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abstract

We consider the Wilson lattice gauge measure for SU(2) on a periodic three-
dimensional torus of fixed size, with bare coupling g2 = g2

3a proportional to the
lattice spacing a, as dictated by the superrenormalizability of three-dimensional
Yang–Mills theory. Observables are Wilson loops of the lattice configuration
evolved by the Wilson flow, the lattice gradient flow of the Wilson action, at
positive flow time. We prove that, at every fixed value of the coupling, the joint
laws of finitely many flowed Wilson loops converge as the lattice spacing tends
to zero along the sequences of lattice sides nMk, for fixed odd M ≥ 3 and fixed
positive n divisible by four. For each such refinement class, the limits are realized
by a unique probability measure on the space of gauge orbits of Yang–Mills
heat-flow trajectories at positive times, a version of the state space introduced
by Cao and Chatterjee. At each fixed positive time, the energies of the selected
trajectories πk(U), with U distributed under the lattice Wilson measures, are tight
uniformly in the lattice spacing. The limiting measure is invariant under the lattice
symmetries and the center symmetries. We also show that, at short distances, the
rescaled deficits (1 −W)/(g2

3ε) of the normalized fundamental Wilson loops W of
loops x + εℓ, flowed for time σε2 with fixed σ > 0, converge to explicit quadratic
functions of the heat-smoothed Gaussian free field. As the coupling tends to zero,
the measure concentrates on flat connections, with Gaussian fluctuations of explicit
covariance near regular commuting holonomies and fluctuations governed by the
constant-mode quartic form near the central holonomies. The proof is a multiscale
renormalization group analysis in the tradition of Bałaban, carried out on a small-
field event whose complement we show to have small probability, uniformly in the
lattice spacing, using reflection positivity and chessboard estimates. It is combined
with stochastic estimates for the lattice heat flow and a deterministic analysis of
the Wilson flow for rough initial data.
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part vii

Wilson flow and continuum comparison



section 24

Local Wilson flow and continuum solutions

This section proves the deterministic Wilson-flow estimates used to pass from the renor-
malization group variables to flowed Wilson loops. We also record an elementary com-
parison for exponential transforms of bounded random observables. The section has
three parts.

The first part concerns the lattice. Let a = L/n be the mesh and write a configuration
close to the identity as Ue = eaAe . After a time-dependent gauge transformation, which
adds a damping term, the Wilson flow Ψ(n)

t = ΦW
4t/a2 becomes the parabolic equation

∂t A = ∆a A +Na(A, A) + Fa(A), (24.1)

where ∆a is the lattice Laplacian, Na is an explicit bilinear map containing one lattice
difference, and Fa collects the terms of degree at least three (Lemma 24.2). We write

A(t) = xa(t) + ya(t) + ra(t), xa(t) = Pa
t A(0), ya(t) =

∫ t

0
Pa

t−sNa
(
xa(s), xa(s)

)
ds,

(24.2)
where Pa

t = et∆a . As in Section 3.5, xa is the linear heat evolution and ya the quadratic
Picard term, and (xa, ya) is the flow data of A(0). Theorem 24.5 constructs a local solution
on a time interval independent of the mesh, with remainder of order (t + a2)1−3α/2, and
proves Lipschitz dependence on these data. The probabilistic bounds on the flow data
are proved in Sections 26 to 28, using the bilinear estimate of Lemma 24.6.

The second part, Section 24.6, concerns the Yang–Mills heat flow on T3
L and is inde-

pendent of the lattice. For smooth initial data near a compact family, it represents the
flow on a finite time interval by finitely many local solutions of the DeTurck equation,
joined by fixed gauge transformations.

The third part (Section 24.7) treats the flows of the actions ∑p(q(Up) + c q(Up)2) with
0 ≤ c ≤ C0, which appear in Theorem 2.6. The additional force begins in degree three
and is O(a3) on every fixed bounded C1

a ball. We show that these flows have the same
flow data as the Wilson flow, and that for the same flow data their solutions differ from
the Wilson-flow solution by O(aε) on the local time interval.

The inputs are the conventions of Section 4, in particular the weighted norms of Defini-
tion 4.8 and the continuum conventions of Definition 4.10; the finite-word analyticity and
the plaquette bounds of Lemma 5.1; and the heat kernel bounds, convolution estimates,
and cardinal interpolation of Lemmas 16.1, 16.3, and 16.8. The lattice results are used in

2



24 Local Wilson flow and continuum solutions § 24.1 3

Section 25 (continuation to fixed time intervals and stability), in Sections 26 to 28 (esti-
mates for the flow data and convergence of flowed loops), in Sections 29 and 30 (lattice
energy, trajectories, and alternative flows), and in Sections 32 and 34. The continuum
theorem is used in Sections 25, 28 to 30, and 34.

The lattice flow is the Wilson flow of Lüscher [128, 129]; the factor 4/a2 in its time
variable comes from our normalization of q, of the plaquette sum, and of the metric on
SU(2). Zwanziger [157], DeTurck [66] (for the Ricci flow), and Donaldson [76] made
gauge-invariant flows parabolic by adding a gauge velocity. The decomposition (24.2) into
a rough linear part and smoother corrections is the lattice analogue of the decomposition
used by Cao and Chatterjee [42, §§1.1 and 2.1] for the Yang–Mills heat flow with random
initial data, an idea that goes back to Bourgain [32] and to Da Prato and Debussche [63].
Here the subtracted term is the quadratic Duhamel term of the lattice equation, with the
bilinear map fixed in Lemma 24.2. The global smooth theory of the continuum flow is
due to Råde [139] and Charalambous and Gross [47]; we use it in the form stated by Cao
and Chatterjee [42, 43]. The explicit lattice coefficient, the weighted remainder estimates,
and the finite continuation construction are proved in this section.

24.1 The local equation for the Wilson flow

Notation. Throughout this section L > 0 is fixed, n ≥ 4 is an integer, and a = L/n.
A field A on Λn assigns to each positive link (x, x + aei) an element Ai(x) ∈ su(2); we
use the norm |X| = (−2 tr X2)1/2 on su(2), for which |[X, Y]| ≤ |X||Y|, since the bracket
corresponds to the cross product in R3. Let Ti be the translation (Ti f )(x) = f (x + aei),
and let

D+
a,i =

Ti − I
a

, D−
a,i =

I − T−1
i

a
, ∆a =

3

∑
i=1

D−
a,iD

+
a,i

act on each link component separately, a link being identified with its starting vertex.
The heat semigroup Pa

t = et∆a acts componentwise and includes the constant mode. We
write ∥A∥∞ = maxe|Ae|, and ∥Da A∥∞ for the maximum of ∥D±

a,j A∥∞ over j ∈ {1, 2, 3},
both signs, and all link components. We set

∥A∥C1
a
= ∥A∥∞ + max

j∈{1,2,3}, ϵ∈{+,−}
∥Dϵ

a,j A∥∞. (24.3)

Since translations permute the sites of the periodic lattice, they are isometries for these
norms and commute with Pa

t and with all differences. More generally, Dm
a denotes the

maximum over all ordered products of m differences D±
a,k.

We identify tangent vectors at U ∈ SU(2) with su(2) through X 7→ (d/dε) eεXU|ε=0.
A curve U(s) then has velocity U̇U−1, and the gradient ∇ f (U) ∈ su(2) of a function f
on SU(2) is defined by ⟨∇ f (U), X⟩ = (d/dε) f (eεXU)|ε=0; since the metric is bi-invariant,
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this is the Riemannian gradient. On Un we use the product metric. As in Section 2.1, ΦW
s

is the flow of −∇∑p∈Pn q(Up) and Ψ(n)
t = ΦW

4t/a2 ; no coupling enters this time change.
All constants in Section 24.1 depend only on the fixed finite stencils, the orders of

the derivatives involved, and the margins of the logarithm charts, and not on L, n, the
coupling, or any probability law. These are the dependences of item (1) of Definition 4.14.
Later constants may depend in addition on the quantities displayed in each statement.

Local analytic maps of a finite stencil. The terms of degree at least three in the flow
equations of this section are functions of the link variables in a fixed finite neighborhood,
with the same functional form at every link. We first record the estimates that such
functions satisfy after the rescaling θ = aA. Let S0 be a finite set of pairs (η, j) with
η ∈ Z3 and j ∈ {1, 2, 3}. For a field θ and a site x, we write Zx(θ) = (θj(x + aη))(η,j)∈S0

for the stencil array of θ at x. A map G from fields to fields is a local analytic map
with stencil S0 if there exist functions g1, g2, g3, real analytic in a neighborhood of 0
in su(2)S0 , such that G(θ)i(x) = gi(Zx(θ)) whenever θ is small. For a homogeneous
polynomial P of degree m on su(2)S0 with values in su(2), let ∥P∥coeff denote the sum of
the norms of its coefficients in the monomial basis of the real coordinates. If gi extends
to a bounded analytic function on a complex polydisc around 0, then by the Cauchy
estimates there exist constants K0, K1 such that the homogeneous parts Pm,i of gi satisfy
∥Pm,i∥coeff ≤ K0Km

1 .

Lemma 24.1. Let G be a local analytic map with stencil S0 whose Taylor coefficients at zero vanish
through degree two, and suppose that the homogeneous parts of the gi satisfy ∥Pm,i∥coeff ≤ K0Km

1
for m ≥ 3; on {Z : K1∥Z∥ < 1}, where ∥Z∥ is the maximum of the norms of the entries, we
use the convergent Taylor series gi = ∑m≥3 Pm,i to define gi and hence G. Fix 0 < η < 1. For
0 < a ≤ 1 and a field A with K1a∥A∥∞ ≤ η, set Ga(A) = a−3G(aA) and MA = ∥A∥∞, and
let

bj(M, a) =

{
M3−j, 0 ≤ j ≤ 3,

aj−3, j > 3.

Then the following statements hold, with constants depending only on S0, K0, K1, η, and the
indicated orders.

1. The series Ga(A)i(x) = ∑m≥3 am−3Pm,i(Zx(A)) converges absolutely.
2. For every j ≥ 0 and all fields V1, . . . , Vj,

∥DjGa(A)[V1, . . . , Vj]∥∞ ≤ Cfld
j bj(MA, a)

j

∏
r=1

∥Vr∥∞.

3. If B is another field with K1a∥B∥∞ ≤ η, then ∥Ga(A) − Ga(B)∥∞ ≤ K(∥A∥2
∞ +

∥B∥2
∞)∥A − B∥∞.
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4. For every m ≥ 1,

∥Dm
a Ga(A)∥∞ ≤ Cdiff

m

m

∑
j=1

bj(MA, a) ∑
ν1+···+νj=m

νr≥1

j

∏
r=1

∥Dνr
a A∥∞.

5. If B is as in (3) and M = max(∥A∥∞, ∥B∥∞), then

∥Da(Ga(A)− Ga(B))∥∞ ≤ K
{

M2∥Da(A − B)∥∞

+ M(∥Da A∥∞ + ∥DaB∥∞)∥A − B∥∞
}

.

Proof. We write ga
i (Z) = a−3gi(aZ) = ∑m≥3 am−3Pm,i(Z), so that Ga(A)i(x) = ga

i (Zx(A));
every entry of Zx(A) has norm at most MA. For a homogeneous polynomial P of degree
m, differentiating each monomial, we find

|DjP(Z)[W1, . . . , Wj]| ≤ m(m − 1) · · · (m − j + 1) ∥P∥coeff ∥Z∥m−j
j

∏
r=1

∥Wr∥,

where ∥Z∥ is as in the statement; the right side is zero when j > m. For j ≤ 3 we have
am−3Km

1 Mm−j
A = K3

1 M3−j
A (K1aMA)

m−3, and for j > 3 and m ≥ j we have am−3Km
1 Mm−j

A =

aj−3K j
1(K1aMA)

m−j. Since K1aMA ≤ η < 1, summing over m, we obtain (1) and (2), with

Cfld
j = K0Kmax(3,j)

1 ∑
m≥max(3,j)

m(m − 1) · · · (m − j + 1) ηm−max(3,j) < ∞.

For j = 0 the empty product in this sum is one. For (3), we write Ga(A) − Ga(B) =∫ 1
0 DGa(B + u(A − B))[A − B] du. Since the field B + u(A − B) has norm at most

max(∥A∥∞, ∥B∥∞), (2) with j = 1 implies the claim.
For (4), we use that Ga has the same form at every site. Since Zx+aek(A) = Zx(Tk A),

by the fundamental theorem of calculus we have

D+
a,k
(
Ga(A)

)
=

∫ 1

0
DGa

(
(1 − u)A + uTk A

)[
D+

a,k A
]

du,

and similarly D−
a,k(Ga(A)) =

∫ 1
0 DGa((1 − u)T−1

k A + uA)[D−
a,k A] du. The fields (1 −

u)A + uTk A are convex combinations of translates of A, so they satisfy the same bound
K1a∥·∥∞ ≤ η. The map (W, V) 7→ DGa(W)[V] is again of the same form at every site, so
the same identity applies to it; differences of the two arguments are differences of W and
of V, and differences of products obey D+

a,k( f g) = (D+
a,k f ) Tkg + f D+

a,kg and D−
a,k( f g) =

(D−
a,k f ) T−1

k g + f D−
a,kg. By induction on m, Dm

a Ga(A) is a finite sum, with a number of
terms depending only on m, of integrals over [0, 1]m of expressions DjGa(W)[Ṽ1, . . . , Ṽj],
where 1 ≤ j ≤ m, W is a convex combination of translates of A, and each Ṽr is a convex
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combination of translates of a difference Dνr
a A with νr ≥ 1 and ν1 + · · ·+ νj = m. No

factor a−1 appears outside a difference of A. Since translations preserve the supremum
norm, (2) implies (4).

For (5), we apply one difference to
∫ 1

0 DGa(B + u(A − B))[A − B] du in the same
way. The terms in which the difference falls on the second argument are bounded
by K b1(M, a)∥Da(A − B)∥∞ = KM2∥Da(A − B)∥∞. The other terms contain D2Ga,
evaluated at convex combinations of translates of A and B, applied to a difference
of B + u(A − B) and to a translate of A − B; by (2) with j = 2 they are bounded by
KM(∥Da A∥∞ + ∥DaB∥∞)∥A − B∥∞.

The equation. We derive (24.1) and fix the bilinear map Na. In the lemma and its proof
we use dimensionless differences; the symbols d0, C0, and H0 have the meaning given
there only in this lemma and its proof.

Lemma 24.2. Let L > 0, n ≥ 4, and a = L/n. Write ∇i = Ti − I, d0 = −∇, (C0θ)ij =

∇iθj −∇jθi for i < j, and H0 = ∑i ∇∗
i ∇i, where adjoints are taken with respect to counting

measure on sites, links, and positive plaquettes.

1. We have
C∗

0 C0 + d0d∗0 = H0 I, d2C0 = 0, ∆a = −a−2H0,

where d2 is the next forward exterior difference.
2. For θ in a sufficiently small fixed ball of link logarithms and the plaquette p = pij(x), i < j,

put
(vp,1, vp,2, vp,3, vp,4) =

(
θi(x), θj(x + aei),−θi(x + aej),−θj(x)

)
,

qp(θ) =
1
2 ∑

k<l
[vp,k, vp,l],

so that Up = evp,1evp,2evp,3evp,4 for U = eθ. Let ∥θ∥∞,p be the maximum of |θe| over the four
links e of p. Then, with positive plaquettes counted once,

Log Up = (C0θ)p + qp(θ) + O(∥θ∥3
∞,p),

∑
p

q(Up) =
1
8
∥C0θ∥2

2 +
1
4
⟨C0θ, q(θ)⟩+ RE(θ), |RE(θ)| ≤ C ∑

p
∥θ∥4

∞,p.

Each local remainder and each of its derivatives of fixed order is bounded on a smaller fixed
ball, independently of n.

3. Let s = t/a2, so that Ψ(n)
t = ΦW

4s and the Wilson flow has velocity −4∇∑p q(Up) in the
variable s. Add to this velocity the infinitesimal gauge transformation

(GUϕ)i(x) = ϕ(x)− Ad(Ui(x))ϕ(x + aei), ϕ = −d∗0θ.
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With J (θ) = (ead θ − I)/ ad θ, the resulting velocity in logarithmic coordinates is
J (θ)−1(−4∇∑p q + GUϕ), and it has the expansion

∂sθ = −H0θ + N2(θ) + R3(θ), N2 = −C∗
0q− Dq(θ)∗C0θ + G2(θ),

(G2)i(x) =
1
2
[
θi(x), (d∗0θ)(x) + (d∗0θ)(x + aei)

]
.

The adjoint is given by

zp,k =
1
2

[
∑
l>k

vp,l − ∑
l<k

vp,l, yp

]
, Dq(θ)∗y = ∑

p,k
ϵp,kT∗

p,kzp,k,

where vp,k = ϵp,kTp,kθdir(p,k) with ϵp,k ∈ {±1} and a translation Tp,k, and T∗
p,k also inserts

the result in the direction dir(p, k).
4. Expand N2 by the rules (i)–(iii) in Step 5 of the proof below. This gives a fixed finite list of

terms, each a numerical multiple of [Tηθi, Tζ∇kθj] or [Tηθi, Tζ∇∗
k θj] for translations Tη, Tζ .

Replacing the first entry of each bracket by au, the second by av, and dividing by a3, defines
a bilinear map Na, which satisfies

a−3N2(aA) = Na(A, A), Na(u, v) =
m0

∑
λ=1

cλ

[
Tλ,1uiλ , Tλ,2D±

a,kλ
vjλ

]
,

∥Na(u, v)∥∞ ≤ C∥u∥∞∥Dav∥∞,

(24.4)

where each term also carries the insertion in the output direction prescribed by its rule.
The number m0, the coefficients cλ, the directions, and the translations do not depend on
a, n, or L. Further differences of Na(u, v) are distributed by the exact rules D+

a,k[u, v] =
[D+

a,ku, Tkv] + [u, D+
a,kv] and D−

a,k[u, v] = [D−
a,ku, T−1

k v] + [u, D−
a,kv]. Every later occurrence

of Na refers to this map; it is not symmetric in its two arguments.
5. There exist numerical constants r∗ > 0 and C < ∞ such that, if ∥θ∥∞, ∥θ′∥∞ ≤ r∗, then

∥R3(θ)∥∞ ≤ C∥θ∥3
∞, ∥R3(θ)− R3(θ

′)∥∞ ≤ C
(
∥θ∥2

∞ + ∥θ′∥2
∞
)
∥θ − θ′∥∞.

Moreover, R3 is a local analytic map whose Taylor coefficients vanish through degree two and
satisfy the hypotheses of Lemma 24.1. In particular, for 0 < a ≤ 1 the physical remainder
a−3R3(aA) is the sum of a convergent series whose term of degree m carries the factor am−3,
m ≥ 3, and on a fixed smaller ball it satisfies the bounds of Lemma 24.1, uniformly in the
mesh.

6. Let A be a solution of

∂t A = ∆a A +Na(A, A) + a−3R3(aA)

on an interval [0, T] with a∥A(t)∥∞ < r∗ throughout. Let k(t) ∈ SU(2)Λn solve

∂tkx k−1
x = a−2ϕx

(
aA(t)

)
, kx(0) = I,
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for every site x. Then k is a periodic lattice gauge transformation and, for every positive link
(x, y),

eaAxy(t) = kx(t)Ψ(n)
t

(
eaA(0))

xy ky(t)−1, 0 ≤ t ≤ T.

Proof. We first compute the linear algebra, then expand the plaquette logarithms and the
energy, convert the group gradient into logarithmic coordinates, add the gauge velocity,
fix the bilinear map, bound the remainder, and finally identify the flow.

Step 1: Hodge identities. With counting measure, ∇∗
i = T−1

i − I, and differences in dif-
ferent directions commute. We extend a function on positive plaquettes antisymmetrically
by zji = −zij and zii = 0. By summation by parts, we have

(C∗
0 z)i = −∑

j
∇∗

j zij, d∗0θ = −∑
j
∇∗

j θj. (24.5)

We obtain
(C∗

0 C0θ)i = H0θi −∇i ∑
j
∇∗

j θj, (d0d∗0θ)i = ∇i ∑
j
∇∗

j θj,

which proves the first identity. The component of d2C0θ in the directions i < j < k is

∇i(∇jθk −∇kθj)−∇j(∇iθk −∇kθi) +∇k(∇iθj −∇jθi) = 0.

Finally D+
a,i = a−1∇i and D−

a,i = −a−1∇∗
i , so D−

a,iD
+
a,i = −a−2∇∗

i ∇i. This checks the signs
of all three identities.

Step 2: plaquette logarithms and the energy. All matrix norms below are equivalent to
the norm on su(2), with numerical constants. We fix a complex neighborhood of zero in
four copies of su(2)C on which the product of the four exponentials lies in the domain of
the identity logarithm chart. Expanding the exponentials through degree two, and then
log(I + Z) = Z − Z2/2 + · · · , we obtain

Log
(
ev1ev2ev3ev4

)
= ∑

k
vk +

1
2 ∑

k<l
(vkvl − vlvk) + terms of degree at least three.

The linear term is ∑k vp,k = θi(x) + θj(x + aei) − θi(x + aej) − θj(x) = (C0θ)p. The
finite-word analyticity of Lemma 5.1 applies, since the word has four letters and all its
arguments lie in the same fixed identity chart. Alternatively, the two convergent series
give the coefficient bounds directly on a smaller polydisc. In either description the radius
and the constants are numerical. If wp = ∥θ∥∞,p, the remainder has size at most Cw3

p,

and its derivatives of order j ≤ 3 are at most Cjw
3−j
p ; derivatives of higher fixed order are

bounded on each smaller chart.
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By Lemma 5.1, q(eX) = |X|2/8+O(|X|4). Substituting the expansion of the logarithm,
we obtain on each plaquette

q(Up) =
1
8
|(C0θ)p|2 +

1
4
⟨(C0θ)p, qp(θ)⟩+ O(w4

p).

Summing over positive plaquettes, each counted once, we obtain the expansion of the
energy. These estimates are local: a link lies in four positive plaquettes, so differentiating
the energy with respect to one link introduces at most four of these plaquette remainders,
and no volume factor.

Step 3: the group gradient in logarithmic coordinates. For a differentiable curve θ(s),( d
ds

eθ
)

e−θ =
∫ 1

0
euθ θ̇e−uθ du = J (θ)θ̇;

the integral formula follows by differentiating the exponential series term by term. The
pullback of the bi-invariant metric to logarithmic coordinates is gθ = J (θ)∗J (θ). Since
the inner product is invariant, ad(θ)∗ = − ad(θ) for real θ, and hence

J (θ) = I + 1
2 ad(θ) + O(|θ|2), gθ = I + O(|θ|2).

We write EW = ∑p q(Up) and let ∇θ denote its gradient in the Euclidean coordinates
θ (only in the next formula). The velocity of −4∇EW in logarithmic coordinates is
−4g−1

θ ∇θEW . The metric correction first contributes in degree three, and by the energy
expansion of Step 2 we have

θ̇W = −C∗
0 C0θ − C∗

0q(θ)− Dq(θ)∗C0θ + Oloc(θ
3), (24.6)

where Oloc(θ
3) denotes a local analytic map vanishing to third order. The linear term

− ad(θ)/2 of J −1 cannot be dropped unless the group gradient is also converted: the
two corrections cancel only in the combination g−1

θ = (J ∗J )−1.
We now verify the formula for Dq(θ)∗. Varying the kth entry of a plaquette by δvk

changes qp by
1
2 ∑

l>k
[δvk, vl] +

1
2 ∑

l<k
[vl, δvk].

The invariant inner product satisfies ⟨y, [h, v]⟩ = ⟨h, [v, y]⟩ and ⟨y, [v, h]⟩ = ⟨h, [y, v]⟩.
Pairing with yp, we obtain exactly ⟨δvk, zp,k⟩. Since δvk = ϵp,kTp,kδθdir(p,k), transposing
gives ϵp,kT∗

p,kzp,k, including the insertion in the direction dir(p, k). Adding the four entries
and all plaquettes containing a given link proves the formula.
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Step 4: the gauge velocity. If a lattice gauge transformation has velocity k̇xk−1
x = ϕx,

then differentiating kxUxyk−1
y and multiplying on the right by its inverse gives the link

velocity ϕx − Ad(Uxy)ϕy. For fixed ϕ, the corresponding logarithmic velocity on the link
(x, x + aei) is(

I − 1
2 ad(θi) + O(|θi|2)

)(
ϕx − ϕx+aei − [θi, ϕx+aei ] + O(|θi|2|ϕ|)

)
= (d0ϕ)i − 1

2 [θi, ϕx + ϕx+aei ] + Oloc(|θ|2|ϕ|).

We now set ϕ = −d∗0θ. The linear part is −d0d∗0θ and the quadratic part is G2. Combining
this with (24.6) and the identity C∗

0 C0 + d0d∗0 = H0 proves the linear part −H0θ and the
formula for N2. We define R3 as the logarithmic velocity of part (3) minus −H0θ + N2(θ).

Step 5: the bilinear map. We specify the expansion of N2 by explicit rules, so that no
choice of polarization is left to later applications. We write Tη = ∏3

j=1 T
ηj
j for η ∈ Z3, and

apply the rules in the following order.

(i) Expand −C∗
0q using (24.5), the antisymmetric extension, and the six terms [vk, vl]/2,

k < l. For each resulting outer ∇∗
j use, in the order displayed, the two terms

∇∗
j [u, v] = [∇∗

j u, T−1
j v] + [u,∇∗

j v].

In the first of these terms, move the difference into the second entry of the bracket
by antisymmetry, keeping the minus sign.

(ii) Expand −Dq(θ)∗C0θ using the formula for the adjoint in part (3), writing each vp,l
as its signed translated link variable and each component of C0θ as ∇iθj − ∇jθi.
Distribute the translations over the brackets.

(iii) Expand G2 using d∗0θ = −∑j ∇∗
j θj, and distribute its two translations.

Within each rule, order the directions and the entries increasingly, and keep repeated
terms. This produces one fixed finite list. Every entry is a numerical multiple of
[Tηθi, Tζ∇kθj] or [Tηθi, Tζ∇∗

k θj]; these rules, and not a symmetrization, define the two en-
tries. The product identity in rule (i) is exact, since both sides equal [T−1

j u, T−1
j v]− [u, v].

The number of entries and their integer translations do not depend on n or L. The finite
sum is read componentwise, and each term carries the insertion in the output direction
prescribed by its rule.

In this list, we replace the first entry of each bracket by au and the second by av,
and divide by a3. Since ∇k = aD+

a,k and ∇∗
k = −aD−

a,k, the result has the form (24.4),
and a−3N2(aA) = Na(A, A) because the list is an exact expansion of the quadratic map
N2. The inequality |[X, Y]| ≤ |X||Y| and the fact that translations are isometries give the
bound in (24.4). A further forward difference of a bracket is distributed by

D+
a,k[u, v] =

[Tku, Tkv]− [u, v]
a

= [D+
a,ku, Tkv] + [u, D+

a,kv],
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and a backward difference by D−
a,k[u, v] = [D−

a,ku, T−1
k v] + [u, D−

a,kv]. Iterating, we obtain
the exact rules at each fixed order.

Step 6: the remainder. The logarithmic velocity J (θ)−1(−4∇EW + GUϕ) at a link is an
analytic function of the link variables in a fixed finite neighborhood of that link, with the
same form at every link. Indeed, the gradient of EW at a link involves the four plaquettes
containing it, and ϕ involves the links at the two endpoints. By Step 2, by the analyticity
of J −1 and of Ad near the identity, and by the Cauchy estimates on a fixed complex
polydisc, R3 is a local analytic map whose homogeneous parts satisfy ∥Pm,e∥coeff ≤ K0Km

1 .
Its Taylor coefficients vanish through degree two by Steps 3 and 4. For 0 < a ≤ 1 we have

a−3R3,e(aA) = ∑
m≥3

am−3Pm,e(A), ∥Pm,e∥coeff ≤ K0Km
1 , (24.7)

where Pm,e is homogeneous of degree m in the stencil of e. We choose r∗ so that K1r∗ ≤
η < 1 for a fixed η. Lemma 24.1 with a = 1 implies the two bounds on R3 in part (5).
Explicitly, by Taylor’s formula with integral remainder, we have

|R3,e(θ)| ≤ C max
f

|θ f |3, ∥DR3,e(θ)∥ ≤ C max
f

|θ f |2,

where the maxima are over the stencil of e. Integrating the second bound along the
segment from θ′ to θ, which stays in the chart, and using ((1 − u)b + uc)2 ≤ b2 + c2

for b, c ≥ 0, we obtain the difference bound. Bounded incidence makes the constants
independent of the number of links. Lemma 24.1 with 0 < a ≤ 1 implies the bounds on
the physical remainder. On K1a∥A∥∞ ≤ η, its jth field derivative is at most Cj,η∥A∥3−j

∞

for j ≤ 3 and Cj,ηaj−3 for j > 3, and its spatial differences are finite sums of products of
differences of A with these field derivatives, with no inverse power of a left over. The
factors am−3 in (24.7) are nonnegative powers of a for m ≥ 3 and a ≤ 1.

Step 7: identification with the Wilson flow. On a finite lattice the Wilson vector field
is smooth and gauge equivariant: the energy is gauge invariant, and the product metric
is invariant under the action of each fixed gauge transformation. Let A be as in part
(6). We solve k̇xk−1

x = λx with λ = a−2ϕ(aA) and kx(0) = I. The matrix integral
equation has a convergent Picard series on every bounded time interval, since its mth
iterated integral is at most (

∫
∥λ∥)m/m!. Since λx is skew-Hermitian and traceless,

k∗xkx = I and det kx = 1 are preserved, and periodic coefficients give a periodic gauge
transformation. In the variable s = t/a2, the substitution θ = aA turns the equation
of part (6) into ∂sθ = −H0θ + N2(θ) + R3(θ), which by part (3) says that the links
U(t) = eaA(t) move with velocity equal to the Wilson velocity (with factor 4/a2 in the
variable t) plus the gauge velocity generated by λ. Differentiating k−1

x Uxyky cancels the
gauge velocity, and the remaining velocity is the Wilson vector field with factor 4/a2,
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by gauge equivariance; the initial links are eaA(0). By uniqueness for this smooth finite-
dimensional ordinary differential equation (for example by the local Lipschitz integral
inequality), k−1Uk = Ψ(n)

t (eaA(0)), which is the claimed formula. The chart is needed
only to define the damping generator, and no coupling enters.

Substituting θ = aA and s = t/a2 into part (3) shows that the equation of part (6)
is (24.1) with Fa(A) = a−3R3(aA), without approximation. We call the solution A in
part (6) the damped representative of the Wilson flow started from eaA(0), and k its damping
gauge transformation. The gauge velocity added in part (3) is the lattice analogue of the
gauge damping of Zwanziger [157] and DeTurck [66]. By (24.5), ϕ = −d∗0θ = ∑j ∇∗

j θj, so
the generator of the damping gauge transformation, which we call the physical damping
generator, is

λa = a−2ϕ(aA) = −∑
j

D−
a,j Aj, (24.8)

a linear function of A.

24.2 Linear and quadratic flow data

We recall the weighted norms of Definition 4.8. Throughout the rest of this section
1/2 < α < 2/3, and

β = α − 1
2 , κ = 1 − 3

2 α;

in the applications α = αfl. Fix a horizon T > 0 and write va(t) = t + a2. For paths x, y
on [0, T] with values in fields on Λn, and for a field f , set

Xa
α(x) = sup

0≤t≤T

{
va(t)α/2∥x(t)∥∞ + va(t)(α+1)/2∥Dax(t)∥∞

}
,

Ya
α(y) = sup

0≤t≤T

{
va(t)β∥y(t)∥∞ + va(t)α∥Day(t)∥∞

}
,

Ha
σ( f ) = sup

0≤t≤T

{
va(t)σ/2∥Pa

t f ∥∞ + va(t)(σ+1)/2∥DaPa
t f ∥∞

}
, 0 < σ < 1 − α.

(24.9)

The horizon is part of the norms; when it matters we say that a bound holds on [0, T].
Each norm controls a value and every first difference, and translations do not change it.
For paths u, v we write

Qa(u, v)(t) =
∫ t

0
Pa

t−sNa
(
u(s), v(s)

)
ds, Ba(u, v) = Qa(u, v) +Qa(v, u),

with the bilinear map Na of Lemma 24.2; in general Qa(u, v) ̸= Qa(v, u).

Definition 24.3. Fix L, T > 0 and α as above. Let a = L/n and let A0 be a field on Λn.
The flow data of A0 on [0, T] are the linear heat evolution and the quadratic Picard term

xa(t) = Pa
t A0, ya(t) = Qa(xa, xa)(t), 0 ≤ t ≤ T,
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and we write ∥(xa, ya)∥fl,a = Xa
α(xa) + Ya

α(ya). The equation associated with A0 is

∂t A = ∆a A +Na(A, A) + a−3R3(aA), A(0) = A0, (24.10)

considered as long as a∥A(t)∥∞ < r∗. Differences of flow data on the same lattice are
measured by the same two norms applied to the differences of the paths.

For comparisons between different lattices, let Ia be the continuous cardinal interpola-
tion of Lemma 16.3 on Λn, applied to each component of a field on positive links, each
link being anchored at its starting vertex. It is applied to the value array of a path and,
separately, to each of its difference arrays D±

a,j. For flow data (x, y) on the mesh a and
(x̃, ỹ) on the mesh ã, set

dT
(
(x, y), (x̃, ỹ)

)
= sup

0<t≤T

{
tα/2∥Iax(t)− Iã x̃(t)∥∞

+ t(α+1)/2 max
j,±

∥Ia(D±
a,jx(t))− Iã(D±

ã,j x̃(t))∥∞

+ tβ∥Iay(t)− Iãỹ(t)∥∞

+ tα max
j,±

∥Ia(D±
a,jy(t))− Iã(D±

ã,jỹ(t))∥∞

}
.

(24.11)

The interpolated difference array Ia(D±
a,jx) is a separate component of this comparison;

it is not the derivative of Iax. The definition involves neither a choice of gauge nor a
comparison of the maps Na on different lattices.

We record four elementary properties.
Interpolation. The one-dimensional cardinal weight ζ of Lemma 16.3 is nonnegative

and satisfies ∑m∈Z ζ(u−m) = 1. Multiplying three such identities and periodizing shows
that the weights in each row of Ia are nonnegative and sum to one, so ∥Ia f ∥∞ ≤ ∥ f ∥∞.
This applies separately to each difference component, and it uses no derivative estimate
for an interpolant. The maps Ia do not depend on time.

Behavior at time zero. On a fixed lattice all arrays are finite dimensional and the
heat matrices are continuous in t, so x(t), D±

a,jx(t), y(t), and D±
a,jy(t) are continuous

and bounded on [0, T]. Since the four weights in (24.11) have positive exponents, each
weighted component of dT extends continuously by zero to t = 0.

Comparison of weights. Since tc ≤ (t + a2)c for c > 0, the interpolation bound implies

sup
0<t≤T

{
tα/2∥Iax(t)∥∞ + t(α+1)/2 max

j,±
∥Ia(D±

a,jx(t))∥∞

+ tβ∥Iay(t)∥∞ + tα max
j,±

∥Ia(D±
a,jy(t))∥∞

}
≤ ∥(x, y)∥fl,a.

In particular, bounds in the norms with weights t + a2 imply bounds in the weights of
dT; the reverse does not hold uniformly near t = 0. The local existence arguments below
use the norms with weights t + a2.
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Exactness. On a fixed lattice, the substitution θ = aA, s = t/a2 in Lemma 24.2(3) gives
(24.10) without approximation, and the quadratic Duhamel term generated by A0 in this
equation is ya, with the map Na fixed there.

24.3 Local existence for the Wilson flow

We first explain the choice of exponents. Suppose that a field satisfies ∥A(t)∥∞ ≲ t−α/2

and ∥Da A(t)∥∞ ≲ t−(α+1)/2, as the linear heat evolution of initial data of regularity −α

does. Then the sources in (24.10) have the following sizes:

source size integrable at t = 0
Na(A, A) t−α−1/2 no, since α > 1/2

a−3R3(aA) t−3α/2 yes, since α < 2/3

The Duhamel integral of the cubic term has size t1−3α/2 = tκ. The quadratic term is too
singular to be integrated with these bounds, and its Duhamel integral cannot be estimated
from bounds on xa alone. This is why the quadratic Picard term ya is part of the data: it
is the Duhamel integral of the most singular source, and in the applications its bound
is proved in Sections 26 to 28 using the probabilistic structure of xa. After xa and ya are
subtracted, every remaining source is bounded by a multiple of (t + a2)−3α/2 (see the
table in the proof below), and the remainder is of order (t + a2)κ. The restriction α > 1/2
corresponds to the regularity of the initial data in the applications (see Section 3.5), and
it makes β = α − 1/2 positive.

Lemma 24.4. Let 0 < p < 1, a2 ≤ T ≤ 1/2, and K ≥ 0, and let f be a measurable path
on [0, T] with values in fields on Λn and ∥ f (t)∥∞ ≤ K(t + a2)−p for 0 ≤ t ≤ T. Then
z(t) =

∫ t
0 Pa

t−s f (s) ds satisfies, for 0 ≤ t ≤ T,

∥z(t)∥∞ ≤ Cp,LK(t + a2)1−p, ∥Daz(t)∥∞ ≤ Cp,LK(t + a2)1/2−p. (24.12)

One may take Cp,L = 6(1 + CL)/(1 − p), where CL depends only on L; in particular Cp,L is
bounded uniformly for p in each interval (0, 1 − δ], δ > 0.

Proof. Since the heat kernel is nonnegative with mass one, Pa
s contracts the supremum

norm, and

∥z(t)∥∞ ≤ K
∫ t

0
(s + a2)−p ds ≤ K

1 − p
(t + a2)1−p.

By Lemma 16.1 with one difference and horizon one, ∥DaPa
s h∥∞ ≤ CL(s + a2)−1/2∥h∥∞

for 0 ≤ s ≤ 1, where CL depends only on L; this applies since 0 ≤ t − s ≤ T ≤ 1/2.
Hence

∥Daz(t)∥∞ ≤ CLK
∫ t

0
(t − s + a2)−1/2(s + a2)−p ds.
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The integral is bounded by a multiple of (t + a2)1/2−p by Lemma 16.8, whose hypotheses
are 0 ≤ p < 1 and exponent 1/2 < 1. To see the dependence on p, we split the integral at
s = t/2. For s ≤ t/2 we have t − s + a2 ≥ (t + a2)/2, and the integral of (s + a2)−p over
[0, t/2] is at most (t + a2)1−p/(1 − p). For s ≥ t/2 we have (s + a2)−p ≤ 2p(t + a2)−p,
and the integral of (t − s + a2)−1/2 over [t/2, t] is at most 2(t + a2)1/2. Combining the
two parts, we obtain∫ t

0
(t − s + a2)−1/2(s + a2)−p ds ≤

( √
2

1 − p
+ 2p+1

)
(t + a2)1/2−p ≤ 6

1 − p
(t + a2)1/2−p.

Measurable sources with the stated bound are integrable since a > 0, and no other
property of f is used.

Theorem 24.5. Fix L > 0, 1/2 < α < 2/3, and R < ∞, and let κ = 1 − 3α/2. There exist
TR ∈ (0, 1], aR > 0, and CR < ∞, depending only on L, α, R, and the stencil and chart of
Lemma 24.2, such that the following holds for every mesh a = L/n ≤ aR. Let A0 be a field on
Λn whose flow data on [0, TR] satisfy ∥(xa, ya)∥fl,a ≤ R. Then (24.10) has a unique solution on
[0, TR] of the form Aa = xa + ya + ra with ra(0) = 0 and finite remainder norm

∥r∥Ra = sup
0≤t≤TR

{
(t + a2)−κ∥r(t)∥∞ + (t + a2)1/2−κ∥Dar(t)∥∞

}
, (24.13)

and ∥ra∥Ra ≤ CR. Uniqueness holds among mild solutions with these flow data and finite
remainder norm.

Let A′
0 be a second field on Λn whose flow data (x′a, y′a) satisfy the same bound, the two

fields being compared as arrays, without a gauge transformation between them, and let da =

Xa
α(xa − x′a) + Ya

α(ya − y′a). Then

∥ra − r′a∥Ra ≤ CRda, sup
s≤t≤TR

∥Aa(t)− A′
a(t)∥C1

a
≤ CR,sda (0 < s < TR).

After reducing aR, the whole interval lies in the logarithm chart:

a sup
t≤TR

∥Aa(t)∥∞ ≤ Ra1−α + Ra2−2α + CRa(TR + a2)κ < r∗.

Consequently, by Lemma 24.2(6), eaAa(t) is a periodic time-dependent gauge transform, equal to
the identity at t = 0, of the Wilson flow Ψ(n)

t (eaA0) at physical time t. The constants do not
depend on the coupling, on n beyond the restriction a ≤ aR, or on any probability law. They
depend on R and s, and they are not uniform as R → ∞ or s ↓ 0.

The same conclusions hold on every horizon 0 < T ≤ TR, with TR replaced by T in the
hypotheses, norms, and conclusions, for meshes a ≤ min{aR,

√
T}; the constants are unchanged.

Here a mild solution is a continuous path A on that horizon with a∥A(t)∥∞ < r∗ and
A(t) = Pa

t A0 +
∫ t

0 Pa
t−s(Na(A, A) + a−3R3(aA))(s) ds. Uniqueness in Theorem 24.5 holds

among the mild solutions A for which A − xa − ya has finite remainder norm.
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Proof. We construct ra as the fixed point of a contraction on a ball for the norm (24.13).
The equation for r is obtained by subtracting the equations satisfied by xa and ya; this
removes the most singular source Na(xa, xa). We then check, term by term, that the
remaining sources are bounded by (t + a2)−3α/2, choose the radius, the time, and the
mesh threshold in this order, and prove uniqueness, Lipschitz dependence, and the chart
bound. The construction, contraction, estimates, and uniqueness within the constructed
ball use the cubic term only through the bounds (24.15) on the set {B : a∥B∥∞ ≤ r∗/2};
we use this in the proof of Theorem 24.12. Uniqueness in the larger class of chart-valued
mild solutions also uses local Lipschitz continuity of the finite-dimensional vector field
on the full chart, as explained in Step 5.

Step 1: bounds on the flow data. We write

β = α − 1
2 , p = 3

2 α < 1, κ = 1 − p, δ =
1 − α

2
> 0.

We may assume R ≥ 0, since otherwise no field satisfies the hypothesis. For a tentative
T ≤ 1/2 and a2 ≤ T, we set v = t + a2. If the flow data satisfy ∥(x, y)∥fl,a ≤ R on [0, T],
then

∥x(t)∥∞ ≤ Rv−α/2, ∥Dax(t)∥∞ ≤ Rv−(α+1)/2,
∥y(t)∥∞ ≤ Rv−β, ∥Day(t)∥∞ ≤ Rv−α,

(24.14)

and these bounds include all translations. Since v ≤ 2T ≤ 1 and α/2 − β = δ > 0, we
have in particular ∥x(t) + y(t)∥∞ ≤ 2Rv−α/2.

Step 2: the equation for the remainder. Recall that Fa(A) = a−3R3(aA). We take a ≤ 1.
By Lemma 24.2(5) and Lemma 24.1(2), with j = 0, and (3), on the set {B : a∥B∥∞ ≤ r∗/2},

∥Fa(B)∥∞ ≤ C∥B∥3
∞, ∥Fa(B)− Fa(B′)∥∞ ≤ C

(
∥B∥2

∞ + ∥B′∥2
∞
)
∥B − B′∥∞, (24.15)

with C independent of a. Since ∂tx = ∆ax and ∂ty = ∆ay +Na(x, x) with x(0) = A0,
y(0) = 0, the path A = x + y + r solves (24.10) if and only if r(0) = 0 and ∂tr =

∆ar +Na(A, A)−Na(x, x) + Fa(A). Expanding Na(A, A) by bilinearity, we obtain the
source

Fx,y(r) = Na(x, y) +Na(y, x) +Na(y, y)

+Na(x, r) +Na(r, x) +Na(y, r) +Na(r, y) +Na(r, r) + Fa(x + y + r),
(24.16)

where every occurrence of Na uses the bilinear map fixed in Lemma 24.2. The fixed-point
equation is

Mx,y(r)(t) =
∫ t

0
Pa

t−sFx,y(r)(s) ds, r = Mx,y(r). (24.17)
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Step 3: bounds on the sources. If ∥r∥Ra ≤ S, then ∥r(t)∥∞ ≤ Svκ and ∥Dar(t)∥∞ ≤
Svκ−1/2. By (24.4), we have ∥Na(u, w)∥∞ ≤ C∥u∥∞∥Daw∥∞. Together with (24.14), this
gives the following bounds for the quadratic sources, up to a constant depending only
on the stencil:

source amplitude power of v
Na(x, y), Na(y, x) R2 −p

Na(y, y) R2 −p + δ

Na(x, r), Na(r, x) RS −p + δ

Na(y, r), Na(r, y) RS −p + 2δ

Na(r, r) S2 −p + 3δ

For example, in the third row Na(x, r), with the difference on r, has exponent −α/2 +

κ − 1/2 = 1/2 − 2α = −p + δ, and Na(r, x), with the difference on x, has exponent
κ − (α + 1)/2, which is the same number. In the fourth row the exponents of Na(y, r)
and Na(r, y) are −β + κ − 1/2 and κ − α, both equal to −p + 2δ. In the first row the
exponents of Na(x, y) and Na(y, x) are −α/2 − α and −β − (α + 1)/2, both equal to −p.
In this way each quadratic term is estimated with its arguments in the order displayed in
(24.16).

By (24.14) and (24.15), the cubic source at r = 0 is at most CR3v−p. For r, r′ in the ball
of radius S, by (24.15) we have

∥Fa(x + y + r)− Fa(x + y + r′)∥∞ ≤ C
{

R2v−α + S2v2κ
}

vκ∥r − r′∥Ra

≤ C(R2 + S2)v−p+2δ∥r − r′∥Ra ,

where we used −α + κ = −p + 2δ and v3κ ≤ v−p+2δ, the exponents differing by 2 − 2α =

4δ > 0, with v ≤ 1. Subtracting each quadratic row gives the same table with one factor
S replaced by ∥r − r′∥Ra . Bounding every positive extra power of v by its maximum on
[0, T], we obtain

∥Fx,y(0)(t)∥∞ ≤ KRv−p,

∥Fx,y(r)(t)−Fx,y(r′)(t)∥∞ ≤ KR,S(2T)δv−p∥r − r′∥Ra ,
(24.18)

where KR depends only on R and the stencil and chart, and KR,S depends in addition on
S.

Step 4: choice of the parameters. By Lemma 24.4 with p = 3α/2,

∥Mx,y(0)∥Ra ≤ Cα,LKR, ∥Mx,y(r)−Mx,y(r′)∥Ra ≤ Cα,LKR,S(2T)δ∥r − r′∥Ra .

We choose S = 1+ 2Cα,LKR, and then TR ∈ (0, 1/2] so that Cα,LKR,S(2TR)
δ ≤ 1/2. Neither

choice involves the mesh. We then reduce aR so that aR ≤ min(1,
√

TR) and

Ra1−α
R + Ra2−2α

R + SaR(2TR)
κ < r∗/2. (24.19)
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All three exponents of aR are positive. Since v ≥ a2, we have av−α/2 ≤ a1−α, av−β ≤ a2−2α,
and avκ ≤ a(2TR)

κ, so every candidate x + y + r with ∥r∥Ra ≤ S satisfies a∥x + y + r∥∞ <

r∗/2 for a ≤ aR. In particular, (24.15) is never used outside its domain.

Step 5: existence and uniqueness. On a fixed lattice, the continuous paths r on [0, TR]

with r(0) = 0 and finite Ra norm form a complete space: v is bounded below by a2 > 0,
there are finitely many coordinates, and the differences are continuous linear maps. By
Step 4 and the choice of S, Mx,y maps the closed ball of radius S into itself and is a
contraction with constant 1/2 there. Starting from zero, successive iterates differ by at
most 2−m times the first difference, so they converge in this space to a fixed point. The
same estimate gives uniqueness inside the ball. The heat convolution vanishes at t = 0,
so r(0) = 0. This constructs the solution, and we take CR ≥ S.

Uniqueness in the larger class of the theorem does not require an a priori bound on
the radius of a second remainder. On a fixed lattice, a continuous mild solution in the
chart is differentiable, since its heat integral is finite dimensional, and it satisfies the
ordinary differential equation (24.10). On a compact subinterval of the time interval on
which both solutions stay in the full chart, local Lipschitz continuity of the analytic vector
field gives a finite Lipschitz constant Ka. For two solutions with the same initial value,
supu≤t|A(u)− A′(u)| ≤ Kat supu≤t|A(u)− A′(u)|. Taking Kat < 1 and restarting at time
t proves equality on that interval, and finitely many such intervals give equality on the
whole common interval. The flow data are determined by the initial value, so this proves
uniqueness among mild solutions with the given flow data and finite remainder norm.
The argument needs no bound on Ka that is uniform in a.

Step 6: Lipschitz dependence. For two flow data in the ball, (24.14) applies to their
differences with R replaced by da. In each quadratic term of (24.16), we write the
difference by changing first the first argument and then the second. The first three terms
are then bounded by CRdav−p, and the terms involving a fixed remainder of norm at most
S by CR,Sdav−p, since v ≤ 1. For the cubic term, the difference of x + y is at most 2dav−α/2

and both arguments are bounded by (2R + S)v−α/2, so by (24.15) its difference is also
at most CR,Sdav−p. Writing r − r′ = (Mx,y(r)− Mx′,y′(r)) + (Mx′,y′(r)− Mx′,y′(r′)) and
applying Lemma 24.4 to the first difference and the contraction estimate to the second,
we obtain

∥r − r′∥Ra ≤ CR,S,α,Lda +
1
2∥r − r′∥Ra .

We enlarge CR to absorb the factor two. On [s, TR] all weights in (24.14) and in (24.13) are
bounded by constants depending only on s, R, α, and L. Adding the bounds for x − x′,
y − y′, and r − r′, we obtain the estimate for ∥A(t)− A′(t)∥C1

a
.
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Step 7: the chart and the identification. Since the value bounds for x and y decrease in
time and the value bound for the remainder increases, we have

a sup
t≤TR

∥x(t) + y(t) + r(t)∥∞ ≤ Ra1−α + Ra2−2α + CRa(TR + a2)κ.

If necessary we reduce aR again after the last enlargement of CR, so that this bound is less
than r∗ on the whole interval. The last term is of order a; it is not replaced by its smaller
value at t = 0. Part (6) of Lemma 24.2 now applies on [0, TR] and identifies eaAa(t) with
the gauge transform of the Wilson flow by the periodic damping gauge transformation,
which is the identity at t = 0. All choices above have the stated dependence. The proof
gives TR ≤ 1/2 and aR ≤ min(1,

√
TR).

24.4 Bilinear estimates for the Duhamel integral

The probabilistic estimates of Sections 26 to 28 decompose the flow data into many pieces
and estimate the Duhamel terms of their products. The following lemma bounds such
a term when one argument is a heat path with the regularity of xa and the other a heat
path with the better exponent σ < 1 − α. Since Na is not symmetric, we estimate Qa(u, v)
and Qa(v, u) separately.

Lemma 24.6. Fix L, T > 0, 1/2 < α = αfl < 2/3, and 0 < σ < 1 − α. For every mesh
a = L/n, n ≥ 4, and all fields f , g on Λn, let u(t) = Pa

t f and v(t) = Pa
t g. Then, with the norms

(24.9) on [0, T],

Ya
α

(
Qa(u, v)

)
+ Ya

α

(
Qa(v, u)

)
≤ CL,T,α,σ(T + a2)(α−σ)/2 Xa

α(u)Ha
σ(g).

In particular the same right side bounds Ya
α(Ba(u, v)). The constant depends only on L, T, α, σ,

and the stencil of Na; it does not depend on the mesh, the fields, the coupling, or any probability law.
The estimate includes t = 0, all translations in the stencil, and every first difference. For a ≤ 1 it
follows from heat kernel estimates uniformly in a; the finitely many lattices with 1 < a ≤ L/4
are included by a finite maximum.

Proof. We first assume a ≤ 1. The horizon T is the same in the norms and in Lemma 16.1;
every heat time below is t − s ∈ [0, T], so the heat estimates are used only on this
fixed horizon, with the constant mode included. Let w(t) = t + a2, Ku = Xa

α(u), and
Kg = Ha

σ(g). By the definition of the norms, for 0 ≤ s ≤ T,

∥u(s)∥∞ ≤ Kuw(s)−α/2, ∥Dau(s)∥∞ ≤ Kuw(s)−(α+1)/2,
∥v(s)∥∞ ≤ Kgw(s)−σ/2, ∥Dav(s)∥∞ ≤ Kgw(s)−(σ+1)/2.

By (24.4), both Na(u(s), v(s)) and Na(v(s), u(s)) are bounded by CKuKgw(s)−p, where

p =
α + σ + 1

2
< 1.
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The bound for Na(u(s), v(s)) uses the displayed bound on Dav, and the bound for
Na(v(s), u(s)) uses the displayed bounds on v and Dau.

By Lemma 16.1 with zero and one difference, for either Duhamel term z,

∥z(t)∥∞ ≤ CKuKg

∫ t

0
w(s)−p ds ≤ CKuKgw(t)1−p,

∥Daz(t)∥∞ ≤ CL,TKuKg

∫ t

0
(t − s + a2)−1/2w(s)−p ds ≤ CL,T,pKuKgw(t)1/2−p.

In the last inequality we used Lemma 16.8, whose hypotheses are 0 < p < 1 and exponent
1/2 < 1. The weight of the value in Ya

α adds β = α − 1/2, and the weight of the difference
adds α; both resulting powers of w(t) equal (α − σ)/2 > 0. Their suprema on [0, T]
are bounded by (T + a2)(α−σ)/2. At t = 0 both integrals vanish. Every translation in
the stencil is an isometry and commutes with the heat semigroup and with differences.
Adding the bounds for Qa(u, v) and Qa(v, u) proves the inequality, and the triangle
inequality implies the bound for Ba. For a ≤ 1 the constant consists of the constant of
the stencil, the two heat kernel constants on the horizon T, and the constant of the scalar
convolution estimate.

It remains to include a > 1 at the fixed side L. Let

IL = {n ∈ N : 4 ≤ n < L}, an = L/n.

This finite set consists of the possible coarse lattices, and it is empty when L ≤ 4.
The formula (24.4) and its bound hold for every a > 0, since they use no smallness
of a; let Cst be the constant in that bound. For every field h, each difference satisfies
∥D±

a,jh∥∞ ≤ 2a−1∥h∥∞, since translations preserve the supremum, and the heat semigroup
contracts the supremum. Hence, for the two argument orders displayed below,

∥Na(Pa
s f , Pa

s g)∥∞, ∥Na(Pa
s g, Pa

s f )∥∞ ≤ 2Csta−1∥ f ∥∞∥g∥∞.

For either Duhamel term z, we obtain

∥z(t)∥∞ ≤ 2CstTa−1∥ f ∥∞∥g∥∞, ∥Daz(t)∥∞ ≤ 2a−1∥z(t)∥∞,

and the second inequality holds for all translated difference components. With β =

α − 1/2 > 0 and η = (α − σ)/2 > 0, the two weights of Ya
α are maximal at t = T. The

terms at t = 0 of the input norms give Ku ≥ aα∥ f ∥∞ and Kg ≥ aσ∥g∥∞. The sum of the
two output norms is then at most

4CstTa−1−α−σ
{
(T + a2)β + 2a−1(T + a2)α

}
KuKg. (24.20)

We define

Ccoarse = max
n∈IL

4CstTa−1−α−σ
n

{
(T + a2

n)
β−η + 2a−1

n (T + a2
n)

α−η
}

,

with value zero if IL is empty. It is finite and depends only on L, T, α, σ, and the stencil,
and (24.20) is at most Ccoarse(T + a2)ηKuKg on every coarse lattice. Taking the maximum
of Ccoarse and the constant for a ≤ 1 proves the lemma.
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24.5 Gauge transformations, energy, and loop observables

We next control changes of gauge, holonomies, the lattice energy, and exponential trans-
forms of bounded observables.

For a closed lattice path based at z, the holonomy of a configuration changes by
conjugation at z under a lattice gauge transformation, so only conjugation-invariant
functions of it, such as characters, are gauge invariant. For a smooth connection b and a
smooth gauge transformation k we use bk = kbk−1 − (dk)k−1, as in Definition 4.10, and
we write b|a for the field (b|a)i(x) = bi(x) obtained by restriction to the sites. The parallel
transport along a path ℓ solves H′(s) = H(s)b(ℓ(s))ℓ̇(s), H(0) = I.

Lemma 24.7. The following deterministic statements hold on the periodic lattice.

1. Let k be a smooth periodic gauge transformation and b a smooth connection. For a field A
define

Ga,k(A)i(x) = a−1 Log
(
k(x)eaAi(x)k(x + aei)

−1),

the logarithm of the lattice gauge transform of eaA by the restriction of k to the sites. On
every fixed ball {∥A∥C1

a
≤ ρ}, for sufficiently small a,

∥Ga,k(A)− Ga,k(A′)∥C1
a
≤ Ck∥A − A′∥C1

a
, ∥Ga,k(b|a)− (bk)|a∥C1

a
≤ Ck,ba.

The constants and the threshold for a depend on ρ, ∥k∥C3 , and, for the second bound, ∥b∥C2 ;
they do not depend on the mesh. For a coordinate edge from x to x + aei, the parallel transport
of b along the edge and eabi(x) differ by at most C∥b∥C1 a2 in operator norm. The products of
these matrices along a lattice path of physical length at most ℓ differ by at most Cℓ,ba, and so
do their normalized traces.

2. Let Aa and A′
a be the solutions of Theorem 24.5 for two fields A0, A′

0 on the same lattice,
compared as arrays, and let da be as there. For every 0 < s < TR, every closed lattice path
of physical length at most ℓ, and every t ∈ [s, TR], the normalized traces of the holonomies
of Ψ(n)

t (eaA0) and Ψ(n)
t (eaA′

0) along the path differ by at most CR,s,ℓda. For 0 ≤ t ≤ TR we
also have

∥Da(Aa − A′
a)(t)∥∞ ≤ CRda

{
(t + a2)−(α+1)/2 + (t + a2)−α + (t + a2)κ−1/2}.

Let λa = a−2ϕ(aAa) and λ′
a be the physical damping generators (24.8) of the two solutions.

Then ∥λa − λ′
a∥∞ ≤ C∥Da(Aa − A′

a)∥∞ and
∫ TR

0 ∥λa(t)− λ′
a(t)∥∞ dt ≤ CRda, uniformly

in a. The two damping gauge transformations k, k̃ of Lemma 24.2(6), both equal to the
identity at t = 0, satisfy ∥kx(t)− k̃x(t)∥op ≤ CRda for every site x and 0 ≤ t ≤ TR. For
a closed path based at z, the holonomies Hd(t) of the damped links eaAa(t) and HW(t) of
Ψ(n)

t (eaA0) satisfy Hd(t) = kz(t)HW(t)kz(t)−1. Consequently the based holonomy matrices
of the two Wilson flows along such a path differ by at most CR,s,ℓda for the same 0 < s < TR
and t ∈ [s, TR].
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The constants in part (2) have the dependence of Theorem 24.5, and depend in addition on s and ℓ

as indicated.

Proof. We use the operator norm for matrix products; it is equivalent to the norm on
su(2) with numerical constants.

Part (1): smooth gauge transformations. We define

ha,i(x) = k(x)k(x + aei)
−1, qa,i(x) = a−1 Log ha,i(x).

These are defined for all sufficiently small a, depending on ∥k∥C1 and a fixed margin of
the logarithm chart. We claim that ∥qa,i∥C2 ≤ Ck and

∥qa,i + (∂ik)k−1∥C1 ≤ Cka, (24.21)

where here and below Cj norms of functions depending on the parameter a are norms of
continuous functions on T3

L, taken before restriction to the sites. To verify this without
dividing a remainder by a, we set hi(u, x) = k(x)k(x + uei)

−1. Then hi(0, x) = I and
∂uhi(0, x) = −(∂ik)k−1. Taylor’s formula with integral remainder for Log hi(u, x) in u
gives (24.21), using two derivatives in u and one in x. For the bound in C2, we use instead
qa,i =

∫ 1
0 ∂u Log hi(ua, x) du with two spatial derivatives. These derivatives involve at

most three derivatives of k; since k−1 = k∗, the inverse has the same derivative bounds.
Let Bi(x) = Ad(k(x))Ai(x). The transformed link is k(x)eaAi(x)k(x + aei)

−1 =

eaBi(x)eaqa,i(x). The function

Fa(B, q) = a−1 Log
(
eaBeaq) = B + q + aKa(B, q)

has a removable singularity at a = 0, and Ka and its derivatives of fixed order are bounded
on each fixed bounded set of (B, q), for sufficiently small a. Indeed, the convergent
product and logarithm series have linear term a(B + q), all other terms carry at least a2,
and their geometric majorants can be differentiated on a smaller ball. We conclude that
Ga,k(A)i(x) = Fa(Bi(x), qa,i(x)), and the transformed links lie in the logarithm chart.

For the first bound of part (1), let A, A′ lie in the ball. Then B, DaB, and the corre-
sponding quantities for A′ are bounded in terms of ρ and k. We write

Fa(B, q)− Fa(B′, q) =
∫ 1

0
∂BFa

(
B′ + u(B − B′), q

)
(B − B′) du.

By the shifted product rule, a difference Da of this expression falls either on B − B′ or on
the coefficient under the integral. In the second case, the integral form of the chain rule
used in the proof of Lemma 24.1 bounds it by C(∥DaB∥∞ + ∥DaB′∥∞ + ∥Daq∥∞)∥B −
B′∥∞. It follows that the C1

a norm of the difference is at most Ck∥A − A′∥C1
a
. Forward and

backward differences obey the same calculation, with a backward translation in place of
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a forward one. For a sample A = b|a of a smooth connection, (24.21) in Fa = B + q + aKa

shows that Ga,k(b|a)i is the restriction of Ad(k)bi − (∂ik)k−1 + Ok,b(a) = (bk)i + Ok,b(a),
the error being of order a in continuous C1. Restriction to the sites preserves this bound
for both differences, since D+

a,j f (x) =
∫ 1

0 ∂j f (x + uaej) du and the backward difference is
the average of ∂j f over the preceding segment. This proves both bounds.

For the transport, let V(s) solve V′ = Vbi(x + sei), V(0) = I, and let E(s) = esbi(x).
The derivative of V(s)E(a − s) is V(s)(bi(x + sei)− bi(x))E(a − s), whose outer factors
are unitary. Integrating from 0 to a, we obtain

∥V(a)− E(a)∥op ≤
∫ a

0
∥bi(x + sei)− bi(x)∥op ds ≤ Ca2∥b∥C1 .

Reversed edges use inverses, and ∥V−1 − E−1∥ = ∥V − E∥. For a product of m such
factors, we replace the factors one at a time; the other factors are unitary, so the errors
add up to at most mCa2∥b∥C1 , and ma ≤ ℓ gives Cℓ,ba. A normalized trace has absolute
value at most the operator norm, so the same bound holds for traces.

Part (2): holonomies and damping gauge transformations. For skew-Hermitian X, Y,
differentiating e(1−u)XeuY in u, we find

eX − eY =
∫ 1

0
e(1−u)X(X − Y)euY du,

and hence ∥eaAe − eaA′
e∥op ≤ Ca|Ae − A′

e|; inverses satisfy the same bound. Telescoping
along a closed path with at most ℓ/a links, we obtain the bound Cℓ∥A(t)− A′(t)∥∞ for
the difference of the holonomies of the damped links. By Theorem 24.5 on [s, TR], this is
at most CR,s,ℓda. The holonomy of the Wilson flow is conjugate to the damped holonomy
at the basepoint, so the two have the same trace, and the trace bound follows.

Before the time weights are suppressed, Step 6 of the proof of Theorem 24.5 gives
exactly

∥Da(A − A′)(t)∥∞ ≤ CRda
{
(t + a2)−(α+1)/2 + (t + a2)−α + (t + a2)κ−1/2},

the three terms coming from x − x′, y − y′, and r − r′. By (24.8), the damping generator
is a linear combination of differences of A, so ∥λa − λ′

a∥∞ is at most a numerical constant
times the last display. The three negative powers have exponents (α + 1)/2, α, and
1/2 − κ, all strictly less than one. For 0 ≤ q < 1,

∫ TR

0
(t + a2)−q dt ≤

∫ TR

0
t−q dt =

T1−q
R

1 − q
,

which yields the bound on the integral of ∥λa − λ′
a∥∞, uniformly in a.
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Let k and k̃ solve k̇ = λk and ˙̃k = λ′k̃ with identity initial values. Direct differentiation
gives

d
dt
(
k−1k̃

)
= k−1(λ′ − λ)k̃,

and the outer factors are unitary. Integrating, we obtain supx∥kx(t) − k̃x(t)∥op =

supx∥I − kx(t)−1k̃x(t)∥op ≤
∫ t

0∥λ − λ′∥∞ ≤ CRda. No exponential factor depending
on the individual generators appears. For a closed path based at z, the damped links
are kxUxyk−1

y by Lemma 24.2(6), so Hd = kzHWk−1
z . Undoing the two dampings adds at

most 2∥kz − k̃z∥op ≤ 2CRda to the difference of the damped holonomies, which implies
the bound for the based holonomy matrices of the Wilson flows. Here we used that both
damping gauge transformations start at the identity.

Lemma 24.8. Write

Ea(U) =
4
a ∑

p
q(Up), Fa,p = a−2 Log Up, ∥Fa∥2

2,a = a3 ∑
p
|Fa,p|2.

There exist numerical constants ncov, rcov, c0, c, C > 0 such that the following holds for n ≥ ncov.
If |Log Up| ≤ rcov for every plaquette, then c∥Fa∥2

2,a ≤ Ea(U) ≤ C∥Fa∥2
2,a. The Wilson flow

U(t) = Ψ(n)
t (U(0)) exists for all t ≥ 0, and Ea(U(t)) is nonincreasing. If the plaquette bound

holds at a time t0, Ea(U(t0)) ≤ E0, and aE0 ≤ c0, then |Log Up(t)| ≤ rcov/2 for every plaquette
and every t ≥ t0. No smallness of E0 itself is assumed.

The normalization of Ea differs by a factor two from the lattice energy (2.2): Ea = Ea/2.
For U = eaA with A = b|a the sample of a smooth connection, Log Upij(x) = a2Fij(x) +
O(a3) and q(eX) = |X|2/8 + O(|X|4), so Ea(U) approximates (1/2)∑i<j

∫
T3

L
|Fij|2 dx =

EL(b)/2 and Ea(U) approximates EL(b); see Lemma 29.14.

Proof of Lemma 24.8. By Lemma 5.1, on the principal chart of the plaquette variables,
|Log Up|2/(2π2) ≤ q(Up) ≤ |Log Up|2/8. Since ∥Fa∥2

2,a = a−1 ∑p|Log Up|2, we may take
c = 2/π2 and C = 1/2. We choose any numerical 0 < rcov < 1 and take ncov = 4.

On a fixed lattice the configuration space is a compact manifold and the Wilson vector
field is smooth, so its flow exists for all times by the standard theorem on smooth vector
fields on compact manifolds: a solution on a maximal interval with a finite endpoint
would, by the bounded speed, have a limit at that endpoint, from which it could be
continued. Along the flow,

d
dt
Ea(U(t)) = −16

a3 ∥∇EW(U(t))∥2
2 ≤ 0, EW = ∑

p
q(Up), (24.22)

since Ea = 4EW/a and U(t) moves with velocity −(4/a2)∇EW . An added gauge velocity
contributes zero to this derivative, since EW is invariant under lattice gauge transforma-
tions at the link endpoints. Under the assumptions at t0, each nonnegative plaquette



24 Local Wilson flow and continuum solutions § 24.5 25

term satisfies q(Up(t)) ≤ aE0/4 for t ≥ t0. We fix 0 < c0 ≤ 2(1 − cos(rcov/4)). Then
q(Up(t)) < 1 − cos(rcov/4). Since q(U) = 1 − cos(ρG(U)/2) and this function is strictly
increasing for 0 ≤ ρG(U) ≤ 2π, we obtain ρG(Up(t)) < rcov/2. These plaquette variables
avoid −I, and their principal logarithms have norm ρG(Up(t)) < rcov/2. This argument
uses only the energy of the compact configuration; it requires no representative with
small link variables and no curvature estimate at later times, and E0 may be large.

Lemma 24.9. Let W = (Wi)
m
i=1 and W ′ = (W ′

i )
m
i=1 be random vectors in Rm on a common

probability space with |Wi|, |W ′
i | ≤ 1. For a number U ≥ 0 and u ∈ Cm with ∑i|ui| ≤ U,∣∣Eeu·W − Eeu·W ′ ∣∣ ≤ eUU E∥W − W ′∥∞.

More generally, for every event O,∣∣Eeu·W − Eeu·W ′ ∣∣ ≤ eUU E
[
∥W − W ′∥∞1Oc

]
+ 2eUP(O).

For real u with ∑i|ui| ≤ U, Eeu·W ≥ e−U. Let U∗ > 0 satisfy eU∗ − 1 < 1/2. On the complex
neighborhood V = {u : ∑i|ui| < U∗}, the transform Eeu·W has an analytic logarithm vanishing
at u = 0, and if a sequence of such transforms converges uniformly on compact subsets of V , then
every partial derivative of fixed order of their logarithms converges uniformly on compact subsets
of V . For characters of representations of dimensions di, the same statements hold with the bounds
|Wi|, |W ′

i | ≤ di and with ∑i|ui| replaced by ∑i di|ui|.

Proof. The segment from W to W ′ stays in the unit cube. For complex u with ∑i|ui| ≤ U,
by the fundamental theorem of calculus we have

∣∣eu·W − eu·W ′ ∣∣ ≤ ∫ 1

0
eRe(u·((1−v)W+vW ′)) ∑

i
|ui||Wi − W ′

i | dv ≤ eUU∥W − W ′∥∞.

Taking expectations, we obtain the first bound. On O each of the two integrands has
modulus at most eU, which gives the second bound. For real u the integrand is at least
e−U.

Since the observables are bounded, the exponential series and each of its derivatives
converge uniformly on bounded sets of u, so M(u) = Eeu·W is entire. Moreover |M(u)−
1| ≤ e∑i|ui| − 1, which is less than 1/2 on V . Hence

log M(u) = ∑
m≥1

(−1)m+1

m
(

M(u)− 1
)m

converges uniformly on V and vanishes at the origin. Integrating 1/w along the segment
between two points of the disc {|w − 1| < 1/2} shows that the logarithms of two such
transforms differ by at most twice the difference of the transforms. In particular, uniform
convergence of transforms on a compact subset of V implies uniform convergence of
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their logarithms there. For a multi-index ν and a compact set in V , we choose closed
polydiscs of radii ρj > 0 around its points lying in a compact subset of V . The Cauchy

integral formula bounds the difference of the derivatives ∂ν at the center by ν! ∏j ρ
−νj
j

times the supremum of the difference of the logarithms on the distinguished boundary,
and the convergence of derivatives follows. For characters of dimensions di, the same
calculation applies with ∑i|ui| replaced by ∑i di|ui| and the bound 1 replaced by di.

24.6 Smooth solutions of the Yang–Mills heat flow

In this subsection we work on the trivial periodic SU(2) bundle over T3
L. For an integer

r ≥ 1 let Ar = Cr(T3
L; su(2)3), with the norm ∥b∥Cr given by the maximum of all

component derivatives of order at most r; replacing it by their finite sum changes only
constants depending on r. We write A∞ = AL for the smooth connections. The Yang–
Mills heat flow ∂t Ai = ∑j DjFji = −(d∗AF)i and its semigroup Φ on smooth periodic
gauge orbits are as in Definition 4.10. The DeTurck equation is

∂tbi = ∆bi + ∑
j

{
2[bj, ∂jbi]− [bj, ∂ibj] + [bj, [bj, bi]]

}
, (24.23)

and we write its right side as ∆b +N (b), with N = N2 +N3 the sum of its quadratic
and cubic parts. A mild solution on [0, d] is a path b ∈ C([0, d];Ar) with b(t) = Ptb0 +∫ t

0 Pt−sN (b(s)) ds, where Pt is the continuum heat semigroup acting on each component.

Inputs from the literature. We use the following deterministic statements; page numbers
refer to the arXiv versions cited. These papers work on the unit torus with a compact Lie
group and the trivial bundle, and SU(2) is allowed.

(C1) [43, Definition 3.13, pp. 24–25, and Theorem 3.14, p. 25]. For every initial connection
in H1 there exists a unique solution of the Yang–Mills heat flow in the following
class: it is continuous with values in H1, its curvature F(t) lies in H1 for t > 0,
it has a strong L2 time derivative equal to −d∗AF, its curvature is bounded in L∞

on compact intervals of positive times, and t3/4∥F(t)∥∞ is bounded near t = 0.
Smooth initial data give a solution that is smooth up to t = 0. The proof of this
theorem [43, Appendix B, p. 58] obtains existence from Charalambous and Gross
[47, Theorem 2.5] or Råde [139, Theorem 1], uniqueness from [47, Theorem 9.15],
and smoothness for smooth data from [139, Theorem 1]; on the torus the boundary
conditions of Charalambous and Gross are vacuous.

(C2) [42, Theorem 1.2 and Lemma 1.3, p. 3]: local existence and uniqueness of smooth
solutions of the DeTurck equation for smooth periodic initial data.

(C3) [42, Lemma C.3, p. 56]: for f ∈ Cq, with q ≥ 0 an integer, ∥Pt f ∥Cq ≤ ∥ f ∥Cq and
∥Pt f ∥Cq+u ≤ Cut−u/2∥ f ∥Cq for u > 0 and 0 < t ≤ 1.
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(C4) [42, Lemma C.2, p. 55]: ∥N2(b)∥Cq ≤ Cq∥b∥Cq∥b∥Cq+1 and ∥N3(b)∥Cq ≤ Cq∥b∥3
Cq ,

and, with Mq = max(∥b∥Cq , ∥c∥Cq),

∥N2(b)−N2(c)∥Cq ≤ Cq
{

Mq∥b − c∥Cq+1 + Mq+1∥b − c∥Cq
}

,

∥N3(b)−N3(c)∥Cq ≤ CqM2
q∥b − c∥Cq .

(C5) [42, (C.9) and Corollary C.6, p. 58; Lemmas C.12 and C.13, p. 61]: for a smooth
initial datum and 0 < T ≤ 1, a fixed point in C([0, T]; C1) of the Duhamel map
(C.9) belongs to C([0, T]; Cq) for every q and is a smooth solution of the DeTurck
equation on [0, T); conversely, a smooth solution satisfies the Duhamel equation on
each closed subinterval [0, T′] with T′ < T.

All connections to which we apply these statements are smooth periodic connections on
the trivial SU(2) bundle, and hence belong to H1. The statements are transferred from
the unit torus to T3

L by

b̃(y) = Lb(Ly), t̃ = t/L2, F̃b(y) = L2Fb(Ly), E1(b̃) = LEL(b).

Differentiating the first formula shows that both evolution equations are preserved under
this change of variables, and Cj norms change by the factors L1+m, 0 ≤ m ≤ j. Constants
may depend on L; no coupling is rescaled. With the convention of Definition 4.10, our
gauge transformation k corresponds to k−1 in [43, (1.1), p. 2]; the statements (C1)–(C5)
involve no gauge transformation, and all gauge calculations below use our convention.
The local estimates in Cr, the removal of the gauge fixing, and the construction of the
neighborhoods in the following theorem are proved here.

Theorem 24.10. The following statements hold.

1. For every integer r ≥ 1 and R < ∞ there exists d = d(r, R, L) > 0 such that, for every b0 ∈
Ar with ∥b0∥Cr ≤ R, the equation (24.23) has a unique mild solution D·b0 ∈ C([0, d];Ar)

(here Dt denotes the solution map, not a covariant derivative), and, for two such initial data,

sup
t≤d

∥Dtb0∥Cr ≤ 2(R + 1), sup
t≤d

∥Dtb0 − Dtb′0∥Cr ≤ 2∥b0 − b′0∥Cr .

If b0 is smooth, then, after reducing d once if necessary (depending only on r, R, and L),
the solution is the restriction to [0, d] of a smooth solution on [0, 2d). If b is such a smooth
solution, then the solution k of

∂tk = −k d∗b = k ∑
i

∂ibi, k(0) = I,

is a smooth periodic gauge transformation, and b(t)k(t) = Φt(b0). Finally, for every integer
q ≥ 0 there exists a polynomial Pq,L with nonnegative coefficients such that every smooth
periodic gauge transformation k with B = Ak, for smooth connections A and B, satisfies

∥k±1∥Cq+1 ≤ Pq,L
(
1 + ∥A∥Cq + ∥B∥Cq

)
.
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2. For every integer r ≥ 1, every finite horizon T > 0, and every set K ⊂ A∞ that is compact
in the Cr topology, there exist a Cr-open neighborhood U of K , a finite open cover (Uλ)

of U , and a partition 0 = t0 < · · · < tQ = T with the following property. For every
smooth b0 ∈ Uλ there exist smooth solutions bλ,i(s; b0), 0 ≤ s ≤ ti+1 − ti, of (24.23), with
bλ,0(0; b0) = b0, and smooth periodic gauge transformations kλ,i that do not depend on
b0 ∈ Uλ, such that

bλ,i+1(0; b0) = bλ,i(ti+1 − ti; b0)
kλ,i , [bλ,i(s; b0)] = [Φti+s(b0)].

The numbers of cover members and of intervals, the Cr bounds of the bλ,i, and their Lipschitz
constants as maps from Uλ, with the Cr norm, to C([0, ti+1 − ti];Ar) are finite and uniform
on U . For every q, the Cq norms of the finitely many k±1

λ,i are bounded. These constants
depend on L, T, r, K , and the construction, and on q where indicated; they do not depend
on any coupling, lattice mesh, lattice side, M, or J.

3. Fix an integer r ≥ 3 and a finite horizon T > 0, and let b0, b′0 be smooth. As b′0 → b0 in Cr,
or b′0 → bh

0 in Cr for a fixed smooth time-independent gauge transformation h, every finite
vector of values Wℓi,χi,t of loops and characters along the trajectory of b′0, and the energies
EL(Φtb′0), converge to the corresponding quantities for b0 uniformly for t ∈ [0, T], and

sup
0≤t≤T

inf
k∈C∞(T3

L;SU(2))
∥Φtb0 − (Φtb′0)

k∥∞ −→ 0.

The map b0 7→ ([Φtb0])t>0 from the smooth connections, with the Cr topology, to (XL, TW)

is continuous, and hence Borel. The energy is nonincreasing along the flow, and

EL(Φtb0) ≤ EL(b0) ≤ CL3(K1 + K2
1)

2, K1 = ∥b0∥C1 .

4. If K is a set of smooth connections that is compact in the C3 topology, then there exist a
neighborhood U as in part (2) with r = 3 and η > 0 such that every smooth connection at
C3 distance less than η from K lies in U . In particular, smooth connections approaching
K in C3 eventually lie in U ; no assumption on the closure of the approximating family is
needed.

In part (2), the members Uλ of the cover are neighborhoods of initial data, while the
index i labels time intervals; the construction is not a chart on the space of gauge orbits.
On one member of the cover, the representative of the trajectory is obtained by alternating
local solutions of the DeTurck equation and fixed gauge transformations:

b0 = c0
Dh0−−−→ Dh0c0

(·)k0
−−−→ c1

Dh1−−−→ Dh1c1
(·)k1
−−−→ c2 −→ · · · −→ cQ−1

DhQ−1−−−−→ DhQ−1cQ−1,
(24.24)

where hi = ti+1 − ti and ci represents the orbit at time ti.
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Proof. We first prove the local estimates in Cr and identify smooth solutions with the
solutions of (C2) and (C5). Next we remove the gauge fixing and prove the bounds on
gauge transformations. The neighborhoods of part (2) are then constructed around one
reference trajectory, by propagating errors through (24.24), and finally around a compact
family. The remaining steps prove parts (3) and (4).

Step 1: the local solution map in Cr. By the product rule and |[X, Y]| ≤ |X||Y|, for r ≥ 1
and ∥b∥Cr , ∥c∥Cr ≤ S,

∥N (b)∥Cr−1 ≤ Cr(S2 + S3), ∥N (b)−N (c)∥Cr−1 ≤ Cr(S + S2)∥b − c∥Cr . (24.25)

Indeed, for |ν| ≤ r − 1, ∂ν[bj, ∂kbi] = ∑µ≤ν (
ν
µ)[∂

µbj, ∂ν−µ∂kbi], and both factors involve at
most r derivatives. For the cubic brackets, we distribute ν over the three factors. For
differences, we replace one factor at a time by the corresponding factor of b − c and
keep the other factors at b or c. The constants depend only on r and the conventions for
directions and su(2); these formulas also give the estimates (C4).

By (C3), after the rescaling to T3
L, for 0 < h ≤ min(1, L2),

∥Ph f ∥Cr ≤ ∥ f ∥Cr , ∥Ph f ∥Cr ≤ Cr,Lh−1/2∥ f ∥Cr−1 .

The heat semigroup is strongly continuous at zero in Cr: each derivative of order at most
r is continuous and periodic, and convolution with the positive approximate identity
converges uniformly to it. For a continuous path f with values in Cr−1 and bounded by K,
the heat convolution

∫ t
0 Pt−s f (s) ds has Cr norm at most 2Cr,L

√
t K. It is also continuous

with values in Cr, including at t = 0. To see this, we split off the upper part of the
integral, of length η, whose norm is at most 2Cr,L

√
η K. On the remaining interval the

heat times are bounded below, so the kernel and all derivatives needed are continuous
and bounded, and dominated convergence applies. We then let η → 0.

For R ≥ 0 we set S = 2(R + 1) and use the Banach space C([0, 2d];Ar) with the
supremum norm. On its closed ball of radius S, we consider

Mb0(b)(t) = Ptb0 +
∫ t

0
Pt−sN (b(s)) ds.

We choose d > 0 such that 2d ≤ min(1, L2) and

2Cr,LCr
√

2d (S2 + S3) ≤ S − R, 2Cr,LCr
√

2d (S + S2) ≤ 1
2 . (24.26)

These choices depend only on r, R, and L. By (24.25), the map preserves the ball and is a
contraction with constant 1/2. Its iterates converge, since successive differences form a
geometric series. Subtracting the fixed-point equations for two initial data, we find

sup
t≤2d

∥Dtb0 − Dtb′0∥Cr ≤ ∥b0 − b′0∥Cr + 1
2 sup

t≤2d
∥Dtb0 − Dtb′0∥Cr ,
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which implies the Lipschitz bound with constant two; the ball gives the size bound. Any
two mild solutions in Cr are bounded on a common compact interval. On an interval of
length h, by (24.25), their difference is at most C

√
h times its supremum when the initial

values agree. Choosing h so that this coefficient is less than one and restarting the mild
equation by the semigroup property, finitely many intervals give uniqueness. (If R < 0
there are no initial data, and any choice made for R = 0 will do.)

Step 2: smooth initial data. Let b0 be smooth. The solution just constructed is a fixed
point in C([0, 2d]; C1) of the map (C.9) of [42, p. 58], and the time 2d corresponds to a
unit-torus time at most one. By (C5) it belongs to C([0, 2d]; Cq) for every q and is a smooth
solution on [0, 2d); conversely, a smooth solution satisfies the mild equation on every
closed subinterval of its interval of definition. The local smooth existence and uniqueness
of (C2) describe the same solution. Restriction to [0, d] leaves a smooth solution beyond
the right endpoint, which is used at the endpoints of the intervals below.

Step 3: removal of the gauge fixing. Let v = ∑i ∂ibi = −d∗b. Expanding the curvature
and the covariant derivatives gives

∆b +N (b) = −d∗b Fb + dbv. (24.27)

Indeed, in components ∑j DjFji has linear part ∆bi − ∂iv, quadratic part [v, bi] +

2 ∑j[bj, ∂jbi]− ∑j[bj, ∂ibj], and cubic part ∑j[bj, [bj, bi]], and adding (dbv)i = ∂iv + [bi, v]
cancels the two terms −∂iv and [v, bi].

At every point, we solve k̇ = kv, k(0) = I. The ordered integral series converges on
each finite interval on which b is smooth. Its spatial derivatives also converge: after any
fixed number of derivatives, their absolute majorant is a polynomial in the index of the
iterated integral times the same factorially convergent series, with constants from finitely
many derivatives of v. It follows that k is smooth in space and time. Its coefficient is
traceless and skew-Hermitian, and differentiating kk∗ and det k shows that k ∈ SU(2).
Uniqueness for the matrix integral equation and periodicity of v give periodicity of k.

For a time-dependent gauge transformation, we set λ = k̇k−1. Differentiating the
gauge action, we find

∂t(bk) = Ad(k)∂tb − dbk λ. (24.28)

For example, the derivative of −∂ik k−1 is −∂iλ − [λ, ∂ik k−1], and combining it with the
derivative [λ, kbik−1] + Ad(k)∂tbi of kbik−1 gives the covariant term. Since k̇ = kv, we
have λ = Ad(k)v, and the covariance Ad(k)dbv = dbk Ad(k)v cancels the last term of
(24.27). Hence bk solves the Yang–Mills heat flow with initial value b0.

The initial datum is a smooth periodic connection on the trivial SU(2) bundle, so (C1)
applies, and the global solution is smooth up to t = 0. The connection bk belongs to
the same solution class on the interval where it is defined: it is smooth on a compact
initial time interval, its strong time derivative is given by the equation, and its curvature
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is bounded there, which also bounds t3/4∥F(t)∥∞ near zero. Uniqueness in (C1) implies
that b(t)k(t) = Φt(b0).

Step 4: fixed gauge transformations. For a smooth time-independent gauge trans-
formation h, differentiating the gauge formula, we find F(Ah) = Ad(h)F(A) and
dAh Ad(h)z = Ad(h)dAz. In particular, a fixed gauge transformation maps smooth
solutions of the Yang–Mills heat flow to smooth solutions, and by the uniqueness in (C1)
we have Φt(Ah) = Φt(A)h. Time translation and uniqueness give the semigroup property.
These two consequences identify the orbits on successive intervals below.

If B = Ak, rearranging the formula for the gauge action in our convention, we obtain

∂ik = kAi − Bik, ∂ik−1 = k−1Bi − Aik−1. (24.29)

The norms of order zero of k and k−1 are fixed. Applying ∂ν to the first identity, we
obtain

∂ν∂ik = ∑
µ≤ν

(
ν

µ

)(
(∂µk)(∂ν−µ Ai)− (∂µBi)(∂

ν−µk)
)
.

By induction on |ν| ≤ q, all derivatives of k of order at most q + 1 are bounded by a
polynomial with nonnegative coefficients in 1 + ∥A∥Cq + ∥B∥Cq . The second identity
gives the same bound for k−1, after enlarging the polynomial. This defines Pq,L; no
normalization at a point is needed. For a fixed k, the identity Ak − Bk = k(A − B)k−1

and the Leibniz rule give a Lipschitz bound in Cr for the action of k, involving at most r
derivatives of k. The inhomogeneous term of the action involves at most r + 1 derivatives
of k.

Step 5: a neighborhood of one reference trajectory. Fix a smooth reference b∗ ∈ K . By
(C1), A∗(t) = Φtb∗ is smooth on [0, T]; we set

R∗ = 1 + sup
t≤T

∥A∗(t)∥Cr < ∞.

We choose a partition whose lengths hi = ti+1 − ti are at most d(r, R∗, L). On the ith
interval, let b∗i (s) be the solution of the DeTurck equation started from A∗(ti). By Step 3
and the semigroup property, there exists a smooth periodic gauge transformation k∗i (s)
with (b∗i (s))

k∗i (s) = A∗(ti + s). For each i < Q − 1 set ki = k∗i (hi). These fixed gauge
transformations depend only on the reference and the partition, and they map the
right endpoints exactly: (b∗i (hi))

ki = A∗(ti+1). They and their inverses have bounded
derivatives of every fixed order, by smoothness and compactness, or quantitatively by
(24.29).

Let Li ≥ 1 be a Lipschitz constant in Cr for the action of ki, and set K0 = 1 and
Ki+1 = 2LiKi. We fix ρ∗ > 0 so small that Kiρ∗ < 1/2 for every i. For b0 in the open ball
∥b0 − b∗∥Cr < ρ∗ define successively

c0(b0) = b0, bi(s; b0) = Dsci(b0), ci+1(b0) =
(

Dhi ci(b0)
)ki , (24.30)
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as in (24.24). By induction, ∥ci(b0)− A∗(ti)∥Cr ≤ Ki∥b0 − b∗∥Cr < 1/2. Indeed, ci(b0) lies
in the ball of radius R∗, the local solution map has Lipschitz constant two by Step 1 and
maps A∗(ti) to b∗i , and the fixed gauge transformation ki then contributes the factor Li.
This proves the induction step, and it shows that every map in (24.30) is defined on the
whole ball. Arguing in the same way for two data in the ball, we obtain

∥ci(b0)− ci(b′0)∥Cr ≤ Ki∥b0 − b′0∥Cr , sup
s≤hi

∥bi(s; b0)− bi(s; b′0)∥Cr ≤ 2Ki∥b0 − b′0∥Cr .

The solutions on the intervals have Cr norm at most 2(R∗ + 1). For smooth initial data
all the solutions bi and all the transformed endpoints are smooth.

