space of link
fields with three colors has dimension 973, the gradients have dimension 3(n® — 1), and
the constant fields have dimension nine, so the quotient has dimension 61> — 6. By
Theorem 12.13, the number of free fluctuation coordinates from side Mn to side n is
6(M> — 1)n®. Summing these numbers over all averaging steps gives 6(N3 — n3), and
adding the dimension 613 — 6 of Xy, gives exactly dim X,. Injectivity in equal finite
dimensions implies surjectivity. Further, for nonzero z, injectivity makes L(z,0) nonzero
in X,; positivity of its Maxwell energy and (31.16) show that H, is positive definite on
Xp,. We do not claim a lower bound on H; , independent of the side.

Step 4: the Gaussian change of variables. We make the linear change of variables
6 = L(z,w) in the normalized Gaussian integral on X,. Its Jacobian is constant and
cancels between numerator and denominator. By (31.16), in these coordinates

z~N(0O,H;,;),  w;j~N(01I),

and all these vectors are independent; the inverse exists on Xp, at this fixed side. For a
linear map F, (31.17) gives

E[FO | Csq] = FLoz,  FO = FLoz +)_FLYw;.
j

By independence, expanding the covariance of F proves the general covariance identity,
and the subtracted covariance is positive semidefinite.

For F = 7,, the closed cycles and their zero winding make F a well-defined functional
on X,, by Lemma 31.2(3). By the chain rule at the origin of the reconstruction, we have

FLY = DoZs (TTxe j®;(0, g, w)) |, = T(0).
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The finite-lattice Fourier calculation of Lemma 31.2(4) identifies Covg, (Z,0) as C»L @ I3,
since the density of G, is that of the Maxwell field of that lemma written in the variable
0 = aA. This proves the identity for }; Fj(O)F]'(O)T.

Step 5: the coarse contribution. We write H = Hs and n = n;. At j = 0, the linear
comparison of Theorem 31.3(2) implies that, on circulations, FLy = %,x(H _1E8). Us-
ing the ¢? circulation bound of Theorem 31.3(3) with input mesh H, dividing out the
normalization g3 Vv/H, and taking the branch v/¢/H, we obtain

N

FLo|| p2_sam <
IFLalle e < Y

(31.18)

In unitary Fourier coordinates on the coarse lattice, Theorem 8.3 bounds the covariance of
the coarse link variables by Cg2,/A(#) on each nonzero transverse frequency 8, uniformly
in the number of eliminated scales; the gradient term in the linearized block averaging
map disappears on the quotient by Lemma 8.1. For a nonzero frequency on a lattice of
side n > 4,
A(®) > 4sin(7t/n) > 16/12,

where the second inequality uses sinu > 2u /7 for 0 < u < 71/2. Since g%{ = g%H, this
proves

IH; 7 [l 22 < Cg3HRE. (31.19)
Only the factor 12 of the fixed side has been used. Multiplying the square of (31.18) by
(31.19), we obtain

G52l = I1(FLo)H; (FLo) || < CnZe/H,

uniformly in the number of eliminated scales, x, and the lattice offset. The factor ng is
allowed to grow with the fixed coarse side.

Step 6: the limits. The covariance identity implies

| LT )T(0)T - 2 B < fjCwek — CoH| +||CoF — % + Cne/ .
j

For each fixed & > 0 the first term tends to zero as K — oo, uniformly in x and the lattice
offset, by Lemma 31.2(5). After this limit, the second term tends to zero as ¢ | 0 by the
same lemma, and the last term tends to zero at fixed s. This is the iterated limit in the
statement. At k = 0 the same change of variables has no fluctuation variables and the
whole covariance is the coarse covariance, so the identities also hold in that case. ]

31.6 The coarse-field contribution and summation over scales

We now prove the decomposition stated at the beginning of the section and sum the
estimates of Theorem 31.5 over all scales. The sums are controlled by a deterministic
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bound on the size b]- of the reconstructed fields, which we prove first; its constant does
not depend on the coarse mesh H;, which matters because s is later sent to infinity.

Lemma 31.8. Assume the setting of Theorem 31.5, with sy enlarged if necessary depending only
on the data fixed in Section 31.1. For every s > s the following deterministic bounds hold on the
support of vk s, uniformly in K > s:

bo <r, bjSC[mi—i—g:s\/a_ij},

K—s

r
Y b 1<D, Ds= c[ + gav/H, (p1(s) + 1)}, sup Ds < oo,
= 11—, s>s0

where p1(s) = py is the cutoff radius of the first RG step. Put

k
Ts = Za(Ikeo0), Ni,s = Z [Fj(gjfl)wf T ch'ur}-
j=1

Then we have the exact decomposition

k
% = T, + Zirj(ejl)(wj — @;j) + Nkss.
]:

Fora <e <egp(s),

C
sup |Ts| < —;I\/E,
1Boeo<r 83Hs

sup Ey [Nks|+ sup |Ts| < C—;I\/E—I- Cg3Dsv/e + C/17 [1 + log(1/7)]%.

x, offset H%Hooﬁ” 311s
The constants C and the threshold sy have the dependence stated in Theorem 31.5, and C does not
depend on s; the quantity Ds has the displayed additional dependence on s. The coarse-field term
is allowed to grow like H; '. For each fixed s > s, the right side of the last display tends to zero
as € | 0, uniformly in K; no limit in which s and € vary together is asserted.

Proof. We first prove the bounds on b; (Steps 1-3) and their sum (Step 4), then the
decomposition (Step 5), and finally the bounds on Ts and N ¢ (Steps 6 and 7).

Step 1: a recurrence. The inputs g; = g; w; of the j-th reconstruction map satisfy
lgll < ti(pj + Cy), since gjp < tj and |w;s| < pj; < p;j+ Cj. On the fixed larger
coarse/free domain let C¢ ; bound the derivative of &Dj in the coupling-scaled fluctuation
inputs; this bound does not depend on the side or on d;. By the row majorant of
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Theorem 31.3(1), we have ||13](v)||oo < ¢(||v]|eo). Integrating this derivative along the
segment from 0 to g;, we obtain, with x = C¢, ;(1+ Cj) and p; > 1,

aibi_
b; < =t
1—pBybj
as long as §j_1 lies in the reconstruction domain. Here amap = a./(1 — B ]reff)2 is the

bound of Lemma 15.16 on the derivative of the zero-fluctuation maps on the reconstruc-
tion domain, which satisfies amap\/g < 32/49 < 1 by Theorem 23.5.

+&tipj < Amapbj_1 +Ktjpj, (31.20)

Step 2: a first bound and the sum. Let py = B2 and d, = AwlogB/2. Since
ti = t]-B(j ~0/2 and p; < p; for i < j, iterating the second inequality in (31.20), we obtain

i K
b: < rdy., + 'tip;, K =—

For small ¢ the function t — tp(t) is increasing, so a fixed upper bound on #; with
k't1ip1 < regr/4 keeps this bound below 7 + 1o /4 < rog/2, which justifies the use of
(31.20) at every step by induction. Increasing sy enforces this bound for every later s,
without changing any radius of the construction. The geometric series and its derivative
give

Teff / P1 dpPB <
sz i p— +Kt1[1_pB + (1—PB)2] <,

Here we fix S, by replacmg t1(p1 + 1) by its supremum over the allowed range 0 < t; <
t1(sp); this supremum is finite since tlog(1/t) — 0. Thus S, depends neither on H; nor
on s.

Step 3: the rate oci. For 0 < Bjb < Bjregr < 1/8 we have

< a,exp(8Bb/7).

1— ,B b~
This implies that every product over h consecutive steps of the multiplicative co-
efficients a./(1 — Byb;) in the first recurrence of (31.20) is at most Cruie?, where
Crult = exp(8B7S«/7). Unrolling that recurrence, we find

b: <C [1’06]*—1—1( ol 't ']gc [mi—i——] ] ],

j mult ; iPi mult 1 a./B

where the denominator is positive because aV/B = Vi < 1/2. Substituting tj = ABg3 Vs
we obtain

bj < Ceap (1ol + 83,/ pj). (31.21)

with Ceap independent of Hs and s. This is the first bound of the lemma. The rate aci
does not follow from the first bound of Step 2, where the contraction factor is Amap; the
product argument is needed.
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Step 4: the sum of the bounds. By the definition of p; and aj = H,B/,

pi = pi(s) + (j — 1)d,. (31.22)
Summing (31.21), including the separate term by < r, and using /a; = \/HsplB, we obtain

k Cr
Y bj1< . T C8VH;s Y op[pi(s) + (1—1)d,]
=1 * =1

r

< Cly T +aaVH (m(s) +1).

In the last inequality we used Y ;=1 p = pp/(1 — pp) and Y1 (I — 1)ph = p3/(1 — pp)>.
By (31.8), p1(s) = Awlog(v/M/ (g3+/Hs)) is affine in s, while /H; = +/L/n, B~%/? decays
geometrically, so their product is bounded for s > sg. More directly, ¢31/Hs(p1(s) +1) =
VM t(s)(p1(s) + 1) is bounded by the supremum used in Step 2. Since the constant in
(31.21) does not depend on s, this proves sup, Ds < co.

Step 5: the decomposition. For 0 < j < k, let F; = Ia(ﬁk%]-@\j). Then Fy = Ts; and
F, = IXS. Since ﬁk<_]~_1 = ﬁk<_j o C/I\Dj(-, 0), and all fields involved lie in the reconstruction
domain, we have

Fj — Pj—l = Gj(ej—lr w]) — G]-(O]'_l,o) = F](Gj_l)w] + R]C.ur.
Summing this finite identity over j, and subtracting and adding I"]-((?j_l)wj in each
summand, gives the decomposition. The coefficients F]'(é\]-_l) are F;_i-measurable and
the increments w; — w; are conditionally centered, so the middle sum is a martingale for

the filtration (F;).

SAtep 6: the coarse-field contribution. By the row bound on ng in Theorem 31.3(5) and
£5(0) = 0, we have
| Hy €5 (Bo) lleo < Cr/Hs.
By the identity of Theorem 31.3(5), the fact that heat smoothing does not increase supre-
mum norms, and the length bound on the cycles, we obtain
T < Cer _ Cr
V1 Hs  g3Hs

This bound is uniform over all coarse fields with [|6y || < r and over K, including k = 0.

Ve. (31.23)

Step 7: conditional means and centered remainders. We write R"" = E; 4 R]C-ur + G,
where [E; 1 denotes conditional expectation given F; 1. By Theorem 31.5(4), using

ti\/e/a; = Apg3+/e, we have

k k
Y |Tj(0j1)@; + Ej1RS™| < Cgav/e ) bj_1 < CgsDsv/e.
=1 j=1
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For the centered terms we use the triangle inequality and the conditional Cauchy-Schwarz
inequality, without any independence:

k k
E|Y gl <c) b (31.24)
j=1 j=1

We bound the right side uniformly in s. Shrinking the constant c in €y(s) if necessary, we
may assume u = log(1/7) > 1. For a scale with a; > ¢,

t]p]w] = )\B\/ﬁpjz Pj < C(l + u)}
the second inequality follows from log(1/t;) = (1/2) log(l/(ggaj)) —logAp and a; > e.
The number of such scales is at most 1+ log(L/¢)/logB < C(1 + u), with a constant
depending only on L, g3, and B, since H; < L/4. Their contribution is at most C,/77 (1+
u)z. If there exists a first index j. with aj, < g, let hy = aj,; then ¢/B < hy < g, since
e < cHs. Using (31.22), the contribution of the finer scales is at most

A
Y “EE (B2 (p, + rdy) < Coave (pj +1)

r>0
<Cyn(1+u).

In the last inequality we used 1. > ¢/B in the formula for log(1/t;,). Extending the finite
sum to all » > 0 is allowed since all summands are nonnegative, and if there is no such
index this contribution is zero. Hence

Y tipjw; < Cy/i [1+log(1/m)]2.
)

Combining this with (31.24), the bound on the conditional means, and (31.23) proves the
last estimate of the lemma, uniformly in x, the lattice offset, and K in the stated range. For
fixed s the first constant is finite and ,/7(1 +log(1/1))* — 0 as ¢ | 0 at fixed g3 > 0. O

Remark 31.9. The bound (31.21) also follows from the forced-recursion estimate of
Lemma 15.16, which applies to inputs of size at most tp(t), t = Apg,/a;, for all t up
to a fixed threshold 7, with constants uniform in the coarse mesh and in the coupling g
in this range. To apply it, we increase sy so that p; > 1+ C; +2Ay log2 and 2ty < 7, and
set {; = 2t; and pj = Awlog(1/t;) = pj — Awlog2. Then p; > 1 and

ti(pj+Cy) <tjp; foreveryj>1, (31.25)

since the difference divided by ¢; is p; — C; —2Awlog2 > 1. This is only a deterministic
upper bound for the same inputs; the coupling, the measure, the maps, the fluctuation
variables, and the cutoff radii are unchanged. Since the constant of that lemma is uniform
in H and for the auxiliary coupling in the stated range, the lemma applies with ¢ = 2g3;
as ;7]- <pj it gives (31.21). Steps 1-3 above verify the independence of H; directly. No
stochastic estimate with a constant depending on a fixed coarse mesh is used.
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31.7 Validity at each fixed positive coupling

Lemma 31.10. Let the parameters be as in Theorem 23.5. Fix 0 < v < T and one sequence
Nx = n.BX with its reconstruction maps, and let ns, H;, aj, and t be as in Section 31.1.
There exists sg < oo such that every s > s satisfies all conclusions of Lemmas 31.2 and 31.8
and Theorems 31.3, 31.5, and 31.6, with the same quantifiers and the same dependence of the
constants. The constants in the bounds on coefficients, potential derivatives, conditional means,
reconstructed fields, and conditional remainders do not depend on s > sy, while the factor
1/(g3Hs) in the bound on the coarse-field contribution and the factor n%/ Hy in the bound on the
coarse covariance remain explicit.

Proof. We check that each argument of this section uses only the smallness of ¢; and never
an upper bound on 7 such as y < 1.

Deterministic estimates. The zero-fluctuation maps, their coefficient series, the identities
expressing that they have the prescribed coarse field, and their column bounds are those
of Theorem 23.5 and Lemma 15.16. The proof of Theorem 31.3 uses Lemmas 16.1
and 11.9 and the majorant a.z/(1 — Bjz), with Ba2 < 1; no step uses v < 1. In each

circulation coefficient the factor g3 cancels against /¢3¢, and the only remaining scale is

wj = min{aj /€, \/€/ a]-}. Thus the deterministic coefficient bounds and the expansion in

nonlinear remainders hold on the same domains.

Probabilistic estimates. The conditional potential is that of Theorem 13.8, and Theo-
rem 15.13 preserves its coordinates, its balls, and its density. Theorem 13.10, applied to
this product and to the radial segment of the coarse field, gives the conditional means
of order tjb and the local bound sup; |[0y,0, V|12 < Ctjb, with all effective-interaction,
determinant, and Haar disintegration terms included. The class of outputs used for the
circulation is fixed by the coefficient series on one larger domain (Step 7 of the proof of
Theorem 31.5), so its constant Cr depends neither on the remaining number of steps, nor
on the output resolution, nor on s. The differentiation formula and the local covariance
bound therefore give the mean and remainder conclusions of Theorem 31.5. Global
color equivariance at zero coarse field gives the vanishing mean and the cancellation of
equivariant bilinear terms. The Poincaré and logarithmic Sobolev inequalities hold for
the same conditional kernel, with dimension-free constants.

The threshold. We have exactly

tl(S)z = A/‘,[)/nsl t] = tl(S)B_(j_l)/z,

so t1(s) | 0 as s — oo for fixed v > 0. Every analytic, domain, Hessian, potential-
derivative, and moment condition is a fixed inequality of the form t[p(t) + ¢;]° < ¢’
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or t?(1 + Eq) < ¢/, with a fixed finite v, and all of them hold on an interval 0 < t <
T.. We also require n; > np. There are at most m; < Cj(L/aj)® = C]L3(A3g3)6t]f6

three-dimensional blocks, and with u = log(1/t) the quantity 6mje " 7/12 is at most

CLyexp(6u — A3 u?/192), which tends to zero as u — co. Thus a single sq enforces
pj = 1, 6771]-(3_][’12/192 <1/2,and Ctjr < p]'/(16\/§) for all j and all later s, as in Step 1 of

2
the proof of Theorem 31.5. The cutoff error (1 + 3m;)(6m;)1/2e"i /38 \which retains the
number of blocks, satisfies (31.9); as a function of h = ajitis O(h?) for every fixed v > 0,
and in particular it is summable over the scales.

The bounds on the reconstructed fields. The recurrence (31.20) and Steps 14 of the
proof of Lemma 31.8 use only the smallness of t1(s); equivalently, by Remark 31.9, the
forced-recursion estimate of Lemma 15.16 applies with the auxiliary input bound (31.25),
without changing the measure. They give

. K—s
bj < C[rak + g3./aj pjl, ij_1SD5=C{1
=1

r

+ g3v/Hs (p1(s) +1)},

— Ny

with a constant independent of Hy and of s. Since p1(s) is affine in s and /H, decays
geometrically, sup ., Ds < co.

The covariance identity. The identity of Theorem 31.6 is the exact quadratic part of
Theorems 10.10 and 12.13 at the origin of the reconstruction, and the bound on H;}
comes from Theorem 8.3. The independent Gaussian coordinates and the coarse Schur
complement therefore give

YLOL0) =C"t - Cig,  [ICGl < CnZe/H,
J

and the coupling cancels in the normalized covariance.
All results of this section have now been checked at every s > sy. O



SECTION 32

Gaussian short-distance limits and
asymptotic independence

This section completes the proof of the short-distance theorem, Theorem 2.8. Fix smooth
closed loops 44, ..., 0, in R and o > 0, set g3 = y/L, and for x € T? and ¢ > 0 let

<1 - Wx+e€i,(782>m
2. ).
95€ i=1

where W, , . 2 is the normalized fundamental Wilson loop of the trajectory at time
oe?. We prove that under the continuum measure A of Theorem 2.3, the law of Z.(x)
converges to the law of Zg = (|C;|?/ 8)" ,, uniformly in x (Theorem 32.13). Here the three
color components of C are independent centered Gaussian vectors with the covariance X
of Definition 31.1, the covariance of heat-smoothed circulations of a Gaussian Maxwell
field; in the notation of that definition, C; = G; and (Zg); = Z;. We deduce a lower
bound on the variance of small Wilson loops (Corollary 32.14), and we prove that Z,(x)
is asymptotically independent of every fixed bounded Borel function of the trajectory
(Theorems 32.16 and 32.17). All results are at a fixed positive coupling; no weak-coupling
limit is taken.

The form of the limit has a short heuristic explanation. By the computation at the
beginning of Section 31, the circulation of the heat-smoothed Gaussian Maxwell field
around x + &/; is a centered Gaussian vector with covariance of order g3¢ % in each color.
A Wilson loop sees only the squared norm of this circulation, since for X € su(2)

—Lre® = |X12/8 4+ O(|X[Y).

Dividing by g3e therefore produces |C;|?/8. The proof shows that the nonlinear terms,
the coarse field, and the conditioning on the small-field event do not change this picture.

The proof proceeds as follows. By Lemma 31.8, the heat-smoothed circulation %
is the sum of a coarse-field term, a martingale whose increments are linear in the cen-
tered fluctuation variables, and a small remainder. For each RG step we compare the
conditional law of the linear increment with a Gaussian law by an integration by parts
with a cutoff, in the spirit of Stein’s method [147] (Lemma 32.4), and we telescope the
conditional characteristic functions (Lemma 32.5). The cutoff error grows with the num-
ber of fluctuation variables, which is polynomial in 1/¢;, but the probability that the

36
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cutoff is active decays like exp(—clog?®(1/ t;)) (Lemma 32.6). We then replace the coeffi-
cient matrices by their values at the zero field, whose Gram sum converges to 2 ® I3 by
Theorem 31.6. This proves a Gaussian limit for the circulations under the conditioned
measure (Theorem 32.8), and the same proof applies conditionally on the first 4 RG steps,
uniformly in their values (Lemma 32.10). Next we compare flowed Wilson loops with
circulations (Lemma 32.11), remove the conditioning using the bound of Theorem 23.10,
and pass to the continuum measure using Section 29. For asymptotic independence
we approximate macroscopic flowed Wilson loops by functions of the first g RG steps
(Lemma 32.15).

Four length scales appear: the coarse mesh H;, the mesh a; = Hy4 after g RG steps,
the loop size ¢, and the fine mesh a4, with a < ¢ < ag < Hs. The estimates split at the
scales with aj R g the meshes H; and aq stay fixed while ¢ — 0. The limits are taken in
the following order. For the Gaussian limit,

K — oo, el 0 (s, R fixed), R — oo, s — 00,

where R is the radius of a ball for the linear and quadratic flow data; for asymptotic
independence,

K — oo, e} 0 (s,q,R,6 fixed), g — oo, 510, R — oo, s — 00,

where 0 is a tolerance. No estimate allows these parameters to vary simultaneously.
Besides Section 31, we use the bound for conditioning of Lemma 5.5, the joint realiza-
tion of the reconstruction and fine configuration following Lemma 15.10, and the bound
on the small-field failure probability of Theorem 23.10. We also use the local theory of
the Wilson flow and its stability, Theorem 24.5 and Corollary 25.11, the estimates on the
linear and quadratic flow data of Lemmas 28.4 and 28.10, and the construction of the
continuum measure in Section 29. The section ends with the proof of Theorem 2.8.

32.1 Setting and inputs

Definition 32.1. Fix L > 0,I' > 0,0 < v <T, and the parameters of Theorem 23.5, chosen
before y: an odd integer M > 3, the integer |, B = M/, the reconstruction maps, and their
analytic domains. Fix n, € 4IN, smooth closed loops /1, ..., ¢y in R3, and ¢ > 0. We use
the notation of Section 31.1: Nx = n.BX, ny = n,B%, H; = L/ns, k = K —s, aj = H,B~/,
a=ua,, 8 =7/L =g tj= M(]_l)/zgg\/a_j, and p; = Ay log(1/t;). The probability
measure is the conditioned Wilson measure

UK/S = VNK/”S/')/ = VNK/’)/( ’ | SNK/”SIV)'
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We use the joint realization of Remark 15.11, with fine-configuration marginal vk s; the
reconstructed terminal field is gauge equivalent to this fine configuration on every sample.
Its reconstruction sequence is

=80 g.m) T olw...,u),

where g;, are the couplings of the intermediate scales of the j-th RG step, and, con-
ditionally on F; 1, the vector w; has the conditional fluctuation kernel k]-(gj_l, -) of
Theorem 31.5, whose potential includes the input effective interaction produced by the
integrations at finer scales, the Haar disintegration density, and the determinants of
the change of variables. We write @; = E(w; | ;_1). All maps, zero-fluctuation con-
tinuations, and circulations use the same reconstruction maps and the same choice of

representative of the coarse field. Put
MM j = P(-,0) 0 0Diq(+,0), Ty =id.

The circulation map 7 is the map denoted Z, in Definition 31.1, with lattice cycles of
physical length at most Cye, zero winding, and swept area at most Cyea, which tends to
zero at fixed e as a — 0. Thus I** = Z(6;) € R*>". As in Section 31.1 we put

G(v,w) = I(TIx;j®j(v, gj.w)), I'i(v) = DwGj(v,0), wj =min{a;/¢, \/¢/aj},

o ) _
Q™ = GilBj-1,wy) — Gj(8-1,0) ~T(6;1)aw;

The Taylor remainder Q;-ray is the quantity denoted RS in Section 31.1, and the vector C
below is the vector G of Definition 31.1. Unless stated otherwise, constants may depend
onL, v, M, ], ny, ©, the analytic domains, the loops, ¢, and the coarse index s (the
dependence described in item (5) of Definition 4.14); they are independent of K, j, x, the
lattice offset, and the classical recursion index d; = J(K — s — j). A constant indexed by s
may depend on H;. All regions are the full periodic torus.

The threshold sy below depends on the fixed data and is chosen before the coarse
index s; the reconstruction maps do not change with s. The classical recursion index d; is
the depth 0; of Section 26, not the increment Xj— Xj-1 of the heat path there.

Remark 32.2. The bounds of Theorem 31.5(4) on the circulation Taylor remainders Q;.Fay
come from the bound for general outputs in part (3) of that theorem, applied to

73(0,9) = &/ (®i(6,9)),  Gj(6,w) = Cue,e (a7 Z] (6, 8j,)),

with the field é’\f of Theorem 31.3. That bound is useful only if the larger coarse/free
radius, which we denote p;gint, and the coefficient bound, which we denote C{*, are fixed
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before K, s, j, and the output resolution vary. We explain why. The only composition
of growing length in Z]?’ is the field c‘j’]fl. Let Cg bound the rows and volume-normalized
columns of the matrices E, let Cgc be the constant in Theorem 31.3(4), and recall D =
B;/(1—a,) and g = Ba2 < 1. A common majorant for (SA']? is

CeCsrcCs z2
1—gq (1-Dz)*

Mext(z) = Cpz + (32.1)
Indeed, a remainder at scale i > j, with ¥ = i—1—j, contributes at most
CeCsrcCiq’' 22/ (1 — Dz)?, since (aj/ a;)a2' 1 = C.q"; for a distinguished input its col-
umn factors multiply to %/ a?, so the same series and its derivatives bound the columns.
We fix a radius pg inside the larger domain, with Dpg < 1, such that the reconstruction
images lie strictly inside the disk of radius pg. Then Mext(pg) < o0, and its derivatives
on the smaller domain are fixed constants. We then choose the larger coarse/free domain
of radius p;int so that its image under C/I\Dj lies in this disk, uniformly in the indices, as
in Step 7 of the proof of Theorem 31.5. The majorant Mg, and its derivatives on the
smaller domain, composed with the joint coefficient bound for CT)]', then give the fixed
constant Ci**. Both maps are equivariant and vanish at zero, so Z]‘?(O, 0) = 0. After the
substitution g;, = g; sw; ¢, each fluctuation factor contributes its coupling g;, < t;, and
one derivative in the coarse field costs a fixed factor on the larger domain, which we
include in Ci*". Thus neither CE"" nor ij(gint depends on the remaining number of steps
or on s; the bound for general outputs is not applied to an output chosen anew at each
cutoff. This is Step 7 of the proof of Theorem 31.5.

The following proposition collects the estimates of Section 31 that are used below,
together with the dependence of their constants.

Proposition 32.3. In the setting of Definition 32.1, let sy be the threshold of Theorem 31.5,
enlarged as in Lemma 31.8. For every s > 59, K > 5,1 <j<k,anda <e < €o(s), the following
statements hold. The constants do not depend on s > s, except through the factors in Hs and n;
that are displayed.

1. Conditionally on Fj_1, the vector w; has the law kj(@\j_l, -) on Qj =TT, Bgs(0, pj ¢), with
pj < pje < pj+ Cj; this kernel does not depend on the restrictions at coarser scales
once 8;_y is fixed. Its potential satisfies D2V; > 1/2 and |D2V; — I|lrowicol < 9 <
Cltjpj + t7(1 + Eq)], and Var f < 2E|Vf|* and Ent(f?) < 4E|Vf|* conditionally on

—p?/192
Fi—1. Further, mj < Cj(L/a;), |Elw;; | Fi—1]| < Ctjbj_1, pj > 1, 6mje” i’ "= < 1/2,
and [E[wt, | Fia)| < p;/ (16V3)

2. For 0 in the reconstruction domain, ||T;(0)2_,gsm < Cwj, [|Ti(0)]]peo_gem < Cy/€/aj,
and [[T;(6) — T;(0)[| 2, gan < Cl|6]]cocw;.
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3. We have |F]-(l/9\]~,1)w]~ —i—]E[Q].Tay | Fia]l < Ctjbj_1,/¢/aj, the same bound for |1E[Q].Tay |
T T
Fiall, and E[|Q;™ —E(Q;™ | Fi—1)? | Fj—1] < CHpiw?.

4. Pathwise, by < r, b; < C[rtxi —|—g3\/a_]-p]-], and Z;-‘Zl bi1 < D, iuith Ds as in
Lemma 31.8 and sup,., Ds < oco. With Ts as in Lemma 31.8 and N the quantity
denoted N there, supg, _ |Ts| < Cry/e/(g3Hs) and E|N| + sup ITs] <
Cry/e/ (gsHs) + CgsDov/e + Cy/[1 + log(1/1)]2

5. We have Y, T;(0)T;(0)T = C**' @ Iz — Ci%, with ||CiS || < CnZe/Hs. Asa | 0 at fixed

S,a,€

g, C¥L — C&L uniformly in x and the lattice offset, and C&L — T ase | 0.

160 |co<r

Proof. Parts (1)—(3) are parts (1), (2), and (4) of Theorem 31.5; the constants in part (3) are
fixed by Remark 32.2. Part (4) is Lemma 31.8, and part (5) is Theorem 31.6 together with
Lemma 31.2(5). By Lemma 31.10, all of these hold at the fixed coupling 7y, with constants
independent of s > sy apart from the displayed factors. O

32.2 Integration by parts and conditional characteristic functions

We now prove two finite-dimensional lemmas. The first compares one conditional
increment with a Gaussian vector by an integration by parts against the density of
the conditional fluctuation kernel, with a cutoff that vanishes near the boundary of the
product of balls; this is the characteristic-function form of Stein’s Gaussian integration
by parts [147]. The second lemma assembles the one-step comparisons by telescoping
conditional characteristic functions.

Lemma 32.4. Let K C RP be compact and convex with nonempty interior, let V be a C? function
on a neighborhood of K with D*V > «I for some x > 0, and let d{ = Z 11ce™V dw. Assume
the Poincaré inequality Var; f < x E|V f|? for every real C1 function f. Let ¥ be a real d x D
matrix with rows Py, and set

n=FEw, =Y(w-p), S=YY¥, R,=(VV—(w—p)).

Then for every x € Cl(intK;[0,1]), with ¢ =
1<b<d,

Supsuppx ”DZV - I||Op/ every u € IRd, and

. ; 2
B[ — (5006 5)| < Y2 ¥ ol (8141 + 1Ry Vit 2

+ 26 | Dy, x| + 2B [(1 = x) (85 l] + [(Su)p| H{x <1}
The numerical coefficients do not depend on D, on the shape of IC, or on its radii.

By Proposition 32.3(1), the conditional fluctuation kernels satisfy the Poincaré hypoth-
esiswithx = 1/2.
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Proof. We write E for E; and e, (w) = ¢ (%), Since x has compact support in the interior
of K, we may integrate the directional derivative of xeue™V, extended by zero, over RP;
there is no boundary contribution. Since

Dy, (u-¢) = (Su)y, Dy, V = ¢y + Ry,
the resulting identity is

E[x(Zp + Rp)eu] = i(Su)pE[xeu] +E[(Dy,x)eu]- (32.2)

Rearranging, we obtain

E[(&p —i(Su)p)eu] = E[(1 = Xx)(&p — i(Su)p)eu] — E[xRpeu] + E[(Dy,x)eu].  (323)
At u = 0, the identity (32.2) and [E¢, = 0 imply

E[xRp] = E[Dy,x] + E[(1 - x)¢p)- (32.4)

Here it matters that R, is defined with the mean yu of (.

For a real function F and a complex function H, we have |Cov(F, H)| <
(Var F)/2(E|H — EH|?)"/2 by the Cauchy-Schwarz inequality. We apply the Poincaré
inequality to F = xR, and separately to e, and Je,; the sum of the squared gradients
of the latter two functions is |¥Tu|? < H‘I’||(2,p|u|2. Further,

V(xRy) = x(D*V = Dy + RyVx, [ V(xRo)ll2 < 91| + IRy VXl 2,
and only the Hessian on supp x enters the last bound. Thus
| Cov(xRy, eu)| < 5 [[¥llop|u| (919s] + IRy V[l 2)-

In (32.3) we write E[xRpe,] = Cov(xRy, e,) + E[xRp]Ee, and use (32.4). The two occur-
rences of each cutoff term are bounded by the corresponding absolute expectations, and
the remaining term with (Su), is bounded by |(Su),|{{x < 1}. This proves the stated
inequality, even with 1 in place of /2 in the first coefficient. O

Lemma 32.5. Let (]—"j);‘zo be a finite filtration, and let @‘]- € RY be bounded, E-measumble, and
conditionally centered, E[G; | Fj_1] = 0. Let S]Q > 0 be deterministic matrices, and let pj,17; > 0
be integrable F;_1-measurable random variables. Suppose that for every u € R?

[B[(§; — iSPu)e™ i | Fj_1]| < pjlul +nj(1+|ul).

For 0 < g < kput Mg,k = 2;‘:(1“ §j. Then almost surely

A0 1 k k
B F —exp(—quT L Su)| < 1 E[dprlul glul1+ Jul) | £

j=q9+1 j=gq+1
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For every integrable random vector N, replacing Mg . by M(q) i + N adds at most |u|E[|N| | F]
to the bound. No independence or smallness of the increments is assumed, and the numerical
constants do not depend on k, q, or the dimensions.

Proof. We set
pi(0) = E[e®T | Fia),  Aj(o) = E[(§ — i8%0)e T | Fi_y].
Since ¢ i is bounded, we may differentiate along v = Tu, and we find
d .
qu]-(ru) = —TuTS?u @j(Tu) +iu - Aj(Tu).

The integrating factor from 7 to 1 is exp[—(1 — Tz)uTS?u/2] < 1. Since ¢;(0) = 1,
integrating from 0 to 1, we obtain

—utS%u/2
() — ()| < e(u),  @P(u) = T2 egu) = Fojlul® + nylul (14 [u)).
(32.5)
Fix g, and for g < j < k set
. ] k 0
Hj:exp<zu- ) (jl) [T o).
I=g+1 I=j+1

. . 0
Then H; = Hé‘:q 1 qo?(u) is deterministic and Hy = e M. Conditioning the difference

H;j — H;4 first on F; 1 and then on /4, and using (32.5), we bound its conditional
expectation given F; in modulus by E[e;(u) | F;]; here we used that the exponential of
the past increments has modulus one and that every remaining deterministic factor lies
in [0,1]. Telescoping proves the assertion. Finally, | (3t — ¢iZ| < |y||n| implies the
statement about N; no measurability or independence requirement on N is needed. [

32.3 Telescoping circulations and dimension-dependent cutoffs

The next lemma applies Lemma 32.4 to the conditional fluctuation kernels. The cutoff
X;j must vanish near the boundary of the product of balls, and its gradient grows like
the square root of the number D; of fluctuation variables, so the error terms carry
a polynomial factor in D;. This factor is harmless because the cutoff radius grows
logarithmically in 1/¢;, so that the probability that the cutoff is active decays faster than
any power of the mesh.

Lemma 32.6. In the setting of Definition 32.1, for every finite K > s,

k
% =T, + Z;rj(gjl)(wj —@;) + N,
]:
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where

T, = Z(Meobo), N =Y {T;(6;_1)w;+ Q]-Tay}-

All zero-fluctuation continuations lie in the reconstruction domain, and the middle sum is a sum
of martingale increments under v s.

There is sy < oo, depending only on L, v, M, |, ns, ©, the analytic domains and column
bounds, the loops, and o, and not on the later index s, such that for s > s the following holds at
each RG step. The kernel k]- lives on mj balls in R3, with D]- = 3m]- < 3C](L/a]-)3, and pj = 1,
D3V; > 1/2, and

D4V} — Tllop < ¢ < C{t;p; + (1 +Eq)} < }.

There is a smooth function x; : Qj — [0,1], equal to one on the product of the balls of half the radii
and to zero outside the product of the balls of three quarters of the radii, with |V ;| < C./D;/p;
and Vxj = 0 on {x; = 1}. The conditional probability that the cutoff is active,

q;" = P{xj(wj) <1|Fj-1},
2 2
satisfies ;"' < 6mije P/ < 172, Put T = (1+ 3m;)(6m;)1/% P/ Lot Y, be either

Fj(gj,l) or I';(0), and let §; = ¥;(w; — @;) and S; = ‘I’]‘I’]T Then for every u € R3™,

[E[(& —iSju)e™ % | Fia]| < pjlul +n;(1 + |u]),

with

0i < Can®il¥illop, 1 < Camll¥jllop(1+ [¥jllop) T,
where Csyy, depends only on m, |, and the ratios of the radii, and not on Dj, pj, or the coarse field.
There is a deterministic function T of the mesh such that

Al 1
G < Tla) < C(1+ (L/)) (L/a)* exp{ 3t 108> Ly wz_]_}
For every r' > 0 we have T(h) < C,h"" as h | 0. In particular, with A = Y1 aj_l/zT(aj)
and Ocut(v) = supy_j,<, T(h),
k
1w]~(1 + wj)T < CvV/e AN + CpOcui(e) — 0 (¢1.0),

]

uniformly in K, x, the lattice offset, and dj, and Agut < Ag(‘;t < oo. The number of blocks is
m] = O],L/y(tj_e’).



32 Gaussian short-distance limits and asymptotic independence §32.3 44

Proof. The decomposition is that of Lemma 31.8, proved in Step 5 of its proof: for
F = I(ﬁk<_]~§]-) we have Fy = T;, F, = IX5, and FF—F_ = l“j(@_l)w]- + Q].Tay, since
ﬁkﬂ-,l = ﬁk%j o CTDj(-,O) on the reconstruction domain, which contains all sampled
fields and all zero-fluctuation continuations by Theorem 31.3. The coefficients are F;_1-
measurable and w; is the conditional mean under the same law, so the middle sum is a
martingale.

We next fix the threshold, uniformly for all later coarse indices; all data in the depen-
dence list are fixed before this choice. The largest coupling of each RG step and the cutoff
radii satisfy

ti(s) = gsvV/Hs/M,  ti(s) =t1(s)B~U"D/2, pi=pi(s) + 3Aw(j — 1) log B. (32.6)

By Proposition 32.3(1), the kernel k; lives on m; balls with radii p; < p;, < p;+ Cj and
has the stated Hessian, dimension, and mean bounds. The bound on rows and columns
implies the bound on the operator norm, since for a finite matrix A

1Al < (sup 14al) (sup L1 4al)

as follows by applying the weighted Cauchy—Schwarz inequality in each row and then
summing. The Hessian error therefore tends to zero with ¢;p; + t]2.(1 + Eq). Since t1(s) | 0,
one enlargement of sy enforces p; > 1 and ¢; < 1/2 at every level. The number of blocks
satisfies

m; < Cp(L/a;)° < Criqpt®, a4y =17/(A383),

with Ap = MU=D/2, 50 6mje_p 192 uniformly over all sufficiently small ¢;. The same
so enforces the bound 1/2 on this quantity and the bound on the means

[E[wS, | Fi-1]l <pj/(16V3), 1<c<3. (32.7)

These are restrictions on the coarse side only; the cutoff radii and the maps are not
changed.

The cutoff. Fix a smooth function ¢ : [0,00) — [0, 1], equal to one on [0,1/2] and to zero
on [3/4,0), and set

Xj(w) = }—IIP(|W|/P]',£)-
=1

It is smooth, since each factor is constant near wy = 0, and it has compact support
in the interior of the product. The gradient of each factor has norm at most C/pj, so
IVxj| < Cymj/pj < C\/Dj/pj, and Vy; vanishes wherever x; = 1. These bounds
depend only on ¥, not on the number of balls.
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The probability that the cutoff is active. We use the logarithmic Sobolev inequality
Ent(f?) < 4E|V f|? of Proposition 32.3(1) on the product itself, by Herbst’s argument (see
[123]). For a scalar coordinate F(w) = w¢, let H(A) = log Ee*. Applying the inequality
to f = eM/2, we find AH'(A) — H(A) < A2, Integrating (H/A) < 1 from zero for A > 0,
and applying the same argument to —F, we obtain

EeMF-EF) < o (A eR), P{|F—EF| >0} <20 /4

where the tail bound follows by taking A = v/2 in eV for each of the two tails. If
Xj < 1, then some |wy| > p;,/2 > p;/2, so some coordinate has absolute value larger
than p;/ (24/3). By (32.7), its deviation from its conditional mean is at least pi/ (4V/3). A

union bound over the 3m; coordinates gives
2
wt — Ply. < 1| Fiq} < 6me i/ 32.8)
9] j j j

The error terms with the dimension retained. We suppress the index j and write
D =3mj, p=pj,q= {x <1} <1/2, ¥ = Y;, and ¢ for the conditional kernel. Both
choices of ¥ are linear maps whose rows are fixed once the coarse field is fixed; neither
choice changes the law, its mean, the cutoff, or the score vector VV — (w — u). The
contraction R, = (VV — (w — u)) - ¢, retains its dependence on the chosen row ¢;,. The
product of balls has diameter at most C ]p\/ﬁ, and by convexity the mean y = Ew lies in
the product. Since VR, = (D?V — )4, with ¢, = Ry() we have

sup | Rp(w) — | < CyopV/D [ghy]. (32.9)

By the Poincaré inequality, E|&,|> < 2|4, |2. Further,
E|Dy,x| < CVDlysla/p,  E[(1—=x)I&l < V2|yslv/a.
Using (32.4), Ex > 1/2, and (32.9), we obtain
les] < Cjlyul {8pVD + (VD/p)g+ 4}

Since Vx vanishes on {x = 1}, multiplying the resulting bound on sup |R;| by the
gradient bound and by /g7, and using p > 1 and ¢ < 1/2, we find

IRy Vxllr2 < Cr(1+ D)y /4 (32.10)
In particular, R; is not bounded independently of D.
We insert these estimates into Lemma 32.4 with x = 1/2, and use |(Su),| <

[Yp| ¥ [lop|u] and (T, [95[*)? < v/3m|¥|lop- The Euclidean norm of the vector of
errors is at most

CamOI[¥[13p 1] + Cam ¥ llop (L + [[¥llop) (1 + D) /7 (1 + |ul).

All constants may depend on | and the ratios of the radii, but not on D, p, or the coarse
field. By (32.8), (1+ D),/q < T;, which gives the stated p; and 7;.
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The deterministic envelope. On 0 < I < Hy,/B we take

_ 3 3/2 AL, o 1
T(h) = C(1+ (L/h)®)(L/h)* 2 exp [—384 log Ang,\/E}' (32.11)
with one sufficiently large C; then T, < T(aj), since m; < Cj(L/aj)® and p; =
Awlog(1/(Apgs./a;)). This definition uses the mesh itself, not the index j or the coarse
index. To verify the decay, let h, = Hy,/B and z = log(h./h) > 0. The logarithm of the
polynomial prefactor is at most C + (9/2)z. The exponent is a quadratic polynomial in
z with leading coefficient — A2 /1536. For every r’ > 0, subtracting logh" adds only 'z
and a constant, and the resulting quadratic polynomial is bounded above. This proves
T(h) < Cyh" and Ocyi(v) — 0, with constants of the stated dependence.
Taking 7' = 2 shows that Li>1 a;l/ 2T(a]-) < o0. For s > s this series is a tail of the
same series along the fixed sequence of meshes, so A" < ASM. Finally w; <1, and

Y wi(14 wj)T(aj) < 2Ve AT, Y wi(1+wj)T(a;) < 20cu(e)

-~ . _1°
a]->s {Z]'§S 1 B

For the second bound we used that the meshes form a geometric sequence, so that
ZQJSS aj/e < (1-B ~1)~1. Truncating either sum at k only decreases it. This proves the
summability and uniformity assertions. O

32.4 Gaussian approximation of the circulations

We first record how characteristic-function estimates are converted into estimates in the
bounded-Lipschitz distance dpr, which uses test functions bounded by one with Lipschitz
constant at most one. The argument also covers a singular limiting covariance.

Lemma 32.7. Let P and P be probability measures on RY, with characteristic functions P'(u) =
[ 2P (dz) and P. Forall A > 0and § > 0,

dgL(P',P) < P'/{|z| > A} + P{|z| > A} + 45E|Z,|
|Bra(0,A+1)]
(27m)d R

e P2\ P () — P(u)| du, (32.12)

where Zy is a standard Gaussian vector in R, In particular, if probability measures P,
are uniformly tight and their characteristic functions converge pointwise to that of P, then
dpL(P, P) — 0. If d = 3m, the same convergence holds after applying q(v) = (|v;|*/8)1",,
provided the tails of the P; and of P vanish uniformly as the radius tends to infinity; quantitatively,
for every A >0,

dpL(q+P’, q.P) < max{1, A/4}dp. (P, P) +2P'{|v| > A} +2P{|v| > A}. (32.13)

The constants depend only on d and on the chosen radii A and 6.
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Proof. Let f satisfy ||f|loc <1and Lip f <1, and let x4(z) = min{1, (A+1—|z|)+} and
h = fxa. Then h is supported in the ball of radius A + 1, is bounded by one, and has
Lipschitz constant at most two. If ¢; is the centered Gaussian density with covariance
521y, then ||h * @5 — h||c < 26E|Z,|. The Fourier transform of a Gaussian density gives
ps(z) = 2m)~ [ elnze=0Iul?/2 gy Inserting this formula into the convolution and using
Fubini’s theorem, which is justified since h and the Gaussian in u are integrable, we
obtain, with ii(u) = [ h(z)e "?dz,

P'(h @5) — P(h+ g5) = (271) 4 / R(u)e 1P 2(B' (u) — P(u)) du.

Since |h(u)| < |Bra(0, A+ 1)|, the modulus of the right side is at most the last term of
(32.12). Restoring h costs 401E|Z;|, and restoring f costs at most P'{|z| > A} + P{|z| > A},
since | f — | < 1y~ a}- The right side does not depend on f, which proves (32.12). Under
the hypotheses on P;, dominated convergence (the characteristic functions differ by at
most two) shows that the last term tends to zero for fixed A and J; we then let A — oo
and ¢ | 0.

For the quadratic map, let 714 be the nearest-point projection onto the closed ball of
radius A. Tt is 1-Lipschitz: for z,z’ € RY, the inequalities (z — 4z, y — maz) < 0 for y in
the ball, applied with y = 74z’ and symmetrically, give |tz — maz/|* < (z — 2/, tpz —
mtaz'). On the ball,

[a(v) —a(w)| < g(|o] + [w])lo —w| < (A/4)]o — .
Thus, for a test function f on R™ bounded by one with Lipschitz constant at most one, the
function f o qo 74 is bounded by one and has Lipschitz constant at most A /4. Further,

f o q differs from it only outside the ball, by at most two. This proves (32.13). For the
convergence, take P’ = Pj, let | — o0, and then let A — . ]

Theorem 32.8. In the setting of Definition 32.1, there is an integer so such that for every fixed
integer s > s,

limlimsup sup dpp (LawvKS %5 (e, x), N(0,Z ® I3)> =0,

el Koo x€T3, offset ’
where Y. is the covariance of Definition 31.1; it may be singular. The underlying estimates
hold for every K > s, 1 < j < K—s, and a < ¢ < ¢y(s), where one may take ey(s) <
min{cHs, €lo0p, €/ g3} The constants in the bounds on the coefficients, on the variation of the
covariance, and on the conditional remainders can be chosen independently of s > sy. More
explicitly, let x, = —log ./ log B, which exceeds 1/2 since a, < B~ Y2 and let

u*, k<1,
Yie(u) = u(l+|logul), x=1, O<u<l
u, x>1,
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Then the variation of the coefficients and the remainder satisfy

Y1181 lec? < Cr¥ . (e/ He) +C/ai [1+ | log ],
j

. C
BIN|+ |T| < S vE+ CgaDsve+Cy [1 + | log [,
3141s

where Ds = C{r/(1 — ax) + g3v/Hs(p1(s) + 1)} and sup,., Ds < oo. The coarse-field term
may grow like Hy !, eo(s) may decrease with s, and s is fixed before both limits.

Proof. We first sum the one-step bounds over the scales (Steps 1-3), then replace the coef-
ticients by their values at the zero field (Step 4), then bound the characteristic functions
(Step 5), and finally pass to the bounded-Lipschitz distance (Step 6).

Step 0: the threshold. We take the threshold of Lemma 32.6 and enlarge it, if necessary,
to that of Proposition 32.3. All constants in the coefficient, potential-derivative, and
conditional variance bounds are independent of the later s. Indeed, the maps for coarse
index s are those of the fixed sequence at the absolute levels s + j, with recursion indices
J(K —s —j), and the output class is that of Remark 32.2. We use only the mean and
variance bounds of Proposition 32.3(3); the local bound (31.13) is not needed. The domain
and zero-fluctuation statements come from Theorem 31.3. The law of the coarse field
may depend on s; since every estimate holds for every coarse field, no comparison of
these laws is needed. We take the range of ¢ in the statement, shrinking c if necessary so
that 7 < 1 and p(e) = Awlog(1/(Apg3v/€)) > 1; this is possible with ¢ depending only
on M, |, and Ay.

Step 1: sums over the scales. Since the meshes 4; decrease by the ratio B, splitting at
aj = € gives

k
1 1
2 _ 2
_1wj < = + =Cy". (32.14)

B-1 1-B2

J
For a; > ¢ the summands are ¢/4;, and reading them from the last coarse scale backward
bounds their sum by the first geometric series; for a; < ¢ they are a]Z/ ¢2, bounded by the
second series. The estimate holds also if either part is empty. For h < & write

p(h) = p(e) + 3 Awlog(e/h),

so that p; = p(a;). For each fixed v > 0, geometric summation gives

Y (a;/e)°(1+ p(a)) < Cpo,a, (1+p(e)). (32.15)
ajgs
Indeed, the first ratio z = aj, /e < 1 need not be one, and the sum is

at most z°Y,-oB Y1 + p(e) + (Aw/2)(log(1/z) + llogB)]; we use z¥ < 1,
1>0 p & &
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supg._,<1 z2°1log(1/z) < oo, and the convergence of ) B=% and Y;IB~%". For aj > e we
have p(a;) < p(e) and T, - aj_l/z < Cge~1/2. Tt follows that

832 \/a(1+ pjw} < Cgav/e (14 p(e)) < C/ij (14 |logy|), (32.16)
]

where on the fine scales we used (32.15) with v = 5/2, and on the coarse scales the sum of
inverse square roots. Here and below the constants may depend on -y and on Hj,, but not
on the later s. Since p; > 1and t; < t1(so), the Hessian error satisfies ¢; < Cg3,/a;(1+ p;).
Thus

Zﬁjwf < Cy7 (1+|logn)). (32.17)
]

Step 2: the variation of the coefficients. We write b; = ||§]||<>o The bound of Proposi-
tion 32.3(4) is pathwise, with a coefficient independent of H; and of all later s > sp; we
use this uniform coefficient rather than a bound with a constant depending on H;. Its
conditions hold here: all fields and zero-fluctuation continuations lie in the reconstruction
domain, and #;(s) < t1(so) satisfies the required upper bound for every later s. With
by < r, it implies

bj1 < C{r(a;/Hs)™ +g3\/a;(1+p))}, 1<j<k (32.18)

For j > 2 we used a;_1 = Baj, pj_1 < pj, and txj*_l = tx;l(aj/HS)"*; for j = 1 we used
by < r and absorbed a; ! into C. The deterministic part of the weighted sum X b]-_lez
over the coarse scales is
— Ky Ke—1
CreHy™ ) a A

{Z]'>£

If k. < 1, summing from the last coarse mesh bounds this by Cr(e/Hs)*. If x, = 1,
every summand is one and there are at most Cg(1 + log(H;/¢)) of them, which gives the
logarithmic case of ¥y, ; this case cannot be bounded by Ce/H;. If k. > 1, summing from
the largest mesh bounds it by Cre/Hs. On the fine scales the sum is

CrH;®e 2 )’ a}‘*” < Cr(e/Hs)™.

ajgs

In all three cases this is bounded by Cr¥y, (¢/ H;). For the fluctuation part of (32.18) we
use (32.16). This proves, pathwise, the first estimate of the theorem:

Zb]-_lwf < Cr¥y, (e/Hs) + Cy/7 (14 |logy|). (32.19)
]
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Step 3: the remainder. Let D; = Q]Tay - IE[Q]-Tay | Fi—1]. By the conditional mean and

variance bounds of Proposition 32.3(3), the tower property, E|D;| < (E|Dj|?)1/2, and the
triangle inequality, we have, without any independence,

E|N| < CY t;Ebj_1\/e/aj+CY tipjw,. (32.20)
j j
In the first sum we apply the pathwise bound inside the expectation:

Zt]' ]Eb]‘_“/&'/a]' = )\ng\/E]E [Zb]_l] < )\ng,\/EDs.
j j

On the fine scales the second sum is Aggze ™! )W a;’/zpj, which is at most C,/77(1 + p(e)) by
(32.15). On the coarse scales each term is Ag,/7 p;; there are at most Cp[1 + log(Hs,/¢)]
such scales, and each p; < p(e). For fixed g3 and Hj, both factors are at most C(1 +

|log#|). Adding the bound on Ts from Proposition 32.3(4), we obtain

EIN|+ sup |Ty <

16|co<r

C
g31f1 Ve +Cg3Dsy/e + Cy/i7 (1+ | log |2, (32.21)

which is also the estimate of Lemma 31.8. The quantity D; is the sum of the bounds on
b]-_l, with a coefficient independent of s, and SUPg>g, D; < oo follows from (32.6): p1(s)

1/2

grows linearly in s, and \/H;s decreases by the factor B~ "/~ at each increment of s.

Step 4: coefficients at the zero field. We now replace the coefficient matrices by their
values at the zero field, keeping the centered fluctuation variables ¢; = w; — @; of the
conditioned measure. Let

My = Zr]-(ej_l)ej, M = er(O)ej, s =T;(0)r;(0)".
] )

The reconstruction domain gives a fixed deterministic bound b]- < bmax < 0. By the

conditional Poincaré inequality and the bound on I';(6) — T';(0) in Proposition 32.3(2), we

have

E[|(Tj(6j-1) — Tj(0))ej* | Fj-1] < Cambi_qw?.
Since these differences are martingale increments for the same measure, conditioning on
the earlier variables makes all cross terms vanish. With (32.19) we obtain

E|M — MJ|* < Caw Y Eb} 1w? < Cambmax{Cr¥x,(e/Hs) + C /7 (14 |logn|)} — 0,
j

(32.22)
uniformly in K at fixed s.
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Step 5: characteristic functions. We apply Lemma 32.6 with ¥; = I';(0), under the same

conditional kernels at the coarse fields (3]-_1 ; the kernel at the zero field is not used. The
bound ||T';(0)|op < Cw; implies the deterministic bounds

o) <Cw?, 1) < Cwj(1+w))T,

whose sums tend to zero by (32.17) and Lemma 32.6. Lemma 32.5 with g = 0, followed
by (32.22) and (32.21), bounds the error in the characteristic function of the circulation by

]Eeiu.IK,s _ e_uT(Z®I3)u/2’ < |u|{lE|Ts + N| + (]E|Mk _ M2|2)1/2}

+ {01l + )l (1 + Ju]) } 6229
] .

+ %|u|2HZS? —T®h N
)

In the last term we used |e™*

By Proposition 32.3(5),

—e Y| < |x —y| for x,y > 0. The last term is deterministic.
SO _ Ca,S,L In — Cret Cret <C 2 H

Z i = ® 13 s,a,e’ H s,a,e” > TZSE/ S/

)

and the first covariance converges to Col ® I3 as K — oo and then to X ® I3 as € | 0,
uniformly in x and the lattice offset. This identification concerns the linearization of the
reconstruction at the origin and the linearized coarse field; the nonlinear reconstruction
is never conditioned to have zero coarse field. At each fixed s, every term on the right of
(32.23) therefore vanishes in the stated iterated limit, uniformly in x and the lattice offset.
In particular,

limlimsup sup et I — pu" (Z0h)u/2) _ (32.24)
0 Koo x, offset

No random covariance and no compensated exponential is needed.

Step 6: the bounded-Lipschitz distance. By the conditional Poincaré inequality, we have
E[|T;(0)ej|* | Fj_1] < 2tr S?, and orthogonality together with (32.14) gives E|M?|? < Cs.
With (32.22) and (32.21), this gives a bound on [E|IX#| that is uniform in K, x, the lattice
offset, and ¢ in a sufficiently small range at the fixed s; by Markov’s inequality the tails

of IX* vanish uniformly. We apply (32.12) with P’ = Law,,_ I** and P = N(0,Z ® I3).
52|ul?/2

Its last term is bounded by the integral against e~ of min{2, Ex . s(u) }, where Ex .
is a deterministic bound on the right side of (32.23), uniform in x and the lattice offset.
Such a bound is obtained by using (32.21), (32.22), the bounds in Step 5 on p? and 17;.),
and the uniform covariance convergence at the end of that step. We choose it to be a
polynomial in |u| with nonnegative deterministic coefficients supplied by these bounds.
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For each fixed u, it tends to zero in the iterated upper-limit sense K — oo, then € | 0. The
integrand is bounded by the integrable function 2¢~9*41*/2; the dominated upper-limit
inequality followed by dominated convergence therefore makes the integral vanish in
that iterated limit, for fixed A and J. Letting then A — co and J | 0 proves the theorem,
also for singular .. The dependence on s of the coarse-field constant and of the range of
e is exactly the one in the statement; no choice of s depending on ¢ has been made. [

Remark 32.9. Lemmas 32.4 and 32.5 are abstract finite-dimensional statements. Their
application to the circulations fixes the coupling v > 0 before sj is chosen, and gives
estimates with the dependence described in item (5) of Definition 4.14; it does not give
constants uniform as v — 0 at a fixed side, as would be needed for item (6). The proof
of Theorem 32.8 uses no tightness of the linear and quadratic flow data; these enter in
Lemma 32.11 and in the passage to the continuum measure.

The same proof applies conditionally on the first g RG steps, with error bounds that
do not depend on the values of these steps. This uniformity is what makes the asymptotic
independence in Section 32.8 possible; it does not follow from Theorem 32.8 itself.

Lemma 32.10. In the setting of Definition 32.1, fix s > so. Write ||h||pL = max{||||e, Lip h}.
Fix an integer ¢ > 0, and for K —s > q let F; = (0o, wr, ..., wy) be the o-field generated by
the coarse field and the fluctuation variables of the first ¢ RG steps. Let C ~ N(0,X ® I3) and
q(v) = (Jvi|*/8)" . Regular conditional probabilities can be chosen so that

lim limsup sup esssup dpL (LaW(IK'S(S,x) | Fq),Law(C)> =0. (32.25)
el Koo x,offset VK

The same holds with I** and C replaced by q(I%*) and q(C). In particular, if |Bx 5| < 11is any
real ]—"q—measurable random variable, then

limlimsup sup sup ‘IEVK,S [f(q(IK'S))BK,q]—IEf(q(C))]EVK,sBK,q):O. (32.26)
0 Koo x,offset | f[pL<1

The constants may depend on s and q and otherwise have the dependence of item (5) of Defini-
tion 4.14. The variable Bk 4 may depend on K, and no regularity in the values of the first g steps
is required. Nothing is asserted uniformly in q.

Proof. We follow the proof of Theorem 32.8 conditionally on F;, and check that every
error bound is deterministic and does not depend on the values of the first g steps.

Step 1: the decomposition after g steps. Since all spaces of coarse fields and fluctuation
variables are finite-dimensional compact metric spaces, the explicit normalized kernels
give regular conditional probabilities. Fix a realization of the first g4 steps. By Proposi-
tion 32.3(1), the later conditional kernels are the same kernels as before conditioning,
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since the restrictions at coarser scales do not alter them once their coarse field is fixed.
Every such field lies in the reconstruction domain and satisfies eli1 B,, as noted in
Section 31.1. The maps at the absolute levels s +¢4 +1,...,K are the same reconstruc-
tion maps, with the same recursion indices. By Theorem 31.3, every zero-fluctuation
continuation is defined. Thus the decomposition starting at g is
K—s R
I =T, + er,-(ej_l)(wj —@;j) + Ny,
J=q+

where
~ -~ R=s ~ Tay
Ty =T(Tlk-scqby), Ng= ) (L)@ +Q;},
j=q+1
and w; is still the conditional mean under the conditioned Wilson measure. This is a
restriction of the same telescoping sum, with no change of measure.

Step 2: bounds uniform in the first g steps. The field SA; of Theorem 31.3 vanishes at
zero and has bounded derivative on the reconstruction domain, so ||5A§’((3q) loo < Cbmax-
By its identity for circulations, the contraction of the heat semigroup, and the length
bound, we have, with ag = Hsiq,

g

83
Here bmax is the fixed bound for the reconstruction domain. We keep the pathwise
bounds of Proposition 32.3(4) and (32.19), which hold after conditioning as well; they are
not restarted at §q. Using the mean and variance bounds of Proposition 32.3(3), which
hold for every coarse field, and the tower property, we obtain

E[|Ng| | ;) < CgaDev/e +C ¥ typ; < CgaDsv/e + C/if (14 |log )2
1>q

For the means we used t;, /e/a; = Ap ¢3+/¢€ and the deterministic bound on 2]- b]-,l ; for the
centered part, the conditional variance and the conditional Cauchy-Schwarz inequality.
These bounds vanish at fixed s and g and do not depend on the values of the first g steps.
The cutoff estimates of Lemma 32.6 hold at every later coarse field. For the replacement
of the coefficients by their values at the zero field, we set

Bs,e = CT’TK* (S/HS) + C\/ﬁ (1 + |10g77|)

By the conditional Poincaré inequality and the orthogonality of martingale increments,
we have
2
E Hz(rj(ej_l) —T;(0)) (w; — wj)\ ) 7y < CE[Y 002 \ 7|
>4 j>a
< Cbmast,S-
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The last inequality follows from the pathwise bound (32.19), which holds on every sample
path; its right side is deterministic and tends to zero at fixed s. Lemma 32.5 applies to
this tail of the sum.

Step 3: the covariance of the tail. The coefficients T';(0) for j > g are exactly the
coefficients at the zero field for the coarse index s + g, since their defining maps are the
same restrictions of the fixed family. By Theorem 31.6 at index s + g,

Z rj(o)rj(O)T = Ca,s,L QI — Cgitq,a,ef Hcgitq,a,s” < CnngqE/HS-Hp

>4
and by Lemma 31.2 the first term has the same limit > ® I3. For every u, the conditional
error in the characteristic function is therefore bounded almost surely by the sum of
these deterministic remainder, coefficient, cutoff, and covariance errors, as in (32.23). This
bound does not depend on the first g steps, and it vanishes in the stated order at fixed s
and g. The factors 1/a, and n2 +q/ Hs+q grow with g, which is why g is fixed before the
limits.

Step 4: conditional laws. By the conditional Poincaré inequality, the conditional second
moment of the tail }_;-., I';(0) (w; — @;) also has a deterministic bound, and the conditional
first-moment bounds of Step 2 then give uniform conditional tails for IX*. We apply
(32.12) to these conditional laws: its Fourier integral is bounded by the same deterministic
envelope for the characteristic functions, and its truncation terms by these conditional
tails. Choosing one null set for all rational u and using the continuity of each conditional
characteristic function, we obtain an almost sure bound that does not depend on the
version of the conditional law or on the test function. This proves (32.25).

Step 5: the quadratic map. By (32.13) applied to the conditional laws, with the projection
onto a ball of radius A on which q has Lipschitz constant at most A/4, and with the
conditional tails outside the ball vanishing uniformly as A — oo, the statement for q(IX*)
follows; we let K — co and ¢ | 0 before A — oo. Multiplying by By, and using the tower
property proves (32.26). O

32.5 Wilson flow and removal of the conditioning

We now compare the normalized Wilson-loop deficits of the flowed fine configuration
with the squared circulations, and remove the conditioning on the small-field event.
The comparison has two parts. The first is an expansion of the trace of a product of
SU(2) matrices to second order, with a remainder controlled by the total variation and
independent of the number of links. The second is the local theory of the Wilson flow of
Theorem 24.5, which writes the flowed field as the linear heat evolution plus the quadratic
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Picard term plus a smaller remainder. The Wilson flow is the one introduced by Liischer
[128], with time measured in physical units as in Section 2.1.

Lemma 32.11. The following statements hold.
1. For every finite sequence v, € R3, with D = Y, |v| and Y = ¥, v,, and every s’ > 0,

‘1 — g trL e |Y|2‘ < S/D3eS’D/z
(s")? 8 | — 48 '
The same bound holds for an ordered exponential along a path of finite length, with D the
total variation of the integrated coefficient. The bound does not depend on the number of
links.

2. Fix1/2 < ag < 2/3 and a horizon Ty > 0, and put Bg = ag —1/2 and xg = 1 — 3ag /2.
For the reconstruction of Definition 32.1, let x = P*AX* be the linear heat evolution of
the initial potential AKs — a*1§k, let v = Qu(x,x) be its quadratic Picard term, and let
Bk,s = X3, (xr) + Y, (v) be the norm of the linear and quadratic flow data of Definition 4.8.
For every R < oo there are Tr < Ty, ag > 0, eg > 0, and Cg such that, on {Bgs < R}
and for a < e < eg, a < ag, and oe2 < Tg, the representative Agq of the Wilson flow in the
damping gauge of Theorem 24.5 satisfies

Ag=r+y+v,  [o(t)]e < Cr(t+a®)™.

Write Y; = (a/ /i) Lecr,.,. 580(e) Ano(0€?) and D; = (a/ i) Lecr,., . | Ane(0€d)].
Then, uniformly in x, the lattice offset, K, and s, whenever the same radius and domains

apply,

max |Y; — [[°| < Cre®/?720, max(D; + |IX°]) < CrePn,
1 1

i 2
L,E,a,x oe
max

i i 8
The representative stays in the logarithmic chart on the whole time interval:

asup ||Ag(t) || < Cr{a' ™" 4+ a* 2% 4 q(Tg +a*)1} — 0  (a— 0).
H<Tg

_1 (Nk) Ks|2
’1 ptrHol, ¥ OU I |‘§CR52_3aﬂ_

3. Enlarge s so that ns, also satisfies the requirement on the coarse side in Lemma 28.10 for
the interval {7y}, the horizon Ty, and the exponent ag. For each fixed s > sy, ps(R) =
SUpy~s Vks{Bks > R} — 0as R — oo. Let

1 trHol,, ‘P((TZE\QK)LI)m
n

be the vector of normalized Wilson-loop deficits on the fine lattice, and q(I) = (|L;|*/8)™ ;.
Fora < ag, a < e < min{eg,eg(s)}, and oe? < Ty, every f : R™ — R with || f|le < 1
and Lip f < 1 satisfies

[Epuxierf (Zeg) = B f(@(T))| < 203 (Shi ) + 205(R) + Cre® .

ZE,K = < )
i=1



32 Gaussian short-distance limits and asymptotic independence §32.5 56

The constants have the dependence described in items (5) and (7) of Definition 4.14, with additional
dependence on R, Ty, and ag. No expectation of an unbounded function is transferred between
the two measures.

Proof. Part (1) is an algebraic expansion (Step 1). Part (2) follows from the local theory of
the Wilson flow and part (1) (Steps 2—4), and part (3) combines part (2) with the tightness
of the flow data and Lemma 5.5 (Step 5).

Step 1: the trace expansion. Let B, = v37;. Then ||B.|lop = |ve|/2, and [tr T|/2 < ||T|op
for every 2 x 2 matrix T. In the product of the exponential series, the sum of the norms
of all terms that are homogeneous of degree p is at most

Ve|/2)Pe s'D/2)P
y e ey

|
Yepe=p € p:

by the multinomial identity; this bound has no constant depending on the number of
links. The trace of the term of degree one vanishes. The identity tr(B.B f) /2= —0,-0 f /4
gives the half-trace of the terms of degree two,

(s')? (') 2
—TZWZ Zve =——5 Y

e e<f

The norms of all terms of degree at least three sum to at most (s’D/ 2)3€S/D 2 /6, Dividing
by (s')? gives the first assertion. For an integrable connection coefficient along a path of
tinite length, the term of degree p of the ordered exponential series has norm at most
(s'D/2)?/p!, since the ordered integral is bounded by 1/p! times the integral of the
symmetric product of the absolute coefficients. The linear term has trace zero, and the
half-trace of the quadratic term is —(s")?| [ v|?/8, since the dot product is symmetric on
the two ordered halves of the square. The same remainder bound therefore proves the
assertion for ordered exponentials, with D = [ |o].

Step 2: the flow. Fix R, Tj, and &g, and abbreviate &« = ag, § = Bg = « —1/2, and
k = kg = 1 —3a/2. The event { Bk s < R} controls exactly the linear heat evolution, the
quadratic Picard term, and all first differences required in Theorem 24.5. Indeed, the
linear part is P*AX*, and the quadratic part is the ordered quadratic term of the damped
Wilson equation on the same fine lattice. Restricting the horizon only decreases these
norms, and the difference arrays include every forward and backward difference in the
norm required by that theorem. We use its bound on the remainder of one solution and
its identification with the Wilson flow, reducing its lifespan to Tr < Ty if necessary. It
gives the decomposition and the bound on v, and it identifies e with the Wilson flow
up to a time-dependent periodic lattice gauge transformation. The trace of a closed loop
is unchanged by this gauge transformation.
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The chart condition holds on the whole interval, not only at time zero. Indeed, by the
two bounds on the flow data and the remainder bound, we have
asup ||Ag(t) || < Cr{a'™ +a' 2P + a(Tg +a®)*}.
t<Tg
Since 1 —2B =2 —2x > 0 and x > 0, all terms tend to zero as a — 0. The last term takes

its maximum at the final time, where it is Ogr(a) for fixed Tr. We choose ar below the
threshold of the chart and eg < 1 with O’S%{ < Tg.

Step 3: the circulation of the flowed field. Att, = o2 and a < e we have 0e?2 < t. + 4% <
(0 + 1)&2. By the definitions of the norms and the remainder bound, we have

le(te)lloo < CoRe™,  [In(te) e < CoRe™,  [o(te)l|oo < Croe™. (32.27)

The physical length of the cycle divided by /77 is at most Cyy/e/g3. Since II,K'S =
(a/\/7) Lesgn(e)re(te), multiplying the last two estimates by this factor, we obtain

max |Y; — IX%| < Cp{el/22 4 gV/242) < (/22
1

where we used 1/2 -2 =3/2—-2x and 1/2+2x = 5/2 — 3ax > 3/2 — 2x. Multiplying
all three estimates in (32.27) by the same factor, we find D; + ]IiK’S\ < Cgre~P. These
constants depend on the fixed g3 > 0, as allowed.

Step 4: the Wilson-loop deficit. For each oriented link we take v, = sgn(e)aAq,./ /1
and s’ = /77 in the trace expansion of Step 1. A link traversed against its orientation
contributes the inverse of the positive link variable, whose logarithm is the negative of
the positive one. The resulting D and Y are exactly D; and Y;. In particular,

VI D <Cre'™, D} < Cre®,
and the exponential in the trace bound is bounded for small ¢. Further,
[1Yil? = 112 < (1Yl + 12D Y = 1] < Cre® ™™

This proves the bound on the deficit. It is deterministic on the event { Bx s < R} and uses
only the length bound on the cycles, so it is uniform over x, the lattice offset, K, and s for
which the same radius and domains apply.

Step 5: radius tightness and removal of the conditioning. For each fixed s > sy, we
apply Lemma 28.10, in particular (28.18), with coarse side 1, remaining depth K — s, and
I = {7}; the enlargement of sy in part (3) makes n; an admissible coarse side for that
lemma. Its fine potential is AKS = a‘ng,s, by the definition of the reconstruction, and
no interpolation is involved at the fine lattice. Its tightness statement on the horizon Tj is
exactly ps(R) — 0, at fixed s and fixed positive coupling.
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Finally, in the joint realization of Remark 15.11, the fine configuration U has marginal
vk,s and is gauge equivalent to the terminal reconstruction. The joint values of Z, x and
all other gauge-invariant observables of that configuration therefore agree with those
computed on the reconstruction. Lemma 5.5, applied to the bounded function f(Z, k),
shows that replacing py, o by vk s costs at most 2u NK”(S%,K,nw) ; the event has positive
probability, since v  is defined. Under v, the difference between f(Z. ) and f(q(I%*))
is at most Cgre?~3* on {Bks < R}, where the dimension m is absorbed into Cg, and at
most two on its complement. Adding these bounds proves the last inequality. O

The next lemma restates the Gaussian limits in the form in which they are applied
below. Since every input of the preceding proofs is available at each fixed coupling
0 < v <T by Lemma 31.10, it requires no new argument.

