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ABSTRACT

We consider the Wilson lattice gauge measure for SU(2) on a periodic three-
dimensional torus of fixed size, with bare coupling ¢> = g2a proportional to the
lattice spacing a4, as dictated by the superrenormalizability of three-dimensional
Yang-Mills theory. Observables are Wilson loops of the lattice configuration
evolved by the Wilson flow, the lattice gradient flow of the Wilson action, at
positive flow time. We prove that, at every fixed value of the coupling, the joint
laws of finitely many flowed Wilson loops converge as the lattice spacing tends
to zero along the sequences of lattice sides nMF, for fixed odd M > 3 and fixed
positive n divisible by four. For each such refinement class, the limits are realized
by a unique probability measure on the space of gauge orbits of Yang-Mills
heat-flow trajectories at positive times, a version of the state space introduced
by Cao and Chatterjee. At each fixed positive time, the energies of the selected
trajectories 71 (U), with U distributed under the lattice Wilson measures, are tight
uniformly in the lattice spacing. The limiting measure is invariant under the lattice
symmetries and the center symmetries. We also show that, at short distances, the
rescaled deficits (1 — W)/(g%¢) of the normalized fundamental Wilson loops W of
loops x + &/, flowed for time oe? with fixed ¢ > 0, converge to explicit quadratic
functions of the heat-smoothed Gaussian free field. As the coupling tends to zero,
the measure concentrates on flat connections, with Gaussian fluctuations of explicit
covariance near regular commuting holonomies and fluctuations governed by the
constant-mode quartic form near the central holonomies. The proof is a multiscale
renormalization group analysis in the tradition of Bataban, carried out on a small-
tield event whose complement we show to have small probability, uniformly in the
lattice spacing, using reflection positivity and chessboard estimates. It is combined
with stochastic estimates for the lattice heat flow and a deterministic analysis of
the Wilson flow for rough initial data.
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Part VI: Large-field control and the small-field
event (continued)



SECTION 19

Comparison of reconstructions on block regions

This section compares one renormalization group step on a block region with the same
step on the whole torus. Fix a composition T}, of s < | averaging steps and a union
) of blocks of its output lattice. In Section 18 we reconstructed the fine configuration
on () from the coarse field on () and free logarithmic coordinates, with the coordinates
outside () held fixed. We also constructed the stationary point of the effective classical
action in these coordinates and proved a gap for its free Hessian. Here we prove that the
regional construction differs from the torus construction with the coarse field extended
by zero outside () only by terms which decay exponentially with the distance to the
boundary of (). We also prove that the regional construction is stable under small
analytic perturbations of the incoming action. All estimates are bounds on absolute
Taylor coefficients. Their constants do not depend on the shape of (2, the number of its
components, the depth, the number of preceding renormalization group steps, or the
values of previously frozen coordinates.

We use these estimates in the localized renormalization group analysis behind the
exponential-moment bound for blocked actions (Step 1 in Section 3.4). There the con-
figurations are decomposed according to the regions where some averaged plaquette
has large curvature, and the renormalization group is run outside these regions with
the link variables inside them held fixed. Section 20 integrates the fluctuations on block
regions using the reconstructions and perturbation estimates proved here. Section 21 uses
the gauge transformation of Lemma 19.5 and the perturbation theorem Theorem 19.9
to construct large-field decompositions, and Section 23 uses the domain conditions of
Lemmas 19.3 and 19.7 and Theorem 19.9 to choose the parameters.

The results, in order, are as follows: Lemma 19.3 treats successive minimization; Theo-
rem 19.4 compares the regional and torus stationary points, together with the minimized
actions, the Hessians, and the Haar disintegration densities; Lemma 19.5 constructs a
gauge transformation which is the identity at prescribed vertices; Theorem 19.6 compares
the gauge-transformed reconstructions and bounds their input columns; Lemma 19.7
collects the conditions on the radii; and Theorem 19.9 proves stability under perturbations
of the incoming action.

The inputs are Theorem 18.12 (regional coordinates, the gap of the free Hessian, and
the regional stationary point), Lemma 18.15 (coefficient bounds for connected networks
which reach the fixed complement), Lemma 18.8 (derivatives of constrained stationary
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values), Lemma 18.9 (freezing of coordinates), the coefficient algebra of Definition 18.1,
the target-dependent gauge transformation of Theorem 13.2, the classical coefficient
bounds of Theorem 10.11, and the equality of effective classical actions on compact gauge
overlaps, Theorem 11.6.

We compare constrained minimizers through the implicit equation for their response,
and we control the response by an exponentially decaying inverse of the constrained Hes-
sian. This approach follows Bataban’s analysis of the variational problem for background
tields [16, (182)—(190), pp. 307-308, and Proposition 9, p. 309], although our constraints,
coordinate domains, and coefficient norms differ from his. The comparison between
the regional and the torus problems and the gauge transformation fixing the prescribed
endpoints are constructed here. The exponentially weighted resolvent bound, proved in
Lemma 18.3, is the finite-dimensional version of the exponential-conjugation method of
Combes and Thomas [61].

The mechanism. The regional problem and the torus problem with coarse field extended
by zero have the same constraints away from a fixed neighborhood of the boundary of
Q). If we restrict the torus stationary point to the regional coordinates, the gradient of
the regional objective at this point is therefore concentrated near the boundary, up to
exponentially decaying tails. This residual gradient has two sources, which are the two
terms of the formula for rg in Theorem 19.4. First, the reconstructed fine field changes.
Second, the tangent map of the constraints changes, since the regional problem omits
the coarse constraints on links leaving (). Writing p for the restricted torus stationary
point and zg for the regional stationary point, we have zgr — p = —Alzer, where rg is
the residual gradient and Ag, the regional Hessian averaged along the segment from
p to zg, has a positive gap. Since this inverse decays exponentially in the distance, the
two stationary points differ by an amount which decays exponentially away from the
boundary. The remaining work is to make this mechanism stable under differentiation,
composition, and successive minimization. This requires bounds on all Taylor coefficients,
with any one external index fixed. A bound on the values of a holomorphic map does not
give the spatial weights and the fixed-index sums which are needed when these functions
are composed later.

Figure 19.1 shows the sets which appear below. Two of them play different roles:
the prescribed vertices, where the gauge transformation must be the identity, and the
complement of the incoming list, which controls the spatial decay of the perturbation in
Theorem 19.9.

19.1 Setting and conventions

Geometry. Throughout this section M > 3 is odd, ] > 1is fixed, 1 < s < ], and
Bs; = M?. The composition T}, of s averaging steps maps configurations of side M°m to
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Figure 19.1. The geometry in the output lattice (schematic). The solid inner rectangle is the fixed
complement H = ()¢, and its boundary is the interface W. The dashed rectangle bounds the
enlargement Hy, of H by the reconstruction stencil. The cutoff x of Lemma 19.5 vanishes inside
the inner dotted rectangle and equals one outside the outer dotted rectangle. The black dots are
protected vertices, here the endpoints of the paths of two based transports of frozen coordinates.
The small dotted rectangle inside H is the complement of the incoming list D, of Theorem 19.9,
which lies within a fixed distance of H.

configurations of side m > 4, and the prior depth dy > 0 is an arbitrary integer. When
s = J the composition is one renormalization group step, with blocking factor B = M/.
Positions are measured in units of the output lattice, of side m. Let () be a union of blocks
of the output lattice, let H = Q) be its fixed complement, let W be the interface between
() and H, and let Hj, be the enlargement of H by the fixed reconstruction stencil L; of
Theorem 18.12. A coordinate is a label carrying a position, a direction, a color, and a
scale index; its position is taken at the lattice where the coordinate was introduced and
embedded in output units. In particular the newly frozen coordinates are counted with
the density of the lattice on which they were introduced, not as coordinates of the output
lattice. The density constant v; of Definition 18.1 includes the colors, the directions, and
the at most | scale indices. For a label i in Q) we write 6(i) = dist(i, W). Here dist and
t are the graph distance and the ¢! network length of the refined position graph fixed
before Definition 18.1; coefficient bounds imported at a Euclidean rate b are used at rate
b/+/3. If Q is empty, every statement below with a fixed index in Q is void. If H is empty,
every boundary difference considered below is zero; we never use an expression of the
form 0 - .

Coordinates. We use the following coordinates.
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* The coarse field c is the logarithm of the output links internal to (), and c © 0 is its
extension by zero to all output links of the torus.

 The free logarithmic coordinates z = (z;)g<;j<s of Theorem 18.12 parametrize the solu-
tions of the block averaging constraints in (), with one block z; for each intermediate
scale i; here i = 0 is the finest scale. On the torus we write z = (z1,zpy), where z| are
the coordinates of the regional list and zp are the remaining torus coordinates.

* ¥Yr(c, z¢) is the logarithm of the regional reconstruction of the fine field before gauge
transformation, including its prescribed small values outside (), and ¥7(cr, zT) is the
logarithm of the torus reconstruction before gauge transformation. We call the links
of the input lattice of T}, fine links.

* In the successive reconstruction the free coordinates of scale i are a; + K~ v zqi, where
a; is the conditional stationary point and K; the constrained Hessian of that scale,
and g; is the fluctuation increment. The increments g; replace g;w;, where w; are the
normalized fluctuation variables; no coupling is absorbed into K;.

* In Section 19.7 we also use the jointly normalized coordinates u, defined by z =
zo + Ky 1724, where zp is the joint stationary point and Ky the Hessian there.

* The newly frozen coordinates ¢ are the small logarithmic coordinates frozen at the
present step; they enter ¥ through its prescribed values outside ). The previously
frozen coordinates by are fixed real parameters, kept at the lattices on which they
were introduced.

The points z = 0, g = 0, and u = 0 are different. Both g4 = 0 and u = 0 correspond to
the joint stationary point z = zg (for g this is part of Lemma 19.3). The point z = 0 is the
origin of the constraint coordinates.

Frozen coordinates and stationary points. No derivative in the previously frozen co-
ordinates by is taken or asserted in this section. In Theorems 19.4 and 19.6 the newly
frozen coordinates ¢ are analytic variables, which may be complexified and differentiated.
In Theorem 19.9 the perturbed objects are differentiated only in the coarse field, the
free coordinates, and the interpolation parameter, at fixed real (¢, brec). All stationary
points below are the holomorphic stationary branches in the coordinate domains of
Theorem 18.12. At real data the positive free Hessian makes them local minima, and the
conditional stationary points are the conditional constrained minimizers of the successive
minimization.

Dependence of constants. All constants and radii in this section have the dependence
described in item (3) of Definition 4.14. They may depend on M and ], on the larger
classical and reconstruction domains and the ratios of their radii, on the coefficient
bounds on these domains, on the gaps of the free Hessians and the bounds on their
weighted inverses, on the fixed spatial decay exponents, on v}, and on any fixed bound
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on the size of the perturbation. In Lemma 19.7 and Theorem 19.9 they may also depend
on the fixed analytic radii, on K, and on the ratios of these radii. They do not depend on
L, vy, the lattice side, the depth dy, the shape or topology of (2, the number of components
of () or H, the values of the previously frozen coordinates, or the number of preceding
renormalization group steps. They are evaluated before the later choices of the boundary-
layer width wyq, the erosion width, the widths of the protected neighborhoods, the bound
Brec on newly frozen coordinates, and the enclosing product domains of Section 20. Each
constant includes a finite maximum over 1 < s < | and over the finitely many initial
segments. We do not assert uniformity as | — co. Theorem 18.12 provides the gap of the
free Hessian at every integer depth dy, and when only this classical estimate is used, no
condition on an effective interaction is imposed.

The torus construction domain. Every use of Theorem 13.2 below takes place on its
construction product. For a composition of s averaging steps, we denote the radius and
coefficient constant of that theorem by s and CI. Before the later profiles and widths
are chosen, we fix positive Ur, Qr in the common larger product of coarse fields and
fluctuation increments such that

Up+Qr<yminr,  Cr(lr+Qr)<y —Cr—maxcl — (90)
Here Q1 bounds max;||g;||e for the fluctuation increments, not the raw free coordinates
a;i + K, 1724, Decreasing Ur, Qr if necessary, we may assume that the intermediate classi-
cal, inverse, and Haar-density margins of Theorem 13.2 hold. Later radii for coarse fields
and fluctuation increments are chosen below Ur and Q7, so each use of Theorem 13.2
has u + v < 75, a positive denominator, and its intermediate margins. The rational row
bound of that theorem alone does not show that a larger product is allowed.

Coefficient bounds. We use the coefficient algebra of Definition 18.1, Theorem 18.12,
, and Lemma 18.15 and its coefficient bounds with each external index fixed in turn.
A rooted coefficient sum of a tensor fixes one external index, its root, which is either
an output or an input, and sums the absolute values of the Taylor coefficients over the
remaining indices, with the weight ¢, where t is the ¢! length of a shortest connected
network spanning the positions involved. For a fixed input index the sum is the volume-
normalized column sum of Definition 4.6, with the mesh of that input. A coefficient
bound is a bound on all these sums, with any external index fixed. Taylor tensors at
complex arguments use bilinear transposes. A majorant series is the series of absolute
coefficients after the prescribed rooted sums and weights; the original coefficients need
not be positive. In a scalar majorant the variable t is a radius after these rooted sums, never
a sum of radii over all lattice sites. We say that a tensor, or a convergent series of tensors,
has boundary-localized coefficient bounds if it satisfies the bounds of Lemma 18.15: with



19 Comparison of reconstructions on block regions 19.1 Setting and conventions 7

any index i in Q fixed, its rooted coefficient sums carry the additional weight e(") for a
fixed ¢ > 0.

A product or contraction joins the connecting networks of its factors at the contracted
indices. We root the joined network at any external index and sum over the internal
indices, using the corresponding rooted bounds of the factors. The boundary-localized
estimate applies if one factor is boundary-localized, or if the joined network visits Hy,.
An index deep in H is bounded there, and the decay comes from its connection to the
tixed index in (). In particular, for decay exponents b > a > 0, the sum over such indices
is bounded by

o) Y pmbdistleh) < otlg (p —a),  Sp(u) = Cop Y (r +1)% M, (19.2)
hGHL] r=>0

where L} also includes the fixed convention for link endpoints. This is the case of a fixed
index in () in Lemma 18.15; there is no factor of the volume of H.

Implicit series. The implicit equations below are solved in the absolute coefficient alge-
bra. After the construction constant Cj is increased, the scalar majorant of the solution
without boundary weight can be taken to satisfy

1 Ci(t+Y)?

YZC]t-i-—Y-f'

2 T1-Gt+Y) 19:3)

Fix tgp > 0 such that, on 0 < t < fp and 0 < Y < 4Cjtp, the rational term has Y-
derivative at most 1/4 and denominator at least 1/2, and its value at (t,4C;t) is at
most Cjt. Such a ty exists and depends only on Cj: the derivative and denominator
conditions have strict margins at (¢,Y) = (0,0), while the rational term at (t,4Cjt) equals
Ci(1+4Cy)%#2/[1 — C;(1+4Cj)t] = O(t?) as t | 0. Iteration from zero produces series
with nonnegative coefficients which stay below 4C;t. The iteration converges uniformly
on every smaller disc, since the derivative in Y of the right side of (19.3) is at most 3/4 on
its majorant disc. The degree-I coefficients of the solution are bounded by 4C ]t(l)*l, and
dividing Taylor tensors by ! before this comparison gives factorial tensor bounds. The
argument works in the absolute multivariate coefficient algebra because each product
satisfies the rooted contraction bound just described. Uniform convergence of the power
series implies holomorphy.
A derivative which inserts one difference factor, localized near H, has the majorant
1 Ci(t+Y)?

Z < H(tY(t)+ A(t)Z, A(t)y==+40

e/ AR N ) (19.4)
2 1=yt +Y) Y=x()

where < denotes coefficientwise domination and H(¢,Y) is the series with the difference
factor inserted. On a smaller fixed radius A(t) < 3/4, and the solution is majorized
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coefficientwise by H(t,Y(t))/(1 — A(t)); this is a convergent majorant series with one
inserted difference factor (compare (18.55)). Fixing an analytic input differentiates this
same series and keeps the index of that input. By Lemma 18.15, the connecting network
and the route to the boundary are bounded once for the whole network, and their
exponent is not divided by the Taylor order.

Matrix functions. We use matrix functions only on free coordinate spaces where a gap
has been proved. The next lemma collects the facts we need.

Lemma 19.1. Let A’ > AI be a real symmetric free matrix whose two-sided weighted Schur
norm at exponent b is at most Q, and set

bA

1. For every t > 0, the entries of (A? + t)~1 are bounded by 2e="4t¥) /(A + t), and its
weighted Schur norm at exponent /2 is at most Cr/ (A +t); the constant Cy is the same
for every subset of the label list.

2. If L is a complex coefficient perturbation with Cr||L||,;2/A < 1/4, then the series

AP+ L+t = Y [—(A + 1) ILF (AP + 1) (19.5)
k>0
converges normally, and its coefficient Schur norm is at most 4Cr/[3(A +t)].
3. For positive definite real matrices A, B,

A2 l/ F2(A 4 1), (19.6)
7T JO
A2 _ g2 —%/ FUV2A4 0 A-B)(B+D)ldt,  (197)
0
log A — log B = / (A+1)"Y(A—B)(B+1)"ldt, (19.8)
0

and these identities extend holomorphically to the complex perturbations in (2).

4. IfT = (Ié 1;3 ) is invertible with invertible blocks A and Dy — CA~1B, then
0

(T"Y— A~ =A1B(Dy— CA™'B)~'cA~. (19.9)

Proof. Parts (1) and (2) are the Combes-Thomas bounds proved in Lemma 18.3(3); see
(18.5). We recall the choice of constants. For a real one-Lipschitz function f on the
label metric, conjugation by diag(e*f) changes A’ by a matrix of Schur norm at most
Qu/(b—pu) < A/8; here we used e* —1 < puret and sup,-,re”0"#" < (b —pu)~L
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By the geometric resolvent series, the conjugated resolvent has operator norm at most
2/(A+1t) for t > 0. Taking f(x) = dist(x,y), we obtain the entry bound, and summing
at exponent y/2 gives Cr/(A +t), uniformly over every subset of the label list. Under
the condition in (2) each term of (19.5) after the first is smaller than the preceding one by
the factor 1/4, which gives the bound 4Cr/[3(A + t)].

For (3), we diagonalize the positive matrices and substitute ¢ = Au? in each eigen-
value integral, which gives (19.6). The resolvent identity (A +t)~! — (B+¢t)~! =
—(A+1t)"1(A—B)(B+1t)"! fixes the order of the three factors and gives (19.7) after
integration against 711t~ /2 dt. For (19.8), we integrate (14 t)~'I — (A +t)~! to obtain
log A and subtract the corresponding formula for B. The series (19.5) extends these iden-
tities holomorphically to the complex perturbations in (2). Their majorants are integrable:
they are bounded by C;t~1/2(A +t)~2 and C;(A + t)~2 for the two differences, whose
integrals are 71/ (2A3/2) and 1/A. Thus a boundary-localized middle factor A — B gives
boundary-localized differences of these functions, rooted at every index, and differentia-
tion under the integral is justified by the same normally convergent majorants. Restricted
diagonal sums are taken after this calculation; only a complete scalar trace permits a
cyclic permutation of the factors. Part (4) follows by block multiplication. O

Additive constants. The coefficient seminorm with boundary decay X of Definition 18.1
vanishes on constants, so it never estimates additive constants. The constant term of a
difference of minimized actions remains in the full action. Scalar determinants, Haar
disintegration densities, and traces over H, which have no index in (), are kept as their
exact finite values. The difference between two exterior extensions of the classical action
is kept with all its constants (Theorem 19.9). After freezing at c, replacing an effective
interaction R(v,c) by R(v,¢) — R(0,c) changes the normalization constant from A to
A — R(0, c) and preserves the density, as in Lemma 18.9.

19.2 Conditional minimization and successive substitution

The reconstruction of the fine field proceeds from the coarsest intermediate scale to the
finest. At scale i the free coordinates are 4;(c, z~;) + K;l/ Zqi, where 4; is a conditional
stationary point which depends on the coarser coordinates z-; already reconstructed. We
must check two things. First, for every fixed value of the coarser coordinates in some
domain, the conditional stationary point exists. Second, the coarser coordinates produced
by the earlier substitutions lie in that domain. The first does not imply the second, as the
following example shows.

Example 19.2. Let Fy(x,y) = (x> +y?)/2 and F(x,y) = Fy(x,y) — dy with § > 0, and
eliminate x first, so that y is the coarser coordinate. For every fixed y the conditional
stationary point of F; in x is x = 0, and the joint Hessian is the identity. The joint
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stationary point of Fj is (0,9). If the conditional stationary points are constructed only
for |y| < n with 7 < J, the successive substitution never reaches the joint stationary point,
however small the fluctuation radius in x is chosen. The quantity Jy of Lemma 19.3
detects this: for the initial segment consisting of both coordinates it equals J, so the
condition in part (3) of the lemma fails.

In the next lemma, I is an initial segment of the finer scale coordinates eliminated
in the successive minimization, and y = zjc denotes the coarser coordinates held as
parameters. The segment containing all free coordinates is included.

Lemma 19.3. Fix the larger construction domains of Theorem 18.12, within (19.1), and the
margins of their coefficient, inverse, and image bounds and of the lower bound for the real
constrained Hessian. Let Fy(c,z; &) be the unperturbed regional objective and z°(c; &) its joint
stationary point. For each initial segment I write y = zc, and let aj(c,y; ) be the conditional
stationary point of Fy in the variables z;.

1. One can first choose a solution radius r; > 0, and then a strictly smaller radius np for the
deviation y — 2% (c; &), uniformly over the coarse fields in the domain, such that

ar(c,z%; &) =z}, Dya; = —Fy \Fo1re, lar — 29| coett < Crlly — 2% |l coett-

The derivative identity is evaluated at the conditional stationary point. We write Ty for the
resulting domain of .

2. Let Fy, = Fp+ AV, 0 < A < 1, be holomorphic and real at real arquments, with the
same coefficient bounds on the larger domains. Set A; = Fy11(c, a1, y;¢) and assume that,
throughout the domains of part (1), in the operator norm of the coefficientwise majorant,

IAT Evi(cany)ll <774, AT (B — Ap)ll <172

Assume also that the real Hessian is perturbed by less than half of the lower bound for the
constrained Hessian, and that the complex resolvent condition of Lemma 19.1(2) holds. Then
for each I and each y € T there is a unique holomorphic stationary point a, 1(c,y; ) of Fx
in zj within distance r1/2 of aj. It is real at real data and a local real minimum there, and it
is unique in the convex domain on which the second inequality holds.

3. Put V = 0,F, and

sy = maxsup ||A; Vi(c,a1(c, ;E), 1) |lcoett
I yeT;

where the coefficient norm includes the common product of coarse fields, uniformly at fixed
real frozen coordinates, and let €, be the minimum over I of the solution and parameter
margins at 1. Then, for every I and every y € Ty,

larx1(c,y;:¢) —ar(c, y;C) |l coett < 2A0y.
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Assume further that 6y < oo, that the mixed coefficient bounds hold uniformly on the larger
domains, and that v, > 0 satisfies

1
Cseq,](25V + rb]) < Egtuber

where Cseq,j is the constant given in the proof. For I; consisting of scales 0,...,i, let a, ;
be the scale-i component of the conditional stationary point a) i, of Fy, and let K, ; be M
times the Schur block of Fy at scale i in input units. Then, whenever max; ||q;||c < 74, the
successive substitutions in the original free coordinates

zi = api(6,z5i5) + K12 (6,250 €)a

stay in every parameter domain and every solution domain, with half of each margin unused.
At q = 0 they give the joint stationary point.

The radii are chosen in the following order: first the unperturbed product, for which 6y = 0; then
a bound on the size of the perturbation on the fixed larger unperturbed products, and a smaller
perturbed product; only afterwards the smaller enclosing and fluctuation radii. Reducing r, does
not reduce the radius of the coarse field, since the chain at q = 0 is the joint stationary point. All
radii and constants have the dependence of Section 19.1, independently of the later widths, the
depth, and the geometry of Q).

Proof. Part (1) is a quantitative implicit function argument about the joint stationary point,
and part (2) is the same argument about a;. The new point is part (3), which first bounds
the displacement of the conditional stationary points at every fixed y and then propagates
these bounds through the successive substitution by a finite recurrence.

Step 1: the unperturbed conditional stationary points. Fix I and write y = z%(c; &) + ©.
This shift is an analytic change of coordinates with the coefficient bounds of Theo-
rem 18.12. In these coordinates we set u = z; — z9(c; &) and

Bi(c; &) = Fo11(c, 2°(c; €); €).

By the bounds on the inverse and on the joint third derivative, there exist constants Iy, Co
on the fixed larger products such that

1B} 'Fo,1(c, 2, 20 4 0; ) llcoett < 10Col|0 ][ coetts (19.10)
1By (Fo,i1(c, 2] + 1,23 +0;€) — By) |lcoett < ToCo |1l coett + [19]]coett)- (19.11)
For the first inequality we integrate Fyjrc in v, starting from the joint stationarity

Fo,1(c, 2% &) = 0; for the second we integrate the third derivative tensor in (u,v). These
are coefficient inequalities, since integration along a segment from the origin multiplies
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each term of positive degree by a number at most one, and the rooted bounds on the
larger domains control the products.

Fix r; > 0 within a fixed fraction of the solution margin of the chart, with IpCor; < 1/8.
Then fix 0 < 57 < r; within the parameter margin, with I)Con; < r;/8 and IpCo(r; + 1) <
1/4. For ||v|| < 71, the map

Ur— U — Bl_lPOII(c,z? + u,z?c +v;¢)

has derivative —B; ! (Fy 1 — B;), whose norm is less than 1/4 on ||u|| < r;/2 by (19.11),
and its value at u = 0 has norm less than r;/8 by (19.10). It is therefore a coefficient
contraction of the ball ||u|| < r;/2 into itself. Its Picard iterates converge in the coefficient
norm, and their power series converge locally uniformly on the parameter product, which
implies that the limit a; — z? is holomorphic. At v = 0 the stationary point is the joint
one, which proves the first identity of part (1). Differentiating the gradient equation at
the conditional stationary point and using Lemma 18.8, we obtain

-1
Dyﬂ] = _FO,HFO/HC'

The inverse and the mixed matrices have convergent coefficient bounds on a product
larger than the chosen one. Integrating this identity from y = z% to y, we obtain the
Lipschitz bound of part (1), with C; a common bound for the product of these matrices.
The choices are uniform in the coarse field, because the estimates were made on its fixed
larger domain before v was introduced.

Step 2: the perturbed conditional stationary points. We write z; = a; + Y and consider
on the solution domain the map

TAY) =Y — A 'Fyi(c,ar + Y, y). (19.12)
Since Dy7T, = —Al_l(FAIH — Aj), the two inequalities of part (2) imply
ITA(0)]] <71/4,  |IDYThll <1/2.

Then 7, maps the coefficient ball of radius r;/2 into itself and contracts differences
by the factor 1/2. Iterating from zero proves existence and convergence. The sum of
the successive differences is a geometric series in the coefficient norm, so the limit is
holomorphic. The differentiated series converge on a fixed smaller domain: they satisfy
an equation Z = H 4 TZ in which the majorant of T is at most 1/2, and the solution is
Li>0 T/H. This gives the coefficient bounds with any parameter index fixed.

If two stationary points lie in the convex domain on which the derivative bound holds,
their difference is unchanged by (19.12) and has norm at most half of itself, so the two
points coincide. Since F) is real at real arguments, every Picard iterate is real at real data,
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and so is the limit. The margin on the real Hessian keeps at least half of the lower bound
for the constrained Hessian on a neighborhood of the stationary point. Integrating the
real Hessian along segments shows a positive quadratic increase away from it, so it is a
local real minimum. The complex resolvent condition is a hypothesis, which provides
the inverse square roots used below.

Step 3: the displacement at fixed coarser coordinates. For part (3), note that
Foi(c,a,y) = 0, so the map (19.12) satisfies 7,(0) = —AA;'Vi(c,ar,y). Writing
Y, 1 = a); — ay in the fixed point equation, we obtain for every y € 7T;

Y1

coeff < Ady + %HY)\,I coeffr hence ”Y)\,Iucoeff < 2Ady. (19.13)
This estimate is uniform at each fixed higher argument in 77, with the common product
of coarse fields. A supremum of these fixed-argument coefficient norms does not itself
bound substitution of a moving coefficient series. We use it for the joint initial segment,
which has no higher argument; the moving substitutions below use the joint mixed-
derivative majorants instead. No derivative in a frozen coordinate is involved.

Step 4: the Lipschitz bound in the coarser coordinates. By the coefficient bounds on the
larger domains, the mixed matrices F) j;c are bounded by a common constant Qmix and
the reference inverse by Iy. The second inequality of part (2) and the Neumann series
imply that [|F’ LIl < 2I. Implicit differentiation at the perturbed conditional stationary
point yields

coeff < 2IpQmix- (19.14)

The rooted versions follow from the same ordered products on a fixed smaller domain.
From now on let Cy denote a bound for these maps and their unperturbed versions,
and let Cg bound the rows of the inverse square roots. These constants depend on the
common bound for the mixed tensors, not on Jy or on the later free radius.

1
Dyayrr = —F, 11Eo1re, [Dyan,1

Step 5: successive substitution. Let e, be as in part (3). We use the successive maps
in the original free coordinates, with K, ; equal to M’ times the Schur blocks in input
units. Let z, (c) be the perturbed joint stationary point. For the initial segment of all free
coordinates there is no higher argument, so (19.13) gives

HZ/\ - ZOHcoeff < 2§V-

The assumed tube inequality and the unperturbed Lipschitz bound of part (1) place
every projection of this joint point strictly in the corresponding parameter and solution
domains. Joint stationarity and uniqueness of each conditional branch therefore give

a1(c,zare(c);¢) = za1(c).
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Let D; bound the deviations of the already reconstructed coarser coordinates from z,, in
the joint coefficient algebra of the coarse field and the remaining increments. Integrating
Dya, i from z, jc to the moving higher argument uses its joint mixed-derivative majorant
on the larger product. The small coefficient displacement of z) permits this recentering
on a fixed smaller product; enlarge Cy once to include the composition. The increment
adds at most Csr,. Thus

D; 1 < (1 + CQ)Di + Csi’q, D; =0, (19.15)

as an inequality of majorants, rather than a substitution into the fixed-y supremum. After
the finite conversion between the original free coordinates and these centered coordinates
is included in Cp and Cg, we may retain

J-1 ,
Coeq) = 2(1+Ce)(1+Co) ™1 (14 ¥ (14 o).

j=0
Indeed, iterating (19.15) and then adding the joint displacement, every deviation A; from
ZV satisfies -

A; <20y + Csi’q 2(1 + CO)j/
j=0

which is at most Cqeq, 7(20y +14). The condition of part (3) therefore leaves half of each
margin unused. At each admitted higher argument the Picard iterations stay in the fixed
solution balls of part (2). This proves admissibility before proceeding to the next scale; it
does not assert that every point of those fixed balls has deviation bounded by A;.

Step 6: zero increments. At g = 0, the stationarity at the coarsest scale and the successive
stationarities at the finer scales give the joint gradient equation. By uniqueness of its
branch, this chain is the joint stationary point; Step 5 shows that the chain stays in the
required domains.

Step 7: the order of choices. For dy = 0 we first choose 7,4 by the condition of part (3).
On the fixed larger unperturbed products, we then choose the perturbed product and
the bound on the perturbation so that the same condition holds, and all later radii are
chosen inside that product. Decreasing r,; changes only the terms of positive degree in g,
and the image at g = 0 is the joint stationary point for every coarse field in the domain;
hence no later reduction of the coarse-field radius follows. Finite minima and maxima
over the initial segments preserve the dependence of the constants. O

19.3 Comparison of the regional and torus stationary points

We now compare the regional problem with the torus problem at a nonzero coarse field.
Recall that Fr(c,z;¢) = E4,(¥r(c, 2 G)) is the regional objective of Theorem 18.12, and
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that the torus objective is the effective classical action of the torus reconstruction with
the coarse field extended by zero. For a target v of the torus we write zr(v) for the torus
stationary point at v, and P for the restriction from the torus free list to the regional list.

Theorem 19.4. Fix the larger domains of Theorem 18.12, anodd M > 3,] > 1,1 <s <],
m > 4, a depth dy > 0, and a union Q) of output blocks; positions are in output units. Use a
smaller fixed product of (c,z; &) on which the gap, inverse, and image margins of that theorem
hold, with the previously frozen coordinates fixed. Write

Fr = E4, 0 ¥r(c,zQ), Fr = E4 0o ¥7(c®0,21,2H), (p,h) =zr(c®0),

put
ay =¥r(c®0,p,h),  ag=Yr(c,p;E),  d,=0ar—ay,

]R - ‘YR,Z(C/ pr C)/ ]T - 11[T,ZL (C @ O/ P/ h)/

and let rg = Fr;(c, p; ) be the regional gradient at the restricted torus stationary point. Then
the following statements hold.

1. (Gradient and response.) Let zg be the regional stationary point. Then
1
e = Uk = J0) TEqy (a) + R | Efy (o + udo)da s,

1
Anlzr=p)= —rn, Ax= [ Fralep+u(zr = p)id) du.

The first term of rr is the chain-rule contribution of the coarse constraints omitted in the
regional problem. With ag = Yr(c,zg; ¢), for every free label or fine link i in Q,

1(rR)il + | (z& — )il + | (ar — a2)i] < Cr(llclleo + [|E]oo e distEW),

each summand being read on its own list. These three differences have factorial boundary-
localized coefficient bounds, as in Lemma 18.15. In particular, for a fixed input x and a fixed

output e in Q, their differentiated coefficient series are bounded by Cje~¢/1dist(eW)+dist(e.x)],

2. (Full output.) Let u.(c,¢) = Ty, exp ar be the full output of the s averaging steps, including
the values of the coarse links which are not constrained in Q). It lies in the common torus
target chart on this product. The bounds of part (1) on Q, including those with a fixed input,
remain true if ¢ & 0 is replaced by Log u and a% by the torus stationary field a% at the target
Log u.. All derivatives through u., including those through zg, are included.

3. (Minimized action.) Let Vg(c; &) = BsFr(c,zr; &). There are fixed po(]), aw, aw, A?l >0
such that

X0 (VR — Egyys(c®0)) < AS

Q,aw,lXW
This is the seminorm of Definition 18.1 with the displayed constant classical radius and rates;
it includes all degrees | > 1. The constant term of the difference is kept in the full action.
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4. (Newly frozen coordinates.) For the newly frozen coordinates ¢, at their positions and with
their density,

Dgzg = —FE;ZFR,Z@ y |(Dg,zR)e| < Cje—wdistleW),
f

IFR 2 law + [1FR zellaw < C-

5. (Hessians.) The constrained Hessians at the two stationary points satisfy
} [FR ZZ(C/ ZR; C) — PFr zz(c @0, ZT)PT] f| < C]e—aw[dist(e,f)—I—dist(e,W)—l—dist(f,W)].
% iz e —

The order-1 coefficient tensors of this difference, with every coarse-field and free arqument
in the connecting network and any root in Q) fixed, are bounded by (I + 2)!C§Jr2 at fixed
exponents.

6. (Successive minima, inverse square roots, and Haar disintegration densities.) Use a common
smaller full torus product of higher coordinates y = (yr,yy) for each initial segment
1. On this product compare the regional conditional center aX(c,yr; &) with the regional
components of at (c & 0,yr,yn), and compare the Hessian of the regional partial minimum
with the LL block of the torus partial-minimum Hessian at that same full argument. The
conditional-center differences have the boundary-localized coefficient bounds of part (1), with
every parameter input fixed in turn. The Hessian differences have the bounds of part (5), with
the exact normalization M' at scale i. The common product can be taken as ||y ||coett < 11/2
after the coarse and frozen radii are reduced as in Step 10 of the proof; it is not a slice at an
unspecified yp. The inverse square roots of these Hessians and the nonconstant coefficients
of the logarithms of the Haar disintegration densities satisfy the corresponding boundary-
localized comparisons, with any index fixed. Scalar determinants and Haar disintegration
densities which are not rooted at a label in () are kept as exact quantities.

All constants have the dependence of Section 19.1 and do not depend on the later widths.

The theorem gives no inverse on fixed boundary coordinates and no rank estimate for
the boundary terms at a nonzero coarse field.

Proof. We pose both problems on the torus free list by interpolating between the torus
objective and the augmented regional objective. The two objectives then differ by one
inserted factor localized near H, and all estimates follow from the response of the
interpolated stationary point to this factor and from the exponential decay of the inverse
Hessian.

Step 1: one coordinate list. We write z = (zy,zp) for the torus free list and set

~ 1 - -
Fr(c,z; &) = Fr(c,z1; ) + E|.zH|2, Fr=(1—t)Fr+tFg, 0<t<1, D = Ix—Fr.
(19.16)
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Since its minimum is zero, the added auxiliary quadratic does not change the regional
value. Theorem 18.12 gives a positive gap at the identity for the Hessian of this in-
terpolation, for all its principal blocks, and for its Schur complements. We reduce the
construction product by a fixed amount so that the coefficient variation of each of these
Hessians satisfies the condition of Lemma 19.1(2), uniformly in ¢. This is possible since
the variation is at most Q;(||c|| + ||z|| + [|¢||), and the gap at the identity of the interpo-
lation is at least the minimum of the regional gap, the torus gap, and 1. All straight
segments of fine fields used below then lie strictly inside the larger classical chart.

We retain a split resolvent margin for the later perturbation argument. Choose a
common intrinsic exponent b, > 0 and a constant Cy; such that every flat principal
and scale Schur reference Kf.’ has resolvent norm at most Cy;/(Aj + t) at this exponent,
including the factors M’ at the scale stages. When the larger unperturbed products are
tixed, reduce them once so that their conditional matrices Ky ; satisfy

C()J KO,i_K?Hb < )L]/S

ref —

on those products, uniformly over the finitely many stages. We decrease the unperturbed
reserve cj if necessary so that c; < bys. These choices use only the unperturbed con-
structions at fixed | and precede the incoming rates, perturbation threshold, and later
widths.

Step 2: localization of the difference of the reconstructions. We use the comparison of
the nonlinear words in Theorem 18.12. At common internal coarse values and common
regional free values, we set

d(c,z;¢) = ¥Yr(c,z1; &) —¥r(c®0,z,z).

On fine links in (), its defining words vanish outside the fixed interface band. The
prescribed values on H can differ, and their difference is a bounded source on H with
the separate coefficient bounds of the reconstruction charts. The difference is supported
in H together with that band, hence in HL]; the two extensions need not agree on
H. Its coefficient tensors have the corresponding finite-range bounds, rooted at any
index. To check the statement about fine links in () at nonzero arguments, consider an
internal eliminated-edge equation at the coarsest intermediate scale. On the two sides
it has the same endpoint blocks, the same coarse value, and the same free values, so by
uniqueness on the common local branch its solution is the same. We repeat this down the
s intermediate scales. Only equations meeting a block of H can differ, and the union of
their at most | stencils is contained in Hy,. This argument keeps the values of the coarse
links across the boundary of the block region as functions of the common free values; it
imposes no value on an omitted coarse constraint.
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Step 3: the inserted difference. The difference in (19.16) is

1
D= [ B, (¥r+od)ld do+ %\ZHF. (19.17)
0

Every derivative of the integral either differentiates d, whose fine position stays in
HL], or leaves such a factor undifferentiated. In the latter case the classical tensor
of Theorem 10.11, which is bounded at every root, connects that position to every
differentiated chart argument. A derivative in a coarse field or in a free variable in
() therefore cannot disconnect the difference factor from the network. The auxiliary
quadratic has only indices in H, and any connected contribution from it to an external
index in () passes through an index in H and is bounded by (19.2). This verifies the
hypotheses of Lemma 18.15 for the whole inserted difference, at every order and with
any external root.

Step 4: the gradient formula and the bounds on values. Torus stationarity says that
HEfio(a%) = 0. Adding and subtracting ]EEéo(a%) in Fr.(c,p;¢) = ]IIE;IO (ar), and
applying the fundamental theorem of calculus on the complex segment from a(% to ag, we
obtain the formula for rg. The difference Jg — J7 is supported in the construction band,
in its regional input indices and its fine output indices. Its product with the gradient of
the action on the fine links is kept: torus stationarity makes only the projection of this
gradient onto the torus free directions vanish. By the classical bounds, we have

1EG (@) lleo + [1dalloe < Crlllelioo + 1E]leo);

for the first summand we used the bound on the torus stationary point, and for the
second the word comparison of Step 2 and the same bound for (p, k). Contracting the
two terms of rg with their localized sources and using (19.2), we obtain

[(rR)il < Cr(lleleo + [[E]|eo)e™ 100, (19.18)

Subtracting the regional gradient equations at zg and at p and integrating along the
segment between them, we obtain Ag(zg — p) = —rr. The segment lies in the convex
larger free box, and its averaged Hessian is the positive regional Hessian at the identity
plus a coefficient perturbation satisfying the condition of Lemma 19.1(2). By that lemma,
the inverse has entries bounded by C ]e_bf dist(ed) - Convolving this bound with (19.18)
and using é(e) < (i) + dist(e, i) + L, we obtain the bound on zg — p, at a fixed smaller
exponent. For the fine field we have the identity

1
ag —ay = d, +/O Yr.(c,p+v(zr — p); &) (zr — p) do. (19.19)

The first term is supported in Hy,, and the second is the product of a finite-range chart
kernel, without boundary weight, with zg — p. This proves the bound on fine links in Q).
No decay is asserted at a fine link deep in H.
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Step 5: the coefficient bounds. We now prove the coefficient bounds directly, using
the interpolation (19.16). On a common smaller product of parameters, the stationary
point z; of F; is obtained by the implicit iteration with the inverse of the free Hessian at
the identity, which converges coefficientwise. The radius condition and the bound on
the inverse times the gradient follow from Theorem 18.12, and the scalar comparison
equation is (19.3). Differentiating in ¢, we obtain

Zy = —F'D,(c,z4; ). (19.20)

t,zz

This expression contains exactly one inserted difference from (19.17), and its convergent
majorant is (19.4). A further derivative in an input may hit the inverse, the inserted
difference, or its argument z;; in each case the joined network still contains the inserted
difference and the index of the new input. We apply Lemma 18.15 and integrate from
t =0 to t = 1. Since the endpoints are zr and (zg,0), their difference on the regional
list has factorial boundary-localized coefficient bounds, rooted at every index. Reading
(19.19) as an identity of convergent majorant series, we obtain the corresponding bounds
for the fine field, and the same argument applied to the formula for rg gives its bounds.
Keeping one input x fixed and summing over the remaining indices, we obtain the decay
with a fixed input stated in part (1).

Step 6: the full output. The composition Tj,exp ¥ is holomorphic on the common
larger chart, by the construction in Theorem 18.12. At the stationary point it satisfies

[ Log ttslee < C([lefloo + [IE1[eo)-

The internal coordinates of Log u are c, and its other coordinates are the values of the
coarse links which are not constrained in (). These are analytic functions of (c,z;¢),
whose differentiated series compose the coefficient series of the chart words with the
series of the stationary point from Step 5. For instance, for any analytic direction v the
tirst derivative is

Dy Logus = D:T Dyc + D, T Dyzr + DeT Dog, T = Log(Texp ¥r).

Since higher derivatives are compositions of these factors, all derivatives through the
stationary point are included. We reduce the parameter radius so that the segment from
Log u, to ¢ @0 lies in the common torus target chart. If Ar(v) denotes the torus stationary
fine field at the target v, then

A% —a) = /01 DAr(c® 0+ t(Logu, — (c0)))[Logus — (c & 0)] dt. (19.21)

The difference of targets is supported on coarse links which are not internal to (). By the
same implicit equation on the torus list, the lower bound for the torus constrained Hessian,
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the chart bounds, and the classical tensors give coefficient bounds without boundary
weight for the response of Ar. Each term of (19.21) with a root in () therefore passes
through a coarse link outside (), and its composed network, including the derivatives of
Uy, visits Hy,. Lemma 18.15 and the finite word bounds then give the same amplitude
and fixed-input bounds as before. The same integral with A7 replaced by the torus free
stationary point zy bounds p* — p on the regional free labels, where (p*, h*) = zr(Log u).
Thus zg — p* = (zr — p) — (p* — p) satisfies the same bounds. For the new residual
gradient, we subtract its value at p and integrate Fy ., along the segment from p to p*. A
Hessian without boundary weight multiplies this boundary-localized displacement, so
the residual satisfies the same bounds. Its formula follows again from torus stationarity,
now at the fixed target Log u,. These arguments are identities of convergent series in all
variables, so they also give the fixed-input bounds at the full output. A representative in
complementary forest coordinates, if needed, can use forest words of fixed depth based
at the regional vertices and the coarse roots. These words change only the construction
stencil outside (), their coefficient series are among the chart bounds, and the comparison
in () is unchanged.

Step 7: the minimized action. Let fi(c;¢) = Fi(c,z¢ ¢). By stationarity and Lemma 18.8,
we have
8tft = D(C, Zt, (:) (1922)
At the endpoints, Bsf; = Vg and Bsfy = E4,15(c © 0). The second identity follows by
iterating the recurrence E;,1(c) = M min; E4(b(c,z)) which defines the effective classical
action: by Lemma 18.8 the successive minima equal the joint minimum, and the product
of the s factors M is Bs. A nonconstant derivative of the right side of (19.22) has the
network structure checked in Step 3. Therefore, for k > 1 and a root i in (),
Y e DR (fi — f0)](0:8)i,.ir| < KICT e, (19.23)

12,1k

where the factor B; < M/ is included in C 7. For a scalar series f(c) =}, fuc” we have, as

in (18.2), )
’1/. .. .
L e = X ID 0. (19.24)

lv|=k 1p,..., 0

Indeed, the multiset obtained from v by removing one occurrence of i has (k —1)!/[(v; —
1)!TTjiv;!] ordered listings, and D*f(0) evaluated on any of them is v!f,. Fix ay, awy <
c¢j/4, and then pg > 0 in the smaller construction domain with Cjpy < 1/4. Inserting
(19.23) into (19.24), we bound the regional seminorm by

Y0 CiT < oo

k>1
This proves part (3), including degree one. The value Bs(f1 — fo)(0; ) is never subtracted
in (19.22); it remains in the full action.
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Step 8: derivatives in the newly frozen coordinates. Differentiating the regional gradi-
ent equation in ¢ and using invertibility of the Hessian, we obtain Dgzg = —Fg ;ZFR,zg-
The mixed derivative has exactly two terms,

Fruo = Y Ef (YR)YRo + Elfy (YR) YR 100 (19.25)

and the bounds of Theorem 18.12 on the larger products control both terms for (u,v) =
(z,&) and (u,v) = (z,c¢). An index of ¢ is at a fine position outside Q) or in its fixed
interface stencil. Contracting it with the free inverse and summing over the labels of
&, we obtain the row sum Cje~"W? (¢) by (19.2). This proves both bounds on the mixed
matrices and the bound on Dgzg, with no change of the density of the inputs.

Step 9: the Hessians. We compare the endpoints of (19.16) at their stationary points.
Before any elimination, the total derivative is

%Ft,zz(c, 266) = Daale,26:€) + F2 (¢, 266 [24] (19.26)

Both terms contain the inserted difference, by (19.17) and (19.20), and all terms of (19.25),
including the one with the gradient of the action, are part of these tensors. For two matrix
roots in (), Lemma 18.15 gives the three distances in the Hessian bound of part (5), and
at degree I in additional coarse-field and free arguments it gives the bound (I + 2)!C§Jr2
after Cj is increased. For example, the corresponding coefficient series of the matrix is
dominated on radius R by

2C7

(I+2)! 2o
N leegl T CR<1.
1;; n (1—CjR)? ]

The same majorant with a fixed input gives every version rooted at an input.

Step 10: successive minima. We restrict to smaller products for the initial segments
before this comparison is used, following the construction of Lemma 19.3(1) uniformly
in t. For an initial segment I, we take a solution radius r; about the joint stationary point
and a smaller radius 71 for the deviation of the coarser coordinates. The principal inverse
has bound I} and the mixed tensors have bound Cj, so at the joint stationary point the
inverse times the conditional gradient is at most I;C;n;. We require I;Cjr; < 1/8 and
I;Cyn < r1/8 within the margin of the chart, uniformly in ¢. Then the conditional Newton
map is a contraction on the solution domain. We reduce the radii of the coarse field and
of ¢ so that sup, ||z:(¢; C)||coefr < min;#;/8. Then a common product ||y||ceer < 71/2 of
coarser coordinates lies in the allowed domain for every ¢. On this product the conditional
response is Zj = _Pt,_lllD 1 at fixed y, so the argument of Step 5 applies before a partial
minimum is taken. Since there are finitely many initial segments, a common choice
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is possible, and this is the smaller product in part (6). At such a partial minimum,
Lemma 18.8 gives

foy =Fy = FuF'Fry,  DPflm,m2,m3) = DF[Vy, Vipy, Vi

Differentiating the Schur formula in ¢ replaces one factor by its derivative, which contains
the inserted difference; an inverse contributes —FI_IllfHFI_Il, and evaluation at a moving
stationary point contributes its response, which also contains the inserted difference.
Each resulting network keeps all external roots and a visit to Hy,. At scale i the formula
is multiplied by the normalization M’ of the action, and a finite composition over i < |
changes only C;j.

Step 11: inverse square roots, and fixing versus eliminating. We apply (19.7) to the
Hessians of Step 10. By the common gap and the resolvent condition, the differences of
the inverse square roots have integrable boundary-localized coefficient bounds, rooted
at every index. To compare (K7;)~1/2 with ((KT)~1/2);;, we set C = KI; ® KI;;; and
apply the resolvent identity to KT — C before integrating the resolvents. Each off-diagonal
factor connects the two sides of the boundary, and hence gives the same boundary-
localized estimate rooted in ). This also treats the difference between eliminating and
tixing the torus free coordinates outside the regional list. For a free matrix T written in
blocks with respect to the regional and the remaining torus coordinates, (19.9) expresses
(T~1)p L — A1 through the Schur complement Dy — CA~!B on the remaining coordinates,
which has the gap of Theorem 18.12. The factors B and C pass through the remaining
coordinates and keep the visit to Hy, also after T is replaced by T + t. The same identity
inside a larger Schur formula for one scale treats elimination instead of fixing.

Step 12: logarithms of the Haar disintegration densities. In the fixed coordinates, the
Haar disintegration density of one intermediate scale is that of Lemma 18.7:

f He nonforest jH (re) . .2
CHaar HC det DXE* Cb,c(r) ’ ]H<X) = sinc (|X| /2)/ (1927)

where e} is the eliminated edge of the constraint at the coarse link c; the Haar factors
of the solved eliminated edges are included in the numerator. At the common zero
the local factors of the numerator equal 1 and the local constraint determinants equal
M~5. By the word coefficients of fixed depth and the bounds on the implicit chart, there
exists a uniform smaller radius on which each factor, divided by its nonzero value at
zero, has nonconstant part with absolute coefficient row sum less than 1/2. The series
log(1+x) = Yy=1(—1)F1x"/k therefore converges absolutely, with the attached local
networks. We compose these logarithms with the conditional stationary points and the
inverse square roots. The words for fine links in () agree off the interface band, and the
prescribed values on H remain bounded sources. Thus every difference has an output in
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Hy,, and the derivatives of the other factors stay joined to it. Logarithmic matrix factors
are treated by (19.8). A nonconstant scalar logarithmic coefficient has a differentiated
index in ) at which its trace cycle can be rooted, so the rooted sums above bound it. Pure
scalar determinants, Haar disintegration densities, and traces over H have no such index
and are kept as their exact finite values. All choices involved only the fixed construction
data of Section 19.1, which proves the stated dependence of the constants. O

19.4 A gauge transformation fixing prescribed vertices

On the torus, Theorem 13.2 brings the reconstructed field into a small neighborhood of
the identity by a gauge transformation which depends only on the coarse field. On a
block region this gauge transformation must not change the field at the vertices to which
frozen coordinates are attached. A frozen coordinate is stored as its based transport
U(o,)a,: the transport along a path o, from its basepoint to a link e, times the frozen
value a4, of that link (Lemma 18.7). Under a gauge transformation G the frozen value
transforms as a; = Gpa.G,, 1 where v, w are the endpoints of e. We therefore multiply
the logarithm of the torus gauge transformation by a cutoff which vanishes near H. To
avoid a clash with the block region (), we write Q;TOIS for the gauge transformation of
Theorem 13.2, applied to a composition of s averaging steps at depth d.

Lemma 19.5. Fix M, ], and the geometry of a composition of s < | averaging steps as above.
Let the prescribed protected set contain all vertices of H, every fine endpoint and every basepoint
of each based transport of a newly or previously frozen coordinate, and all endpoints required in
finer-lattice representations of these transports. Assume that its protected vertices outside H lie
in B, the two-block neighborhood of H in output units, so they lie in the zero region of the cutoff
below. Let 0 < x < 1 be fixed by the geometry, zero on H and its neighborhood of width two
blocks, one outside its neighborhood of width three blocks, and zero at every prescribed protected
vertex. Define
k(c) = Log Ol ,(c®0),  G(c) = exp(xk(c)).

There are uj, Ay, ac > 0 such that the following statements hold on ||c||e < uj.

1. The maps k and G are holomorphic, periodic, and equivariant under constant global color
rotations. At real data they take values in su(2) and SU(2), respectively, and ||k(c)||c <
Aj|c||eo. Their order-1 absolute coefficients are bounded by | !C§+1, with the connecting-
network weight at exponent ag and with the volume-normalized column of every fixed input.
Replacing the volume normalization of a column for a fine output by counting measure costs
at most the factor M> < M3/,

2. At fixed geometry G depends only on c, not on the free coordinates or the frozen coordinates.
It is exactly I at ¢ = 0, at the coarse roots, and at all protected vertices, also for complex c.
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3. Consequently, for every reconstruction U in the chart before gauge transformation,

(T]S\/IUGQ(C))internal = (T]S\/Iu)internal/ (UGQ(C))(UE)’Z@GQ(C) = U(0oe)a,
for every based transport of a frozen coordinate. A frozen link across the boundary of the
block region with both fine endpoints protected is also unchanged.

4. The gauge transformation is applied after the reconstruction in the rooted spanning-forest
coordinates. It does not change the free coordinates, the support restrictions, the Haar
disintegration density, or the determinant of the normalization of the fluctuation variables.

The constants have the dependence of Section 19.1 and do not depend on the later widths or on
the size of the protected set. The existence of a large-field decomposition whose protected vertices
satisfy these hypotheses is a geometric hypothesis, not a conclusion of the lemma.

Proof. We take the torus gauge transformation of Theorem 13.2 for each s < |, with a
common smaller domain of targets. Extending the target by zero on the coarse links
outside () deletes coefficients from its majorant. After a construction constant A is
increased, the gauge transformation minus the identity has absolute row series at most

At

U =1—7¢

here and below this includes the connecting network and the versions with a fixed input.
Theorem 13.2 also provides the logarithm of the gauge transformation. To check the
domain condition, we fix u; < Uy inside the larger target domain with Au; < 1/4. This
is the case Qr = 0 of (19.1), and it gives u; < 7;, a positive denominator, and the fixed
intermediate chart margins for every s < J. The convergent matrix logarithm is bounded

by

= — — _ <
. log(1 — At) —log(1 —2At) < T 54

X

r>1

<24t (0<t<uy). (19.28)

In the first inequality, we wrote the difference of logarithms as log(1 + At/ (1 —2At))
and used log(1 + x) < x for x > 0. Products join coefficient networks. Fixing one input
differentiates this majorant series, and on a further fixed smaller radius we obtain order-I
tensors bounded by l!C;H, for an output row or for the volume-normalized column of
any input. The same bounds hold for k(c), and in particular ||k(c)|[cc < Afl|c||lco- The fine
mesh in output units is M~°, so the volume-normalized column of a fine output carries
the factor M3, Replacing it by counting measure multiplies the bound by the reciprocal,
at most M>/; no factor depending on the depth or the volume occurs.

At fixed geometry, multiplication by x(v) € [0,1] can only decrease an absolute
coefficient row. With L(t) = }_,~1 U(#)"/r, exponentiating xk gives the coefficientwise
majorant exp L(t) = (1 — At)/(1 — 2At). This series and its fixed-input derivative series
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converge on a fixed smaller radius and give the asserted factorial coefficient bounds for
G©. The numerical bound L(t) < 2At in (19.28) bounds values only and is not used in
this coefficient comparison. Periodicity and global color equivariance hold for the torus
gauge transformation and its logarithm by Theorem 13.2, and multiplication by the fixed
scalar cutoff and exponentiation preserve them. For real targets the logarithm of the
compact gauge transformation lies in su(2), and its exponential lies in SU(2); the complex
functions are their holomorphic continuations with values in sl;(C) and SL(2,C).

The torus gauge transformation is I at c = 0 and at each coarse root, so its logarithm
vanishes at these points. At every other protected vertex x = 0 by hypothesis. Hence
G = I at all these points, identically as a holomorphic function and not only at real
arguments.

The transport along a path ¢ from v to w transforms as

UC (o) = G,U(0)G,1,

since all intermediate vertex factors cancel. A based transport U(c.)a, therefore trans-
forms only at its basepoint and at the far fine endpoint of e. Both values of the gauge
transformation there are I, which implies the second identity in part (3). If both fine
endpoints of a frozen link across the boundary of the block region are protected, the
gauge transformation also leaves its value unchanged.

For the coarse output, every based loop holonomy in the centered average (4.3)
transforms by conjugation at its initial coarse root, and its reference path transforms
at its two coarse endpoints. On the branch of the logarithm used here, the logarithm
commutes with conjugation, term by term in its power series. Thus one averaging step is
covariant, with the gauge transformation acting only at the coarse endpoints. Iterating s
steps cancels the intermediate gauge factors and leaves only the gauge transformation
at the two coarse roots of the output link, where it is I. This proves the first identity in
part (3), also at complex data. No exceptional value of the Borel extension of Ty; occurs
inside these charts.

Finally, the gauge transformation acts on a field already reconstructed from its free
coordinates in the rooted spanning-forest coordinates, and it changes neither these coordi-
nates nor the integration variables. Hence the support restrictions, the Haar disintegration
density, and the determinant of the normalization of the fluctuation variables remain the
same functions of the original variables. The cutoff enters only as a bounded fixed multi-
plier; neither the size of its support nor a derivative in its geometric parameters enters
any bound. This proves that the constants do not depend on the size of the protected set
or on the later widths, under the stated hypothesis on the protected vertices. O
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19.5 The gauge-transformed reconstruction and its input columns

We now apply G?(c) to the regional reconstruction and compare the result with the gauge-
transformed torus reconstruction of Theorem 13.2. Let a$"(c, g; ¢) be the logarithm of the
regional reconstruction before gauge transformation, built from the successive regional
conditional stationary points and constrained inverse square roots, and let 47" be the
corresponding torus reconstruction. For a fine link e = (v, w) and a logarithmic gauge
field k, we write

Hé‘(a, k) = Log(eX(U)k(U)eﬂee—X(ZU)k(w)).

Then ®r = H*(ag",k(c)) is the logarithm of the regional reconstruction transformed
by G(c), and &1 = H'(al¥,k(c)) is the gauge-transformed torus reconstruction of
Theorem 13.2.

Theorem 19.6. On the fixed products of Theorem 19.4 and Lemma 19.5, fix a common positive co-
efficient decay rate beom below the rates of both reconstructions, their conditional matrix functions,
and the gauge logarithm of rate ag. Reduce the common boundary rate so that 8aw < beom, and
use network exponents a > 0 with a + 2aw < beom /2, leaving a positive reserve for density sums.
Enlarge L; once to include the three-block cutoff band and the fine-link endpoint buffer. On these
products build the reconstruction from the free coordinates with the successive regional conditional
stationary points and constrained inverse square roots, with small newly frozen coordinates ¢.
There are fixed larger construction radii and positive rates such that, on every smaller product of
coarse fields and fluctuation increments satisfying the domain conditions,

®r(c,q;6) = Pr(c®0,9®0)|a + Alc, 4;¢),

where q © 0 uses the same scale indices on the regional list and sets the remaining torus increments
to zero. The following statements also hold.

1. All terms have convergent majorant series in all variables. The correction A has factorial
coefficient bounds with a root in Q), a connecting network through every input, and a visit to
Hy,. In particular, let R be a radius profile on a smaller construction product, let a > 0 be a
network exponent in the range just fixed, and let A, be the Taylor coefficients of A, in its
analytic variables, namely the coarse field, the increments q, and the newly frozen coordinates
¢. For a fixed input x, the differentiated series

Dex(R) = Y vx|Agy RV Mxentlletsuppy),

Vv >1
with the measure conventions of Section 19.1, satisfies

D.x(R) <C ]e*’lw[diS’f(e,W)erist(e,x)}.

Unlike C, x in part (4), this series does not contain the factor Ry.
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2. At q = 0, the dependence of A on the newly frozen coordinates satisfies, in the coefficient
norm in c,

18(-,0;8) = Ae(-,0;0) |coets < Cr|§]|ooe™ W ¥, A(0,0;0) = 0.

3. At radius s, for the fluctuation increments, the absolute coefficient row sum of the terms of A
of positive degree in q is at most Cp jsq. The rows of the coarse-field terms near the boundary
and all rows in the free variables are only bounded by finite constants depending on |; no
contraction factor M~ is asserted for them.

4. (Input columns.) Let R, < Kip be a construction profile, and choose ay,by > 0 with
by > apq and with ay + by smaller than a decay exponent for which the full reconstruction
has coefficient bounds without boundary weight. Define

Ce,x (R) = Zyxlqu,m/(g)|Rvea1t({e}Usuppv)’

where ®r ., (&) are the Taylor coefficients of g at the fine output e. Then C,x(R) <
D]Rxe_bl dist(e,x)/ and

Y e "adold(e)C, (R) < Ko ¢~ badout(¥)
e

K < CMJD]K*e“bdcf Z(l + 1)36_(b1_'xbd)l.
1>0
Here doq and dout are the distances to the complements of the specified old and output
position lists, respectively, both expressed in output units, and we assume that, for every
summation label e and every input x,

dout(x) < doig(e) + dist(e, x) + Cj,

with a buffer Cj depending only on the fixed construction geometry. The sum runs over the
full list of old output labels (the fine labels), at their creation-scale density. For an input
among the free coordinates the same statement holds with its own radius Ry in place of Ksp
in the last bound. For a kernel from inputs to outputs, the column of a fixed input carries
the volume of the output cells divided by the volume of the cell of that input. The same
calculation applies to the profile R, = 2p within the auxiliary construction ball and to the
smaller spatially varying radius profiles of Definition 18.1. These column bounds are different
from the bounds on the image under the reconstruction majorant in Lemma 19.7.

The constants have the dependence of Section 19.1, are uniform in the depth and in the shape of
), and do not depend on the later widths. No equality with a perturbed incoming constrained
problem is asserted.

Proof. We compare the successive regional and torus reconstructions before applying the
gauge transformation with cutoff, and then estimate the differentiated coefficient series.
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Step 1: the domain of the successive substitutions. We take a common larger construc-
tion product as in Theorem 19.4, with radii for coarse fields and fluctuation increments
at most Ut and Qr from (19.1). Then the torus reconstruction, its gauge transformation,
and all column series below are evaluated with u + v < rs and denominator at least 1/2,
and the smaller product keeps the intermediate classical and Haar-density margins. For
the finitely many conditional problems at the intermediate scales, we use the smaller
parameter domains of Step 10 of the proof of Theorem 19.4. We choose the radius of
the fluctuation increments so that every successive substitution lies strictly inside these
domains. Such a radius exists: by Lemma 18.8, at g = 0 the successive conditional
stationary points are the joint stationary point. Each conditional stationary point and
each inverse square root has a convergent majorant series without boundary weight on
a larger product. If A; bounds the deviation of the coarser coordinates from the joint
stationary point after the scales above i have been reconstructed, then by these series we
have

A1 < (14 Co)A; + Cssg, As =0, (19.29)

on a fixed smaller free ball, where the constants are maxima of the rows of the conditional
derivatives and of the inverse square roots on the larger products. The same recurrence
holds in the coefficient norms. Iterating it at most | times, we obtain A; < Css, Z]I;é (1+

Cp)/. Taking s, smaller than a fixed fraction of every domain margin divided by this
tinite sum places the successive product inside the domains. This is the case dy = 0 of
Lemma 19.3(3), and this choice does not reduce the radius of the coarse field.

Step 2: one scale of the reconstruction. On the original list of free coordinates, the
reconstruction at scale i is

Ti(civr, ai(civ; &) + Ki(einn; €) 72055 €). (19.30)

Here a4, is the conditional stationary point of the partial minimum after the finer scales
have been eliminated, K; is its constrained Hessian at scale i, and T; is the local inverse
chart of the block averaging constraint. The action at this scale is M’ times the partial
minimum of the objective in input units, so K; includes exactly the factor M'. The variable
gi is the fluctuation increment, and no coupling is absorbed into K;.

Step 3: the reconstructions before gauge transformation. On each common list the
comparison of the stationary points is given by Theorem 19.4. To compare inverse square
roots, we extend the regional matrix to the full list by its direct sum with a principal
free block of the torus matrix on the complementary coordinates. Both summands have
the gap. The internal difference is the difference of the regional and torus Hessians at
nonzero coarse field, estimated for the conditional partial minimum in Theorem 19.4(6).
The removed off-diagonal blocks of the torus matrix have their two roots on opposite
sides of W, so they are boundary-localized. The identity (19.7) then gives the comparison
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on the common list, with every coarse-field and free argument. When a list of finer
coordinates is eliminated on one side and fixed on the other, the identity (19.9) inserts a
chain through that list, as in Step 11 of the proof of Theorem 19.4, and that chain visits
Hp,. Thus the statement concerns the regional matrix itself, not the torus problem with
coordinates deleted.

We subtract the regional and the torus versions of (19.30), with the torus free inputs
outside the regional list set to zero. First we change the chart words at the same argu-
ments; their difference lies in the fixed interface stencil. For each conditional object O
(a center or an inverse square root), let yg and yr be the higher arguments in the two
chains, and put ymix = (Yr 1, y1,1)- The augmented regional objective at the endpoint of
(19.16) is independent of yy on its regional components. Thus, on those components,

Or(yr,.L) — Or(yr) = [Or — O1)(Ymix) + [OT(Ymix) — Or(y1)]-

The first difference is the matched-argument comparison in part (6); the second is the
integral of the torus derivative along the segment from yr to ymix. Step 1 restricts
both chains to a smaller common product, so this mixed argument and its segment
lie in the full product fixed in Step 10. This first changes the conditional object at the
same argument and then changes the coarser argument. The difference of an analytic
function at two arguments is its derivative integrated along the common segment, that
is, a tensor without boundary weight applied to a boundary-localized difference of
arguments. At the coarsest scale these are all the terms. Each descent by one scale
adds the boundary-localized difference from the scale above as one more difference of
arguments. By induction over at most | scales, the difference ag™ — a7 is a convergent
boundary-localized series. The values of the torus reconstruction on the complementary
outputs, which can be nonzero at zero complementary free input, are joined by networks
without boundary weight from their output in H to their inputs in (). Such networks
cross W, and they provide the visit to Hy , at the next substitution. No sum of sources
over the volume of H without decay occurs.

Step 4: the gauge transformation. We apply the same torus gauge transformation k(c)
to both fields and cut it off only on the regional side. After the construction radius is
chosen, all arguments of HY lie in one fixed larger identity chart, and the difference is

Ae = HY (af™, k) — HY (af™, k)
+ HX (a2, k) — HX (a52V, k). (19.31)

The first line contains a3 — a7™ as a factor, after the derivative in a is integrated. The

second line vanishes when both endpoint values of the cutoff equal 1, so its output
root lies in a fixed interface band of width three blocks, including the buffer for the
endpoints of fine links. Its other factors have the torus and gauge coefficient bounds
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of Theorem 13.2 and Lemma 19.5. These facts imply the boundary-localized estimate
for both lines of (19.31). A coarse-field derivative which hits a gauge factor appends
the network of that factor to the existing network and does not remove the visit to Hy,.
The torus term without the cutoff is ®. This proves the decomposition and its factorial
coefficient bounds.

Step 5: the cutoff at first order. The contribution of the cutoff can be read off at first
order. Let k; = Dk(0)c. The cutoff part of the linearized correction on the link (v, w) is
the difference of (1 — x)k; between its endpoints, which equals

(1= x (@) (k1 (w) = k1 () + (x(0) — x(w))k1 (w).

Both terms are contained in (19.31). In particular the second term, which contains the
gradient of the cutoff, is not removed by treating the gauge transformation as constant in
the target.

Step 6: the local logarithms. The local logarithms in this argument have uniform com-
plex coefficient margins. Indeed, in a submultiplicative matrix norm the exponential
series are dominated by ¢, and the logarithm of I + X is dominated by Y~ # /I on
| X|| <t < 1. We take the rows of the reconstruction before gauge transformation and
of the gauge transformation small enough that the product lies in such a disc with a
tixed margin. Composition of majorants and the attached networks then bound every
derivative of HY, with constants independent of x € [0,1].

Step 7: fixed inputs and the newly frozen coordinates. Fix an input x in the boundary-
localized series of the reconstruction and keep its position while summing over the
other indices. The connected network contains e, x, and a visit to H, 1, SO by the larger
decay exponent and Lemma 18.15, we have D, y(R) < Cje~wl(e)+distex)] At g = 0 the
dependence on ¢ satisfies the coefficient identity

Ae(c,0;&) — Ae(c, 0;0) = /0 1 ;ngnge(c, 0; ) dt. (19.32)

The derivatives in ¢ come from its analytic input slots. The coefficient bound on their sum
follows from the fixed-input bounds in parts (1) and (6) of Theorem 19.4, with the analytic
input chosen among the labels of ¢, and from Lemma 18.15(3). Summing these fixed-input
envelopes by (19.2) preserves the boundary decay, including in the coefficient norm in
c. The finite chart compositions preserve these envelopes, and the gauge transformation
does not depend on (. Integrating their coefficient series in c in (19.32), we obtain the
bound Cr||€]|ece () of part (2). At c = g = & = 0 the unperturbed stationary points
vanish and both gauge transformations are the identity, so A(0,0;0) = 0.
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Step 8: terms of positive degree in 4. If a convergent majorant series in all variables
is bounded on a larger fixed free radius rg, then, for s; < rg/2, its terms of positive
total degree in g are at most s, times a fixed bound for its derivative majorant on the
larger product. Applying this to (19.31), we obtain the bound Cj s, of part (3). The rows
near the boundary and the rows in the free variables are bounded by the corresponding
convergent majorants without boundary weight, with no factor M~/.

Step 9: the input columns. Fix the input x in the differentiated coefficient series. Re-
moving one power of its radius Ry and using the column bound with any input fixed,
we see that the connecting network contains a path from e to x. Assigning by of the larger
decay exponent to this path gives

Cex(R) < D]Ryce_b1 dist(e,x) (19.33)

on every smaller construction profile in the statement; since the majorant has nonnegative
coefficients, we may restrict to that profile before summing. A free input is included,
since it is an input of (19.30) and of every later composition. By hypothesis the distances
satisfy
dout(x) < dold(e) + diSt(e/ x) + C]/

where the additive constant is a fixed buffer. For an incoming list Dj, whose complement
lies in H up to the fixed stencil, with d4(e) = dp, (e)/Bs, this condition follows from
Lemma 19.8 after the incoming distance and the buffer are divided by Bs; we do not
identify the incoming and the current fixed complements. Since Bs; > 1, the condition
also holds when d 4 is measured in input units. Hence

Ze_“bddold(e)cex(R) < D]Rxe“bdcje_“bddout(x) Ze—(br“bd)diSt(e/x)
e e

< CMJD]Rxe’xbdcle_“bddout(x) Z(l +1)3e (br=awa)l,
120
Using Ry < K,p, we obtain the bound on K;j; keeping R, gives the version for a free input.
The sum includes every old output label at its density; restricting it to a sublist only
decreases it. For a kernel from inputs to outputs it is multiplied by the volume of the fine
output cells divided by the volume of the cell of the fixed input, as in Definition 4.6. The
colors and the finitely many scale indices enter Cyj, not a factor of the lattice volume.
Setting R, = 2p is allowed within the auxiliary ball since K, > 2, and the smaller spatially
varying radius profile is another restriction of the same nonnegative coefficient series.
This completes the proof. O

19.6 Construction radii and bounds on the reconstruction majorant

The next lemma collects the conditions on the radii under which the reconstruction
maps a product domain strictly inside the analytic domain used at the next step, in
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the following sense. For a map with a convergent Taylor series, the absolute coefficient
row sum of the Taylor series, evaluated at the radii of the product domain, bounds the
image of the domain under the majorant of the map. For the reconstruction we call this
bound the image under the reconstruction majorant. For ¢ > 0 we write S, for this row
sum with the weight e, where / is the length of the connecting network of a monomial
including its output; thus Sy is the unweighted row sum. A bound S, < p/2 is stronger
than a bound on the values of the map, and it is the hypothesis needed to substitute the
reconstruction into a function whose coefficients are controlled at radius p. The lemma is
applied twice, with the quantum radius p and with the classical radius p.

Lemma 19.7. Fix the constants of the unperturbed constructions before the later choices of the
boundary-layer width, the erosion width, the widths of the protected neighborhoods, and the bound
Brec 0n newly frozen coordinates.

1. (Construction radius.) Let vgee; > 0 be a free construction radius, distinct from the density
constant vy, with

Q]vfree,] < A]/64/ I]Q]vfl‘ee,f < 72/1/64'

There is a radius Reaw > 0, inside both the chart of the block averaging constraint and the
chart of Theorem 11.6, which may be chosen below

. (min(rr,7g)  Aj 2] Utree] .
T, et 116 ) }

Here pj and Brec,j are the coarse and newly frozen parameter radii of Theorem 18.12; thus the
lifted arguments of size less than Ryaw /8 stay inside its parameter product. The quantities
Gy and rr j are the bound and the radius of the finite constraint words, rg is the larger radius
of the torus action, and Ciig, ; bounds the block-constant lift and the coarse-field lift, including
all embeddings for the initial segments. If

Clift,] [K* maX(P/ Pcl) +r+ ,Brec + ‘haw] < Rraw /8,

where r is the radius of the small-link domain B, and raw is the radius allowed for the
fluctuation increments before gauge transformation, then all images of the reconstruction
before gauge transformation lie in these fixed larger charts, and their real free Hessians have
gap at least Aj/2, with the complex inverse margins. No factor M~ is required of the lift.

2. (Zero fluctuations.) For each pe € {p, pc1}, use its own spatially varying radius profile ¢,
equal to the boundary radius p, o at labels within distance wy,q of H and to pe elsewhere, the
outer profile Ko, and the outer boundary radius Ry o = Ky0y . For a full renormalization
group step, s = ] and B = M/, assume the torus contraction inequality (the first inequality
below) and impose the four inequalities

B71Ze(Kipa) < pa/16, CaeCaeRoe < pa/16,
CA,oCa,.g_“Wwbd/zK*p. < Po/16; CF,o,Brec < Po/16/
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where Z, is the classical row majorant of Theorem 13.2, Cp o and Cr o are the constants
of Theorem 19.6, and C, o is a summation constant fixed in the proof. These constants are
evaluated on the larger auxiliary construction ball, before the radii and widths are chosen.
The sum of the four left sides bounds the row sum Sg at g = 0 by pe /4.

3. (Fluctuation increments.) For a radius s, of the fluctuation increments, the increment of So
is bounded by

_ Cr,e8¢

N 1-— CT,. (K*Po + Sq)

Require the denominator to be at least 1/2 and We(sq) < pe/8 for both radii. The same
rule applies to the product in the jointly normalized coordinates u, with its finite-composition
free radius and its own denominator, which includes Brec if it occurs in that majorant. The
products for the successive substitution must lie in this joint product.

W.(Sq) + CA,.S[]'

4. (Spatial weight.) The resulting unweighted absolute row sum satisfies Sog < 3pe/8. If
Sc < Cjpe for a fixed ¢ > 0, then there is a fixed 0 < ¢ < 1, common to both radii and to
the finitely many initial segments, such that

Soc < S5 USY < pa(3/8)170CY < pu/2.

Thus, for both radii, the image under the reconstruction majorant, with connecting-network
weight at one positive exponent, is less than half of the radius.

All constants and thresholds have the dependence of Section 19.1 and do not depend on the later
widths. For a composition of s < | averaging steps, the conclusion of part (4) requires the torus
contraction inequality with B = M?® in place of B, which must be checked separately for that
composition; the finiteness of the constants at fixed | does not give it.

Proof. We choose the construction radius, bound the unweighted row sum at zero fluctu-
ation and its increment, and then add the spatial weight by interpolation.

Step 1: the construction radius. We choose the finite word and lift constants on the
larger products of Theorem 18.12 and Lemma 19.3. We increase Cjif ; so that it bounds
the block-constant lift of the target, the coarse-field lift, the extensions by zero and by
the small newly frozen coordinates, and each of the finitely many embeddings for initial
segments. Since a local lift uses only its block stencil of fixed depth, its row and input
columns have one finite coefficient bound, independent of the number of components and
of the later interface widths. Let vg j satisfy the two strict inequalities in part (1), and let
Rraw lie below the listed bounds and below the common radii of the local Haar-density
chart and of the compact-overlap chart. The lift inequality then places all images strictly
inside the larger inverse and torus action charts, their free arguments inside the radius
Ufree,j, and their stationary points inside the solution radius r, ;. Indeed, the variation of
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the free Hessian is bounded by the sum of its contributions from the free radius and from
the lifted arguments, which is at most

QjVree,] + QRraw < Aj/32.

Enlarging the fixed lift constant before the radii are chosen accounts for any finite number
of such types of arguments. The displacement of the stationary point is bounded by the
corresponding inverse times gradient, which is less than IjQ}(Ufree,; + Rraw) < 72,7/32.
The real gap A; at the identity therefore implies a real gap at least A;/2 on all these
products, with room for the complex margins. The term EQOTZZ, which contains the
gradient of the action, is included in the bound on the variation of the Hessian in
Theorem 18.12. The conditional stationary points are those of Lemma 19.3.

Step 2: the row sum at zero fluctuation. We carry out the following calculation for each
pe, with its own profile and constants. The construction radii satisfy K.pe < Ur and
sqg < Qr, 50 Kype + 55 < 75 and all intermediate margins hold by (19.1); these domain
checks precede each rational majorant. At g = 0 we use Theorem 19.6. By Theorem 13.2,
the torus term has absolute row at most B~1Z4(K.p.). We split the regional correction
into its value at ¢ = 0 and its increment in ¢. By Theorem 19.6(2), the latter is bounded
by Cr ¢Brec in the coefficient norm in the target. The former vanishes at zero target, and
integrating its differentiated series with a fixed target input bounds it by

Can Y- Re bS] R = (K,p,)(x),

where C, , is increased to include the fixed normalization of the derivative. Terms with
0(x) < wpq have Ry = Ry ., and their sum is at most C,eRj o, Where C, o bounds the sum
of the exponentials. For the other terms, by the conventions for endpoints, we have

6(e) +dist(e,x) > 6(x) — L} > wpq — L.

We use half of the exponent for this inequality and sum the other half using the density
bound. After ¢™1/2 is included in the fixed constant Cye, these terms are at most
Caee "WWd/2K, o,. This bounds the row at g = 0 by the sum of the four terms of part (2).
Since each of them is at most p/16, the row is at most p./4. All constants in this
calculation were evaluated on the larger unperturbed auxiliary ball, before wyq or the
smaller boundary radius was chosen.

Step 3: terms of positive degree in the increments. For positive degree in the free
coordinates, the torus row is bounded by

CT,QSq
1-— CT,.(K*Po + Sq)’
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which is the majorant of Theorem 13.2. The row of the correction of positive degree in g
is at most Chp 55, by Theorem 19.6(3). Adding the two, we obtain W.(sq), and under the
two conditions of part (3) the increment is at most p, /8. Combining this with Step 2, we
obtain the absolute coefficient row bound

So < 3p./8. (19.34)

The denominator cannot be discarded: its geometric series contains all higher degrees in
the free coordinates and in the target.

Step 4: the jointly normalized coordinates. For the joint coordinate u, we substitute
z =20+ K 2} into the maps in the original coordinates before taking the majorant.
The successive increments are recovered from z by

qi = Ki(¢, 25:6)"? (zi — ai(¢, 2513§)),

which inverts the unperturbed insertion at scale i. The factor Kil/ 2 = KiKi_l/ 2 has the
same larger coefficient bounds. At u = 0 all these increments vanish, since the chain at
zero fluctuation is the joint stationary point. By finite composition of majorants, there
exists a joint radius for which the resulting majorant of the increments is at most Q1. We
take the product of u inside this radius and inside the solution domains of the initial
segments. Its target argument is at most Ur, so (19.1) also verifies the torus domain and
the denominator for this composition. The finite composition has a rational majorant of
the same kind for its increment, with its own constants and argument; in particular, a
contribution of the newly frozen coordinates to that argument remains in its denominator.
Requiring this majorant to be at most po /8 gives (19.34) for the joint product as well. The
products for the successive substitution are restricted to the preimage of this product
and to the domains of Lemma 19.3. This restricts a coefficient series which is already
bounded.