On the first interval, Step 3 shows that b0(s; b0) represents the orbit of Φs(b0). If the
right endpoint of the ith interval represents [Φti+1b0], then the fixed gauge transformation
ki preserves this orbit, and by Step 3, Step 4, and the semigroup property the next
solution represents [Φti+1+sb0]. By induction, the orbit identity holds on every interval.
This argument provides, for each interval, a smooth periodic gauge transformation
relating the representative to the Yang–Mills heat flow; no continuous choice of such
gauge transformations in b0 is needed.

Step 6: compact families. The open balls of Step 5 around the points of K cover K . By
compactness in Cr finitely many of them suffice; let U be their union and let these balls
be the Uλ. We take maxima of the finitely many bounds and Lipschitz constants; for each
q, the finitely many fixed gauge transformations and their inverses have a finite maximal
Cq norm. To obtain one partition for all members of the cover, we take the union of the
finitely many partitions. When a new time subdivides an interval, we restrict the solution
and translate its time origin; it still solves the autonomous DeTurck equation. We use the
identity gauge transformation at each new endpoint and keep the original fixed gauge
transformation at each old endpoint. The recursion, the orbit identities, and all bounds
persist, and the number of intervals remains finite. This proves part (2). Only the finitely
many references, their smooth trajectories, the fixed gauge transformations, and the local
constants in Cr enter the dependence of the constants. Compactness in Cr is not used to
bound higher derivatives of the whole family.

Step 7: observables and continuity. Let r ≥ 3 and let smooth b′0 → b0 in Cr. We use one
member of the cover containing b0. All sufficiently close data lie in it, and by the bounds
of Step 5 the representatives on each interval converge in Cr uniformly in time. For two
representatives b, c and a piecewise C1 loop ℓ, we subtract their transport equations in a
fixed unitary representation ϱ. By the variation-of-constants argument of Lemma 24.7(1),
we have

∥Holℓ(b)− Holℓ(c)∥op ≤ Cϱ length(ℓ)∥b − c∥∞,

where Cϱ is the norm of the differential of ϱ, a linear map on the finite-dimensional Lie
algebra. Taking the trace costs at most the dimension of ϱ. By gauge invariance, these
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characters coincide at the endpoints of the intervals with the characters of the Yang–Mills
heat flow. We conclude that every finite vector of loop and character values converges
uniformly on [0, T].

On a bounded set in C1, by the formula for the curvature, we have

∥Fb − Fc∥∞ ≤ C(1 + ∥b∥C1 + ∥c∥C1)∥b − c∥C1 , ∥Fb∥∞ ≤ C(∥b∥C1 + ∥b∥2
C1).

Using ||X|2 − |Y|2| ≤ (|X|+ |Y|)|X −Y| and integrating over the volume L3, the energies
of the representatives converge uniformly. By gauge invariance they are the energies of
the Yang–Mills heat flow, also at the endpoints of the intervals.

To check the convergence of the orbit infimum without using any later result on
metrics, we write the two representatives at time t as b = (Φtb0)

h and c = (Φtb′0)
h′ for

smooth periodic gauge transformations h, h′. We apply h−1 to both. The inhomogeneous
terms cancel in the difference, and the linear part is a pointwise isometry, so

∥Φtb0 − (Φtb′0)
h−1h′∥∞ = ∥b − c∥∞.

The infimum in part (3) is at most this quantity, and the bounds are uniform in t, which
implies the uniform limit. If instead b′0 → bh

0 for a fixed smooth time-independent h, first
use Φt(bh

0) = Φt(b0)
h from Step 4; characters, energies, and the infimum take the same

values.
By the global smooth semigroup of (C1), t 7→ [Φtb0] is a compatible trajectory at

positive times, that is, a point of XL. Each function Wℓ,χ,t that generates TW is a continuous
function of b0 by what we have just proved. Since TW is the weakest topology for which
these functions are continuous, the trajectory map is continuous; preimages of open sets
are open, so it is Borel. No completeness or separability of a metric on orbits enters this
argument.

Step 8: the energy. For a smooth solution of the Yang–Mills heat flow, differentiation
and periodic integration by parts give

d
dt

EL(A) = 2 ∑
i<j

∫
⟨Fij, Di Ȧj − Dj Ȧi⟩ dx

= −2 ∑
i

∫ 〈
∑

j
DjFji, Ȧi

〉
dx = −2 ∑

i

∫
|Ȧi|2 dx ≤ 0.

The integration by parts for the brackets uses the invariance of the inner product, and
periodicity eliminates boundary terms. The bound on ∥Fb∥∞ in Step 7 at t = 0 then
implies EL(b0) ≤ CL3(K1 + K2

1)
2.

Step 9: approximation of a compact family. Let K be compact in C3 and consist of
smooth connections, and apply part (2) with r = 3. For each point of K , we choose a
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ball around it contained in U , cover K by finitely many of the balls with half these radii,
and let η be smaller than half the least chosen radius. Every point within η of K then
lies in one of the original balls, hence in U . Smooth connections approaching K in C3

eventually lie in U .

24.7 Modified plaquette actions

In this subsection c ≥ 0 is a parameter of the action. For a fixed upper bound C0 ≥ 0 and
0 ≤ c ≤ C0 set

Ac(U) = ∑
p∈Pn

{
q(Up) + c q(Up)

2}, Ψ(n,c)
t = ΦAc

4t/a2 , a = L/n,

where ΦAc is the flow of −∇Ac for the product metric of Section 24.1. In particular
Ψ(n,0) = Ψ(n), and these are the flows of Theorem 2.6. The vector field is smooth on the
compact configuration space, so its flow exists for all times, as for the Wilson flow. Since
the action is gauge invariant and the metric is invariant under gauge transformations,
the flow commutes with lattice gauge transformations.

The Taylor expansion of q(Up)2 in link logarithms starts in degree four, so its force
begins in degree three. The linear operator and the bilinear map of the damped equation
are unchanged, and the modified flows have the same flow data. On every fixed bounded
C1

a ball, the plaquette logarithms are O(a2) and the added physical force is O(a3), by
(24.34) below. In Theorem 24.12 we use this factor near rough initial data by measuring
the difference of the solutions in a norm with a slightly weaker time weight, which leaves
a positive power of the mesh.

Lemma 24.11. Let C0 ≥ 0, and use the stencil, J , the gauge velocity, Na, and R3 of Lemma 24.2.
Decreasing r∗ if necessary, depending only on the stencil, the following holds. The damped equation
for Ac, obtained as in Lemma 24.2(3) with ∑p q(Up) replaced by Ac and the same gauge velocity,
is, for a∥A∥∞ ≤ r∗,

∂t A = ∆a A +Na(A, A) + Fa(A) + Ea,c(A), Fa(A) = a−3R3(aA). (24.31)

For 0 ≤ c ≤ C0 and 0 < a ≤ 1, the following statements hold uniformly in the mesh and the
volume.

1. Ea,c(A) = a−3Ec(aA), where Ec is a local analytic map whose Taylor coefficients vanish
through degree two; after rescaling, its term of degree m carries the factor am−3, m ≥ 3. If
M = ∥A∥∞ and aM lies in a fixed smaller ball, then for every j ≥ 0

∥DjEa,c(A)[V1, . . . , Vj]∥∞ ≤ Kj,C0

{
M3−j, 0 ≤ j ≤ 3,

aj−3, j > 3,
·

j

∏
r=1

∥Vr∥∞, (24.32)
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with the usual conventions for j = 0 and M0. In particular,

∥Ea,c(A)∥∞ ≤ KC0 M3, ∥Ea,c(A)− Ea,c(B)∥∞ ≤ KC0

(
∥A∥2

∞ + ∥B∥2
∞
)
∥A − B∥∞.

2. All forward and backward differences obey the composition rule of Lemma 24.1, with the
exact lattice translations: for m ≥ 1,

∥Dm
a Ea,c(A)∥∞ ≤ Km,C0

m

∑
j=1

bj(M, a) ∑
ν1+···+νj=m

νr≥1

j

∏
r=1

∥Dνr
a A∥∞, (24.33)

where bj(M, a) = M3−j for j ≤ 3 and bj(M, a) = aj−3 for j > 3. For two fields in the same
smaller ball, with M = max(∥A∥∞, ∥B∥∞),

∥Da(Ea,c(A)− Ea,c(B))∥∞ ≤ KC0

{
M2∥Da(A − B)∥∞

+ M(∥Da A∥∞ + ∥DaB∥∞)∥A − B∥∞
}

.

3. For A in the smaller ball,

∥Ea,c(A)∥∞ ≤ KC0 a3(∥Da A∥∞ + ∥A∥2
∞
)3. (24.34)

Consequently Ea,c(A) = OC0,ρ(a3) on {∥A∥C1
a
≤ ρ}.

The constants depend only on the stencil, the margin of the smaller ball, the orders, and C0, and
not on L, n, the coupling, or any probability law. Part (6) of Lemma 24.2 holds for (24.31) with
Ψ(n,c) in place of Ψ(n), with the same damping equation, started at the identity.

Proof. We first compute the added force exactly on the group, then bound it with
Lemma 24.1, prove the bound (24.34) from the size of the plaquette logarithms, and
identify the flow.

Let e be a positive link and p a plaquette containing it. We vary Ue to eεXUe. If P is
the product preceding the entry of e in the oriented plaquette word, then

d
dε

Up(ε)
∣∣∣
ε=0

U−1
p = Bp,eX, Bp,e =

{
Ad(P), if e enters positively,

−Ad(PU−1
e ), if e enters negatively.

Each Bp,e is an isometry. Direct differentiation, with ⟨X, Y⟩ = −2 tr(XY), gives

h(V) = ∇q(V) =
V − V−1

8
, h(eX) =

sin(|X|/2)
2|X| X, ∇eq(Up) = B∗

p,eh(Up),

the quotient being continuous at X = 0. Since ∇(c q2
p) = 2c qp∇qp, the added velocity in

logarithmic coordinates, in the variable s = t/a2 and with the factor four, is exactly

Ec,e(θ) = −8cJ (θe)
−1 ∑

p∋e
q(Up(θ)) Bp,e(θ)

∗h(Up(θ)). (24.35)
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This is the additional negative-gradient velocity expressed in logarithmic coordinates:
the factor J (θe)−1 converts the velocity on the group into the logarithmic velocity, and
the Euclidean gradient in the coordinates θ is not used. The gauge velocity is unchanged.
Substituting θ = aA and s = t/a2 and multiplying by a−3, we obtain (24.31).

On a fixed small ball all functions of the finite plaquette words in (24.35) are analytic,
and Log Up = O(∥θ∥∞,p), q(Up) = O(∥θ∥2

∞,p), h(Up) = O(∥θ∥∞,p). The inverse J −1

is analytic on a smaller fixed ball. We conclude that the Taylor coefficients of (24.35)
vanish through degree two. Its Taylor series at an output link is a series in a fixed finite
stencil, and, extending the finite exponential, inverse, and trace formulas to a smaller
complex polydisc and using the Cauchy estimates there, its homogeneous part of degree
m has coefficient sum at most K1Km

2 C0. Lemma 24.1, with K0 = K1C0 and the smaller
ball chosen so that K2aM ≤ η < 1, implies (24.32), the bound on the values and their
differences, (24.33), and the estimate for the difference of two fields. In these estimates
every intermediate stencil is a convex combination of translates of the fields, hence lies in
the same ball, and no factor a−1 remains outside a difference of A.

For (24.34), note that the four entries of the plaquette pij(x) for θ = aA have sum
a2(D+

a,i Aj − D+
a,j Ai)(x). The Baker–Campbell–Hausdorff formula on the fixed ball, with

quadratic error bounded by a constant times the square of the largest entry, gives

|Log Up| ≤ Ka2(∥Da A∥∞ + ∥A∥2
∞
)
.

On the plaquette chart, |q(eX)| ≤ K|X|2 and |h(eX)| ≤ K|X|. Inserting these bounds
into (24.35), and using bounded incidence and the boundedness of J −1, we obtain
|Ec,e(aA)| ≤ KC0a6(∥Da A∥∞ + ∥A∥2

∞)3; multiplication by a−3 gives (24.34).
Finally, we remove the damping by solving the same equation for the damping gauge

transformation, started at the identity. Gauge equivariance of ∇Ac cancels the gauge
velocity exactly, as in Step 7 of the proof of Lemma 24.2. The remaining ordinary differ-
ential equation is the one that defines Ψ(n,c), and uniqueness identifies the flows. This
argument uses the force (24.35), not a truncation of it. All formulas involve boundedly
many links, which gives the stated dependence of the constants.

Theorem 24.12. Fix L > 0, 1/2 < α < 2/3, 0 ≤ R < ∞, and 0 ≤ C0 < ∞, and let
κ = 1 − 3α/2. There exist TR,C0 ∈ (0, 1/2], aR,C0 > 0, and KR,C0 < ∞ such that the following
holds for every mesh a ≤ aR,C0 , every c ∈ [0, C0], and every field A0 whose flow data, as in
Definition 24.3, satisfy ∥(xa, ya)∥fl,a ≤ R on [0, TR,C0 ]. The equation (24.31) with A(0) = A0

has a unique solution of the form

Ac
a = xa + ya + rc

a, rc
a(0) = 0, ∥rc

a∥Ra ≤ KR,C0 ,

where the remainder norm (24.13) is taken on [0, TR,C0 ]; uniqueness holds in the class of Theo-
rem 24.5. The Lipschitz bounds of Theorem 24.5 for two fields, at the same c, hold uniformly in
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c ∈ [0, C0]. These solutions represent the flows Ψ(n,c) in their damping gauges, started at the
identity.

For every fixed 0 < ε < 2 − 3α put κε = κ − ε/2 > 0 and

∥w∥Rκε
a
= sup

0≤t≤TR,C0

{
(t + a2)−κε∥w(t)∥∞ + (t + a2)1/2−κε∥Daw(t)∥∞

}
.

The time TR,C0 can be chosen independently of ε such that, for the same field A0 and uniformly in
c ∈ [0, C0],

∥Ac
a − A0

a∥Rκε
a
≤ KR,C0,εaε. (24.36)

In particular, for every fixed t0 ∈ (0, TR,C0 ], ∥Ac
a(t0)− A0

a(t0)∥C1
a
→ 0 as a → 0, uniformly in

c. The damping gauge transformations of Ac
a and A0

a, both equal to the identity at t = 0, differ by
OR,C0,ε(aε) at every site, uniformly on [0, TR,C0 ] and in c. The constants depend only on L, α, R,
C0, ε, and the stencil and chart, and not on any coupling or probability law.

Proof. The existence part repeats the contraction of Theorem 24.5 with the cubic term Fa

replaced by Fa + Ea,c. The new information is the comparison: the difference of the two
solutions satisfies a difference equation with the inhomogeneous source Ea,c(Ac

a), which
(24.34) bounds by aε times a power of t + a2 that is still integrable.

Step 1: construction. We write p = 3α/2 < 1, δ = (1 − α)/2, and v = t + a2, and let r∗
be as in Lemma 24.11. By Lemma 24.2(5), Lemma 24.1, and Lemma 24.11(1), the map
Fa + Ea,c satisfies the bounds (24.15) on {B : a∥B∥∞ ≤ r∗/2}, with a constant depending
also on C0 and uniform in c ∈ [0, C0]. Subtracting the equations for xa and ya from (24.31)
leaves the source

Na(x, y) +Na(y, x) +Na(y, y)

+Na(x, r) +Na(r, x) +Na(y, r) +Na(r, y) +Na(r, r) + (Fa + Ea,c)(x + y + r).

The linear operator and the map Na are the same as in Theorem 24.5. The five types of
quadratic sources therefore have the exponents −p, −p+ δ, −p+ δ, −p+ 2δ, and −p+ 3δ,
with the amplitudes KR2, KR2, KRS, KRS, and KS2, respectively, as in the table in Step 3
of that proof, with the arguments in the displayed order. The cubic source at r = 0 is at
most KR,C0v−p, and its Lipschitz constant in r is at most KR,S,C0v−p+2δ∥r − r′∥Ra . For the
latter, the possible term S2v3κ is bounded by this power, since 3κ − (−p + 2δ) = 4δ > 0
and v ≤ 1. Steps 3–7 of the proof of Theorem 24.5 now apply with constants depending
also on C0: the heat integral of the source at r = 0 has norm at most KR,C0 , and on a
ball of fixed radius S the contraction constant is at most KR,S,C0(2T)δ. We choose S larger
than twice the first bound, then T ≤ 1/2 such that the second is at most 1/2, and then
aR,C0 ≤ min(1,

√
T) such that

Ra1−α + Ra2−2α + Sa(2T)κ < r∗/2.
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Every candidate then stays in the ball where the estimates hold. The complete space of
remainders on a fixed lattice and the Picard iteration give the fixed point. Subtracting the
sources for two fields with distance da gives an additional source bounded by KR,S,C0dav−p,
and the contraction yields the Lipschitz bound for the same c. Uniqueness in the class
of Theorem 24.5, outside the constructed ball, also uses local Lipschitz continuity of
the finite-dimensional vector field on the full chart and follows on successive compact
subintervals as in Step 5 of that proof. After reducing aR,C0 as in Step 7, the solution
stays in the chart, and Lemma 24.11 identifies it with Ψ(n,c) in its damping gauge. The
construction applies on every shorter time interval, so TR,C0 may be decreased further
below.

Step 2: bounds on the solutions and on the added force. For v ≤ 1 the constructed
solutions satisfy

∥Ac
a(t)∥∞ ≤ Kv−α/2, ∥Da Ac

a(t)∥∞ ≤ Kv−(α+1)/2.

Indeed, the value bounds of x, y, and rc are Rv−α/2, Rv−β, and Svκ, and −β > −α/2,
κ > 0. The difference bounds are Rv−(α+1)/2, Rv−α, and Svκ−1/2; here α < (α + 1)/2
since α < 1, and κ − 1/2 + (α + 1)/2 = 1 − α > 0. By (24.34) and v−α ≤ v−(α+1)/2, we
obtain

∥Ea,c(Ac
a(t))∥∞ ≤ Ka3v−p−3/2 ≤ Kaεv−p−ε/2,

where in the last inequality we used a/
√

v ≤ 1 and ε < 2 − 3α < 3. Let pε = p + ε/2.
Then pε < 1 exactly because ε < 2 − 3α, and κε = 1 − pε.

Step 3: the comparison. For 0 < κ′ < 1 define ∥·∥Rκ′
a

as in the statement with κ′ in place
of κε; thus Rκ

a = Ra. By Lemma 24.4, for 0 < q < 1,

∥ f (t)∥∞ ≤ H(t + a2)−q =⇒
∥∥∥∫ ·

0
Pa
·−u f (u) du

∥∥∥
R1−q

a
≤ KL,qH, (24.37)

including t = 0, where KL,q = 2Cq,L is bounded uniformly for q in every interval (0, 1− δ′],
δ′ > 0.

The flow data cancel in w = Ac
a − A0

a = rc
a − r0

a, and w(0) = 0. Subtracting the two
equations and treating Ea,c(Ac

a) as an inhomogeneous source, we write the remaining
source for this difference w as L(w), so that

∂tw = ∆aw + L(w) + Ea,c(Ac
a), L(w) = Na(w, Ac

a) +Na(A0
a, w) + Fa(Ac

a)− Fa(A0
a).

Expanding Ac
a = x+ y+ rc and A0

a = x+ y+ r0, the terms of L(w) are Na(w, x), Na(x, w),
Na(w, y), Na(y, w), Na(w, rc), Na(r0, w), and the difference of Fa.

Let W = ∥w∥Rκε
a

, so that ∥w(t)∥∞ ≤ Wvκε and ∥Daw(t)∥∞ ≤ Wvκε−1/2. The quadratic
terms containing x and w have exponent −pε + δ: for instance −α/2+ κε − 1/2 = −pε + δ
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and κε − (α + 1)/2 = −pε + δ. Those containing y and w have exponent −pε + 2δ, and
those containing rc and w, or w and r0, have exponent −pε + 3δ. By (24.15) and the
value bound of Step 2 for both solutions, the difference of Fa is at most Kv−αWvκε , with
exponent −pε + 2δ. Since v ≤ 1, we obtain ∥L(w)(t)∥∞ ≤ KR,S,C0Wv−(pε−δ).

We apply (24.37) with q = pε − δ; the output is bounded in Rκε+δ
a , and multiplying by

(2T)δ bounds it in Rκε
a , since v−κε = vδv−κε−δ. The constants KL,q are bounded uniformly,

because q = pε − δ ∈ [p − δ, 1 − δ) and p − δ = 2α − 1/2 > 1/2. Hence, decreasing TR,C0

once, independently of ε, we may assume that the heat integral of L(w) has Rκε
a norm at

most W/2. We then reduce the mesh threshold so that aR,C0 ≤
√

TR,C0 for this final time.
This preserves v ≤ 2TR,C0 and the hypothesis of Lemma 24.4; both reductions depend
only on R, C0, L, and α.

For the inhomogeneous term, (24.37) with q = pε < 1 and Step 2 give the bound Kεaε

in Rκε
a . On a fixed lattice W is finite, since w is continuous, w(0) = 0, and v ≥ a2; so the

inequality W ≤ W/2 + Kεaε implies W ≤ 2Kεaε, which is (24.36). At a fixed t0 > 0, this
implies ∥w(t0)∥C1

a
≤ 2Kεaε(1 + tmin(κε−1/2,0)

0 ), which tends to zero uniformly in c.

Step 4: the damping gauge transformations. The gauge velocity is the same for all c,
so by (24.8) both damping generators are the same linear combination of differences
of the respective solutions. Their difference is bounded by 3∥Daw(t)∥∞ ≤ Kaεvκε−1/2.
Since κε − 1/2 > −1/2 and TR,C0 ≤ 1/2, the integral of vκε−1/2 over [0, TR,C0 ] is bounded
uniformly in a, so the integral of the difference of the generators is O(aε). For skew-
Hermitian generators, the variation-of-constants argument in the proof of Lemma 24.7(2)
bounds the difference of the two gauge transformations, started at the identity, by
this integral. Together with Step 1, this proves the statements on the gauges and the
identification of the flows. The choices of S, TR,C0 , and aR,C0 were made in this order and
have the stated dependence.



section 25

Consistency and continuation of the Wilson flow

This section completes the deterministic theory of the Wilson flow used in the rest of the
paper. It turns bounds on the flow data of a lattice initial potential, which the stochastic
estimates of Part VIII provide, into statements about flowed Wilson loops at fixed positive
times. Section 24 solved the damped Wilson equation on a short time interval for initial
potentials with bounded flow data (Theorem 24.5). For a compact set of smooth initial
data, it also constructed a continuation of the Yang–Mills heat flow using a finite reference
family: finitely many smooth DeTurck solutions on consecutive time intervals, joined by
fixed gauge transformations (Theorem 24.10). At a fixed mesh the Wilson flow exists for
all times, since it is the gradient flow of a smooth function on a compact manifold. The
problem is to obtain estimates in physical units that are uniform as a → 0, together with
logarithmic representatives of the flowed configuration in which these estimates hold.

We prove that every initial potential with bounded flow data can be continued to any
fixed time interval [τ, T] with τ > 0, uniformly in the mesh. We also prove that the based
holonomy matrices and the characters of flowed Wilson loops are Lipschitz functions of
the flow data (Lemma 25.9, Theorem 25.10, , and Corollary 25.11). For initial potentials
depending on finitely many real parameters, we bound two parameter derivatives of
the based holonomy matrices of the coordinate cycles uniformly in the mesh. For fixed
smooth families of initial data, we identify the limits of these matrices and their deriva-
tives (Theorem 25.13). Finally, we show that the flows of the plaquette potentials q + cq2,
0 ≤ c ≤ C0, give asymptotically the same flowed loops as the Wilson flow (Lemma 25.15).
The main tools are the consistency of the lattice vector field on smooth fields (Lemma 25.3
and Theorem 25.4), stability in C1

a near smooth solutions (Lemma 25.5), and smoothing
after a positive time together with compactness (Theorem 25.7 and Lemma 25.6).

The section contains three kinds of comparison, with different kinds of error.

40
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Comparison Hypothesis Conclusion

Wilson flow from the ex-
ponentials of a sampled
smooth solution, versus
that solution

initial link-logarithm er-
ror O(a2)

link-logarithm error O(a2);
error O(a) for loops of
bounded length

Lattice solution versus a se-
lected smooth DeTurck so-
lution

initial error η in C1
a error C(η + a) in C1

a

Two lattice solutions on
the same lattice

difference da of the flow
data

difference Cda in C1
a after

a waiting time, and in the
based holonomy matrices

Only the last comparison has no additive error in the mesh; this makes the flowed loops
Lipschitz functions of the flow data. For matrices, as opposed to characters, we must
track every gauge transformation applied at the basepoint.

Two observations organize the proofs. First, we expand the lattice vector field com-
pletely before taking the continuum limit. The contributions of the two plaquettes on
either side of a link cancel at order a2, and their common part also cancels at order
a3; what remains at order a3 is the DeTurck vector field. Second, after smoothing for a
positive time, all solutions whose flow data obey a fixed bound are uniformly close to
a compact set of smooth connections. Finitely many selected smooth DeTurck solutions
then give continuation and stability uniformly over these solutions, without assuming
that the initial potentials converge as the mesh varies. We work both in dimensionless
units, with link logarithms θ = aA and time s = t/a2, where the lattice structure is
simplest, and in physical units. Since ∂sθ = a3∂t A, a dimensionless error O(a4) is a
physical error O(a), which explains the factors a−3 below.

We use the local formulas for the Wilson vector field, the local solution, the sampled
gauge transformations, and the continuation of the smooth flow from Lemmas 24.2
and 24.7, Definition 24.3, , and Theorems 24.5 and 24.10; the estimates for the mod-
ified plaquette potential in Lemma 24.11 and Theorem 24.12; and the heat estimates
Lemmas 16.3 and 16.9. All existence statements for the continuum flow used here are
contained in Theorem 24.10, which rests on the deterministic smooth-data results of Cao
and Chatterjee [42, 43]; no result about random initial data is used. The Wilson flow
was introduced by Lüscher [128]. The damping gauge transformation that turns it into a
parabolic equation is in the spirit of the method of Zwanziger [157], DeTurck [66], and
Donaldson [76], and for the Wilson flow it is described in [128, Section 2]. The arguments
are standard parabolic ones (weakly singular Volterra estimates, a bootstrap for higher
differences, and compactness by the Arzelà–Ascoli theorem), carried out on the exact
lattice equation with constants independent of the mesh. The results are used in Sec-
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tions 28 and 29 for the convergence of flowed loops and energies and for the construction
of the limiting measure, in Section 32 for macroscopic loops in the short-distance analysis,
and in Sections 34 to 36 for holonomy matrices and their parameter derivatives at weak
coupling.

25.1 Conventions and heat estimates

Throughout this section a = L/n, with n ≥ 4, is a lattice mesh, and ΛL/a is the corre-
sponding periodic lattice. For a continuous field f on T3

L we write Sa f = f |ΛL/a for its
sample on this lattice. A link field A has components Ai(x) ∈ su(2) on the positively
oriented links (x, x + aei). We locate each component at the starting vertex x of its link,
and we write Ti for translation by aei. We write Da for any physical forward or backward
difference D±

a,j, and Dν
a for an ordered composition of such differences. In a norm, Dm

a
stands for the maximum over all ordered compositions of order m and over all link and
color components. For a composition ν we write ∂ν for the corresponding composition of
partial derivatives. As in Theorem 24.5, we use the norm

∥A∥C1
a
= ∥A∥∞ + max

j,ϵ∈{+,−}
∥Dϵ

a,j A∥∞.

Translations do not change these norms, since they permute the sites of the periodic
lattice. In dimensionless coordinates we write ∇i = Ti − I and H0 = ∑i ∇∗

i ∇i, so that
∆a = −a−2H0, and Sa

s = e−sH0 = Pa
a2s for the heat semigroup in dimensionless time. This

semigroup differs from the sampling Sa.

Flow data. As in Definition 24.3, the flow data of a lattice initial potential A0 on mesh a
are the linear heat evolution and the quadratic Picard term

xa(t) = Pa
t A0, ya(t) = Qa(xa, xa)(t) =

∫ t

0
Pa

t−rNa(xa(r), xa(r)) dr.

Here Na is the ordered bilinear map fixed in Lemma 24.2; it is not symmetric, and we
always take its arguments in the displayed order. On a time interval [0, T0] we write

∥(xa, ya)∥fl,a = Xa
α(xa) + Ya

α(ya),

with the norms of Definition 4.8 taken on [0, T0]. These norms contain the weighted first
differences, with all translated components. Differences of flow data on the same lattice
are measured by the same norms applied to the difference. Throughout, 1/2 < α < 2/3,
and we write

β = α − 1
2 , κ = 1 − 3

2 α, va(t) = t + a2.

The remainder norm of Theorem 24.5 is

∥r∥Ra = sup
0≤t≤TR

{
va(t)−κ∥r(t)∥∞ + va(t)1/2−κ∥Dar(t)∥∞

}
.
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The chart and damped representatives. Let r∗ be the radius of the link-logarithm chart
in Lemma 24.2. A potential A on mesh a lies in the chart if a∥A∥∞ < r∗. All local
analytic bounds below are used on a fixed smaller chart {a∥A∥∞ ≤ r′} with r′ < r∗, and
the corresponding constants may depend on r∗ − r′. In the chart, the damped Wilson
equation in physical units reads

∂t A = ∆a A +Na(A, A) + a−3R3(aA),

with the analytic remainder R3 of Lemma 24.2. By that lemma, a solution in the chart is
related to the Wilson flow by

eaAi(x,t) = k(x, t)
(
Ψ(n)

t U
)

i(x) k(x + aei, t)−1, U = eaA(0),

where the damping gauge transformation k solves ∂tk k−1 = a−2ϕ(aA(t)) with k(0) = I,
and ϕ is the damping parameter of Lemma 24.2. As in Section 24, we call A the damped
representative of the Wilson flow. The Wilson flow is used at physical time t, that is, at
time 4t/a2 for the vector field −∇∑p q(Up); there is no coupling factor in this conversion.
When the flow is restarted at a time t0 from a gauge-transformed configuration, the new
damping gauge transformation has value I at t0.

Constants. A constant that comes only from the finite local formulas (the finitely many
terms of Na, the analytic remainder R3, and their derivatives) depends only on the chart
radius r′ and on the order of differentiation, as in item (1) of Definition 4.14. Other
constants may in addition depend on L, on the displayed bounds, waiting times, and
horizons, and on finitely many smooth DeTurck solutions selected in the proofs; this
is the dependence described in item (7) of Definition 4.14. No constant in this section
depends on the coupling, on a probability measure, on the number of averaging steps, or
on M and J. When applying the local results of Section 24, we may decrease the chart
radius and the local existence time, and increase the minimal lattice side; we do this once,
before choosing the constants below. Every restriction a ≤ a∗ on the mesh is chosen after
the displayed data and before the particular initial potentials to which it is applied.

Lemma 25.1. Fix L, H1 > 0 and an integer q ≥ 0. The lattice heat semigroup Pa
u is positivity

preserving, preserves constants, is a contraction for the supremum norm, and commutes with
every translation and every difference. Further,

∥Dq
a Pa

u f ∥∞ ≤ Cq,H1/L2(u + a2)−q/2∥ f ∥∞, 0 ≤ u ≤ H1.

In particular, for a ≤ 1 and 0 ≤ s ≤ H1/a2,

∥Sa
s∥∞→∞ ≤ 1, ∥∇Sa

s∥∞→∞ ≤ CH1/L2(1 + s)−1/2.
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For p < 1, 0 ≤ q < 1, and ϵ > 0,∫ t

0
(r + ϵ)−p(t − r + ϵ)−q dr ≤ Cp,q(t + ϵ)1−p−q, (25.1)

and the same bound holds for ϵ = 0 and t > 0.

Proof. We have ∆a = a−2(∑i(Ti + T−1
i )− 6I). Factoring out e−6u/a2

and expanding the
exponential of the remaining sum of translations shows that Pa

u is positivity preserving
and preserves constants; in particular it is a contraction for the supremum norm. It
commutes with translations and differences, since all translations commute. For the
difference bound we apply Lemma 16.3 with equal input and output meshes, physical
horizon T = H1, and refinement ratio one. The cardinal interpolation is then the identity,
and the heat estimate of that lemma is the displayed bound for every lattice array. (Where
the lemma is used below for fixed smooth interpolants, the refinement ratio is the integer
H/a, and the horizon is the displayed finite T.) Multiplying by a and setting u = a2s, we
obtain the dimensionless bounds.

We now prove (25.1). Suppose first that p < 0. Then (r + ϵ)−p ≤ (t + ϵ)−p, and the
integral of the remaining factor is at most (t + ϵ)1−q/(1 − q), which gives the bound.
Suppose now that p ≥ 0. If t ≥ ϵ, we bound the integrand by r−p(t − r)−q and substitute
r = tv. The integral of v−p(1 − v)−q over [0, 1] is finite, as we see by bounding (1 − v)−q

by 2q on [0, 1/2] and v−p by 2p on [1/2, 1]. Since t ≤ t + ϵ ≤ 2t, we obtain the bound, and
the same argument proves the case ϵ = 0. If t < ϵ, the integral is at most tϵ−p−q ≤ ϵ1−p−q,
which is at most a constant times (t + ϵ)1−p−q because ϵ ≤ t + ϵ ≤ 2ϵ. These arguments
apply for either sign of 1 − p − q.

We use the ordered expansion of Na fixed in Lemma 24.2: a fixed finite sum of
brackets of translated components, with one physical difference in the second argument
of each bracket. Differences of brackets obey the exact product rules

D+
a,k[u, v] = [D+

a,ku, Tkv] + [u, D+
a,kv], D−

a,k[u, v] = [D−
a,ku, T−1

k v] + [u, D−
a,kv]. (25.2)

Repeated application distributes a fixed number of differences among the factors and
produces finitely many terms with bounded translations. Whenever we take differences
of a discrete nonlinearity, we use these identities and never differentiate an interpolated
product.

25.2 Consistency for fixed smooth interpolants

The first consistency statement concerns the flow data of a fixed finite family of smooth
cardinal interpolants. Such families arise in Section 28 from finite-scale reconstructions,
the fields reconstructed from finitely many RG steps. The point is that the constants do
not depend on the finer mesh on which the flow is computed.
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Lemma 25.2. Fix L, T, H > 0 with L/H ∈ N, and MH < ∞. Let f = IHv and g = IHw be
the smooth cardinal interpolants, as in Lemma 16.3, of link fields v, w on the lattice of mesh H
with ∥v∥∞ + ∥w∥∞ ≤ MH. For every mesh a = H/m with m ∈ N, set

xa = Pa
· (Sa f ), za = Pa

· (Sag), x = P· f , z = P·g.

Let N0 be the continuum bilinear map obtained from the fixed expansion of Na by replacing every
translation by the identity and every physical difference by the corresponding partial derivative.
Then

(N0(b, b))i = ∑
j

{
2[bj, ∂jbi]− [bj, ∂ibj]

}
.

Uniformly over this family of inputs and over 0 ≤ t ≤ T, the values and all first differences of
Na(xa, za) differ from the samples of N0(x, z) and of its corresponding first derivatives by at most
CH,MH ,L,T a, and the same holds for Na(za, xa) and N0(z, x). The same estimate holds for

Qa(xa, za)(t)− Sa

∫ t

0
Pt−sN0(x(s), z(s)) ds

and its first differences, and for the reversed order of the arguments. Consequently, for every
bounded finite sum f of such interpolants, the flow data of Sa f converge, after separate interpo-
lation of value and difference arrays, to the continuum pair (x,

∫ t
0 Pt−sN0(x(s), x(s)) ds) in the

four weighted uniform norms of Definition 24.3, whose weights are powers of t, and ∥(xa, ya)∥fl,a
is bounded uniformly in a. The constants are deterministic, do not depend on a, and may grow
arbitrarily as H ↓ 0. The lemma compares two discretizations of the same smooth input on the
mesh a; it does not compare the quadratic term QH on the mesh H with Qa.

The diagonal formula for N0 is the quadratic part of the DeTurck form of the Yang–
Mills heat flow, written in Theorem 24.10; compare the gauge-fixed flow of Lüscher [128,
Section 2.2]. We verify it from the lattice formula, since its sign and the factor two must
match the lattice map exactly.

Proof. Step 1: bounds on the inputs. For each integer q ≥ 0, by the bounds for cardinal
interpolants in Lemma 16.3, we have

∥ f ∥Cq + ∥g∥Cq ≤ Cq(1 + H−q)MH.

By heat contraction on differentiated smooth data, and its discrete counterpart, every
fixed spatial difference of the input fields is bounded uniformly in a and t ≤ T. Applying
Lemma 16.9 through order two, and not only through order one, we obtain

max
0≤q≤2

sup
t≤T

(
∥Dq

axa − Sa∂qx∥∞ + ∥Dq
aza − Sa∂qz∥∞

)
≤ CH,MH ,L,T a. (25.3)
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The maximum includes every ordered choice of differences; for q = 0 the stronger error
O(a2) is available. A translation by any vector of the fixed stencil changes a sampled
smooth qth derivative by at most Ca∥∂q+1x∥∞, and the same holds for z.

Step 2: the diagonal of N0. Recall that N0 is defined by the termwise replacement in the
statement. To identify its diagonal, let (Cb)ij = ∂ibj − ∂jbi and Q(b)ij = [bi, bj], extended
antisymmetrically in i, j. At zero translation the logarithms of the four factors of the
plaquette in Lemma 24.2 are bi, bj,−bi,−bj, and half the sum of their pairwise brackets is
Q(b)ij. By the adjoint formula in Lemma 24.2, we have

(C∗Q(b))i = ∑
j

∂j[bi, bj], (DQ(b)∗Cb)i = ∑
j
[bj, ∂ibj − ∂jbi].

For the second identity, note that a variation hi of bi changes [bi, bj] by [hi, bj], and
invariance of the inner product moves this bracket to [bj, (Cb)ij]. Combining the two
orientations of each plaquette, we obtain the displayed formula. Further, since d∗0(ab)/a2

tends to ∑j ∂jbj, the quadratic gauge term G2 of Lemma 24.2, divided by a3, tends to
[bi, ∑j ∂jbj]. The diagonal coefficient is therefore

−C∗Q(b)− DQ(b)∗Cb + [b, div b] =
(
∑

j

{
2[bj, ∂jbi]− [bj, ∂ibj]

})
i
,

where we used [∂jbi, bj] = −[bj, ∂jbi], and the terms [bi, ∂jbj] cancel. This verifies the sign
and the factor two without symmetrizing the ordered map.

Step 3: the nonlinearity. Every summand of Na(xa, za) is a bracket of a factor of order
zero and a factor of order one. Applying (25.2) once, we obtain factors of orders (1, 1)
or (0, 2), with the corresponding translations. By (25.3) and Step 1, each factor differs
from its continuum counterpart by O(a), and every other factor is bounded by a constant
depending on the family. Using the inequality |[u, v]| ≤ |u||v| and subtracting the two
products, we obtain the asserted O(a) errors for the values and the first differences.
Reversing the inputs replaces the factors by za, xa in the same list; their bounds through
order two and their errors are again those in (25.3), which gives the estimate for the
reversed order.

Step 4: the Duhamel integrals. Let h(t) = N0(x(t), z(t)), a uniformly bounded smooth
family at every fixed spatial order. In the value of the Duhamel integral we first replace
Na(xa, za) by Sah; by contraction this costs at most CTa. Then we replace Pa

t−rSah(r) by
SaPt−rh(r). By the general smooth-input bound of Lemma 16.9, applied separately at each
r, this costs at most CT2a2 supr ∥h(r)∥C4 . For a first difference of the integral, we commute
the difference through Pa

t−r onto the source. The replacement of the source difference by
Sa∂h costs CTa, and the heat comparison on ∂h(r) together with the comparison of DaSa

with Sa∂ cost at most CH,MH ,L,T a after integration. This order of comparisons avoids
dividing a value error by a. Replacing h by N0(z, x) gives the assertion for the reversed
order.
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Step 5: weighted norms and convergence. We first bound the flow data near time zero,
without using any convergence. Let B = ∥ f ∥∞ + ∥g∥∞. By Lemma 25.1 and the bound
∥Na(u, v)∥∞ ≤ C∥u∥∞∥Dav∥∞, we have

∥xa(t)∥∞ + ∥za(t)∥∞ ≤ B, ∥Daxa(t)∥∞ + ∥Daza(t)∥∞ ≤ CB(t + a2)−1/2,

∥Qa(xa, za)(t)∥∞ ≤ CB2
√

t, ∥DaQa(xa, za)(t)∥∞ ≤ CB2.

In the last inequality we used
∫ t

0 (t − r + a2)−1/2(r + a2)−1/2 dr ≤ π. For a fixed family
one can instead bound all input and source differences by its smooth bounds, which
also covers t = 0. Since a ≤ H and all four weights vα/2

a , v(α+1)/2
a , vβ

a , vα
a have positive

exponents, multiplying by them we obtain a bound on ∥(xa, ya)∥fl,a depending only on
the data of the family. Interpolation of each array separately is a contraction, since the
cardinal weights are nonnegative and sum to one. Because of its support radius, it has
error at most Ca∥∂F∥∞ for a smooth F. Then the uniform errors already proved imply
convergence in all four weighted uniform norms. For the quadratic Picard term we take
g = f , and for a finite sum of interpolants we use the corresponding bounded smooth
family. All constants have the asserted dependence, and QH is never compared with
Qa.

25.3 Consistency and stability for smooth initial data

We now expand the exact lattice vector field on sampled smooth potentials. This vector
field consists of the Riemannian gradient of the plaquette action for the bi-invariant
product metric and the damping term, written in logarithmic coordinates by means of
the inverse differential of the exponential. All three parts enter the term of order a3.

Lemma 25.3. Let F be the dimensionless damped logarithmic vector field of Lemma 24.2, so that
the damped Wilson equation reads

∂sθ = F (θ) = −H0θ + N2(θ) + R3(θ)

in dimensionless time s = t/a2. Let K0 > 0, and let b be a smooth periodic connection with
∥b∥C3 ≤ K0. If a is so small that K0a lies in a fixed smaller chart, then

a−3F (aSab) = Sa
{

∆b +N0(b, b) +N3(b)
}
+ OK0(a), (N3(b))i = ∑

j
[bj, [bj, bi]],

and
a−3R3(aSab) = SaN3(b) + O(a).

More generally, for every integer q ≥ 0 the errors in both identities remain O(a) after any q
physical differences, compared with the samples of the corresponding derivatives, uniformly over
families of b bounded in Cq+4. The constants depend only on q, on the smooth bounds, and on the
chart.
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Proof. Step 1: the exact vector field. For i ̸= j, let

Pij(x) = Ui(x)Uj(x + aei)Ui(x + aej)
−1Uj(x)−1, p(V)c = −2 tr(τcV),

and identify the color vector p(V) with its Lie-algebra element. For V = e f in the
plaquette chart, p(e f ) = 2 sin(| f |/2) f /| f | = f + O(| f |3). When j < i we have Pij(x) =
Pji(x)−1 and q(V−1) = q(V), so each unoriented plaquette is counted once. Varying
Ui(x) by eεwUi(x) in 4 ∑p q(Up) gives ⟨w, p(Pij(x))⟩ from the plaquette Pij(x) and

−
〈
w, Ad(Uj(x − aej)

−1) p(Pij(x − aej))
〉

from the plaquette Pij(x − aej); the second formula follows by moving the varied inverse
factor cyclically inside the trace. The negative gradient for the bi-invariant metric, in right
trivialization, is therefore

VW,i(x) = ∑
j ̸=i

{
Ad(Uj(x − aej)

−1) p(Pij(x − aej))− p(Pij(x))
}

. (25.4)

This is an identity at every configuration. By Lemma 24.2, with Ui(x) = eθi(x), the
damping parameter, the damping velocity, and the logarithmic vector field are

ϕ(x) = ∑
j

(
θj(x − aej)− θj(x)

)
,

Vg,i = ϕ(x)− Ad(eθi(x))ϕ(x + aei), Fi(θ) = J (θi)
−1(VW,i + Vg,i

)
,

(25.5)

where J (θ) = (ead θ − I)/ ad θ is the differential of the exponential in right trivialization.
Step 2: expansion of one plaquette. Let θ = aSab, that is, Ui(x) = eabi(x), and write

Fij = ∂ibj − ∂jbi + [bi, bj], v = ∑
j

∂jbj.

By Taylor expansion at x through order a3, the logarithms of the four factors of Pij(x) are

abi, abj + a2∂ibj +
1
2 a3∂2

i bj + OK0(a4),

− abi − a2∂jbi − 1
2 a3∂2

j bi + OK0(a4), −abj.

Taking the finite analytic product and the logarithm, we obtain

p(Pij(x)) = a2Fij(x) + a3Bij(x) + OK0(a4), ∥Bij∥C1 ≤ CK0 . (25.6)

Here Bij is the homogeneous coefficient of a3 in the product of the four factors, with their
logarithms replaced by the displayed jets. It is a fixed polynomial in the two-jets of b, and
its first derivative involves only three-jets. Taylor’s integral remainder for each translated
b and the analytic remainder of fourth order of the finite product are bounded by CK0 a4.
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The coefficient of a2 is Fij: these logarithms add up to a2(∂ibj − ∂jbi) modulo O(a3), and
half the sum of their pairwise brackets is a2[bi, bj] modulo O(a3), as in Step 2 of the proof
of Lemma 25.2. Replacing the logarithm by p changes the result only by OK0(a6). This
proves (25.6) without computing the polynomial Bij.

Step 3: cancellation between the two plaquettes. At the neighboring basepoint, Fij(x −
aej) = Fij(x)− a∂jFij(x) + OK0(a2) and Bij(x − aej) = Bij(x) + OK0(a), and the adjoint in
(25.4) is I − a ad(bj(x)) + OK0(a2). Subtracting the contribution of Pij(x), we obtain

VW,i(aSab) = −a3 ∑
j

(
∂jFij + [bj, Fij]

)
+ OK0(a4).

The terms of order a2 and the common terms a3Bij cancel before the inverse differential
J −1 is applied. For the damping parameter we have

ϕ = −a2v + a3w + OK0(a4), w = 1
2 ∑

j
∂2

j bj, ∥w∥C1 ≤ CK0 .

The translated terms a3w cancel in Vg, and expanding the adjoint gives Vg,i = a3(∂iv +

[bi, v]) + OK0(a4). Then the total group velocity is OK0(a3). Since J (abi)
−1 = I + OK0(a),

applying this inverse changes it only by OK0(a4). Finally,

−∑
j

(
∂jFij + [bj, Fij]

)
+ ∂iv + [bi, v] = ∆bi + ∑

j

{
2[bj, ∂jbi]− [bj, ∂ibj] + [bj, [bj, bi]]

}
,

and by Lemma 25.2 the right side is (∆b + N0(b, b) + N3(b))i. This proves the first
identity. The only condition on a is that K0a lie in a fixed smaller chart, and all spatial
remainders used at most three derivatives of b.

Step 4: the analytic remainder. By Lemma 24.2,

a−3F (aSab) = ∆aSab +Na(Sab, Sab) + a−3R3(aSab).

Central-difference consistency gives ∆aSab = Sa∆b + O(a), and the calculation of Step 3
of the proof of Lemma 25.2, applied to the smooth field b, implies that Na(Sab, Sab) =
SaN0(b, b) + O(a). Subtracting these from the first identity, we obtain the second.

Step 5: differences. For a first difference, we regard the finite sampled formula for
a−3F (aSab) as a smooth function Ba(u) of a continuous basepoint u ∈ T3

L, evaluating
every stencil entry at u + aξ instead of x + aξ for the corresponding stencil vector ξ.
Differentiating the Taylor calculation of Steps 2 and 3 in u, we find that ∂kBa differs from
∂k{∆b +N0(b, b) +N3(b)} by O(a), since this calculation uses one additional bounded
spatial derivative of b. Using the exact identity

D+
a,kBa(x) =

∫ 1

0
∂kBa(x + raek) dr
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we compare the difference with the sampled continuum derivative, at error O(a); for a
backward difference we integrate over x − raek instead. Repeating this argument at a
fixed order q, we obtain the assertion through order q on families bounded in Cq+4. The
same argument applies to a−3R3(aSab). There is no negative power of a in the remainder:
its term of degree d in the analytic series has coefficient ad−3, d ≥ 3, by Lemma 24.2. On
a smaller chart, the derivatives of this series converge absolutely after multiplication by
polynomial factors in d of fixed order. Hence the product-rule argument applies to the
whole analytic remainder, not only to its cubic truncation.

Theorem 25.4. Fix L, T, K0, Cinit > 0. Let b be a smooth periodic solution on [0, T] of the
DeTurck equation of Theorem 24.10, continuously differentiable in time, with supt≤T ∥b(t)∥C3 ≤
K0. For a = L/n write s = t/a2, S = T/a2, and θref(s, x) = ab(a2s, x). There is a∗ > 0 such
that the following statements hold for all a ≤ a∗.

1. The residual of θref for the exact vector field F of Lemma 24.2 satisfies

sup
s≤S

∥∂sθ
ref(s)−F (θref(s))∥∞ ≤ CK0 a4.

Here F contains the Riemannian gradient of the plaquette action, the damping term, and the
inverse differential of the exponential.

2. Let ϑ(s) be a path on [0, S], not necessarily a solution, with ∥ϑ∥∞ ≤ K0a and ∥∇ϑ∥∞ ≤
K0a2. Its linearized lower-order operator Aϑ = DF (ϑ) + H0 satisfies

∥Aϑz∥∞ ≤ CK0

(
a∥∇z∥∞ + a2∥z∥∞

)
.

Define
∥z∥Rsm = sup

s≤S
∥z(s)∥∞ + sup

s≤S

√
1 + s ∥∇z(s)∥∞

and
Lϑz(s) =

∫ s

0
e−(s−r)H0Aϑ(r)z(r) dr.

Then ∥(I − Lϑ)
−1∥Rsm→Rsm ≤ CL,T,K0 , uniformly in a. A forcing F enters through its whole

Volterra integral, and if sups ∥F(s)∥∞ ≤ c, then∥∥∥∫ ·

0
e−(·−r)H0 F(r) dr

∥∥∥
Rsm

≤ CL,T c (1 + S).

3. If ∥θ(0)− θref(0)∥∞ ≤ Cinita2, then the damped lattice solution θ with this initial value
exists in the chart on [0, S], is a damped representative of the Wilson flow, and satisfies

∥θ − θref∥Rsm ≤ CL,T,K0,Cinit a2.
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4. Let b0 be smooth, and let the partition 0 = t0 < · · · < tQ = T, the DeTurck solutions bi on
[0, ti+1 − ti], and the fixed smooth gauge transformations ki be those given by Theorem 24.10
for the initial value b0. Start the Wilson flow from exp(aSab0), and at each time ti+1 apply
the gauge transformation ki, sampled at the lattice sites, to the links before restarting the
damped equation. Let θa,i(s) be the link logarithms of the damped representative restarted
on the ith interval, with lattice time s = (t − ti)/a2. Then, uniformly for t ∈ [ti, ti+1],
∥θa,i((t − ti)/a2) − aSabi(t − ti)∥∞ = O(a2), and hence the links of this representative
differ from exp(aSabi(t − ti)) by O(a2).

The constants and a∗ depend only on L, T, K0, Cinit, and in (4) also on the smooth bounds and
margins of the continuation. The hypothesis of (3) is an initial error of order a2; an initial link
error that is only o(a) is not covered.

The proof follows the usual pattern for semilinear parabolic equations: a consistency
estimate for the residual, a bound on the linearized Volterra operator in a weighted
norm, and a contraction argument for the error. The only delicate point is the scaling. In
dimensionless units the coefficient of the first difference in Aϑ is O(a), the time interval
has length T/a2, and the weight e−λs must be taken with λ of order a2.

Proof. Step 1: the residual. By Lemma 25.3,

F (θref(s)) = a3Sa
{

∆b +N0(b, b) +N3(b)
}
(a2s) + OK0(a4).

By the DeTurck equation the bracket is ∂tb, and ∂sθ
ref = a3Sa∂tb. This proves (1). The

threshold only requires that K0a lie in a fixed smaller chart.
Step 2: the linearized operator. Let ϑ satisfy the two bounds in (2). We have Aϑ =

DN2(ϑ) + DR3(ϑ). By Lemma 24.2, the quadratic part N2 is a fixed sum of translated
products of the form [u,∇v]. In DN2(ϑ)z, the terms with the difference on z are bounded
by CK0a∥∇z∥∞, and the terms with the difference on ϑ by CK0a2∥z∥∞. The derivative of
the remainder satisfies ∥DR3(ϑ)z∥∞ ≤ C∥ϑ∥2

∞∥z∥∞. This proves the bound for Aϑ.
Step 3: the Volterra inverse. Let k(u) = (1 + u)−1/2, and for λ > 0 consider the

equivalent weighted norm

∥z∥λ = sup
s≤S

e−λs∥z(s)∥∞ + sup
s≤S

e−λs√1 + s ∥∇z(s)∥∞.

For every λ > 0,∫ ∞

0
e−λuk(u) du ≤ Cλ−1/2, sup

s

∫ s

0
e−λ(s−r)k(r) dr ≤ Cλ−1/2. (25.7)

The first bound follows from k(u) ≤ u−1/2 and rescaling. For the second, if s ≤ λ−1 we
discard the exponential and integrate r−1/2. If s > λ−1, the intervals r ≤ s/2 and r ≥ s/2
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contribute at most C
√

se−λs/2 and C/(λ
√

s) respectively, and each of these is at most
Cλ−1/2. We also use the elementary inequality

√
1 + s k(s − r)k(r) ≤ k(s − r) + k(r), 0 ≤ r ≤ s,

which follows from
√

1 + s ≤
√

1 + r +
√

1 + s − r. We insert the bound for Aϑ into
the Volterra integral. For the value we use that e−(s−r)H0 is a contraction, and for the
first difference the bound ∥∇e−(s−r)H0∥∞→∞ ≤ Ck(s − r) of Lemma 25.1 with H1 = T.
Using (25.7) and the elementary inequality for the term with a∥∇z∥∞ in the differentiated
estimate, we obtain

∥Lϑ∥λ→λ ≤ CL,T,K0

{ a√
λ
+

a2

λ
+

a2
√

1 + S√
λ

}
. (25.8)

The last term comes from the coefficient of order zero in the differentiated estimate. We
take λ = κ0a2 with κ0 = κ0(L, T, K0) so large that the right side is at most 1/2; here we
used a

√
1 + S =

√
a2 + T ≤

√
1 + T for a ≤ 1. The series ∑j≥0 Lj

ϑ then converges, with
weighted norm at most two, and removing the weight costs at most eλS = eκ0T. This
proves the bound on (I − Lϑ)

−1 in Rsm.
Step 4: the forcing. An initial heat term e−sH0z0 has Rsm norm at most CL,T∥z0∥∞. A

forcing of uniform norm c has a value integral at most cs, and its weighted first difference
is at most

Cc
√

1 + s
∫ s

0
(1 + s − r)−1/2 dr ≤ 2Cc(1 + s).

This proves the forcing bound in (2), including the constant Fourier mode, on which the
heat semigroup does not decay.

Step 5: the error. Let θ be the damped solution with the initial value in (3), set
z = θ − θref, and let R = ∂sθ

ref −F (θref) be the residual of (1). Since N2 is quadratic, the
difference satisfies the exact equation

z′ = −H0z + Aθrefz + N2(z) + Qθref(z)−R, Qϑ(z) = R3(ϑ + z)− R3(ϑ)− DR3(ϑ)z.
(25.9)

By analytic Taylor expansion on a smaller chart, we have

∥Qϑ(z)∥∞ ≤ C
(
K0a∥z∥2

∞ + ∥z∥3
∞
)
,

and the difference of Qϑ at two points of a ball of radius δ has the corresponding factor
K0aδ + δ2. If ∥z∥Rsm ≤ δ, the quadratic source N2(z) has size at most Cδ2k(s). Its Volterra
integral has Rsm norm at most Cδ2

√
1 + S; for the differentiated component we use∫ s

0 k(s − r)k(r) dr ≤ π and multiply by
√

1 + s. By Step 4, the integral of Qθref(z) costs
at most C(K0aδ2 + δ3)(1 + S). After the Volterra inverse, the Lipschitz constant of these
nonlinear terms on the ball of radius δ is at most

CL,T,K0

{
δ
√

1 + S + K0aδ(1 + S) + δ2(1 + S)
}

. (25.10)
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The initial heat term and the residual in (25.9) have Rsm norm at most CL,T,K0,Cinit(a2 +

a4(1 + S)) ≤ Ca2, by Step 4 and (1). Let D be twice this constant multiplied by the bound
for the Volterra inverse, and set δ = Da2. Every term in (25.10) then tends to zero: the
first two are OL,T,K0,D(a) and the last is OT,D(a2). For a small enough, the mild form of
(25.9) defines a map of the ball of radius δ into itself which is a contraction with factor
at most 1/2. Iteration from zero converges in the complete space defined by the norm
Rsm; this proves existence of the mild solution and the error bound in (3). The mild
solution solves the finite-dimensional differential equation. Since its amplitude is at most
K0a + Da2 < r∗, it does not leave the chart. Local uniqueness for the differential equation
and the gauge identification of Lemma 24.2 show that it is the damped representative of
the Wilson flow.

Step 6: continuation by restarts. We use the continuation of Theorem 24.10 with r = 3
and its fixed margins. On one interval, Step 5 gives an error O(a2) for the link logarithms,
and thus O(a2) for the links. At a restart time we apply the fixed sampled gauge
transformation to the links. Left and right multiplication are isometries, and the logarithm
is Lipschitz on the next smaller chart. By Lemma 24.7, applying the gauge transformation
to the exponentials of a sample differs from sampling the transformed smooth connection
by O(a2) per link. Then the initial error on the next interval is again of the form Cinit,ia2,
which is the hypothesis of (3). Iterating over the finite partition preserves this order, with
the maximum of finitely many constants and the minimum of finitely many restrictions
on the mesh. This proves (4).

25.4 Continuation near smooth solutions

We now pass to physical units and to the norm C1
a , and we write Sab = b|a. In physical

time, the damped equation of Lemma 24.2 reads

∂tB = ∆aB + Na(B), Na(B) = Na(B, B) + Ca(B), Ca(B) = a−3R3(aB).

We write
Ba(B)V = Na(B, V) +Na(V, B) + DCa(B)V

for the linearization of Na at B. Here D on the cubic-and-higher remainder Ca differenti-
ates in the field, and Da is a physical spatial difference. On the smaller chart,

∥DjCa(B)[V1, . . . , Vj]∥∞ ≤ C∥B∥3−j
∞

j

∏
i=1

∥Vi∥∞, 0 ≤ j ≤ 3, (25.11)

where for j = 0 the empty product is one. Indeed, the derivative is aj−3DjR3(aB),
and since the Taylor coefficients of R3 vanish through order two, DjR3(aB) has a factor
(a∥B∥∞)3−j; for j = 3 we use the bounded analytic third derivative on the smaller chart.
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All translated components are included. We use these bounds to show that, on a bounded
set of the norm C1

a , say ∥B∥C1
a
, ∥B′∥C1

a
≤ K in the chart,

∥Na(B)− Na(B′)∥∞ ≤ CK∥B − B′∥C1
a
. (25.12)

For the quadratic term, we write the difference as Na(B, B − B′) +Na(B − B′, B′) and use
∥Na(u, v)∥∞ ≤ C∥u∥∞∥Dav∥∞ from Lemma 24.2. For the remainder we use the Lipschitz
bound for R3 in that lemma, rescaled to physical units. No interpolation enters (25.12).

Lemma 25.5. The following statements hold.

1. Fix L, h, K > 0. Let Ba(t) be a damped lattice solution on [0, h] in the smaller chart with
supt≤h ∥Ba(t)∥C1

a
≤ K. Then the solution of

V(t) = Pa
t V0 +

∫ t

0
Pa

t−r
{
Ba(Ba(r))V(r) + f (r)

}
dr

satisfies
sup
t≤h

∥V(t)∥C1
a
≤ CL,h,K

(
∥V0∥C1

a
+ sup

r≤h
∥ f (r)∥∞

)
. (25.13)

The same bound holds if the right side is replaced by CL,h,K times the norm in C([0, h]; C1
a)

of the whole inhomogeneous term Pa
t V0 +

∫ t
0 Pa

t−r f (r) dr. The constant is uniform in small
meshes, and no derivative of f is needed.

2. Let b be a fixed smooth DeTurck solution on [0, h] whose spatial derivatives through order
five are bounded by Kb. There are ηb, ab > 0 and Cb < ∞, depending only on L, h, Kb, and
the chart, such that every lattice initial field with ∥Ba(0)− Sab(0)∥C1

a
≤ η ≤ ηb, on a mesh

a ≤ ab, has a damped solution through time h with

sup
t≤h

∥Ba(t)− Sab(t)∥C1
a
≤ Cb(η + a), sup

t≤h
∥Ba(t)∥C1

a
≤ Cb. (25.14)

The same holds on each time interval of a fixed continuation as in Theorem 24.10, when the
flow is restarted with its fixed sampled gauge transformations. In particular, this comparison
supplies the C1

a bound that is the hypothesis of the smoothing on later time intervals in
Theorem 25.7.

3. If two initial fields satisfy the hypothesis of (2) with respect to the same solution b, and their
solutions are restarted with the same fixed sampled gauge transformations, then

max
i

sup
t∈Ii

∥B(i)
a (t)− B′

a
(i)(t)∥C1

a
≤ Cb∥Ba(0)− B′

a(0)∥C1
a
. (25.15)

Here Ii are the finitely many time intervals of the continuation (or the single interval
[0, h]), B(i)

a and B′
a
(i) are the representatives on Ii, and the constant may also depend on the

continuation.
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4. Fix L, h > 0 and a set K ⊂ C∞(T3
L; su(2)3) that is compact in the C3 topology. There

are ηK , aK > 0, CK < ∞, and finitely many continuations as in Theorem 24.10 with the
following property. For every b0 ∈ K , every a ≤ aK , and any two lattice initial fields with

max
(
∥Ba(0)− Sab0∥C1

a
, ∥B′

a(0)− Sab0∥C1
a

)
≤ ηK ,

one of these continuations gives the bound sup ∥Ba(t)∥C1
a
≤ CK through time h for both

solutions, and (25.15) with constant CK . The constants depend on L, h, K , on the bounds
of the finitely many selected smooth DeTurck solutions, and on the margins of the chart and
of the continuations. Higher derivatives are only bounded for these finitely many selected
solutions, not on a C3 neighborhood of K .

In (2)–(4), every representative is gauge equivalent to the Wilson flow from its initial links.

Proof. Part (1). By the bound on Na and (25.11), we have ∥Ba(B)V∥∞ ≤ CK∥V∥C1
a
. We

use Lemma 25.1 with physical horizon h. The heat semigroup is a contraction for C1
a ,

since it commutes with differences, and for t > 0

∥Pa
t f ∥C1

a
≤ CL,h

(
1 + (t + a2)−1/2)∥ f ∥∞ ≤ CL,h(1 + t−1/2)∥ f ∥∞.

In the weighted norm ∥V∥λ = supt≤h e−λt∥V(t)∥C1
a
, the integral operator V 7→∫ t

0 Pa
t−rBa(Ba(r))V(r) dr has norm at most

CL,h,K

∫ ∞

0
e−λv(1 + v−1/2) dv = CL,h,K

(
λ−1 +

√
πλ−1/2).

We choose λ, independently of the mesh, so that this is at most 1/2. The Neumann series
then gives an inverse of weighted norm at most two, and removing the weight costs
eλh. The initial heat term has norm at most ∥V0∥C1

a
, and the integral of the forcing has

unweighted norm at most CL,h(h + 2
√

h) sup ∥ f ∥∞. This proves both linear assertions.
Part (2). Set ba = Sab and ea = ∂tba − ∆aba − Na(ba). The residual in Theorem 25.4(1)

is O(a4) in dimensionless link-logarithm units. Since θ = ab and physical time is a2 times
dimensionless time, we divide by a3 and obtain supt ∥ea(t)∥∞ ≤ CKb a. For Z = Ba − ba

the mild difference equation is

Z(t) = Pa
t Z(0) +

∫ t

0
Pa

t−u
{

Na(ba(u) + Z(u))− Na(ba(u))− ea(u)
}

du.

Up to the first time at which ∥Z∥C1
a
= 1, the difference of the nonlinear terms is at most

CKb∥Z∥C1
a

by (25.12). Using the weighted estimate of Part (1) on every such interval, we
obtain

sup
t

∥Z(t)∥C1
a
≤ Cb(η + a).
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We choose the constants in the following order: first the reference solution and the
horizon; then λ and Cb; then ηb and ab so small that Cb(ηb + ab) ≤ 1/2 and ab(sup ∥b∥∞ +

1) is strictly below the radius of the smaller chart. No first time with ∥Z∥C1
a
= 1 exists,

since it would contradict the bound 1/2. At fixed mesh, the finite-dimensional analytic
differential equation can be continued as long as the solution stays in a compact part of
the chart, which gives existence through time h. The gauge identification of Lemma 24.2
applies through time h. This proves (25.14).

Part (3) and continuations. For two solutions we subtract their exact equations. The
source is Na(Ba) − Na(B′

a), and there is no residual. Using the common bound in C1
a

already proved and the estimate of Part (1), we obtain (25.15) on one interval. By
Lemma 24.7, at a restart with the fixed smooth gauge transformation k of the continuation,
we have

∥Ga,k(Ba)− Sa(bk)∥C1
a
≤ Ck∥Ba − Sab∥C1

a
+ Ck,b a,

∥Ga,k(Ba)− Ga,k(B′
a)∥C1

a
≤ Ck∥Ba − B′

a∥C1
a
,

where Ga,k(A)i(x) = a−1 Log(k(x)eaAi(x)k(x + aei)
−1). Let Li be the constant of (25.14)

or (25.15) on the ith interval, let Ci, C′
i be the Lipschitz constants of the restart, and let

di = Cki,bi be the coefficient of a in the first restart estimate. For the errors ei relative to
the selected DeTurck solution at the restart times, we have the finite affine recurrence
ei+1 ≤ LiCi(ei + a) + dia. For the differences δi of a pair at the restart times, we have the
homogeneous recurrence δi+1 ≤ LiC′

i δi. Their finite products and sums give the asserted
constants. We choose the initial error and the mesh only afterwards, below the threshold
of every interval divided by the resulting finite multiplier. This proves the assertions for
continuations. It also provides the C1

a bound needed for the later smoothing, without
using that smoothing.

Part (4). For each c ∈ K we take one continuation through time h from Theorem 24.10.
Its finitely many DeTurck solutions are smooth on their closed time intervals and have
finite C5 bounds, and its gauge transformations are fixed and smooth. Parts (2) and (3)
give an initial radius εc > 0, a threshold ac > 0, and finite constants for this continuation.
The sets {b0 : ∥b0 − c∥C1 < εc/4} are open in the C3 topology and cover K ; we select
a finite subcover. By the fundamental theorem of calculus along coordinate segments,
sampling has operator norm at most two from the continuum C1 maximum norm into
the sum norm C1

a . Thus, if ηK ≤ minc εc/4 and ∥b0 − c∥C1 < εc/4 for a selected c, both
lattice initial fields are within 3εc/4 < εc of Sac. We apply Parts (2) and (3) with this c
and take the maximum of the finitely many constants and the minimum of the finitely
many thresholds. This proves Part (4).
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25.5 Smoothing after a positive waiting time

In the statements about loops below, a closed lattice path ℓa approximating a continuum
loop ℓ is required to have bounded physical length. It must also be joined to ℓ by a based
piecewise smooth homotopy whose swept area, counted with multiplicity, tends to zero,
as in Definition 2.1. An area bound O(a) suffices, and coordinate polygons whose vertices
lie on the lattice can be taken exactly. The following estimate for a smooth connection b
explains this condition.

Let Γ(h, r), h, r ∈ [0, 1], be a smooth homotopy with Γ(h, 0) and Γ(h, 1) equal to
a fixed basepoint, and let V(h, r) be the parallel transport along Γ(h, ·) up to r, so
that ∂rV = V b(∂rΓ) and V(h, 0) = I, where b(ξ) = ∑i biξ

i. We define X = ∂hV −
V b(∂hΓ). Differentiating the transport equation in h and subtracting the r-derivative
of V b(∂hΓ), we find ∂rX = X b(∂rΓ) + V Fb(∂hΓ, ∂rΓ), where Fb(ξ, ζ) = ∑i,j Fijξ

iζ j and
Fij = ∂ibj − ∂jbi + [bi, bj]. Since the basepoint is fixed, X(h, 0) = 0 and ∂hV(h, 1) = X(h, 1).
Solving for XV−1, we obtain that ∂hV(h, 1)V(h, 1)−1 is the integral over r ∈ [0, 1] of the
conjugate VFb(∂hΓ, ∂rΓ)V−1. Since conjugation by unitary matrices has norm one and
∥X∥op = |X|/2 for X ∈ su(2), this proves

∥Holb(Γ(1, ·))− Holb(Γ(0, ·))∥op ≤ C∥Fb∥∞

∫ ∫
|∂hΓ ∧ ∂rΓ| dr dh, (25.16)

where C only converts the componentwise curvature norm into the norm of a two-
form. Subdivision gives the same estimate for piecewise smooth homotopies. A moving
basepoint only adds a conjugation, which does not change traces. The approximation
error therefore tends to zero uniformly on each bounded set of smooth connections.

The next lemma is a compactness statement for lattice arrays with bounded differ-
ences. In its proof, limits of difference arrays are identified with derivatives by discrete
summation by parts, not by differentiating an interpolation of the arrays.

Lemma 25.6. Let ak → 0 be meshes, and let Ak be su(2)-valued link fields on ΛL/ak
. Suppose

that for every integer m ≥ 0 there are Km < ∞ and km such that max|ν|≤m ∥Dν
ak

Ak∥∞ ≤ Km for
all k ≥ km, where ν ranges over ordered compositions of forward and backward differences.

1. There are a subsequence (k j) and a smooth b ∈ C∞(T3
L; su(2)3) with ∥∂νb∥∞ ≤ K|ν| for all

ν such that, for every ν,
∥Dν

akj
Akj − Sakj

∂νb∥∞ −→ 0.

Equivalently, the cardinal interpolants of Lemma 16.3, applied separately to each difference
array Dν

akj
Akj , converge to ∂νb uniformly on T3

L.

2. Let K be the set of all b ∈ C∞(T3
L; su(2)3) with ∥∂νb∥∞ ≤ K|ν| for every ν. Then K is

compact in the C3 topology, and it contains 0.
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3. Suppose that for each mesh a a set Fa of link fields on ΛL/a is given such that, for every m,
the bound max|ν|≤m ∥Dν

a A∥∞ ≤ Km holds for all A ∈ Fa whenever a ≤ am. Then

sup
A∈Fa

inf
b∈K

∥A − Sab∥C1
a
−→ 0 (a → 0).

Here the outer supremum is defined to be zero when Fa = ∅.

Proof. Part (1). An array g on mesh a whose first differences are bounded by K has
oscillation at most CK(|x − y|+ a) between two lattice sites x, y, as we see by following a
shortest coordinate path on the torus. Since cardinal interpolation is a convex combination
of samples within distance Ca, the interpolated array has the same modulus of continuity,
up to a fixed constant and an additional CKa. It also takes the given values at the
lattice sites. Applying this to Dν Ak with the bound K|ν|+1, we find that the interpolants
of the arrays of order |ν| are bounded by K|ν| and have modulus CK|ν|+1(|x − y|+ ak).
We choose finite nets of T3

L with spacing tending to zero. The bounded values at the
points of one net have a convergent subsequence, and the modulus of continuity extends
the convergence uniformly over the torus up to an error that vanishes as the spacing
and ak tend to zero. By successive extractions and a diagonal subsequence, we obtain,
for every one of the countably many ν, a continuous limit bν of the interpolants of
Dν Akj , with ∥bν∥∞ ≤ K|ν|. Since the interpolants take the given values at the lattice sites,
∥Dν Akj − Sakj

bν∥∞ → 0.
Let b = b∅ be the limit of the arrays themselves. For a smooth periodic test function

φ, discrete summation by parts gives

a3 ∑
x

Dν
a A(x)φ(x) = (−1)|ν|a3 ∑

x
A(x)D̃ν

a φ(x),

where D̃ν
a reverses the order of the differences and exchanges forward and backward

differences. By Taylor expansion of φ and Riemann sums, along the subsequence the left
side tends to

∫
bν φ and the right side to (−1)|ν|

∫
b ∂ν φ. We conclude that bν = ∂νb in the

sense of distributions, for every forward or backward choice in ν. Further, the left side is
bounded by K|ν|a3 ∑x |φ(x)|, which gives

|⟨∂νb, φ⟩| ≤ K|ν|∥φ∥L1 , (25.17)

with all direction and color components included. To see that these derivatives are classi-
cal, we convolve b with a nonnegative smooth periodic approximate identity χϵ of mass
one. Then ∂ν(b ∗ χϵ) = bν ∗ χϵ is bounded by K|ν| by (25.17), and it converges uniformly
to bν as ϵ → 0, because bν is continuous; also b ∗ χϵ → b uniformly. By the fundamen-
tal theorem of calculus along coordinate segments, when a sequence of functions and
their first derivatives converge uniformly, the limit is continuously differentiable with
the limiting derivatives. Applying this order by order, we conclude that b is smooth,
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with ∂νb = bν and ∥∂νb∥∞ ≤ K|ν|. The equivalence with uniform convergence of the
interpolants follows from the modulus of continuity and the fact that the interpolants
take the sampled values at the lattice sites.

Part (2). The bounds on the derivatives of order four imply that the derivatives of
order at most three of the elements of K are bounded and equicontinuous. By the
Arzelà–Ascoli theorem, K is relatively compact in C3. Let bn ∈ K converge in C3 to b.
The uniform bounds at every higher order allow a diagonal subsequence along which
every derivative of bn converges uniformly. The fundamental theorem of calculus along
coordinate segments identifies the limits with the derivatives of b. Hence b is smooth and
satisfies the same bounds, and K is closed in C3. This uses the bounds at every order; a
family controlled at only one finite order need not have a closure consisting of smooth
fields.

Part (3). If the assertion fails, there are ϵ > 0, meshes ak → 0, and Ak ∈ Fak with
infb∈K ∥Ak − Sak b∥C1

ak
≥ ϵ. Part (1) implies that a subsequence satisfies ∥Ak − Sak b∥∞ → 0

and ∥Dak Ak − Sak ∂b∥∞ → 0 for some b ∈ K . Since ∥DaSab − Sa∂b∥∞ ≤ Ca∥b∥C2 ≤ CaK2,
it follows that ∥Ak − Sak b∥C1

ak
→ 0, a contradiction.

Theorem 25.7. Fix L, 1/2 < α < 2/3, and R, and let TR be the local existence time of
Theorem 24.5. For every integer m ≥ 0 and every 0 < s < TR there are am,R,s > 0 and
Cm,L,R,s,TR < ∞ such that

sup
a≤am,R,s

sup
s≤t≤TR

max
|ν|≤m

∥Dν
a Aa(t)∥∞ ≤ Cm,L,R,s,TR

for all solutions Aa given by Theorem 24.5 whose flow data satisfy ∥(xa, ya)∥fl,a ≤ R on [0, TR].
All ordered compositions of forward and backward differences and all translated components are
included. More generally, the same conclusion holds on any smaller interval that begins after a
positive waiting time inside a time interval on which a restarted damped representative is used,
provided that this representative lies in the smaller chart and a uniform bound in C1

a on the
preceding interval is given. The constant then depends on that bound, on the waiting time, on the
length of the interval, and on m.

Suppose that b is a continuous periodic field and that such solutions, along meshes ak → 0,
satisfy ∥Aak(s)− Sak b∥C1

ak
→ 0 at a fixed time s ∈ (0, TR). Then b is smooth, with bounds on its

derivatives of every order depending only on the order and on L, R, s, TR. The closure in C3 of the
set of all such limits is compact and consists of smooth connections, so Theorem 24.10 applies to it
for every finite horizon. For each such limit b, the Wilson flow started from exp(aSab) has link
error O(a2) on every time interval of a continuation as in Theorem 24.10, including the restarts
with the sampled fixed gauge transformations. The normalized traces of its holonomies around
closed lattice paths of bounded length that approximate continuum loops, in the sense described
before Lemma 25.6, converge to the corresponding continuum traces.
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On each later time interval of a continuation by restarts with fixed smooth gauge transforma-
tions, the first paragraph applies as soon as a uniform C1

a bound for the restarted representative
is known, for example from Lemma 25.5. Then every fixed difference order is bounded at every
fixed positive later time. The C1

a bound is a hypothesis of this statement; it is not deduced from
the smoothing. The constants are deterministic and do not depend on the mesh below the stated
thresholds. No bound is claimed as the waiting time tends to zero, and no bound on high norms at
time zero follows from the compactness in C3.

The proof of the first assertion is the standard parabolic bootstrap, carried out on the
lattice equation. In a difference of order m − 1 of the nonlinearity, the only difference
of order m of the solution appears linearly, with a bounded factor in front. The heat
semigroup gains one difference at the integrable cost (t − r)−1/2, and the resulting term
can be absorbed on a short interval.

Proof. Step 1: the base case. By Theorem 24.5, on [s/2, TR] we have

∥Aa(t)∥∞ + ∥Da Aa(t)∥∞ ≤ K1(L, R, s, TR). (25.18)

This proves the cases m = 0, 1. In the smaller chart the equation is

∂t Aa = ∆a Aa +Na(Aa, Aa) + a−3R3(aAa). (25.19)

Step 2: the highest difference. Let m ≥ 2, and suppose that all differences through order
m − 1 are bounded on a preceding interval, by K1, . . . , Km−1. We show that∥∥Dm−1

a
{
Na(Aa, Aa) + a−3R3(aAa)

}∥∥
∞ ≤ Bm(K1, . . . , Km−1) + CmK1∥Dm

a Aa∥∞. (25.20)

Each summand of Na contains exactly one physical difference. When we apply (25.2)
m − 1 times, a factor of order m occurs only when all these differences fall on the factor
that already carries a difference; its companion is then a value of Aa, bounded by K1. If
at least one difference falls on the companion, both factors have orders at most m − 1 and
are bounded by the Kj. The number of terms and all translations depend only on m and
on the fixed stencil. In the analytic remainder, the term of degree d in physical units has
the factor ad−3, d ≥ 3, and a difference of order m − 1 of a product involves differences
of Aa of order at most m − 1 only. To see that the series converges uniformly, we shrink
the threshold so that aK1 lies in a fixed smaller chart. A differentiated term of degree d is
bounded by a fixed polynomial in d times its coefficient in the series times products of
the finitely many Kj. The remaining undifferentiated factors keep a geometric factor from
the smaller chart. The resulting series, even multiplied by the polynomial, is summable
uniformly in a. This proves that the remainder contributes only to Bm, with no negative
power of the mesh. These observations prove (25.20) for every ordered choice of forward
and backward differences and all translated components.
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Step 3: absorption. We start the mild equation at a time u0 in the preceding interval,
and define

Zm(d) = sup
0<v≤d

√
v ∥Dm

a Aa(u0 + v)∥∞.

At each fixed mesh this number is finite, since the arrays are finite dimensional. We
commute m − 1 differences onto the initial value and onto the source, and place one
difference on the heat semigroup, whose bound is C(v + a2)−1/2 ≤ Cv−1/2. Multiplying
the resulting mild estimate by

√
v and using (25.20), we obtain

Zm(d) ≤ CmKm−1 + CmBmd + CmK1
√

d Zm(d). (25.21)

For the last term we used
∫ v

0 (v − r)−1/2r−1/2 dr = π, together with the additional factor√
v ≤

√
d; for the bounded source the corresponding factor is 2v ≤ 2d. We choose d ≤ 1

such that CmK1
√

d ≤ 1/2 and such that [u0, u0 + d] lies in the preceding interval. Then
(25.21) implies that Zm(d) ≤ 2Cm(Km−1 + Bmd), and hence a uniform bound on Dm

a Aa at
time u0 + d.

Step 4: the whole interval. For a given finite m ≥ 2 we choose times s/2 = s1 <

s2 < · · · < sm = s. At stage j ≥ 2 we take dj > 0 less than sj − sj−1 and satisfying the
absorption condition of Step 3 for order j. For any t ∈ [sj, TR] we apply Step 3 with
u0 = t − dj ≥ sj−1 and evaluate at v = dj. This gives one bound Kj for all such t. Since
there are finitely many orders, the restrictions a ≤ aj,R,s have a positive minimum, and
the constants are finite. This proves the first assertion. On a restarted time interval, the
same proof starts from the given chart and the given C1

a bound on the preceding interval
instead of (25.18). Inspection of the choices shows the stated dependence of the constant.

Step 5: limits at a positive time. Let Aak(s) satisfy ∥Aak(s)− Sak b∥C1
ak

→ 0. The first

assertion implies that the arrays Aak(s) satisfy the hypotheses of Lemma 25.6, with
bounds Km = Cm,L,R,s,TR . By part (1) of that lemma, a subsequence converges, together
with all its difference arrays, to a smooth field with these bounds. This field is b, since
the arrays converge to Sak b. Hence every limit belongs to the set K of part (2) of that
lemma, which is compact in C3 and consists of smooth connections, and so does the C3

closure of the limits.
Step 6: continuation and loops. We apply Theorem 24.10 with r = 3 to this compact set

and a fixed horizon. Its open neighborhood contains every smooth connection sufficiently
close to the compact set in C3. Indeed, for each point of the compact set we choose a C3

ball whose doubled radius lies in the neighborhood, take a finite subcover, and use the
minimum of the finitely many radii. Theorem 25.4(4), applied on the finitely many time
intervals, yields link error O(a2) for the Wilson flow started from exp(aSab), including
the restarts with the sampled gauge transformations. The Wilson flow and its damped
representatives have the same traces of holonomies around closed paths. Since a closed
lattice path of length at most ℓ has at most ℓ/a links, unitary telescoping turns the link
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error O(a2) into an error O(ℓa) for the holonomy. By Lemma 24.7, the product of the
exponentials eabi along the path differs from the smooth parallel transport along the same
path by an error of the same order. Finally, (25.16) bounds the difference between the
smooth transport along the lattice path and along the continuum loop. This proves the
assertion on loops.

Step 7: later restarts. Suppose that lattice differences of A of order up to m are bounded
and that k is a fixed smooth periodic gauge transformation. Then

Yi(x) = k(x)eaAi(x)k(x + aei)
−1 = I + O(a),

and every difference of fixed order of Y − I keeps this factor a. To verify this, we
split Y − I into k(x)(eaAi(x) − I)k(x + aei)

−1 and k(x)k(x + aei)
−1 − I. We handle the

first part with the convergent exponential series and the exact product rule, and the
second with k(x + aei)− k(x) =

∫ a
0 ∂ik(x + rei) dr. Both give a times a polynomial in the

given bounds and in smooth norms of k. In the analytic composition a−1 Log Y, a term
with j ≥ 1 differentiated factors carries aj−1, and the value is a−1O(a). The bounds for
the composition are therefore uniform in the mesh, and such a gauge transformation
preserves the bounds on lower differences. On each restarted interval, a given uniform
C1

a bound in the common gauge restarts the induction of Step 2, and waiting intervals
before each given later time give every given finite order. At a restart time we use a
preceding interval and the bound for the composition just proved to transfer the bounds
on the differences. This proves the last assertion.

The next lemma is the space-time version of Lemma 25.6, together with the passage
to the limit in the Wilson equation.

Lemma 25.8. Let ak ↓ 0, and let J ⊂ (0, ∞) be a compact interval. Let Bak be time-dependent
link fields on J such that, for every m, all differences of order at most m of Bak and their time
derivatives are bounded on J uniformly in k. We interpolate each difference array separately by the
cardinal interpolation of Lemma 16.3. Then every subsequence has a further subsequence along
which the interpolated spatial difference arrays converge, uniformly on J ×T3

L at every fixed order,
to the corresponding derivatives of one field B that is smooth in space for each time; by a diagonal
argument the same holds for countably many intervals simultaneously. If, in addition, each Bak is
a damped representative of the Wilson flow on J, that is, solves ∂tB = ∆aB +Na(B, B) + Ca(B)
in the smaller chart, then the limit B solves the DeTurck equation ∂tB = ∆B+N0(B, B) +N3(B)
on J. The same holds for the mild form of the equation with a fixed lower integration endpoint in
J.

The passage to the limit in the equation uses three properties of the Wilson equation.
Its quadratic part is a fixed finite sum of translated brackets containing one difference
(Lemma 24.2). The remainder Ca has local Lipschitz bounds that are uniform on bounded
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sets ((25.11)). Finally, Ca is consistent, uniformly on bounded families of smooth fields
(Lemma 25.3). The same proof applies to any equation with these three properties.

Proof. We obtain the spatial modulus of continuity of each interpolated difference array
from the bound on the next difference, as in the proof of Lemma 25.6(1). The bounds
on the time derivatives give a uniform Lipschitz modulus in time. Using finite nets in
space and time, successive subsequences of the bounded finite-dimensional values at
their points, and a diagonal argument, we obtain uniform convergence on J ×T3

L, first for
one array and then for the countable list of orders and positive intervals. As in the proof
of Lemma 25.6(1), summation by parts against smooth test functions, mollification, and
the fundamental theorem of calculus identify the limits with the corresponding classical
derivatives.

For the nonlinear terms, every summand of Na involves finitely many translations
and one difference, and these converge to the corresponding untranslated value and
derivative. For the analytic remainder, the uniform bound on Ba on J implies that
the analytic composition converges uniformly on the smaller chart. Its local Lipschitz
constants are bounded by (25.11), and its values on the sample of the smooth limit
converge to SaN3(B) by Lemma 25.3. Subtracting the value at the sample, we obtain the
convergence at Ba itself. The same reasoning applies after any fixed difference for which
bounds are given. The lattice Laplacian is a sum of second differences and converges
to ∆B. Integrating the differential equations in time, and using uniform convergence to
pass every term through the integral, we obtain the limiting equation.

For the mild form, the heat semigroup applied to a sampled smooth family converges
by the explicit bounds for general smooth inputs in Lemma 16.9. For a convergent
array, we first replace it by the sample of its smooth limit; the replacement error is
controlled by contraction. For a first difference of the output, we either commute it onto
a convergent difference of the source, or use the integrable heat bound of Lemma 25.1.
These arguments pass each term of the mild equation with a positive lower endpoint to
the limit.

25.6 Continuation and stability for bounded flow data

We now apply smoothing and compactness to bounded flow data. After a short positive
time u, Theorem 25.7 bounds all lattice differences of the solution, and Lemma 25.6 shows
that the solutions at time u are uniformly close to samples of a compact set K of smooth
connections. This compact set depends only on the bound R on the flow data, not on any
convergence of the initial potentials. Part (4) of Lemma 25.5 then provides finitely many
continuations, chosen before the initial potential. Along them we compare every solution
with a selected smooth DeTurck solution, and two solutions with each other.
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Lemma 25.9. Fix L, T0, R > 0, 1/2 < α < 2/3, and 0 < τ ≤ T < ∞. Let TR be the local
existence time of Theorem 24.5 for flow data of norm at most R, replaced by min(TR, T0), and
choose 0 < u < min(TR, T0, τ)/4. There are a∗, K, C, δ > 0 and finitely many continuations
as in Theorem 24.10, all chosen after these data, with the following properties. For every mesh
a = L/n ≤ a∗ and every lattice initial potential whose flow data satisfy ∥(xa, ya)∥fl,a ≤ R on
[0, T0], the Wilson flow on [u, T] has damped representatives, restarted at the times of one of these
continuations with its sampled gauge transformations, whose C1

a norms are at most K. If two such
initial potentials on the same lattice, compared without any gauge transformation, satisfy

da = Xa
α(xa − x′a) + Ya

α(ya − y′a) ≤ δ,

with both norms taken on [0, T0] and including all first differences and translated components,
then the two flows can use the same continuation with the same sampled gauge transformations,
and on each of its time intervals

sup
t

∥Ba(t)− B′
a(t)∥C1

a
≤ C da.

Each representative is gauge equivalent to the Wilson flow Ψ(n)
t . The constants and a∗ depend

only on L, T0, R, α, τ, T, u, and the chart. In particular they do not depend on higher derivatives of
the initial potentials, nor on any finite approximation from which these potentials are constructed.
Only the finitely many selected smooth DeTurck solutions need bounds on higher derivatives.

Proof. Step 1: bounds at time u. By the individual bounds and the bound on differences in
Theorem 24.5, we have

∥Aa(u)− A′
a(u)∥C1

a
≤ Luda, sup

u/2≤t≤2u
∥Aa(t)∥C1

a
≤ K1,

and the same individual bound holds for the second initial potential. Theorem 25.7,
applied with a preceding interval after a positive waiting time, yields for every fixed m a
bound Km on all differences of order m at time u, for all sufficiently small meshes. The
restriction on the mesh may depend on m; along every sequence aj → 0 it is eventually
satisfied at each fixed order.

Step 2: compactness. Let K be the set of smooth connections b with ∥∂νb∥∞ ≤ K|ν| for
all ν. By Lemma 25.6(2), K is compact in C3 and contains 0; by part (1) of that lemma, it
contains every possible limit of the endpoints Aa(u). Applying part (3) of that lemma to
the set Fa of all endpoints Aa(u) of initial potentials with flow data bounded by R, we
obtain

sup inf
b∈K

∥Aa(u)− Sab∥C1
a
−→ 0 (a → 0),

where the supremum is over all such initial potentials.
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Step 3: choice of the continuations. We apply part (4) of Lemma 25.5 to K with horizon
T − u. Its neighborhood radius ηK , its restriction a ≤ aK , its uniform bound, and
its finitely many continuations are fixed before we choose either initial potential. We
decrease a∗ until every endpoint Aa(u) lies within ηK /4 of Sab0 for some b0 ∈ K , and
we choose δ ≤ ηK /(4 max(1, Lu)). If da ≤ δ, then A′

a(u) lies within ηK /4+ Luδ ≤ ηK /2
of the same Sab0. Thus both endpoints lie in the neighborhood of one common element
of K .

