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abstract

We consider the Wilson lattice gauge measure for SU(2) on a periodic three-
dimensional torus of fixed size, with bare coupling g2 = g2

3a proportional to the
lattice spacing a, as dictated by the superrenormalizability of three-dimensional
Yang–Mills theory. Observables are Wilson loops of the lattice configuration
evolved by the Wilson flow, the lattice gradient flow of the Wilson action, at
positive flow time. We prove that, at every fixed value of the coupling, the joint
laws of finitely many flowed Wilson loops converge as the lattice spacing tends
to zero along the sequences of lattice sides nMk, for fixed odd M ≥ 3 and fixed
positive n divisible by four. For each such refinement class, the limits are realized
by a unique probability measure on the space of gauge orbits of Yang–Mills
heat-flow trajectories at positive times, a version of the state space introduced
by Cao and Chatterjee. At each fixed positive time, the energies of the selected
trajectories πk(U), with U distributed under the lattice Wilson measures, are tight
uniformly in the lattice spacing. The limiting measure is invariant under the lattice
symmetries and the center symmetries. We also show that, at short distances, the
rescaled deficits (1−W)/(g2

3ε) of the normalized fundamental Wilson loops W of
loops x + εℓ, flowed for time σε2 with fixed σ > 0, converge to explicit quadratic
functions of the heat-smoothed Gaussian free field. As the coupling tends to zero,
the measure concentrates on flat connections, with Gaussian fluctuations of explicit
covariance near regular commuting holonomies and fluctuations governed by the
constant-mode quartic form near the central holonomies. The proof is a multiscale
renormalization group analysis in the tradition of Bałaban, carried out on a small-
field event whose complement we show to have small probability, uniformly in the
lattice spacing, using reflection positivity and chessboard estimates. It is combined
with stochastic estimates for the lattice heat flow and a deterministic analysis of
the Wilson flow for rough initial data.
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part x

Gaussian short-distance limits



section 31

Reconstruction estimates and divergence-free
currents

This section and Section 32 prove the short-distance theorem, Theorem 2.8. We study the
heat-smoothed circulations defined in Definition 31.1: circulations, around small lattice
loops of size ε, of the linear heat evolution of the reconstructed fine field, divided by√

g2
3ε. They are linear in the link logarithms of one fixed gauge representative; flowed

Wilson loops are compared with them in Lemma 32.11.
The main result of this section is an exact decomposition of the heat-smoothed circu-

lation IK,s under the conditioned Wilson measure, proved in Lemma 31.8:

IK,s = Ts +
K−s

∑
j=1

Γj(θ̂j−1)(wj − w̄j) + NK,s.

Here Ts is the contribution of the coarse field on the lattice of side ns; the j-th summand
is linear in the centered normalized fluctuation variables of the j-th RG step, so that
the sum is a martingale; and NK,s collects conditional means and nonlinear terms. For
a ≤ ε ≤ ε0(s) and η = g2

3ε, we show that

|Ts|+ E|NK,s| ≤
Cr

g3Hs

√
ε + Cg3Ds

√
ε + C

√
η [1 + log(1/η)]2,

uniformly in the number K of RG steps, where Hs = L/ns is the coarse mesh and Ds

is bounded uniformly in s. Theorem 31.6 identifies the covariance of the martingale
increments at the zero field:

K−s

∑
j=1

Γj(0)Γj(0)T = Ca,ε,L ⊗ I3 − Cret
s,a,ε.

In the linearized Gaussian theory, Ca,ε,L ⊗ I3 is the covariance of the circulation of the
lattice Maxwell Gaussian field, and Cret

s,a,ε is the covariance of its conditional expectation
given the linearized coarse field. As a → 0 and then ε → 0, with s fixed, the right side
converges to Σ⊗ I3, where Σ is the covariance in (2.6). Section 32 uses these facts to show
that the martingale is asymptotically Gaussian.

2



31 Reconstruction estimates and divergence-free currents 3

The normalization by
√

g2
3ε comes from the Gaussian Maxwell field. If A has co-

variance g2
3(−∆)−1 in three dimensions, then eσε2∆ A has typical size g3ε−1/2, and its

circulation around a loop of length of order ε has typical size g3
√

ε =
√

η.
Two ideas enter the proof of the decomposition. The first concerns the zero-fluctuation

reconstruction, in which every fluctuation variable is set to zero. Let L̂i be the linearization
at the zero field of the i-th zero-fluctuation reconstruction map; it takes link logarithms
on the lattice of mesh ai−1 to link logarithms on the lattice of mesh ai. Each L̂i is a
constrained minimization of the Maxwell quadratic form. By Theorem 31.3, a product of
them agrees, up to a periodic gradient, with a single constrained minimization over all
the averaging steps at once:

a−1 L̂k · · · L̂j+1v = a−1
j Ea

j v + da f j(v).

The circulation around a closed lattice loop annihilates the gradient exactly, and Ea
j

obeys bounds that do not depend on k− j. The nonlinear Taylor remainders R̂i of the
reconstruction maps are inserted at their own scale and then propagated to the fine lattice
by the linearizations:

mesh aj
P̂i−1◦···◦P̂j+1−−−−−−−−→ mesh ai−1

R̂i−−→ mesh ai
L̂k···L̂i+1−−−−−→ mesh a.

Converting link logarithms at mesh ai into a potential at the scale aj introduces the
factor aj/ai = Bi−j. Since R̂i vanishes to second order, every monomial contains at least
two inputs, each carrying a contraction factor α∗ for every preceding step. For i− 1− j
preceding steps, the physical rescaling is therefore controlled by

aj

ai
α

2(i−1−j)+1
∗ = C∗ (Bα2

∗)
i−1−j, Bα2

∗ ≤ 1
4 .

The propagated remainders are therefore summable. The result is an analytic field Ê a
j on

the fine lattice with the same circulations as the reconstruction, whose coefficients are
bounded uniformly in the number of steps; we need no such bound for the composed
gauge representative itself.

The second idea concerns conditional means. The conditional law of the fluctuation
variables is interacting. Using its density, the local covariance estimates of Section 13,
and global color-rotation symmetry, we show that the conditional means of the nonlinear
terms are of order t2

j times the size of the coarse field. Their conditional variances are
bounded independently of the number of fluctuation variables.

We keep four kinds of variables apart. The link logarithms θ̂j on the lattice of mesh
aj are dimensionless; the potentials θ̂j/aj are in physical units; the normalized fluctu-
ation variables wj are distributed according to the conditional fluctuation kernel k j of
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Theorem 31.5, which is supported on a product of balls; and independent standard
Gaussian coordinates occur only in the linearized calculation of Theorem 31.6. All cir-
culations are computed for the same gauge representative and with the componentwise
heat semigroup.

The inputs come from Sections 4, 8, 10 to 13, 15, 16, and 23. Section 31.1 fixes notation.
Section 31.2 defines the circulations and computes their covariance under the lattice
Maxwell Gaussian field. Section 31.3 compares linearized reconstructions and controls
the nonlinear remainders. Section 31.4 estimates the coefficients and the conditional
means. Section 31.5 proves the covariance identity, Section 31.6 proves the decomposition
and sums over scales, and Section 31.7 records that all estimates hold at every fixed
positive coupling. All results are used in Section 32.

31.1 Setting and conventions

Fix L > 0, an odd integer M ≥ 3, and an upper bound Γ > 0 on the dimensionless
coupling. Let J, B = MJ , the parameter tuple Θ, the reconstruction maps, and the
minimal coarse side nΓ be as in Theorem 23.5; they are chosen before the coupling. Fix
0 < γ ≤ Γ and set g2

3 = γ/L. Fix n∗ ∈ 4N and the sequence of lattice sides NK = n∗BK.
For a coarse index s ≥ 0 with ns ≥ nΓ and for K ≥ s, set

ns = n∗Bs, Hs = L/ns, k = K− s,

aj = HsB−j (0 ≤ j ≤ k), a = ak = L/NK,

dj = J(k− j), gj = g3
√

aj, λB = M(J−1)/2, tj = λBgj, pj = Aw log(1/tj).

Here aj is the mesh of the lattice reached after j RG steps of the reconstruction, starting
from the coarse lattice of side ns. The integer dj is the number of averaging steps between
the fine lattice and the lattice of mesh aj; it determines the effective classical action used
at that scale. In the notation of Section 26, dj is the depth dj, not the increment xj − xj−1
of the heat path. The number tj is the largest coupling among the J intermediate scales
of the j-th RG step, and pj is the fluctuation cutoff radius, with the amplitude Aw fixed
in Θ. The couplings gj,ℓ of the intermediate scales satisfy gj,ℓ ≤ tj, and the ratios gj,ℓ/tj
depend only on M and J.

Let νK,s = νNK ,ns,γ = µNK ,γ( · | SNK ,ns,γ) be the conditioned Wilson measure. We use
the joint realization of Remark 15.11, whose fine-configuration marginal is νK,s. The
reconstruction and the fine configuration have the same joint gauge-invariant observables
there. The coarse field θ̂0 is the array of link logarithms, on the lattice of side ns, of the
chosen representative of the coarse configuration; it satisfies ∥θ̂0∥∞ ≤ r. For 1 ≤ j ≤ k,

θ̂j = Φ̂j(θ̂j−1, gj,·wj),
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where Φ̂j is the reconstruction map of Theorem 15.13 for the j-th RG step, at the classical
recursion index dj, the wj = (wj,ℓ)ℓ are the normalized fluctuation variables of that step,
and gj,·wj is the vector with components gj,ℓwj,ℓ. By Definition 4.9, the heat-smoothed
circulation is IK,s = Ia(θ̂k), with Ia as in Definition 31.1 below. We write

Fj = σ(θ̂0, w1, . . . , wj), w̄j = E[wj | Fj−1], bj = ∥θ̂j∥∞.

The zero-fluctuation reconstruction maps and their linear and nonlinear parts are

P̂j(v) = Φ̂j(v, 0), L̂j = DP̂j(0), R̂j(v) = P̂j(v)− L̂jv,

and for i ≥ j we set Π̂i←j = P̂i ◦ · · · ◦ P̂j+1, which is the identity if i = j. For 1 ≤ j ≤ k, a
field θ on the lattice of mesh aj−1, and fluctuation variables w of the j-th step, define

Gj(θ, w) = Ia
(
Π̂k←jΦ̂j(θ, gj,·w)

)
, Γj(θ) = DwGj(θ, 0), ωj = min{aj/ε,

√
ε/aj},

Rcur
j = Gj(θ̂j−1, wj)− Gj(θ̂j−1, 0)− Γj(θ̂j−1)wj.

The matrix Γj(θ̂j−1) is Fj−1-measurable, and the circulation Taylor remainder Rcur
j is the

nonlinear part of the change in the circulation caused by the fluctuations of the j-th step.

Coefficient norms. We use the norms of Definition 4.6. For a matrix T = (Teu) from link
variables on a lattice of mesh h to link variables on a lattice of mesh a′, the row norm
is supe ∑u |Teu| and the volume-normalized column norm is supu(a′3/h3)∑e |Teu|; we
write ∥T∥row+col for the larger of the two. For a tensor of higher degree, a column sum
fixes one input index, called the distinguished input, sums over all outputs and all other
inputs, and carries the same volume factor. Every coefficient is weighted by easpt, where t
is the length of a shortest connected network, with internal vertices allowed, joining the
locations of its indices. Write

F(v) = ∑
m≥1

Tm[v⊗m], Tm =
DmF(0)

m!
, ϕ(z) = ∑

m≥1
fmzm, fm ≥ 0.

We write F ≺ ϕ if, for every m ≥ 1, the row norm of Tm and each volume-normalized
column norm of Tm with any one input slot distinguished are at most fm. Differentiating
marks an input once: the degree-(m− 1) tensor of DF is mTm = DmF(0)/(m− 1)!, and
is bounded by the corresponding coefficient m fm of ϕ′. These bounds on absolute values
of coefficients are stronger than bounds on the values of F, and they allow compositions
of arbitrary length below.

Parameters and constants. By Lemma 15.16 and Theorem 23.5, there exists a constant
C∗ bounding the first derivative of the zero-fluctuation reconstruction maps, fixed before
J is chosen, such that

α∗ = C∗/B < 1, q = Bα2
∗ = C2

∗/B ≤ 1
4 .
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Further, there exist a constant β J and radii reff and r, chosen in this order, with

β Jreff

1− α∗
<

1
8

, r <
reff

4
,

such that all reconstructed fields θ̂j and all their zero-fluctuation continuations lie in
the ball {v : ∥v∥∞ ≤ reff}, on which the bounds of Lemma 15.16 hold; we call it the
reconstruction domain. The deterministic coefficient bounds below hold on this domain.
The conditional fluctuation kernels, and all statements about their expectations, concern
coarse fields θ with eθ ∈ Br, the small-link domain of Definition 4.4, together with the
product-domain and support conditions of Theorem 13.8. On the support of νK,s these
conditions hold at every step: the coarse configurations of all RG steps lie in Dr, and
the thresholds in Theorem 15.13 keep the images of the reconstruction maps inside Br,
so that eθ̂j ∈ Br for 0 ≤ j ≤ k. We write Eq for the bound, fixed in Θ, on the weighted
analytic norm of the input effective interaction, which is produced by the integrations at
finer scales.

Unless stated otherwise, C and c denote positive constants that may depend on L, γ,
M, J, Θ, n∗, the analytic domains of Theorem 23.5, the loops, and σ; this is the dependence
described in item (5) of Definition 4.14. They do not depend on K, j, dj, the point x, the
lattice offset (defined below), or the coarse field. We say explicitly when a constant does
not depend on s; otherwise it may depend on s through Hs and ns. All estimates are on
the periodic torus. In the limit statements γ > 0 and s are fixed, the number of steps K
tends to infinity first, ε ↓ 0 second, and no rate uniform as γ ↓ 0 is claimed.

31.2 Divergence-free currents and the Maxwell covariance

We define the circulations and the limiting covariance Σ, compute the covariance of the
circulation of the lattice Maxwell Gaussian field, and show that it converges to Σ when
the lattice spacing and then the loop size tend to zero.

Definition 31.1. Fix σ > 0 and finitely many smooth closed loops ℓi : [0, 1] → R3,
1 ≤ i ≤ m. For ε > 0 put η = g2

3ε, and for p ∈ R3 define

Ĵi(p) =
∫ 1

0
ℓ̇i(v)e−ip·ℓi(v) dv, Σih =

1
(2π)3

∫
R3

e−2σ|p|2

|p|2 Ĵi(p) · Ĵh(p) dp.

Let G = (Gc
i )1≤i≤m, 1≤c≤3 be a centered Gaussian vector with covariance Σ ⊗ I3, write

Gi = (G1
i , G2

i , G3
i ), and set Zi = |Gi|2/8. In Theorem 2.8 and Section 32 this vector is

denoted C, and (Zi)i is denoted ZG.
For a lattice mesh a = L/N ≤ ε and x ∈ T3

L, let ℓi,ε,a,x be a closed oriented lattice cycle
approximating the loop x + εℓi in T3

L, such that its physical length and diameter are at
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most Cℓε, it has zero winding when ε ≤ εloop, and there is a based homotopy between it
and x + εℓi whose swept area, counted with multiplicity, is at most Cℓεa. The constants Cℓ

and εloop depend only on the loops; they are uniform in x and in the choice of rounding
of the loop to the lattice, which we call the lattice offset. For a link potential A on the
lattice of mesh a, in physical units, set

(Ca,ε,x A)c
i =

a
√

η ∑
e∈ℓi,ε,a,x

sgn(e) (Pa
σε2 A)c

dir(e)(xpositive(e)), Ia(v) = Ca,ε,x(v/a),

for 1 ≤ i ≤ m and 1 ≤ c ≤ 3. Here Pa
t = et∆a is the lattice heat semigroup, acting

componentwise; dir(e) is the coordinate direction of e; xpositive(e) is the starting vertex
of the positively oriented link underlying e; and sgn(e) = −1 if e is traversed against its
positive orientation, so that a reversed link contributes minus the value on its positive
orientation. The coefficient array e 7→ a sgn(e) is a divergence-free lattice current, since
the cycle is closed. We call Ca,ε,x A the heat-smoothed circulation of A, and Ia(v) that of
the link logarithms v.

Finally, for k ∈ (2π/L)Z3 (a frequency) set

Ji,ε,a,x(k) = a ∑
e∈ℓi,ε,a,x

sgn(e) edir(e) e−ik·xpositive(e), λa(k) = 4a−2
3

∑
r=1

sin2(akr/2),

Ca,ε,L
ih =

1
εL3 ∑

k ̸=0

e−2σε2λa(k)

λa(k)
Ji,ε,a,x(k) · Jh,ε,a,x(k),

where k ranges over representatives of (2π/L)Z3 modulo (2π/a)Z3 with |akr| ≤ π, and

Cε,L
ih =

( ε

L

)3
∑

k∈(2π/L)Z3\{0}

e−2σ|εk|2

|εk|2 Ĵi(εk) · Ĵh(εk).

The matrix Σ is the covariance of heat-smoothed circulations of a massless transverse
field on R3: before smoothing, the Fourier covariance of that field is |p|−2(I − ppT/|p|2)
in each of three independent colors, and the transverse projection drops out against Ĵi
because p · Ĵi(p) = 0.

Lemma 31.2. In the notation of Definition 31.1, the following statements hold.

1. We have p · Ĵi(p) = 0 and | Ĵi(p)| ≤ Cℓ min{|p|, 1}. The integral defining Σ converges, and
Σ is a real symmetric positive semidefinite matrix; it may be singular.

2. For v1, . . . , vm ≥ 0, with V = diag(vi),

Ee−∑i viZi = det
(

I + 1
4 Σ1/2VΣ1/2)−3/2,

EZi =
3
8 Σii, Cov(Zi, Zh) =

3
32 Σ2

ih.
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3. The functional Ca,ε,x vanishes on every periodic lattice gradient. If ε ≤ εloop, it also vanishes
on every constant field. For the initial potential AK,s = a−1

NK
θ̂K−s of Definition 4.9, we have

IK,s = IaNK
(θ̂K−s).

4. Let ε ≤ εloop, and let A be the physical Maxwell Gaussian field on the lattice of mesh a, in
three independent colors: the centered Gaussian field on link potentials modulo gradients and
constants whose density is proportional to exp(−∥dθ∥2

ℓ2/(2g2
3a)), where θ = aA and d is

the dimensionless plaquette coboundary. Equivalently, its covariance operator for the physical
scalar product

⟨u, v⟩a = a3 ∑
e

ue · ve

is g2
3(−∆a)+Ptr,a, where Ptr,a is the projection onto lattice divergence-free fields and (−∆a)+

is the inverse of −∆a on fields with zero mean. Then E[(Ca,ε,x A)c
i (Ca,ε,x A)c′

h ] = δcc′C
a,ε,L
ih .

The longitudinal part of the covariance drops out by the exact closedness of the cycles, before
any limit is taken.

5. For each fixed ε ∈ (0, εloop], Ca,ε,L → Cε,L as a ↓ 0, uniformly in x and the lattice offset.
Further, Cε,L → Σ as ε ↓ 0.

The constants in these statements depend only on the loops, L, σ, Cℓ, and εloop. The covariances
Ca,ε,L, Cε,L, and Σ do not depend on g3.

Proof. We verify the statements in order.

Step 1: the continuum current. Let li =
∫ 1

0 |ℓ̇i(v)| dv, and let yi be a point on the i-th
loop. Integrating the derivative of v 7→ e−ip·ℓi(v) over the closed loop, we find p · Ĵi(p) = 0.
Since

∫ 1
0 ℓ̇i = 0, we also have

Ĵi(p) =
∫ 1

0
ℓ̇i(v)

[
e−ip·ℓi(v) − e−ip·yi

]
dv, | Ĵi(p)| ≤ li min{2, |p|diam ℓi}.

The integrand defining Σ is therefore bounded near zero and bounded by C|p|−2e−2σ|p|2

for |p| ≥ 1; both bounds are integrable in three dimensions. For real numbers ui, the
quadratic form of Σ is

(2π)−3
∫

R3

e−2σ|p|2

|p|2
∣∣∣∑

i
ui Ĵi(p)

∣∣∣2 dp ≥ 0.

The substitution p 7→ −p, together with Ĵi(−p) = Ĵi(p), shows that the entries are real,
and interchanging i and h shows that Σ is symmetric.

Step 2: the Gaussian comparison vector. Let Z1, Z2, Z3 be independent standard Gaus-
sian vectors in Rm and set Gc = Σ1/2Zc; this constructs G also when Σ is singular. Then
∑i viZi = (1/8)∑c(Zc)TΣ1/2VΣ1/2Zc. Diagonalizing the positive semidefinite matrix
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Σ1/2VΣ1/2 by an orthogonal matrix reduces the Laplace transform to a product, over its
eigenvalues λ and the three colors, of

(2π)−1/2
∫

R
e−(1+λ/4)z2/2 dz = (1 + λ/4)−1/2,

which gives the determinant formula. For a centered Gaussian pair (X, Y) we have
E(X2Y2) = EX2 EY2 + 2(EXY)2; this is Isserlis’ formula [112]. Applying it to the coordi-
nates of G, we obtain EZi = (3/8)Σii and Cov(Zi, Zh) = (1/64)∑c 2Σ2

ih = (3/32)Σ2
ih.

Step 3: gradients and constants. For a vertex function f , let da f be the field whose
value on the positive link from y to y + aer is ( f (y + aer)− f (y))/a. The heat semigroup
commutes with da, since the lattice Laplacian is a sum of translations, which commute.
The oriented sum of a(Pa

t da f )dir(e)(xpositive(e)) around the lattice cycle telescopes to zero.
The heat semigroup fixes constant fields, and the sum of the oriented displacement vectors
a sgn(e)edir(e) vanishes for a cycle of zero winding; hence the current also annihilates
constants. Both assertions use the convention that a reversed link is evaluated on its
positive orientation, at the starting vertex of that positive link. The identity IK,s =

IaNK
(θ̂K−s) is the substitution A = a−1

NK
θ̂K−s in Definition 4.9; the gauge representative is

not changed.

Step 4: the lattice covariance. We take the representatives k with |akr| ≤ π and define

dr(k) = a−1(eiakr − 1), so that λa(k) = ∑
r
|dr(k)|2.

The Fourier transform of the boundary of the cycle is zero, which is the identity

∑
r

dr(k) Ji,ε,a,x,r(k) = 0 (31.1)

at every frequency, with repeated links counted with multiplicity. Indeed, the left side
equals ∑e sgn(e)(e−ik·y+(e)− e−ik·y−(e)), where y±(e) are the endpoints of the positive link
underlying e, and this sum telescopes around the closed cycle. At k = 0, zero winding
implies Ji(0) = 0. On each nonzero frequency, the algebraic identity

∑
r<q
|dr Aq − dq Ar|2 = λa|A|2 −

∣∣∣∑
r

dr Ar

∣∣∣2
identifies the inverse of the Maxwell quadratic form, restricted to transverse fields, as
λ−1

a Ptr,a. This normalization agrees with the Wilson normalization of Theorem 8.3: writing
θ = aA, the quadratic exponent is

∥dθ∥2
ℓ2

2g2
3a

=
a3

2g2
3

∑
y

∑
r<q
|(da A)rq(y)|2,
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where d on the left is dimensionless and da on the right is in physical units. With Â(k) =
a3 ∑y e−ik·y A(y), the covariance of the Fourier coefficients is g2

3L31k′=−kλa(k)−1Ptr,a(k).

Pairing twice with the cycle, applying the two heat factors e−σε2λa(k), and dividing by η,
we obtain the covariance

g2
3

ηL3 ∑
k ̸=0

e−2σε2λa(k)

λa(k)
Ji(k) · Jh(k),

in each color separately. Here (31.1) removed the projection Ptr,a. Since g2
3/η = 1/ε, this

is the formula for Ca,ε,L.

Step 5: the limit a ↓ 0. We lift the small cycle and the loop x + εℓi to a ball of diameter Cε

in R3. For a C1 one-form f , replacing its integral over each oriented link by the value at
the starting vertex of the positive link changes the integral by at most a2∥D f ∥∞/2 per link;
summing over at most Cℓε/a links gives an error at most Cεa∥D f ∥∞. For a piecewise
smooth based homotopy H(u, v) between the polygon and the loop, differentiating∫

f (H)∂vH dv in u and integrating by parts in v gives∮
polygon

f −
∮

x+εℓi

f =
∫ 1

0

∫ 1

0
d f (H)(∂uH, ∂vH) du dv.

The endpoint terms cancel because the paths are closed and the homotopy is based;
for a piecewise smooth homotopy the formula holds piece by piece, and the internal
boundaries cancel. The swept area bounds this difference by Cεa∥d f ∥∞. Applying both
estimates to f (y) = e−ik·ydyr, and using

∮
x+εℓi

e−ik·ydy = εe−ik·x Ĵi(εk), we obtain for each
fixed ε and k ∣∣Ji,ε,a,x(k)− εe−ik·x Ĵi(εk)

∣∣ ≤ Cεa|k|, (31.2)

uniformly in x and the lattice offset; a rounding of the common base point is included in
the same estimate. Subtracting from each exponential in the definition of Ji its value at
one vertex of the cycle, which is allowed since Ji(0) = 0, and using the bounds on length
and diameter, we find

|Ji(k)| ≤ Cε min{1, ε|k|}, 4
π2 |k|

2 ≤ λa(k) ≤ |k|2. (31.3)

The second assertion follows in each coordinate from 2|u|/π ≤ | sin u| ≤ |u| for |u| ≤
π/2. For fixed ε > 0, we extend the summand defining Ca,ε,L by zero outside the chosen
representatives. By (31.3) its absolute value is bounded by a summable Gaussian function
of k on the fixed reciprocal lattice (2π/L)Z3, uniformly in a, x, and the offset. Given a
tolerance, we first truncate this Gaussian tail. On the finitely many remaining frequencies,
(31.2) and λa(k)→ |k|2 give uniform convergence. Substituting Ji(k) = εe−ik·x Ĵi(εk), the
two translation phases cancel and the prefactor becomes ε2/(εL3|k|2) = (ε/L)3|εk|−2.
This proves Ca,ε,L → Cε,L.
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Step 6: the limit ε ↓ 0. Let δ = 2πε/L and, for p ̸= 0, define

fih(p) =
e−2σ|p|2

|p|2 Ĵi(p) · Ĵh(p).

By Step 1, fih is bounded near zero, smooth away from zero, and has a Gaussian tail. We
have Cε,L

ih = (2π)−3δ3 ∑v∈Z3\{0} fih(δv). For r > 0, the contribution of the points with
|δv| < r is at most C(r + δ)3, as one sees by counting the disjoint cubes of side δ centered
at these points inside the ball of radius r +

√
3δ; the corresponding integral is at most

Cr3. On a fixed annulus r ≤ |p| ≤ R, uniform continuity bounds the difference between
the integral over each cube and the sampled value by the modulus of continuity at

√
3δ,

and the boundary cubes have total volume tending to zero. The tails are uniform for
0 < δ ≤ 1: for R ≥ 2, the absolute sum over the shell 2qR ≤ |p| < 2q+1R is at most
C(2q+1R+ 1)3e−cσ(2qR)2

, and these bounds are summable in q with sum tending to zero as
R→ ∞. Letting δ ↓ 0, then r ↓ 0, and then R→ ∞, we obtain Cε,L

ih → (2π)−3
∫

fih = Σih.
The constants used depend only on the stated data, and g3 appeared only through
g2

3/η = 1/ε.

31.3 Linearized reconstruction and nonlinear error terms

This section constructs the field Ê a
j described at the beginning of the section and proves

the deterministic bounds that convert coefficient bounds into bounds for circulations. The
linear comparison follows the constrained Gaussian calculations for Bałaban’s averaging
operation [10, Section A, (1.1)–(1.8), pp. 18–19, and Section D, (1.47)–(1.49), p. 26, and
(1.64)–(1.67), p. 29]; the averaging map, the effective actions, and the gauge representatives
used here are those of Sections 8, 10, 11, and 15, and the comparison is proved below for
them.

Theorem 31.3. Assume the setting of Section 31.1 and the loop data of Definition 31.1. Fix a
coarse index s with ns ≥ nΓ and K ≥ s. Then the following statements hold.

1. On the larger analytic domain fixed in Theorem 23.5, the zero-fluctuation reconstruction
maps satisfy

P̂j ≺ ϕ(z) =
α∗z

1− β Jz
,

(
v 7→ P̂j(v)− DP̂j(0)v

)
≺

α∗β Jz2

1− β Jz
,

with output rows, every volume-normalized column with a distinguished input, and a fixed
spatial weight. The constant β J is chosen on that domain before reff and r.

2. There exist deterministic matrices Ea
j , 0 ≤ j ≤ k, with Ea

k = I, each a scalar multiple of the
identity on the color factor, with rows and volume-normalized columns (with factor a3/a3

j )
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bounded by a constant, and with a fixed positive spatial decay rate measured in units of aj,
such that

a−1 L̂k · · · L̂j+1v− a−1
j Ea

j v = da f j(v)

for a periodic vertex function f j(v) on the fine lattice depending linearly on v. The difference
has no constant part, because the block averaging constraint fixes the componentwise means
in physical units. These bounds do not depend on k− j.

3. Let T be a matrix from link variables on a lattice of mesh h to link variables on the fine lattice,
with row norm and volume-normalized column norm at most A0, and with at most a fixed
number of input coordinates per cell of side h. Then for 0 ≤ t ≤ σε2

loop,

sup
y
∥ rowy(Pa

t T)∥ℓ2 ≤ CA0 min{1, h3/2(t + a2)−3/4}, ∥Pa
t T∥ℓ∞→ℓ∞ ≤ A0.

Consequently, for a ≤ ε ≤ εloop,

∥∥∥Ca,ε,x
g3
√

h
h

T
∥∥∥
ℓ2→R3m

≤ CA0 min{h/ε,
√

ε/h},

∥∥∥Ca,ε,x
g3
√

h
h

T
∥∥∥
ℓ∞→R3m

≤ CA0
√

ε/h,

where ℓ2 and ℓ∞ refer to the counting norms on the inputs.
4. For i > j put r′ = i− 1− j and D = β J/(1− α∗). Then

(
v 7→ R̂i(Π̂i−1←j(v))

)
≺ Cα2r′+1

∗
z2

(1− Dz)2 ,

for rows and for columns with the normalization a3
i /a3

j . Derivatives with a distinguished
input are bounded by derivatives of the same series, with the same spatial decay rate.

5. Define the field on the fine lattice

Ê a
j (v) = Ea

j v +
k

∑
i=j+1

aj

ai
Ea

i R̂i
(
Π̂i−1←j(v)

)
.

For ∥v∥∞ ≤ reff, it is equivariant under global color rotations, vanishes at v = 0, and
satisfies

Ia
(
Π̂k←j(v)

)
= Ca,ε,x

(
a−1

j Ê
a
j (v)

)
.

Its rows and its columns with normalization a3/a3
j are bounded by a power series independent

of k, j, and dj. In particular, on the reconstruction domain,

∥DÊ a
j (v)∥row+col ≤ C, ∥DÊ a

j (v)− DÊ a
j (0)∥row+col ≤ C∥v∥∞,
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and every fixed higher derivative obeys the corresponding bound. The conversion to physical
units is governed by the identities

aj

ai
α2r′+1
∗ = Br′+1α2r′+1

∗ = C∗qr′ ,
a3

a3
i
·

a3
i

a3
j
=

a3

a3
j
.

The constants in the coefficient bounds depend only on M, J, Θ, the analytic domains and their
ratios, the spatial decay rates, and the number of coordinates per cell; the constants in the heat and
circulation bounds may in addition depend on L, σ, Cℓ, and εloop. None depends on K, s, j, dj, or
the coarse field in the reconstruction domain.

Remark 31.4. The identity in part (5) is an identity between circulations. It does not say
that the composed nonlinear reconstruction Π̂k←j coincides with a single reconstruction
over all intermediate scales, and no inverse of the Maxwell operator on the coarse lattice
is used.

Proof. The proof has six steps. Step 1 recalls the analytic input. Step 2 proves the linear
comparison of part (2), which is the source of the exact cancellation of gradients. Step
3 proves the heat and circulation bounds of part (3). Steps 4 and 5 show that coefficient
bounds survive compositions of arbitrary length and prove part (4). Step 6 assembles the
field Ê a

j .

Step 1: the analytic input. The coefficient bound on the larger domain and the order in
which the constants are chosen are given by Lemma 15.16. The identification of C∗ with
the constant CCP of that lemma and the choice of J are part of Theorem 23.5; in particular
we use q ≤ 1/4, and no constant of an all-order bound at fixed J is used to choose J.
Restricting the joint coefficient series of Lemma 15.16 to zero fluctuation variables gives
the two majorants of part (1), with the stated output and distinguished-input conventions.
Its domain inclusions hold on the reconstruction domain.

Step 2: the linear comparison. For j < k we apply Lemma 11.9 once, with J(k − j)
averaging steps, preceding classical recursion index zero, coarse mesh aj, and relative fine
spacing u = a/aj. The logarithm of the representative given by that lemma is uAu(v),
and we define

Ea
j = DAu(0).

By the first-derivative clause of that lemma, we have the row bound and the column
factor u3 = a3/a3

j , with one positive spatial decay rate in units of aj, uniformly in the
number J(k− j) of averaging steps. We use no bound on the dependence on fluctuation
variables at this growing number of steps. By global color equivariance, each 3× 3 color
block of Ea

j commutes with every rotation. Commuting with the rotations by π about
the coordinate axes makes the block diagonal, and commuting with the rotations that
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permute the axes makes its three diagonal entries equal. Hence Ea
j is a scalar multiple of

the identity on the color factor. We set Ea
k = I.

We now show that uEa
j represents the composed linearization for circulations. First

let v be real; all minimizations and comparisons of nonnegative quadratic forms in this
paragraph are on real tangent spaces. By the quadratic part of the nested minimization
identity of Theorem 10.10, each linearized reconstruction minimizes the inherited non-
negative Maxwell quadratic form over the free coordinates, on which this form is positive
definite. If a quadratic form Q(x, y, z) has positive blocks in the constrained variables y
and z, then

inf
z

inf
y

Q(x, y, z) = inf
(y,z)

Q(x, y, z).

Indeed, every value of the problem on the right bounds the left side from above, and for
each fixed z the inner minimizer realizes the infimum over y. Completing the squares
in the positive blocks shows that both infima are attained at the classical tangents. We
iterate this equality over the finitely many averaging steps. Since the indices dj = J(k− j)
are compatible, the inherited forms are exactly the successive Schur complements. Thus
the composed tangent L̂k · · · L̂j+1v and the tangent uEa

j v minimize the same quadratic
form on the fine lattice subject to the same linearized averaging constraint v. The gauge
transformations of Theorem 15.13 depend only on the coarse field and equal the identity
at the tree roots; they preserve the constraint and the gauge orbit of the minimizer. Their
derivatives at zero add periodic gradients, which do not affect this conclusion.

Let X and Y be these two minimizers, and let Q0 be the Maxwell quadratic form.
Since the constraint is linear, the midpoint satisfies it. By the parallelogram identity, we
have

Q0

(X + Y
2

)
=

1
2

Q0(X) +
1
2

Q0(Y)−
1
4

Q0(X−Y).

Minimality and nonnegativity imply Q0(X − Y) = 0; in particular d(X − Y) = 0. We
determine the kernel. Let Z = X − Y and fix a nonzero lattice frequency, with br =

eiakr − 1. Zero curl says brẐq = bqẐr. Choosing an index r with br ̸= 0, we have
Ẑq = bq(Ẑr/br) for every q; that is, every nonzero-frequency part of Z is a periodic
gradient. The zero-frequency part is a constant field, and its componentwise means in
physical units are its constant components.

This constant vanishes for X−Y. By Lemma 8.1, the derivative of the composed block
averaging map is the box and segment average plus a periodic gradient on the coarse
lattice, and its version in physical units preserves each componentwise mean. Explicitly,
if m′ = aj/a is the total blocking factor and Km′ the box and segment average, the box
and segment formula counts each fine link m′ times before its factor m′−3, so that

∑
Y
(Km′Z)r(Y) = m′−2 ∑

y
Zr(y), (m′a)3 ∑

Y

(Km′Z)r(Y)
m′a

= a3 ∑
y

Zr(y)
a

.
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The coarse gradient has mean zero. Since X − Y satisfies the homogeneous constraint,
its mean in physical units is zero. The same argument applies to coarse fields with
nonzero constant components, which are fixed by the constraint. We conclude that
a−1(X − Y) = da f j(v) for a periodic vertex function, chosen with mean zero, which
depends linearly on v by the frequency formula above. This proves part (2), and by
Lemma 31.2 the circulation annihilates the gradient. The maps in this identity are real
linear; their complex-linear extensions give the same identity for complex v.

Step 3: heat and circulation bounds. Let R(T) and C(T) be the row norm and the
volume-normalized column norm of T. For a vector z of inputs, by the Cauchy–Schwarz
inequality with the weights |Teu|, we have

∑
e

∣∣∣∑
u

Teuzu

∣∣∣2 ≤ R(T)∑
e,u
|Teu||zu|2 ≤ R(T)C(T)(h/a)3 ∑

u
|zu|2,

since ∑e |Teu| ≤ (h/a)3C(T). Thus ∥T∥ℓ2→ℓ2 ≤ A0(h/a)3/2. We use Lemma 16.1 with
the fixed horizon Theat = σε2

loop and difference order zero. Its hypotheses hold on the
periodic fine lattice of mesh a = L/NK, with NK ≥ 4, and all times considered lie in
[0, Theat]. Since the heat kernel of that lemma is a density with respect to a3 ∑y, the row
of Pa

t at y, as a vector in the counting norm, is a3pa
t (y, ·), and its ℓ2 norm is at most

Ca3/2(t + a2)−3/4. Applying this row to T, we obtain

∥ rowy(Pa
t T)∥ℓ2 ≤ ∥a3pa

t (y, ·)∥ℓ2∥T∥ℓ2→ℓ2 ≤ CA0h3/2(t + a2)−3/4.

Since the heat kernel is positive with unit mass, the absolute row sums of Pa
t T are at

most A0; this bounds both the ℓ2 norm of each row and the ℓ∞ → ℓ∞ norm, including
at t = 0. The finitely many directions and input types are absorbed into C. Since the
horizon is fixed, the constants depend on its ratio to L2, and the constant mode of the
heat semigroup is included.

For ε ≤ εloop the time t = σε2 lies in [0, Theat], and a ≤ ε implies (t+ a2)−3/4 ≤ Cσε−3/2.
The circulation sums the rows over at most Cℓε/a links with the weight a/

√
η, so the

prefactor multiplying a single row is

ε
√

η
· g3
√

h
h

=
√

ε/h.

Multiplying it by min{1, C(h/ε)3/2} proves the ℓ2 circulation bound, and multiplying it
by the absolute row bound proves the ℓ∞ bound. Summing over the fixed number of
loop and color components gives a fixed factor.

Step 4: compositions of coefficient bounds. In the composition of two tensors, fixing an
output and summing over all inputs uses the row bound of the outer tensor and a row
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bound of the inner tensor at every input slot of the outer tensor. If instead we fix one input
of the inner tensor, we follow the chain of factors through which this input enters. Along
this chain we use the column bound of the inner tensor and the column bound of the
outer tensor with the corresponding distinguished input; all other factors use rows. For
example, let B be a bilinear tensor from mesh ai−1 to mesh ai and G a linear tensor from
mesh aj to mesh ai−1, and consider (B(Gv, Gv))e = ∑y,y′,u,u′ Be;yy′GyuGy′u′vuvu′ . Fixing u
in the first slot, we have

∑
e,u′

∣∣∣∑
y,y′

Be;yy′GyuGy′u′
∣∣∣ ≤∑

y
|Gyu|∑

e,y′
|Be;yy′ |∑

u′
|Gy′u′ | ≤

a3
j

a3
i−1

C(G) ·
a3

i−1

a3
i

C1(B) · R(G),

where C1(B) is the column norm of B with its first input distinguished. After multiplica-
tion by the volume factor a3

i /a3
j , the volume factors cancel:

a3
i

a3
i−1
·

a3
i−1

a3
j

=
a3

i
a3

j
.

In general there is exactly one chain of factors carrying a fixed input slot. Its column
bound uses the same homogeneous majorant coefficient as the row bound; summing
over the possible positions of a differentiated input introduces exactly the degree factor
represented by differentiating the scalar power series, once. The Taylor coefficients
Dn/n! distribute the input indices among the input slots of the outer tensor with exactly
the multiplicities of scalar substitution: ordering the slots first and then dividing by
their factorials counts each partition once. We conclude that composition of the scalar
majorants majorizes these tensor contractions, also with a distinguished input, and that
no constant is lost at successive levels.

The spatial weights are treated in the same contraction. We take the union of the
connecting networks of the participating coefficients, joined at the contracted indices.
It is a connected network joining all the external indices, so its length is at least their
minimal network length. Every later input mesh is at most aj, so the weight of each
part of the network at its own scale dominates its weight in units of aj. Multiplying the
weights bounds the weight of the union with the initially fixed decay rate. This holds for
compositions of arbitrary length, without a reduction of the decay rate at each step.

Step 5: iterated majorants and the remainder bound. Let Sr = ∑r−1
v=0 αv

∗, with S0 = 0. By
induction, using the formula for ϕ, we have the identity

ϕ◦r(z) =
αr
∗z

1− β JSrz
. (31.4)
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For the inductive step, we substitute the right side into α∗y/(1− β Jy) and use Sr+1 =

Sr + αr
∗. By Step 4, Π̂i−1←j ≺ ϕ◦r

′
with r′ = i − 1 − j, and the remainder satisfies,

coefficientwise,

R̂i ◦ Π̂i−1←j ≺
α∗β J(ϕ

◦r′(z))2

1− β Jϕ◦r
′(z)

=
β Jα

2r′+1
∗ z2

(1− β JSr′z)(1− β JSr′+1z)

⪯
β Jα

2r′+1
∗ z2

(1− Dz)2 , D =
β J

1− α∗
. (31.5)

Here ⪯ denotes coefficientwise inequality of power series. In the equality we used
1 − β Jϕ

◦r′(z) = (1 − β JSr′+1z)/(1 − β JSr′z), and the coefficientwise inequality holds
because β JSr ≤ D for every r. This proves the row, column, and distinguished-derivative
assertions of part (4), with C = β J , enlarged once for the fixed convention on components.
The bound Dreff < 1/8 makes all these substitutions convergent on the reconstruction
domain. The two inputs that every monomial of the remainder contains each contribute
a factor αr′

∗ ; this is the origin of the exponent 2r′ + 1.

Step 6: the field Ê a
j . For a finite composition we have the identity

Π̂k←j(v) = L̂k · · · L̂j+1v +
k

∑
i=j+1

L̂k · · · L̂i+1 R̂i
(
Π̂i−1←j(v)

)
, (31.6)

which follows by induction on k− j: to pass from k− 1 to k, apply L̂k to the identity at
k− 1 and add R̂k(Π̂k−1←j(v)). We apply the linear functional Ia to (31.6) and use the
linear comparison of Step 2 on each summand, with the remainder R̂i(Π̂i−1←j(v)) as
input at scale i. Since the circulation annihilates the gradients, we obtain

Ia
(
Π̂k←j(v)

)
= Ca,ε,x

(
a−1

j Ea
j v +

k

∑
i=j+1

a−1
i Ea

i R̂i
(
Π̂i−1←j(v)

))
,

which is the identity of part (5). Each remainder is equivariant and vanishes at zero,
and each Ea

i is a scalar multiple of the identity on the color factor; hence Ê a
j has both

properties.
Let CE be a common bound for the rows and volume-normalized columns of all Ea

i .
Composing Ea

i with a remainder multiplies its column normalization a3
i /a3

j by a3/a3
i ,

which gives a3/a3
j . The factor aj/ai in the definition of Ê a

j combines with (31.5) to give

aj

ai
α2r′+1
∗ = Br′+1α2r′+1

∗ = C∗qr′ .

Summing over i, a common majorant for Ê a
j is

Ψ(z) = CEz +
CEβ JC∗

1− q
z2

(1− Dz)2 . (31.7)
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By the fixed-input calculation of Step 4, the homogeneous column norms are bounded
by the coefficients of Ψ; the differentiated tensors, with an input marked only once, are
bounded by its derivatives. It converges on a disk of radius larger than reff. Its first
derivative bounds DÊ a

j ; its second derivative, integrated along the segment from 0 to v,

gives ∥DÊ a
j (v)− DÊ a

j (0)∥row+col ≤ C∥v∥∞; and each fixed further derivative is bounded
by the corresponding derivative of Ψ, since Dreff < 1/8. All constants are functions of the
coefficient data listed in the theorem; only Step 3 introduced the loops, the heat horizon,
and the torus. This completes the proof.

31.4 Conditional current coefficients and means

We now bring in the conditioned Wilson measure. The next theorem collects the proper-
ties of the conditional fluctuation kernels that we need, bounds the coefficient matrices
Γj and their dependence on the coarse field, and bounds the conditional mean and the
conditional variance of the circulation Taylor remainders Rcur

j . The conditional kernels
satisfy a uniform convexity bound on a product of balls. The resulting dimension-free
Poincaré, logarithmic Sobolev, and covariance estimates are in the tradition of Brascamp
and Lieb [33], Bakry and Émery [8], and Helffer and Sjöstrand [110]; their versions on
products of balls are proved in Sections 5 and 13.

Theorem 31.5. Assume the setting of Section 31.1 and the loop data of Definition 31.1, with one
family of reconstruction maps on the whole sequence of lattices. There exists s0 < ∞ such that for
every integer s ≥ s0, every K ≥ s, every 1 ≤ j ≤ K− s, and every ε with a = aK−s ≤ ε ≤ ε0(s),
the following statements hold. One may take ε0(s) ≤ min{cHs, εloop, c/g2

3} for a fixed small
c > 0.

1. Under νK,s, the conditional law of wj given Fj−1 is k j(θ̂j−1, dw), where

k j(θ, dw) =
1Ωj(w)e−Vj(θ,w) dw∫

Ωj
e−Vj(θ,w) dw

,

Ωj =

mj

∏
ℓ=1

BR3(0, pj,ℓ), pj,ℓ = pj = Aw log(1/tj).

The potential Vj contains the part of the classical action beyond its quadratic approximation,
the input effective interaction, the Haar disintegration density, and the determinants of the
triangular change of variables. The restrictions at coarser scales do not change this kernel
once θ is fixed. On all of Ωj,

∥D2
wVj − I∥row+col ≤ ϑj = C

[
tj pj + t2

j (1 + Eq)
]
, D2

wVj ≥ 1
2 I,

Varkj f ≤ 2Ekj |∇ f |2, Entkj( f 2) ≤ 4Ekj |∇ f |2.



31 Reconstruction estimates and divergence-free currents § 31.4 19

The number of three-dimensional blocks satisfies mj ≤ CJ(L/aj)
3 ≤ CJ,L,γt−6

j , and the
conditional means satisfy supℓ |Eθwj,ℓ| ≤ Ctj∥θ∥∞; in particular they vanish at θ = 0.
Here Eθ denotes expectation under k j(θ, ·), for a coarse field with eθ ∈ Br as in Section 31.1.

The threshold s0 can be chosen so that, in addition, pj ≥ 1, 6mje
−p2

j /192 ≤ 1/2, and
|Eθwc

j,ℓ| ≤ pj/(16
√

3) at all these levels, for every color component c and every coarse field
with eθ ∈ Br.

2. For every θ in the reconstruction domain, with b = ∥θ∥∞,

∥Γj(θ)∥ℓ2→R3m ≤ Cωj, ∥Γj(θ)∥ℓ∞→R3m ≤ C
√

ε/aj,

∥Γj(θ)− Γj(0)∥ℓ2→R3m ≤ Cb ωj, ∥Γj(θ)Γj(θ)
T − Γj(0)Γj(0)T∥ ≤ Cb ω2

j ,

where ℓ2 and ℓ∞ refer to the counting norms on the fluctuation variables.
3. Let t = tj, and recall that the couplings gj,ℓ ≤ tj of the intermediate scales have fixed ratios to

tj. Let Fe(θ, q) be an analytic function of the coarse field θ and the coupling-scaled fluctuation
inputs q on the common larger coarse/free domain, with values in R3, equivariant under
global color rotations, such that F(0, 0) = 0, such that its absolute coefficient row sum at
the fixed output e is at most a given constant CF < ∞, and such that, after the substitution
qℓ = gj,ℓwℓ, every term of degree l in w carries a factor tl, also after one derivative in θ. The
constants in this part may depend on CF and on the radius of the larger domain, but not on
the output resolution. For De(θ, w) = Fe(θ, gj,·w)− Fe(θ, 0) and every coarse field θ with
eθ ∈ Br, we have

|EθDe| ≤ Ct2∥θ∥∞, E0De = 0.

For θu = uθ, 0 ≤ u ≤ 1, and the potential Vθu = Vj(θu, ·),

d
du

Eθu De(θu, w) = Eθu ∂uDe −Covθu(De, ∂uVθu),

and the local estimates

sup
l
∥∂wl ∂uVθu∥L2(kj(θu,·)) ≤ Ct∥θ∥∞, ∑

l
∥∂wl De∥L2(kj(θu,·)) ≤ Ct

hold. The derivative of the normalization, the input effective interaction, the Haar disintegra-
tion density, and all determinants are included in these statements. At θ = 0 the covariance
of the fluctuation variables has the form E0[wa

l wb
h] = Slhδab, with all spatial correlations Slh

retained, and its contraction with any equivariant bilinear coefficient with values in R3 is
zero. This is a consequence of global color equivariance, not of parity.

4. With bj−1 = ∥θ̂j−1∥∞,∣∣Γj(θ̂j−1)w̄j + E[Rcur
j | Fj−1]

∣∣ ≤ Ctjbj−1

√
ε/aj,



31 Reconstruction estimates and divergence-free currents § 31.4 20

E
[
|Rcur

j −E(Rcur
j | Fj−1)|2

∣∣ Fj−1
]
≤ Ct2

j p2
j ω2

j .

The same mean bound holds separately for |Γj(θ̂j−1)w̄j| and for |E[Rcur
j | Fj−1]|, and both

vanish when θ̂j−1 = 0.

All constants in parts (1)–(4) are independent of s ≥ s0, K, j, dj, the output resolution, the point
x, and the lattice offset. They may depend on L, γ, M, J, Θ, the loops, σ, the analytic domains,
and, in part (3), on CF and the larger domain.

Proof. We first identify the conditional kernels and choose s0. We then bound the coeffi-
cients at a general coarse field (Step 2), prove the moment and coupling bounds needed
for general outputs (Steps 3–5), prove part (3) (Step 6), and apply it to the circulation
(Step 7).

Step 1: the kernels and the threshold. By Theorem 15.13, the reconstruction maps pre-
serve the conditional law and its product of balls at every index dj. We apply Theorem 13.8
to this law; its bound on the input effective interaction is Eq, and its largest coupling is
tj. For the selected law all cutoff radii within one RG step equal pj = Aw log(1/tj), as in
Definition 4.4. Thus the common-radius hypotheses of the conditional estimates hold,
and choosing the coarse side large bounds the denominator in the rational estimate away
from zero. This gives the bound ϑj, and the convexity, Poincaré, and entropy statements
on the closed product. Every factor coming from coarser restrictions is a function of the
coarse field and cancels in the normalized kernel, as stated in the same theorem. Neither
this cancellation nor the choice of gauge representatives removes from Vj a term that
depends on w.

The count of free coordinates in Theorem 12.13, summed over the J intermediate
scales, bounds the number of three-dimensional blocks by CJ(L/aj)

3. Since tj = λBg3
√aj,

we have (L/aj)
3 = L3(λBg3)

6t−6
j . The mean bound of Theorem 13.10, applied to this

product with its common radius pj, implies that supℓ |Eθwj,ℓ| ≤ Ctjb; in particular the
means vanish at θ = 0.

At coarse index s the largest coupling is

t1(s) = g3
√

Hs/M, tj(s) = t1(s)B−(j−1)/2, (31.8)

and t1(s) → 0 as s → ∞. All the domain, analytic, curvature, and moment conditions
required here are finitely many fixed inequalities in t and in its cutoff radius p(t) =

Aw log(1/t). We also require ns ≥ nΓ for every s ≥ s0. We increase s0 until all these
inequalities, including Ct1(s0)r ≤ 1 for the constant in the mean bound, hold for every

0 < t ≤ t1(s0). This is possible also for the condition 6mje
−p2

j /192 ≤ 1/2, which involves
the number of blocks: with u = log(1/t) its left side is at most

CJ,L,γ exp
(
6u− A2

wu2/192
)
−→ 0 (u→ ∞).
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The same reasoning bounds the quantity (1 + 3mj)(6mj)
1/2e−p2

j /384, which appears in the
cutoff estimates of Lemma 32.6. As a function of h = aj, we have

(1 + 3mj)(6mj)
1/2e−p2

j /384 ≤ C
(
1 + (L/h)3)(L/h)3/2e−c log2(1/(c′g3

√
h)), (31.9)

and for every fixed v > 0 the right side is O(hv) as h ↓ 0, since after taking logarithms the
negative quadratic term dominates every fixed linear term. The bound on the mean in
part (1) follows from Ctjr ≤ pj/(16

√
3) after another increase of s0, since ∥θ∥∞ < r when

eθ ∈ Br. These inequalities persist at every later s and every level j. Finally, we choose
ε0(s) as in the statement, with c small enough that η < 1 and the small lattice cycles have
zero winding. None of these choices changes the reconstruction maps, their thresholds,
or the small-field event at any side.

Step 2: coefficients at a general coarse field. We suppress a, ε, and x from C = Ca,ε,x,
and define the map to the fine lattice

Zj(θ, w) = Ê a
j
(
Φ̂j(θ, gj,·w)

)
. (31.10)

By the identity of Theorem 31.3(5), we have Gj = C (a−1
j Zj). We compose the joint

coefficient series of Theorem 15.13 with the majorant (31.7). The column bound for
compositions, proved in Step 4 of the proof of Theorem 31.3, applies with one fluctuation
input distinguished, and we obtain

DwZj(θ, 0) = gjTj(θ), ∥Tj(θ)∥row+col ≤ C, ∥Tj(θ)− Tj(0)∥row+col ≤ Cb. (31.11)

Here the fluctuation variables are referred to the mesh aj. Their meshes differ from aj by
the fixed factors 1, M, . . . , MJ−1, and their couplings differ from gj by the corresponding
fixed square-root factors, so converting their columns and densities to the mesh aj
introduces only constants depending on J. A derivative in θ introduces a factor depending
only on the fixed gap between the larger and the smaller domain, and integrating it from 0
to θ proves the last bound; no depth-dependent derivative bound or new domain is used.
Since Γj(θ) = C

(
(g3
√aj/aj)Tj(θ)

)
, Theorem 31.3(3), applied to Tj(θ) and to Tj(θ)− Tj(0)

with h = aj, proves the three bounds on Γj in part (2). For the Gram matrices we use,
with A = Γj(θ) and A0 = Γj(0),

∥AAT − A0AT
0 ∥ ≤ ∥A− A0∥ (∥A∥+ ∥A0∥),

which gives the bound Cb ω2
j .

Step 3: local moments. We fix one of these products of balls, set θu = uθ, and write Eu

for expectation under k j(θu, ·). By the mean bound and the inequalities of Step 1, we
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have supl |Euwl| ≤ 1. For a scalar coordinate let ξ = wc
l −Euwc

l . Applying the Poincaré
inequality first to ξ and then to ξ2, we obtain

Euξ2 ≤ 2, Euξ4 − (Euξ2)2 ≤ 2Eu|∇ξ2|2 = 8Euξ2 ≤ 16.

Hence all fourth moments of scalar coordinates are bounded by a fixed constant, and
the inequality (x2

1 + x2
2 + x2

3)
2 ≤ 3 ∑c x4

c gives the same for each three-dimensional block.
These bounds are uniform in u, the dimension of the product, and the output mesh.

Step 4: coupling powers in the potential. We read off the powers of the coupling in the
potential from Theorem 12.13. The first derivative of each classical action with respect
to the free coordinates vanishes at its conditional constrained minimizer. Its quadratic
term becomes exactly |wi|2/2, because the normalization uses K−1/2

i , the inverse square
root of the constrained Hessian. Although the minimizer and the square root depend
on the fluctuation variables of the coarser intermediate scales, this quadratic expression
does not. After subtracting |w|2/2, the classical part has total degree at least three in w.
The coupling-scaled fluctuation inputs are qi = giwi = tλiwi, with fixed λi, and the free
logarithmic coordinates are zi = z∗i + K−1/2

i qi, where z∗i and Ki depend on the coarser
fields. We expand the analytic reconstruction in the inputs qi, keeping the conditional
constrained minimizers and the Hessian factors inside it. Each term of total degree r then
contributes tr after the substitution, and the classical divisor g2

i removes two powers of t.
The differences of the Haar disintegration density and of the determinants have positive
degree and no inverse power of the coupling. Writing Hr for the part of degree r in w
of the interaction generated at the current integration step, there are tensors Ar and Br

(unrelated to the small-link domain Br) such that

Hr(θ, w; t) = tr−2Ar(θ)[wr] + trBr(θ)[wr], A1 = A2 = 0. (31.12)

The differences of the Haar density and of the determinants belong to the terms Br, and
their dependence on the fluctuation variables of the coarser intermediate scales is kept in
this decomposition.

Step 5: the mixed derivative of the potential. Fix a level j and condition on Fj−1. We
apply the local clause of Theorem 13.10 with

t = tj, θ = θ̂j−1, E∗ = Eq, θu = uθ (0 ≤ u ≤ 1),

and check its hypotheses. The coarse field satisfies eθ ∈ Br on the support of νK,s, as
noted in Section 31.1; its radial segment remains in Br and in the larger analytic domain.
The ratios gj,ℓ/tj are the fixed ratios of that theorem. The product is exactly Ωj, with
its radii pj,ℓ, which depend on the level and the coupling but not on u. The conditions
on the product, including the smallness of tj(pj + CJ)

3, were imposed in the choice
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of s0, and the input effective interaction has norm at most Eq at every index dj. By
Theorem 15.13, the change of gauge representative preserves the fluctuation variables,
the product of balls, the part of the classical action beyond its quadratic approximation,
the Haar disintegration density, the determinants, the normalization constant, and the
normalized conditional kernel; hence the theorem applies to this kernel. A difference
between two choices of the potential that depends only on the coarse field has zero mixed
derivative. We conclude that

sup
l
∥∂wl ∂uVj(θu, ·)∥L2(kj(θu,·)) ≤ Ctj∥θ∥∞, (31.13)

with a constant independent of the side, j, K, dj, and u. This is a bound at each fluctuation
index, with a summable spatial profile; no global norm of the extensive derivative ∂uV is
used. The Gaussian part, the dependence of the determinants on the coarser fluctuation
variables, and the derivatives of the input effective interaction through the chain rule are
included.

For the mean bounds below the following weaker estimate suffices. Summing the
pointwise clause for the mixed derivative in Theorem 13.10 against θ, we obtain

sup
l
∥∂wl ∂uVθu∥L2 ≤ sup

l
∥∂wl ∂uVθu∥∞ ≤ Ct(p+)2b, p+ = p + CJ ; (31.14)

the exponential decay in the coarse index is summable since the number of coordinates
per cell is bounded. We increase s0 once more so that t(p+)2 ≤ 1 at every level. Both
estimates concern the same potential.

Step 6: general equivariant outputs. Fix CF and the larger domain, and let F range over
the class described in part (3). Its stated absolute coefficient row bound on that domain,
together with the fixed radius margin to the smaller domain, bounds the differentiated
absolute coefficient row sum in θ there: the degree factors from differentiation are
absorbed by the fixed radius ratio. All constants in this step may depend on CF, the
radius, and the fixed ratios of radii, but not on the number of output sites or on the
resolution. The part of degree r in w of De = Fe(θ, tλw)− Fe(θ, 0) has row coefficients
bounded by C1Cr

2tr, also after a derivative in θ. We split De = D(1)
e + D(≥2)

e into its part
of degree one and the sum of all higher degrees. By the mean bound and the absolute
output row, we have

|EθD(1)
e | ≤ Ct sup

l
|Eθwl| ≤ Ct2b.

For the terms of degree r ≥ 2 in ∂uD(≥2)
e , we bound two of the fluctuation factors in L4

and the others by p+. For a derivative in one fluctuation variable instead, one factor is
bounded in L2 and the remaining r− 2 by p+. Summing the absolute coefficient series,
we obtain

|Eu∂uD(≥2)
e | ≤ Cbt2, ∑

l
∥∂wl D

(≥2)
e ∥L2 ≤ Ct2; (31.15)
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for example, the second sum is at most C ∑r≥2 rCr
2tr(p+)r−2 ≤ Ct2. The derivative of the

part of degree one has output row at most Ct; hence ∑l ∥∂wl De∥L2 ≤ Ct for the whole
increment. All sums are at the single fixed output e, so the number of outputs does not
appear.

The local covariance inequality of Theorem 13.8 has kernel Ce−b′ dist(l,h). Its rows sum
to a fixed constant, since the number of fluctuation coordinates per cell is bounded and
∑q≥0(q + 1)3e−b′q < ∞. Combining it with (31.14) and (31.15), we find

|Covu(D(≥2)
e , ∂uVθu)| ≤ C ∑

l,h
e−b′ dist(l,h)∥∂wl D

(≥2)
e ∥L2∥∂wh ∂uVθu∥L2 ≤ Ct3(p+)2b ≤ Ct2b.

For each finite product, differentiation under the integral is justified: the domain is com-
pact and fixed, and the functions and their derivatives in the coarse field are continuous
on an open neighborhood. Differentiating the numerator and the denominator separately
gives exactly

d
du

EuDe = Eu∂uDe −Covu(De, ∂uVθu).

Thus the derivative of the normalization is present, with the minus sign in the statement,
and all Haar, determinant, and effective-interaction terms are those of the same Vj.

The same identity holds with D(≥2)
e in place of De. At θ = 0 the conditional law is

invariant under simultaneous color rotation of all blocks. Both De(0, w) and D(≥2)
e (0, w)

transform as vectors in the adjoint representation, since taking a homogeneous part of
fixed degree commutes with color rotations. Each of their expectations is fixed by every
rotation, and a vector in R3 fixed by the rotations by π about two perpendicular axes is
zero. Hence both expectations vanish at θ = 0. Integrating the identity for D(≥2)

e from
u = 0 to u = 1 and using the two bounds above, we obtain |EθD(≥2)

e | ≤ Ct2b. Adding
the bound for the part of degree one, we find |EθDe| ≤ Ct2b for the whole increment.
This argument does not use (31.13).

The same reasoning proves the cancellation at θ = 0 without discarding spatial
correlations. Let Sla,hb = E0[wa

l wb
h]. Invariance makes each 3× 3 color matrix (Sla,hb)a,b

commute with every rotation, so Sla,hb = Slhδab by the argument used for Ea
j in Step

2 of the proof of Theorem 31.3. If Be is an equivariant bilinear coefficient with values
in R3, then ∑l,h,a SlhBe(ela, eha) is fixed by every color rotation and hence zero. Every
homogeneous equivariant term with values in R3 has zero expectation for the same
reason. This proves the cancellation for the whole series, which converges absolutely on
the product.

Step 7: the remainder of the circulation. We write Ej−1 = E[ · | Fj−1]. The map Zj in
(31.10) belongs to one fixed class of outputs as in part (3). Indeed, we choose its larger
coarse/free domain inside the domain of Theorem 15.13, with image in the reconstruction
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domain on which Ê a
j is defined, and we compose the joint coefficient series with (31.7).

The composition bound fixes one constant CF and one larger radius for all j, k, and
fine output sites; a distinguished coarse input costs one fixed restriction of the domain.
Equivariance and the value zero at (0, 0) are preserved. The substitution qj,ℓ = gj,ℓwℓ

gives one factor tj for each fluctuation factor, also after a derivative in the coarse field.
Thus neither CF nor the radius depends on the remaining number of steps or on the
output resolution. By part (3), the increment Zj(θ, w)− Zj(θ, 0) has conditional mean
at most Ct2

j b at each output site. Since Gj(θ, w)− Gj(θ, 0) = C (a−1
j (Zj(θ, w)− Zj(θ, 0))),

and since heat smoothing does not increase supremum norms while the cycle has length
at most Cℓε, we obtain

|Γjw̄j + Ej−1Rcur
j | ≤ C

ε
√

η
·

t2
j

aj
b = CλBtjb

√
ε/aj,

and we absorb λB into C. By the mean bound of part (1) and the ℓ∞ bound of part (2), we
have |Γjw̄j| ≤ Ctjb

√
ε/aj separately, and subtracting it from the preceding bound gives

the bound for |Ej−1Rcur
j |. Both vanish at zero coarse field, by the color argument of Step

6 and the vanishing of the conditional mean of wj.
Finally, every term of DwZj(θ, w)−DwZj(θ, 0) has one differentiated fluctuation factor

and at least one further fluctuation factor. In the joint coefficient series their sizes are tj
and at most tj p+j , respectively. Summing all remaining factors on the fixed larger domain,
and using the column bound with a fluctuation input distinguished, we find

∥DwZj(θ, w)− DwZj(θ, 0)∥row+col ≤ Ct2
j pj.

We divide this matrix by gj and apply Theorem 31.3(3); since tj/gj = λB, we obtain

∥DwRcur
j ∥ℓ2→R3m ≤ Ctj pjωj.

The conditional Poincaré inequality bounds the conditional variance of each of the
3m components of Rcur

j by twice its expected squared gradient. Summing over the
components and using ∥DwRcur

j ∥2
HS ≤ 3m∥DwRcur

j ∥2
op proves the variance bound of part

(4), with no dependence on the number of fluctuation variables. Every constant was fixed
on the common larger domains or by the choice of s0; none depends on a later s, on K, j,
x, the lattice offset, or dj. Together with (31.13), this proves all claims.

31.5 Covariance identity for the linearized reconstruction

The coefficients Γj(0) at the zero field are derivatives of the reconstruction at the origin
in all its coordinates. We show that, in the Gaussian theory obtained by linearizing the
reconstruction, the fluctuation variables become independent standard Gaussian vectors.
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Then the sum of the Gram matrices Γj(0)Γj(0)T is the covariance of the fine circulation
minus the covariance of its conditional mean given the coarse field. The calculation
is Gaussian conditioning applied to the linearized reconstruction; the corresponding
constrained Gaussian calculation for Bałaban’s averaging operation is in [10, Section D,
(1.47)–(1.49), p. 26, and (1.64)–(1.67), p. 29].

Theorem 31.6. Assume the setting of Section 31.1, and let s ≥ s0, K ≥ s, k = K− s, Hs = L/ns,
and a = L/NK. Let Xa be the real finite-dimensional space of link fields with three colors on the
fine lattice modulo periodic gradients and constant fields, and let Ga be the Gaussian measure on
Xa with density proportional to exp(−∥dθ∥2

ℓ2/(2g2
a)), where g2

a = g2
3a, d is the dimensionless

plaquette coboundary, and the norm counts each positive plaquette once. Let Qa,Hs : Xa → XHs

be the derivative at the identity of the composed block averaging map from the fine lattice to the
lattice of side ns, on the corresponding quotients, and let Cs,a = σ(Qa,Hs θ).

The differential of the reconstruction at zero coarse field and zero fluctuation variables,

L(z, w) = L0z +
k

∑
j=1

Lw
j wj,

is a bijection from XHs ×∏j Rdim wj onto Xa, and it satisfies

1
g2

a
∥dL(z, w)∥2

ℓ2 = ⟨z, Hs,az⟩+
k

∑
j=1
|wj|2, Qa,Hs L(z, w) = z.

Here Hs,a is the Schur complement of the quadratic form on the coarse lattice given by the nested
minimization of Theorem 10.10, including its coupling; it is positive definite on XHs , and its
inverse is used only at this fixed s. For every linear map F : Xa → Rd,

k

∑
j=1

(FLw
j )(FLw

j )
T = CovGa(Fθ)−CovGa

(
E[Fθ | Cs,a]

)
.

For a ≤ ε ≤ εloop the circulation F = Ia is defined on Xa, and the identity reads

k

∑
j=1

Γj(0)Γj(0)T = Ca,ε,L ⊗ I3 − Cret
s,a,ε, Cret

s,a,ε = CovGa

(
E[Iaθ | Cs,a]

)
≥ 0.

Uniformly in K, x, and the lattice offset,

∥Cret
s,a,ε∥ ≤ Cn2

s ε/Hs (a ≤ ε ≤ ε0(s)).

Together with Lemma 31.2, this gives, for every fixed s ≥ s0,

lim
ε↓0

lim sup
K→∞

sup
x, offset

∥∥∥K−s

∑
j=1

Γj(0)Γj(0)T − Σ⊗ I3

∥∥∥ = 0.
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The constant C in the bound for Cret
s,a,ε depends only on L, γ, M, J, Θ, the loops, and σ; it is

independent of s, K, and dj. Constants in the positive-definiteness and inverse estimates at a fixed
coarse side may additionally depend on ns.

Remark 31.7. The Gaussian coordinates of this theorem are independent only in the
linearized calculation; the conditional fluctuation kernels k j are not Gaussian. The
theorem concerns the differential of the reconstruction at the origin in all coordinates. It
is not a statement about the nonlinear reconstruction conditioned on θ̂0 = 0, whose later
fields would remain random. Gradients and constant fields are removed only for this
Gaussian identity; they are not removed from the Wilson measure.

Proof. We first set up coordinates on the quotients and prove the energy identity, then
prove that L is bijective, and only then change variables in the Gaussian integral. Finally
we bound the coarse contribution. All quotient spaces and Gaussian coordinates in this
proof are real.

Step 1: coordinates. We choose linear coordinates on each quotient by taking the repre-
sentatives with mean zero and zero lattice divergence. By the calculation of the kernel
of the curl in Step 2 of the proof of Theorem 31.3, these representatives identify exactly
the quotient by gradients and constants. The Maxwell form is positive definite on this
space: a field of zero energy has zero curl, and its gradient and constant parts have been
removed. All Gaussian integrals below are proper finite-dimensional integrals.

We differentiate the reconstruction at its origin and write the resulting linear map,
with values in Xa, as L(z, w) = L0z + ∑j Lw

j wj. Here z uses the coordinates on XHs just
described, and wj ranges over the space of free fluctuation coordinates of Theorem 12.13;
the factors K−1/2

i defining them exist by Theorem 10.10. We do not yet claim that L is
injective. The gauge transformations of Theorem 15.13, which depend only on the coarse
field and equal the identity at the tree roots, add gradients at the identity and therefore
do not change this map with values in Xa. The linearized averaging of Lemma 8.1 maps
gradients to gradients and constant fields to constant fields, so the differential of the
block averaging map descends to the map Qa,Hs between the quotients.

Step 2: the energy identity. We differentiate the exact classical decomposition of Theo-
rem 12.13 at zero coarse field and zero fluctuation variables and take its homogeneous
quadratic part. At every intermediate scale the normalized quadratic free action is |wi|2/2.
All remaining classical terms have degree at least three in the fluctuation variables, as
shown in (31.12), for every coarse field. They contribute nothing in total degree two,
also after composition with the coarser fields. The value and the first derivative of the
classical action at the identity vanish. It follows that the quadratic part of the fine action,
evaluated on the nonlinear reconstruction, is its quadratic form evaluated on L, with no
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contribution from second derivatives of the reconstruction. Iterating over all RG steps,
we obtain

∥dL(z, w)∥2
ℓ2

2g2
a

=
1
2
⟨z, Hs,az⟩+ 1

2 ∑
j
|wj|2. (31.16)

By Theorem 10.10, the form ⟨z, Hs,az⟩ is the nonnegative Schur-complement form, includ-
ing its coupling. Differentiating the identity expressing that the reconstruction has the
prescribed coarse field, we find

Qa,Hs L(z, w) = z. (31.17)

The Haar, Haar disintegration, determinant, and effective-interaction terms enter the
nonlinear conditional law of Theorem 31.5; they are not part of this identity for the
classical quadratic form.

Step 3: bijectivity and positivity. If L(z, w) = 0 in Xa, its Maxwell energy is zero.
Both terms on the right of (31.16) are nonnegative, so every wj = 0, and (31.17) then
implies z = 0 in XHs . Thus L is injective. For a lattice of side n, the space of link
fields with three colors has dimension 9n3, the gradients have dimension 3(n3 − 1), and
the constant fields have dimension nine, so the quotient has dimension 6n3 − 6. By
Theorem 12.13, the number of free fluctuation coordinates from side Mn to side n is
6(M3 − 1)n3. Summing these numbers over all averaging steps gives 6(N3

K − n3
s ), and

adding the dimension 6n3
s − 6 of XHs gives exactly dim Xa. Injectivity in equal finite

dimensions implies surjectivity. Further, for nonzero z, injectivity makes L(z, 0) nonzero
in Xa; positivity of its Maxwell energy and (31.16) show that Hs,a is positive definite on
XHs . We do not claim a lower bound on Hs,a independent of the side.

Step 4: the Gaussian change of variables. We make the linear change of variables
θ = L(z, w) in the normalized Gaussian integral on Xa. Its Jacobian is constant and
cancels between numerator and denominator. By (31.16), in these coordinates

z ∼ N(0, H−1
s,a ), wj ∼ N(0, I),

and all these vectors are independent; the inverse exists on XHs at this fixed side. For a
linear map F, (31.17) gives

E[Fθ | Cs,a] = FL0z, Fθ = FL0z + ∑
j

FLw
j wj.

By independence, expanding the covariance of Fθ proves the general covariance identity,
and the subtracted covariance is positive semidefinite.

For F = Ia, the closed cycles and their zero winding make F a well-defined functional
on Xa, by Lemma 31.2(3). By the chain rule at the origin of the reconstruction, we have

FLw
j = DwIa

(
Π̂k←jΦ̂j(0, gj,·w)

)∣∣
w=0 = Γj(0).
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The finite-lattice Fourier calculation of Lemma 31.2(4) identifies CovGa(Iaθ) as Ca,ε,L ⊗ I3,
since the density of Ga is that of the Maxwell field of that lemma written in the variable
θ = aA. This proves the identity for ∑j Γj(0)Γj(0)T.

Step 5: the coarse contribution. We write H = Hs and n = ns. At j = 0, the linear
comparison of Theorem 31.3(2) implies that, on circulations, FL0 = Ca,ε,x(H−1Ea

0). Us-
ing the ℓ2 circulation bound of Theorem 31.3(3) with input mesh H, dividing out the
normalization g3

√
H, and taking the branch

√
ε/H, we obtain

∥FL0∥ℓ2→R3m ≤
C
√

ε

g3H
. (31.18)

In unitary Fourier coordinates on the coarse lattice, Theorem 8.3 bounds the covariance of
the coarse link variables by Cg2

H/λ(ϑ) on each nonzero transverse frequency ϑ, uniformly
in the number of eliminated scales; the gradient term in the linearized block averaging
map disappears on the quotient by Lemma 8.1. For a nonzero frequency on a lattice of
side n ≥ 4,

λ(ϑ) ≥ 4 sin2(π/n) ≥ 16/n2,

where the second inequality uses sin u ≥ 2u/π for 0 ≤ u ≤ π/2. Since g2
H = g2

3H, this
proves

∥H−1
s,a ∥ℓ2→ℓ2 ≤ Cg2

3Hn2
s . (31.19)

Only the factor n2
s of the fixed side has been used. Multiplying the square of (31.18) by

(31.19), we obtain
∥Cret

s,a,ε∥ = ∥(FL0)H−1
s,a (FL0)

T∥ ≤ Cn2
s ε/Hs,

uniformly in the number of eliminated scales, x, and the lattice offset. The factor n2
s is

allowed to grow with the fixed coarse side.

Step 6: the limits. The covariance identity implies∥∥∥∑
j

Γj(0)Γj(0)T − Σ⊗ I3

∥∥∥ ≤ ∥Ca,ε,L − Cε,L∥+ ∥Cε,L − Σ∥+ Cn2
s ε/Hs.

For each fixed ε > 0 the first term tends to zero as K → ∞, uniformly in x and the lattice
offset, by Lemma 31.2(5). After this limit, the second term tends to zero as ε ↓ 0 by the
same lemma, and the last term tends to zero at fixed s. This is the iterated limit in the
statement. At k = 0 the same change of variables has no fluctuation variables and the
whole covariance is the coarse covariance, so the identities also hold in that case.

31.6 The coarse-field contribution and summation over scales

We now prove the decomposition stated at the beginning of the section and sum the
estimates of Theorem 31.5 over all scales. The sums are controlled by a deterministic
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bound on the size bj of the reconstructed fields, which we prove first; its constant does
not depend on the coarse mesh Hs, which matters because s is later sent to infinity.

Lemma 31.8. Assume the setting of Theorem 31.5, with s0 enlarged if necessary depending only
on the data fixed in Section 31.1. For every s ≥ s0 the following deterministic bounds hold on the
support of νK,s, uniformly in K ≥ s:

b0 ≤ r, bj ≤ C
[
rα

j
∗ + g3

√
aj pj

]
,

K−s

∑
j=1

bj−1 ≤ Ds, Ds = C
[ r

1− α∗
+ g3
√

Hs (p1(s) + 1)
]
, sup

s≥s0

Ds < ∞,

where p1(s) = p1 is the cutoff radius of the first RG step. Put

Ts = Ia
(
Π̂k←0θ̂0

)
, NK,s =

k

∑
j=1

[
Γj(θ̂j−1)w̄j + Rcur

j
]
.

Then we have the exact decomposition

IK,s = Ts +
k

∑
j=1

Γj(θ̂j−1)(wj − w̄j) + NK,s.

For a ≤ ε ≤ ε0(s),

sup
∥θ̂0∥∞≤r

|Ts| ≤
Cr

g3Hs

√
ε,

sup
x, offset

EνK,s |NK,s|+ sup
∥θ̂0∥∞≤r

|Ts| ≤
Cr

g3Hs

√
ε + Cg3Ds

√
ε + C

√
η [1 + log(1/η)]2.

The constants C and the threshold s0 have the dependence stated in Theorem 31.5, and C does not
depend on s; the quantity Ds has the displayed additional dependence on s. The coarse-field term
is allowed to grow like H−1

s . For each fixed s ≥ s0, the right side of the last display tends to zero
as ε ↓ 0, uniformly in K; no limit in which s and ε vary together is asserted.

Proof. We first prove the bounds on bj (Steps 1–3) and their sum (Step 4), then the
decomposition (Step 5), and finally the bounds on Ts and NK,s (Steps 6 and 7).

Step 1: a recurrence. The inputs qj = gj,·wj of the j-th reconstruction map satisfy
∥qj∥∞ ≤ tj(pj + CJ), since gj,ℓ ≤ tj and |wj,ℓ| ≤ pj,ℓ ≤ pj + CJ . On the fixed larger
coarse/free domain let Cfr,J bound the derivative of Φ̂j in the coupling-scaled fluctuation
inputs; this bound does not depend on the side or on dj. By the row majorant of
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Theorem 31.3(1), we have ∥P̂j(v)∥∞ ≤ ϕ(∥v∥∞). Integrating this derivative along the
segment from 0 to qj, we obtain, with κ = Cfr,J(1 + CJ) and pj ≥ 1,

bj ≤
α∗bj−1

1− β Jbj−1
+ κtj pj ≤ amapbj−1 + κtj pj, (31.20)

as long as θ̂j−1 lies in the reconstruction domain. Here amap = α∗/(1− β Jreff)
2 is the

bound of Lemma 15.16 on the derivative of the zero-fluctuation maps on the reconstruc-
tion domain, which satisfies amap

√
B ≤ 32/49 < 1 by Theorem 23.5.

Step 2: a first bound and the sum. Let ρB = B−1/2 and dp = Aw log B/2. Since
ti = tjB(j−i)/2 and pi ≤ pj for i ≤ j, iterating the second inequality in (31.20), we obtain

bj ≤ raj
map + κ′tj pj, κ′ =

κ

1− amap
√

B
.

For small t the function t 7→ tp(t) is increasing, so a fixed upper bound on t1 with
κ′t1p1 ≤ reff/4 keeps this bound below r + reff/4 < reff/2, which justifies the use of
(31.20) at every step by induction. Increasing s0 enforces this bound for every later s,
without changing any radius of the construction. The geometric series and its derivative
give

k−1

∑
l=0

bl ≤
reff

4(1− amap)
+ κ′t1

[ p1

1− ρB
+

dpρB

(1− ρB)2

]
≤ S∗.

Here we fix S∗ by replacing t1(p1 + 1) by its supremum over the allowed range 0 < t1 ≤
t1(s0); this supremum is finite since t log(1/t)→ 0. Thus S∗ depends neither on Hs nor
on s.

Step 3: the rate α
j
∗. For 0 ≤ β Jb ≤ β Jreff < 1/8 we have

α∗
1− β Jb

≤ α∗ exp(8β Jb/7).

This implies that every product over h consecutive steps of the multiplicative co-
efficients α∗/(1 − β Jbl) in the first recurrence of (31.20) is at most Cmultα

h
∗, where

Cmult = exp(8β JS∗/7). Unrolling that recurrence, we find

bj ≤ Cmult

[
rα

j
∗ + κ

j

∑
i=1

α
j−i
∗ ti pi

]
≤ Cmult

[
rα

j
∗ +

κtj pj

1− α∗
√

B

]
,

where the denominator is positive because α∗
√

B =
√

q ≤ 1/2. Substituting tj = λBg3
√aj,

we obtain
bj ≤ Ccap

(
rα

j
∗ + g3

√
aj pj

)
, (31.21)

with Ccap independent of Hs and s. This is the first bound of the lemma. The rate α
j
∗

does not follow from the first bound of Step 2, where the contraction factor is amap; the
product argument is needed.
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Step 4: the sum of the bounds. By the definition of pj and aj = HsB−j,

pj = p1(s) + (j− 1)dp. (31.22)

Summing (31.21), including the separate term b0 ≤ r, and using
√

al =
√

Hsρ
l
B, we obtain

k

∑
j=1

bj−1 ≤
Cr

1− α∗
+ Cg3

√
Hs ∑

l≥1
ρl

B
[
p1(s) + (l − 1)dp

]
≤ C

[ r
1− α∗

+ g3
√

Hs (p1(s) + 1)
]
.

In the last inequality we used ∑l≥1 ρl
B = ρB/(1− ρB) and ∑l≥1(l − 1)ρl

B = ρ2
B/(1− ρB)

2.
By (31.8), p1(s) = Aw log(

√
M/(g3

√
Hs)) is affine in s, while

√
Hs =

√
L/n∗ B−s/2 decays

geometrically, so their product is bounded for s ≥ s0. More directly, g3
√

Hs(p1(s) + 1) =√
M t1(s)(p1(s) + 1) is bounded by the supremum used in Step 2. Since the constant in

(31.21) does not depend on s, this proves sups Ds < ∞.

Step 5: the decomposition. For 0 ≤ j ≤ k, let Fj = Ia(Π̂k←jθ̂j). Then F0 = Ts and
Fk = IK,s. Since Π̂k←j−1 = Π̂k←j ◦ Φ̂j(·, 0), and all fields involved lie in the reconstruction
domain, we have

Fj − Fj−1 = Gj(θ̂j−1, wj)− Gj(θ̂j−1, 0) = Γj(θ̂j−1)wj + Rcur
j .

Summing this finite identity over j, and subtracting and adding Γj(θ̂j−1)w̄j in each
summand, gives the decomposition. The coefficients Γj(θ̂j−1) are Fj−1-measurable and
the increments wj − w̄j are conditionally centered, so the middle sum is a martingale for
the filtration (Fj).

Step 6: the coarse-field contribution. By the row bound on DÊ a
0 in Theorem 31.3(5) and

Ê a
0 (0) = 0, we have

∥H−1
s Ê a

0 (θ̂0)∥∞ ≤ Cr/Hs.

By the identity of Theorem 31.3(5), the fact that heat smoothing does not increase supre-
mum norms, and the length bound on the cycles, we obtain

|Ts| ≤
Cεr
√

η Hs
=

Cr
g3Hs

√
ε. (31.23)

This bound is uniform over all coarse fields with ∥θ̂0∥∞ ≤ r and over K, including k = 0.

Step 7: conditional means and centered remainders. We write Rcur
j = Ej−1Rcur

j + ζ j,
where Ej−1 denotes conditional expectation given Fj−1. By Theorem 31.5(4), using

tj

√
ε/aj = λBg3

√
ε, we have

k

∑
j=1

∣∣Γj(θ̂j−1)w̄j + Ej−1Rcur
j

∣∣ ≤ Cg3
√

ε
k

∑
j=1

bj−1 ≤ Cg3Ds
√

ε.
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For the centered terms we use the triangle inequality and the conditional Cauchy–Schwarz
inequality, without any independence:

E

∣∣∣ k

∑
j=1

ζ j

∣∣∣ ≤ C
k

∑
j=1

tj pjωj. (31.24)

We bound the right side uniformly in s. Shrinking the constant c in ε0(s) if necessary, we
may assume u = log(1/η) ≥ 1. For a scale with aj > ε,

tj pjωj = λB
√

η pj, pj ≤ C(1 + u);

the second inequality follows from log(1/tj) = (1/2) log(1/(g2
3aj))− log λB and aj > ε.

The number of such scales is at most 1 + log(L/ε)/ log B ≤ C(1 + u), with a constant
depending only on L, g3, and B, since Hs ≤ L/4. Their contribution is at most C

√
η(1 +

u)2. If there exists a first index jε with ajε ≤ ε, let h∗ = ajε ; then ε/B < h∗ ≤ ε, since
ε < cHs. Using (31.22), the contribution of the finer scales is at most

∑
r≥0

λBg3

ε
(h∗B−r)3/2(pjε + rdp

)
≤ Cg3

√
ε (pjε + 1)

≤ C
√

η (1 + u).

In the last inequality we used h∗ > ε/B in the formula for log(1/tjε). Extending the finite
sum to all r ≥ 0 is allowed since all summands are nonnegative, and if there is no such
index this contribution is zero. Hence

∑
j

tj pjωj ≤ C
√

η [1 + log(1/η)]2.

Combining this with (31.24), the bound on the conditional means, and (31.23) proves the
last estimate of the lemma, uniformly in x, the lattice offset, and K in the stated range. For
fixed s the first constant is finite and

√
η(1 + log(1/η))2 → 0 as ε ↓ 0 at fixed g3 > 0.

Remark 31.9. The bound (31.21) also follows from the forced-recursion estimate of
Lemma 15.16, which applies to inputs of size at most tp(t), t = λBg√aj, for all t up
to a fixed threshold τ, with constants uniform in the coarse mesh and in the coupling g
in this range. To apply it, we increase s0 so that p1 ≥ 1 + CJ + 2Aw log 2 and 2t1 ≤ τ, and
set t̃j = 2tj and p̃j = Aw log(1/t̃j) = pj − Aw log 2. Then p̃j ≥ 1 and

tj(pj + CJ) ≤ t̃j p̃j for every j ≥ 1, (31.25)

since the difference divided by tj is pj − CJ − 2Aw log 2 ≥ 1. This is only a deterministic
upper bound for the same inputs; the coupling, the measure, the maps, the fluctuation
variables, and the cutoff radii are unchanged. Since the constant of that lemma is uniform
in H and for the auxiliary coupling in the stated range, the lemma applies with g = 2g3;
as p̃j ≤ pj, it gives (31.21). Steps 1–3 above verify the independence of Hs directly. No
stochastic estimate with a constant depending on a fixed coarse mesh is used.
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31.7 Validity at each fixed positive coupling

Lemma 31.10. Let the parameters be as in Theorem 23.5. Fix 0 < γ ≤ Γ and one sequence
NK = n∗BK with its reconstruction maps, and let ns, Hs, aj, and tj be as in Section 31.1.
There exists s0 < ∞ such that every s ≥ s0 satisfies all conclusions of Lemmas 31.2 and 31.8
and Theorems 31.3, 31.5, and 31.6, with the same quantifiers and the same dependence of the
constants. The constants in the bounds on coefficients, potential derivatives, conditional means,
reconstructed fields, and conditional remainders do not depend on s ≥ s0, while the factor
1/(g3Hs) in the bound on the coarse-field contribution and the factor n2

s /Hs in the bound on the
coarse covariance remain explicit.

Proof. We check that each argument of this section uses only the smallness of tj and never
an upper bound on γ such as γ ≤ 1.

Deterministic estimates. The zero-fluctuation maps, their coefficient series, the identities
expressing that they have the prescribed coarse field, and their column bounds are those
of Theorem 23.5 and Lemma 15.16. The proof of Theorem 31.3 uses Lemmas 16.1
and 11.9 and the majorant α∗z/(1− β Jz), with Bα2

∗ < 1; no step uses γ ≤ 1. In each

circulation coefficient the factor g3 cancels against
√

g2
3ε, and the only remaining scale is

ωj = min{aj/ε,
√

ε/aj}. Thus the deterministic coefficient bounds and the expansion in
nonlinear remainders hold on the same domains.

Probabilistic estimates. The conditional potential is that of Theorem 13.8, and Theo-
rem 15.13 preserves its coordinates, its balls, and its density. Theorem 13.10, applied to
this product and to the radial segment of the coarse field, gives the conditional means
of order tjb and the local bound supl ∥∂wl ∂uV∥L2 ≤ Ctjb, with all effective-interaction,
determinant, and Haar disintegration terms included. The class of outputs used for the
circulation is fixed by the coefficient series on one larger domain (Step 7 of the proof of
Theorem 31.5), so its constant CF depends neither on the remaining number of steps, nor
on the output resolution, nor on s. The differentiation formula and the local covariance
bound therefore give the mean and remainder conclusions of Theorem 31.5. Global
color equivariance at zero coarse field gives the vanishing mean and the cancellation of
equivariant bilinear terms. The Poincaré and logarithmic Sobolev inequalities hold for
the same conditional kernel, with dimension-free constants.