Lemma 32.12. In the setting of Lemma 31.10, every fixed s > sg satisfies the conclusion of
Theorem 32.8. Moreover, for every fixed q > 0 the conclusions of Lemma 32.10 hold, including
the essential supremum over the values of the first q RG steps, with F, = (6o, w1, ..., wy). In
particular, with C ~ N(0,£ ® I3),

limlimsup sup esssupdpy (Law(I®° | ), Law(C)) = 0,
el Koo x, offset

and the same holds after applying q(v) = (|v;|*/8)™ . The constants have the dependence
described in item (5) of Definition 4.14, with additional dependence on q; nothing is asserted for q
growing with € or K. Definition 32.1 and the conclusions of Lemmas 32.4 to 32.6 and 32.11 also
hold in this setting; for the last one, only the radius tightness at a fixed coarse side is used.

Proof. We check the inputs of the local tools. Lemmas 32.4 and 32.5 are finite-dimensional
statements; the conditional fluctuation kernels satisfy the Poincaré hypothesis by Propo-
sition 32.3(1). The decomposition in Lemma 32.6 is an exact finite sum, and its cutoff
estimates use the conditions on the number of blocks and on the means, and the decay
of the cutoff error, which hold by Step 1 of the proof of Theorem 31.5 and (31.9). Hence
every cutoff estimate holds with the same constants. Lemma 32.11 uses Theorem 24.5 for
the linear and quadratic flow data on the fine lattice, the joint realization of Remark 15.11
of the reconstructed field and the fine configuration, and the trace expansion; these
deterministic arguments need no bound on 7, and the removal of the radius uses (28.18).
None of these checks uses a limiting random variable for the flow data.

By Lemma 31.10, all five inputs of Proposition 32.3 hold at this fixed coupling, with the
stated independence of s. The proofs of Theorem 32.8 and Lemma 32.10 therefore apply
with these inputs. In the conditional proof, the pathwise bounds of Proposition 32.3(4)
are kept, not restarted; the coarse-field term after g steps is bounded by Cbmax+/¢/(8344),
and the coarse covariance by Cn? €/ Hs14. Thus g remains fixed before both limits. [



32 Gaussian short-distance limits and asymptotic independence §32.6 59

32.6 The continuum limit

We now pass to the continuum measure, with the limits in the order displayed at the
beginning of the section. The final limit removes the conditioning error, whose available
bound Fr(n) tends to zero as s — oo and is independent of K. In the theorem below, the
class [n.] in the subscript of A, () is the class [1.]y of Theorem 29.28.

Theorem 32.13. Fix L > 0, an odd integer M > 3, a base side n, € 4IN and its equivalence class
(14| M, and any v > 0. Choose T > <y and the parameters of Theorem 23.5, and let )LL,%[”*} be the
continuum measure of Theorem 2.3. For every finite family of smooth closed loops {1, ..., Ly in
R and every o > 0, put g3 = /L and

1- WersEi,Usz m
Ze(x) = <—g§s ).
Then
lim sup dpy, (Lawy, . Ze(x),Law Zg) =0,  Zg = (IG[*/8)1,,
xeT?

where the three color components of C are independent centered Gaussian vectors with covariance

o—20lk?

— . 1, .
Zip = (271) 7 /IR3 W]i(k) Ju(k)dk, — Ji(k) :/O 0i(v)e*6) gy,

Degenerate covariances and repeated or reversed loops are allowed. Every sufficiently large fixed
coarse index satisfies the conclusion of Lemma 32.12 for the circulations. The limits are taken in the
order described above. The constants have the dependence described in item (5) of Definition 4.14;
no rate uniform in the coupling, in the coarse index, or as ¢ |, 0 is asserted.

Proof. By Lemma 31.2(1), k- J;(k) = 0 and |J;(k)] < Cmin{|k|,1}, so X is finite, real,
symmetric, and positive semidefinite, and its positive square root constructs the three
color vectors. This is the covariance of Definition 31.1, and Lemma 31.10 shows that the
results of Section 31 apply at this coupling.

Let Fr(ns) be the supremum over 0 < 7/ < T of the bound in Theorem 23.10 at coarse
side ns; by that theorem, Fr(n;) — 0 as s — oo. At fixed s, let ps(R) be the radius tail
of Lemma 32.11, which tends to zero by (28.18) with I = {}. Let Z, x(x) be the vector
of normalized Wilson-loop deficits of Lemma 32.11 for the lattice cycles approximating
x + €/;. By that lemma and the triangle inequality, for every function f with || f]le <1
and Lip f <1,

+ dpr. (Lawy, , q(I°°), Law Zg).
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For each fixed ¢ > 0 and x, the joint convergence of flowed Wilson loops, Corol-
lary 29.26(1) and Theorem 29.23, with the class identification of Theorem 29.28(4), implies
that |y, f(Zx(x)) — IEAL,%Mf(Zg(x)) as K — oo; the lattice cycles are admissible
approximations of the loops x + &f;. The bound above is uniform in x and the lattice
offset. To see that the identification at fixed ¢ is compatible with this uniformity, we
translate the lattice sequence by a lattice vector so that the base point is near a vertex, and
use the allowed lattice approximation of the translated loops; the additional swept area
is O(ea), a connecting path and its inverse do not change the trace, and the laws of the
tine lattice and of the continuum are invariant under translations. At fixed ¢ all deficits
lie in the compact cube [0,2/(g3¢)]™, so a finite net of test functions with || f||c < 1 and
Lip f < 1 makes this passage to the limit uniform over all such test functions. We let
K — o0, and then ¢ | 0, using the statement for q(I%*) in Lemma 32.12 and 2 — 3ag > 0.
What remains is 2Fr(n5) + 2ps(R). We let R — oo at fixed s, and only then s — oco. This
proves the theorem. For the full class [n.]ps, the continuum measure was identified in
Theorem 29.28; the argument above needs only one subsequence Ny = n,BX. O

32.7 A uniform short-distance variance lower bound

Corollary 32.14. In Theorem 32.13 take m = 1, write ¢ = {1 and v = X411, and let D,y =
(1 - Wx+£€,0£2)/(g%€)' Then
Var/\L,%[n*] Wx—&—sf,m@ 302

lilg ('1)nf irxlf Var ALy sl D,y = liri (i)nf iI;f (g2 > E73 (32.28)

Ify 0, then v > 0, and for every sufficiently small fixed ¢ the observable W, tel g2 1S MOt
almost surely constant, for every x. The threshold for € may depend on the data listed in item (5)
of Definition 4.14.

Proof. For independent copies D and D’ of a random variable with finite variance,
Var D = E(D — D’)?/2. At each fixed scale the variance is finite, since 0 < D, , < 2/( g%s).
By Theorem 32.13, the laws of pairs of independent copies converge, uniformly in x,
to the law of independent copies Z and Z’ of vx3/8, where x3 is a chi-square vari-
able with three degrees of freedom: on compact sets, approximate a bounded continu-
ous function of two variables by finite sums of products, and use the uniform tails of
the marginals on the complement. Applying this to the bounded continuous function
min{A, (u — u')?} and then letting A — oo, we find that the left side of (32.28) is at least
E(Z — Z')2/2 = Var Z = 3v2/32. A nonzero continuous function J; is nonzero on an
open set, on which the positive weight in the integral defining v has positive integral, so
v > 0. The strict lower bound then gives a common threshold below which the observable
is not constant. No moment is transferred from the Wilson measure. [
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32.8 Asymptotic independence from macroscopic Wilson loops

The small-loop deficits are asymptotically independent of fixed macroscopic flowed
Wilson loops. The reason is that a macroscopic flowed Wilson loop is approximated, on
the same probability space, by a function of the first 4 RG steps, while the Gaussian limit
of Lemma 32.10 holds uniformly conditionally on these steps. The approximation must
have constants independent of the higher derivatives of the finite-scale reconstruction,
which grow with g; this is provided by the stability estimate Corollary 25.11.

Lemma 32.15. In the setting of Definition 32.1, fix s > so, finitely many piecewise C' closed
loops Ty in T3, times t, > 0, and characters x, of finite-dimensional representations of SU(2),
1 <r < b. Use lattice approximations T', x of bounded physical length and swept area O(a), and
let

Vicy = xe (Holr, ¥,7(W), Vie= (V)i
be the vector of flowed Wilson loops of the fine configuration under vy s. There are F,-measurable

random vectors VE?] on the same probability space such that

lim lim sup E,,, min{2, [Vx — VI |} = 0. (32.29)
17 Koo ’
The vector VE?} consists of the flowed Wilson loops of the finite-scale reconstruction LII[éﬂ =
exp(alaq%aAq), with the same times and lattice paths, where Ay, = §q/aq, ag = HsB™1, and
Lo —aq 15 the cardinal interpolation of Lemma 28.10. The approximation does not depend on ¢, x,
or any test function of the small loops. The constants have the dependence described in item (7) of
Definition 4.14, at fixed coupling and with s fixed.

Proof. We use the cardinal interpolation and the notation of Lemma 28.10. On the fine
lattice the linear and quadratic flow data of the finite-scale reconstruction are

xg = Pl a4y, vy = Qalxg,X4).
This is the cardinal interpolation of the field at index g; we do not claim that it equals
the nonlinear zero-fluctuation continuation. Its link variables and their Wilson flow are
defined without any small-field event of their own. At fixed g the field A, ranges over
a fixed compact set and its cardinal interpolation is smooth, as in Lemma 28.4. The

construction uses only §q, so it is F;-measurable.
Fix 1/2 < o« < 2/3 and a horizon Ty > 0, and set

kg = Xg(xk—s — xg) + Yo (Yk—s — Yq), Bi,s = Xa(xk—s) + Ya(yk—s)-
Both norms include every first difference on the common lattice. The exact bilinear

decomposition of yx_s — y,; and the estimates of Lemma 28.10 on the linear term and on
the two mixed terms and the quadratic term imply, for every > 0,

lim sup vks{dxqy >J} =0. (32.30)
g—00 K>s+q
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The linear part is bounded by Markov’s inequality and the tail estimate for the linear term;
the quadratic part is bounded by the sum of the tail estimates for the mixed terms and the
quadratic term, each with threshold §/3. The radius tail ps(R) = supg~, Vks{Bks > R}
tends to zero by (28.18). -

Fix Rand 0 < 6 < 1. On the event {Bks < R, dk, < ¢}, both pairs of flow data lie in
the ball of radius R + 1. Let

0<ur< imin{TRH,To,min te}.
r

By the estimate of Theorem 24.5 for differences on the same lattice, we have, at this early
time,

1Aa(ur) — AP (uR)llcr < Crugdicar 1 Aa(ur)llcy + AT (ur)lley < K < .

Both damping gauges start at the identity. By the joint realization of Remark 15.11
and Theorem 24.5, the first damped solution represents the Wilson flow of the fine

[

configuration, and the second represents the Wilson flow started from UKq | Since each
character is gauge invariant, both flows may be restarted from these damped fields at
time ug for the purpose of evaluating their later traced loops.

We apply Corollary 25.11 with radius R + 1, input horizon Ty, early time u = ug,
T = min, t,, T = max,t,, the given characters, and the fixed bounds on the lengths of
the paths. Both pairs of flow data lie in that ball on the stated event, in the same initial
gauge, and the discrepancy in that corollary is exactly dg 4. It gives

Vi — VE?H < CRugtT,x 9K g/ (32.31)

for the whole vector of characters, including the normalized fundamental traces. The
constant in (32.31) depends on the radius and on the fixed waiting time, but not on the
higher derivatives of the finite-scale reconstruction, which grow with g; the threshold for
the mesh depends on R, ug, and the loops, but not on g. For all sufficiently fine meshes
it follows that

Emin{2, |V — VI¥|} < 20,(R) + 2vg o {dk s > 6} + Ci. (32.32)

We let ¢ — oo at fixed s, R, and J, using (32.30), then J | 0, and finally R — oco. This proves
the claim on the same finite probability spaces, without coupling different cutoffs. [

Theorem 32.16. Assume the setting of Theorem 32.13. Fix, independently of € and x, a finite
vector V.= (x»(Holr, X(t,)))%_, of characters of holonomies of the trajectory X around piecewise
C! closed loops T’y in T% at times t, > 0. Then

lir{)lsup sup  |En, . [f(Ze(x))g(V)] —Ef(ZG) Ey,, . ,8(V)| =0, (32.33)
S0 flleuligls <1
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where ||h||p. = max{||h||co, Lip h}. The constants have the dependence described in items (5)
and (7) of Definition 4.14. Nothing is asserted uniformly in a growing family of macroscopic
loops, as «y | 0, as o | 0, or as min, ¢, | 0.

Proof. On the joint realization of Remark 15.11, whose fine-configuration marginal is

Vk s, let Vg be the vector of flowed Wilson loops of the fine configuration and VE?} the
Js-measurable approximation of Lemma 32.15. By (32.32),

0K oq = Bug. min{2, [V — VI |} < 204(R) + 2v o {dk g > 8} + Crd.
Let Ak ,(¢) be the deterministic bound on the conditional bounded-Lipschitz distance

for the squared circulations from Lemma 32.12. Multiplying by g(VE?]), which is F-
measurable and bounded by one, and using the tower property, we obtain an error of
at most A ,4(¢) against the independent Gaussian factor. Replacing g(VE?]) by ¢(Vk),
in the product and in its separate expectation, costs at most 2ak,, since |g(Vk) —
g(VE?])| < min{2, |Vg — VE?H}. Replacing f(q(IX®)) by the deficits f(Zx(x)) costs at
most 2p5(R) + C e by Lemma 32.11. Finally, two applications of Lemma 5.5, to the

product and to the expectation of g(V), transfer from vk to pin, , at a cost of at most
4Fr(ns). Thus the error under the Wilson measure is at most

4Fp(n5) 4 20s(R) + Cre?~3*n 4 20K, + Ak s,q(€)-

For fixed ¢, x, f, and g, the joint law of the deficits and of Vi under uy, , converges to
the corresponding joint law under A; . 1, 1, by Corollary 29.26(1), Theorem 29.23, and the
class identification of Theorem 29.28(4), applied to the union of the two families of loops.
The bound above does not depend on x, f, or g, so it also bounds their supremum after
this identification. We let K — oo, then ¢ | 0 at fixed s, R, g, and 4. Next we let g — oo,
using (28.17) to bound supy.,, Vks{dk,q > 0}, then 6 | 0, then R — oo at this s, and
finally s — co. The bound vanishes. O

32.9 Asymptotic independence from bounded Borel functions

The last theorem extends the asymptotic independence to every fixed bounded Borel
function on the trajectory space. In the terminology of Rényi, as discussed by Aldous
and Eagleson [4], it says that Z.(x) converges mixingly relative to the Borel o-field of A7,
uniformly in x and over test functions with || f||g. < 1: the limit is independent of that
o-field. This only names the mode of convergence.

Theorem 32.17. Assume the setting of Theorem 32.16, with Z¢(x) and Zg as there. For every
bounded Borel function H : X1 — R, chosen independently of € and x,

limsup sup [Ey . [f(Ze(x))H] - Bf(Zc) Ba,,,, H| = 0.
0 rem? || fllp<1



32 Gaussian short-distance limits and asymptotic independence §32.9 64

In particular this holds for H = h o i', for every bounded Borel function h on the space of Sobolev
trajectories, where iV? is the map of Definition 29.1. The approximations in the proof may depend
on Hand Ay, 1,,1. There is no supremum over H, and nothing is asserted for H depending on €
or X.

Proof. Let A = Ap, 1,,]- By Theorem 29.3, the Borel o-field of A, is generated by the
determining coordinates w;, j > 1, which are normalized fundamental Wilson loops. We
first approximate H in L'(A) by a bounded Lipschitz function of finitely many of these
coordinates.

The events A whose indicators can be approximated in L!(A) by [0, 1]-valued Borel
functions of finitely many coordinates form a o-field. It contains the events determined
by finitely many coordinates. It is closed under complements, and under finite unions
by the Lipschitz map (s1,s2) — max{sy, s>} on [0,1]% for a countable union, we first
truncate to a finite union whose indicator has small L! error, by continuity of A from
below. Hence it contains every Borel event, and approximating a bounded H by simple
functions gives approximations bounded by ||H ||co.

Next, a bounded Borel function of (wy,...,w,) can be approximated by a bounded
Lipschitz function. The law A; of (wy,...,w;) is a Borel probability measure on the
compact cube [—1,1]9, so each Borel set A has a compact subset K4 and a relatively
open superset O4 with A;(O4 \ Ku) arbitrarily small; indeed, the sets with this property
contain the compact sets, by continuity from above along decreasing open neighborhoods,
and they form a o-field, by choosing the outer errors summably and keeping finitely
many inner compact sets. If the relative complement of O4 is nonempty, it has positive
distance d 4 from K4, and max{0,1 — dist(-,K4)/d} with 0 < d < d4 is Lipschitz, equals
one on K4, and vanishes outside Oy4; in the remaining cases we use constants. Its
L'(A,) distance to 14 is at most A;(O4 \ K4). Applying this to the indicators of a simple
function, extending the resulting Lipschitz function from the cube to RY by the distance-
cone extension, and truncating at ||H ||, we find for every 1’ > 0 a bounded Lipschitz
function g,/ : R7 — R with

H77/ :gn/(wl,...,'(/Uq), IE)L|H_H77/| <17/'

Both g and the Lipschitz constant are fixed before the loops shrink.

Let V= (2wy,..., qu). Its components are fundamental characters, so V satisfies the
hypotheses of Theorem 32.16. We apply that theorem to the function z — g,/(z/2)/A,,
where A,; = max{1, [[g,||c, Lip g, }. This function is bounded by one and has Lipschitz
constant at most one, and its value at V is H,,/A,,. Multiplying by A,,, we find that the
expression in the statement with H,, in place of H tends to zero, uniformly in x and in f
with || f|[sL < 1. Replacing H,/ by H costs at most

]EA|H_ H11’| + HEf(ZG” ]EA|H - Hiy’| < 277/1
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uniformly in these variables and in e. We let ¢ | 0 and then 7’ | 0. Finally, by Theorem 30.5
the map iv2 is Borel, so h 0 i'? is an admissible H; no continuity of it2 is used. O

Proof of Theorem 2.8. Let A = Ay , ), with n divisible by four. Part (1) is Theorem 32.13,
applied with n, = n and any I' > +; its covariance X is the matrix in (2.6). Part (2) is
Corollary 32.14. Part (3) is Theorem 32.17, applied to the bounded Borel function G. [



PART XI

Weak-coupling asymptotics near flat
connections



SECTION 33

Laplace asymptotics near flat connections

This section begins the analysis of weak coupling. We fix the side n of the coarse lattice
and let v — 0. Then every scale of the renormalization group is weakly coupled. The law
of the coarsest field V/X under the conditioned Wilson measure is the stopped measure
v of Theorem 14.8, and it concentrates near the flat configurations on A,. We study v
by Laplace’s method on the finite-dimensional space U/,;,, uniformly in the number of
averaging steps that precede the coarse lattice. The results are used in Sections 34 to 36
to prove Theorems 2.9 to 2.11; nothing in Sections 31 and 32 depends on this section.

We prove four main results. Throughout, g = /n and Ey = 4}, q(V,) is the Wilson
action on A;.

1. Theorem 33.10 shows that the partition function of ¥ is comparable to ’)/3”3_1, uni-
formly in the depth, for sufficiently small y € (0,o], and that the integral of e~*E0/8”

over all of U, is O( g6”3’2).

2. Theorem 33.8 constructs coordinates near the trivial connection in which the 6n° — 6
nonconstant directions transverse to the gauge orbits are nondegenerate for the
effective classical action E;, uniformly in d, and integrates these directions out by
Laplace’s method. What remains is an integral over the nine constant coordinates in
the Lie algebra, in which E; has no positive quadratic part; this integral is analyzed
in Section 36.

3. Theorem 33.11 computes, in the continuum and on the lattice, the covariance Xy of
the linearization of the flowed cycle logarithms at a regular flat connection, under
the Gaussian measure defined by the quadratic part of the Yang-Mills action.

4. Proposition 33.12 shows that, transverse to a compact patch of regular flat configura-
tions, v is Gaussian up to errors of order /7. It also shows that the lattice covariance
2 decomposes exactly into a contribution of the coarse lattice and contributions of
the normalized fluctuation variables of each RG step.

The tools are an analysis of the cone of commuting triples in su(2)3 (Lemma 33.2) and a
Laplace estimate in normal coordinates that is uniform in an arbitrary tangential weight
(Lemma 33.3 and Corollary 33.4).

The inputs from earlier sections are the stopped density and its estimates (Theo-
rem 14.8), the description of flat configurations and of their refinements (Lemma 14.9),
bounds and symmetries of the effective classical actions (Theorems 10.11 and 11.2

67
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and Lemma 10.8), the triangular change of variables of one RG step (Theorem 12.13), and
the reconstruction maps % (Theorem 15.13).

The exponent. We work modulo based gauge transformations, that is, lattice gauge
transformations equal to the identity at a fixed root. This quotient still carries the
simultaneous conjugation of the cycle holonomies; see Section 33.1. The exponent 613 — 2
in Theorem 33.10 comes from the following count of directions.

Directions Dimension Factor in Z
Based gauge quotient of U, 6n° + 3 ambient space
Regular flat configurations 5=3+2 tangential volume
Normal to a regular flat configuration 6n3 —2 g(’”S*z
Nonconstant transverse directions near [ 613 — 6 g(’”S*(’
Normal to a nonzero commuting triple 4 g*
Constant modes with |X| < /g 9 g%/?

The five flat directions are the three holonomy angles and the two directions in which
simultaneous conjugation moves the common axis of the holonomies. Near a regular
flat configuration the normal integral directly gives g6”3’2. Near the trivial connection
the count is less direct. We write the constant modes as X € su(2)® ~ R%. On the
constant configurations eX/” the Wilson action is comparable to Q(X)/n, where Q(X) =
21 Yicjlxi x lez, and Q vanishes exactly on the cone M of commuting triples. Near
a commuting triple of radius ¢, the volume element of M is proportional to ¢*do, and
in each of the four normal directions Q grows like 0?|b|?/2 (Lemma 33.2). Each normal
Gaussian width is then of order g/ ¢, and the product ¢*(g/0)*do = g* do integrates to
O(g*) over a bounded range of radii. The ball of radius /8 contributes only O( ¢%/?). With
the factor g6”3’6 from the nonconstant directions, we again obtain g6”3’2 = (y/ n)3”3’1.
The same count indicates that the measure e~2(Y)dY on R? has infinite total mass. This
divergence of the bosonic three-matrix SU(2) integral is known [7, 121, 122]; see also
Section 36. In this section e~ < is only integrated over bounded sets.

Two normalizations. Two normalizations of the exponent occur. In Section 33.5 we write
the exponent of 7 as E;/g? and use the Laplace parameter g = 7 /n. In Sections 33.6
and 33.8 we write it as nE;/< and use the Laplace parameter . These are the same
exponent, since

Ed . nEd

& v
Accordingly the normal Hessians H; in Lemma 33.9 and Proposition 33.12 are Hessians
of nE,.

Constants. Constants in results about ¥ may depend on n, L, M, ], the parameter tuple ©,
the coupling bound 7, and on fixed patches, charts, and test functions, all chosen before
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7; this is the dependence described in item (6) of Definition 4.14. They do not depend
on the depth d or on v € (0, yo]. All spectral gaps are proved at the fixed side 1, and we
prove no bound that is uniform in n. The general Laplace estimates of Section 33.4 state
their own finite-dimensional dependence, as in item (1) of Definition 4.14.

Earlier work. Laplace’s method in the directions normal to a manifold of critical points
is rooted in Bott’s theory of nondegenerate critical manifolds [31]; see Wong [155] for
the asymptotic analysis of integrals. We use no specific theorem from these works. The
estimates we need are uniform in the depth, the coupling, and an arbitrary tangential
weight; they are proved in Section 33.4, and the singular tip of the cone of commuting
triples is treated separately. The special role of the constant modes on a finite periodic
torus in weak-coupling analysis is well known in the physics literature; see Liischer
[127] and the computation of the zero-momentum contribution to Wilson loops by Coste,
Gonzélez-Arroyo, Jurkiewicz, and Korthals Altes [62]. For the gradient flow on a four-
dimensional periodic torus, Fodor, Holland, Kuti, N6gradi, and Wong [91] separate
constant and nonconstant modes and their flowed observables. These works do not
treat the fixed-side three-dimensional normalization or the covariance of flowed based
cycle logarithms. The decomposition of the covariance across scales in Proposition 33.12
is completion of squares for Gaussian measures; the work lies in matching it with the
constrained coordinates of the renormalization group.

33.1 Preliminaries

Lie-algebra conventions. We use the conventions of Section 4. Let 7, = —ic,; /2, where
0, are the Pauli matrices, and write X = x%1; € su(2). Then [1;, 75| = €T, (X,Y) =
—2tr(XY), and |X| = |x|, so that the bracket corresponds to the cross product in R5.
We identify su(2)® with R? by X = (x1,x7,x3) and use the Euclidean norm |X|. In
exponential coordinates

|X]?

dH(eX) sinc2(|X|/2) X,  q(e¥) =1 — cos(|X|/2) = XT +o(Ix]Y),

1
1672
by (4.2). The logarithm Log is the inverse of exp on {|X| < 27t}.

Based gauge transformations. Fix a root x. € A,. A lattice gauge transformation k is
based if ky, = I. The group of based gauge transformations acts freely on U, and we
call the quotient the based quotient. Constant gauge transformations are not divided
out: they act on the based quotient, and on the holonomies around the three coordinate
cycles based at x, they act by simultaneous conjugation. In the proof of Theorem 33.8
we show, using a spanning tree, that the based quotient is diffeomorphic to SU(2)2”3+1,
of dimension 61> + 3, and that the based gauge transformations carry Haar measure of
total mass one. A configuration V is flat if V}, = I for every plaquette p.
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Smooth charts. We use the following routine facts about local coordinates several times.
We include the short proofs because the dependence of the constants matters below.

Lemma 33.1. 1. Let F be a smooth map from a neighborhood of p € R into R* such that
T = DF(p) is invertible. Then there exist a closed ball B about p and an open neighborhood
W of F(p) such that F maps an open subset of B diffeomorphically onto W. The radii of B
and W and the bounds for every fixed derivative of the inverse depend only on | T~!|| and
on bounds for the derivatives of F on a fixed neighborhood of p.

2. Let Q be a smooth Riemannian manifold, for instance an open subset of RF with the Euclidean
metric or a compact Lie group with a bi-invariant metric, and let Exp be its exponential map.
Let ¥ C Q be a smooth embedded submanifold and let P C X. be compact. Then there exists
ro > 0 such that the normal exponential map (y,v) — Exp, (v), defined for y in a compact
neighborhood of P in X and v 1. T, with |v| < ro, is injective and is a local diffeomorphism
with smooth positive Jacobian. Further, there exist finitely many open sets Wy € W;" C X
with P C J; Wy and smooth orthonormal frames (v;1,. ..,V ) of the normal bundle over
W, such that all derivatives of fixed order of the maps (y,v) — Exp,, (X4 vavie (),

v € R¥, and of their inverses are bounded on the closures of {(y,v) : y € Wy, |v| < ro/2}.
The transitions between these trivializations preserve y and are orthogonal in v, so integrals
over the tube {Exp, (v) : y € P, [v] < ro/2} can be computed with a partition of unity

depending only on y. In R* with the Euclidean metric, Expy(v) =y+o.

Proof. For (1), we translate p to zero and write T~!(F(h) — F(0)) = h+ r(h), where
Dr(0) = 0. On a sufficiently small closed ball B we have ||Dr|| < 1/2. For |z| less
than half the radius of B, the iterates hi1 = z — r(hg), hp = 0, stay in B, and their
successive differences decrease by the factor 1/2. Their limit is the unique solution & in
B of h +r(h) = z. Differentiating this identity, we find that the inverse is smooth with
||Dh|| < 2, and repeated differentiation bounds every fixed derivative in terms of those
of r.

For (2), we take a point of P, an orthonormal tangent frame of X near it, and fixed
smooth vector fields of Q whose projections onto the normal spaces are linearly indepen-
dent at this point. The Gram-Schmidt formulas applied to these projections give a smooth
orthonormal normal frame, since their denominators stay positive near the point. Since
the differential of Exp, at 0 is the identity, the derivative of (y,v) — Expy(zm VaVa(Y))
at v = 0 consists of the tangent and normal frames. It is invertible, with determinant
one in orthonormal coordinates. By (1), applied in a chart of Q, the map is a local
diffeomorphism near v = 0, and its Jacobian is smooth and positive. Since P is compact,
finitely many such charts cover a compact neighborhood P’ of P in X, and we choose
open sets W, € Wfr inside them, covering P, and a common normal radius. All maps
extend smoothly past the closures of the smaller sets, and their derivatives of every fixed
order are bounded there. It remains to prove injectivity for a common radius. If it failed
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on {(y,v) : y € P, |v] < 1/k} for every k, there would be distinct points (yx, vx) and
(yk, v%) of the normal bundle with |0, [o}| < 1/k and Exp,, (vr) = Expyl/((v;(). Passing
to subsequences, yx — y and y; — ¥’ in P/, and the common image converges both to y
and to y’. Then y = v/, and both preimages converge to (y,0), near which the map is a
local diffeomorphism and hence injective; this is a contradiction. Thus, for a small r, the
base point y is a function on the tube, the transitions between the orthonormal frames
act on v by orthogonal matrices depending on y, and a partition of unity in y handles
overlaps. O

33.2 The stopped measure at a fixed side

Fix L > 0, n € 4N, an odd integer M > 3, an integer | > 1, and the tuple ® of
construction parameters of Theorem 23.2. Let p, r, and E, be the analytic radius, the
radius of the small-field domains B, C D,, and the bound for the effective interactions in
Theorem 14.8. For a depth d = kJ, k > 0, and v > 0, we set gz = v /n and consider the
stopped measure

Ed,sat(v)

df/\n,d,ry(V) =71 g2

ray 10, (V) exp(— ~Ray(V))dH,(V),  Ryy = Ray =Ry (D),

(33.1)
of Theorem 14.8, with the indicator of D, and the Haar disintegration factors of the
construction. Here E;q,+ and the subscript sat in general denote the gauge-invariant
extension from Iir to Dy, Ry, is the effective interaction, Rm is the centered effective
interaction, and Z,, 4, is the partition function. The depths d = k] are those at which the
recursion of Theorem 14.8 defines an effective interaction. Subtracting R ., (I) fixes the
normalization constant. If Z™" denotes the partition function before centering, that is,
the integral with R, in place of Rdm then Zn,d,,y — eRay (1) Zraw (Theorem 33.10).

For d = JK and N = nBX, the measure 7, jx , is the law of the stopping field V/K
under the conditioned Wilson measure vy, (Theorem 14.8). For a stopped measure
at an intermediate side this identification fails, since the conditioned Wilson measure
also imposes the remaining coarser restrictions (Definition 4.4). Our results concern the
density (33.1) and make no identification of the latter kind.

We use the following properties. All constants and domains in them are independent

of d and of y € (0, ).

(P1) There exists x > 0 such that E; ¢ > xEg on D, for every integer d > 0, whether or
not an effective interaction is attached to d (Theorem 14.8; see also Theorem 11.2).

(P2) The effective classical action satisfies E; > 0 (Theorem 11.2). By Theorem 11.6,
E;(cF) = E4(c) for every real periodic gauge transformation k for which both rep-
resentatives lie in the common chart, and the saturated extension E; 4, is gauge
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invariant on D,. An arbitrary gauge transformation need not preserve the unsat-
urated chart. Translations, spatial inversion, and constant color rotations on their
common charts have the exact invariances of Lemma 10.8. The action vanishes at
constant commuting configurations satisfying the smallness condition of Lemma 33.7,
as proved there. Its derivatives through order five are bounded uniformly in d on a
fixed larger link chart (Theorem 10.11).

(P3) The centered effective interaction satisfies |Kd,7| < C, on D, (Theorem 14.8), and its
tirst derivatives in fixed charts are bounded on the larger chart (Lemma 33.6).

(P4) The coupling bound 7o > 0 satisfies \/7y9/n < g«, where g is the coupling bound
of Theorem 14.8, and, with ty) = \/79/(Mn) and p(t) = Awlog(1/t),

3
p(t) >po,  Cutp(t) < % < <§p£t2:];zf)(t)) <0seq (0<t<ty), (332)

where pg, Cj, and 0geq are the constants of Theorem 12.13 at the fixed support scale
of the construction.

Since the largest coupling of an RG step with output side m > n is \/y/(Mm) < to, the
conditions (33.2) contain the coupling conditions of Theorem 12.13 for all these steps.
Once n, M, |, and © are fixed, (P4) holds for all sufficiently small vy > 0: the function p
is decreasing, tlog”(1/t) — 0 ast — 0 for a = 1,3, and these two functions are increasing
in t when log(1/t) > a. Thus 7 is chosen after n, M, J, and ©, and before v, and no
separate condition is imposed for an individual coupling or depth.

33.3 The cone of commuting triples

Since two elements of su(2) commute if and only if they are parallel, the commuting
triples in su(2)® ~ R are the triples (d1u, ru, 93u) with ¢ € R® and u € S?. If we regard
X € R? as the real 3 x 3 matrix with columns x7, x, x3, these are exactly the matrices
of rank at most one. The following lemma collects the geometry of this cone and the
behavior of the quartic Q near it. The distance to the set of matrices of rank at most one
is computed from the singular values, as in the rank-one case of the theorem of Eckart
and Young [80].

Lemma 33.2. Set

Q(X) = %Z|xi X Xj|2, M= {(%u)’,:0cR> ucs?.
i<j

Then the following statements hold.
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1. The set M\ {0} is a smooth submanifold of R® of dimension five. The map (8,u) — (%;u);
identifies exactly (8,u) with (=9, —u). Aty = (S;u); with o = |8| > 0and w = 4/,
the normal space and the induced volume are

N, = {b = (b1, ba, b3) by Lu, Y0y = o}, dim \, = 4,
1

dvoly = Jo*dodQy, dQ,.

Note that |y| = o.

2. There exists an absolute constant ¢ € (0,1) such that (y,b) — y+b, fory € M\ {0},
b e Ny, and |b| < co, is injective and is a local diffeomorphism (a normal tube), with
Euclidean Jacobian 1+ O(|b|/0). The implicit constant is absolute; in particular it is
uniform in the directions w and u.

3. Fory e M\ {0} and b e N,
Q(y+0b) = 30*b)*+ 3 Y_|b: x b;,

i<j
and for every X € R,
Q(X) > L|X|*dist(X, M)

4. Let f be a nonnegative C° function on a fixed ball about O that vanishes on M in that ball.
Then Df(0) = 0, D2£(0) = 0, and D3£(0) = 0. On a smaller fixed ball,

ID?*f(X) < CIX?, ID*f(X)] < CIX],
and, for y € M\ {0} and b € Ny, with y + b in the smaller ball,
fly+b) = 30"D f(y)b+ O(olbf + |b]*),

where DA f(y) is the Hessian of f at y restricted to Ny. If fy is the homogeneous quartic
Taylor polynomial of f at 0 and y = oy with || = 1, then D% f(oy) = 0°D? fa(¥) + O(0%).
If, in addition, f > coQ on the ball, then D? f4(y) > cols. The constants depend only on
the radii of the two balls, on || f|| s, and, in the last assertion, on cy.

The last hypothesis f > cyQ cannot be omitted: the function Q? is nonnegative and
vanishes on M, but its normal Hessian vanishes on all of M.

Proof. We begin with part (1). The tangent vectors at y; = ¢;u # 0 have the form
ti = niu+ 9, 17€IR3, vl u.

These five parameters are independent, and orthogonality to every 7 and every v gives
exactly the asserted normal space. In the parameters (¢, u) the induced metric is

YJd(8iu)[ = [d3[2 + |duf
1
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Each nonzero matrix of rank one has exactly two preimages: a nonzero column de-
termines the common line, and the two unit vectors on this line determine all three
coefficients. We obtain the volume element o2 d>9 d(),, /2, which is the displayed formula
after polar coordinates in ¢.

For part (2), the tube is taken over the nonzero stratum, and its radius is proportional to
ly|. We first restrict to 1/2 < |y| < 2. By Lemma 33.1(2), finitely many coordinate patches
of this compact piece of M carry smooth orthonormal normal frames with bounded first
derivatives on smaller patches. In such a frame the derivative of (y,b) — y+batb=0
is the orthogonal sum of the tangent and normal frames, and its volume determinant is
one. At b # 0 its tangent columns differ by O(|b|), and the determinant is 1 + O(|b|). We
now check that the base point is unique. If b € N, the matrix X = y + b satisfies

XXT = QzuuT +bbT, bbTu =0,

since Y, 9;b; = 0 and b; L u. If [b| < co with ¢ < 1, the largest eigenvalue ¢* of XX
is simple, and its eigenline is exactly Ru. Projecting the columns of X onto this line
recovers y, and the two choices of sign of u give the same matrix y. Together with the
local invertibility of the derivative, this proves that the map is a normal tube. Since
the map commutes with the dilations (y,b) — (Ay, Ab), the bound on the unit stratum
implies the Jacobian bound 1 + O(|b|/¢) with an absolute constant.

For part (3), let b € N, and expand

(191'1/[ + bz) X (19]1/[ + b]) =ux (19117] — ﬂ]bl) + b; x b]

The first summand is perpendicular to u and the second is parallel to u, so they are
orthogonal. Since #;b; — 9;b; L u, we have |u x (8;b; — 9;b;)| = |8;b; — 9;b;|, and the
Lagrange identity gives

Y 18:b; — 8;bi|> = |97 |b]* — ’Zﬁibi
1

i<j

2
= o*|b]*.

This proves the formula for Q(y + b). For the global bound, let o7 > 0, > 03 > 0 be the
singular values of X. Since |x; X xj\z is the sum of the squares of the 2 x 2 minors in the
columns 7 and j, the quantity 2Q(X) is the sum of the squares of all 2 x 2 minors of X.
This sum is invariant under left and right multiplication by orthogonal matrices, and
evaluating it on a diagonal matrix gives

2Q(X) = 0203 + 0?03 + 0303,

For a fixed unit vector u, the closest matrix with all columns parallel to u has columns
(u - x;)u, and its squared distance to X is |X|?> — u" XX Tu. Diagonalizing XX, we see
that the minimum over u is 03 + 02 = dist(X, M)?. Since 07 > |X|?/3, we obtain

Q(X) > Yof (03 + 03) > X [*dist(X, M),
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For part (4), since the origin is a minimum of f, we have Df(0) = 0, and D?£(0) is
positive semidefinite. Since M is a cone, the restriction of f to every line through a matrix
of rank one vanishes near zero, and the quadratic form D?f(0) vanishes on every matrix
of rank one. If a positive semidefinite form H satisfies v"Hov = 0, then Hv = 0, as one
sees by diagonalizing H. Since the matrices with a single nonzero entry have rank one
and span R?, we conclude that D?f(0) = 0. The cubic Taylor term vanishes as well, that
is, D3f(0) = 0: on each line through the origin it would otherwise take opposite signs
on the two sides of zero, contradicting nonnegativity, and a cubic form that vanishes on
every line is zero.

By Taylor’s formula with integral remainder, we have, on a smaller concentric ball,

ID?F(X)II < CIXI%,  IDf(X) <CIX|,  D*f(X) = D*fa(X) + O(IX]).

For example, the last error is at most sup|| D> f||| X|/6; the other constants use the bounds
for the fourth and fifth derivatives on the larger ball. Since f(y) = 0 is a minimum at
every y € M in the ball, we have Df(y) = 0. Using Taylor’s formula on the segment from
y to y + b and the bound for D3f, we find a cubic remainder at most C(¢ + |b|)|b|?, which
proves the normal expansion. The Hessian of the quartic f; is homogeneous of degree
two, and Ny; = Nj; this proves the expansion at y = o7. If f > ¢oQ, the function f —coQ
is nonnegative and vanishes at y, and its Hessian at this point is positive semidefinite. By
the exact normal formula in part (3), the normal Hessian of Q at y is QZI4, and we obtain

D3 f(a§) > o0’ L.

Dividing by ¢* and letting ¢ | 0, we obtain D? f4() > cols. This completes the proof. [

33.4 Laplace asymptotics in normal coordinates

We now prove the Laplace estimates used in the normal directions of the regular flat
configurations and in the nonconstant directions near the trivial connection. The main
point is uniformity. The phase, the amplitude, and the tangential weight may depend on
an arbitrary index, which in the applications records the depth and the coupling, and
the tangential weight need not converge or have any regularity. We therefore prove the
estimates for each fixed tangential point and then integrate them against the tangential
marginal of the measure itself.

Lemma 33.3. Let P be a compact patch of a smooth manifold with a smooth volume measure
dvol, and let a Euclidean vector bundle of rank d > 1 over P be given with a finite atlas of
smooth orthonormal trivializations. Fix 0 < ¢y < Cp < 00, 0 < by < by, and a cutoff x,(b)
with 0 < x < 1, jointly Borel in every trivialization, equal to one for |b| < by and supported
in a compact subset of the tube {|b| < bo}. Let 1 range over an arbitrary index set and let
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0 < 6 < dy. For each 1 and 6 let V,(y,b) and a,5(y,b) be real functions on the tube, jointly
Borel in every trivialization, and assume that the Hessian L,(y) = D2V,(y,0) exists and is a
measurable function of y. Assume that on the support of x

Vz(]/ro) - Dth(]/,O) - O/ COI < Ll(y) < COII
Vi(y, b) = 36" Li(y)b < ColbP,  Vi(y,b) > colbf?,
CO S al,(S(yl b) S CO/ |al,5(ylb) - al,5(y10)| S CO’b’

The amplitude a, 5 includes the Jacobian of the tube coordinates, so that the reference measure is
dvol(y) db, where db is Lebesgue measure in an orthonormal trivialization. Let h, 5 > 0 be any
measurable function on P with 0 < [, h, 5 dvol < co; no regularity in y and no convergence as i
or 6 varies is assumed. Let

P s = Z, 1,5 (y)xy (D)a,s(y, b)e™ " WH)/2 dvol(y) db

be the normalized measure, and set

- 0)
7 = 5121, ()12, N _ a,5(Y, .
() W) = L 0

Let G, be a standard Gaussian vector in R? in each orthonormal trivialization. Let (y,z) — Py(z)
be a measurable scalar function on the given vector bundle, with fiber restrictions that are
polynomials of a fixed bounded degree and whose coefficients in the fixed finite atlas are bounded
measurable functions of y. Its local polynomial expressions are required to transform with the fiber
coordinates on overlaps, so that they define the same scalar function. Then for every such fiberwise
polynomial and every bounded measurable function f on the base patch P,

Z,5Bp, [f ()P, 2] = (2702 [ f1,50,5 EP,(Gy) dvol + Ros(f, P)],

(33.3)
|Rl,(5(f’ P)| S CP\/S/P|f| ht,5 dvol.

The error is additive, also when IEP,(G;) = 0. For y € P let P, 5(- | y) be the probability measure
on the fiber with density proportional to x,(b)a, s(y, b)e=V1W2)/0 It is defined for every y, also
where h, 5(y) = 0, and it is a version of the conditional law of b given y under P, 5. Moreover, the
following hold.

1. For every y € P, |Ep [Py(z) | y] — EPy(Gg)| < Cp\/3, and ]Epl/5[|z|k | y] < Cx for every
fixed real k > 0.
2. Letd =4and q,=b"L,(y)b/2. Then for j =0,1,2,

[Ep,, [f (v)(9:/6)] — miEp, f ()| < CjllfllwVs,  (mo,m1,mz) = (1,2,6).
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3. Let d = 4, let Lo be a measurable field of symmetric matrices with cpl < Leo(y) < Col,
and let Goo = b' Loo(y)b/2. Then the estimate in (2) holds with q« in place of q,, up to the
additional error Ci| f||eo||L; — Lool|co-

The constants depend only on d, on by, by, and the atlas, on co and Cy, and on the degree and the
coefficient bounds of Py (respectively on k and j). They are independent of 1, 5, and &y, and of h, 5,
its total mass, and its variation. In applications at a fixed side n, the geometric data may depend
on n.

Corollary 33.4. Assume the hypotheses of Lemma 33.3. For y € P let r 5, be the Lebesgue
density of z = 6~ V2L, (y)V/2b under P,s(- | y), and let ¢p4(z) = (27t)~4/2e~12*/2, For every
real s > O there exists Cs < oo such that, for all 0 < 6 < &y,

sup/d(l + 12|15y (2) — ¢a(z)| dz < CsV/G. (33.4)
vy YR

The density r,s,, is defined by its normal integral at every y, also where the tangential weight
vanishes, and assertions integrated against the tangential marginal of P, 5 hold almost everywhere
with respect to that marginal; no assumption on the behavior of this marginal as 1 and & vary is
made. The constant Cs has the dependence described in Lemma 33.3, and in addition depends on
s.

Suppose in addition that V,(y,b) > c|b|? and ¢ < a,5(y,b) < C for all |b| < by, with
c,C > 0 independent of 1, y, and 6. In the following whole-tube conclusions, the constants C
may additionally depend on ¢ and C; they remain independent of 1, y, 6, dy, and the tangential
weight. Then there exists ¢’ > 0, depending only on the data of Lemma 33.3 and on ¢ and C, such
that for 0 <6 <1

/b<b (14 [21°) (1 = xy(b))ayo(y, b)e” WD)/ dp < C 6%/, (33.5)
0

Let r;"‘g’; be defined as 1,5,, but with x, replaced by the indicator of the tube {|b| < bo}.

Then [(1+ |Z|S)]Tf}(151,’ye —1,5y|dz < Cse™/% for 0 < 6 < 1, and (33.4) holds for rf"g’; for all
0 <9 < 9.

In the application of Proposition 33.12, the rank is 6n® — 2, § = vy, the phase is nEjx(V (y,v)),
and L = H¥'(y) = D3[nE;x(V(y,v))]|o=o. In this application the additional hypotheses on the
whole tube hold, and all constants are independent of K.

Both results follow from an estimate at a fixed tangential point, which we prove first.

Lemma 33.5. Assume the hypotheses of Lemma 33.3. Fix a trivialization of the atlas, a point y
in its domain, and the parameters 1 and 6. Write L = L,(y) and ap = a,5(y,0). Let

uy(z) = xy(b)a,s(y, b)e Viwb)/e b=6/2L-1/2,
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extended by zero outside the tube, and let Z,, = f uy(z)dz and ry = uy/Zy. Then Z, > 0, and
for every real s > 0 there exist Cs < oo and c > 0, with the dependence described in Lemma 33.3
and additionally on s, such that the following hold for all 0 < § < 9.

1 [(1+ |2%)|uy(z) — age 1#/2) dz < CsV/6.

2. If6 <1, then Zy > c.

3. [(1+12°)Iry(2) — ¢a(z)|dz < CeV/o.

4. [|z°ry(z)dz < Cs.

Proof. Let e = v/4. On the support of x we set
A(z) = V,(y,eL™2%2) /5, B(z) = |z|*/2.

Since |b| < e|z|/+/co and |z|> = bTLb /4, the hypotheses imply, with constants determined
by cg and Cy, that

A(z) 2 ¢z, B(z) 2clz2,  |A(2) = B(2)| < Celz’,  |as(y,b) —aol < Celz.
The identity e — e~ 8 = —(A — B) [, e"[1-D5+4] 4t yields
le=4 — e8| < |A — Ble™ min(AB), (33.6)

This bound does not require |A — B| to be small. Here the lower bound V, > co|b|?> on
the whole support of x enters, since the cubic Taylor bound alone would not control the
integrand far from b = 0. On the support of x we obtain

a6 —age™B| < a,gle ™ — e | + |a,5 — agle™® < Ce(|z| + |z[%)e .

B A B

We have u, —ape™ = x(a,;e” " — ape B) — (1 — x)apeB, and the last term is supported
where |b| > by, hence where |z| > /cob1/e. For 0 < 6 <1 we have

/(1 + |2|°)|uy — age™P| dz < Ce/(l + 1219 (|2] + |2P)e~c2 dz

+ Co (1+ \z\s)e*|z|2/2 dz < Cse.
|z|>/coby /e

In the last inequality, we used polar coordinates and fooo Qme_CQZ do < oo for m > —1 for
the first integral; for the second, we absorbed half of the exponential into the polynomial
to obtain the bound Cye~¢/%, and we used that u~1e=¢/* is bounded for u € (0,1]. This
proves (1) for § < 1. If § > 1, then uy is supported in |z| < Cy/*by and 0 < u, < Co,
since V, > 0 on the support of x. Both [(1+ |z|*)u, dz and ag [(1 + 12]")e~ 122 47 are
then bounded by a constant Cs, and Cs < C; /6. This proves (1) in general. Note that no
dependence on Jj enters.
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For (2),let 0 < 6 <1 and set g = min(by/2, \/5) On the ball |b| < gg we have x =1,
a,s > co, and V, < Co|b|?/2 + Co|b|> < Co(1/2 + bp)é. Changing variables, we obtain

Zy = 62 (det L)l/z/xyau;evl/‘s db > §*d/2cg/2 cg e~ Co(1/2+ho) w0l > ¢,

where wy is the volume of the unit ball and we used ¢26~%/2 > min(b;/2,1)?. The same
integral over |b| < by/2 shows that Z, > 0 for every 0.

For (3) with 6 < 1, let Ay = ag(27)%/2, so that aoe_‘z|2/2 = App,(z). Then

By (1) with s = 0 we have |Z, — Ag| < Cv/5, and Z, > c by (2) and Ay > c0(27t)d/2.
Inserting these bounds and (1) into the last display, we obtain (3). For § > 1, we use that
ry and ¢ are probability densities and that 7, is supported in |z| < Cé/ %by. Then the left
side of (3) is at most 1+ (CL/?bo)’ + [(1+ |z]*)¢g < Cs < CsV/4. Finally, (4) follows from
(3) for 6 <1, and from the bound on the support of r, for § > 1. O

Proof of Lemma 33.3. We first check that all densities and conditional laws are well defined.
On the spectral interval [cy, Co] the maps L + L'/? and L +—+ L~!/2 are continuous: their
binomial series in I — L/Cy converge uniformly because || — L/Cy|| < 1—1¢¢/Cp < 1, and
all partial sums are polynomials in the matrix entries. Since the Hessian is measurable, so
are z, detL,, and «, 5. Since V,, 4,5, and x are jointly Borel, every normal integrand below
is jointly measurable. Integrals over the fiber of nonnegative integrands are measurable
functions of y, by integration of nonnegative simple functions followed by monotone
limits; signed polynomial integrands are treated through their positive and negative parts,
once the bounds below establish absolute integrability. Thus Fubini’s theorem applies to
the weight h, s without any continuity in y.

Next we prove the formula at a fixed tangential point. Fix a trivialization and y, and
let u,, Z,, and r, be as in Lemma 33.5. The change of variables b = 01/21-1/25 has
Jacobian §%/2(det L)~1/2, so with

L(P) = [ xy(0)a,s(y, b WD /P, (2) db

we have I,(P) = 64/2(detL)"'/2 ['u,P,dz. Since |P,(z)|

Lemma 33.5 implies that | [ u, P, dz — ag(27r)*/2EP,(G,)|

Co a/ 2 we obtain, uniformly in y and ¢,

Cp(1 + |z|e87), part (1) of

<
< CpV/4. Since (detL)~1/2 <

I,(P) = (276)4/? 2,5 (y)EPy(Ga) + Ey(P)], €y(P)| < CpV/s. (33.7)

We multiply (33.7) by f(y)h,s(y) and integrate. By Fubini’s theorem, the left side
becomes Z, sIEp, ;[fPy(z)] on the domain of the trivialization, and the error is bounded by
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CpV/$ [|f|h,s, also when the Gaussian mean vanishes. Orthogonal changes of the normal
frame preserve db, the law of G4, and the positive square root, and they act on z by
orthogonal maps. The polynomial expressions transform by the same coordinate change,
so Py(z) is unchanged as a scalar function. Hence the formula does not depend on the
trivialization, and a finite nonnegative partition of unity on the base patch subordinate
to the atlas proves (33.3). We obtain such a partition by choosing coordinate balls whose
smaller concentric balls cover the patch, placing a smooth bump equal to one on each
smaller ball, and dividing by the positive sum of the bumps; only the atlas enters its
constants. No derivative or convergence of h, s has been used.

For the conditional statements, the unnumbered positivity assertion of Lemma 33.5
and the change of variables above give I,(1) = 6%/2(detL)~'/2Z, > 0 for every y and
every 0 < § < &. The density x,a,se~"/°/1,(1) of P,s( | y) is jointly Borel, and its
product with the tangential density Z[}lhll(g(y) I,(1) is the joint density of P, ;. Thus
P,s(- | y) is a version of the conditional law, including on the set where &, s vanishes.
Since z has density r, under this law, we have

B[R, (2) | v) — BP,(Ga)| < Cp [(1+ [21987)lr, — gl dz < CpV/5

by Lemma 33.5(3), and the moment bound in (1) is Lemma 33.5(4).
For (2), let d = 4. Then q,/6 = |z|>/2 exactly. For independent one-dimensional
standard Gaussians, integration by parts gives EG? = 1 and EG} = 3. This implies

E(|Gs>/2) =2,  E(|Gs*/2)*=1(4-3+12) =6.

By (1), the conditional expectations of (g,/6) given y differ from m; by at most Cj\/g,
uniformly in y. Integrating against the tangential marginal of P, 5, multiplied by f, we
obtain (2).

For (3), let 7 = ||L, — Leol|co- Since |b|? < 6|z|?/cg, we have pointwise

9 = el /6 < Crplz, 19l /6+ 190/ /0 < Clz?,

and both constants depend only on ¢y and Cy, because L, obeys the same spectral bounds
as L,. The case j = 0 is trivial. For j = 1 the first bound and the bounded second moment
give the additional error C||f||c?. For j = 2 we write x> — y> = (x —y)(x +y) and use
the bounded fourth moment from (1). All constants have the stated dependence. This
completes the proof. O

Proof of Corollary 33.4. In a trivialization of the atlas, the density of z under P, s(- | y) is
1,6,y = ry of Lemma 33.5, and (33.4) is part (3) of that lemma. Since orthogonal changes
of the normal frame act on z by orthogonal maps and preserve ¢, and |z|, the left side
of (33.4) does not depend on the trivialization. The density is jointly measurable by the
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Borel hypotheses and integration over the fiber, as in the proof of Lemma 33.3. Since the
estimate holds at every y, integrating it against the tangential marginal of P, 5 requires no
assumption on this marginal. We note that the constant in part (3) of Lemma 33.5 does
not depend on Jy: for § < 1 the proof uses the lower bound Z, > ¢, valid on all of (0,1],
and for § > 1 it uses only that r,, is supported in a fixed ball.

We turn to the additional statements on the whole tube. Let 0 < 6 < 1, and let Ztube
and ZX be the integrals of a, se~"/ over |b| < by, without and with the factor Xy- By the
proof of Lemma 33.5(2) we have ZP¢ > ZX > ¢4/2. On the region where Xy(b) #1 we
have |b| > by, and the lower bound V, > ¢|b|? on the whole tube bounds the integrand by
C(1+ |z|5)e’c‘b‘2/‘5, with |z| < C|b|/+/8. Absorbing half of the exponential, we obtain

/ (1 + C5—S/2|b|s)ce—c‘b‘2/5 db < C(l +5—S/2)e—cb%/(25) /e—c|b|2/(2(5) db
by <|b|<by
< Cs(sd/ze—c//él

which is (33.5). Let p'"® and p* be the two normalized fiber densities. Then

1 |Ztube _ ZX|
b v/
Jelp =1 < e [ w0 = xase T = [,

with w = 1+ |z[°. By (33.5), the lower bound for Z"¢, and the bounded moments of pX
from Lemma 33.5(4), the right side is at most Cse’cl/ S, Since e=¢'/¢ < CVéfors <1, (33.4)
holds for "P¢ when 6 < 1. When § > 1, the density ytube jg supported in |z| < C(l)/ 2by,
and the argument for part (3) of Lemma 33.5 with § > 1 applies.

The final assertion concerns the stopped measures near a compact patch of regular
flat configurations. We verify it at the end of Section 33.8, after constructing the normal
coordinates, by checking the phase and amplitude hypotheses and applying the general
estimates proved above. This verification does not use the deferred assertion. [

33.5 Based coordinates near the trivial connection

In this section we construct coordinates on the based quotient near the class of the
identity, separate the nine constant directions from the 613 — 6 nonconstant directions
transverse to the gauge orbits, and integrate out the latter by Lemma 33.3. We first record
the derivative bounds for the effective interaction and the domain conditions for small
commuting configurations that the integration requires.

Lemma 33.6. Let R = Ry, be the effective interaction in (33.1), at a depth d = k] and with
0 <y < g andlet R =R —R(I). Fixr < ry <min(p, ) and put n = 1 —r1/p. There
exist constants C;, independent of d and vy, such that in link logarithm coordinates ¢ = (Ge) with
l’l’laX@|Ce| <r, . o

IDIR(e%) [lroot < CiE0®> Ty, j>1, (33.8)
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where ||-|| oot is the weighted absolute coefficient norm of Definition 4.6 with one index fixed,
followed by the supremum over the fixed index. In particular, let Ky = C1E.pn~". Then at every
point of the coordinates V (X, s) = eX/"*5 of Theorem 33.8 whose link logarithms lie in B,,,

IDxR(eX/"*)| <3n’Ky,  |DsR(eX/™9)| < 302Ky, (33.9)

where both norms are Euclidean and the derivative in s is taken in the subspace Sy,.

Further, let I C D, be compact. There exist finitely many based gauge transformations and an
open cover of K such that each member of the cover, together with a larger neighborhood, is mapped
into By, by one of these gauge transformations. Let W € W be open sets of parameters and
let ¥ : Wt — U, be smooth, extend smoothly to a neighborhood of W, and satisfy ¥ (W) C K.
Then for every j > 1,

D7 (Rsat © ¥l (wy < Cujic, 1,00 Exs (33.10)

where the constant depends on the suprema over W of the derivatives of ¥ through order j, which
are finite by smooth extension and compactness, but not on d or y. The gauge transformations,
the subcharts, and the constants are chosen independently of d and «y. For charts of the based
quotient, Y denotes a fixed smooth lift to configurations. These bounds concern only the effective
interactions Ry, d = k], of the stopped densities (33.1).

Proof. By Theorem 14.8, the effective interaction of (33.1) satisfies B4, (R) < E. and
DR(I) = 0, and its local expressions in different gauges agree on the overlaps of their
domains in the common outer ball. That theorem also contains the bounds (33.8) and
their transfer to fixed charts. We recall the argument and verify the conditions on the
charts in the form used below. The constant R(I) does not enter derivatives of positive
order. Set

Ar=EIDRO) ooy Y A<Ei, g=ri/p=1-7
k>2

We fix one index of a differentiated coefficient, sum over the contracted indices, and use
|Ce| < r1. The spatial weights are at least one, and deleting contracted indices does not
increase the length of a shortest connecting network of the remaining indices. By the
absolute Taylor expansion, we have
iR (ol 2 kU ki
IDRE) for < Cp* T T e,
k>max(2,j) 1)

where the fixed conventions for color coordinates contribute only the factor C;. For k > j
the binomial identity implies

K\ o &k B
(o= (e .
] 1=0
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so that k!g"=7/(k — j)! < j'y~J. This summable majorant also justifies differentiating the
series term by term in the interior, and it proves (33.8).

There are 9n° scalar link and color coordinates, and each first partial derivative of R
is at most K1, by (33.8) with j = 1. Then the Euclidean gradient is at most 313/2K;, and
its restriction to the subspace S, has no larger norm. In the coordinates (X,s) we have
Ci(x) = X;/n +si(x). For each of the nine components of X, the chain rule expresses the
derivative as a sum of n® partial derivatives with coefficient 1/n, which is at most 12Ky
in absolute value. The Euclidean norm of the gradient in X is then at most 3n2K;. This
proves (33.9).

For the transfer, let Uy € K and choose a lattice gauge transformation ko with Ugo € B,.
It can be taken based: replacing ko(x) by ko(x.) 'ko(x) conjugates the transformed
configuration by one constant matrix, which preserves every link logarithm norm. We
keep this gauge transformation fixed. By continuity there exist neighborhoods Oy € Oy
of Uy, with closures inside an ambient smooth coordinate chart, whose images under ko
lie in B,, even on O_Of To find them, we take an open neighborhood with image in B,
and then two smaller coordinate balls with closures inside it. Finitely many of the sets
Op cover K. They depend on K and on r < rq, but not on the effective interaction. The
action of a fixed gauge transformation is smooth on all of ¢/,, and an isometry for the
product metric; in particular, it extends past each of these closures.

By the agreement of the local expressions, we have, on the larger neighborhood O} of
a member of this cover,

Reat(U) = R(E"WY —R(1), & (U), = Log((UM),).

Since 1 < 7, the logarithm and all its derivatives of fixed order are bounded on {|Log| <
r1}. Indeed, the transverse eigenvalue of the differential of the exponential map has
modulus 2sin(|¢|/2)/|¢|, which is bounded away from zero on this closed ball. Repeated
differentiation of the inverse function identity then bounds every higher derivative. We
refine the parameter subcharts so that the closure of each is contained in W+ N ¥ ~! (0"
for one ; this is possible because the sets O; cover ¥ (W) and W is compact. The maps
&) o ¥ then extend smoothly past these closures, and for every fixed j their derivatives
through order j are bounded there. This verifies, at each use, the condition on compact
subcharts in Theorem 14.8. By the chain rule, the derivative of order j of R0 ¥ is a
tinite sum of contractions of DR, 1 < a < j, with derivatives of ¢ () o ¥. The bound
(33.8) and the conversion from the norm ||-||;oot to Euclidean norms at the fixed side n
bound every term. Since the local expressions agree on overlaps, these bounds concern
one smooth function Rg, on a neighborhood of K. This proves (33.10). We note that no
derivative of a gauge transformation chosen as a function of U was taken. ]

The next lemma is a local version of Lemma 14.9 for small constant commuting
configurations. Unlike that result, it requires no condition on the side m. It is used for
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the chart of Theorem 33.8 and for the lower bound in Theorem 33.10.

Lemma 33.7. There exists €, > 0, depending only on the fixed domains of the classical
background fields, of the local constraint coordinates and Haar disintegration densities, and of
the based gauge transformations used in Theorem 12.13, and in particular independent of the
preceding depth and of -y, with the following property. Let m > 4, let Hy, Hy, H3 € su(2)
commute, and suppose that € = max;|H;|/m < €joc. Let ¢ be the configuration on A, with
ce = eMi/™ on every link e in direction i. Then c and its constant commuting refinements with
links exp(H;/(mM?")) on A, ¢, € > 1, together with their representatives in the block axial
gauge, lie in the interior of these domains for one RG step, with a margin independent of m, of the
depth, and of y. For every depth d > 0 we have E;(c) = 0. In the free logarithmic coordinates
relative to the coarse-field lift Uy(c), the refinement has z = 0; this point is the conditional
constrained minimizer z};(c), and the corresponding normalized fluctuation variable is w = 0.
The lemma imposes no condition on the other flat configurations on Ay,.

Proof. We check the domain conditions directly, without using a neighborhood of the
small-field event. We use the identities for commuting roots in Lemma 14.9, but not its
condition on the minimum side. For one averaging step, let

— oHi/ (Mm) M

a; ¢ =a;,

where a denotes the constant configuration on Az, with these link variables. In the block
averaging map (4.3), every translated path with endpoint connectors F;, has the same
transport aM as the reference path C, since all factors commute and the paths have the
same displacement. Hence the logarithms of all based loop holonomies vanish, Tya = c,
and no exceptional value of Tj; occurs.

We write M = 2Rj; + 1. In a centered block with center v, the based gauge trans-
formation to the block axial gauge at x = v + 7 is k(x) = []; a]r.f , where |r;| < Ry By
commutativity, we have

R
|Logk(x)| < 3MM€, meax|Logae] <e/M, meax|Log Up(c)e| <e. (33.11)

A transformed link in the interior of a block is the identity. On a link between two blocks
in direction i, the offsets r; at its endpoints differ by 1 — M, and the transformed link
is aM = ¢;. Thus the configuration in the block axial gauge is exactly the coarse-field
lift Up(c) of Section 4, and all free logarithmic coordinates and the logarithms on the
eliminated edges ¢ vanish. Since the derivative of the block averaging constraint with
respect to the eliminated edge is M~2I; there, the point lies in the domain of the local
constraint coordinates, with positive Jacobian. The Haar factors are positive on the small
link ball.

We now choose the margin. Let b, > 0 be smaller than 7, than the radii 7« and Tsym and

the constant xsym of Theorem 10.11 and Lemma 10.8, than the radius 7y of the C! ball
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of fine potentials in Lemma 10.8, and than the fixed radii of the coarse-field, constraint,
Haar disintegration, and gauge domains of one RG step in Theorem 12.13. These are
the radii used in the choice of rq,; in Lemma 14.9. There are only finitely many types of
words in the construction of one RG step. Let Cgeo,; > 1+ 3Rp1/ M be a bound for their
lengths and for the sums of the offsets in their based gauge transformations, measured in
units of the output lattice of the RG step. This bound does not depend on the side, since
the words are translates of the words in one fixed block, and there are only | successive
block sizes. Finally, we require
4Cgeo,]€10c < b.

The logarithm of a product of commuting small factors is bounded by its word length
times the largest logarithm of a factor. Thus (33.11) and this choice verify every interme-
diate condition on coarse fields, tree gauges, and gauge transformations, with a fixed
margin. At a finer side mM! the link bound is eM~/, and none of these inequalities
becomes worse with the number of averaging steps. The gauge identity of Lemma 10.8
applies, because both representatives lie in its ball of radius rsym and the logarithms of
the gauge transformations are below xgym.

We prove that the effective classical action vanishes by induction on d, simultaneously
for all sides m > 4 and all constant commuting configurations as in the statement. The
comparison below concerns real configurations and real free coordinates. No minimum
and no positive Hessian is asserted for complex coarse fields. The continuation in a
complex parameter below concerns only the analytic identity for the minimizer, after it
has been proved near real parameter values. For d = 0, the Wilson action vanishes at
the flat configuration c. Suppose that the claim holds at depth d. The refinement a has
side Mm and satisfies the smaller bound €/M. By the induction hypothesis, we have
E;(a) = 0, and by the gauge invariance just checked, E;(Up(c)) = Ez(a) = 0. By the
definition of the effective classical action in Section 4, for the actions and minimizers of
Theorem 12.13, we have

Eji1(c) = MF;(c,z5(c)) = Mmin Fi(c,z), Fi(c,z) = E4(b(c,z)),

where the minimum is over the domain of the classical background field. The free
point z = 0 lies in this domain by the margins verified above; this does not presuppose
that z = 0 lies in a fluctuation cutoff domain centered at z)(c). Since F;(c,0) = 0, the
minimum is at most zero, and nonnegativity (Theorem 11.2) implies that E;,1(c) = 0.
This completes the induction, and it also shows that E;(Uy(c)) = 0 at every depth. In
other words, the iteration uses exact commuting roots, whose potential in units of the
coarse lattice is H;/m at every side and whose first spatial differences vanish; no loss of
domain accumulates.

It remains to identify z = 0 with the conditional constrained minimizer. In the
coordinates of Theorem 12.13, z7; is the analytic branch of constrained minimizers through
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z;(I) = 0. Since the point z = 0 attains the minimum of F;(c, -), we have D F;(c,0) = 0.
At ¢ = I the constrained Hessian K;(I) is positive. By Lemma 33.1(1), applied to D.F;,
the critical point near 0 is then locally unique for ¢ near I. For each fixed side and depth,
we find z;(etH /m) = 0 for real t near zero. The minimizer is holomorphic on the common
domain of coarse fields of Theorem 12.13, and the factor four in the choice of €, keeps
etfl/™ in this domain for complex |¢| < 2. Each component of ¢ — z7(e'H/™) is therefore
holomorphic on || < 2 and vanishes on an interval around zero. Its Taylor coefficients
at zero vanish, and continuation through overlapping discs gives z*(e!f/™) = 0 for
|t| < 2, in particular at t+ = 1. The radius of local uniqueness at the origin need
not be uniform; the common domain and the margins are. Since the normalization
z—zj(c) = gngl/ “w is invertible, z = z%(c) corresponds to w = 0, which lies in the
interior of every fluctuation cutoff domain. By Theorem 15.13, the reconstruction maps %,
whose gauge transformations are based at the coarse vertices, preserve these properties.
This completes the proof. O

Theorem 33.8. Consider the stopped measures of Section 33.2, with L, n € 4N, M, |, ©, and
Yo fixed before 7y, and let g = \/7y/n. Let dy denote the forward lattice gradient on A, (not a
depth) and djj its adjoint, the discrete divergence, both acting componentwise on su(2)-valued
functions and link arrays, and let

Su= {5 = (5i(x)) € su@F 1 dgs =0, Tsi(x) =0 (i =1,2,3)},

and d,, = dim S,, = 6n° — 6. There exist On,Sn, Cn, Cu > 0 such that the following hold.

1. The based quotient of U, is a compact manifold of dimension 6n® + 3, and the based gauge
transformations carry Haar measure of total mass one. The map (X,s) — V(X,s) = eX/"3,
which assigns exp(X;/n + s;(x)) to the link from x to x + aye;, defined for X € R® with
|X| < pnand s € S, with |s| < sy, induces coordinates on a neighborhood of the class of the
identity in the based quotient. In these coordinates the image of Hy is J,(X,s) dX ds, where
Jn is smooth and strictly positive. The configurations V (X, s) lie in B, C D,. Simultaneous
conjugation at the root is not divided out.

2. Let Fy(X,s) = E4(eX/™9), f4(X) = F4(X,0), and Ay3(X) = D2F;(X,0). For every
integer d > 0,

DiFy(X,0) =0,  Fi(X,s) = fa(X) + 5(s, Aa(X)s) + Ou([s]*),
cnl <A (X) < Cul,  Fy(X,8) > fa(X) +cnls*.

3. Ford = kJ and 0 < vy < 7y, write Ry, (X,s) = Ry, (V(X,s)). Then, uniformly in X, d,
and -y,

/|S|<S e—Fd(X,S)/gz_Rdﬁ(Xzs)]ﬂ(X’S) ds = (zn)dn/ngne_fd(X)/gZad,,y(X) [1+0x(g)],
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(X) e R X0, (X,0)
a = .
o det Ay(X)

The amplitude a; ., has positive upper and lower bounds and a C! bound, uniformly in d and
Y.
The constants may depend on n, L, M, |, ®, o, and on the larger chart and the bounds in (P2)
and (P3), but not on d, on the total number of averaging steps, or on y € (0, yo].

No positive Hessian is asserted in the nine constant directions X: at the identity the
quadratic part of Ey vanishes on constant configurations.

Proof. The proof has five steps. We construct the based quotient and the coordinates
(X, s), fix the radii, prove the stationarity in s and the gap at the fixed side n, and then
apply Lemma 33.3 in the variable s at each fixed X.

Step 1: inputs. All bounds in this proof are at the fixed side n. The lower bound (P1)
holds at every integer d > 0, whether or not an effective interaction is attached to d.
In the statements involving Kd,w we have d = kJ, and R;, is the effective interaction
of the density (33.1), with the value bound and the analytic norm of that density. Its
tirst derivatives in the chart are obtained from Lemma 33.6, on the relatively compact
subcharts chosen in Step 3 and with the identity gauge transformation, which extends
past their closures. They do not follow from the value bound. The derivative bounds for
the classical actions in fixed charts come from Theorem 10.11: restricted to the finitely
many coordinates at side 1, its coefficient bounds give bounds for ordinary derivatives,
with constants depending on n. The exact translation invariance of E; is Lemma 10.8. The
vanishing of E; and the domain conditions for small constant commuting configurations
are proved in Lemma 33.7, with no condition on the minimum side. Finally, (P4) allows
us to apply Theorems 12.13 and 14.8 for every 0 < 7y < o.

Step 2: the based quotient. We fix a periodic spanning tree of the lattice graph A,,.
There exists a unique based gauge transformation that makes every tree link the identity.
It is obtained successively from the root, by prescribing its value at a new vertex from
the tree link leading to that vertex. The remaining links are 31> — (n® — 1) = 2n® + 1
independent non-tree links. This change of variables has an exact interpretation for the
measure. We condition on the preceding tree variables and use a left or right translation
of Haar measure at the next tree link. This replaces that link by the value of the gauge
transformation at the new vertex, with Haar measure. At each non-tree link the two
endpoint factors are determined by the tree variables, and its change of variables is
again a Haar translation. By Fubini’s theorem, the image of H, is the product of Haar
probability measures in the n®> — 1 values of the based gauge transformation and in
the 2n® + 1 non-tree link variables. Integrating out the gauge variables gives one. In
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particular the based quotient is the compact product SU(2)2"" 1, of dimension 673 + 3,
and no conjugation at the root has been divided out from the non-tree link variables.