Step 4: conclusion. The paired part of Lemma 25.5(4) propagates the initial difference
Luda at time u through the finite continuation, using the same sampled gauge transfor-
mations for both flows. Its individual part bounds the representative of every initial
potential, whether or not it is paired with another. All representatives are gauge equiv-
alent to the Wilson flow by Lemma 24.2. Since the two compared equations are exact
lattice equations, their difference has no consistency residual. This proves the asserted
bounds and their dependence.

For matrices, we must also compare the gauge transformations used to define the
representatives. On the early interval the damping gauge transformation solves ∂tk = λak
with an anti-Hermitian generator. Since such equations have unitary propagators, the
difference of two solutions is bounded by the integral of the difference of the generators,
without any exponential of the size of the generators. By the estimates of Lemma 24.7,
the difference of the generators has an integrable singularity at time zero.

Theorem 25.10. Fix L, T0, R > 0, 1/2 < α < 2/3, 0 < t− ≤ t+ ≤ T < ∞, and l1, . . . , lb > 0.
For each mesh a = L/N, let ℓ1,a, . . . , ℓb,a be closed paths in ΛN with given basepoints and with
physical lengths aNℓi,a ≤ li, where Nℓ is the number of links of ℓ. Let A0, A′

0 be lattice initial
potentials on ΛN whose flow data (x, y), (x′, y′) satisfy ∥(x, y)∥fl,a, ∥(x′, y′)∥fl,a ≤ R on [0, T0],
put U = eaA0 and U′ = eaA′

0 , and let da = Xa
α(x − x′) + Ya

α(y − y′), with both norms on [0, T0].
Then

sup
t−≤t≤t+

max
i

∥∥Holℓi,a Ψ(N)
t U − Holℓi,a Ψ(N)

t U′∥∥
op ≤ C da.

The holonomies are compared as matrices: no gauge transformation is applied to either con-
figuration, and no conjugation at the basepoints is optimized. The constant depends only on
L, T0, R, α, t±, T, the lengths li, the chart, and the finitely many smooth DeTurck solutions selected
in the proof. It holds for every mesh a = L/N with N ≥ 4, and it does not depend on the position
or shape of the paths beyond their lengths, nor on higher derivatives of the initial potentials.

Let hR = min(TR, T0), where TR is the local existence time of Theorem 24.5. After decreasing
the mesh bound aR of that theorem if necessary, the following holds for a ≤ aR and 0 ≤ s ≤ hR.
The damped representatives A, A′ and their damping gauge transformations k, k′ with initial value
I satisfy, at every vertex,

∥Da(A − A′)(s)∥∞ ≤ CRda
{

va(s)−(α+1)/2 + va(s)−α + va(s)κ−1/2},
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∥k(s)− k′(s)∥∞ ≤ C
∫ s

0
∥Da(A − A′)(v)∥∞ dv ≤ CRda.

For a ≤ a∗ and da ≤ δ, where a∗ and δ are the constants of Lemma 25.9 with τ = t−, both
flows can use the same continuation and the same sampled gauge transformations on the later
intervals. The matrices are always expressed in the gauges of the initial configurations. For other
pairs and meshes, the matrix bound follows from the diameter bound for unitary matrices or from
the finite-dimensional Wilson flow, as in the proof.

Proof. Step 1: the early interval. Fix u < min(TR, T0, t−)/4. Since the flow data are
bounded by R only on [0, T0], we apply Theorem 24.5 on [0, hR]. Adding the bound on
the difference of the remainders in Theorem 24.5 to the differences of the linear heat
evolutions and of the quadratic Picard terms, we obtain exactly the three powers in the
bound for Da(A − A′). This bound is also stated in Lemma 24.7. By the formula for the
generator in that lemma, the damping generator in physical units is the signed lattice
divergence of the potential, which gives ∥λa − λ′

a∥∞ ≤ C∥Da(A − A′)∥∞. The damping
gauge transformations solve k̇ = λak and k̇′ = λ′

ak′ with k(0) = k′(0) = I. Since the
generators are anti-Hermitian, the propagators are unitary, and variation of constants
gives, at every vertex,

∥k(s)− k′(s)∥∞ ≤
∫ s

0
∥λa(v)− λ′

a(v)∥∞ dv. (25.22)

Indeed, ∂s(k−1k′) = k−1(λ′
a − λa)k′, and ∥k′ − k∥ = ∥k−1k′ − I∥. All three powers in the

bound for Da(A − A′) are integrable uniformly in the mesh, since (α + 1)/2 < 1, α < 1,
and 1/2− κ < 1; for 0 < p < 1 we have

∫ hR
0 (v+ a2)−p dv ≤ h1−p

R /(1− p). This proves the
estimate for the gauge transformations on the early interval [0, hR]. The representatives
remain in the chart, since Theorem 24.5, applied on [0, hR], bounds the contribution of
the remainder to the link angles by CRa(hR + a2)κ.

Step 2: later intervals and the composed gauge transformations. We apply Lemma 25.9
at time u. If da ≤ δ, the paired estimate implies that sup ∥Ba − B′

a∥C1
a
≤ Cda on every

later time interval. Let g, g′ be the composed gauge transformations, from the initial
configurations to the current damped representatives. At time u their difference is O(da)

by Step 1. On a time interval Ii of the continuation, g = kigi, where gi is the value at
the start of Ii and ki solves the damping equation with initial value I. The generators
of ki and k′i differ by at most a constant times the C1

a difference of the representatives.
The inhomogeneous version of (25.22) therefore carries the incoming difference ∥gi −
g′i∥ with coefficient one and adds at most C|Ii|da. At a restart both composed gauge
transformations are multiplied on the left by the same fixed unitary gauge transformation,
which does not change the norm of their difference. By induction over the finitely many
intervals, we obtain sup ∥g − g′∥∞ ≤ Cda through time T, including the possibly different
damping gauge transformations of the two flows.
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Step 3: the matrices. On a common time interval, the exponential eaBa,e of each link e
changes by at most Ca∥Ba − B′

a∥∞, and unitary telescoping along a path with at most li/a
links gives

∥Hi(Ba)− Hi(B′
a)∥op ≤ Cli∥Ba − B′

a∥∞,

where Hi(Ba) is the holonomy of eaBa around ℓi,a. The holonomy of the Wilson flow
is g(x0)

−1Hi(Ba)g(x0), where x0 is the basepoint, and undoing the composed gauge
transformation at x0 adds at most 2∥g(x0) − g′(x0)∥op. This proves the estimate for
da ≤ δ, in the gauge of the initial configurations. For da > δ, the distance between the
two matrices is at most two, and it suffices to take C ≥ 2/δ.

Step 4: coarse meshes. Only finitely many lattice sides have a > a∗. On each of them
the Wilson vector field is smooth on the compact manifold SU(2)EN , and its solution map
over a finite time is Lipschitz. To see this, we subtract the two integral equations, apply
the integral form of Gronwall’s inequality, and concatenate up to time 4T/a2. At t = 0
the first weighted norm implies that ∥A0 − A′

0∥∞ ≤ a−αda. Then the initial links differ
by at most Ca1−αda. Telescoping after the finite-dimensional flow, with Nℓi,a ≤ li/a, gives
a finite constant on each such side, and we take the maximum over these finitely many
sides. This proves the estimate for all meshes. The assertions about the early damped
representatives concern the interval [0, hR] and the mesh threshold of Theorem 24.5, as
stated, and the common continuation is used only when a ≤ a∗ and da ≤ δ.

Corollary 25.11. Fix L, T0, R > 0, 1/2 < α < 2/3, 0 < τ ≤ T < ∞, lengths l1, . . . , lb > 0,
and characters χ1, . . . , χb of finite-dimensional representations of SU(2). Let TR be the local
existence time of Theorem 24.5, replaced by min(TR, T0), and choose

0 < u < 1
4 min{TR, T0, τ}.

There are a∗ > 0 and C < ∞, chosen after these data, such that the following holds for every
mesh a = L/n ≤ a∗. Let (xa, ya) and (x′a, y′a) be the flow data of two lattice initial potentials
Aa(0), A′

a(0) on the same lattice, with ∥(xa, ya)∥fl,a, ∥(x′a, y′a)∥fl,a ≤ R on [0, T0]. Write

da = Xa
α(xa − x′a) + Ya

α(ya − y′a),

with both norms on [0, T0] and including all first differences, and put Ua = eaAa(0), U′
a = eaA′

a(0).
Then for every choice of closed lattice paths ℓr,a with aNℓr,a ≤ lr and every choice of times
tr ∈ [τ, T], ( b

∑
r=1

∣∣χr
(
Holℓr,a Ψ(n)

tr
Ua

)
− χr

(
Holℓr,a Ψ(n)

tr
U′

a
)∣∣2)1/2

≤ C da. (25.23)

The threshold and the constant depend only on the displayed data, the chart, and the finitely many
smooth DeTurck solutions selected in the proof. They do not depend on the position or shape of
the paths beyond their lengths, nor on higher derivatives of the initial potentials or on any finite
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approximation from which they are constructed. No convergence of the flow data as the mesh
varies is assumed, and there is no additive error in the mesh. For normalized fundamental traces,
take χr(V) = (1/2) tr V.

Proof. We apply Theorem 25.10 with the given lengths and with t− = τ, t+ = T. Ev-
ery character χ of a finite-dimensional representation of SU(2) is a polynomial pχ in
(1/2) tr V. Indeed, on the diagonal matrices diag(eiθ, e−iθ) the character is ∑k mkeikθ with
integer weights k and multiplicities mk = m−k, which is a combination of the functions
cos(kθ). The recurrence for cos(kθ) expresses these as polynomials in cos θ = (1/2) tr V.
Then sup[−1,1] |p′χ| bounds the Lipschitz constant of χ as a function of the normalized
trace, and the normalized trace is Lipschitz in the matrix norm. Summing the finitely
many bounds in Euclidean norm, we obtain (25.23).

25.7 Parameter derivatives in a fixed initial gauge

In the weak-coupling analysis of Sections 34 to 36, the initial potential depends on
finitely many real parameters, and we need two parameter derivatives of the flowed
holonomy matrices, uniformly in the mesh. We first treat a single time interval on
which the representative is bounded in C1

a , and then the singular initial interval and the
continuation.

Lemma 25.12. Assume the hypothesis of Lemma 25.5(1) for every value of a finite-dimensional
real parameter, and suppose that the initial field depends twice continuously differentiably on the
parameter. For unit directions v, w write Vv = ∂vBa and Wvw = ∂v∂wBa. If the initial C1

a norms
of Vv and Wvw are bounded by b1 and b2, then

sup
t≤h

∥Vv(t)∥C1
a
≤ CL,h,K b1, sup

t≤h
∥Wvw(t)∥C1

a
≤ CL,h,K(b2 + b2

1). (25.24)

These estimates persist through finitely many restarts with fixed sampled smooth gauge transfor-
mations. After positive waiting times they also give bounds on every given fixed order of spatial
differences of Ba, Vv, and Wvw. The corresponding assertions hold for smooth continuum solutions
on the time intervals of a continuation as in Theorem 24.10.

Proof. Step 1: differentiability. At each fixed mesh, the initial fields and the finite-
dimensional analytic vector field have two continuous derivatives. Difference quotients
in the integral equation converge to the solutions of the differentiated linear integral
equations. Indeed, Taylor’s integral formula for the vector field leaves a remainder that
tends to zero uniformly on compact sets of parameters and times, and the linear Volterra
inverse of Lemma 25.5(1) bounds the effect of this remainder. Applying this first to the
fields and then to their first derivatives, we obtain the differentiability. The uniform
bounds below do not depend on the fixed mesh.
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Step 2: the equations. The derivatives satisfy

∂tVv = ∆aVv +Ba(Ba)Vv,

∂tWvw = ∆aWvw +Ba(Ba)Wvw + fvw,

fvw = Na(Vv, Vw) +Na(Vw, Vv) + D2Ca(Ba)[Vv, Vw].

(25.25)

The Volterra estimate (25.13) implies the first bound in (25.24). By the bound on Na and
(25.11), we have ∥ fvw∥∞ ≤ CK∥Vv∥C1

a
∥Vw∥C1

a
, and applying the Volterra estimate to the

inhomogeneous second equation gives the second bound. Note that the second variation
satisfies an inhomogeneous equation, and the forcing fvw must be kept.

Step 3: restarts. For a fixed smooth gauge transformation k, the map Ga,k(B)i(x) =

a−1 Log(k(x)eaBi(x)k(x + aei)
−1) satisfies, on a bounded set of the norm C1

a ,

∥DjGa,k(B)[Z1, . . . , Zj]∥C1
a
≤ Ck,K

j

∏
i=1

∥Zi∥C1
a
, j = 1, 2, (25.26)

where D differentiates in the field. The case j = 1 is the Lipschitz bound of Lemma 24.7;
we check the case j = 2 directly. For Y = k(x)eaBi(x)k(x + aei)

−1 we have Y − I = OK(a),
and the jth field derivative of Y has a factor aj for j = 1, 2. By the exact product rule, the
given C1

a norms, and the bounded smooth differences of k, a further spatial difference
keeps these factors. Since the derivatives of Log are bounded near I, a differentiated term
in a−1 Log Y keeps at least one factor a to compensate the factor a−1, also after one spatial
difference. Terms with more differentiated factors carry further nonnegative powers of
a. This proves (25.26), using only fixed smooth norms of k and a margin of the chart.
Counting factors in the same way, with three field arguments, we bound D3Ga,k on this set:
it has the factor a3 before the division by a, and products of derivatives of the logarithm
have at least the same total number of field arguments; one spatial difference again keeps
these factors. Hence the first two field derivatives in (25.26) are locally Lipschitz on this
set, with uniform constants, which we use below to subtract second derivatives at restarts.
The chain rule at a restart gives

V+
v = DGa,k(B)Vv, W+

vw = DGa,k(B)Wvw + D2Ga,k(B)[Vv, Vw].

These bounds and (25.24) can be composed finitely many times. Since the gauge transfor-
mations k are fixed, no parameter dependence of a gauge choice is differentiated in these
formulas.

Step 4: higher differences. We apply Theorem 25.7 to Ba, whose C1
a bound is given.

After m − 1 differences of the first equation in (25.25), computed with the product rules
(25.2), the only unknown term of highest order is bounded by CK∥Dm

a Vv∥∞. The term
containing Dm

a Ba has the companion Vv, whose value is already bounded, and it belongs
to the known forcing. Every other term contains only lower differences of Vv and
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bounded differences of Ba. The field derivative of the remainder involves no difference
of order larger than m − 1 and no negative power of the mesh. This estimate has the
form of (25.20), with a known bounded forcing. As in (25.21), the weighted quantity
supv

√
v∥Dm

a Vv(u0 + v)∥∞ and the integral
∫ v

0 (v − r)−1/2r−1/2 dr = π then bound Dm
a Vv

after a positive waiting time. In the second equation the unknown term of highest order
is bounded by CK∥Dm

a Wvw∥∞. Its additional forcing involves differences of Vv and Vw of
order at most m, which are already bounded by the argument for the first derivatives, and
the same absorption gives order m for Wvw. Finitely many successive waiting intervals
give any given finite list of orders, and the argument for restarts extends to these orders
by the exact product rule.

Step 5: continuum solutions. For smooth continuum solutions on the time intervals of a
continuation, the same proof applies, with the ordinary product rule and the continuum
heat estimates in Step 1 of the proof of Theorem 24.10, on a fixed physical horizon
subdivided if necessary. Starting from a smooth finite-dimensional family of initial data,
we take difference quotients of the continuum mild equation. The same Volterra inverse
and Taylor’s integral remainder give their convergence, first at order one and then at
order two. If bounds through a fixed order are needed up to the initial time, they hold for
the smooth family at the initial time. We then apply the product rule one order below the
highest desired derivative and the same Volterra estimate; the highest term is linear, with
a bounded undifferentiated companion. Induction gives the required mixed bounds in
space and in the parameters, down to the initial time of each such smooth solution.

Theorem 25.13. Fix L > 0, 1/2 < α < 2/3, T0 > 0, a finite horizon T > 0, and t∗ ∈ (0, T],
and consider the holonomies around the three coordinate cycles of T3

L, based at a fixed vertex
x0, at times in [t∗, T]. Let U0 ⋐ U1 ⊂ Rd be bounded parameter domains, covered by finitely
many smooth input charts with fixed positive margins; changes between these charts act on the
initial potentials by gauge transformations equal to the identity at the basepoint. For each mesh
a = L/n, let u 7→ Ea(u) = (xa(u), ya(u)) be the flow data of a lattice initial potential A0,a(u),
twice continuously differentiable on U1, with

sup
a,u∈U1

2

∑
r=0

∥Dr
uEa(u)∥fl,a ≤ R2 < ∞,

where the norms are taken on [0, T0] and contain both components and all their first physical
differences, and the parameter derivatives are measured in a fixed Euclidean operator norm. For
every u, start the damping gauge transformation at I, in the gauge of the initial configuration
eaA0,a(u). Let TR2 be the local existence time of Theorem 24.5 for the bound R2, replaced by
min(TR2 , T0).

1. There is a∗ > 0, chosen after the displayed data and below the restrictions on the mesh in
Theorem 24.5, such that the following holds for every mesh a ≤ a∗. On the early interval
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[0, TR2 ], the remainder ra(u) and the damped representative Aa(u, t) satisfy, for r = 1, 2,

sup
a≤a∗, u∈U0

∥Dr
ura(u)∥Ra ≤ CR2 ,

∥Dr
uDa Aa(u, t)∥∞ ≤ CR2

{
(t + a2)−(α+1)/2 + (t + a2)−α + (t + a2)κ−1/2}.

All three powers of t + a2 are integrable at zero, uniformly in the mesh. The first and second
parameter derivatives of the damping gauge transformation are bounded uniformly at every
vertex on this interval. The representatives remain in the chart, by the bound

a sup
t≤TR2

∥Aa(t)∥∞ ≤ CR2

{
a1−α + a2−2α + a(TR2 + a2)κ

}
−→ 0.

2. At a positive restart time, the solutions are smoothed by Theorem 25.7, and the continuations
of Theorem 24.10 are used on a neighborhood of the compact closure of their possible limits;
on each restart, the same fixed sampled gauge transformation is applied to all parameters in
a neighborhood. The first and second parameter derivatives of the resulting based holonomy
matrices of the three coordinate cycles on [t∗, T], expressed in the gauge of the initial con-
figuration, are bounded by a constant CR2,U0,U1,t∗,T uniformly in the mesh. These matrices
therefore have a uniform C1,1 bound on smaller convex parameter charts. The conjugation
at the basepoint by all damping and restart gauge transformations is included; this is a
statement about matrices, not only about their traces.

3. Let f (u), u ∈ U1, be a fixed compact family in a common fixed finite-dimensional span
of smooth cardinal interpolants on fixed input meshes, with coefficients twice continuously
differentiable in u, and let A0,a(u) = Sa f (u). Then the matrices of (2) converge, uniformly
in u ∈ U0 and t ∈ [t∗, T], to the holonomy matrices, based at x0, of the solution of
∂t Ai = ∑j DjFji with initial value f (u); the proof shows that their first two parameter
derivatives converge as well. On corresponding intervals of the lattice and continuum
continuations, the damping generators converge uniformly away from the initial time and in
L1 down to the left endpoint. The composed damping and restart gauge transformations, with
initial value I, converge at the basepoint. The same conclusions hold when the coefficients
in this same fixed span depend on a and converge, together with their first two parameter
derivatives, uniformly on compact subsets of U1. No rate that is uniform over growing
families is asserted.

The constants in (1) and (2) depend only on d, U0, U1, and the margins of the input charts, on R2,
L, α, T0, t∗, T, and on the chart and the margins of the continuations. The bounds for the based
holonomy matrices in (2) hold for every mesh a = L/n, n ≥ 4. The assertions about logarithmic
representatives and their damping gauge transformations hold for a ≤ a∗; finitely many additional
meshes can be included when the corresponding representatives remain in the fixed smaller chart.
The constants in (3) may also depend on the fixed family. The derivatives are real derivatives of
the Wilson flow; neither a complex continuation of the flow nor a derivative of a Borel selection is
involved.
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We outline the proof. On the early interval, where the flow data are singular, we
differentiate the fixed-point equation for the remainder r = A − x − y of Theorem 24.5
twice in the parameters. The second derivative of the quadratic term contains products
of two differentiated linear heat evolutions, whose singularity v−α−1/2

a is not integrable.
These products cancel against the corresponding products in the definition of r, and
the remaining terms have the integrable singularity v−3α/2

a . We control the parameter
derivatives of the damping gauge transformation by unitary variation of constants. After
a positive time, the solutions are smooth uniformly in the mesh, and we continue them
by comparison with finitely many selected smooth DeTurck solutions, as in Lemma 25.9.
Along this continuation, Lemma 25.12 controls the parameter derivatives. Finally we
return to the gauge of the initial configuration by conjugating with the composed gauge
transformation at the basepoint, and differentiate this conjugation as well. For a fixed
smooth family, the consistency results of Sections 25.2 and 25.3, differentiated twice in
the parameters, identify the limit.

Proof. Step 0: setup. We work first in one of the finitely many input charts. Since changes
between these charts are gauge transformations equal to the identity at the basepoint, they
do not change the gauge in which the matrices are expressed. We choose an intermediate
parameter domain V with U0 ⊂ V ⋐ U1. We take all difference quotients inside U1 and
first establish all bounds on V; the minimal parameter margin and the constants of the
charts and of the conversion of Euclidean norms enter the final constant. In formulas
involving directions, v, w have Euclidean norm at most one. Set

h0 = TR2 , p = 3
2 α < 1,

and recall β = α − 1/2, κ = 1 − 3α/2 = 1 − p, and va(t) = t + a2. Using the contraction
proof of Theorem 24.5, we may decrease the local existence time while restricting the
horizon of the flow data. All weighted norms and all the gains of the contraction then
only decrease, and none of the bounds on the early remainder becomes larger. We choose
h0 small enough for the contractions below, and take a2 ≤ h0 and a ≤ 1. All heat integrals
in the early argument have physical horizon h0.

Step 1: the differentiated equation on the early interval. We write x = xa(u), y = ya(u),
and A = x + y + r, and let

(Ta f )(t) =
∫ t

0
Pa

t−s f (s) ds, Fa((x, y), r) = Ta
{
Na(A, A)−Na(x, x) + Ca(A)

}
.

The remainder satisfies the fixed-point equation r = Fa((x, y), r) exactly, with no term of
the vector field truncated. By Theorem 24.5, r lies in a ball of fixed radius D = D(R2) in
the norm Ra. Using the estimates of the local contraction on a slightly larger fixed ball,
we obtain

∥A(t)∥∞ ≤ CR2,Dva(t)−α/2, ∥Da A(t)∥∞ ≤ CR2,Dva(t)−(α+1)/2. (25.27)
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Indeed, the exponents β, α of y are smaller than the corresponding exponents α/2, (α +

1)/2 of x, the remainder has exponents κ, κ − 1/2, and va ≤ 2. The derivative in the
remainder variable is

Laρ = DrFa((x, y), r)ρ = Ta{Ba(A)ρ}.

If ∥ρ∥Ra ≤ 1, its source is bounded by

CR2,D
{

vκ−(α+1)/2
a + vκ−α

a
}

;

the first term comes from the two ordered quadratic products and the second from
DCa(A)ρ. Both exponents exceed −1. Bounding the value of the convolution and one
difference of the heat semigroup, and then applying (25.1), we obtain

∥La∥Ra→Ra ≤ CR2,D
{
(h0 + a2)(1−α)/2 + (h0 + a2)1−α

}
≤ 1

2 , ∥(I − La)
−1∥ ≤ 2. (25.28)

We choose h0, and then the restriction a ≤ a∗ on the mesh, so that this holds on the
slightly larger ball. The inverse is given by the norm-convergent Neumann series, and it
acts on the whole Volterra integral.

For a direction (ξ, η) in the flow data, the derivative of the source with r fixed is

Ja(ξ, η) = Na(x, η) +Na(η, x)

+Na(y + r, ξ + η) +Na(ξ + η, y + r) + DCa(A)(ξ + η);
(25.29)

the products Na(x, ξ) and Na(ξ, x) cancel against the derivative of Na(x, x). If b =

∥ξ∥Xa
α
+ ∥η∥Ya

α
, then

∥Ja(ξ, η)(t)∥∞ ≤ CR2,D b va(t)−p, ∥Ta Ja(ξ, η)∥Ra ≤ CR2,D b. (25.30)

To verify the time exponents, recall that ∥Na(u, v)∥∞ ≤ C∥u∥∞∥Dav∥∞. The products
of one factor x or ξ with one factor y or η have worst exponents −α/2 − α = −p and
−β − (α + 1)/2 = −p. Two factors of the type y, η give the exponent 1/2 − 2α. A
remainder factor against a factor of type x, ξ gives the same exponent 1/2 − 2α, and
against a factor of type y, η the exponent κ − α. All of these are at least −p for α < 2/3.
Finally, (25.11) bounds the last term by C∥A∥2

∞∥ξ + η∥∞, again with exponent −p. Since
κ = 1 − p, the convolutions have exactly the powers vκ

a and vκ−1/2
a of the norm Ra.

For fixed a, the initial value A0(u) = xa(u, 0) is twice continuously differentiable in u.
The differential equation in the chart, or difference quotients of its contracting integral
equation, allow us to differentiate r = Fa((x, y), r) twice. To justify the second route,
we subtract two fixed-point identities and integrate the derivative in the field along the
segment joining them. The difference of the remainders is then obtained by applying
an inverse of norm at most two to the difference in the flow data. By Taylor’s integral
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remainder and (25.30), the first difference quotient converges. Repeating this with the
first differentiated equation, and using the second field derivatives of the analytic vector
field, we obtain the convergence of the second difference quotient. This justifies the
differentiation before we derive the uniform bounds below.

We write ξv = ∂vx, ηv = ∂vy, ρv = ∂vr, and Zv = ∂v A. The first derivative satisfies

(I − La)ρv = Ta Ja(ξv, ηv), Zv = ξv + ηv + ρv. (25.31)

By hypothesis, b ≤ R2 here, and (25.28) and (25.30) imply that ∥ρv∥Ra ≤ CR2 . The second
derivative satisfies, with all inhomogeneous terms,

(I − La)ρvw = Ta{Ja(ξvw, ηvw) + Kvw},

Kvw = Na(Zv, Zw) +Na(Zw, Zv)−Na(ξv, ξw)−Na(ξw, ξv)

+ D2Ca(A)[Zv, Zw].

(25.32)

The two subtracted products of differentiated linear heat evolutions must be kept: bound-
ing the two unsubtracted products separately would produce the exponent −α − 1/2,
which is not integrable for α > 1/2. We write Zv = ξv + δv with δv = ηv + ρv. Each
ordered quadratic difference in Kvw then contains at least one factor δ; for instance,

Na(Zv, Zw)−Na(ξv, ξw) = Na(ξv, δw) +Na(δv, ξw) +Na(δv, δw).

The part η of δ has the exponents of the quadratic Picard term, and the part ρ has the
exponents of the remainder, which were bounded above. By the exponent calculation
for (25.30), the sum of these terms is bounded by CR2v−p

a . For the last term we use
∥D2Ca(A)[Zv, Zw]∥∞ ≤ C∥A∥∞∥Zv∥∞∥Zw∥∞; each factor has the value bound Cv−α/2

a ,
which again gives the exponent −p. In total, the second forcing has, before inversion, Ra

norm at most CR2 , and by (25.28) we have ∥ρvw∥Ra ≤ CR2 . These directional estimates
give the asserted bounds on both parameter derivatives in Euclidean operator norm, with
all directions and all first physical differences included.

Adding the differentiated flow data to these two estimates for the remainder, we find,
for r = 1, 2,

∥Dr
uDa A(u, t)∥∞ ≤ CR2

{
va(t)−(α+1)/2 + va(t)−α + va(t)κ−1/2}. (25.33)

The same bound, with a possibly larger CR2 , holds for r = 0. All three negative exponents
are smaller than one in absolute value. In particular, the integrals of the right side over
[0, ϵ] are at most

CR2 ω(ϵ), ω(ϵ) = ϵ(1−α)/2 + ϵ1−α + ϵκ+1/2, (25.34)

uniformly in a, for 0 < ϵ ≤ h0. Finally, the representatives remain in the chart because

a sup
t≤h0

∥A(t)∥∞ ≤ CR2

{
a1−α + a2−2α + a(h0 + a2)κ

}
< r∗;
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In the last term we used sup0≤t≤h0
∥r(t)∥∞ ≤ CR2(h0 + a2)κ, because the upper bound

CR2(t + a2)κ is increasing in t. The differentiated mild solution is therefore, for every
parameter, the damped representative of the Wilson flow.

Step 2: the damping gauge transformation on the early interval. The generator in physical
units is linear in the potential:

λa = a−2ϕ(aA) = −∑
i

D−
a,i Ai, ∂tka = λaka, ka(0) = I. (25.35)

It is anti-Hermitian. Its parameter derivatives of order zero, one, and two are bounded
in L1([0, h0]; ℓ∞) by (25.33), and their integrals over [0, ϵ] are bounded by (25.34). At any
vertex write lv = ∂vka and mvw = ∂v∂wka. Direct differentiation gives

∂tlv = λalv + (∂vλa)ka, lv(0) = 0,

∂tmvw = λamvw + (∂vλa)lw + (∂wλa)lv + (∂vwλa)ka, mvw(0) = 0.
(25.36)

The homogeneous propagator is unitary. If Bj =
∫ h0

0 ∥Dj
uλa∥∞ dt for j = 1, 2, variation of

constants gives

sup
t

∥lv(t)∥∞ ≤ B1, sup
t

∥mvw(t)∥∞ ≤ B2 + 2B2
1.

These bounds hold at every vertex, uniformly in the mesh, with no exponential of the
size of λa, and they include the two products of first derivatives in the second equation.
Differentiating k−1

a ka = I, we also bound both derivatives of k−1
a . This completes the

proof of (1).
Step 3: bounds on later intervals. Fix 0 < s < min(h0/2, t∗/2), which leaves room for

a positive waiting time before s. By the early estimates we have uniform C1
a bounds on

A, Zv, and Zvw on [s/2, h0]. We apply Theorem 25.7 to A, and then Lemma 25.12 on
intervals after positive waiting times inside the early interval. At time s these give bounds
on every given fixed order of differences of the three fields, with constants depending on
that order, on L, R2, s, and on the parameter data.

Next, we justify the use of finitely many selected smooth DeTurck solutions, although
we have not assumed that the flow data converge as the mesh varies. Let K be the set of
smooth connections whose derivatives of every order satisfy the bounds just obtained for
Aa(s, u); it depends only on L, R2, s. By Lemma 25.6, it is compact in C3, it contains every
limit of a sequence Aaj(s, uj) with aj → 0, and

sup
u

inf
b∈K

∥Aa(s, u)− Sab∥C1
a
−→ 0 (a → 0). (25.37)

Only the spatial bounds at time s are needed here.
We apply part (4) of Lemma 25.5 to K with horizon T − s. It provides ηK > 0 and

finitely many continuations, built from the DeTurck solutions of Theorem 24.10 with
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r = 3, whose needed C5 norms are finite. It also provides one restriction a ≤ aK and one
C1

a bound for all comparisons with lattice fields within ηK of the sample of an element
of K . Then (25.37) implies that for every sufficiently small mesh and every u there exists
b ∈ K with ∥Aa(s, u) − Sab∥C1

a
≤ ηK /4. By the early bound on the first parameter

derivative, we have
∥Aa(s, u′)− Aa(s, u)∥C1

a
≤ CR2,s|u′ − u|

on every segment in V. Hence, for |u′− u| smaller than the input margin and smaller than
ηK /(4CR2,s), the field Aa(s, u′) lies within ηK /2 of the same Sab. Then all parameters
in this neighborhood of u can use the same continuation, with the same fixed sampled
gauge transformations. Then the individual estimate (25.14) gives the C1

a bound for the
representatives through time T. This estimate applies to an incoming small discrepancy
in C1

a ; it does not require a link error of order a2.
The two initial parameter derivatives at time s already have uniform C1

a bounds.
Applying (25.24) and (25.26) along this finite continuation, we obtain one uniform C1

a
bound for the first and second parameter derivatives on every time interval, including its
endpoints. Only after the C1

a bound for the representative has been obtained in this way
do we apply the last part of Theorem 25.7. Together with the last part of Lemma 25.12, it
gives further spatial orders at every given positive waiting time.

Step 4: composed gauge transformations and matrices. On a later time interval Ij, let gj(t)
be the damping gauge transformation with initial value I at the start of Ij. By (25.35)
and the C1

a bounds just proved, its generator and the first two parameter derivatives of
the generator are bounded. Then the equations (25.36) bound the first two parameter
derivatives of gj on Ij. We keep track of the whole gauge transformation at every vertex,
and not only of its value modulo a conjugation at the basepoint. If Qj is the composed
gauge transformation at the start of Ij, then

Q(t) = gj(t)Qj, Qj+1 = k j gj(hj)Qj, Q0 = ka(s), (25.38)

where hj is the length of Ij and k j is the fixed sampled gauge transformation applied
at its end. The order of these products follows from (Uk)l = Ulk. Since all factors are
unitary, the k j do not depend on the parameter, and there are finitely many of them, the
first and second product rules bound DuQ and D2

uQ at every vertex. This includes the
early damping gauge transformation with its initial value I.

Let Hrep
a (t, u) be the holonomy of one of the coordinate cycles in the current damped

representative. If the cycle has N links and aN ≤ ℓ, differentiating a single exponential
gives

∥∂veaAe∥op ≤ Ca∥Zv∥∞, ∥∂vweaAe∥op ≤ Ca∥Zvw∥∞ + Ca2∥Zv∥∞∥Zw∥∞;
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these follow by integrating the derivative of the exponential once and twice along its
unitary factors. An inverse factor satisfies bounds of the same type, by differentiating the
identity for the inverse. The product rule over the links of the cycle gives

∥∂vHrep
a ∥op ≤ Cℓ∥Zv∥∞,

∥∂vwHrep
a ∥op ≤ Cℓ∥Zvw∥∞ + C(ℓa + ℓ2)∥Zv∥∞∥Zw∥∞.

(25.39)

The term ℓa counts the N second derivatives of a single factor, and the term ℓ2 counts the
at most N(N − 1) products of two first derivatives. Since every observation time is later
than s, the fields in these estimates are uniformly bounded by Step 3. At the basepoint
x0, the holonomy matrix of the Wilson flow in the gauge of the initial configuration is

Ha(t, u) = Q(t, x0)
−1Hrep

a (t, u) Q(t, x0). (25.40)

Its two derivatives include the derivatives of both factors Q(t, x0)
±1. By the bounds for

Q and Q−1 and (25.39), all these terms are bounded uniformly. At a restart time both
representations describe the same holonomy matrix of the Wilson flow, so their parameter
derivatives agree there. The choice of a reference neighborhood was used only to prove
a bound for the map u 7→ Ha(t, u), which is defined independently of this choice. The
choice is constant on the parameter neighborhood where the derivatives were computed,
and we take no derivative of it. Taking the maximum over the finitely many possible
continuations, we obtain the uniform bounds on the first and second derivatives on U0.
On a smaller convex chart, the fundamental theorem of calculus along segments and the
bound on the second derivative imply that ∥DHa(u)− DHa(u′)∥ ≤ C|u − u′|. Together
with ∥Ha∥op = 1, this is the uniform C1,1 bound in (2).

Step 5: smooth families, consistency of the fields. Let f (u) be a family in the common
fixed finite-dimensional span of interpolants as in (3). On V ⋐ U1, its finitely many
coefficients and their first two parameter derivatives are bounded. Consequently its
spatial derivatives of every fixed order, and its mixed derivatives with up to two parameter
derivatives, have uniform finite bounds there. These bounds also hold uniformly for all
sufficiently small a when the coefficients depend on a and converge through order two
uniformly on compact subsets of U1. Lemma 25.2 and Lemma 16.9 apply to f , to its
parameter derivatives, and to their ordered products. On meshes that do not refine the
fixed input lattices, we use the general smooth-input bounds of Lemma 16.9 in place of
its bounds for interpolants. The proof of Lemma 25.2 uses only these bounds and the
fixed smooth norms of the inputs, so its conclusions hold on those meshes as well. In
particular, the quadratic Picard term satisfies the exact identities

∂vya = Qa(∂vxa, xa) +Qa(xa, ∂vxa),

∂vwya = Qa(∂vwxa, xa) +Qa(xa, ∂vwxa) +Qa(∂vxa, ∂wxa) +Qa(∂wxa, ∂vxa).
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Hence the bounds on the flow data through two parameter derivatives, and the con-
sistency of both components of the flow data, hold for this family, with a constant R2

depending on the family. All heat comparisons are on the same fixed physical horizon.
This also covers coefficients that converge as described.

Theorem 24.10 with r = 3 applies to the compact family of smooth initial data, and
on each of its continuations the gauge transformations do not depend on u. For assertion
(3), decrease the early time h0 so that [0, h0] lies strictly before the first restart of every
one of these finitely many continuations, and reduce the mesh threshold to preserve
a2 ≤ h0. On this interval the lattice continuation and the early damped representative
coincide by uniqueness for their finite-dimensional equation; the continuum continuation
is the unrestarted DeTurck solution from f (u). On subsequent intervals we use the
damping generators in the corresponding continued gauges on both lattices. By the
continuum part of Lemma 25.12, the DeTurck solutions bj(u) on the time intervals have
two parameter derivatives, with all the spatial bounds needed below. The bounds of
the smooth initial family and the finitely many fixed gauge transformations give these
bounds also at the left endpoints of the intervals. This verifies the regularity needed to
differentiate the residual of the sampled smooth solution, without deducing it from the
Lipschitz statement of Theorem 24.10 alone.

Let Ba be the lattice representative and ba = Sab the sample of the selected DeTurck
solution on a common time interval. Expanding the vector field, we obtain for r = 0, 1, 2

sup
u,t

∥∥Dr
u
{

∂tba − ∆aba −Na(ba, ba)− Ca(ba)
}∥∥

∞ ≤ Ca. (25.41)

This follows by differentiating the finite analytic expression and its Taylor remainder with
respect to u. The integral remainder is bounded by the corresponding mixed spatial and
parameter derivatives of the fixed smooth family. The linear part is central-difference
consistency, the quadratic part is the calculation for Na in Lemma 25.2, and the remaining
terms form the analytic remainder treated in Lemma 25.3. The first physical difference of
the residual is consistent as well, since the smooth spatial derivatives of one more order
are bounded.

We now prove stability of the derivatives. For the value we use (25.14). Recall that
Ba(B)V is the linearization, and let fa(B; V, W) be defined by the last line of (25.25), with
V, W as the two first-derivative arguments. On a common bounded set of the norm C1

a ,
the displayed products and (25.11) imply

∥(Ba(B)−Ba(C))V∥∞ ≤ CK∥B − C∥C1
a
∥V∥C1

a
,

and the difference of fa at two triples is at most

CK
(
∥B − C∥C1

a
∥V∥C1

a
∥W∥C1

a
+ ∥V − V′∥C1

a
∥W∥C1

a
+ ∥V′∥C1

a
∥W − W ′∥C1

a

)
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when the remaining fields are bounded by K. For the remainder, this uses the bound on
the third derivative in (25.11). We subtract the equations for the first derivatives, keep the
linear operator at Ba, and place the difference of the coefficients and the differentiated
residual in the forcing. By the Volterra inverse of Lemma 25.5(1), the C1

a difference of
the first derivatives is at most C times the initial difference plus C(a + sup ∥Ba − ba∥C1

a
).

We subtract the equations for the second derivatives in the same way. By the bound for
fa, the additional forcing is at most a constant times the errors of the fields and of the
first derivatives already controlled, plus the second differentiated residual. Applying
the Volterra inverse again, with the same fixed multiplicative constant on the incoming
second-derivative error, we obtain the convergence of this difference as well. At a
fixed sampled gauge transformation, the consistency error and its first two parameter
derivatives are O(a) in C1

a . To see this, we expand k(x + aei) to first order in the formula
for Ga,k and differentiate twice in the bounded smooth family. The remainder of second
order, before division by a, is O(a2), and one spatial difference uses one more smooth
derivative. Together with (25.26), this propagates the three error bounds across the finite
continuation.

For initial values that are exact samples, the three initial errors vanish. For converging
finite coefficients they are O(δa) with δa → 0, in all needed fixed spatial norms. The
preceding argument then gives, on every common time interval,

sup
u,t

∥Dr
u(Ba − Sab)∥C1

a
≤ C(a + δa), r = 0, 1, 2. (25.42)

For r = 0, the sharper link consistency of Theorem 25.4 is also available, since its
hypothesis of an initial link error O(a2) holds at every restart from an exact sample. The
estimate in C1

a above is used for the parameter derivatives and for the generators.
Step 6: smooth families, generators, gauge transformations, and matrices. We verify the

convergence of the generators in L1 on the early interval directly from the weighted
estimates, without a uniform unweighted estimate at time zero. On each continuation
interval, let λa and λ = −∑i ∂ibi be the generators of its matched lattice and continuum
representatives, with the sign fixed by (25.35). By the choice of h0 in Step 5, these are
the original early generators on [0, h0]. On every interval [ϵ, h0], by the consistency of the
values and first differences, we have

sup
u

∥Dr
uλa − SaDr

uλ∥∞ −→ 0, r = 0, 1, 2.

By (25.34), the integral of each lattice term over [0, ϵ] is at most CR2ω(ϵ). The limiting
continuum bound has the same property, by the limit of the same estimates at positive
times or by the stronger smooth bounds of the fixed family. Taking first a → 0 at fixed ϵ

and then ϵ ↓ 0, we obtain

sup
u

∫ h0

0
∥Dr

uλa − SaDr
uλ∥∞ dt −→ 0, r = 0, 1, 2. (25.43)
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On later time intervals the generators and their two parameter derivatives are bounded
by the C1

a estimates of Step 3, and (25.42) implies the analogous convergence in L1 on
each whole interval.

On each continuation interval, reset time to zero at its left endpoint and let k solve
∂tk = λk with k(0) = I in the continuum; define ka on the matching lattice interval in the
same way. Then ∂t(k−1) = k−1 ∑i ∂ibi, and k−1 is the gauge transformation that undoes
the damping in Theorem 24.10, with the convention used there. At every vertex, unitary
variation of constants gives

sup
t,u

∥ka(t, u)− Sak(t, u)∥op ≤ sup
u

∫
∥λa − Saλ∥∞ dt −→ 0. (25.44)

For the first derivative we use its integral formula from (25.36). Its homogeneous propa-
gators ka(t)ka(r)−1 converge uniformly by (25.44), its source generators converge in L1 by
(25.43), and ka converges uniformly. Subtracting the two integrals, we bound the differ-
ence by the L1 error of the generators plus a uniform error of the factors times a bounded
L1 norm, which proves the convergence of the first derivative. For the second derivative,
the two additional sources are (∂vλa)lw and (∂wλa)lv. Since the first derivatives just
treated converge uniformly and the generators converge in L1, the same subtraction
proves the convergence of the second derivative; the term (∂vwλa)ka is handled by its own
L1 convergence. Since the fixed sampled gauge transformation at a restart has the same
value at the basepoint as its continuum counterpart, the finite products (25.38) converge
at the basepoint, together with their first two parameter derivatives.

On each of the three coordinate cycles, the physical path is the same coordinate
circle, of length L and with the same basepoint, for every mesh. Using the estimate
for smooth edge transport in Lemma 24.7 and unitary telescoping, we compare the
product of the exponentials of the sampled selected DeTurck solution with its smooth
holonomy. To include derivatives, we regard this product as the parallel transport, along
the same coordinate circle, for a piecewise constant coefficient. This coefficient and its two
parameter derivatives differ from the corresponding smooth coefficients by O(a), using
one smooth spatial derivative. Differentiating the one-dimensional transport equation
once and twice, we find the same linear and quadratic forcing structure as in (25.36), now
over the fixed interval of arclength L. By unitary variation of constants and subtraction,
the products and their two parameter derivatives converge at rate O(a). The errors
between the lattice fields and the samples in (25.42) add O(a + δa), by the same transport
argument or by (25.39) and its version for differences. Finally we undo the gauge
transformations at the basepoint by (25.40). The convergence at the basepoint proved
above identifies the holonomy matrices of the Wilson flow with the holonomy matrices
of the covariant continuum flow, in the gauge of the initial configuration, uniformly over
the compact smooth family. This proves (3).
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Step 7: dependence of the constants and coarse meshes. All restrictions on the mesh
and all constants in Steps 5 and 6 may depend on the fixed smooth family and on the
displayed bounds. All bounds in Steps 1–4 used only R2, the parameter domains, the
waiting times, the horizon, the torus, and the margins of the finitely many continuations.
For the finitely many meshes with a > a∗, the initial fields and their two parameter
derivatives are bounded by the weighted norm at time zero, since these meshes are
bounded below. Since the Wilson vector field and its first two derivatives are bounded on
the corresponding compact products of copies of SU(2), the real integral equations for
the derivatives give finite uniform bounds on the fixed horizon. This gives the bounds
for the based holonomy matrices on these meshes, and we take a maximum over this
finite set. For any additional meshes on which the damped representatives remain in the
fixed smaller chart, the positive chart margin also gives bounds for their logarithms and
for the equations of their gauge transformations.

25.8 Flows with the modified plaquette potential

We now treat the flows of the plaquette potential q + cq2 with 0 ≤ c ≤ C0, which are used
in Section 29 to show that the limit does not depend on the choice of smoothing within
this family. As in Theorem 24.12, let

Ac(U) = ∑
p∈PN

{
q(Up) + c q(Up)

2}, Ψ(N,c)
t = ΦAc

4t/a2 , a = L/N,

where ΦAc is the flow of the vector field −∇Ac for the product metric; thus Ψ(N,0) = Ψ(N).
By Lemma 24.11, the damped representatives of this flow solve

∂t A = ∆a A +Na(A, A) + Fa(A) + Ea,c(A)

in a smaller chart, where Fa(A) = a−3R3(aA) = Ca(A) is the cubic-and-higher remainder
and Ea,c is the additional analytic term coming from cq2. Since the linear and quadratic
parts are the same as for the Wilson flow, the flow data are unchanged. The additional
term satisfies the bounds on field derivatives (24.32), the bounds on differences (24.33),
and the stronger bound (24.34), which makes it O(a3) on bounded sets of the norm C1

a .
Only bounded c ≥ 0 is considered.

Lemma 25.14. Fix L > 0, 0 ≤ C0 < ∞, and a smaller chart.

1. For flow data bounded by R, the solutions of Theorem 24.12 have bounds on every fixed order
of physical differences on every interval after a positive waiting time, uniformly in a and
c ∈ [0, C0]. The same holds on any restarted time interval for which a uniform C1

a bound is
given, with the dependence stated in Theorem 25.7 and an additional dependence on C0.
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2. Let b be a fixed smooth periodic DeTurck solution on [0, h] whose spatial derivatives through
order five are bounded by Kb. There are ηb, ab > 0 and K′

b < ∞, depending only on L, h, Kb,
C0, and the chart, such that, whenever

∥Ba(0)− Sab(0)∥C1
a
≤ η ≤ ηb, a ≤ ab,

the damped flow for Ac exists in the chart through time h and

sup
t≤h

∥Ba(t)− Sab(t)∥C1
a
≤ K′

b(η + a), sup
t≤h

∥Ba(t)∥C1
a
≤ K′

b. (25.45)

This holds uniformly for c ∈ [0, C0], and also on each time interval of a fixed continuation as
in Theorem 24.10, with its fixed sampled gauge transformations at the restarts. In particular,
every sufficiently small initial discrepancy in C1

a is allowed.

The constants are deterministic and do not depend on the mesh below the thresholds.

Proof. Part (1). The local solution of Theorem 24.12 gives the initial C1
a bound after a

positive waiting time. Suppose that differences through order m − 1 have been bounded
by K1, . . . , Km−1 on a preceding interval. By the product rules (25.2), we have

∥Dm−1
a Na(B, B)∥∞ ≤ Pm(K1, . . . , Km−1) + CmK1∥Dm

a B∥∞,

since the only factor of order m occurs when all additional differences fall on the factor
that already carries a difference, and its companion is a bounded value of B. By the
composition rule of Lemma 24.2 and by (24.33), both analytic terms Fa and Ea,c contribute
only a bounded function of K1, . . . , Km−1. Indeed, their arguments carry no difference to
begin with, and all their powers of the mesh are nonnegative. We start the mild equation
at the left endpoint u0 of the preceding interval, commute m − 1 differences onto the
initial value and onto the source, and place one difference on the heat semigroup. For
Zm(d) = sup0<v≤d

√
v∥Dm

a B(u0 + v)∥∞, using the bound for one difference of the heat
semigroup, we obtain

Zm(d) ≤ CmKm−1 + CmPm d + CmK1
√

d Zm(d),

where for the highest term we used
∫ v

0 (v − r)−1/2r−1/2 dr = π. At fixed mesh, Zm(d) is
finite before the absorption. We choose d so that the last coefficient is at most 1/2, and
cover the smaller interval by intervals of this length. By induction, every fixed order is
bounded, with uniform constants of the stated dependence.

Part (2). Let ba = Sab, and define

ea,c = ∂tba − ∆aba −Na(ba, ba)− Fa(ba)− Ea,c(ba).

The residual of Theorem 25.4(1) bounds the residual for the Wilson flow in physical
units by KKb a, after dividing the dimensionless residual O(a4) of the link logarithms by
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a3. By (24.34), the additional term is at most KKb,C0 a3. Hence supt ∥ea,c∥∞ ≤ Ka, and no
difference of this residual will be needed. Let Z = Ba − ba, and stop at the first time at
which ∥Z∥C1

a
= 1. Apart from −ea,c, the source of order zero in the equation for Z is

Na(ba, Z) +Na(Z, ba) +Na(Z, Z) + (Fa + Ea,c)(ba + Z)− (Fa + Ea,c)(ba).

By the bound on Na and the bounds on the cubic field derivatives, its supremum norm is
at most KKb,C0∥Z∥C1

a
on this interval. The stopped comparison with the smooth DeTurck

solution b and the induction over restarts in the proof of Lemma 25.5 apply with this
larger local Lipschitz constant and the residual just bounded. They prove (25.45), remove
the stopping condition, and give the assertion for continuations, with the additional
dependence on C0.

Lemma 25.15. Fix L > 0, 1/2 < α < 2/3, 0 ≤ R, C0 < ∞, 0 < t∗ ≤ T < ∞, and 0 ≤ ℓ < ∞.
There is a deterministic function ω(a) with ω(a) → 0 as a ↓ 0 with the following property.
Let A0,a be a lattice initial potential whose flow data on the common early interval [0, TR,C0 ] of
Theorem 24.12 have norm at most R, and let Uc

a(t) = Ψ(N,c)
t (eaA0,a). Then, for every sufficiently

small mesh,

sup
0≤c≤C0

sup
t∗≤t≤T

sup
ℓa closed path

aNℓa≤ℓ

∣∣1
2 tr Holℓa Uc

a(t)− 1
2 tr Holℓa U0

a (t)
∣∣ ≤ ω(a). (25.46)

The same holds for any fixed finite collection of characters of finite-dimensional representations of
SU(2). No approximation or area hypothesis on the closed paths is needed, since paths in the same
lattice are compared. The function ω may depend on the displayed data, on the representations,
and on the chart; no rate is asserted.

Proof. Fix 0 < s < min(t∗, TR,C0) such that there is a positive waiting time before s. The
early comparison (24.36), evaluated at time s, gives

sup
c

∥Ac
a(s)− A0

a(s)∥C1
a
−→ 0

uniformly over the initial potentials considered. We prove the remaining uniform as-
sertion by contradiction, which avoids the need for a single smooth continuation that is
uniform over arbitrary families with bounds of finite order. Suppose that the assertion
fails. Then there exist meshes aj ↓ 0, initial potentials with flow data bounded by R,
parameters cj, closed paths, and times that exhibit a fixed positive discrepancy. On
a fixed interval before s, all fixed differences of the Wilson fields A0

aj
are bounded by

Theorem 25.7.
By Lemma 25.6, applied at time s, there exist a subsequence and a smooth periodic bs

such that
∥A0

aj
(s)− Saj bs∥C1

aj
−→ 0.
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Only the spatial bounds at time s are needed here. (Since the time derivatives of all
differences are bounded by the equation and the bounds on the next two differences,
Lemma 25.8 would give convergence on the whole interval before s as well.)

We use the continuation of Theorem 24.10 for the single initial value bs, with r ≥ 5,
through the horizon T − s. Its finitely many DeTurck solutions have finite smooth bounds,
and its gauge transformations are fixed and smooth. The endpoints at time s of the Wilson
flow and of the flows for Ac approach the sample of bs in C1

a , the latter uniformly in c.
We apply Lemma 25.14 on each time interval of the continuation (for c = 0 this is also
Lemma 25.5). In the gauges of the continuation, both flows approach the sample of the
same selected DeTurck solution uniformly in C1

a on the finite continuation, with error
K(ηj + aj), where ηj → 0, uniformly over c ∈ [0, C0].

For anti-Hermitian X, Y, the integral formula for the derivative of the exponential
implies that ∥eaX − eaY∥ ≤ Ka|X−Y|. We telescope over the Nℓa ≤ ℓ/a unitary factors of a
closed path, including the inverse factors. The matrix error is then at most Kℓ∥Ba − Sab∥∞,
where b is the selected DeTurck solution at the given time. Since a conjugation at the
basepoint does not change the character, each of the two character values approaches
the character of the product of the exponentials eaSab along the same path, uniformly in
the path and in the time. For a fixed representation, the same calculation in its unitary
matrices involves in addition the norm of the corresponding representation of su(2) and
its dimension. This contradicts the fixed positive discrepancy. The supremum of the
bounded left side of (25.46) over the initial potentials considered defines a function of a
that tends to zero, which proves the lemma.



part viii

Fluctuation estimates and Wilson-loop
convergence



section 26

Concentration of reconstruction fluctuations

This section and the next control the heat evolution of the reconstructed field and its
quadratic Picard term under the conditioned Wilson measure. Recall from Section 3.6 that
the field on the finest lattice is reconstructed from the coarse field one renormalization
group step at a time, from coarse to fine, by adding the normalized fluctuation variables of
each step. At the step from mesh aj−1 to mesh aj, the heat evolution xj of the reconstructed
field changes by dj = xj − xj−1. In Lemma 26.2, we write dj exactly as a sum of four
terms:

• the linear fluctuation sj, a linear function of the newly integrated fluctuation variables
after subtraction of their conditional mean;

• the heat evolution zj of the conditionally centered nonlinear reconstruction residual;
• an interpolation defect rj, which compares the linearized reconstruction of the coarser

field with the direct interpolation of that field;
• a predictable term uj, which contains the nonlinear part of the zero-fluctuation recon-

struction and the conditional mean correction, that is, the conditional mean of the
difference between the reconstructed field and its zero-fluctuation reconstruction.

The quadratic Picard term yj = Qδ(xj, xj) then changes by the two mixed terms
Qδ(xj−1, dj), Qδ(dj, xj−1), and by the sixteen ordered products of the four terms.

This section proves the estimates that involve the newly integrated fluctuation vari-
ables. Theorem 26.10 bounds the linear fluctuation sj and the mixed Duhamel terms of sj
with a predictable background field, in either order; the backgrounds of interest are xj−1
and rj. Theorem 26.11 bounds zj and its mixed terms with xj−1. Theorem 26.12 bounds
the quadratic Duhamel term Qδ(sj, sj) and, separately, its conditional mean, which is not
zero. The terms built only from rj and uj are treated in Section 27. Section 28 assembles
the estimates of both sections into bounds on the linear and quadratic flow data of the
reconstructed field, and the coefficient bounds proved here are also used in Sections 29
and 34.

At mesh a = aj, the linear fluctuation has size g3aα−1/2
√

log(2 + L/a) in the norm
Xδ

α, and the heat evolution of the nonlinear reconstruction residual has size g2
3aα log(2 +

L/a) + g3
3a1/2p3

j , where pj is the common fluctuation cutoff radius of the step. The
centered part of Qδ(sj, sj) has size g2

3a2α−1 log(2+ L/a) in the norm Yδ
α, and its conditional

mean is at most Cg2
3∥θj−1∥∞, where θj−1 is the logarithm of the coarser reconstructed

86
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field. Since 1/2 < α < 2/3 and pj grows only logarithmically, the first three rates are
summable over the geometric sequence of meshes. The mean is summable because the
coarser fields are bounded by a summable deterministic sequence; see (26.8).

Heuristics. At times t of order a2, a linear reconstruction fluctuation is a lattice potential
of size gj/a = g3a−1/2, where g2

j = g2
3a is the coupling at mesh a; multiplying by the

weight aα of Xδ
α gives g3aα−1/2. A quadratic reconstruction fluctuation has the coefficient

g2
j /a = g2

3, and the weight aη of the corresponding heat norm gives g2
3aη. The source of

the quadratic Duhamel term contains one lattice derivative, and for the linear fluctuation
it has size g2

3a−2. Integration over a time interval of length a2 and the weight a2α−1 of Yδ
α

give g2
3a2α−1. The maximum over space and time contributes a factor

√
log(2 + L/a) for

linear forms in the fluctuation variables and log(2 + L/a) for quadratic forms. Scaling
alone does not give the long-time bounds. They come from the spatial averaging of the
heat kernel, and their proof keeps track of the physical volume of each lattice cell.

Inputs and two points that need care. The probabilistic input is the conditional fluc-
tuation kernel of Theorem 13.8: given the coarser field, the normalized fluctuation
variables of one renormalization group step have the density Z−11Ωe−V on a product
Ω of three-dimensional balls, with D2

wV ≥ I/2. By the logarithmic Sobolev inequality
of Theorem 5.4, linear and quadratic functions of these variables concentrate, with con-
stants independent of the dimension. We also use the bounds on conditional means
and covariances of Theorem 13.10, and the reconstruction maps R̂ of Theorem 15.13,
with their disintegration (Lemma 15.10) and uniform bounds on their absolute Taylor
coefficients. The deterministic inputs are the cardinal interpolation and the chaining
lemma of Lemmas 16.3 and 16.4, the cancellation estimate of Lemma 17.2, the covariance
estimate of Theorem 17.4, and the quadratic coefficient of the damped Wilson flow and
its Duhamel estimates from Lemmas 24.2 and 24.6 and Definition 24.3.

Two points need care. First, the normalized fluctuation variables are neither Gaussian
nor independent, and their conditional mean is not zero when the coarser field is not
the identity. We subtract the conditional mean under the conditional fluctuation kernel
itself, and we keep the nonzero mean of every quadratic term. Second, all fields are
interpolated to the finest lattice, of mesh δ, while their randomness lives at the much
coarser mesh a. To obtain the factor a3/2 in the operator bounds, and logarithms of L/a
rather than of L/δ in the maximal inequalities, we keep the cell volume of each coefficient
on its own lattice and cover space and time at the scale a.

We separate the heat evolution of rough initial data from its quadratic Picard term
as Cao and Chatterjee do for the Yang–Mills heat flow with random initial data in [42,
Definition 2.8 and Theorem 2.10]; their treatment follows the approach of Bourgain [32]
and Da Prato and Debussche [63]. The first nonlinear correction of Cao and Chatterjee
also contains a cubic term, and their random-data theorem treats a class of initial data
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that includes Gaussian free fields; here the estimates are proved from the conditional
fluctuation kernels. The concentration inequalities use the convexity methods of Gross
[103] and Bakry and Émery [8], in the form proved in Theorem 5.4. The quadratic tail
bound is of Hanson–Wright type [108]; for dependent coordinates satisfying a concen-
tration inequality, compare Adamczak [1, Theorem 2.5]. The maximal inequalities use
elementary chaining in the sense of Dudley [79] (see also [74]), in the form of Lemma 16.4.

26.1 Setting and the exact decomposition of an increment

The hierarchy. Throughout this section we fix L > 0, γ = g2
3L > 0, an odd integer M ≥ 3,

and an integer J ≥ 1 for which the constructions of Theorems 13.8 and 15.13 apply, and
we set B = MJ . We fix a coarse side n ∈ 4N large enough that t1 =

√
γ/(Mn) ≤ g∗ and

the common domain and smallness conditions below hold. For K ≥ 0 we set N = nBK

and
aj = (L/n)B−j, gj = g3

√
aj (0 ≤ j ≤ K), δ = aK,

so that g2
j = γ/(nBj) is the lattice coupling at mesh aj. The jth renormalization group

step from the coarse side maps the lattice of mesh aj to the lattice of mesh aj−1 = Baj; it
consists of J averaging steps, and its intermediate scales have couplings gj,i, 0 ≤ i ≤ J − 1,
whose ratios to gj lie in an interval depending only on M and J. The largest of them is

tj = M(J−1)/2gj, t2
j =

γ

Mmj
, mj = nBj−1.

Here mj ≥ 4 is the side of the coarser lattice of the step. The zero-fluctuation reconstruc-
tion at this step is built from a classical background field whose effective classical action
has been obtained by dj = J(K − j) preceding averaging steps, counted from the finest
lattice.

The measure and the filtration. All reconstruction variables and the fine configuration
are coupled as in Remark 15.11. We use the same symbol for the conditioned measure
and this joint law; its fine-configuration marginal is the conditioned Wilson measure. We
use the conditioned Wilson measure

νK = µN,γ( · | SN,n,γ)

and the reconstruction maps R̂ of Theorem 15.13. Let θ0 be the logarithm of the coarsest
configuration in the gauge chosen there, and let wj be the normalized fluctuation variables
of the jth renormalization group step from the coarse side. We write θj = aj Aj for the
link logarithm of the field reconstructed at mesh aj, so that Aj is the corresponding lattice
potential. Let Rj(θ, w) be the logarithmic form of the reconstruction map at step j; thus
θj = Rj(θj−1, wj), and Rj(θ, w) = Φ̂dj,j(θ, (gj,iwi)i) in the notation of Section 17. Let Fj be
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the σ-algebra generated by the coarsest configuration and by w1, . . . , wj. All conditional
statements below hold for every value of θj−1 that occurs on the small-field event, and
uniformly in θj−1 refers to these values.

Each scalar fluctuation coordinate λ of the jth step is attached to a lattice location on
one of its intermediate scales. We write aλ for the mesh of that lattice, vλ = a3

λ for its cell
volume, and gλ = g3

√
aλ for its coupling. Then C−1

J a3
j ≤ vλ ≤ CJa3

j , and the ratios gλ/gj
are bounded above and below by constants depending only on M and J. The fluctuation
cutoff domain of the step is

Ωj = ∏
i,e
{wi,e ∈ R3 : |wi,e| ≤ pj,i}, pj,i = pj = Aw log(1/tj) ≥ 1 for every i,

as prescribed by Definition 4.4. The same radius is used at every intermediate scale
of this RG step; estimates for products with unequal radii are auxiliary bounds, not a
change in this conditional law.

Common domains. We assume that all integrated couplings lie below the common
upper bound g∗ of Theorems 13.8, 13.10, and 17.4 and Lemma 15.10; in particular, tj ≤ g∗
for every j. We also assume that the coarser fields lie in the small-link domain Br, the
target set of Theorem 13.8, and that the reconstruction is evaluated in the larger analytic
domain of Theorem 15.13, with the fixed positive distances between its nested domains.
These choices are made before K, j, or any sample, and they do not change with K or j.

For a coarser field θ and a number d ≥ 0 of preceding averaging steps, we write µd,θ
for the conditional fluctuation kernel of Theorem 13.8 on Ωj. For coarser fields in the
small-link domain, µd,θ(dw) = k(eθ, dw) in the notation of (4.8), for a step preceded by
d averaging steps. Let Eθ, Pθ, and Covθ denote expectation, probability, and covariance
under this kernel. We write

mθ = Eθwj, ζ j = wj − mθ,

and Σθ for the conditional fluctuation covariance of wj. (This Σθ is unrelated to the
normal covariance of (4.12).)

Norms and adjoints. We fix a finite horizon T > 0 for all heat estimates. Coefficient
arrays indexed by fluctuation coordinates carry the counting norm, which sums over
every scalar coordinate of every intermediate scale; we write ∥l∥2 or ∥l∥ℓ2(w) for it, and
the transpose T is taken with respect to the counting inner product. Fields on a lattice of
mesh b carry the physical norms

∥ f ∥L2
b
=

(
b3 ∑

x
| f (x)|2

)1/2
, ∥ f ∥L1

b
= b3 ∑

x
| f (x)|,
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and the adjoint W∗ of a map W : ℓ2(w) → L2
δ is taken with respect to L2

δ, so that matrix
products with W∗ contain the factor δ3. The covariance matrix of the linear reconstruction
coefficient is the counting matrix

Zθ = EθΣθET
θ ,

where Eθ is defined in Lemma 26.2; the corresponding physical operator is a3Zθ. We
always use the counting matrix Zθ between counting rows. The heat semigroup Pδ

t = et∆δ ,
the cardinal interpolation Ib = Ib→δ from mesh b to mesh δ, the differences Dδ, and
the norms Xδ

α, Yδ
α, Hδ

σ, and Vδ
σ are those of Definition 4.8, with vδ(t) = t + δ2; here Dδ

includes every componentwise difference and every translation required by the quadratic
coefficient of Lemma 24.2. For 0 < η < 3/2 we also write

Hδ
η( f ) = Xδ

η(Pδ
· f ) = sup

0≤t≤T

{
(t + δ2)η/2∥Pδ

t f ∥∞ + (t + δ2)(η+1)/2∥DδPδ
t f ∥∞

}
;

for 0 < η < 1 − α this is the norm of Definition 4.8. Finally,

Qδ(u, v)(t) =
∫ t

0
Pδ

t−sNδ(u(s), v(s)) ds, Bδ(u, v) = Qδ(u, v) +Qδ(v, u),

where Nδ is the ordered quadratic coefficient of the damped Wilson flow on the lattice of
mesh δ; it is not symmetric, and we always keep the order of its arguments.

Constants. Unless stated otherwise, constants C, CJ , and CJ,q depend only on L, T, M, J,
the fixed analytic domains and the distances between them, the bounds on the absolute
Taylor coefficients of the reconstruction maps, the interpolation function of the cardinal
interpolation, the exponents, and the indicated derivative orders. They do not depend
on the lattice side, on K, on the number of preceding averaging steps, on the coarser
field, on the coupling below g∗, or on the refinement ratio a/δ. The constants of maximal
inequalities proved with the fluctuation cutoff (Lemma 26.9) may in addition depend on
the fixed γ, n, and the prescription of the cutoff radii; the covering and chaining bounds
of Lemmas 26.7 and 26.8 have no such dependence. Among the constants of this section,
only the bound CCP on finitely many derivatives of the zero-fluctuation reconstruction
(see the proof of Lemma 26.2) is chosen before J; all other bounds are fixed-J bounds. All
estimates concern the whole torus.

The conditional law and the Taylor coefficients

The first lemma identifies the conditional law of the fluctuation variables of one step and
records the coefficient bounds used in all later estimates. Its proof mostly verifies the
hypotheses of earlier results; the new ingredient is the passage from absolute coefficient
bounds on a larger domain to derivative bounds, without loss in the volume-normalized
column sums.
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Lemma 26.1. Assume the setting of Section 26.1. For every K ≥ 0 and 1 ≤ j ≤ K, the
conditional law of wj given Fj−1 is the normalized density Z−1

j,θ e−Vj,θ(w) dw on Ωj, where θ =

θj−1, the potential Vj,θ is smooth on a neighborhood of the closed product Ωj, and

D2
wVj,θ ≥ 1

2 I on Ωj.

This density and the normalized fluctuation coordinates are the same before and after the change
to the reconstruction maps R̂ at a fixed coarser field. For each base point w∗ = 0 or w∗ = mθ, the
normalized tensors g−1

j DwRj(θ, w∗) and (2g2
j )

−1D2
wRj(θ, w∗) have uniformly bounded absolute

output row sums and volume-normalized input column sums for every choice of fixed input, on
common nested domains in the unscaled coarser field and the coupling-scaled fluctuation inputs
qj,i = gj,iwi. On a smaller domain these bounds extend to every fixed-order mixed derivative in
the unscaled coarser field and the q coordinates, with a constant depending on the order. These
assertions are uniform in the lattice side and in the number of preceding averaging steps, at fixed
M, J, and domains.

Proof. At step j, the coarser lattice has side mj = nBj−1 ≥ 4, the number of preceding
averaging steps is dj = J(K − j), and t2

j = γ/(Mmj). By Lemma 15.10, the coarser field
lies in the small-link domain Br. At every intermediate scale the cutoff radius is exactly
pj = Aw log(1/tj). The common upper bound g∗ includes the smallness conditions of
Theorems 13.8 and 13.10. With p = pj and t = tj, we have in particular

Ctp < 1,
C[tp + t2(1 + E∗)]

(1 − Ctp)3 ≤ 1
2

, tp3 ≤ c∗. (26.1)

Here E∗ is the upper bound on the weighted analytic coefficient norm of the effective inter-
action in Theorem 13.8, and C and c∗ are constants of that theorem and of Theorem 13.10.
Since p(t) = Aw log(1/t) and t[log(1/t)]k → 0 as t → 0 for each fixed k, we may choose
g∗ to satisfy (26.1) before K, j, or any sample is chosen. The domain conditions on the
product Ωj, and the positive distances from the analytic images to the boundaries of their
domains, are the common-domain hypotheses preserved in Theorem 15.13.

All hypotheses of Theorem 13.8 hold at this coarser side, number of averaging steps,
coarser field, and product Ωj. That theorem gives the potential, its smooth extension to a
neighborhood, and the lower bound I/2 on its Hessian; the integration domain is Ωj itself,
not a larger enclosing product domain. By the last sentence of part (1) of Theorem 13.8
and by Lemma 15.10, this law is the conditional law of wj under νK, since the factors
that depend only on the coarser field cancel. By Theorem 15.14, the reconstruction maps
preserve, at this coarser field, the normalized fluctuation coordinates, the balls, the action,
the Haar disintegration density, the triangular determinant, the input effective interaction
produced by the finer-scale integrations, the normalizer, and the conditional fluctuation
kernel. Two equal positive normalized densities have potentials that differ by a constant
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depending only on the coarser field. Fixing that constant, we obtain the same Vj,θ, and
hence the same Hessian, after the change of representatives. In particular, we never
transport a Hessian through a nonlinear change of the fluctuation variables. The auxiliary
integral of Theorem 14.6 over larger domains does not enter, because the coarser field
lies in Br.

For the analytic assertion, we use the norm of Theorem 15.13 on the absolute joint
Taylor coefficients, including its volume-normalized column sums, rather than a bound
on the values of a holomorphic map. The products of coarser fields and coupling-scaled
inputs occurring here lie in the inner domain Din of that theorem, at a positive distance
from its boundary, and the absolute coefficient norm is bounded uniformly on Din. We
choose an evaluation polydisc and a larger polydisc,

P− ⋐ P+ ⋐ Din, ηλ = radλ(P+)− radλ(P−) > 0.

They may be centered at any point of evaluation, with gaps bounded below by fixed
fractions of the distance to the boundary of Din; inscribing coordinate polydiscs in the
product balls needs only a fixed change of color coordinates. The nested domains
of Theorem 15.13 give these gaps uniformly, and nothing depends on a modulus of
convergence or on the size of the lattice. The coupling-scaled images (gj,iwi)i of every
point of Ωj, of the point w = 0, and of the conditional mean mθ lie in such an evaluation
polydisc, because the mean of a probability measure on a ball lies in that ball.

Differentiating the absolute joint series term by term and evaluating it on P− in-
troduces the factorial of the derivative order and inverse powers of the gaps. These
operations preserve the column sum with a fixed input, because all other inputs, includ-
ing the output, are already summed in that column sum. Equivalently, one may apply the
Cauchy integral formula on P+ to the coefficients, in these finite-dimensional row and
column norms. We obtain uniform bounds for the first, second, and every fixed higher
derivative. A derivative in a fluctuation variable of intermediate scale i introduces the
factor gj,i, and the ratios gj,i/gj and the ratios of cell volumes are bounded by constants
depending only on M and J. Dividing the first and second derivatives in w by gj and 2g2

j ,
respectively, gives the normalized tensors asserted in this lemma, including their volume-
normalized column sums. These are the tensors used in the two Taylor expansions of
Lemma 26.2 below. All constants in this argument are fixed-J constants; the constant CCP
chosen before J is not enlarged.

The exact decomposition

Table 26.1 lists the four terms of the increment of the heat evolution; their formulas are
in the next lemma.

The classical part uses the zero-fluctuation reconstruction Cj = a−1
j Rj(θj−1, 0), which

is a minimizing reconstruction and not a conditional mean. Its linearization Pj maps a



26 Concentration of reconstruction fluctuations § 26.1 93

Term Field before heat evolution Pδ
· Conditional mean Treated in

sj Iaj(gj/aj)Eθζ j, linear in ζ j zero Theorem 26.10
zj Iaj Zj, nonlinear in ζ j zero Theorem 26.11
rj H−1(IajPj − IHEH)θj−1 predictable Lemma 27.1
uj IajU

0
j , nonlinear classical part plus mean predictable Theorem 27.7

Table 26.1. The four terms of the increment dj = xj − xj−1 in Lemma 26.2.

lattice potential on the coarser lattice, of mesh H = aj−1, to a lattice potential on the lattice
of mesh aj. The interpolation defect compares this linearization, interpolated from mesh
aj, with the coarser field interpolated directly from its own lattice; the two interpolations
are applied on their own lattices before they are subtracted. In the notation of Lemma 28.5,
Cj = a−1

j P̂j(θj−1) and Pj = BL̂j, so the linearized reconstruction is H−1Pjθj−1 = a−1
j L̂jθj−1.

Lemma 26.2. Assume the setting of Section 26.1, and fix K ≥ 0.

1. For every 1 ≤ j ≤ K, conditional on Fj−1, the law of wj is the conditional fluctuation kernel
µdj,θj−1 on the product Ωj, with dj = J(K − j), including all Haar disintegration densities,
determinants, input effective interactions, and indicators. For this fixed coupling and coarse
side, pj ≤ Cγ(1 + j). Every estimate below for a single kernel holds uniformly for any
number d ≥ 0 of preceding averaging steps, on the same domains; the conditioned Wilson
measure uses d = dj.

2. Write the Taylor expansion of the reconstruction at the conditional mean as

Rj(θ, mθ + ζ) = Rj(θ, mθ) + gjEθζ + g2
j Bθ(ζ, ζ) + Rθ(ζ), (26.2)

where the ratios of the intermediate couplings to gj are included in Eθ and Bθ. Let Cj =

a−1
j Rj(θj−1, 0) and mph

j = E(Aj − Cj | Fj−1). With H = aj−1 = Baj, the zero-fluctuation
reconstruction has the exact expansion

Cj(θ) = H−1{Pjθ + Qj(θ, θ) + Rj(θ)
}

, (26.3)

where Pj is linear, Qj is quadratic, and Rj is the remainder. Let EH be the identity map of
arrays on the lattice of mesh H, and set

xj = Pδ
· Iaj Aj, dj = xj − xj−1,

sj = (gj/aj)Pδ
· Iaj Eθζ j,

Zj = Aj − E(Aj | Fj−1)− (gj/aj)Eθζ j, zj = Pδ
· Iaj Zj,

rj = H−1Pδ
· (IajPj − IHEH)θj−1,

U0
j = H−1{Qj(θj−1, θj−1) + Rj(θj−1)

}
+ mph

j , uj = Pδ
· IajU

0
j ,

(26.4)
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with θ = θj−1 in Eθ. Then
dj = sj + zj + rj + uj. (26.5)

The terms sj and zj have conditional mean zero given Fj−1, while rj and uj are Fj−1-
measurable; neither of the latter is recentered. With yj = Qδ(xj, xj), for every 1 ≤ k ≤ l ≤
K,

yl − yk−1 =
l

∑
j=k

{
Bδ(xj−1, dj) +Qδ(dj, dj)

}
. (26.6)

Inserting (26.5) expresses the right side through the four mixed terms Bδ(xj−1, v), v ∈
{sj, zj, rj, uj}, and the sixteen ordered products Qδ(v, v′), v, v′ ∈ {sj, zj, rj, uj}; equivalently,
through the nine ordered products of sj, zj, and rj + uj. All these identities are finite and
exact, uniformly in K, dj, and θj−1.

3. There is also an expansion at w = 0. Set

E(0)
θ = g−1

j DwRj(θ, 0), B(0)
θ = (2g2

j )
−1D2

wRj(θ, 0),

define s(0)j as sj with Eθ replaced by E(0)
θ , and define Z(0)

j and z(0)j by the same centered

subtraction. Then (26.5) and (26.6) hold with s(0)j , z(0)j in place of sj, zj, and with rj, uj

unchanged. Define R̃θ by

Rj(θ, mθ + ζ)−Rj(θ, mθ) = gjE
(0)
θ ζ + g2

j B
(0)
θ (ζ, ζ) + R̃θ(ζ). (26.7)

Then ∥R̃θ∥∞ ≤ CJ g3
j p3

j on Ωj. Theorems 26.10 to 26.12 hold for either expansion, with Eθ,

Bθ, Rθ replaced consistently by E(0)
θ , B(0)

θ , R̃θ in the second. This is a second decomposition
of the same sample, under the same law.

Proof. The proof consists of exact computations, apart from two estimates: the determin-
istic bound on the coarser fields in Step 2, which is used throughout the section, and the
bound on R̃θ in Step 7.

Step 1: the conditional law. The disintegration of Lemma 15.10 applies with coarse mesh
L/n, total number K of renormalization group steps, and the reconstruction maps R̂,
whose gauge transformations depend only on the coarser field. Every restriction imposed
by the small-field event at coarser scales is measurable with respect to the coarser field
and therefore cancels in the normalized conditional law of the finer variables. This proves
the assertion about the law of wj given Fj−1, which is a statement about the joint law of
all variables under νK. Every cutoff radius in this step equals pj = Aw log(1/tj). Since
tj = M(J−1)/2g3

√
L/n B−j/2, this common radius satisfies pj ≤ Cγ,n,M,J(1 + j).
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Step 2: a deterministic bound on the coarser fields. Let Crec,J be the fixed-J bound on
the absolute row sums of the derivative of one reconstruction step in the coupling-scaled
inputs. Step 1 of the proof of Lemma 17.1 verifies the linear amplitude hypothesis of
Lemma 15.10, using the zero-fluctuation value bound and the free-input derivative bound
of Theorem 15.13. Hence

∥θj∥∞ ≤ acap∥θj−1∥∞ + Crec,Jtj pj, acap = CCP/B, acap
√

B < 1.

Here CCP bounds finitely many derivatives of the zero-fluctuation reconstruction and
is chosen before J. We iterate this recursion, using pi ≤ pj for i ≤ j and ti =

M(J−1)/2g3
√aj B(j−i)/2, and obtain

∥θj∥∞ ≤ raj
cap + M(J−1)/2Crec,J g3

√
aj pj

j−1

∑
h=0

(acap
√

B)h ≤ raj
cap + Ccap,J g3

√
aj pj, (26.8)

where r is the radius of Br and Ccap,J ≥ M(J−1)/2Crec,J/(1− acap
√

B) is a separate constant.
A constant CJ in a deterministic bound on the coarser fields below may include Ccap,J ; it
is never used to enlarge CCP or to change J. The conditional fluctuation kernel and the
coefficient bounds used in the Taylor expansions below are verified in Lemma 26.1.

Step 3: the expansion at the conditional mean. By convexity, the product of balls
contains the coordinatewise mean mθ and the segment mθ + vζ, 0 ≤ v ≤ 1. We repeat the
Taylor argument of Theorem 13.10(5) for the replacement reconstruction Rj, using the
derivative bounds on the common domain supplied by Lemma 26.1, including the ratios
between intermediate scales. The conditional law is unchanged, but the reconstruction
function need not be the one appearing in that theorem. With

Eθ = g−1
j DwRj(θ, mθ), Bθ = (2g2

j )
−1D2

wRj(θ, mθ),

Taylor’s formula gives (26.2) exactly, with

Rθ(ζ) =
1
2

∫ 1

0
(1 − v)2D3

wRj(θ, mθ + vζ)[ζ, ζ, ζ] dv, ∥Rθ∥∞ ≤ CJ g3
j p3

j . (26.9)

The derivatives here are taken in the normalized fluctuation variables. Writing an incre-
ment of the coupling-scaled input qj,i as gj,iwi contributes its own factor gj,i at each input,
and all ratios gj,i/gj lie in an interval depending only on M and J. This accounts for the
normalization of both tensors.

Step 4: the expansion of the zero-fluctuation reconstruction. We define Aj(θ) =

BRj(θ, 0), Pj = DAj(0), and Qj = D2Aj(0)/2, and let Rj be what remains after subtracting
these two terms from Aj. We have Aj(0) = 0, because the zero-fluctuation reconstruction
of the identity is the identity. Since Baj = H, we have a−1

j Rj(θ, 0) = H−1Aj(θ), which is
(26.3).



26 Concentration of reconstruction fluctuations § 26.1 96

Step 5: the four terms. By the definitions of Cj, mph
j , and Zj,

Aj = Cj + mph
j + (gj/aj)Eθζ j + Zj.

We apply Iaj to this identity, subtract IH Aj−1 = H−1 IHEHθj−1, and apply Pδ
t . By (26.3), the

linear part of Cj and the coarser field combine to H−1Pδ
t (IajPj − IHEH)θj−1 = rj(t). The

remaining predictable terms are uj, which proves (26.5). Since Eθζ j = 0, the definitions
imply that Eθsj = Eθzj = 0, while rj and uj depend only on θj−1. The conditional mean

correction mph
j , which is in general not zero, has not been removed.

Step 6: the quadratic telescope. For any bilinear map Q and any x, d,

Q(x + d, x + d)−Q(x, x) = Q(x, d) +Q(d, x) +Q(d, d).

We apply this identity to Qδ on the lattice of mesh δ, with x = xj−1 and d = dj, and
sum from j = k to j = l. This is (26.6). Inserting dj = ∑v∈{sj,zj,rj,uj} v, we obtain
Bδ(xj−1, dj) = ∑v Bδ(xj−1, v) and Qδ(dj, dj) = ∑v,v′ Qδ(v, v′), which are the four mixed
terms and the sixteen ordered products. Combining rj + uj gives the nine ordered
products.

Step 7: the expansion at zero. We derive the second expansion from an exact Taylor
computation; we do not assume that mθ = 0. At w = 0 we have

Rj(θ, v) = Rj(θ, 0) + gjE
(0)
θ v + g2

j B
(0)
θ (v, v) + R(0)

θ (v).

By Lemma 26.1, the third directional derivative is bounded, and we obtain ∥R(0)
θ (v)∥∞ ≤

CJ g3
j ∥v∥3

∞. One may also obtain this bound directly from the one-variable Cauchy formula
for the bounded reconstruction along the line through 0 and v, written in the coupling-
scaled inputs (gj,ivi)i; the radius available on that line is the distance to the boundary of
the domain of these inputs divided by the supremum norm of the direction. By convexity,
the segments from 0 to the points used here lie in the product. We subtract the expansions
at v = mθ + ζ and at v = mθ and obtain

R̃θ(ζ) = g2
j
{

B(0)
θ (mθ, ζ) + B(0)

θ (ζ, mθ)
}
+ R(0)

θ (mθ + ζ)− R(0)
θ (mθ).

The bilinear form B(0)
θ is bounded in the supremum norm, by polarization of the same

directional Taylor formula. Together with the bound ∥mθ∥∞ ≤ CJtj∥θ∥∞ of Theorem 13.10,
this bounds the first term by CJ g2

j tj∥θ∥∞ pj. Since θ lies in a fixed ball, tj/gj is fixed, and

pj ≥ 1, this is at most CJ g3
j p3

j . The two remainders R(0)
θ obey the same bound. We define

z(0)j by the centered subtraction; the algebra of Steps 5 and 6 then applies with rj and uj
unchanged. The row and column bounds and the Cauchy argument below are made on
the common coefficient domain of Lemma 26.1, so they apply at either base point w = mθ

or w = 0. This completes the proof.
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Remark 26.3. In this section sj and zj always denote the terms of the expansion (26.2) at
the conditional mean, whose linear coefficient is Eθ = g−1

j DwRj(θ, mθ); the terms of the

expansion at w = 0, with linear coefficient E(0)
θ = g−1

j DwRj(θ, 0), are written s(0)j and z(0)j .
Both pairs use the same centered vector ζ j = wj − mθ, and

sj + zj = s(0)j + z(0)j = Pδ
· Iaj

(
Aj − E(Aj | Fj−1)

)
,

so the decomposition (26.5) and the terms rj and uj are the same in both conventions.

Section 28 uses the expansion at w = 0: its terms sj and zj are the terms s(0)j and z(0)j of
this section. By part (3) of Lemma 26.2, Theorems 26.10 to 26.12 hold for these terms as
stated.

26.2 Deterministic estimates for heat kernels and coefficients

Standing conventions. In this section and the next, a = aj for some 1 ≤ j ≤ K, H =

Ba = aj−1, and δ = aK. Then 0 < δ ≤ a ≤ L/4, and a/δ = BK−j and H/δ = BK−j+1 are
integers. We fix 1/2 < α < 2/3 and set

β = α − 1/2, pα = (α + 1)/2, Λa = log(2 + L/a),

where Λa is the logarithmic lattice-size factor, written Λaj = ℓj in Section 17; it is unrelated
to the normalization constant Λ. For q > 0 and 0 ≤ t ≤ T, we also set

Ia
q (t) =

∫ t

0
(s + a2)−pα(t − s + a2)−q ds. (26.10)

For a heat path B(t) = Pδ
t b on the lattice of mesh δ we write

Ra(B) = sup
0≤t≤T

{
(t + a2)α/2∥B(t)∥∞ + (t + a2)(α+1)/2∥DδB(t)∥∞

}
(26.11)

for its radius at scale a; it is the norm Xδ
α(B) with δ2 replaced by a2 in the weights.

Let f (t, x) be a field on [0, T] × ΛN whose components are linear functions of a
vector of counting inputs, with deterministic coefficients. Its value row at (t, x) is the
coefficient vector of a scalar component of f (t, x), and its first-difference rows are those of
the components of Dδ f (t, x). For a field whose components are quadratic forms, rows
are replaced by the symmetric coefficient matrices, measured in Hilbert–Schmidt and
operator norm. Given exponents (κ0, κ1), the weighted coefficient bound of f is

sup
0≤t≤T

sup
x

max
{
(t + δ2)κ0∥value row∥, (t + δ2)κ1∥first-difference row∥

}
.

We use (κ0, κ1) = (η/2, (η + 1)/2) for the norms Xδ
η and Hδ

η, and (κ0, κ1) = (β, α) for
the norm Yδ

α. A bound by S for the weighted coefficient bound means that every scalar
component of the weighted value and first difference, evaluated at a fixed point (t, x), is
a linear (or quadratic) form in the inputs with coefficient norm at most S.
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The periodic heat kernel

We write Pδ
t f (x) = δ3 ∑y pδ

t (x, y) f (y), so that pδ
t (x, ·) is the heat kernel relative to the

physical measure δ3 ∑y, and we let ∥·∥1, ∥·∥2 be the norms of L1
δ and L2

δ.

Lemma 26.4. For every fixed integer q ≥ 0 and 0 ≤ t ≤ T,

∥Dq
δ pδ

t (x, ·)∥1 ≤ Cq(t + δ2)−q/2,

∥Dq
δ pδ

t (x, ·)∥2 ≤ Cq(t + δ2)−3/4−q/2,

∥Dq
δ pδ

t (x, ·)∥∞ ≤ Cq(t + δ2)−(3+q)/2.

The kernel is nonnegative and has physical mass one. Fixed translations and adjoint differences
obey the same estimates, with the same dependence of the constants.

Proof. We write ∆δ = δ−2 ∑i(Ti + T−1
i − 2), where Ti is the translation by δei. The expo-

nential series of the positive part δ−2 ∑i(Ti + T−1
i ), multiplied by e−6t/δ2

, is a convolution
with nonnegative coefficients whose sum is one. At t = 0 its density is δ−31x=y. For t ≤ δ2,
contraction and the finite difference stencil give the three bounds, since (t + δ2) ≍ δ2

there.
We give the details for the L1 bound on differences at longer times. On Z, at dimen-

sionless time v = t/δ2 ≥ 1, the Fourier multiplier of the qth unscaled forward difference
of the random walk kernel is

fv,q(ξ) = (eiξ − 1)qe−4v sin2(ξ/2), −π ≤ ξ ≤ π.

Backward differences change only a factor of modulus one. Since sin2(ξ/2) ≥ cξ2 on this
interval, bounding each derivative of a factor and substituting z =

√
v ξ, we find∫

| fv,q|2 dξ ≤ Cqv−q−1/2,
∫
|∂ξ fv,q|2 dξ ≤ Cqv−q+1/2.

For q = 0 only the derivative of the exponential occurs in the second integral, and its
size is Cv|ξ|e−cvξ2

; for q ≥ 1 the other term is Cq|ξ|q−1e−cvξ2
, and both integrals have the

displayed powers. By Parseval’s identity, the difference kernel hv,q(m) satisfies

∑
m
(1 + m2/v)|hv,q(m)|2 ≤ Cqv−q−1/2.