The threshold. We have exactly

t1(s)2 =
γ

Mns
, tj = t1(s)B−(j−1)/2,

so t1(s) ↓ 0 as s → ∞ for fixed γ > 0. Every analytic, domain, Hessian, potential-
derivative, and moment condition is a fixed inequality of the form t[p(t) + cJ ]

v ≤ c′
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or t2(1 + Eq) ≤ c′, with a fixed finite v, and all of them hold on an interval 0 < t ≤
τ∗. We also require ns ≥ nΓ. There are at most mj ≤ CJ(L/aj)

3 = CJ L3(λBg3)
6t−6

j

three-dimensional blocks, and with u = log(1/t) the quantity 6mje
−p2

j /192 is at most
CJ,L,γ exp(6u − A2

wu2/192), which tends to zero as u → ∞. Thus a single s0 enforces

pj ≥ 1, 6mje
−p2

j /192 ≤ 1/2, and Ctjr ≤ pj/(16
√

3) for all j and all later s, as in Step 1 of

the proof of Theorem 31.5. The cutoff error (1 + 3mj)(6mj)
1/2e−p2

j /384, which retains the
number of blocks, satisfies (31.9); as a function of h = aj it is O(hv) for every fixed v > 0,
and in particular it is summable over the scales.

The bounds on the reconstructed fields. The recurrence (31.20) and Steps 1–4 of the
proof of Lemma 31.8 use only the smallness of t1(s); equivalently, by Remark 31.9, the
forced-recursion estimate of Lemma 15.16 applies with the auxiliary input bound (31.25),
without changing the measure. They give

bj ≤ C
[
rα

j
∗ + g3

√
aj pj

]
,

K−s

∑
j=1

bj−1 ≤ Ds = C
{ r

1− α∗
+ g3
√

Hs (p1(s) + 1)
}

,

with a constant independent of Hs and of s. Since p1(s) is affine in s and
√

Hs decays
geometrically, sups≥s0

Ds < ∞.

The covariance identity. The identity of Theorem 31.6 is the exact quadratic part of
Theorems 10.10 and 12.13 at the origin of the reconstruction, and the bound on H−1

s,a
comes from Theorem 8.3. The independent Gaussian coordinates and the coarse Schur
complement therefore give

∑
j

Γj(0)Γj(0)T = Ca,ε,L ⊗ I3 − Cret
s,a,ε, ∥Cret

s,a,ε∥ ≤ Cn2
s ε/Hs,

and the coupling cancels in the normalized covariance.
All results of this section have now been checked at every s ≥ s0.



section 32

Gaussian short-distance limits and
asymptotic independence

This section completes the proof of the short-distance theorem, Theorem 2.8. Fix smooth
closed loops ℓ1, . . . , ℓm in R3 and σ > 0, set g2

3 = γ/L, and for x ∈ T3
L and ε > 0 let

Zε(x) =
(1−Wx+εℓi,σε2

g2
3ε

)m

i=1
,

where Wx+εℓi,σε2 is the normalized fundamental Wilson loop of the trajectory at time
σε2. We prove that under the continuum measure λ of Theorem 2.3, the law of Zε(x)
converges to the law of ZG = (|Ci|2/8)m

i=1, uniformly in x (Theorem 32.13). Here the three
color components of C are independent centered Gaussian vectors with the covariance Σ
of Definition 31.1, the covariance of heat-smoothed circulations of a Gaussian Maxwell
field; in the notation of that definition, Ci = Gi and (ZG)i = Zi. We deduce a lower
bound on the variance of small Wilson loops (Corollary 32.14), and we prove that Zε(x)
is asymptotically independent of every fixed bounded Borel function of the trajectory
(Theorems 32.16 and 32.17). All results are at a fixed positive coupling; no weak-coupling
limit is taken.

The form of the limit has a short heuristic explanation. By the computation at the
beginning of Section 31, the circulation of the heat-smoothed Gaussian Maxwell field
around x + εℓi is a centered Gaussian vector with covariance of order g2

3ε Σ in each color.
A Wilson loop sees only the squared norm of this circulation, since for X ∈ su(2)

1− 1
2 tr eX = |X|2/8 + O(|X|4).

Dividing by g2
3ε therefore produces |Ci|2/8. The proof shows that the nonlinear terms,

the coarse field, and the conditioning on the small-field event do not change this picture.
The proof proceeds as follows. By Lemma 31.8, the heat-smoothed circulation IK,s

is the sum of a coarse-field term, a martingale whose increments are linear in the cen-
tered fluctuation variables, and a small remainder. For each RG step we compare the
conditional law of the linear increment with a Gaussian law by an integration by parts
with a cutoff, in the spirit of Stein’s method [147] (Lemma 32.4), and we telescope the
conditional characteristic functions (Lemma 32.5). The cutoff error grows with the num-
ber of fluctuation variables, which is polynomial in 1/tj, but the probability that the

36
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cutoff is active decays like exp(−c log2(1/tj)) (Lemma 32.6). We then replace the coeffi-
cient matrices by their values at the zero field, whose Gram sum converges to Σ⊗ I3 by
Theorem 31.6. This proves a Gaussian limit for the circulations under the conditioned
measure (Theorem 32.8), and the same proof applies conditionally on the first q RG steps,
uniformly in their values (Lemma 32.10). Next we compare flowed Wilson loops with
circulations (Lemma 32.11), remove the conditioning using the bound of Theorem 23.10,
and pass to the continuum measure using Section 29. For asymptotic independence
we approximate macroscopic flowed Wilson loops by functions of the first q RG steps
(Lemma 32.15).

Four length scales appear: the coarse mesh Hs, the mesh aq = Hs+q after q RG steps,
the loop size ε, and the fine mesh a, with a ≤ ε ≪ aq ≤ Hs. The estimates split at the
scales with aj ≈ ε; the meshes Hs and aq stay fixed while ε→ 0. The limits are taken in
the following order. For the Gaussian limit,

K → ∞, ε ↓ 0 (s, R fixed), R→ ∞, s→ ∞,

where R is the radius of a ball for the linear and quadratic flow data; for asymptotic
independence,

K → ∞, ε ↓ 0 (s, q, R, δ fixed), q→ ∞, δ ↓ 0, R→ ∞, s→ ∞,

where δ is a tolerance. No estimate allows these parameters to vary simultaneously.
Besides Section 31, we use the bound for conditioning of Lemma 5.5, the joint realiza-

tion of the reconstruction and fine configuration following Lemma 15.10, and the bound
on the small-field failure probability of Theorem 23.10. We also use the local theory of
the Wilson flow and its stability, Theorem 24.5 and Corollary 25.11, the estimates on the
linear and quadratic flow data of Lemmas 28.4 and 28.10, and the construction of the
continuum measure in Section 29. The section ends with the proof of Theorem 2.8.

32.1 Setting and inputs

Definition 32.1. Fix L > 0, Γ > 0, 0 < γ ≤ Γ, and the parameters of Theorem 23.5, chosen
before γ: an odd integer M ≥ 3, the integer J, B = MJ , the reconstruction maps, and their
analytic domains. Fix n∗ ∈ 4N, smooth closed loops ℓ1, . . . , ℓm in R3, and σ > 0. We use
the notation of Section 31.1: NK = n∗BK, ns = n∗Bs, Hs = L/ns, k = K − s, aj = HsB−j,
a = ak, g2

3 = γ/L, η = g2
3ε, tj = M(J−1)/2g3

√aj, and pj = Aw log(1/tj). The probability
measure is the conditioned Wilson measure

νK,s = νNK ,ns,γ = µNK ,γ( · | SNK ,ns,γ).
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We use the joint realization of Remark 15.11, with fine-configuration marginal νK,s; the
reconstructed terminal field is gauge equivalent to this fine configuration on every sample.
Its reconstruction sequence is

θ̂j = Φ̂j(θ̂j−1, gj,·wj), Fj = σ(θ̂0, w1, . . . , wj),

where gj,ℓ are the couplings of the intermediate scales of the j-th RG step, and, con-
ditionally on Fj−1, the vector wj has the conditional fluctuation kernel k j(θ̂j−1, ·) of
Theorem 31.5, whose potential includes the input effective interaction produced by the
integrations at finer scales, the Haar disintegration density, and the determinants of
the change of variables. We write w̄j = E(wj | Fj−1). All maps, zero-fluctuation con-
tinuations, and circulations use the same reconstruction maps and the same choice of
representative of the coarse field. Put

Π̂k←j = Φ̂k(·, 0) ◦ · · · ◦ Φ̂j+1(·, 0), Π̂k←k = id .

The circulation map I is the map denoted Ia in Definition 31.1, with lattice cycles of
physical length at most Cℓε, zero winding, and swept area at most Cℓεa, which tends to
zero at fixed ε as a→ 0. Thus IK,s = I(θ̂k) ∈ R3m. As in Section 31.1 we put

Gj(v, w) = I
(
Π̂k←jΦ̂j(v, gj,·w)

)
, Γj(v) = DwGj(v, 0), ωj = min{aj/ε,

√
ε/aj},

QTay
j = Gj(θ̂j−1, wj)− Gj(θ̂j−1, 0)− Γj(θ̂j−1)wj.

The Taylor remainder QTay
j is the quantity denoted Rcur

j in Section 31.1, and the vector C
below is the vector G of Definition 31.1. Unless stated otherwise, constants may depend
on L, γ, M, J, n∗, Θ, the analytic domains, the loops, σ, and the coarse index s (the
dependence described in item (5) of Definition 4.14); they are independent of K, j, x, the
lattice offset, and the classical recursion index dj = J(K− s− j). A constant indexed by s
may depend on Hs. All regions are the full periodic torus.

The threshold s0 below depends on the fixed data and is chosen before the coarse
index s; the reconstruction maps do not change with s. The classical recursion index dj is
the depth dj of Section 26, not the increment xj − xj−1 of the heat path there.

Remark 32.2. The bounds of Theorem 31.5(4) on the circulation Taylor remainders QTay
j

come from the bound for general outputs in part (3) of that theorem, applied to

Za
j (θ, q) = Ê a

j
(
Φ̂j(θ, q)

)
, Gj(θ, w) = Ca,ε,x

(
a−1

j Za
j (θ, gj,·w)

)
,

with the field Ê a
j of Theorem 31.3. That bound is useful only if the larger coarse/free

radius, which we denote ρ+joint, and the coefficient bound, which we denote Ccur
F , are fixed
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before K, s, j, and the output resolution vary. We explain why. The only composition
of growing length in Za

j is the field Ê a
j . Let CE bound the rows and volume-normalized

columns of the matrices Ea
i , let Csrc be the constant in Theorem 31.3(4), and recall D =

β J/(1− α∗) and q = Bα2
∗ < 1. A common majorant for Ê a

j is

Mext(z) = CEz +
CECsrcC∗

1− q
z2

(1− Dz)2 . (32.1)

Indeed, a remainder at scale i > j, with r′ = i − 1 − j, contributes at most
CECsrcC∗qr′z2/(1− Dz)2, since (aj/ai)α

2r′+1
∗ = C∗qr′ ; for a distinguished input its col-

umn factors multiply to a3/a3
j , so the same series and its derivatives bound the columns.

We fix a radius ρE inside the larger domain, with DρE < 1, such that the reconstruction
images lie strictly inside the disk of radius ρE. ThenMext(ρE) < ∞, and its derivatives
on the smaller domain are fixed constants. We then choose the larger coarse/free domain
of radius ρ+joint so that its image under Φ̂j lies in this disk, uniformly in the indices, as
in Step 7 of the proof of Theorem 31.5. The majorant Mext and its derivatives on the
smaller domain, composed with the joint coefficient bound for Φ̂j, then give the fixed
constant Ccur

F . Both maps are equivariant and vanish at zero, so Za
j (0, 0) = 0. After the

substitution qj,ℓ = gj,ℓwj,ℓ, each fluctuation factor contributes its coupling gj,ℓ ≤ tj, and
one derivative in the coarse field costs a fixed factor on the larger domain, which we
include in Ccur

F . Thus neither Ccur
F nor ρ+joint depends on the remaining number of steps

or on s; the bound for general outputs is not applied to an output chosen anew at each
cutoff. This is Step 7 of the proof of Theorem 31.5.

The following proposition collects the estimates of Section 31 that are used below,
together with the dependence of their constants.

Proposition 32.3. In the setting of Definition 32.1, let s0 be the threshold of Theorem 31.5,
enlarged as in Lemma 31.8. For every s ≥ s0, K ≥ s, 1 ≤ j ≤ k, and a ≤ ε ≤ ε0(s), the following
statements hold. The constants do not depend on s ≥ s0, except through the factors in Hs and ns

that are displayed.

1. Conditionally on Fj−1, the vector wj has the law k j(θ̂j−1, ·) on Ωj = ∏ℓ BR3(0, pj,ℓ), with
pj ≤ pj,ℓ ≤ pj + CJ ; this kernel does not depend on the restrictions at coarser scales
once θ̂j−1 is fixed. Its potential satisfies D2

wVj ≥ I/2 and ∥D2
wVj − I∥row+col ≤ ϑj ≤

C[tj pj + t2
j (1 + Eq)], and Var f ≤ 2E|∇ f |2 and Ent( f 2) ≤ 4E|∇ f |2 conditionally on

Fj−1. Further, mj ≤ CJ(L/aj)
3, |E[wj,ℓ | Fj−1]| ≤ Ctjbj−1, pj ≥ 1, 6mje

−p2
j /192 ≤ 1/2,

and |E[wc
j,ℓ | Fj−1]| ≤ pj/(16

√
3).

2. For θ in the reconstruction domain, ∥Γj(θ)∥ℓ2→R3m ≤ Cωj, ∥Γj(θ)∥ℓ∞→R3m ≤ C
√

ε/aj,
and ∥Γj(θ)− Γj(0)∥ℓ2→R3m ≤ C∥θ∥∞ωj.
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3. We have |Γj(θ̂j−1)w̄j + E[QTay
j | Fj−1]| ≤ Ctjbj−1

√
ε/aj, the same bound for |E[QTay

j |

Fj−1]|, and E[|QTay
j −E(QTay

j | Fj−1)|2 | Fj−1] ≤ Ct2
j p2

j ω2
j .

4. Pathwise, b0 ≤ r, bj ≤ C[rα
j
∗ + g3

√aj pj], and ∑k
j=1 bj−1 ≤ Ds, with Ds as in

Lemma 31.8 and sups≥s0
Ds < ∞. With Ts as in Lemma 31.8 and Ñ the quantity

denoted NK,s there, sup∥θ̂0∥∞≤r |Ts| ≤ Cr
√

ε/(g3Hs) and E|Ñ| + sup∥θ̂0∥∞≤r |Ts| ≤
Cr
√

ε/(g3Hs) + Cg3Ds
√

ε + C
√

η[1 + log(1/η)]2.
5. We have ∑j Γj(0)Γj(0)T = Ca,ε,L ⊗ I3 − Cret

s,a,ε with ∥Cret
s,a,ε∥ ≤ Cn2

s ε/Hs. As a ↓ 0 at fixed
ε, Ca,ε,L → Cε,L uniformly in x and the lattice offset, and Cε,L → Σ as ε ↓ 0.

Proof. Parts (1)–(3) are parts (1), (2), and (4) of Theorem 31.5; the constants in part (3) are
fixed by Remark 32.2. Part (4) is Lemma 31.8, and part (5) is Theorem 31.6 together with
Lemma 31.2(5). By Lemma 31.10, all of these hold at the fixed coupling γ, with constants
independent of s ≥ s0 apart from the displayed factors.

32.2 Integration by parts and conditional characteristic functions

We now prove two finite-dimensional lemmas. The first compares one conditional
increment with a Gaussian vector by an integration by parts against the density of
the conditional fluctuation kernel, with a cutoff that vanishes near the boundary of the
product of balls; this is the characteristic-function form of Stein’s Gaussian integration
by parts [147]. The second lemma assembles the one-step comparisons by telescoping
conditional characteristic functions.

Lemma 32.4. Let K ⊂ RD be compact and convex with nonempty interior, let V be a C2 function
on a neighborhood of K with D2V ≥ κ I for some κ > 0, and let dζ = Z−11Ke−V dw. Assume
the Poincaré inequality Varζ f ≤ κ−1Eζ |∇ f |2 for every real C1 function f . Let Ψ be a real d×D
matrix with rows ψb, and set

µ = Eζw, ξ = Ψ(w− µ), S = ΨΨT, Rb = ⟨∇V − (w− µ), ψb⟩.

Then for every χ ∈ C1
c (intK; [0, 1]), with ϑ = supsupp χ ∥D2V − I∥op, every u ∈ Rd, and

1 ≤ b ≤ d,∣∣Eζ [(ξb − i(Su)b)eiu·ξ ]
∣∣ ≤ √2

κ
∥Ψ∥op|u|

(
ϑ|ψb|+ ∥Rb∇χ∥L2(ζ)

)
+ 2Eζ |Dψb χ|+ 2Eζ [(1− χ)|ξb|] + |(Su)b| ζ{χ < 1}.

The numerical coefficients do not depend on D, on the shape of K, or on its radii.

By Proposition 32.3(1), the conditional fluctuation kernels satisfy the Poincaré hypoth-
esis with κ = 1/2.
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Proof. We write E for Eζ and eu(w) = eiu·ξ(w). Since χ has compact support in the interior
of K, we may integrate the directional derivative of χeue−V , extended by zero, over RD;
there is no boundary contribution. Since

Dψb(u · ξ) = (Su)b, DψbV = ξb + Rb,

the resulting identity is

E[χ(ξb + Rb)eu] = i(Su)bE[χeu] + E[(Dψb χ)eu]. (32.2)

Rearranging, we obtain

E[(ξb − i(Su)b)eu] = E[(1− χ)(ξb − i(Su)b)eu]−E[χRbeu] + E[(Dψb χ)eu]. (32.3)

At u = 0, the identity (32.2) and Eξb = 0 imply

E[χRb] = E[Dψb χ] + E[(1− χ)ξb]. (32.4)

Here it matters that Rb is defined with the mean µ of ζ.
For a real function F and a complex function H, we have |Cov(F, H)| ≤

(Var F)1/2(E|H −EH|2)1/2 by the Cauchy–Schwarz inequality. We apply the Poincaré
inequality to F = χRb and separately to ℜeu and ℑeu; the sum of the squared gradients
of the latter two functions is |ΨTu|2 ≤ ∥Ψ∥2

op|u|2. Further,

∇(χRb) = χ(D2V − I)ψb + Rb∇χ, ∥∇(χRb)∥L2 ≤ ϑ|ψb|+ ∥Rb∇χ∥L2 ,

and only the Hessian on supp χ enters the last bound. Thus

|Cov(χRb, eu)| ≤ κ−1∥Ψ∥op|u|
(
ϑ|ψb|+ ∥Rb∇χ∥L2

)
.

In (32.3) we write E[χRbeu] = Cov(χRb, eu) + E[χRb]Eeu and use (32.4). The two occur-
rences of each cutoff term are bounded by the corresponding absolute expectations, and
the remaining term with (Su)b is bounded by |(Su)b|ζ{χ < 1}. This proves the stated
inequality, even with 1 in place of

√
2 in the first coefficient.

Lemma 32.5. Let (Fj)
k
j=0 be a finite filtration, and let ξ j ∈ Rd be bounded, Fj-measurable, and

conditionally centered, E[ξ j | Fj−1] = 0. Let S0
j ≥ 0 be deterministic matrices, and let ρj, ηj ≥ 0

be integrable Fj−1-measurable random variables. Suppose that for every u ∈ Rd∣∣E[(ξ j − iS0
j u)eiu·ξ j | Fj−1]

∣∣ ≤ ρj|u|+ ηj(1 + |u|).

For 0 ≤ q ≤ k put M0
q,k = ∑k

j=q+1 ξ j. Then almost surely

∣∣∣E[eiu·M0
q,k | Fq]− exp

(
−1

2
uT

k

∑
j=q+1

S0
j u
)∣∣∣ ≤ k

∑
j=q+1

E
[1

2 ρj|u|2 + ηj|u|(1 + |u|)
∣∣ Fq

]
.
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For every integrable random vector N, replacing M0
q,k by M0

q,k + N adds at most |u|E[|N| | Fq]

to the bound. No independence or smallness of the increments is assumed, and the numerical
constants do not depend on k, q, or the dimensions.

Proof. We set

φj(v) = E[eiv·ξ j | Fj−1], ∆j(v) = E[(ξ j − iS0
j v)eiv·ξ j | Fj−1].

Since ξ j is bounded, we may differentiate along v = τu, and we find

d
dτ

φj(τu) = −τuTS0
j u φj(τu) + iu · ∆j(τu).

The integrating factor from τ to 1 is exp[−(1 − τ2)uTS0
j u/2] ≤ 1. Since φj(0) = 1,

integrating from 0 to 1, we obtain

|φj(u)− φ0
j (u)| ≤ ej(u), φ0

j (u) = e−uTS0
j u/2, ej(u) = 1

2 ρj|u|2 + ηj|u|(1 + |u|).
(32.5)

Fix q, and for q ≤ j ≤ k set

Hj = exp
(

iu ·
j

∑
l=q+1

ξl

) k

∏
l=j+1

φ0
l (u).

Then Hq = ∏k
l=q+1 φ0

l (u) is deterministic and Hk = eiu·M0
q,k . Conditioning the difference

Hj − Hj−1 first on Fj−1 and then on Fq, and using (32.5), we bound its conditional
expectation given Fq in modulus by E[ej(u) | Fq]; here we used that the exponential of
the past increments has modulus one and that every remaining deterministic factor lies
in [0, 1]. Telescoping proves the assertion. Finally, |eiu·(z+n) − eiu·z| ≤ |u||n| implies the
statement about N; no measurability or independence requirement on N is needed.

32.3 Telescoping circulations and dimension-dependent cutoffs

The next lemma applies Lemma 32.4 to the conditional fluctuation kernels. The cutoff
χj must vanish near the boundary of the product of balls, and its gradient grows like
the square root of the number Dj of fluctuation variables, so the error terms carry
a polynomial factor in Dj. This factor is harmless because the cutoff radius grows
logarithmically in 1/tj, so that the probability that the cutoff is active decays faster than
any power of the mesh.

Lemma 32.6. In the setting of Definition 32.1, for every finite K ≥ s,

IK,s = Ts +
k

∑
j=1

Γj(θ̂j−1)(wj − w̄j) + Ñ,
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where

Ts = I(Π̂k←0θ̂0), Ñ =
k

∑
j=1

{
Γj(θ̂j−1)w̄j + QTay

j
}

.

All zero-fluctuation continuations lie in the reconstruction domain, and the middle sum is a sum
of martingale increments under νK,s.

There is s0 < ∞, depending only on L, γ, M, J, n∗, Θ, the analytic domains and column
bounds, the loops, and σ, and not on the later index s, such that for s ≥ s0 the following holds at
each RG step. The kernel k j lives on mj balls in R3, with Dj = 3mj ≤ 3CJ(L/aj)

3, and pj ≥ 1,
D2

wVj ≥ I/2, and

∥D2
wVj − I∥op ≤ ϑj ≤ C{tj pj + t2

j (1 + Eq)} ≤ 1
2 .

There is a smooth function χj : Ωj → [0, 1], equal to one on the product of the balls of half the radii
and to zero outside the product of the balls of three quarters of the radii, with |∇χj| ≤ C

√
Dj/pj

and ∇χj = 0 on {χj = 1}. The conditional probability that the cutoff is active,

qcut
j = P{χj(wj) < 1 | Fj−1},

satisfies qcut
j ≤ 6mje

−p2
j /192 ≤ 1/2. Put τ̂j = (1 + 3mj)(6mj)

1/2e−p2
j /384. Let Ψj be either

Γj(θ̂j−1) or Γj(0), and let ξ j = Ψj(wj − w̄j) and Sj = ΨjΨT
j . Then for every u ∈ R3m,∣∣E[(ξ j − iSju)eiu·ξ j | Fj−1]

∣∣ ≤ ρj|u|+ ηj(1 + |u|),

with
ρj ≤ C3mϑj∥Ψj∥2

op, ηj ≤ C3m∥Ψj∥op(1 + ∥Ψj∥op)τ̂j,

where C3m depends only on m, J, and the ratios of the radii, and not on Dj, pj, or the coarse field.
There is a deterministic function T of the mesh such that

τ̂j ≤ T(aj) ≤ C
(
1 + (L/aj)

3)(L/aj)
3/2 exp

{
−A2

w
384

log2 1
M(J−1)/2g3

√aj

}
.

For every r′ > 0 we have T(h) ≤ Cr′hr′ as h ↓ 0. In particular, with Acut
s = ∑j≥1 a−1/2

j T(aj)

and Θcut(v) = sup0<h≤v T(h),

k

∑
j=1

ωj(1 + ωj)τ̂j ≤ C
√

ε Acut
s + CBΘcut(ε) −→ 0 (ε ↓ 0),

uniformly in K, x, the lattice offset, and dj, and Acut
s ≤ Acut

s0
< ∞. The number of blocks is

mj = OJ,L,γ(t−6
j ).
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Proof. The decomposition is that of Lemma 31.8, proved in Step 5 of its proof: for
Fj = I(Π̂k←jθ̂j) we have F0 = Ts, Fk = IK,s, and Fj − Fj−1 = Γj(θ̂j−1)wj + QTay

j , since

Π̂k←j−1 = Π̂k←j ◦ Φ̂j(·, 0) on the reconstruction domain, which contains all sampled
fields and all zero-fluctuation continuations by Theorem 31.3. The coefficients are Fj−1-
measurable and w̄j is the conditional mean under the same law, so the middle sum is a
martingale.

We next fix the threshold, uniformly for all later coarse indices; all data in the depen-
dence list are fixed before this choice. The largest coupling of each RG step and the cutoff
radii satisfy

t1(s) = g3
√

Hs/M, tj(s) = t1(s)B−(j−1)/2, pj = p1(s) + 1
2 Aw(j− 1) log B. (32.6)

By Proposition 32.3(1), the kernel k j lives on mj balls with radii pj ≤ pj,ℓ ≤ pj + CJ and
has the stated Hessian, dimension, and mean bounds. The bound on rows and columns
implies the bound on the operator norm, since for a finite matrix A

∥A∥2
ℓ2→ℓ2 ≤

(
sup

i
∑

l
|Ail|

)(
sup

l
∑

i
|Ail|

)
,

as follows by applying the weighted Cauchy–Schwarz inequality in each row and then
summing. The Hessian error therefore tends to zero with tj pj + t2

j (1+ Eq). Since t1(s) ↓ 0,
one enlargement of s0 enforces pj ≥ 1 and ϑj ≤ 1/2 at every level. The number of blocks
satisfies

mj ≤ CJ(L/aj)
3 ≤ CJ,L,γt−6

j , aj = t2
j /(λ2

Bg2
3),

with λB = M(J−1)/2, so 6mje
−p2

j /192 → 0 uniformly over all sufficiently small tj. The same
s0 enforces the bound 1/2 on this quantity and the bound on the means

|E[wc
j,ℓ | Fj−1]| ≤ pj/(16

√
3), 1 ≤ c ≤ 3. (32.7)

These are restrictions on the coarse side only; the cutoff radii and the maps are not
changed.

The cutoff. Fix a smooth function ψ : [0, ∞)→ [0, 1], equal to one on [0, 1/2] and to zero
on [3/4, ∞), and set

χj(w) =

mj

∏
ℓ=1

ψ(|wℓ|/pj,ℓ).

It is smooth, since each factor is constant near wℓ = 0, and it has compact support
in the interior of the product. The gradient of each factor has norm at most C/pj, so
|∇χj| ≤ C√mj/pj ≤ C

√
Dj/pj, and ∇χj vanishes wherever χj = 1. These bounds

depend only on ψ, not on the number of balls.
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The probability that the cutoff is active. We use the logarithmic Sobolev inequality
Ent( f 2) ≤ 4E|∇ f |2 of Proposition 32.3(1) on the product itself, by Herbst’s argument (see
[123]). For a scalar coordinate F(w) = wc

ℓ, let H(λ) = log EeλF. Applying the inequality
to f = eλF/2, we find λH′(λ)− H(λ) ≤ λ2. Integrating (H/λ)′ ≤ 1 from zero for λ > 0,
and applying the same argument to −F, we obtain

Eeλ(F−EF) ≤ eλ2
(λ ∈ R), P{|F−EF| ≥ v} ≤ 2e−v2/4,

where the tail bound follows by taking λ = v/2 in eλ2−λv for each of the two tails. If
χj < 1, then some |wℓ| > pj,ℓ/2 ≥ pj/2, so some coordinate has absolute value larger
than pj/(2

√
3). By (32.7), its deviation from its conditional mean is at least pj/(4

√
3). A

union bound over the 3mj coordinates gives

qcut
j = P{χj < 1 | Fj−1} ≤ 6mje

−p2
j /192. (32.8)

The error terms with the dimension retained. We suppress the index j and write
D = 3mj, p = pj, q = ζ{χ < 1} ≤ 1/2, Ψ = Ψj, and ζ for the conditional kernel. Both
choices of Ψ are linear maps whose rows are fixed once the coarse field is fixed; neither
choice changes the law, its mean, the cutoff, or the score vector ∇V − (w − µ). The
contraction Rb = (∇V − (w− µ)) · ψb retains its dependence on the chosen row ψb. The
product of balls has diameter at most CJ p

√
D, and by convexity the mean µ = Ew lies in

the product. Since ∇Rb = (D2V − I)ψb, with cb = Rb(µ) we have

sup
w
|Rb(w)− cb| ≤ CJϑp

√
D |ψb|. (32.9)

By the Poincaré inequality, E|ξb|2 ≤ 2|ψb|2. Further,

E|Dψb χ| ≤ C
√

D |ψb| q/p, E[(1− χ)|ξb|] ≤
√

2 |ψb|
√

q.

Using (32.4), Eχ ≥ 1/2, and (32.9), we obtain

|cb| ≤ CJ |ψb|
{

ϑp
√

D + (
√

D/p)q +
√

q
}

.

Since ∇χ vanishes on {χ = 1}, multiplying the resulting bound on sup |Rb| by the
gradient bound and by

√
q, and using p ≥ 1 and ϑ ≤ 1/2, we find

∥Rb∇χ∥L2 ≤ CJ(1 + D)|ψb|
√

q. (32.10)

In particular, Rb is not bounded independently of D.
We insert these estimates into Lemma 32.4 with κ = 1/2, and use |(Su)b| ≤

|ψb|∥Ψ∥op|u| and (∑b |ψb|2)1/2 ≤
√

3m∥Ψ∥op. The Euclidean norm of the vector of
errors is at most

C3mϑ∥Ψ∥2
op|u|+ C3m∥Ψ∥op(1 + ∥Ψ∥op)(1 + D)

√
q (1 + |u|).

All constants may depend on J and the ratios of the radii, but not on D, p, or the coarse
field. By (32.8), (1 + D)

√
q ≤ τ̂j, which gives the stated ρj and ηj.
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The deterministic envelope. On 0 < h ≤ Hs0/B we take

T(h) = C
(
1 + (L/h)3)(L/h)3/2 exp

[
−A2

w
384

log2 1

λBg3
√

h

]
, (32.11)

with one sufficiently large C; then τ̂j ≤ T(aj), since mj ≤ CJ(L/aj)
3 and pj =

Aw log(1/(λBg3
√aj)). This definition uses the mesh itself, not the index j or the coarse

index. To verify the decay, let h∗ = Hs0/B and z = log(h∗/h) ≥ 0. The logarithm of the
polynomial prefactor is at most C + (9/2)z. The exponent is a quadratic polynomial in
z with leading coefficient −A2

w/1536. For every r′ > 0, subtracting log hr′ adds only r′z
and a constant, and the resulting quadratic polynomial is bounded above. This proves
T(h) ≤ Cr′hr′ and Θcut(v)→ 0, with constants of the stated dependence.

Taking r′ = 2 shows that ∑j≥1 a−1/2
j T(aj) < ∞. For s ≥ s0 this series is a tail of the

same series along the fixed sequence of meshes, so Acut
s ≤ Acut

s0
. Finally ωj ≤ 1, and

∑
aj>ε

ωj(1 + ωj)T(aj) ≤ 2
√

ε Acut
s , ∑

aj≤ε

ωj(1 + ωj)T(aj) ≤
2Θcut(ε)

1− B−1 .

For the second bound we used that the meshes form a geometric sequence, so that
∑aj≤ε aj/ε ≤ (1− B−1)−1. Truncating either sum at k only decreases it. This proves the
summability and uniformity assertions.

32.4 Gaussian approximation of the circulations

We first record how characteristic-function estimates are converted into estimates in the
bounded-Lipschitz distance dBL, which uses test functions bounded by one with Lipschitz
constant at most one. The argument also covers a singular limiting covariance.

Lemma 32.7. Let P′ and P be probability measures on Rd, with characteristic functions P̂′(u) =∫
eiu·zP′(dz) and P̂. For all A > 0 and δ > 0,

dBL(P′, P) ≤ P′{|z| > A}+ P{|z| > A}+ 4δE|Zd|

+
|BRd(0, A + 1)|

(2π)d

∫
Rd

e−δ2|u|2/2|P̂′(u)− P̂(u)| du, (32.12)

where Zd is a standard Gaussian vector in Rd. In particular, if probability measures Pl
are uniformly tight and their characteristic functions converge pointwise to that of P, then
dBL(Pl, P) → 0. If d = 3m, the same convergence holds after applying q(v) = (|vi|2/8)m

i=1,
provided the tails of the Pl and of P vanish uniformly as the radius tends to infinity; quantitatively,
for every A > 0,

dBL(q∗P′, q∗P) ≤ max{1, A/4}dBL(P′, P) + 2P′{|v| > A}+ 2P{|v| > A}. (32.13)

The constants depend only on d and on the chosen radii A and δ.
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Proof. Let f satisfy ∥ f ∥∞ ≤ 1 and Lip f ≤ 1, and let χA(z) = min{1, (A + 1− |z|)+} and
h = f χA. Then h is supported in the ball of radius A + 1, is bounded by one, and has
Lipschitz constant at most two. If φδ is the centered Gaussian density with covariance
δ2 Id, then ∥h ∗ φδ − h∥∞ ≤ 2δE|Zd|. The Fourier transform of a Gaussian density gives
φδ(z) = (2π)−d ∫ eiu·ze−δ2|u|2/2 du. Inserting this formula into the convolution and using
Fubini’s theorem, which is justified since h and the Gaussian in u are integrable, we
obtain, with ĥ(u) =

∫
h(z)e−iu·z dz,

P′(h ∗ φδ)− P(h ∗ φδ) = (2π)−d
∫

ĥ(u)e−δ2|u|2/2(P̂′(u)− P̂(u)
)

du.

Since |ĥ(u)| ≤ |BRd(0, A + 1)|, the modulus of the right side is at most the last term of
(32.12). Restoring h costs 4δE|Zd|, and restoring f costs at most P′{|z| > A}+ P{|z| > A},
since | f − h| ≤ 1{|z|>A}. The right side does not depend on f , which proves (32.12). Under
the hypotheses on Pl, dominated convergence (the characteristic functions differ by at
most two) shows that the last term tends to zero for fixed A and δ; we then let A → ∞
and δ ↓ 0.

For the quadratic map, let πA be the nearest-point projection onto the closed ball of
radius A. It is 1-Lipschitz: for z, z′ ∈ Rd, the inequalities ⟨z− πAz, y− πAz⟩ ≤ 0 for y in
the ball, applied with y = πAz′ and symmetrically, give |πAz− πAz′|2 ≤ ⟨z− z′, πAz−
πAz′⟩. On the ball,

|q(v)− q(w)| ≤ 1
8(|v|+ |w|)|v− w| ≤ (A/4)|v− w|.

Thus, for a test function f on Rm bounded by one with Lipschitz constant at most one, the
function f ◦ q ◦ πA is bounded by one and has Lipschitz constant at most A/4. Further,
f ◦ q differs from it only outside the ball, by at most two. This proves (32.13). For the
convergence, take P′ = Pl, let l → ∞, and then let A→ ∞.

Theorem 32.8. In the setting of Definition 32.1, there is an integer s0 such that for every fixed
integer s ≥ s0,

lim
ε↓0

lim sup
K→∞

sup
x∈T3

L, offset
dBL

(
LawνK,s IK,s(ε, x), N(0, Σ⊗ I3)

)
= 0,

where Σ is the covariance of Definition 31.1; it may be singular. The underlying estimates
hold for every K ≥ s, 1 ≤ j ≤ K − s, and a ≤ ε ≤ ε0(s), where one may take ε0(s) ≤
min{cHs, εloop, c/g2

3}. The constants in the bounds on the coefficients, on the variation of the
covariance, and on the conditional remainders can be chosen independently of s ≥ s0. More
explicitly, let κ∗ = − log α∗/ log B, which exceeds 1/2 since α∗ < B−1/2, and let

Ψκ(u) =


uκ, κ < 1,

u(1 + | log u|), κ = 1,

u, κ > 1,

0 < u ≤ 1.
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Then the variation of the coefficients and the remainder satisfy

∑
j
∥θ̂j−1∥∞ω2

j ≤ CrΨκ∗(ε/Hs) + C
√

η [1 + | log η|],

E|Ñ|+ |Ts| ≤
Cr

g3Hs

√
ε + Cg3Ds

√
ε + C

√
η [1 + | log η|]2,

where Ds = C{r/(1− α∗) + g3
√

Hs(p1(s) + 1)} and sups≥s0
Ds < ∞. The coarse-field term

may grow like H−1
s , ε0(s) may decrease with s, and s is fixed before both limits.

Proof. We first sum the one-step bounds over the scales (Steps 1–3), then replace the coef-
ficients by their values at the zero field (Step 4), then bound the characteristic functions
(Step 5), and finally pass to the bounded-Lipschitz distance (Step 6).

Step 0: the threshold. We take the threshold of Lemma 32.6 and enlarge it, if necessary,
to that of Proposition 32.3. All constants in the coefficient, potential-derivative, and
conditional variance bounds are independent of the later s. Indeed, the maps for coarse
index s are those of the fixed sequence at the absolute levels s + j, with recursion indices
J(K − s − j), and the output class is that of Remark 32.2. We use only the mean and
variance bounds of Proposition 32.3(3); the local bound (31.13) is not needed. The domain
and zero-fluctuation statements come from Theorem 31.3. The law of the coarse field
may depend on s; since every estimate holds for every coarse field, no comparison of
these laws is needed. We take the range of ε in the statement, shrinking c if necessary so
that η < 1 and p(ε) = Aw log(1/(λBg3

√
ε)) ≥ 1; this is possible with c depending only

on M, J, and Aw.

Step 1: sums over the scales. Since the meshes aj decrease by the ratio B, splitting at
aj = ε gives

k

∑
j=1

ω2
j ≤

1
1− B−1 +

1
1− B−2 = C(2)

B . (32.14)

For aj > ε the summands are ε/aj, and reading them from the last coarse scale backward
bounds their sum by the first geometric series; for aj ≤ ε they are a2

j /ε2, bounded by the
second series. The estimate holds also if either part is empty. For h ≤ ε write

p(h) = p(ε) + 1
2 Aw log(ε/h),

so that pj = p(aj). For each fixed v > 0, geometric summation gives

∑
aj≤ε

(aj/ε)v(1 + p(aj)) ≤ CB,v,Aw(1 + p(ε)). (32.15)

Indeed, the first ratio z = aj0/ε ≤ 1 need not be one, and the sum is
at most zv ∑l≥0 B−vl[1 + p(ε) + (Aw/2)(log(1/z) + l log B)]; we use zv ≤ 1,
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sup0<z≤1 zv log(1/z) < ∞, and the convergence of ∑l B−vl and ∑l lB−vl. For aj > ε we
have p(aj) ≤ p(ε) and ∑aj>ε a−1/2

j ≤ CBε−1/2. It follows that

g3 ∑
j

√
aj(1 + pj)ω

2
j ≤ Cg3

√
ε (1 + p(ε)) ≤ C

√
η (1 + | log η|), (32.16)

where on the fine scales we used (32.15) with v = 5/2, and on the coarse scales the sum of
inverse square roots. Here and below the constants may depend on γ and on Hs0 , but not
on the later s. Since pj ≥ 1 and tj ≤ t1(s0), the Hessian error satisfies ϑj ≤ Cg3

√aj(1+ pj).
Thus

∑
j

ϑjω
2
j ≤ C

√
η (1 + | log η|). (32.17)

Step 2: the variation of the coefficients. We write bj = ∥θ̂j∥∞. The bound of Proposi-
tion 32.3(4) is pathwise, with a coefficient independent of Hs and of all later s ≥ s0; we
use this uniform coefficient rather than a bound with a constant depending on Hs. Its
conditions hold here: all fields and zero-fluctuation continuations lie in the reconstruction
domain, and t1(s) ≤ t1(s0) satisfies the required upper bound for every later s. With
b0 ≤ r, it implies

bj−1 ≤ C
{

r(aj/Hs)
κ∗ + g3

√
aj(1 + pj)

}
, 1 ≤ j ≤ k. (32.18)

For j ≥ 2 we used aj−1 = Baj, pj−1 ≤ pj, and α
j−1
∗ = α−1

∗ (aj/Hs)κ∗ ; for j = 1 we used
b0 ≤ r and absorbed α−1

∗ into C. The deterministic part of the weighted sum ∑j bj−1ω2
j

over the coarse scales is
CrεH−κ∗

s ∑
aj>ε

aκ∗−1
j .

If κ∗ < 1, summing from the last coarse mesh bounds this by Cr(ε/Hs)κ∗ . If κ∗ = 1,
every summand is one and there are at most CB(1 + log(Hs/ε)) of them, which gives the
logarithmic case of Ψκ∗ ; this case cannot be bounded by Cε/Hs. If κ∗ > 1, summing from
the largest mesh bounds it by Crε/Hs. On the fine scales the sum is

CrH−κ∗
s ε−2 ∑

aj≤ε

aκ∗+2
j ≤ Cr(ε/Hs)

κ∗ .

In all three cases this is bounded by CrΨκ∗(ε/Hs). For the fluctuation part of (32.18) we
use (32.16). This proves, pathwise, the first estimate of the theorem:

∑
j

bj−1ω2
j ≤ CrΨκ∗(ε/Hs) + C

√
η (1 + | log η|). (32.19)
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Step 3: the remainder. Let Dj = QTay
j −E[QTay

j | Fj−1]. By the conditional mean and

variance bounds of Proposition 32.3(3), the tower property, E|Dj| ≤ (E|Dj|2)1/2, and the
triangle inequality, we have, without any independence,

E|Ñ| ≤ C ∑
j

tj Ebj−1

√
ε/aj + C ∑

j
tj pjωj. (32.20)

In the first sum we apply the pathwise bound inside the expectation:

∑
j

tj Ebj−1

√
ε/aj = λBg3

√
ε E

[
∑

j
bj−1

]
≤ λBg3

√
ε Ds.

On the fine scales the second sum is λBg3ε−1 ∑j a3/2
j pj, which is at most C

√
η(1+ p(ε)) by

(32.15). On the coarse scales each term is λB
√

η pj; there are at most CB[1 + log(Hs0/ε)]

such scales, and each pj ≤ p(ε). For fixed g3 and Hs0 both factors are at most C(1 +

| log η|). Adding the bound on Ts from Proposition 32.3(4), we obtain

E|Ñ|+ sup
∥θ̂0∥∞≤r

|Ts| ≤
Cr

g3Hs

√
ε + Cg3Ds

√
ε + C

√
η (1 + | log η|)2, (32.21)

which is also the estimate of Lemma 31.8. The quantity Ds is the sum of the bounds on
bj−1, with a coefficient independent of s, and sups≥s0

Ds < ∞ follows from (32.6): p1(s)
grows linearly in s, and

√
Hs decreases by the factor B−1/2 at each increment of s.

Step 4: coefficients at the zero field. We now replace the coefficient matrices by their
values at the zero field, keeping the centered fluctuation variables ej = wj − w̄j of the
conditioned measure. Let

Mk = ∑
j

Γj(θ̂j−1)ej, M0
k = ∑

j
Γj(0)ej, S0

j = Γj(0)Γj(0)T.

The reconstruction domain gives a fixed deterministic bound bj ≤ bmax < ∞. By the
conditional Poincaré inequality and the bound on Γj(θ)− Γj(0) in Proposition 32.3(2), we
have

E
[
|(Γj(θ̂j−1)− Γj(0))ej|2

∣∣ Fj−1
]
≤ C3mb2

j−1ω2
j .

Since these differences are martingale increments for the same measure, conditioning on
the earlier variables makes all cross terms vanish. With (32.19) we obtain

E|Mk −M0
k |

2 ≤ C3m ∑
j

Eb2
j−1ω2

j ≤ C3mbmax
{

CrΨκ∗(ε/Hs) + C
√

η (1 + | log η|)
}
−→ 0,

(32.22)
uniformly in K at fixed s.
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Step 5: characteristic functions. We apply Lemma 32.6 with Ψj = Γj(0), under the same
conditional kernels at the coarse fields θ̂j−1; the kernel at the zero field is not used. The
bound ∥Γj(0)∥op ≤ Cωj implies the deterministic bounds

ρ0
j ≤ Cϑjω

2
j , η0

j ≤ Cωj(1 + ωj)τ̂j,

whose sums tend to zero by (32.17) and Lemma 32.6. Lemma 32.5 with q = 0, followed
by (32.22) and (32.21), bounds the error in the characteristic function of the circulation by∣∣∣Eeiu·IK,s − e−uT(Σ⊗I3)u/2

∣∣∣ ≤ |u|{E|Ts + Ñ|+ (E|Mk −M0
k |

2)1/2
}

+ ∑
j

{
1
2 ρ0

j |u|2 + η0
j |u|(1 + |u|)

}
+ 1

2 |u|
2
∥∥∥∑

j
S0

j − Σ⊗ I3

∥∥∥
op

.

(32.23)

In the last term we used |e−x − e−y| ≤ |x− y| for x, y ≥ 0. The last term is deterministic.
By Proposition 32.3(5),

∑
j

S0
j = Ca,ε,L ⊗ I3 − Cret

s,a,ε, ∥Cret
s,a,ε∥ ≤ Cn2

s ε/Hs,

and the first covariance converges to Cε,L ⊗ I3 as K → ∞ and then to Σ ⊗ I3 as ε ↓ 0,
uniformly in x and the lattice offset. This identification concerns the linearization of the
reconstruction at the origin and the linearized coarse field; the nonlinear reconstruction
is never conditioned to have zero coarse field. At each fixed s, every term on the right of
(32.23) therefore vanishes in the stated iterated limit, uniformly in x and the lattice offset.
In particular,

lim
ε↓0

lim sup
K→∞

sup
x, offset

∣∣∣Eeiu·IK,s − e−uT(Σ⊗I3)u/2
∣∣∣ = 0. (32.24)

No random covariance and no compensated exponential is needed.

Step 6: the bounded-Lipschitz distance. By the conditional Poincaré inequality, we have
E[|Γj(0)ej|2 | Fj−1] ≤ 2 tr S0

j , and orthogonality together with (32.14) gives E|M0
k |

2 ≤ C3m.
With (32.22) and (32.21), this gives a bound on E|IK,s| that is uniform in K, x, the lattice
offset, and ε in a sufficiently small range at the fixed s; by Markov’s inequality the tails
of IK,s vanish uniformly. We apply (32.12) with P′ = LawνK,s IK,s and P = N(0, Σ⊗ I3).
Its last term is bounded by the integral against e−δ2|u|2/2 of min{2, EK,ε,s(u)}, where EK,ε,s
is a deterministic bound on the right side of (32.23), uniform in x and the lattice offset.
Such a bound is obtained by using (32.21), (32.22), the bounds in Step 5 on ρ0

j and η0
j ,

and the uniform covariance convergence at the end of that step. We choose it to be a
polynomial in |u| with nonnegative deterministic coefficients supplied by these bounds.
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For each fixed u, it tends to zero in the iterated upper-limit sense K → ∞, then ε ↓ 0. The
integrand is bounded by the integrable function 2e−δ2|u|2/2; the dominated upper-limit
inequality followed by dominated convergence therefore makes the integral vanish in
that iterated limit, for fixed A and δ. Letting then A→ ∞ and δ ↓ 0 proves the theorem,
also for singular Σ. The dependence on s of the coarse-field constant and of the range of
ε is exactly the one in the statement; no choice of s depending on ε has been made.

Remark 32.9. Lemmas 32.4 and 32.5 are abstract finite-dimensional statements. Their
application to the circulations fixes the coupling γ > 0 before s0 is chosen, and gives
estimates with the dependence described in item (5) of Definition 4.14; it does not give
constants uniform as γ→ 0 at a fixed side, as would be needed for item (6). The proof
of Theorem 32.8 uses no tightness of the linear and quadratic flow data; these enter in
Lemma 32.11 and in the passage to the continuum measure.

The same proof applies conditionally on the first q RG steps, with error bounds that
do not depend on the values of these steps. This uniformity is what makes the asymptotic
independence in Section 32.8 possible; it does not follow from Theorem 32.8 itself.

Lemma 32.10. In the setting of Definition 32.1, fix s ≥ s0. Write ∥h∥BL = max{∥h∥∞, Lip h}.
Fix an integer q ≥ 0, and for K− s ≥ q let Fq = σ(θ̂0, w1, . . . , wq) be the σ-field generated by
the coarse field and the fluctuation variables of the first q RG steps. Let C ∼ N(0, Σ⊗ I3) and
q(v) = (|vi|2/8)m

i=1. Regular conditional probabilities can be chosen so that

lim
ε↓0

lim sup
K→∞

sup
x, offset

ess sup
νK,s

dBL

(
Law

(
IK,s(ε, x)

∣∣ Fq
)
, Law(C)

)
= 0. (32.25)

The same holds with IK,s and C replaced by q(IK,s) and q(C). In particular, if |BK,q| ≤ 1 is any
real Fq-measurable random variable, then

lim
ε↓0

lim sup
K→∞

sup
x, offset

sup
∥ f ∥BL≤1

∣∣∣EνK,s

[
f (q(IK,s))BK,q

]
−E f (q(C))EνK,s BK,q

∣∣∣ = 0. (32.26)

The constants may depend on s and q and otherwise have the dependence of item (5) of Defini-
tion 4.14. The variable BK,q may depend on K, and no regularity in the values of the first q steps
is required. Nothing is asserted uniformly in q.

Proof. We follow the proof of Theorem 32.8 conditionally on Fq, and check that every
error bound is deterministic and does not depend on the values of the first q steps.

Step 1: the decomposition after q steps. Since all spaces of coarse fields and fluctuation
variables are finite-dimensional compact metric spaces, the explicit normalized kernels
give regular conditional probabilities. Fix a realization of the first q steps. By Proposi-
tion 32.3(1), the later conditional kernels are the same kernels as before conditioning,
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since the restrictions at coarser scales do not alter them once their coarse field is fixed.
Every such field lies in the reconstruction domain and satisfies eθ̂j−1 ∈ Br, as noted in
Section 31.1. The maps at the absolute levels s + q + 1, . . . , K are the same reconstruc-
tion maps, with the same recursion indices. By Theorem 31.3, every zero-fluctuation
continuation is defined. Thus the decomposition starting at q is

IK,s = Tq +
K−s

∑
j=q+1

Γj(θ̂j−1)(wj − w̄j) + Nq,

where

Tq = I
(
Π̂K−s←qθ̂q

)
, Nq =

K−s

∑
j=q+1

{
Γj(θ̂j−1)w̄j + QTay

j
}

,

and w̄j is still the conditional mean under the conditioned Wilson measure. This is a
restriction of the same telescoping sum, with no change of measure.

Step 2: bounds uniform in the first q steps. The field Ê a
q of Theorem 31.3 vanishes at

zero and has bounded derivative on the reconstruction domain, so ∥Ê a
q (θ̂q)∥∞ ≤ Cbmax.

By its identity for circulations, the contraction of the heat semigroup, and the length
bound, we have, with aq = Hs+q,

|Tq| ≤
Cbmax

g3aq

√
ε.

Here bmax is the fixed bound for the reconstruction domain. We keep the pathwise
bounds of Proposition 32.3(4) and (32.19), which hold after conditioning as well; they are
not restarted at θ̂q. Using the mean and variance bounds of Proposition 32.3(3), which
hold for every coarse field, and the tower property, we obtain

E[|Nq| | Fq] ≤ Cg3Ds
√

ε + C ∑
j>q

tj pjωj ≤ Cg3Ds
√

ε + C
√

η (1 + | log η|)2.

For the means we used tj

√
ε/aj = λBg3

√
ε and the deterministic bound on ∑j bj−1; for the

centered part, the conditional variance and the conditional Cauchy–Schwarz inequality.
These bounds vanish at fixed s and q and do not depend on the values of the first q steps.
The cutoff estimates of Lemma 32.6 hold at every later coarse field. For the replacement
of the coefficients by their values at the zero field, we set

Bs,ε = CrΨκ∗(ε/Hs) + C
√

η (1 + | log η|).

By the conditional Poincaré inequality and the orthogonality of martingale increments,
we have

E
[∣∣∣∑

j>q

(
Γj(θ̂j−1)− Γj(0)

)
(wj − w̄j)

∣∣∣2 ∣∣∣ Fq

]
≤ C E

[
∑
j>q

b2
j−1ω2

j

∣∣∣ Fq

]
≤ CbmaxBs,ε.
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The last inequality follows from the pathwise bound (32.19), which holds on every sample
path; its right side is deterministic and tends to zero at fixed s. Lemma 32.5 applies to
this tail of the sum.

Step 3: the covariance of the tail. The coefficients Γj(0) for j > q are exactly the
coefficients at the zero field for the coarse index s + q, since their defining maps are the
same restrictions of the fixed family. By Theorem 31.6 at index s + q,

∑
j>q

Γj(0)Γj(0)T = Ca,ε,L ⊗ I3 − Cret
s+q,a,ε, ∥Cret

s+q,a,ε∥ ≤ Cn2
s+qε/Hs+q,

and by Lemma 31.2 the first term has the same limit Σ⊗ I3. For every u, the conditional
error in the characteristic function is therefore bounded almost surely by the sum of
these deterministic remainder, coefficient, cutoff, and covariance errors, as in (32.23). This
bound does not depend on the first q steps, and it vanishes in the stated order at fixed s
and q. The factors 1/aq and n2

s+q/Hs+q grow with q, which is why q is fixed before the
limits.

Step 4: conditional laws. By the conditional Poincaré inequality, the conditional second
moment of the tail ∑j>q Γj(0)(wj− w̄j) also has a deterministic bound, and the conditional
first-moment bounds of Step 2 then give uniform conditional tails for IK,s. We apply
(32.12) to these conditional laws: its Fourier integral is bounded by the same deterministic
envelope for the characteristic functions, and its truncation terms by these conditional
tails. Choosing one null set for all rational u and using the continuity of each conditional
characteristic function, we obtain an almost sure bound that does not depend on the
version of the conditional law or on the test function. This proves (32.25).

Step 5: the quadratic map. By (32.13) applied to the conditional laws, with the projection
onto a ball of radius A on which q has Lipschitz constant at most A/4, and with the
conditional tails outside the ball vanishing uniformly as A→ ∞, the statement for q(IK,s)

follows; we let K → ∞ and ε ↓ 0 before A→ ∞. Multiplying by BK,q and using the tower
property proves (32.26).

32.5 Wilson flow and removal of the conditioning

We now compare the normalized Wilson-loop deficits of the flowed fine configuration
with the squared circulations, and remove the conditioning on the small-field event.
The comparison has two parts. The first is an expansion of the trace of a product of
SU(2) matrices to second order, with a remainder controlled by the total variation and
independent of the number of links. The second is the local theory of the Wilson flow of
Theorem 24.5, which writes the flowed field as the linear heat evolution plus the quadratic
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Picard term plus a smaller remainder. The Wilson flow is the one introduced by Lüscher
[128], with time measured in physical units as in Section 2.1.

Lemma 32.11. The following statements hold.

1. For every finite sequence ve ∈ R3, with D = ∑e |ve| and Y = ∑e ve, and every s′ > 0,∣∣∣1− 1
2 tr ∏e es′va

e τa

(s′)2 − |Y|
2

8

∣∣∣ ≤ s′D3

48
es′D/2.

The same bound holds for an ordered exponential along a path of finite length, with D the
total variation of the integrated coefficient. The bound does not depend on the number of
links.

2. Fix 1/2 < αfl < 2/3 and a horizon T0 > 0, and put βfl = αfl − 1/2 and κfl = 1− 3αfl/2.
For the reconstruction of Definition 32.1, let x = Pa

· AK,s be the linear heat evolution of
the initial potential AK,s = a−1θ̂k, let y = Qa(x, x) be its quadratic Picard term, and let
BK,s = Xa

αfl
(x) + Ya

αfl
(y) be the norm of the linear and quadratic flow data of Definition 4.8.

For every R < ∞ there are TR ≤ T0, aR > 0, εR > 0, and CR such that, on {BK,s ≤ R}
and for a ≤ ε ≤ εR, a ≤ aR, and σε2 < TR, the representative Afl of the Wilson flow in the
damping gauge of Theorem 24.5 satisfies

Afl = x+ y+ v, ∥v(t)∥∞ ≤ CR(t + a2)κfl .

Write Yi = (a/
√

η)∑e∈ℓi,ε,a,x
sgn(e)Afl,e(σε2) and Di = (a/

√
η)∑e∈ℓi,ε,a,x

|Afl,e(σε2)|.
Then, uniformly in x, the lattice offset, K, and s, whenever the same radius and domains
apply,

max
i
|Yi − IK,s

i | ≤ CRε3/2−2αfl , max
i

(
Di + |IK,s

i |
)
≤ CRε−βfl ,

max
i

∣∣∣1− 1
2 tr Holℓi,ε,a,x Ψ(NK)

σε2 U
η

−
|IK,s

i |
2

8

∣∣∣ ≤ CRε2−3αfl .

The representative stays in the logarithmic chart on the whole time interval:

a sup
t≤TR

∥Afl(t)∥∞ ≤ CR
{

a1−αfl + a2−2αfl + a(TR + a2)κfl
}
−→ 0 (a→ 0).

3. Enlarge s0 so that ns0 also satisfies the requirement on the coarse side in Lemma 28.10 for
the interval {γ}, the horizon T0, and the exponent αfl. For each fixed s ≥ s0, ρs(R) =

supK≥s νK,s{BK,s > R} → 0 as R→ ∞. Let

Zε,K =
(1− 1

2 tr Holℓi,ε,a,x Ψ(NK)
σε2 U

η

)m

i=1

be the vector of normalized Wilson-loop deficits on the fine lattice, and q(I) = (|Ii|2/8)m
i=1.

For a ≤ aR, a ≤ ε ≤ min{εR, ε0(s)}, and σε2 < TR, every f : Rm → R with ∥ f ∥∞ ≤ 1
and Lip f ≤ 1 satisfies∣∣EµNK ,γ f (Zε,K)−EνK,s f (q(IK,s))

∣∣ ≤ 2µNK ,γ(Sc
NK ,ns,γ) + 2ρs(R) + CRε2−3αfl .
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The constants have the dependence described in items (5) and (7) of Definition 4.14, with additional
dependence on R, T0, and αfl. No expectation of an unbounded function is transferred between
the two measures.

Proof. Part (1) is an algebraic expansion (Step 1). Part (2) follows from the local theory of
the Wilson flow and part (1) (Steps 2–4), and part (3) combines part (2) with the tightness
of the flow data and Lemma 5.5 (Step 5).

Step 1: the trace expansion. Let Be = va
e τa. Then ∥Be∥op = |ve|/2, and | tr T|/2 ≤ ∥T∥op

for every 2× 2 matrix T. In the product of the exponential series, the sum of the norms
of all terms that are homogeneous of degree p is at most

∑
∑e pe=p

∏
e

(s′|ve|/2)pe

pe!
=

(s′D/2)p

p!
,

by the multinomial identity; this bound has no constant depending on the number of
links. The trace of the term of degree one vanishes. The identity tr(BeB f )/2 = −ve · v f /4
gives the half-trace of the terms of degree two,

− (s′)2

8 ∑
e
|ve|2 −

(s′)2

4 ∑
e< f

ve · v f = −
(s′)2

8
|Y|2.

The norms of all terms of degree at least three sum to at most (s′D/2)3es′D/2/6. Dividing
by (s′)2 gives the first assertion. For an integrable connection coefficient along a path of
finite length, the term of degree p of the ordered exponential series has norm at most
(s′D/2)p/p!, since the ordered integral is bounded by 1/p! times the integral of the
symmetric product of the absolute coefficients. The linear term has trace zero, and the
half-trace of the quadratic term is −(s′)2|

∫
v|2/8, since the dot product is symmetric on

the two ordered halves of the square. The same remainder bound therefore proves the
assertion for ordered exponentials, with D =

∫
|v|.

Step 2: the flow. Fix R, T0, and αfl, and abbreviate α = αfl, β = βfl = α − 1/2, and
κ = κfl = 1− 3α/2. The event {BK,s ≤ R} controls exactly the linear heat evolution, the
quadratic Picard term, and all first differences required in Theorem 24.5. Indeed, the
linear part is Pa

· AK,s, and the quadratic part is the ordered quadratic term of the damped
Wilson equation on the same fine lattice. Restricting the horizon only decreases these
norms, and the difference arrays include every forward and backward difference in the
norm required by that theorem. We use its bound on the remainder of one solution and
its identification with the Wilson flow, reducing its lifespan to TR ≤ T0 if necessary. It
gives the decomposition and the bound on v, and it identifies eaAfl with the Wilson flow
up to a time-dependent periodic lattice gauge transformation. The trace of a closed loop
is unchanged by this gauge transformation.
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The chart condition holds on the whole interval, not only at time zero. Indeed, by the
two bounds on the flow data and the remainder bound, we have

a sup
t≤TR

∥Afl(t)∥∞ ≤ CR
{

a1−α + a1−2β + a(TR + a2)κ
}

.

Since 1− 2β = 2− 2α > 0 and κ > 0, all terms tend to zero as a→ 0. The last term takes
its maximum at the final time, where it is OR(a) for fixed TR. We choose aR below the
threshold of the chart and εR ≤ 1 with σε2

R < TR.

Step 3: the circulation of the flowed field. At tε = σε2 and a ≤ ε we have σε2 ≤ tε + a2 ≤
(σ + 1)ε2. By the definitions of the norms and the remainder bound, we have

∥x(tε)∥∞ ≤ CσRε−α, ∥y(tε)∥∞ ≤ CσRε−2β, ∥v(tε)∥∞ ≤ CR,σε2κ. (32.27)

The physical length of the cycle divided by
√

η is at most Cℓ
√

ε/g3. Since IK,s
i =

(a/
√

η)∑e sgn(e)xe(tε), multiplying the last two estimates by this factor, we obtain

max
i
|Yi − IK,s

i | ≤ CR
{

ε1/2−2β + ε1/2+2κ
}
≤ CRε3/2−2α,

where we used 1/2− 2β = 3/2− 2α and 1/2 + 2κ = 5/2− 3α > 3/2− 2α. Multiplying
all three estimates in (32.27) by the same factor, we find Di + |IK,s

i | ≤ CRε−β. These
constants depend on the fixed g3 > 0, as allowed.

Step 4: the Wilson-loop deficit. For each oriented link we take ve = sgn(e)aAfl,e/
√

η

and s′ =
√

η in the trace expansion of Step 1. A link traversed against its orientation
contributes the inverse of the positive link variable, whose logarithm is the negative of
the positive one. The resulting D and Y are exactly Di and Yi. In particular,

√
η Di ≤ CRε1−α,

√
η D3

i ≤ CRε2−3α,

and the exponential in the trace bound is bounded for small ε. Further,∣∣|Yi|2 − |IK,s
i |

2∣∣ ≤ (|Yi|+ |IK,s
i |)|Yi − IK,s

i | ≤ CRε2−3α.

This proves the bound on the deficit. It is deterministic on the event {BK,s ≤ R} and uses
only the length bound on the cycles, so it is uniform over x, the lattice offset, K, and s for
which the same radius and domains apply.

Step 5: radius tightness and removal of the conditioning. For each fixed s ≥ s0, we
apply Lemma 28.10, in particular (28.18), with coarse side ns, remaining depth K− s, and
I = {γ}; the enlargement of s0 in part (3) makes ns an admissible coarse side for that
lemma. Its fine potential is AK,s = a−1θ̂K−s, by the definition of the reconstruction, and
no interpolation is involved at the fine lattice. Its tightness statement on the horizon T0 is
exactly ρs(R)→ 0, at fixed s and fixed positive coupling.
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Finally, in the joint realization of Remark 15.11, the fine configuration U has marginal
νK,s and is gauge equivalent to the terminal reconstruction. The joint values of Zε,K and
all other gauge-invariant observables of that configuration therefore agree with those
computed on the reconstruction. Lemma 5.5, applied to the bounded function f (Zε,K),
shows that replacing µNK ,γ by νK,s costs at most 2µNK ,γ(Sc

NK ,ns,γ); the event has positive
probability, since νK,s is defined. Under νK,s, the difference between f (Zε,K) and f (q(IK,s))

is at most CRε2−3α on {BK,s ≤ R}, where the dimension m is absorbed into CR, and at
most two on its complement. Adding these bounds proves the last inequality.

The next lemma restates the Gaussian limits in the form in which they are applied
below. Since every input of the preceding proofs is available at each fixed coupling
0 < γ ≤ Γ by Lemma 31.10, it requires no new argument.

Lemma 32.12. In the setting of Lemma 31.10, every fixed s ≥ s0 satisfies the conclusion of
Theorem 32.8. Moreover, for every fixed q ≥ 0 the conclusions of Lemma 32.10 hold, including
the essential supremum over the values of the first q RG steps, with Fq = σ(θ̂0, w1, . . . , wq). In
particular, with C ∼ N(0, Σ⊗ I3),

lim
ε↓0

lim sup
K→∞

sup
x, offset

ess sup dBL
(
Law(IK,s | Fq), Law(C)

)
= 0,

and the same holds after applying q(v) = (|vi|2/8)m
i=1. The constants have the dependence

described in item (5) of Definition 4.14, with additional dependence on q; nothing is asserted for q
growing with ε or K. Definition 32.1 and the conclusions of Lemmas 32.4 to 32.6 and 32.11 also
hold in this setting; for the last one, only the radius tightness at a fixed coarse side is used.

Proof. We check the inputs of the local tools. Lemmas 32.4 and 32.5 are finite-dimensional
statements; the conditional fluctuation kernels satisfy the Poincaré hypothesis by Propo-
sition 32.3(1). The decomposition in Lemma 32.6 is an exact finite sum, and its cutoff
estimates use the conditions on the number of blocks and on the means, and the decay
of the cutoff error, which hold by Step 1 of the proof of Theorem 31.5 and (31.9). Hence
every cutoff estimate holds with the same constants. Lemma 32.11 uses Theorem 24.5 for
the linear and quadratic flow data on the fine lattice, the joint realization of Remark 15.11
of the reconstructed field and the fine configuration, and the trace expansion; these
deterministic arguments need no bound on γ, and the removal of the radius uses (28.18).
None of these checks uses a limiting random variable for the flow data.

By Lemma 31.10, all five inputs of Proposition 32.3 hold at this fixed coupling, with the
stated independence of s. The proofs of Theorem 32.8 and Lemma 32.10 therefore apply
with these inputs. In the conditional proof, the pathwise bounds of Proposition 32.3(4)
are kept, not restarted; the coarse-field term after q steps is bounded by Cbmax

√
ε/(g3aq),

and the coarse covariance by Cn2
s+qε/Hs+q. Thus q remains fixed before both limits.
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32.6 The continuum limit

We now pass to the continuum measure, with the limits in the order displayed at the
beginning of the section. The final limit removes the conditioning error, whose available
bound FΓ(ns) tends to zero as s→ ∞ and is independent of K. In the theorem below, the
class [n∗] in the subscript of λL,γ,[n∗] is the class [n∗]M of Theorem 29.28.

Theorem 32.13. Fix L > 0, an odd integer M ≥ 3, a base side n∗ ∈ 4N and its equivalence class
[n∗]M, and any γ > 0. Choose Γ ≥ γ and the parameters of Theorem 23.5, and let λL,γ,[n∗] be the
continuum measure of Theorem 2.3. For every finite family of smooth closed loops ℓ1, . . . , ℓm in
R3 and every σ > 0, put g2

3 = γ/L and

Zε(x) =
(1−Wx+εℓi,σε2

g2
3ε

)m

i=1
.

Then
lim
ε↓0

sup
x∈T3

L

dBL
(
LawλL,γ,[n∗ ]

Zε(x), Law ZG
)
= 0, ZG = (|Ci|2/8)m

i=1,

where the three color components of C are independent centered Gaussian vectors with covariance

Σih = (2π)−3
∫

R3

e−2σ|k|2

|k|2 Ĵi(k) · Ĵh(k) dk, Ĵi(k) =
∫ 1

0
ℓ̇i(v)e−ik·ℓi(v) dv.

Degenerate covariances and repeated or reversed loops are allowed. Every sufficiently large fixed
coarse index satisfies the conclusion of Lemma 32.12 for the circulations. The limits are taken in the
order described above. The constants have the dependence described in item (5) of Definition 4.14;
no rate uniform in the coupling, in the coarse index, or as σ ↓ 0 is asserted.

Proof. By Lemma 31.2(1), k · Ĵi(k) = 0 and | Ĵi(k)| ≤ C min{|k|, 1}, so Σ is finite, real,
symmetric, and positive semidefinite, and its positive square root constructs the three
color vectors. This is the covariance of Definition 31.1, and Lemma 31.10 shows that the
results of Section 31 apply at this coupling.

Let FΓ(ns) be the supremum over 0 < γ′ ≤ Γ of the bound in Theorem 23.10 at coarse
side ns; by that theorem, FΓ(ns) → 0 as s → ∞. At fixed s, let ρs(R) be the radius tail
of Lemma 32.11, which tends to zero by (28.18) with I = {γ}. Let Zε,K(x) be the vector
of normalized Wilson-loop deficits of Lemma 32.11 for the lattice cycles approximating
x + εℓi. By that lemma and the triangle inequality, for every function f with ∥ f ∥∞ ≤ 1
and Lip f ≤ 1,∣∣EµNK ,γ f (Zε,K(x))−E f (ZG)

∣∣ ≤ 2FΓ(ns) + 2ρs(R) + CRε2−3αfl

+ dBL
(
LawνK,s q(IK,s), Law ZG

)
.
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For each fixed ε > 0 and x, the joint convergence of flowed Wilson loops, Corol-
lary 29.26(1) and Theorem 29.23, with the class identification of Theorem 29.28(4), implies
that EµNK ,γ f (Zε,K(x)) → EλL,γ,[n∗ ]

f (Zε(x)) as K → ∞; the lattice cycles are admissible
approximations of the loops x + εℓi. The bound above is uniform in x and the lattice
offset. To see that the identification at fixed ε is compatible with this uniformity, we
translate the lattice sequence by a lattice vector so that the base point is near a vertex, and
use the allowed lattice approximation of the translated loops; the additional swept area
is O(εa), a connecting path and its inverse do not change the trace, and the laws of the
fine lattice and of the continuum are invariant under translations. At fixed ε all deficits
lie in the compact cube [0, 2/(g2

3ε)]m, so a finite net of test functions with ∥ f ∥∞ ≤ 1 and
Lip f ≤ 1 makes this passage to the limit uniform over all such test functions. We let
K → ∞, and then ε ↓ 0, using the statement for q(IK,s) in Lemma 32.12 and 2− 3αfl > 0.
What remains is 2FΓ(ns) + 2ρs(R). We let R → ∞ at fixed s, and only then s → ∞. This
proves the theorem. For the full class [n∗]M, the continuum measure was identified in
Theorem 29.28; the argument above needs only one subsequence NK = n∗BK.

32.7 A uniform short-distance variance lower bound

Corollary 32.14. In Theorem 32.13 take m = 1, write ℓ = ℓ1 and v = Σ11, and let Dε,x =

(1−Wx+εℓ,σε2)/(g2
3ε). Then

lim inf
ε↓0

inf
x

VarλL,γ,[n∗ ]
Dε,x = lim inf

ε↓0
inf

x

VarλL,γ,[n∗ ]
Wx+εℓ,σε2

(g2
3ε)2

≥ 3v2

32
. (32.28)

If Ĵ1 ̸≡ 0, then v > 0, and for every sufficiently small fixed ε the observable Wx+εℓ,σε2 is not
almost surely constant, for every x. The threshold for ε may depend on the data listed in item (5)
of Definition 4.14.

Proof. For independent copies D and D′ of a random variable with finite variance,
Var D = E(D−D′)2/2. At each fixed scale the variance is finite, since 0 ≤ Dε,x ≤ 2/(g2

3ε).
By Theorem 32.13, the laws of pairs of independent copies converge, uniformly in x,
to the law of independent copies Z and Z′ of vχ2

3/8, where χ2
3 is a chi-square vari-

able with three degrees of freedom: on compact sets, approximate a bounded continu-
ous function of two variables by finite sums of products, and use the uniform tails of
the marginals on the complement. Applying this to the bounded continuous function
min{A, (u− u′)2} and then letting A→ ∞, we find that the left side of (32.28) is at least
E(Z − Z′)2/2 = Var Z = 3v2/32. A nonzero continuous function Ĵ1 is nonzero on an
open set, on which the positive weight in the integral defining v has positive integral, so
v > 0. The strict lower bound then gives a common threshold below which the observable
is not constant. No moment is transferred from the Wilson measure.
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32.8 Asymptotic independence from macroscopic Wilson loops

The small-loop deficits are asymptotically independent of fixed macroscopic flowed
Wilson loops. The reason is that a macroscopic flowed Wilson loop is approximated, on
the same probability space, by a function of the first q RG steps, while the Gaussian limit
of Lemma 32.10 holds uniformly conditionally on these steps. The approximation must
have constants independent of the higher derivatives of the finite-scale reconstruction,
which grow with q; this is provided by the stability estimate Corollary 25.11.

Lemma 32.15. In the setting of Definition 32.1, fix s ≥ s0, finitely many piecewise C1 closed
loops Γr in T3

L, times tr > 0, and characters χr of finite-dimensional representations of SU(2),
1 ≤ r ≤ b. Use lattice approximations Γr,K of bounded physical length and swept area O(a), and
let

VK,r = χr
(
HolΓr,K Ψ(NK)

tr
(U)

)
, VK = (VK,r)

b
r=1

be the vector of flowed Wilson loops of the fine configuration under νK,s. There are Fq-measurable

random vectors V[q]
K on the same probability space such that

lim
q→∞

lim sup
K→∞

EνK,s min
{

2, |VK −V[q]
K |

}
= 0. (32.29)

The vector V[q]
K consists of the flowed Wilson loops of the finite-scale reconstruction U[q]

K =

exp(aIaq→a Aq), with the same times and lattice paths, where Aq = θ̂q/aq, aq = HsB−q, and
Iaq→a is the cardinal interpolation of Lemma 28.10. The approximation does not depend on ε, x,
or any test function of the small loops. The constants have the dependence described in item (7) of
Definition 4.14, at fixed coupling and with s fixed.

Proof. We use the cardinal interpolation and the notation of Lemma 28.10. On the fine
lattice the linear and quadratic flow data of the finite-scale reconstruction are

xq = Pa
· Iaq→a Aq, yq = Qa(xq, xq).

This is the cardinal interpolation of the field at index q; we do not claim that it equals
the nonlinear zero-fluctuation continuation. Its link variables and their Wilson flow are
defined without any small-field event of their own. At fixed q the field Aq ranges over
a fixed compact set and its cardinal interpolation is smooth, as in Lemma 28.4. The
construction uses only θ̂q, so it is Fq-measurable.

Fix 1/2 < α < 2/3 and a horizon T0 > 0, and set

dK,q = Xa
α(xK−s − xq) + Ya

α(yK−s − yq), BK,s = Xa
α(xK−s) + Ya

α(yK−s).

Both norms include every first difference on the common lattice. The exact bilinear
decomposition of yK−s − yq and the estimates of Lemma 28.10 on the linear term and on
the two mixed terms and the quadratic term imply, for every δ > 0,

lim
q→∞

sup
K≥s+q

νK,s{dK,q > δ} = 0. (32.30)
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The linear part is bounded by Markov’s inequality and the tail estimate for the linear term;
the quadratic part is bounded by the sum of the tail estimates for the mixed terms and the
quadratic term, each with threshold δ/3. The radius tail ρs(R) = supK≥s νK,s{BK,s > R}
tends to zero by (28.18).

Fix R and 0 < δ ≤ 1. On the event {BK,s ≤ R, dK,q ≤ δ}, both pairs of flow data lie in
the ball of radius R + 1. Let

0 < uR < 1
4 min{TR+1, T0, min

r
tr}.

By the estimate of Theorem 24.5 for differences on the same lattice, we have, at this early
time,

∥Aa(uR)− A[q]
a (uR)∥C1

a
≤ CR,uR dK,q, ∥Aa(uR)∥C1

a
+ ∥A[q]

a (uR)∥C1
a
≤ KR < ∞.

Both damping gauges start at the identity. By the joint realization of Remark 15.11
and Theorem 24.5, the first damped solution represents the Wilson flow of the fine
configuration, and the second represents the Wilson flow started from U[q]

K . Since each
character is gauge invariant, both flows may be restarted from these damped fields at
time uR for the purpose of evaluating their later traced loops.

We apply Corollary 25.11 with radius R + 1, input horizon T0, early time u = uR,
τ = minr tr, T = maxr tr, the given characters, and the fixed bounds on the lengths of
the paths. Both pairs of flow data lie in that ball on the stated event, in the same initial
gauge, and the discrepancy in that corollary is exactly dK,q. It gives

|VK −V[q]
K | ≤ CR,uR,t,Γ,χ dK,q, (32.31)

for the whole vector of characters, including the normalized fundamental traces. The
constant in (32.31) depends on the radius and on the fixed waiting time, but not on the
higher derivatives of the finite-scale reconstruction, which grow with q; the threshold for
the mesh depends on R, uR, and the loops, but not on q. For all sufficiently fine meshes
it follows that

E min{2, |VK −V[q]
K |} ≤ 2ρs(R) + 2νK,s{dK,q > δ}+ CRδ. (32.32)

We let q→ ∞ at fixed s, R, and δ, using (32.30), then δ ↓ 0, and finally R→ ∞. This proves
the claim on the same finite probability spaces, without coupling different cutoffs.

Theorem 32.16. Assume the setting of Theorem 32.13. Fix, independently of ε and x, a finite
vector V = (χr(HolΓr X(tr)))b

r=1 of characters of holonomies of the trajectory X around piecewise
C1 closed loops Γr in T3

L at times tr > 0. Then

lim
ε↓0

sup
x

sup
∥ f ∥BL,∥g∥BL≤1

∣∣EλL,γ,[n∗ ]
[ f (Zε(x))g(V)]−E f (ZG)EλL,γ,[n∗ ]

g(V)
∣∣ = 0, (32.33)
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where ∥h∥BL = max{∥h∥∞, Lip h}. The constants have the dependence described in items (5)
and (7) of Definition 4.14. Nothing is asserted uniformly in a growing family of macroscopic
loops, as γ ↓ 0, as σ ↓ 0, or as minr tr ↓ 0.

Proof. On the joint realization of Remark 15.11, whose fine-configuration marginal is
νK,s, let VK be the vector of flowed Wilson loops of the fine configuration and V[q]

K the
Fq-measurable approximation of Lemma 32.15. By (32.32),

aK,s,q = EνK,s min{2, |VK −V[q]
K |} ≤ 2ρs(R) + 2νK,s{dK,q > δ}+ CRδ.

Let ∆K,s,q(ε) be the deterministic bound on the conditional bounded-Lipschitz distance

for the squared circulations from Lemma 32.12. Multiplying by g(V[q]
K ), which is Fq-

measurable and bounded by one, and using the tower property, we obtain an error of
at most ∆K,s,q(ε) against the independent Gaussian factor. Replacing g(V[q]

K ) by g(VK),
in the product and in its separate expectation, costs at most 2aK,s,q, since |g(VK) −
g(V[q]

K )| ≤ min{2, |VK −V[q]
K |}. Replacing f (q(IK,s)) by the deficits f (Zε,K(x)) costs at

most 2ρs(R) + CRε2−3αfl , by Lemma 32.11. Finally, two applications of Lemma 5.5, to the
product and to the expectation of g(VK), transfer from νK,s to µNK ,γ at a cost of at most
4FΓ(ns). Thus the error under the Wilson measure is at most

4FΓ(ns) + 2ρs(R) + CRε2−3αfl + 2aK,s,q + ∆K,s,q(ε).

For fixed ε, x, f , and g, the joint law of the deficits and of VK under µNK ,γ converges to
the corresponding joint law under λL,γ,[n∗], by Corollary 29.26(1), Theorem 29.23, and the
class identification of Theorem 29.28(4), applied to the union of the two families of loops.
The bound above does not depend on x, f , or g, so it also bounds their supremum after
this identification. We let K → ∞, then ε ↓ 0 at fixed s, R, q, and δ. Next we let q → ∞,
using (28.17) to bound supK≥s+q νK,s{dK,q > δ}, then δ ↓ 0, then R → ∞ at this s, and
finally s→ ∞. The bound vanishes.

32.9 Asymptotic independence from bounded Borel functions

The last theorem extends the asymptotic independence to every fixed bounded Borel
function on the trajectory space. In the terminology of Rényi, as discussed by Aldous
and Eagleson [4], it says that Zε(x) converges mixingly relative to the Borel σ-field of XL,
uniformly in x and over test functions with ∥ f ∥BL ≤ 1: the limit is independent of that
σ-field. This only names the mode of convergence.

Theorem 32.17. Assume the setting of Theorem 32.16, with Zε(x) and ZG as there. For every
bounded Borel function H : XL → R, chosen independently of ε and x,

lim
ε↓0

sup
x∈T3

L

sup
∥ f ∥BL≤1

∣∣EλL,γ,[n∗ ]
[ f (Zε(x))H]−E f (ZG)EλL,γ,[n∗ ]

H
∣∣ = 0.
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In particular this holds for H = h ◦ i1,2, for every bounded Borel function h on the space of Sobolev
trajectories, where i1,2 is the map of Definition 29.1. The approximations in the proof may depend
on H and λL,γ,[n∗]. There is no supremum over H, and nothing is asserted for H depending on ε

or x.

Proof. Let λ = λL,γ,[n∗]. By Theorem 29.3, the Borel σ-field of XL is generated by the
determining coordinates wj, j ≥ 1, which are normalized fundamental Wilson loops. We
first approximate H in L1(λ) by a bounded Lipschitz function of finitely many of these
coordinates.

The events A whose indicators can be approximated in L1(λ) by [0, 1]-valued Borel
functions of finitely many coordinates form a σ-field. It contains the events determined
by finitely many coordinates. It is closed under complements, and under finite unions
by the Lipschitz map (s1, s2) 7→ max{s1, s2} on [0, 1]2; for a countable union, we first
truncate to a finite union whose indicator has small L1 error, by continuity of λ from
below. Hence it contains every Borel event, and approximating a bounded H by simple
functions gives approximations bounded by ∥H∥∞.

Next, a bounded Borel function of (w1, . . . , wq) can be approximated by a bounded
Lipschitz function. The law λq of (w1, . . . , wq) is a Borel probability measure on the
compact cube [−1, 1]q, so each Borel set A has a compact subset KA and a relatively
open superset OA with λq(OA \ KA) arbitrarily small; indeed, the sets with this property
contain the compact sets, by continuity from above along decreasing open neighborhoods,
and they form a σ-field, by choosing the outer errors summably and keeping finitely
many inner compact sets. If the relative complement of OA is nonempty, it has positive
distance dA from KA, and max{0, 1− dist(·, KA)/d} with 0 < d < dA is Lipschitz, equals
one on KA, and vanishes outside OA; in the remaining cases we use constants. Its
L1(λq) distance to 1A is at most λq(OA \ KA). Applying this to the indicators of a simple
function, extending the resulting Lipschitz function from the cube to Rq by the distance-
cone extension, and truncating at ∥H∥∞, we find for every η′ > 0 a bounded Lipschitz
function gη′ : Rq → R with

Hη′ = gη′(w1, . . . , wq), Eλ|H − Hη′ | < η′.

Both q and the Lipschitz constant are fixed before the loops shrink.
Let V = (2w1, . . . , 2wq). Its components are fundamental characters, so V satisfies the

hypotheses of Theorem 32.16. We apply that theorem to the function z 7→ gη′(z/2)/Aη′ ,
where Aη′ = max{1, ∥gη′∥∞, Lip gη′}. This function is bounded by one and has Lipschitz
constant at most one, and its value at V is Hη′/Aη′ . Multiplying by Aη′ , we find that the
expression in the statement with Hη′ in place of H tends to zero, uniformly in x and in f
with ∥ f ∥BL ≤ 1. Replacing Hη′ by H costs at most

Eλ|H − Hη′ |+ |E f (ZG)|Eλ|H − Hη′ | ≤ 2η′,
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uniformly in these variables and in ε. We let ε ↓ 0 and then η′ ↓ 0. Finally, by Theorem 30.5
the map i1,2 is Borel, so h ◦ i1,2 is an admissible H; no continuity of i1,2 is used.

Proof of Theorem 2.8. Let λ = λL,γ,[n]M with n divisible by four. Part (1) is Theorem 32.13,
applied with n∗ = n and any Γ ≥ γ; its covariance Σ is the matrix in (2.6). Part (2) is
Corollary 32.14. Part (3) is Theorem 32.17, applied to the bounded Borel function G.



part xi

Weak-coupling asymptotics near flat
connections



section 33

Laplace asymptotics near flat connections

This section begins the analysis of weak coupling. We fix the side n of the coarse lattice
and let γ→ 0. Then every scale of the renormalization group is weakly coupled. The law
of the coarsest field V JK under the conditioned Wilson measure is the stopped measure
ν̂ of Theorem 14.8, and it concentrates near the flat configurations on Λn. We study ν̂

by Laplace’s method on the finite-dimensional space Un, uniformly in the number of
averaging steps that precede the coarse lattice. The results are used in Sections 34 to 36
to prove Theorems 2.9 to 2.11; nothing in Sections 31 and 32 depends on this section.

We prove four main results. Throughout, g2 = γ/n and E0 = 4 ∑p q(Vp) is the Wilson
action on Λn.

1. Theorem 33.10 shows that the partition function of ν̂ is comparable to γ3n3−1, uni-
formly in the depth, for sufficiently small γ ∈ (0, γ0], and that the integral of e−κE0/g2

over all of Un is O(g6n3−2).
2. Theorem 33.8 constructs coordinates near the trivial connection in which the 6n3 − 6

nonconstant directions transverse to the gauge orbits are nondegenerate for the
effective classical action Ed, uniformly in d, and integrates these directions out by
Laplace’s method. What remains is an integral over the nine constant coordinates in
the Lie algebra, in which Ed has no positive quadratic part; this integral is analyzed
in Section 36.

3. Theorem 33.11 computes, in the continuum and on the lattice, the covariance Σθ of
the linearization of the flowed cycle logarithms at a regular flat connection, under
the Gaussian measure defined by the quadratic part of the Yang–Mills action.

4. Proposition 33.12 shows that, transverse to a compact patch of regular flat configura-
tions, ν̂ is Gaussian up to errors of order

√
γ. It also shows that the lattice covariance

ΣN
θ decomposes exactly into a contribution of the coarse lattice and contributions of

the normalized fluctuation variables of each RG step.

The tools are an analysis of the cone of commuting triples in su(2)3 (Lemma 33.2) and a
Laplace estimate in normal coordinates that is uniform in an arbitrary tangential weight
(Lemma 33.3 and Corollary 33.4).

The inputs from earlier sections are the stopped density and its estimates (Theo-
rem 14.8), the description of flat configurations and of their refinements (Lemma 14.9),
bounds and symmetries of the effective classical actions (Theorems 10.11 and 11.2

67
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and Lemma 10.8), the triangular change of variables of one RG step (Theorem 12.13), and
the reconstruction maps R̂ (Theorem 15.13).

The exponent. We work modulo based gauge transformations, that is, lattice gauge
transformations equal to the identity at a fixed root. This quotient still carries the
simultaneous conjugation of the cycle holonomies; see Section 33.1. The exponent 6n3− 2
in Theorem 33.10 comes from the following count of directions.

Directions Dimension Factor in Ẑ

Based gauge quotient of Un 6n3 + 3 ambient space
Regular flat configurations 5 = 3 + 2 tangential volume
Normal to a regular flat configuration 6n3 − 2 g6n3−2

Nonconstant transverse directions near I 6n3 − 6 g6n3−6

Normal to a nonzero commuting triple 4 g4

Constant modes with |X| ≤ √g 9 g9/2

The five flat directions are the three holonomy angles and the two directions in which
simultaneous conjugation moves the common axis of the holonomies. Near a regular
flat configuration the normal integral directly gives g6n3−2. Near the trivial connection
the count is less direct. We write the constant modes as X ∈ su(2)3 ≃ R9. On the
constant configurations eX/n the Wilson action is comparable to Q(X)/n, where Q(X) =

2−1 ∑i<j|xi × xj|2, and Q vanishes exactly on the cone M of commuting triples. Near
a commuting triple of radius ϱ, the volume element ofM is proportional to ϱ4 dϱ, and
in each of the four normal directions Q grows like ϱ2|b|2/2 (Lemma 33.2). Each normal
Gaussian width is then of order g/ϱ, and the product ϱ4(g/ϱ)4 dϱ = g4 dϱ integrates to
O(g4) over a bounded range of radii. The ball of radius

√
g contributes only O(g9/2). With

the factor g6n3−6 from the nonconstant directions, we again obtain g6n3−2 = (γ/n)3n3−1.
The same count indicates that the measure e−Q(Y)dY on R9 has infinite total mass. This
divergence of the bosonic three-matrix SU(2) integral is known [7, 121, 122]; see also
Section 36. In this section e−Q is only integrated over bounded sets.

Two normalizations. Two normalizations of the exponent occur. In Section 33.5 we write
the exponent of ν̂ as Ed/g2 and use the Laplace parameter g2 = γ/n. In Sections 33.6
and 33.8 we write it as nEd/γ and use the Laplace parameter γ. These are the same
exponent, since

Ed
g2 =

nEd
γ

.

Accordingly the normal Hessians Hd in Lemma 33.9 and Proposition 33.12 are Hessians
of nEd.

Constants. Constants in results about ν̂ may depend on n, L, M, J, the parameter tuple Θ,
the coupling bound γ0, and on fixed patches, charts, and test functions, all chosen before
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γ; this is the dependence described in item (6) of Definition 4.14. They do not depend
on the depth d or on γ ∈ (0, γ0]. All spectral gaps are proved at the fixed side n, and we
prove no bound that is uniform in n. The general Laplace estimates of Section 33.4 state
their own finite-dimensional dependence, as in item (1) of Definition 4.14.