Step 5: the spatial weight. For one output row, we write its terms as b, > 0 and let ¢,
be the length of the attached network, including the output root. For finite partial sums,
by Holder’s inequality with exponents 1/(1 — ¢) and 1/9, we have

vaeﬂcév — Zb}/—ﬂ(bvecév)ﬂ < (Z bv)l_19 (vaeny)ﬁ,
v 14 v v

and passing to increasing partial sums gives the inequality for the convergent series.
Using S. < Cjpes and (19.34), we obtain the bound in part (4). The function ¢ +—
(3/8)1’19@]9 is continuous at & = 0, with value 3/8 < 1/2. We fix ¢ € (0,1) at which
its value is below 1/2 for both radii and for the finitely many initial segments. This
proves both weighted bounds on the image under the reconstruction majorant at the
same positive exponent. Because the weighted row bound is a bound of the unperturbed
construction, this choice of exponent uses no later perturbative estimate.
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Step 6: shorter compositions. For s < ], Step 1 and all estimates for finite compo-
sitions still apply, with Bs = M?®. The first inequality of part (2), however, becomes
B;1Z4(Kipe) < pe/16, which follows only from a separate contraction inequality for that
composition. This is the restriction for s < | in the statement. O

19.7 Perturbations of the incoming action

The incoming action of a renormalization group step on a block region is the effective
classical action plus a perturbation, defined on the list of variable labels of the previous
step. This list and the current block region play different roles; in particular, the protected
vertices of the gauge transformation alone do not determine the boundary of the incoming
list. We first compare the distance to the boundary of the incoming list with the distance
to the current boundary.

Lemma 19.8. Fix 1 <s < |, B; = M?®, a list Dy, of incoming positions, and a block region ().
Use the periodic graph metric, rescaled linearly on positions of coordinates introduced at finer
lattices, and freeze all components of a label at one position together. Write 7tsx = x/Bs. Suppose
that every position x & Diy lies in H up to the fixed chart stencil:

diSt(TCSX, Qc) < Lbuf,]-

Here Ly and the fixed buffer cenq,; for the convention on link endpoints depend only on the
construction geometry, and are fixed before the later widths. Let dp._(i) be the distance of i to the
complement of Dy, in input units, and deyrrent(€) the distance of e to H, in output units. Then
for every i € Di, and every position e of a label in (),

dDin(i) > Bsdcurrent(e) - BS diSt(@, nSi) - Cbuf,]r Cbuf,] = 1r£15a<x] BS(Lbuf,] + Cend,])'

(19.35)
The same conclusion holds with dist(e, W) in place of dcurrent(€) after the fixed endpoint buffer is
enlarged. It also holds if H is enlarged by additional blocks.

Proof. Suppose that the complement of Dj;, is nonempty, and choose a position x ¢ Djy,
reached by a shortest path from i to this complement; its length is dp, (i). The scaled
path has length dp._(i)/ Bs, including the position of x at its own lattice; scale indices and
colors give no extra distance. By the triangle inequality and the hypothesis, we have

dcurrent(e) < diSt(E, 7Tsx) + Lbuf,] + Cend,]
< dist(e, 7T5i) + dDin(i)/BS + Lbuf,] + Cend, -

Multiplying by Bs, we obtain (19.35). The endpoint buffer covers the difference between
the distance to the positions in H and the distance to the interface W. Enlarging H can
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only decrease its distance from a fixed position in (), so additional blocks of H preserve
both the hypothesis and the bound. If Dj, has no complement, the finiteness of the
boundary seminorm forces the nonconstant boundary part of the incoming perturbation
to vanish, by the convention of Definition 18.1, and there is no incoming boundary
dependence to transport. If Dj, is empty there is no incoming root. O

The constant incoming radius in the next theorem is the radius produced by freezing,
in the following form of Lemma 18.9. We start with a classical output profile ¢ of
interior radius r, on a set D of variable labels, keep I C {i € D : dp(i) > Ser} with
Ser > max(2, wpq), and freeze F = D \ I, which contains the zone of reduced radius. For
an analytic function f and frozen values c, we write T: f(v) = f(v @ c*) — f(0® c*). For
]c]ﬁ\ < n¢(j) with n <1/4, Lemma 18.9 implies

pli=re,  X(Taf) <2e b=yl (f), (19.36)

The seminorms here have the classical normalization and the stated network and bound-
ary rates. The identity ¢|; = . holds because every remaining position lies outside the
zone of reduced radius, and it is needed for the seminorm with constant profile on the
left. The frozen values become fixed real parameters, not new variables of radius ..
Applying (19.36) to the boundary correction produced at the previous step, with Dy, = I,
gives the incoming seminorm at the next step. A new classical boundary-completion
difference of the torus action must in addition satistfy its own bound in the seminorm with
constant profile, by the separate statement on such differences in Lemma 18.9; erosion
alone does not bound such a difference at an additional component of H. The theorem
below assumes the bound on the incoming seminorm. That the regions and frozen values
of a large-field decomposition satisfy its hypotheses is verified in the construction of that
decomposition in Section 21.

Theorem 19.9. Fix the domains, the protected geometry, the radius Ryaw, the conditions on the
image under the reconstruction majorant for both radii, and the products for the initial segments
of Lemmas 19.3, 19.5, and 19.7, with s = |; compositions of s < | averaging steps are treated at
the end of the statement. Fix K., classical input rates aq,aq > 0, and ro = pq. Let b = (, brec),
where the newly frozen coordinates ¢ are small and the previously frozen coordinates bye. are
arbitrary in their allowed real set.

The incoming action. Let Ein(a;b) = E4,(t10a) + P(a; b) be holomorphic and real at real
arguments in its variable input a, with bye. fixed, where 1y extends a by zero. Fix its incoming list
Din, of variable labels, the positions of these labels at the lattices where they were introduced, and
their cell volumes. The incoming seminorm is the seminorm X[)le aq,y O Definition 18.1, with
the constant profile ¢in, = 7. on every label of Din at which ®g below is substituted; the labels of ¢
are fixed parameters of this seminorm. The spatially varying radius profiles are used only for the

output. Assume that the complement of Din lies in H up to the fixed stencil, as in Lemma 19.8
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(H may contain additional blocks), and that, in input units, for every position e of a label in ()
and every incoming position i,

dDin(i) > Bsdcurrent(e) — B; diSt(e,i/Bs) — Cbuf,]/ B, = M°,

where the positions on the right are in output units and the fixed buffer includes the chart stencils.
If Dj,, has no complement, the nonconstant boundary part of the incoming perturbation is zero.
All images of ®¢ and all connecting segments lie strictly inside the ball of the incoming seminorm.
A difference of two perturbations uses the same incoming list, weights, and profile.

The exterior extension. If the unperturbed regional objective uses the extension iz, which
inserts the newly frozen coordinates into their slots while all previously frozen torus slots remain
zero, define the classical boundary-completion difference and the adjusted perturbation

Sg(a) = Edo(léa) — Edo(loa), p =P — Sd,

and assume X[$ (P) < 20. If the reference objective already uses the extension by zero, take

Din, a1,
Sgl = 0. All constants of SE} remain in the full classical action. The corresponding difference for
the effective interaction, if the reference extension is changed there, is kept with the exact sign of
the constant term in Lemma 18.9.

The objective. Let zg be the unperturbed joint stationary point, Ky = Fy ,-(c,zo; &), and
So = Ko_l/z, and put

Fo(c,z¢) = Eg)(1YR(c, 2 0)),
Ao(c,u;8) = ¥r(c,zo + Sou; €),
(e, ;&) = Log](exp Ao (e, 1;8) ),
Folc,u;b) = Fylc,zo + Sou; &) + AP(®o(c, u; &); b), 0<A<],

and Q) (c,z;b) = Fa(c, Sy (z — z0); b). The perturbation is evaluated on the gauge-transformed
reconstruction ®g, and the unperturbed Hessian of F) in u at u = 0 is I. Initial segments,
the conditional stationary points a, 1, and the Hessians K, ; refer to Q,, in the original free
coordinates.

Then the following statements hold.

1. (Incoming derivatives.) If the inputs at which P is evaluated have absolute coefficient row
sums at most xkp., with 0 < k < 1, then for every j > 1,

_ i1 o
IDPltoot < = 57725,
with the incoming network and boundary weights, and with any differentiated input as root.

2. (Stationary points.) There exist 0y ;, Qo,; > 0 and a fixed smaller domain of u such that the
following holds for every 0 < o < g5, every 0 < A < 1, and every product of increments
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with max; ||qi||ec < Qo,j whose substitutions stay in that domain. Every initial segment of
the original free coordinates has a unique holomorphic stationary point of Q) in the domains
of Lemma 19.3, and the inequalities of Lemma 19.3(2) on the preconditioned gradient and
Hessian hold, not only a spectral bound. The stationary points are real at real data, the real
free Hessians satisfy

1
ML= Kyi < AfL [urllcoett < Cjowpct,s

with the exact factors M included in K, ;, and for every initial segment I and every y € T,

Hﬂ)x,l(cry; b) - aI(C/]/; é)”coeff < C]U*pcb

The quantity oy of Lemma 19.3 satisfies oy < IoCpoypg, with constants Iy, Cp depending
only on the fixed data, and o, Qo,; are chosen so that the condition of Lemma 19.3(3) holds
for all initial segments. The weighted complex resolvents are bounded by C;/(Aj + t) for
t > 0 at the working rate by, fixed in part (4).

3. (Differences.) The differences from A = 0 of the stationary points, the Hessians, their inverses
and inverse square roots, and the successive reconstructions have convergent boundary-
localized coefficient bounds in all variables, including every coarse-field input in () and
every fluctuation increment; their networks carry the incoming boundary dependence. These
differences are Oj(cy ), and the displacements of stationary points are Oj(0«p) on the fixed
product. For example, at fixed coarser coordinates y,

-1
a/\ZI,/\ = - QA/IIVI/

where Vy is the I-component of the gradient of z +— P(®g(c, Sy (z — z0); &); b). Along
the successive chain this derivative contains the additional term —Q;}I Q) 110221 and
the full derivative (BAKXV 2)g;. The function V = P o @ satisfies |V, < Cjowpq and

1
| Viu|| < Cjo; the term ﬁ’CI)O,W is kept in the second derivative.
4. (Output rates.) The estimates of part (3) hold at any fixed positive output rates aout, ®out

with
Aout + Kout < C]/Cgeom/ Aout + Kout < Bacl/cgeom/ Kout < lecl/cgeom;

Before the output rates or the perturbation threshold are chosen, reduce cj so that ¢; < Dyet

and fix

bw _ min(bref, C], Bad)
2Cqim ’

Here by is the unperturbed resolvent exponent fixed above. Then every allowed pair of output

rates satisfies out + tout < bw /4, whereas Cgimbw < min(cy, Bagy)/2. The perturbation

Cdim = 1, Cgeom > 8Cdim-
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threshold is fixed at this one working rate and need not depend on the subsequently selected
output rates. The constant Cgeom is fixed before |, the rates, and the later widths: it depends
only on the dimension, the block geometry, and the allocation of exponents, not on | or on
the construction radii. Fixed stencil buffers depending on | affect the amplitudes C;, not the
coefficients of the distances. In particular, the perturbation and every external arqument stay
in one connected coefficient network.

5. (Two perturbations.) For two perturbations Py, Py as above, the bounds of parts (2) and (3) on
the differences hold with o replaced by X Sin, feiy (P1 — Po). The corresponding minimized
full actions V™, VP satisfy a Lipschitz bound in the output seminorm with constant K?l,

namely (19.51).
6. (The full action.) The outgoing full action is M°Fi(c,uy;b), and on the connected chart

Fi(c,u;b) = Ein(Po(c,u;¢); b).

This identity uses the equality of classical actions on compact gauge overlaps only for the torus
term, together with the cancellation of the exact classical boundary-completion difference. It
does not assert that P(®) equals P(Ay), and it uses no gauge identity for an incoming
branch.

7. (Frozen coordinates.) All perturbed estimates differentiate the coarse-field and free variables
at fixed real b = (¢, brec); no derivative of a perturbed quantity in & or brec is asserted, and
the unperturbed estimates in & of Theorem 19.4 are unchanged. If the incoming coefficients
and the charts are Borel (respectively continuous) functions of the real parameter b, then
the stationary points, the matrix functions, and the minimized values are Borel (respectively
continuous) in b.

All constants have the dependence of Section 19.1; they do not depend on the later widths, the
number of preceding steps, the shape of (), the depth, or the smaller enclosing and fluctuation
radii chosen later. For a composition of s < | averaging steps, the same statements hold, with
Bs in place of B, whenever the separate conditions of Lemma 19.7 for that composition hold; no
repeated reduction of radii is used. The theorem is a local analytic statement and does not compare
probability densities.

Proof. We extract the derivatives of the incoming perturbation from the incoming semi-
norm and transport its boundary dependence to the output. We then construct the
stationary points with Lemma 19.3, first jointly and then for the initial segments. The re-
maining steps treat the differences, two perturbations, the full action, and the dependence
on the frozen coordinates.

Step 1: conventions. All functions in this proof are considered at a fixed real b = (&, byec)
in the allowed set, including the newly frozen coordinates ¢. Every estimate is uniform
over this set, and the supremum over it is taken after the sums over degrees. Only the
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coarse field in (), the free coordinates, and the interpolation parameter are differentiated,
and the labels of ¢ are not roots of the incoming seminorm.

Step 2: derivatives of the incoming perturbation. We write 7. = pq and P(a;b) =
Y, pv(b)a’, where every multi-index runs over Dj,, with the positions of its labels at the
lattices where they were introduced. Since ¢, (i) = 7. for every such label, we define, for
each degree k,
A(b) = r? sup ¢ Y Ly (b) retatn).
i€Din lv|=k

By hypothesis, sup;, ... Lx>1 Ak(b) < 20%. This uses the full input radius also at the
incoming boundary; a reduced radius near the boundary appears only in the output
product. By (19.36), the incoming action produced by freezing has this profile when the
hypotheses of Lemma 18.9 on freezing the zone of reduced radius and on the frozen
values hold. We consider inputs whose absolute coefficient row sums are at most «r,,
and fix the first differentiated input label i. In degree k > j, summing over the other j — 1
ordered differentiated labels gives the factor

—0)j (k)j=k(k=1)---(k—j+1),

and the remaining input powers are bounded by ¥~/ r];_] . Keeping the original incoming
network keeps all differentiated roots and all contracted input labels in it. Therefore the
rooted derivative of order j is at most

2 k—j 2-j__ J!
r Ap(k) ™ < (2001 T ———,
SR R

where we used Y~ (k) K57 = j1/(1 —x)/™1, which follows by differentiating the geomet-
ric series j times. Any differentiated root can be chosen first, so this proves part (1), with
the incoming network and the boundary weight of its root. Degree one is included. The
constant coefficient py does not appear in these derivatives and is not restricted.

Step 3: the normalized objective and the perturbing gradient. Let Ay, g, and F) be
as in the statement, on the joint product of Lemma 19.7. The image of this product under
the reconstruction majorant, with weight at one fixed positive exponent of the connecting
network, is less than r./2, so part (1) applies with a fixed ¥ < 1, for example x = 1/2. At
u = 0 we have

DuFy(c,z0 + Sou; )| _, =0,  DiFolc,zo+ Sou; €)|,_y = SgKoSo = 1. (19.37)

The first identity is the joint stationarity, and the second uses the symmetric inverse
square root on the branch connected to the identity. The coefficients of this function, and
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those of zp, ¥g, and G, are bounded on a larger product by the unperturbed results
above.
Let V = P o @;. By the chain rule, we have

Vi = Zpi(q)o)(q)o)i,w (19.38)

Vio = Y_ Pij(®0) (P0)iu(Po)j0 + Y Pi(Po) (Po)iuo- (19.39)
ij i

By part (1) with j = 1, 2, together with the fixed rows and volume-normalized columns

of the chart, we obtain

HVMH < Cpoyre, ||Vuu|| < Cp0s. (19.40)

The term ﬁ/CI)O,W in (19.39) contributes C;jo,r., which is included in Cpo since 7. is fixed.
We note that the perturbation need not have zero gradient at u = 0.

These bounds hold at all orders, as coefficient bounds with spatial weights. Let
b;(t) = Cjt/(1 — Cjt) majorize the increment series of the chart in a fixed displacement
direction, on a fixed larger domain. After division by the factorials of the derivatives,
part (1) and the chain rule over partitions are bounded by the coefficients of

1 1
20,17 — : 19.41

U*rc{l—x—b](t)/rc 1—1{} ( )
Fix t, > 0, a fixed multiple of min(r., 1), with bj(t.) < (1 — x)r./2. By nonnegativity of
its coefficients, the coefficient of degree j of (19.41) is at most Cjo.r?t,”’, and restoring

j! gives the factorial bounds j !C]]'H(T*rf*] , with constants depending on the fixed radius.

Fixing a coarse-field or free input uses the column version of the same composition, with
the cell volume of that input. Thus all derivatives used here satisfy coefficient bounds on
the product.

Step 4: transport of the incoming boundary dependence. A rooted input monomial
carries its incoming network and a path from its chosen input root to the complement of
Djn. The incoming list and its complement are those used in Ax(b). By hypothesis the
complement of Dj, lies in H up to the fixed stencil, so Lemma 19.8 implies (19.35) with its
tixed buffer, and hence the comparison assumed in the statement. We scale these paths by
B~! to output units and join every network of the chart at its fine input label. The union
is connected and contains every external coarse-field and free argument. If the input root
lies in (), its path to the complement of Dj, reaches H after at most one additional leg
of fixed length. If it lies in a newly removed region, the chart branch joining it to a root
in () already reaches the boundary. Additional components of H can only shorten the
required distance to the boundary.
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To make this precise, let £y be the length of the incoming network in input units,
d})“ the distance of the chosen root to the complement of Dj,, and ¢ p the lengths of the
branches of the chart and of the free inverse in output units. Let A be the set of external
positions and e any root in (). There exists a constant Cgiy,,, depending only on the
dimension and on the comparison of elementary paths, and fixed before |, such that

aoutt(A) + ‘Xouta(e) < Cdim(aout + (Xout) <£O/B + Zgﬁ)
B (19.42)

+ Caimoutdg' / B + (aout + &out) L} (k + 1).

Indeed, the scaled incoming network and the chart branches alone join all external
positions, and adding the scaled path to the complement of Dj, also reaches the boundary.
The first network bounds t(A), and the second bounds the distance of e to the boundary;
this gives the separate coefficients of ¢y and d" in (19.42). Here k is the incoming
degree, equivalently the number of attached input factors, including factors evaluated
at a nonzero frozen value. The last term accounts for their fixed displacements by
the stencil. To see why Cg;, depends only on the dimension, we take shortest paths
in the graph metric and their connected union. Using a tree on the external vertices
increases the length by at most a factor two, by traversing each edge of a Steiner tree
twice. Replacing segments by the fixed paths in coordinate order increases it only by the
fixed comparison constant of the three coordinate directions. Scaling is exact, and neither
operation depends on the number of scales.

We sum the stencil offsets using the strict image bound, not by shrinking the external
Taylor variables. Reduce the intrinsic rate c¢; once, before output rates are chosen, so that
e“1L] < 4/3. Put = (aout + aout)L’] and x’ = efx. The reconstruction image has x < 1/2,
so the allowed output rates give ¥’ < 2/3. Multiplying the degree-k derivative term of
Step 2 by ePF+1) gives

Pk ) ick=i — BUH1) (4" Yk

Thus its degree sum is bounded by

- PG+ 1
2—] e ].
(2(7*)7"(: m

In (19.41) the same calculation replaces x by x” and b;(t) by ¢fb;(t), with one additional
fixed factor ef. A smaller fixed t, leaves a positive denominator. These changes alter only
the fixed-] amplitudes. They cover degree-zero contributions from frozen coordinates as
well, without assuming geometric decay of the incoming sequence Ay. The intrinsic-rate
reduction precedes all later profiles and widths and does not change Cgeom-

We take Cgeom > 8Cqim, increased according to the fixed allocation of exponents
among the external network, the route to the boundary, and the internal sums, and we
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keep part of the remaining exponent in each chart branch for its density sum S;(e). Under
the three strict inequalities of part (4), the incoming factors e and etads, together with
the exponent c; of the unperturbed branches, dominate the output network and boundary
weights in (19.42), and a positive part of the exponent is left for the summations. The
exponent in the bound on the image under the reconstruction majorant from Lemma 19.7
is included in the choice of c; before these rates are specified. The allocation is applied to
the whole network, so the exponent is not divided by the Taylor order or by the number
of scales. This proves the boundary-localized versions of (19.40) and (19.41) at every
allowed output rate.

Step 5: the joint stationary point. We now verify the domain conditions, working first
in u near zero. By the unperturbed bound on the third derivative and (19.37), we have

ID%Fo (e, zo + Sou; &) — Il < Callullcoesr-

Fix ug > 0 inside the joint product with Cyuy < 1/8, and fix 0y ; > 0 with Cpop; < 1/8
and Cpoy,jrc < uo/8. Then u +— u — D, F) is a coefficient contraction with factor at most
1/4 on the domain of radius up, and it maps the ball of radius uy/2 into itself. Picard
iteration gives a unique holomorphic joint stationary point, and from the fixed point
inequality we obtain

|1 llcoest < 2Cpote. (19.43)

The stationary point is real at real data, since F, is real at real arguments and the
stationary point is unique.

Step 6: initial segments in the original coordinates. To treat initial segments, we return
to the original free coordinates by the invertible affine map u = S Lz — zp) at fixed c
and ¢. The pullback is

Q.(c,2;b) = Folc,2;€) + AP (Logl(exp ¥r(c,2:€)) " ));b) (19.44)

All subscripts referring to initial segments refer to this expression, with the original lists
of scales. Because the affine map and its inverse have fixed coefficient bounds, (19.40)
holds in the original coordinates with larger fixed constants. We take the solution domain
of every initial segment from Lemma 19.3 small enough that its image under this affine
map stays in the domain of radius uy.

At an unperturbed conditional stationary point a;(c,y; ), the preconditioned per-
turbed gradient is

Al_lgM(c,aI,y; b) = /\AI_1V]<C, ar, y; b),

whose coefficient norm is at most IyCpor.. This holds uniformly for every y € 7}, not
only at the joint stationary point, since all these conditional reference points lie in the
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image of the same product under the reconstruction majorant. If dy is defined for the
pullback of V' as in Lemma 19.3, the same calculation yields

oy < IpCpoyre. (19.45)
Across a conditional displacement of size rj, the derivative bound is at most
1A (Quir = AD|l < Io(Cirp + Cpor). (19.46)
We first take r; with IpCyr; < 1/8, and then reduce oy so that, for every initial segment,
IpCpop,; < 1/8, IoCpog,jre < 11/8.

These inequalities are stronger than the two inequalities required in Lemma 19.3(2). We
also require that the error of the real Hessian is less than A;/8. The coefficient resolvent
condition is imposed at the allocated working rates of Step 4, using the unperturbed
resolvents as references, as detailed in Step 8 below. The larger construction products,
their radii, and the unperturbed half of the resolvent margin are fixed first; after |
and these spatial rates are fixed, all perturbative constants in this condition are fixed
before 0y ; is decreased and before the later widths and enclosing radii are chosen. Then
Lemma 19.3 applies on each domain 7 of coarser coordinates, and its estimate (19.13)
implies that, for every such y,

Ha/t,l(cly; b) - al(c, y;g)Hcoeff < 2A1Cpoyre < C]U*rc- (19.47)

This is the conditional bound of part (2), with one common C; > 2[yCp, and it holds
before any moving coarser coordinates are substituted. The mixed coefficient bounds in
the original coordinates follow from (19.41) and the affine inverse; together with the free
inverse they verify (19.14) on the same products.

Step 7: successive substitution. The recurrence (19.15), with the conditional and matrix-
function bounds just obtained, gives a constant Cseq,j for a fixed rough bound on the size
of the perturbation. Fix Qp; > 0 and, if necessary, reduce 0y ; further, so that

1
Cseq,] (2IOCPUO,]rc + QO,]) < §€tube/ Qo < ¢,

where the conversion between the original and the normalized coordinates is included
in the minimal margin. The bound (19.45) verifies the condition of Lemma 19.3(3) for
every y. The recurrence bounds the substituted higher arguments and the constructed
conditional centers. At each such argument, the Picard iterations stay in the fixed solution
balls of Lemma 19.3(2); these balls were chosen inside the larger reconstruction product.
Thus the hypothesis on the image under the reconstruction majorant holds throughout
the construction. This proves the statements on stationary points in part (2), for all initial
segments simultaneously, on the product of increments.



19 Comparison of reconstructions on block regions §19.7 46

Step 8: the Hessians. The unperturbed real Hessian in the original coordinates is at least
7A; /8 on these products, since its variation from the Hessian at the identity is at most
A;/8 by Theorem 18.12, and the perturbation changes it by less than A;/8. Its principal
blocks and Schur complements have the same lower bound, since for a symmetric matrix
H>AI
T ~1 : T 2
v’ (Hyy — HyH; Hyy)v = mxm(x,v) H(x,v) > A|v|7,

as in (18.6). After the normalization by M' > 1, we obtain Ky; = AjI/2. The upper
bounds on the tensors and on the inverses give a common upper bound A; on the same
product.

The complex resolvent condition is used at the working exponent b,, defined in
part (4), with strict reserve for the output network and boundary weights. Its defining
inequalities put it below bf and inside the transported incoming-rate allocation of Step 4,
uniformly over every allowed output pair. For each flat reference K?, including the factor
M when present, the unperturbed bounds give

IKE+07 0, < 2 (2 0)

Put L; = K, ; — KV. At each fixed coarser argument on the conditional products, the
tixed-reference Picard bounds of Steps 5 and 6 give the coefficient displacement of the
conditional center. For this bulk matrix estimate the offset calculation of Step 4 is used
with By = bwL}: since by < cj, one still has ePwi < 2/3, and Cyimbw < min(cy, Bag)/2
pays the transported network. Together with the unperturbed mixed tensor bounds, this
bounds the perturbative matrix difference at by, by Cp, jox. For a Schur block, telescope
its defining product and use the principal inverses already constructed. This estimate
is obtained before successive substitution. Since by < b, monotonicity preserves the
unperturbed half-margin on the fixed products. Fix the perturbative constants at the
working rates and then reduce 0y ; so that

C(),]Cp,bWJO'OJ < )L]/S.

The two halves give Co | Li|ls, < Aj/4 at every stage. With RY(t) = (KV +t)71, the
ordered Neumann expansion

(Kni+8) 7" = 3 [=RI(DL)"R{ (1)
n>0
converges in the coefficient norm at this same working exponent and gives 4Cq;/[3(A] +
t)]. The bounds with an analytic input fixed follow by inserting the differentiated tensor
in this normally convergent series on a fixed smaller product. Thus the inverse uses
the intrinsic decay of the unperturbed resolvent and the allocated working decay of the
incoming perturbation.
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Step 9: the differences carry the perturbation. It remains to prove that the differences
carry the incoming boundary dependence, including through the moving coarser ar-
guments. At fixed y, differentiating the gradient equation of an initial segment, we
obtain

zip = —Q Vi (19.48)

The free inverse just constructed is a coefficient series at the allocated working rates
without boundary weight, and V; is the boundary-localized series of Steps 3 and 4. These
are joint coefficient bounds in the coarse field and the shifted higher parameters: the jet
majorant of Step 3, its transported version of Step 4, and the differentiated Picard series
give this joint statement on a fixed smaller product. We use these bounds for moving
higher arguments; the fixed-y supremum defining &y alone is not a substitution estimate.
The majorant of the product is (19.4), and it is Oj (047, ); integrating in A proves the bound
on the difference of stationary points. Let Z, be the stationary point at which a Hessian
is evaluated, and let H denote here this Hessian of Q. Its total derivative is

H — sz + QE\?)) [ZA]/

which is Oj(0x) and boundary-localized. For a set L of finer eliminated coordinates, the
Schur block of scale i is S = H;; — H;; RH}; with R = H Ij, and its derivative is

S =H,; — Hy;RH;;, — H;RH;; + H; RH; RHy;. (19.49)

Every term has exactly one factor which carries the perturbation, including the term
coming from the derivative of the inverse. Multiplication by M gives the derivative of K}, ;.
The derivative of the inverse is —K~1KK~!, and (19.7), or its differentiated integral, gives
the derivative of the inverse square root, with integrable majorant C;t~/2(A; +t) 72| K||.
These identities prove the stated bounds on all differences of matrix functions.

Along the successive chain, the derivative in (19.48) becomes

Zp = —Q;}I(VI + Q) 112 ).
An inserted increment has total derivative

%[ﬂ)\,i(crzx) +Kyi(e,zi)7V/%qi] = 0rap; + Dyay iz~ + %K)L}/Z%r
where the last derivative includes both the explicit change of the objective and the
change of the coarser argument. We start at the coarsest conditional stationary point and
descend. Each direct derivative carries the perturbation, and each new contribution from
the coarser arguments contains a factor which is already known to carry it. By (19.49)
and (19.7) this remains true for every inverse square root used at the next scale. Since

19illc < Qo,j < ¢, the finite recurrence gives Oj(0xr.) for the stationary points and the
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reconstructed displacements, and Oj(cy) for their matrix coefficients. Differentiating in a
coarse-field or free input fixes the index of that input in these convergent series, and the
allocation of Step 4 keeps the perturbation and every external argument in one connected
network. This proves part (3) on the product, and together with Step 4 it proves part (4).

Step 10: two perturbations. For two perturbations we interpolate between them. Since
the coefficient bounds are convex and the fixed bound ¢p ; holds for both, every interpo-
lated objective stays in the same domains. Its derivative in the interpolation parameter is
given by (19.48) with V = (P; — Pg) o ®p. We set

Ain =X 4

Din/ﬂc]/“cl

(Fl - pO)/ Pin = e (19.50)

Since both perturbations use the same Dj;,, the same positions and cell volumes, and the
same incoming boundary, all the preceding difference estimates are linear in Aj,. We
write O, also for the interpolated objective. The derivative of the outgoing values in the
interpolation parameter is

a)\[MSQ,\(C,Z)\; b)] = Ms(ﬁl —Fo)(q)o(c,u)\;é);b).

Its nonconstant coefficient networks contain the same incoming difference, also when a
derivative hits the stationary point. To display the degree sum, denote the right side by
G, and use a fixed outer profile ¥ > (¢, { > 1, within the already chosen construction
product. The distinguished reconstruction column and the transport estimate of Step 4
give

sup eoutdo (i) 2 v (GA)V|eﬂoutt(V)1PV < C]VgAin-

ieQ) v#£0
At degree n, restriction to ¢ supplies " and the root fraction in (19.24) supplies 1/n.
Thus, uniformly in A and the frozen values,

—n

X(Pd'd (GA) < C]Ain Z g?l = —C]Am log(l — g_l).

O, aout,Nout
n>1

The fixed profile ratio is used once for this scalar sum. Integrating in A gives

X‘Pcl/d (Vlout o V(?ut) < K?lAirv (1951)

O, aout, Nout

Here the outgoing classical seminorm uses the output profile ¢ with interior radius r..
The seminorm in (19.50) is the incoming seminorm with constant profile. The output
seminorm includes degree one. A difference of incoming constants stays in the full value
and has zero seminorm. This proves part (5).
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Step 11: the full action. We prove the identity of part (6), with its constants. When ¥, is
written on its regional list, lg inserts the newly frozen coordinates once; when it is written
as a complete fine field, the same insertion is already included. In either notation, the
exact identities of Lemma 19.5 at the endpoints imply the equality of complete group
fields

exp(1:®) = (exp(izA0))¢" ),

since the basepoint and the fine endpoints of every based transport of a newly frozen
coordinate are protected, and the gauge transformation is the identity on the previ-
ously frozen extension. For real data both complete fields lie in the common chart of
Theorem 11.6: the field before gauge transformation by the choice of Raw, and the gauge-
transformed field by the bound on the image under the reconstruction majorant and
the bound on the newly frozen coordinates. The gauge transformation is periodic and
compact there. Thus Theorem 11.6 applies to the torus classical action, and only to it,
and we obtain

F1 = Eq,(1z90) + P(Pg; b) — S (Do)
= Edo(lofbo) —+ P(q)o; b) = Ein(qDO; b)

These equalities keep Sg(O) as well as all nonconstant coefficients of Sgl; no constant
Taylor coefficient has been subtracted. Both sides are holomorphic on the connected
product, and they agree on its real open part. Expanding at a real interior point and
differentiating the real identity in each coordinate, we find that all Taylor coefficients
of the difference vanish. Continuation through overlapping polydiscs in the connected
product gives the equality everywhere on it.

If the reference extension of the effective interaction is changed, the corresponding
difference is treated by Lemma 18.9. In particular, replacing a resulting interaction
R(v,c) by R(v,c) — R(0, c) changes the normalization constant from A to A — R(0, c) and
preserves the density; the constant of the extension is not deleted. The perturbation has
been evaluated on @, throughout.

Step 12: dependence on the frozen coordinates. Fix the geometry, the finite lists of
labels, and a strictly smaller analytic product, and suppose that the incoming coefficients
and the charts are Borel functions of the real parameter b. A finite Taylor partial sum of
any chart or incoming function is then jointly Borel in its analytic arguments and b. Since
the common coefficient bounds on the larger radius give a geometric tail on the smaller
product, uniformly in b, the limits of the series are jointly Borel. For the scalar incoming
function this argument is applied to its part of positive degree, and the unrestricted
coefficient py(b) is kept as a separate Borel summand.

Every finite-dimensional matrix inverse used in a Picard iterate is a quotient of
polynomials in its entries with nonzero determinant on the domain, hence Borel there,
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and each Picard iterate is a composition of such operations and of the jointly Borel
functions just obtained. The uniform contraction ratio bounds the distance of the iterates
to the stationary point by a geometric sequence, uniformly in b, which implies that
the stationary point is jointly Borel. This applies first to the joint problem and then to
every conditional problem, at arbitrary coarser arguments in the domains, and the finite
successive substitution of these maps is Borel.

For matrix functions we use (19.5) and (19.6). Finite Neumann sums are Borel, and
their uniform geometric limit gives the resolvent. On a compact interval of integration
inside (0, o0) the Riemann sums of the integral for the inverse square root are Borel, and
the uniform bounds on the gap and the resolvent make the tails at zero and at infinity
small, uniformly in the parameters; hence the integral is Borel. The same argument
applies to the differences and to the logarithmic factors on their fixed nonvanishing
branches. Evaluating the full objective at the stationary point gives Borel minimized
values, with the incoming constant restored exactly.

If the coefficients and charts are continuous in b, every finite partial sum, inverse,
and Picard iterate in this argument is continuous. The common geometric bounds
and contraction ratios make all limits uniform on the smaller products, and the tails
of the integrals satisfy the same uniform bounds. The limits and the finite successive
compositions are therefore continuous in b. This proves part (7) without any derivative
in ¢ or byrec.

Step 13: shorter compositions. For s < | we replace B by B; in the scaling and use the
separate conditions on the radius and on the image under the reconstruction majorant
for that composition; the proof for the initial segments is unchanged, with s in place of J.
All constants were computed on fixed larger products, before the eventual free, enclosing,
and geometric choices. O



SECTION 20

Fluctuation integration and normalization
on block regions

In Sections 18 and 19 we set up the averaging steps of one renormalization group step on
a block region. There, the coordinates attached to a union () of coarse blocks are analytic
variables, and the coordinates on the fixed complement of () are frozen at real values
chosen earlier. Those sections constructed the conditional constrained minimizers of the
classical problem on (), proved a lower bound on the constrained Hessian independent of
the shape of (), and controlled the effect of a small perturbation of the classical objective.
The goal of this section is to integrate out the normalized fluctuation variables of such
a step. We prove that the resulting effective interaction differs from the corresponding
torus quantity only by terms that decay exponentially with the distance to the fixed
complement, and we keep track of the normalization constant A by a separate argument.
All estimates are uniform in the shape and topology of (), the number of its components,
the preceding depth, the number of renormalization group steps already performed, and
the values of the frozen coordinates.

Section 20.1 fixes the notation and the coefficient calculus. We then compare the
conditional Hessians and Haar densities with their torus counterparts (Section 20.2) and
derive the conditional fluctuation potential and its concentration bounds (Section 20.3).
We obtain the effective interaction by a cluster expansion (Section 20.4) and control A by
a separate comparison of real integrals (Section 20.5). Next, we choose the parameters
and prove the finite iteration (Theorem 20.14). Finally, we sum the truncation errors for
couplings in (0,T'] with any finite I' (Section 20.7).

We use the norms and the dependence of constants of Section 4, the concentration
estimates of Theorem 5.4, and the triangular change of variables and the finite graph
inequality of Theorems 12.6 and 12.13. From Section 18 we use the norm with boundary
decay, the network estimates, and the substitution identities, and from Section 19 the
conditional domains, image bounds, perturbation theorem, and column bounds. The
results are used in Section 21, which compares the integrals over the regions of the large-
tield decomposition with the analytic integrals constructed here, in Section 22, which
proves the exponential-moment estimates for blocked actions, and in Section 23, which
chooses the parameters.

51
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All statements of this section concern analytic functions on stated domains and real
integrals over stated products. We prove in Section 21 that the configurations of the
large-field decomposition lie in these domains.

Heuristics. We first explain the orders of magnitude. We write the free logarithmic
coordinates of one intermediate scale as z = z* + gK~1/?w, where z* is the conditional
constrained minimizer, K the constrained Hessian, g the coupling, and w the normalized
fluctuation variable. Since the classical action enters the density divided by ¢?, and its
expansion around the minimizer has no linear term and a quadratic term equal to |w|?/2,
the remaining classical terms are

g 70((z—2")%) = O(glw]?).

The Haar disintegration density, the logarithmic determinants of the higher scales, and
the incoming effective interaction are not divided by g2, and their dependence on w starts
with a term of order g|w|. On fluctuation balls of radius p > 1, the interaction is therefore
small when g[p® + (1 + H)p] is small, where H bounds the incoming effective interaction;
this is the smallness condition of Theorem 20.9. The terms of first order in g are odd
under w — —w. Their expectations under a symmetric reference measure vanish, and the
fluctuation correction to the effective interaction is of order g?. The conditional measure
with the frozen coordinates held fixed is interacting and need not be symmetric. For this
reason, we bound the means of the fluctuation variables separately in Lemma 20.5.

We control the normalization constant by two identities. First, a missing scalar
Gaussian coordinate at an intermediate scale with coupling g; removes one factor g; from
the density. This contributes log(1/g;) to the difference between the regional and the
torus normalization. Second, fixing coordinates at values c uses

eAfR(v,c) _ eAfR(O,c)ef[R(v,c)fR(O,c)]’

which moves the value at v = 0 into A and leaves a centered function. Since the norms
of the effective interaction vanish on constants, they cannot control A, and we estimate A
by comparing real integrals.

Finally, fixing the coordinates of a boundary layer affects the boundary part of the
effective interaction in two ways. First, the norm of the old boundary discrepancy is
bounded by 2¢~%d(5er—1) times its previous norm, where s, is the width of the frozen
layer. Second, fixing coordinates at nonzero values creates a new mixed term from the
torus interaction, of size at most a constant times EfBrec/p, where E bounds the torus
interaction and Brec bounds the frozen values. The first estimate needs a wide layer, the
second needs small frozen values, and neither replaces the other.

Attribution. The architecture used here, namely constrained minimization in a gauge-
tixed chart, separation of a background field from normalized fluctuations, and integra-
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tion of the fluctuations by a cluster expansion, is Balaban’s renormalization group for
lattice gauge theories [18, 19]. We attribute the individual tools where they are used.

Order of the proofs. The dependencies of the proofs are acyclic. Parts (1)—~(2) of
Lemma 20.5 use the coefficient, product, and curvature bounds of Lemma 20.3, the
density sum (20.2), and Theorem 5.4; they determine the constant C; used in a hypothesis
of Lemma 20.3. Part (3) refers forward to the independently proved endpoint summation
lemma Lemma 20.15. The logarithmic gates are sufficient conditions for the explicit prod-
uct inclusion used in parts (1)—(2), rather than inputs to that independent summation
proof.

20.1 Setting and coefficient calculus

Geometry and labels. Fix an odd integer M > 3, an integer | > 1, and B = M. We
consider a composition of s averaging steps, 1 < s < ], from a lattice of side M°*m
to a lattice of side m > 4, together with an arbitrary union () of blocks of the output
lattice. When s = ], we speak of a full step; it is one renormalization group step.
The intermediate scales are numbered i = 0,...,s — 1. A label is a scalar coordinate: it
specifies a direction, a color, an intermediate scale (or the output lattice), and the lattice on
which the coordinate was introduced, and it has an assigned position. A fluctuation block
is the three-component vector w;, € R3 of normalized fluctuation variables attached to
one free link e at one intermediate scale i; it is a single variable of the reference measures
below, not three independent ones. Scalar labels and fluctuation blocks are counted
separately.

The labels attached to () are unfixed: their coordinates are analytic variables. These are
the coarse background variable v = Log c on the output lattice and the free logarithmic
coordinates z; at the intermediate scales. We write () for the fixed complement of the
unfixed positions, W for the boundary (the interface between the unfixed positions and
(%), and Q) for the fixed enlargement of ()° determined by the construction stencils, as
in Lemma 18.15. The fixed complement is denoted H in Section 18 and Section 19: in
their notation, ()° = H and QCL] =H Ly In this section the letter H denotes instead the
bound E + X?(f) on the incoming effective interaction introduced in Lemma 20.7. All
distances are graph distances on the refined position graph of Section 18.2, in units of
the output lattice, and network lengths use its periodic ¢! metric, with internal vertices
allowed; positions of labels introduced on finer lattices are embedded in these units. We
write dg and tg for this distance and network length, and dg, tg for the periodic Euclidean
distance and network length of Definition 4.6. Then

dp < dgy < V3dg, te < tg < V3t
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since |yl < |yl1 < V3|y|z for y € R3, applied to each periodic image and to each
segment [p, gq| of a network, with y = p —g. Consequently, a coefficient bound stated
with Euclidean distances and network lengths, at spatial exponent ¢ and boundary
exponent ¢, holds with the graph quantities at exponents c/+/3 and ¢’/+/3. Conversely,
a bound stated with the graph quantities implies the Euclidean bound at the same
exponents. Every imported Euclidean coefficient bound is converted in this way before
the rates of this section are chosen, and the fixed factor v/3 is included in the geometric
constants. Throughout this section, dist and t denote dg and tg, as in Section 18.2. The
torus seminorm By, keeps the Euclidean convention of Definition 4.6. For an unfixed
label i we write dn (i) for its distance to Q)°. We write ()’ for the set of unfixed scalar
output labels. Separately, let d,,; () be the set of anchors of retained final blocks that share
a face with a final block of the fixed complement. This is a geometric set on the output
lattice, counted once per anchor, regardless of directions, colors, or the presence of an
output link. In particular it includes an isolated retained block, even though that block
has no internal coarse bond and contributes no label to (). It is empty when Q or its
fixed complement is empty. We assume the label-density bound

#{y: R <dist(x,y) < R+1} <oj(R+2)%,

where vj accounts for directions, colors, intermediate scales, and the lattices on which
labels are introduced.

Frozen coordinates. The frozen coordinates are written b = (&, brec). Here ¢ consists of
the coordinates frozen at the end of the preceding step, written in the lattice on which
they were frozen, and by consists of the older frozen coordinates, each on the lattice on
which it was frozen. Throughout this section the frozen coordinates are real and fixed,
and only the unfixed background and free variables are differentiated or continued to
complex values. The supremum over the frozen values is taken after every coefficient
sum and every degree sum. We claim no derivative of a perturbed quantity in ¢ or brec.

Norms. For a function f(v; brec) = Y, fv(brec)v" of the unfixed labels, a radius p > 0, a
positive profile ¢ < p, a spatial exponent asp > 0, and a boundary exponent apg > 0,
we use the coefficient norm with boundary decay of Definition 18.1, which is the graph-
metric variant of (4.11):

Vi

XA) = sup 72 1 supestini) T UIf (bl e

Drec real k>11i€Q) lv|=k

Here t(S) = t¢(S) is the ¢! length of a shortest connected network containing the positions
in S, internal vertices allowed, and d(, is the graph distance, as in Definition 18.1. The
supremum over the root i precedes the degree sum, and the supremum over the frozen
values follows it. Constants and functions on an empty set of unfixed labels have norm
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zero, and the degree-one term is included. When Q)¢ is empty, a boundary difference
has zero nonconstant part and norm zero. We write X for the norm with the uniform
profile ¢ = p, and X <l for the classical version, which has its own radius pql, profiles, and
exponents. For a torus function r with Dr(0) = 0 we use

Zp ”Dk

k>2

from Definition 4.6. This seminorm does not control the value r(0), which is unrestricted.
The three profiles are
. Pa, da(i) < Wy, ~
(P(l) = { . ¢prof =V K*(P, ¢ = K*(P/
o, dal(i) > wpg,

where K, > 2 is a fixed analytic-radius enlargement factor, 0 < py < p, and wypq is the
width of the boundary layer with the smaller radius. We call ¢ the outer profile, Pprof
the intermediate profile, and ¢ the working profile. A bound on a coefficient tensor is
rooted at an external index if it holds with that index fixed and all other indices summed,
where for an input index the volume-normalized column factor a3, /a3 of Definition 4.6
is included. A coefficient bound with each external index fixed in turn is a bound rooted
at every external index. All coefficient bounds concern absolute Taylor coefficients; we
never substitute for them a bound on values of a holomorphic function or on an evaluated
Hessian.

Admissible data. We work on the products of Lemmas 19.3 and 19.7: the conditional
solution neighborhoods of the finitely many stages of the conditional minimization, the
smaller neighborhoods of the higher parameters, and the product of sequential free
coordinates contained in all of them. On these products, the images under the absolute
reconstruction majorant satisfy strict bounds for the classical and quantum radii. A coarse
background, a frozen value, or a product of fluctuation balls is called admissible if it
lies in these products and satisfies these strict image bounds and the inequality on the
conditional forces in Lemma 19.3. When fixing these analytic products, also fix hj > 0
below the finitely many auxiliary convergence, implicit-function, resolvent, and logarithm
radii used below. The outer background products and the sequential free products are
restricted inside that reserve; in particular require

K. max(p,pq) < hy, Q < hj for every sequential free radius Q. (20.1)

This restriction is made with the larger construction products, before the preliminary
perturbation threshold and the output constants, rather than inferred later from a real
Hessian bound.
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Dependence of constants. Unless stated otherwise, every constant in this section (Cj,
cj, Aj, radii, and bounds) has the dependence described in item (3) of Definition 4.14.
It depends only on M, ], the fixed larger analytic domains and their radius ratios, the
spatial and boundary exponents, the label density v;, and the fixed torus and perturbation
bounds. It does not depend on L, 7, m, N, K, the preceding depth dj, the number of
renormalization group steps already performed, the shape or topology of (2, the number
of components of () or ()¢, or the values of the frozen coordinates. It is also independent
of the widths chosen later (the width of the boundary layer, the width s¢; of the frozen
layer, the widths of protected neighborhoods, and the size of the cells of the large-field
decomposition): every constant is evaluated on the fixed larger domains before these
widths are chosen. We assert no bound uniform as | — oco. Constants in statements about
summed errors have the dependence described in item (4) of Definition 4.14.

Density sums and boundary transport. Spatial sums use the label density in units of
the output lattice. For b > 0 we use

Sj(b) = Coy Y (1 + 1)3e7Y, sup Ze‘bdi“("'y) < 55(b). (20.2)
I>0 roy

The constant C accounts for directions, colors, and the finitely many intermediate scales.
This is the periodic subset estimate of Lemma 18.15; restricting any of the sets of labels
only decreases the sum. Kernels between different meshes keep the volume-normalized
column factors of Definition 4.6. For an unfixed root x and a position u in QCL] we have

dQ(x) < dQ(M) + dist(x,u) + C], (20.3)

where do(u) = 0if u € Q° and Cj accounts for the fixed enlargement. The weights
for network length and for distance to ()¢ are both bounded by one fixed part of the
available spatial exponent. The fixed stencil offset in (20.3) contributes a factor €’“/ to the
coefficient bound and no factor depending on a later width. We always use the version
of Lemma 18.15 with every external index rooted. It performs all contractions with this
single allocation of the exponent, independently of the number of vertices and of the
Taylor order, instead of reducing an exponent at each contraction.
For a proper nonempty block region, we also use the boundary sum

Yo e M) < (o) |dpnQ], ¢ > 0. (20.4)

u unfixed

Suppose first that () and its fixed complement are nonempty. A shortest route from
an unfixed position to the fixed complement crosses an exposed face of a retained final
block. The anchor of that block belongs to dp,; (2 and is within a fixed distance Cg,ce
of the crossing point, in output units. The constant includes the fixed convention for



20 Fluctuation integration and normalization on block regions §20.1 57

link midpoints and endpoints. Thus each unfixed label u can be assigned to an anchor
a(u) € ) with
dist(u,a(u)) < da(u) + Ciace-

The density sum (20.2), applied also at these anchor positions, gives

Ze—ch(u) < ¢ Crace Z Ze—cdist(u,a) < echaceS](C)|able|.
u a€dy ) U

An anchor need not itself carry a variable; the same density bound applies at every

position of the refined graph, after a fixed enlargement of v; if needed. This proves (20.4),

without a regularity or component assumption on the boundary. If () is empty there is

no label to sum. If its fixed complement is empty, boundary differences vanish and the

bound is used only for those zero terms.

We also record the comparison with the interface labels used in the normalization
count. For a fixed construction width wy,,q > 1, let Np,nq count the scalar labels of the
regional step whose positions are within that width of W, and set it to zero when W is
empty. Then

01| < Npand < C[0p1 Q|- (20.5)

For the upper bound, a position within wy,,q of W is within wpanq + Ceace Of @ boundary-
block anchor. The label-density bound on this fixed-radius ball proves the claim. For the
lower bound, choose one exposed face of each boundary block and a finest-scale M-block
touching that face. There is a finest-scale free edge on the exposed face of this smaller
block. Indeed, for the coordinate-ordered tree of Definition 18.6, edges in direction 1 are
tree edges only on the line where coordinates 2 and 3 equal those of the root, and edges
in direction 2 are tree edges only in the plane where coordinate 3 equals that of the root.
On a face normal to direction 1, take an edge in direction 2 with coordinate 3 different
from that of the root; on a face normal to direction 2 or 3, take an edge in direction 1 off
the root line. Such edges exist since M > 3. Each lies inside a finest-scale block, so it is
not an eliminated edge, which joins two such blocks. Its midpoint is within one input
mesh unit, hence within 1/B; < 1, of a link of W. One fixed color component of this
edge is therefore counted by Ny,,q. The choices for distinct final blocks are distinct scalar
labels. This gives the lower bound, including isolated final blocks. All constants depend
only on M, J,v; and the fixed construction width, not on any later width of an excluded
or frozen neighborhood.

Two series. For 0 < g < 1 and integers j > 0 we have

k_ k=i /!
I;)(k+1)(k+2)q = Ig(k)]q ]——(1_q)j+1, (20.6)

where (k)j = k(k—1)--- (k — j+1). They follow by differentiating Y~ 4" = (1 —g)"
twice and j times, respectively, on compact subintervals of [0,1). In particular a tensor of




20 Fluctuation integration and normalization on block regions §20.1 58

order k + 2 with factorial bound C*+2(k + 2)! becomes, after division by k!, a summable
series of degree-k Hessian coefficients. Additional fixed external indices contribute fixed
powers of k 4+ 1, which are absorbed by passing to one strictly smaller auxiliary product.
No smaller radius is chosen at a later renormalization group step.

Coefficient resolution. The following lemma makes precise how the connected networks
of coefficients behave under the operations used below. It combines the calculus of
coefficientwise majorants of Lemma 5.3 with Definition 18.1. For a tensor V with output
index o(V') we write v; for the cube of the mesh of the lattice of an index i, and |V, for
the maximum of its output-row norm and its volume-normalized input-column norms at
spatial exponent b, as in Definition 4.6.

Lemma 20.1. Consider a finite family of typed analytic coefficient tensors. Each tensor is supplied
with a coefficient resolution whose total variation, weighted by the exponentials of the lengths of
its assigned connected networks, satisfies the bounds of Definition 4.6 with each external index
fixed in turn on one common larger product. Consider a sum of externally rooted connected
contraction diagrams built from these tensors by substitution, contraction at shared indices
(represented by equality tensors), finitely many Schur complements of positive constrained free
matrices, and positive implicit or Neumann series. Products of factors with disjoint fluctuation
supports and no shared index are not connected; they form separate connected components, each
with its own network. Assume that every substitution F o G is made on a product whose absolute
image majorant for G lies strictly inside the coefficient domain of F, that all diagram majorants,
including the mesh conversions of part (4), converge absolutely there, and that the inverses and
Schur operations satisfy the imported uniform gap and coefficient Neumann conditions on that
product. Then the following hold.

1. The sum has an exact coefficient resolution indexed by the occurrences of its constituent
tensors, its contracted indices, and its derivative partitions. In each connected diagram
component, the network of a resolved occurrence is the union of the assigned networks of its
constituent occurrences, joined at the shared indices. This union is connected, contains every
external position of that component, and

t(external positions of the component) < ) ¢ (assigned network).

constituent occurrences

2. The monomial of a resolved occurrence has an exact multi-index. Its fluctuation support is
the set of whole fluctuation blocks on which its multi-index is positive. Background positions
need not belong to this support, and no enlargement of the support to a connected geometric
set is made.

3. If one constituent occurrence of a connected diagram component has a network that visits
QCL], then the union visits Q‘i], and the visit lies in the same connected network as every
external position of that component.
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4. Fix an external root of a connected diagram component. For a vector factor V attached to
its parent at an input index j use the counting bound Ay (j) = (vj/v,(v))|V |y, and if it is
attached at its output use Ay (0(V')) = |V, for a scalar factor use its counting-root bound.
Then the sum over the resolution of the absolute coefficients, weighted by the exponentials
of the network lengths, is bounded by the product of these bounds, multiplied at the end by
the external normalization v,/ Uroot when the component has an output o. For a substitution
tree the volume ratios cancel exactly and the bound is the product of the norms |- |y, in the
row norm and in every volume-normalized column norm. For other diagrams the remaining
ratios are kept in the scalar majorant. In particular, a counting scalar outer tensor on an old
mesh, rooted at a new input 1, carries the factor v;/vyg.

5. If a connected network of length ¢ contains the external positions S and the unfixed index
i, and visits QC], then t(S) < € and dq (i) < €+ Ly, where Ly is the fixed constant of the
enlargement, and consequently

eat(5)+v¢d0(i) < etXLOe(ll—HX)f‘

Proof. We first work with finite Taylor polynomials and finite diagrams. For a substitution
U(o;ly,..., 1) = it T(0;f1,---,jx) Il Sr(jr; 1;), the union of the network of T with the
networks of the S,, joined at the indices j,, connects every external position, so

t(o,1y,..., 1) <t(o,j) + Zt(jrrlr)-

We take absolute values before summing. For an output row we sum the inner factors by
their rows and then the outer tensor by its row. If a fixed external input belongs to the
factor S;, we sum the other inner factors by their rows, use the input column of S;, and
use the j,-column of T. Along this path the volume factors multiply to (v,/v;,) (v}, /v;) =
v,/ v;, which is exactly the normalization of the column of the composite at I. This proves
the cancellation for substitution trees. Products with a common output are treated in
the same way: the networks meet at the output, and an input-rooted estimate uses the
column of the factor carrying the input and the rows of the others.

For a general connected diagram, we replace every edge outside a spanning tree by
two independently summed copies of its index, which only increases the nonnegative
sums. We orient the tree from the factor containing the fixed external root and, starting
at the leaves, sum each factor over all its indices except the one attached to its parent. A
factor attached at an input index j contributes at most its volume-normalized column
bound times v; / Vo(V)s since the column norm carries the factor vo(v)/ vj; this is the
counting bound Ay (). A factor attached at its output contributes its row bound. Finally
summing the root factor over all its indices except the fixed root, we obtain the product
of the counting bounds, with no count of the internal indices. The external normalization
is applied only at the end. In a substitution tree the ratios on the path from the root
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input to the output multiply to v;/v, and cancel against this normalization; in a general
diagram they are kept. Connectedness is essential: factors with disjoint supports and
no shared index have no tree, and their networks remain separate. A cycle without an
external index, such as an undifferentiated trace, is not bounded in this way.

For compositions we use the ordered derivative formula

DN(FOG)(O)[Ml,..., 2 al Z FH[G|Bl|[u31] ,G|Bn|[u3”]],
(B1,--/Bn)

where G(0) = 0, the inner sum is over ordered partitions of {1,..., N} into nonempty
blocks, and F, = D"F(0), Gy = D*G(0). If G(0) # 0, we write G = G(0) + G and
apply this formula to G, with F, replaced by D"F(G(0)); the strict image condition
justifies this translation and the infinite sums over the constant terms. Dividing by
N!, we obtain the coefficient of sN in F(G(s)), where F,G are the absolute majorants.
Fixing an external index chooses its branch and then its position in that branch, as in
(FoG)' = (F' 0 G)G’; no second Taylor factorial occurs. We define the resolution in part
(1) by retaining a separate signed occurrence for every summand of this formula, every
tuple of contracted indices, and every network refinement of the constituent tensors;
grouping occurrences can only decrease the total variation. Its monomial is the product
of the constituent monomials, which proves part (2). In a connected component the union
of networks contains the visit of a constituent occurrence and is connected, which proves
part (3). The diagram bound above, applied to every resolved occurrence, proves part (4)
for finite truncations; the gap and Neumann conditions cover the Schur complements,
Neumann series, and implicit series. Finally, by the image condition the nonnegative
majorant sums converge on the common product. Tonelli’s theorem then justifies every
grouping, contraction, substitution, and derivative, and the resulting analytic functions
agree because their coefficients agree.

For part (5), the network contains every external position, so t(S) < ¢. A route in the
network from i to the visited position h € QC] has length at most ¢, and at most Ly more
length reaches Q). We conclude that dn (i) < ¢+ Ly, and adding the two inequalities
with weights a and & completes the proof. O

When we apply Lemma 20.1, we sum an internal index by keeping a positive part b of
the connecting exponent and using (20.2). We convert a visit to Q‘i] by (20.3) into decay
in the distance of every unfixed root to ()°. In the applications below, the mixed-mesh
contractions are substitutions, chains of matrices on a single lattice, and the composition
with the incoming interaction, where the remaining ratio is the fixed factor Iy < M3/ of
Step 4 of the proof of Lemma 20.7; these factors are included in the common majorants.
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20.2 Conditional minimizers, constrained Hessians, and Haar densities

We order the intermediate scales from the finest, i = 0, to the coarsest, i = s — 1. A stage
of the conditional minimization is given by an initial segment I of the conditional integra-
tions in this order. At that stage the free coordinates of the scales in I are minimized, with
the coordinates y = zjc of the remaining scales held fixed. The fluctuation increments in
the following theorem are the coupling-scaled fluctuation inputs, {; = g; = g;w; in the
notation of Section 19.

Theorem 20.2. Fix an odd integer M > 3, an integer | > 1, B = M/, the larger analytic
domains and their strict margins, the label-density bound v;, and the bounds for the classical and
quantum torus norms. Use the conditional solution neighborhoods, the smaller neighborhoods
of the higher parameters, and the product of sequential free coordinates of Lemma 19.3, and the
perturbed objective of Theorem 19.9. In joint coordinates this objective is

F(v,1;brec) = Fo(v,20(0; &) + So(v;8)u; &) + P(Po(v,14;8); &, brec), Sy = Ko_l/z.
(20.7)
Here v = Logc is the coarse background variable, zo is the unperturbed joint constrained
minimizer, Ky is its constrained Hessian, u is the joint normalized free variable, and @y is the
unperturbed reconstruction followed by the gauge transformation G?(c) of Lemma 19.5, which
depends only on c and is the identity at all protected endpoints. The function P = P — Sg is the

incoming perturbation of the classical action with the classical boundary-completion difference Sg

subtracted, including its classical constant, as in Theorem 19.9. Assume
XCI(P) < 20y, 0 <o <oy,

where the preliminary perturbation bound oy > 0 satisfies the margins of Lemma 19.3 for the
preconditioned conditional forces, the Hessians, and the images. Here X! is the incoming classical
norm on the incoming set Diy, of unfixed labels, with the uniform profile p., as in Theorem 19.9.
Assume the inequality on the conditional forces of Lemma 19.3, and assume that the incoming
fixed complement lies on the current fixed side, in the sense that for every current unfixed position
e and every incoming label i,

len(l) Z Bsdcurrent(e) - BS dist(e,l/Bs) - Cbuf,]. (20-8)

Here B; = M°, dp, is measured in input units, deurrent = dq, i/ Bs is the position of i in
output units, and Cyyy is a fixed buffer that includes the chart stencils. Assume the auxiliary
convergence-radius restriction in the definition of admissible data, and assume finally that both
images of the incoming functions under the absolute reconstruction majorant, for the classical
radius and for the quantum radius, are strictly smaller than half of that radius, as in Lemma 19.7.
Derivatives are taken at fixed real (&, brec).
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Then the following statements hold for every preceding depth dy > 0, every 1 < s < |, every
output side m > 4, every union () of output blocks, and every admissible real value of the frozen
coordinates.

1. Every stage of the conditional minimization has a holomorphic conditional constrained
minimizer, and every scale has a positive constrained Hessian KiQ'P , 0 < i < s, which
includes the exact factor M' of its scale. Writing the unnormalized fluctuation increments as
(i = giwj, the free logarithmic coordinates at scale i are

zZi = Z;'k(ci—f—l} brec) + Ki(ci+1} brec)_1/2§i/

where c;1 1 is the reconstruction from the coarser scales, with their fluctuation increments
inserted. There are Q,ay,a1,A; > 0 and Cj, Lx,; < oo such that, on the outer profile cﬁ and
for |Ci.| < Q, the real matrices satisfy

Cy

Q, Q, _
%A]I < Ki P < EKJI' H(Kz P + t) 1”row,col,a1 < m

(t>0).  (20.9)

The complex continuation satisfies the same resolvent bound with a fixed larger Cj.

2. Adjoin to the regional problem, as identical independent auxiliary variables with unit Hessian,
the free labels of the matched torus problem that are absent from it, so that both problems
have the same sets of free labels. Let KII’C‘“ be the restriction of the matched torus Hessian
to the unfixed free labels, extended by the identity on the auxiliary labels and by zero on the
mixed blocks. If

Ai(v’ & brec) - KiQ/P - Kgl",cut = ZAi;VK(brec)UVCK/
v,k

then

sup ealdQ(u) Z |Ai;uv’,v;c(brec)| (’ﬁvQMealt(u,v’,suppv,suppx) < C]. (20.10)

u unfixed v v

Each regional or torus quantity is evaluated along its own reconstruction chain, at matched
retained data and with missing torus increments set to zero; the two higher arquments need
not coincide. The transposed bound holds, and so do the bounds rooted at any unfixed back-
ground or free external index, with the volume-normalized column factors of Definition 4.6.
The underlying mixed tensors with k additional background or free derivatives have bounds
Cl]‘”(k + 2)! at every external index, on a fixed larger product. The auxiliary blocks have
zero defect. If Q)° is empty, the defect has zero nonconstant part.

3. The same rooted comparisons with boundary decay hold for the conditional minimizers of
every stage, the inverse square roots, the logarithms of the Haar disintegration densities, and
the diagonal densities (log K;)xx/2, after composition with the reconstruction from every
value of the coarser fluctuation variables. In particular, let L; be the negative logarithm of
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the Haar disintegration density at scale i after its field-independent normalization has been
moved into A, and put

Lo;(ci+1) = Li(ciy1,2f (civ1)),  Bi= Lo; + 3logdetK;.

The fluctuation-dependent part of the density contains

s—1

Y [Li(civ1,2i) = Loi(ciy1) + Bi(civ1) — Bi(Gip1)], (20.11)

i=0
where Cjq is the reconstruction with every fluctuation increment equal to zero. These
differences start at degree one in {, whereas the classical remainders start at degree three. The
comparison includes the correction log(Ty;) — (log T)yy that arises when the logarithm of a
torus matrix T is restricted to the list I of unfixed labels. A torus diagonal density that is
absent from the regional problem and has an unfixed external index has a network visiting

OF and is summable from that index; its constant part remains an explicit sum over omitted
labels.

4. All constants have the dependence described in item (3) of Definition 4.14, including in-
dependence of the later widths. They are evaluated on the fixed larger products before the
final radius for the free coordinates is decreased. In particular they do not change at the
renormalization group steps following the creation of a new component of Q)°.

Proof. Steps 1 and 2 verify that the incoming perturbation satisfies the hypotheses of
Theorem 19.9 on all parameter domains. Steps 3 to 5 construct the conditional minimizers
by a contraction argument that is uniform in the higher parameters, and check that every
sequential substitution stays in the admissible domains. Steps 6 to 9 compare the regional
and torus quantities, first without and then with the perturbation. Step 10 treats the
matrix functions and the Haar densities, Step 11 the triangular determinant, and Step 12
the dependence of the constants on the frozen values.

We fix the real frozen value b = (¢, brec) and write Qy = Fy + 0V, where V = P o @
and 0 < 6 < 1; here 6 is an interpolation parameter. Returning from u to z = zo + Sou is
an invertible affine change of variables at fixed v. In the free logarithmic coordinates, the
objective is

Q4(v,2) = Fo(v,2;&) + 6P (Log[(exp ¥r (2, 28)) "], &, brec),

where Yy is the reconstruction before the gauge transformation. We use only this change
of variables; we do not need the incoming perturbation to take the same value at the
reconstruction before and after the gauge transformation.

Step 1: the incoming hypotheses. The incoming analytic labels form the set D;,, with
their positions on the lattices where they were introduced and their volume factors. On
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this set the incoming profile is uniformly p.j; the coordinates § are fixed parameters, and
the spatially varying profiles are output profiles. The strict bounds on the image under
the reconstruction majorant place ®y, on every admissible stage, inside this uniform input
ball with a margin of half the radius. The same holds for every segment between two
compared images, since coefficientwise a convex combination is bounded by the larger
of the two absolute image bounds. In particular, the input jet bounds of Theorem 19.9
apply before any conditional minimization, on all its parameter neighborhoods.

Step 2: the incoming boundary comparison. For example, the inclusion of fixed comple-
ments used in Theorem 19.9 implies (20.8) as follows. Let i be an incoming fixed position
nearest to i. A path from e to the current fixed complement can first go to i/Bs, then
follow the scaled image of a shortest path from i to &, of length dp,_ (i)/Bs, and finally
cross the fixed buffer between the incoming and the current fixed complements, whose
length is included in G/ Bs. Multiplying by Bs, we obtain (20.8). This argument uses
no regularity or component assumption on the boundary. We keep (20.8) as a hypothesis
on the geometry; choosing small radii does not establish it.
In particular, if aout < Bsap and a chart branch has spatial rate ba, > aout, then

elxoutdcurrent (3) e_“cldDin (Z) e_bch diSt(ezi/ Bs)

< e“outcbuf,]/Bs e~ (“cl_“out/Bs)dDin (i) e~ (beh —@out) dist(e,i/ Bs) .

This is the transport of the input boundary weight used in the perturbation bound.
Input network lengths are divided by B; when expressed in output units. Column
normalizations remain the ratios of the cubed mesh sizes of their output and input labels.
Local rates may be chosen below the finite minimum of these bounds over 1 <s < J; the
rates returned after a full step use s = | and B; = B. If there is no incoming boundary,
the incoming nonconstant boundary function is zero.

Step 3: conditional minimizers. For each stage I (an initial segment of the conditional
integrations, with y = zjc fixed), let a;(v,y) be the unperturbed conditional minimizer.
By Lemma 19.3, there exist a fixed solution neighborhood, a smaller neighborhood of
the higher parameters, and an invertible matrix A; = Fy ;1(v, a1, y). Let Iy be a common
bound for the coefficient norms of the inverses AI_1 on the fixed larger neighborhoods.
Using the uniform incoming jet bound with j = 1 and the fixed rows of the chart
derivatives, we obtain, at every admissible higher parameter y and not only at the joint
minimizer,

HVI(U/aI/ Y b)”coeff < CPU*pclr 5V < IOCPU*pclr (20-12)
where Jy is the bound on the preconditioned conditional forces of Lemma 19.3. The

constant Cp is evaluated on the larger products at the preliminary bound ¢p and includes
the conversion from z to u. The jet bound with j = 2 and the chain rule, including the



20 Fluctuation integration and normalization on block regions §20.2 65

term P’ Dy .2, give a uniform bound Cpo on the mixed second derivatives. The real gap,
the complex coefficient margins, the inequality dy < r;/4, where r; is the radius of the
solution neighborhood, and the derivative inequality below are then the hypotheses of
Lemma 19.3. On that neighborhood the map

h— h—A;'Qqg(v,a1 + h,y)

has derivative norm at most 1/2 and value at zero of norm at most r; /4. Hence it maps
the closed ball of radius r; /2 into itself, and its successive iterates converge: the difference
of the iterates n 4+ 1 and 7 is at most 27" times the first difference. The same bounds
on absolute coefficients hold for the analytic iterates, which gives normal convergence
on every smaller product and a holomorphic limit. Uniqueness follows by subtracting
two fixed point equations. Since the objective is holomorphic and real at real arguments,
the minimizer is real at real data. The real Hessian and complex resolvent margins are
those of Theorem 19.9; its weighted resolvent bounds rest on the exponential conjugation
method of Combes and Thomas [61]. Taking the finite minimum over s < | and over the
stages fixes A; and Q, and taking the finite maximum fixes L ; and the bound on the
inverses. The factors M’ belong to these matrices before the extrema are taken.

Step 4: sequential substitution. For the sequential construction we use the inequality
CseqJ(26v + Q) < F€tuber (20.13)

where ey pe is the minimal margin of the parameter and solution neighborhoods of
Lemma 19.3. Let zy(v) and zo(v) be the perturbed and unperturbed joint stationary
points. For the initial segment of all free coordinates there is no higher argument, so
the contraction bound gives ||zg — zo||coett < 200y < 20y. The tube gate places every
projection of zg inside the corresponding parameter and solution domains. Writing ag |
for the perturbed conditional minimizer, joint stationarity and conditional uniqueness
therefore give ay (v, zg ;c) = zg ;. The joint mixed coefficient bounds and the bound on
the free inverses give a finite common Lipschitz constant D; of the conditional minimizers
in y, and ||Ki_1/ 2| < Cs,j. Let A’ bound the deviations of the already reconstructed
coarser coordinates from zy, in the joint coefficient algebra of the background and the
remaining increments. Integrating Dyag ; from zg jc to the moving higher argument uses
its joint mixed-derivative majorant on the larger product. The coefficient displacement
of zg permits this recentering on a fixed smaller product; enlarge D; once to include the
composition. The next insertion then satisfies the majorant inequality

AT < (1+D)ATT+Cs;Q, AT =0. (20.14)

1

Iterating and adding the joint-center displacement, we find that the total deviation from z
is at most 20y + Cs ;Q le;é(l + Dj)k. We choose Ceeq,y larger than max{1,Cs Z,{;é(l +
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D))k} and include every fixed embedding constant of the stages. Then (20.13) keeps
every substituted coarser argument in the admissible domains, even after the deviation is
doubled. The mixed bounds and the constant Cqeq, are fixed before the later widths. In
particular the preliminary bound oy must satisfy the same inequality with éy < IpCpopp,.

Step 5: dependence on the coarser coordinates. We explain why this construction
controls coefficients when the coarser coordinates move. Differentiating the stationary
equation at fixed y, we obtain

doz1 = — Qg 1, VI- (20.15)

If y moves, the right side has the additional term —Q, 11Qp,11:0gy. A sequential insertion

also has the term (agKfl/ 2);. All these terms are included in Theorem 19.9; the joint
mixed-majorant argument leading to (20.14), together with the joint-center displacement,
keeps their evaluations at the moving coarser coordinates inside the same admissible
products. At zero free input, conditional uniqueness identifies the sequential chain
with zg. Decreasing Q therefore does not change the admissible profile of the coarse
background.

Step 6: the unperturbed boundary comparison. We use matched reconstruction for-
mulas on the unfixed labels. Away from the fixed construction enlargement of ()¢, the
formulas defining the common unfixed outputs, the block axial gauge equations, and the
choices of eliminated edges coincide. Their unique admissible solutions on the unfixed
outputs therefore coincide there. This does not assert that the extended fields agree inside
a component of ()°. The prescribed values in ()¢ are separate bounded sources; a source
deep inside a component of ()° need not be small at its own position. For the torus action
composed with two reconstructions Yr = Y1 + d, the exact difference is

1
Fp— Fp = /0 DEy (Y1 + 7d)[d] dT (20.16)

on the common unfixed variables. If auxiliary missing variables are kept, their separate
auxiliary quadratic form is kept as a term rooted in ()°. Every differentiated coefficient
of the integral contains either a derivative of a changed formula or the factor d attached
to an action tensor. The action and chart tensors on the larger domain are the tensors of
Theorem 19.9, and their contractions with a changed formula are networks covered by
Lemma 18.15. Rooting at any unfixed external index connects that index to the change.
For example, the second derivative is

D (Egy oY) = Y1 Ej (¥)¥2 + Ejj, (¥) ¥z

Both terms are present: stationarity in z does not make Ej () vanish. Differentiating
(20.16) produces derivatives falling on E4, as well as derivatives falling on d; the former
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remain connected to the inserted change. Summing a bounded source in )¢ from an
unfixed root is justified by (20.2) and (20.3). This proves factorial bounds with a visit to
Q)¢ for the difference before minimization, rooted at every external index.

Step 7: minimization, Schur complements, and restriction. We pass to the conditional
minimizers through their stationary equations. A force carrying a visit to ()¢ is multiplied
by the free inverse, as in (20.15). The coefficientwise majorant series of the implicit
equation converges on the admissible products: if Y denotes the majorant of the solution
without the visit, the variation carrying the visit has the form H(x,Y)/(1 — A(x,Y)),
where A < 3/4 after the auxiliary radius has been fixed. This follows by substituting
the majorant of the variation into the differentiated fixed point equation and summing
Y >0 A", The visit and all fixed external indices are kept. For a partial minimum the
exact second derivative is the Schur complement

ny - Qy[ Qj_ll Qly- (2017)

We subtract two such expressions by replacing the three factors of the product one at a
time. An inverse difference is A~! — B~! = —A~1(A — B)B™!, so each summand keeps
a factor with a visit to Q2°. Only constrained free blocks are inverted. Positivity passes to
the Schur complement by minimizing the positive quadratic form over the coordinates in
L

A separate correction compares restriction with elimination. Let A be a single torus
free matrix, and let R and H be the lists of unfixed and of missing labels (in this paragraph
R and H denote lists of labels). Block elimination gives

(A Vrr — Agk = ApbArn (Ann — AnrARbArn) " AnrAgk. (20.18)

To check this identity, we solve Ax = (fg,0), first for xg in terms of xy and then for xp.
Each term on the right of (20.18) passes through a missing index. Its coefficient network
from an unfixed root therefore reaches ()¢, and the part of the exponential decay not
used for the network weight sums over that index. Adding this correction to the regional
comparison, we obtain the unperturbed defect at each stage. This operation compares
restrictions of one torus matrix; it does not identify a regional problem with a torus
problem whose complement is set to zero.

Step 8: from factorial bounds to coefficient bounds. The bounds just obtained for the
tensors of order k + 2, at every external index, are C]f+2(k + 2)!. Dividing by the Taylor
factorials and using (20.6), we find that on a fixed smaller auxiliary radius / the summed
matrix coefficients are at most

C; k;)(k +1)(k +2)(Cyh)* = 2CF(1 — Cyh) 3.
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We choose the outer background and free products inside this radius and do not change
them later. Since any index may be fixed before the sums are taken, we may fix a
background or free input, which proves the column versions.

Step 9: adding the perturbation. We insert the unperturbed regional matrix at its own
chain of coarser arguments. The defect in (20.10) is the sum of three terms: the change
of the objective and of the minimizer at a common coarser argument, the change of
that argument, and the unperturbed regional-torus defect. The first term has the rooted
perturbation bound of Theorem 19.9, with its visit to ()°. The second term is the integral
of an unperturbed matrix derivative against the difference of the coarser reconstructions,
which carries a visit to ()°; both are defined on the same products by the statement on
the sequential product in Lemma 19.3, and the network joins the new index to the visit.
The third term was treated in Steps 6 to 8. The torus quantities follow their own chain
throughout. Differences of the intermediate arguments are included by the reconstruction
comparison of Theorem 19.6 and by the sequential chain argument of Steps 4-5, with
zero missing increments and matched retained data. The sum satisfies (20.10) for fixed
smaller a1,a7 > 0. The real matrices are symmetric, which gives the transposed bound
with the same constants. Rooting each contraction at the specified background or free
index gives the other bounds, with its volume factor. The auxiliary blocks are identical
throughout and have zero difference; no matrix element rooted purely at an auxiliary
label is assigned a boundary decay.

Step 10: matrix functions and Haar densities. For positive matrices, integrating the
scalar resolvent and applying the resolvent identity, we obtain the ordered identities of
holomorphic functional calculus (see [27])

ATV2 B2 = —%/ V2 A+ )Y A—-B)(B+1t)tdt, (20.19)
0
log A —log B = / (A+1)"Y(A—B)(B+) Lt (20.20)
0

Indeed A7V2 = 71 [F+7V/2(A+ 1) dt and logA = [ [(1+t)71 — (A+1t)"1dt
hold for positive numbers, hence for real symmetric positive matrices by orthogonal diag-
onalization. The common complex resolvent margins extend these identities holomorphi-
cally. The coefficient majorants of the integrands are C;t~1/2(A; + )2 and C;(A; +t) 72,
which are integrable at both endpoints. We may therefore integrate all contractions and
derivatives termwise. Each difference keeps its factor A — B.

The logarithm of the Haar disintegration density is a sum of logarithms of the non-
vanishing Haar factors of finitely many local formulas and of the determinants of the
constraints at the eliminated edges, as in (4.4) and Lemma 18.7. On the fixed chart we
write each factor as a(1 + 1), with its nonzero value a at the base point and a fixed strict
coefficient margin || < 1; the series log(1 + h) = Y= (—1)""1hk/k gives its absolute
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derivatives on every smaller chart. The base factors are moved into A. Away from the
boundary the local formulas agree. In a difference of compositions, a changed local
formula, or a changed minimizer, inverse square root, or coarser argument, is a factor
carrying a visit to ()°. The preceding calculus therefore yields the comparison of the Haar
densities at all orders.

A diagonal matrix-logarithm density keeps its index until an external unfixed index is
chosen. Its nonconstant derivatives are chains of resolvents with a differentiated matrix
inserted. Rooting at that insertion makes the trace sum summable by (20.2). If a torus
diagonal density is missing from the regional problem, its network with any unfixed
external index must reach the missing index, and the same argument sums over the
missing index from the unfixed index. A pure constant has no such index and remains
its exact sum over omitted labels.

To compare with the restriction of the torus logarithm, we set T = K and C =
Tir ® Teh, where I = [; and H = H; are the lists of unfixed and missing free labels at
scale i. Using the integral representation of the logarithm, we obtain

log Ty; — (log T) 1 = /Ooo (T+H) "= (C+t)71], at. (20.21)

The integrand equals —[(T +¢) (T — C)(C + t)~1];. Its middle factor connects unfixed
and missing labels, so it has a visit to (2, and it has the same integrable bound as (20.20).
Thus this correction, composed with every value of the coarser fluctuation variables, is
included in the comparison.

Step 11: the triangular determinant. The determinant of the triangular change of vari-
ables of Theorem 12.13, or of the identical finite triangular calculation for the present
minimizers, is
Hg?fl det Ki(Ci_H)_l/z,
1

where f; is the number of free blocks at scale i. Adding and subtracting the logarithm
of its value at zero fluctuation, we combine the Haar terms into (20.11). Only one
determinant occurs. For an analytic function G on the common product,

1
G(0,7) — G(0,0) = / D;G(v,77)[7] dr. (20.22)
0
This keeps every positive degree in (. Stationarity and the exact normalization by Kl._l/ 2
cancel the terms of degrees one and two of each classical remainder, so its degree is at
least three. Composition with the coarser scales does not lower that degree.

Step 12: constants and measurability. The proof uses only margins on fixed domains,
finitely many operations on the stages, (20.2), normally convergent coefficientwise majo-
rant series, and the resolvent integrals above. These give the dependence stated in part
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(4). A new component of )° changes the set of indices carrying a visit and the frozen
values, but no constant. If Q)¢ is empty, no formula changes and there is no input carrying
a visit. This proves the stated special cases and uniformities.