Using the Cauchy–Schwarz inequality with weights 1 + m2/v, together with ∑m(1 +

m2/v)−1 ≤ C
√

v, we obtain ∑m|hv,q(m)| ≤ Cqv−q/2. Taking products over the three
coordinates, we obtain this bound for every difference in several directions on Z3. Peri-
odization does not increase the absolute sum, and rescaling each difference by δ−1 gives
the physical L1 estimate.
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The remaining estimates on the finite torus follow from the finite Fourier sum. Fre-
quencies k in the principal cube satisfy ωδ(k) = 4δ−2 ∑i sin2(πδki/L) ≥ c|k|2/L2, and the
multiplier of a difference of order q is bounded by Cq(|k|/L)q. Grouping the integer fre-
quencies in unit shells m ≤ |k| < m + 1, each of which contains at most C(m + 1)2 points,
and comparing the decreasing Gaussian tails with integrals after splitting at m = L/

√
t,

we obtain
L−3 ∑

k
(|k|/L)qe−ct|k|2/L2 ≤ Cqt−(3+q)/2 + 1q=0L−3.

This bounds the absolute Fourier sum, and hence the L∞ norm. Parseval’s identity with
order 2q and time 2t gives the square of the L2 bound. When q = 0, the constant Fourier
mode contributes L−3 to that square; since t ≤ T, it is absorbed into the stated estimate
with a constant depending on T/L2. Differences annihilate the constant mode when
q > 0.

Coefficient tensors

Lemma 26.5. Suppose a tensor by;λµ, with y on the lattice of mesh a and λ, µ fluctuation
coordinates of cell volumes vλ, vµ, satisfies

sup
y

∑
λ,µ

|by;λµ| ≤ CJ , sup
λ

a3

vλ
∑
y,µ

|by;λµ| ≤ CJ , vλ/a3 ≤ CJ ,

and the same column estimate with the roles of the two inputs interchanged. Set Ft = Pδ
t Iab,

regarding the ordered pair (λ, µ) as one counting input. Then, for every fixed integer q ≥ 0,

∥Dq
δ Ft∥ℓ2(λ,µ)→L2

δ
≤ CJ,qa3/2(t + a2)−q/2,

sup
x
∥Dq

δ Ft(x, ·, ·)∥2 ≤ CJ,qa3/2(t + a2)−3/4−q/2.

Symmetrizing a scalar coefficient matrix increases neither its Hilbert–Schmidt norm nor the
displayed bound for its operator norm. The same heat argument, for one input, applies to Eθ.

Proof. By the column hypothesis and vλ/a3 ≤ CJ , we have

sup
λ,µ

∑
y
|by;λµ| ≤ sup

λ
∑
y,µ′

|by;λµ′ | ≤ CJ .

In other words, the column of a pair is bounded, because the column sum with one
input fixed already sums over the other input. For any array h indexed by pairs, the
Cauchy–Schwarz inequality with weights |by;λµ| implies that

∑
y

∣∣∣∑
λ,µ

by;λµhλµ

∣∣∣2 ≤
(

sup
y

∑
λ,µ

|by;λµ|
)(

sup
λ,µ

∑
y
|by;λµ|

)
∑
λ,µ

|hλµ|2.
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Multiplying by a3, we obtain the physical operator factor a3/2. By Lemma 16.3, the
cardinal weights are nonnegative, their row sums are one, and their column sums,
weighted by the output cell volume, are a3. By Jensen’s inequality, Ia : L2

a → L2
δ has norm

at most one. The absolute rows and columns of its differences are bounded by Cqa−q

times those of Ia, because each column is a smooth bump at scale a.
For t ≤ a2, we commute the differences through the heat semigroup. The absolute

row is then CJ,qa−q, the absolute column, weighted by the output cell volume, is CJ,qa3−q,
and the heat semigroup preserves these bounds. By the Schur test, we have the operator
bound. The counting ℓ2 norm of a row is at most its absolute row sum, which gives the
pointwise bound in this range. For t ≥ a2, we put all differences on the heat kernel. Its
L1 estimate in Lemma 26.4 and the Schur test imply the operator bound, and its physical
L2 row, composed with the undifferentiated operator, gives the pointwise bound. The
bounds of the two ranges agree at t = a2 up to fixed constants. This proves the estimates
for all orders, with no factor counting output sites.

For scalar coefficients, the counting norm of the vector indexed by ordered pairs
is the Hilbert–Schmidt norm of the corresponding matrix. The orthogonal projection
A 7→ (A + AT)/2 does not increase that norm, and the operator norm is at most the
Hilbert–Schmidt norm. This proves the last assertion.

Mixed Duhamel terms with a background field

The next lemma bounds the coefficients of the mixed Duhamel terms Qδ(B, F) and
Qδ(F, B), where B is a background heat path, fixed after conditioning, and F is linear in
the counting inputs. Both orders are treated, and for each the proof must decide where
to put the difference contained in Nδ. Table 26.2 summarizes the choice, with u = t − s.
Two differences of the background suffice for these row bounds; the four differences
assumed in the lemma are used only for the covering bounds of Lemma 26.7.

Range Source difference on Placement

u ≥ a2 B keep it on B; use the L2
δ row of the outer heat kernel

u ≥ a2, s ≤ u Fs move it to the outer heat kernel by summation by
parts

s ≥ u ≥ a2 Fs keep it on Fs

u < a2 either put all output differences on the source; contract
by the heat semigroup

Table 26.2. Placement of differences in the proof of Lemma 26.6.
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Lemma 26.6. Assume the standing conventions of Section 26.2, and put S = s + a2 and
U = t − s + a2. Suppose a coefficient map Fs, from a space of counting inputs to fields on the
lattice of mesh δ, satisfies

∥Dq
δ Fs∥2→L2

δ
≤ CqhS−q/2, sup

x
∥Dq

δ Fs(x, ·)∥2 ≤ CqhS−3/4−q/2

for all fixed orders q required below, and that B(s) = Pδ
s bδ satisfies

∥Dq
δ B(s)∥∞ ≤ CqR(s + a2)−(α+q)/2, 0 ≤ q ≤ 4. (26.12)

The constants Cq are fixed, and B is fixed after conditioning. The constants in this lemma may
depend on the prescribed constants Cq in the hypotheses on Fs and B, in addition to the standing
deterministic data. The hypothesis (26.12) holds for B(s) = Pδ

s IHb with R = Ra(B) and Cq

depending only on q, M, J, α, T/L2, and the interpolation function. For either order Qδ(B, F)
or Qδ(F, B), the coefficient rows of the mixed Duhamel term after r = 0, 1 output differences are
bounded by

CJ Rh Ia
3/4+r/2(t),

and its weighted coefficient bound for Yδ
α is at most CJ Rh aα−3/2. These assertions hold with an

ordered pair as the counting input, as well as with a single input.

Proof. Steps 3 and 4 are summarized in Table 26.2.

Step 1: backgrounds interpolated from mesh H. We first verify (26.12) for B(s) = Pδ
s IHb

and R = Ra(B); the radius then controls all higher differences. At s = 0, since IH
reproduces the values of b at the sites of the lattice of mesh H, we have ∥b∥∞ ≤ ∥IHb∥∞ ≤
Ra−α. For s ≤ a2, by the bound on differences of the cardinal interpolation and heat
contraction, we have ∥Dq

δ B(s)∥∞ ≤ CqRH−qa−α ≤ Cq,BR(s + a2)−(α+q)/2. For s ≥ a2, we
write B(s) = Pδ

s/2B(s/2) and apply the L1 bound of Lemma 26.4 to the differences of Pδ
s/2,

using ∥B(s/2)∥∞ ≤ R(s/2 + a2)−α/2. This proves the same bound for every fixed q. The
constant depends on B = H/a and q, but not on b or R. For a general background, the
bounds (26.12) are hypotheses. The row estimates below use only 0 ≤ q ≤ 2.

Step 2: the quadratic coefficient. We use the expression of the quadratic coefficient in
Lemma 24.2, on the periodic lattice of side L/δ = nBK ≥ 4 and with physical difference
scale δ. That lemma writes the quadratic coefficient of the damped Wilson flow as a
fixed finite sum of terms c[T1ui, T2D±

δ vj], with fixed translations T1, T2. We keep this
order, these coefficients, and these translations in every Duhamel term of this section,
including those in the estimates for the residual, for the square, and for the mean. Since
this coefficient is a quadratic polynomial, no bound on the amplitude of the fields is
needed to evaluate it. Subtracting [ f , g] from [T f , Tg] and dividing by δ gives the product
rule

D+[ f , g] = [D+ f , Tg] + [ f , D+g],
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and the backward rule follows by replacing T by T−1. By this rule, a difference on F
can be moved onto the whole bracket and onto B, with the translated arguments kept.
Summation by parts moves a difference of the whole bracket to the outer heat kernel. All
translations are isometries of L2

δ and of the supremum norm.

Step 3: the range u = t− s ≥ a2. A source term whose difference falls on B has coefficient
row at most

CJ Rh S−pα u−3/4−r/2,

by the L2
δ bound of Lemma 26.4 on the differentiated outer heat kernel and the operator

bound on Fs. If the difference of the source falls on Fs and s ≤ u, summation by parts
gives a term of this form and a term bounded by

CJ Rh S−α/2u−5/4−r/2 ≤ CJ Rh S−pαU−3/4−r/2,

since S ≤ U and u ≍ U. If s ≥ u ≥ a2, we leave the difference on Fs; its operator bound
gives the factor S−1/2, and the same bound follows. For the order Qδ(F, B) the difference
of the source falls on B, and the first case applies; for the order Qδ(B, F) the second and
third cases apply.

Step 4: the range u < a2. We put every output difference on the source and contract
by the heat semigroup. At output order one, the products have the distributions of
differences BD2F, (DB)DF, and (D2B)F, with their fixed translations; at output order
zero the total order is one. Each coefficient row is bounded by

CJ Rh S−pα−3/4−r/2 ≤ CJ Rh S−pαU−3/4−r/2,

because U ≤ 2a2 ≤ 2S. The color brackets contribute a constant factor. Integrating the
rows of Steps 3 and 4 in s, we obtain the bounds by CJ Rh Ia

3/4+r/2(t).

Step 5: the convolution integrals. Set e = a2 and p = pα < 1. For t ≤ e, direct integration
bounds Ia

q (t) by te−p−q. For t ≥ e we split at t/2. On the early half, t − s + e ≍ t + e and∫ t/2
0 (s + e)−p ds ≤ Cp(t + e)1−p. On the late half, s + e ≍ t + e, and integrating the other

factor yields C(t + e)1/4 for q = 3/4 and Ca−1/2 for q = 5/4. In both regimes we obtain

Ia
3/4(t) ≤ Cα(t + a2)1/4−pα , Ia

5/4(t) ≤ Cαa−1/2(t + a2)−pα . (26.13)

Multiplying by (t + δ2)β and (t + δ2)α, respectively, gives at most the same expressions
with δ2 replaced by a2. The remaining powers of t + a2 are α/2 − 3/4 and (α − 1)/2,
which are both negative. Evaluating at t + a2 = a2 bounds both weighted rows by
Cαaα−3/2. This proves the final assertion, with all input factors contained in h.
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Covering numbers of coefficient rows

Lemma 26.7. Assume the standing conventions of Section 26.2. Let B(t) = Pδ
t bδ be Fj−1-

measurable and satisfy

∥Dq
δ B(t)∥∞ ≤ CqR(t + a2)−(α+q)/2, 0 ≤ q ≤ 4,

where R is Fj−1-measurable and the Cq are fixed constants. Put Ft = (gj/a)Pδ
t IaEθ, for either

expansion of Lemma 26.2. For either order of the mixed Duhamel term of B and F, let lr(t, x) be a
scalar coefficient row after r output differences, r = 0, 1. Set

S = g3Raβ, Ar(t, x) = S−1(t + δ2)κr lr(t, x), κ0 = β, κ1 = α.

If R = 0, all these rows vanish, and we define their normalized versions to be zero. Otherwise the
distance

d((r, t, x), (r′, s, y)) = ∥Ar(t, x)− Ar′(s, y)∥2,

on the index set that includes the finite list of scalar components and differences, has diameter
bounded by a fixed constant, and its covering numbers satisfy

N(v) ≤ C(1 + L/a)Pv−Q, 0 < v ≤ 1. (26.14)

The same holds for the rows normalized pointwise, lr(t, x)/(g3Ra Ia
3/4+r/2(t)), extended contin-

uously to t = 0. The constants depend only on the deterministic data and on C0, . . . , C4; they
do not depend on the fluctuation cutoff, the coupling, the coarser field, the number of preceding
averaging steps, or a/δ.

Proof. After conditioning, all rows are deterministic. By Lemmas 26.1 and 16.3, for every
fixed order needed,

sup
x
∥Dq

δ Ft(x, ·)∥2 ≤ CJ,qg3a(t + a2)−3/4−q/2 ≤ CJ,qg3a−1/2−q.

Each of the two ordered sources, denoted Gt, is the quadratic coefficient applied to B(t)
and Ft in that order. By the product rule of Lemma 24.2 and the four assumed differences
of the background, we have

sup
x
∥Dq

δGt(x, ·)∥2 ≤ CJ Rg3a−α−3/2−q, 0 ≤ q ≤ 3. (26.15)

Order four suffices, because at most q + 1 differences fall on either argument. The heat
equations for B and F imply that, for r = 0, 1,

sup
x
∥Dr

δ∂tGt(x, ·)∥2 ≤ CJ Rg3a−α−7/2−r.
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Indeed, a time derivative replaces one factor by a sum of its second differences; together
with the difference of the source and the r output differences, the largest order on the
background is r + 3 ≤ 4.

For lr(t) =
∫ t

0 Pδ
t−sDr

δGs ds, positivity and contraction of the heat semigroup also hold
for rows in counting ℓ2, by the triangle inequality. Thus

sup
t,x

∥Dh
δ lr(t, x)∥2 ≤ CJTRg3a−α−3/2−r−h (h = 0, 1), ∂tlr(t) = Dr

δGt + ∆δlr(t).

Commuting the Laplacian onto Gs in the last integral bounds the time derivative by
CJ Rg3[a−α−3/2−r + Ta−α−7/2−r]; the largest order of the source here is r + 2 ≤ 3, which is
covered by (26.15).

Let ℓ∗ = 1 + L +
√

T and ϵ = a/ℓ∗ < 1. Since a ≤ L/4, every power of a in these
polynomial estimates may be replaced by the same power of ϵ, with a constant factor
depending only on L and T. After division by S = Rg3aα−1/2, the unweighted row,
one spatial difference, and one time derivative are bounded by Cϵ−4, Cϵ−5, and Cϵ−6,
respectively. For example, the spatial exponent is 2α + 2 + r < 5, and the time exponent
is 2α + 3 + r < 6. By Lemma 26.6, the weighted row itself is bounded uniformly.

The weights have powers less than one. For 0 < k < 1 and h ≥ 0 we have (z + h)k −
zk ≤ hk for z ≥ 0, since the left side decreases in z. This gives |(t + δ2)k − (s + δ2)k| ≤
|t − s|k, with no constant depending on δ. Applying this with k = β and k = α, and using
a shortest lattice path on the torus for the spatial difference, we obtain

∥Ar(t, x)− Ar(s, y)∥2 ≤ Cϵ−8{dist(x, y) + |t − s|β}. (26.16)

Here |t − s| and |t − s|α are bounded by fixed multiples, depending on T, of |t − s|β,
and the exponent eight is a common bound for the preceding exponents. The triangle
inequality and sup∥Ar∥2 ≤ C bound the diameter, also between different members of the
finite list of components.

We also check the second normalization, which avoids a division by t at the initial
time. We write

lr(t) = tUr(t), Ur(t) =
∫ 1

0
Pδ
(1−v)tD

r
δGvt dv,

and Ia
q (t) = tJq(t) with

Jq(t) =
∫ 1

0
(vt + a2)−pα((1 − v)t + a2)−q dv.

This positive function has a lower bound depending only on L, T, α, and q, because
t + a2 ≤ T + (L/4)2. Differentiating its integrand shows that |J′q(t)| ≤ Cαa−2 Jq(t). By the
formula for Ur and the heat equations, ∂tUr is the integral over v ∈ [0, 1] of

(1 − v)Pδ
(1−v)t∆δDr

δGvt + vPδ
(1−v)tD

r
δ∂sGs|s=vt.
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The bounds on the source control it by CRg3a−α−7/2−r, and one spatial difference of Ur

is bounded by CRg3a−α−5/2−r. By the row bounds of Lemma 26.6, Ur/(g3RaJ3/4+r/2)

is bounded uniformly. By the quotient rule, its moduli in time and space are bounded
by fixed multiples of ϵ−8. For example, the largest factor in the time derivative of the
numerator is a−α−9/2−r, with exponent below seven, and the derivative of Jq contributes
only a−2 times the already bounded quotient. The formula defines the continuous value
at t = 0, and the pointwise normalized rows obey the modulus (26.16) as well.

For 0 < v ≤ 1 we choose the spatial step cvϵ8 and the time step (cvϵ8)1/β, where
c > 0 depends only on the constant in the modulus. We choose nearest lattice sites
when the spatial step is at least δ, and all lattice sites otherwise. Their number is at
most C(1 + L/(vϵ8))3, and the time net has at most C(1 + T/(vϵ8)1/β) points. Both nets
are deterministic, independent of the fluctuation variables and of the amplitude of the
background. Multiplying these counts by each other and by the number of components
and orders proves (26.14), for example with P = ⌈24 + 8/β⌉ and Q = ⌈3 + 1/β⌉. All
constants have the stated independence, because only coefficient norms have been used
and neither a sample nor the cutoff radius entered.

26.3 Concentration and maximal inequalities

We now combine the deterministic estimates with concentration under the conditional
fluctuation kernel. We control a supremum over space and time in two ways. The first
uses the covering bound of Lemma 26.7 and chaining; its constants do not depend on the
fluctuation cutoff or on the coupling, and it applies to mixed Duhamel terms with general
backgrounds (Lemma 26.8). The second uses the fluctuation cutoff to bound moduli
of continuity of the realized fields, followed by a union bound over a finite net with
spatial and time steps ca30, whose logarithmic cardinality is bounded by C log(2 + L/a)
(Lemma 26.9); its constants may depend on the fixed coupling and coarse side.

Lemma 26.8. Assume the standing conventions of Section 26.2, and fix θ = θj−1 and d ≥ 0. Let
(Xi)i∈T be a family of linear evaluations Xi = liζ, where ζ = w − Eθw under µd,θ, indexed by
a finite list of components, the output sites, and the times in [0, T], with coefficients continuous
in time at each site. Suppose that supi∥li∥2 ≤ C0S, and that the distance ∥li − li′∥2/S on T
satisfies the covering bound (26.14). Then, for every u ≥ 0 and 1 ≤ p < ∞,

Pθ

{
sup

i
|Xi| > CS

√
Λa + u

}
≤ Ce−u,

∥∥∥sup
i
|Xi|

∥∥∥
Lp(µd,θ)

≤ CS(
√

Λa +
√

p).

The constants depend only on the lower bound 1/2 for the Hessian and on the constants C0, C, P,
Q in the covering bound; in particular, they do not depend on the fluctuation cutoff.

Proof. By Lemma 26.1 and Theorem 5.4, for each coefficient row l, we have log Eθezlζ ≤
z2∥l∥2

2 for z ∈ R, and the exponential Markov inequality shows that lζ satisfies Pθ{|lζ| >
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2∥l∥2
√

u} ≤ 2e−u; the same holds for every difference of two rows. We apply Lemma 16.4
with the distance ∥li − li′∥2/S, s = CS, b = 0, diameter at most 2C0, A = C(1 + L/a)P,
and entropy exponent Q. At a fixed reference index, the evaluation has coefficient norm at
most C0S. By the Cauchy–Schwarz inequality in the finite-dimensional space of ζ, limits
of rows in this distance correspond to limits of the evaluations. Because the coefficients
are continuous in time and the lattice is finite, the supremum is determined by a countable
dense set. Since log(2A) + Q ≤ CΛa, the tail and moment bounds of Lemma 16.4 imply
the assertions, with the explicit factor

√
p. If S = 0, all rows vanish.

Lemma 26.9. Assume the standing conventions of Section 26.2. Fix θ = θj−1 and the conditional
fluctuation kernel of Lemma 26.1, and let ζ = wj − mθ.

1. A linear evaluation lζ with ∥l∥2 ≤ S satisfies Pθ{|lζ| > CS
√

v} ≤ 2e−v for v > 0.
2. A quadratic evaluation ζTAζ − EθζTAζ, with A symmetric and ∥A∥HS ∨ ∥A∥op ≤ S,

satisfies

Pθ

{
|ζTAζ − EθζTAζ| > C(∥A∥HS

√
v + ∥A∥opv)

}
≤ 2e−v, v > 0;

in particular, the threshold CS(1 + v) suffices.
3. Consider the following fields, all centered under µdj,θ: the heat fields Pδ

· Ia f of arrays f
on the lattice of mesh a whose entries are linear or quadratic in ζ, measured in Hδ

η for
some 0 < η < 3/2; the mixed Duhamel terms of sj, or of the quadratic part of zj, with
a background Pδ

· IHb fixed after conditioning, measured in Yδ
α; and the quadratic Duhamel

term Qδ(sj, sj)− EθQδ(sj, sj), measured in Yδ
α. Suppose S bounds the weighted coefficient

bound of the field and, for heat fields, also aη times the coefficient norms of the entries of f .
For a mixed Duhamel term let R ≥ Ra(Pδ

· IHb). In the mixed linear, mixed quadratic, and
self-quadratic Duhamel cases, respectively, also require S ≥ Rg3aα−1/2, S ≥ Rg2

3aα, and
S ≥ g2

3a2α−1. These additional lower bounds are not imposed on heat fields. Then the norm
of the field exceeds CS

√
Λa + u in the linear case, and CS(Λa + u) in the quadratic case,

with probability at most Ce−u, for every u ≥ 0; the corresponding moment bounds hold for
every 1 ≤ p < ∞.

The constants in (1) and (2) depend only on the lower bound 1/2 for the Hessian. The constants
in (3) may in addition depend on the fixed γ, n, and the prescription of the cutoff radii, as stated
in Section 26.1.

Proof. The proof of (3) uses the fluctuation cutoff to bound the moduli of continuity of the
realized fields. The short times t ≤ a2, for heat fields, and t ≤ min(a2, a8), for Duhamel
terms, are treated without a time net. On the remaining times, crude bounds by a fixed
power of a−1 suffice, because the net then has polynomially many points in 1/a and only
the logarithm of its size enters.
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Step 1: pointwise tails. By Lemma 26.1, the potential is smooth on a neighborhood of
the closed product Ωj and D2

wV ≥ m∗ I with m∗ = 1/2. The domain is a finite product
of Euclidean balls, with the reflecting boundary condition. These are the hypotheses of
Theorem 5.4, applied to the potential itself, including its determinant and Haar disinte-
gration terms. For a linear row l, that theorem implies that log Eθezlζ ≤ z2∥l∥2

2/(2m∗),
and optimizing Markov’s inequality in z, we obtain the two-sided sub-Gaussian tail (1).
For a symmetric matrix A, we write a2 = ∥A∥HS and a∞ = ∥A∥op. By the same theorem,
we have log Eθez(ζT Aζ−EθζT Aζ) ≤ 8z2a2

2/m2
∗ for |z| ≤ m∗/(4a∞). Chernoff’s inequality,

applied with both signs and z = min(c1
√

v/a2, c2/a∞), gives (2). Vanishing norms are
treated by continuity. Throughout, ζ is centered at the conditional mean mθ under the
same kernel.

Step 2: consequences of the cutoff. We now prove (3) by a finite net, including the
endpoints of the time interval; this avoids any entropy at the scale δ. On Ωj we have
∥ζ∥∞ ≤ CJ pj, and, at fixed γ and n, pj ≤ Cγ,n[1 + log(2 + L/a)]. In particular, pk

j ≤
Cγ,n,ka−1 for every fixed k when a ≤ min(1,

√
T). The bounded remaining range of a is

absorbed by enlarging the constants, which then depend on L, T, γ, and n.

Step 3: continuous extensions. We estimate the deterministic moduli through contin-
uous extensions in space, starting from the smooth periodic cardinal interpolant on the
torus. The exponential of the positive shift part defining Pδ

t acts on its translates for every
real x, not only at lattice sites; this defines a smooth function whose restriction to the
lattice is the discrete heat evolution. Continuous spatial derivatives commute with this
convolution. Further,

∥∆δ f ∥Cq ≤ C∥ f ∥Cq+2 ,

by the second-order Taylor formula with integral remainder for each symmetric difference.
Thus a time derivative costs two derivatives of the smooth data, never a factor δ−2. The
same extension applies to translated brackets and to their Duhamel integrals.

Step 4: unweighted bounds on the cutoff. Let the background Pδ
· IHb have radius at

most R, and fix an order q of continuous spatial derivatives and an order k of time
derivatives. On Ωj, the supremum of Dq∂k

t of each field or source satisfies the following
bounds:

field or source bound
(gj/a)Pδ

t IaEθζ CJ,q,kg3pja−1/2−q−2k

Pδ
t IaBθ(ζ, ζ) CJ,q,k p2

j a−q−2k

Nδ(B, sj), Nδ(sj, B) CJ,q,kRg3pja−α−3/2−q−2k

Nδ(B, g2
3Pδ IaBθ(ζ, ζ)), and the reversed order CJ,q,kRg2

3 p2
j a−α−1−q−2k

Nδ(sj, sj) CJ,q,kg2
3 p2

j a−2−q−2k
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To verify these entries, note that the absolute row bounds give CJ pj for Eθζ and CJ p2
j

for Bθ(ζ, ζ). A spatial derivative of their cardinal interpolants costs Cqa−q, and the
heat semigroup contracts every continuous derivative. By its initial value and the heat
equation, the background is bounded by CJ,q,kRa−α−q−2k. Using the quadratic coefficient
of Lemma 24.2, we multiply the two factors in each bracket and distribute its difference;
this gives the last three entries. By the product rule for differences, the same bounds hold
for differences of these smooth extensions. A time derivative is the sum of the terms with
one factor differentiated, and it satisfies the listed bound. Centering at the conditional
mean doubles these bounds. For a Duhamel field, spatial derivatives are bounded by T
times the corresponding bound on the source, and its first time derivative is the source
plus ∆δ of the Duhamel field.

Step 5: heat fields. For a heat field measured with exponent 0 < η < 3/2, we treat the
times 0 ≤ t ≤ a2 without a time net. By heat contraction and the bound on differences of
the cardinal interpolation, we have

sup
t≤a2

{
(t + δ2)η/2∥Pδ

t Ia f ∥∞ + (t + δ2)(η+1)/2∥DδPδ
t Ia f ∥∞

}
≤ Cηaη max

y
| f (y)|.

The maximum on the right is over at most CJ(L/a)3 scalar entries, and we take a union
bound over the tails of (1) or (2) at these entries. For t ≥ a2, the weights and their
first time derivatives are bounded by fixed powers of a−1. The following coefficient
argument treats arbitrary admissible S, including for the special heat fields listed in the
table. Let dw be the number of scalar fluctuation coordinates of the step. Since there are J
intermediate scales with fixed ratios of meshes, dw ≤ CJ(L/a)3. On the cutoff domain,
we have ∥ζ∥2 ≤ CJ pj

√
dw, and the assumed bounds on the coefficients of the entries of f

give

max
y

| fy| ≤ CJSa−η ×
{

pj
√

dw for centered linear forms,

p2
j dw for centered quadratic forms;

in the quadratic case we apply the bound on the operator norm both to the value of the
form and to its expectation. By the bounds on the cardinal interpolation, heat contraction,
and the continuous extension of Step 3, we have

∥Dq∂k
t Pδ

t Ia f ∥∞ ≤ CJ,q,ka−q−2k max
y

| fy|.

For t ≥ a2, the weighted value and first-difference components and their first spatial and
time derivatives are bounded, after division by S, by a fixed power of a−1, independently
of a/δ. By the bounds of Step 2 on pj, and since dw ≤ Ca−3, the exponent 30 suffices. If
S = 0, the coefficients of the entries of f vanish, and so does the field.
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Step 6: Duhamel fields. For a Duhamel term, we set t0 = min(T, a2, a8). If t ≤ t0 ≤ a2, its
weighted value and first difference, divided by S, are bounded by Cpk

j t/a2, with k = 1 for
a mixed linear term and k = 2 for a quadratic term. Indeed, the last three source bounds
of the table, multiplied by ta2α−1 and ta2α at output orders zero and one, respectively, give
this ratio for the natural scales Rg3aα−1/2, Rg2

3aα, and g2
3a2α−1, respectively. The additional

lower bounds on S make the same bounds valid after division by S. If R = 0, each mixed
field vanishes. Since pk

j t0/a2 ≤ pk
j min(1, a6) is bounded at fixed coupling, using Step 2

also on the bounded coarse-mesh range, this is a deterministic contribution CS. If t0 < T,
then t−1

0 = max(a−2, a−8) ≤ max{1, (L/4)6}a−8. Thus on t ≥ t0 a differentiated weight
costs at most Ca−8, with the allowed dependence on L. The table and the formula for
the time derivative of a Duhamel term again bound the first moduli in space and time
by CSa−30. The largest unweighted exponent of a source, after division by its scale, is
less than 6; together with the factor a−8 from the weight and the growth of the cutoff,
the total exponent stays below 30. If t0 = T, the deterministic bound covers the whole
interval.

Step 7: the net. We choose spatial and time steps ca30, with c small depending on the
constant in the modulus. A net of the torus and of the time interval then has at most

C(1 + La−30)3(1 + Ta−30)

points, and the error in each normalized weighted component is at most one. When a
step of the spatial net exceeds δ, we choose nearest lattice sites, and otherwise all lattice
sites; the displayed count bounds either choice. The continuous extension is used only to
bound the modulus between these sites, and all probability estimates are evaluated on
the lattice. The logarithm of this count, and of the count of the short-time entries in Step
5, is at most CΛa, independently of a/δ. We apply the finite-family clause of Lemma 16.4
with s = CS and b = 0 for a linear field, and with s = CS and b = CS for a quadratic
field, using the tails of Step 1. The deterministic error from interpolation and from short
times is e ≤ CS, and the logarithmic count is CΛa, with the dependence on the fixed γ

and n stated above. This proves the maximal tails and all their moments.

26.4 The linear fluctuation and the mixed Duhamel terms

We now prove the estimates for the linear fluctuation sj and its mixed Duhamel terms with
a predictable background. The background xj−1, the heat evolution of the coarser field
interpolated from mesh H, is covered by part (3) of the next theorem. The interpolation
defect rj, a predictable heat path on the finest lattice, is covered by parts (4) and (5). For
the general class of part (4), we assume bounds on four differences of the background
at scale a. These are needed for the covering bound of Lemma 26.7, and a bound on the
value and the first difference alone does not give them uniformly at small times.
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Theorem 26.10. Assume the setting of Section 26.1 and the standing conventions of Section 26.2,
and put Wθ(t) = Pδ

t IaEθ, with θ = θj−1.

1. For every fixed integer r ≥ 0, the coefficient rows and the operator of Wθ satisfy

sup
x
∥Dr

δWθ(t, x, ·)∥ℓ2(w) ≤ CJ,ra3/2(t + a2)−3/4−r/2,

∥Dr
δWθ(t)∥ℓ2(w)→L2

δ
≤ CJ,ra3/2(t + a2)−r/2.

Each fluctuation coordinate enters with its own cell volume vλ, which is comparable to a3

up to a factor depending only on M and J. For the same scalar output component, times
s, t ∈ [0, T] with τ = min(s, t), and output sites x, y, the difference of the coefficient rows at
(t, x) and at (s, y) is bounded in ℓ2(w) by

CJ,ra3/2(τ + a2)−3/4−r/2 min
{

1,
dist(x, y)√

τ + a2
+

|t − s|
τ + a2

}
.

2. For every 1 ≤ p < ∞, uniformly in θj−1,∥∥Xδ
α(sj)

∥∥
Lp(µdj ,θ

)
≤ CJ g3aβ(

√
Λa +

√
p),

with CJ independent of p.
3. Let Bj(t) = Pδ

t IHb be an Fj−1-measurable heat evolution of an array b interpolated from the
lattice of mesh H, and let Rj(Bj) = Ra(Bj) be its radius (26.11). For each fixed r ≥ 2,

∥Dr
δBj(t)∥∞ ≤ Cr,B Rj(Bj)(t + a2)−(α+r)/2,

where Cr,B depends only on r, M, J, α, T/L2, and the interpolation function, and not on b
or its radius. For each of the two orders Mj = Qδ(Bj, sj) and Mj = Qδ(sj, Bj), the value
rows and first-difference rows of the coefficients are bounded by

CJ g3Rj(Bj)a Ia
3/4(t) and CJ g3Rj(Bj)a Ia

5/4(t),

respectively. Each order has conditional mean zero given Fj−1. For every u ≥ 0, on the event
{Rj(Bj) ≤ R},

P
{

Yδ
α(Mj) > CJ g3Raβ

√
Λa + u

∣∣∣ Fj−1

}
≤ Ce−u.

The sum Bδ(Bj, sj) of the two orders satisfies the same estimate with a larger CJ .
4. The two mixed-term coefficient row bounds, conditional mean-zero assertions, and conditional

maximal inequalities of (3) also hold for an Fj−1-measurable heat path Bj(t) = Pδ
t bδ

j on the

lattice of mesh δ, provided an Fj−1-measurable radius R♯
j satisfies

∥Dq
δ Bj(t)∥∞ ≤ CqR♯

j (t + a2)−(α+q)/2 (0 ≤ t ≤ T, 0 ≤ q ≤ 4),
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with fixed constants C0, . . . , C4; the heat equation then supplies the increments in time.
For this class we replace Rj(Bj) by R♯

j in both row bounds and in the conditional tail. The
normalized coefficient distances of Lemma 26.7 have diameter bounded by a fixed constant
and covering numbers N(v) ≤ C(1 + L/a)Pv−Q, 0 < v ≤ 1, with P, Q, C independent of
a/δ, the lattice side, the number of averaging steps, θj−1, and the coupling. The covering is
at scale a; no maximum over all sites of the finest lattice is used.

5. The interpolation defect

Bj(t) = H−1Pδ
t (IaPj − IHEH)θj−1 = rj(t)

belongs to the class of (4), with R♯
j = CJ∥θj−1∥∞Hα−1. If ∥θj−1∥∞ ≤ b̄j−1 on the small-field

event, for a deterministic b̄j−1, then for every 1 ≤ p < ∞,∥∥Yδ
α(Qδ(sj, rj))

∥∥
Lp(νK)

+
∥∥Yδ

α(Qδ(rj, sj))
∥∥

Lp(νK)
≤ CJ,pg3aβ(

√
Λa +

√
p) b̄j−1Hα−1.

All assertions hold for either expansion of Lemma 26.2, with the conditionally centered vector ζ j
in both. The constants in the coefficient bounds depend only on L, T, M, J, the analytic domains,
the column bounds, α, and r; they do not depend on K, j, dj, a/δ, the dimension, the coupling,
or θj−1. The constants in the conditional maximal inequalities may in addition depend on the
fixed coupling, the coarse side, and the prescription of the cutoff radii. In part (4), the constants in
the coefficient bounds, conditional maximal inequalities, and normalized diameter and covering
bounds may additionally depend on the prescribed constants C0, . . . , C4, held fixed as the lattice
parameters and the coupling vary. No bound on the expectation of a background radius is assumed
or proved.

Proof. We first prove the deterministic assertions, then the probability estimates, and then
the application to rj.

Step 1: coefficient rows. By Lemma 26.1, the first tensor of the reconstruction maps
has bounded absolute rows and volume-normalized column sums. Each fluctuation
coordinate has the volume vλ = a3

λ of the lattice of its intermediate scale, and the finite
ratios between intermediate scales imply that C−1

J a3 ≤ vλ ≤ CJa3; there is no comparison
with δ3. The paragraph “Row sums and volume-normalized column sums” in the proof
of Lemma 16.3 establishes the numerical row and operator bounds without exponential
column decay. That argument therefore applies with input mesh a and output mesh δ

and yields the two bounds of (1) for every fixed order r.

Step 2: increments of the rows. Fix r. A shortest coordinate path on the torus from x to y
and the bound on rows of order r+ 1 bound the spatial increment by CJ,r dist(x, y)a3/2(t+
a2)−5/4−r/2; the triangle inequality gives twice the bound of order r instead. For the time
increment, we integrate ∂tDr

δWθ = ∆δDr
δWθ from min(s, t) to max(s, t) and use the bound
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of order r + 2. Combining these linear increment bounds with twice the bound on values,
we obtain the stated minimum. The coordinate path has length at most

√
3 times the

distance on the torus, which is absorbed into CJ,r.

Step 3: the linear fluctuation. Since gj/a = g3a−1/2 and δ ≤ a, the weighted coefficient
bound of sj for Xδ

α is at most the supremum over t of

(t + δ2)α/2g3a−1/2a3/2(t + a2)−3/4 and (t + δ2)(α+1)/2g3a−1/2a3/2(t + a2)−5/4.

Both are bounded by CJ g3a(t + a2)α/2−3/4 ≤ CJ g3aα−1/2, because α < 3/2. At a fixed
coarser field, these evaluations are linear in ζ j, and their conditional mean is zero. The
entries of the initial array (gj/a)Eθζ j have coefficient norms at most CJ g3a−1/2, and aα

times these norms is at most CJ g3aβ. The conditional fluctuation kernel and its Hessian
bound 1/2 are verified in Lemma 26.1. By Lemma 26.9, with S = CJ g3aβ, we have

Pθ

{
Xδ

α(sj) > CJ g3aβ
√

Λa + u
}
≤ Ce−u.

Integrating this tail, we obtain the moment bound of (2). In detail,
√

Λa + u ≤
√

Λa +
√

u,
and the positive part of the normalized norm beyond

√
Λa has a tail bounded by Ce−cv2

at level v. Its pth moment is at most (C
√

p)p: in the integral p
∫ ∞

0 vp−1e−cv2
dv, we bound

vp−1e−cv2/2 by its maximum and integrate e−cv2/2. The constants of Lemma 26.9 do not
depend on p, so CJ does not depend on p.

Step 4: rows of the mixed terms. The bound on higher differences of Bj = Pδ
· IHb

was proved in Step 1 of the proof of Lemma 26.6, from the values of the interpolation
at the sites of the lattice of mesh H at time zero and from the splitting of the heat
semigroup at later times. Its constant Cr,B depends only on r, M, J, α, T/L2, and the
interpolation function, and not on the array b or its radius. We apply Lemma 26.6 with
Fs = (gj/a)Wθ(s) and h = (gj/a)a3/2 = g3a; by (1), Fs satisfies its hypotheses. For each
order separately, we obtain the value rows CJ g3Rj(Bj)a Ia

3/4(t) and the first-difference
rows CJ g3Rj(Bj)a Ia

5/4(t). The two orders are linear functions of ζ j with Fj−1-measurable
coefficients. Each therefore has conditional mean zero as a field in space and time, and
no covariance needs to be computed.

Step 5: conditional maxima of the mixed terms. By Lemma 26.6, the weighted coefficient
bound of each order is CJ g3Rj(Bj)aβ. We fix a coarser field in the measurable event
{Rj(Bj) ≤ R}. The four differences of the background were just proved, and Lemmas 26.7
and 26.8 yield the conditional tail of (3) for each order. A union bound for the two tails
and the triangle inequality for the sum give the assertion for Bδ(Bj, sj); the factor two is
absorbed into CJ and C. If R = 0, then on this event Rj(Bj) = 0 and IHb = Bj(0) = 0;
since the interpolation reproduces b at the sites of the lattice of mesh H, we have b = 0,
and both terms vanish identically.
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Step 6: general backgrounds. For the class of (4), we condition on Fj−1 and use the
radius R♯

j and the four assumed difference bounds. These are the hypotheses of Lem-
mas 26.6 and 26.7. The former implies both row bounds and the common weighted
bound CJ g3R♯

j a
β; its proof treats the difference in either argument. The latter implies the

bounded diameter and the covering bound (26.14), independently of the cutoff and of the
coupling; the heat equation gives the increments in time used there, with at most four
differences of the background. Each term is linear in the conditionally centered ζ j and
has conditional mean zero. On {R♯

j ≤ R}, Lemma 26.8 implies the conditional maximum
and its moments. If the radius vanishes, the bound on the background of order zero
shows that both terms vanish. Every conditional event is measurable: the reconstruction
and its coefficients are Borel, the lattice is finite, and suprema over continuous time are
determined by rational times.

Step 7: the interpolation defect. We verify that rj belongs to the class of (4), keeping the
two lattices on which it is defined. Here a = aj, H = Ba, and δ = aK, so

δ = a/m, m = BK−j ∈ N, H/δ = BK−j+1 ∈ N.

We apply Lemma 17.2 with coarse mesh H, fine mesh a, dj preceding averaging steps,
horizon T, and the integer refinements just displayed. By the expansion (26.3), its fine
reconstruction of a lattice potential v on the coarser lattice is Pjv, and its coarse embedding
is EHv. It follows that its difference operator is IaPj − IHEH, and with v = θj−1/H its heat
evolution is rj. By that lemma, for every fixed integer q, we have

∥Dq
δrj(t)∥∞ ≤ CJ,q

∥θj−1∥∞

H
(t + H2)−q/2 H√

t + H2
.

For z = t/H2, 0 < α < 1, and B ≥ 1 we have

(z + B−2)(α+q)/2(1 + z)−(q+1)/2 ≤ (1 + z)(α−1)/2 ≤ 1.

Multiplying the bound on ∥Dq
δrj(t)∥∞ by (t + a2)(α+q)/2 = Hα+q(z + B−2)(α+q)/2, we

obtain
(t + a2)(α+q)/2∥Dq

δrj(t)∥∞ ≤ CJ,q∥θj−1∥∞Hα−1.

Choosing CJ large enough for q = 0, 1, 2, 3, 4, we obtain the radius R♯
j = CJ∥θj−1∥∞Hα−1.

Step 8: moments under the conditioned Wilson measure. For either order separately,
the conditional moment bound of (4) implies that(

E
[
Yδ

α(Qδ(sj, rj))
p ∣∣ Fj−1

])1/p
≤ CJ g3aβ(

√
Λa +

√
p)∥θj−1∥∞Hα−1,
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and the same inequality holds with the two arguments interchanged, by the separate
row computation for that order. We replace ∥θj−1∥∞ by b̄j−1, raise to the power p, and
integrate over the law of θj−1 under νK. By the tower property, we obtain both Lp(νK)

bounds, and adding them gives (5) after changing CJ,p.

Step 9: the expansion at zero. By Lemma 26.1, we have the same rows and columns
for E(0)

θ . Replacing Eθ by E(0)
θ in the Schur, mixed-term, covering, and concentration

arguments proves all assertions for the second expansion. The centered vector ζ j, its
domain, and its law are the same in both cases.

26.5 The conditionally centered nonlinear residual

The conditionally centered nonlinear reconstruction residual Zj is the reconstructed field
after subtraction of its conditional mean and of the linear term; it is not a quadratic
approximation. Its quadratic part is a centered quadratic form in ζ j, to which the
quadratic concentration of Lemma 26.9 applies, and the rest is bounded deterministically
on the cutoff domain.

Theorem 26.11. Assume the setting of Section 26.1 and the standing conventions of Section 26.2,
and put a = aj, θ = θj−1, and ζ = wj − mθ. Let pj ≥ 1 bound the cutoff radii of this step, so
that ∥ζ∥∞ ≤ 2CJ pj.

1. The initial residual is

Zj = g2
3
{

Bθ(ζ, ζ)− EθBθ(ζ, ζ)
}
+ a−1{Rθ(ζ)− EθRθ(ζ)

}
,

and ∥a−1(Rθ − EθRθ)∥∞ ≤ CJ g3
3a1/2p3

j .
2. The coefficients by;λµ of Bθ satisfy

sup
y

∑
λ,µ

|by;λµ| ≤ CJ , sup
λ

a3

vλ
∑
y,µ

|by;λµ| ≤ CJ

for either fixed input, where vλ is the cell volume of the coordinate λ and vλ/a3 ≤ CJ .
Consequently

∥Bθ∥ℓ2(ordered pairs)→L2
a
≤ CJa3/2.

For each scalar component and every fixed r ≥ 0, the symmetric coefficient matrix A(r)
t,x of

Dr
δPδ

t IaBθ(ζ, ζ) at x satisfies

∥A(r)
t,x∥HS ∨ ∥A(r)

t,x∥op ≤ CJ,ra3/2(t + a2)−3/4−r/2.

Centering changes only the constant term of the quadratic form, not this matrix.
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3. For 0 < σ < 1 − α and every u ≥ 0,

Pθ

{
Hδ

σ

(
Ia[Bθ(ζ, ζ)− EθBθ(ζ, ζ)]

)
> CJaσ(Λa + u)

}
≤ Ce−u,

and the same bound holds for Hδ
α = Xδ

α(Pδ
· · ) with aα in place of aσ. In particular, for every

fixed 1 ≤ p < ∞, both conditionally at every θj−1 and under νK,

∥Hδ
σ(IaZj)∥p ≤ Cp,J

{
g2

3aσ(1 + j) + g3
3a1/2p3

j
}

,

∥Xδ
α(zj)∥p ≤ Cp,J

{
g2

3aα(1 + j) + g3
3a1/2p3

j
}

.

4. Let Bj = xj−1, with radius Rj = Ra(xj−1) as in Theorem 26.10. Each of Qδ(Bj, zj) and
Qδ(zj, Bj) has conditional mean zero given Fj−1. Its part that is quadratic in ζ has weighted
coefficient bound, in Hilbert–Schmidt and operator norm for Yδ

α, at most CJRjg2
3aα, and its

remaining centered part has Yδ
α norm at most CJRjg3

3a1/2p3
j . In particular, on {Rj ≤ R},

each order and their sum satisfy

P
{

Yδ
α(Bδ(Bj, zj)) > CJ R

[
g2

3aα(Λa + u) + g3
3a1/2p3

j
] ∣∣∣ Fj−1

}
≤ Ce−u.

The constants in the coefficient bounds have the dependence stated in Theorem 26.10; the constants
in the maximal and Lp bounds may in addition depend on the fixed γ, n, p, and σ. All constants
are uniform in K ≥ j, in the number of preceding averaging steps, in θj−1, in the dimension, and
in a/δ. Here pj ≤ Cγ(1 + j), and the factor 1 + j absorbs Λa at the fixed coarse side n; this does
not give uniformity as n → ∞. All norms include the first-difference component at short times.
Both expansions of Lemma 26.2 are allowed.

Proof. The proof has five steps: the exact form of Zj, the coefficient bounds, the maximal
inequality for the quadratic part, the remainder and the moments, and the two mixed
terms.

Step 1: the exact residual. We take the conditional expectation of the Taylor expansion
(26.2); its linear term has expectation zero. Subtracting this conditional expectation, then
the linear term, and dividing by a, we obtain

Zj =
g2

j

a
(
Bθ(ζ, ζ)− EθBθ(ζ, ζ)

)
+

1
a
(

Rθ(ζ)− EθRθ(ζ)
)
.

Since g2
j /a = g2

3, this is the identity of (1). By (26.9) and ∥ζ∥∞ ≤ 2CJ pj, the centered

remainder is at most 2CJ g3
j p3

j /a = CJ g3
3a1/2p3

j .

Step 2: coefficient bounds. We apply the row and column bounds of Lemma 26.1 to the
scalar coefficients of Bθ. A fluctuation coordinate on its intermediate lattice contributes
its own volume vλ, and converting the output volume to a3, we obtain the two bounds



26 Concentration of reconstruction fluctuations § 26.5 116

of (2); the same holds with µ as the fixed input. The normalization by g2
j introduces

only the fixed ratios of intermediate couplings, and the coefficients do not depend on
the realized value of wj. Lemma 26.5 now implies the operator bound for pairs and

the bounds on the matrices A(r)
t,x . The symmetric coefficient matrix represents the same

quadratic polynomial, and subtracting the conditional mean changes only its constant
term.

Step 3: the maximal inequality for the quadratic part. Let fy = Bθ(ζ, ζ)y − EθBθ(ζ, ζ)y.
We first treat short times explicitly, including the first difference. For every 0 < η < 3/2,
by heat contraction and the bound on differences of the cardinal interpolation, we have

sup
0≤t≤a2

(t + δ2)η/2∥Pδ
t Ia f ∥∞ ≤ Cηaη max

y
| fy|,

sup
0≤t≤a2

(t + δ2)(η+1)/2∥DδPδ
t Ia f ∥∞ ≤ Cηaη max

y
| fy|.

In the second line, we commute Dδ with the heat semigroup and use ∥Dδ Ia f ∥∞ ≤
Ca−1 maxy| fy|. There are only C(L/a)3 scalar entries on the right, and the matrix of each
entry has Hilbert–Schmidt and operator norm at most CJ , by its absolute row. For t ≥ a2,
by (2), the weighted coefficient matrices have norms at most

CJ,qa3/2(t + a2)(η−3/2)/2 ≤ CJ,qaη, q = 0, 1,

where the weight is (t + δ2)η/2 for the value and (t + δ2)(η+1)/2 for the difference. This
proves the bound CJaη for the weighted coefficient bound, including its first-difference
component. By the Hessian bound verified in Lemma 26.1, the quadratic part of
Lemma 26.9 applies; taking its union over short-time entries and its net at scale a,
we obtain

Pθ

{
Hδ

η(Ia f ) > CJaη(Λa + u)
}
≤ Ce−u.

We take η = σ for the first bound of (3), and η = α for the second; in the latter case
Hδ

α(Ia f ) is the same heat expression Xδ
α(Pδ

· Ia f ). No restriction on η coming from products
is needed for this heat estimate; only the later products require α + σ < 1.

Step 4: the remainder and the moments. Let e = a−1(Rθ − EθRθ) and ϵj = CJ g3
3a1/2p3

j .
By the bounds on the cardinal interpolation and on the heat kernel, we have

∥Pδ
t Iae∥∞ ≤ ϵj, ∥DδPδ

t Iae∥∞ ≤ CJϵj(t + a2)−1/2.

In particular, both Hδ
σ(Iae) and Hδ

α(Iae) are at most CJ,T,L,α,σϵj. For example, the difference
component is bounded by Cϵj(t + a2)η/2 after multiplication by its weight, for either
η = σ or η = α, and the horizon and a ≤ L/4 bound the last factor. Integrating the
quadratic tail of Step 3, we obtain the conditional moment bound Cp,Jaη(Λa + p + 1).
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Since Λaj ≤ Cn,B(1+ j), combining this with the deterministic bound on the remainder, we
find the two conditional Lp bounds of (3). For fixed p, we raise these conditional bounds
to the power p and integrate over the law of Fj−1 under νK; the tower property gives the
same bounds under νK. This changes neither the law of the coarsest configuration nor
the conditional kernels of the finer variables.

Step 5: the mixed terms. We first treat the quadratic part. Let Vs = Pδ
s IaBθ(ζ, ζ), regarded

as a coefficient map from ordered pairs of fluctuation coordinates; its rows and operator
norm are bounded by Lemma 26.5. We apply Lemma 26.6 with Fs = g2

3Vs and h = g2
3a3/2;

the background xj−1 = Pδ
· IH Aj−1 satisfies its hypotheses with R = Rj. The unweighted

value rows and first-difference rows of either order are

CJRjg2
3a3/2 Ia

3/4(t) and CJRjg2
3a3/2 Ia

5/4(t),

respectively, and after weighting they are at most CJRjg2
3aα. Rows indexed by pairs have

the Hilbert–Schmidt norms of the corresponding matrices, and symmetrization gives the
same bound for the operator norm. Centering the quadratic polynomial at its conditional
expectation centers the Duhamel term, because, with the background fixed, the term is a
fixed linear function of its initial input.

We prove the bound for the remaining part directly. Let Ve
s = Pδ

s Iae. By the bounds of
Step 4 and the radius of the background, we have, in either order,

∥Nδ(Bj(s), Ve
s )∥∞ + ∥Nδ(Ve

s , Bj(s))∥∞ ≤ CJRjϵj(s + a2)−pα .

For the value of a Duhamel term, contraction and integration give CRjϵj(t + δ2)1−pα . For
its first difference, we put the difference on the outer heat kernel and use Lemma 26.4;
this gives the bound

CJRjϵj

∫ t

0
(t − s + δ2)−1/2(s + a2)−pα ds ≤ CJRjϵj(t + δ2)1/2−pα .

To check the last inequality, we replace s + a2 by s + δ2 and split the integral at t/2; both
exponents are below one, and for t ≤ δ2 the length of the interval suffices. The weights
of Yδ

α for the value and the difference leave the same nonnegative power (t + δ2)α/2. This
proves the bound CJRjϵj for the Yδ

α norm. The same bound follows from Lemma 24.6
applied on the lattice of mesh δ = L/(nBK), with first argument the heat path Bj, bounded
in Xδ

α, and second argument the heat evolution of Iae, bounded in Hδ
σ: there Xδ

α(Bj) ≤ Rj,
Hδ

σ(Iae) ≤ Cϵj by Step 4, α + σ < 1, and T is fixed. No hypothesis δ ≤ 1 is needed there:
when δ > 1, the clause of that lemma for coarse meshes applies to the finitely many
integers 4 ≤ nBK < L at this fixed L, and the maximum of its constants over these meshes
is an allowed constant.

Conditional on Fj−1, the map from Zj to either Duhamel term is linear, and E(Zj |
Fj−1) = 0. Hence the term, including the remaining part, has conditional mean zero. On
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{Rj ≤ R}, the quadratic part of Lemma 26.9 implies the threshold Rg2
3aα(Λa + u), and

the deterministic bound just proved yields the threshold Rg3
3a1/2p3

j . A union bound over
the two orders gives the estimate for each order and for their sum.

Finally, for the expansion at zero, Lemma 26.1 provides the second tensor B(0)
θ with

the same column bounds, and the remainder R̃θ of Lemma 26.2 has, after centering, the
same deterministic bound. The Schur and mixed-term arguments then apply to this
second decomposition.

26.6 The quadratic Duhamel term of the linear fluctuation

The last estimate of this section concerns Qδ(sj, sj). Its centered part is a quadratic form
in ζ j, and its conditional mean is in general not zero. The mean vanishes when the
coarser field is the identity, by the invariance of the conditional law under global color
rotations; at a nonzero coarser field we bound it by comparing the covariance of the linear
reconstruction term with its value at the identity.

Theorem 26.12. Assume the setting of Section 26.1 and the standing conventions of Section 26.2,
and put a = aj and rθ = ∥θj−1∥∞. Either expansion of Lemma 26.2 may be used.

1. For each translated bracket in the quadratic coefficient Nδ, and for their sum, the matrix C(r)
s,x

of the quadratic form Dr
δNδ(sj(s), sj(s))(x) in ζ j satisfies

∥C(r)
s,x∥HS ∨ ∥C(r)

s,x∥op ≤ CJ g2
3a2(s + a2)−2−r/2, r = 0, 1.

The corresponding matrices A(r)
t,x of Dr

δQδ(sj, sj)(t, x) satisfy

∥A(r)
t,x∥HS ∨ ∥A(r)

t,x∥op ≤ CJ g2
3

t
t + a2 a3/2(t + a2)−3/4−r/2, r = 0, 1,

and hence the weighted coefficient bound of Qδ(sj, sj) for Yδ
α is CJ g2

3a2α−1. These coefficients
keep the physical factor δ3 of the heat semigroup and the meshes of the input coordinates; no
factor (a/δ)3/2 is lost. Every further fixed difference in space or time needed for the covering
at scale a is bounded by a fixed power of a−1, with a constant depending on its order, and
with the same factor g2

3.
2. Regard the normalized first derivative of the reconstruction as a jointly analytic function of

the unscaled coarser field and the coupling-scaled fluctuation inputs qj,i = gj,iwi, before its
base point in these inputs is evaluated at the conditional mean. Choose an inner polydisc
whose gaps from the fixed larger polydisc are ηλ > 0 in each coordinate, and evaluate the
bounds of (1) on the larger polydisc. For every finite multi-index k, the bounds of (1) for
the source and Duhamel coefficients hold for the derivatives ∂k, with the additional factor
k! ∏λ η

−kλ
λ . If an input coordinate on mesh aλ is written instead as a lattice potential, or
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as a normalized fluctuation variable of coupling gλ, it contributes the factor akλ
λ , or gkλ

λ ,
respectively, and each difference at the location of that input may cost 2/aλ. Coordinates of
the coarser field use the mesh H, the q coordinates use the mesh of their intermediate scale,
and none uses δ. These derivatives are taken with the conditional centering held fixed; they
are not derivatives of mθ or of the conditional law.

3. Let Σθ be the conditional fluctuation covariance of wj and Zθ = EθΣθET
θ . Then ∥Zθ −

Z0∥op ≤ CJrθ, and Z0 is proportional to the identity in the color indices. The conditional
mean of the Duhamel term satisfies

∥EθQδ(sj, sj)(t)∥∞ ≤ CJ g2
3rθ

t
t + a2 ,

∥DδEθQδ(sj, sj)(t)∥∞ ≤ CJ g2
3rθ(t + a2)−1/2 min(1, t/a2),

Yδ
α(EθQδ(sj, sj)) ≤ CJ,T,αg2

3rθ.

These means vanish when the coarser field is the identity, and they are kept when it is not.
4. For every u ≥ 0,

Pθ

{
Yδ

α

(
Qδ(sj, sj)− EθQδ(sj, sj)

)
> CJ g2

3a2α−1[log(2 + L/a) + u]
}
≤ Ce−u.

5. Let b0 = ρ0 and bi = ρ0a i
cap + CJ g3

√
ai pi for i ≥ 1 be the deterministic bounds on ∥θi∥∞

on the small-field event, as in Theorem 17.4, with acap
√

B < 1. Then

sup
K≥j

EνKYδ
α(Qδ(sj, sj)) ≤ CJ g2

3
{

a2α−1
j (1 + j) + bj−1

}
.

The right sides are summable over j, with tails that vanish uniformly in K, and each fixed
higher moment satisfies the analogous bound.

The constants in the coefficient and mean bounds depend only on L, T, M, J, α, and the fixed
analytic, covariance, and column bounds; they do not depend on the coupling, θj−1, K, j, the
number of preceding averaging steps, or a/δ. The constants in the maximal inequalities may in
addition depend on the fixed coupling, the coarse side, and the prescription of the cutoff radii.

The long-time bound in (1) is the main analytic point. Integrating the bound on the
source alone would lose the averaging of the outer heat kernel over the cells of the input
lattice. Instead, for u = t − s ≥ a2, we factor the coefficient matrix through physical
space,

ℓ2(w)
DδWs−−−−→ L2

δ

MDr
δ

pδ
u(x,·)

−−−−−−→ L2
δ

W∗
s−−→ ℓ2(w),

where Mk denotes multiplication by k and W∗
s is the adjoint with respect to L2

δ. In the
computation of the mean, on the other hand, the covariance enters as the counting matrix
Zθ between counting rows.
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Proof. The proof has eight steps: the source matrices, the Duhamel matrices for long
and short times, their weighted bounds, higher differences, derivatives in unscaled
coordinates, the conditional mean, and the maximal and summability claims.

Step 1: the source matrices. We use the quadratic coefficient of Lemma 24.2 on the same
periodic lattice of side nBK ≥ 4 and mesh δ as in Lemma 26.6. Set λ = gj/a = g3a−1/2

and Ws = Pδ
s IaEθ. For one scalar color component of one translated bracket of the ordered

source, the coefficient matrix is a fixed finite sum of rank-one matrices

λ2 ls ⊗ ms,

where ls is a translated value row of Ws and ms is a translated first-difference row of Ws.
The color coefficients are the structure constants of su(2), which correspond to the cross
product on R3. The counting Hilbert–Schmidt norm of l ⊗ m is ∥l∥2∥m∥2. At output
order r = 0, 1, the product rule distributes a total of r + 1 differences over the two rows.
By Theorem 26.10(1), at each (s, x),

∥C(r)
s,x∥HS ≤ CJλ

2a3(s + a2)−3/2−(r+1)/2 = CJ g2
3a2(s + a2)−2−r/2.

Symmetrization gives the same quadratic polynomial and does not increase this bound,
and the operator norm is at most the Hilbert–Schmidt norm. This proves the first bound
of (1) for each translated bracket and, by the triangle inequality, for the ordered source,
which is their finite sum.

Step 2: long times. Let u = t − s ≥ a2, and fix one translated scalar summand. After r
output differences on the heat kernel, its coefficient for the outer heat semigroup has the
form

λ2W∗
s MDr

δ pδ
u(x,·)DδWs,

with the fixed translations and color projections inserted in their places. For a multiplier
k, expanding in an orthonormal basis of ℓ2(w), we find

∥MkDδWs∥2
HS = δ3 ∑

y
|k(y)|2∥DδWs(y, ·)∥2

2.

Translations and color projections change only the constant. The ideal inequality
∥AB∥HS ≤ ∥A∥op∥B∥HS, obtained by summing ∥ABei∥2 ≤ ∥A∥2

op∥Bei∥2 over the ba-
sis, implies that

∥λ2W∗
s MDr

δ pδ
u
DδWs∥HS ≤ CJλ

2a3/2 a3/2(s + a2)−5/4u−3/4−r/2

= CJ g2
3a2(s + a2)−5/4u−3/4−r/2.

Here we used the operator norm of Ws from Theorem 26.10(1) and the L2
δ bound on the

heat kernel from Lemma 26.4. The factor δ3 is part of the identity, and therefore neither a
counting norm over the output lattice nor a factor (a/δ)3/2 occurs.
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Step 3: short times. For 0 ≤ u < a2, we commute the output differences onto the source
and use heat contraction on the matrix-valued field. By the bound of Step 1, we have

∥A(r)
u,s,x∥HS ∨ ∥A(r)

u,s,x∥op ≤ CJ g2
3a2(s + a2)−2−r/2,

where A(r)
u,s,x is the matrix of the integrand at time s. The differences of the smooth cardinal

interpolation up to order two justify this bound also at s = 0.

Step 4: integration in time and weights. For t ≤ 2a2, the source bound and contraction
give CJ g2

3ta−2−r, which is at most a fixed multiple of the claimed bound and retains
its factor t/(t + a2). For t ≥ 2a2, we split the integral at s = t/2. On the early half,
u ≥ t/2 ≥ a2, and

a2
∫ t/2

0
(s + a2)−5/4u−3/4−r/2 ds ≤ Ca3/2t−3/4−r/2,

because
∫ ∞

0 (s + a2)−5/4 ds = 4a−1/2. On the part of the late half with u ≥ a2, the bound
is

Ca2t−5/4
∫ t/2

a2
u−3/4−r/2 du.

For r = 0 this is at most Ca2t−1, which is at most Ca3/2t−3/4 since a2 ≤ t; for r = 1
the integral is at most Ca−1/2, and the bound is Ca3/2t−5/4. The final interval u < a2

contributes at most Ca4t−2−r/2, which is at most Ca3/2t−3/4−r/2 for the same reason.
Multiplying by g2

3, and noting that t/(t + a2) lies between 1/2 and 1 in this range, we
obtain the bound of (1) at all times.

For either component of Yδ
α, replacing the weight t + δ2 by the larger t + a2 leaves

the power (t + a2)α−5/4 in that bound, and this exponent is negative. The supremum
is therefore at most CJ g2

3a3/2(a2)α−5/4 = CJ g2
3a2α−1. The factor t/(t + a2) remains in the

unweighted bound; in particular the Duhamel term vanishes at t = 0.

Step 5: higher differences. Every further fixed spatial difference follows by distributing
differences in the finite translated products and on the rows of the heat-smoothed inter-
polation kernel. For a polynomial bound, it suffices to put all outer differences on the
smooth source. If the total spatial order is q and the time order is k, the source coefficients
are bounded in Hilbert–Schmidt norm by CJ,q,kg2

3a−2−q−2k on [0, T]. The Duhamel coeffi-
cients are bounded by T times this bound at time order zero, and their time derivative is
the source plus the discrete Laplacian of the Duhamel term. This proves the bounds by
fixed powers of a−1, with the factor g2

3.

Step 6: derivatives in the unscaled coordinates. We use the bounds on the absolute
joint Taylor coefficients verified in Lemma 26.1, and we choose the evaluation and larger
polydiscs there, with the displayed gaps. Before the conditional mean is substituted,
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we regard E as a function of the unscaled coarser field and of the base point q in the
coupling-scaled fluctuation inputs. The scalar quadratic coefficient matrices above are
holomorphic functions of these variables: they use bilinear transposes, and neither
complex conjugation nor a conditional covariance. Repeating the absolute row, Schur,
and heat arguments with the coefficient bounds valid on the larger polydisc, we find that
the bounds of (1) hold there. For a finite multi-index k, we iterate the Cauchy integral
formula on circles of radii ηλ about the evaluation point. For a matrix A(q) in finite
dimensions, this gives

∂kA(q) =
k!

(2πi)|supp k|

∫
· · ·

∫ A(q + z)∏λ∈supp k dzλ

∏λ∈supp k zkλ+1
λ

.

This identity follows by expanding the power series on slightly smaller circles, integrating
term by term, and noting that a nonconstant Fourier monomial integrates to zero over
a circle; one then increases the circles to the chosen radii. By the triangle inequality
in Hilbert–Schmidt or operator norm, the integral is at most the bound on the larger
polydisc times k! ∏λ η

−kλ
λ , and the constants of the heat estimates are unaffected. If the

input coordinate is qλ = aλ Aλ or qλ = gλwλ, the chain rule gives the factor akλ
λ or gkλ

λ .
For an array at an input location on mesh aλ, the bound ∥Daλ

f ∥ ≤ 2a−1
λ ∥ f ∥ gives the

possible cost of a difference. Coordinates of the coarser field and the q coordinates keep
their own meshes. Only after the differentiation do we evaluate at the real base point
given by the conditional mean; this base point and the conditional law are held fixed
throughout.

Step 7: the conditional mean. We first treat the expansion at the conditional mean. We
repeat the single-kernel calculation in Step 1 of the proof of Theorem 17.4, leading to
(17.22), for the replacement reconstruction of Lemma 26.1, tracking uniformity below g∗.
The unchanged conditional kernel satisfies

∥Σθ∥op ≤ 2, ∥Σθ − Σ0∥op ≤ CJtj p3
j rθ, ∥mθ∥∞ ≤ CJtjrθ

by Theorem 13.10. The coarse-field segment and the coupling-scaled mean segment lie
in the fixed evaluation product. The latter has length at most CJ gjtjrθ, and the mean at
zero coarse field is zero. The normalized joint coefficient bounds of Lemma 26.1 and
Schur’s test therefore give ∥Eθ∥op + ∥E0∥op ≤ CJ and ∥Eθ − E0∥op ≤ CJrθ, with constants
uniform below g∗. The ratios of intermediate couplings and cell volumes contribute only
fixed M, J factors. The identity

EθΣθET
θ − E0Σ0ET

0 = (Eθ − E0)ΣθET
θ + E0(Σθ − Σ0)ET

θ

+ E0Σ0(Eθ − E0)
T

then gives

∥Zθ − Z0∥op = ∥EθΣθET
θ − E0Σ0ET

0 ∥op ≤ CJrθ(1 + tj p3
j ) ≤ CJrθ,
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because the common upper bound on the couplings bounds tj p3
j , by (26.1). The condi-

tional covariance Σθ itself is that of the unchanged kernel in Theorem 13.10. The reference
Z0 is built from the conditional law at the zero coarser field. The blocks of its covariance in
the color indices are scalar, and so is the linear coefficient at the zero coarser field. Hence
Z0 is proportional to the identity in the color indices, with all its spatial correlations kept.

Here Zθ is the counting matrix of Section 26.1, and its operator norm is the counting
operator norm. The physical operator a3Zθ is not inserted between counting rows, and
the adjoint in the factorization of Step 2 is a different object.

Let Vs = Pδ
s Ia be the heat evolution of the cardinal interpolation with identity input.

For one bracket and one color component, the expected source is the contraction of two
rows of Vs against λ2Zθ. The contraction against Z0 vanishes: its two color indices enter
through δbc, while the bracket coefficient ϵbcd is antisymmetric in b and c. This holds for
every translation and difference in the quadratic coefficient. Equivalently, the expected
vector is fixed by every adjoint color rotation, and such a vector is zero. We subtract this
vanishing contraction and use the operator norm of Zθ − Z0 between the rows of Vs. By
Lemma 16.3 with identity input, or by the Schur argument of Lemma 26.5,

∥EθDr
δNδ(sj(s), sj(s))∥∞ ≤ CJ g2

3rθa2(s + a2)−2−r/2, r = 0, 1.

For the value, heat contraction and the exact integral

a2
∫ t

0
(s + a2)−2 ds =

t
t + a2

give the first bound of (3). For the first difference at t ≤ a2, the differentiated source
integrates to CJ g2

3rθta−3, which is at most CJ g2
3rθ(t + a2)−1/2(t/a2). For t ≥ a2, we split

at s = t/2. On the early half, we put the difference on the outer heat kernel and use its
L1 bound; the contribution is at most

CJ g2
3rθt−1/2a2

∫ t/2

0
(s + a2)−2 ds ≤ CJ g2

3rθt−1/2.

On the late half, we put the difference on the source and contract by the heat semigroup,
which gives CJ g2

3rθa2t(t + a2)−5/2 ≤ CJ g2
3rθt−1/2. This proves the second bound of (3) in

both regimes. The weight of the value has the positive exponent β, and the weight of the
difference leaves the bounded power (t + a2)α−1/2; the fixed horizon and a ≤ L/4 then
give the bound on Yδ

α of the mean.
For the expansion at zero, the same covariance comparison follows from Lemma 26.1:

we integrate the derivative of E(0)
θ in the coarser field along the segment to the zero

coarser field, and use the bound on Σθ − Σ0 of Theorem 13.10. At the zero coarser field,
m0 = 0, which implies that the reference covariance and the reference linear tensor are
the same for both expansions. The contraction above then implies the same bounds on
the mean.
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Step 8: maxima and summability. At a fixed coarser field, the Duhamel term is a
quadratic polynomial in the centered vector ζ j. Its matrices are bounded in (1), and its
conditional mean in (3). By the Hessian bound verified in Lemma 26.1, Lemma 26.9
applies with S = CJ g2

3a2α−1; its proof uses the Duhamel factor at very short times and
the polynomial bounds of Step 5 afterwards, and it covers both the value and the first-
difference components. We obtain the centered tail (4), with Λa = log(2 + L/a).

For each fixed p ≥ 1, integrating this conditional tail and adding the bound on the
mean, we obtain(

EθYδ
α(Qδ(sj, sj))

p
)1/p

≤ Cp,J g2
3
{

a2α−1
j (Λaj + p + 1) + rθ

}
.

The deterministic bound (26.8), from Lemma 15.10, with CJ ≥ Ccap,J and with the bound
on the coarsest field denoted by ρ0, implies that rθ ≤ bj−1 on the small-field event; this is
the bound used in Theorem 17.4. We integrate the conditional bound on the pth moment
over the law of θj−1 under νK and use Λaj ≤ Cn,B(1 + j). For p = 1, we obtain the bound
of (5), and the same computation gives its versions for fixed higher moments.

Finally, if c > 0 and q ≥ 0, then, since am+h = amB−h and 1 + m + h ≤ (1 + m)(1 + h),

∑
j≥m

ac
j (1 + j)q ≤ ac

m(1 + m)q ∑
h≥0

B−ch(1 + h)q < ∞.

The last series converges because geometric decay eventually dominates the polynomial
factor, and the right side tends to zero as m → ∞. We apply this with c = 2α − 1 > 0 and
c = 1/2, and we sum the geometric sequence ρ0aj−1

cap separately; the condition acap
√

B < 1
implies acap < 1. Since pj ≤ Cγ(1 + j), every tail is summable, uniformly in K. The
deterministic majorants do not depend on K or on the coarser field, and therefore the
convergence over short scales is uniform in the number of steps, at fixed coupling and
coarse side.

Remark 26.13. The mixed terms with one conditionally centered input have conditional
mean zero. The centered part of the contribution Qδ(sj, sj) to the quadratic Picard term
is summable because 2α − 1 > 0; its mean is summable because ∥θj−1∥∞ ≤ bj−1.



section 27

Conditional means and propagated fluctuations

This section completes the estimates of Section 26 on the heat evolution of the recon-
structed field and its quadratic Picard term under the conditioned Wilson measure. Recall
the decomposition of Lemma 26.2,

xj − xj−1 = sj + zj + rj + uj,

where sj is the centered linear fluctuation term, zj the centered nonlinear heat term, rj the

interpolation defect, and uj the predictable term. The latter is uj = Pδ
· Iaj [U

cl
j + mph

j ], the

heat evolution of the sum of the nonlinear part Ucl
j of the zero-fluctuation reconstruction

and the conditional mean correction mph
j . Section 26 proved the fluctuation estimates for

sj and zj; Section 28 combines them with the estimates proved here to bound all ordered
products. Here we treat the terms built only from rj and uj. For the quadratic Picard term,
these are Bδ(xj−1, rj) and Qδ(rj, rj). The products involving uj are handled in Section 28
by the bilinear estimate of Lemma 24.6, once uj is bounded in the heat norm Hδ

σ of its
initial field; we prove that bound here.

Three ordered terms. Let H = aj−1 and a = aj. The coarser field enters both xj−1 and rj
linearly: with

U = Pδ
· IaPj/H, V = Pδ

· (IaPj − IHEH)/H,

we have xj−1 = (U − V)θj−1 and rj = Vθj−1. For any bilinear map N ,

N (U − V, V) +N (V, U − V) = N (U, V) +N (V, U)− 2N (V, V),

N (U, U)−N (U − V, U − V) = N (U, V) +N (V, U)−N (V, V).

Applying these identities with U = Uθj−1 and V = Vθj−1, we obtain Bδ(xj−1, rj) = T UV +

T VU − 2T VV and Qδ(rj, rj) = T VV , where T UV , T VU, and T VV are the quadratic
Duhamel terms of the ordered pairs (Uθj−1, Vθj−1), (Vθj−1, Uθj−1), and (Vθj−1, Vθj−1).
Since Nδ is not symmetric, the three terms are estimated separately; a bound on their
sum would not bound the summands.

Propagation through coarser scales. The coarser field θj−1 depends on the fluctuation
variables of all coarser steps. We propagate both inputs back through the linearized
reconstructions Li+1, . . . , Lj−1 and telescope over the coarser scales i; each step of the

125
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telescope contributes a conditionally centered term Zω
j,i and a conditional drift eω

j,i (see
(27.30)). Theorem 27.5 bounds the coefficients and the drifts, Theorem 27.6 bounds and
sums the centered terms, and Theorem 27.7 controls the predictable term.

The scaling. The maps between lattices are

G
Lj−1···Li+1−−−−−−→ H

Pj−−→ a Ia−−→ δ and H
IH−−→ δ,

where G = ai and each arrow is labeled by its map and points to the mesh of its
target. The interpolation defect is the difference of the two branches out of H. Each
column of this difference with a fixed input on the lattice of mesh H has total mass zero
(Lemma 27.1); after heat evolution for time s this gives the factor dH(s) = H(s + H2)−1/2.
The cancellation must be used at the scale H, before the earlier maps are composed: a
first moment measured at the scale G would give the wrong length. Each linearization
Li has absolute row sums and volume-normalized column sums at most acap = CCP/B.
Dividing by the mesh H of the coarser lattice, we obtain the contraction

a2(j−1−i)
cap

H
=

q j−1−i
anc

G
, qanc = Ba2

cap < 1,

for a quadratic term propagated from scale i. Finally, the Schur bound in counting norms
gives a factor (G/δ)3/2, which cancels against the factor δ3/2 of the ℓ2 row of the heat
kernel on the finest lattice.

Inputs and constants. We use the setting and notation of Sections 26.1 and 26.2, including
the conditioned Wilson measure νK, the filtration Fj, the normalized fluctuation variables
wj, the norms Xδ

α, Yδ
α, Hδ

σ, and Vδ
σ of Definition 4.8, and the four terms of Lemma 26.2.

Throughout, 1/2 < α < 2/3, β = α − 1/2, 0 < σ < 1 − α, and the horizon T is fixed.
All heat kernels keep their constant mode, and all estimates concern the whole torus.
The inputs are the conditional fluctuation kernel and the bounds on conditional means
and covariances of Theorems 13.8 and 13.10; the reconstruction maps and the bounds
on their absolute Taylor coefficients of Theorems 15.13 and 15.14; the derivatives of
the zero-fluctuation reconstruction and the bounds on reconstructions of Lemmas 17.1
and 17.2 and Theorem 17.4; the interpolation and heat estimates of Lemmas 16.1, 16.3,
and 16.4; the quadratic coefficient of Lemma 24.2; and the concentration inequalities of
Theorem 5.4. The results are used in Section 28, which assembles the bounds on the
linear and quadratic flow data, and in Sections 29 and 34.

We summarize the dependence of the constants in Table 27.1. The bounds on coeffi-
cients and on conditional means hold uniformly in the coupling below the common upper
bound g∗. The maximal inequalities and the summations use the bound bi/gi ≤ Cγ(1+ i)
on the coarser fields, which holds only at fixed positive coupling.
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Estimate Constants may depend on

Unweighted coefficients and derivatives in w
(Lemma 27.1; Theorems 27.5 and 27.7, time-
dependent rows)

L, T, M, J, the interpolation function, the an-
alytic domains and column bounds, and the
orders of differences

Pointwise conditional means and drifts, un-
weighted (Lemmas 27.3 and 27.4)

the analytic domains and coefficient bounds,
M, J, and the common upper bound g∗

Weighted coefficients and drifts in Yδ
α (Theo-

rem 27.5)
in addition α and the coarse mesh a0 = L/n

Drifts in Vδ
σ (Theorem 27.7) in addition σ; not on a0

Maximal inequalities, moments, and summa-
tions (Theorems 27.6 and 27.7)

in addition the fixed γ, n, ρ0, the moment, the
exponents, and the prescription of the cutoff
radii

Table 27.1. Dependence of constants in Section 27. No constant depends on K, on the scale indices
i and j, on the number of preceding averaging steps, on a/δ, or on the values of the coarser fields.

The tools are standard: the weighted Schur test, cancellation for convolution with a
signed kernel of mass zero, the logarithmic Sobolev inequality (Gross [103]; Bakry and
Émery [8]) and the covariance representation of Helffer and Sjöstrand [110] in the forms
proved in Theorem 5.4, the derivative formula for normalized expectations, and union
bounds over finite nets. As in Section 26, we control a heat evolution together with its
quadratic Picard term following Cao and Chatterjee [42, Section 2.1]; here the estimates
are proved from the conditional fluctuation kernels.

27.1 Volume-normalized column sums and the interpolation defect

We use the following norms for matrices between arrays on lattices. Each index u of such
an array has a location and a cell volume vu: the cube of the mesh of its lattice. For a
matrix A with entries Ayu we set

R(A) = sup
y

∑
u
|Ayu|, C(A) = sup

u

vout

vin
∑
y
|Ayu|,

the absolute row sum and the volume-normalized column sum, where vin and vout are
the cell volumes of the input and output lattices. All sums include the finitely many
direction and color indices.

Lemma 27.1. Assume the setting of Section 26.1.

1. The norms R and C are submultiplicative under composition. For a block with fixed input
and output volumes,

∥A∥ℓ2
count→ℓ2

count
≤

√
R(A)C(A)vin/vout.
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For several types of input or output indices, the column ratio in each summand is replaced by
vout(y)/vin(u). The operator norm from ℓ2(vin) to ℓ2(vout), the ℓ2 spaces weighted by the
cell volumes, is then at most

√
RC, and counting norms use the corresponding conversions

of volumes for each block. The ratios of volumes within one renormalization group step cost
only CJ . For a pointwise product cy;u,v = AyuByv of two matrices, the absolute row sum is
at most R(A)R(B), and the two column sums with a fixed input are at most C(A)R(B) and
R(A)C(B).

2. Let a = aj, H = aj−1 = Ba, δ = aK, and put

Dj = IaPj − IHEH, dH(s) = H(s + H2)−1/2.

Each column of Dj with a fixed input u on the lattice of mesh H has total physical mass zero,
separately in every output direction and color, and first absolute moment at most CH4 about
the location of u:

δ3 ∑
y
(Dj)yu = 0, δ3 ∑

y
dist(y, u)|(Dj)yu| ≤ CH4.

The matrix Dj and the matrix Ia|Pj|+ IH|EH| of absolute values have bounded absolute row
sums and volume-normalized column sums. For every s ∈ [0, T] and r = 0, 1, 2,

(R + C)(Dr
δPδ

s Dj) ≤ Cr(s + H2)−r/2dH(s),

(R + C)(Dr
δPδ

s IaPj) ≤ Cr(s + H2)−r/2.

The cancellation is used for each column with input on the lattice of mesh H, before any
earlier linearization is composed.

3. Let Li = DθRi(0, 0) be the linearization at the zero field of the zero-fluctuation reconstruction
of step i, acting on link logarithms, with R(Li), C(Li) ≤ acap = CCP/B and qanc = Ba2

cap <

1. For 0 ≤ i ≤ j − 1 set m = j − 1 − i, G = ai = BmH, Tji = Lj−1 · · · Li+1 (the identity if
i = j − 1), and

Us = Pδ
s IaPjTji/H, Vs = Pδ

s DjTji/H, Aji = C m
CP/G.

If ∥θi∥∞ ≤ bi, then for r = 0, 1, 2,

∥Dr
δUsθi∥∞ ≤ CrAjibi(s + H2)−r/2, ∥Dr

δVsθi∥∞ ≤ CrAjibi(s + H2)−r/2dH(s).

For i ≥ 1, the derivatives in wi of Usθi and Vsθi, where θi = Ri(θi−1, wi) is differentiated
at the given point wi of Ωi, have absolute row sums and volume-normalized column sums
bounded by the same expressions with bi replaced by gi. In bounds on derivatives, bi may
be any deterministic bound on ∥θi(w)∥∞ valid for every w ∈ Ωi at the fixed coarser field
θi−1; a bound sharper than the global one may be used when it holds on that whole set.
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A derivative in the dimensionless input θi removes a factor bi; for an input written as a
lattice potential, θi = Gvi, the derivative in vi acquires the factor G; and a derivative in a
normalized fluctuation coordinate wi,λ acquires its own coupling gi,λ. These conversions use
the mesh of the input, never δ.

4. Let Ss be any one of the three ordered sources

Nδ(Usθi, Vsθi), Nδ(Vsθi, Usθi), Nδ(Vsθi, Vsθi),

or their linear combinations with coefficients 1, 1,−1 or 1, 1,−2. Then

(R + C)(Dwi DδSs) ≤ CJC 2m
CP gibiG−2(s + H2)−1dH(s).

The constants depend on L, T, M, J, the interpolation function, the analytic domains and column
bounds, and the order of differences; they do not depend on K, j, i, the number of preceding
averaging steps, a/δ, the coupling, or the coarser field. These are estimates on the whole torus.

Proof. Constants CJ may absorb the number of coordinate types and their volume ratios
within one renormalization group step, but never a ratio between the mesh G of a coarser
scale and the finest mesh. The horizon in every heat estimate of this section is the fixed T.
The refinement hypotheses of the cardinal interpolation and of Lemma 17.2 hold because

aj

δ
= BK−j ∈ N,

aj−1

δ
= BK−j+1 ∈ N. (27.1)

Every order of differences used below is a nonnegative integer. The coarse side n ≥ 4
and all finer sides nBl satisfy the hypotheses on lattice sides of the heat and interpolation
estimates, including meshes larger than one.

Step 1: the matrix norms. We write vz for the cell volume of an intermediate index z. By
finite summation, we have

∑
u
|(AB)yu| ≤ ∑

z
|Ayz|∑

u
|Bzu|,

and
1
vu

∑
y

vy|(AB)yu| ≤ ∑
z

vz

vu
|Bzu|

( 1
vz

∑
y

vy|Ayz|
)

.

Taking suprema gives both composition inequalities. For an array f , the Cauchy–Schwarz
inequality with weights |Ayu| implies that

∑
y

vy|(A f )y|2 ≤ R(A)∑
u
| fu|2 ∑

y
vy|Ayu| ≤ R(A)C(A)∑

u
vu| fu|2.

For fixed input and output volumes, replacing both weighted norms by counting norms
introduces exactly the factor (vin/vout)1/2. The same computation gives the assertion for
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several types of indices. For cy;u,v = AyuByv, summing first over u and v gives the row
bound. Fixing u and summing first over v, we obtain

sup
u

vout

vin
∑
y,v
|AyuByv| ≤ C(A)R(B),

and fixing v gives the other column bound. The same computation applies to two
different types of input indices with their volumes. Fixed translations of either output
index are permutations of the output indices, so the proof applies to them with the same
norms. A color bracket costs only the norm of a fixed bilinear map on R3.

Step 2: zero mass of the defect. We apply Lemma 17.2 with coarse mesh H and fine
mesh a = H/B; its linear reconstruction is Pj of Lemma 26.2. The two interpolations are
applied on their own lattices. By Lemma 16.3, after interpolation a column with input on
the lattice of mesh a has total physical mass a3, and a column with input on the lattice of
mesh H has mass H3. The identity for the total mass of the columns of Pj in Lemma 17.2
implies that

δ3 ∑
y
(IaPj − IHEH)yu = 0

in every output component, without summing over colors or directions. For an index z
on the lattice of mesh a, we use the triangle inequality dist(y, u) ≤ dist(y, z) + dist(z, u)
and the first moment of the column of the cardinal interpolation matrix at z to obtain

δ3 ∑
y

dist(y, u)|(IaPj)yu| ≤ C ∑
z

a3{a + dist(z, u)}|(Pj)zu| ≤ CH4.

The term IHEH has the same bound, and periodic distances may be used in each triangle
inequality. The rows and volume-normalized columns of Lemma 17.2, together with Step
1, also bound Ia|Pj|+ IH|EH|.

Step 3: heat evolution of the defect. The estimate on the finest lattice in Lemma 17.2
gives the bound on the absolute rows of Dr

δPδ
s Dj. We give a separate argument for the

columns. For s ≤ H2 we commute every difference through the heat semigroup and
apply it to the smooth columns of the cardinal interpolation matrix. Their rth differences
have volume-normalized column sums at most CJ,rH−r, since a = H/B with B fixed, and
the heat semigroup does not increase absolute column sums. For s ≥ H2 we subtract
the heat kernel at the location of the input u, which is allowed by the zero mass of the
column:

(Dr
δPδ

s Dj)yu = δ3 ∑
z

{
Dr

δ pδ
s(y, z)− Dr

δ pδ
s(y, u)

}
(Dj)zu.

Using a shortest coordinate path from z to u, the telescoping identity along it, and
Lemma 16.1, we obtain

δ3 ∑
y
|Dr

δ pδ
s(y, z)− Dr

δ pδ
s(y, u)| ≤ Cr dist(z, u)(s + δ2)−(r+1)/2;
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the coordinate path has length at most
√

3 dist(z, u) on the torus. Dividing the resulting
column bound by the input volume H3 and using the first moment of Step 2, we obtain
CrHs−(r+1)/2, which is comparable to (s + H2)−r/2dH(s) in this range. For r = 2 the
proof uses at most three differences of the heat kernel.

For IaPj we use differences of the cardinal interpolation for s ≤ H2, and differences of
the heat kernel for s ≥ H2, without subtraction; this proves both of its bounds. Thus the
cancellation is used at the scale H; a first moment about a location at the scale G would
not suffice.

Step 4: derivatives of the reconstruction at an arbitrary point. The coefficient bounds
come from Theorem 15.13, not from the heat estimate of Lemma 16.3. We write Din ⋐
Dmid ⋐ Dout for its nested analytic domains, with fixed positive gaps between their radii.
The products of coarser fields and free coordinates in Lemma 26.2 lie in Din at a fixed
positive distance from its boundary, uniformly in the side of the coarser lattice and in the
number of preceding averaging steps. On that domain the reconstruction has a bounded
absolute coefficient norm, including every volume-normalized column sum with a fixed
input. Differentiating its majorant series on a smaller domain, we obtain bounds on the
first and second derivatives in the free coordinates and on the fixed mixed derivatives
used below. Indeed, a derivative of order k of a monomial of degree l multiplies its
majorant by at most lk times a fixed inverse power of the radius. Since the ratio η of the
radii is less than one, supl≥k lkηl−k is finite. The same argument with a fixed input gives
the column bounds, without summing over a new output volume. These are absolute
coefficient bounds, not bounds on values of a holomorphic map.

The coupling-scaled fluctuation inputs are qi,λ = gi,λwi,λ, and the ratios gi,λ/gi lie in
a fixed interval determined by M and J. The chain rule supplies one such coupling for
every derivative in w. The resulting coefficients satisfy the hypotheses of Lemma 16.3: a
fixed number of types of coordinates, bounded rows and volume-normalized columns,
and exponential decay in their own units. In particular, for the normalized derivative of
the reconstruction,

Wi(w) = DwiRi(θi−1, w), R(Wi) + C(Wi) ≤ CJ gi. (27.2)

Here the coarser field is fixed, and the coefficient is evaluated on the whole cutoff domain
Ωi, within the domain of Lemma 26.2, not only at w = 0. Equivalently, Lemma 16.3
applies to g−1

i Wi, with the ratios of intermediate couplings included. Its fixed mixed
derivatives satisfy the same bounds, with the coupling factors of their inputs. The same
conclusion can be reached from the mean. The segment from the conditional mean Ew to
a point w of the product lies in the product by convexity. Along it, Taylor’s formula for
the first derivative involves the second derivative in w, whose normalized absolute rows
and columns are bounded by the same coefficient norm. Since ∥w − Ew∥∞ ≤ 2pi, its
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contribution to either norm is at most CJ g2
i pi; the first derivative at the mean has either

norm at most CJ gi; and gi pi is bounded by the smallness conditions of Lemma 26.1.

Step 5: the zero-fluctuation reconstruction and composition. By the bounds on the
derivatives of the zero-fluctuation reconstruction in Lemma 17.2, with the constant CCP
chosen before J, we have

∥Ri(ϕ, 0)∥∞ ≤ acap∥ϕ∥∞,

∥Ri(ϕ, 0)− Liϕ∥∞ ≤ Cacap∥ϕ∥2
∞.