Step 3: the coordinates and the radii. The gradient is injective on su(2)-valued vertex
functions that vanish at the root: if the gradient of such a function vanishes, the function
is constant on the connected graph and hence zero. The image of these gradients has
dimension 3(n® — 1), and its orthogonal complement in the 913-dimensional space of link
arrays is ker d$, of dimension 67> + 3. The nine arrays that are constant in position lie in
this complement, and their orthogonal complement within it is S, of dimension 6n1° — 6.
The orthogonal decomposition can be constructed explicitly. For an array A, the equation
dydoé = dyA has a unique solution ¢ with mean zero, by diagonalization of this positive
matrix on mean-zero vertex functions. Subtracting do¢ and then the spatial means of the
three components, we obtain the component in S,,.

We consider the map that sends (X, s) to eX/"*5 and then to the non-tree link variables
of its representative in the tree gauge. At (0,0) its derivative is the projection along
gradients onto the non-tree link coordinates. Indeed, the linearized tree gauge fixing
sends a link logarithm array A to A — do¢, where ¢ vanishes at the root and A — do¢
vanishes on the tree, and then reads off the non-tree links. The kernel of the derivative is
the image of dp on functions vanishing at the root. The derivative is therefore injective on
the complement R® @ S,, constructed above, and invertible there, since the dimensions
agree. By Lemma 33.1(1), the map is a diffeomorphism near (0,0). Pulling back the
product of Haar measures on the non-tree links, whose density in exponential coordinates
is smooth and positive near the identity, we obtain a smooth strictly positive density
Ju(X,s). Its bounds and the bounds for its derivatives of fixed order on smaller closed
coordinate balls depend only on n and on these balls.

We now fix the radii, independently of d and . We shrink the balls so that
max, ;| X;/n + si(x)| < r/2, and choose slightly larger balls with the same property.
We also require 2p;,/n < €10, with €1 from Lemma 33.7, and put the larger balls inside
the charts of radii 7. and rsym of Theorem 10.11 and Lemma 10.8. More precisely, we
choose the product C of the two coordinate balls in the statement and a larger product
C* with C C C*, such that C* lies in the chart just constructed and satisfies all these
strict bounds on link logarithms. These finitely many conditions are compatible with
positive radii. The map (X,s) ~— eX/"5 and the quotient chart extend smoothly to a
neighborhood of C*, and the gauge transformation used here is the identity. Every
derivative of fixed order of the chart is therefore bounded on this closure, with constants
depending only on 7. This verifies the condition on compact subcharts in Theorem 14.8
and Lemma 33.6, both for the integration in s and for the derivative of the amplitude
in X. The configurations V(X,s) lie in B, C D,, with link logarithms in the ball B, of
Lemma 33.6, for a fixed r; € (r,min(p, 7r)); in particular 7 = 1 —r1/p is fixed. Every
commuting point X used here satisfies max;|X;|/n < €jo¢, S0 E; vanishes there at every
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depth.

Step 4: stationarity and the gap. Fix a constant array of logarithms A;(x) = X;/n.
Translation by any lattice vector fixes this array. Differentiating the exact translation
invariance of E;, we find that the gradient DE;(e?) in link logarithm coordinates is
constant in position for each direction and color. Its pairing with every array of spatial
mean zero vanishes, and

DsFy(X,0) =0 (33.12)

for every d and every X in the chart. This argument concerns E; only, and it does not set
any derivative of the effective interaction or of the Haar density to zero.

We now prove the gap at the fixed side. The logarithm of a plaquette at the identity
has the expansion djA + O(|A|?) in link logarithms, where

(d1A)ij(x) = Aj(x +e;) — Aj(x) — Ai(x +¢;) + Ai(x)
is the unscaled lattice curl. Since 4q(e¥) = |Y|?/2 + O(|Y|*), it follows that

EO(eA) = % Z |A]~(x—i—ei) — A]-(x) — Ai(x +€]') + Ai(X)|2 +On(|A’3)l

x,i<j

where ¢; denotes one lattice step. At the Fourier mode m € Z3/nZ3, let n;(m) =
e2mimi/n _ 1 For each color,

Y |nia; — njail* = [n1*al* — *al*.
i<j

Since the zero mode is absent on S, and #*a = 0 there, the Hessian of Ej at the identity
is atleast A,,] on S,;,, where A,, = 4 sinz(n /n) > 0. All inequalities between functions and
Hessians here concern real configurations and real tangent vectors. Since E; — xEy > 0
near the identity by (P1) and vanishes at the identity, its Hessian at this point is positive
semidefinite. This implies

D2F;(0,0) > kAL

By the uniform bound on third derivatives in (P2), we have
IDZFy(X, ) — DZF4(0,0)|| < Cu(IX] + s])-

We choose the radii so that the right side is at most kA, /2; the upper derivative bounds
in (P2) give a uniform upper bound. Then A;(X) = D?F;(X,0) > xA,I/2, and Taylor’s
formula with integral remainder and (33.12) give

Fi(X,5) = fa(X) + {5, Ag(X)s) + O(CalsP),  EalX,s) = fa(X) > Lials].

This proves part (2), after decreasing cj,.
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Step 5: integration in s and the amplitude. On the larger s-ball we apply Lemma 33.3,
at each fixed X, with

V(X,s) = Fi(X,s) — fa(X), 6=g¢%  a(X,s)=eRnX) (X,s),

the rank d,, and the Hessian L = A;(X). All these functions and the Hessian field are
smooth in (X, s) on the fixed real chart, hence jointly Borel, and we choose a fixed smooth
cutoff in s, equal to one on a smaller fixed ball and supported in the ball |s| < s,. The
phase bounds were proved in Step 4. For the amplitude, let B, = supp, IR;,,|, which is
bounded by (P3). By (33.9) and the mean value theorem on the convex s-ball,

a(X,s) —a(X,0)| < P (||Jnll3n>/ K1 + || DsJul|oo) [3]-

The positive lower and upper bounds follow from e~ B+ < ¢™Rir < eBr and the positivity
of J,. Every hypothesis of Lemma 33.3 therefore holds with constants cp, Cyp depending
only on the fixed data. The case P = 1 of (33.7) gives the integral with the cutoff. The
additive error O(g) becomes a relative error because the amplitude a(X,0)/+/det A4(X)
has a fixed positive lower bound. The lower bound F; — f; > c,|s|? holds on the whole
ball |s| < s, and so do the amplitude bounds. By (33.5), for ¢ < 1 and after factoring out
e~fa(X)/8" the difference between the integral with the cutoff and the integral over the
whole ball is at most Cgére="/¢*, which is O,, (§% ). If 7 /n > 1, then for 1 < g% < yo/n
both the integral and the main term are bounded above and below by positive constants
depending only on the fixed data, and the asserted formula holds there after enlarging
the constant. We obtain

20~ Rin(X0)] (X 0)
det Ad (X)

(zn)dn/ngne—fd(X)/g [1+0x(g)]-

For the C! bound of the amplitude, we have
Dxlogay,(X) = —DxRy,(X,0) + Dxlog J(X,0) — 3 tr(A4(X) 'DxAs(X)).

The first term is bounded by 312K, by (33.9); the value bound alone would not give
this estimate. The trace is bounded by d,||A;'||[|DxA4||, and every factor is bounded
uniformly, by the fixed chart, the lower bound for the Hessian, and the bound on third
derivatives. This proves the bounds for the amplitude, with the phase f; at finite depth.
In particular, no limit of the classical actions as d — oo at fixed coupling has been
inserted into an exponent divided by ¢2. All constants have the dependence stated in the
theorem. O

33.6 Flat configurations and the partition function

We now describe the flat configurations on A, away from the central triples, that is, the
triples of central cycle holonomies. We then prove the two-sided bound for the partition
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function. Recall from Lemma 14.9 that the flat configurations modulo all periodic gauge
transformations are classified by their commuting cycle holonomies modulo simultaneous
conjugation. In the based quotient, where simultaneous conjugation is not divided
out, the flat set is the set of commuting triples (Hj, Hp, H3) € SU(2)3. We call a flat
configuration regular if its cycle holonomies are not all central. A compact regular patch
is a compact subset of the flat set in the based quotient containing none of the eight
configurations with central cycle holonomies.

Lemma 33.9. 1. In the based quotient at side n > 4, the set of regular flat configurations is a
smooth embedded submanifold of dimension five. The Hessian of E is positive definite in the
normal directions at every regular flat configuration. On every compact regular patch it has
a positive lower bound, and there is a finite atlas of normal coordinates V (y,v), with y in
the flat manifold and v € R6" 2, in which the image of H,, has a smooth positive density
J(y,v) with respect to dvol(y) dv.

2. Consider the stopped measures of Section 33.2 and a compact reqular patch. Assume either
that the patch consists of configurations gauge equivalent to constant commuting links e™i/™
with max;|H;|/n < €)oc, as in Lemma 33.7, or that 27t /n < rpu, where gy is the radius
of Lemma 14.9. Assume also that the patch lies in a common larger classical link chart, after
fixed gauge transformations. Then there is a normal tube over the patch, fixed independently
of d and <y, on which, for every integer d > 0,

nEq(V(y,0)) = 30" Ha(y)o + O(Culv]),
enl < Ha(y) < Cul,  nEg(V(y,0)) = culvl.

The normal rank is 6n® — 2. The constants may depend on n, the patch, the larger chart, the
constant x of (P1), the derivative bounds of (P2), and the margins of the tube.

Proof. We use the based quotient SU(2)2”3Jrl of non-tree link variables constructed in
Step 2 of the proof of Theorem 33.8. By Lemma 14.9, a flat point of the based quotient is
determined by its three commuting cycle holonomies. This identification and its inverse
are locally smooth. Indeed, each holonomy is a finite product of non-tree link variables.
Conversely, after fixing paths in the tree, the flat transport along every non-tree link
is the word in the three commuting cycle transports given by the winding numbers of
the closed path that it forms with the tree. Such a word is a smooth product of integer
powers.

At a regular triple we choose a noncentral member. Its quaternion vector is nonzero
and, after fixing its sign, determines a smooth unit axis on a small patch. Every member
of a commuting triple has its vector parallel to that axis. We choose local lifts of the three
angles on the corresponding circles and two local coordinates for the axis. Differentiation
in the three angles and the two axis coordinates is injective, since the chosen member has
nonzero vector. Projection onto five suitable ambient coordinates therefore has invertible
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derivative. By Lemma 33.1(1), the regular flat set is a smooth embedded five-dimensional
manifold, and its only possible singular points are the eight triples whose members are
all central.

Next we determine the kernel of the Hessian, including the count of based gauge
directions. By a periodic gauge transformation and a constant conjugation, we conjugate
a flat representative to the constant commuting links U? = ¢%%/". Such transformations
change neither the rank of the Hessian nor its quadratic form on the gauge quotient.
We write a variation of the links in left coordinates as e (X)UZQ. The derivative of the
plaquette logarithm is

(dua)i]-(x) = Adulo a]-(x + 61‘) — aj(x) — Adu]Q ai(x + 6]') + ai(x),

as one sees by differentiating its four ordered factors, since the background plaquette
variable is the identity. Since the quadratic part of Eg is Y_|dza|?/2, the kernel of the
Hessian is {dya = 0}.

We split the colors into IR73, the neutral color, and its orthogonal plane, the charged
color, which we identify with C so that ad, acts as multiplication by i. In neutral color
the Fourier difference vector is 1; = e2"i/" — 1. If 5 # 0, the equations niaj —nia; =0
imply a = ¢, with ¢ = a;/7; for an index j with 7; # 0. These are exactly the gradient
directions, and the zero mode gives three real constant neutral directions. In charged
color the difference vector is

7 = ol 2mmi+d;) /n 1
It cannot vanish in all three components, since that would force every 9; into 27tZ and
all three holonomies to be central. The same algebra a = ¢ shows that every charged
mode in the kernel is a covariant gradient. This argument includes the cases in which
some ¥; vanish, without division by a possibly vanishing component.

The covariant gradient on vertex functions has a one-dimensional kernel, consisting
of the constant neutral functions, since its charged Fourier vectors never vanish and its
neutral kernel consists of constants. Its real image has dimension 313 — 1. Its restriction to
functions vanishing at the root is injective, since a covariantly constant function vanishing
at one point vanishes everywhere by transport along links. Hence the image of the based
gradients has dimension 31n° — 3, and after dividing out the based gradients, the kernel
has dimension

(3n® —1)+3 — (3n® —3) = 5.

Two of these directions are infinitesimal simultaneous conjugations at the root, and three
are the constant neutral directions. They are exactly the tangent directions of the five-
dimensional manifold parametrized above. Since the Hessian is a nonnegative symmetric
matrix with no further kernel, it is positive definite on a normal complement. Its least
normal eigenvalue has a positive minimum on a compact regular patch, since continuous
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unit normal vectors over that compact set form a compact set on which the quadratic
form does not vanish.

For integration, we give the based quotient SU(2)2”3Jr1 its product Riemannian metric,
which is bi-invariant, and let F be the manifold of regular flat configurations. We use
the normal exponential map

V(y,v) =Exp,(v), yeF vlT,F,

of Lemma 33.1(2). Over a compact neighborhood of a compact regular patch, it is injective
for a common small normal radius. We choose finitely many smooth orthonormal
trivializations of the normal bundle of F, with working subcharts relatively compact
in larger charts. Since their transitions preserve y and are orthogonal in v, a partition
of unity on the base extends consistently to the tube. The maps V(y,v), their lifts to
configurations, and the normal frames extend smoothly past the closures of the working
subcharts, so all derivatives of fixed order of the charts are bounded there. Since the
Haar measure of the product group is a constant multiple of its Riemannian volume, its
pullback J(y,v) is smooth and positive with respect to dvol(y) dv. This proves part (1).
For part (2), on patches of small commuting configurations, the vanishing of the
classical actions is proved in Lemma 33.7. On a general patch at a side with 27/n < rgy,
it is the conclusion of Lemma 14.9 for all flat configurations: every averaging step has
output side m > n, and 27t/m < 271/n < rg,; verifies the condition on the side at each
step. By gauge invariance, these zeros transfer to the smooth based representatives used
here. Since E; > 0, its first derivative vanishes on the flat manifold. Since E; — kEy > 0
by (P1) and vanishes there, the Hessian of E; — kEy is positive semidefinite on real
normal vectors. The lower bound of part (1) then implies Hy = D2(nE;)(y,0) > c,I. The
uniform derivative bounds of (P2) on the common larger chart give the upper bound and
a common cubic Taylor error. If a quotient chart is not itself a representative with small
links, we fix a gauge transformation taking its center into B, and shrink the neighborhood
inside the fixed larger classical chart. By compactness, finitely many such fixed gauge
transformations suffice. Their derivatives and the bounds of Theorem 10.11 give the
same bound by the chain rule, and no gauge transformation depending on the point is
needed. We choose the radius of the tube so that the cubic error is at most one quarter of
the lower bound for the Hessian times |v|?. This proves the lower bound for nE; on the
whole smaller tube. All these choices depend only on the listed data. The normal rank is
the dimension 61 + 3 of the based quotient minus five. O

Theorem 33.10. The following statements hold.

1. For every integer n > 4 and every k > 0 there exists Cy, < oo such that for0 < g <1

/ e B W/E GH, (V) < Cuig® 2, Eo(V) =4 Y q(V}).
n pEPxu
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This is an integral over the whole configuration space, including neighborhoods of all eight
flat configurations with central cycle holonomies. Divisibility of n by four is not needed, and
Chx depends only on n and x.

2. Consider the stopped measures of Section 33.2. There exist gg(n) > 0and 0 < ¢, < C, < o0,
with the dependence described in Theorem 33.8, such that for all depths d = k] and all

0 <y <y withg=+/v/n < go(n),
cng < Z, 0, < Cug™tt, dy = 6n®—6.

Equivalently, Z\n,d,'y is co;lipamble to yP1, py = 313 — 1, uniformly in d and <y in this range,

at the fixed side n. Here Z,, 4 ., is the partition function of (33.1), with the centered effective

interaction. If Z™ is defined with Ry, in place of Ry, then Zn,d,“y = ¢Ray () zraw exactly.
3. For every p > 0 and ¢ > 0 there exists C, ¢ such that for 0 < g <'1

e~ RX)/ gx < C, .ot
/|X|<p = a8

Here p is an arbitrary radius, not the analytic radius. More precisely, for ¢ < min(1, 0?) the
ball |X| < /3 contributes O(g°/2), and each annulus ¢/2 < |X| < ¢ with /g <0 < p
contributes O(g*0).

The lower bound in (2) comes from a fixed annulus of regular constant commuting
configurations in the chart of Theorem 33.8, and it uses only the bound on the values of
the centered effective interaction.

Proof. We prove the upper bound in (1) by covering the based quotient by neighborhoods
of the eight central flat configurations, normal tubes over the remaining compact regular
part of the flat set, and a compact set without flat configurations. Near the central
configurations, we integrate the nonconstant directions with the gap of Theorem 33.8,
and the constant directions with the estimate in (3). We then deduce (2) from (1), (P1),
and (P3).

Step 1: constant configurations. We need an exact lower bound for the Wilson action on
constant configurations. We write U = al + 2v°1, and W = bl + 2w't, with a® + |0]? =
b? + |w|?> = 1. The multiplication rule

(a,0)(b,w) = (ab—v-w, aw+bv+ v X w)

follows directly from the products of the matrices 7,. Conjugation by (4,v) sends w to
(a® — |v]?)w +2(v - w)v + 2a(v x w). Thus the scalar part of UWU W1 is

b+ [(a® — o) )w +2(v- w)v+2a(v x w)] - w =1—2v x w|?,
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which implies g(UWU'W~!) = 2Jv x w|?> exactly. For U; = ¢*/" we have v; =
sin(|x;]/(2n))X;, and summing over the n° plaquettes in each of the three planes gives,
continuously also when some x; vanish,

EoleX/") = 8 Y- sin (x| /(2n)) sin (|, / (20))| & x %,
i<j
1 ) , (33.13)
= %lei X x]-\ sinc”(|x;|/(2n)) sinc (]x]-\/(Zn)).
i<j
Since the factors sinc? have positive lower and upper bounds on a fixed small ball,
Eo(eX/™) is comparable to Q(X)/n there. This is a relative bound, valid also in almost

commuting directions.

Step 2: the neighborhood of the identity. Applying the proof of Theorem 33.8 to the
Wilson action alone, we obtain, on a fixed neighborhood of the identity in the based
quotient,

Eo(e*/"+%) > Eo(e*/") + culs|? > ¢, (Q(X) + |s*), (33.14)

where the second inequality is (33.13). This uses only the translation invariance of Ey, the
gap at side n, and the smoothness of Ey, all verified explicitly in Steps 3 and 4 of that
proof. It does not use the stopped density or the divisibility of n by four, and it holds at
every integer n > 4.

Step 3: the nine-dimensional estimate. We prove (3). The ball |X| < ,/g has volume
Cog°/?, which bounds its contribution. We now consider an annulus ¢/2 < |X| < ¢ with
0> ,/g and set X = Y and € = g/¢* < 1. Since Q is homogeneous of degree four, the

integral over the annulus is
o’ / e~ M/ gy,
1/2<|Y|<1

On the fixed closed annulus 1/2 < |Y| < 1, the zero set of Q is a compact piece of the
nonzero cone M. In a fixed small normal tube around it the radius of the base point is
bounded below, and by Lemma 33.2 we have Q(y + b) > ¢’|b|?> and a bounded Jacobian.
The tangential volume is finite by the volume formula of Lemma 33.2. Integrating in the
four normal directions, we see that the tube contributes at most Ce*. Off the tube, Q has
a positive minimum g, on the annulus: a sequence with Q — 0 would have a limit point
in the zero set, hence in the tube. Since sup,,. , u?e~“*" < oo, the integrand off the tube
is at most Ce?. The annulus therefore contributes at most

Co’e* = Cgo. (33.15)

We take the radii p,0/2,0/4, ... until the last annulus reaches ,/g. The sum of these radii
is at most 2p, and the remaining ball has radius at most 2,/g and contributes O( g?).
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This proves the bound C,cg* for ¢ < min(1,p?). If p> < ¢ < 1, the volume of the ball,
Cp?, is at most Cpg*. The statements about the ball and the annuli follow from the same
estimates.

Step 4: the whole configuration space. Integrating (33.14) against the bounded density
of the chart, first in s and then in X, we find that the neighborhood of the identity
contributes at most
Cp g e QX)/8* gX < C,y gt
X[ <pn

by Step 3. To cover the other seven central points, we multiply, for each of the three
directions, the links crossing one wrapping coordinate plane in that direction by either
I or —1I, and call the resulting array of central link variables z. Since each plaquette
contains either no such factor or two canceling ones, z, = I for every plaquette. The three
cycle signs of z are arbitrary, and they give the eight central triples. The map V — zV
preserves every plaquette variable and the product Haar measure, and it commutes with
based gauge transformations because z is central. It maps the identity point of the flat
set in the based quotient to the corresponding central flat point. Transporting the chart
just used, we obtain the same bound near every central point, without dividing by the
volume of a stabilizer.

We choose smaller open neighborhoods inside these eight charts; the flat set outside
them is a compact regular patch. By Lemma 33.9(1), it is covered by finitely many normal
coordinate charts with bounded Haar density. By Taylor’s formula as in the proof of
part (2) of that lemma, with Eg in place of E;, we have Eg > c,|v|? on these tubes after
shrinking them. Each such tube contributes at most C g6”3_2, since its normal rank is
613 — 2. The complement of the union of these tubes and of the central neighborhoods
is compact and contains no flat configuration. Since Ey > 0 and its zero set consists
exactly of the flat configurations, Ey has a positive minimum e, on this complement. The
complement therefore contributes at most e~**/ §* < Cn,xg6"3_2 for 0 < ¢ < 1. Summing
over the finite cover, and recalling that the based gauge transformations have mass one,
we obtain (1).

Step 5: the stopped measure. For the upper bound in (2), we use (P1), which holds at
every integer d > 0, and the bound |R;,| < C, of (P3) at the depths d = kJ. Enlarging
the domain of integration from D, to U, and applying (1), we obtain

~

2 3
Zndy < ec”/ e *E/8" gH, < Cng6” -2,

Only an upper integral has been enlarged, and the partition function is that of the
centered density (33.1).

For the lower bound, we choose a small fixed annulus of constant commuting config-
urations X = (%;u);, with |#| between two fixed positive radii, strictly inside the chart
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of Theorem 33.8, with positive tangential volume and with max;|X;|/n < €),./2. Such
an annulus exists at every fixed side, since its radii can be taken arbitrarily small. These
prescribed constant commuting refinements and their representatives in the block axial
gauge satisfy the domain conditions with the margins of Lemma 33.7, which are indepen-
dent of the depth; no condition on the side is needed for this annulus. By compactness
of the annulus and openness of the gauge-invariant set D,, we shrink its fixed normal
tube so that it stays inside D,; its points therefore have representatives in B,. On this
compact annulus, Lemma 33.9 implies that E; < C,|v|? and that the Haar density has
positive upper and lower bounds. The lower bound for the density times e~ bounds
the amplitude e ®47] from below. We integrate only over |v| < ¢ and over a fixed smaller
tangential subpatch of positive volume. For g below the fixed radius of the tube, we
obtain

~

_ 27,2 3_
lv|<g

All the sets used here are subsets of D,. Neither bound requires derivative bounds for
the centered effective interaction or any convergence of its restriction to the flat directions
as vy — 0.

Since d, +4 = 61> —2 = 2(3n% — 1) and ¢*> = v/n, the two bounds have the asserted
form P at the fixed side n. Finally,

o~ Ea/8=(Raq=Raq(1)) _ oRay(I)p~Ea/8*~Ry,

on the same domain, which proves the relation between the two normalizations. All con-
stants in the lower and upper bounds for Z,, ; , are uniform in d and ; their dependence
on the side has not been bounded. O

33.7 Linearized flowed cycle logarithms

We now compute the covariance ¥y of (4.12), which appears in Theorem 2.10. It is the
covariance, divided by 7, of the linear response of the flowed holonomy logarithms at
a regular flat connection, under the Gaussian measure defined by the quadratic part
of the Yang-Mills action. The computation has three ingredients: the covariance of
the transverse Gaussian field at the flat background; the derivative of the flowed cycle
logarithms, including the differential of the logarithm; and the projection onto the normal
space Ny, which removes the longitudinal part. We carry out the computation in the
continuum and on the lattice, and compare the two. The lattice flow is the Wilson flow of
Luscher [128], with the normalization of Section 4.

Theorem 33.11. Fix L > 0, 8 > 0, and a compact regqular patch of commuting triples y =
(9 u)?_  withu € S and 0 < rg < |8| < r; < 7. Work in the variables of the unit torus,
A(x) = LA(Lx), in which the flat background is A0 O;u and the time t = 0L? becomes 0. Let
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D; = 9; + 9; ad,, be the covariant derivative of the background, acting on su(2)-valued one-forms
a = (ay,az,a3) on T3, and consider the quadratic form

1
E /11"3 ZlDZ[l] — D]'ﬂi|2dx.

1i<j

Its kernel KC consists of the covariant gradients D¢ and the constant one-forms with values in
Ru. The form is positive definite on the quotient by KC. Let a be the centered Gaussian field with
distributional values on this quotient, realized on the L*-orthogonal complement of K, whose
covariance is 7y times the inverse of the positive operator associated with fT;i; Yi<j|Diaj — Dja; % dx
on this complement; it is constructed from its Fourier coefficients in Step 2 of the proof. Let L
be the derivative at A° of the map that sends a connection to the logarithms of the holonomies of
its Yang—Mills heat flow at time 0 around the three coordinate cycles based at 0, followed by the
orthogonal projection onto N, initially defined on smooth perturbations. This positively flowed
composition extends to the Gaussian distribution above. It vanishes on K, and the covariance of
L(a) is vZg(y), where 1y = [ — 897 /|8|? and

1 m; =0
km =2mm 498,  Ap=lkn>, Rim®) =<~ S
" m =l N {ﬂi/(zﬂmi-i-l%‘), m; # 0,
o206\ )
dl' = Z 1 Ri(m,ﬂ) , D = diag(dl,dz,dg), Zg(y) = (HﬂDHﬁ)L’L ®IuL.
m

mez3
Here Ny is identified with 9+ ® u, and these formulas include the cases in which some coordinates
of ¢ vanish. Moreover, the following hold.
1. On the patch, cly < Xy < Cly, and Xy and its inverse are smooth, covariant under color
rotations, and invariant under (¢, u) — (—9, —u). The inverse is
[D*l B DleDl]
dTD- 19

oL & IMJ_-

The constant charged mode m = 0 alone contributes e=20/%1*| 9|21,

2. For a smooth perturbation h, before applying the flow the Fréchet derivative of the cycle
logarithms is

1 1
Tlh — ]1—1 / evﬂi aduhl(vel) dv/ ]1 — / e'Zﬂ?i adu d,U,
0 0
where ] is the differential of the logarithm. Its normal projection annihilates covariant

gradients and the neutral color Ru, and the linearized flow multiplies the charged transverse
Fourier mode m by e~
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3. For N > 4 let By be the set of centered representatives of Z°/NZ3, and set
oN = N(/@mit®)/N 1) AN =Y"|sN?, RN =i0;/0N,
i

1
with RN = 1ifm; = ¢; = 0and RN = 0 if 0; = 0 # m;. On the lattice Ay of mesh
1/N in T3, consider the background links e®™/N, the Gaussian measure defined by the
quadratic part of the Wilson exponent (4N /) ¥, q(Up) on the quotient by its kernel, and
the derivative of the cycle logarithms after the Wilson flow at lattice time 40N?, projected

onto Ny. The covariance of this derivative, divided by y, is exactly
—20AN

m

Ab

e

=) (y) = (Mg diag( Y

meBy

and sup, | =N (y) — Zo(y)]| < CN2
4. Aso= 8|10, witho <r <,

Zo(y) = 0’y + 0s(1),  *Tp(y) = Ly,

uniformly in the directions of ¢ and u.

|R1N12>Ha> )M ®L.,

The constants, and the bounds for any fixed number of derivatives on the patch, depend on r, 11,
0, the order of the derivatives, and the margins of the charts, but not on N, on <y, or on any depth.
The bounds on the patch are not uniform as || — 0.

The positive time is needed: for 6 = 0 the series defining d; diverges logarithmically,
since R; = 1 on the plane m; = 0. Part (4) is a statement about the explicit matrix Xg; it is
used in Section 36 only for a comparison measure.

Proof. The proof follows the three ingredients described above: Steps 1 and 2 construct
the Gaussian field, Steps 3-5 compute the response, and Step 6 performs the projection.
Steps 7-10 prove the bounds, the lattice formula, the comparison with the continuum,
and the central asymptotics.

Step 1: normalization. The map A(x) = LA(Lx) sends the flat connection in physical
units to E? = ®;u and the time t = 0L? to . Since the curvature is multiplied by L?,
the volume by L™3, and g5L = v, the quadratic part of the exponent E; /(243) becomes
exactly the form in the statement.

Step 2: the Gaussian field. We fix an oriented orthonormal basis of u* in which v
u x v is multiplication by 7, and regard the two real charged colors as one complex color.
On the Fourier mode ¢?™"*, the operator D; acts on charged fields as multiplication by
ik, i, and the quadratic form on that mode is

Yk, ia; — ko jai|* = Amlal® — [kyal. (33.16)

i<j
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Since |¢| > rgand 1 < T,
\ko| > 70, |km| > 2mtim| —r1  (m #0),

so ky,, # 0 for every m. By (33.16) the charged kernel consists of the multiples of ky,
which are the charged covariant gradients. In neutral color the form at mode m is
127tm|?|a|? — |27tm - a]?, whose kernel consists of gradients for m # 0 and of all constants
for m = 0. This proves the description of K. The form is positive definite on the
quotient by K. We realize the quotient on the L?-orthogonal complement of X, namely
the covariantly transverse one-forms, ) ; Dja; = 0, that are orthogonal to the constant
neutral one-forms. We show in Step 4 that £ vanishes on K. Since the form vanishes
on K as well, the projection along K identifies any two complements isometrically for
the form and does not change L. In particular, the law of £(a) does not depend on the
choice of the complement. On the chosen complement we have k},a = 0 at each charged
mode, and the covariance divided by 7 is

AN AP(ky),  P(k)=1—kk"/|k[> (33.17)

This follows by diagonalizing the finite-dimensional form (33.16) and using
[e /@ity gy = ~°T/2 [o=*/(20") 4y, We construct all the Fourier Gaus-
sians in this way and take their sum as a distribution: for every s > 1/2 the expected
squared norm in the Sobolev space H* is finite, since Y,,.o|m| %% < co. Since 6 > 0,
each flowed normal response considered below is an absolutely summable Gaussian
series. The unflowed derivative T in part (2) and Steps 3—4 acts initially on smooth
perturbations; its composition with the positive-time linearized flow extends to the
Gaussian distribution just constructed.

The complex notation does not double the covariance. We regard the complex Hilbert
space of charged fields as a real Hilbert space with inner product Re [ a*b. For each
orthonormal complex Fourier vector e, the pair e, ie is real orthonormal, and a precision
eigenvalue A assigns the variance y /A to each of the two real coefficients. The realification
of a Hermitian covariance C is therefore

ReC —ImC
ImC ReC /)’
with no extra scalar factor. When C is real, this is C ® I, in spatial and color notation.

Step 3: the derivative of the cycle logarithms. We first compute on a smooth perturba-
tion h. Let Y; = ®;u. With the convention H'(v) = H(v)A(£(v))#(v) of Definition 4.10, the
transport along the ith cycle at the background is e“¥i at the parameter v. Differentiating

the transport equation, we find the right-trivialized derivative

1
O0H; Hl-_1 :/0 e?%adup; (ve;) do.
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For the exponential map the corresponding derivative is §(e¥i)e™Yi = J;§Y; with J; =
fol e?%adu gy, In neutral color J; = 1, and in charged color J; = (e'% — 1)/(id;), with value
one at ¥; = 0. It is invertible on the whole patch because |9;| < 7t. The differential of the
logarithm is therefore | l._l, which proves the formula for T; in part (2). On the charged
Fourier mode m this derivative is the scalar

fOl el (2mmi+9;)v 1)

1 .

For ¢; # 0, canceling el —1 gives 0;/(2rtm; + ¢;). If m; = 0, the two integrals are equal,
also when ¢; = 0. If ¢; = 0 and m; # 0, the numerator vanishes and the denominator is
one. These are exactly the cases in the definition of R;.

Step 4: the normal projection. Let ¢ be a smooth periodic gauge parameter. Integrating
the derivative of v s e?%2du@(ve;) over [0,1] and using periodicity, we find

T;(D¢) = ¥;ad, ¢(0).

As a triple indexed by i, this is ¢ tensored with a vector of u=, an infinitesimal simul-
taneous conjugation at the root, and the normal projection ITy ® (I — uu') annihilates
it. Every response in neutral color is parallel to u and is annihilated as well. Hence
the constant neutral one-forms and all other flat tangent directions contribute zero, £
vanishes on K, and the normal response is well defined on the quotient, independently
of the representative used to compute it.

Step 5: the linearized flow. At a flat background [D;, Dj| = 0, and the linearization of
the Yang-Mills heat flow 0;A; = Y.j DjFji is

agﬂi = ZD](D]LZZ — Dlﬂ])
j

Covariant gradients are stationary for this equation. On covariantly transverse fields,
Y.;Dja; =0, it reads dga = Y Djza. The Fourier multiplier on charged modes is —A;,;, and

the linearized flow multiplies the mode m by e~

. A linearized gauge damping term
can only change a covariant gradient, whose normal logarithmic response vanishes by
Step 4. This derives the response of the Yang-Mills heat flow itself on the quotient, rather

than replacing it by the scalar heat flow at a charged background.

Step 6: the covariance. Let R, = diag(R;(m, ?)). Applying the response of Steps 3-5 to
(33.17), we find the spatial covariance

6_29/\’"
m

m
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For each i, including every case in which a coordinate vanishes, Rjk,,; = ¢;. Then
Ryky = 9, and the longitudinal term Ryukmk) Ry /Ay is annihilated exactly by I1y. What
remains is IT3 DIy restricted to #-. Since this matrix is real, the realification of Step 2
gives the factor I,,1 . This proves the formula for ¥.

Step 7: bounds, inverse, and invariance. Every R; is bounded on the patch. For any fixed
number of derivatives in @, the terms of the series are bounded by C(1 + |m|)qe’09|m|2,
with constants depending on the order, on ry and 1, and on 6. The sum of these bounds is
finite, as one sees by separating the three coordinates and comparing }_;c7(1 + | j])”/e_d’j2
with a finite initial segment and a convergent integral. Termwise differentiation is
therefore valid. The term m = 0 has R; = 1 and contributes

o 20[817 19| =N

This term gives a positive lower bound on the compact patch, and the summable series
gives an upper bound; in particular, all d; are positive. To invert the form, let b,v L ¢
with I[TyDv = b. Then Dv = b + a# for a scalar &, and the condition #"v = 0 gives

9"D1p

= HTD g

This proves the formula for the inverse. Its denominator is positive, and the bounds just
proved give smoothness and the two-sided bound. Color rotations act by the correspond-
ing orthogonal maps of u. The reversal (¢, u) — (—®, —u) is implemented in the series
by m — —m and complex conjugation of the charged color, since R;(m, —¢) = R;(—m, ?)
and Ay, (—9) = A_,(8). Thus the covariance and its inverse have the asserted invariance.
This proves part (1).

Step 8: the lattice covariance. We compute the lattice covariance directly, without
using the continuum. At the background links U = e%"/N we write a perturbation as
eti(x)/N U?, where x is now an integer lattice coordinate. Differentiating the four factors
of the plaquette variable, we find, in charged color,

oLogU,, (x) = N"He®Naj(x + ¢;) — aj(x) — e Naj(x + ¢;) + a;(x) }.
On the Fourier mode m this is N~2(6Na; — (5JN a;). The coefficient 4N/ of the Wilson
exponent and g(e”) = |v]?/8 + O(|v|*) give the quadratic exponent
1
e 6Naj — 6Na;|*. 33.18
2¢N3 ;;;J i 4= a;| ( )

Fourier orthonormality uses the normalized volume N2 Y. With § = (6);, the corre-
sponding transverse projection is P; = [ — §6*/A}, and the covariance divided by v is
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(AN)~1Ps. We treat the quotient by the kernel and its independence of the complement
as in Step 2, using the description of the kernel in the proof of Lemma 33.9.

We check the flow factor in the same coordinates. In the Lie-algebra coordinates
b = a/N of the links, the quadratic part of }_,q(U)) is |dyb||?/8, and its Hessian is
dj;dy /4. Since the left group coordinates are orthonormal for the group metric at the
critical flat configuration, the linearized negative gradient equation is d;b = —d;dyb/4.
On the transverse mode m its eigenvalue is —AL /(4N?), and at the lattice time s = 40N?
the multiplier is exactly e~ 0
The derivative of the cycle product, including the differential of its final logarithm, is

N-1
.—11

]l ei(znmiﬂ%)l/N.
N

1=0
For ¢; # 0, the formula for a geometric sum and the formula for J; reduce this to
iv;

: =R}
N(el(ZTl’mi-i-l%)/N _ 1) !

For ¢; = 0 the sum is one if m; = 0 and zero otherwise, which are the prescribed values.
We conclude that, with RY = diag(RY),

RNS =i,  TI4RNPs(R})*TTy = I1s diag(|RN|*)ITy.

This equality uses the complex phases of RN before the longitudinal part cancels; the
phases can be discarded only afterwards. Summing over the modes in the real covariance,
as in Step 2, we obtain the formula for Z.}.

Step 9: comparison with the continuum. For centered representatives and N > 4 we
have |k,,;/(2N)| < m/2+1r1/8 < 57m/8. On this interval the function sinx/x has a
positive minimum, and Taylor’s formula gives |4sin?(x/2) — x?| < C|x|*. Since A =
i 4N?sin?(k,,;/ (2N)), we obtain

clkm|? < AN < |knl?, IAN — |km|?| < CN72|kp|* (33.19)
Also
kyi/(2N) 2 _ _
RN|2 = R? il RN12 - R?| < 2RK2 . < 2
| 1 | 1 <Sin(km,l/(2N))> 7 H 1 ‘ 1 ‘ — CN lkm,l = CN 7

where the continuous extensions at the vanishing cases are understood. In particular
R?k%q P = 191-2, also when m; = 0, and all these multipliers are bounded. For F(x) = e~20% /x

we have |F/(x)| = e 29%(20/x + x72). By the mean value theorem and (33.19), the
difference of corresponding summands is at most

CN—Ze—C9|km|2(1+ ‘km|2+ |km‘_2)/
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which is summable uniformly on the patch. The continuum modes not in By satisfy
|m;| > N/2 for some i, and their Gaussian tail is at most Ce—¢'ON? < CyN -2, Summing,
we obtain the uniform bound CN~?2 in part (3). Fixed derivatives in the parameters obey
the same bound. Indeed, differentiating the Taylor remainders in the sine expressions
leaves a factor N2 times a fixed polynomial in |k,|. All inverse powers of A} and
Am are bounded by the gap on the patch, and the differentiated exponentials add only
polynomial factors. The same summable majorant applies, with constants depending
also on the order, and smooth local normal frames introduce only constants depending
on the margins of the patch.

Step 10: the central asymptotics. Let ¢ = |#| | 0 with ¢ < r; < 7. The nonzero modes
still satisfy |k,,| > 27|m| — r1, and their multipliers R; are bounded uniformly in all
directions, since |27tm; 4+ 9;| > 7t for m; # 0. Their total contribution is Oy(1). The zero
mode contributes

e 20721y = 0721, + Op(1).

Since the projection onto the normal space has norm one, this proves both assertions of
part (4), uniformly in the directions. It also shows why the bounds on the regular patch
cannot be extended uniformly to the central point. O

33.8 The stopped measure near regular flat configurations

We now combine the preceding results. The first part of the next proposition is the
Laplace approximation of the stopped measure transverse to a compact patch of regular
flat configurations. The second part is an exact decomposition of the covariance &} of
Theorem 33.11 at the flat reconstruction, obtained by completion of squares for Gaussian
measures in the constrained coordinates of Theorem 12.13. In Section 35 this decomposi-
tion identifies the covariance of the Gaussian approximation obtained at finitely many
scales with X.

Proposition 33.12. Consider the stopped measures of Section 33.2 at the side n, a compact
reqular patch, and a fixed normal tube over a larger compact regular patch whose closure lies in
D,. Assume that 27t /n < rqay, where rqqy is the radius of Lemma 14.9, which lies below the fixed
margins of all classical, constraint, Haar disintegration, and gauge domains. For a patch of small
commuting configurations as in Lemma 33.7, the margins of that lemma may be used instead of
this condition.

1. There is a finite atlas of normal coordinates V(y,v) over the patch, of normal rank 9, =
613 — 2 = dy, + 4, in which the image of Hy, has a smooth positive density ] (y,v), and for
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every integer d > 0

nEqy(V(y,v)) = 30" Ha(y)v + On([0]%),
cnl < Hy(y) < Cyl, nEs(V(y,v)) > culof*

Let x be a fixed normal cutoff equal to one near v = 0, let f be a bounded measurable function
of y with compact support in the patch, and let P, be a family of polynomials of a fixed degree
with bounded measurable coefficients. Put

20 = Hi)?0/\, aaq(y,0) = e RarVOD(y, 0),

Then for d = k] and 0 < vy < 7yo, with the partition of unity of the atlas understood and the
insertion extended by zero outside the charts,

Za4Es, ., [f (1)x(0)Py(20)]

- @) 2] | ) FEEER (Go,)dvolly) + Oy ()]

The error is uniform in d and -y. Given y, the moments of zo under the normal conditional
law, normalized by its own normal integral, differ from those of Gy, by Ou(\/7), and
all fixed moments of zo are bounded. The tangential density may vary with -y within
its bounds, without converging. Here qud,,, is the partition function of Theorem 33.10.
For every nonnegative f as above with [ fdvol > 0 there exists ¢,y > 0 such that
Es, .. [f(W)x(0)] = cy,s for all depths d = k] and all sufficiently small .

2. Suppose in addition that the cycle holonomies of the patch have logarithms y = (9;u); with
0<ry< |8 <r <mandfix 6 > 0. LetKZO,N:nBK,n]- = nBl, d = JK, and
H¥(y) = D2(nEjx)(y,0). Consider the reconstruction of a configuration on Ay from the
stopping field V on Ay, and the normalized fluctuation variables w; = (w;;)o<i< of the RG
steps j =1,...,K, given by the triangular coordinates

Zj] = Z;il + gj,lK]‘Tll/2wj,l
of Theorem 12.13, computed in smooth local charts in which the expressions in different
gauges agree, and satisfying TZ{/IF U = V. At the flat reconstruction of the flat stopping field
V(y,0), where all w; vanish, differentiate the composition of this reconstruction with the
map that sends a configuration on Ay to the logarithms of the cycle holonomies, based at the
root, of its Wilson flow at physical time 0L, followed by the orthogonal projection onto N,.
Normalize the normal variable of the stopping field by v = ﬁ(HﬁCt)*l/ 220. After division
by \/7, denote the resulting linear maps by Aok (y) : R — Ny and A;x(y) : RPI — N,
1 <j <K, where D;= 6(n}°-’ — ”?—1) is the number of real normalized fluctuation variables
of the jth RG step. Then for every finite K,
K

K
AoxAgk + Y Ak Al =2 (y),  Aokllfis + Yl 4jklfs < C.
=1 =1
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Each A;k includes the factors g;,/ /7y, the inverse square roots of the constrained Hessians
at the flat background, and the derivative of the composition with all finer reconstruction steps.
If Tk denotes the response of the normal variable of the stopping field before normalization
and HE = D2E;x(y,0) in the same normal coordinates, then

H¥' = nHE, AO,KAOT/K = n Tx(HE) 1T,

The same identities hold for the reconstruction maps % of Theorem 15.13.

The constants depend onn, L, 0, M, ], ©, the patch, the larger tube, the bounds for the polynomials,
and the fixed analytic domains, with the dependence described in item (6) of Definition 4.14. They
are independent of K, of the depth, and of v € (0, o).

The identities in part (2) concern the Gaussian quadratic model at the flat reconstruc-
tion; they do not assert that the normalized fluctuation variables are independent under
the interacting measure. The normal responses of the stopping field, including those of
the constant charged modes, are part of the identity: for K = 0 the block Ag gives the
whole covariance.

Proof of part (1) of Proposition 33.12. We first check that the flat configurations and their
refinements lie in the domains of the construction, separately from the normal integral.
Then we apply Lemma 33.3 in the normal coordinates of Lemma 33.9.

Step 1: flat refinements. First suppose that 27t/n < rgy. Fix the side n before the
coupling, and let
Oflat = Tflat — 27t/1n > 0. (33.20)

The radius rg,; lies below all the classical, constraint, Haar disintegration, and gauge
margins of one RG step, with the strict margin required in Lemma 14.9. These margins
include the fixed conversions for the words of the block axial gauge. A flat triple of cycle
holonomies has commuting logarithms H; with |H;| < 27t. At every averaging step with
output side m > n, its constant representative and its refinement at the next finer side
have link logarithms H;/m and H;/(Mm), and

maX‘Hzl/m < 271/1 = Tfiar — Oftat-
i

By the computation for commuting products leading to (33.11), the representative in the
block axial gauge is Up(c), and the free logarithmic coordinates and the logarithms on
the eliminated edges vanish. The conclusion of Lemma 14.9 for all flat configurations,
with smallest side 1, verifies every intermediate classical, constraint, based gauge, and
small-field condition, for every K. The classical action of the free coordinates, which is
nonnegative, vanishes at this point. By the uniqueness of the conditional constrained
minimizer in the same conclusion, the point is z}(c) = 0, and each normalized fluctuation
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variable vanishes. This verifies the hypothesis of part (2) at all the depths involved. The
margins and the radii of the fluctuation cutoff domains are fixed by the parameters. No
neighborhood of the flat set depending on the cutoffs of the small-field event is used as a
normal tube. Under the alternative local hypothesis, we apply Lemma 33.7 on a slightly
larger compact patch satisfying its strict inequality. It gives the same conclusions at every
side m > n and every depth, and its positive domain margins replace dp,; below.

Step 2: phase and amplitude. The finite atlas and the estimates for the phase are
those of Lemma 33.9, applied on the larger patch and then shrunk. The normal rank is
0, =6m+3—-5=6n>—2=d,+4. The vanishing of E; on the flat set, the lower bound
(P1), and the uniform bounds on third derivatives were verified there. The centered
effective interaction of Theorem 14.8 is bounded on D, by (P3). For its derivatives, we
take the normal atlas on the larger tangential patch with a larger normal radius, and
finitely many relatively compact parameter subcharts W; € W," covering the working
tube. The maps ¥,;(y,v) = V(y,v) and their based lifts are smooth on W;", as constructed
in Lemma 33.9, and extend past W;. Let K be the compact union of the images of
the closures in the larger tube; it lies in D, by hypothesis and does not depend on d
or 7. On these compact subcharts we apply (33.10). Finitely many fixed based gauge
transformations map neighborhoods of K into B, with r < r; < p and the fixed margin
1. We refine the subcharts so that each closure lies in one of the larger neighborhoods
in the proof of Lemma 33.6. Each gauge transformation acts smoothly on all of ¢/,,. The
chart composed with it extends to a neighborhood of the closure of the subchart, and its
derivatives of every fixed order are bounded on these finitely many compact closures,
independently of 4 and -y. These are the conditions on subcharts in Theorem 14.8, at each
chart of the atlas. The chain rule then gives |Dy,R;,(V(y,v))| < C,E« on each compact
parameter closure, uniformly in the depth and the coupling. The amplitude

a4, (y,0) = e Rar (V) 0)

therefore has fixed positive upper and lower bounds and a fixed Lipschitz bound in v;
it includes the Haar density of the based quotient. Since all insertions in the charts are
supported in D,, the indicator of D, equals one where these coordinates are used. On
each normal fiber, with B,, = sup D, |Km|, the mean value theorem gives

20, (Y,0) = 24 (Y, 0)| < % (|[][looCuEx + | Do]|leo) [0].

This is the Lipschitz bound in the normal direction required by Lemma 33.3; a bound on
the values of the effective interaction alone would not imply it.

Step 3: the Laplace approximation. We apply Lemma 33.3 with § = v, the phase nEy,
the Hessian L = H;, and the weight /1 given by f times the partition of unity of the
atlas; the formula for general f follows by splitting f into its positive and negative parts.
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The phase, the amplitude, and the Hessian are smooth in each real normal trivialization,
hence jointly Borel, and we choose the normal cutoff smooth as well. The tests and
the polynomial coefficients are measurable, as required in that lemma. We decrease the
constant ¢y of that lemma and increase C; to include the bounds for the normal Hessian,
the lower bound for the phase, the bounds for the amplitude, and the Lipschitz constant
just verified. No matrix L is substituted in this application. We obtain

ad,y (]// 0)

22| [ ) S

EP,(Go,) dvol(y) + Oy 1,0 (v/7)|.

Since the exponent of (33.1) is E;/g*> = nE;/7, the left side of (33.3) is exactly the
integral of the insertion extended by zero against the unnormalized stopped density,
namely andﬁ]Egn, 1, f (¥)x(0)Py(z0)]. This proves the displayed identity, with the partition
function of Theorem 33.10. The statements about conditional moments and bounded
moments are part (1) of Lemma 33.3. If the conditional law is taken on the whole tube
instead of with the cutoff, the additional part lies outside a fixed smaller normal ball. By
Corollary 33.4 and the bounds on the whole tube verified below, it is exponentially small,
and the conditional statements are unchanged.

Step 4: lower bounds for tangential tests. Let f > 0 with [ fdvol > 0. By the case P =1
of the formula, with the error C VY f f, the numerator is at least ¢, f’yan/ 2 for all suffi-
ciently small . The upper bound of Theorem 33.10 is Z, 4., < Cyg% = Cyn"/29%/2,
with 7 fixed. Dividing, we obtain the uniform positive lower bound for the expectation.
For an event expressed by a bounded insertion, dividing this expectation by the supre-
mum of the insertion gives a lower bound for the probability as well. The tangential
amplitude may depend on 7 arbitrarily within its uniform bounds. O

Proof of the last assertion of Corollary 33.4. We verify the additional hypotheses on the
whole tube in the setting of part (1) of Proposition 33.12, with d = JK. On the fixed work-
ing tube, Step 2 and Lemma 33.9 give nEjx(V(y,v)) > cu|v|?, the quadratic expansion,
and the bounds for the spectrum of H3*. The amplitude ajx ., (y,v) = e Rk (V2D 1(y, 0)
has uniform positive upper and lower bounds there: the centered effective interaction is
bounded on D,, and the Haar density of the based quotient is smooth and positive on the
fixed compact subcharts. These bounds are used before the partition of unity of the atlas
is absorbed into the tangential weight. Then the normal integral over the whole tube is
at least c,7*"/2, uniformly in K and y, and the statements of Corollary 33.4 on the whole
tube apply with 6 = 7, L = H¥®, and rank 2, = 6n° — 2, with constants independent of
K. O

Proof of part (2) of Proposition 33.12. We first count the variables. Then we expand the
classical action to second order along the flat reconstruction, which gives an identity
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SyHnSk = I for the differential Sk of the reconstruction. Finally, we apply the derivative
of the observable and Theorem 33.11.

Step 5: the count of variables. By Theorem 12.13, one averaging step from side Mm to
side m has 6((Mm)3 — m?) real free coordinates. Summing over the | averaging steps of
the jth RG step, from side nj to side nj_1, we find

K
Dj=6(n}—nl ), o+ 21 D; = 6N° —2. (33.21)
j=
These are counts on based quotients. The five flat tangent directions belong to the
stopping field, and they are held fixed in the quadratic computation. The right side
6N — 2 is the dimension of the based tangent space at side N, 6N° + 3, minus the
tive-dimensional kernel of the Hessian of the Wilson action at a regular flat configuration
(Lemma 33.9).

Step 6: the flat reconstruction. At a flat stopping field, Step 1 gives the flat refinement
with vanishing normalized fluctuation variables at every averaging step, with the same
based cycle holonomies and zero classical action. This uses Lemma 14.9 or, under the
alternative local hypothesis, Lemma 33.7. The conditional constrained minimizers are
these flat refinements. In particular, the flat zero-fluctuation reconstruction is critical for
each classical action, and it is stationary for the Wilson flow on the finest lattice. The
tixed domain conditions give smooth constraint coordinates and Haar disintegration
densities near this reconstruction. By Theorem 15.13, the reconstruction maps 7 preserve
the coarse field, the orbit of the minimizer, the free coordinates, the square roots of the
constrained Hessians, and the density in these coordinates. Their gauge transformations
are smooth on these local charts and equal to the identity at the coarse vertices. No gauge
transformation chosen measurably as a function of the configuration is differentiated. At
each RG step we use the nested domains %, € Zpnig € Zout of Theorem 15.13. The flat
coarse field lies below its margin by the domain margins verified in Step 1, and every
free coordinate vanishes. Hence a joint neighborhood of the flat reconstruction lies in %,
before the outer domain of holomorphy is used. The fluctuation cutoff domains satisfy
(33.2), and the reconstruction maps keep these domains, their kernels, and their identities
at the coarse vertices. These checks use only the fixed parameters and the integer sides
mM!, m > n > 4, and no domain depending on the depth.

Step 7: completion of squares. We consider one averaging step with coarse field ¢ and
free coordinate z, and set

F(c,z) = Eqa(b(c,2)),  z=2"(c) +goaK(c) ?w,  K(c) = DZF(c,2*(c)),
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where E 4 and g.1q are the effective classical action and the coupling on the finer side.
The minimizer satisfies D.F(c,z*(c)) = 0. By Taylor’s formula and the definition of K(c),
we have

F(c,z) _ F(c,z%(c))

Zod Zold

The exact identity for the classical actions in Theorem 12.13 identifies the first term with
Enew(€) /2w, and these identities compose over the averaging steps. Since the displayed
derivatives vanish for every coarse field c in the domain, U! has no joint Taylor terms of
total degree at most two in the variation of the coarse field and the normalized fluctuation
variables at the flat reconstruction. Hence, at the flat reconstruction, the quadratic part of
the exponent is exactly

+ %|w|2 + Ud(c,w), ngUd(C,O) =0 (la] <2).

1 1 &
5 (0 HEO) + 3 ) Jwi',  HE = Dy(nEp) (1,0), (33.22)
j=1

where we used that the exponent at the stopping side is Ejx/g> = nEjx/7. Second
derivatives of the changes of coordinates do not affect this conclusion. In the second
derivative of a composed scalar function, they are multiplied by the first derivative of
the function, which vanishes at a flat configuration. Since the dependence of the positive
square roots on the background is included in the differential of the coordinates, it
creates no missing quadratic cross term. The Haar disintegration factors and the effective
interaction remain in the amplitude and are not part of this identity for the classical
quadratic form.

Step 8: Gaussian linear algebra. Let Hy be the Hessian of NEj at the finest flat con-
tiguration, on the based tangent space modulo its five-dimensional kernel; it is positive
definite there by Lemma 33.9. By the count in the proof of that lemma, this quotient
is the quotient of the full space of link variations by the kernel of the Hessian, which
consists of all covariant gradients and the three constant neutral directions. Thus it is
the space on which the lattice covariance of Theorem 33.11(3) is computed, and the ex-
ponent NEy/ is the Wilson exponent (4N /) Y, 4(Up) used there. As in the statement,
v = /7(H¥") "2z, The normalized fluctuation variable w;, of each averaging step
enters through the differential g]',lK].jll/ ij,l of the free coordinate. Composing with all
finer reconstruction steps, we obtain the differential of the configuration on the finest
lattice. After extracting V7Y, we denote by Sk this linear map from (zo, w1, ..., wK) to
the quotient on the finest lattice. It does not depend on <: the remaining coupling
factors are g;;/ /7, and the classical maps and Hessians do not depend on the coupling.
Since the quadratic part of NEy/<y at the finest flat configuration, composed with the
reconstruction, is (33.22), we have

SyHnSk = 1. (33.23)
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This makes Sk injective. Since its domain and codomain have the same dimension by
(33.21), Sk is invertible, and

SkSg = My
Equivalently, consider independent standard real Gaussian variables in the normal coor-
dinates of the stopping field and in all normalized fluctuation variables. In the auxiliary

quadratic model, the differential of the reconstruction sends them to the Gaussian field
on the finest lattice with covariance ’)/ngl.

Step 9: the observable. Let /x be the derivative of the flowed based cycle logarithms
on the finest lattice, followed by the projection onto ;. By the computations for gauge
directions and flat tangent directions in the proof of Theorem 33.11, /)y vanishes on the
kernel of the quotient. Applied to the columns of Sk, it gives exactly the response maps
of the statement:
KNSK — (AO’K, Al,K! c ey AK,K).

The finest flat reconstruction has the same based cycle holonomies as the constant links
e®1/N_ " To justify the use of this Fourier representative, we fix a spanning tree and
compare the flat transports of the reconstruction with those of the constant links. Their
transports along the tree determine a periodic vertex gauge transformation, equal to the
identity at the root, because the three cycle holonomies agree. This gauge transformation
identifies the two flat configurations. The Wilson action and the Wilson flow commute
with it, and the based holonomies are the same before and after it. If such a gauge
transformation depends on parameters, its derivative contributes a covariant gradient,
whose normal logarithmic response vanishes by the same computation. The covariance
of ¢y is therefore exactly the one computed in Theorem 33.11(3), and

Aj kAl = INSkSxLy = INH N = Zg (1)
0

K
]:
Taking traces and using the uniform upper bound for £} on the patch, which follows
from Theorem 33.11(1) and (3), we obtain Z]K:OHA]',KH%—IS < 4C.

Step 10: the block of the stopping field. If Tk is the response of the normal variable of
the stopping field before normalization, then

H¥' =nHE, Aok = Tx(HEY) Y2 = n V2T (HE) /2.

Multiplying by the transpose, we obtain the last identity of the statement. For K = 0 this
block gives the whole covariance; in particular, it cannot be omitted. Since the gauge
transformations of the reconstruction maps # are equal to the identity at the coarse
vertices and contribute only gauge variations, which are annihilated, the proof applies to
these maps without a new choice of representatives. No growth in the number of scales
enters the trace bound or the error of the Laplace approximation. O
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Remark 33.13. The convergence of the effective classical actions as the depth tends to
infinity (Theorem 11.2) does not allow one to replace the phase at finite depth in an
exponent divided by g?, uniformly as ¢ — 0. None of the proofs above makes such a
replacement. The Gaussian covariance computed here is the covariance of the quadratic
model at a flat background; transferring its moments to the flowed observables under
the interacting measures requires the additional estimates of Sections 34 and 35. The
identification of the limiting observables uses Theorem 29.25, and Lemma 5.6 identifies
the continuous functions of the cycle holonomies that are invariant under simultaneous
conjugation as functions of the seven traces; neither identification replaces a comparison
of normal moments.

33.9 An Abelian comparison measure

For later comparison with the measures A, we record one explicit comparison measure
in which all cycle holonomies commute: the Abelian Maxwell measure with Haar cycle
holonomies of Definition 4.13. It is used, together with the other comparison measures,
in Sections 35 and 36.

Lemma 33.14. Embed the subgroup {e"® : v € R} of SU(2). Take a centered transverse
Gaussian Maxuwell field with one real color on TS, with covariance g3(—A) ™ Py, where (—A) T is
the inverse of —A on the nonconstant Fourier modes and Py the projection onto transverse fields,
and three independent phases, uniformly distributed in (R/47Z)% and independent of the field.
Smooth the field by the scalar heat flow at a fixed positive time, add the flat connection with these
cycle phases, and form the three cycle holonomies in the embedded subgroup. Then the following
hold.

1. The smoothed field is almost surely smooth, so the holonomies are defined. Conditionally on
the Maxuwell field, the three cycle angles are distributed according to the Haar probability
measure on (R/47Z)3; hence their joint law is exactly Haar. The three holonomies commute,
and an independent common random conjugation does not change the value of any function
invariant under simultaneous conjugation.

2. Let Ry, be the Euclidean norm of the three logarithms of the cycle holonomies, taken in the
principal chart. For every nonnegative ¢ € C((1,2)) and every 6 with 0 < 46 < 2,

2
(R /6) = (477)3 478° /1 o(0)0? do.

This lemma specifies a comparison probability measure and makes no assertion about the Wilson
measure.

Proof. In the Fourier modes k = 2mm/L, m # 0, we use the transverse multiplier
g3|k|72(I — kk7/|k|?) in one real color, with real sine and cosine bases orthonormal
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in L?(T?%, dx). Independent real Gaussian coefficients in a transverse orthonormal basis
define this field. For every s > 1/2, the expected sum of the squared coefficients with
the weight (14 |k|?)~* is finite, since Y, .o|m| "% < co. The weighted sum of squared
coefficients is then a nonnegative random variable with finite expectation, and the Fourier
series converges almost surely in this weighted Hilbert norm. This constructs the field as
a distribution. After any positive heat time, the expected sum of the absolute values of
the differentiated Fourier coefficients is finite at every order of differentiation, because
of the factor e~***, The smoothed field is therefore almost surely smooth, and the three
cycle integrals are defined.

We add the independent flat connection whose three cycle integrals are the indepen-
dent uniform phases «; € R/47Z. In the embedded Abelian subgroup, each smoothed
cycle angle is a; + I; modulo 47t, where [; is a function of the Maxwell field. Since a
translation of a uniform variable on the circle preserves its law, the three angles are dis-
tributed, conditionally on the Maxwell field, according to the Haar probability measure.
If B; € [—27,27) are their representatives, the distance of ¢fi™ from the identity is |B;],
and R,, = |B|. Since the support of the insertion lies in the Euclidean ball of radius
26 < 27, polar coordinates in R? give

4m) > [ 9(181/6)dp = (4m) 478 [ gle)o? do

All group elements here belong to the same Abelian subgroup. An independent common
conjugation therefore preserves the values of all functions invariant under simultaneous
conjugation, and it preserves commutativity. This completes the proof. O



SECTION 34

Uniform fluctuation bounds and comparison
of holonomies

In this section, we prove estimates for the conditional refinement of the coarse field to
the fine field that are uniform as the dimensionless coupling v = ¢5L tends to zero,
and we transfer them to the holonomy matrices of the Wilson flow at a positive time.
The main application is Theorem 34.13, which is Theorem 2.9: every subsequential limit
of the continuum measures A, as v — 0 is supported on stationary flat trajectories.
The holonomy estimates are also the inputs for the normal fluctuations near regular
commuting triples in Section 35 and for the quartic asymptotics near the central triples
in Section 36.

The basic comparison is the following. We fix the coarse field and the normalized
fluctuation variables of the first m renormalization group steps from the coarse side, and
we set the normalized fluctuation variables w; of all later steps equal to zero. Applying
the same reconstruction maps gives a configuration on the finest lattice, which we evolve
by the same Wilson flow as the reconstructed field. We then compare the holonomies
of the two flowed configurations around fixed loops, as matrices in one common initial
gauge frame. The comparison configuration is neither the interpolation of the field on the
m-th lattice nor a conditional mean: setting w; = 0 is different from setting the centered
variable w; — E(w; | F;_1) to zero.

We use three probability settings, summarized in Table 34.1.

Two estimates explain the exponent conditions used throughout. First, under the
conditioned measure the reconstructed field at mesh ¢; has supremum norm at most of

order ro/ + gg\/zj pj, where ¢ < B~1/2 is the contraction factor of the zero-fluctuation

reconstruction maps and p; is the logarithmic cutoff on the fluctuation variables. The
signed difference between the linearized reconstruction and the interpolation of the
coarser field costs a factor 6]”.‘*1 in the norm of the linear heat evolution. Its random part

x—1/2
5

therefore has size g3 , which is summable over the geometric sequence of meshes

because &« > 1/2. A classical quadratic term has size sz / Ej, which is summable because
Bo? < 1. The second point concerns maxima. The supremum over the finest lattice of a
linear function of the fluctuation variables would cost a factor y/log(L/a), which grows
as the finest mesh a — 0. Instead, we cover the coefficient arrays at the mesh ¢; of their
inputs, in metrics of bounded diameter, and chain in these metrics. The loss is then

114
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Setting What is fixed Random variables Conclusion

Conditioned Wil- The  parameters; Fluctuation vari- Holonomy differences

son measure the coarse field is ables with their have moments of order
(Theorems 349 random conditional fluctua- <?/2, and the leading term
and 34.10) tion kernels decays in m

Prescribed coarse Every initial field The same kernels, it- Moments of order ” 2 of
field (Theo- v = % with erated from v the supremum over a time
rem 34.11) 160]|c0 <7 interval, uniformly in v
Prescribed flat field A  regular flat Independent stan- The omitted Gaussian co-
(Lemma 34.12) coarse field y dard Gaussian variance decays geometri-

vectors inserted into cally in m
derivatives of the
reconstruction

Table 34.1. The three probability settings of this section.

\/ log(2+ L/¥;), which is summable against the positive powers of £;. Combined with
dimension-free concentration for the conditional fluctuation kernels, this gives moment
bounds of order /7 without a factor |log | in the leading term.

The proofs use the following inputs. The concentration estimates for the conditional
fluctuation kernels are those of Theorem 5.4, which adapt the methods of Brascamp and
Lieb [33] and Bakry and Emery [8] to products of balls with reflecting boundary. The
quadratic estimate there is of Hanson-Wright type [108], in the setting of dependent
coordinates exemplified by Adamczak [1]. Neither independence nor Gaussianity of
the fluctuation variables is used. The maximal estimates use increment chaining in the
tradition of Dudley [79] and Dirksen [74, Theorems 3.2 and 3.5], in the elementary form
of Lemma 16.4. The reconstruction maps, their coefficient bounds, and the conditional
kernels come from Section 15; the zero-fluctuation maps are built from constrained
minimizers in the tradition of Balaban’s background fields [10, 11, 13, 16]. The parameters
are those of Theorem 23.2. The coefficient bounds for the four parts of a reconstruction
increment and for their ordered quadratic products are those of Sections 26 to 28. The
decomposition of a rough initial datum into its linear heat evolution, its quadratic Picard
term, and a smoother remainder follows Da Prato and Debussche [63] and Cao and
Chatterjee [42]; the lattice flow theory is in Sections 24 and 25, and the flow is Liischer’s
Wilson flow [128]. The final theorem uses the continuum measures and the energy
compactness of Section 29, which rest on the state space of Cao and Chatterjee [43] and
on Uhlenbeck’s compactness theorem [151], and the stopped measures on the coarse
lattice of Section 33.
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Sections 34.1 and 34.2 fix the notation and collect the deterministic inputs: heat
estimates, covering estimates for the coefficient arrays, the zero-fluctuation continuation,
and two elementary probability facts. Sections 34.3 to 34.6 prove conditional bounds
uniform in v, recall the stability of based holonomy matrices, and compare the two
reconstructions, first through their flow data and then through their holonomies, under
the conditioned measure and for every prescribed coarse field. Sections 34.7 and 34.8
contain the applications: the Gaussian estimate at a prescribed flat field and the flat
support of the weak-coupling limits.

34.1 Setting and notation

Throughout this section we fix L > 0, 6 > 0, a finite horizon T > 012, an odd integer
M > 3,aninteger ] > 1, B = M/, and a coupling ceiling 0 < 9 < 1. All parameters of the
small-field event, the analytic domains, and the coefficient bounds of the reconstruction
are fixed as in Theorem 23.2, before v € (0, o] is chosen. We fix an integer n € 4NN in
the lattice refinement sequence under consideration, at least the minimum coarse side of
Theorem 23.2, and such that every flat coarse field has a representative well inside the
small-field domain. Precisely, we fix rq,; < r with 271/n < rga/4, so that Lemma 14.9
applies; here r is the radius of the small-link domain B,. We use the exponents

%<a:aﬂ<%, ,B:oc—%, Kﬂzl—%”‘, O0<o=0sm<1—uq,

and the weighted norms X§, Y%, H?, and V{ of Definition 4.8 on the time interval [0, T].
These norms include every component, every physical first difference, and every shift of
the Wilson stencil required there. For a random norm such as X3 (f), we write ||X§(f)|[,
for the LP norm of this scalar random variable, and similarly for conditional L norms.
The moment order p is unrelated to the cutoff radii p; defined below.

Definition 34.1. Fix an integer K > 0 and set N = nBK. For 0 < j < K put

L__. 04 _
1. Conditional refinement. Let v = vy ,,, be the conditioned Wilson measure. Let @\0 be
the link logarithm of the coarse field on A, in the gauge of the reconstruction maps,

and for 1 <j < Klet

0j = (-1, (gj,wjr)r),
where C/I\Dj is the reconstruction map of Theorem 15.13 for the j-th renormaliza-
tion group step counted from the coarse side, from mesh /; 1 to mesh /;. Here

wj = (wj,), are the normalized fluctuation variables of this step, r runs over its
intermediate scales, and ¢;, are the couplings of these scales; their ratios to t;
&8j, piang j
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lie between M—U=1/2 and 1. Let Fi= (7(50, wy, . . .,wj) be the backward filtration.
Conditionally on F;_1, the vector w; has the law kj(gj_l,dw]-) of the conditional
fluctuation kernel (4.8) of this step, on its fluctuation cutoff domain and at prior

depth J(K —j) (Lemma 15.10 and Theorem 15.9).
2. Zero-fluctuation maps. Let P;(v) = CTDj(U,O) and L; = DP;(0). There exists a convex
working ball, given by Lemma 15.16, which contains all the fields HA] and all the
zero-fluctuation continuations below, and on which
_log Amap

supHDP]H < Amap;, amap\/g < %, q= Ba%nap <1, K = logB

]

1
> 3.

We write ¢ = amap. The absolute coefficient bounds of the reconstruction maps
(on rows and on volume-normalized columns), their bounds in the weighted heat
norms with first differences, the bounds on the three ordered quadratic forms
of Theorem 27.5, the bounds on the conditional means, and the bounds on the
derivatives of the normalized conditional log-densities with respect to the incoming
field, dlogk = —dV + EdV (with the parameters and bounds of Theorems 13.10
and 15.9), are fixed on a larger domain before the working ball is chosen. Since
Janc < q, the ratio q may be used in place of ganc in all the estimates of Section 27.

3. Zero-fluctuation continuation. For 0 < m < K let @\]0 = 5] for j < m, and 5]0 =
P; -+ Pyy10y form < j < K.

4. Flow data. Let Ij;—a be the cardinal interpolation of Lemma 16.3 from mesh ¢; to
mesh a, with I,_,, the identity, and let P} be the lattice heat semigroup. On the finest
lattice define R

xXj =P 0(0;/45),  yj= Qalxj xj),

) =Pya(0]/6), ) = Qulx]. %)),
where Q) is the bilinear Duhamel term of the Wilson flow with gauge damping, in
the order displayed in Section 4; it is not symmetric.

5. Increments. Let Aj = @/Zj, H=1{;_1,and {j = w; — E(w; | Fj_1). Thend; = xj — x;_1
satisfies dj =Ssj+zj+ri+uj where

9
5j = g—jP.”IeﬁaEaHCj, zj = Pl 0 (Aj — E(A} | Fj1)) — s
Lib:_, 01
ri = P! <I£j—>a# - IH—)a]?>/ (34.1)
Lo 4
ujp= Py .U}, U) =B(A;| Fj1) - %

]

Here Ej is the normalized first Taylor coefficient of the reconstruction at the condi-
tional mean, in the centered fluctuation variables, as in Lemma 26.2. Thus s; is the
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centered linear fluctuation term, zj the centered nonlinear heat term, rj the signed

interpolation defect, and u; the predictable term. For j > m the continuation has
cLo
j

) with U]?I(v) = Kj_l(P]-(v) — Ljv).

6. Holonomies. Let HX = (HX)3_, be the based holonomies around the three coordinate
‘(gfz) (exp Bk ), that is, of exp B after the Wilson flow

for the lattice flow time 4012 /a%. Let EX = (E‘fn,i)?:l be the same triple for exp 5%

Both triples are computed in the common initial frame of the reconstruction maps.

increment d¥ = x0 —x9 . =Y 4+
creme i i i1 ]—I—

cl,lo _ 1,90

, where r? is r; with 5]-,1 replaced by 510_1, and

cycles of T3 of the configuration ¥

The two configurations on the finest lattice compared in this section are
Uk =expbx,  UR,, =exp(Px-+Pyi10m).