We also record the regularity in the frozen values needed for finite iterations. If the
incoming coefficients and the charts depend on the real value b in a Borel way, then so
does every iterate of the contraction in Step 3: finite sums, products, and admissible
inverses preserve this property, and a convergent coefficient composition is a limit of its
polynomial truncations. The geometric contraction bound is uniform in b, so the coeffi-
cients of the limit are Borel. The resolvent integrals for square roots and logarithms are
limits of finite Riemann sums with uniformly bounded tails, and preserve this property.
With continuous incoming data on a fixed branch, the same uniform convergence gives
continuity. None of these arguments differentiates in b. In the finite analytic recursion,
the initial torus functions and the local formulas in the identity chart have this regularity,
and substitution of a frozen value and the integrals over fixed products below preserve
Borel dependence. Thus every coefficient family constructed by the recursion depends
on the frozen values in a Borel way. O

20.3 The conditional fluctuation potential

Lemma 20.3. Use the data and products of Theorem 20.2. Let the incoming effective interaction
be
R=r4(-®0)+f,  Drg(0) =0, Bpay(ray) <E, AP(f) <on <0,

where 1y, is the torus effective interaction at depth dy, with its torus symmetries, evaluated with
the fixed slots set to zero, and f is its boundary part. The value of r4, at zero is unrestricted. For
0<i<s<Jset

fmax = Maxg; = ’)’/(Mm)/ gi = tmaxAi, Ai = M(i_S—H)/Z € [/\*/ 1]/
i

where A, = M~U=1/2_ Let F; be the partially minimized objective at scale i, without the coupling
factor and with its exact normalization M', and define

Ti(ciy1,Ci) —F(Cz+1rz +K; 1/2@) Fi(cit1,27) — %|€1’2

For a fixed admissible real coarse background and fixed real frozen values, the conditional fluctua-
tion potential, with its values at zero fluctuation moved into the prefactor, is exactly

V =3 2’@01’2 + 281 2T Cz+1zgzwz)
+ Z (cit1,2i) — Loji(civ1) + Bi(ciy1) — Bi(Ciy1)] (20.23)

+ R(Log C(U, (giwi)i; brec)) — R(Log C(U; 0; brec))r
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where C(v, {; brec) denotes the reconstructed configuration on the unfixed labels. Only logarithms
of unfixed labels in the identity chart are taken. The Haar disintegration density, the degree-one
terms of the incoming interaction, and all determinant terms of the coarser scales occur in (20.23).
The separate prefactor contains all constants of the block averaging constraint and of the Haar
measure, the Gaussian powers of the couplings, the values at the minimizers, and the external
compact factors.

There are A > 1,4’ > 0, and Cy j,Co < co with Cy > 2A3, and a fixed radius sy > 0O for
the increments (;, such that on the product | giwile| < sw

V(w) = w+ Y t52P(w) + Y th 1 Qr(w 1Pellary < A%, |Qellars < Ly A,

k>3 k>1
(20.24)
where Py, Qy are homogeneous polynomials of degree k in the scalar coordinates of w and Ly =
Cyj(1+E+09) > 1. For Ty(w) = Y|k tyw" the norm is

[Tl s = sup X ey eseupP ),
I 1>0
The bounds (20.24) also hold before the background is evaluated, in the coefficient algebra at the
outer profile, with the background positions included in the network length.

The following inequalities suffice for a common enclosing product. All constants below are
computed at the preliminary bound oy, before 0, Prec, ¥, and the later widths are fixed. Let
rq,U, Tq,p, to be the radii of the unperturbed and perturbed sequential free products and of the joint
product of Lemma 19.3, and cype  its fixed conversion constant. For pe € {p,pa} let Rraw,
Ciitt,], Saux,er CT,e, Cae, and A o be the radius of the larger construction domain, the bound on
the lifts, the auxiliary radii, the constants of the image increments, and the bound on the image at
zero fluctuation in Lemma 19.7. Choose Ry > 0 strictly below

rnin{SW/2 g, u/2, Tq, p/2, Ctube,JH0, Rraw/(64clift,])/ 1/(4A), 1/(16C0)/
min  {sauxe/2, 1/(4Cr), pe/[8(2Cr,e +Cpe)l}}-
pecippat
Impose the margins of the larger construction domain and of the stages in Lemma 19.7 and,
for both radii, Ape < pe/4 and CreoKipe < 1/4. Let Cenj > 1 be a fixed constant (in the
application it is the constant of the enclosure estimate Theorem 21.9; nothing else from that section
is used), and require

< AR

r, ﬁrec/ OxPc < 6C Jen = Cen,](r + ,Brec + U*Pcl)/ Ren = 26en/ As, (20.25)

en]

where r is the radius of the small-link domain B, and Brec is the bound on the frozen values. Then
the whole product

Ken = H{lwi,e| < Ren/tmax}

ie
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is admissible. On it the absolute coefficient increment of either incoming image is bounded by
CT,oRen
1 —Cre(Kspe + Ren)

the denominator is at least 1/2, and the image under the absolute reconstruction majorant at
spatial exponent zero is at most 3pe /8. If these bounds are imposed in a weighted coefficient row,
the same bound holds in that row. In the alternative provided by Lemma 19.7, the unperturbed
image row S2 < Cjpe at an exponent ¢ > 0, larger than the working exponent, gives one fixed
positive exponent Oc with

Sge < (304/8)'77(Cypa)® < (V3/4)p4.

For the unperturbed construction, this exponent is fixed before the regional rates. For the perturbed
reconstruction, impose the output-rate conditions of Theorem 19.9 at the allocated working rates
below this exponent and bound its coefficient difference from the unperturbed reconstruction there.
Fix the larger-product difference-row constant Cp o before the final perturbation bound and require
Cp,e0s0cl < Po/64 for both radii. The total image row is then less than (v/3/4 +1/64)pe <
pe /2 at those rates; no bound for the perturbed image at the original higher exponent is required.
Thus the margin of half the incoming radius is an absolute weighted coefficient bound, not only a
bound on values.

Let Cq be the constant of Lemma 20.5, which depends only on A, a’, and v J. For 0 < tmax <
te < el impose separately

+ CA,oRen < Do /8,

1
Cot’Ly <1/16,  Cit(Ly +2) < ——. 20.26
ofxLv 1t(Ly +2) Ve (20.26)
Then on a neighborhood of the whole real product Ken,

Co(Ren + 12, Lv) 8 1

2 _ 2 , < =0\ en max~V) - © _ 2
||Dw(v |ZU| /Z)Hrow,col,a > (1 _ARen)3 S 5y < 5 (20.27)
If p(t) = Awlog(1/t), the products of balls with radii p; € [p(tmax), P(tmax) + Aw(J —

1)(log M) /2] lie in Ken whenever
fmax [P(tmax) + Aw (] - 1) (10g M)/Z] < Ren.

The cutoff of the small-field event (4.6) is the case p; = p(tmax) for all i; the cutoffs p; = p(g;) at
the individual scales are a separate case. All constants have the dependence described in item (3)
of Definition 4.14, and are also independent of the later widths, of the frozen values, and of the
individual radii of the fluctuation balls.

Proof. We keep b = (, brec) fixed and write t = tmax. The data of Theorem 20.2 include
the uniform incoming classical profile, (20.8), and (20.12) on all parameter neighborhoods.
We choose the radius for the increments ¢ below Q; then (20.13) holds at every stage.
These are the hypotheses for the perturbed tensors used here, and no derivative in the
frozen values is needed.
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Step 1: the exact formula. At scale i, the minimum at fixed coarser arguments is
Fi(cit1,27). With §; = K- 172 Taylor’s formula with integral remainder gives

.
g 2 Ti(civ1, giw0) = % ; (1 —1)*D3Fi(cit1,2; + 18iSiw;) [Siw;, Siwy, Siw;] dT.  (20.28)

The terms of orders zero, one, and two have been, respectively, subtracted, annihilated by
stationarity, and normalized to |g;w;|?/2 by STK;S; = I. The successive partial minima
satisfy F;11 = MminF;,, and the couplings satisfy giz+1 = Mg?, so the values at the
minimizers telescope in the exponent. In decreasing order of the scales, the map from w
to z is triangular with diagonal blocks g;S;. This proves the classical part of (20.23) and its
Gaussian term, by the same finite algebra as in Theorem 12.13. The Haar disintegration
density and the single triangular determinant split as in part (3) of Theorem 20.2. Splitting
R(Log C) at its value at zero fluctuation, we obtain the last two terms. All values removed
at zero fluctuation, the Gaussian powers, and the constant Haar densities belong to the
prefactor; none of them is set to one.

Step 2: the two series. We fix an auxiliary radius /iy > 0 for the increments (, strictly
inside every admissible stage product and its joint neighborhood. Theorem 20.2 gives
tensors with bounds at every external index on a larger product. Dividing by the Taylor
factorials, composing coefficientwise majorants (Lemma 20.1), and using (20.6), we bound
the degree-k scalar coefficients, rooted at any free index, by D ]Hg‘ for fixed Dy, H;. An
additional multiplicity #; < k is bounded by 2K, For an incoming function, the strict
image bound gives the jet bound

. : 1]
ID'R||so0t < (E +00)p? T —L k<

; 7 V4 ] Z 1, 20.29

N—

at a point whose image under the absolute reconstruction majorant is at most xp. To verify
it, we fix the first differentiated input index. At original degree /, the fixed-index weight
in the input norm and the sum over the other j — 1 differentiated positions give the factor
(1)j, with the remaining factor x'~/p?>~/, and the second identity in (20.6) sums the result.
The torus seminorm starts at degree two and the boundary norm at degree one; the same
estimate bounds both. Constants of R disappear only in the fluctuation difference. The
input networks are joined to the reconstruction networks, and a prescribed differentiated
index stays fixed. This proves (20.29) in the coefficient algebra, before the background is
evaluated.

Consider a monomial of T;, and let 7; be its degree in the free coordinates of scale j.
It has at least three indices at scale i, so 7; > 3 and } ;> 7 = k > 3. After division by gz
its coupling factor is

F2ATE A

j>i
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The product of ratios is at most one; the weaker bound A2 would also be an admissible
tixed constant. By (20.22), every Haar, determinant, and incoming difference has at least
one free index. A term of degree k there has the factor ¢ I A", whose product of ratios
is again at most one. The values B; in (20.23) are evaluated at the coarser reconstructions,
and their coefficients in the coarser free variables belong to the same series. Summing
over at most | scales, increasing A > max{1,2Hj,2D;H;}, and decreasing hy if necessary,
we obtain
IPelloy < AY 1Qkllara < Cvj(1 4 E+0p) A~

The first quantum coefficient Q; includes every degree-one term of the incoming interac-
tion. Only powers of the fixed radii were absorbed in these constants. We choose sy < hy
with a strict margin in the larger domain. The series are then normally convergent on
that radius, at the outer profile as well as after evaluation.

Step 3: the enclosing product is admissible. The three inequalities in (20.25) imply that
den < ARy /2, Ren < Ry.

For w € Ken we have |{;| = tA;|w;| < Ren. The minimum defining Ry places this whole
product strictly inside the unperturbed and perturbed sequential products and the joint
neighborhood; the constant cype j includes every finite sequential embedding. Indeed, the
joint-center displacement is still at most 2Jy at the preliminary bound p, and the new free
radius is at most Ren < Q. The gate (20.13) therefore gives Cgeq,j(20v + Ren) < €tupe/2.
Applying (20.14) with free radius Ren and adding the joint-center displacement keeps
every moving coarser argument in its admissible domain. The separate margin of the
larger construction domain in Lemma 19.7 includes the background, the frozen values,
and the free radius; it places all reconstructions before the gauge transformation in the
larger charts of the Haar densities and of the action.

Step 4: the image increments. For either radius, we abbreviate Ct = C7, and Cp = Chp .
By hypothesis, we have Cr(Kype + Ren) < 1/2. The rational increment in the statement
is therefore at most (2Ct + Cp)Ren < po/8. Adding the bound Ape. < po/4 at zero
fluctuation, we obtain the bound 3p./8 at exponent zero. If these inequalities hold
in a weighted coefficient row, each calculation holds in that row. Otherwise apply
the following interpolation to the unperturbed image row at such an exponent c, with
SY < Cjp.. For nonnegative coefficient weights b, and network lengths I,, Holder’s
inequality for finite sums gives

Passing to increasing finite sums proves the stated interpolation. Its right side, divided by
e, tends to 3/8 as @ | 0. Hence one positive ¢ works for both radii and the finitely many
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stages of the unperturbed construction. Its exponent is fixed before the regional rates are
chosen. At allocated working rates below this exponent and satisfying Theorem 19.9, that
theorem bounds the coefficient row of the perturbed-minus-unperturbed reconstruction
by Cp +0+«p on the same enclosing products. Fixing this constant before the final choice
of 0. and making that bound smaller than the remaining half-radius margin gives the
asserted perturbed image bound. No interpolation at the unperturbed exponent is
applied to inherited perturbative networks.

Step 5: curvature. For the curvature bound, we fix one derivative at the scalar coordinate
j and sum over the second differentiated index. Differentiating a homogeneous monomial
of degree k twice gives the factor k — 1 relative to the norm ||-||, 1. The matrix weight
is bounded by the weight of the original network, since the distance between the two
differentiated indices is at most the network length. At the radius ¢ = Ren in the variables
{, the two contributions are bounded by

2A3
k—1)AKR2 = A2[(1— Ap)2—1] < =29
A2
2L k—1)Akgk—2 = 2=~V _

Here we used that on K¢, the coordinates satisfy |w]| < Ren/t, so that tk_Z(Ren/ t)k_2 =
RES2 for the classical terms and t*(Ren/t)*"2 = t2RE;? for the others. We enlarge
Co > 2A3 to include the fixed conversion between scalar and three-component block
norms. The column bound follows from the symmetry of the Hessian. The weaker
denominator (1 — ARen)’3 in (20.27) applies to both contributions. Since ARen < 1/4,
CoRen < 1/16, and Cot2Ly < 1/16, the result is

1/16+1/16 _ 8 1
(1-1/4)3 27 ~ 2

All inequalities have strict margins in the charts, so they hold on a neighborhood of
the real product, including its faces and corners. The constant C; of Lemma 20.5 is
determined from A, a’, the label density, and the curvature bound just proved, so the
second inequality in (20.26) is a separate requirement compatible with the present choices.

Step 6: logarithmic cutoffs. A ball of radius p; lies in Ken whenever tp; < Ren. The
finite logarithmic offset in the statement bounds every such p;, since p(g;) = p(t) +
Awlog(1/A;) and A; > A,. This proves the inclusion both for the common cutoff and for
the cutoffs at the individual scales. All constants were computed at ¢p on fixed larger
products, before any final enclosure quantity or width. The proof involves no derivative
in the frozen values, no sum over earlier renormalization group steps, and no dependence
on the individual radii of the fluctuation balls. O
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Remark 20.4. The incoming boundary function f in Lemma 20.3 is measured in the norm
&P with the uniform profile p, and (20.29) is stated for this case. For a function measured
with a nonuniform profile ¢, the analogous estimate holds for the rescaled function
R(x) = R((¢;x;);): if its degree-wise rooted sum at unit profile is at most Hp?, then
at a point whose image under the absolute reconstruction majorant is bounded by ¢,
0<x <1, .
IDIR |y root < szg(Z)jxl—f - sz(l_fw, i>1.
Z]

Thus each differentiated slot carries its own radius ¢;. The unscaled form (20.29) does not
follow for a spatially varying radius profile. Indeed, fix an unfixed index i at distance d;
from QF. The function R(v) = Hp?e~%d%yp,/¢; has norm H and derivative HpZ%e~%d% /¢;,
which is unbounded as the boundary radius ¢; = p; decreases with d; fixed. In the
coefficient sums of Section 20.4 every differentiated background index is multiplied by
its own radius, so no inverse power of the small boundary radius p; enters.

Lemma 20.5. The following statements hold.

1. Let IC be a finite product of three-dimensional balls, let S, VW C K be Borel sets, let x : K —
[0, 1] be Borel, let e~V be a positive Borel function with 0 < Zx = | K eV dw < oo, and let
P > 0 be a constant prefactor (unrelated to the perturbation P of Theorem 20.2). Set

G= P/)(e_vdw, F= P/ eV dw, dve = Z,Elllge_vdw.
S w

Ifvc(WF) <8 <1, then G < (1 — 8)~'F. Nonnegative functions of the coarse background
and external factors may multiply both sides. No inclusion between VV and S is needed. A
product with no factors has mass one.

2. Let K = Ken be the enclosing product of Lemma 20.3, under its hypotheses with tmax < ts,
at an admissible real coarse background and fixed real frozen values, and let V be the potential
(20.23). There is a constant Cy, depending only on A, a’, and v j, such that

DLV >1/2,  sup|Eywj| < Citmax(Lv +2),
j

where j runs over the scalar coordinates. For every scalar function F that is 1-Lipschitz for
the Euclidean norm and every v > 0,

vic(|[F = EF| > 0) < 27 7°/4,

Let p(t) = Awlog(1/t), and choose radii p; > p(tmax) With tmax max; p; < Ren, SO
that the product W = T, .{|wi.| < pi} is contained in IC. If Citmax(Ly +2) <
p(tmax)/ (2\/5), which holds for all sufficiently small tmax and is one of the requirements on
the coupling bound g, in Theorem 20.14, then

ve(WS) < 6bexp{—p(tmax)*/48}, b < Cym®,
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where b counts all fluctuation blocks of the step, jointly over all components of Q) and all
scales. These are means under vy at fixed frozen values; no symmetry of the frozen values is
assumed. The constants have the dependence described in item (3) of Definition 4.14 and are
independent of the later widths.

3. Consider the stopping sides my = mB!, t > 0, together with at most one additional side
nmBl with j € No, where i ranges over a fixed finite set of positive ratios (arising from a
final composition of fewer than | averaging steps). Suppose that nonnegative errors at these
sides satisfy

2
8t < Cpmpe wlogt VMmM/T gy < Crme™™™ 7, 4y, b >0,

and similarly at the additional side. By part (2), the first bound holds with a,, = A2, /48 for
the comparison errors of this lemma. Then for every fixed T € (0, c0), in particular for every
I' = vo < 1, there is a minimum side my, depending only on T, the fixed data, and the finite
set of ratios, such that, uniformly for m > mg and 0 < -y < T, all errors are at most 1/2 and

Z(ét -|-Zt) < o, 1081—[(1 — (St)_l < 2251} < C;.
t t t
The sums and the logarithm tend to zero as m — oo, uniformly in 0 < v < I' and in the
finite or infinite number of sides. The same conclusion holds for €, = ¢/ (1 — z;) after
increasing my. There is one comparison for the whole product at each stopping side, not a
separate factor for each component of QO°. The minimum side and Cs have the dependence
described in item (4) of Definition 4.14; none of them depends on the number of steps or on
the large-field decomposition.

Proof. Step 1 proves part (1). Steps 2 to 6 prove part (2): we first check that the measure
is well defined, then interpolate between the Gaussian product and the potential, bound
the force of the interaction using fourth moments, integrate the derivative of the means
along the interpolation, and finally bound the probability outside the chosen product.
Step 7 reduces part (3) to Lemma 20.15.

Step 1: the abstract comparison. The Borel hypotheses make both integrands measur-
able, and since 0 < y <land 0 < Zx < oo, we have 0 < G,F < PZx < o0. Since S C I,
we have G < PZy. On the other hand

F = PZivc(W) > PZx(1 - 9).

Dividing by the positive finite number PZ gives part (1); the common prefactor cancels
before any estimate. Multiplying by nonnegative functions of the coarse background
preserves the inequality pointwise. For a product with no factors we use the unit point
mass, and the same proof applies.
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Step 2: normalizability on the enclosing product. The potential of Lemma 20.3 is real
and smooth on a neighborhood of the fixed compact product Kep. Its ball radii Ren/tmax
are positive and finite, so the product has positive finite Lebesgue volume. If Vi, and
Vmax are the minimum and maximum of V on Kep, then

0 < e—VmaX VOl(lCen) S Z’Cen S e_Vmin VOI(KEH) < o0,

Thus the integrand is positive, Borel, and normalizable. The chosen product WV is closed,
hence Borel; the comparison in part (1) keeps its Borel hypotheses on S and y.

Step 3: convexity and concentration. We write t = tmax and Hint(w) = V(w) — |w|?/2,
and interpolate on the same product

Vo(w) = |w|?/2 4+ 0Hine(w), 0<6<1.

Each Vj is real and smooth on the compact product, so the normalization bounds of
Step 2 hold throughout the interpolation. By (20.27) the Hessian perturbation is at most
k = 8/27, so every Vy has Hessian at least (1 —«x)I > I/2; for 6 = 1 this is the first
assertion. The absolute coefficient bound in (20.27) bounds the exponentially weighted
sums over y of the suprema over the product of |(Vp)yy|, in rows and in columns, by
the same fixed constant; the three-component block form follows by including the fixed
block conversion in Cy. Fix 0 < beoy < 4’ so small that

max{sup L (o 8800 1) supl| Vo), sp §;<ebwvdﬁﬂxy>—-1>supn<x@>xyu} <1
Y7Fx XFY

Such a choice depends only on the fixed weighted bound, since the convexity of u — e
gives eleovd — 1 < (beoy/a') (e — 1) for beoy < a'. The off-diagonal blocks of the Gaussian
part vanish. Thus all hypotheses of Theorem 5.4, which adapts the Bakry-Emery and
Helffer-Sjostrand methods [8, 110] to products of balls with reflecting boundary, hold
with convexity constant 1/2, on a neighborhood of the finite product; its ball faces and
product corners are included in that theorem. It yields the scalar tail 2¢=""/4 and the

covariance bound

[Covg(F,G)| <4 e beor ) |7 F |||V, Gll2, (20.30)
Xy

where Covy and ||-||, refer to the normalized measure with density proportional to e~ "¢

on Ken. These constants do not depend on the number or the radii of the balls.

Step 4: the force. Let M(6) = max;|Egwj|, where j is scalar (in this proof M(6) is
unrelated to the blocking factor M). The tail just obtained implies a universal bound on
the fourth moment of w; — Egw;, by integrating [~ 4u®P(|w; — Eqwj| > u) du against the
Gaussian majorant. Hence

Jeojls < Ca+ M(6).
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Consider a differentiated classical monomial of degree k > 3. After fixing its differentiated
coordinate, we place two of its remaining k — 1 factors in L* and the other k — 3 factors in
the supremum norm Ren/t of the product. Holder’s inequality, which applies also when
the two factors are the same scalar coordinate, gives the factor

2 (Ren /)3 (Cy + M(0))? = tRE-3(Cy + M(0))2.

The coefficient sum with the differentiated index fixed is bounded by A, and the geo-
metric sum is at most C(A)t(1+ M(6)?) because ARen < 1/4. For the quantum terms,
including degree one, a direct supremum bound gives

_ Ly At
Ly AR (Ren /1)1 = =2
k; © 1 — ARen
Combining the two bounds, we obtain
sup||9jHint[2 < C(A)t[Ly + 1+ M(6)?]. (20.31)
j

Step 5: the means. Differentiating the finite integrals on the fixed compact product, we
obtain

@]ng]' = — COV@(ZU]', Hint)-

Indeed, the derivative of the numerator is — f w]-Hinte_V9 and that of the denominator
is — [ Hinte™ "%, and their quotient is the displayed centered expression. The integrands
and their derivatives are bounded on this finite product, so the differentiation is justified
directly. This is the calculation of Theorem 13.10 on a fixed product, carried out here for
the present measure; we do not use the conclusions of that theorem, whose hypotheses
concern the torus products. Combining (20.30), (20.31), and (20.2), we obtain a fixed C;
with

‘delng]‘ < Cit[Ly +1+ M(8)2]. (20.32)

It depends only on A, a’, and the label density; the margin x < 1/2 has already been
imposed. This is the constant in the hypothesis (20.26) of Lemma 20.3.

At 0 = 0 the measure is a product of centered truncated Gaussian measures on balls,
so every coordinate has mean zero, for every frozen value. All means are continuous
in 6. Suppose that M reached the value one, and let 6; be the first time at which
it does. Integrating (20.32) for each coordinate on [0,6;], where M < 1, would give
M(0;) < Cit(Ly +2) < 1/(4V/3) < 1, a contradiction. Inserting M < 1 into (20.32)
and integrating once more proves M(1) < Cyt(Ly + 2). This argument integrates the
inequalities for the individual coordinates before taking the maximum; it does not use
any differentiability of the maximum.
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Step 6: the probability outside the chosen product. The explicit hypothesis t max; p; <
Ren puts the chosen product strictly inside Ken. The later logarithmic gates (20.48) provide
a sufficient choice of this inclusion in Theorem 20.14; the present local argument uses
the inclusion itself. If a fluctuation block lies outside its ball of radius p; > p(t), then
some scalar coordinate has absolute value larger than p(t)/+/3. Since the mean of that
coordinate is at most p(t)/(2+/3) in absolute value, the coordinate deviates from its mean
by at least p(t)/(21/3). By the scalar tail and a union bound over the three coordinates,
the probability that a given block lies outside its ball is at most 6e™7 (t)?/48_ The step has at
most b < C ]m3 blocks: each of the at most | scales has a fixed finite number of free labels
per output block, and removing blocks from the region only decreases this number. This
proves the bound on vi (W¢), with no factor depending on the number of components.
The enclosure and curvature hypotheses are used on the whole product Ken, which does
not depend on the configuration.

Step 7: summation. Part (3) is the case C = Cj, ¢ = b, a = ay of Lemma 20.15,
with the ratio B and the finite set of additional ratios, since log2 vVMm/y = 72 with
z = (1/2)log(Mm/7). With p(tmax) = Awlog/Mm/7, the bound of part (2) is of the
stated form with a,, = A%v /48, since 6b < C ]m3. O

20.4 Cluster expansion with boundary-localized coefficients

We now expand the logarithm of the fluctuation integral, keeping two structures apart.
Probabilistic independence is determined by the set of fluctuation blocks on which a
monomial depends: two monomials depending on disjoint sets of blocks are indepen-
dent under a product reference measure, even if they depend on the same background
coordinates. Spatial decay is carried instead by a connected network through all positions
of the coefficient, background positions included, which may lie far from the fluctuation
blocks. Overlapping monomials share a fluctuation block, so their networks meet there,
and the union of their networks is connected without any additional connecting path.

The organization into connected polymer activities and a convergent logarithm follows
the constructive cluster expansion; see Bataban [18, 19] for its implementation in lattice
gauge theories, Brydges [38] for a general exposition, and Kotecky and Preiss [120] for
the abstract polymer criterion. The cancellation of connected graphs against rooted trees
used in Theorem 12.6 is Penrose’s partition [136]; its construction by generations and
parents, and the positive tree recursions used below, are described in [87, Sections 2
and 4.1]. The finite graph inequality is imported in the form of [68, Appendix B, (323),
p. 42], through Theorem 12.6; no other result of that paper, which concerns a scalar field
theory, is used. We prove directly the features needed here: the two kinds of roots, the
exact fluctuation supports, and the visits to the fixed complement.
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Complex coupling parameter. In this section we replace the coupling powers in (20.24)
by powers of a complex parameter z: the classical powers t?n;i become z772 and the
other powers t1,.x become z7. The incoming functions, the couplings of earlier steps, the
ratios A;, and the normalized symmetric reference measures on balls are kept fixed. The
incoming insertion becomes

Agr(z) = R(Log C(v, (zAjw;); brec)) — R(Log C(v, 0; brec) ).

We call the interaction without insertion the sum of all terms of V — |w|?/2 in (20.23) ex-
cept the incoming insertion, after this substitution. For p, > 0 attached to the fluctuation
blocks, with p, = p; for a block at scale i, we write p = max; p;, and we always assume
p=>1

Definition 20.6. Let F be an interaction, given with a resolution into scalar monomials
Uy = upow', Al > 1,

as in Lemma 20.1. A fluctuation index is a whole fluctuation block at its scale and
position; a background index is an unfixed scalar background coordinate on the lattice
where it was introduced. Write S, for the set of fluctuation blocks on which 7, is positive
(the fluctuation support of the monomial) and k) = |v,| for its background degree. Each
monomial carries a connected network through all of its fluctuation and background
positions; for a monomial whose coefficient has a visit to ()} , the network contains this
visit. We write £, for the total length of the network, including the visit. No enlargement
of 5, is made. Internal indices are summed, using a fixed part of the exponential decay
rate, before the resolution into monomials, and repeated occurrences keep their own
network refinements. For the exponent sy > 0 set

bA(F) = un(F) i [T e,
X
and for h > 0
Wy, (F) =sup ) e"Silp, (F),

X A:xeS),

Dy(F) =) _sup ) v "B, (F).
k>1 0 Ak —k

In W, the root x is a fluctuation block, and in D, the root i is a background index. In Dj,
the supremum over the root is taken before the sum over the background degree, as in
the coefficient norm with boundary decay.

Lemma 20.7. Fix the admissible larger products and the preliminary perturbation ball of Theo-
rem 20.2 and Lemma 20.3, including both strict margins for the images under the reconstruction
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majorant and the inequalities on the conditional forces at every stage. Fix the ratio K, and the
profiles ¢ = K.¢ and Porof = VKi@p. For a composition of s averaging steps put B; = M,
and write ain, ain for the incoming rates. Fix an allocation of the intrinsic coefficient exponent
and impose the output-rate restrictions of Theorem 19.9(4), with Bs in place of B: in particular,
for the fixed geometric allocation constant require sy = a + a < min(cj, Bsain)/ Cgeom and
& < Bswtin/ Cgeom. The output rates may be chosen smaller for a shorter composition; no return
of the full-step rates is asserted for it. In the full-step iteration the incoming rates are a,n, and
the stronger allocation conditions of Theorem 20.9 apply. Consider the following families of
interactions, resolved into monomials as in Definition 20.6: the interaction without insertion, the
incoming insertion, the differences between the regional families and the restricted torus families,
and the mixed difference of the boundary change and the incoming insertion. Here XP(f) is
evaluated at the incoming regional rates ain, in, whereas E bounds the incoming torus interaction
at its fixed torus rate; ain is no larger than that available spatial rate after conversion to the graph
metric. The resolved norms Wy, Dy, use sy = a + « and network lengths in output units. Let
H = E+ XP(f) and set
o(z) = SPIP° + P+ Hp)
1= Cylzlp

for z in the fixed larger radius with Cy|z|p < 1, inside both incoming image margins. Then,
uniformly in the fixed real frozen values,

Wi6(F) + D16(F) < €r

for each of these families F. One may take er < C;js(z) for the family without insertion and for
the boundary differences, and
€A+ €xa = CilzlFp
1-Cjlzlp
for the incoming insertion A and its boundary difference 0A. In particular the latter bound holds
with a visit to Q¢ and with an arbitrary background root. The constants have the dependence
described in item (3) of Definition 4.14 and are independent of the later widths; the profiles and
the input radii are not decreased at later steps.

(20.33)

Proof. Step 1 records the coefficient resolution of the terms of the potential and its basic
bounds. Steps 2 and 3 write out, with every contraction, the resolution in the two typical
cases of a classical monomial and of a monomial of the Haar density. Step 4 treats the
incoming insertion and the boundary differences. Step 5 converts the coefficient bounds
into the bounds on Wi and Dy, keeping the order of the supremum and the degree
sum.

Step 1: the resolution. The tensors of Theorem 20.2, with bounds at every external
index, and the coefficient version of Lemma 20.3 are available on the outer profile, before
the background is evaluated. By Lemma 20.1, every term of the potential has an exact
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resolution into monomials carrying connected networks. Rooted at an arbitrary free
index, this resolution has convergent majorants in the free degree g, namely

Cjlzl"72p7 (9>3) and  CJlz7p" (72>1),

for the classical terms and for the other terms, respectively. For the incoming insertion
the second majorant is multiplied by H. The ratios A; have modulus at most one, and ] is
tixed. For the last assertion the input is (20.29) with E 4 0y replaced by H: fixing its first
differentiated input and summing over the other inputs gives

1l
j 2-j_ Jm

7

N[—

by applying the factor (I) ]'Kl ~J to the input norm at degree ! with that input fixed and
summing the geometric series. The constants of R disappear in the fluctuation difference;
they are not bounded by H. The composition with every index rooted in Theorem 19.9,
with its volume-normalized input columns, keeps a specified external background index
as well as a specified free index. At a background root i, the sum of the monomials
containing that index is bounded by ¢ (i) times the absolute coefficient majorant of 9;F.
This produces the factor v, ; in Dj,. No division by the smaller boundary radius occurs.

Step 2: a classical monomial. Fix a scale i. By the definition of the partial minimization,
Fi(v,civ1,y) is the perturbed objective Q; of the proof of Theorem 20.2, in the free
logarithmic coordinates and multiplied by the factor M!, evaluated with the coordinates
of the finer scales at their conditional minimizers, at fixed frozen values. We write this
as Fi(v,cip1,y) = QO (¥;(v,cizq,y)), where Q1) = MIQ, y denotes the free logarithmic
coordinates of scale i, ¢; 1 = C;j11(v,{~;) is the coarser reconstruction, and ¥; maps
(v,¢i11,y) to the full list of coordinates (v,z’;i, Y,z~;), with the finer coordinates z%; at
their conditional minimizers. The coefficient bounds for Q(i) on the common product
are those of Theorem 19.9, and those for ¥;, which contains the conditional minimizers
of the finer stages, are those of Theorem 20.2. The factorization only displays the chain
rule; the general term can equally be bounded through the tensors Dy F; of that theorem.
At fixed (v, ci;1) the minimizer z} satisfies F; (v, ¢;y1,2]) = 0, and K; = F (v, ¢iy1,2]),
S; = Kl-_l/z, zj = z; + §;S;w;. Since Sl-TKl-Si = I, Taylor’s formula in y on the common
coefficient product gives

Fi(v,cii,2) — F(v,cie1,2) [ 872 f
— — 2 — — B 21 - Z lrl Z Z F:ﬂl"'ﬂrnsi(al’ ﬁl)wlrﬁl
8i r>3 T a1y By, By 1=1

The star denotes evaluation at y = z7 (not at zero coarser input), and the §; are scalar
labels at scale i. This expression is analytic at g; = 0: stationarity and the exact subtraction
of the quadratic term remove the apparent singularity.



20 Fluctuation integration and normalization on block regions §20.4 84

We display the term r = 3. For a multi-index T = (v,7-;) in the background
variables and the coarser free variables, we write |- |; for the coefficient of v"@’b’ after
the substitution ¢;.1 = C;;1(v,{~;), and set

eJ(CT?-xm;T = [(DmQ(i))x1-~xm (T;k)]"fr Px;A;T = [(ayATi,x)*]T’ Sap;r = [Si(”rﬁ)]rr

where 9, = 9,9y, for A = (a,b), and similarly for longer A. The chain rule gives, for
TabC,‘T - [F:ubc]r’

_ (3)
TﬂbC;T - Z Z Ex122x3;T le}ﬂ;Tl sz;b;Tz sz;C;Ts

X1,X2,X3 Tp+T1 +To+T3=T

(2)
+ Z Z exlxz;To (Px1;ab;T1 sz;C;Tz + Px1;aC;T1 PXZ;b;Tz + le;bc;rl sz;u;rz)

X1,X o+ +T=T

+ 2 2 eﬂ(f}%o Pyabe;r -

X Tp+T7=T

In particular, the Hessian is

F*ab:ZQ;(;Z'(T?) 1xa x’b+ZQX T* zxab

x,x!

Stationarity in y does not imply (Q())’ (¥¥) = 0, so the term with (Q())’ and the last
line of the formula for T, cannot be deleted. Let 77; be a multi-index of degree three in
the fluctuation variables of scale i. After the substitutions §; = zA; and {~; = zAS;w;,

the coefficient of v"w w'7>’ in this cubic term is
1+|’7>:|A s—1 |
il
H /\ : Z Z Z TﬂbC;Tosﬂﬁl;TlSbﬁz;TzsCl33;T3' (20.34)
j=i+1 ab,c B1,82,83 T+T+n+5=117s;)

ep, tep,Tepy =7

where 7; is the part of the multi-index 7; at scale j. The factor 1/6 also accounts for
repeated B’s; no further factorial occurs. For each summand we take the networks of its
coefficients and join them at their common indices x and 4, and at the coarser arguments.
The network of the resulting monomial is this connected union, and its fluctuation

support is
= {blocks of B1, B2, B3} U {coarser blocks used by 7},

with repeated blocks counted once. The background positions in v belong to the network
even if they lie outside S,. Let 9}, P;;, and S be the absolute scalar majorants of the
jets and maps above on their common product, including the volume ratios of part (4) of
Lemma 20.1. The formula for T, and Lemma 20.1 give the cubic majorant

6(Q4 (P)° +3Q7 P P + Q[ Py')(S1)?,
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and the same expression with a derivative falling on one factor bounds the sum rooted
at a fluctuation or background index. Each product here corresponds to a connected
contraction in the formula for T..-, so no unrooted product over an extensive set appears.
For general r the rule is the partition formula

aal [N aay(Q(i) OTI') = Z Z (D|7T‘Q H aﬂBTZ XB/

T (xB)Ben Berm

where 71 runs over the partitions of {1,...,r}. Together with Lemma 20.1, it gives a
convergent coefficientwise majorant on a common smaller free product. Since r > 3, a
term of total free degree g = r + |17-;| has the coupling power z972, and the ratios of
the scales have modulus at most one. This proves the cubic starting order before any
expectation over the fluctuation variables is taken.

Step 3: a monomial of the Haar density. Let I'(v,c;,1,y) be the chart of solved links at
scale i, let 51-0 be its links outside the block axial gauge trees, and let ¢ run over the set ¢;
of constraints solved at scale i, with eliminated edges e;. We write

Ac = Dx,,Cc (), L;=— Z log ju(Te) + Z log det A,

ee&y ceq;

with jg(X) = sinc?(|X|/2) as in (4.2) and Lemma 5.1(2); only field-independent factors
have been removed. The fluctuation-dependent part of L; at scale i is

r
Li(v,civ1,2i) — Li(v, ¢it1, 27) Z Y )Y Lia Hsi(ﬂl/ﬁz)wi,ﬁl-
=1

r>1 Ca1,.8r By, Br

Its linear coefficient is

3

3
L;F,a = - Z Z(a log]H ega Z ; ¢ BA ayaA )AB'

e€&? ¢=1 ceC; A,B=1

where (dy,Ac)ap = Y (9x,.Ac) ABLega, and all factors are evaluated at the minimizer
and at the coarser reconstruction C;1(v,{~;). Taking the coefficient |- ] of each factor
and summing over all allocations of T gives the coefficients I,;r = [L} ], with every link,
constraint, color, integrated coordinate, and multi-index sum displayed. For |7;| = 1 the
coefficient after the coupling substitution is

s—1

1 ) |’7|

z +‘77>z‘/\l. | | )\]1 E E E la;’l’osaﬁ;ﬁ'
j=i+1 @ preg=1;i o+T1=(v1>i)

The trace in L7, is rooted at the index a through the derivative d,, A; its coefficient bound
sums over ¢, e, A, B, ¢. It is not the unrooted norm of a sum of logarithmic determinants.
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The network is the connected union of the networks of the Haar factors, the inverse
matrices, and the chart, joined to the network of S; at 4, and the support is the block of
together with the coarser blocks used by 7~ ;. Lemma 20.1 bounds these coefficients by
the products of the majorants of the factors and their derivatives. The series starts at total
free degree one, with coupling power equal to the total free degree.

The remaining part of the measure fluctuation in (20.11) is the difference B;(c;11) —
B;(Ci+1), whose fluctuation support may lie entirely in coarser scales; it is not part of
the field-independent prefactor. For a coordinate &, of the coarser argument, the total
derivative is

On,Bi=Liy +Y Li0n zi,+ 5 Z ") 6a0n, K ap,
v p -

where 0y, z7 = —K F iy and 0y, Kz = F‘*abh,y + X F1pOn, z; y- The difference equals

1,
the convergent coeff1c1ent expansion of

1 s—1
/ Y ) Qﬁz o, Bi) (v, Ciy1(v,T50)) (9,3 Cit19) (0, TC5i) dT

j=i+1 BEl;

since the integrand is the derivative in T of B;(v, Ci1+1(v, T{>;)); here I is the set of unfixed
scalar free labels at scale j, and 8@,’!3 Ciy1 is evaluated at 7~ ; without an extra factor 7.
Each Taylor coefficient of this integral carries the factor 1/(n + 1) when the remaining
integrand has degree n in 7. Likewise, at fixed couplings,

dz; = (0,27 )dv + (9cz7 )dciy1 + §i{(0:S:)dv + (0.S;)dciyq fw; + §iS;i dw;,

and none of these terms may be dropped. The inverse square root S; is treated as a
constituent tensor with the bounds of Theorem 20.2; if it is expanded, (20.19) and the
Neumann series of the resolvent around K;(0,0) give a chain of ordinary matrix products
whose coefficients are its network refinements. The comparison of determinant matrices
with the same indices also includes the correction (20.21), which is a further constituent
tensor with a visit to Q€.

Step 4: the incoming insertion and the boundary differences. We write A(v,{) =
Log C(v, {; brec). Then

R(A(v,0)) - =) D” v,0))[A(v,0) = A(©,0),..., A0, ) — A(v,0)],

n>1

and each factor A(v,{) — A(v,0) has positive degree in . The coefficient of v"(" is
the sum over n, over the contracted indices jj,...,j, of the old lattice, and over the
allocations of the multi-indices to the n factors with positive free degree in each, of the
products of the jet coefficients of R and the coefficients of the factors. No additional
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multinomial factor occurs, since each coefficient is already a multi-index coefficient. Each
such occurrence keeps the union of the old network of R, scaled by B;'! = M~ in output
units, and the attached reconstruction networks, and its fluctuation support is the set
of blocks used by 7. By the jet bound of Step 1 with j = 1 at an image bounded by
p/2, the derivative series of R at the image is at most 4Hp. The column majorant of
the reconstruction with a free index fixed vanishes at zero free radius and is linear in
the free radius on the fixed product, so it is at most C;|z|p. Fixing an external input in
the old counting convention contributes the fixed volume ratio I'; = max; v;/v4 < M3/
between the input mesh and the old mesh. We obtain the incoming bound, linear in H
and starting at |z|p.

For a difference between the regional and the restricted torus constructions we com-
pare factor by factor, before any expansion of logarithms. In each product of coefficients
we use the ordered identity

HAl HA° Zl(gA%)mz—A%(gA?),

and for the incoming function at two reconstructed arguments Cp, C; in the identity chart
(here Cp, C; denote arguments, not the constants of Lemma 20.3),

R(Cl) — R(Co) = /01 DR(C() + S(C1 — Co)) [Cl — C()] ds.

Both images under the absolute reconstruction majorant lie in the common product with
half the incoming radius, so the whole segment does. Terms involving the incoming
boundary function use its incoming boundary weight; torus terms acquire the visit carried
by the difference of the reconstructions. Fixed input slots are visits to ()°. Changed
formulas, minimizers, inverse square roots, and Haar densities are treated by the same
identity, with —A~1(A — B)B~! for inverses and (20.19) for inverse square roots. Each
term contains one changed factor with its visit to ()°. The versions with every index
rooted in Theorem 19.9 keep every differentiated background or free index, even when
the changed factor is not differentiated; the degree-one terms are therefore included.
We join the incoming networks, scaled by By !, to the chart networks at their contracted
indices. The transport of the route to the fixed complement is exactly (19.42), and
Lemma 18.15 sums the remaining internal indices. We append the resulting route to the
network of the monomial. One fixed allocation of the available exponents bounds %2,
including this route and the fixed stencil offsets; the offsets contribute a fixed factor in
the degree, absorbed on the margin already provided by the construction. The allocation
is the same for every order and every contraction, and no exponent is lost at each vertex.
The scaled incoming networks and routes are bounded by the inequalities against Bsain,
and Bsaj, imposed in the statement. Every term still contains an incoming factor, so its
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bound is linear in H and starts at |z|p. The arguments of Step 5 apply to this majorant
with a visit to ()° and give (20.33). Finally, a torus monomial deleted because it uses a
missing fluctuation block already has a visit at that block; if it has an unfixed root, its
network provides the route to ()°.

Step 5: conversion to Wi and D1¢. By Steps 1 to 4, there exist a free radius V; > 0, strictly
inside all image and stage margins, and a common bound Ag for the coefficientwise
majorants of the diagrams on the outer profile ¢ and at free radius V;, including each
permitted fixed coefficient index and the volume ratios of part (4) of Lemma 20.1. For
the incoming family the bound is AgH, and for a difference it is linear in the bound of
the changed factor. We write the resolved coefficients of free degree q and background
degree k as uQv¥A{", after removing the factor z7~2 for the classical terms and z7 for the
others; the ratios A; have modulus at most one. The mixed factorial identity is

I g!
g other ordered indices

m/q)|u’|, one free input I fixed,

v;/k)|u®|, one background input i fixed,

for g > 1 and k > 1 respectively, and the radii of all inputs multiply these expressions.
With C = max{1, V; '}, Lemma 20.1 and the finite majorant at V; give

sup Z LEs ug@mes()& < AoCY, sup Z
U Atk =(kg) T i A(kngn)=(kag)

Vai

k |uf [p7re™0r < AT,

These bounds concern the total variation of the resolution produced by composition of
coefficientwise majorants.

Let 9 = K;1/2 < 1. Passing from ¢ to Pprof multiplies a term of background de-
gree k by exactly ¢, independently of the positions of its background indices in the
spatially varying radius profile. Each term has |S,| < g, and selecting a fluctuation
block is bounded by the sum of its three scalar multiplicities. At fixed k, g, the preceding
bounds therefore contribute at most 3gAoC79¥ for a fluctuation root and kAyC70 for
a background root; the latter bound is uniform in the root at each degree. Taking the
supremum over the root at each degree and only then summing over k, and using g < 29,
we find that the sums in the definitions of W), and Dy, at fixed g, are at most

3 %

3q o4
1-0*{1—ﬂy>

+

Ak
T—9  A=9) B =2¢"C.

Aof”’eh”’( 2) <AB!, A= AO(

Multiplying by |z|772p7, g > 3, or by |z|1p1, ¢ > 1, and summing the geometric series, we
obtain on Blz|p < 1

AB3 3
Wﬁl—FDd < |Z’]9

AB|z[p
, WHaar DHaar <
"= 1-Blzlp ot Dy

: : ABH|z|p
Wine 4 pinc

— 1-Bjz[p
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for the classical, Haar-density, and incoming families. The same bounds hold for the
differences with a visit to ()¢, with their majorants. Note that the classical bound starts
with |z|p3: the two coupling powers removed by the division by g7 are not restored. For
h = 16, enlarging the constant to a common C; and restricting the disc accordingly gives
the assertions of the lemma. Choosing the auxiliary disc smaller by this fixed factor
keeps it inside the same larger free radius, and neither an input radius nor the ratio K,
changes. Finitely many additional background marks contribute a polynomial factor
in k, which is summable since Y (k + 1)"9¥ < co. The argument never interchanges
sup, Y with } ; sup;. The bounds at fixed real frozen values are proved first and are
uniform, so taking the supremum over the frozen values afterwards preserves them. All
coefficientwise majorant series converge on the same fixed larger products, and finite
truncations and the absolute majorants justify the displayed sums. O

Lemma 20.8. Let T = @, 7ty be a finite product of probability measures on fluctuation blocks,
each 7t supported in the ball {|wy| < px} with px < oo; these are the radii used in by, Wi,
and Dig. Use the same working rates a,a > 0 as in X ¢, and assume sy > a + «. Consider
monomial families as in Definition 20.6, with nonempty supports S) and networks through all of
their positions, and put € = Wig(U) + D16(U). There is an absolute constant €y > 0 such that
€ < €q implies the following.

1. The product expansion followed by the hard-core polymer expansion, with incompatibility
S\N Sy # @, gives a normally convergent logarithm of [ e~ XU dr, equal to zero at
zero interaction, and this integral does not vanish in the coefficient ball. Neither spatial
connectedness of Sy nor membership of the background positions in S) is needed.

2. Every resolved term of the logarithm carries the connected union of the networks of its
monomials, with no additional length. Its absolute sum rooted at a fluctuation block, with
the weight ¢*/°! where S is the union of the supports of its monomials, is at most Ce. After
passage from Pprof to ¢, the sum over the background degrees of its rooted coefficient suprema
is at most Ce.

3. For one marked family A the same bounds hold with Ce 4. Let U(s,r) = U+sB+rA+srC,
0 <s,r <1, where B carries the boundary change, A the incoming insertion, and C both
(here s, v are interpolation parameters and B, C are families of monomials). Assume that every
occurrence in B and C has an assigned network visiting Q)5 , with that visit included in ¢,
and in its weighted bound, and that every interpolated family lies in the same fixed small ball.
Then the mixed derivative 950, of the logarithm and its four-corner difference are bounded, in
both rooted norms after passage of profile, by

C(eaa + €3€4), (20.35)

where €3, €4, €y are the values of Wi + D1g for B, A, C. A term containing the boundary
change keeps a visit to QCL]. Its network can be extended to Q)¢ by a segment of length at
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most the fixed enlargement constant Ly of Lemma 20.1(5), whose cost is absorbed in the fixed
constants. A term containing both changes keeps an incoming factor. These bounds keep the
weight of the network length. In particular, for a difference F of logarithms containing the
boundary change, on the working profile,

X?(F) < Cj(ean +€a€n)

in the case of two changes, and X?(F) < Cje, in the case of one change.
4. The logarithm and its derivatives in the changes are holomorphic on this ball.

The combinatorial constants are absolute, with the dependence described in item (1) of Defini-
tion 4.14; the constants of the passage of profile, of the density, and of the spatial conversion have
the dependence described in item (3).

Proof. The proof follows the standard two-stage cluster expansion; we give the estimates
so that the root and the support weights stay visible. We first truncate to finitely many
monomials.

Step 1: the product expansion. Let fy = e~ — 1. Its absolute coefficient majorant
is at most e? — 1 < 2b) for small €. Indeed |wy| < py holds my-almost surely, so the
polynomial bounds defining b, bound the integrands on the support of the product
measure. The normalized truncated Gaussian measures on balls used later satisfy this
hypothesis. We expand the exact identity

e =TT+ fu).

A

We group each selected family of distinct indices by the connected components of the
graph in which A, u are joined when S, NS, # @. Different components depend on
disjoint sets of fluctuation blocks, so their expectations factor, even if their background
parameters coincide. This is an exact hard-core gas whose polymers are unions of fluctu-
ation supports. Spatially disconnected sets may serve as polymers, because compatibility
uses only set intersection and the independence of the reference variables.

Step 2: the tree majorant at the first stage. Let 1, = |S,| and a, = 2b,e!""1. The
majorant by rooted trees is the increasing iteration from zero of

Ty=ayexp( Y Ty>. (20.36)
18NS £

Every connected selected family has a spanning tree; expanding the exponential supplies
the factorials for unordered children, and dropping the distinctness of the indices only
increases this sum of nonnegative terms. If T, < a,e" for all y, then the exponent in
(20.36) is at most

1) sup 2 aye™ < 2eny.

* pxesy
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For 2¢ < 1 the candidate a,e"* therefore bounds every iterate. Its sum rooted at a
fluctuation block is at most 2e. Thus the polymer activities are absolutely summable with
the weight 1015,

Step 3: the second stage. We apply the finite graph inequality of Theorem 12.6 to this
hard-core gas; only its bound on alternating sums over connected graphs is imported. Let
z, be the absolute polymer activities and 1, = |S,|. Step 2 gives sup, }_,.xcs, zye'"7 < 2e.
The second rooted-tree majorant is the increasing iteration from zero of

U, = z,e*" exp( ) U,7>, U, < z,eo.
1:SyNSy#D

Indeed, under the displayed candidate bound the child sum is at most

nysup Y 2,765”’7 < 2en, <n, (26 <1),
X mxesy

so the candidate is a supersolution and its sum rooted at a fluctuation block is at most 2e.
This gives the fluctuation-rooted bound of part (2) with weight el Repeated polymer
occurrences are allowed, as in the finite graph theorem. Thus the input weight is ¢/l
the polymer activities have weight ¢'%5/, and the logarithm has weight ¢*/°.

Step 4: the networks. We keep the resolution into monomials inside each exponential
and each polymer. Within a connected family of the first stage, the networks of adjacent
factors share a fluctuation position. At the second stage, adjacent polymers share a
fluctuation block used by a factor in each of them, so their networks also meet at that
position. By induction along a spanning tree at each stage, the union is connected and

E(Nunion) < Z EA, (20-37)

A occurrences

Coincident positions of different color coordinates have distance zero. Copies of the same
monomial in an exponential have the same support and network. A visit to ()¢ remains a
visit in the union. Thus the network weights multiply, with no extra connecting length at
either stage.

Step 5: the background root. Fix a background coordinate i in a coefficient of a product.
The identity v; = ), v, ; assigns the derivative in i to one monomial occurrence, with its
multiplicity. We root the spanning tree of the first stage at this factor and, at the second
stage, at the polymer containing it. The estimates for the children just proved bound the
remaining part of the expansion by Ce®"*b, with ¢ < 16, so that the total support weight
used is less than e'0"1. At the distinguished factor we use the degree-k term in D14 instead
of its norm rooted at a fluctuation block. This works even if the background position is
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not a fluctuation position. The other factors are summed through their intersections of
fluctuation supports.

Fixing i and summing over all output degrees at the intermediate profile, we obtain
the bound C ), dx < Ce, where dy is the degree-k supremum in D¢ for the distinguished
monomial. Indeed, the remaining part of the expansion is summed at its fixed fluctuation
root, and its total coefficient majorant there is bounded by the estimates for the children.
We thus obtain a bound on sup; ) x at the intermediate profile, which is not yet the
coefficient norm with boundary decay. Let . = K; /2 < 1. At output degree K, passing
to the working profile multiplies every coefficient by gX. Thus, taking the supremum
separately at each degree,

Z sup{output coefficients of degree K rooted at i, at ¢} < Ce Z gX.
K>1 i K>1

This is the required order of operations; a bound on sup; )  at the same radius would
not imply a bound on } i sup;. The second half of the ratio between the profiles is used
here, once for each local map on the fixed profiles. The factor v;/K in the coefficient
norm with boundary decay only decreases the multiplicity bound. Repeated copies in an
exponential obey the same identity for v;, and differentiating the exponential accounts
for all possible distinguished occurrences.

Step 6: one and two changes. The tree estimates also hold in the rooted norms with
changes. Differentiating (20.36) once gives

T, = e~ Tﬂaﬁ\ + Ty Z T),
U~A

where y ~ A means S, NS, # &. In the norm rooted at a fluctuation block, the last
operator has norm at most Ce < 1/2, since its incidence factor n) < e" is bounded by
a factor "+ of the support weight that is not used in the output bound. Its inverse is a
Neumann series with nonnegative terms and norm at most two. Hence a first variation is
bounded by the norm of the changed source. Writing /1y =}, Ty, the mixed variation
satisfies

T)\,sr - ehAaA,sr + ehA (a/\,sh)\,r + aA,rh/\,s) + T)\h)\,sh)\,r + TA Z Ty,sr-
u~A

Its inhomogeneous terms are a source with both changes, products of the two first
variations, and a source with one change times a first variation. Their bounds are
C(ega + €9€4), and the same inverse bounds the mixed variation. The polynomial
incidence factors have degree at most two, and sup,.,n%¢ " < oo. In the bilinear
interpolation, terms containing the family C are bounded by a constant times €; 4, since
the other monomial norms are bounded on the fixed small ball. Integrating the mixed



20 Fluctuation integration and normalization on block regions §20.4 93

derivative over the unit square, we obtain the four-corner difference, with the same bound.
These calculations apply at both stages of the expansion. For a background root, we
tirst sum the resulting rooted expressions at the distinguished factor at the intermediate
profile, with the sequence d; described above, and then apply the factor gX at each output
degree. If the background root lies on a factor different from both changes, the remaining
expansion has at most one additional distinguished branch. Its cubic incidence factor
is bounded by a further factor e of the support weight, since sup, -, n’e™" < co; the
passages from e'®l5! to ¢1%5| and from e'%5! to ¢I5| leave these factors available. The
source with both changes keeps its incoming factor, and the product source contains
the first variation in the incoming insertion. This proves (20.35) in both rooted norms,
including the case of a background root on an unchanged factor.

Step 7: spatial conversion. We keep the joined networks. By the hypothesis on B and
C, every term containing the boundary change carries a visit to Qi}. If a coefficient with
unfixed background root i carries such a visit, then by part (5) of Lemma 20.1

at(v) + adq (i) < (a+ a)€(Nunion) + Cja.

Since sp > a + «, the product of the weights ¢%0%x in by dominates e(a+)(Nanion) by (20.37).
The fixed buffer is used only at the final visit to Q). The factor v;/K in (4.11) is at most
the multiplicity of the distinguished index. The bound at the intermediate profile and
the degree sum Yy~ qX just proved, multiplied by the fixed factor p~2 and the buffer
constant, give the stated bounds on X¢.

Step 8: the logarithm. The bounds on the coefficientwise majorants prove the normal
convergence of every resolved series and of the displayed derivatives. For a small multiple
of the interaction, the two series are the Taylor expansion of the logarithm of the finite
product integral. Their exponential agrees with the integral throughout the strict ball, by
the identity theorem in that multiplier. Hence the integral does not vanish there. The
uniform absolute bounds allow us to remove the truncations to finitely many monomials
and to differentiate termwise in the parameters, and they prove holomorphy in the
absolute coefficient norms. We have not used the hypothesis on background supports in
the holomorphy theorem of Section 12. O

Theorem 20.9. Fix the torus rate ay > 0 and the ratio K. between the profiles ¢ = K¢ and
Pprof = VK.¢. There are geometric constants Cyjjoc > Cgeom and Cy > 2, independent of ],
with the following property; here Cgeom includes the transport allocation of Theorem 19.9(4).
Choose C8°°™ > Cg and choose | once with

eom

B — M] Z Bgeom, ZUhel”e Bgeom — 256CallOC(C§ + 1).
After | has been fixed, choose positive rates

eom eom
a=aq = asp, a=uaq=a/l6, Mrate = CE 7 (a + «), by = 8CE* ™My
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so that
Mrate + b1 < Min(Cprim,j, Ba) / Caloc, b1 < Ba/Calioes V3 (a+a) < ar,

where Cprim,; is the fixed positive reserve for the intrinsic tensors and the unperturbed weighted
reconstruction images, in the graph metric of Section 20.1, chosen no larger than the intrinsic
exponent cy of Theorem 19.9. The inherited perturbative networks use the separate inequalities
against Ba and Bw from Theorem 19.9; their images satisfy the half-radius bound at the allocated
working rates.

Consider a full renormalization group step (s = |) on admissible data. Sum the internal indices
first, keep networks through all positions of the monomials, and use the exact nonempty fluctuation
supports of Definition 20.6 in both expansions. All factors and polymer occurrences that are joined
share a fluctuation position; the union of their networks keeps every background index and every
visit to O, and adds no length. Set p = max;p; > 1, x = XP(f), and H = E + x, and
substitute the complex parameter z for the coupling powers as described before Definition 20.6,
with the insertion Ag(z). Let Eg and Zg be the integrals of e =Y against the product of normalized
symmetric reference measures on balls, for the interaction U without insertion and for U plus the
insertion, respectively. For the matched torus potential, with the fixed background slots set to zero,
define its restriction by deleting the monomials that use a missing fluctuation block, and adjoin
the missing blocks with the identical normalized reference measures.

There are €j,c,; > 0 and C; < oo such that the following holds if

o(z) = Cylzl(p® + p+ Hp)
1= Cylzlp

The integrals without and with insertion, the restricted torus integrals, and the linearly inter-
polated integrals do not vanish, and their logarithms are the normally convergent expansions of
Lemma 20.8. The regional and restricted families satisfy Wi + D1 < Cys(z); their boundary-
difference families satisfy the same bound with networks visiting Q). The comparisons of the
nonconstant parts of the logarithms, including the deleted torus terms with an unfixed background
index, satisfy

< ey, Crlzlp < 1.

X?(log 5 — (log E1)|) < Cjs(2), e c {O,R},
where the bar denotes zero extension of the fixed background slots; constants supported in QO°
remain separate. The mixed difference of the boundary change and the insertion is bounded
by Cj(eya + €y€4) in the norms of Definition 20.6, and every term keeps an incoming factor.
The family extends holomorphically to z = 0, and its compared insertion logarithm F satisfies
F(0) = F'(0) = 0. In particular, if
Cz,J

= T3 . 0. fmax < 2,
P3+p+HPI O< a TZ/

rz

then
X? (DR — (D"r,,)|) < Cjt2H(p* + Hp?), DR = —logEg + log Ey.

max
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After the whole boundary layer with reduced radius has been frozen as in Lemma 18.9, the classical
and quantum comparisons return the same rates a,«x and the same input radii; the torus rate
remains ay. The constants have the dependence described in item (3) of Definition 4.14 and are
independent of the later widths. The return of the same profile is asserted only for full steps with
B > Bgeom, 10t for compositions of fewer than | averaging steps.

Proof. The constants Cyjjoc and Cy > 2 include the fixed contraction and transport al-
location needed to retain a strict positive reserve above sy = a + « in the constituent
difference rows; in particular myate > 259. They bound the contraction with every index
rooted and the transport of the input boundary weight in Theorem 19.9 and Lemma 18.15;
they include the factor 1/3 of the conversion between Euclidean and graph exponents in
Section 20.1, and hence do not depend on J. The torus coefficients, bounded in B 4, with
Euclidean network lengths, have graph exponent at/+/3 > a + a by the last inequality in
the statement. With « = a/16 we have ate + by = (25/ 16)C§eoma, and both restrictions
against Ba and Ba follow from the lower bound on B. At this fixed ], we decrease a > 0
to satisfy the bounds on the exponents of the coefficients of the potential, of the weighted
images, and of the torus, including v/3 (a +«) < at. No constant depending on J is
used to choose |. The comparison of the classical boundary networks uses the same
allocation of the decay rate and no expansion with respect to a reference product. At
zero fluctuation it works as follows. Consider a classical comparison, or the comparison
of the pullback terms, with the boundary tensors rooted at every index. At background
degree k > 1, its rooted absolute sum on ¢ is bounded by its tensor majorant for fixed
J, and that allocation already accounts for the weights of its output network and of its
distance to Q)°. Passing to ¢ gives the factor K;*. Summing over the degree, including
any fixed polynomial factor for the choice of a distinguished index, we obtain the bound
in the coefficient norm with boundary decay. For a pulled-back incoming boundary term,
we use its jet majorant at half the radius and its distinguished input columns before this
calculation. Thus the classical coefficients are converted without assigning a fluctuation
support to a term at zero fluctuation, and these terms never enter either expansion.

We apply Lemma 20.7 at these rates and then Lemma 20.8. The hypotheses of
the latter on the rates and on the boundary-change families hold, since Lemma 20.7
uses s9p = a + a and gives the boundary differences with their networks visiting Q°.
Restricting a torus family decreases its norms, which are sums of absolute values. For its
difference from the full family, every deleted coefficient with an unfixed background root
visits a missing fluctuation position and hence ), and the same lemma applies. Pure
background constants without an unfixed index have zero norm with boundary decay
and stay outside this comparison. The estimate with two changes implies the comparison
of the logarithms with and without insertion. The logarithms and their derivatives in the
parameters are determined by the finite identities and normal convergence proved above,
not by a choice of a complex logarithm after integration.
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We choose ¢, j so that the disc |z| < 7, lies strictly inside the margins of Lemma 20.7,
of the free product, and of the logarithm. On this disc, (20.33) and the bounds with one
and two changes give

1F(2)|[xe < Cjlz|Hp.

At z = 0 every fluctuating monomial vanishes. The coefficient of z is cubic in the
fluctuation variables for the classical terms and linear for the quantum, Haar density,
determinant, and incoming terms. Each of these is odd under the simultaneous reversal
w — —w, so its expectation under the symmetric reference measures on balls vanishes. At
first order the logarithm contains a single monomial occurrence, hence F(0) = F'(0) =0
coefficientwise, at every real frozen value.

The normally convergent series F(z)/z is holomorphic, vanishes at zero, and has
norm at most C;Hp. Cauchy’s coefficient bound on |z| = r < r,, followed by r 1 r, gives
fort <r,/2

|E(t)]| e < 22 Hp/r. < ClPH(p* + Hp?),

where in the last step we used p > 1. The integral proof of the coefficient bound applies
to the supremum over the fixed index at every background degree, and then to their sum,
by the triangle inequality.

Finally, Lemma 18.9 restores the incoming radii when the whole zone with reduced
radius is frozen with the stated bounds on the frozen values. All conversions of coeffi-
cients were made on the fixed outer and intermediate profiles, and none is iterated at
later steps. This proves the return of the same profile and the stated independence of the
constants. [

20.5 Effective interactions and normalization constants

Theorem 20.10. Consider a full renormalization group step, s = |, on admissible data as in
Theorem 20.9. Set

ref

POR(v) = R(Log C%(v,0; brec)), QY = BY, — Zfilogzpi —log E§,
i

Bret = Z B (E\H—l)/
i

where f; is the number of free blocks at scale i and z, = f‘ w|<p e~ 101/2 3w, in the convention of
Theorem 12.13. The field-independent factors of the block averaging constraint and of the Haar
measure extracted from L; are kept in A. Up to the exact constant kept in A, the new effective
interaction MR produced by the step satisfies

MOR = Q2 + POR + DR,
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Here Q* is the newly generated term, PR is the pullback of the incoming interaction by the
zero-fluctuation reconstruction, and DR is the fluctuation correction of Theorem 20.9. For the
matched torus reference with zero extension of the fixed slots, there are constants A;, Kj, and Cj,
independent of the later widths, such that

X?(Q% = QMo + P2 (rgla) — (PTrg)loy) < Aj(1+E),
XP(POf) < KGXP(f).

Here Q) is the set of unfixed scalar output labels. Assume that the column bounds of Theorem 19.6
and their perturbed versions hold on the product with doubled output analytic radii, and that the
image under the reconstruction majorant on this product is at most half the incoming radius, as
in Lemma 19.7. Then one may take Kj = 4(log2)K.q) ;. Here K o) j bounds, for one fixed output,
the sum over all old input labels, weighted by their boundary decay, of the distinguished derivative
series of the perturbed zero-fluctuation reconstruction; it is chosen uniformly on the preliminary
perturbation ball by Theorem 19.9. The degree-one terms and every nonconstant dependence of an
omitted torus density on the unfixed labels are included.

At every admissible complex value of the coarse background and every fixed real admissible
frozen value, let I; and H; be the sets of unfixed and of missing scalar free labels at scale i. With
matched torus arquments extended by zero,

logdetK? = Y~ (log K )xx + B;, |(log K x| < C, 1B| < Cjl9pnQ-

XEE

These determinant statements also hold in the coefficient norm before evaluation. Scalar deter-
minant labels and fluctuation blocks are counted separately. All constants have the dependence
described in item (3) of Definition 4.14 and are independent of the later widths.

Proof. Every step here is a full step, s = J; a final composition of fewer than | averaging
steps that is evaluated deterministically adds no fluctuation integral.

Step 1: the exact factorization. The triangular calculation in the proof of Lemma 20.3
gives, at a fixed coarse background and fixed frozen values, the value of the integral

3F\ — 2 p . -
(H u7i,refgif ) ¢~ Fout/ 83 —Brei—R(Log C(v,0jbrec)) Hzgi Er(0), (20.38)
i

1

where Fout/g? is the classical value of the step with the output coupling, and the J; rf
are the extracted constant Haar disintegration factors. Inserting the definitions of Q,
P, and D into the exponent of (20.38), and writing logZr = logZy — DR, we obtain
MR = Q+ PR + DR. This proves the recursion, including its signs and its Gaussian
convention. Centering moves the value at zero into A and changes no factor of this
identity.
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Step 2: the generated term and the torus pullback. The deterministic part of QY — QT|
is the difference of the Haar densities at the minimizers and of the diagonal matrix-
logarithm densities along the two zero-fluctuation chains. Their rooted comparisons with
boundary decay are part (3) of Theorem 20.2. A density based at a missing torus label
is not discarded: a nonconstant coefficient with an unfixed index has a network to that
missing label, and its sum over the missing label is bounded from the unfixed index by
(20.2). Its constant is left in A. The terms log z,, and the constant Haar factors have no
nonconstant background coefficient. The difference of the logarithms without insertion
has the same fixed rates by Theorem 20.9, with a bounded norm in the cluster expansion.
We obtain a finite bound C; for the comparison of the nonconstant generated terms.

For the torus pullback, denote by ap the zero extension of Log CQ(U, 0; brec) and by
at the matched torus argument; in this paragraph ay is an argument, not the torus rate.
We have

1
ra,(aq) — rq,(aT) = /0 Drg, (a1 + T(aq — ar)) [aq — at] dt. (20.39)

Both absolute images are below half the incoming radius, so the whole segment admits
the coefficient expansion of the integrand. On an unfixed old input, the difference of
the arguments is the unperturbed defect of the reconstruction followed by the gauge
transformation (Theorem 19.6) plus the defect of the perturbation (Theorem 19.9). On a
tixed old input, the difference is a visit to ()°. The action and interaction tensors join every
output index to that visit, even if the source does not decay inside its own component of
Q). The jet bound (20.29) with 0y = 0 bounds the integrand by C;E, with its visit. The
conversion of networks and degrees in the proof of Theorem 20.9 therefore bounds its
X? norm by C/E. Together these bounds prove the first inequality, with A; fixed on the
larger products. No first derivative of the output was canceled.

Step 3: the pullback of the boundary function. For the zero-fluctuation reconstruction
P, (v) = Log Ce (v, 0; brec), we define

Cor(29) = Y 14|y, | (290) Vet (e} Usuppv).

All constants in this step refer to the perturbed map. Let D? bound the unperturbed
distinguished series on the larger product with doubled output analytic radius. The
difference of the reconstructions in Theorem 19.9, rooted at every index, with the uniform
incoming norm and the inequalities on the conditional forces checked above, bounds
the additional distinguished series by o D} there. We fix a spatial decay rate b > « and
define

D3 =DV + 0D}, Cex(29) < Di(2¢py)e P ister), (20.40)

The factor 2¢, appears because the input index is distinguished before the sum of absolute
coefficients is taken. The rates are below the common exponent available in the coefficient
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bounds of the potential, and both D? and D} are computed at the preliminary bound
on fixed larger products, before the later widths. Here and below, for an old input
label e of R (a label of the incoming set Dj,, on the input lattice of the step), we write
dod(e) = dp, (e) for its distance to the incoming fixed complement, measured in units
of the input lattice as in the incoming norm. For a current unfixed background input
x, we write dout(x) = dq(x) for its distance to ), in units of the output lattice. Finally,
dist(e, x) is the distance between x and the position e/ B; of ¢, in units of the output lattice.
Applying (20.8) on the old input set of R, which is the same set of unfixed labels, with
quantum radius p, and dividing by Bs, we obtain

dout(x) § dold (6)/B5 + dist(e, x) + Cbuf,]/Bs-

In Theorem 19.6 the distance d4q is measured in units of the output lattice, and the in-
equality dout(x) < doig(e) + dist(e, x) + Cj is an explicit hypothesis of that theorem. With
dolq there equal to our dy4(e)/Bs, the inequality just displayed verifies this hypothesis,
with buffer Cyy¢;/ Bs; it holds because the incoming fixed complement lies on the current
fixed side. Since Bs; > 1, this also gives the weaker comparison with dg4(e) in place of
doia(e)/ Bs. The density of the old labels then implies

e_ad(’ld(e)ce,x(z(]b) < Kcol,] P g~ Mou(x), (20.41)

e old unfixed

We define K, ; as a common bound for this inequality, uniformly on the preliminary
perturbation ball. One admissible choice is any number at least 2D?Cte”‘cbufr1 /Bsgi(b—w),
with the fixed volume factors included in S;, and at least the unperturbed column bound;
we take the finite maximum over the label types and the stages. The absolute image on
the product with doubled output analytic radius is at most p/2. The construction used a
ratio larger than two between the profiles, so no repeated reduction of radii is involved.
This is the column calculation of Theorem 19.6, with its constant enlarged by (20.40). The
hypotheses on the doubled product and on the incoming image at half the radius are
used here.
Let x; = XP(f). At an old input root e, the distinguished derivative sum evaluated at
p/2 satisfies
Y ne,fn’(p/z)lnlfleat(suppn) < 4pre*“dold(e). (20.42)
7:17.>0
For degree I this follows by multiplying the normalized coefficient with this input fixed by
12'~!p, which is at most 4p; the case | = 1 is included. The chain rule for coefficientwise
majorants, the union of networks, and (20.41) bound the distinguished coefficient sum
of the output at 2¢ by 4K, j0*x fe_"‘dout(x). At degree k the fixed-index weight of the
coefficient norm with boundary decay inserts the factor 1/k, and evaluation at ¢ instead
of 2¢ inserts 2. We take the supremum over the fixed index at each degree and then
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sum. Since integrating Y;>ou/ = (1 —u)~! over [0,1/2] gives Y- 27%/k = log2, we
obtain
X?(POf) < 4(log2)Keop X -

This also shows that a finite K; exists when no particular column constant is specified.

Step 4: the logarithmic determinants. The diagonal coefficient series of log KT is
bounded uniformly for each scalar label. To bound the constant as well as the derivatives,
we write

log K = /Ow (1467~ (K+ 671 ar.

Near t = 0 the gap bounds the integrand. For large t, the resolvent identity with I bounds
it by Cj(1+t)~2, since K — I has a bounded coefficient row on the larger product. This
integrable bound and the derivative bounds with every index rooted allow us to integrate
coefficient by coefficient. The exact normalization of the scales adds only the same term
ilog M for each scalar label, with i < J. Thus |(log KT),x| < C; on the stated complex
profile, not only at zero background.

The comparison of a regional logarithm with the restriction of the torus logarithm
is the sum of (20.20) and (20.21). Its diagonal density at an unfixed root u is bounded
in coefficient norm by C ]e_cfdﬂ(“). Summing these diagonal defects and using (20.4), we
obtain the bound on B;. If Q)¢ is empty, the defect is zero. O

To state the recursion for A we fix the counts that enter it.

Definition 20.11. Consider a full step on the block region () and the matched torus step.
Every scalar label is counted on the lattice on which it is introduced.

1. For each scale i, |H;| is the number of missing scalar free labels at scale i, that is, free
labels of the torus step that are not labels of the regional step.

2. Nmissing is the number of scalar labels of the torus step (background labels on the
output lattice and free labels at the intermediate scales) that are not labels of the
regional step. We write My, for the set of missing torus fluctuation blocks; since
each such block consists of three missing scalar labels, | Mpjock| < Nmissing-

3. Npq is the number of scalar labels of the regional step whose positions lie within
the fixed distance wy,nq > 1 of W, where wy,,q is the width of the interface band
determined by the construction stencils; it does not depend on the later widths. This
is Npand Of (20.5), 50 [p QY| < Npg < Cjlopi Y|, including for isolated final blocks.
Both counts are zero when W is empty.

4. Nfreeze is the number of analytic scalar labels that are newly frozen at the end of the
step, including, at the first step, the labels frozen at initialization.

When the steps are indexed by t, these counts are written |H;| for the scales i of step ¢,
and Nmissing,t/ Nbd,t/ Nfreeze,t-
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Lemma 20.12. Assume the hypotheses on the products and the small-interaction hypothesis
of Theorem 20.9, in a full step, and fix a real admissible coarse background, a real admissible
frozen value, and a real coupling t = tmax. Use the potential without or with the insertion,
from Lemma 20.3, and remove its entire zero-fluctuation part before forming the interaction U,
e € {0, R}. Let 7t be the product of the identical normalized three-dimensional Gaussian reference
measures on balls, including the reference measures of all missing torus blocks, and write

B = /e—uEr dr, EQ = /e‘”f’ dm, e {0,R}.

The regional interaction does not depend on the adjoined variables. With Niissing and Npq as in
Definition 20.11, there is a restricted interaction U on the same product such that

||U2r — Ul < C]5(t) (Nmissing + Npd),
U = Ullleo < Cys(t) Noa.

Consequently, for the positive real logarithms,
log BY — log E¢!| < Cs(t)(Nmissing + Nod)- (20.43)

This includes evaluation at coarse background zero, with the frozen values unchanged. Empty
products have integral one.

Proof. The reference measure on a block (i,e) is Z;Z-ll|w\§pi€_|w‘2/2 d3w. We take the
product of these measures over the union of the two sets of blocks. Adjoining blocks
multiplies the regional integral by one, even for blocks at different scales with different
radii.

For this comparison of constants only, we resolve the torus monomials as in Defini-
tion 20.6, and let Dmon = {A : Sy N Mpiock # D} be the set of deleted monomials. We
call the remaining interaction U°. The bound on Wi gives

e N DR D

XEMpiock A XES)

The set of monomials may be infinite; no bound on its cardinality is used. By Defini-
tion 20.11, [ Mpjock| < Nmissing < Nmissing + Nbd- This proves the first inequality.

For the regional and the restricted monomials, we compare coefficients on the com-
mon set of unfixed fluctuation labels, at the same background argument extended by
zero. We use the comparison before the logarithm in Theorem 20.2 and Lemma 20.3: a
reconstruction formula, a minimizer, an inverse square root, or a Haar density is replaced
one factor at a time. A change of the coarser arguments is the integral of their derivative
against the difference of the reconstructions, which carries a visit to ()°. For an incoming
torus term we integrate Dr;, on the segment between the two absolute images, which
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lie below half the radius; fixed old input slots are visits to (¢, and unfixed slots use the
defect of the reconstruction in Theorem 19.9. The boundary function f enters with its own
incoming boundary weight. By the versions with every index rooted, these comparisons
keep a visit to )° and every specified unfixed fluctuation index, including all degree-one
terms. They are estimates on monomials before either logarithm is expanded, so the
present restriction need not coincide with the one used in the earlier expansions.

Every remaining fluctuation monomial has an unfixed fluctuation index. We assign
each compared monomial to its first such index y. The comparison of coefficientwise
majorants with every index rooted bounds its absolute sum there by Cfs(t)e’“dﬂ(y).
Summing over these indices, we obtain

IUC - U < Cs(t) Y e0W) < Cla(1) Py < CJs(t)Noa,

y unfixed

by (20.4) and Definition 20.11. This proves the second inequality, at every fixed real frozen
value.

The zero-fluctuation values of F;, L;, B;, and R in Lemma 20.3 were subtracted before
this sum and stay in the prefactor. In particular, a constant depending on the frozen
values does not enter the boundary estimate. The convergent coefficientwise majorants
justify all assignments and sums, by finite truncation and monotone convergence of
absolute sums.

Finally, if real bounded U, V satisfy |U — V| < D pointwise, then e DV <e U<
ePeV. Integrating against a probability measure and taking logarithms gives

‘log/e_udn—log/e_vdn} <D.

All integrals here are finite and strictly positive because the potentials have bounded
majorants. We apply this twice, through U, which proves (20.43). For a real interaction,
the integral with the interaction multiplied by 0 < 6 < 1 is positive and equals one at
6 = 0. The logarithm given by the cluster expansion vanishes at § = 0 and therefore
agrees with the positive real logarithm along this path. The comparison therefore also
bounds the constant used in the analytic recursion. O

Theorem 20.13. Use full steps on admissible data with p; > 1 at every intermediate scale, the
exact extraction of field-independent factors, and the centered torus recursion of Theorem 20.10.
At every full step assume the product and rate hypotheses of Theorem 20.9, together with its
small-interaction and auxiliary-disc gates for the actual potentials without and, whenever used,
with insertion. The bounds in those gates include the incoming torus and boundary interactions;
admissibility alone does not impose cluster smallness. Restrict the coarse backgrounds, the
couplings, and the frozen values to real data on the chosen products of fluctuation balls. Index the
full steps by t = 0,1, ..., keep the exact incoming value of A, and write ANy = Ay — AT for the
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difference between the regional and the torus normalization constants before step t. At the end of
step t, the newly frozen analytic scalar labels form a set F, frozen simultaneously at the values ct.
Assume the following.

(a0) The incoming centered torus interaction and boundary part have fixed bounds Bpqp (7in) <
Ein and XP(fin) < Xin. In applications of Theorem 20.14, one has Eiy, < E and Xin < 0.
(a) The outgoing centered effective interaction of step t has the form R®™ = ry + f with
R°"(0) =0, Dry(0) =0, Bya(rr) < E, and Xg (f) <Y, where Y is a fixed bound.

(b) Every newly frozen value satisfies |cf| < ¢(j)/4 forjeF.

Then at each step, including the simultaneous restriction to fixed values at its end,

A/\t—i—l < AAr+ Z |Hz| log(l/gi) + C](Nmissing,t + Nbd,t + Nfreeze,t)r (20'44)
iinstep t
with the counts of Definition 20.11, where C; may also depend on E, Y, E;,, and X;,. Each
Gaussian dimension occurs once, and the normalized auxiliary variables and the Haar measure of
the block axial gauge trees have mass one. The restriction to fixed values is exactly

Rnew(v) = R (0,¢%) — R%(0,¢%),  Anew = A — R0, ),
and the frozen constant satisfies
IR°U(0, c*)| < p?|F|(E/16 + Y /4). (20.45)

The classical constants remain in the full classical action. A constant of the incoming interaction
is first moved into A exactly, using e~ R = eA=R0)p=(R=R(0)): o nonconstant norm bounds
this constant. No additional term proportional to |Q|log(1/g) appears. The restriction at
initialization is included, with R the torus reference and f = 0. The constant Cj has the
dependence described in item (3) of Definition 4.14 and is independent of the later widths, of the
preceding depth, and of the number of steps. No inequality for complex values and no recursion
for compositions of fewer than | averaging steps is asserted.

Proof. We compare the logarithms of the regional and the torus factorizations term by
term: first the deterministic factors (Step 1), then the fluctuation integrals (Step 2), then
the pullback at zero fluctuation (Step 3), and finally the constant produced by fixing
coordinates (Step 4).