Earlier work. Laplace’s method in the directions normal to a manifold of critical points
is rooted in Bott’s theory of nondegenerate critical manifolds [31]; see Wong [155] for
the asymptotic analysis of integrals. We use no specific theorem from these works. The
estimates we need are uniform in the depth, the coupling, and an arbitrary tangential
weight; they are proved in Section 33.4, and the singular tip of the cone of commuting
triples is treated separately. The special role of the constant modes on a finite periodic
torus in weak-coupling analysis is well known in the physics literature; see Lüscher
[127] and the computation of the zero-momentum contribution to Wilson loops by Coste,
González-Arroyo, Jurkiewicz, and Korthals Altes [62]. For the gradient flow on a four-
dimensional periodic torus, Fodor, Holland, Kuti, Nógrádi, and Wong [91] separate
constant and nonconstant modes and their flowed observables. These works do not
treat the fixed-side three-dimensional normalization or the covariance of flowed based
cycle logarithms. The decomposition of the covariance across scales in Proposition 33.12
is completion of squares for Gaussian measures; the work lies in matching it with the
constrained coordinates of the renormalization group.

33.1 Preliminaries

Lie-algebra conventions. We use the conventions of Section 4. Let τa = −iσa/2, where
σa are the Pauli matrices, and write X = xaτa ∈ su(2). Then [τa, τb] = ϵabcτc, ⟨X, Y⟩ =
−2 tr(XY), and |X| = |x|, so that the bracket corresponds to the cross product in R3.
We identify su(2)3 with R9 by X = (x1, x2, x3) and use the Euclidean norm |X|. In
exponential coordinates

dH(eX) =
1

16π2 sinc2(|X|/2) d3X, q(eX) = 1− cos(|X|/2) =
|X|2

8
+ O(|X|4),

by (4.2). The logarithm Log is the inverse of exp on {|X| < 2π}.

Based gauge transformations. Fix a root x∗ ∈ Λn. A lattice gauge transformation k is
based if kx∗ = I. The group of based gauge transformations acts freely on Un, and we
call the quotient the based quotient. Constant gauge transformations are not divided
out: they act on the based quotient, and on the holonomies around the three coordinate
cycles based at x∗ they act by simultaneous conjugation. In the proof of Theorem 33.8
we show, using a spanning tree, that the based quotient is diffeomorphic to SU(2)2n3+1,
of dimension 6n3 + 3, and that the based gauge transformations carry Haar measure of
total mass one. A configuration V is flat if Vp = I for every plaquette p.
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Smooth charts. We use the following routine facts about local coordinates several times.
We include the short proofs because the dependence of the constants matters below.

Lemma 33.1. 1. Let F be a smooth map from a neighborhood of p ∈ Rk into Rk such that
T = DF(p) is invertible. Then there exist a closed ball B about p and an open neighborhood
W of F(p) such that F maps an open subset of B diffeomorphically onto W. The radii of B
and W and the bounds for every fixed derivative of the inverse depend only on ∥T−1∥ and
on bounds for the derivatives of F on a fixed neighborhood of p.

2. LetQ be a smooth Riemannian manifold, for instance an open subset of Rk with the Euclidean
metric or a compact Lie group with a bi-invariant metric, and let Exp be its exponential map.
Let Σ ⊂ Q be a smooth embedded submanifold and let P ⊂ Σ be compact. Then there exists
r0 > 0 such that the normal exponential map (y, v) 7→ Expy(v), defined for y in a compact
neighborhood of P in Σ and v ⊥ TyΣ with |v| < r0, is injective and is a local diffeomorphism
with smooth positive Jacobian. Further, there exist finitely many open sets Wl ⋐ W+

l ⊂ Σ
with P ⊂ ⋃

l Wl and smooth orthonormal frames (νl,1, . . . , νl,k′) of the normal bundle over
W+

l such that all derivatives of fixed order of the maps (y, v) 7→ Expy(∑α vανl,α(y)),

v ∈ Rk′ , and of their inverses are bounded on the closures of {(y, v) : y ∈Wl, |v| ≤ r0/2}.
The transitions between these trivializations preserve y and are orthogonal in v, so integrals
over the tube {Expy(v) : y ∈ P, |v| < r0/2} can be computed with a partition of unity
depending only on y. In Rk with the Euclidean metric, Expy(v) = y + v.

Proof. For (1), we translate p to zero and write T−1(F(h) − F(0)) = h + r(h), where
Dr(0) = 0. On a sufficiently small closed ball B we have ∥Dr∥ ≤ 1/2. For |z| less
than half the radius of B, the iterates hk+1 = z − r(hk), h0 = 0, stay in B, and their
successive differences decrease by the factor 1/2. Their limit is the unique solution h in
B of h + r(h) = z. Differentiating this identity, we find that the inverse is smooth with
∥Dh∥ ≤ 2, and repeated differentiation bounds every fixed derivative in terms of those
of r.

For (2), we take a point of P, an orthonormal tangent frame of Σ near it, and fixed
smooth vector fields of Q whose projections onto the normal spaces are linearly indepen-
dent at this point. The Gram–Schmidt formulas applied to these projections give a smooth
orthonormal normal frame, since their denominators stay positive near the point. Since
the differential of Expy at 0 is the identity, the derivative of (y, v) 7→ Expy(∑α vανα(y))
at v = 0 consists of the tangent and normal frames. It is invertible, with determinant
one in orthonormal coordinates. By (1), applied in a chart of Q, the map is a local
diffeomorphism near v = 0, and its Jacobian is smooth and positive. Since P is compact,
finitely many such charts cover a compact neighborhood P′ of P in Σ, and we choose
open sets Wl ⋐ W+

l inside them, covering P, and a common normal radius. All maps
extend smoothly past the closures of the smaller sets, and their derivatives of every fixed
order are bounded there. It remains to prove injectivity for a common radius. If it failed
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on {(y, v) : y ∈ P′, |v| < 1/k} for every k, there would be distinct points (yk, vk) and
(y′k, v′k) of the normal bundle with |vk|, |v′k| < 1/k and Expyk

(vk) = Expy′k
(v′k). Passing

to subsequences, yk → y and y′k → y′ in P′, and the common image converges both to y
and to y′. Then y = y′, and both preimages converge to (y, 0), near which the map is a
local diffeomorphism and hence injective; this is a contradiction. Thus, for a small r0, the
base point y is a function on the tube, the transitions between the orthonormal frames
act on v by orthogonal matrices depending on y, and a partition of unity in y handles
overlaps.

33.2 The stopped measure at a fixed side

Fix L > 0, n ∈ 4N, an odd integer M ≥ 3, an integer J ≥ 1, and the tuple Θ of
construction parameters of Theorem 23.2. Let ρ, r, and E∗ be the analytic radius, the
radius of the small-field domains Br ⊂ Dr, and the bound for the effective interactions in
Theorem 14.8. For a depth d = kJ, k ≥ 0, and γ > 0, we set g2 = γ/n and consider the
stopped measure

dν̂n,d,γ(V) = Ẑ−1
n,d,γ1Dr(V) exp

(
−Ed,sat(V)

g2 − Rd,γ(V)
)

dHn(V), Rd,γ = Rd,γ− Rd,γ(I),

(33.1)
of Theorem 14.8, with the indicator of Dr and the Haar disintegration factors of the
construction. Here Ed,sat and the subscript sat in general denote the gauge-invariant
extension from Br to Dr, Rd,γ is the effective interaction, Rd,γ is the centered effective
interaction, and Ẑn,d,γ is the partition function. The depths d = kJ are those at which the
recursion of Theorem 14.8 defines an effective interaction. Subtracting Rd,γ(I) fixes the
normalization constant. If Zraw denotes the partition function before centering, that is,
the integral with Rd,γ in place of Rd,γ, then Ẑn,d,γ = eRd,γ(I)Zraw (Theorem 33.10).

For d = JK and N = nBK, the measure ν̂n,JK,γ is the law of the stopping field V JK

under the conditioned Wilson measure νN,n,γ (Theorem 14.8). For a stopped measure
at an intermediate side this identification fails, since the conditioned Wilson measure
also imposes the remaining coarser restrictions (Definition 4.4). Our results concern the
density (33.1) and make no identification of the latter kind.

We use the following properties. All constants and domains in them are independent
of d and of γ ∈ (0, γ0].

(P1) There exists κ > 0 such that Ed,sat ≥ κE0 on Dr for every integer d ≥ 0, whether or
not an effective interaction is attached to d (Theorem 14.8; see also Theorem 11.2).

(P2) The effective classical action satisfies Ed ≥ 0 (Theorem 11.2). By Theorem 11.6,
Ed(ck) = Ed(c) for every real periodic gauge transformation k for which both rep-
resentatives lie in the common chart, and the saturated extension Ed,sat is gauge
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invariant on Dr. An arbitrary gauge transformation need not preserve the unsat-
urated chart. Translations, spatial inversion, and constant color rotations on their
common charts have the exact invariances of Lemma 10.8. The action vanishes at
constant commuting configurations satisfying the smallness condition of Lemma 33.7,
as proved there. Its derivatives through order five are bounded uniformly in d on a
fixed larger link chart (Theorem 10.11).

(P3) The centered effective interaction satisfies |Rd,γ| ≤ Cn on Dr (Theorem 14.8), and its
first derivatives in fixed charts are bounded on the larger chart (Lemma 33.6).

(P4) The coupling bound γ0 > 0 satisfies
√

γ0/n ≤ g∗, where g∗ is the coupling bound
of Theorem 14.8, and, with t0 =

√
γ0/(Mn) and p(t) = Aw log(1/t),

p(t) ≥ p0, CJtp(t) <
1
2

,
CJ(tp(t)3 + tp(t))

1− CJtp(t)
≤ σseq (0 < t ≤ t0), (33.2)

where p0, CJ , and σseq are the constants of Theorem 12.13 at the fixed support scale
of the construction.

Since the largest coupling of an RG step with output side m ≥ n is
√

γ/(Mm) ≤ t0, the
conditions (33.2) contain the coupling conditions of Theorem 12.13 for all these steps.
Once n, M, J, and Θ are fixed, (P4) holds for all sufficiently small γ0 > 0: the function p
is decreasing, t loga(1/t)→ 0 as t→ 0 for a = 1, 3, and these two functions are increasing
in t when log(1/t) > a. Thus γ0 is chosen after n, M, J, and Θ, and before γ, and no
separate condition is imposed for an individual coupling or depth.

33.3 The cone of commuting triples

Since two elements of su(2) commute if and only if they are parallel, the commuting
triples in su(2)3 ≃ R9 are the triples (ϑ1u, ϑ2u, ϑ3u) with ϑ ∈ R3 and u ∈ S2. If we regard
X ∈ R9 as the real 3× 3 matrix with columns x1, x2, x3, these are exactly the matrices
of rank at most one. The following lemma collects the geometry of this cone and the
behavior of the quartic Q near it. The distance to the set of matrices of rank at most one
is computed from the singular values, as in the rank-one case of the theorem of Eckart
and Young [80].

Lemma 33.2. Set

Q(X) = 1
2 ∑

i<j
|xi × xj|2, M = {(ϑiu)3

i=1 : ϑ ∈ R3, u ∈ S2}.

Then the following statements hold.
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1. The setM\ {0} is a smooth submanifold of R9 of dimension five. The map (ϑ, u) 7→ (ϑiu)i
identifies exactly (ϑ, u) with (−ϑ,−u). At y = (ϑiu)i with ϱ = |ϑ| > 0 and ω = ϑ/ϱ,
the normal space and the induced volume are

Ny =
{

b = (b1, b2, b3) : bi ⊥ u, ∑
i

ϑibi = 0
}

, dimNy = 4,

dvolM = 1
2 ϱ4 dϱ dΩω dΩu.

Note that |y| = ϱ.
2. There exists an absolute constant c ∈ (0, 1) such that (y, b) 7→ y + b, for y ∈ M \ {0},

b ∈ Ny, and |b| ≤ cϱ, is injective and is a local diffeomorphism (a normal tube), with
Euclidean Jacobian 1 + O(|b|/ϱ). The implicit constant is absolute; in particular it is
uniform in the directions ω and u.

3. For y ∈ M\ {0} and b ∈ Ny,

Q(y + b) = 1
2 ϱ2|b|2 + 1

2 ∑
i<j
|bi × bj|2,

and for every X ∈ R9,
Q(X) ≥ 1

6 |X|
2 dist(X,M)2.

4. Let f be a nonnegative C5 function on a fixed ball about 0 that vanishes onM in that ball.
Then D f (0) = 0, D2 f (0) = 0, and D3 f (0) = 0. On a smaller fixed ball,

∥D2 f (X)∥ ≤ C|X|2, ∥D3 f (X)∥ ≤ C|X|,

and, for y ∈ M\ {0} and b ∈ Ny with y + b in the smaller ball,

f (y + b) = 1
2 bTD2

⊥ f (y)b + O(ϱ|b|3 + |b|4),

where D2
⊥ f (y) is the Hessian of f at y restricted to Ny. If f4 is the homogeneous quartic

Taylor polynomial of f at 0 and y = ϱŷ with |ŷ| = 1, then D2
⊥ f (ϱŷ) = ϱ2D2

⊥ f4(ŷ)+O(ϱ3).
If, in addition, f ≥ c0Q on the ball, then D2

⊥ f4(ŷ) ≥ c0 I4. The constants depend only on
the radii of the two balls, on ∥ f ∥C5 , and, in the last assertion, on c0.

The last hypothesis f ≥ c0Q cannot be omitted: the function Q2 is nonnegative and
vanishes onM, but its normal Hessian vanishes on all ofM.

Proof. We begin with part (1). The tangent vectors at yi = ϑiu ̸= 0 have the form

ti = ηiu + ϑiv, η ∈ R3, v ⊥ u.

These five parameters are independent, and orthogonality to every η and every v gives
exactly the asserted normal space. In the parameters (ϑ, u) the induced metric is

∑
i
|d(ϑiu)|2 = |dϑ|2 + ϱ2|du|2.
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Each nonzero matrix of rank one has exactly two preimages: a nonzero column de-
termines the common line, and the two unit vectors on this line determine all three
coefficients. We obtain the volume element ϱ2 d3ϑ dΩu/2, which is the displayed formula
after polar coordinates in ϑ.

For part (2), the tube is taken over the nonzero stratum, and its radius is proportional to
|y|. We first restrict to 1/2 < |y| < 2. By Lemma 33.1(2), finitely many coordinate patches
of this compact piece ofM carry smooth orthonormal normal frames with bounded first
derivatives on smaller patches. In such a frame the derivative of (y, b) 7→ y + b at b = 0
is the orthogonal sum of the tangent and normal frames, and its volume determinant is
one. At b ̸= 0 its tangent columns differ by O(|b|), and the determinant is 1 +O(|b|). We
now check that the base point is unique. If b ∈ Ny, the matrix X = y + b satisfies

XXT = ϱ2uuT + bbT, bbTu = 0,

since ∑i ϑibi = 0 and bi ⊥ u. If |b| < cϱ with c < 1, the largest eigenvalue ϱ2 of XXT

is simple, and its eigenline is exactly Ru. Projecting the columns of X onto this line
recovers y, and the two choices of sign of u give the same matrix y. Together with the
local invertibility of the derivative, this proves that the map is a normal tube. Since
the map commutes with the dilations (y, b) 7→ (λy, λb), the bound on the unit stratum
implies the Jacobian bound 1 + O(|b|/ϱ) with an absolute constant.

For part (3), let b ∈ Ny and expand

(ϑiu + bi)× (ϑju + bj) = u× (ϑibj − ϑjbi) + bi × bj.

The first summand is perpendicular to u and the second is parallel to u, so they are
orthogonal. Since ϑibj − ϑjbi ⊥ u, we have |u × (ϑibj − ϑjbi)| = |ϑibj − ϑjbi|, and the
Lagrange identity gives

∑
i<j
|ϑibj − ϑjbi|2 = |ϑ|2|b|2 −

∣∣∣∑
i

ϑibi

∣∣∣2 = ϱ2|b|2.

This proves the formula for Q(y + b). For the global bound, let σ1 ≥ σ2 ≥ σ3 ≥ 0 be the
singular values of X. Since |xi × xj|2 is the sum of the squares of the 2× 2 minors in the
columns i and j, the quantity 2Q(X) is the sum of the squares of all 2× 2 minors of X.
This sum is invariant under left and right multiplication by orthogonal matrices, and
evaluating it on a diagonal matrix gives

2Q(X) = σ2
1 σ2

2 + σ2
1 σ2

3 + σ2
2 σ2

3 .

For a fixed unit vector u, the closest matrix with all columns parallel to u has columns
(u · xi)u, and its squared distance to X is |X|2 − uTXXTu. Diagonalizing XXT, we see
that the minimum over u is σ2

2 + σ2
3 = dist(X,M)2. Since σ2

1 ≥ |X|2/3, we obtain

Q(X) ≥ 1
2 σ2

1 (σ
2
2 + σ2

3 ) ≥ 1
6 |X|

2 dist(X,M)2.
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For part (4), since the origin is a minimum of f , we have D f (0) = 0, and D2 f (0) is
positive semidefinite. SinceM is a cone, the restriction of f to every line through a matrix
of rank one vanishes near zero, and the quadratic form D2 f (0) vanishes on every matrix
of rank one. If a positive semidefinite form H satisfies vTHv = 0, then Hv = 0, as one
sees by diagonalizing H. Since the matrices with a single nonzero entry have rank one
and span R9, we conclude that D2 f (0) = 0. The cubic Taylor term vanishes as well, that
is, D3 f (0) = 0: on each line through the origin it would otherwise take opposite signs
on the two sides of zero, contradicting nonnegativity, and a cubic form that vanishes on
every line is zero.

By Taylor’s formula with integral remainder, we have, on a smaller concentric ball,

∥D2 f (X)∥ ≤ C|X|2, ∥D3 f (X)∥ ≤ C|X|, D2 f (X) = D2 f4(X) + O(|X|3).

For example, the last error is at most sup∥D5 f ∥|X|3/6; the other constants use the bounds
for the fourth and fifth derivatives on the larger ball. Since f (y) = 0 is a minimum at
every y ∈ M in the ball, we have D f (y) = 0. Using Taylor’s formula on the segment from
y to y + b and the bound for D3 f , we find a cubic remainder at most C(ϱ + |b|)|b|3, which
proves the normal expansion. The Hessian of the quartic f4 is homogeneous of degree
two, and Nϱŷ = Nŷ; this proves the expansion at y = ϱŷ. If f ≥ c0Q, the function f − c0Q
is nonnegative and vanishes at y, and its Hessian at this point is positive semidefinite. By
the exact normal formula in part (3), the normal Hessian of Q at y is ϱ2 I4, and we obtain

D2
⊥ f (ϱŷ) ≥ c0ϱ2 I4.

Dividing by ϱ2 and letting ϱ ↓ 0, we obtain D2
⊥ f4(ŷ) ≥ c0 I4. This completes the proof.

33.4 Laplace asymptotics in normal coordinates

We now prove the Laplace estimates used in the normal directions of the regular flat
configurations and in the nonconstant directions near the trivial connection. The main
point is uniformity. The phase, the amplitude, and the tangential weight may depend on
an arbitrary index, which in the applications records the depth and the coupling, and
the tangential weight need not converge or have any regularity. We therefore prove the
estimates for each fixed tangential point and then integrate them against the tangential
marginal of the measure itself.

Lemma 33.3. Let P be a compact patch of a smooth manifold with a smooth volume measure
dvol, and let a Euclidean vector bundle of rank d ≥ 1 over P be given with a finite atlas of
smooth orthonormal trivializations. Fix 0 < c0 ≤ C0 < ∞, 0 < b1 < b0, and a cutoff χy(b)
with 0 ≤ χ ≤ 1, jointly Borel in every trivialization, equal to one for |b| ≤ b1 and supported
in a compact subset of the tube {|b| < b0}. Let ι range over an arbitrary index set and let
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0 < δ ≤ δ0. For each ι and δ let Vι(y, b) and aι,δ(y, b) be real functions on the tube, jointly
Borel in every trivialization, and assume that the Hessian Lι(y) = D2

bVι(y, 0) exists and is a
measurable function of y. Assume that on the support of χ

Vι(y, 0) = DbVι(y, 0) = 0, c0 I ≤ Lι(y) ≤ C0 I,

|Vι(y, b)− 1
2 bTLι(y)b| ≤ C0|b|3, Vι(y, b) ≥ c0|b|2,

c0 ≤ aι,δ(y, b) ≤ C0, |aι,δ(y, b)− aι,δ(y, 0)| ≤ C0|b|.

The amplitude aι,δ includes the Jacobian of the tube coordinates, so that the reference measure is
dvol(y) db, where db is Lebesgue measure in an orthonormal trivialization. Let hι,δ ≥ 0 be any
measurable function on P with 0 <

∫
P hι,δ dvol < ∞; no regularity in y and no convergence as ι

or δ varies is assumed. Let

dPι,δ = Z−1
ι,δ hι,δ(y)χy(b)aι,δ(y, b)e−Vι(y,b)/δ dvol(y) db

be the normalized measure, and set

z = δ−1/2Lι(y)1/2b, αι,δ(y) =
aι,δ(y, 0)√
det Lι(y)

.

Let Gd be a standard Gaussian vector in Rd in each orthonormal trivialization. Let (y, z) 7→ Py(z)
be a measurable scalar function on the given vector bundle, with fiber restrictions that are
polynomials of a fixed bounded degree and whose coefficients in the fixed finite atlas are bounded
measurable functions of y. Its local polynomial expressions are required to transform with the fiber
coordinates on overlaps, so that they define the same scalar function. Then for every such fiberwise
polynomial and every bounded measurable function f on the base patch P,

Zι,δEPι,δ [ f (y)Py(z)] = (2πδ)d/2
[∫

P
f hι,δ αι,δ EPy(Gd) dvol +Rι,δ( f , P)

]
,

|Rι,δ( f , P)| ≤ CP
√

δ
∫

P
| f | hι,δ dvol.

(33.3)

The error is additive, also when EPy(Gd) = 0. For y ∈ P let Pι,δ(· | y) be the probability measure
on the fiber with density proportional to χy(b)aι,δ(y, b)e−Vι(y,b)/δ. It is defined for every y, also
where hι,δ(y) = 0, and it is a version of the conditional law of b given y under Pι,δ. Moreover, the
following hold.

1. For every y ∈ P, |EPι,δ [Py(z) | y]−EPy(Gd)| ≤ CP
√

δ, and EPι,δ [|z|k | y] ≤ Ck for every
fixed real k ≥ 0.

2. Let d = 4 and qι = bTLι(y)b/2. Then for j = 0, 1, 2,

|EPι,δ [ f (y)(qι/δ)j]−mjEPι,δ f (y)| ≤ Cj∥ f ∥∞
√

δ, (m0, m1, m2) = (1, 2, 6).
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3. Let d = 4, let L∞ be a measurable field of symmetric matrices with c0 I ≤ L∞(y) ≤ C0 I,
and let q∞ = bTL∞(y)b/2. Then the estimate in (2) holds with q∞ in place of qι, up to the
additional error Cj∥ f ∥∞∥Lι − L∞∥∞.

The constants depend only on d, on b0, b1, and the atlas, on c0 and C0, and on the degree and the
coefficient bounds of Py (respectively on k and j). They are independent of ι, δ, and δ0, and of hι,δ,
its total mass, and its variation. In applications at a fixed side n, the geometric data may depend
on n.

Corollary 33.4. Assume the hypotheses of Lemma 33.3. For y ∈ P let rι,δ,y be the Lebesgue
density of z = δ−1/2Lι(y)1/2b under Pι,δ(· | y), and let ϕd(z) = (2π)−d/2e−|z|

2/2. For every
real s ≥ 0 there exists Cs < ∞ such that, for all 0 < δ ≤ δ0,

sup
ι,y

∫
Rd
(1 + |z|s)|rι,δ,y(z)− ϕd(z)| dz ≤ Cs

√
δ. (33.4)

The density rι,δ,y is defined by its normal integral at every y, also where the tangential weight
vanishes, and assertions integrated against the tangential marginal of Pι,δ hold almost everywhere
with respect to that marginal; no assumption on the behavior of this marginal as ι and δ vary is
made. The constant Cs has the dependence described in Lemma 33.3, and in addition depends on
s.

Suppose in addition that Vι(y, b) ≥ c|b|2 and c ≤ aι,δ(y, b) ≤ C for all |b| < b0, with
c, C > 0 independent of ι, y, and δ. In the following whole-tube conclusions, the constants Cs

may additionally depend on c and C; they remain independent of ι, y, δ, δ0, and the tangential
weight. Then there exists c′ > 0, depending only on the data of Lemma 33.3 and on c and C, such
that for 0 < δ ≤ 1∫

|b|<b0

(1 + |z|s)(1− χy(b))aι,δ(y, b)e−Vι(y,b)/δ db ≤ Csδ
d/2e−c′/δ. (33.5)

Let rtube
ι,δ,y be defined as rι,δ,y, but with χy replaced by the indicator of the tube {|b| < b0}.

Then
∫
(1 + |z|s)|rtube

ι,δ,y − rι,δ,y| dz ≤ Cse−c′/δ for 0 < δ ≤ 1, and (33.4) holds for rtube
ι,δ,y for all

0 < δ ≤ δ0.
In the application of Proposition 33.12, the rank is 6n3− 2, δ = γ, the phase is nEJK(V(y, v)),

and L = Hact
K (y) = D2

v[nEJK(V(y, v))]|v=0. In this application the additional hypotheses on the
whole tube hold, and all constants are independent of K.

Both results follow from an estimate at a fixed tangential point, which we prove first.

Lemma 33.5. Assume the hypotheses of Lemma 33.3. Fix a trivialization of the atlas, a point y
in its domain, and the parameters ι and δ. Write L = Lι(y) and a0 = aι,δ(y, 0). Let

uy(z) = χy(b)aι,δ(y, b)e−Vι(y,b)/δ, b = δ1/2L−1/2z,
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extended by zero outside the tube, and let Zy =
∫

uy(z) dz and ry = uy/Zy. Then Zy > 0, and
for every real s ≥ 0 there exist Cs < ∞ and c > 0, with the dependence described in Lemma 33.3
and additionally on s, such that the following hold for all 0 < δ ≤ δ0.

1.
∫
(1 + |z|s)|uy(z)− a0e−|z|

2/2| dz ≤ Cs
√

δ.
2. If δ ≤ 1, then Zy ≥ c.
3.

∫
(1 + |z|s)|ry(z)− ϕd(z)| dz ≤ Cs

√
δ.

4.
∫
|z|sry(z) dz ≤ Cs.

Proof. Let ε =
√

δ. On the support of χ we set

A(z) = Vι(y, εL−1/2z)/δ, B(z) = |z|2/2.

Since |b| ≤ ε|z|/√c0 and |z|2 = bTLb/δ, the hypotheses imply, with constants determined
by c0 and C0, that

A(z) ≥ c|z|2, B(z) ≥ c|z|2, |A(z)− B(z)| ≤ Cε|z|3, |aι,δ(y, b)− a0| ≤ Cε|z|.

The identity e−A − e−B = −(A− B)
∫ 1

0 e−[(1−t)B+tA] dt yields

|e−A − e−B| ≤ |A− B|e−min(A,B). (33.6)

This bound does not require |A− B| to be small. Here the lower bound Vι ≥ c0|b|2 on
the whole support of χ enters, since the cubic Taylor bound alone would not control the
integrand far from b = 0. On the support of χ we obtain

|aι,δe−A − a0e−B| ≤ aι,δ|e−A − e−B|+ |aι,δ − a0|e−B ≤ Cε(|z|+ |z|3)e−c|z|2 .

We have uy − a0e−B = χ(aι,δe−A − a0e−B)− (1− χ)a0e−B, and the last term is supported
where |b| > b1, hence where |z| ≥ √c0 b1/ε. For 0 < δ ≤ 1 we have∫

(1 + |z|s)|uy − a0e−B| dz ≤ Cε
∫
(1 + |z|s)(|z|+ |z|3)e−c|z|2 dz

+ C0

∫
|z|≥√c0b1/ε

(1 + |z|s)e−|z|2/2 dz ≤ Csε.

In the last inequality, we used polar coordinates and
∫ ∞

0 ϱme−cϱ2
dϱ < ∞ for m > −1 for

the first integral; for the second, we absorbed half of the exponential into the polynomial
to obtain the bound Cse−c′/δ, and we used that u−1e−c′/u2

is bounded for u ∈ (0, 1]. This
proves (1) for δ ≤ 1. If δ > 1, then uy is supported in |z| ≤ C1/2

0 b0 and 0 ≤ uy ≤ C0,
since Vι ≥ 0 on the support of χ. Both

∫
(1 + |z|s)uy dz and a0

∫
(1 + |z|s)e−|z|2/2 dz are

then bounded by a constant Cs, and Cs ≤ Cs
√

δ. This proves (1) in general. Note that no
dependence on δ0 enters.
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For (2), let 0 < δ ≤ 1 and set ϱ0 = min(b1/2,
√

δ). On the ball |b| ≤ ϱ0 we have χ = 1,
aι,δ ≥ c0, and Vι ≤ C0|b|2/2 + C0|b|3 ≤ C0(1/2 + b0)δ. Changing variables, we obtain

Zy = δ−d/2(det L)1/2
∫

χyaι,δe−Vι/δ db ≥ δ−d/2cd/2
0 c0 e−C0(1/2+b0) ωdϱd

0 ≥ c,

where ωd is the volume of the unit ball and we used ϱd
0δ−d/2 ≥ min(b1/2, 1)d. The same

integral over |b| ≤ b1/2 shows that Zy > 0 for every δ.
For (3) with δ ≤ 1, let A0 = a0(2π)d/2, so that a0e−|z|

2/2 = A0ϕd(z). Then

ry − ϕd =
uy − a0e−|z|

2/2

Zy
+ a0e−|z|

2/2
( 1

Zy
− 1

A0

)
.

By (1) with s = 0 we have |Zy − A0| ≤ C
√

δ, and Zy ≥ c by (2) and A0 ≥ c0(2π)d/2.
Inserting these bounds and (1) into the last display, we obtain (3). For δ > 1, we use that
ry and ϕd are probability densities and that ry is supported in |z| ≤ C1/2

0 b0. Then the left
side of (3) is at most 1 + (C1/2

0 b0)
s +

∫
(1 + |z|s)ϕd ≤ Cs ≤ Cs

√
δ. Finally, (4) follows from

(3) for δ ≤ 1, and from the bound on the support of ry for δ > 1.

Proof of Lemma 33.3. We first check that all densities and conditional laws are well defined.
On the spectral interval [c0, C0] the maps L 7→ L1/2 and L 7→ L−1/2 are continuous: their
binomial series in I− L/C0 converge uniformly because ∥I− L/C0∥ ≤ 1− c0/C0 < 1, and
all partial sums are polynomials in the matrix entries. Since the Hessian is measurable, so
are z, det Lι, and αι,δ. Since Vι, aι,δ, and χ are jointly Borel, every normal integrand below
is jointly measurable. Integrals over the fiber of nonnegative integrands are measurable
functions of y, by integration of nonnegative simple functions followed by monotone
limits; signed polynomial integrands are treated through their positive and negative parts,
once the bounds below establish absolute integrability. Thus Fubini’s theorem applies to
the weight hι,δ without any continuity in y.

Next we prove the formula at a fixed tangential point. Fix a trivialization and y, and
let uy, Zy, and ry be as in Lemma 33.5. The change of variables b = δ1/2L−1/2z has
Jacobian δd/2(det L)−1/2, so with

Iy(P) =
∫

χy(b)aι,δ(y, b)e−Vι(y,b)/δPy(z) db

we have Iy(P) = δd/2(det L)−1/2
∫

uyPy dz. Since |Py(z)| ≤ CP(1 + |z|deg P), part (1) of
Lemma 33.5 implies that |

∫
uyPy dz− a0(2π)d/2EPy(Gd)| ≤ CP

√
δ. Since (det L)−1/2 ≤

c−d/2
0 , we obtain, uniformly in y and ι,

Iy(P) = (2πδ)d/2[αι,δ(y)EPy(Gd) + Ey(P)
]
, |Ey(P)| ≤ CP

√
δ. (33.7)

We multiply (33.7) by f (y)hι,δ(y) and integrate. By Fubini’s theorem, the left side
becomes Zι,δEPι,δ [ f Py(z)] on the domain of the trivialization, and the error is bounded by
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CP
√

δ
∫
| f |hι,δ, also when the Gaussian mean vanishes. Orthogonal changes of the normal

frame preserve db, the law of Gd, and the positive square root, and they act on z by
orthogonal maps. The polynomial expressions transform by the same coordinate change,
so Py(z) is unchanged as a scalar function. Hence the formula does not depend on the
trivialization, and a finite nonnegative partition of unity on the base patch subordinate
to the atlas proves (33.3). We obtain such a partition by choosing coordinate balls whose
smaller concentric balls cover the patch, placing a smooth bump equal to one on each
smaller ball, and dividing by the positive sum of the bumps; only the atlas enters its
constants. No derivative or convergence of hι,δ has been used.

For the conditional statements, the unnumbered positivity assertion of Lemma 33.5
and the change of variables above give Iy(1) = δd/2(det L)−1/2Zy > 0 for every y and
every 0 < δ ≤ δ0. The density χyaι,δe−Vι/δ/Iy(1) of Pι,δ(· | y) is jointly Borel, and its
product with the tangential density Z−1

ι,δ hι,δ(y)Iy(1) is the joint density of Pι,δ. Thus
Pι,δ(· | y) is a version of the conditional law, including on the set where hι,δ vanishes.
Since z has density ry under this law, we have

|E[Py(z) | y]−EPy(Gd)| ≤ CP

∫
(1 + |z|deg P)|ry − ϕd| dz ≤ CP

√
δ

by Lemma 33.5(3), and the moment bound in (1) is Lemma 33.5(4).
For (2), let d = 4. Then qι/δ = |z|2/2 exactly. For independent one-dimensional

standard Gaussians, integration by parts gives EG2
i = 1 and EG4

i = 3. This implies

E(|G4|2/2) = 2, E(|G4|2/2)2 = 1
4(4 · 3 + 12) = 6.

By (1), the conditional expectations of (qι/δ)j given y differ from mj by at most Cj
√

δ,
uniformly in y. Integrating against the tangential marginal of Pι,δ, multiplied by f , we
obtain (2).

For (3), let η = ∥Lι − L∞∥∞. Since |b|2 ≤ δ|z|2/c0, we have pointwise

|qι − q∞|/δ ≤ Cη|z|2, |qι|/δ + |q∞|/δ ≤ C|z|2,

and both constants depend only on c0 and C0, because L∞ obeys the same spectral bounds
as Lι. The case j = 0 is trivial. For j = 1 the first bound and the bounded second moment
give the additional error C∥ f ∥∞η. For j = 2 we write x2 − y2 = (x− y)(x + y) and use
the bounded fourth moment from (1). All constants have the stated dependence. This
completes the proof.

Proof of Corollary 33.4. In a trivialization of the atlas, the density of z under Pι,δ(· | y) is
rι,δ,y = ry of Lemma 33.5, and (33.4) is part (3) of that lemma. Since orthogonal changes
of the normal frame act on z by orthogonal maps and preserve ϕd and |z|, the left side
of (33.4) does not depend on the trivialization. The density is jointly measurable by the
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Borel hypotheses and integration over the fiber, as in the proof of Lemma 33.3. Since the
estimate holds at every y, integrating it against the tangential marginal of Pι,δ requires no
assumption on this marginal. We note that the constant in part (3) of Lemma 33.5 does
not depend on δ0: for δ ≤ 1 the proof uses the lower bound Zy ≥ c, valid on all of (0, 1],
and for δ > 1 it uses only that ry is supported in a fixed ball.

We turn to the additional statements on the whole tube. Let 0 < δ ≤ 1, and let Ztube

and Zχ be the integrals of aι,δe−Vι/δ over |b| < b0, without and with the factor χy. By the
proof of Lemma 33.5(2) we have Ztube ≥ Zχ ≥ cδd/2. On the region where χy(b) ̸= 1 we
have |b| ≥ b1, and the lower bound Vι ≥ c|b|2 on the whole tube bounds the integrand by
C(1 + |z|s)e−c|b|2/δ, with |z| ≤ C|b|/

√
δ. Absorbing half of the exponential, we obtain∫

b1≤|b|<b0

(1 + Cδ−s/2|b|s)Ce−c|b|2/δ db ≤ C(1 + δ−s/2)e−cb2
1/(2δ)

∫
e−c|b|2/(2δ) db

≤ Csδ
d/2e−c′/δ,

which is (33.5). Let ptube and pχ be the two normalized fiber densities. Then∫
w|ptube − pχ| ≤ 1

Ztube

∫
w(1− χy)aι,δe−Vι/δ +

|Ztube − Zχ|
Ztube

∫
wpχ,

with w = 1 + |z|s. By (33.5), the lower bound for Ztube, and the bounded moments of pχ

from Lemma 33.5(4), the right side is at most Cse−c′/δ. Since e−c′/δ ≤ C
√

δ for δ ≤ 1, (33.4)
holds for rtube when δ ≤ 1. When δ > 1, the density rtube is supported in |z| ≤ C1/2

0 b0,
and the argument for part (3) of Lemma 33.5 with δ > 1 applies.

The final assertion concerns the stopped measures near a compact patch of regular
flat configurations. We verify it at the end of Section 33.8, after constructing the normal
coordinates, by checking the phase and amplitude hypotheses and applying the general
estimates proved above. This verification does not use the deferred assertion.

33.5 Based coordinates near the trivial connection

In this section we construct coordinates on the based quotient near the class of the
identity, separate the nine constant directions from the 6n3 − 6 nonconstant directions
transverse to the gauge orbits, and integrate out the latter by Lemma 33.3. We first record
the derivative bounds for the effective interaction and the domain conditions for small
commuting configurations that the integration requires.

Lemma 33.6. Let R = Rd,γ be the effective interaction in (33.1), at a depth d = kJ and with
0 < γ ≤ γ0, and let R = R− R(I). Fix r < r1 < min(ρ, π) and put η = 1− r1/ρ. There
exist constants Cj, independent of d and γ, such that in link logarithm coordinates ξ = (ξe) with
maxe|ξe| ≤ r1,

∥Dj
ξ R(eξ)∥root ≤ CjE∗ρ2−jη−j, j ≥ 1, (33.8)
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where ∥·∥root is the weighted absolute coefficient norm of Definition 4.6 with one index fixed,
followed by the supremum over the fixed index. In particular, let K1 = C1E∗ρη−1. Then at every
point of the coordinates V(X, s) = eX/n+s of Theorem 33.8 whose link logarithms lie in Br1 ,

|DXR(eX/n+s)| ≤ 3n2K1, |DsR(eX/n+s)| ≤ 3n3/2K1, (33.9)

where both norms are Euclidean and the derivative in s is taken in the subspace Sn.
Further, let K ⊂ Dr be compact. There exist finitely many based gauge transformations and an

open cover of K such that each member of the cover, together with a larger neighborhood, is mapped
into Br1 by one of these gauge transformations. Let W ⋐ W+ be open sets of parameters and
let Ψ : W+ → Un be smooth, extend smoothly to a neighborhood of W, and satisfy Ψ(W) ⊂ K.
Then for every j ≥ 1,

∥Dj(Rsat ◦Ψ)∥L∞(W) ≤ Cn,j,K,Ψ,r1,ρ,ηE∗, (33.10)

where the constant depends on the suprema over W of the derivatives of Ψ through order j, which
are finite by smooth extension and compactness, but not on d or γ. The gauge transformations,
the subcharts, and the constants are chosen independently of d and γ. For charts of the based
quotient, Ψ denotes a fixed smooth lift to configurations. These bounds concern only the effective
interactions Rd,γ, d = kJ, of the stopped densities (33.1).

Proof. By Theorem 14.8, the effective interaction of (33.1) satisfies Bρ,asp(R) ≤ E∗ and
DR(I) = 0, and its local expressions in different gauges agree on the overlaps of their
domains in the common outer ball. That theorem also contains the bounds (33.8) and
their transfer to fixed charts. We recall the argument and verify the conditions on the
charts in the form used below. The constant R(I) does not enter derivatives of positive
order. Set

Ak =
ρk−2

k!
∥DkR(0)∥asp,root, ∑

k≥2
Ak ≤ E∗, q = r1/ρ = 1− η.

We fix one index of a differentiated coefficient, sum over the contracted indices, and use
|ξe| ≤ r1. The spatial weights are at least one, and deleting contracted indices does not
increase the length of a shortest connecting network of the remaining indices. By the
absolute Taylor expansion, we have

∥DjR(eξ)∥root ≤ Cjρ
2−j ∑

k≥max(2,j)
Ak

k!
(k− j)!

qk−j,

where the fixed conventions for color coordinates contribute only the factor Cj. For k ≥ j
the binomial identity implies(

k
j

)
η jqk−j ≤

k

∑
l=0

(
k
l

)
ηlqk−l = 1,
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so that k!qk−j/(k− j)! ≤ j!η−j. This summable majorant also justifies differentiating the
series term by term in the interior, and it proves (33.8).

There are 9n3 scalar link and color coordinates, and each first partial derivative of R
is at most K1, by (33.8) with j = 1. Then the Euclidean gradient is at most 3n3/2K1, and
its restriction to the subspace Sn has no larger norm. In the coordinates (X, s) we have
ξi(x) = Xi/n + si(x). For each of the nine components of X, the chain rule expresses the
derivative as a sum of n3 partial derivatives with coefficient 1/n, which is at most n2K1

in absolute value. The Euclidean norm of the gradient in X is then at most 3n2K1. This
proves (33.9).

For the transfer, let U0 ∈ K and choose a lattice gauge transformation k0 with Uk0
0 ∈ Br.

It can be taken based: replacing k0(x) by k0(x∗)−1k0(x) conjugates the transformed
configuration by one constant matrix, which preserves every link logarithm norm. We
keep this gauge transformation fixed. By continuity there exist neighborhoods O0 ⋐ O+

0
of U0, with closures inside an ambient smooth coordinate chart, whose images under k0

lie in Br1 even on O+
0 . To find them, we take an open neighborhood with image in Br1

and then two smaller coordinate balls with closures inside it. Finitely many of the sets
O0 cover K. They depend on K and on r < r1, but not on the effective interaction. The
action of a fixed gauge transformation is smooth on all of Un and an isometry for the
product metric; in particular, it extends past each of these closures.

By the agreement of the local expressions, we have, on the larger neighborhood O+
l of

a member of this cover,

Rsat(U) = R
(
eξ(l)(U)

)
− R(I), ξ(l)(U)e = Log

(
(Ukl)e

)
.

Since r1 < π, the logarithm and all its derivatives of fixed order are bounded on {|Log| ≤
r1}. Indeed, the transverse eigenvalue of the differential of the exponential map has
modulus 2 sin(|ξ|/2)/|ξ|, which is bounded away from zero on this closed ball. Repeated
differentiation of the inverse function identity then bounds every higher derivative. We
refine the parameter subcharts so that the closure of each is contained in W+ ∩Ψ−1(O+

l )

for one l; this is possible because the sets Ol cover Ψ(W) and W is compact. The maps
ξ(l) ◦Ψ then extend smoothly past these closures, and for every fixed j their derivatives
through order j are bounded there. This verifies, at each use, the condition on compact
subcharts in Theorem 14.8. By the chain rule, the derivative of order j of Rsat ◦ Ψ is a
finite sum of contractions of DaR, 1 ≤ a ≤ j, with derivatives of ξ(l) ◦ Ψ. The bound
(33.8) and the conversion from the norm ∥·∥root to Euclidean norms at the fixed side n
bound every term. Since the local expressions agree on overlaps, these bounds concern
one smooth function Rsat on a neighborhood of K. This proves (33.10). We note that no
derivative of a gauge transformation chosen as a function of U was taken.

The next lemma is a local version of Lemma 14.9 for small constant commuting
configurations. Unlike that result, it requires no condition on the side m. It is used for
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the chart of Theorem 33.8 and for the lower bound in Theorem 33.10.

Lemma 33.7. There exists ϵloc > 0, depending only on the fixed domains of the classical
background fields, of the local constraint coordinates and Haar disintegration densities, and of
the based gauge transformations used in Theorem 12.13, and in particular independent of the
preceding depth and of γ, with the following property. Let m ≥ 4, let H1, H2, H3 ∈ su(2)
commute, and suppose that ϵ = maxi|Hi|/m < ϵloc. Let c be the configuration on Λm with
ce = eHi/m on every link e in direction i. Then c and its constant commuting refinements with
links exp(Hi/(mMℓ)) on ΛmMℓ , ℓ ≥ 1, together with their representatives in the block axial
gauge, lie in the interior of these domains for one RG step, with a margin independent of m, of the
depth, and of γ. For every depth d ≥ 0 we have Ed(c) = 0. In the free logarithmic coordinates
relative to the coarse-field lift U0(c), the refinement has z = 0; this point is the conditional
constrained minimizer z∗d(c), and the corresponding normalized fluctuation variable is w = 0.
The lemma imposes no condition on the other flat configurations on Λm.

Proof. We check the domain conditions directly, without using a neighborhood of the
small-field event. We use the identities for commuting roots in Lemma 14.9, but not its
condition on the minimum side. For one averaging step, let

ai = eHi/(Mm), ci = aM
i ,

where a denotes the constant configuration on ΛMm with these link variables. In the block
averaging map (4.3), every translated path with endpoint connectors Fc,x has the same
transport aM

i as the reference path Cc, since all factors commute and the paths have the
same displacement. Hence the logarithms of all based loop holonomies vanish, TMa = c,
and no exceptional value of TM occurs.

We write M = 2RM + 1. In a centered block with center v, the based gauge trans-
formation to the block axial gauge at x = v + r is k(x) = ∏j a

rj
j , where |rj| ≤ RM. By

commutativity, we have

|Log k(x)| ≤ 3RM

M
ϵ, max

e
|Log ae| ≤ ϵ/M, max

e
|Log U0(c)e| ≤ ϵ. (33.11)

A transformed link in the interior of a block is the identity. On a link between two blocks
in direction i, the offsets ri at its endpoints differ by 1−M, and the transformed link
is aM

i = ci. Thus the configuration in the block axial gauge is exactly the coarse-field
lift U0(c) of Section 4, and all free logarithmic coordinates and the logarithms on the
eliminated edges e∗c vanish. Since the derivative of the block averaging constraint with
respect to the eliminated edge is M−2 I3 there, the point lies in the domain of the local
constraint coordinates, with positive Jacobian. The Haar factors are positive on the small
link ball.

We now choose the margin. Let b∗ > 0 be smaller than r, than the radii r∗ and rsym and
the constant κsym of Theorem 10.11 and Lemma 10.8, than the radius rlift of the C1 ball
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of fine potentials in Lemma 10.8, and than the fixed radii of the coarse-field, constraint,
Haar disintegration, and gauge domains of one RG step in Theorem 12.13. These are
the radii used in the choice of rflat in Lemma 14.9. There are only finitely many types of
words in the construction of one RG step. Let Cgeo,J ≥ 1 + 3RM/M be a bound for their
lengths and for the sums of the offsets in their based gauge transformations, measured in
units of the output lattice of the RG step. This bound does not depend on the side, since
the words are translates of the words in one fixed block, and there are only J successive
block sizes. Finally, we require

4Cgeo,Jϵloc < b∗.

The logarithm of a product of commuting small factors is bounded by its word length
times the largest logarithm of a factor. Thus (33.11) and this choice verify every interme-
diate condition on coarse fields, tree gauges, and gauge transformations, with a fixed
margin. At a finer side mMl the link bound is ϵM−l, and none of these inequalities
becomes worse with the number of averaging steps. The gauge identity of Lemma 10.8
applies, because both representatives lie in its ball of radius rsym and the logarithms of
the gauge transformations are below κsym.

We prove that the effective classical action vanishes by induction on d, simultaneously
for all sides m ≥ 4 and all constant commuting configurations as in the statement. The
comparison below concerns real configurations and real free coordinates. No minimum
and no positive Hessian is asserted for complex coarse fields. The continuation in a
complex parameter below concerns only the analytic identity for the minimizer, after it
has been proved near real parameter values. For d = 0, the Wilson action vanishes at
the flat configuration c. Suppose that the claim holds at depth d. The refinement a has
side Mm and satisfies the smaller bound ϵ/M. By the induction hypothesis, we have
Ed(a) = 0, and by the gauge invariance just checked, Ed(U0(c)) = Ed(a) = 0. By the
definition of the effective classical action in Section 4, for the actions and minimizers of
Theorem 12.13, we have

Ed+1(c) = MFd(c, z∗d(c)) = M min
z

Fd(c, z), Fd(c, z) = Ed(b(c, z)),

where the minimum is over the domain of the classical background field. The free
point z = 0 lies in this domain by the margins verified above; this does not presuppose
that z = 0 lies in a fluctuation cutoff domain centered at z∗d(c). Since Fd(c, 0) = 0, the
minimum is at most zero, and nonnegativity (Theorem 11.2) implies that Ed+1(c) = 0.
This completes the induction, and it also shows that Ed(U0(c)) = 0 at every depth. In
other words, the iteration uses exact commuting roots, whose potential in units of the
coarse lattice is Hi/m at every side and whose first spatial differences vanish; no loss of
domain accumulates.

It remains to identify z = 0 with the conditional constrained minimizer. In the
coordinates of Theorem 12.13, z∗d is the analytic branch of constrained minimizers through
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z∗d(I) = 0. Since the point z = 0 attains the minimum of Fd(c, ·), we have DzFd(c, 0) = 0.
At c = I the constrained Hessian Kd(I) is positive. By Lemma 33.1(1), applied to DzFd,
the critical point near 0 is then locally unique for c near I. For each fixed side and depth,
we find z∗d(e

tH/m) = 0 for real t near zero. The minimizer is holomorphic on the common
domain of coarse fields of Theorem 12.13, and the factor four in the choice of ϵloc keeps
etH/m in this domain for complex |t| < 2. Each component of t 7→ z∗d(e

tH/m) is therefore
holomorphic on |t| < 2 and vanishes on an interval around zero. Its Taylor coefficients
at zero vanish, and continuation through overlapping discs gives z∗d(e

tH/m) = 0 for
|t| < 2, in particular at t = 1. The radius of local uniqueness at the origin need
not be uniform; the common domain and the margins are. Since the normalization
z− z∗d(c) = gdK−1/2

d w is invertible, z = z∗d(c) corresponds to w = 0, which lies in the
interior of every fluctuation cutoff domain. By Theorem 15.13, the reconstruction maps R̂,
whose gauge transformations are based at the coarse vertices, preserve these properties.
This completes the proof.

Theorem 33.8. Consider the stopped measures of Section 33.2, with L, n ∈ 4N, M, J, Θ, and
γ0 fixed before γ, and let g =

√
γ/n. Let d0 denote the forward lattice gradient on Λn (not a

depth) and d∗0 its adjoint, the discrete divergence, both acting componentwise on su(2)-valued
functions and link arrays, and let

Sn =
{

s = (si(x)) ∈ su(2)En : d∗0s = 0, ∑
x

si(x) = 0 (i = 1, 2, 3)
}

,

and dn = dimSn = 6n3 − 6. There exist ρn, sn, cn, Cn > 0 such that the following hold.

1. The based quotient of Un is a compact manifold of dimension 6n3 + 3, and the based gauge
transformations carry Haar measure of total mass one. The map (X, s) 7→ V(X, s) = eX/n+s,
which assigns exp(Xi/n + si(x)) to the link from x to x + anei, defined for X ∈ R9 with
|X| < ρn and s ∈ Sn with |s| < sn, induces coordinates on a neighborhood of the class of the
identity in the based quotient. In these coordinates the image of Hn is Jn(X, s) dX ds, where
Jn is smooth and strictly positive. The configurations V(X, s) lie in Br ⊂ Dr. Simultaneous
conjugation at the root is not divided out.

2. Let Fd(X, s) = Ed(eX/n+s), fd(X) = Fd(X, 0), and Ad(X) = D2
s Fd(X, 0). For every

integer d ≥ 0,

DsFd(X, 0) = 0, Fd(X, s) = fd(X) + 1
2⟨s, Ad(X)s⟩+ On(|s|3),

cn I ≤ Ad(X) ≤ Cn I, Fd(X, s) ≥ fd(X) + cn|s|2.

3. For d = kJ and 0 < γ ≤ γ0, write Rd,γ(X, s) = Rd,γ(V(X, s)). Then, uniformly in X, d,
and γ,∫
|s|<sn

e−Fd(X,s)/g2−Rd,γ(X,s) Jn(X, s) ds = (2π)dn/2gdn e− fd(X)/g2
ad,γ(X)

[
1 + On(g)

]
,
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ad,γ(X) =
e−Rd,γ(X,0) Jn(X, 0)√

det Ad(X)
.

The amplitude ad,γ has positive upper and lower bounds and a C1 bound, uniformly in d and
γ.

The constants may depend on n, L, M, J, Θ, γ0, and on the larger chart and the bounds in (P2)
and (P3), but not on d, on the total number of averaging steps, or on γ ∈ (0, γ0].

No positive Hessian is asserted in the nine constant directions X: at the identity the
quadratic part of E0 vanishes on constant configurations.

Proof. The proof has five steps. We construct the based quotient and the coordinates
(X, s), fix the radii, prove the stationarity in s and the gap at the fixed side n, and then
apply Lemma 33.3 in the variable s at each fixed X.

Step 1: inputs. All bounds in this proof are at the fixed side n. The lower bound (P1)
holds at every integer d ≥ 0, whether or not an effective interaction is attached to d.
In the statements involving Rd,γ, we have d = kJ, and Rd,γ is the effective interaction
of the density (33.1), with the value bound and the analytic norm of that density. Its
first derivatives in the chart are obtained from Lemma 33.6, on the relatively compact
subcharts chosen in Step 3 and with the identity gauge transformation, which extends
past their closures. They do not follow from the value bound. The derivative bounds for
the classical actions in fixed charts come from Theorem 10.11: restricted to the finitely
many coordinates at side n, its coefficient bounds give bounds for ordinary derivatives,
with constants depending on n. The exact translation invariance of Ed is Lemma 10.8. The
vanishing of Ed and the domain conditions for small constant commuting configurations
are proved in Lemma 33.7, with no condition on the minimum side. Finally, (P4) allows
us to apply Theorems 12.13 and 14.8 for every 0 < γ ≤ γ0.

Step 2: the based quotient. We fix a periodic spanning tree of the lattice graph Λn.
There exists a unique based gauge transformation that makes every tree link the identity.
It is obtained successively from the root, by prescribing its value at a new vertex from
the tree link leading to that vertex. The remaining links are 3n3 − (n3 − 1) = 2n3 + 1
independent non-tree links. This change of variables has an exact interpretation for the
measure. We condition on the preceding tree variables and use a left or right translation
of Haar measure at the next tree link. This replaces that link by the value of the gauge
transformation at the new vertex, with Haar measure. At each non-tree link the two
endpoint factors are determined by the tree variables, and its change of variables is
again a Haar translation. By Fubini’s theorem, the image of Hn is the product of Haar
probability measures in the n3 − 1 values of the based gauge transformation and in
the 2n3 + 1 non-tree link variables. Integrating out the gauge variables gives one. In
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particular the based quotient is the compact product SU(2)2n3+1, of dimension 6n3 + 3,
and no conjugation at the root has been divided out from the non-tree link variables.

Step 3: the coordinates and the radii. The gradient is injective on su(2)-valued vertex
functions that vanish at the root: if the gradient of such a function vanishes, the function
is constant on the connected graph and hence zero. The image of these gradients has
dimension 3(n3− 1), and its orthogonal complement in the 9n3-dimensional space of link
arrays is ker d∗0 , of dimension 6n3 + 3. The nine arrays that are constant in position lie in
this complement, and their orthogonal complement within it is Sn, of dimension 6n3 − 6.
The orthogonal decomposition can be constructed explicitly. For an array A, the equation
d∗0d0ξ = d∗0 A has a unique solution ξ with mean zero, by diagonalization of this positive
matrix on mean-zero vertex functions. Subtracting d0ξ and then the spatial means of the
three components, we obtain the component in Sn.

We consider the map that sends (X, s) to eX/n+s and then to the non-tree link variables
of its representative in the tree gauge. At (0, 0) its derivative is the projection along
gradients onto the non-tree link coordinates. Indeed, the linearized tree gauge fixing
sends a link logarithm array A to A − d0ξ, where ξ vanishes at the root and A − d0ξ

vanishes on the tree, and then reads off the non-tree links. The kernel of the derivative is
the image of d0 on functions vanishing at the root. The derivative is therefore injective on
the complement R9 ⊕ Sn constructed above, and invertible there, since the dimensions
agree. By Lemma 33.1(1), the map is a diffeomorphism near (0, 0). Pulling back the
product of Haar measures on the non-tree links, whose density in exponential coordinates
is smooth and positive near the identity, we obtain a smooth strictly positive density
Jn(X, s). Its bounds and the bounds for its derivatives of fixed order on smaller closed
coordinate balls depend only on n and on these balls.

We now fix the radii, independently of d and γ. We shrink the balls so that
maxx,i|Xi/n + si(x)| < r/2, and choose slightly larger balls with the same property.
We also require 2ρn/n < ϵloc, with ϵloc from Lemma 33.7, and put the larger balls inside
the charts of radii r∗ and rsym of Theorem 10.11 and Lemma 10.8. More precisely, we
choose the product C of the two coordinate balls in the statement and a larger product
C+ with C ⊂ C+, such that C+ lies in the chart just constructed and satisfies all these
strict bounds on link logarithms. These finitely many conditions are compatible with
positive radii. The map (X, s) 7→ eX/n+s and the quotient chart extend smoothly to a
neighborhood of C+, and the gauge transformation used here is the identity. Every
derivative of fixed order of the chart is therefore bounded on this closure, with constants
depending only on n. This verifies the condition on compact subcharts in Theorem 14.8
and Lemma 33.6, both for the integration in s and for the derivative of the amplitude
in X. The configurations V(X, s) lie in Br ⊂ Dr, with link logarithms in the ball Br1 of
Lemma 33.6, for a fixed r1 ∈ (r, min(ρ, π)); in particular η = 1− r1/ρ is fixed. Every
commuting point X used here satisfies maxi|Xi|/n < ϵloc, so Ed vanishes there at every
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depth.

Step 4: stationarity and the gap. Fix a constant array of logarithms Ai(x) = Xi/n.
Translation by any lattice vector fixes this array. Differentiating the exact translation
invariance of Ed, we find that the gradient DEd(eA) in link logarithm coordinates is
constant in position for each direction and color. Its pairing with every array of spatial
mean zero vanishes, and

DsFd(X, 0) = 0 (33.12)

for every d and every X in the chart. This argument concerns Ed only, and it does not set
any derivative of the effective interaction or of the Haar density to zero.

We now prove the gap at the fixed side. The logarithm of a plaquette at the identity
has the expansion d1A + O(|A|2) in link logarithms, where

(d1A)ij(x) = Aj(x + ei)− Aj(x)− Ai(x + ej) + Ai(x)

is the unscaled lattice curl. Since 4q(eY) = |Y|2/2 + O(|Y|4), it follows that

E0(eA) = 1
2 ∑

x, i<j
|Aj(x + ei)− Aj(x)− Ai(x + ej) + Ai(x)|2 + On(|A|3),

where ei denotes one lattice step. At the Fourier mode m ∈ Z3/nZ3, let ηi(m) =

e2πimi/n − 1. For each color,

∑
i<j
|ηiaj − ηjai|2 = |η|2|a|2 − |η∗a|2.

Since the zero mode is absent on Sn and η∗a = 0 there, the Hessian of E0 at the identity
is at least λn I on Sn, where λn = 4 sin2(π/n) > 0. All inequalities between functions and
Hessians here concern real configurations and real tangent vectors. Since Ed − κE0 ≥ 0
near the identity by (P1) and vanishes at the identity, its Hessian at this point is positive
semidefinite. This implies

D2
s Fd(0, 0) ≥ κλn I.

By the uniform bound on third derivatives in (P2), we have

∥D2
s Fd(X, s)− D2

s Fd(0, 0)∥ ≤ Cn(|X|+ |s|).

We choose the radii so that the right side is at most κλn/2; the upper derivative bounds
in (P2) give a uniform upper bound. Then Ad(X) = D2

s Fd(X, 0) ≥ κλn I/2, and Taylor’s
formula with integral remainder and (33.12) give

Fd(X, s) = fd(X) + 1
2⟨s, Ad(X)s⟩+ O(Cn|s|3), Fd(X, s)− fd(X) ≥ 1

4κλn|s|2.

This proves part (2), after decreasing cn.
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Step 5: integration in s and the amplitude. On the larger s-ball we apply Lemma 33.3,
at each fixed X, with

V(X, s) = Fd(X, s)− fd(X), δ = g2, a(X, s) = e−Rd,γ(X,s) Jn(X, s),

the rank dn, and the Hessian L = Ad(X). All these functions and the Hessian field are
smooth in (X, s) on the fixed real chart, hence jointly Borel, and we choose a fixed smooth
cutoff in s, equal to one on a smaller fixed ball and supported in the ball |s| < sn. The
phase bounds were proved in Step 4. For the amplitude, let Bn = supDr

|Rd,γ|, which is
bounded by (P3). By (33.9) and the mean value theorem on the convex s-ball,

|a(X, s)− a(X, 0)| ≤ eBn
(
∥Jn∥∞3n3/2K1 + ∥Ds Jn∥∞

)
|s|.

The positive lower and upper bounds follow from e−Bn ≤ e−Rd,γ ≤ eBn and the positivity
of Jn. Every hypothesis of Lemma 33.3 therefore holds with constants c0, C0 depending
only on the fixed data. The case P = 1 of (33.7) gives the integral with the cutoff. The
additive error O(g) becomes a relative error because the amplitude a(X, 0)/

√
det Ad(X)

has a fixed positive lower bound. The lower bound Fd − fd ≥ cn|s|2 holds on the whole
ball |s| < sn, and so do the amplitude bounds. By (33.5), for g ≤ 1 and after factoring out
e− fd(X)/g2

, the difference between the integral with the cutoff and the integral over the
whole ball is at most Cgdn e−c′/g2

, which is On(gdn+1). If γ0/n > 1, then for 1 < g2 ≤ γ0/n
both the integral and the main term are bounded above and below by positive constants
depending only on the fixed data, and the asserted formula holds there after enlarging
the constant. We obtain

(2π)dn/2gdn e− fd(X)/g2 e−Rd,γ(X,0) Jn(X, 0)√
det Ad(X)

[
1 + On(g)

]
.

For the C1 bound of the amplitude, we have

DX log ad,γ(X) = −DXRd,γ(X, 0) + DX log Jn(X, 0)− 1
2 tr

(
Ad(X)−1DX Ad(X)

)
.

The first term is bounded by 3n2K1, by (33.9); the value bound alone would not give
this estimate. The trace is bounded by dn∥A−1

d ∥∥DX Ad∥, and every factor is bounded
uniformly, by the fixed chart, the lower bound for the Hessian, and the bound on third
derivatives. This proves the bounds for the amplitude, with the phase fd at finite depth.
In particular, no limit of the classical actions as d → ∞ at fixed coupling has been
inserted into an exponent divided by g2. All constants have the dependence stated in the
theorem.

33.6 Flat configurations and the partition function

We now describe the flat configurations on Λn away from the central triples, that is, the
triples of central cycle holonomies. We then prove the two-sided bound for the partition
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function. Recall from Lemma 14.9 that the flat configurations modulo all periodic gauge
transformations are classified by their commuting cycle holonomies modulo simultaneous
conjugation. In the based quotient, where simultaneous conjugation is not divided
out, the flat set is the set of commuting triples (H1, H2, H3) ∈ SU(2)3. We call a flat
configuration regular if its cycle holonomies are not all central. A compact regular patch
is a compact subset of the flat set in the based quotient containing none of the eight
configurations with central cycle holonomies.

Lemma 33.9. 1. In the based quotient at side n ≥ 4, the set of regular flat configurations is a
smooth embedded submanifold of dimension five. The Hessian of E0 is positive definite in the
normal directions at every regular flat configuration. On every compact regular patch it has
a positive lower bound, and there is a finite atlas of normal coordinates V(y, v), with y in
the flat manifold and v ∈ R6n3−2, in which the image of Hn has a smooth positive density
J(y, v) with respect to dvol(y) dv.

2. Consider the stopped measures of Section 33.2 and a compact regular patch. Assume either
that the patch consists of configurations gauge equivalent to constant commuting links eHi/n

with maxi|Hi|/n < ϵloc, as in Lemma 33.7, or that 2π/n < rflat, where rflat is the radius
of Lemma 14.9. Assume also that the patch lies in a common larger classical link chart, after
fixed gauge transformations. Then there is a normal tube over the patch, fixed independently
of d and γ, on which, for every integer d ≥ 0,

nEd(V(y, v)) = 1
2 vTHd(y)v + O(Cn|v|3),

cn I ≤ Hd(y) ≤ Cn I, nEd(V(y, v)) ≥ cn|v|2.

The normal rank is 6n3 − 2. The constants may depend on n, the patch, the larger chart, the
constant κ of (P1), the derivative bounds of (P2), and the margins of the tube.

Proof. We use the based quotient SU(2)2n3+1 of non-tree link variables constructed in
Step 2 of the proof of Theorem 33.8. By Lemma 14.9, a flat point of the based quotient is
determined by its three commuting cycle holonomies. This identification and its inverse
are locally smooth. Indeed, each holonomy is a finite product of non-tree link variables.
Conversely, after fixing paths in the tree, the flat transport along every non-tree link
is the word in the three commuting cycle transports given by the winding numbers of
the closed path that it forms with the tree. Such a word is a smooth product of integer
powers.

At a regular triple we choose a noncentral member. Its quaternion vector is nonzero
and, after fixing its sign, determines a smooth unit axis on a small patch. Every member
of a commuting triple has its vector parallel to that axis. We choose local lifts of the three
angles on the corresponding circles and two local coordinates for the axis. Differentiation
in the three angles and the two axis coordinates is injective, since the chosen member has
nonzero vector. Projection onto five suitable ambient coordinates therefore has invertible
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derivative. By Lemma 33.1(1), the regular flat set is a smooth embedded five-dimensional
manifold, and its only possible singular points are the eight triples whose members are
all central.

Next we determine the kernel of the Hessian, including the count of based gauge
directions. By a periodic gauge transformation and a constant conjugation, we conjugate
a flat representative to the constant commuting links U0

i = eϑiτ3/n. Such transformations
change neither the rank of the Hessian nor its quadratic form on the gauge quotient.
We write a variation of the links in left coordinates as etai(x)U0

i . The derivative of the
plaquette logarithm is

(dUa)ij(x) = AdU0
i

aj(x + ei)− aj(x)−AdU0
j

ai(x + ej) + ai(x),

as one sees by differentiating its four ordered factors, since the background plaquette
variable is the identity. Since the quadratic part of E0 is ∑|dUa|2/2, the kernel of the
Hessian is {dUa = 0}.

We split the colors into Rτ3, the neutral color, and its orthogonal plane, the charged
color, which we identify with C so that adτ3 acts as multiplication by i. In neutral color
the Fourier difference vector is ηi = e2πimi/n − 1. If η ̸= 0, the equations ηiaj − ηjai = 0
imply a = ηϕ, with ϕ = aj/ηj for an index j with ηj ̸= 0. These are exactly the gradient
directions, and the zero mode gives three real constant neutral directions. In charged
color the difference vector is

ηi = ei(2πmi+ϑi)/n − 1.

It cannot vanish in all three components, since that would force every ϑi into 2πZ and
all three holonomies to be central. The same algebra a = ηϕ shows that every charged
mode in the kernel is a covariant gradient. This argument includes the cases in which
some ϑi vanish, without division by a possibly vanishing component.

The covariant gradient on vertex functions has a one-dimensional kernel, consisting
of the constant neutral functions, since its charged Fourier vectors never vanish and its
neutral kernel consists of constants. Its real image has dimension 3n3− 1. Its restriction to
functions vanishing at the root is injective, since a covariantly constant function vanishing
at one point vanishes everywhere by transport along links. Hence the image of the based
gradients has dimension 3n3 − 3, and after dividing out the based gradients, the kernel
has dimension

(3n3 − 1) + 3− (3n3 − 3) = 5.

Two of these directions are infinitesimal simultaneous conjugations at the root, and three
are the constant neutral directions. They are exactly the tangent directions of the five-
dimensional manifold parametrized above. Since the Hessian is a nonnegative symmetric
matrix with no further kernel, it is positive definite on a normal complement. Its least
normal eigenvalue has a positive minimum on a compact regular patch, since continuous
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unit normal vectors over that compact set form a compact set on which the quadratic
form does not vanish.

For integration, we give the based quotient SU(2)2n3+1 its product Riemannian metric,
which is bi-invariant, and let F be the manifold of regular flat configurations. We use
the normal exponential map

V(y, v) = Expy(v), y ∈ F , v ⊥ TyF ,

of Lemma 33.1(2). Over a compact neighborhood of a compact regular patch, it is injective
for a common small normal radius. We choose finitely many smooth orthonormal
trivializations of the normal bundle of F , with working subcharts relatively compact
in larger charts. Since their transitions preserve y and are orthogonal in v, a partition
of unity on the base extends consistently to the tube. The maps V(y, v), their lifts to
configurations, and the normal frames extend smoothly past the closures of the working
subcharts, so all derivatives of fixed order of the charts are bounded there. Since the
Haar measure of the product group is a constant multiple of its Riemannian volume, its
pullback J(y, v) is smooth and positive with respect to dvol(y) dv. This proves part (1).

For part (2), on patches of small commuting configurations, the vanishing of the
classical actions is proved in Lemma 33.7. On a general patch at a side with 2π/n < rflat,
it is the conclusion of Lemma 14.9 for all flat configurations: every averaging step has
output side m ≥ n, and 2π/m ≤ 2π/n < rflat verifies the condition on the side at each
step. By gauge invariance, these zeros transfer to the smooth based representatives used
here. Since Ed ≥ 0, its first derivative vanishes on the flat manifold. Since Ed − κE0 ≥ 0
by (P1) and vanishes there, the Hessian of Ed − κE0 is positive semidefinite on real
normal vectors. The lower bound of part (1) then implies Hd = D2

v(nEd)(y, 0) ≥ cn I. The
uniform derivative bounds of (P2) on the common larger chart give the upper bound and
a common cubic Taylor error. If a quotient chart is not itself a representative with small
links, we fix a gauge transformation taking its center into Br and shrink the neighborhood
inside the fixed larger classical chart. By compactness, finitely many such fixed gauge
transformations suffice. Their derivatives and the bounds of Theorem 10.11 give the
same bound by the chain rule, and no gauge transformation depending on the point is
needed. We choose the radius of the tube so that the cubic error is at most one quarter of
the lower bound for the Hessian times |v|2. This proves the lower bound for nEd on the
whole smaller tube. All these choices depend only on the listed data. The normal rank is
the dimension 6n3 + 3 of the based quotient minus five.

Theorem 33.10. The following statements hold.

1. For every integer n ≥ 4 and every κ > 0 there exists Cn,κ < ∞ such that for 0 < g ≤ 1∫
Un

e−κE0(V)/g2
dHn(V) ≤ Cn,κg6n3−2, E0(V) = 4 ∑

p∈Pn

q(Vp).
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This is an integral over the whole configuration space, including neighborhoods of all eight
flat configurations with central cycle holonomies. Divisibility of n by four is not needed, and
Cn,κ depends only on n and κ.

2. Consider the stopped measures of Section 33.2. There exist g0(n) > 0 and 0 < cn ≤ Cn < ∞,
with the dependence described in Theorem 33.8, such that for all depths d = kJ and all
0 < γ ≤ γ0 with g =

√
γ/n ≤ g0(n),

cngdn+4 ≤ Ẑn,d,γ ≤ Cngdn+4, dn = 6n3 − 6.

Equivalently, Ẑn,d,γ is comparable to γpn , pn = 3n3 − 1, uniformly in d and γ in this range,
at the fixed side n. Here Ẑn,d,γ is the partition function of (33.1), with the centered effective
interaction. If Zraw is defined with Rd,γ in place of Rd,γ, then Ẑn,d,γ = eRd,γ(I)Zraw exactly.

3. For every ρ > 0 and c > 0 there exists Cρ,c such that for 0 < g ≤ 1∫
|X|<ρ

e−cQ(X)/g2
dX ≤ Cρ,cg4.

Here ρ is an arbitrary radius, not the analytic radius. More precisely, for g ≤ min(1, ρ2) the
ball |X| ≤ √g contributes O(g9/2), and each annulus ϱ/2 < |X| < ϱ with

√
g ≤ ϱ ≤ ρ

contributes O(g4ϱ).

The lower bound in (2) comes from a fixed annulus of regular constant commuting
configurations in the chart of Theorem 33.8, and it uses only the bound on the values of
the centered effective interaction.

Proof. We prove the upper bound in (1) by covering the based quotient by neighborhoods
of the eight central flat configurations, normal tubes over the remaining compact regular
part of the flat set, and a compact set without flat configurations. Near the central
configurations, we integrate the nonconstant directions with the gap of Theorem 33.8,
and the constant directions with the estimate in (3). We then deduce (2) from (1), (P1),
and (P3).

Step 1: constant configurations. We need an exact lower bound for the Wilson action on
constant configurations. We write U = aI + 2vaτa and W = bI + 2waτa with a2 + |v|2 =

b2 + |w|2 = 1. The multiplication rule

(a, v)(b, w) = (ab− v · w, aw + bv + v× w)

follows directly from the products of the matrices τa. Conjugation by (a, v) sends w to
(a2 − |v|2)w + 2(v · w)v + 2a(v× w). Thus the scalar part of UWU−1W−1 is

b2 +
[
(a2 − |v|2)w + 2(v · w)v + 2a(v× w)

]
· w = 1− 2|v× w|2,
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which implies q(UWU−1W−1) = 2|v × w|2 exactly. For Ui = exi/n we have vi =

sin(|xi|/(2n))x̂i, and summing over the n3 plaquettes in each of the three planes gives,
continuously also when some xi vanish,

E0(eX/n) = 8n3 ∑
i<j

sin2(|xi|/(2n)) sin2(|xj|/(2n))|x̂i × x̂j|2

=
1

2n ∑
i<j
|xi × xj|2 sinc2(|xi|/(2n)) sinc2(|xj|/(2n)).

(33.13)

Since the factors sinc2 have positive lower and upper bounds on a fixed small ball,
E0(eX/n) is comparable to Q(X)/n there. This is a relative bound, valid also in almost
commuting directions.

Step 2: the neighborhood of the identity. Applying the proof of Theorem 33.8 to the
Wilson action alone, we obtain, on a fixed neighborhood of the identity in the based
quotient,

E0(eX/n+s) ≥ E0(eX/n) + cn|s|2 ≥ c′n(Q(X) + |s|2), (33.14)

where the second inequality is (33.13). This uses only the translation invariance of E0, the
gap at side n, and the smoothness of E0, all verified explicitly in Steps 3 and 4 of that
proof. It does not use the stopped density or the divisibility of n by four, and it holds at
every integer n ≥ 4.

Step 3: the nine-dimensional estimate. We prove (3). The ball |X| ≤ √g has volume
C9g9/2, which bounds its contribution. We now consider an annulus ϱ/2 < |X| < ϱ with
ϱ ≥ √g, and set X = ϱY and ϵ = g/ϱ2 ≤ 1. Since Q is homogeneous of degree four, the
integral over the annulus is

ϱ9
∫

1/2<|Y|<1
e−cQ(Y)/ϵ2

dY.

On the fixed closed annulus 1/2 ≤ |Y| ≤ 1, the zero set of Q is a compact piece of the
nonzero coneM. In a fixed small normal tube around it the radius of the base point is
bounded below, and by Lemma 33.2 we have Q(y + b) ≥ c′|b|2 and a bounded Jacobian.
The tangential volume is finite by the volume formula of Lemma 33.2. Integrating in the
four normal directions, we see that the tube contributes at most Cϵ4. Off the tube, Q has
a positive minimum q∗ on the annulus: a sequence with Q→ 0 would have a limit point
in the zero set, hence in the tube. Since supu>0 u2e−cq∗u < ∞, the integrand off the tube
is at most Cϵ4. The annulus therefore contributes at most

Cϱ9ϵ4 = Cg4ϱ. (33.15)

We take the radii ρ, ρ/2, ρ/4, . . . until the last annulus reaches
√

g. The sum of these radii
is at most 2ρ, and the remaining ball has radius at most 2

√
g and contributes O(g9/2).
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This proves the bound Cρ,cg4 for g ≤ min(1, ρ2). If ρ2 ≤ g ≤ 1, the volume of the ball,
Cρ9, is at most Cρg4. The statements about the ball and the annuli follow from the same
estimates.

Step 4: the whole configuration space. Integrating (33.14) against the bounded density
of the chart, first in s and then in X, we find that the neighborhood of the identity
contributes at most

Cn,κgdn

∫
|X|<ρn

e−cn,κQ(X)/g2
dX ≤ Cn,κgdn+4,

by Step 3. To cover the other seven central points, we multiply, for each of the three
directions, the links crossing one wrapping coordinate plane in that direction by either
I or −I, and call the resulting array of central link variables z. Since each plaquette
contains either no such factor or two canceling ones, zp = I for every plaquette. The three
cycle signs of z are arbitrary, and they give the eight central triples. The map V 7→ zV
preserves every plaquette variable and the product Haar measure, and it commutes with
based gauge transformations because z is central. It maps the identity point of the flat
set in the based quotient to the corresponding central flat point. Transporting the chart
just used, we obtain the same bound near every central point, without dividing by the
volume of a stabilizer.

We choose smaller open neighborhoods inside these eight charts; the flat set outside
them is a compact regular patch. By Lemma 33.9(1), it is covered by finitely many normal
coordinate charts with bounded Haar density. By Taylor’s formula as in the proof of
part (2) of that lemma, with E0 in place of Ed, we have E0 ≥ cn|v|2 on these tubes after
shrinking them. Each such tube contributes at most Cg6n3−2, since its normal rank is
6n3 − 2. The complement of the union of these tubes and of the central neighborhoods
is compact and contains no flat configuration. Since E0 ≥ 0 and its zero set consists
exactly of the flat configurations, E0 has a positive minimum en on this complement. The
complement therefore contributes at most e−κen/g2 ≤ Cn,κg6n3−2 for 0 < g ≤ 1. Summing
over the finite cover, and recalling that the based gauge transformations have mass one,
we obtain (1).

Step 5: the stopped measure. For the upper bound in (2), we use (P1), which holds at
every integer d ≥ 0, and the bound |Rd,γ| ≤ Cn of (P3) at the depths d = kJ. Enlarging
the domain of integration from Dr to Un and applying (1), we obtain

Ẑn,d,γ ≤ eCn

∫
Un

e−κE0/g2
dHn ≤ Cng6n3−2.

Only an upper integral has been enlarged, and the partition function is that of the
centered density (33.1).

For the lower bound, we choose a small fixed annulus of constant commuting config-
urations X = (ϑiu)i, with |ϑ| between two fixed positive radii, strictly inside the chart
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of Theorem 33.8, with positive tangential volume and with maxi|Xi|/n < ϵloc/2. Such
an annulus exists at every fixed side, since its radii can be taken arbitrarily small. These
prescribed constant commuting refinements and their representatives in the block axial
gauge satisfy the domain conditions with the margins of Lemma 33.7, which are indepen-
dent of the depth; no condition on the side is needed for this annulus. By compactness
of the annulus and openness of the gauge-invariant set Dr, we shrink its fixed normal
tube so that it stays inside Dr; its points therefore have representatives in Br. On this
compact annulus, Lemma 33.9 implies that Ed ≤ Cn|v|2 and that the Haar density has
positive upper and lower bounds. The lower bound for the density times e−Cn bounds
the amplitude e−Rd,γ J from below. We integrate only over |v| ≤ g and over a fixed smaller
tangential subpatch of positive volume. For g below the fixed radius of the tube, we
obtain

Ẑn,d,γ ≥ cn

∫
|v|≤g

e−Cn|v|2/g2
dv ≥ c′ng6n3−2.

All the sets used here are subsets of Dr. Neither bound requires derivative bounds for
the centered effective interaction or any convergence of its restriction to the flat directions
as γ→ 0.

Since dn + 4 = 6n3 − 2 = 2(3n3 − 1) and g2 = γ/n, the two bounds have the asserted
form γpn at the fixed side n. Finally,

e−Ed/g2−(Rd,γ−Rd,γ(I)) = eRd,γ(I)e−Ed/g2−Rd,γ

on the same domain, which proves the relation between the two normalizations. All con-
stants in the lower and upper bounds for Ẑn,d,γ are uniform in d and γ; their dependence
on the side has not been bounded.

33.7 Linearized flowed cycle logarithms

We now compute the covariance Σθ of (4.12), which appears in Theorem 2.10. It is the
covariance, divided by γ, of the linear response of the flowed holonomy logarithms at
a regular flat connection, under the Gaussian measure defined by the quadratic part
of the Yang–Mills action. The computation has three ingredients: the covariance of
the transverse Gaussian field at the flat background; the derivative of the flowed cycle
logarithms, including the differential of the logarithm; and the projection onto the normal
space Ny, which removes the longitudinal part. We carry out the computation in the
continuum and on the lattice, and compare the two. The lattice flow is the Wilson flow of
Lüscher [128], with the normalization of Section 4.

Theorem 33.11. Fix L > 0, θ > 0, and a compact regular patch of commuting triples y =

(ϑiu)3
i=1 with u ∈ S2 and 0 < r0 ≤ |ϑ| ≤ r1 < π. Work in the variables of the unit torus,

Ã(x) = LA(Lx), in which the flat background is Ã0
i = ϑiu and the time t = θL2 becomes θ. Let
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Di = ∂i + ϑi adu be the covariant derivative of the background, acting on su(2)-valued one-forms
a = (a1, a2, a3) on T3

1, and consider the quadratic form

1
2γ

∫
T3

1
∑
i<j
|Diaj − Djai|2 dx.

Its kernel K consists of the covariant gradients Dϕ and the constant one-forms with values in
Ru. The form is positive definite on the quotient by K. Let a be the centered Gaussian field with
distributional values on this quotient, realized on the L2-orthogonal complement of K, whose
covariance is γ times the inverse of the positive operator associated with

∫
T3

1
∑i<j|Diaj−Djai|2 dx

on this complement; it is constructed from its Fourier coefficients in Step 2 of the proof. Let L
be the derivative at Ã0 of the map that sends a connection to the logarithms of the holonomies of
its Yang–Mills heat flow at time θ around the three coordinate cycles based at 0, followed by the
orthogonal projection onto Ny, initially defined on smooth perturbations. This positively flowed
composition extends to the Gaussian distribution above. It vanishes on K, and the covariance of
L(a) is γΣθ(y), where Πϑ = I − ϑϑT/|ϑ|2 and

km = 2πm + ϑ, λm = |km|2, Ri(m, ϑ) =

{
1, mi = 0,

ϑi/(2πmi + ϑi), mi ̸= 0,

di = ∑
m∈Z3

e−2θλm

λm
Ri(m, ϑ)2, D = diag(d1, d2, d3), Σθ(y) = (ΠϑDΠϑ)|ϑ⊥ ⊗ Iu⊥ .

HereNy is identified with ϑ⊥⊗u⊥, and these formulas include the cases in which some coordinates
of ϑ vanish. Moreover, the following hold.

1. On the patch, cI4 ≤ Σθ ≤ CI4, and Σθ and its inverse are smooth, covariant under color
rotations, and invariant under (ϑ, u) 7→ (−ϑ,−u). The inverse is[

D−1 − D−1ϑϑTD−1

ϑTD−1ϑ

]∣∣∣
ϑ⊥
⊗ Iu⊥ .

The constant charged mode m = 0 alone contributes e−2θ|ϑ|2 |ϑ|−2 I4.
2. For a smooth perturbation h, before applying the flow the Fréchet derivative of the cycle

logarithms is

Tih = J−1
i

∫ 1

0
evϑi adu hi(vei) dv, Ji =

∫ 1

0
evϑi adu dv,

where J−1
i is the differential of the logarithm. Its normal projection annihilates covariant

gradients and the neutral color Ru, and the linearized flow multiplies the charged transverse
Fourier mode m by e−θλm .
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3. For N ≥ 4 let BN be the set of centered representatives of Z3/NZ3, and set

δN
i = N

(
ei(2πmi+ϑi)/N − 1

)
, λN

m = ∑
i
|δN

i |2, RN
i = iϑi/δN

i ,

with RN
i = 1 if mi = ϑi = 0 and RN

i = 0 if ϑi = 0 ̸= mi. On the lattice ΛN of mesh
1/N in T3

1, consider the background links eϑiu/N, the Gaussian measure defined by the
quadratic part of the Wilson exponent (4N/γ)∑p q(Up) on the quotient by its kernel, and
the derivative of the cycle logarithms after the Wilson flow at lattice time 4θN2, projected
onto Ny. The covariance of this derivative, divided by γ, is exactly

ΣN
θ (y) =

(
Πϑ diag

(
∑

m∈BN

e−2θλN
m

λN
m
|RN

i |2
)

Πϑ

)∣∣∣
ϑ⊥
⊗ Iu⊥ ,

and supy∥ΣN
θ (y)− Σθ(y)∥ ≤ CN−2.

4. As ϱ = |ϑ| ↓ 0, with ϱ < r1 < π,

Σθ(y) = ϱ−2 INy + Oθ(1), ϱ2Σθ(y)→ INy ,

uniformly in the directions of ϑ and u.

The constants, and the bounds for any fixed number of derivatives on the patch, depend on r0, r1,
θ, the order of the derivatives, and the margins of the charts, but not on N, on γ, or on any depth.
The bounds on the patch are not uniform as |ϑ| → 0.

The positive time is needed: for θ = 0 the series defining di diverges logarithmically,
since Ri = 1 on the plane mi = 0. Part (4) is a statement about the explicit matrix Σθ; it is
used in Section 36 only for a comparison measure.

Proof. The proof follows the three ingredients described above: Steps 1 and 2 construct
the Gaussian field, Steps 3–5 compute the response, and Step 6 performs the projection.
Steps 7–10 prove the bounds, the lattice formula, the comparison with the continuum,
and the central asymptotics.

Step 1: normalization. The map Ã(x) = LA(Lx) sends the flat connection in physical
units to Ã0

i = ϑiu and the time t = θL2 to θ. Since the curvature is multiplied by L2,
the volume by L−3, and g2

3L = γ, the quadratic part of the exponent EL/(2g2
3) becomes

exactly the form in the statement.

Step 2: the Gaussian field. We fix an oriented orthonormal basis of u⊥ in which v 7→
u× v is multiplication by i, and regard the two real charged colors as one complex color.
On the Fourier mode e2πim·x, the operator Di acts on charged fields as multiplication by
ikm,i, and the quadratic form on that mode is

∑
i<j
|km,iaj − km,jai|2 = λm|a|2 − |kT

ma|2. (33.16)
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Since |ϑ| ≥ r0 and r1 < π,

|k0| ≥ r0, |km| ≥ 2π|m| − r1 (m ̸= 0),

so km ̸= 0 for every m. By (33.16) the charged kernel consists of the multiples of km,
which are the charged covariant gradients. In neutral color the form at mode m is
|2πm|2|a|2 − |2πm · a|2, whose kernel consists of gradients for m ̸= 0 and of all constants
for m = 0. This proves the description of K. The form is positive definite on the
quotient by K. We realize the quotient on the L2-orthogonal complement of K, namely
the covariantly transverse one-forms, ∑j Djaj = 0, that are orthogonal to the constant
neutral one-forms. We show in Step 4 that L vanishes on K. Since the form vanishes
on K as well, the projection along K identifies any two complements isometrically for
the form and does not change L. In particular, the law of L(a) does not depend on the
choice of the complement. On the chosen complement we have kT

ma = 0 at each charged
mode, and the covariance divided by γ is

λ−1
m P(km), P(k) = I − kkT/|k|2. (33.17)

This follows by diagonalizing the finite-dimensional form (33.16) and using∫
e−x2/(2σ2)eiτx dx = e−σ2τ2/2

∫
e−x2/(2σ2) dx. We construct all the Fourier Gaus-

sians in this way and take their sum as a distribution: for every s > 1/2 the expected
squared norm in the Sobolev space H−s is finite, since ∑m ̸=0|m|−2−2s < ∞. Since θ > 0,
each flowed normal response considered below is an absolutely summable Gaussian
series. The unflowed derivative T in part (2) and Steps 3–4 acts initially on smooth
perturbations; its composition with the positive-time linearized flow extends to the
Gaussian distribution just constructed.

The complex notation does not double the covariance. We regard the complex Hilbert
space of charged fields as a real Hilbert space with inner product Re

∫
a∗b. For each

orthonormal complex Fourier vector e, the pair e, ie is real orthonormal, and a precision
eigenvalue λ assigns the variance γ/λ to each of the two real coefficients. The realification
of a Hermitian covariance C is therefore(

Re C − Im C
Im C Re C

)
,

with no extra scalar factor. When C is real, this is C⊗ Iu⊥ in spatial and color notation.

Step 3: the derivative of the cycle logarithms. We first compute on a smooth perturba-
tion h. Let Yi = ϑiu. With the convention H′(v) = H(v)A(ℓ(v))ℓ̇(v) of Definition 4.10, the
transport along the ith cycle at the background is evYi at the parameter v. Differentiating
the transport equation, we find the right-trivialized derivative

δHi H−1
i =

∫ 1

0
evϑi adu hi(vei) dv.



33 Laplace asymptotics near flat connections § 33.7 101

For the exponential map the corresponding derivative is δ(eYi)e−Yi = Ji δYi with Ji =∫ 1
0 evϑi adu dv. In neutral color Ji = 1, and in charged color Ji = (eiϑi − 1)/(iϑi), with value

one at ϑi = 0. It is invertible on the whole patch because |ϑi| < π. The differential of the
logarithm is therefore J−1

i , which proves the formula for Ti in part (2). On the charged
Fourier mode m this derivative is the scalar∫ 1

0 ei(2πmi+ϑi)v dv∫ 1
0 eiϑiv dv

.

For ϑi ̸= 0, canceling eiϑi − 1 gives ϑi/(2πmi + ϑi). If mi = 0, the two integrals are equal,
also when ϑi = 0. If ϑi = 0 and mi ̸= 0, the numerator vanishes and the denominator is
one. These are exactly the cases in the definition of Ri.