Above level m, the first is refined with the random fluctuation variables and the second
with zero fluctuation variables:

~ $m+1('1gwm+l)
O >

7

90—>

)

9m+1 —
pm+1 7m0
9m+1 —
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We have U]Q = U]d(é\j_l) + m})h(é\]’_l), where the conditional mean correction m}’h(v) =
E(Aj | Fi—1) — Kj_lpj(v), at 1/9},1 = v, is the difference between the conditional mean and
the zero-fluctuation value. It enters d; — d? and is estimated separately, never as part of a
centered term.

We call #K the flowed holonomy triple and EX the zero-fluctuation continuation triple.
With a; =/}, g; = g;, the common mesh & = 4, and the depth 9; = J(K — j), the four terms
in (34.1) are those of Lemma 26.2. There the logarithmic reconstruction map is %;(6, w;) =
</1\>]'(9, (8j,wj)r); for an incoming link logarithm v, the zero-fluctuation reconstructed
lattice potential is C;(v) = €]._1Pj(v) ; and the linearization on lattice potentials is P; = BL;,
so that Kj*lev =H _1Pjv. The expansion is taken at the conditional mean, not at zero
(see Remark 26.3). In particular, the centered nonlinear heat term is z; = P,“Igj_mZ]', the
heat evolution of the conditionally centered nonlinear reconstruction residual Z; of that
lemma.

Constants. Unless stated otherwise, constants C, ¢, ... have the dependence described in
item (6) of Definition 4.14, and may in addition depend on T, «, o, the lengths of the loops
considered, the margins of the reference neighborhoods of the flow, the fixed coefficient
bounds of the reconstruction, and the fixed bounds on the conditional fluctuation kernels,
their conditional means, and the derivatives of their log-densities. These data are fixed
before the coupling is varied. The constants are independent of <y, K, N, the prior depths,
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the indices m, j, i, and the finest mesh, unless an index is displayed. A subscript p allows
dependence on a fixed moment order. All estimates concern the torus itself; no block
region or frozen coordinate is varied. Recall that g3 = /L, that gj = gg\/z is the

coupling at mesh /;, that ¢; is the largest coupling of the intermediate scales of the j-th
step, and that p; is the cutoff radius of its fluctuation variables.

Quadratic forms pulled back to earlier levels. The quadratic Picard term of the signed
defect and of the predictable term is controlled through quadratic forms in the fields of
earlier levels, as in Section 27. For0 <i<j—1letL; 1, =Lj 10---oLjyy, withL; 1; 1
the identity, and for an array v at level i we define

L]'L]',Lﬂ)

6o

L]'L]',Li?) 7 le,ﬂ’)

g. ,j,1—>a 6]_1

Ujiv =Py
j

The three ordered quadratic forms are

T(0,0) = QuUo V), T (0,0) = QulV,i0,Uy0),
TYY (v,0) = Qa(Vj0,Vj,v),

and we write w € {UV,VU,VV} for the label. Since V- 19 1 = rjand U]-,]-_lfjj_l —
V],]_19] = xj_1, we have, at (9] 1,9] 1),
Qll(rj/r]) rT]] 1s Qa(xj—lzr]) ’T]] 1 ’T]] 1s Q(Z(rj/ xj—l) ’1"]] 1 ’T]] 1

(34.2)

The same identities hold for the continuation, with r x] 1 and 9 . Let Sj;_1(v,v) be

the quadratic part of Igj_mLI]d( v), and S;;(v,v) = S],]_l(L]_le, L]_le); we call S;; the

quadratic initial forms, and we call H{ the initial-array norm. By construction both kinds

of forms are pulled back exactly by the linearized maps:

Tw

iic(o0) =T (Lo, Liv),  Sji—1(v,0) = Sji(Liv, Liv). (34.3)

By Theorem 27.5, the coefficient norm of T} with output in the norm Yy is at most
C(1+j)°q/~1="/¢;, and by Theorem 27.7 the coefficient norm of S;; with output in Hg is
at most Cq/ =17 /¢;. We write Kji = g1 /¢,

These coefficient bounds also hold on every compatible common mesh a < ¢;, includ-
ing meshes outside the geometric ladder. Here compatibility means that the ratios of
the input and intermediate meshes to a are integers. We verify this extension using the
absolute row and volume-normalized column norms R, C, and their bilinear counterparts
Rz, Ca, of Lemma 27.1 and Theorem 27.5. Set H =¥¢; 1, G = {;,and k = j — 1 —i. Apply
Lemma 17.2 with final mesh g; its integer refinement hypothesis holds by compatibility.
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The zero-mass and first-moment argument in the proof of Lemma 27.1(2)—(3), followed
by the preceding linearizations, then gives, for r =0, 1,

(R+ C)(DZU]'IZ‘(S)) < CrA]','(S + HZ)—r/Z/
(R+C)(DV,i(s)) < CrAji(s + H?) " 2dy(s),

Here Ajj = C&p/G and dyy(s) = H(s + H?)~!/2. The matrices are the coefficients at time
s of the displayed linear maps. Both column bounds use cancellation of each column
before the earlier linearizations are composed; row bounds alone would not suffice. Each
ordered quadratic Picard source .7 contains one spatial difference and at least one
factor V. The pointwise-product bounds of Lemma 27.1(1) therefore give

CAZH CK::
(Ro+C)(#9) < —L :

< V,VU, WV
_S+H2_S+H2, CUG{U,U, }/

because A]ZiH =gk /G <qd/G = Kji. One input uses a column bound and the other
a row bound, so their intermediate volume factors cancel. The outer heat kernel has
row and column norm one, and its first difference has both norms at most C(t —s)~1/2.
Consequently

(Ra+ C2)(T(t)) < CKjilog(1+t/H?),

(Ro-+ Co)(DUT(1) < CKy [ (1= 9) V2 (s 4+ H2) s,

For t < H?, multiplication by the two weights (¢ + a?)f and (t + a%)* bounds both terms
by CKjiHZ“_l, since a < H and 28 = 2a —1 > 0. For t > H?, splitting the integral
at t/2 gives the bound Cr,K;i[1 +log(1+ T/H?)]. The factor H**~! is bounded for
H < Hy, and (34.8) controls the logarithm by C(1 + j) uniformly in the common mesh.
This proves the asserted Y coefficient bound. For §;;, start with the static bound (27.31)
before interpolation. Cardinal interpolation on any compatible mesh preserves its row
and volume-normalized column bounds, and heat splitting gives the same bound in HZ.
No constant in this extension depends on H/a.

The identities (34.3) give a cancellation that we use repeatedly. For a bilinear form A
and P = L + E with L linear and E(v) of order |v|?, we have

A(Pv, Pv) — A(Lv, Lv) = A(Lv, Ev) + A(Ev, Lv) + A(Ev, Ev). (34.4)

The right side has degree at least three in v. Its difference at two points v, v’ is bounded
by (|o| + |¢'])?|v — ¢'| times the coefficient norm of A, and two undifferentiated factors
remain. With A = T]“; or §j; and P = P;, L = L;, this identity reduces the comparison
of quadratic forms along the two reconstructions to centered fluctuation terms, classical
terms of degree at least three, and conditional means.
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The bilinear expansion of the quadratic Picard term. Since 9, is bilinear, we have

l
Vi—ym= Y, {Qa(xj_1,d;) + Qa(dj, xj_1) + Quld),d;)}. (34.5)
j=m+1

Inserting d]- =sjtzj+ri+tu; produces, for each j, the sixteen ordered products Q, (U]', wj)
with v,w € {s,z,r,u}, and the eight cross terms Qa(xj,l,v]-) and Qa(vj, x]-,l) with the
preceding field. We never estimate a product of two rough heat paths in the norm
X directly. Instead, each term is handled by one of four tools: the estimates for the
quadratic expression in the centered linear term in Theorem 26.12; the mixed linear rows
of Theorem 26.10, for a product of S with a predictable heat path; the forms (34.2); and
the ordered product inequality of Lemma 28.5, which states that for two heat paths v and
w = Pwy,

YZ (Qa(vz ZU)) + YZ (Qa (w, U)) <C Xg(v) HZ(ZUO), (34.6)

separately for the two orders, with a constant independent of the coupling, the coarse
side, and the depth. For differences between the two reconstructions we use the identity

Qa(v,u) — Qa(v°, u?) = Qu(v,u — u??) + Qu(v — 0%, u?), (34.7)

where v € {s,z,r,u} and v° = 0,0,7°, uc0 respectively, together with the identity in
which both arguments are interchanged; for the cross terms the same identity holds with
(v,0%) = (x]-,l,x](.)_l). Table 34.2 lists the tool used for each term in the three proofs
where the expansion appears.

34.2 Heat estimates on a common mesh and fluctuation tails

We first record the elementary calculations needed to apply the coefficient bounds of
Sections 15 and 26 to 28 uniformly in the coupling, and we specify which part of each
earlier estimate at fixed coupling is used.

All uses below satisfy the following domain conditions. Each renormalization group
step consists of | averaging steps; the lattice at level j has side nB/, and the prior depth at
level jis J(K —j). Since #§ = «/(Mn) and t; = t1B=0U=1/2 the minimum-side condition
of Theorem 23.2 puts every t; below the upper bound on the couplings in the conditional
kernel theorem. The inputs g;,w;, of the reconstruction maps have size at most ¢;p;, and
the larger coefficient domain and the working ball are those of Lemma 15.16, fixed before
the coupling. In particular the deterministic amplitude bound of that lemma applies
to these inputs, and the bounds with the factor amap used below require no stochastic
estimate uniform in the mesh. The heat horizon is always T. Every refinement ratio
¢;/a = BX~ is an integer, and every order of spatial differences used below is an integer.
The side n satisfies 27t/n < rga/4, hence the condition on flat fields in Lemma 14.9.
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These conditions let us evaluate the coefficients at zero fluctuation for a fixed incoming
field, including a flat one; they do not identify a stopped measure with a marginal of the
conditioned Wilson measure.

The linearized maps have the geometric contraction ratio ganc = Cip/B of
Lemma 15.16, and by the choice in Definition 34.1 we have ganc < q < 1. All geo-
metric losses below are taken from the positive gap —logq/ log B and the other positive
exponents displayed in this section. The two ratios remain distinct in the normalization
of differentiated coefficient rows; see (34.21).

In every use of the weighted coefficients of Theorem 27.5, the constants may depend
on the coarse mesh Hy = L/n. Indeed, for H = {; 1 = HoB~U-1) and j > 1 we have

1+1log(1+T/H?) <1+1log(1+T/H3)+2(j —1)logB

, (34.8)
< CrH,(1+7),

where in the first inequality we used 1+ B2U~UT/H2 < B2U=1(1+ T/H?). This con-
stant is independent of the coupling, of all level indices, of the prior depth, and of the

finest mesh. The coefficient rows without time weights keep the dependence stated in
Theorem 27.5.

Lemma 34.2. Put Hy = L/nand A = —logq/logB = 2x —1 > 0. The following bounds
hold.

1. For cardinal interpolation from any input mesh H > a compatible with the common lattice,
that is, with H/a an integer, and every fixed integer q > 0,

IDIP 11400 ]|eo < Cqlt + H?) ™20 o, (34.9)

2. Let E be a coefficient array of a reconstruction map with respect to normalized fluctuation
variables at input mesh H, whose output-fixed absolute coefficient row sums and volume-
normalized input-fixed column sums satisfy the bounds of Lemma 15.16. Then

sup||DPf I—saE(x, ) | 2y < CuHY2(t + H?) /47972, (34.10)
X

where (% (w) is the counting (> norm in the fluctuation variables, and the operator norm of
DIP# 1y, E from ?(w) to the physical space L2, with measure a® times counting measure,
is at most C;H 3/2(t 4 H?)~9/2. The constants may depend on the fixed ratios of the reference
volumes of the coordinate types within one renormalization group step.

3. Let H={j_y, and let Zjv = I;_,,(Ljo/ ;) — Iri—q(v/ H) be the initial value of the signed
defect r; when the incoming field is v. Then

X3(P'Zjv) < CH* 0] co- (34.11)
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4. Let Vi(v) be the part of degree at least three of the initial value Igj%au;’l(v) (this V; is

unrelated to the coarse configuration V' of Section 34.8), so that I, U]?I(v) =S;i-1(v,0) +
Vi(v). On the working ball,

C
1Vi(v) = Vi(v')]|eo < 7 (ol + 10 ]le0) ]2 = 0| co- (34.12)
5. The conditional mean correction satisfies
h ~ h -~
|2 (0) oo < Cll0lloe,  UP = UL (Bj_1) +mE"(B)_1). (34.13)

Every bound on the supremum norm of an initial array in items (4) and (5) implies the
corresponding bound in the full norm HE, with a fixed factor.

6. If x = P'Iyy,(v/H) and h = H/B, then

sup{ (£ + 122 [x(8)lloo + (£ + 1) * V2 Dyx(t) [} < CEXE(x) + ollooHY ).

t<T
(34.14)
Each fixed higher difference Djx satisfies the corresponding bound with the weight (t +
hz)(a+q)/2_
7. Forb>0,e>0,0<s < min(e,A), and m > 0,
Y (1414)"B™% < Cyo(1+m)"B~*", (34.15)
i>m
R i
S (4) (@ B < (14 m) B (34.16)
j>m i=1

The corresponding fixed-level bound, including the initial contribution and every earlier
ancestor, is

P il .
A+ (f 7+ L a T T S Ces(1 )BT, 21 (34d6a)
i=1
These constants depend on b, e, s and the fixed B, A, and not on m or j.

Proof. We begin with the cardinal interpolation. It has tensor-product basis functions
¥((y — x)/H), where ¢ = ¢®3 and ¢(u) = bo(u)/ Yyez bo(u — k) for the fixed even
smooth bump by of Section 16.2, which is supported in [—1, 1], positive inside, and flat at
its endpoints; in the notation there, by = b, ¢ = {, and ¢ = (3. Its translates sum to one.
Grouping the fine vertices according to their offset in a coarse cell, we find

¢ L wly—0/H) = 1@ S distly, )yl —x)/H)| < CHY
YEAN y
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Taking g differences of the smooth basis costs C;H ™7, independently of a/H. In particular
these statements also hold for H = a, where the interpolation is the identity on arrays.
The scalar heat estimates follow from the symbol

3
wa(k) =4a2)Y sin*(mak;/L), k€ Z? |k| <L/(2a).
i=1
On this frequency cube w,(k) > c|k|?/L?, and the symbol of D is at most C,(|k|/L)7. By
Parseval’s identity and comparison of each unit frequency cube with the corresponding
Gaussian integral, we have

||DZPf(x, ‘)“Lg < Cyrr(t+ az)*3/4*ﬂl/2,

where the kernel is taken with respect to the physical measure. The corresponding
L! bound is Cyr,r(t+ a%)~1/2. To prove it without discarding the constant mode, we
periodize the heat kernel p; of the infinite lattice. By the Cauchy-Schwarz inequality with
the weight (1 4 |x|2/(t + a?))? and Parseval’s identity, the L' norm of Dp; is at most

C(t+a2)3/4|{(1 + !x|2/(t+az))DZPt(X)HL5 < Cq(t+a2)—‘7/2.

In the last inequality, we used that multiplication by x; corresponds to differentiation of
the Fourier multiplier. Differentiating e ~“s once or twice produces the factors —td;w, or
t2(9;wq)? — td?w,, respectively, multiplying e s, and differentiating a difference symbol
lowers its frequency power by the number of derivatives. The bounds |d;w,| < C\/w,
and |0?w,| < C, together with the Gaussian integrals above, give the displayed powers.
For t < a2, the difference stencil and the facts that Pf is positive and has mass one (which
follow from the Poisson series of the nearest-neighbor walk) give the bound C,a™1 instead.
Periodization does not increase the L! norm, and the contribution of the constant mode to
the L? norm is bounded on the horizon T by a constant depending on L and T. Splitting
at t = H? now proves (34.9): for t < H? we put the differences on the cardinal basis and
use that P/ has mass one, and for t > H? we use the L! bound and t +a? > (t + H?) /2.

Next, we prove item (2) from its assumed output-fixed absolute coefficient row bounds
and volume-normalized input-fixed column bounds. For the reconstruction coefficients
used here, these joint bounds are supplied by Theorem 15.13(2) on the products checked
in Lemma 26.1. Let J = Ig_,,E. Its absolute row sums are at most C, and each of its
columns has physical mass at most CH®. For an input & in counting £2, by the weighted
Cauchy-Schwarz inequality we have

2
PY|C Tnea| <@ LITallenP Tl < CH Y Je
y oA YA H A

For t < H?, the absolute row of the differenced cardinal interpolation bounds the I
row in (34.10) by CH ™7, and its volume-normalized column sum gives the same Schur
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bound for the operator norm with the extra factor H™7. For t > H?, we compose
J: >(w) — L2 with the physical L2 row of DjP?# computed above. The two norms
multiply to CH3/2+73/4-4/2 'which proves (34.10). Composition with the operator DZP{’
on L2, whose norm is at most Ct~1/2, gives CH®/?t~1/2 and proves the operator bound.
Conversion to the counting output norm would introduce a factor a=3/2, which is canceled
by the conversion of the physical heat-kernel coefficient row. Coordinate types at the
other | — 1 meshes of the step change these factors only by fixed powers of M.

For item (3), we use the signed mass identity of Theorem 15.13(4) and the column
calculation of Lemma 27.1(2). The column of the linearized refinement and the column
of the parent cardinal interpolation have equal physical mass, separately for every input
orientation and color, and their difference has first absolute moment at most CH* about
the input location. In a heat convolution we subtract the kernel value at the input location
before summing such a column. Using the first difference of the kernel and this moment,
we obtain, for every fixed integer g > 0,

Cyllol]eo H

Vit+HZ

For t < H? the same estimate follows from the unsigned cardinal rows. For t > H? the
row bound requires a sampling estimate. On a cube of side H, repeated one-dimensional
telescoping and averaging bounds the supremum of a sampled scalar function f by
CH™3 Yjpl<s H | DI f |11 on the enlarged cube, with at most one difference in each
coordinate. In one dimension, we choose a vertex where |f| is at most its average and
telescope from that vertex; this is the discrete form of |f(x)| < H™! [|f| + [|Df|. We
apply it successively in the three coordinates. Applied to a differenced heat-kernel
coefficient row, it shows that the sum over the cubes of H> times the local supremum is
at most the L! bounds of its differences through three further orders. When t > H?, these
are at most C(t + H2)~(t1/2 since H/+/t + H2 < 1. The first moment of the column
gives the remaining factor H. For columns outside a fixed enlarged cube we apply
this estimate on successive shells, whose polynomial volumes are summable against the
exponential decay of the coefficients. This proves the row bound without counting output
sites. Multiplying by the two weights of X} and using a < H proves (34.11); the weighted
maxima are at most CH* ! since a < 1.

For item (4), we expand P; = L; + Pj» + Pj >3 on the larger domain, where P, is
quadratic and P; >3 has degree at least three. The coefficientwise majorant series of
Lemma 15.16 bounds the difference of the part of degree at least three by C(||v| +
|'])?|lo — ¢'|| on the working ball. Division by ¢; = H/B and interpolation prove
(34.12), with B fixed.

For item (5), (27.41) directly gives Hmfh(v) lo < C](t]Z/Kj) ||7]|eo- Since t]Z/Ej =M1,
the fixed factor M/~ is absorbed into the constant, proving the bound in (34.13). The

IDIP? 20|00 < (t+H?)"1/2
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decomposition of U]Q is the conditional-mean identity of Theorem 27.7 and Lemma 28.5,
together with Lemma 26.2. Since the heat semigroup contracts the supremum norm, the
value part of H%(f) for an initial array f is at most Cr | f||«; the bound ||D,Pf f|le <
C(t 4+ a%)~12|| f||e proved above gives the same bound for its first-difference part.

For (34.14), when t > H? we have t + h? < 2(t + a?), and the weights are bounded
by those of X?. When t < H?, we use (34.9): for instance (t + h?)*/?||x(t)[|e <
C(2H?)*?H7||v||. For a higher difference, above H? we put the additional differ-
ences on a half heat step, and below H? we put them on the cardinal basis. This proves
the assertion about higher differences.

To prove (34.15), we write i = m+k and use 1 +m +k < (14 m)(1+ k); the remaining
series is Y1 (1 + k)?B~% < co. For (34.16a), use ¢ = B~* and factor B—3U=1 out of the
convolution. Its remaining summands are

B-A=9(1=p=le=a)i 1< <1,

Their sum is bounded by the product of the convergent geometric series with ratios
B~(*=s) and B~(¢=5). The initial term has the same bound because A > s; the fixed factor
B’ converts B—5U~1) to B=%/. This proves the fixed-level bound. Summing it over j > m
and applying (34.15) with exponent s proves (34.16), including all ancestors i < m and
the initial contribution. [

The next lemma prepares the chaining arguments. Each component of a reconstruction
increment is a random field indexed by time, position, and finitely many labels, and
it is a linear, quadratic, or nonlinear function of the normalized fluctuation variables
of one step, with deterministic coefficients. We divide each coefficient by the scale at
which it is expected to be bounded, and we measure the distance between two indices
by the distance between their normalized coefficients. In the lemma, we show that these
coefficient metrics have bounded diameter and covering numbers polynomial in L/h,,
where h, is the input mesh of the coefficients and not the finest mesh a. This is why the
maximal estimates below contain log(2 + L/¢;) rather than log(L/a).

Lemma 34.3. Fix the cutoff radii, an incoming field in the reconstruction domain, and a common
mesh a no coarser than all input meshes in use. Each process below is indexed by the time
t € [0, T], the position on the lattice of mesh a, and the finitely many labels (components, shifts,
and the choice between value and first difference) required by its norm. Write h = £;, H = {;_ 1,
and for 1 <i<j—1put G=/{; = BFsHwithk =j—1—i, and

bl‘(U) = C] (amap”UHOO + Gipi)-

The quantity bj(v) bounds ||0;|c on the whole conditional fiber over the incoming field v = 6;_;.
We consider the following families.
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1. The coefficient of w; — B(w; | Fj_1) in s, in the norm X§, with scale As.
2. The quadratic part of the initial value of zj, in the norm Hg, with scale Ay, and of the heat
path zj, in the norm X, with scale A 4.
3. The quadratic part of Q,(sj,s;), in the norm Yg, with scale Ass.
4. The two ordered terms Q,(b,s;) and Qqa(s;j, b), in the norm Yi, where b is a predictable heat
path with | DIb(t)||e < CR(t + K?)*(“+q)/2for 0 < q < 4; the scale is Cg3Rh*~1/2,
5. For each w separately, the gradient in w; of 7}“;((/9\1, 0;) on the whole conditional fiber, in the
norm Y&, with scale C(1 4 j)°Kjgib;(v) G** 1.
6. The gradient in w; of S]-,i(@, 0;) on the whole conditional fiber, in the weighted value norm
Vg, with scale CKj;g;b;(v)G°.
In items (1)—(3) the coefficients are real vectors or real symmetric matrices in the centered vector
wj — E(w; | Fj_1), before subtraction of any quadratic mean, and

As =Cgih"™!, Ao =Cgsh’,

34.17
Ary = Cgh*, Ay = Cgin* L, S0

In items (5)—(6) the gradients are taken before subtraction of the conditional mean. Put h, = H in
item (5) and h, = h otherwise. Let S be the applicable scale, and after division by S let d,. be the
counting ¢? distance of coefficient rows for a linear family, the maximum of the Hilbert-Schmidt
and operator distances for a quadratic family, and sup,, |V F, — Vi Fy||2 for a gradient family.
If S = 0, the corresponding evaluations vanish and are omitted. If the fixed factor in S is large
enough, then there exist a fixed dimensionless space-time distance dy, which separates the finitely
many labels, and fixed Py < oo, { > 0, and P, Q1 < oo such that

d.(z,2) < Chy Ndy(z,2')5,

, (34.18)
diam(d,) <2,  N(v,d,) <C(A+L/h)’v" % (0<v<1).

At every fixed cutoff, the normalized coefficient or gradient images have continuous compact
completions. The constants may depend also on the constants C, of the background in item (4);
they are independent of the coupling, the cutoff, the separation j — i, the incoming field, and the
finer common mesh.

Proof. All assertions concern deterministic functions on a fixed conditional fiber, that is,
for a fixed incoming field.

We begin with the scales. For the centered linear family, by (34.10) and the operator
bound of Lemma 34.2, the rows have size

Clgj/h)W*2(t+H*)73/42, 1 =0,1,

for the value and the first difference. Multiplication by (t + a2)**4)/2 gives at most
Cgjh*~1: for t < h? we use t + a* < 2h?, and for t > h? the remaining power */273/4
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is decreasing. The quadratic coefficient rows of Theorem 26.11 have size Cg3h3/2(t +
hz)_?’/ 4-1/2. the same two-range calculation, with norm exponent ¢ or «, gives the two
scales of the centered nonlinear heat term. The Hilbert-Schmidt and operator rows of
the Duhamel term in Theorem 26.12 contain the factor t/(t + h?), which vanishes at
microscopic times, and give the scale Ag in the norm Y. None of these steps uses a
maximal estimate from those results.

Next we consider the covers. Every input of a coefficient lies on the input lattice of
mesh /1, which carries at most Cj(L/h)? scalar coordinates. The derivative bounds of the
cardinal interpolation in Lemma 16.3 cost h™* at each fixed spatial order ;. We apply the
exact shifted product rule of Lemma 24.2 to the source of a quadratic coefficient. Time
derivatives are two physical differences of the smooth input, and the time derivative of a
Duhamel term is its source plus its Laplacian, which we commute onto the source. Abso-
lute coefficient rows bound the nuclear norm, hence the Hilbert-Schmidt and operator
norms, of these differentiated matrices. In these crude estimates we may even sum over
all inputs, since their number is a fixed power of h~1. Thus the derivative bounds cost
fixed powers of h~!, keep the coupling prefactor, and contain no inverse volume of the
finest mesh. Division by the scale cancels the prefactor. For a weight exponent 0 < 77 <1
we have

|(t+0a%)" = (s +a®)] < [t —s|".

Together with the differentiated rows, this gives for each normalized coefficient a modulus
Ch~(dist(x,y) + |t — s|¢) with fixed Py and { > 0, including at t = 0. Different scalar
labels are covered by a finite union. Each normalized coefficient has norm at most one,
which proves that the diameter is at most two, independently of the modulus.

For the mixed terms of item (4), the deterministic part of Theorem 26.10
and Lemma 26.7 applies with input mesh / and the four differences assumed
for the background. It gives the scale gth"‘_l/ 2 the normalized cover, and the diameter
bound. Its two output row bounds are

t
ngRh/ (s+h2)~ D2t g L 12)~¢ g5 o {3/4,5/4). (34.19)
0

These are the deterministic ordered rows of that theorem, in its version for a predictable
heat background with four differences. Splitting the integral at 4> and at t/2, we find that
the two weights of the norm give the stated scale. In later applications, the background
is the signed defect or the field of the preceding level. The signed defect has the required
four differences by the bound on DZPf.@j in the proof of Lemma 34.2, and the inequality

(t4+H?)*?H(t+ H*) V2 <H* (a<1)

gives the background bound R < CH(?]-,lHOOH"‘_l on its two input lattices. The heat
equation gives its time increments.
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Integrating the bounds on the rows of the reconstruction maps with respect to the
fluctuation inputs in Lemma 15.16 along the segment of fluctuation inputs, we obtain
16i]lcc < 0]|6i—1]|eo + Cgip;. Thus b;(v) bounds ||6;]lc on the whole conditional fiber.
Iterating, and using p; < p; for I < iand 0v/B < 1, we obtain

. i . .
161l < 70" +C Y. 0" apr < Cl{ro’ + g3/ 4i pi}- (34.20)
=1

In the last inequality we used g; = g;B(=D/2 50 that the sum is at most 9iPi Zkzo(Q\/E)k-

For the gradients of item (5) we use the gradient rows and the differentiated gradient
rows of Theorem 27.5, without time weights. Their weighted size is the scale of item (5).
The crude differentiated rows there have the prefactor B, = C%]})gibi(v)G’z and cost fixed
powers of H™1. Since C2;, = Banc and G = B*H, both the coupling and the fiber bound
cancel:

% < c(%)kh{lc”* < CH™2*, (34.21)
In the last inequality we used ganc < q and G120 < H1-2¢ which holds since G > H and
a > 1/2. The factor (14 ) in S only decreases this ratio. The supremum over the fiber
of the gradient differences therefore has the same polynomial modulus. Each normalized
gradient has norm at most one on the whole fiber, and the diameter is at most two. This
verifies the increment condition in the gradient metric directly, rather than deducing it
from pointwise concentration.

For the gradients of item (6), the deterministic rows without time weights in Theo-
rem 27.7 give the stated scale. Their crude derivatives have the prefactor CKﬁgibi(U) and

cost fixed powers of K;l. After division by S their cost is at most Cﬁj_PO_U, since G > Ej.
The weight, with exponent /2 > 0, is continuous at time zero. This proves the modulus
and the diameter bound for the weighted value process. The norm with first differences
is obtained afterwards from the deterministic heat-splitting inequality of Theorem 27.7,
and no additional cover is needed.

Finally, a modulus Ch; ™ (dist(x,y) 4 |t — s|¢) is covered at radius v by the spatial
step coht? and the time step (cohi?)!/%. If the spatial step is smaller than a, we use every
lattice point, whose number is then smaller than the proposed count. Otherwise we
choose lattice representatives in spatial cubes; lattice paths between them give the same
modulus. The resulting number of points is at most a fixed power of 1 4 L/h, times a
fixed power of v~1. All the coefficient maps are continuous in time and have finitely many
spatial outputs. In the gradient case, since the fiber is compact, the supremum of the
gradient norm keeps this continuity. The images therefore have compact completions with
countable dense subsets. This proves every claimed cover with the stated dependence of
the constants. O
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The following lemma controls the zero-fluctuation continuation from any coarse field.
It is used for the comparison configuration in the rest of this section, and in Sections 35
and 36, where its holomorphic version gives Cauchy estimates.

Lemma 34.4. Let 0 be a link logarithm on the lattice of mesh Hy = L/n in the reconstruction
domain with [|0g||ec < r, and let 6; = P;0; 1 for j > 1. Let xj and y; be the flow data of 0; as in
Definition 34.1. For arbitrary compatible prior depths, every | > m > 0, and every compatible
common mesh a < {, the following hold; here compatibility means that the refinement ratios ¢;/a,
i <1, and the ratios of the intermediate meshes to a are integers.

1. We have ‘
16jlleo < e, sup{Xi(xj) +Yi(y))} < Ra.
j

2. We have
Xa(x; —xm) +Ya(yr — ym) < C(1+m)9", 9= max{QBlf"‘,q} < 1.

3. There exist radii v < r1 < 1o, fixed together with the working ball, such that the maps
6o — 0, x;,y; extend holomorphically to the polydisc 1Dy, of complex link logarithms 6o
whose D = 9n3 real coordinates are complexified with modulus less than ry, and, with the
norms applied to complex arrays,

sup {X4(x,) +Yi(y;)} < C,
906]]372

sup {Xg(x; — xm) +Yg(y1 — ym) } < C(1+m)“0™.
90€]Dr2

Write xj(60) = ¥, fiu0h and y;(6o) = Y h; .0} for the Taylor expansions at zero in these
D coordinates. Then

S A XA () 4 YE ()} < C,
H

S XE e = fonge) + Yy = )} < C(1+ m)co™.
H

These bounds are uniform in the prior depths, the length of the continuation, and the
compatible common mesh, and the constants may depend in addition on ry and ry. If
6o = F(u) is the image of a parameter u under a fixed finite-scale reconstruction F, the same
assertions hold on a complex neighborhood of the real parameters that may depend on F, but
not on the length | of the continuation.

The constants Ry, C, c depend on Hy, r, and the data of item (6) of Definition 4.14, and are
independent of the coupling and of the length of the sequence.
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Proof. We begin with item (1) and the first component in item (2). Since P;(0) = 0,

integrating DP; along the segment from 0 to v, we obtain || P;v||cc < 0[[0]|co. Thus bj = r¢/
bounds the sequence. Its increments split as d? = r? + u]C.I’O, with no conditional mean,
and

Xe(r?) < Chja 87, HA(us(0)) < Cb7 /¢ 1. (34.22)

The first inequality is (34.11). The second follows from the series of P; in degrees at
least two and from item (5) of Lemma 34.2. The two geometric ratios are ¢B'™* < 1
and Be? = q < 1. The initial field xy has bounded norm X% (xq) by (34.9). Summing
these bounds, and using the inequality XZ(P*f) < CHZ%(f) (which holds since o < «
and T is finite) for the terms u;‘l’o, we find the uniform bound on X{(x;) and the tail
Xa(x; — xp) < CO™.

We now turn to the quadratic component. We fix one of the three ordered forms and
denote it by Tj,. Its coefficient norm with output in Y7 is at most C(1 + j)°Kj;. By the

pullback identity (34.3), we have the finite identity

T;i-1(8j-1,0;_1) = Tj0 (60, 00)

-1 (34.23)
+ Y {T;i(P6i_1,Pibi_1) — T;;i(Libi—1, Libi_1) }.
i—1

Here P; — L; starts at degree two. The coefficientwise majorant series gives ||P;v — L;jv|| <
Col|v||? and ||P;o|| + ||L;v|| < Col|v|| on the working ball. By (34.4) and the coefficient
bound, we have

o (r2g] j—1 g1 .
Yo (Tji-1(6-1,6;-1)) < C(1 +])C{ o " )3 7. bifl}' (34.24)
i=1 Y

The sum is at most Cr3H0_ 1q]"l. Indeed, since Ei_l = H, 1B and q= Bgz, its i-th term
divided by ¢/~! is Hy 1430'=3; the factor o2 is fixed and Y1 0' is finite.

By (34.2) for the continuation, Qa(r?, r?), Qa(xj,l, r?), and Qa(r?, x]-,l) are TVV, TYV —
TV, and TVV — TV at (0;-1,0;—1). Applying (34.24) to each order gives summable

bounds for these three terms. Every remaining term of

l
Y — Ym = Z {Qa(x]-_l,d?) + Qa(d?/ xj—l) + Qu(d?/ d?)}
j=m+1

contains u]C.I’O as one argument. We apply the two ordered inequalities (34.6), using the
bounded norms X{(x;) just proved and (34.22). Their total tail is C(1 + m)°q™ by (34.15),
and the three forms above contribute at most C(1 + m)°q™ as well. The initial term y also
has a fixed bound: its smooth cardinal input has bounded values and first two differences.
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Heat contraction and the stencil of the quadratic term, which contains a single difference,
then bound its Duhamel value and its first difference on [0, T]. This proves the bound R
and both tails.

For item (3), we note that the argument above uses only absolute values of coeffi-
cients. The coefficientwise majorant series of Lemma 15.16, evaluated on a slightly larger
polydisc of complex inputs still inside the working domain, gives the same bounds for
complex inputs. Indeed, by the strict choice of the working radius, its derivative series
is bounded by ¢ there. No positivity of a real field was used in (34.23). The quadratic
coefficient bounds include the volume-normalized columns and all output differences,
and every absolute sum above remains valid. Since r is smaller than a fixed fraction
of the working radius, we may choose r < r; < rp such that ID,, lies inside that larger
polydisc, independently of the subsequent number of steps. This proves the two bounds
on ID,,, with r replaced by a multiple of r; in the constants. For the Taylor coefficients we
apply the Cauchy estimates in each of the D coordinates on ID,,: for a holomorphic map
g with values in a normed space and sup, eD,, lg(60)|| < A, its Taylor coefficients satisfy

lgull < Ar;‘}”. Summing, we find
Y rAMigull < AY (r /) = A(1 =71 /r2) P,
" iz

Applied to xj, ¥j, and the differences x; — Xy, y; — Y in the norms X and Y7, this gives
the coefficient bounds, with the fixed factor (1 — 1/ rz)_D . For a fixed finite-scale input,
we first take a complex neighborhood whose image under the fixed finite reconstruction
has positive distance from the boundary of the working domain, and then apply this
argument to the composed map. This proves item (3). O

The chaining estimate we use is the following specialization of Lemma 16.4.

Lemma 34.5. Let (F;),c7 be a centered real process indexed by a compact pseudometric space
(T,d.), continuous in d, at each fixed cutoff. Let zog € T, A > 0, and co > 0, and suppose that
one of the following two sets of conditions holds for every u > 0 and z,z' € T

1. P(|F, — Fy| > Ad.(z,7")u) < 204/ and P(|F,,| > Au) < 2e—1/c0.
2. P(|F; = Ex| > Adi(2,2) (Vi +u)) <27/ and P(|Fyy| > A(V/u +u)) < 2/,
Assume that for some H > 0

diam(7,d,) < Co,  N(v,dy) <C(A1+L/H)’v=% (0<ov<1).

Then for every 1 < p < oo,

|

sup| F |
z

| S CuAy1+log(2+ L/H)
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under the conditions (1), and

under the conditions (2). Here C, depends only on p,co, Co, C, P, Qo. The same holds under a
conditional probability kernel when the hypotheses hold for each fixed value of the conditioning
variables.

sup|F;| S CpA[1+1log(2+ L/H)]
z

By Lemma 34.3, the normalized coefficient metrics for linear rows, for quadratic rows
(with the maximum of the Hilbert-Schmidt and operator distances), and for gradients
have diameter at most two and covering numbers of this form at their input mesh.

Proof. We apply Lemma 16.4 with the metric d,, the diameter bound Cy, the cover
prefactor C(1+ L/H), and the exponent Qp. Under the conditions (1) we take s = A,/cg
and b = 0 in that lemma, and under the conditions (2) we take s = A,/cy and b = Acy.
These choices correspond to the substitutions u = /cov and u = ¢yv in the two tails,
which turn them into the form P{|F; — | > d.(z,2")(s\/v + bv)} < 2e7? required there.
The conditions at the reference point z take the same form. Since

log(2C(1+ L/H)") + Qo < C'[1 +1log(2+ L/H)],

the moment bound of Lemma 16.4 implies the two stated bounds, with the stated
dependence of the constants. The conditional version is the corresponding clause of that
lemma. O

Lemma 34.6. We have p; < C(1+ j+ [logy|). Further, for every e > 0 and d > 0,

sup 7p} < Cea(1+ ),
0<7<70

where C, 4 depends in addition on € and d.

In every later application a logarithm of the coupling is absorbed in this way only
together with a positive power of 7.

Proof. By the definition of ¢;, we have

Aw .
pj =~ {log(n/7) + jlog B~ (] — 1) log M},

which proves the first bound. Since v < 1, we may write v = |logvy|. For any d > 0
we have (1+j+ )% < (1+/)%(1+0)? and sup,-,e (1 + v)? < o, as one sees from
the logarithmic derivative —¢ + d/(1 + v) of the last function. This proves the second
bound. =
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34.3 Conditional bounds uniform in the coupling

We now bound the four parts of a reconstruction increment, conditionally on the preced-
ing levels and with constants independent of y. The leading terms carry no factor |log |
the logarithm of the coupling enters only through the cutoff radii p;, in terms of higher
order in g3. The theorem also bounds the quadratic forms pulled back to earlier levels
and the conditional means in the predictable term. For 1 <i < j—1 we write

Z$ = T9(6,,0,) — E[T5(6,6,) | Fi1),  Fi=S;i(6,0;) —E[S;i(6:,6) | Fi1]

for the centered pulled-back forms, and

6], IE[TW 9 |-E 1] ]1 1(/9\1'—119\1'—1)

for the conditional drifts, with the analogous drift e ; for the quadratic initial forms. By
(34.3), the drift e . is the sum of the classical part T“’(P v, Pv) — Tﬁ(le, Liv) atv = 6;_;
and of the cond1t10na1 -mean part IE[T]‘/‘;(GI, 6;) | Fi_a] — T]“;(P v, Piv).

Theorem 34.7. Assume the setting of Definition 34.1. For every fixed1 < p < oc0,all K > j > 1,
every incoming field 0; 1 in the reconstruction domain, and every finer common mesh a < (;, the
following conditional estimates hold. Let h = {; and let Z; be the initial value of z;. Then

ngc(sj)”m(.p:j_l) < ngh“_l [\/IC%(ZT/}I)—F \/ﬂ,

IHG (2117, ) < Col83H7(1+ 1) + g3 2},
X2 o 7 ) < Codgdh®(1+)) + 8301 2p]

The centered part of Qq(s;j,s;) has conditional LP (Y1) norm at most Cpg3h* (1 + j), and its

conditional mean has norm Y} at most Cpg3|]9]—1 |0 Fix constants Cy,...,Cq < oo, indepen-
dently of the coupling, the level indices, and the common mesh. Let b be an F;_1-measurable heat
path on the lattice of mesh a such that, for0 < g <4and 0 <t <T,

IDEb(D) o0 < CuR(¢+ £5) 74972,

Then each of the two ordered terms Q,(b,s;) and Q,(s;, b) has conditional LP(Y§) norm at most
Cpggh"‘*l/ 2(1+)°R. The constant in this mixed estimate may also depend on Co,...,Cy.

For each w separately, each 1 < i < j—1, and the incoming field v = 6;_1, put b;(v) =
Cj(amap||0lleo + gipi). Then

”Yﬂ HLP CIF) = < Cp(1+))" o/ igbi(o )612%2/
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j—1—i

1M Fiidlp i,y < Co(1 )T —obi@) €]

Along the history we write b; = b;j(8;_1) for i > 1 and set by = ||6y]|cc < 7. Thus |6j|eo < bj,
and the deterministic bound b; < C {rainap + ¢3\/0; p;} holds. The conditional drifts satisfy

j—1—i

. J
Ya(e) + HE(e) < C(L+ ) d—{adapbdy + a?bi1 + ap]},
1

and their conditional-mean parts are bounded by the last two terms alone. All norms include every
required first difference and Wilson shift. Further, there exist c,e > 0 such that for every z > 0,

sup sup v{X}(xk — xm) + Ya(yk — ym) >z} < Co(1+m)°B~™,
0<y<79 K>m

In particular this tail tends to zero in the order K — oo, then v — 0, then m — 0.

Here C, depends in addition on p, and C; on z; no factor log(1/¢;) is hidden in the
leading constants.

Proof. The proof has six steps. We first check that the concentration estimates of Theo-
rem 5.4 apply to the conditional kernels. We combine them with the covers of Lemma 34.3
to bound the centered linear and quadratic terms, and we treat the remainder of higher
degree and the conditional means separately. Finally, we sum over levels with explicit
powers of /; and estimate the products in the bilinear expansion (34.5).

Step 1: concentration. All coefficient estimates are evaluated on the larger fixed domain,
and only then restricted to a fixed incoming field. The conditional potential of the
fluctuation variables is C? on a neighborhood of its convex product of balls. The Hessian
condition of Theorem 23.2 implies that its Hessian is bounded below there by a fixed
my > 0: the perturbation of the identity Hessian of the normalized variables is at most
8/27. Then Theorem 5.4 applies with one constant m,, independently of the radii of the
balls, of the dimension, and of the prior depth.

Step 2: coefficient metrics and conditional maxima. We use Lemma 34.3 with h = ¢;
and with its parameters for the pulled-back forms, followed by Theorem 5.4. Note that a
difference of coefficient rows is linear in the centered vector {;, and a difference of coeffi-
cient matrices is quadratic in it. By the Lipschitz concentration and the quadratic estimate
of Theorem 5.4, their increments satisfy the tail conditions (1) and (2) of Lemma 34.5,
respectively, with A = CS, where S is the scale. For the gradients of a nonlinear function
of the fluctuation variables we have

Llpw(Fz — FZ’) S Sd* (Z, Z/), (FZ — ]EFZ) — (FZ’ — IEFZ/) = (FZ — PZ’) — IE(FZ — FZ’)'
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The Lipschitz concentration bound therefore applies to this difference, and also at the
reference point of the chaining, with scale CS. This proves the increment conditions
under the conditional fluctuation kernel. The continuity required in the gradient metric
also follows directly: for ¢ = F, — F,; on the convex finite fiber () with conditional law p,
we have

|g(w) —Bg| < /ng(W) —g(0")|dp(v') < diam(Q) Sd..(z,2").

The diameter of ) is used only for continuity at a fixed cutoff, never in the constant of a
maximal bound. The linear and quadratic coefficient images have the same continuity by
the Cauchy-Schwarz inequality in finite dimension, applied to their centered evaluations.
This verifies the countable separable realization required for chaining. Lemma 16.4,
applied as in the proof of Lemma 34.5 but keeping track of the moment order, gives the
losses

C[\/Iog(Z—l—L/h*)—l—\/ﬂ and Cllog(2+ L/hy) + p|

for linear and quadratic rows, respectively. Since log(2 + L/¢;) < C(1+ j), these losses
imply the first bound of the theorem, the quadratic parts of the bounds on Z; and z;,
the bound on the centered part of Q,(sj,s;), the bound on the mixed terms with the
background condition of item (4) of Lemma 34.3, and the bounds on Z;; and F;;. For the
last two, the scales of items (5) and (6) of that lemma are C(1 + j)°¢/ _1_igibi(v)€?“_2 and
qu’l’iéi_lgibi(v)ﬁf, since Kj; = ¢~ 17"/¢; and G = ¢;.

Step 3: higher-degree remainder, conditional means, and first differences. The centered
remainder of degree at least three in the fluctuation variables has supremum norm at most
Cg3ht/? p? by Theorem 26.11, and the heat-splitting inequality of Theorem 27.7 bounds its
first difference. The conditional mean of Q,(s;, s;) is the mean in Theorem 26.12, which
is at most Cg§||§j_1 || in the norm Y4.

To verify that the bound on Zj holds in the norm HZ, which includes first differences,
let f be an initial array. If t > a2, we have

IDaPf flleo < CE2Pfaf lleo < CETHD2VE(f).

If t < a? we use ||fllo < a7Vi(f) and ||DyP?|lco—e0 < C/a. Multiplication by (¢ +
a?)(7+1)/2 cancels these factors. This proves H:(f) < CV%(f), uniformly in the finer
mesh, and we apply it to the centered initial field.

Step 4: the conditional drifts. The splitting of the conditional drift into its classical part
and its conditional-mean part is given in Theorem 27.5 for the ordered forms and in
Theorem 27.7 for the quadratic initial forms. We use ||6;_1||co < bj_1, including the stated
convention for i = 1. Its three bounds are

c@1 +j)CKji<szz'3—1 +g7bi 1 +7p7).
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The first term bounds the classical part, which is the error of the zero-fluctuation pullback.
The last two terms bound the conditional-mean part, which contains the conditional mean
of the fluctuation variables and the covariance correction.

Step 5: summation over levels. We record the powers of the mesh needed to check
summability. Fixed powers of Hy are included in C. Using (34.20), o' = (¢;/Hp)*, and
g; = ¢3v/0;, we find that the centered pulled-back bounds and the conditional drifts split
before the convolution in q as

aibil* 72 < Cgarl T2 + 3y},
aibil] < C{gartf T2 + g3 pi},
253 |+ g2bi_1 + 3P
TR B < PR+ g + G+ 1),
1

In the last line we used (u + v)% < 4(u® + v%). Every exponent of /; is positive.

~

The initial value of the predictable term decomposes as u;(0) = S]-,]-_l(()j_l,@}_l) +

Vj(é\j_l) +1 gj%amfh(é\j_l), and telescoping the first term by (34.3), we obtain

j—1

Sjj-1(6-1,8;-1) = Sj(Bo,60) + Z;(Fj,z' +e)).

i—
The initial term is at most Cr?(1 + j)°q/~!/ Hy. The other two terms of u;(0) are bounded
by (34.12) and (34.13), and their bounds have the same powers as the third line above.
Combining the chaining bounds of Step 2, the absorption of the logarithms of the coupling
by Lemma 34.6, and the fixed-level convolution bound (34.16a), we obtain T > 0, a finite

b, and constants independent of the coupling such that
IHG (D)l + X5 ()l < Cp(1+)"B7. (34.25)

For instance, we may take 7 strictly below min(c,1/2,A,x + ¢ —1/2) and reduce it for
the finitely many other positive exponents listed above. The bound on X{(u;) follows
from the one on H(u;(0)), since X{(P*f) < CHZ(f). All fixed moments follow from
the conditional bounds by the conditional Minkowski inequality and then the ordinary
Minkowski inequality under v.

Combining the bounds on s; and z; with (34.11), (34.20), and (34.25), we find

supl|X%(x;) [, < Cp, ) xi (X ) H < Cp(1+ m)bBTm (34.26)
K,j ]'>m P
for some 71 > 0. Here the bound on s; is of order gﬂ?‘fl/ 2,/1+ j, the bound on rjis

CH~1 HGAj,lHoo with H = /;_1, and the initial field costs only Cy,r. The correction in
(34.14) also has bounded fixed moments: by (34.20) its powers of ¢; j arex +a —1>0
and a« —1/2 > 0, with positive powers of the coupling on every remaining factor p; ;.
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Step 6: products and the probability tail. We now bound yx — y, through (34.5),
following the second column of Table 34.2. We write S; for the bound on X3 (s;), Z and

Z],+ for the bounds on HZ(Z;) and X{(z;), R; for the bound on X{(r;) given by (34.11),
and U; for the bound in (34.25), always using moments of order 2p in a product. Up
to a fixed factor, the sixteen ordered products Qa(vj, w]-), with v indexing rows and w
indexing columns, are bounded in L?(Y?) by the entries of

S z r u
s| F SZ7 SR S
z| SiZ; Z].+Z].— RiZ: UZ;
r R]S] R]Z]_ VV] R]U]
w| Ws; Wz R u;

Here F; = Cp43 [6}2“_1(1 + j) + bj—1] includes the conditional mean of Q,(s;,s;), and W;

is the bound on YZ(T]V]\Ll (9A]~_1, 9}_1)) obtained by telescoping as above: the initial term,

the centered terms Z]\-,/iv, and both the classical and the conditional-mean parts of the
conditional drifts e\{iv . The entries with z or u use (34.6) and Holder’s inequality under
v. The entries (s,7) and (r,s) use (34.19), conditionally on F;_;, with the predictable
background ri, which has the four differences required there and R < CR;. The entry
(r,7) is the form TVV, not a difference of uncontrolled forms. Thus every entry is justified
in LP. The slowest powers of Zj that occur include 20 — 1, x + 20 — 3/2, k + o + 0 — 1,
and ¢ + « — 1/2; the entries with u also keep the decay B~ . All these exponents are
positive. The parts of degree at least three in the fluctuation variables carry an additional
factor E}/ 2 and create no smaller exponent.

For the eight cross terms with x; 1, we use (34.19) and the bounded norm (34.14) of
xj_1 at its input mesh for s; (34.6) and Z:~ for z; the forms TV — TW and TV — TV of
(34.2) for r; and (34.6) with (34.25) and (34.26) for u. This covers both orders of all four
arguments. By (34.15) and (34.16), the sums over j > m of these bounds and of the sixteen
products are at most Cp,(1 + m)?B~¢" for some smaller € > 0. The expansion (34.5) then
bounds [|Y§(yx — ym)||p by the same expression. By Markov’s inequality and (34.26), we
obtain the probability tail, after enlarging C, to cover the finitely many small indices. [

34.4 The initial gauge frame along the flow

A based holonomy transforms by conjugation at its basepoint. Two configurations evolved
with independent time-dependent gauge transformations can therefore have holonomies
with equal traces but very different matrices. The Wilson flow is analyzed in a damped
gauge, in which its linear part is the heat equation. The damping gauge transformations
solve an ordinary differential equation started at the identity, and the difference of their
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generators is integrable in time uniformly in the mesh. Hence the holonomy matrices
of two configurations that start in the same frame can be compared directly. We use the
tollowing form of Theorem 25.10.

Remark 34.8. Fix R < 00,0 < t_ <ty < T, and finitely many based piecewise C! loops
c1,...,¢¢ with lattice approximations c;, of uniformly bounded physical length. Let
U = ¢ and U’ = ¢ be two configurations on the same lattice of mesh a = L/N,
in the reconstruction domain and represented in the same initial vertex and basepoint
frame, whose flow data (x,y) and (x/,y’) on [0, T| have norms X? + Y? at most R. Let
D = X4(x —x") +Yi(y —y'). By Theorem 25.10, applied with radius max(1, R) and input
horizon T, there exists a flow stability constant Ag; 1 < oo such that

sup max|/Hol,, ‘FEN) (U) — Hol,, ‘I’EN) u’) Hop < Ar: 1D,

bo<t<ty |

where ‘PIEN) is the Wilson flow run for the lattice flow time 4t/a%. The constant depends
only on R, t_, T, the loops, the fixed analytic domains, and the margins of the reference
neighborhoods of the continuum flow in Theorem 24.10, with the dependence described
in item (7) of Definition 4.14; it is independent of the mesh, the prior depth, and the
coupling, and it covers the finitely many meshes that are too coarse for the small-mesh
condition of the local theory. Let Tr and ar be the constants of Theorem 24.5 for radius
max(1,R), and put hg = min(Tg, T). After decreasing ar if necessary, for a < ag and
0 <'s < hg the damped potentials A, A’ and their damping gauge transformations k, k’,
with k(0) = k'(0) = I, satisfy the following estimates, where v,(s) = s + a°.

IDa(A — A")(8)]lo < CRD{0a(s)™FV/2 40, (s) ™% + v, (s) 0~ 1/2},

S
Ik(s, x0) — K' (5, %0)[|op < c/O 1Da(A — A (1) |leo dit < CRD.

The three powers of v,(s) are integrable at zero uniformly in the mesh, since (x +1)/2 <
1,a <1,and 1/2 —xg < 1. For a < a, and D < §, with a, and J supplied by Lemma 25.9
with Tp = T and T = t_, both flows can use a common reference solution and the same
tixed restarts on the later intervals. For other pairs or meshes, the matrix inequality
follows from the unitary diameter bound or the finite-dimensional Wilson flow, as in
Theorem 25.10. All matrices are expressed in their initial frames; no conjugation of either
matrix is optimized.

34.5 Comparison of linear and quadratic flow data

We now compare the flow data of the reconstruction with those of its zero-fluctuation
continuation after level m. The comparison is exact on the finest lattice: both fields are
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interpolated by the identity there, and no interpolation error enters at level K. The two
fields agree at level m.

Theorem 34.9. Assume the setting of Definition 34.1. For every fixed p > 1 and all K > j >
m > 0, under the conditioned Wilson measure v,

118~ &llell, < Cpoi(1+ D2 B llel], < Cp{rahap + a1+ )7}

On the finest lattice, writing Ax; = x; — x?, we have

K K
Axg= ), (di—d),  yk—vyk= ) W—vi1-¥ +¥1)
j=m+1 j=m+1

For each ordered form T“’ and each quadratic initial form S;
particular, with L; = DP( ), the function

j,ir the pullback (34.3) is exact. In

R (v) = Tj5 (P, Pw) — Tj5(Liv, Liv)

has degree at least three and, on the working ball,

j—1—i

q 2
———([[t]leo + 19" lle0) “[17 = ¥/ co-

Yi (R (v) = R%(0")) < C(1+)° 7

The corresponding estimate for the quadratic initial forms holds in the full initial-array norm HZ.
There exist s > 0 and c,d < oo, independent of K, m, and vy, such that for every fixed p > 1,

K
sup [X¢(Ax)llp+ 3o [[HE(u;(0) - us?(0)) ],
m<I<K j=m+1

< Cp[v7+ (1 + [logy|)*] (1 +m)*B~",
1% (xx — x) + Ya (yx — y%) |, < Cpv/r(1+m)"B™" + Cpy(1+ [log ).
Further, for each w let
- Z { ] 1/ j— 1) ]Ff}—l(a?—lré\?—l)}-
j=m+1

Then |[Ya (T )l < Cply/7 +7(1+ [log )4 (1 4 m)°B~5™. One may choose s strictly below
each of the positive numbers

_loggq

a—3 0, 20-1 Kk+o-j Kk+2u-3, 2%-1, xt+a+to-1, log B’

and below the fixed smaller exponents of the product estimates in Lemma 28.5.
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Proof. We first bound the moments of the fields, before any product is formed. We
then use (34.4) to write the difference of each pulled-back quadratic form along the
two reconstructions as a sum of centered terms, classical terms of degree at least three,
and conditional means. We record the size of each term, counting the classical part of
degree at least three of the predictable term once. Summation over levels then gives the
bounds on the predictable term, on the linear heat evolution, and on the three ordered
forms. Finally, we bound both orders of every product in (34.5), following the third
column of Table 34.2, with Holder’s inequality for higher moments under v in place of
independence. The only delicate product is that of Ax; ; with the classical predictable
term, whose sum over levels is not uniformly small in m before it is multiplied by the
decaying factor. Throughout, we write ¢ = amap and §; = é\] — 5]0, and all conditional
expectations are for the conditional kernels of v.

Step 1: moments of the fields. We define the innovation about the zero-fluctuation value
by

6]' = <I>](6],1,g],w]) - P](ijl)
By the coefficient bounds of the reconstruction maps, the Euclidean gradient of each
scalar output with respect to the fluctuation variables is at most C;g;, and there are at

most Cj(nB/)3 such outputs. Applying Theorem 5.4 for a fixed incoming field and taking
a union bound over the outputs, we obtain

IP{”GJ —]E]',1€]'Hoo > Cg](\/l +]+ \/a) ‘ ./—'.];1} < Ce™ ",

where E;_; = [E(- | Fj_1). Integrating the tail, we obtain the boAund Cpgjy/1+ ] in every
fixed L¥, without a factor of the cutoff. Since [E;_1¢; = ij?h((?j_l), (34.13) implies that

ball has a fixed radius. The exact recursion, with J,, = 0, is

I E;_1€j]|e0 < Cg]ZH@\j_l oo < Crgjz, where in the last inequality we used that the working

5j = Pj(61) — Pi(8)_1) + ;.

The segment between the two inputs lies in the convex working ball. By the Minkowski
inequality and the bound on DP;, we have

J
gillsoll, < Cp 3. @ [oivT+i+rgf].
i=m+1
Since g; = ng(j’i)/z, the first sum is at most Cpg;+/1+;/(1 — 0V/B). For the second sum,
after division by g;, we use g; < gy, 41 to bound it by g, 11/(1 — 0VB), and g1 < g1 is
bounded uniformly by the coupling ceiling. This proves the first estimate. The second
follows by comparing the reconstruction with the zero-fluctuation continuation from the
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same coarse field (the case m = 0), whose norm is at most ¢/ by Lemma 34.4. By the
same argument, for every i > m we have

18illeel], + [[187[l,, < Cp[re’ + giv/T+1],

3 (34.27)
H H5i|’c>0Hp < Cpgivl+i

For the continuation in the first line we apply || P; - - - Py119|/c0 < 0'~"||7]| o to the moment
at level m just proved, and use o' "'g,, < g;.

Step 2: exact telescopes and the classical cubic difference. At level m the two fields
and their interpolations coincide, and I,_, is the identity at the finest level. Subtracting
the two finite telescopes proves the two identities for Axg and yx — y% in the statement,
without an interpolation error at level m.

Let A;; denote any one of T]-l,JiV, Tj\,/iU, T]-\//Z.V, or §j;. Its coefficient norm is at most
C(1 +j)°K;j;, where the polynomial factor is needed only for the ordered forms, and the
pullback (34.3) is exact by the construction in Theorems 27.5 and 27.7. Set P; = L; + E;,
where E; starts at degree two. By (34.4), we have

C]",'(?J) = A]',i(PZ’Z), PZ'Z)) — A]',i(LiU, Liv) = A]",'(Liv, EZ'U) + A]',i(EiTJ, Lil)) + A]',i(EiU, Eﬂ)).

By the coefficientwise majorant series of Lemma 15.16, we have |Ejv| < C|v]|?
|IDEi(v)|| < Cl|v||, and ||L;|| < o on the working ball. Applying the product rule to
the last identity, we obtain

1DC;i(@) ] llowt < C(1+ ) Killo s [[0] e (34.29)

Here the output norm is Y§, or, for a quadratic initial form, the initial-array norm Hy, after
cardinal interpolation. In the latter case, the coefficient row bound of the quadratic initial
form controls the supremum of the initial value, and item (5) of Lemma 34.2 then controls
the first differences. Equivalently, in the expansion in homogeneous coefficients one
distinguishes one argument, keeps the other two, and sums the remaining degrees inside
the fixed radius; the differentiated series converges there, and the constant is therefore
independent of the length of the sequence. Integrating (34.28) along the segment from
v’ to v proves the difference estimate in the statement, including first differences. It also
proves that R;"Z = C;,; has no quadratic part.

Step 3: decomposition of the pulled-back forms. We define
Zii = Aji(0;,0;) —E;_1A;:(6,,6,),
M;;(v) =E [Aj,,' (CTDZ'(U, gil.w),cﬁi(v, gi.w)) | 6i1 =v] — Aj;i(Pv, Po).
By the splitting of the conditional means in Theorems 27.5 and 27.7, we have

1Mji(@) loue < C(1+ j)Kji[ g7 [0]leo + 67 7] - (34.29)
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The classical part of degree three is contained in C;; and does not appear again in
(34.29). The pullback identity (34.3) implies that A;;(6;,6;) — Aj;—1(6i-1,0;-1) = Zj; +
Cj,i(é\i—l) + Mj,i(@-_l). For the continuation, the same difference equals Cj,i((;?_l) when
i > m. Summing over i, we obtain the identity

Ajj-1(81-1,81) — Ajj-1(8)_,6) )
-1 ~ _ ~ (34.30)
= Y {25 +Cpi(0i1) — Cpal0y) + M;;(6i1) }-
i=m+1

The terms at level m cancel identically, since both arguments are §m

Step 4: sizes of the terms and summation. We give the quantitative bounds before
suppressing positive powers of the mesh. In this proof we set q; = 1+ i+ |log7y|;
then p; < Cg; by Lemma 34.6. Conditionally on the incoming field, the fiber bound in
Theorem 34.7 is C(0]|6;_1||c + g;p;). Taking its outer moments with (34.27), we obtain
the following bounds, up to the factor Cp(1 + g1

term bound before the convolution in g
Z; i, quadratic initial form | /7 e T2 g9y,
Z;;, ordered form VY r£f+2“_3/ 24 76?“_1(11- (34.31)
Cii(io1) = Cia(02 1) | A2 V(1 +i)V2 4 yrtiq? + 43120123
M;,i(6i1) yref + 3202 g

Fixed factors depending on L, n, B, and r are allowed in these bounds. To verify the third
line, we use (34.28) and Holder’s inequality with moments of order 3p, which bound the

difference by

Cp . :
Ll 4 g VIF ] VIt
1
Expanding the square and using o' = H, (¥ and g? = /(;/L gives the listed powers. The
tirst two lines follow by multiplying the conditional fiber bound by giéf_l or by gl-élz”‘_z,
respectively, as in Theorem 34.7. The last line follows from (34.29) and (34.27). Every
power multiplying /7 is free of [log |, and every term that contains this logarithm has

coupling order at least v and a strictly positive power of the mesh.
We apply (34.30) to the quadratic initial term of u;(0) — u;I’O(O). The remaining
classical part of this difference is V](@\]_l) - V]-(GA]QA), whose bound by (34.12) is the third

line of (34.31) without the factor ¢/~1~*. The remaining mean is Igj%am}?h(é},l), which

by (34.13) and (34.27) is at most C, [’yré}il + 93/ 2%}1 %\/ 1+ j]. All these bounds hold in
the initial-array norm Hg; for the centered quadratic initial terms, the first-difference part
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was proved by heat splitting in Theorem 34.7. By (34.15) and (34.16), we obtain, for some
so > 0,

K
Y Mo (s(0) — M (0) [, < Gyl + (1 + log oy )] (1 +m) BT (34.32)
j=m+1

This bounds the predictable term in the norm of its initial value, which is stronger than a
bound in X§.
For the linear heat evolution, the difference of the increments splits exactly as

10
dj—d;-):sj+zj+(rj—r?)+(uj—ujc. ).

The bounds (34.11) and (34.27) imply that

X6 (r =) lp < Cpy/a(1+ )1 20872,

The centered linear term has the same leading power by Theorem 34.7, and the centered
nonlinear heat term contributes Cp[v(} (1 +j) + +3/ 28]1-/ 2;9]3]. The last part is bounded by
(34.32) and the inequality X} (P?f) < CHZ(f). Thus

H sup X(Ax;) H < Cp[v7 + (1 + [log7])9] (1 + m) B0, (34.33)
m<I<K P
By the triangle inequality, this bound holds with the supremum inside the expectation,
and the sum over j of the L (X) norms of each of the four parts of d; — d? is bounded by
the same right side.
Applying (34.30) to each of the three ordered forms and using (34.31), we obtain
Y (T 1(8j-1,6;1) — T (871,67 1)) H

K
) ‘ Jii-1 =171

e p (34.34)
< Cp[y/7 + (1 + [logv|)9] (1 + m) B~5m,

separately for w = UV, VU, VV, with all conditional means included. We choose sy below
the positive exponents listed in the statement and below the smaller exponents of the
product estimates cited there. The other exponents in (34.31), such as 2x —1/2 and «, are
positive and are accommodated by reducing sg further if necessary. The constants of all
geometric sums depend on these fixed positive gaps, not on m.

Step 5: the cross products with the predictable term. There are two such products in
each order. For the one containing u; — u]C.l’O, we use (34.6), Holder’s inequality, (34.26),
and (34.32); its summed norm is at most a fixed multiple of the right side of (34.32). For
the other one, the continuation satisfies the deterministic bound

o2
L (o) < el < it ) (3435)

j>m m
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given its input at level m. The first inequality sums the quadratic series of the zero-
fluctuation maps with ratio Be?> = q, and the second uses (34.20). At m = 0 the last
expression may be replaced by the constant Cr?/Hy. The right side is not bounded
uniformly in m at fixed <, because of the term p2,. We therefore multiply (34.35) by
(34.33), using (34.6), before absorbing anything. The resulting term of order larger than
v is at most

Co [v*2p5 + V(1 + [log v )] (1 + m) B~

Since py < C(1+m)(1+ [logy|), its additional polynomial in m is absorbed by B~ (so=s)™
for any fixed 0 < s < sp, and after enlarging d the term has coupling order at least . The
deterministic part /251 of (34.35) keeps the positive power 2x — 1. This bounds both
orders of the other cross product with the predictable term. In particular yp?, is never
bounded uniformly in m before its decaying factor has been restored.

Step 6: the remaining products. We follow the third column of Table 34.2. Each term is
a difference from the zero-fluctuation counterpart, which is zero whenever s or z occurs,
and the factor (1 + j)€ is suppressed in this step.

* (s,5): the centered part is at most Cp'yéjz"‘*l(l + j), and the conditional mean is at
most Cpy[ro/~! + gj_11/1+j|, by Theorem 34.7 with the field moments (34.27).

* (5,z), (z,5), (z,2): the inequality (34.6) and Holder’s inequality under v give the
products of the 2p-moment bounds S jiZj or Z].Jr Z; of Theorem 34.7. Their coupling

3/2

orders are at least 73/2 or 92, and their powers of ¢jinclude B+ 0 > 0and a + 0 > 0.

The factors of higher degree carry an additional E}/ 2,

* (s,r), (r,5): conditionally on Fj_; we use the two mixed linear rows with the
predictable background r;. Its background bound has moments C, [rﬁ}‘fl“_l +
\/76]”.‘:11/ 2,/T+]]. The resulting powers are \/71’5;“’2“_3/ % and ’%]2“_1, each with
a fixed polynomial factor.

* (z,7), (r,z): we put the norm H, of the initial value of z; in (34.6) and use the moment
bound for r; just stated. The leading term is 7r£;?+“+‘7_1 ; the rest has order at least
v3/2 and the power a +0 —1/2 > 0.

o (r,r): this is the difference of TVV in (34.34), including its classical and conditional-
mean parts.

* The seven pairs containing u: we use (34.7) and the identity with both arguments
interchanged; for (u,u) this gives Q,(u, u — u?) + Q,(u — uP, u0). The individual
norms of Sir Zj, i, and uj have bounded moments of order 2p by Theorem 34.7, and the
sums of the moments of the differences v — v° are bounded by the statement following
(34.33). We use (34.32) for the first term of (34.7), and (34.35) with the decaying factor
of (34.33) for the second, as in Step 5.
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There are also eight cross terms with x; 1. Those with s are bounded by (34.19), the

bounded moments of the norm (34.14) of x; 1, and \/745 . Those with z use the norm HZ
of the initial value of z; and X (x;_1); they have order at least y and a positive power of
the mesh. For those with r, the two exact identities TYY — TVV and TVY — TVV of (34.2)
reduce the differences to (34.34). For the two orders with u we use the identity

Qu(xj1,1j) — Qa(xy,15™°) = Qa(xj1, uj — u5™°) + Qa(Axj 1, ™)
and its reversed order, which were bounded in Step 5. None of these terms requires a
bilinear estimate of two rough heat paths in the norm X}; the products of z; with r; use
only the initial-array norm of the centered nonlinear heat term, the norm of the signed
defect, and (34.6).

By bilinearity, yx — y% is the sum over m < j < K of these differences, and we apply
the Minkowski inequality to this finite sum. The terms of order /7 listed above keep a
positive power of the mesh and contain no logarithm of the coupling; their sum is at most
Cpy/7(1+m)°B~*™. All terms containing a logarithm of the coupling have order at least
7, and the geometric sums above bound them by C,7(1 + [log|)?, where dropping a
remaining decaying factor only weakens the bound. Together with (34.33), this proves the
tinal estimate of the theorem, and (34.32), (34.33), and (34.34) prove the other estimates.
Each application of Holder’s inequality used higher fixed moments under the same
measure; for a final moment p it suffices to use moments up to order 6p, since a cubic
difference has three factors and a product has two. These moments were proved in
Theorem 34.7 and in Step 1. The exponents and all constants are fixed before -y, and they
are independent of K, m, and the prior depths. O

34.6 Holonomy comparison at the weak-coupling scale

We now transfer the comparison of flow data to the holonomy matrices of the flowed
configurations. For a pair & = (x,y) of heat paths on the lattice of mesh a we write
I€]la = X4(x) + Yi(y) for the flow-data norm of Definition 24.3, with the fixed mesh a
suppressed, and we abbreviate %, = 1 + |log y|.

Theorem 34.10. For the triples of Definition 34.1, let D, = max;||HK — K ||op. There exist
C,c,e,d > 0 and, for every fixed p > 1, a constant Cp < oo, all independent of K > m > 0 and
0 < v < 70, such that

E, min(1, Dg,m)? < Cyom + CY2L2, 6y = (14+m)*B~",

E, min(1, Dg )P < Cpy?/2.

For every fixed m, the second term in the first bound is o(7y) as v — 0, uniformly in K.
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In particular the moments of order at most eight used in Section 35 have constants
independent of m. The estimates hold under the conditioned measure, whose coarse field
ranges over neighborhoods of all flat connections, regular and central.

Proof. Let & = (xk,yk), let ) = (x%, %) be the flow data of the zero-fluctuation con-
tinuation after level m, and let £, be the flow data of the zero-fluctuation continuation
from the same coarse field, that is, the case m = 0. All three live on the finest lattice. By
Lemma 344, ||€4lla < Ry deterministically for every coarse field in the reconstruction
domain, including every flat coarse field.

By Theorem 34.9, for every fixed p we have

|[1€ - 5,91||ﬂ||p < Cpy/7(1+m) B~ + Cpy 22 (34.36)

The function 1/ 2,,%;1 is bounded on (0, o] by the calculation in the proof of Lemma 34.6,
and sup,, (1 +m)°B~*" < oo by (34.15). Thus the right side of (34.36) is at most C,/7,
uniformly in m. Its case m = 0 bounds £ — £, by the same quantity, and the triangle
inequality then bounds &) — &, by Cp,/7 as well.
Let R = R + 2. For any real g > 1, the preceding bounds at moment 29 and Markov’s
inequality imply that
v{||€lla > Ror ||EY]la > R} < Cgy”. (34.37)

This bound holds for each m with the same constant; there is no union over m. On the
complementary event we apply Remark 34.8 with t_ = . = 0L? to the configurations
exp fx and exp é}% They have the common initial frame by construction, and their
difference of flow data is exactly the one in (34.36). Hence

Dim < Ager2 7€ — Enlla

on that event. On the exceptional event we use min(1, Dk ,,) < 1. Squaring (34.36), using
(u+v)? < 2u? + 20, and taking g = 2 in (34.37), we obtain

IE, min(1, Dk ,,)* < Cy(1 4+ m)*B~2" 4 C'yz.,%fd +Cy2.