Step 1: coupling powers, determinants, and Haar factors. At fixed real frozen values,
the factorization (20.38) contains exactly one factor g; for each scalar free coordinate and
one triangular determinant. Subtracting the logarithms of the regional and the torus
factorizations, we find for the coupling powers

Z[Zloggi— B loggi}zﬂHf!log(l/gi)-

i x€l; xel;UH;
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The determinant statement of Theorem 20.10 bounds the difference of the logarithmic
determinants by C; for each missing scalar label plus Cj|d,x Q2| < CjNpg, by (20.5). The
same argument applies to the Haar densities at zero fluctuation, by the comparison
in part (3) of Theorem 20.2. Their constant normalizations depend only on M and
J and contribute C; for each omitted or interface coordinate. Since p; > 1 we have
0 <z <z < (27‘()3/ 2 so the terms log zy, contribute a bounded amount for each
missing block. The Haar measure of the block axial gauge trees and the adjoined
reference measures contribute no dimension.

Step 2: the fluctuation integrals. Under the expressly assumed product, rate, and small-
interaction hypotheses at this step, Lemma 20.12, at coarse background zero, bounds the
difference of the fluctuation logarithms without insertion, and of those with insertion
whenever the factorization uses them, by C ]5(Nmissing + Npq). In that proof, each missing
fluctuation block is counted among the missing labels and each comparison at unfixed
roots in the interface count; no geometric crossing argument is needed. Using 5 < €], we
find that this step contributes Cj(Nmissing + Nbd)-

Step 3: the pullback at zero fluctuation. The zero-fluctuation value of the pullback has
not entered Step 2. For its centered torus and boundary parts we assign each monomial
of degree I > 1 to its input roots with the shares #./I, whose sum is one. The input
norms in hypothesis (a0) and Definition 4.6 give C;E;, or C; X, for each input root, after
the common image at half the radius has summed the degree series. Missing roots are
counted as missing labels. Differences rooted at unfixed labels carry the visit in (20.39)
and are summed by (20.4). The incoming constant was moved into A exactly before this
calculation.

Step 4: fixing coordinates. Finally we apply Lemma 18.9. To prove (20.45), note that
when the unfixed variables are set to zero, only monomials supported in F survive. On
such a monomial of degree I we have } ;crv;/I = 1, and by hypothesis (b) its frozen

value has modulus at most 47!|f,|¢¥. Summing over j € F and using the definition of X;’;
with the weights larger than one dropped, we find that the boundary part contributes
at most |F|p?Y /4, since | > 1. The torus part has [ > 2 and |c;j| < p/4, so the seminorm

bounds its contribution by |F|p?E/16. This proves (20.45); the bound contributes C; for
each newly frozen analytic label, degree one included. The value is subtracted from
A with the sign in the statement, and its absolute value gives the upper bound. The
same identity applies at initialization. Data deep inside the fixed complement stay in the
external factors, and the classical constants stay in the classical action. Adding the finitely
many contributions proves (20.44). Every estimate used a coefficient bound for each label
or the boundary sum (20.4), which does not depend on the shape of the region; none of
them estimates the incoming constant or introduces a factor depending on the number of
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components or of steps. O

20.6 Preservation of the analytic bounds under iteration
The following theorem is the main result of this section.

Theorem 20.14. Fix the torus analytic radii and rates, the torus support weights and spatial
margins, and M, and fix Ay, > 1. Choose | once so that the conditions on | of the torus
construction used in Lemma 19.7 hold and B > Bgeom, as in Theorem 20.9. There exist positive
fixed base radii p, pq, Rraw and rates a, « as in Theorem 20.9. At these radii and rates, fix a finite
torus ceiling E > 0 as specified below. For each such fixed E, there exist positive radii Ry, Ren, a
perturbation bound o, the classical and quantum radius profiles defined in Section 20.1, a width
Ser Of the frozen layer, a bound Brec on the frozen values, a support radius r, and a coupling bound
g« < e 1, with the following property. One may take p = p; other fixed ratios are allowed if
both image conditions are imposed. The dependent constants and g. may depend on E, and g.
may also depend on A,,. More generally, after fixing the larger construction data, base radii and
rates, and torus ceilings, the conclusions hold for every choice of the remaining parameters made
in the order of Table 20.1 and satisfying all requirements in Steps 4-10 of the proof, as well as the
explicit hypotheses of the theorem.

The fixed E is required to be a common ceiling for every incoming and outgoing centered
torus reference interaction on the quantum radius and rate used below, including the reference
at initialization and the terminal output. It is fixed before all parameter choices whose bounds
depend on it, in particular the local output and mean constants and the final coupling ceiling.
Consider a full step on an admissible block region satisfying the protected-neighborhood conditions
of Lemma 19.5, at any preceding depth and after any number of earlier steps, with a real admissible
frozen value and an input satisfying

XUP) <20, Bpay(ray) <E,  XP(f) <o, maxg; < g
1

Assume the uniform incoming classical norm on Diy, the boundary comparison (20.8), and the
inequality on the conditional forces of Theorem 19.9 and Lemma 19.3. Set p(t) = Awlog(1/t)
and require at the t-th step, with t; = max; g ;,

p(te) < pri < p(t) + 3Aw(] — 1) log M.

Assume the inclusion of the products, the positivity of the rational image denominators, the
small-interaction condition, and the conditions on the auxiliary half-disc of Lemma 20.3 and The-
orem 20.9, with the bound chosen for this whole family of radii. The small-field event uses
pri = p(tt). All conclusions formulated relative to the fixed torus recursion r;—the recursion
for A, the iterated boundary norm bounds, and the resulting oscillation bound—use this common
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choice of fluctuation radii. For any other radii in the displayed range, the local single-step compar-
isons are with the torus update computed on exactly the same fluctuation product; no identification
of that update with the fixed 14, is asserted. Under these hypotheses the perturbed objective has
all of the following properties: the coefficient bounds of the potential with each index fixed in turn,
the gap of the constrained Hessians at every stage, and the strict bounds on the image under the
reconstruction majorant, on the outer profile times the whole enclosing product; the comparisons
with boundary decay of Theorem 20.2; the potential of Lemma 20.3; the expansions without and
with insertion of Theorem 20.9, with input support weight e'®1! and output support weight e*/5|
as in Lemma 20.8, and with the same returned rates and radii; the bounds on the generated term,
the pullback, and the determinants of Theorem 20.10; and the recursion for A of Theorem 20.13.
These properties are conclusions of the earlier results.

All output constants are evaluated on the preliminary ball oy and on the fixed boundary-
completion ceiling X Cl(Sg) < 09/4. Thus one may take A‘}l = A;LO + K?(To /4 when passing
from the adjusted perturbation to Py; this uses no later choice of Brec or 0«. The final freezing gate
implies the stronger ceiling o /4.

More explicitly, let x; = X (f;) and x$! = XV (P}) be the incoming boundary norms of the
quantum and the classical parts at step t, the boundary-completion adjustment of the classical part
being understood. Before coordinates are fixed, the outgoing boundary norms y; and ys' satisfy

yi < A(14E) + Kjx; + Cj2(E + 1) [pt + (E + x1)p2],
i< AT KN, =maxgy, = maxpy,.

Under the hypotheses on the doubled output analytic radius and on the incoming image at half the
radius, K; = 4(log 2)Kj j, where Koo j is the column bound of Theorem 20.10 for the perturbed
zero-fluctuation reconstruction, uniform on the preliminary perturbation ball. The recursion for
A is Theorem 20.13.

Whenever coordinates are fixed, fix every label with reduced radius and keep the remaining
unfixed labels at distance at least se; from the previous boundary. For @ € {cl,q}, with (oq, Eq) =
(p, E) and classical radius p.y, choose

ECI Z Sup de,tl"[(Ed)/
a=0

where ar is no larger than the classical coefficient rate of Theorem 10.11. The factorial all-root
bounds give this finite ceiling after the analytic radius is chosen inside their convergence radius.
For both values of e, require

CoceEePrec/po < 0 /4, |Cf| < min{Brec, Po(j)/4}.

Here Cp. o > 8 is fixed before Brec and the later widths, and includes any finite sum over types of
boundary-completion differences and over conversions between coordinates; a single simultaneous
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restriction of the union of all newly frozen labels to their fixed values uses Cpco = 8 in the
coordinates in which the labels were introduced. Every frozen label, whether in the boundary
layer, in a protected neighborhood, or among the boundary-crossing coordinates, and including
the labels frozen at initialization, is covered by this bound. Here c* is the value in the analytic
coordinates in which the label was introduced; any conversion from group values or transported
coordinates is included in the bound by Brec beforehand. Assume xo, x5 < 0. Then, including
the new boundary-completion differences of the torus parts,

xpp1 < z¢ 420y, xh ) <28t pem )yl

where z; and z$! are the norms of the boundary-completion differences of the torus parts created
when coordinates are fixed at the end of step t. The choices can be made with

X0, x81 S Ok, Zt, Z(tjl S O /4/
and with the last terms of both recursions at most o, /2, uniformly on the input ball. In particular
xt,xfl < 30./4 (t>1)

after any finite number of steps, with no further loss of radius or rate. For |v;| < ¢(i) the
oscillation of the centered effective interaction satisfies

|Rt(v} brec) - Rt(o} brec)| < Pz [E|Qt| + 0y Z eiadﬂt(j)} ’
jGQt

where, for this count and this sum, () denotes the set of unfixed scalar labels, directions and colors
included. At the output of a step that is not followed by fixing coordinates, o, in this formula is
replaced by the fixed output bound for y;.

All constants have the dependence described in item (3) of Definition 4.14 and exclude the
later widths. The output bounds are computed first and ser afterwards; | is not enlarged by
means of these constants for fixed J. The theorem concerns admissible data; that the configurations
of the large-field decomposition are covered by them is proved separately in Section 21. For a
composition of s < | averaging steps the estimates at each stage hold on their admissible products,
but a conclusion about the two images or about the enclosing product also requires the separate
image condition for that shorter composition; the preservation of the profile is asserted only for full
steps. An empty set of unfixed labels has nonconstant norm zero, determinant one, logarithmic
determinant zero, and fluctuation integral one.

Proof. The proof has three parts. Steps 1 to 3 prove the bounds on y; and y¢! before
coordinates are fixed. Steps 4 to 10 make the parameter choices in the order summarized
in Table 20.1 and check that each choice uses only quantities fixed before it. Steps 11 and
12 prove the iteration and the bound on the oscillation.
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Quantity

Chosen after

K\, torus support weights, and margins

J
0, Pcl, Reaw, with K, max(p, pa) < hy

a,u

E and the classical ceiling E

0o, Tq

A,Cy, Cq,Cen,j, Ly, and all output, tensor, and image
constants

Ry, then o,

09,6, Whd

Y, Y, then ser

Cbc,or Cword,]r Cconv, ]

fixed data

K, and the torus data

J and the fixed auxiliary convergence
products

J] and the exponents of the coeffi-
cients of the potential

the base radii and rates

radii, rates, and the fixed ceilings

70

these constants
these constants
O«

the larger charts

108

Brec, then 7, then Ren 0« and the conversion constants
9+« all of the above, and A,,

Table 20.1. The order of the parameter choices in the proof of Theorem 20.14. The requirements
are stated in Steps 4 to 10.

Step 1: the hypotheses at each step. We fix A,, > 1 before the coupling bound. The
coefficient constants of the potential and the torus and geometric conditions used to
choose | do not depend on Ay; only the final coupling bound may depend on it. At each
step, the incoming classical norm is the uniform norm on Djy,, the boundary comparison
(20.8) holds by assumption, with all label positions and volume factors on the lattices
where the labels were introduced, and the conditional forces satisfy (20.12) and (20.13).
The strict bounds on the two images place all segments of evaluation inside the uniform
incoming products. Thus, at the fixed frozen value b = (¢, brec), both the perturbation
and its comparison with zero satisfy the hypotheses of Theorem 19.9.

Step 2: the classical comparison before coordinates are fixed. Let ag and ar be the two
admissible zero-fluctuation chains before the gauge transformation, the regional one with
its missing slots set to zero. The comparison of values, before the common factor M/, is

Fr(v,aRr) — Fr(v,ar) = Fr(v,agr) — Fr(v,ag)
1
+ /0 D.Fr(v,ar + t(ag — ar))[ag — ar] dt.

The fixed larger charts contain this segment, since the smaller solution neighborhoods
have strict room in them. The first difference has the representation (20.16) through
changed formulas. On unfixed free slots, the difference of the chains in the integral is
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the comparison of minimizers in Theorem 20.2, here with perturbation zero; on missing
free slots it is a bounded source in ()°. Every nonconstant coefficient with an unfixed
output index therefore has a network to (), by the action tensors rooted at every index
and Lemma 18.15. This includes derivatives falling on the action tensor while the source
stays undifferentiated. We sum over the indices in Q)¢ from the unfixed index using (20.2).
Pure constants supported in Q) stay in the classical value. The conversion of coefficients
and profiles in the proof of Theorem 20.9, without its expansions, now yields a finite
bound A’jl for the centered comparison. The factor M/ depends only on | and is included
in this constant. No interpolation between different fibers is used in this calculation of
values.

Step 3: the perturbation and the quantum comparison. Next we interpolate in the
adjusted input perturbation. By the envelope formula, the derivative of the minimum
value is the evaluation of the perturbation at the minimizer. The strict bound on the image
under the reconstruction majorant bounds its input jets, and joining its input boundary
network to the reconstruction networks proves the output bound K;lxd. Equivalently,
this is the conclusion of Theorem 19.9 on the minimum values for two perturbations,
with its exact boundary-completion adjustment. The fixed small boundary-completion
difference is included with the unperturbed term in A?l. This proves y°' < A?l + K‘flxd.
The coefficient networks in this argument are the classical ones, with the common rates
chosen in Theorem 20.9.

For the common cutoff p;; = p(t;), we subtract the matched torus recursion, which
is the fixed recursion r;, from the recursion of Theorem 20.10. The difference is the
sum of the comparison of the generated terms and torus pullbacks, the term P}f, and
the compared fluctuation correction. The first two are bounded in Theorem 20.10 by
Aj(1+E) and Kjx, and the third by Theorem 20.9. By the triangle inequality, we obtain
the stated bound on y.

Step 4: radii, rates, and the perturbation bound. The fixed products include the aux-
iliary reserve h; in the definition of admissibility. Choose the analytic radii within
Ky max(p,pq) < hj, and the free radii below /, before fixing the preliminary perturba-
tion or any output coefficient bound. In particular every factorial series and implicit or
matrix-function series used for Theorem 20.2 is summed on a strictly smaller product.
We fix K, before | and choose | for the torus conditions and the geometric condition.
We choose the base radii inside the fixed larger construction domains; one may choose
p = pg, and different fixed ratios simply keep both image conditions. We choose the
common rates below the intrinsic coefficient and unperturbed image exponents at fixed
J, and impose the separate output-rate conditions against Ba and Ba for the inherited
perturbation. Its controlled coefficient difference preserves the half-radius image at these
working rates after the final perturbation bound is decreased. We decrease Raw and the
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base radii if necessary, for the fixed margin of the larger construction domain and for
CreKipe < 1/4. The torus conditions are used with their stronger torus rate, not through
an estimate involving an uncontrolled regional constant.

At the chosen base radii and rates we fix the torus ceiling E in the statement and the
classical ceiling E4 furnished by the all-root bounds. Subsequent local constants and
the final coupling ceiling may depend on these fixed ceilings. We choose a preliminary
bound oy below the admissible inverse, conditional force, and real gap margins, and a
free radius r; with

Cseq,] (2IOCP(TOPCI + I’q) < Etube/ 2.

The constants are those of the larger construction neighborhoods in (20.12), whose unifor-
mity in all higher parameters was checked there. We compute all output, tensor, image,
sequential, and enclosure constants uniformly for this bound on the fixed larger products.
In particular we fix A, Cy, Cq, Cen,j, and Ly, and the difference-row constants Cp at
the allocated working rates, and choose Ry from the positive minimum in Lemma 20.3.
Then we fix 0, < 0y so that, for both radii,

040 < A«Rw/ (6Cen,y), Cpe0xpa < po/64.

This order is necessary because this summand of the enclosure remains when r and Brec
are decreased.

Step 5: the boundary radii. We choose the two reduced boundary radii so that the
bounds on the image at zero fluctuation near the boundary in Lemma 19.7 are at most
pe/16. Then we choose a fixed width wpgq of the boundary layer so that the bounds
on the tails far from the boundary are at most p,/16. The remaining bounds at zero
fluctuation are the torus bulk bound and the bound for the frozen values. The first is a
torus condition, and the second will be imposed on Brec. All constants in these choices
were computed independently of these widths and reduced radii.

Step 6: output bounds and the width of the frozen layer. We set

I 1
/¥ =3Aw(J-1DlogM,  p*(t) = Awlog(1/t) +¢®,  H.=E+o. (20.46)

At a step indexed by k, write t = t;. By the hypothesis on the radii, 1 < p(t) < py; <
pt(t), since t < g < e~!. On the input ball we impose provisionally the requirement

CPH.[(p* () + Ho(p* (1)) <1,
which holds for small couplings. We then take the fixed output bounds

Y=A(1+E)+ Ko +1, Y= Af+Kfo,.
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We choose the integer width of the frozen layer with
Ser > max{Z, Wpq, 1+t log(4max{Y, Y 1}/0v) }

The bound may be enlarged to account for the fixed buffer between label positions in
Lemma 18.9. Each output restricted to the interior of the frozen layer is then at most
0, /2, since 2e~%Ger=1) max{Y, Y} < ¢, /2.

Step 7: the frozen values and the new boundary-completion differences. Whenever
coordinates are fixed, let F be the union of all newly frozen analytic labels: the whole
zone with reduced radius, the protected neighborhoods, and the boundary-crossing
coordinates. The same convention covers the restriction at initialization. In the coordinates
in which the labels were introduced, a single application of Lemma 18.9 to this union
bounds the torus boundary-completion difference by 8E¢Brec/pe. The rate hypothesis
of part (2) of that lemma holds with the torus rate a and the regional rates 4, «, since
V3 (a + &) < at by Theorem 20.9. No separate factor arises for each component of Q.
If a fixed finite list of types of boundary-completion differences is kept separately, with
conversion factors Ly ,, the triangle inequality yields instead the bound with Gy, =
83 k Lk o. We include the classical boundary-completion adjustment among these types
whenever it is recorded separately. These constants are fixed on the larger charts, before
Brec and all later widths.

The bound concerns the analytic values c]t.i in the coordinates in which the labels
were introduced. For a frozen group element in the identity chart, [Log U| = pg(U) in
the Euclidean norm of the Lie algebra, so this conversion has constant one. A longer
tixed chart formula, in the coordinates before the gauge transformation or in transported
coordinates, has a finite bound C,,4rq,; On its derivative rows on the larger construction
domain. Integrating along the input segment, we bound its logarithm in the identity chart
by Cyorg,; times the maximal input norm. These conversion constants are fixed before
the bounds on the frozen values are chosen. If a separate estimate for the initial frozen
values is provided with a constant C,q ;, we choose Ceony,j > max{1, Cpq, 7 Cword, ]} before
using a condition relating the support radius to the frozen values. The theorem assumes
the bound on every c?. It does not deduce this bound from a small support radius in an
arbitrary gauge representative, and it transports a norm bound between gauge frames
for the frozen coordinates only when the change of frame is the norm-preserving adjoint
action of a block.

We choose Brec > 0 below the bound for the frozen values in the image, below the
enclosure bound ARy / (6Cen,j), and, for both e € {cl,q}, below

. O«Pe
mln{pa/. /4’ 10. /4’ 4Cbc,.(Eo + 1) } (204:7)

These are upper bounds on a quantity chosen after their constants, and they remain
positive when a bound E, is zero. They imply the two inequalities Cp,. ¢ EeBrec/pe < 04 /4
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in the statement. The hypothesis |c]ﬁ| < min{Brec, Po(j)/4} is imposed on all of F, not
only on the old boundary zone.

Step 8: initialization. The assumption xo, xf)l < 0y of the iteration can be met: starting
from the torus reference, both boundary parts are zero before initialization, and the same
restriction of the union to fixed values, together with (20.47), gives initial boundary parts
of norm at most 0, /4. For other prescribed inputs the bounds on the initial norms are
kept as hypotheses. The coverage of the configurations and the estimate for the initial
frozen values are separate inputs of the later applications.

Step 9: the support radius. We choose r > 0 inside all margins of the small-link domain
and of the larger construction domain, below ARy / (6Cen, ]), and, when an estimate for
the frozen values in terms of the support radius is provided, with Ceony,j7 < Brec, imposed
after the conversion constant has been fixed. Then Ren = 2Cen j(7 + Brec + 0x0c1) / A+ is
positive and at most Ry. The image denominators now have their fixed margins, and
Lemma 20.3 supplies the radius-dependent curvature budget on the whole product. The
full curvature conclusion also requires the coupling condition Cot?Ly < 1/16, imposed
in Step 10.

Step 10: the coupling bound. Fix Cgate, j dominating the primitive, small-interaction, and
fluctuation-remainder constants of Lemma 20.7 and Theorems 20.9 and 20.10, including
their fixed multipliers, while keeping the established €/, ¢, ;. Finally, choose g. < e~! so
that the following inequalities hold for every 0 < t < g,:

tp"(t) < Ren, Cgate]tp+( ) <3
2CqatetDF(t) <€, tDT(1) <ep/2,  DF(H) = (pT(D)*+ (1+ Ha)p™ (1),
CoPLy <1/16,  Cit(Ly +2) < 1/(4V3),
Coate st He [(p7(1)* + He(p*(1))?] < 1.

(20.48)

The image denominators are at least 1/2 on the whole enclosing product by the earlier
image bounds, which do not involve the coupling. At a step indexed by k, apply these
inequalities with t = t; < g.. For any radii in the stated logarithmic range we have
pr < pT(t) and E + x; < H,. The first line implies the inclusion of the products. The
next line implies s(t) < ey and t < ¢;;/(2[p} + px + (E + x¢)px]) = rz/2. The third line
implies (20.26); since p(t) > 1, it also implies the condition Cit(Ly +2) < p(t)/(2v/3)
on the means in Lemma 20.5. The last line is the provisional requirement of Step 6. The
choice is simultaneous, because every left side that has to be small is a fixed combination
of tlog?(1/t) and t?log?(1/t) for finitely many integers q. Writing t = ¢~ *, we have
e "ul — 0; for example the power series of ¢*/? bounds u%e™" by a constant times e~*/2.
These upper bounds hold for all sufficiently small positive ¢, so a single bound works
for all scales of every full step in the prescribed family of radii. The common cutoff has
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pri = p(t), and the cutoffs at the individual scales, p(gr;) = p(t) + Awlog(1/A;), lie in
the same range. The expansions are used on these chosen products, not on the enclosing
product Kepn. This final choice does not change the output bounds or the width ser, which
were computed before.

Step 11: the iteration. Here and in the oscillation estimate we use the common fluc-
tuation products, so every torus reference is the fixed recursion r;. By Lemma 18.9
with 7 = 1/4, tixing the coordinates of the union F bounds the old boundary part by
2e~ %=1y, since |c]ﬁ| < ¢o(j) /4 and all labels with reduced radius are frozen. Indepen-
dently, the boundary-completion differences of the torus parts satisfy, by the hypothesis
on the frozen values,

Zt. < Cbc,oEoﬁrec/Po <o0./4, (20.49)

where z;' = z;. Fixing coordinates at an additional interior component of ()¢ satisfies the
same estimate, because its values are also bounded by Brec. Combining the two bounds,
we obtain

X1 <zt + Ze*"‘(Serfl)yt, xﬂrl <z 267“(Ser*1)y§1.

These estimates hold for arbitrary additional components of ()¢, by Lemma 18.9. Its torus
term uses the outgoing reference interaction, so the common ceiling E in the hypotheses
is needed also at the output of this step, including the terminal step. If both input norms
are at most oy, then y; < Y and yfl < Y9 and by Step 6 the right sides are at most
30 /4. Starting from the initial bounds, finite induction proves the bounds on x;, xfl after
every number of steps. The older frozen values are simply fixed in the next application.
The remaining labels keep their input radii because the whole zone with reduced radius
was frozen: the conclusion of Lemma 18.9 is the norm with the uniform radius on the
remaining labels. This verifies the hypothesis of a uniform incoming profile at the next
step. The classical boundary-completion adjustment satisfies

X4(P) < X (P) + X (SF) < 0u + 0. /4 < 203,

by the included bound on the boundary-completion differences. The inclusion of the old
tixed complement and the positions of the labels in the next geometry are hypotheses
of that step, not conclusions of this norm inequality. The inequality on the conditional
forces then holds at every coarser parameter of the next step, by (20.12). Every operation
preserves the Borel dependence on the frozen values, as proved in Theorem 20.2. No
analytic loss is summed over earlier steps.

Step 12: the oscillation. We write the centered effective interaction as its torus part plus
its boundary part. At each degree we assign each monomial to its roots with the shares
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v;/|v|, whose sum is one. Evaluating at |v;| < ¢(i) and dropping the network weight, we
obtain for the boundary part

fel©) = ()] < p2X(fy) } e,

ieQ)y

The degree-one term is included in this assignment. For the torus part the same assign-
ment and its seminorm give p?E|Q);|. These are the stated bounds on the oscillation;
before coordinates are fixed we use Y instead of c.

The preceding results, with the choices just made, imply every assertion of the theorem.
All local constants were evaluated before the later widths, and none of them was used
to choose . A composition of fewer than | averaging steps keeps its estimates at each
stage on its admissible products, but its conclusions about the full radius require the
separate image condition. The iteration for A and for the norms uses only full steps. A
final composition of fewer than | averaging steps may remain as a deterministic function;
no recursion for A is asserted for it here. The assertions for an empty set of unfixed labels
are the usual conventions for empty sums, products, and determinants. This completes
the proof. O

20.7 Summation of truncation errors

Lemma 20.15. Fix 0 < T < oo, M > 1, a finite set R of ratios R > 1, a finite set of positive
numbers 11, and finitely many positive constants a, ¢, C, and e.

1. For every finite list of nonnegative integers k, there is a minimum side my, independent of
0 < v <T, such that

C[1 +1log(m/¥)|k < em/~ (m > my).
2. Withz = (1/2)log(Mm/y), the functions
Xc(m,y) = m3e= M/, W, (m,y) = m3e— "

are decreasing in m and increasing in <y for m > mg and 0 < v < T, after increasing my,
and they satisfy X.(Rm,y) < Xc(m,7)/2 and Wa(Rm,y) < W,(m,v)/2 for R € R.
Their sums over the sides mR¥, k > 0, are at most twice their first terms, and tend to zero as
m — oo, uniformly on (0,T].

3. Let my, = mRX k>0, for some R € R, together with at most one additional side quj with
j € No, and let nonnegative errors & and zext at these sides satisfy 6 < CW, and zext < CXe.
After increasing my, depending only on I', M, R, the set of n, and the constants, the following
holds uniformly for m > mg, 0 < v < T, and the number of sides, finite or infinite. Every 6
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is at most 1/2, every zext is at most 1/4, and € = 8/ (1 — zext) satisfies € < (4/3)0 < 1/2.
The sums of the 6, of the zext, and of the € are finite, and

logl—[(l—é)*1 §2Z(5, logl—[(l—e)*1 SZZG,

also for every finite subproduct. These sums are bounded by any prescribed positive number
after increasing my, and they tend to zero as m — oo, uniformly on (0,T].

In particular, part (3) of Lemma 20.5 holds. All constants in this lemma have the dependence
described in item (4) of Definition 4.14; the local constants of Lemma 20.5 keep their own
dependence.

Proof. Let x = m/~ > my/T. For every fixed k we have (1 + log x)k/x — 0as x — oo

with y = log x, the exponential series bounds y*¢~¥/? on a half-line y > y,. This proves

part (1), for finitely many k simultaneously, and allows us to assume x > e throughout.
For part (2), let Ag = (1/2)log R > 0. Since z(Rm) = z(m) + Ag, the ratios are

Wa(Rr, ) _ 13,-a(28rz+03) (20.50)
W, (m, ) ’

Xe(Rm, ) _ p3,—c(R-1)m/7, (20.51)
Xc<m/ 'Y)

Their maxima over m > mp and 0 < v < I' occur at the smallest m and the largest v,
and they tend to zero as my increases, since z > (1/2)log(Mmygy/T) — oo and m/y >
mo/I' — oo. We choose myg so that both ratios are at most 1/2 for every R € R. The
logarithmic derivatives in log m are 3 — cm /7y for X, and 3 — az for W,, and those in log 7y
are cm/7y and az. Hence X, and W, are increasing in -, and they are decreasing in m once
cmo/T > 3 and (a/2)log(Mmg/T) > 3. The logarithms of the first terms at v = I are
3logm — cm/T and 3logm — alog?*(Mm/T) /4, and both tend to —co. By monotonicity
in v, the first terms tend to zero uniformly on (0,T]. Summing the series with ratio at
most 1/2 shows that the sums over mR* are at most twice their first terms, which proves
part (2).

For part (3), the additional side #mR/ is handled in the same way. Since j > 0
and R > 1, it is at least ym. Let m,, = min{l, miny}m. For sufficiently large m,
monotonicity in m bounds the term at the additional side by the corresponding function
at mjq,, whether or not 7 < 1. Since m,, is a fixed positive multiple of m, the sums over
all sides are at most three times the first terms evaluated at m,,,, and these tend to zero
uniformly on (0,T] as m — oo, for finitely or infinitely many sides. We take the maximum
of the finitely many minimum sides so obtained. Increasing mp once more, we make
every 6 at most 1/2, every zext at most 1/4, and the sums smaller than any prescribed
positive number. Then € = /(1 — zext) < (4/3)6, so the sum and the maximum of
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the € can be made as small as desired as well, in particular every € at most 1/2. For
0<u<1/2,
u
—log(1—u) = / (1—v)"tdo <2u.
0

Summing this inequality bounds the logarithms of all reciprocal products, including
every finite subproduct; the infinite products are defined by the increasing finite sums of
logarithms. This proves part (3).

Part (3) of Lemma 20.5 is the case R = B, with C = Cj, a = ay, ¢ = b, and the
finite set of additional ratios, since log2 vV Mm/y = z2; its bound €; < 24; follows from
€t < (4/3)d:. The local concentration statements of Lemma 20.5 use only its hypotheses
on the products and on the coupling at the given step; the restriction to a coupling bound
enters only in the summation just proved, so those local statements and their prefactors
are unchanged. O



SECTION 21

Large-field decompositions and conditional densities

This section connects the renormalization group on unions of blocks, constructed in
Sections 18 to 20, with the two measures to which it is applied in Sections 22 and 23: the
Wilson measure and the stopped measure. All statements concern a fixed lattice and are
tinite-dimensional.

The analytic theorems of Section 20 integrate the normalized fluctuation variables
of one RG step over a fixed product of balls. They work in local coordinates near the
identity, on a block region from which a fixed complement has been removed, with the
link variables of that complement held fixed as frozen coordinates. To apply them to the
Wilson measure, we must solve three problems. The first is coverage. A fiber of the block
averaging map consists of all fine configurations with a given average. It is a Borel subset
of the compact configuration space, can contain many gauge-equivalent representatives,
and need not lie in a coordinate chart. We show that every point of every fiber carrying
mass becomes, after a gauge transformation that fixes all prescribed vertices, a point of the
domain of the local inverse coordinates, and that its normalized fluctuation coordinates
lie in an enclosing product domain on which the conditional fluctuation potential is
uniformly convex. The second problem is the choice of a density. The later estimates
evaluate densities at particular gauge representatives. These form sets of Haar measure
zero, so a Radon-Nikodym derivative defined only almost everywhere does not suffice.
We construct an explicit Borel density from the Haar disintegration formulas and prove
that it is invariant at every point under the relevant gauge transformations. The third
problem is the preservation of frozen coordinates. When the integration stops near a
region of large curvature, the link variables there are kept on the lattice where they
were frozen. The gauge transformations used afterward must not change them, and the
analytic estimates require their logarithms to be small.

Section 21.1 proves locality of the iterated block averaging map (Lemma 21.1) and a
gauge-fixing theorem on arbitrary unions of large closed cells (Theorem 21.3). The last
part of that theorem is a rule that protects the endpoints of all frozen coordinates. Sec-
tion 21.2 defines a deterministic sequence of curvature tests, partitions the configuration
space according to their outcomes into large-field decompositions (Theorem 21.5), and
verifies the hypotheses of the analytic theorems of Sections 19 and 20 on each decom-
position (Lemma 21.7). Section 21.3 proves the coverage of every supported fiber point
and constructs, at all stages, the representatives satisfying the reconstruction identities
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(Theorem 21.9): they are obtained from the coarsest scale downward by the reconstruction
maps, so that each reproduces the output field above it and contains the frozen values.
At the first RG step under the Wilson measure, this section uses the lower bound for the
constrained Hessian of Lemma 18.14, which is uniform in the region and in the frozen
variables. Section 21.4 constructs the invariant densities (Theorem 21.10), and Section 21.5
proves the identity relating the densities before and after freezing (Lemma 21.11). Sec-
tion 21.6 first compares an integral over a fiber with an integral over the fluctuation
cutoff domain (Lemma 21.12), and then combines these results in the induction of Theo-
rem 21.13.

The inputs are the quantitative extension of maps into SU(2) in Lemma 7.5; the
stopped measure and its coordinates on the torus (Theorems 14.3 and 14.6); the Haar
disintegration on block regions (Lemma 18.7); the gauge transformation fixed at pre-
scribed endpoints and the perturbation theorem of Lemma 19.5 and Theorem 19.9; and
the analytic integration, the comparison of normalization constants, and the concen-
tration estimate of Theorems 20.13 and 20.14 and Lemma 20.5. Theorems 21.5, 21.10,
and 21.13 are used in Section 22 for the bounds on Wilson densities and the exponential
moment bounds, and Theorems 21.3, 21.5, and 21.9 are used in the choice of parameters
in Section 23.

The organization by nested regions, fields frozen on their complements, and effective
densities on the remaining regions follows Bataban’s large-field renormalization [18, 20,
21]. Dimock’s account of Bataban’s method for the scalar ¢§ model describes the partition
into small-field and large-field regions, the unintegrated complement, and localized block
averaging [67, §§1-2]; the summation of the resulting expansion is in [69]. These works
concern a different model and different coordinates. The deterministic tests for the block
averaging map T)s, the gauge construction on arbitrary unions of cells, the protection of
frozen endpoints, the coverage of every fiber point, and the invariant density versions
below are proved here.

Conventions. Throughout, M > 3is odd, ] > 1, and B = M/. One application of
Tum (Definition 4.3), including its Borel extension, is an averaging step, and an RG step
consists of | consecutive averaging steps. A group of 1 < s < | consecutive averaging
steps with output side m has intermediate scales 0 < i < s and couplings

8= tmaxM(i_s—H)/z/ fmax = \ ’)//(Mm), Ay = M_(]_l)/z < gi/tmax <1

The angle of U € SU(2) is pg(U), its distance from [ in the bi-invariant metric of Section 4;
we have pg(U; -+~ U;) < ¥ipc(U;) and [Log U| = pg(U) when pg(U) < 7. We write c
for the output field. In analytic functions and in the coordinates of Definition 18.6, the
coarse argument is its identity-chart logarithm Log ¢, which we also denote by ¢ when no
confusion can arise; since |Logc.| = pg(c.) for every output link e, bounds on the two
agree. A block region () is a union of blocks of the output lattice of the current group
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of averaging steps; its complement is the fixed complement. The frozen coordinates are
written brec. They consist of frozen links and of based transports of frozen links across
the boundary of the block region (defined in Section 21.2), each kept on the lattice on
which it was frozen. A link is across the boundary of the block region if exactly one of its
endpoints lies in it.

Fix the cutoff amplitude A, > 1 at the outset. Every application of Theorem 20.14
below uses the coupling ceiling g. chosen after this amplitude, and g may depend on
Ayw. The analytic constants and the conditions used to choose | do not depend on A,,.

Unless stated otherwise, constants written Cj, cj, uj, €;, and similar depend only
on M, |, the fixed larger construction and analytic domains and their radius ratios, the
spatial and boundary decay rates and their margins, the bounded density of labels, and
the fixed ceilings on actions and perturbations. They are independent of L, -y, all lattice
sides, the total and the preceding depth, the number of RG steps since a coordinate was
frozen, the shape, topology, and number of components of the regions, and the values of
the frozen coordinates. This is the dependence described in item (3) of Definition 4.14.
Where stated, these constants are also independent of the widths of boundary bands,
removed bands, protected neighborhoods, and cells chosen later; such widths enter only
through explicit geometric counts. No uniformity as | — oo is asserted. The constant C;
in Theorem 21.13 has instead the dependence described in item (4) of Definition 4.14.

21.1 Local path products and closed cell complexes

The full dependence set of a link of an averaged configuration is the set of links read
by the block averaging map, including its Borel extension at exceptional values, by its
reference path, and by every path product used to check that the logarithms involved
lie in the correct branch. For an iterate we replace every link recursively by its full
dependence set, and for a plaquette we take the union of the sets of its four links. These
lists are treated as sets when we define excluded label sets; repetitions are kept only
to estimate the lengths of path products. Geometric neighborhoods use the periodic
maximum coordinate distance. Replacing it by the lattice distance used in the analytic
norms changes only dimensional comparison constants.

Lemma 21.1. Fix M and |. There exist finite constants Dy, L}, v}, depending only on M and
J, and constants u; > 0 and C; < oo, with the following properties for every group of s < |
averaging steps.

1. The full dependence set of a link, of a plaquette, or of a prescribed based transport of an
averaged configuration is contained in the neighborhood of radius Dy of its output label, in
output lattice units, and contains at most vy input labels per output unit cube. The expanded
hierarchical tree paths have length at most L.
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2. Suppose that every input link of such a full dependence set has angle at most u < u;. Then
every link appearing in the recursive computation of the selected output object has angle at
most (10M)'u at level i < s. The corresponding relative logarithmic coordinates of the block
averaging constraint, including the eliminated coordinates, have size at most Cyju. After one
fixed reduction of uj, they belong to the domain of the local inverse of the block averaging
constraint, with a fixed positive margin.

These conclusions do not depend on the region or on its components.

Proof. An ordered path from the center of an M-block to a vertex of the block has length
at most 3(M — 1) /2. The path F, , of Definition 4.3 has length at most 4M — 3, and F,,C. !
has length at most 5M — 3. If (5M — 3)u < 27, every relative transport U(F.)U(C.) !
is in the identity chart, and the exponential of the average of their logarithms has angle
at most (5M — 3)u. Multiplying by U(C.), we obtain the bound (6 M —3)u < 10Mu.
Iteration is permitted when (10M)/u is smaller than the fixed positive margin of one
averaging step. The Borel extension reads the same finite list of links, so the locality of
the list does not require this smallness.

The based tree gauge on a block is obtained by multiplying transports along its
ordered tree paths. It sets each tree link to I, equals I at the root, and is unique with
these properties, since the equation on an oriented tree edge determines the gauge at
the child from the gauge at the parent. At the next intermediate scale we make the
same construction and lift the new gauge as a constant on each of the previous blocks.
Such a lift conjugates each previously fixed tree link and hence preserves the value I.
The conditions at coarser scales are fixed before the finer variables are expressed. The
resulting hierarchical transports are products of these tree factors at the various scales; no
eliminated constraint edge is inserted into a tree. Each factor equals I on the hierarchical
tree gauge section. There are at most | scales, each with finitely many paths in a fixed
block, and by substitution we obtain a finite maximal path length L; and a finite maximal
radius D; of the dependence neighborhoods. Equivalently, we may take these constants to
be the maxima over the finitely many oriented dependence neighborhoods for 1 <s <]
on the infinite cubic lattice: restriction to a region only deletes path products, and passage
to a periodic quotient only identifies labels. The maximal number of input labels in the
same dependence neighborhoods gives ;.

After the tree gauge transformation, every link outside the trees is a product of a
number, bounded in terms of M and ], of the small links just bounded, and the coarse-
tield lift of the target is another such product. The relative vector is therefore bounded by
Cju. The constraints have the eliminated-edge inverse and the uniqueness neighborhood,
with its positive margin, used in Lemma 18.7 and Theorem 20.14. We choose u; so
that the preceding bound is less than half the radius of that neighborhood, taking the
minimum over s < |. Then the relative solution, including its eliminated entries, is the
unique solution given by that inverse. This identifies the branch of a given solution; it
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does not solve the constraints anew. Every path used above stays in a block of at most |
scales, and none follows a tree spanning a whole component. O

The next corollary gives the initial bounds for a stopped measure; it is used in the
proofs of Theorems 21.5 and 21.9.

Corollary 21.2. Before the bound Brec for frozen coordinates and the support radius r are fixed,
one can fix Coq,; < 00, depending only on M, |, and the fixed tree conventions, with the following
property. Let U € D, be an initial configuration of a stopped measure on a lattice of side M°m,
with s < J, m > 4, and no previously frozen coordinates, and assume that r is below the fixed
margin of the finite path-product charts. Then, for every union of blocks, there exists a gauge
representative in which the output field and all frozen links and based transports at the input level
are bounded by C,q jr. This is a geometric existence statement, uniform in the preceding depth,
the side, and the region.

Proof. A gauge transformation taking U into B, gives the bound r, not r/2, at the input.
By Lemma 21.1, all intermediate internal links have angle at most (10M)/r. The expanded
hierarchical tree paths have at most L; factors of these links. A link after the tree gauge
transformation is a product of a path, a link, and an inverse path, and has angle at most
(2L; +1)(10M)/r. A based transport is a path times its link across the boundary of the
block region and has the smaller bound (L; + 1)(10M)/r. Links lying entirely in the
tixed complement remain below r, since the regional tree gauge is the identity there. The
output roots are fixed by the tree gauge, and the output bound is (10M)/r. We conclude
that C,q;; = 2(2L; + 3)(10M)/ exceeds twice each of these bounds. We fix it now, and
only afterward require C,q ;7 to be below the fixed identity and inverse chart radii. [

We now turn to gauge fixing on large closed cells. Small curvature does not force
small links: a flat configuration with nontrivial holonomy around a noncontractible cycle
cannot be gauge transformed to the identity. The following theorem shows that on a
union of closed cells of side about R, plaquette angles of order R~2 allow a gauge in
which all links have angle of order R~!. The term R~! comes from distributing compact
gauge values over the edges of the cell grid, which have length at least R/2; the curvature
contributes O(JR) through an axial gauge in each cell. Transitions between the frames of
neighboring cells are compared only on common edges and are never multiplied along
chains of cells, so the constants do not depend on the topology of the union. We combine
standard axial frames and the extension of maps into SU(2) ~ S® with the quantitative
patching estimate of Lemma 7.5, preserving all prescribed vertices. The gauge fixing of
lattice configurations with small plaquettes goes back to Bataban [14]; the version below,
on arbitrary unions of cells and with prescribed vertex values, is proved here.

Theorem 21.3. There exist universal constants C,C’, Ry < co and ¢ > 0 with the following
properties. Work in lattice units, let R > Rg be an integer and n > 8R, and partition each
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coordinate circle of the periodic lattice of side n into intervals of lengths in [R/2,2R]. Let P be
any union of the resulting closed three-dimensional cells, and let U be a configuration on the links
of P such that

oc(Up) <6 for every plaquette of every cell of P, SR> <1,

including the plaquettes in the boundaries of the cells. We take 6 > 0 and, in part (2), 7 > 0. A
maximum of link angles over an empty set of links is defined to be zero. These hypotheses are in
force in all parts below.

1. There exists a gauge transformation k on the vertices of P with

rencagpc(llf) <C(6R+R 1 <C/R
This holds for disconnected P, for cells meeting only at vertices or edges, and for arbitrary
holes, handles, periodic wrapping, and holonomy; the constants depend on none of these
features, nor on n, L, the coupling, the depth, or ]. If q(Up) < d. for every such plaquette,
one may take 6 = 7t\/2d. For a fixed sufficiently large As, the choice R = [ Ag/r] together
with 7tv/2d,R* < 1 gives the bound pg(UX) < r/2 for every link.
2. Let I C P be a union of closed cells of the grid, and let kr be a gauge transformation on the
vertices of I with

pc(Ufry <y (ecT), Kg=1+yR+J6R%, Ki/R<c.
Then there exists an extension k equal to kr at every vertex of I with

max o¢ (UF) < CKY/R.

eCP
Every link contained in a cell with no vertex in T satisfies the stronger bound C'/R. In
particular, this bound holds after removing two layers of cells around T'.

3. For fixed M and ], let Cg > (10M)/ also bound the lengths of the finite tree path products.
Assume n < Cpr, v <1,and R = [Ag/r], and set

Kg =2+ Cp(Ag+1), Ceol = CK%;O/Ag.

If K3r/ Ag < cand Ceo it < PBrec/2, then all links of P are smaller than Brec/2, and, after
one fixed increase of Asg, the links in cells with no vertex in I are smaller than r/2. The
constants in this part have the dependence described in item (3) of Definition 4.14. These
statements assert the existence of gauge transformations; no configuration-dependent gauge
transformation is used as a change of variables in an integral.

4. At later scales, use the following endpoint protection rule. On the lattice on which each
frozen coordinate was frozen, mark both endpoints of every frozen link, both endpoints of
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every based transport, and every prescribed basepoint or root. A block of the current output
lattice is excluded whenever its full centered preimage on the lattice of some mark contains
that mark. Then every gauge transformation supported on the remaining blocks has a lift,
constant on blocks, which equals I at every mark, and this lift preserves every frozen link
and every based transport exactly. This holds at every finite depth, for coordinates frozen at
any earlier step and at periodic seams, with no sum over the steps at which the coordinates
were frozen. A newly chosen root of the Haar disintegration is fixed separately by the current
based gauge. For the gauge transformation of Lemma 19.5, the current endpoints of the links
across the boundary of the block region are included among the fixed vertices as well.

Proof. We give the absolute and the relative constructions on the same skeleton.

Step 1: axial frames. In each cell Q of P, we fix a corner og, let Ty be the coordinate-
ordered path in Q from og to x, and define qo(x) = U(7x). Then sz is the transport
around the loop T« (x,y) T, 1. To bound it, we compare the ordered paths to the adjacent
vertices x and y. Moving the last elementary step through the ordered path inserts at
most two rectangular strips, each of width one and length at most 2R. After canceling
consecutive inverse edges, the resulting loop is a product of conjugated elementary
plaquettes. There are at most CR of them, all in Q, including its boundary. By the

product inequality for pg, we have
oc(Ujy) < CoéR. (21.1)

Here Cj is absolute, since the aspect ratio of a cell is at most four. This local estimate
follows from Lemma 7.1: the cell has an injective periodic lift because 2R < n/4, and the
sum of its three side lengths is at most 6R.

Step 2: transitions. For two cells Q, Q' containing a common lattice edge (x,y), we
define too (x) = gq(x)go (x) 1. Direct multiplication gives

_ Ulel
tog (v) = (U3F) Moo (x)Uyy,  d(tog (x),tog (y)) < 2CedR, (21.2)
where we used (21.1) and bi-invariance. This estimate holds whether the cells share a face

or only an edge. When two cells share only a vertex, only the equality of the assigned
value at that vertex is required.

Step 3: the edges of the grid. We write the desired gauge in the frame of Q as sg(x) =
k(x)go(x)~! and set k = I at every vertex of the cell grid. On each edge of the grid,
we fix one incident cell frame, interpolate the two endpoint values of sg by a shortest
geodesic in SU(2), and sample it at the lattice vertices. Since the group has diameter 27
and the edge has length at least R/2, the speed is at most 47t/ R. Each edge of the grid is
assigned once, regardless of the number of incident cells. By (21.2), changing to another
incident frame adds at most CJR per lattice edge. Since SR? < 1, the assigned frame
values on every edge of the grid have lattice Lipschitz constant at most C; /R.
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Step 4: the faces of the grid. On a face of the grid, we convert the assigned boundary
values into the frame of one incident cell, and we use a single consistent fine triangulation
on all faces of the grid. Since the vertices of each fine simplex can be joined by a bounded
number of lattice edges in the boundary, their distances are at most C;/R. We take
Ry so large that the normalized affine interpolation clause of Lemma 7.5 applies, with
denominator at least 1/2. The continuous boundary map then has Lipschitz constant
C3/R. The disk extension clause, rescaled to this rectangle, bounds the Lipschitz constant
of its extension by CR~!(1 + C3)?. Sampling the extension at all lattice vertices of the face,
we recover k = sogg. This is done once for each face, and previously assigned vertices
are preserved exactly.

Step 5: the cells. For a cell Q of P, we convert the assigned boundary values into the
frame of Q. On every lattice edge in the boundary their difference is at most C4/R, by the
tace bound and (21.2). The same consistent triangulation and normalized interpolation
give a boundary map from the sphere with Lipschitz constant Cs5/R; we increase Ro
once to satisfy its simplex margin. By the ball extension clause, we obtain a map with
Lipschitz constant CR™!(1 + Cs)°, and sampling it gives k at the remaining vertices. For
an edge of Q, the final comparison is the sum

PG(kxuxyky_1> e (SQ(x)Uzng(y)_l)

(21.3)
< pc(Udy) +d(sq(x),s0(y)) < C(6R+R7).

In the last inequality, we used (21.1) and the Lipschitz bound of the extension. Since
SR < R71, this proves the absolute estimate with C’ = 2C, after enlarging C to include
the finitely many aspect and simplex constants. Since the assignments on the skeleton
agree at every common vertex, they can be made directly on the periodic quotient and
on any union of cells. Handles, the number of components, and the holonomy have not
entered any constant.

Step 6: the relative construction. We keep every lattice vertex of I at its prescribed value.
In the frame of a cell Q, the prescribed values satisfy, on each prescribed lattice edge,

d(kr (x)q0(x) "1 kr(y)ag(y) ") < 7+ CodR < CKR/R. (21.4)

This follows by applying the first inequality in (21.3) in reverse to the two transformed
link matrices, whose angles are both known; it imposes no bound on the increments of
kr in the original frame. At the vertices of the grid not in I', we set k = I. An edge of the
grid in I' is kept, and every other edge of the grid is a geodesic in one incident frame
between its assigned endpoint values. Since I' is a union of closed cells of the grid, its
intersection with an edge of the grid is either the whole edge or a subset of its endpoints,
so this rule respects all prescribed values. Its lattice increments in any cell frame are
bounded by CKr/R.
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We keep each face of the grid lying in I'. On every other face, the boundary interpo-
lation and the disk filling give the bound CK%/R; the interpolation is legitimate when
CKRr/R is below its fixed simplex margin. On the boundary of a cell not in I', all assigned
frame increments, including those on a face kept from I, are now at most CK%/R. The
universal c in the hypothesis is taken smaller than both required interpolation margins
divided by these fixed constants. Since Kr > 1, the condition K%{ /R < c implies the first
margin as well. The boundary interpolation on the sphere and the ball filling then give

Lip(sg) < CR™Y(1 4 CK%)> < CKY/R.

All cells of T" are kept unchanged. Using (21.3) and 6R < R1< K}QO/ R, we obtain the
relative bound.

Step 7: cells away from I'. If Q has no vertex in I, no face or edge of Q is prescribed.
Each edge of the grid in the boundary of Q is then a shortest geodesic of speed at most
C/R, even if its endpoint values were assigned in the frame of another incident cell,
and frame changes add at most C/R. The disk extensions on the faces of Q then have
Lipschitz constant C/R, and so does the ball extension in Q. By (21.3), we obtain the
stronger conclusion for every edge of Q. Removing two layers of cells around I' removes
every cell with a vertex in T

Step 8: the choice of 6 and of Ag. If U = ¢X and x = |X| < 271, then g(U) = 25sin?(x/4)
and sin(x/4) > x/(27). Hence x?> < 272g(U), and the stated value of J is valid. Let
Ag be larger than 4C’ and Ry, increased by the fixed geometric factors used later in
the excluded sets. The standing hypothesis gives R > Rp. Also R > Ag/r, hence
C'/R < (C'/Ag)r < r/2. For part (3) we have Ag/r < R < (Ag+1)/r, so

Kr <2+Cp(Ag+1)=Kp,  CKP/R<C.r, Ki/R<Kir/As.

The two smallness conditions in part (3) then imply the stated bounds. Since the constant
Cp is fixed before r, these conditions are upper bounds on r and a lower bound on the
ratio Brec/7, and they are not circular.

Step 9: endpoint protection. In one coordinate, the balanced-digit identity

{SiMfaj raje {-(M—-1)/2,...,(M— 1)/2}} ={—(M*=1)/2,..., (M’ —1)/2}
j=0

holds: existence follows by successively taking the balanced residue modulo M, and
uniqueness by reducing two such expressions modulo M and dividing their difference by
M. Taking the product over the three coordinates and then the periodic quotient, we find
that each vertex of the lattice of a mark has exactly one ancestor in any current centered
partition, also at a seam. A mark in the preimage of a block would exclude that block. A
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gauge transformation supported on the remaining blocks is I at every such ancestor, and
its lift, constant on blocks, is I at the mark. For any path, the gauge factors at the interior
vertices cancel in order, and only the two endpoint factors remain. This proves that every
marked frozen link and every based transport is preserved exactly, for all marks at once
and with no sum over earlier steps. Finally, the cutoff in Lemma 19.5 vanishes at the
prescribed endpoints of the links across the boundary of the block region as well, which
proves the last statement. O]

21.2 Deterministic large-field decompositions

In this section, we partition the support of the initial measure according to the outcomes
of a deterministic sequence of curvature tests, and we show that on each piece every
block region admits a representative with small links and small newly frozen coordinates.

Based transports and frozen coordinates. Let e = (u,,v,) be a link across the boundary
of the block region, oriented from its endpoint u, in the block region to its endpoint v,
in the fixed complement, and let ¢, be the hierarchical tree path of Lemma 21.1 from the
root «, of the block containing u, to u.. The based transport of e is @e = U(c,)U,, the
transport from «, to v,; its endpoints are «a, and v,, while the endpoints of the link itself
are 1, and v.. When integration stops at a boundary, such links are frozen through their
based transports, and the other links leaving the integration are frozen as links. We write
c? for the analytic coordinates of newly frozen coordinates: in the coordinates we use, the
logarithm Log b of the frozen group value b, or a fixed analytic function of finitely many
such logarithms (see (21.5)). Group values of frozen coordinates are never compared with
analytic radii directly.

Parameters. We fix M, |, the construction domains of Theorem 20.14, and Ag sufficiently
large as in Theorem 21.3. Then we fix the frozen-coordinate conversion constant Ceony,;
of (21.7) below. It is computed from the relative extension of Theorem 21.3, the finite path
products of the constraints and trees, the constant C,q; of Corollary 21.2, the constant
converting the near values at the first step under the Wilson measure, and the constants
converting frozen group values into analytic coordinates. It is fixed before the two radii
below. Then r > 0 and the bound Brec > Ceony,j7 for frozen coordinates are taken so small
that every newly frozen analytic coordinate satisfies

|C;j| S min{,Brec/ (PO(])/4}/ Cbc,oEoﬁrec/,Oo S 0-*/4/ L4 6 {Cll q}/

for the classical and the quantum spatially varying analytic radii ¢, ¢q, with the radii
pe, ceilings E,, and boundary-completion constants Cp,. o of Theorem 20.14. These are
conditions on deterministic parameters, imposed before the coupling. The deep frozen
group variables at the first step under the Wilson measure are arbitrary elements of



21 Large-field decompositions and conditional densities §21.2 127

SU(2), not small analytic logarithms; they are kept as fixed parameters and are never
inserted into this analytic freezing. We set

Rcell = [Ag/r-l, W = SBRcell/ 7T/ Zd*Rgell < 1.

The width W is measured in output units of the current RG step; in output units of the
next RG step it is W/B = 8Rep. The excluded sets below also contain the band of width
ser removed at each boundary (Theorem 20.14) and the protected neighborhoods of the
finite path products. We may decrease r initially so that W > se;.

At each boundary between RG steps, the previous fixed complement and the earlier
frozen basepoints lie outside the next block region, up to the fixed buffer of the depen-
dence neighborhoods of the path products. Equivalently, their incoming and current
boundary distances satisfy the comparison required in Theorem 19.9; this is proved as
(21.10). The endpoint protection rule of Theorem 21.3 contains these basepoints and the
newly frozen labels, and additional excluded regions preserve the inclusion. At the first
step, there is no previous fixed complement, and the condition is vacuous.

Cell grids. At each lattice side n > 8R);, we fix the cell grid deterministically. For exam-
ple, we divide each coordinate circle into [1/ R | intervals, distributing the remainder
among intervals of the two nearest integer lengths. For R.p > 2 these lengths lie in
[Ree1/2,2Rcent]. When an input grid must be aligned with the blocks, we perform the
same construction in units of the blocking grid and round its scale up to a multiple of
the block side. Since B is fixed and R may be taken larger than B initially, this changes
the scale by at most a fixed factor.

Definition 21.4. Fix a finite range of scales consisting of complete RG steps and an initial
configuration U. The ordered tests are the following finite procedure.

1. Before any gauge transformation, compute the iterates V* = T}, U at all levels of
the current RG step, with the Borel extension of Th;. Go through these levels in
increasing order and, at each level, through the plaquettes in a fixed order.

2. A plaquette f fails if g = q(Vf ) > d. and its full dependence set does not meet the
current excluded label set. When f fails, all variables of its full dependence set that
are not yet frozen are frozen at the input of its RG step, together with those of a
fixed neighborhood of the dependence set. This neighborhood is aligned with the
blocks of the output lattice and has output radius 2W. It includes the fixed margins
of the dependence neighborhoods and the protected neighborhood of the endpoint
protection rule. Previously frozen variables stay where they are. The neighborhood
is added to the excluded label set. A plaquette whose dependence set meets the
excluded label set is not tested; it is excluded, not declared good.

3. After the tests of an RG step, retain only the closed cells of the output cell grid whose
full dependence sets and protected neighborhoods avoid the excluded label set, and
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add every touching excluded cell to the fixed complement. Freeze the full output
boundary band: the layer of retained cells next to the excluded set, its incident cells
(all retained grid cells meeting that layer, even at a vertex), all labels of reduced
analytic radius, the removed band of width s, and the margins of the dependence
neighborhoods. Enlarge the previous fixed complement by an output neighborhood
of width W, and then by the protected neighborhood of the endpoint protection rule
of Theorem 21.3, using every endpoint and basepoint of every frozen coordinate on
the lattice where it was frozen. A cell is retained only if its closure avoids all these
exclusions, so a plaquette in the boundary of a cell is tested on the same terms as an
interior plaquette.

4. For the next RG step, keep only the blocks that lie, together with their full dependence
neighborhoods, in the retained interior. The discarded band is frozen. Excluded
regions are combined by taking unions. If the block region becomes empty, its frozen
coordinates are kept and the procedure stops.

When the initial measure is the Wilson measure, the first RG step is modified as in
Theorem 21.5(4). The outcome of the procedure, consisting of the failing plaquettes, the
excluded regions, and the label lists of the coordinates frozen at all steps, is a large-field
decomposition, denoted X'. The values of these coordinates are variables of the stage
measures and are not part of the finite index X. We write Ay for the set of initial
configurations for which the procedure produces X'

Theorem 21.5. Make the parameter choices above, including the initial smallness reductions and
fixed mesh factors specified in the proof below.

1. For every finite range of scales, every initial side, every preceding depth dy = a] witha > 0,
and every normalized stopped measure

~ 51 —Eg. sat/ 82 —[Ray sat—Ray (I
dl/ — Z 1Dye o-sat gmbase [ o-sat 0( )] debasel

the sets Ay form a finite deterministic Borel partition of the support of U, provided that the
output side of every complete RG step is at least 8Reey;. The same holds when the initial
measure is the Wilson measure, with the first step described in part (4). Every tested plaquette
that is not excluded satisfies qy < d.. The gauge transformations used below to exhibit small
representatives do not enter the tests.

2. At every boundary between RG steps there exists a gauge representative in which the links
in the interior of the block region are smaller than r/2, and the newly frozen analytic links
and based transports at that output boundary are smaller than Brec on the lattice where they
are frozen. In the same representative, the ordinary links of the prescribed closed-cell collar
I" used in the relative output extension have the stronger native bound pg(b.) < Cpr on
that output lattice. These collar links belong to the full frozen output band, and both of their
endpoints are protected at subsequent steps. The first-input deep Wilson group variables of
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part (4) are not among these analytic output coordinates. All previously frozen coordinates
are preserved together with their endpoints; no smallness of their later averaged images is
asserted. A block region that becomes empty keeps its frozen coordinates, and the procedure
stops there. The same representative bounds hold on the closed supports of the stage measures
in part (5), by the closed-support arqument in Section 21.3.

3. Every added cell and every frozen label can be assigned to a failing plaquette by a local rule.
For a failing plaquette f, the radius R;(f) of the neighborhood assigned to f, measured at
the outputs of successive RG steps, satisfies

Rt+1 (f) < B_lRf(f) + C](W + Reen + 1)/ Rfirst(f) < C](W + Reen + 1)/

where Ryt (f) refers to the RG step in which f fails. The number of scalar labels assigned to
f is at most Cj(BW + Reeyy + 1)° in that RG step and at most C;(W + Ree + 1) in each
later RG step. The final plaquettes whose full dependence sets meet a neighborhood assigned
to f are at most

Fj = Cj(W + Reen + 1)3

in number, with a fixed enlargement for each of the finitely many remaining numbers of
averaging steps after the last RG step (Theorem 21.13). These estimates are subadditive
under unions. A set of failing plaquettes that can be produced by the ordered tests determines
at most one large-field decomposition. The constants Cj have the dependence stated at the
beginning of this section and are independent of the later widths; the displayed polynomials
exhibit the dependence of the counts on the widths.

4. For the first RG step under the Wilson measure, the ordered tests also test the plaquettes of
the input configuration, before any representative is chosen. On a fixed input cell grid of
scale S, aligned with the blocks, with Cl_cheH < S < CjRee, retain only the closed cells
whose full dependence sets avoid the final excluded set. Move the block region inward by one
full layer of cells and by the full dependence neighborhood of the constraint, tree, and basing
path products, and require

Minput > 8S, /24, 58% < 1.

Then every plaquette of the resulting closed cell complex, including its boundary plaquettes,
is a tested plaquette with q < d.. The complex contains every plaquette whose Wilson
term depends on an integration variable and every constraint and tree path product of the
block region. There are no earlier frozen vertices at this step. The gauge transformation of
Theorem 21.3(1) on this complex makes the integration variables and the near values small;
it extends to the remaining vertices, whose links are kept as arbitrary elements of SU(2) (the
deep frozen group variables). The relative extension at the output gives the bounds of part (2)
for the newly frozen coordinates. All additional excluded sets are assigned to the same failing
plaquettes and satisfy the bounds of part (3) after one enlargement of Cj.
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5. For either initial measure v define the stage measures

nit = (07 )s(Layv),

where 0¥ maps a configuration to the field on the current block region together with all
frozen links and based transports, each on the lattice where it was frozen. All the tests remain
in these measures. For every Borel set S (an event, not the grid scale of part (4)), in particular
for every small-field event of the form (4.6) on the same finite hierarchy,

15 =) 1514, v-almost surely.
X

The partition does not change S and imposes no additional restriction on the Wilson measure.

All statements are uniform in the holonomy, the number of RG steps since coordinates were frozen,
the topology of the regions, and the deep frozen group variables. A remaining group of fewer than
| averaging steps at the end of the range stops before the geometric conditions on the minimal side

fail.

The following lemma records which changes of representative preserve the bounds
on frozen coordinates; it is used in the proof of Theorem 21.5 and afterward.

Lemma 21.6. Consider a representative on a block region of a large-field decomposition of Theo-
rem 21.5, with each frozen coordinate kept on the lattice where it was frozen. In part (3), assume
that the analytic frozen coordinates satisfy (21.8).

1. Every gauge transformation supported on the current block region and lifted under the
endpoint protection rule equals I at the endpoints of all earlier frozen links and based
transports. It fixes their group values and their logarithms exactly.

2. A gauge transformation equal to I at the roots of the block region and at the outer endpoints
v, of the links across the boundary of the block region fixes every based transport be, although
it may move the inner endpoint u,. The gauge transformation of Lemma 19.5 fixes u, as well.

3. A simultaneous conjugation b — kbk~ of the frozen coordinates preserves (21.8).

4. A change by, — kxbxyk, 1 with independent ky, k, need not preserve (21.8).

In the following, analytic estimates are transported between representatives only by the changes in
parts (1)—(3). Changes as in part (4) are used only for the invariance of densities in Theorem 21.10.
None of these conventions changes the tests or restricts the initial measure.

Proof. Part (1) is Theorem 21.3(4). For part (2), the gauge factors at the interior vertices
of the path ¢, and of the link e cancel, so be changes only by the factors at a, and v,,
which are I; the factor at u, cancels. The gauge transformation of Lemma 19.5 is I at
the protected endpoints of the links across the boundary of the block region, including
u,. For part (3), we have Log(kbk~!) = AdyLogb on the identity chart, and Ady is an
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isometry of su(2). Longer path-product coordinates have the same equivariance because
the interior gauge factors cancel. Relative eliminated-coordinate maps are equivariant
by covariance of their defining constraint and uniqueness of its local inverse. Thus the
tixed analytic coordinates used here transform by the same global adjoint action; mere
analyticity of an arbitrary coordinate map would not suffice. For part (4), take b = I and
ky = I; then pG(kxbky_l) = pg(ky) is arbitrary. O

Proof of Theorem 21.5. We first fix all margins and constants that do not depend on a
configuration (Steps 1 and 2). We then show that the tested plaquettes that are not
excluded are good (Step 3), construct the small representatives by induction over the RG
steps (Step 4), and compare boundary distances (Step 5). Steps 6 and 7 prove the counts
and the measurability, Step 8 treats the first step under the Wilson measure, and Step 9
identifies the stage measures.

Step 1: fixed margins. All excluded sets in this proof are sets of labels, chosen by their
locations and dependence sets; their construction uses no link representative. We fix
Dy, Ly, vy from Lemma 21.1 and C,q; from Corollary 21.2. The protected neighborhoods
include one full copy of each dependence neighborhood, its incident cells, and the
removed band of width ser, and Ag includes the factors required in Theorem 21.3. The
support radius will be required to give R.; > Rp and W larger than s¢r and than the
radii of these finitely many dependence neighborhoods. The number of copies and
their enlargement factors depend only on M, |, and the fixed construction domains; in
particular, they are fixed before W or R is evaluated.

Step 2: constants for frozen coordinates. We specify the margins for frozen coordinates
before using any representative. On the lattice where it is frozen, the analytic coordinate
of a frozen link b, or based transport b, is its identity-chart logarithm. If its angle is below
7, then R R
[Log be| = pg(be), [Log be| = pg (). (21.5)

Here |-| is the adjoint-invariant Euclidean norm on su(2), and the conversion constant
is one. If the fixed coordinate convention also uses a longer path product or a relative
eliminated coordinate, let C.;; > 1 bound its path length and the row sums of the first
derivative of its fixed inverse chart on the larger construction domain. Such maps vanish
at the configuration with all links equal to I. By the product inequality for angles, or by
integration of the first derivative along the straight segment, their size is at most C;
times the bound on their inputs. This constant depends only on the fixed charts and on
M, ], not on any width or number of steps.

We fix Ceonv,j by (21.7) below, after Ag and before either radius; it includes C,q ; and
Cer,j- Let pg1 and pyq be the boundary values of the two spatially varying radii, and
define

bmin = 1 MIn{p1, 0, 0o, Pa,q}-
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We take Brec < min{7,p/4,p./4} satisfying the two conditions Cpc eEeBrec/pe < 0x/4,
and then require
Cconv,]r < min{,ﬁrec/ bmin}- (21.6)

These are the conditions on frozen coordinates in the choice of parameters. All quantities
on the right side are fixed positive parameters, so this upper bound on r is compatible
with its other upper bounds.

Step 3: the tests and the goodness of retained plaquettes. We first consider a stopped
measure. At the input of the first RG step, a gauge transformation into B, gives all
links smaller than r. By Corollary 21.2, which precedes this construction, the initial
frozen coordinates at the input are bounded by C,q ;7 in a common representative. Since
Ceonv,J = Caq,j, their analytic coordinates satisfy (21.6) as well. At later inputs, by the
induction in Step 4, the links in the interior of the block region are small, with all earlier
frozen coordinates fixed. Before any gauge transformation, we compute the iterates at
every level of the current RG step and perform the ordered tests of Definition 21.4. The
tests always use the values of the iterates themselves, also when a path product that is
not used has an exceptional value of the Borel extension.

After the tests, the retained cells are those of Definition 21.4(3). A dependence set
avoiding the final excluded set also avoided the smaller excluded set at the time of its
test. If that plaquette had value at least d,, its failure would have put the dependence
set into the excluded set. This contradiction shows that every tested plaquette that is not
excluded is good, that is, gy < d.. Adding excluded sets after the tests can only reduce
this set of plaquettes.

Step 4: small representatives. We prove part (2) by induction over the boundaries. Let
P be the retained closed cell complex. Every link read for an output link of P comes
from links of the current interior, before the new freezing at the input. By Lemma 21.1,
its angle in the incoming representative is at most Cgr, where Cp includes the finite tree
path lengths. By Step 3 above and Step 8 of the proof of Theorem 21.3, all plaquettes
of P have angle at most 6 = 77y/2d,.. Let I consist of one layer of retained cells next to
the excluded set, enlarged to contain all prescribed boundary vertices. We prescribe the
identity gauge on I' in this representative; its link bound is 7 < Cpgr. After the initial
reduction K%r/ Ag < ¢, parts (2) and (3) of Theorem 21.3 apply. The resulting gauge
transformation is exactly I at every prescribed lattice vertex, has link bound C. 7 on P,
and has the bound < r/2 in cells without prescribed vertices. It extends by I outside P,
because every boundary vertex of P is prescribed. We lift it as a constant through the
current RG step. By the endpoint protection rule, the lift is I at all earlier marks and
at the variables already frozen at the input in this RG step. Hence every earlier frozen
coordinate, its endpoints, and every newly frozen input variable keep their values.
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We freeze the full output boundary band, including T’, its incident cells, all labels
of reduced analytic radius, the removed band, and the margins of the dependence
neighborhoods. Every ordinary link in I' is recorded with its pre-extension value, since
the extension gauge is I at both endpoints. Its bound Cgr is therefore native to its creation
lattice, not an estimate obtained by averaging an earlier frozen value. Every remaining
interior link lies in a cell with no vertex in I', because every retained cell meeting I
belongs to the frozen band. Hence its angle is smaller than /2. The newly frozen
links have angle at most max(Cp, Ceop)7. A based transport multiplies such a link by a
hierarchical transport with at most L; factors, and its angle is at most the sum of their
angles. As announced before the radii were chosen, we may therefore fix

Cconv,] > chr,](l + L]) max{CB, Ceol, C//Ag, Cad,]}/ (21.7)

with any additional fixed factors of dependence neighborhoods absorbed once. Every
analytic coordinate of the union of the newly frozen boundary band, boundary layer, and
based transports then has size at most Coony,j7. By (21.5) and (21.6), we have simultane-
ously

i < Breer || < @ulj)/4 (o € {clq}). (21.8)

This includes every label of reduced radius, not only the boundary links of a layer. The
constant is computed from Ag, Cp, and the universal relative extension before r and Brec
are chosen.

For the next RG step, we retain only the blocks that lie, together with their full
dependence neighborhoods, in the remaining interior. The discarded band has thickness
at most C; in that input lattice and consists of links that were small before discarding.
The fixed factor coming from its dependence neighborhood was included in Ccony,; before
the radii were fixed, so the band may be frozen with the same bound. The previous
excluded region was enlarged by W in the current output lattice. After the next RG step,
this is W/B = 8R.e units, which suffices for the required layer of cells and the fixed
incidences; the full dependence neighborhood is included in addition. None of these
operations requires a later averaged image of a frozen coordinate to be small, since the
coordinate stays on its own lattice. This completes the induction.

Step 5: incoming and current boundary distances. For the next RG step, let Dj, be its
list of remaining analytic input labels after the whole freezing, and let Q' be the set of its
current retained blocks. Each incoming label is kept at its location on the lattice where
it was created, with its original volume factor. A current block is retained only when
its full input dependence neighborhood is contained in Dj,. An omitted incoming label
lies outside the block region, apart from the fixed displacement between the location
of a chart label and its path product. A newly frozen boundary label, or a label of a
link across the boundary of the block region, is omitted from Dj, and satisfies the same
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statement. By the endpoint protection rule, an earlier frozen endpoint or basepoint has
its current centered ancestor in an excluded block. By the balanced-digit identity, the
difference between its rescaled position and that ancestor is less than one current unit,
uniformly in the number of steps. Including the finite dependence neighborhoods of the
charts, we may take Lyu¢; = 3Dj + 6, so that every omitted input label x satisfies

dist(x/Bs, (V)°) < Lpugj,  Bs = M°. (21.9)

In the induction s = |J. The same inclusion holds for a single group of s < | averaging
steps when its own domain conditions are imposed. Enlarging the excluded regions can
only decrease the distance to ('), so it preserves the inclusion.

If the incoming fixed complement is nonempty, let i be an incoming retained label and
x a nearest omitted input label. For a current retained label ¢ we use the same distance
as in the two boundary-weighted norms; the factor 3 in Ly,s; covers the comparison
with the maximum-distance convention for dependence neighborhoods. By the triangle
inequality and (21.9), we have

deurrent(€) < dist(e, i/ Bs) + By 'dp,, (i) + Liug; + 1,

where the last term 1 accounts for the choice of a cell rather than a vertex as location.
Rearranging, we obtain

dDin(i) > Bsdcurrent(e) — Bg dist(e,i/Bs) — Cbuf,]/ Cbuf,] = BS(Lbuf,] + 1) (21.10)

Rescaling coordinates in this calculation does not rescale the counting measures of the
labels or discard their volume factors in a column norm; these are the same as in the
incoming analytic norm. If there is no incoming fixed complement, the boundary-
weighted part of the input is zero, and no nearest omitted label is needed. A new
excluded region satisfies the inclusion just proved once the initial split has been made.
The buffer in (21.10) depends only on M, J, and the fixed charts, not on W, s, the
number of steps, or the number of excluded components.

Step 6: locality and counts. We verify locality and the counts without counting connected
components. We label each initially added neighborhood by its failing plaquette; when
neighborhoods overlap, a label in their intersection is assigned to the first incident failing
plaquette in the fixed order. The enlargement of a union by a fixed neighborhood is
contained in the union of the corresponding enlargements of its members. A cell meeting
such an enlargement lies within a further 4R of it, and a full dependence neighborhood
costs at most Dj + 1 more. Projection of a mark to its current ancestor contracts distances
by the blocking factor, with a rounding error of at most one current unit for the whole
projection, not one for each earlier step. This follows from the balanced-digit identity in
the proof of Theorem 21.3, since the whole preimage has radius less than half a block
side.
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If R¢(f) bounds all current neighborhoods and projected marks assigned to f, the
next RG step gives, with a fixed a; < oo,

Rit1(f) < BT'Re(f) + aj(W + Reenn + 1) (21.11)

The neighborhood created when f fails satisfies the same bound in the output units of
its RG step. We take C; > a;/(1 — B™1) and at least the corresponding constant for the
step in which f fails. Iterating (21.11), we obtain R;(f) < Cj(W + Reepp + 1) at every later
boundary between RG steps. A remaining group of fewer than | averaging steps at the
end is read as a fixed finite dependence neighborhood at the last boundary; it creates no
additional integrated step and no update of the normalization constant. All endpoint
marks added when boundary layers are frozen lie in the same neighborhoods, so the
protected neighborhoods of the endpoint protection rule obey (21.11) too, even if the
frozen coordinates contain marks on many lattices.

A ball of radius a in the maximum distance contains at most (2a + 3)3 vertices. The link
direction, the color component, the intermediate scale, and the type of frozen coordinate
multiply this by a fixed C;. In the RG step in which f fails we convert the radius into
input units, which costs a factor B; at later RG steps we use the bound in current units
just proved. We obtain the counts

C](BW+RCe11+1)3/ C](W+Rcell +1)3

of scalar labels. The lists of missing labels, boundary-band labels, and frozen labels used
in Theorem 20.13 are subsets of these lists of bounded density; deterministic images of
earlier frozen coordinates are not new independent labels. A final plaquette whose full
dependence set meets an excluded region lies in a further fixed dependence neighborhood
of one of the assigned sets. Counting the three plaquette directions there, we obtain the
bound Fj. The finitely many remaining numbers of averaging steps after the last RG step
only enlarge the dependence neighborhood. On a periodic quotient these counts can
only decrease. Since we use unions rather than hulls of components, all the bounds are
subadditive, including for excluded regions that touch or wrap around the torus.

Step 7: Borel measurability. The outcome of the ordered tests is determined by its set
of failing plaquettes: replaying the ordered list and adding the prescribed excluded sets
at exactly those failures reproduces it. Hence there is at most one decomposition for
each set of failing plaquettes that the procedure can produce. Each event Ay is Borel,
since it is a finite Boolean combination of tests of Borel iterates and of membership in
deterministic dependence lists. These events are disjoint and exhaust the support. The
small representatives were used only after these events had been specified.

Step 8: the first step under the Wilson measure. For the Wilson measure, we perform
the same tests, including the plaquettes of the input configuration, without assuming
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a small input representative. Let F be the final excluded dependence set. On the fixed
input cell grid of scale S, aligned with the blocks, we form the initial good-cell complex
Py, consisting of all closed cells whose full dependence sets avoid F. The blocks of
the block region are chosen only after moving inward by one full layer of cells and by
the full dependence neighborhood of the constraint, tree, basing, and plaquette path
products. This choice implies that every input plaquette whose Wilson term depends on
an integration variable, and every path product of the block region, is contained in Pj,.
For example, a point of a retained block together with its dependence neighborhood still
lies in a retained cell or in its incident layer, and that layer was retained before moving
inward. The near links are the links outside the block region read by these path products
and plaquettes, as in (18.32), and their values are the near values. All remaining input
links are deep links; their values are the deep frozen group variables, that is, the frozen
group variables in the fixed complement that are not near values.

An input plaquette of P, including a boundary plaquette, avoids the final set F;
by the argument of Step 3, it is good. The absolute part of Theorem 21.3 applies with
Ninput > 85 and 58? < 1, and we obtain the bound C(5S +S~!) < C'/S. Fixing the
mesh factors when Ag is chosen makes this smaller than the required fixed multiple of 7.
At this first input there are no earlier fixed vertices, and we extend the resulting gauge
transformation arbitrarily to the other vertices. All transformed deep links are kept as
arbitrary elements of SU(2) in the frozen data. The finite path-product estimate and the
relative construction at the output of Step 4 give the claimed bounds for the new boundary
layers and based transports. The near values are small in this representative, not in the
original configuration. Every additional excluded set lies within a neighborhood of
radius C;S of an excluded neighborhood, and we assign it to the same failing plaquette.
Since S < CjR, the radius and label counts keep their displayed forms after one fixed
enlargement. After this first step, the induction of Step 4 applies.

All analytically frozen adjacent variables of this first step lie in the complex Pi,,
and hence obey the same conversion and (21.8). A dependence set frozen because its
averaged plaquette fails can contain arbitrary elements of SU(2). Such deep frozen group
variables are fixed parameters, not variables of the analytic freezing, and their plaquettes
involving only frozen variables remain in the external Wilson factor. For a stopped
measure, the corresponding initial variables lie in its gauge-invariant small-field domain,
by Corollary 21.2.

Step 9: stage measures. By Lemma 21.6, every gauge transformation used in this con-
struction fixes the earlier frozen coordinates and their logarithms; this is the form in
which the representatives of part (2) are used later. All stage maps are Borel, since they
are compositions of restrictions, the block averaging map, and finite transport products;
their pushforwards are the measures in part (5). Each frozen coordinate is recorded
once, as an independent link or based transport, and carries all its dependence through
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the density; no statement about independence under the probability measure is needed.
Since the events Ay partition the support of v, multiplying their pointwise sum by 15
gives the identity in part (5), and no restriction is added to the Wilson measure. All
geometric arguments were finite local constructions; no step involves L, v, dy, the depth,
the number of steps since freezing, or the number of components. A final group of fewer
than | averaging steps is stopped before its minimal-side condition fails, as stated. [

The next lemma verifies, on every large-field decomposition, the hypotheses of The-
orems 19.9 and 20.14 that concern the incoming radius, the boundary distances, the
conditional forces, and the cutoff domains. We use the notation of Lemma 19.3. For each
initial segment I of the integrated intermediate scales, ¥ = zjc denotes the remaining free
coordinates, 7 their domain, aj(c,y; ¢) the unperturbed conditional minimizer, and A;
the unperturbed conditional Hessian at a;. Further, r; is the radius of the conditional
coordinate neighborhood, r; the bound on the scaled fluctuations g;w;, eype the fixed
margin, and Cseq, the constant of the sequential construction. As in Theorem 19.9, @ is
the reconstruction in the target-dependent gauge and P is the classical perturbation ad-
justed by the boundary-completion difference. Here ®q(c, u; &) has the joint normalized
argument 1 used in that theorem: if zj is the unperturbed joint stationary point, Ky the
unperturbed Hessian there, and Sp = K 172 then z = zo + Sou. In the lemma below, the
perturbing function in the original free coordinates is

V(c,z;b) = P(®o(c, Sy *(z — 20); E); b). (21.12)

Thus V; and Vij below are derivatives in the original free coordinates z, at fixed ¢ and
real b, and the constants Cp and C}, include the fixed coefficient bounds of this affine
change of coordinates. For a function f of the labels D and frozen values c* on F C D, we
write T f for the function of the labels D \ F obtained by inserting these values, and X g
for the coefficient norm with boundary decay of Definition 18.1 with spatially varying
radius ¢.