(27.3)

The first line follows by integrating the first derivative along sϕ, 0 ≤ s ≤ 1, and the
second from Taylor’s formula with integral remainder and the second derivative in the
coarser field. Both use the constant chosen before J; it is not enlarged after J is fixed.

By composition, we have R(Tji), C(Tji) ≤ am
cap. The division is by the mesh H of the

coarser lattice of step j. Thus

am
cap

H
=

C m
CP
G

= Aji, A2
jiH =

q m
anc
G

= Kji. (27.4)

The bounds of (3) follow from those of Step 3. Replacing the rightmost input by Wi, we
obtain the bounds on rows and columns of derivatives in wi. At a fixed coarser field, a
smaller bound bi is allowed only if it bounds θi(w) at every point w of Ωi. Differentiating
in a dimensionless input removes its bound bi, the substitution θi = Gvi multiplies that
derivative by G, and for a fluctuation coordinate the chain rule supplies its own gi,λ.

Step 6: one more difference of the source. By Lemma 24.2, it suffices to consider
one translated summand [Tξ f , Tζ D±

k h], with ( f , h) equal to (Usθi, Vsθi), (Vsθi, Usθi), or
(Vsθi, Vsθi). For a forward difference Dl, the product rule is

Dl[Tξ f , Tζ D±
k h] = [Tξ Dl f , Tζ+δel D

±
k h] + [Tξ f , Tζ DlD±

k h].

Its derivative in wi has four terms, obtained by differentiating either argument of either
bracket; their orders of differences are (1, 1), (1, 1), (0, 2), and (0, 2). A backward differ-
ence is a translated forward difference up to sign, so the same four bounds apply to it.
In every term one factor is the deterministic defect or the derivative in wi of the defect.
Multiplying the corresponding bounds of (3), we find

CJA
2
jigibi(s + H2)−1dH(s).

For the row we use the row of the differentiated factor and the supremum of the other
factor; for the column we use the volume-normalized column of that factor and the same
supremum. For Ss = Nδ(Vsθi, Vsθi) there may be two factors dH(s); since dH(s) ≤ 1,
we may discard one. The two signed combinations cost at most the sum of the absolute
values of their coefficients. Summing over the fixed list of summands proves (4), with the
stated dependence of the constants.
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27.2 Time-dependent coefficients and conditional drifts

This section bounds the coefficients of the ordered quadratic terms propagated from scale
i, and the conditional drifts in the telescope over scales. We first record an elementary
summation, then the properties of the conditional fluctuation kernel that we need, with
constants uniform in the coupling, and a bound on conditional means of quadratic
functions of the reconstructed field. The main estimate is Theorem 27.5.

An elementary summation

We write λq = − log qanc/ log B > 0, so that qanc = B−λq , and recall that ai = a0B−i with
a0 = L/n.

Lemma 27.2. Let r > 0 and d ≥ 0.

1. For every 0 < ζ < min(r, λq) there exists C, depending only on r, ζ, λq, B, and a0, such
that for all j ≥ 1,

j−1

∑
i=0

q j−1−i
anc ar

i ≤ Caζ
j−1.

2. For every 0 < η < min(r, λq) there exists C, depending only on r, d, η, λq, B, and a0, such
that for all k ≥ 1,

∑
j≥k

(1 + j)d
j−1

∑
i=0

q j−1−i
anc ar

i ≤ Caη
k .

In particular, the left side is finite and tends to zero as k → ∞.

Proof. Let 0 < ζ < min(r, λq) and m = j − 1 − i. Since j − 1 = m + i,

q m
ancar

i = ar
0B−λqm−ri = ar

0B−ζ(j−1)B−(λq−ζ)m−(r−ζ)i.

The two remaining exponents are positive, so the sum over 0 ≤ i ≤ j − 1 of the last
factor is at most ∑m,i≥0 B−(λq−ζ)m−(r−ζ)i < ∞. This gives (1), since B−ζ(j−1) = (aj−1/a0)

ζ .
For (2) we choose ζ strictly between η and min(r, λq) and apply (1). Since ζ − η > 0,
the polynomial factor is absorbed: (1 + j)dB−ζ(j−1) ≤ Cd,ζ−ηB−η(j−1), and summing over
j ≥ k gives at most CB−ηk = C(ak/a0)

η. Polynomial factors in i or m are bounded by
(1 + j)d, since i, m ≤ j.

The conditional fluctuation kernel

The next lemma collects the properties of the conditional law of wi given Fi−1 that we
use. In the notation of the lemma, µdi,ϕ = kdi(e

ϕ, dw) is the conditional fluctuation kernel
of (4.8) after di preceding averaging steps, and its mean µϕ = mϕ is the conditional
mean of Section 26.1. For the small-field event of Definition 4.4, all cutoff radii of one
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renormalization group step are equal, pi = Aw log(1/ti) ≥ 1. This is the case treated
here; it is a special case of the prescription allowed in Section 26.1. The point of the
lemma is that its constants do not depend on the coupling below the common upper
bound g∗.

Lemma 27.3. Assume the setting of Section 26.1, with the equal-radius prescription of the
preceding paragraph. Fix K ≥ 1 and 1 ≤ i ≤ K, and let ϕ = θi−1.

1. The conditional law of wi given Fi−1 is the conditional fluctuation kernel µdi,ϕ, di = J(K− i),
with density Z−1

ϕ 1Ωi e
−Vdi ,ϕ , and, uniformly in K, i, di, ϕ, and the coupling below g∗,

1 − Cti pi > 0,
C[ti pi + t2

i (1 + E∗)]

(1 − Cti pi)3 ≤ 1
2

, ti p3
i ≤ εsc, (27.5)

where E∗ is the fixed upper bound on the weighted analytic coefficient norm of the effective
interaction in Theorem 13.8, and εsc is fixed by the construction. The same holds at every
point uϕ, 0 ≤ u ≤ 1, of the segment from the zero field to ϕ, with the same product Ωi.

2. The potential is C2 on a neighborhood of the closed product Ωi, and

D2
wVdi,ϕ ≥ 1

2 I on Ωi. (27.6)

In particular, the conditional fluctuation covariance Σϕ of wi satisfies ∥Σϕ∥op ≤ 2, and every
real function F on Ωi that is Lipschitz for the Euclidean distance satisfies

log Eϕez(F−EϕF) ≤ z2 Lip(F)2 (z ∈ R). (27.7)

3. Let µϕ = Eϕwi. Then

∥µϕ∥∞ ≤ CJti∥ϕ∥∞, µ0 = 0, ∥Σϕ − Σ0∥op ≤ CJti p3
i ∥ϕ∥∞, ∥Σϕ∥op ≤ 2.

(27.8)
4. Let Eϕ = g−1

i DwRi(ϕ, µϕ) and Zϕ = EϕΣϕET
ϕ . Then

∥Eϕ∥op + ∥E0∥op ≤ CJ , ∥Eϕ − E0∥op ≤ CJ∥ϕ∥∞, (27.9)

and
∥Zϕ − Z0∥op ≤ CJ(1 + ti p3

i )∥ϕ∥∞ ≤ CJ∥ϕ∥∞. (27.10)

The constants depend only on the fixed analytic domains and coefficient bounds, M, J, and the
common upper bound g∗; they do not depend on the coupling below g∗, on the lattice side, on K, i,
di, or on ϕ.

Proof. For fixed K and i, Lemma 26.2 identifies the conditional law of wi given Fi−1 with
the conditional fluctuation kernel at the coarser field ϕ, with di = J(K − i) preceding
averaging steps. The side of the coarser lattice of the step is nBi−1 ≥ 4, the coarser field
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lies in Br, and the coupling-scaled fluctuation inputs qi,λ = gi,λwi,λ of every point of Ωi
lie in the common analytic domain, as checked in the proof of Lemma 26.1. The domain
conditions there include those on every intermediate classical background field, on the
block averaging constraint, and on the Haar disintegration density, and the condition
that the reconstruction of every point of the product lies in Dr. These are the common
domains of Lemma 26.2, and Theorems 15.13 and 15.14 preserve them. In particular, the
change to the reconstruction maps preserves each ball of fluctuation coordinates, the free
logarithmic coordinates, the Haar disintegration density, the triangular determinant, the
inherited normalization constant, and the normalizer, and hence the normalized kernel.

The hypotheses of Theorem 13.8 hold on this product. Let ti = M(J−1)/2gi; the radii
are pi = Aw log(1/ti) ≥ 1, and the ratios of intermediate couplings are included in the
reconstruction map. The common upper bound g∗ of Lemma 26.2 is also the reduced
bound of Theorem 13.10. Hence (27.5) holds uniformly in K, i, di, ϕ, and the coupling
below g∗. The last condition is uniform in the coupling: since t[Aw log(1/t)]3 → 0 as
t ↓ 0, the reduced bound controls it on the whole interval of couplings. Every point uϕ

of the segment lies in Br and satisfies the same product and domain conditions, so the
theorem on means and covariances also applies along the segment.

We write the density as Z−1
ϕ 1Ωi e

−Vdi ,ϕ dw. By Theorem 13.8, the potential is smooth on
an open neighborhood of the closed product, and (27.6) holds. The restrictions imposed at
coarser scales depend only on the coarser field and cancel in this normalized conditional
law, by the same theorem. The product is a finite product of convex balls in R3, the
potential is C2 on its neighborhood, and the Hessian bound holds on the whole product.
These are the hypotheses of Theorem 5.4, with m = 1/2, and that theorem implies that
∥Σϕ∥op ≤ 2 and (27.7). All later uses of conditional concentration in this section are for
this kernel, so their constants do not depend on the dimension, the number of averaging
steps, or the coupling.

By Theorem 13.10, which applies by the preceding checks and the preservation of
the kernel, we have (27.8). To bound the linear coefficient of the reconstruction map,
we write the map as a function F̂i(ϕ, q) of the coupling-scaled fluctuation inputs. Let
Si = diag(gi,λ/gi) and qϕ = (gi,λµϕ,λ)λ. Then

Eϕ = g−1
i DwRi(ϕ, µϕ) = Dq F̂i(ϕ, qϕ)Si, E0 = Dq F̂i(0, 0)Si,

and the norm of Si is bounded by the fixed ratio of intermediate couplings. The inner
domain contains these points and the segments joining them: the conditional mean lies
in the convex product, and uϕ lies in the ball of coarser fields. The second derivatives in
the free coordinates, and the mixed second derivatives in the coarser field and the free
coordinates, have bounded absolute row sums and volume-normalized column sums.
This follows from Theorem 15.13 and the computation with majorant series in Step 4 of
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the proof of Lemma 27.1. Integrating these derivatives along the two segments, we obtain

(R + C)(Eϕ − E0) ≤ CJ(∥ϕ∥∞ + ∥qϕ∥∞) ≤ CJ(1 + t2
i )∥ϕ∥∞,

where we used ∥qϕ∥∞ ≤ ti∥µϕ∥∞. Converting the volumes of the fluctuation coordinates
to the output volume uses only fixed ratios within one renormalization group step, so
the weighted Schur bound of Lemma 27.1(1) implies (27.9). For Zϕ = EϕΣϕET

ϕ we expand

Zϕ − Z0 = (Eϕ − E0)ΣϕET
ϕ + E0(Σϕ − Σ0)ET

ϕ + E0Σ0(ET
ϕ − ET

0 ). (27.11)

By (27.8) and (27.9), the three terms are bounded by CJ∥ϕ∥∞, CJti p3
i ∥ϕ∥∞, and CJ∥ϕ∥∞,

respectively, which gives (27.10). Every constant here comes from the common upper
bound on the couplings and from the coefficient bounds of the reconstruction maps; none
depends on the coupling. The covariance bound of Theorem 17.4, whose constants may
depend on the fixed coupling, is not used.

Conditional means of quadratic functions

The next lemma bounds the conditional mean of a quadratic function of the reconstructed
field without using any spatial decay of its coefficients. This allows us to apply it after
heat evolution, which spreads the coefficients over the torus. We say that a quadratic form
Q on link logarithms, with values in arrays of su(2)-valued components, is equivariant if
Q(Adh v, Adh v) = Adh Q(v, v) for every constant h ∈ SU(2) acting on all color indices.

Lemma 27.4. Assume the setting of Lemma 27.3. Let Q be an equivariant quadratic form on
link logarithms on the lattice of mesh ai, fix one scalar output component of Q(v, v), and let kQ
be the absolute sum of the coefficients of that component over both inputs. Put r = ∥ϕ∥∞ and
c = Ri(ϕ, 0). Then

|EϕQ(θi, θi)− Q(c, c)| ≤ CJkQ(g2
i r + g3

i p3
i ), (27.12)

|Q(c, c)− Q(Liϕ, Liϕ)| ≤ CkQa2
capr3. (27.13)

The constants depend only on the fixed coefficient bounds, M, J, and the common upper bound
g∗; they do not depend on the coupling below g∗, the lattice side, K, i, or the number of preceding
averaging steps.

Proof. The matrix CQ of the fixed scalar component has nuclear norm at most kQ, since it
is a sum of coordinate matrix units, each of nuclear norm one. Thus, for every matrix C,

|Q : C| = |tr(CQC)| ≤ kQ∥C∥op. (27.14)

This needs no spatial weight on Q.
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Let µ = Eϕwi, ξ = wi − µ, and v = Ri(ϕ, µ). Using the bound on the mean in (27.8),
the expansion (26.2) of Lemma 26.2, and the bounds (27.2) on the derivatives of the
reconstruction, we have

θi = v + giEϕξ + g2
i Bϕ(ξ, ξ) + Rϕ(ξ), ∥Rϕ∥∞ ≤ CJ g3

i p3
i ,

∥v − c∥∞ ≤ CJ gi∥µ∥∞ ≤ CJ gitir ≤ CJ g2
i r, ∥v∥∞ ≤ CJr.

(27.15)

The normalized coefficients of Eϕ and of each output component of Bϕ have bounded
absolute rows. By (27.14) and the bound ∥Σϕ∥op ≤ 2, which follows from the Poincaré
inequality, we obtain

∥EϕBϕ(ξ, ξ)∥∞ ≤ 2CJ . (27.16)

We do not need the quadratic mean to vanish at a nonzero coarser field.
We insert (27.15) into both arguments of Q. The terms linear in ξ have mean zero,

since ξ is centered under the same law. The term with giEϕξ in both arguments has
mean exactly g2

i Q : (EϕΣϕET
ϕ ). By (27.14) and (27.10), it differs from g2

i Q : Z0 by at
most CJkQg2

i r, uniformly in the coupling. The vector-valued contraction Q : Z0 vanishes.
Indeed, Z0 is scalar in the color indices, so by equivariance the contraction is a vector
fixed by all adjoint rotations; such a vector is zero, since a rotation through π about an
axis perpendicular to a nonzero vector changes its sign.

The two terms that pair v with g2
i EϕBϕ(ξ, ξ) are bounded by CJkQg2

i r, by (27.16).
Replacing Q(v, v) by Q(c, c) costs at most CJkQg2

i r, since the extra factor r is bounded
on the fixed chart. Every remaining term contains Rϕ, or one argument linear and
one quadratic in ξ, or two arguments quadratic in ξ. On the cutoff domain |ξ| ≤
2pi coordinatewise, so these terms are bounded by CJkQg3

i p3
i , CJkQg3

i p3
i , and CJkQg4

i p4
i ,

respectively; the last is absorbed into the first because gi pi is bounded by (27.5). The
factors v and gi pi in products with Rϕ are bounded on the same domain. This proves
(27.12). For the classical error, by (27.3), we have

|Q(c, c)− Q(Liϕ, Liϕ)| ≤ kQ(∥c∥∞ + ∥Liϕ∥∞)∥c − Liϕ∥∞ ≤ CkQa2
capr3,

which is (27.13). The only quantities involving the cutoff that were absorbed into constants
are gi pi, giti/g2

i = M(J−1)/2, and ti p3
i , all bounded by fixed data as checked in Lemma 27.3.

Coefficients and drifts of the propagated terms

For ω ∈ {UV, VU, VV} and 0 ≤ i ≤ j − 1 we define the bilinear sources

SUV
s (v, z) = Nδ(Usv, Vsz), SVU

s (v, z) = Nδ(Vsv, Usz), SVV
s (v, z) = Nδ(Vsv, Vsz),

with Us, Vs as in Lemma 27.1(3), and the bilinear Duhamel terms

T ω
j,i (v, z)(t) =

∫ t

0
Pδ

t−sS
ω
s (v, z) ds.
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Taking z = v gives the quadratic terms of the introduction; each argument has a fixed
place, and no symmetry of Nδ is used. Both arguments are propagated through the
same linearizations, so T ω

j,i−1(v, v) = T ω
j,i (Liv, Liv). We write Ss for any of the sources

Sω
s (θi, θi).

Theorem 27.5. Assume the setting of Section 26.1 and the notation of Lemma 27.1, with
m = j − 1 − i and G = ai. Set

Kji = C 2m
CP H/G2 = q m

anc/G, ℓH(t) = 1 + log(1 + t/H2),

JH(t) =
∫ t

0
(t − s)−1/2(s + H2)−1 ds.

1. For 1 ≤ i ≤ j − 1, the derivative Fs = DwiSs in wi, at any point of Ωi, satisfies

(R + C)(Fs) ≤ CJKjigibi(s + H2)−1,

∥Fs∥ℓ2(wi)→ℓ2(δ) ≤ CJKjigibi(s + H2)−1(G/δ)3/2,

where both ℓ2 norms are counting norms. For s ≥ G2, the Euclidean norm of its value row
improves to CJKjigibiG3/2s−7/4; no such improvement is asserted for its volume-normalized
column sum.

2. The rows of the derivatives in wi of the Duhamel terms satisfy, for 0 ≤ t ≤ G2,

sup
x
∥DwiT

ω
j,i (t, x)∥2 ≤ CJKjigibi log(1 + t/H2),

sup
x
∥Dwi DδT

ω
j,i (t, x)∥2 ≤ CJKjigibi JH(t),

and, for t ≥ G2 and r = 0, 1,

sup
x
∥Dwi D

r
δT

ω
j,i (t, x)∥2 ≤ CJKjigibiG3/2t−3/4−r/2ℓH(T).

At small times the displayed integrals, which vanish at t = 0, are kept; in particular
JH(t) ≤ C min{

√
t/H2, (t + H2)−1/2ℓH(t)}. The bounds on first differences use the outer

heat kernel.
3. For a quadratic coefficient cy;u,v, let R2 be the supremum over outputs of the absolute sum

over both inputs, and, for a coefficient with input mesh G and output mesh h,

C2(c) = max
{

sup
u

h3

G3 ∑
y,v
|cy;u,v|, sup

v

h3

G3 ∑
y,u

|cy;u,v|
}

the larger of its two volume-normalized column sums with a fixed input. Here h = δ; for Qj,i
in Theorem 27.7, before interpolation, h = aj. For each ω,

(R2 + C2)(T
ω

j,i (t)) ≤ CKji log(1 + t/H2),

(R2 + C2)(DδT
ω

j,i (t)) ≤ CKji JH(t).
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With the weights of Yδ
α, that is, after multiplying the first bound by (t + δ2)β and the

second by (t + δ2)α, the supremum over t ≤ T of these coefficient norms is therefore at most
CL,T,α,a0(1 + j)Kji; we call this the weighted coefficient bound. On the whole cutoff domain
Ωi we also have, for r = 0, 1, 2, 3,

sup
wi,x

∥Dwi D
r
δT

ω
j,i (t, x)∥2 ≤ CJ,rC 2m

CP gibiG−2 tH−1−r,

and, for r = 0, 1,

sup
wi,x

∥Dwi ∂tDr
δT

ω
j,i (t, x)∥2 ≤ CJ,rC 2m

CP gibiG−2(H−1−r + tH−3−r).

These bounds keep the factor gibi, for later use in coverings.
4. For 1 ≤ i ≤ j − 1, define the conditional drift

eω
j,i = E

[
T ω

j,i (θi, θi)
∣∣ Fi−1

]
−T ω

j,i−1(θi−1, θi−1).

With the deterministic bounds b0 = ρ0 and bi = ρ0a i
cap + CJ g3

√
ai pi, i ≥ 1, on ∥θi∥∞,

Yδ
α(e

ω
j,i) ≤ CJ(1 + j)

q j−1−i
anc

ai

{
a2

capb3
i−1 + g2

i bi−1 + g3
i p3

i
}

,

and
Yδ

α(T
ω

j,0(θ0, θ0)) ≤ Cρ2
0(1 + j)q j−1

anc /a0.

More precisely, for ϕ = θi−1 and θcl
i = Ri(ϕ, 0), write eω

j,i = eω,cl
j,i + eω,q

j,i , where the
linearization error and the fluctuation correction are

eω,cl
j,i = T ω

j,i (θ
cl
i , θcl

i )−T ω
j,i−1(ϕ, ϕ),

eω,q
j,i = E

[
T ω

j,i (θi, θi)
∣∣ Fi−1

]
−T ω

j,i (θ
cl
i , θcl

i ).

Then

Yδ
α(e

ω,cl
j,i ) ≤ CJ(1 + j)Kjia2

cap∥ϕ∥3
∞,

Yδ
α(e

ω,q
j,i ) ≤ CJ(1 + j)Kji(g2

i ∥ϕ∥∞ + g3
i p3

i ).

Both deterministic majorants have summable tails in j, uniformly in K. When the coarser field
is the identity, the vector-valued quadratic mean vanishes by the invariance of the conditional
law under global color rotations; at a nonzero coarser field, the variation of the covariance,
the nonlinear mean, and the classical Taylor error are all kept.

The constants in the coefficient and mean bounds do not depend on the coupling, K, j, i, the
number of preceding averaging steps, or a/δ; they have the dependence of Lemma 27.1, with
α added. The weighted coefficient bounds and the weighted bounds on drifts may in addition
depend on the fixed coarse mesh a0 = L/n; this does not apply to the unweighted time-dependent
rows. The constants in the summability statements may depend on the fixed γ, n, ρ0, and the
prescription of the cutoff radii.
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Proof. We first prove the deterministic estimates on coefficients and on derivatives in wi,
and then the estimates on drifts, which use Lemmas 27.3 and 27.4. Throughout, Kji is the
exact value displayed in the statement.

Step 1: sources and late rows. Combining the bound on pointwise products in
Lemma 27.1(1) with part (3) of that lemma without a derivative in wi, and using (27.4),
we find that the bilinear coefficient of the source satisfies

(R2 + C2)(Sω
s ) ≤ CA2

ji(s + H2)−1/2dH(s) =
CKji

s + H2 , (27.17)

One argument uses a volume-normalized column and the other a row; hence no factor of
the output volume occurs. Differentiating the two arguments in wi instead, we obtain

(R + C)(Fs) ≤
CJKjigibi

s + H2 . (27.18)

The counting Schur bound of Lemma 27.1(1) then implies the operator bound of (1),
with the factor (G/δ)3/2. For several types of fluctuation coordinates, the intermediate
volumes are their own cell volumes, and replacing them by G3 costs only CJ .

For s ≥ G2 we split the heat semigroup in either argument into two equal halves. The
first half, applied to the derivative in wi, has row and volume-normalized column at most
CJAjigi; in the argument with the defect, both acquire the factor dH(s/2) ≤

√
2dH(s).

The second half has counting row norm at most Cδ3/2s−3/4−r/2 after r differences, by
Lemma 16.1. The Schur bound for the first half implies that

sup
x
∥Dwi D

r
δUsθi(x)∥2 ≤ CJ,rAjigiG3/2s−3/4−r/2,

sup
x
∥Dwi D

r
δVsθi(x)∥2 ≤ CJ,rAjigiG3/2s−3/4−r/2dH(s) (r = 0, 1),

(27.19)

where we used δ3/2(G/δ)3/2 = G3/2. In a translated bracket, the derivative in wi falls
either on the argument without a difference or on the argument with the difference.
We use, respectively, the bound of (27.19) with r = 0 or r = 1, and the complementary
deterministic bound of Lemma 27.1(3) for the other argument. Every term keeps one
factor dH. Since dH(s) ≤ Hs−1/2 and A2

jiH = Kji, we find

sup
x
∥Fs(x, ·)∥2 ≤ CJKjigibiG3/2s−7/4 (s ≥ G2). (27.20)

For the order VV we use dH(s)2 ≤ dH(s). These bounds also hold on G2/2 ≤ s ≤ G2

after increasing the constant: on that interval the absolute row in (27.18) is bounded by
the right side of (27.20). The heat semigroup conserves the mass of columns, so this
argument gives no improvement at late times for the absolute column.
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Step 2: the outer heat semigroup at small times. Let Λ = CJKjigibi. By heat contraction
and (27.18), we have the value row Λ

∫ t
0 (s + H2)−1 ds = Λ log(1 + t/H2) at every t. For

the first difference we use the bound on the outer heat kernel

∥DδPδ
r ∥∞→∞ ≤ C(r + δ2)−1/2 ≤ Cr−1/2 (r > 0),

which gives CΛJH(t), without differentiating the source; the singularity at s = t is
integrable. The substitution z =

√
t − s yields

JH(t) =
2√

t + H2
artanh

√
t

t + H2 . (27.21)

Bounding (s + H2)−1 by H−2, we find JH(t) ≤ 2
√

t/H2 at all t. For t ≥ H2, the identity
2 artanh z = log((1 + z)/(1 − z)) gives JH(t) ≤ C(t + H2)−1/2ℓH(t); for t ≤ H2 this
bound also follows from

√
t/H2 ≤ C/H. This proves the stated minimum, including its

vanishing at t = 0.

Step 3: late times. For 2G2 ≤ t ≤ T we split the Duhamel integral at t/2. On the early
half we use the counting operator bound of (1) for Fs and the counting row of the heat
kernel,

∥Dr
δPδ

t−s(x, ·)∥2 ≤ Crδ3/2t−3/4−r/2, r = 0, 1;

the integral is at most CΛG3/2t−3/4−r/2 log(1 + t/H2). On the late half we use (27.20)
and the ℓ1 row of Dr

δPδ
t−s; the integral is at most

CΛG3/2
∫ t

t/2
(t − s)−r/2s−7/4 ds ≤ CΛG3/2t−3/4−r/2.

If G2 ≤ t ≤ 2G2, the bounds of Step 2 give the same result, since t ≍ G2 and JH(t) ≤
Ct−1/2ℓH(T). Thus the late estimates of (2) hold from t = G2 on. The constants for the
fixed horizon may depend on T/L2.

Step 4: quadratic coefficients and weights. The outer heat kernel has absolute row and
volume-normalized column equal to one, and its first difference has both norms at most
C(t − s)−1/2. Applying these facts to (27.17), we obtain the two coefficient bounds of (3),
with the exact integral profiles. If t ≤ H2, the weighted sum is at most

CKji{H2βt/H2 + H2α
√

t/H2} ≤ CKjiH2α−1.

If t ≥ H2, it is at most CT,αKjiℓH(T), because both powers of the weights are positive and
δ ≤ H. In the first regime we use H ≤ a0. Since H = a0B−(j−1),

ℓH(T) = 1 + log
(
1 + (T/a2

0)B2(j−1))
≤ 1 + log(1 + T/a2

0) + 2(j − 1) log B

≤ CT,a0,B(1 + j),

(27.22)
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where we used 1 + xB2(j−1) ≤ (1 + x)B2(j−1) for x = T/a2
0, since B2(j−1) ≥ 1. The

constant in the weighted coefficient bound may therefore depend on the fixed a0 = L/n.
The unweighted bounds on time-dependent coefficients and the bounds on rows of
derivatives in wi keep their stated dependence and their logarithmic profiles.

Step 5: crude bounds for coverings. For any fixed integer r ≥ 0 we commute the
differences through the heat semigroup and apply them to the cardinal interpolations on
their own lattices before smoothing. The arguments then satisfy

∥Dr
δUsθi∥∞ + ∥Dr

δVsθi∥∞ ≤ CJ,rAjibiH−r,

and the rows of their derivatives in wi have the same bound with bi replaced by gi. By
the finite product rule, we have, for each fixed r,

sup
wi,s,x

|Dr
δSs(x)| ≤ CJ,rA

2
jib

2
i H−1−r,

sup
wi,s,x

∥Dwi D
r
δSs(x)∥2 ≤ CJ,rA

2
jigibiH−1−r.

(27.23)

Heat contraction and integration in time give the factor t for the Duhamel term. For the
time derivative we use the exact identity ∂tT (t) = St + ∆δT (t) in finite dimensions.
The Laplacian is a sum of three second differences, which are bounded by (27.23) with
two more differences. This proves both crude bounds of (3), uniformly on Ωi, and avoids
a bound of size δ−2 for the generator.

Step 6: the drifts. We apply Lemma 27.4 to each output component of T ω
j,i (t) and of its

first difference. Their deterministic coefficients are fixed before conditioning, they are
equivariant, and their absolute sums kQ are bounded by the unweighted bounds of (3).
Conditional integration commutes with finite differences of outputs. With ϕ = θi−1 and
T ω

j,i−1(ϕ, ϕ) = T ω
j,i (Liϕ, Liϕ), the weighted coefficient bound of Step 4 implies that

Yδ
α(e

ω,cl
j,i ) ≤ CJ,a0(1 + j)Kjia2

cap∥ϕ∥3
∞,

Yδ
α(e

ω,q
j,i ) ≤ CJ,a0(1 + j)Kji(g2

i ∥ϕ∥∞ + g3
i p3

i ).
(27.24)

Here CJ,a0 has the deterministic dependence already listed, including a0 from (27.22); it
does not depend on the coupling, K, j, i, the number of averaging steps, or a/δ. In the
weighted bounds on drifts in the statement, CJ denotes this constant, while the constants
of (27.12) and (27.13) are unchanged. Adding the two bounds and using ∥ϕ∥∞ ≤ bi−1,
we obtain the bound on eω

j,i.
The identity T ω

j,i−1(v, v) = T ω
j,i (Liv, Liv) holds because Tj,i−1 = TjiLi in both argu-

ments. Substituting θ0, whose norm is at most ρ0, into the weighted coefficient bound,
we obtain the bound on the coarsest term, with the same dependence on a0. When the
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coarser field is the identity, the conditional law at the zero field and the reconstruction
are equivariant under global color rotations, so the vector-valued quadratic mean itself
vanishes, and not only its contribution from the linear covariance.

Step 7: bounds on the coarser fields and summability. Integrating (27.2) from w = 0 to
wi along the segment in the convex product, and using (27.3), we obtain

∥θi∥∞ ≤ acap∥θi−1∥∞ + CJ gi pi.

Iterating, and using gi−l = Bl/2gi and that the cutoff radii do not decrease with i, we
obtain

∥θi∥∞ ≤ ρ0ai
cap + CJ gi pi

i−1

∑
l=0

(acap
√

B)l ≤ ρ0ai
cap + CJ g3

√
ai pi,

where the geometric series is included in the fixed CJ . For fixed γ and n, we obtain

bi ≤ Cγ(1 + i)
√

ai, bi/gi ≤ Cγ(1 + i), (27.25)

because ai
cap = (ai/a0)

κterm with κterm = − log acap/ log B > 1/2. In particular, the three
contributions to the drifts, divided by ai, satisfy

a2
capb3

i−1 + g2
i bi−1 + g3

i p3
i

ai
≤ Cγ(1 + i)3a1/2

i . (27.26)

For the first term we use ai−1 = Bai; the other two are exactly g2
3bi−1 and g3

3
√

ai p3
i . The

double series of majorants of the drifts is bounded by

Cγ ∑
i≥1

∑
m≥0

(2 + i + m)(1 + i)3q m
anca1/2

i ,

and by Lemma 27.2(2), with r = 1/2, its tail over j = i + 1 + m ≥ k is at most Caη
k for

some η > 0, and tends to zero; truncation at any K only decreases it. The majorant of
the coarsest terms is summable because ∑j(1 + j)q j−1

anc < ∞. This proves the summability
statement. Only this summation uses the bound (27.25), which holds at fixed coupling;
the constants in the coefficient bounds and in the pointwise bounds on means are uniform
in the coupling below g∗.

27.3 Maximal estimates and ultraviolet tails of the ordered terms

We now bound the conditionally centered terms Zω
j,i of the telescope, sum the telescope,

and obtain the bounds on Qδ(rj, rj) and Bδ(xj−1, rj). The maximal inequality uses a finite
net in space and time at the scale H, whose size is a fixed power of H−1, independent of δ.
It also uses the bound bi/gi ≤ Cγ(1 + i) of (27.25), so it holds at fixed positive coupling.
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Theorem 27.6. Assume the setting of Section 26.1 and the notation of Theorem 27.5, and fix
γ > 0, L, n, T, M, J, and the domains before any ultraviolet limit is taken. Put

Zω
j,i = T ω

j,i (θi, θi)− E
[
T ω

j,i (θi, θi)
∣∣ Fi−1

]
, Aji = KjigibiG2α−1ℓH(T).

1. There exist Cγ < ∞ and a fixed finite exponent c such that, for every u ≥ 0, every
1 ≤ i ≤ j − 1 ≤ K − 1, and each ω separately,

P
{

Yδ
α(Zω

j,i) > Cγ Aji

√
log(2 + L/H) + u

∣∣∣ Fi−1

}
≤ Ce−u.

It follows that, for every fixed 0 < p < ∞,∥∥Yδ
α(Zω

j,i)
∥∥

Lp(·|Fi−1)
≤ Cγ,p(1 + j)cq j−1−i

anc gibia2α−2
i

[√
log(2 + L/ai) +

√
p
]
.

The proof uses a net in physical space and time at the scale H, with at most a fixed power of
H−1 points, independently of δ/H; a short initial interval of times is controlled by the factor
t of the Duhamel term. The proof uses bi/gi ≤ Cγ(1 + i), and no constant uniform in the
coupling is asserted.

2. At i = j − 1 we have (U − V)θj−1 = xj−1 and Vθj−1 = rj, and

Bδ(xj−1, rj) = T UV
j,j−1 +T VU

j,j−1 − 2T VV
j,j−1, Qδ(rj, rj) = T VV

j,j−1,

with θj−1 in both arguments of each term on the right. For the full quadratic difference,
Qδ(xj−1 + rj, xj−1 + rj)−Qδ(xj−1, xj−1) = T UV

j,j−1 +T VU
j,j−1 −T VV

j,j−1, so the coefficient of
T VV

j,j−1 is −1.
3. For sufficiently large fixed Cγ and c, let

Wj = Cγ(1 + j)c
{

ρ2
0q j−1

anc /a0

+
j−1

∑
i=1

q j−1−i
anc

[
gibia2α−2

i

√
log(2 + L/ai) +

a2
capb3

i−1 + g2
i bi−1 + g3

i p3
i

ai

]}
.

For each ω separately, EνKYδ
α(T

ω
j,j−1(θj−1, θj−1)) ≤ Wj, including the coarsest term and all

drifts. In particular,

EνKYδ
α(Qδ(rj, rj)) ≤ Wj, EνKYδ

α(Bδ(xj−1, rj)) ≤ 4Wj.

For every 0 < η < min{2α − 1,− log qanc/ log B} there exists Cγ,η such that ∑j≥k Wj ≤
Cγ,ηaη

k . By the triangle inequality, the same sum bounds the expected norms of all finite
partial sums over j ≥ k, uniformly in K.

All constants may depend on the fixed coupling, the coarse side, the moment, the exponents, the
horizon, and the fixed analytic and column bounds; they do not depend on K, on the number of
preceding averaging steps, on i and j, on a/δ, or on the values of the coarser fields. These are
estimates on the whole torus.
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Proof. Throughout, we use the conditional law and the properties verified in Lemma 27.3;
see (27.5), (27.6), and (27.7). The proof has five steps: a pointwise Lipschitz bound, a
deterministic net, concentration, the telescope, and the summation.

Step 1: the Lipschitz constant of one evaluation. Let Λ = Kjigibi. For t ≤ H2, by the
bounds of Theorem 27.5(2) for small times and δ ≤ H, we have

(t + δ2)βΛ log(1 + t/H2) + (t + δ2)αΛJH(t) ≤ CΛH2β.

For H2 ≤ t ≤ G2, the two terms are at most CΛtβℓH(T). For t ≥ G2, the late bounds,
multiplied by their weights, are at most

CΛG3/2tα−5/4ℓH(T) ≤ CΛG2α−1ℓH(T),

since α < 2/3 < 5/4 and t ≥ G2. These three ranges show that every scalar weighted
evaluation, of the value or of a first difference, is Lipschitz in wi with constant at most
CJ Aji on the whole product Ωi. The sum of the two maxima bounds the norm Yδ

α, at the
cost of a factor two. Translations and the finite number of colors and directions cost a
fixed factor.

Step 2: a deterministic net. This step uses the bound bi on the coarser fields rather than
a distance between coefficient rows, so its constants depend on the fixed coupling. It
suffices to consider H ≤ min(1,

√
T); the other levels form a finite set, independent of

the number of remaining steps. By (27.23) and heat contraction, the uncentered Duhamel
term and its first three differences satisfy

∥Dr
δT (t)∥∞ ≤ CJ,rA

2
jib

2
i tH−1−r, 0 ≤ r ≤ 3, (27.27)

and the corresponding time derivatives for r = 0, 1 are bounded by CJ,rA
2
jib

2
i (H−1−r +

tH−3−r). These bounds are deterministic on the whole product Ωi. Conditional expecta-
tion preserves them, and centering costs a factor two.

For 0 ≤ t ≤ H6, both weights are bounded by their values at 2H2, up to fixed powers
of two. The centered weighted term on this interval is at most CA2

jib
2
i H6+2α−2, and its

ratio to Aji is at most

C
bi

gi
H4(H/G)2α−1ℓH(T)−1 ≤ Cγ(1 + j)H4, (27.28)

by (27.25). The right side tends to zero geometrically in j, uniformly in i and in j − i.
For all sufficiently fine levels it is less than 1/8, and enlarging the constant handles the
finitely many other levels. This uses the factor t of the Duhamel term, not a bound on a
source at time zero.
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On [H6, T] we consider the two scalar processes

(t + δ2)β
(
T − E[T | Fi−1]

)
(t, x), (t + δ2)αDδ

(
T − E[T | Fi−1]

)
(t, x).

Their Lipschitz constants in physical space follow from one more output difference in
(27.27). For their time derivatives we use the bounds following that display and the
product rule for the weights. Differentiating a weight costs no power of the mesh: for
ζ = β or ζ = α,

t(t + δ2)ζ−1 ≤ (t + δ2)ζ ≤ CT,ζ .

Thus all these Lipschitz constants are bounded by CT,JA
2
jib

2
i H−4. Dividing by Aji, we

obtain the bound

CT,J
bi

gi
H−5G−(2α−1) ≤ Cγ(1 + j)H−5−(2α−1) ≤ CγH−7,

after enlarging Cγ, since 2α − 1 < 1/3 and j = O(1 + |log H|) for the fixed sequence of
lattices. After another fixed adjustment, these inequalities also hold on the finite set of
coarse levels.

We choose a spacing εH = cγH12 in physical space and time, with cγ > 0 small. If
δ ≥ εH, we take every lattice site; there are at most CLε−3

H of them. If δ < εH, we partition
the torus into cubes of side between εH/2 and εH, and choose one lattice site in each
occupied cube. Every lattice site can then be joined to its chosen site by a coordinate
lattice path of length at most CεH. The bound on physical differences applies along these
paths, although the net points need not form a lattice. We add a time net of spacing at
most εH, including both endpoints. The total number of points is at most

Cγ,L,T(1 + L/εH)
3(1 + T/εH) ≤ Cγ,L,T,a0 H−48. (27.29)

After the choice of cγ, the error of interpolation for the centered weighted processes is at
most Aji/8, and so is the contribution of short times. The finite numbers of components
are included in the constant.

Step 3: concentration and conditional moments. Consider an evaluation F at a point of
the net. The coarser field is fixed, the domain is the same finite product of balls, and F
is a smooth real function that is Lipschitz for the Euclidean distance on a neighborhood
of the product. We may apply (27.7) with Lipschitz constant at most CJ Aji; Chernoff’s
inequality with positive and negative z then gives

P
{
|F − E[F | Fi−1]| > zAji

∣∣ Fi−1
}
≤ 2e−cJz2

.

We apply the finite-family clause of Lemma 16.4 with s = CJ Aji, b = 0, and deterministic
error e ≤ CAji. The logarithm of the number of points is at most Cγ log(2 + L/H),
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which implies the tail of (1). The moment clause yields all p ≥ 1, and for 0 < p < 1
Jensen’s inequality gives ∥M∥p ≤ EM. The moments in (1) then follow from deterministic
comparisons between H, G, and j. By (27.22), ℓH(T) ≤ CT,a0,B(1+ j), and log(2+ L/H) ≤
C(1 + j) log(2 + L/G). Inserting Kji = q j−1−i

anc /G and absorbing these polynomial factors,
we obtain the moment bound of (1) with a fixed finite c independent of K, j, and i. The
constant Cγ,p may absorb CT,a0,B, because L and n are fixed and a0 = L/n.

Step 4: the three orders and the telescope. At i = j − 1 the product of linearizations is
empty, and

(U − V)θj−1 = H−1Pδ
· IHθj−1 = xj−1, Vθj−1 = rj.

For any bilinear map N ,

N (U − V, V) +N (V, U − V) = N (U, V) +N (V, U)− 2N (V, V),

N (U, U)−N (U − V, U − V) = N (U, V) +N (V, U)−N (V, V).

Integrating against the same outer heat semigroup gives the identities of (2), including
the coefficient −1 for the full difference.

For each order separately, we have the telescoping identity

T ω
j,j−1(θj−1, θj−1) = T ω

j,0(θ0, θ0) +
j−1

∑
i=1

(
Zω

j,i + eω
j,i
)
, (27.30)

since Zω
j,i + eω

j,i = T ω
j,i (θi, θi) − T ω

j,i−1(θi−1, θi−1). Each summand uses the conditional
expectation EνK [ · | Fi−1]. We take the norm and the expectation, and use the moment
bound of (1) with p = 1 and the bounds on drifts and on the coarsest term of Theo-
rem 27.5(4). For sufficiently large fixed Cγ and c, we obtain Wj for each order. Here Cγ

includes the dependence on a0 of the weighted bounds on drifts and on the coarsest term.
By the identities of (2) and the triangle inequality, we then obtain the bounds Wj and 4Wj
for Qδ(rj, rj) and Bδ(xj−1, rj).

Step 5: the tail of the convolution. Let r∗ = 2α − 1 ∈ (0, 1/3) and λq =

− log qanc/ log B > 0. By (27.25), the centered summand of Wj without the factor q m
anc

is at most Cγ(1 + i)dar∗
i for a fixed finite d; here

√
log(2 + L/ai) ≤ C

√
1 + i. By (27.26),

the summand of the drifts is at most Cγ(1 + i)3a1/2
i , and hence also satisfies this weaker

bound, after adjusting a constant depending on a0. The coarsest term is the term i = 0,
up to a constant depending on a0. Lemma 27.2(2), with r = r∗ and the polynomial factor
(1 + j)c+d, implies that

∑
j≥k

Wj ≤ Cγ,ηaη
k

for every 0 < η < min(r∗, λq). For any finite partial sum over j ≥ k, the triangle inequality
bounds its expectation by the corresponding part of this series, uniformly in K. At each
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finite K the fields and their differences are continuous in t and have finitely many spatial
components, so their suprema are determined by a countable dense set of times and are
measurable. This completes the proof, under the conditioned Wilson measure νK.

27.4 The predictable term on the finest lattice

The predictable term of Lemma 26.2 is uj = Pδ
· IaU0

j , with

U0
j = Fj + H−1Rj(θj−1) + mph

j , Fj = H−1Qj(θj−1, θj−1).

In the notation of the introduction, Ucl
j = Fj + H−1Rj(θj−1) and U0

j = Ucl
j + mph

j . We

bound uj in the norm Hδ
σ of its initial field, which controls both the value and the first

difference of the heat evolution. The quadratic part Fj is treated by the same propagation
and telescope as in Sections 27.2 and 27.3, now on the lattice of mesh a and without the
outer Duhamel integral. The cubic part is bounded deterministically, and the conditional
mean correction mph

j is bounded directly, with an extra factor of the coupling, from the
derivative formula for normalized expectations.

Theorem 27.7. Assume the setting of Section 26.1 and the notation of Theorem 27.5, and let
0 < σ < 1 − α. For 0 ≤ i ≤ j − 1 let

Qj,i(v, z) = H−1Qj(Tjiv, Tjiz),

the quadratic coefficient of Fj propagated from scale i, including the factor 1/H, on the lattice of
mesh a = aj.

1. The absolute row sum and both volume-normalized column sums with a fixed input of Qj,i

satisfy (R2 +C2)(Qj,i) ≤ CKji = Cq j−1−i
anc /ai. For 1 ≤ i ≤ j− 1 and G = ai, the derivative

in wi after interpolation satisfies

sup
x
∥Dwi P

δ
t IaQj,i(θi, θi)(x)∥2 ≤ CJKjigibi min

{
1, G3/2(t + G2)−3/4}.

After multiplication by (t + δ2)σ/2 its supremum is at most CT,JKjigibiGσ, for every 0 <

σ < 3/2. For every fixed pair of nonnegative integers r, v, the crude bounds

sup
wi,t,x

∥Dwi ∂
v
t Dr

δPδ
t IaQj,i(θi, θi)(x)∥2 ≤ CJ,r,vKjigibia−r−2v

hold. The constant mode of the heat kernel is kept.
2. For the conditionally centered term Zst

j,i = Qj,i(θi, θi)−E[Qj,i(θi, θi) | Fi−1], the conditional
logarithmic Sobolev inequality and a net at scale a give, for every 1 ≤ p < ∞,∥∥Vδ

σ(IaZst
j,i)

∥∥
Lp(·|Fi−1)

≤ Cγ,p,JKjigibiGσ
[√

log(2 + L/a) +
√

p
]
.
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3. For the conditional drift est
j,i = E[Qj,i(θi, θi) | Fi−1]−Qj,i−1(θi−1, θi−1) and for the coarsest

term,

Vδ
σ(Iaest

j,i) ≤ CT,J
q j−1−i

anc

ai

(
a2

capb3
i−1 + g2

i bi−1 + g3
i p3

i
)
,

Vδ
σ(IaQj,0(θ0, θ0)) ≤ CT,Jρ

2
0q j−1

anc /a0.

All three contributions to the drift are present. The drift has the same exact splitting into
linearization error and fluctuation correction as in Theorem 27.5(4), with the factor (1+ j)Kji
there replaced by CT,JKji in the bounds in Vδ

σ. In the bounds on derivatives in wi, bi may be
replaced by any bound valid on the whole set Ωi at the fixed coarser field.

4. For every array f on the lattice of mesh δ, including the times 0 ≤ t ≤ δ2,

Hδ
σ( f ) ≤ CL,T,σVδ

σ( f ), Xδ
α(Pδ

· f ) ≤ CL,T,α,σHδ
σ( f ).

5. The cubic and mean terms of U0
j satisfy ∥Rj/H∥∞ ≤ CJb3

j−1/H and ∥mph
j ∥∞ ≤ CJ g2

3bj−1.
For every p ∈ [1, ∞) and every

0 < τ < min{σ, 1
2 ,− log qanc/ log B},

there exist a finite exponent c and a constant Cγ,p,J,τ such that

sup
K≥j

{∥∥Hδ
σ(IaU0

j )
∥∥

Lp(νK)
+

∥∥Xδ
α(uj)

∥∥
Lp(νK)

}
≤ Cγ,p,J,τ(1 + j)caτ

j−1.

In particular,

sup
K

K

∑
j=k

EνKHδ
σ(IajU

0
j ) ≤ Cγ,J,τ(1 + k)caτ

k ,

and Hδ
σ(IaU0

j ) ≤ Cγ,J(1 + j)c on the small-field event.

The constants in the bounds on rows and means depend on L, T, M, J, and the fixed analytic and
column bounds; they do not depend on the coupling, K, i, j, the number of preceding averaging
steps, or a/δ. The constants in the maximal and summed bounds may in addition depend on the
fixed γ, n, p, σ, τ, and the prescription of the cutoff radii. No maximal estimate on regions or
uniform in the coupling is asserted.

Proof. All computations take place on the common lattice of mesh δ, and all uses of
conditional concentration are for the kernel of Lemma 27.3. The conditional mean
correction is identified below with the nonlinear mean of the reconstruction maps.



27 Conditional means and propagated fluctuations § 27.4 150

Step 1: the propagated quadratic coefficient. The quadratic Taylor coefficient of the
zero-fluctuation reconstruction, in the normalization of (26.3), is

Qj(v, z) =
B
2

D2
θRj(0, 0)[v, z],

and its coefficient bounds are given by Lemma 17.2. Propagating both arguments through
each Li, we obtain

Qj,i(v, z) = H−1Qj(Tjiv, Tjiz), Qj,i−1(v, z) = Qj,i(Liv, Liz).

Here Qj is the symmetric bilinear Taylor coefficient just defined, while the sources of
Section 27.2 keep their order. A row acquires the factor a2

cap at each step. For a column
with a fixed input, the argument with the fixed input uses the volume-normalized column
of Li, and the other argument uses its row. The cell volume of the intermediate index
then cancels, as in Lemma 27.1(1). Thus

(R2 + C2)(Qj,i) ≤ C
a2m

cap

H
= C

q m
anc
G

= CKji. (27.31)

The same bound on the propagated coefficient, including its weighted version before
heat evolution, is part of Theorem 17.4. Interpolation from the lattice of mesh a by Ia

preserves these column bounds, since each column of Ia has physical mass exactly a3.

Step 2: rows of derivatives and crude bounds. By (27.2), at any point of Ωi, the deriva-
tive in wi of the two arguments has absolute row and volume-normalized column at
most CJKjigibi. For t ≤ G2, the absolute row controls the counting ℓ2 row. For t ≥ G2 we
split the heat semigroup into two equal halves. For the first half, the Schur bound gives
counting operator norm at most CJKjigibi(G/δ)3/2, and the second half has counting row
norm at most Cδ3/2t−3/4. Their product is CJKjigibiG3/2t−3/4. The bounds for small and
for late times give the profile with t + G2 in (1), since this quantity is comparable to G2 at
small times and to t at late times.

For 0 < σ < 3/2, the weighted supremum follows by splitting at G2. Below that time
the weight is at most CGσ, because δ ≤ G. Above it the profile gives

CG3/2tσ/2−3/4 ≤ CGσ.

For fixed r and v we commute all r differences and the v Laplacians through the heat
semigroup and apply them to Ia before smoothing. Using the bound on differences of or-
der r + 2v of the cardinal interpolation and heat contraction, we obtain CJ,r,vKjigibia−r−2v,
which proves the crude bounds uniformly on Ωi.



27 Conditional means and propagated fluctuations § 27.4 151

Step 3: the centered term. We write Z = Zst
j,i and Si = KjigibiGσ. Since the interpolation

is positive and preserves constants, heat contraction gives, for 0 ≤ t ≤ a2,

sup
t≤a2

(t + δ2)σ/2∥Pδ
t IaZ∥∞ ≤ Caσ max

y
|Z(y)|, (27.32)

where the maximum is over the sites y of the lattice of mesh a. Each scalar output Z(y)
is Lipschitz in wi with constant at most CJKjigibi. By the conditional logarithmic Sobolev
inequality for these finitely many outputs and a union bound over at most C(L/a)3 of
them, we control (27.32) at the scale CJKjigibiaσ[

√
log(2 + L/a) +

√
u], which is at most

the claimed scale since a ≤ G.
On [a2, T] the uncentered term has deterministic amplitude at most CKjib2

i , and its
interpolation and heat evolution have fixed derivatives in space and time bounded by
CJ,r,vKjib2

i a−r−2v. For a ≤ 1, the weighted process of values has Lipschitz constants in
physical space and time at most CT,JKjib2

i a−2. For the time derivative of the weight we
use (t + δ2)σ/2−1 ≤ CT,σa−2 on this interval. Centering costs a factor two. Dividing these
constants by Si, we find

CT,J
bi

gi
a−2G−σ ≤ Cγ(1 + i)a−2−σ ≤ Cγa−4,

where we used (27.25), i ≤ j, the fixed sequence of lattices, and σ < 1 − α < 1/2. A
net in space and time of spacing cγa8 therefore approximates every centered weighted
value within Si/8, and it has at most Cγ,L,Ta−32 points. To choose lattice sites when this
spacing is smaller or larger than δ, we use the two constructions of Step 2 of the proof of
Theorem 27.6, with H replaced by a and the exponent 12 by 8. The lengths of coordinate
paths and the count follow from the same partition into cubes. If a2 > T, the interval of
small times covers all times, and the finitely many levels with a > 1 are included in the
constant.

By the bounds of Step 2, at each point of the net, the weighted evaluation is Lipschitz
in wi with constant CJSi. We use the counts of entries on the lattice of mesh a and of
the net, and the deterministic errors of interpolation above. The finite-family clause of
Lemma 16.4 then implies the tail and the moments of (2). This net uses bi/gi, so it holds
at fixed coupling. All bounds on rows remain valid with a smaller bound bi that holds
on the whole set Ωi.

Step 4: the drifts and the coarsest term. The telescoping identity is

Fj = Qj,0(θ0, θ0) +
j−1

∑
i=1

(
Zst

j,i + est
j,i
)
. (27.33)

Before interpolation, each propagated coefficient belongs to the weighted class of The-
orem 17.4. By (27.31), its coefficient norm, including 1/H, is bounded by CKji; we use
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that theorem for its coefficient bound and its telescope. To obtain a constant uniform in
the coupling, we instead apply Lemma 27.4 to each scalar output of Qj,i on the lattice of
mesh a, with kQ ≤ CKji and ϕ = θi−1. The propagated coefficients are equivariant under
global color rotations, since the zero-fluctuation reconstruction and its linearizations are.
The conditional law, the coefficient bounds, and the covariance are those of Lemma 27.3,
see (27.5) and (27.10). We obtain

∥est
j,i∥∞ ≤ CJKji

(
a2

capb3
i−1 + g2

i bi−1 + g3
i p3

i
)
. (27.34)

This bounds the whole drift with a constant uniform in the coupling, as in the com-
putation of Theorem 27.5. Applying (27.12) and (27.13) separately gives the splitting
into linearization error and fluctuation correction, with all three contributions kept. The
output is still on the lattice of mesh a at this step. Using the contraction of the interpo-
lation and of the heat semigroup, together with supt≤T(t + δ2)σ/2 ≤ CL,T,σ, we obtain
the bounds in Vδ

σ of (3). The coarsest term is bounded by substituting ∥θ0∥∞ ≤ ρ0 into
(27.31) and applying the same contractions. These bounds do not contain the factor 1 + j
of Theorem 27.5.

Step 5: the first difference, including the smallest times. For every array f on the lattice
of mesh δ and t ≥ δ2, we split the heat semigroup at t/2 and use Lemma 16.1:

∥DδPδ
t f ∥∞ ≤ C(t/2 + δ2)−1/2∥Pδ

t/2 f ∥∞ ≤ C(t + δ2)−(σ+1)/2Vδ
σ( f ).

For 0 ≤ t ≤ δ2, the value term at time zero gives ∥ f ∥∞ ≤ δ−σVδ
σ( f ), and writing a

difference as the difference of two contractions gives

∥DδPδ
t f ∥∞ ≤ 2δ−1∥ f ∥∞ ≤ 2δ−σ−1Vδ

σ( f ).

Multiplication by (t + δ2)(σ+1)/2 makes this bound uniform also at t = 0. Including the
value term, we obtain Hδ

σ ≤ CVδ
σ. Since α > σ, the two components of Xδ

α(Pδ
· f ) are those

of Hδ
σ( f ) multiplied by (t + δ2)(α−σ)/2, which is at most [T + (L/4)2](α−σ)/2 on the lattices

considered. This proves the second comparison of (4), with the stated dependence on L,
T, α, and σ. In particular, for a bounded array,

Hδ
σ( f ) ≤ CL,T,σ∥ f ∥∞. (27.35)

Step 6: the rate of the quadratic part. Applying the conditional and then the uncondi-
tional Minkowski inequality to (27.33) for fixed p ≥ 1, we obtain, with

υi =
a2

capb3
i−1 + g2

i bi−1 + g3
i p3

i

ai
,
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the bound

∥Vδ
σ(IaFj)∥Lp(νK) ≤ Cγ,p,J

{
ρ2

0q j−1
anc /a0 +

j−1

∑
i=1

q j−1−i
anc υi

+
{√

log(2 + L/a) +
√

p
} j−1

∑
i=1

q j−1−i
anc gibiaσ−1

i

}
.

(27.36)

The factor in the last sum satisfies

gibiaσ−1
i ≤ CJ

{
g3ρ0a−κterm

0 aκterm+σ−1/2
i + g2

3aσ
i pi

}
≤ Cγ(1 + i)aσ

i ,

since κterm > 1/2, and υi is bounded by (27.26), with rate a1/2
i . Also log(2 + L/a) ≤

C(1+ j). For fixed τ < min(σ, 1/2, λq) we choose ζ strictly between τ and this minimum,
and apply Lemma 27.2(1) with r = σ and with r = 1/2. The polynomial factors in i are
bounded by powers of 1 + j, and the coarsest term is the term i = 0. We obtain

sup
K≥j

∥Hδ
σ(IaFj)∥Lp(νK) ≤ Cγ,p,J,τ(1 + j)caτ

j−1, (27.37)

where the comparison of Step 5 has replaced Vδ
σ by Hδ

σ, so the first difference needs no
further probability estimate.

Step 7: the cubic term and the conditional mean. The cubic bound follows from the
Taylor remainder of the zero-fluctuation reconstruction in Lemma 17.2, normalized as in
(26.3):

∥Rj/H∥∞ ≤ CJb3
j−1/H ≤ Cγ(1 + j)3H1/2,

where the last inequality is (27.25) on the coarser lattice. For the conditional mean
correction, we take in Lemma 17.1 the coarse mesh a0 = L/n and total number K of
renormalization group steps. Its numbers of preceding averaging steps are J(K − j), its
reconstruction maps are those used here, and its filtration is Fj. Its lattice potentials and
zero-fluctuation reconstructions are therefore

Aj = a−1
j θj, Cj = a−1

j Rj(θj−1, 0),

and its conditional mean correction E[Aj | Fj−1] − Cj is mph
j of Lemma 26.2. This

identifies the conditional mean correction, including its conditional law.
We prove the uniform bound directly from the derivative formula for normalized

expectations, so that no stochastic constant depending on the fixed coarse mesh enters
this deterministic bound. Fix ϕ = θj−1, write rϕ = ∥ϕ∥∞, and set

Gϕ(w) = Rj(ϕ, w)−Rj(ϕ, 0).
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For 0 ≤ u ≤ 1 let Eu, Covu denote expectation and covariance under the conditional
fluctuation kernel at uϕ. The segment of coarser fields and every point of the free coordi-
nates remain in the same domain, as checked in Lemma 27.3, and the product of balls
does not change. The bound on the mixed derivative of the potential in Theorem 13.10
and the covariance inequality of Theorem 13.8 apply. The majorant series of the joint
Taylor coefficients used in (27.2) gives deterministic envelopes ae,l ≥ 0 such that, on
the whole product and the whole segment, |∂wlGuϕ,e| ≤ ae,l and ∑l ae,l ≤ CJtj. In par-
ticular ∑l∥∂wlGuϕ,e∥L2 ≤ CJtj; this uses the absolute coefficient majorant, rather than an
exchange of a supremum with a sum of L2 norms. The bound on the mixed derivative
of the potential is supl∥∂wl V̇u∥L2 ≤ CJtjrϕ, where V̇u = ∂uVuϕ. The covariance kernel
decays exponentially and has a uniformly bounded sum at each index, in the units of the
renormalization group step, because the number of fluctuation coordinates in each cell is
bounded in terms of J. The covariance inequality then implies that

|Covu(Guϕ,e, V̇u)| ≤ CJt2
j rϕ. (27.38)

To see that no volume factor appears, we sum the covariance kernel over its second index
first, using the uniform bound on the mixed derivative there, and then sum the absolute
row of derivatives at the fixed output e.

The expectation of ∂uGuϕ,e has the same bound. Indeed, its series of absolute joint
Taylor coefficients has positive degree in the free coordinates, and one insertion of the
coarser field costs CJrϕ. We fix a radius Rfree > 0 in the free coordinates from the nested
domains, with the segment of coarser fields in its inner domain and a fixed positive
margin above every cutoff domain. The differentiated coefficient sum at this radius is
bounded by CJrϕ, and tj pj/Rfree ≤ η∗ < 1, with a fixed margin. For the term of degree
one we use the bound ∥Euw∥∞ ≤ CJtjrϕ of Theorem 13.10; its expectation costs CJt2

j r2
ϕ.

For degree k ≥ 2 we put two factors in L2 and bound the other k − 2 by the cutoff pj. The
L2 factors are bounded uniformly: the Poincaré inequality and the bound on the mean
give Eu|wl|2 ≤ 2 + |Euwl|2 ≤ CJ for scalar coordinates. After division by the radius of its
coefficients, the term of degree k costs at most CJt2

j R−2
freeηk−2

∗ times its absolute coefficient
mass at Rfree. Summing this mass, and using the fixed bound on rϕ, we obtain

|Eu∂uGuϕ,e| ≤ CJt2
j rϕ. (27.39)

Repeated coordinates are handled by the same Cauchy–Schwarz inequality for two
factors; no independence is used.

The derivative formula for normalized expectations of Theorem 13.10 implies that

d
du

EuGuϕ,e = Eu∂uGuϕ,e − Covu(Guϕ,e, V̇u).

Its hypotheses hold because these maps and their derivatives are continuous on a neigh-
borhood of the fixed compact product, so all difference quotients in finite dimensions
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are dominated there. At u = 0, the conditional law at the zero coarser field and the re-
construction map are equivariant under global color rotations, so E0G0,e = 0. Integrating
(27.38) and (27.39), we obtain the bound on the nonlinear mean of the reconstruction,

∥EϕRj(ϕ, w)−Rj(ϕ, 0)∥∞ ≤ CJt2
j ∥ϕ∥∞. (27.40)

This is the bound of Theorem 13.10 on the mean of the reconstruction, proved here for
the reconstruction maps of this section.

Dividing by the mesh aj of the reconstructed field keeps the factor of the intermediate
scales:

∥mph
j ∥∞ ≤ CJ

t2
j

aj
∥θj−1∥∞ = CJ MJ−1g2

3∥θj−1∥∞ ≤ CJ g2
3bj−1, (27.41)

where the last CJ absorbs only the fixed factor MJ−1. All constants in this pointwise
bound on the mean are uniform in the lattice side, in the number of preceding averaging
steps, and in the coupling below g∗. By this bound and (27.25), we have ∥mph

j ∥∞ ≤
Cγ(1 + j)H1/2.

Step 8: combination and summation. Contraction of the interpolation and (27.35) bound
the contributions of the cubic and mean terms to Hδ

σ(IaU0
j ) by Cγ(1 + j)3H1/2, pathwise

and hence in every Lp. Combining this with (27.37), and using τ < 1/2, we obtain the
bound in Lp of Hδ

σ(IaU0
j ) in (5). The comparison Xδ

α(Pδ
· f ) ≤ CHδ

σ( f ) of (4) then implies
the bound for uj under the same law. For the sum we use the bound with p = 1 and

∑
j≥k

(1 + j)caτ
j−1 ≤ Bτaτ

k (1 + k)c ∑
l≥0

(1 + l)cB−τl ≤ CB,τ,c(1 + k)caτ
k .

The finite sum under νK is bounded by this deterministic infinite series, uniformly in K.
Finally, by the deterministic bounds on the small-field event, we have

∥U0
j ∥∞ ≤ CJ

{
b2

j−1/H + b3
j−1/H + g2

3bj−1
}
≤ Cγ(1 + j)3,

and (27.35) gives the pathwise bound of (5). Only the maximal inequalities and the
summations use constants depending on the fixed γ and n.

Remark 27.8. These are the norms needed for the bilinear estimate of Lemma 24.6. If
x = Pδ

· f , then x and uj = Pδ
· IaU0

j are heat evolutions on the same lattice, α ∈ (1/2, 2/3),
and σ ∈ (0, 1 − α), so that lemma applies in both orders with the norm Hδ

σ bounded in
Theorem 27.7. Its mesh is δ = L/(nBK), with integer side nBK ≥ 4. If δ ≤ 1 its clause for
the heat semigroup applies, and if δ > 1 its clause for finitely many coarse sides applies,
with a constant depending on the fixed L and T.



section 28

Linear and quadratic flow data and
convergence of Wilson loops

In this section we prove that the joint law of finitely many flowed Wilson loops under
the Wilson measure µNK ,γ converges along the lattice sides NK = n∗BK, B = MJ , at fixed
coupling γ, first for approximations with swept comparison area O(aK) (Theorem 28.2).
The extension to the full admissible approximation class of Definition 2.1, with swept
area tending to zero, is proved in Theorem 29.23. This is part (1) of Theorem 2.3 along the
subsequences of Remark 2.4. The passage to all lattice sides nMk and the construction of
the continuum measure on the trajectory space are carried out in Section 29.

The proof has three steps.

1. Truncation. Fix a coarse side n and condition µnBK ,γ on the small-field event. Under
the conditioned Wilson measure the fine field is obtained from the coarse field by
a coarse-to-fine reconstruction, one RG step at a time. We compare the linear and
quadratic flow data (x, y) of the fine field with those of the finite-scale reconstruction
from the first q RG steps, interpolated to the fine lattice. The difference tends to zero
in probability as q → ∞, uniformly in K, and the norms of the flow data are tight
(Theorem 28.8).

2. Comparison with smooth flows. For fixed q the finite-scale reconstruction is a random
field on a fixed lattice, with compact support, and its law converges as K → ∞ (Theo-
rem 15.14). Its smooth cardinal interpolant is a smooth initial datum, and the lattice
Wilson flow started from it converges to the Yang–Mills heat flow (Lemma 28.4).
On bounded sets of flow data, flowed Wilson loops are Lipschitz functions of the
flow data, with constants that do not depend on q (Corollary 25.11). We choose
first a bound R on the norm of the flow data, then a tolerance η, then q, and finally
let K → ∞. This gives convergence of the laws of flowed Wilson loops under the
conditioned measure (Theorem 28.1).

3. Removal of the conditioning. At a fixed lattice side, for a bounded function F and
an event S with µ(S) > 0,

∣∣∣Eµ(·|S)F − EµF
∣∣∣ ≤ 2∥F∥∞µ(Sc) (Lemma 5.5). By Theo-

rem 23.9, the small-field failure probability is bounded uniformly in K by a quantity
that tends to zero as the coarse side grows. We let first K → ∞ at a fixed coarse side
nr = n∗Br, and then r → ∞.

156
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The main estimate behind the first step is Lemma 28.5. Each increment dj of the linear
heat evolution is split into four terms (Lemma 26.2): the centered linear fluctuation term
sj, the centered nonlinear heat term zj, the interpolation defect rj, and the predictable
term uj. The increment of the quadratic Picard term consists of a cross term with the
previous linear heat evolution and of the sixteen ordered products of these four terms.
We bound the expected norm of each ordered product separately, keeping the conditional
means of these products, which do not vanish. Since the bilinear Duhamel term is
not symmetric, the two orders of each product are treated separately. The stochastic
inputs are the estimates of Sections 26 and 27 for the conditional fluctuation kernel. The
deterministic inputs are the ordered product inequality Lemma 24.6 and the consistency
and stability results of Sections 24 and 25.

The strategy of separating a rough linear evolution from a smoother nonlinear part
goes back to Bourgain [32] and to Da Prato and Debussche [63]. Cao and Chatterjee used
probabilistic smoothing in this form for the Yang–Mills heat flow with random initial
data [42, Section 1.1]. Here the quadratic Picard term is the ordered bilinear Duhamel
term of the damped Wilson flow of Section 24, and the stochastic estimates concern the
conditioned Wilson measure; no Gaussian hypothesis on the initial data is used. The
lattice flow is the Wilson flow of Lüscher [128], in the physical time normalization of
Section 2.1.

Section 29 uses Theorems 28.1, 28.2, and 28.8 and the approximation Lemma 28.9 to
construct the continuum measure, and Lemma 28.11 to work with the parameters chosen
below an arbitrary finite bound on the coupling. Sections 29 and 32 use Lemma 28.4 and
the estimates of Lemma 28.10, which are uniform for couplings in a compact subinterval
of (0, ∞). Section 34 uses the bounds on the ordered products in Lemma 28.5.

The stochastic truncation estimates are stated at a fixed coarse side and, except in
Lemma 28.10, at a fixed coupling. The convergence results for observables concern finitely
many Wilson loops. We do not construct a limit of the flow data themselves as random
fields, nor a solution map of the flow for rough initial data, and we do not claim a rate of
convergence.

Section 28.1 fixes the notation and states the two main theorems. Section 28.2 collects
deterministic estimates, including the comparison with smooth flows. Section 28.3
contains the four-term decomposition and the bounds on the ordered products, and
Section 28.4 the truncation estimates. The two main theorems are proved in Sections 28.5
and 28.6. Section 28.7 treats compact intervals of couplings and couplings below a finite
bound.
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28.1 Setting and main results

Standing assumptions. Fix L > 0, an odd integer M ≥ 3, and 0 < γ0 ≤ 1, and let J,
B = MJ , the tuple Θ of remaining parameters, g∗, and nmin be as in Theorem 23.2; these
are the parameters used in Theorem 23.9. Fix 0 < γ ≤ γ0, set g2

3 = γ/L, and fix a coarse
side n ∈ 4N with n ≥ nmin. For an integer K ≥ 0 we set

H = L/n, N = nBK, aj = HB−j (0 ≤ j ≤ K), a = aK, gj = g3
√

aj.

Thus aj is the mesh of the lattice of side nBj, and g2
j = γ/(nBj) is its lattice coupling. We

work under the conditioned Wilson measure νN,n,γ = µN,γ( · | SN,n,γ) of Definition 4.4.
All fields are defined on the whole torus. Tail indices k, l, m are positive integers, and a
sum whose upper limit is smaller than its lower limit is zero.

The coarse-to-fine reconstruction. Let R̂ be the family of reconstruction maps of The-
orem 15.13, and consider its coarse-to-fine disintegration of νN,n,γ (Lemma 15.10) at the
classical depths J(K − j):

θ̂j = Φ̂j(θ̂j−1, gj,·wj), Aj = θ̂j/aj, Fj = σ(θ̂0, w1, . . . , wj), 1 ≤ j ≤ K.

Here θ̂0 is the link logarithm of the coarse field on Λn, in the Borel gauge of Lemma 15.10,
so that ∥θ̂0∥∞ < r, where r is the radius of the small-link domain Br. Further, wj
is the vector of normalized fluctuation variables of the jth RG step counted from the
coarse side, gj,· are the couplings of the J intermediate scales of this step, Φ̂j is the
logarithmic reconstruction map of the family R̂ for this step, θ̂j is the link logarithm
of the reconstructed field on the lattice of side nBj, and Aj is the corresponding lattice
potential on the mesh aj. In the notation of Section 26.1, Φ̂j(θ, gj,·w) = Rj(θ, w), at the
depth dj = J(K − j). Conditionally on Fj−1, the law of wj is the conditional fluctuation
kernel (4.8) of the jth RG step at the coarser field θ̂j−1, including all action, Jacobian,
determinant, and effective-interaction factors and the indicator of the fluctuation cutoff
domain. This kernel is not Gaussian. All conditional expectations below refer to it, and
we write w̄j = E(wj | Fj−1); this is the conditional mean m

θ̂j−1
of Section 26.1.

Let tj = M(J−1)/2gj be the largest coupling of the intermediate scales of the jth RG
step, and pj = Aw log(1/tj) ≥ 1 the corresponding fluctuation cutoff. Let acap be the
contraction factor of the reconstruction amplitude bound of Lemma 15.10, which satisfies
acap

√
B < 1, and set

qanc = Ba2
cap < 1, λanc = − log(qanc)/ log B > 0.

Interpolation, heat semigroup, and norms. For meshes a ≤ h with h/a an integer, Ih→a
is the cardinal interpolation from the lattice of mesh h to the lattice of mesh a, recalled in
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Section 28.2; Ia→a is the identity. The lattice heat semigroup Pa
t = et∆a acts componentwise

and includes the constant mode. For an array f on the lattice of mesh a we write Pa
· f for

the heat path t 7→ Pa
t f . Let Na be the ordered quadratic coefficient of the damped Wilson

flow (Lemma 24.2), and recall the bilinear Duhamel term and its polarization,

Qa(u, v)(t) =
∫ t

0
Pa

t−s Na(u(s), v(s)) ds, Ba(u, v) = Qa(u, v) +Qa(v, u).

The term Qa is not symmetric. We fix a horizon T < ∞ and exponents

1/2 < α = αfl < 2/3, β = βfl = α − 1/2, 0 < σ < 1 − α, 0 < τ < min{σ, 1/2, λanc}.

We use the norms of Definition 4.8 on [0, T]: with va(t) = t + a2,

Xa
α(x) = sup

0≤t≤T

{
va(t)α/2∥x(t)∥∞ + va(t)(α+1)/2∥Dax(t)∥∞

}
,

Ya
α(y) = sup

0≤t≤T

{
va(t)β∥y(t)∥∞ + va(t)α∥Day(t)∥∞

}
,

Ha
σ( f ) = sup

0≤t≤T

{
va(t)σ/2∥Pa

t f ∥∞ + va(t)(σ+1)/2∥DaPa
t f ∥∞

}
,

where Da runs over all physical forward and backward first differences, applied also to
the translated components that occur in Na; Va

σ( f ) is the first term of Ha
σ( f ). The linear

and quadratic flow data of the reconstructed field at level j, on the fine mesh a, are

xj = Pa
· Iaj→a Aj, yj = Qa(xj, xj), and we set dj = xj − xj−1.

Thus xK is the linear heat evolution of the fine field AK, and yK is its quadratic Picard
term. For j < K, the pair (xj, yj) is the flow data of the finite-scale reconstruction Aj,
interpolated to the fine mesh. The norm of a pair is ∥(x, y)∥fl,a = Xa

α(x) + Ya
α(y), as in

Definition 24.3.
By Theorem 15.14, for each fixed q the law of the array Aq under νnBK ,n,γ converges

weakly as K → ∞, and these arrays take values in a fixed compact set. We denote the
limit law by πq.

Dependence of constants. Unless stated otherwise, the constants in the stochastic esti-
mates of this section depend only on L, n, γ, M, J, Θ, T, the exponents, and the moment
orders. They do not depend on K, on the level j, on the classical depth J(K − j), or on
the ratio a/aj. The letter b < ∞ denotes an exponent with the same dependence, which
may increase finitely many times; in a displayed estimate we may replace finitely many
such exponents by their maximum. This is the dependence described in item (7) of
Definition 4.14. None of the stochastic estimates of this section is claimed to be uniform
as γ → 0 or as n → ∞.
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Wilson loops. Let ℓ1, . . . , ℓm be piecewise C1 loops in T3
L, let χ1, . . . , χm be characters of

finite-dimensional representations of SU(2), and let t1, . . . , tm > 0. For each i let (ℓi,K)K≥0

be an admissible approximation of ℓi along the lattices ΛnBK (Definition 2.1) whose based
homotopies to ℓi can be chosen with swept area, counted with multiplicity, of order
O(aK). This stronger area bound is the hypothesis of the convergence theorems in this
section; Theorem 29.23 later extends their conclusions to the full admissible class. Under
νnBK ,n,γ we consider the vector WK = (WK,1, . . . , WK,m) with

WK,i = χi
(
Holℓi,K Ψ(N)

ti
U
)
, N = nBK.

Each WK,i takes values in {w ∈ C : |w| ≤ χi(I)}, where χi(I) is the dimension of the
representation.

Main results. The first theorem gives convergence under the conditioned measure at a
fixed coarse side; it is proved in Section 28.5.

Theorem 28.1. Assume the standing assumptions, and let WK be as above. Then the law of WK
under νK = νnBK ,n,γ converges weakly as K → ∞. The limit laws are consistent under finite
unions of lists of loops and under coordinate projections. For each q and each array ϑ on the lattice
of side nBq, let Gq(ϑ) = (χi(Holℓi Φti [ f ]))m

i=1, where f is the smooth cardinal interpolant of ϑ,
viewed as a smooth connection, and Φt[ f ] is the gauge orbit at time t of the Yang–Mills heat flow
started from f . Then the limit law of WK is the weak limit, as q → ∞, of the laws (Gq)#πq. The
moment generating functions EνK exp(∑i ziWK,i) converge uniformly on every bounded subset
of Cm, and their cumulants of every finite order converge, the logarithms being taken on a fixed
neighborhood of the origin on which none of these functions vanishes.

The second theorem removes the conditioning; it is proved in Section 28.6. Here
the coarse side varies along the sequence nr = n∗Br, while the fine lattice ΛNK , the
configuration, and the observable stay the same.

Theorem 28.2. Assume the standing assumptions, except that the coarse side is not fixed. Fix
n∗ ∈ 4N, put nr = n∗Br, NK = n∗BK, and νK|r = νNK ,nr,γ for K ≥ r, and let WK be the vector
of flowed Wilson loops on ΛNK defined above, with D = maxi χi(I). Let C′, c̄, Cw, and aw be the
constants of Theorem 23.9, and set

Fγ(u) = C′u3e−c̄u/γ + Cwu3e−aw log2
√

Mu/γ.

Then there exists r0 such that, for all r ≥ r0 and all K ≥ r,

eK|r = µNK ,γ(Sc
NK ,nr,γ) ≤ Fγ(nr),

and Fγ(nr) → 0 as r → ∞. For r ≥ r0 let Zsel
r (z) be the limit as K → ∞ of EνK|r exp(∑i ziWK,i),

which exists by Theorem 28.1. For every R < ∞ and all r, r′ ≥ r0,

sup
∑i|zi|≤R

|Zsel
r (z)− Zsel

r′ (z)| ≤ 2eDR[Fγ(nr) + Fγ(nr′)
]
.
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There exists a probability measure ρ on ∏i{w ∈ C : |w| ≤ χi(I)} such that, as K → ∞,

LawµNK ,γ(WK,1, . . . , WK,m) =⇒ ρ, EµNK ,γ e∑i ziWK,i −→
∫

e∑i ziwi dρ(w),

and the second convergence is uniform on {∑i|zi| ≤ R} for every R < ∞. These limits are
consistent under taking subfamilies of the loops. The events SNK ,nr,γ for different r need not be
nested.

28.2 Deterministic estimates

This section collects the deterministic facts used below: elementary properties of the
cardinal interpolation and of the lattice heat semigroup, a geometric summation, and the
comparison of lattice and continuum flows for a fixed family of smooth initial data.

Cardinal interpolation. We recall the cardinal interpolation of Lemma 16.3, explicitly
enough to justify the elementary facts needed here. Let b∗ be the even nonnegative
smooth function of that lemma, denoted b there, which is supported in [−1, 1], positive
on (−1, 1), and flat at ±1, and set

φ(u) =
b∗(u)

∑q∈Z b∗(u − q)
, φ3(u) =

3

∏
i=1

φ(ui).

The denominator is positive, smooth, and one-periodic. Hence φ(q) = 1q=0 for q ∈ Z

and ∑q φ(u − q) = 1. In the notation of that lemma, φ = ζ and φ3 = ζ3. For an array f
on the lattice of mesh h, its periodized smooth interpolant is

fh(x) = ∑
v∈ΛL/h

φ3((x − v)/h) f (v),

where the periodic images of v are understood. The formula is applied separately to
every directed-link and color component, at the location of that component. For a ≤ h
with h/a an integer, Ih→a f is the restriction of fh to the lattice of mesh a. For an array f
on the lattice of mesh a, we write Ja f = fa for its interpolant, which is the continuous
interpolant Ia f of that lemma. At every point only a bounded number of the translates
φ3((x − v)/h) are nonzero.

Lemma 28.3. Let a ≤ h be meshes with h/a an integer, let f be an array on the lattice of the
indicated mesh, and let F be a smooth periodic field. Take t ≥ 0 and an integer q ≥ 0. Let
Dq

a be any product of q physical forward or backward differences, possibly applied to translated
components. Then

∥Ja f ∥∞ ≤ ∥ f ∥∞, ∥Dq
a Ih→a f ∥∞ ≤ Cqh−q∥ f ∥∞, (28.1)
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∥Ja(F|a)− F∥∞ ≤ Ca∥∂F∥∞, (28.2)

∥Pa
t Ih→a f ∥∞ ≤ ∥ f ∥∞, ∥DaPa

t Ih→a f ∥∞ ≤ Ch−1∥ f ∥∞, (28.3)

where Cq and C depend only on q and b∗. Further, if aj = HB−j, δ > δ′ > 0, and c ≥ 0, then
for every integer k ≥ 0,

∑
j≥k

(1 + j)caδ
j ≤ CB,c,δ(1 + k)caδ

k ≤ CH,B,c,δ,δ′aδ′
k . (28.4)

Proof. The first bound in (28.1) follows from nonnegativity of φ3 and the partition of
unity. For the second, a product of q physical differences of Ih→a f is an average of
the corresponding qth derivative of fh over q segments. Each derivative of order q of
φ3((x − v)/h) is bounded by Cqh−q, and only a bounded number of terms contribute
at each point. This proves the bound, also for backward differences and translated
components, with the same constant. For (28.2), every lattice site v that contributes to
Ja(F|a)(x) lies within distance Ca of x. Subtracting F(x) inside the partition sum and
integrating the derivative of F along the segment from x to v gives the bound.

For (28.3), we write ∆a = a−2 ∑i(Ti + T−1
i − 2I), where Ti is the translation by aei.

Then et∆a = e−6t/a2
exp(ta−2 ∑i(Ti + T−1

i )) is a series in translations with nonnegative
coefficients of total mass one, so Pa

t is a contraction in the supremum norm. Differences
commute with Pa

t . The two bounds then follow from (28.1).
For the first inequality in (28.4), set j = k + i and use 1 + k + i ≤ (1 + k)(1 + i) and

ak+i = akB−i; the remaining series ∑i≥0(1+ i)cB−iδ converges by the ratio test. The second
inequality holds because aδ

k = Hδ−δ′B−k(δ−δ′)aδ′
k and supk(1 + k)cB−k(δ−δ′) < ∞.

We use (28.3) only for a fixed finite-scale reconstruction or at times t < h2; it does not
transfer between meshes uniformly. Under the standing assumptions, tj = t1B−(j−1)/2,
so the cutoff pj = Aw log(1/tj) is an affine function of j with slope Aw(log B)/2. In
particular

pj ≤ CL,n,γ,M,J,Aw(1 + j). (28.5)

Smooth initial data. The next lemma compares the lattice objects with their continuum
counterparts for a fixed compact family of smooth initial data. It is used for the finite-scale
reconstructions, whose interpolants form such a family. The continuum counterpart of
Qa is the Duhamel term

∫ t
0 Pt−sN (u(s), v(s)) ds, where Pt = et∆ and N is obtained from

the finite sum of shifted brackets defining Na by replacing translations by the identity
and physical differences by derivatives.

Lemma 28.4. Let h = L/m for an integer m ≥ 4, let Mh < ∞ and 0 < T < ∞, and let F be
the family of cardinal interpolants f = ϑh of arrays ϑ on the lattice of mesh h with ∥ϑ∥∞ ≤ Mh.
For meshes a ≤ h with h/a an integer, put

xa = Pa
· ( f |a), ya = Qa(xa, xa), f ∈ F ,
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where f |a = Ih→aϑ is the restriction of f to the lattice of mesh a. Then, as a → 0, the four
components of (xa, ya), embedded as in Definition 24.3, converge uniformly over F to the
continuum heat path P· f , the continuum Duhamel term

∫ t
0 Pt−sN (Ps f , Ps f ) ds, and their spatial

derivatives in the difference components. The norms ∥(xa, ya)∥fl,a are bounded by a constant
depending only on h, Mh, L, T, α, and b∗, and not on a.

Further, let Ua be the configuration on the lattice of mesh a with link variables exp(a f |a). Fix
finitely many characters χi of finite-dimensional representations of SU(2), loops ℓi, and closed
lattice paths ℓi,a, independent of time, whose physical lengths are bounded uniformly in a and
which admit based homotopies to the ℓi, including connecting paths between base points, with
swept areas counted with multiplicity tending to zero as a → 0. Then for every compact interval
[τ, T′] ⊂ (0, ∞),

χi
(
Holℓi,a Ψ(L/a)

t Ua
)
−→ χi

(
Holℓi Φt[ f ]

)
(a → 0),

uniformly in t ∈ [τ, T′] and f ∈ F , where Φt[ f ] is the Yang–Mills heat flow started from f . The
map from ϑ to the path t 7→ χi(Holℓi Φt[ϑh]) is continuous. The constants in these convergences
may depend on h, Mh, and the smooth bounds on F ; no uniformity as h → 0 is asserted.

Proof. Since the cardinal basis is fixed, ∥ f ∥Ck ≤ Ck,hMh for every k and every f ∈ F . Let
Sa denote sampling on the lattice of mesh a. By Taylor’s formula, we have

∥∆aSaPt f − Sa∆Pt f ∥∞ ≤ Ca2∥ f ∥C4 , ∥Dk
aSaPt f − Sa∂kPt f ∥∞ ≤ Cka∥ f ∥Ck+1 ,

where we used that Pt commutes with derivatives and contracts every Ck norm. By
variation of constants, we have

Pa
t Sa f − SaPt f =

∫ t

0
Pa

t−s(∆aSa − Sa∆)Ps f ds,

so ∥Pa
t Sa f − SaPt f ∥∞ ≤ Cta2∥ f ∥C4 by heat contraction. Commuting finitely many differ-

ences with Pa
t and using the second Taylor estimate, we obtain the same convergence, with

error Oh,Mh
(a), for every fixed number of differences, uniformly over F and t ∈ [0, T].

The ordered coefficient Na of Lemma 24.2 is a fixed finite sum of shifted brackets
with one physical difference. Its first difference is a sum of terms with (1, 1) or (0, 2)
differences on the two factors. By the heat convergence just proved, the value and the
first difference of Na(xa, xa) agree with those of the continuum source SaN (P· f , P· f ) up
to an error Oh,Mh

(a), uniformly. The same holds in each order of the two arguments.
The error ya − Say, where y is the continuum Duhamel term, solves the lattice heat
equation with zero initial value and with source equal to this source error plus the
heat residual (∆aSa − Sa∆)y of the smooth continuum output. By heat contraction, also
for the equation after commuting one difference, the value and the first differences of
ya converge, uniformly down to time zero. The bounds (28.1) and (28.2) then imply
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the convergence of the four embedded components. The same bounds on sources and
derivatives, multiplied by the weights in the norms, bound ∥(xa, ya)∥fl,a uniformly in a.

For the Wilson flow we use the consistency of the flow, with all its nonlinear terms, for
smooth initial data, namely Lemma 25.2 and Theorem 25.4; no quadratic truncation of the
equation is used. The family F is compact in every fixed smooth norm. Theorem 24.10
gives a finite reference family of local smooth continuum solutions that covers the flows
started from F on a fixed time horizon. On each of these solutions, Lemma 25.5 compares
the lattice flow and the sampled smooth flow in values and first physical differences, in
the same gauge frame. The consistency of smooth samples gives a residual of order a for
the potential, or a2 for the link variables, including each of the finitely many sampled
gauge transformations between the local solutions. We choose this finite family and the
corresponding thresholds at the fixed h, before letting a → 0. Thus the lattice flow is
uniformly close, on all local solutions, to the sampled smooth flow. Since transports are
unitary, the error of the transport along a closed lattice path telescopes into a sum of
edge errors; a path of physical length at most l has at most l/a edges, so the error in its
character is O(la).

It remains to compare the lattice paths with the continuum loops for the smooth
continuum flow; for this only bounds on the smooth curvature are needed. Differentiating
parallel transport along a smooth piece of a based homotopy H(u, v) gives an integral
of FA(H)(∂uH, ∂vH), conjugated by unitary transports. Its norm is at most C∥FA∥∞

times the swept area of that piece, counted with multiplicity. Subdivision and smooth
approximation in C1 give the same bound for piecewise C1 homotopies. The terms
coming from moving base points are removed by the transport along the connecting
paths. The transport along each edge of a lattice path, with the frozen sampled link
variable, differs from the continuum parallel transport along that edge by O(a2), by the
transport equation and a C1 bound. Writing Aa for the swept area of the homotopy at
mesh a, counted with multiplicity, the total error in each character is therefore at most
Ch,Mh

(a + Aa), uniformly in t ∈ [τ, T′] and in f ∈ F . Only characters are used, so
conjugations at the base point cancel. Continuity with respect to ϑ follows, on the same
finite family of local solutions, from the smooth dependence of the flow in Theorem 24.10
and the continuous dependence of the transport equation on the connection.

28.3 The four-term decomposition and the ordered bilinear terms

Since Qa is bilinear and yj = Qa(xj−1 + dj, xj−1 + dj), we have

yj − yj−1 = Ba(xj−1, dj) +Qa(dj, dj), 1 ≤ j ≤ K. (28.6)

Summing over j expresses the truncation error of the quadratic Picard term through the
cross terms Ba(xj−1, dj) and the quadratic increments Qa(dj, dj); both sums are taken on
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the same fine mesh and with the same ordered operator Qa. The next lemma splits dj
into four terms and bounds the expected norm of each of the sixteen ordered products
Qa(vj, wj). The centered linear fluctuation term sj is linear in the centered new fluctua-
tions wj − w̄j. The centered nonlinear heat term zj is the heat evolution of the rest of the
conditionally centered part of Aj, which is nonlinear in wj. The interpolation defect rj is
the difference between the linearized reconstruction of the coarser field and the cardinal
interpolation of that field; it is a deterministic function of θ̂j−1. The predictable term uj
is the nonlinear part of the zero-fluctuation reconstruction plus the conditional mean
correction. The cross terms are treated in Section 28.4.