After increasing d to a positive value if necessary, the last term is absorbed into the second,
and relabeling 2c and 2s as ¢ and € gives the first assertion. For a fixed p > 1 we use
(u+v)P < 2P~1(uP 4 o), choose g > max(1,p/2) in (34.37), and use the bound C,/7
on the right side of (34.36); this gives [E, min(1, Dk )P < C,7"/2. The stability estimate
of Remark 34.8 covers the finitely many coarse meshes; no further event depending
on the mesh has been discarded. Finally ’y.,%fd — 0, again because e ?(1+v)* — 0
as v = |logy| — oo. Thus the second term in the bound on the mean square is o(y)
uniformly in K for every fixed m; in fact its constant is independent of m. O
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The next theorem gives the same comparison for every prescribed coarse field, uni-
formly over a time interval. It is used in Section 36, where the conditional estimate is
multiplied by the small probability of a neighborhood of a central triple.

Theorem 34.11. Fix the data of Definition 34.1 and 0 < T < T < oo, with the same three
coordinate cycles. For each K > 0 and every coarse field v = e% in the reconstruction domain
with ||6o||e < 7, define the probability

fo(dwl . dwK Hk i— 1,dw] 9] = &)](0]_1,g],w]),

as an iterated integral: wq has the law kf(@o, -), and given wo, . . ., w;_1 the vector w; has the law
k]K (8j-1,-). Here k;-( are the conditional fluctuation kernels of Theorem 15.9 and Lemma 15.10
at prior depth J(K — j), written in the gauge of the reconstruction maps of Theorem 15.13; for
K = 0 the product is the unit pomt mass. Let 90 - P16, and let HE and HK ' (0) be the

based holonomy triples of ‘I"t (exp k) and ‘I’E )(exp 610<), in their common initial frame. Set

i 7 = min(1, sup max||Hf; — A, (0)op )-
T<t<T
There exists yw € (0, o], independent of K and v, such that for every fixed p > 1 there exists
CP,T,T < ©© With

supsup Eqedy 1 < Cper??? (0 <y < yw).
K>0 ©
The constants depend in addition on p, T, T, and the loops, but not on the coarse

tield, which ranges over the set of initial fields specified in the theorem, including every
flat coarse field. The ceiling yw is chosen before the moment order. The theorem
is a statement about the probability QX itself, and it does not follow by conditioning
Theorem 34.10 on the coarse field, which would only give a statement for almost every
coarse field under the coarse marginal of v.

Proof. Given the coarse field, the conditioned Wilson measure has the same conditional
structure as QK. We first construct QX for every v and check that all conditional estimates
of Theorem 34.7 hold under it. The proof of Theorem 34.9 then applies with m = 0 and a
deterministic coarse field; we repeat its steps in this setting, since the averaged statement
cannot be quoted. The only change is that the sum of the classical predictable terms is
now bounded by a deterministic constant. Finally we localize to a fixed ball of flow data
and apply the matrix stability over the whole interval [z, T].
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Step 1: construction and coupling ceiling. The initial fields in the statement satisfy
|60|lc < 7. The kernel formula of Theorem 15.9 extends continuously to this closed ball:
its product with the fluctuation cutoff domain lies strictly inside the common analytic
domains, and its positive normalizer is the integral of a bounded positive density. The
gauge change of Theorem 15.13 changes neither this density nor its product of balls. By
item (2) of Theorem 15.13, with the closed-product image conditions verified in its proof,
the reconstruction maps this product into B;. Inductively, every later incoming field
lies in B,, and Theorem 15.9 gives each successive kernel. Iterated integration therefore
defines QX, including at initial fields to which the coarse marginal of v assigns no mass.
By the amplitude bound in Lemma 15.10, all intermediate fields also stay in the working
ball, and
16ille < C{rd’ +gjpj},  pj < C(1+j+ [log7]).

We reduce v so that the Hessian lower bound and the bounds on the conditional means
of the kernels hold at all these fields. This is possible because t; < t; = \//(Mn) and

t7 logb/(l/ t) — 0ast — 0 for a’ > 0. The hierarchy and the cutoffs of the fluctuation
variables are not changed.

Step 2: transfer of conditional estimates. Let F; = o(wy,...,w;) on this probability
space; the coarse field v is deterministic. Given ]-"j,l, the law of the next vector is exactly
k]K (9]~_1, -). Thus every estimate of Theorem 34.7 for a fixed incoming field holds here with

the same constants. Explicitly, if E(|A]7 | Fj_1) < Cb(6;_1)7 is one of those estimates,
then the tower property implies that

HAHm(Qg) < Cﬂ]Hb(eifl)”Lﬂ(Q{f)' (34.38)

No coarse marginal enters this inequality.

]
The bound on the gradient in the fluctuation variables and Theorem 5.4, applied for a

fixed incoming field to the at most C;(nB/)3 scalar outputs, imply that
||||€]- _IE(GJ' | ‘F]'_l)||°°”L‘7(.|]-‘]-71) < ngj V1t

The conditional mean is bounded by (34.13): || E(€;j | Fj_1)[lec < Crg]Z. Since the segment

between the two incoming fields lies in the convex working ball, we have
H95lles[l, < @l[l6-1lle [l + Cogj /T ++ Craj.

We start at 59 = 0 and sum, using g; = ng(f —i/2, Q\/E < 1, and, for the quadratic term,
g? < g19;. For every fixed g < co we obtain

Hioilleel, < Cagiv/T+7 (18], + 167 lleo < Cofre’ +gj/1+ 3. (34.39)

The continuation is deterministic and HG?HOO <rol.

Step 3: moments of the fields. We write J; = 6; — 9](-] and €; = <T>'(9]-_1,g]~,.w]-) — Pif;_;.
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Step 4: the pulled-back forms. Let A;; be the quadratic initial form S;; or one of the
three ordered forms T}, and recall Kj; = ¢/ =177/ ¢;; fixed polynomial factors in 1 + j are
allowed below. With L; = DP;(0), we define

Zys = As(6,0) — E[A(6,0) | Fi],
Cji(u) = Aji(Pu, Pa) — A;(Lju, Liu),
Mi(1) = By, 41(61,01) = Aji (P, Pi),

where in the last line 6; = ®;(u, gi.w;) with w; distributed according to kX(u, -). By the
difference estimate of Theorem 34.9, which follows from (34.28), we have

1Ci() = Cii() lour < C(A + ) Kji(llttlleo + [[14'lleo)? [t — 1] co-

By the splitting into classical and conditional-mean parts in Theorems 27.5 and 27.7, we
have

[Mi (1) lout < C(1+ j)Kji (a7 lulloo + 87 p7)- (34.40)
Here the output of the quadratic initial form uses the initial-array norm H{ and the
ordered outputs use the norm Yg; there is no classical cubic term in M;;. As in Step 3 of
the proof of Theorem 34.9, the exact pullback telescopes to

Aji1(6-1,6; 1) — Ajj1(6) 1,60 ) Z{Z]1+ 0i-1) — Cji(67 1) + M;i(6;-1) }-

(34.41)
The term at level zero cancels because both starting fields are 6.

Step 5: sizes and summation. As before, let 4; = 1+ i+ |logy|. Applying (34.38), (34.39),
the conditional fiber bound b;(u) = Cj(0l/u||e + gipi), and Holder’s inequality under QX,
we find that the four bounds of (34.31) hold in L7(QX), up to the factor C;(1+ )¢/},
for Z;; (for the quadratic initial form and each ordered form), for C;;(6;_1) — C;(67_,),
and for M]',i(9i_1). The verification is the one given after (34.31). For example, at moment
3g the difference of the classical terms is at most qufl[rgi_l +giaV1+igiV1+i;
the bounds on Z;; follow from the conditional bounds gibifffl and gibiff“*z; and the
bound on M;; is (34.40).

Since all the exponents of the mesh are positive, the geometric sums of Lemma 34.2
sum (34.41) separately for the quadratic initial form and for each of the ordered formes.
The remaining local terms of the predictable part are the classical cubic term and the
conditional mean of (34.12) and (34.13), which are bounded by the third and fourth lines
of (34.31). The first differences in the initial-array norm are controlled by Theorem 27.7,
including for t < a?. We obtain

D|IHG (;(0) — u5*(0)) |, +DIX” —d) g+ LIYe(AT) g < o[V +1-27],
J ]

(34.42)
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where AT]?" is the left side of (34.41) for the form T%, and every sum runs over 1 < j < K.
For the linear heat evolution, the bound on S is C4 ﬁﬁ;‘_l/ 2 \/ﬁ , the bound on zj is
Co(rf§ (1 +) + ’)/3/25]1/2;7]3), the bound on 7; — r? follows from (34.11) and (34.39), and
the inequality X3 (P’f) < CHZ(f) bounds u; — u}:l’o. Since these are the four parts of
di — d?, (34.42) also bounds Hsup]- Xq(xj — x?) g-

Step 6: products. We use only the pointwise ordered inequality (34.6); the averaged
conclusions at fixed coupling of Lemma 28.5 are not needed. We denote the g-moment
bounds by

5, = Cqﬁf}’-‘_l/z\/m,
27 = Co(vt] (1 +)) +7°"%¢%p3),
Z} = Covlf (1 + ) + 262 p)),

Ry = Cy(reet 1 + 302 TH),

and use moments of order 2¢ in products. The norms Hg(u;(0)) and the norms (34.14)
of x; 1 at its input mesh have uniformly bounded moments. This follows from the
same estimates for the quadratic initial terms without subtraction, after adding the
deterministic initial term and the classical cubic term, whose powers of the mesh are
2k —1 > 0 and 3x — 1 > 0, besides the positive powers already listed. The initial cardinal
field costs only Cp,r. The sixteen ordered differences Q,(v;, w;) — Qa(v?,w?) and the
eight cross terms are then estimated as in Step 6 of the proof of Theorem 34.9, following
the third column of Table 34.2, with the following bounds.

* (s,s): the centered part is at most Cq'ysz-“*l (14 /) and the conditional mean at most
Cyy[rd ' + gj_11/1+j], by Theorem 34.7.

e (s,2), (z,5), (z,2): respectively CSiz;, CSiZ;, and CZ;FZ]._, by (34.6) and Holder’s
inequality under QX.

* (s,7), (r,5): CSiR;, by the conditional mixed linear rows of Theorem 34.7; the powers
are k + 20 — 3/2 and 2a — 1.

e (z,1), (r,2): CZ; Rjin each order, using the initial-array norm of the centered nonlin-
ear heat term. The leading powers include x + « +c —1land a + 0 —1/2.

e (r,7): the difference of the form TVV in (34.41) and (34.42).

* The seven pairs containing u: we use (34.7) and the identity with both arguments
interchanged; for (u,u) this gives Q,(u, u — u?) + Q,(u — u0,u0). The first part is
summed using the bound on the predictable term in (34.42) and the bounded norm:s.
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For the second part, the quadratic series of the zero-fluctuation maps and Bg? < 1
give the deterministic bound

Y~ HE (uS0(0)) < C6o]13/Ho < Cr?/H,
=

which we multiply by the part-by-part summed bounds for X3 (v; — YJ?), v € {s,zru},
established immediately after (34.42), with u? = u]c-l’o in this comparison. Since m = 0

and the coarse field is deterministic, there is no term yp?, here.

There are eight cross terms with x; 1, two for each argument. For s, the conditional
mixed linear rows give C, 75}3‘_1/ ? times a bounded norm of xj_1. For z, the two orders
of (34.6) give CqZ].— times that norm. For r, the two exact differences TVV — TVV and
TVY — TV are bounded in (34.42). For u we use
1,0y 1,0 1,0
Q&l(x]'fll l/l]) - Qa(x?_yujc' ) — Q&l(x]'fll l/l]' - u]c' ) + Qa(x]’fl - .X?_l,bl]c- )

and its reversed order, which are bounded by the two estimates on the predictable terms
just used. This accounts for all eight cross terms and all sixteen ordered products.

Step 7: the difference of flow data. The smallest exponents of the mesh in these sums
are
x—% o, 2a—1, x+0—3% x+2a—3, 2k—1, k+a+o-—1,

and —log q/ log B, all strictly positive. Every term with a logarithm of the coupling has
order at least 7y, and Lemma 34.2 sums each fixed polynomial times its geometric decay.
By bilinearity and the Minkowski inequality, under QX,

i€k = &Rllall, < Co(vr +7r2y) < v, (34.43)

where £k = (xk,yk) and £ = (x%,4%), and in the last inequality we used that \/7.£4 is
bounded. The bookkeeping of moments uses at most order 64: three factors in a cubic
difference and two in a product. Thus the final moments q = 1,2 require only the finitely
many moment bounds up to order 12, all of which were obtained for fixed incoming
tields before the tower integration.

Step 8: localization and the interval estimate. By Lemma 34.4, ||£2||q < Ry uniformly
in v. With R = R + 2, (34.43) at moment g and Markov’s inequality imply that

Qi {ll€klln > R} < Cypy?”2.

On the complementary event we apply Remark 34.8 directly with ¢t~ = Tand t; = T.
It bounds the supremum over t € [1, T] by Ag . 7||/Ek — £%]|a. On the exceptional event
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we use dy 7] < 1. Taking q > p and using (34.43) at moment p, we obtain the asserted
bound CP,T,T’)/P/ 2. The finitely many coarse meshes are included in the stability estimate.
For p =1, 2, the choice g = 2 suffices for the localization, and moments up to order 12
suffice for the whole argument. O

34.7 Linear Gaussian response near a fixed flat connection

In this section, we prove the estimate used in Section 35 to calibrate the normal covariance
near regular commuting triples. We fix a regular flat coarse field and differentiate
the deterministic reconstruction and the Wilson flow at this field with respect to the
fluctuation inputs of the steps after level m. We divide the coupling factors by /7,
and only then insert independent standard Gaussian vectors in place of the fluctuation
variables. The lemma bounds the covariance, in the normal space, of the resulting
Gaussian vector. Three points need care. First, the inputs g; = g; .w; are the arguments of
the reconstruction maps. The normalization by the inverse square root of the constrained
Hessian, which depends on the field, is already inside these maps, and the derivative
therefore includes all normalizing matrices and their dependence on the field through
the later reconstruction. Second, we recall from Definition 4.11 that at a point y =
(8;u)?_, of a compact regular patch of the cone of commuting triples, the normal space
is Ny = {b = (bi)?zl :b; L ou, Y,;0;,b; = 0}, of dimension four, and Py;, denotes the
Euclidean orthogonal projection onto it in the fixed coordinates of cycle logarithms.
Third, the identity Eg|}; A]-IKG]-\2 =Y tr(A]-,KA].TIK) concerns only the contribution of the
omitted steps. The covariance of the normal fluctuations of the coarse field is a separate
contribution, which is not set to zero, and for this reason the lemma cannot be replaced
by an averaged estimate for the conditioned measure.

Lemma 34.12. Use the hierarchy, the side n, the time 6L, and the reconstruction maps of
Definition 34.1. Fix a compact reqular patch of the cone of commuting triples and margins for the
logarithm and for the normal coordinates as in Theorem 33.11. For a flat coarse field V,, whose
cycle holonomies lie in this patch, let Hx(y,q) be the based holonomy triple, around the three
coordinate cycles, of the configuration on the finest lattice reconstructed from V, with fluctuation
inputs q = (q1,...,qx), flowed for the time 0L>. At q = 0 it equals Hol(V}), in the original
frame. Put

Ajk(v) = Py, Dg;(Log oHk)(y,0) diag, ,(gj,/v7), 1<j<K

where the diagonal matrix has the entry g; ./ /7 at every scalar coordinate (r, e) of the fluctuation
variables of step j; these ratios do not depend on vy. Equivalently, Aj x = vV ZPNy Dy, (Log oH)
at zero fluctuation, with the full zero-fluctuation continuation at the later levels and every
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normalizing matrix included. Let G; be independent standard real Gaussian vectors indexed like
w. Then there exist C,c,e€ > 0 such that

K 2
supB| Y Aix(y)Gj| < COL+m)B~"  (K>m>0).
Yy j=m+1

The constants may depend on the fixed n, L, 6, M, ], the parameters © of Theorem 23.2, the
patch, and the fixed bounds on the coefficients and the flow, but not on m, K, the prior depths, or
v € (0, y0]. Before the flow is applied, the first-order variation of the flow data in these directions,
measured in both full norms with their first differences, has a bound C(1 + m)°B=*" in L?(G)
for some s > 0.

Only linear maps are evaluated at the unbounded Gaussian vectors; no nonlinear
reconstruction is evaluated outside its cutoff domain. For j > 1, the matrices Ajk are the
linear response matrices A; x of Definition 35.7, on the same normal patch and with the
same gauge and basepoint, as the second expression for A; g shows; the coarse response
Aok there is a separate contribution.

Proof. The proof uses only deterministic coefficient estimates and independent Gaussian
vectors; in particular, it does not use Theorems 34.9 and 34.10 as probability estimates.
Throughout, we keep the zero-fluctuation base point and the direction of differentiation
separate. We first set up and bound the linear recursion for the derivative of the recon-
struction. We then write the first-order variation of the flow data as a sum over levels,
bound each term by deterministic rows and Gaussian chaining, and sum. Finally, we
pass to the holonomies through the derivative of the flow and the logarithm.

Step 1: the base point and the linear recursion. We write ¢ = amap and Hy = L/n.
In one of the finitely many fixed charts covering the compact patch, let vo(y) be the
logarithmic representative of V, in the reconstruction domain, and set

vi=Poi_1, bl=rd,  X;=PL_,(vi/l), Y= Qa(X;X;). (34.44)

The condition on flat fields was checked at the beginning of Section 34.2. By Lemma 14.9,
at every side and prior depth, each constrained minimizer is an exact flat lift, its free
coordinates vanish, and the gauges of the reconstruction maps preserve the prescribed
cycle holonomies. The Wilson flow is stationary at each resulting flat field. It follows that
Hk(y,0) = Hol(V,) exactly, in the original frame; this uses the refinement of flat fields,
not a property of cardinal interpolation. By the bound on DP; and Lemma 34.4,

[0l < B, sup{XZ(X;) + Y&(Y;)} < Ra. (34.45)
K,y

The same domains serve every chart of the finite cover.



34 Uniform fluctuation bounds and comparison of holonomies §34.7 155

Let D; be the diagonal matrix with the entries g;,/,/% at all scalar coordinates of the
fluctuation variables of step i. We write

W, = Dq&)i(v,;l,O)Di, Mm =0, n = DP{(Uifl)ﬂl;l + W;G; (l > m), (34.46)
and we set 77; = 0 for i < m as well. By the coefficient bounds of the reconstruction maps,
we have

IDP,(0; 1) looses < @, sup|[Wile, )2 < Cdi,  di = g1/ /7 = VG L.
e

The ratios of the couplings within one step are kept in D;; replacing them by d; costs only
a constant depending on J. All these linear maps are independent of the coupling. Their
derivatives contain the positive inverse square roots of the constrained Hessians used to
normalize the fluctuation variables, including the dependence of these matrices on the
tield through the subsequent zero-fluctuation maps.

A scalar Gaussian row c - G has the Laplace transform EefC = el’lel3/2, by completing
the square in each one-dimensional Gaussian integral. Hence its two-sided tail at the
threshold u/|c|, is at most 2¢%*/2_ There are at most C ;(nB")3 scalar outputs at level i. By
the finite-family clause of Lemma 16.4, with N < C ](nBi)3, scale Cd;, b = 0,and e = 0,
we have [|[|W;Gillell12(G) < Cdiv/1+ i. Applying the Minkowski inequality to (34.46), we
obtain _

1
Hnilleoll 2y <€ X @ 7'dVI+1<CVE(L+)2, (34.47)
I=m+1
where we used d; = dl-B("_l)/ 2 and Q\/E < 1. This bound is uniform in m, the cutoff, and
the flat field.

Step 2: first-order identities on the common lattice. In this proof V; and Z; denote first
variations of the flow data; they are unrelated to the flat coarse field V;,. Define

Vi =Pl a(i/t),  Zi= Qu(Xi, Vi) + Qu(Vi, Xy). (34.48)

Both are linear in Gy;41,...,G;. They are the first derivatives of the flow data (x;,y;)
when only the fluctuation inputs of the steps after m vary, in the directions D;G;. This
is an identity between finite-dimensional linear maps: we first differentiate at zero in
deterministic directions, and only afterwards apply the derivatives to the Gaussian
vectors.

We use the uncentered deterministic Taylor expansion in the fluctuation inputs,

®;(v,q) = P+ chﬁ-(v,o)q +0(g%).

Along the deterministic reconstruction 6;(q) = ®;(6;_1(q),q;) from 6y = vy, with flow
data x;(g) and y;(g), the increment splits exactly into four uncentered summands,

xi(q) — xi—1(q) =8 + Z;i + 7 + 1,
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where, with 0 = 0;_1(g),

5 = gi_lp.alﬁi—)ach/ﬁl’(g’o)qi’ Z = Ei—lp,”leﬁa [EISi(G; q;) — Pi6 — Dq@i(G,O)qﬂf
7= P,u.@ie, i = Pe[éi%auzd(e)'

These are not the centered summands s; and z; of (34.1), which are defined under the
conditioned measure by an expansion at the conditional mean; the present expansion is
at zero, and no conditional mean enters. At g4 = 0 the four summands are (0,0, R;, U;),
defined below, and their first variations in the directions D;G; are ({;, 0, p;, v;). Thus the
tirst-order part of the increment splits exactly as

Vi—Via=¢g+pituv, (34.49)
where
& =P WiGi,  pi=P'Zmis1, v =PI, DU (v;_1)[i1)-

Here %; and Uz-d are the signed defect and the classical predictable term of Lemma 34.2,
including the quadratic terms and the terms of higher degree of the zero-fluctuation
map. At order zero the same split is X; — X;_1 = R; + U;, with R; = P*%,0,_; and
u; = Py, Ul-d(vi,l). Terms with two fluctuation factors have zero first derivative at
zero. The zero-fluctuation continuation agrees with the base point through level m and
has zero derivative afterwards, because #,, = 0. Thus

l l

Vi= Y. (&i+pi+v), Zi=Y, (Zi—Zi),

i=m+1 i=m+1
and all initial terms at level m vanish exactly.

Step 3: linear rows and the background on two lattices. We apply Lemma 34.5 to the
deterministic linear pullbacks, with the coefficient covers of Lemma 34.3. The values
at the reference point have the Gaussian tail bounds just described. A difference of
two linear Gaussian rows is a centered Gaussian variable whose variance is the squared
coefficient distance, and it satisfies the conditions (1) of Lemma 34.5 exactly. We use only
the deterministic coefficient part of Theorem 26.10, at zero fluctuation: we evaluate the
coefficient at (v;_1,0), divide its derivative in the fluctuation variables by /7, and use the
matrix D;. Its weighted linear row scale is CE‘I-"_U 2. The normalized coefficient metric has
bounded diameter and a cover at the input mesh, and the Gaussian Laplace transform
gives the tails of the increments and at the reference point. Applying Lemma 34.5 under
the Gaussian measure, we obtain

X6 I2e) < CAL+i) e V2 [IXE(pi)llz(e) < C(L+i) /262 (34.50)
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The second bound follows from (34.11) and (34.47).

We verify the stronger background conditions for the mixed rows used below. Let
H = /;_ = B{;. Lemma 27.1 gives the signed heat estimate for difference orders 0, 1,
and 2. For orders 3 and 4 and t > H2, we put the additional differences on a half heat
step in the estimate of order two, using Lemma 34.2. For t < H?, we put all differences
on the two smooth cardinal inputs, whose input meshes are H and H/ B; since their ratio
is the fixed B, this costs only a constant C 1.9- For every 0 < g < 4 this proves

bfl H
IDIR; (1) |0 < Cq—=1 (8 + H?)™9/2 e < Cp bl HY (8 + £2)~ (4072 (34.51)
H Vi+H2 © T :

The last inequality follows by maximizing (t + H2)*/2H /+/t + H2, whose maximum is
H* since « < 1. Since every refinement ratio of the common lattice is an integer, the
statements about signed columns and cardinal interpolation apply. This background
is a heat path built from two lattices, not a single cardinal interpolation of the parent
tield. The other background X;_; has bounded norm at its input mesh by (34.14) and
(34.45), and its differences through order four are bounded by the last assertion of item
(6) of Lemma 34.2. Its correction term in (34.14) is be{lH"‘_l, which is bounded since
k+a—1>0.

Thus both orders of the version of Theorem 26.10 with four differences apply, with
the deterministic background bounds C for X; 1 and Cblﬂ_lH""1 for R;. Its envelopes
of order four give the normalized space-time cover, independently of a/¢;, and the heat
equation gives the time increments. Using its separate linear rows and Lemma 34.5, we
obtain, for each order separately,

Y2 (Qa(Xi1, &) l2 + [IY4(Qa(&i Xi—1)) ]2 < C(1 + )0 1/2, (34.52)
IYE(Qa(Ry, &))ll2 + IYE(Qa (& Ri)) |2 < Cr(1+ i) L5 T2473/2 (34.53)

where |||, is the norm of L?(G). These are not the conditional maxima at fixed coupling
of Theorem 26.10: we use only its deterministic rows and normalized covers, and the
maximum is taken here for a linear Gaussian process.

Step 4: the pulled-back forms at first order. Let T]“j be the three ordered forms and §;;
the quadratic initial form, including its physical prefactor and its cardinal interpolation.
For either type we write Fjli(v) = A]-/i(v, v), and we set

C]',i(v) = Fj’i(Pi’U) — Fj’i(Li’U), B]',i = DF]'/I'(Z)Z')WI'.
The calculation that proved (34.28) implies that

j—1—i
IDC;(@) ] lout < C(1+ ) [0 ]l (34.54)
1
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The output norm is Yj for an ordered form and the initial-array norm Hf, for a quadratic
initial form. Differentiating the finite telescope given by (34.3), or applying the chain rule
term by term, we obtain exactly

j—1

DF;; 1(vji-1)[nj-1] = ). {B;iGi+ DCj(vi_1)[ni-1]}- (34.55)
i=m+1

Indeed, the part of the chain rule that comes from P, is DF]',,-(UZ-)DP,-(U,'_l)m_l ; subtract-
ing the derivative of the pullback, DF;;(L;v;_1)L;1j;—1, leaves DC;;(v;_1)[#;—1], and the
remaining part is DF; ;(v;)W;G;. The derivative of F;,,(vy) is zero because 7, = 0.

We now bound the Gaussian norm of B;;G; by deterministic rows at the base point.
Let H=1{¢; 1, G=1{; = B¥H with k = j—1—1i,and Kj;; = q¥/G. For the form TYV the
two terms in the derivative of the source are

Na(UW;Gi, Vo;) + N, (Uoi, VW,G;),

where U =U;;, V =V,;, and N, is the quadratic source of the Duhamel term. For TVV

we interchange U and V, and for TVV we put V in both arguments of these two terms.
Thus each of the three derivatives has one differentiated argument and one deterministic
argument bounded by bf. By the product inequalities for rows and volume-normalized
columns in Lemma 27.1, followed by the bounds on the time-indexed rows of heat-kernel
coefficients in Theorem 27.5, we have

sup||B]-,i(t, X, ) ||2 < CK]ldlbfl log(l + t/Hz), t < GZ,
X
sup||[DaBji(t, x,) |2 < CKjdibfJu(t),  t< G2,
X

sup||D4B;(t, x,-)||2 < CK;d;b G324 3/47 /20 (T),  t>G? 1=0,1.
X

Here |y and /g are the functions defined in Theorem 27.5. The conversion of the Schur
row-column estimate with volume-normalized columns uses the input volume G> and
the output volume a; its factor (G/a)3/? cancels the factor a3/? of the row of heat-kernel
coefficients and leaves G3/2. The undifferentiated argument is evaluated at v;, and only
its deterministic size enters this calculation. We do not use bl as a bound on a conditional
fiber with nonzero fluctuation variables, which is why no term d;p; appears. The Jacobian
at zero fluctuation has been substituted in the differentiated argument, with g; replaced
by d; through the diagonal matrix D;; all other heat and signed-column operations are
unchanged.

Taking the two weighted maxima of these early and late row bounds gives the scale
C(1+ j)CK]-idiblfle""l. The crude space and time derivatives of the coefficients have
the amplitude C2%,d;b!/G? and cost fixed powers of H™!. Their ratio to the weighted
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amplitude is bounded as in (34.21), with the same factor (ganc/ q)k < 1. Therefore their
normalized coefficient metrics have bounded diameter and polynomial covering numbers
at the input mesh, including at time zero, and Lemma 34.5 proves, for each ordered form
separately,
IYa(B}iGi)ll2 < Cr(1+j)a/~ 7120732, (34.56)

For the quadratic initial form we use the rows of Theorem 27.7 with respect to the
fluctuation variables, with the same differentiated and deterministic arguments. Its value
row is at most

CKﬂdlblﬂ min{l, G3/2(t + Gz)_3/4}.

After the weight with exponent ¢ /2 its scale is CK]-idiblﬂG‘T. Its crude parameter deriva-
tives keep the same factor K]-Z-diblﬂ, and division gives a fixed power of E;l and the cover
at the input mesh. Lemma 34.5 for the value process, followed by the deterministic
half-splitting of the heat semigroup for its linear initial field, proves

IH& (B, Gi)ll2 < Cr(1+ j) /15172, (34.57)

The half-splitting above 4> and the bound by the initial value below a? are the two
deterministic inequalities of Step 3 of the proof of Theorem 34.7, and this bound includes
the first difference on every finer lattice.

Finally, (34.54) and (34.47) imply that, for both types of output,

11IDC;i(0-1) i1 llout ||, < Cr2(1 + j)cq/ 13172, (34.58)

The part of degree at least three of the predictable term at level j satisfies the same bound
with its own coefficient, by (34.12). There is no conditional-mean remainder in (34.55).

Step 5: summation of both components. Let sp > 0 be strictly smaller than each of

_logq
logB’

x—% k+0—3 Kk+2a—3, 2k—1

All these numbers are positive, and we reduce sy further if a fixed exponent of the product
estimates requires it. For the predictable term, the initial value of its first-order variation
is exactly

U](O) = Dsj,j—l(vj—lzvj—l)[ﬂj—l] + IejﬁﬂDC}OC(U]’_l)[ﬂj_l],

where CJI.OC is the part of degree at least three of U]‘?l at its input mesh, so that I g],_mC}OC =V
in the notation of Lemma 34.2. The first term is given by the identity (34.55) for the
quadratic initial form and the second by the bound on the part of degree at least three,
with no conditional mean added to either. Summing both in the norm of the initial value,
using (34.57), (34.58), and geometric summation, we obtain

Z IHE (0;(0)) |2 < C(1 + m)B—50o™, (34.59)
j=m+1
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Combining this with (34.50), we obtain

K
| sup Xev|| + X [IXEEI2+ IXE(op)llz + X2 (0))ll2] < C(1+m) B,
m<I<K j=m+1
(34.60)
For the ordered forms, (34.55), (34.56), and (34.58) imply the same summed tail, sepa-
rately for each of the three forms. These estimates use the Minkowski inequality, not
independence between an earlier field and a later coefficient.

We now treat the products, following the fourth column of Table 34.2, for the uncen-
tered summands of Step 2. Their values at zero fluctuation are (0,0, R;j, U]-) and their
first variations are (¢;,0,p;,v;). Thus the product (3,5) and all seven products contain-
ing Z vanish at first order. The two products (5,7) and (7,35) are exactly (34.53). The
product (7 7) and the two cross terms with 7 are the derivatives of TVV, TV — TVV, and
TVY — TVV, which have the separate tails just proved. For the seven products containing
i, each nonzero derivative has one linear factor and one deterministic classical factor.
For example, the derivative of Q,(7, 1) is Qu(p, U) + Qa(R, v), and the reversed order re-
verses both brackets; the derivative of Q, (i, i) is Qu(v, U) + Q4 (U, v); the derivatives for
(§,1) and (i1, §) pair ¢ with U; and those for (Z,i) and (#, Z) vanish, as already counted
among the products with Z. This accounts for all sixteen products.

We use the two ordered inequalities (34.6). The deterministic norms of X; and R;
are bounded by (34.45) and (34.11), and the linear predictable terms are summed by
(34.59). For the factors paired with a deterministic predictable term, the series of the
zero-fluctuation maps gives the sharper deterministic sum

K
Y OHAU(0) <C YT %, = CrAH %1, (34.61)

j=m+1 j>m i1
The ratio in this sum is BQ2 = q < 1, and there is no term d,,p,, at this base point.
Multiplication by (34.60) bounds all the remaining products. It also bounds both orders
of the cross terms with the predictable term,

Qﬂ(‘/j—ll u]) + Qa(Xj—ll U]) and Qtl(u]/ ‘/j—l) + Q{Z(vjl Xj—l)'

The two cross terms with s are (34.52), and the two cross terms with z vanish. This covers
both orders of every cross term. The constant in (34.6) is valid at every mesh a = L/N,
including the finitely many coarse meshes at fixed L; no condition 2 < 1 is needed.

Differentiating the finite telescope (34.5) and summing these bounds geometrically,
we obtain, with s < sp if a polynomial factor is absorbed,

X4 (Vk) + Yg(ZK)HLZ(G) < C(1+m)°B~*™. (34.62)

This proves the asserted bound on the first-order variation of the flow data, before the
flow is applied.
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Step 6: the derivative of the flow. We check the hypotheses of Theorem 25.13 without
assuming a uniform bound on second derivatives for an unbounded Gaussian family.
We fix a deterministic finite vector of inputs of the steps after m, let 77k be the solution
of (34.46) with G replaced by this vector, and let v = I,_,,(1x/a) be the corresponding
direction of the initial potential. Let V = P%v and Z = Q,(Xk, V) + Q.(V, Xk); these
are Vx and Zx when the deterministic vector is subsequently replaced by G. We write
H;(Ap) for the based cycle triple of the Wilson flow started from exp(aAy). By the chain
rule, the derivative of H(y, q) in these directions is D%, (vk/a) [k / al.

At a fixed cutoff, we consider the family of initial potentials vgx/a + ¢tv, where
¢ € (—2,2) and T > 0 is deterministic. Its flow data are

(Xk +¢TV, Yk +¢TZ + 212 Qa(V, V).

We choose T so that T[X4(V) +Y%(Z)] < 1/16, T2Y%(Q,(V,V)) < 1/16, and the pertur-
bation of the initial link variables stays within one quarter of the fixed margin of the
logarithmic chart. Such a T > 0 exists for each deterministic direction, and the zero
direction needs no restriction. The flow data and their first two derivatives in ¢ are
then bounded by Ry = Ry + C on U; = (—2,2), uniformly in the mesh, and we take
Uy = (—1,1). The parameter space has dimension one, the parameter domains and chart
margins are fixed, the loops and the positive observation time are the given ones, and
all damping gauges start at the identity in the same frame. These are the hypotheses
of Theorem 25.13. Its restart at a positive time uses the local chart and the C! bound
already proved, and its fixed restarts include the conjugations at the basepoint. Thus
its real differential is the differential of the based holonomy matrices of the Wilson flow
used here.

To obtain a bound independent of the rescaling 7, we apply Remark 34.8 on the fixed
ball of radius R + 1 to the configurations of the family at ¢ and at 0, divide by |g|t, and
let ¢ — 0. The difference of the flow data divided by |g|T tends in both norms to (V, Z);
the remaining term is bounded by |¢|TY%(Q,(V,V)) and tends to zero at this fixed cutoff.
We obtain

max| D44, (oxc/a) [k /)| < CIXE(V) + Y(Zi0)} (34:63)

The constant depends on R and the fixed time and reference data, not on the rescaling,
the direction, the cutoff, or m. The finitely many coarse meshes are included in both
results on the flow. Differentiating the reconstruction instead of the straight line of initial
potentials gives the same first derivative by the chain rule, and higher derivatives at the
initial time do not enter (34.63).

Step 7: the logarithm and the conclusion. At the base point the cycle holonomies
are exactly Hol(V,). The compact regular patch has the margin for the logarithm of
Theorem 33.11, and the differential of Log is uniformly bounded there. In the notation
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of that theorem, its differential on the right-trivialized variation éH;H; lis ]171, with

Ji= fol e%iadu ds, where u € S? is the color axis of the background. The projection Py,
has norm at most one. Composing (34.63) with this differential and this projection, we
obtain the pointwise bound

| Z Ak (y)Gi| < C{XE(Vi) + Ya(Zi) ).

j=m+1
By the definition of the diagonal matrices D; in (34.46), these are exactly the blocks of the
statement. Equivalently, the chain rule gives Dy, (Log oHk) = Dy, (Log oHk) diag, ,(gj),
and multiplication by =1/ ZPNy gives exactly the first expression for A; k in the statement.
Squaring, taking the Gaussian expectation, and using (34.62), we obtain the claim with
€ = 2s, after relabeling the polynomial exponent.

For comparison with the covariance notation of Section 35, independence and

]EGjG;r =11 give exactly

‘ 2: A]KG‘ 2: tr ]KA]K)

j=m+1 j=m+1
The transpose here is the Euclidean transpose in the counting coordinates of the fluctua-
tion variables, not an adjoint with respect to physical volumes; the physical volumes are
already contained in the deterministic rows. Every bound above is uniform over the finite
cover of the compact patch, the prior depths, K, m, and the coupling. This completes the
proof. O

34.8 Flat support of weak-coupling subsequential limits

In this section, we prove that the continuum measures concentrate on flat connections
as v — 0. We fix the data of Definition 34.1 before varying 0 < v < 79 < 1; the
hierarchy is the one fixed by Theorem 23.2. Here we choose the common input horizon
T = To > max{1,L? 0L?}, and all flow-data norms and the preceding comparison
estimates are evaluated on [0, Ty]. Later observation times need not lie in this interval:
they are reached by the monotonicity of the energy after a short initial comparison. Let
n, € 4NN define the lattice refinement sequence n.BX, K > 0. We use a comparison side
n = n,BXo of this sequence which satisfies the minimum-side condition, the condition on
flat fields, and the conditions on the working radius above; in particular 27t/n < rg,. /4.
The sequence, the hierarchy, the side 1, and all the bounds are fixed before the coupling
and do not change as v — 0. We write Nx = nBX, ax = L/Ng, and VK,y = VUNg,ny- 1he
law of the coarse field V = V/K under vk , is the stopped measure ¥,k , by item (9) of
Theorem 14.8. Let Ay = A , 1,,) be the continuum measure of Corollary 29.26. Constants
have the dependence described in items (6) and (7) of Definition 4.14.
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Theorem 34.13. Fix L > 0, the hierarchy, n, € 4IN, and a ceiling 0 < 7o < 1, all before varying
the coupling, and consider the lattice refinement sequence n.BX. Comparison sides n = n,B*
are required to satisfy the conditions of Definition 34.1. Let Ay = Ay 1, be the continuum
measures of Corollary 29.26. Then the following statements hold.

1. Foreveryt > 0and 6 > 0,
AAX EL(X(t) >6} — 0 (y = 0). (34.64)

More precisely, for every comparison side n as above, fixed before the coupling, there exist
y1 > 0and C,, 15 < oo such that this probability is at most Cy, s 5(\/7 + v) for 0 <y < 1.
2. For every 17 > O there exist finite R; > 0 such that
0<i$sf% A AX :Ep(X(L*27)) < Rjforall j > 1} >1—1.
The set in this display is compact for Tw and for d.. Every sequence yr — 0 has a
subsequence along which A, converges, against all bounded Ty-continuous functions and
weakly for d., to the same Borel probability measure. Along this subsequence the images of
A, in the Sobolev trajectory space of Definition 29.1 also converge against every bounded
T1 2-continuous function.
3. Every subsequential limit, in either of the topologies of item (2), is supported on the set

Fit={X: X(t) = [A] forall t > 0, F4 =0}
of stationary flat trajectories. This set is compact, and the cycle holonomies identify it with
Fr ~ Hom(Z3,SU(2))/SU(2) ~ (R/47Z)%/{® ~ —¥},

including the eight central triples. Every subsequential limit is the image of a Borel probability
measure on this compact space.

The constants in item (1) have the dependence described in item (6) of Definition 4.14,
with the displayed additional parameters, and the ultraviolet limit has been taken at each
tixed coupling before v — 0. The theorem does not identify the probability measure on
the moduli space: it asserts neither uniqueness of the subsequential limit nor a density
on the moduli space, and it makes no assertion about unbounded moments of the energy
or about ultraviolet convergence uniform down to zero coupling.

The proof combines four facts. The effective classical action of the coarse field has
moments of order 7. The zero-fluctuation reconstruction from the coarse field has lattice
energy exactly proportional to this action. The flow data of the reconstruction differ
from those of the zero-fluctuation reconstruction by O(,/7) in every moment. Finally,
a short-time comparison of the two Wilson flows, followed by the monotonicity of the
energy, transfers this to the energy at positive times. We first prove two lemmas.
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The coarse effective action and the zero-fluctuation reconstruction

Lemma 34.14. Use the data above and the stopped densities of Section 33.2, at depths d = k]J.
On the support of the stopped measure write Eg(V) = Egsu(V), and put g> = «/n and
Dy, = 613 — 2. There exists 1 € (0, o), independent of the depth, such that for every fixed real
p > 0 and every such depth d,

Er,.,Ei < Cup8™, g, B <Capg?  (0<7<m),

where Eg = Sy is the Wilson action of Definition 4.1 on the lattice of side n. At d = JK, start from
the same representative 6y (V') of the coarse field as the reconstruction, and set 6 =D P Bo(V).

Then the configuration UY(V) = exp E)\% on the finest lattice satisfies

_ 2n
Eo(UR(V)) = B XE(V),  Eq(UR(V)) = T Ex(V), (34.65)
where on the left Eg is the Wilson action on the finest lattice and E,, is the lattice energy (2.2). In
particular, the expected initial lattice energy of UY(V') under the stopped measure is at most Cyy,

and the expectation of its p-th power is at most Cy, p7yP.

The constants depend in addition on p and on the fixed bounds on the coarse density,
and they are independent of the coupling and of the depth. The identities (34.65) are
exact for every finite K, including K = 0, with the prior depths J(K — j) ending at depth
Zero.

Proof. By (33.1) and properties (P1), (P3) of Section 33.2, the stopped measure has the
density B
Z\_llDye_Ed/gz_Rd” dHn, Ed > KE() > 0, |Ed,'y| < Cn,

where ¥ > 0 is the constant in (P1); in this proof x denotes this constant, not the
contraction exponent of Definition 34.1. These bounds apply to the law of the coarse
tield under the conditioned measure itself, not to an interior stopped measure in its
place. The lower bound of Theorem 33.10 is Z > c,gP" for ¢ < go(n). We choose
11 < min{~yo,ng0(1)?}, so that also g < 1. Since uPe " < Cpe_’“’/2 for u > 0, we have

BoE] < Copg™ 00 [ o5/ aH,

v

< Cn,ngP—Dn/ e—*E0/(28%) 41 < Cn,pgzp.

In the first inequality we used the bound on R;, and the lower bound on Z. In the
last inequality we used the upper bound for the integral over the compact configuration

space in Theorem 33.10, with the coefficient x /2. The lower bound E; > xEy then implies
the bound for Ej. In particular, the stopped measure concentrates near the set of all flat
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coarse fields: outside any fixed open neighborhood of {Ey = 0} the continuous function
Ep has a positive minimum, and Markov’s inequality applies.

We now check that the configuration in the identity is the zero-fluctuation continuation
of Definition 34.1. At level j the prior depth is d; = J(K — j). By Theorems 15.13 and 15.14,
P; is the constrained minimization of the renormalization group step followed by its based
gauge transformation, which depends only on the coarse field. It preserves the gauge
orbit of the minimizer and the value of the effective classical action. Iterating the nested
minimization identity E;,q(c) = Mmin; E4(b(c,z)) of Theorem 10.10 through the |
averaging steps of the renormalization group step, we obtain, at every zero-fluctuation
input in the reconstruction domain,

a0 L
Eq (e7) = B Eq 4y (7).

For the chosen representative of the coarse field, the initial value on the right is Ejx sat(V);
the extension Ejg st agrees with Ejx on the support and does not change it. All changes
of representative are compact gauge transformations, which preserve this value. Iterating
over j = 1,...,K ends at dg = 0 and proves the first identity. The continuation sets
the fluctuation variables w to zero, not the centered variables w — E(w | F), and no
conditional mean is substituted for the minimizer. Finally, by Lemma 29.14 we have
E., = 2Eo/ak. Since ax = (L/n)B~X, this proves the second identity, and the moment
bounds follow from the first part of the lemma and g¢? = «/n. The identity also covers
K = 0, without iteration. O

Early-time comparison and energy monotonicity

Lemma 34.15. Fix L,R > 0,1/2 <« < 2/3, To > 1, and T > 0. There exist a, > 0 and
C < oo with the following property. Let a = L/N < a,, and let U = "0 and U’ = ™0 be
configurations on the lattice of mesh a, represented in the same initial frame, whose flow data
Er = (xq,yq) and E, = (x},vy,) as in Definition 24.3 have norms at most R on [0, Ty|. Put

do = X5 (%0 — x7) + Y5 (Ya — ¥2),

with both full norms on this lattice and this horizon. Then, for the Wilson flow run for the lattice
flow time 4t/ a?,

sup E,(Y\MU) < E,(U') +Cd,,  supE,(YVU) < C.

t>1 t>1

The second bound requires only the bound on the norm of &,.
The constants have the dependence described in item (7) of Definition 4.14 on the

displayed parameters and on the fixed chart and stencil; they are independent of the
coupling, of any probability measure, of the depth, and of the configurations.
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Proof. Let Tg < 1 be the lifetime in Theorem 24.5, and choose s = min{t, Tr}/2 > 0.
Applied to the two flow data, that theorem yields local damped representatives A, and
Al with

1Aa(s) = Aa(s)llcy < Crsdar [ Aa(5)lly + 14%(s) It < Kss-

The second bound follows from A = x 4y 4+ r, the two weighted norms, and the bound
on the remainder r in that theorem at the fixed positive time s. Its constants and its
restriction on the mesh are independent of the coupling. The exponentials of A,(s) and
A/ (s) are gauge representatives of the two Wilson flows at time s started from U and U’
By gauge invariance and the C. estimate for the lattice energy in Lemma 29.14,

E.(¥NU) < E, (YU + Cd, < E, (') + Cd,,

where in the last inequality we used that the energy does not increase along the flow.
The same monotonicity from s to every t > T proves the first assertion. The uniform
bound on the energy on a bounded C} ball in Lemma 29.14 gives Ea(‘YgN)U) < C, and
monotonicity proves the second assertion. O

Proof of the support theorem

Proof of Theorem 34.13. Step 1: the coarse action and the zero-fluctuation reconstruction. By
Lemma 34.14, for 0 < ¢ < 71 the expectation of (2n/L)Ejx(V) under vk, is at most Cyy,
uniformly in K, and this quantity is exactly the initial lattice energy of the zero-fluctuation
reconstruction U%(V).

Step 2: the distance between the flow data. We take m = 0 in Theorem 34.9 and denote by

Dk = Xg*(xx — x%) + Y& (yk — %)

the distance between the flow data of the reconstruction and of the zero-fluctuation
continuation from the coarse field. By that theorem, for every fixed p > 1 we have

1Dkl p(v.) < Cup{ v/ + (1 +[log v} < Cp v/,

uniformly in K and in the coupling; the last inequality uses the bound on /(1 + [log 7|)*
from the proof of Lemma 34.6. By Lemma 34.4, the norm of the flow data of the
continuation is at most R}, deterministically for every coarse field in the reconstruction
domain and independently of K and +.

Step 3: comparison of energies. On the event Gx = {Dg < 1} both flow data have norm
at most Ry + 1. The two configurations to which we apply Lemma 34.15 are exp fx and
UIO<(V), in the same initial frame on the finest lattice. Indeed I, 4, is the identity in
Definition 34.1, and both pairs consist of the linear heat evolution and the quadratic
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Picard term of these fine arrays. The zero-fluctuation configuration is the one in (34.65),
with the same representative §O(V) of the coarse field; it is neither a flow started on the
lattice of side n nor a separately chosen flat approximation. For every K large enough
that ax < as, a threshold independent of the coupling, Lemma 34.15 and (34.65) imply
that
Eq (YU < ZTHEIK(V) +CpDx  on Gg.

The configuration exp fx is a gauge transform of U by Theorem 15.14, and the inequality
concerns the gauge-invariant lattice energy of U. By Step 1, Step 2, and Markov’s
inequality,

2n

VK31 Eax (TgNK)U) > 6} <k, (Gi) +6 "By, [TE]K(V) + Cn,tDK} < Curs(vV7+7)

Only the coarse action and the distance between flow data were integrated in this estimate;
no unbounded quantity was transferred from the Wilson measure.

Step 4: transfer to the Wilson measure and to the continuum. For a Borel event A, the
definition of the conditioned measure gives pn, 1 (A) < Vi (A) + ingy (S 1) BY
Corollary 23.11 with g = 1, at this fixed 7, the last probability is at most C,;y. We apply
this to the event in Step 3. For the ultraviolet limit we use the bounded continuous
function

f5(v) = min{1, max{0,2v/6 —1}}, v >0,

which equals one for v > J and vanishes for v < §/2. Since n = n.B“%, we have
nBK = n,BK*, 50 the lattice energy sequence is a tail of the one in Theorem 30.4. That
theorem gives, at each fixed -y, convergence in distribution of the lattice energy at time ¢
to Ef(X(t)) under the same measure A, identified in Corollary 29.26. Hence

MAEL(X(D) > 6} < By f5(EL(X())) = lim By, f5 (Ea (F;"1) < Cors (VT + ),

where in the last inequality we used Step 3 with §/2 in place of § and the transfer just
described. The limit in the middle is taken at fixed <, after the uniform estimates at finite
K. This proves item (1).

Step 5: common compact containment. We argue directly on the whole interval of small
couplings. For each fixed comparison side 1, Step 2 implies that

lim  sup vk, {|l(xk,yk)|la > R} =0,

R0 k>0,0<7<
with constants that may depend on n. The second assertion of Lemma 34.15, applied on
the event where this norm is at most R, bounds the lattice energy at each fixed t > 0
by a finite constant on all sufficiently fine lattices. The finitely many remaining lattices
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have a deterministic finite maximum of the energy on their compact configuration spaces.
Therefore, for each fixed n,

lim sup Vi {Ea (‘I’gNK)U) >H} =0.
H=r00 g>0,0<y <79

The comparison side may now be enlarged to reach a prescribed tolerance, always before
the coupling is chosen. By Theorem 23.9 and Corollary 23.11,

k
€n =  Sup P‘nBK,'y(S;BK,n,v) —0 (n =n.B%, ko — o).
K>0,0<7<70

Indeed, the bound of Theorem 23.9 is the sum of C'n3e /7 and C,nle "™ log® \/Mn/ v,
both terms are largest at y = 7o and tend to zero as n — co. We choose 1 so that €, is
small, and then the radius and the energy threshold for the conditioned measure. The
transfer of bounded events gives uniform tails of the lattice energy under the Wilson
measure along the sequence nBX, and the finitely many initial terms of the sequence
n.BX below n have deterministic finite energy bounds as well. Thus

lim sup gy {Epy (¥ B0y > HY =0,
®K>0,0<7<70
For each 7 separately, the convergence of the energy at fixed coupling used in Step 4
and the portmanteau inequality for the open set {v > H} give the same uniform tails for
A {EL(X(t)) > H}. No ultraviolet limit uniform in the coupling was used.

We now apply Theorem 29.6. We choose R; such that the energy tail at time s; = L2277
is smaller than #27/~1, uniformly in the coupling, and use the union bound. The compact
set C(R) of that theorem, with R = (R;);, gives the asserted common containment and
the extraction of subsequences for 7Ty and for d.. This proves item (2), except for the
Sobolev images, which we treat in the next step.

Step 6: identification of the support. Let A, be a subsequential limit obtained from
this extraction. All finite joint laws of regularized Wilson loops converge along the
subsequence, since these coordinates are bounded and 7y-continuous. The general
sequence clause of Theorem 30.5 applies: the energies at every positive time are tight,
as just proved, and the joint limit of the Wilson loops is given by the Borel probability
measure A,. That clause gives convergence of the Sobolev images to (i'?)sA.. By
Lemma 29.7, for any s, > 0 the function

Z +— min{1,E;(Z(s))/é}

is bounded and continuous in the Sobolev trajectory topology. Its expectation under
A, tends to zero by item (1): for every e > 0, it is at most /6 + A {EL(X(s)) > e}. Its
expectation under the limit is therefore zero. At each time s; we obtain Er(X(s;)) = 0,
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As-almost surely. We take the countable intersection of these events of full measure.
Since the energy does not increase along the flow (Theorem 29.6) and s; | 0, we have
E;(X(t)) = 0 for every t > 0 on this event.

Since the energy is the sum of the squared norms of the curvature components, every
smooth orbit at these times is flat. For a flat smooth connection the right side of the Yang-
Mills heat equation vanishes, and the uniqueness of smooth solutions in Theorem 24.10
makes its future orbit constant. The trajectory relation then makes X a single stationary
flat trajectory on (0, o0).

This proves the support property for every subsequential limit for 7yy. If a subsequence
converges only weakly for d., we apply the common compact containment again to extract
a further subsequence that converges for 7. Since the identity map from Ty to d. is
continuous by Theorem 29.3, the limit for d, coincides with the limit for 7jy; equivalently,
their finite-dimensional laws of the determining coordinates agree, and the same theorem
identifies the Borel probability measures. The limit for d. is therefore supported on
stationary flat trajectories as well.

Step 7: the moduli space. We include the classification of flat connections on the torus;
it is standard, and we check its normalization. A smooth flat connection lifted to the
universal cover R? has a path-independent transport P4 (x) from a fixed basepoint, with
dP4 = P4A and Ps(x + Le;) = hjP4(x). Flatness makes the three matrices h; commute.
Conversely, a commuting triple in SU(2) is simultaneously diagonalizable, and it is
realized by the constant flat connection A; = ¢;73/L with h; = % If two flat connections
A and B have the same holonomies at the basepoint, then k(x) = Pg(x) 'P4(x) is smooth
and periodic and gives A* = B, by the conventions for gauge transformations and
transport in Definition 4.10. Conjugate holonomies are handled by a constant gauge
transformation at the basepoint. Two simultaneously diagonal triples are conjugate
exactly when they agree or are related by the common Weyl inversion ¢ — —#, and each
angle has period 47t. This proves the two displayed identifications, including the central
points.

The map from the compact quotient of angles to stationary trajectories is continuous
for Ty, since every holonomy of a constant commuting connection around a loop depends
continuously on the three cycle holonomies, through the integer winding vector of the
loop. It is a bijection onto the stationary flat trajectories. The target is Hausdorff, since
d. separates points by Theorem 29.3. A continuous bijection from a compact space onto
a Hausdorff space is a homeomorphism, so the identification holds for 7y and also for
dc. Alternatively, the set of stationary flat trajectories is exactly K(0) in Theorem 29.6.
Pulling back a probability measure supported on this set gives the asserted probability
measure on the moduli space, which proves item (3). O

Proof of Theorem 2.9. Fix L > 0, an odd integer M > 3, and n divisible by four, as in
Theorem 2.9, and set n, = n. Let the hierarchy, in particular the integer |, and a
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ceiling o € (0,1] be as in Theorem 23.2. We choose an integer ko > 0 such that the
comparison side 7 = 1, B satisfies the minimum-side condition and the condition on flat
tields of Definition 34.1, and we apply Theorem 34.13 with the original base n, and this
comparison side. All these choices precede the coupling. By item (4) of Theorem 29.28,
for every 0 < 7y < 7o the measure A; , ], of Theorem 2.3 coincides with the measure
ALy, [n,) Of Corollary 29.26 built from this hierarchy. Parts (1), (2), and (3) of Theorem 2.9
are therefore items (1), (2), and (3) of Theorem 34.13. O
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Terms

The terms themselves
(Theorem 34.7)

Difference from the zero-
fluctuation counterpart
(Theorems 34.9 and 34.11)

First derivative at a
flat base point, for the
uncentered summands
(Lemma 34.12)

(z,7), (r,2)
(r,7)
The seven

pairs contain-
ing u

Xj—1 with s
X]‘,1 with z
x]-,l with r

xj—1 with u

Quadratic expression
in s;: centered part and
conditional mean
(34.6) with z; in H,
and Holder’s inequal-
ity

Mixed TrOWS
with background ri,
conditionally on F; 4
(34.6) with z; in HE

linear

The form TVV

(34.6) with u; in HE

Mixed
with background x; 1
(34.6)

linear rows

TV — TV and TV —
TVV

(34.6)

The same; the counterpart
is zero

The same; the counterpart
is zero

The same; the counterpart
is zero

The same; the counterpart
is zero
The difference of TVV

(34.7) and (34.6)

The same; the counterpart
is zero
The same; the counterpart
is zero
Differences of these forms

(34.7) with x; 1 — x?_l,
and (34.6)

Zero (two fluctuation
factors)

Zero

Mixed linear rows
with the deterministic
background

Zero

The derivative of TVV

Zero for (z,u), (u,z);
otherwise one linear
and one determinis-
tic classical factor, and
(34.6)

Mixed linear rows

Zero

Derivatives of these
forms

One linear and one
deterministic classical
factor, and (34.6)

Table 34.2. The tools used for the sixteen ordered products and the eight cross terms in (34.5).
Both orders of every pair are estimated separately. In the fourth column, s, z, r, and u stand

for the uncentered summands §;, Z;, 7, and i, of the deterministic reconstruction in the proof

of Lemma 34.12, whose values at zero fluctuation are (0,0, R;, Uj) and whose first variations are
(¢;,0,pj,vj); they are not the centered summands of (34.1).



SECTION 35

Normal fluctuations near regular
commuting holonomies

This section studies the continuum measure A, of Theorem 2.3 at weak coupling near
a regular point of the space of flat connections, and proves Theorem 2.10. We observe
the holonomies H = (Hj, Hp, H3) of a trajectory at the fixed time t = 0L? around the
three coordinate cycles of T3, and their logarithms X = Log H € su(2)®> ~ R in a fixed
identity chart. Commuting triples correspond to the cone M. Away from the origin it is
a five-dimensional manifold whose normal space N at y has dimension four, and near a
regular point we write X = y 4 b with y € M and b € ;. We prove three results. After
localization to a fixed regular patch, the normalized normal component /2%, (y)~1/2b
is compared, in the weighted normal-bundle sense, with a standard Gaussian vector in
Ny and the same y-dependent tangential marginal, where ¥ is the explicit covariance
of (4.12) (Theorem 35.4). The localized quadratic form ./ = b"%y(y) b/ (27) has the
limit law with density se™® on [0, 00) (Theorem 35.3). The normalized regression residual
variance ¢, of Theorem 2.10 equals 272 + 0(7?) (Theorem 35.2).

The following heuristic explains the coefficient. If z = 4 ~1/2Z4(y) ~1/2b were exactly
a standard Gaussian vector in four dimensions, independent of y, then q./v = |z|2/ 2
would have mean 2, second moment 6, and variance 2. The observables of Theorem 2.10
are Byps = ¢ and Agps = g, where P = Po(y)x(b) is a fixed tangential cutoff times a
normal cutoff equal to one near b = 0. Omitting the normal cutoff, we set B = yy(y) and
A = 7B|z|?/2. If z is standard Gaussian and independent of y, the best affine predictor
of A from B is 2B, with mean square error 24?EB?, and dividing by EB? gives 272.
The proofs control the effect of the normal cutoff. The coefficient 2 is a property of four-
dimensional Gaussian vectors, and a conditional normal Gaussian measure with the same
covariance reproduces it (Lemma 35.17). The theorems show that the continuum measure
has this Gaussian behavior in the normal directions, with the precise covariance yXy(y),
while its tangential marginal is not identified and may depend on <. For comparison,
the same statistic vanishes for the Abelian Maxwell measure with Haar cycle holonomies,
and it is a positive constant independent of <y for Gaussian holonomies with independent
Haar factors (Lemma 35.17).

Near a regular point the flat connections form a nondegenerate critical manifold
of the action in the sense of Bott [31], and the /% scaling in the normal directions is
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the usual Laplace asymptotics transverse to such a manifold (see [155]). The uniform
versions on the coarse lattice that we use are proved in Section 33. The treatment of zero-
momentum contributions to Wilson loops in finite periodic volume by Coste, Gonzélez-
Arroyo, Jurkiewicz, and Korthals Altes [62] is a related antecedent; the observables,
normalization, and regression functional used here are defined below.

The proof works at a finite lattice cutoff, under the conditioned Wilson measure
V = U,y With N = nBX and the coarse side n fixed before 7 varies. It rests on two
ideas. First, we compare with a Gaussian only finitely many scale variables: the coarse
tield and the normalized fluctuation variables of the first m renormalization group steps,
counted from the coarse side. Their joint law is close to a Gaussian law in a space of
fixed dimension, with error of order ,/y|logy| (Lemma 35.8). Second, the remaining
steps are controlled directly at the scale /7 by Section 34: Theorem 34.10 compares the
flowed holonomies of the fine configuration with those of the finite-scale reconstruction,
and Lemma 34.12 bounds the part of the Gaussian covariance coming from the omitted
steps. The Gaussian covariance of all K steps is exactly the normal covariance of the
finest lattice (Proposition 33.12), which converges to X9 as N — oo (Theorem 33.11). The
resulting normalized moment errors have the form

C(%/z + Om + Nfz) +em(y), em(y) — 0as y | 0 for each fixed m,

where 6,;, — 0 is a fixed geometric envelope and C does not depend on m. We then
let K — oo at fixed v and m, after removing the conditioning with Corollary 23.11
and passing to the continuum with Theorem 29.25; then ¢ | 0 at fixed m; and finally
m — oo. The constant Cy, in the finite-dimensional comparison may be very large; this
is harmless because m is fixed before v — 0. The other inputs are the conditional
fluctuation kernels and their means (Theorems 13.8 and 13.10), the reconstruction maps
(Theorem 15.13), the flat refinements (Lemma 14.9), the parameter derivatives of the
Wilson flow (Theorem 25.13), the Laplace estimates and the normalization on the coarse
lattice (Proposition 33.12, Corollary 33.4, , and Theorem 33.10), and the trace coordinates
and conditioning identities of Lemmas 5.5 and 5.6.

Besides Theorem 2.10, two results of this section are used in Section 36: the uniform
regularity of the finite-scale flowed holonomy map near every flat configuration, includ-
ing the central triples (Theorem 35.9), and the comparison measures (Lemmas 35.16
and 35.17).

The three main theorems are stated in Section 35.1 and proved in Sections 35.6 to 35.8,
after the auxiliary results of Sections 35.2 to 35.5; the section ends with the comparison
measures (Section 35.9) and the proof of Theorem 2.10.
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35.1 Setting and main results

Fixed data. Throughout this section we fix L > 0, 6 > 0, a horizon T > 012, an odd
integer M > 3, an integer | > 1, B = M/, a coupling ceiling 0 < 79 < 1, and the
construction parameters of Definition 34.1: the cutoff amplitude Ay, the radii r < p, the
reconstruction maps of Theorem 15.13, the flow exponents 1/2 < ag < 2/3 and ogm,
and the contraction constant amap with amap\/ﬁ <land q = Ba%nap < 1. All of these
are chosen before 7y varies. We fix n € 4IN satisfying the minimum-side conditions of
Definition 34.1; in particular
2t/n < rga/4,

where g, < 7 is the flat margin of Lemma 14.9. For K > 0 we set N = nBX, letv = vy .,
be the conditioned Wilson measure of Definition 4.4, and let u = uy , be the Wilson
measure. The renormalization group steps of the hierarchy are indexed by j = 1,...,K,
counted from the coarse side: the j-th step relates the lattices of sides nB/~! and nB/. We
write w; = (wj,,)re for the normalized fluctuation variables of the j-th step, indexed by
its | intermediate scales r and the links ¢, and g;, for the coupling at the intermediate
scale 7, so that g]%r /7 is the reciprocal of a fixed lattice side.

Let HX = (#K)?_, be the triple of coordinate-cycle holonomies, based at the origin, of
the Wilson-flowed fine configuration at time 6L (lattice time 4012 / u%\, = 46N?), computed
for the reconstructed configuration exp 8 of Definition 34.1 in the gauge frame at the
basepoint fixed by the reconstruction maps. We call #X the flowed holonomy triple. For
0<m<Klet Eﬁ be the same triple for the finite-scale reconstruction exp (3%, in which
the coarse field and the normalized fluctuation variables of the first m steps are those of
the same sample and all normalized fluctuation variables of the steps after the m-th are
set to zero. Both triples are random variables under v, defined in the same gauge frame
at the basepoint, and both are flowed on the finest lattice.

Finally, Ay = Ap , 1,,) denotes the continuum measure on the trajectory space associ-
ated with the sequence nBX (Corollary 29.26); by Theorem 29.28 it is the measure A Ly [nlm
of Theorem 2.3. For a trajectory X € A}, the coordinate-cycle holonomies of X(0L?) are
defined up to simultaneous conjugation, and so are the coordinates introduced below; all
observables we evaluate are invariant under simultaneous conjugation.

Constants. Unless stated otherwise, constants ¢, C and thresholds in this section have
the dependence described in item (6) of Definition 4.14. They may depend on n, L, 6, M,
J, the construction parameters, the horizon, the flow exponents, the loop lengths, and the
patches, tubes, test functions, and extensions fixed below, but not on K, N, the preceding
classical depths, the index m, or 7y below the relevant threshold. A subscript m, as in
Cy or vy, allows additional dependence on m (through the first m steps and their finite
dimensions); constants without this subscript do not depend on m. Further subscripts
indicate dependence on moment orders, powers of <y, or test functions.
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Regular coordinates. In the fixed identity chart we write X = (x1,x2,x3) = LogH € R?,
identifying su(2) with R? so that the bracket becomes the cross product. The cone of
commuting triples is

M = {y = (%1u,%u,%u) : 9 € R°, u € %}, (%, u) ~ (=9, —u).

On the regular region 0 < ry < |#| < r; < 7 it is a smooth five-dimensional manifold,
parametrized by the three angles ¢ and the direction u. Its normal space at y = (%;u); is

Ny = {b = (bl,bz,b?)) : b,’ 1L u, Zﬁibi = 0}.
i

The conditions b; L u leave six dimensions, and the relation }; 9;b; = 0 removes two of
them, which gives dim \;, = 4. Simultaneous conjugation H; — gH;g~! acts on R by
the same rotation Ad(g) in each component; it preserves M and maps N isometrically
onto N, Ad(g)y- Two of the five tangential directions of M are orbits of this action, which
is not removed by fixing a gauge at the basepoint.

We write Iy = I — 887 /|8|* and let Zy(y) be the positive definite matrix on N
defined in (4.12). By Theorem 33.11, 7Xy(y) is the covariance of the linearized flowed
cycle logarithms, projected to NV, under the Gaussian measure of the Maxwell quadratic
form around the flat connection with holonomy logarithms y. It does not depend on
7, depends smoothly on v, is equivariant under simultaneous conjugation, and satisfies
cI < %y < CI on the regular region. For comparisons of vectors in R? we extend the
inverse covariance to the ambient matrix Py, Z@(y)_lp_/\[y, which is smooth on the regular
region and has the same quadratic form on V. Normal matrices are expressed in smooth
orthonormal frames of a finite bundle atlas.

For a positive semidefinite matrix X we write Gy, for a centered Gaussian vector with
covariance X, realized as a linear image of a standard Gaussian vector, so that ¥ may be
singular. We write G, for a standard Gaussian vector in a d-dimensional Euclidean space
and I'y for the standard Gaussian measure on ;. For a bounded Lipschitz function f
we write || f||pL = ||f||ec + Lip f. Its dual distance is not the bounded-Lipschitz distance
of Section 4.10, which uses the maximum of the two terms, but differs from it by at most
a factor two.

Definition 35.1. Fix compact regular patches P C P™ C PT™" in M N {ry < 8| < 11},
invariant under simultaneous conjugation, each with nonempty relative interior and
contained in the relative interior of the next, and radii 0 < b, < b™ < b™". Put

U={y+b: yeP, beN,, |b|l <bo},

and define Y* and U in the same way with (PT,b") and (P**,b" ™). The radius b
is so small that X = y + b are unique coordinates on A+ and that the closure of &/
lies in the identity chart at positive distance from its boundary. The following objects are
fixed once, before <y varies.
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1. On the whole tube U+ put

1 _
9-(y+b) = 5 b Zo(y)'b.

Outside U™, g, is a fixed bounded continuous nonnegative function, invariant
under simultaneous conjugation; on SU(2)? it is evaluated through X = Log H and
extended outside the identity chart by the same bounded function.

2. Let o : P — [0, 1] be smooth and invariant, with compact support in the relative
interior of P, and suppose that there exist nonempty open subsets Op, O+ of P,
invariant under simultaneous conjugation, and b, > 0 with ¢y = 0 on Op and
o > 2b. on O,. Let x be a fixed smooth invariant normal cutoff with 0 < xy <1,
equal to one near the zero section and supported in {|b| < b, }; it is a smooth function
on the normal bundle. Put ¢(y + b) = ¢o(y)x(b) on U and ¢ = 0 elsewhere.

3. Put Byps = ¢ and Ayps = g+, regarded as functions on SU(2)3 through X = Log H
and extended by zero outside the identity chart.

4. A localizing weight is a function @w(y + b) = w(y)xw(b), extended by zero outside U,
where w > 0 is smooth and invariant with compact support in the relative interior
of P, and 0 < x4 < 1is smooth, invariant, equal to one near b = 0, and supported in
{le] < bo}.

For a probability measure P and bounded real random variables A, B with EpB? > 0 and
Varp B > 0, define

Varp A — Covp(A,B)?/ Varp B

EpB2 '
and set ¢, = % (Ay; Aobs, Bobs), With Agps, Bops evaluated at the coordinate-cycle
holonomies of X(6L?).

€(P;A,B) = (35.1)

Every localizing weight, 1, and ¢? are supported in U C U+, so the products @g.,
¥gl, and ¥2g. involve only the exact quadratic form b"Z4(y)~'b/2, which is nonnegative.
The extension of g, outside U plays no role in any of the results. All further patches
and tubes used in the proofs (the coarse tubes, the output tubes, and the auxiliary
tubes) are chosen before y varies, nested and with positive margins, between &/ and U™+
(respectively over patches contained in P*1). By Lemma 35.12 below, ¢'(P; A, B) is the
minimal mean square error of an affine predictor of A from B, divided by EpB?.

The envelope 6,,. We fix c,e > 0 such that
Om = (1+m)°B~™", m >0,

dominates the envelopes in Theorem 34.10 and Lemma 34.12, which have the same form.
Then sup,, 6, < o0 and 6, — 0 as m — co. This choice does not change the dependence
of any constant on m.
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Main results.

Theorem 35.2. Evaluate Agns = g+« and Byps = P at the coordinate-cycle holonomies of
X(6L?). These are bounded continuous functions of the seven normalized traces of Lemma 5.6,
and they do not depend on «y. There exists c > 0 such that, for all sufficiently small v > 0,

]EMngs >c, Var/\7 Bops = c.
For f = ¢ and f = ¢?,
Ey [fq:] =27Eyr,f+0(7),  Eplfgi] =677 En f+o(7?),
and the normalized regression residual variance satisfies
G =27 +o0(y*)  (v10).
Further, there exists C such that for every fixed m > 0,
limsup’ig — 2‘ < C(é,%/z + (5m),
o 'Y

and the right side tends to zero as m — co.

Theorem 35.3. Let w = w)xy be a localizing weight with w not identically zero, evaluated at the
coordinate-cycle holonomies of X (HLZ). There exist cy, yw > 0 such that D, = E Miﬁ > ¢y for
0 < v < yw. For such -y define the probability measure

_ By [@145, /9eay]

]EAWZU

77, (A) , A C [0,00) Borel.

As v | 0, 7, converges weakly to the law of |Gy|? /2, which has density se=* on [0, ). Equiva-
lently, for every bounded continuous f : [0,00) — R,

Ex, [@ f(q/7)]

]EMw

s Ef(|Gy|?/2) = / f(s)se *ds.