Lemma 21.7. Assume the conditions on frozen coordinates and the construction conditions of
Theorem 21.5.

1. Freezing at the boundary of a complete RG step removes every label of reduced analytic
radius and leaves the incoming perturbation on the remaining labels with a uniform analytic
input radius, separately for the classical and the quantum radius. Its incoming and current
boundary distances satisfy (21.10).

2. Fix real b = (&, brec), and suppose that the adjusted classical perturbation P has uniform
norm at most 2. Then the preconditioned conditional force dy, taken over every initial
segment I and every y € T and defined by the first expression below with V as in (21.12),
satisfies

Oy = max SU7EHA11VI(01”I(C11/} €)Y b)lcoest < 10Cpowpal, (21.13)
yelr
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where Iy and Cp are fixed bounds on the larger domains, independent of the later widths.

3. The enclosing product domain and every conditional coordinate neighborhood lie in the
domains of Lemma 19.3 when the construction conditions include

Sy < }Lmlin r1, Ren < 74, Cseq,] (210Cp0pa + 79) < 3€tubes (21.14)

together with the fixed Hessian conditions and the two reconstruction-image conditions
(21.17).

4. The fluctuation cutoff domain with common radius p(t) = Aw log(1/t) is one of the cutoff
domains allowed in Theorem 20.14. Its containment and expansion conditions hold below a
single coupling ceiling, chosen after these fixed positive radii.

None of these statements requires a derivative in ¢ or in brec.

Proof. Steps 1 and 2 prove part (1) and the bound on the new boundary-completion
differences, Step 3 proves part (2), Steps 4 and 5 verify the image and convexity conditions
behind part (3), and Step 6 proves part (4).

Step 1: uniform radius on the remaining labels. The uniform radii are used in the
freezing part of Theorem 20.14. We write D for the old output list, I for the remaining
labels, and F = D \ I. All labels of reduced radius belong to F, and dp (i) > ser fori € I.
If there is no old boundary, the boundary-weighted part of the incoming norm is zero,
and the estimate below is immediate. Otherwise, since the full neighborhood of width
ser — 1 of the old boundary was removed, a shortest route from i to the old boundary
meets F at least s¢r — 1 steps earlier, and additional excluded regions can only shorten
the distance to F. Hence
dD(Z) > d[(l) 4+ Ser — 1.

For a monomial of degree k > 1 in the remaining labels and degree j > 0 in the
frozen labels, inserting the frozen values multiplies its absolute coefficient contribution
by at most 17j with 7 < 1/4, by (21.8). The new fraction v;/k contributes at most a
factor (k+j)/k < 1+, and the remaining connecting network is no longer than the
original one. Since every remaining label had the full radius p., the resulting series is
estimated at the uniform radius p. on I, not at a reduced boundary radius. Summing
Yiso(l+ )7 = (1 —5)~2 < 2 and using the distance inequality, we obtain, including
degree one,

XP(Tf) < 2e %G xbe (1), (21.15)

Replacing the radius and rates by the classical radius and rates in this monomial calcula-

tion, we obtain the classical statement, with the same factor (1 —7) 2.
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Step 2: new boundary-completion differences. The bound |cf| < ¢4 (j) /4 controls the
inherited boundary term. Freezing also inserts the frozen values into the torus functions,
and this produces a new boundary-completion difference. For it we use the bound
|c]ﬁ| < Brec from (21.8). Every contributing monomial has frozen degree j > 1 and degree
k > 1 in the remaining labels. For a fixed remaining index i, the graph connecting
network joins i to a frozen label, so d;(i) < t(v) and t(v;) < t(v). Let t, denote the
Euclidean network length in the torus coefficient norm, and let d, be its Euclidean rate.
The rate choices of Theorem 20.9 give d, > V3 (ae + ao). Therefore

Aet(V7) + ted; (i) < (a0 + e)t(v) < V3(ae + o) ta(v) < Aaty(v).

With 17e = Brec/pe < 1/4, the ratio of the new and old fractions v;/k is at most 1 + j. For
each fixed original degree we split its absolute coefficient sum according to the frozen
degree j, which is uniquely determined. Taking the supremum over the remaining index
before the sum over degrees, we lose at most the factor

o He(2— 1)
]221(1 +])77]. = W < 47,.

The normalization is p, 2 in both norms, and the powers of p, cancel against the factors
of the frozen labels. This includes the new degree-one terms, and gives the bound
8EePrec/ pe for one simultaneous freezing of the union of the frozen labels. The fixed
constant Cy, , includes every required conversion and any finite sum of such terms. The
total contribution therefore satisfies

Z; S CbC’.E.ﬁrec/p. < U* /4. (21.16)

The boundary band, the new boundary layers, the based transports, and the initialization
are all included in this single bound. For a new excluded region in the interior, we do
not claim that the removed band alone makes this difference small. Equations (21.15)
and (21.16) imply the uniform incoming norms in the recursion of Theorem 20.14. The
frozen coordinates ¢ are parameters of those norms and need not have the full incoming
analytic radius.

Step 3: conditional forces. We use the absolute coefficient bounds for the derivatives
of P in Theorem 19.9, on its uniform input image, which lies strictly inside the input
ball. By the fixed construction hypotheses, every conditional coordinate neighborhood
has the same image, together with its connecting segments. Composing with the row-
sum bounds of the first derivative of ®y and of the affine change of coordinates in
(21.12), we find || V7| coett < Cpoxpq, uniformly in y € 7;. Multiplying by the conditional
inverse bound Ij, we obtain (21.13). The second derivative also contains the term ?/CIDOI 1,
where @ ; is the second zj-derivative of z — ®y(c, Sy ! (z — zp); &); keeping it, we obtain
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| Virllcoett < Cpox. The unperturbed neighborhoods are fixed first, so that their own
Hessian variation uses at most half of the preconditioned margin. Reducing the fixed
ceiling for o, makes IjCpoy fit the remaining margin and preserves the real half-gap
and the complex inverse margin. At an unperturbed conditional minimizer, we have
Fo;1 = 0, so the condition on inverse times force is precisely A||A; Vi < &y < r;/4 for
0 < A < 1. This verifies the hypothesis of the fixed-parameter contraction at every y, and
its solution moves by at most 2Aéy. The uniform mixed coefficient bounds of the same
theorem control its dependence on the higher parameters. The sequential conclusion of
Lemma 19.3 then applies under (21.14) to all intermediate scales. In particular, a product
with [g;w;,| < Ren < 74 stays inside every parameter and solution neighborhood with
margin. This is a check of the conditional force at moving parameters, not only at the
joint minimizer.

Step 4: the image conditions. Both inherited image conditions are checked with the
bound s; = Ren for the scaled fluctuations. For each radius, the four zero-fluctuation
terms of Lemma 19.7 satisty

B_lz.(K*P.) S po/16/ CA,oCa,oRa,o S po/16/
CA,oCa,oeiaWwbd/2K*Po < ,00/16/ CF,oﬁreC < ,00/16

Their sum is Ag .. The initial good-cell complex at the first step under the Wilson measure
and the endpoint protection rule change neither these analytic constants nor the bound
on the current data. In the notation of the fixed construction constants of Lemma 19.7,
the image conditions are

CT,oRen
1-— CT,.(K*po + Ren)

AO,o < Pe /4, 1-— CT,- (K*Po + Ren) > %; + CA,oRen < Pe /8.

(21.17)
Here Ry, = Kipy..- The margin in the larger construction domain of radius Ryaw is,
explicitly,
Clift,f [Ki max(p, 0c1) + 7 + Brec + Graw] < Rraw/8,

where graw is the fixed upper bound given by the row sums of the first derivative for
the sequential product of scaled fluctuations and for all its initial segments; this bound
is fixed before the eventual enclosing radius. Together with this margin, the image
conditions give the image 3p./8 without spatial weights. The fixed interpolation of
spatial rates in Theorem 20.14 then gives an absolute weighted image strictly below pe/2,
so all evaluations and segments used for the force estimates above lie strictly in the
uniform input ball, for both the classical and the quantum radius. These conditions on
the parameters are already required by Theorem 21.5 and the analytic theorem, and they
involve no test on the support of the measure.



21 Large-field decompositions and conditional densities §21.2 141

Step 5: convexity on the enclosing product domain. The radius Ry of the scaled fluc-
tuations is fixed independently of the logarithmic cutoff. We first compute its constants
on the fixed larger perturbation domain. Then Ryy is taken below the joint and sequen-
tial bounds, the bound of the larger construction domain, and the two inherited image
bounds of the analytic theorem, as well as below 1/(4A) and 1/(16Cy), where A and C
are the constants of Lemma 20.3. The remaining deterministic choices satisfy

ARy 2Cen,j (7 + Brec + 04pc1)

, Ren =
6Cen,] o )\*

v, ﬁrec/ OxP¢l < < Rw. (21.18)

Here Cep j is evaluated on the fixed larger products, as in the proof of Theorem 21.9, before
these radii are reduced. Then ARen < 1/4 and CyRen < 1/16. When Cot2Ly < 1/16, the
potential estimate of Theorem 20.14 yields

Co(Ren + t2Ly) 1/8 8

1
D2(V — |w|?/2 ) < < = >
H w( ‘ZU| / )Hrow,col,a > (1 — ARen)3 < (3/4)3 > < 5

This verifies the Hessian margin on the whole enclosing product domain, separately from
any expansion on the smaller logarithmic cutoff domain.

Step 6: the logarithmic cutoff domain. Let p(t) = Ay log(1/t), c10g = Aw(] —

1)(log M)/2, and p™(t) = p(t) + ¢, '°8 The common choice p; = p(t) lies in [p(t), pT(#)].
Since g;/t = M(=5t1)/2 the choice p( ;) at each intermediate scale lies in that interval as
well; only the common choice is used here. With the fixed ceiling H = 1 + E + 0, and the
construction constants of the analytic theorem, the relevant conditions on the coupling
can be checked in the following sufficient form:

pT(t) < Ren, Citp™(t) < %'
Crt[(p* (1) +p*(t )+ p(t)]
- Cftlﬁ( )

Cot’Ly < &,  Cit(Ly +2) <min{1/(4V3),p(t)/(2V3)}.

<e,  2[(pT (1)’ +pt () + HpT (1)) < ¢z, (21.19)

The first line ensures that the chosen radii are enclosed, and the second checks the
conditions on the interaction and on the auxiliary half-disc of Theorem 20.14. The
last line checks the curvature and mean conditions of Lemma 20.5, in addition to the
already fixed small radius Ry. Any needed provisional output remainder has the form
Cit?(E+ 0y)[(pT)* + (E + o) (pT)?] and fits its fixed bound by the same reduction.
Indeed, with u = log(1/t), each left side required to be small is bounded by a finite sum
of terms e~ (Aywu + c1]Og )! with k > 0, or by such a sum divided by a denominator at least
1/2, and these tend to zero as u — co. With the amplitude A,, fixed, we choose a finite U
beyond all these thresholds and g, < e~Y < e~!. Every condition then holds uniformly
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for 0 < t < g, and p(t) > 1. The ceiling may depend on Ay; it is independent of the
side, the preceding depth, the number of steps, and the frozen coordinates. No expansion
is applied on the larger radii Ren/t: that product is used only for the comparison of
Lemma 21.12. [

21.3 Coordinate coverage and representatives satisfying
the reconstruction identities

We show that every supported point of every relevant fiber has small relative coordinates
in a suitable gauge, and that its normalized fluctuation coordinates lie in the enclosing
product domain. We also construct, from the coarsest scale downward, the representatives
satisfying the reconstruction identities, at which the densities will be evaluated. The
comparison of the corresponding integrals with integrals over the fluctuation cutoff
domain is Lemma 21.12 in Section 21.6. That comparison requires an incoming density
bound, which is proved there by induction. The coverage statement proved here uses no
density bound.

For a group of averaging steps, the conditional minimizers, Hessians K;, and recon-
struction maps C; are those of Theorems 19.9 and 20.14, with the gauge transformation of
Lemma 19.5, which depends only on the target. For a supported fiber point, z* denotes
its free logarithmic coordinates and w?t its normalized fluctuation coordinates, obtained
by inverting the reconstruction. The enclosing product domain is

ICt - H{|wi,e| < Ren/tmax}z

ie
with Ren as in (21.18).

Closed supports and retained transitions. Fix the finite lattice, range of scales, and
decomposition X. Before constructing densities, let 7;' be the actual stage measure
obtained from the initial measure restricted to Ay by the integrations and freezings up
to stage t. Its variables form the finite compact product X; of current links and native
frozen group coordinates, and put K¢ = supp #;*. If F; is the retained output map before
freezing, a supported fiber over y means exactly K; N F, 1 (y); its free-coordinate set is the
inverse image of this intersection under the local reconstruction. At a freezing boundary
we use this pre-freeze convention and then the freezing bijection. This definition uses no
version of a conditional measure.

The strict passing inequalities of the algorithm become q(c,) < d. on these closed
supports. Here is the local continuity justification. At each fixed finite stage, approach
a support point by data actually produced by the restricted measure. The dependence
exclusions ensure that every retained transition reads only the good-cell variables, the
prescribed near data, and the protected native records; it never inserts exceptional deep
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frozen values into a local analytic map. The gauge tuples exhibiting the geometric bounds
form a finite product of compact copies of SU(2), with closed endpoint compatibility
conditions. A subsequence of such tuples converges. All group path products and native
saving maps are continuous, so their bounds pass to the limit, and the plaquette bounds
become weak inequalities. The resulting geometric bounds still place every relative
logarithm and local constraint inverse strictly inside its fixed larger chart: the final radii
were chosen below those margins by fixed factors. In this limiting gauge the retained
transition is therefore the ordinary continuous analytic branch, on a neighborhood of the
support point. Gauge equivariance identifies it with F; in the original coordinates. This
proves continuity of the retained transitions on the full K;, by induction over the finitely
many stages, starting with the continuous input plaquettes. It asserts no continuity of
the globally Borel-extended averaging map on excluded data and chooses no continuous
gauge map.

For completeness, this also propagates support through the actual restricted stage
measures. If v; is the measure at a transition after its retained indicators, then supp v; C K;.
Continuity on this compact set gives

supp (F)uvs = Fr(supp v¢).

Indeed, the image is compact and carries the pushforward, while every neighborhood
of an image point pulls back to a relative neighborhood of a support point of positive
measure. Freezing and its inverse are continuous triangular group path-product maps,
so the same assertion applies after freezing. Thus every supported output has supported
predecessors, and the geometric and native collar bounds just proved apply to every
supported fiber point, including the boundary. The ordered tests themselves retain their
strict passing rule.

Lemma 21.8. There is a fixed €, > 0, depending only on the finite path and local inverse-chart
margins fixed before the final radii, with the following property. Consider an inter-step output
before its freezing map, with old records b9\ and retained closed-cell complex P. Suppose that
q(cp) < dy for every plaquette of P, including its boundary, that the ordinary links of its prescribed
collar T have their native creation-lattice bound pg(c.) < Cpr, and that the other analytic output-
band and near data have the bounds of Theorem 21.5(2). Assume also 1 + Brec < €relj. Then a
gauge transformation K, prescribed to be I on I' and extended by I outside P, puts the retained
interior links below r/2 and all links of P below Brec/2. 1t is I at every protected endpoint and
basepoint of an old record, including variables already frozen at the input of the current group,
preserves b9\ and the zero-completed earlier coordinates exactly, and gives a small output datum
for the relative-coordinate argument of Theorem 21.9(1). The non-collar links of the current
output band may move under K; at this pre-freeze comparison they belong to the output field, not

tO bold

rec*



21 Large-field decompositions and conditional densities §21.3 144

These hypotheses hold at every datum obtained by inverse freezing from a history-produced
representative at the next stage, including every supported fiber point over that datum. Indeed,
the ordinary I links are recorded literally in the full frozen band, and the inverse freezing map
restores them independently of the retained free links. No claim is made that an arbitrary small
representative whose saved coordinates are merely below Brec has this native collar property.

Proof. The hypothesis q(c;) < d. and Step 8 of the proof of Theorem 21.3 give pc(cp) <
5 = m/2d, on every plaquette of P; on stage supports this weak hypothesis is supplied
by the preceding closed-support argument. In Theorem 21.3(2)—(3), take kr = I, 7 = Cpr,
and R = [Ag/r]. The already imposed conditions 6R?> < 1 and K%r/Ag < ¢ give the
relative extension. It is I on I' and on the boundary vertices of P, so extension by I
outside P is consistent. Its link bounds on P and in cells without a vertex of I" are those
stated; every retained cell meeting I" belongs to the frozen band, so every retained interior
link lies in a cell with no vertex in I'. Analytic near values outside P keep their original
bounds, while the finitely many path products crossing the collar have the same fixed L;
conversion as in Step 4 of the proof of Theorem 21.5. The path products and coordinate
conversions have fixed length or fixed derivative-row bounds. Their values are at most
Cj(r + Brec) in the local chart, so choosing € ; below the minimum of the finitely many
positive inverse-chart margins divided by this fixed C; places every coordinate used in
the small relative argument inside its chart. This threshold is fixed before the final radii.
The endpoint protection rule ensures that the lift of K is I at every mark of b3, including
the input variables already frozen in this group. In particular, replacing an earlier frozen
value by the identity in the regional completion commutes with K: both endpoints of
that completed coordinate are fixed.

For the last assertion, at fixed retained output v the freezing map of Lemma 21.11
records ordinary band links directly. Only a crossing link is replaced by the based
expression Uy (0, )a.. The closed-cell collar lies in the full ordinary frozen band, whose
incident retained cells all belong to the frozen band, so no collar link has an endpoint in
the active region and its links use the former rule. Its recorded values and both endpoints
were protected by Theorem 21.5(2). Consequently every inverse freezing over the same
next-stage datum restores the identical collar values, regardless of the supported free
coordinates. The comparison gauge K is applied only to this restored pre-freeze output;
it does not overwrite the recorded values in the actual downward family. O

Theorem 21.9. There exist 0 < €en,j < €relj and Cenj < 0o, with the dependence stated at the
beginning of this section and independent of all later widths of boundary bands, removed bands,
protected neighborhoods, and cells, such that the following holds for every large-field decomposition
of Theorem 21.5. Assume its construction conditions, the two reconstruction-image conditions
(21.17), and r + Brec < €en,J-
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1. Let 1 <s < ]. Let (c, brec) be the output field and frozen coordinates of a configuration in
the support of the stage measure, given either by a small representative of Theorem 21.5(2)
(at the first step for a stopped measure, of Corollary 21.2), by the small comparison datum
of Lemma 21.8, or by a representative obtained from either such datum by an output gauge
change acting on the old frozen coordinates as in Lemma 21.6(1)—(3). Assume that this
representative and the associated fields before the target-dependent gauge transformation
belong to the common larger construction domain of Theorem 20.14, and that its analytic
frozen coordinates satisfy (21.8). Let U be a configuration in the support of the fiber over
(¢, brec). Then there exists a correcting gauge transformation, equal to I at the roots of the
block region, at the vertices of the frozen boundary layer on the side of the fixed complement (in
particular at the endpoints v, of the links across the boundary of the block region), and at all
protected earlier endpoints and basepoints, with the following property. After the hierarchical
tree gauge fixing, every relative constraint vector X; of U, including its eliminated entries,
and its free part z; satisfy

max (|| Xjl[eo + [Zilleo) < Cj(r + Brec)-
0<i<s

They lie in the common domain of the local inverse of the block averaging constraint, with a
fixed positive margin. The correcting gauge transformation is the composition of a smallness
gauge and the lift, constant on blocks, of the inverse of its root values; its factors are not
separately required to fix the roots. The inner endpoint u, of a current link across the
boundary of the block region may move before the tree gauge fixing, while the based transport
is preserved, since its endpoints are fixed.

2. Assume at every integrated stage the adjusted classical perturbation bound X (P) < 20, and
the uniform conditional-force, Hessian, and sequential margins of Theorems 19.9 and 20.14;
the initial norm bounds and coupling ceiling of the latter theorem supply these bounds
along its analytic recursion. Choose all history-produced small top representatives in the
coordinate domains of part (1), retaining the native collar bounds of Theorem 21.5(2). Define
the reconstruction maps on their full spatially varying radii first, and descend through them,
aligning the target at each step by the accumulated output gauge change. The unperturbed
coordinates, conditional minimizers, and inverse square roots of the Hessians transform by
blockwise adjoint orthogonal transformations, and the perturbing force is estimated separately.
This constructs representatives satisfying the reconstruction identities at all stages, with

(TRCe(c, & brec)) oy = ¢

and for every point of every fiber over every resulting output datum, its normalized fluctuation
coordinates satisfy

n}?xgi’w%t‘ < den = Cen,j (1 + Prec + 04pa1)-
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With Ren = 20en/As, each such point lies in the interior |w2§t| < Ren/ (2tmax) of the
enclosing product domain KCy. Each gauge transformation of Lemma 19.5 used here is I at
all protected vertices, including the current endpoints of the links across the boundary of the
block region. No estimate on the logarithm of the accumulated gauge transformation is used.
The statement concerns every supported fiber point, including points near the boundary of the
coordinate domains, not one selected point or almost every point under an auxiliary measure.

3. At the first RG step for a stopped measure, every nonempty fiber over an output field and
all input frozen coordinates that meets D, has a representative in which all output links
and input frozen coordinates are at most C,q jr. The scaled fluctuations of the unperturbed
objective, K(l)/z(zac" — 29), are bounded by Cj(r + Caq j7).

4. At the first RG step under the Wilson measure, let b™" be the near values, that is, the values
on the near links of (18.32), which are the links outside the block region read by a plaquette
depending on an integration variable or by a path product of the block region in the initial
good-cell complex. Let 1]qeep be the deep frozen group variables, the values on all remaining
links. Then we have the exact identity

SW(U) = Fbare(uint; bnear) + Ehole (bnear, Udeep)/

where Uint denotes the integration variables and R, is the constrained Wilson-action
objective of the first block integration, defined in Definition 18.13 and written in these
variables; in the coordinates of Definition 18.6 this identity is (18.38). No smallness is
imposed on fgeep; its factor e~ Evole/Sbase remains with its original Haar integration and
the original partition function. Every conditional minimizer, derivative, square root, and
Haar disintegration factor of the integration variables is independent of fgeep- A plaquette
containing only frozen links, near or deep, belongs to Eyje. At this step there is no inherited
effective interaction, and the scaled fluctuations are bounded by Cj(r + Brec). The deep frozen
group variables and exceptional values of the Borel extension in them are never logarithmized
or inserted into a torus analytic action.

The constants have the dependence stated at the beginning of this section, and they are uniform in
the deep frozen group variables.

Proof. We first work at a small output representative and an arbitrary supported fiber
point over it (Steps 1-3). Step 4 transports the estimate to the representatives produced
from above, using only the unperturbed objective, and Step 5 estimates the perturbation.
Step 6 constructs the representatives satisfying the reconstruction identities, Step 7 con-
verts the bound to the enclosing product domain, and Steps 8 and 9 treat the first step
for the two initial measures. For s < ], the image hypothesis includes the separately
imposed interior image condition of that group of steps. Only its conditional local chart
and force estimates are used here; for fewer than | steps there is no restoration of norms
and no recursion of normalization constants.
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Step 1: a smallness gauge for an arbitrary fiber point. We work at a small output
datum (c, brec) supplied either by Theorem 21.5 or, for a descended inter-step datum, by
Lemma 21.8, and keep this notation until Step 4. Its retained interior output links are
bounded by r/2, while current output-band links and newly used near and based data
are bounded by Br.c; its analytic old frozen coordinates obey (21.8). The root-increment
argument below uses only pg(crr) < 7+ Prec for an internal final link, whether that
link is retained or in the current output band. At the relative-admission comparison
of Lemma 21.8, the input point is separately put in a smallness gauge as below; the
collar estimate alone is not used as an input smallness assumption. An arbitrary analytic
background on a larger spatially varying radius need not satisfy the absolute bound
on c used in this step. Fix any configuration U in the support of the fiber over this
representative. By Theorem 21.5, there exists a smallness gauge S for the input links
of the block region. We restrict S to the input vertices of the block region and set it
equal to I elsewhere; internal links are unchanged by this restriction. By the endpoint
protection rule, its lifts fix every earlier endpoint and basepoint. A current prescribed
based transport is not a protected earlier record. It may move under this intermediate
operation; the combined correction below fixes its endpoints and restores its prescribed
value. We write V = U® on the block region and let u;, be its bound for interior links. At
the initial input for a stopped measure we use uj, = r; at later inputs u;, < r/2; at the
first input under the Wilson measure u;, < r, after the fixed choice of Ag. By Lemma 21.1,

for internal dependence neighborhoods reading only interior links, we have

max 1pG((T;'MV)e) < (10M)'wyr, 0<i<s. (21.20)
e interna
These dependence sets lie inside full blocks of the region. The display is not used for a
path product reading a prescribed near value; such path products are bounded after the
alignment below, using their frozen data as well as the interior bound.

Step 2: the root values. For each final root a of the region, let i, = S(a)~!. On an

internal final link (a,4’), by the gauge covariance of the block averaging constraint, we
have
Cogt — I’la(T]SVIV)M/ha_,l.

Multiplying this identity by the appropriate inverse factor and using bi-invariance, we
obtain

06 (1) < p6(Car) + 06 (T V)ar) < 7+ Brec + (10M) . (2121)

We lift h as a constant on each final block of the region, with value I off these blocks,
and denote this lift by L (a gauge transformation, not the side of the torus). The total
correction is H = LS, since (U°)" = U5, and it equals I at every final root. At the
vertices of the frozen boundary layer on the side of the fixed complement both factors
are I, and the endpoint protection rule fixes the earlier frozen endpoints after lifting to
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their own lattices. An intermediate internal link either stays in one final block or crosses
a single boundary between adjacent final blocks. In the first case L conjugates its value;
in the second case its angle increases by at most the root increment in (21.21). Together
with (21.20), this bounds all internal iterates by Cj(r 4 Brec). A component consisting of
a single block has only the first case, and its root value causes no additional estimate.

The bound pg(cyrr) < 7+ Brec used in (21.21) belongs both to a forward small rep-
resentative and to the pre-freeze small comparison datum supplied by Lemma 21.8: its
retained interior links are below r/2, its current analytic output band is below Bec, and
any other internal link read here obeys the same sum bound. At the first step for a
stopped measure, the representative of Corollary 21.2 has output bound C,q ;7 < Brec, by
(21.6), so the displayed bound holds with u;, = .

Step 3: based transports and the branch. The endpoints of a current based transport are
a root of the region and the endpoint of its link in the fixed complement, and the factors
of H at both are I. The transport is therefore unchanged, although the endpoint u, in
the region can have moved. We now apply the hierarchical based tree gauge fixing of
Lemma 21.1. Since its paths have length at most L, all internal links after the tree gauge
fixing satisfy the same bound with a larger C;. A link across the boundary of the block
region that is read by a path product of the region is the inverse of such a bounded path
times its prescribed based transport. It is therefore bounded by Cj (7 4 Brec) as well. Every
path product of the region mixing integration variables and near values has at most L;
factors of these links and of its prescribed frozen data; its bound is Cj(7 + Brec), including
the contribution of the frozen data. We include the initial C,q; and the constants for
these mixed path products in this fixed C; before choosing €p j or the final radii. At the
small representative, the relative vector X; and its free part z; then satisfy the estimate
in part (1). We choose €¢p j so that this bound is less than half the common uniqueness
radius and all the fixed construction margins. Since the configuration solves the block
averaging constraint, its eliminated entries equal the unique eliminated entries on this
branch. This reasoning applies to the arbitrary point U itself, not to another point of its
fiber, and neither S nor L has to fix the roots separately.

Step 4: transport to representatives produced from above. We carry the estimate to
an output datum produced from above, using only the unperturbed objective with
torus input. Let k be the accumulated output gauge change. Its lift, constant on blocks,
preserves the tree identities, and the coarse-field lift of the target satisfies Uy (c*) = Up(c)~.

Each relative factor therefore transforms as
eXe — oAk Xe zi — AyiZi, (21.22)

where 4 is the root of its block and Ay ; is block diagonal and orthogonal on the real color
vectors. The equation for the eliminated edges transforms in the same way, as we see by
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conjugating the constraint and using the uniqueness of its small inverse. We repeat this
over the s < | intermediate scales. Since the changes at earlier marks are the identity, the
prescribed frozen data are preserved. For a comparison of two representatives that are
not related by a based change, the same formula uses their correspondingly transformed
output data.

For a descended inter-step datum, we first use Lemma 21.8 on the pre-freeze output
restored from its next-stage records. This produces a small datum by a relative gauge K
equal to I at every earlier frozen mark. The inverse change k = K~ ! carries that small
datum back to the given one; its lift is endpoint preserving, so the old records and every
coordinate completed by zero agree in both comparisons. The current output band is
still part of c at this step. Its non-collar links may change under K, but they are not old
records in brec in the local comparison. Only after the comparison is the actual output
frozen by the raw freezing map, which records its actual values. The ordered tests and
the initial measure are gauge invariant, so lifting K takes each supported fiber point to a
supported point over the comparison datum with the same old records. We apply this
change separately to each supported fiber point. Formula (21.22) transports the relative
bound and the eliminated-edge inverse back to the given output datum, even if its output
links are bounded only by a larger analytic radius; no absolute bound r/2 on its iterates
is asserted. For part (1), an output datum already related to a small representative by a
change of Lemma 21.6(1)—(3) uses that stated change. All old frozen coordinates in the
descended comparison satisfy (21.8), and no arbitrary endpoint change of part (4) is used
for this analytic estimate.

All fields in this calculation, taken before the target-dependent gauge transforma-
tion, lie in the common larger construction domain of Theorem 20.14. In particular,
the backgrounds at block boundaries, which need not be of order M~°p, lie in that
domain. The torus classical values used there agree under a compact periodic gauge
transformation whenever both representatives lie in the common overlap chart, by The-
orem 11.6, as recorded in (14.3). Their membership in that common domain follows
from Lemma 19.7(1) and the construction-domain hypothesis of part (1). In a regional
completion, the prescribed small frozen data transform at the endpoints of their paths.
The earlier frozen coordinates that are completed by zero have both endpoints fixed by
the endpoint protection rule, so appending them commutes with this change. For the
unperturbed objective Fy and the product color map Ay,

Fo(c¥, Axz; blec) = Fo(C, 2; brec)- (21.23)

This identity is compact overlap applied to the torus classical restriction after regional
completion. The endpoint-preserving change commutes with zero completion of the
old coordinates, and the local constraint inverse transports the remaining coordinates by
(21.22). No covariance of the regional perturbation is asserted.
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By stationarity in z and the uniqueness of the unperturbed conditional minimizer, we
have
20(F5b5) = Axzo(Cibree),  KolcF;bloe) = ArKo(c; brec) AL (21.24)

rec rec

The minimizer stays in the common uniqueness box; if boxes in scalar coordinates
are used, the fixed comparison of color norms is included in the margin of the larger
construction domain. An orthogonal conjugate of a positive square root is positive and
squares to the conjugated matrix, so uniqueness of positive square roots gives the same
identity for K(l)/ 2 and Ky 172, Applying this argument after each conditional minimization,
we obtain it for every initial segment. At a small output representative, Theorem 18.12(4)
gives
1Zolleo < Cy(llelloo +[Gllo0) < Cy(r + Brec)-

Equations (21.22) and (21.24) carry the bound
IK3/ (2% = o) [leo < Cj(r + Brec) (21.25)

to every output datum described in part (1). No bound on Logk is needed, since
blockwise adjoint transformations have norm one for every compact value at the roots.

Step 5: the perturbation. We treat the perturbation separately, at fixed real b = (¢, brec)-
The uniform incoming radius, the boundary-distance comparison, and the conditional
force estimates are Lemma 21.7; the analytic norm bounds are those of the recursion
of Theorem 20.14, constructed without any density inequality. In the notation of The-
orem 19.9, the preconditioned force is at most Cjoyp, the change of the constrained
Hessian is at most C;o, and the rows of all square roots for initial segments are bounded
by C;. That theorem estimates the perturbation on the reconstructed field in the target-
dependent gauge, including the full boundary-completion difference; it asserts no covari-
ance of the perturbation, and none is needed. We first place the higher coordinates of
the arbitrary supported point in the domains where these conditional objects are defined.
Put ben = ¥ 4 Brec. The inverse-square-root row bound of Step 4 and (21.25) give, for the
unperturbed joint center zy,
||ZaCt — Z()Hoo < G]ben.

Here Gj includes the fixed conversions between color-vector and scalar-coordinate sup
norms; it is bounded on the larger construction products before the final radii are chosen.
For each initial segment I, put v; = ¥ — zg 1o, where 3% = 23", At the fixed real
coarse field and frozen datum, regard v; as a constant vector in the shifted parameter
chart y = zgp ;c + v of Lemma 19.3(1). Its output-fixed degree-zero coefficient norm is
exactly ||v;]/eo, with no volume factor, and is at most Gjben. Let #min > 0 be the minimum
of the finitely many fixed parameter margins defining 7;, with those same color-norm

conversions included. In the already adjustable choice of €, in Step 3, require also
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Gj€en,] < Mmin/2. Since ben < €en,j, every y‘}‘Ct lies in 77 with a strict margin. This
membership is established before evaluating any perturbed conditional minimizer or
inverse fluctuation coordinate at that argument.

Let 4;(y;) be the ith component of the unperturbed conditional minimizer a;, for the
prefix I; = {0,...,i}, with the coarse field and frozen datum suppressed. This is the
conditional center at scale i, distinct from the joint center z(;. It satisfies a;(zo~;) = zo,,
and the derivative-row estimate of Lemma 19.3(1) on the fixed larger products gives a
constant D, ; such that

127 — ai(¥7)lleo < (1+ Daj) Gjben.

We decrease the same €.y j, if necessary, so that this bound is below one quarter of
the minimum fixed conditional solution radius. Thus the actual coordinate lies in the
common conditional chart. At the already admitted higher argument, (21.13) and (21.14)
give

175, (47 brec) — ai (¥ ) oo < 20y < Cjopa.
The second point lies in the same conditional chart by the fixed force and solution
margins. Only now do we use the exact inverse relation

§i? = Kp i (42 brec) " * (22 — 2} ; (43 brec) ).

If S; bounds the rows of these perturbed positive square roots on the larger products,
then, at every scale and for every supported point,

giHZU?CtHoo < S] [(1 + Du,])G]ben + 2(5{/] .

The constants Gy, D, j, S; and the two fixed positive margins precede the final cutoff and
boundary widths. The at-most-] substitutions of higher arguments are already covered
by the uniform conditional derivative rows used in D, j; no neighborhood is inferred
from a fluctuation bound that has yet to be proved. Absorbing these fixed constants and
the bound on Jy yields

max gi|wic'| < Cen(r + Brec + 0xpa1)- (21.26)
e

The construction conditions keep these conditional neighborhoods inside the joint branch;

they are not replaced by arbitrary slices of a joint box of free coordinates. No perturbed

derivative in a frozen coordinate ¢ or in an earlier frozen coordinate is taken; these

coordinates enter only as fixed real parameters of the uniform coefficient estimates.

Step 6: representatives satisfying the reconstruction identities. The construction down-
ward is a finite induction. We start with all history-produced small top representatives
of Theorem 21.5, including both (21.8) and the native Cpr collar records. At a boundary



21 Large-field decompositions and conditional densities §21.3 152

where coordinates are frozen, the hierarchical tree transports are I by Lemma 21.1, and
the gauge transformation of Lemma 19.5 is I at their endpoints. Undoing the basing
therefore inserts the already chosen new frozen values directly. At the next lower group
of averaging steps, we lift the accumulated output change, take the free logarithmic
coordinates of any configuration in its fiber, and invert the reconstruction defined before-
hand. By the branch argument of Steps 1-4 and (21.26), these inverse coordinates lie in
its domain. The reconstruction has the same target and the same free coordinates, and
uniqueness of the eliminated-edge inverse identifies the reconstructed configuration, be-
fore the gauge transformation, with the configuration aligned by the accumulated output
gauge change. We then apply the gauge transformation of Lemma 19.5, which depends
only on the target; by that lemma, the target is unchanged and every protected vertex is
tixed. This produces the present representative and permits the next step of the descent.
By Lemma 21.6(1)—(2), the subsequent lifts and the based correcting and tree gauges
tix every frozen coordinate chosen at this step, so (21.8) and the native collar records
persist throughout the family. At each inverse freezing, the ordinary collar links are
restored literally from these records, independently of the newly chosen supported free
coordinates, as in Lemma 21.8. Thus the relative-admission argument of Step 4 applies at
every lower inter-step output, and all supported points over each fixed output datum are
included. An arbitrary small top representative satisfying only (21.8) is not asserted to
have this property. Each step uses only the representative above and the analytic maps
defined beforehand on their full radii, so the induction assumes no completed family of
representatives. Keeping all choices gives all fibers over all resulting output data and the
identity for the target in part (2).

Step 7: the enclosing product domain. At output side m, we have g; = tmaxM (ims+1)/2 >
Astmax. Dividing (21.26) by g;, we obtain

act (Sen . Ren

‘wi,e | S )\*

tmax B Ztmax.

Every point of C; has gi|w; .| < Ren. Both the classical and the quantum image conditions
are imposed on the whole product K¢, not only on the supported subset or on the
logarithmic cutoff domain.

Step 8: the first step for a stopped measure. We fix one point of a nonempty fiber
over an output field and all input frozen coordinates, and apply Corollary 21.2 to it. In
the resulting representative, all output links and all based input transports are at most
Caq,j7, and the remaining input frozen links are smaller than r. For any other point of
the same fiber, we take its own gauge transformation into B,, cancel its root values by
the lift of the inverse root values, and cancel its gauge transformation at the vertices of
the fixed complement. Equations (21.20) and (21.21) hold with u;, = r and the output
increment Coq ;7 + (10M)°r. All input variables used analytically, including all input
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frozen coordinates, are small after the tree gauge fixing. The unperturbed estimate is
Cj(r 4 Caq,j7). This is the regional form of the coordinates of Theorem 14.3 at the first
step; it is uniform in the preceding depth and is not applied to frozen coordinates created
at later steps.

Step 9: the first step under the Wilson measure. We use the initial good-cell complex
of Theorem 21.5(4), together with the internal coordinates of Definition 18.6 and the
completion of Definition 18.13: the links across the boundary of the block region are
completed by (18.33), the other links by (18.34), and Pyar is a fixed list as in (18.35)-
(18.36), namely the list of the split made in this step. The near links of (18.32) carry
the near values b"*", and the deep links carry the deep frozen group variables #4eep-
The hypothesis of Definition 18.13(3) that the near values lie in the identity chart is the
conclusion of Theorem 21.5(4), since every near link lies in the initial good-cell complex.
Indeed, the links of the path products in Sgep lie there because of the inset by the full
dependence neighborhood. The plaquettes incident to £ lie within one input step of a
block of the region, while Theorem 21.5(4) moves inward by a full layer of cells and the
full dependence neighborhood. The conversion between the value on a link across the
boundary and its based value is included in Ceony, ;-

In the hierarchical tree coordinates, we partition the plaquettes according to whether
their Wilson term depends on an integration variable. By the definition of the near links,
every term in the first class uses only integration variables and near values, and the sum
of these terms is F,yre. Every remaining term is a function of frozen variables only and is
assigned to Eye, even if its plaquette contains both near and deep links. This partitions
the sum Sy = 4}, q(Up), and Lemma 18.14(1) implies the exact split (18.38), which is
the identity in part (4). In particular, every objective of the integration variables and
all its derivatives are independent of #/geep, without any estimate of a small remainder.
The Haar disintegration path products also avoid the deep links, because of the inset
by the full dependence neighborhood. By (18.39), the objective agrees with the objective
of Theorem 18.12 at preceding depth zero, up to a function constant in the integration
variables. The external factor e~ Erole/ $hase remains the one in (18.38), with its original Haar
variables and partition function.

We apply Lemma 18.14(2)—(3) to the block region of the first step, with the prescribed
near completion. Its embedding of the free coordinates is A in (18.15), and its extraction
matrix is (18.16). Equations (18.40)—(18.42) apply to the list Pyar, including every case
near the boundary. By (18.43), the flat joint Hessian in the free coordinates then satisfies

KQ - A\gd;rardvargﬂ > )\M,]Iz

It has uniformly bounded absolute rows and columns and the range (18.44), indepen-
dently of the region and of the deep frozen group variables. By (18.39), this is also the
case dy = 0, kx = 1 of Theorem 18.12. Every principal free matrix and every real Schur
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complement of an initial segment keeps a fixed-] gap, by (18.47). No Hessian of a field
outside the region is inverted.

All Wilson and constraint derivatives at this step are derivatives of finite local path
products. Their absolute row sums are bounded on a fixed smaller identity chart, inde-
pendently of the deep frozen group variables. We obtain the weighted inverses without a
volume estimate. First let K be the flat joint matrix K, or one of its principal free subma-
trices, before the minimization over a lower scale. By Lemma 18.14(3), Ay ;I < K < O jl,
and K has range Dy;;. We set a = 2Qp;; and T = I — K/a. Then T has norm at most
g =1—Apm;/a <1,and the entries of T* vanish beyond maximum distance kD) , hence
beyond graph distance 3kDy;,;. By the bound on the density of labels in the proof of
Lemma 18.14, each row of T* has at most C ](k + 1)3 nonzero entries, each of absolute
value at most g¥. For b > 0 with ge*PM/ < 1, the series (18.48) for K~! and K~1/2 have
uniformly summable rows and columns, weighted in the graph distance; the second
is the scalar binomial series applied to T, whose coefficients are at most one. Small
complex perturbations are inverted by the Neumann series about these matrices. For the
conditional matrices obtained after minimization over lower scales, we use (18.47) and
the bounds for Schur complements in the proof of Lemma 18.14(3), which rest on the
argument of Combes and Thomas [61]. These matrices and their inverse square roots
have uniform exponential row and column bounds, although the Schur complements
need not have finite range. The factors M’ are included in the corresponding matrices.

The equation for the conditional minimizers is a contraction on a fixed smaller box. We
first prove this at the small representative used in Steps 1-3. There, its force at zero fluctu-
ation is Cj(7 + Brec), and by the third-derivative bound in the proof of Lemma 18.14(4) its
derivative changes by at most C; times the radius of the box. At this representative, the
coarse argument of (18.45) is Logc, and ||Logc||« and ||¢||e are at most Cj(r + Brec). In
the choice of €¢p, j, we require in addition Cj(r 4 Brec) < €pu,j, and we require the radius of
the box to be at most €y, ;, so that (18.45) applies on the whole box, including the coarse
tield. We reduce the radius of the box so that the inverse times the change of the deriva-
tive is at most 1/2; the solution then has size Cj(r + Brec). The finitely many conditional
products and their image margins are those required in Theorems 19.9 and 20.14, and
their specialization at this step has no inherited effective interaction. Applying the inverse
formula for the normalized fluctuations, we obtain the bound on the scaled fluctuations
in part (4) at the small representative, without the perturbative term.

For an output representative transported from above, we use the output gauge change
of Step 4, with the frozen values transformed consistently. The Wilson terms are traces
of plaquette variables, so the exact split in part (4) gives for F,,.. the same covariance
identity as (21.23). Its conditional minimizers and Hessians therefore transform as in
(21.24), and their square roots transform by the same orthogonal conjugations. Hence
the minimizers at the transported representative are the images of those at the small
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representative, and each normalized fluctuation w;, is rotated by an orthogonal map,
so the bound on the scaled fluctuations carries over. No bound of order r + Brec On the
transported coarse links is needed.

All constants arose from local path products, fixed construction products, and their
row-sum bounds. O

21.4 Pointwise gauge-invariant densities

The densities of the stage measures will be evaluated at representatives satisfying the
reconstruction identities, which form a set of Haar measure zero. We therefore construct
an explicit Borel density and prove that it is gauge invariant at every point. The coverage
hypothesis of Lemma 18.7 is supplied by Theorem 21.9(1), which uses no density bound.

Theorem 21.10. Fix a finite lattice, a preceding depth that is a multiple of |, an initial measure (a
stopped measure or the Wilson measure), and a large-field decomposition X of Theorem 21.5 with
a range containing at least one integrated full RG step. At stage t, let X; be the product of the
link variables of the current block region and of all independent frozen links and based transports,
each on the lattice where it was frozen. Let H; be the product of the Haar probability measures on
these factors, and let 11;° be the stage measure, a subprobability measure. Let T be the group of
consistent gauge assignments on the finite multiscale transport graph formed by these endpoints:
repeated physical vertices are identified, and each recorded object transforms at the endpoints of its
path. In particular, I'y contains arbitrary values at the output roots and their lifts, constant on
the blocks of the region, together with the induced changes of earlier frozen coordinates used in
Theorem 21.5. For a frozen link on the lattice of level { and for a based transport, the action is

by — Kby, (Y, B — k5,1, B = U(o)be.

For each fixed assignment, this is a left and right multiplication in the independent group variables,
and it preserves Hy.
There exists an explicitly defined nonnegative Borel density p; such that

ni¥ = p:Hp, pi(xX) = pi(x)  for every x € Xy and k € T.

On the gauge-invariant chart domain containing the measure, p; is given by the parameter
integrals of the Haar disintegration formulas, with every indicator of the decomposition and every
protected external factor retained, patched by their exact equalities on overlaps of fixed gauge
translates. On the invariant complement of this domain, which has zero mass, its value is zero. In
particular, the values of p; at representatives satisfying the reconstruction identities are given by
these formulas pointwise.
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More explicitly, if Z.y, . is the domain of the free coordinates of the fiber over an output datum
(¢, brec) satisfying the coordinate conditions of Theorem 21.9, then the outgoing density is

P?Ut(cz brec) = / Xt (C/ z, brec) ]9zf(uc,breC (Z)/ brec)]CO(C/ Z; brec) dz,
¢,brec
where x; is the product of the indicators of the decomposition, the incoming support, and the
outgoing pre-freeze support, and the normalized integrals over the tree variables are kept until the
covariance under based gauges has been applied. The factor at scale i of the Haar disintegration
density Jco is exactly

fi IL outsidethetreest(ri,E) (X)) = sinc?(1Xx!|/2
CHaar HadetDngca(ri) ’ ]H( ) SINC (’ ‘/ )/

where the product in the denominator runs over the internal constraints, f; is the number of free
group variables at scale i, and the numerator includes the Haar factors of the eliminated edges.
The reference measure already contains the Haar measure of the output field; no further coarse
Haar density, Gram determinant, or orbit-volume factor occurs. For the stage densities and the
tests of the decomposition, the covariance under based tree gauges makes each tree Haar integral
equal to one; this elimination is not valid for arbitrary noncovariant Borel densities. Basing at a
fixed field on the block region is the triangular Haar translation b, — U (0, )b,, with Jacobian one.

These statements concern the stage measures and the block averaging map with its Borel
extension; they assert no independent gauge covariance or overlap identity for the auxiliary
regional functions. The torus classical restriction used in the analytic comparisons does use
Theorem 11.6 on the common charts, as in (21.23). Deep frozen group variables, including
exceptional values of the Borel extension, are allowed. All identities hold in each finite dimension
and introduce no factor depending on the size, the number of steps, the shape, or the depth. The
analytic chart bounds used in the construction have the dependence stated at the beginning of this
section.

For a range with no complete RG step, use the original pointwise invariant initial
density, with the retained decomposition and support indicators and zero extension
off its support. This gives a Borel density for either initial measure directly; no mass-
carrying small-chart domain is asserted. The theorem above includes stage zero of every
positive-length decomposition, as well as its empty active regions and empty fluctuation
products.

Proof. We construct the density and prove its pointwise invariance together. This avoids
evaluating an unspecified Radon-Nikodym derivative on a set of representatives.

Step 1: the endpoint group. We identify repeated physical vertices in the finite list of
endpoints. An endpoint assignment is an element of the resulting finite product of copies
of SU(2), and any additional consistency identifications give the corresponding closed
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subgroup. Its action on an independent group variable is a left and a right multiplication
by fixed matrices. Hence H; is preserved by each fixed assignment, with no assumption
of probabilistic independence of the frozen coordinates under 7;t.

Step 2: the initial density. At the initial scale we use the pointwise density of the
Wilson measure, or the gauge-invariant density of the stopped measure, multiplied
by the indicators of the decomposition and of Ky, and set it to zero off K. At every
later stage the support indicator is retained in the defining parameter integral and the
version is zero off K;. The initial density is invariant: the Wilson plaquette variables
transform by conjugation, and the density of the stopped measure is the gauge-invariant
density of Theorem 14.6. The indicator of the decomposition is invariant as well, since
the decomposition is determined by traces of plaquette variables and by deterministic
dependence lists. The block averaging map is equivariant also on the exceptional set
of its Borel extension: conjugation fixes —I, and the replacement reference transport
transforms at the same two endpoints. These are pointwise statements. The first freezing
is a splitting into independent variables followed by the triangular basing, treated in
Step 5.

Step 3: the outgoing density on a chart. Assume that the incoming density has been
constructed. At an output datum satisfying the coordinate conditions, we use Lemma 18.7
with all indicators; its coverage hypothesis is part (1) of Theorem 21.9. We keep the
normalized tree variables § at first. If J; denotes the factor at scale i, we define the local
outgoing value to be

s—1
[aHG) [ 12, G025 b prUep D) be) [Tz (21.27)
i=0

An indicator already contained in p; is not counted again; it may equally be written again,
since indicators are idempotent. This convention keeps all tests of the decomposition,
including those whose information has already been integrated. By the disintegration
identity, testing (21.27) against any nonnegative Borel function of the output gives the
pushforward measure on this chart.

Step 4: pointwise covariance. We prove that these integrals are equal under the full
group of consistent endpoint assignments. A fixed output assignment has a lift, constant
on blocks, through the centered partitions of the block region; at earlier marks we use
its prescribed values on the lattices of the marks. There is no conflict, since a mark in
the preimage of a block of the region would have excluded that block, and repeated
physical values are identified by consistency. Additional changes of the interior frames
can be absorbed in the tree variables. The block averaging map and the map recording
the frozen coordinates are equivariant, so the lift is a bijection of the fiber over (c, brec)
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onto the fiber over (c,bk,.). Tt preserves every test, including an equality in a threshold
and every condition at earlier scales.

On the hierarchical tree section, the part of the lift that is constant on blocks acts as in
(21.22). The adjoint action is orthogonal because it preserves —2 tr(XY). Its determinant
is 1, since it is a continuous function on the connected group SU(2) ~ S with values
in {—1,1} and equals 1 at I. Hence the change of free coordinates preserves dz, and
uniqueness of the eliminated-edge inverse transports every eliminated coordinate as well.
The factors jy are radial and unchanged. The derivative matrix of the eliminated edges
is multiplied on its row and column frames by these adjoints of determinant one, so its
determinant is unchanged, including its positive sign on the real branch. The constants
c{ila o are the same. If the lift changes interior tree frames, the tree variables change by
left and right Haar translations, before any tree integral is removed. Using the inductive
pointwise identity for p;, we obtain

rec

(21.28)
= /Z Xt (C/ z, brec) pf(uc,breC (Z)/ brec)]c,brec (Z) dz = p?ut(cl brec) .

¢,brec

PR bk = [ (e 2 b pr(Ue g, (), Voo gy, () 7
ck,bk

The normalized tree integrals are understood in both lines when they have not yet been
removed. This is an identity of explicit parameter integrals at each output datum; no
uniqueness almost everywhere is used.

Step 5: freezing. Freezing has the required covariance too. We orient a link across the
boundary of the block region from its endpoint u. in the region to its frozen endpoint
ve, and let a, be the root of its hierarchical transport. Cancellation at the interior vertices
gives

uvk (Ue)alg — kmqu<Ue)kgglkueaekzjel

~ (21.29)
= ka,beky .

At fixed v, the map from the independent variables a, to their based transports is a
product of left Haar translations. Together with the unchanged v, this is a triangular
measure-preserving bijection; its inverse multiplies by U, (¢ ) ~!. Recording any other link
as a frozen link is Fubini’s splitting of product Haar measure. The endpoint protection
rule makes these endpoint changes consistent at every later stage. Equations (21.28) and
(21.29) prove the inductive covariance for arbitrary values at the output roots and for all
induced changes of earlier frozen coordinates.

Step 6: Borel patching. Before inserting the tests, we take the open chart domains of
small block-region variables and small near values, with the positive margins of their
inverses; the deep frozen group variables need no logarithm. Their gauge saturation
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O; is open and invariant, and the proofs of Theorems 21.5 and 21.9 put all the mass in
O;. A finite product of spheres is second countable and has a countable dense subset,
for instance obtained by approximating quaternion coordinates by rational ones and
normalizing; the finite endpoint subgroup has the same property after the consistency
identifications. If a point is moved into an open chart by some fixed gauge assignment,
the set of assignments doing so is open and meets this countable dense set. Hence
countably many fixed gauge translates of the small charts cover O;, and their coordinate
charts can be chosen countably as well.

On one such chart, the integrand of (21.27), extended by zero outside its domain in
a fixed box of free and tree coordinates, is a nonnegative Borel function. Indeed, the
Haar disintegration denominators and the reconstruction maps are continuous on their
branches, and the tests, including values of the Borel extension at the deep frozen group
variables, are Borel. By Tonelli’s theorem, its integral with respect to the finite product of
Lebesgue and Haar measures on the box is a Borel function of (c, brec).

On an overlap, the fixed gauge assignments relating two charts give the change of
variables in (21.28). Since both formulas include the same domain, they agree at every
point of the overlap. We use the first chart in the countable cover containing a point to
define p; there, retaining the support mask 1g,, and set p; = 0 on X; \ (O N K;). The
raw outgoing version likewise retains the indicator of the support before freezing. This
function is Borel, it is a density by the disintegration identities, and it does not depend on
the chart used. To check invariance under an arbitrary k € I'y, we take charts containing x
and x* and perform the same change of variables; this proves equality of the two values
also when k is not in the countable dense set. Both O; and K; are invariant: invariance
of the actual stage measures follows inductively from the equivariant restrictions and
pushforwards, so their closed supports are invariant. Their complements have zero mass,
so the stated zero extension is invariant there as well. Countability was used only to
define a Borel function, not to sum densities or to introduce a multiplicity of charts.

Step 7: removal of the tree integrals. Finally, at fixed target and frozen coordinates, we
apply a based tree gauge fixing. The pointwise covariance just proved makes the density
and its tests independent of the tree variables in (21.27), so each Haar probability integral
over tree variables equals one. Removing them, we obtain the formula in the statement.
Its factors at the scales i are exactly those of Lemma 18.7, in particular the numerator
with the eliminated edges and the single inverse determinant of the eliminated-edge
derivative. The Haar measure of the output is already the reference measure at the next
scale, so this change of variables has no room for a further coarse Haar density, a Gram
determinant, or an orbit-volume factor. For an arbitrary noncovariant Borel input density,
the tree average would remain in (21.27), and its removal uses the covariance of the stage
density. The argument uses the Haar disintegration before the change to normalized
fluctuation variables. The deep frozen group variables, including exceptional values of
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the Borel extension, remain compact Borel data throughout. O

21.5 Freezing and substitution of frozen coordinates

When integration stops on part of the region, the corresponding variables become frozen
coordinates. The next lemma shows that, at the representatives of the next stage satisfying
the reconstruction identities, the inverse of the freezing map inserts the frozen values
directly into the old variables. This identifies the density after freezing with the density
before freezing at the same configuration, also on sets of Haar measure zero, and gives
the exact substitution rules for the analytic functions.

Lemma 21.11. At every boundary of a large-field decomposition where coordinates are frozen,
use the hierarchical tree transports o, of Lemma 21.1, with the tree conditions at coarser scales
fixed first. Split the old output into the remaining link variables v, the variables a, on the links
across the boundary of the block region, and the other links to be frozen. The freezing map A;
replaces each such variable by its based transport

-~

be — uU(Ue)ae

and records the other links as frozen links on that lattice. At fixed v this map preserves the product
Haar measure and has Jacobian one.

Let b denote the new frozen group values and &% = Logb* their logarithms. For every
reconstructed configuration of the next stage in the family of representatives satisfying the recon-
struction identities,

0= Ct—l—l (C// 5/; brec, bﬁ)/

the hierarchical tree transport has value I: each of its tree factors is I, and the gauge transformation
of Lemma 19.5 is I at its two endpoints. All protected earlier endpoints are fixed as well. Hence

Ae = uv(o'e)_lge = /b\e/ At_l(vz brec, bﬁ) = (U S¥ bﬁ/ brec);
and the density versions of Theorem 21.10 satisfy the pointwise identity
Pt+1 (Uz brec, bﬁ) = P?ut(v ¥ bﬁ/ brec)-

At this configuration, all omitted old variables are exactly their new frozen values, based transports
or links, with the same weights and indicators. In analytic functions, ¢ is inserted in the
corresponding analytic arquments. In particular, the freezing of the effective interaction subtracts
only the value RO(0 @ ¢*) and transfers it with a minus sign to A, and the freezing of the
classical action is Enew(v) = E°"(v @ &*). These are exact finite identities, uniform in the
number of steps, the topology, the depth, and the coupling. They compare the same configuration
and require no overlap identity between auxiliary functions at different gauges.



21 Large-field decompositions and conditional densities §21.5 161

Proof. We fix the deterministic geometry of the freezing. The remaining variables and the
independent variables on the links across the boundary are different coordinates of the
old output product. At fixed v, left multiplication by each fixed matrix U, () preserves
the Haar probability measure of such a variable, and the inverse multiplication is defined
for every value. Integrating first in these variables, we obtain the triangular statement
with Jacobian one for every nonnegative Borel integrand; earlier frozen coordinates and
the other frozen links do not change.

We verify the value of the transport at a reconstructed configuration. On the based
section of one scale, the tree equations set each ordered tree factor to I, and the fixing
gauges of the coarser scales, lifted as constants on the finer blocks, conjugate these factors
and leave them equal to I. By induction over the scales, with the coarser conditions
tixed first, every factor of the prescribed hierarchical transport is I on the hierarchical
tree section. This is the finite algorithm of Lemma 21.1, and it uses no path through an
eliminated edge. Hence the product has value I for every target and every free coordinate
in the domain, not only at zero fluctuation.

The reconstructed configuration is obtained from that section by the gauge transfor-
mation of Lemma 19.5. This gauge transformation multiplies a transport from «. to u,
by its values at exactly these two vertices, and both values are I by that lemma, with the
tull set of protected vertices supplied by Theorem 21.5. The transport remains I. On the
lattices of earlier frozen coordinates, the endpoint protection rule fixes all their endpoints.
This proves, at this reconstructed configuration,

uU(ag) 71?7\(3 — /b\e.

Inverting the freezing map therefore inserts the new based transports directly into the
old variables on the links across the boundary, and every other omitted variable is its new
frozen link value. At this configuration, the inverse map is (v, brec, ) — (v® bt brec)-

The general formula for the density after freezing is the composition of the old
outgoing density with the inverse triangular map, since its Haar Jacobian is one. We use
the versions of Theorem 21.10 on both sides; that construction uses the same formulas and
their pointwise overlap identities. Composing with the inverse, we obtain the pointwise
identity, even when the reconstructed configuration lies in a set of representatives of Haar
measure zero. All weights and indicators of the decomposition are values of the same
functions at the same old configuration.

For a variable that was analytic before this freezing, its new group value lies in the
small chart of frozen coordinates, and we insert & = Log b* there. The deep frozen group
variables at the first step under the Wilson measure are fixed parameters instead and are
not part of this logarithmic substitution. For every old analytic function F we have the
exact identity

Fo®&) = [Flv® &) —FOa )] +Foa ). (21.30)
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Applying it to R°", the factor A =R pecomes

erutiRout(O@(:ﬁ) e [Rout(v@gﬁ) _ Rout (OEBI:ﬂ)] )

which proves the minus sign of the transfer to A. For the classical function we keep
the whole value E°%(v @ &), including its constant. Centering the effective interaction
changes no first derivative: the new first derivative in the remaining variables is the old
one evaluated at (0, ¢*), and it is kept. O

21.6 Conditional integration and normalization on
large-field decompositions

This section proves the density bounds used in Section 22. The induction has three
stages. First, the analytic effective actions, effective interactions, normalization constants,
and reconstruction maps are defined from fine to coarse scales, by the recursion of
Theorem 20.14, for every value of the frozen coordinates and without reference to any
measure. Second, representatives satisfying the reconstruction identities are chosen from
coarse to fine scales, using these maps. Third, the stage densities are bounded from
tine to coarse scales at exactly these representatives. The construction is not circular,
since each stage uses only objects defined in the preceding ones. One step of the third
stage is the following comparison, which needs an incoming density bound; the bound
is supplied by the induction itself.

Lemma 21.12. Assume the hypotheses of Theorem 21.9, together with the conditions (21.18) and
(21.19), which give the hypotheses of Lemma 20.5 on the whole enclosing product domain. Fix a
stage t and an output datum (c, brec) of the family of representatives satisfying the reconstruction
identities in Theorem 21.9(2), with real frozen coordinates, and define the fluctuation cutoff domain

Wy = H{‘wi/€| < p(t)}, b = Max gy p(t) = Awlog(1/t). (21.31)

Let V = V.. be the conditional fluctuation potential of Theorem 20.14 at this datum, and let
Sepe. C Kt be the set of normalized fluctuation coordinates of the supported fiber points over
(¢, brec). For an invariant Borel function 0 < x < 1, let Gy x(c, brec) be the outgoing density
of Theorem 21.10 at (c, brec) with x inserted in the integrand. Suppose that there exist a finite
prefactor Py(c, brec) > 0 and a Borel function x; on S, . with values in [0,1] such that

Gix(c, brec) < Pi(c, brec)/ Xt(w)e_v(w) dw. (21.32)

¢,brec

Then Sy, is a Borel set, 0 < |, K, e~V dw < oo, and

Gix (€ brec) < (1=81)'Fi(c,brec),  Fr = Pi(c, brec) /W eV @) g,

t
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with 0 < 6 < 1, 6 < 6be PE)*/48 gyd b, < Cym3, where by is the number of three-
dimensional free blocks of fluctuation variables of the step. Factors depending only on the output
datum multiply both sides. The indicators are removed only in this upper bound. The constants
have the dependence stated at the beginning of this section, and they are uniform in the deep frozen
group variables.

At the first RG step, for either initial measure, (21.32) holds with equality. In that case Py
consists of the inverse partition function of the initial measure, the external weights, the Haar
disintegration constants, the powers of the couplings, the output classical factor, and the zero-
fluctuation factors, and x; is the product of x and the indicators composed with the inverse
coordinates. At a later stage, (21.32) is obtained by inserting an incoming bound on the density at
the representatives satisfying the reconstruction identities, with the incoming multiplicative loss
included in the same prefactor Py; this incoming bound is proved in Theorem 21.13.

Proof. At an output datum, the set S.;,__is defined with all indicators still inserted, and
before any upper comparison the Haar disintegration is the exact formula of Lemma 18.7.
The radii of W} belong to the logarithmic family of Theorem 20.14 and satisfy t;p(t;) <
Ren by (21.19); for a complete RG step t; = tmax. The product K; is used only in this
positive comparison, never as the product for the expansion defining the analytic output.
At the first step, the Haar disintegration and the change to normalized fluctuation
variables give the density integral in the form

Gf,x(cl brec) - Pt(c, brec) / Xt (W)eivc,brec(w) dw, E — Pt (C, brec) /W e*Vc,breC(w) dw,

t (21.33)
with the prefactor described in the statement. At a later step the equality in the first
formula is replaced by the inequality (21.32).

By Theorem 21.9(2), S. ... C Kt for every such datum. We check the measure-theoretic
hypotheses of Lemma 20.5 at this fixed real datum. The finite products K; and W; are
compact Borel sets. The map from free logarithmic coordinates to normalized fluctuation
coordinates is a homeomorphism onto its open image, with the continuous inverse
already constructed, so the image of the Borel set of free coordinates of supported points
is Borel. Composing the Borel tests with that inverse gives a Borel function yx;, extended
by zero outside S.; _, with 0 < x; < 1. The conditional fluctuation potential is analytic
on a neighborhood of K; and real at its real points, by Theorem 20.14. Its finite minimum
V and maximum V on this compact product give

c,brec

0< e_vvol(/Ct) < Zg, = / eV dw < e Yvol(K;) < . (21.34)

t
The volume is finite and positive, since every ball has a finite positive radius. For an
empty free product its zero-dimensional measure is one and V = 0, so Zx, = 1. No
uniform bound on V or V is needed here. The prefactor is finite at each real datum; if it
vanishes, both sides vanish, and otherwise it is positive.
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The hypotheses of Lemma 20.5 on the whole product give its potential estimate and,
for the normalized enclosing-product comparison measure vi,, the bound

5t = V’Ct(K:t \ Wf) < 6bt€_p(tt)2/48, by < C]m3.

Every ball of W; has positive radius, so its volume is positive. Since V is finite on K,
we have th e~V dw > 0, and hence vie,(Wr) > 0 and 0 < §; < 1. This strict inequality
concerns the actual missing mass; the displayed union-bound majorant need not be below
one under the local hypotheses. For an empty free product, 6; = 0.

Since 0 < x¢ < 1, the right side of (21.32) is at most P |, X, eV, and part (1) of
Lemma 20.5 bounds the latter by (1 — &;)~'F;. No inclusion of W in S¢ b, is needed. The
same reasoning applies if P; = 0 or if the free list is empty. All constants arose from local
path products, the fixed construction products, and their row-sum bounds. O

In the theorem below, E;, R;, and A; are the effective classical action, the effective
interaction, and the normalization constant at stage ¢; the last is the field-independent
additive term in the log-density. Further, W; is the product of the external weights (the
factors of frozen variables that are not integrated), C; is the reconstruction map, and
¢; is the level of the output of stage t. For the normalization comparison, Al denotes
the normalization constant of the corresponding recursion on the whole torus. Here
H; denotes the set of scalar Gaussian coordinates of stage t that are integrated in the
corresponding renormalization group recursion on the whole torus but absent from
the regional free list (it is not the Haar measure of Theorem 21.10), and d;(H;) is the
number of its elements at scale i. The numbers Niissing,t, Nbd,:» and Nfeezer cOunt, on
the lattices where they were created, the missing labels of field-independent generated
terms, the labels of the fixed interface band, and the newly frozen analytic labels, as in
Theorem 20.13.

Theorem 21.13. Fix a large-field decomposition of Theorem 21.5, an initial measure v (a stopped
measure or the Wilson measure), an initial scale and a stopping scale differing by T > 1 full RG
steps, and the cutoff domains and norm ball of Theorem 20.14. Every integrated group of averaging
steps is a complete RG step, sy = ]. A remaining number 0 < upy, < | of averaging steps within
the given hierarchy is kept through the pullback C — F (TX,}’hC) of an observable F at the
stopping scale; this requires mgyop = M"PMMyerm With Myem € 4IN. For a fixed additional number
rstop € No of RG steps, the same condition is imposed with the total exponent rsop] + Uph, and
all iterates must lie within the finite hierarchy. No recursion for normalization constants is asserted
for an integrated group of fewer than | averaging steps. Assume the construction conditions and
the two reconstruction-image conditions (21.17) of Theorem 21.9, including r + Brec < €en,j, the
uniform incoming radii obtained by freezing every label of reduced radius, the boundary-distance
comparison (21.10), the conditional force conditions (21.13) and (21.14), the cutoff radii of (21.19),
the initial norm bounds of Theorem 20.14, and the bounds (21.8) on frozen coordinates. Let Wy
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be the fluctuation cutoff domain (21.31), which is the instance of Theorem 20.14 with common
radius p(t;); the enclosing product domain KCy is used only in Lemma 21.12. Write Z,, for the
partition function of the initial measure, without centering: for a stopped measure

2
Zl/ — / e_EdO,sat/gbase_Rdo,sat dH,
D,

and Z, = Zpm,,..~ for the Wilson measure. Use the stage measures and density versions of
Theorem 21.10. Then the following constructions and bounds hold at every finite depth and
number of steps.

1. (Analytic functions, from fine to coarse.) For every real value of the frozen coordinates
satisfying (21.8), the functions E;, Ry, Ay, W;, the classical objectives, the reconstruction
maps Cy, and the auxiliary fluctuation integrals are defined on the full spatially varying
radii by the recursion of Theorem 20.14, with the substitution of frozen coordinates of
Lemma 21.11. This definition uses no density inequality and no choice of representatives.
The effective interaction is centered only in its constant term, all its first derivatives are
kept, and the full classical values are kept. For a stopped measure the normalization constant
on the torus is A} = —Rgy,(I), and an initial freezing subtracts in addition the frozen
value of the centered effective interaction. For the Wilson measure we use the exact split of
Theorem 21.9(4), with its original external factor.

2. (Representatives satisfying the reconstruction identities, from coarse to fine.) Take all history-
produced small top representatives in the coordinate domains of Theorem 21.9(1), retaining
their native collar records as well as (21.8), and construct such representatives downward with
the maps of part (1). At a boundary with freezing, let Z;.1 be the set of these representatives
at the next stage, and define the set of output data satisfying the freezing and reconstruction
identities

P = A7 (Dria).

For each such datum, include every supported fiber point:

Py = {(Ci(c, G brec), brec) = (¢, brec) € Pyi1, € € ZC,brec}/

where Z, _ is the set of supported fiber coordinates over (¢, brec). At the last RG step, define
Pt to be the set of these history-produced small top representatives after terminal freezing,
retaining their native collar records; the terminal freezing map is the identity if no coordinates
are frozen there. Put Pr = A7' (9r) when T > 0. Every configuration in the support of
the terminal stage measure has one of these representatives in its gauge orbit by Theorem 21.5
and the closed-support argument above. At every lower boundary, inverse freezing restores
the ordinary collar links literally from the fixed new records, and Lemma 21.8 applies to
every supported fiber point. Other representatives are compared only by the changes of
Lemma 21.6(1)—(3) when transporting analytic estimates, or by the pointwise invariance of
Theorem 21.10 when extending the final density bound. These sets contain all choices allowed
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by this history-produced initialization, and no probability law is assigned to a representative
map.

3. (Density bounds, from fine to coarse.) For every real value of the frozen coordinates, every
(¢, brec) € P41, and every supported fiber coordinate { over it,

Pt(ct(C, Z; brec)/ brec) < AtZJIC’At(brec)Wt(brec)
X eXP{—Et(LOg Ct(¢, G brec); brec)/g%t}
X eXP{—Rt(LOg Ct(cz Z; brec)} brec) }

At the terminal stage the bound is, directly, for every (v, brec) € Y7,
p1(0, brec) < ATzljleAT(breC)WT(brec) exp{—Er(Logv; brec)/g%T — Rr(Log v; brec) }-
Here the terminal quantities include the same freezing substitution, if any. Also Ay = 1 and
A= A(1—e)™, e <6be P8 b <Cmd,  logAr < C,,

after the uniform choice of the minimal side in Lemma 20.5. Every step uses the exact Haar
disintegration and then a single triangular change to normalized fluctuation variables, with

determinant
St— 1

H g3f’ det K; cl+1(w>i);brec)_1/2.

The resulting Borel set of ﬂuctuatzon coordinates of supported points is contained in the
enclosing product domain, and Lemma 21.12, with identical prefactors and the smaller cutoff
domain, gives the stated loss. The next stage evaluates the same configuration. The indicators
are kept until this comparison, and no domination at arbitrary points of the enclosing product
domain is required.

4. (Normalization.) With ANy = Ay — AT in the same centered renormalization group recur-
sion on the whole torus, Theorem 20.13 gives

AAt—H < AA; + Z di(Ht) log(l/gi) + C](Nmissing,t + Nbd,t + Nfreeze,t)/

iin t
including the initial freezings. This comparison uses the same centered recursion on the

whole torus and the same partition function Z, throughout.

5. (External classical terms and the measure of frozen coordinates.) For the comparison of the
output classical actions, the protected external classical exponents are recombined exactly
once. At fixed frozen coordinates, with their original couplings included in Sext(brec),

_ _fint /52 _pfull /5,2
e Sext(breC)e E /gt = e E™ /gt, Efull Elnt+gfsext(brec)/
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where E™ is the effective classical action of the block region, and this factor is removed from
the external weight. Under an RG step both the action and g? are multiplied by M*, so each
such exponent is preserved and counted once. At the top we keep the measure

Px (dbrec) = wX(breC)HX (dbrec) < HX (dbrec); Wy = I?‘fgtl‘i;‘r’/lv,end,

on the frozen coordinates, where Hy is their product Haar measure. The first indicator keeps
every failure q¢(brec) > dx, which is a function of the frozen coordinates since the whole
dependence set of f was frozen. The second keeps any chosen invariant tests depending only
on the frozen coordinates at the output. There is no second copy of the frozen-coordinate
terms included in the full classical action. Optional noninvariant chart restrictions may be
bounded by one.

All local constants have the dependence stated at the beginning of this section, including indepen-
dence of the later widths, while Cs has the dependence described in item (4) of Definition 4.14.
No comparison of regional integrals from below or independent covariance or overlap identity for
the auxiliary regional functions is part of this induction. Compact overlap for the torus classical
restriction on the common charts is used in (21.23).

For a range containing no complete RG step, this theorem asserts no small terminal
representative, for either initial measure. The empty analytic recursion retains its initial
values, and estimates for the initial measure are made directly. Empty active regions and
empty fluctuation products within a positive-length decomposition retain the conventions
of the theorem.

Proof. Every integrated step has s; = |, so ¢;y1 = ¢; + ] and g%m = Bg%t. We reserve
z; for the free logarithmic coordinates and write {; = g;w; for the scaled fluctuation
arguments of C;. All analytic functions below are functions of the identity-chart variables
of the block region at fixed real (, brec). We prove the five parts in order, followed by the
statement on the remaining averaging steps.

Part (1): initialization. For a stopped measure, we set
ray = Ray — Ray (1), Ag = —Ry,(1)-

_ 2 _
The partition function without centering then gives exactly Z; 10 e Edo/8base "4 at a
small representative in D,. In particular 7= eRdO(I)ZV for the centered partition function
in Theorem 21.5; we keep Z, throughout this proof. For an initial freezing at &*, we set

Eo(v; brec) = Egy(v @ &),

Ro(0; brec) = 74y (v & §*) — 14, (0 5 &%), (21.35)
Ao(brec) = =Ry, (I) — 14, (0® &).
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Additional frozen coordinates are held as real parameters. For the Wilson measure, we
set Ey = Foares Ro = 0, Ag = 0, and Wy = e~ Fnole/ 8§ase, together with any kept indicators at
the output. The exact split in Theorem 21.9(4) implies this initialization with the partition
function of the Wilson measure.

We verify the initial norm bounds. The initial analytic values obey (21.8), because
Ceonv,] = Cag,j, which was fixed before Theorem 21.5, and the near values at the first
step under the Wilson measure satisfy its conversion bound. For a stopped measure,
the decomposition with zero completion has classical perturbation Py(v) = E4 (v & &*) —
E4,(v & 0), including its constant. With the matched completion ¢ of Theorem 19.9, this
is exactly its boundary-completion difference, and the adjusted perturbation is Py = 0.
In the norm with zero completion, its nonconstant part is bounded by Cy (1 EciBrec/0a <
0«/4, by (21.16). For the quantum input, splitting the centered function 4, (v @ &)
into its restriction to the torus and its boundary-completion difference gives the bound
Cbc,qE Brec/p < 0+/4. The constant in (21.35) is kept exactly and is not bounded by this
norm.

At the first step under the Wilson measure, the plaquettes depending on integra-
tion variables use only the small near values of the initial good-cell complex. The
zero-completed Wilson function evaluated at those data differs from the sum of these
plaquette terms by plaquettes involving only frozen variables, which are constant in
the integration variables. Hence the adjusted classical perturbation is constant at this
step, and its nonconstant boundary-completion difference with zero completion obeys
the same classical bound. These classical constants remain in F,,, and the energy of
the deep frozen group variables stays in Wy. The quantum input is zero. This proves
X0, x(c)l < 0y for either initial measure, on uniform radii of the remaining inputs. No deep
frozen group variable has entered an analytic logarithm.

Part (1): the analytic recursion. At a later input, let D;, be the list of remaining analytic
variables of the block region, with their original locations and volume factors; it does
not include the frozen parameters. Since the preceding freezing of the union removed
every label of reduced radius, the classical and quantum input radii are uniform by
(21.15). The previous fixed complement and all earlier frozen basepoints obey (21.10).
The initialization satisfies the same statement, with zero boundary-weighted input when
there is no incoming fixed complement, and additional excluded regions created by the
tests preserve this inclusion. All completion adjustments use only newly frozen small
analytic variables; previously nonintegrated torus variables remain zero, and the deep
frozen group variables remain fixed external parameters.

We apply Theorems 19.9 and 20.14 inductively, with the fixed amplitude A,, and the
coupling ceiling g, chosen for it, to define the classical objective, the conditional minimiz-
ers for initial segments, their positive square roots, and the reconstruction map on the full
radii. The hypotheses of each application are checked before any set of representatives
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is constructed. The input norm just restored bounds the adjusted perturbation by 20.
The images and every connecting segment lie strictly in the uniform input ball, by (21.17)
and the fixed margin of the larger construction domain. The force and Hessian estimates,
uniformly for y € 7} for each initial segment I, followed by (21.14), give all conditional
minimizers and sequential neighborhoods; these checks are Lemma 21.7. All perturbation
derivatives are taken in the integration and free variables at fixed real b. The fixed rates
and spatial margins are those of the common tuple of Theorem 20.14 and are not changed
by freezing. The torus input is the member at accumulated classical depth d; = dg + t]
of its uniform analytic class, with ceiling E; a new nonconstant boundary term is ac-
counted for by the two input norms rather than added to this ceiling. We include the
exact boundary-completion difference when the unperturbed objective uses newly frozen
input variables. By Theorem 19.9, this objective agrees on the connected chart with E;
evaluated at its reconstructed field; only the torus term uses compact overlap there, and
the perturbation is evaluated at that field from the outset. The full outgoing action is
defined to be the value at the conditional minimizer multiplied by M*.

We next define the update of the effective interaction by an integral; this also fixes
all normalization conventions. Let J?(c, brec) be the product of the Haar disintegration
factors of the intermediate scales evaluated along the zero-fluctuation chain, and define

D?(c,breC = J; (¢, brec) Hg?’fl detK; C,H;brec)*l/z, (21.36)

where Cj11 denotes the corresponding higher argument at zero fluctuation. All field-
independent constants of the Haar disintegration are included. Sequential minimization
and normalization give the exact decomposition of the action: the output value divided
by g%tﬂ, the quadratic term Y ;|w;|?/2, and the higher classical remainders add up to the
input classical exponent. Indeed, at each intermediate scale we subtract the conditional
minimum and its quadratic Taylor term; the latter is |w;|?/2 by the definition of K;, and
the factor M in the minimum cancels the factor M in the next coupling. Repeating this
over the s; scales, we obtain the decomposition, including its constants. Adding the
inherited difference of effective interactions, all logarithmic differences of the Haar disin-
tegration factors, and all logarithmic differences of the determinants that depend on the
higher fluctuation variables, we obtain the conditional fluctuation potential V(c, brec; w),
including its quadratic part; it is the potential of Theorem 20.14.

In this integral, we use the fluctuation cutoff domain (21.31): every radius is p(t;)
with t; = max; g; ;. This is in the allowed logarithmic family; it is not the radius Ren/t of
the enclosing product. The containment, positive denominator, interaction, and auxiliary
half-disc conditions hold by (21.17) and (21.19); they are deterministic conditions on
the parameters and on g, not restrictions on the support of the measure. On the fixed
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product W;, we define

Ti(63bree) = DY (€, brec)e RILBCE0l ) [ - Vlebiit) g,

Wi
Qt(c} brec) = - IOgIt(C; brec)z
R?ut(c; brec) = Qt(c; brec) - Qt(O; brec)/ A?Ut = At — Qt(o} brec)'

(21.37)

The logarithm is real on real data, where it agrees with the real logarithm of the positive
integral; its zero-free analytic continuation is supplied by Theorem 20.14, and its sign
is unrestricted. The integrand and its domain are defined on the full radii before any
support set is considered. We have the exact identity

Eout

— 2 ou
Z leMWee (C)/g”tHIt(c; brec) = Z; 1eA Wie

_E?ut(c) /g%t-‘rl _R?Ut(C;brec)
v .

(21.38)
Changing the distribution of constant factors between DY and the definition of Q; leaves
this identity unchanged; we use the convention of Theorem 20.13, which assigns each
tield-independent factor once.