Step 4: the normal projection. Let ϕ be a smooth periodic gauge parameter. Integrating
the derivative of v 7→ evϑi adu ϕ(vei) over [0, 1] and using periodicity, we find

Ti(Dϕ) = ϑi adu ϕ(0).

As a triple indexed by i, this is ϑ tensored with a vector of u⊥, an infinitesimal simul-
taneous conjugation at the root, and the normal projection Πϑ ⊗ (I − uuT) annihilates
it. Every response in neutral color is parallel to u and is annihilated as well. Hence
the constant neutral one-forms and all other flat tangent directions contribute zero, L
vanishes on K, and the normal response is well defined on the quotient, independently
of the representative used to compute it.

Step 5: the linearized flow. At a flat background [Di, Dj] = 0, and the linearization of
the Yang–Mills heat flow ∂t Ai = ∑j DjFji is

∂θai = ∑
j

Dj(Djai − Diaj).

Covariant gradients are stationary for this equation. On covariantly transverse fields,
∑j Djaj = 0, it reads ∂θa = ∑j D2

j a. The Fourier multiplier on charged modes is −λm, and
the linearized flow multiplies the mode m by e−θλm . A linearized gauge damping term
can only change a covariant gradient, whose normal logarithmic response vanishes by
Step 4. This derives the response of the Yang–Mills heat flow itself on the quotient, rather
than replacing it by the scalar heat flow at a charged background.

Step 6: the covariance. Let Rm = diag(Ri(m, ϑ)). Applying the response of Steps 3–5 to
(33.17), we find the spatial covariance

∑
m

e−2θλm

λm

(
ΠϑRmP(km)RmΠϑ

)∣∣
ϑ⊥ .
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For each i, including every case in which a coordinate vanishes, Rikm,i = ϑi. Then
Rmkm = ϑ, and the longitudinal term RmkmkT

mRm/λm is annihilated exactly by Πϑ. What
remains is ΠϑDΠϑ restricted to ϑ⊥. Since this matrix is real, the realification of Step 2
gives the factor Iu⊥ . This proves the formula for Σθ.

Step 7: bounds, inverse, and invariance. Every Ri is bounded on the patch. For any fixed
number of derivatives in ϑ, the terms of the series are bounded by C(1 + |m|)qe−cθ|m|2 ,
with constants depending on the order, on r0 and r1, and on θ. The sum of these bounds is
finite, as one sees by separating the three coordinates and comparing ∑j∈Z(1 + |j|)qe−cθ j2

with a finite initial segment and a convergent integral. Termwise differentiation is
therefore valid. The term m = 0 has Ri = 1 and contributes

e−2θ|ϑ|2 |ϑ|−2 I4.

This term gives a positive lower bound on the compact patch, and the summable series
gives an upper bound; in particular, all di are positive. To invert the form, let b, v ⊥ ϑ

with ΠϑDv = b. Then Dv = b + αϑ for a scalar α, and the condition ϑTv = 0 gives

α = − ϑTD−1b
ϑTD−1ϑ

.

This proves the formula for the inverse. Its denominator is positive, and the bounds just
proved give smoothness and the two-sided bound. Color rotations act by the correspond-
ing orthogonal maps of u⊥. The reversal (ϑ, u) 7→ (−ϑ,−u) is implemented in the series
by m 7→ −m and complex conjugation of the charged color, since Ri(m,−ϑ) = Ri(−m, ϑ)

and λm(−ϑ) = λ−m(ϑ). Thus the covariance and its inverse have the asserted invariance.
This proves part (1).

Step 8: the lattice covariance. We compute the lattice covariance directly, without
using the continuum. At the background links U0

i = eϑiu/N, we write a perturbation as
eai(x)/NU0

i , where x is now an integer lattice coordinate. Differentiating the four factors
of the plaquette variable, we find, in charged color,

δ Log Upij(x) = N−1{eiϑi/Naj(x + ei)− aj(x)− eiϑj/Nai(x + ej) + ai(x)
}

.

On the Fourier mode m this is N−2(δN
i aj − δN

j ai). The coefficient 4N/γ of the Wilson
exponent and q(ev) = |v|2/8 + O(|v|4) give the quadratic exponent

1
2γN3 ∑

x
∑
i<j
|δN

i aj − δN
j ai|2. (33.18)

Fourier orthonormality uses the normalized volume N−3 ∑x. With δ = (δN
i )i, the corre-

sponding transverse projection is Pδ = I − δδ∗/λN
m , and the covariance divided by γ is
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(λN
m)
−1Pδ. We treat the quotient by the kernel and its independence of the complement

as in Step 2, using the description of the kernel in the proof of Lemma 33.9.
We check the flow factor in the same coordinates. In the Lie-algebra coordinates

b = a/N of the links, the quadratic part of ∑p q(Up) is ∥dUb∥2/8, and its Hessian is
d∗UdU/4. Since the left group coordinates are orthonormal for the group metric at the
critical flat configuration, the linearized negative gradient equation is ∂sb = −d∗UdUb/4.
On the transverse mode m its eigenvalue is −λN

m /(4N2), and at the lattice time s = 4θN2

the multiplier is exactly e−θλN
m .

The derivative of the cycle product, including the differential of its final logarithm, is

J−1
i

1
N

N−1

∑
l=0

ei(2πmi+ϑi)l/N.

For ϑi ̸= 0, the formula for a geometric sum and the formula for Ji reduce this to

iϑi

N
(
ei(2πmi+ϑi)/N − 1

) = RN
i .

For ϑi = 0 the sum is one if mi = 0 and zero otherwise, which are the prescribed values.
We conclude that, with RN

m = diag(RN
i ),

RN
m δ = iϑ, ΠϑRN

m Pδ(RN
m)
∗Πϑ = Πϑ diag(|RN

i |2)Πϑ.

This equality uses the complex phases of RN
i before the longitudinal part cancels; the

phases can be discarded only afterwards. Summing over the modes in the real covariance,
as in Step 2, we obtain the formula for ΣN

θ .

Step 9: comparison with the continuum. For centered representatives and N ≥ 4 we
have |km,i/(2N)| ≤ π/2 + r1/8 < 5π/8. On this interval the function sin x/x has a
positive minimum, and Taylor’s formula gives |4 sin2(x/2)− x2| ≤ C|x|4. Since λN

m =

∑i 4N2 sin2(km,i/(2N)), we obtain

c|km|2 ≤ λN
m ≤ |km|2, |λN

m − |km|2| ≤ CN−2|km|4. (33.19)

Also

|RN
i |2 = R2

i

( km,i/(2N)

sin(km,i/(2N))

)2
,

∣∣|RN
i |2 − R2

i
∣∣ ≤ CN−2R2

i k2
m,i ≤ CN−2,

where the continuous extensions at the vanishing cases are understood. In particular
R2

i k2
m,i = ϑ2

i , also when mi = 0, and all these multipliers are bounded. For F(x) = e−2θx/x
we have |F′(x)| = e−2θx(2θ/x + x−2). By the mean value theorem and (33.19), the
difference of corresponding summands is at most

CN−2e−cθ|km|2(1 + |km|2 + |km|−2),
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which is summable uniformly on the patch. The continuum modes not in BN satisfy
|mi| ≥ N/2 for some i, and their Gaussian tail is at most Ce−c′θN2 ≤ Cθ N−2. Summing,
we obtain the uniform bound CN−2 in part (3). Fixed derivatives in the parameters obey
the same bound. Indeed, differentiating the Taylor remainders in the sine expressions
leaves a factor N−2 times a fixed polynomial in |km|. All inverse powers of λN

m and
λm are bounded by the gap on the patch, and the differentiated exponentials add only
polynomial factors. The same summable majorant applies, with constants depending
also on the order, and smooth local normal frames introduce only constants depending
on the margins of the patch.

Step 10: the central asymptotics. Let ϱ = |ϑ| ↓ 0 with ϱ < r1 < π. The nonzero modes
still satisfy |km| ≥ 2π|m| − r1, and their multipliers Ri are bounded uniformly in all
directions, since |2πmi + ϑi| ≥ π for mi ̸= 0. Their total contribution is Oθ(1). The zero
mode contributes

e−2θϱ2
ϱ−2 I4 = ϱ−2 I4 + Oθ(1).

Since the projection onto the normal space has norm one, this proves both assertions of
part (4), uniformly in the directions. It also shows why the bounds on the regular patch
cannot be extended uniformly to the central point.

33.8 The stopped measure near regular flat configurations

We now combine the preceding results. The first part of the next proposition is the
Laplace approximation of the stopped measure transverse to a compact patch of regular
flat configurations. The second part is an exact decomposition of the covariance ΣN

θ of
Theorem 33.11 at the flat reconstruction, obtained by completion of squares for Gaussian
measures in the constrained coordinates of Theorem 12.13. In Section 35 this decomposi-
tion identifies the covariance of the Gaussian approximation obtained at finitely many
scales with Σθ.

Proposition 33.12. Consider the stopped measures of Section 33.2 at the side n, a compact
regular patch, and a fixed normal tube over a larger compact regular patch whose closure lies in
Dr. Assume that 2π/n < rflat, where rflat is the radius of Lemma 14.9, which lies below the fixed
margins of all classical, constraint, Haar disintegration, and gauge domains. For a patch of small
commuting configurations as in Lemma 33.7, the margins of that lemma may be used instead of
this condition.

1. There is a finite atlas of normal coordinates V(y, v) over the patch, of normal rank dn =

6n3 − 2 = dn + 4, in which the image of Hn has a smooth positive density J(y, v), and for



33 Laplace asymptotics near flat connections § 33.8 105

every integer d ≥ 0

nEd(V(y, v)) = 1
2 vTHd(y)v + On(|v|3),

cn I ≤ Hd(y) ≤ Cn I, nEd(V(y, v)) ≥ cn|v|2.

Let χ be a fixed normal cutoff equal to one near v = 0, let f be a bounded measurable function
of y with compact support in the patch, and let Py be a family of polynomials of a fixed degree
with bounded measurable coefficients. Put

z0 = Hd(y)1/2v/
√

γ, ad,γ(y, v) = e−Rd,γ(V(y,v)) J(y, v).

Then for d = kJ and 0 < γ ≤ γ0, with the partition of unity of the atlas understood and the
insertion extended by zero outside the charts,

Ẑn,d,γEν̂n,d,γ
[ f (y)χ(v)Py(z0)]

= (2πγ)dn/2
[∫

f (y)
ad,γ(y, 0)√
det Hd(y)

EPy(Gdn) dvol(y) + On, f ,P(
√

γ)
]
.

The error is uniform in d and γ. Given y, the moments of z0 under the normal conditional
law, normalized by its own normal integral, differ from those of Gdn by On(

√
γ), and

all fixed moments of z0 are bounded. The tangential density may vary with γ within
its bounds, without converging. Here Ẑn,d,γ is the partition function of Theorem 33.10.
For every nonnegative f as above with

∫
f dvol > 0 there exists cn, f > 0 such that

Eν̂n,d,γ
[ f (y)χ(v)] ≥ cn, f for all depths d = kJ and all sufficiently small γ.

2. Suppose in addition that the cycle holonomies of the patch have logarithms y = (ϑiu)i with
0 < r0 ≤ |ϑ| ≤ r1 < π, and fix θ > 0. Let K ≥ 0, N = nBK, nj = nBj, d = JK, and
Hact

K (y) = D2
v(nEJK)(y, 0). Consider the reconstruction of a configuration on ΛN from the

stopping field V on Λn and the normalized fluctuation variables wj = (wj,l)0≤l<J of the RG
steps j = 1, . . . , K, given by the triangular coordinates

zj,l = z∗j,l + gj,lK
−1/2
j,l wj,l

of Theorem 12.13, computed in smooth local charts in which the expressions in different
gauges agree, and satisfying T JK

M U = V. At the flat reconstruction of the flat stopping field
V(y, 0), where all wj vanish, differentiate the composition of this reconstruction with the
map that sends a configuration on ΛN to the logarithms of the cycle holonomies, based at the
root, of its Wilson flow at physical time θL2, followed by the orthogonal projection onto Ny.
Normalize the normal variable of the stopping field by v =

√
γ(Hact

K )−1/2z0. After division
by
√

γ, denote the resulting linear maps by A0,K(y) : Rdn → Ny and Aj,K(y) : RDj → Ny,
1 ≤ j ≤ K, where Dj = 6(n3

j − n3
j−1) is the number of real normalized fluctuation variables

of the jth RG step. Then for every finite K,

A0,K AT
0,K +

K

∑
j=1

Aj,K AT
j,K = ΣN

θ (y), ∥A0,K∥2
HS +

K

∑
j=1
∥Aj,K∥2

HS ≤ C.
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Each Aj,K includes the factors gj,l/
√

γ, the inverse square roots of the constrained Hessians
at the flat background, and the derivative of the composition with all finer reconstruction steps.
If TK denotes the response of the normal variable of the stopping field before normalization
and HE

K = D2
vEJK(y, 0) in the same normal coordinates, then

Hact
K = nHE

K, A0,K AT
0,K = n−1TK(HE

K)
−1TT

K .

The same identities hold for the reconstruction maps R̂ of Theorem 15.13.

The constants depend on n, L, θ, M, J, Θ, the patch, the larger tube, the bounds for the polynomials,
and the fixed analytic domains, with the dependence described in item (6) of Definition 4.14. They
are independent of K, of the depth, and of γ ∈ (0, γ0].

The identities in part (2) concern the Gaussian quadratic model at the flat reconstruc-
tion; they do not assert that the normalized fluctuation variables are independent under
the interacting measure. The normal responses of the stopping field, including those of
the constant charged modes, are part of the identity: for K = 0 the block A0,0 gives the
whole covariance.

Proof of part (1) of Proposition 33.12. We first check that the flat configurations and their
refinements lie in the domains of the construction, separately from the normal integral.
Then we apply Lemma 33.3 in the normal coordinates of Lemma 33.9.

Step 1: flat refinements. First suppose that 2π/n < rflat. Fix the side n before the
coupling, and let

δflat = rflat − 2π/n > 0. (33.20)

The radius rflat lies below all the classical, constraint, Haar disintegration, and gauge
margins of one RG step, with the strict margin required in Lemma 14.9. These margins
include the fixed conversions for the words of the block axial gauge. A flat triple of cycle
holonomies has commuting logarithms Hi with |Hi| ≤ 2π. At every averaging step with
output side m ≥ n, its constant representative and its refinement at the next finer side
have link logarithms Hi/m and Hi/(Mm), and

max
i
|Hi|/m ≤ 2π/n = rflat − δflat.

By the computation for commuting products leading to (33.11), the representative in the
block axial gauge is U0(c), and the free logarithmic coordinates and the logarithms on
the eliminated edges vanish. The conclusion of Lemma 14.9 for all flat configurations,
with smallest side n, verifies every intermediate classical, constraint, based gauge, and
small-field condition, for every K. The classical action of the free coordinates, which is
nonnegative, vanishes at this point. By the uniqueness of the conditional constrained
minimizer in the same conclusion, the point is z∗i (c) = 0, and each normalized fluctuation
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variable vanishes. This verifies the hypothesis of part (2) at all the depths involved. The
margins and the radii of the fluctuation cutoff domains are fixed by the parameters. No
neighborhood of the flat set depending on the cutoffs of the small-field event is used as a
normal tube. Under the alternative local hypothesis, we apply Lemma 33.7 on a slightly
larger compact patch satisfying its strict inequality. It gives the same conclusions at every
side m ≥ n and every depth, and its positive domain margins replace δflat below.

Step 2: phase and amplitude. The finite atlas and the estimates for the phase are
those of Lemma 33.9, applied on the larger patch and then shrunk. The normal rank is
dn = 6n3 + 3− 5 = 6n3− 2 = dn + 4. The vanishing of Ed on the flat set, the lower bound
(P1), and the uniform bounds on third derivatives were verified there. The centered
effective interaction of Theorem 14.8 is bounded on Dr by (P3). For its derivatives, we
take the normal atlas on the larger tangential patch with a larger normal radius, and
finitely many relatively compact parameter subcharts Wl ⋐ W+

l covering the working
tube. The maps Ψl(y, v) = V(y, v) and their based lifts are smooth on W+

l , as constructed
in Lemma 33.9, and extend past W l. Let K be the compact union of the images of
the closures in the larger tube; it lies in Dr by hypothesis and does not depend on d
or γ. On these compact subcharts we apply (33.10). Finitely many fixed based gauge
transformations map neighborhoods of K into Br1 , with r < r1 < ρ and the fixed margin
η. We refine the subcharts so that each closure lies in one of the larger neighborhoods
in the proof of Lemma 33.6. Each gauge transformation acts smoothly on all of Un. The
chart composed with it extends to a neighborhood of the closure of the subchart, and its
derivatives of every fixed order are bounded on these finitely many compact closures,
independently of d and γ. These are the conditions on subcharts in Theorem 14.8, at each
chart of the atlas. The chain rule then gives |Dy,vRd,γ(V(y, v))| ≤ CnE∗ on each compact
parameter closure, uniformly in the depth and the coupling. The amplitude

ad,γ(y, v) = e−Rd,γ(V(y,v)) J(y, v)

therefore has fixed positive upper and lower bounds and a fixed Lipschitz bound in v;
it includes the Haar density of the based quotient. Since all insertions in the charts are
supported in Dr, the indicator of Dr equals one where these coordinates are used. On
each normal fiber, with Bn = supDr

|Rd,γ|, the mean value theorem gives

|ad,γ(y, v)− ad,γ(y, 0)| ≤ eBn
(
∥J∥∞CnE∗ + ∥Dv J∥∞

)
|v|.

This is the Lipschitz bound in the normal direction required by Lemma 33.3; a bound on
the values of the effective interaction alone would not imply it.

Step 3: the Laplace approximation. We apply Lemma 33.3 with δ = γ, the phase nEd,
the Hessian L = Hd, and the weight h given by f times the partition of unity of the
atlas; the formula for general f follows by splitting f into its positive and negative parts.
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The phase, the amplitude, and the Hessian are smooth in each real normal trivialization,
hence jointly Borel, and we choose the normal cutoff smooth as well. The tests and
the polynomial coefficients are measurable, as required in that lemma. We decrease the
constant c0 of that lemma and increase C0 to include the bounds for the normal Hessian,
the lower bound for the phase, the bounds for the amplitude, and the Lipschitz constant
just verified. No matrix L∞ is substituted in this application. We obtain

(2πγ)dn/2
[∫

f (y)
ad,γ(y, 0)√
det Hd(y)

EPy(Gdn) dvol(y) + On, f ,P(
√

γ)
]
.

Since the exponent of (33.1) is Ed/g2 = nEd/γ, the left side of (33.3) is exactly the
integral of the insertion extended by zero against the unnormalized stopped density,
namely Ẑn,d,γEν̂n,d,γ

[ f (y)χ(v)Py(z0)]. This proves the displayed identity, with the partition
function of Theorem 33.10. The statements about conditional moments and bounded
moments are part (1) of Lemma 33.3. If the conditional law is taken on the whole tube
instead of with the cutoff, the additional part lies outside a fixed smaller normal ball. By
Corollary 33.4 and the bounds on the whole tube verified below, it is exponentially small,
and the conditional statements are unchanged.

Step 4: lower bounds for tangential tests. Let f ≥ 0 with
∫

f dvol > 0. By the case P = 1
of the formula, with the error C

√
γ
∫

f , the numerator is at least cn, f γdn/2 for all suffi-
ciently small γ. The upper bound of Theorem 33.10 is Ẑn,d,γ ≤ Cngdn = Cnn−dn/2γdn/2,
with n fixed. Dividing, we obtain the uniform positive lower bound for the expectation.
For an event expressed by a bounded insertion, dividing this expectation by the supre-
mum of the insertion gives a lower bound for the probability as well. The tangential
amplitude may depend on γ arbitrarily within its uniform bounds.

Proof of the last assertion of Corollary 33.4. We verify the additional hypotheses on the
whole tube in the setting of part (1) of Proposition 33.12, with d = JK. On the fixed work-
ing tube, Step 2 and Lemma 33.9 give nEJK(V(y, v)) ≥ cn|v|2, the quadratic expansion,
and the bounds for the spectrum of Hact

K . The amplitude aJK,γ(y, v) = e−RJK,γ(V(y,v)) J(y, v)
has uniform positive upper and lower bounds there: the centered effective interaction is
bounded on Dr, and the Haar density of the based quotient is smooth and positive on the
fixed compact subcharts. These bounds are used before the partition of unity of the atlas
is absorbed into the tangential weight. Then the normal integral over the whole tube is
at least cnγdn/2, uniformly in K and y, and the statements of Corollary 33.4 on the whole
tube apply with δ = γ, L = Hact

K , and rank dn = 6n3 − 2, with constants independent of
K.

Proof of part (2) of Proposition 33.12. We first count the variables. Then we expand the
classical action to second order along the flat reconstruction, which gives an identity
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ST
KHNSK = I for the differential SK of the reconstruction. Finally, we apply the derivative

of the observable and Theorem 33.11.

Step 5: the count of variables. By Theorem 12.13, one averaging step from side Mm to
side m has 6((Mm)3 −m3) real free coordinates. Summing over the J averaging steps of
the jth RG step, from side nj to side nj−1, we find

Dj = 6(n3
j − n3

j−1), dn +
K

∑
j=1

Dj = 6N3 − 2. (33.21)

These are counts on based quotients. The five flat tangent directions belong to the
stopping field, and they are held fixed in the quadratic computation. The right side
6N3 − 2 is the dimension of the based tangent space at side N, 6N3 + 3, minus the
five-dimensional kernel of the Hessian of the Wilson action at a regular flat configuration
(Lemma 33.9).

Step 6: the flat reconstruction. At a flat stopping field, Step 1 gives the flat refinement
with vanishing normalized fluctuation variables at every averaging step, with the same
based cycle holonomies and zero classical action. This uses Lemma 14.9 or, under the
alternative local hypothesis, Lemma 33.7. The conditional constrained minimizers are
these flat refinements. In particular, the flat zero-fluctuation reconstruction is critical for
each classical action, and it is stationary for the Wilson flow on the finest lattice. The
fixed domain conditions give smooth constraint coordinates and Haar disintegration
densities near this reconstruction. By Theorem 15.13, the reconstruction maps R̂ preserve
the coarse field, the orbit of the minimizer, the free coordinates, the square roots of the
constrained Hessians, and the density in these coordinates. Their gauge transformations
are smooth on these local charts and equal to the identity at the coarse vertices. No gauge
transformation chosen measurably as a function of the configuration is differentiated. At
each RG step we use the nested domains Din ⋐ Dmid ⋐ Dout of Theorem 15.13. The flat
coarse field lies below its margin by the domain margins verified in Step 1, and every
free coordinate vanishes. Hence a joint neighborhood of the flat reconstruction lies in Din

before the outer domain of holomorphy is used. The fluctuation cutoff domains satisfy
(33.2), and the reconstruction maps keep these domains, their kernels, and their identities
at the coarse vertices. These checks use only the fixed parameters and the integer sides
mMi, m ≥ n ≥ 4, and no domain depending on the depth.

Step 7: completion of squares. We consider one averaging step with coarse field c and
free coordinate z, and set

F(c, z) = Eold(b(c, z)), z = z∗(c) + goldK(c)−1/2w, K(c) = D2
z F(c, z∗(c)),
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where Eold and gold are the effective classical action and the coupling on the finer side.
The minimizer satisfies DzF(c, z∗(c)) = 0. By Taylor’s formula and the definition of K(c),
we have

F(c, z)
g2

old
=

F(c, z∗(c))
g2

old
+ 1

2 |w|
2 + Ucl(c, w), Dα

wUcl(c, 0) = 0 (|α| ≤ 2).

The exact identity for the classical actions in Theorem 12.13 identifies the first term with
Enew(c)/g2

new, and these identities compose over the averaging steps. Since the displayed
derivatives vanish for every coarse field c in the domain, Ucl has no joint Taylor terms of
total degree at most two in the variation of the coarse field and the normalized fluctuation
variables at the flat reconstruction. Hence, at the flat reconstruction, the quadratic part of
the exponent is exactly

1
2γ
⟨v, Hact

K v⟩+ 1
2

K

∑
j=1
|wj|2, Hact

K = D2
v(nEJK)(y, 0), (33.22)

where we used that the exponent at the stopping side is EJK/g2
n = nEJK/γ. Second

derivatives of the changes of coordinates do not affect this conclusion. In the second
derivative of a composed scalar function, they are multiplied by the first derivative of
the function, which vanishes at a flat configuration. Since the dependence of the positive
square roots on the background is included in the differential of the coordinates, it
creates no missing quadratic cross term. The Haar disintegration factors and the effective
interaction remain in the amplitude and are not part of this identity for the classical
quadratic form.

Step 8: Gaussian linear algebra. Let HN be the Hessian of NE0 at the finest flat con-
figuration, on the based tangent space modulo its five-dimensional kernel; it is positive
definite there by Lemma 33.9. By the count in the proof of that lemma, this quotient
is the quotient of the full space of link variations by the kernel of the Hessian, which
consists of all covariant gradients and the three constant neutral directions. Thus it is
the space on which the lattice covariance of Theorem 33.11(3) is computed, and the ex-
ponent NE0/γ is the Wilson exponent (4N/γ)∑p q(Up) used there. As in the statement,
v =

√
γ(Hact

K )−1/2z0. The normalized fluctuation variable wj,l of each averaging step
enters through the differential gj,lK

−1/2
j,l wj,l of the free coordinate. Composing with all

finer reconstruction steps, we obtain the differential of the configuration on the finest
lattice. After extracting

√
γ, we denote by SK this linear map from (z0, w1, . . . , wK) to

the quotient on the finest lattice. It does not depend on γ: the remaining coupling
factors are gj,l/

√
γ, and the classical maps and Hessians do not depend on the coupling.

Since the quadratic part of NE0/γ at the finest flat configuration, composed with the
reconstruction, is (33.22), we have

ST
KHNSK = I. (33.23)
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This makes SK injective. Since its domain and codomain have the same dimension by
(33.21), SK is invertible, and

SKST
K = H−1

N .

Equivalently, consider independent standard real Gaussian variables in the normal coor-
dinates of the stopping field and in all normalized fluctuation variables. In the auxiliary
quadratic model, the differential of the reconstruction sends them to the Gaussian field
on the finest lattice with covariance γH−1

N .

Step 9: the observable. Let ℓN be the derivative of the flowed based cycle logarithms
on the finest lattice, followed by the projection onto Ny. By the computations for gauge
directions and flat tangent directions in the proof of Theorem 33.11, ℓN vanishes on the
kernel of the quotient. Applied to the columns of SK, it gives exactly the response maps
of the statement:

ℓNSK = (A0,K, A1,K, . . . , AK,K).

The finest flat reconstruction has the same based cycle holonomies as the constant links
eϑiu/N. To justify the use of this Fourier representative, we fix a spanning tree and
compare the flat transports of the reconstruction with those of the constant links. Their
transports along the tree determine a periodic vertex gauge transformation, equal to the
identity at the root, because the three cycle holonomies agree. This gauge transformation
identifies the two flat configurations. The Wilson action and the Wilson flow commute
with it, and the based holonomies are the same before and after it. If such a gauge
transformation depends on parameters, its derivative contributes a covariant gradient,
whose normal logarithmic response vanishes by the same computation. The covariance
of ℓN is therefore exactly the one computed in Theorem 33.11(3), and

K

∑
j=0

Aj,K AT
j,K = ℓNSKST

Kℓ
T
N = ℓNH−1

N ℓT
N = ΣN

θ (y).

Taking traces and using the uniform upper bound for ΣN
θ on the patch, which follows

from Theorem 33.11(1) and (3), we obtain ∑K
j=0∥Aj,K∥2

HS ≤ 4C.

Step 10: the block of the stopping field. If TK is the response of the normal variable of
the stopping field before normalization, then

Hact
K = nHE

K, A0,K = TK(Hact
K )−1/2 = n−1/2TK(HE

K)
−1/2.

Multiplying by the transpose, we obtain the last identity of the statement. For K = 0 this
block gives the whole covariance; in particular, it cannot be omitted. Since the gauge
transformations of the reconstruction maps R̂ are equal to the identity at the coarse
vertices and contribute only gauge variations, which are annihilated, the proof applies to
these maps without a new choice of representatives. No growth in the number of scales
enters the trace bound or the error of the Laplace approximation.
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Remark 33.13. The convergence of the effective classical actions as the depth tends to
infinity (Theorem 11.2) does not allow one to replace the phase at finite depth in an
exponent divided by g2, uniformly as γ → 0. None of the proofs above makes such a
replacement. The Gaussian covariance computed here is the covariance of the quadratic
model at a flat background; transferring its moments to the flowed observables under
the interacting measures requires the additional estimates of Sections 34 and 35. The
identification of the limiting observables uses Theorem 29.25, and Lemma 5.6 identifies
the continuous functions of the cycle holonomies that are invariant under simultaneous
conjugation as functions of the seven traces; neither identification replaces a comparison
of normal moments.

33.9 An Abelian comparison measure

For later comparison with the measures λγ we record one explicit comparison measure
in which all cycle holonomies commute: the Abelian Maxwell measure with Haar cycle
holonomies of Definition 4.13. It is used, together with the other comparison measures,
in Sections 35 and 36.

Lemma 33.14. Embed the subgroup {evτ3 : v ∈ R} of SU(2). Take a centered transverse
Gaussian Maxwell field with one real color on T3

L, with covariance g2
3(−∆)+Ptr, where (−∆)+ is

the inverse of −∆ on the nonconstant Fourier modes and Ptr the projection onto transverse fields,
and three independent phases, uniformly distributed in (R/4πZ)3 and independent of the field.
Smooth the field by the scalar heat flow at a fixed positive time, add the flat connection with these
cycle phases, and form the three cycle holonomies in the embedded subgroup. Then the following
hold.

1. The smoothed field is almost surely smooth, so the holonomies are defined. Conditionally on
the Maxwell field, the three cycle angles are distributed according to the Haar probability
measure on (R/4πZ)3; hence their joint law is exactly Haar. The three holonomies commute,
and an independent common random conjugation does not change the value of any function
invariant under simultaneous conjugation.

2. Let Rab be the Euclidean norm of the three logarithms of the cycle holonomies, taken in the
principal chart. For every nonnegative φ ∈ C∞

c ((1, 2)) and every δ with 0 < 4δ < 2π,

Eabφ(Rab/δ) = (4π)−3 4πδ3
∫ 2

1
φ(v)v2 dv.

This lemma specifies a comparison probability measure and makes no assertion about the Wilson
measure.

Proof. In the Fourier modes k = 2πm/L, m ̸= 0, we use the transverse multiplier
g2

3|k|−2(I − kkT/|k|2) in one real color, with real sine and cosine bases orthonormal
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in L2(T3
L, dx). Independent real Gaussian coefficients in a transverse orthonormal basis

define this field. For every s > 1/2, the expected sum of the squared coefficients with
the weight (1 + |k|2)−s is finite, since ∑m ̸=0|m|−2−2s < ∞. The weighted sum of squared
coefficients is then a nonnegative random variable with finite expectation, and the Fourier
series converges almost surely in this weighted Hilbert norm. This constructs the field as
a distribution. After any positive heat time, the expected sum of the absolute values of
the differentiated Fourier coefficients is finite at every order of differentiation, because
of the factor e−t|k|2 . The smoothed field is therefore almost surely smooth, and the three
cycle integrals are defined.

We add the independent flat connection whose three cycle integrals are the indepen-
dent uniform phases αi ∈ R/4πZ. In the embedded Abelian subgroup, each smoothed
cycle angle is αi + li modulo 4π, where li is a function of the Maxwell field. Since a
translation of a uniform variable on the circle preserves its law, the three angles are dis-
tributed, conditionally on the Maxwell field, according to the Haar probability measure.
If βi ∈ [−2π, 2π) are their representatives, the distance of eβiτ3 from the identity is |βi|,
and Rab = |β|. Since the support of the insertion lies in the Euclidean ball of radius
2δ < 2π, polar coordinates in R3 give

(4π)−3
∫

R3
φ(|β|/δ) dβ = (4π)−3 4πδ3

∫ 2

1
φ(v)v2 dv.

All group elements here belong to the same Abelian subgroup. An independent common
conjugation therefore preserves the values of all functions invariant under simultaneous
conjugation, and it preserves commutativity. This completes the proof.



section 34

Uniform fluctuation bounds and comparison
of holonomies

In this section, we prove estimates for the conditional refinement of the coarse field to
the fine field that are uniform as the dimensionless coupling γ = g2

3L tends to zero,
and we transfer them to the holonomy matrices of the Wilson flow at a positive time.
The main application is Theorem 34.13, which is Theorem 2.9: every subsequential limit
of the continuum measures λγ as γ → 0 is supported on stationary flat trajectories.
The holonomy estimates are also the inputs for the normal fluctuations near regular
commuting triples in Section 35 and for the quartic asymptotics near the central triples
in Section 36.

The basic comparison is the following. We fix the coarse field and the normalized
fluctuation variables of the first m renormalization group steps from the coarse side, and
we set the normalized fluctuation variables wj of all later steps equal to zero. Applying
the same reconstruction maps gives a configuration on the finest lattice, which we evolve
by the same Wilson flow as the reconstructed field. We then compare the holonomies
of the two flowed configurations around fixed loops, as matrices in one common initial
gauge frame. The comparison configuration is neither the interpolation of the field on the
m-th lattice nor a conditional mean: setting wj = 0 is different from setting the centered
variable wj −E(wj | Fj−1) to zero.

We use three probability settings, summarized in Table 34.1.
Two estimates explain the exponent conditions used throughout. First, under the

conditioned measure the reconstructed field at mesh ℓj has supremum norm at most of

order rϱj + g3

√
ℓj pj, where ϱ < B−1/2 is the contraction factor of the zero-fluctuation

reconstruction maps and pj is the logarithmic cutoff on the fluctuation variables. The
signed difference between the linearized reconstruction and the interpolation of the
coarser field costs a factor ℓα−1

j in the norm of the linear heat evolution. Its random part

therefore has size g3ℓ
α−1/2
j , which is summable over the geometric sequence of meshes

because α > 1/2. A classical quadratic term has size ϱ2j/ℓj, which is summable because
Bϱ2 < 1. The second point concerns maxima. The supremum over the finest lattice of a
linear function of the fluctuation variables would cost a factor

√
log(L/a), which grows

as the finest mesh a→ 0. Instead, we cover the coefficient arrays at the mesh ℓj of their
inputs, in metrics of bounded diameter, and chain in these metrics. The loss is then

114
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Setting What is fixed Random variables Conclusion

Conditioned Wil-
son measure
(Theorems 34.9
and 34.10)

The parameters;
the coarse field is
random

Fluctuation vari-
ables with their
conditional fluctua-
tion kernels

Holonomy differences
have moments of order
γp/2, and the leading term
decays in m

Prescribed coarse
field (Theo-
rem 34.11)

Every initial field
v = eθ0 with
∥θ0∥∞ ≤ r

The same kernels, it-
erated from v

Moments of order γp/2 of
the supremum over a time
interval, uniformly in v

Prescribed flat field
(Lemma 34.12)

A regular flat
coarse field y

Independent stan-
dard Gaussian
vectors inserted into
derivatives of the
reconstruction

The omitted Gaussian co-
variance decays geometri-
cally in m

Table 34.1. The three probability settings of this section.

√
log(2 + L/ℓj), which is summable against the positive powers of ℓj. Combined with

dimension-free concentration for the conditional fluctuation kernels, this gives moment
bounds of order

√
γ without a factor |log γ| in the leading term.

The proofs use the following inputs. The concentration estimates for the conditional
fluctuation kernels are those of Theorem 5.4, which adapt the methods of Brascamp and
Lieb [33] and Bakry and Émery [8] to products of balls with reflecting boundary. The
quadratic estimate there is of Hanson–Wright type [108], in the setting of dependent
coordinates exemplified by Adamczak [1]. Neither independence nor Gaussianity of
the fluctuation variables is used. The maximal estimates use increment chaining in the
tradition of Dudley [79] and Dirksen [74, Theorems 3.2 and 3.5], in the elementary form
of Lemma 16.4. The reconstruction maps, their coefficient bounds, and the conditional
kernels come from Section 15; the zero-fluctuation maps are built from constrained
minimizers in the tradition of Bałaban’s background fields [10, 11, 13, 16]. The parameters
are those of Theorem 23.2. The coefficient bounds for the four parts of a reconstruction
increment and for their ordered quadratic products are those of Sections 26 to 28. The
decomposition of a rough initial datum into its linear heat evolution, its quadratic Picard
term, and a smoother remainder follows Da Prato and Debussche [63] and Cao and
Chatterjee [42]; the lattice flow theory is in Sections 24 and 25, and the flow is Lüscher’s
Wilson flow [128]. The final theorem uses the continuum measures and the energy
compactness of Section 29, which rest on the state space of Cao and Chatterjee [43] and
on Uhlenbeck’s compactness theorem [151], and the stopped measures on the coarse
lattice of Section 33.
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Sections 34.1 and 34.2 fix the notation and collect the deterministic inputs: heat
estimates, covering estimates for the coefficient arrays, the zero-fluctuation continuation,
and two elementary probability facts. Sections 34.3 to 34.6 prove conditional bounds
uniform in γ, recall the stability of based holonomy matrices, and compare the two
reconstructions, first through their flow data and then through their holonomies, under
the conditioned measure and for every prescribed coarse field. Sections 34.7 and 34.8
contain the applications: the Gaussian estimate at a prescribed flat field and the flat
support of the weak-coupling limits.

34.1 Setting and notation

Throughout this section we fix L > 0, θ > 0, a finite horizon T ≥ θL2, an odd integer
M ≥ 3, an integer J ≥ 1, B = MJ , and a coupling ceiling 0 < γ0 ≤ 1. All parameters of the
small-field event, the analytic domains, and the coefficient bounds of the reconstruction
are fixed as in Theorem 23.2, before γ ∈ (0, γ0] is chosen. We fix an integer n ∈ 4N in
the lattice refinement sequence under consideration, at least the minimum coarse side of
Theorem 23.2, and such that every flat coarse field has a representative well inside the
small-field domain. Precisely, we fix rflat < r with 2π/n < rflat/4, so that Lemma 14.9
applies; here r is the radius of the small-link domain Br. We use the exponents

1
2 < α = αfl < 2

3 , β = α− 1
2 , κfl = 1− 3α

2 , 0 < σ = σsm < 1− α,

and the weighted norms Xa
α, Ya

α, Ha
σ, and Va

σ of Definition 4.8 on the time interval [0, T].
These norms include every component, every physical first difference, and every shift of
the Wilson stencil required there. For a random norm such as Xa

α( f ), we write ∥Xa
α( f )∥p

for the Lp norm of this scalar random variable, and similarly for conditional Lp norms.
The moment order p is unrelated to the cutoff radii pj defined below.

Definition 34.1. Fix an integer K ≥ 0 and set N = nBK. For 0 ≤ j ≤ K put

ℓj =
L
n

B−j, a = ℓK, g2
j =

γ

nBj = g2
3ℓj, tj = M(J−1)/2gj, pj = Aw log(1/tj).

1. Conditional refinement. Let ν = νN,n,γ be the conditioned Wilson measure. Let θ̂0 be
the link logarithm of the coarse field on Λn in the gauge of the reconstruction maps,
and for 1 ≤ j ≤ K let

θ̂j = Φ̂j
(
θ̂j−1, (gj,rwj,r)r

)
,

where Φ̂j is the reconstruction map of Theorem 15.13 for the j-th renormaliza-
tion group step counted from the coarse side, from mesh ℓj−1 to mesh ℓj. Here
wj = (wj,r)r are the normalized fluctuation variables of this step, r runs over its
J intermediate scales, and gj,r are the couplings of these scales; their ratios to tj
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lie between M−(J−1)/2 and 1. Let Fj = σ(θ̂0, w1, . . . , wj) be the backward filtration.
Conditionally on Fj−1, the vector wj has the law k j(θ̂j−1, dwj) of the conditional
fluctuation kernel (4.8) of this step, on its fluctuation cutoff domain and at prior
depth J(K− j) (Lemma 15.10 and Theorem 15.9).

2. Zero-fluctuation maps. Let Pj(v) = Φ̂j(v, 0) and Lj = DPj(0). There exists a convex
working ball, given by Lemma 15.16, which contains all the fields θ̂j and all the
zero-fluctuation continuations below, and on which

sup
j
∥DPj∥ ≤ amap, amap

√
B ≤ 32

49 , q = Ba2
map < 1, κ = −

log amap

log B
> 1

2 .

We write ϱ = amap. The absolute coefficient bounds of the reconstruction maps
(on rows and on volume-normalized columns), their bounds in the weighted heat
norms with first differences, the bounds on the three ordered quadratic forms
of Theorem 27.5, the bounds on the conditional means, and the bounds on the
derivatives of the normalized conditional log-densities with respect to the incoming
field, ∂ log k = −∂V + Ek∂V (with the parameters and bounds of Theorems 13.10
and 15.9), are fixed on a larger domain before the working ball is chosen. Since
qanc ≤ q, the ratio q may be used in place of qanc in all the estimates of Section 27.

3. Zero-fluctuation continuation. For 0 ≤ m ≤ K let θ̂0
j = θ̂j for j ≤ m, and θ̂0

j =

Pj · · · Pm+1θ̂m for m < j ≤ K.
4. Flow data. Let Iℓj→a be the cardinal interpolation of Lemma 16.3 from mesh ℓj to

mesh a, with Ia→a the identity, and let Pa
t be the lattice heat semigroup. On the finest

lattice define
xj = Pa

· Iℓj→a(θ̂j/ℓj), yj = Qa(xj, xj),

x0
j = Pa

· Iℓj→a(θ̂
0
j /ℓj), y0

j = Qa(x0
j , x0

j ),

where Qa is the bilinear Duhamel term of the Wilson flow with gauge damping, in
the order displayed in Section 4; it is not symmetric.

5. Increments. Let Aj = θ̂j/ℓj, H = ℓj−1, and ζ j = wj−E(wj | Fj−1). Then dj = xj− xj−1
satisfies dj = sj + zj + rj + uj, where

sj =
gj

ℓj
Pa
· Iℓj→aE

θ̂j−1
ζ j, zj = Pa

· Iℓj→a
(

Aj −E(Aj | Fj−1)
)
− sj,

rj = Pa
·

(
Iℓj→a

Ljθ̂j−1

ℓj
− IH→a

θ̂j−1

H

)
,

uj = Pa
· Iℓj→aU0

j , U0
j = E(Aj | Fj−1)−

Ljθ̂j−1

ℓj
.

(34.1)

Here Eθ is the normalized first Taylor coefficient of the reconstruction at the condi-
tional mean, in the centered fluctuation variables, as in Lemma 26.2. Thus sj is the
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centered linear fluctuation term, zj the centered nonlinear heat term, rj the signed
interpolation defect, and uj the predictable term. For j > m the continuation has
increment d0

j = x0
j − x0

j−1 = r0
j + ucl,0

j , where r0
j is rj with θ̂j−1 replaced by θ̂0

j−1, and

ucl,0
j = Pa

· Iℓj→aUcl
j (θ̂

0
j−1) with Ucl

j (v) = ℓ−1
j (Pj(v)− Ljv).

6. Holonomies. Let HK = (HK
i )

3
i=1 be the based holonomies around the three coordinate

cycles of T3
L of the configuration Ψ(N)

θL2 (exp θ̂K), that is, of exp θ̂K after the Wilson flow
for the lattice flow time 4θL2/a2. Let ΞK

m = (ΞK
m,i)

3
i=1 be the same triple for exp θ̂0

K.
Both triples are computed in the common initial frame of the reconstruction maps.

The two configurations on the finest lattice compared in this section are

UK = exp θ̂K, U0
K,m = exp

(
PK · · · Pm+1θ̂m

)
.

Above level m, the first is refined with the random fluctuation variables and the second
with zero fluctuation variables:

θ̂0 → · · · → θ̂m
Φ̂m+1(·, gwm+1)−−−−−−−−−→ θ̂m+1 → · · · → θ̂K,

θ̂0 → · · · → θ̂m
Pm+1−−−−−−−−−→ θ̂0

m+1 → · · · → θ̂0
K.

We have U0
j = Ucl

j (θ̂j−1) + mph
j (θ̂j−1), where the conditional mean correction mph

j (v) =

E(Aj | Fj−1)− ℓ−1
j Pj(v), at θ̂j−1 = v, is the difference between the conditional mean and

the zero-fluctuation value. It enters dj − d0
j and is estimated separately, never as part of a

centered term.
We callHK the flowed holonomy triple and ΞK

m the zero-fluctuation continuation triple.
With aj = ℓj, gj = gj, the common mesh δ = a, and the depth dj = J(K− j), the four terms
in (34.1) are those of Lemma 26.2. There the logarithmic reconstruction map is Rj(θ, wj) =

Φ̂j(θ, (gj,rwj,r)r); for an incoming link logarithm v, the zero-fluctuation reconstructed
lattice potential is Cj(v) = ℓ−1

j Pj(v); and the linearization on lattice potentials is Pj = BLj,

so that ℓ−1
j Ljv = H−1Pjv. The expansion is taken at the conditional mean, not at zero

(see Remark 26.3). In particular, the centered nonlinear heat term is zj = Pa
· Iℓj→aZj, the

heat evolution of the conditionally centered nonlinear reconstruction residual Zj of that
lemma.

Constants. Unless stated otherwise, constants C, c, . . . have the dependence described in
item (6) of Definition 4.14, and may in addition depend on T, α, σ, the lengths of the loops
considered, the margins of the reference neighborhoods of the flow, the fixed coefficient
bounds of the reconstruction, and the fixed bounds on the conditional fluctuation kernels,
their conditional means, and the derivatives of their log-densities. These data are fixed
before the coupling is varied. The constants are independent of γ, K, N, the prior depths,
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the indices m, j, i, and the finest mesh, unless an index is displayed. A subscript p allows
dependence on a fixed moment order. All estimates concern the torus itself; no block
region or frozen coordinate is varied. Recall that g2

3 = γ/L, that gj = g3

√
ℓj is the

coupling at mesh ℓj, that tj is the largest coupling of the intermediate scales of the j-th
step, and that pj is the cutoff radius of its fluctuation variables.

Quadratic forms pulled back to earlier levels. The quadratic Picard term of the signed
defect and of the predictable term is controlled through quadratic forms in the fields of
earlier levels, as in Section 27. For 0 ≤ i ≤ j− 1 let Lj−1,i = Lj−1 ◦ · · · ◦ Li+1, with Lj−1,j−1
the identity, and for an array v at level i we define

Uj,iv = Pa
· Iℓj→a

LjLj−1,iv
ℓj

, Vj,iv = Pa
·

(
Iℓj→a

LjLj−1,iv
ℓj

− Iℓj−1→a
Lj−1,iv
ℓj−1

)
.

The three ordered quadratic forms are

TUV
j,i (v, v) = Qa(Uj,iv, Vj,iv), TVU

j,i (v, v) = Qa(Vj,iv, Uj,iv),

TVV
j,i (v, v) = Qa(Vj,iv, Vj,iv),

and we write ω ∈ {UV, VU, VV} for the label. Since Vj,j−1θ̂j−1 = rj and Uj,j−1θ̂j−1 −
Vj,j−1θ̂j−1 = xj−1, we have, at (θ̂j−1, θ̂j−1),

Qa(rj, rj) = TVV
j,j−1, Qa(xj−1, rj) = TUV

j,j−1 − TVV
j,j−1, Qa(rj, xj−1) = TVU

j,j−1 − TVV
j,j−1.

(34.2)
The same identities hold for the continuation, with r0

j , x0
j−1, and θ̂0

j−1. Let Sj,j−1(v, v) be

the quadratic part of Iℓj→aUcl
j (v), and Sj,i(v, v) = Sj,j−1(Lj−1,iv, Lj−1,iv); we call Sj,i the

quadratic initial forms, and we call Ha
σ the initial-array norm. By construction both kinds

of forms are pulled back exactly by the linearized maps:

Tω
j,i−1(v, v) = Tω

j,i(Liv, Liv), Sj,i−1(v, v) = Sj,i(Liv, Liv). (34.3)

By Theorem 27.5, the coefficient norm of Tω
j,i with output in the norm Ya

α is at most
C(1 + j)cqj−1−i/ℓi, and by Theorem 27.7 the coefficient norm of Sj,i with output in Ha

σ is
at most Cqj−1−i/ℓi. We write Kji = qj−1−i/ℓi.

These coefficient bounds also hold on every compatible common mesh a ≤ ℓj, includ-
ing meshes outside the geometric ladder. Here compatibility means that the ratios of
the input and intermediate meshes to a are integers. We verify this extension using the
absolute row and volume-normalized column norms R, C, and their bilinear counterparts
R2, C2, of Lemma 27.1 and Theorem 27.5. Set H = ℓj−1, G = ℓi, and k = j− 1− i. Apply
Lemma 17.2 with final mesh a; its integer refinement hypothesis holds by compatibility.
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The zero-mass and first-moment argument in the proof of Lemma 27.1(2)–(3), followed
by the preceding linearizations, then gives, for r = 0, 1,

(R + C)(Dr
aUj,i(s)) ≤ Cr Aji(s + H2)−r/2,

(R + C)(Dr
aVj,i(s)) ≤ Cr Aji(s + H2)−r/2dH(s),

Here Aji = Ck
CP/G and dH(s) = H(s + H2)−1/2. The matrices are the coefficients at time

s of the displayed linear maps. Both column bounds use cancellation of each column
before the earlier linearizations are composed; row bounds alone would not suffice. Each
ordered quadratic Picard source S ω

s contains one spatial difference and at least one
factor V. The pointwise-product bounds of Lemma 27.1(1) therefore give

(R2 + C2)(S
ω

s ) ≤
CA2

jiH

s + H2 ≤
CKji

s + H2 , ω ∈ {UV, VU, VV},

because A2
jiH = qk

anc/G ≤ qk/G = Kji. One input uses a column bound and the other
a row bound, so their intermediate volume factors cancel. The outer heat kernel has
row and column norm one, and its first difference has both norms at most C(t− s)−1/2.
Consequently

(R2 + C2)(Tω
j,i(t)) ≤ CKji log(1 + t/H2),

(R2 + C2)(DaTω
j,i(t)) ≤ CKji

∫ t

0
(t− s)−1/2(s + H2)−1 ds.

For t ≤ H2, multiplication by the two weights (t + a2)β and (t + a2)α bounds both terms
by CKjiH2α−1, since a ≤ H and 2β = 2α − 1 > 0. For t ≥ H2, splitting the integral
at t/2 gives the bound CT,αKji[1 + log(1 + T/H2)]. The factor H2α−1 is bounded for
H ≤ H0, and (34.8) controls the logarithm by C(1 + j) uniformly in the common mesh.
This proves the asserted Ya

α coefficient bound. For Sj,i, start with the static bound (27.31)
before interpolation. Cardinal interpolation on any compatible mesh preserves its row
and volume-normalized column bounds, and heat splitting gives the same bound in Ha

σ.
No constant in this extension depends on H/a.

The identities (34.3) give a cancellation that we use repeatedly. For a bilinear form A
and P = L + E with L linear and E(v) of order |v|2, we have

A(Pv, Pv)− A(Lv, Lv) = A(Lv, Ev) + A(Ev, Lv) + A(Ev, Ev). (34.4)

The right side has degree at least three in v. Its difference at two points v, v′ is bounded
by (|v|+ |v′|)2|v− v′| times the coefficient norm of A, and two undifferentiated factors
remain. With A = Tω

j,i or Sj,i and P = Pi, L = Li, this identity reduces the comparison
of quadratic forms along the two reconstructions to centered fluctuation terms, classical
terms of degree at least three, and conditional means.
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The bilinear expansion of the quadratic Picard term. Since Qa is bilinear, we have

yl − ym =
l

∑
j=m+1

{
Qa(xj−1, dj) +Qa(dj, xj−1) +Qa(dj, dj)

}
. (34.5)

Inserting dj = sj + zj + rj + uj produces, for each j, the sixteen ordered productsQa(vj, wj)

with v, w ∈ {s, z, r, u}, and the eight cross terms Qa(xj−1, vj) and Qa(vj, xj−1) with the
preceding field. We never estimate a product of two rough heat paths in the norm
Xa

α directly. Instead, each term is handled by one of four tools: the estimates for the
quadratic expression in the centered linear term in Theorem 26.12; the mixed linear rows
of Theorem 26.10, for a product of sj with a predictable heat path; the forms (34.2); and
the ordered product inequality of Lemma 28.5, which states that for two heat paths v and
w = Pa

· w0,
Ya

α

(
Qa(v, w)

)
+ Ya

α

(
Qa(w, v)

)
≤ C Xa

α(v)Ha
σ(w0), (34.6)

separately for the two orders, with a constant independent of the coupling, the coarse
side, and the depth. For differences between the two reconstructions we use the identity

Qa(v, u)−Qa(v0, ucl,0) = Qa(v, u− ucl,0) +Qa(v− v0, ucl,0), (34.7)

where v ∈ {s, z, r, u} and v0 = 0, 0, r0, ucl,0 respectively, together with the identity in
which both arguments are interchanged; for the cross terms the same identity holds with
(v, v0) = (xj−1, x0

j−1). Table 34.2 lists the tool used for each term in the three proofs
where the expansion appears.

34.2 Heat estimates on a common mesh and fluctuation tails

We first record the elementary calculations needed to apply the coefficient bounds of
Sections 15 and 26 to 28 uniformly in the coupling, and we specify which part of each
earlier estimate at fixed coupling is used.

All uses below satisfy the following domain conditions. Each renormalization group
step consists of J averaging steps; the lattice at level j has side nBj, and the prior depth at
level j is J(K− j). Since t2

1 = γ/(Mn) and tj = t1B−(j−1)/2, the minimum-side condition
of Theorem 23.2 puts every tj below the upper bound on the couplings in the conditional
kernel theorem. The inputs gj,rwj,r of the reconstruction maps have size at most tj pj, and
the larger coefficient domain and the working ball are those of Lemma 15.16, fixed before
the coupling. In particular the deterministic amplitude bound of that lemma applies
to these inputs, and the bounds with the factor amap used below require no stochastic
estimate uniform in the mesh. The heat horizon is always T. Every refinement ratio
ℓi/a = BK−i is an integer, and every order of spatial differences used below is an integer.
The side n satisfies 2π/n < rflat/4, hence the condition on flat fields in Lemma 14.9.
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These conditions let us evaluate the coefficients at zero fluctuation for a fixed incoming
field, including a flat one; they do not identify a stopped measure with a marginal of the
conditioned Wilson measure.

The linearized maps have the geometric contraction ratio qanc = C2
CP/B of

Lemma 15.16, and by the choice in Definition 34.1 we have qanc ≤ q < 1. All geo-
metric losses below are taken from the positive gap − log q/ log B and the other positive
exponents displayed in this section. The two ratios remain distinct in the normalization
of differentiated coefficient rows; see (34.21).

In every use of the weighted coefficients of Theorem 27.5, the constants may depend
on the coarse mesh H0 = L/n. Indeed, for H = ℓj−1 = H0B−(j−1) and j ≥ 1 we have

1 + log(1 + T/H2) ≤ 1 + log(1 + T/H2
0) + 2(j− 1) log B

≤ CT,H0,B(1 + j),
(34.8)

where in the first inequality we used 1 + B2(j−1)T/H2
0 ≤ B2(j−1)(1 + T/H2

0). This con-
stant is independent of the coupling, of all level indices, of the prior depth, and of the
finest mesh. The coefficient rows without time weights keep the dependence stated in
Theorem 27.5.

Lemma 34.2. Put H0 = L/n and λ = − log q/ log B = 2κ − 1 > 0. The following bounds
hold.

1. For cardinal interpolation from any input mesh H ≥ a compatible with the common lattice,
that is, with H/a an integer, and every fixed integer q ≥ 0,

∥Dq
a Pa

t IH→av∥∞ ≤ Cq(t + H2)−q/2∥v∥∞. (34.9)

2. Let E be a coefficient array of a reconstruction map with respect to normalized fluctuation
variables at input mesh H, whose output-fixed absolute coefficient row sums and volume-
normalized input-fixed column sums satisfy the bounds of Lemma 15.16. Then

sup
x
∥Dq

a Pa
t IH→aE(x, ·)∥ℓ2(w) ≤ CqH3/2(t + H2)−3/4−q/2, (34.10)

where ℓ2(w) is the counting ℓ2 norm in the fluctuation variables, and the operator norm of
Dq

a Pa
t IH→aE from ℓ2(w) to the physical space L2

a, with measure a3 times counting measure,
is at most CqH3/2(t+ H2)−q/2. The constants may depend on the fixed ratios of the reference
volumes of the coordinate types within one renormalization group step.

3. Let H = ℓj−1, and let Djv = Iℓj→a(Ljv/ℓj)− IH→a(v/H) be the initial value of the signed
defect rj when the incoming field is v. Then

Xa
α(Pa
· Djv) ≤ CHα−1∥v∥∞. (34.11)
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4. Let Vj(v) be the part of degree at least three of the initial value Iℓj→aUcl
j (v) (this Vj is

unrelated to the coarse configuration V of Section 34.8), so that Iℓj→aUcl
j (v) = Sj,j−1(v, v) +

Vj(v). On the working ball,

∥Vj(v)−Vj(v′)∥∞ ≤
C
H
(∥v∥∞ + ∥v′∥∞)2∥v− v′∥∞. (34.12)

5. The conditional mean correction satisfies

∥mph
j (v)∥∞ ≤ Cg2

3∥v∥∞, U0
j = Ucl

j (θ̂j−1) + mph
j (θ̂j−1). (34.13)

Every bound on the supremum norm of an initial array in items (4) and (5) implies the
corresponding bound in the full norm Ha

σ, with a fixed factor.
6. If x = Pa

· IH→a(v/H) and h = H/B, then

sup
t≤T

{
(t + h2)α/2∥x(t)∥∞ + (t + h2)(α+1)/2∥Dax(t)∥∞

}
≤ C

{
Xa

α(x) + ∥v∥∞Hα−1}.

(34.14)
Each fixed higher difference Dq

ax satisfies the corresponding bound with the weight (t +
h2)(α+q)/2.

7. For b ≥ 0, e > 0, 0 < s < min(e, λ), and m ≥ 0,

∑
i>m

(1 + i)bB−ei ≤ Cb,e(1 + m)bB−em, (34.15)

∑
j>m

(1 + j)b
(
qj−1 +

j−1

∑
i=1

qj−1−iB−ei
)
≤ Cb,e,s(1 + m)bB−sm. (34.16)

The corresponding fixed-level bound, including the initial contribution and every earlier
ancestor, is

(1 + j)b
(
qj−1 +

j−1

∑
i=1

qj−1−iB−ei
)
≤ Cb,e,s(1 + j)bB−sj, j ≥ 1. (34.16a)

These constants depend on b, e, s and the fixed B, λ, and not on m or j.

Proof. We begin with the cardinal interpolation. It has tensor-product basis functions
ψ((y − x)/H), where ψ = ϕ⊗3 and ϕ(u) = b0(u)/ ∑k∈Z b0(u − k) for the fixed even
smooth bump b0 of Section 16.2, which is supported in [−1, 1], positive inside, and flat at
its endpoints; in the notation there, b0 = b, ϕ = ζ, and ψ = ζ3. Its translates sum to one.
Grouping the fine vertices according to their offset in a coarse cell, we find

a3 ∑
y∈ΛN

ψ((y− x)/H) = H3, a3 ∑
y

dist(y, x)|ψ((y− x)/H)| ≤ CH4.
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Taking q differences of the smooth basis costs CqH−q, independently of a/H. In particular
these statements also hold for H = a, where the interpolation is the identity on arrays.

The scalar heat estimates follow from the symbol

ωa(k) = 4a−2
3

∑
i=1

sin2(πaki/L), k ∈ Z3, |ki| ≤ L/(2a).

On this frequency cube ωa(k) ≥ c|k|2/L2, and the symbol of Dq
a is at most Cq(|k|/L)q. By

Parseval’s identity and comparison of each unit frequency cube with the corresponding
Gaussian integral, we have

∥Dq
a Pa

t (x, ·)∥L2
a
≤ Cq,L,T(t + a2)−3/4−q/2,

where the kernel is taken with respect to the physical measure. The corresponding
L1 bound is Cq,L,T(t + a2)−q/2. To prove it without discarding the constant mode, we
periodize the heat kernel pt of the infinite lattice. By the Cauchy–Schwarz inequality with
the weight (1 + |x|2/(t + a2))2 and Parseval’s identity, the L1 norm of Dq

a pt is at most

C(t + a2)3/4∥∥(1 + |x|2/(t + a2))Dq
a pt(x)

∥∥
L2

a
≤ Cq(t + a2)−q/2.

In the last inequality, we used that multiplication by xi corresponds to differentiation of
the Fourier multiplier. Differentiating e−tωa once or twice produces the factors −t∂iωa or
t2(∂iωa)2− t∂2

i ωa, respectively, multiplying e−tωa , and differentiating a difference symbol
lowers its frequency power by the number of derivatives. The bounds |∂iωa| ≤ C

√
ωa

and |∂2
i ωa| ≤ C, together with the Gaussian integrals above, give the displayed powers.

For t ≤ a2, the difference stencil and the facts that Pa
t is positive and has mass one (which

follow from the Poisson series of the nearest-neighbor walk) give the bound Cqa−q instead.
Periodization does not increase the L1 norm, and the contribution of the constant mode to
the L2 norm is bounded on the horizon T by a constant depending on L and T. Splitting
at t = H2 now proves (34.9): for t ≤ H2 we put the differences on the cardinal basis and
use that Pa

t has mass one, and for t ≥ H2 we use the L1 bound and t + a2 ≥ (t + H2)/2.
Next, we prove item (2) from its assumed output-fixed absolute coefficient row bounds

and volume-normalized input-fixed column bounds. For the reconstruction coefficients
used here, these joint bounds are supplied by Theorem 15.13(2) on the products checked
in Lemma 26.1. Let J = IH→aE. Its absolute row sums are at most C, and each of its
columns has physical mass at most CH3. For an input ξ in counting ℓ2, by the weighted
Cauchy–Schwarz inequality we have

a3 ∑
y

∣∣∣∑
λ

Jyλξλ

∣∣∣2 ≤ a3 ∑
y,λ
|Jyλ||ξλ|2 ∑

µ

|Jyµ| ≤ CH3 ∑
λ

|ξλ|2.

For t ≤ H2, the absolute row of the differenced cardinal interpolation bounds the ℓ2

row in (34.10) by CH−q, and its volume-normalized column sum gives the same Schur
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bound for the operator norm with the extra factor H−q. For t ≥ H2, we compose
J : ℓ2(w) → L2

a with the physical L2
a row of Dq

a Pa
t computed above. The two norms

multiply to CH3/2t−3/4−q/2, which proves (34.10). Composition with the operator Dq
a Pa

t
on L2

a, whose norm is at most Ct−q/2, gives CH3/2t−q/2 and proves the operator bound.
Conversion to the counting output norm would introduce a factor a−3/2, which is canceled
by the conversion of the physical heat-kernel coefficient row. Coordinate types at the
other J − 1 meshes of the step change these factors only by fixed powers of M.

For item (3), we use the signed mass identity of Theorem 15.13(4) and the column
calculation of Lemma 27.1(2). The column of the linearized refinement and the column
of the parent cardinal interpolation have equal physical mass, separately for every input
orientation and color, and their difference has first absolute moment at most CH4 about
the input location. In a heat convolution we subtract the kernel value at the input location
before summing such a column. Using the first difference of the kernel and this moment,
we obtain, for every fixed integer q ≥ 0,

∥Dq
a Pa

t Djv∥∞ ≤
Cq∥v∥∞

H
(t + H2)−q/2 H√

t + H2
.

For t ≤ H2 the same estimate follows from the unsigned cardinal rows. For t ≥ H2 the
row bound requires a sampling estimate. On a cube of side H, repeated one-dimensional
telescoping and averaging bounds the supremum of a sampled scalar function f by
CH−3 ∑|η|≤3 H|η|∥Dη

a f ∥L1
a

on the enlarged cube, with at most one difference in each
coordinate. In one dimension, we choose a vertex where | f | is at most its average and
telescope from that vertex; this is the discrete form of | f (x)| ≤ H−1

∫
| f |+

∫
|D f |. We

apply it successively in the three coordinates. Applied to a differenced heat-kernel
coefficient row, it shows that the sum over the cubes of H3 times the local supremum is
at most the L1 bounds of its differences through three further orders. When t ≥ H2, these
are at most C(t + H2)−(q+1)/2, since H/

√
t + H2 ≤ 1. The first moment of the column

gives the remaining factor H. For columns outside a fixed enlarged cube we apply
this estimate on successive shells, whose polynomial volumes are summable against the
exponential decay of the coefficients. This proves the row bound without counting output
sites. Multiplying by the two weights of Xa

α and using a ≤ H proves (34.11); the weighted
maxima are at most CHα−1 since α < 1.

For item (4), we expand Pj = Lj + Pj,2 + Pj,≥3 on the larger domain, where Pj,2 is
quadratic and Pj,≥3 has degree at least three. The coefficientwise majorant series of
Lemma 15.16 bounds the difference of the part of degree at least three by C(∥v∥ +
∥v′∥)2∥v − v′∥ on the working ball. Division by ℓj = H/B and interpolation prove
(34.12), with B fixed.

For item (5), (27.41) directly gives ∥mph
j (v)∥∞ ≤ CJ(t2

j /ℓj)∥v∥∞. Since t2
j /ℓj = MJ−1g2

3,
the fixed factor MJ−1 is absorbed into the constant, proving the bound in (34.13). The
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decomposition of U0
j is the conditional-mean identity of Theorem 27.7 and Lemma 28.5,

together with Lemma 26.2. Since the heat semigroup contracts the supremum norm, the
value part of Ha

σ( f ) for an initial array f is at most CT,σ∥ f ∥∞; the bound ∥DaPa
t f ∥∞ ≤

C(t + a2)−1/2∥ f ∥∞ proved above gives the same bound for its first-difference part.
For (34.14), when t ≥ H2 we have t + h2 ≤ 2(t + a2), and the weights are bounded

by those of Xa
α. When t ≤ H2, we use (34.9): for instance (t + h2)α/2∥x(t)∥∞ ≤

C(2H2)α/2H−1∥v∥∞. For a higher difference, above H2 we put the additional differ-
ences on a half heat step, and below H2 we put them on the cardinal basis. This proves
the assertion about higher differences.

To prove (34.15), we write i = m+ k and use 1+m+ k ≤ (1+m)(1+ k); the remaining
series is ∑k≥1(1 + k)bB−ek < ∞. For (34.16a), use q = B−λ and factor B−s(j−1) out of the
convolution. Its remaining summands are

B−(λ−s)(j−1−i)B−(e−s)i, 1 ≤ i ≤ j− 1.

Their sum is bounded by the product of the convergent geometric series with ratios
B−(λ−s) and B−(e−s). The initial term has the same bound because λ > s; the fixed factor
Bs converts B−s(j−1) to B−sj. This proves the fixed-level bound. Summing it over j > m
and applying (34.15) with exponent s proves (34.16), including all ancestors i ≤ m and
the initial contribution.

The next lemma prepares the chaining arguments. Each component of a reconstruction
increment is a random field indexed by time, position, and finitely many labels, and
it is a linear, quadratic, or nonlinear function of the normalized fluctuation variables
of one step, with deterministic coefficients. We divide each coefficient by the scale at
which it is expected to be bounded, and we measure the distance between two indices
by the distance between their normalized coefficients. In the lemma, we show that these
coefficient metrics have bounded diameter and covering numbers polynomial in L/h∗,
where h∗ is the input mesh of the coefficients and not the finest mesh a. This is why the
maximal estimates below contain log(2 + L/ℓj) rather than log(L/a).

Lemma 34.3. Fix the cutoff radii, an incoming field in the reconstruction domain, and a common
mesh a no coarser than all input meshes in use. Each process below is indexed by the time
t ∈ [0, T], the position on the lattice of mesh a, and the finitely many labels (components, shifts,
and the choice between value and first difference) required by its norm. Write h = ℓj, H = ℓj−1,
and for 1 ≤ i ≤ j− 1 put G = ℓi = BkH with k = j− 1− i, and

bi(v) = CJ
(
amap∥v∥∞ + gi pi

)
.

The quantity bi(v) bounds ∥θ̂i∥∞ on the whole conditional fiber over the incoming field v = θ̂i−1.
We consider the following families.
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1. The coefficient of wj −E(wj | Fj−1) in sj, in the norm Xa
α, with scale As.

2. The quadratic part of the initial value of zj, in the norm Ha
σ, with scale Az,σ, and of the heat

path zj, in the norm Xa
α, with scale Az,α.

3. The quadratic part of Qa(sj, sj), in the norm Ya
α, with scale Ass.

4. The two ordered terms Qa(b, sj) and Qa(sj, b), in the norm Ya
α, where b is a predictable heat

path with ∥Dq
ab(t)∥∞ ≤ CqR(t + ℓ2

j )
−(α+q)/2 for 0 ≤ q ≤ 4; the scale is Cg3Rhα−1/2.

5. For each ω separately, the gradient in wi of Tω
j,i(θ̂i, θ̂i) on the whole conditional fiber, in the

norm Ya
α, with scale C(1 + j)cKjigibi(v)G2α−1.

6. The gradient in wi of Sj,i(θ̂i, θ̂i) on the whole conditional fiber, in the weighted value norm
Va

σ, with scale CKjigibi(v)Gσ.

In items (1)–(3) the coefficients are real vectors or real symmetric matrices in the centered vector
wj −E(wj | Fj−1), before subtraction of any quadratic mean, and

As = Cgjhα−1, Az,σ = Cg2
3hσ,

Az,α = Cg2
3hα, Ass = Cg2

3h2α−1.
(34.17)

In items (5)–(6) the gradients are taken before subtraction of the conditional mean. Put h∗ = H in
item (5) and h∗ = h otherwise. Let S be the applicable scale, and after division by S let d∗ be the
counting ℓ2 distance of coefficient rows for a linear family, the maximum of the Hilbert–Schmidt
and operator distances for a quadratic family, and supw∥∇wFz −∇wFz′∥2 for a gradient family.
If S = 0, the corresponding evaluations vanish and are omitted. If the fixed factor in S is large
enough, then there exist a fixed dimensionless space-time distance d0, which separates the finitely
many labels, and fixed P0 < ∞, ζ > 0, and P, Q1 < ∞ such that

d∗(z, z′) ≤ Ch−P0∗ d0(z, z′)ζ ,

diam(d∗) ≤ 2, N(v, d∗) ≤ C(1 + L/h∗)Pv−Q1 (0 < v ≤ 1).
(34.18)

At every fixed cutoff, the normalized coefficient or gradient images have continuous compact
completions. The constants may depend also on the constants Cq of the background in item (4);
they are independent of the coupling, the cutoff, the separation j− i, the incoming field, and the
finer common mesh.

Proof. All assertions concern deterministic functions on a fixed conditional fiber, that is,
for a fixed incoming field.

We begin with the scales. For the centered linear family, by (34.10) and the operator
bound of Lemma 34.2, the rows have size

C(gj/h)h3/2(t + h2)−3/4−ι/2, ι = 0, 1,

for the value and the first difference. Multiplication by (t + a2)(α+ι)/2 gives at most
Cgjhα−1: for t ≤ h2 we use t + a2 ≤ 2h2, and for t ≥ h2 the remaining power tα/2−3/4
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is decreasing. The quadratic coefficient rows of Theorem 26.11 have size Cg2
3h3/2(t +

h2)−3/4−ι/2; the same two-range calculation, with norm exponent σ or α, gives the two
scales of the centered nonlinear heat term. The Hilbert–Schmidt and operator rows of
the Duhamel term in Theorem 26.12 contain the factor t/(t + h2), which vanishes at
microscopic times, and give the scale Ass in the norm Ya

α. None of these steps uses a
maximal estimate from those results.

Next we consider the covers. Every input of a coefficient lies on the input lattice of
mesh h, which carries at most CJ(L/h)3 scalar coordinates. The derivative bounds of the
cardinal interpolation in Lemma 16.3 cost h−ι at each fixed spatial order ι. We apply the
exact shifted product rule of Lemma 24.2 to the source of a quadratic coefficient. Time
derivatives are two physical differences of the smooth input, and the time derivative of a
Duhamel term is its source plus its Laplacian, which we commute onto the source. Abso-
lute coefficient rows bound the nuclear norm, hence the Hilbert–Schmidt and operator
norms, of these differentiated matrices. In these crude estimates we may even sum over
all inputs, since their number is a fixed power of h−1. Thus the derivative bounds cost
fixed powers of h−1, keep the coupling prefactor, and contain no inverse volume of the
finest mesh. Division by the scale cancels the prefactor. For a weight exponent 0 < η ≤ 1
we have

|(t + a2)η − (s + a2)η| ≤ |t− s|η.

Together with the differentiated rows, this gives for each normalized coefficient a modulus
Ch−P0(dist(x, y) + |t− s|ζ) with fixed P0 and ζ > 0, including at t = 0. Different scalar
labels are covered by a finite union. Each normalized coefficient has norm at most one,
which proves that the diameter is at most two, independently of the modulus.

For the mixed terms of item (4), the deterministic part of Theorem 26.10
and Lemma 26.7 applies with input mesh h and the four differences assumed
for the background. It gives the scale g3Rhα−1/2, the normalized cover, and the diameter
bound. Its two output row bounds are

Cg3Rh
∫ t

0
(s + h2)−(α+1)/2(t− s + h2)−e ds, e ∈ {3/4, 5/4}. (34.19)

These are the deterministic ordered rows of that theorem, in its version for a predictable
heat background with four differences. Splitting the integral at h2 and at t/2, we find that
the two weights of the norm give the stated scale. In later applications, the background
is the signed defect or the field of the preceding level. The signed defect has the required
four differences by the bound on Dq

a Pa
t Dj in the proof of Lemma 34.2, and the inequality

(t + H2)α/2H(t + H2)−1/2 ≤ Hα (α < 1)

gives the background bound R ≤ C∥θ̂j−1∥∞Hα−1 on its two input lattices. The heat
equation gives its time increments.
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Integrating the bounds on the rows of the reconstruction maps with respect to the
fluctuation inputs in Lemma 15.16 along the segment of fluctuation inputs, we obtain
∥θ̂i∥∞ ≤ ϱ∥θ̂i−1∥∞ + Cgi pi. Thus bi(v) bounds ∥θ̂i∥∞ on the whole conditional fiber.
Iterating, and using pl ≤ pi for l ≤ i and ϱ

√
B < 1, we obtain

∥θ̂i∥∞ ≤ rϱi + C
i

∑
l=1

ϱi−lgl pl ≤ C
{

rϱi + g3
√
ℓi pi

}
. (34.20)

In the last inequality we used gl = giB(i−l)/2, so that the sum is at most gi pi ∑k≥0(ϱ
√

B)k.
For the gradients of item (5) we use the gradient rows and the differentiated gradient

rows of Theorem 27.5, without time weights. Their weighted size is the scale of item (5).
The crude differentiated rows there have the prefactor B∗ = C2k

CPgibi(v)G−2 and cost fixed
powers of H−1. Since C2

CP = Bqanc and G = BkH, both the coupling and the fiber bound
cancel:

B∗
S
≤ C

(qanc

q

)k
H−1G1−2α ≤ CH−2α. (34.21)

In the last inequality we used qanc ≤ q and G1−2α ≤ H1−2α, which holds since G ≥ H and
α > 1/2. The factor (1 + j)c in S only decreases this ratio. The supremum over the fiber
of the gradient differences therefore has the same polynomial modulus. Each normalized
gradient has norm at most one on the whole fiber, and the diameter is at most two. This
verifies the increment condition in the gradient metric directly, rather than deducing it
from pointwise concentration.

For the gradients of item (6), the deterministic rows without time weights in Theo-
rem 27.7 give the stated scale. Their crude derivatives have the prefactor CKjigibi(v) and
cost fixed powers of ℓ−1

j . After division by S their cost is at most Cℓ−P0−σ
j , since G ≥ ℓj.

The weight, with exponent σ/2 > 0, is continuous at time zero. This proves the modulus
and the diameter bound for the weighted value process. The norm with first differences
is obtained afterwards from the deterministic heat-splitting inequality of Theorem 27.7,
and no additional cover is needed.

Finally, a modulus Ch−P0∗ (dist(x, y) + |t − s|ζ) is covered at radius v by the spatial
step cvhP0∗ and the time step (cvhP0∗ )

1/ζ . If the spatial step is smaller than a, we use every
lattice point, whose number is then smaller than the proposed count. Otherwise we
choose lattice representatives in spatial cubes; lattice paths between them give the same
modulus. The resulting number of points is at most a fixed power of 1 + L/h∗ times a
fixed power of v−1. All the coefficient maps are continuous in time and have finitely many
spatial outputs. In the gradient case, since the fiber is compact, the supremum of the
gradient norm keeps this continuity. The images therefore have compact completions with
countable dense subsets. This proves every claimed cover with the stated dependence of
the constants.
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The following lemma controls the zero-fluctuation continuation from any coarse field.
It is used for the comparison configuration in the rest of this section, and in Sections 35
and 36, where its holomorphic version gives Cauchy estimates.

Lemma 34.4. Let θ0 be a link logarithm on the lattice of mesh H0 = L/n in the reconstruction
domain with ∥θ0∥∞ ≤ r, and let θj = Pjθj−1 for j ≥ 1. Let xj and yj be the flow data of θj as in
Definition 34.1. For arbitrary compatible prior depths, every l ≥ m ≥ 0, and every compatible
common mesh a ≤ ℓl, the following hold; here compatibility means that the refinement ratios ℓi/a,
i ≤ l, and the ratios of the intermediate meshes to a are integers.

1. We have
∥θj∥∞ ≤ rϱj, sup

j

{
Xa

α(xj) + Ya
α(yj)

}
≤ Rcl.

2. We have

Xa
α(xl − xm) + Ya

α(yl − ym) ≤ C(1 + m)cϑm, ϑ = max{ϱB1−α, q} < 1.

3. There exist radii r < r1 < r2, fixed together with the working ball, such that the maps
θ0 7→ θj, xj, yj extend holomorphically to the polydisc Dr2 of complex link logarithms θ0

whose D = 9n3 real coordinates are complexified with modulus less than r2, and, with the
norms applied to complex arrays,

sup
θ0∈Dr2

{
Xa

α(xj) + Ya
α(yj)

}
≤ C,

sup
θ0∈Dr2

{
Xa

α(xl − xm) + Ya
α(yl − ym)

}
≤ C(1 + m)cϑm.

Write xj(θ0) = ∑µ f j,µθ
µ
0 and yj(θ0) = ∑µ hj,µθ

µ
0 for the Taylor expansions at zero in these

D coordinates. Then

∑
µ

r|µ|1

{
Xa

α( f j,µ) + Ya
α(hj,µ)

}
≤ C,

∑
µ

r|µ|1

{
Xa

α( fl,µ − fm,µ) + Ya
α(hl,µ − hm,µ)

}
≤ C(1 + m)cϑm.

These bounds are uniform in the prior depths, the length of the continuation, and the
compatible common mesh, and the constants may depend in addition on r1 and r2. If
θ0 = F(u) is the image of a parameter u under a fixed finite-scale reconstruction F, the same
assertions hold on a complex neighborhood of the real parameters that may depend on F, but
not on the length l of the continuation.

The constants Rcl, C, c depend on H0, r, and the data of item (6) of Definition 4.14, and are
independent of the coupling and of the length of the sequence.
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Proof. We begin with item (1) and the first component in item (2). Since Pj(0) = 0,
integrating DPj along the segment from 0 to v, we obtain ∥Pjv∥∞ ≤ ϱ∥v∥∞. Thus bj = rϱj

bounds the sequence. Its increments split as d0
j = r0

j + ucl,0
j , with no conditional mean,

and
Xa

α(r
0
j ) ≤ Cbj−1ℓ

α−1
j−1 , Ha

σ(u
cl,0
j (0)) ≤ Cb2

j−1/ℓj−1. (34.22)

The first inequality is (34.11). The second follows from the series of Pj in degrees at
least two and from item (5) of Lemma 34.2. The two geometric ratios are ϱB1−α < 1
and Bϱ2 = q < 1. The initial field x0 has bounded norm Xa

α(x0) by (34.9). Summing
these bounds, and using the inequality Xa

α(Pa
· f ) ≤ CHa

σ( f ) (which holds since σ < α

and T is finite) for the terms ucl,0
j , we find the uniform bound on Xa

α(xj) and the tail
Xa

α(xl − xm) ≤ Cϑm.
We now turn to the quadratic component. We fix one of the three ordered forms and

denote it by Tj,i. Its coefficient norm with output in Ya
α is at most C(1 + j)cKji. By the

pullback identity (34.3), we have the finite identity

Tj,j−1(θj−1, θj−1) = Tj,0(θ0, θ0)

+
j−1

∑
i=1

{
Tj,i(Piθi−1, Piθi−1)− Tj,i(Liθi−1, Liθi−1)

}
.

(34.23)

Here Pi − Li starts at degree two. The coefficientwise majorant series gives ∥Piv− Liv∥ ≤
Cϱ∥v∥2 and ∥Piv∥+ ∥Liv∥ ≤ Cϱ∥v∥ on the working ball. By (34.4) and the coefficient
bound, we have

Ya
α

(
Tj,j−1(θj−1, θj−1)

)
≤ C(1 + j)c

{r2qj−1

H0
+

j−1

∑
i=1

qj−1−i

ℓi
b3

i−1

}
. (34.24)

The sum is at most Cr3H−1
0 qj−1. Indeed, since ℓ−1

i = H−1
0 Bi and q = Bϱ2, its i-th term

divided by qj−1 is H−1
0 r3ϱi−3; the factor ϱ−3 is fixed and ∑i≥1 ϱi is finite.

By (34.2) for the continuation, Qa(r0
j , r0

j ), Qa(xj−1, r0
j ), and Qa(r0

j , xj−1) are TVV, TUV−
TVV, and TVU − TVV at (θj−1, θj−1). Applying (34.24) to each order gives summable
bounds for these three terms. Every remaining term of

yl − ym =
l

∑
j=m+1

{
Qa(xj−1, d0

j ) +Qa(d0
j , xj−1) +Qa(d0

j , d0
j )
}

contains ucl,0
j as one argument. We apply the two ordered inequalities (34.6), using the

bounded norms Xa
α(xj) just proved and (34.22). Their total tail is C(1 + m)cqm by (34.15),

and the three forms above contribute at most C(1+m)cqm as well. The initial term y0 also
has a fixed bound: its smooth cardinal input has bounded values and first two differences.



34 Uniform fluctuation bounds and comparison of holonomies § 34.2 132

Heat contraction and the stencil of the quadratic term, which contains a single difference,
then bound its Duhamel value and its first difference on [0, T]. This proves the bound Rcl
and both tails.

For item (3), we note that the argument above uses only absolute values of coeffi-
cients. The coefficientwise majorant series of Lemma 15.16, evaluated on a slightly larger
polydisc of complex inputs still inside the working domain, gives the same bounds for
complex inputs. Indeed, by the strict choice of the working radius, its derivative series
is bounded by ϱ there. No positivity of a real field was used in (34.23). The quadratic
coefficient bounds include the volume-normalized columns and all output differences,
and every absolute sum above remains valid. Since r is smaller than a fixed fraction
of the working radius, we may choose r < r1 < r2 such that Dr2 lies inside that larger
polydisc, independently of the subsequent number of steps. This proves the two bounds
on Dr2 , with r replaced by a multiple of r2 in the constants. For the Taylor coefficients we
apply the Cauchy estimates in each of the D coordinates on Dr2 : for a holomorphic map
g with values in a normed space and supθ0∈Dr2

∥g(θ0)∥ ≤ A, its Taylor coefficients satisfy

∥gµ∥ ≤ Ar−|µ|2 . Summing, we find

∑
µ

r|µ|1 ∥gµ∥ ≤ A ∑
µ

(r1/r2)
|µ| = A(1− r1/r2)

−D.

Applied to xj, yj, and the differences xl − xm, yl − ym in the norms Xa
α and Ya

α, this gives
the coefficient bounds, with the fixed factor (1− r1/r2)

−D. For a fixed finite-scale input,
we first take a complex neighborhood whose image under the fixed finite reconstruction
has positive distance from the boundary of the working domain, and then apply this
argument to the composed map. This proves item (3).

The chaining estimate we use is the following specialization of Lemma 16.4.

Lemma 34.5. Let (Fz)z∈T be a centered real process indexed by a compact pseudometric space
(T , d∗), continuous in d∗ at each fixed cutoff. Let z0 ∈ T , A > 0, and c0 > 0, and suppose that
one of the following two sets of conditions holds for every u > 0 and z, z′ ∈ T :

1. P(|Fz − Fz′ | > Ad∗(z, z′)u) ≤ 2e−u2/c0 and P(|Fz0 | > Au) ≤ 2e−u2/c0 ;
2. P(|Fz − Fz′ | > Ad∗(z, z′)(

√
u + u)) ≤ 2e−u/c0 and P(|Fz0 | > A(

√
u + u)) ≤ 2e−u/c0 .

Assume that for some H > 0

diam(T , d∗) ≤ C0, N(v, d∗) ≤ C(1 + L/H)Pv−Q0 (0 < v ≤ 1).

Then for every 1 ≤ p < ∞,∥∥∥sup
z
|Fz|

∥∥∥
Lp
≤ Cp A

√
1 + log(2 + L/H)
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under the conditions (1), and∥∥∥sup
z
|Fz|

∥∥∥
Lp
≤ Cp A

[
1 + log(2 + L/H)

]
under the conditions (2). Here Cp depends only on p, c0, C0, C, P, Q0. The same holds under a
conditional probability kernel when the hypotheses hold for each fixed value of the conditioning
variables.

By Lemma 34.3, the normalized coefficient metrics for linear rows, for quadratic rows
(with the maximum of the Hilbert–Schmidt and operator distances), and for gradients
have diameter at most two and covering numbers of this form at their input mesh.

Proof. We apply Lemma 16.4 with the metric d∗, the diameter bound C0, the cover
prefactor C(1+ L/H)P, and the exponent Q0. Under the conditions (1) we take s = A

√
c0

and b = 0 in that lemma, and under the conditions (2) we take s = A
√

c0 and b = Ac0.
These choices correspond to the substitutions u =

√
c0v and u = c0v in the two tails,

which turn them into the form P{|Fz − Fz′ | > d∗(z, z′)(s
√

v + bv)} ≤ 2e−v required there.
The conditions at the reference point z0 take the same form. Since

log
(
2C(1 + L/H)P)+ Q0 ≤ C′

[
1 + log(2 + L/H)

]
,

the moment bound of Lemma 16.4 implies the two stated bounds, with the stated
dependence of the constants. The conditional version is the corresponding clause of that
lemma.

Lemma 34.6. We have pj ≤ C(1 + j + |log γ|). Further, for every ε > 0 and d ≥ 0,

sup
0<γ≤γ0

γε pd
j ≤ Cε,d(1 + j)d,

where Cε,d depends in addition on ε and d.

In every later application a logarithm of the coupling is absorbed in this way only
together with a positive power of γ.

Proof. By the definition of tj, we have

pj =
Aw

2
{

log(n/γ) + j log B− (J − 1) log M
}

,

which proves the first bound. Since γ ≤ 1, we may write v = |log γ|. For any d ≥ 0
we have (1 + j + v)d ≤ (1 + j)d(1 + v)d, and supv≥0 e−εv(1 + v)d < ∞, as one sees from
the logarithmic derivative −ε + d/(1 + v) of the last function. This proves the second
bound.
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34.3 Conditional bounds uniform in the coupling

We now bound the four parts of a reconstruction increment, conditionally on the preced-
ing levels and with constants independent of γ. The leading terms carry no factor |log γ|:
the logarithm of the coupling enters only through the cutoff radii pj, in terms of higher
order in g3. The theorem also bounds the quadratic forms pulled back to earlier levels
and the conditional means in the predictable term. For 1 ≤ i ≤ j− 1 we write

Zω
j,i = Tω

j,i(θ̂i, θ̂i)−E
[
Tω

j,i(θ̂i, θ̂i)
∣∣ Fi−1

]
, Fj,i = Sj,i(θ̂i, θ̂i)−E

[
Sj,i(θ̂i, θ̂i)

∣∣ Fi−1
]

for the centered pulled-back forms, and

eω
j,i = E

[
Tω

j,i(θ̂i, θ̂i)
∣∣ Fi−1

]
− Tω

j,i−1(θ̂i−1, θ̂i−1)

for the conditional drifts, with the analogous drift eS
j,i for the quadratic initial forms. By

(34.3), the drift eω
j,i is the sum of the classical part Tω

j,i(Piv, Piv)− Tω
j,i(Liv, Liv) at v = θ̂i−1

and of the conditional-mean part E[Tω
j,i(θ̂i, θ̂i) | Fi−1]− Tω

j,i(Piv, Piv).

Theorem 34.7. Assume the setting of Definition 34.1. For every fixed 1 ≤ p < ∞, all K ≥ j ≥ 1,
every incoming field θ̂j−1 in the reconstruction domain, and every finer common mesh a ≤ ℓj, the
following conditional estimates hold. Let h = ℓj and let Zj be the initial value of zj. Then

∥∥Xa
α(sj)

∥∥
Lp(·|Fj−1)

≤ Cgjhα−1[√log(2 + L/h) +
√

p
]
,

∥∥Ha
σ(Zj)

∥∥
Lp(·|Fj−1)

≤ Cp
{

g2
3hσ(1 + j) + g3

3h1/2p3
j
}

,∥∥Xa
α(zj)

∥∥
Lp(·|Fj−1)

≤ Cp
{

g2
3hα(1 + j) + g3

3h1/2p3
j
}

.

The centered part of Qa(sj, sj) has conditional Lp(Ya
α) norm at most Cpg2

3h2α−1(1 + j), and its
conditional mean has norm Ya

α at most Cpg2
3∥θ̂j−1∥∞. Fix constants C0, . . . , C4 < ∞, indepen-

dently of the coupling, the level indices, and the common mesh. Let b be an Fj−1-measurable heat
path on the lattice of mesh a such that, for 0 ≤ q ≤ 4 and 0 ≤ t ≤ T,

∥Dq
ab(t)∥∞ ≤ CqR(t + ℓ2

j )
−(α+q)/2.