0
Further, there exist Cy, independent of m, and for each fixed m > 0 a function ey, with
emw(y) — 0as v | 0, such that for every bounded Lipschitz f and all sufficiently small v,

depending on m,

[ fam, ~BF(GH/2)] < 1fllo. [Caldl? + ) + eman()]:

Since g, > 0 on the support of w, the measure 71, is a probability measure on [0, o).
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Theorem 35.4. Let w, D.y, ¢y, and vy, be as in Theorem 35.3. On {w # 0} write the logarithm
of the coordinate-cycle holonomy triple of X(0L?) as y-, + b, and set

Zy = '771/22‘9(]/7)71/2177 < Nyv’

where Yg(y)~1/2 is the positive inverse square root on Ny. These coordinates are defined up to

simultaneous conjugation, and any representative may be used in the invariant expressions below.
Let P C P™ be a compact invariant regqular patch containing the support of w in its relative
interior. For a bounded continuous function F on the normal bundle {(y,z) :y € P/, z € Ny} C
RY x R, invariant under (y,z) — (Ad(g)y, Ad(g)z) for g € SU(2), put

F) = [ Fln2)Ty(dz).

y

Products with w are defined to be zero where w = 0. Then

Ep, [@F(yy,2y)] — Ep, [@F(y)]
Dy

» 0 (v10). (35.2)

Let P, = P’/ Ad(SU(2)), with its quotient Borel o-algebra, and write [y] for the class of y.
The tangential marginal of the localized measure is the probability measure

pry(A) = D;l ]E)W [@1{[%,]61‘1}]/ ACP Borel,

orb

the function F(y) depends only on |y, and

Dy Ey [@F ()] = [, F() oy (dly]).

P/

orb

If F is bounded Lipschitz for the Euclidean distance of R x R, then the absolute value of the left
side of (35.2) is at most
”F”BL [Cw ((57111/2 + (5m) + em,w(')’)] (35-3)

for every sufficiently large fixed m and all sufficiently small -y, depending on m, where Cy, does
not depend on m or F, and ey, ,(y) — 0 as vy | O for each fixed m.

Remark 35.5. In the three theorems the continuum limit is taken first, at fixed . The
proofs take the limits in the order K — oo at fixed v and m, then ¢ | 0 at fixed m,
then m — co. Only bounded observables, not divided by powers of <y, are compared
between v and u, and no rate of convergence uniform in 7 is used or asserted. The
tangential marginal p., is not identified: Theorem 35.4 states that the normal fluctuations
are Gaussian over this marginal, not that the pair (y,,z,) converges to a fixed limit law.
Finally, Theorem 35.2 identifies no corrections to the coefficient 2, which is the coefficient
of a four-dimensional Gaussian vector and is reproduced by the conditional normal
Gaussian measure of Lemma 35.17(4).
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Remark 35.6. Theorem 35.4 contains more information than the law of |z,]?/2 = g./7.
For example,
|21 |2 - |Zz|2
E S ol L B 1
(ylz) 1 + |Z|2

is bounded, Lipschitz, and invariant, and it requires no choice of a color frame. At
y = (0,0,ru) with rg < r < rq, its values at (z1,22,23) = (sv,0,0) and at (0,sv,0), with
v L u, are opposite, although the two points have the same radius. In general, writing
R = ’G4| and IT = Hﬂ,

= Iy — Il . R?

F = .
) 2 1+R?

Indeed, Ny = 8- ®@ut, so the quadratic form b — |b;]? has trace 2I1; on the four-
dimensional space N, and the conditional expectation of |z;|? given |z| = R under T, is

R2I1;;/2. In the theorem, both F and the normalization of b, are evaluated at y,, and the
normalization is by D,.

35.2 The coarse marginal and the finite-dimensional Gaussian comparison

Definition 35.7. Let V = (T]]VII< )#v be the law of the coarse field V = TZ{/IF U under v. It has
the density

dv = Z"1p, e "Eikst/1"ReadH,, Ry, = R, — Riy (1),

where Ejg q,t is the gauge-invariant extension of the effective classical action Ejx from
B, to D, of Theorem 11.6 (that is, Ejxsat(U) = E ]K(Uk) whenever U € B,), R,y is the
effective interaction after K renormalization group steps, of classical depth JK, R , is the
centered effective interaction, and Z is the normalizing constant of this density; it is the
normalizing constant of Theorem 33.10.

Near the flat configurations of U, whose holonomy logarithms lie in P™* we use the
finite normal atlas V = V(y, v) of Proposition 33.12. Here y € M is the logarithm of the
holonomy triple of the flat configuration V(y,0), and v is a normal variable of dimension

dreg — 61’13 - 2,

whereas dim Ny = 4. A coarse regular tube is a set {V(y,v) : y € P, |v| < &}, where
P. C P is a compact invariant regular patch and e, > 0 is fixed. Put

Hi(y) = D;(nE)(V(y,0)),  zo=7""?Hk(y)"?v.

Let #x denote the triple of coordinate-cycle holonomies of the Wilson-flowed fine con-
figuration at time 6L?, regarded as a function of the coarse coordinates (y,v) and of all
normalized fluctuation variables (wy, . .., wk). Evaluate derivatives at the zero-fluctuation
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reconstruction of the flat coarse field V(y,0), that is, at the sequence of flat refinements of
V(y,0) obtained with w = 0. Let Ty x be the derivative in v of Py, (Log 0.7#%) there, and
define

Aok = ToxHg"?,  Ajx =7 /Py, Dy, (Log ok 1<j<K

) ‘ﬂat’
The Hessian normalization of each step at the flat background and the factors g; ./ /7y
are included in A g, exactly once. These deterministic matrices do not depend on +y. Put
m
SN (y) = Aok Agk + 21 AjxAlx,  0<m <K
j=
The matrix XX (v) is the covariance of the image, under the linearized normal response,
of independent standard Gaussian vectors placed in the coarse normal variable and in
the first m steps. We call the matrices A]',K the linear response matrices. On a sample,
Hx takes the value HX, the flowed holonomy triple of Definition 34.1, in the same gauge
frame at the basepoint. In the notation of Proposition 33.12, Hx = H?{t, the Hessian of
the action phase nEjx. For j > 1 the matrices A;k coincide with the matrices A; g of
Lemma 34.12, as shown in the proof of Theorem 35.10.

Hypotheses of the earlier results. We record how the hypotheses of the results used
below are met. None of these choices changes as 7 varies.

Flat refinements. Since 27t/n < rga/4 and rgy < r lies below every fixed margin of
the constrained minimizers, of the inverse of the block averaging constraint, of the Haar
disintegration densities, and of the gauge charts, every flat coarse field has a commuting
representative with link logarithms of norm at most 271/n. By Lemma 14.9, its zero-
fluctuation reconstruction is the sequence of flat refinements, and it lies inside all these
coordinate domains with a positive margin at every depth. On the fixed coarse lattice the
compact set of flat configurations has a neighborhood in D, independent of the depth
and of . This verifies the geometric hypothesis in every application of Proposition 33.12
below.

The coarse normal atlas. The dimension in the Laplace integral on the coarse lattice
is dreg = 0y = 613 — 2, the regular normal rank of Proposition 33.12, not four, and
dreg/2 = 313 — 1. We take the finite normal atlas on relatively compact smooth subcharts,
in rooted spanning-tree gauge coordinates, whose charts and gauge transformations
extend smoothly to neighborhoods of their closures. Their representatives and the closed
normal tubes lie strictly inside the outer ball By, hence inside B (1—1)p forafixed0 <7 <1,
and all chart and gauge jets are bounded on these closures. We use the derivative bounds
for the amplitude of the coarse density only on these subcharts; their constants may
depend on n, 7, the chart and gauge jets, and the outer domains, but not on the depth or
on 7. In this atlas the density of V is

Z 7 ag o (y,0) e "EKVWODY qy o, ag, = e Rer J(y,0),
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where | is the density of the product Haar measure in these coordinates, including
the partition of unity of the atlas. On each compact subpatch, before the partition
is applied, ak, is bounded above and below by positive constants and is uniformly
Lipschitz in v. These are hypotheses of the coarse family of Proposition 33.12, which also
has nEjk sat > knEg on its support and |Rk ,| < Cy. The phase and amplitude are smooth
in the fixed charts, and the derivative bounds on the effective interaction in that family
imply the amplitude bounds uniformly in the depth and in . In particular all phase,
amplitude, and cutoff data are jointly Borel, Hx is measurable, and the phase is coercive
on each chosen cutoff support. These facts verify the measurability, spectral, Lipschitz,
and coercivity hypotheses of Lemma 33.3, on which the coarse Laplace formula rests.
The partition of the atlas is absorbed into the measurable tangential weights, after the
positive bounds on the amplitude have been used.

Coordinate domains of the reconstruction. Every coarse field in the support of ¥ has a
representative in B,; the reconstruction maps take values in the inner coordinate domain,
and the larger complex images lie inside B, />. The products of coarse and free coordinates
lie strictly inside the nested domains %, € Znig € Zout of Theorem 15.13, and every
intervening constrained minimizer, inverse, logarithm, and Haar disintegration density is
defined there. In terms of majorizing series, the radius of the coarse field plus the fixed
radius of the free coordinates lies strictly below the radius of the outer domain and below
the radius of convergence of the series. These are the hypotheses of Theorem 15.13 on
the images of the reconstruction maps; no auxiliary integral is evaluated outside B;.

Couplings and cutoffs. Let t, > 0 be the common coupling ceiling in Theorems 13.8
and 13.10. At the j-th step we set

tj=MUV/2 [y /(uBi),  p;=Awlog(l/t;), 8B =/(Mn). (35.4)

We keep the ceiling g for the bound on the small-field failure probability and for the
continuum limit theorem. At the fixed side n we fix a threshold

0 < yw(n) < 70, (35.5)

and all estimates below are restricted to 0 < ¢ < yw(n). The threshold may depend
on n and the fixed data, but not on K, m, or <. It is so small that t; < t,, p;1 > 1,
Ct]-pj < 1/2, and the Hessian bound of Theorem 13.8 and the smallness condition on
tjp;-’ of Theorem 13.10 hold for every j > 1. One choice serves all j: we have ti < ty,

and each function t* logb(l/ t) needed here is increasing on a sufficiently small fixed
interval, since its derivative has the sign of alog(1/t) — b. We also require that t;p; fit
within the fixed margin of the coordinate domains for the free coordinates. No radius,
cutoff, reconstruction threshold, or side changes as <y varies. Later reductions of the
threshold concern only yw(#), and every threshold 7, below is taken at most yy(n).
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The reconstruction maps preserve the conditional potential, the product of cutoff balls,
the normalized conditional kernels, and the coarse field. In particular, the two theorems
of Section 13 quoted above apply to every conditional kernel in this section, uniformly in
the coarse field, the side, and the preceding depth. We write E for their common bound
E, on the effective interaction.

Disintegration. At finite K we have the backward disintegration

=

dv =dv(V) [ [kj(V,w, ..., wj_1;dw;), (35.6)
j=1

where k; is the conditional fluctuation kernel of the j-th step, given the coarse field and
the earlier steps. Restricting v to an event depending only on the coarse field multiplies
the first factor by an indicator and leaves the kernels k; unchanged. Each k; still integrates
to one, including its Haar disintegration density, its determinant, and the input effective
interaction in its potential. Conditioning further on y changes the conditional law of
v in the first factor and leaves the same finer kernels. All conditional statements are
understood for a version defined for almost every y; their uniform bounds hold on the
whole compact patch wherever that version is defined by the displayed smooth densities.

Lemma 35.8. Use Definition 35.7, the disintegration (35.6), and a fixed coarse regular tube,
and condition on the coarse tangential coordinate y. For every fixed m > 0 there exists vy, > 0
such that the following holds uniformly in K > m and 0 < vy < 7. Let F; 1 be the o-algebra
generated by the coarse field and the normalized fluctuation variables of the first j — 1 steps, let
w; = E(w; | Fj_1) be the conditional mean under the conditional fluctuation kernel k;j, and put

m
Zim = Aok(y)z0+ Y Ajx(y) (w; — @)).

j=1

For every fixed s > 0 and every jointly Borel family of real functions F, on Ny with |F,(z)| <
Cr(1+ |z|*) in the finite smooth bundle atlas,

[E(Fy (Zim) | ] — EE,(Gy )| < CnsCry/T (1+ [log 7).

All fixed moments of Zg ,, and of its partial sums are bounded by constants Cy, s. More strongly,
the same polynomially weighted comparison holds for the joint vector (zg, w1 — @1, . .., Wy — W)
against a standard Gaussian vector of the same fixed finite dimension. The restriction to the coarse
tube changes only the first factor of (35.6); no conditional kernel and no nonlinear reconstruction
is evaluated at a Gaussian argument.

Proof. We first bound each conditional kernel and the probability that its variables come
close to the boundary of the cutoff product (Steps 1 and 2). We then control the linear term
of the conditional potential (Step 3), compare each conditional density with a Gaussian
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density in a weighted norm (Step 4), and treat the coarse variable (Step 5). Finally, a
telescoping argument replaces the variables one at a time by Gaussian variables (Step 6),
and we pass to the linear image (Step 7).

Step 1: the conditional kernels. Fix the coarse field and the first j — 1 steps in the coor-
dinate domains. By Theorem 13.8, whose conclusions are preserved by Theorem 15.13,
the kernel k; on the product (); C RD7 of cutoff balls satisfies

ki(dw) = Z]._llgje_vi(w) dw, |D*V;—1I| <¢,
VarF < 2E|VF]?>,  Ent(F?) < 4E|VE}?,

where €; < C{t;p; + tjz(l + E)} under the condition Ct;p; < 1/2, with t;, p; as in (35.4),
and D;j < 9](nB/). By Theorem 13.10, the conditional mean satisfies

[@jlleo < Ctj||§j—1||oo < Ctjr, (35.7)

where (3]-_1 is the logarithm of the reconstructed field after j — 1 steps. For j < m the
dimension D; is fixed, and we have |w]\ < Cuy/y and €; < Ci/Y(1 + [logy|). These
bounds are uniform over all earlier variables in the coordinate domains and over K.

Step 2: concentration and an interior cutoff. Let f be a 1-Lipschitz function of w, and
let A(A) = log Ee*f~Ef), Inserting ¢*//2 into the logarithmic Sobolev inequality, we find
AN — A < A%, which implies A(A) < A2, Applying this also to — f and choosing A = u/2
in Markov’s inequality, we obtain P{|f — Ef| > u} < 2e~"’/4; this is the Herbst argument
(see [123, Section 2.3]). Lipschitz functions are covered by smooth approximation on the
compact product. Since t; = cum,j/YB//? and p;j = Awlog(1/t;), we may decrease
Ym so that Ctir < p; / (4\/5) and pi =1 for j < m. If a three-dimensional block w, has
|w,| > p]-/ 2, then one of its scalar coordinates deviates from its conditional mean by at
least p;/ (41/3). A union bound over the scalar coordinates yields
]P{maax|wa| > Pj/Z} < ZDjeipJZ/wz.

Let 0 < x < 1be the product radial cutoff equal to one on the balls of half the cutoff radius
and zero outside the balls of three quarters of it. Then x € C°(Q;), |[Vx| < C/D;/p;,

and qjc.‘” =P(x<1) < CD]-efcpfz. At fixed m we have p; > c[logy| — Cy. This implies
that q;?‘“ and the standard Gaussian mass outside Q); are Oy, 4(77) for every fixed g > 0;
polynomially weighted Gaussian tails have the same property, with the fixed moment
order in the constant. Decreasing <y, further, we may assume q]?“t <1/2, |ZD]| <1, and

ejg 1/4 for j < m.
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Step 3: the linear term. We write D = D]-, B=1wj,e=¢, and

Vi(w) = Vi(0) = [w|*/2+ £-w+R(w), £ =VVj0),
[VR(w)| <elw|,  [R(w)] < elw]?/2.

The bounds on R follow from Taylor’s formula along radial segments, since the product
is convex and contains zero. Applying the Poincaré inequality to each coordinate, we
have E|w|?> < 2D + |u|?. Integrating V (xe™"7) over Qj, which gives zero because x has
compact support in the interior, even at the corners of the product, we obtain

(Ex =EVx—u+E[(1—x)w] —E[xVR(w)]. (35.8)

Since V is supported on {y < 1}, we have [EVx| < CvD q]C.Ut/ pj- By the Cauchy-
Schwarz inequality, |E[(1 — x)w]| < ,/q]C.u"(lE|w|2)1/2, and [E[xVR(w)]| < e(E|w|*)!/2.
Since Ex > 1/2, we obtain

€] < Cu{ v/ +e+ /5" } < Cuy/7(1+ [log7]).

Here we used the bound on the conditional mean y from Step 1, not that y vanishes. A
bound on DZVJ- — I alone would not control the linear coefficient /.

Step 4: weighted density comparison. Let U = V; — V;(0). When e < 1/4, the preceding
bounds imply U(w) > |w|?/4 — C|¢|?. After a further reduction of -y,, we have |¢| < 1,
and the exponential-difference identity (33.6), used in the proof of Corollary 33.4, gives
on Q]

|e~tw) e*‘wp/z! < C(|||w| + e[w|2)e"’|w‘2.

We extend e~ by zero outside Qj, integrate against 1 + |w|*, bound the Gaussian mass
of the complement of (); by Step 2, and compare the two normalizing constants. Since
the Gaussian integral is (271)P/2, both normalizing constants have a common positive
lower bound at this fixed D. Then the normalized conditional density r; of w; satisfies

/(1 + |wl)[rj(w) = ¢p(w)|dw < Cinsy/7(1+ [log7]), (35.9)

where ¢p is the standard Gaussian density in RP. In particular all fixed uncentered
conditional moments are bounded. The same bound holds for x = w — p against ¢p(x).
Indeed, translation changes the polynomial weights by a bounded factor when |u| <1,
and

1
¢o(x+ 1) = ¢p(x) = | - Voo (x+up) du

has weighted L! norm at most Cp ;|u|. No derivative of the mean in the earlier variables
is needed.
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Step 5: the coarse variable. We condition on y in the coarse tube. The weighted
comparison of the conditional density of zo with ¢, is given by Corollary 33.4, together
with the extension to the whole tube established in its proof. That proof verifies the
coercivity of the phase on the whole tube, the bounds on the amplitude, and the lower
bound on the normalizing constant of the tube for the coarse family of Proposition 33.12,
uniformly in K. The chart and amplitude checks recorded above supply the data on the
subcharts. The comparison error for the coarse variable is C;,s,/7. As noted after (35.6),
the restriction to the coarse tube leaves the finer kernels unchanged; this also follows
from the fixed-target statement of Theorem 13.8. All bounds of Steps 1-4 hold under this
conditional probability.

Step 6: substitution of Gaussian variables. Let Xp = zp and X; = w; — @; for 1 <
j < m, and let F be a Borel function of (Xy, ..., X) bounded by 1+ |(Xo,..., Xm)|°.
For 0 < j < m let I; be the expectation of F when the arguments 0,...,j are Xo, ..., X;
and the arguments j + 1,...,m are replaced by independent standard Gaussian vectors,
independent of everything else. For j > 1, integrating out these Gaussian vectors gives a
function of the current variable bounded by

Cm,s(l +1(Xo, -, Xj—1) [ + |X]-|S).

For fixed values of the earlier variables, (35.9) in its translated form bounds the change
from a Gaussian j-th argument to X; by Cys1/7(1 + [logy|) times 1 + [(Xo, ..., X;_1)[°.
Taking expectations, we find that [I; — [;_1] is at most Cy,s1/7(1 + [logy|) times [E(1 +
|(Xo, .-+, Xj-1)|°). This expectation is uniformly bounded: the moments of the coarse
variable follow from the corollary of Step 5, each conditional variable has all fixed
moments by Step 4, and finite-dimensional norm inequalities bound the whole vector.
The centered variables are measurable functions of the earlier variables, so no inverse
transformation of a Gaussian argument is required. Finally the coarse argument in I
is replaced by a Gaussian one using Step 5. Summing the finitely many differences
proves the joint weighted comparison. The Gaussian arguments enter only F, never a
reconstruction, a conditional mean, or a conditional kernel.

Step 7: the linear image. The exact Gaussian decomposition of Proposition 33.12 includes

the bound
K

1Aoklltis + Y1 Aj ks < C. (35.10)

j=1
This implies that the linear map (Xo, ..., Xmm) — AoxXo + Z}ﬂ:l Aj kXj has operator norm
bounded uniformly in K and m. Applying the joint comparison to F, composed with this
map, which has polynomial growth with a fixed bound, proves the stated estimate. The
Gaussian image has covariance X (y) by definition, and the argument covers singular
covariances. The same norm bound and the moments of each argument give the bounds
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on all moments of the partial sums. The kernels and the conditional means are Borel, as
normal integrals of smooth conditional densities, and the Borel hypothesis on F, together
with Fubini’s theorem justifies every substitution of a test function and every integration
iny. [

35.3 Finite-scale reconstructions and the normal covariance

The proofs in this subsection use coordinates g;, = g;,w;, on fixed finite lattices; as
coordinates they do not depend on 7, and all domains below are chosen independently
of v and of the number of later steps.

Theorem 35.9. Fix m > 0, and express the triple EX, as a function of the coarse coordinates and
of the coordinates q;, = g;,w;,, 1 < j < m, of the first m steps. There exist a neighborhood of its
flat inputs (the inputs whose coarse field is flat and whose coordinates of the first m steps vanish)
and a constant Cy, such that, on this neighborhood,

sup | EX||ci1 < Cpe

K>m
The derivatives are taken in smooth rooted spanning-tree gauge coordinates; no derivative of a
measurable choice of gauge representatives is taken. The neighborhood and C,, may depend on
m and on the fixed lattices of the first m steps, but not on K, on vy, or on the preceding and later
classical depths.

Moreover, ZX extends to a fixed neighborhood of the set of all inputs (Vy,0) with Vo € Uy,

flat, and there exists a function w,, with wy,(s) — 0as s | 0 such that, for every flat Vj,

max|[Z,,;(V, 2<m) = Holi(Vo)lop < @i (din((V,2<m), (V0,0)))-

Here z<, denotes the physical coordinates q;, of the first m steps. For this comparison with the
zero section, din((V,z<m), (Vp,0)) is the sum of the distance between the based gauge classes
of V and Vjy in one fixed product Riemannian metric on the compact coarse quotient in rooted
spanning-tree coordinates and the Euclidean norm of z<,,. The triangular orthogonal transitions
preserve this norm. This distance to a flat input is uniformly equivalent, on the finite cover used
below, to the corresponding local product distances, with constants independent of K. Every chart
uses the same gauge frame at the basepoint. Finally, EX (V,0) = Hol(Vp) for every finite K > m
and every flat Vy, including those whose holonomy triple is one of the central triples (£1, £1, £1I).

Proof. Fix m. All parameter norms in this proof are norms on the coarse lattice and on the
finite lattices of the first m steps; their dimensions and the constants comparing different
norms may depend on m,n, M, ]. We write u for these parameters. As arguments of
the successive Hessian normalization we use the coordinates q;, = g;,w;,, which do not
depend on y. The changes of variables between these coordinates and the free logarithmic
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coordinates have uniformly bounded charts and inverse charts on each fixed set of first
m steps. On the coarse lattice we use analytic link coordinates or rooted spanning-tree
gauge coordinates, keeping the initial gauge frame at the basepoint. The smooth normal
atlas is composed with these coordinates only after the real derivative bounds have been
obtained.

Step 1: a domain for the inputs. By Lemma 14.9 and the condition 271 /n < rg,¢/4, each
of the first m zero-fluctuation steps at a flat input is flat and lies strictly inside every
margin of the constrained minimizers, of the inverse of the block averaging constraint, of
the Haar disintegration densities, and of the gauge charts. Each fixed finite composition
of reconstruction maps has uniformly bounded weighted analytic coefficients on the
nested domains of Theorem 15.13; in particular its first derivative is bounded there
independently of the later depth. Let FX () be the field at the end of the m-th step, which
is the input of the zero-fluctuation reconstruction of the later steps. At each flat chart
center ug we start from a small commuting representative with link logarithm of norm at
most 271/n, keeping the gauge frame at the basepoint. The reconstruction maps preserve
flatness and the based cycle holonomies. Their zero-fluctuation maps P; satisfy P;(0) = 0
and ||DP;|| < amap < 1 on the convex working ball, by Lemma 15.16 and Definition 34.1.
Integrating along segments and iterating therefore gives

27t 27T Fgar T

||Fn§<u0)||0° < arﬁap? < 7 < 4 i

This bound applies to the actual reconstructed representative, which may differ from the
constant commuting refinement by a based gauge transformation. The derivative bound
just obtained gives a constant Cj, ,, for Danlj, uniform in K and in the depths, before any
of the later steps is applied. Let Ujarger be a real neighborhood of the flat inputs, of radius
€m, such that G €, < /4 and the derivative bound times €, is less than half of every
image margin of the first m steps. By the mean value formula, we have, in these fixed
charts,

sup  ||EN(u)||loo < 7/4+ Cinmem <7/2 <71, (35.11)

K2m, ue€Uprger

and every intermediate image stays in its coordinate domain. The same holomorphic
coefficient bounds allow a larger complex polydisc, on which the complex image has
norm below 3r/4, and two smaller polydiscs. Indeed, the complex derivative bound
times the added radius may be chosen below r/4 and below half of the remaining image
margins. A finite cover of the compact set of flat inputs gives common positive radii and
margins. These choices depend on m and on the coefficient bounds, but not on K, on v,
or on the number of later steps. In particular, (35.11) verifies the bound ||6y||c < r on the
initial field required in Lemma 34.4, independently of the larger radius and of the cutoffs.
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Step 2: the flow data of the zero-fluctuation reconstruction. Let a = ¢x = (L/n)B~X.
Let £k (u) be the linear and quadratic flow data, in the sense of Definition 4.8, of the
zero-fluctuation reconstruction from FX (1) down to the mesh 4, including both weighted
components and their first differences. We apply parts (1)-(3) of Lemma 34.4, including
the analytic coefficient estimates and the finite-scale composition clause in part (3),
starting at the mesh ¢,, with this finite input. Its hypotheses are the bound (35.11), the
contraction condition amap\/g < 1, the complex domain of Step 1, and zero fluctuation
variables at all later steps; they hold by Step 1 and Definition 34.1. We obtain a fixed
smaller complex domain, a bound R;;, and a number 0 < T < 1 such that, for every fixed
I >m,

sup ||k (1) lga < R, sup ||k (u) — Exi(u) e < Cu(1+ 1T, (35.12)
K>1,u K>1,u

Here £k is the flow data of the field at the end of the [-th step, embedded on the same
finest lattice, and ||-||g , is the sum of the four weighted value and first-difference norms
of Definition 4.8. One can take T = max{amapBl’“ﬂ, q}; both terms are less than one,
since ag > 1/2, amap\/E <1,and q = Barznap < 1. Starting at ¢,;, only changes C;;, and
Ry, and the smaller complex domain does not shrink with the number of later steps.

Step 3: parameter derivatives of the flow data. Let Uy € U; be real bounded parameter
domains inside that complex domain, and let s,;, > 0 be a common complex distance from
U; to its boundary. Applying Cauchy’s integral formula for Banach-valued holomorphic
functions in each input coordinate, we obtain

2
sup Y [IDhEk(1)[laa < CaimuRm (1455, +5,,°) = Rom- (35.13)
K,ueLIl r=0

For a mixed second derivative we use two coordinate circles of radius at most s, /2, which
only changes the finite-dimensional constant. The estimate covers the first-difference com-
ponents as well as the values. Complex continuation is used only for the reconstruction
and the flow data, not for the nonlinear Wilson flow.

Step 4: real variations of the Wilson flow. We apply Theorem 25.13 with the parameter
domains Uy, Uy, dimension dim u, bound R; ,,, on the flow data, horizon T, and smallest
observation time t, = 6L%/2. The flow data are twice continuously differentiable by
(35.13) and are bounded in the norms required there. Every damping gauge transfor-
mation starts at the identity in the same initial gauge frame at the basepoint. The early
parameter variations given by that theorem satisfy the first-difference bound
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which is integrable in s near zero, uniformly in a, since (g +1)/2 < 1, ag < 1, and
kg > 0. The condition keeping the links in the compact chart is

a sup [|A(s)|lo < Cu{a' ™0+ a* 20 4+ a(Tg,, +0a*) 1} — 0 (a—0).

SSTR2 m

At a positive early restart time the same theorem gives smooth bounds at the restart and
a finite reference family of smooth DeTurck solutions, joined by fixed gauge transforma-
tions, on an open neighborhood of the compact family of smooth restart configurations.
We check its hypothesis that this family has a compact smooth closure, using the gauge
transformations at the restart and the bounds on all fixed spatial differences given by
the smoothing at positive time. For each restart array, the coefficients of its periodic
trigonometric interpolant are bounded by C,(1 + |k|) ™7 for every fixed g. To see this, we
apply g differences in a coordinate with maximal |k;| and use |a~!(e?ki/L —1)| > cr|k;|
on the centered Brillouin representatives, and at k = 0 we use the bound on the values.
The tails of the coefficients therefore tend to zero uniformly in each C°® norm, taking
g > s+ 3. Finite Fourier truncations have compact sets of coefficients, and successive
finite nets in these truncations, followed by a diagonal subsequence, give a compact
smooth closure, uniformly over the compact parameter domains. Taking real parts at
the unpaired Nyquist modes preserves real arrays and the estimates. This verifies the
compactness hypothesis. We use the fixed gauge transformations of that theorem at the
restart for the varying input, keeping their conjugations at the basepoint. The theorem
then bounds the first and second real parameter derivatives of the three cycle matrices
at time 0L2 by Cy,. Since the initial configurations are the finest configurations of the
zero-fluctuation reconstruction that define Effz, and the lattice flow time is 40L2 /4?2, this
bounds the derivatives of the map EX itself. The finitely many meshes for which the
smallness conditions of that theorem fail are covered by its clause on compact smooth
ordinary differential equations. Integrating the second derivative on smaller convex
coordinate balls, we obtain supy-~, [|EX || c11 < Cp.

Step 5: all flat configurations. We repeat Steps 14 in ambient charts given by rooted
spanning-tree gauges, covering the set of flat configurations, which is compact on the
coarse lattice. Its quotient by gauge transformations fixed at the basepoint is parametrized
by finitely many matrices on the non-tree links, because rooted spanning-tree gauges are
unique and have no residual stabilizer. Hence smooth ambient charts exist also at flat
configurations with central holonomies, although the set of flat configurations is singular
there.

For each flat chart center Vi, fix a periodic coarse gauge transformation h, with
he(0) =1 taking V, to a small constant commuting representative, as in Lemma 14.9,
and use this same fixed transformation on its whole ambient neighborhood. The strict
margins at the center from Step 1 and the uniform coefficient bounds for the first m
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steps give a neighborhood independent of K. On an overlap, transport both the coarse
field and the first m fluctuation coordinates by the triangular transitions q;-,r = 0,4 of
Theorems 13.4 and 14.3, where O, , depends on the coarser inputs. By (15.28), the corre-
sponding reconstructions are related by a fine gauge transformation whose restriction
to the coarse vertices is the original coarse transformation. It therefore equals I at the
common basepoint. Iterating this identity transports the whole prefix, and every subse-
quent zero fluctuation coordinate remains zero. The finest zero-fluctuation configurations
and their Wilson flows thus have identical based cycle matrices on the overlap. These
transitions also preserve the cutoff balls, the normalized conditional kernels, and the
selected event. The uniform coefficient bounds on the first m fixed lattices control the
finite input charts; exact equality of the based matrices requires no derivative of a gauge
transformation composed through the later steps.

We take finitely many larger charts covering the compact flat set and smaller charts
with compact closures inside them. Steps 1-4 then give a common constant C,; and a
common positive neighborhood on this finite cover. This construction chooses each center
gauge once and uses neither a logarithm of a varying central matrix nor a regular normal
Hessian.

Step 6: exact values and the modulus. At a flat input with zero fluctuation variables,
Lemma 14.9 identifies the successive constrained minimizers up to based gauge trans-
formations with commuting flat refinements, which preserve the cycle holonomies. By
Theorem 15.13, the gauge transformations of the reconstruction maps are the identity
at the roots and therefore preserve these values. The gradient of the Wilson action van-
ishes on the refinements, so the Wilson flow does not move them. We conclude that
EK (Vo,0) = Hol(Vp) for every finite K, for central as well as regular flat configurations.
It remains to obtain the modulus from the uniform first-derivative bounds. We take
coordinate balls whose doubled closures lie in the larger charts, cover the set of flat
configurations by finitely many of the corresponding half-balls, and let 0, > 0 be a
common smaller radius. An input and a flat zero-section input at distance at most ¢, lie
in one of these charts, where the local product distance is bounded by a fixed multiple of
din. The norm of the transported fluctuation input is unchanged, so the first-derivative
estimate and the fixed gauge frame at the basepoint bound their matrix difference by
C),din. For larger distances the difference is at most two. After increasing C;, so that
C), > 2/0m, the function wy,(s) = min(2,C,,s) is a common modulus. On overlaps the
gauge transformations keep the same initial gauge frame at the basepoint. This proves
the statement near all flat configurations. O

Theorem 35.10. For y in the reqular patch P™+ and N = nBX we have the exact identity

Zi(y) = (v),
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where Y (y) is the normal covariance, divided by vy, of the linearized flowed cycle logarithms
under the Gaussian measure of the lattice Maxwell form of the finest lattice around the flat
configuration y (Theorem 33.11 and Proposition 33.12). There exists C, independent of m, K, and
y, such that

0<Z(y) —Zn(y) <Couly,  (K>m).

Put =K (y) = Zo(y)~V22K (y)Zg(y) ~V/2. With constants independent of m, K, and y,

supl|ZK (y) — I||op < Co +C(nBX)™2, K >m. (35.14)
Y

The continuum covariance satisfies cI < Lo < CI and Lo(y) > |8] 220197 N, For every fixed
m, in the finite smooth normal atlas,

m
sup ) ([|4jklle + Lip, Ajx) < Con. (35.15)
K>m j=0

Finally, if HE = D2E;x(V (y,0)), then Hx = nHE and
AO,KAE)I—’K = Tl_lTQ,K(HE)_lT(;I:K.

Proof. The exact identity is the Gaussian quadratic identity of Proposition 33.12, applied
to the linear response matrices of Definition 35.7. Its hypotheses concern the same
reconstruction maps, the Hessians at the flat background, the coarse normal variable, and
the derivative of the flowed cycle logarithms. In particular,

K
% —Zn= Y, AjkAlx >0 (35.16)
j=m+1

If G; are independent standard Gaussian vectors, this positive matrix has trace

K

tr(z) — =) = ]E‘ y Aj,KGj(z. (35.17)
j=m+1

To bound this trace we identify our matrices with those of Lemma 34.12. Its flat coarse
field V, is V(y,0) here. Its coordinates g; . are our g; ,w;,, taken before the Hessian nor-
malization of each step at the flat background; that normalization and the zero-fluctuation
reconstruction of all finer steps are included in the differentiated reconstruction on both

sides. The two response matrices therefore agree:

Ajx = Px, Dy (Log 0. #x) diag, ,(gj,+/+/7) = 7/ *Py;, D, (Log 0.) |, = Ajk-

The diagonal contains the coupling of every intermediate scale and every scalar color
component. Its entries do not depend on 7, since each gjzr /7y is the reciprocal of a fixed
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lattice side. Both response maps use the Wilson flow at time 0L? (lattice time 40N?),
the same based coordinate cycles, and the same initial gauge frame at the basepoint.
Our patch is regular and has the margins of the identity chart and of the normal charts
required by that lemma. Its flat refinements satisfy the coordinate-domain conditions by
the condition 27t /n < rq,/4 and Lemma 14.9, and D Log is the bounded differential of
the identity chart. Thus every hypothesis of Lemma 34.12 holds, and we obtain

K 2
sup ]E’ y Aj,K(y)Gj‘ < Cop. (35.18)
Kzm,y j=m+1

Only a linear map acts on the independent Gaussian vectors, and the bound holds at
each fixed flat y; it is not deduced from an averaged estimate for the interacting measure.
A positive semidefinite matrix is bounded above by its trace times the identity, as one
sees by diagonalizing it. Combining (35.16), (35.17), and (35.18), we obtain the bound
0<EN %K <Céul.

We next prove the derivative bounds at finite cutoff. The spectral bounds c,I < Hg <
Cul follow from Proposition 33.12. By the uniform bounds on the derivatives of the
effective classical action in Theorem 10.11, composed with the fixed compact normal
atlas, we have ||Hkl|c1(,) < Cy; only three derivatives of the action are needed. For
the steps j > 1 we use the coordinates gq;, = gj,w;, of Theorem 12.13. The Hessian
normalization of each step is part of the map in these coordinates and is preserved by
Theorem 15.13; these are the coordinates used in the proof of Theorem 35.9, and no limit
of a normalization matrix or of its derivative is needed.

For the inverse square root, let S be a symmetric matrix with cI < S < CI, choose
C’ > C and write S = C'(I — Q), so that ||Q|| < 1—¢/C’ < 1. The binomial series
for (I — Q)~'/? and its term-by-term derivative converge uniformly: the derivative of
QF is a sum of k terms bounded by ||Q||*~1||DQ||, and the coefficients of the series are
bounded. This bounds S~!/2 and its first tangential derivative without constructing any
limit. Applied to S = Hk, it bounds Hy /2 and its first tangential derivative.

At the flat input, the derivative of Log oEX in the variables of a step j < m equals
the corresponding derivative of Log 0.7x with all other fluctuation variables set to zero.
Indeed, setting the later variables to zero does not change the derivative in an earlier
variable at the flat refinements. For j > 1 this gives the identity

Ajkx = PNquj(LOg O‘EﬂKi)‘ﬂat diagr,e(gj,r/ﬁ)/

with a fixed diagonal independent of y, K, and 7. Using the C!'! bounds of Theorem 35.9
in these coordinates, the bounds on the first two derivatives of the logarithm on the
identity chart, and the smoothness of the embedding of the flat configurations, we bound
each A;k and its first tangential derivative. For Agx we compose the corresponding

1/2

coarse derivative with Hy "/~ and use the preceding bounds. Each step carries exactly one
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Hessian normalization, already included in the differentiated map, and the derivatives
of the orthonormal frames and of the projections in the finite atlas are bounded. This
proves (35.15), and hence a Lipschitz bound for XX at each fixed m.

By Theorem 33.11 we have ||ZgBI< — Y| < C(nBX)~2, together with the spectral
bounds cI < ¥y < CI. Adding this lattice error to the bound on the positive remainder
proved above and conjugating by X, 172 we obtain (35.14). By the same theorem, the
constant off-diagonal color modes alone contribute e 201017 |9|-2] N, to Zg(y); since all
other contributions are positive semidefinite, this gives the stated lower bound.

Finally, Hx = D3(nEx) = nHE, so
AOIKAOT/K = TO,KHIngOT K= n*lTo,K(HIE)*lTOT «

In particular the contribution of the coarse normal variable is included in X for every
m. O

35.4 Finite-scale moments and localization

This subsection combines the Gaussian comparison of Lemma 35.8 with the deterministic
results of Section 35.3. Two facts about the coarse lattice drive the argument. First, the
normalizing constant Z is of order 73”3_1 (Theorem 33.10). This is also the order of the
Laplace mass of any fixed regular patch, so a fixed regular neighborhood has probability
bounded below, uniformly in 7. Second, the action has a positive gap at a fixed distance
from the flat configurations. Together with the uniform modulus of Theorem 35.9, this
shows that, with overwhelming probability, an output in a fixed regular tube comes
from a coarse field near the corresponding regular flat configurations, and not from a
neighborhood of other flat configurations, such as those with central holonomies.

Theorem 35.11. Fix nested tubes as in Section 35.1. For every fixed m > 0O there exist Ko(m)
and vy, > 0 such that the following statements hold uniformly for K > Ko(m) and 0 < v < yp,.

1. Fix bounded Borel functions on SU(2)3 that agree with the local maps H — b(Log H) and
H — y(Log H) on a fixed reqular output tube containing, with a positive margin, all flat
outputs Hol(V (y,0)) of the selected coarse conditioning patch; we denote them again by
b(Log H) and y(Log H). Under the restriction of v to the corresponding coarse regular tube,
normalized by its own mass, we have for every fixed finite 1’

b(Log ZX) u

— " = Aok(y)z0 + ) Ajk(V)wj + Rim,
ﬁ Jg ] ) m

IRimll o < Coury/7(1+ log )%, [ly(LogEs) =yl < Conpry/7(1 + [log 7).

The same integrated estimates hold for the expectation under v with any bounded measurable

multiplicative factor supported in the coarse tube. Replacing w; by w; — @; changes Rk

by a term of norm Oy, (\/7) in L.
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2. Let w be any fixed real smooth tangential weight compactly supported in the relative interior
of P, and let xy be a fixed smooth normal cutoff supported in {|b| < by} and equal to
one near the zero section. Set w(y +b) = w(y)xw(b), with the fixed zero extension; for
this part, nonnegativity and invariance of w and X, are not required. Choose a smooth
normal cutoff { equal to one near the support of x., and supported in {|b| < b™}, and set
wt(H) = w(y(Log H)){(b(Log H)), extended by zero. For 1 =0,1,2,

E [a(Log ) (L858

—E, [w*(Eﬁ) my (iﬁ(y(LogEfﬁ))} + O (v/7(1 + [log y])*"),

where ky, is a fixed exponent, K = Xy 1/ 225129_ 2 and

mo(C) = 1, ml(C):%trC, ma(C) = {{(CP+2u(C)).  (3519)

Only values in the support of w™ are used on the right.

3. For every fixed 7', the mnormal moments of the coarse wvariable satisfy

E,[|v]"1 (V in the coarse tube}) < Coy"/2, and for every fixed larger reqular output
tube V,
Ey [|b(Log E(I)<)|r/1{5§ev}} <Gy,
where C,s depends on 'V but not on m.
4. There exists c, > 0, independent of K, m, and <y, such that, after possibly decreasing 7ym,

v{p(LogEK) =0} >c.,  v{p(LogEX) > b} > c..

5. For every compact regular output tube O over a patch in the relative interior of PT™ there
exists a larger coarse regular tube T such that, for every g > 0,

V{EL, €O, V& T} < Cuov'.

This excludes contributions from neighborhoods of all other flat configurations, including
those with central holonomies, as well as from nonflat coarse fields.

Throughout, the normalizing constant satisfies el < 7 < 3L

Proof. The cases of finitely many small K are covered by the bounds of Section 35.3, so
we may take Ko(m) = m; any larger choice is also allowed. We first record the Laplace
estimates on the coarse lattice (Step 1) and prove the localization (Step 2), then construct
the bounded output coordinates and a good event (Steps 3 and 4), prove the expansion
of part (1) (Steps 5-7), and finally prove parts (2), (3), and (4) (Steps 8-10).
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Step 1: Laplace estimates on the coarse lattice. By the first part of Proposition 33.12,
with its exact conditional normalizing constant, we have

E[[o|" | y, V in the coarse tube] < C,y"/?  (r < o). (35.20)

To obtain the mass of a patch, we apply the additive Laplace formula of the same lemma
with a nonnegative smooth tangential bump /, supported strictly inside the patch, and a
normal cutoff equal to one on a smaller ball. Positivity and the bounds on the amplitude
and on the Hessian give

ey T < ZEglh(y)x(0)] < G

for all sufficiently small v, uniformly in K; here the additive error Oy( /) has been

absorbed into the positive leading integral, and we used (27 )%es/2 = (27371, By
Theorem 33.10, Z is bounded above and below by constant multiples of the same power
73”3’1. Dividing the two bounds, we find that every fixed nonempty open regular
subpatch has coarse probability bounded below by a positive constant, uniformly in K
and <. No convergence of the tangential amplitude is used. Integrating (35.20) over the
coarse tube proves the first assertion of part (3), both under the normalized restriction to

the tube and with any bounded multiplicative factor under v.

Step 2: localization (part (5)). We work on the compact quotient of the coarse configu-
ration space by gauge transformations fixed at the basepoint. The zero set F, of Ej is
the set of flat configurations, as in Section 36. For any fixed # > 0, compactness and
continuity give

¢y = inf{x,Eo(V) : dist(V, F,) > 17} >0,

since otherwise a convergent sequence in this closed set would have a flat limit in the
set. Since the centered effective interaction is bounded, nEjg sat > %, Eo, and the product
Haar measure has mass one, the lower bound on Z implies

P{dist(V, Fy) > 5} < Coy CrVe=a/71 <Gy (q>0). (35.21)

The last bound follows by maximizing 31 e=e% oyer x > 1/ .

Let O be the given compact output tube. The flat holonomies meeting a sufficiently
small neighborhood of O stay away from the central triples and from the boundary
of the identity chart. We may therefore choose a strictly larger compact set of regular
commuting holonomies in the relative interior of P™", and a coarse regular tube 7+
over it. On the compact complement, within the set of flat configurations, of the flat
configurations with holonomies in this larger patch, the distance of the flat holonomies
from O is at least some ap > 0. By the modulus of Theorem 35.9, there exists #,, > 0
such that a change of the input by less than 27, changes every flat output by less than
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ap/2. For the finitely many steps j < m, the coordinates of the first m steps satisfy
deterministically

[2<m| < Cuy/7(1 + [log7]). (35.22)

Indeed the coordinates collected in z<,, are exactly q;, = g;,w;,; for the finitely many
fixed scales j < m, each g;, is a fixed ratio times /7, and |wj,| < p;. For small enough
Ym the right side of (35.22) is less than #,,. Decreasing #,, if necessary, we may also
assume that a coarse field within distance 7, of a flat configuration with holonomies in
the larger patch belongs to 7+ whenever the holonomies of that flat configuration are
within a9/2 of O. Now suppose that Eﬁ €O,V ¢&T", and dist(V, F,) < #m, and let
Vo be flat with dist(V, Vj) < #. The input distance between (V,z<y,) and (1), 0) is less
than 27, so Hol(Vp) is within ag/2 of ZX € O. By the choice of ag, the holonomies of Vj
lie in the larger patch, and then V € T, a contradiction. We conclude that an output in
O coming from outside 7 forces dist(V, F,;) > 7, and (35.21) proves part (5). The flat
configurations with central holonomies lie in the excluded part; the argument does not
use that small curvature forces trivial holonomy.

Step 3: bounded output coordinates. We fix regular output tubes O; € O, € O3 with
positive margins, such that O; contains the flat outputs of the larger coarse patch being
used. Let ¢out be a smooth function equal to one on O; and supported in O3. On O3
we multiply the local coordinate maps by ¢out, and we set both products equal to zero
elsewhere on SU(2)3. This gives the bounded Borel maps

bext(H) = 470ut(H) b(LOg H)/ ]/ext(H) = ¢0ut(H) y(LOg H)/ (35.23)

where the right sides are used only on 3. They agree with the normal and tangential
coordinates on (J,, and they are the extensions used in part (1). They do not alter the
invariant observables, which were extended by zero.

Step 4: a good event. We consider the restriction of v to the coarse tube, normalized
by its own mass. By the uniform first-derivative bound and the exact flat values of
Theorem 35.9, there exists ¢, > 0, inside the input neighborhood of that theorem, such
that [0| + |z<m| < 2ey, implies EX € O,, uniformly in K. By (35.22), after decreasing 7y,
we have |z<,,| < &, deterministically. Let G, = {|v| < &5, } inside the coarse tube. Then

P(G;, | V in the coarse tube) < Cm'y*(3”3*1)efc’”/7. (35.24)

Indeed, the normal phase is at least c,|v|?> throughout the coarse tube, the amplitude
is bounded, and the conditional normalizing constant at each y is bounded below by
C’y3”3’1 by the coarse Laplace formula; we then integrate over the tangential distribution.
The same estimate holds conditionally at each y in the compact subpatch. Since no
departure from O, occurs on Gy, (35.24) also bounds the probability of such a departure.
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Step 5: Taylor expansion on the good event. On G,;, we use the local coordinates and
write u = (v,z<y). By the uniform C! bound and the smoothness of the normal
projection, Taylor’s formula along the segment su, 0 <s <1, gives

m
’b(Log EK) — Toxo— 7 Y A]-,ij‘ < Cu([o] + |z<m|)*. (35.25)
=1

The derivatives here are those of the flowed triple .7k of the fine configuration, since
setting the later fluctuation variables to zero does not change the derivative in an earlier
variable at the flat refinements. Substituting v = /YHy 1722y gives the coarse term
VY Ao,kzo- The normal moments (35.20) and the deterministic bound (35.22) then bound
the remainder divided by \/7, on Gy, by Cy, v1/7(1 4 |logy|)? in L”. Using the first-order
bound for the tangential coordinate, we similarly obtain the bound C,, ,\/¥(1 + |logy|)
for its displacement.

Step 6: the exceptional event. On Gj, we define Rk ,, by subtracting the displayed linear
terms from bext(2X ) //7. Both extended coordinate maps are bounded, the coarse tube
has bounded v, and the fluctuation terms are bounded by C,,(1 + [logy|) there. This
remainder is at most Cm’y’l/ 2 for small v, and (35.24) implies, for every fixed r’ < oo and
every g > 0,

”1anRK,ﬂ1”Lr’ < Cm,r/,q')’q' HlGﬁi (yeXt(‘Eﬁ) - ]/) HU’ < Cm,r/,q'Yq;

here we took the #'-th root of the exponential bound and absorbed the fixed negative
power of y. Together with Step 5 this proves both estimates of part (1). Multiplying
the r’-th powers by the mass of the coarse tube, and then by the norm of a bounded
multiplicative factor, proves the integrated versions. Any other fixed bounded Borel
extensions agreeing with the coordinates on O, satisfy the same estimates, with their
own bound in the constant.

Step 7: recentering. For j < m the field at the start of the j-th step is a coarse field in B,
satisfying the coordinate-domain conditions. Since the conditional fluctuation kernel and
its cutoff are preserved by Theorem 15.13, Theorem 13.10 applies with ¢ = ¢;. By (35.7),

[@j| < Cy/Djtir < Cuumirv/y  (1<j<m).

The inequality holds for every value of the earlier variables, hence also in L" under
the restriction to the coarse tube. Using (35.10) and the Cauchy-Schwarz inequality, we
obtain

m ) m - 1/2
|2 4xa| , <c(L D) < Curvr (35.26)
i =i
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The finite sum may grow with m, as allowed. This is the mean under the conditional
fluctuation kernel, not under an enclosing product measure. Replacing w; by w; — w;
changes the scaled remainder by exactly this quantity, which completes the proof of part

D).

Step 8: the moment identities (part (2)). At fixed m all uncentered moments of the nor-
malized fluctuation variables are bounded, since their centered moments were bounded in
Lemma 35.8 and their means are Oy, (/7). Let Z = Zg ,, b’ = bext(EX), and i/ = yext (EK).
On Gy, these are the local coordinates, so X' = y’ +b' = LogZK there. By Taylor’s
formula, the bound on the exceptional event, and (35.26), we have, under the whole
restriction to the coarse tube,

V'/vy=2Z+R, Rl < Cupy/r(1+ llog 7))

Every fixed moment of Z is bounded, by Lemma 35.8, and the error R has bounded
fixed moments for small . The inverse covariance ¥, ! has a fixed Lipschitz norm on
the larger regular tube. Expanding the quadratic form in Z + R, and using ||y’ — y||;2 <
Cinr/7(1 4 |log v|) and Holder’s inequality with higher fixed moments of Z and R for
each product, we obtain on Gy,

g«(X) _ 1

= 32T80(y) 2+ O (V(1+ Jlog 7)),

For the square we use a> — b> = (a — b)(a + b) and Holder’s inequality, which gives
the same order with a possibly larger power of the logarithm. On Gj,, each bounded
weighted observable divided by 7/ has expectation at most Cy~'IP(G¢,), which is smaller
than any power of 7 by (35.24). The corresponding polynomial in Z has a bounded
second moment, so its contribution from G, is at most CmIP(an)l/ 2. for | < 2 this uses
moments of Z only up to order eight. Thus the comparison extends to the weighted
expectations, without evaluating a logarithm or the quadratic form at a point where they
are not defined.

The normal cutoff x,(b’) differs from one only at a fixed positive normal radius. Using
Taylor’s formula, the coarse Laplace estimates, and the moments of the first m steps, we
find E[|b/|"1 (2K in the larger tube}] < Cpry'/? for every fixed . Markov’s inequality with
r > 2(g + 1) bounds the effect of replacing x.,(b') by one, even after division by v/, by
Cm,qY1, and part (5) controls the complement of the larger tube. Next we replace the
smooth tangential weight w(y’) by w(y); the error is bounded by its Lipschitz norm times
|y’ — y|, multiplied by a power of the scaled quadratic form that is bounded in L?. We
then apply Lemma 35.8 to the resulting polynomial of degree 2/, conditionally on y, and
integrate over the tangential distribution of the coarse field. The coefficient fields of this
polynomial are smooth on the fixed compact bundle subcharts, hence bounded and Borel,
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as required by that lemma. If Z ~ Gy (), then Z'%4(y)~1Z/2 has the law of GTCG/2

with C = XK(y) and G standard Gaussian in four dimensions, and diagonalizing the
nonnegative symmetric matrix C gives
1 T 1 1 1 2 1 2 ’
E(5GTCG) =uC,  E(5G7CG) = {(wCP+2urC?).
Here we used EG? = 1, EG? = 3, and, by independence, ]EGI-ZG]Z = 1 for i # j (special
cases of Isserlis” theorem [112]); a zero eigenvalue simply deletes the corresponding
summand. This identifies the polynomials m; of (35.19).

Step 9: return to the output coordinates. By (35.15), X has a uniformly bounded
Lipschitz norm at each fixed m. The field ¥g and its inverse square root are smooth, with
fixed positive spectral bounds, on the larger regular patch by Theorem 33.11, and the
binomial series used in the proof of Theorem 35.10 also bounds the derivative of the
inverse square root. Then XX has a uniform Lipschitz bound at each fixed 1, and the
tangential test w(y)m; (XX (y)) can be moved back to y’ with error Cp,e+/7(1 + [log y|)¥m.
Finally we multiply by the normal cutoff (b’); as before, 1 — {(b') is supported at a fixed
positive normal radius, so this costs Cy,,;77, and part (5) controls the complement of the
larger tube. The test on the right side is then exactly w* (ZX)m;(ZX (1)), and the tube
coordinates are never evaluated outside the support of w™. This proves part (2).

Step 10: normal moments for m = 0 and the two value ranges of ¢ (parts (3) and (4)).
For m = 0 there are no fluctuation variables. By the exact flat values and the uniform first
derivative, we have |b(Log ZX)| < C|v| in the larger coarse tube on Gy, and (35.20) gives
the claimed moment bound on Gy. On its complement inside the larger coarse tube, the
normal radius of an output in the given regular tube is bounded and (35.24) is smaller
than any power of . Outside the coarse tube, part (5) gives the same bound. These three
cases prove the second assertion of part (3); the constant depends on V but, since only
m = 0 is used, not on m.

For part (4), let hy,h- < 1 be nonnegative smooth tangential bumps, with positive
integrals, supported strictly inside the open sets Oy (where yp = 0) and O, (where
Yo > 2b,), and fix a smaller normal ball on which x = 1. By Step 1, the coarse probability
of each of the two corresponding sets of coarse fields is at least some a > 0. These
compact supports have a fixed positive margin to the boundaries of Oy and O and to
the boundary of {x = 1}. Markov’s inequality, applied to the tangential and normal
displacement bounds of part (1), makes the probability of crossing these margins less
than a/2, after decreasing -y;;. On the first remaining event ¥(Log EX) = 0, and on the
second y(Log EX) > 2b, > b.. Thus c, = a/2 works, independently of m, K, and +y; only
the required threshold <y,;, depends on m. This completes the proof. O
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35.5 Regression identities, moment comparison, and
removal of the conditioning

This subsection collects the regression identities (Lemma 35.12), a comparison estimate
for localized moments at nearby triples (Lemma 35.13), the removal of the conditioning
together with the passage to the continuum (Lemma 35.14), and lower bounds for fixed
nonnegative observables (Lemma 35.15).

Lemma 35.12. Let P be a probability measure and let A, B be bounded real random variables
with s = EpB? > 0 and v = Varp B > 0. Then

Varp A — Covp(A,B)?/v  infycer Ep(A — aB —c)?
s s )

€ (P;A,B) =

IfO<B<1,P{B=0}>po>0,and P{B > b.} > p; >0, then s > p1b? and v > pop1b>.
Further, put a = EpB and define e1, ey, e3 by

EpA = y(2a +¢7), Ep[AB] = (25 + e2), EpA? = 4%(6s + e3)

for some v > 0. Then

¢(P;A,B) - e3 —4ey — €3 — (ex —aey)?/v

(S s '
In particular, if P = P, depends on vy, the bounds pg, p1, and by hold uniformly, and eq, e, e3 — 0
as v 1 0, then € (Py; A, B) = 29* + o(v?), even if Ep, B and Ep, B have no limits.

(35.27)

Proof. We minimize first over c. At a given « the unique minimizer is c = EA — «EB,
and the remaining quadratic is Var A — 2a Cov (A4, B) + a?v. Since v > 0, its minimizer is
a = Cov(A, B)/v, and its minimum is the numerator in the first expression. This proves
the regression identity.

For an independent copy B’ of B we have Var B = [E(B — B’)?/2. The two events
{B =0, BB > b.} and {B’ = 0, B > b.} each have probability at least ppp;, and
(B — B’)2 > b? on each of them, which implies v > pop1b?. Integrating B> over {B > b.}
gives s > p1b2.

For (35.27), note that v = s — a?, that Cov(A,B)/y = 2v + e, — ae;, and that
Var A/~? = 6s + e3 — (2a + e1)?%. Subtracting the square of the first expression divided by
v from the second, the terms linear in ae; cancel, and we obtain 2s 4 e3 — 4e, — e% — (e —
ae1)?/v; dividing by s gives (35.27). Uniform positive lower bounds on s and v, together
with |a| < 1, make the correction in (35.27) tend to zero when ey, e, e5 — 0, without any

limit for a or s. O

Lemma 35.13. Let U € UT € U™ be the tubes of Definition 35.1, and let f be a smooth
invariant weight supported strictly inside U (for example ¥, ¢, or a localizing weight ).
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Assume that the inverse covariance X, v is bounded and locally Lipschitz on Ut (it is in fact
smooth there). Put f; = fq', with the fixed bounded zero extensions. For two random triples
H, H' in a common gauge frame at the basepoint let

D = m?XHHi — H{|lop, d = min(1, D), B = |b(Log H')|[1ymreys+y-

There exist C < oo and 0 < 19 < 1, depending only on the tubes and their margins, on
125 oo + Lip(Zy 1) on U, and on the weight, such that for every p > 1land | = 1,2,

[Efi(H) — Efi(H')| < C[E(B +d)*2]"*[Ed*""* + Cyy P Ea?,

where the constant in front of 17, P does not depend on p. For | = 0 the bound is C Ed. Applied
under vito H= HX and H = Eﬁ, with p = 21 42 < 6, these bounds give

limsup v [Eu fy(HY) = Bofi(BR)] < CO2 +ru(v),  1=12,

K—oo

where 1y, (7y) — 0as y | 0 for each fixed m, and C does not depend on m.

Proof. We first prove the comparison inequality without any probabilistic assumption on
H,H'. In the coordinates X = y + b write £L(y) = Zg(y)~!. The boundedness and local
Lipschitz continuity of £, and the smoothness of y and b on the tubes, give

19:(X) = g.(X")| < C(Ib(X)[ + [(X) )| X — X

Indeed, we expand the difference of the two quadratic forms, first changing b with £
fixed and then changing £; the second term is at most C|b(X")|?|y(X) — y(X’)|, which is
bounded by the displayed expression since the tube radius is bounded. For | = 1,2, the
factorization of a difference of I-th powers and the Lipschitz bound on f give

|>2171

A(X) = AXD)] < C([b(X)] + X = X X - X'| (35.28)

whenever the segment between the two points lies in /™. The derivative of the weight
contributes a term of order |b|?, which we absorbed using the fixed upper bound on |b|.

We choose 179 < 1 so small that any two triples at matrix distance at most 7y, one
of which lies in the support of f}, both lie in A/ and have their logarithmic segment in
UTT. Such a choice exists: we cover the compact support by finitely many coordinate
balls whose doubled closures lie in &/ and use the positive margins to the complement
of UT. The logarithm and the tube coordinates have bounded derivatives on these balls,
so |X — X'| < CD there. On {D < 1}, if both values of f; vanish there is no difference;
otherwise (35.28) gives

fi(H) = it )| < C(p+d)*~d.
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On {D > 1o} the difference is at most 2||fi||oc < 2| fi||co7, | 4. Taking expectations and
applying the Cauchy-Schwarz inequality on the first event proves the inequality; the
constant in front of 7, does not depend on p. For | = 0, the fixed smooth zero extension
of f is globally Lipschitz for the bounded distance d, and the same argument gives C [Ed.

We now prove the application, and first bound the moments of g uniformly in m.
Let d, = min(1, Dk,) and dg = min(1, Dxg), where Dk, = max;||H{ — E [|op as
in Theorem 34.10, and let e,, = min(l,maxiHEﬁ,i - Eg illop)- By the triangle inequality,
em < dm +do. On {e, < 11}, with 51 fixed sufficiently small, an endpoint ZX € ¢/ has
EX in a fixed larger regular tube V C U, and |b(Log EX)| < |b(Log EX)| + Cep. On
{em > 11}, the bounded normal radius is at most Cny le,. Combining the two cases, we
find, for every fixed r < 8§,

Ep" < C E[|b(Log &)L zkeyy] + Cr E(dm +do)” < Cy'/2. (35.29)

In the last step we used only part (3) of Theorem 35.11 with m = 0 and the bounds on
high moments in Theorem 34.10. Both are estimates under v, at the fixed side and in the
same gauge frame at the basepoint. The tube V is chosen before m, and both constants for
the distance moments are independent of m, so the constant in (35.29) does not depend
on m.

For | = 1,2 we take r = 4] — 2, which is two or six. By (35.29) and the moment bound
for d,,, we have E(B + dy)¥=2 < Cy?~1. The second-moment bound of Theorem 34.10
gives

(Ed3,)'? < C\/7 8,/ + Cy(1 + [log v])",

where k denotes the exponent written d in that theorem. With p = 2/ 4 2, the exceptional
term is at most Cp'yl+1 by the same theorem. The comparison inequality therefore gives,
at every finite K > m,

Y Ef(HS) — Efi(EX)] < CoY2 + Cy7(1 + logv])k + C. (35.30)

This proves the claim, with r,, () = C/7(1 + |logy|)¥ + C. For | = 2 the sixth normal
moment is used in an essential way. ]

Lemma 35.14. Fix 0 < y < qw(n), and let F : SU(2)®> — R be bounded, continuous, and
invariant under simultaneous conjugation; F may depend on «y. Write e = pun,, (5%, .,), with

N,n,y
N = nBX. Then, for every q > 0,
[y, F(HS) — EvF(HY)| < 2||Fl|ooe < 2|[F[|oCig7”,

uniformly in K, and
KIIE;IEVNWP(H ) =E, F(H),

where H denotes the coordinate-cycle holonomy triple of X(6L?).
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Proof. The value F(HX) depends only on the gauge orbit of the fine configuration, since
F is invariant, the reconstruction maps produce a gauge-equivalent configuration, and
the Wilson flow commutes with lattice gauge transformations. Hence F(HX) equals

F evaluated at the coordinate-cycle holonomy triple of ‘I’éfz) U, which is a bounded
measurable function on the whole configuration space; this is how F(#KX) is understood

under yy . For any bounded F and any event S with e = 3(5°) we have
E,F = (1—e)E,F+eE,(F|S°), E,F —E,F| < 2||F||e, (35.31)

where the last term of the identity is set to zero when e = 0; see also Lemma 5.5. By
Corollary 23.11, at the fixed side n we have e < C;, 47 for every fixed q > 0, uniformly in
K. This proves the first assertion.

For the second, Lemma 5.6 writes F = f op, where p is the vector of the seven
normalized traces of Hy, Hy, Hs, HiHp, H1H3, HyH3, and HyHyHs, and f is continuous
on [—1,1)7 with ||f|le < ||F|lco- These traces are the normalized fundamental Wilson
loops of the three coordinate cycles and of their concatenations, which are fixed piecewise
C! based loops of bounded length. On each lattice of the sequence they are exact
lattice loops, which form admissible approximations. By Theorem 29.25, in the form
of Corollary 29.26, the joint law of these seven traces under iy, at the flow time 6L,
converges as K — oo to their joint law under A,. At fixed <y the corollary may discard
finitely many initial terms of the sequence nBX; this does not affect the limit, and the side
n is not changed. Since f is bounded and continuous, the expectations converge. O

Lemma 35.15. Let Ky C P™" be a compact invariant set with nonempty relative interior,
contained in the relative interior of P™", and let r. > 0 be such that T = {y+b:y €Ky, b €
Ny, bl <re} CUTT. Let ¢ : SU(2)? — [0,00) be bounded, invariant under simultaneous
conjugation, and Lipschitz for the matrix distance, and assume ¢(H) > ¢ > 0 whenever
Log H € 7.. Then there exist a,y1 > 0 such that, for 0 < v < 1 and K > Ky(0),

E,¢(25) > cia, E,p(HX) > c1a/2, E\ ¢(H) > c1a/4.

Proof. Let K| be a compact invariant subset of the relative interior of K; with nonempty
relative interior. At the flat coarse field V(y,0) we have Log EX = y, by the exact flat
values of Theorem 35.9. By the uniform first-derivative bound of that theorem with
m = 0, there exists ¢ > 0 such that, for every coarse field V = V(y,v) with y € K’1 and
lv| < €, the tangential component of Log Z& lies in K; and its normal component has
norm at most r¢; hence Log ZX € T¢, uniformly in K. Taking in Step 1 of the proof of
Theorem 35.11 a tangential bump supported in K] and a normal cutoff supported in
{|v| < €'}, we find that the set {V(y,v) : y € K/, |v| < €'} has U-probability at least some
a > 0, uniformly in K, for all sufficiently small y. This gives IEvgo(Eg ) > ca.

Since ¢ is Lipschitz for the bounded matrix distance, Theorem 34.10 with m = 0 gives

[Evp(HY) — E,@(25)| < 2Lip(@) (B, min(1, Dyo)?) " < Cy/7,
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so E,(HX) > c1a/2 for small v, uniformly in K. Finally, by Lemma 35.14 with a fixed
q > 0, we have E,, ¢(HX) > c1a/2 —2Cy 477 for every K, and letting K — oo gives
IEM(p > ca/2 — ZCM'y”/ > c1a/4 for small v. O

35.6 Proof of the regression coefficient

Proof of Theorem 35.2. We first check that the observables are admissible continuum ob-
servables (Step 1) and prove the lower bounds on the denominators (Step 2). We then
prove the normalized moment estimate at finite cutoff (Steps 3 and 4), take the limits in
the stated order (Step 5), and conclude with Lemma 35.12 (Step 6).

Step 1: the observables. The inverse covariance 29_1, the tube coordinates, and the
cutoffs are invariant under simultaneous conjugation. The supports of ¢ and 1 have
positive distance from the boundary of the identity chart, so their zero extensions, and
their products with g, and g2, are bounded and continuous on SU(2)3; they contain no
coupling parameter. The continuous invariant factorization of Lemma 5.6 applies on the
whole compact space of triples, including central triples and triples of deficient rank. In
particular, these observables are continuous functions of the seven normalized traces, as
stated.

Step 2: lower bounds on the denominators. We choose compact invariant sets Ko C Op
and K; C O, with nonempty relative interiors, and a radius r. > 0 such that x(b) =1
whenever |b| < 2r.. Let po, 0+ : SU(2)® — [0,1] be smooth invariant functions, equal
to one on the tubes of radius 7. over Ko and K respectively, with pg supported in the
interior of {¢ = 0} and p supported inside {¢ > b, }. The latter set has room for such
a choice because ¢y > 2b, on O4 and x = 1 on the normal ball of radius 2r.. In finite
coordinates such functions are obtained from a smooth function of the squared distance
in finitely many small balls, by adding these bumps and truncating smoothly to one on
their cores. Averaging over simultaneous conjugation with respect to the Haar probability
measure makes them invariant; since the relevant sets are invariant, the support and
core properties are preserved. Both functions are Lipschitz for the matrix distance. By
Lemma 35.15, there exists ' > 0 such that [Ey oo > 4’ and [, p+ > a’ for all sufficiently
small . By the support properties, A, {Bg,s = 0} > a’ and A, {Bups > bs} > a’. Since
0 < Bgps < 1, Lemma 35.12 implies ]EMngs > a'b? and Var) Bgps > (a’)?b2, which
proves the first assertion.

Step 3: the Gaussian moment polynomials. On any bounded set of nonnegative 4 x 4
matrices we have

[m1(C) = 2|+ [m2(C) —6| < C[IC—1J].
Indeed, [tr(C — I)] < 4]|C — I]|, [tr C? — 4] = |&x((C — )(C + 1))| < 4]|C — I|(|C]| +1),
and (trC)?2 — 16 = (trC —4)(trC +4). By (35.16), 0 < =X < ¥ and together with



35 Normal fluctuations near regular commuting holonomies §35.6 205

the spectral bounds of Theorem 33.11 this bounds the norms of all K by a constant
independent of m. Then (35.14) compares the moment polynomials at finite K directly
with my(I) = 2 and my(I) = 6.

Step 4: the normalized moments at finite cutoff. We apply part (2) of Theorem 35.11
with the tangential weights ¢) and ¢ and the normal cutoffs x and x?, so that @ = 1
or ¥2. On its right side, w™ and w differ only at a fixed positive normal radius. The
normal moment bounds of Step 8 of its proof, Markov’s inequality, and the boundedness
of m)(EK) show that replacing w* by @ changes the expectation by Oy,q(77) for every
tixed g; the polynomial comparison in that theorem is supplied by Lemma 35.8. We take
Ko(m) > max{m, Ko(0)}, as allowed. For f = ¢ and f = ¢? and [ = 1,2, we compare
v By [fqL (HK)] with ¢ E, [f4L(EX)] by (35.30), then with B, [f (2K )m; (£K (v/))] by part
(2), then with m;(I)E, f (EK) by Step 3 and (35.14), and finally with m;(I)E, f(#X) by the
case | = 0 of Lemma 35.13, which costs CIEd,, < C,/. We obtain

|7 [fgL (HF)] — mu(DEy [f(H)]]

35.32)
< C{05/*+0m + (nBX) 2} +en(y), K> Ko(m), (

where e, (7y) — 0 as 7 | 0 for each fixed m; one may take for e, a finite sum of terms
Ci/7(1+ [log ¥ )5, C\/7(1 + [log¥|)¥, and Cyyy. The constants in front of 6%/2, ,,, and
the lattice error do not depend on m.

Step 5: the limits. We apply Lemma 35.14 to each bounded product fg! and to f, before
dividing by ~. For a fixed g > 2, the cost of replacing v by py , is O(71~") = o(1) after
division by 'yl, for every [ < 2. Then (35.32) holds for uy,, with this additional error.
At each fixed 7, Lemma 35.14 gives the limits as K — oo of these expectations under
JN,, which are the corresponding expectations under A,,. When K — oo, the lattice error
disappears, without any division by y. Next we let y | 0 at the fixed m, which gives

limsup|y'E,, [fq.] — mi(DEx, f| < C(83/% + 6m)-
10

Letting m — oo, we obtain the two moment identities. The side 1 and the sequence nBX
are fixed throughout; only finitely many initial terms of the sequence may be discarded
in the inner limit K — oo, as allowed by Corollary 29.26.

Step 6: the statistic. With Ay, = g+« and Byps = 1, the three errors of Lemma 35.12 are
er =7 'E[pq.] - 2By,  er =77 "E[y'q.] - 2By’ e3 = ’E[yqi] - 6Ey?,

with all expectations under A.,. By Step 5 they tend to zero. Combining the lower bounds
of Step 2 with (35.27), we obtain %, = 272 + o(?). Further, Step 5 shows that at each
fixed m the upper limits of |e1], |ez], |e3| are at most C(8%/ + 6,,), and the exact identity
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(35.27) then implies the stated bound on %,/ ¥* — 2, with a constant independent of m.
The quadratic errors e? and (e; — aeq)? are absorbed using that d,, is bounded in m and
that |a| < 1. O

35.7 A weighted chi-square limit with four degrees of freedom

Proof of Theorem 35.3. Only the values of g. on the support of w enter, where g, is the
exact nonnegative quadratic form; the extension of g, has no effect on 7,. We first prove
a finite-scale version of the statement for bounded Lipschitz f (Steps 1-3) and replace the
finite-scale triple by the triple of the fine configuration (Step 4). We then prove the lower
bound on D, (Step 5), pass to the continuum and take the limits (Step 6), and finally
extend the result to bounded continuous f and identify the limit law (Step 7).