At a boundary we use the substitution of Lemma 21.11. This defines all functions
at the next level for every real value of the frozen coordinates, independently of any
density bound. The simultaneously frozen list is the union of the full boundary band of
reduced radius, the removed band, the new boundary layers, and the based transports;
the corresponding initial variables were included at the initial scale. Their analytic
values satisfy (21.8) for both radii. At a representative of the next stage satisfying the
reconstruction identities, the freezing identity inserts these values, not small values from a
different frame, and the total boundary-completion difference obeys (21.16). The resulting
norm bounds are exactly those of Theorem 20.14: the output ceilings before freezing are
y; and y¢!, the boundary-completion differences are at most . /4, and the removed band
makes each remaining term at most 0, /2. With ag = & and the corresponding classical
rate, we have for both types

xt.—l—l < Cbc,oEO,Brec/Po + 23_“'(5(“_1)%? <o /44+04/2,

SO xtH,xﬂrl < 30%/4 whenever the input is in its ball. The output ceilings y; are
computed on the input ball before the width s¢ is chosen. By induction from the initial
ball, we obtain the analytic recursion at every finite number of steps. It keeps the terms
of degree one; no first derivative has been removed by recentering, and every restoration
of the bounds happens at a complete RG step.

It remains to verify the Borel regularity in the real parameters required at each
perturbation step. The initial coefficients and chart path products are Borel functions of
the protected real frozen coordinates; the deep frozen group variables at the first step
under the Wilson measure enter only the Borel external factor. Suppose this holds at
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an input. The fixed-point iterations for the conditional minimizers use Borel coefficients
and converge uniformly on their fixed neighborhoods, so their limits are Borel in b.
The positive matrix square roots and inverses are Borel as uniform limits of the matrix-
function constructions. The resulting values, Haar disintegration determinants, and
coefficients are Borel. By Tonelli’s theorem, integration over the fixed finite product
preserves Borel dependence; we apply it to the positive and negative parts and to the real
and imaginary parts, which have finite integrals. The logarithm can be chosen jointly
Borel without a branch choice depending on the frozen coordinates: on the star-shaped
output domain,

D I (sc; b)|c]
Zi(sc; b)
where the first term is the real logarithm. Zero-freeness and holomorphy make this the
required analytic branch, and the parameter integral is Borel. Finally, the substitution of
frozen coordinates evaluates these Borel families at the Borel coordinates of the frozen
values. This proves the Borel regularity inductively, without differentiating in a real

frozen parameter.

1
log Zi(c; b) = log Z;(0; b) +/ ds,
0

Part (2): representatives satisfying the reconstruction identities. We start from all
history-produced small representatives of top configurations, in the coordinate domains
of Theorem 21.9(1), retaining both (21.8) and the native Cpr collar records; every sup-
ported top orbit has such a representative by Theorem 21.5. At a boundary with freezing,
we pull the next set of representatives satisfying the reconstruction identities back by the
freezing bijection 4;; this defines &1, which is not enlarged to an arbitrary comparison
set. For each such datum, we include every supported fiber coordinate, as in the defini-
tion of Z;. Theorem 21.9, applied at this step of the descent, shows that each of them has
its inverse normalized fluctuation coordinate in the interior half of the enclosing product,
and that its representative has the correct target and protected frozen coordinates. This
defines the whole finite family downward using only the reconstruction maps C; of
part (1). The sets integrated below are the Borel sets of free coordinates of supported
fiber points at fixed output data, so no measurable representative map is needed.

The bounds (21.8) persist along this descent, by Lemma 21.6(1)—(3) and, at a new
boundary, the direct insertion of Lemma 21.11. Changes as in Lemma 21.6(4) are not
used to enlarge these sets. Over each output datum in 7, the set still contains every
supported fiber point.

These sets meet every supported gauge orbit. Indeed, suppose this holds at stage
t +1, and take a supported point at stage t. Map it to its raw output and then through
the freezing map. An admissible endpoint gauge sends that next-stage orbit to Z;,1.
The equivariance of freezing and the fiber bijection used in (21.28) lift this change to
the incoming point. Its output then lies in A;1(Z;,1), and the resulting supported
fiber point is included in Z; by the all-fiber definition. This proves the assertion by
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downward induction from the history-produced top representatives. This orbit selection
uses only the exact gauge action on the stage variables and their support; it does not
assert covariance of the auxiliary regional perturbations under arbitrary endpoint gauges.
Analytic comparisons of the torus classical restriction within the selected family use
compact overlap after the endpoint-preserving completions proved above.

Part (3): density bounds. We use the densities of Theorem 21.10. For a stopped measure,
the gauge-invariant density agrees with its analytic expression at each representative
satisfying the reconstruction identities, and the indicators of the decomposition and of
the support are between zero and one. Then (21.35) implies the claimed bound at the
initial scale with Ag = 1. For the Wilson measure, the exact split implies the same bound
with the kept factor Wp. At a point outside the support, the density is zero, and no
analytic identity is needed there.

Suppose that the inequality holds on Z;, and fix an output datum (¢, brec) € P141. We
apply the exact Haar disintegration to the incoming density, keeping its tree variables at
tirst. By Theorem 21.10, the covariance under based gauges makes their normalized Haar
integrals equal to one. For this fixed target, the gauge transformation of Lemma 19.5
is a fixed gauge transformation, independent of the free variables and equal to I at the
roots of the target and at every protected vertex. The invariance of the density therefore
allows us to evaluate the integrand at C;(c, {; brec) instead of at its representative before
the gauge transformation, and the tests take the same values there. This changes neither
the Haar disintegration nor any determinant, and it is not a covariance statement for the
auxiliary functions on the right side of the inequality.

We now perform the single sequential change to normalized fluctuation variables
for the classical objective. At scale i its derivative with respect to w; is g;K ~1/2 and its
other dependence is on higher variables. Ordering the higher variables f1rst makes the
derivative block triangular, so its positive real determinant is exactly

Stl

H g7 det K(ciy1(ws1); brec) /2. (21.39)

In particular, the determinant at a varying higher argument is not replaced by its value
at zero. Equation (21.36) and the corresponding logarithmic differences split this one
determinant; they do not add a second copy. Injectivity and the inverse map on the
supported domain follow from the branches for initial segments, with their positive
margins, established before. As in the proof of Lemma 21.12, the image is a Borel set
Sec b iN the enclosing product, and the remaining indicators composed with the inverse
form a Borel function x; on K; with values in [0,1]. The potential has a finite nonzero
integral over K; at each fixed real datum, also for an empty product.
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Every supported point of that domain belongs to Z;. We insert the inductive bound
there, and let Pto(c, brec) be
—E"(csbrec 2 —R¢(LogC ,0;brec);brec
Z;leAt(brec)Wt(brec)Dg(C, brec)e e )/gffﬂ t(Log Cr(e ) ).
Tests depending only on the output datum are kept in this common factor. If this factor
is zero, the outgoing upper bound is zero; otherwise it is finite and positive. With x;

denoting the remaining indicators, the exact disintegration followed by the inductive
bound gives

P (c, brec) < AfP?(c,brec)/ xe(w)e™ V@) gy

¢,brec

< APY(c, brec) / V@) gy (21.40)

t

< 1 Ijtet PtO(C, brec) /Wf ert(w) dw.
Here €; is a common upper bound for the datum-dependent J; of Lemma 21.12 at stage
t, over all admitted output data, after the uniform minimum-side choice in part (3) of
Lemma 20.5. One may take €; = 6bse (' J*/48 < 1/2. The first inequality is the hypothesis
(21.32) of that lemma with x = 1 and P; = APY, and the remaining two inequalities
are its conclusion. The middle step uses the enclosure of Theorem 21.9, positivity on
the whole larger product, and only 0 < x; < 1. The last step is Lemma 20.5 with
identical prefactors; its radii are the common logarithmic radii, enclosed by t;p(#;) < Ren,
and its Hessian and mean conditions hold by (21.19), in particular with mean at most
p(t:)/(2v/3). The larger product K; is used only in this comparison. This verifies the
hypothesis of Lemma 21.12 at every later stage, with the incoming loss A; in the common
prefactor.

By (21.38), the last line of (21.40) is the analytic outgoing bound, defined indepen-
dently, with the factor A;1 = A¢/(1 — €:). By Lemma 21.11, the inverse under freezing of
a representative of the next stage is this output configuration. That lemma substitutes the
based transports and frozen links directly, transfers —R9"(0 @ &) to the normalization
constant, and keeps the full classical value. This proves the incoming inequality at stage
t +1 on exactly %;,1, including the displayed terminal bound when t +1 = T, and
completes the induction.

There is one comparison per output datum, jointly over all components and scales
of the step. The probability estimate used here is €; < 6bre—P(1)2/48 with by < Cym3.
Ordering the finite list of output data along the sequence of sides and taking the uniform
minimal side of Lemma 20.5, we obtain

logAr =) —log(l—€)<2) e <Cs.
t<T t<T
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Empty free products have determinant one, logarithmic determinant zero, and fluctuation
integral one, and an empty block region has zero nonconstant norm. Such an empty step
contributes no loss.

Part (4): normalization. Since s; = | and the initial and stopping scales differ by complete
RG steps, every application below is within the scope of Theorem 20.13. The recursion just
constructed is the same centered recursion, with the same extraction of field-independent
factors, as in that theorem. All its norm and domain hypotheses were verified in part (1),
including the common logarithmic cutoffs and the freezing of the whole union. The
column bound used for the analytic norm propagation in Theorem 20.10 is that of the
perturbed zero-fluctuation map. Indeed, the doubled output radius and the inherited half
radius are part of the two image conditions, and the differences with each index fixed in
Theorem 19.9 give, in the same boundary-weighted sum over distinguished outputs,
K&y < Keoi + Croo,

where Ki‘gf‘}al and KSOL ; are the column ceilings of the perturbed and unperturbed maps.
The fixed allocations of dependence neighborhoods and exponents are already included in
C;j. More explicitly, the margin in the coefficient exponent, after the transfer of boundary
distances in (21.10), leaves a positive exponent ¢’ for summing over the incoming label at
a fixed output, and this sum is bounded by vy} ,~0(q + 2)3¢~¢'4 < co. The volume factors
of the lattices where the labels were created are kept in this column sum. Deleting labels
or adding excluded regions cannot increase this bound of bounded density. This proves
that the enlargement has the dependence stated at the beginning of this section. We fix
this enlarged ceiling on the whole larger perturbation domain before choosing se, or later
widths. In Theorem 20.10, its coefficient is K; = 4(log2)K,; ; for this enlarged ceiling; no
column bound for the unperturbed map alone is substituted.

Applying the generated-increment comparison of Theorem 20.13 with the incoming
AA¢ = At — AT, we obtain the increment in part (4), including the initial freezings. To
check the sign of the dimension term, note that one scalar Gaussian coordinate integrated
in the corresponding renormalization group recursion on the whole torus contributes
a factor g;. When that coordinate is absent from the regional free list, the logarithmic
difference between the regional and torus terms is —log ¢; = log(1/g;). Summing over
the missing scalar coordinates, we obtain d;(H;) log(1/g;), once for each scale. By that
theorem, the remaining generated differences of Haar disintegration factors, minimizers,
and cluster expansions, and the freezings, are bounded by C; times the three label counts,
taken on the lattices where the labels were created. This comparison is additional analytic
information: neither the exact disintegration, nor (21.37), nor normalization would by
itself bound these generated differences. The factor A; remains separate and is not added
again to A;.
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The remaining averaging steps. Let a = {1 — ¢y = |JT be the number of integrated
averaging steps (here a is not a mesh), and let /i, be the last level of the given finite
hierarchy. A remaining number 0 < up, < ] of averaging steps is chosen only when it is
available: at the stopping scale we require

Mstop = M"P" 11rem, Mrem € 4NN, lr + Uph < fmax-
For a fixed additional number 7stop € INp of RG steps, we set v = 7stop] + Upp and require
Mstop = M mrem, Mrem € 4N, b1 + 0 < lmax;

the case of Uph alone is rgtop = 0. For each 0 < k < v, the intermediate side is M? *iem €
4IN, which is at least four. The initial side is M"mstop, and the bound on the index keeps
every intermediate level in the given hierarchy. Hence both T}, at the stopping scale
and TX;” at the initial scale exist; a lower bound on mst,p alone would not give these
integer conditions. We work on whole configurations, before regional coordinates are
introduced. The block averaging map with its Borel extension is Borel, and its iterates
are compositions of that map, so for every initial configuration V, we have

F(Tp V) = (Fo Ti)(Ty V),

and the function at the stopping scale is exactly C — F(T},C), in particular C — F (T]L\l/th )
for ugy, alone. We define the measure p, v = (Ty;)#(1.4,V) on the whole configurations
at the stopping scale. For every nonnegative Borel F we have

[ 14 ETV) du(v) = [ (Fo T3 () dua (O, (21.41)

by the definition of the pushforward; the identity extends to integrable F through positive
and negative parts. Each fixed additional number of steps uses the total exponent v whose
existence was just checked, together with its finite enlarged dependence neighborhood.
For the local link and plaquette observables of Theorem 21.5, these iterates use its already
enlarged final dependence neighborhood. The decomposition keeps this observable on
each piece. There is no Haar disintegration, change of variables, restoration of bounds, or
update of normalization for v. When the integrated part of the decomposition is empty,
the identity is the initial pushforward itself.

Part (5): external classical factors and failure indicators. At fixed frozen coordinates,
let Sext(brec) be the sum of the protected external classical exponents with their original
couplings; for the Wilson measure it includes Eygje/ g% aser The term ngext is constant in
all integration variables, so adding it to the full action of the block region changes no
minimizer, Hessian, map, or nonconstant norm. We have the exact identity

o Sextp—EM/gE — o= (E™'+87Sext) /87
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We delete this external factor from W; when the full classical action including the
frozen-coordinate terms is used. After an RG step, the corresponding constant becomes
Mot gtzSext = gf " 1Sext, SO its exponent is preserved exactly. At each classical freezing, the
tull value was kept. Induction over the finite decomposition shows that each frozen-
coordinate term of the full classical action has one copy in the output action and none in
the remaining weight of the frozen coordinates. The constants from the freezing of the
effective interaction remain separate exact terms of A.

For each failing plaquette f, the whole dependence set was frozen at the input of its
RG step. Its value gy is therefore a Borel function of the frozen coordinates on that lattice,
computed with the same path products of the block averaging map, and later operations
tix its marked data exactly. Its trace is invariant under the consistent endpoint action.
We keep the product of all indicators {gf > d.} as I, and any chosen invariant tests

depending only on the frozen coordinates at the output as Ii{,“”end. Every other optional
coordinate restriction is between zero and one and may be removed in an upper bound.
After the classical recombination, this leaves exactly the measure on frozen coordinates
in part (5), which is bounded by its product Haar measure. It contains no second copy
of an energy that could be used for a lower bound on the output action or for an energy
bound on failing plaquettes.

Every local bound has the dependence stated at the beginning of this section on the
tixed larger domains, and only C; has the dependence of item (4) of Definition 4.14. [



SECTION 22

Exponential-moment bounds between
renormalization scales

In this section, we prove exponential-moment bounds for sums of plaquette energies of
block-averaged configurations. The bounds are uniform in the number of averaging steps
between the lattice on which the measure is given and the lattice on which the energies are
evaluated. The main result is Theorem 22.1. Under its hypotheses, fix a coupling ceiling
I' > 0 and take the smallest side © > nyin(I'). Let b € JINg with 0 < b < j—1, and let v be
either the Wilson measure on the lattice of side n; or a normalized stopped measure there
at a preceding depth in JINj. The theorem states that the exponential moments under v of
the sum Q]T of the energies of the predecessor plaquettes of a chessboard tiling, (22.2), are
bounded by exp{fi(jz,n?_1 + Csnjz.f1 log(1/8n,; ,) + Cp}. The constants are independent of
v € (0,T], of the lattice sides, and of j — 1 — b, and the expectation contains no small-field
or regularity indicator. We also prove a chessboard estimate in which the regularity
indicators stay inside the root (Lemma 22.11). Finally, we compare the Wilson measure,
restricted to the first a conditions of the small-field event, with the stopped measures; this
bounds the probability that the next condition fails, without conditioning on later scales
(Lemmas 22.12 and 22.13). The inputs are the large-field decomposition and the density
bounds of Section 21 (Theorems 21.5, 21.10, and 21.13); the regional integration estimates
of Section 20 (Theorems 20.13 and 20.14 and Lemma 20.5); the classical lower bound of
Theorems 11.2 and 11.6; the energy transport and predecessor geometry of Theorem 7.3
and Lemma 7.4; the reference normalization of Theorem 14.8; the chessboard estimate of
Theorem 6.6; and, for the comparison of restrictions, Theorems 7.7 and 14.7. The results
are used in Section 23 to prove the bound on large fields, Theorem 2.7.

Section 22.1 states the main theorem and outlines its proof, Sections 22.2 to 22.6 prove
the estimates for one large-field decomposition, Section 22.7 completes the proof, and
Sections 22.8 and 22.9 contain the chessboard estimate and the comparison of restrictions.

22.1 Setting and the main estimate

Scales and couplings. Fix L > 0, an odd integer M > 3, an integer | > 1, and B = M.
For u € 4N and K € Ny let N = uBX, n; = N/M', and V! = Ti{,U for 0 < i < JK,
where T) is the block averaging map of Definition 4.3, including its Borel extension at

177
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the exceptional values. Increasing i moves toward the infrared, and all the sides n; are
divisible by four. One application of Ty, is an averaging step, and | consecutive averaging
steps form an RG step. The levels i € JINj are the boundaries of RG steps. At side n the
coupling is h, = g2 = y/n, as in Definition 4.1, so that i
in this section are probability measures.

niy; = Mhy;. All Haar measures

Plaquette energies. For A € SU(2) let pg(A) € [0,27] be the distance from A to I in the
bi-invariant metric of Section 4, and recall that g(A) =1 — (tr A) /2. On the whole group,

pG(A)? pG(A)?
2772 8§

<q(A) <

0<g(A) <2 (22.1)

Indeed, if t = pg(A)/4 € [0,71/2], then g(A) = 1 — cos(2t) = 2sin’t by (4.2), and
2t/ < sint < t. For a set P of positive plaquettes at level i and a configuration V' on
the lattice of side n; we write

If P is the set of all positive plaquettes, then S” (V') = Sy (V) /hy, is the Wilson exponent.

The plaquette-energy sum. For a set A of positive plaquettes at level i + 1, let Pa(.A) be
the union, counted once, of the plaquettes at level i in the complete predecessor rectangles
of the elements of A (Theorem 7.3). Let 1 < j < JK. For each of the eight tilings 7 of the
level-j lattice into cells of 2 x 2 x 2 sites in Lemma 7.4, and each cell C € T, let P;_1(C)
be the union of the complete predecessor rectangles of the six internal level-j plaquettes
of C, and let 77]11 = Ucer Pj—1(C), counted once. By Lemma 7.4, |P;_1(C)| < 24M?>. For
a configuration V on the lattice of side 1, 1 we set

T 4 P]Z1
Q]‘ (V) = Z q(Vp) = S]'fl (V). (22.2)

j-1 pePJZ 1
This is the function that enters the chessboard estimate of Section 22.8.

Initial measures. Every estimate of this section starts from a probability measure v on
the configurations of some side 1; of the hierarchy, which we call the initial measure. It
is one of the following.

1. The Wilson measure v = uy, ,, with partition function Z, = Z,, ,. It is not restricted
to D,.

2. A normalized stopped measure at a depth dy € JIN,

dV — Z;llDre_EdO,sat/hﬂb_Rdo,sat dth, ZV — / e_EdO,sat/hﬂb_RdO,sat dH?Zb/
r
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as in Definition 4.4 and Theorem 14.6. Here E; o, is the extension of the effective
classical action E; to D, by gauge invariance (Theorem 11.6), and Ry s, is the corre-
sponding effective interaction. The partition function Z, is not centered: the value
R4, (I) is kept in it.

Large-field decompositions. We use the partition of Theorem 21.5. Given an initial
measure v and a stopping level, the support of v is partitioned into finitely many Borel
sets Ay, indexed by large-field decompositions X'. A decomposition is produced by
testing the plaquettes of the iterates Tf/IV in increasing order of the level ¢, and in a fixed
order within one level. A plaquette f at level ¢ is a recorded bad plaquette of X if
qf > d« and its full dependence set avoids the set excluded before it. The variables of
that dependence set that are not yet frozen are then frozen at the beginning of the RG
step containing the level /¢, together with a neighborhood, the excluded neighborhood
of f, which is enlarged at each later RG step. We write ny = ny y for the side on which
f is recorded and x; = ns/7. Away from the excluded regions, the renormalization
group is run on block regions, in RG steps of | averaging steps each, from the initial
level to the stopping level; both levels are boundaries of RG steps. At the stopping level,
of side m, the decomposition leaves a stopping field ¢ € SU(2)F on the set F of links
of the block region at the stopping level. We write H = &, \ F for the other links of
the stopping lattice, including the links across the boundary of the block region. For
z € SU(2)H, we write ¢ @ z for the configuration on the stopping lattice that equals ¢ on
F and z on H, and we call it a completion of c. The frozen coordinates bye. consist of all
frozen group variables, each kept on the lattice of the scale at which it was frozen. The
map V + O (V) = (c, brec) records the stopping field and the frozen coordinates. For a
nonnegative function Q and s > 0, we write

ny = (07 )s(Aav), 1% = (OF )s(e™ 1 4,v).

For a Wilson initial measure, the first RG step of Theorem 21.5 separates the frozen group
variables adjacent to the block region from those deep inside the excluded regions. The
latter are arbitrary elements of SU(2); they are never inserted into an analytic function
and enter only through an exact Wilson factor.

The analytic estimates are applied at gauge representatives of the stopping field
and the frozen coordinates that satisfy the domain conditions and the reconstruction
identities of Theorem 21.13. They are obtained from the representatives with small frozen
coordinates at the stopping level by applying the reconstruction maps of the successive
RG steps, and they also satisfy the identities for the insertion of frozen coordinates stated
there. Below, we call them representatives satisfying the reconstruction identities.

Table 22.1 lists the measures that occur in the proof of Theorem 22.1, with their total
masses and normalizations. The measures 77y, 775, and {r are not renormalized; they
keep the partition function Z, of the initial measure.
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Table 22.1. Measures used in the proof of Theorem 22.1.

Measure Space Total mass Normalization
Wilson initial measure Uy, 1 L,y
Hny,y
Stopped initial measure D, C Uy, 1 Z,, not centered
Nx stopping fields and v(Ay) <1 that of v

frozen coordinates
5 same as 7]y E,[e9; Ax] that of v
Reference measure & D, C Uy, mE <1 prefactor Z; 1M
(Theorem 22.4)
Comparison measure U finite Z4(g), an integral over
Opd,g (Theorem 22.10) D,
Frozen-coordinate frozen coordinates <1 Haar

measure py = wyHy

Dependence of constants. The constants of the local analytic estimates have the depen-
dence described in item (3) of Definition 4.14. They depend only on M, ], the larger
construction domains and their radius ratios, the spatial and boundary decay rates, the
density of variables, and the norm bounds. They are independent of L, v, the lattice
sides, the depth, the number of RG steps since a frozen coordinate was created, the
shape and topology of the block regions, and the real values of the frozen coordinates
in their domain. Where stated, they are also independent of the widths of the boundary
layers and excluded neighborhoods chosen later; these widths enter only through explicit
counts. The constants in the probability estimates have the dependence described in
item (4) of Definition 4.14. They may in addition depend on L, a fixed coupling ceiling,
the fixed parameters, and the finite family of stopping offsets, but not on the coupling
below the ceiling, the sides, the depth, or the geometry, age, and frozen values of a
decomposition. We claim no useful bound as | — co.

Thresholds. Fix d.,+ > 0 and set

d* = dcut/zz CE = 1+ CMH V chut/

where 6, and Cy, are the constants of Theorem 22.4(a). For the chessboard estimate of
Lemma 22.11 we assume 71v/2dcyt < 4. In Theorem 22.1, these numbers enter only
through the range of s and the definition of the recorded bad plaquettes.

The main estimate. The constants Ky, Ky, 5, Ko, c‘}ft,ocw in the following theorem are
defined in Theorem 22.4; they depend only on M and on the fixed classical data.



22 Exponential-moment bounds between renormalization scales §22.1 181

Theorem 22.1. Fix L > 0, an odd integer M > 3, an integer | > 1, and B = M/, and fix
parameters satisfying the hypotheses of Theorems 20.14, 21.5, and 21.13. These include the
coefficient-norm bounds at initialization, both substitution bounds (22.6), the boundary-distance
comparison, and the product domains verified in Lemma 22.3. The cutoff amplitude A, is fixed
before the coupling ceiling g« < 1. Fix a finite nonempty set Z C INg of stopping offsets, all
remainders 0 < up < |, the buffers containing their full dependence sets, and the bound Fy of
Theorem 21.5 for the number of affected source plaquettes. Fix x. > 1 such that the ratio of every
stopping side of this family to the requested side n; 1 is at most x., and such that ny/n; 1 < x«
whenever the stopping level lies at or below the initial level. Every iterate of Ty that is used must
belong to the given finite hierarchy, and only full RG steps are integrated.

Let Ky, K1, €4, %0, cf}ft,ocw be as in Theorem 22.4, and put Ky = 48Ky /aw and 6 = 1/2.
Choose sg > 0, after Fj, such that

(1 ke —(g—1 1 Oc%td. Ko
S0 < mm{i’ D CE ", 4Ky’ 125 " 2Ky }
Any further fixed decrease of sg is allowed. Then for every 0 < I' < co there exist nuyin € 4IN and
finite nonnegative constants C,, Cs, C with Cs > 9x2, chosen before the coupling, the side, and
the depth, such that the following holds.
Let0 <y <T,u € 4N with u > npin, K € No, N = uBK, n; = N/M', 1 <j < JK, and
b € JINg with 0 < b < j— 1. Let v be either the Wilson measure i, , or a normalized stopped
measure on Uy, at a depth a], a € INg. Then, for each of the eight tilings T and every 0 < s < sy,

log E, exp{sQ]T(T]]gl_bV)} < 3Cvn?_1 + Csn]z-_1 log(1/gn;_,) + Cp.

This covers every remainder upy, stopping levels at or below the initial level, an empty block region
at the stopping level, and decompositions whose block region becomes empty before the stopping
level and which are continued by empty RG steps.

More precisely, a recorded bad plaquette f created at side ny contributes at least Poxy to the
classical part of the exponent, where x; = ng/y and Py = 46c5'd.. The plaquette-energy sum
costs at most 8sFyxy < Pyx¢/4 per recorded bad plaquette, and all the corrections assigned to f,
from the normalization constants, the missing coordinates, the boundary bands, the substitutions,
and the integration over the omitted links, are at most

Cgh,](l + 10g Xf)z S P()Xf/4.

Here one may take Ccrh, ;= (1+log, F)CE}?,SI‘*, where Clgﬁlsje depends only on the fixed parameters

and the family of stopping offsets. Each decomposition retains the factor []je”""s /7, with
Aact = Po/2, and the sum of these factors over all decompositions is at most

exp { Y " Bnje tactte/ },
‘
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which is bounded uniformly in the depth once u > nyin. At a stopping side m = xn; 1 one has
gm = &n; 1/ /X, and the only surface term is 9)(211]2_1 log(1/gn; ,)-

The constants nmin, Cy, Cs, Cp have the dependence described in item (4) of Definition 4.14,
with the fixed ceiling T, the fixed parameters, and the finite family of stopping offsets and remain-
ders. They are independent of the coupling v € (0,T], the sides, the depth, the position and the
length j —1 — b of the range of scales, and the age, shape, topology, and frozen values of the
decompositions. The constants of the local analytic estimates keep the dependence described in
item (3) of Definition 4.14; the widths enter only through the displayed counts.

Remark 22.2. There is no restriction on j — b, and the expectation contains no indicator
of a cell condition or of a condition of the small-field event. Taking b = 0 and v = up
gives the estimate under the Wilson measure with its own partition function. The proof
does not use the bounds on the Wilson measure at successive scales of Section 23, where
the theorem is used in Theorems 23.2 and 23.6.

Outline of the proof. Fix j, b, and 7, and write n = n;_1. If the planned stopping level
lies at or below the initial level, then only a bounded number of averaging steps separates
the initial lattice from level j — 1, and the estimate follows from the partition-function
bounds on the initial lattice. Otherwise we integrate full RG steps from level b to a
stopping level tsiop < j — 1 and keep the remaining v = j — 1 — f50p averaging steps
inside the function Q]T o T}y

Step 1: classical lower bounds. Along a decomposition X, the density of 7y at a represen-
tative satisfying the reconstruction identities is bounded by e~ 7/ $n times normalization
factors, where E7 is the effective classical action of the stopping field with all external
classical exponents included (Theorem 21.13). We reconstruct one configuration U, on
the initial lattice with zero fluctuations. Using an energy transport estimate that is uni-
form in the number of averaging steps, we show that E1 /g2 dominates both ¥r(c)/g2,
where Yr(c) is the minimum of aw Sy (c @ z) over all values z of the links in H, and
Ay =t Yrdqs/hn, > 4c3cd, )¢ X¢ (Theorem 22.4). Since both lower bounds are gauge
invariant, the density bound extends to all points (Theorem 22.10).

Step 2: the plaquette-energy sum. At every point of Ay, the plaquette-energy sum is at
most Kw¥r(c)/ g2, + 8F; Y¢xs (Lemma 22.8). Multiplication by e*Q therefore leaves the
Wilson factor e~ *=¥F(€)/8h with A, = 1/2 — sKyy > 1/4, bounded above by e~ ¥#()/(4gn),
together with ¢* Fripxs, Replacing the minimum by a Haar integral over the links in H
adds 3|H|log(1/(c+gm)) + 8Asaw|H| to the exponent (Lemma 22.7).

Step 3: summation over decompositions. Each recorded bad plaquette contributes —Ppx/
to the exponent. All normalization corrections, boundary terms, substitution terms, and
the correction from the integration over the omitted links can be assigned to recorded
bad plaquettes, and the corrections assigned to f are at most C(1 + log x f)z. For a large

—POXf/2

minimum side, they are absorbed by Pyx;/4. This leaves a factor e per recorded
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bad plaquette, and the sum over decompositions converges uniformly in the depth. The
remaining ratio of a Wilson integral to the reference partition function on the stopping
lattice is at most eC"°+9m*10g(1/gn) (see Remark 22.5).

The number of ultraviolet scales causes no accumulated loss, for the following reason.
A recorded bad plaquette created at side ny has g > d., and therefore contributes at least
a fixed multiple of x F=n f/ 7 to the classical action. At each later RG step, its excluded
neighborhood contains a number of variables bounded independently of the scale, and
there are at most O(1 +logn5) later RG steps. Each missing Gaussian coordinate changes
the normalization by log(1/g;) = log(n;/v)/2 < (logxf)/2+ O(1), and each other
correction is bounded per variable. The total correction is therefore Or((1 + logx f)z),
which is small compared to x once xy is large.

We distinguish two sets attached to a recorded bad plaquette f; see Figure 22.1.
The first is its energy-estimate predecessor set By on the initial lattice, which carries
the classical lower bound for g¢. These sets are disjoint for recorded bad plaquettes
at different levels and overlap at most 48 times at one level. The second is the full
excluded neighborhood assigned to f, which is much larger and may overlap with
the neighborhoods of other recorded bad plaquettes. Source plaquettes whose full
dependence sets meet such a neighborhood are discarded, and their number per recorded
bad plaquette is bounded by F;.

********************

l B;
1 B

,,,,,,,,,,,,,,,,,,,,

Figure 22.1. Schematic picture of the sets attached to a recorded bad plaquette f, drawn at one
scale. The energy-estimate predecessor set B carries the lower bound for the action. The source
plaquette p; is discarded because its full dependence set D(p;) meets the excluded neighborhood
of f; the source plaquette p; is kept because D(p;) consists only of links of the block region at
the stopping level.
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22.2 Product domains along a large-field decomposition

The following lemma checks that the regional integration estimates of Section 20, on
which the density bounds of Theorem 21.13 rest, apply along an arbitrary large-field
decomposition. Only the small frozen coordinates are substituted into analytic functions
(Theorems 21.5 and 21.13).

Lemma 22.3. Fix Ay, > 1 first, and then fix parameters satisfying the hypotheses of Theo-
rems 20.14 and 21.5, including the product domains and the coefficient-norm bounds at initial-
ization in Theorem 21.13. Assume also the construction and reconstruction-image hypotheses of
that theorem, in particular r + Brec < €en,j. Let X be a large-field decomposition whose initial
and stopping levels are boundaries of RG steps, with T > 1 integrated RG steps. Then every
integrated step consists of | averaging steps, the total number of integrated averaging steps is |T,
and Theorems 20.13 and 20.14 and Lemma 20.5 apply at the gauge representatives of X satisfying
the domain conditions and reconstruction identities of Theorem 21.13, with the frozen coordinates
satisfying the bounds of Theorem 21.5. In each such application the fluctuation cutoff domain is

J-1
Wi =TT Hlwiel <p(t)}, t = max gy, p(t) = Ay log(1/t), (22.3)
i=0 ¢
where g;; is the coupling of the i-th averaging step of the t-th RG step. The coupling ceiling
may depend on the fixed amplitude A.,; this does not change the constants of the local analytic
estimates or the bounds that are uniform before | is chosen. The conclusion is uniform in the
number of RG steps since the creation of the frozen coordinates and in the real values of the
frozen coordinates in their stated domain, including the first step for a Wilson initial measure. No
derivative with respect to a frozen coordinate is involved.

Proof. The cutoff amplitude is fixed before the coupling ceiling of Theorem 20.14 is chosen.
By Theorem 21.13, every integrated step has | averaging steps, and (22.3) holds. If m; is
the output side of an RG step, then

12 = v/ (Mmy), Sti = EMUETTI2 0 < < ).

In particular, the radii p;; = p(#;) used in the small-field event belong to the family of
radii allowed in Theorem 20.14,

p(t) < pui < plt) +c%, o =1A(J—1)logM.

The larger enclosing product domain is used only in the comparison of Lemma 20.5; its
radii do not replace the radii p(t;).
We now check the conditions on the coupling for this logarithmic family, which

contains the common radius as a special case. Let p™ (t) = p(t) + CIIOg. The condition that
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the cutoff domain lies in the enclosing product domain is tp™ () < Ren. With the local
constants of Theorem 20.14, and with E + o for the norm bound of the input effective
interaction, the small-interaction condition and the condition on the auxiliary complex
parameter domain required there read

Citl(p* () +p* () + (E+ 0 )p* ()] _
1—Ctp*(t) = (22.4)
2[(p" (1)’ +p" () + (E+0)p™ ()] < ez

Crtp™(t) < 3,

These are the expansion conditions of Theorem 20.14, and by the same choice of param-
eters the denominators of its rational image bounds are positive on the outer product
domains. With v = log(1/t), every term of the form t*(p*(t))7 with k > 0 equals
e M (Awv + CIIOg)q, which tends to zero as v — co. Hence one fixed ceiling on t gives the
containment, all the inequalities (22.4), and the required smallness of the perturbative
term

CR(E+0)[(p (1) + (E+0.)(p* (H)2]:

This ceiling is one of the fixed parameters. Since g, < e land Ay > 1, the radii p(t:) are
at least one. At each fixed value of the frozen coordinates, the bound for the conditional
mean in Lemma 20.5 stays uniformly below the cutoff radius: the ratio of the mean
bound to p(t) is at most C1t(Ly + 2)/p(t), which tends to zero. Together with the
containment, this verifies the hypotheses of the tail estimate of Lemma 20.5 on the chosen
cutoff domain.

We also verify the measure-theoretic hypotheses of that comparison, at every fixed
real value of the frozen coordinates and every fixed coarse background. The enclosing
product domain K; is a finite product of closed balls of positive radius in R3, so it is Borel,
compact, and of finite positive Lebesgue volume. The conditional fluctuation potential
V given by Theorem 20.14 is real and of class C2ona neighborhood of K, because the
image bounds keep its inverse maps, Jacobians, and positive Hessian determinants within
their domains. Thus there exist finite real numbers v_ < v, which may depend on the
tixed background and frozen coordinates, such that v_ <V < v, on K. In particular,

0<e ™| < 2g, = [ eV dw < eI < oo (22.5)
t
The set S of supported fluctuation coordinates is the inverse image under a Borel coordi-
nate map of the finitely many tests of the decomposition and of the coordinate domains,
and the cutoff domain W; is defined by finitely many inequalities; both are Borel. Every
indicator or optional test 0 < x < 1 that is kept is Borel, and ¢~V is positive and Borel.
The Haar disintegration, Gaussian, and constant prefactors are identical on both sides of
the comparison. Since these checks are made at each fixed preceding output point and
fixed frozen coordinates, no uniform bound on v+ is needed. If there are no fluctuation
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blocks, the product domain is a point of mass one; its partition function is positive and
finite, its determinant is one, and its logarithmic determinant is zero.

For the substitution of frozen coordinates into analytic functions, Theorem 21.5 in-
cludes the initial bound for finite products of links and all conversion constants in
Ceonv,) = Caq,J- At the representatives of the lemma, we have, at each scale at which
variables are frozen and for both spatially varying radii ¢, ¢q,

’Cf| < min{:BreC' (P' (])/4}/ Cbc,oEoﬁreC/Po < U*/4, o C {Cl, q} (226)

For a frozen group variable b; kept on the lattice where it was frozen, we have ¢t = Logb;

]
in the identity chart, and hence |cf| = pg(bj). A longer fixed product of links uses

the conversion included in Ceony,j, which is fixed before Brec and r. At initialization,
for a stopped initial measure, we use the bound by r coming from D,, together with
Cad,j7 < PBrec; for a Wilson initial measure, the bound for the frozen variables adjacent
to the block region is the other initialization clause of Theorem 21.5. The bound (22.6)
covers all frozen variables, including the boundary band, the boundary neighborhoods,
the links across the boundary of the block region, and the initialization, and its constant
Cpee includes the sum over all these types. The arbitrary frozen group variables deep
inside excluded regions are fixed external parameters and are not inserted into analytic
functions.

All variables in the band of reduced analytic radius are frozen. Thus every variable
that remains in the incoming block region Dj,; has the classical radius p., and the
incoming norm of the classical perturbation in the coefficient-norm bounds is evaluated
at that radius; the spatially varying radius is used only for the output. By Theorem 21.5,
the old fixed complement and the points of creation of frozen variables remain in the fixed
complement of the next block region, up to the fixed buffer of the finite link products. In
the current units, the incoming and current distances to the fixed complement satisfy

dDin,t(i) > Bdcurrent(e) — Bdist(e,i/B) — Cput J,

where i is the point of creation of an incoming variable, e is a current point, and Cpy;
is the fixed buffer constant. This is the boundary-distance comparison required in
Theorem 21.13 (compare Theorem 19.9); enlarging the fixed complement preserves the in-
clusion, and at initialization there is no boundary. The uniform bound on the conditional
force kept in that induction is the following condition on the same product domains:

5V,t = m?X supHAl_lvl(C’ a[(C, Y 6)’y) Hcoeff’
veTi (22.7)
Cseq,](25V,t + rq) < %Stube'

Here I runs over the finitely many initial segments of the conditional integrations, A; is
the positive reference block of the segment I, a; is its conditional constrained minimizer
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without perturbation, V; is the z;-derivative, in the original free coordinates, of the added
force V of (21.12), 7; is the domain of the remaining parameters, and r, is the fixed radius
of the free coordinates. The coefficient norm includes the common product domain of
the coarse fields, uniformly at fixed real frozen coordinates. The condition (22.7) is a
hypothesis on the product domains in Theorem 21.13 (see Lemma 19.3), uniform on the
prescribed ball of classical perturbations; it is part of the fixed parameters and is verified
in Section 23, see (23.29). The supremum is over every remaining parameter used in the
sequential construction, not only over the point with zero fluctuations, and all real frozen
coordinates are held fixed. Hence the image bounds and the sequential containment used
in the induction hold on their stated domains.

Finally, xo, x§' < o, are the coefficient-norm hypotheses of the induction at initializa-
tion, including the substitution at initialization. Its constants are those of the perturbed
maps: Kc,; in Theorem 20.14 bounds the columns of the perturbed zero-fluctuation map
uniformly on the larger perturbation domain, and we use the resulting K; in the output
bound of that theorem and in its choice of the width s, of the boundary layer removed at
each step. By the substitution bounds (22.6), we have z;, zfl < 04 /4, and the choice of s,
gives 2¢~*(e—1)y, < ¢, /2, with the same inequality for the classical output bound. Thus
both incoming norms at the next boundary are at most 3¢ /4 < oy, and by induction the
coefficient-norm hypothesis holds after any number of RG steps. Since every integrated
step is a full RG step, Theorem 20.13 applies at every step, including its incoming value
and the initialization.

The sets of such representatives in Theorem 21.13 start from the representatives at
which the bounds on the frozen coordinates just checked hold, and they contain every
supported fiber point over each preceding output point. A gauge transformation acting
independently at the endpoints of the frozen variables need not preserve the bound on
their logarithms. We therefore use analytic estimates only on these sets, and we use the
pointwise gauge covariance of Theorem 21.10 only after a gauge-invariant upper bound
has been obtained. This verifies the hypotheses for both initial measures. O

22.3 Energy transport, feasible configurations, and the
reference normalization

The next theorem collects the classical estimates: (a) is used in Sections 22.5 and 22.8, (b)
in Section 22.6, and (c) in Section 22.7.

Theorem 22.4. Fix an odd integer M > 3.
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(a)

(b)

There are 6,,(M) > 0 and Cp; < oo, depending only on M, such that for every level i, every
set P’ of positive plaquettes at level i + 1, every configuration V at level i, and every 6,

I?a();? )PG(VP) <0< = Szp—l—ll(TMV) < (1+Cwmd) Sz'Pa(P/)(V)'
pePa(P’

Under this hypothesis no based loop holonomy in these predecessor rectangles equals —1I, so
all the logarithms in the definition of Ty there are the analytic ones. Define

HCM\/E
VM -1
Let ¢ > 0 be such that the side at level ¢ is at least four, let Py be a set of positive plaquettes at

level ¢, and let P; = Pa(Pitq) for 0 < i < ¢; we call the P; the energy-estimate predecessor
sets of Py. Then for every configuration U at level 0 and every 0 < b < By,

52 [(\/M— 1)log2r}’

B, = min{—
* 2’ Cum

o(b) =

S]H(ThU) < max{e”®), 8P| /b} S0 (U). (22.8)

This holds for every holonomy and with the Borel extension of Tyy. If SgD °(U) < b/hy,, then
for 0 < i < { every plaquette in P; has angle at most 7wv/b M~(=1)/2, and the factor in
(22.8) can be replaced by eY) < 2. If g < deys for every plaquette in Py, then 8|Py| /b may
be replaced by 4|Py|dcut/b. Let ppy < 24M3 be the largest number of plaquettes in a set
P;_1(C), and put

Kyt = max(2,8pn/By), K; = max(2,8/B.).
Then for 0 < k < j — 1 and every configuration V at level k, and for every depth ¢,

Sw(V) Sw(Ty,U)

j—1—k

Q/ (T} V) < Ku Swild),

< 48K,

These constants are independent of the depth, the side, ], L, vy, and the geometry. The
factor Ky may be replaced by 2 if q < dcyt for all the relevant plaquettes at level j — 1 and
4pMdcut < B*-

Let X be a large-field decomposition as in Theorem 21.13, with { integrated averaging
steps and stopping side m, and let g&__. = «y/ny, be the coupling of the initial lattice. At
every representative (C, b/r;) satisfying the domain conditions and reconstruction identities
of Theorem 21.13, the zero-fluctuation reconstructions of the successive RG steps, with the
frozen coordinates inserted at the scales at which they were frozen, give one configuration U
on the initial lattice such that

ET(a b/r;) _ gbase(u*)
8 Shase

(T]l(/lu*)h: =C, ’ g%1 = Mggl%ase'
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(c)

Here Et is the effective classical action of the stopping field after all external classical
exponents have been incorporated once into the classical exponent. For a stopped initial
measure, U € Dp and Eyase = Eg sat 01 this larger gauge-invariant domain; for a Wilson
initial measure, Uy is a configuration in Uy, and Epase = Sw. Consequently

E7 (G brec) > MY inf{ Epace(U) : U € S, (TiU)|r = &},

where S = Dy or § = Uy,, respectively. No minimizer in D, is asserted.
Let k. > 0 be such that Ejsy > ®«Sw on D, for every depth d > 0 (Theorems 11.2
and 11.6), and set

_ ko
ow = 18K’

ko = min(1, k), At =

Vm = Oéwsw.
The two names ¢4 and wy denote the same number, in its two roles below. For ¢ € SU(2)F
and for frozen coordinates byec put

4q¢(by
Yr(c) =Vyr(c) = min Vyu(c®z), Ay (brec) = cift w,
zeSU(2)H fex nf
where q ¢ (brec) is the energy of the recorded bad plaquette f, a function of the frozen coordi-
nates because the full dependence set of f is frozen. Then, at the same representative,
E > ‘FF(C) ET —

g% = 8%1 7 g_%q > AX(brec)/ (22.9)

and

n
Ay (brec) > 4c%'d, Y -t on I§" = {q¢(brec) > d. forall f € X}.
fex
Use the full-torus recursion of the stopped measures (Theorem 14.6) with the same RG steps
as the decomposition; we call it the reference recursion. At a depth d > 0 of the reference
recursion on the stopping lattice put

Za(g) = / e~ Easat/ @ RasRaDl g1, @ — 4 /m.

r

The restriction of the initial measure to the small-field conditions of the reference recursion
and its pushforward to the stopping lattice has the form

dCT = Z;leAjngre*Ed,sat/gz*[Rd,satfRd(I)] de,

where AT is the normalization constant of the reference recursion; for a Wilson initial
measure, only this reference measure is restricted to D, at the start. With m% = ¢r(1) <1,
one has exactly

AT T

e'T m ~

=L < Z4(8) 7L (22.10)

Zv  Z4(g)
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All Haar disintegration, Gaussian, cluster expansion, and substitution constants are included
in AY, and for a stopped initial measure A} = —Rg,(I).

For every fixed 0 < Ag < Ay < oo there are C,C’,C" < oo, uniform in the depth d of the
reference recursion, in m, and in 0 < § < g, < 1, such that

7

Z\d(g) > e—C3m3g3(2m3+1) /e_)\ym/gZ de < ec/3m3g3(2m3_3m2+1)

for A € [Ag, A1) with 4Aayy /g > 1. Consequently the logarithm of the ratio of these two
integrals is at most C"3m3 + 9m?log(1/g). The normalized stopped measure U on the
stopping lattice, with the same support D,, satisfies

loglEgevSW/g2 < C"3m® 4+ 9m*log(1/g), 0<v<x./2.

For fixed 0 < Ag < 1, the quantity

Za(g)™ [ e MEs/ S HRa RO TS/ gy, A€ [Ag 1], <0< Aok /2,
satisfies the same bound with a larger volume constant. In each of these ratios the boundary
correction 9m?log(1/g) occurs once. The denominator is always the integral over exactly
Dy, the periodic boundary plaquettes are deleted only in the upper bound for the numerator.

The constants of the reconstruction and of the normalization constants have the dependence
described in item (3) of Definition 4.14, excluding the widths chosen later. The constants in (c)
depend on the fixed domains on the torus, r, the norm bounds, and the interval [Ao, A1] of action
coefficients, not on the depth, the side, or the coupling. Applications to probability estimates have
the dependence described in item (4) of Definition 4.14.

Remark 22.5. The factor g_9m2 in (c) comes from a count of independent coordinates. The
periodic lattice of side m has 3m? links and m? sites, so the complement of a spanning
tree has 2m® + 1 links; restricting each of them to a ball of radius proportional to g in
SU(2), a group of dimension three, gives the lower bound e—3Cm° g3(2m3+1) for Z4(g), with
the constant of part (c). The open cube with m sites per side, used for the numerator, has
3m?(m — 1) links and m? sites, hence 2m® — 3m? + 1 links outside a spanning tree, which
give the upper bound e3¢’ g3(2m3’3m2+1), with the constant of part (c). The difference
3[(2m3 +1) — (2m® — 3m? + 1)] = 9m? is a boundary correction in an inequality; it is not
an identification of a physical quantity. At a side m = xn it becomes 9x?n?log(1/gx) +
(9/2)x*n?*log x. Gauge fixing along a tree, deleting nonnegative plaquette terms, and
factorizing one-plaquette integrals are elementary stability arguments in the tradition of
Faria da Veiga and O’Carroll [64, 65]; the precise periodic and open counts used here are
proved in Theorem 14.8, with the open-cube estimate of Lemma 6.10.

Proof of Theorem 22.4(a). We write h; = h,,, within this proof.
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Transport over one averaging step. Multiplying the restricted conclusion of Theorem 7.3
by four and dividing by h;,1 = Mh;, we obtain the displayed implication. Its hypotheses
are local: the maximum is over the union of the complete predecessor rectangles, and the
side at level i + 1 is at least four. We may decrease é.(M) so that the exceptional based
loop holonomies are excluded as well. To check this, note that a contour F. xC. Lin (4.3)
is filled by moving its straight segment of length M across the coordinate segments of
the path oy,y. At most MY3_|x;x — vx| < 3M(M — 1) /2 elementary moves across one
plaquette are needed, and each move inserts a conjugate of a plaquette transport or of
its inverse. All these plaquettes belong to the complete predecessor rectangle, so by the
bi-invariant triangle inequality the distance of this based loop holonomy from I is at most
3M?26. If we also require 3M?326, < 27, then this holonomy is not —1I, and its logarithm is
the analytic one. This decrease of J. changes only a constant depending on M.

Transport over many averaging steps. Let Vi = T}'VIU and write

(= S)(V), g =maxpa(Vy), ;=[]0 +Cudy)

k<i

For an empty set of plaquettes we set the maximum to zero; the corresponding energy
is also zero. Suppose first that ey < b/h,. We prove by induction on i < £ that the first i
steps satisfy
e <Tley,  TIL < exp{ncM\/EZM—“—k)/z} <2 (22.11)
k<i
The case i = 0 is immediate. Suppose that (22.11) holds for some i. Since all plaquette
energies are nonnegative, (22.1) implies that, for every p € P,

i\2 2 iy o TR Ty g (i)

pG(Vp) <27 q(Vp) < Tel < 7H,bM < m°bM ,

where we used h;/hy = M~(~) and I1; < 2. For i < / this is at most 712b < §2. Then the
transport over one averaging step applies with Pa(P;;1) = P;; it gives e;11 < (1+ Cpid)e;
and excludes all exceptional values used in that step. Further,

logIl;;1 < Cpyp Zék < NCM\/EZM_r/Z =o0(b) < log 2.

k<i r>1

This closes the induction (22.11). The bound on individual plaquettes also holds at i = ¥,
and no further transport step is needed there. This proves all the stated conclusions
under the hypothesis ey < b/hy, including the case ¢ = 0.

If instead ey > b/hy, then since g < 2, we have ey < 8|Py|/hy < (8|Py|/b)ep. If every
plaquette of P, has g < dcyt, the upper bound is 4|Py|dcut/hy. These two cases prove
(22.8) for arbitrary configurations. Since no logarithm is taken in the second case, the
exceptional values of the Borel extension cause no difficulty. If g < dqy: for all the relevant
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plaquettes and 4ppdcut < B«, we may choose b = 4ppdcyt; then for every cell the second
factor in (22.8) is at most one and the first is at most two.

Cells and all plaquettes. We apply (22.8) with b = B separately to the set P;_1(C) of
each cell, with level k in place of level 0. Each such set has at most pys plaquettes, so the
factor is at most Kjs. By Lemma 7.4, the energy-estimate predecessor sets at level k of
distinct cells of one tiling are disjoint, and the sum of their energies is therefore at most
Sw(V)/ hy,. This proves the bound with Kj;. For an arbitrary set of plaquettes at level /,
we apply (22.8) to each plaquette separately, with |P;| = 1 and factor at most Kj. By the
same lemma, a plaquette of the initial lattice lies in at most 48 of these predecessor sets,
and summation gives the factor 48K;. Both arguments apply with any intermediate level
as initial level. [

Proof of Theorem 22.4(b). The effective classical action along the decomposition. By Theo-
rem 21.13, the initial and stopping levels are boundaries of RG steps, and there are
T integrated RG steps of | averaging steps each; thus ¢ = |T. The logarithmic product
domains, the bounds on the frozen coordinates that are inserted into analytic functions,
the coefficient-norm bounds, and the representatives are those checked in Lemma 22.3.
For the t-th RG step, let C? be its reconstruction map with every normalized fluctuation
variable set to zero, that is, its zero-fluctuation reconstruction. By the definition of the
classical part of its objective, the outgoing effective classical action is

EQ% (c;bi) = BE((CY(c;bi); b)), B =M. (22.12)
If new coordinates c* are frozen at the end of the step, the next incoming action is
Ei1(v; bﬁé)c, cﬁ) = Efﬁtl(v @ cf; bﬁé) ).

Thus freezing is a direct substitution in this identity; in particular, the value at v = 0
is kept together with the nonconstant part. For an external classical exponent Sy, the
convention of Theorem 21.13 is the exact identity

o SextoE/8F — p—[EF+87Sex] /87

It adds the term once to the effective classical action and removes it from the weight of
the frozen coordinates. Under (22.12) the added action and g% are both multiplied by B,
which leaves the exponent unchanged.

Ome feasible configuration. We start from such a representative at which the bounds on
the frozen coordinates hold. We insert the frozen coordinates at each preceding scale at
which they were frozen, and apply the maps CY downward. The reconstruction identities
and the protection of all stored endpoints in Theorems 21.5 and 21.13 ensure that each
insertion gives back the coordinate of the preceding output point, that each reconstruction
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solves its block averaging constraint exactly, and that every older frozen dependence is
preserved. The image bounds of Theorem 20.14, applied with the hypotheses verified in
Lemma 22.3, keep this downward sequence of reconstructions in its product domains.
For a stopped initial measure, the resulting representative on the initial lattice lies in the
larger common chart, so its configuration U lies in D,; this uses the larger image domain,
not membership in D,. For a Wilson initial measure, the frozen variables deep inside
excluded regions remain arbitrary group elements, and the initial classical exponent is
exactly Sy (U ). Composing the constraint identities, we obtain (T},U,)|r = ¢. Dividing
(22.12) by ¢? 1 =B ¢? and iterating over the T RG steps gives the identity for E1 /g2, and
JT = ¢ implies g2, = M* St se- Since U, belongs to the constrained set, the lower bound
by the infimum follows; no interchange of minima is involved.

The first lower bound. By the lower bound of Theorem 11.2 on the common radius p,
transported by the fixed gauge transformation of a representative on the initial lattice
(Theorem 11.6), we have

gbase(u*) SW(U*)
glzaase g%ase
The radius is within the domain of Theorem 11.2, and the constant x, there is valid for
every integer depth, whether or not an effective interaction is attached to that depth, as
also stated in Theorem 14.8; for a Wilson initial measure (22.13) holds with constant one.
Combining this with the bound for all plaquettes in (a), we obtain

> Ko . (22.13)

Er o o Sw(TyUs) _ ¥r(©)

g% — 48Ky g T &

In the last inequality we used that Tj,U. = ¢ z for some z € SU(2)", and that ¥
minimizes over all such z.

The second lower bound. For a recorded bad plaquette f, let B¢ be the energy-estimate
predecessor set of { f} on the initial lattice. We first justify disjointness at different levels.
On the input lattice of the RG step in which f is recorded, the endpoints of its full
dependence list cover every vertex of the four centered blocks obtained by pulling back
the corners of f to that input lattice. Indeed, each one-step formula reads the root paths
0a,x for every vertex x of each endpoint block; their trees span those blocks, and the same
assertion follows recursively from the centered nesting identity. For a plaquette at the
input level, its four boundary links already cover its four corner vertices. By Lemma 7.4,
every plaquette of By lies in the centered preimages of these blocks.

All these dependence variables are frozen together with their excluded neighborhood
by Definition 21.4(2). The neighborhood includes the protected endpoint margins, so
it excludes the incident dependence links as well as the marked vertices; the endpoint
protection rule of Theorem 21.3(4) preserves this exclusion at later scales. Suppose that f
and f' are recorded at levels £ < £, and that their initial energy-estimate predecessor
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sets share a plaquette. The centered partitions are nested. A shared vertex therefore
places a marked vertex from a corner block of f in a corner block of f’, when both are
read on the input lattice where f was recorded. If the two tests belong to the same RG
step, the full dependence list of f’ meets the excluded neighborhood just added for f.
If they belong to different RG steps, the centered ancestor of that mark is excluded by
the endpoint protection rule, and again the full dependence list of f’ meets the earlier
excluded set. Both cases contradict the rule that a recorded test avoid that set. Thus the
sets B at different levels are disjoint. This argument uses endpoint coverage and the
protected neighborhoods; it does not require the minimal list of read links to contain
every link of an energy-estimate patch.

At one level, a plaquette lies in at most 48 of the sets 5; by Lemma 7.4. Since plaquette
energies are nonnegative, we have

Sw(ll,) - 1 « 5
> —Y 8,7 (U.).
gl%ase 48 f ’

The comparison (22.8) for one plaquette and arbitrary configurations, proved in (a),
applies at the level /; of each f with constant K;. Since the feasible configuration U

preserves every frozen dependence, the energy of f initis g f(b/r;) Thus

—_—

Sw(u*) > 1 45]f(brec)
gl%ase ~ 48Ky 7 h

nf

Multiplying by xo and using (22.13), we find ET/g2, > A 1 (brec). On I5" we have g > d.
and K, F= /n ¥ for every f, which gives the lower bound for A y. O

Proof of Theorem 22.4(c). The reference identity. We apply the identity at the end of The-
orem 14.8 to the same reference operators and the same partition function Z, as in
Theorem 21.13. Every reference operator is a full RG step on the same levels. The depth
dp of a stopped initial measure is a multiple of ], and the depth at the stopping level is
d =dy+ JT, with dy = 0 for a Wilson initial measure. Thus the reference recursion lies
within the scope of Theorem 14.8. The stopping side is m, the preceding depth is 4, and
the centered effective interaction is Rt — Rz(I). Restriction and pushforward give a
subprobability measure, also for a Wilson initial measure. Its density is the displayed (7,
with mass at most one. Integrating it, we obtain (22.10). The initial value A} = —Ry,(I)
for a stopped initial measure holds because Z, is not centered. All later constants are
those of this one recursion.

The partition-function bounds. These are the bounds of Theorem 14.8 on the lattice of
side m, with D = 3m?®. The trial configurations of that theorem have 21 + 1 links outside
a spanning tree, each with logarithm of norm at most apg < min(r/2,1), and the tree
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variables have Haar integral one. The bounds on the action and the effective interaction
on this set, together with the volume of a ball in SU(2), give

g3(2m3—0—1)’

: 3
Za(g) > (%08 —;:(aog)f’” mCamd 5, p-Cuan?
where we used x —sinx > x3/8 for 0 < x < 1 and included the powers of ag in Cj.
This lower bound is an integral over exactly D,. The upper bound for [ e=*Vn/ $* dH,, =
f e~ MawSw/g? dH,, is the bound for Wilson numerators in Theorem 14.8, with g = apy, s =
0, and inverse coupling 4Aa /g? > 1. In its proof, the plaquettes crossing the periodic
boundary are deleted from the numerator, the unused links integrate to one, and on the
remaining open cube with m sites per side the 2m® — 3m? + 1 plaquettes selected along
an axial tree have independent Haar-distributed transports; the one-plaquette bound
[eP1dH < \/2/7 B73/2 of Lemma 6.10 then gives the factor g3(2m3_3m2+1). Dividing by
the lower bound for Z;(g) leaves 3[(2m® 4 1) — (2m® — 3m? + 1)] = 9m? powers of 1/g.

The bound for the stopped measure is the exponential-moment bound of Theorem 14.8,
with Aen = k. /2. It can also be read off from the same calculation: on D; its integrand
satisfies

e_Ed,sat/gz_[Rd,sat_Rd(I)}"’_USW/gz S eC3m3e_(K*_v)SW/g2, Ky — O 2 K*/Z,

where we used E;¢,+ > xSy and the bound on the oscillation of the centered effective
interaction. For the quantity with the coefficient A we replace the coefficient by Ak, —v >
Aok /2, and we bound the centered effective interaction by its uniform oscillation bound
from Theorem 14.8. Both estimates then follow from the upper bound for the Wilson
numerator and the single lower bound for the denominator. If the ceiling g. has not yet
been reduced so that the inverse coupling of these two numerators is at least one, then on
the remaining range of g, below g. and above that threshold, log(1/g) is bounded by a
fixed constant; enlarging the volume constant gives the same bounds there. Alternatively,
one may make the common reduction of the ceiling in Theorem 14.8. O

22.4 The minimum of the Wilson action over omitted links

The density bounds of Section 22.6 contain the factor e~*¥#()/ $*, a minimum over all

values of the links in H, which we compare with a Haar integral over these links. The
comparison is a lower bound of Laplace type that uses only stationarity at a minimizer,
an upper bound on the second derivative, and the Haar volume of a small ball; no
nondegenerate Hessian is needed. We first record the continuity and gauge invariance of
the minimum and of the corresponding integral.

Throughout this section m > 4, H C &, is a set of positive links, F = &, \ H, and for
c € SU(2)F and z € SU(2)H we write ¢ @ z for the configuration on A, that equals ¢ on
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F and z on H. We write Hy for the product Haar measure on SU(2)¥, and V,, = awSw
and ¥Y¢(c) = min; Vy,(c @ z) for a fixed ay > 0, as in Theorem 22.4(b).

Lemma 22.6. For A > 0and g > 0 let
I) o (c —/ e MVn(e92)/8 qHy (2).
)\,g( ) sU@)H H( )

The functions ¥r and I o are continuous on SU(2)F. Let k € SU(2)" be a lattice gauge
transformation and let c* be the transformed field on F, which depends only on the values of k
at the endpoints of the links in F. Then Yr(c*) = ¥r(c) and IA,g(ck) = I\ ¢(c). In particular,
Yr and I ¢ are invariant under every gauge transformation of the endpoints of the links in F,
extended arbitrarily to the other sites, and the result does not depend on the extension.

Proof. For ¢,c’ € SU(2)F we have

[¥r(c) = Yr(c)| <aw sup [Sw(c®z) - Sw(c' @z)|.
zeSU(2)H

Since Sy is uniformly continuous on the compact group SU(2)%", the right side tends
to zero as ¢’ — c. The same argument, applied to the integrand, shows that I, , is
continuous. Let k be a gauge transformation, and write z — K, (zk Jxy = kxzxyk]; 1 for its
action on the links in H. This map is a bijection of SU(2)! that acts on each factor by a
fixed left and a fixed right translation, so it preserves Hy. Since (c @ z)* = c* @ zF and
Sw is gauge invariant, we have

Vi (F @2 = V(e @ 2), dHpy (2 = dHy(z2).

Taking the minimum over z and changing variables in the integral, we conclude that
Yr and I) ¢ are invariant. If a gauge transformation is given only at the endpoints of
the links in F, any two extensions to the other sites give bijections of the whole product
SU(2)H as above, so the result does not depend on the extension. N

Lemma 22.7. For every m > 4, every set H C &, of positive links, F = &, \ H, every
c € SU(2)F, and every fixed ay > 0, the function z — Vy(c ®z) = awSw(c ® z) has a
minimizer z, on SU(2)H, and it is stationary at z, in all directions of the links in H. For
X = (Xe)een € su(2)™ and the curve z,(t) = z 0%,

dZ
ﬁsw(c@z(t))\ <16 Y [X.
ecH
Hence, for every 0 < ¢ < 1, the product neighborhood {z,.eX¢ : |X,| < g foralle € H} has
Haar mass at least
(c.g)H, dy = 3|H|, ¢, = (16m)71/3,



22 Exponential-moment bounds between renormalization scales §224 197

and on it Vi (c ®z) — Yr(c) < 8aw|H|g? For0 < Ao <A < Ay < oo,

o AYr(0)/8? < (C*g)—dHES)\DcW|H| e~ Mn(c@2)/8? dHy(z),
SU(2)H

and the exponential factor may be enlarged to e3*wIH| These bounds hold for arbitrary links
across the boundary of the block region, arbitrary values of ¢, and arbitrary shape, topology, age,
and depth; the displayed constants do not depend on these parameters or on the coupling. If H is
empty, equality holds. No regularity, uniqueness, or measurable choice of a minimizer is required.

Proof. The function z + Vy,(c @ z) is continuous on the compact product SU(2)¥, so it
attains its minimum. Every curve t — z, .e!X¢ through the minimizer stays in this product
for both signs of t, and differentiating at t = 0 proves stationarity in all directions of the
links in H.

We extend X by zero on F. Along the curve, the transport around a positive plaquette
is a product of four unitary factors. A factor z, .e'*c has first and second derivatives of
operator norm at most | X,|/2 and | X, |?/4, since || X,|lop = |Xe|/2 with our normalization
of the inner product; an inverse factor e **¢z_! has the same bounds. By the product
rule, |tr A[/2 < ||A||op, and the Cauchy-Schwarz inequality for four terms,

2
‘%q((c@z(t))p)’ < }L(EGZBP|XE|)2 < eezap|X€|2'

Here the sum is over the positive links underlying the oriented boundary of p; for m > 4
they are distinct. Since each positive link lies in exactly four positive plaquettes and
Sw = 4),9(Uy), the second derivative of Sy is bounded by 16 )¢ HIXe|* everywhere

along the curve. By Taylor’s formula with integral remainder, whose weight fol (1—1t)dt
equals 1/2, and stationarity at t = 0, we have

Vin(c @ zeX) — ¥r(c) < 8apy Y IXe|*.
ecH

Thus on the product of balls of radius g the increase is at most 8ay |H|g>.
The Haar probability measure on SU(2) has radial density (2/77) sin? ¢ d¢ in the angle

® = |X|/2. Thus the ball {eX : | X| < ¢} has mass (¢ —sing)/(27). Taylor’s formula for
the sine gives, for 0 < g <1,

g —sing > ¢%/6 — ¢°/120 > ¢%/8.

The exponential map is injective on this ball since ¢ <1 < 27r. By translation invariance
of Haar measure and the product structure, the product neighborhood has mass at
least (¢3/(167))/Hl = (c,g)%. On this neighborhood the integrand e~AVn(c®2)/8” g at
least e~V ¥r(0)/g*~8Aaw|H] Integrating over the neighborhood, enlarging the domain of



22 Exponential-moment bounds between renormalization scales §22.5 198

integration to the whole product, and rearranging, we obtain the displayed inequality.
Replacing A by A; in the positive exponential only enlarges the right side. If H is empty,
all products have mass one and the additional exponents vanish. Each bound is uniform
on the whole compact group, and a minimizer was used separately for each c, not as a
measurable function of c. O

22.5 Domination of the plaquette-energy sum by the Wilson minimum

Along a large-field decomposition, the function Q]T o Ty, "% need not be a function of
the stopping field and the frozen coordinates alone: some requested plaquettes may have
dependence sets that meet excluded neighborhoods. The next lemma shows that this
does not matter for an upper bound: the bound holds for every completion ¢ @ z, and we
may then take the infimum over completions.

Lemma 22.8. Fix an odd integer M > 3, an integer | > 1, B = M/, and the fixed analytic,
geometric, and buffer data of Theorems 21.5 and 21.13. Fix a finite family of stopping offsets and
remainders, with total exponents v = Tstop] + tpy and 0 < uyy < |, and fix the corresponding
enlargement Fy of the bound for the number of affected source plaquettes in Theorem 21.5, before
the interval of s or any minimum side is chosen. Let Ky, aw > 0 be as in Theorem 22.4 and put
KW = 4:8K1 / Xw.

Let L > 0 and v > 0, and let a finite hierarchy of sides in 4IN, an initial measure (stopped, at
a depth dy € JINo, or Wilson), a large-field decomposition X from its initial level to its stopping
level with £ € JINg averaging steps, and an exponent v of the family be given. Write m = MTireq
for the stopping side, where nyeq € 4IN is the requested side; every iterate that is used must
belong to the finite hierarchy. Let F be the set of links of the block region at the stopping level,
H = &y \ F, and let Porig be the requested list of plaquettes at side nyeq, a union of the sets
P;i_1(C) of cells, counted once. Set

4 v n
Qorig(v) = h Z Q((T]l(/?_ V)P)/ g%z =/m, Dy = 8F; Z _f
Mreq Peporig fEX f)/

Then every point V € Ay, with (¢, brec) = OF (V), and every z € SU(2)H satisfy

Sw(cdz
Qorig(v) < 48K1M

+Dy. (22.14)
8m
Consequently, at every point of Ay,
Kw . ng _ Kw¥r(c)
rig(V) < — min {awSw(c®z)}+8F — = ———">+Dy. 22.15
Quig(V) < "2” ity lawSw(c©2)} ]f;( Y & v @D
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The minimum Y is continuous and invariant under gauge transformations of the endpoints of
the links in F (Lemma 22.6). For either initial measure v, with its partition function Z,, which is
not centered, let 1y and 1% be as in Section 22.1, with Q = Qorig. For every s > 0,

75 (de dbgee) < eSKWYFQ/8utsDa o (de dbyec). (22.16)

This includes decompositions without recorded bad plaquettes, an empty set F, and decompositions
whose block region becomes empty before the planned stopping level, continued by empty RG
steps. No small-field event, support, or partition function is changed, and no smallness of the
coupling is needed beyond the existence of the decomposition. The constant Ky depends only on
M and on the fixed classical lower bound and its domain; it does not depend on the side, L, the
coupling, the depth, the geometry, the age, or the frozen values. The constant Fj keeps the explicit
polynomial dependence on the widths in Theorem 21.5, and its coefficient has the dependence
described in item (3) of Definition 4.14, independently of the widths chosen later. The constants of
later probability estimates have the dependence described in item (4) of Definition 4.14.

Proof. We fix the decomposition and the requested list first.

Step 1: dependence sets. For each requested plaquette p, let D,,(p) be the full set of
links of the stopping lattice on which C — q((T},C),) depends. It contains the links of
the four boundary transports of p and, recursively, all reference paths, relative contours,
filling plaquettes, and branch tests of every entry read in the v averaging steps; the clause
on complete predecessor sets in Lemma 7.4 supplies these finite dependence sets. We
also trace them to every scale of the integrated decomposition at which variables were
frozen. We keep p only if D,,(p) C F and the traced dependence sets avoid all the full
excluded neighborhoods assigned in Theorem 21.5: the neighborhoods of the recorded
bad plaquettes with their buffers, the adjacent cells, the frozen boundary bands, the
links across the boundary of the block region, the enlarged earlier excluded regions, the
buffers protecting earlier stored endpoints, and the protective sets of the first step for
a Wilson initial measure. Their levels of creation and their assignment to recorded bad
plaquettes are kept. The smaller energy-estimate predecessor sets B¢ would not suffice
for this definition.

Step 2: kept plaquettes are determined by the stopping field. If two configurations on
the stopping lattice agree on D,,(p), then for every entry needed in the first averaging
step they read identical path products and identical branch tests. A regular entry has
the same analytic logarithm in both configurations, and an exceptional entry has the
same reference-path value. By induction over the v averaging steps, the final plaquette
transports agree, and hence so do their traces. This proves locality for all group values,
including the exceptional branches; for v = 0 it is the equality of the four boundary links.
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By the identity for the observation map in Theorems 21.5 and 21.10, we have (T%,V)|r = c,
and therefore, for every completion C = c @ z,

4 v
Z q((Tf/}i_ V)P) - h
Mreq p kept

4

Y. q((THC)p)-

h Mreq p kept

This equality concerns the point V itself; no auxiliary feasible configuration or represen-
tative has been substituted.

Step 3: discarded plaquettes. We assign each discarded requested plaquette to the first
tull excluded neighborhood that its dependence set meets, ordering first by the level of
creation and then by the fixed order of the tests. If D,,(p) ¢ F, an omitted link lies in
an excluded neighborhood at the stopping level; otherwise the exclusion comes from an
earlier traced intersection. The counting clause of Theorem 21.5, enlarged for the finite
family of stopping offsets and remainders, bounds the number of plaquettes assigned
to each recorded bad plaquette f by F;. The deterministic assignment to a single f is
needed only because the neighborhoods may overlap; we never use disjointness of the
tull neighborhoods. Since NMreq < Ny and 0 < g < 2, each discarded plaquette contributes
at most 81yeq/ v < 8n f/ 7 t0 Qorig- Summing over the discarded plaquettes, we find, for
every C =cDz,

4 4

Qorig ( V) <

Y. 9((TuC)p) +Dx < Y a((TyC)p) + Dy,

Mreq p kept req p

h

where the last sum is over all positive plaquettes at side 7yeq-

Step 4: the Wilson action of a completion. We apply the bound for all plaquettes and
arbitrary configurations in Theorem 22.4(a) with initial configuration C at side m and
depth v. Its initial exponent is Sy (C) /g7, and hy,,, = Mg, Together with Step 3, this
gives (22.14), with no additional factor m/neq and no regularity test at the requested
level. The bound applies to every completion, whatever its holonomies or exceptional
values. Taking the infimum over the whole compact product SU(2)H, we obtain (22.15).
By continuity of Syy and compactness, the infimum is attained, but no measurable choice
of a minimizer is needed. Continuity and invariance of Yr are proved in Lemma 22.6.

Step 5: empty cases. If X’ has no recorded bad plaquettes, there are no excluded neigh-
borhoods and Dy = 0. If F is empty, then no plaquette is kept, since the dependence
set of every plaquette is nonempty on sides at least four, and the assignment of Step 3
gives Qorig < Dy directly; in this case ¥ = 0, attained by the identity configuration. If
the block region becomes empty before the planned stopping level, we carry the frozen
coordinates unchanged through the remaining RG steps. For these steps the fluctuation
integral and the determinant equal one, the nonconstant norm is zero, and the simulta-
neous replacement E — BE, ¢? — Bg? leaves the exponent unchanged. The recurrence
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Ri+1(f) < B7IRi(f) 4+ Cj(W + Reenp + 1) for the radii of the excluded neighborhoods in
Theorem 21.5 still assigns every later omitted link to the same neighborhoods, even when
their union is the whole torus. The finite dependence range of the requested plaquettes
at the stopping level is included in Fj. Thus the same assignment and the same bound
hold at the planned stopping level. These empty steps use only the clauses on empty
products and on normalization constants in Theorems 20.13 and 20.14 and the partition
of Theorem 21.5.

Step 6: integration. For a nonnegative Borel function ¢(c,brc), we integrate
p(OF (V))esQorig(V) against 14, dv(V) and insert (22.15). The right side becomes the
integral of pes<w¥r/ gntsDi against 17y, which proves (22.16). Both sides carry the same
factor Z, 1. All integrands are nonnegative, the spaces are finite-dimensional, and Qorig
is bounded on them. The dependence of the constants follows from the bound for all
plaquettes and from the explicit count Fj. O

The same argument applies to the Wilson exponent of all plaquettes at the requested
side, with a larger bound for the number of affected plaquettes. This version is used in
Section 23 for exponential moments of the full blocked action.

Corollary 22.9. In the setting of Lemma 22.8, let the requested function at side n instead be
Ou(V) = Sw(Ti °V) /g2, where m = M?n, v belongs to a fixed finite family of exponents, and
all iterates are available. Enlarge the bound for the number of affected plaquettes to a bound FjA
for the list of all positive plaquettes, before choosing any interval of s. Then at every point of Ay
and for every completion z,

n n
Q.(V) < 48K1M2@Z) +8FAY. L, hence  Qu(V) < M +8Fr Y L
8 T 8in F

The corresponding inequality for the pushforward measures, analogous to (22.16), holds with the
same partition function. This includes Wilson initial measures, empty sets F, and decompositions
continued by empty RG steps. One may take F* = C(W + Reert -+ 1)°; this bound has the same
polynomial dependence on the widths, and its coefficient the same dependence, as Fj, and Ky is
unchanged.

Proof. Steps 1, 2, and 4-6 of the proof of Lemma 22.8 apply verbatim with the list of all
positive plaquettes at side 7 in place of Porig, with 1 in place of nreq, and with F]A in place
of F}. In Step 3, each discarded plaquette still contributes at most 8n/y < 8ns/7, since
the recorded bad plaquette to which it is assigned lies at a level finer than the requested
side. In Step 4, the Wilson exponent of T} (c @ z) at side n is bounded by Theorem 22.4(a)
with no factor depending on the ratio of the sides.

It remains to justify the count in Step 3. We check explicitly that the counting
clause of Theorem 21.5 extends to the list of all plaquettes. The family of exponents v
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is finite, and each exponent has a finite fixed dependence range. A neighborhood of
radius R is met by the dependence sets of at most a fixed multiple of (R + 1) positive
plaquettes. The recurrence for the radii in Theorem 21.5 bounds R by a fixed multiple of
W + Reepp + 1 at later outputs, and the enlargement at the input of the RG step of creation
is already included in the count at creation, which carries the factor B. Thus passing to all
plaquettes changes only this incidence constant, and unions and overlaps are handled by
subadditivity and by the assignment to a single recorded bad plaquette. This proves the
bound F]A = C]A(W + Reent + 1)3, with the enlargement for the finite family of exponents;
the number of RG steps of the decomposition does not occur. O

22.6 Gauge-invariant domination of the densities

We now combine the density bound of Theorem 21.13, which holds at representatives sat-
isfying the reconstruction identities, with the classical lower bounds of Theorem 22.4(b).
Since the resulting bound has only gauge-invariant factors, the pointwise gauge covari-
ance of the density in Theorem 21.10 extends it to every point.

Theorem 22.10. Let X be a large-field decomposition for a stopped or a Wilson initial measure
with at least one integrated full RG step, as in Theorem 21.13, with stopping side m, g% = v/m,
and 0 < g < 1. Whenever the uniform bounds of Theorem 22.4(c) on the stopping lattice are used,
impose also their fixed ceiling on g. Let F be the set of links of the block region at the stopping
level, H the set of all other links of the stopping lattice, including the links across the boundary of
the block region, and dyy = 3|H|. Let px(c, brec) be the density of 11y with respect to Hp @ Hy
given by Theorem 21.10, where Hr and H y are the product Haar measures on the stopping field
and on the frozen coordinates. Let w y be the gauge-invariant weight of the frozen coordinates and
px = wyHy, as in Theorem 21.13; they keep the indicator I3 of the tests of all recorded bad
plaquettes. Fix 0 < 6 <1, put A =1 — 6, and use the constants of Theorem 22.4.

At every representative (C, b/r;) in the support satisfying the domain conditions and recon-
struction identities of Theorem 21.13, the density bound of Theorem 21.13 and its estimate for the
normalization constant give

—

P (6 brec) < Za(g) et Oy (Brec)e BT/ Ly < Ty

One may take

Ly =logAr + A1 — A%l: + COSCJmB’, ZX =Cs+ 3C]m3 + CySurfy + Z C_hf
fex

Here At is the normalization constant of the regional recursion along X, AX is that of the
reference recursion, and At is the accumulated comparison constant of Theorem 21.13. Further,
Surf y is the number of variables in the boundary bands that enter the normalization constant, and
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c_hf is the sum of the nonnegative upper bounds, assigned to f by Theorem 21.5, for the corrections
from missing Gaussian coordinates, from missing constant terms of fluctuation integrals, and
from substitutions of frozen coordinates. Each missing Gaussian coordinate contributes its own
log(1/g;), and each other such variable contributes a fixed bound Cj, including the variables
at initialization. These are deterministic bounds in terms of the geometry and the couplings,
independent of the chosen representative. The identity (22.10) supplies only the prefactor Z;(g)~";
the bound for AT — AY comes from the increment estimate of Theorem 20.13.

Applying both lower bounds (22.9) at the same representative gives a gauge-invariant upper
bound which is defined everywhere. At every point (c, brec), with the density of Theorem 21.10,
which vanishes off the gauge saturation of these representatives,

PX(C/ brec) < /Z\d(g)_lezxwé\f(brec) eXp{—)L‘I’p(C)/gZ — QAX(brec) }

The minimum Y and the corresponding integral over H are invariant under every gauge trans-
formation of the endpoints of the links in F, extended to the other sites. The tests of the recorded
bad plaquettes and the other tests in wy are invariant under the action of consistent endpoint
gauge transformations at all scales. Hence the pointwise covariance of Theorem 21.10 applies to
this bound. Define the finite measure, which is in general not normalized,

Gy 4,4(C) = Za(g) e MVn(C)/8 4H,,(C),

and let 0 4¢.F be its marginal on the links of F. Integrating the Wilson factor over the links in H
gives

na(dcdbre) < exp{Ly +dplog(1/(c+g)) + 8Aay|H| — 0Ax (brec) }
X [&/\,d,g;F & PX](dC dbrec).

For 6 = A = 1/2, let Qorig be a requested plaquette-energy sum as in Lemma 22.8, and let
n% = (OF )y(e* Qs 4 ,v). For 0 < s < (4Kw) ' and As = 1/2 — sKyy € [1/4,1/2],

Ny < exp{Lx +sDx +dulog(1/(c:g)) + 8Asaw|H| — Ax (brec) /2} [Oa,a,6F © px].
(22.17)
The function Qqrig need not be a function of thf observation (c,byec), and the same partition
function Z,, and the same centered denominator Z;(g) are used for all s.

All external classical exponents occur once in ET and are absent from py. The intermediate
auxiliary actions and effective interactions need only be defined at the analytic arquments given by
these representatives; no global auxiliary density is asserted or integrated. The local constants in
the bounds for the normalization constant and for the oscillation have the dependence described in
item (3) of Definition 4.14, independently of the widths chosen later. The explicit counts contain
the dependence on the geometry, and uniform probability constants have the dependence described
in item (4) of Definition 4.14.
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Proof. We first check the hypotheses of the imported estimates, then bound the density at
such a representative, extend the bound to every point by gauge invariance, and finally
integrate over the omitted links.