Then each of the two ordered terms Qa(b, sj) and Qa(sj, b) has conditional Lp(Ya
α) norm at most

Cpg3hα−1/2(1 + j)cR. The constant in this mixed estimate may also depend on C0, . . . , C4.
For each ω separately, each 1 ≤ i ≤ j− 1, and the incoming field v = θ̂i−1, put bi(v) =

CJ(amap∥v∥∞ + gi pi). Then∥∥Ya
α(Zω

j,i)
∥∥

Lp(·|Fi−1)
≤ Cp(1 + j)cq j−1−igibi(v)ℓ2α−2

i ,
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∥∥Ha
σ(Fj,i)

∥∥
Lp(·|Fi−1)

≤ Cp(1 + j)c q
j−1−i

ℓi
gibi(v)ℓσ

i .

Along the history we write bi = bi(θ̂i−1) for i ≥ 1 and set b0 = ∥θ̂0∥∞ ≤ r. Thus ∥θ̂i∥∞ ≤ bi,
and the deterministic bound bi ≤ C{rai

map + g3
√
ℓi pi} holds. The conditional drifts satisfy

Ya
α(e

ω
j,i) + Ha

σ(e
S
j,i) ≤ C(1 + j)c q

j−1−i

ℓi

{
a2

mapb3
i−1 + g2

i bi−1 + g3
i p3

i
}

,

and their conditional-mean parts are bounded by the last two terms alone. All norms include every
required first difference and Wilson shift. Further, there exist c, ϵ > 0 such that for every z > 0,

sup
0<γ≤γ0

sup
K≥m

ν
{

Xa
α(xK − xm) + Ya

α(yK − ym) > z
}
≤ Cz(1 + m)cB−ϵm.

In particular this tail tends to zero in the order K → ∞, then γ→ 0, then m→ ∞.

Here Cp depends in addition on p, and Cz on z; no factor log(1/tj) is hidden in the
leading constants.

Proof. The proof has six steps. We first check that the concentration estimates of Theo-
rem 5.4 apply to the conditional kernels. We combine them with the covers of Lemma 34.3
to bound the centered linear and quadratic terms, and we treat the remainder of higher
degree and the conditional means separately. Finally, we sum over levels with explicit
powers of ℓi and estimate the products in the bilinear expansion (34.5).

Step 1: concentration. All coefficient estimates are evaluated on the larger fixed domain,
and only then restricted to a fixed incoming field. The conditional potential of the
fluctuation variables is C2 on a neighborhood of its convex product of balls. The Hessian
condition of Theorem 23.2 implies that its Hessian is bounded below there by a fixed
m∗ > 0: the perturbation of the identity Hessian of the normalized variables is at most
8/27. Then Theorem 5.4 applies with one constant m∗, independently of the radii of the
balls, of the dimension, and of the prior depth.

Step 2: coefficient metrics and conditional maxima. We use Lemma 34.3 with h = ℓj
and with its parameters for the pulled-back forms, followed by Theorem 5.4. Note that a
difference of coefficient rows is linear in the centered vector ζ j, and a difference of coeffi-
cient matrices is quadratic in it. By the Lipschitz concentration and the quadratic estimate
of Theorem 5.4, their increments satisfy the tail conditions (1) and (2) of Lemma 34.5,
respectively, with A = CS, where S is the scale. For the gradients of a nonlinear function
of the fluctuation variables we have

Lipw(Fz − Fz′) ≤ Sd∗(z, z′), (Fz −EFz)− (Fz′ −EFz′) = (Fz − Fz′)−E(Fz − Fz′).
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The Lipschitz concentration bound therefore applies to this difference, and also at the
reference point of the chaining, with scale CS. This proves the increment conditions
under the conditional fluctuation kernel. The continuity required in the gradient metric
also follows directly: for g = Fz − Fz′ on the convex finite fiber Ω with conditional law µ,
we have

|g(w)−Eg| ≤
∫

Ω
|g(w)− g(v′)| dµ(v′) ≤ diam(Ω) Sd∗(z, z′).

The diameter of Ω is used only for continuity at a fixed cutoff, never in the constant of a
maximal bound. The linear and quadratic coefficient images have the same continuity by
the Cauchy–Schwarz inequality in finite dimension, applied to their centered evaluations.
This verifies the countable separable realization required for chaining. Lemma 16.4,
applied as in the proof of Lemma 34.5 but keeping track of the moment order, gives the
losses

C
[√

log(2 + L/h∗) +
√

p
]

and C
[
log(2 + L/h∗) + p

]
for linear and quadratic rows, respectively. Since log(2 + L/ℓj) ≤ C(1 + j), these losses
imply the first bound of the theorem, the quadratic parts of the bounds on Zj and zj,
the bound on the centered part of Qa(sj, sj), the bound on the mixed terms with the
background condition of item (4) of Lemma 34.3, and the bounds on Zω

j,i and Fj,i. For the

last two, the scales of items (5) and (6) of that lemma are C(1 + j)cqj−1−igibi(v)ℓ2α−2
i and

Cqj−1−iℓ−1
i gibi(v)ℓσ

i , since Kji = qj−1−i/ℓi and G = ℓi.

Step 3: higher-degree remainder, conditional means, and first differences. The centered
remainder of degree at least three in the fluctuation variables has supremum norm at most
Cg3

3h1/2p3
j by Theorem 26.11, and the heat-splitting inequality of Theorem 27.7 bounds its

first difference. The conditional mean of Qa(sj, sj) is the mean in Theorem 26.12, which
is at most Cg2

3∥θ̂j−1∥∞ in the norm Ya
α.

To verify that the bound on Zj holds in the norm Ha
σ, which includes first differences,

let f be an initial array. If t ≥ a2, we have

∥DaPa
t f ∥∞ ≤ Ct−1/2∥Pa

t/2 f ∥∞ ≤ Ct−(σ+1)/2Va
σ( f ).

If t ≤ a2, we use ∥ f ∥∞ ≤ a−σVa
σ( f ) and ∥DaPa

t ∥∞→∞ ≤ C/a. Multiplication by (t +
a2)(σ+1)/2 cancels these factors. This proves Ha

σ( f ) ≤ CVa
σ( f ), uniformly in the finer

mesh, and we apply it to the centered initial field.

Step 4: the conditional drifts. The splitting of the conditional drift into its classical part
and its conditional-mean part is given in Theorem 27.5 for the ordered forms and in
Theorem 27.7 for the quadratic initial forms. We use ∥θ̂i−1∥∞ ≤ bi−1, including the stated
convention for i = 1. Its three bounds are

C(1 + j)cKji
(
ϱ2b3

i−1 + g2
i bi−1 + g3

i p3
i
)
.
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The first term bounds the classical part, which is the error of the zero-fluctuation pullback.
The last two terms bound the conditional-mean part, which contains the conditional mean
of the fluctuation variables and the covariance correction.

Step 5: summation over levels. We record the powers of the mesh needed to check
summability. Fixed powers of H0 are included in C. Using (34.20), ϱi = (ℓi/H0)

κ, and
gi = g3

√
ℓi, we find that the centered pulled-back bounds and the conditional drifts split

before the convolution in q as

gibiℓ
2α−2
i ≤ C

{
g3rℓκ+2α−3/2

i + g2
3ℓ

2α−1
i pi

}
,

gibiℓ
σ−1
i ≤ C

{
g3rℓκ+σ−1/2

i + g2
3ℓ

σ
i pi

}
,

ϱ2b3
i−1 + g2

i bi−1 + g3
i p3

i
ℓi

≤ C
{

r3ℓ3κ−1
i + g2

3rℓκ
i + g3

3ℓ
1/2
i (pi + 1)3}.

In the last line we used (u + v)3 ≤ 4(u3 + v3). Every exponent of ℓi is positive.
The initial value of the predictable term decomposes as uj(0) = Sj,j−1(θ̂j−1, θ̂j−1) +

Vj(θ̂j−1) + Iℓj→amph
j (θ̂j−1), and telescoping the first term by (34.3), we obtain

Sj,j−1(θ̂j−1, θ̂j−1) = Sj,0(θ̂0, θ̂0) +
j−1

∑
i=1

(
Fj,i + eS

j,i
)
.

The initial term is at most Cr2(1 + j)cqj−1/H0. The other two terms of uj(0) are bounded
by (34.12) and (34.13), and their bounds have the same powers as the third line above.
Combining the chaining bounds of Step 2, the absorption of the logarithms of the coupling
by Lemma 34.6, and the fixed-level convolution bound (34.16a), we obtain τ > 0, a finite
b, and constants independent of the coupling such that

∥Ha
σ(uj(0))∥p + ∥Xa

α(uj)∥p ≤ Cp(1 + j)bB−τ j. (34.25)

For instance, we may take τ strictly below min(σ, 1/2, λ, κ + σ− 1/2) and reduce it for
the finitely many other positive exponents listed above. The bound on Xa

α(uj) follows
from the one on Ha

σ(uj(0)), since Xa
α(Pa
· f ) ≤ CHa

σ( f ). All fixed moments follow from
the conditional bounds by the conditional Minkowski inequality and then the ordinary
Minkowski inequality under ν.

Combining the bounds on sj and zj with (34.11), (34.20), and (34.25), we find

sup
K,j
∥Xa

α(xj)∥p ≤ Cp,
∥∥∥Xa

α

(
∑
j>m

dj

)∥∥∥
p
≤ Cp(1 + m)bB−τ1m (34.26)

for some τ1 > 0. Here the bound on sj is of order g3ℓ
α−1/2
j

√
1 + j, the bound on rj is

CHα−1∥θ̂j−1∥∞ with H = ℓj−1, and the initial field costs only CH0r. The correction in
(34.14) also has bounded fixed moments: by (34.20) its powers of ℓj−1 are κ + α− 1 > 0
and α− 1/2 > 0, with positive powers of the coupling on every remaining factor pj−1.
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Step 6: products and the probability tail. We now bound yK − ym through (34.5),
following the second column of Table 34.2. We write Sj for the bound on Xa

α(sj), Z−j and
Z+

j for the bounds on Ha
σ(Zj) and Xa

α(zj), Rj for the bound on Xa
α(rj) given by (34.11),

and Uj for the bound in (34.25), always using moments of order 2p in a product. Up
to a fixed factor, the sixteen ordered products Qa(vj, wj), with v indexing rows and w
indexing columns, are bounded in Lp(Ya

α) by the entries of

s z r u
s Fj SjZ−j SjRj SjUj

z SjZ−j Z+
j Z−j RjZ−j UjZ−j

r RjSj RjZ−j Wj RjUj

u UjSj UjZ−j RjUj U2
j

Here Fj = Cpg2
3[ℓ

2α−1
j (1 + j) + bj−1] includes the conditional mean of Qa(sj, sj), and Wj

is the bound on Ya
α(TVV

j,j−1(θ̂j−1, θ̂j−1)) obtained by telescoping as above: the initial term,
the centered terms ZVV

j,i , and both the classical and the conditional-mean parts of the
conditional drifts eVV

j,i . The entries with z or u use (34.6) and Hölder’s inequality under
ν. The entries (s, r) and (r, s) use (34.19), conditionally on Fj−1, with the predictable
background rj, which has the four differences required there and R ≤ CRj. The entry
(r, r) is the form TVV, not a difference of uncontrolled forms. Thus every entry is justified
in Lp. The slowest powers of ℓj that occur include 2α− 1, κ + 2α− 3/2, κ + α + σ− 1,
and σ + α− 1/2; the entries with u also keep the decay B−τ j. All these exponents are
positive. The parts of degree at least three in the fluctuation variables carry an additional
factor ℓ1/2

j and create no smaller exponent.
For the eight cross terms with xj−1, we use (34.19) and the bounded norm (34.14) of

xj−1 at its input mesh for s; (34.6) and Z−j for z; the forms TUV − TVV and TVU − TVV of
(34.2) for r; and (34.6) with (34.25) and (34.26) for u. This covers both orders of all four
arguments. By (34.15) and (34.16), the sums over j > m of these bounds and of the sixteen
products are at most Cp(1 + m)bB−ϵm for some smaller ϵ > 0. The expansion (34.5) then
bounds ∥Ya

α(yK − ym)∥p by the same expression. By Markov’s inequality and (34.26), we
obtain the probability tail, after enlarging Cz to cover the finitely many small indices.

34.4 The initial gauge frame along the flow

A based holonomy transforms by conjugation at its basepoint. Two configurations evolved
with independent time-dependent gauge transformations can therefore have holonomies
with equal traces but very different matrices. The Wilson flow is analyzed in a damped
gauge, in which its linear part is the heat equation. The damping gauge transformations
solve an ordinary differential equation started at the identity, and the difference of their



34 Uniform fluctuation bounds and comparison of holonomies § 34.5 139

generators is integrable in time uniformly in the mesh. Hence the holonomy matrices
of two configurations that start in the same frame can be compared directly. We use the
following form of Theorem 25.10.

Remark 34.8. Fix R < ∞, 0 < t− ≤ t+ ≤ T, and finitely many based piecewise C1 loops
c1, . . . , ck with lattice approximations ci,a of uniformly bounded physical length. Let
U = eaA0 and U′ = eaA′0 be two configurations on the same lattice of mesh a = L/N,
in the reconstruction domain and represented in the same initial vertex and basepoint
frame, whose flow data (x, y) and (x′, y′) on [0, T] have norms Xa

α + Ya
α at most R. Let

D = Xa
α(x− x′) +Ya

α(y− y′). By Theorem 25.10, applied with radius max(1, R) and input
horizon T, there exists a flow stability constant ΛR,t−,T < ∞ such that

sup
t−≤t≤t+

max
i

∥∥Holci,a Ψ(N)
t (U)−Holci,a Ψ(N)

t (U′)
∥∥

op ≤ ΛR,t−,T D,

where Ψ(N)
t is the Wilson flow run for the lattice flow time 4t/a2. The constant depends

only on R, t−, T, the loops, the fixed analytic domains, and the margins of the reference
neighborhoods of the continuum flow in Theorem 24.10, with the dependence described
in item (7) of Definition 4.14; it is independent of the mesh, the prior depth, and the
coupling, and it covers the finitely many meshes that are too coarse for the small-mesh
condition of the local theory. Let TR and aR be the constants of Theorem 24.5 for radius
max(1, R), and put hR = min(TR, T). After decreasing aR if necessary, for a ≤ aR and
0 ≤ s ≤ hR the damped potentials A, A′ and their damping gauge transformations k, k′,
with k(0) = k′(0) = I, satisfy the following estimates, where va(s) = s + a2.

∥Da(A− A′)(s)∥∞ ≤ CRD
{

va(s)−(α+1)/2 + va(s)−α + va(s)κfl−1/2},

∥k(s, x0)− k′(s, x0)∥op ≤ C
∫ s

0
∥Da(A− A′)(u)∥∞ du ≤ CRD.

The three powers of va(s) are integrable at zero uniformly in the mesh, since (α + 1)/2 <

1, α < 1, and 1/2− κfl < 1. For a ≤ a∗ and D ≤ δ, with a∗ and δ supplied by Lemma 25.9
with T0 = T and τ = t−, both flows can use a common reference solution and the same
fixed restarts on the later intervals. For other pairs or meshes, the matrix inequality
follows from the unitary diameter bound or the finite-dimensional Wilson flow, as in
Theorem 25.10. All matrices are expressed in their initial frames; no conjugation of either
matrix is optimized.

34.5 Comparison of linear and quadratic flow data

We now compare the flow data of the reconstruction with those of its zero-fluctuation
continuation after level m. The comparison is exact on the finest lattice: both fields are
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interpolated by the identity there, and no interpolation error enters at level K. The two
fields agree at level m.

Theorem 34.9. Assume the setting of Definition 34.1. For every fixed p ≥ 1 and all K ≥ j ≥
m ≥ 0, under the conditioned Wilson measure ν,∥∥∥θ̂j − θ̂0

j ∥∞
∥∥

p ≤ Cpgj(1 + j)1/2,
∥∥∥θ̂j∥∞

∥∥
p ≤ Cp

{
raj

map + gj(1 + j)1/2}.

On the finest lattice, writing ∆xj = xj − x0
j , we have

∆xK =
K

∑
j=m+1

(dj − d0
j ), yK − y0

K =
K

∑
j=m+1

(
yj − yj−1 − y0

j + y0
j−1

)
.

For each ordered form Tω
j,i and each quadratic initial form Sj,i, the pullback (34.3) is exact. In

particular, with Li = DPi(0), the function

Rω
j,i(v) = Tω

j,i(Piv, Piv)− Tω
j,i(Liv, Liv)

has degree at least three and, on the working ball,

Ya
α

(
Rω

j,i(v)− Rω
j,i(v

′)
)
≤ C(1 + j)c q

j−1−i

ℓi

(
∥v∥∞ + ∥v′∥∞

)2∥v− v′∥∞.

The corresponding estimate for the quadratic initial forms holds in the full initial-array norm Ha
σ.

There exist s > 0 and c, d < ∞, independent of K, m, and γ, such that for every fixed p ≥ 1,

sup
m≤l≤K

∥Xa
α(∆xl)∥p +

K

∑
j=m+1

∥∥Ha
σ

(
uj(0)− ucl,0

j (0)
)∥∥

p

≤ Cp
[√

γ + γ(1 + |log γ|)d](1 + m)cB−sm,∥∥Xa
α(xK − x0

K) + Ya
α(yK − y0

K)
∥∥

p ≤ Cp
√

γ(1 + m)cB−sm + Cpγ(1 + |log γ|)d.

Further, for each ω let

T ω
K,m =

K

∑
j=m+1

{
Tω

j,j−1(θ̂j−1, θ̂j−1)− Tω
j,j−1(θ̂

0
j−1, θ̂0

j−1)
}

.

Then ∥Ya
α(T ω

K,m)∥p ≤ Cp[
√

γ+ γ(1+ |log γ|)d](1+m)cB−sm. One may choose s strictly below
each of the positive numbers

α− 1
2 , σ, 2α− 1, κ + σ− 1

2 , κ + 2α− 3
2 , 2κ − 1, κ + α + σ− 1, − log q

log B
,

and below the fixed smaller exponents of the product estimates in Lemma 28.5.
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Proof. We first bound the moments of the fields, before any product is formed. We
then use (34.4) to write the difference of each pulled-back quadratic form along the
two reconstructions as a sum of centered terms, classical terms of degree at least three,
and conditional means. We record the size of each term, counting the classical part of
degree at least three of the predictable term once. Summation over levels then gives the
bounds on the predictable term, on the linear heat evolution, and on the three ordered
forms. Finally, we bound both orders of every product in (34.5), following the third
column of Table 34.2, with Hölder’s inequality for higher moments under ν in place of
independence. The only delicate product is that of ∆xj−1 with the classical predictable
term, whose sum over levels is not uniformly small in m before it is multiplied by the
decaying factor. Throughout, we write ϱ = amap and δj = θ̂j − θ̂0

j , and all conditional
expectations are for the conditional kernels of ν.

Step 1: moments of the fields. We define the innovation about the zero-fluctuation value
by

ϵj = Φ̂j(θ̂j−1, gj,·wj)− Pj(θ̂j−1).

By the coefficient bounds of the reconstruction maps, the Euclidean gradient of each
scalar output with respect to the fluctuation variables is at most CJgj, and there are at
most CJ(nBj)3 such outputs. Applying Theorem 5.4 for a fixed incoming field and taking
a union bound over the outputs, we obtain

P
{
∥ϵj −Ej−1ϵj∥∞ > Cgj(

√
1 + j +

√
u)

∣∣ Fj−1
}
≤ Ce−u,

where Ej−1 = E(· | Fj−1). Integrating the tail, we obtain the bound Cpgj
√

1 + j in every

fixed Lp, without a factor of the cutoff. Since Ej−1ϵj = ℓjm
ph
j (θ̂j−1), (34.13) implies that

∥Ej−1ϵj∥∞ ≤ Cg2
j ∥θ̂j−1∥∞ ≤ Crg2

j , where in the last inequality we used that the working
ball has a fixed radius. The exact recursion, with δm = 0, is

δj = Pj(θ̂j−1)− Pj(θ̂
0
j−1) + ϵj.

The segment between the two inputs lies in the convex working ball. By the Minkowski
inequality and the bound on DPj, we have

∥∥∥δj∥∞
∥∥

p ≤ Cp

j

∑
i=m+1

ϱj−i[gi
√

1 + i + rg2
i
]
.

Since gi = gjB(j−i)/2, the first sum is at most Cpgj
√

1 + j/(1− ϱ
√

B). For the second sum,
after division by gj, we use gi ≤ gm+1 to bound it by rgm+1/(1− ϱ

√
B), and gm+1 ≤ g1 is

bounded uniformly by the coupling ceiling. This proves the first estimate. The second
follows by comparing the reconstruction with the zero-fluctuation continuation from the
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same coarse field (the case m = 0), whose norm is at most rϱj by Lemma 34.4. By the
same argument, for every i ≥ m we have∥∥∥θ̂i∥∞

∥∥
p +

∥∥∥θ̂0
i ∥∞

∥∥
p ≤ Cp

[
rϱi + gi

√
1 + i

]
,∥∥∥δi∥∞

∥∥
p ≤ Cpgi

√
1 + i.

(34.27)

For the continuation in the first line we apply ∥Pi · · · Pm+1v∥∞ ≤ ϱi−m∥v∥∞ to the moment
at level m just proved, and use ϱi−mgm ≤ gi.

Step 2: exact telescopes and the classical cubic difference. At level m the two fields
and their interpolations coincide, and Ia→a is the identity at the finest level. Subtracting
the two finite telescopes proves the two identities for ∆xK and yK − y0

K in the statement,
without an interpolation error at level m.

Let Aj,i denote any one of TUV
j,i , TVU

j,i , TVV
j,i , or Sj,i. Its coefficient norm is at most

C(1 + j)cKji, where the polynomial factor is needed only for the ordered forms, and the
pullback (34.3) is exact by the construction in Theorems 27.5 and 27.7. Set Pi = Li + Ei,
where Ei starts at degree two. By (34.4), we have

Cj,i(v) = Aj,i(Piv, Piv)− Aj,i(Liv, Liv) = Aj,i(Liv, Eiv) + Aj,i(Eiv, Liv) + Aj,i(Eiv, Eiv).

By the coefficientwise majorant series of Lemma 15.16, we have ∥Eiv∥ ≤ C∥v∥2,
∥DEi(v)∥ ≤ C∥v∥, and ∥Li∥ ≤ ϱ on the working ball. Applying the product rule to
the last identity, we obtain

∥DCj,i(v)[w]∥out ≤ C(1 + j)cKji∥v∥2
∞∥w∥∞. (34.28)

Here the output norm is Ya
α, or, for a quadratic initial form, the initial-array norm Ha

σ after
cardinal interpolation. In the latter case, the coefficient row bound of the quadratic initial
form controls the supremum of the initial value, and item (5) of Lemma 34.2 then controls
the first differences. Equivalently, in the expansion in homogeneous coefficients one
distinguishes one argument, keeps the other two, and sums the remaining degrees inside
the fixed radius; the differentiated series converges there, and the constant is therefore
independent of the length of the sequence. Integrating (34.28) along the segment from
v′ to v proves the difference estimate in the statement, including first differences. It also
proves that Rω

j,i = Cj,i has no quadratic part.

Step 3: decomposition of the pulled-back forms. We define

Zj,i = Aj,i(θ̂i, θ̂i)−Ei−1Aj,i(θ̂i, θ̂i),

Mj,i(v) = E
[
Aj,i

(
Φ̂i(v, gi,·w), Φ̂i(v, gi,·w)

) ∣∣ θ̂i−1 = v
]
− Aj,i(Piv, Piv).

By the splitting of the conditional means in Theorems 27.5 and 27.7, we have

∥Mj,i(v)∥out ≤ C(1 + j)cKji
[
g2

i ∥v∥∞ + g3
i p3

i
]
. (34.29)
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The classical part of degree three is contained in Cj,i and does not appear again in
(34.29). The pullback identity (34.3) implies that Aj,i(θ̂i, θ̂i)− Aj,i−1(θ̂i−1, θ̂i−1) = Zj,i +

Cj,i(θ̂i−1) + Mj,i(θ̂i−1). For the continuation, the same difference equals Cj,i(θ̂
0
i−1) when

i > m. Summing over i, we obtain the identity

Aj,j−1(θ̂j−1, θ̂j−1)− Aj,j−1(θ̂
0
j−1, θ̂0

j−1)

=
j−1

∑
i=m+1

{
Zj,i + Cj,i(θ̂i−1)− Cj,i(θ̂

0
i−1) + Mj,i(θ̂i−1)

}
.

(34.30)

The terms at level m cancel identically, since both arguments are θ̂m.

Step 4: sizes of the terms and summation. We give the quantitative bounds before
suppressing positive powers of the mesh. In this proof we set qi = 1 + i + |log γ|;
then pi ≤ Cqi by Lemma 34.6. Conditionally on the incoming field, the fiber bound in
Theorem 34.7 is C(ϱ∥θ̂i−1∥∞ + gi pi). Taking its outer moments with (34.27), we obtain
the following bounds, up to the factor Cp(1 + j)cqj−1−i:

term bound before the convolution in q

Zj,i, quadratic initial form
√

γ rℓκ+σ−1/2
i + γℓσ

i qi

Zj,i, ordered form
√

γ rℓκ+2α−3/2
i + γℓ2α−1

i qi

Cj,i(θ̂i−1)− Cj,i(θ̂
0
i−1)

√
γ r2ℓ2κ−1/2

i (1 + i)1/2 + γrℓκ
i q2

i + γ3/2ℓ1/2
i q3

i
Mj,i(θ̂i−1) γrℓκ

i + γ3/2ℓ1/2
i q3

i

(34.31)

Fixed factors depending on L, n, B, and r are allowed in these bounds. To verify the third
line, we use (34.28) and Hölder’s inequality with moments of order 3p, which bound the
difference by

Cp

ℓi

[
rϱi−1 + gi−1

√
1 + i

]2
gi−1
√

1 + i.

Expanding the square and using ϱi = H−κ
0 ℓκ

i and g2
i = γℓi/L gives the listed powers. The

first two lines follow by multiplying the conditional fiber bound by giℓ
σ−1
i or by giℓ

2α−2
i ,

respectively, as in Theorem 34.7. The last line follows from (34.29) and (34.27). Every
power multiplying

√
γ is free of |log γ|, and every term that contains this logarithm has

coupling order at least γ and a strictly positive power of the mesh.
We apply (34.30) to the quadratic initial term of uj(0) − ucl,0

j (0). The remaining

classical part of this difference is Vj(θ̂j−1)−Vj(θ̂
0
j−1), whose bound by (34.12) is the third

line of (34.31) without the factor qj−1−i. The remaining mean is Iℓj→amph
j (θ̂j−1), which

by (34.13) and (34.27) is at most Cp[γrℓκ
j−1 + γ3/2ℓ1/2

j−1

√
1 + j]. All these bounds hold in

the initial-array norm Ha
σ; for the centered quadratic initial terms, the first-difference part
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was proved by heat splitting in Theorem 34.7. By (34.15) and (34.16), we obtain, for some
s0 > 0,

K

∑
j=m+1

∥∥Ha
σ

(
uj(0)− ucl,0

j (0)
)∥∥

p ≤ Cp
[√

γ + γ(1 + |log γ|)d](1 + m)cB−s0m. (34.32)

This bounds the predictable term in the norm of its initial value, which is stronger than a
bound in Xa

α.
For the linear heat evolution, the difference of the increments splits exactly as

dj − d0
j = sj + zj + (rj − r0

j ) + (uj − ucl,0
j ).

The bounds (34.11) and (34.27) imply that

∥Xa
α(rj − r0

j )∥p ≤ Cp
√

γ(1 + j)1/2ℓα−1/2
j−1 .

The centered linear term has the same leading power by Theorem 34.7, and the centered
nonlinear heat term contributes Cp[γℓα

j (1 + j) + γ3/2ℓ1/2
j p3

j ]. The last part is bounded by
(34.32) and the inequality Xa

α(Pa
· f ) ≤ CHa

σ( f ). Thus∥∥∥ sup
m≤l≤K

Xa
α(∆xl)

∥∥∥
p
≤ Cp

[√
γ + γ(1 + |log γ|)d](1 + m)cB−s0m. (34.33)

By the triangle inequality, this bound holds with the supremum inside the expectation,
and the sum over j of the Lp(Xa

α) norms of each of the four parts of dj − d0
j is bounded by

the same right side.
Applying (34.30) to each of the three ordered forms and using (34.31), we obtain

K

∑
j=m+1

∥∥∥Ya
α

(
Tω

j,j−1(θ̂j−1, θ̂j−1)− Tω
j,j−1(θ̂

0
j−1, θ̂0

j−1)
)∥∥∥

p

≤ Cp
[√

γ + γ(1 + |log γ|)d](1 + m)cB−s0m,

(34.34)

separately for ω = UV, VU, VV, with all conditional means included. We choose s0 below
the positive exponents listed in the statement and below the smaller exponents of the
product estimates cited there. The other exponents in (34.31), such as 2κ− 1/2 and κ, are
positive and are accommodated by reducing s0 further if necessary. The constants of all
geometric sums depend on these fixed positive gaps, not on m.

Step 5: the cross products with the predictable term. There are two such products in
each order. For the one containing uj − ucl,0

j , we use (34.6), Hölder’s inequality, (34.26),
and (34.32); its summed norm is at most a fixed multiple of the right side of (34.32). For
the other one, the continuation satisfies the deterministic bound

∑
j>m

Ha
σ

(
ucl,0

j (0)
)
≤ C∥θ̂m∥2

∞
ℓm

≤ C
[
r2ℓ2κ−1

m + γp2
m
]
, (34.35)
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given its input at level m. The first inequality sums the quadratic series of the zero-
fluctuation maps with ratio Bϱ2 = q, and the second uses (34.20). At m = 0 the last
expression may be replaced by the constant Cr2/H0. The right side is not bounded
uniformly in m at fixed γ, because of the term γp2

m. We therefore multiply (34.35) by
(34.33), using (34.6), before absorbing anything. The resulting term of order larger than
γ is at most

Cp
[
γ3/2p2

m + γ2p2
m(1 + |log γ|)d](1 + m)cB−s0m.

Since pm ≤ C(1+m)(1+ |log γ|), its additional polynomial in m is absorbed by B−(s0−s)m

for any fixed 0 < s < s0, and after enlarging d the term has coupling order at least γ. The
deterministic part r2ℓ2κ−1

m of (34.35) keeps the positive power 2κ − 1. This bounds both
orders of the other cross product with the predictable term. In particular γp2

m is never
bounded uniformly in m before its decaying factor has been restored.

Step 6: the remaining products. We follow the third column of Table 34.2. Each term is
a difference from the zero-fluctuation counterpart, which is zero whenever s or z occurs,
and the factor (1 + j)c is suppressed in this step.

• (s, s): the centered part is at most Cpγℓ2α−1
j (1 + j), and the conditional mean is at

most Cpγ[rϱj−1 + gj−1
√

1 + j], by Theorem 34.7 with the field moments (34.27).
• (s, z), (z, s), (z, z): the inequality (34.6) and Hölder’s inequality under ν give the

products of the 2p-moment bounds SjZ−j or Z+
j Z−j of Theorem 34.7. Their coupling

orders are at least γ3/2 or γ2, and their powers of ℓj include β + σ > 0 and α + σ > 0.
The factors of higher degree carry an additional ℓ1/2

j .

• (s, r), (r, s): conditionally on Fj−1 we use the two mixed linear rows with the
predictable background rj. Its background bound has moments Cp[rℓκ+α−1

j−1 +
√

γℓα−1/2
j−1

√
1 + j]. The resulting powers are

√
γ rℓκ+2α−3/2

j and γℓ2α−1
j , each with

a fixed polynomial factor.
• (z, r), (r, z): we put the norm Ha

σ of the initial value of zj in (34.6) and use the moment
bound for rj just stated. The leading term is γrℓκ+α+σ−1

j ; the rest has order at least

γ3/2 and the power α + σ− 1/2 > 0.
• (r, r): this is the difference of TVV in (34.34), including its classical and conditional-

mean parts.
• The seven pairs containing u: we use (34.7) and the identity with both arguments

interchanged; for (u, u) this gives Qa(u, u− ucl,0) +Qa(u− ucl,0, ucl,0). The individual
norms of sj, zj, rj, and uj have bounded moments of order 2p by Theorem 34.7, and the
sums of the moments of the differences v− v0 are bounded by the statement following
(34.33). We use (34.32) for the first term of (34.7), and (34.35) with the decaying factor
of (34.33) for the second, as in Step 5.
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There are also eight cross terms with xj−1. Those with s are bounded by (34.19), the

bounded moments of the norm (34.14) of xj−1, and
√

γℓ
β
j . Those with z use the norm Ha

σ

of the initial value of zj and Xa
α(xj−1); they have order at least γ and a positive power of

the mesh. For those with r, the two exact identities TUV − TVV and TVU − TVV of (34.2)
reduce the differences to (34.34). For the two orders with u we use the identity

Qa(xj−1, uj)−Qa(x0
j−1, ucl,0

j ) = Qa(xj−1, uj − ucl,0
j ) +Qa(∆xj−1, ucl,0

j )

and its reversed order, which were bounded in Step 5. None of these terms requires a
bilinear estimate of two rough heat paths in the norm Xa

α; the products of zj with rj use
only the initial-array norm of the centered nonlinear heat term, the norm of the signed
defect, and (34.6).

By bilinearity, yK − y0
K is the sum over m < j ≤ K of these differences, and we apply

the Minkowski inequality to this finite sum. The terms of order
√

γ listed above keep a
positive power of the mesh and contain no logarithm of the coupling; their sum is at most
Cp
√

γ(1 + m)cB−sm. All terms containing a logarithm of the coupling have order at least
γ, and the geometric sums above bound them by Cpγ(1 + |log γ|)d, where dropping a
remaining decaying factor only weakens the bound. Together with (34.33), this proves the
final estimate of the theorem, and (34.32), (34.33), and (34.34) prove the other estimates.
Each application of Hölder’s inequality used higher fixed moments under the same
measure; for a final moment p it suffices to use moments up to order 6p, since a cubic
difference has three factors and a product has two. These moments were proved in
Theorem 34.7 and in Step 1. The exponents and all constants are fixed before γ, and they
are independent of K, m, and the prior depths.

34.6 Holonomy comparison at the weak-coupling scale

We now transfer the comparison of flow data to the holonomy matrices of the flowed
configurations. For a pair E = (x, y) of heat paths on the lattice of mesh a we write
∥E∥fl = Xa

α(x) + Ya
α(y) for the flow-data norm of Definition 24.3, with the fixed mesh a

suppressed, and we abbreviate Lγ = 1 + |log γ|.

Theorem 34.10. For the triples of Definition 34.1, let DK,m = maxi∥HK
i − ΞK

m,i∥op. There exist
C, c, ϵ, d > 0 and, for every fixed p ≥ 1, a constant Cp < ∞, all independent of K ≥ m ≥ 0 and
0 < γ ≤ γ0, such that

Eν min(1, DK,m)
2 ≤ Cγδm + Cγ2L 2d

γ , δm = (1 + m)cB−ϵm,

Eν min(1, DK,m)
p ≤ Cpγp/2.

For every fixed m, the second term in the first bound is o(γ) as γ→ 0, uniformly in K.
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In particular the moments of order at most eight used in Section 35 have constants
independent of m. The estimates hold under the conditioned measure, whose coarse field
ranges over neighborhoods of all flat connections, regular and central.

Proof. Let E = (xK, yK), let E0
m = (x0

K, y0
K) be the flow data of the zero-fluctuation con-

tinuation after level m, and let Ecl be the flow data of the zero-fluctuation continuation
from the same coarse field, that is, the case m = 0. All three live on the finest lattice. By
Lemma 34.4, ∥Ecl∥fl ≤ Rcl deterministically for every coarse field in the reconstruction
domain, including every flat coarse field.

By Theorem 34.9, for every fixed p we have∥∥∥E − E0
m∥fl

∥∥
p ≤ Cp

√
γ(1 + m)cB−sm + CpγL d

γ . (34.36)

The function γ1/2L d
γ is bounded on (0, γ0] by the calculation in the proof of Lemma 34.6,

and supm(1 + m)cB−sm < ∞ by (34.15). Thus the right side of (34.36) is at most Cp
√

γ,
uniformly in m. Its case m = 0 bounds E − Ecl by the same quantity, and the triangle
inequality then bounds E0

m − Ecl by Cp
√

γ as well.
Let R = Rcl + 2. For any real q ≥ 1, the preceding bounds at moment 2q and Markov’s

inequality imply that
ν
{
∥E∥fl > R or ∥E0

m∥fl > R
}
≤ Cqγq. (34.37)

This bound holds for each m with the same constant; there is no union over m. On the
complementary event we apply Remark 34.8 with t− = t+ = θL2 to the configurations
exp θ̂K and exp θ̂0

K. They have the common initial frame by construction, and their
difference of flow data is exactly the one in (34.36). Hence

DK,m ≤ ΛR,θL2,T∥E − E0
m∥fl

on that event. On the exceptional event we use min(1, DK,m) ≤ 1. Squaring (34.36), using
(u + v)2 ≤ 2u2 + 2v2, and taking q = 2 in (34.37), we obtain

Eν min(1, DK,m)
2 ≤ Cγ(1 + m)2cB−2sm + Cγ2L 2d

γ + Cγ2.

After increasing d to a positive value if necessary, the last term is absorbed into the second,
and relabeling 2c and 2s as c and ϵ gives the first assertion. For a fixed p ≥ 1 we use
(u + v)p ≤ 2p−1(up + vp), choose q ≥ max(1, p/2) in (34.37), and use the bound Cp

√
γ

on the right side of (34.36); this gives Eν min(1, DK,m)
p ≤ Cpγp/2. The stability estimate

of Remark 34.8 covers the finitely many coarse meshes; no further event depending
on the mesh has been discarded. Finally γL 2d

γ → 0, again because e−v(1 + v)2d → 0
as v = |log γ| → ∞. Thus the second term in the bound on the mean square is o(γ)
uniformly in K for every fixed m; in fact its constant is independent of m.
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The next theorem gives the same comparison for every prescribed coarse field, uni-
formly over a time interval. It is used in Section 36, where the conditional estimate is
multiplied by the small probability of a neighborhood of a central triple.

Theorem 34.11. Fix the data of Definition 34.1 and 0 < τ ≤ T < ∞, with the same three
coordinate cycles. For each K ≥ 0 and every coarse field v = eθ0 in the reconstruction domain
with ∥θ0∥∞ ≤ r, define the probability

QK
v (dw1 · · · dwK) =

K

∏
j=1

kK
j (θj−1, dwj), θj = Φ̂j(θj−1, gj,·wj),

as an iterated integral: w1 has the law kK
1 (θ0, ·), and given w1, . . . , wj−1 the vector wj has the law

kK
j (θj−1, ·). Here kK

j are the conditional fluctuation kernels of Theorem 15.9 and Lemma 15.10
at prior depth J(K − j), written in the gauge of the reconstruction maps of Theorem 15.13; for
K = 0 the product is the unit point mass. Let θ0

j = Pj · · · P1θ0, and let HK
t and HK

0,t(v) be the

based holonomy triples of Ψ(N)
t (exp θK) and Ψ(N)

t (exp θ0
K), in their common initial frame. Set

dK,[τ,T] = min
(

1, sup
τ≤t≤T

max
i
∥HK

t,i −HK
0,t,i(v)∥op

)
.

There exists γW ∈ (0, γ0], independent of K and v, such that for every fixed p ≥ 1 there exists
Cp,τ,T < ∞ with

sup
K≥0

sup
v

EQK
v

dp
K,[τ,T] ≤ Cp,τ,Tγp/2 (0 < γ ≤ γW).

The constants depend in addition on p, τ, T, and the loops, but not on the coarse
field, which ranges over the set of initial fields specified in the theorem, including every
flat coarse field. The ceiling γW is chosen before the moment order. The theorem
is a statement about the probability QK

v itself, and it does not follow by conditioning
Theorem 34.10 on the coarse field, which would only give a statement for almost every
coarse field under the coarse marginal of ν.

Proof. Given the coarse field, the conditioned Wilson measure has the same conditional
structure as QK

v . We first construct QK
v for every v and check that all conditional estimates

of Theorem 34.7 hold under it. The proof of Theorem 34.9 then applies with m = 0 and a
deterministic coarse field; we repeat its steps in this setting, since the averaged statement
cannot be quoted. The only change is that the sum of the classical predictable terms is
now bounded by a deterministic constant. Finally we localize to a fixed ball of flow data
and apply the matrix stability over the whole interval [τ, T].
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Step 1: construction and coupling ceiling. The initial fields in the statement satisfy
∥θ0∥∞ ≤ r. The kernel formula of Theorem 15.9 extends continuously to this closed ball:
its product with the fluctuation cutoff domain lies strictly inside the common analytic
domains, and its positive normalizer is the integral of a bounded positive density. The
gauge change of Theorem 15.13 changes neither this density nor its product of balls. By
item (2) of Theorem 15.13, with the closed-product image conditions verified in its proof,
the reconstruction maps this product into Br. Inductively, every later incoming field
lies in Br, and Theorem 15.9 gives each successive kernel. Iterated integration therefore
defines QK

v , including at initial fields to which the coarse marginal of ν assigns no mass.
By the amplitude bound in Lemma 15.10, all intermediate fields also stay in the working
ball, and

∥θj∥∞ ≤ C{rϱj + gj pj}, pj ≤ C(1 + j + |log γ|).
We reduce γW so that the Hessian lower bound and the bounds on the conditional means
of the kernels hold at all these fields. This is possible because tj ≤ t1 =

√
γ/(Mn) and

ta′ logb′(1/t) → 0 as t → 0 for a′ > 0. The hierarchy and the cutoffs of the fluctuation
variables are not changed.

Step 2: transfer of conditional estimates. Let Fj = σ(w1, . . . , wj) on this probability
space; the coarse field v is deterministic. Given Fj−1, the law of the next vector is exactly
kK

j (θj−1, ·). Thus every estimate of Theorem 34.7 for a fixed incoming field holds here with

the same constants. Explicitly, if E(|A|q | Fi−1) ≤ Cq
qb(θi−1)

q is one of those estimates,
then the tower property implies that

∥A∥Lq(QK
v )
≤ Cq∥b(θi−1)∥Lq(QK

v )
. (34.38)

No coarse marginal enters this inequality.

Step 3: moments of the fields. We write δj = θj − θ0
j and ϵj = Φ̂j(θj−1, gj,·wj)− Pjθj−1.

The bound on the gradient in the fluctuation variables and Theorem 5.4, applied for a
fixed incoming field to the at most CJ(nBj)3 scalar outputs, imply that∥∥∥ϵj −E(ϵj | Fj−1)∥∞

∥∥
Lq(·|Fj−1)

≤ Cqgj
√

1 + j.

The conditional mean is bounded by (34.13): ∥E(ϵj | Fj−1)∥∞ ≤ Crg2
j . Since the segment

between the two incoming fields lies in the convex working ball, we have∥∥∥δj∥∞
∥∥

q ≤ ϱ
∥∥∥δj−1∥∞

∥∥
q + Cqgj

√
1 + j + Crg2

j .

We start at δ0 = 0 and sum, using gi = gjB(j−i)/2, ϱ
√

B < 1, and, for the quadratic term,
g2

i ≤ g1gi. For every fixed q < ∞ we obtain∥∥∥δj∥∞
∥∥

q ≤ Cqgj
√

1 + j,
∥∥∥θj∥∞

∥∥
q + ∥θ

0
j ∥∞ ≤ Cq{rϱj + gj

√
1 + j}. (34.39)

The continuation is deterministic and ∥θ0
j ∥∞ ≤ rϱj.
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Step 4: the pulled-back forms. Let Aj,i be the quadratic initial form Sj,i or one of the
three ordered forms Tω

j,i , and recall Kji = qj−1−i/ℓi; fixed polynomial factors in 1 + j are
allowed below. With Li = DPi(0), we define

Zj,i = Aj,i(θi, θi)−E
[
Aj,i(θi, θi)

∣∣ Fi−1
]
,

Cj,i(u) = Aj,i(Piu, Piu)− Aj,i(Liu, Liu),

Mj,i(u) = EkK
i (u,·)Aj,i(θi, θi)− Aj,i(Piu, Piu),

where in the last line θi = Φ̂i(u, gi,·wi) with wi distributed according to kK
i (u, ·). By the

difference estimate of Theorem 34.9, which follows from (34.28), we have

∥Cj,i(u)− Cj,i(u′)∥out ≤ C(1 + j)cKji(∥u∥∞ + ∥u′∥∞)2∥u− u′∥∞.

By the splitting into classical and conditional-mean parts in Theorems 27.5 and 27.7, we
have

∥Mj,i(u)∥out ≤ C(1 + j)cKji
(
g2

i ∥u∥∞ + g3
i p3

i
)
. (34.40)

Here the output of the quadratic initial form uses the initial-array norm Ha
σ and the

ordered outputs use the norm Ya
α; there is no classical cubic term in Mj,i. As in Step 3 of

the proof of Theorem 34.9, the exact pullback telescopes to

Aj,j−1(θj−1, θj−1)− Aj,j−1(θ
0
j−1, θ0

j−1) =
j−1

∑
i=1

{
Zj,i + Cj,i(θi−1)− Cj,i(θ

0
i−1) + Mj,i(θi−1)

}
.

(34.41)
The term at level zero cancels because both starting fields are θ0.

Step 5: sizes and summation. As before, let qi = 1+ i+ |log γ|. Applying (34.38), (34.39),
the conditional fiber bound bi(u) = CJ(ϱ∥u∥∞ + gi pi), and Hölder’s inequality under QK

v ,
we find that the four bounds of (34.31) hold in Lq(QK

v ), up to the factor Cq(1 + j)cqj−1−i,
for Zj,i (for the quadratic initial form and each ordered form), for Cj,i(θi−1)− Cj,i(θ

0
i−1),

and for Mj,i(θi−1). The verification is the one given after (34.31). For example, at moment
3q the difference of the classical terms is at most Cqℓ

−1
i [rϱi−1 + gi−1

√
1 + i]2gi−1

√
1 + i;

the bounds on Zj,i follow from the conditional bounds gibiℓ
σ−1
i and gibiℓ

2α−2
i ; and the

bound on Mj,i is (34.40).
Since all the exponents of the mesh are positive, the geometric sums of Lemma 34.2

sum (34.41) separately for the quadratic initial form and for each of the ordered forms.
The remaining local terms of the predictable part are the classical cubic term and the
conditional mean of (34.12) and (34.13), which are bounded by the third and fourth lines
of (34.31). The first differences in the initial-array norm are controlled by Theorem 27.7,
including for t ≤ a2. We obtain

∑
j

∥∥Ha
σ

(
uj(0)− ucl,0

j (0)
)∥∥

q + ∑
j
∥Xa

α(dj − d0
j )∥q + ∑

j,ω
∥Ya

α(∆Tω
j )∥q ≤ Cq

[√
γ + γL d

γ

]
,

(34.42)
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where ∆Tω
j is the left side of (34.41) for the form Tω, and every sum runs over 1 ≤ j ≤ K.

For the linear heat evolution, the bound on sj is Cq
√

γℓα−1/2
j

√
1 + j, the bound on zj is

Cq(γℓα
j (1 + j) + γ3/2ℓ1/2

j p3
j ), the bound on rj − r0

j follows from (34.11) and (34.39), and

the inequality Xa
α(Pa
· f ) ≤ CHa

σ( f ) bounds uj − ucl,0
j . Since these are the four parts of

dj − d0
j , (34.42) also bounds ∥supj Xa

α(xj − x0
j )∥q.

Step 6: products. We use only the pointwise ordered inequality (34.6); the averaged
conclusions at fixed coupling of Lemma 28.5 are not needed. We denote the q-moment
bounds by

Sj = Cq
√

γℓα−1/2
j

√
1 + j,

Z−j = Cq(γℓ
σ
j (1 + j) + γ3/2ℓ1/2

j p3
j ),

Z+
j = Cq(γℓ

α
j (1 + j) + γ3/2ℓ1/2

j p3
j ),

Rj = Cq(rℓκ+α−1
j−1 +

√
γℓα−1/2

j−1

√
1 + j),

and use moments of order 2q in products. The norms Ha
σ(uj(0)) and the norms (34.14)

of xj−1 at its input mesh have uniformly bounded moments. This follows from the
same estimates for the quadratic initial terms without subtraction, after adding the
deterministic initial term and the classical cubic term, whose powers of the mesh are
2κ− 1 > 0 and 3κ− 1 > 0, besides the positive powers already listed. The initial cardinal
field costs only CH0r. The sixteen ordered differences Qa(vj, wj)−Qa(v0

j , w0
j ) and the

eight cross terms are then estimated as in Step 6 of the proof of Theorem 34.9, following
the third column of Table 34.2, with the following bounds.

• (s, s): the centered part is at most Cqγℓ2α−1
j (1 + j) and the conditional mean at most

Cqγ[rϱj−1 + gj−1
√

1 + j], by Theorem 34.7.
• (s, z), (z, s), (z, z): respectively CSjZ−j , CSjZ−j , and CZ+

j Z−j , by (34.6) and Hölder’s
inequality under QK

v .
• (s, r), (r, s): CSjRj, by the conditional mixed linear rows of Theorem 34.7; the powers

are κ + 2α− 3/2 and 2α− 1.
• (z, r), (r, z): CZ−j Rj in each order, using the initial-array norm of the centered nonlin-

ear heat term. The leading powers include κ + α + σ− 1 and α + σ− 1/2.
• (r, r): the difference of the form TVV in (34.41) and (34.42).
• The seven pairs containing u: we use (34.7) and the identity with both arguments

interchanged; for (u, u) this gives Qa(u, u− ucl,0) +Qa(u− ucl,0, ucl,0). The first part is
summed using the bound on the predictable term in (34.42) and the bounded norms.
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For the second part, the quadratic series of the zero-fluctuation maps and Bϱ2 < 1
give the deterministic bound

∑
j≥1

Ha
σ

(
ucl,0

j (0)
)
≤ C∥θ0∥2

∞/H0 ≤ Cr2/H0,

which we multiply by the part-by-part summed bounds for Xa
α(vj− v0

j ), v ∈ {s, z, r, u},
established immediately after (34.42), with u0

j = ucl,0
j in this comparison. Since m = 0

and the coarse field is deterministic, there is no term γp2
m here.

There are eight cross terms with xj−1, two for each argument. For s, the conditional
mixed linear rows give Cq

√
γℓα−1/2

j times a bounded norm of xj−1. For z, the two orders
of (34.6) give CqZ−j times that norm. For r, the two exact differences TUV − TVV and
TVU − TVV are bounded in (34.42). For u we use

Qa(xj−1, uj)−Qa(x0
j−1, ucl,0

j ) = Qa(xj−1, uj − ucl,0
j ) +Qa(xj−1 − x0

j−1, ucl,0
j )

and its reversed order, which are bounded by the two estimates on the predictable terms
just used. This accounts for all eight cross terms and all sixteen ordered products.

Step 7: the difference of flow data. The smallest exponents of the mesh in these sums
are

α− 1
2 , σ, 2α− 1, κ + σ− 1

2 , κ + 2α− 3
2 , 2κ − 1, κ + α + σ− 1,

and − log q/ log B, all strictly positive. Every term with a logarithm of the coupling has
order at least γ, and Lemma 34.2 sums each fixed polynomial times its geometric decay.
By bilinearity and the Minkowski inequality, under QK

v ,∥∥∥EK − E0
K∥fl

∥∥
q ≤ Cq

(√
γ + γL d

γ

)
≤ C′q

√
γ, (34.43)

where EK = (xK, yK) and E0
K = (x0

K, y0
K), and in the last inequality we used that

√
γL d

γ is
bounded. The bookkeeping of moments uses at most order 6q: three factors in a cubic
difference and two in a product. Thus the final moments q = 1, 2 require only the finitely
many moment bounds up to order 12, all of which were obtained for fixed incoming
fields before the tower integration.

Step 8: localization and the interval estimate. By Lemma 34.4, ∥E0
K∥fl ≤ Rcl uniformly

in v. With R = Rcl + 2, (34.43) at moment q and Markov’s inequality imply that

QK
v
{
∥EK∥fl > R

}
≤ Cqγq/2.

On the complementary event we apply Remark 34.8 directly with t− = τ and t+ = T.
It bounds the supremum over t ∈ [τ, T] by ΛR,τ,T∥EK − E0

K∥fl. On the exceptional event
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we use dK,[τ,T] ≤ 1. Taking q ≥ p and using (34.43) at moment p, we obtain the asserted
bound Cp,τ,Tγp/2. The finitely many coarse meshes are included in the stability estimate.
For p = 1, 2, the choice q = 2 suffices for the localization, and moments up to order 12
suffice for the whole argument.

34.7 Linear Gaussian response near a fixed flat connection

In this section, we prove the estimate used in Section 35 to calibrate the normal covariance
near regular commuting triples. We fix a regular flat coarse field and differentiate
the deterministic reconstruction and the Wilson flow at this field with respect to the
fluctuation inputs of the steps after level m. We divide the coupling factors by

√
γ,

and only then insert independent standard Gaussian vectors in place of the fluctuation
variables. The lemma bounds the covariance, in the normal space, of the resulting
Gaussian vector. Three points need care. First, the inputs qj = gj,·wj are the arguments of
the reconstruction maps. The normalization by the inverse square root of the constrained
Hessian, which depends on the field, is already inside these maps, and the derivative
therefore includes all normalizing matrices and their dependence on the field through
the later reconstruction. Second, we recall from Definition 4.11 that at a point y =

(ϑiu)3
i=1 of a compact regular patch of the cone of commuting triples, the normal space

is Ny = {b = (bi)
3
i=1 : bi ⊥ u, ∑i ϑibi = 0}, of dimension four, and PNy denotes the

Euclidean orthogonal projection onto it in the fixed coordinates of cycle logarithms.
Third, the identity EG|∑j Aj,KGj|2 = ∑j tr(Aj,KAT

j,K) concerns only the contribution of the
omitted steps. The covariance of the normal fluctuations of the coarse field is a separate
contribution, which is not set to zero, and for this reason the lemma cannot be replaced
by an averaged estimate for the conditioned measure.

Lemma 34.12. Use the hierarchy, the side n, the time θL2, and the reconstruction maps of
Definition 34.1. Fix a compact regular patch of the cone of commuting triples and margins for the
logarithm and for the normal coordinates as in Theorem 33.11. For a flat coarse field Vy whose
cycle holonomies lie in this patch, let HK(y, q) be the based holonomy triple, around the three
coordinate cycles, of the configuration on the finest lattice reconstructed from Vy with fluctuation
inputs q = (q1, . . . , qK), flowed for the time θL2. At q = 0 it equals Hol(Vy), in the original
frame. Put

Aj,K(y) = PNy Dqj(Log ◦HK)(y, 0) diagr,e(gj,r/
√

γ), 1 ≤ j ≤ K,

where the diagonal matrix has the entry gj,r/
√

γ at every scalar coordinate (r, e) of the fluctuation
variables of step j; these ratios do not depend on γ. Equivalently, Aj,K = γ−1/2PNy Dwj(Log ◦HK)

at zero fluctuation, with the full zero-fluctuation continuation at the later levels and every
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normalizing matrix included. Let Gj be independent standard real Gaussian vectors indexed like
wj. Then there exist C, c, ϵ > 0 such that

sup
y

EG

∣∣∣ K

∑
j=m+1

Aj,K(y)Gj

∣∣∣2 ≤ C(1 + m)cB−ϵm (K ≥ m ≥ 0).

The constants may depend on the fixed n, L, θ, M, J, the parameters Θ of Theorem 23.2, the
patch, and the fixed bounds on the coefficients and the flow, but not on m, K, the prior depths, or
γ ∈ (0, γ0]. Before the flow is applied, the first-order variation of the flow data in these directions,
measured in both full norms with their first differences, has a bound C(1 + m)cB−sm in L2(G)

for some s > 0.

Only linear maps are evaluated at the unbounded Gaussian vectors; no nonlinear
reconstruction is evaluated outside its cutoff domain. For j ≥ 1, the matrices Aj,K are the
linear response matrices Aj,K of Definition 35.7, on the same normal patch and with the
same gauge and basepoint, as the second expression for Aj,K shows; the coarse response
A0,K there is a separate contribution.

Proof. The proof uses only deterministic coefficient estimates and independent Gaussian
vectors; in particular, it does not use Theorems 34.9 and 34.10 as probability estimates.
Throughout, we keep the zero-fluctuation base point and the direction of differentiation
separate. We first set up and bound the linear recursion for the derivative of the recon-
struction. We then write the first-order variation of the flow data as a sum over levels,
bound each term by deterministic rows and Gaussian chaining, and sum. Finally, we
pass to the holonomies through the derivative of the flow and the logarithm.

Step 1: the base point and the linear recursion. We write ϱ = amap and H0 = L/n.
In one of the finitely many fixed charts covering the compact patch, let v0(y) be the
logarithmic representative of Vy in the reconstruction domain, and set

vi = Pivi−1, bfl
i = rϱi, Xi = Pa

· Iℓi→a(vi/ℓi), Yi = Qa(Xi, Xi). (34.44)

The condition on flat fields was checked at the beginning of Section 34.2. By Lemma 14.9,
at every side and prior depth, each constrained minimizer is an exact flat lift, its free
coordinates vanish, and the gauges of the reconstruction maps preserve the prescribed
cycle holonomies. The Wilson flow is stationary at each resulting flat field. It follows that
HK(y, 0) = Hol(Vy) exactly, in the original frame; this uses the refinement of flat fields,
not a property of cardinal interpolation. By the bound on DPi and Lemma 34.4,

∥vi∥∞ ≤ bfl
i , sup

K,i,y

{
Xa

α(Xi) + Ya
α(Yi)

}
≤ Rcl. (34.45)

The same domains serve every chart of the finite cover.
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Let Di be the diagonal matrix with the entries gi,r/
√

γ at all scalar coordinates of the
fluctuation variables of step i. We write

Wi = DqΦ̂i(vi−1, 0)Di, ηm = 0, ηi = DPi(vi−1)ηi−1 + WiGi (i > m), (34.46)

and we set ηi = 0 for i < m as well. By the coefficient bounds of the reconstruction maps,
we have

∥DPi(vi−1)∥∞→∞ ≤ ϱ, sup
e
∥Wi(e, ·)∥2 ≤ CJdi, di = gi/

√
γ =

√
ℓi/L.

The ratios of the couplings within one step are kept in Di; replacing them by di costs only
a constant depending on J. All these linear maps are independent of the coupling. Their
derivatives contain the positive inverse square roots of the constrained Hessians used to
normalize the fluctuation variables, including the dependence of these matrices on the
field through the subsequent zero-fluctuation maps.

A scalar Gaussian row c ·G has the Laplace transform Eetc·G = et2|c|22/2, by completing
the square in each one-dimensional Gaussian integral. Hence its two-sided tail at the
threshold u|c|2 is at most 2e−u2/2. There are at most CJ(nBi)3 scalar outputs at level i. By
the finite-family clause of Lemma 16.4, with N ≤ CJ(nBi)3, scale Cdi, b = 0, and e = 0,
we have ∥∥WiGi∥∞∥L2(G) ≤ Cdi

√
1 + i. Applying the Minkowski inequality to (34.46), we

obtain ∥∥∥ηi∥∞
∥∥

L2(G)
≤ C

i

∑
l=m+1

ϱi−ldl
√

1 + l ≤ C
√
ℓi(1 + i)1/2, (34.47)

where we used dl = diB(i−l)/2 and ϱ
√

B < 1. This bound is uniform in m, the cutoff, and
the flat field.

Step 2: first-order identities on the common lattice. In this proof Vi and Zi denote first
variations of the flow data; they are unrelated to the flat coarse field Vy. Define

Vi = Pa
· Iℓi→a(ηi/ℓi), Zi = Qa(Xi, Vi) +Qa(Vi, Xi). (34.48)

Both are linear in Gm+1, . . . , Gi. They are the first derivatives of the flow data (xi, yi)

when only the fluctuation inputs of the steps after m vary, in the directions DlGl. This
is an identity between finite-dimensional linear maps: we first differentiate at zero in
deterministic directions, and only afterwards apply the derivatives to the Gaussian
vectors.

We use the uncentered deterministic Taylor expansion in the fluctuation inputs,

Φ̂i(v, q) = Piv + DqΦ̂i(v, 0)q + O(q2).

Along the deterministic reconstruction θi(q) = Φ̂i(θi−1(q), qi) from θ0 = v0, with flow
data xi(q) and yi(q), the increment splits exactly into four uncentered summands,

xi(q)− xi−1(q) = s̃i + z̃i + r̃i + ũi,



34 Uniform fluctuation bounds and comparison of holonomies § 34.7 156

where, with θ = θi−1(q),

s̃i = ℓ−1
i Pa

· Iℓi→aDqΦ̂i(θ, 0)qi, z̃i = ℓ−1
i Pa

· Iℓi→a
[
Φ̂i(θ, qi)− Piθ − DqΦ̂i(θ, 0)qi

]
,

r̃i = Pa
· Diθ, ũi = Pa

· Iℓi→aUcl
i (θ).

These are not the centered summands si and zi of (34.1), which are defined under the
conditioned measure by an expansion at the conditional mean; the present expansion is
at zero, and no conditional mean enters. At q = 0 the four summands are (0, 0, Ri, Ui),
defined below, and their first variations in the directions DlGl are (ξi, 0, ρi, υi). Thus the
first-order part of the increment splits exactly as

Vi −Vi−1 = ξi + ρi + υi, (34.49)

where

ξi = ℓ−1
i Pa

· Iℓi→aWiGi, ρi = Pa
· Diηi−1, υi = Pa

· Iℓi→aDUcl
i (vi−1)[ηi−1].

Here Di and Ucl
i are the signed defect and the classical predictable term of Lemma 34.2,

including the quadratic terms and the terms of higher degree of the zero-fluctuation
map. At order zero the same split is Xi − Xi−1 = Ri + Ui, with Ri = Pa

· Divi−1 and
Ui = Pa

· Iℓi→aUcl
i (vi−1). Terms with two fluctuation factors have zero first derivative at

zero. The zero-fluctuation continuation agrees with the base point through level m and
has zero derivative afterwards, because ηm = 0. Thus

Vl =
l

∑
i=m+1

(ξi + ρi + υi), Zl =
l

∑
i=m+1

(Zi − Zi−1),

and all initial terms at level m vanish exactly.

Step 3: linear rows and the background on two lattices. We apply Lemma 34.5 to the
deterministic linear pullbacks, with the coefficient covers of Lemma 34.3. The values
at the reference point have the Gaussian tail bounds just described. A difference of
two linear Gaussian rows is a centered Gaussian variable whose variance is the squared
coefficient distance, and it satisfies the conditions (1) of Lemma 34.5 exactly. We use only
the deterministic coefficient part of Theorem 26.10, at zero fluctuation: we evaluate the
coefficient at (vi−1, 0), divide its derivative in the fluctuation variables by

√
γ, and use the

matrix Di. Its weighted linear row scale is Cℓα−1/2
i . The normalized coefficient metric has

bounded diameter and a cover at the input mesh, and the Gaussian Laplace transform
gives the tails of the increments and at the reference point. Applying Lemma 34.5 under
the Gaussian measure, we obtain

∥Xa
α(ξi)∥L2(G) ≤ C(1 + i)cℓα−1/2

i , ∥Xa
α(ρi)∥L2(G) ≤ C(1 + i)1/2ℓα−1/2

i−1 . (34.50)
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The second bound follows from (34.11) and (34.47).
We verify the stronger background conditions for the mixed rows used below. Let

H = ℓi−1 = Bℓi. Lemma 27.1 gives the signed heat estimate for difference orders 0, 1,
and 2. For orders 3 and 4 and t ≥ H2, we put the additional differences on a half heat
step in the estimate of order two, using Lemma 34.2. For t ≤ H2, we put all differences
on the two smooth cardinal inputs, whose input meshes are H and H/B; since their ratio
is the fixed B, this costs only a constant CJ,q. For every 0 ≤ q ≤ 4 this proves

∥Dq
a Ri(t)∥∞ ≤ Cq

bfl
i−1
H

(t + H2)−q/2 H√
t + H2

≤ CJ,qbfl
i−1Hα−1(t + ℓ2

i )
−(α+q)/2. (34.51)

The last inequality follows by maximizing (t + H2)α/2H/
√

t + H2, whose maximum is
Hα since α < 1. Since every refinement ratio of the common lattice is an integer, the
statements about signed columns and cardinal interpolation apply. This background
is a heat path built from two lattices, not a single cardinal interpolation of the parent
field. The other background Xi−1 has bounded norm at its input mesh by (34.14) and
(34.45), and its differences through order four are bounded by the last assertion of item
(6) of Lemma 34.2. Its correction term in (34.14) is Cbfl

i−1Hα−1, which is bounded since
κ + α− 1 > 0.

Thus both orders of the version of Theorem 26.10 with four differences apply, with
the deterministic background bounds C for Xi−1 and Cbfl

i−1Hα−1 for Ri. Its envelopes
of order four give the normalized space-time cover, independently of a/ℓi, and the heat
equation gives the time increments. Using its separate linear rows and Lemma 34.5, we
obtain, for each order separately,

∥Ya
α(Qa(Xi−1, ξi))∥2 + ∥Ya

α(Qa(ξi, Xi−1))∥2 ≤ C(1 + i)cℓα−1/2
i , (34.52)

∥Ya
α(Qa(Ri, ξi))∥2 + ∥Ya

α(Qa(ξi, Ri))∥2 ≤ Cr(1 + i)cℓκ+2α−3/2
i , (34.53)

where ∥·∥2 is the norm of L2(G). These are not the conditional maxima at fixed coupling
of Theorem 26.10: we use only its deterministic rows and normalized covers, and the
maximum is taken here for a linear Gaussian process.

Step 4: the pulled-back forms at first order. Let Tω
j,i be the three ordered forms and Sj,i

the quadratic initial form, including its physical prefactor and its cardinal interpolation.
For either type we write Fj,i(v) = Aj,i(v, v), and we set

Cj,i(v) = Fj,i(Piv)− Fj,i(Liv), Bj,i = DFj,i(vi)Wi.

The calculation that proved (34.28) implies that

∥DCj,i(v)[w]∥out ≤ C(1 + j)c q
j−1−i

ℓi
∥v∥2

∞∥w∥∞. (34.54)
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The output norm is Ya
α for an ordered form and the initial-array norm Ha

σ for a quadratic
initial form. Differentiating the finite telescope given by (34.3), or applying the chain rule
term by term, we obtain exactly

DFj,j−1(vj−1)[ηj−1] =
j−1

∑
i=m+1

{
Bj,iGi + DCj,i(vi−1)[ηi−1]

}
. (34.55)

Indeed, the part of the chain rule that comes from Pi is DFj,i(vi)DPi(vi−1)ηi−1; subtract-
ing the derivative of the pullback, DFj,i(Livi−1)Liηi−1, leaves DCj,i(vi−1)[ηi−1], and the
remaining part is DFj,i(vi)WiGi. The derivative of Fj,m(vm) is zero because ηm = 0.

We now bound the Gaussian norm of Bj,iGi by deterministic rows at the base point.
Let H = ℓj−1, G = ℓi = BkH with k = j− 1− i, and Kji = qk/G. For the form TUV the
two terms in the derivative of the source are

Na(UWiGi, Vvi) +Na(Uvi, VWiGi),

where U = Uj,i, V = Vj,i, and Na is the quadratic source of the Duhamel term. For TVU

we interchange U and V, and for TVV we put V in both arguments of these two terms.
Thus each of the three derivatives has one differentiated argument and one deterministic
argument bounded by bfl

i . By the product inequalities for rows and volume-normalized
columns in Lemma 27.1, followed by the bounds on the time-indexed rows of heat-kernel
coefficients in Theorem 27.5, we have

sup
x
∥Bj,i(t, x, ·)∥2 ≤ CKjidibfl

i log(1 + t/H2), t ≤ G2,

sup
x
∥DaBj,i(t, x, ·)∥2 ≤ CKjidibfl

i JH(t), t ≤ G2,

sup
x
∥Dι

aBj,i(t, x, ·)∥2 ≤ CKjidibfl
i G3/2t−3/4−ι/2ℓH(T), t ≥ G2, ι = 0, 1.

Here JH and ℓH are the functions defined in Theorem 27.5. The conversion of the Schur
row-column estimate with volume-normalized columns uses the input volume G3 and
the output volume a3; its factor (G/a)3/2 cancels the factor a3/2 of the row of heat-kernel
coefficients and leaves G3/2. The undifferentiated argument is evaluated at vi, and only
its deterministic size enters this calculation. We do not use bfl

i as a bound on a conditional
fiber with nonzero fluctuation variables, which is why no term di pi appears. The Jacobian
at zero fluctuation has been substituted in the differentiated argument, with gi replaced
by di through the diagonal matrix Di; all other heat and signed-column operations are
unchanged.

Taking the two weighted maxima of these early and late row bounds gives the scale
C(1 + j)cKjidibfl

i G2α−1. The crude space and time derivatives of the coefficients have
the amplitude C2k

CPdibfl
i /G2 and cost fixed powers of H−1. Their ratio to the weighted
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amplitude is bounded as in (34.21), with the same factor (qanc/q)k ≤ 1. Therefore their
normalized coefficient metrics have bounded diameter and polynomial covering numbers
at the input mesh, including at time zero, and Lemma 34.5 proves, for each ordered form
separately,

∥Ya
α(Bj,iGi)∥2 ≤ Cr(1 + j)cqj−1−iℓκ+2α−3/2

i . (34.56)

For the quadratic initial form we use the rows of Theorem 27.7 with respect to the
fluctuation variables, with the same differentiated and deterministic arguments. Its value
row is at most

CKjidibfl
i min

{
1, G3/2(t + G2)−3/4}.

After the weight with exponent σ/2 its scale is CKjidibfl
i Gσ. Its crude parameter deriva-

tives keep the same factor Kjidibfl
i , and division gives a fixed power of ℓ−1

j and the cover
at the input mesh. Lemma 34.5 for the value process, followed by the deterministic
half-splitting of the heat semigroup for its linear initial field, proves

∥Ha
σ(Bj,iGi)∥2 ≤ Cr(1 + j)cqj−1−iℓκ+σ−1/2

i . (34.57)

The half-splitting above a2 and the bound by the initial value below a2 are the two
deterministic inequalities of Step 3 of the proof of Theorem 34.7, and this bound includes
the first difference on every finer lattice.

Finally, (34.54) and (34.47) imply that, for both types of output,∥∥∥DCj,i(vi−1)[ηi−1]∥out
∥∥

2 ≤ Cr2(1 + j)cqj−1−iℓ2κ−1/2
i . (34.58)

The part of degree at least three of the predictable term at level j satisfies the same bound
with its own coefficient, by (34.12). There is no conditional-mean remainder in (34.55).

Step 5: summation of both components. Let s0 > 0 be strictly smaller than each of

α− 1
2 , κ + σ− 1

2 , κ + 2α− 3
2 , 2κ − 1

2 , − log q

log B
.

All these numbers are positive, and we reduce s0 further if a fixed exponent of the product
estimates requires it. For the predictable term, the initial value of its first-order variation
is exactly

υj(0) = DSj,j−1(vj−1, vj−1)[ηj−1] + Iℓj→aDCloc
j (vj−1)[ηj−1],

where Cloc
j is the part of degree at least three of Ucl

j at its input mesh, so that Iℓj→aCloc
j = Vj

in the notation of Lemma 34.2. The first term is given by the identity (34.55) for the
quadratic initial form and the second by the bound on the part of degree at least three,
with no conditional mean added to either. Summing both in the norm of the initial value,
using (34.57), (34.58), and geometric summation, we obtain

K

∑
j=m+1

∥Ha
σ(υj(0))∥2 ≤ C(1 + m)cB−s0m. (34.59)
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Combining this with (34.50), we obtain∥∥∥ sup
m≤l≤K

Xa
α(Vl)

∥∥∥
2
+

K

∑
j=m+1

[
∥Xa

α(ξ j)∥2 + ∥Xa
α(ρj)∥2 + ∥Xa

α(υj)∥2
]
≤ C(1 + m)cB−s0m.

(34.60)
For the ordered forms, (34.55), (34.56), and (34.58) imply the same summed tail, sepa-
rately for each of the three forms. These estimates use the Minkowski inequality, not
independence between an earlier field and a later coefficient.

We now treat the products, following the fourth column of Table 34.2, for the uncen-
tered summands of Step 2. Their values at zero fluctuation are (0, 0, Rj, Uj) and their
first variations are (ξ j, 0, ρj, υj). Thus the product (s̃, s̃) and all seven products contain-
ing z̃ vanish at first order. The two products (s̃, r̃) and (r̃, s̃) are exactly (34.53). The
product (r̃, r̃) and the two cross terms with r̃ are the derivatives of TVV, TUV − TVV, and
TVU − TVV, which have the separate tails just proved. For the seven products containing
ũ, each nonzero derivative has one linear factor and one deterministic classical factor.
For example, the derivative of Qa(r̃, ũ) is Qa(ρ, U) +Qa(R, υ), and the reversed order re-
verses both brackets; the derivative of Qa(ũ, ũ) is Qa(υ, U) +Qa(U, υ); the derivatives for
(s̃, ũ) and (ũ, s̃) pair ξ with U; and those for (z̃, ũ) and (ũ, z̃) vanish, as already counted
among the products with z̃. This accounts for all sixteen products.

We use the two ordered inequalities (34.6). The deterministic norms of Xj and Rj
are bounded by (34.45) and (34.11), and the linear predictable terms are summed by
(34.59). For the factors paired with a deterministic predictable term, the series of the
zero-fluctuation maps gives the sharper deterministic sum

K

∑
j=m+1

Ha
σ(Uj(0)) ≤ C ∑

j>m

r2ϱ2(j−1)

ℓj−1
≤ C

r2ϱ2m

ℓm
= Cr2H−2κ

0 ℓ2κ−1
m . (34.61)

The ratio in this sum is Bϱ2 = q < 1, and there is no term dm pm at this base point.
Multiplication by (34.60) bounds all the remaining products. It also bounds both orders
of the cross terms with the predictable term,

Qa(Vj−1, Uj) +Qa(Xj−1, υj) and Qa(Uj, Vj−1) +Qa(υj, Xj−1).

The two cross terms with s are (34.52), and the two cross terms with z vanish. This covers
both orders of every cross term. The constant in (34.6) is valid at every mesh a = L/N,
including the finitely many coarse meshes at fixed L; no condition a ≤ 1 is needed.

Differentiating the finite telescope (34.5) and summing these bounds geometrically,
we obtain, with s < s0 if a polynomial factor is absorbed,∥∥Xa

α(VK) + Ya
α(ZK)

∥∥
L2(G)

≤ C(1 + m)cB−sm. (34.62)

This proves the asserted bound on the first-order variation of the flow data, before the
flow is applied.
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Step 6: the derivative of the flow. We check the hypotheses of Theorem 25.13 without
assuming a uniform bound on second derivatives for an unbounded Gaussian family.
We fix a deterministic finite vector of inputs of the steps after m, let ηK be the solution
of (34.46) with G replaced by this vector, and let v = Ia→a(ηK/a) be the corresponding
direction of the initial potential. Let V = Pa

· v and Z = Qa(XK, V) +Qa(V, XK); these
are VK and ZK when the deterministic vector is subsequently replaced by G. We write
Ha(A0) for the based cycle triple of the Wilson flow started from exp(aA0). By the chain
rule, the derivative of HK(y, q) in these directions is DHa(vK/a)[ηK/a].

At a fixed cutoff, we consider the family of initial potentials vK/a + ςτv, where
ς ∈ (−2, 2) and τ > 0 is deterministic. Its flow data are(

XK + ςτV, YK + ςτZ + ς2τ2Qa(V, V)
)
.

We choose τ so that τ[Xa
α(V) + Ya

α(Z)] ≤ 1/16, τ2Ya
α(Qa(V, V)) ≤ 1/16, and the pertur-

bation of the initial link variables stays within one quarter of the fixed margin of the
logarithmic chart. Such a τ > 0 exists for each deterministic direction, and the zero
direction needs no restriction. The flow data and their first two derivatives in ς are
then bounded by R2 = Rcl + C on U1 = (−2, 2), uniformly in the mesh, and we take
U0 = (−1, 1). The parameter space has dimension one, the parameter domains and chart
margins are fixed, the loops and the positive observation time are the given ones, and
all damping gauges start at the identity in the same frame. These are the hypotheses
of Theorem 25.13. Its restart at a positive time uses the local chart and the C1

a bound
already proved, and its fixed restarts include the conjugations at the basepoint. Thus
its real differential is the differential of the based holonomy matrices of the Wilson flow
used here.

To obtain a bound independent of the rescaling τ, we apply Remark 34.8 on the fixed
ball of radius Rcl + 1 to the configurations of the family at ς and at 0, divide by |ς|τ, and
let ς→ 0. The difference of the flow data divided by |ς|τ tends in both norms to (V, Z);
the remaining term is bounded by |ς|τYa

α(Qa(V, V)) and tends to zero at this fixed cutoff.
We obtain

max
i

∣∣DHa,i(vK/a)[ηK/a]
∣∣ ≤ C

{
Xa

α(VK) + Ya
α(ZK)

}
. (34.63)

The constant depends on Rcl and the fixed time and reference data, not on the rescaling,
the direction, the cutoff, or m. The finitely many coarse meshes are included in both
results on the flow. Differentiating the reconstruction instead of the straight line of initial
potentials gives the same first derivative by the chain rule, and higher derivatives at the
initial time do not enter (34.63).

Step 7: the logarithm and the conclusion. At the base point the cycle holonomies
are exactly Hol(Vy). The compact regular patch has the margin for the logarithm of
Theorem 33.11, and the differential of Log is uniformly bounded there. In the notation
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of that theorem, its differential on the right-trivialized variation δHiH−1
i is J−1

i , with
Ji =

∫ 1
0 esϑi adu ds, where u ∈ S2 is the color axis of the background. The projection PNy

has norm at most one. Composing (34.63) with this differential and this projection, we
obtain the pointwise bound∣∣∣ K

∑
j=m+1

Aj,K(y)Gj

∣∣∣ ≤ C
{

Xa
α(VK) + Ya

α(ZK)
}

.

By the definition of the diagonal matrices Dj in (34.46), these are exactly the blocks of the
statement. Equivalently, the chain rule gives Dwj(Log ◦HK) = Dqj(Log ◦HK)diagr,e(gj,r),
and multiplication by γ−1/2PNy gives exactly the first expression for Aj,K in the statement.
Squaring, taking the Gaussian expectation, and using (34.62), we obtain the claim with
ϵ = 2s, after relabeling the polynomial exponent.

For comparison with the covariance notation of Section 35, independence and
EGjGT

l = 1j=l I give exactly

EG

∣∣∣ K

∑
j=m+1

Aj,KGj

∣∣∣2 =
K

∑
j=m+1

tr
(
Aj,KAT

j,K
)
.

The transpose here is the Euclidean transpose in the counting coordinates of the fluctua-
tion variables, not an adjoint with respect to physical volumes; the physical volumes are
already contained in the deterministic rows. Every bound above is uniform over the finite
cover of the compact patch, the prior depths, K, m, and the coupling. This completes the
proof.

34.8 Flat support of weak-coupling subsequential limits

In this section, we prove that the continuum measures concentrate on flat connections
as γ → 0. We fix the data of Definition 34.1 before varying 0 < γ ≤ γ0 ≤ 1; the
hierarchy is the one fixed by Theorem 23.2. Here we choose the common input horizon
T = T0 ≥ max{1, L2, θL2}, and all flow-data norms and the preceding comparison
estimates are evaluated on [0, T0]. Later observation times need not lie in this interval:
they are reached by the monotonicity of the energy after a short initial comparison. Let
n∗ ∈ 4N define the lattice refinement sequence n∗BK, K ≥ 0. We use a comparison side
n = n∗Bk0 of this sequence which satisfies the minimum-side condition, the condition on
flat fields, and the conditions on the working radius above; in particular 2π/n < rflat/4.
The sequence, the hierarchy, the side n, and all the bounds are fixed before the coupling
and do not change as γ → 0. We write NK = nBK, aK = L/NK, and νK,γ = νNK ,n,γ. The
law of the coarse field V = V JK under νK,γ is the stopped measure ν̂n,JK,γ, by item (9) of
Theorem 14.8. Let λγ = λL,γ,[n∗] be the continuum measure of Corollary 29.26. Constants
have the dependence described in items (6) and (7) of Definition 4.14.
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Theorem 34.13. Fix L > 0, the hierarchy, n∗ ∈ 4N, and a ceiling 0 < γ0 ≤ 1, all before varying
the coupling, and consider the lattice refinement sequence n∗BK. Comparison sides n = n∗Bk0

are required to satisfy the conditions of Definition 34.1. Let λγ = λL,γ,[n∗] be the continuum
measures of Corollary 29.26. Then the following statements hold.

1. For every t > 0 and δ > 0,

λγ{X : EL(X(t)) > δ} −→ 0 (γ→ 0). (34.64)

More precisely, for every comparison side n as above, fixed before the coupling, there exist
γ1 > 0 and Cn,t,δ < ∞ such that this probability is at most Cn,t,δ(

√
γ + γ) for 0 < γ ≤ γ1.

2. For every η > 0 there exist finite Rj ≥ 0 such that

inf
0<γ≤γ0

λγ

{
X : EL(X(L22−j)) ≤ Rj for all j ≥ 1

}
≥ 1− η.

The set in this display is compact for TW and for dc. Every sequence γk → 0 has a
subsequence along which λγk converges, against all bounded TW-continuous functions and
weakly for dc, to the same Borel probability measure. Along this subsequence the images of
λγk in the Sobolev trajectory space of Definition 29.1 also converge against every bounded
T1,2-continuous function.

3. Every subsequential limit, in either of the topologies of item (2), is supported on the set

F stat
L =

{
X : X(t) = [A] for all t > 0, FA = 0

}
of stationary flat trajectories. This set is compact, and the cycle holonomies identify it with

FL ≃ Hom(Z3, SU(2))/SU(2) ≃ (R/4πZ)3/{ϑ ∼ −ϑ},

including the eight central triples. Every subsequential limit is the image of a Borel probability
measure on this compact space.

The constants in item (1) have the dependence described in item (6) of Definition 4.14,
with the displayed additional parameters, and the ultraviolet limit has been taken at each
fixed coupling before γ→ 0. The theorem does not identify the probability measure on
the moduli space: it asserts neither uniqueness of the subsequential limit nor a density
on the moduli space, and it makes no assertion about unbounded moments of the energy
or about ultraviolet convergence uniform down to zero coupling.

The proof combines four facts. The effective classical action of the coarse field has
moments of order γ. The zero-fluctuation reconstruction from the coarse field has lattice
energy exactly proportional to this action. The flow data of the reconstruction differ
from those of the zero-fluctuation reconstruction by O(

√
γ) in every moment. Finally,

a short-time comparison of the two Wilson flows, followed by the monotonicity of the
energy, transfers this to the energy at positive times. We first prove two lemmas.
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The coarse effective action and the zero-fluctuation reconstruction

Lemma 34.14. Use the data above and the stopped densities of Section 33.2, at depths d = kJ.
On the support of the stopped measure write Ed(V) = Ed,sat(V), and put g2 = γ/n and
Dn = 6n3 − 2. There exists γ1 ∈ (0, γ0], independent of the depth, such that for every fixed real
p > 0 and every such depth d,

Eν̂n,d,γ
Ep

d ≤ Cn,pg2p, Eν̂n,d,γ
Ep

0 ≤ Cn,pg2p (0 < γ ≤ γ1),

where E0 = SW is the Wilson action of Definition 4.1 on the lattice of side n. At d = JK, start from
the same representative θ̂0(V) of the coarse field as the reconstruction, and set θ̂0

j = Pj · · · P1θ̂0(V).

Then the configuration U0
K(V) = exp θ̂0

K on the finest lattice satisfies

E0(U0
K(V)) = B−KEJK(V), EaK(U

0
K(V)) =

2n
L

EJK(V), (34.65)

where on the left E0 is the Wilson action on the finest lattice and EaK is the lattice energy (2.2). In
particular, the expected initial lattice energy of U0

K(V) under the stopped measure is at most Cnγ,
and the expectation of its p-th power is at most Cn,pγp.

The constants depend in addition on p and on the fixed bounds on the coarse density,
and they are independent of the coupling and of the depth. The identities (34.65) are
exact for every finite K, including K = 0, with the prior depths J(K− j) ending at depth
zero.

Proof. By (33.1) and properties (P1), (P3) of Section 33.2, the stopped measure has the
density

Ẑ−11Dr e
−Ed/g2−Rd,γ dHn, Ed ≥ κE0 ≥ 0, |Rd,γ| ≤ Cn,

where κ > 0 is the constant in (P1); in this proof κ denotes this constant, not the
contraction exponent of Definition 34.1. These bounds apply to the law of the coarse
field under the conditioned measure itself, not to an interior stopped measure in its
place. The lower bound of Theorem 33.10 is Ẑ ≥ cngDn for g ≤ g0(n). We choose
γ1 ≤ min{γ0, ng0(n)2}, so that also g ≤ 1. Since upe−u ≤ Cpe−u/2 for u ≥ 0, we have

Eν̂Ep
d ≤ Cn,pg2p−Dn

∫
Dr

e−Ed/(2g2) dHn

≤ Cn,pg2p−Dn

∫
Un

e−κE0/(2g2) dHn ≤ Cn,pg2p.

In the first inequality we used the bound on Rd,γ and the lower bound on Ẑ. In the
last inequality we used the upper bound for the integral over the compact configuration
space in Theorem 33.10, with the coefficient κ/2. The lower bound Ed ≥ κE0 then implies
the bound for Ep

0 . In particular, the stopped measure concentrates near the set of all flat
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coarse fields: outside any fixed open neighborhood of {E0 = 0} the continuous function
E0 has a positive minimum, and Markov’s inequality applies.

We now check that the configuration in the identity is the zero-fluctuation continuation
of Definition 34.1. At level j the prior depth is dj = J(K− j). By Theorems 15.13 and 15.14,
Pj is the constrained minimization of the renormalization group step followed by its based
gauge transformation, which depends only on the coarse field. It preserves the gauge
orbit of the minimizer and the value of the effective classical action. Iterating the nested
minimization identity Ed+1(c) = M minz Ed(b(c, z)) of Theorem 10.10 through the J
averaging steps of the renormalization group step, we obtain, at every zero-fluctuation
input in the reconstruction domain,

Edj

(
eθ̂0

j
)
= B−1Edj+J

(
eθ̂0

j−1
)
.

For the chosen representative of the coarse field, the initial value on the right is EJK,sat(V);
the extension EJK,sat agrees with EJK on the support and does not change it. All changes
of representative are compact gauge transformations, which preserve this value. Iterating
over j = 1, . . . , K ends at dK = 0 and proves the first identity. The continuation sets
the fluctuation variables w to zero, not the centered variables w − E(w | F ), and no
conditional mean is substituted for the minimizer. Finally, by Lemma 29.14 we have
EaK = 2E0/aK. Since aK = (L/n)B−K, this proves the second identity, and the moment
bounds follow from the first part of the lemma and g2 = γ/n. The identity also covers
K = 0, without iteration.

Early-time comparison and energy monotonicity

Lemma 34.15. Fix L, R > 0, 1/2 < α < 2/3, T0 ≥ 1, and τ > 0. There exist a∗ > 0 and
C < ∞ with the following property. Let a = L/N ≤ a∗, and let U = eaA0 and U′ = eaA′0 be
configurations on the lattice of mesh a, represented in the same initial frame, whose flow data
Ea = (xa, ya) and E ′a = (x′a, y′a) as in Definition 24.3 have norms at most R on [0, T0]. Put

da = Xa
α(xa − x′a) + Ya

α(ya − y′a),

with both full norms on this lattice and this horizon. Then, for the Wilson flow run for the lattice
flow time 4t/a2,

sup
t≥τ

Ea
(
Ψ(N)

t U
)
≤ Ea(U′) + Cda, sup

t≥τ
Ea

(
Ψ(N)

t U
)
≤ C.

The second bound requires only the bound on the norm of Ea.

The constants have the dependence described in item (7) of Definition 4.14 on the
displayed parameters and on the fixed chart and stencil; they are independent of the
coupling, of any probability measure, of the depth, and of the configurations.
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Proof. Let TR ≤ 1 be the lifetime in Theorem 24.5, and choose s = min{τ, TR}/2 > 0.
Applied to the two flow data, that theorem yields local damped representatives Aa and
A′a with

∥Aa(s)− A′a(s)∥C1
a
≤ CR,sda, ∥Aa(s)∥C1

a
+ ∥A′a(s)∥C1

a
≤ KR,s.

The second bound follows from A = x + y + r, the two weighted norms, and the bound
on the remainder r in that theorem at the fixed positive time s. Its constants and its
restriction on the mesh are independent of the coupling. The exponentials of Aa(s) and
A′a(s) are gauge representatives of the two Wilson flows at time s started from U and U′.
By gauge invariance and the C1

a estimate for the lattice energy in Lemma 29.14,

Ea
(
Ψ(N)

s U
)
≤ Ea

(
Ψ(N)

s U′
)
+ Cda ≤ Ea(U′) + Cda,

where in the last inequality we used that the energy does not increase along the flow.
The same monotonicity from s to every t ≥ τ proves the first assertion. The uniform
bound on the energy on a bounded C1

a ball in Lemma 29.14 gives Ea(Ψ
(N)
s U) ≤ C, and

monotonicity proves the second assertion.

Proof of the support theorem

Proof of Theorem 34.13. Step 1: the coarse action and the zero-fluctuation reconstruction. By
Lemma 34.14, for 0 < γ ≤ γ1 the expectation of (2n/L)EJK(V) under νK,γ is at most Cnγ,
uniformly in K, and this quantity is exactly the initial lattice energy of the zero-fluctuation
reconstruction U0

K(V).
Step 2: the distance between the flow data. We take m = 0 in Theorem 34.9 and denote by

DK = XaK
α (xK − x0

K) + YaK
α (yK − y0

K)

the distance between the flow data of the reconstruction and of the zero-fluctuation
continuation from the coarse field. By that theorem, for every fixed p ≥ 1 we have

∥DK∥Lp(νK,γ) ≤ Cn,p
{√

γ + γ(1 + |log γ|)d} ≤ C′n,p
√

γ,

uniformly in K and in the coupling; the last inequality uses the bound on
√

γ(1+ |log γ|)d

from the proof of Lemma 34.6. By Lemma 34.4, the norm of the flow data of the
continuation is at most Rcl, deterministically for every coarse field in the reconstruction
domain and independently of K and γ.