Step 1: the finite-scale expansion. Fix m, let K > Ky(m) > max{m,Ky(0)}, let ¢ be
below the threshold of Theorem 35.11, and write H,, = ZX and a F=Ef (|G4]?/2). We
choose a larger coarse regular tube before m: its flat holonomies cover a fixed larger
regular patch and are separated from the compact support of w on the complementary
part of the set of flat configurations. The modulus of Theorem 35.9 has an input margin
depending on m, which changes the coupling threshold but not this tube. By part (5)
of Theorem 35.11, there exists a larger coarse regular tube 7 such that an output in
the support of @ coming from outside 7 has probability O,,4(77) for each fixed g > 0.
Inside the coarse tube we use the restriction of v normalized by its own mass, and write
y for the tangential coordinate of the coarse field. Part (1) of the same theorem, with its
bounded output coordinates, gives

b(Hm)/ﬁ = ZK,m + RK,mr ||RK,m||U < Cm,rﬁ(l + |10g’Y|)2,

and ||y(Hum) —yl|rr < Cinyr/7(1+ [logy|) for every fixed finite r, where the recentering by
the conditional means is included in Rk ;. These formulas are local coordinate identities
only on the good event G, of Step 4 of that proof, whose complement has probability
O,q(77) for every fixed g > 0 by (35.24). By Lemma 35.8, all required moments of Z ,,
are bounded at this fixed m.

Step 2: comparison with a Gaussian quadratic form. The ambient inverse covariance
Py, 2o (y) _lPNy is smooth on the larger patch by Theorem 33.11. Expanding the quadratic
form and using Holder’s inequality, we obtain on the good event

«(H. 1 _
|0 201 2, < o TCL+ g
Explicitly, the difference is bounded by a constant times |R|(|Z| + |R|) + |y(Hm) —
y|(]Z| +|R|)?, and moments of order at most six suffice. Since f is Lipschitz, the same
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bound times Lip f controls the change of f(q.«(Hm)/7). The smooth weight w(y(H,,))
can be moved to w(y), and back, with an error of the same order. The normal cutoff ),
differs from one only at a fixed positive normal radius, so arbitrarily high fixed moments
of the normal coordinate of Hy, (Step 8 of the proof of Theorem 35.11) make the effect
of replacing x. by one Oy, 4(77). On the exceptional events we use only that f and the
weight are bounded, without taking a logarithm there. These comparisons hold after
multiplication by the mass of the coarse tube, which is at most one.

Step 3: the Gaussian value. Conditionally on y, we apply Lemma 35.8 to the bounded
Borel function z — f(z"Z(y) 'z/2). This gives the Gaussian value

% (EX () = Bf (36TE50)G1),

with error C || f || co/7 (1 + |log ¥|). The equality of the laws of the two Gaussian quadratic
forms follows by diagonalizing the nonnegative covariance matrix; no inverse of £X is
used. Coupling the two quadratic forms through the same G4, we obtain

1. .
k¢(C) —ag] < 5 Lip £1IC — I E|Gaf? = 2Lip f|C — I]|.
Integrating against the tangential law of the coarse field and using (35.14), we obtain

|y [ (Hin) £ (q+(H) /7)] = afBy@(Hin)| < Cooll fllsL{0m + (n1B*) 72} + [ fllsL emw(7),
(35.33)
with ey,,(7) — 0 as 7 | 0. One may take for e, a finite sum of terms Cy /(1 +
log v|)* and of arbitrarily high fixed powers of . The constant C;, does not depend on
m: only the bound on the weight and the uniform covariance error enter it.

Step 4: comparison with the triple of the fine configuration. We now replace H;, by
H = HX in the bounded test F,(H) = w(H)f(q+«(H) /7). This needs a separate estimate,
because the Lipschitz constant of f(g./7) grows as ¢ | 0. We use the nested tubes of
Lemma 35.13 and set

dy = min(l,maxHHi — H,, i
1

op)r Bu = 1b(Log Hun) (s, ctr1.

The normal coordinate is used only on the indicated tube. For a fixed 0 < n < 1, if
dm < 1 and at least one of the two weights is nonzero, then both triples lie in /™ and
their logarithmic segment lies in /. On this event the smooth coordinates and the
Lipschitz bound on X, ! give

19+ (H) — g (Hm)| < C(Bm + dn)dm;

indeed we expand the two quadratic forms and use |b(Log H)| < |b(Log Hy)| + Cdp,.
Therefore, on this event,

|F7(H) - Fw(Hm)’ < Cwanoodm + Co Lipf’)’_l(,Bm +dm)dm.
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If both weights vanish, the difference is zero. On {d,;, > 7} the boundedness of F, gives
the bound Cy || ey ~*d%,.

We bound the second normal moment with a constant independent of m. We compare
H,, with Hy = Ef and let dy = min(1, max;||H; — Ho,;||op); the truncated distance between
H,, and Hj is at most d,;, + dy. When this distance is small and H,, € U™, Hy lies in
a fixed larger regular tube V and B, < |b(Log Hy)| + C(dn + dp). When the distance
exceeds a fixed margin, the boundedness of the normal radius gives B, < C(dy, + dp).
Combining the two cases, we obtain

E, B, < CEy[|b(Log Ho)[*1{pevy] + CBy(dim +do)* < Cr,

where we used part (3) of Theorem 35.11 with m = 0 and the moment bounds of
Theorem 34.10, which hold for all m with the same constants. The tube V is fixed
before m. By the Cauchy-Schwarz inequality and Theorem 34.10, we have, uniformly for
K > Ko(m),

[E,Fy(H) — ByFy (Hm)| < Coll fllsL{s > + v7(1 + [log v[)* + 77} (35.34)

Indeed (E(Bu + dm)?)/? < Cy/7 and (Ed2)Y? < C\/765/* + Cy(1 + [log7])¥, so the
factor 4! is compensated by the size of the quadratic form; the fourth moment on the
far event is at most Cy?. For the weight alone, its global Lipschitz continuity gives the
simpler bound |Ew(H) — Ew(Hy)| < Cyy/7.

Step 5: the lower bound on D,. Since w is continuous, nonnegative, and not identically
zero, there exist a compact invariant set K; with nonempty relative interior in the relative
interior of P and ¢; > 0 with w > ¢; on Ky; let . > 0 be such that x, = 1 on
{|b] < r¢}. Then @ > c; on the corresponding tube 7;, and w is smooth, invariant,
and Lipschitz for the matrix distance. By Lemma 35.15, E,w(H) > c}, uniformly in K
and D, = E A,yﬂ? > ¢y > 0 for all sufficiently small +.

Step 6: the continuum and the limits. For each fixed v > 0, F, is a bounded continuous
invariant function on the compact space of triples, with its fixed zero extension, and
its supremum ||@||||f|l does not depend on 7. By Lemma 35.14, the expectations of
F,(HX) under v and under yy , differ by at most Cyq| f || oy, Whereas the corresponding
expectations of w(HX) differ by at most Cy 477, for any fixed g > 0. Both expectations
under ty,, converge to their expectations under A, as K — co. Writing a; = Ef(|G4|?/2),
we have |a¢| < ||f|le, so the transfer error for the combination EF, — a¢Ew is at most
Cuw,ql|flloy?. This uses only the supremum of the test, never its Lipschitz constant, so
no negative power of oy appears. Combining (35.33) and (35.34) with the bound for the
weight alone, letting K — oo at fixed 7 and m, and dividing by D, > ¢, we obtain the
quantitative bound in the statement, after absorbing the terms from Step 4 and from
the conditioning into e, . The lattice error vanishes in this first limit. The estimates
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at finite cutoff were needed only for K > Ko(m), which suffices for this limit. Letting
v} 0 at fixed m, and then m — oo, we obtain [ fdrm, — Ef(|G4|?/2) for every bounded
Lipschitz f.

Step 7: bounded continuous tests and the limit law. We extend the convergence to
bounded continuous f by tightness, without using convergence of moments. Let 7z be
zero on [0, R], linear on [R, R + 1], and one on [R + 1,00). It is bounded and Lipschitz, so
the convergence already proved gives

limsup 77, ([R +1,00)) < Eyr(|G4>/2) < P{|G4*/2 >R} — 0 (R — o).
140

On each compact interval a bounded continuous f has uniformly accurate piecewise
linear approximations, which we extend by constants outside the interval; they are
bounded Lipschitz functions. The two tail probabilities bound the error outside the
interval by a fixed multiple of ||f||. Increasing first the interval and then decreasing
the approximation error, we obtain the convergence for f. Finally, each of (G} + G3)/2
and (G5 + G3)/2 has density e "1 {u>0}, by polar coordinates in the plane. They are
independent, and their convolution has density ue "1 {(u>0} which identifies the law of
|G4|?/2 and completes the proof. O

35.8 Gaussian approximation on the regular normal bundle

Proof of Theorem 35.4. We first verify the geometric and measurability statements (Step 1)
and extend a Lipschitz test to a larger bundle (Step 2). We then prove the quantitative
bound for bounded Lipschitz F at finite cutoff, first for the finite-scale triple (Steps 3-5)
and then for the triple of the fine configuration (Step 6), and pass to the continuum (Step
7). Finally we extend the result to bounded continuous F (Step 8).

Step 1: geometry of the quotient. All vector comparisons below use the Euclidean
embedding of the normal spaces in R%; no global frame is introduced. On a finite smooth
orthonormal bundle atlas, £y and its inverse square root are smooth with bounded
derivatives, by Theorems 33.11 and 35.10, and they are equivariant under simultaneous
conjugation, as are the normal coordinates. For g € SU(2) the isometry Ad(g) : N}, —
Nad(g)y therefore carries Ty to T p4(g),, and the invariance of F gives F(Ad(g)y) = F(y)-
The quotient of the compact invariant patch P’ is compact and metrizable, for example by

d YD) = min |y — Ad(Q)Y/].

o (Y], v]) = min Iy —Ad(g)y'
Since the group is compact, the minimum is attained and zero distance identifies exactly
one orbit; the isometric action gives the triangle inequality. Its topology is the quotient
topology, since the continuous bijection from the compact quotient to this metric space is
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a homeomorphism. On the compact support of w, the tangential projection followed by
the quotient map is continuous and invariant. By Lemma 5.6, the seven traces separate
the classes of simultaneous conjugacy; their map on this compact support is a continuous
surjection onto its Hausdorff image, hence a quotient map, and the tangential class
factors continuously through this image. In particular [y,] is a Borel function on the
support of w; elsewhere we may assign any fixed point of the quotient, since the weight
vanishes there. Thus p, is a probability measure on the Borel quotient, and the identity
D, 'E[@ F(y,)] = [ Fdp, holds and does not depend on the choice of representatives.
For the regularity of the fiber integral, let E, : R* — A/, be a smooth orthonormal frame
in one chart and write F(y) = IEF(y, E,G4). The bounded derivative of the frame gives

[F(y) — F(y')| < CLip F (1 +E|G4])ly — /|,

and a finite cover with positive interior margins gives the same bound on the compact
patch. Hence F is bounded Lipschitz with ||F|/g. < C||F||gL. The same formula and
dominated convergence show that F is continuous when F is only continuous.

Step 2: extension of a Lipschitz test. Let F be bounded Lipschitz. In the proof the test
is evaluated at the tangential coordinate y of the coarse field and at triples where the
weight may vanish, and these tangential coordinates may lie outside P’. We therefore
first extend F. Let F(x) = inf,{F(s) + Lip F |x — s|}, the infimum over s in the normal
bundle over P/, be the McShane extension to R x R; it has the same Lipschitz constant.
Truncating it at £||F||« preserves the Lipschitz constant and gives the bound | F||c.
Averaging the result with respect to the Haar probability measure over the diagonal
action (y,z) — (Ad(g)y, Ad(g)z), which acts by isometries of R x R?, preserves the
bound and the Lipschitz constant and gives an invariant function. Since F is invariant
and the bundle over P’ is invariant, the averaged function agrees with F there. We denote
this extension, restricted to the normal bundle over P™*, again by F, and define F by
the same formula on P™T; Step 1 applies on P™" as well. Since @ vanishes unless the
tangential coordinate lies in P/, the quantities in the theorem are unchanged.

Step 3: the finite-scale expansion. We work under v, with H = HX and H,, = EK, the
triple of the finite-scale reconstruction from the first m steps on the same sample. All
estimates are for K > Ky(m), as allowed by Theorem 35.11. Under the restriction of v
to its larger coarse regular tube, normalized by its own mass, let y be the tangential
coordinate of the coarse field. That theorem and Lemma 35.8 give

’7_1/2b(Hm) = Zgm + Rim, ||RKm||U < Cm,rﬁ(l + |10g ’Y|)2/

m
ly(Hm) = yllr < Cor/v(1+[logyl),  Zim = Aokzo + ZiAj,K(wj — @),
]:



35 Normal fluctuations near regular commuting holonomies §35.8 211

where @; is the conditional mean of w; under the conditional fluctuation kernel and the
error of the recentering is included in Rk ,,. All fixed moments of Zg ,, are bounded
uniformly in K at this m. These are local coordinate identities only on the output tube,
with the bounded extensions of part (1) of Theorem 35.11. By part (5) of that theorem,
outputs in the support of the weight coming from outside the larger coarse tube have
probability at most Cy, 47 for every fixed g > 0; inside, the exceptional event (35.24) has
the same bound. Bounded tests on these exceptional events therefore contribute only
Congl | Flloo?.

Step 4: comparison of the normalized normal vectors. On the good event, using the
bounded derivatives of the inverse square root, Holder’s inequality, and the preceding
moments, we obtain

EJy 22y (H)) ™/2b(Hy) = Zo(y) ™2 Zicm| < Cou/7(1+ llog 1)

indeed the difference is bounded by C|Rk | + Cly(Hm) — y||Zk m|. Since F is Lipschitz
in both arguments, F(y(H),z(Hy)) may be replaced by F(y,Zg(y)~1/2Z ,,) with an
error Lip F times this bound plus Lip F E|y(H,,) — y|. Replacing w(y(Hy)) by w(y) gives
an error of the same type. The normal cutoff x;, differs from one only at a fixed positive
distance from zero, and arbitrarily high fixed normal moments from the same theorem
bound the effect of replacing it by one by C, 4.

Step 5: the Gaussian value. Conditionally on y, we apply Lemma 35.8 to the func-
tion v — F(y,Zg(y)~/?v). Since it is a jointly Borel bounded function of the whole
vector, the lemma applies without any radial restriction, and the Gaussian value is
EF(y, (XK (y))V/ 2Gy) with G, ~ I'. For every nonnegative self-adjoint C we have

ICY% = Illop < IC—TIllop,  [EF(y,CY2Gy) — F(y)| <2Lip F||C — I|op.

The first inequality follows on each eigenvalue from |\/r — 1| = |r —1|/(y/r + 1), includ-
ing r = 0; the second uses E|G,| < (E|Gy[*)!/? = 2. Moving F(y) back to F(y(H)) with
the Lipschitz bound of Step 1 and the weight back to w(H,,), and using the covariance
error (35.14), we obtain

By {@ () [F(y(H), 2(Hi)) — F(y(Ho))] }|

(35.35)
< CollF|lgL{6m + (nBX) "2} + ||F|lsL e, (7).

where z(H') = v 125y (y(H'))"Y/2b(H’) and e}, ,(7) — 0 as v | 0 at fixed m. Mul-
tiplying by the mass of the coarse tube, which is at most one, justifies the use of the
normalized conditional estimates. The tangential integration in this step is always against
the law of the coarse field, and the constant in front of the covariance error does not
depend on m.
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Step 6: comparison with the triple of the fine configuration. We replace H,, by H on
the same sample. Let d;;, = min(1, max;||H; — Hy,i||op), and fix nested regular output
tubes with positive margins. There exists 77 > 0, independent of m, such that if d,, <y
and at least one of the two weights is nonzero, both triples lie in the larger identity
chart. On that event the normal coordinate, the tangential coordinate, and the map
H' + Zg(y(H'"))~'/2b(H') have bounded derivatives, as one sees by differentiating the
product on the fixed bounded tube. Hence, for ], (H') = w(H')F(y(H'),z(H')),

|Jy(H) = Jo(Hm)| < Co||F|pL(1 +y Y )d.

If both weights vanish, the difference is zero; on {d,, > 1} we use the bound 2||%|| s || F | co-
By Theorem 34.10,

Yy Y2E,d,, < C8Y2 4+ Cy/y (14 [log ), v{dm > 11} < Cy7v*.

The same argument for @(H’)F(y(H')) involves no factor 7~ /2. Combining these bounds

with (35.35), we obtain the same estimate for H in place of H;,, with an additional term
Cw||F||rd%/? and an additional error at fixed m that tends to zero with 7.

Step 7: the continuum and the limits. For each fixed y > 0, both tests ], and @ F(y(+))
are bounded continuous invariant functions on SU(2)3, with the stated zero extensions.
By Lemma 35.14, the expectations under v and yuy,, differ by at most Cy 4| F||pL7? for
any fixed g > 0, and the expectations under yuy , converge to those under A, as K — oo.
This uses only the supremum of the tests, not their Lipschitz constants, which depend on
7. Letting K — oo at fixed 7y and m and dividing by D, > ¢;, (Theorem 35.3), we obtain
(35.3). Letting v | 0 at fixed m, and then m — oo, proves (35.2) for bounded Lipschitz F.

Step 8: bounded continuous tests. Let F be bounded and continuous. On the support of
the weight we have |z,|2/2 = q../+, so Theorem 35.3 shows that the localized probabilities
of {|z,] > R} satisfy limsup, 7, ((R?/2,00)) — 0 as R — co. For the comparison
integral, the inner probability I'y{|z| > R} = IP{|G4| > R} does not depend on y or
on the representative, and integrating it against p, gives the same tail bound. The
set {(y,z) : y € P/, |z] < R} is compact, and a continuous function on it admits
uniformly accurate bounded Lipschitz approximations. To construct them, we take a
sufficiently fine finite net, form the upper and lower cones of a sufficiently large finite
slope through the values on the net, and truncate at the supremum bound. The uniform
continuity of F gives the approximation as the net is refined and the slope is increased,
and these cone functions are defined on the whole ambient space. Averaging them
over simultaneous conjugations with respect to the Haar probability measure makes
them invariant, preserves their bound and their Lipschitz constant, and preserves the
approximation on this invariant compact set. We apply the bounded Lipschitz case to
each approximant; the two tail probabilities control the errors outside the compact set.
Letting first the approximation error tend to zero and then R — oo, we obtain (35.2). [
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35.9 Comparison probability measures

This subsection evaluates the observables of Definition 35.1 under the four comparison
probability measures of Definition 4.13: the Abelian Maxwell measure with Haar cycle
holonomies (item (1) there, constructed in Lemma 33.14), Gaussian holonomies with
independent Haar factors (item (2)), Gaussian holonomies with Gaussian constant modes
(item (3)), and the conditional normal Gaussian measure (item (4)). These measures are
different constructions, and their hypotheses are part of their definitions. The compar-
isons show how to read the conclusion of Theorem 35.2. The conditional normal Gaussian
measure has the same coefficient 27%. The two holonomy models without a non-Abelian
flat background give a vanishing statistic or a statistic of order one, and the Gaussian
holonomies with Gaussian constant modes give the regular patch an exponentially small
mass.

For the third measure we use Gaussian concentration. Its classical antecedents are
the Gaussian isoperimetric inequalities of Borell [30] and of Sudakov and Tsirelson [148],
and the sample-function formulation of Cirel’son, Ibragimov, and Sudakov [60]; we use
the formulation of Adler and Taylor [3].

Lemma 35.16. Let d > 1, let G be a standard Gaussian vector in R%, and let F : R — R be
Lipschitz with constant ¢ for the Euclidean distance. Then for every A € R,

log]EeA(F(G)—IEF(G)) < A2€2/2.

Let T be a nonempty compact metric space and (Z;);e7 a centered real Gaussian process, whose
finite-dimensional covariances may be degenerate, with a separable realization having almost
surely continuous paths, and assume 0% = sup,. EZ} < co. For any fixed countable dense set
To C T, the random variable Sz = sup, . Zt = sup,cr. Zt is measurable, almost surely finite,
and integrable. If 02 > 0, then, writing mz = ESy,

log EeMS27m2) < A262/2 (A € R), P{Sz —mz > u} < e/ (277) (u>0).

If 02 = 0, the process and its supremum vanish almost surely. In particular this applies to
T = T3 x{1,2,3} x S* and Zy;, = (v,Gi(x)) for a continuous centered Gaussian field
G = (G;) with this realization; its supremum is max; sup,|G;(x)|. The only constants are the
displayed Lipschitz constant and supremum variance; no dimension, cardinality of the index set,
or parameter of the Yang—Mills measure enters.

Proof. We use two statements of Adler and Taylor. By [3, Theorem 2.1.1, p. 50, (2.1.5)], the
supremum of an almost surely bounded centered Gaussian process has finite mean and
satisfies an upper tail bound. By [3, Lemma 2.1.5, p. 54, (2.1.13)], with the boundedness
assumption added in the authors’ correction list (entry 54-6), we have Eeth(C) < et’/2 for
t > 0, every bounded C? function & with Lip(h) < 1 and Eh(G) = 0, and a vector G of
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independent standard real Gaussian variables. The reference to Lemma 2.1.4 specifies
this law of G.

The case A = 0 is immediate, and if £ = O then F is constant. Suppose £ > 0 and A # 0.
Let Fg = max(—R, min(F, R)) and let Fg  be its convolution with a nonnegative smooth
probability kernel supported in a ball of radius e. Then Fr, is bounded and smooth
with bounded derivatives, Lip(Fr,) < ¢, and |Fr — Fr| < le. Applying the corrected
lemma to h = £ (Fre — EFg((G))/¢, with t = |A|¢ and the sign of A, gives the asserted
exponential moment bound for Fg .. At fixed R, uniform convergence as ¢ | 0 gives the
bound for Fg; the centered functions differ by at most 2/e. Next Fr — F pointwise as
R — oo and |Fr| < |F|. The bound |F(g)| < |F(0)| + ¢|g| implies integrability of F(G)
and every e“IF(G)l, since cl|g| < |g|?/4 + c?¢%. In particular,

eMER(G)—EFR(G)) < IAM(F(G)I+E[F(G)])

an integrable bound independent of R. Dominated convergence for the expectations and
centered exponentials proves the first assertion.

For the process, we set all values equal to zero on the exceptional null set where the
paths are not continuous; this does not change the finite-dimensional laws. Continuity
on the compact metric space identifies S; with the supremum over 7y and makes it
measurable and almost surely finite. These properties, the centered Gaussian finite-
dimensional laws, and separability are the hypotheses of the cited theorem, which gives
a finite mean. Since Sz > Z;, for any fixed t;, the negative part of Sz is bounded by |Zy, |,
so Sz is integrable. We enumerate 7y = {f1,tp, ... }, repeating points if it is finite, and
let My = max;<yn Z;,. Let Cy be the positive semidefinite covariance of (Zy,);<y, take
a square root C/2 and denote its rows by v;. Then (Z;,);<n has the law of (v; - G)i<n,
since both characteristic functions equal exp(—¢TCn¢&/2). Since |v;|? = (Cn);i < 0%, the
map g — max; v; - § is 0z-Lipschitz, and the first assertion gives its centered exponential
moment bound uniformly in N; no inverse covariance is used, so singular covariances are
included. Since My — Z;, 1 Sz — Z;, > 0, we have EMpy — mz by monotone convergence,
and Fatou’s lemma yields, for each A € RR,

EeMS272) < Jim inf Bt (MN-EMN) < oA02/2,
N—o0
If 0z > 0, Markov’s inequality with A = u/02 gives the stated upper tail. If 0z = 0, all
coordinates on 7y vanish on one event of probability one, and continuity extends this
to every index. Finally, the directional index space T3 x {1,2,3} x S? is compact, and

sup|,—1 (v, Gi(x)) = |Gi(x)]. O

Lemma 35.17. Let ¢, g+, Aops, and Boyg be as in Definition 35.1, evaluated at the coordinate-
cycle holonomy triple H at the fixed observation time, under each of the following probability
measures of Definition 4.13.
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1. Under the Abelian Maxwell measure with Haar cycle holonomies, all three holonomies
commute, Agps = 0, the statistic vanishes exactly, €p, = 0, and IEBCZ)bs, Var Byps > cap >
0, independently of the coupling.

2. Under Gaussian holonomies with independent Haar factors, the triple H has the law H®3
for every coupling, and its statistic is the fixed number € (H®?; Agps, Bops) > 0. More
precisely, let Ky be a compact tangential subset of the reqular patch P with positive relative
volume and Py > by, > 0 on Ky, let ro > 0 with x(b) = 1 whenever |b| < r., and put
Te={y+b:y €Ky beN,, |b| <r.},aset contained in the tube U on which g, is the
exact quadratic form. If P is a probability measure on SU(2) with Varp Byps > 0 whose
law of X = Log H dominates c d°X on Te, then € (P; Agps, Bops) > coke > 0, where k.
depends only on T, the Jacobian of the tube coordinates, ¥, 1 and the cutoffs.

3. Under Gaussian holonomies with Gaussian constant modes, assume the realization of Defini-
tion 4.13(3): with Sya the smoothed field at the observation time, the centered scalar Gaussian
process (v, (Ssa)i(x)/+\/7), indexed by (x,i,0) € T% x {1,2,3} x S, has a separable
realization with continuous paths and

02 = sup Var(v,(Sia)i(x)//7) < ce.
x,i,|v|=1
Put Z, = sup,;,—1(v, (Sta)i(x)//7) and m, = EZ,. Then m, < oo and, by

Lemma 35.16, P(Z, —m, > u) < e /@) for u > 0if 0, > 0. Let r, =
infoupp y|Log H| > 0 and a, = r../(\/3L). If \/ym. < a./2 and o, > 0, then

(@, — ﬁm*)z} < @/ (B102)

P{LogH € supp ¢} < exp{— 2702

and if o = 0 the reqular patch has mass zero. In particular By = O(e=°/7). The constants
may depend on the fixed covariance and smoothing of this measure, as well as on the fixed
data.

4. Under the conditional normal Gaussian measure, a fixed smooth positive probability density
on the reqular patch, charging Og and O, is followed, given y, by the normalized Gaussian
law b ~ N(0,7Z¢(y)) on Ny, and by the map X = y+ b; a fixed tube cutoff equal to
one near b = 0, followed by normalization, changes all moments below only by O(e=¢/7).
This measure has the moment identities of Theorem 35.2, with errors O(e_c/ 7), and € =
292+ 0(e=¢/).

Proof. Item (1). In the embedded Abelian theory every value of the connection lies in
the same one-dimensional subalgebra, so path ordering reduces to exponentiation of the
integral and the three cycle matrices commute. Their logarithms in the identity chart lie in
M, so their normal coordinate is zero and g. = 0 on the tube; off the chart the observables
vanish by definition. Thus A,,s = 0 everywhere for this measure. Conditionally on the
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field of the Abelian Maxwell measure, the three cycle angles are translates of the three
independent uniformly distributed phases on IR/47Z, and their joint law is therefore the
Haar probability measure on this three-dimensional torus, independently of the coupling
(Lemma 33.14). The invariant open sets Oy and O, contain smaller open sets of angles of
positive Haar measure, and the invariance of 1y makes these probabilities independent
of the color axis of the embedded subgroup. At b = 0 the normal cutoff equals one. If
ap, a4 > 0 are the probabilities of these two sets of angles, then P{Bg,s = 0} > a4y and
P{Bops > b+} > a4, and Lemma 35.12 implies EB%, | > a. b2 and Var Byps > aga,b?. This
proves item (1).

Item (2): the law of the triple. We condition on the Gaussian field. Each factor Hol;(S:a)
is then deterministic, right multiplication of the Haar distributed U? by it preserves
the Haar measure, and the three U remain conditionally independent. For a bounded
product test []; fi(H;) the conditional expectation is therefore []; [ f; dH, independently
of the field. Taking indicators of rectangles, we find that the triple has the law H®3 at
every coupling.

Item (2): the lower bound. On 7¢ the density of d°X in the tube coordinates, d°X =
J(y,b) dvol(y) db, has a positive lower bound J.. For y € K; we define

| o
= 1Bt «(y+b)db,  Ve(y) = / L(y+b)—7,)"db,
Ty = B3] /Mcq (y+Db) c(y) |bm(q (y+b)—4,)

where B} is the ball of radius r. in ;. The positive definite quadratic form g, (y + -) is
not constant on this ball, so V.(y) > 0. Since its coefficients vary continuously and the
ball is fixed in any orthonormal bundle trivialization, V; is continuous on K; and has a
positive minimum by compactness. On 7; we have Bg,s = 1o(y) > bx and Agps = Po(y) g+
For all real « and ¢, subtracting the normal average shows

[, a8 =) =) b > (Ve

If the law of X under P dominates ¢y d°X on 7, the infimum in Lemma 35.12 is therefore
at least cpx., where one choice is

Ke = Job? /K V.(y) dvol(y) > 0.
1

Since [E pB(Z)bs < 1, the same lower bound holds for the statistic, whenever its de-
nominators are positive, as assumed. In the identity chart the density of H®3 is
(167r2) 3 TT5_, sinc?(|x;|/2) by (4.2), which is smooth and strictly positive on 7; for any
choice of K; as above, for instance a compact subset of O with positive relative volume.
The open sets of triples over Op and Oy near b = 0 have positive Haar measure, so
Var Byps > 0 and EB?, > 0 under H*?, and the lower bound just proved shows that the
statistic of H®? is a strictly positive number. This proves item (2).
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Item (3). We consider the scalar process fy;, = (v, (S:a)i(x)//7) on the nonempty
compact metric space T3 x {1,2,3} x S2. Since the smoothing is linear and fixed, every
tinite vector of this process is centered Gaussian, possibly with singular covariance. Its
continuous separable realization and the finiteness of o2 are the hypotheses imposed in
the statement. By Lemma 35.16, we obtain measurability, almost sure finiteness, m, < oo,
and the displayed tail bound above the mean; the supremum variance is sup Var fy ; , = 02
and the supremum is Z, = max;sup,|(S:a);(x)|/+/7. The covariance before smoothing
is 7C with C fixed, so the law of the normalized field, 1., and ¢? do not depend on .

We check the deterministic bound on the holonomies. Along a coordinate cycle ¢;,
the transport equation H' = H(S;a); has speed |(S;a);| for the invariant metric with the
norm |-| on su(2). The distance of its endpoint from the identity is at most the length of
this path, which is at most Lsup, ;|(S);(x)|, and on the identity chart this distance is
|Log H;|. Taking the Euclidean norm of the three components, we obtain

Log H| < V3Lsup|(Sia);(x)] = V3L\7T Z.,
x,i

where the equality uses the supremum over all unit vectors v, which includes both signs.
Thus a triple with Log H € supp ¢ forces Z. > a.//7. If \/ym. < a,/2, this threshold
lies strictly above the mean, and the tail bound of Lemma 35.16 with u = a,/ /Y —ms > 0
gives both displayed exponential bounds; then Ey < IP{Log H € supp ¢ }. If 02 = 0, the
zero-variance clause of Lemma 35.16 shows that the directional process and Z, vanish
almost surely; the field vanishes, the holonomies are the identity, which lies outside the
regular patch, and the patch has mass zero.

Item (4). In an orthonormal frame of the normal space let G be a standard Gaussian
vector in four dimensions, independent of y, and let b = ,/7%4(y)!/?G. The frame may
change between charts, but the conditional law and the following quadratic form on the
normal bundle are intrinsic. We define, on the whole normal bundle over the patch,

1 _
Geoora(y,0) = 567 Ze(y) b =7Qo, Qo =I[GI*/2. (35.36)

We choose by > 0 so that {|b| < bt} lies in a fixed smaller normal tube, where the tube
coordinates are unique and the normal cutoff of i equals one. Only on this event do
we identify q.(y +b) = qeoord(y, b) and ¢(y +b) = Po(y); outside it, 4. and ¢ denote
their fixed bounded extensions, not the unbounded quadratic form g.yoq. Gaussian
integration by parts in one dimension gives EG? = 1 and EG} = 3, and expanding the
square and using independence yields

EQy =2 EQ3=6 VarQ=2.

The compact patch has spectral bounds cI < Xy(y) < CI, by Theorem 33.11. We fix
by > 0 smaller than b; and than every radius on which a tube cutoff equals one. All
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departures from the preceding local identities, or from these cutoffs being one, occur on
{|b| > by}, which requires |G| > by /+/Cy. For every fixed r, the Gaussian polynomial tail
on this event is at most C,e~¢/7: the function \GVe"GF/ 8 is bounded, and the remaining
Gaussian density integrates to a finite constant after extracting e~/ (8CY) These bounds
are uniform in y. For k = 1,2 and j = 0, 1,2, the difference between ¢(y + b)*g.(y + b)/
and 9o (y) geoord (v, b)! vanishes on {|b| < by }; on its complement the first is bounded by
a fixed constant and the second by C+/|G|?. The polynomial tail bound therefore makes
the expectation of the difference exponentially small, uniformly in y. Inserting the fixed
tube cutoff also changes these moments by exponentially small errors, and its total mass
is 1+ O(e=/7), so dividing by this mass preserves the errors; any polynomial factor in
v~ ! is absorbed by decreasing c.

Up to these errors, Byps = 1Po(y) is independent of Q. The positive tangential density
charges Og and O, and together with the normal ball near b = 0 this gives fixed positive
lower bounds on EB2 _ and Var B for small 7, by Lemma 35.12. For f = ¢ and f = ¢
we obtain

E[fq.] =29Ef +O(e /"),  E[fq2] = 64’ Ef + O(e /7).

The identity (35.27) of Lemma 35.12 now implies ¥ = 292 + O(e~/7) for a smaller
¢ >0. O

35.10 Proof of the theorem on regular commuting triples

Proof of Theorem 2.10. Let L, M, 0, and n € 4NN be as in Theorem 2.10, fix | and the
construction parameters as in Section 35.1, and choose a > 0 so large that n' = nB?
satisfies the minimum-side conditions of Section 35.1, including 27t/n’ < rg,;/4. Since
[n']m = [n]m, the measure Ay, = A; , 1 of Theorem 2.10 is the measure of Section 35.1
for the side n’ (Corollary 29.26 and Theorem 29.28), so the results of this section apply
with #n” in place of n. The function ¢ of Theorem 2.10, with a sufficiently small tube,
is a function as in Definition 35.1(2). If necessary, we replace its normal cutoff by the
average over simultaneous conjugation, which does not change 1 because ¥ and its
tangential factor are invariant. The tangential factor iy vanishes on a nonempty open
set and is positive on another, hence at least 2b, on a smaller nonempty open set for
some b, > 0; these sets may be taken invariant since ¢y is invariant. On the tube, g.
is the quadratic form of Theorem 2.10. Part (1) of Theorem 2.10 is Theorem 35.2. Part
(2) is Theorem 35.3, since w and xy satisfy the invariance and support conditions of
Definition 35.1(4); these invariant normal cutoffs, like the normal cutoff x of ¢, need not
be radial. Part (3) is Theorem 35.4, applied to the restriction of F to the normal bundle
over a compact invariant regular patch containing the support of w in its relative interior.
The constants depend on L, M, 1, 6, and the test functions, but not on <, and in each case
the continuum limit is taken first, at fixed . O



SECTION 36

Quartic asymptotics near central holonomies

This section describes the continuum measures A, near the eight central triples
(£I,£I,£I) as v+ — 0, and proves Theorem 2.11. We observe the holonomies
H = (Hi, Hp, H3) around the three coordinate cycles, based at the origin, at a fixed
flow time t = §L2. Near the identity we write their logarithms as X € su(2)® ~ R%. Near
the trivial flat connection, the Hessian of the Wilson action vanishes in the nine constant
directions, and the leading term in these directions is the constant-mode quartic form

1
Q(Y) = > Ylvixyl>, Y=y €R,

i<j

where the cross product corresponds to the Lie bracket of su(2). We study central
windows of radius r, = 9'/% and show that compactly supported tests of X/r., have
leading expectations proportional to their integrals against the quartic reference measure
e~ Q) dY. This measure has infinite total mass, and all statements concern compactly
supported tests. A continuous, nonnegative, nonzero, compactly supported invariant test
has expectation comparable to r,,. Ratios of expectations converge to ratios of integrals
against e Q(Y) dY, with an error O(’yl/ 4) for Lipschitz tests, and the dilation statistic
tends to zero. We also treat the eight central triples, finitely many flow times, and
holonomy paths on a compact time interval, and we compute the dilation statistic for
four comparison measures.

The block averaging constraint and the effective classical action come from Sections 6,
9, and 10, and the flat refinements, the reconstruction maps, and the disintegration of the
conditioned Wilson measure from Sections 14 and 15. The coordinates near the trivial
flat connection, the transverse Hessian, and the order of the normalization constant come
from Section 33, and the regularity of the flowed zero-fluctuation reconstruction and
the comparison of flowed holonomies from Sections 25, 34, and 35. Finally, we use the
bound on the small-field failure probability from Section 23 and the continuum limit
at fixed coupling from Section 29. The covariance of Theorem 33.11 enters only in the
last comparison measure. The results of this section are not used in later sections; they
prove Theorem 2.11 and the further statements about central triples described after it in
Section 2.

Section 36.1 fixes the setting and explains the scaling. The main steps are the exact
quartic term of the effective classical action (Section 36.2), the comparison of flowed

219
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holonomies (Section 36.3), and the integration over the transverse modes (Section 36.5).
The passage to the continuum measure and the further results occupy Sections 36.6
to 36.9, and Section 36.10 deduces Theorem 2.11.

The separation of constant modes, with a quartic commutator interaction, from the
nonconstant modes on a torus is an established idea in finite-volume Yang-Mills theory;
see Liischer [127] and Coste, Gonzdlez-Arroyo, Jurkiewicz, and Korthals Altes [62]. For a
direct comparison in four-dimensional perturbation theory in finite volume, see Fodor,
Holland, Kuti, Négradi, and Wong [91, Section 2, (2.1)—(2.7)], who separate the constant
modes, treat their quartic interaction separately, and integrate the nonconstant modes.
What we add is the exact coefficient Q/n for the constrained minimizers of our block
averaging constraint at every finite depth, with bounds uniform in the depth, and a
uniform comparison on windows of size 'yl/ 4 Up to normalization, Q is the action
of the bosonic reduced SU(2) Yang-Mills matrix integral with three matrices, whose
divergence is known: see Krauth, Nicolai, and Staudacher [122, arXiv version 3, (24), p. 6],
Krauth and Staudacher [121, (2)], and, for a rigorous treatment, Austing and Wheater
[7, Section 3 and Appendix A]. The integration over the transverse modes is a Laplace
argument with degenerate directions (see Wong [155] for background); the main work is
to verify its hypotheses uniformly. The center symmetry of Lemma 36.11 is the standard
center symmetry of periodic lattice gauge theory, which goes back to 't Hooft [149].

36.1 Setting and notation

We fix the comparison side n and all parameters of the construction before the coupling
varies. Below, K counts RG steps, and the underlying classical depth is JK. The quantity
Amap below is the bound on the derivatives of the zero-fluctuation reconstruction maps
tixed in Definition 34.1.

Definition 36.1. Fix L > 0, 0 > 0, an odd integer M > 3, an integer | > 1 with B = M/,
and the remaining parameters of the construction, such that amap\/ﬁ < 32/49. Fix
n, € 4N and a comparison side 7 = 1,B on the sequence (1,BX)>, large enough for
the lower bounds on the coarse side in Corollaries 23.11 and 29.26 and Definition 34.1,
and in particular for (36.1) below. These choices are made before vy varies in (0, o], where
0 < 70 < 1is a fixed ceiling. For K > 0 set

Y ~ K
N = nBK, gz = E’ vV = VN,n,’)// vV = (T]{/I )#1/, Ty = ’)’1/4,

and let Q be the quartic form on R’ displayed at the beginning of this section.
1. The stopped measure V is the law of the coarse configuration V = T]{/If U on A, when

U has law v. It has density

dl//\ — Z\—llDre—E]K,sat/gz—FK/y dHn’ RK,’)/ = RK/’Y — RK/’Y(I)’
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where Z is the normalization constant, R K, is the effective interaction, and Ejg cat
is the gauge-invariant extension of the effective classical action Ejx from B, to D,
of Theorem 11.6, that is, Ejxsat(U) = Ejx(U¥) whenever U* € B,. In particular
Ejksat = Ejx on By.

2. Near the trivial orbit modulo based gauge transformations (gauge transformations
equal to the identity at the origin) we use the coordinates of Theorem 33.8,

V(X,s) = eX/ns, X e R, djs =0, Zsi(x) =0,
X

with dg¢t = dims = 61> — 6, where X/n denotes the constant configuration and dj;
is the lattice divergence on A,. We write J,(X,s) dX ds for the image of the product
Haar measure in the based quotient, and set

Fe(X,5) = Ex(V(X,5)),  f(X) = Fc(X,0),  Ax(X) = D2F(X,0).

We write Rk (X, s) for Rg,(V(X,s)).

3. Let HX = (7—[{()?:1 be the holonomies, around the three coordinate cycles based
at the origin, of the fine configuration flowed by the Wilson flow 1},((91212)’ where the
fine configuration is represented through the reconstruction maps of Theorem 15.13.
Let HE (V) be the same triple for the flowed zero-fluctuation reconstruction of V
(the map EX of Definition 34.1), in the same gauge frame at the basepoint. Let
H,(V) = Hol(V) be the triple of coordinate-cycle holonomies of V itself, without
flow.

4. Fix a neighborhood V of (I,1,I), invariant under simultaneous conjugation and
with compact closure in (SU(2) \ {—1})3, on which Log denotes the componentwise
principal logarithm. For a bounded Borel function ¢ : R® — R with compact support,
define

¢(LogH/ry), HeYV,

Zyo(H) =
wte = {8 nev

5. A radial cutoff is a function x € C([0,0)) that is nonnegative, not identically zero,
and constant near zero. For a radial cutoff x we write Z, , (||, for the observable of
the test Y — x(|Y|), and we set

EpZyw,

Wy(¥) = (4Q() — DY) = YYD, Sup() = 7

for a probability P under which the denominator is positive.
6. For a probability P of a random vector X € R’ we use instead Ig?(;’rd(X) =
1ixerLogv} (X /7y), and define S, p(x) with 7°°rd in place of Z.
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We call S, p(x) the dilation statistic; the name refers to the dilation integration-by-
parts identity [ W, e 9dY = 0 of Lemma 36.4. For each fixed bound on the support of
¢ and all sufficiently small -y, the map Y + r,Y sends the support of Y — ¢(Y) into a
compact subset of Log V. Then Z, , is a continuous function on SU(2)3 for continuous
¢, and the indicator in I%Oq(,’rd equals one on the support of ¢(-/r,). The observables are
defined by extension by zero because we never use a logarithm outside V.

We apply Theorem 33.8 at depth JK; in the depth notation of that theorem, Fx = F,
Ag = Ajk, and dgt = d. The coordinates V (X, s) are defined on a fixed neighborhood
{IX| < pn, |s| < su} whose image lies in B, C D,, and the density J, is smooth and
strictly positive. The gauge directions along a based spanning tree integrate to one, while
the conjugation at the root remains in the measure and is not divided out. The theorem
also gives

DSFK(X,O) = 0, ElnI < AK(X) < Cnl,

where the Hessian lower bound a,, > 0 is a fixed constant (in this section a;, does not
denote the mesh L/#n). The first derivative of Rk, remains in the density. The measure
v is the stopped measure of Definition 4.4 at side n and depth JK. Since no coarser
restriction remains at the side 7, it is the law of V under v by Theorem 14.8(9).

Constants. Unless stated otherwise, constants C,c, Cy, ¢y, . .. in this section may depend
onn, L, 0, M, ], the remaining parameters, g, the charts, the neighborhoods, and the
gauge frames fixed in this section, and the test functions, but not on K, N, the number of
preceding averaging steps, or v € (0, yo]. This is the dependence described in item (6) of
Definition 4.14. Additional dependence is indicated by subscripts. All estimates are on
the periodic torus of side L.

Margins. Fix a radius rg,; < r below the margins of the classical, block-averaging, and
gauge domains of the construction. The lower bound on 7 in Definition 36.1 includes

27T r
_<ﬂat

. i (36.1)

By Lemma 14.9, every flat configuration on A, is gauge equivalent to constant commuting
links efi/" with commuting H; € su(2), |H;| < 27. Its flat refinements to side nM’ have
links e/ ("M") and |H;|/(nM) < 271/n < rqa/4 for every £ > 0. The flat refinements,
their vanishing conditional constrained minimizers, and their vanishing normalized
fluctuation variables therefore lie in all coordinate domains of the construction with the
same margins at every depth. This holds near each of the eight central triples.

We also fix nested coordinate balls C € C* in the chart of Theorem 33.8, with

iy 1
% +Sg_ < Emin(r/ rﬂat)/ C+ = {|X| < p:—/ |S| < Sg_}/ (36-2)
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where the radii may be reduced, and such that the closure of C lies in the chart. Since
max, ;| X;/n +s;(x)| < |X|/n+ |s|, the bound (36.2) gives a fixed chart of link logarithms
on which the derivative bounds for Rk, in Lemma 33.6 hold. On {s = 0}, it also
places the commuting constant configurations in the domains above. The coordinate
map extends analytically past the closure of C*, and by compactness its derivatives of
each fixed order are bounded there. These choices concern only the coordinates used for
integration; the conditioned Wilson measure and the restriction to D, in ¥ are unchanged.

Heuristics. In the coordinates V(X,s), the stopped measure has density proportional to
e~ Fx(X5)/8* times the smooth positive factor e~ Rk7],. By Theorem 36.2 below, fi(X) =
Q(X)/n+ O(|X|%), and by Theorem 33.8, Fx(X,s) = fx(X) + (1/2)sT Ax(X)s + O(|s]?).
Since ng* = v = r3, the substitution

2
X =rY, s =gz, g=—
n
gives
X 1
% =Q(Y) + EZTAK(O)Z + (an error of order r., after integration).

The Jacobian of the substitution is r% ¢*t. By Theorem 33.10, the normalization constant
is of order ¢%t**, where the extra power g¢* comes from a neighborhood of the cone
of commuting triples, along which Q vanishes. Since r?Y/ ¢* = nr,, the expectation
of a compactly supported test of X/r, is of order r,. More precisely, for a bounded
test ¢ supported in {|Y| < R} and either output map of Theorem 36.6, its expectation
is rykr 44 [ @(YV)e QM) dY + O, r (|| @|lcor) }, Where ki ., is positive and bounded above
and below. The factor xg, does not depend on the test and cancels in ratios, so we
never need its limit. The measure e~ 2(Y) dY has infinite mass because Q vanishes on the
five-dimensional cone of commuting triples and grows only quadratically in the four
normal directions, with a coefficient proportional to the square of the distance from the
origin (Lemma 36.4). After rescaling, most of the mass near the cone lies at commuting
triples far from the central triple. In the unscaled variables these triples give the dominant
contribution to the normalization constant, but tests supported on the scale ., do not see
them. This is why only compactly supported tests appear.

To pass from the coarse configuration to the flowed holonomies of the fine configu-
ration, we compare HX with the deterministic triple H& (V). The matrix difference is
of order \/y = rZ, while the window {|Log#{(V)| < Rr,} has probability of order
r,. A direct unconditional L! comparison loses the window factor. Averaged higher
moments, combined with this small-window bound and Hoélder’s inequality, suffice for
the limit and give every rate 7!/47¢, ¢ > 0. For the stated sharp rate we use the estimate
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conditional on the coarse configuration V of Theorem 34.11. Suppose that the window
is measurable with respect to V and has probability O(r,), and that the conditional
expected difference is O(r3) uniformly in V. Then the expected difference on the window
is O(r?r); after the loss 77/ ! from rescaling the logarithm and division by the window mass,
the error is O(r,) = O(y!/4).

Finally, we distinguish three quotients. The integration over V takes place in the quo-
tient by based gauge transformations, so that the constant coordinates X € R? include the
simultaneous conjugation at the basepoint, which is kept in the nine-dimensional integral.
Observables of the continuum measure are invariant under simultaneous conjugation of
the triple, and at several flow times they are invariant under an independent conjugation
at each time. On a time interval, the observable is a path in the quotient su(2)3/ Ad SU(2);
no gauge frame common to different times is needed.

36.2 The quartic term of the effective classical action

The following theorem identifies the fourth Taylor polynomial of the effective classical
action on constant configurations. Here E; is the effective classical action at depth d on
the lattice of side n, that is, the value of the constrained minimizer of Theorem 10.6 (the
background field, following Bataban [16]), with Ey = Sy .

Theorem 36.2. For every side n as in Definition 36.1 there exist pg(n) > 0 and C,, < oo such
that, for every depth d > 0, the function f;(X) = E4(eX/") satisfies

DIf(0)=0 (0<j<3),  ZDYaO)xxxx = 2%,
and
B/~ QX ccxp (%] < poln)). (36.3)

n
The constants depend only on n, M, and the domains and derivative bounds of Theorem 10.11;
they do not depend on d or on the coupling. In particular this applies to fx of Definition 36.1,
with d = JK.

Moreover, for every fixed d and X there exist constant fine links %), analytic in u for
\u| < uyx, such that

ai(u) = uM™x;/n+ Ogx(u?),  Th(e"™) = e"*/n,

and these links lie in the domain of the variational comparison of Theorem 9.7 at depth d. The
radius uy x need not be uniform in d.

We identify the fourth Taylor polynomial exactly, at each finite depth, by comparing
the minimizer with an exactly constrained trial configuration. The proof uses two different
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tools. To identify the Taylor coefficients at a fixed depth d, we use an inverse of the block
averaging constraint on constant configurations whose radius of definition may shrink
as d grows. This is harmless, because Taylor coefficients at the origin are determined by
arbitrarily small neighborhoods. For the uniformity of the remainder in d, we use instead
the bounds on the fifth derivative of E; from Theorem 10.11, which are uniform in the
depth. We also distinguish two constraints: the block averaging constraint T¢,U = ¢ itself,
and the gauge-modified constraint satisfied by the fields in the projected Landau gauge
slice of Theorem 9.9. The trial configurations and the representative of the minimizer
constructed in Step 2 satisfy the former, and their transforms into the slice in Step 1 satisfy
the latter. The gauge transformation used in Step 5 need not preserve either constraint;
we use it only to compute the action, which it leaves unchanged.

Proof. All variational comparisons use real targets, fields, and parameters; holomorphic
extensions supply analytic representatives and Taylor bounds.

Step 1: the variational comparison. We set ¢; = M~? and measure lengths in units of
the lattice of side n, so that the fine lattice has side n/¢; and the action is

S (W) = - La(Uy). (36.4
p

We take the minimizer and its value from Theorem 10.6, in the notation of Definition 10.1.
We write &; for the constraint coordinates P;l and Hj for the minimizing linear extension
Hg, as in Theorem 9.7. The critical point is v;(0) € V;, the minimizing field is A4(0) =
Ed(?}j;(@) + Hd()), and

Es(e%) = S, (ef244(0)), (36.5)

Fix 0 < rpp < 7o within the common margins, where rg and C, are the constants of
Theorem 9.7. By the bound on v} in Theorem 10.6, there exists a constant Cp,jn, which
includes the conversion from first differences to the curl, such that

[27(8) ]l + llde,27(6)lleo < Conin|6][5-

Let T > 0 be a target radius with
T <min{rg/2, ron/(2C4)},  CminT < rpn/4, (36.6)

where 7y is the radius of Theorem 10.6. For ||0]|« < T the critical point then lies strictly
inside the convex domain of potentials and curls of Theorem 9.7, which verifies the
critical point hypothesis of that theorem.

Next we describe the trial configurations, which are needed only in a small neigh-
borhood that may depend on d. Let U = e/ satisfy T{,U = ¢’ with [|0]je < T,
|Allx = [|Alleo + ||dive, Allo < 7x, and small curl. We apply Theorem 9.9 with prescribed
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coarse gauge datum zero. The transformed field has vanishing projected divergence and
gauge-modified target exactly e’. It has the same action, and its potential A’ and its curl
tend to zero with those of A. The transformed field need not satisfy the block averaging
constraint T4,U = ¢ itself; for this reason, Step 2 constructs a separate representative of
the minimizer that does.

To check that A’ lies in the chart of Theorem 9.7, we write the constraint coordinates
as By(w) = w — HyZ(w), with Z;(0) = DZ;(0) = 0; here the argument w is a fine field,
not a vector of normalized fluctuation variables. Since Hj is a fixed linear map on this
finite lattice, the first-derivative estimate of Theorem 10.11 makes w — A’ + H;Z,;(w) a
contraction on a sufficiently small ball, which implies that &; is locally invertible at A’.
By the defining identities of the constraint coordinates, the gauge-modified constraint of
E4(w) is the linear target, and the correction H;Z;(w) has vanishing projected divergence.
Hence the inverse parameter has the form w = a + H;0 with a € V;, and on this finite
lattice the norm of a in potential and curl tends to zero with (A’,0). In particular, a
sufficiently small trial configuration satisfies

alleo + [l degalleo < 7pn/2. (36.7)

By (36.6) and (36.7), the trial parameter and the critical point lie in the same convex
domain with target ¢/, and so does the segment joining them. Since the transformation
into the slice preserves the action, the convexity inequality of Theorem 9.7, together with
the minimum of Theorem 10.6, implies that

Eq(e®) < S, (U). (36.8)

The smallness required in this step may depend on d and on the direction of the trial
configuration.

Step 2: an analytic representative of the minimizer. The field A;(6) is holomorphic,
and its value is (36.5). It satisfies the gauge-modified constraint of the projected Landau
slice, and its accumulated gauge transformation is a finite composition of the analytic
gauge maps of that slice. We take the logarithm of this gauge transformation at the
vertices of the coarse lattice, extend it by any fixed linear extension to all fine vertices,
and exponentiate. The result is an analytic periodic fine gauge transformation with
the prescribed values at the coarse vertices. Since Ty is gauge covariant, applying this
transformation changes the target of the block averaging constraint to e?, and it leaves
(36.4) unchanged. We obtain an analytic configuration U, (6) with

U, (0) =1,  THU.(0) =€, S, (U.(8)) = E4(e?).

Only analyticity at the fixed depth d is used: even if the derivative bounds of this
extension grow with d, it tends to the identity as 6 — 0 at fixed d.
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Step 3: an exactly constrained trial and the upper bound. Fix d and X. On constant
configurations, the map G4(a) = Log T4(e") is analytic near zero and DG4(0) = &;'Io.
Indeed, the derivative at the identity of the formula of Definition 6.1 is the average of the
integrals of a over the block paths. On a constant configuration each of these paths has
integral Ma;, and d iterations give M“a;. To invert G; without a radius uniform in d, we
solve

_ X 1
a=equ— e4{Ga(a) —e; a}.

Since the derivative of the term in braces vanishes at zero, the right side is a contraction
with factor at most 1/2 on a small fixed complex ball. For small |u/, it also maps the ball
into itself. The iterates converge uniformly on a smaller complex disc in u, and the limit
is analytic in u and real for real u. A fixed point satisfies G;(a) = uX/n, and we obtain

a;(u) = uegx;/n+ Oy x(u?), Té (")) = X/, (36.9)

The potential a(u)/¢e, is constant, has vanishing divergence and curl, and tends to zero
as u — 0. We reduce 1, x until |[uX/n||e < T, the input bound of the projected Landau
slice holds, and the trial parameter satisfies (36.7). By (36.6), the critical point for the
same target lies in the same convex chart, and (36.8) applies to e**). The logarithm of
a plaquette of the constant configuration ¢(*) in the (i, /) plane is u2[ex;/ n,eqx;/n| +
Oy x(u%). Using q(e”) = |0|?/8 + O(|v|*) and the fact that there are (1/¢;4)® plaquettes in
each plane, we obtain

4

Eg(e"*/m) .

IN

ny\3ut
(&) leass/neqx/ )+ Ogx(s)
. 8= (36.10)

= —Q(X) + Oy x(u”).

S X

Step 4: the first-order term of the minimizer. We write the link logarithms of U, (uX/n)
from Step 2 as ua + O(u?), where 4 is a cochain on the fine torus. By Step 2, its action
equals E;(e"*/™), which is nonnegative and, by (36.10), of order u*. The coefficient of u?
in its action therefore vanishes. This coefficient is

where d denotes the unscaled cochain differential on the fine torus. We conclude that
da = 0.

We record the periodic decomposition of a closed cochain. A closed cochain has the
same integral over every translate of a coordinate cycle, because the difference of two
such cycles is a sum of plaquette boundaries. We subtract the constant c; equal to this
integral divided by n/e;. The resulting cochain is closed and has vanishing integrals over



36 Quartic asymptotics near central holonomies §36.2 228

the coordinate cycles. Its integrals over all closed paths vanish: neighboring coordinate
steps can be exchanged using plaquette boundaries, adjacent inverse steps cancel, and a
remaining closed path reduces to a combination of the three coordinate cycles. Hence its
integral from a fixed vertex to a vertex x does not depend on the path. Applying this to a
and writing ¢(x) for the integral of the modified cochain from the fixed vertex to x, we
have

a;(x) = c¢; + ¢(x +e4e;) — p(x). (36.11)

Each statement holds separately in each real component of su(2).

At the identity, the derivative of the block averaging map is the average of the integrals
over the block paths. For a closed cochain, a translated path with endpoint connectors and
the reference path differ by a contractible closed path and have equal integrals. It follows
that d averaging steps send the constant part of (36.11) to sd_lci, and the gradient to the
gradient of the restriction of ¢ to the coarse lattice. The linearization of the constraint
T4, U, (uX/n) = e"X/" states that this image equals x;/n on every coarse link in direction
i. When we average over all coarse links in direction i, the gradient terms cancel by
periodicity, and we obtain

c; = ggx;/n. (36.12)

Step 5: the lower bound. The periodic fine gauge transformation ¢*#(*), with ¢ normal-
ized to vanish at the root, removes the gradient in (36.11) to first order, and it preserves
the action. In this gauge the link logarithms are uc + u?b + O(u>) for some cochain b,
and the plaquette logarithms are

u{(db)(x) + [ci, ¢l } + O(u?).

For each i < j, we have ), (db);;(x) = 0 by periodicity, and therefore
3
Y1) (x) + [ei )1 = LA(b)is(x) P + (=) llew i)
x x d

Using (36.12) and g(e?) = |v|?/8 + O(|v|*), we find that the coefficient of u* in E(e"X/™)
is at least

3

Together with (36.10), this proves that the fourth Taylor coefficient of u + Ej(e"*X/")
equals Q(X)/n for every direction X. The vanishing of the lower coefficients also follows
from 0 < f;(uX) < C, xu* for both signs of small real u. By analyticity and polarization,
we obtain the stated identities for the multilinear derivatives, so the fourth Taylor polyno-
mial of f; at zero is Q/n at every finite depth. We make no claim about the fifth Taylor
polynomial.
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Step 6: the uniform remainder. Fix the side n. On a common smaller ball, we restrict
the bound of Theorem 10.11 on the derivatives of order five of 6 — E4(¢?) to the linear
substitution 0,; = X;/n. At the fixed side n there are finitely many coordinates 0, ;.
Summing the tensor entries and including the factors 1/n, we obtain

sup sup [[D°fy(X)|l < Cu.
420 X|<po(n)

The ball and the bound do not depend on the radii u; x of the trial configurations. Since
the Taylor polynomial of order four of f; at zero is Q/n by Step 5, Taylor’s formula on
the segment from 0 to X gives

1
Fi(X) — @ — %/ (1— D*D3f(1X)[X, X, X, X, X] dt.
'Jo
The absolute value of the right side is at most C,|X|°/5!, which proves (36.3). O

36.3 Holonomies near the trivial flat configuration

This section proves two facts about the flowed holonomies. The first is deterministic.
In the central coordinates, the logarithm of the flowed zero-fluctuation holonomy triple
equals X up to errors of order | X|? + |s|. Further, a configuration that is close to the set
of flat configurations and whose zero-fluctuation holonomies are close to the identity
lies close to the trivial flat configuration. The second fact is probabilistic: under the
conditioned Wilson measure, the flowed holonomies of the configuration differ from
those of its zero-fluctuation reconstruction by O(,/7) in mean square. Let F,, denote the
set of flat configurations on A, regarded in the quotient by based gauge transformations.

Theorem 36.3. After a fixed reduction of the central coordinate neighborhood and of V), the map
Zx(X,s) = Log H&(V (X, s)) is defined on that neighborhood for every K, and

sup(|Zxllcin < G, 1Zk(X,5) = X| < Cu(IXPP+ [s]),  |Zr(X,8)| = §1X| = Culs],
K

IDxZk(X,s) = Iflop < Cu(|X] +[s]).

The maps HY are equicontinuous, in a fixed finite family of smooth charts of the based quotient,
on a neighborhood of Fy,, and HX = H,, on F, for every finite K. Fix a continuous distance d on
the based quotient. For every open neighborhood U of the trivial based orbit there exists &y > 0,
independent of K and vy, such that

> K (12 2 .
d(V/fn) g 51/{ and (Z pG(HO,i(V)) ) S 5[/{ lmply Velu.
i=1
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The constant &y may depend on d and U.
Let Dx = max;||HK — H(If,i(V)Hop. Then, uniformly in K and 0 < ¢ < 7,

E, min(1, DK)2 < Cyy.
For every neighborhood V' with compact closure in V),
. 2
E, 1{HK"H6<(V)€V/} min (1, |Log HE — Log ’H(I)((V)\) ] < Cyuyr-

The estimates on Dk are averages over the whole conditioned Wilson measure; they
are not conditioned on the configuration being near a central triple.

Proof. Steps 1-3 prove the deterministic statements, and Step 4 the probabilistic ones.

Step 1: deterministic regularity. We apply Theorem 35.9 with m = 0 to the parameters
and the side n of Definition 36.1. With m = 0 there are no fluctuation variables among
the inputs. The input is the coarse configuration alone, and the map of that theorem is
EX = 1K, with the same gauge frame at the basepoint and the same flow time. The part
of Theorem 35.9 concerning a neighborhood of all flat configurations applies, because
(36.1) places every commuting constant representative strictly inside the classical, block-
averaging, and gauge margins, as checked in Section 36.1. We obtain a neighborhood of
the trivial flat configuration on which supy||HX||c11 < Cn, @ modulus of continuity of
HX near F, that is common to all K, and the identity

HE (Vo) = Hol(Vy) (Vo € Fn) (36.13)

at every finite K. Independently, Lemma 14.9 explains (36.13): the zero-fluctuation refine-
ments of a flat configuration are flat refinements, and the Wilson flow is stationary on
flat configurations. These are identities of matrices; the conjugation at the basepoint has
not been divided out. The neighborhoods and the modulus are those of the deterministic
theorem, on its finite cover of charts, and they do not depend on K or <. In particular,
they are not chosen using the small-field event.

Step 2: the logarithm. AtV = [ the output is (I, I, I). By the common modulus, for any
prescribed smaller neighborhood of the identity in V, there exists a neighborhood of the
input whose outputs lie in it. The logarithm and its first two derivatives are bounded
on the closure of that neighborhood. Composing with the maps of Step 1, we obtain
supgl|Zk||c11 < Cu. Let bx(X,s) = Zx(X,s) — X. If s = 0 and the three components of X
are parallel, the links of V(X,0) commute, the configuration is flat, and (36.13) implies
that bx(X,0) = 0. Each of the nine coordinate directions of R is of this form, and these
directions span IR’. Differentiating along them, we find

bk(0,0) =0,  Dxbg(0,0) = 0.
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Integrating the Lipschitz bound on Dxbg along v — (vX,0), we obtain |bx(X,0)| <
Cn|X|?, and the bound on the derivative in s gives |bg(X,s) — bx(X,0)| < Cyls|. The
Lipschitz bound on the derivative also implies ||[DxZg(X,s) — I|| < Cn(|X| +|s]). We
reduce the radius in X so that C,|X| < 1/4. Then, by the triangle inequality, |Zx(X,s)| >
|X| — Cy|X|> — Cyls| > (3/4)|X]| — Cyls|. The same reduction works for every K and
every coupling.

Step 3: localization near the trivial flat configuration. The based quotient is compact,
since it is the quotient of a finite product of copies of SU(2) by a compact group, and F,
is a closed subset. On a flat configuration, the transport along a path is unchanged by
elementary plaquette moves and depends only on the homotopy class of the path. Then,
on the universal covering lattice, the transports from the root define a periodic gauge
transformation to the trivial configuration if and only if all three cycle holonomies are
the identity. Thus the trivial orbit is the only flat based orbit whose cycle triple is (I, I, I);
this is the based version of Lemma 14.9.

Let U be given, and let U; be an open set containing the trivial orbit with U} C
U. Suppose first that F;, \ U is nonempty. Since it is compact and contains no flat
configuration with identity cycle triple,

= min (Y pc(Hol(V ))2)1/2 >0
"= 3 B, (o k(Yo -
By the common modulus of Step 1, (36.13), and the continuity of pg, there exists
01 > 0 such that, for every K, if Vj is flat and d(V,V)) < ¢1, then the quantities
(ZipG(Héfi(V))z)l/z and (¥ oc(Hol;(Vp))?)1/2 differ by less than m/2. Let 5, > 0 be
smaller than the distance from If; to the complement of U, and let &, be smaller than
01/2, 62/2, m/4, and the radius of the charts of Step 1. Suppose that V satisfies the
two hypotheses, and let Vj € F), be a closest flat point, which exists by compactness.
Then the cycle radius of V), that is, the second of the two quantities above, is less than
Sy +m/2 < m. Hence Vy ¢ F, \ Uy, that is, Vy € Uy, and since d(V, V) < 85, we have
V e U. If F, \ U is empty, then F, has positive distance from the complement of U/,
and the first hypothesis alone implies the conclusion. This argument includes all flat
configurations, in particular those near the other seven central triples.

Step 4: the probabilistic estimates. We apply Theorem 34.10 with m = 0 and p = 2. Its
comparison triple is H(V), and its probability measure is the whole conditioned Wilson
measure v. By the moment bound of that theorem, we have

[E, min(1, Dg)? < Cp?.

This uses the condition amap\/g < 32/49 imposed in Definition 36.1. That theorem
includes the conditional means, the matrices at the basepoint, and all flat configurations.
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Finally, Log is Lipschitz, as a map of the three matrices, on the compact closure
of V'. To obtain a single constant for all pairs, we cover the closure by finitely many
neighborhoods on which Log has bounded derivatives. Pairs closer than a Lebesgue
number of this cover satisfy the derivative estimate in one of these neighborhoods. For
the remaining pairs, we use the boundedness of Log and the positive lower bound on
their distance. We obtain

min (1, [Log H — Log H'|) < Cy» min(l,mlaxHH,- — Hjllop) (H,H V).

Squaring, restricting to the event in the statement, and using the bound on IE, min(1, Dg)?,
we obtain the last estimate. All reductions used fixed neighborhoods, the fixed side, and
the bounds of the cited theorems, so the constants have the stated dependence. O

36.4 The quartic reference measure

We write mg for the quartic reference measure dmg(Y) = e~ Q) @Y on R®. The follow-
ing lemma records its basic properties. The divergence of its total mass is known in the
matrix-integral literature cited at the beginning of this section; we give a direct proof in
the coordinates of Lemma 33.2.

Lemma 36.4. The measure mq is locally finite and has infinite total mass. For every x €
C2([0,00)) that is constant near zero and every A > 0,

[xODdmo(r) = a2 [x(ye 0 &y,
and
J{4Q0) = 9x(IY1) — V(Y1) } dmg () = 0.
If x > 0and x is not identically zero, then [ x(|Y|)dmq(Y) is finite and strictly positive.

We call the second identity the dilation integration-by-parts identity. It states that
[ Wy dmg = 0 for every radial cutoff x, and it uses only the compact support of the test;
no normalization of mg is involved.

Proof. Since Q > 0 is a polynomial, 0 < e~9 < 1 everywhere, which proves local
finiteness.

Infinite mass. We use Lemma 33.2, with its homogeneous cone, its injective normal
tube, and its bound on the Jacobian, at every radius. We write the commuting triples as
y; = pa;u with p > 1 and a,u € S?, where (a,u) and (—a, —u) give the same triple, and
we set {; = a;u. The normal space at  is

By = {b — (by,bo,bs) by L, Y by = o}, dim B, = 4.
i
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We claim that

QC+b) = 3[b> +Q(b) (b€ Baa). (36.14)
Indeed, ({; + b;) x ({j +bj) = u x (a;b; — a;b;) + b; x bj. The first term lies in ut, while
b; X b; is parallel to u because b;,b; L u. The two terms are therefore orthogonal. Since
lu x w| = |w| for w L u, and

Y laib; — a;bi|* = |a|* Y _|b;|* — ‘Zaibi
1

i<j i

2
= |b]?,

we obtain (36.14). The same computation with y = pZ gives Q(y + b) = p?|b|?/2 + Q(b).
Let 7 > 0 be smaller than the relative radius of the tube in Lemma 33.2 and so small
that the Jacobian of the tube is at least 1/2 when |b|/p < 5. We restrict to |b| < 57/p. For
p > 1, this set lies in the tube, and |b|/p < . Since
1
Q(b) < 5 ) I | <

i<j

bI*,

| =

we have Q(y + b) < 5?/2+ n*/4, which we denote by C,, on this whole unbounded
tube. By Lemma 33.2, the volume of the cone is (1/2)p*dpdQ, dQ,, where the factor
1/2 accounts for the double parametrization, and the tube is injective in the point y of
the cone. The normal ball has volume v417*0~#, where v, is the volume of the unit ball in
R*. For every T > 1, we obtain

1 T
/IR9 e QX gx > L—Le*CW (47‘[)204174/1 pto tdp = cy(T - 1).

Letting T — oo proves that the total mass is infinite. All radii and constants in this
argument are absolute.

Scaling, the dilation integration-by-parts identity, and positivity. The change of vari-
ables Z = )Y, together with Q(Z/A) = A~*Q(Z), gives the scaling formula. For A in
a compact neighborhood of 1, the integrands and their derivatives in A are supported
in a common compact set and have a common integrable bound. We may therefore
differentiate at A = 1, which gives the dilation integration-by-parts identity. Equivalently,
by the homogeneity relation Y - VQ = 4Q, we have

div{Yx(¥De 20} = {ox(Y)) + VX ([ Y]) ~ 4Q(V)x(|Y]) }e @),

The vector field on the left is smooth at zero because x is constant there, and it vanishes
outside a compact set. The integral of each of its coordinate derivatives over a box
containing its support is zero, which proves the dilation integration-by-parts identity
with the stated sign. Finally, a nonnegative smooth radial test that is not identically zero
is positive on an interval of radii, which corresponds to a subset of R? of positive volume.
Since the density e~ < is positive, the integral is positive, and it is finite by compact
support. [
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Remark 36.5. For Fo(p) = mg{|Y| < p} and fo = F;, we have, as p |. 0,

4 4
folp) = S0 1+ 0(N],  Folp) = aee”[1+0()],

with absolute constants for the Euclidean norm and the normalization of Q used here.
Indeed, polar coordinates give

folp) = p° . e PR gy, (36.15)

Since Q is bounded on S8, the exponential is 1 + O(p*) uniformly. The area of S® is
27%/2/T(9/2) = 327%/105, by T(1/2) = /7 and T(v + 1) = oI'(v). Integrating the
density from zero gives the asymptotics of F. These formulas are not used below.

36.5 Integration over the transverse modes

The next theorem, our main integration result, computes the expectation, under the
stopped measure, of a compactly supported test of the rescaled logarithm of either the
unflowed coarse holonomy triple H, (V) or the flowed zero-fluctuation holonomy triple

HE (V).

Theorem 36.6. For every R < oo there exist C,, g < 00 and ygr > 0 such that, for every bounded
Borel function ¢ supported in {|Y| < R}, every K > 0, and every 0 < v < g, both T = H, (V)
and T = HE(V) satisfy

]Evz"w(T) = r’YKK,’Y{/ pdmg + 5K,7,T,(p}f |5K,%T,<p < Curll@lleor,

where the factor Kk ., is the same for both maps and all tests, namely

)dst/znze_RK”(o’o)fn(O/0) ghts

Kx~ = (271 =
k= detAg(0) 7

, 0 <cn < Kk < Can

Here Z is the normalization constant of U in Definition 36.1, and c,g%t* < Z < C,g%t+4,
Further, for Tx(X,s) = Log T(V (X, s)) and both maps, the change of variables Z = Tx (X, s)

is invertible on a fixed smaller ball of outputs, and its inverse X = Hg(Z, s) satisfies

[Hk(Z,5) = Z| < Cu(1Z]* +s]),  |detDzHk(Z,s) — 1] < Cu(|Z] + [s)).

The error bound depends on ¢ only through ||¢||«, and no modulus of continuity of
¢ enters. Both deterministic maps use the based-quotient chart frames of Theorem 36.3;
their comparison with the selected frame of the conditional reconstruction below uses
invariant tests. The bound accounts for the density factor e Rk7],, including the first
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derivatives of FK,W for the Gaussian determinant of the transverse modes, and for the
contributions of configurations away from the trivial flat configuration. We do not assert
that kg -, has a limit. Since kg , depends only on the stopped measure, it does not depend
on the flow time at which H is observed.