Step 1: hypotheses. The decomposition in Theorem 21.13 has its initial and stopping
levels at boundaries of RG steps and integrates at least one full RG step. The zero-step
case for either initial measure is treated directly in Step 7 of the proof of Theorem 22.1;
it requires no small terminal representative. By Lemma 22.3, its logarithmic product
domains satisfy the containment and the expansion conditions, its frozen coordinates
satisfy the one-quarter radius bounds and the substitution bounds, and its coefficient
norms at initialization remain within the same bounds. Here A, is fixed before the
ceiling, and (22.5) gives measurability and a positive finite partition function for every
comparison with the enclosing product domain. This verifies the hypotheses of the
integration estimate and of the comparison at every step, with all frozen coordinates real.

Step 2: the bound at a representative. We choose such a representative at which the
bounds on the frozen coordinates hold, and let Z, be the partition function of The-
orem 21.13. At this representative, after the external classical exponents have been
incorporated once, the induction of that theorem gives

—

o _ — _ 2 ~7
pX(Cl brec) S ATZV 1eAT(brec)wX(breC)e ET/g RT(Crbrec)‘

The regional effective interaction Rt is centered at the origin of the block region at the
stopping level. By Theorem 20.14, its part coming from the full torus and its boundary
correction satisfy the oscillation bound

|RT(0; brec)| < P2 [E|QT| + Vs Z eﬂdeT(i)] < Cosc,]m3;

i€eQr
where Q7 is the list of scalar variables of the block region at the stopping level, do, (i) is
the distance of i to its complement, and y. is the fixed output bound of Theorem 20.14,
which is used because no boundary layer is removed after the last RG step. There are
at most 9m3 scalar variables. In the last inequality, we used e~ < 1, which avoids any
assumption on the shape of the boundary. The linear terms are included in this oscillation
bound. The constants are evaluated on the fixed analytic domains, before the widths are
chosen.

Step 3: the normalization constants. Inserting (22.10), that is Mz, < Zy( ¢)~1, into
this density bound, we obtain the stated expression for Ly. To bound it, we sum over
the RG steps the increment inequality of Theorem 20.13, as recorded in Theorem 21.13.
Every summand comes from a full RG step, and the column bounds of the perturbed
maps and all the product conditions have been checked in Lemma 22.3. At initializa-
tion the normalization constant equals the constant of the reference recursion plus the
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increment from the substitution at initialization. Each missing scalar Gaussian coordinate
contributes log(1/g;), and each missing constant term of a fluctuation integral and each
substituted variable contributes its fixed bound C;. Using Theorem 21.5, we assign these
nonnegative bounds to the recorded bad plaquette whose assigned neighborhood con-
tains the variable. Variables in the boundary bands contribute Cy Surfy. A variable that
lies in several neighborhoods is assigned to the first recorded bad plaquette in the fixed
order of the tests, and is therefore counted once, or overcounted by a bounded positive
amount. Variables at initialization are assigned in the same way. Thus

A1 — AT < CySurfy + ) _chy,
f

after a fixed bound for the bulk at the stopping level has been absorbed into 3C;m?; the
same C; may include Cog /3. Finally, log AT < Cs by Theorem 21.13 and Lemma 20.5.
These estimates prove the bound by Ly, in which only counts of geometric objects and
the given couplings g; occur, and no value at the representative.

Step 4: the classical lower bounds. At the same representative, by Theorem 22.4(b), we
have Er/g*> > Yr(c)/g? and E7/g? > Ax(brec). Multiplying these inequalities by A and
8, respectively, adding them, and using A + 6 = 1, we obtain

Inserting this into the bound of Step 2, we find the pointwise upper bound at every such
representative.

Step 5: extension to every point. By Lemma 22.6, ¥r and the integral I , are continuous
and invariant under gauge transformations of the endpoints of the links in F, extended
to the other sites. Each value g¢(brec) = 1 — tr(Us(brec))/2 of a recorded bad plaquette
is computed from the transport Uy (brec) around f, using its frozen full dependence set
and the Borel extension of Tj;; under an endpoint gauge transformation the intermediate
endpoint factors cancel and the final transport is conjugated. Thus Ay and all tests
in wy are invariant under the action of consistent endpoint gauge transformations in
Theorem 21.10. The bound Ly is gauge invariant, since it depends only on the geometry
and the couplings. It follows that the right side of the bound is a gauge-invariant Borel
function G defined everywhere. For a point x = (c, brec) in the gauge saturation of the
history-produced reconstruction family of Theorem 21.13(2), we choose a representative
X = x* in that family; it exists for every supported orbit by Theorem 21.5 and Lemma 21.8
and the all-fiber descent of Theorem 21.9(2). Its native collar records and analytic frozen
bounds justify Steps 2—4. One such representative per supported orbit suffices here,
because only the final compact density and the right side G are extended by pointwise
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gauge invariance. The endpoint action on arbitrary frozen variables need not preserve the
bound on their logarithms, but G is defined by invariant factors only. By the pointwise
covariance of the density in Theorem 21.10, we have

px(x) = px(X) < G(x) = G(x).

This is a pointwise statement for each x, and the gauge transformation k may depend
on x; neither a random choice according to Haar measure nor an integration over the
set of representatives is needed. Off the gauge saturation the density vanishes, and the
inequality holds there as well.

Step 6: integration over the omitted links. It remains to integrate the Wilson factor,
which is now defined globally. The hypothesis of Lemma 22.7 is 0 < g < 1, which we
have assumed; hence that lemma applies with the fixed A. This condition at the stopping
side is separate from the ceiling on the largest coupling of an integrated RG step: at the
output of a full RG step, ¢ = VM tmax. The reference identity used in Step 3 needs no
uniform bound on the ratio of partition functions; whenever that bound is used, its fixed
ceiling is imposed as well, as required in the statement. Multiplying by Z4(g) ! dHF(c)
gives exactly

— — coz 2 -
Z4(8) 1[/SU(2)H6 Mnle92)/8" dHy (z) | dHp(c) = doy g,6,7(C).-

All these are finite nonnegative integrals over compact products. Multiplying the point-
wise inequality by dHp(c) dHy (brec) proves the inequality for 7y, with wy dHy = dpy.
Every external classical exponent has entered Et exactly once. The invariant indicators
of the recorded bad plaquettes remain in py; hence g > d. holds at every point of
integration used later. No global value or covariance property of Er or Rt was used. The
dependence of the constants follows from the local bounds for the oscillation and the
normalization constant and from the displayed counts.

Step 7: the weighted measures. For the last assertion, we take 8 = A = 1/2 and apply
(22.16) to the bound for 7y obtained in Step 5, before the integration over H. This changes
—Yr/(2¢%) into —A;Yr/g? and adds sDy to the exponent. We then apply Lemma 22.7
to this Wilson factor with A = A;. Its constants are uniform for A; € [1/4,1/2], and the
marginal is exactly 0 40.r. This proves (22.17). Since the multiplication by e*Qotig was
made before the integration over H, no two partition functions are compared. O

22.7 Summation over large-field decompositions

We now prove Theorem 22.1, following the outline in Section 22.1. The method of
absorbing the normalization losses of excluded regions into the action of the large fields
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goes back to Balaban’s treatment of large fields [20, 21]; the decomposition, the frozen
coordinates, and the constants used here are those of Section 21.

Proof of Theorem 22.1. Steps 1 and 2 fix the ceilings and the stopping level, Steps 3-6 treat
a stopping level above the initial level, and Step 7 treats the remaining case.

Step 1: ceilings and the minimum side. We write n = n; ;. The parameters, the buffers,
and the count Fj are fixed first. We choose the coupling bound ganc > 0 for the bounds
in Theorem 22.4(c), uniformly for A € [1/4,1/2], and impose

Send < min{l, 8xs &ancs \/W, \/E}/ Nmin = max{er/ Iﬂ/ggnd/ r/ (Mgi)/ mO(r)}'
(22.18)
Here mg(T) is the uniform threshold of Lemma 20.5(3), which supplies log Ar < Cs(T);
this dependence is included in G,. We also include every fixed minimum side required
by the geometry and by the first step for a Wilson initial measure in Theorem 21.5. Then,
for every stopping side m > nyin, we have g, < 1, as required in Lemma 22.7. Each ratio
of partition functions satisfies its own coupling bound, the inverse-coupling conditions
Ay / g% >1for A >1/4 and 2x./ g%q > 1 hold, and a full RG step with output side m
has 2., = v/ (Mm) < g2. The identity ¢;; = v'M tmax shows why the condition at the
stopping side is checked separately. No restriction on -y enters a local estimate.

Step 2: the stopping level. Let tp = J|(j —1)/]] and up, = j—1—t. For a given
Tstop € #, We set tsop = tg — I'siop]. If tsiop > b, we integrate the (fsiop — b)/] full RG
steps of the decomposition. The function at their endpoint is exactly

Cr— QI (THC), v =rsop] +utph =j— 1 —tstop, 1 =Ny, = M'n. (22.19)

Here 0 < b < tsop < j — 1 < JK, and therefore all v iterates are available and all their
sides are multiples of four. The depth a] + tstop — b of the reference recursion is a multiple
of J. If tstop < b, we use the initial measure directly: j — 1 — b is an available nonnegative
exponent, bounded by fmax# + ] — 1, and n,/n < x.. This treats all remainders without
integrating a partial RG step. Steps 3-6 concern the case tstop > b.

Step 3: one decomposition. We use the Borel partition of Theorem 21.5 and the density
induction of Theorem 21.13. For a Wilson initial measure, the first step covers all of
Uy, and does not first restrict the Wilson measure to D,. By Lemma 22.3, the product
domains, the coefficient norms, the bounds on the frozen coordinates, and the boundary
comparisons hold for every finite decomposition, without a bound on its number of RG
steps.

Fix one decomposition X. Let ¥r = min;awSw(c ©z), and let Hy = Y rx;. In
Steps 3-6, H y denotes this scalar sum, not the product Haar measure on the frozen coordi-
nates. At the observation, by Lemma 22.8, we have Qqrig < K'Y/ g2, +8F THy. We apply
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the bound of Theorem 22.10 with 6 = 1/2, before the integration over H. Multiplication
by °Qoris is justified by the inequality (22.16) between pushforward measures, without
assuming that Qqrig is a function of the observation. With As = 1/2 — sKy € [1/4,1/2],
the exponent before the integration over H satisfies

Y. Ay AT r
_ < — _
287, 2 T &

m

SQorig - (Po - SSF])HAz.

Indeed, by Theorem 22.4(b) and the invariant indicators of the recorded bad plaquettes,
we have Ay /2 > 2¢%'d,Hy = PDyHy, and the condition s < 0c'd, / (16F;) gives 8sF; <
Py/8 < Py/4. We integrate the Wilson minimum once over H by Lemma 22.7, which adds
3|H|log(1/(cxgm)) + 8Asaw|H| to the exponent. The centered reference denominator
and the partition function Z, of the initial measure are the same for every s.

Step 4: assignment of the corrections. We enlarge the local counting constant to account
for the directions, the colors, the links across the boundary of the block region, and the
finite family of remainders, and set

Dy = Cj(BW + Reey + 1)%, Dy = Cj(W + Reen + 1)°.

By Theorem 21.5, every variable outside the bulk that enters the normalization constant
is assigned to a recorded bad plaquette at whose creation it was produced, and the
assignment is subadditive when neighborhoods merge. At most Dy variables are assigned
to f at its creation, and at most D; at each later RG step. At creation their integration
side is at most By, and the sides at later steps decrease by the factor B. We absorb the
finite factors coming from the stopping offsets and the finite link products into a constant
Xtay = 1. For every missing Gaussian coordinate assigned to f,

log(1/8;) = 3log(ni/7) < 3log xs + 310g X1ay- (22.20)

By Theorems 20.13 and 21.13, all other corrections per variable have fixed bounds. Thus
a constant Cj,p,, with the dependence described in item (3) of Definition 4.14, bounds the
correction of each variable by Ci,p (1 + log x¢). The dependence on the widths is entirely
in Dy, Dy, and the fixed counts of affected plaquettes.

Let Hy be the number of RG steps after the creation of f, including empty steps.
Counting the decreasing sides down to four, we find

Hf +1< Clay,] +#{q € INp : 4B7 < Xlaynf} < Cllay,](l +10g1’lf).

The finite additive term includes the conventions at creation and at the stopping level;
the number of RG steps of the decomposition does not occur. Since x r>e and v <T, we
have 1 +logng < (1 +1log, I')(1+logxs). We write H}erm for the set of omitted links at
the stopping level assigned to f. The deterministic assignment of Theorem 21.5, to the
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first recorded bad plaquette in the fixed order of the tests, partitions H into these sets, and
]H}erm\ < Dj. The corrections assigned to f are listed in Table 22.2. For the integration
over H we also used that m < n¢, so that log(1/(csgm)) < log(1/cx) + (logxs)/2.

Table 22.2. All corrections assigned to one recorded bad plaquette f created at side ny. Here
Ly=1+ log x iz and the later RG steps include empty steps.

Stage Corrections included, and where they are Bound
bounded
Creation Missing Gaussian coordinates, missing DoCrapLy

constant terms of the Haar disintegration
and fluctuation integrals, substitutions at
initialization and at creation; Theorems 20.13

and 21.13
Later nonempty Missing coordinates and constant terms, D;Ciap Ly per step
RG steps boundary bands, and every later

substitution, at the couplings of their
integration; the same increment estimate
Integration over H Omitted links, including links across the D;CeomLy, once
boundary of the block region:
3|H}erm| log(1/(cx8gm)) + SASaW|H}erm|;
Lemma 22.7
Empty RG steps Determinant and fluctuation integral equal  at most D1Ciap L per
one; logarithmic determinant and centered  empty step
effective interaction vanish. Missing
reference variables use the same increment

estimate
External Incorporated once into the classical no further positive
exponents exponent; the weight of the frozen correction

coordinates is a subprobability;

Theorem 21.13
Plaquette-energy ~ Discarded plaquettes keep the coefficient 8sFjxs < Poxs/4
sum 4/ g% ; Lemma 22.8

The numbers of nonempty and of empty later RG steps in the table add up to
at most Hy, so no step contributes twice. At the first RG step at which the block
region is empty, all omitted variables are covered by assigned neighborhoods, and the
recurrence R;11(f) < B7'R;(f) 4+ Cj(W 4 Reep + 1) of Theorem 21.5 continues to cover
their coarse images, including the full finite dependence range, even when the union of
the neighborhoods is the whole torus. We carry the frozen coordinates by the identity
through the remaining full RG steps; both the effective classical action and g2 acquire the



22 Exponential-moment bounds between renormalization scales §22.7 210

factor B, which leaves each external exponent unchanged. The clauses on empty products
in Theorems 20.13 and 20.14 therefore justify the row for empty steps.
Combining the first four rows of the table, we find

CaSurfy + Y _chy +3|H|log(1/ (csgm)) + 8Asaw|H| < Y Ch, ;(1+logxp)?  (2221)
f f

For example, one may take for Clc’ﬁ’s]e a fixed multiple of (Do + D1)(1+ Cl/ay, ]) (Crab + Ceom)-

The bulk term 3C;m? and the single comparison constant Cs of Theorem 22.10 remain as
explicit prefactors at the stopping level; they are not generated again at each step.

Step 5: absorption and the bound for one decomposition. For x > e, the function
(1+1log x)?/x decreases to zero. We increase the minimum side so that Cgh’ ](1 +logx)? <
Pyx /4 for every x > npyin/I'. Since Mg > M > U > Nmin and v < T, every Xy is in this
range, and by Steps 3 and 4 at least Ppx¢/2 of the classical lower bound remains for each
recorded bad plaquette. By Theorem 21.13, the weight of the frozen coordinates, after
the removal of the incorporated external exponents, has mass at most one. The marginal
Oy d,gn;F has the mass of the whole Wilson numerator, Z;l (gm)~* J gAY/ g dH,,. Using
the bound for the single ratio in Theorem 22.4(c), uniform for A; € [1/4,1/2], we conclude
that

E, [eSQorig; AX} < e3CTm3+9m2 log(1/gm)+Cs H e*ﬂact”f/’y’ (22.22)

f

where Cr collects C" of Theorem 22.4(c) and C;. Only the reference integral in the
denominator is restricted to D;,.

Step 6: summation over decompositions. Since the sets Ay partition the support of v,
[E,eQoris is the sum of the left sides of (22.22) over all decompositions. By Theorem 21.5,
there is at most one decomposition for each attainable set of recorded bad plaquettes,
and there are at most 313 positive plaquettes at level . Hence

Zne—ﬂact"f/’Y < H(l + e—tlactne/’Y)g’”? < exp{ZBn?e‘“m””V},
X f / 7

which is the bound in the theorem. To bound its logarithm, we include all levels, also
those inside RG steps, so that consecutive sides differ by the factor M, and note that

(Mm/)3e—ﬂactMm//’Y

_ MSe—uact(M—l)m//'y <
m/3e_aactm//7 -

NI =

for all sides m’ above a fixed further minimum side, uniformly for v < I'. We also require
Mmin > 3T/ aact, so that x — x3e~%<*/7 decreases for X > fpyin, and 613, e~ %act/imin/I' < 1,
Since all sides 7y that occur are at least u > 1min, the sum in the exponent is at most twice
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its first term, hence at most one, for every finite depth. Since m = xn, the remaining
exponent is
3CTx°n + 9x*n*log(1/gn) + 5x°n*log x + Cs + 1.

The fixed term containing log x is absorbed into the volume constant, and the condition
Cs > 9)(5 accommodates the single surface term.

Step 7: stopping level at or below the initial level. In this case Qorig = Q]T o TIJ\; 17b,
and by the bound for cells in Theorem 22.4(a), we have Qg < KySw(V)/hy,. For a
stopped initial measure, the bound for stopped measures in Theorem 22.4(c) applies,
because sKys < xy/2 < k4 /2. For a Wilson initial measure, we have sK; < 1/2, and the
moment is at most
[ e~ =sK)Sw/huy gy
fe_SW/h"b dHnb '

We use the integral over D, of the reference recursion at depth zero only to bound
the denominator from below, and the Wilson integral over the whole configuration
space, with coefficient 1 — sKy; € [1/2,1], in the numerator. The same calculation of
Theorem 22.4(c), that is, of Theorem 14.8, bounds this ratio by SCrmy+onflog(1/gn)  We
convert units using n,/n < X, as in Step 6. Finally, we enlarge the constants C,, Cs, Cj,
to cover the finite family of stopping offsets and remainders, which proves the theorem.
All increases of the minimum side are made after I is fixed and before the coupling is
chosen. No step used a bound on j — b or a bound on the probability, under the Wilson
measure, of the complement of a small-field event. O

22.8 Chessboard estimates with regularity indicators

The chessboard estimate converts the exponential-moment bound of Theorem 22.1 into
a bound for the probability that a given cell contains a bad plaquette at level j, given
regularity at finer levels inside the cells. Reflection positivity of the Wilson measure
with respect to reflections in lattice planes is due to Osterwalder and Seiler [134], and
systematic treatments of reflection positivity and chessboard estimates were given by
Frohlich, Israel, Lieb, and Simon [92, 93]. We use the functional form of the chessboard
estimate in [29, Theorem 5.8, (5.34)—(5.35)]. It applies to the algebra of bounded gauge-
invariant functions of the links on one side of a lattice plane through links, and to the
pullbacks of such functions by the block averaging maps with their Borel extension, as
verified in Theorem 6.6. In the form proved there, it states the following. Let y(*) be the
pushforward of the Wilson measure to level /, tile the lattice at level ¢ into cells Q; of
2 x 2 x 2 sites, m in number, and let ¢; denote the reflected placements in the cells. Then
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for nonnegative bounded gauge-invariant functions f, ..., fi of the links of one cell and
distinct cells ¢4, ..., tx,

4

]1/m

K k
E,o[]oufi <1 {IE,M) [0
i=1 t

i=1
and the same holds for each of the eight shifted tilings. Reflection positivity is used
only for the Wilson measure and its pushforwards under the block averaging maps; a
measure restricted to a fiber of the block averaging map or to a small-field event need
not be reflection positive.

Lemma 22.11. Let N = uBX with u € 4N, and let 1 < j < JK. For each of the eight tilings at
level j, let mj = n]3/8 be the number of its disjoint cells of 2 x 2 x 2 sites. All events below are
gauge-invariant functions of the links of one cell, at the respective levels, pulled back to the fine
lattice by the block averaging maps with their Borel extension, and they are considered under the
Wilson measure p = uy . For two such events Ry and Iy attached to one cell, let 9;Ro and 91y
be their reflected placements in the cells t of the tiling, and set

R = (%R, Lt = () 8¢ 1o.
t t

Then
(RN Ip) < u(RN L)Y ™u(R)V™,  w(RonIp) < u(RN Ly)/™.

If u(R) > 0, this gives u(ly | R) < pu(Ly | R)Y™.

Now let Ry = R<j(C; dcut) be the event of Lemma 7.4 that q < deu for exactly those
plaquettes at finer levels whose full dependence sets lie in the cell C, and let Iy = I;(C;d.) be
the event that at least one internal level-j plaquette of C has q > d., where dy = deut/2. The
event R imposes no condition on plaquettes whose dependence sets cross the boundaries of the
cells. Assume 7tv/2dcut < 0x, and let cg = 14 Cp7ty/2dcue. On RN Ly, the function (22.2) of
the configuration at level j — 1 satisfies

jo= ceha, '
Consequently, for every s > 0,
4sd.n;
CEY
The expectation on the right is restricted to the event R and taken with the partition function

of the Wilson measure. If its logarithm is at most 3Cvn;’_1 + Csrz]{1 log(1/gn; ,) + Cy, then
dividing this bound by m; gives, at m = n;, exactly

T
log N (Ro M o) < — +m; g Ey, [¢"% ;R].

4CsM? 8C?
A (m) = 24C,M> + ST log(Mm/vy) + mé)'
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No division by the probability of a reqularity event occurs. Regularity of all plaquettes at finer
levels implies the event R, but R implies neither regularity of the plaquettes whose dependence
sets cross cell boundaries nor any condition of the small-field event. The inequalities contain no
constant depending on the depth, the geometry, or the coupling, apart from ck.

Proof. Each indicator of an event in a cell used below is bounded by one and Borel: its
list of plaquettes is finite, g is continuous, and every iterate of the block averaging map
with its Borel extension is Borel. Since it is gauge invariant and depends only on links
internal to its cell, it belongs to the algebra of Theorem 6.6; the support condition, the
reflection geometry for odd M, and the exact number of cells needed there are given by
Lemma 7.4. In the functional inequality we place 1g,nj, in the distinguished cell and 1g,
in every other cell. Placing the first function at all reflected translates gives 1z, and
placing each of the other functions at all reflected translates gives 1. The product on
the left is 1rny,. This proves the first inequality, including the case of zero probabilities.
Applying the same inequality to the single function 1z n,, with the constant function one
in the other cells, proves the second inequality. If #(R) > 0, dividing the first inequality
by 11(R) gives the conditional form, with the normalization still inside the root.

For the event R, every plaquette in a complete predecessor rectangle of an internal
level-j plaquette is tested, since these lists are included in the tests of Lemma 7.4. By
(22.1), the angles of these plaquettes at level j — 1 are at most 71/2dcyt < 6. Applying
the transport estimate over one averaging step in Theorem 22.4(a) to the union of the
internal level-j plaquettes, we obtain

ST avh <]

i internal P
On I, every cell has at least one internal plaquette with g > d,. The internal plaquettes
of distinct cells are distinct, so the sum on the left is at least 4d*m]-/ hn]»- This proves the
lower bound for Q]-T. For s > 0, the exponential Markov inequality under the Wilson
measure implies that

T
(RN Ly) < exp{—4sd.m;/ (cph) By, [ R].

Taking the m-th root, using the second chessboard inequality, and taking logarithms, with
log 0 = —o0o, we obtain the stated bound, since hn]. = 7/n;. Only one factor d. = dcut/2
occurs.

Finally, we have n;_1 = Mm, m; = m>/8, and log(1/8n, ,) = log(Mm/y)/2. Dividing
the three terms of the assumed bound by m3/8 gives 24C, M3, 4C,M? log(Mm/v)/m,
and 8C; /m?, respectively, which is A, (m). Regularity of all plaquettes at finer levels
implies the event R by inclusion of the lists of plaquettes, while R omits every finer
plaquette whose full dependence set crosses the boundary of its cell. O
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22.9 Domination of successive small-field restrictions

The next lemma is the input for the second term in the bound on large fields, Theorem 2.7,
which concerns configurations whose curvature is small at every scale but for which
some fluctuation cutoff or coordinate-domain condition fails. The probability of the
preceding conditions is multiplied, never divided, and no condition at later scales enters.
The restricted measures and their dominations are indexed by 0 < a4 < K, and quantities
involving the next RG step by 0 < a < K.

Lemma 22.12. Fix the small-field event of Definitions 4.4 and 14.4, with its prefactors and
its fixed local parameters, together with L > 0, M, J, and 0 < 9 < 1. For N = uBX and
0 <a < K, let S% be the event consisting of the initial condition U € D, and precisely the
conditions of the first a RG steps in (4.6), and put

o= (Ty)#(sepiny), o= (Top#(1{V® € D, for 0 < b < a} ).

For 0 < a < K, at the output side m = n, 1) of the next RG step, set

2 =q/(Mm), 6, = 6bge ™Pt/24 o gp emuQby/ (246)
€a:5a/(1—2g), baSC]m3,

where p(t) = Awlog(1/t) and ay = my A2, /24. Here b, is the number of three-dimensional
fluctuation blocks of the RG step, Qpp > 0 is the radius denoted Qppys in Definition 14.4, whose
product of balls of radius Qpg/t, lies inside the supported fiber coordinates, and m,, > 0 is
the lower bound for the Hessian of the conditional fluctuation potential; neither Qpg nor my, is
related to the plaquette-energy sum or to the logarithmic cutoff. Above the common minimum side
described below, the comparison of Theorem 14.7, with identical unnormalized prefactors, gives

1Dr(T]{/I)#17a <(1- €a)_177a+1z Ca < H(l - eb)_l’h-

b<a

It also gives the following bound for the failure of the next condition:
1N (SN A NWE) < €apin,(S) < CymBewlog”v/Mm/y,

where Ay = {V@] € D,} and Wy, = Ay N {max;,|w,; .| < p(ta)} is the condition of the
next RG step on the coordinate domains and the fluctuation cutoff, so that S*™1 = S* M A,y N Wiy
This bound keeps only the preceding conditions and the condition on the target; there is no
conditioning on reqularity at later scales.

There is one minimum side, valid simultaneously for all 0 < v < <o and every finite depth,
denoted Npyin, above which z,,€, < 1/2 and the product is at most eCo; the logarithm of the

product can be made at most one. Every event S® has positive probability. Let U, = 15/ 1N, (S")
be the normalized stopped measure. If G, is an event of regularity of the curvature which, by
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Theorem 7.7, implies the conditions V¥ € D, for 0 < b < a, then for every nonnegative Borel
function F of the configuration at level a],

Eyy., [F(VY); G<yf] < e“0pn ,(S")Eg F < e9E; F.

This is a multiplicative domination, valid also for test functions with exponentially large values on
the finite lattice; the probability . (S®) is not inverted. It does not identify a stopped measure
with a marginal of the conditioned Wilson measure.

The same minimum side can be chosen so that, in addition, any fixed finite collection of the
following inequalities holds: for k € {1,2}, fixed C < oo, and fixed ¢ > 0,

C[1+1log(m/y)]F <em/v (M > nmin, 0 <7 < 70).

For the event FFy = {max, q(Up) > d.} that some plaquette of the fine lattice has q(U,) > d.,
the following bound holds at every N € 4IN with By = 4N /vy > 2:

Cur +36log fn/N ﬁNd*}
8 16 J’

where Crr = max{Co + 24log 2,0}, with Cy the constant of Theorem 6.6, is independent of N,
Bn, and 7. Since

yN,V(FFO) < 3N° exp{

sup Crt +36log B/N - Cr170 N 970 1og(z§N/'m)
B>4N /7o p 4N N

one obtains, above the common minimum side,

\O,

,uN,’)/(FFO) S 3N3efd*N/(8’)/).

The bound for the supremum is used for 4N /g > e. The numbers of free blocks can always be
kept in the form b < Cym®; in terms of t* = «y/(Mm) this also gives b < Cjy3t=6/M>3. All
minimum sides and all constants of absorption and of the products have the dependence described
in item (4) of Definition 4.14; they are independent of the coupling, the side, the depth, and
the geometry and age of decompositions. The correction 36log Bn/ N is kept exactly until the
minimum side, uniform in the coupling, has been chosen.

Proof. Restricted measures are indexed by 0 < a < K, and quantities of a transition by
0 <a < K. We first choose the common minimum side, so that all positivity conditions
on denominators hold before a quantitative comparison is applied.

Step 1: measure-theoretic hypotheses. The amplitude Ay, > 1 is fixed before its cou-
pling ceiling and before #y;n. The product domains on the torus here are the instances of
Lemma 22.3 without boundary. In particular, their sets of supported fluctuation coordi-
nates, their cutoff domains, and their tests are Borel, the conditional fluctuation potential
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is smooth on a neighborhood of the compact enclosing product domain, and (22.5) gives
a positive finite partition function at each fixed target satisfying the coordinate-domain
conditions. The initial Wilson density is positive, and every identical prefactor carries the
normalization of the Wilson measure. These facts verify the measure-theoretic hypotheses
of the comparison in Lemma 20.5 whenever its conclusion for products over endpoints is
used below.

Step 2: the common minimum side. We choose all minimum sides uniformly in the
coupling. In particular, take nmin > 70/ (M#?), so t2 = v/ (Mm) < {2 at every transition
m > Nmin and 7y < g, as required by Theorem 14.7. Set

z(m,v) = Llog(Mm/7), Ay = MyA2,/24 > 0.
Since p(t) = Awlog(1/t) and log(1/t,) = z(m, ), the errors satisfy
oa < C]m3e_“wz(’"'7)2, Za < C]m3e_bDBm/7, bpg = mWMQZDB/24 > 0.
For any fixed R > 1, the exponential envelope has ratio
R3p—boB(R—1)m/7y < R3e~boB(R—1)1min/ 70

between the sides Rm and m, for m > npyin and v < . For the envelope W(m,y) =
C]m3e_awz(m'7)2, let Ag = (log R) /2. Since z(Rm, y) = z(m,y) + Ag, its ratio is exactly

W(Rm, ) — R3p—w(28Rz+A%)
W(m, )

and the right side decreases in z. Also

dlogW dlog W

=3 —awz, =awz >0 whenz > 0.
dlog~y

dlogm

Thus, for m > npin and 0 < ¢ < 7, one sufficiently large np,in makes both ratios at
R = B at most 1/2. Both envelopes then decrease in m, they are maximized in the
coupling at ¢, and their first terms tend to zero as nmin — 0. The same holds for each
ratio in a fixed finite family of remainders, after taking the maximum of the required
minimum sides.

We increase this minimum side until z, < 1/2 for every a and W (nmin, v0) < 1/4.
Then

Zq <

)
<1, &<i<l, e=+—"

= <i<1l (0<a<K). (22.23)
1_Za

NI—

Thus the hypotheses d; < 1 and €; < 1 of Theorem 14.7 both hold before any error
bound or reciprocal bound is used. We set D, = [Tg<p,(1 —€,) ! for 0 < a < K, with
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Dy = 1. The output sides of the RG steps of a finite sequence, ordered increasingly,
form a segment of the sequence m, mB,mB?,..., where m > npin. Using €, < 26, and
—log(1 —x) <2xfor 0 < x < 1/2, we obtain

Y es <4W(imin,70),  logD, <2Y ey < 8W(nmin, 70)-
a b

Increasing nmin, makes the last quantity at most one, or arbitrarily small. This proves the
assertion on Cs and the bound by the exponential envelope, with an enlarged fixed C;.
The argument is an explicit instance of the conclusion for products over endpoints in
Lemma 20.5.

Step 3: positivity. The events S? have positive probability. Initially, D, contains a product
neighborhood of the identity of positive Haar measure, on which the Wilson density is
positive. At each further RG step on the torus, the cutoff domain has positive volume
and the integrand is real and positive. The recursion for the stopped measures used in
Theorems 14.8 and 21.13 therefore multiplies a positive constant by a positive integral at
the stopping level, which is bounded below by its strictly positive trial integral over D,.
By induction, yn,,(5%) > 0 for every 0 < a < K. The normalized pushforward is exactly
the stopped measure v, at the preceding depth a].

Step 4: one RG step. At the initial side, 779 = {o = 1p,}in,,- The density of 7, is the
unnormalized density of the stopped measure, including the probability of the preceding
conditions and all its constant factors. For 0 < a < K, at a target of side m = n, ),
satisfying the coordinate-domain conditions, we apply Theorem 14.7 to this density. Its
functions G and F have identical Haar disintegration, Gaussian, and constant prefactors,
and multiplying both by the probability of the preceding conditions preserves their ratio.
The quantities Qphys and mgy of that theorem are the present Qpg and m,,. Its number of
blocks is the number b, < Cjm? of blocks of the RG step, its largest integrated coupling
is 2 = 7/(Mm), and its logarithmic cutoff is the common p(t,) at every averaging
step of this RG step. The condition t,p(t;) < Ren follows from the fixed ceiling for the
logarithmic family, and the enclosing product domain is that of the fixed parameters of
the stopped measures. The exact identity F,/G, = K?ld(Q‘g’) needs no smallness of the
errors. Its consequence for the tail uses d;, = z, < 1 from (22.23) and gives, on D,,

?g/Ga 2 1 - eu, ea — (Sa/(]. - Za), (22.24)

with the displayed 6, and z,. The reciprocal bound also uses €, < 1 from (22.23).
The ratio bound holds at every target satisfying the coordinate-domain conditions, and
integrating it, we obtain 1Dr(T]{/I)#17a < (1 —€;) 4,41 This comparison includes the
coordinate-domain conditions of the next RG step, as required in F,.
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Step 5: induction and the failure bound. For 0 < a < K, if {; < Dy#,, then, since
pushforward and restriction preserve inequalities between measures,

Cat1 = 1Dr(T1{/1)#§a < DalDr(sz\/I)#’?a < Dy(1 - ea)flﬂuﬂ-

By induction, the stated domination holds for every 0 < a < K. For 0 < a < K, the
failure bound follows from the other consequence of (22.24), namely G, — F, < €,G, on
D;. Integrating over the targets in D,, we obtain

UNA (ST A N Wiy) < €apiny (SN Am) < €apiny(S7)-

Step 6: regular events and test functions. For 0 < a < K, by the hypothesis on G,
the deterministic inclusion of Theorem 7.7 places every configuration V*/,0 < b < 4, on
this event in D,. Its hypotheses include the fixed threshold for the plaquette energies
and the minimum side of that theorem, and arbitrary holonomies of flat connections are
allowed. Thus the pushforward of the restriction of yy , to G<,j is bounded by {,. For
every nonnegative bounded Borel function F, the domination implies that

Epuy, [F(VY); Gy < D“/Pd’?a = Dapiny (S)Eg,F.

For an arbitrary nonnegative Borel function F, we apply this to min(F, k) and let k — oo.
This proves the stated inequality also when the test function has exponentially large
values on the finite lattice. The probability py ,(S?) is at most one and may be dropped,
without being inverted. When K = 0 there is only 179 = {o = 1p,n,, and Dy = 1, and no
transition error, next target, or failure event occurs.

Step 7: absorption of logarithms. For the remaining minimum sides, we set x = m/y >
Nmin/ Y0 For k = 1,2, we have
d (1+logx)* (1+logx)*1(k—1—1logx)

dx X x2

Thus this ratio decreases to zero once x > ek~1. For a given finite collection of C, k, and ¢,
we choose 1y so that the ratio at nyin /0 is at most ¢/C for each entry. This proves all
the displayed absorptions simultaneously.

Step 8: the fine lattice. Finally, we use the bound of Theorem 6.6 for exponential
moments of arbitrary sets of plaquettes at the fine scale, with a single plaquette and its
parameter s = 1/2. At By = 4N/ > 2 it reads

IIEP,N”eﬁNQ(uP)/16 < exp{[Co +24log2+36log fn/N]/8}.

By the exponential Markov inequality and a union bound over the 3N? positive plaquettes,
we obtain the displayed bound with Cit = Cp + 241log?2, enlarged to be nonnegative
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if necessary. For 4N /vy > e, both 1/ and (log B)/p decrease on the ray p > 4N /o;
evaluating each at the left endpoint gives the displayed bound for the supremum. Its right
side tends to zero as N — oo, independently of the coupling. We choose the common
minimum side so that it is at most d. /4 for every larger N. Then the positive part of the
exponent is at most Snd. /32, which leaves

_ Bnd« | Bndx  Bnds  diN

6 32 3% 8

This is the asserted bound, in which the exact correction 36 log B/ N was kept until this
absorption, which is uniform in the coupling.

Solving t* = v/(Mm) gives m> = >t 6/M> < 93t~°/M?>, which proves the last
counting formula. Taking the maximum of the finitely many minimum sides constructed
above, and rounding up to an element of 4N, proves the claim on the common minimum
side, with the dependence stated in the lemma. O

The next lemma extends these conclusions to an arbitrary finite coupling ceiling T,
which is the form used in Theorem 23.5.

Lemma 22.13. Fix 0 < I' < oo and the parameters, the buffers, the count of affected plaquettes,
the finite family of stopping offsets and remainders, and the interval of s of Theorem 22.1. The
exponential-moment bounds and the conclusions on decompositions of that theorem hold for
0 < v < T. Above one further minimum side, all conclusions of Lemma 22.12 on successive
restrictions, on nonnegative test functions, and on the fine lattice also hold for 0 < v < T, with
the same small-field event and identical unnormalized prefactors. One may require

m > max{er,r/gﬁnd,F/(Mgﬁ)}/

With eng as in (22.18), and CL, ;= (1 +log, F)CEﬁS]e. In particular, for 0 < a < K, with
m =,y and with Ay, and Wy, as in Lemma 22.12,

UNA (ST N AR NWy) < eapin, (57) < C]m3e_ﬂw10g2 V/Mm/y

There is no conditioning on the curvature at later scales. All constants have the dependence
described in item (4) of Definition 4.14, with the fixed ceiling I'; the constants of the local estimates
and the intervals of s and of the action coefficients do not change when the ceiling is increased.

Proof. The assertion on exponential moments was proved in Theorem 22.1 for the whole
interval 0 < v < I'. For the assertions on successive restrictions, we use Theorem 14.7
with the same unnormalized prefactor and the count b, < Cym®. With t2 = «/(Mm), its
cutoff and exterior errors are exactly 6, = 6bae_mwp(tﬂ)2/ % and z, = 6bae’mWQ2DB/ (242) The
bounds for a finite coupling ceiling in Lemma 20.15 make z, < 1/4, €, = 6,/ (1 — z,) <

1/2, and the logarithm of every reciprocal product at most one, above a minimum side
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independent of ¢ € (0,I']. All transitions have a < K. Every finite sequence of satisfied
conditions has positive probability. Indeed, at the identity configuration its coordinate-
domain conditions hold strictly and its normalized fluctuation variables vanish; thus a
finite intersection of neighborhoods of the identity on which the conditions hold has
positive Haar measure, and the Wilson density is positive. Iterating the comparison of
one RG step as in Steps 4-6 of the proof of Lemma 22.12, we obtain the domination and
every consequence for nonnegative test functions. Multiplying the failure bound for one
RG step by the probability of the preceding conditions proves the displayed bound; the
event keeps only the preceding conditions and the target.

The estimate on the fine lattice from Theorem 6.6, in the form used in Step 8 of the
proof of Lemma 22.12, is

u(FFy) < 3N°exp{(Cir +36logf/N)/8 — Bd./16}, B =4N/1.
For 4N /T > e, the monotonicity of 1/ and log 8/ implies that

Crr +36logB/N < CrI' L 9T'log(4N/T)

0.
B =N N

We choose the minimum side so that this is at most d. /4. The exponent is then at most
—pd./32 = —d.N/(87y), which proves the same bound on the fine lattice uniformly for
0<y<T. O



SECTION 23

Uniform bounds for the small-field event

This section proves that the small-field event Sy ,, , of Definition 4.4 has probability close
to one under the Wilson measure, uniformly in the number of renormalization group
(RG) steps and in the coupling below a fixed ceiling. The main result is Theorem 23.10.
For every 0 < ' < oo it provides an integer ], with B = M/, and all remaining parameters
of the small-field event, chosen before the coupling, such that

Hupk sy (Sipe ) < Cule™/T 4 Cuude log® /Mu/y (23.1)

for all 0 < v <T, all coarse sides u € 4IN above a threshold nr, and all K > 0. The first
term bounds the probability that some averaged configuration V/ = T]]\AU has a plaquette
whose energy exceeds a fixed threshold d. The second term bounds the probability that
the curvature is small at every scale, but the coordinate-domain conditions or the cutoffs
\wy ;.| < Awlog(1/t;) on the normalized fluctuation variables fail in some RG step. This
is the bound on large fields, Theorem 2.7, which lets us pass from the conditioned Wilson
measure vy, to the Wilson measure by (3.1).

Two regimes of (23.1) are used later. For a fixed coarse side u, the probability of S is
smaller than every power of 7y as vy — 0, uniformly in K (Corollary 23.11); this is used
in the weak-coupling analysis. For a fixed ceiling I', it tends to zero as u — oo through
the sides nB?, uniformly in v € (0,I] and K; this is used to remove the conditioning in
the construction of the continuum measure. The logarithmic cutoff limits the rate: by
Theorem 23.12, at a fixed coarse side, supy y#(S°) is of order exp(—clog?(1/7)), and a
matching lower bound holds already for one RG step.

The principal antecedent of the present construction is Bataban’s proof of ultraviolet
stability for three-dimensional lattice gauge theories [15]. The estimate proved here
concerns the probability of the specific event Sy . Its proof has two independent
parts: a bound on large curvature under the Wilson measure itself, and a bound on the
tirst failure of a coordinate-domain condition or of a cutoff. Both are described at the
beginning of Section 23.4.

The other task of this section is the choice of parameters. The integer ], the analytic
radii, the support radius r of B, and D,, the widths of the boundary layers of the large-
field decompositions, the cutoff amplitude A, the coupling bound g, and the minimum
coarse side must satisfy all hypotheses of the results of Sections 13 to 15 and 18 to 22,
and these hypotheses refer to one another. Theorem 23.2 lists the choices in an order in
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which each choice uses only quantities fixed before it, and Table 23.1 summarizes this
order. The main point is that | is chosen using only constants that are uniform in J, and
is never enlarged afterward.

Sections 23.1 and 23.2 contain the elementary inequalities and the statements on the
choice of parameters, Sections 23.3 to 23.5 the probability estimates, Sections 23.6 and 23.7
the proofs of the parameter theorems, and Section 23.8 the extension to every sufficiently
large J, which is needed in Section 29 to pass from the subsequences 1,BX to the full
sequence nMF.

The main inputs are the moment bounds for coarse actions and the comparison for
initial segments of Section 22; the large-field decompositions and their pointwise support
bounds for the normalized fluctuation variables in Section 21; the regional estimates
of Sections 18 to 20; the recursion for the effective interaction on the torus and the
reconstruction maps of Sections 13 to 15; and the chessboard and curvature estimates
of Sections 6 and 7. The results of this section are used in Sections 28 and 29 to remove
the conditioning and to construct the continuum measure, in Sections 31 and 32 at fixed
coupling, and in Sections 34 to 36 at weak coupling.

Throughout, L > 0 and an odd integer M > 3 are fixed. We write h,, = g,% = 7y /n for
the lattice coupling at side n. The letter p with an argument denotes the cutoff radius
p(t) = Awlog(1/t) (written py(t) in Definition 4.4); a subscript p on a configuration
denotes a plaquette.

23.1 Elementary inequalities

We use the following lemma repeatedly to choose a coupling bound and a minimum side.
It states that powers of logarithms are dominated by positive powers, and that sums over
geometrically growing sides are dominated by their first term.

Lemma 23.1. Fix 0 < g < oo, a finite set of ratios R > 1, finitely many positive constants a, c,
C, ¢, and finitely many nonnegative integers k. Then there exists 0 < g, < e~ ! such that each of
the finitely many inequalities Ct*[1 + log(1/t)]* < c holds for all 0 < t < g.. There exists my,
independent of v € (0, yo], such that each of the finitely many inequalities

C[1 +log(m/7)]* <em/vy

holds for all m > mqy and 0 < 7y < yo. For a fixed M > 1 define
Xe(m,9) = me Y, Wo(m,y) = mPe =, a(m,y) = 2 log(Mm /7).

After increasing my, each of these functions is decreasing in m > mq and increasing in vy € (0, o],
and its value at Rm is at most half of its value at m. Consequently

) X (mR", ) < 2X.(m,7), ) W, (mR",v) < 2W,(m, ),
h>0 h>0
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and the right sides tend to zero as m — oo, uniformly in y € (0,|. Finally, let 5 > 0, and let
numbers €, > 0, attached to the sides mR", be bounded by fixed finite sums of these functions.
Then, after increasing mo, we have log [T,(1 — €;,) ™! < & for all m > my. The thresholds g. and
mq depend only on the data fixed in the statement.

Proof. Set y = log(1/t). For e > 0 and an integer | > k we have e¥/2 > (ey/2)! /1! for
y > 0, which implies e=%(1 +y)¥ — 0 as y — . Then each inequality holds on a
half-line y > y,, that is, for 0 < t < g, and we take the smallest of the finitely many
thresholds. The same calculation with y = log x shows that (1 +logx)¥/x — 0 as x — 0.
Since x = m/«y > mgy /7o, the supremum of this ratio over the relevant half-line tends to
zero as mgy — oo, which gives the second assertion.

With Ag = (1/2)log R > 0, the two ratios are

Xe(Rm,Y) _ o3 ,~c(R=1)m/y Wa(Rim,Y) _ p3,-a(20rztad). (23.2)
Xc(m, ) ' Wa(m, )

Their suprema over m > mg and 7y < g are attained at m = mg and y = 7y, and tend to
zero as my — oo. The derivatives of log X, and log W, with respect to log m are 3 —cm /7y
and 3 — az, which are negative once my is large; their derivatives with respect to log <y
are cm /7y and az, which are positive in the same range. Taking logarithms shows that
m3e=m/70 —5 0 and m3e~"108"(Mm/70)/4 _, 0. The sums are bounded by geometric series
with ratio 1/2. Finally, for 0 < e <1/2 we have

—log(l—e):/0 1dv < 2e.

—0

We increase mg so that every €;, is at most 1/2 and 2} €, < 6. This proves the last
assertion, also for finite sublists of the ¢, taken in either order. All thresholds depend
only on the fixed data of the lemma. O

23.2 Choice of the parameters

The constants in the next theorem are those of the cited earlier results, evaluated on
their larger construction domains before any of the later restrictions. In particular, gca is
the contraction factor for the zero-fluctuation pullback of the effective interaction on the
torus in Theorem 13.5, Cg is the constant bounding the part of the effective interaction
generated by one RG step, and Z, are the majorants for the absolute coefficient sums of
the background-field map at zero fluctuation from Theorem 13.2. In Step 8 of Section 23.6,
we use Theorem 14.6 to identify the recursion controlled by these constants with the
recursion defining the small-field event. The number g4 > 0 is a radius reserved for the
free logarithmic coordinates. The symbols Aj, R; denote the coefficient bounds for the
reconstruction maps % in Lemma 15.16; output constants denoted by the same letters
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elsewhere can be enlarged to a common bound at fixed J. The normalization constant A
is kept separate from the bound Ly for the conditional fluctuation potential. A subscript
e stands for either of the two analytic radii, p for the effective interaction and p for the
effective classical action, and every condition carrying e is imposed for both.

The radii play different roles. The support radius r defines B, and Dy; Rpus = Cmap,j*
is the larger radius of coarse fields on which the analytic recursion is defined; p and pg
are analytic radii of coefficient norms; Ry is the radius of the larger domain of free
logarithmic coordinates; r.¢ is the working radius for the zero-fluctuation reconstruction;
0 < P < Qppg are radii, proportional to r, for the unscaled fluctuation coordinates
(i = giw; in the small-field construction; Ry bounds the unscaled fluctuation coordinates
allowed in the regional estimates, and Ren < Ryy is the radius of the enclosing product
domain; Brec bounds the frozen coordinates of the large-field decompositions.

In applying Section 15.3, its generic torus interaction exponent as;, is instantiated by
at. Its contraction and the construction and convergence of the torus effective interactions
are used at that fixed exponent. The smaller regional exponent a = a5, chosen below is
used for boundary estimates; bounds and convergence of the already constructed torus
interactions pass to it by monotonicity of the coefficient norms. No contraction on an
entire ball at the weaker exponent is inferred from this monotonicity.

Theorem 23.2. Fix L > 0, an odd integer M > 3, and 0 < «yg < 1. There exist an integer | > 1,
withB= M, a tuple © of the parameters listed in items (1)-(10) below, a number 0 < g, < e~ 1,
and an integer nmin € 4IN, all chosen before the coupling, with the following property. For every

0<v<79, UEAN, u>nmn  Ke Ny, N = uBK,

the same |, ©, and reconstruction maps satisfy the local, moment, and scalar conditions of the
results cited below; only the running couplings and the cutoff radii p(t) are evaluated at <. In
particular, the parameters satisfy the hypotheses of Theorem 19.9 on uniform incoming radii,
on boundary compatibility, and on conditional displacements, and the bounds of Theorem 20.14
on logarithmic fluctuation radii and on frozen coordinates. In the large-field decompositions
only complete renormalization group steps are integrated; remainders modulo | and short scale
intervals are treated by the composed insertions and the bounded side-ratio clauses of Theorem 22.1.
The coefficient majorants on the torus and the recursion for the effective interaction are those of
Theorems 13.2 and 13.5, and Theorem 14.6 identifies this recursion with the effective interactions
of the stopped measures used in Theorem 22.1. The geometric hypotheses of Theorem 21.5
hold, including those of Theorem 21.3 for the neighborhoods in which gauge transformations
are extended, the closed complex of tested cells at the initial step, and the protection of all older
endpoints and tree roots attached to frozen records.

The parameters can be chosen in the order of items (1)—(10). Each item uses only constants
provided by the cited results and quantities fixed in earlier items.
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(1)

(2)

The number |. Fix the spatial decay rate at of the torus estimates with 0 < ar < dcen/8 and
no larger than the classical coefficient rate of Theorem 10.11, where acen is the J-uniform rate
of the bounds of Lemma 11.9 (the contraction of Theorem 11.10 for the aligned representative
holds only at such output rates). Fix also all larger spatial, analytic, and differentiation
domains and the analytic-radius enlargement factor K, needed for the connected-network
estimates of Theorem 20.9. Enlarge the J-uniform constant Ccp of part (3) of Theorem 15.13
to include the reconstruction tolerances. In the notation of that theorem, it bounds the
value and the first three coarse-field derivatives of the pair formed by B®(6,0) and its first
spatial differences V1, BBED(Q, 0), with the row sums, volume-normalized column sums, and
polydisc of coarse fields specified there. Bounds for derivatives with respect to the fluctuation
inputs are chosen after | is fixed. Let Zo(t) < Cot/(1 — Cat) be the J-uniform majorants
for the absolute coefficient sums of the background-field map at zero fluctuation on the torus.
Choose | so that

B> Bgeom,  qca <1/4,  gqep <1/4, M) <5y(ar),

where qca = Cp(at)/B (denoted qp in Theorem 13.5), qcp = C%P/B, and Cp(at) and
do(ar) are the constants of Theorem 11.10, and so that the finitely many linear image
conditions on the torus hold with strict inequality. These include CoK/B < 1/32, which
permits the later bound B~1Z4(K.pe) < pe/16, and the two conditions (23.25) on spatial
rates. Here Bgeom is the constant of Theorem 20.9. None of these lower bounds on B uses a
constant of the regional estimates or of the effective-interaction estimates computed at fixed J.

Coordinate domains at fixed J. Choose the product domains of Lemmas 19.3 and 19.7. In
their notation choose Vgree,; > 0 with

QJVfree; < Aj/64,  [[QiVpee,) < 72,5/64,

and choose Ryaw strictly below the radii in those results for the identities on overlapping
gauge charts and for the local constraint coordinates, and strictly below

min{min(rr, )/ (64Gy), A;/(64Qy), 12/ (641;Q)), Vfree,;/ (64Ciistf) }-

Fix the auxiliary reserve hy > 0 of (20.1) below its finite convergence, implicit-function,
resolvent, and logarithm radii. Restrict the outer background and sequential free products
inside this reserve, with every free radius Q < hj. For each initial segment of conditional
integrations, fix first a neighborhood of its conditional constrained minimizer, then a smaller
domain for the parameters of the later integrations, and then a common smaller product
domain for the free logarithmic coordinates of the successive substitutions. These domains
preserve real values on real arquments, the conditional displacement bound r;/4, and the
bound 1/2 for the error of the preconditioned Hessian. All inverses are inverses of constrained
Hessians in the free coordinates.
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(3)

(4)

Analytic radii and coefficient bounds. Fix on the larger torus construction product a
common image-majorant constant Cyor,;; > maxe Ct,e, before choosing p,pq > 0. Choose
both radii within the fixed inner, middle, and outer domains of the reconstruction maps and
require K, max(p, ) < hj, CaKspe < 1/2, and 4Cior,jKipe < 1/4 for both e. These are
radius restrictions at fixed J. Fix EY > sup -, By,.av (Eq) for the effective classical action
on the torus; the all-root factorial bounds make this finite at the chosen radius. Fix also a
bound

E>2Cs/(1—qca)

for the effective interaction. Set aside the inequality
Clift,] [K* maX(Pr pcl) +r+ ,Brec + Elraw] < Reaw /8,
in which the first summand, fixed now, is required to be below Raw /64. Choose now

0< Jraw < Rraw/ (64Clift,] )

inside the common free-coordinate reserve. It measures displacement from the unperturbed
joint center in the raw free logarithmic coordinates. The remaining summands are made
small by Brec in item (5) and r in item (6). Compute the coefficient constants Ay, Ry of the
reconstruction maps on these larger domains, after one fixed enlargement, before the working
and support radii are chosen; these constants and the bounds for the limiting maps do not
depend on those radii. Then choose the regional rates as in Theorem 20.9: a = asp > 0,
o = apg = a/16, equal classical rates, Myate = Cfeom(a +a), and by = 8CE°™w, with

Myate + b1 < min(cprim,], Bll)/cauoc, b1 < Ba/Calioes \/g (ll + (X) < ar.

Here cprim,j 18 the reserve for the intrinsic tensors and the unperturbed weighted reconstruc-
tion images in the graph metric of Section 20.1, obtained from the Euclidean exponents by
dividing by /3. It includes the positive exponent obtained once from interpolation of the
unperturbed coefficient bounds and is chosen no larger than the intrinsic exponent cj of
Theorem 19.9. Inherited perturbative networks use the separate inequalities against Ba and
Bw. Decreasing a changes neither a nor |.

Perturbation bounds and the fluctuation radius. Choose a preliminary bound oy > 0 for
perturbations that are real on real arquments, on the larger product domains. Compute all
local constants of the output, sequential, image, curvature, and mean estimates, and of the
estimates of the support of the normalized fluctuation variables, uniformly for X°(P) < 20y
and X (f) < op. In particular fix

A>1, Cy>2A% Ci, Ceny Lv=Cyj1+E+0)>1,

the already bounded torus image constants Cte < Cior,j, the remaining image constants
Ch,e/Cr,e,Cp e, and all radii for free logarithmic coordinates that occur in Lemma 20.3. Fix
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(5)

also the geometric constants Ag, Cp, K, Ceol, Ceonv,j, and the mesh and interior-restriction
factors of the initial step. The fixed path constant Lj includes the three-block cutoff band
and the fine-link endpoint buffer of Theorem 19.6, before any later width is selected. None
of these constants depends on the widths chosen later (of boundary layers, removed layers,
protected neighborhoods, and large cells). On the preliminary larger products fix Dyaw,j > 1
bounding, in absolute coefficient rows, the derivative of the raw sequential reconstruction
with respect to all its scaled fluctuation inputs, uniformly for the preliminary bound oy.
Choose Ry < Graw/(2Draw,;) and below the full minimum in Lemma 20.3, including
1/(16Cy), both image bounds, both product domains, and the conversion to the joint solution
neighborhood. Then fix

0<0.<0p,  0upa < MRw/(6Ceny),  Aw =M U172

all margins for the preconditioned forces and displacements, 26y < Graw /2 for the precon-
ditioned force bound at oy, and Cpe0vpq < pe/64. Thus the shift of the center plus the
fluctuation displacement is less than qraw. This choice precedes item (5), and it is not replaced
by taking r and Prec small.

Boundary radii, removed layers, and frozen coordinates. Fix the outer boundary radius
Ry o, the inner radius py e = Ry o / Ky, and the width wyy of the boundary layer so that the
zero-fluctuation image bound satisfies Age < pe/4. Specifically, impose

B 1Z4(Kips) < pe/16,  CaeCoeRye < pa/16,

CA,ocp,oe_aW’.wbd/zK*po < po/16; CT,OK*pO < 1/4/

where the first and fourth inequalities were already imposed in item (3), together with the full
condition

Ape < B71Zo(Kipa) + CaeCpe[Roe + e~ =0/ 2K, p,]
+ CF,-,Brec + CP,oU'*Pcl < Do /4.

Here Cr o and Cp o are the image constants for frozen coordinates and for perturbed condi-
tional constrained minimizers on the larger domains. Choose the width ser > wypq of the
layer removed after each renormalization group step so that

20 VA1 +E) + Kjow +1] <0072, 2eCa DA% 4 KS'o] < 0, /2.

Choose the bound Brec > 0 for frozen coordinates below all coordinate-domain, product, and
boundary radii, below one quarter of min{ps, 0y}, and below ARy /(6Cen). Impose
the bounds of Lemma 18.9 for the substitution of frozen coordinates and for the boundary-
completion differences, in particular

CPrecEe/pe < 0+/8, |§f| < ¢e(j)/4, ZtrZ§1§‘7*/4/

including the substitution at the initial step, where C denotes the larger-domain constants of
Lemma 18.9. Require also Cr oBrec < po/64.
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(6)

(7)

Working radius and support radius. Set a, = Ccp/ B and choose
B; > max{1, Rj_l, A]/(D(*R%)}.

Choose a working radius reg > 0 inside the domains of item (3) with Byreg/ (1 — ay) < 1/8.
Then choose the support radius r > 0 so that

r<Teg/4, 7 < Brec/Ceonvj, T <ARW/(6Cens), (5M—3)(10M)~1r < m,

together with the fixed coordinate-domain and chart margins of the earlier constructions, in
particular those of Definition 14.4. Set

Rpuf = Cmap,]rz Cmap,] > (10M)]/ r < Rpyt < p-

There exist radii 0 < P < Qpg, proportional to r, such that every reconstruction from a
coarse field e’ with |v| < r and unscaled fluctuation coordinates with max;|(;| < Qps
has all link logarithms smaller than v/2. Import the full gates of Definition 14.4: its torus
enclosing radii are ZLenr and the larger comparison radius £Lr, distinct from the regional

Ren below, and require

r < min{p/8§, rgeom}, Ry < min{rgeom,p/Z, 4K.p}, Llr< 4K,sy,
CLlr

Rbuf + fe/nf’ < ry, Ctor,](Rbuf + ge/nr) < 1/2/ (1 _ C,?e/nr)‘g

< 1/4.

Both torus physical products lie strictly inside the earlier free-coordinate products, and the
zero-fluctuation majorant obeys B~1Z(r) < r/4. The condition including the coupling is
completed in item (8). Define

5en - Cen,](r + ﬁrec + U*Pcl)/ Ren - 25en/)\* < RW-

On the entire enclosing product domain,

CT,oRen
1-— CT,.(K*p. + Ren)

+ CA,oRen < Pe /8, 1-— CT,o (K*Po + Ren) >1/2.

Together with item (5), the image under the reconstruction majorant at spatial exponent zero
is at most 3pe /8. The margin of half the radius in the weighted norm is kept, either by the
same bounds for weighted sums or by the interpolation of coefficient bounds in Lemma 20.3,
whose positive exponent was included before a and « were chosen.

Geometric widths and the curvature threshold. Set
Rcell = (A8/7—|, W = 8BRC611, Q = max(ser, W), r'e = |VQ/B_| .

The choice of v in item (6) requires W > max{Ser, Dygep, 7}, where Dgep,; bounds the finitely
many full dependence radii fixed before the widths, as in Step 1 of the proof of Theorem 21.5.
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(8)

The protected sets contain all lifted endpoints of older frozen links and transports and all tree
roots, in the lattices where they were introduced. At the initial renormalization group step,
which starts from the Wilson measure, use the block-aligned mesh S <j R, one full layer
of large cells (the closed cells of side Riey of Theorem 21.3), and the interior restriction by
the full dependence radius of the constraint, tree, and transport paths. These choices fix a
preliminary affected-plaquette count F})re; its enlargement for the stopping family and the
charge constant Cy, ; are fixed in item (9). Here a threshold failure is a bad plaquette, that is,
a plaquette selected by the tests of a large-field decomposition because its energy is at least
d, together with the neighborhood excluded because of it. Fix 0 < J, <1 for the curvature
threshold of Theorem 7.3, as in its proof, and then choose

0 < dewt < min{dsg, B/ (96M?),6%/(2m%)},  dy =dewt/2,  7m/2d,S5* < 1.

The threshold dsg, with its side condition, gives membership in D, with link bound r/2
by Theorem 7.7. Use the constants Kpy, Ky, ko, ¢, aw of Theorem 22.4 for arbitrary fields,
KW = 48K1/Déw, and 0 = A = 1/2

Cutoff amplitude and coupling bound. Fix Ay > 1 in the range allowed by Theo-
rem 20.14 (no earlier choice depends on A, so it may be fixed at any earlier stage), and set
p(t) = Awlog(1/t) and p* = p(t) + Aw(] — 1) log M/2. Choose g, < t. < e~ ! such
that, for every 0 < t < g,

Cot?Ly <1/16,  Cit(Ly +2) <1/(4V3),  tp(t) <P,  tpT < Ren,

Cri?[p()* + Ep()*] < (1 —qca)/2, G (E+a)[p(t)* + (E+a)p(t)*] <1,

the same two inequalities with p™ in place of p(t),

Cl&Lr+t*(1+E)]

E< )
(1-CZlr)3

“2[(pt)+pt +(E+o)pt]

s(t) <ey, <

1

E/
and the strict interaction and Jacobian margins of the earlier product theorems with their
finitely many bounds for free coordinates and for parameter derivatives of the normalized
log density. Here the parameter derivatives are coarse-field derivatives on a fixed fluctuation
product: the running couplings, the cutoff radii, and the real frozen data are held fixed.
For such a derivative d and k = Z~'e~V on that product, dlogk = —dV + Ex[0V]; the
applicable bounds are those of Theorem 13.10 and their regional versions. Each remaining
bound is a fixed estimate of the form Ct* logk(l /t) < cwithe,c > 0. Require in addition

gi < aw, ZK*/gi >1, apg« < min(r/2,1)

for a fixed positive constant ag of the tree trial confiquration. The total error in the Hessian of
the conditional fluctuation potential on the enclosing product domain is then at most 8/27.
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(9) Stopping levels, the insertion interval, and the moment constants. Fix the finite family
of stopping levels, the treatment of each of the | possible remainders modulo |, their side-ratio
bound x., and the conversion constant Ksr.. Include both functions whose exponential
moments are bounded in Theorem 22.1 and Corollary 22.9, namely the predecessor action Q]T
of Section 23.3 and the total Wilson action Sy /g?; we call them the predecessor insertion
and the total-action insertion. Enlarge the geometric counting constant and F]pre for this
fixed family and both insertions, call the resulting count Fj, and then fix Cq,  from these
enlarged counts. Only then choose sg > 0 in the interval of Theorem 22.1, imposing also

Ko
< .
%0= 2 max{Ky, 48K, }

The coefficient of the Wilson action ranges over [1/4,1/2], and the bounds for the stopping
partition-function ratio and its numerator are fixed for that interval. Set

Sy =50/2, ap = 4spdy /CE, 0<c< min{d*/S,ab/Z}.

Compute C,, Cs, Cy, from Theorem 22.1, which places no restriction on the number of averag-
ing steps, keeping Cs > 9x2; these constants may be enlarged for the total-action insertion
by Corollary 22.9 and the same proof. Fix the value Cs = 1 for the bound on the logarithm of
the reciprocal products in Lemma 22.12; it is achieved by the minimum side in item (10). Set
Cp, = Cp + 1+ log2; a larger fixed choice is allowed.

(10) The minimum side. Finally choose nyin € 4IN above all fixed geometric, curvature-
threshold, mesh, flat, and scalar thresholds, with

Nmin Z max{4, €Yo, r)/O/ggnd/ 8Rcellr 85}/ 0< gend S min{ll g*/ ganC/ V KW, V 2K*}/

where Qanc 15 the coupling bound for the stopping partition-function ratio of Theorem 22.4,

uniform for coefficients in [1/4,1/2]. Keep every fixed margin near flat configurations,

in particular 271/ Nmin < min{r/2,rp.} with strict inequality, where rqy is fixed by

Lemma 14.9. Choose nmin so that the ratios of successive terms in the error sums at the

endpoints and in the sums over large-field decompositions are at most 1/2, the reciprocal

products have logarithm at most Cs = 1, and
4CsM?

8C]
Ay (m) = 24CoM? + === log(Mm/7) + ¥ < il

= 2y (m > fmin, 0 <y < 70)'

(23.3)
Impose also M3e~¢(M=1)mmin/ 70 < 1/2 and the threshold at the initial scale in Lemma 22.12.
All these are lower bounds on nuyin in terms of previously fixed constants. No bound on the
number of averaging steps is imposed.

The reconstruction maps of Theorem 15.13 are fixed once on the countable family of pairs
of finite lattices. Their joint coefficient bound and B; are obtained before rog and r; a later
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refinement of thresholds only increases the finite deterministic thresholds of these maps and does
not enlarge that bound. The prescription for the entire indexed family is fixed once and does not
depend on <y, on the field, on observations, or on a later comparison index. Its members and their
deterministic thresholds are indexed by the pair of finite lattices and the preceding classical depth;
no choice is repeated when the coarse side changes. Write C for the group-valued reconstruction
and P(v) = Log C(e?,0) for the logarithm of its value at zero fluctuation on the active variables.
At every preceding classical depth these maps are majorized by

Ky Z = LV 32
z) = , sup ||DP(v < Opap = ——————, Imap VB < = < 1.
GD( ) 1- ;BIZ v|<17::ff|| ( )HmOt np (1 - .Blreff)2 map 49
(23.4)
Here the row sums and volume-normalized column sums follow the conventions of Lemma 15.16.

We use its common majorant as amap, which gives qanc = Ba? < Bafnap < 1 as required in the

later geometric summations. All constants of the full joint estimates and of the estimates for the
gauge transformations of the reconstruction maps are constants at fixed J. The choice of | uses
only the J-uniform geometric constants and torus rates, the J-uniform series Z of Lemma 11.9,
and the finitely many coarse-field derivative bounds of the reconstruction maps at zero fluctuation.

For every 0 < a < K, on the event that the initial condition and the first a renormalization
group steps pass the tests of the small-field event, the next | averaging steps, from side uBX=% to
side uBX=%=1, avoid the exceptional set of Tar: no based loop holonomy in (4.3) equals —I, even
if a later test fails. No assertion is made about a further averaging step at a = K. Indeed, every
closed path of such a holonomy has length at most 5M — 3, and one averaging step increases a
bound on link distances by at most the factor 10M. Consequently every coarse field produced
by the coordinate construction of the small-field event equals the iterate TJ{A of the finer field.
The gauge transformations of the reconstruction maps depend only on the coarse field and are
the identity at the tree roots; they preserve this identity and all conditional kernels, cutoffs, and
Jacobians.

The local constants have the dependence described in item (3) of Definition 4.14, and do not
depend on the widths chosen later. The probability constants and npyin may depend on L, vy, M,
J, ©, and the fixed family of stopping levels, as in item (4) of Definition 4.14; they do not depend
on v, u, N, K, the preceding classical depth, or the regions, frozen coordinates, and numbers of
elapsed renormalization group steps of a large-field decomposition. Neither | nor r is changed
at a different coarse side. The analytic radii are restored to their full values, after removal of a
boundary layer, only at the end of complete renormalization group steps; remainders modulo | are
treated by the fixed insertions and side-ratio bounds.

We prove Theorem 23.2 in Section 23.6. The parts of the inequalities in items (3)
and (6) reserved for 7, Brec, and the coupling are filled by later upper bounds; graw is
chosen in item (3), so no cycle arises.
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Item Quantities chosen

Determined by

1 J,B=M J-uniform constants a1 < dcen/8,
(50(‘1T)/ Ky, Ccp, Ce, CP(aT)/ Bgeom/
Cgeom/ bT/ Ccen

) Ufree,J, Rraw, solution neighborhoods J; constants of Section 19 at fixed |

3) 0, Pcls Ed/ E, Jraws A]/ R]; a, X, Mrate, b1 items (1)-(2); Cg, qcA, Cprim,J, Catlocs
C;{?eom

4) 00; local and geometric constants; Dy, j;  items (1)—(3); Sections 20 and 21

Ry; 0%
5) Ra,., 00,6, Wpd; Ser; ﬁrec items (1)-(4); Lemma 18.9
(6) ﬁ]r refs T Routs P, QDB Ren items (1) (5)

(7) Rcellr W/ Q/ rF/ S; F}jre; (5*/ dcut/ d*

(8) AW/ t*/ g*

9) stopping levels, x.; final Fj, Cq, j; So; Sp,
abl C_; CU/ CS/ Cb/ Ci,

Sanc, §ends Mmin

items (1
(7); Lemma 23.1

—(6); Sections 7, 21, and 22
—(8); Section 22

)
items (1)
items (1)

(10) items (1)—(9); Lemmas 23.1 and 23.4

Table 23.1. The order of the choices in Theorem 23.2. Each row uses only the quantities of the
earlier rows and the constants of the cited results, evaluated on their larger construction domains.
The amplitude A,, may be fixed at any stage before item (8).

Remark 23.3. The parameters of Theorem 23.2 also allow one to fix, before the coupling,
the exponents ag = 7/12 and o5y = 5/24 of Definition 4.8 and

Ttail = E min

1 _{5 1 logqcp}>ol

24’2 log B

together with smaller positive losses in the heat-kernel estimates. These numbers are
positive since gcp < 1/4 and B > 1. They satisfy the conditions of Definition 4.8
and the tail condition 0 < Ty < min{osm,1/2, —1ogganc/ log B} of Section 4: indeed
1/2 <7/12<2/3and 5/24 <1 —7/12, and the contraction factor of the reconstruction
amplitude is acap = Ccp/B in the amplitude bound of Lemma 15.10, so that ganc =
Bagap = gcp and the factor 1/2 makes the inequality strict. This is a numerical choice
only; it asserts no stochastic estimate for the flow. The deterministic sequence of matching
levels in Theorem 29.19 is chosen only after the convergence at fixed coupling.

Lemma 23.4. Fix the parameters of items (1)—(8) of Theorem 23.2. As in item (9), fix the family
of stopping levels with its remainders, the full sets of plaquettes affected by both insertions with
the enlarged count Fj, and sg in the interval of Theorem 22.1. Fix 0 < T’ < oo, and set

sy, = S0/2, a, = 4spd, /g, 0 < ¢ <min{d./8,a,/2}.
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Let Cy, Cs, Cpy be the constants of Theorem 22.1 for the ceiling T, and let C; > Cy, (for example
Cé = Cy+1+1og?2). Then there exists np € 4IN, chosen before <y, the coarse side, and the
number of renormalization group steps, and larger than every previous geometric, flat, and local
threshold, with the following properties. The conclusions of Theorem 22.1 and Lemma 22.13 hold
for all coarse sides u > nr and 0 < v < T, and

Ay (m) < aym/(2) (m>nr, 0<y<T),

with A (m) as in (23.3). For m > nr, the ratios of successive terms in the exponential sums
with exponents aact, €, and ¢, = min{ay, d./8} over sides with ratio M or B, and in the sums
for the fluctuation cutoffs over sides with ratio B, are at most 1/2; and every product [T(1 —¢€)~!
required in Lemma 22.12 has logarithm at most one. No restriction on the number of averaging
steps is imposed. The new constants depend only on L, I', M, |, ©, and the family of stopping
levels, as described in item (4) of Definition 4.14.

Proof. Theorem 22.1 and Lemma 22.13 provide the thresholds for the endpoints, for the
factors attached to threshold failures, and for the initial segments at the fixed parameters.
None of their hypotheses is a bound on the probability of a failure at some scale. For
x =m/7vy > eand m > 4 we have

Ay(m) < D(1+1logx), D =1+24C,M°+ C;M*(1+1logM) +C}/8.

Since (1 + logx)/x — 0, we may choose a half-line x > nr/I" on which D(1 +logx) <
apx /2. The ratio of successive terms with exponent ¢ is R3%e~(R=1"/7 with R = M or R =
B as appropriate. For the sums of the fluctuation cutoffs we write z = (1/2) log(Mm/7y)
and A = (1/2) log R; the ratio is R3¢—(282+8%) Both ratios are at most 1/2 after a further
increase of the minimum side, uniformly for v < I, and the corresponding sums tend
to zero. If € < 1/2, then —log(1 —€) < 2¢, and the products of reciprocal errors have
logarithm as small as prescribed; this is also the content of Lemma 20.15. We take the
maximum of these thresholds, of the threshold at the initial scale, and of all earlier
geometric and flat thresholds, rounded up to an element of 4IN; all of them are monotone
conditions on the minimum side.

The structural parameters fixed in the hypotheses involve only the local running
couplings and fixed larger products, and none of them is recomputed from C,, Cs, C;
or from I'. The same argument works for any prescribed | for which the parameters of
items (1)—(8) have been chosen, and it keeps that J. This proves the lemma, with the
stated quantifier order and with the margin amap\/g < 32/49 of the reconstruction maps
unchanged. O

Theorem 23.5. Fix L > 0, an odd integer M > 3, and 0 < T' < co. There exist an integer | > 1,
with B = M/, a tuple ©, reconstruction maps, a number 0 < g < e 1, and an integer nr € 4IN,



23 Uniform bounds for the small-field event §23.3 234

all chosen before <y, the coarse side, and the number of renormalization group steps, such that every
structural, local, moment, scalar, flat, and reconstruction conclusion of Theorem 23.2 holds for all

0<y<T, wued4N,u>nr, KeNy,  N=uBk

with vy replaced by T in its conclusions and side conditions, and with the moment constants
of Theorem 22.1 and Lemma 22.13 for the ceiling I'. In particular amap\/E < 32/49, every
coarse field produced by the coordinate construction is the corresponding iterate of Ty, and the
reconstruction maps, the support radius, and the local constants are fixed before the coupling. The
minimum side satisfies

nr > max{4, eF,I’/g(%_nd, 8Reell, 85}

and the coupling condition of Lemma 22.13; no restriction on the number of averaging steps is
imposed. The parameters satisfy 0 < 5, < 1, fixed before deyt, > < ayy, and

Kw = 48K1/aw,

1 ke (-1 1 A%, Ko
0<so< mm{i’ 2 E Y, 4Ky 321—7 " 2 max{Kp, 48K, ] }
and the stopping partition-function ratio is controlled uniformly for coefficients of the Wilson action
in [1/4,1/2]. The construction can be carried out with any prescribed | for which parameters as
in Theorem 23.2 with yg = 1 have been chosen, without changing J. The local constants have the
dependence described in item (3) of Definition 4.14, and the probability constants the dependence
described in item (4), with the fixed ceiling I'. No uniformity as I' — oo is asserted.

We give the proof in Section 23.7. When I' = 7y < 1, the parameters of Theorem 23.2
satisfy the conclusions of Theorem 23.5, and in that case we write 7y, for nr.

23.3 Bounds under the Wilson measure

In this subsection, we bound the probability that some averaged configuration has a
plaquette of large energy, and we bound exponential moments of coarse actions under
the Wilson measure. We recall the notation of Theorem 22.1 and Lemma 22.11. For
N = uBX and nj =N/ M, fix one of the eight tilings 7 of the lattice of side n; into
rp = n]3/ 8 disjoint cells with two sites in each direction (this number is denoted m; in

Lemma 22.11). Let P]zl be the union, counted once, of the complete predecessor patches
at side n;_1 of the internal plaquettes of the cells, and for a configuration V' at side n;

set
4

Q)= ¥ a).

nj_1 T
] pEijl

For a cell C, let R<j(C ; deut) be the local regularity event of Lemma 22.11, which tests at
the threshold d.y: exactly the plaquettes of the finer scales whose full dependence sets
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lie in C; let [;(C;d.) be the event that some internal plaquette of C at scale j has energy
at least d,; and let sz(dcut) be the intersection of the events R<]-(C ;deut) over the cells
of 7. These local events do not test the plaquettes on the boundaries of the cells. By
Lemma 7.4, every plaquette at scale j is internal to a cell of one of the eight tilings.

The probability bounds below use the disjoint link-reflection chessboard estimate
proved in Lemma 6.9, following the reflection-positive method of Frohlich, Israel, Lieb,
and Simon [92, 93] and Biskup [29, Theorem 5.8]. The Wilson measure is reflection
positive [134]. Part (2) of Theorem 6.6 gives the chessboard inequality, for each of the
eight shifted tilings, under the image measure (T},)«}n,, for nonnegative observables
supported in the coarse cells, and more generally under uy , for nonnegative observables
supported in the fine cells formed by the blocks B,,; of the vertices of a coarse cell. The
side n; is divisible by four, as that theorem requires. The event [;(C;d.) is a function

of T},U on the coarse cell C, and the event R.j(C;deut) N I;(C;dy) is a gauge-invariant
function of the fine links in the fine cell of C, since it tests only plaquettes whose full
dependence sets lie in C; this is the form in which Lemma 22.11 applies the theorem. All
estimates in this subsection are under the Wilson measure jiy ,, normalized by its own
partition function; no conditioned measure occurs.

Theorem 23.6. Use the parameters and the minimum side nr of Lemma 23.4; for I' < 1 these are
the parameters of Theorem 23.2 with vy = T, and for general finite T" those of Theorem 23.5. Let
0 <+ <T,ue4N withu > nr, and K € Ny, and let N = uBX, D = JK, n; = N/M/, and

Vi = T}, U. Define
FFy = {maxq(U,) > d.}, FF; = {q(V;f) < d forall { < jand all p, maxq(Vr];) >d.}
P P

for 1 < j < D. Then, simultaneously for all0 < j < D,
HN,y (FF}) < 3nde™@i/T, (23.5)
For 1 <j < D, each of the eight tilings T, and 0 < s < s,
logEyy, [esQfT(Vjil);RZj(dcut)} < 3Cz,n;’_1 + Csnjz_1 log(l/gnjfl) + Cy,

The same bound holds without the indicator of sz(dcut), with Cy in place of C;. The constants
depend only on L,I,M,],®, and the family of stopping levels, as described in item (4) of
Definition 4.14, and are uniform in vy, the side, the number of renormalization group steps, the
scale j, and the tiling.

Proof. At j = 0, by the threshold at the initial scale in item (10) of Theorem 23.2 (for
general I', in Lemma 23.4 and Lemma 22.13), we have

1N, (FFg) < 3N3e=d:N/(87) < 3N3Se=eN/7, (23.6)
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where we used ¢ < d,/8. For a scale j > 1, we apply Theorem 22.1 with the Wilson
measure at side N as the starting measure (that is, with b = 0) and the same j. This
gives the bound without the indicator directly at that scale, whatever its distance from
the finest lattice. Since the integrand is nonnegative and C, < Cj, the bound with the
indicator follows. This proves both moment bounds, without any assumption on earlier
failures.

Let m = n;. We divide the logarithm of the moment bound with the indicator by the
number r; = m3/8 of cells. Since ni_1 = Mm and log(1/gmm) = (1/2) log(Mm /), we
have

3C,(Mm)3 + Cs(Mm)2Llog(M C!
ZJ( m) + s( m) 5 Og( m/’)’)‘i_ b :24:CUM3—|—
m3/8

This identity explains why a moment bound with a volume term and a surface term
carrying a logarithm suffices. After the reciprocal-cell-count exponent in the chessboard
estimate is applied, the entropy per cell is of order 1+ log(m/y)/m, which is dominated
by the action aym/v of a cell containing a bad plaquette. Then, by the estimate of
Lemma 22.11, which combines Markov’s inequality at s = s, with the chessboard estimate,
we have

4CsM? 8C;,

log Ny (Rej(Cideut) N Ii(Crdi)) < —apm/y + Ay(m) < —cm/7y, (23.7)

where in the last inequality we used A, (m) < aym/(2) and ¢ < a;,/2.