Step 3: comparison of energies. On the event GK = {DK ≤ 1} both flow data have norm
at most Rcl + 1. The two configurations to which we apply Lemma 34.15 are exp θ̂K and
U0

K(V), in the same initial frame on the finest lattice. Indeed IaK→aK is the identity in
Definition 34.1, and both pairs consist of the linear heat evolution and the quadratic
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Picard term of these fine arrays. The zero-fluctuation configuration is the one in (34.65),
with the same representative θ̂0(V) of the coarse field; it is neither a flow started on the
lattice of side n nor a separately chosen flat approximation. For every K large enough
that aK ≤ a∗, a threshold independent of the coupling, Lemma 34.15 and (34.65) imply
that

EaK

(
Ψ(NK)

t U
)
≤ 2n

L
EJK(V) + Cn,tDK on GK.

The configuration exp θ̂K is a gauge transform of U by Theorem 15.14, and the inequality
concerns the gauge-invariant lattice energy of U. By Step 1, Step 2, and Markov’s
inequality,

νK,γ
{

EaK

(
Ψ(NK)

t U
)
> δ

}
≤ νK,γ(Gc

K) + δ−1EνK,γ

[2n
L

EJK(V) + Cn,tDK

]
≤ Cn,t,δ(

√
γ + γ).

Only the coarse action and the distance between flow data were integrated in this estimate;
no unbounded quantity was transferred from the Wilson measure.

Step 4: transfer to the Wilson measure and to the continuum. For a Borel event A, the
definition of the conditioned measure gives µNK ,γ(A) ≤ νK,γ(A) + µNK ,γ(Sc

NK ,n,γ). By
Corollary 23.11 with q = 1, at this fixed n, the last probability is at most Cnγ. We apply
this to the event in Step 3. For the ultraviolet limit we use the bounded continuous
function

fδ(v) = min{1, max{0, 2v/δ− 1}}, v ≥ 0,

which equals one for v ≥ δ and vanishes for v ≤ δ/2. Since n = n∗Ba, we have
nBK = n∗BK+a, so the lattice energy sequence is a tail of the one in Theorem 30.4. That
theorem gives, at each fixed γ, convergence in distribution of the lattice energy at time t
to EL(X(t)) under the same measure λγ identified in Corollary 29.26. Hence

λγ{EL(X(t)) > δ} ≤ Eλγ
fδ(EL(X(t))) = lim

K→∞
EµNK ,γ fδ

(
EaK(Ψ

(NK)
t U)

)
≤ Cn,t,δ(

√
γ + γ),

where in the last inequality we used Step 3 with δ/2 in place of δ and the transfer just
described. The limit in the middle is taken at fixed γ, after the uniform estimates at finite
K. This proves item (1).

Step 5: common compact containment. We argue directly on the whole interval of small
couplings. For each fixed comparison side n, Step 2 implies that

lim
R→∞

sup
K≥0, 0<γ≤γ0

νK,γ
{
∥(xK, yK)∥fl > R

}
= 0,

with constants that may depend on n. The second assertion of Lemma 34.15, applied on
the event where this norm is at most R, bounds the lattice energy at each fixed t > 0
by a finite constant on all sufficiently fine lattices. The finitely many remaining lattices
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have a deterministic finite maximum of the energy on their compact configuration spaces.
Therefore, for each fixed n,

lim
H→∞

sup
K≥0, 0<γ≤γ0

νK,γ
{

EaK

(
Ψ(NK)

t U
)
> H

}
= 0.

The comparison side may now be enlarged to reach a prescribed tolerance, always before
the coupling is chosen. By Theorem 23.9 and Corollary 23.11,

ϵn = sup
K≥0, 0<γ≤γ0

µnBK ,γ
(
Sc

nBK ,n,γ

)
−→ 0 (n = n∗Bk0 , k0 → ∞).

Indeed, the bound of Theorem 23.9 is the sum of C′n3e−c̄n/γ and Cwn3e−aw log2
√

Mn/γ;
both terms are largest at γ = γ0 and tend to zero as n → ∞. We choose n so that ϵn is
small, and then the radius and the energy threshold for the conditioned measure. The
transfer of bounded events gives uniform tails of the lattice energy under the Wilson
measure along the sequence nBK, and the finitely many initial terms of the sequence
n∗BK below n have deterministic finite energy bounds as well. Thus

lim
H→∞

sup
K≥0, 0<γ≤γ0

µn∗BK ,γ
{

EL/(n∗BK)

(
Ψ(n∗BK)

t U
)
> H

}
= 0.

For each γ separately, the convergence of the energy at fixed coupling used in Step 4
and the portmanteau inequality for the open set {v > H} give the same uniform tails for
λγ{EL(X(t)) > H}. No ultraviolet limit uniform in the coupling was used.

We now apply Theorem 29.6. We choose Rj such that the energy tail at time sj = L22−j

is smaller than η2−j−1, uniformly in the coupling, and use the union bound. The compact
set K(R) of that theorem, with R = (Rj)j, gives the asserted common containment and
the extraction of subsequences for TW and for dc. This proves item (2), except for the
Sobolev images, which we treat in the next step.

Step 6: identification of the support. Let λ∗ be a subsequential limit obtained from
this extraction. All finite joint laws of regularized Wilson loops converge along the
subsequence, since these coordinates are bounded and TW-continuous. The general
sequence clause of Theorem 30.5 applies: the energies at every positive time are tight,
as just proved, and the joint limit of the Wilson loops is given by the Borel probability
measure λ∗. That clause gives convergence of the Sobolev images to (i1,2)#λ∗. By
Lemma 29.7, for any s, δ > 0 the function

Z 7−→ min{1, EL(Z(s))/δ}

is bounded and continuous in the Sobolev trajectory topology. Its expectation under
λγ tends to zero by item (1): for every ε > 0, it is at most ε/δ + λγ{EL(X(s)) > ε}. Its
expectation under the limit is therefore zero. At each time sj we obtain EL(X(sj)) = 0,
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λ∗-almost surely. We take the countable intersection of these events of full measure.
Since the energy does not increase along the flow (Theorem 29.6) and sj ↓ 0, we have
EL(X(t)) = 0 for every t > 0 on this event.

Since the energy is the sum of the squared norms of the curvature components, every
smooth orbit at these times is flat. For a flat smooth connection the right side of the Yang–
Mills heat equation vanishes, and the uniqueness of smooth solutions in Theorem 24.10
makes its future orbit constant. The trajectory relation then makes X a single stationary
flat trajectory on (0, ∞).

This proves the support property for every subsequential limit for TW . If a subsequence
converges only weakly for dc, we apply the common compact containment again to extract
a further subsequence that converges for TW . Since the identity map from TW to dc is
continuous by Theorem 29.3, the limit for dc coincides with the limit for TW ; equivalently,
their finite-dimensional laws of the determining coordinates agree, and the same theorem
identifies the Borel probability measures. The limit for dc is therefore supported on
stationary flat trajectories as well.

Step 7: the moduli space. We include the classification of flat connections on the torus;
it is standard, and we check its normalization. A smooth flat connection lifted to the
universal cover R3 has a path-independent transport PA(x) from a fixed basepoint, with
dPA = PA A and PA(x + Lei) = hiPA(x). Flatness makes the three matrices hi commute.
Conversely, a commuting triple in SU(2) is simultaneously diagonalizable, and it is
realized by the constant flat connection Ai = ϑiτ3/L with hi = eϑiτ3 . If two flat connections
A and B have the same holonomies at the basepoint, then k(x) = PB(x)−1PA(x) is smooth
and periodic and gives Ak = B, by the conventions for gauge transformations and
transport in Definition 4.10. Conjugate holonomies are handled by a constant gauge
transformation at the basepoint. Two simultaneously diagonal triples are conjugate
exactly when they agree or are related by the common Weyl inversion ϑ 7→ −ϑ, and each
angle has period 4π. This proves the two displayed identifications, including the central
points.

The map from the compact quotient of angles to stationary trajectories is continuous
for TW , since every holonomy of a constant commuting connection around a loop depends
continuously on the three cycle holonomies, through the integer winding vector of the
loop. It is a bijection onto the stationary flat trajectories. The target is Hausdorff, since
dc separates points by Theorem 29.3. A continuous bijection from a compact space onto
a Hausdorff space is a homeomorphism, so the identification holds for TW and also for
dc. Alternatively, the set of stationary flat trajectories is exactly K(0) in Theorem 29.6.
Pulling back a probability measure supported on this set gives the asserted probability
measure on the moduli space, which proves item (3).

Proof of Theorem 2.9. Fix L > 0, an odd integer M ≥ 3, and n divisible by four, as in
Theorem 2.9, and set n∗ = n. Let the hierarchy, in particular the integer J, and a
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ceiling γ0 ∈ (0, 1] be as in Theorem 23.2. We choose an integer k0 ≥ 0 such that the
comparison side n̄ = n∗Bk0 satisfies the minimum-side condition and the condition on flat
fields of Definition 34.1, and we apply Theorem 34.13 with the original base n∗ and this
comparison side. All these choices precede the coupling. By item (4) of Theorem 29.28,
for every 0 < γ ≤ γ0 the measure λL,γ,[n]M of Theorem 2.3 coincides with the measure
λL,γ,[n∗] of Corollary 29.26 built from this hierarchy. Parts (1), (2), and (3) of Theorem 2.9
are therefore items (1), (2), and (3) of Theorem 34.13.
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Terms The terms themselves
(Theorem 34.7)

Difference from the zero-
fluctuation counterpart
(Theorems 34.9 and 34.11)

First derivative at a
flat base point, for the
uncentered summands
(Lemma 34.12)

(s, s) Quadratic expression
in sj: centered part and
conditional mean

The same; the counterpart
is zero

Zero (two fluctuation
factors)

(s, z), (z, s),
(z, z)

(34.6) with zj in Ha
σ,

and Hölder’s inequal-
ity

The same; the counterpart
is zero

Zero

(s, r), (r, s) Mixed linear rows
with background rj,
conditionally on Fj−1

The same; the counterpart
is zero

Mixed linear rows
with the deterministic
background

(z, r), (r, z) (34.6) with zj in Ha
σ The same; the counterpart

is zero
Zero

(r, r) The form TVV The difference of TVV The derivative of TVV

The seven
pairs contain-
ing u

(34.6) with uj in Ha
σ (34.7) and (34.6) Zero for (z, u), (u, z);

otherwise one linear
and one determinis-
tic classical factor, and
(34.6)

xj−1 with s Mixed linear rows
with background xj−1

The same; the counterpart
is zero

Mixed linear rows

xj−1 with z (34.6) The same; the counterpart
is zero

Zero

xj−1 with r TUV − TVV and TVU −
TVV

Differences of these forms Derivatives of these
forms

xj−1 with u (34.6) (34.7) with xj−1 − x0
j−1,

and (34.6)
One linear and one
deterministic classical
factor, and (34.6)

Table 34.2. The tools used for the sixteen ordered products and the eight cross terms in (34.5).
Both orders of every pair are estimated separately. In the fourth column, s, z, r, and u stand
for the uncentered summands s̃j, z̃j, r̃j, and ũj of the deterministic reconstruction in the proof
of Lemma 34.12, whose values at zero fluctuation are (0, 0, Rj, Uj) and whose first variations are
(ξ j, 0, ρj, υj); they are not the centered summands of (34.1).



section 35

Normal fluctuations near regular
commuting holonomies

This section studies the continuum measure λγ of Theorem 2.3 at weak coupling near
a regular point of the space of flat connections, and proves Theorem 2.10. We observe
the holonomies H = (H1, H2, H3) of a trajectory at the fixed time t = θL2 around the
three coordinate cycles of T3

L, and their logarithms X = Log H ∈ su(2)3 ≃ R9 in a fixed
identity chart. Commuting triples correspond to the coneM. Away from the origin it is
a five-dimensional manifold whose normal space Ny at y has dimension four, and near a
regular point we write X = y + b with y ∈ M and b ∈ Ny. We prove three results. After
localization to a fixed regular patch, the normalized normal component γ−1/2Σθ(y)−1/2b
is compared, in the weighted normal-bundle sense, with a standard Gaussian vector in
Ny and the same γ-dependent tangential marginal, where Σθ is the explicit covariance
of (4.12) (Theorem 35.4). The localized quadratic form q∗/γ = bTΣθ(y)−1b/(2γ) has the
limit law with density se−s on [0, ∞) (Theorem 35.3). The normalized regression residual
variance Cγ of Theorem 2.10 equals 2γ2 + o(γ2) (Theorem 35.2).

The following heuristic explains the coefficient. If z = γ−1/2Σθ(y)−1/2b were exactly
a standard Gaussian vector in four dimensions, independent of y, then q∗/γ = |z|2/2
would have mean 2, second moment 6, and variance 2. The observables of Theorem 2.10
are Bobs = ψ and Aobs = ψq∗, where ψ = ψ0(y)χ(b) is a fixed tangential cutoff times a
normal cutoff equal to one near b = 0. Omitting the normal cutoff, we set B = ψ0(y) and
A = γB|z|2/2. If z is standard Gaussian and independent of y, the best affine predictor
of A from B is 2γB, with mean square error 2γ2EB2, and dividing by EB2 gives 2γ2.
The proofs control the effect of the normal cutoff. The coefficient 2 is a property of four-
dimensional Gaussian vectors, and a conditional normal Gaussian measure with the same
covariance reproduces it (Lemma 35.17). The theorems show that the continuum measure
has this Gaussian behavior in the normal directions, with the precise covariance γΣθ(y),
while its tangential marginal is not identified and may depend on γ. For comparison,
the same statistic vanishes for the Abelian Maxwell measure with Haar cycle holonomies,
and it is a positive constant independent of γ for Gaussian holonomies with independent
Haar factors (Lemma 35.17).

Near a regular point the flat connections form a nondegenerate critical manifold
of the action in the sense of Bott [31], and the

√
γ scaling in the normal directions is

172
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the usual Laplace asymptotics transverse to such a manifold (see [155]). The uniform
versions on the coarse lattice that we use are proved in Section 33. The treatment of zero-
momentum contributions to Wilson loops in finite periodic volume by Coste, González-
Arroyo, Jurkiewicz, and Korthals Altes [62] is a related antecedent; the observables,
normalization, and regression functional used here are defined below.

The proof works at a finite lattice cutoff, under the conditioned Wilson measure
ν = νN,n,γ with N = nBK and the coarse side n fixed before γ varies. It rests on two
ideas. First, we compare with a Gaussian only finitely many scale variables: the coarse
field and the normalized fluctuation variables of the first m renormalization group steps,
counted from the coarse side. Their joint law is close to a Gaussian law in a space of
fixed dimension, with error of order

√
γ|log γ| (Lemma 35.8). Second, the remaining

steps are controlled directly at the scale
√

γ by Section 34: Theorem 34.10 compares the
flowed holonomies of the fine configuration with those of the finite-scale reconstruction,
and Lemma 34.12 bounds the part of the Gaussian covariance coming from the omitted
steps. The Gaussian covariance of all K steps is exactly the normal covariance of the
finest lattice (Proposition 33.12), which converges to Σθ as N → ∞ (Theorem 33.11). The
resulting normalized moment errors have the form

C
(
δ1/2

m + δm + N−2)+ em(γ), em(γ)→ 0 as γ ↓ 0 for each fixed m,

where δm → 0 is a fixed geometric envelope and C does not depend on m. We then
let K → ∞ at fixed γ and m, after removing the conditioning with Corollary 23.11
and passing to the continuum with Theorem 29.25; then γ ↓ 0 at fixed m; and finally
m → ∞. The constant Cm in the finite-dimensional comparison may be very large; this
is harmless because m is fixed before γ → 0. The other inputs are the conditional
fluctuation kernels and their means (Theorems 13.8 and 13.10), the reconstruction maps
(Theorem 15.13), the flat refinements (Lemma 14.9), the parameter derivatives of the
Wilson flow (Theorem 25.13), the Laplace estimates and the normalization on the coarse
lattice (Proposition 33.12, Corollary 33.4, , and Theorem 33.10), and the trace coordinates
and conditioning identities of Lemmas 5.5 and 5.6.

Besides Theorem 2.10, two results of this section are used in Section 36: the uniform
regularity of the finite-scale flowed holonomy map near every flat configuration, includ-
ing the central triples (Theorem 35.9), and the comparison measures (Lemmas 35.16
and 35.17).

The three main theorems are stated in Section 35.1 and proved in Sections 35.6 to 35.8,
after the auxiliary results of Sections 35.2 to 35.5; the section ends with the comparison
measures (Section 35.9) and the proof of Theorem 2.10.
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35.1 Setting and main results

Fixed data. Throughout this section we fix L > 0, θ > 0, a horizon T ≥ θL2, an odd
integer M ≥ 3, an integer J ≥ 1, B = MJ , a coupling ceiling 0 < γ0 ≤ 1, and the
construction parameters of Definition 34.1: the cutoff amplitude Aw, the radii r < ρ, the
reconstruction maps of Theorem 15.13, the flow exponents 1/2 < αfl < 2/3 and σsm,
and the contraction constant amap with amap

√
B < 1 and q = Ba2

map < 1. All of these
are chosen before γ varies. We fix n ∈ 4N satisfying the minimum-side conditions of
Definition 34.1; in particular

2π/n < rflat/4,

where rflat < r is the flat margin of Lemma 14.9. For K ≥ 0 we set N = nBK, let ν = νN,n,γ

be the conditioned Wilson measure of Definition 4.4, and let µ = µN,γ be the Wilson
measure. The renormalization group steps of the hierarchy are indexed by j = 1, . . . , K,
counted from the coarse side: the j-th step relates the lattices of sides nBj−1 and nBj. We
write wj = (wj,r,e)r,e for the normalized fluctuation variables of the j-th step, indexed by
its J intermediate scales r and the links e, and gj,r for the coupling at the intermediate
scale r, so that g2

j,r/γ is the reciprocal of a fixed lattice side.
Let HK = (HK

i )
3
i=1 be the triple of coordinate-cycle holonomies, based at the origin, of

the Wilson-flowed fine configuration at time θL2 (lattice time 4θL2/a2
N = 4θN2), computed

for the reconstructed configuration exp θ̂K of Definition 34.1 in the gauge frame at the
basepoint fixed by the reconstruction maps. We call HK the flowed holonomy triple. For
0 ≤ m ≤ K let ΞK

m be the same triple for the finite-scale reconstruction exp θ̂0
K, in which

the coarse field and the normalized fluctuation variables of the first m steps are those of
the same sample and all normalized fluctuation variables of the steps after the m-th are
set to zero. Both triples are random variables under ν, defined in the same gauge frame
at the basepoint, and both are flowed on the finest lattice.

Finally, λγ = λL,γ,[n∗] denotes the continuum measure on the trajectory space associ-
ated with the sequence nBK (Corollary 29.26); by Theorem 29.28 it is the measure λL,γ,[n]M
of Theorem 2.3. For a trajectory X ∈ XL, the coordinate-cycle holonomies of X(θL2) are
defined up to simultaneous conjugation, and so are the coordinates introduced below; all
observables we evaluate are invariant under simultaneous conjugation.

Constants. Unless stated otherwise, constants c, C and thresholds in this section have
the dependence described in item (6) of Definition 4.14. They may depend on n, L, θ, M,
J, the construction parameters, the horizon, the flow exponents, the loop lengths, and the
patches, tubes, test functions, and extensions fixed below, but not on K, N, the preceding
classical depths, the index m, or γ below the relevant threshold. A subscript m, as in
Cm or γm, allows additional dependence on m (through the first m steps and their finite
dimensions); constants without this subscript do not depend on m. Further subscripts
indicate dependence on moment orders, powers of γ, or test functions.
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Regular coordinates. In the fixed identity chart we write X = (x1, x2, x3) = Log H ∈ R9,
identifying su(2) with R3 so that the bracket becomes the cross product. The cone of
commuting triples is

M = {y = (ϑ1u, ϑ2u, ϑ3u) : ϑ ∈ R3, u ∈ S2}, (ϑ, u) ∼ (−ϑ,−u).

On the regular region 0 < r0 ≤ |ϑ| ≤ r1 < π it is a smooth five-dimensional manifold,
parametrized by the three angles ϑ and the direction u. Its normal space at y = (ϑiu)i is

Ny =
{

b = (b1, b2, b3) : bi ⊥ u, ∑
i

ϑibi = 0
}

.

The conditions bi ⊥ u leave six dimensions, and the relation ∑i ϑibi = 0 removes two of
them, which gives dimNy = 4. Simultaneous conjugation Hi 7→ gHig−1 acts on R9 by
the same rotation Ad(g) in each component; it preservesM and maps Ny isometrically
onto NAd(g)y. Two of the five tangential directions ofM are orbits of this action, which
is not removed by fixing a gauge at the basepoint.

We write Πϑ = I − ϑϑT/|ϑ|2 and let Σθ(y) be the positive definite matrix on Ny

defined in (4.12). By Theorem 33.11, γΣθ(y) is the covariance of the linearized flowed
cycle logarithms, projected to Ny, under the Gaussian measure of the Maxwell quadratic
form around the flat connection with holonomy logarithms y. It does not depend on
γ, depends smoothly on y, is equivariant under simultaneous conjugation, and satisfies
cI ≤ Σθ ≤ CI on the regular region. For comparisons of vectors in R9 we extend the
inverse covariance to the ambient matrix PNy Σθ(y)−1PNy , which is smooth on the regular
region and has the same quadratic form on Ny. Normal matrices are expressed in smooth
orthonormal frames of a finite bundle atlas.

For a positive semidefinite matrix Σ we write GΣ for a centered Gaussian vector with
covariance Σ, realized as a linear image of a standard Gaussian vector, so that Σ may be
singular. We write Gd for a standard Gaussian vector in a d-dimensional Euclidean space
and Γy for the standard Gaussian measure on Ny. For a bounded Lipschitz function f
we write ∥ f ∥BL = ∥ f ∥∞ + Lip f . Its dual distance is not the bounded-Lipschitz distance
of Section 4.10, which uses the maximum of the two terms, but differs from it by at most
a factor two.

Definition 35.1. Fix compact regular patches P ⊂ P+ ⊂ P++ in M∩ {r0 ≤ |ϑ| ≤ r1},
invariant under simultaneous conjugation, each with nonempty relative interior and
contained in the relative interior of the next, and radii 0 < bo < b+ < b++. Put

U = {y + b : y ∈ P, b ∈ Ny, |b| < bo},

and define U+ and U++ in the same way with (P+, b+) and (P++, b++). The radius b++

is so small that X = y + b are unique coordinates on U++ and that the closure of U++

lies in the identity chart at positive distance from its boundary. The following objects are
fixed once, before γ varies.
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1. On the whole tube U++ put

q∗(y + b) =
1
2

bTΣθ(y)−1b.

Outside U++, q∗ is a fixed bounded continuous nonnegative function, invariant
under simultaneous conjugation; on SU(2)3 it is evaluated through X = Log H and
extended outside the identity chart by the same bounded function.

2. Let ψ0 : P → [0, 1] be smooth and invariant, with compact support in the relative
interior of P, and suppose that there exist nonempty open subsets O0, O+ of P,
invariant under simultaneous conjugation, and b∗ > 0 with ψ0 = 0 on O0 and
ψ0 ≥ 2b∗ on O+. Let χ be a fixed smooth invariant normal cutoff with 0 ≤ χ ≤ 1,
equal to one near the zero section and supported in {|b| < bo}; it is a smooth function
on the normal bundle. Put ψ(y + b) = ψ0(y)χ(b) on U and ψ = 0 elsewhere.

3. Put Bobs = ψ and Aobs = ψq∗, regarded as functions on SU(2)3 through X = Log H
and extended by zero outside the identity chart.

4. A localizing weight is a function w̃(y + b) = w(y)χw(b), extended by zero outside U ,
where w ≥ 0 is smooth and invariant with compact support in the relative interior
of P, and 0 ≤ χw ≤ 1 is smooth, invariant, equal to one near b = 0, and supported in
{|b| < bo}.

For a probability measure P and bounded real random variables A, B with EPB2 > 0 and
VarP B > 0, define

C (P; A, B) =
VarP A−CovP(A, B)2/ VarP B

EPB2 , (35.1)

and set Cγ = C (λγ; Aobs, Bobs), with Aobs, Bobs evaluated at the coordinate-cycle
holonomies of X(θL2).

Every localizing weight, ψ, and ψ2 are supported in U ⊂ U++, so the products w̃ql
∗,

ψql
∗, and ψ2ql

∗ involve only the exact quadratic form bTΣθ(y)−1b/2, which is nonnegative.
The extension of q∗ outside U++ plays no role in any of the results. All further patches
and tubes used in the proofs (the coarse tubes, the output tubes, and the auxiliary
tubes) are chosen before γ varies, nested and with positive margins, between U and U++

(respectively over patches contained in P++). By Lemma 35.12 below, C (P; A, B) is the
minimal mean square error of an affine predictor of A from B, divided by EPB2.

The envelope δm. We fix c, ϵ > 0 such that

δm = (1 + m)cB−ϵm, m ≥ 0,

dominates the envelopes in Theorem 34.10 and Lemma 34.12, which have the same form.
Then supm δm < ∞ and δm → 0 as m→ ∞. This choice does not change the dependence
of any constant on m.
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Main results.

Theorem 35.2. Evaluate Aobs = ψq∗ and Bobs = ψ at the coordinate-cycle holonomies of
X(θL2). These are bounded continuous functions of the seven normalized traces of Lemma 5.6,
and they do not depend on γ. There exists c > 0 such that, for all sufficiently small γ > 0,

Eλγ
B2

obs ≥ c, Varλγ
Bobs ≥ c.

For f = ψ and f = ψ2,

Eλγ
[ f q∗] = 2γ Eλγ

f + o(γ), Eλγ
[ f q2
∗] = 6γ2 Eλγ

f + o(γ2),

and the normalized regression residual variance satisfies

Cγ = 2γ2 + o(γ2) (γ ↓ 0).

Further, there exists C such that for every fixed m ≥ 0,

lim sup
γ↓0

∣∣∣Cγ

γ2 − 2
∣∣∣ ≤ C

(
δ1/2

m + δm
)
,

and the right side tends to zero as m→ ∞.

Theorem 35.3. Let w̃ = wχw be a localizing weight with w not identically zero, evaluated at the
coordinate-cycle holonomies of X(θL2). There exist cw, γw > 0 such that Dγ = Eλγ

w̃ ≥ cw for
0 < γ ≤ γw. For such γ define the probability measure

πγ(A) =
Eλγ

[
w̃ 1{q∗/γ∈A}

]
Eλγ

w̃
, A ⊂ [0, ∞) Borel.

As γ ↓ 0, πγ converges weakly to the law of |G4|2/2, which has density se−s on [0, ∞). Equiva-
lently, for every bounded continuous f : [0, ∞)→ R,

Eλγ
[w̃ f (q∗/γ)]

Eλγ
w̃

−→ E f (|G4|2/2) =
∫ ∞

0
f (s) se−s ds.

Further, there exist Cw, independent of m, and for each fixed m ≥ 0 a function em,w with
em,w(γ) → 0 as γ ↓ 0, such that for every bounded Lipschitz f and all sufficiently small γ,
depending on m,∣∣∣∫ f dπγ −E f (|G4|2/2)

∣∣∣ ≤ ∥ f ∥BL
[
Cw(δ

1/2
m + δm) + em,w(γ)

]
.

Since q∗ ≥ 0 on the support of w̃, the measure πγ is a probability measure on [0, ∞).
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Theorem 35.4. Let w̃, Dγ, cw, and γw be as in Theorem 35.3. On {w̃ ̸= 0} write the logarithm
of the coordinate-cycle holonomy triple of X(θL2) as yγ + bγ and set

zγ = γ−1/2Σθ(yγ)
−1/2bγ ∈ Nyγ ,

where Σθ(y)−1/2 is the positive inverse square root on Ny. These coordinates are defined up to
simultaneous conjugation, and any representative may be used in the invariant expressions below.
Let P′ ⊂ P++ be a compact invariant regular patch containing the support of w in its relative
interior. For a bounded continuous function F on the normal bundle {(y, z) : y ∈ P′, z ∈ Ny} ⊂
R9 ×R9, invariant under (y, z) 7→ (Ad(g)y, Ad(g)z) for g ∈ SU(2), put

F(y) =
∫
Ny

F(y, z) Γy(dz).

Products with w̃ are defined to be zero where w̃ = 0. Then

Eλγ
[w̃ F(yγ, zγ)]−Eλγ

[w̃ F(yγ)]

Dγ
−→ 0 (γ ↓ 0). (35.2)

Let P′orb = P′/ Ad(SU(2)), with its quotient Borel σ-algebra, and write [y] for the class of y.
The tangential marginal of the localized measure is the probability measure

ργ(A) = D−1
γ Eλγ

[
w̃ 1{[yγ]∈A}

]
, A ⊂ P′orb Borel,

the function F(y) depends only on [y], and

D−1
γ Eλγ

[w̃ F(yγ)] =
∫

P′orb

F(y) ργ(d[y]).

If F is bounded Lipschitz for the Euclidean distance of R9 ×R9, then the absolute value of the left
side of (35.2) is at most

∥F∥BL
[
Cw(δ

1/2
m + δm) + em,w(γ)

]
(35.3)

for every sufficiently large fixed m and all sufficiently small γ, depending on m, where Cw does
not depend on m or F, and em,w(γ)→ 0 as γ ↓ 0 for each fixed m.

Remark 35.5. In the three theorems the continuum limit is taken first, at fixed γ. The
proofs take the limits in the order K → ∞ at fixed γ and m, then γ ↓ 0 at fixed m,
then m → ∞. Only bounded observables, not divided by powers of γ, are compared
between ν and µ, and no rate of convergence uniform in γ is used or asserted. The
tangential marginal ργ is not identified: Theorem 35.4 states that the normal fluctuations
are Gaussian over this marginal, not that the pair (yγ, zγ) converges to a fixed limit law.
Finally, Theorem 35.2 identifies no corrections to the coefficient 2, which is the coefficient
of a four-dimensional Gaussian vector and is reproduced by the conditional normal
Gaussian measure of Lemma 35.17(4).
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Remark 35.6. Theorem 35.4 contains more information than the law of |zγ|2/2 = q∗/γ.
For example,

F(y, z) =
|z1|2 − |z2|2

1 + |z|2

is bounded, Lipschitz, and invariant, and it requires no choice of a color frame. At
y = (0, 0, ru) with r0 < r < r1, its values at (z1, z2, z3) = (sv, 0, 0) and at (0, sv, 0), with
v ⊥ u, are opposite, although the two points have the same radius. In general, writing
R = |G4| and Π = Πϑ,

F(y) =
Π11 −Π22

2
E

R2

1 + R2 .

Indeed, Ny = ϑ⊥ ⊗ u⊥, so the quadratic form b 7→ |bi|2 has trace 2Πii on the four-
dimensional space Ny, and the conditional expectation of |zi|2 given |z| = R under Γy is
R2Πii/2. In the theorem, both F and the normalization of bγ are evaluated at yγ, and the
normalization is by Dγ.

35.2 The coarse marginal and the finite-dimensional Gaussian comparison

Definition 35.7. Let ν̂ = (T JK
M )#ν be the law of the coarse field V = T JK

M U under ν. It has
the density

dν̂ = Ẑ−11Dr e−nEJK,sat/γ−RK,γ dHn, RK,γ = RK,γ − RK,γ(I),

where EJK,sat is the gauge-invariant extension of the effective classical action EJK from
Br to Dr of Theorem 11.6 (that is, EJK,sat(U) = EJK(Uk) whenever Uk ∈ Br), RK,γ is the
effective interaction after K renormalization group steps, of classical depth JK, RK,γ is the
centered effective interaction, and Ẑ is the normalizing constant of this density; it is the
normalizing constant of Theorem 33.10.

Near the flat configurations of Un whose holonomy logarithms lie in P++ we use the
finite normal atlas V = V(y, v) of Proposition 33.12. Here y ∈ M is the logarithm of the
holonomy triple of the flat configuration V(y, 0), and v is a normal variable of dimension

dreg = 6n3 − 2,

whereas dimNy = 4. A coarse regular tube is a set {V(y, v) : y ∈ Pc, |v| ≤ εc}, where
Pc ⊂ P++ is a compact invariant regular patch and εc > 0 is fixed. Put

HK(y) = D2
v(nEJK)(V(y, 0)), z0 = γ−1/2HK(y)1/2v.

Let HK denote the triple of coordinate-cycle holonomies of the Wilson-flowed fine con-
figuration at time θL2, regarded as a function of the coarse coordinates (y, v) and of all
normalized fluctuation variables (w1, . . . , wK). Evaluate derivatives at the zero-fluctuation
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reconstruction of the flat coarse field V(y, 0), that is, at the sequence of flat refinements of
V(y, 0) obtained with w = 0. Let T0,K be the derivative in v of PNy(Log ◦HK) there, and
define

A0,K = T0,K H−1/2
K , Aj,K = γ−1/2PNy Dwj(Log ◦HK)

∣∣
flat, 1 ≤ j ≤ K.

The Hessian normalization of each step at the flat background and the factors gj,r/
√

γ

are included in Aj,K, exactly once. These deterministic matrices do not depend on γ. Put

ΣK
m(y) = A0,K AT

0,K +
m

∑
j=1

Aj,K AT
j,K, 0 ≤ m ≤ K.

The matrix ΣK
m(y) is the covariance of the image, under the linearized normal response,

of independent standard Gaussian vectors placed in the coarse normal variable and in
the first m steps. We call the matrices Aj,K the linear response matrices. On a sample,
HK takes the value HK, the flowed holonomy triple of Definition 34.1, in the same gauge
frame at the basepoint. In the notation of Proposition 33.12, HK = Hact

K , the Hessian of
the action phase nEJK. For j ≥ 1 the matrices Aj,K coincide with the matrices Aj,K of
Lemma 34.12, as shown in the proof of Theorem 35.10.

Hypotheses of the earlier results. We record how the hypotheses of the results used
below are met. None of these choices changes as γ varies.

Flat refinements. Since 2π/n < rflat/4 and rflat < r lies below every fixed margin of
the constrained minimizers, of the inverse of the block averaging constraint, of the Haar
disintegration densities, and of the gauge charts, every flat coarse field has a commuting
representative with link logarithms of norm at most 2π/n. By Lemma 14.9, its zero-
fluctuation reconstruction is the sequence of flat refinements, and it lies inside all these
coordinate domains with a positive margin at every depth. On the fixed coarse lattice the
compact set of flat configurations has a neighborhood in Dr independent of the depth
and of γ. This verifies the geometric hypothesis in every application of Proposition 33.12
below.

The coarse normal atlas. The dimension in the Laplace integral on the coarse lattice
is dreg = dn = 6n3 − 2, the regular normal rank of Proposition 33.12, not four, and
dreg/2 = 3n3− 1. We take the finite normal atlas on relatively compact smooth subcharts,
in rooted spanning-tree gauge coordinates, whose charts and gauge transformations
extend smoothly to neighborhoods of their closures. Their representatives and the closed
normal tubes lie strictly inside the outer ball Bρ, hence inside B(1−η)ρ for a fixed 0 < η < 1,
and all chart and gauge jets are bounded on these closures. We use the derivative bounds
for the amplitude of the coarse density only on these subcharts; their constants may
depend on n, η, the chart and gauge jets, and the outer domains, but not on the depth or
on γ. In this atlas the density of ν̂ is

Ẑ−1aK,γ(y, v) e−nEJK(V(y,v))/γ dy dv, aK,γ = e−RK,γ J(y, v),
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where J is the density of the product Haar measure in these coordinates, including
the partition of unity of the atlas. On each compact subpatch, before the partition
is applied, aK,γ is bounded above and below by positive constants and is uniformly
Lipschitz in v. These are hypotheses of the coarse family of Proposition 33.12, which also
has nEJK,sat ≥ κnE0 on its support and |RK,γ| ≤ Cn. The phase and amplitude are smooth
in the fixed charts, and the derivative bounds on the effective interaction in that family
imply the amplitude bounds uniformly in the depth and in γ. In particular all phase,
amplitude, and cutoff data are jointly Borel, HK is measurable, and the phase is coercive
on each chosen cutoff support. These facts verify the measurability, spectral, Lipschitz,
and coercivity hypotheses of Lemma 33.3, on which the coarse Laplace formula rests.
The partition of the atlas is absorbed into the measurable tangential weights, after the
positive bounds on the amplitude have been used.

Coordinate domains of the reconstruction. Every coarse field in the support of ν̂ has a
representative in Br; the reconstruction maps take values in the inner coordinate domain,
and the larger complex images lie inside Bρ/2. The products of coarse and free coordinates
lie strictly inside the nested domains Din ⋐ Dmid ⋐ Dout of Theorem 15.13, and every
intervening constrained minimizer, inverse, logarithm, and Haar disintegration density is
defined there. In terms of majorizing series, the radius of the coarse field plus the fixed
radius of the free coordinates lies strictly below the radius of the outer domain and below
the radius of convergence of the series. These are the hypotheses of Theorem 15.13 on
the images of the reconstruction maps; no auxiliary integral is evaluated outside Br.

Couplings and cutoffs. Let t∗ > 0 be the common coupling ceiling in Theorems 13.8
and 13.10. At the j-th step we set

tj = M(J−1)/2
√

γ/(nBj), pj = Aw log(1/tj), t2
1 = γ/(Mn). (35.4)

We keep the ceiling γ0 for the bound on the small-field failure probability and for the
continuum limit theorem. At the fixed side n we fix a threshold

0 < γW(n) ≤ γ0, (35.5)

and all estimates below are restricted to 0 < γ ≤ γW(n). The threshold may depend
on n and the fixed data, but not on K, m, or γ. It is so small that t1 ≤ t∗, p1 ≥ 1,
Ctj pj ≤ 1/2, and the Hessian bound of Theorem 13.8 and the smallness condition on
tj p3

j of Theorem 13.10 hold for every j ≥ 1. One choice serves all j: we have tj ≤ t1,

and each function ta logb(1/t) needed here is increasing on a sufficiently small fixed
interval, since its derivative has the sign of a log(1/t)− b. We also require that t1p1 fit
within the fixed margin of the coordinate domains for the free coordinates. No radius,
cutoff, reconstruction threshold, or side changes as γ varies. Later reductions of the
threshold concern only γW(n), and every threshold γm below is taken at most γW(n).
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The reconstruction maps preserve the conditional potential, the product of cutoff balls,
the normalized conditional kernels, and the coarse field. In particular, the two theorems
of Section 13 quoted above apply to every conditional kernel in this section, uniformly in
the coarse field, the side, and the preceding depth. We write E for their common bound
E∗ on the effective interaction.

Disintegration. At finite K we have the backward disintegration

dν = dν̂(V)
K

∏
j=1

k j(V, w1, . . . , wj−1; dwj), (35.6)

where k j is the conditional fluctuation kernel of the j-th step, given the coarse field and
the earlier steps. Restricting ν to an event depending only on the coarse field multiplies
the first factor by an indicator and leaves the kernels k j unchanged. Each k j still integrates
to one, including its Haar disintegration density, its determinant, and the input effective
interaction in its potential. Conditioning further on y changes the conditional law of
v in the first factor and leaves the same finer kernels. All conditional statements are
understood for a version defined for almost every y; their uniform bounds hold on the
whole compact patch wherever that version is defined by the displayed smooth densities.

Lemma 35.8. Use Definition 35.7, the disintegration (35.6), and a fixed coarse regular tube,
and condition on the coarse tangential coordinate y. For every fixed m ≥ 0 there exists γm > 0
such that the following holds uniformly in K ≥ m and 0 < γ ≤ γm. Let Fj−1 be the σ-algebra
generated by the coarse field and the normalized fluctuation variables of the first j− 1 steps, let
w̄j = E(wj | Fj−1) be the conditional mean under the conditional fluctuation kernel k j, and put

ZK,m = A0,K(y)z0 +
m

∑
j=1

Aj,K(y)(wj − w̄j).

For every fixed s ≥ 0 and every jointly Borel family of real functions Fy on Ny with |Fy(z)| ≤
CF(1 + |z|s) in the finite smooth bundle atlas,∣∣E[Fy(ZK,m) | y]−EFy(GΣK

m(y))
∣∣ ≤ Cm,sCF

√
γ (1 + |log γ|).

All fixed moments of ZK,m and of its partial sums are bounded by constants Cm,s. More strongly,
the same polynomially weighted comparison holds for the joint vector (z0, w1− w̄1, . . . , wm− w̄m)

against a standard Gaussian vector of the same fixed finite dimension. The restriction to the coarse
tube changes only the first factor of (35.6); no conditional kernel and no nonlinear reconstruction
is evaluated at a Gaussian argument.

Proof. We first bound each conditional kernel and the probability that its variables come
close to the boundary of the cutoff product (Steps 1 and 2). We then control the linear term
of the conditional potential (Step 3), compare each conditional density with a Gaussian
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density in a weighted norm (Step 4), and treat the coarse variable (Step 5). Finally, a
telescoping argument replaces the variables one at a time by Gaussian variables (Step 6),
and we pass to the linear image (Step 7).

Step 1: the conditional kernels. Fix the coarse field and the first j− 1 steps in the coor-
dinate domains. By Theorem 13.8, whose conclusions are preserved by Theorem 15.13,
the kernel k j on the product Ωj ⊂ RDj of cutoff balls satisfies

k j(dw) = Z−1
j 1Ωj e

−Vj(w) dw, ∥D2Vj − I∥ ≤ ϵj,

Var F ≤ 2E|∇F|2, Ent(F2) ≤ 4E|∇F|2,

where ϵj ≤ C{tj pj + t2
j (1 + E)} under the condition Ctj pj < 1/2, with tj, pj as in (35.4),

and Dj ≤ 9J(nBj)3. By Theorem 13.10, the conditional mean satisfies

∥w̄j∥∞ ≤ Ctj∥θ̂j−1∥∞ ≤ Ctjr, (35.7)

where θ̂j−1 is the logarithm of the reconstructed field after j− 1 steps. For j ≤ m the
dimension Dj is fixed, and we have |w̄j| ≤ Cm

√
γ and ϵj ≤ Cm

√
γ(1 + |log γ|). These

bounds are uniform over all earlier variables in the coordinate domains and over K.

Step 2: concentration and an interior cutoff. Let f be a 1-Lipschitz function of w, and
let Λ(λ) = log Eeλ( f−E f ). Inserting eλ f /2 into the logarithmic Sobolev inequality, we find
λΛ′−Λ ≤ λ2, which implies Λ(λ) ≤ λ2. Applying this also to − f and choosing λ = u/2
in Markov’s inequality, we obtain P{| f −E f | ≥ u} ≤ 2e−u2/4; this is the Herbst argument
(see [123, Section 2.3]). Lipschitz functions are covered by smooth approximation on the
compact product. Since tj = cn,M,J

√
γB−j/2 and pj = Aw log(1/tj), we may decrease

γm so that Ctjr ≤ pj/(4
√

3) and pj ≥ 1 for j ≤ m. If a three-dimensional block wa has
|wa| ≥ pj/2, then one of its scalar coordinates deviates from its conditional mean by at
least pj/(4

√
3). A union bound over the scalar coordinates yields

P
{

max
a
|wa| ≥ pj/2

}
≤ 2Dje

−p2
j /192.

Let 0 ≤ χ ≤ 1 be the product radial cutoff equal to one on the balls of half the cutoff radius
and zero outside the balls of three quarters of it. Then χ ∈ C∞

c (Ωj), |∇χ| ≤ C
√

Dj/pj,

and qcut
j = P(χ < 1) ≤ CDje

−cp2
j . At fixed m we have pj ≥ c|log γ| − Cm. This implies

that qcut
j and the standard Gaussian mass outside Ωj are Om,q(γq) for every fixed q > 0;

polynomially weighted Gaussian tails have the same property, with the fixed moment
order in the constant. Decreasing γm further, we may assume qcut

j ≤ 1/2, |w̄j| ≤ 1, and
ϵj ≤ 1/4 for j ≤ m.
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Step 3: the linear term. We write D = Dj, µ = w̄j, ϵ = ϵj, and

Vj(w)−Vj(0) = |w|2/2 + ℓ · w + R(w), ℓ = ∇Vj(0),

|∇R(w)| ≤ ϵ|w|, |R(w)| ≤ ϵ|w|2/2.

The bounds on R follow from Taylor’s formula along radial segments, since the product
is convex and contains zero. Applying the Poincaré inequality to each coordinate, we
have E|w|2 ≤ 2D + |µ|2. Integrating ∇(χe−Vj) over Ωj, which gives zero because χ has
compact support in the interior, even at the corners of the product, we obtain

ℓEχ = E∇χ− µ + E[(1− χ)w]−E[χ∇R(w)]. (35.8)

Since ∇χ is supported on {χ < 1}, we have |E∇χ| ≤ C
√

D qcut
j /pj. By the Cauchy–

Schwarz inequality, |E[(1− χ)w]| ≤
√

qcut
j (E|w|2)1/2, and |E[χ∇R(w)]| ≤ ϵ(E|w|2)1/2.

Since Eχ ≥ 1/2, we obtain

|ℓ| ≤ Cm
{√

γ + ϵ +
√

qcut
j

}
≤ Cm

√
γ(1 + |log γ|).

Here we used the bound on the conditional mean µ from Step 1, not that µ vanishes. A
bound on D2Vj − I alone would not control the linear coefficient ℓ.

Step 4: weighted density comparison. Let U = Vj−Vj(0). When ϵ ≤ 1/4, the preceding
bounds imply U(w) ≥ |w|2/4− C|ℓ|2. After a further reduction of γm we have |ℓ| ≤ 1,
and the exponential-difference identity (33.6), used in the proof of Corollary 33.4, gives
on Ωj ∣∣e−U(w) − e−|w|

2/2∣∣ ≤ C
(
|ℓ||w|+ ϵ|w|2

)
e−c|w|2 .

We extend e−U by zero outside Ωj, integrate against 1 + |w|s, bound the Gaussian mass
of the complement of Ωj by Step 2, and compare the two normalizing constants. Since
the Gaussian integral is (2π)D/2, both normalizing constants have a common positive
lower bound at this fixed D. Then the normalized conditional density rj of wj satisfies∫

(1 + |w|s)|rj(w)− ϕD(w)| dw ≤ Cm,s
√

γ(1 + |log γ|), (35.9)

where ϕD is the standard Gaussian density in RD. In particular all fixed uncentered
conditional moments are bounded. The same bound holds for x = w− µ against ϕD(x).
Indeed, translation changes the polynomial weights by a bounded factor when |µ| ≤ 1,
and

ϕD(x + µ)− ϕD(x) =
∫ 1

0
µ · ∇ϕD(x + uµ) du

has weighted L1 norm at most CD,s|µ|. No derivative of the mean in the earlier variables
is needed.
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Step 5: the coarse variable. We condition on y in the coarse tube. The weighted
comparison of the conditional density of z0 with ϕdreg is given by Corollary 33.4, together
with the extension to the whole tube established in its proof. That proof verifies the
coercivity of the phase on the whole tube, the bounds on the amplitude, and the lower
bound on the normalizing constant of the tube for the coarse family of Proposition 33.12,
uniformly in K. The chart and amplitude checks recorded above supply the data on the
subcharts. The comparison error for the coarse variable is Cn,s

√
γ. As noted after (35.6),

the restriction to the coarse tube leaves the finer kernels unchanged; this also follows
from the fixed-target statement of Theorem 13.8. All bounds of Steps 1–4 hold under this
conditional probability.

Step 6: substitution of Gaussian variables. Let X0 = z0 and Xj = wj − w̄j for 1 ≤
j ≤ m, and let F be a Borel function of (X0, . . . , Xm) bounded by 1 + |(X0, . . . , Xm)|s.
For 0 ≤ j ≤ m let Ij be the expectation of F when the arguments 0, . . . , j are X0, . . . , Xj
and the arguments j + 1, . . . , m are replaced by independent standard Gaussian vectors,
independent of everything else. For j ≥ 1, integrating out these Gaussian vectors gives a
function of the current variable bounded by

Cm,s
(
1 + |(X0, . . . , Xj−1)|s + |Xj|s

)
.

For fixed values of the earlier variables, (35.9) in its translated form bounds the change
from a Gaussian j-th argument to Xj by Cm,s

√
γ(1 + |log γ|) times 1 + |(X0, . . . , Xj−1)|s.

Taking expectations, we find that |Ij − Ij−1| is at most Cm,s
√

γ(1 + |log γ|) times E(1 +

|(X0, . . . , Xj−1)|s). This expectation is uniformly bounded: the moments of the coarse
variable follow from the corollary of Step 5, each conditional variable has all fixed
moments by Step 4, and finite-dimensional norm inequalities bound the whole vector.
The centered variables are measurable functions of the earlier variables, so no inverse
transformation of a Gaussian argument is required. Finally the coarse argument in I0

is replaced by a Gaussian one using Step 5. Summing the finitely many differences
proves the joint weighted comparison. The Gaussian arguments enter only F, never a
reconstruction, a conditional mean, or a conditional kernel.

Step 7: the linear image. The exact Gaussian decomposition of Proposition 33.12 includes
the bound

∥A0,K∥2
HS +

K

∑
j=1
∥Aj,K∥2

HS ≤ C. (35.10)

This implies that the linear map (X0, . . . , Xm) 7→ A0,KX0 + ∑m
j=1 Aj,KXj has operator norm

bounded uniformly in K and m. Applying the joint comparison to Fy composed with this
map, which has polynomial growth with a fixed bound, proves the stated estimate. The
Gaussian image has covariance ΣK

m(y) by definition, and the argument covers singular
covariances. The same norm bound and the moments of each argument give the bounds
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on all moments of the partial sums. The kernels and the conditional means are Borel, as
normal integrals of smooth conditional densities, and the Borel hypothesis on Fy together
with Fubini’s theorem justifies every substitution of a test function and every integration
in y.

35.3 Finite-scale reconstructions and the normal covariance

The proofs in this subsection use coordinates qj,r = gj,rwj,r on fixed finite lattices; as
coordinates they do not depend on γ, and all domains below are chosen independently
of γ and of the number of later steps.

Theorem 35.9. Fix m ≥ 0, and express the triple ΞK
m as a function of the coarse coordinates and

of the coordinates qj,r = gj,rwj,r, 1 ≤ j ≤ m, of the first m steps. There exist a neighborhood of its
flat inputs (the inputs whose coarse field is flat and whose coordinates of the first m steps vanish)
and a constant Cm such that, on this neighborhood,

sup
K≥m
∥ΞK

m∥C1,1 ≤ Cm.

The derivatives are taken in smooth rooted spanning-tree gauge coordinates; no derivative of a
measurable choice of gauge representatives is taken. The neighborhood and Cm may depend on
m and on the fixed lattices of the first m steps, but not on K, on γ, or on the preceding and later
classical depths.

Moreover, ΞK
m extends to a fixed neighborhood of the set of all inputs (V0, 0) with V0 ∈ Un

flat, and there exists a function ωm with ωm(s)→ 0 as s ↓ 0 such that, for every flat V0,

max
i
∥ΞK

m,i(V, z≤m)−Holi(V0)∥op ≤ ωm
(
din((V, z≤m), (V0, 0))

)
.

Here z≤m denotes the physical coordinates qj,r of the first m steps. For this comparison with the
zero section, din((V, z≤m), (V0, 0)) is the sum of the distance between the based gauge classes
of V and V0 in one fixed product Riemannian metric on the compact coarse quotient in rooted
spanning-tree coordinates and the Euclidean norm of z≤m. The triangular orthogonal transitions
preserve this norm. This distance to a flat input is uniformly equivalent, on the finite cover used
below, to the corresponding local product distances, with constants independent of K. Every chart
uses the same gauge frame at the basepoint. Finally, ΞK

m(V0, 0) = Hol(V0) for every finite K ≥ m
and every flat V0, including those whose holonomy triple is one of the central triples (±I,±I,±I).

Proof. Fix m. All parameter norms in this proof are norms on the coarse lattice and on the
finite lattices of the first m steps; their dimensions and the constants comparing different
norms may depend on m, n, M, J. We write u for these parameters. As arguments of
the successive Hessian normalization we use the coordinates qj,r = gj,rwj,r, which do not
depend on γ. The changes of variables between these coordinates and the free logarithmic
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coordinates have uniformly bounded charts and inverse charts on each fixed set of first
m steps. On the coarse lattice we use analytic link coordinates or rooted spanning-tree
gauge coordinates, keeping the initial gauge frame at the basepoint. The smooth normal
atlas is composed with these coordinates only after the real derivative bounds have been
obtained.

Step 1: a domain for the inputs. By Lemma 14.9 and the condition 2π/n < rflat/4, each
of the first m zero-fluctuation steps at a flat input is flat and lies strictly inside every
margin of the constrained minimizers, of the inverse of the block averaging constraint, of
the Haar disintegration densities, and of the gauge charts. Each fixed finite composition
of reconstruction maps has uniformly bounded weighted analytic coefficients on the
nested domains of Theorem 15.13; in particular its first derivative is bounded there
independently of the later depth. Let FK

m(u) be the field at the end of the m-th step, which
is the input of the zero-fluctuation reconstruction of the later steps. At each flat chart
center u0 we start from a small commuting representative with link logarithm of norm at
most 2π/n, keeping the gauge frame at the basepoint. The reconstruction maps preserve
flatness and the based cycle holonomies. Their zero-fluctuation maps Pj satisfy Pj(0) = 0
and ∥DPj∥ ≤ amap < 1 on the convex working ball, by Lemma 15.16 and Definition 34.1.
Integrating along segments and iterating therefore gives

∥FK
m(u0)∥∞ ≤ am

map
2π

n
≤ 2π

n
<

rflat

4
<

r
4

.

This bound applies to the actual reconstructed representative, which may differ from the
constant commuting refinement by a based gauge transformation. The derivative bound
just obtained gives a constant Cin,m for DuFK

m , uniform in K and in the depths, before any
of the later steps is applied. Let Ularger be a real neighborhood of the flat inputs, of radius
ϵm, such that Cin,mϵm < r/4 and the derivative bound times ϵm is less than half of every
image margin of the first m steps. By the mean value formula, we have, in these fixed
charts,

sup
K≥m, u∈Ularger

∥FK
m(u)∥∞ ≤ r/4 + Cin,mϵm < r/2 < r, (35.11)

and every intermediate image stays in its coordinate domain. The same holomorphic
coefficient bounds allow a larger complex polydisc, on which the complex image has
norm below 3r/4, and two smaller polydiscs. Indeed, the complex derivative bound
times the added radius may be chosen below r/4 and below half of the remaining image
margins. A finite cover of the compact set of flat inputs gives common positive radii and
margins. These choices depend on m and on the coefficient bounds, but not on K, on γ,
or on the number of later steps. In particular, (35.11) verifies the bound ∥θ0∥∞ ≤ r on the
initial field required in Lemma 34.4, independently of the larger radius and of the cutoffs.
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Step 2: the flow data of the zero-fluctuation reconstruction. Let a = ℓK = (L/n)B−K.
Let EK(u) be the linear and quadratic flow data, in the sense of Definition 4.8, of the
zero-fluctuation reconstruction from FK

m(u) down to the mesh a, including both weighted
components and their first differences. We apply parts (1)–(3) of Lemma 34.4, including
the analytic coefficient estimates and the finite-scale composition clause in part (3),
starting at the mesh ℓm with this finite input. Its hypotheses are the bound (35.11), the
contraction condition amap

√
B < 1, the complex domain of Step 1, and zero fluctuation

variables at all later steps; they hold by Step 1 and Definition 34.1. We obtain a fixed
smaller complex domain, a bound Rm, and a number 0 < τ < 1 such that, for every fixed
l ≥ m,

sup
K≥l, u

∥EK(u)∥fl,a ≤ Rm, sup
K≥l, u

∥EK(u)− EK,l(u)∥fl,a ≤ Cm(1 + l)cτ l−m. (35.12)

Here EK,l is the flow data of the field at the end of the l-th step, embedded on the same
finest lattice, and ∥·∥fl,a is the sum of the four weighted value and first-difference norms
of Definition 4.8. One can take τ = max{amapB1−αfl , q}; both terms are less than one,
since αfl > 1/2, amap

√
B < 1, and q = Ba2

map < 1. Starting at ℓm only changes Cm and
Rm, and the smaller complex domain does not shrink with the number of later steps.

Step 3: parameter derivatives of the flow data. Let U0 ⋐ U1 be real bounded parameter
domains inside that complex domain, and let sm > 0 be a common complex distance from
U1 to its boundary. Applying Cauchy’s integral formula for Banach-valued holomorphic
functions in each input coordinate, we obtain

sup
K, u∈U1

2

∑
r=0
∥Dr

uEK(u)∥fl,a ≤ Cdim uRm
(
1 + s−1

m + s−2
m

)
= R2,m. (35.13)

For a mixed second derivative we use two coordinate circles of radius at most sm/2, which
only changes the finite-dimensional constant. The estimate covers the first-difference com-
ponents as well as the values. Complex continuation is used only for the reconstruction
and the flow data, not for the nonlinear Wilson flow.

Step 4: real variations of the Wilson flow. We apply Theorem 25.13 with the parameter
domains U0, U1, dimension dim u, bound R2,m on the flow data, horizon T, and smallest
observation time t∗ = θL2/2. The flow data are twice continuously differentiable by
(35.13) and are bounded in the norms required there. Every damping gauge transfor-
mation starts at the identity in the same initial gauge frame at the basepoint. The early
parameter variations given by that theorem satisfy the first-difference bound

Cm
{
(s + a2)−(αfl+1)/2 + (s + a2)−αfl + (s + a2)κfl−1/2},
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which is integrable in s near zero, uniformly in a, since (αfl + 1)/2 < 1, αfl < 1, and
κfl > 0. The condition keeping the links in the compact chart is

a sup
s≤TR2,m

∥A(s)∥∞ ≤ Cm
{

a1−αfl + a2−2αfl + a(TR2,m + a2)κfl
}
−→ 0 (a→ 0).

At a positive early restart time the same theorem gives smooth bounds at the restart and
a finite reference family of smooth DeTurck solutions, joined by fixed gauge transforma-
tions, on an open neighborhood of the compact family of smooth restart configurations.
We check its hypothesis that this family has a compact smooth closure, using the gauge
transformations at the restart and the bounds on all fixed spatial differences given by
the smoothing at positive time. For each restart array, the coefficients of its periodic
trigonometric interpolant are bounded by Cq(1 + |k|)−q for every fixed q. To see this, we
apply q differences in a coordinate with maximal |ki| and use |a−1(e2πiaki/L − 1)| ≥ cL|ki|
on the centered Brillouin representatives, and at k = 0 we use the bound on the values.
The tails of the coefficients therefore tend to zero uniformly in each Cs norm, taking
q > s + 3. Finite Fourier truncations have compact sets of coefficients, and successive
finite nets in these truncations, followed by a diagonal subsequence, give a compact
smooth closure, uniformly over the compact parameter domains. Taking real parts at
the unpaired Nyquist modes preserves real arrays and the estimates. This verifies the
compactness hypothesis. We use the fixed gauge transformations of that theorem at the
restart for the varying input, keeping their conjugations at the basepoint. The theorem
then bounds the first and second real parameter derivatives of the three cycle matrices
at time θL2 by Cm. Since the initial configurations are the finest configurations of the
zero-fluctuation reconstruction that define ΞK

m, and the lattice flow time is 4θL2/a2, this
bounds the derivatives of the map ΞK

m itself. The finitely many meshes for which the
smallness conditions of that theorem fail are covered by its clause on compact smooth
ordinary differential equations. Integrating the second derivative on smaller convex
coordinate balls, we obtain supK≥m∥ΞK

m∥C1,1 ≤ Cm.

Step 5: all flat configurations. We repeat Steps 1–4 in ambient charts given by rooted
spanning-tree gauges, covering the set of flat configurations, which is compact on the
coarse lattice. Its quotient by gauge transformations fixed at the basepoint is parametrized
by finitely many matrices on the non-tree links, because rooted spanning-tree gauges are
unique and have no residual stabilizer. Hence smooth ambient charts exist also at flat
configurations with central holonomies, although the set of flat configurations is singular
there.

For each flat chart center V∗, fix a periodic coarse gauge transformation h∗ with
h∗(0) = I taking V∗ to a small constant commuting representative, as in Lemma 14.9,
and use this same fixed transformation on its whole ambient neighborhood. The strict
margins at the center from Step 1 and the uniform coefficient bounds for the first m
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steps give a neighborhood independent of K. On an overlap, transport both the coarse
field and the first m fluctuation coordinates by the triangular transitions q′j,r = Oj,rqj,r of
Theorems 13.4 and 14.3, where Oj,r depends on the coarser inputs. By (15.28), the corre-
sponding reconstructions are related by a fine gauge transformation whose restriction
to the coarse vertices is the original coarse transformation. It therefore equals I at the
common basepoint. Iterating this identity transports the whole prefix, and every subse-
quent zero fluctuation coordinate remains zero. The finest zero-fluctuation configurations
and their Wilson flows thus have identical based cycle matrices on the overlap. These
transitions also preserve the cutoff balls, the normalized conditional kernels, and the
selected event. The uniform coefficient bounds on the first m fixed lattices control the
finite input charts; exact equality of the based matrices requires no derivative of a gauge
transformation composed through the later steps.

We take finitely many larger charts covering the compact flat set and smaller charts
with compact closures inside them. Steps 1–4 then give a common constant Cm and a
common positive neighborhood on this finite cover. This construction chooses each center
gauge once and uses neither a logarithm of a varying central matrix nor a regular normal
Hessian.

Step 6: exact values and the modulus. At a flat input with zero fluctuation variables,
Lemma 14.9 identifies the successive constrained minimizers up to based gauge trans-
formations with commuting flat refinements, which preserve the cycle holonomies. By
Theorem 15.13, the gauge transformations of the reconstruction maps are the identity
at the roots and therefore preserve these values. The gradient of the Wilson action van-
ishes on the refinements, so the Wilson flow does not move them. We conclude that
ΞK

m(V0, 0) = Hol(V0) for every finite K, for central as well as regular flat configurations.
It remains to obtain the modulus from the uniform first-derivative bounds. We take

coordinate balls whose doubled closures lie in the larger charts, cover the set of flat
configurations by finitely many of the corresponding half-balls, and let ϱm > 0 be a
common smaller radius. An input and a flat zero-section input at distance at most ϱm lie
in one of these charts, where the local product distance is bounded by a fixed multiple of
din. The norm of the transported fluctuation input is unchanged, so the first-derivative
estimate and the fixed gauge frame at the basepoint bound their matrix difference by
C′mdin. For larger distances the difference is at most two. After increasing C′m so that
C′m ≥ 2/ϱm, the function ωm(s) = min(2, C′ms) is a common modulus. On overlaps the
gauge transformations keep the same initial gauge frame at the basepoint. This proves
the statement near all flat configurations.

Theorem 35.10. For y in the regular patch P++ and N = nBK we have the exact identity

ΣK
K(y) = ΣN

θ (y),
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where ΣN
θ (y) is the normal covariance, divided by γ, of the linearized flowed cycle logarithms

under the Gaussian measure of the lattice Maxwell form of the finest lattice around the flat
configuration y (Theorem 33.11 and Proposition 33.12). There exists C, independent of m, K, and
y, such that

0 ≤ ΣN
θ (y)− ΣK

m(y) ≤ Cδm INy (K ≥ m).

Put Σ̃K
m(y) = Σθ(y)−1/2ΣK

m(y)Σθ(y)−1/2. With constants independent of m, K, and y,

sup
y
∥Σ̃K

m(y)− I∥op ≤ Cδm + C(nBK)−2, K ≥ m. (35.14)

The continuum covariance satisfies cI ≤ Σθ ≤ CI and Σθ(y) ≥ |ϑ|−2e−2θ|ϑ|2 INy . For every fixed
m, in the finite smooth normal atlas,

sup
K≥m

m

∑
j=0

(
∥Aj,K∥∞ + Lipy Aj,K

)
≤ Cm. (35.15)

Finally, if HE
K = D2

vEJK(V(y, 0)), then HK = nHE
K and

A0,K AT
0,K = n−1T0,K(HE

K)
−1TT

0,K.

Proof. The exact identity is the Gaussian quadratic identity of Proposition 33.12, applied
to the linear response matrices of Definition 35.7. Its hypotheses concern the same
reconstruction maps, the Hessians at the flat background, the coarse normal variable, and
the derivative of the flowed cycle logarithms. In particular,

ΣN
θ − ΣK

m =
K

∑
j=m+1

Aj,K AT
j,K ≥ 0. (35.16)

If Gj are independent standard Gaussian vectors, this positive matrix has trace

tr
(
ΣN

θ − ΣK
m
)
= E

∣∣∣ K

∑
j=m+1

Aj,KGj

∣∣∣2. (35.17)

To bound this trace we identify our matrices with those of Lemma 34.12. Its flat coarse
field Vy is V(y, 0) here. Its coordinates qj,r are our gj,rwj,r, taken before the Hessian nor-
malization of each step at the flat background; that normalization and the zero-fluctuation
reconstruction of all finer steps are included in the differentiated reconstruction on both
sides. The two response matrices therefore agree:

Aj,K = PNy Dqj(Log ◦HK) diagr,e(gj,r/
√

γ) = γ−1/2PNy Dwj(Log ◦HK)
∣∣
flat = Aj,K.

The diagonal contains the coupling of every intermediate scale and every scalar color
component. Its entries do not depend on γ, since each g2

j,r/γ is the reciprocal of a fixed
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lattice side. Both response maps use the Wilson flow at time θL2 (lattice time 4θN2),
the same based coordinate cycles, and the same initial gauge frame at the basepoint.
Our patch is regular and has the margins of the identity chart and of the normal charts
required by that lemma. Its flat refinements satisfy the coordinate-domain conditions by
the condition 2π/n < rflat/4 and Lemma 14.9, and D Log is the bounded differential of
the identity chart. Thus every hypothesis of Lemma 34.12 holds, and we obtain

sup
K≥m, y

E

∣∣∣ K

∑
j=m+1

Aj,K(y)Gj

∣∣∣2 ≤ Cδm. (35.18)

Only a linear map acts on the independent Gaussian vectors, and the bound holds at
each fixed flat y; it is not deduced from an averaged estimate for the interacting measure.
A positive semidefinite matrix is bounded above by its trace times the identity, as one
sees by diagonalizing it. Combining (35.16), (35.17), and (35.18), we obtain the bound
0 ≤ ΣN

θ − ΣK
m ≤ Cδm I.

We next prove the derivative bounds at finite cutoff. The spectral bounds cn I ≤ HK ≤
Cn I follow from Proposition 33.12. By the uniform bounds on the derivatives of the
effective classical action in Theorem 10.11, composed with the fixed compact normal
atlas, we have ∥HK∥C1(y) ≤ Cn; only three derivatives of the action are needed. For
the steps j ≥ 1 we use the coordinates qj,r = gj,rwj,r of Theorem 12.13. The Hessian
normalization of each step is part of the map in these coordinates and is preserved by
Theorem 15.13; these are the coordinates used in the proof of Theorem 35.9, and no limit
of a normalization matrix or of its derivative is needed.

For the inverse square root, let S be a symmetric matrix with cI ≤ S ≤ CI, choose
C′ > C and write S = C′(I − Q), so that ∥Q∥ ≤ 1− c/C′ < 1. The binomial series
for (I − Q)−1/2 and its term-by-term derivative converge uniformly: the derivative of
Qk is a sum of k terms bounded by ∥Q∥k−1∥DQ∥, and the coefficients of the series are
bounded. This bounds S−1/2 and its first tangential derivative without constructing any
limit. Applied to S = HK, it bounds H−1/2

K and its first tangential derivative.
At the flat input, the derivative of Log ◦ΞK

m in the variables of a step j ≤ m equals
the corresponding derivative of Log ◦HK with all other fluctuation variables set to zero.
Indeed, setting the later variables to zero does not change the derivative in an earlier
variable at the flat refinements. For j ≥ 1 this gives the identity

Aj,K = PNy Dqj(Log ◦ΞK
m)

∣∣
flat diagr,e(gj,r/

√
γ),

with a fixed diagonal independent of y, K, and γ. Using the C1,1 bounds of Theorem 35.9
in these coordinates, the bounds on the first two derivatives of the logarithm on the
identity chart, and the smoothness of the embedding of the flat configurations, we bound
each Aj,K and its first tangential derivative. For A0,K we compose the corresponding
coarse derivative with H−1/2

K and use the preceding bounds. Each step carries exactly one
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Hessian normalization, already included in the differentiated map, and the derivatives
of the orthonormal frames and of the projections in the finite atlas are bounded. This
proves (35.15), and hence a Lipschitz bound for ΣK

m at each fixed m.
By Theorem 33.11 we have ∥ΣnBK

θ − Σθ∥ ≤ C(nBK)−2, together with the spectral
bounds cI ≤ Σθ ≤ CI. Adding this lattice error to the bound on the positive remainder
proved above and conjugating by Σ−1/2

θ , we obtain (35.14). By the same theorem, the
constant off-diagonal color modes alone contribute e−2θ|ϑ|2 |ϑ|−2 INy to Σθ(y); since all
other contributions are positive semidefinite, this gives the stated lower bound.

Finally, HK = D2
v(nEJK) = nHE

K, so

A0,K AT
0,K = T0,K H−1

K TT
0,K = n−1T0,K(HE

K)
−1TT

0,K.

In particular the contribution of the coarse normal variable is included in ΣK
m for every

m.

35.4 Finite-scale moments and localization

This subsection combines the Gaussian comparison of Lemma 35.8 with the deterministic
results of Section 35.3. Two facts about the coarse lattice drive the argument. First, the
normalizing constant Ẑ is of order γ3n3−1 (Theorem 33.10). This is also the order of the
Laplace mass of any fixed regular patch, so a fixed regular neighborhood has probability
bounded below, uniformly in γ. Second, the action has a positive gap at a fixed distance
from the flat configurations. Together with the uniform modulus of Theorem 35.9, this
shows that, with overwhelming probability, an output in a fixed regular tube comes
from a coarse field near the corresponding regular flat configurations, and not from a
neighborhood of other flat configurations, such as those with central holonomies.

Theorem 35.11. Fix nested tubes as in Section 35.1. For every fixed m ≥ 0 there exist K0(m)

and γm > 0 such that the following statements hold uniformly for K ≥ K0(m) and 0 < γ ≤ γm.

1. Fix bounded Borel functions on SU(2)3 that agree with the local maps H 7→ b(Log H) and
H 7→ y(Log H) on a fixed regular output tube containing, with a positive margin, all flat
outputs Hol(V(y, 0)) of the selected coarse conditioning patch; we denote them again by
b(Log H) and y(Log H). Under the restriction of ν to the corresponding coarse regular tube,
normalized by its own mass, we have for every fixed finite r′

b(Log ΞK
m)√

γ
= A0,K(y)z0 +

m

∑
j=1

Aj,K(y)wj +RK,m,

∥RK,m∥Lr′ ≤ Cm,r′
√

γ(1 + |log γ|)2, ∥y(Log ΞK
m)− y∥Lr′ ≤ Cm,r′

√
γ(1 + |log γ|).

The same integrated estimates hold for the expectation under ν with any bounded measurable
multiplicative factor supported in the coarse tube. Replacing wj by wj − w̄j changes RK,m

by a term of norm Om(
√

γ) in Lr′ .
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2. Let w be any fixed real smooth tangential weight compactly supported in the relative interior
of P, and let χw be a fixed smooth normal cutoff supported in {|b| < bo} and equal to
one near the zero section. Set w̃(y + b) = w(y)χw(b), with the fixed zero extension; for
this part, nonnegativity and invariance of w and χw are not required. Choose a smooth
normal cutoff ζ equal to one near the support of χw and supported in {|b| < b+}, and set
w+(H) = w(y(Log H))ζ(b(Log H)), extended by zero. For l = 0, 1, 2,

Eν

[
w̃(Log ΞK

m)
(q∗(Log ΞK

m)

γ

)l]
= Eν

[
w+(ΞK

m)ml
(
Σ̃K

m(y(Log ΞK
m))

)]
+ Om,w

(√
γ(1 + |log γ|)km

)
,

where km is a fixed exponent, Σ̃K
m = Σ−1/2

θ ΣK
mΣ−1/2

θ , and

m0(C) = 1, m1(C) =
1
2

tr C, m2(C) =
1
4
{
(tr C)2 + 2 tr(C2)

}
. (35.19)

Only values in the support of w+ are used on the right.
3. For every fixed r′, the normal moments of the coarse variable satisfy

Eν[|v|r
′
1{V in the coarse tube}] ≤ Cr′γ

r′/2, and for every fixed larger regular output
tube V ,

Eν

[
|b(Log ΞK

0 )|r
′
1{ΞK

0 ∈V}
]
≤ Cr′γ

r′/2,

where Cr′ depends on V but not on m.
4. There exists c∗ > 0, independent of K, m, and γ, such that, after possibly decreasing γm,

ν{ψ(Log ΞK
m) = 0} ≥ c∗, ν{ψ(Log ΞK

m) ≥ b∗} ≥ c∗.

5. For every compact regular output tube O over a patch in the relative interior of P++ there
exists a larger coarse regular tube T + such that, for every q > 0,

ν{ΞK
m ∈ O, V /∈ T +} ≤ Cm,qγq.

This excludes contributions from neighborhoods of all other flat configurations, including
those with central holonomies, as well as from nonflat coarse fields.

Throughout, the normalizing constant satisfies cnγ3n3−1 ≤ Ẑ ≤ Cnγ3n3−1.

Proof. The cases of finitely many small K are covered by the bounds of Section 35.3, so
we may take K0(m) = m; any larger choice is also allowed. We first record the Laplace
estimates on the coarse lattice (Step 1) and prove the localization (Step 2), then construct
the bounded output coordinates and a good event (Steps 3 and 4), prove the expansion
of part (1) (Steps 5–7), and finally prove parts (2), (3), and (4) (Steps 8–10).
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Step 1: Laplace estimates on the coarse lattice. By the first part of Proposition 33.12,
with its exact conditional normalizing constant, we have

E
[
|v|r

∣∣ y, V in the coarse tube
]
≤ Crγr/2 (r < ∞). (35.20)

To obtain the mass of a patch, we apply the additive Laplace formula of the same lemma
with a nonnegative smooth tangential bump h, supported strictly inside the patch, and a
normal cutoff equal to one on a smaller ball. Positivity and the bounds on the amplitude
and on the Hessian give

chγ3n3−1 ≤ Ẑ Eν̂[h(y)χ(v)] ≤ Chγ3n3−1

for all sufficiently small γ, uniformly in K; here the additive error Oh(
√

γ) has been
absorbed into the positive leading integral, and we used (2πγ)dreg/2 = (2πγ)3n3−1. By
Theorem 33.10, Ẑ is bounded above and below by constant multiples of the same power
γ3n3−1. Dividing the two bounds, we find that every fixed nonempty open regular
subpatch has coarse probability bounded below by a positive constant, uniformly in K
and γ. No convergence of the tangential amplitude is used. Integrating (35.20) over the
coarse tube proves the first assertion of part (3), both under the normalized restriction to
the tube and with any bounded multiplicative factor under ν.

Step 2: localization (part (5)). We work on the compact quotient of the coarse configu-
ration space by gauge transformations fixed at the basepoint. The zero set Fn of E0 is
the set of flat configurations, as in Section 36. For any fixed η > 0, compactness and
continuity give

cη = inf{κnE0(V) : dist(V,Fn) ≥ η} > 0,

since otherwise a convergent sequence in this closed set would have a flat limit in the
set. Since the centered effective interaction is bounded, nEJK,sat ≥ κnE0, and the product
Haar measure has mass one, the lower bound on Ẑ implies

ν̂{dist(V,Fn) ≥ η} ≤ Cnγ−(3n3−1)e−cη/γ ≤ Cn,η,qγq (q > 0). (35.21)

The last bound follows by maximizing x3n3−1+qe−cη x over x ≥ 1/γ0.
Let O be the given compact output tube. The flat holonomies meeting a sufficiently

small neighborhood of O stay away from the central triples and from the boundary
of the identity chart. We may therefore choose a strictly larger compact set of regular
commuting holonomies in the relative interior of P++, and a coarse regular tube T +

over it. On the compact complement, within the set of flat configurations, of the flat
configurations with holonomies in this larger patch, the distance of the flat holonomies
from O is at least some a0 > 0. By the modulus of Theorem 35.9, there exists ηm > 0
such that a change of the input by less than 2ηm changes every flat output by less than
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a0/2. For the finitely many steps j ≤ m, the coordinates of the first m steps satisfy
deterministically

|z≤m| ≤ Cm
√

γ(1 + |log γ|). (35.22)

Indeed the coordinates collected in z≤m are exactly qj,r = gj,rwj,r; for the finitely many
fixed scales j ≤ m, each gj,r is a fixed ratio times

√
γ, and |wj,r| ≤ pj. For small enough

γm the right side of (35.22) is less than ηm. Decreasing ηm if necessary, we may also
assume that a coarse field within distance ηm of a flat configuration with holonomies in
the larger patch belongs to T + whenever the holonomies of that flat configuration are
within a0/2 of O. Now suppose that ΞK

m ∈ O, V /∈ T +, and dist(V,Fn) < ηm, and let
V0 be flat with dist(V, V0) < ηm. The input distance between (V, z≤m) and (V0, 0) is less
than 2ηm, so Hol(V0) is within a0/2 of ΞK

m ∈ O. By the choice of a0, the holonomies of V0

lie in the larger patch, and then V ∈ T +, a contradiction. We conclude that an output in
O coming from outside T + forces dist(V,Fn) ≥ ηm, and (35.21) proves part (5). The flat
configurations with central holonomies lie in the excluded part; the argument does not
use that small curvature forces trivial holonomy.

Step 3: bounded output coordinates. We fix regular output tubes O1 ⋐ O2 ⋐ O3 with
positive margins, such that O1 contains the flat outputs of the larger coarse patch being
used. Let ϕout be a smooth function equal to one on O2 and supported in O3. On O3

we multiply the local coordinate maps by ϕout, and we set both products equal to zero
elsewhere on SU(2)3. This gives the bounded Borel maps

bext(H) = ϕout(H) b(Log H), yext(H) = ϕout(H) y(Log H), (35.23)

where the right sides are used only on O3. They agree with the normal and tangential
coordinates on O2, and they are the extensions used in part (1). They do not alter the
invariant observables, which were extended by zero.

Step 4: a good event. We consider the restriction of ν to the coarse tube, normalized
by its own mass. By the uniform first-derivative bound and the exact flat values of
Theorem 35.9, there exists εm > 0, inside the input neighborhood of that theorem, such
that |v|+ |z≤m| ≤ 2εm implies ΞK

m ∈ O2, uniformly in K. By (35.22), after decreasing γm

we have |z≤m| ≤ εm deterministically. Let Gm = {|v| ≤ εm} inside the coarse tube. Then

P(Gc
m | V in the coarse tube) ≤ Cmγ−(3n3−1)e−cm/γ. (35.24)

Indeed, the normal phase is at least cn|v|2 throughout the coarse tube, the amplitude
is bounded, and the conditional normalizing constant at each y is bounded below by
cγ3n3−1 by the coarse Laplace formula; we then integrate over the tangential distribution.
The same estimate holds conditionally at each y in the compact subpatch. Since no
departure from O2 occurs on Gm, (35.24) also bounds the probability of such a departure.
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Step 5: Taylor expansion on the good event. On Gm we use the local coordinates and
write u = (v, z≤m). By the uniform C1,1 bound and the smoothness of the normal
projection, Taylor’s formula along the segment su, 0 ≤ s ≤ 1, gives∣∣∣b(Log ΞK

m)− T0,Kv−√γ
m

∑
j=1

Aj,Kwj

∣∣∣ ≤ Cm
(
|v|+ |z≤m|

)2. (35.25)

The derivatives here are those of the flowed triple HK of the fine configuration, since
setting the later fluctuation variables to zero does not change the derivative in an earlier
variable at the flat refinements. Substituting v =

√
γH−1/2

K z0 gives the coarse term√
γA0,Kz0. The normal moments (35.20) and the deterministic bound (35.22) then bound

the remainder divided by
√

γ, on Gm, by Cm,r′
√

γ(1+ |log γ|)2 in Lr′ . Using the first-order
bound for the tangential coordinate, we similarly obtain the bound Cm,r′

√
γ(1 + |log γ|)

for its displacement.

Step 6: the exceptional event. On Gc
m we define RK,m by subtracting the displayed linear

terms from bext(ΞK
m)/
√

γ. Both extended coordinate maps are bounded, the coarse tube
has bounded v, and the fluctuation terms are bounded by Cm(1 + |log γ|) there. This
remainder is at most Cmγ−1/2 for small γ, and (35.24) implies, for every fixed r′ < ∞ and
every q > 0,

∥1Gc
mRK,m∥Lr′ ≤ Cm,r′,qγq, ∥1Gc

m

(
yext(ΞK

m)− y
)
∥Lr′ ≤ Cm,r′,qγq;

here we took the r′-th root of the exponential bound and absorbed the fixed negative
power of γ. Together with Step 5 this proves both estimates of part (1). Multiplying
the r′-th powers by the mass of the coarse tube, and then by the norm of a bounded
multiplicative factor, proves the integrated versions. Any other fixed bounded Borel
extensions agreeing with the coordinates on O2 satisfy the same estimates, with their
own bound in the constant.

Step 7: recentering. For j ≤ m the field at the start of the j-th step is a coarse field in Br

satisfying the coordinate-domain conditions. Since the conditional fluctuation kernel and
its cutoff are preserved by Theorem 15.13, Theorem 13.10 applies with t = tj. By (35.7),

|w̄j| ≤ C
√

Dj tjr ≤ Cm,n,M,J,r
√

γ (1 ≤ j ≤ m).

The inequality holds for every value of the earlier variables, hence also in Lr′ under
the restriction to the coarse tube. Using (35.10) and the Cauchy–Schwarz inequality, we
obtain ∥∥∥ m

∑
j=1

Aj,Kw̄j

∥∥∥
Lr′
≤ C

( m

∑
j=1

Djt2
j r2

)1/2
≤ Cm,r′

√
γ. (35.26)
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The finite sum may grow with m, as allowed. This is the mean under the conditional
fluctuation kernel, not under an enclosing product measure. Replacing wj by wj − w̄j
changes the scaled remainder by exactly this quantity, which completes the proof of part
(1).

Step 8: the moment identities (part (2)). At fixed m all uncentered moments of the nor-
malized fluctuation variables are bounded, since their centered moments were bounded in
Lemma 35.8 and their means are Om(

√
γ). Let Z = ZK,m, b′ = bext(ΞK

m), and y′ = yext(ΞK
m).

On Gm these are the local coordinates, so X′ = y′ + b′ = Log ΞK
m there. By Taylor’s

formula, the bound on the exceptional event, and (35.26), we have, under the whole
restriction to the coarse tube,

b′/
√

γ = Z + R, ∥R∥Lr ≤ Cm,r
√

γ(1 + |log γ|)2.

Every fixed moment of Z is bounded, by Lemma 35.8, and the error R has bounded
fixed moments for small γ. The inverse covariance Σ−1

θ has a fixed Lipschitz norm on
the larger regular tube. Expanding the quadratic form in Z + R, and using ∥y′ − y∥L2r ≤
Cm,r
√

γ(1 + |log γ|) and Hölder’s inequality with higher fixed moments of Z and R for
each product, we obtain on Gm

q∗(X′)
γ

=
1
2

ZTΣθ(y)−1Z + OLr,m
(√

γ(1 + |log γ|)2).

For the square we use a2 − b2 = (a − b)(a + b) and Hölder’s inequality, which gives
the same order with a possibly larger power of the logarithm. On Gc

m, each bounded
weighted observable divided by γl has expectation at most Cγ−lP(Gc

m), which is smaller
than any power of γ by (35.24). The corresponding polynomial in Z has a bounded
second moment, so its contribution from Gc

m is at most CmP(Gc
m)

1/2; for l ≤ 2 this uses
moments of Z only up to order eight. Thus the comparison extends to the weighted
expectations, without evaluating a logarithm or the quadratic form at a point where they
are not defined.

The normal cutoff χw(b′) differs from one only at a fixed positive normal radius. Using
Taylor’s formula, the coarse Laplace estimates, and the moments of the first m steps, we
find E[|b′|r1{ΞK

m in the larger tube}] ≤ Cm,rγr/2 for every fixed r. Markov’s inequality with
r > 2(q + l) bounds the effect of replacing χw(b′) by one, even after division by γl, by
Cm,qγq, and part (5) controls the complement of the larger tube. Next we replace the
smooth tangential weight w(y′) by w(y); the error is bounded by its Lipschitz norm times
|y′ − y|, multiplied by a power of the scaled quadratic form that is bounded in L2. We
then apply Lemma 35.8 to the resulting polynomial of degree 2l, conditionally on y, and
integrate over the tangential distribution of the coarse field. The coefficient fields of this
polynomial are smooth on the fixed compact bundle subcharts, hence bounded and Borel,
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as required by that lemma. If Z ∼ GΣK
m(y), then ZTΣθ(y)−1Z/2 has the law of GTCG/2

with C = Σ̃K
m(y) and G standard Gaussian in four dimensions, and diagonalizing the

nonnegative symmetric matrix C gives

E
(1

2
GTCG

)
=

1
2

tr C, E
(1

2
GTCG

)2
=

1
4
{
(tr C)2 + 2 tr C2}.

Here we used EG2
i = 1, EG4

i = 3, and, by independence, EG2
i G2

j = 1 for i ̸= j (special
cases of Isserlis’ theorem [112]); a zero eigenvalue simply deletes the corresponding
summand. This identifies the polynomials ml of (35.19).

Step 9: return to the output coordinates. By (35.15), ΣK
m has a uniformly bounded

Lipschitz norm at each fixed m. The field Σθ and its inverse square root are smooth, with
fixed positive spectral bounds, on the larger regular patch by Theorem 33.11, and the
binomial series used in the proof of Theorem 35.10 also bounds the derivative of the
inverse square root. Then Σ̃K

m has a uniform Lipschitz bound at each fixed m, and the
tangential test w(y)ml(Σ̃K

m(y)) can be moved back to y′ with error Cm,w
√

γ(1 + |log γ|)km .
Finally we multiply by the normal cutoff ζ(b′); as before, 1− ζ(b′) is supported at a fixed
positive normal radius, so this costs Cm,qγq, and part (5) controls the complement of the
larger tube. The test on the right side is then exactly w+(ΞK

m)ml(Σ̃K
m(y′)), and the tube

coordinates are never evaluated outside the support of w+. This proves part (2).

Step 10: normal moments for m = 0 and the two value ranges of ψ (parts (3) and (4)).
For m = 0 there are no fluctuation variables. By the exact flat values and the uniform first
derivative, we have |b(Log ΞK

0 )| ≤ C|v| in the larger coarse tube on G0, and (35.20) gives
the claimed moment bound on G0. On its complement inside the larger coarse tube, the
normal radius of an output in the given regular tube is bounded and (35.24) is smaller
than any power of γ. Outside the coarse tube, part (5) gives the same bound. These three
cases prove the second assertion of part (3); the constant depends on V but, since only
m = 0 is used, not on m.

For part (4), let h0, h+ ≤ 1 be nonnegative smooth tangential bumps, with positive
integrals, supported strictly inside the open sets O0 (where ψ0 = 0) and O+ (where
ψ0 ≥ 2b∗), and fix a smaller normal ball on which χ = 1. By Step 1, the coarse probability
of each of the two corresponding sets of coarse fields is at least some a > 0. These
compact supports have a fixed positive margin to the boundaries of O0 and O+ and to
the boundary of {χ = 1}. Markov’s inequality, applied to the tangential and normal
displacement bounds of part (1), makes the probability of crossing these margins less
than a/2, after decreasing γm. On the first remaining event ψ(Log ΞK

m) = 0, and on the
second ψ(Log ΞK

m) ≥ 2b∗ ≥ b∗. Thus c∗ = a/2 works, independently of m, K, and γ; only
the required threshold γm depends on m. This completes the proof.
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35.5 Regression identities, moment comparison, and
removal of the conditioning

This subsection collects the regression identities (Lemma 35.12), a comparison estimate
for localized moments at nearby triples (Lemma 35.13), the removal of the conditioning
together with the passage to the continuum (Lemma 35.14), and lower bounds for fixed
nonnegative observables (Lemma 35.15).

Lemma 35.12. Let P be a probability measure and let A, B be bounded real random variables
with s = EPB2 > 0 and v = VarP B > 0. Then

C (P; A, B) =
VarP A−CovP(A, B)2/v

s
=

infα,c∈R EP(A− αB− c)2

s
.

If 0 ≤ B ≤ 1, P{B = 0} ≥ p0 > 0, and P{B ≥ b∗} ≥ p1 > 0, then s ≥ p1b2
∗ and v ≥ p0p1b2

∗.
Further, put a = EPB and define e1, e2, e3 by

EP A = γ(2a + e1), EP[AB] = γ(2s + e2), EP A2 = γ2(6s + e3)

for some γ > 0. Then

C (P; A, B)
γ2 = 2 +

e3 − 4e2 − e2
1 − (e2 − ae1)

2/v
s

. (35.27)

In particular, if P = Pγ depends on γ, the bounds p0, p1, and b∗ hold uniformly, and e1, e2, e3 → 0
as γ ↓ 0, then C (Pγ; A, B) = 2γ2 + o(γ2), even if EPγ B and EPγ B2 have no limits.

Proof. We minimize first over c. At a given α the unique minimizer is c = EA− αEB,
and the remaining quadratic is Var A− 2α Cov(A, B) + α2v. Since v > 0, its minimizer is
α = Cov(A, B)/v, and its minimum is the numerator in the first expression. This proves
the regression identity.

For an independent copy B′ of B we have Var B = E(B − B′)2/2. The two events
{B = 0, B′ ≥ b∗} and {B′ = 0, B ≥ b∗} each have probability at least p0p1, and
(B− B′)2 ≥ b2

∗ on each of them, which implies v ≥ p0p1b2
∗. Integrating B2 over {B ≥ b∗}

gives s ≥ p1b2
∗.