Proof. Throughout the proof we write D = dg and € = r,, and we set
axq(X,5) = e R X)(X,s), k= aky(0,0).

Steps 1-3 localize to the central coordinates and invert the output map, Step 4 rescales so
that the test becomes exactly ¢(Y'), and Steps 5-6 compare the density with its Gaussian—
quartic model and integrate.

Step 1: bounds on the density. We apply Theorem 33.8 to the stopped measure at
depth JK, with the side, the parameters, and the upper bound ¢ on the coupling from
Definition 36.1. The chart C* of (36.2) is a fixed chart of link logarithms, independent of
the depth and the coupling. On it, Lemma 33.6, with d = JK and link logarithms X /n +s,
together with the residual value bound (P3) in Section 33.2, gives

sup Sup(|§K,’y| + ||DX,SKK,’)/||) < Cy.
K,0<y<yy Ct

The smooth positive density J, has positive upper and lower bounds and bounded first
derivatives on the closure of a slightly smaller chart that still contains C, and we replace
C™ by this chart. The identity

Dxsak,, = e~ R (Dx,sJn — JnDx,sRk,y)
then gives, on this fixed chart,
0<cn<ag,(X,8) <Cy  |IDxsax,(X,s)| < Cp. (36.16)

This uses the first derivatives of the centered effective interaction in both X and s. Together
with the uniform classical derivative bounds of Theorem 10.11, Theorem 33.8 also gives

cnl < Ak(X) <Cul,  [[Ak(X) — Ak(0)]| < CalX],

Fx(X,s) = fx(X) + 3sTA(X)s + Ou(|sP),  Fx(X,s) > fx(X) + culs| (36.17)

The density in Theorem 33.8 at depth /K is the stopped measure of Definition 36.1, so its
normalization constant is Z. By Theorem 33.10, after reducing the upper bound on the
coupling if necessary, we have

engPt < Z < CgP . (36.18)
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Step 2: reduction to a neighborhood of the trivial flat configuration. Fix a neighborhood
U of the trivial based orbit whose closure lies in the coordinate chart of (36.17). By
Theorem 36.3, applied to the map HK, there exists § > 0 such that a configuration within
distance ¢ of F;,, whose cycle radius (}; pG(Hg’i(V))z)l/ 2 is at most J lies in . For the
map H, = Hol, the same statement follows from the argument of Step 3 of that proof,
with the continuous map Hol in place of H{,( . On the complement of {d(V, F,) < J}, we
have Ey > ¢, s > 0 by the compactness of the configuration space and E;*(0) = F,. The
lower bound Ejk sat > ¥Eg on D, and the bound \EK,7| < Cy, on Dy, properties (P1) and
(P3) in Section 33.2, together with (36.18), give

0{d(V,Fy) > 6} < Cpg~PH¥e=n/8’, (36.19)

Since the product Haar measure has total mass one, no volume factor depending on K
appears in this bound. Suppose that Re < J and that the image of {|Y| < R} under
Y > €Y liesin Log V. If Z, ,(T) # 0, then |Log T| < Re, and the cycle radius is at most
Re < 4, since pg(H;) < |Log H;|. Every contribution to either observable from V ¢ U is
therefore bounded by (36.19). The flat configurations near the other seven central triples,
and all other flat configurations, still contribute to Z.

Step 3: the output coordinates. For T = H¥, Theorem 36.3 gives
Te(X,5) = X| < Cu(IX2+Js),  [IDxTk(X,s) = 1| < Cu(|X| +[s]).  (3620)

For T = Hol, each cycle holonomy is a product of n link matrices of V(X,s), which are
analytic functions of (X, s) at the fixed side n, and at s = 0 the i-th holonomy is exactly
ei. Then Tg(X,0) = X and DxTg(X,0) = I. Since these finite products and Log have
bounded derivatives, (36.20) holds for this map as well, with constants independent of K.

Fix a convex ball {|X| < p} and a ball in s on which ||DxTx — I|| < 1/4 for both
maps. We set by = Tx — X and restrict |s| further so that |bx(0,s)| < p/8. For |Z| <
p/4, the map X — Z — bg(X,s) sends the closed ball of radius p/2 into itself, since
|Z — b (X,s)| < |Z| + |bk(0,s)| + |X|/4 < p/2, and it is a contraction with factor at
most 1/4. Its iterates converge to a unique fixed point X = Hk(Z,s), which solves
Tk(X,s) = Z. The inequality

Tx(X,s) — Tx(X',s)| > 3|X - X'
4

on the larger convex ball excludes any other preimage there. Differentiating the fixed
point equation, or taking difference quotients and using the uniformly convergent Neu-
mann series for (I + Dxbg) ™!, we obtain

DzHy = (I + Dxbx(Hk,s)) .
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The fixed point equation first gives |Hk| < |Z| + |bx(0,s)| + |Hk|/4, which implies
|Hk| < Cu(]Z] + |s|), and then

|Hi(Z,s) — Z| < Cu(|1Z* + |s|),  |detDzHy(Z,s) —1| < Co(|Z|+ |s]).  (36.21)

For the determinant, we expand about Iy and use the bound on Dxby; the determinant is
positive since Dz Hk stays close to Ig. This proves the second part of the theorem. We may
take the neighborhood U/ of Step 2 inside this domain, so that points outside it whose
output lies in the compact window are controlled by (36.19). Inside U, after a further
fixed reduction of p, (36.20) implies the lower bound |Tx(X,s)| > (3/4)|X| — Cyls| for
both maps. Because of its term in s, we use it together with the tail bound of Step 4.

Step 4: the transverse tail and the change of variables. Since fx > 0, (36.17) and the
bounds on the density factor give

U({|s| > €} N {V in the central coordinates}) < Cpg e /8 = C, g 4e W/ V7.
(36.22)
To see this, we split e /8" into two equal factors and bound one of them by e’/ (287)
on {|s| > €}. Integrating the other over RP gives C,¢". The X-integral is over a bounded
set, and we divide by (36.18). In the last equality, we used €*/g> = n/ V7. Both (36.19)
and (36.22) are smaller than every fixed power of e: with v = 1/,/%, each is a fixed power

—cnls

of v times e~ or ¢~

On {|s| < €}, an output with |Tx| < Re satisfies | X| < C, re by the lower bound of
Step 3. For g small, this lies in the domain of the inverse. Conversely, the inverse is
defined for all |Z| < Re and |s| < ¢, and the bound |Hk| < C, re places its values in U
for yr small. The part of the unnormalized integral of the observable over U N {|s| < €}

is therefore transformed exactly by

Z =¢€Y, s =gz, X = Hg(€eY, gz), dXds = eggD det DzHg (€Y, gz) dY dz.
(36.23)
In these variables the test is exactly ¢(Y'), and no regularity of ¢ is needed. The variable z
ranges over the ball {|z| < e€/g}, and the test restricts Y to {|Y| < R}. Since ¢ = €*/+/1,
(36.21) gives on this domain

X X
‘Z . y\ < Cpre(1+|z|),  |detDzHy —1| < Cpre(l+|z|), |?| < Cpr. (36.24)
The last bound uses |s| < ¢, so it holds on the whole truncated ball in z, even when |z| is

large.

Step 5: comparison of the density. By Theorem 36.2 and ng?> = €*, we have fx(X)/g*> =

Q(X/e) +O(]X]°/g?), and therefore
| X]°

X
‘f% - Q(X/G)‘ < Cn? < Cy,RE.
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Since X /€ and Y lie in a fixed ball, on which Q has bounded first derivatives, the first
bound in (36.24) gives

‘fK}X) Q)| < Cyre(1 + [2). (36.25)

This uses only |X| < C, re, which holds on the whole truncated domain. In particular, it
bounds the absolute error on the compact rescaled window, including the directions of
commuting triples, where Q vanishes. The expansion in (36.17) gives

Fx (X, — fx(X 1
‘ ( gzg)z f(X) _ EzTAK(O)z] < Cor(elzl? +gl2%), (36.26)
where we used || Ax(X) — Ax(0)]| < Cy|X]| < C,re and the cubic remainder in s = gz.
We also use the elementary inequality

e —e B <|A-Bl(e?+eF) (A BeR), (36.27)
which holds because the integral of the derivative of t — ¢! between A and B is at most
|A — B|max(e=4,eB).

Let Px(Y,z) = Fx(Hk(€Y,gz),8z)/¢* and PY(Y,z) = Q(Y) + z" Ax(0)z/2. Both are

at least cy|z|?, by fx >0, Q > 0, and the lower bounds in (36.17). Combining (36.25) and
(36.26), and using g < C,e2 < Cye, we find
|Px — PY| < Cyre(1+ |z + |z)* + |z)?).

By (36.27), |e Pk — e~ Pk| is at most C,, ge times a fixed polynomial in |z| times e~/2”,
which is integrable over RP uniformly in K and +; the phase error itself need not be
uniformly small on the whole truncated ball in z. For the density factor and the Jacobian,
we write bg (Y, z) = ag (X, gz) det Dz Hk (€Y, gz) with X = Hk(eY, gz). By (36.16) and
(36.24), these quantities are bounded on our domain and

bk (Y, z) — a?(ﬁ\ < Cpre(1+ |z|).

- : _ _ _po :
Splitting the d1£ference as (bg, — a?w)e P 4 a%ﬁ(e Pk — ¢=Px) and using that t — (1 +
t+ 2+ 3)e /2 /(1 + t) is bounded on [0, %), we obtain

by (Y, 2)e PO — g e RO < Cpe(1 4 [2)e 3 ([Y] <R, [2] < e/g),

Y
(36.28)
with ¢}, = ¢, /2.
Step 6: integration and the common factor. The Gaussian integral of a?(’,ye_P X over

{|z| > €/g} is exponentially small, since €/¢ = \/n/€e — co. Integrating (36.28) first in z
and then over {|Y| < R}, we obtain

~ (27r)P/2
ZET,,(T) = 8P|, /(p 2 4 + O (|l plle) }- (36.29)

\/detAK
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The contributions discarded in Steps 2 and 4 satisfy the same bound after reducing
~r: after normalization by Z they are O, r(||¢||~€2), while the prefactor of the claimed
expansion is bounded above and below by fixed multiples of €.

Finally, since €* = ¢ = ng?, we have the identity

D .9 D+4
8 € _en2d
z Z

Thus the coefficient of [ ¢dmg in (36.29), divided by Z, is exactly €kK,y. The bounds
cn < ki,y < Cy follow from (36.18), ¢y < ay . < Cy, and c;I < Ag(0) < Cyl in the fixed
dimension D. Dividing by exk , we obtain the stated bound on £k, 1,o. The leading term
involves only a%v and Ag(0), which are the same for both maps; the factor is therefore
the same for both maps and every test. Every reduction used a radius or an upper bound
on the coupling depending only on the fixed data and R. O

36.6 Passage to the continuum measure

We now pass from the stopped measure to the conditioned Wilson measure, then to the
Wilson measure, and finally to the continuum measure. The order of limits is as follows:
at each fixed v we let K — oo with the comparison side n fixed, and only afterwards
do we let y — 0. Throughout, A, = A; , 1,,},, denotes the continuum measure for the
sequence of sides (1.BX)g>¢ (Theorem 29.25 and Corollary 29.26). Since n = n,.B*, the
classes [n]pr and [n.]y coincide. We observe the holonomies of a trajectory around the
three coordinate cycles based at the origin, at the time t = L%. Under A, this triple is
defined up to simultaneous conjugation, and we use invariant tests.

Theorem 36.7. Fix the data of Definition 36.1 before varying -y. For every continuous compactly
supported function ¢ : R — R that is invariant under simultaneous conjugation and every
radial cutoff x,

i P tve  _ [edmg

WO Eo Loy S x(IY]) dmg(Y)
For every such ¢ that is nonnegative and not identically zero, there exist 0 < ¢y, < Cp < 00 and
Yo > 0 such that

In particular the denominator above is positive for small -y, and

limS = 0.

im Sy 1, (x)
Further, for any two smooth compactly supported functions x1, x2 on [0, co) that are not identically
zero, with A; = i)

Var)W(Al) le(]Y])z dmg(Y)
Vary (A2) [ x2(]Y])2dmg(Y)

(v 10).
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The tests x1, x2 in the variance statement need not be nonnegative. The loops and
the flow time are fixed, while the window shrinks with <. Each expectation under A,
is the limit, as K — co at fixed vy, of the expectation of the corresponding observable of
the flowed lattice holonomies under the Wilson measure g« . By Corollary 23.11, the
small-field failure probability satisfies supy pt,,x ., (S = Opng4(77) for every fixed
q > 0, which is o(r).

;BK,n,fy)

Proof. For a compactly supported bounded test, we write m(¢) = [ ¢ dmg, and we set
€ = ry. Until Step 4, where we pass to the continuum measure, we work at finite K,
uniformly in K.

Step 1: comparison under the conditioned Wilson measure. Let the support of ¢ lie in
the ball of radius R, and let 0 < 7 < 1. For e < 1, Markov’s inequality and the bound
on [E, min(1, Dg)? in Theorem 36.3 give

v{Dg > ne} < qu_Z% = Cuyy 2912, (36.30)

On the complementary event, if either of Z,,(HX) and Z, o(H§(V)) is nonzero, the
corresponding triple is within distance Cgre of (I,I,I) as a triple of matrices, and the
other triple is within an additional distance #e. For -y small, both triples therefore lie in a
tixed smaller neighborhood of the identity, independently of K. Since Log is Lipschitz
there, their rescaled logarithms differ by at most C,#, and the rescaled logarithm of
HX (V) lies in the ball of radius R + Cj,.
Let
wolo) = sup{lp(¥) — p(¥)| : [Y = Y'| < v},

which tends to zero as v | 0 since ¢ is uniformly continuous. Theorem 36.6, applied to
the indicator function of the ball of radius R + C,;, shows that the event that the rescaled
logarithm of H{ (V') lies in this ball has v-probability at most C,, re. Since H& (V) depends
only on V, and the law of V under v is ¥, we obtain

LT, (HY) = oLy ()| < Core wp(Carp) + Call gl 272 (3631)

Here the first term bounds the difference on {Dg < 7e}, and the second term bounds
it on the event in (36.30). After division by ¢, the right side tends to zero if we first let
v 1 0 at fixed # and then let 17 | 0, uniformly in K. The factor € in front of the modulus of
continuity is essential; it comes from the small probability of the window, and uniform
continuity alone would not give it.

Step 2: removing the conditioning. Let ex = p,px , (S’ 5« , 7). At our fixed side 1, we
have ey, < C, 471 for every fixed g > 0, uniformly in K, by Corollary 23.11. For any
bounded observable F, conditioning on the small-field event gives
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where p = p,px; if ek, = 0 the inequality holds without the second conditional
expectation. For ¢ > 1/4, this error is o(€) uniformly in K. Combining this with (36.31)
and Theorem 36.6, we obtain, for each fixed continuous compactly supported test,

By, T (M) = exomlp) +eof,,  suplof | —0 (v10).  (63)

The signed error (5;2/7 converges by the explicit bound with two parameters above. Given
a tolerance, we first choose # to control the term with the modulus of continuity, and then
7 to control the remaining terms. No choice of the comparison side or of the parameters
depends on 7.

Step 3: bounds and ratios at finite K. If ¢ > 0 is continuous and not identically zero, it
is positive on a nonempty open ball, and since e~ 2 is positive everywhere, m(¢) > 0. By
the bounds on kg ,, in Theorem 36.6 and (36.32), there exist constants 0 < ¢, < C, with

coe < By Typ(HY) < Cye (36.33)

for all K and all sufficiently small y. For a general ¢ and the fixed radial cutoff x, let
b=m(p)/m(x(|-])). We apply (36.32) to ¢ — bx(|-|), using Z,, o_p(|-)) = Ly.9 — bLy x(|.)-
The leading term vanishes, and the expectation of this observable is o(€) uniformly in K.
Since (36.33) gives a lower bound ce for the denominator, uniformly in K, the ratio of the
expectations under the Wilson measure tends to b as v | 0, uniformly in K.

Step 4: passage to the continuum measure. We fix  and identify the limit as K — oo.
For small v, the support of the observable lies strictly inside the logarithmic chart, and
7,4, extended by zero, is a continuous function of the triple. It is invariant under
simultaneous conjugation because V and ¢ are invariant and the logarithm is conjugation
covariant in its chart. By Lemma 5.6, Z, , is therefore a continuous function of the
normalized traces of Hy, Hp, H3, HiH>, H1H3, HyH3, and HyHyH;z, and convergence in
law of these seven traces implies convergence of the expectation of Z, ;. The seven traces
are characters, divided by two, of the holonomies of loops obtained by concatenating the
three based coordinate cycles, observed at the same time. These loops and their lattice
versions are covered by Theorem 29.25.

To apply that theorem at a given 7, we may have to drop finitely many terms of the
sequence 7, BX. By Corollary 29.26, the shortened sequence has the same tail and hence
the same limit of the joint law of the flowed loops at fixed coupling, and neither the
comparison side in (36.32) nor its constants change.

We now let K — oo at fixed y. The bounds (36.33) pass to the limit, and the expectation
of the observable of ¢ — bx(|-|) remains o(€), since that bound was uniform in K. Dividing
by the limiting denominator and then letting v | 0, we obtain the ratio limit and the
two-sided bounds for A,,.
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Step 5: the dilation statistic and the variances. The function W, is continuous, com-
pactly supported, and invariant, and m (W, ) = 0 by Lemma 36.4. Applying the ratio limit
to Wy, we obtain S, 5. (x) — 0.

For the variances, let m; = m(x;(|-|)?) > 0 and b = my/my. Since A? = (-2
(36.32) applied to x1(]-|)? — bxa(]-])? shows that EA? — bBEAZ = o(e) under the Wilson
measure, uniformly in K. By the same formula, each mean [EA; is O(¢), and subtracting
the squared means changes this difference by O(e?). Further, since EA3 > cemy and
(EA,)? = O(€?), we have Var Ay > c’e for small v, uniformly in K. We conclude that
Var A1/ Var A, — b — 0 uniformly in K. At fixed v, the first and second moments pass to
A, by the identification of Step 4, and the ratio of the variances tends to b. O

36.7 Rates, central triples, and several times

This section strengthens Theorem 36.7 in three directions: a rate y!/# for Lipschitz tests,
the extension to the eight central triples, and joint statements at finitely many flow times.

Definition 36.8. For a bounded Borel function ¢ on IR’ with compact support we write
m(¢) = [ro ¢(Y)e= Q) @Y. For a bounded function f on (R%)!, ¢ > 1, we write

Iflse = Iflle +Lip £, O, YO max = max Y0,
1<5<4
where Lip f is the global Lipschitz constant with respect to the metric of |- ||max; for £ =1
this is the Euclidean metric on R?. We write By for the closed Euclidean ball of radius R
about the origin in R?. The coupling-dependent scale is always written r,; the radius r
in the domains B, and D, of configurations keeps its fixed meaning from Definition 36.1.

The norm || f||pL is a sum. Its unit ball is contained in the set of functions with || f||ec <
1 and Lip f <1 that defines the bounded-Lipschitz distance dp;. used in Lemma 28.9, and
it contains that set scaled by 1/2. The distance dual to || f||pL is therefore equivalent to
dgr,, within a factor two, but not identical to it.

Rates for compactly supported Lipschitz tests

The next lemma is the quantitative version of Step 1 of the proof of Theorem 36.7. It uses
the comparison of holonomies conditional on the coarse configuration, Theorem 34.11.
We work on the reconstruction probability space of Lemma 15.10; its gauge-orbit law
is that of v, so expectations of invariant observables agree. For a coarse configuration
v, represented in B, by the Borel selection of that lemma, let Q{f be the product of the
conditional fluctuation kernels of all K renormalization group steps. Both cycle triples are
computed in the basepoint frame of this selected representative. Their zero-fluctuation
values and the chart values used in Theorem 36.6 differ by simultaneous conjugation
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when the coarse representative changes. We identify their expectations across these
frames only for invariant tests. On this reconstruction space the law is [ QX(d-) v(dv).

Lemma 36.9. For every R < oo there exist Cgr,yr > O, independent of K and of the test,
such that every globally Lipschitz function ¢ : R’ — R supported in Bg and invariant under
simultaneous conjugation satisfies

BuZy g (HY) — Bo Ty, o (HE)| < CrllplloLr? (36.34)

forall Kand 0 < ¢ < g.

The proof is the mechanism described in Section 36.1: an event determined by V of
probability O(r,), a conditional matrix difference O(r2), and a loss 7, from the rescaling
of the logarithm.

Proof. Let d = min(1, max;||H{ — H{;(0)|lop). By Theorem 34.11, applied with 7 = T =
0L? and p = 1,2, we have, for every coarse configuration v in the support of ¥ and every
K,
]EQzIfd S Cr%, IEdiZ S C?’i,

for 7y below the upper bound on the coupling in that theorem. On the event {d < r,},
with r, < 1, if either observable is nonzero, then both triples lie in a fixed compact subset
of the logarithmic chart, and their rescaled logarithms differ by at most Cd/r.,. In this
case, the zero-fluctuation triple also lies in the event

Er = {Hy(v) €V, [LogH (v)| < R'ry},

where R’ and the upper bound on 7 depend only on R and the chart. The event Eg is
determined by v. Theorem 36.6, applied to the indicator function of By, implies that
V(Egr) < Cgr. By the disintegration of Lemma 15.10,

E,[d1g, ] = /E Eqed 7(dv) < CRI(Er) < Crr.
R/

The contribution of {d < r,} to the left side of (36.34) is therefore at most
CLip ¢ ;' Ey[d1E,,] < Cr(Lip ¢)r3. On {d > r,} we use the bound 2[|¢|| and

v(d>ry) < r;z]Eydz = r;z/]EdiZ v(dv) < Cr%.

This proves (36.34). O

Theorem 36.10. Fix the data and the measures A, of Theorem 36.7, and a radial cutoff x, and
set by = [ x(]Y])dmg(Y) > 0. For every R < co there exist Cr y,Yr,y > 0 such that every
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globally Lipschitz function ¢ supported in Bg and invariant under simultaneous conjugation
satisfies
]E)\,yz-r)/,go

Er,Zyx()

dm .
- L0 < ol + Lipe)r (<7 <m0,

and the denominator is at least cy . The same bounds hold for the expectations of L, ,(HX) and
Loy () (HX) under the Wilson measures MK o, uniformly in K. In particular |S, 5 (x)| <
Cyy*. For any two fixed smooth compactly supported functions x1, xo on [0,00) that are not
identically zero, there exist Cy, y, < 00, ¢y, > 0, and vy, , € (0,70] such that, whenever
0 < v < Yyuxa the ratio of variances in Theorem 36.7 differs from m(x1(|-1)%)/m(x2(]-|)?) by

at most Cy, x,v'/*, and Var Ay > cy,r.. These assertions hold for A, and, uniformly in K, for
HuBK -

Proof. We write m(¢) = [ ¢ dmg and, in this proof only,

Ak(9) = ]EynBKﬁI%MHK)-

We combine Lemma 36.9, Theorem 36.6, and the bound of Corollary 23.11 with the
exponent g = 1. Since ¢y = rfly, the error from removing the conditioning is at most
2||@||oCra1y = 2Cy 1 ||(p||oor‘fy, and we obtain

Ax(@) = ryxg,m (@) + Or(|l@llBLr?). (36.35)

Applying (36.35) to x(|-|), which is globally Lipschitz, and using kg, > c,, we find
Ax(x(|-])) = cyry for small v. When we subtract m(¢)Ax(x(|-]))/by from Ax(¢),
the leading terms cancel at finite K. Since |m(¢)| < m(1p,)||¢|/c, the difference is
Or,x(l¢llpLr3). Dividing by Ax(x(]-|)) > cyr, proves the assertion at finite cutoff, with
one upper bound on vy for the whole class of tests.

At fixed 7, these observables are continuous functions of the triple, supported
strictly inside the logarithmic chart, and invariant under simultaneous conjugation.
By Lemma 5.6, they factor continuously through the seven traces, which are traces
of holonomies of concatenations of the three based cycles. We apply Theorem 29.25
and Corollary 29.26 to the combination Ax(¢) — m(¢)Ax(x(]-]))/by and to the denomi-
nator; the comparison side remains valid on the sequence 1. BX, as in Step 4 of the proof
of Theorem 36.7. Letting K — oo at fixed 7y proves the assertion for A,.

The function Wy is globally Lipschitz with a fixed support, and m(W,) = 0 by
Lemma 36.4. The ratio bound then gives the bound on the dilation statistic. For the
variances, the argument is the same before and after the limit K — co. The two means are
O(ry), and their squares are O(r3). Applying (36.35) to the Lipschitz function x1(|-|)* —
bx2(|-|)?, we obtain

2
EA} —DEA3 =O0(2), b= —Z( (D)

X1 H
7 e~
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By (36.35) and the uniform bound xk ., > c,, the leading coefficient of ]EA2 is at least
cam(x2(]-])%) > 0. Choose 7y, x, so that the Oy, (r3) error in this second moment and the
squared mean together are at most half this leadmg lower bound times 7., uniformly
in K. This gives Var A, > cy,r, throughout the stated range. Subtracting the squared
means in the combination above and dividing by this lower bound proves the rate for the
variances. The same bound passes to the continuum limit at each fixed coupling. O

The eight central triples

The next lemma is the center symmetry of the periodic lattice Wilson measure [149], with
a verification that it commutes with the Wilson flow. Here uy , is the Wilson measure of
Definition 4.1, and the winding number w;(¢) € Z of a closed lattice loop ¢ is the signed
number of its crossings of the hyperplane {x; = N — 1/2} in lattice units.

Lemma 36.11. Let z = (zq,22,23) € {I, —1}>. There exists a central link configuration c*, with
all plagquette products equal to I and coordinate-cycle products equal to z;, such that the map
I,U = (c;U.)e preserves jin -, and commutes with the Wilson flow at every time. For every based
closed lattice loop ¢,

Hol, (¥{™)( (szl ) Hol, (¥ u).

In particular, for any finite list of times, the vector of coordinate-cycle holonomies of the flowed
configuration has the same law under yy . after the i-th holonomy is multiplied by z; at every
listed time. These are exact identities for every N > 4 and v > 0; they do not concern the
small-field event.

Proof. We represent the vertices by x € {0,...,N — 1}3 and define, on the positive link
from x in direction i,

2 Zi, Xj= N — 1, 2= (Cz)il.
X, I x # N-1, e e

In an (i,j) plaquette, the two links in direction i carry the same factor, because a dis-
placement in direction j does not change x;, and similarly for the two links in direction j.
Since the factors are central, they cancel against the oppositely oriented factors. Hence
every plaquette product of c* is I, including the plaquettes that cross a periodic seam.
A positive coordinate cycle in direction i crosses the seam in its direction once, and its
product is z;. For a general closed loop, the signed number of crossings of the i-th seam
is w;(¢). Since the factors are central, they can be moved past every link matrix, and the

product of all factors is [; z?ui(g).
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The map I'; is a smooth involution of the configuration space, and the product Haar
measure is invariant under it, since Haar measure is invariant under multiplication by a
fixed element (Lemma 5.1). Every plaquette matrix is unchanged, and so are every g(U,),
the Wilson action, and the normalization constant. This proves that yy , is invariant.

We use the product of the bi-invariant Riemannian metrics, as in the definition of the
Wilson flow. Since multiplication by a fixed central element is an isometry, so is I';. Let
S(U) =¥, q(Up), so that SoT; = S. For every tangent vector v at U,

<VS(FZU),DFZU>FZU = dSrzu(DrZU) = dSu(U) = <DFZVS(U),DFZU>FZL[,

which implies VS(T',U) = DI';VS(U). The smooth vector field —VS on the compact

configuration space has a unique global flow, and I'; maps its trajectories to trajectories.
This proves commutation at every lattice time s, and hence for ‘PfN) = <I>X¥ .
N

physical time ¢t > 0. The identity for the holonomies follows from the identity for the
products of the factors. Integrating any bounded Borel function of the finite vector of
holonomies, we obtain the identity in law. O

at every

Theorem 36.12. Choose V in Definition 36.1 invariant under simultaneous conjugation. For
ze{l,—1}3let V, = zV, and set

75 ,(H) = ¢((Log(z; 'Hy))2 /1), HEV,
VP 0, Hev,
s0 that I’(Y{EPLI) = 1. For every v > 0, every positive observation time, and every bounded Borel

compactly supported test ¢ invariant under simultaneous conjugation,

Z _
]EMIM) -

]E)\’Y.,Z,-r)/,q).

The corresponding identity holds under p, g« ., for the flowed lattice holonomies at every finite K,
for every bounded Borel compactly supported test. Consequently the ratio limits, the two-sided
bounds, the limits of the ratios of variances, and the limit of the dilation statistic in Theorem 36.7,
and the rates of Theorem 36.10, hold at each of the eight central triples, with expectations equal to

those at (1,1, 1) and with constants and ceilings on vy independent of z.

Proof. Let H denote the triple of flowed coordinate-cycle holonomies. At finite cutoff,
Lemma 36.11 shows that H and z 'H have the same law. By definition, I3 ,(H) =
Z,,0(z ' H) pointwise, including on the complements of the charts, since H € zV if and
only if z—'H € V. This proves the identity at finite cutoff, without any assumption of
regularity or invariance on the test.

For the continuum measure, let F be any continuous function on SU(2)? invariant un-
der simultaneous conjugation. Since z is central, F(z~!-) is also continuous and invariant,
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and both factor continuously through the seven traces by Lemma 5.6. Passing the identity
EF(H) = EF(z 'H) at finite cutoff to the limit at every fixed v > 0 by Theorems 29.28
and 30.6, we obtain [E). F(H) = E, F(z 'H) for every such F. By the same lemma, the
compact quotient of SU(2)3 by simultaneous conjugation is homeomorphic to the image
of the seven traces. The law of the conjugacy class of H under A, a Borel probability
on this compact metric space, is therefore invariant under the continuous map induced
by multiplication by z~!. Indeed, continuous functions determine Borel probabilities
on a metric space. For a closed set C, the continuous functions max(0,1 — jdist(-,C))
decrease to 1¢, so the two probabilities agree on closed sets, and hence on all Borel sets
by the monotone class theorem. The identity then extends to bounded Borel functions on
the quotient. Since V is invariant, the logarithm is conjugation covariant on it, and ¢ is
invariant, the observable Z7 , is a bounded Borel function on the quotient. This proves
the identity for the continuum measure, even if ¢ is not continuous.

Applying the identity to each numerator and denominator in Theorems 36.7 and 36.10,
and to the squares of the observables for the variances, we obtain the remaining assertions.
Since all eight expectations are equal, so are the constants. O

Joint asymptotics at finitely many times

We now observe the holonomies at finitely many flow times. The observables are invariant
under an independent conjugation at each time; no relation between the gauge frames at
different times is used or asserted.

Definition 36.13. Fix ¢ > 1, positive times ti = 9]-L2 for 1 <j </, and the same three
based coordinate cycles at each time, before varying y. Choose the parameters, the side 7,
and the margins as in Definition 36.1, so that the finitely many lower bounds required at
each of the times f; hold. Write H () for the triple of cycle holonomies at time ti. Let V be
a neighborhood of (I, I, I) as in Definition 36.1, invariant under simultaneous conjugation
and small enough for all listed times. For ® € C.((R%)%;R) define

¢(LogH(1)/r7,...,LogH(f)/ry), HU) € V for every j,

0, otherwise.

j%cp(H(l),...,H(g)) — {
The class of tests consists of the functions @ that are invariant under independent
conjugations at the different times:

O (Ad (k) YW, ..., Ad(k) YD) =@(YW,..., YD)  forallky,... k €SU(2),

where each Ad(k;) acts simultaneously on the three components of YW, Put @A (Y) =
O(Y,...,Y) and mp (D) = [ Dpdmg. We write HE and H(I)ft(V) for the triples of Defini-
tion 36.1 observed at time ¢.
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The following lemma localizes the transverse coordinates on the event that the flowed
zero-fluctuation holonomies at the first time are in a window of size Tey

Lemma 36.14. Use the stopped measure U, the coordinates V(X,s), and the zero-fluctuation
holonomies at the first time t1 of Definition 36.13. Set

Er = {Hg,h eV, |LOgH(I)<,t1| < Rr’Y}’ D =dg, g2 = r)//n'

There is a fixed neighborhood U of the trivial based orbit, contained in the central coordinates,
such that, for every fixed R < oo, all sufficiently small -y, and every K,

D(ER\U) < Cg~PHe=¢/8 Ey[1p,yls|’] < Crareg® (a=0,1,2).
Further, V(U N {|s| > r,}) < Cg‘%‘”%/gz,

Proof. We choose U with closure strictly inside the chart of Theorem 33.8 and inside the
domains of the deterministic results at all listed times. By the localization statement
of Theorem 36.3, applied with 6, in place of 6, there exists a fixed § > 0 such that a
coarse configuration within distance J of F,, whose holonomies at time t; have cycle
radius at most ¢ lies in U. For Rr, < 4, every point of Eg \ U therefore lies outside
the fixed neighborhood {d(V, F,) < 6}. There Ey > ¢, 5 > 0, by compactness of the
configuration space at side n and E; 1(0) = F,, which follows from the classification
of flat configurations in Lemma 14.9. The first estimate follows as in (36.19). We use
properties (P1) and (P3) in Section 33.2, namely the lower bound Ejk ¢ot > x¥Eg on D, and
the bound on the centered effective interaction, together with the normalization of H,
and the lower bound on the normalization constant in Theorem 33.10.
On U, Theorem 36.3 at time #; gives |Log H(I)ftl\ > (3/4)|X| — C|s|, which implies

| X| < C(Rry +s]) on ExNU.

The density factor e Rk7], is bounded above, and Fx(X,s) > fx(X) +c|s|? > c|s|?
by Theorem 33.8. For fixed s, the possible values of X form a set of volume at most
Cr(ry + |s])°. Substituting s = gz, we find

CR 9 _— ‘ |2/ 2
R a ~K a cls|/g
B [Tngrulsl”] < 2 [ sl (ry + Is]) %~/ ds

C D+Ilr9 9
- L/ 2 (14 S ef) e e
Z RD Ty

Since g/r, =1,/ v/n < 1, the Gaussian integral is bounded in the fixed dimension D.
Since Z > cgP** and r%g“l = nr,, the right side is at most Cg ,7,¢”. The conjugation at
the basepoint has not been divided out: the nine-dimensional volume in X and the Haar
density are kept.



36 Quartic asymptotics near central holonomies §36.7 249

For the last estimate there is no restriction on the output, and the volume in X is
bounded by a fixed constant. We split the Gaussian factor into two factors, bound one

of them on {|s| > r,} by e 7/(28") and integrate the other over RP. After division by

Z > cgP*4, we obtain the bound C g_4e_‘:/r%/ ¢, and renaming ¢’ proves the claim. Since
g= r,zy/ /1, the first and last bounds are smaller than every fixed power of r,,. O

Theorem 36.15. Use Definition 36.13, and fix a radial cutoff x. For every continuous compactly
supported test @ in the class of Definition 36.13,

: Ey, Iy Jro ®(Y, ..., ¥)e W) gy
lim — ,
1O B, Ty ppy (HW) Jro x([Y])e= QM dy

and the denominator is at least cy 1., for small «y. If ® > 0 and mp(P) > 0, the numerator is
bounded above and below by positive multiples of t.,; if ma(®) = 0, the numerator is o(r.).
More precisely, with the factor kg ., of Theorem 36.6,

Ep, i Tyo(HE, o HE) = ryria {ma(®) + 08, }, sx;p|5§’,,r| —0 (v10),

and the expectation of j%q>(7-[(l)<,t1, ey Héftl) under vV has the same expansion with the same factor.
For every R < oo there exist Cg .+ and 7yr y,+ > 0 such that, for every globally Lipschitz test ®
in the class with supp @ C (Br)* and 0 < y < g 1.+, the difference between the ratio above (for
Ao, oF for p,pi . at any finite K) and ma(®)/m(x(|-|)) is at most Cg y +(||®||e + Lip @)7'/%.
Here Lip refers to the metric of ||-||max, and t = (t1,...,t7).

A nonnegative test that is not identically zero but vanishes near the diagonal has
mp(P) = 0, and its numerator is o(r,): to leading order, the rescaled logarithms at the
different times coincide. The diagonal is described through tests that are invariant under
independent conjugations at the different times. Uniform statements on a time interval
are proved in Theorem 36.18. The constants depend additionally on the list of times, on
¢, R, and x.

Proof. Step 1 reduces the joint observable of the zero-fluctuation holonomies to the single-
time observable of ®,, Step 2 compares with the holonomies of the configuration, and
Steps 3-5 treat Lipschitz tests, continuous tests, and the continuum measure. All estimates
use the same coarse configuration V and the same reconstruction.

Step 1: the zero-fluctuation holonomies near the diagonal. For each listed time we
apply Theorem 35.9 with m = 0. By its bound in C!! at fixed time and its identity on flat
configurations, we have, on a common smaller central neighborhood,

Zi(X,s) = Log Hiy (V(X,8)) = X+ Oe(|XI* + [s]),  DxZ; —I]| < Ce(IX]| + [s]).
(36.36)



36 Quartic asymptotics near central holonomies §36.7 250

Indeed, each of the nine coordinate directions in X consists of commuting triples. The
identity on flat configurations therefore gives Zj(uea,O) = ue,, and hence DXZ]-(O,O) =1
Integrating the Lipschitz bound on the derivative along v — (vX,0), and then using the
bounded derivative in s, we obtain (36.36). This is the statement of Theorem 36.3 at each
listed time. We intersect finitely many domains and take the maximum of finitely many
constants.

Let @ be globally Lipschitz with support in (Bg)‘. We compare j%q>(7'[(1)<,tl, o H )
with Z,, ¢, (H(If/tl). If either is nonzero, then the event Er of Lemma 36.14 holds. Outside
the fixed neighborhood U/ of that lemma its probability is smaller than every power of r,,
and inside U we discard {|s| > r,}, again at a cost smaller than every power of r,. On
the remaining set, the lower bound for Z; implies |X| < Cgrr,. By (36.36), all outputs lie
in V for small 7, and

maxM < CR<r7+ ﬂ)
j Ty Ty
On this set, both observables are given by their formulas in coordinates,
O(Zy/1y, ..., 2Z¢/1y) and D(Z1/7,,...,Z1/1y), including when one of them van-
ishes. Lemma 36.14 gives, for any fixed A > 2,

‘Eif\j’)’/@(Hg,tl’ s ’H{it() —Eilyo, (Hg'“)

< Cr(Lip®){r,7(Ex NU) + 1y Es [[s[1g,] } + O (@) (36.37)

< Crl|®@|lsLr3,

where in the last step we used ¢ = T%/ v/n. The diagonal test ®, is globally Lipschitz,
supported in Bg, and invariant under simultaneous conjugation. Theorem 36.6 at time #;
therefore implies that

EoTy,0(Hor, -0 Hos,) = Ty, ma(®) + Or (1| @ [gLr3). (36.38)

The factor is the same kg, as at a single time, and no factor depending on the times
appears.

Step 2: comparison at all listed times. Let [7, T| be an interval containing all listed
times, and let
d= min(l, sup max||H}; — H(Iit,i(v)Hop).
T<t<T !

By Theorem 34.11 with p = 1,2, we have Eqxd < Cr% and ]EQ{}(dz < Crfly for every
coarse configuration v and every K, where QX is the conditional law of Lemma 36.9.
On {d < r,}, if either joint observable is nonzero, then all flowed holonomies of the
configuration and of the zero-fluctuation reconstruction at the listed times lie in a fixed
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compact subset of the logarithmic chart, and their rescaled logarithms differ by at most
Cd/r, in the metric of ||-||max. In this case, the zero-fluctuation holonomies at time f;
also lie in the enlarged window Eg/ of Lemma 36.14, which is determined by v and has
probability Og(r,) by Theorem 36.6. The argument of Lemma 36.9, with the metric of
[/l max, gives

EvJyo(HE, - HE) = EoTyo(Hbs, - Hey,)| < Crell®@|gLrs (36.39)

The same argument at the time t; alone, applied to a Lipschitz function equal to one on
Br.1, shows that the event that Hﬁ lies in V and its rescaled logarithm lies in Bg1 has
v-probability Og (7).

Step 3: Lipschitz tests at finite cutoff. We remove the conditioning with Corollary 23.11
at g = 1, which costs at most 2||P||Cp, 17 = 2Cp11 ||CI>||oorfly. Combining this with (36.38)
and (36.39), we obtain

‘IEHHBKW Tyo(HE, ..., HE) - rWKK,va(op)‘ < Critl|® g2 (36.40)

For the denominator, (36.35) at time #; holds with the same factor xx ,, and the denomina-
tor is at least ¢, 7. When we subtract ma(®)/m(x(||)) times the denominator, the factor
Kk, cancels at finite K. Dividing by c,r,, we obtain the rate 7'/4 = r, for the ratio at
finite cutoff, with one upper bound on + for the whole class of tests supported in (Bg)".

Step 4: continuous tests. Let ® be continuous, compactly supported, and in the class,
with support in (Bg)’. There exist smooth compactly supported functions Dy, 1 >0,
with support in (Bg;1)’ and ||®, — @[« — 0. For example, we may convolve ® with
the product of ¢ copies of a nonnegative radial smooth approximate identity on R’ of
total mass one, and use the uniform continuity of ®. Radial convolution preserves the
invariance under independent conjugations, as we see by changing each integration
variable by the orthogonal map Ad(k;). Each @ is globally Lipschitz. The difference
of the joint observables of ®, and ® is nonzero only if the first output lies in a fixed
enlarged compact window, which has probability Og(r,,), both for the holonomies of the
configuration under v (by Step 2) and for the zero-fluctuation holonomies under v (by
Theorem 36.6). The corresponding expectations therefore differ by at most Cgr ||®;; —
®||o. For the Wilson measure, we add at most 2C;, 47" || ®; — @||o, With any fixed a > 1/4,
from Corollary 23.11. Further,

[ma(Py) — ma(P)] < m(1py,,) [Py — Pl

At fixed 17 we apply (36.40) and (36.38) to @, and let v | 0 uniformly in K; then we let
1 4 0. Since ¢ < kg, < C, this proves supK|5Ic?’7| — 0, both for the Wilson measure and
for the zero-fluctuation expectation. For continuous tests we do not obtain a rate.
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Step 5: the continuum measure. At fixed small v, the joint observable is a bounded
continuous function on (SU(2)3)¢, since its support lies strictly inside the logarithmic
charts. By the invariance under independent conjugations, it factors through the product
of the £ maps p of seven traces of Lemma 5.6: two points with the same vector of traces at
every time differ by one conjugation at each time. The factored function f is continuous
on the compact image C of this product map, since every convergent sequence of trace
vectors has convergent subsequences of representatives, and all possible limits give the
same value. On C, the functions inf,cc{f(u) + k|v — u|}, truncated to the range of f, are
bounded Lipschitz functions on the ambient Euclidean space that converge uniformly
to f on C as k — oo. This follows from the uniform continuity of f, by considering
separately the points u with |v — u| small and large. Joint convergence in law of the traces
therefore suffices for these observables. The seven words at each time are concatenations
of the three based cycles at that time, and the whole finite vector of their traces is covered
by Theorem 29.25, with the comparison side justified by Corollary 29.26. Letting K — oo
at fixed <y in the lower bound on the denominator and in the combination in which g .,
cancels proves the ratio limit for continuous tests and the rate for Lipschitz tests under
Ay. The expansions and ¢ < kg, < C imply that the numerator is comparable with r,
when mp(®) > 0 and ® > 0, and that it is o(r,) when m(®) = 0. These bounds are
uniform in K and pass to the limit. O

36.8 Holonomy paths on a time interval

We now observe the holonomies on a whole compact time interval [t, T] C (0,00). The
observable is the path of rescaled holonomy triples modulo simultaneous conjugation.
After weighting with a compactly supported cutoff at the initial time, we show that this
path converges to a constant path whose value has density proportional to the cutoff
times e~ <. The first ingredient is a version of Theorem 36.3 that is uniform in time.

Lemma 36.16. Fix the data of Definition 36.1 and an interval 0 < T < T < oo before varying
7, choosing the side n and the margins for the whole interval. There exist a central coordinate
neighborhood U and a neighborhood of the identity in V) such that

Zit(X,s) = Log Hp,(V(X,s))
is defined on U for every K and t € [t, T}, is continuous in t, and satisfies

supl|Zk i) < Crr, suplZs(X,s) = X[ < Cor (X + Is]),
Kt t

sup||DxZk(X,s) = I| < Cor([X]| + |s])-
t
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For every flat coarse configuration, the flowed zero-fluctuation holonomy triple equals the holonomy
triple of the coarse configuration, for every K and t. The neighborhoods and constants do not
depend on K, <y, or the number of preceding averaging steps.

Proof. We work in the smooth chart V(X,s) of the based quotient, not with a Borel
selection of representatives; the parameters (X, s) have a fixed dimension at the side #.
On a neighborhood of the trivial flat configuration, the zero-fluctuation reconstructions
stay within the input and image bounds of the reconstruction maps of Theorem 15.13.
Indeed, they vanish at zero input, and the uniform bounds on the coefficients together
with the contraction condition amap\/E < 32/49 < 1 of Definition 36.1 give one smaller
neighborhood, independent of the number of steps. More precisely, items (1) and (3)
of Lemma 34.4 bound the linear and quadratic flow data Ex(u) of the zero-fluctuation
reconstruction, in the weighted norms X} and Y} of Definition 4.8, by a constant R on
a fixed complex domain of inputs. Here a = L/(nBX) is the finest mesh, and « is the
tixed regularity exponent of Definition 34.1; the bound is uniform in K with this mesh.
We compose with the analytic map u = (X, s) — V(X,s) of finitely many variables and
shrink the domain once. Let Uy € U; be real domains whose complex neighborhoods of
radius § > 0 lie in this domain. The Cauchy integral formula on one coordinate circle, or
on two circles for mixed derivatives, gives

2.
sup Y[ Dhéx(u)lla < CusR(1+46"+0573),
K,uell j=0

where ||-||g is the flow-data norm at the finest mesh a, which we suppress from the
notation. It is the sum of the two weighted norms, which include the first differences of
both components. This bound is deterministic and does not depend on the coupling.

We apply Theorem 25.13 on Uy C U, with waiting time t, = 7, horizon T, and
damping gauge transformations started at the identity in the common gauge frame at the
basepoint. Its hypotheses are the displayed bound on derivatives and the margins of the
based charts. It yields bounds, uniform in K, on the first and second derivatives in the
parameters of the flowed cycle holonomies, simultaneously for all t € [t, T], including
the finitely many remaining meshes. Continuity in t follows from the smoothness of the
flow on a finite lattice. At u = 0 every output is the identity. By the uniform bound on
the first derivatives, the outputs on a smaller central neighborhood lie in one compact
subset of the logarithmic chart, simultaneously for all K and ¢. Since Log has bounded
first and second derivatives there, we obtain the bound in C'1.

By Lemma 14.9, the zero-fluctuation refinements of a flat configuration are flat and
have the same based cycle holonomies, and the Wilson flow is stationary on flat config-
urations. The flowed holonomies therefore equal the coarse holonomies at every time,
in the given gauge frame. For s = 0 and X in one of the nine coordinate directions,
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the configuration consists of commuting links, and the identity on flat configurations
gives Zy ;(ue,,0) = ue,. Since these directions span R’, we have Zg;(0,0) = 0 and
DxZk+(0,0) = I for all K and ¢. Integrating the uniform Lipschitz bound on the deriva-
tive along v + (vX,0) gives the remainder C|X|? and the error C|X| for the derivative.
The bounded derivative in s and the Lipschitz bound on the first derivative add C|s| to
these two errors. All choices were made before the coupling and are uniform on the
interval. O

Definition 36.17. Let

¢ =su(2)}/AdSU2),  p([Y],[Y]) = min, |V~ Ad(R)Y'],

2 =C(TTLE),  polzz) = sup plz(t),2(1)).
T<t<T
Fix a smooth map 7 : SU(2)%® — su(2)3, equivariant under simultaneous conjugation,
that agrees with the componentwise logarithm on a fixed smaller neighborhood of the
identity. For the triple H(t) of cycle holonomies of a trajectory, defined up to simultaneous
conjugation, set Z(t) = [(H(t))/r-]. For a radial cutoff x let
B, [ Zyxq-) (H(T)F(Zy)]
Dy = En, Ly ) (H(T)), Iy (F) = — 2l l)D7 -

For small o, D, > 0 by Theorem 36.10, and I1, is a probability on &?. Define 11k ., by the
same formula under the Wilson measure p,, g« ., with the flowed lattice holonomies and
with its own denominator.

Only the conjugacy class of H(t) is needed to define Z,; we never choose representa-
tives depending on t.

Theorem 36.18. Fix L, an interval 0 < T < T < oo, the parameters, a sufficiently large
side n on the sequence, and the central margins for that interval, all before varying vy, and use
Definition 36.17. Let by = m(x(|-|)), and define the probability

x([Y]e d9Y>
bx
on P. There exist Cy 1y, and Y11,y > 0 such that, for every bounded function F : & — R
that is globally Lipschitz for peo, and every 0 < 7y < v Ty,
11y (F) = To(F)| < Ce ([ Flleo + Lip F) '™

The same bound holds for Ik ., uniformly in K, and every denominator is at least cyr-. At each
fixed small «y, g, — 11, weakly as K — oo. In particular 11, — I1y weakly on (2, pe) as
v 1 0, after the continuum limit, and the limit does not depend on the choice of 1.

Mo = (Y = (¢ [Y]))

Proof. The core of the proof is Steps 2-3, which reduce the weighted path to the single-
time test ¢ (Y) = x(|Y|)F(cy)) defined below.
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Step 1: quotients and paths. The minimum defining p is attained because SU(2) is
compact, and it vanishes exactly when the two orbits coincide. The symmetry of p
follows from the invariance of the Euclidean norm under the orthogonal maps Ad(k),
and composing minimizers gives the triangle inequality. The quotient map is 1-Lipschitz.
Since p([Y],[0]) = |Y|, closed bounded balls of € are continuous images of compact
Euclidean balls. They are therefore compact, and € is complete. The classes of vectors
with rational coordinates are dense, and € is separable. Since uniform limits of continuous
paths are continuous, & is complete. For separability, let ¢ > 0. Given a path, by uniform
continuity there exist a rational subdivision of |7, T] on whose intervals the path oscillates
by at most ¢, and balls of radius ¢, centered in a fixed countable dense set, containing
its values at the subdivision points. We consider the classes of paths determined by
a rational subdivision and a finite list of such balls, with oscillation at most ¢ on each
interval. There are countably many classes, each of diameter at most 4¢, and we choose
one path in each nonempty class. For e = 1/j, j > 1, the chosen paths form a countable
dense set, and & is Polish.

To see that a map 5 exists, we multiply the componentwise logarithm by a smooth
cutoff, invariant under conjugation, supported strictly inside the logarithmic chart, and
equal to one on a smaller neighborhood, and we extend the product by zero. The result
is smooth and equivariant, and its global Lipschitz constant is finite by compactness of
SU(2)3, for the maximum of the operator norms of the three components. By Lemma 5.6,
the map p of seven traces identifies the quotient of SU(2)? by simultaneous conjugation
homeomorphically with C = p(SU(2)3). The map

fr:C=¢  fy(p(H)) = [n(H)],

is therefore well defined, by the equivariance of #, and continuous. Composing with this
uniformly continuous map at each time carries a continuous path of traces to a continuous
path in ¢, continuously for the uniform metrics, and scaling by 1/r, is continuous at
fixed «y. This defines Z, under A,.

Step 2: comparison with the zero-fluctuation path. We abbreviate I(H) =
Z, () (H(T)), and we write Z and 7Y for the paths of the flowed holonomies of
the configuration and of the zero-fluctuation reconstruction. Let d = dg 1] be the
quantity of Theorem 34.11, that is, the minimum of 1 and the supremum over ¢ € [7, T]
of max;||Hy; — HE,;(v)|lop- Since 7 is globally Lipschitz and the quotient map is
1-Lipschitz,

d

000(Z,2°%) < cﬂr
Y

on{d <r,}, ry <1
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On this event, if either I(HX) or I(HE) is nonzero, the zero-fluctuation holonomies at
time 7 lie in an enlarged window Er as in Lemma 36.14, and

d
[I(H®) = I(Hp)| < Cy—
Ty

These two assertions use the logarithm only at time 7, in its fixed compact subchart; at
the other times we use 7. Writing the difference of products as (I(HX) — I(HE))F(Z) +

I(HX)(F(Z) — F(Z°)), we find, on the same event,
_ d
[1)F(Z) = 1H)F(Z")| < Gy (1Pl +LipF) -1,

Integrating with the disintegration of Lemma 15.10, we have E,[d1g,] < Cr%ﬁ(ER) <
Crr3, exactly as in the proof of Lemma 36.9. On {d > r,} we use the bound 2||x||co || F|c0

and v(d > r,) < Cr3. We conclude that
E,I(HX)F(Z) = Bl (H)F(Z°)| < CyyllF|lLrs (36.41)

Step 3: the weighted zero-fluctuation path is nearly constant. We use Lemma 36.14
with t; = T, choosing its neighborhood U with closure in the domain of Lemma 36.16;
the localization argument in the proof of that lemma allows any such fixed reduction.
Outside U the contribution of the window at time 7 is smaller than every power of r,
and so is the contribution of {|s| > r,}. On the remaining part of the weighted set, the
lower bound on the output at time 7 implies |X| < C,r,. By Lemma 36.16, for small ¢
every output lies in the region where 7 = Log, and

Zri — Zx | El
«(Z°, < 1Zks = Ziel =y,
Y ( C{zK,T(x,s)/w) = TiltlgT r < Cy (r7 + 77>

where c[y] denotes the constant path with value [Y]. The localized moments give V(Er) <
Crry and Ep||s|1g,qy] < Crryg, with ¢ = 73 /+/n. Since I(H(If)F(c[ZK’T/M]) =Ty gr (HE )
on this set, we obtain

Eol (HE)F(Z°) — By, 00 ()| < CrllFller2, (36.42)

where @p(Y) = x(|Y|)F(cfy]). This test is invariant under simultaneous conjugation,
supported in the fixed ball containing the support of x(|-|), and globally Lipschitz, with

l9Ellco < llxlleollFlleo,  Lip @r < Lip(x([-[))[[F[lo + l[x [l Lip F,

since the quotient map and the map [Y] — c[y] are 1-Lipschitz. We apply Theorem 36.6
to ¢r at time 7. Combining (36.41) and (36.42), and removing the conditioning with
Corollary 23.11 at g = 1, we obtain

Ak(F) = By I(HN)F(Z) = ryxiym(gr) + O(|[Fllpir3). (36.43)
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Here Ag(F), notation local to this proof, is the numerator of Ilk ,(F). The same fac-
tor appears in Ag(1), with leading coefficient b, > 0, which implies Ag(1) > cyr,.
Since m(¢@r) = byIly(F), subtracting ITo(F)Ag(1) from Ag(F) cancels the leading terms.
Dividing by Ak(1) gives the bound for ITg , = Ag(-)/Ak(1), uniformly in K.

Step 4: the continuum limit in the uniform topology. At fixed v we apply Theorem 30.4
to the seven loops, concatenations of the three based coordinate cycles, that define p.
Each loop has a single lattice approximation independent of time, of uniformly bounded
length. The comparison side is covered by Corollary 29.26; at fixed coupling only finitely
many terms of the sequence of sides are dropped. The paths of traces converge jointly in
law in C([t, T];R”). All their values lie in the compact set C, and C([, T]; C) is a closed
subset. Applying the continuous map of paths induced by f;, followed by scaling, we
obtain convergence in law of the lattice paths Z to Z,, jointly with the vector of traces at
time 7. For small fixed v, I(H(7)) is a continuous invariant function of the triple at time
T, and by Lemma 5.6 it is a continuous function of its seven traces. For every bounded
continuous F on &, the product I(H(7))F(Z,) is then a bounded continuous function
on the space of trace paths with values in C. By the continuous mapping theorem on
this closed subspace, which carries all the measures involved, Ag(F) converges to the
numerator of I, (F), and A (1) converges to D,. Dividing by the positive limit of the
denominators proves Ik, — I1, weakly, and the bound of Step 3 passes to the limit.

Step 5: weak convergence. The bound for bounded Lipschitz functions implies weak con-
vergence on . Indeed, for a closed set A C &, the functions fj(z) = (1 — jdist(z, A))+,
j = 1, are bounded and Lipschitz, and I1,(f;) — Ilo(fj) for each fixed j. This
implies limsup, ,11,(A) < Ilo(fj), and letting j — oo, by monotone convergence,
limsup, |, I1,(A) < IIp(A). By the portmanteau theorem, I1, — Il weakly. The
same argument applies to any sequence of finite cutoffs with v | 0, since the bound is
uniform in K. The argument works for each such 7 and gives the same Ilj; the limit
therefore does not depend on 7. O

36.9 Dilation statistics of comparison measures

To show that the value zero in Theorem 36.7 reflects the structure of A, near a central
triple, we compute the dilation statistic for the comparison probabilities of Definition 4.13,
observed at the same cycles and the same flow time. For k € {1,2,3,5} we write P for the
probability of item (k) of Definition 4.13. Here P; is the Abelian Maxwell measure with
Haar cycle holonomies, P, the Gaussian holonomies with independent Haar factors, P; the
Gaussian holonomies with Gaussian constant modes, and P5 the mixture of normalized
conditional normal Gaussian measures over the cone of commuting triples. For P5 we
use the observables 7 of Definition 36.1. The local mass scales differ. A compact
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window has probability of order r% under Py, r?Y under P, and rg under Ps, while under
P; the rescaled logarithm tends to zero. For A, the scale is 7.

Recall that M = {(d1u, ru, %3u) : ® € R3, u € S?} is the cone of commuting triples,
that Ny = {b:b; L u, },;0;b; = 0} is the normal space at y = (%;u); # 0, and that ¥y is
the normal covariance of Theorem 33.11.

Theorem 36.19. Let x be a radial cutoff with x(0) > 0. Under each of Py, P,, Ps, with the
hypotheses of Definition 4.13 and Lemma 35.17, the denominator of the dilation statistic is positive
for all sufficiently small vy, and

(JY])dy
lim S, (x) = 6, ImS,nlr) = f]Rgwa |Y|’) d’; >0, HmS,p (1) = 9
For P5 the hypotheses are that the field is a centered Gaussian field with covariance ~yC for a fixed
covariance C, smoothed by a fixed linear operator, and that the smoothed field divided by /7 has
a centered separable realization with continuous paths, a measurable and almost surely bounded
supremum, and finite supremum variance, as specified there.

For Ps, let the prior be a fixed probability a(y) dvol(y) on a small neighborhood of the tip of
M, with « continuous at the tip and «(0) > 0. Conditionally on y # 0, let b be the normalized
Gaussian N (0, YZ(y)) on Ny, and put X = y +b. Assume that ¥. is measurable and positive
definite, with

cylPI<Z(y) <ClyI7%L  WyIPZ(y) — Ly, (lyl10),

uniformly in the angular directions. The covariance ¥. = Xy has these properties; in fact Ly(y) =
ly| =21 + O(1) uniformly for small |y|. Then, for every continuous compactly supported @,

1 Enp(X/ry) — a(0) [ 9(y+) duss(y,b),
where
dus(y,b) = (270) 2|y| e WFIE/2 dyol oy (y) db.

The weighted normal-bundle measure y3 is locally finite, and y and b are bounded on compact
sets of outputs y + b because y L b. The denominator of S, p;(x) is positive for all sufficiently
small ~y. With the weighted bracket

J £y, b)x(ly +bl) du1z(y, b)
fx|y+b|)du13(y,b) '

<f>7(/ﬂ13 -

we have

lim S =442 b; x b:|? > 4.
710 ”YPS(X) <;| L ]| >X/V13

The constants in these comparisons may depend on the fixed priors, the bounds on the covariances,
the smoothing, and the test, but not on 7.
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The factor |y|* in y13 comes from the normalization of the four-dimensional condi-
tional Gaussian. The weighted volume element (27t) ~2|y|* dvol v (y) db is homogeneous
of degree 13 = 5 + 4 + 4 under dilations: five from the volume of the cone, four from
the normal fibers, and four from the factor |y|*. The remaining factor of p13 is e~<2,
where Q> (y,b) = |y|?|b|?/2 is homogeneous of degree four. The degree 13, compared
with the degree 9 of Lebesgue measure on R, produces the constant 4. Without the
normalization of the conditional Gaussians, both the mixture and the value would change.
The conclusions concern only these specified priors and covariances.

Proof. We write € = r,. Each numerator is the observable of the bounded compactly
supported function W,,.

The Abelian Maxwell measure with Haar cycle holonomies. We condition on the
smoothed Abelian field and on the color direction u € S? of the embedded subgroup.
The circulations of the field translate the three independent uniformly distributed phases
in (R/47Z)3, and conditionally the cycle phases are still independent and uniformly
distributed. In a small neighborhood of the identity their logarithms have the form
(x1u, xou, x3u), with density (471) ~3d°x. For radial tests, a further common conjugation
does not change the integrals. The triple commutes, and Q = 0 on it. Once the compact
support lies in the logarithmic chart, the denominator is exactly

(477) 73 /R3X(|x|)dx > 0.

The divergence of xx(|x|) on R® has integral zero, which gives [|x|x'(|x])dx =
—3 [ x(]x|) dx. The dilation statistic therefore equals —9 + 3 = —6 for every sufficiently
small .

Gaussian holonomies with independent Haar factors. By Lemma 35.17, the triple
has the law of three independent Haar distributed matrices for every . We write H =
cos(|x|/2)I +2sin(|x|/2)(x/|x|)*t,. The Haar probability is the normalized volume of S?,
and its polar factor sin?(|x|/2)d(|x|/2)/(271?) gives dH(e¥) = (16712) "1 sinc?(|x|/2) d°x,
as in (4.2). For every bounded test ¢ supported in {|Y| < R}, we obtain

EpZ,, = 69(167t2)_3{/ P(Y) Y + Or ([[9]le?) }.

The denominator has a positive limiting coefficient. In R? the divergence of Yx(|Y|) has
integral zero, thatis, [(9x(|Y]) +|Y|x'(|Y|))dY = 0. The limit of the statistic is therefore
4 [ Qx/ [ x. To see that it is strictly positive, take a radius at which x > 0 and, at that
radius, a triple with two nonzero orthogonal components. Then Q > 0 there, and a
neighborhood of this point has positive measure, x > 0, and Q > 0.
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Gaussian holonomies with Gaussian constant modes. At the observation time + = 012,
let G;(x) = (Sta)i(x)/ /7 be the smoothed field divided by /7, and consider the real
process

Zyiv = (v,Gi(x)), (x,i,0) € T =T% x {1,2,3} x S°.

The index set 7 is nonempty, compact, and metrizable, and the process is centered
Gaussian since the smoothing is fixed and linear. By the hypotheses of Definition 4.13
and Lemma 35.17, there exists a separable realization with almost surely continuous paths
on 7, and 02 = SUp, ;o IEZ?M-IU < oo. These are the hypotheses of Lemma 35.16, which
allows degenerate covariances; that lemma is the Borell-TIS inequality in the formulation
of Adler and Taylor [3, Theorem 2.1.1]. It provides a measurable, almost surely finite,

and integrable supremum

Z, =sup Zy ;, = maxsup|G;(x)], my, = EZ, < oo,
T iox

where the equality follows by taking the supremum over all unit vectors v. The law of
G, and hence m. and Uf, do not depend on v, since the field has covariance yC and the
covariance and the smoothing are fixed. When ¢? > 0, the same lemma implies that

P{Z, —m, >u} <e /@) (4>0). (36.44)

The group distance of the transport along a path from the identity is at most the
integral of the norm of its generator. This follows by partitioning the path, using the
triangle inequality for the bi-invariant metric, and passing to the limit in the transport
equation. Since each coordinate cycle has length L, we obtain

(ch(hu)z)l/2 < V3L\FZ..

Since Z, is almost surely finite and its law does not depend on 1, all three holonomies
lie in the logarithmic chart with probability tending to one. There the rescaled logarithm
has norm at most v/3LeZ,, which tends to zero in probability. Quantitatively, fix § > 0
and suppose that Uf > (0. For small v we have V3Lem, < 6/2, and the ball of radius
de about the identity, for the product of the group distances, lies in V. By the transport
bound and (36.44), we have

(6/(\/3Le) — m,)? }

202

2
<ew{ i)

with constants depending only on J, L, the covariance, and the smoothing. If 02 = 0,
Lemma 35.16 shows that the continuous process vanishes almost surely, and then G = 0

P{H ¢ Vor(HEeYV, |LogH|/e >5)} < exp{—
(36.45)
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and H = (I, I,I) almost surely. Since the two tests are bounded and continuous at zero,
we obtain

EpsZy (1) — x(0) >0, Ep,Z,w, — Wy (0) = —9x(0);

to see this, we split each expectation according to whether the rescaled logarithm has
norm at most J, use continuity at zero on this event, and bound the expectation on its
complement by twice the supremum of the test times its probability. This gives the value
—9 without any statement about densities of the nonlinear cycle logarithms.

The mixture over the cone of commuting triples. Here Ps is the law of the vector
X =y +b € R’ and the statistic uses Z°°°™, Fix { > 0 with {|X| < {} C LogV. For a
bounded test i supported in {|Y| < R} and Re < ¢, we have the identity on all of R’

I (X) = p(X/e). (36.46)

Indeed, if the right side is nonzero, then |X| < Re < ¢ and the indicator equals one;
if it is zero, both sides vanish. This applies to ¢ = x(|-|) and ¢y = W, simultaneously,
with one bound on the supports. The observables therefore agree with the expectations
computed below, even though the conditional Gaussians have unbounded support.

We record the geometry and the normalization. Away from the tip, we write y; = d;u
and s = |¢| = |y| > 0; in this proof and in Remark 36.20, s denotes this radius, not a
transverse coordinate. For variations of ¢ and u, the induced metric is |d#|? + s?|du/|?,
since u - du = 0, and the parametrization is two-to-one under the simultaneous change of
sign. The volume of the cone is therefore

dvoly (y) = %54 dsdw du, w=19/se8 ues? (36.47)

which is homogeneous of degree five and gives zero volume to the tip. The normal space
Ny has dimension four, and (y,b) = }; %; u - b; = 0, which gives

ly +b> = |y|> + |b]?. (36.48)

The computation proving (36.14), applied with a = ¢/s, gives
1 1
Qly+b) = Qaly,b) +5 1 b x bl*,  Qaly,b) = 5lyI*[bI* (36.49)
i<j

These are identities on the normal bundle; they do not require uniqueness of the decom-
position X =y + b.
The conditional density in the fiber Ny, is

(2mry) 2 detX(yo) /2 exp{—b{Z(yo) 'bo/ (27)} dby.
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We set o = ey, bp = €b, and Ce(y) = €*Z(ey), using that the normal spaces are constant
along rays. Then dvol(y) = € dvol(y) and dby = €*db, and since v = €* we obtain the
exact formula

e SEpp(X/€) = [ ply-+b)aley)(2m) 2 det Cely) /2t 2 avol i (y) db,
(36.50)
where the prior is set to zero outside its neighborhood; on a compact set of outputs,
this neighborhood eventually contains every ey that occurs. By the assumptions on the
covariance, we have, uniformly in the angular directions and for y # 0,

Ce(y) — yI7I,  cly| ™I < Ce(y) < Cly|°I.

Hence the normalized Gaussian density in (36.50) tends to (277) 2|y|*e~2¥?) and is
bounded by C|y|*. If ¢ is supported in the ball of radius R, then (36.48) bounds both |y|
and |b| by R. The continuity of « at the tip bounds «(ey) there and gives the limit «(0).
The dominating integral is finite, since by (36.47) its radial factor near zero is s® ds, and
each fiber is restricted to a bounded ball in four dimensions. In finitely many angular
trivializations of the normal bundle, or with the intrinsic Gaussian density on each fiber,
the dominated convergence theorem applies. Then (36.50) gives the claimed limit with
the normalization (271) 2 of i13.

For ¥ = ¥y, the explicit formula (4.12) gives Zg(y) = |y| 2I + Og(1) uniformly in the
angular directions: the term m = 0 of each d; equals e~ 20191 9| =2, since R;(0,®) = 1, and
the sum of the terms with m # 0 is bounded for small |#|, since then A, > c|m|* and
|R;| < 1. After a fixed reduction of the neighborhood carrying the prior, this implies
both bounds on the covariance and the relative limit, and Theorem 33.11 shows that X is
positive definite and measurable there.

By the same domination and (36.48), 13 is locally finite as a measure of the output y +
b. Its integral against x(|y + b|) is finite and strictly positive, for instance by considering
an open set of the bundle with |y| > 0 and output radius in an interval on which x > 0.
By (36.46), the denominator of the statistic satisfies

En i) (X) ~ €a(0) [ x(ly + b)) dyaa > 0.

Under the dilation (y, b) — (Ay, Ab), the measure dvol g db is homogeneous of degree
5+4 = 9, the factor |y|* of degree four, and Q; of degree four. Changing variables in the
compactly supported integral of x(A|y + b|) and differentiating at A = 1, we obtain

/{(4Qz —13)x(p) —px'(0)}du1a =0,  p=|y+bl. (36.51)

The differentiation is justified on a common compact set of outputs by (36.48), with the
integrable radial bound Cs® ds. This change of variables includes the tip of the cone and
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needs no boundary term there. We apply the limit of the rescaled expectations to W, and
x(|]), using (36.46), and divide by the positive limit of the denominators. Combining
(36.49) and (36.51), we find

[ Eicilbi x bj2x(0) dpas
Iim S =4+2 .
Ty Svps () [ x(p) dp1s

The second term is strictly positive. To see this, take ¢ in the third coordinate direction, a
tixed color direction u, linearly independent by, b, € ul,and b3 = 0. Then b € Ny and
b1 x by # 0. Scaling y and b together, we place the output radius in an interval on which
X > 0. A neighborhood of this point in the bundle has positive measure, and on it y > 0
and the polynomial }-;;[b; X bj]2 is positive. This proves the strict inequality. O

Remark 36.20. With the normalization of y3 in Theorem 36.19,

87 13 4
pizlly +b <p} = a7’ [1+0(p")] (p10).

Indeed, on the ball {|y +b| < p} we have 0 < Q, < p*/8 by (36.48), and e~ = 1+ O(p*)
uniformly there. The angular integral in (36.47) is (477)2/2 = 872, and the ball of radius
(0> — §%)1/2 in the four-dimensional fiber has volume (7r%/2)(p? — s?)?. Hence

pis{ly + bl < py = 7 [0 )2 ds [1+O(o)]

_ 213 1_3 l 4 _ﬁ 13 4

This formula is not used elsewhere.

36.10 The main result on central holonomies
We conclude by deducing Theorem 2.11 from the results of this section.

Proof of Theorem 2.11. Fix L > 0, an odd integer M > 3, an integer n divisible by four,
and 6 > 0. By Theorem 2.3 (part 5), proved in Theorem 29.28, the measure A, = A ., 1,1,
depends only on L, v, and the class [n]y. We choose | and the remaining parameters
as in Corollary 29.26 and Definition 34.1, so that amap\/E < 32/49, and take n, = n
and a comparison side nB“ satisfying the lower bounds of Definition 36.1. Then A, is
the continuum measure of the sequence (1BX)g>0, and the results of this section apply
with this comparison side in place of n; all choices depend only on L, M, n, and 6. The
observable 7, , of Theorem 2.11 is the observable of Definition 36.1, with the extension
by zero outside the fixed neighborhood V of the identity. With p = |X|/r,, the statistic
of part (3) of Theorem 2.11 is the dilation statistic S, A, (x)-



36 Quartic asymptotics near central holonomies §36.10 264

Part (1) of Theorem 2.11 is the ratio limit and the two-sided bound of Theorem 36.7.
Parts (2) and (3) are the rates of Theorem 36.10, for invariant Lipschitz tests supported
in the ball of radius R and for the dilation statistic. Part (4) follows from Theorem 36.12,
with V chosen invariant under simultaneous conjugation: at each fixed <y the expectations
near the eight central triples are equal, and hence parts (1)—(3) hold near each of them
with the same constants. In all these results, the continuum limit is taken first, at fixed v,
and then ¢y — 0. The constants depend on L, M, n, 6, and the test functions, but not on
. The further statements after Theorem 2.11 are Theorems 36.15, 36.18, and 36.19. O
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