Lemma 28.5. Assume the standing assumptions of Section 28.1. For 1 ≤ j ≤ K define

P̂j(v) = Φ̂j(v, 0), L̂j = DP̂j(0), Ej,v = g−1
j DwΦ̂j(v, gj,·w)|w=0,

and the following four heat paths on the mesh a:

sj =
gj

aj
Pa
· Iaj→aEj,θ̂j−1

(wj − w̄j),

zj = Pa
· Iaj→a

(
Aj − E[Aj | Fj−1]

)
− sj,

rj = Pa
·

(
Iaj→a

L̂jθ̂j−1

aj
− Iaj−1→a

θ̂j−1

aj−1

)
,

uj = Pa
· Iaj→aU0

j , U0
j = E[Aj | Fj−1]− L̂jθ̂j−1/aj.

Then the following statements hold.

1. We have dj = sj + zj + rj + uj. The paths sj and zj have zero conditional mean given Fj−1,
and rj and uj are Fj−1-measurable. The difference defining rj involves the two input meshes
aj and aj−1.

2. For any two heat paths v = Pa
· v0 and w = Pa

· w0 on the mesh a, the two orders satisfy
separately, without cancellation,

Ya
α(Qa(v, w)) + Ya

α(Qa(w, v)) ≤ CL,T,α,σ,J,Θ Xa
α(v)Ha

σ(w0).

The constant does not depend on γ, n, or K.
3. The reconstructed fields satisfy deterministic bounds ∥θ̂j∥∞ ≤ b̄j, where b̄0 = r and

b̄j ≤ C
[
ra j

cap + g3
√

aj(pj + 1)
]
, acap

√
B < 1 (j ≥ 1).

For every fixed p ≥ 1 define

Sp,j = Cpg3aβ
j
[√

log(2 + L/aj) +
√

p
]
,

Z−
p,j = Cp

[
g2

3aσ
j (1 + j) + g3

3a1/2
j p3

j
]
,

Z+
p,j = Cp

[
g2

3aα
j (1 + j) + g3

3a1/2
j p3

j
]
,

Rj = Cb̄j−1aα−1
j−1 , Up,j = Cp,τ(1 + j)baτ

j .
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Then ∥Xa
α(sj)∥p ≤ Sp,j, ∥Ha

σ(zj(0))∥p ≤ Z−
p,j, ∥Xa

α(zj)∥p ≤ Z+
p,j, Xa

α(rj) ≤ Rj pathwise,
and ∥Ha

σ(Iaj→aU0
j )∥p ≤ Up,j and ∥Xa

α(uj)∥p ≤ Up,j. The first three bounds also hold
conditionally on Fj−1, for every value of the coarser field. Further, Uj = Ha

σ(Iaj→aU0
j )

satisfies Uj ≤ C(1 + j)b pathwise.
4. There is a nonnegative deterministic sequence (Wj) with EYa

α(Qa(rj, rj)) ≤ Wj and such
that Wj ≤ Cζ(1 + j)baζ

j for every 0 < ζ < min{2α − 1, λanc}.

5. Put Fj = g2
3[a

2α−1
j (1 + j) + b̄j−1]. For v, w ∈ {s, z, r, u}, the expectation EYa

α(Qa(vj, wj))

is bounded by a constant times the entry in row v and column w of the following table:

s z r u
s Fj S2,jZ−

2,j S1,jRj S1,jU1,j

z S2,jZ−
2,j Z+

2,jZ
−
2,j RjZ−

1,j U1,jZ−
1,j

r RjS1,j RjZ−
1,j Wj RjU1,j

u U1,jS1,j U1,jZ−
1,j RjU1,j (1 + j)bU1,j

6. For every 0 < ζ2 < min{2α − 1, τ},

sup
K≥j

∑
v,w∈{s,z,r,u}

EνN,n,γYa
α(Qa(vj, wj)) ≤ Cζ2(1 + j)baζ2

j .

The constants in (3)–(6) have the dependence stated in Section 28.1; the same holds in the
remaining results of this section.

The lemma uses the expansion at w = 0. By Remark 26.3, sj and zj = Pa
· Iaj→aZ(0)

j

are the terms s(0)j and z(0)j of Lemma 26.2, while sj + zj, rj, and uj are the same as in the

expansion at the conditional mean. In the notation of that lemma, P̂j(θ)/aj = Cj(θ) is
the zero-fluctuation reconstruction in physical units; the linearization L̂j of P̂j acts on
link logarithms, and Pj = BL̂j acts on lattice potentials, so that the linear part of Cj is
a−1

j L̂jθ = a−1
j−1Pjθ.

Three groups of entries in the table require different inputs. The entry Fj for Qa(sj, sj),
which includes the conditional mean of this product at a nonzero coarser field, and the
two entries S1,jRj for Qa(sj, rj) and Qa(rj, sj) rely on the conditional concentration esti-
mates of Section 26. The entry Wj for Qa(rj, rj) is a separate estimate from Theorem 27.6.
The remaining twelve entries follow from the product inequality (2) and the bounds in (3),
combined either with the Cauchy–Schwarz inequality or with conditioning on Fj−1. All
entries decay like positive powers of aj; by (28.12) below, b̄j−1 ≤ C(1 + j)ba1/2

j , Rj and Sp,j

are O((1 + j)baβ
j ), and 2β = 2α − 1 > 0.

Proof of Lemma 28.5. We first prove the decomposition and the bounds on the four factors,
then the product inequality, then the table, and finally the summed bound (6).
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Step 1: the decomposition. The arrays Aj are bounded at every finite K by the amplitude
bounds in (3), so conditional expectation commutes with the fixed linear heat and cardinal
maps. By the definition of zj, we have

sj + zj = Pa
· Iaj→a

(
Aj − E[Aj | Fj−1]

)
.

Adding uj replaces the conditional expectation by L̂jθ̂j−1/aj, and adding rj cancels this
linearized reconstruction and subtracts Pa

· Iaj−1→a Aj−1 = xj−1. This proves dj = sj + zj +

rj + uj. The vector wj − w̄j has conditional mean zero under the conditional fluctuation
kernel, and the derivative Ej,θ̂j−1

and the conditional mean of Aj are Fj−1-measurable.
This gives the four assertions on conditional means and measurability.

Step 2: the linear fluctuation term and the centered nonlinear term. We use the con-
vention of Theorems 26.10 to 26.12 in which the reconstruction is Taylor expanded at
w = 0. The input mesh, coarser mesh, and common fine mesh of those theorems are aj,
aj−1 = Baj, and aK, and the refinement ratios are the integers B and BK−j. The classical
depth is J(K − j), and the coarser dimensionless field is θ̂j−1. The parameter choice of
Theorem 23.2 gives t1 ≤ g∗, where g∗ is the bound on the coupling under which the
conditional fluctuation kernel is controlled (Theorem 13.8). Hence tj = t1B−(j−1)/2 ≤ g∗
for every j ≥ 1. The coarser fields that occur lie in the inner domain of the small-field
event, and their reconstructions are evaluated on the fixed larger analytic domain. All
conditional estimates below use the conditional fluctuation kernel on its fluctuation cutoff
domain and its mean w̄j. The larger domain supplies bounds on coefficients only; no
conditional law on a larger domain of coarser fields is used. Thus the terms of those
theorems in the convention at w = 0 are precisely sj and zj. By the conditional estimates
of the first two theorems, we obtain Sp,j, Z−

p,j, and Z+
p,j, and taking expectations of their

conditional pth moments gives the same unconditional bounds. The amplitude bounds
in Theorem 26.12 give the displayed b̄j, where r is the radius of Br.

Step 3: the interpolation defect. Let Hj = aj−1 and dHj(t) = Hj(t + H2
j )

−1/2. In the

notation of Lemma 27.1, the linearized reconstruction in physical units is BL̂j, since

L̂jθ̂j−1/aj = (BL̂j)θ̂j−1/Hj.

The difference of the two interpolations in that lemma is therefore the one in rj. The
bounds of that lemma on the rows of the heat-evolved difference and of its first differences
imply

∥rj(t)∥∞ ≤ Cb̄j−1H−1
j dHj(t), ∥Darj(t)∥∞ ≤ Cb̄j−1H−1

j (t + H2
j )

−1/2dHj(t).

Since a ≤ Hj and α < 1, each of the two weighted terms in Xa
α(rj) is at most Cb̄j−1Hα−1

j :

we replace t + a2 by t + H2
j in the weights, and the remaining power (t + H2

j )
(α−1)/2 is

largest at t = 0. This proves the pathwise bound Rj.
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Step 4: the predictable term. The field U0
j is the nonlinear part of the zero-fluctuation

reconstruction, in physical units, plus the conditional mean correction under the con-
ditional fluctuation kernel. It is the field of Theorem 27.7. That theorem bounds the
moments of Ha

σ(Iaj→aU0
j ), including the first differences at times t ≤ a2, and of Xa

α(uj),
and it gives the pathwise polynomial bound. Its moment bound has Hτ

j = aτ
j−1 in place

of aτ
j ; the fixed factor Bτ is absorbed into Cp,τ. This gives Up,j and the pathwise bound

on Uj.

Step 5: the product inequality. Statement (2) is Lemma 24.6, with the two orders kept
separately. Its hypotheses hold, since the side N = nBK ≥ 4 is an integer, a = L/N,
1/2 < α < 2/3, and 0 < σ < 1 − α. For a ≤ 1 its heat-kernel proof applies. For
1 < a ≤ L/4 we use its clause for coarse meshes, which we check directly. Lemma 24.2
gives the finite stencil of shifted brackets on every periodic lattice of side N ≥ 4. Its
bilinear polynomial defines Na on arbitrary arrays; this does not require the smallness
of link logarithms needed for the nonlinear equation. A physical first difference has
supremum operator norm at most 2/a, translations are isometries, and Na is a fixed finite
sum of brackets with one difference. Together with heat contraction, these facts imply
that

∥Qa(v, w)(t)∥∞ ≤ Cta−1∥v0∥∞∥w0∥∞, ∥DaQa(v, w)(t)∥∞ ≤ Cta−2∥v0∥∞∥w0∥∞;

for the second bound we commute the output difference with the outer heat semigroup
and use the bound 2/a on the source. The reversed order has the same bound. Evaluating
the input norms at t = 0, we find ∥v0∥∞ ≤ a−αXa

α(v) and ∥w0∥∞ ≤ a−σHa
σ(w0). Since

a > 1, the sum of the two output norms is at most

CT
[
(T + (L/4)2)β + (T + (L/4)2)α

]
Xa

α(v)Ha
σ(w0). (28.7)

If L ≤ 4 this case does not occur. For a ≤ 1 the factor (T + a2)(α−σ)/2 in Lemma 24.6 is
bounded by a constant depending only on L, T, α, and σ, since α > σ and a ≤ L/4. Taking
the larger of the two constants proves (2) for every mesh that occurs, independently of
the coupling, the coarse side, and K. In particular, if x = Pa

· f for an array f on the mesh a,
then x and uj are heat paths on the same mesh, and (2) applies to Qa(x, uj) and Qa(uj, x)
with the norm Ha

σ(Iaj→aU0
j ) bounded in Theorem 27.7.

Step 6: the sequence Wj. Let Wj be the nonnegative deterministic bound of Theorem 27.6,
with ρ0 = r and with the amplitude bounds of that theorem replaced by b̄i. After
enlarging its constant to account for this choice, both conclusions of that theorem remain
valid:

EYa
α(Qa(rj, rj)) ≤ Wj, EYa

α(Ba(xj−1, rj)) ≤ 4Wj. (28.8)

The tail estimate of that theorem, for any ζ < min(2α − 1, λanc), implies that Wj ≤
∑i≥j Wi ≤ Cζ aζ

j , which is stronger than (4). Both quantities in (28.8) include all contribu-
tions of the coarse field and all propagated conditional means.
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Step 7: all products except those of sj and rj. The bound on Qa(sj, sj), including its
conditional mean at a nonzero coarser field, is Theorem 26.12; the expectation it gives is
at most CFj.

For Qa(sj, zj) and Qa(zj, sj) we put sj in the argument measured by Xa
α and zj(0) in

the argument measured by Ha
σ, in (2). By the Cauchy–Schwarz inequality under the same

measure, we have
E
[
Xa

α(sj)Ha
σ(zj(0))

]
≤ S2,jZ−

2,j.

For Qa(zj, zj) the same argument with zj in the Xa
α argument gives Z+

2,jZ
−
2,j.

For Qa(zj, rj) and Qa(rj, zj) we use the pathwise bound Rj on Xa
α(rj) and the bound

on Ha
σ(zj(0)); each expectation is at most CRjZ−

1,j, in either order, without any symmetry
of Qa.

For Qa(sj, uj) and Qa(uj, sj), statement (2) gives the bound CXa
α(sj)Uj. Here Uj is Fj−1-

measurable, and the conditional first moment of Xa
α(sj) is at most S1,j for every value

of the coarser field. Taking first the conditional expectation and then the expectation,
we obtain CS1,jU1,j. For Qa(zj, uj) and Qa(uj, zj) we put uj in the Xa

α argument and
zj(0) in the Ha

σ argument; conditioning on Fj−1 and using the conditional bound Z−
1,j

gives CU1,jZ−
1,j. In these four products one factor is Fj−1-measurable and the other has a

conditional moment bound that is uniform in the coarser field; this is why their bounds
are products of first moments.

For Qa(rj, uj) and Qa(uj, rj), statement (2) gives CRjUj, hence CRjU1,j after taking
expectations. For Qa(uj, uj), the splitting of the heat semigroup in Theorem 27.7 gives
Xa

α(uj) ≤ CUj, so the product is at most CU 2
j . By the pathwise bound on Uj, we have

EU 2
j ≤ C(1 + j)b EUj ≤ C(1 + j)bU1,j.

Finally, Qa(rj, rj) is bounded by the first estimate in (28.8).

Step 8: the products of sj and rj. For Qa(sj, rj) and Qa(rj, sj) we use the clause of
Theorem 26.10 on predictable heat backgrounds on the common fine mesh. To check its
hypotheses, let h = aj, Hj = aj−1 = Bh, δ = aK, θ = θ̂j−1, and Pj = BL̂j, and let EHj be the
identity map of arrays on the lattice of mesh Hj. Then the background in that clause is
exactly

rj(t) = H−1
j Pδ

t
(

Ih→δPj − IHj→δEHj

)
θ, R♯

j = CJ∥θ∥∞Hα−1
j . (28.9)

It is a predictable heat path on the whole torus, and both input meshes are kept. That
clause gives, for each integer 0 ≤ q ≤ 4 and every choice of differences and shifts,

∥Dq
δrj(t)∥∞ ≤ CqR♯

j (t + h2)−(α+q)/2, (28.10)

which are the hypotheses on higher differences in its class of backgrounds, including
times t < h2. The finitely many constants Cq depend on the ratio B, the cardinal basis,
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the stencil, L, T, and the exponents, but not on the coarser field or on δ/h. Since rj is a
heat path, ∂tD

q
δrj = ∆δDq

δrj; the time increments of its values and of its first and second
differences involve differences of order at most four, which are controlled by (28.10). The
same clause gives a bounded diameter for the normalized coefficient metric and the
covering bound N(v) ≤ C(1 + L/h)Pv−Q, 0 < v ≤ 1, independently of δ/h = B−(K−j).
Thus the conditional maximum is taken over a cover at the input mesh h.

In the expansion at w = 0 used in that theorem, the linear coefficient is Ej,θ and the
centered vector is wj − w̄j, so the theorem concerns the same sj and the same conditional
fluctuation kernel as here. For each order separately let Vj be the norm Yδ

α of the product.
For each value of the coarser field, the theorem implies that

P
{

Vj > Cg3hβR♯
j

√
log(2 + L/h) + u

∣∣∣ Fj−1

}
≤ Ce−u, u ≥ 0.

If R♯
j = 0, then rj = 0 and the product vanishes. Otherwise we integrate this tail. With

Λh = log(2 + L/h) and A♯
j = Cg3hβR♯

j , the layer-cake formula and the substitution

v = A♯
j
√

Λh + u give

E[Vj | Fj−1] ≤ A♯
j

√
Λh +

CA♯
j

2

∫ ∞

0

e−u
√

Λh + u
du ≤ Cg3hβ

(√
Λh + 1

)
R♯

j ,

where we used Λh ≥ log 2. The amplitude bound gives R♯
j ≤ CJ b̄j−1Hα−1

j ≤ CRj. By the
tower property we obtain, separately for the two orders,

EYa
α(Qa(sj, rj)) ≤ CS1,jRj, EYa

α(Qa(rj, sj)) ≤ CS1,jRj. (28.11)

No cancellation between the two orders is used. This completes the proof of (5).

Step 9: summation. Let κcap = − log acap/ log B, so that κcap > 1/2. For j ≥ 2, by the
amplitude bounds, (28.5), and (28.4), we have

b̄j−1 ≤ C(1 + j)ba1/2
j ,

Rj ≤ C(1 + j)baβ
j , Sp,j ≤ Cp(1 + j)baβ

j ,

Z−
p,j ≤ Cp(1 + j)baσ

j , Z+
p,j ≤ Cp(1 + j)ba1/2

j , Up,j ≤ Cp,τ(1 + j)baτ
j .

(28.12)

In the first line, the contribution of the coarse field is ra j−1
cap = r(aj−1/H)κcap , whose

exponent is strictly larger than 1/2. The first level j = 1 is absorbed into a constant. In
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the bounds on Z±
p,j we used σ < 1 − α < 1/2 and α > 1/2. By (28.12), the slowest powers

of aj in the sixteen entries of the table are

s z r u
s 2β β + σ 2β β + τ

z β + σ 1/2 + σ β + σ τ + σ

r 2β β + σ ζ β + τ

u β + τ τ + σ β + τ τ

where we choose ζ strictly between ζ2 and min(2β, λanc); such a choice exists since
ζ2 < 2β and ζ2 < τ < λanc. The term of Fj that contains the conditional mean has power
1/2 > 2β. Every displayed power exceeds ζ2. Absorbing the fixed powers of H into the
constant, we obtain (6).

28.4 Truncation estimates

We now bound the truncation error (xK − xk−1, yK − yk−1). Its first component is the sum
of the increments dj, k ≤ j ≤ K, which we control by the factor bounds of Lemma 28.5.
By (28.6), its second component is the sum of the cross terms Mj = Ba(xj−1, dj) and
of the quadratic increments Qa(dj, dj). The quadratic increments are controlled by
Lemma 28.5(6). For the cross terms we use the splitting Mj = Ms

j +Mz
j +Mr

j +Mu
j

with Mv
j = Ba(xj−1, vj). The terms Ms

j and Mz
j are conditionally centered fields with the

predictable background xj−1; we bound them by the conditional estimates of Section 26,
in terms of a radius of the background at the input scale aj. The bound on Mr

j is part of
(28.8), and Mu

j is bounded by the product inequality and the Cauchy–Schwarz inequality.
In every case we bound the first moments of the norms and sum them over j; the norms
themselves are not centered.

Theorem 28.6. Assume the standing assumptions, and use the notation of Lemma 28.5. For
every fixed p ≥ 1 and every 0 < ζ1 < min{β, τ},

sup
K≥m≥l≥k

∥∥∥XaK
α

( m

∑
j=l

dj

)∥∥∥
p
≤ Cp,ζ1 aζ1

k , sup
K≥0

sup
0≤j≤K

∥XaK
α (xj)∥p ≤ Cp.

For 1 ≤ j ≤ K the radius of the background xj−1 at the input scale,

Rj−1 = sup
0≤t≤T

{
(t + a2

j )
α/2∥xj−1(t)∥∞ + (t + a2

j )
(α+1)/2∥DaK xj−1(t)∥∞

}
,
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satisfies supK,j∥Rj−1∥p ≤ Cp. With Mv
j = BaK(xj−1, vj) we have

sup
K≥m≥l≥k

E YaK
α

( m

∑
j=l

Ms
j

)
≤ Cg3 ∑

j≥k
aβ

j

√
1 + j,

sup
K≥m≥l≥k

E YaK
α

( m

∑
j=l

Mz
j

)
≤ C ∑

j≥k

[
g2

3aα
j (1 + j) + g3

3a1/2
j p3

j
]
,

sup
K≥m≥l≥k

E YaK
α

( m

∑
j=l

Mr
j

)
≤ 4 ∑

j≥k
Wj.

All three right sides tend to zero as k → ∞. The fields Ms
j and Mz

j have zero conditional mean
given Fj−1, while Mr

j includes all propagated conditional means. These statements include the
level j = K, for which IaK→aK is the identity.

Proof. Let a = aK. By the triangle inequality for the path norm and Minkowski’s inequal-
ity,

∥Xa
α(dj)∥p ≤ Sp,j + Z+

p,j + Rj + Up,j.

By (28.12) and (28.4), the sum of the right side over j ≥ k is at most Cp,ζ1 aζ1
k for every

ζ1 < min(β, τ). This proves the first bound, uniformly over all partial sums and all K.
On the coarse lattice, of mesh H = L/n, we have ∥A0∥∞ ≤ r/H. By (28.3) and the

bounded horizon,

Xa
α(x0) ≤ (T + H2)α/2r/H + C(T + H2)(α+1)/2r/H2.

This bound is deterministic and independent of K. Adding the sum of the increments
from level 1 to level j proves the uniform moment bound on xj, including the case
K = j = 0.

For the radius Rj−1, let h = aj and Hj = Bh. For t ≥ h2 we have t + h2 ≤ 2(t + a2), so
the two weighted terms in Rj−1 are bounded by a fixed multiple of Xa

α(xj−1). For t < h2,
(28.3) applied to Aj−1, an array on the mesh Hj with ∥Aj−1∥∞ ≤ b̄j−1/Hj, bounds the
sum of the two terms by

C
(
hα + hα+1/Hj

)
b̄j−1/Hj ≤ CBb̄j−1Hα−1

j .

This bound is deterministic, bounded uniformly in j, and decays at fine levels by (28.12);
at the first level it uses only b̄0 = r and the fixed mesh H. Taking pth moments proves
the bound on Rj−1. At short times the weight is the one at the input scale aj, not the one
at the output mesh a.

For Ms
j note that the background xj−1 is the heat path of a cardinal interpolation from

the coarser mesh, so it satisfies the hypothesis on backgrounds of Theorem 26.10. The
coarser mesh is aj−1 = Baj, the common fine mesh is aK, an integer refinement of both
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input meshes, the input is Aj−1, the radius of the background is Rj−1, and the horizon
is T. The clause of that theorem on cardinal backgrounds from the coarser mesh gives
the bounds on their higher differences with fixed geometric constants; the larger class
of backgrounds is needed only for (28.9). The conditional kernel and the convention of
Taylor expansion at w = 0 are those matched in Step 2 of the proof of Lemma 28.5. For
each value of the coarser field we use Rj−1 as the number R in the conditional tail bound
of that theorem. Integrating the tail in u, which is justified since

∫ ∞
0 e−u(1 +

√
u) du < ∞,

we obtain
E
[
Ya

α(Ms
j)

∣∣ Fj−1
]
≤ Cg3Rj−1aβ

j
[√

log(2 + L/aj) + 1
]
.

Using the bound on the first moment of Rj−1 and log(2 + L/aj) ≤ C(1 + j), we obtain
the bound on each summand. The triangle inequality and expectation then sum it over
l ≤ j ≤ m, and the sum is at most the sum over j ≥ k.

The same background satisfies the hypotheses of Theorem 26.11. Integrating its
conditional tail, which has a quadratic part and a remainder, we obtain

E
[
Ya

α(Mz
j )

∣∣ Fj−1
]
≤ CRj−1

[
g2

3aα
j (1 + j) + g3

3a1/2
j p3

j
]
.

Taking expectations and using the moment bound on Rj−1, we obtain the second bound.
The fields Ms

j and Mz
j have zero conditional mean, since their backgrounds are pre-

dictable and sj(0) and zj(0) have zero conditional mean.
For Mr

j we use the second estimate in (28.8), which is a conclusion of Theorem 27.6;
the triangle inequality gives 4 ∑j≥k Wj. All three right sides tend to zero as k → ∞, by
(28.4), (28.5), and the summability of Wj in Theorem 27.6. At the last level IaK→aK is the
identity, and none of these estimates omits that level.

Theorem 28.7. Assume the standing assumptions, use the notation of Lemma 28.5, and write
Mj = BaK(xj−1, dj) and Mv

j = BaK(xj−1, vj) for v ∈ {s, z, r, u}. There exist b ≥ 0 and C < ∞
such that, for every k ≥ 1,

sup
K≥m≥l≥k

EνnBK ,n,γ
YaK

α

( m

∑
j=l

Mu
j

)
≤ C(1 + k)baτ

k .

Further, both

sup
K≥m≥l≥k

E YaK
α

( m

∑
j=l

Mj

)
and sup

K≥m≥l≥k
E YaK

α

( m

∑
j=l

QaK(dj, dj)
)

tend to zero as k → ∞. In particular, the sums ∑m
j=l Mj and ∑m

j=l QaK(dj, dj) tend to zero in
probability in the norm YaK

α , at every fixed threshold, uniformly over K ≥ m ≥ l ≥ k. The
constants have the dependence stated in Section 28.1, with the exponents added.
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Proof. Let a = aK, Xj = Xa
α(xj−1), and Uj = Ha

σ(Iaj→aU0
j ). The case p = 2 of Theorem 28.6

gives ∥Xj∥2 ≤ C2, uniformly in K and j. The case p = 2 of Theorem 27.7, applied under
the same conditioned measure to the predictable term, which includes the contributions of
the coarse field, the cubic part of the zero-fluctuation reconstruction, and the conditional
mean correction, gives

∥Uj∥2 ≤ C(1 + j)baτ
j−1 ≤ C′(1 + j)baτ

j ,

since aj−1 = Baj with B fixed. Neither input uses an estimate of Section 34.
We apply Lemma 24.6 separately to Qa(xj−1, uj) and Qa(uj, xj−1); both arguments are

heat paths on the mesh a, and the argument measured by Ha
σ has initial datum Iaj→aU0

j .

The factor (T + a2)(α−σ)/2 in that lemma is bounded uniformly, since a ≤ L/n. By this
inequality and the Cauchy–Schwarz inequality under the same measure, we have

E Ya
α(Mu

j ) ≤ C E(XjUj) ≤ C∥Xj∥2∥Uj∥2 ≤ C(1 + j)baτ
j .

By the triangle inequality for the path norm and (28.4), for every K ≥ m ≥ l ≥ k,

E Ya
α

( m

∑
j=l

Mu
j

)
≤ C ∑

j≥k
(1 + j)baτ

j ≤ C′(1 + k)baτ
k .

This proves the first assertion.
By Lemma 28.5(1), Mj = Ms

j +Mz
j +Mr

j +Mu
j . Combining the three bounds on

first moments in Theorem 28.6 with the bound just proved, we obtain a bound on the
first moment of the sum of the Mj that tends to zero as k → ∞. The means of Mr

j are
included in Wj by Theorem 27.6. At fixed coupling pj ≤ C(1 + j) by (28.5), so all the
sums of powers converge and their tails tend to zero, and the same holds for ∑j Wj by
Theorem 27.6.

For the quadratic increments, let 0 < ζ2 < min(2α − 1, τ). By Lemma 28.5(6), at
every level the sum of the expected norms of the sixteen ordered products is at most
Cζ2(1 + j)baζ2

j . We expand Qa(dj, dj) by bilinearity, using dj = sj + zj + rj + uj, apply the
triangle inequality, and sum the geometric series (28.4). This proves the last limit, with
the bound Cζ2(1 + k)baζ2

k . Markov’s inequality at a fixed positive threshold implies the
two statements in probability. All these operations take place under the same conditioned
measure and on the same fine mesh, including the level j = K.

The next theorem combines the two previous results. Here the finite-scale reconstruc-
tion Aj is extended to the fine mesh by cardinal interpolation, not by further reconstruc-
tion with zero fluctuations, and the quadratic operator is the same ordered QaK for every
j.
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Theorem 28.8. Assume the standing assumptions, with the norms taken on a fixed horizon
[0, T0], 0 < T0 < ∞, and let νK = νnBK ,n,γ. Use the joint realization of Remark 15.11, with
fine-configuration marginal νK. Let the arrays Aj, 0 ≤ j ≤ K, be those of its coarse-to-fine
reconstruction, at the classical depths J(K − j), and put

EK,j = (xj, yj), xj = PaK· Iaj→aK Aj, yj = QaK(xj, xj),

dj = xj − xj−1 for 1 ≤ j ≤ K, and RK = ∥EK,K∥fl,aK = XaK
α (xK) + YaK

α (yK), as in Defini-
tion 24.3. Then, for 1 ≤ k ≤ K,

EK,K − EK,k−1 =
( K

∑
j=k

dj,
K

∑
j=k

{
BaK(xj−1, dj) +QaK(dj, dj)

})
. (28.13)

For every η > 0,

lim
k→∞

sup
K≥k

νK
{

XaK
α (xK − xk−1) + YaK

α (yK − yk−1) > η
}
= 0, (28.14)

and ρ(R) = supK≥0 νK{RK > R} tends to zero as R → ∞. All norms include the physical
first differences and shifts. For each fixed q, the laws of the arrays Aq converge, on a fixed
compact set, to the law πq (Theorem 15.14), and their smooth cardinal interpolants satisfy the
uniform consistency and the deterministic norm bound of Lemma 28.4. In this joint realization,
the configuration eaK AK on ΛnBK is gauge equivalent to U on every sample. The constants and
the rates of convergence in these statements are taken at fixed coarse side and fixed coupling,
uniformly in K.

Proof. Summing (28.6) over k ≤ j ≤ K gives (28.13). We apply Theorems 28.6 and 28.7
with T = T0. The first component in (28.14) tends to zero by Markov’s inequality and
Theorem 28.6. For the second component we apply Theorem 28.7 separately to the two
sums in (28.13), with threshold η/3 for each of the three contributions, and use a union
bound. This proves (28.14).

For the tightness, let ε > 0 and choose k such that the probability in (28.14) with
η = 1 is less than ε for all K ≥ k. The array Ak−1 lies in a fixed compact set, and
xk−1 = PaK· ( f |aK), where f is its cardinal interpolant. By Lemma 28.4, ∥EK,k−1∥fl,aK ≤ Ck
for a deterministic Ck that does not depend on K. By the triangle inequality, RK ≤ Ck + 1
outside the exceptional event. The finitely many K < k have bounded arrays, so their
linear heat evolutions and quadratic Picard terms have a common finite bound. This
proves that ρ(R) → 0. The fixed-scale convergence assertions are Theorem 15.14 applied
to the family R̂ at the classical depths J(K − j). For the samplewise comparison, use
the joint realization of Remark 15.11: take the terminal reconstructed configuration
UK = eaK AK , an independent Haar fine-lattice gauge transformation h, and set U = Uh

K.
Gauge invariance of νK and equality of the terminal orbit laws give Law(U) = νK. The
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block maps commute with gauge transformations, so all intermediate reconstructed
fields are gauge equivalent to the corresponding block fields of this same U, through
restrictions of h. Thus all joint gauge-invariant observables agree sample by sample in
this realization; the reconstruction variables need not be functions of U.

28.5 Convergence under the conditioned measure

We first state an approximation lemma for laws, a version of the standard approximation
theorem for weak convergence (compare [28, Theorem 3.2]). In that theorem the limit of
the approximating laws is assumed to exist; here its existence is part of the conclusion, so
we include the proof. For a metric space E let L be the set of functions f : E → R with
∥ f ∥∞ ≤ 1 and Lipschitz constant at most one, and let dBL(µ, ν) = sup f∈L |

∫
f dµ−

∫
f dν|

be the bounded-Lipschitz distance between probability measures on E.

Lemma 28.9. Let (E, d) be a complete separable metric space. For each K ≥ 0 let ZK be an
E-valued random variable with law µK, and for 0 ≤ k ≤ K let ZK,k be E-valued random variables
defined on the same probability space as ZK. Suppose that for each fixed k the laws of ZK,k converge
weakly as K → ∞, that the union over K ≥ k of the supports of these laws has compact closure,
that each µK has compact support, and that for every η > 0

lim
k→∞

sup
K≥k

P{d(ZK, ZK,k) > η} = 0.

Then µK converges weakly to a probability measure on E.

Proof. We show that (µK) is a Cauchy sequence for dBL and is tight, and then identify the
limit.

Step 1: the Cauchy property. For f ∈ L and η > 0 we have

|E f (ZK)− E f (ZK,k)| ≤ η + 2P{d(ZK, ZK,k) > η}.

Fix k, and let Ck be the compact closure of the union of the supports of the laws of ZK,k,
K ≥ k. Given ε > 0, let x1, . . . , xN be a finite ε-net of Ck. We group the functions f ∈ L

according to the values f (x1), . . . , f (xN) rounded to multiples of ε. There are finitely
many groups, and two functions in the same group differ by at most 3ε on Ck. Choosing
one representative in each group and applying weak convergence to the finitely many
representatives, we find that sup f∈L |E f (ZK,k)− E f (ZK′,k)| ≤ 6ε + o(1) as K, K′ → ∞.
Combining the two bounds and letting first K, K′ → ∞ with k fixed, then k → ∞, and
then η, ε → 0, we obtain that (µK) is a Cauchy sequence for dBL.
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Step 2: tightness. Fix ε > 0, and choose increasing kh such that P{d(ZK, ZK,kh
) > 2−h} ≤

ε2−h for all K ≥ kh. Let Ch be the compact closure of the union of the supports of the
laws of ZK,kh

, K ≥ kh, together with the supports of the finitely many µK with K < kh.
For K ≥ kh we have d(ZK, Ch) ≤ 2−h unless d(ZK, ZK,kh

) > 2−h, and for K < kh we have
ZK ∈ Ch almost surely. By the union bound, the closed set

Cε =
⋂
h≥1

{z : d(z, Ch) ≤ 2−h}

has µK-mass at least 1 − ε for every K. It is totally bounded: for a given tolerance, choose
h large and a finite net of the compact set Ch. Since Cε is closed in a complete space, it is
compact. Hence (µK) is tight.

Step 3: the limit. By Prokhorov’s theorem [138], in the direction that holds on every
metric space [28, Theorem 5.1], every subsequence of (µK) has a further subsequence
that converges weakly to a probability measure. By Step 1,

∫
f dµK converges for every

f ∈ L , so any two subsequential limits µ and µ′ satisfy
∫

f dµ =
∫

f dµ′ for all bounded
Lipschitz f . For a closed set F, the functions max(0, 1 − m d(·, F)) decrease to 1F as
m → ∞, so µ(F) = µ′(F). Closed sets form a π-system generating the Borel σ-algebra,
so µ = µ′. Since every subsequence has a further subsequence converging weakly to the
same limit, the whole sequence converges weakly to it.

Proof of Theorem 28.1. We compare WK with the Wilson loops of the flow started from the
finite-scale reconstruction from the first q RG steps. By Theorem 28.8 and the stability of
flowed Wilson loops, this approximation is uniform in K. We then identify the limit law
of the approximation at fixed q and apply Lemma 28.9. We fix a horizon T0 > 0 and use
Theorem 28.8 with it.

Step 1: comparison with finite-scale reconstructions. On the same probability space,
let W [q]

K be the vector of the same characters of holonomies for the Wilson flow on ΛnBK

started from
U[q]

K = exp
(
aK Iaq→aK Aq

)
,

and let DK,q = ∥EK,K − EK,q∥fl,aK . The Wilson flow commutes with lattice gauge trans-
formations and characters of holonomies are gauge invariant. Since eaK AK is gauge
equivalent to U (Theorem 28.8), WK is also the vector of Wilson loops of the flow started
from eaK AK = eaKxK(0), while U[q]

K = eaKxq(0). On the event {RK ≤ R, DK,q ≤ η ≤ 1}
both flow data EK,K and EK,q have norm at most R + 1. By Corollary 25.11 there exist

a∗ > 0 and CR such that |WK − W [q]
K | ≤ CRη on this event whenever aK ≤ a∗. These

constants depend on R, the loops, the characters, the times, and the deterministic data of
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the flow, but not on q, on the higher derivatives of the finite-scale reconstruction, or on
the coupling. Thus for f ∈ L the replacement error is at most

CRη + 2ρ(R) + 2νK{DK,q > η}. (28.15)

We choose R first, then η, and then q, increasing q until aq ≤ a∗; then aK ≤ a∗ for all
K ≥ q. By Theorem 28.8, the last term in (28.15) tends to zero as q → ∞, uniformly in
K ≥ q. In particular, for every η′ > 0, limq→∞ supK≥q νK{|WK − W [q]

K | > η′} = 0.

Step 2: the limit at fixed q. Fix q. The vector W [q]
K is a function of the array Aq, which

lies in a fixed compact set. By Lemma 28.4, applied with h = aq, these functions converge
as K → ∞, uniformly on that compact set, to the continuous map Gq of the statement.
By Theorem 15.14 the law of Aq converges weakly to πq. Together, these two facts imply

that Law(W [q]
K ) ⇒ (Gq)#πq. All the vectors WK and W [q]

K take values in the compact
box ∏i{w ∈ C : |w| ≤ χi(I)}. We apply Lemma 28.9 in this box, with ZK = WK and
ZK,q = W [q]

K ; its hypotheses were verified in Step 1 and above. Hence the law of WK
converges weakly. Applying the same argument to the union of two lists of loops proves
the consistency under finite unions and projections. Taking K → ∞ at fixed q in the
bound (28.15), we find that the dBL-distance between the limit law of WK and (Gq)#πq

is at most CRη + 2ρ(R) + 2 supK≥q νK{DK,q > η}. This tends to zero in the order R, η, q
chosen above, which identifies the limit law of WK as the limit of (Gq)#πq.

Step 3: moment generating functions. Let D ≥ maxi χi(I). On the box, |exp(z · w)| ≤
eD∥z∥1 , and on {∥z∥1 ≤ Z} the function z 7→ exp(z · w) is Lipschitz with constant at
most DeDZ, uniformly in w. Weak convergence of the laws of WK implies convergence
of the moment generating functions at each z. With the common Lipschitz constant and
a finite net of z, we obtain uniform convergence on {∥z∥1 ≤ Z}. On the ball where
eD∥z∥1 − 1 < 1/2, we have |E exp(z · WK)− 1| ≤ eD∥z∥1 − 1 < 1/2, so the logarithm with
value zero at the origin is defined and holomorphic. Cauchy’s formula on a smaller ball
gives the convergence of every finite logarithmic derivative, that is, of the cumulants.

28.6 Removal of the small-field conditioning

Proof of Theorem 28.2. We first bound the small-field failure probability, then compare
conditioned and unconditioned expectations at the same fine lattice, and finally pass to
the limit, first in K and then in r.

Step 1: the failure probability. Theorem 23.9 implies that, for every u ∈ 4N with
u ≥ nmin and every K′ ≥ 0, we have µuBK′ ,γ(S

c
uBK′ ,u,γ

) ≤ Fγ(u), uniformly in K′. For fixed

γ > 0 both terms of Fγ(u) tend to zero as u → ∞. For the second term, with v = log u,
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the exponent is 3v − (aw/4)(v + log(M/γ))2, which tends to −∞. Let r0 be such that
nr ≥ nmin and Fγ(nr) < 1 for r ≥ r0. For r ≥ r0 and K ≥ r the conditioned hierarchy
with coarse side nr has K − r RG steps and fine side nrBK−r = n∗BK = NK. Applying the
bound with u = nr and K′ = K − r, we obtain eK|r ≤ Fγ(nr). This bounds the probability
of the complement of the event that defines νK|r, including its initial test and the tests at
the end of each RG step.

Step 2: conditioning at a fixed fine lattice. For K ≥ r, the observable WK =

(WK,1, . . . , WK,m) under νK|r is the same measurable function of the configuration on
ΛNK as under µNK ,γ. Lemma 5.5, applied to the measure µNK ,γ, the event SNK ,nr,γ, and
this map, gives, for every bounded complex measurable f on the range of WK,∣∣EµNK ,γ f (WK)− EνK|r f (WK)

∣∣ ≤ 2∥ f ∥∞eK|r. (28.16)

The events for different r need not be nested.

Step 3: the Cauchy property of the limits. We take f (w) = exp(∑i ziwi), so that ∥ f ∥∞ ≤
eDR on {∑i|zi| ≤ R}. For K ≥ max(r, r′), we compare both conditioned expectations with
the same unconditioned expectation in (28.16) and obtain

sup
∑i|zi|≤R

∣∣EνK|r e
∑i ziWK,i − EνK|r′ e

∑i ziWK,i
∣∣ ≤ 2eDR(eK|r + eK|r′

)
.

At fixed r and r′ the conditioned moment generating functions converge uniformly by
Theorem 28.1, applied with coarse side nr, respectively nr′ . Letting K → ∞ and using
Step 1, we obtain the estimate of the theorem for Zsel

r and Zsel
r′ . In particular these

functions form a uniform Cauchy family on every ball as r, r′ → ∞.

Step 4: the limit law. We show that the laws of WK under µNK ,γ converge. For r ≥ r0

let ρr be the weak limit of the laws of WK under νK|r, which exists by Theorem 28.1. For
f ∈ L , by (28.16) and Step 1, we have |EµNK ,γ f (WK) − EνK|r f (WK)| ≤ 2Fγ(nr) for all
K ≥ r. Letting K → ∞, we obtain

lim sup
K,K′→∞

∣∣EµNK ,γ f (WK)− EµNK′ ,γ
f (WK′)

∣∣ ≤ 4Fγ(nr),

and the right side tends to zero as r → ∞. Hence EµNK ,γ f (WK) converges for every
bounded Lipschitz f . The vectors WK take values in the compact box ∏i{w ∈ C : |w| ≤
χi(I)}, so every subsequence of their laws has a weakly convergent further subsequence.
All these subsequential limits agree on bounded Lipschitz functions, and therefore coin-
cide, as in Step 3 of the proof of Lemma 28.9. Hence the laws of WK under µNK ,γ converge
weakly to a unique probability measure ρ on the box. Passing to the limit K → ∞ in the
bound above also gives dBL(ρ, ρr) ≤ 2Fγ(nr).
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Step 5: moment generating functions and consistency. Weak convergence to ρ implies
pointwise convergence of the unconditioned moment generating functions. Their com-
mon Lipschitz constant on {∑i|zi| ≤ R} is at most DeDR, so the finite-net argument of
the proof of Theorem 28.1 gives uniform convergence on this set. Further, letting K → ∞
in (28.16) at fixed r, we find

sup
∑i|zi|≤R

∣∣∣∫ e∑i ziwi dρ(w)− Zsel
r (z)

∣∣∣ ≤ 2eDRFγ(nr),

which shows how the error at a fixed coarse side disappears as r → ∞. For a subfamily
of the loops, the laws at each fixed K are coordinate projections of the laws of the larger
family. Coordinate projection is continuous on the compact box, so the weak limits have
the same relation. This proves the consistency under taking subfamilies. Along the limit
only the coarse side nr changes, within the single sequence n∗Br.

28.7 Compact intervals of couplings and couplings below a finite bound

The results above use the parameters of Theorem 23.2, chosen for couplings 0 < γ ≤ γ0 ≤
1, and their constants depend on the fixed coupling. This section gives two extensions.
The first concerns the parameters of Theorem 23.5, chosen for couplings up to an arbitrary
finite bound Γ, and shows that the truncation and tightness estimates hold uniformly for
γ in a compact interval [γ−, γ+] ⊂ (0, Γ]. This uniformity requires checking how each
constant depends on the coupling; taking the supremum of constants obtained at fixed
coupling would not suffice. The second extension states that all fixed-coupling results of
this section hold for these parameters at every fixed γ ≤ Γ.

Lemma 28.10. Fix L > 0, an odd integer M ≥ 3, and 0 < Γ < ∞, and let J, B = MJ , Θ,
g∗, and nΓ be as in Theorem 23.5. Fix a horizon T0 > 0 and an interval I = [γ−, γ+] ⊂ (0, Γ]
with γ− > 0, and fix exponents 1/2 < α < 2/3, β = α − 1/2, 0 < σ < 1 − α, and
0 < τ < min{σ, 1/2, λanc}. There is a threshold nI ≥ nΓ, which does not depend on γ ∈ I,
such that the following holds for every coarse side n ∈ 4N with n ≥ nI . Put H = L/n and
aj = HB−j. Under νnBk,n,γ use the arrays Aj = θ̂j/aj of the coarse-to-fine reconstruction, and on
the fine mesh a = ak set

xj = Pa
· Iaj→a Aj, yj = Qa(xj, xj), dk,q = Xa

α(xk − xq) + Ya
α(yk − yq), 0 ≤ q ≤ k,

with norms on [0, T0] that include all first differences and shifts. Then every estimate of
Lemma 28.5 and Theorems 28.6 and 28.7 holds with constants that are uniform for γ ∈ I,
and with the coupling factors displayed there. In particular, for each η > 0 there exist b < ∞,
CI,η < ∞, 0 < ξ < τ, and δ > 0 such that

sup
γ∈I

sup
k≥q

νnBk,n,γ{dk,q > η} ≤ CI,η
[
(1 + q)b(aδ

q + aτ−ξ
q ) + aξ

q
]
, (28.17)



28 Linear and quadratic flow data and convergence of Wilson loops § 28.7 181

and the right side tends to zero as q → ∞. Further, the norms of the flow data are tight uniformly
in γ ∈ I:

lim
R→∞

sup
γ∈I, k≥0

νnBk,n,γ
{

Xak
α (xk) + Yak

α (yk) > R
}
= 0. (28.18)

All constants may depend on I, L, n, M, J, Θ, T0, the exponents, and the moment orders. They
do not depend on γ ∈ I, k, the classical depth, or the ratio of the fine mesh to aj. For a one-point
interval I = {γ} this gives the assertions at every fixed γ ∈ (0, Γ].

Proof. We go through the inputs of Lemma 28.5 and Theorems 28.6 and 28.7 and check
that their constants, including the constants in the conditional maximal estimates, are
uniform on I. Let g± =

√
γ±/L and κ = acap

√
B < 1.

Step 1: cutoffs and amplitude bounds. The cutoffs in the definition of the small-field
event differ from p(tj) = Aw log(1/tj) by at most a fixed cJ . Let pmax,j be the largest of
them in the jth RG step. We have

t2
j =

γ

MnBj−1 , p(tj) =
Aw

2
[
log(Mn/γ) + (j − 1) log B

]
, pmax,j ≤ PI(1 + j),

b̄j
√aj

≤ C
[
rH−1/2κ j + g+PI(1 + j)

]
,

b̄j

gj
≤ C

[
r(g−

√
H)−1κ j + PI(1 + j)

]
.

(28.19)
Here the amplitude bounds are those of Lemmas 17.1 and 15.10; we used raj

cap/√aj =

rH−1/2κ j, and the first level is included by enlarging C. For every fixed integer v we have
pv

max,j ≤ CI,va−1
j , since supj HB−j(1 + j)v < ∞. None of these bounds requires γ+ ≤ 1.

Step 2: hypotheses of the conditional estimates. The conditional fluctuation potential,
the lower bound I/2 on its Hessian in w, the conditional means, the local bounds on
derivatives of the conditional log-density, and the volume-normalized column sums are
given by Theorems 13.8, 13.10, and 15.13 and Lemma 26.1. Their hypotheses are the
fixed domains and finitely many smallness conditions on t[p(t) + cJ ]

v, including (26.1).
We choose a small t∗ > 0 such that these conditions hold for 0 < t ≤ t∗. We require
n ≥ γ+/(Mt2

∗), so that t2
1 = γ/(Mn) ≤ t2

∗ for all γ ∈ I, together with the thresholds on
the coarse side and on the levels in Theorem 23.5; this defines nI . Then every conditional
fluctuation kernel at a finer level satisfies these hypotheses, for every value of the coarser
field. Factors that depend only on coarser fields cancel in a normalized conditional kernel;
no factor that depends on w is dropped.

Step 3: uniform maximal constants. In Lemma 26.9 the deterministic moduli contain
only the fixed coefficients, powers of g3, and powers of pmax,j. By Step 1 they give the same
normalized modulus CIa−30

j in space and time as in the proof of that lemma. A physical

net of spacing cIa30
j has at most CI(1 + La−30

j )3(1 + T0a−30
j ) points, and the logarithm

of this number is at most CI log(2 + L/aj). The part with short times is estimated at
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the outputs on the mesh aj before this net is used. The conditional linear and quadratic
concentration of Theorem 5.4, with the Hessian lower bound 1/2, followed by a union
bound and the deterministic modulus, gives maximal constants that are uniform on I.
For the mixed linear Duhamel terms, Lemmas 26.7 and 26.8 also give an alternative proof
with constants independent of the coupling.

Let x̃j = xj−1 + rj. The three ordered terms Qa(x̃j, rj), Qa(rj, x̃j), and Qa(rj, rj) of
Theorem 27.6, with their propagation through the coarser levels as in that theorem, are
estimated separately there. The cross term satisfies Ba(xj−1, rj) = Qa(x̃j, rj) +Qa(rj, x̃j)−
2Qa(rj, rj), which explains the factor 4 in (28.8). For each of these three terms the ratio of
the contribution of short times to the scale of the estimate is at most CI(1 + j)a4

j−1 (see
(27.28)). A single threshold on the level makes it small, and the finitely many coarser
levels are handled by increasing CI . The normalized modulus is CIa−7

j−1, and a net of

spacing cIa12
j−1 has at most CIa−48

j−1 points (see (27.29)). Conditional concentration, the
union bound, and the modulus give the same conditional moments as in that theorem,
now uniformly on I. In Theorem 27.7 the normalized modulus is CIa−4

j , and a net of

spacing cIa8
j has at most CIa−32

j points (see the estimates following (27.32)); this covers its
centered terms. The estimates of Lemma 27.1 and the coefficient estimates of Theorem 27.5
are deterministic under the same amplitude bounds. Their conditional drifts keep the
explicit terms

a2
capb̄3

i−1 + g2
i b̄i−1 + g3

i p3
max,i.

These arguments use g− > 0 only to bound the inverse coupling in b̄j/gj, and g+ < ∞
only in upper bounds.

Step 4: the factor bounds. By Steps 1–3, the four-term decomposition of Lemma 26.2
and Theorems 26.10 to 26.12 give, in the notation of Lemma 28.5,

Sp,j ≤ CI,p(1 + j)1/2aβ
j ,

Z+
p,j ≤ CI,p(1 + j)3(aα

j + a1/2
j ),

Z−
p,j ≤ CI,p(1 + j)3(aσ

j + a1/2
j ),

Rj ≤ CI(1 + j)aβ
j ,

Up,j ≤ CI,p(1 + j)baτ
j ,

∑
j≥q

Wj ≤ CI,ζ(1 + q)baζ
q (0 < ζ < min(2β, λanc)).

For the last line we insert (28.19) into the sum over earlier levels in Theorem 27.6, with
factor q j−1−i

anc , keeping the term from the coarse field. A convolution of two geometric
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sequences multiplied by polynomials decays with every exponent strictly below the
smaller of the two exponents. Explicitly, if λ = − log qanc/ log B, ϱ > ζ, and λ > ζ, then

q j−1−i
anc aϱ

i

aζ
j

= Hϱ−ζ Bζ B−(λ−ζ)(j−1−i)B−(ϱ−ζ)i.

We bound the sum over i by dropping the first geometric factor, which is at most one,
and summing the second. The polynomial factors contribute at most (1 + j)b. The term
from the coarse field is geometric by itself.

Step 5: the ordered products. With these factors, each of the sixteen ordered products
is bounded by a constant, uniform on I, times the entry of the table in Lemma 28.5(5).
Indeed, the proof of that table uses only the product inequality, whose constant does
not depend on the coupling, and the following inputs. For (s, s) it uses Theorem 26.12,
including the conditional mean; for (s, r) and (r, s), the two ordered estimates with a
predictable background from Theorem 26.10; for (r, r), the separate estimate for Qa(rj, rj)

in Theorem 27.6; for (u, u), the pathwise bound on Uj and one moment; and for the
remaining products, conditional estimates, the deterministic bound on rj, or the Cauchy–
Schwarz inequality under the same measure. No product of first moments of unrelated
quantities occurs. The hypotheses of all these inputs were verified above, without an
upper bound γ ≤ 1. Every entry is summable with a positive power of aj, after an
arbitrarily small loss in the exponent.

Step 6: the truncation error. By Minkowski’s inequality applied to dj = sj + zj + rj + uj,
we obtain the bounds on partial sums of the increments of the linear heat evolution, and
all fixed moments of Xa

α(xj), uniformly on I. The term of the coarse field is bounded
deterministically by CH,T0,αr/H. At the fixed order p = 2 the factor bounds have constants
uniform on I, and the constant of the product inequality does not depend on the coupling.
Hence the proof of Theorem 28.7 gives its bounds on first moments uniformly on I: the
cross terms with sj and zj are bounded by their conditional estimates times the moments
of the background radius, the cross term with rj is bounded by 4Wj, and the cross term
with uj is bounded, by the Cauchy–Schwarz inequality, by CI(1 + j)baτ

j . By (28.4), for
every v > 0,

∑
j≥q

(1 + j)bav
j ≤ (1 + q)bav

q ∑
h≥0

(1 + h)bB−hv < ∞.

We apply this to every cross term and every ordered product, with δ > 0 smaller than all
the positive exponents that occur, and with δ ≤ τ.

The identity

yk − yq =
k

∑
j=q+1

{
Ba(xj−1, dj) +Qa(dj, dj)

}
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follows from (28.6). Together with xk − xq = ∑k
j=q+1 dj and Markov’s inequality, it implies

that supγ∈I supk≥q νnBk,n,γ{dk,q > η} ≤ CI,η(1 + q)baδ
q. Since aq ≤ H, the right side of

(28.17) is at least a constant multiple of (1 + q)baδ
q, for every choice of 0 < ξ < τ. This

proves (28.17).

Step 7: tightness. For fixed q the array Aq lies in a deterministic compact ball of a
finite-dimensional space, uniformly for γ ∈ I, by (28.19). By Lemma 28.4, its flow data
on every finer lattice have a deterministic norm bound Cq. We choose q so that the
probability in (28.17) with η = 1 is as small as desired, uniformly for γ ∈ I and k ≥ q.
Outside this event the norm Xak

α (xk) + Yak
α (yk) is at most Cq + 1. The finitely many k < q

have bounded arrays and bounded norms, uniformly on I. This proves (28.18).

Lemma 28.11. Fix L > 0, an odd integer M ≥ 3, and 0 < Γ < ∞, let J, B = MJ , Θ, g∗, and
nΓ be as in Theorem 23.5, and fix 0 < γ ≤ Γ. Then Lemmas 28.4 and 28.5 and Theorems 28.1,
28.2, and 28.6 to 28.8 hold with these parameters in place of those of Theorem 23.2, for coarse sides
n ∈ 4N with n ≥ nΓ above finitely many further thresholds, which may depend on γ. They hold
for the same conditional fluctuation kernels, conditional means, laws of finite-scale reconstructions,
reconstruction maps, and configurations of the Wilson measure, and their constants have the
dependence on the fixed coupling stated in Section 28.1. In Theorem 28.2 the constants of Fγ are
those of Theorem 23.10. No bound on the norms of the flow data, and no rate of convergence, that
is uniform over γ ∈ (0, Γ] is asserted.

Proof. From Theorems 23.5 and 23.10 we use only the common smallness conditions and
the bound on the small-field failure probability. At this fixed coupling, Lemma 28.10
with I = {γ} supplies the truncation, factor, and tightness estimates once n ≥ nI ;
this is one of the permitted further thresholds. The convergence of the laws of finite-
scale reconstructions is Theorem 15.14. The smallness condition at the first RG step is
t2
1 = γ/(Mn) ≤ g2

∗, and tj = t1B−(j−1)/2 for j ≥ 1. The local estimates on coefficients
and means in Lemmas 27.1 and 26.2 and Theorems 26.10 to 26.12, 27.6, and 27.7 use
these conditions and the same product domains. Their summations over levels use only
pj ≤ Cγ,n,J(1 + j), which holds at fixed positive coupling. Thus the factor bounds of
Lemma 28.5 and Theorems 28.6 and 28.7 keep their proofs and constants. Lemma 28.4 is
deterministic and does not involve the coupling. The proofs of Theorems 28.1 and 28.8
use only these results, the convergence of the laws of finite-scale reconstructions, and
deterministic flow estimates, which do not require a bound on the coupling. The proof
of Theorem 28.2 uses Theorem 23.10 in place of Theorem 23.9, at coarse sides nr tending
to infinity; the bound (23.13) has the same form as the bound used there.
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section 29

The continuum measure on gauge orbits

In this section we construct the continuum measure λL,γ,[n]M on the trajectory space XL of
Definition 2.2 and prove Theorem 2.3. The main result is Theorem 29.28. Fix L > 0, γ > 0,
an odd integer M ≥ 3, and n ∈ 4N. Along the full sequence of lattice sides Nk = nMk,
every finite vector of flowed Wilson loops, evaluated on admissible approximations of
loops in the sense of Definition 2.1, converges in law under the Wilson measure µNk,γ,
jointly with the lattice energies at positive times. The limits are the joint laws of the
corresponding continuum observables under one Borel probability measure on XL. This
measure is the limit of the images of µNk,γ under Borel maps πk that are invariant under
all lattice gauge transformations. The energies of the trajectories πk(U) are tight at every
positive time, and the measure depends only on L, γ, and the class [n]M of n under the
relation nMa = n′Mb.

There are three inputs. The first is the convergence of the joint laws of flowed Wilson
loops under the conditioned Wilson measures at a fixed coarse side, proved in Section 28,
together with the description of these limits through continuum flows started from
finite-scale reconstructions (Theorems 28.1 and 28.8). Combined with the bounds of
Section 23 on the small-field failure probability, these results give convergence of finite
families of flowed loops under the Wilson measures (Theorem 28.2). The second is the
deterministic theory of the Wilson flow and its comparison with the Yang–Mills heat
flow, from Sections 24 and 25. The third is the trajectory-space framework of Cao and
Chatterjee [43]: compactness modulo gauge, smoothing by the heat flow at positive times,
and the Borel structure of the space of trajectories.

Convergence of finite families of flowed loops does not by itself produce a measure on
XL. The determining coordinates wj of Theorem 29.3 define a metric dc that determines
Borel probability measures on XL, but the energy X 7→ EL(X(t)) is not known to be
continuous for dc or for the Wilson topology. We therefore also use the topology of Cao
and Chatterjee on trajectories of Sobolev connections modulo gauge. Compactness of
trajectories comes from simultaneous bounds on their energies at the times sj = L22−j.
Energy at each positive time is continuous in the Sobolev trajectory topology because the
heat flow regularizes weakly convergent data (Lemma 29.7), and this identifies the limits
of the lattice energies. To realize the limit as a limit of the lattice measures themselves, we
construct the maps πk explicitly, by a search over a countable family of smooth trajectories
subject to one-sided energy bounds (Theorem 29.19).

186
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Section 29.1 collects the properties of XL that we use, and Section 29.2 the deterministic
lattice estimates. Sections 29.3 to 29.5 prove joint convergence of energies and loops under
the conditioned Wilson measures, construct the maps πK, and remove the conditioning,
for the parameters of Theorem 23.2; Section 29.6 extends this to couplings below an
arbitrary fixed bound and treats general admissible approximations. Section 29.7 states
the resulting limit theorems along the sequences NK = n∗MJK, and Section 29.8 passes to
the full sequence nMk and completes the proof of Theorem 2.3. The remaining parts of
Theorem 2.5 are proved in Section 30. The results of this section are used in Section 32
and in the weak-coupling analysis of Sections 34 to 36, mainly through Theorems 29.23
to 29.25 and Corollary 29.26.

Conventions. Constants in deterministic flow estimates depend only on the data listed in
each statement, with the dependence described in item (7) of Definition 4.14. Stochastic
convergence moduli and the number of constraints m(K) used to define πK may in
addition depend on the fixed coupling, on the parameters of the renormalization group
hierarchy, on the base side, and on the observables. We claim no rate of convergence,
no convergence of moments of the energy, and no uniformity as γ → 0. We use the
Lie-algebra norm |·| of Section 4 on connections, and for a lattice potential A at mesh a
we write

∥A∥C1
a
= ∥A∥∞ + max

j∈{1,2,3}, ϵ∈{+,−}
∥Dϵ

a,j A∥∞,

where D±
a,j are the forward and backward physical differences. The finite-difference

norms of Definition 4.8 likewise include both directions and all translates.

29.1 The trajectory space and its Borel structure

Recall from Definition 2.2 the space AL = C∞(T3
L; su(2)3) of smooth connections, the

group GL = C∞(T3
L; SU(2)) of smooth periodic gauge transformations (including all

its connected components), acting by Ak = kAk−1 − (dk)k−1, and the Yang–Mills heat
semigroup (Φt)t≥0 on AL/GL. Global existence of smooth solutions for smooth initial
data is due to Råde [139]; we use it in the form of [43, Theorem 3.14, p. 25], which also
relies on Charalambous and Gross [47]. The trajectory space is

XL =
{

X : (0, ∞) → AL/GL : X(t) = Φt−sX(s) for all 0 < s < t
}

,

the Wilson topology TW is the weakest topology for which all the functions Wℓ,χ,t(X) =

χ(Holℓ X(t)) are continuous, where ℓ ranges over piecewise C1 loops, χ over characters of
finite-dimensional representations of SU(2), and t over (0, ∞). The energy EL is defined
in (2.3). Our parallel transport solves H′(s) = H(s)A(ℓ(s))ℓ̇(s) with H(0) = I, as in
Definition 4.10, and our gauge variable is the inverse of the one in [43, (1.1), p. 2].
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In [43], Cao and Chatterjee introduced trajectories of the heat flow at positive times
as a state space for three-dimensional Yang–Mills theory, following the proposal of
Charalambous and Gross [47] to regularize Wilson loops by the heat flow. We work
in their framework. The separation of smooth gauge orbits by holonomies is due to
Sengupta [144]; we use it in the formulation of [43, Lemma 1.2, p. 4]. The compactness
of energy sublevel sets modulo gauge is the form of gauge compactness proved in [43,
Theorem 3.8 and Theorem 3.51], which rests on Uhlenbeck’s theorem [151]. We add a
countable determining metric, a comparison of its Borel structure with that of the Wilson
topology, and the continuity of the energy after a positive time in the form needed below.

Sobolev connections modulo gauge

Definition 29.1. Let G2,2
L be the group of all periodic maps T3

L → SU(2) of class W2,2,
including all connected components, and set

HL = H1(T3
L; su(2)3)/G2,2

L .

For [An], [A] ∈ HL we write [An] ⇀q [A] if there exist representatives Bn of [An] and
B of [A] such that Bn ⇀ B weakly in H1. The sequential weak quotient topology Tq on
HL is defined by declaring a set U open if every sequence [An] ⇀q [A] with [A] ∈ U
eventually lies in U . We write Φ1,2

t , t ≥ 0, for the Yang–Mills heat semigroup on HL of
Cao and Chatterjee [43]; the properties of it that we use are recalled, with locators, in
Lemma 29.2. Let X 1,2

L be the set of trajectories Z : (0, ∞) → HL with Z(t) = Φ1,2
t−sZ(s) for

all 0 < s < t, with the weakest topology T1,2 for which every evaluation Z 7→ Z(t), t > 0,
is continuous into (HL, Tq). This is the point-evaluation topology of [43, Definition 3.70,
p. 41]; it is not a topology of uniform weak H1 convergence on time intervals. Finally, let
i1,2 : XL → X 1,2

L send a trajectory of smooth orbits to the trajectory of the Sobolev orbits
containing them.

For a finite energy bound R, we write ΩR = {[A] ∈ HL : EL(A) ≤ R}. We also need
a countable family of regularized Wilson loop functions on HL: let Ψ0 : HL → CN be
the map whose components are the functions [A] 7→ χ(Holℓ Φ1,2

v [A]), where ℓ ranges
over the countable family of loops of Theorem 29.3 below, v over L2Q>0, and χ over the
characters of the irreducible representations of SU(2). The following facts are taken from
[43].

Lemma 29.2. Let L > 0. Then the following statements hold.

1. The group G2,2
L coincides with the set of continuous maps k : T3

L → SU(2) with a weak
derivative such that k−1dk ∈ H1, and with the set of maps s exp ξ, where s : T3

L → SU(2)
is smooth and ξ ∈ H2(T3

L; su(2)).
2. Every A ∈ H1(T3

L; su(2)3) has finite energy, and ∥FA∥2 ≤ CL(∥A∥H1 + ∥A∥2
H1) with CL

depending only on L.
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3. The space (HL, Tq) is Hausdorff, each ΩR is closed and compact metrizable, and the map
Ψ0 is continuous and injective, with Ψ0(F ∩ ΩR) compact for every closed set F ⊂ HL and
every R.

4. For every v ≥ 0 the map Φ1,2
v is continuous on (HL, Tq).

5. Restriction to times in L2Q>0 is a homeomorphism of X 1,2
L onto the corresponding space of

compatible trajectories at these times, and the Borel σ-algebra of (X 1,2
L , T1,2) is generated by

the evaluations at these times.
6. For every t > 0, every orbit Z(t) of a trajectory Z ∈ X 1,2

L has a smooth representative, and
a W2,2 gauge transformation relating two smooth connections is smooth, so that the map
j1,2 : X 1,2

L → XL that replaces each orbit by its smooth representatives is well defined. This
map satisfies j1,2i1,2 = Id and i1,2 j1,2 = Id, it is continuous from T1,2 to TW , and it preserves
every function Wℓ,χ,t.

7. Every function Wℓ,χ,t ◦ j1,2 is continuous on (X 1,2
L , T1,2).

Proof. On the unit torus, (1) is [43, Definition 3.5 and (3.2), p. 22] (we verify the iden-
tification below), (2) is [43, Lemma 3.7, p. 23], (3) is [43, Lemma 3.49, p. 35; Definition
3.50 and Theorem 3.51, pp. 35–36], (4) is [43, Lemma 3.68, p. 40], (5) is [43, Definitions
3.70 and 3.74, pp. 41–42; Lemmas 3.75 and 3.78, pp. 42–44], (6) is [43, Lemma 3.10, p. 24;
Lemmas 3.84–3.85, pp. 47–48; Definition 3.86 and Lemmas 3.87–3.89, pp. 48–49], and
(7) is [43, Definition 3.82, p. 47]. In (3) the countable family of regularized Wilson loop
functions may be chosen as above, from our dense loop family, rational positive delays,
and all characters. The identity i1,2 j1,2 = Id in (6) holds because at each time the smooth
representative lies in the given Sobolev orbit. It remains to check the hypotheses of these
results and to transfer them to side L.

The bundle is trivial, the base is the periodic three-torus, and the group SU(2) belongs
to the class allowed in [43, Section 1.1, p. 2]. All connected components of the gauge
group are included. For y = x/L let Ã(y) = LA(Ly). Differentiating, we find

Fij(Ã)(y) = L2Fij(A)(Ly), E1(Ã) = LEL(A), t̃ = t/L2,

where t̃ is the time of the rescaled flow. Gauge transformations transform by composition
with y 7→ Ly, and inversion converts the gauge convention of [43] into ours. All results
on the unit torus therefore apply at every fixed L to the spaces defined here. For
fL(y) = f (Ly) we have

∥ fL∥Lp(T3
1)
= L−3/p∥ f ∥Lp(T3

L)
, ∥ fL∥2

H1(T3
1)
= L−3∥ f ∥2

L2(T3
L)
+ L−1∥∇ f ∥2

L2(T3
L)

.

Applying the Sobolev inequality ∥ f ∥p ≤ Cp∥ f ∥H1 on the unit torus for 1 ≤ p ≤ 6, with
compact embedding for p < 6 [43, Theorem 3.3, p. 21], componentwise to Lie-algebra
and matrix coefficients, we obtain at each fixed L > 0

∥ f ∥Lp(T3
L)
≤ Cp

(
L3/p−3/2∥ f ∥L2(T3

L)
+ L3/p−1/2∥∇ f ∥L2(T3

L)

)
, 1 ≤ p ≤ 6, (29.1)
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and the compactness for p < 6 transfers under the same linear rescaling. Below we use
p = 6 for the gauge group and p = 4 for the curvature. The constants depend only on L,
p, and the fixed coefficient norms.

We now verify (1), that is, that G2,2
L is the full group used in [43]. The description there,

as the set of maps s exp ξ with s smooth (ranging over all components) and ξ ∈ H2, and
as the set of continuous maps with k−1dk ∈ H1, transfers to side L by composition with
y 7→ Ly. A periodic H2 matrix function is continuous, since its Fourier series converges
absolutely and uniformly by the Cauchy–Schwarz inequality and ∑p∈Z3(1 + |p|2)−2 < ∞.
For a W2,2 group-valued map k we have dk ∈ H1 ⊂ L6 by (29.1). The derivative of k−1dk
consists of a bounded matrix times d2k ∈ L2 and products of two factors dk, which lie
in L3 ⊂ L2. This shows that k−1dk ∈ H1. Conversely, let k be continuous with values
in the compact group, with α = k−1dk ∈ H1. Then dk = kα ∈ L6, the derivative of
this identity consists of dk α ∈ L3 and k dα ∈ L2, and we conclude that k ∈ W2,2. These
product identities hold weakly, by smooth convolution and convergence in the displayed
Lebesgue norms. This identifies the two groups, including all periodic components.
Finally, for (2) we apply [43, Lemma 3.7] to Ã; its only hypothesis is A ∈ H1 on the unit
torus. We then use the scaling of curvature and energy displayed above. The constant CL
depends only on L and the fixed coefficient norms.

The determining metric

The trajectory space carries the Wilson topology, which is defined by uncountably many
functions. The following theorem replaces it, for measure-theoretic purposes, by a
countable family.

Theorem 29.3. Let L > 0. On piecewise C1 loops ℓ, ℓ′ : [0, 1] → T3
L consider the metric

dL(ℓ, ℓ′) = sup
u∈[0,1]

dT3
L
(ℓ(u), ℓ′(u)) +

∫ 1

0
|ℓ̇(u)− ℓ̇′(u)| du.

Fix a countable family of piecewise C1 loops that is dense for dL and contains loops of every
winding class (such families exist; see the proof), and enumerate its product with L2Q>0 as
(ℓj, tj)j≥1. Set

wj(X) = 1
2 tr Holℓj X(tj), dc(X, Y) = ∑

j≥1
2−j|wj(X)− wj(Y)|, X, Y ∈ XL.

Then the following statements hold.

1. dc is a metric on XL, and (XL, dc) is separable.
2. (XL, TW) is separable, and the identity map from (XL, TW) to (XL, dc) is continuous.
3. The Borel σ-algebras satisfy

B(dc) = σ(wj : j ≥ 1) = B(TW).
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4. Two Borel probability measures on XL under which all finite vectors (w1, . . . , wb) have the
same laws are equal. In particular, a Borel probability measure on XL is determined by the
joint laws of all finite families of the functions Wℓ,χ,t.

Remark 29.4. We do not claim that the two topologies coincide, that dc is complete, or
that XL or HL is a Polish space. Weak convergence on XL is always stated in two forms:
against bounded TW-continuous functions, and weakly with respect to dc.

We call the functions wj the determining coordinates. Each is one half of a regularized
Wilson loop for the fundamental character. The proof of Theorem 29.3 uses the reduction
of all characters of SU(2) to the fundamental trace. Let Pp be the polynomials defined by

P0(u) = 1, P1(u) = u, Pp+1(u) = uPp(u)− Pp−1(u).

Lemma 29.5. The character of every finite-dimensional representation of SU(2) is a finite sum of
the functions H 7→ Pp(tr H), p ≥ 0.

Proof. This is the classical highest-weight classification; we include the short argument. If
H has eigenvalues z, z−1, the recursion shows that Pp(z+ z−1) = zp + zp−2 + · · ·+ z−p for
z ̸= ±1, and by continuity the identity also holds for z = ±1. Averaging a Hermitian inner
product over the Haar probability measure makes a finite-dimensional representation
ρ unitary. An invariant subspace then has an invariant orthogonal complement, and
by induction on the dimension ρ is a direct sum of irreducible representations. If ρ

is only continuous, convolving its matrix coefficients with a smooth bump supported
near the identity gives a matrix arbitrarily close to I, and in particular an invertible
one. Translating the bump on the left shows that ρ multiplied by this matrix is smooth,
which implies that ρ is smooth. In the complexified differential of an irreducible ρ we set
H = dρ(h), E = dρ(e), F = dρ( f ) for

h =

(
1 0
0 −1

)
, e =

(
0 1
0 0

)
, f =

(
0 0
1 0

)
.

Then [H, E] = 2E, [H, F] = −2F, [E, F] = H, H∗ = H, and E∗ = F, the last two because
ih, e − f , and i(e + f ) are anti-Hermitian. Since exp(2πih) = I, the eigenvalues of H are
integers. Let n be the largest one and Hv = nv with v ̸= 0; then Ev = 0, and by induction,
using the commutation relations, we obtain

EFqv = q(n − q + 1)Fq−1v, ∥Fq+1v∥2 = (q + 1)(n − q)∥Fqv∥2.

The case q = 0 shows that n ≥ 0. The vectors v, Fv, . . . , Fnv are nonzero with distinct
weights n, n − 2, . . . ,−n, and Fn+1v = 0. Their span is invariant under H, E, F. It is also
invariant under the group, since every element of SU(2) is an exponential after unitary
diagonalization. By irreducibility the span is the whole space, and the character on
diag(z, z−1) is Pn(z + z−1). Unitary diagonalization covers every group element.
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Proof of Theorem 29.3. The proof has six steps.

Step 1: a dense family. The continuity and separability results [43, Lemmas 3.24–3.25
and 3.28, p. 28] apply to every fixed smooth connection and character here. A dense
countable family of loops can be chosen among polygonal loops whose lifts have vertices
in LQ3 and rational subdivision parameters, with final vertex equal to the initial vertex
plus Lz, for every z ∈ Z3. To see that this family is dense for dL, we approximate each C1

piece of a loop by its polygonal interpolant and then perturb the finitely many vertices
and subdivision parameters within these dense sets. The first approximation converges
uniformly, with derivatives in L1, by uniform continuity of the derivative on each piece;
for a fixed interpolant the second does so because the velocities are constant on finitely
many intervals. The final vertex is imposed using the same Lz. This family contains every
winding class and the constant loops at rational points.

Step 2: separation. Suppose that wj(X) = wj(Y) for all j. Fix t ∈ L2Q>0. Then
tr Holℓ X(t) = tr Holℓ Y(t) for every loop ℓ of the dense family, and by the continuity of
holonomies in dL [43, Lemmas 3.24–3.25] for every piecewise C1 loop. By Lemma 29.5, all
characters of Holℓ X(t) and Holℓ Y(t) agree on every piecewise C1 loop. The holonomy
separation theorem [43, Lemma 1.2, p. 4], whose hypotheses are exactly these, implies
that X(t) = Y(t). For an arbitrary t > 0, let s ∈ L2Q>0 with s < t; by compatibility we
have X(t) = Φt−sX(s) = Φt−sY(s) = Y(t). No backward uniqueness is used. Thus dc

separates points.

Step 3: metric properties. Symmetry and the triangle inequality hold termwise. Since
|wj| ≤ 1, the tail ∑j>b 2−j|wj(X)− wj(Y)| is at most 21−b. This implies that convergence
in dc is equivalent to convergence of every coordinate, and the coordinate map X 7→
(wj(X))j≥1 is a homeomorphism of (XL, dc) onto a subspace of [−1, 1]N. The countable
base of cylinder sets of the product restricts to a countable base, and choosing a point in
each nonempty member, we obtain a countable dense set. The same observation shows
that B(dc) = σ(wj : j ≥ 1). The partial sums defining dc are TW-continuous and the tails
are uniformly small. Then the coordinate map is continuous from TW into the product,
and the identity from (XL, TW) to (XL, dc) is continuous.

Step 4: the reverse Borel inclusion. Since every wj is TW-continuous, it remains to show
that B(TW) ⊂ σ(wj : j ≥ 1). We first show that the coordinates of Ψ0 generate the Borel
σ-algebra of (HL, Tq). By Lemma 29.2(2), every element of HL has finite energy, and the
sets Ωb, b ∈ N, exhaust HL. For a closed set F ⊂ HL we therefore have

Ψ0(F) =
⋃
b≥1

Ψ0(F ∩ Ωb). (29.2)

By Lemma 29.2(3), the right side is a countable union of compact, hence closed, sub-
sets of the Hausdorff space CN, and in particular it is Borel. Since Ψ0 is injective,
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F = Ψ−1
0 (Ψ0(F)) lies in the σ-algebra generated by the coordinates of Ψ0; the converse

inclusion holds because Ψ0 is continuous. This argument uses the compactness of the im-
ages Ψ0(F ∩ Ωb); injectivity and measurability of Ψ0 alone would not give measurability
of its inverse.

Now let u ∈ L2Q>0 and X ∈ XL. Each component of Ψ0(i1,2X(u)) is of the form
χ(Holℓ X(u + v)) with ℓ in the dense family and v ∈ L2Q>0. By Lemma 29.5 it is a
polynomial in (tr Holℓ X(u+ v))/2, which is one of the functions wj, since u+ v ∈ L2Q>0.
Since the coordinates of Ψ0 generate the Borel σ-algebra of HL, the map X 7→ i1,2X(u)
is measurable from σ(wj : j ≥ 1) into the Borel σ-algebra of HL. By Lemma 29.2(5), the
map i1,2 is measurable from σ(wj : j ≥ 1) into the Borel σ-algebra of X 1,2

L . Let B ∈ B(TW).
Since j1,2 is continuous (Lemma 29.2(6)), the set (j1,2)−1(B) is Borel in X 1,2

L , and since
j1,2i1,2 = Id,

B = (i1,2)−1((j1,2)−1(B)
)
∈ σ(wj : j ≥ 1).

This proves the Borel identity in (3).

Step 5: separability of the Wilson topology. We consider the countable set of trajectories
t 7→ Φt[b], where b ranges over the trigonometric polynomial one-forms with rational
coefficients. Let X ∈ XL, and fix a basic Wilson neighborhood of X determined by finitely
many functions Wℓ,χ,t. The shifted trajectories Xϵ(t) = X(t + ϵ) approach X in every
finite list of these functions as ϵ ↓ 0, since X is the smooth solution started at any earlier
positive time. Each Xϵ is the trajectory started from a smooth representative of X(ϵ).
Approximating this representative in C3 by a rational trigonometric polynomial and using
Theorem 24.10 on a finite horizon containing the listed times, we find a trajectory of the
countable set in the given neighborhood.

Step 6: determination of probability measures. If two measures have the same finite
joint laws of the wj, then their image measures on [−1, 1]N agree on the cylinder sets.
The class of sets on which the two image measures agree is a Dynkin class containing the
class of cylinder sets, which is closed under intersections. By Dynkin’s π–λ theorem, it
contains the σ-algebra generated by the cylinders. Pulling back and using (3), we find that
the two measures agree on B(TW). The joint laws of finite families of the functions Wℓ,χ,t
include those of the wj, which proves the last assertion. This also verifies the hypotheses
of the uniqueness statement [43, Lemma 1.4, p. 7].

Compactness of energy sublevel sets

Theorem 29.6. Let L > 0. On the Borel space of Theorem 29.3, the function X 7→ EL(X(t))
is measurable for every t > 0, and t 7→ EL(X(t)) is nonincreasing for every X ∈ XL. Let
sj = L22−j for j ≥ 1. For every sequence R = (Rj)j≥1 of finite numbers Rj ≥ 0, the set

K(R) =
{

X ∈ XL : EL(X(sj)) ≤ Rj for all j ≥ 1
}
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is compact for TW and for dc. Let {λι} be a family of Borel probability measures on XL such that

lim
R→∞

sup
ι

λι

{
EL(X(sj)) > R

}
= 0 for every j ≥ 1.

Then for every η > 0 there exists R with λι(K(R)) ≥ 1 − η for all ι, and every sequence in
the family has a subsequence that converges, against every bounded TW-continuous function
and weakly with respect to dc, to a Borel probability measure on XL. Finally, if A is a smooth
connection with ∥A∥C1 ≤ R, then

EL(Φt[A]) ≤ EL(A) ≤ CL3(R + R2)2 (t ≥ 0),

where C depends only on the normalization of the Lie-algebra norm.

No moment condition on the measures λι is needed. Subsequential compactness from
energy tightness is due to Cao and Chatterjee [43, Theorem 1.6, p. 7]. The theorem adds
the explicit compact sets K(R), which are used in Section 29.4. We say that a family of
Borel probability measures on XL has compact containment if for every η > 0 some set
K(R) has mass at least 1 − η under every member of the family. Since the sets K(R) are
compact for both TW and dc, this is compact containment in both topologies.

Proof. For probability measures on the trajectory space with its Wilson Borel σ-algebra,
the energy at each positive time is measurable and nonincreasing in time [43, Lemma 1.5,
p. 7; Lemma 4.1, p. 50]. The hypotheses on the group, the bundle, the scaling, and the
gauge group were checked in Lemma 29.2, and the energy in the statement has exactly
this normalization.

We consider the product ∏j≥1 ΩRj of subsets of HL. It is compact and metrizable,
by Lemma 29.2(3) and a diagonal extraction of subsequences in the factors, using a
summable bounded product metric. We impose the compatibility conditions

xi = Φ1,2
si−sj

xj (j > i). (29.3)

Each of these equations defines a closed set, since HL is Hausdorff and Φ1,2
v is continuous

for Tq (Lemma 29.2(3),(4)). The compatible subset is therefore compact. Given a com-
patible sequence (xj), we define Z(t) = Φ1,2

t−sj
xj for any j with sj < t. By (29.3) and the

semigroup property, Z(t) does not depend on j, and Z is compatible at all times. Fixing
one j with sj < t for each t, we see that Z(t) is a continuous function of xj, and therefore
the map (xj) 7→ Z is continuous into (X 1,2

L , T1,2). By Lemma 29.2(6), composing with j1,2,
we obtain a continuous map into (XL, TW).

The image of this map is exactly K(R). To see this, let k > j; then Z(sj) = Φ1,2
sj−sk

xk = xj
by (29.3). Every xj is therefore the orbit at time sj of the trajectory, it has a smooth
representative, and its energy is at most Rj. Conversely, the values i1,2X(sj) of any
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X ∈ K(R) form such a compatible sequence. As a continuous image of a compact set,
K(R) is TW-compact, and by Theorem 29.3(2) it is also dc-compact. It is Borel because
the energies are measurable. The argument also covers an empty compatible set and
thresholds equal to zero.

Let η > 0, and for each j fix Rj such that supι λι{EL(X(sj)) > Rj} ≤ η2−j. By the
union bound, we have λι(K(R)) ≥ 1 − η for every ι. For any t > 0, choosing sj < t and
using monotonicity, we see that the energy laws at time t are also tight. The subsequence
theorem [43, Theorem 1.6, p. 7] applies to probability measures on this Borel space
with tight energy laws at each positive time, and it yields a subsequence converging
against every bounded TW-continuous function. Every bounded dc-continuous function
is TW-continuous by Theorem 29.3(2), and the same subsequence converges weakly for
dc.

Finally, |[X, Y]| ≤ |X||Y| in our normalization, which implies that |Fij(A)| ≤ C(R +

R2) if ∥A∥C1 ≤ R. There are three pairs i < j and the volume is L3, which gives the
bound on EL(A); the bound along the flow follows from monotonicity.

Continuity of energy after a positive time

The determining coordinates wj do not control the energy, and we do not know whether
X 7→ EL(X(t)) is continuous for dc or for TW . The heat flow provides a substitute: on the
Sobolev quotient, the energy after any positive time is a continuous function of the initial
orbit. This property lets us identify limits of lattice energies with energies of the limiting
trajectories in Theorem 29.18.

Lemma 29.7. Let L > 0 and u > 0. The function [A] 7→ EL(Φ
1,2
u [A]) is continuous on

(HL, Tq). Moreover, for every t > 0 the function Z 7→ EL(Z(t)) is continuous on (X 1,2
L , T1,2).

Here the energy of an orbit at a positive time is the energy of its smooth representatives, which
does not depend on the representative.

The lemma does not assert that [A] 7→ EL(A) itself is continuous on (HL, Tq).

Proof. We work on the unit torus first. Let An ⇀ A weakly in H1, and set R0 =

supn∥An∥H1 + ∥A∥H1 , which is finite. Fix 0 < v < min(u, τ0(R0)), where τ0(R0) is
the existence time of [43, Lemma 3.23, pp. 27–28]. By that lemma, the local solutions
Bn, B of the gauge-fixed heat equation (in the DeTurck gauge) started at An, A satisfy
Bn(v) → B(v) strongly in H1. These endpoints are smooth, by [43, Proposition 3.19,
pp. 26–27], and they represent the orbits Φ1,2

v [An] and Φ1,2
v [A], by [43, Lemma 3.21,

p. 27]. Applying [43, Lemma 3.15, p. 25] to the smooth, strongly convergent initial data
Bn(v) → B(v), we obtain strong H1 convergence of representatives of the solutions of
the covariant flow at time u − v, that is, of representatives of Φ1,2

u [An] and Φ1,2
u [A]. The

smooth-data lemma is applied only after the smoothing step, and never to the weakly
convergent data An.
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Strong H1 convergence implies convergence of the energy, by the embedding H1 ⊂ L4:

∥F(C)− F(D)∥2 ≤ C
(
1 + ∥C∥H1 + ∥D∥H1

)
∥C − D∥H1 .

Indeed, the derivative part of F is linear, and [Ci, Cj]− [Di, Dj] = [Ci − Di, Cj] + [Di, Cj −
Dj] is bounded in L2 by Hölder’s inequality and the embedding. Multiplying by
∥F(C)∥2 + ∥F(D)∥2, we obtain convergence of the squared norms. By gauge invariance,
E1(Φ

1,2
u [An]) → E1(Φ

1,2
u [A]).

If [An] ⇀q [A], we apply this argument to weakly convergent representatives. Since Tq

is generated by exactly this sequential convergence, [43, Lemma 3.38 and Corollary 3.39,
p. 32; Lemma 3.41, p. 33] give continuity into R; we do not replace weakly convergent
nets by bounded sequences. For trajectories, we fix s ∈ (0, t) and factor the energy as
Z 7→ Z(s) 7→ E1(Φ

1,2
t−sZ(s)). Finally, the rescaling Ã(y) = LA(Ly), t̃ = t/L2, E1(Ã) =

LEL(A) of Lemma 29.2 transfers every assertion to side L.

A countable dense family of trajectories and finite-dimensional approximation

Fix an enumeration (bq)q≥1 of the real su(2)-valued trigonometric polynomial one-forms
on T3

L with rational coefficients in a fixed basis, with b1 = 0, and set

Xq(t) = Φt[bq], t > 0.

In particular, X1 is the zero trajectory, X1(t) = [0] for all t. The trajectories Xq are the
candidates among which the maps πK of Section 29.4 choose.

Lemma 29.8. Let X ∈ XL, let Wℓ1,χ1,t1 , . . . , Wℓb,χb,tb
be finitely many Wilson loop functions, let

v1, . . . , vp > 0, and let δ > 0. Then there exists q such that

|Wℓh,χh,th
(Xq)− Wℓh,χh,th

(X)| < δ (h ≤ b), |EL(Xq(vi))− EL(X(vi))| < δ (i ≤ p).

Proof. Rational trigonometric polynomials are dense in C3 in the space of smooth real
one-forms. Indeed, integration by parts bounds the Fourier coefficients of a smooth form
by Cp(1 + |k|)−p, so for p > 6 the Fourier truncations converge in C3, and the finitely
many real sine and cosine coefficients of a truncation can be approximated by rational
numbers. Since the frequencies are 2πk/L, no rationality condition on L is needed.

For η > 0, let cη be a smooth representative of X(η). By compatibility, Φt[cη] =

X(t + η) for t > 0. Smooth forward evolution from an earlier positive time shows that
the energy and the holonomies are continuous in time at each of the finitely many listed
times. Then the listed values on X(·+ η) converge to those on X as η ↓ 0. Fix η such
that all these errors are less than δ/2. By Theorem 24.10, the listed energies and loops
of the flow are continuous functions of the initial datum in C3 on the finite horizon.
Approximating cη in C3 by some bq, we make the remaining errors less than δ/2. The
representative cη is used only to prove the existence of q.
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Lemma 29.9. Let C ⊂ XL be TW-compact, and let h : XL → R be TW-continuous with |h| ≤ D.
For every δ > 0 there exist b < ∞ and a continuous function G : [−1, 1]b → [−D, D] such that

sup
X∈C

|h(X)− G(w1(X), . . . , wb(X))| < δ.

This applies in particular to the compact sets K(R) of Theorem 29.6 and to h =

f (Wℓ1,χ1,t1 , . . . , Wℓm,χm,tm) with f bounded and continuous.

Proof. If C is empty, we take G = 0. Otherwise, by Theorem 29.3(2) the identity from
(C, TW) to (C, dc) is a continuous bijection from a compact space to a Hausdorff space,
and it is a homeomorphism: closed subsets of the compact domain have compact, hence
closed, images. Thus h is uniformly continuous on (C, dc). Let ρ > 0 be such that
dc(X, Y) < ρ with X, Y ∈ C implies |h(X)− h(Y)| < δ. Fix b with 21−b < ρ/4 and a finite
ρ/8-net X1, . . . , Xl of (C, dc). For u, v ∈ [−1, 1]b and X ∈ XL write

db(u, v) = ∑
j≤b

2−j|uj − vj|, pbX = (wj(X))j≤b, hα(u) =
(
ρ/2 − db(u, pbXα)

)
+

,

and let h0(u) be the db-distance from u to the compact set pbC. The function h0 + ∑α hα

is positive on the cube: off pbC we have h0 > 0, and on pbC the net property gives some
hα > 0. We define

G(u) = ∑α hα(u)h(Xα)

h0(u) + ∑α hα(u)
.