For (35.27), note that v = s − a2, that Cov(A, B)/γ = 2v + e2 − ae1, and that
Var A/γ2 = 6s + e3− (2a + e1)

2. Subtracting the square of the first expression divided by
v from the second, the terms linear in ae1 cancel, and we obtain 2s + e3 − 4e2 − e2

1 − (e2 −
ae1)

2/v; dividing by s gives (35.27). Uniform positive lower bounds on s and v, together
with |a| ≤ 1, make the correction in (35.27) tend to zero when e1, e2, e3 → 0, without any
limit for a or s.

Lemma 35.13. Let U ⋐ U+ ⋐ U++ be the tubes of Definition 35.1, and let f̃ be a smooth
invariant weight supported strictly inside U (for example ψ, ψ2, or a localizing weight w̃).
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Assume that the inverse covariance Σ−1
θ is bounded and locally Lipschitz on U++ (it is in fact

smooth there). Put fl = f̃ ql
∗, with the fixed bounded zero extensions. For two random triples

H, H′ in a common gauge frame at the basepoint let

D = max
i
∥Hi − H′i∥op, d = min(1, D), β = |b(Log H′)|1{H′∈U+}.

There exist C < ∞ and 0 < η0 < 1, depending only on the tubes and their margins, on
∥Σ−1

θ ∥∞ + Lip(Σ−1
θ ) on U++, and on the weight, such that for every p ≥ 1 and l = 1, 2,

|E fl(H)−E fl(H′)| ≤ C
[
E(β + d)4l−2]1/2[

Ed2]1/2
+ Cη

−p
0 Edp,

where the constant in front of η
−p
0 does not depend on p. For l = 0 the bound is C Ed. Applied

under ν to H = HK and H′ = ΞK
m, with p = 2l + 2 ≤ 6, these bounds give

lim sup
K→∞

γ−l|Eν fl(HK)−Eν fl(Ξ
K
m)| ≤ Cδ1/2

m + rm(γ), l = 1, 2,

where rm(γ)→ 0 as γ ↓ 0 for each fixed m, and C does not depend on m.

Proof. We first prove the comparison inequality without any probabilistic assumption on
H, H′. In the coordinates X = y + b write L(y) = Σθ(y)−1. The boundedness and local
Lipschitz continuity of L, and the smoothness of y and b on the tubes, give

|q∗(X)− q∗(X′)| ≤ C
(
|b(X)|+ |b(X′)|

)
|X− X′|.

Indeed, we expand the difference of the two quadratic forms, first changing b with L
fixed and then changing L; the second term is at most C|b(X′)|2|y(X)− y(X′)|, which is
bounded by the displayed expression since the tube radius is bounded. For l = 1, 2, the
factorization of a difference of l-th powers and the Lipschitz bound on f̃ give

| fl(X)− fl(X′)| ≤ C
(
|b(X′)|+ |X− X′|

)2l−1|X− X′| (35.28)

whenever the segment between the two points lies in U++. The derivative of the weight
contributes a term of order |b|2l, which we absorbed using the fixed upper bound on |b|.

We choose η0 < 1 so small that any two triples at matrix distance at most η0, one
of which lies in the support of fl, both lie in U+ and have their logarithmic segment in
U++. Such a choice exists: we cover the compact support by finitely many coordinate
balls whose doubled closures lie in U++ and use the positive margins to the complement
of U+. The logarithm and the tube coordinates have bounded derivatives on these balls,
so |X− X′| ≤ CD there. On {D ≤ η0}, if both values of fl vanish there is no difference;
otherwise (35.28) gives

| fl(H)− fl(H′)| ≤ C(β + d)2l−1d.
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On {D > η0} the difference is at most 2∥ fl∥∞ ≤ 2∥ fl∥∞η
−p
0 dp. Taking expectations and

applying the Cauchy–Schwarz inequality on the first event proves the inequality; the
constant in front of η

−p
0 does not depend on p. For l = 0, the fixed smooth zero extension

of f̃ is globally Lipschitz for the bounded distance d, and the same argument gives C Ed.
We now prove the application, and first bound the moments of β uniformly in m.

Let dm = min(1, DK,m) and d0 = min(1, DK,0), where DK,m = maxi∥HK
i − ΞK

m,i∥op as
in Theorem 34.10, and let em = min(1, maxi∥ΞK

m,i − ΞK
0,i∥op). By the triangle inequality,

em ≤ dm + d0. On {em ≤ η1}, with η1 fixed sufficiently small, an endpoint ΞK
m ∈ U+ has

ΞK
0 in a fixed larger regular tube V ⊂ U++, and |b(Log ΞK

m)| ≤ |b(Log ΞK
0 )|+ Cem. On

{em > η1}, the bounded normal radius is at most Cη−1
1 em. Combining the two cases, we

find, for every fixed r ≤ 8,

Eβr ≤ Cr E
[
|b(Log ΞK

0 )|r1{ΞK
0 ∈V}

]
+ Cr E(dm + d0)

r ≤ Crγr/2. (35.29)

In the last step we used only part (3) of Theorem 35.11 with m = 0 and the bounds on
high moments in Theorem 34.10. Both are estimates under ν, at the fixed side and in the
same gauge frame at the basepoint. The tube V is chosen before m, and both constants for
the distance moments are independent of m, so the constant in (35.29) does not depend
on m.

For l = 1, 2 we take r = 4l − 2, which is two or six. By (35.29) and the moment bound
for dm, we have E(β + dm)4l−2 ≤ Cγ2l−1. The second-moment bound of Theorem 34.10
gives

(Ed2
m)

1/2 ≤ C
√

γ δ1/2
m + Cγ(1 + |log γ|)k,

where k denotes the exponent written d in that theorem. With p = 2l + 2, the exceptional
term is at most Cpγl+1 by the same theorem. The comparison inequality therefore gives,
at every finite K ≥ m,

γ−l|E fl(HK)−E fl(Ξ
K
m)| ≤ Cδ1/2

m + C
√

γ(1 + |log γ|)k + Cγ. (35.30)

This proves the claim, with rm(γ) = C
√

γ(1 + |log γ|)k + Cγ. For l = 2 the sixth normal
moment is used in an essential way.

Lemma 35.14. Fix 0 < γ ≤ γW(n), and let F : SU(2)3 → R be bounded, continuous, and
invariant under simultaneous conjugation; F may depend on γ. Write e = µN,γ(Sc

N,n,γ), with
N = nBK. Then, for every q > 0,

|EµN,γ F(HK)−EνF(HK)| ≤ 2∥F∥∞e ≤ 2∥F∥∞Cn,qγq,

uniformly in K, and
lim

K→∞
EµN,γ F(HK) = Eλγ

F(H),

where H denotes the coordinate-cycle holonomy triple of X(θL2).
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Proof. The value F(HK) depends only on the gauge orbit of the fine configuration, since
F is invariant, the reconstruction maps produce a gauge-equivalent configuration, and
the Wilson flow commutes with lattice gauge transformations. Hence F(HK) equals
F evaluated at the coordinate-cycle holonomy triple of Ψ(N)

θL2 U, which is a bounded
measurable function on the whole configuration space; this is how F(HK) is understood
under µN,γ. For any bounded F and any event S with e = µ(Sc) we have

EµF = (1− e)EνF + e Eµ(F | Sc), |EµF−EνF| ≤ 2∥F∥∞e, (35.31)

where the last term of the identity is set to zero when e = 0; see also Lemma 5.5. By
Corollary 23.11, at the fixed side n we have e ≤ Cn,qγq for every fixed q > 0, uniformly in
K. This proves the first assertion.

For the second, Lemma 5.6 writes F = f ◦ p, where p is the vector of the seven
normalized traces of H1, H2, H3, H1H2, H1H3, H2H3, and H1H2H3, and f is continuous
on [−1, 1]7 with ∥ f ∥∞ ≤ ∥F∥∞. These traces are the normalized fundamental Wilson
loops of the three coordinate cycles and of their concatenations, which are fixed piecewise
C1 based loops of bounded length. On each lattice of the sequence they are exact
lattice loops, which form admissible approximations. By Theorem 29.25, in the form
of Corollary 29.26, the joint law of these seven traces under µN,γ, at the flow time θL2,
converges as K → ∞ to their joint law under λγ. At fixed γ the corollary may discard
finitely many initial terms of the sequence nBK; this does not affect the limit, and the side
n is not changed. Since f is bounded and continuous, the expectations converge.

Lemma 35.15. Let K1 ⊂ P++ be a compact invariant set with nonempty relative interior,
contained in the relative interior of P++, and let rc > 0 be such that Tc = {y + b : y ∈ K1, b ∈
Ny, |b| ≤ rc} ⊂ U++. Let φ : SU(2)3 → [0, ∞) be bounded, invariant under simultaneous
conjugation, and Lipschitz for the matrix distance, and assume φ(H) ≥ c1 > 0 whenever
Log H ∈ Tc. Then there exist a, γ1 > 0 such that, for 0 < γ ≤ γ1 and K ≥ K0(0),

Eν φ(ΞK
0 ) ≥ c1a, Eν φ(HK) ≥ c1a/2, Eλγ

φ(H) ≥ c1a/4.

Proof. Let K′1 be a compact invariant subset of the relative interior of K1 with nonempty
relative interior. At the flat coarse field V(y, 0) we have Log ΞK

0 = y, by the exact flat
values of Theorem 35.9. By the uniform first-derivative bound of that theorem with
m = 0, there exists ε′ > 0 such that, for every coarse field V = V(y, v) with y ∈ K′1 and
|v| ≤ ε′, the tangential component of Log ΞK

0 lies in K1 and its normal component has
norm at most rc; hence Log ΞK

0 ∈ Tc, uniformly in K. Taking in Step 1 of the proof of
Theorem 35.11 a tangential bump supported in K′1 and a normal cutoff supported in
{|v| ≤ ε′}, we find that the set {V(y, v) : y ∈ K′1, |v| ≤ ε′} has ν̂-probability at least some
a > 0, uniformly in K, for all sufficiently small γ. This gives Eν φ(ΞK

0 ) ≥ c1a.
Since φ is Lipschitz for the bounded matrix distance, Theorem 34.10 with m = 0 gives

|Eν φ(HK)−Eν φ(ΞK
0 )| ≤ 2 Lip(φ)

(
Eν min(1, DK,0)

2)1/2 ≤ C
√

γ,
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so Eν φ(HK) ≥ c1a/2 for small γ, uniformly in K. Finally, by Lemma 35.14 with a fixed
q > 0, we have EµN,γ φ(HK) ≥ c1a/2− 2Cn,qγq for every K, and letting K → ∞ gives
Eλγ

φ ≥ c1a/2− 2Cn,qγq ≥ c1a/4 for small γ.

35.6 Proof of the regression coefficient

Proof of Theorem 35.2. We first check that the observables are admissible continuum ob-
servables (Step 1) and prove the lower bounds on the denominators (Step 2). We then
prove the normalized moment estimate at finite cutoff (Steps 3 and 4), take the limits in
the stated order (Step 5), and conclude with Lemma 35.12 (Step 6).

Step 1: the observables. The inverse covariance Σ−1
θ , the tube coordinates, and the

cutoffs are invariant under simultaneous conjugation. The supports of ψ and ψ2 have
positive distance from the boundary of the identity chart, so their zero extensions, and
their products with q∗ and q2

∗, are bounded and continuous on SU(2)3; they contain no
coupling parameter. The continuous invariant factorization of Lemma 5.6 applies on the
whole compact space of triples, including central triples and triples of deficient rank. In
particular, these observables are continuous functions of the seven normalized traces, as
stated.

Step 2: lower bounds on the denominators. We choose compact invariant sets K0 ⊂ O0

and K+ ⊂ O+ with nonempty relative interiors, and a radius rc > 0 such that χ(b) = 1
whenever |b| ≤ 2rc. Let ρ0, ρ+ : SU(2)3 → [0, 1] be smooth invariant functions, equal
to one on the tubes of radius rc over K0 and K+ respectively, with ρ0 supported in the
interior of {ψ = 0} and ρ+ supported inside {ψ > b∗}. The latter set has room for such
a choice because ψ0 ≥ 2b∗ on O+ and χ = 1 on the normal ball of radius 2rc. In finite
coordinates such functions are obtained from a smooth function of the squared distance
in finitely many small balls, by adding these bumps and truncating smoothly to one on
their cores. Averaging over simultaneous conjugation with respect to the Haar probability
measure makes them invariant; since the relevant sets are invariant, the support and
core properties are preserved. Both functions are Lipschitz for the matrix distance. By
Lemma 35.15, there exists a′ > 0 such that Eλγ

ρ0 ≥ a′ and Eλγ
ρ+ ≥ a′ for all sufficiently

small γ. By the support properties, λγ{Bobs = 0} ≥ a′ and λγ{Bobs ≥ b∗} ≥ a′. Since
0 ≤ Bobs ≤ 1, Lemma 35.12 implies Eλγ

B2
obs ≥ a′b2

∗ and Varλγ
Bobs ≥ (a′)2b2

∗, which
proves the first assertion.

Step 3: the Gaussian moment polynomials. On any bounded set of nonnegative 4× 4
matrices we have

|m1(C)− 2|+ |m2(C)− 6| ≤ C′∥C− I∥.
Indeed, |tr(C− I)| ≤ 4∥C− I∥, |tr C2 − 4| = |tr((C− I)(C + I))| ≤ 4∥C− I∥(∥C∥+ 1),
and (tr C)2 − 16 = (tr C − 4)(tr C + 4). By (35.16), 0 ≤ ΣK

m ≤ ΣN
θ , and together with
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the spectral bounds of Theorem 33.11 this bounds the norms of all Σ̃K
m by a constant

independent of m. Then (35.14) compares the moment polynomials at finite K directly
with m1(I) = 2 and m2(I) = 6.

Step 4: the normalized moments at finite cutoff. We apply part (2) of Theorem 35.11
with the tangential weights ψ0 and ψ2

0 and the normal cutoffs χ and χ2, so that w̃ = ψ

or ψ2. On its right side, w+ and w̃ differ only at a fixed positive normal radius. The
normal moment bounds of Step 8 of its proof, Markov’s inequality, and the boundedness
of ml(Σ̃K

m) show that replacing w+ by w̃ changes the expectation by Om,q(γq) for every
fixed q; the polynomial comparison in that theorem is supplied by Lemma 35.8. We take
K0(m) ≥ max{m, K0(0)}, as allowed. For f = ψ and f = ψ2 and l = 1, 2, we compare
γ−lEν[ f ql

∗(HK)] with γ−lEν[ f ql
∗(ΞK

m)] by (35.30), then with Eν[ f (ΞK
m)ml(Σ̃K

m(y′))] by part
(2), then with ml(I)Eν f (ΞK

m) by Step 3 and (35.14), and finally with ml(I)Eν f (HK) by the
case l = 0 of Lemma 35.13, which costs C Edm ≤ C

√
γ. We obtain∣∣γ−lEν[ f ql

∗(HK)]−ml(I)Eν[ f (HK)]
∣∣

≤ C
{

δ1/2
m + δm + (nBK)−2}+ em(γ), K ≥ K0(m),

(35.32)

where em(γ) → 0 as γ ↓ 0 for each fixed m; one may take for em a finite sum of terms
Cm
√

γ(1+ |log γ|)km , C
√

γ(1+ |log γ|)k, and Cmγ. The constants in front of δ1/2
m , δm, and

the lattice error do not depend on m.

Step 5: the limits. We apply Lemma 35.14 to each bounded product f ql
∗ and to f , before

dividing by γl. For a fixed q > 2, the cost of replacing ν by µN,γ is O(γq−l) = o(1) after
division by γl, for every l ≤ 2. Then (35.32) holds for µN,γ, with this additional error.
At each fixed γ, Lemma 35.14 gives the limits as K → ∞ of these expectations under
µN,γ, which are the corresponding expectations under λγ. When K → ∞, the lattice error
disappears, without any division by γ. Next we let γ ↓ 0 at the fixed m, which gives

lim sup
γ↓0

∣∣γ−lEλγ
[ f ql
∗]−ml(I)Eλγ

f
∣∣ ≤ C

(
δ1/2

m + δm
)
.

Letting m→ ∞, we obtain the two moment identities. The side n and the sequence nBK

are fixed throughout; only finitely many initial terms of the sequence may be discarded
in the inner limit K → ∞, as allowed by Corollary 29.26.

Step 6: the statistic. With Aobs = ψq∗ and Bobs = ψ, the three errors of Lemma 35.12 are

e1 = γ−1E[ψq∗]− 2Eψ, e2 = γ−1E[ψ2q∗]− 2Eψ2, e3 = γ−2E[ψ2q2
∗]− 6Eψ2,

with all expectations under λγ. By Step 5 they tend to zero. Combining the lower bounds
of Step 2 with (35.27), we obtain Cγ = 2γ2 + o(γ2). Further, Step 5 shows that at each
fixed m the upper limits of |e1|, |e2|, |e3| are at most C(δ1/2

m + δm), and the exact identity
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(35.27) then implies the stated bound on Cγ/γ2 − 2, with a constant independent of m.
The quadratic errors e2

1 and (e2 − ae1)
2 are absorbed using that δm is bounded in m and

that |a| ≤ 1.

35.7 A weighted chi-square limit with four degrees of freedom

Proof of Theorem 35.3. Only the values of q∗ on the support of w̃ enter, where q∗ is the
exact nonnegative quadratic form; the extension of q∗ has no effect on πγ. We first prove
a finite-scale version of the statement for bounded Lipschitz f (Steps 1–3) and replace the
finite-scale triple by the triple of the fine configuration (Step 4). We then prove the lower
bound on Dγ (Step 5), pass to the continuum and take the limits (Step 6), and finally
extend the result to bounded continuous f and identify the limit law (Step 7).

Step 1: the finite-scale expansion. Fix m, let K ≥ K0(m) ≥ max{m, K0(0)}, let γ be
below the threshold of Theorem 35.11, and write Hm = ΞK

m and a f = E f (|G4|2/2). We
choose a larger coarse regular tube before m: its flat holonomies cover a fixed larger
regular patch and are separated from the compact support of w̃ on the complementary
part of the set of flat configurations. The modulus of Theorem 35.9 has an input margin
depending on m, which changes the coupling threshold but not this tube. By part (5)
of Theorem 35.11, there exists a larger coarse regular tube T + such that an output in
the support of w̃ coming from outside T + has probability Om,q(γq) for each fixed q > 0.
Inside the coarse tube we use the restriction of ν normalized by its own mass, and write
y for the tangential coordinate of the coarse field. Part (1) of the same theorem, with its
bounded output coordinates, gives

b(Hm)/
√

γ = ZK,m +RK,m, ∥RK,m∥Lr ≤ Cm,r
√

γ(1 + |log γ|)2,

and ∥y(Hm)− y∥Lr ≤ Cm,r
√

γ(1+ |log γ|) for every fixed finite r, where the recentering by
the conditional means is included in RK,m. These formulas are local coordinate identities
only on the good event Gm of Step 4 of that proof, whose complement has probability
Om,q(γq) for every fixed q > 0 by (35.24). By Lemma 35.8, all required moments of ZK,m
are bounded at this fixed m.

Step 2: comparison with a Gaussian quadratic form. The ambient inverse covariance
PNy Σθ(y)−1PNy is smooth on the larger patch by Theorem 33.11. Expanding the quadratic
form and using Hölder’s inequality, we obtain on the good event∥∥∥q∗(Hm)

γ
− 1

2
ZT

K,mΣθ(y)−1ZK,m

∥∥∥
L1
≤ Cm

√
γ(1 + |log γ|)km .

Explicitly, the difference is bounded by a constant times |R|(|Z| + |R|) + |y(Hm) −
y|(|Z|+ |R|)2, and moments of order at most six suffice. Since f is Lipschitz, the same
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bound times Lip f controls the change of f (q∗(Hm)/γ). The smooth weight w(y(Hm))

can be moved to w(y), and back, with an error of the same order. The normal cutoff χw

differs from one only at a fixed positive normal radius, so arbitrarily high fixed moments
of the normal coordinate of Hm (Step 8 of the proof of Theorem 35.11) make the effect
of replacing χw by one Om,q(γq). On the exceptional events we use only that f and the
weight are bounded, without taking a logarithm there. These comparisons hold after
multiplication by the mass of the coarse tube, which is at most one.

Step 3: the Gaussian value. Conditionally on y, we apply Lemma 35.8 to the bounded
Borel function z 7→ f (zTΣθ(y)−1z/2). This gives the Gaussian value

κ f
(
Σ̃K

m(y)
)
= E f

(1
2

GT
4 Σ̃K

m(y)G4

)
,

with error Cm∥ f ∥∞
√

γ(1+ |log γ|). The equality of the laws of the two Gaussian quadratic
forms follows by diagonalizing the nonnegative covariance matrix; no inverse of ΣK

m is
used. Coupling the two quadratic forms through the same G4, we obtain

|κ f (C)− a f | ≤
1
2

Lip f ∥C− I∥E|G4|2 = 2 Lip f ∥C− I∥.

Integrating against the tangential law of the coarse field and using (35.14), we obtain∣∣Eν[w̃(Hm) f (q∗(Hm)/γ)]− a f Eνw̃(Hm)
∣∣ ≤ Cw∥ f ∥BL

{
δm + (nBK)−2}+ ∥ f ∥BL em,w(γ),

(35.33)
with em,w(γ) → 0 as γ ↓ 0. One may take for em,w a finite sum of terms Cm,w

√
γ(1 +

|log γ|)km and of arbitrarily high fixed powers of γ. The constant Cw does not depend on
m: only the bound on the weight and the uniform covariance error enter it.

Step 4: comparison with the triple of the fine configuration. We now replace Hm by
H = HK in the bounded test Fγ(H) = w̃(H) f (q∗(H)/γ). This needs a separate estimate,
because the Lipschitz constant of f (q∗/γ) grows as γ ↓ 0. We use the nested tubes of
Lemma 35.13 and set

dm = min
(

1, max
i
∥Hi − Hm,i∥op

)
, βm = |b(Log Hm)|1{Hm∈U+}.

The normal coordinate is used only on the indicated tube. For a fixed 0 < η < 1, if
dm ≤ η and at least one of the two weights is nonzero, then both triples lie in U+ and
their logarithmic segment lies in U++. On this event the smooth coordinates and the
Lipschitz bound on Σ−1

θ give

|q∗(H)− q∗(Hm)| ≤ C(βm + dm)dm;

indeed we expand the two quadratic forms and use |b(Log H)| ≤ |b(Log Hm)|+ Cdm.
Therefore, on this event,

|Fγ(H)− Fγ(Hm)| ≤ Cw∥ f ∥∞dm + Cw Lip f γ−1(βm + dm)dm.
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If both weights vanish, the difference is zero. On {dm > η} the boundedness of Fγ gives
the bound Cw∥ f ∥∞η−4d4

m.
We bound the second normal moment with a constant independent of m. We compare

Hm with H0 = ΞK
0 and let d0 = min(1, maxi∥Hi−H0,i∥op); the truncated distance between

Hm and H0 is at most dm + d0. When this distance is small and Hm ∈ U+, H0 lies in
a fixed larger regular tube V and βm ≤ |b(Log H0)|+ C(dm + d0). When the distance
exceeds a fixed margin, the boundedness of the normal radius gives βm ≤ C(dm + d0).
Combining the two cases, we obtain

Eνβ2
m ≤ C Eν

[
|b(Log H0)|21{H0∈V}

]
+ C Eν(dm + d0)

2 ≤ Cγ,

where we used part (3) of Theorem 35.11 with m = 0 and the moment bounds of
Theorem 34.10, which hold for all m with the same constants. The tube V is fixed
before m. By the Cauchy–Schwarz inequality and Theorem 34.10, we have, uniformly for
K ≥ K0(m),

|EνFγ(H)−EνFγ(Hm)| ≤ Cw∥ f ∥BL
{

δ1/2
m +

√
γ(1 + |log γ|)k + γ2}. (35.34)

Indeed (E(βm + dm)2)1/2 ≤ C
√

γ and (Ed2
m)

1/2 ≤ C
√

γ δ1/2
m + Cγ(1 + |log γ|)k, so the

factor γ−1 is compensated by the size of the quadratic form; the fourth moment on the
far event is at most Cγ2. For the weight alone, its global Lipschitz continuity gives the
simpler bound |Ew̃(H)−Ew̃(Hm)| ≤ Cw

√
γ.

Step 5: the lower bound on Dγ. Since w is continuous, nonnegative, and not identically
zero, there exist a compact invariant set K1 with nonempty relative interior in the relative
interior of P and c1 > 0 with w ≥ c1 on K1; let rc > 0 be such that χw = 1 on
{|b| ≤ rc}. Then w̃ ≥ c1 on the corresponding tube Tc, and w̃ is smooth, invariant,
and Lipschitz for the matrix distance. By Lemma 35.15, Eνw̃(H) ≥ c′w uniformly in K
and Dγ = Eλγ

w̃ ≥ cw > 0 for all sufficiently small γ.

Step 6: the continuum and the limits. For each fixed γ > 0, Fγ is a bounded continuous
invariant function on the compact space of triples, with its fixed zero extension, and
its supremum ∥w̃∥∞∥ f ∥∞ does not depend on γ. By Lemma 35.14, the expectations of
Fγ(HK) under ν and under µN,γ differ by at most Cw,q∥ f ∥∞γq, whereas the corresponding
expectations of w̃(HK) differ by at most Cw,qγq, for any fixed q > 0. Both expectations
under µN,γ converge to their expectations under λγ as K → ∞. Writing a f = E f (|G4|2/2),
we have |a f | ≤ ∥ f ∥∞, so the transfer error for the combination EFγ − a f Ew̃ is at most
Cw,q∥ f ∥∞γq. This uses only the supremum of the test, never its Lipschitz constant, so
no negative power of γ appears. Combining (35.33) and (35.34) with the bound for the
weight alone, letting K → ∞ at fixed γ and m, and dividing by Dγ ≥ cw, we obtain the
quantitative bound in the statement, after absorbing the terms from Step 4 and from
the conditioning into em,w. The lattice error vanishes in this first limit. The estimates
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at finite cutoff were needed only for K ≥ K0(m), which suffices for this limit. Letting
γ ↓ 0 at fixed m, and then m→ ∞, we obtain

∫
f dπγ → E f (|G4|2/2) for every bounded

Lipschitz f .

Step 7: bounded continuous tests and the limit law. We extend the convergence to
bounded continuous f by tightness, without using convergence of moments. Let ηR be
zero on [0, R], linear on [R, R + 1], and one on [R + 1, ∞). It is bounded and Lipschitz, so
the convergence already proved gives

lim sup
γ↓0

πγ([R + 1, ∞)) ≤ EηR(|G4|2/2) ≤ P{|G4|2/2 > R} −→ 0 (R→ ∞).

On each compact interval a bounded continuous f has uniformly accurate piecewise
linear approximations, which we extend by constants outside the interval; they are
bounded Lipschitz functions. The two tail probabilities bound the error outside the
interval by a fixed multiple of ∥ f ∥∞. Increasing first the interval and then decreasing
the approximation error, we obtain the convergence for f . Finally, each of (G2

1 + G2
2)/2

and (G2
3 + G2

4)/2 has density e−u1{u≥0}, by polar coordinates in the plane. They are
independent, and their convolution has density ue−u1{u≥0}, which identifies the law of
|G4|2/2 and completes the proof.

35.8 Gaussian approximation on the regular normal bundle

Proof of Theorem 35.4. We first verify the geometric and measurability statements (Step 1)
and extend a Lipschitz test to a larger bundle (Step 2). We then prove the quantitative
bound for bounded Lipschitz F at finite cutoff, first for the finite-scale triple (Steps 3–5)
and then for the triple of the fine configuration (Step 6), and pass to the continuum (Step
7). Finally we extend the result to bounded continuous F (Step 8).

Step 1: geometry of the quotient. All vector comparisons below use the Euclidean
embedding of the normal spaces in R9; no global frame is introduced. On a finite smooth
orthonormal bundle atlas, Σθ and its inverse square root are smooth with bounded
derivatives, by Theorems 33.11 and 35.10, and they are equivariant under simultaneous
conjugation, as are the normal coordinates. For g ∈ SU(2) the isometry Ad(g) : Ny →
NAd(g)y therefore carries Γy to ΓAd(g)y, and the invariance of F gives F(Ad(g)y) = F(y).
The quotient of the compact invariant patch P′ is compact and metrizable, for example by

dorb([y], [y′]) = min
g∈SU(2)

|y−Ad(g)y′|.

Since the group is compact, the minimum is attained and zero distance identifies exactly
one orbit; the isometric action gives the triangle inequality. Its topology is the quotient
topology, since the continuous bijection from the compact quotient to this metric space is
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a homeomorphism. On the compact support of w̃, the tangential projection followed by
the quotient map is continuous and invariant. By Lemma 5.6, the seven traces separate
the classes of simultaneous conjugacy; their map on this compact support is a continuous
surjection onto its Hausdorff image, hence a quotient map, and the tangential class
factors continuously through this image. In particular [yγ] is a Borel function on the
support of w̃; elsewhere we may assign any fixed point of the quotient, since the weight
vanishes there. Thus ργ is a probability measure on the Borel quotient, and the identity
D−1

γ E[w̃ F(yγ)] =
∫

F dργ holds and does not depend on the choice of representatives.
For the regularity of the fiber integral, let Ey : R4 → Ny be a smooth orthonormal frame
in one chart and write F(y) = EF(y, EyG4). The bounded derivative of the frame gives

|F(y)− F(y′)| ≤ C Lip F (1 + E|G4|)|y− y′|,

and a finite cover with positive interior margins gives the same bound on the compact
patch. Hence F is bounded Lipschitz with ∥F∥BL ≤ C∥F∥BL. The same formula and
dominated convergence show that F is continuous when F is only continuous.

Step 2: extension of a Lipschitz test. Let F be bounded Lipschitz. In the proof the test
is evaluated at the tangential coordinate y of the coarse field and at triples where the
weight may vanish, and these tangential coordinates may lie outside P′. We therefore
first extend F. Let F̂(x) = infs{F(s) + Lip F |x − s|}, the infimum over s in the normal
bundle over P′, be the McShane extension to R9 ×R9; it has the same Lipschitz constant.
Truncating it at ±∥F∥∞ preserves the Lipschitz constant and gives the bound ∥F∥∞.
Averaging the result with respect to the Haar probability measure over the diagonal
action (y, z) 7→ (Ad(g)y, Ad(g)z), which acts by isometries of R9 ×R9, preserves the
bound and the Lipschitz constant and gives an invariant function. Since F is invariant
and the bundle over P′ is invariant, the averaged function agrees with F there. We denote
this extension, restricted to the normal bundle over P++, again by F, and define F by
the same formula on P++; Step 1 applies on P++ as well. Since w̃ vanishes unless the
tangential coordinate lies in P′, the quantities in the theorem are unchanged.

Step 3: the finite-scale expansion. We work under ν, with H = HK and Hm = ΞK
m, the

triple of the finite-scale reconstruction from the first m steps on the same sample. All
estimates are for K ≥ K0(m), as allowed by Theorem 35.11. Under the restriction of ν

to its larger coarse regular tube, normalized by its own mass, let y be the tangential
coordinate of the coarse field. That theorem and Lemma 35.8 give

γ−1/2b(Hm) = ZK,m +RK,m, ∥RK,m∥Lr ≤ Cm,r
√

γ(1 + |log γ|)2,

∥y(Hm)− y∥Lr ≤ Cm,r
√

γ(1 + |log γ|), ZK,m = A0,Kz0 +
m

∑
j=1

Aj,K(wj − w̄j),
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where w̄j is the conditional mean of wj under the conditional fluctuation kernel and the
error of the recentering is included in RK,m. All fixed moments of ZK,m are bounded
uniformly in K at this m. These are local coordinate identities only on the output tube,
with the bounded extensions of part (1) of Theorem 35.11. By part (5) of that theorem,
outputs in the support of the weight coming from outside the larger coarse tube have
probability at most Cm,qγq for every fixed q > 0; inside, the exceptional event (35.24) has
the same bound. Bounded tests on these exceptional events therefore contribute only
Cm,q∥F∥∞γq.

Step 4: comparison of the normalized normal vectors. On the good event, using the
bounded derivatives of the inverse square root, Hölder’s inequality, and the preceding
moments, we obtain

E
∣∣γ−1/2Σθ(y(Hm))

−1/2b(Hm)− Σθ(y)−1/2ZK,m
∣∣ ≤ Cm

√
γ(1 + |log γ|)km ;

indeed the difference is bounded by C|RK,m|+ C|y(Hm)− y||ZK,m|. Since F is Lipschitz
in both arguments, F(y(Hm), z(Hm)) may be replaced by F(y, Σθ(y)−1/2ZK,m) with an
error Lip F times this bound plus Lip F E|y(Hm)− y|. Replacing w(y(Hm)) by w(y) gives
an error of the same type. The normal cutoff χw differs from one only at a fixed positive
distance from zero, and arbitrarily high fixed normal moments from the same theorem
bound the effect of replacing it by one by Cm,qγq.

Step 5: the Gaussian value. Conditionally on y, we apply Lemma 35.8 to the func-
tion v 7→ F(y, Σθ(y)−1/2v). Since it is a jointly Borel bounded function of the whole
vector, the lemma applies without any radial restriction, and the Gaussian value is
EF(y, (Σ̃K

m(y))1/2Gy) with Gy ∼ Γy. For every nonnegative self-adjoint C we have

∥C1/2 − I∥op ≤ ∥C− I∥op, |EF(y, C1/2Gy)− F(y)| ≤ 2 Lip F ∥C− I∥op.

The first inequality follows on each eigenvalue from |
√

r− 1| = |r− 1|/(
√

r + 1), includ-
ing r = 0; the second uses E|Gy| ≤ (E|Gy|2)1/2 = 2. Moving F(y) back to F(y(Hm)) with
the Lipschitz bound of Step 1 and the weight back to w̃(Hm), and using the covariance
error (35.14), we obtain∣∣∣Eν

{
w̃(Hm)

[
F(y(Hm), z(Hm))− F(y(Hm))

]}∣∣∣
≤ Cw∥F∥BL

{
δm + (nBK)−2}+ ∥F∥BL e1

m,w(γ),
(35.35)

where z(H′) = γ−1/2Σθ(y(H′))−1/2b(H′) and e1
m,w(γ) → 0 as γ ↓ 0 at fixed m. Mul-

tiplying by the mass of the coarse tube, which is at most one, justifies the use of the
normalized conditional estimates. The tangential integration in this step is always against
the law of the coarse field, and the constant in front of the covariance error does not
depend on m.
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Step 6: comparison with the triple of the fine configuration. We replace Hm by H on
the same sample. Let dm = min(1, maxi∥Hi − Hm,i∥op), and fix nested regular output
tubes with positive margins. There exists η > 0, independent of m, such that if dm ≤ η

and at least one of the two weights is nonzero, both triples lie in the larger identity
chart. On that event the normal coordinate, the tangential coordinate, and the map
H′ 7→ Σθ(y(H′))−1/2b(H′) have bounded derivatives, as one sees by differentiating the
product on the fixed bounded tube. Hence, for Jγ(H′) = w̃(H′)F(y(H′), z(H′)),

|Jγ(H)− Jγ(Hm)| ≤ Cw∥F∥BL(1 + γ−1/2)dm.

If both weights vanish, the difference is zero; on {dm > η} we use the bound 2∥w̃∥∞∥F∥∞.
By Theorem 34.10,

γ−1/2Eνdm ≤ Cδ1/2
m + C

√
γ(1 + |log γ|)k, ν{dm > η} ≤ Cηγ2.

The same argument for w̃(H′)F(y(H′)) involves no factor γ−1/2. Combining these bounds
with (35.35), we obtain the same estimate for H in place of Hm, with an additional term
Cw∥F∥BLδ1/2

m and an additional error at fixed m that tends to zero with γ.

Step 7: the continuum and the limits. For each fixed γ > 0, both tests Jγ and w̃ F(y(·))
are bounded continuous invariant functions on SU(2)3, with the stated zero extensions.
By Lemma 35.14, the expectations under ν and µN,γ differ by at most Cw,q∥F∥BLγq for
any fixed q > 0, and the expectations under µN,γ converge to those under λγ as K → ∞.
This uses only the supremum of the tests, not their Lipschitz constants, which depend on
γ. Letting K → ∞ at fixed γ and m and dividing by Dγ ≥ cw (Theorem 35.3), we obtain
(35.3). Letting γ ↓ 0 at fixed m, and then m→ ∞, proves (35.2) for bounded Lipschitz F.

Step 8: bounded continuous tests. Let F be bounded and continuous. On the support of
the weight we have |zγ|2/2 = q∗/γ, so Theorem 35.3 shows that the localized probabilities
of {|zγ| > R} satisfy lim supγ↓0 πγ((R2/2, ∞)) → 0 as R → ∞. For the comparison
integral, the inner probability Γy{|z| > R} = P{|G4| > R} does not depend on y or
on the representative, and integrating it against ργ gives the same tail bound. The
set {(y, z) : y ∈ P′, |z| ≤ R} is compact, and a continuous function on it admits
uniformly accurate bounded Lipschitz approximations. To construct them, we take a
sufficiently fine finite net, form the upper and lower cones of a sufficiently large finite
slope through the values on the net, and truncate at the supremum bound. The uniform
continuity of F gives the approximation as the net is refined and the slope is increased,
and these cone functions are defined on the whole ambient space. Averaging them
over simultaneous conjugations with respect to the Haar probability measure makes
them invariant, preserves their bound and their Lipschitz constant, and preserves the
approximation on this invariant compact set. We apply the bounded Lipschitz case to
each approximant; the two tail probabilities control the errors outside the compact set.
Letting first the approximation error tend to zero and then R→ ∞, we obtain (35.2).
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35.9 Comparison probability measures

This subsection evaluates the observables of Definition 35.1 under the four comparison
probability measures of Definition 4.13: the Abelian Maxwell measure with Haar cycle
holonomies (item (1) there, constructed in Lemma 33.14), Gaussian holonomies with
independent Haar factors (item (2)), Gaussian holonomies with Gaussian constant modes
(item (3)), and the conditional normal Gaussian measure (item (4)). These measures are
different constructions, and their hypotheses are part of their definitions. The compar-
isons show how to read the conclusion of Theorem 35.2. The conditional normal Gaussian
measure has the same coefficient 2γ2. The two holonomy models without a non-Abelian
flat background give a vanishing statistic or a statistic of order one, and the Gaussian
holonomies with Gaussian constant modes give the regular patch an exponentially small
mass.

For the third measure we use Gaussian concentration. Its classical antecedents are
the Gaussian isoperimetric inequalities of Borell [30] and of Sudakov and Tsirelson [148],
and the sample-function formulation of Cirel’son, Ibragimov, and Sudakov [60]; we use
the formulation of Adler and Taylor [3].

Lemma 35.16. Let d ≥ 1, let G be a standard Gaussian vector in Rd, and let F : Rd → R be
Lipschitz with constant ℓ for the Euclidean distance. Then for every λ ∈ R,

log Eeλ(F(G)−EF(G)) ≤ λ2ℓ2/2.

Let T be a nonempty compact metric space and (Zt)t∈T a centered real Gaussian process, whose
finite-dimensional covariances may be degenerate, with a separable realization having almost
surely continuous paths, and assume σ2

Z = supt∈T EZ2
t < ∞. For any fixed countable dense set

T0 ⊂ T , the random variable SZ = supt∈T Zt = supt∈T0
Zt is measurable, almost surely finite,

and integrable. If σ2
Z > 0, then, writing mZ = ESZ,

log Eeλ(SZ−mZ) ≤ λ2σ2
Z/2 (λ ∈ R), P{SZ −mZ ≥ u} ≤ e−u2/(2σ2

Z) (u > 0).

If σ2
Z = 0, the process and its supremum vanish almost surely. In particular this applies to

T = T3
L × {1, 2, 3} × S2 and Zx,i,v = ⟨v, Gi(x)⟩ for a continuous centered Gaussian field

G = (Gi) with this realization; its supremum is maxi supx|Gi(x)|. The only constants are the
displayed Lipschitz constant and supremum variance; no dimension, cardinality of the index set,
or parameter of the Yang–Mills measure enters.

Proof. We use two statements of Adler and Taylor. By [3, Theorem 2.1.1, p. 50, (2.1.5)], the
supremum of an almost surely bounded centered Gaussian process has finite mean and
satisfies an upper tail bound. By [3, Lemma 2.1.5, p. 54, (2.1.13)], with the boundedness
assumption added in the authors’ correction list (entry 54-6), we have Eeth(G) ≤ et2/2 for
t > 0, every bounded C2 function h with Lip(h) ≤ 1 and Eh(G) = 0, and a vector G of
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independent standard real Gaussian variables. The reference to Lemma 2.1.4 specifies
this law of G.

The case λ = 0 is immediate, and if ℓ = 0 then F is constant. Suppose ℓ > 0 and λ ̸= 0.
Let FR = max(−R, min(F, R)) and let FR,ε be its convolution with a nonnegative smooth
probability kernel supported in a ball of radius ε. Then FR,ε is bounded and smooth
with bounded derivatives, Lip(FR,ε) ≤ ℓ, and |FR,ε − FR| ≤ ℓε. Applying the corrected
lemma to h = ±(FR,ε −EFR,ε(G))/ℓ, with t = |λ|ℓ and the sign of λ, gives the asserted
exponential moment bound for FR,ε. At fixed R, uniform convergence as ε ↓ 0 gives the
bound for FR; the centered functions differ by at most 2ℓε. Next FR → F pointwise as
R → ∞ and |FR| ≤ |F|. The bound |F(g)| ≤ |F(0)|+ ℓ|g| implies integrability of F(G)

and every ec|F(G)|, since cℓ|g| ≤ |g|2/4 + c2ℓ2. In particular,

eλ(FR(G)−EFR(G)) ≤ e|λ|(|F(G)|+E|F(G)|),

an integrable bound independent of R. Dominated convergence for the expectations and
centered exponentials proves the first assertion.

For the process, we set all values equal to zero on the exceptional null set where the
paths are not continuous; this does not change the finite-dimensional laws. Continuity
on the compact metric space identifies SZ with the supremum over T0 and makes it
measurable and almost surely finite. These properties, the centered Gaussian finite-
dimensional laws, and separability are the hypotheses of the cited theorem, which gives
a finite mean. Since SZ ≥ Zt1 for any fixed t1, the negative part of SZ is bounded by |Zt1 |,
so SZ is integrable. We enumerate T0 = {t1, t2, . . . }, repeating points if it is finite, and
let MN = maxi≤N Zti . Let CN be the positive semidefinite covariance of (Zti)i≤N, take
a square root C1/2

N , and denote its rows by vi. Then (Zti)i≤N has the law of (vi · G)i≤N,
since both characteristic functions equal exp(−ξTCNξ/2). Since |vi|2 = (CN)ii ≤ σ2

Z, the
map g 7→ maxi vi · g is σZ-Lipschitz, and the first assertion gives its centered exponential
moment bound uniformly in N; no inverse covariance is used, so singular covariances are
included. Since MN−Zt1 ↑ SZ−Zt1 ≥ 0, we have EMN → mZ by monotone convergence,
and Fatou’s lemma yields, for each λ ∈ R,

Eeλ(SZ−mZ) ≤ lim inf
N→∞

Eeλ(MN−EMN) ≤ eλ2σ2
Z/2.

If σZ > 0, Markov’s inequality with λ = u/σ2
Z gives the stated upper tail. If σZ = 0, all

coordinates on T0 vanish on one event of probability one, and continuity extends this
to every index. Finally, the directional index space T3

L × {1, 2, 3} × S2 is compact, and
sup|v|=1⟨v, Gi(x)⟩ = |Gi(x)|.

Lemma 35.17. Let ψ, q∗, Aobs, and Bobs be as in Definition 35.1, evaluated at the coordinate-
cycle holonomy triple H at the fixed observation time, under each of the following probability
measures of Definition 4.13.
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1. Under the Abelian Maxwell measure with Haar cycle holonomies, all three holonomies
commute, Aobs = 0, the statistic vanishes exactly, CAb = 0, and EB2

obs, Var Bobs ≥ cAb >

0, independently of the coupling.
2. Under Gaussian holonomies with independent Haar factors, the triple H has the law H⊗3

for every coupling, and its statistic is the fixed number C (H⊗3; Aobs, Bobs) > 0. More
precisely, let K1 be a compact tangential subset of the regular patch P with positive relative
volume and ψ0 ≥ b∗ > 0 on K1, let rc > 0 with χ(b) = 1 whenever |b| ≤ rc, and put
Tc = {y + b : y ∈ K1, b ∈ Ny, |b| ≤ rc}, a set contained in the tube U on which q∗ is the
exact quadratic form. If P is a probability measure on SU(2)3 with VarP Bobs > 0 whose
law of X = Log H dominates c0 d9X on Tc, then C (P; Aobs, Bobs) ≥ c0κc > 0, where κc

depends only on Tc, the Jacobian of the tube coordinates, Σ−1
θ , and the cutoffs.

3. Under Gaussian holonomies with Gaussian constant modes, assume the realization of Defini-
tion 4.13(3): with Sta the smoothed field at the observation time, the centered scalar Gaussian
process ⟨v, (Sta)i(x)/

√
γ⟩, indexed by (x, i, v) ∈ T3

L × {1, 2, 3} × S2, has a separable
realization with continuous paths and

σ2
∗ = sup

x,i,|v|=1
Var⟨v, (Sta)i(x)/

√
γ⟩ < ∞.

Put Z∗ = supx,i,|v|=1⟨v, (Sta)i(x)/
√

γ⟩ and m∗ = EZ∗. Then m∗ < ∞ and, by

Lemma 35.16, P(Z∗ − m∗ > u) ≤ e−u2/(2σ2
∗ ) for u > 0 if σ∗ > 0. Let r∗ =

infsupp ψ|Log H| > 0 and a∗ = r∗/(
√

3L). If
√

γm∗ ≤ a∗/2 and σ∗ > 0, then

P{Log H ∈ supp ψ} ≤ exp
{
−
(a∗ −

√
γm∗)2

2γσ2
∗

}
≤ e−a2

∗/(8γσ2
∗ ),

and if σ∗ = 0 the regular patch has mass zero. In particular Eψ = O(e−c/γ). The constants
may depend on the fixed covariance and smoothing of this measure, as well as on the fixed
data.

4. Under the conditional normal Gaussian measure, a fixed smooth positive probability density
on the regular patch, charging O0 and O+, is followed, given y, by the normalized Gaussian
law b ∼ N(0, γΣθ(y)) on Ny and by the map X = y + b; a fixed tube cutoff equal to
one near b = 0, followed by normalization, changes all moments below only by O(e−c/γ).
This measure has the moment identities of Theorem 35.2, with errors O(e−c/γ), and C =

2γ2 + O(e−c′/γ).

Proof. Item (1). In the embedded Abelian theory every value of the connection lies in
the same one-dimensional subalgebra, so path ordering reduces to exponentiation of the
integral and the three cycle matrices commute. Their logarithms in the identity chart lie in
M, so their normal coordinate is zero and q∗ = 0 on the tube; off the chart the observables
vanish by definition. Thus Aobs = 0 everywhere for this measure. Conditionally on the
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field of the Abelian Maxwell measure, the three cycle angles are translates of the three
independent uniformly distributed phases on R/4πZ, and their joint law is therefore the
Haar probability measure on this three-dimensional torus, independently of the coupling
(Lemma 33.14). The invariant open sets O0 and O+ contain smaller open sets of angles of
positive Haar measure, and the invariance of ψ0 makes these probabilities independent
of the color axis of the embedded subgroup. At b = 0 the normal cutoff equals one. If
a0, a+ > 0 are the probabilities of these two sets of angles, then P{Bobs = 0} ≥ a0 and
P{Bobs ≥ b∗} ≥ a+, and Lemma 35.12 implies EB2

obs ≥ a+b2
∗ and Var Bobs ≥ a0a+b2

∗. This
proves item (1).

Item (2): the law of the triple. We condition on the Gaussian field. Each factor Holi(Sta)
is then deterministic, right multiplication of the Haar distributed U0

i by it preserves
the Haar measure, and the three U0

i remain conditionally independent. For a bounded
product test ∏i fi(Hi) the conditional expectation is therefore ∏i

∫
fi dH, independently

of the field. Taking indicators of rectangles, we find that the triple has the law H⊗3 at
every coupling.

Item (2): the lower bound. On Tc the density of d9X in the tube coordinates, d9X =

J(y, b) dvol(y) db, has a positive lower bound Jc. For y ∈ K1 we define

qy =
1
|B4

rc |

∫
|b|≤rc

q∗(y + b) db, Vc(y) =
∫
|b|≤rc

(
q∗(y + b)− qy

)2 db,

where B4
rc is the ball of radius rc in Ny. The positive definite quadratic form q∗(y + ·) is

not constant on this ball, so Vc(y) > 0. Since its coefficients vary continuously and the
ball is fixed in any orthonormal bundle trivialization, Vc is continuous on K1 and has a
positive minimum by compactness. On Tc we have Bobs = ψ0(y) ≥ b∗ and Aobs = ψ0(y)q∗.
For all real α and c, subtracting the normal average shows∫

|b|≤rc

(
ψ0(y)(q∗(y + b)− α)− c

)2 db ≥ ψ0(y)2Vc(y).

If the law of X under P dominates c0 d9X on Tc, the infimum in Lemma 35.12 is therefore
at least c0κc, where one choice is

κc = Jcb2
∗

∫
K1

Vc(y) dvol(y) > 0.

Since EPB2
obs ≤ 1, the same lower bound holds for the statistic, whenever its de-

nominators are positive, as assumed. In the identity chart the density of H⊗3 is
(16π2)−3 ∏3

i=1 sinc2(|xi|/2) by (4.2), which is smooth and strictly positive on Tc for any
choice of K1 as above, for instance a compact subset of O+ with positive relative volume.
The open sets of triples over O0 and O+ near b = 0 have positive Haar measure, so
Var Bobs > 0 and EB2

obs > 0 under H⊗3, and the lower bound just proved shows that the
statistic of H⊗3 is a strictly positive number. This proves item (2).
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Item (3). We consider the scalar process fx,i,v = ⟨v, (Sta)i(x)/
√

γ⟩ on the nonempty
compact metric space T3

L × {1, 2, 3} × S2. Since the smoothing is linear and fixed, every
finite vector of this process is centered Gaussian, possibly with singular covariance. Its
continuous separable realization and the finiteness of σ2

∗ are the hypotheses imposed in
the statement. By Lemma 35.16, we obtain measurability, almost sure finiteness, m∗ < ∞,
and the displayed tail bound above the mean; the supremum variance is sup Var fx,i,v = σ2

∗
and the supremum is Z∗ = maxi supx|(Sta)i(x)|/√γ. The covariance before smoothing
is γC with C fixed, so the law of the normalized field, m∗, and σ2

∗ do not depend on γ.
We check the deterministic bound on the holonomies. Along a coordinate cycle ℓi,

the transport equation H′ = H(Sta)i has speed |(Sta)i| for the invariant metric with the
norm |·| on su(2). The distance of its endpoint from the identity is at most the length of
this path, which is at most L supx,j|(Sta)j(x)|, and on the identity chart this distance is
|Log Hi|. Taking the Euclidean norm of the three components, we obtain

|Log H| ≤
√

3L sup
x,i
|(Sta)i(x)| =

√
3L
√

γ Z∗,

where the equality uses the supremum over all unit vectors v, which includes both signs.
Thus a triple with Log H ∈ supp ψ forces Z∗ ≥ a∗/

√
γ. If

√
γm∗ ≤ a∗/2, this threshold

lies strictly above the mean, and the tail bound of Lemma 35.16 with u = a∗/
√

γ−m∗ > 0
gives both displayed exponential bounds; then Eψ ≤ P{Log H ∈ supp ψ}. If σ2

∗ = 0, the
zero-variance clause of Lemma 35.16 shows that the directional process and Z∗ vanish
almost surely; the field vanishes, the holonomies are the identity, which lies outside the
regular patch, and the patch has mass zero.

Item (4). In an orthonormal frame of the normal space let G be a standard Gaussian
vector in four dimensions, independent of y, and let b =

√
γΣθ(y)1/2G. The frame may

change between charts, but the conditional law and the following quadratic form on the
normal bundle are intrinsic. We define, on the whole normal bundle over the patch,

qcoord(y, b) =
1
2

bTΣθ(y)−1b = γQ0, Q0 = |G|2/2. (35.36)

We choose bt > 0 so that {|b| < bt} lies in a fixed smaller normal tube, where the tube
coordinates are unique and the normal cutoff of ψ equals one. Only on this event do
we identify q∗(y + b) = qcoord(y, b) and ψ(y + b) = ψ0(y); outside it, q∗ and ψ denote
their fixed bounded extensions, not the unbounded quadratic form qcoord. Gaussian
integration by parts in one dimension gives EG2

i = 1 and EG4
i = 3, and expanding the

square and using independence yields

EQ0 = 2, EQ2
0 = 6, Var Q0 = 2.

The compact patch has spectral bounds cI ≤ Σθ(y) ≤ CI, by Theorem 33.11. We fix
b1 > 0 smaller than bt and than every radius on which a tube cutoff equals one. All
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departures from the preceding local identities, or from these cutoffs being one, occur on
{|b| ≥ b1}, which requires |G| ≥ b1/

√
Cγ. For every fixed r, the Gaussian polynomial tail

on this event is at most Cre−c/γ: the function |G|re−|G|
2/8 is bounded, and the remaining

Gaussian density integrates to a finite constant after extracting e−b2
1/(8Cγ). These bounds

are uniform in y. For k = 1, 2 and j = 0, 1, 2, the difference between ψ(y + b)kq∗(y + b)j

and ψ0(y)kqcoord(y, b)j vanishes on {|b| < b1}; on its complement the first is bounded by
a fixed constant and the second by Cγj|G|2j. The polynomial tail bound therefore makes
the expectation of the difference exponentially small, uniformly in y. Inserting the fixed
tube cutoff also changes these moments by exponentially small errors, and its total mass
is 1 + O(e−c/γ), so dividing by this mass preserves the errors; any polynomial factor in
γ−1 is absorbed by decreasing c.

Up to these errors, Bobs = ψ0(y) is independent of Q0. The positive tangential density
charges O0 and O+, and together with the normal ball near b = 0 this gives fixed positive
lower bounds on EB2

obs and Var Bobs for small γ, by Lemma 35.12. For f = ψ and f = ψ2

we obtain

E[ f q∗] = 2γE f + O(e−c/γ), E[ f q2
∗] = 6γ2E f + O(e−c/γ).

The identity (35.27) of Lemma 35.12 now implies C = 2γ2 + O(e−c′/γ) for a smaller
c′ > 0.

35.10 Proof of the theorem on regular commuting triples

Proof of Theorem 2.10. Let L, M, θ, and n ∈ 4N be as in Theorem 2.10, fix J and the
construction parameters as in Section 35.1, and choose a ≥ 0 so large that n′ = nBa

satisfies the minimum-side conditions of Section 35.1, including 2π/n′ < rflat/4. Since
[n′]M = [n]M, the measure λγ = λL,γ,[n]M of Theorem 2.10 is the measure of Section 35.1
for the side n′ (Corollary 29.26 and Theorem 29.28), so the results of this section apply
with n′ in place of n. The function ψ of Theorem 2.10, with a sufficiently small tube,
is a function as in Definition 35.1(2). If necessary, we replace its normal cutoff by the
average over simultaneous conjugation, which does not change ψ because ψ and its
tangential factor are invariant. The tangential factor ψ0 vanishes on a nonempty open
set and is positive on another, hence at least 2b∗ on a smaller nonempty open set for
some b∗ > 0; these sets may be taken invariant since ψ0 is invariant. On the tube, q∗
is the quadratic form of Theorem 2.10. Part (1) of Theorem 2.10 is Theorem 35.2. Part
(2) is Theorem 35.3, since w and χw satisfy the invariance and support conditions of
Definition 35.1(4); these invariant normal cutoffs, like the normal cutoff χ of ψ, need not
be radial. Part (3) is Theorem 35.4, applied to the restriction of F to the normal bundle
over a compact invariant regular patch containing the support of w in its relative interior.
The constants depend on L, M, n, θ, and the test functions, but not on γ, and in each case
the continuum limit is taken first, at fixed γ.



section 36

Quartic asymptotics near central holonomies

This section describes the continuum measures λγ near the eight central triples
(±I,±I,±I) as γ → 0, and proves Theorem 2.11. We observe the holonomies
H = (H1, H2, H3) around the three coordinate cycles, based at the origin, at a fixed
flow time t = θL2. Near the identity we write their logarithms as X ∈ su(2)3 ≃ R9. Near
the trivial flat connection, the Hessian of the Wilson action vanishes in the nine constant
directions, and the leading term in these directions is the constant-mode quartic form

Q(Y) =
1
2 ∑

i<j
|yi × yj|2, Y = (y1, y2, y3) ∈ R9,

where the cross product corresponds to the Lie bracket of su(2). We study central
windows of radius rγ = γ1/4 and show that compactly supported tests of X/rγ have
leading expectations proportional to their integrals against the quartic reference measure
e−Q(Y) dY. This measure has infinite total mass, and all statements concern compactly
supported tests. A continuous, nonnegative, nonzero, compactly supported invariant test
has expectation comparable to rγ. Ratios of expectations converge to ratios of integrals
against e−Q(Y) dY, with an error O(γ1/4) for Lipschitz tests, and the dilation statistic
tends to zero. We also treat the eight central triples, finitely many flow times, and
holonomy paths on a compact time interval, and we compute the dilation statistic for
four comparison measures.

The block averaging constraint and the effective classical action come from Sections 6,
9, and 10, and the flat refinements, the reconstruction maps, and the disintegration of the
conditioned Wilson measure from Sections 14 and 15. The coordinates near the trivial
flat connection, the transverse Hessian, and the order of the normalization constant come
from Section 33, and the regularity of the flowed zero-fluctuation reconstruction and
the comparison of flowed holonomies from Sections 25, 34, and 35. Finally, we use the
bound on the small-field failure probability from Section 23 and the continuum limit
at fixed coupling from Section 29. The covariance of Theorem 33.11 enters only in the
last comparison measure. The results of this section are not used in later sections; they
prove Theorem 2.11 and the further statements about central triples described after it in
Section 2.

Section 36.1 fixes the setting and explains the scaling. The main steps are the exact
quartic term of the effective classical action (Section 36.2), the comparison of flowed

219
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holonomies (Section 36.3), and the integration over the transverse modes (Section 36.5).
The passage to the continuum measure and the further results occupy Sections 36.6
to 36.9, and Section 36.10 deduces Theorem 2.11.

The separation of constant modes, with a quartic commutator interaction, from the
nonconstant modes on a torus is an established idea in finite-volume Yang–Mills theory;
see Lüscher [127] and Coste, González-Arroyo, Jurkiewicz, and Korthals Altes [62]. For a
direct comparison in four-dimensional perturbation theory in finite volume, see Fodor,
Holland, Kuti, Nógrádi, and Wong [91, Section 2, (2.1)–(2.7)], who separate the constant
modes, treat their quartic interaction separately, and integrate the nonconstant modes.
What we add is the exact coefficient Q/n for the constrained minimizers of our block
averaging constraint at every finite depth, with bounds uniform in the depth, and a
uniform comparison on windows of size γ1/4. Up to normalization, Q is the action
of the bosonic reduced SU(2) Yang–Mills matrix integral with three matrices, whose
divergence is known: see Krauth, Nicolai, and Staudacher [122, arXiv version 3, (24), p. 6],
Krauth and Staudacher [121, (2)], and, for a rigorous treatment, Austing and Wheater
[7, Section 3 and Appendix A]. The integration over the transverse modes is a Laplace
argument with degenerate directions (see Wong [155] for background); the main work is
to verify its hypotheses uniformly. The center symmetry of Lemma 36.11 is the standard
center symmetry of periodic lattice gauge theory, which goes back to ’t Hooft [149].

36.1 Setting and notation

We fix the comparison side n and all parameters of the construction before the coupling
varies. Below, K counts RG steps, and the underlying classical depth is JK. The quantity
amap below is the bound on the derivatives of the zero-fluctuation reconstruction maps
fixed in Definition 34.1.

Definition 36.1. Fix L > 0, θ > 0, an odd integer M ≥ 3, an integer J ≥ 1 with B = MJ ,
and the remaining parameters of the construction, such that amap

√
B ≤ 32/49. Fix

n∗ ∈ 4N and a comparison side n = n∗Ba on the sequence (n∗BK)K≥0, large enough for
the lower bounds on the coarse side in Corollaries 23.11 and 29.26 and Definition 34.1,
and in particular for (36.1) below. These choices are made before γ varies in (0, γ0], where
0 < γ0 ≤ 1 is a fixed ceiling. For K ≥ 0 set

N = nBK, g2 =
γ

n
, ν = νN,n,γ, ν̂ = (T JK

M )#ν, rγ = γ1/4,

and let Q be the quartic form on R9 displayed at the beginning of this section.

1. The stopped measure ν̂ is the law of the coarse configuration V = T JK
M U on Λn when

U has law ν. It has density

dν̂ = Ẑ−11Dr e
−EJK,sat/g2−RK,γ dHn, RK,γ = RK,γ − RK,γ(I),
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where Ẑ is the normalization constant, RK,γ is the effective interaction, and EJK,sat

is the gauge-invariant extension of the effective classical action EJK from Br to Dr

of Theorem 11.6, that is, EJK,sat(U) = EJK(Uk) whenever Uk ∈ Br. In particular
EJK,sat = EJK on Br.

2. Near the trivial orbit modulo based gauge transformations (gauge transformations
equal to the identity at the origin) we use the coordinates of Theorem 33.8,

V(X, s) = eX/n+s, X ∈ R9, d∗0s = 0, ∑
x

si(x) = 0,

with dst = dim s = 6n3 − 6, where X/n denotes the constant configuration and d∗0
is the lattice divergence on Λn. We write Jn(X, s) dX ds for the image of the product
Haar measure in the based quotient, and set

FK(X, s) = EJK(V(X, s)), fK(X) = FK(X, 0), AK(X) = D2
s FK(X, 0).

We write RK,γ(X, s) for RK,γ(V(X, s)).
3. Let HK = (HK

i )
3
i=1 be the holonomies, around the three coordinate cycles based

at the origin, of the fine configuration flowed by the Wilson flow Ψ(N)
θL2 , where the

fine configuration is represented through the reconstruction maps of Theorem 15.13.
Let HK

0 (V) be the same triple for the flowed zero-fluctuation reconstruction of V
(the map ΞK

0 of Definition 34.1), in the same gauge frame at the basepoint. Let
Hn(V) = Hol(V) be the triple of coordinate-cycle holonomies of V itself, without
flow.

4. Fix a neighborhood V of (I, I, I), invariant under simultaneous conjugation and
with compact closure in (SU(2) \ {−I})3, on which Log denotes the componentwise
principal logarithm. For a bounded Borel function φ : R9 → R with compact support,
define

Iγ,φ(H) =

{
φ(Log H/rγ), H ∈ V ,

0, H /∈ V .

5. A radial cutoff is a function χ ∈ C∞
c ([0, ∞)) that is nonnegative, not identically zero,

and constant near zero. For a radial cutoff χ we write Iγ,χ(|·|) for the observable of
the test Y 7→ χ(|Y|), and we set

Wχ(Y) = (4Q(Y)− 9)χ(|Y|)− |Y|χ′(|Y|), Sγ,P(χ) =
EPIγ,Wχ

EPIγ,χ(|·|)

for a probability P under which the denominator is positive.
6. For a probability P of a random vector X ∈ R9 we use instead Icoord

γ,φ (X) =

1{X∈LogV}φ(X/rγ), and define Sγ,P(χ) with Icoord in place of I .
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We call Sγ,P(χ) the dilation statistic; the name refers to the dilation integration-by-
parts identity

∫
Wχ e−Q dY = 0 of Lemma 36.4. For each fixed bound on the support of

φ and all sufficiently small γ, the map Y 7→ rγY sends the support of Y 7→ φ(Y) into a
compact subset of LogV . Then Iγ,φ is a continuous function on SU(2)3 for continuous
φ, and the indicator in Icoord

γ,φ equals one on the support of φ(·/rγ). The observables are
defined by extension by zero because we never use a logarithm outside V .

We apply Theorem 33.8 at depth JK; in the depth notation of that theorem, FK = FJK,
AK = AJK, and dst = dn. The coordinates V(X, s) are defined on a fixed neighborhood
{|X| < ρn, |s| < sn} whose image lies in Br ⊂ Dr, and the density Jn is smooth and
strictly positive. The gauge directions along a based spanning tree integrate to one, while
the conjugation at the root remains in the measure and is not divided out. The theorem
also gives

DsFK(X, 0) = 0, an I ≤ AK(X) ≤ Cn I,

where the Hessian lower bound an > 0 is a fixed constant (in this section an does not
denote the mesh L/n). The first derivative of RK,γ remains in the density. The measure
ν̂ is the stopped measure of Definition 4.4 at side n and depth JK. Since no coarser
restriction remains at the side n, it is the law of V under ν by Theorem 14.8(9).

Constants. Unless stated otherwise, constants C, c, Cn, cn, . . . in this section may depend
on n, L, θ, M, J, the remaining parameters, γ0, the charts, the neighborhoods, and the
gauge frames fixed in this section, and the test functions, but not on K, N, the number of
preceding averaging steps, or γ ∈ (0, γ0]. This is the dependence described in item (6) of
Definition 4.14. Additional dependence is indicated by subscripts. All estimates are on
the periodic torus of side L.

Margins. Fix a radius rflat < r below the margins of the classical, block-averaging, and
gauge domains of the construction. The lower bound on n in Definition 36.1 includes

2π

n
<

rflat

4
. (36.1)

By Lemma 14.9, every flat configuration on Λn is gauge equivalent to constant commuting
links eHi/n with commuting Hi ∈ su(2), |Hi| ≤ 2π. Its flat refinements to side nMℓ have
links eHi/(nMℓ), and |Hi|/(nMℓ) ≤ 2π/n < rflat/4 for every ℓ ≥ 0. The flat refinements,
their vanishing conditional constrained minimizers, and their vanishing normalized
fluctuation variables therefore lie in all coordinate domains of the construction with the
same margins at every depth. This holds near each of the eight central triples.

We also fix nested coordinate balls C ⋐ C+ in the chart of Theorem 33.8, with

ρ+c
n

+ s+c <
1
2

min(r, rflat), C+ = {|X| < ρ+c , |s| < s+c }, (36.2)
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where the radii may be reduced, and such that the closure of C+ lies in the chart. Since
maxx,i|Xi/n + si(x)| ≤ |X|/n + |s|, the bound (36.2) gives a fixed chart of link logarithms
on which the derivative bounds for RK,γ in Lemma 33.6 hold. On {s = 0}, it also
places the commuting constant configurations in the domains above. The coordinate
map extends analytically past the closure of C+, and by compactness its derivatives of
each fixed order are bounded there. These choices concern only the coordinates used for
integration; the conditioned Wilson measure and the restriction to Dr in ν̂ are unchanged.

Heuristics. In the coordinates V(X, s), the stopped measure has density proportional to
e−FK(X,s)/g2

times the smooth positive factor e−RK,γ Jn. By Theorem 36.2 below, fK(X) =

Q(X)/n + O(|X|5), and by Theorem 33.8, FK(X, s) = fK(X) + (1/2)sTAK(X)s + O(|s|3).
Since ng2 = γ = r4

γ, the substitution

X = rγY, s = gz, g =
r2

γ√
n

,

gives

FK(X, s)
g2 = Q(Y) +

1
2

zTAK(0)z + (an error of order rγ after integration).

The Jacobian of the substitution is r9
γgdst . By Theorem 33.10, the normalization constant

is of order gdst+4, where the extra power g4 comes from a neighborhood of the cone
of commuting triples, along which Q vanishes. Since r9

γ/g4 = n2rγ, the expectation
of a compactly supported test of X/rγ is of order rγ. More precisely, for a bounded
test φ supported in {|Y| ≤ R} and either output map of Theorem 36.6, its expectation
is rγκK,γ{

∫
φ(Y)e−Q(Y) dY + On,R(∥φ∥∞rγ)}, where κK,γ is positive and bounded above

and below. The factor κK,γ does not depend on the test and cancels in ratios, so we
never need its limit. The measure e−Q(Y) dY has infinite mass because Q vanishes on the
five-dimensional cone of commuting triples and grows only quadratically in the four
normal directions, with a coefficient proportional to the square of the distance from the
origin (Lemma 36.4). After rescaling, most of the mass near the cone lies at commuting
triples far from the central triple. In the unscaled variables these triples give the dominant
contribution to the normalization constant, but tests supported on the scale rγ do not see
them. This is why only compactly supported tests appear.

To pass from the coarse configuration to the flowed holonomies of the fine configu-
ration, we compare HK with the deterministic triple HK

0 (V). The matrix difference is
of order

√
γ = r2

γ, while the window {|LogHK
0 (V)| ≤ Rrγ} has probability of order

rγ. A direct unconditional L1 comparison loses the window factor. Averaged higher
moments, combined with this small-window bound and Hölder’s inequality, suffice for
the limit and give every rate γ1/4−ε, ε > 0. For the stated sharp rate we use the estimate
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conditional on the coarse configuration V of Theorem 34.11. Suppose that the window
is measurable with respect to V and has probability O(rγ), and that the conditional
expected difference is O(r2

γ) uniformly in V. Then the expected difference on the window
is O(r3

γ); after the loss r−1
γ from rescaling the logarithm and division by the window mass,

the error is O(rγ) = O(γ1/4).
Finally, we distinguish three quotients. The integration over V takes place in the quo-

tient by based gauge transformations, so that the constant coordinates X ∈ R9 include the
simultaneous conjugation at the basepoint, which is kept in the nine-dimensional integral.
Observables of the continuum measure are invariant under simultaneous conjugation of
the triple, and at several flow times they are invariant under an independent conjugation
at each time. On a time interval, the observable is a path in the quotient su(2)3/ Ad SU(2);
no gauge frame common to different times is needed.

36.2 The quartic term of the effective classical action

The following theorem identifies the fourth Taylor polynomial of the effective classical
action on constant configurations. Here Ed is the effective classical action at depth d on
the lattice of side n, that is, the value of the constrained minimizer of Theorem 10.6 (the
background field, following Bałaban [16]), with E0 = SW .

Theorem 36.2. For every side n as in Definition 36.1 there exist ρ0(n) > 0 and Cn < ∞ such
that, for every depth d ≥ 0, the function fd(X) = Ed(eX/n) satisfies

Dj fd(0) = 0 (0 ≤ j ≤ 3),
1
4!

D4 fd(0)[X, X, X, X] =
Q(X)

n
,

and ∣∣∣Ed(eX/n)− Q(X)

n

∣∣∣ ≤ Cn|X|5 (|X| < ρ0(n)). (36.3)

The constants depend only on n, M, and the domains and derivative bounds of Theorem 10.11;
they do not depend on d or on the coupling. In particular this applies to fK of Definition 36.1,
with d = JK.

Moreover, for every fixed d and X there exist constant fine links eai(u), analytic in u for
|u| < ud,X, such that

ai(u) = uM−dxi/n + Od,X(u2), Td
M(ea(u)) = euX/n,

and these links lie in the domain of the variational comparison of Theorem 9.7 at depth d. The
radius ud,X need not be uniform in d.

We identify the fourth Taylor polynomial exactly, at each finite depth, by comparing
the minimizer with an exactly constrained trial configuration. The proof uses two different
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tools. To identify the Taylor coefficients at a fixed depth d, we use an inverse of the block
averaging constraint on constant configurations whose radius of definition may shrink
as d grows. This is harmless, because Taylor coefficients at the origin are determined by
arbitrarily small neighborhoods. For the uniformity of the remainder in d, we use instead
the bounds on the fifth derivative of Ed from Theorem 10.11, which are uniform in the
depth. We also distinguish two constraints: the block averaging constraint Td

MU = eθ itself,
and the gauge-modified constraint satisfied by the fields in the projected Landau gauge
slice of Theorem 9.9. The trial configurations and the representative of the minimizer
constructed in Step 2 satisfy the former, and their transforms into the slice in Step 1 satisfy
the latter. The gauge transformation used in Step 5 need not preserve either constraint;
we use it only to compute the action, which it leaves unchanged.

Proof. All variational comparisons use real targets, fields, and parameters; holomorphic
extensions supply analytic representatives and Taylor bounds.

Step 1: the variational comparison. We set εd = M−d and measure lengths in units of
the lattice of side n, so that the fine lattice has side n/εd and the action is

Sεd(U) =
4
εd

∑
p

q(Up). (36.4)

We take the minimizer and its value from Theorem 10.6, in the notation of Definition 10.1.
We write Ξd for the constraint coordinates Pcl

d and Hd for the minimizing linear extension
Hd, as in Theorem 9.7. The critical point is v∗d(θ) ∈ Vd, the minimizing field is Ad(θ) =

Ξd(v∗d(θ) + Hdθ), and
Ed(eθ) = Sεd(e

εd Ad(θ)). (36.5)

Fix 0 < rph < r0 within the common margins, where r0 and C∗ are the constants of
Theorem 9.7. By the bound on v∗d in Theorem 10.6, there exists a constant Cmin, which
includes the conversion from first differences to the curl, such that

∥v∗d(θ)∥∞ + ∥dεd v∗d(θ)∥∞ ≤ Cmin∥θ∥2
∞.

Let τ > 0 be a target radius with

τ < min{rθ/2, rph/(2C∗)}, Cminτ2 < rph/4, (36.6)

where rθ is the radius of Theorem 10.6. For ∥θ∥∞ < τ the critical point then lies strictly
inside the convex domain of potentials and curls of Theorem 9.7, which verifies the
critical point hypothesis of that theorem.

Next we describe the trial configurations, which are needed only in a small neigh-
borhood that may depend on d. Let U = eεd A satisfy Td

MU = eθ with ∥θ∥∞ < τ,
∥A∥X = ∥A∥∞ + ∥divεd A∥∞ < rX, and small curl. We apply Theorem 9.9 with prescribed
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coarse gauge datum zero. The transformed field has vanishing projected divergence and
gauge-modified target exactly eθ. It has the same action, and its potential A′ and its curl
tend to zero with those of A. The transformed field need not satisfy the block averaging
constraint Td

MU = eθ itself; for this reason, Step 2 constructs a separate representative of
the minimizer that does.

To check that A′ lies in the chart of Theorem 9.7, we write the constraint coordinates
as Ξd(w) = w− HdDd(w), with Dd(0) = DDd(0) = 0; here the argument w is a fine field,
not a vector of normalized fluctuation variables. Since Hd is a fixed linear map on this
finite lattice, the first-derivative estimate of Theorem 10.11 makes w 7→ A′ + HdDd(w) a
contraction on a sufficiently small ball, which implies that Ξd is locally invertible at A′.
By the defining identities of the constraint coordinates, the gauge-modified constraint of
Ξd(w) is the linear target, and the correction HdDd(w) has vanishing projected divergence.
Hence the inverse parameter has the form w = a + Hdθ with a ∈ Vd, and on this finite
lattice the norm of a in potential and curl tends to zero with (A′, θ). In particular, a
sufficiently small trial configuration satisfies

∥a∥∞ + ∥dεd a∥∞ < rph/2. (36.7)

By (36.6) and (36.7), the trial parameter and the critical point lie in the same convex
domain with target eθ, and so does the segment joining them. Since the transformation
into the slice preserves the action, the convexity inequality of Theorem 9.7, together with
the minimum of Theorem 10.6, implies that

Ed(eθ) ≤ Sεd(U). (36.8)

The smallness required in this step may depend on d and on the direction of the trial
configuration.

Step 2: an analytic representative of the minimizer. The field Ad(θ) is holomorphic,
and its value is (36.5). It satisfies the gauge-modified constraint of the projected Landau
slice, and its accumulated gauge transformation is a finite composition of the analytic
gauge maps of that slice. We take the logarithm of this gauge transformation at the
vertices of the coarse lattice, extend it by any fixed linear extension to all fine vertices,
and exponentiate. The result is an analytic periodic fine gauge transformation with
the prescribed values at the coarse vertices. Since TM is gauge covariant, applying this
transformation changes the target of the block averaging constraint to eθ, and it leaves
(36.4) unchanged. We obtain an analytic configuration U∗(θ) with

U∗(0) = I, Td
MU∗(θ) = eθ, Sεd(U∗(θ)) = Ed(eθ).

Only analyticity at the fixed depth d is used: even if the derivative bounds of this
extension grow with d, it tends to the identity as θ → 0 at fixed d.
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Step 3: an exactly constrained trial and the upper bound. Fix d and X. On constant
configurations, the map Gd(a) = Log Td

M(ea) is analytic near zero and DGd(0) = ε−1
d I9.

Indeed, the derivative at the identity of the formula of Definition 6.1 is the average of the
integrals of a over the block paths. On a constant configuration each of these paths has
integral Mai, and d iterations give Mdai. To invert Gd without a radius uniform in d, we
solve

a = εdu
X
n
− εd

{
Gd(a)− ε−1

d a
}

.

Since the derivative of the term in braces vanishes at zero, the right side is a contraction
with factor at most 1/2 on a small fixed complex ball. For small |u|, it also maps the ball
into itself. The iterates converge uniformly on a smaller complex disc in u, and the limit
is analytic in u and real for real u. A fixed point satisfies Gd(a) = uX/n, and we obtain

ai(u) = uεdxi/n + Od,X(u2), Td
M(ea(u)) = euX/n. (36.9)

The potential a(u)/εd is constant, has vanishing divergence and curl, and tends to zero
as u→ 0. We reduce ud,X until ∥uX/n∥∞ < τ, the input bound of the projected Landau
slice holds, and the trial parameter satisfies (36.7). By (36.6), the critical point for the
same target lies in the same convex chart, and (36.8) applies to ea(u). The logarithm of
a plaquette of the constant configuration ea(u) in the (i, j) plane is u2[εdxi/n, εdxj/n] +
Od,X(u3). Using q(ev) = |v|2/8 +O(|v|4) and the fact that there are (n/εd)

3 plaquettes in
each plane, we obtain

Ed(euX/n) ≤ 4
εd

( n
εd

)3 u4

8 ∑
i<j
|[εdxi/n, εdxj/n]|2 + Od,X(u5)

=
u4

n
Q(X) + Od,X(u5).

(36.10)

Step 4: the first-order term of the minimizer. We write the link logarithms of U∗(uX/n)
from Step 2 as ua + O(u2), where a is a cochain on the fine torus. By Step 2, its action
equals Ed(euX/n), which is nonnegative and, by (36.10), of order u4. The coefficient of u2

in its action therefore vanishes. This coefficient is

1
2εd

∑
x

∑
i<j
|(da)ij(x)|2,

where d denotes the unscaled cochain differential on the fine torus. We conclude that
da = 0.

We record the periodic decomposition of a closed cochain. A closed cochain has the
same integral over every translate of a coordinate cycle, because the difference of two
such cycles is a sum of plaquette boundaries. We subtract the constant ci equal to this
integral divided by n/εd. The resulting cochain is closed and has vanishing integrals over
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the coordinate cycles. Its integrals over all closed paths vanish: neighboring coordinate
steps can be exchanged using plaquette boundaries, adjacent inverse steps cancel, and a
remaining closed path reduces to a combination of the three coordinate cycles. Hence its
integral from a fixed vertex to a vertex x does not depend on the path. Applying this to a
and writing ϕ(x) for the integral of the modified cochain from the fixed vertex to x, we
have

ai(x) = ci + ϕ(x + εdei)− ϕ(x). (36.11)

Each statement holds separately in each real component of su(2).
At the identity, the derivative of the block averaging map is the average of the integrals

over the block paths. For a closed cochain, a translated path with endpoint connectors and
the reference path differ by a contractible closed path and have equal integrals. It follows
that d averaging steps send the constant part of (36.11) to ε−1

d ci, and the gradient to the
gradient of the restriction of ϕ to the coarse lattice. The linearization of the constraint
Td

MU∗(uX/n) = euX/n states that this image equals xi/n on every coarse link in direction
i. When we average over all coarse links in direction i, the gradient terms cancel by
periodicity, and we obtain

ci = εdxi/n. (36.12)

Step 5: the lower bound. The periodic fine gauge transformation euϕ(x), with ϕ normal-
ized to vanish at the root, removes the gradient in (36.11) to first order, and it preserves
the action. In this gauge the link logarithms are uc + u2b + O(u3) for some cochain b,
and the plaquette logarithms are

u2{(db)ij(x) + [ci, cj]
}
+ O(u3).

For each i < j, we have ∑x(db)ij(x) = 0 by periodicity, and therefore

∑
x
|(db)ij(x) + [ci, cj]|2 = ∑

x
|(db)ij(x)|2 +

( n
εd

)3
|[ci, cj]|2.

Using (36.12) and q(ev) = |v|2/8 + O(|v|4), we find that the coefficient of u4 in Ed(euX/n)

is at least
1

2εd

( n
εd

)3
∑
i<j
|[εdxi/n, εdxj/n]|2 =

Q(X)

n
.

Together with (36.10), this proves that the fourth Taylor coefficient of u 7→ Ed(euX/n)

equals Q(X)/n for every direction X. The vanishing of the lower coefficients also follows
from 0 ≤ fd(uX) ≤ Cd,Xu4 for both signs of small real u. By analyticity and polarization,
we obtain the stated identities for the multilinear derivatives, so the fourth Taylor polyno-
mial of fd at zero is Q/n at every finite depth. We make no claim about the fifth Taylor
polynomial.
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Step 6: the uniform remainder. Fix the side n. On a common smaller ball, we restrict
the bound of Theorem 10.11 on the derivatives of order five of θ 7→ Ed(eθ) to the linear
substitution θx,i = Xi/n. At the fixed side n there are finitely many coordinates θx,i.
Summing the tensor entries and including the factors 1/n, we obtain

sup
d≥0

sup
|X|<ρ0(n)

∥D5 fd(X)∥ ≤ Cn.

The ball and the bound do not depend on the radii ud,X of the trial configurations. Since
the Taylor polynomial of order four of fd at zero is Q/n by Step 5, Taylor’s formula on
the segment from 0 to X gives

fd(X)− Q(X)

n
=

1
4!

∫ 1

0
(1− t)4D5 fd(tX)[X, X, X, X, X] dt.

The absolute value of the right side is at most Cn|X|5/5!, which proves (36.3).

36.3 Holonomies near the trivial flat configuration

This section proves two facts about the flowed holonomies. The first is deterministic.
In the central coordinates, the logarithm of the flowed zero-fluctuation holonomy triple
equals X up to errors of order |X|2 + |s|. Further, a configuration that is close to the set
of flat configurations and whose zero-fluctuation holonomies are close to the identity
lies close to the trivial flat configuration. The second fact is probabilistic: under the
conditioned Wilson measure, the flowed holonomies of the configuration differ from
those of its zero-fluctuation reconstruction by O(

√
γ) in mean square. Let Fn denote the

set of flat configurations on Λn, regarded in the quotient by based gauge transformations.

Theorem 36.3. After a fixed reduction of the central coordinate neighborhood and of V , the map
ZK(X, s) = LogHK

0 (V(X, s)) is defined on that neighborhood for every K, and

sup
K
∥ZK∥C1,1 ≤ Cn, |ZK(X, s)− X| ≤ Cn(|X|2 + |s|), |ZK(X, s)| ≥ 3

4 |X| − Cn|s|,

∥DXZK(X, s)− I∥op ≤ Cn(|X|+ |s|).

The maps HK
0 are equicontinuous, in a fixed finite family of smooth charts of the based quotient,

on a neighborhood of Fn, and HK
0 = Hn on Fn for every finite K. Fix a continuous distance d on

the based quotient. For every open neighborhood U of the trivial based orbit there exists δU > 0,
independent of K and γ, such that

d(V,Fn) ≤ δU and
( 3

∑
i=1

ρG(HK
0,i(V))2

)1/2
≤ δU imply V ∈ U .
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The constant δU may depend on d and U .
Let DK = maxi∥HK

i −HK
0,i(V)∥op. Then, uniformly in K and 0 < γ ≤ γ0,

Eν min(1, DK)
2 ≤ Cnγ.

For every neighborhood V ′ with compact closure in V ,

Eν

[
1{HK ,HK

0 (V)∈V ′}min
(
1, |LogHK − LogHK

0 (V)|
)2
]
≤ Cn,V ′γ.

The estimates on DK are averages over the whole conditioned Wilson measure; they
are not conditioned on the configuration being near a central triple.

Proof. Steps 1–3 prove the deterministic statements, and Step 4 the probabilistic ones.

Step 1: deterministic regularity. We apply Theorem 35.9 with m = 0 to the parameters
and the side n of Definition 36.1. With m = 0 there are no fluctuation variables among
the inputs. The input is the coarse configuration alone, and the map of that theorem is
ΞK

0 = HK
0 , with the same gauge frame at the basepoint and the same flow time. The part

of Theorem 35.9 concerning a neighborhood of all flat configurations applies, because
(36.1) places every commuting constant representative strictly inside the classical, block-
averaging, and gauge margins, as checked in Section 36.1. We obtain a neighborhood of
the trivial flat configuration on which supK∥HK

0 ∥C1,1 ≤ Cn, a modulus of continuity of
HK

0 near Fn that is common to all K, and the identity

HK
0 (V0) = Hol(V0) (V0 ∈ Fn) (36.13)

at every finite K. Independently, Lemma 14.9 explains (36.13): the zero-fluctuation refine-
ments of a flat configuration are flat refinements, and the Wilson flow is stationary on
flat configurations. These are identities of matrices; the conjugation at the basepoint has
not been divided out. The neighborhoods and the modulus are those of the deterministic
theorem, on its finite cover of charts, and they do not depend on K or γ. In particular,
they are not chosen using the small-field event.

Step 2: the logarithm. At V = I the output is (I, I, I). By the common modulus, for any
prescribed smaller neighborhood of the identity in V , there exists a neighborhood of the
input whose outputs lie in it. The logarithm and its first two derivatives are bounded
on the closure of that neighborhood. Composing with the maps of Step 1, we obtain
supK∥ZK∥C1,1 ≤ Cn. Let bK(X, s) = ZK(X, s)− X. If s = 0 and the three components of X
are parallel, the links of V(X, 0) commute, the configuration is flat, and (36.13) implies
that bK(X, 0) = 0. Each of the nine coordinate directions of R9 is of this form, and these
directions span R9. Differentiating along them, we find

bK(0, 0) = 0, DXbK(0, 0) = 0.
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Integrating the Lipschitz bound on DXbK along v 7→ (vX, 0), we obtain |bK(X, 0)| ≤
Cn|X|2, and the bound on the derivative in s gives |bK(X, s) − bK(X, 0)| ≤ Cn|s|. The
Lipschitz bound on the derivative also implies ∥DXZK(X, s)− I∥ ≤ Cn(|X|+ |s|). We
reduce the radius in X so that Cn|X| ≤ 1/4. Then, by the triangle inequality, |ZK(X, s)| ≥
|X| − Cn|X|2 − Cn|s| ≥ (3/4)|X| − Cn|s|. The same reduction works for every K and
every coupling.

Step 3: localization near the trivial flat configuration. The based quotient is compact,
since it is the quotient of a finite product of copies of SU(2) by a compact group, and Fn

is a closed subset. On a flat configuration, the transport along a path is unchanged by
elementary plaquette moves and depends only on the homotopy class of the path. Then,
on the universal covering lattice, the transports from the root define a periodic gauge
transformation to the trivial configuration if and only if all three cycle holonomies are
the identity. Thus the trivial orbit is the only flat based orbit whose cycle triple is (I, I, I);
this is the based version of Lemma 14.9.

Let U be given, and let U1 be an open set containing the trivial orbit with U1 ⊂
U . Suppose first that Fn \ U1 is nonempty. Since it is compact and contains no flat
configuration with identity cycle triple,

m = min
V0∈Fn\U1

(
∑

i
ρG(Holi(V0))

2
)1/2

> 0.

By the common modulus of Step 1, (36.13), and the continuity of ρG, there exists
δ1 > 0 such that, for every K, if V0 is flat and d(V, V0) < δ1, then the quantities
(∑i ρG(HK

0,i(V))2)1/2 and (∑i ρG(Holi(V0))
2)1/2 differ by less than m/2. Let δ2 > 0 be

smaller than the distance from U1 to the complement of U , and let δU be smaller than
δ1/2, δ2/2, m/4, and the radius of the charts of Step 1. Suppose that V satisfies the
two hypotheses, and let V0 ∈ Fn be a closest flat point, which exists by compactness.
Then the cycle radius of V0, that is, the second of the two quantities above, is less than
δU + m/2 < m. Hence V0 /∈ Fn \ U1, that is, V0 ∈ U1, and since d(V, V0) < δ2, we have
V ∈ U . If Fn \ U1 is empty, then Fn has positive distance from the complement of U ,
and the first hypothesis alone implies the conclusion. This argument includes all flat
configurations, in particular those near the other seven central triples.

Step 4: the probabilistic estimates. We apply Theorem 34.10 with m = 0 and p = 2. Its
comparison triple is HK

0 (V), and its probability measure is the whole conditioned Wilson
measure ν. By the moment bound of that theorem, we have

Eν min(1, DK)
2 ≤ Cnγ.

This uses the condition amap
√

B ≤ 32/49 imposed in Definition 36.1. That theorem
includes the conditional means, the matrices at the basepoint, and all flat configurations.
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Finally, Log is Lipschitz, as a map of the three matrices, on the compact closure
of V ′. To obtain a single constant for all pairs, we cover the closure by finitely many
neighborhoods on which Log has bounded derivatives. Pairs closer than a Lebesgue
number of this cover satisfy the derivative estimate in one of these neighborhoods. For
the remaining pairs, we use the boundedness of Log and the positive lower bound on
their distance. We obtain

min
(
1, |Log H − Log H′|

)
≤ CV ′ min

(
1, max

i
∥Hi − H′i∥op

)
(H, H′ ∈ V ′).

Squaring, restricting to the event in the statement, and using the bound on Eν min(1, DK)
2,

we obtain the last estimate. All reductions used fixed neighborhoods, the fixed side, and
the bounds of the cited theorems, so the constants have the stated dependence.

36.4 The quartic reference measure

We write mQ for the quartic reference measure dmQ(Y) = e−Q(Y) d9Y on R9. The follow-
ing lemma records its basic properties. The divergence of its total mass is known in the
matrix-integral literature cited at the beginning of this section; we give a direct proof in
the coordinates of Lemma 33.2.