Then G is continuous and |G| ≤ D. For X ∈ C we have h0(pbX) = 0, and hα(pbX) > 0
implies dc(X, Xα) < ρ/2 + 21−b < ρ. Thus G(pbX) is a convex combination of values
h(Xα) within δ of h(X).

29.2 Lattice observables and deterministic estimates

Lattice approximations of loops

Let ℓ, ℓ′ : [0, 1] → T3
L be piecewise C1 loops with base points x = ℓ(0) and x′ = ℓ′(0),

and let c be a piecewise C1 path from x to x′ (the constant path if x = x′). A comparison
homotopy between ℓ and ℓ′ with connector c is a piecewise C1 map H : [0, 1]2 → T3

L
such that H(·, 0) = ℓ, H(·, 1) is a parametrization of the concatenation c ∗ ℓ′ ∗ c−1, and
H(0, v) = H(1, v) = x for all v ∈ [0, 1]. Its swept area is

Area(H) =
∫ 1

0

∫ 1

0
|∂uH ∧ ∂vH| du dv,

where for v, w ∈ R3 we write |v ∧ w| for the area of the parallelogram spanned by v and
w. The swept area is counted with multiplicity: parts of the homotopy with opposite
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orientations do not cancel. Since transport along a concatenation is the product of the
transports, Holc∗ℓ′∗c−1 A = (Holc A)(Holℓ′ A)(Holc A)−1, and the characters of Holℓ′ A
and Holc∗ℓ′∗c−1 A coincide. In this language, a sequence of closed lattice paths (ℓk), with
ℓk in ΛNk and Nk → ∞, is an admissible approximation of ℓ in the sense of Definition 2.1
if the physical lengths of the ℓk are bounded and, for all sufficiently large k, there
exists a comparison homotopy Hk between ℓ and ℓk (with some connector) such that
Area(Hk) → 0.

Lemma 29.10. Let L > 0, let ℓ be a piecewise C1 loop in T3
L, and let a = L/N with an integer

N ≥ 4. There exist a closed lattice path ℓa in ΛN and a comparison homotopy Ha between ℓ and
ℓa, whose connector is a straight segment of length at most

√
3a/2, such that

length(ℓa) ≤ C
(
length(ℓ) + L

)
, Area(Ha) ≤ Ca

(
length(ℓ) + L

)
, (29.4)

where C is an absolute constant. The path ℓa has the same winding class as ℓ. The homotopy Ha

is piecewise C1, and piecewise smooth if ℓ is polygonal. If ℓ is constant, then ℓa is constant and
Area(Ha) = 0. The path ℓa and the homotopy Ha depend only on the parametrized loop ℓ and on
a.

In particular, for every sequence of sides Nk → ∞ the paths ℓaNk
form an admissible

approximation of ℓ, with swept areas O(aNk).

Proof. Let x : [0, 1] → R3 be the lift of ℓ with x(0) ∈ [0, L)3; then x(1) = x(0) + Lz for
a unique z ∈ Z3. Set l = length(ℓ). Suppose first that l > 0, and set p = ⌈l/a⌉, so that
p ≤ 1 + l/a. We subdivide ℓ by arclength into p pieces of length l/p ≤ a. At an interior
subdivision value we take the earliest parameter with that accumulated length, and we
keep the two endpoint parameters; this fixes the choice also when x is stationary on some
subintervals. We write xj, 0 ≤ j ≤ p, for the subdivision points.

We round each coordinate by the rule

qi
j = a

⌊
xi

j/a + 1
2

⌋
, so that |qj − xj| ≤

√
3

2 a.

Since L/a = N ∈ N, this rule commutes with translations by LZ3, and therefore qp =

q0 + Lz. Let σj be the lattice path from qj to qj+1 that changes first the first coordinate,
then the second, and then the third, each monotonically, and let ℓa be the projection of
the concatenation of the σj to the torus. It is closed and has the same winding class as ℓ.
Its length satisfies

p−1

∑
j=0

|qj+1 − qj|1 ≤
√

3
p−1

∑
j=0

|xj+1 − xj|+ 3pa ≤ (
√

3 + 3)l+ 3a,

where we used |qj+1 − qj|1 ≤
√

3|qj+1 − qj| ≤
√

3|xj+1 − xj|+ 3a and pa ≤ l+ a. Since
a ≤ L/4, this proves the first bound in (29.4), including coarse meshes.
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Let ηj be the jth subarc of the lift, from xj to xj+1, let cj = [xj, qj] be the straight
segments, and let δj = cj ∗ σj ∗ c−1

j+1, which also runs from xj to xj+1. The curves ηj, σj, cj,
and cj+1 lie in a ball of radius Ca about xj. We parametrize ηj and δj on [0, 1], piecewise
C1, and consider the strip Hj(u, v) = (1 − v)ηj(u) + vδj(u), whose endpoints are fixed.
Since |∂vHj| = |δj(u)− ηj(u)| ≤ Ca, its swept area satisfies∫ 1

0

∫ 1

0
|∂uHj ∧ ∂vHj| du dv ≤ Ca

∫ 1

0

∫ 1

0

(
(1 − v)|η′

j(u)|+ v|δ′j(u)|
)

du dv

≤ Ca
(
length(ηj) + length(δj)

)
≤ Ca2.

For polygonal loops we may instead triangulate these strips by coning their polygonal
boundaries to xj; each triangle has area at most Ca times the length of its boundary edge,
which gives the same bound and piecewise smooth strips. We concatenate the strips. The
interior pairs c−1

j ∗ cj are removed by retracing homotopies, whose differentials have rank
at most one and which therefore have zero swept area. The final connector is the initial
one translated by Lz. After projection to the torus we obtain a comparison homotopy Ha

between ℓ and ℓa with connector c0, and since swept areas add,

Area(Ha) ≤ Cpa2 ≤ Ca(l+ a) ≤ Ca(l+ L).

All constructions take place in the lift before projection, and they are valid across the
periodic identifications and at self-intersections. For piecewise C1 loops the strips are
piecewise C1, which suffices for the holonomy variation formula of Lemma 29.11. If l = 0,
we round x(0) by the same rule and take the constant lattice loop at the rounded point;
the connector followed by its inverse and the constant loop are related by a retracing
homotopy of zero area. These rules involve only ℓ and a.

Lemma 29.11. Let L > 0 and let A be a smooth connection on T3
L.

1. Let H : [0, 1]2 → T3
L be continuous and C1 on the cells of a finite C1 subdivision of the

parameter square, with H(0, v) and H(1, v) independent of v. Then∥∥HolH(·,1) A − HolH(·,0) A
∥∥

op ≤ C∥FA∥∞ Area(H),

where C is an absolute constant. In particular, if H is a comparison homotopy between
loops ℓ and ℓ′ with connector c, then Holℓ A and (Holc A)(Holℓ′ A)(Holc A)−1 differ by
at most C∥FA∥∞ Area(H) in operator norm, and for every character χ and every A with
∥A∥C1 ≤ R,

|χ(Holℓ A)− χ(Holℓ′ A)| ≤ Cχ(R + R2)Area(H).

2. Let a = L/N, and let UA be the lattice configuration UA
(x,x+aei)

= exp(aAi(x)). If
∥A∥C1 ≤ R and ℓa is a closed lattice path of physical length at most l, then ∥Holℓa A −
Holℓa UA∥op ≤ CRla, and |χ(Holℓa A)− χ(Holℓa UA)| ≤ Cχ,Rla.
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3. Let ℓ, ℓK : [0, 1] → T3
L be piecewise C1 loops with supK length(ℓK) < ∞ and δK =

supu dT3
L
(ℓ(u), ℓK(u)) → 0. If δK < L/2, then ℓK has the same winding class as ℓ, and

there exists a comparison homotopy HK between ℓ and ℓK, whose connector is the shortest
segment from ℓ(0) to ℓK(0), such that

Area(HK) ≤
δK

2
(
length(ℓ) + length(ℓK)

)
. (29.5)

In particular, a sequence of closed lattice paths of bounded physical length that converges
uniformly to ℓ, as parametrized loops, is an admissible approximation of ℓ.

The constants Cχ, CR, and Cχ,R depend only on the indicated quantities.

Proof. (1) We first consider a piece of H on which H is C2, and write B = A(H)∂uH and
C̃ = A(H)∂vH for the pulled-back components of the connection. Let P solve ∂uP =

PB with P(0, v) = I, so that P(1, v) = HolH(·,v) A, and set Q = ∂vP − PC̃ + C̃(0, v)P.
Differentiating, we find

∂uQ = QB − P
(
∂uC̃ − ∂vB + [B, C̃]

)
, Q(0, v) = 0.

The expression in parentheses is the curvature FA(H)(∂uH, ∂vH). Since ∂u(QP−1) =

−PFA(H)(∂uH, ∂vH)P−1 and all transports are unitary, we obtain

∥Q(1, v)∥op ≤ C∥FA∥∞

∫ 1

0
|∂uH ∧ ∂vH| du. (29.6)

If H(0, v) and H(1, v) do not depend on v, then C̃(0, v) = C̃(1, v) = 0, so Q(1, v) =

∂vP(1, v). Integrating (29.6) over v ∈ [0, 1], we obtain the first assertion. For a piece
that is only C1, we extend a C1 lift slightly beyond its parameter rectangle by reflection,
f (−u, v) = 2 f (0, v)− f (u, v) at the boundary u = 0 and analogously at the other sides,
and mollify. The mollified maps and their first derivatives converge uniformly. By
their integral form, the solutions of the transport equations then converge uniformly,
and the integrands in (29.6) converge in L1. The integrated identity and the inequality
therefore pass to the C1 piece. For a piecewise C1 map, use its finite C1 cell subdivision,
triangulating and using C1 cell parametrizations when necessary. A triangle with vertices
a, b, c is parametrized by ψ(s, t) = a + s(b − a) + (1 − s)t(c − a) on [0, 1]2; the side s = 1
is collapsed and its area is counted once, since the Jacobian is (1 − s)det(b − a, c − a).
The moving-endpoint identity above bounds the boundary holonomy of each cell minus
the identity by C∥FA∥∞ times its swept area. Glue the cells along a dual spanning
tree, transporting their boundary loops to a common basepoint. In the resulting path-
ordered product the internal edge transports cancel; equivalently, cut along the tree and
concatenate the rooted face boundaries. Unitarity and ∥UV − I∥op ≤ ∥U − I∥op + ∥V −
I∥op bound the outer boundary error by the sum of these cell bounds, without a factor
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depending on the number of cells. The two constant sides of the outer square contribute
identity transports. Self-intersections of the image are harmless because swept area is
counted with multiplicity. For a comparison homotopy, H(0, v) = H(1, v) is the base
point of ℓ, and H(·, 1) is the concatenation c ∗ ℓ′ ∗ c−1. A fixed character is Lipschitz on
the compact group, and ∥FA∥∞ ≤ C(R + R2) if ∥A∥C1 ≤ R.

(2) Let P be the exact transport along the edge from x to x + aei, that is, P′(v) =

P(v)Ai(x + vei), P(0) = I. By Duhamel’s formula and unitarity,

∥P(a)− eaAi(x)∥op ≤ C
∫ a

0
|Ai(x + vei)− Ai(x)| dv ≤ CRa2.

Reversed edges satisfy the same bound. A closed lattice path of physical length at most l
has at most l/a edges, and by telescoping the product of unitary matrices we obtain the
bound CRla. The character bound follows since χ is Lipschitz on SU(2).

(3) Since δK < L/2, the shortest displacement from ℓ(u) to ℓK(u) is unique and has
a unique continuous lift dK(u) ∈ R3 with |dK(u)| ≤ δK. Let q be a lift of ℓ, and set
qK = q + dK, a lift of ℓK. Since ℓ(1) = ℓ(0) and ℓK(1) = ℓK(0), we have dK(1) = dK(0).
The two lifts therefore have the same displacement q(1)− q(0) and the loops have the
same winding class. The ruled homotopy GK(u, v) = q(u) + vdK(u) descends to the torus.
Differentiating piecewise, we find

|∂vGK| ≤ δK, ∂uGK = (1 − v)q′(u) + vq′K(u),

so Area(GK) ≤ δK
∫ 1

0

∫ 1
0 ((1 − v)|q′|+ v|q′K|) du dv, which is the right side of (29.5). The

endpoints GK(0, v) = GK(1, v) move along the segment cK(v) = q(0) + vdK(0) from ℓ(0)
to ℓK(0). The homotopy v 7→ cK|[0,v] ∗ GK(·, v) ∗ (cK|[0,v])

−1, suitably parametrized, is a
comparison homotopy between ℓ and ℓK with connector cK; the added retracing parts
have differentials of rank at most one and contribute no swept area. This proves (29.5).
The finitely many paths with δK ≥ L/2 may have another winding class; this does not
affect convergence statements.

Remark 29.12. Uniform convergence of the paths alone does not suffice for convergence
of holonomies; the bound on the lengths in Definition 2.1 is needed. Consider a smooth
periodic connection that agrees in a coordinate ball with A = bx1τ3 dx2, where b /∈ 4πZ,
and the loops that traverse a square of side δ based at the origin mδ = ⌊δ−2⌋ times. These
loops converge uniformly to the constant loop, but their lengths 4mδδ tend to infinity,
and their holonomies exp(bmδδ2τ3) converge to exp(bτ3) ̸= I. Taking the sides of the
squares to be integer multiples of the mesh gives the same example with lattice loops.
The length and area conditions of Definition 2.1 exclude it.

Lattice loop observables

Definition 29.13. Let N ≥ 4, let ℓ be a piecewise C1 loop, let χ be a character of a
finite-dimensional representation of SU(2), let t > 0, and let ℓN be a closed lattice path in
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ΛN. Set
Wlat

N,ℓ,χ,t(U) = χ
(
HolℓN(Ψ

(N)
t U)

)
, U ∈ UN, (29.7)

where the dependence on ℓN is suppressed. For the loops and times (ℓj, tj) of Theo-
rem 29.3, let ℓj,aN be the lattice paths of Lemma 29.10, fixed once and for all j and N, and
set

Wlat
N,j(U) = 1

2 tr Holℓj,aN

(
Ψ(N)

tj
U
)
, U ∈ UN. (29.8)

On a sequence of sides (NK)K we write Wlat
K,ℓ,χ,t and Wlat

K,j for these functions on UNK .

The paths ℓj,aN depend only on the loop and the mesh, and not on the configuration, on
any parameter of the renormalization group, or on the coarse comparison side used below.
By Lemma 29.10, along every sequence NK → ∞ they form admissible approximations
of the loops ℓj, with swept areas O(aNK).

The Wilson flow and the holonomies of closed lattice paths are continuous and
covariant under lattice gauge transformations, and a character removes the conjugation
at the base point. The functions (29.7) and (29.8) are therefore continuous, in particular
Borel, and invariant under all lattice gauge transformations on the whole configuration
space. By unitarity, |Wlat

N,ℓ,χ,t| ≤ χ(I), and the functions Wlat
N,j are real with absolute value

at most one. In particular,

|wj(X)− Wlat
N,j(U)| ≤ 2 for all X ∈ XL, U ∈ UN. (29.9)

The results of Section 28 allow characters of arbitrary finite-dimensional representations,
including the unnormalized fundamental character. Whenever we apply Theorems 28.1
and 28.2 to the functions Wlat

N,j, we apply them to the vector of fundamental characters
and multiply its entries by 1/2. This continuous linear map preserves joint convergence
in law, and for complex source functionals it replaces the sources zi by zi/2. The limits
are the corresponding joint laws of the determining coordinates wj.

The lattice energy

Recall the physical lattice energy Ea(U) = (8/a)∑p∈PN
q(Up) of (2.2), a = L/N, in which

each positive plaquette is counted once. In terms of the Wilson action SW of Definition 4.1,
which equals E0, we have Ea = 2SW/a. For a lattice potential A at mesh a we write eaA

for the configuration with (eaA)(x,x+aei)
= exp(aAi(x)), and for a smooth one-form b on

T3
L we write Sab for its restriction to the lattice, (Sab)i(x) = bi(x).

Lemma 29.14. Let L > 0 and a = L/N with N ≥ 4.

1. The function Ea is continuous on UN, invariant under lattice gauge transformations, and
nonincreasing along the Wilson flow Ψ(N)

t = ΦW
4t/a2 .
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2. For every R > 0 there exists CL,R < ∞, independent of N, such that for lattice potentials A,
B at mesh a with ∥A∥C1

a
, ∥B∥C1

a
≤ R,

|Ea(eaA)− Ea(eaB)| ≤ CL,R∥A − B∥C1
a
, 0 ≤ Ea(eaA) ≤ CL,R.

3. For every smooth periodic one-form b we have Ea(eaSab) → EL(b) as a → 0. More precisely,
if ∥b∥C2 ≤ R and a is sufficiently small, then |Ea(eaSab)− EL(b)| ≤ CL,Ra.

4. Let Ea(U) = (4/a)∑p∈PN
q(Up) be the normalization used in Section 24. Then Ea = 2Ea

on UN.

The factor 8/a is chosen so that the limit in (3) is the energy EL of (2.3), without a
factor 1/2; the exponent in (2.1) equals EaN /(2g2

3). The point of (2) is that the Lipschitz
constant does not depend on the mesh: a plaquette logarithm is O(a2), so a plaquette
energy and its variation are O(a4), which compensates the factor a−1 and the 3(L/a)3

plaquettes.

Proof. (1) Continuity follows from the finite products and the trace. A lattice gauge
transformation conjugates each plaquette matrix, which leaves q(Up) unchanged. Since
Ea is a positive multiple of the Wilson action, it is nonincreasing along the negative
gradient flow ΦW, and the positive change of time s = 4t/a2 does not affect this.

(2) We consider one plaquette pij(x) and set

v =
(
aAi(x), aAj(x + aei), −aAi(x + aej), −aAj(x)

)
.

For aR small, the expansion of the logarithm of a product of four exponentials in
Lemma 24.2 reads

fA = Log Upij(x) =
4

∑
k=1

vk +
1
2 ∑

k<l
[vk, vl] +R(v), |R(v)| ≤ C|v|3, ∥DR(v)∥ ≤ C|v|2.

The bound on DR follows from Taylor’s integral formula for the analytic logarithm
of a word of fixed length: the remainder has vanishing Taylor coefficients up to order
two, and its third derivative is bounded on a smaller fixed chart. The linear sum equals
a2(D+

i Aj − D+
j Ai)(x). If we freeze the shifted entries at x, the quadratic sum equals

a2[Ai(x), Aj(x)], and changing one entry back costs at most CRa3. We conclude that

a−2 fA = D+
i Aj − D+

j Ai + [Ai, Aj] + OR(a), | fA| ≤ CRa2. (29.10)

Let δ = ∥A − B∥C1
a
. By the exact cancellation in the linear term, we have |∑ v(A) −

∑ v(B)| ≤ Ca2δ, the difference of the quadratic terms is at most CRa2δ, and the difference
of the remainders is at most CRa3δ. Thus | fA − fB| ≤ CRa2δ. By (4.2), q(e f ) = | f |2/8 +

O(| f |4), and the differential of f 7→ q(e f ) has norm at most C| f | on this chart. Hence
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the plaquette energies differ by at most CRa4δ. There are 3(L/a)3 positive plaquettes,
and multiplication by 8/a gives the bound 24L3CRδ, with no remaining power of the
mesh. This proves the Lipschitz bound for a ≤ a0(L, R). Meshes a > a0 correspond to
finitely many sides N < L/a0; for them, the differential of the unitary exponential and
telescoping give the plaquette bound Ca∥A − B∥∞, which yields a Lipschitz constant
24CN3 ≤ 24C(L/a0)

3. We enlarge CL,R to cover these meshes. Since Ea(I) = 0, taking
B = 0, we obtain Ea(eaA) ≤ CL,RR, and we absorb R into the constant. Nonnegativity
follows from q ≥ 0 on SU(2).

(3) For A = Sab, forward differences differ from derivatives by OR(a) on the ball
∥b∥C2 ≤ R. By (29.10) and the expansion of q,

Ea(eaSab) = a3 ∑
x∈ΛN

∑
i<j

|Fij(b)(x)|2 + OL,R(a).

Since the summand has bounded first derivatives on this ball, replacing the Riemann
sum by the integral costs a further OL,R(a). Finally, since |X|2 = −2 tr X2 and Fji = −Fij,
we have ∑i,j − tr F2

ij = ∑i<j|Fij|2, and the limit is exactly EL(b).
(4) This is immediate from the definitions.

Stability along the Wilson flow

We recall the setting of Sections 24 and 25. Fix 1/2 < α < 2/3 and a horizon T0 > 0. For
a lattice potential A0 at mesh a, its linear and quadratic flow data are x(t) = Pa

t A0 and
y = Qa(x, x). We measure them by the flow-data norm Xa

α(x) + Ya
α(y), with the norms

of Definition 4.8 on [0, T0], including all physical first differences and shifts. For two
potentials A0, A′

0 in the same gauge, with flow data (x, y) and (x′, y′), we write

da = Xa
α(x − x′) + Ya

α(y − y′).

On the smaller link coordinate domain used in Lemma 24.2, the Wilson flow has damped
representatives: they are obtained by a time-dependent lattice gauge transformation and
solve the gauge-fixed lattice equation of that lemma, whose linear part is the lattice heat
equation. A finite reference family for a smooth solution of the Yang–Mills heat flow on a
time interval [s, T] consists of a finite partition of [s, T], smooth solutions of the DeTurck
equation on the subintervals, and fixed smooth gauge transformations at the partition
times, as provided by Theorem 24.10. Each of these DeTurck solutions is a reference
solution.

The first lemma transfers a small error at a positive time s to all later times up to a
fixed horizon. It follows directly from the comparison with a fixed smooth reference in
Lemma 25.5.
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Lemma 29.15. Let 0 < s < T, and let b be a smooth solution of the Yang–Mills heat flow on
[s, T] with a finite reference family, consisting of DeTurck solutions b(i) on intervals Ii. For lattice
meshes a → 0, let Va be configurations with representatives Va = eaAa(s) such that

ea = ∥Aa(s)− Sab(s)∥∞ + ∥Da Aa(s)− Sa∂b(s)∥∞ −→ 0,

where Da and ∂ denote all first differences and the corresponding derivatives. Then for all
sufficiently small a, the Wilson flow t 7→ Ψ(N)

t−s Va, t ∈ [s, T], has representatives A(i)
a solving that

gauge-fixed lattice equation on the intervals Ii, in the gauges of the reference family, such that

max
i

sup
t∈Ii

∥A(i)
a (t)− Sab(i)(t)∥C1

a
≤ C(ea + a).

The constant C and the smallness threshold depend only on L, the horizon T − s, the smooth
bounds of the reference family, its gauge transformations, and its chart margins. They do not
depend on the mesh, the coupling, or any probability measure, and the convergence ea → 0 may
be arbitrarily slow.

Proof. We translate the initial time to zero, so that the horizon is T − s. By Taylor’s
formula in our difference conventions, ∥DaSab(s)− Sa∂b(s)∥∞ ≤ Ca∥b(s)∥C2 , so

ηa = ∥Aa(s)− Sab(s)∥C1
a
≤ ea + Ca∥b(s)∥C2 .

Every reference solution of the family is smooth on its closed space-time domain, and in
particular its spatial derivatives up to order five are bounded. The finitely many reference
solutions and fixed smooth gauge transformations have common bounds, which are part
of the data of the reference family and not bounds on higher derivatives of nearby lattice
fields. The fixed-reference and finite-family parts of Lemma 25.5 choose the constants and
the thresholds for the mesh and the initial error from these bounds, before the incoming
error is made small. At the ith partition time, using (25.14) together with the change of
gauge, we obtain a recursion

ηi+1 ≤ GiCi(ηi + a) + dia

for the error ηi at the start of the ith interval, with finitely many constants Gi, Ci, di
depending only on the reference family. Iterating it finitely many times, and taking the
minimum of the resulting thresholds, we obtain

max
i

sup
t∈Ii

∥A(i)
a (t)− Sab(i)(t)∥C1

a
≤ C(ηa + a) ≤ C′(ea + a).

The same lemma keeps the representatives inside the coordinate domain of Lemma 24.2,
with the required positive distance from its boundary. It also identifies the solution
of the gauge-fixed lattice equation on each interval with the Wilson flow, whose time
normalization 4t/a2 is that of Lemma 24.2. Since ea → 0 and a → 0, the thresholds are
eventually satisfied.
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Theorem 29.16. Fix L, T0, R > 0, 1/2 < α < 2/3, 0 < τ ≤ T < ∞, and u as in Lemma 25.9,
together with finitely many characters χ1, . . . , χb and lengths l1, . . . , lb > 0. There exist a∗ > 0
and C < ∞, depending only on these data, with the following property. Let a = L/N ≤ a∗, and
let U, U′ be the configurations of two lattice potentials at mesh a in the same gauge, whose flow
data have norms at most R on [0, T0] and discrepancy da. Then

sup
τ≤t≤T

(∣∣Ea(Ψ
(N)
t U)− Ea(Ψ

(N)
t U′)

∣∣+ b

∑
i=1

∣∣χi(Holℓi,a Ψ(N)
t U)− χi(Holℓi,a Ψ(N)

t U′)
∣∣) ≤ Cda

(29.11)
for all closed lattice paths ℓi,a in ΛN of physical length at most li, and

sup
τ≤t≤T

Ea(Ψ
(N)
t U) ≤ C.

The constants do not depend on the coupling, on any probability measure, or on the
number of averaging steps. The estimate requires no convergence of the configurations
as a → 0, no condition on swept areas, and no bound on higher derivatives, and it has no
additive error term in the mesh. This allows us to apply it to finite-scale reconstructions
with a growing number of scales.

Proof. Let δ, K be the constants of Lemma 25.9. Suppose first that da ≤ δ. By that lemma,
the two Wilson flows have damped representatives B, B′, solving the gauge-fixed lattice
equation on the intervals of a common reference family. They satisfy the individual
bounds ∥B(t)∥C1

a
, ∥B′(t)∥C1

a
≤ K and the difference bound ∥B(t)− B′(t)∥C1

a
≤ Cda. By

gauge invariance and Lemma 29.14(2), the energies differ by at most CL,KCda, and each
energy is bounded on every interval. Explicitly, a plaquette logarithm is OK(a2), the
difference of two of them is OK(a2∥B − B′∥C1

a
), and, since the differential of f 7→ q(e f ) is

O(| f |), the difference of two plaquette energies is OK(a4∥B − B′∥C1
a
). The normalization

cancels as
8
a
· 3

(L
a

)3
CKa4∥B − B′∥C1

a
= 24L3CK∥B − B′∥C1

a
.

This is the energy Ea, not Ea. For the loops we apply Corollary 25.11 at each t ∈ [τ, T]; its
constant is uniform over the times in [τ, T] and over all paths within the length bounds.
The observables are continuous in t, which joins the finitely many intervals. If da > δ,
we use the individual energy bound and |χi| ≤ χi(I): the left side of (29.11) is at most
2C + 2 ∑i χi(I) ≤ (2C + 2 ∑i χi(I))da/δ, and we enlarge C accordingly. All constants
were fixed before the two configurations were chosen.

The last deterministic statement concerns a fixed compact family of smooth fields: the
cardinal interpolants, in the sense of Lemma 16.3, of arrays on a fixed coarse mesh. Here
the constants may depend on all derivatives of the family, unlike those of Theorem 29.16.
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Lemma 29.17. Fix a coarse mesh h > 0, a bound Mh < ∞, a finite horizon, and the cardinal
basis, and let f range over the cardinal interpolants of arrays on the lattice of mesh h with
supremum at most Mh, as in Lemma 28.4. Let 0 < τ < T < ∞, and let ℓ1, . . . , ℓb be loops with
characters χ1, . . . , χb and time-independent admissible approximations (ℓi,a), with comparison
homotopies of swept area Ai,a → 0. Then, as a → 0 along meshes compatible with h, the paths

t 7→
(

Ea
(
Ψ(N)

t ea f |a),
(
χi(Holℓi,a Ψ(N)

t ea f |a)
)

i≤b

)
, t ∈ [τ, T],

converge uniformly in t ∈ [τ, T], and uniformly over the family, to the paths t 7→
(EL(Φt[ f ]), (χi(Holℓi Φt[ f ]))i≤b). More precisely, the uniform distance between these paths
is at most

Ch,Mh,τ,T,W
(
a + max

i
Ai,a

)
, (29.12)

where W denotes the list of loops, characters, and lengths. The limit map from arrays to
C([τ, T]; R × Cb) is continuous.

Proof. We use the finite reference families and the consistency of the lattice flow with
the sampled smooth flow in the proof of Lemma 28.4. On each reference interval the C1

a
distance between the damped representative and the sampled reference solution tends
to zero uniformly over the family. The Lipschitz bound and the consistency for smooth
samples in Lemma 29.14 bound the error in the energy by C∥Aa − Sab∥C1

a
+ Ca. The

reference bounds are uniform over this compact family and its finitely many reference
families. The error in the loops is at most C(a +Ai,a), by Lemma 29.11(1),(2) (as in the
proof of Lemma 28.4), plus the propagated error in the potential. All these bounds are
uniform in time, which gives (29.12). The continuity of the limit map follows from the
smooth dependence of the flow on its initial datum and the continuity of the energy in
C1.

29.3 Joint convergence under the conditioned measures

Standing assumptions. In Sections 29.3 to 29.5 we fix L > 0 and an odd integer M ≥ 3,
together with the integer J, the remaining parameters Θ of the small-field event, and
the coupling bound γ0 ∈ (0, 1] of Theorem 23.2, for which Theorem 23.9 holds. We fix
γ ∈ (0, γ0] and n∗ ∈ 4N, and set B = MJ , NK = n∗BK, aK = L/NK, and nr = n∗Br. For
0 ≤ r ≤ K let

νK|r = νNK ,nr,γ = µNK ,γ
(
· | SNK ,nr,γ

)
, eK|r = µNK ,γ

(
Sc

NK ,nr,γ
)

be the conditioned Wilson measure with coarse side nr and the corresponding small-field
failure probability. Let R be the set of indices r for which Theorem 28.8, and hence
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Theorems 28.1 and 28.2, apply at the coarse side nr; this set is infinite. By Theorem 23.9,
as recorded in Theorem 28.2, for r ∈ R we have

eK|r ≤ ϵK + Fγ(nr), ϵK → 0 (K → ∞), Fγ(nr) → 0 (r → ∞), (29.13)

and one may take ϵK = 0 and Fγ(u) = C′u3e−c̄u/γ + Cwu3e−aw log2
√

Mu/γ.
The conditioning is removed by the following elementary identity. If eK|r < 1, then

µNK ,γ = (1 − eK|r)νK|r + eK|rρK|r with ρK|r = µNK ,γ( · | Sc
NK ,nr,γ) (any probability measure

if eK|r = 0). In particular,

µNK ,γ(B) ≤ νK|r(B) + eK|r for every Borel event B, (29.14)

and |EµNK ,γ F −EνK|r F| ≤ DeK|r for every measurable F with 0 ≤ F ≤ D, and ≤ 2eK|r∥F∥∞

for every bounded complex measurable F (Lemma 5.5). We always use these bounds in
the following order: first K → ∞ at a fixed r ∈ R, and then r → ∞ in R.

Finite-scale reconstructions. Fix r ∈ R and write n = nr and νK = νnBK ,n,γ, so that
νK = νK+r|r. We recall the following objects from Theorem 28.8, with input horizon
T0 = L2; they are all defined on the joint realization of Remark 15.11 and Theorem 28.8,
whose fine-configuration marginal is νK. The reconstruction coupled to U with the
reconstruction maps of Theorem 15.13 gives arrays Aj, 0 ≤ j ≤ K, on the lattices of
mesh aj = (L/n)B−j, and the configuration eaK AK is a gauge representative of U. For
0 ≤ q ≤ K, the finite-scale reconstruction from the first q renormalization group steps
from the coarse side is the fine configuration U[q]

K = exp(aK Iaq→aK Aq), where Iaq→aK is the
cardinal interpolation of Lemma 16.3. Its flow data at mesh aK are xq = PaK· Iaq→aK Aq and
yq = QaK(xq, xq), and those of U are xK, yK. We set

RK = XaK
α (xK) + YaK

α (yK), ρ(R) = sup
K≥0

νK{RK > R},

DK,q = XaK
α (xK − xq) + YaK

α (yK − yq).

By Theorem 28.8, we have ρ(R) → 0 as R → ∞ and

lim
q→∞

sup
K≥q

νK{DK,q > η} = 0 for every η > 0. (29.15)

For each fixed q, there exists a compact set Cq of arrays, independent of K ≥ q, that
supports the law of Aq under every νK. These laws converge weakly as K → ∞ to a law
supported on Cq (Theorem 15.14). Let fq be the cardinal interpolant of Aq on the torus,
a one-form, and let λq = λr,q be the law of the trajectory t 7→ Φt[ fq] when Aq has this
limiting law.

Theorem 29.18. Assume the standing assumptions, and let r ∈ R. There exists a Borel
probability measure λr on XL, written λr,γ when the coupling is displayed, with the following
properties.
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1. As q → ∞, every finite vector of energies EL(X(v)), v > 0, and functions Wℓ,χ,t under
X ∼ λq converges in law to the same vector under X ∼ λr, and (i1,2)#λq → (i1,2)#λr

against bounded T1,2-continuous functions.
2. Let v1, . . . , vp > 0. For h ≤ b let ℓh be loops with admissible approximations (ℓh,K)K along

(NK)K, let χh be characters, let th > 0, and write Wlat
K,h = χh(Holℓh,K

Ψ(NK)
th

U). Then, under
νK|r, as K → ∞,((

EaK(Ψ
(NK)
vi U)

)
i≤p,

(
Wlat

K,h
)

h≤b

)
=⇒

((
EL(X(vi))

)
i≤p,

(
Wℓh,χh,th

(X)
)

h≤b

)
,

where X ∼ λr.
3. Suppose that the paths ℓh,K do not depend on the time, and let 0 < τ < T < ∞. Then, under

νK|r, the processes

t 7→
(

EaK(Ψ
(NK)
t U),

(
χh(Holℓh,K

Ψ(NK)
t U)

)
h≤b

)
, t ∈ [τ, T],

converge in law in C([τ, T]; R × Cb) to t 7→ (EL(X(t)), (Wℓh,χh,t(X))h≤b) with X ∼ λr.
If (ℓ′h,K)K are other time-independent admissible approximations of the same loops, then

lim
K→∞

EνK|r sup
τ≤t≤T

max
h≤b

∣∣χh(Holℓh,K
Ψ(NK)

t U)− χh(Holℓ′h,K
Ψ(NK)

t U)
∣∣ = 0.

4. For admissible approximations with swept areas O(aK), in particular those of Defini-
tion 29.13, the limit laws of the loop vectors in (2) are those of Theorem 28.1.

5. For every t > 0,

lim
A→∞

sup
K≥r

νK|r
{

EaK(Ψ
(NK)
t U) > A

}
= 0, lim

A→∞
sup
K≥0

µNK ,γ
{

EaK(Ψ
(NK)
t U) > A

}
= 0.

All convergence moduli are at the fixed coupling γ and, for the conditioned measures,
at the fixed index r.

Proof. We fix r ∈ R and use the reindexed measures νK and the notation introduced
above; the statements for νK|r follow by the shift K 7→ K + r. We first construct the laws
λq and show that the lattice observables of U are close in law to those of the finite-scale
reconstructions, whose limits are continuum observables under λq; this produces joint
limits of the lattice observables. We then prove that the energies under λq are tight, extract
a limit λr using the compactness theorem of Cao and Chatterjee for Sobolev trajectories,
identify λr by its Wilson loops, and use the continuity of energies after a positive time
(Lemma 29.7) to identify the joint limits of energies and loops.
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Step 1: the laws λq. The map from arrays Aq to the initial datum fq is linear and
continuous in every smooth norm, and by Theorem 24.10 the smooth flow depends
continuously on its initial datum on every finite horizon. Hence every determining
coordinate wj of the trajectory t 7→ Φt[ fq] is a continuous function of the array. Since
the Borel σ-algebra of XL is generated by the wj (Theorem 29.3), the map from arrays to
trajectories is measurable, and λq is a Borel probability measure on XL. Its image (i1,2)#λq

is a Borel probability measure on X 1,2
L , by Step 4 of the proof of Theorem 29.3.

Step 2: approximation by finite-scale reconstructions. Fix a finite list as in (2), respec-
tively a time-independent list and an interval [τ, T] as in (3). Let ZK be the corresponding
finite vector, respectively path, of observables of U, with values in the complete separable
metric space E = Rp × Cb, respectively E = C([τ, T]; R × Cb), which we equip with the
bounded metric d = min(2, ∥·∥∞). Let Z[q]

K be the same observables of the finite-scale

reconstruction U[q]
K , on that same joint realization. Since eaK AK is gauge equivalent to U

there, their joint gauge-invariant observables agree sample by sample, and their law is
the required law under the U-marginal νK.

On the event {RK ≤ R, DK,q ≤ η} with η ≤ 1, both flow data have norm at most R+ 1,
and the two potentials are in the same gauge. By Theorem 29.16 at radius R + 1, applied
on an interval containing all times of the list, we have d(ZK, Z[q]

K ) ≤ CRη whenever
aK ≤ a∗(R + 1). We conclude that, for every test function ϕ on E bounded by one and
with Lipschitz constant at most one,∣∣EνK ϕ(ZK)− EνK ϕ(Z[q]

K )
∣∣ ≤ CRη + 2ρ(R) + 2νK{DK,q > η} (29.16)

for all K with aK ≤ a∗(R + 1). This threshold does not depend on q. By (29.15), the right
side of (29.16) tends to zero, uniformly in K ≥ q, if we choose first R large, then η small,
and then q large, as in the proof of Theorem 28.1.

Fix q, and let G be the map that sends a trajectory to the continuum energies and
Wilson loops of the list. By Lemma 29.17, applied with the coarse mesh aq and the

compact set Cq, the observables of U[q]
K converge as K → ∞, uniformly for Aq ∈ Cq, to the

continuous function Aq 7→ G(t 7→ Φt[ fq]). Combining this with the weak convergence of

the laws of Aq, which are all supported on Cq, we obtain Z[q]
K ⇒ G#λq. The observable

maps converge uniformly on Cq to a continuous map, and each fixed-K map is continuous
on Cq. By uniform convergence, compactness of Cq, and completeness of E, the union
of their images has compact closure, and so does the union of the supports of the laws
of Z[q]

K , K ≥ q. Each ZK has compact support, since the compact configuration space is
mapped continuously into E by the finite-dimensional Wilson flow. By Lemma 28.9, a
version of the converging-together principle [28, Theorem 3.2] that also constructs the
limit, the laws of ZK converge to a probability measure ρG on E. Letting K → ∞ at fixed
q in (29.16), we find that G#λq → ρG as q → ∞. The argument applies to every finite list,
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and in particular to the union of any two lists. The limits are therefore consistent under
unions and projections, and we never combine separately obtained marginal limits.

Step 3: tightness of the energies under λq. Let t > 0 and ε > 0. Fix R with ρ(R) < ε.
By (29.15), for all sufficiently large q we have supK≥q νK{DK,q > 1} < ε, and we may
also assume aq ≤ a∗(R + 1), so that aK ≤ a∗(R + 1) for all K ≥ q. On the event

{RK ≤ R, DK,q ≤ 1} the flow data of U[q]
K have norm at most R + 1, and by the individual

bound in Theorem 29.16 we have EaK(Ψ
(nBK)
t U[q]

K ) ≤ CR,t for a deterministic CR,t. Let
ϕ be continuous, with ϕ = 0 on (−∞, CR,t], ϕ = 1 on [CR,t + 1, ∞), and 0 ≤ ϕ ≤ 1.

Then EνK ϕ(EaK(Ψ
(nBK)
t U[q]

K )) ≤ 2ε for K ≥ q. Letting K → ∞, by Lemma 29.17 and the
convergence of the law of Aq, we obtain

λq
{

EL(X(t)) > CR,t + 1
}
≤ Eλq ϕ

(
EL(X(t))

)
≤ 2ε.

The finitely many smaller q have laws supported on compact sets of smooth initial data,
and their energies at time t are bounded. We conclude that the energies at time t are tight
under {λq}q≥0, for every t > 0.

Step 4: the limit λr. The compactness theorem for Sobolev trajectories [43, Theorem
3.73, pp. 41–42] applies to Borel X 1,2

L -valued random variables whose energy laws at
each positive time are tight, which we have just verified for (i1,2)#λq. For fixed L we use
the rescaling of Lemma 29.2. We obtain a subsequence along which (i1,2)#λq converges,
against bounded T1,2-continuous functions, to a Borel probability measure η on X 1,2

L . We
set λr = (j1,2)#η, a Borel probability measure on XL. By Lemma 29.2(6),(7), j1,2 preserves
the functions Wℓ,χ,t, and these are continuous on X 1,2

L . Hence the finite joint laws of the
functions Wℓ,χ,t under λr are the limits of those under λq along the subsequence. By Step
2, these are the marginals of the limits ρG, so they do not depend on the subsequence.
By Theorem 29.3(4), λr does not depend on the subsequence. Since i1,2 j1,2 = Id, we have
η = (i1,2)#λr, so the limit η is unique. The whole sequence (i1,2)#λq therefore converges
to (i1,2)#λr: otherwise a subsequence would stay away from it, and a further subsequence
would converge to (i1,2)#λr, a contradiction.

Step 5: identification of the energies. By Lemma 29.7, for every v > 0 the function
Z 7→ EL(Z(v)) is continuous on (X 1,2

L , T1,2); one factors the evaluation at time v through
an earlier time s ∈ (0, v). The functions Wℓ,χ,t ◦ j1,2 are continuous as well. Applying
bounded continuous functions to the whole vector, we see from Step 4 that every finite
vector of energies and Wilson loops under λq converges in law to the same vector under
λr. This proves (1). By Step 2 applied to finite vectors, the same vectors under λq

converge to the limit law ρG of the lattice observables. We conclude that ρG is the law of
the continuum vector under λr, which proves (2). This step uses the continuity of the
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energy after a positive time; measurability of the energy, or convergence of the energy
marginals separately, would not suffice.

Step 6: paths and comparison of approximations. In the setting of (3), the limit ρG is a
probability measure on continuous paths, and by Step 5 its finite-dimensional distribu-
tions at rational times coincide with those of G#λr. Evaluations at rational times generate
the Borel σ-algebra of C([τ, T]; R × Cb) and determine probability measures on it, and
the continuum path map G is Borel for the same reason. This implies that ρG = G#λr.
For two time-independent admissible approximations, we apply this to the union of
the two lists. In the limit, the corresponding loop paths coincide. The supremum over
[τ, T] of their maximal difference is a continuous function of the joint path, bounded by
2 maxh χh(I). It converges in law to zero, and since it is bounded, its expectation tends to
zero. This proves (3).

For approximations with swept areas O(aK) and lists consisting only of loops, Step
2 is the argument of Theorem 28.1, and both limits are the limits as q → ∞ of the laws
G#λq; this proves (4).

Step 7: tails of the lattice energies. The tails under the conditioned measures follow
from the tightness of RK and the individual energy bound of Theorem 29.16, applied with
U′ = U. The finitely many meshes above the threshold a∗ are covered by the deterministic
bound Ea(U) ≤ (8/a) · 3N3 · 2 = 48N3/a, since 0 ≤ q ≤ 2. For the Wilson measures we
use (29.14) and (29.13):

µNK ,γ
{

EaK(Ψ
(NK)
t U) > A

}
≤ νK|r

{
EaK(Ψ

(NK)
t U) > A

}
+ ϵK + Fγ(nr).

We take the limit superior as K → ∞, then let A → ∞ at fixed r, and finally let r → ∞
in R. This shows that limA→∞ lim supK→∞ µNK ,γ{EaK(Ψ

(NK)
t U) > A} = 0. The finitely

many remaining sides NK have the deterministic bound 48N3
K/aK, which proves (5).

29.4 Measurable approximation by smooth trajectories

We now construct Borel maps πK that approximate the lattice Wilson loop coordinates
by smooth trajectories, subject to one-sided energy bounds. The maps choose from the
countable family of trajectories Xq of Lemma 29.8, so no measurable choice of gauges is
needed. The energy bounds transfer the tightness of the lattice energies to the trajectories
πK(U). The map πK is an auxiliary measurable approximation, not a canonical continuum
interpolation of a lattice configuration.

Theorem 29.19. Assume the standing assumptions of Section 29.3. Let (Xq)q≥1 be the tra-
jectories of Lemma 29.8, let wj and Wlat

K,j be as in Theorem 29.3 and Definition 29.13, and set
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si = L22−i and εm = 2−m. For m ≥ 1, K ≥ 0, and U ∈ UNK , we say that q satisfies the level-m
conditions at U if

|wj(Xq)− Wlat
K,j(U)| < εm (j ≤ m),

EL(Xq(si)) < EaK(Ψ
(NK)
si U) + εm (i ≤ m).

(29.17)

Let πK,m(U) = Xq for the least q satisfying the level-m conditions at U, let πK,m(U) = X1, the
zero trajectory, if there is no such q, and let πK,0 = X1. Then the following statements hold.

1. Each map πK,m : UNK → XL is Borel and invariant under all lattice gauge transformations.
2. For each fixed m ≥ 1, the probability that no q satisfies the level-m conditions tends to zero

as K → ∞, both under νK|r for every r ∈ R and under µNK ,γ.
3. There exists a nondecreasing sequence of integers m(K) → ∞, depending only on the data

fixed in the standing assumptions and in this theorem, and not on U, such that the maps
πK = πK,m(K) satisfy, for every r ∈ R, every j ≥ 1, and every t > 0,

lim
K→∞

EνK|r |wj(πK(U))− Wlat
K,j(U)| = 0, lim

R→∞
sup
K≥r

νK|r
{

EL(πK(U)(t)) > R
}
= 0,

and such that the image measures (πK)#νK|r converge to λr against every bounded TW-
continuous function and weakly with respect to dc.

4. Let W be a finite list of loops with admissible approximations, characters, and positive times
as in Theorem 29.18(2), with lattice vector W lat

K (U) and continuum vector W (X). Then for
every bounded continuous function f of this vector and every r ∈ R,

lim
K→∞

EνK|r

∣∣ f (W (πK(U)))− f (W lat
K (U))

∣∣ = 0.

The sequence m(K) may depend on L, γ, M, J, Θ, n∗, the enumeration (bq), the loops
and times (ℓj, tj), and the convergence moduli in (2) for the countably many indices
r ∈ R. The maps πK do not depend on the index r that is later used to study their laws.

Proof. We prove (1) directly from the definition, (2) from the joint convergence of Theo-
rem 29.18 and an open-set argument, and then choose m(K) by a diagonal argument. The
energy constraint gives the tails in (3), the compactness of energy sublevel sets and the
determining property of the wj identify the limits, and an approximation by functions of
finitely many coordinates gives (4).

Step 1: measurability and invariance. Each condition in (29.17) is a strict inequality
between continuous gauge-invariant functions of U. Then the set FK,m,q of configurations
at which q satisfies the level-m conditions is open, in particular Borel, and invariant
under lattice gauge transformations. The event that q is the least such index is FK,m,q \⋃

q′<q FK,m,q′ , and the event that no index satisfies the conditions is the complement of
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SK,m =
⋃

q FK,m,q. For a Borel set B ⊂ XL, the preimage π−1
K,m(B) is the countable union of

the events that q is the least index, over those q with Xq ∈ B, together with the failure
event if X1 ∈ B. This proves that πK,m is Borel. Gauge invariance holds event by event.

Step 2: success at a fixed level. Fix m ≥ 1. Let Om ⊂ R2m be the union over q of the sets{
(u, v) ∈ Rm × Rm : |wj(Xq)− uj| < εm, EL(Xq(si)) < vi + εm (i, j ≤ m)

}
.

It is open, and by Lemma 29.8 it contains the vector ((wj(X))j≤m, (EL(X(si)))i≤m) for
every X ∈ XL. By Theorem 29.18(2), applied to the joint vector of the first m lattice
coordinates and the lattice energies at the times s1, . . . , sm, and by the portmanteau
theorem for open sets [28, Theorem 2.1],

lim inf
K→∞

νK|r(SK,m) ≥ λr
{(

(wj(X))j≤m, (EL(X(si)))i≤m
)
∈ Om

}
= 1.

This uses the joint convergence of energies and loops on the same configuration. By
(29.14) and (29.13),

lim sup
K→∞

µNK ,γ(S c
K,m) ≤ Fγ(nr),

and letting r → ∞ in R, we obtain (2) for the Wilson measures.

Step 3: the choice of m(K) and the coordinates. We enumerate R as r(1), r(2), . . . .
We choose strictly increasing integers Km ≥ max{m, r(1), . . . , r(m)} such that for ev-
ery K ≥ Km the probability of S c

K,m is at most 2−m, under µNK ,γ and under each of
νK|r(1), . . . , νK|r(m). This is possible by Step 2, since each Km involves only finitely many
requirements. We set m(K) = max{m : Km ≤ K}, and m(K) = 0 if this set is empty. This
is a single deterministic definition along the sequence NK. Fix j ≥ 1 and r = r(l) ∈ R.
For all sufficiently large K we have m(K) ≥ max(j, l), and then, both under νK|r and
under µNK ,γ,

E|wj(πK(U))− Wlat
K,j(U)| ≤ 2−m(K) + 2 P(S c

K,m(K)) ≤ 3 · 2−m(K). (29.18)

Here we used the conditions (29.17) with j ≤ m(K) on the event SK,m(K), and (29.9) on its
complement.

Step 4: energies. Let i ≤ m(K). On the event SK,m(K) the energy condition in (29.17)
holds, and on its complement the zero trajectory has energy zero. We conclude that for
every configuration U ∈ UNK ,

EL(πK(U)(si)) ≤ EaK(Ψ
(NK)
si U) + 2−m(K) (i ≤ m(K)). (29.19)

Fix i. By Theorem 29.18(5), the lattice energies at time si have tails that are uniform
in K ≥ r under νK|r and uniform in K ≥ 0 under µNK ,γ. By (29.19) the same holds for
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EL(πK(U)(si)) for all K with m(K) ≥ i. For each of the finitely many other K, every output
πK(U) is one of the smooth trajectories Xq. Then EL(πK(U)(si)) is a finite measurable
function of U, and its tail probabilities tend to zero by continuity from above of the
measure. Combining the two cases, we find that for every i the energies EL(πK(U)(si))

have tails that are uniform in K ≥ r under νK|r and uniform in K ≥ 0 under µNK ,γ. For an
arbitrary t > 0 we choose si ≤ t and use the monotonicity of the continuum energy. This
proves the tail bound in (3).

Step 5: convergence of the image measures. Fix r ∈ R. By Step 4 and Theorem 29.6,
the image measures (πK)#νK|r have compact containment, and every subsequence has a
further subsequence converging against bounded TW-continuous functions and weakly
for dc. By Theorem 29.18(2), the finite vectors (Wlat

K,j)j≤b converge in law under νK|r to
(wj)j≤b under λr. By (29.18), Markov’s inequality, and uniform continuity of bounded
continuous functions on the cube [−1, 1]b, the vectors (wj(πK(U)))j≤b have the same
limit laws. Then every subsequential limit of the image measures has the same finite joint
laws of the wj as λr, and by Theorem 29.3(4) it equals λr. Since every subsequence has a
further subsequence with this limit, every bounded TW-continuous function converges
along the whole sequence. A bounded dc-continuous function is TW-continuous, which
gives the weak convergence for dc. This completes the proof of (3).

Step 6: additional lists. We now prove (4); the argument uses only compact sets and
does not require the functions Wℓ,χ,t of the list to be dc-continuous. It suffices to treat real
f ; for complex f we apply the result to the real and imaginary parts. Let h(X) = f (W (X))

and D = ∥ f ∥∞; only the values of f on the compact range of the character vector matter.
Let η > 0. By Step 4, Theorem 29.6, and the finiteness of the energies under λr, there
exists a compact set C = K(R) with mass at least 1 − η under every image measure
(πK)#νK|r and under λr. Let δ > 0. By Lemma 29.9 there exist b and a continuous
G : [−1, 1]b → [−D, D] with |h − G ◦ pb| < δ on C, where pbX = (wj(X))j≤b. Then

EνK|r |h(πK(U))− G(pbπK(U))| ≤ δ + 2Dη.

By (3) and the uniform continuity of G, EνK|r |G(pbπK(U))− G((Wlat
K,j(U))j≤b)| → 0. Next

we apply Theorem 29.18(2) to the single joint list consisting of the first b coordinates
and the whole list W . Its limit is the corresponding vector under λr, and applying the
bounded continuous function |G(u)− f (v)| to the joint vector, we obtain

lim
K→∞

EνK|r

∣∣G(
(Wlat

K,j(U))j≤b
)
− f (W lat

K (U))
∣∣ = Eλr |G(pbX)− h(X)| ≤ δ + 2Dη.

By the triangle inequality, the limit superior in (4) is at most 2δ + 4Dη, and we let
δ, η → 0.
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29.5 Removal of the conditioning

Theorem 29.20. Assume the standing assumptions of Section 29.3, and let πK be the maps of
Theorem 29.19. Then the following statements hold.

1. For every t > 0,
lim

R→∞
sup
K≥0

µNK ,γ
{

EL(πK(U)(t)) > R
}
= 0.

2. The image measures (πK)#µNK ,γ have compact containment, and they converge, against
every bounded TW-continuous function and weakly with respect to dc, to a Borel probability
measure λL,γ,[n∗] on XL.

3. For every j ≥ 1, limK→∞ EµNK ,γ |wj(πK(U))− Wlat
K,j(U)| = 0.

4. For every finite list W as in Theorem 29.19(4) and every bounded continuous function f of
its vector,

lim
K→∞

EµNK ,γ f
(
W lat

K (U)
)
=

∫
f (W (X)) dλL,γ,[n∗](X),

lim
K→∞

EµNK ,γ

∣∣ f (W (πK(U)))− f (W lat
K (U))

∣∣ = 0.

All statements concern the whole sequence NK = n∗BK at the fixed coupling γ, and
the convergence moduli and m(K) may depend on γ and on this sequence.

Proof. Statement (1) and the bound (29.18) under µNK ,γ, which gives (3), were proved in
Steps 3 and 4 of the proof of Theorem 29.19. By (1) and Theorem 29.6, the image measures
have compact containment, and every subsequence has a further subsequence converging
against bounded TW-continuous functions and weakly for dc. By Theorem 28.2, applied to
the fundamental characters and multiplied by 1/2, every finite vector (Wlat

K,j)j≤b converges
in law under µNK ,γ along the whole sequence. By (3), every subsequential limit of the
image measures has these limits as the finite joint laws of the wj, and by Theorem 29.3(4)
all subsequential limits coincide. Applying the compactness to a subsequence that stays
away from this common limit gives a contradiction, which proves (2).

Fix a finite list W and a bounded continuous f . By Theorem 29.19(4), the nonnegative
discrepancy

DK =
∣∣ f (W (πK(U)))− f (W lat

K (U))
∣∣ ≤ 2∥ f ∥∞

satisfies EνK|r DK → 0 for every r ∈ R. By Lemma 5.5 and (29.13), for every r ∈ R,

lim sup
K→∞

EµNK ,γ DK ≤ 2∥ f ∥∞Fγ(nr),

and letting r → ∞ shows that the expected absolute discrepancy tends to zero.
Since f ◦ W is bounded and TW-continuous, by (2) we have EµNK ,γ f (W (πK(U))) →∫

f (W (X)) dλL,γ,[n∗](X), and the first assertion of (4) follows. This argument covers
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every finite list of loops with admissible approximations, since Theorem 29.18 and Theo-
rem 29.19(4) apply to such lists; no comparison of paths under the Wilson measures is
needed.

29.6 Couplings below a fixed bound

Sections 29.3 to 29.5 use the parameters of Theorem 23.2, which are adapted to small
couplings γ ≤ γ0. For an arbitrary fixed coupling we use instead the parameters
of Theorem 23.5, which are chosen for all couplings below a given bound Γ. In this
subsection we check that the construction carries over, and we collect the statements
about general admissible approximations of loops.

The setting below a coupling bound. Fix 0 < Γ < ∞, L > 0, and an odd integer M ≥ 3.
Let J, the parameters Θ, and the minimum coarse side nΓ ∈ 4N be as in Theorem 23.5;
they are chosen before the coupling, and Theorem 23.10 holds for all γ ∈ (0, Γ], u ∈ 4N

with u ≥ nΓ, and K ≥ 0. Fix γ ∈ (0, Γ] and n∗ ∈ 4N, and define B, NK, aK, nr, νK|r, and
eK|r as in the standing assumptions of Section 29.3. Let R be an infinite set of indices r
for which Lemma 28.11 applies at the coarse side nr. By Theorem 23.10, the bound (29.13)
holds for r ∈ R, with ϵK = 0 and Fγ(u) equal to the right side of (23.13). We refer to
these assumptions as the setting below the coupling bound Γ.

Theorem 29.21. Assume the setting below the coupling bound Γ. Then all conclusions of
Theorems 29.18 to 29.20 hold in this setting, with the same lattice energy Ea, the same trajectories
Xq, the same level-m conditions, and the zero trajectory when no index satisfies them. In particular,
there exist Borel maps πK : UNK → XL, invariant under all lattice gauge transformations and
independent of r, and Borel probability measures λr, r ∈ R, and λL,γ,[n∗] on XL, with the following
properties.

1. For every r ∈ R, the joint limits of lattice energies and loops under νK|r in Theo-
rem 29.18(2),(3) are the laws of the corresponding continuum vectors under λr, and the
image measures (πK)#νK|r converge to λr, with tight energies at positive times and L1

convergence of the coordinates wj(πK(U))− Wlat
K,j(U) → 0.

2. Under µNK ,γ, the image measures (πK)#µNK ,γ converge to λL,γ,[n∗], the energies of πK(U)

at every positive time have tails that are uniform in K ≥ 0, the coordinates converge in L1,
and every finite list of loops with admissible approximations, characters, and positive times
converges in law to its continuum vector under λL,γ,[n∗].

These are statements at each fixed coupling; the success probabilities at a fixed level
and the sequence m(K) may depend on γ.

Proof. We fix γ after J, Θ, and nΓ, and we go through the proofs of the three theorems.
The results of Sections 29.1 and 29.2 do not involve the coupling.
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The proof of Theorem 29.18 used the following stochastic inputs: the reconstruction
arrays, the gauge representative property, the tightness ρ(R) → 0, the tail bound (29.15),
and the convergence of the laws of the arrays Aq, all from Theorem 28.8; the argument of
Theorem 28.1; and Lemma 28.4. In the present setting, Lemma 28.11 provides all of them,
for the same conditional fluctuation kernels, reconstruction maps, and configurations,
with constants depending on the fixed coupling. Steps 1–6 of that proof therefore apply
without change and construct the measures λr with properties (1)–(4) of Theorem 29.18.
Step 7 used Theorem 23.9 only through (29.13), which holds here by Theorem 23.10;
property (5) therefore holds as well.

In the proof of Theorem 29.19, Step 1 involves neither the coupling nor a measure.
In Step 2, the set Om is defined by the trajectories Xq, which do not depend on γ. It
contains the vector of every trajectory, and in particular of λr-almost every one. By the
joint convergence just established, we have νK|r(S c

K,m) → 0 for every fixed m and r ∈ R,
and (29.14) with (29.13) implies that lim supK µNK ,γ(S c

K,m) ≤ Fγ(nr), which tends to zero
as r → ∞. The choice of Km and m(K) in Step 3 is the same; it may now depend on the
fixed coupling, and (29.18) holds under νK|r and under µNK ,γ. The bound (29.19) holds
on every configuration. Step 4 then gives the energy tails under both measures, using
property (5) for the lattice energies and the finiteness of the energies of the finitely many
other outputs. Steps 5 and 6 use only these facts and the measures λr constructed above.

In the proof of Theorem 29.20, compact containment follows from the energy tails.
The whole-sequence limits of the finite vectors (Wlat

K,j)j≤b under µNK ,γ are given by Theo-
rem 28.2, which holds in this setting by Lemma 28.11. The identification of all subsequen-
tial limits of the image measures with one measure λL,γ,[n∗] is then the same. So is the
treatment of additional lists: the discrepancy DK ≤ 2∥ f ∥∞ has conditioned expectations
tending to zero, which gives lim supK EµNK ,γ DK ≤ 2∥ f ∥∞Fγ(nr) for every r ∈ R, and we
let r → ∞.

The next lemma records the role of the deterministic estimates of Lemma 29.11 for
general admissible approximations of loops, below a coupling bound.

Lemma 29.22. The following statements hold.

1. The estimates of Lemma 29.11 hold with constants that do not depend on the coupling or on
any probability measure.

2. On every compact family of cardinal interpolants as in Lemma 29.17, they give the bound
(29.12) for every finite list of loops with time-independent admissible approximations.

3. Assume the setting below a coupling bound Γ, and let r ∈ R. For every finite list of positive
energy times and of loops with admissible approximations, characters, and positive times,
the lattice vector converges in law under νK|r to the corresponding continuum vector under
the measure λr of Theorem 29.21. For time-independent admissible approximations, the
corresponding processes converge in law in C([τ, T]; R × Cb) for every 0 < τ < T < ∞.
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Proof. Statement (1) is Lemma 29.11, whose proof is purely geometric. For (2), at a fixed
coarse mesh the family of cardinal interpolants is compact with bounds on all derivatives.
The comparison of the lattice flow with the sampled smooth flow, together with (1), then
gives Lemma 29.17, including general admissible approximations. Statement (3) is Theo-
rem 29.18(2),(3) in the setting below the coupling bound, which holds by Theorem 29.21.
There is no circularity: the proof of Theorem 29.18 uses (2) through Lemma 29.17, which
rests on (1) and on Lemma 28.4, and neither of these uses (3).

Theorem 29.23. Let ℓ be a piecewise C1 loop in T3
L, let aK → 0, and let (ℓK) be an admissible

approximation of ℓ along these meshes: supK length(ℓK) ≤ l < ∞, and for all sufficiently
large K there exist comparison homotopies HK between ℓ and ℓK, with connectors cK, such that
AK = Area(HK) → 0.

1. For every smooth connection A we have ∥Holℓ A− (HolcK A)(HolℓK A)(HolcK A)−1∥op ≤
C∥FA∥∞ AK. If ∥A∥C1 ≤ R, then |χ(Holℓ A) − χ(HolℓK A)| ≤ Cχ(R + R2)AK, and
replacing the exact transports along the edges of ℓK by exp(aK Ai(x)) changes χ(HolℓK A)

by at most Cχ,RlaK. These constants do not depend on the coupling or on K.
2. Assume the setting below a coupling bound Γ, with aK = L/NK. Every finite list of loops

with admissible approximations, characters, and positive times converges in law under νK|r,
r ∈ R, to its continuum vector under λr, and under µNK ,γ to its continuum vector under
the measure λL,γ,[n∗] of Theorem 29.21.

3. In the setting of (2), let (ℓh,K) and (ℓ′h,K), h ≤ b, be two admissible approximations of
the same loops, with lattice vectors W lat

K and W ′lat
K for fixed characters and times. Then

EµNK ,γ |W lat
K (U)−W ′lat

K (U)| → 0, and EµNK ,γ | f (W lat
K (U))− f (W ′lat

K (U))| → 0 for every
bounded continuous f .

4. In the setting of (2), for every R < ∞,

lim
K→∞

sup
∑h|zh|≤R

∣∣∣EµNK ,γ exp
(
∑
h

zhWlat
K,h

)
−

∫
exp

(
∑
h

zhWℓh,χh,th
(X)

)
dλL,γ,[n∗](X)

∣∣∣ = 0.

5. In the setting of (2), for time-independent admissible approximations the path convergence
of Theorem 29.18(3) under νK|r holds on every interval [τ, T] ⊂ (0, ∞), and for two such
approximations

lim
K→∞

EµNK ,γ sup
τ≤t≤T

max
h≤b

∣∣χh(Holℓh,K
Ψ(NK)

t U)− χh(Holℓ′h,K
Ψ(NK)

t U)
∣∣ = 0.

6. A sequence of closed lattice paths of bounded physical length that converges uniformly to ℓ,
as parametrized loops, is an admissible approximation of ℓ.

Proof. Statements (1) and (6) are Lemma 29.11, and the convergence under νK|r in (2) and
(5) is Lemma 29.22(3). The convergence under µNK ,γ in (2) is Theorem 29.21(2). We give
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the comparison argument, which also proves (3)–(5). Let D = maxh χh(I) for a nonempty
list, and let GK = |W lat

K (U) − W ′lat
K (U)|∞, so that 0 ≤ GK ≤ 2D. By Lemma 29.22(3),

applied to the union of the two lists, the two vectors converge jointly under νK|r to the
same continuum vector, and EνK|r GK → 0. By Lemma 5.5 and (29.13),

lim sup
K→∞

EµNK ,γ GK ≤ 2DFγ(nr).

We take the limit in K first at this fixed r, and then let r → ∞ in R; the right side tends to
zero. This proves the first assertion of (3) for the maximum norm, hence for any norm.
Taking for (ℓ′h,K) the lattice paths of Lemma 29.10, whose limit under µNK ,γ is identified
by Theorem 29.20 in the setting of Theorem 29.21, we obtain the limit in (2) for every
admissible approximation. The second assertion of (3) follows from uniform continuity
of f on the compact range of the character vectors and Markov’s inequality. For (4), the
vectors are bounded by D, and for ∑h|zh| ≤ R,∣∣ez·v − ez·v′ ∣∣ ≤ ReDR max

h
|vh − v′h|.

Then (3) transfers the uniform convergence of source functionals for the paths of
Lemma 29.10, which holds by Theorem 28.2 (in this setting by Lemma 28.11), to every
admissible approximation, and (2) identifies the limit. For the supremum in (5), we apply
Theorem 29.18(3), in the setting below the coupling bound, to the two time-independent
approximations simultaneously. Their joint limit has identical loop paths, and the supre-
mum of the difference is bounded by 2D, so its conditioned expectation tends to zero.
The bound of Lemma 5.5 at the same lattice side, followed by the limit r → ∞, gives the
conclusion under µNK ,γ. Two arbitrary time-independent approximations are compared
through the paths of Lemma 29.10, which do not depend on time.

29.7 The continuum limit along the sequences n∗MJK

Theorem 29.24. Let 0 < Γ < ∞, L > 0, and M ≥ 3 odd. Fix any tuple (J, Θ, nΓ) satisfying
the conclusions of Theorems 23.5 and 23.10, chosen before the coupling; in particular one may
use the tuples of Corollary 23.15 at any prescribed admissible depth. The following holds for
every γ ∈ (0, Γ] and every n∗ ∈ 4N with n∗ ≥ nΓ. Let B = MJ and NK = n∗BK, and write
µK = µNK ,γ. Then, as K → ∞:

1. For loops ℓ1, . . . , ℓm with admissible approximations (ℓi,K)K, characters χ1, . . . , χm of
finite-dimensional representations of SU(2), and times t1, . . . , tm > 0, the vector
(χi(Holℓi,K Ψ(NK)

ti
U))i≤m converges in law under µK, and for every R < ∞ the expecta-

tions EµK exp(∑i ziχi(Holℓi,K Ψ(NK)
ti

U)) converge uniformly in z ∈ Cm with ∑i|zi| ≤ R.
2. There exist Borel maps πK : UNK → XL, invariant under all lattice gauge transformations,

such that the image measures (πK)#µK have compact containment and converge, against
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every bounded TW-continuous function and weakly with respect to dc, to a Borel probability
measure λL,γ,[n∗] on XL.

3. For every t > 0 and every j ≥ 1,

lim
R→∞

sup
K≥0

µK
{

EL(πK(U)(t)) > R
}
= 0, lim

K→∞
EµK |wj(πK(U))− Wlat

K,j(U)| = 0,

and the limit law in (1) is the law of (Wℓi,χi,ti(X))i≤m under X ∼ λL,γ,[n∗].
4. The limits in (1) do not depend on the choice of the admissible approximations, and for two

admissible approximations of the same loops the difference of the vectors in (1) tends to zero
in L1(µK).

Here the Wilson flow runs for the lattice time 4t/a2
NK

, and the characters need not be
normalized; they are bounded by the dimensions of the representations. The convergence
moduli, the maps πK, and the measure may depend on γ, on the sequence NK, and on
the observables. Every fixed γ > 0 lies below some bound Γ, so the theorem applies to
every γ > 0. By Corollary 29.26 below, its conclusions hold for every n∗ ∈ 4N, not only
for n∗ ≥ nΓ.

Proof. Fix any tuple J, Θ, and nΓ satisfying the stated finite-ceiling parameter and pay-
ment conclusions; these choices precede the coupling. Fix γ ∈ (0, Γ] and n∗ ≥ nΓ. By
Lemma 28.11, the conditioned estimates of Section 28 hold at all coarse sides nr with
r in an infinite set R. The minimum coarse sides there, the bounds on the flow data,
and the convergence moduli may depend on the fixed coupling. We are therefore in
the setting below the coupling bound Γ of Section 29.6. Theorem 29.21 gives (2) and (3),
including the energy tails with supremum over all K ≥ 0 and the identification of every
finite list of loops with admissible approximations under the same measure λL,γ,[n∗]. By
Theorem 29.23(2)–(4), we obtain (1) and (4), including the uniform convergence of the
source functionals. The maps πK are defined on the configuration spaces of all sides
NK, K ≥ 0. For the finitely many K with m(K) = 0 their value is the zero trajectory,
which adds a single compact point and does not affect compact containment, the energy
tails, or any limit. If the conditioned estimates require coarse sides larger than a bound
depending on γ, we use only indices r ∈ R above it. No parameter of the hierarchy is
chosen again.

The case Γ = 1 is used in the weak-coupling analysis, where the parameters of
Theorem 23.2 enter. We state it separately, with the quantifiers in the form in which it is
used.

Theorem 29.25. Let L > 0 and M ≥ 3 odd. There exist J ∈ N and parameters Θ, chosen
before the coupling, the lattice sides, and the number of steps, such that for every γ ∈ (0, 1] there
exists n0 < ∞, which may depend on L, γ, M, J, and Θ, with the following property. For every
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n∗ ∈ 4N with n∗ ≥ n0, with B = MJ and NK = n∗BK, the conclusions (1)–(4) of Theorem 29.24
hold along the whole sequence K → ∞, for the Wilson measures µNK ,γ of Definition 4.1.

All bounds that are uniform in the lattice side range over every K ≥ 0.

Proof. Fix L and M, and choose the bound Γ = 1 in Theorems 23.5 and 23.10; the
construction there keeps the parameters of Theorem 23.2 and provides the corresponding
minimum side. The proof of Theorem 29.24 establishes conclusions (1)–(4) directly
from Lemma 28.11 and Theorems 29.21 and 29.23, without using the present theorem.
Specializing it to Γ = 1, with n0 = n1, we obtain the theorem; in fact n0 can be chosen
independently of γ, and larger minimum sides depending on γ are also allowed. No
choice of m(K) uniform in γ is claimed.

The next corollary removes the lower bound on the base side and records how the
limit is used when a comparison side is fixed before the coupling, as in Sections 34 to 36.

Corollary 29.26. Let 0 < Γ < ∞, L > 0, and M ≥ 3 odd, let (J, Θ, nΓ) be any tuple satisfying
the hypotheses of Theorem 29.24, and set B = MJ . Fix n∗ ∈ 4N before the coupling.

1. Let γ ∈ (0, Γ], and let aγ ≥ 0 be an integer with n∗Baγ ≥ nΓ. The measure given by
Theorem 29.24 for the base side n∗Baγ does not depend on the choice of aγ; we denote it by
λL,γ,[n∗]. Let π′

K be the maps of that theorem for the base side n∗Baγ , and set πK = π′
K−aγ

for K ≥ aγ and πK = X1, the zero trajectory, for K < aγ. Then the conclusions (1)–(4) of
Theorem 29.24 hold along the sequence NK = n∗BK, K ≥ 0, for these maps and this measure,
including the energy tails with supremum over all K ≥ 0.

2. Let n = n∗Ba be a comparison side, fixed before the coupling, with n ≥ nΓ, and possibly
subject to further side conditions used in later sections, such as the margin (23.52) for the
flat connections and the conditions on the analytic radius. Then the bound of Theorem 23.10
on µnBk,γ(S

c
nBk,n,γ) holds uniformly in γ ∈ (0, Γ] and k ≥ 0. Moreover, for each fixed

γ ∈ (0, Γ], the limits along N = nBk of the expectations of bounded continuous functions of
finite loop vectors as in Theorem 29.24(1) are the corresponding expectations under λL,γ,[n∗],
also when aγ > a.

In (2), every further estimate at the side n keeps its own range of couplings, and
neither the side n nor a fixed number of scales used in a later weak-coupling estimate
is replaced by a side depending on γ. The coupling bound γ0 of Theorem 23.2 is not
changed. We claim no choice of m(K) independent of γ, no interchange of the limits
K → ∞ and γ → 0, and no comparison between different classes [n]M.

Proof. We fix Γ, the parameters, and nΓ first, and then n∗, before the coupling. Since
B > 1, there exists an integer aγ ≥ 0 with n∗Baγ ≥ nΓ. For fixed γ ∈ (0, Γ] we apply
Theorem 29.24 with the base side u = n∗Baγ . That theorem allows further minimum sides
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depending on γ internally, and it gives its conclusions along the sequence uBK = NK+aγ ,
K ≥ 0. This sequence is a tail of the sequence (NK)K, with the same configuration spaces,
Wilson measures, Wilson flow, and lattice paths. Hence every finite loop vector, and every
expectation of a bounded continuous function of it, has the same limit along (NK)K. Two
choices of aγ give sequences that share a common tail. The finite joint laws of the limits
of the coordinates Wlat

K,j therefore coincide, and by Theorem 29.3(4) the two measures
coincide.

The maps πK are Borel and gauge invariant. Changing finitely many terms of a
sequence does not affect convergence or the L1 convergence of the coordinates. Adding
the zero trajectory to a compact set does not affect compactness in either topology, so
compact containment is preserved. The added image measures have zero energy at
every positive time, and the energy tails with supremum over all K ≥ 0 are therefore
unchanged. This proves (1).

For (2), the uniform bound on the small-field failure probability follows from Theo-
rem 23.10, since n ≥ nΓ. The reindexing in (1) does not change any measure, event, or
observable at the side n. For fixed γ, all sufficiently large sides nBk belong to the tail
(uBK)K used above, so the expectations of bounded continuous functions of finite loop
vectors converge to the expectations under λL,γ,[n∗], also when aγ > a. Every further esti-
mate at the side n keeps its own range of couplings, and no parameter of the comparison
side or bound on the coupling was changed.

29.8 The sequence nMk

The results of Section 29.7 give convergence along the subsequences n∗MJK for one fixed
J. To obtain convergence along the full sequence nMk, we use two consecutive values J
and J + 1, both of which are available by Corollary 23.15. Each residue class of k modulo
J shares infinitely many lattice sides with the sequence of depth J + 1, and at a common
lattice side the Wilson measures and the lattice observables are identical. This identifies
the limits along all residue classes.

Lemma 29.27. Let J ≥ 1, n ∈ N, and r ∈ {0, . . . , J − 1}. For every integer s ≥ 0 let
K = r + (J + 1)s and K′ = r + Js. Then r + JK = (J + 1)K′, so that

nMr+JK = nM(J+1)K′
, (29.20)

and K, K′ → ∞ as s → ∞.

Proof. We have r + J(r + (J + 1)s) = (J + 1)r + J(J + 1)s = (J + 1)(r + Js).

Theorem 29.28. Let 0 < Γ < ∞, L > 0, M ≥ 3 odd, and n ∈ 4N. There exist two choices
of the parameters of Theorem 23.5, with consecutive numbers J and J + 1 of averaging steps per
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renormalization group step, made before the coupling, such that for every γ ∈ (0, Γ] the following
statements hold, with Nk = nMk and ak = L/Nk.

1. For loops ℓ1, . . . , ℓm with admissible approximations (ℓi,k)k along (Nk)k, characters
χ1, . . . , χm, and times t1, . . . , tm > 0, the vector (χi(Holℓi,k

Ψ(Nk)
ti

U))i≤m converges
in law under µNk,γ as k → ∞, and for every R < ∞ its source functionals
EµNk ,γ exp(∑i ziχi(Holℓi,k

Ψ(Nk)
ti

U)) converge uniformly in z ∈ Cm with ∑i|zi| ≤ R.
2. There exist Borel maps πk : UNk → XL, invariant under all lattice gauge transformations,

such that the image measures (πk)#µNk,γ have compact containment and converge, against
every bounded TW-continuous function and weakly with respect to dc, to a Borel probability
measure λL,γ,[n]M on XL. Here [n]M is the class of n for the relation

n ∼M n′ ⇐⇒ nMa = n′Mb for some integers a, b ≥ 0.

3. For every t > 0 and every j ≥ 1,

lim
R→∞

sup
k≥0

µNk,γ
{

EL(πk(U)(t)) > R
}
= 0, lim

k→∞
EµNk ,γ |wj(πk(U))− Wlat

Nk,j(U)| = 0,

and the limit law in (1) is the law of (Wℓi,χi,ti(X))i≤m under X ∼ λL,γ,[n]M .
4. The measure λL,γ,[n]M depends only on L, γ, and [n]M: for every n′ ∈ [n]M, every bound

Γ′ ≥ γ, and every choice of the parameters of Theorem 23.5 for Γ′, the measure obtained
from n′ and these parameters in Corollary 29.26, and every measure obtained in (2) from n′

using an admissible pair of consecutive depths, coincide with λL,γ,[n]M . For two admissible
approximations of the same loops, the difference of the vectors in (1) tends to zero in L1(µNk,γ).

5. The conclusions of Theorems 30.4 to 30.6 (convergence of the processes of lattice energies
and loops on compact intervals of positive times, agreement of time-independent admissible
approximations in expected supremum, convergence of the images in the Sobolev trajectory
space, and invariance under spatial isometries and center symmetries) hold along the full
sequence Nk = nMk, for the maps πk and the measure λL,γ,[n]M .

Since M is odd and 4 | n, every n′ ∈ [n]M is also divisible by four. The maps and
convergence moduli may depend on the fixed coupling, on n, and on the two parameter
choices. The proof of (5), which applies the arguments of Section 30 on each residue class
and then the assembly below, is given in Section 30.

Remark 29.29. The theorem identifies the limit within one class [n]M. It does not compare
the measures for different classes or for different odd integers M. It gives no rate of
convergence, no convergence of moments of the energy, and no uniformity as γ → 0, as
Γ → ∞, or in J. The statements about conditioned measures remain statements along the
sequences n∗BK at fixed coarse sides; we do not identify the limits of the conditioned
measures along different residue classes. Likewise, the bounds on the small-field failure
probability refer to the sequences uBK and the coarse sides u for which they are stated.
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Proof of Theorem 29.28(1)–(4). We prove the convergence along each residue class modulo
J by Corollary 29.26, identify the limits through the common lattice sides of Lemma 29.27,
and then interlace the maps.

Step 1: the two parameter choices. By Corollary 23.15 there exists J0 such that for every
J ≥ J0 there exist parameters ΘJ and a minimum side, fixed before the coupling, with
all conclusions of Theorems 23.5 and 23.10 for 0 < γ ≤ Γ. We fix such choices for two
consecutive values J and J + 1. This use of the corollary is not circular. Its proof first
applies Lemma 23.14 with the bound one and then the construction of Theorem 23.5,
which changes only the constants in the failure bound and the minimum sides and
keeps J and the structural parameters. Now fix γ ∈ (0, Γ]. For each of the two depths,
Theorem 29.24, with Lemma 28.11 and Theorem 29.21, provides maps with all the stated
properties along the corresponding sequences. These maps choose among the trajectories
Xq, with value X1 when no index satisfies the conditions and with a sequence m(K)
depending on the fixed coupling, and the energy constraint uses the lattice energy of
Lemma 29.14. The additional minimum side depending on γ is finite and does not change
J or the parameters. No modulus of convergence and no sequence m(K) is claimed to be
uniform in the coupling or in J.

Step 2: the residue classes. For each r ∈ {0, . . . , J − 1} we apply Corollary 29.26(1) with
depth J and base side nMr. This is allowed even if nMr is below the minimum side, since
the corollary provides a finite shift and the zero trajectory for the finitely many omitted
sides. Let λ(r) be the resulting measure and π

(r)
K the resulting maps along the sequence

nMrBK = nMr+JK. We also apply the corollary with depth J + 1 and base side n, and let
λ′ be the resulting measure along the sequence nM(J+1)K′

.

Step 3: identification of the limits. For the comparison we use the lattice paths of
Lemma 29.10, which depend only on the loop and the mesh and not on the parameters
of the hierarchy. By Lemma 29.27, for every r the sequences nMr+JK and nM(J+1)K′

have
infinitely many common terms. At each common side N, the Wilson measure µN,γ, the
Wilson flow, the times, and the lattice loop vectors are identical. The two whole-sequence
limits of every finite vector (Wlat

N,j)j≤b therefore agree. By Theorem 29.3(4), λ(r) = λ′ for
every r; we write λL,γ,[n]M for this common measure. No conditioned measure, density,
or reconstruction has been compared.

Step 4: interlacing. For k = r + JK with r ∈ {0, . . . , J − 1} and K ≥ 0, set πk = π
(r)
K .

Since each side Nk belongs to exactly one residue class, these maps are Borel and gauge
invariant. For every bounded TW-continuous function, the expectations along each of the
J residue sequences converge to its expectation under λL,γ,[n]M . Taking the largest of the
finitely many thresholds, we obtain convergence along the whole sequence. The same
argument gives the weak convergence for dc and the L1 convergence of the coordinates.
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If K(R(r)) has mass at least 1 − η under all image measures of residue r, then K(R) with
Rj = maxr R(r)

j contains all these sets and has mass at least 1 − η for all k. Moreover,

sup
k≥0

µNk,γ
{

EL(πk(U)(t)) > R
}
≤ max

0≤r<J
sup
K≥0

µnMr+JK ,γ
{

EL(π
(r)
K (U)(t)) > R

}
,

which tends to zero as R → ∞. The convergence of finite loop vectors, the uniform
convergence of the source functionals, and the agreement of admissible approximations
follow by the same finite argument from Corollary 29.26(1) on each residue class, with
the limit identified by Step 3. This assembly uses different sequences m(K) on the
finitely many residue classes; it never identifies their values, the indices q chosen, or the
conditioned measures.

Step 5: dependence only on the class. Let n′ ∈ [n]M with nMa = n′Mb, and consider a
construction as in Corollary 29.26 with base side n′, depth J′, and parameters for a bound
Γ′ ≥ γ. Its sides satisfy n′MJ′K = nMa−b+J′K for all sufficiently large K, so they form a
subsequence of a tail of (nMk)k. Its loop limits therefore coincide with those along the
full sequence, and Theorem 29.3(4) identifies its measure with λL,γ,[n]M . The full sequence
n′Mk = nMa−b+k, k ≥ b − a, is a shifted tail of the full sequence nMk, and the measure
obtained in (2) from n′ is the same. In particular, constructions with two different bounds
Γ, Γ′ ≥ γ give the same measure. This proves (4) and completes the proof of (1)–(4).

Proof of Theorem 2.3. Let L > 0, γ > 0, M ≥ 3 odd, and n ∈ 4N, and apply The-
orem 29.28 with any bound Γ ≥ γ. Part (1) of Theorem 2.3 is Theorem 29.28(1); the
independence of the limit from the admissible approximations follows from the L1 agree-
ment in Theorem 29.28(4). For part (2), Theorem 29.28(3) shows that every limit law
in part (1) is the law of the corresponding continuum vector under λ = λL,γ,[n]M , and
uniqueness follows from Theorem 29.3(4). Part (3) is Theorem 29.28(2),(3) for the paths of
Definition 29.13; for any other fixed admissible approximation (ℓj,k)k of ℓj it follows from
the L1 agreement in Theorem 29.28(4) and the triangle inequality. Part (4) is the energy
bound in Theorem 29.28(3), and part (5) is Theorem 29.28(4).



section 30

Further properties of the continuum measure

In this section, we prove the properties of the continuum measure stated in Theorems 2.5
and 2.6. In Section 29, we constructed the measure λ = λL,γ,[n]M on the trajectory
space XL at each fixed γ > 0, together with Borel, gauge-invariant maps πk from lattice
configurations to XL, and showed that every finite family of flowed lattice Wilson loops
converges in law to the corresponding regularized Wilson loops under λ (Theorem 29.28).
We prove the following further properties.

1. The measures on tori of different side lengths are related by an exact dilation (Theo-
rem 30.1).

2. The joint processes of lattice energy and flowed Wilson loops converge in distribution
on every compact time interval in (0, ∞), in the uniform topology (Theorem 30.4).
A deterministic input is a uniform Lipschitz bound in time for these processes
(Lemma 30.3).

3. The image laws also converge in the finer Sobolev topology of Cao and Chatterjee
(Theorem 30.5).

4. The measure is invariant under the isometries x 7→ Qx + y of T3
L, with Q a signed

permutation matrix, and under the center symmetries; in particular, products of
Wilson loops with odd total winding have mean zero (Theorem 30.6).

5. These conclusions hold along the full sequence of lattice sides nMk (Section 30.6).
6. The map γ 7→ λL,γ,[n]M is weakly continuous. On every compact interval I ⊂ (0, ∞),

each fixed finite vector of flowed lattice Wilson loops converges uniformly in the
bounded-Lipschitz distance. The approximating maps can be chosen independently
of γ ∈ I, with uniform convergence against each bounded Wilson-continuous test
and in the bounded-Lipschitz distance for dc, and with uniform tails of the energies
of the image trajectories (Theorem 30.10). Uniformity in γ is not asserted for the
path laws or for the laws in the Sobolev topology.

7. At each fixed 0 < γ ≤ 1, along the sequence NK = n∗BK of Theorem 29.25, replacing
the Wilson flow by the gradient flow of ∑p[q(Up) + cq(Up)2], with 0 ≤ c ≤ C0 < ∞,
preserves the limits of finite vectors of Wilson loops and the limits of the joint
processes of energies and Wilson loops at positive times (Theorems 30.13 and 30.15).

The inputs are the results of Section 29 on the trajectory space, the energy, the joint
limits under conditioned measures, and the approximating maps; the deterministic

227
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estimates for the Wilson flow and its modifications in Sections 24 and 25; the finite-mesh
control of the linear and quadratic flow data in Section 28; and the bound on the small-
field failure probability in Section 23. The convergence of the energy and loop processes
is used in Sections 34 and 36, and the convergence in the Sobolev topology in Sections 32
and 34.

Most proofs below have the same structure. Fix a coarse side nr = n∗Br. Under the
conditioned Wilson measure νNK ,nr,γ, the configuration is, up to a gauge transformation,
the field built by the reconstruction maps of Section 15, and the norm of its linear and
quadratic flow data is tight in K (Theorem 28.8). On the event that this norm is at most
R, the deterministic flow estimates of Sections 24 and 25 apply. We then remove the
conditioning using the elementary inequality (30.2) below, taking first the limit K → ∞ at
fixed r and then r → ∞. Since the lattice energy is unbounded, only bounded functions
of it, such as indicators of tail events or bounded continuous path tests, are transferred in
this way. No convergence of moments of the energy is claimed in this section.

30.1 Setting and notation

Fix L > 0, an odd integer M ≥ 3, and 0 < Γ < ∞. Before the coupling is chosen, we fix
the integer J, the parameter tuple Θ, and the minimum coarse side nΓ of Theorem 29.24,
that is, of Theorem 23.5. Then fix 0 < γ ≤ Γ and n∗ ∈ 4N, and set

B = MJ , NK = n∗BK, aK = L/NK.

If n∗ < nΓ, we use the convention of Corollary 29.26: the results are applied to the shifted
base n∗Baγ ≥ nΓ, and at the finitely many cutoffs K < aγ the maps are the stationary
zero trajectory. We write λ = λL,γ,[n∗] for the continuum measure along (NK)K≥0, and
πK for the maps of Theorem 29.21. For the full sequence Nk = nMk of Theorem 29.28,
the maps are instead those of that theorem, which are obtained by interlacing finitely
many sequences of the previous form, and the measure is λL,γ,[n]M . By part (4) of that
theorem, λ = λL,γ,[n∗]M . The two consecutive values J and J + 1 and their parameter
tuples are given by Corollary 23.15, and no constant uniform in J is used. Every assertion
in Sections 30.2 to 30.6 is made at one fixed coupling; Section 30.7 treats compact intervals
of couplings.

All gauge transformations are periodic, and all homotopy classes are included. De-
terministic constants have the dependence described in item (7) of Definition 4.14. They
may depend on the stated bounds on the flow data, the waiting times and horizons, the
lengths of the lattice paths, the representations, and the margins of the smooth reference
solutions, but not on the coupling, the cutoff, the depth of the hierarchy, or the law.
Stochastic constants and convergence moduli may in addition depend on γ, on the coarse
side, and on the parameters. No estimate is uniform as the waiting time or the coupling
tends to zero.
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By Lemma 28.11, the results of Section 28 that we use hold at each fixed 0 < γ ≤ Γ,
with Theorem 23.10 as the bound on the small-field failure probability. These are the
finite-mesh control of the flow data (Theorem 28.8), the consistency estimate for a fixed
finite-scale reconstruction (Lemma 28.4), and the removal of conditioning (Theorem 28.2).
By Theorem 29.21, the conclusions of Theorems 29.18 to 29.20 hold in the present setting,
with their fixed-coupling dependence.

Conditioned measures. For an integer r ≥ 0 and K ≥ r write

nr = n∗Br, νK|r = νNK ,nr,γ = µNK ,γ( · | SNK ,nr,γ), eK|r = µNK ,γ(Sc
NK ,nr,γ).