Lemma 36.4. The measure mQ is locally finite and has infinite total mass. For every χ ∈
C∞

c ([0, ∞)) that is constant near zero and every λ > 0,∫
χ(λ|Y|) dmQ(Y) = λ−9

∫
χ(|Y|)e−λ−4Q(Y) d9Y,

and ∫ {
(4Q(Y)− 9)χ(|Y|)− |Y|χ′(|Y|)

}
dmQ(Y) = 0.

If χ ≥ 0 and χ is not identically zero, then
∫

χ(|Y|) dmQ(Y) is finite and strictly positive.

We call the second identity the dilation integration-by-parts identity. It states that∫
Wχ dmQ = 0 for every radial cutoff χ, and it uses only the compact support of the test;

no normalization of mQ is involved.

Proof. Since Q ≥ 0 is a polynomial, 0 < e−Q ≤ 1 everywhere, which proves local
finiteness.

Infinite mass. We use Lemma 33.2, with its homogeneous cone, its injective normal
tube, and its bound on the Jacobian, at every radius. We write the commuting triples as
yi = ρaiu with ρ ≥ 1 and a, u ∈ S2, where (a, u) and (−a,−u) give the same triple, and
we set ζi = aiu. The normal space at ζ is

Ba,u =
{

b = (b1, b2, b3) : bi ⊥ u, ∑
i

aibi = 0
}

, dimBa,u = 4.
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We claim that
Q(ζ + b) = 1

2 |b|
2 + Q(b) (b ∈ Ba,u). (36.14)

Indeed, (ζi + bi)× (ζ j + bj) = u× (aibj − ajbi) + bi × bj. The first term lies in u⊥, while
bi × bj is parallel to u because bi, bj ⊥ u. The two terms are therefore orthogonal. Since
|u× w| = |w| for w ⊥ u, and

∑
i<j
|aibj − ajbi|2 = |a|2 ∑

i
|bi|2 −

∣∣∣∑
i

aibi

∣∣∣2 = |b|2,

we obtain (36.14). The same computation with y = ρζ gives Q(y + b) = ρ2|b|2/2 + Q(b).
Let η > 0 be smaller than the relative radius of the tube in Lemma 33.2 and so small

that the Jacobian of the tube is at least 1/2 when |b|/ρ ≤ η. We restrict to |b| ≤ η/ρ. For
ρ ≥ 1, this set lies in the tube, and |b|/ρ ≤ η. Since

Q(b) ≤ 1
2 ∑

i<j
|bi|2|bj|2 ≤

1
4
|b|4,

we have Q(y + b) ≤ η2/2 + η4/4, which we denote by Cη, on this whole unbounded
tube. By Lemma 33.2, the volume of the cone is (1/2)ρ4 dρ dΩa dΩu, where the factor
1/2 accounts for the double parametrization, and the tube is injective in the point y of
the cone. The normal ball has volume v4η4ρ−4, where v4 is the volume of the unit ball in
R4. For every T > 1, we obtain∫

R9
e−Q(X) dX ≥ 1

4
e−Cη(4π)2v4η4

∫ T

1
ρ4ρ−4 dρ = cη(T− 1).

Letting T → ∞ proves that the total mass is infinite. All radii and constants in this
argument are absolute.

Scaling, the dilation integration-by-parts identity, and positivity. The change of vari-
ables Z = λY, together with Q(Z/λ) = λ−4Q(Z), gives the scaling formula. For λ in
a compact neighborhood of 1, the integrands and their derivatives in λ are supported
in a common compact set and have a common integrable bound. We may therefore
differentiate at λ = 1, which gives the dilation integration-by-parts identity. Equivalently,
by the homogeneity relation Y · ∇Q = 4Q, we have

div
{

Yχ(|Y|)e−Q(Y)} =
{

9χ(|Y|) + |Y|χ′(|Y|)− 4Q(Y)χ(|Y|)
}

e−Q(Y).

The vector field on the left is smooth at zero because χ is constant there, and it vanishes
outside a compact set. The integral of each of its coordinate derivatives over a box
containing its support is zero, which proves the dilation integration-by-parts identity
with the stated sign. Finally, a nonnegative smooth radial test that is not identically zero
is positive on an interval of radii, which corresponds to a subset of R9 of positive volume.
Since the density e−Q is positive, the integral is positive, and it is finite by compact
support.
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Remark 36.5. For FQ(ρ) = mQ{|Y| ≤ ρ} and fQ = F′Q we have, as ρ ↓ 0,

fQ(ρ) =
32π4

105
ρ8[1 + O(ρ4)

]
, FQ(ρ) =

32π4

945
ρ9[1 + O(ρ4)

]
,

with absolute constants for the Euclidean norm and the normalization of Q used here.
Indeed, polar coordinates give

fQ(ρ) = ρ8
∫

S8
e−ρ4Q(ω) dω. (36.15)

Since Q is bounded on S8, the exponential is 1 + O(ρ4) uniformly. The area of S8 is
2π9/2/Γ(9/2) = 32π4/105, by Γ(1/2) =

√
π and Γ(v + 1) = vΓ(v). Integrating the

density from zero gives the asymptotics of FQ. These formulas are not used below.

36.5 Integration over the transverse modes

The next theorem, our main integration result, computes the expectation, under the
stopped measure, of a compactly supported test of the rescaled logarithm of either the
unflowed coarse holonomy triple Hn(V) or the flowed zero-fluctuation holonomy triple
HK

0 (V).

Theorem 36.6. For every R < ∞ there exist Cn,R < ∞ and γR > 0 such that, for every bounded
Borel function φ supported in {|Y| ≤ R}, every K ≥ 0, and every 0 < γ ≤ γR, both T = Hn(V)

and T = HK
0 (V) satisfy

Eν̂Iγ,φ(T) = rγκK,γ

{∫
φ dmQ + EK,γ,T,φ

}
, |EK,γ,T,φ| ≤ Cn,R∥φ∥∞rγ,

where the factor κK,γ is the same for both maps and all tests, namely

κK,γ = (2π)dst/2n2 e−RK,γ(0,0) Jn(0, 0)√
det AK(0)

gdst+4

Ẑ
, 0 < cn ≤ κK,γ ≤ Cn.

Here Ẑ is the normalization constant of ν̂ in Definition 36.1, and cngdst+4 ≤ Ẑ ≤ Cngdst+4.
Further, for TK(X, s) = Log T(V(X, s)) and both maps, the change of variables Z = TK(X, s)

is invertible on a fixed smaller ball of outputs, and its inverse X = HK(Z, s) satisfies

|HK(Z, s)− Z| ≤ Cn(|Z|2 + |s|), |det DZHK(Z, s)− 1| ≤ Cn(|Z|+ |s|).

The error bound depends on φ only through ∥φ∥∞, and no modulus of continuity of
φ enters. Both deterministic maps use the based-quotient chart frames of Theorem 36.3;
their comparison with the selected frame of the conditional reconstruction below uses
invariant tests. The bound accounts for the density factor e−RK,γ Jn, including the first
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derivatives of RK,γ, for the Gaussian determinant of the transverse modes, and for the
contributions of configurations away from the trivial flat configuration. We do not assert
that κK,γ has a limit. Since κK,γ depends only on the stopped measure, it does not depend
on the flow time at which HK

0 is observed.

Proof. Throughout the proof we write D = dst and ϵ = rγ, and we set

aK,γ(X, s) = e−RK,γ(X,s) Jn(X, s), a0
K,γ = aK,γ(0, 0).

Steps 1–3 localize to the central coordinates and invert the output map, Step 4 rescales so
that the test becomes exactly φ(Y), and Steps 5–6 compare the density with its Gaussian–
quartic model and integrate.

Step 1: bounds on the density. We apply Theorem 33.8 to the stopped measure at
depth JK, with the side, the parameters, and the upper bound γ0 on the coupling from
Definition 36.1. The chart C+ of (36.2) is a fixed chart of link logarithms, independent of
the depth and the coupling. On it, Lemma 33.6, with d = JK and link logarithms X/n + s,
together with the residual value bound (P3) in Section 33.2, gives

sup
K, 0<γ≤γ0

sup
C+

(
|RK,γ|+ ∥DX,sRK,γ∥

)
≤ Cn.

The smooth positive density Jn has positive upper and lower bounds and bounded first
derivatives on the closure of a slightly smaller chart that still contains C, and we replace
C+ by this chart. The identity

DX,saK,γ = e−RK,γ
(

DX,s Jn − JnDX,sRK,γ
)

then gives, on this fixed chart,

0 < cn ≤ aK,γ(X, s) ≤ Cn, ∥DX,saK,γ(X, s)∥ ≤ Cn. (36.16)

This uses the first derivatives of the centered effective interaction in both X and s. Together
with the uniform classical derivative bounds of Theorem 10.11, Theorem 33.8 also gives

cn I ≤ AK(X) ≤ Cn I, ∥AK(X)− AK(0)∥ ≤ Cn|X|,
FK(X, s) = fK(X) + 1

2 sTAK(X)s + On(|s|3), FK(X, s) ≥ fK(X) + cn|s|2.
(36.17)

The density in Theorem 33.8 at depth JK is the stopped measure of Definition 36.1, so its
normalization constant is Ẑ. By Theorem 33.10, after reducing the upper bound on the
coupling if necessary, we have

cngD+4 ≤ Ẑ ≤ CngD+4. (36.18)
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Step 2: reduction to a neighborhood of the trivial flat configuration. Fix a neighborhood
U of the trivial based orbit whose closure lies in the coordinate chart of (36.17). By
Theorem 36.3, applied to the map HK

0 , there exists δ > 0 such that a configuration within
distance δ of Fn whose cycle radius (∑i ρG(HK

0,i(V))2)1/2 is at most δ lies in U . For the
map Hn = Hol, the same statement follows from the argument of Step 3 of that proof,
with the continuous map Hol in place of HK

0 . On the complement of {d(V,Fn) ≤ δ}, we
have E0 ≥ cn,δ > 0 by the compactness of the configuration space and E−1

0 (0) = Fn. The
lower bound EJK,sat ≥ κE0 on Dr and the bound |RK,γ| ≤ Cn on Dr, properties (P1) and
(P3) in Section 33.2, together with (36.18), give

ν̂{d(V,Fn) > δ} ≤ Cng−(D+4)e−cn/g2
. (36.19)

Since the product Haar measure has total mass one, no volume factor depending on K
appears in this bound. Suppose that Rϵ < δ and that the image of {|Y| ≤ R} under
Y 7→ ϵY lies in LogV . If Iγ,φ(T) ̸= 0, then |Log T| ≤ Rϵ, and the cycle radius is at most
Rϵ < δ, since ρG(Hi) ≤ |Log Hi|. Every contribution to either observable from V /∈ U is
therefore bounded by (36.19). The flat configurations near the other seven central triples,
and all other flat configurations, still contribute to Ẑ.

Step 3: the output coordinates. For T = HK
0 , Theorem 36.3 gives

|TK(X, s)− X| ≤ Cn(|X|2 + |s|), ∥DXTK(X, s)− I∥ ≤ Cn(|X|+ |s|). (36.20)

For T = Hol, each cycle holonomy is a product of n link matrices of V(X, s), which are
analytic functions of (X, s) at the fixed side n, and at s = 0 the i-th holonomy is exactly
exi . Then TK(X, 0) = X and DXTK(X, 0) = I. Since these finite products and Log have
bounded derivatives, (36.20) holds for this map as well, with constants independent of K.

Fix a convex ball {|X| ≤ ρ} and a ball in s on which ∥DXTK − I∥ ≤ 1/4 for both
maps. We set bK = TK − X and restrict |s| further so that |bK(0, s)| ≤ ρ/8. For |Z| <
ρ/4, the map X 7→ Z − bK(X, s) sends the closed ball of radius ρ/2 into itself, since
|Z − bK(X, s)| ≤ |Z| + |bK(0, s)| + |X|/4 ≤ ρ/2, and it is a contraction with factor at
most 1/4. Its iterates converge to a unique fixed point X = HK(Z, s), which solves
TK(X, s) = Z. The inequality

|TK(X, s)− TK(X′, s)| ≥ 3
4 |X− X′|

on the larger convex ball excludes any other preimage there. Differentiating the fixed
point equation, or taking difference quotients and using the uniformly convergent Neu-
mann series for (I + DXbK)

−1, we obtain

DZHK =
(

I + DXbK(HK, s)
)−1.
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The fixed point equation first gives |HK| ≤ |Z| + |bK(0, s)| + |HK|/4, which implies
|HK| ≤ Cn(|Z|+ |s|), and then

|HK(Z, s)− Z| ≤ Cn(|Z|2 + |s|), |det DZHK(Z, s)− 1| ≤ Cn(|Z|+ |s|). (36.21)

For the determinant, we expand about I9 and use the bound on DXbK; the determinant is
positive since DZHK stays close to I9. This proves the second part of the theorem. We may
take the neighborhood U of Step 2 inside this domain, so that points outside it whose
output lies in the compact window are controlled by (36.19). Inside U , after a further
fixed reduction of ρ, (36.20) implies the lower bound |TK(X, s)| ≥ (3/4)|X| − Cn|s| for
both maps. Because of its term in s, we use it together with the tail bound of Step 4.

Step 4: the transverse tail and the change of variables. Since fK ≥ 0, (36.17) and the
bounds on the density factor give

ν̂
(
{|s| > ϵ} ∩ {V in the central coordinates}

)
≤ Cng−4e−cnϵ2/g2

= Cng−4e−c′n/
√

γ.
(36.22)

To see this, we split e−cn|s|2/g2
into two equal factors and bound one of them by e−cnϵ2/(2g2)

on {|s| > ϵ}. Integrating the other over RD gives CngD. The X-integral is over a bounded
set, and we divide by (36.18). In the last equality, we used ϵ2/g2 = n/

√
γ. Both (36.19)

and (36.22) are smaller than every fixed power of ϵ: with v = 1/
√

γ, each is a fixed power
of v times e−cv or e−cv2

.
On {|s| ≤ ϵ}, an output with |TK| ≤ Rϵ satisfies |X| ≤ Cn,Rϵ by the lower bound of

Step 3. For γR small, this lies in the domain of the inverse. Conversely, the inverse is
defined for all |Z| ≤ Rϵ and |s| ≤ ϵ, and the bound |HK| ≤ Cn,Rϵ places its values in U
for γR small. The part of the unnormalized integral of the observable over U ∩ {|s| ≤ ϵ}
is therefore transformed exactly by

Z = ϵY, s = gz, X = HK(ϵY, gz), dX ds = ϵ9gD det DZHK(ϵY, gz) dY dz.
(36.23)

In these variables the test is exactly φ(Y), and no regularity of φ is needed. The variable z
ranges over the ball {|z| ≤ ϵ/g}, and the test restricts Y to {|Y| ≤ R}. Since g = ϵ2/

√
n,

(36.21) gives on this domain∣∣∣X
ϵ
−Y

∣∣∣ ≤ Cn,Rϵ(1 + |z|), |det DZHK − 1| ≤ Cn,Rϵ(1 + |z|), |X|
ϵ
≤ Cn,R. (36.24)

The last bound uses |s| ≤ ϵ, so it holds on the whole truncated ball in z, even when |z| is
large.

Step 5: comparison of the density. By Theorem 36.2 and ng2 = ϵ4, we have fK(X)/g2 =

Q(X/ϵ) + O(|X|5/g2), and therefore∣∣∣ fK(X)

g2 −Q(X/ϵ)
∣∣∣ ≤ Cn

|X|5
g2 ≤ Cn,Rϵ.
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Since X/ϵ and Y lie in a fixed ball, on which Q has bounded first derivatives, the first
bound in (36.24) gives ∣∣∣ fK(X)

g2 −Q(Y)
∣∣∣ ≤ Cn,Rϵ(1 + |z|). (36.25)

This uses only |X| ≤ Cn,Rϵ, which holds on the whole truncated domain. In particular, it
bounds the absolute error on the compact rescaled window, including the directions of
commuting triples, where Q vanishes. The expansion in (36.17) gives∣∣∣FK(X, gz)− fK(X)

g2 − 1
2

zTAK(0)z
∣∣∣ ≤ Cn,R

(
ϵ|z|2 + g|z|3

)
, (36.26)

where we used ∥AK(X)− AK(0)∥ ≤ Cn|X| ≤ Cn,Rϵ and the cubic remainder in s = gz.
We also use the elementary inequality

|e−A − e−B| ≤ |A− B|
(
e−A + e−B) (A, B ∈ R), (36.27)

which holds because the integral of the derivative of t 7→ e−t between A and B is at most
|A− B|max(e−A, e−B).

Let PK(Y, z) = FK(HK(ϵY, gz), gz)/g2 and P0
K(Y, z) = Q(Y) + zTAK(0)z/2. Both are

at least cn|z|2, by fK ≥ 0, Q ≥ 0, and the lower bounds in (36.17). Combining (36.25) and
(36.26), and using g ≤ Cnϵ2 ≤ Cnϵ, we find

|PK − P0
K| ≤ Cn,Rϵ

(
1 + |z|+ |z|2 + |z|3

)
.

By (36.27), |e−PK − e−P0
K | is at most Cn,Rϵ times a fixed polynomial in |z| times e−cn|z|2 ,

which is integrable over RD uniformly in K and γ; the phase error itself need not be
uniformly small on the whole truncated ball in z. For the density factor and the Jacobian,
we write bK,γ(Y, z) = aK,γ(X, gz)det DZHK(ϵY, gz) with X = HK(ϵY, gz). By (36.16) and
(36.24), these quantities are bounded on our domain and

|bK,γ(Y, z)− a0
K,γ| ≤ Cn,Rϵ(1 + |z|).

Splitting the difference as (bK,γ − a0
K,γ)e

−PK + a0
K,γ(e

−PK − e−P0
K) and using that t 7→ (1 +

t + t2 + t3)e−cnt2/2/(1 + t) is bounded on [0, ∞), we obtain∣∣∣bK,γ(Y, z)e−PK(Y,z) − a0
K,γe−P0

K(Y,z)
∣∣∣ ≤ Cn,Rϵ(1 + |z|)e−c′n|z|2 (|Y| ≤ R, |z| ≤ ϵ/g),

(36.28)
with c′n = cn/2.

Step 6: integration and the common factor. The Gaussian integral of a0
K,γe−P0

K over
{|z| > ϵ/g} is exponentially small, since ϵ/g =

√
n/ϵ→ ∞. Integrating (36.28) first in z

and then over {|Y| ≤ R}, we obtain

Ẑ Eν̂Iγ,φ(T) = gDϵ9
{

a0
K,γ

(2π)D/2√
det AK(0)

∫
φ(Y)e−Q(Y) dY + On,R

(
∥φ∥∞ϵ

)}
. (36.29)
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The contributions discarded in Steps 2 and 4 satisfy the same bound after reducing
γR: after normalization by Ẑ they are On,R(∥φ∥∞ϵ2), while the prefactor of the claimed
expansion is bounded above and below by fixed multiples of ϵ.

Finally, since ϵ4 = γ = ng2, we have the identity

gDϵ9

Ẑ
= ϵn2 gD+4

Ẑ
.

Thus the coefficient of
∫

φ dmQ in (36.29), divided by Ẑ, is exactly ϵκK,γ. The bounds
cn ≤ κK,γ ≤ Cn follow from (36.18), cn ≤ a0

K,γ ≤ Cn, and cn I ≤ AK(0) ≤ Cn I in the fixed
dimension D. Dividing by ϵκK,γ, we obtain the stated bound on EK,γ,T,φ. The leading term
involves only a0

K,γ and AK(0), which are the same for both maps; the factor is therefore
the same for both maps and every test. Every reduction used a radius or an upper bound
on the coupling depending only on the fixed data and R.

36.6 Passage to the continuum measure

We now pass from the stopped measure to the conditioned Wilson measure, then to the
Wilson measure, and finally to the continuum measure. The order of limits is as follows:
at each fixed γ we let K → ∞ with the comparison side n fixed, and only afterwards
do we let γ → 0. Throughout, λγ = λL,γ,[n∗]M denotes the continuum measure for the
sequence of sides (n∗BK)K≥0 (Theorem 29.25 and Corollary 29.26). Since n = n∗Ba, the
classes [n]M and [n∗]M coincide. We observe the holonomies of a trajectory around the
three coordinate cycles based at the origin, at the time t = θL2. Under λγ this triple is
defined up to simultaneous conjugation, and we use invariant tests.

Theorem 36.7. Fix the data of Definition 36.1 before varying γ. For every continuous compactly
supported function φ : R9 → R that is invariant under simultaneous conjugation and every
radial cutoff χ,

lim
γ↓0

Eλγ
Iγ,φ

Eλγ
Iγ,χ(|·|)

=

∫
φ dmQ∫

χ(|Y|) dmQ(Y)
.

For every such φ that is nonnegative and not identically zero, there exist 0 < cφ ≤ Cφ < ∞ and
γφ > 0 such that

cφrγ ≤ Eλγ
Iγ,φ ≤ Cφrγ (0 < γ ≤ γφ).

In particular the denominator above is positive for small γ, and

lim
γ↓0
Sγ,λγ

(χ) = 0.

Further, for any two smooth compactly supported functions χ1, χ2 on [0, ∞) that are not identically
zero, with Ai = Iγ,χi(|·|),

Varλγ
(A1)

Varλγ
(A2)

−→
∫

χ1(|Y|)2 dmQ(Y)∫
χ2(|Y|)2 dmQ(Y)

(γ ↓ 0).
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The tests χ1, χ2 in the variance statement need not be nonnegative. The loops and
the flow time are fixed, while the window shrinks with γ. Each expectation under λγ

is the limit, as K → ∞ at fixed γ, of the expectation of the corresponding observable of
the flowed lattice holonomies under the Wilson measure µnBK ,γ. By Corollary 23.11, the
small-field failure probability satisfies supK µnBK ,γ(S

c
nBK ,n,γ) = On,q(γq) for every fixed

q > 0, which is o(rγ).

Proof. For a compactly supported bounded test, we write m(φ) =
∫

φ dmQ, and we set
ϵ = rγ. Until Step 4, where we pass to the continuum measure, we work at finite K,
uniformly in K.

Step 1: comparison under the conditioned Wilson measure. Let the support of φ lie in
the ball of radius R, and let 0 < η ≤ 1. For ηϵ < 1, Markov’s inequality and the bound
on Eν min(1, DK)

2 in Theorem 36.3 give

ν{DK > ηϵ} ≤ Cnη−2 γ

ϵ2 = Cnη−2γ1/2. (36.30)

On the complementary event, if either of Iγ,φ(HK) and Iγ,φ(HK
0 (V)) is nonzero, the

corresponding triple is within distance CRϵ of (I, I, I) as a triple of matrices, and the
other triple is within an additional distance ηϵ. For γ small, both triples therefore lie in a
fixed smaller neighborhood of the identity, independently of K. Since Log is Lipschitz
there, their rescaled logarithms differ by at most Cnη, and the rescaled logarithm of
HK

0 (V) lies in the ball of radius R + Cn.
Let

ωφ(v) = sup
{
|φ(Y)− φ(Y′)| : |Y−Y′| ≤ v

}
,

which tends to zero as v ↓ 0 since φ is uniformly continuous. Theorem 36.6, applied to
the indicator function of the ball of radius R + Cn, shows that the event that the rescaled
logarithm ofHK

0 (V) lies in this ball has ν̂-probability at most Cn,Rϵ. SinceHK
0 (V) depends

only on V, and the law of V under ν is ν̂, we obtain∣∣∣EνIγ,φ(HK)−Eν̂Iγ,φ(HK
0 )

∣∣∣ ≤ Cn,Rϵ ωφ(Cnη) + Cn∥φ∥∞η−2γ1/2. (36.31)

Here the first term bounds the difference on {DK ≤ ηϵ}, and the second term bounds
it on the event in (36.30). After division by ϵ, the right side tends to zero if we first let
γ ↓ 0 at fixed η and then let η ↓ 0, uniformly in K. The factor ϵ in front of the modulus of
continuity is essential; it comes from the small probability of the window, and uniform
continuity alone would not give it.

Step 2: removing the conditioning. Let eK,γ = µnBK ,γ(S
c
nBK ,n,γ). At our fixed side n, we

have eK,γ ≤ Cn,qγq for every fixed q > 0, uniformly in K, by Corollary 23.11. For any
bounded observable F, conditioning on the small-field event gives

EµF = (1− eK,γ)EνF + eK,γEµ(·|Sc)F, |EµF−EνF| ≤ 2∥F∥∞eK,γ,
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where µ = µnBK ,γ; if eK,γ = 0 the inequality holds without the second conditional
expectation. For q > 1/4, this error is o(ϵ) uniformly in K. Combining this with (36.31)
and Theorem 36.6, we obtain, for each fixed continuous compactly supported test,

EµnBK ,γ
Iγ,φ(HK) = ϵκK,γm(φ) + ϵδ

φ
K,γ, sup

K
|δφ

K,γ| −→ 0 (γ ↓ 0). (36.32)

The signed error δ
φ
K,γ converges by the explicit bound with two parameters above. Given

a tolerance, we first choose η to control the term with the modulus of continuity, and then
γ to control the remaining terms. No choice of the comparison side or of the parameters
depends on γ.

Step 3: bounds and ratios at finite K. If φ ≥ 0 is continuous and not identically zero, it
is positive on a nonempty open ball, and since e−Q is positive everywhere, m(φ) > 0. By
the bounds on κK,γ in Theorem 36.6 and (36.32), there exist constants 0 < cφ ≤ Cφ with

cφϵ ≤ EµnBK ,γ
Iγ,φ(HK) ≤ Cφϵ (36.33)

for all K and all sufficiently small γ. For a general φ and the fixed radial cutoff χ, let
b = m(φ)/m(χ(|·|)). We apply (36.32) to φ− bχ(|·|), using Iγ,φ−bχ(|·|) = Iγ,φ − bIγ,χ(|·|).
The leading term vanishes, and the expectation of this observable is o(ϵ) uniformly in K.
Since (36.33) gives a lower bound cϵ for the denominator, uniformly in K, the ratio of the
expectations under the Wilson measure tends to b as γ ↓ 0, uniformly in K.

Step 4: passage to the continuum measure. We fix γ and identify the limit as K → ∞.
For small γ, the support of the observable lies strictly inside the logarithmic chart, and
Iγ,φ, extended by zero, is a continuous function of the triple. It is invariant under
simultaneous conjugation because V and φ are invariant and the logarithm is conjugation
covariant in its chart. By Lemma 5.6, Iγ,φ is therefore a continuous function of the
normalized traces of H1, H2, H3, H1H2, H1H3, H2H3, and H1H2H3, and convergence in
law of these seven traces implies convergence of the expectation of Iγ,φ. The seven traces
are characters, divided by two, of the holonomies of loops obtained by concatenating the
three based coordinate cycles, observed at the same time. These loops and their lattice
versions are covered by Theorem 29.25.

To apply that theorem at a given γ, we may have to drop finitely many terms of the
sequence n∗BK. By Corollary 29.26, the shortened sequence has the same tail and hence
the same limit of the joint law of the flowed loops at fixed coupling, and neither the
comparison side in (36.32) nor its constants change.

We now let K → ∞ at fixed γ. The bounds (36.33) pass to the limit, and the expectation
of the observable of φ− bχ(|·|) remains o(ϵ), since that bound was uniform in K. Dividing
by the limiting denominator and then letting γ ↓ 0, we obtain the ratio limit and the
two-sided bounds for λγ.
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Step 5: the dilation statistic and the variances. The function Wχ is continuous, com-
pactly supported, and invariant, and m(Wχ) = 0 by Lemma 36.4. Applying the ratio limit
to Wχ, we obtain Sγ,λγ

(χ)→ 0.
For the variances, let mi = m(χi(|·|)2) > 0 and b = m1/m2. Since A2

i = Iγ,χi(|·|)2 ,
(36.32) applied to χ1(|·|)2 − bχ2(|·|)2 shows that EA2

1 − bEA2
2 = o(ϵ) under the Wilson

measure, uniformly in K. By the same formula, each mean EAi is O(ϵ), and subtracting
the squared means changes this difference by O(ϵ2). Further, since EA2

2 ≥ cϵm2 and
(EA2)

2 = O(ϵ2), we have Var A2 ≥ c′ϵ for small γ, uniformly in K. We conclude that
Var A1/ Var A2− b→ 0 uniformly in K. At fixed γ, the first and second moments pass to
λγ by the identification of Step 4, and the ratio of the variances tends to b.

36.7 Rates, central triples, and several times

This section strengthens Theorem 36.7 in three directions: a rate γ1/4 for Lipschitz tests,
the extension to the eight central triples, and joint statements at finitely many flow times.

Definition 36.8. For a bounded Borel function φ on R9 with compact support we write
m(φ) =

∫
R9 φ(Y)e−Q(Y) d9Y. For a bounded function f on (R9)ℓ, ℓ ≥ 1, we write

∥ f ∥BL = ∥ f ∥∞ + Lip f , ∥(Y(1), . . . , Y(ℓ))∥max = max
1≤j≤ℓ

|Y(j)|,

where Lip f is the global Lipschitz constant with respect to the metric of ∥·∥max; for ℓ = 1
this is the Euclidean metric on R9. We write BR for the closed Euclidean ball of radius R
about the origin in R9. The coupling-dependent scale is always written rγ; the radius r
in the domains Br and Dr of configurations keeps its fixed meaning from Definition 36.1.

The norm ∥ f ∥BL is a sum. Its unit ball is contained in the set of functions with ∥ f ∥∞ ≤
1 and Lip f ≤ 1 that defines the bounded-Lipschitz distance dBL used in Lemma 28.9, and
it contains that set scaled by 1/2. The distance dual to ∥ f ∥BL is therefore equivalent to
dBL, within a factor two, but not identical to it.

Rates for compactly supported Lipschitz tests

The next lemma is the quantitative version of Step 1 of the proof of Theorem 36.7. It uses
the comparison of holonomies conditional on the coarse configuration, Theorem 34.11.
We work on the reconstruction probability space of Lemma 15.10; its gauge-orbit law
is that of ν, so expectations of invariant observables agree. For a coarse configuration
v, represented in Br by the Borel selection of that lemma, let QK

v be the product of the
conditional fluctuation kernels of all K renormalization group steps. Both cycle triples are
computed in the basepoint frame of this selected representative. Their zero-fluctuation
values and the chart values used in Theorem 36.6 differ by simultaneous conjugation



36 Quartic asymptotics near central holonomies § 36.7 243

when the coarse representative changes. We identify their expectations across these
frames only for invariant tests. On this reconstruction space the law is

∫
QK

v (d ·) ν̂(dv).

Lemma 36.9. For every R < ∞ there exist CR, γR > 0, independent of K and of the test,
such that every globally Lipschitz function φ : R9 → R supported in BR and invariant under
simultaneous conjugation satisfies∣∣∣EνIγ,φ(HK)−Eν̂Iγ,φ(HK

0 )
∣∣∣ ≤ CR∥φ∥BLr2

γ (36.34)

for all K and 0 < γ ≤ γR.

The proof is the mechanism described in Section 36.1: an event determined by V of
probability O(rγ), a conditional matrix difference O(r2

γ), and a loss r−1
γ from the rescaling

of the logarithm.

Proof. Let d = min(1, maxi∥HK
i −HK

0,i(v)∥op). By Theorem 34.11, applied with τ = T =

θL2 and p = 1, 2, we have, for every coarse configuration v in the support of ν̂ and every
K,

EQK
v

d ≤ Cr2
γ, EQK

v
d2 ≤ Cr4

γ,

for γ below the upper bound on the coupling in that theorem. On the event {d ≤ rγ},
with rγ < 1, if either observable is nonzero, then both triples lie in a fixed compact subset
of the logarithmic chart, and their rescaled logarithms differ by at most Cd/rγ. In this
case, the zero-fluctuation triple also lies in the event

ER′ =
{
HK

0 (v) ∈ V , |LogHK
0 (v)| ≤ R′rγ

}
,

where R′ and the upper bound on γ depend only on R and the chart. The event ER′ is
determined by v. Theorem 36.6, applied to the indicator function of BR′ , implies that
ν̂(ER′) ≤ CRrγ. By the disintegration of Lemma 15.10,

Eν[d1ER′
] =

∫
ER′

EQK
v

d ν̂(dv) ≤ Cr2
γν̂(ER′) ≤ CRr3

γ.

The contribution of {d ≤ rγ} to the left side of (36.34) is therefore at most
C Lip φ r−1

γ Eν[d1ER′
] ≤ CR(Lip φ)r2

γ. On {d > rγ} we use the bound 2∥φ∥∞ and

ν(d > rγ) ≤ r−2
γ Eνd2 = r−2

γ

∫
EQK

v
d2 ν̂(dv) ≤ Cr2

γ.

This proves (36.34).

Theorem 36.10. Fix the data and the measures λγ of Theorem 36.7, and a radial cutoff χ, and
set bχ =

∫
χ(|Y|) dmQ(Y) > 0. For every R < ∞ there exist CR,χ, γR,χ > 0 such that every
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globally Lipschitz function φ supported in BR and invariant under simultaneous conjugation
satisfies ∣∣∣ Eλγ

Iγ,φ

Eλγ
Iγ,χ(|·|)

−
∫

φ dmQ

bχ

∣∣∣ ≤ CR,χ
(
∥φ∥∞ + Lip φ

)
γ1/4 (0 < γ ≤ γR,χ),

and the denominator is at least cχrγ. The same bounds hold for the expectations of Iγ,φ(HK) and
Iγ,χ(|·|)(HK) under the Wilson measures µnBK ,γ, uniformly in K. In particular |Sγ,λγ

(χ)| ≤
Cχγ1/4. For any two fixed smooth compactly supported functions χ1, χ2 on [0, ∞) that are not
identically zero, there exist Cχ1,χ2 < ∞, cχ2 > 0, and γχ1,χ2 ∈ (0, γ0] such that, whenever
0 < γ ≤ γχ1,χ2 , the ratio of variances in Theorem 36.7 differs from m(χ1(|·|)2)/m(χ2(|·|)2) by
at most Cχ1,χ2γ1/4, and Var A2 ≥ cχ2rγ. These assertions hold for λγ and, uniformly in K, for
µnBK ,γ.

Proof. We write m(φ) =
∫

φ dmQ and, in this proof only,

AK(φ) = EµnBK ,γ
Iγ,φ(HK).

We combine Lemma 36.9, Theorem 36.6, and the bound of Corollary 23.11 with the
exponent q = 1. Since γ = r4

γ, the error from removing the conditioning is at most
2∥φ∥∞Cn,1γ = 2Cn,1∥φ∥∞r4

γ, and we obtain

AK(φ) = rγκK,γm(φ) + OR
(
∥φ∥BLr2

γ

)
. (36.35)

Applying (36.35) to χ(|·|), which is globally Lipschitz, and using κK,γ ≥ cn, we find
AK(χ(|·|)) ≥ cχrγ for small γ. When we subtract m(φ)AK(χ(|·|))/bχ from AK(φ),
the leading terms cancel at finite K. Since |m(φ)| ≤ m(1BR)∥φ∥∞, the difference is
OR,χ(∥φ∥BLr2

γ). Dividing by AK(χ(|·|)) ≥ cχrγ proves the assertion at finite cutoff, with
one upper bound on γ for the whole class of tests.

At fixed γ, these observables are continuous functions of the triple, supported
strictly inside the logarithmic chart, and invariant under simultaneous conjugation.
By Lemma 5.6, they factor continuously through the seven traces, which are traces
of holonomies of concatenations of the three based cycles. We apply Theorem 29.25
and Corollary 29.26 to the combination AK(φ)−m(φ)AK(χ(|·|))/bχ and to the denomi-
nator; the comparison side remains valid on the sequence n∗BK, as in Step 4 of the proof
of Theorem 36.7. Letting K → ∞ at fixed γ proves the assertion for λγ.

The function Wχ is globally Lipschitz with a fixed support, and m(Wχ) = 0 by
Lemma 36.4. The ratio bound then gives the bound on the dilation statistic. For the
variances, the argument is the same before and after the limit K → ∞. The two means are
O(rγ), and their squares are O(r2

γ). Applying (36.35) to the Lipschitz function χ1(|·|)2 −
bχ2(|·|)2, we obtain

EA2
1 − bEA2

2 = O(r2
γ), b =

m(χ1(|·|)2)

m(χ2(|·|)2)
> 0.
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By (36.35) and the uniform bound κK,γ ≥ cn, the leading coefficient of EA2
2 is at least

cnm(χ2(|·|)2) > 0. Choose γχ1,χ2 so that the Oχ2(r
2
γ) error in this second moment and the

squared mean together are at most half this leading lower bound times rγ, uniformly
in K. This gives Var A2 ≥ cχ2rγ throughout the stated range. Subtracting the squared
means in the combination above and dividing by this lower bound proves the rate for the
variances. The same bound passes to the continuum limit at each fixed coupling.

The eight central triples

The next lemma is the center symmetry of the periodic lattice Wilson measure [149], with
a verification that it commutes with the Wilson flow. Here µN,γ is the Wilson measure of
Definition 4.1, and the winding number wi(ℓ) ∈ Z of a closed lattice loop ℓ is the signed
number of its crossings of the hyperplane {xi = N − 1/2} in lattice units.

Lemma 36.11. Let z = (z1, z2, z3) ∈ {I,−I}3. There exists a central link configuration cz, with
all plaquette products equal to I and coordinate-cycle products equal to zi, such that the map
ΓzU = (cz

eUe)e preserves µN,γ and commutes with the Wilson flow at every time. For every based
closed lattice loop ℓ,

Holℓ
(
Ψ(N)

t (ΓzU)
)
=

( 3

∏
i=1

zwi(ℓ)
i

)
Holℓ

(
Ψ(N)

t U
)
.

In particular, for any finite list of times, the vector of coordinate-cycle holonomies of the flowed
configuration has the same law under µN,γ after the i-th holonomy is multiplied by zi at every
listed time. These are exact identities for every N ≥ 4 and γ > 0; they do not concern the
small-field event.

Proof. We represent the vertices by x ∈ {0, . . . , N − 1}3 and define, on the positive link
from x in direction i,

cz
x,i =

{
zi, xi = N − 1,

I, xi ̸= N − 1,
cz

ē = (cz
e)
−1.

In an (i, j) plaquette, the two links in direction i carry the same factor, because a dis-
placement in direction j does not change xi, and similarly for the two links in direction j.
Since the factors are central, they cancel against the oppositely oriented factors. Hence
every plaquette product of cz is I, including the plaquettes that cross a periodic seam.
A positive coordinate cycle in direction i crosses the seam in its direction once, and its
product is zi. For a general closed loop, the signed number of crossings of the i-th seam
is wi(ℓ). Since the factors are central, they can be moved past every link matrix, and the
product of all factors is ∏i zwi(ℓ)

i .
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The map Γz is a smooth involution of the configuration space, and the product Haar
measure is invariant under it, since Haar measure is invariant under multiplication by a
fixed element (Lemma 5.1). Every plaquette matrix is unchanged, and so are every q(Up),
the Wilson action, and the normalization constant. This proves that µN,γ is invariant.

We use the product of the bi-invariant Riemannian metrics, as in the definition of the
Wilson flow. Since multiplication by a fixed central element is an isometry, so is Γz. Let
S(U) = ∑p q(Up), so that S ◦ Γz = S. For every tangent vector v at U,

⟨∇S(ΓzU), DΓzv⟩ΓzU = dSΓzU(DΓzv) = dSU(v) = ⟨DΓz∇S(U), DΓzv⟩ΓzU,

which implies ∇S(ΓzU) = DΓz∇S(U). The smooth vector field −∇S on the compact
configuration space has a unique global flow, and Γz maps its trajectories to trajectories.
This proves commutation at every lattice time s, and hence for Ψ(N)

t = ΦW
4t/a2

N
at every

physical time t ≥ 0. The identity for the holonomies follows from the identity for the
products of the factors. Integrating any bounded Borel function of the finite vector of
holonomies, we obtain the identity in law.

Theorem 36.12. Choose V in Definition 36.1 invariant under simultaneous conjugation. For
z ∈ {I,−I}3 let Vz = zV , and set

Iz
γ,φ(H) =

{
φ
(
(Log(z−1

i Hi))
3
i=1/rγ

)
, H ∈ Vz,

0, H /∈ Vz,

so that I (I,I,I)
γ,φ = Iγ,φ. For every γ > 0, every positive observation time, and every bounded Borel

compactly supported test φ invariant under simultaneous conjugation,

Eλγ
Iz

γ,φ = Eλγ
Iγ,φ.

The corresponding identity holds under µnBK ,γ for the flowed lattice holonomies at every finite K,
for every bounded Borel compactly supported test. Consequently the ratio limits, the two-sided
bounds, the limits of the ratios of variances, and the limit of the dilation statistic in Theorem 36.7,
and the rates of Theorem 36.10, hold at each of the eight central triples, with expectations equal to
those at (I, I, I) and with constants and ceilings on γ independent of z.

Proof. Let H denote the triple of flowed coordinate-cycle holonomies. At finite cutoff,
Lemma 36.11 shows that H and z−1H have the same law. By definition, Iz

γ,φ(H) =

Iγ,φ(z−1H) pointwise, including on the complements of the charts, since H ∈ zV if and
only if z−1H ∈ V . This proves the identity at finite cutoff, without any assumption of
regularity or invariance on the test.

For the continuum measure, let F be any continuous function on SU(2)3 invariant un-
der simultaneous conjugation. Since z is central, F(z−1·) is also continuous and invariant,



36 Quartic asymptotics near central holonomies § 36.7 247

and both factor continuously through the seven traces by Lemma 5.6. Passing the identity
EF(H) = EF(z−1H) at finite cutoff to the limit at every fixed γ > 0 by Theorems 29.28
and 30.6, we obtain Eλγ

F(H) = Eλγ
F(z−1H) for every such F. By the same lemma, the

compact quotient of SU(2)3 by simultaneous conjugation is homeomorphic to the image
of the seven traces. The law of the conjugacy class of H under λγ, a Borel probability
on this compact metric space, is therefore invariant under the continuous map induced
by multiplication by z−1. Indeed, continuous functions determine Borel probabilities
on a metric space. For a closed set C, the continuous functions max(0, 1− j dist(·, C))
decrease to 1C, so the two probabilities agree on closed sets, and hence on all Borel sets
by the monotone class theorem. The identity then extends to bounded Borel functions on
the quotient. Since V is invariant, the logarithm is conjugation covariant on it, and φ is
invariant, the observable Iz

γ,φ is a bounded Borel function on the quotient. This proves
the identity for the continuum measure, even if φ is not continuous.

Applying the identity to each numerator and denominator in Theorems 36.7 and 36.10,
and to the squares of the observables for the variances, we obtain the remaining assertions.
Since all eight expectations are equal, so are the constants.

Joint asymptotics at finitely many times

We now observe the holonomies at finitely many flow times. The observables are invariant
under an independent conjugation at each time; no relation between the gauge frames at
different times is used or asserted.

Definition 36.13. Fix ℓ ≥ 1, positive times tj = θjL2 for 1 ≤ j ≤ ℓ, and the same three
based coordinate cycles at each time, before varying γ. Choose the parameters, the side n,
and the margins as in Definition 36.1, so that the finitely many lower bounds required at
each of the times tj hold. Write H(j) for the triple of cycle holonomies at time tj. Let V be
a neighborhood of (I, I, I) as in Definition 36.1, invariant under simultaneous conjugation
and small enough for all listed times. For Φ ∈ Cc((R9)ℓ; R) define

Jγ,Φ(H(1), . . . , H(ℓ)) =

{
Φ
(
Log H(1)/rγ, . . . , Log H(ℓ)/rγ

)
, H(j) ∈ V for every j,

0, otherwise.

The class of tests consists of the functions Φ that are invariant under independent
conjugations at the different times:

Φ
(
Ad(k1)Y(1), . . . , Ad(kℓ)Y(ℓ)

)
= Φ

(
Y(1), . . . , Y(ℓ)

)
for all k1, . . . , kℓ ∈ SU(2),

where each Ad(k j) acts simultaneously on the three components of Y(j). Put Φ∆(Y) =
Φ(Y, . . . , Y) and m∆(Φ) =

∫
Φ∆ dmQ. We write HK

t and HK
0,t(V) for the triples of Defini-

tion 36.1 observed at time t.
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The following lemma localizes the transverse coordinates on the event that the flowed
zero-fluctuation holonomies at the first time are in a window of size rγ.

Lemma 36.14. Use the stopped measure ν̂, the coordinates V(X, s), and the zero-fluctuation
holonomies at the first time t1 of Definition 36.13. Set

ER =
{
HK

0,t1
∈ V , |LogHK

0,t1
| ≤ Rrγ

}
, D = dst, g2 = γ/n.

There is a fixed neighborhood U of the trivial based orbit, contained in the central coordinates,
such that, for every fixed R < ∞, all sufficiently small γ, and every K,

ν̂(ER \ U ) ≤ Cg−(D+4)e−c/g2
, Eν̂

[
1ER∩U |s|

a] ≤ CR,arγga (a = 0, 1, 2).

Further, ν̂(U ∩ {|s| > rγ}) ≤ Cg−4e−cr2
γ/g2

.

Proof. We choose U with closure strictly inside the chart of Theorem 33.8 and inside the
domains of the deterministic results at all listed times. By the localization statement
of Theorem 36.3, applied with θ1 in place of θ, there exists a fixed δ > 0 such that a
coarse configuration within distance δ of Fn whose holonomies at time t1 have cycle
radius at most δ lies in U . For Rrγ < δ, every point of ER \ U therefore lies outside
the fixed neighborhood {d(V,Fn) ≤ δ}. There E0 ≥ cn,δ > 0, by compactness of the
configuration space at side n and E−1

0 (0) = Fn, which follows from the classification
of flat configurations in Lemma 14.9. The first estimate follows as in (36.19). We use
properties (P1) and (P3) in Section 33.2, namely the lower bound EJK,sat ≥ κE0 on Dr and
the bound on the centered effective interaction, together with the normalization of Hn

and the lower bound on the normalization constant in Theorem 33.10.
On U , Theorem 36.3 at time t1 gives |LogHK

0,t1
| ≥ (3/4)|X| − C|s|, which implies

|X| ≤ C(Rrγ + |s|) on ER ∩ U .

The density factor e−RK,γ Jn is bounded above, and FK(X, s) ≥ fK(X) + c|s|2 ≥ c|s|2
by Theorem 33.8. For fixed s, the possible values of X form a set of volume at most
CR(rγ + |s|)9. Substituting s = gz, we find

Eν̂

[
1ER∩U |s|

a] ≤ CR

Ẑ

∫
RD
|s|a(rγ + |s|)9e−c|s|2/g2

ds

=
CRgD+ar9

γ

Ẑ

∫
RD
|z|a

(
1 +

g
rγ
|z|

)9
e−c|z|2 dz.

Since g/rγ = rγ/
√

n ≤ 1, the Gaussian integral is bounded in the fixed dimension D.
Since Ẑ ≥ cgD+4 and r9

γg−4 = n2rγ, the right side is at most CR,arγga. The conjugation at
the basepoint has not been divided out: the nine-dimensional volume in X and the Haar
density are kept.
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For the last estimate there is no restriction on the output, and the volume in X is
bounded by a fixed constant. We split the Gaussian factor into two factors, bound one
of them on {|s| > rγ} by e−cr2

γ/(2g2), and integrate the other over RD. After division by
Ẑ ≥ cgD+4, we obtain the bound Cg−4e−c′r2

γ/g2
, and renaming c′ proves the claim. Since

g = r2
γ/
√

n, the first and last bounds are smaller than every fixed power of rγ.

Theorem 36.15. Use Definition 36.13, and fix a radial cutoff χ. For every continuous compactly
supported test Φ in the class of Definition 36.13,

lim
γ↓0

Eλγ
Jγ,Φ

Eλγ
Iγ,χ(|·|)(H(1))

=

∫
R9 Φ(Y, . . . , Y)e−Q(Y) dY∫

R9 χ(|Y|)e−Q(Y) dY
,

and the denominator is at least cχrγ for small γ. If Φ ≥ 0 and m∆(Φ) > 0, the numerator is
bounded above and below by positive multiples of rγ; if m∆(Φ) = 0, the numerator is o(rγ).

More precisely, with the factor κK,γ of Theorem 36.6,

EµnBK ,γ
Jγ,Φ(HK

t1
, . . . ,HK

tℓ) = rγκK,γ
{

m∆(Φ) + δΦ
K,γ

}
, sup

K
|δΦ

K,γ| −→ 0 (γ ↓ 0),

and the expectation of Jγ,Φ(HK
0,t1

, . . . ,HK
0,tℓ

) under ν̂ has the same expansion with the same factor.
For every R < ∞ there exist CR,χ,t and γR,χ,t > 0 such that, for every globally Lipschitz test Φ
in the class with supp Φ ⊂ (BR)

ℓ and 0 < γ ≤ γR,χ,t, the difference between the ratio above (for
λγ, or for µnBK ,γ at any finite K) and m∆(Φ)/m(χ(|·|)) is at most CR,χ,t(∥Φ∥∞ + Lip Φ)γ1/4.
Here Lip refers to the metric of ∥·∥max, and t = (t1, . . . , tℓ).

A nonnegative test that is not identically zero but vanishes near the diagonal has
m∆(Φ) = 0, and its numerator is o(rγ): to leading order, the rescaled logarithms at the
different times coincide. The diagonal is described through tests that are invariant under
independent conjugations at the different times. Uniform statements on a time interval
are proved in Theorem 36.18. The constants depend additionally on the list of times, on
ℓ, R, and χ.

Proof. Step 1 reduces the joint observable of the zero-fluctuation holonomies to the single-
time observable of Φ∆, Step 2 compares with the holonomies of the configuration, and
Steps 3–5 treat Lipschitz tests, continuous tests, and the continuum measure. All estimates
use the same coarse configuration V and the same reconstruction.

Step 1: the zero-fluctuation holonomies near the diagonal. For each listed time we
apply Theorem 35.9 with m = 0. By its bound in C1,1 at fixed time and its identity on flat
configurations, we have, on a common smaller central neighborhood,

Zj(X, s) = LogHK
0,tj

(V(X, s)) = X + Ot(|X|2 + |s|), ∥DXZj − I∥ ≤ Ct(|X|+ |s|).
(36.36)
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Indeed, each of the nine coordinate directions in X consists of commuting triples. The
identity on flat configurations therefore gives Zj(uea, 0) = uea, and hence DXZj(0, 0) = I.
Integrating the Lipschitz bound on the derivative along v 7→ (vX, 0), and then using the
bounded derivative in s, we obtain (36.36). This is the statement of Theorem 36.3 at each
listed time. We intersect finitely many domains and take the maximum of finitely many
constants.

Let Φ be globally Lipschitz with support in (BR)
ℓ. We compare Jγ,Φ(HK

0,t1
, . . . ,HK

0,tℓ
)

with Iγ,Φ∆(HK
0,t1

). If either is nonzero, then the event ER of Lemma 36.14 holds. Outside
the fixed neighborhood U of that lemma its probability is smaller than every power of rγ,
and inside U we discard {|s| > rγ}, again at a cost smaller than every power of rγ. On
the remaining set, the lower bound for Z1 implies |X| ≤ CRrγ. By (36.36), all outputs lie
in V for small γ, and

max
j

|Zj − Z1|
rγ

≤ CR

(
rγ +

|s|
rγ

)
.

On this set, both observables are given by their formulas in coordinates,
Φ(Z1/rγ, . . . , Zℓ/rγ) and Φ(Z1/rγ, . . . , Z1/rγ), including when one of them van-
ishes. Lemma 36.14 gives, for any fixed A ≥ 2,∣∣∣Eν̂Jγ,Φ(HK

0,t1
, . . . ,HK

0,tℓ)−Eν̂Iγ,Φ∆(H
K
0,t1

)
∣∣∣

≤ CR(Lip Φ)
{

rγν̂(ER ∩ U ) + r−1
γ Eν̂

[
|s|1ER∩U

]}
+ OA

(
∥Φ∥∞rA

γ

)
≤ CR∥Φ∥BLr2

γ,

(36.37)

where in the last step we used g = r2
γ/
√

n. The diagonal test Φ∆ is globally Lipschitz,
supported in BR, and invariant under simultaneous conjugation. Theorem 36.6 at time t1

therefore implies that

Eν̂Jγ,Φ(HK
0,t1

, . . . ,HK
0,tℓ) = rγκK,γm∆(Φ) + OR

(
∥Φ∥BLr2

γ

)
. (36.38)

The factor is the same κK,γ as at a single time, and no factor depending on the times
appears.

Step 2: comparison at all listed times. Let [τ, T] be an interval containing all listed
times, and let

d = min
(

1, sup
τ≤t≤T

max
i
∥HK

t,i −HK
0,t,i(v)∥op

)
.

By Theorem 34.11 with p = 1, 2, we have EQK
v

d ≤ Cr2
γ and EQK

v
d2 ≤ Cr4

γ for every
coarse configuration v and every K, where QK

v is the conditional law of Lemma 36.9.
On {d ≤ rγ}, if either joint observable is nonzero, then all flowed holonomies of the
configuration and of the zero-fluctuation reconstruction at the listed times lie in a fixed
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compact subset of the logarithmic chart, and their rescaled logarithms differ by at most
Cd/rγ in the metric of ∥·∥max. In this case, the zero-fluctuation holonomies at time t1

also lie in the enlarged window ER′ of Lemma 36.14, which is determined by v and has
probability OR(rγ) by Theorem 36.6. The argument of Lemma 36.9, with the metric of
∥·∥max, gives∣∣∣EνJγ,Φ(HK

t1
, . . . ,HK

tℓ)−Eν̂Jγ,Φ(HK
0,t1

, . . . ,HK
0,tℓ)

∣∣∣ ≤ CR,t∥Φ∥BLr2
γ. (36.39)

The same argument at the time t1 alone, applied to a Lipschitz function equal to one on
BR+1, shows that the event that HK

t1
lies in V and its rescaled logarithm lies in BR+1 has

ν-probability OR(rγ).

Step 3: Lipschitz tests at finite cutoff. We remove the conditioning with Corollary 23.11
at q = 1, which costs at most 2∥Φ∥∞Cn,1γ = 2Cn,1∥Φ∥∞r4

γ. Combining this with (36.38)
and (36.39), we obtain∣∣∣EµnBK ,γ

Jγ,Φ(HK
t1

, . . . ,HK
tℓ)− rγκK,γm∆(Φ)

∣∣∣ ≤ CR,t∥Φ∥BLr2
γ. (36.40)

For the denominator, (36.35) at time t1 holds with the same factor κK,γ, and the denomina-
tor is at least cχrγ. When we subtract m∆(Φ)/m(χ(|·|)) times the denominator, the factor
κK,γ cancels at finite K. Dividing by cχrγ, we obtain the rate γ1/4 = rγ for the ratio at
finite cutoff, with one upper bound on γ for the whole class of tests supported in (BR)

ℓ.

Step 4: continuous tests. Let Φ be continuous, compactly supported, and in the class,
with support in (BR)

ℓ. There exist smooth compactly supported functions Φη, η > 0,
with support in (BR+1)

ℓ and ∥Φη −Φ∥∞ → 0. For example, we may convolve Φ with
the product of ℓ copies of a nonnegative radial smooth approximate identity on R9 of
total mass one, and use the uniform continuity of Φ. Radial convolution preserves the
invariance under independent conjugations, as we see by changing each integration
variable by the orthogonal map Ad(k j). Each Φη is globally Lipschitz. The difference
of the joint observables of Φη and Φ is nonzero only if the first output lies in a fixed
enlarged compact window, which has probability OR(rγ), both for the holonomies of the
configuration under ν (by Step 2) and for the zero-fluctuation holonomies under ν̂ (by
Theorem 36.6). The corresponding expectations therefore differ by at most CRrγ∥Φη −
Φ∥∞. For the Wilson measure, we add at most 2Cn,aγa∥Φη−Φ∥∞, with any fixed a > 1/4,
from Corollary 23.11. Further,

|m∆(Φη)−m∆(Φ)| ≤ m(1BR+1)∥Φη −Φ∥∞.

At fixed η we apply (36.40) and (36.38) to Φη and let γ ↓ 0 uniformly in K; then we let
η ↓ 0. Since c ≤ κK,γ ≤ C, this proves supK|δΦ

K,γ| → 0, both for the Wilson measure and
for the zero-fluctuation expectation. For continuous tests we do not obtain a rate.
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Step 5: the continuum measure. At fixed small γ, the joint observable is a bounded
continuous function on (SU(2)3)ℓ, since its support lies strictly inside the logarithmic
charts. By the invariance under independent conjugations, it factors through the product
of the ℓ maps p of seven traces of Lemma 5.6: two points with the same vector of traces at
every time differ by one conjugation at each time. The factored function f is continuous
on the compact image C of this product map, since every convergent sequence of trace
vectors has convergent subsequences of representatives, and all possible limits give the
same value. On C, the functions infu∈C{ f (u) + k|v− u|}, truncated to the range of f , are
bounded Lipschitz functions on the ambient Euclidean space that converge uniformly
to f on C as k → ∞. This follows from the uniform continuity of f , by considering
separately the points u with |v− u| small and large. Joint convergence in law of the traces
therefore suffices for these observables. The seven words at each time are concatenations
of the three based cycles at that time, and the whole finite vector of their traces is covered
by Theorem 29.25, with the comparison side justified by Corollary 29.26. Letting K → ∞
at fixed γ in the lower bound on the denominator and in the combination in which κK,γ

cancels proves the ratio limit for continuous tests and the rate for Lipschitz tests under
λγ. The expansions and c ≤ κK,γ ≤ C imply that the numerator is comparable with rγ

when m∆(Φ) > 0 and Φ ≥ 0, and that it is o(rγ) when m∆(Φ) = 0. These bounds are
uniform in K and pass to the limit.

36.8 Holonomy paths on a time interval

We now observe the holonomies on a whole compact time interval [τ, T] ⊂ (0, ∞). The
observable is the path of rescaled holonomy triples modulo simultaneous conjugation.
After weighting with a compactly supported cutoff at the initial time, we show that this
path converges to a constant path whose value has density proportional to the cutoff
times e−Q. The first ingredient is a version of Theorem 36.3 that is uniform in time.

Lemma 36.16. Fix the data of Definition 36.1 and an interval 0 < τ < T < ∞ before varying
γ, choosing the side n and the margins for the whole interval. There exist a central coordinate
neighborhood U and a neighborhood of the identity in V such that

ZK,t(X, s) = LogHK
0,t(V(X, s))

is defined on U for every K and t ∈ [τ, T], is continuous in t, and satisfies

sup
K,t
∥ZK,t∥C1,1(U ) ≤ Cτ,T, sup

t
|ZK,t(X, s)− X| ≤ Cτ,T(|X|2 + |s|),

sup
t
∥DXZK,t(X, s)− I∥ ≤ Cτ,T(|X|+ |s|).
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For every flat coarse configuration, the flowed zero-fluctuation holonomy triple equals the holonomy
triple of the coarse configuration, for every K and t. The neighborhoods and constants do not
depend on K, γ, or the number of preceding averaging steps.

Proof. We work in the smooth chart V(X, s) of the based quotient, not with a Borel
selection of representatives; the parameters (X, s) have a fixed dimension at the side n.
On a neighborhood of the trivial flat configuration, the zero-fluctuation reconstructions
stay within the input and image bounds of the reconstruction maps of Theorem 15.13.
Indeed, they vanish at zero input, and the uniform bounds on the coefficients together
with the contraction condition amap

√
B ≤ 32/49 < 1 of Definition 36.1 give one smaller

neighborhood, independent of the number of steps. More precisely, items (1) and (3)
of Lemma 34.4 bound the linear and quadratic flow data EK(u) of the zero-fluctuation
reconstruction, in the weighted norms Xa

α and Ya
α of Definition 4.8, by a constant R on

a fixed complex domain of inputs. Here a = L/(nBK) is the finest mesh, and α is the
fixed regularity exponent of Definition 34.1; the bound is uniform in K with this mesh.
We compose with the analytic map u = (X, s) 7→ V(X, s) of finitely many variables and
shrink the domain once. Let U0 ⋐ U1 be real domains whose complex neighborhoods of
radius δ > 0 lie in this domain. The Cauchy integral formula on one coordinate circle, or
on two circles for mixed derivatives, gives

sup
K, u∈U1

2

∑
j=0
∥Dj

uEK(u)∥fl ≤ Cn,δR
(
1 + δ−1 + δ−2),

where ∥·∥fl is the flow-data norm at the finest mesh a, which we suppress from the
notation. It is the sum of the two weighted norms, which include the first differences of
both components. This bound is deterministic and does not depend on the coupling.

We apply Theorem 25.13 on U0 ⊂ U1, with waiting time t∗ = τ, horizon T, and
damping gauge transformations started at the identity in the common gauge frame at the
basepoint. Its hypotheses are the displayed bound on derivatives and the margins of the
based charts. It yields bounds, uniform in K, on the first and second derivatives in the
parameters of the flowed cycle holonomies, simultaneously for all t ∈ [τ, T], including
the finitely many remaining meshes. Continuity in t follows from the smoothness of the
flow on a finite lattice. At u = 0 every output is the identity. By the uniform bound on
the first derivatives, the outputs on a smaller central neighborhood lie in one compact
subset of the logarithmic chart, simultaneously for all K and t. Since Log has bounded
first and second derivatives there, we obtain the bound in C1,1.

By Lemma 14.9, the zero-fluctuation refinements of a flat configuration are flat and
have the same based cycle holonomies, and the Wilson flow is stationary on flat config-
urations. The flowed holonomies therefore equal the coarse holonomies at every time,
in the given gauge frame. For s = 0 and X in one of the nine coordinate directions,
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the configuration consists of commuting links, and the identity on flat configurations
gives ZK,t(uea, 0) = uea. Since these directions span R9, we have ZK,t(0, 0) = 0 and
DXZK,t(0, 0) = I for all K and t. Integrating the uniform Lipschitz bound on the deriva-
tive along v 7→ (vX, 0) gives the remainder C|X|2 and the error C|X| for the derivative.
The bounded derivative in s and the Lipschitz bound on the first derivative add C|s| to
these two errors. All choices were made before the coupling and are uniform on the
interval.

Definition 36.17. Let
C = su(2)3/ Ad SU(2), ρ([Y], [Y′]) = min

k∈SU(2)
|Y−Ad(k)Y′|,

P = C([τ, T];C), ρ∞(z, z′) = sup
τ≤t≤T

ρ(z(t), z′(t)).

Fix a smooth map η : SU(2)3 → su(2)3, equivariant under simultaneous conjugation,
that agrees with the componentwise logarithm on a fixed smaller neighborhood of the
identity. For the triple H(t) of cycle holonomies of a trajectory, defined up to simultaneous
conjugation, set Zγ(t) = [η(H(t))/rγ]. For a radial cutoff χ let

Dγ = Eλγ
Iγ,χ(|·|)(H(τ)), Πγ(F) =

Eλγ

[
Iγ,χ(|·|)(H(τ))F(Zγ)

]
Dγ

.

For small γ, Dγ > 0 by Theorem 36.10, and Πγ is a probability on P . Define ΠK,γ by the
same formula under the Wilson measure µnBK ,γ, with the flowed lattice holonomies and
with its own denominator.

Only the conjugacy class of H(t) is needed to define Zγ; we never choose representa-
tives depending on t.

Theorem 36.18. Fix L, an interval 0 < τ < T < ∞, the parameters, a sufficiently large
side n on the sequence, and the central margins for that interval, all before varying γ, and use
Definition 36.17. Let bχ = m(χ(|·|)), and define the probability

Π0 =
(
Y 7→ (t 7→ [Y])

)
#

(χ(|Y|)e−Q(Y) d9Y
bχ

)
on P . There exist Cτ,T,χ,η and γτ,T,χ,η > 0 such that, for every bounded function F : P → R

that is globally Lipschitz for ρ∞, and every 0 < γ ≤ γτ,T,χ,η,

|Πγ(F)−Π0(F)| ≤ Cτ,T,χ,η
(
∥F∥∞ + Lip F

)
γ1/4.

The same bound holds for ΠK,γ, uniformly in K, and every denominator is at least cχrγ. At each
fixed small γ, ΠK,γ → Πγ weakly as K → ∞. In particular Πγ → Π0 weakly on (P , ρ∞) as
γ ↓ 0, after the continuum limit, and the limit does not depend on the choice of η.

Proof. The core of the proof is Steps 2–3, which reduce the weighted path to the single-
time test φF(Y) = χ(|Y|)F(c[Y]) defined below.
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Step 1: quotients and paths. The minimum defining ρ is attained because SU(2) is
compact, and it vanishes exactly when the two orbits coincide. The symmetry of ρ

follows from the invariance of the Euclidean norm under the orthogonal maps Ad(k),
and composing minimizers gives the triangle inequality. The quotient map is 1-Lipschitz.
Since ρ([Y], [0]) = |Y|, closed bounded balls of C are continuous images of compact
Euclidean balls. They are therefore compact, and C is complete. The classes of vectors
with rational coordinates are dense, and C is separable. Since uniform limits of continuous
paths are continuous, P is complete. For separability, let ε > 0. Given a path, by uniform
continuity there exist a rational subdivision of [τ, T] on whose intervals the path oscillates
by at most ε, and balls of radius ε, centered in a fixed countable dense set, containing
its values at the subdivision points. We consider the classes of paths determined by
a rational subdivision and a finite list of such balls, with oscillation at most ε on each
interval. There are countably many classes, each of diameter at most 4ε, and we choose
one path in each nonempty class. For ε = 1/j, j ≥ 1, the chosen paths form a countable
dense set, and P is Polish.

To see that a map η exists, we multiply the componentwise logarithm by a smooth
cutoff, invariant under conjugation, supported strictly inside the logarithmic chart, and
equal to one on a smaller neighborhood, and we extend the product by zero. The result
is smooth and equivariant, and its global Lipschitz constant is finite by compactness of
SU(2)3, for the maximum of the operator norms of the three components. By Lemma 5.6,
the map p of seven traces identifies the quotient of SU(2)3 by simultaneous conjugation
homeomorphically with C = p(SU(2)3). The map

fη : C→ C, fη(p(H)) = [η(H)],

is therefore well defined, by the equivariance of η, and continuous. Composing with this
uniformly continuous map at each time carries a continuous path of traces to a continuous
path in C, continuously for the uniform metrics, and scaling by 1/rγ is continuous at
fixed γ. This defines Zγ under λγ.

Step 2: comparison with the zero-fluctuation path. We abbreviate I(H) =

Iγ,χ(|·|)(H(τ)), and we write Z and Z0 for the paths of the flowed holonomies of
the configuration and of the zero-fluctuation reconstruction. Let d = dK,[τ,T] be the
quantity of Theorem 34.11, that is, the minimum of 1 and the supremum over t ∈ [τ, T]
of maxi∥HK

t,i − HK
0,t,i(v)∥op. Since η is globally Lipschitz and the quotient map is

1-Lipschitz,

ρ∞(Z, Z0) ≤ Cη
d
rγ

on {d ≤ rγ}, rγ < 1.
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On this event, if either I(HK) or I(HK
0 ) is nonzero, the zero-fluctuation holonomies at

time τ lie in an enlarged window ER as in Lemma 36.14, and

|I(HK)− I(HK
0 )| ≤ Cχ

d
rγ

.

These two assertions use the logarithm only at time τ, in its fixed compact subchart; at
the other times we use η. Writing the difference of products as (I(HK)− I(HK

0 ))F(Z) +
I(HK

0 )(F(Z)− F(Z0)), we find, on the same event,

|I(HK)F(Z)− I(HK
0 )F(Z0)| ≤ Cχ,η

(
∥F∥∞ + Lip F

) d
rγ

1ER .

Integrating with the disintegration of Lemma 15.10, we have Eν[d1ER ] ≤ Cr2
γν̂(ER) ≤

CRr3
γ, exactly as in the proof of Lemma 36.9. On {d > rγ} we use the bound 2∥χ∥∞∥F∥∞

and ν(d > rγ) ≤ Cr2
γ. We conclude that∣∣∣Eν I(HK)F(Z)−Eν̂ I(HK

0 )F(Z0)
∣∣∣ ≤ Cχ,η∥F∥BLr2

γ. (36.41)

Step 3: the weighted zero-fluctuation path is nearly constant. We use Lemma 36.14
with t1 = τ, choosing its neighborhood U with closure in the domain of Lemma 36.16;
the localization argument in the proof of that lemma allows any such fixed reduction.
Outside U the contribution of the window at time τ is smaller than every power of rγ,
and so is the contribution of {|s| > rγ}. On the remaining part of the weighted set, the
lower bound on the output at time τ implies |X| ≤ Cχrγ. By Lemma 36.16, for small γ

every output lies in the region where η = Log, and

ρ∞
(
Z0, c[ZK,τ(X,s)/rγ]

)
≤ sup

τ≤t≤T

|ZK,t − ZK,τ|
rγ

≤ Cχ

(
rγ +

|s|
rγ

)
,

where c[Y] denotes the constant path with value [Y]. The localized moments give ν̂(ER) ≤
CRrγ and Eν̂[|s|1ER∩U ] ≤ CRrγg, with g = r2

γ/
√

n. Since I(HK
0 )F(c[ZK,τ/rγ]) = Iγ,φF(HK

0,τ)

on this set, we obtain∣∣∣Eν̂ I(HK
0 )F(Z0)−Eν̂Iγ,φF(HK

0,τ)
∣∣∣ ≤ Cχ∥F∥BLr2

γ, (36.42)

where φF(Y) = χ(|Y|)F(c[Y]). This test is invariant under simultaneous conjugation,
supported in the fixed ball containing the support of χ(|·|), and globally Lipschitz, with

∥φF∥∞ ≤ ∥χ∥∞∥F∥∞, Lip φF ≤ Lip(χ(|·|))∥F∥∞ + ∥χ∥∞ Lip F,

since the quotient map and the map [Y] 7→ c[Y] are 1-Lipschitz. We apply Theorem 36.6
to φF at time τ. Combining (36.41) and (36.42), and removing the conditioning with
Corollary 23.11 at q = 1, we obtain

AK(F) = EµnBK ,γ
I(HK)F(Z) = rγκK,γm(φF) + O

(
∥F∥BLr2

γ

)
. (36.43)
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Here AK(F), notation local to this proof, is the numerator of ΠK,γ(F). The same fac-
tor appears in AK(1), with leading coefficient bχ > 0, which implies AK(1) ≥ cχrγ.
Since m(φF) = bχΠ0(F), subtracting Π0(F)AK(1) from AK(F) cancels the leading terms.
Dividing by AK(1) gives the bound for ΠK,γ = AK(·)/AK(1), uniformly in K.

Step 4: the continuum limit in the uniform topology. At fixed γ we apply Theorem 30.4
to the seven loops, concatenations of the three based coordinate cycles, that define p.
Each loop has a single lattice approximation independent of time, of uniformly bounded
length. The comparison side is covered by Corollary 29.26; at fixed coupling only finitely
many terms of the sequence of sides are dropped. The paths of traces converge jointly in
law in C([τ, T]; R7). All their values lie in the compact set C, and C([τ, T]; C) is a closed
subset. Applying the continuous map of paths induced by fη, followed by scaling, we
obtain convergence in law of the lattice paths Z to Zγ, jointly with the vector of traces at
time τ. For small fixed γ, I(H(τ)) is a continuous invariant function of the triple at time
τ, and by Lemma 5.6 it is a continuous function of its seven traces. For every bounded
continuous F on P , the product I(H(τ))F(Zγ) is then a bounded continuous function
on the space of trace paths with values in C. By the continuous mapping theorem on
this closed subspace, which carries all the measures involved, AK(F) converges to the
numerator of Πγ(F), and AK(1) converges to Dγ. Dividing by the positive limit of the
denominators proves ΠK,γ → Πγ weakly, and the bound of Step 3 passes to the limit.

Step 5: weak convergence. The bound for bounded Lipschitz functions implies weak con-
vergence on P . Indeed, for a closed set A ⊂P , the functions f j(z) = (1− j dist(z, A))+,
j ≥ 1, are bounded and Lipschitz, and Πγ( f j) → Π0( f j) for each fixed j. This
implies lim supγ↓0 Πγ(A) ≤ Π0( f j), and letting j → ∞, by monotone convergence,
lim supγ↓0 Πγ(A) ≤ Π0(A). By the portmanteau theorem, Πγ → Π0 weakly. The
same argument applies to any sequence of finite cutoffs with γ ↓ 0, since the bound is
uniform in K. The argument works for each such η and gives the same Π0; the limit
therefore does not depend on η.

36.9 Dilation statistics of comparison measures

To show that the value zero in Theorem 36.7 reflects the structure of λγ near a central
triple, we compute the dilation statistic for the comparison probabilities of Definition 4.13,
observed at the same cycles and the same flow time. For k ∈ {1, 2, 3, 5} we write Pk for the
probability of item (k) of Definition 4.13. Here P1 is the Abelian Maxwell measure with
Haar cycle holonomies, P2 the Gaussian holonomies with independent Haar factors, P3 the
Gaussian holonomies with Gaussian constant modes, and P5 the mixture of normalized
conditional normal Gaussian measures over the cone of commuting triples. For P5 we
use the observables Icoord of Definition 36.1. The local mass scales differ. A compact
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window has probability of order r3
γ under P1, r9

γ under P2, and r5
γ under P5, while under

P3 the rescaled logarithm tends to zero. For λγ the scale is rγ.
Recall thatM = {(ϑ1u, ϑ2u, ϑ3u) : ϑ ∈ R3, u ∈ S2} is the cone of commuting triples,

that Ny = {b : bi ⊥ u, ∑i ϑibi = 0} is the normal space at y = (ϑiu)i ̸= 0, and that Σθ is
the normal covariance of Theorem 33.11.

Theorem 36.19. Let χ be a radial cutoff with χ(0) > 0. Under each of P1, P2, P3, with the
hypotheses of Definition 4.13 and Lemma 35.17, the denominator of the dilation statistic is positive
for all sufficiently small γ, and

lim
γ↓0
Sγ,P1(χ) = −6, lim

γ↓0
Sγ,P2(χ) = 4

∫
R9 Q(Y)χ(|Y|) dY∫

R9 χ(|Y|) dY
> 0, lim

γ↓0
Sγ,P3(χ) = −9.

For P3 the hypotheses are that the field is a centered Gaussian field with covariance γC for a fixed
covariance C, smoothed by a fixed linear operator, and that the smoothed field divided by

√
γ has

a centered separable realization with continuous paths, a measurable and almost surely bounded
supremum, and finite supremum variance, as specified there.

For P5, let the prior be a fixed probability α(y) dvolM(y) on a small neighborhood of the tip of
M, with α continuous at the tip and α(0) > 0. Conditionally on y ̸= 0, let b be the normalized
Gaussian N(0, γΣ(y)) on Ny, and put X = y + b. Assume that Σ is measurable and positive
definite, with

c|y|−2 I ≤ Σ(y) ≤ C|y|−2 I, |y|2Σ(y) −→ INy (|y| ↓ 0),

uniformly in the angular directions. The covariance Σ = Σθ has these properties; in fact Σθ(y) =
|y|−2 I + O(1) uniformly for small |y|. Then, for every continuous compactly supported φ,

r−5
γ EP5 φ(X/rγ) −→ α(0)

∫
φ(y + b) dµ13(y, b),

where
dµ13(y, b) = (2π)−2|y|4e−|y|

2|b|2/2 dvolM(y) db.

The weighted normal-bundle measure µ13 is locally finite, and y and b are bounded on compact
sets of outputs y + b because y ⊥ b. The denominator of Sγ,P5(χ) is positive for all sufficiently
small γ. With the weighted bracket

⟨ f ⟩χ,µ13 =

∫
f (y, b)χ(|y + b|) dµ13(y, b)∫

χ(|y + b|) dµ13(y, b)
,

we have
lim
γ↓0
Sγ,P5(χ) = 4 + 2

〈
∑
i<j
|bi × bj|2

〉
χ,µ13

> 4.

The constants in these comparisons may depend on the fixed priors, the bounds on the covariances,
the smoothing, and the test, but not on γ.



36 Quartic asymptotics near central holonomies § 36.9 259

The factor |y|4 in µ13 comes from the normalization of the four-dimensional condi-
tional Gaussian. The weighted volume element (2π)−2|y|4 dvolM(y) db is homogeneous
of degree 13 = 5 + 4 + 4 under dilations: five from the volume of the cone, four from
the normal fibers, and four from the factor |y|4. The remaining factor of µ13 is e−Q2 ,
where Q2(y, b) = |y|2|b|2/2 is homogeneous of degree four. The degree 13, compared
with the degree 9 of Lebesgue measure on R9, produces the constant 4. Without the
normalization of the conditional Gaussians, both the mixture and the value would change.
The conclusions concern only these specified priors and covariances.

Proof. We write ϵ = rγ. Each numerator is the observable of the bounded compactly
supported function Wχ.

The Abelian Maxwell measure with Haar cycle holonomies. We condition on the
smoothed Abelian field and on the color direction u ∈ S2 of the embedded subgroup.
The circulations of the field translate the three independent uniformly distributed phases
in (R/4πZ)3, and conditionally the cycle phases are still independent and uniformly
distributed. In a small neighborhood of the identity their logarithms have the form
(x1u, x2u, x3u), with density (4π)−3d3x. For radial tests, a further common conjugation
does not change the integrals. The triple commutes, and Q = 0 on it. Once the compact
support lies in the logarithmic chart, the denominator is exactly

(4π)−3ϵ3
∫

R3
χ(|x|) dx > 0.

The divergence of xχ(|x|) on R3 has integral zero, which gives
∫
|x|χ′(|x|) dx =

−3
∫

χ(|x|) dx. The dilation statistic therefore equals −9 + 3 = −6 for every sufficiently
small γ.

Gaussian holonomies with independent Haar factors. By Lemma 35.17, the triple
has the law of three independent Haar distributed matrices for every γ. We write H =

cos(|x|/2)I + 2 sin(|x|/2)(x/|x|)aτa. The Haar probability is the normalized volume of S3,
and its polar factor sin2(|x|/2) d(|x|/2)/(2π2) gives dH(ex) = (16π2)−1 sinc2(|x|/2) d3x,
as in (4.2). For every bounded test ψ supported in {|Y| ≤ R}, we obtain

EP2Iγ,ψ = ϵ9(16π2)−3
{∫

ψ(Y) dY + OR
(
∥ψ∥∞ϵ2)}.

The denominator has a positive limiting coefficient. In R9 the divergence of Yχ(|Y|) has
integral zero, that is,

∫
(9χ(|Y|) + |Y|χ′(|Y|)) dY = 0. The limit of the statistic is therefore

4
∫

Qχ/
∫

χ. To see that it is strictly positive, take a radius at which χ > 0 and, at that
radius, a triple with two nonzero orthogonal components. Then Q > 0 there, and a
neighborhood of this point has positive measure, χ > 0, and Q > 0.
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Gaussian holonomies with Gaussian constant modes. At the observation time t = θL2,
let Gi(x) = (Sta)i(x)/

√
γ be the smoothed field divided by

√
γ, and consider the real

process
Zx,i,v = ⟨v, Gi(x)⟩, (x, i, v) ∈ T = T3

L × {1, 2, 3} × S2.

The index set T is nonempty, compact, and metrizable, and the process is centered
Gaussian since the smoothing is fixed and linear. By the hypotheses of Definition 4.13
and Lemma 35.17, there exists a separable realization with almost surely continuous paths
on T , and σ2

∗ = supx,i,v EZ2
x,i,v < ∞. These are the hypotheses of Lemma 35.16, which

allows degenerate covariances; that lemma is the Borell–TIS inequality in the formulation
of Adler and Taylor [3, Theorem 2.1.1]. It provides a measurable, almost surely finite,
and integrable supremum

Z∗ = sup
T

Zx,i,v = max
i

sup
x
|Gi(x)|, m∗ = EZ∗ < ∞,

where the equality follows by taking the supremum over all unit vectors v. The law of
G, and hence m∗ and σ2

∗ , do not depend on γ, since the field has covariance γC and the
covariance and the smoothing are fixed. When σ2

∗ > 0, the same lemma implies that

P{Z∗ −m∗ ≥ u} ≤ e−u2/(2σ2
∗ ) (u > 0). (36.44)

The group distance of the transport along a path from the identity is at most the
integral of the norm of its generator. This follows by partitioning the path, using the
triangle inequality for the bi-invariant metric, and passing to the limit in the transport
equation. Since each coordinate cycle has length L, we obtain(

∑
i

ρG(Hi)
2
)1/2

≤
√

3L
√

γZ∗.

Since Z∗ is almost surely finite and its law does not depend on γ, all three holonomies
lie in the logarithmic chart with probability tending to one. There the rescaled logarithm
has norm at most

√
3LϵZ∗, which tends to zero in probability. Quantitatively, fix δ > 0

and suppose that σ2
∗ > 0. For small γ we have

√
3Lϵm∗ ≤ δ/2, and the ball of radius

δϵ about the identity, for the product of the group distances, lies in V . By the transport
bound and (36.44), we have

P
{

H /∈ V or (H ∈ V , |Log H|/ϵ > δ)
}
≤ exp

{
− (δ/(

√
3Lϵ)−m∗)2

2σ2
∗

}
≤ exp

{
− δ2

24L2σ2
∗
√

γ

}
,

(36.45)

with constants depending only on δ, L, the covariance, and the smoothing. If σ2
∗ = 0,

Lemma 35.16 shows that the continuous process vanishes almost surely, and then G = 0
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and H = (I, I, I) almost surely. Since the two tests are bounded and continuous at zero,
we obtain

EP3Iγ,χ(|·|) −→ χ(0) > 0, EP3Iγ,Wχ
−→Wχ(0) = −9χ(0);

to see this, we split each expectation according to whether the rescaled logarithm has
norm at most δ, use continuity at zero on this event, and bound the expectation on its
complement by twice the supremum of the test times its probability. This gives the value
−9 without any statement about densities of the nonlinear cycle logarithms.

The mixture over the cone of commuting triples. Here P5 is the law of the vector
X = y + b ∈ R9, and the statistic uses Icoord. Fix ζ > 0 with {|X| < ζ} ⊂ LogV . For a
bounded test ψ supported in {|Y| ≤ R} and Rϵ < ζ, we have the identity on all of R9

Icoord
γ,ψ (X) = ψ(X/ϵ). (36.46)

Indeed, if the right side is nonzero, then |X| ≤ Rϵ < ζ and the indicator equals one;
if it is zero, both sides vanish. This applies to ψ = χ(|·|) and ψ = Wχ simultaneously,
with one bound on the supports. The observables therefore agree with the expectations
computed below, even though the conditional Gaussians have unbounded support.

We record the geometry and the normalization. Away from the tip, we write yi = ϑiu
and s = |ϑ| = |y| > 0; in this proof and in Remark 36.20, s denotes this radius, not a
transverse coordinate. For variations of ϑ and u, the induced metric is |dϑ|2 + s2|du|2,
since u · du = 0, and the parametrization is two-to-one under the simultaneous change of
sign. The volume of the cone is therefore

dvolM(y) = 1
2 s4 ds dω du, ω = ϑ/s ∈ S2, u ∈ S2, (36.47)

which is homogeneous of degree five and gives zero volume to the tip. The normal space
Ny has dimension four, and ⟨y, b⟩ = ∑i ϑi u · bi = 0, which gives

|y + b|2 = |y|2 + |b|2. (36.48)

The computation proving (36.14), applied with a = ϑ/s, gives

Q(y + b) = Q2(y, b) +
1
2 ∑

i<j
|bi × bj|2, Q2(y, b) =

1
2
|y|2|b|2. (36.49)

These are identities on the normal bundle; they do not require uniqueness of the decom-
position X = y + b.

The conditional density in the fiber Ny0 is

(2πγ)−2 det Σ(y0)
−1/2 exp

{
−bT

0 Σ(y0)
−1b0/(2γ)

}
db0.
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We set y0 = ϵy, b0 = ϵb, and Cϵ(y) = ϵ2Σ(ϵy), using that the normal spaces are constant
along rays. Then dvol(y0) = ϵ5 dvol(y) and db0 = ϵ4db, and since γ = ϵ4 we obtain the
exact formula

ϵ−5EP5 φ(X/ϵ) =
∫

φ(y + b) α(ϵy)(2π)−2 det Cϵ(y)−1/2e−bTCϵ(y)−1b/2 dvolM(y) db,

(36.50)
where the prior is set to zero outside its neighborhood; on a compact set of outputs,
this neighborhood eventually contains every ϵy that occurs. By the assumptions on the
covariance, we have, uniformly in the angular directions and for y ̸= 0,

Cϵ(y) −→ |y|−2 I, c|y|−2 I ≤ Cϵ(y) ≤ C|y|−2 I.

Hence the normalized Gaussian density in (36.50) tends to (2π)−2|y|4e−Q2(y,b) and is
bounded by C|y|4. If φ is supported in the ball of radius R, then (36.48) bounds both |y|
and |b| by R. The continuity of α at the tip bounds α(ϵy) there and gives the limit α(0).
The dominating integral is finite, since by (36.47) its radial factor near zero is s8 ds, and
each fiber is restricted to a bounded ball in four dimensions. In finitely many angular
trivializations of the normal bundle, or with the intrinsic Gaussian density on each fiber,
the dominated convergence theorem applies. Then (36.50) gives the claimed limit with
the normalization (2π)−2 of µ13.

For Σ = Σθ, the explicit formula (4.12) gives Σθ(y) = |y|−2 I + Oθ(1) uniformly in the
angular directions: the term m = 0 of each di equals e−2θ|ϑ|2 |ϑ|−2, since Ri(0, ϑ) = 1, and
the sum of the terms with m ̸= 0 is bounded for small |ϑ|, since then λm ≥ c|m|2 and
|Ri| ≤ 1. After a fixed reduction of the neighborhood carrying the prior, this implies
both bounds on the covariance and the relative limit, and Theorem 33.11 shows that Σθ is
positive definite and measurable there.

By the same domination and (36.48), µ13 is locally finite as a measure of the output y +
b. Its integral against χ(|y + b|) is finite and strictly positive, for instance by considering
an open set of the bundle with |y| > 0 and output radius in an interval on which χ > 0.
By (36.46), the denominator of the statistic satisfies

EP5I
coord
γ,χ(|·|)(X) ∼ ϵ5α(0)

∫
χ(|y + b|) dµ13 > 0.

Under the dilation (y, b) 7→ (λy, λb), the measure dvolM db is homogeneous of degree
5 + 4 = 9, the factor |y|4 of degree four, and Q2 of degree four. Changing variables in the
compactly supported integral of χ(λ|y + b|) and differentiating at λ = 1, we obtain∫ {

(4Q2 − 13)χ(ρ)− ρχ′(ρ)
}

dµ13 = 0, ρ = |y + b|. (36.51)

The differentiation is justified on a common compact set of outputs by (36.48), with the
integrable radial bound Cs8 ds. This change of variables includes the tip of the cone and
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needs no boundary term there. We apply the limit of the rescaled expectations to Wχ and
χ(|·|), using (36.46), and divide by the positive limit of the denominators. Combining
(36.49) and (36.51), we find

lim
γ↓0
Sγ,P5(χ) = 4 + 2

∫
∑i<j|bi × bj|2χ(ρ) dµ13∫

χ(ρ) dµ13
.

The second term is strictly positive. To see this, take ϑ in the third coordinate direction, a
fixed color direction u, linearly independent b1, b2 ∈ u⊥, and b3 = 0. Then b ∈ Ny and
b1 × b2 ̸= 0. Scaling y and b together, we place the output radius in an interval on which
χ > 0. A neighborhood of this point in the bundle has positive measure, and on it χ > 0
and the polynomial ∑i<j|bi × bj|2 is positive. This proves the strict inequality.

Remark 36.20. With the normalization of µ13 in Theorem 36.19,

µ13{|y + b| ≤ ρ} = 8π2

1287
ρ13[1 + O(ρ4)

]
(ρ ↓ 0).

Indeed, on the ball {|y+ b| ≤ ρ} we have 0 ≤ Q2 ≤ ρ4/8 by (36.48), and e−Q2 = 1+O(ρ4)

uniformly there. The angular integral in (36.47) is (4π)2/2 = 8π2, and the ball of radius
(ρ2 − s2)1/2 in the four-dimensional fiber has volume (π2/2)(ρ2 − s2)2. Hence

µ13{|y + b| ≤ ρ} = π2
∫ ρ

0
s8(ρ2 − s2)2 ds

[
1 + O(ρ4)

]
= π2ρ13

(1
9
− 2

11
+

1
13

)[
1 + O(ρ4)

]
=

8π2

1287
ρ13[1 + O(ρ4)

]
.

This formula is not used elsewhere.

36.10 The main result on central holonomies

We conclude by deducing Theorem 2.11 from the results of this section.

Proof of Theorem 2.11. Fix L > 0, an odd integer M ≥ 3, an integer n divisible by four,
and θ > 0. By Theorem 2.3 (part 5), proved in Theorem 29.28, the measure λγ = λL,γ,[n]M
depends only on L, γ, and the class [n]M. We choose J and the remaining parameters
as in Corollary 29.26 and Definition 34.1, so that amap

√
B ≤ 32/49, and take n∗ = n

and a comparison side nBa satisfying the lower bounds of Definition 36.1. Then λγ is
the continuum measure of the sequence (nBK)K≥0, and the results of this section apply
with this comparison side in place of n; all choices depend only on L, M, n, and θ. The
observable Iγ,φ of Theorem 2.11 is the observable of Definition 36.1, with the extension
by zero outside the fixed neighborhood V of the identity. With ρ = |X|/rγ, the statistic
of part (3) of Theorem 2.11 is the dilation statistic Sγ,λγ

(χ).
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Part (1) of Theorem 2.11 is the ratio limit and the two-sided bound of Theorem 36.7.
Parts (2) and (3) are the rates of Theorem 36.10, for invariant Lipschitz tests supported
in the ball of radius R and for the dilation statistic. Part (4) follows from Theorem 36.12,
with V chosen invariant under simultaneous conjugation: at each fixed γ the expectations
near the eight central triples are equal, and hence parts (1)–(3) hold near each of them
with the same constants. In all these results, the continuum limit is taken first, at fixed γ,
and then γ→ 0. The constants depend on L, M, n, θ, and the test functions, but not on
γ. The further statements after Theorem 2.11 are Theorems 36.15, 36.18, and 36.19.
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