For all sufficiently large r, by Theorems 23.10 and 28.2, we have

eK|r ≤ ϵsf
K + Fγ(nr), ϵsf

K −→ 0, Fγ(u) = C′u3e−c̄u/γ + Cwu3e−aw log2
√

Mu/γ, (30.1)

and Fγ(nr) → 0 as r → ∞ at fixed γ > 0; here ϵsf
K is the remainder denoted by ϵK in (29.13).

Let r0 be so large that, for every r ≥ r0, we have nr ≥ nΓ, all additional thresholds on the
coarse side in Lemma 28.11 are satisfied for the fixed coupling and input horizon, and
(30.1) holds. All conditioned trajectory laws and conditioned estimates below are used
only for these indices. We write λr for the trajectory law of Theorem 29.18, which is the
limit of the flowed observables under νK|r as K → ∞, and Yr for the identity map of XL
under λr. Since νK|r is µNK ,γ conditioned on an event of probability 1 − eK|r, there exists a
probability measure ρK|r (arbitrary if eK|r = 0) such that µNK ,γ = (1 − eK|r)νK|r + eK|rρK|r.
This implies that, for every bounded complex Borel function F, every Borel function
0 ≤ G ≤ D, and every Borel event A,∣∣EµNK ,γ F − EνK|r F

∣∣ ≤ 2eK|r∥F∥∞,

EµNK ,γ G ≤ EνK|r G + DeK|r, µNK ,γ(A) ≤ νK|r(A) + eK|r.
(30.2)

This is Lemma 5.5; the last inequality is (29.14).

Observables. For a mesh a = L/N we use the lattice energy

Ea(U) =
8
a ∑

p∈PN

q(Up)

of (2.2) and Lemma 29.14, with each positive plaquette counted once. Its smooth limit
is the energy EL of (2.3). For a closed lattice path ℓa and a character χ, the flowed lattice
Wilson loop is χ(Holℓa Ψ(N)

t U), where Ψ(N)
t is the Wilson flow run for the lattice time

4t/a2. We use the determining coordinates wj(X) = (1/2) tr Holℓj X(tj) and the metric
dc of Theorem 29.3, and their lattice counterparts Wlat

K,j of Definition 29.13. On lattice
one-forms, ∥A∥C1

a
= ∥A∥∞ + maxj,ϵ∥Dϵ

a,j A∥∞ is the supremum norm plus the maximum
of the forward and backward differences divided by a, and Sab denotes the sampling of
a smooth one-form b at the lattice vertices.



30 Further properties of the continuum measure 30.2 Exact dilation 230

Admissible approximations. Throughout this section, the lattice paths approximating a
loop ℓ form an admissible approximation in the sense of Definition 2.1. That is, they are
closed lattice paths ℓK in ΛNK , fixed in time and of uniformly bounded physical length,
such that for all sufficiently large K there exists a based piecewise C1 homotopy between
ℓK and ℓ, together with a connecting path between the basepoints when these differ,
whose swept area AK, counted with multiplicity, tends to zero. No homotopy is required
at finitely many initial indices, and all comparisons below are made on the tail. This is
the class of Theorem 29.23, and it contains the paths of Lemma 29.10.

Flow data and reference solutions. For an initial potential A0 on mesh a, its linear and
quadratic flow data are the linear heat evolution xa(t) = Pa

t A0 and the quadratic Picard
term ya = Qa(xa, xa). We measure them on a horizon [0, T0] by the norm Xa

α(xa) + Ya
α(ya)

of Definitions 24.3 and 4.8, which includes the difference components. Under νK|r, we
write RK|r for this norm of the flow data of the reconstructed field coupled to U as
in Theorem 28.8; its gauge-invariant observables have their joint law under νK|r. By
Theorem 28.8, we have

lim
R→∞

sup
K≥r

νK|r{RK|r > R} = 0 (30.3)

for every fixed r ≥ r0. By Theorem 24.10, every smooth trajectory has, on a finite
horizon, a finite reference family: smooth solutions of the Yang–Mills heat equation in
DeTurck gauge, that is, of the gauge-fixed equation of that theorem, on consecutive time
intervals, together with fixed smooth gauge transformations at the transition times. We
call each of these solutions a reference solution. On the lattice, after a time-dependent
gauge transformation that adds a damping term of the same kind, the Wilson flow
is represented by the solution of a damped lattice equation whose linear part is the
lattice heat equation (Lemma 24.2). As in Section 25, we call these solutions damped
representatives and say that they are in the damped gauge. We compare them with the
reference solutions using Lemma 25.5.

30.2 Exact dilation

Once the lattice sites are indexed by (Z/NZ)3, the Wilson measure (2.1) does not de-
pend on L: the side length enters only through the physical units of time and length.
The following theorem transfers this to the continuum measures. We write X1 for the
trajectory space of the unit torus.

Theorem 30.1. Fix an odd integer M ≥ 3, an equivalence class [n]M, and γ > 0, and let
λL,γ,[n]M be the measure of Theorem 29.28, constructed with any Γ ≥ γ. For L > 0 define
DL : X1 → XL on representatives by

(DL A)(t, x) = L−1A(t/L2, x/L).
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Then DL is a bijection, a homeomorphism for the Wilson topologies, and a Borel isomorphism. The
measures satisfy

λL,γ,[n]M = (DL)#λ1,γ,[n]M . (30.4)

For every X ∈ X1 and t > 0,

LEL((DLX)(t)) = E1(X(t/L2)). (30.5)

In particular, for loops ℓi on the unit torus, characters χi, and times θi > 0, the joint law under
λL,γ,[n]M of the Wilson loops WLℓi,χi,L2θi

and the energies LEL(X(L2θi)) does not depend on L.
This independence holds exactly at every finite cutoff for the flowed lattice Wilson loops on

the dilated lattice paths. Let πk,1 be the maps of Theorem 29.28 on the unit torus, and set
πk,L = DL ◦ πk,1. These maps are Borel and invariant under lattice gauge transformations on the
full configuration spaces of side L, and at every cutoff they have the same dimensionless energy tails
and the same coordinate errors E|wj(πk,L)− Wlat

k,j | as on the unit torus, when the determining
family on side L is the dilation of that on the unit torus. Consequently, the convergence errors
are uniform in L > 0 for each fixed bounded Wilson-continuous or bounded dc-continuous test
transported from the unit torus, and for each fixed bounded continuous test of a finite vector of
flowed lattice Wilson loops. For other bounded Borel tests the transported errors equal the unit-side
errors, and they tend to zero only if the unit-side errors do. No convergence of the energy laws
of the maps πk,L is asserted, and no uniformity in γ, or for parameters chosen independently at
different L, is asserted.

Proof. We first prove the identities at a finite cutoff, then check that DL is a well-defined
map of trajectory spaces that transforms energies and Wilson loops as stated, and then
identify the limiting measures. Finally, we construct the maps πk,L.

Step 1: identities at a finite cutoff. We index the sites by (Z/NZ)3 and the links by
a site and a direction. Under this identification, the finite measures, including their
normalizing constants, are identical for all L, since the product Haar measure and the
exponent −4Nγ−1 ∑p q(Up) in (2.1) do not involve L. The Wilson flow is the gradient
flow of ∑p q(Up) for the product bi-invariant metric, which does not involve L either. By

the definition Ψ(N)
t = ΦW

4t/a2
N

, the physical time t on side L corresponds to the lattice time

4tN2/L2; at t = L2θ, this is the lattice time 4θN2 of the physical time θ on the unit torus.
Dilation by L sends each edge of the lattice in the unit torus to the corresponding edge of
the lattice in T3

L and preserves the order of the edges in a path. We conclude that every
joint identity for the flowed lattice Wilson loops stated in the theorem holds configuration
by configuration, before any expectation is taken.

Step 2: the continuum dilation. The map is well defined on gauge orbits. If k is a
periodic gauge transformation of the unit torus, then kL(x) = k(x/L) is periodic on side
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L, and direct differentiation gives (DL A)kL = DL(Ak) at each time. Further,

Fij(DL A)(t, x) = L−2Fij(A)(t/L2, x/L), ∂t(DL A)(t, x) = L−3(∂t A)(t/L2, x/L),

and the covariant divergence ∑j DjFji of the curvature scales in the same way as ∂t A,
with the factor L−3. Thus DL maps solutions of the Yang–Mills heat flow to solutions
and preserves the compatibility relation X(t) = Φt−sX(s). By the uniqueness of smooth
covariant solutions recalled in input (C1) of Section 24.6, DL is a map of trajectory spaces;
its inverse is X 7→ ((t, y) 7→ LX(L2t, Ly)). Parallel transport along u 7→ Lℓ(u) has
coefficient L−1A(ℓ(u)) · Lℓ̇(u) = A(ℓ(u)) · ℓ̇(u), so

WLℓ,χ,L2θ(DLX) = Wℓ,χ,θ(X). (30.6)

Composition with the dilation therefore permutes bijectively the regularized Wilson loops,
which generate the Wilson topologies, so DL is a homeomorphism for these topologies. By
Theorem 29.3, it is a Borel isomorphism. Squaring the curvature and changing variables
x = Ly, we obtain EL(DL A) = L−1E1(A), which is (30.5).

Step 3: identification of the measures. We use the same sequence Nk = nMk and the
dilated lattice paths in the identities of Step 1. Since dilation multiplies lengths by L and
swept areas by L2, for each fixed L the dilation of an admissible approximation is an
admissible approximation; the same holds for the paths of Lemma 29.10. Theorem 29.28
identifies the limiting joint laws of finitely many Wilson loops on both tori. By (30.6) and
the determination of probabilities by these laws (Theorem 29.3), we obtain (30.4).

Step 4: a simultaneous choice of maps. We identify the finite link spaces as in Step 1 and
set πk,L = DL ◦ πk,1. These maps are Borel and gauge invariant on the full configuration
spaces. Since continuous images of compact sets are compact, the image laws have
compact containment for each L, and they converge to (DL)#λ1,γ,[n]M . We choose the
determining family on side L by dilating the loops of the unit family by L and its rational
times by L2. Then dc,L(DLX, DLY) = dc,1(X, Y), and the coordinate errors at each cutoff
agree exactly. Further, for every θ > 0 and R,

µNk,γ{LEL(πk,L(L2θ)) > R} = µNk,γ{E1(πk,1(θ)) > R}.

For a fixed bounded test F on X1, let FL = F ◦ D−1
L on XL. Its error at each cutoff, against

the limiting measure, is exactly the unit-side error of F. By Theorem 29.28, this error
tends to zero for bounded Wilson-continuous F and for bounded dc-continuous F. The
same identity and the same convergence hold for a fixed bounded continuous test of a
finite vector of flowed lattice Wilson loops. Finally, the joint identities for energies and
Wilson loops under the limiting measures follow from (30.4), (30.5), and (30.6), which do
not involve the convergence of lattice energies.
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Remark 30.2. At fixed γ, the continuum coupling g2
3 = γ/L changes with L. At fixed

g2
3 > 0, the dimensionless coupling γ = g2

3L eventually exceeds any fixed Γ as L → ∞,
and Theorem 29.24 gives no uniformity as Γ → ∞. Thus Theorem 30.1 is not a statement
about large volumes: it yields no infinite-volume limit, no mass gap, no uniform bound
on the unscaled energies, and no comparison between different equivalence classes [n]M.
The continuity in L at fixed g2

3 is Corollary 30.12.

30.3 Energy and loop processes at positive times

In this section, we prove that the processes t 7→ EaK(Ψ
(NK)
t U) and t 7→ χi(Holℓi,K Ψ(NK)

t U)

converge jointly, on every compact interval [τ, T] ⊂ (0, ∞) and in the uniform topology,
to the corresponding processes under λ. The main difficulty is the energy. The function
X 7→ EL(X(t)) is Borel, but it is not known to be continuous for dc or for the Wilson
topology. The convergence of the image laws (πK)#µNK ,γ therefore does not by itself
identify the limit of the lattice energies. We use instead the joint convergence under the
conditioned measures in Theorem 29.18, whose proof identifies the energies through
the Sobolev topology (Lemma 29.7), together with a comparison of the conditioned and
unconditioned limits that holds for all bounded Borel tests.

Lemma 30.3. Fix L, T0, R > 0, 1/2 < α < 2/3, 0 < τ < T < ∞, finitely many characters χi,
and lengths ℓ∗i > 0. For a mesh a = L/N let ℓi,a be closed lattice paths of physical length at most
ℓ∗i , fixed in time. Let U ∈ UN have a gauge representative whose flow data on [0, T0] have norm
at most R, and set U(t) = Ψ(N)

t U. There are a0 > 0 and C < ∞ such that, for all a ≤ a0 and
t, u ∈ [τ, T],

sup
τ≤t≤T

Ea(U(t)) ≤ C,∣∣Ea(U(t))− Ea(U(u))
∣∣+ ∑

i

∣∣χi(Holℓi,a U(t))− χi(Holℓi,a U(u))
∣∣ ≤ C|t − u|.

(30.7)

The constants may depend on L, T0, R, α, τ, T, the characters, the lengths ℓ∗i , the fixed difference
stencil and interpolations, and the margins of the reference solutions used in the proof, but not on
the coupling, the cutoff, the depth of the hierarchy, or the particular configuration.

Suppose in addition that, along a sequence a → 0, the paths ℓi,a form admissible approxima-
tions of loops ℓi, and that at a fixed time s < τ a smooth one-form b and the reference solutions of
its trajectory are given, such that a representative Aa(s) of U(s), in the gauge of the first reference
solution, satisfies ea = ∥Aa(s)− Sab∥C1

a
→ 0. Then Ea(U(t)) and χi(Holℓi,a U(t)) converge,

uniformly for t ∈ [τ, T], to the energy and the Wilson loops at time t − s of the continuum
trajectory started at b.

Proof. At a small positive time s, the lattice solutions have bounded differences of every
order, so they lie close to samples of a compact family of smooth fields. Finitely many
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reference solutions for this compact family control the lattice flow up to time T with
uniform bounds on three differences. The equation of the flow then bounds the time
derivative in C1

a , and the energy and the loops inherit a Lipschitz bound.

Step 1: smoothing at a small positive time. Let TR be the existence time of Theorem 24.5
for flow data of norm at most R, and fix 0 < s < min(TR, T0, τ/4), with a positive waiting
interval before s. The local solution in the damped gauge and its identification with the
Wilson flow follow from Theorem 24.5 and Lemma 24.2. By the first part of Theorem 25.7,
every fixed order of differences at time s is bounded, uniformly over the configurations
in the statement.

These bounds produce a compact family of smooth limiting fields, uniformly over the
configurations. We interpolate each value array and each difference array by piecewise
multilinear interpolation. A bound on the next difference bounds the modulus of conti-
nuity, also across the cells of the lattice. Then the Arzelà–Ascoli theorem and a diagonal
extraction give uniform limits of all these arrays along every sequence of meshes tending
to zero. Discrete summation by parts identifies the limit of Dν

a Aa with the corresponding
distributional derivative of the limit of the value arrays, so the limits are smooth. Their
bounds at every order imply that the set of all such limiting fields is compact in each
fixed Cq norm and consists of smooth fields; closedness follows from a diagonal sequence
of approximating lattice fields. Further, as a → 0, the lattice fields at time s are uniformly
close, in value and first differences, to samples of fields in this compact family. Otherwise,
an offending sequence and the preceding extraction would give a contradiction.

Step 2: continuation to the time T. We apply Theorem 24.10, with a regularity index at
least six, to this compact family of smooth fields. We use the open neighborhood given
there, not a claim that families with finitely many bounded derivatives have smooth
closure. By the part of Lemma 25.5 on compact families of reference solutions, the
restarted lattice solutions in the damped gauge satisfy a uniform C1

a bound. The compact
set in that lemma is the family just constructed, which is compact in C3 and in every
higher norm, and its thresholds and its finitely many reference solutions are fixed before
the configuration or the mesh is chosen. For a quantitative comparison with a given
smooth limiting trajectory, we apply the fixed-reference estimate of the same lemma on
each time interval; the regularity index six provides the five derivatives that it requires.
The incoming error in Lemma 29.15 is measured with sampled first derivatives. By
Taylor’s formula, we have ∥DaSab − Sa∂b∥∞ ≤ Ca∥b∥C2 , so this error differs from the C1

a
error by O(a). Thus Lemma 29.15 is an instance of Lemma 25.5. Only after the C1

a bound
is available do we apply the second part of Theorem 25.7, which gives uniform bounds
on three differences.

The waiting times leave no gap at the transition times. By the local existence statement
in C6 of Theorem 24.10, each reference solution extends a fixed positive amount beyond
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the right endpoint of its interval. Since the finitely many families of endpoints are
bounded, we can choose a common extension time. The comparison in a common
gauge extends the lattice representative over this overlap. We choose the waiting time
on the next interval shorter than the overlap, so that the bounds of the second part
of Theorem 25.7 on the next interval overlap those on the preceding one, and the first
waiting interval ends before τ. We obtain finitely many overlapping representations in the
damped gauge that cover [τ, T], each with uniform bounds on three differences. The fixed
gauge transformations at the transition times preserve each of these difference bounds.
Indeed, for a smooth gauge transformation k, the function a−1 Log(k(x)eaZk(x + aei)

−1)

extends smoothly to a = 0, and the exact product rule gives the bound at each order,
using finitely many derivatives of k. These derivatives are part of the data of the reference
family.

Step 3: the time derivative. In each of these representations, the equation of the flow is
exactly

∂t Aa = ∆a Aa +Na(Aa, Aa) + a−3R3(aAa),

by Lemma 24.2. One difference of the Laplacian uses at most three differences of Aa, and
one difference of the quadratic term uses at most two. A term of degree d ≥ 3 in the last
summand carries the factor ad−3. Using the absolute convergence of the analytic series
and the shifted product rule, we have

∥∂t Aa∥C1
a
≤ C (30.8)

on the bounds of Step 2, with no inverse power of the mesh. In particular, the time
derivative of a link variable eaAa,i has norm at most Ca∥∂t Aa,i∥∞. Differentiating a path
with ni links and using unitarity, we find that the time derivative of its character is at
most Cχi ani∥∂t Aa∥∞ ≤ Cχiℓ

∗
i C, since ani ≤ ℓ∗i . By the Lipschitz estimate of Lemma 29.14

and (30.8), the energy difference is at most C|t − u|, and the same lemma bounds the
energy itself. Both observables are invariant under the damping gauge transformations
and under the fixed gauge transformations at the transition times. Since the lattice flow
is continuous in time, the finitely many estimates on the intervals concatenate with the
largest constant. This proves (30.7).

Step 4: comparison with a given smooth trajectory. The last assertion uses the given
incoming error ea rather than recovering a limiting field from the flow data. Applying
the fixed-reference estimate of Lemma 25.5 on the consecutive intervals of the reference
solutions, we find the error C(ea + a) in C1

a up to time T, as in Lemma 29.15. By
Lemma 29.14, the energy error is bounded in the same way. For the loops, comparing
exact edge transports with sampled link variables and using the curvature-area estimate
of Theorem 29.23, we obtain the error C(ea + a + Ai,a), where Ai,a is the swept area of the
comparison homotopy for ℓi,a. These errors tend to zero uniformly in t ∈ [τ, T].
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Theorem 30.4. Work in the setting of Section 30.1: fix 0 < γ ≤ Γ, the sequence NK = n∗BK,
the maps πK of Theorem 29.21, and the measure λ. Let 0 < τ < T < ∞, let ℓ1, . . . , ℓm be loops,
χ1, . . . , χm characters of finite-dimensional representations of SU(2), and (ℓi,K)K admissible
approximations of ℓi. Then, under µNK ,γ,(

t 7→
(
EaK(Ψ

(NK)
t U), (χi(Holℓi,K Ψ(NK)

t U))m
i=1

))
=⇒

(
t 7→

(
EL(X(t)), (Wℓi,χi,t(X))m

i=1
))

, X ∼ λ,

in distribution in C([τ, T]; R × Cm) with the uniform norm. If (ℓ(1)i,K )K and (ℓ
(2)
i,K )K are two

admissible approximations of the same loops, with flowed lattice Wilson loops W(1)
K,i (t) and W(2)

K,i (t),
then

lim
K→∞

EµNK ,γ sup
τ≤t≤T

max
i

∣∣W(1)
K,i (t)− W(2)

K,i (t)
∣∣ = 0.

In particular, every finite joint vector of lattice energies and flowed lattice Wilson loops at times in
(0, ∞) converges in law to the corresponding vector under λ. The same path convergence and the
same comparison of two admissible approximations hold along the full sequence Nk = nMk, for
the maps and the measure λL,γ,[n]M of Theorem 29.28; this is proved in Section 30.6.

The convergence is tested only by bounded continuous functions on the path space.
In particular, the theorem gives no moment bound for time derivatives under the Wilson
measure.

Proof. We first recall that the joint path convergence holds under the conditioned mea-
sures, with limit λr. Then we show that λr and λ are close for all bounded Borel tests,
which lets us pass to the Wilson measure. The comparison of two approximations is a
consequence.

Step 1: conditioned measures. Let r ≥ r0, so that (30.1) holds. At fixed r, by Theo-
rem 29.18, the energy and loop paths under νK|r converge jointly to the image of λr

under the continuum path map. The proof of that theorem compares the lattice flows
of the full field and of a finite-scale reconstruction, identifies the energies through the
Sobolev topology, and uses Theorem 28.8 for the bounds on the flow data; no limiting
initial potential is constructed. That theorem applies to every finite union of admissible
approximations, so two approximations of the same loops have identical limiting loop
paths.

Step 2: comparison of the limits for Borel tests. We now identify the limit of the lattice
energies under the Wilson measure with the same λ; this does not follow from the
agreement of the loop marginals alone. By Theorems 29.19 and 29.20, the same maps πK
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have image limit λr under νK|r and image limit λ under µNK ,γ, for bounded dc-continuous
tests. We claim that ∣∣∣∫ f dλr −

∫
f dλ

∣∣∣ ≤ 2∥ f ∥∞Fγ(nr) (30.9)

for every bounded Borel function f on XL. For bounded dc-continuous f , this follows by
applying (30.2) to f (πK) at the same cutoff, using (30.1), and passing to the two image
limits. By Theorems 29.3 and 29.6, both limits are tight probability measures on the
separable metric space (XL, dc), and in particular inner regular. A bounded Borel function
on a metric space can then be approximated in L1(λ + λr) by bounded continuous
functions with the same bound on the supremum. Indeed, we first approximate it
uniformly by a simple function ∑k ck1Ak with disjoint Ak and |ck| ≤ ∥ f ∥∞. We then
choose disjoint compact sets Kk ⊂ Ak that carry all but an arbitrarily small part of the
mass of λ + λr, then disjoint open neighborhoods Ok ⊃ Kk of arbitrarily small additional
mass, and continuous functions 0 ≤ ϕk ≤ 1 equal to one on Kk and supported in Ok. The
function ∑k ckϕk has the required bound and approximation property. This proves (30.9)
for every bounded Borel f , without any continuity of the energy for dc.

Step 3: the Wilson measure. Let G(X) be the continuum path t 7→
(EL(X(t)), (Wℓi,χi,t(X))i) on [τ, T], and GK(U) the corresponding lattice path. The
map G is Borel into C([τ, T]; R × Cm). Indeed, its Wilson-loop coordinates at rational
times are Borel by Theorem 29.3, its energy coordinates are Borel by Theorem 29.6, each
trajectory gives continuous paths because the flow is smooth, and evaluations at rational
times generate the Borel σ-algebra of the path space. Then (30.9) applies to f ◦ G for
every bounded continuous path test f . Using (30.2) at the cutoff NK and then Step 1, we
obtain

lim sup
K→∞

∣∣∣EµNK ,γ f (GK(U))−
∫

f (G(X)) dλ(X)
∣∣∣ ≤ 4∥ f ∥∞Fγ(nr).

Letting r → ∞ proves the convergence along the whole sequence. The tightness of the
lattice paths under the Wilson measure can also be seen directly. By Lemma 30.3, on the
event {RK|r ≤ R}, the paths lie, for small meshes, in a compact set of the path space given
by the Arzelà–Ascoli theorem. We first make Fγ(nr) small, then the probability in (30.3)
small, and then take K large. By (30.2), the complement of the compact set has Wilson
probability at most its conditioned probability plus eK|r. The finitely many remaining
cutoffs have compact path images.

The source functionals of admissible approximations also converge locally uniformly.
Indeed, path convergence implies the convergence of every finite joint vector of Wilson
loops, and the vector is bounded by the dimensions of the representations. On each ball
{∑i|zi| ≤ R′}, the functions e∑i ziwi are bounded and have a common Lipschitz constant
in z, so a finite net of the ball gives uniform convergence.
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Step 4: two approximations. Applying Theorem 29.18 to the union of the two approx-
imations, we find that the limiting joint path has identical loop paths. Let ∆ be the
supremum over t ∈ [τ, T] of the maximal loop discrepancy; it is continuous in the uni-
form topology. If the list of loops is empty, there is nothing to prove; otherwise, let
D = maxi χi(I). The bounded continuous test min(2D, ∆) equals ∆ on all lattice and
limiting paths of characters, and it vanishes under the limiting law. Its expectation under
νK|r then tends to zero. Applying (30.2) at the same cutoff and then letting r → ∞, we
obtain the conclusion under the Wilson measure.

30.4 Convergence in the Sobolev topology

In [43], Cao and Chatterjee also consider trajectories of Sobolev gauge orbits. Recall
from Definition 29.1 that HL = H1(T3

L; su(2)3)/G2,2
L carries the sequential weak quotient

topology Tq, that X 1,2
L is the space of trajectories Z : (0, ∞) → HL with Z(t) = Φ1,2

t−sZ(s)
for 0 < s < t, with the topology T1,2 of pointwise evaluation [43, Definition 3.70, p. 41],
and that i1,2 : XL → X 1,2

L sends a smooth orbit at each time to its Sobolev orbit. The
compactness behind this topology is the weak compactness of gauge orbits with bounded
energy, which goes back to Uhlenbeck [151]; we use it only through the results of Cao and
Chatterjee cited below. We consider T1,2 because, for each t > 0, the energy Z 7→ EL(Z(t))
is continuous for it (Lemma 29.7); the energy is not known to be continuous for the Wilson
topology. Convergence in T1,2 therefore carries the convergence of the energies of the
approximating trajectories.

Theorem 30.5. Work in the setting of Section 30.1. The maps i1,2 ◦ πK are Borel on the full
configuration spaces, and

(i1,2 ◦ πK)#µNK ,γ =⇒ (i1,2)#λ

against every bounded T1,2-continuous real function. The topology on XL pulled back by i1,2

is finer than TW and has the same Borel σ-algebra. For each fixed r ≥ r0, the same conclusion
holds under the conditioned measures νK|r, with limit (i1,2)#λr. The conclusion under the Wilson
measures also holds for the maps of Theorem 29.28 along Nk = nMk, with limit (i1,2)#λL,γ,[n]M .
The conclusion under conditioned measures is asserted only along the sequences (n∗BK)K; no
sequence of conditioned measures along nMk is considered, and no conditioned limits along
different residue classes are compared. In each case, every finite joint vector of energies at positive
times and Wilson loops of the image trajectories converges in distribution.

More generally, let XK, K ≥ 0, be Borel XL-valued random variables such that, for every
t > 0, the laws of EL(XK(t)) are tight, and such that the finite joint laws of the Wilson loops
of XK converge to those of a Borel probability λ′ on XL. Then the laws of i1,2(XK) converge to
(i1,2)#λ′ against every bounded T1,2-continuous real function.



30 Further properties of the continuum measure § 30.4 239

Each assertion has exactly the uniformity of its input convergence: the theorem adds
no uniformity in the coupling and no rate.

Proof. We first show that i1,2 is a Borel bijection with a Borel inverse that preserves Wilson
loops, then prove the general assertion by compactness, and finally check its hypotheses
for the maps πK.

By [43, Lemma 3.84, pp. 47–48], i1,2 is Borel. Every trajectory in X 1,2
L has a smooth

representative at every positive time [43, Lemma 3.85, p. 48], and choosing its smooth orbit
defines a map j1,2 : X 1,2

L → XL [43, Definition 3.86, p. 48]; a Sobolev gauge transformation
between two smooth connections is smooth [43, Lemma 3.10, p. 24], so this choice is
unambiguous. We have j1,2 ◦ i1,2 = Id [43, Lemma 3.87, p. 48], and i1,2 ◦ j1,2 = Id directly
at each time. By [43, Lemmas 3.88–3.89, pp. 48–49], j1,2 preserves all Wilson loops and is
continuous into TW . Thus i1,2 and j1,2 are inverse Borel bijections. Since j1,2 is continuous,
every TW-open set V = (j1,2 ◦ i1,2)−1(V) is open for the pulled-back topology, which is
therefore finer than TW . The measurability of i1,2 gives the reverse inclusion of Borel
σ-algebras; the continuity of i1,2 is not used.

We now consider the general sequence. The variables i1,2(XK) are measurable X 1,2
L -

valued, and their energies at every positive time have tight laws, since passing to the
Sobolev orbit does not change the energy. These are the hypotheses of [43, Theorem 3.73,
pp. 41–42]. Applying this theorem to an arbitrary subsequence, we obtain a further sub-
sequence converging against all bounded T1,2-continuous functions to a Borel probability
measure η on X 1,2

L . The regularized Wilson loops on X 1,2
L are bounded and continuous

[43, Definition 3.82, p. 47], and they become the usual Wilson loops at positive times after
applying j1,2 [43, Lemma 3.88, p. 48]. Hence every finite joint law of the Wilson loops
under j1,2

# η equals that under λ′. Since these laws determine probability measures (Theo-
rem 29.3), we have j1,2

# η = λ′. Applying the inverse Borel map i1,2, we find η = (i1,2)#λ′,
independently of the subsequence. If the expectations of a bounded continuous test did
not converge to the claimed limit, some subsequence would stay at a positive distance
from it, which contradicts what we just proved. This proves the general assertion.

For the image laws under the Wilson measures, the hypotheses are the energy tails
and the convergence of the finite joint laws of the Wilson loops in Theorems 29.20
and 29.21, which hold in the present setting. For the conditioned measures, they are the
corresponding conditioned statements in Theorem 29.19. For the maps along Nk = nMk,
they are the convergence of the image laws and the energy tails at every positive time
asserted in Theorem 29.28. No other property of the construction of πK is used. The
convergence of finite joint vectors of energies of the image trajectories follows from
Lemma 29.7, and the Wilson loops are continuous for T1,2 by the preceding paragraph.
The rescaling to side L and all measurability statements are those of Theorem 29.3.
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30.5 Spatial isometries and center symmetry

Two groups act on the trajectory space. The first consists of the isometries f (x) = Qx + y
of T3

L with Q ∈ O(3, Z), the signed permutation matrices, and y ∈ T3
L; they act at every

time by pullback of one-forms, and then on gauge orbits. The second is the group {±I}3

of center symmetries. On the lattice, a center symmetry multiplies the link variables
crossing one coordinate plane by a central element; this is the familiar center symmetry
of pure gauge theories on a torus (compare ’t Hooft [149]). Both groups preserve the
Wilson measure and commute with the Wilson flow, and we pass these exact identities to
the limit. For a loop ℓ whose lift to R3 runs from x to x + Lw(ℓ), the vector w(ℓ) ∈ Z3

is its winding vector; the winding vector of a closed lattice path is defined in the same
way. This is the vector denoted by ν(ℓ) in Theorem 2.5; it is distinct from the determining
coordinates wj.

Theorem 30.6. Work in the setting of Section 30.1. The measure λ is invariant under the
pullback f ∗ by every isometry f (x) = Qx + y with Q ∈ O(3, Z) and y ∈ T3

L. It is also
invariant under the following action of {±I}3. For z = (z1, z2, z3) ∈ {±I}3 choose a smooth
map hz : R3 → SU(2) with hz(x + Lei) = zihz(x), and set

Cz[A] = [Ahz ], Ahz = hz Ah−1
z − (dhz)h−1

z .

The connection Ahz is periodic, the class Cz[A] does not depend on the choice of hz or of the
representative A modulo periodic smooth gauge transformations, and Cz defines a group action on
AL/GL that commutes with the Yang–Mills heat flow, hence an action on XL. The spatial and
center maps are homeomorphisms for the Wilson topology and Borel automorphisms, and they
preserve the energy.

For normalized fundamental Wilson loops Wℓ,t(X) = (1/2) tr Holℓ X(t), integers
b1, . . . , bm ≥ 0, and times t1, . . . , tm > 0,

Eλ

m

∏
j=1

W
bj
ℓj,tj

= 0 if
m

∑
j=1

bjw(ℓj) ̸= 0 in (Z/2Z)3.

For characters of the irreducible representations of highest weights nj, the same holds with bj
replaced by bjnj in the parity condition. The corresponding selection rule holds at every finite
cutoff, with the winding vectors of the lattice paths. All these conclusions also hold for the measure
λL,γ,[n]M of Theorem 29.28.

The center symmetry acts on periodic gauge orbits; it is not an additional identification
in the quotient by periodic gauge transformations, since hz is not periodic when z ̸=
(I, I, I).

Proof. We first prove exact identities on the lattice, then construct the continuum actions
and compute their effect on Wilson loops, and finally pass to the limit.
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Step 1: lattice symmetries. A lattice translation or a signed permutation of the coordi-
nates relabels the directed edges, inverting a link variable when the orientation of its
edge is reversed. It preserves the product Haar measure and the product bi-invariant
Riemannian metric. A plaquette path is mapped to a plaquette path, up to cyclic permu-
tation and inversion. Since q(V) = q(V−1) and q is a class function, the Wilson action,
and hence the Wilson measure (2.1), are preserved. The invariance of Haar measure
under inversion also follows from Lemma 5.1 and the uniqueness of the Haar probability
measure.

Let ce ∈ {±I}, with cē = c−1
e , be a center-valued function on links such that ∏e∈∂p ce =

I for every plaquette p. The map Ue 7→ ceUe preserves the product Haar measure, the
product metric, and the trace of every plaquette variable, so it preserves the Wilson
measure. An explicit choice with monodromy z is ce = zi on the positive direction-i links
from the plane xi = L − a to the plane xi = 0, and ce = I on all other links. Its product
around every plaquette is I, and for a closed lattice path ℓa,

c(ℓa) =
3

∏
i=1

zwi(ℓa)
i , Holℓa(cU) = c(ℓa)Holℓa(U). (30.10)

Every such flat center-valued function acts, modulo lattice gauge transformations, as one
of these explicit choices. Indeed, we lift the lattice to aZ3. On the lift, the product of a
flat function along a path with fixed endpoints does not depend on the path, since any
closed lattice path can be reduced to the trivial path by cancellations and by moves across
elementary squares. Thus the lifted function is the lattice differential of a center-valued
function on the vertices of aZ3, whose three monodromies under the periods Lei are the
zi. For two flat functions with the same monodromies, the ratio of these vertex functions
is periodic, so their actions on periodic lattice gauge orbits agree.

An isometry that preserves a smooth function maps its Riemannian gradient to its
gradient. All the maps above are isometries of UN that preserve the Wilson action, so
they commute with the Wilson flow, which exists and is unique globally on the compact
configuration space; the rescaling of time by 4/a2 preserves this commutation. We
conclude that the exact identities of joint laws, and (30.10), hold simultaneously for any
finite list of lattice paths, characters, and positive times, without conditioning and without
choosing representatives.

Step 2: the continuum actions. Write zi = (−I)εi with εi ∈ {0, 1}, and let

hz(x) = exp
(2π

L
τ3 ∑

i
εixi

)
,

where τ3 = −iσ3/2. Since e2πτ3 = −I, this map has the required monodromy. Since the
zi are central, Ahz is periodic and smooth whenever A is. If A is replaced by Ak with k
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periodic, then (Ak)hz = (Ahz)hzkh−1
z , and hzkh−1

z is periodic. If h′z has the same monodromy
as hz, then h′zh−1

z is periodic and Ah′z = (Ahz)h′zh−1
z . This proves both independence claims,

for gauge transformations in all homotopy classes. The product hzhz′ has monodromy
zz′, so the induced maps on orbits form a group action.

The curvature transforms as F(Ahz) = hzF(A)h−1
z , so the energy is preserved. The

Yang–Mills heat equation is covariant under the time-independent smooth gauge trans-
formation hz on R3, and both the transformed initial datum and the transformed solution
are periodic. By the uniqueness of periodic smooth solutions (Theorem 24.10), Cz com-
mutes with the flow. The same facts for the pullback f ∗ follow from the chain rule, the
orthogonality of Q, the invariance of volume, and the same uniqueness. Hence both
kinds of maps act on trajectories.

For a loop ℓ whose lift runs from x to x + Lw(ℓ), the transformation rule Hk(s) =

k(ℓ(0))H(s)k(ℓ(s))−1 for parallel transport gives

Holℓ(Ahz) = hz(x)Holℓ(A)hz(x + Lw(ℓ))−1 =
(
∏

i
zwi(ℓ)

i

)
hz(x)Holℓ(A)hz(x)−1.

(30.11)
For f (x) = Qx + y, parallel transport gives Wℓ,χ,t( f ∗X) = W f ℓ,χ,t(X). The character of
the irreducible representation of highest weight n satisfies χn(−H) = (−1)nχn(H), since
−I acts as (−1)n on the nth symmetric power of the fundamental representation. For a
general finite-dimensional representation ρ, the two eigenspaces of the involution ρ(−I)
are invariant subrepresentations, and the transformed character is the difference of their
characters. It follows that every Wilson loop composed with either kind of map is a finite
linear combination of Wilson loops. Since TW is the initial topology of the Wilson loops,
both kinds of maps and their inverses are continuous, and by Theorem 29.3 they are
Borel.

Step 3: spatial invariance. Fix y ∈ T3
L and Q ∈ O(3, Z). Let yK be lattice translations

with d(yK, y) ≤
√

3aK/2, and set fK(x) = Qx + yK, which maps the lattice to itself.
The exact identity of Step 1 for fK applies to a finite list of admissible approximations
(ℓi,K)K. The transformed paths have the same lengths, and the comparison homotopies
transformed by fK connect them to fKℓi with the same swept areas, which tend to
zero. We append the translation strip between fKℓi and f ℓi, together with a connecting
path between their basepoints. On the universal cover, its swept area is at most |yK −
y| length(ℓi), and the same bound holds after projection to the torus, for the swept area
counted with multiplicity. Thus the transformed paths form an admissible approximation
of f ℓi, with swept areas Ai,K + O(aK) → 0. Using the identification of the limiting finite
joint laws of the Wilson loops in Theorem 29.20 (along nMk, in Theorem 29.28) together
with Theorem 29.23, we pass the exact identities to every finite joint law of the Wilson
loops of f ∗X and of X under λ. By Theorem 29.3, we have ( f ∗)#λ = λ. This proves
invariance under continuous as well as lattice translations.
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Step 4: center invariance and the selection rule. We now use the exact center identity
of Step 1. Since a based homotopy preserves the integer winding vector, for large K
the central sign in (30.10) for ℓi,K is the sign in (30.11) for ℓi. By the convergence of
joint loop laws, the identity passes to every finite joint vector under λ. Since these laws
determine probability measures, we have (Cz)#λ = λ. For a product of normalized
fundamental Wilson loops raised to the powers bj, this invariance multiplies the expec-

tation by ∏i z
∑j bjwi(ℓj)

i . If the vector ∑j bjw(ℓj) has a nonzero component modulo two,
we choose zi = −I at such a component and zi = I elsewhere. Then the multiplier is
−1, so the expectation equals its negative and vanishes; the variables are bounded, so no
integrability issue arises. The rule for irreducible characters follows in the same way, with
the additional parities nj, and the rule at a finite cutoff follows directly from the exact
identities of Step 1. For the measure λL,γ,[n]M along the full sequence, see Section 30.6.

30.6 Collected conclusions and the full sequence

We collect the conclusions of Sections 30.3 to 30.5 in the setting of Theorem 29.21, and
then prove their extension to the full sequence Nk = nMk.

Corollary 30.7. At every fixed 0 < γ ≤ Γ, in the setting of Theorem 29.21, all conclusions
of Theorems 30.4 to 30.6 hold, with admissible approximations fixed in time. In particular, the
joint processes of lattice energies Ea and flowed lattice Wilson loops converge in distribution in
the uniform topology on [τ, T] to the corresponding processes under the same measure λ, and the
expected supremum of the loop discrepancy between two admissible approximations tends to zero.
The image laws of the maps πK in the Sobolev topology converge, together with every finite joint
vector of energies and Wilson loops of the image trajectories. The measure λ is invariant under
the spatial and center symmetries, and the winding selection rules hold. These conclusions hold at
each fixed coupling; no modulus of convergence for the paths or in the Sobolev topology is uniform
in the coupling.

Proof. Theorems 30.4 to 30.6 are formulated and proved at every fixed 0 < γ ≤ Γ, for the
maps and the measure of Theorem 29.21, and their inputs have no further restriction on
γ. The deterministic Lemma 30.3 uses Theorems 24.5 and 25.7 and Lemma 25.5, which
have no restriction on the coupling, together with the energy estimates of Lemma 29.14;
its Lipschitz bound in time uses only the lengths of the paths. The bounds on the flow
data are tight by Lemma 28.11. The joint loop limits used in the proof of Theorem 30.6
are given by Theorems 29.21 and 29.23; the strip added when a continuous translation
is approximated by lattice translations has vanishing swept area and is covered by
Theorem 29.23. The Sobolev assertion requires only the energy tails and the convergence
of the finite joint laws of the Wilson loops, which are part of Theorem 29.21.
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We also record a second proof of the convergence of the conditioned path laws used
in Step 1 of the proof of Theorem 30.4. By Lemma 30.3, on each event {RK|r ≤ R} and for
small meshes, the joint energy and loop paths are bounded and Lipschitz in time with
constants depending on R. By (30.3) and the Arzelà–Ascoli theorem, the conditioned
path laws are tight. By Theorems 29.21 and 29.23, their joint laws at rational times are
those of the paths under λr, and these laws determine a probability measure on the
continuous path space. Hence the conditioned path laws converge to the image of λr

under the continuum path map, which is Borel because its coordinates at rational times
are Borel and its paths are continuous. This argument does not require the energy to be
continuous in the Wilson topology. The passage to the Wilson measure is then Steps 2
and 3 of the proof of Theorem 30.4.

We now prove the assertions on the full sequence Nk = nMk in Theorems 30.4 to 30.6,
which are also the additional assertions of Theorem 29.28 on paths, the Sobolev topology,
and symmetries.

Proof of the assertions on the full sequence. We take the consecutive integers J, J + 1 of Corol-
lary 23.15 and the maps used in Theorem 29.28. In this paragraph, r ∈ {0, . . . , J − 1}
denotes a residue index. For each residue r, the subsequence nMr+Jl, l ≥ 0, is a sequence
of the form n∗Bl with base nMr ∈ 4N, and the maps of Theorem 29.28 on it are those of
Corollary 29.26.

On every such residue-class subsequence, Theorem 30.4, applied through Theo-
rem 29.21, yields the convergence of the energy and loop paths and the comparison
of two admissible approximations. By Theorem 29.28, the limiting measure is the same
λL,γ,[n]M for every residue. The continuum path map is Borel: its energy coordinates at
fixed times are Borel by Theorem 29.6, its Wilson-loop coordinates are Borel by Theo-
rem 29.3, its paths are continuous, and the Borel σ-algebra of the uniform path space is
generated by the evaluations at a countable dense set of times. Hence the limiting path
law is the same for every residue. For a bounded continuous path test, the expectations
converge along each of the finitely many residue classes, and taking the largest of the
finitely many thresholds proves the convergence along the whole sequence. The same
finite maximum proves the comparison of two admissible approximations.

For the Sobolev assertion, the general part of Theorem 30.5 applies directly to the
interlaced maps, since Theorem 29.28 gives the tightness of the energies of the image
trajectories at every positive time and the convergence of all joint laws of determining
coordinates. Alternatively, the Sobolev limit along each residue class is the same Borel
image (i1,2)#λL,γ,[n]M , and the finite maximum argument above applies to every bounded
continuous test for T1,2. Lemma 29.7 identifies the finite joint vectors of energies and
Wilson loops of the image trajectories.
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Finally, the limiting measure equals, for example, the measure along the sequence
n(MJ+1)l used in the proof of Theorem 29.28. Theorem 30.6 for that sequence therefore
gives the spatial and center invariance of this measure, and the selection rule is an identity
for this measure. The proof uses only fixed couplings and finitely many values of J, so
no uniformity in the coupling, in Γ, or in J is involved.

30.7 Continuity and uniform convergence in the coupling

In this section, the coupling varies in a compact interval I = [γ−, γ+] ⊂ (0, ∞), γ− > 0.
We show that the convergence statements for finite vectors of Wilson loops and for the
image laws specified in Theorem 30.10 hold uniformly for γ ∈ I, with approximating
maps that do not depend on γ, and that γ 7→ λL,γ,[n]M is weakly continuous. The main
point is the order of the choices: the parameters, the minimum coarse side, and the
sequence m(K) that determines the maps must be fixed before γ ∈ I is chosen. To that
end, we first prove, for each fixed number of constraints, that the probability that no
element of the countable family of Lemma 29.8 satisfies the constraints tends to zero
uniformly in γ ∈ I. Only then do we choose m(K).

Constants with a subscript I may depend on both endpoints γ±, on the coarse side,
on L, M, J, Θ, on the analytic radii, the exponents, and the moment orders, and on the
stated lists of times and observables. They do not depend on γ ∈ I, on the depth of the
hierarchy, or on the finer mesh; that is, they have the dependence described in item (7)
of Definition 4.14, with the additional dependence on I. Lattice paths are admissible
approximations as in Section 30.1; they and their swept areas do not depend on γ. The
first of two lemmas restates the deterministic comparison of Theorem 29.16 at finitely
many observation times.

Lemma 30.8. Fix L, T0, R > 0, 1/2 < α < 2/3, 0 < τ ≤ T < ∞, and a finite list (ℓh,a, χh, th)

of closed lattice paths, characters, and times th ∈ [τ, T], where the paths have physical lengths
bounded by fixed numbers. For n = L/a ∈ N set

Wlat
h (U) = χh

(
Holℓh,a

Ψ(n)
th

U
)
.

Consider two flow data (xa, ya) and (x′a, y′a) on the same lattice and in the same gauge, of initial
configurations U and U′, with norms on [0, T0] at most R, and set da = Xa

α(xa − x′a) + Ya
α(ya −

y′a), where both norms include their difference components. There are a∗ > 0, d∗ > 0, and
CR < ∞, depending only on the displayed deterministic data, such that da ≤ d∗ and a ≤ a∗
imply

sup
τ≤t≤T

∣∣Ea(Ψ
(n)
t U)− Ea(Ψ

(n)
t U′)

∣∣+ max
h

∣∣Wlat
h (U)− Wlat

h (U′)
∣∣ ≤ CRda,

and each of these energies is at most CR on [τ, T]. The constants do not depend on the coupling,
the law, the cutoff, the depth of the hierarchy, the index of a finite-scale reconstruction, or the
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derivatives of its arrays. For a fixed finite-scale reconstruction, interpolated by the cardinal
interpolation of Lemma 16.3, the joint vector of lattice energies and flowed lattice Wilson loops
converges, uniformly over the bounded set of its arrays on the coarse mesh, to the corresponding
vector of the continuum flow from the interpolated field, for admissible approximations.

Proof. We work in the common gauge in which da is measured and apply Theorem 29.16
with the window [τ, T] and the given length bounds. After enlarging the constant, the
supremum over time in that theorem bounds the discrepancy of each loop at its own
time th, as well as the energy discrepancy, and its bound on the individual energies gives
the bound CR. We take d∗ below the threshold for the discrepancy in Lemma 25.9. These
are deterministic results with no restriction on the coupling. For the bounded set of
coarse arrays, the uniform consistency of the joint energy and loop paths in Lemma 29.17
implies the stated consistency of the finite vector. Only this consistency constant may
depend on the derivatives of the arrays of the fixed finite-scale reconstruction.

For the second lemma, fix a coarse side n and write aq = (L/n)B−q. Under νnBk,n,γ,
let θ̂q be the link logarithms of the field reconstructed at scale q by the reconstruction
maps (Theorem 15.14), and let fq = Iaq→0(θ̂q/aq) be its cardinal interpolation to a smooth
one-form on T3

L (Lemma 16.3). We write X[q] for the continuum trajectory started at fq,
and dk,q for the norm of the difference between the flow data of the fields reconstructed
at scales k and q, computed on the lattice of mesh ak, as in Lemma 28.10.

Lemma 30.9. Fix L > 0, I = [γ−, γ+] ⊂ (0, ∞), Γ ≥ γ+, the parameters of Theorem 23.5,
and a coarse side n above the common threshold of Lemma 28.10. Fix a finite list of energies at
positive times and of admissible approximations of loops with characters and positive times. Under
νnBk,n,γ, let Zk,γ be the joint vector of lattice energies and flowed lattice Wilson loops, and let Z[q]

k,γ

be the joint vector of continuum energies and Wilson loops of X[q], computed on the same sample.
Then

lim
q→∞

lim sup
k→∞

sup
γ∈I

EνnBk ,n,γ
min

(
1, |Zk,γ − Z[q]

k,γ|
)
= 0. (30.12)

For each fixed q, the laws of Z[q]
k,γ converge as k → ∞, uniformly in γ ∈ I, to laws that depend

continuously on γ and have a common compact support. For each fixed t > 0, the tails of the
lattice energy at time t under νnBk,n,γ are uniform over γ ∈ I and over all cutoffs.

Proof. The coarse side satisfies n ≥ nI ≥ nΓ. By Theorem 23.5, all structural, image,
product, and coupling conditions of Theorem 15.6 hold for every γ ∈ I. For fixed q,
the array on the coarse mesh lies in a fixed compact set, and the continuum vector is
a continuous function of this array by Theorem 24.10. The assertion about the laws
at fixed q, including the continuity in γ and the compact support, then follows from
Theorem 15.17.
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Let ρI(R) be the tail of the norm of the flow data in (28.18), and let d∗(R + 1) be
the threshold for the discrepancy in Lemma 30.8 at the radius R + 1. Fix 0 < δ ≤
min{1, d∗(R + 1)}. On the event that the flow data of the full field have norm at most
R and dk,q ≤ δ, the flow data of the full field and of the field reconstructed at scale q
both have norm at most R + 1, and the hypotheses of Lemma 30.8 hold for all sufficiently
small meshes. Applying that lemma, followed by its consistency statement for the fixed
scale q, we obtain

|Zk,γ − Z[q]
k,γ| ≤ CRδ + ωq(ak), ωq(ak) −→ 0,

uniformly over the bounded set of coarse arrays and over γ; the mesh threshold for the
first comparison does not depend on q. This implies that the expectation in (30.12) is at
most

ρI(R) + sup
γ∈I

νnBk,n,γ{dk,q > δ}+ CRδ + ωq(ak).

With R and δ fixed, we first take the limit superior in k at fixed q, then let q → ∞ using
(28.17), then let δ → 0, and finally let R → ∞. This proves (30.12). The energy tails
follow from the uniform tail ρI(R) and the deterministic bound on the energy for flow
data of norm at most R in Lemma 30.8. The finitely many coarse cutoffs below the mesh
threshold are included by the bound Ea ≤ 48N3/a, which holds because 0 ≤ q(Up) ≤ 2
for every plaquette and there are 3N3 positive plaquettes. This yields the supremum over
all cutoffs.

Theorem 30.10. Fix L > 0, an odd integer M ≥ 3, and I = [γ−, γ+] ⊂ (0, ∞) with γ− > 0.
Choose Γ ≥ γ+ and the parameters of Theorem 23.5. There is a minimum coarse side nI such
that, on every sequence NK = n∗BK with n∗ ∈ 4N, after a finite shift of the base, common to all
γ ∈ I, if n∗ < nI , the following statements hold, with λγ = λL,γ,[n∗]M .

1. For every fixed finite vector of flowed lattice Wilson loops on admissible approximations,
the laws under µNK ,γ converge to the corresponding law under λγ in the bounded-Lipschitz
distance, uniformly for γ ∈ I. The complex source functionals and each of their fixed
derivatives converge uniformly for γ ∈ I and z in each fixed finite ball.

2. There are Borel maps πK on the full configuration spaces, invariant under periodic lattice
gauge transformations and independent of γ and of any coarse side chosen afterwards, such
that for each fixed j and t > 0,

sup
γ∈I

EµNK ,γ

∣∣wj(πK)− Wlat
K,j

∣∣ −→ 0, lim
R→∞

sup
K≥0, γ∈I

µNK ,γ{EL(πK(t)) > R} = 0.

For every further fixed finite vector W of Wilson loops on admissible approximations, with
lattice counterpart W lat

K , and every bounded continuous test f of that vector,

sup
γ∈I

EµNK ,γ

∣∣ f (W (πK))− f (W lat
K )

∣∣ −→ 0.
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The same statements on determining coordinates and energy tails hold uniformly in γ ∈ I
under every fixed conditioned measure νNK ,nr,γ with nr = n∗Br ≥ nI .

3. For every bounded TW-continuous function F on XL,

sup
γ∈I

∣∣EµNK ,γ F(πK)− λγ(F)
∣∣ −→ 0.

The convergence is also uniform in the bounded-Lipschitz distance of (XL, dc). The image
laws and the limiting measures have common compact containment in the Wilson topology
and in dc.

4. The map γ 7→ λγ is weakly continuous on I for both topologies, and the law of every fixed
finite vector of Wilson loops and its source functional depend continuously on γ. These
statements hold on all of (0, ∞), by covering it with compact intervals.

The same conclusions under the Wilson measures hold along the full sequence Nk = n∗Mk. The
parameters, nI , and the sequence m(K) defining the maps are fixed before γ ∈ I is chosen; the
constants may depend on I and on the sequence.

Remark 30.11. The constants may diverge as γ− → 0 or γ+ → ∞, and no rate of conver-
gence is asserted. The uniformity concerns each fixed finite list and each fixed bounded
test; it is not asserted for the path laws of Theorem 30.4, for the Sobolev laws of The-
orem 30.5, or for the energy laws of the image trajectories, whose convergence at each
fixed γ follows from Theorem 30.5. The maps chosen for two overlapping intervals may
differ, but their limiting measures agree on the overlap, since these are determined by
the joint laws of Wilson loops. Finally, if I ⊂ (0, γ0] for the coupling bound γ0 ≤ 1
of Theorem 23.2, one may take Γ = γ0; by the clause of Theorem 23.5 that retains a
prescribed J, the parameter tuple of Theorem 23.2 can then be kept, with one common
enlargement of the minimum coarse side.

Proof of Theorem 30.10. The proof has six steps. We fix the parameters and nI , and then
prove uniform convergence of finite vectors of Wilson loops. Next, we prove that the
failure probability at each fixed level tends to zero uniformly, choose the maps by a
diagonal argument, and treat the early cutoffs. Finally, we deduce the convergence of the
image laws, the continuity in γ, and the statement along the full sequence.

Step 1: parameters. Theorem 23.5 gives the common parameter tuple. We fix the horizon
T0 = L2 and the exponents of the norms of the flow data before any list of observables
is chosen. All later lists use this horizon; their positive waiting times and later horizons
affect the deterministic flow constants and the mesh thresholds, but not the minimum
coarse side. Let t∗ > 0 be so small that the finitely many smallness conditions of
Lemma 28.10 on the largest effective coupling t1 = (γ/(Mn))1/2 hold whenever t1 ≤ t∗,
and take nI ≥ max(nΓ, γ+/(Mt2

∗)), rounded up to an element of 4N; then t1 ≤ t∗ for all
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γ ∈ I and n ≥ nI . All other conditions are already included in nΓ. No local constant is
chosen using nI or a later failure-probability constant, and every coarse side n ≥ nI in
the sequence is allowed with the same tuple.

Step 2: finite vectors of Wilson loops. At a fixed coarse side, the Wilson loops lie
in a fixed compact box, since each is bounded by the dimension of its representation.
By Lemma 30.9, the approximation errors are uniformly small, and for fixed q the
approximating laws converge uniformly and depend continuously on γ. For a test
function f with max(∥ f ∥∞, Lip f ) ≤ 1, that is, with bounded-Lipschitz norm at most
one, the triangle inequality between two cutoffs shows that the expectations under the
conditioned measures form a Cauchy sequence uniformly in γ ∈ I; passing to a common
finer cutoff, we find that the same holds for the limiting approximating laws at two indices
q, q′. The probability measures on the compact box form a compact, hence complete,
space for the bounded-Lipschitz distance. To see this, we partition the box into nested
finite families of half-open cubes with diameters tending to zero, assigning the outer
boundary to the last cells. From any sequence of laws, we extract by a diagonal argument
a subsequence along which the mass of every cell converges. The limiting weights are
consistent under refinement and sum to one. We subdivide [0, 1] into nested intervals
with these lengths, so that the intervals of the children partition that of the parent. Apart
from the countably many endpoints of these intervals, each point of [0, 1] selects a nested
chain of cells, whose closures determine one point of the box. This map is measurable
as a limit of step functions, and its image of Lebesgue measure is a probability measure
on the box. At each level of the partition, the integral of a test with bounded-Lipschitz
norm at most one against either the laws of the subsequence or this law differs from the
corresponding weighted sum of values at fixed representatives of the cells by at most the
largest cell diameter. Since the cell masses converge, the subsequence converges to this
law in the bounded-Lipschitz distance. Hence for each coarse index r, the laws of the
vector under the conditioned measures have a unique limit Pr

γ, and the convergence is
uniform on I. The same approximation shows that Pr

γ is continuous in γ, as a uniform
limit of the continuous laws at fixed q. The limits for different finite lists are compatible,
since the laws at each cutoff are.

We write nr = n∗Br and νK|r,γ = νNK ,nr,γ. For u ≥ nΓ, the right side of (23.13) is
nondecreasing in γ ∈ (0, Γ], since Mu/γ ≥ MnΓ/Γ > 1. Let FΓ(u) denote its value at
γ = Γ. By Theorem 23.10, we have

sup
K≥r, γ∈I

µNK ,γ(Sc
NK ,nr,γ) ≤ FΓ(nr), FΓ(nr) −→ 0 (r → ∞).

By (30.2), at each cutoff, the expectation of a test with bounded-Lipschitz norm at most
one under the Wilson measure differs from that under the conditioned measure by at
most 2FΓ(nr). Taking the uniform limit in K at fixed r, and then letting r → ∞, we obtain
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uniform convergence of the vector laws under the Wilson measures. By Theorems 29.23
and 29.24, their pointwise limit is the law of the vector under λγ. The continuity in
γ follows from the continuity of the conditioned limits and the same uniform error.
For the source functionals, since the coordinates are bounded, the exponentials and
their fixed derivatives in z are uniformly bounded and uniformly continuous on a fixed
complex ball; a finite net of the ball gives the stated uniformity. In particular, fixed
moments and cumulants converge uniformly and depend continuously on γ. On a
common small ball of sources, the logarithm with value zero at the origin is defined,
since |Z(z) − 1| ≤ eD ∑h|zh| − 1 < 1/2 there, where D bounds the dimensions of the
representations. The uniform convergence of the fixed derivatives then implies the
convergence of the derivatives of the logarithms of the source functionals at the origin,
with no additional nonvanishing hypothesis.

The tails of the lattice energy under the Wilson measures are also uniform. At fixed r,
the conditioned tail is uniform by Lemma 30.9, and by (30.2), the Wilson probability of a
tail event is at most its conditioned probability plus FΓ(nr). We take first the limits in the
cutoff and in the size of the tail at fixed r, and then let r → ∞. The finitely many earlier
cutoffs are included by the bound Ea ≤ 48N3/a.

Step 3: uniform feasibility at a fixed level. Let (Xb)b≥1 be the countable family of
continuum trajectories of Lemma 29.8, started at the trigonometric polynomials with
rational coefficients, with X1 = 0; it does not depend on γ. Set si = L22−i and ϵm = 2−m,
and let πK,m(U) be the first Xb that satisfies∣∣wj(Xb)− Wlat

K,j(U)
∣∣ < ϵm (j ≤ m),

EL(Xb(si)) < EaK(Ψ
(NK)
si U) + ϵm (i ≤ m),

(30.13)

and the zero trajectory if there is no such b; this is the construction of Theorem 29.19. We
say that level m fails at U if no b satisfies (30.13).

Fix m, a coarse index r with nr ≥ nI , and η > 0. By Lemma 30.9, applied to the
m determining coordinates and the m energies in (30.13), there exists a fixed q such
that, for all sufficiently large K and uniformly in γ ∈ I, the lattice vector differs from
the continuum vector of X[q] on the same sample by less than ϵm/4 with conditioned
probability at least 1 − η. To deduce this from the truncated expectation in (30.12), we
apply Markov’s inequality with the threshold min(1, ϵm/4) and make that expectation
smaller than η min(1, ϵm/4). By Lemma 29.8, for every realization of X[q], there exists
an element of the countable family whose joint vector differs from that of X[q] by less
than ϵm/4. Then the strict inequalities (30.13) hold, since every loop error is less than
ϵm/2 and every energy of the family element is less than the lattice energy plus ϵm/2.
Thus the conditioned probability that level m fails is at most η, uniformly in γ ∈ I. No
measurable choice of the approximating element is needed, since its existence places the
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configuration in the countable union of the sets where (30.13) holds. This proves uniform
feasibility at each fixed level directly, without a limiting initial potential and without
using the compactness of I to make a pointwise statement uniform.

For the failure event under the Wilson measure, (30.2) bounds the limit superior in
K by FΓ(nr) for every fixed r with nr ≥ nI , uniformly in γ ∈ I. Letting r → ∞ after this
limit, we find that the Wilson probability that level m fails also tends to zero uniformly.
For each K and m, the conditions in (30.13) are strict inequalities between continuous
gauge-invariant functions of the configuration. Therefore the events that a given b is
the first to satisfy them, and the failure event, are Borel, and πK,m is Borel and invariant
under periodic lattice gauge transformations. The conditions do not involve γ.

Step 4: the diagonal choice. We enumerate the coarse indices r with nr ≥ nI as
r(1), r(2), . . . . By Step 3, we can choose increasing integers Km ≥ max(m, r(1), . . . , r(m))

such that for every K ≥ Km the probability that level m fails is at most 2−m, uniformly
in γ ∈ I, under the Wilson measure and under each of the first m conditioned measures.
Set m(K) = max{m : Km ≤ K}, or m(K) = 0 if this set is empty, and πK = πK,m(K). When
level m(K) does not fail, the error of each coordinate wj with j ≤ m(K) is less than 2−m(K);
when it fails, the error is at most two. Thus each fixed coordinate has error in L1 at most
3 · 2−m(K), uniformly in γ ∈ I, under the Wilson measure and eventually under each fixed
conditioned measure. On every configuration and for i ≤ m(K), we have

EL(πK(si)) ≤ EaK(Ψ
(NK)
si U) + 2−m(K), (30.14)

since on failure the output is the zero trajectory, whose energy is zero. Combined with the
uniform tails of the lattice energies from Step 2, this yields uniform tails of the energies
of the image trajectories for all sufficiently large K. By the monotonicity of the continuum
energy along the flow, these tails hold at every t > 0.

Step 5: the early cutoffs. It remains to include the finitely many cutoffs below this
threshold, uniformly in γ; the finiteness of the energy of each image trajectory, pointwise
in γ, would not suffice. On a fixed finite link space, the densities of the Wilson mea-
sures with respect to Haar measure are positive and continuous on the product of the
compact link space with I, hence bounded above and below by positive constants. For
a fixed conditioned measure, the small-field event contains one open neighborhood of
the identity configuration for all γ ∈ I. Indeed, its finitely many conditions on charts,
constraint Jacobians, and fluctuation variables hold with strict margins at the identity,
and the normalized fluctuation variables are continuous near the identity and vanish
there. Further, every cutoff radius Aw log(1/tk) has a positive minimum over I because
tk ≤ t∗ < 1. We shrink one neighborhood O so that it satisfies all these finitely many
conditions. Then µNK ,γ(SNK ,nr,γ) ≥ c HNK(O) > 0 uniformly in γ ∈ I, and the densities
of the conditioned measures are bounded above by CK,r,I times Haar measure. For each
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configuration, πK(U) is an element of the countable family or the zero trajectory, and has
finite energy. Its tail under Haar measure tends to zero by continuity from above, and the
domination by Haar measure makes this convergence uniform in γ. Hence the finitely
many early cutoffs can be included, and the energy tails hold with the supremum over
all cutoffs, without assuming a deterministic bound on the energies of all elements of the
countable family.

Step 6: convergence of the image laws, continuity, and the full sequence. By Theo-
rem 29.6, the image laws under the Wilson measures have common compact containment.
At each fixed γ, the coordinate errors and the convergence of finite vectors identify every
subsequential limit of the image laws with λγ, by the determination of probabilities in
Theorems 29.3 and 29.20. The image laws therefore converge to λγ. Fix η > 0 and choose
a common compact set K(R) of Theorem 29.6 with (πK)#µNK ,γ(K(R)) ≥ 1 − η for all
K ≥ 0 and γ ∈ I. This set is dc-compact and hence closed. The closed-set inequality in
the portmanteau theorem therefore gives

λγ(K(R)) ≥ lim sup
K→∞

(πK)#µNK ,γ(K(R)) ≥ 1 − η, γ ∈ I.

Thus the family of limits has the same compact containment.
Let C be a common compact set whose complement has probability at most η under

all image laws and all limits. On C, the Wilson topology and the dc topology agree. By
Lemma 29.9, a bounded Wilson-continuous F with |F| ≤ D is approximated within δ on
C by G(w1, . . . , wb), with G continuous on [−1, 1]b and |G| ≤ D. Using the coordinate
errors and the uniform continuity of G, we compare the expectation of G on the image
with its expectation on the lattice coordinates, uniformly in γ, and the latter converges
uniformly by Step 2. The two complements of C contribute at most 4Dη. Therefore

lim sup
K→∞

sup
γ∈I

∣∣EµNK ,γ F(πK)− λγ(F)
∣∣ ≤ 2δ + 4Dη,

and we let δ, η → 0. For the class of functions with bounded-Lipschitz norm at most
one for dc, the restrictions to C have a finite uniform net. To construct it, we take a finite
fine net of C, round the values of each test at its points, and choose one test realizing
each rounded list of values. The Lipschitz bound controls the error between net points.
The uniform convergence for these finitely many tests and the common bound on the
complements give uniform convergence in the bounded-Lipschitz distance.

For a further fixed finite vector W and a bounded continuous test f , the function
h = f ◦W is bounded and Wilson-continuous; let G be its approximation on C as above,
and write pbX = (wj(X))j≤b and Wlat

K,b = (Wlat
K,j)j≤b. Then∣∣ f (W (πK))− f (W lat

K )
∣∣ ≤ ∣∣h(πK)− G(pbπK)

∣∣+ ∣∣G(pbπK)− G(Wlat
K,b)

∣∣
+

∣∣G(Wlat
K,b)− f (W lat

K )
∣∣.
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The expectation of the first term is at most δ + 2Dη, and that of the second tends to
zero uniformly by the coordinate errors. The last term is a bounded continuous test
of the single joint lattice vector consisting of the determining coordinates and W lat

K . By
Step 2, its expectation converges uniformly to Eλγ

|G ◦ pb − h| ≤ δ + 2Dη. This proves the
statement for further vectors without combining separately given marginals. For complex
tests, we apply the argument to the real and imaginary parts.

At each fixed N, the density Z−1
N,γ exp(−4Nγ−1 ∑p q(Up)) of the Wilson measure is

continuous in L1(HN) as a function of γ ∈ I, since the numerator is bounded and jointly
continuous and the normalizing constant is positive and continuous. Hence the finite
measures are continuous in total variation. Since the maps πK do not depend on γ,
the expectation of every bounded Borel function of πK is continuous in γ. Combined
with the uniform convergence for bounded Wilson-continuous F, this proves the weak
continuity of γ 7→ λγ for the Wilson topology. Since the identity map from the Wilson
topology to dc is continuous, we also obtain weak continuity for dc. Similarly, the
uniform convergence of the finite vectors implies the continuity of their laws and source
functionals. The measures λγ do not depend on I, so continuity on every compact interval
gives continuity on (0, ∞).

In this paragraph, r ∈ {0, . . . , J − 1} denotes a residue index. For the full sequence
n∗Mk, the statements above apply to the finitely many residue bases n∗Mr, 0 ≤ r < J,
with one common shift of the base. By Theorem 29.28, their pointwise limits are the same
λγ, and the maximum of finitely many uniform errors tends to zero. Let mr(l) be the
diagonal sequences of the finitely many residue classes. On the full sequence, the maps
are defined by (30.13) at the level m(k) = min0≤r<J mr(⌊k/J⌋), which is a nondecreasing
sequence tending to infinity. A configuration that does not fail at some level does not
fail at any lower level, since there are fewer conditions with larger tolerances. Hence the
failure probabilities at level m(k) are bounded by those of the residue classes, and all
estimates on the coordinate errors and the energies persist. The finitely many initial zero
outputs affect no limit and no tail.

Corollary 30.12. Fix a physical coupling c = g2
3 > 0, an odd integer M ≥ 3, and an equivalence

class [n]M, and identify XL with X1 by D−1
L . Then the map

L 7−→ (D−1
L )#λL,cL,[n]M = λ1,cL,[n]M

is weakly continuous on (0, ∞) for both topologies on X1. On each compact interval of side lengths
in (0, ∞), the limits of the dilated finite vectors of flowed lattice Wilson loops, and the convergence
of the laws of the common maps, are uniform in L. The same holds jointly in (c, L) on compact
rectangles in (0, ∞)2, after transporting tests and times by dilation.

Proof. The notation c is local to this corollary. The displayed identity is (30.4), and the
identities of Theorem 30.1 at a finite cutoff include the measure, the lattice time, and
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the ordered lattice paths. A compact rectangle of pairs (c, L) is mapped by (c, L) 7→ cL
onto a compact interval of couplings on the unit torus. We apply Theorem 30.10 on that
interval and compose the continuous functions γ 7→ λ1,γ,[n]M(F) with (c, L) 7→ cL. We
then transport the maps on the unit torus, which do not depend on the coupling, by
DL; their dimensionless errors and energy tails are exactly those on the unit torus. No
uniformity as L → ∞, or for physical observation windows that are not transported by
dilation, is obtained.

30.8 Modified smoothing flows

The flowed Wilson loops are defined with the Wilson flow, the gradient flow of ∑p q(Up)

introduced by Lüscher [128]. We now show that the limits do not change when the flow is
replaced by the gradient flow of a modified plaquette function, within a bounded family.
For c ≥ 0 and a = L/N, let

Ac(U) = ∑
p∈PN

{
q(Up) + c q(Up)

2}, Ψ(N,c)
t = ΦAc

4t/a2 ,

where ΦAc is the flow of the vector field −∇Ac for the product bi-invariant metric,
as in Section 24 (see Lemma 24.11). In particular, Ψ(N,0)

t = Ψ(N)
t . Since the vector

field is smooth on the compact configuration space, the flow exists for all times, and
it commutes with lattice gauge transformations because Ac is gauge invariant and the
metric is invariant. Only the smoothing changes: the measure µN,γ, the block averaging
map, and all conditional kernels are unchanged. Near the identity, q(Up)2 is quartic in
the plaquette logarithm, and in the damped gauge the modification adds to the equation
of the flow only terms of degree at least three in the field (Lemma 24.11).

In this section and the next we use the setting of Theorem 29.25: the parameters, the
order of the quantifiers, and the sequence NK = n∗BK are those of that theorem, so the
coupling is fixed in (0, 1], and λL,γ,[n∗] denotes the corresponding continuum measure.
We define the integer r0 of Section 30.1 for these parameters, enlarged if necessary so that
the conditioned estimates used below hold for all r ≥ r0.

Theorem 30.13. Work in the setting of Theorem 29.25, and fix 0 ≤ C0 < ∞. Under the Wilson
measure µNK ,γ let Uc

K(t) = Ψ(NK ,c)
t U. For loops ℓi with admissible approximations (ℓi,K)K,

characters χi, and times ti > 0, 1 ≤ i ≤ m, set

Wc
K,i = χi

(
Holℓi,K Uc

K(ti)
)
.

Then
lim

K→∞
EµNK ,γ sup

0≤c≤C0

max
i

∣∣Wc
K,i − W0

K,i
∣∣ = 0. (30.15)
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Consequently, the laws of (Wc
K,i)i converge to the joint law of (Wℓi,χi,ti)i under λL,γ,[n∗], uniformly

in c ∈ [0, C0] in the bounded-Lipschitz distance. For every finite Z, the complex source functionals
EµNK ,γ exp(∑i ziWc

K,i) converge uniformly on [0, C0]× {z : ∑i|zi| ≤ Z} to the limit of those of
the Wilson flow. In particular, these conclusions hold for every bounded sequence c = cK ≥ 0.

The maps πK of Theorem 29.25 can be used for every c. Their compact containment, their
convergence in both topologies, their limit, and the tightness of their energies over all K are
unchanged, and for the normalized fundamental coordinates Wc

K,j = (1/2) tr Holℓj,K Uc
K(tj) of

the determining family,

lim
K→∞

EµNK ,γ sup
0≤c≤C0

∣∣wj(πK)− Wc
K,j

∣∣ = 0 (j ≥ 1). (30.16)

Every finite vector of Wilson loops for the modified flows converges jointly to the corresponding
vector under λL,γ,[n∗], for every choice of admissible approximations.

The number C0 is chosen after the parameters and the coupling, and neither the parameter
tuple nor the minimum side is changed. Deterministic mesh thresholds may depend on C0 and on
the bounds on the flow data; convergence moduli may in addition depend on γ, on the coarse side,
and on the observables, as in item (7) of Definition 4.14. No uniformity as γ → 0 or C0 → ∞ is
asserted.

Proof. If the list of loops is empty, there is nothing to prove, so we assume it is not. We
first prove (30.15) under the conditioned measures, using the deterministic comparison of
Lemma 25.15, then remove the conditioning, and finally deduce the remaining assertions.

Step 1: conditioned measures. Fix r ≥ r0, write ur = n∗Br and νK|r = µNK ,γ( · | SNK ,ur,γ).
In the joint realization of Theorem 28.8, with U-marginal νK|r, the reconstructed field is
gauge equivalent to U, and the norm RK|r of its flow data is tight by Theorem 28.8. Since
each flow Ψ(NK ,c) commutes with gauge transformations, the Wilson loops of the flow of
U equal those of the flow of this representative, for every c, and the supremum of the
discrepancies is gauge invariant.

Let D = maxi χi(I) and

∆K = sup
0≤c≤C0

max
i

∣∣Wc
K,i − W0

K,i
∣∣ ≤ 2D.

On each finite lattice, the smooth flow depends continuously on c and on the initial
configuration. This follows by subtracting the integral equations for two values of the
parameters and applying the Lipschitz bound of the vector field on the compact configu-
ration space. Hence the supremum over c equals the supremum over a countable dense
subset of [0, C0], and ∆K is Borel. For fixed R, the early time interval of Theorem 24.12
for flow data of norm at most R is deterministic, and the norm of the flow data on it is at
most RK|r. The admissible approximations have a common bound on their lengths. Then
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Lemma 25.15, which applies to any fixed finite set of characters, yields a deterministic
ωR(a) → 0 such that

EνK|r ∆K ≤ ωR(aK) + 2D νK|r{RK|r > R}.

We let K → ∞ at fixed r, R, and C0, and then R → ∞. By (30.3), we conclude that
EνK|r ∆K → 0.

Step 2: the Wilson measure. At the same cutoff, by Theorem 23.9, applied with the
coupling bound one as in Theorem 29.25, we have µNK ,γ(Sc

NK ,ur,γ) ≤ Fγ(ur) for all K ≥ r,
with Fγ(ur) → 0 as r → ∞ at fixed γ > 0. The second inequality in (30.2) then implies
that

EµNK ,γ ∆K ≤ EνK|r ∆K + 2DFγ(ur).

Letting first K → ∞ and then r → ∞ proves (30.15), with the same order of limits as in
Theorem 28.2.

Step 3: consequences. For a test with bounded-Lipschitz norm, the difference of its
expectations for the modified flow and for the Wilson flow is at most

√
m times its

Euclidean Lipschitz constant times E∆K, uniformly in c. By Theorem 29.25, the vector for
the Wilson flow converges to its law under λL,γ,[n∗], which proves the uniform convergence
in the bounded-Lipschitz distance. For a bounded continuous test f with modulus of
continuity ϖ f for the maximum norm on the compact range of the vector, Markov’s
inequality implies that the error is at most ϖ f (η) + 2∥ f ∥∞E∆K/η for every η > 0. For
the source functionals, we have

sup
∑i|zi|≤Z

∣∣∣e∑i ziWc
K,i − e∑i ziW0

K,i

∣∣∣ ≤ ZeDZ∆K,

since both exponents are bounded by DZ in absolute value and differ by at most Z∆K.
Combined with the convergence of the source functionals of the Wilson flow in The-
orem 29.25, this implies the uniform convergence. The uniformity in c covers every
bounded deterministic sequence cK.

The maps πK are those of Theorems 29.20 and 29.25; their definition does not involve c,
so their law, gauge invariance, Borel measurability, energy tails, and compact containment
are unchanged. For each determining coordinate,

E sup
c

∣∣wj(πK)− Wc
K,j

∣∣ ≤ E
∣∣wj(πK)− W0

K,j
∣∣+ E sup

c

∣∣Wc
K,j − W0

K,j
∣∣ −→ 0,

which is (30.16). For every other finite list, (30.15) and the identification of the limit of
the Wilson-flow vector in Theorem 29.20 identify its limit under the same λL,γ,[n∗]; this
identifies the law of the joint vector, not only its marginals. By Theorems 29.23 and 29.25,
all admissible approximations have the same limits for the Wilson flow, and applying the
comparison to each of them proves the independence of the choice of approximation.
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30.9 Energy and loop processes for the modified flows

We now extend Theorem 30.4 to the modified flows, jointly in c ∈ [0, C0] and t ∈
[τ, T], including the lattice energy. The loops are controlled by Lemma 25.15; the new
deterministic input is the comparison of the energies.

Lemma 30.14. Fix L > 0, 1/2 < α < 2/3, 0 ≤ R, C0 < ∞, 0 < τ < T < ∞, finitely many
characters χi, and lengths ℓ∗i > 0. Consider any initial configuration on the lattice of mesh
a = L/N whose flow data, on the common early time interval of Theorem 24.12, have norm at
most R, and let Uc

a(t) = Ψ(N,c)
t U for 0 ≤ c ≤ C0. Let ℓi,a be closed lattice paths of physical length

at most ℓ∗i . There is a deterministic function ωR,C0,τ,T(a) → 0 as a → 0 such that, uniformly
over all such configurations and paths,

sup
0≤c≤C0
τ≤t≤T

{∣∣Ea(Uc
a(t))− Ea(U0

a (t))
∣∣

+ max
i

∣∣χi(Holℓi,a Uc
a(t))− χi(Holℓi,a U0

a (t))
∣∣} ≤ ωR,C0,τ,T(a).

The maximum over an empty family of loops is zero. The function ω and the mesh thresholds
depend only on the displayed data, the representations, and the margins of the charts and of the
difference stencil, and not on the coupling or the depth of the hierarchy. No rate is asserted.

Proof. The assertion for the loops is Lemma 25.15; we prove the assertion for the energy
on the same configurations, uniformly in both c and t. Fix s > 0 smaller than τ and than
the length of the common early time interval, with a positive waiting interval before s.
By Theorem 24.12, we have

sup
0≤c≤C0

∥Ac
a(s)− A0

a(s)∥C1
a
−→ 0

uniformly over the configurations, where Ac
a is the solution in the damped gauge for

the flow with parameter c. The bootstrap of Theorem 25.7 bounds every fixed order of
differences of the Wilson-flow solution on the waiting interval before s, and the equation
of Lemma 24.2 bounds its time derivatives at each fixed order of differences by the next
two orders.

Suppose that the assertion for the energy fails. Then there exist meshes aj → 0, config-
urations, parameters cj ∈ [0, C0], and times tj ∈ [τ, T] with a fixed positive discrepancy of
the energies. We interpolate the value and difference arrays of the Wilson-flow solution
at time s by piecewise multilinear interpolation. The bounds on the next differences
give equicontinuity across the cells. Then the Arzelà–Ascoli theorem with a diagonal
extraction gives uniform limits of the arrays of all orders, and discrete summation by
parts identifies them as the derivatives of one smooth periodic one-form bs. In particular,
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∥A0
aj
(s)− Saj bs∥C1

aj
→ 0, and by the early comparison, the same convergence holds for all

c ∈ [0, C0], uniformly.
We apply Theorem 24.10 to the single field bs up to time T − s, with at least five

derivatives and strict chart margins. This gives a finite reference family, whose fixed
gauge transformations we sample at the transition times. Next, Lemma 25.14 applies on
the consecutive intervals, for c = 0 and for every c ≤ C0. If the initial errors are ηj → 0,
this lemma gives errors at most C(ηj + aj) → 0 in C1

aj
throughout the reference solutions.

At a transition time, the fixed smooth gauge transformation k changes the C1
a norm by a

bounded factor on the chart, since a−1 Log(k(x)eaAi(x)k(x + aei)
−1) extends smoothly to

a = 0. Thus the errors propagate across every transition, with constants uniform in c.
On each interval, both lattice representatives have a common bound on their C1

a norms,
and their distance tends to zero. By the Lipschitz estimate of Lemma 29.14, which is
uniform in the mesh, the difference of their energies is at most this distance times a fixed
constant. By the gauge invariance of Ea, these are the energies of the two flows, also at the
transition times. This contradicts the assumed discrepancy at tj. Therefore the supremum
over the configurations, c, and t defines a function of a that tends to zero, and combining
it with the function for the loops proves the lemma. The only reference solutions used
for a hypothetical offending sequence are those of its extracted smooth limit bs, so no
derivatives of finite-scale reconstructions of growing index enter the constants.

Theorem 30.15. Work in the setting of Theorem 30.13; in particular γ ∈ (0, 1] is fixed. Fix
0 ≤ C0 < ∞, 0 < τ < T < ∞, loops ℓ1, . . . , ℓm with admissible approximations (ℓi,K)K fixed in
time, and characters χ1, . . . , χm. Under the Wilson measure µNK ,γ let

Uc
K(t) = Ψ(NK ,c)

t U, Wc
K,i(t) = χi

(
Holℓi,K Uc

K(t)
)
.

Then

DK = sup
c∈[0,C0]
t∈[τ,T]

{∣∣EaK(U
c
K(t))− EaK(U

0
K(t))

∣∣+ max
i

∣∣Wc
K,i(t)− W0

K,i(t)
∣∣} −→ 0 (30.17)

in µNK ,γ-probability. The random continuous fields (c, t) 7→ (EaK(U
c
K(t)), (W

c
K,i(t))i) converge

in distribution in C([0, C0]× [τ, T]; R × Cm), with the uniform norm, to the field that does not
depend on c and has the time path

t 7−→
(
EL(X(t)), (Wℓi,χi,t(X))i

)
, X ∼ λL,γ,[n∗].

Moreover EµNK ,γ supc,t maxi|Wc
K,i(t)−W0

K,i(t)| → 0. The number C0, the time interval, and the
observables are fixed before K → ∞, and the convergence moduli have the dependence described in
item (7) of Definition 4.14, with these additional data.
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The theorem asserts convergence in probability of the energy discrepancy, not conver-
gence of its expectation: only the indicator of the event {DK > η} is transferred from the
conditioned measures.

Proof. We first recall the tightness of the norm of the flow data under the conditioned
measures, then apply Lemma 30.14 on the event where this norm is bounded and transfer
the probability of the complementary event, and finally deduce the convergence of the
fields.

Step 1: tightness of the flow data. Fix r ≥ r0, write ur = n∗Br and νK|r = µNK ,γ( · |
SNK ,ur,γ). In the joint realization of Theorem 28.8, the field reconstructed at the finest
scale is gauge equivalent to U, whose marginal is νK|r. Let xj be the linear heat evolutions,
on the finest lattice, of the cardinal interpolations of the fields reconstructed at the scales
j, and yj = QaK(xj, xj), as in Theorem 28.8. The tightness (30.3) of RK|r = XaK

α (xK−r) +

YaK
α (yK−r) is part of Theorem 28.8; we recall the argument, since it uses only finite-scale

reconstructions. Lemma 26.2 gives the exact identity

(xk, yk)− (xh−1, yh−1) =
( k

∑
j=h

dj,
k

∑
j=h

{
BaK(xj−1, dj) +QaK(dj, dj)

})
, dj = xj − xj−1,

where Ba(u, v) = Qa(u, v) +Qa(v, u). By the estimate for the linear heat evolution in
Theorem 28.6 and the two tail estimates in Theorem 28.7, this difference is small in
probability as h → ∞, uniformly in the remaining depth. For each fixed h, the arrays of
the field reconstructed at scale h − 1 range over a bounded finite-dimensional set, by the
construction of the reconstruction maps and the cutoffs on the normalized fluctuation
variables, and their cardinal interpolations have bounded derivatives of every fixed order.
Using the estimates for cardinal interpolation and the heat semigroup in Lemmas 16.1
and 16.3, we bound xh−1 and its fixed differences on every finer lattice. The exact shifted
quadratic term of Lemma 24.2, the contraction of the heat semigroup, and the Duhamel
integral then bound yh−1 and its first difference by Cht. Hence the norm of the flow data
of the field reconstructed at scale h − 1 has a deterministic bound Ch, independent of the
finest mesh. We choose h so that the probability that the difference above exceeds one
is less than a given ε > 0, and then a bound R > Ch + 1. The finitely many remaining
depths have bounded arrays and are included by enlarging R. This proves (30.3) at the
fixed r and γ. Restricting the horizon to the common early time interval does not increase
the norm.

Step 2: the discrepancy. The flows are gauge equivariant and the energies and Wilson
loops are gauge invariant. On the event {RK|r ≤ R}, Lemma 30.14 implies that DK ≤
ωR(aK). The random variable DK is Borel, since the finite flow and its dependence on c
and on the initial configuration are continuous, so the supremum over (c, t) equals the
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supremum over a countable dense set. For every fixed η > 0 and all sufficiently large K,
we have ωR(aK) < η and hence

νK|r{DK > η} ≤ νK|r{RK|r > R}.

Applying the last inequality in (30.2) to the event {DK > η}, and using Theorem 23.9
with the coupling bound one, we obtain

lim sup
K→∞

µNK ,γ{DK > η} ≤ sup
K≥r

νK|r{RK|r > R}+ Fγ(ur), Fγ(ur) −→ 0.

Letting first R → ∞ at the fixed r and then r → ∞ proves (30.17).

Step 3: convergence of the fields. The finite flow is smooth in (c, t) on its compact time
interval, so each field is continuous. By Theorem 30.4, the path of the Wilson flow, c = 0,
converges in distribution. Its image under the continuous map that sends a time path to
the field that is constant in c therefore converges to the stated field. With the maximum
norm on R × Cm, the uniform distance between the field for the modified flows and this
image is at most DK. For a test f with bounded-Lipschitz norm, the difference of the
two expectations is at most Lip( f )η + 2∥ f ∥∞µNK ,γ{DK > η}, which proves convergence
for such tests. For bounded continuous tests, we also need the compact containment of
the paths of the Wilson flow. It follows from the bounds on the values and the Lipschitz
bound in time of Lemma 30.3, with the same localization to {RK|r ≤ R} and the same
removal of the conditioning as in Step 2. By a finite covering argument, a bounded
continuous test is uniformly continuous between the points of a compact set and all
sufficiently nearby paths, and outside the compact set we use the bound on the test.
This proves the convergence in distribution of the fields. Finally, the supremum of the
loop discrepancy is bounded by twice the largest dimension of the representations, so its
convergence to zero in probability implies the convergence of its expectation.

Remark 30.16. The results concern parameters c in a bounded interval and fixed positive
observation times. No assertion is made for unbounded cK, for other modifications of
the flow, for observation times tending to zero with the lattice spacing, or for different
equivalence classes [n]M, and no rate and no uniformity as γ → 0 is asserted. Statements
formulated only in terms of λL,γ,[n∗], such as those in Sections 32 and 34 to 36, concern
the same measure; the theorems above do not give new proofs of the estimates at finite
cutoff on which those statements rest.

Proof of Theorems 2.5 and 2.6. The measure λ = λL,γ,[n]M and the maps πk are those of
Theorem 29.28. Part (1) of Theorem 2.5 is the assertion along the full sequence nMk

in Theorem 30.4, proved in Section 30.6. Part (2) is the assertion under the Wilson
measures along nMk in Theorem 30.5. Part (3) is Theorem 30.6, applied to λL,γ,[n]M as



30 Further properties of the continuum measure § 30.9 261

shown in Section 30.6; the winding vectors w(ℓj) of that theorem are the vectors ν(ℓj) of
Theorem 2.5. Part (4) is (30.4) in Theorem 30.1. Part (5) is Theorem 30.10. Items (1)–(3)
of that theorem, together with its assertion along the full sequence, give the uniform
convergence of finite vectors in the bounded-Lipschitz distance and the choice of maps
independent of γ ∈ I for which the convergence in Theorem 2.3(3) and the tightness in
Theorem 2.3(4) hold uniformly. Item (4) gives the weak continuity of γ 7→ λL,γ,[n]M on
(0, ∞) for both topologies. Theorem 2.6 is Theorems 30.13 and 30.15, along the sequence
NK = n∗BK of Theorem 29.25.
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[95] Krzysztof Gawędzki and Antti Kupiainen. Block spin renormalization group for
dipole gas and (∇φ)4. Annals of Physics, 147(1):198–243, 1983. doi: 10.1016/
0003-4916(83)90071-4. URL https://www.sciencedirect.com/science/article/
pii/0003491683900714.
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