Since d < deut, regularity at the threshold d, at all earlier scales implies every local
event R;(C;dcut). Every plaquette of scale j with energy at least d, is internal to a cell
of one of the eight tilings, by Lemma 7.4. Then FF; is contained in the union of the
8r; = m> events in (23.7), and by a union bound we have jy,, (FF;) < m3 /7. This
implies (23.5), where the constant three is kept only for a common formula with (23.6).
The argument applies to each j separately, without induction over scales; if K = 0, only
the assertion at j = 0 remains. [

The next theorem gives exponential moments of coarse actions without any indicator.
It is not needed for the bound on S¢, but it is a quantitative consequence of the same
estimates.

Theorem 23.7. Fix L > 0, an odd integer M > 3, and 0 < I' < oo. Use parameters as in
Theorem 23.5, in which, as in item (9) of Theorem 23.2, the count Fj includes the plaquettes
affected by both the predecessor insertion and the total-action insertion before s is chosen. There
exist s, = sg > 0, nr € 4IN, and finite nonnegative constants C,, Cs, Cp, chosen before -y, the
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side, and the number of renormalization group steps, such that for every 0 < v < T, u € 4N
with u > nr, K € Ny, N = uBKX, nj = N/Mi,and 0 < s < s,,

sQ7 (T ')

log ;. e <3Con?_y + Coni_log(1/gn_,) +Cp,  1<j<JK,  (23.8)

sSw(ThU)/82.

log IE, € I <3Cyn} + Csnilog(1/gn) +Cp  0<j<JK (23.9)

The first inequality holds for each of the eight tilings T. All expectations are under the Wilson
measure, normalized by its partition function, and all iterates of Ty that occur are defined on the
given finite sequence of lattices. The constants depend only on L,I', M, ], ®, and the family of
stopping levels, as described in item (4) of Definition 4.14; they are uniform in y, the side, the
scale, and the number of renormalization group steps, and they do not depend on the large-field
decompositions used in the proof. Moreover, with B (n) = 3Cyn> + Csn®log(1/gn) + Cy, for
every integer p > 1,

L [(SW(T;\/IU)/g%]-)p] < pts, PeBr(m),
and the analogous polynomial moment bound holds for Q]T (T]J;/;lu), with B, (”j—l)-

Proof. By the premise, the final count Fj already covers both insertions and both finite
families of remainders; put F; = F). The fixed interval with s, = s satisfies the conditions
of item (9) of Theorem 23.2, including

Ko
2max{Ky, 48K1}"
All entries are positive constants at this stage. The bound (23.8) is Theorem 22.1 with the
Wilson measure as the starting measure (b = 0). For (23.9), we choose the stopping level
t=J[j/]], witho=j—te€{0,...,] — 1}, so that m = n; = Mn;. All iterates from level
t to level j are defined, including for j = JK, where v = 0 and t = JK.

Suppose first that t > 0. We integrate exactly t/] complete RG steps, starting from
the Wilson measure, and use the bound of Corollary 22.9 for the total-action insertion
inside the invariant density bound without weight of Theorem 22.10. The coefficient
of the Wilson action remains A; = 1/2 — sKy € [1/4,1/2], and the plaquettes affected
by the insertion contribute at most SSF]’ Ypng/y < Poygng/(4y). The factors listed in
Table 22.2 are unchanged except for their fixed incidence constants: the normalization
terms generated by the integration and the completion terms concern the same large-
field decompositions, and the finite dependence set of the insertion was enlarged before
the interval was chosen. The quantitative conclusion of Theorem 22.1 on these factors
applies, with the scale n; and enlarged fixed constants. We complete the density bound
by Lemma 22.7 and use the single stopping partition-function ratio of Theorem 22.4.
Then each large-field decomposition contributes at most

0<s,=50<

63CTm3—|—9m2 log(1/8m)+Cs H e—(P0/2)nf/'y.
f
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The bound of Theorem 22.1 for the sum over decompositions controls the sum of these
contributions uniformly at the common minimum side. Converting from m = xn;, with
x < M/71, leaves exactly a volume term, the surface term 9)(271]2. log(1/gn;), and a fixed
volume contribution from log x. We take the maximum of the constants for the two
insertions.

Suppose now that t = 0. Then 0 < j < J and N/n; = M/ is bounded. By
the comparison of Theorem 22.4 for arbitrary fields, valid at all depths, we have
Sw(Ty,U)/ g%j < 48K;Sw(U) /g%, Since 48sK; < xo/2 < 1/2, the ratio of the full
compact numerator to the periodic trial denominator at depth zero, used for short scale
intervals in Theorem 22.1, applies. This ratio has the required surface-order correction
in the partition-function comparison at side N, and the bounded ratio N/ nj < M1
implies the stated bound at n;. At j = 0 the deterministic inequality holds with the
smaller constant one; this case includes K = 0. In both cases we bounded the integrals
without indicators directly; no indicator of a regularity event was dropped from an upper
bound.

Finally, for x > 0 we have x” < p!s, Pesex, by the exponential series. Inserting the
exponential moment bounds, we obtain the last assertion. O

Corollary 23.8. Use the parameters and constants of Theorem 23.7, increasing only the minimum
side if necessary. There exists cr,q > 0 with the following property. Let 0 < v < T, u € 4N
withu > ny, K € No, N = uBX, and 0 < j < JK, and let T be one of the eight tilings at scale j.
We set

=S g el

and for a cell C of T let I be the event that some internal plaquette P of C satisfies q((T]];/I U)p) >
dy. Then for every deterministic set A of distinct cells of T,

VN,7< N Ic) < gl (23.10)
CeA !

ForY; = Y.ce7 11, every integer 0 < k < r;, and every ¢ > 0,

Y; 7;
] ] k
]EVN,w<k) < (k)q]-, (23.11)

Ejpy, e’ < [1+ (" —1)g,]" < exp{rjg;(e’ —1)}. (23.12)

Equivalently, E(Y;); < (r]')kq;-‘ for the falling factorials. The constants depend only on
L,T,M,],®, and the family of stopping levels (item (4) of Definition 4.14), and are uniform
in vy, the side, the number of renormalization group steps, the scale, the tiling, and A.

The bounds (23.11) and (23.12) are those of a sum of independent Bernoulli vari-
ables with parameter g;, but they are proved from the joint bounds (23.10) alone; no
independence or stochastic domination is asserted.
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Proof. Fix j and T, and let m = nj. The indicator of I- is a nonnegative, bounded,

gauge-invariant function of the configuration T},U on the internal plaquettes of the cell
C, that is, an observable supported in the coarse cell C. Part (2) of Theorem 6.6, applied
to the image measure (T},)+}N,, and the tiling 7, applies to it; equivalently, its pullback
is supported in the fine cell formed by the centered blocks of the vertices of C. The
reflection positivity in part (1) of that theorem includes the configurations at which the
Borel extension of Ty is used. Each I¢ is the reflected translate of the corresponding
event for the base cell of T, since the energy of a plaquette is invariant under reversal of
orientation. For nonempty A, the chessboard inequality with all observables equal to the
indicator of this event gives

llz\m( N IC) <Ny (L) A7, = ) Ie
CeA CeT

On Iy, we choose one internal plaquette with energy at least d. in each cell, in a fixed
deterministic order. The chosen plaquettes are distinct, since the cells have disjoint vertex
sets and only internal plaquettes are used. This gives, pointwise on I,

Sw(TiU) /g% > dd.rim /.

By Markov’s inequality and (23.9) at s = s, we have

! 4C 8C
—log iy (Lan) < —4s.dam /7y +24C, + —=log(m /) + m_;’
)

Here the entropy terms are in the units of scale j itself, so no factor M> appears. With
x =m/7vy > eand m > 4, their sum is at most Dy (1 + log x) for a fixed Dp. We increase
the minimum side so that Dp(1 4 logx) < 2s.d.x on the half-line x > nr/I'. Then
Cbad = 25xdx > 0 works. If yun (L) = 0, the chessboard estimate already implies the
result; otherwise we exponentiate the bound on its logarithm. For A = & both sides of
(23.10) equal one.

Pointwise we have (if) = Yja|=k I Icea 11, including for k = 0, and taking expecta-
tions proves (23.11). For ¢ > 0 we expand the finite product

ei= T+ —1)1,].
CeT

Since every coefficient in the expansion is nonnegative, the joint bounds give (23.12); its
last inequality uses 1 +y < e¥ for y > 0. The case j = 0, including K = 0, is covered by
the instance j = 0 of (23.9). O
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23.4 Probability of the small-field event

We now bound the probability of the complement of the small-field event. Recall from
Definitions 4.4 and 14.4 that, for N = uBK and V! = T}{/{ u,

K-1
Sy = {U € Dy} 0 () [ () 0 fmaxtiono(W)] < plt)} 0V € Dy},
k=0 ’

where £ = v/ (Mnqy;) and p(t) = Aywlog(1/t). Here A (U) is the event that, in
the inverse coordinates of the k-th RG step at preceding classical depth kJ, each pair
(¢i11,2;) lies in the coordinate domain of Definition 14.4, with its conditional constrained
minimizer, its positive constrained Hessian, and a positive constraint Jacobian; and
wy ;. (U) are the normalized fluctuation variables of that step, defined by these inverse
coordinates. There is no condition of the form V! € D, at levels ¢ that are not multiples
of J. For K = 0 the event is {U € D, }.

The proof splits S¢ according to the event G that every plaquette at every scale has
energy below d.. The probability of G is the sum of the probabilities of the first failures
FF;, which Theorem 23.6 bounds under the Wilson measure. On G, Theorem 7.7 implies
all conditions V¥ € D,, and S can fail only through the coordinate-domain conditions
or the cutoffs of some RG step. We bound the first such failure using the comparison of
Lemma 22.12, which keeps only the passing initial segment and the condition on the next
coarse field. In this comparison, the probability of the initial segment is multiplied, never
divided, and we never condition on regularity at later scales, which would change the
conditional law.

Theorem 23.9. Use the parameters, the renormalization group steps, and the reconstruction
maps of Theorem 23.2. There exist constants C', C, Cy, ay, > 0 such that for every u € 4NN with
U > Nmin, every K € Ny, and every 0 < v < 7,

_ 2
by (S ) < CPe00/T 4 Cyaidemsn108 /M

and
HMBK,’Y(SZBK . 'y) < Cu3eH0+H2 log(1/7)—cxu/7y + Cwu?)e—aw 10g2 ) /Mu/'y,
where ) c
4CsM 8
Hy = 24CUM3 + = log(Mnmin) + 3 b ’
Nmin min
4CsM?
H, = ns. , ¢« =min{a,,d./8} > 0.
min

One may take a, to be the smallest of the finitely many fixed positive exponents in the fluctuation
bounds for the auxiliary measures and the stopped measures. The constants may depend on
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L,v0, M, ], ®, and the family of stopping levels, but not on vy, u, N, K, the preceding classical
depth, or the large-field decompositions. The event, and hence these bounds, are the same when the
inverse coordinates are computed with the reconstruction maps of Theorem 15.13.

The two theorems have a common proof.

Theorem 23.10. Use the parameters of Theorem 23.5 for a fixed 0 < I' < oo, and the small-field
event Sy, defined with them, for 0 < v <T, u € 4N with u > nr, K € Ny, and N = uBX.
There exist constants C',C,Cy, aw > 0 such that

bk (S o) < Cule™ 0T 4 Cuude™twlos” v/ MU/, (23.13)
T (SZBK,u,fy) < CuBeHo+H2log(T/7)—cau/y 1 Cyule log? /Mu/'y, (23.14)
where ) 8C!
4CsM
Hg = 24C,M? + ;— log(Mnr/T) + —3b >0,
r ng

_ 4C.M?
=
The constants may depend on the fixed I (item (4) of Definition 4.14), and do not depend on -y, the
side, the number of renormalization group steps, the preceding classical depth, or the large-field
decompositions. Moreover, for every fixed u € 4IN with u > nr and every q > 0,

Hp

>0, c. = min{ay, d./8} > ¢ > 0.

sup sk (Sipk ) < Cugry?  (0<y <),

with the admissible constant

M)HM

+ Cwu3(Mu)_qe‘72/”W.
c.ue

Cugr = CuletorH: (
Finally, for every fixed n € 4N with n > nr and u, = nB",

lim sup sup p,pk . (S )=0
nB~, BK u,, :
a—»o0 0<y<T K>a YNTnBY ug,y

Proof of Theorems 23.9 and 23.10. For 0 < a < K, let S be the event formed by the initial
condition U € D, and the conditions of the first 2 RG steps in the definition of Sy, -,
and let .

G = {q(V}) < d, for every 0 < j < JK and every plaquette p}.
The disjoint events FF;, 0 < j < JK, exhaust G°. By Theorem 23.6 and the condition
MBe—¢M=1)nr/T < 1 /2 summing over the sides uM" in increasing order, we have

(G <3 Y (uM")3e=MY/ T < gy cu/, (23.15)
h>0
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The sum over sides starts at the coarse side u, so no factor depending on K appears.

To keep the dependence on <y before absorption, we use (23.7) in the form
log (R<;(C;deut) N [;(C;dx)) < —apgm/7y + Ay (m). Since log(Mm/v) = log(Mm/T) +
log(T' /) and log(Mm /T)/m is decreasing for m > ny > el’, we have

A, (m) < HY + Hylog(T /),

4 2 8C! 4 2 23.16
H} = 24C,M° + ACM? log(Mnr/T)+—L,  Hy= CM” (23.16)

and this bound is nonnegative. Combining the bound at the initial scale with the bounds
at positive scales, and summing the same geometric list of sides, we obtain

1(GE) < 6uleHotHlog(T/v)—cu/y o — min{a, d,/8} > ¢. (23.17)

For Theorem 23.9 we use instead Hy + Hp log(1/), which follows from the same calcu-
lation with T replaced by one in the logarithm; the function log(Mm)/m is decreasing
for m > 4.

On G, the condition U € D, and every condition v+1] e D, hold by Theorem 7.7.
By the identity of coarse fields in Theorems 23.2 and 23.5, on a passing initial segment
each coarse field produced by the coordinate construction is the corresponding iterate of
Typ. We conclude that

GNnscc U (8"NAy (23.18)

0<a<K

(o
)]ﬂWn(

a+1 a+1)])’

where, form = n (a+1)]7 A, is the event that the coarse field V(@+1)] Jies in D,, and W,, is
the event that all coordinate-domain conditions and fluctuation cutoffs of the (a 4 1)-th
RG step hold. After this inclusion we discard G before estimating each term. By the
comparison with identical unnormalized prefactors in Lemma 22.12, in its form for a
fixed upper coupling bound I' in Lemma 22.13, we have

H(S" N A NWG,) < €api(S") < Crejpme 108 VMm /7y (23.19)

This is the comparison for coarse fields in D, at preceding depth aJ; only a < K is
used, and the probability x(S?) < 1 of the initial segment is multiplied, never inverted.
Summing the bound over the sides u, uB, uB?,... and using the ratio condition for the
fluctuation cutoffs, we obtain

(G NS < 2Cyq judewlog” V/Mu/y, (23.20)

Adding (23.15) or (23.17) proves both bounds of each theorem, for example with C =
C' = 6 and Cyy = 2Cyj,j. For K = 0 the sum (23.20) is empty, and the initial condition
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holds on the event that there is no failure at the initial scale. By Theorem 15.13, the
reconstruction maps preserve the event, the transitions, the cutoffs, the Jacobians, and
the kernels, so the same bounds hold in the coordinates of the reconstruction maps.

For the bound by powers of 7, we divide the curvature term of (23.14) by <. For
Kk =Hy+q>0and A = c,u > 0 we have sup, ., v *e=4/7 = (x/(Ae))*. For the
fluctuation term we write z = (1/2) log(Mu/7y), and then

'y_qe_”‘wz2 = (Mu)_qezqz_”sz < (Mu)_qeqz/aw.

These give the constant C,, ;1. For u, = nB*, both terms of (23.13) are bounded by their
values at v = I for sides above the minimum side; this uses monotonicity in ¢ with
Mu /vy > 1, as in Lemma 23.1. Those values tend to zero as a — co, uniformly in K > g4,
since nBX = 1,BX~4. This proves the last assertion of Theorem 23.10. O

Corollary 23.11. Use the parameters of Theorem 23.2, and fix u € 4N with u > npin before
varying the coupling. For every real g > O there exists a finite C,, 5 such that

sup Mupk,y (Sipkn) < Cugy? (0 <9 < 70).

With the constants of the second bound of Theorem 23.9, an admissible constant is

H2 + q>H2+6]

+ Cwug’(Mu)*qeqz/“W,
cxue

Cu,q = CM36HO<
or any larger finite constant. In particular, if

F, (r)’) = lim Sup My BK ~ (SZBK,u,fy) ’

K—o0

then F,(y) = o(¥*) as v — 0 for every fixed x > 0. Besides the probability constants, C, 4
depends only on u and q; it does not depend on K.

Now fix n € 4N with n > Npyin, and set u, = nB* and Nx = nBK. For all integers a > 0
and K > a,

) 2
eK,a(')’) — VNK/“Y(S%IK,ua,'y) < Fug, ), Flu,v) = ClyBe—cul + Cwu3e—awlog \/Mu/'y,

and
lim sup F(ugy)=0.

47 0<y <0
These bounds use the same small-field events and reconstruction maps for all coarse sides; no
radius, cutoff, map, or threshold is chosen again at a larger coarse side.

At each fixed positive coupling, the probability of the complement tends to zero along
the sides u,, while at each fixed side it is smaller than every power of the coupling.
The corollary gives no rate, uniform in the coupling, for the convergence of flowed
observables, and it does not interchange a limit in the cutoff or in an observable with the
limit a — oo.
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Proof. We keep u fixed and let T = log(1/7) and d, = log(Mu). Dividing the second
bound of Theorem 23.9 by /1, its curvature term becomes

Culefo exp{(Hy 4 q)T — c.ue’}.

For x = Hp + g > 0, the derivative of v*e~“"” on v > 0 has the sign of x — c,uv. This
function has the global maximum [k /(c.ue)]*, attained at v = «/(c.«u). Bounding the
value at v = e¢* = 1/ by this maximum, we obtain the first summand of C, 4. For the
fluctuation term, completing the square gives the identity

SR S ET AR
Y [t ) Rt )
and dropping the negative square gives the second summand. Both constants are finite
for fixed u and g, and the bound of Theorem 23.9 is uniform in K. This proves the bound

on the supremum. Given x > 0, we choose g > «; then
O S ’)/_KFu(’)/) S Cu,q’)/q_K —> O,

and no limit in the cutoff has been interchanged with the limit in the coupling.

Now fix n and set u, = nB® For K > a we have Nx = u,BX~*, and Theorem 23.9
applies directly with coarse side 1, and K — a RG steps. No parameter of the event, of
a local reconstruction, or of its finite thresholds is chosen again. We obtain e ,(y) <
F(ua,y)-

Since both terms of F(u, ) increase with v for Mu/y > Mu/vyy > 1, we have

_ 2
sup ]:(uu/ ')’) < C'”ie_cu”/% + Cwuie_aw log (Mua/%)ﬂl'
0<y<70

Up to fixed constants, the logarithms of these two terms are 3logu, — cu,/yo and
3logu, —aw logz(Mua/’yQ)/él, and both tend to —o0 as a — oo, since u,; — oo. O

23.5 Two-sided bounds of logarithm-squared order

The fluctuation term in Theorem 23.9 has a simple heuristic origin. The cutoff radius
is p(t) < log(1/t), and a fluctuation variable with a Gaussian-type tail exceeds it with
probability of order exp(—clog?(1/t)). At a fixed coarse side u this gives an upper bound
of order exp(—clog?(1/7)). The next theorem shows that this order is correct for the
supremum over the number of RG steps. For the lower bound we fix one RG step, so that
the problem is finite dimensional, and we exhibit a set of configurations of controlled
Haar measure and controlled action on which one normalized fluctuation variable lies
just beyond its cutoff while all other conditions hold.
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Theorem 23.12. Use the small-field event and the parameters of Theorems 23.2 and 23.9. For
each fixed u € 4IN with u > npyn, set

E, (’Y) = Ksullg HuBK (SzCiBK,u,'y)'
€INp

There exist ¢, Cyy > 0and 0 < vy, < min{~y, e~ '}, depending on u and the probability constants
but not on -y or on the number of renormalization group steps, such that

— 2 - 2
e~ CullHos (/NI < gy g (S5p,,) < Eu(y) e @8 WM (0<y <q,).  (2321)

In particular, for fixed positive c, €, and D, the bound E, () < D exp(—cy~¢) does not hold for

all sufficiently small v > 0. No lower bound on limsupy _, ‘l/luBK’,),(S;BK,u,’Y) is asserted.

Proof. Upper bound. Let x = log(1/v) and ¢, = (1/2)log(Mu) > 0. The first bound of
Theorem 23.9, which is uniform in K, reads

Eu(')’) < C/u3e—5uex +Cwu3€_aw(x/2+é”)2.

For all sufficiently large x, the first term is at most e~ (aw/ 8)"2/ 2, since e*/x? — oo; the
second term is also at most this quantity, since its exponent is a negative quadratic in x
with leading coefficient a., /4. This proves the upper bound with, for example, ¢, = a /8,
after decreasing ;.

A box in the coordinates of one RG step. Fix K = 1, N = uB, and preceding classical
depth zero. For the rest of the proof this is a fixed finite-dimensional problem. We set

E=\/v/(Mu), p=p(t)=Awlog(1/t), gi=th, A=MIT2 (0<i<])

The recursion of Theorem 12.13 is

zi =z (cipn) + &iSieip)wy, i =bi(ci,z),  g=c=¢, S =K%
We use it as a classical change of coordinates, before any fluctuation cutoff is imposed.
This is valid beyond the region max|w| < p: Lemma 12.3 gives product domains of fixed
positive radius for the coarse fields and the free coordinates, independent of ¢ and p,
and Theorems 12.13 and 13.2 give the composition of the | averaging steps on a common
such domain, with the unscaled inputs g; = g;w;. The conditional constrained minimizer
at the identity is zero by Theorem 10.10, and the gauge transformation of Theorem 13.2
is the identity there. All intermediate Jacobian determinants are positive on a sufficiently
small closed product domain.

Fix 0 < € < 1/4 and one free link (i, e,) of the step, with its three-dimensional fluc-
tuation variable; such a link exists since M > 3 and u > 4. We identify the corresponding
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copy of su(2) with R3 through the orthonormal basis of Section 4, and let e; be its first
unit vector. We define the box B, of parameters by

0] < ey (e€é),
[wiel <€ ((ie) # (ixes)),  |wi, —(p+1el<e

Each ball for a fluctuation variable has the same positive Lebesgue volume, independent
of its center and of <. The largest unscaled fluctuation input is at most t(p+1+¢€) — 0,
and ||0]lo — 0. Then the closure of the box lies inside the fixed larger coordinate
domain, where no cutoff is imposed, for all sufficiently small . We do not assign
a Gaussian law to fluctuation variables beyond the cutoff. Explicitly, one may take
p = p+2 in Theorem 12.13: the box is contained in Q%H, while Cjtp < 1/2 and

Ci(tp® +tp)/ (1 — Cjtp) — 0. All hypotheses of that theorem on the coordinate domains
and on the triangular Jacobian hold for this larger domain at small coupling. The radius
p is used only to check the domain; the small-field event still uses exactly p(f).

For the coordinate-domain conditions, we note that at small coupling the unscaled
fluctuation inputs lie in the product domain of radius Qpnys of Definition 14.4 and The-
orem 13.2, and the coarse field is closer to the identity than r. The reconstruction then
has all input logarithms smaller than /2, with the intermediate margins for the classical
action, the constraint coordinates, and the Jacobians. Then ¢y € D;, ¢ € D;, and Ag

(23.22)

holds, and the averaged field is TZ{ACO = c¢. By the uniqueness and the identities on over-
lapping charts in Theorem 14.3 and Definition 14.4, the constructed w; are the normalized
fluctuation variables defined by the inverse coordinates, up to their norm-preserving
triangular orthogonal changes. Let D, C Uy be the set of configurations obtained from
the configurations with coordinates in B, by all gauge transformations of the block axial
gauge that equal the identity at the prescribed tree roots, that is, the union over the tree
gauge variables of the images of B,,. Every configuration in D, fails the small-field event,
since
Wil >p+1-e>p,

while it satisfies all other conditions of the step. In particular, D, is a subset of the
complement of the small-field event itself.

Haar measure of the box. By repeated use of Lemma 6.3, followed by the triangular
substitution from free coordinates to normalized fluctuation variables, we obtain the
exact formula
J-1

(Ti(cis1,zi) g7 detSi(civ1)],
0

1=

Hy(D,) = /B dH,(c) dw

D; = 6(M3 — 1) (uM/ 71713,

(23.23)

The integral is over the Haar box of coarse fields and the balls of fluctuation variables;
the tree gauge variables of D,, are integrated out with Haar probability mass one. The
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determinant identity is that of Theorem 12.13, and its off-diagonal dependence on the
coarser fluctuation variables is kept. The formula is a change of variables on the open
coordinate domain, and its restriction to the box needs no indicator of the cutoff product;
equivalently, it follows from successive Haar disintegration formulas for single averaging
steps and Fubini’s theorem for the nonnegative integrand. There is no additional density
for the logarithm of the coarse field, no Gram determinant, and no gauge multiplicity.
Here D; is the number of real free coordinates of the i-th averaging step: besides the
eliminated edges there are 3(M? — 1)(uM/~i~1)3 fine links, with three real coordinates
each, and the gauge transformations equal to the identity at the tree roots remove
3(M3 — 1) (uM/='=1)3 of these coordinates.

On the fixed small closed product domain, all J; and detS; are continuous and
strictly positive, by Lemmas 6.3 and 12.3. Their finite product has a positive lower bound
depending on u and the fixed chart, but not on 7. Since g; = /7 (Mu)~!/2);, and the
box of coarse fields is a product over the |€,| = 3u® links, Lemma 5.1 and (23.23) imply

9l + YD

Hy(Dy) > c(u)y™,  xy= S0 >, (23.24)

where ¥; D; = 6[(uB)? — u3]. This lower bound keeps the Haar densities and all powers
of the couplings from the Jacobians.

The Wilson action on the box. By the majorant of Theorem 13.2, or its finite-dimensional
derivative bound on the same smaller product, we have, in the gauge representative of
that theorem,

max|Logcoe| < Cu{eyy +H(p+1+€)} < /7 (1+p).

For each plaquette, the triangle inequality for the group distance in Lemma 5.1 bounds
its distance from the identity by four times this quantity, and by the same lemma we have
q < p% /8. There are 3N plaquettes, so for a fixed finite A,

%;Q((CO)P) <Au(1+p) (0 €Dy).

By gauge invariance, the same bound holds on all of D,,. The partition function of the
Wilson measure satisfies Zy , < 1, by Lemma 5.1. Combining these bounds, we obtain

VMB/Y(SZB,u,'y) > HuBy(Dy) 2 c(u)y™ exp{—Au(1+ P)Z}-

Finally, p = (Aw/2)[x +log(Mu)] for x = log(1/v) > 1. Then 1+ p < C;/(1+ x) and
Kkux + [logc(u)| < CJJ/(1+ x)2. After increasing C, and decreasing 7, to include every
threshold of the finite chart and of the upper bound, this is the lower bound in (23.21).
Since e /(1 + x)? — oo, comparing logarithms excludes the bound D exp(—cy~¢). [
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Corollary 23.13. Use the parameters of Theorem 23.5. For each fixed u € 4IN with u > nr there
exist ¢, v, Cyr > 0and 0 <y, r < min{T, e~} such that

—Cu,r[1+log(1/7)2

e < puBy (SuBuy) < SUP 1,55 (S i)

S e_Cu,F logz(l/’y) (0 < Y S ’YM r)'

No lower bound is asserted for imsupy ., ., p,px (S¢ BK,M,'Y)'

Proof. The upper bound follows from (23.13) exactly as in the proof of Theorem 23.12:
with x = log(1/+), the curvature term decays like e°", while the fluctuation term has an
exponent that is a negative quadratic in x with leading coefficient a,, /4. After decreasing
Y..r, the sum is at most e~ (™/ 8)x*,

For the lower bound we keep u and ] fixed and use the coordinates of one RG step as in
the proof of Theorem 23.12. Their coordinate domains, the classical change of coordinates,
the Jacobians, and the cutoff of the small-field event are the same for the parameters
of Theorem 23.5, since that theorem enlarges only the probability constants and the
minimum side. On the box [6,| < €,/7 of coarse fields, we place all fluctuation variables
in balls of radius € < 1/4, except one, whose ball is centered at (p(t) + 1)e;, where
t2 = v/ (Mu). Since t(p(t) +2) — 0, all unscaled inputs and all Jacobian determinants
lie in the same fixed domain without cutoff for sufficiently small . Every such point
satisfies the other conditions and fails the cutoff. The exact formula (23.23) bounds
the Haar measure of the corresponding set of configurations below by c¢(u,I')y*, with
Ky = (9u®+Y,; D;)/2 and D; = 6(M3 — 1)(uM/~=1)3. The Wilson exponent on this set
is at most A(u,T)(1+ p(t))?, and the partition function is at most one. The probability
of the complement is then at least cy e~ A0+P(0)* Since p(t) = Aw|[x + log(Mu)]/2,
we obtain the claimed lower bound. All domains and constants are fixed before 7; the
restriction oy < I' is obtained by decreasing v, r only. ]

23.6 Proof of the choice of parameters

In this subsection we prove Theorem 23.2, verifying the choices in the order of the items
and using each earlier estimate on its domains and with the quantifiers of its statement.
No probability estimate is used. Steps 1-7 make the choices of items (1)—(8), Steps 8 and 9
verify the hypotheses of the cited results without new choices, Steps 10 and 11 make the
choices of items (9) and (10), and Step 12 fixes the reconstruction maps and proves the
identity of the coarse fields with the iterates of T),.

We fix Aw > 1 in the range allowed by Theorem 20.14 at the start. This precedes every
use of the existence of a coupling bound in that theorem. Its constants and the J-uniform
conditions do not depend on Ay; the coupling bound g. may depend on it.
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Step 1: the choice of |. We apply Theorem 13.2 at the fixed odd M, and denote its
J-uniform spatial exponent by b, and its majorant for the conditional constrained mini-
mizers at zero fluctuation by Z(v) < Cv/(1 — Cv). First we fix a rate 0 < by < b, below
the remaining margin of the classical and image estimates. Next we fix a finite scale
2 for boxes covering supports, and its support-counting factor, as in Theorem 13.5, so
that the entropy of supports is compensated by the rate by. At this stage we enlarge
the entropy and support constants to cover the margin for the free degrees of freedom
in Theorem 20.9. Only after fixing these boxes do we choose the rate ay € (0, by), with
at < dcen/8 and small enough for the network bound below. Here acen is the J-uniform
rate of the bounds of Lemma 11.9; for the aligned representative, Theorem 11.10 gives
the contraction at every output rate below acen /8 and at no larger rate, so this restriction
is necessary. It also gives a < a./8 for the rate a, of Theorem 10.11, as observed in
Theorem 13.5. These choices precede |, and decreasing ar does not change the boxes.
We check the support condition of the conversion from supported coefficient bounds
to coefficient norms at the same analytic radius in Theorem 13.5. A connected set Y of
boxes joins the coefficient locations of the background in its boxes by a network of length
at most C & |Y|, with C ¢, independent of ]. Indeed, we connect the centers of adjacent
boxes along a spanning tree of Y, and connect the finitely many locations in each box by
the coordinate grid inside that box. The same construction covers a connected union of
intersecting boxes, and shortest periodic connections give the same bound in directions
that wrap around the torus. The bound also covers the supports of the logarithms in the
cluster expansion and the larger output radius. Repeated locations add no length. There
are only nine types of orientation and color at a site, and the density of free variables
does not change this count. With this C¢, we take apCg, < 2, so that art < 2|Y]| for
every support used in the conversion. The effective interaction and its output as a whole,
rather than the individual polymer activities, have the translation symmetry required by
the conversion, and their color and inversion identities are those kept by Theorem 13.5.
Let CL, .. be the network comparison constant of that theorem. We include the

geom
conditions

CgeombT/B < a1,  Ceen/B <1/8 (23.25)

in the choice of J. The first compensates the conversion from the trees on the finer lattice
to the trees on the coarse lattice, while keeping the rate at on the torus; it is separate from
the smaller regional rates of item (3). By part (3) of Theorem 15.13, one enlarged constant
Ccp > 1 bounds the value, the first spatial differences, and the first three coarse-field
derivatives of the zero-fluctuation reconstruction, with all row sums and all volume-
normalized column sums, uniformly before | is chosen; the enlargement includes the
prescribed reconstruction tolerances. Derivatives with respect to the fluctuation inputs
use the fixed-] joint bounds of Lemma 15.16, not this uniformity. The same results provide
the signed conservation identities for the volume-normalized derivative kernels and the
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full bound at fixed |. The series Z of Lemma 11.9 and its spatial rate are J-uniform, as are
these finite derivative bounds and the geometric constants. Neither the full joint norm
nor the full norm of the gauge transformations of the reconstruction maps is J-uniform.
We enlarge the J-uniform constant Cyjjo. of Theorem 20.9, which controls the distribution
of the spatial decay rates, so that it also covers the corresponding geometric constant in
Theorem 19.9, choose C8*°™ > max(1, C,), and keep Bgeom = 256C,110c(CE°™ 4 1) from
Theorem 20.9. All lower bounds on M/ in item (1) now have fixed finite right sides, and
they hold simultaneously for large ], since M/ — co.

It remains to separate the linear conditions that choose ] from the later choice of radii.
For existence we may take p = p, but we keep the subscript e to check both functions.
The same classical map evaluates both the effective interaction and the effective classical
action, and the series Z provides both Zq and Z; fixed different ratios of radii would
only require the two restrictions of the same series. We choose a J-uniform bound pg
with 4K,Cpo < 1/2. With Z,(v) < C4v/(1 — C4v), the conditions

CeKy/B < 1/32, CoeKipe <1/2
give B~1Z4(K4ps) < pe/16, and at the enlarged radii, uniformly for 0 < pe < o,
B71Z4(4K.0e) < (8CeKi/B)ps < po/4. (23.26)

Only the first condition chooses J; the second is an upper bound on a later radius.
Together with gca < 1/4, the threshold M=) < §y(ar) of Theorem 11.10, and (23.25),
these are the J-uniform conditions of Theorem 13.5, whose contraction constant Cp(ar)
is uniform over the later radii 0 < p < pg. Since a is fixed before | and depends only on
J-uniform data, these conditions are lower bounds on B with fixed right sides. The finitely
many additional conditions on classical first derivatives use the same [-uniform series
and Ccp, and we impose them with strict inequality in the same choice. No constant
at fixed J, no radius for free coordinates, and no constant of the effective-interaction
estimates has entered; no later step changes J.

Step 2: larger domains, solution neighborhoods, and rates. At this J, all entries in the
minima defining vgee; and Rraw in Lemma 19.7 are positive and depend only on the
larger construction data, and we choose each radius strictly below its minimum. For each
of the finitely many initial segments of conditional integrations, we choose by Lemma 19.3
a neighborhood of the conditional constrained minimizer and then a smaller domain for
the later parameters. At zero perturbation we choose, with a positive margin, a smaller
product domain for the free coordinates whose successive substitutions stay inside all
the previously chosen domains; the condition with a perturbation is checked at every
value of the later parameters in Step 3. Taking the minimum of the finitely many margins
at zero perturbation preserves them. These substitution products are chosen with fixed
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absolute-coefficient image margins inside the next factor’s coefficient radius, using the
common convergent composed majorants of Lemmas 18.3 and 18.15; their distinguished-
input bounds are fixed on these larger products as well. This requires coefficient-image
control, not merely pointwise image inclusion. In particular, the conditional displacement
bound and the bound on the preconditioned Hessian hold on these products, and a slice
of a larger joint solution domain is never used in their place. The real lower bound for
the constrained Hessian and the complex domain of its inverse in the two cited lemmas
apply on the resulting product domains.

We choose the inner, middle, and outer domains of the reconstruction maps strictly
inside these construction domains; Theorem 15.13 provides its bounds on these domains
independently of the later support and working radii. We choose p, pq > 0 inside them,
with (20.1), 4Cior,jKspe < 1/4, and the fixed outer and sequential free products inside hj,
small enough that the first summand in the inequality of item (3) is below Raw /64 and
that both denominators of the torus images are positive. All coefficient sums used here
can be bounded on the larger domains before the radii are restricted, since a restriction
can only decrease a sum of absolute coefficients; this is the convention of Lemma 19.7.
We also impose the hypotheses of Theorems 13.2 and 13.5 on the larger product. With 7,
and the torus majorant Cy,,,; fixed on that product, we choose

0 < p <min{pg,7;/(16Ks)}, 4K, Cior,jo < 1/4,

_ (23.27)
0 < s; < min{r/(16K.),1/(16K,Cior.j), 0/ (64K\Cior) }-

These restrictions are compatible with the bounds on the coordinate and reconstruction
domains just chosen. We have 4K, (o +s7) < rj and 1 — 4K, Cior,j(0 +57) > 1/2. Then the
majorant of the free part is at most 8K, Cior, ;57 < p/8. Together with (23.26), the enlarged
image is strictly below 3p/8 < p/2. All intermediate margins for the classical action and
for the constraint Jacobians are the strict margins of Theorem 13.2, since we work on a
restriction of its product. We keep this larger product after r is fixed.

The two majorants for the input functions used here concern the torus map of Theo-
rem 13.2. We do not assert a J-uniform bound of all orders for the gauge transformations
of the reconstruction maps. The full bound at fixed | and the strict image margins of
Theorem 15.13 apply on nested subproducts of the same domains, and their limiting
maps and later refinements of thresholds preserve these margins. The only constants
of the reconstruction maps used before | were the finitely many coarse-field derivative
bounds at zero fluctuation.

Theorem 13.5 now provides finite constants Cg, Cr > 0, and the constant ¢, > 0
for its auxiliary discs (not to be confused with the exponent ¢, = min{a,,d./8} of the
probability bounds), on the fixed data (M, ], p, at, br, K«,sj). They do not depend on the
side, the preceding depth, or the later support radius. We fix E%' > sup -, B, ax (Es),
finite by Theorem 10.11, and take a finite E > 2Cs/ (1 — gca); the denominator is positive
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by item (1). We verify the invariance of this bound under the recursion in Step 8, after the
coupling bound has been chosen; it is not assumed as a hypothesis of a regional estimate.
We now choose graw > 0 at most Ryaw / (64Cjift ;) and inside the common free-coordinate
reserve. The later r and Brec are bounded by the same number; then the sum in item (3)
is strictly below Ryaw /8.

The interpolation of Lemma 19.7 provides a positive bound on the spatial rate of
the unperturbed coefficients on these larger products, and we include it in Cprim,] after
the conversion of Section 20.1 to the graph metric. Its finite bound for sums with the
remaining exponent can be written as Cint,j0s: we divide a common bound on the larger
product by the smaller of the two positive radii and take Cin,; > 1. This constant is chosen
after the radii and is distinct from the earlier torus majorant. The bound is uniform over
the later restrictions, which stay inside the larger product. For its remaining exponent
¢ > 0 we choose 0 < ¢ < 1 with

8 max{1,log(8Cin/3)} < %10g(4/3), (23.28)

and take the minimum of the resulting positive exponents over the two radii and the
tinitely many initial segments. By Lemma 19.7, the bounds on the larger product are
uniform in the later smaller radii and widths, so this choice precedes the choice of r.
We now set & = a/16, myae = C8° (a4 &), and by = 8C3*°"«. Then myae + by =
(25/16)C¥*°™a, and the inequalities of item (3) containing Ba and Ba reduce to

25
Ecgeom < B/ Callocr 8C>!g<eom < B/ Callocr

which follow from B > Bgeom. We decrease a > 0 further so that V3 (a+a) < at and
the conditions involving c¢prim j and the unperturbed image exponent hold, including
Mrate < Uc for every radius and initial segment. The cluster expansion with exact supports
imposes no further restriction on lengths. The rate a1 and | are unchanged.

Step 3: perturbation bounds, the fluctuation radius, and the final perturbation bound.
We choose a positive preliminary bound oy for perturbations that are real on real argu-
ments, inside the margins for the force, for the lower bound of the constrained Hessian,
and for the domain of its complex inverse in Lemma 19.3 and Theorem 19.9. Here and
in every later application, the incoming classical norm is taken on the incoming list D,
of active labels, with the lattices where its coefficient locations were introduced and
the volumes of its variables, at the uniform radius p.. The spatially varying radii are
output radii. In Step 9 we verity, using the coverage by large-field decompositions and
the substitution of frozen coordinates, that these are the incoming radii and compatible
complements after any number of RG steps.

The perturbation must be controlled at every value of the later parameters, not only
at the joint constrained minimizer. Let &1, > 0 be the minimum of the margins of the
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unperturbed solution and parameter domains, and let Ip and Cf??ce be the constants on
the larger product for the inverse and for the conditional force in Theorem 19.9; here
V1 is the zj-derivative, in the original free coordinates, of the function V in (21.12). The
estimate of that theorem, uniform over all y € 7j, gives

force

Oy = max sup|| A7 Vi(c, ar(c, y;8), y) lleoett < ToCpI 000l
yeT; (23.29)

Cseq,] (25‘/ + i’q,p) < Eube/ 2.

To obtain the last strict inequality, we first decrease 0p so that 2Cq, ]IOCgf}CG(TOpd < Etube/8
and Ion)‘ffceUOpd < min; r;/4. Then we choose 0 < 74 p < €qpe/ (8Cseq,]) inside the fixed
margin of the joint solution domain; the sum is then even less than e, /4. We decrease
0p also for the bound 1/2 on the error of the preconditioned Hessian, for half of the real
lower bound of the constrained Hessian, and for the domain of its complex inverse; these
are the coefficient bounds of Theorem 19.9 on the same larger product. Its contraction
at fixed parameters bounds every conditional displacement by 26y, and the sequential
conclusion of Lemma 19.3 applies at all such y with a margin of a factor two. In particular,
the chain of conditional constrained minimizers at zero fluctuation satisfies the coordinate-
domain conditions before the fluctuation radius is chosen. A smaller final o, preserves
all these conditions.

All derivatives here are taken in the active background variables and the free coordi-
nates, at fixed real frozen data b = (¢, brec). The incoming coefficients and charts are Borel
functions of b. At the initial step, the input consists of finite products of link variables
and the analytic charts of the classical action; at a step starting from a stopped measure, it
is the effective interaction, which is invariant on overlapping charts; and each later input
is obtained by substitution, finite products, and convergent operations on coefficients.
Integration over a fixed compact product of fluctuation balls preserves Borel dependence
on b. Indeed, after rescaling the balls to unit balls the measure is a fixed finite measure,
and the integral of a nonnegative jointly Borel function against a fixed finite measure
is a Borel function of the parameters; this is the monotone class argument given in the
proof of Theorem 21.10. Then the uniformly convergent Picard iterations in Theorem 19.9
preserve Borel dependence on b. No derivative in a frozen real parameter is needed.

On these larger fixed products, Lemma 20.3 and Theorems 20.14 and 21.9 provide
finite constants for the output, sequential, image, potential, and mean estimates, and for
the estimates of the support of the normalized fluctuation variables, uniformly for the
doubled classical bound 20y. Their dependence, described in item (3) of Definition 4.14,
excludes all later widths and all values of frozen coordinates. We use these bounds, rather
than bounds computed on the eventual small cutoff domain. The threshold e, ; and
the constant Cep, ; of Theorem 21.9 are fixed at this stage as well; the threshold already
contains the smallness C;j(r + Brec) < €p, that its proof needs for the Hessian bound
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(18.45) of Lemma 18.14, at the small representative, before the orthogonal transport to
the representatives used in the descent. The radius of the auxiliary box in that proof is
chosen there. The constant Cep, j is a bound for every covered large-field decomposition;
its conclusion for every point is applied only after the coverage is established in Step 9.

We fix all geometric constants at this stage. Let C,C’, Ry, ¢ be the constants of Theo-
rem 21.3. We take Ag > Rp + 1 so large that C'/Ag < 1/4, and enlarge it for the fixed
mesh at the initial step and the fixed margins for path lengths. This is a lower bound
independent of r and Brec. Let Cp > (1OM)] cover the lengths of all tree and transport
paths within one RG step, and set

Kp =2+ Cp(Ag+1), Ceol = CKY/ Ag. (23.30)

Every small frozen coordinate created at the first step after a stopped measure is a
product of a fixed number of current small links and of their at most | iterates under
Tym. By repeated use of the triangle inequality for the group distance and the factor 10M
per averaging step, it is bounded by C,q;7, where C,q; depends only on these fixed
products. The frozen coordinates at the protected initial step satisfy the same bound.
Older long transports are frozen group variables, not new small analytic coordinates.
Let Can,; > 1 bound all fixed conversions from group or transported coordinates to the
analytic coordinates at the lattice where a frozen coordinate was introduced. For a link
variable in the identity chart this constant is one, since |Log U| = pg(U); a fixed longer
product is bounded by its fixed length and its analytic derivative bound. We fix Ceony,
large enough for these conversions, including

CConv,] > Cad,]/ Cconv,] > 2Can,] Ccolz Cconv,] > Can,] Cad,]/

and enlarge it for the fixed transport paths and the protected frozen coordinates of
Theorem 21.5. We fix the mesh multiplier Cyeqn; 0f the initial step and the interior
restriction by the full dependence radius at the same stage. None of these constants
depends on a later width.

Every entry in the minimum defining Ry in Lemma 20.3 is positive at this J. On these
preliminary products and uniformly for ¢p, the common absolute coefficient majorant
gives a finite Dy,y,; > 1 for the derivative of the raw sequential reconstruction in its
scaled fluctuation inputs. Choose also Ry < graw/ (2Draw,;). Radial integration of this
derivative bounds displacement from the perturbed zero-input joint center by Dy, jRyy.
We choose Ry strictly below the preceding minimum as well, including the conversion
to the joint solution neighborhood and both product domains. Include in Cp, the
larger-product absolute coefficient row constant for the difference of the perturbed and
unperturbed reconstructions at output rates (#yate,b1) in Theorem 19.9. These rates
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satisfy its conditions by item (3), since Cyjoc includes its geometric constant. Then we fix
o« > 0 below 0y, below all preconditioned displacement margins, and below

—A*RW min __Pe .
6Cen,10c1’ o 64Cpepq

Require in addition ZIon,(ﬁce(T*pd < graw/2. For the final inputs, Jy < IOCf)(ﬁcea*pd. The
perturbed joint center is within 26y of its unperturbed counterpart by the joint case of
Theorem 19.9. Hence

26y + Draw,]RW < fraw,

which is the raw-coordinate reserve used in item (3), including displacement of the
center. If a constant vanishes, the corresponding upper bound is not needed. Only fixed
positive upper bounds occur. In particular, the perturbation term in the radius Ren of the
enclosing product domain is accounted for before the removed layer is chosen.

Step 4: boundary radii, removed layers, and frozen coordinates. We choose each outer
boundary radius so that its contribution is at most p. /16, and set py , = Rj /K. Since
aw e > 0, a finite common width w4 makes each contribution from distant parts of the
boundary at most pe/16. The torus contribution was made smaller than this in Step 1.
Once Brec is chosen below with Cr ¢ Brec < po/64, and since Cp 40:p < pe/64 by Step 3,
the sum at zero fluctuation satisfies

1 1 1 1 1 7
Ao s = s — - o — ~~le ° . .
00 < (16+16+16+64+64>p 3P < Pe/4 (23.31)

The individual bounds give the full sum condition of item (5), with every summand
counted.

The brackets in the two inequalities for s¢; are fixed finite numbers. For example, if
Y = Aj(14+ E) + Kjox + 1, then ser > 1+ a~log(4Y /o) suffices for the first inequality,
and the same calculation with Y = A?l + K;la* yields the second. We take an integer
above these bounds and above max(2, wyq). If a bracket vanishes, its inequality holds
already.

We now choose Brec > 0 below the minimum of the coordinate-domain, product, and
boundary radii and of the bound ARy /(6Cen,) used for the radius of the enclosing
product domain. On every label with reduced radius, Brec below one quarter of the
corresponding inner boundary radius makes the frozen fraction at most 1/4. The bound
for the boundary-completion difference in Lemma 18.9 is 8BccEe /pe at uniform radius;
the fixed conversion to the spatially varying radius changes only its constant on the
larger domain. This is part (2) of that lemma. Its hypothesis on the torus rate holds for
both functions, since their torus norms have the rate ay and /3 (a+a) < at by item (3).
We fix a constant G, > 8 for the simultaneous substitution of all frozen coordinates
and every required conversion, including the boundary layer, the neighborhoods where
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gauge transformations are extended at the lattices of introduction, the based transports
of frozen links across the boundary, and the initial step. If these substitutions are made
in several fixed stages, we take the sum of their converted bounds in this constant. The
number of frozen labels, of components, and of earlier RG steps does not enter, since the
estimate of Lemma 18.9 already bounds the union. We require

1
Cbc,oEO,Brec/Po < 0./8, ﬁrec < Zmin{Po,Pa,.} (. S {q/ Cl}) (23.32)

Then the sum of these differences is below the bound ¢ /4 required in item (5). We also
require Brec < min(7w/4,€enj/4), where €en g is the fixed margin of Theorem 21.9. The
geometric argument of Step 6 provides these bounds in the analytic coordinates at the
lattice of introduction. We include the bound for frozen coordinates used in (23.31). All
these choices are compatible, since each is an upper bound with a fixed positive right
side.

For a large-field decomposition with the hypotheses on incoming radii and boundaries
verified in Step 9, these conditions preserve the initial norm bound. If the input norm
is at most o, the last nonlinear term in Theorem 20.14 is at most one after the coupling
bound is chosen in Step 7. Then its output is bounded by Y, and its output after removal
of the layer of width se, is bounded by ¢ /2. Adding the boundary-completion difference,
we obtain at most 30, /4. The classical calculation uses Y! and gives the same bound
30 /4. The initial norm is at most o, once the initial substitution has been checked.
Step 9 provides this initialization and the input hypotheses at every step, so no errors are
summed over earlier RG steps.

Step 5: the majorant of the reconstruction maps, the working radius, and the support

radius. The coefficient constants of Lemma 15.16 were computed on the fixed larger

domains. Recall that a, = Ccp/B. Since B > 3 and C%P /B < 1/4, we have 0 < a, <

1/ (2\/§ ) < 1. For the coefficients in that lemma, the choice of B; gives, for every m > 2,
Ar (-

“*ﬁ?ﬂil > [X*IX—]R (m=2)

274
«Rj

= A,R;m,

where we used B; > A;/ (a*R%) and B; > Rf_l. The linear term is also bounded by «..
This proves the majorant ¢ in (23.4) and its derivative bound at every fixed input, in the
volume normalization of that lemma. We choose 7.¢ > 0 inside the domains of item (3)

and below (1 —ay)/(8B). Then Bjres < 1/8, and we have

e 64

sup ||DP(0)|lroot < ¢/ (rets) = (1= Byres)? = ot
e

[0 <ref

32
AmapVB < 5 (23.33)

We choose r below all positive bounds displayed in item (6), including the bound from
path lengths, the bound from frozen coordinates, and r.¢/4. Further upper bounds used
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for the protected neighborhoods below are imposed in the same choice. In particular
we require 8B[ Ag/r] > max{ser, Dgep,j }, 50 the width W in item (7) covers the removed
band and all fixed dependence radii in the stated W-based counts. We include r <
min(1, €en j/4) and

Kir/Ag < c, Can,jCeol? < Brec/2, Cad,j" < Brec, (23.34)

which hold after decreasing r, since all constants in (23.30) are fixed. In particular,
Brec > Ceonv,j7- With Ryyf = Crap,jr and a fixed Crapy > (10M)/, the requirement
Rpys < p and the margins of the larger charts are again upper bounds on r. No lower
bound on r occurs.

We also choose the radii P and Qpg explicitly. On a fixed smaller joint product, the
bound of Lemma 15.16 provides a finite Cgee; > 1 such that the free increment of the
reconstruction is at most Cgyee j max;|J;|. For |v] < r we have

~ Kyt 32 r r

p <—— <= =<,

POl 15731775 <3

where we used B;r < 1/32 and, in the last inequality, B > 3. For the torus map of
Theorem 13.2 we also take Cr < 1/2 and r < min(r;/4,1/(4Cj)); by the J-uniform
condition we have B~1Z(r) < 2Cr/B < r/3. We choose

0 < Opbs = qpB,J7, qo,; < min{1/2,1/(12C¢ee ), 1/(24Cy)}. (23.35)

Then r + Qpg < ry and 1 — C;(r + Qpp) > 1/2. The majorant of the free part of the torus
map is then below 2C;Qpg < /12, and the hypotheses of Theorem 13.2 for coarse fields
in B, hold, including the domain before the pole of its majorant and 9%;(r, Qpg) < /2.
The same Qpp works for the free part of the reconstruction maps, since Cgee, jQpp < 7/12.
We take P = Qpg/2, decreasing the fixed proportionality factor if necessary so that
every intermediate coordinate-domain condition holds. Then every input logarithm
is smaller than /3 +r/12 < r/2. At zero coarse field and zero fluctuation all these
intermediate maps vanish, and their finite coefficient bounds at fixed | and the positive
margins of the coordinate and product domains justify this simultaneous decrease. It
is made when r is chosen, before the coupling. Both torus enclosing constants %, and
£, of Definition 14.4 are fixed on the larger domains. Decreasing r enforces every
imported gate displayed in item (6), including the quarter-Hessian margin at the larger
torus comparison radius. These choices are separate from the regional enclosing radius
Ren. The remaining term #?(1 + E) is controlled in Step 7.
The three contributions to the radius of the enclosing product domain give

A«R 2C
r—+ ﬁrec + 04pq < oW Ren = en,J

2Cen)’ (1t Brec +0vpa) < R (23.36)
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For either radius, each of the two terms subtracted in the denominator of item (6) is
at most 1/4, since Cr+.K«pe < 1/4 and, by the choice of Ry, CreRyw < 1/4. The
denominator is then at least 1/2, and the increment from the fluctuations is at most

(ZCT,. + CA,O)RGD < (ZCT,. + CA,.)RW < Pe /8.

Together with (23.31), this gives the bound 3p,/8 at spatial exponent zero. Write S)
for the absolute image row of the unperturbed reconstruction at exponent b, and AS,
for the absolute coefficient row of the difference of the perturbed and unperturbed
reconstructions on the same products. The interpolation of Lemma 19.7 and (23.28),
applied to the unperturbed coefficients, gives

Siese < Soc < (V3/4)pe,

Mrate —

where the choice in Step 2 includes mte < 9c. Applying Theorem 19.9 at output rates
(Mrate, b1) and the bound on o in Step 3 now gives

V3

1
ASmrate S CP,.U*pCl S p./64, Smrate S S%rate + ASmrate < (T + 6_4) p. < p./z.

This is the required absolute weighted image bound for both input functions on the entire
enclosing product. The higher exponent included in cprim j belongs to the unperturbed
construction; inherited perturbative networks use the separate inequalities against Ba
and Bu.

Step 6: widths, the curvature threshold, and the large-field decompositions. Let R,
W, 0, and rr be as in item (7). The initial choice of r already requires W > max{ser, Dgep, it
so the removed layer and the fixed dependence neighborhoods fit the W-based coverage
counts. Enlarging the removed width to ¢ also decreases the left sides of its exponential
inequalities. We now verify the geometric hypotheses of Theorem 21.5, using Theo-
rem 21.3 for the neighborhoods in which gauge transformations are extended. Here
Ree1 > Ry, and the output side after each RG step must be at least 8Reyj; both follow
from the choice of Ag and from the minimum side in Step 11. Whenever ‘SRgell <1 and
n < Cpr, the constants of the estimate on large cells satisfy

Kr =1+ 77Rcell + 5Rze11 < K,

, ) o (23.37)
KR/Rcell < KBi’/Ag <., CKR /Rcell < Ccolr < ﬁrec/(ZCanJ),

where we used rRq) < Ag +1r < Ag + 1. Away from the two prescribed boundary layers
of cells, the bound is C'/Ree < r/4. Then the fixed conversion for products of links and
(23.34) give the margin r/2 in the bulk and the bound for frozen analytic coordinates
required by Theorem 21.5. These small representatives are used only for their existence,
not for a change of variables in a probability.
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To protect older data, we mark, in each lattice where data were introduced, both end-
points of every older frozen link, both endpoints of every transported frozen coordinate,
and all prescribed tree roots and coefficient locations attached to frozen records. We
exclude every current block of the coarse lattice whose centered lift to any of these lattices
meets a mark. A gauge transformation supported in the remaining active blocks has a
lift that is constant on blocks and equals the identity at every mark, by the corresponding
clause of Theorem 21.3; hence every older frozen link and transport is preserved exactly.
The newly chosen roots of the current constraint coordinates are fixed separately by the
current based gauge, as in that theorem; they are not added to the persistent exclusion
marks unless attached to a frozen record. The endpoints of the current links across the
boundary are fixed by the target-dependent gauge of Lemma 19.5, and their records are
protected at subsequent steps if those links are frozen. The union of the persistent exclu-
sions protects the data of all earlier RG steps at once, without a product of losses over
these steps. Every protected frozen-record vertex on the current output lattice is either
in the fixed complement H or in its two-block neighborhood: blocks whose lifts meet
an older mark were excluded, and the current boundary endpoints lie in the adjacent
protected band. Hence the cutoff of Lemma 19.5 vanishes at all such vertices outside
H; its three-block transition band and the fine-link endpoint buffer were included in L;
before the widths were chosen.

We fix the block-aligned input mesh S = B|Cpesh jReei/ B|, where Cpeghj > 1 was
fixed in Step 3, large enough for the layer of large cells around the active blocks and for
the full dependence radius of the constraint, tree, and transport paths. Then R,y < S <
(Cmesh,j + B)Reelt, 50 S < Reepy- At an initial RG step from the Wilson measure, the input
side ninpyt is divisible by B. When 7i,put > 8S, this mesh partitions each coordinate circle
into block-aligned intervals with lengths in [S/2,2S]: we distribute the Ninput/ B blocks
among |7inpyt/S] intervals as evenly as possible.

At the initial step, the procedure of Theorem 21.5 tests the input plaquettes before a
representative is chosen, and keeps only those closed large cells whose full dependence
sets avoid the excluded dependencies. Every plaquette of the resulting complex, including
each boundary plaquette, is tested good. We restrict the active blocks to the interior by
one full layer of large cells and by the fixed dependence radius. This places every
plaquette that depends on an active variable, and every relevant constraint, tree, and
transport path, inside this closed complex. There are no older protected data at the initial
step. The curvature condition below implies the estimate on large cells there, and the
remaining complement consists of arbitrary compact data. This is the initial covering
construction of Theorem 21.5; it is not a restriction of the Wilson measure to D,.

The three upper bounds dsg, B/ (96M?3), and 62/ (27?) for dey: are fixed and positive;
the first is given explicitly below. Since d. = dcyt/2, the mesh condition v/2d,5% < 1
is the additional bound dcy; < 1/(7r25%). Since S > Ry, it also implies T/2d, Rgeu <1
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for the estimate on large cells. For the link bound r/2 we use Theorem 7.7 with support
radius r/2; one may take

dsg = min{d3-/(27%), r*/(81927*C&5)},  m > 8Csg /7,

where the second condition is a condition on the side m. Strict inequalities in the threshold
and in the side give the link bound r/2. The constants Ky, Ky, xo, c‘}ft, aw, Ky are those
of Theorem 22.4 for arbitrary fields. Its hypotheses require the Borel extension of Ty,
and complete predecessor patches, both of which we use. We use no improvement of
K based on tests at an untested stopping level; such an improvement would require an
energy hypothesis at the base and tests at the top plaquettes.

With these conditions, Theorem 21.5 gives, for each finite sequence of RG steps starting
from a stopped measure or from the protected initial step, a finite Borel partition of the
support of the starting measure into large-field decompositions. Its tests use the iterates
of Ty, including its Borel extension, and every test is kept. Its geometric constants Cf(;e, i
do not depend on the widths, and the counts keep the widths explicitly:

RH—I (f) < B_lRt(f) + Cpre (W + Rcell + 1)/ Rfirst(f) < Cpre (W + Rcell + 1)/

cov,] cov, ]
Nﬁrst(f) < Cfcf\e/,](BW + Rcell + 1)3/ Nlater(f) < Cf(fs,](w + Rcell + 1)3/
F]pre - CE;E,](W + Reenl + 1)3'

(23.38)
Here, for a threshold failure f, R¢(f) is the radius of the neighborhood attributed to f at
the output of the t-th following RG step, and Ry (f) is its radius at creation. The counts
Niirst(f) and Niaeer(f) bound the numbers of labels of normalization factors attributed
to f at its creation and at each later step, and F})re is the preliminary affected-plaquette
count before the stopping family is chosen. The affected sets include the full excluded
neighborhoods: the protected neighborhoods, the touching cells, the boundary layers of
frozen coordinates, the links across the boundary, the cores enlarged by the fixed layer,
and the attachments at the lattices of introduction, together with the closed excluded
sets at the initial step. They are not just the smaller predecessor sets used in the energy
estimate. These are preliminary geometric bounds. Step 10 will enlarge them after fixing
the finite stopping family, to count discarded insertion plaquettes whose full dependence
sets meet these excluded sets. The family of remainders is bounded independently of
the number of averaging steps. The enlargement preserves the displayed polynomial
dependence on widths and subadditivity under unions; those final counts determine Fj
and Cg,; without changing the earlier geometry or local analytic constants. The only
side conditions used for this cover are 8R . for outputs and 8S for the input at the initial
step; both are imposed in Step 11. If the active region is empty, the construction stops,
and all its frozen data are kept.
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Step 7: the coupling bound. With A,, fixed, we set CIIOg = Aw(J —1)log M/2, so that

pT = Ay log(1/t) + CIIOg. All fluctuation products used with Theorem 20.14 have radii
p(t) < pi < p*. Let Crem,j be the fixed quantum remainder constant in the outgoing
bound of Theorem 20.14, distinguished from Cy,,,; and Cip,j. In the choice of the coupling
bound we impose the two remainder conditions also with p*:

Cre?[(pT)* + E(p*)?] < (1 —qca)/2,

(
Coem2(E+0)[(p )+ (E+0)(p )2 <1, tp* < Ren. (23.39)

These imply the conditions of item (8) with the common radius p(t) and the conditions
for every product in the family of logarithmic radii. No radius of size Ren/t enters a
cluster expansion: the enclosing product domain is used only for the Hessian, for the
mean, and for the comparison with the auxiliary measure. Every inequality of item (8)
involving t, after multiplication by a fixed positive denominator if necessary, is bounded
by finitely many terms Ct¢[1 + log(1/t)]¥. For the interaction radius, for example, we
tirst impose C ]iprr < 1/2; then its denominator is at least 1/2, and

s(t) <2Cpt[(p*)> + p* + (E+0)p’] — 0.

The other bound for discs has the same limit. We apply Lemma 23.1 to all these inequali-
ties, to tp(t) < P and tp* < Ren, and to every fixed bound for free coordinates, for these
coarse-field derivatives of the normalized log density on the fixed fluctuation product,
and for Jacobians. We choose ¢, for the two conditions on the potential and the mean,
and then g. < t, for the remaining inequalities. These include the curvature condition of
item (8) involving t2(1+ E), the conditions g2 < ayw, g2 < 2k, and apg. < min(r/2,1),
and the bound t[p(t)® + Ep(t)] < c./2 for the auxiliary discs, with the constant c, of
Theorem 13.5. For the bound on the reconstruction amplitude in Lemma 15.16, let T be
the fixed ceiling of (15.36) and require g. < 7. In particular tp(t) < vy and the forcing
bound below hold on the same joint-product domain. We require in addition

Cfree,]tp(t) < (1 - amap)reff/4' (0 <t< g*), (23.40)

which is possible by the same argument. Together with by < 7 < r¢¢/4 and amap < 1, this
is the literal forcing and input-domain hypothesis of Lemma 15.16; its induction keeps
the amplitudes below reg/2. All these conditions hold on the interval 0 < t < g,.

Step 8: the effective interaction on the torus. We now attach the constants to the re-
cursion that defines the small-field event. We start with Ry = 0 and use the common
fluctuation product p; = p(t) and the full formula for the auxiliary integral in Theo-
rem 13.5. At every step the input effective interaction is invariant on overlapping charts,
has vanishing first derivatives at the identity, and has the total color, translation, and
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inversion symmetries; these hold at Ry = 0 and are preserved by that theorem. Its
hypothesis on the enlarged image is (23.27), and the unscaled fluctuation inputs lie in the
product domain by the coupling conditions of Step 7. The conversion of coefficients at the
same radius is valid by the checks of supports and symmetries in Step 1. If B, 4, (Ri) < E,
then we have

Bp,aqr (Rk+1) <

<

G +qcaE + Cr?E[p(t)* + Ep(t)?]
( (23.41)

Nl—= 0O

1
—gca)E+gcaE+ 5(1 —qca)E =E,

~—

where we used Cg < (1 —gca)E/2 and item (8). The norm does not change when a
constant is subtracted. This proves the bound, at the fixed radius and with the torus
rate, for every incoming and outgoing centered torus reference interaction, including
initialization and the terminal output of every finite chain. By monotonicity it also holds
at the smaller regional rate; thus the ceiling required by Theorems 20.13 and 20.14 covers
both ends of every step. The constants Cg and Ct were chosen after | and the outer radii,
and neither was used to choose ].

We apply Theorem 14.6 to the same parameters. The condition on the product for
coarse fields in B, was checked in (23.35), and tp(t) < P and the intermediate margins
for coordinates, the classical action, and the Jacobians hold. The support of the starting
measure is D,, the fluctuation cutoff is the same common radius, the constrained Hessians
are the same positive Hessians of the classical action, and the triangular determinant
and the constant A.,oq are unchanged. At every coarse field in D,, the integral of the
Wilson density over the fiber of the block averaging map, restricted by the conditions
of the small-field event, equals the auxiliary integral just used. At preceding classical
depth a] we write r,;; = R; — R;(I). The stopped measure used as a starting measure in
Theorem 22.1 is then

’Z—llDrefEa],sat/gZ,rg],sat dH, Bp,aqr (ra]) < E, (23.42)

where the subscript sat denotes the gauge-invariant extension to D,. All removed values
R,(I) and all constants from coordinates and Gaussian integrals stay in the normalization
constant. With the convention that unnormalized densities are written exp(A — E/ gz —
R), the update is A1 = Ag +10g Acoord — R+(I). The same holds at every allowed
starting side and preceding depth, since the two cited theorems are uniform in these
parameters. In particular, this is the recursion on the torus used in Theorem 22.1; no new
analytic class is assumed.

The reconstruction maps give the same effective interaction. At coarse fields in B,
invariance on overlapping charts and the gauge transformations depending only on the
coarse field preserve the full fiber integral, including its constant, by Theorem 15.13. On
the common outer domain both auxiliary formulas are holomorphic. Equality on a real
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open ball of coarse fields implies equality of all real Taylor derivatives there, and hence
of the holomorphic series. Their nonconstant parts, and the bound (23.41), coincide; no
J-uniform bound of all orders for the reconstruction maps is used in this identification.

Step 9: the hypotheses of the regional estimates. We take the large-field decompositions
of Theorem 21.5, with the geometric conditions verified above. The controlled analytic
functions are evaluated in the simultaneous gauge representatives, provided by the
cover, in which all frozen coordinates are small. The protection of Step 6 preserves all
older frozen data and their attachments exactly. The new analytic coordinates in the
neighborhoods where gauge transformations are extended have the bound checked in
Step 6, and Ceony,) > C,q,; covers the initial representative of size r (not r/2) after a
stopped measure. Frozen logarithms of single links have Euclidean norm equal to their
group distance, and the larger constant C,y j covers the other fixed products. We conclude
that every substitution of analytic frozen coordinates, including the initial one, satisfies

|cj]j| < min{Brec, Po(j)/4} for both spatially varying radii. (23.43)

Plaquettes with energy of order one and arbitrary distant data are frozen group variables,
and they are never substituted into an analytic coordinate. We do not claim that an
arbitrary independent gauge transformation at the endpoints preserves the norm of a
frozen logarithm. The bounds for small frozen coordinates are used in the simultaneous
representatives provided by the cover, with older marks fixed; for a positive-length
decomposition, the later comparison of measures follows from Theorem 22.10, after the
density bound at representatives satisfying the reconstruction identities has been replaced
by its gauge-invariant upper bound. Color rotations at the roots, without perturbation,
preserve the relevant free norms, since they act by isometries of the adjoint representation.

At a step starting from a stopped measure, the incoming action on the torus and
(23.42) have no boundary perturbation before the substitution. At a step starting from the
Wilson measure, Ry = 0 and the active Wilson action is the exact restriction; the action
of the fixed complement stays with its compact variables and its normalizing constant.
The first substitution of analytic coordinates creates only the stated boundary-completion
differences. The initial boundary norms are at most o, by (23.32), with their constants
kept in the full action and in the normalization constant. This proves the initialization
X0, xgl < 0y for both kinds of starting measure.

After each substitution at the output, the zone of reduced radius is removed, and all
remaining labels have distance at least ser > wpg from the fixed complement. Lemma 18.9
then gives the uniform incoming radii p and p on the next list Dj, of active labels, with
the lattices of introduction of its coefficient locations and the volumes of its variables. This
is the uniform input norm required in Theorem 19.9; no derivative is estimated with a
reduced radius at the boundary of the output. Its adjustment for the completion adds only
the boundary-completion difference already accounted for, and we have X°(P) < 20,.
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The input for the effective interaction has X'(f) < o, and its part on the torus is the
effective interaction in (23.41).

Theorem 21.5 also places every older incoming complement and its older coefficient
locations in the next current fixed complement, up to its fixed buffer for the dependence
of paths. In input units this gives, with B; = B for each integrated step,

dDin(i) > Bdcurrent(e) —B dist(e,i/B) — Cbuf/]. (23.44)

Indeed, a point of the older complement nearest to i, divided by B, lies in the current fixed
complement up to Cpyf,j/ B, 50 deurrent(i/B) < (dp,, (i) + Cput,;) / B; the triangle inequality
from e to i/B and a rearrangement yield (23.44). Additional fixed complements only
enlarge the current complement and preserve this implication. At an initialization without
boundary, the input marked by the boundary vanishes. The input norm and the norm of
differences use this same list and uniform radius, and every input image and connecting
segment lies strictly inside it, by the weighted image bound of half the radius and the
product domains of Step 2.

We conclude that the hypotheses of Theorem 19.9 on conditional displacements, frozen
real data, uniform radii, and boundary compatibility hold after any number of RG steps.
The inequalities for the rates required there are included in the choice of rates in Step 2
and in Myate + b1 < Cprim,j/ Calloe- For each integrated complete RG step and its fixed
torus reference we use the common radii p; = p(t). Products with other logarithmic radii
are used only for local auxiliary comparisons with the same product in the regional and
torus integrals; they are not iterated as the fixed torus reference recursion. By the bounds
(23.29), (23.32), (23.39), and (23.43), all hypotheses of Theorem 20.14 hold. Combining its
output estimate, the removal of the boundary layer, and the new boundary-completion
difference, we obtain the recursion with bound 3c; /4 of Step 4. By induction, these
hypotheses hold again at the next complete RG step with the common cutoff product.
A local auxiliary matched-product comparison supplies no additional fixed-reference
equality or iterated ceiling.

We now apply Theorem 21.9 to each covered large-field decomposition. Its con-
struction hypotheses and its hypotheses on the two images have been checked, and
r + Brec < €en,j by our choices. For every point of every fiber in the support, over
compatible fixed data, we have g;|w;| < den by that theorem. Since g; > A.t, this implies

|wi| < 5en/()\*t) = Ren/(Zt)' (2345)

Conversely, every point of the enclosing product domain satisfies |;w;| < Ren. The full
coordinate, sequential, and image margins apply on the enclosing product domain, while
the points of the support keep a margin of half the radius.

By Lemma 20.3, on the enclosing product domain we have

Co(Ren +t2Ly) _1/16+1/16 8 1
< = =< -,
(1—ARen)* — (1-1/4)3 7 2

||DZZU(V - |w|2/2)||row,col < (23.46)
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where we used Ren < Ry < 1/(16Cy), Cot2Ly < 1/16, and AR < A/(16Cy) < 1/4,
the last since Cy > 2A%3 and A > 1. The separate condition for the mean also holds.
Convexity is asserted only in the fluctuation variables; all inverses above are inverses of
constrained Hessians in the free coordinates.

We also check the hypotheses of the comparison on the enclosing product domain in
Lemma 21.12, which compares the outgoing density with the integral over the fluctuation
cutoff domain. Its hypotheses are those of Theorem 21.9, verified above, the conditions
on the enclosing product domain verified in Steps 5 and 7, and an incoming density
bound (21.32). At the first RG step after either kind of starting measure, this bound
holds with equality. At a later step, it is the incoming bound at the representatives
satisfying the reconstruction identities provided by the induction from fine to coarse
scales in Theorem 21.13, whose hypotheses are the conditions verified in this step. We
next check the measurability required by the comparison. For fixed finite geometry and
fixed real frozen data, the enclosing product domain K = []; Bgs(0, Ren/t) is compact
and has finite positive Lebesgue measure when an active fluctuation coordinate is present.
The support and the fluctuation product are Borel sets: the tests of the decomposition
use finitely many Borel iterates of Tj; and finitely many inequalities, and the inverse
coordinates and their dependence on frozen data are Borel by Step 3. Every indicator of
a support or of an event of the decomposition is a Borel function x with values in [0, 1].
The conditional fluctuation potential V is real and smooth on a neighborhood of K, by
the margins on the full product and the positive real constrained Hessians. In particular,
for fixed data there exist finite numbers Vinin and Vimax bounding V on K, and

0< e_Vmax|’C| S Z’C — [Ce_v(w) dw S e_Vmin|]C| < ©0. (2347)

No uniform bound on these extrema is needed for the normalization. The integrand is
jointly Borel, and integration over each fixed compact product, after rescaling its balls
to unit balls, preserves Borel dependence on the parameters, by the fact on parameter
integrals recalled in Step 3. The comparison then applies to a measurable finite normal-
izing constant. For an empty active region the product has mass one, the nonconstant
norm vanishes, the determinant is one, and the fluctuation integral is one. All factors
independent of the field keep their places in the normalization constant.

Step 10: stopping levels and the insertion interval. We fix the finite family of stopping
levels and remainders of Theorem 22.1, with finite constants for side ratios and conver-
sions. Explicitly, for a scale j and a starting level b divisible by ], let t,jign = J[(j —1)/]]
and upp = j — 1 —tagn € {0,...,] — 1}. For each fixed offset rstop € Np of the family, put
tstop = falign — "stop - When tsi0p > b, integrate the full RG steps from b to this stopping
level. Every integrated step consists of | averaging steps, and in this case the remaining
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insertion at the stopping level is

C s Q]T(T;Zmpmphc)’ = M/ Fihehy, g, g € AN (23.48)

n tstop

Indeed j — 1 — tsiop = Tstop) + Uph, and every level between fsop and j — 1 belongs to
the given finite sequence of lattices, whose last side is n; 1 > u > 4. These iterates
of Ty are defined, with the required pairs of integer lattices; a large side alone would
not justify this. We use the conversion of predecessor sets for arbitrary fields, with its
tixed constant K., without adding a regularity test at the stopping level. The side ratio
to nj_4 is Mstop/Fiiph < Xx, after taking the maximum over the fixed finite family. If
tstop < b, we apply the clause of the same theorem for a bounded side ratio at the starting
measure, with the exponent j — 1 — b and the side identity n;, = Mi—1-b nj_1; in this case
the exponent is bounded by the same fixed bound. Every remainder is kept as part of the
insertion, and none requires an integrated step of fewer than | averaging steps, a short
recursion for the normalization constant, or a new output radius.

We include both the predecessor insertion and the total-action insertion of Theo-
rem 22.1 and Corollary 22.9. For this now fixed finite stopping family, enlarge CF'°

cov, |
and F}D " to constants Ceoy,; and Fj covering every discarded insertion plaquette and its
full dependence set. The enlarged constants still satisfy the bounds of (23.38) with the
preliminary constants replaced by the final ones. They also fix the label counts Dy, D; and
the layer factors xay, Cl/ay, ; in the proof of Theorem 22.1. Choose Cgh,j to dominate the
fixed multiple of (Do + D1)(1 + Cllay, 1)(Ciab + Ceom) in (22.21). These are enlargements
of bounds on the existing sets, and change no earlier analytic constant. With the final
count Fj and charge constant already fixed, choose sy > 0 in the full interval of Theo-
rem 22.1, in particular with soKy < 1/4 and sg < OCiftd*/(16F]), where 8 = 1/2, and
we impose sy < ko /(2max{Ky,48K; }) for the total-action insertion. Each bound is fixed
and positive before the coupling.

If tsiop > b, fix a covered large-field decomposition of length ¢ = tgop — b, with the

set F of coarse links kept at the stopping level. We use the list Porig = 73].7:1 atscalej —1

and Qorig(V) = Q]T(lev; 1717V), with the coefficient 4/h,,; ,. The exponent and the side

identity in (23.48) are the hypotheses of Lemma 22.8. Using the full excluded sets and
the enlarged count in (23.38), we obtain, at every value (c, brec) of the coarse field and the
frozen coordinates,

Qorig(V) < KwVir(€)/gm +8F Y ng /vy, m=nuy,, Kw=48K/aw, (23.49)
fex

where &' is the set of threshold failures of the decomposition, 7y, is the side at which
f was created, and V,,.r is the compact minimal action of Lemma 22.8. For 0 <s < sy,
write ¥ = Vm;p, As = 1/2—sKy € [1/4,1/2], Py = 49C2Ctd*, and Hy = angf/’)/. At
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every value of the coarse field and the frozen coordinates, the action bound and the
gauge-invariant threshold tests imply

Fr(c) Ye(e) SRy, (23.50)
287 sn 4

Indeed 0Ay > PyHy by the threshold tests, and 8sF; < Py/8 < Py/4. We use this
inequality in the sense of image measures, as in (22.16); no factorization of the full
insertion through the coarse variables is asserted. The invariant density bound without
weight has been extended to the whole configuration space before this multiplication.
We complete its Wilson factor once, at the coefficient A, using (22.17). The scalar and
completion factors attributable to the threshold failures are at most PyH y /4 after the same
choice of minimum side, which leaves a,.tHy with a,t = Py/2. The constants for the
stopping partition-function ratio are chosen uniformly for As € [1/4,1/2], with g2, < aw
and the fixed coupling bound ganc. The denominator is the same centered trial integral
on the torus, and the partition function Z, of the starting measure is unchanged. This
positive-length argument uses only the positive action bound, and it adds no constant
and no further surface logarithm. It includes decompositions that acquire an empty active
region after initialization. When tsop < b, use instead the direct initial-measure bound
of Step 7 in the proof of Theorem 22.1, for both stopped and Wilson initial measures; no
small terminal representative or reconstruction-family envelope is invoked.

We define s, a;, and ¢ as in item (9). The full affected sets were fixed before this
sequence of choices: an enlargement for the finite family affects only these later choices
and Cy, Cs, Cp, nmin, Never | or an earlier analytic constant. We apply Lemma 23.4 with
I' = 79 to obtain the moment constants and their common minimum side; its hypotheses
on the local product domains, the protection of older data, the norm bounds, and the
insertions for the remainders have been checked above. Its surface coefficient is kept with
Cs > 912

SQorig(V) - —0Ax (brec) < —As

Step 11: the minimum side. All geometric thresholds, including 8R.e, 8S, 8Csg/7,
and every fixed margin near flat configurations, are finite lower bounds on the side.
We also fix a coupling bound 0 < ganc < 1 for the stopping partition-function ratios
of Theorem 22.4, on the fixed intervals of coefficients of the Wilson action used in
Theorem 22.1, whose lower endpoint is 1/4. It depends on the fixed torus domains, r,
the norm bounds, and that interval, and it is uniform in the depth, the side, and . We

take geng = min{1, g+, ganc, /AW } > 0 and impose

Mmin = 'YO/ggnd/ 8m = v ’Y/m < Send (ﬂ’l 2 Nmin, 0< Y < 'YO) (2351)

This verifies the completion at the stopping level, the uniform bound on the stopping
partition-function ratio, and every coupling bound of an integrated averaging step. At
the output of a complete RG step we have g, = vV M tmax, and the coupling restriction
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at the stopping level is checked directly from the bound on the side; it is not inferred
from tmax < g« alone. The two side conditions of the cover hold separately: an output
after an RG step has side at least u > npyin > 8R ey, and an input at the initial step has
side at least > npyin > 8S. They need no congruence condition on u beyond u € 4IN; an
integrated step has input side Bm with m € 4IN, and every intermediate side is at least
four.

We fix rgye > 0 from Lemma 14.9, below r and below all fixed margins of one RG
step for the real classical action, the constraint, and the gauge transformations; these are
uniform in the preceding depth and are fixed before y. We impose, with strict inequality,

270/ Npnin < min{7r/2, rgac}- (23.52)

Lemma 14.9 then applies at every u > npyin and every finite K for the same parameters:
constant commuting links have distance at most 27 /u from the identity, the averaging
steps preserve their holonomies, all free normalized fluctuation variables vanish, and all
coordinate-domain conditions hold. This uses the uniform margin of that lemma near all
flat configurations, not an open neighborhood of the flat set that depends on the cutoff.

The factors attached to threshold failures and the ratios of the sums over decom-
positions are controlled by Lemma 23.1, with x = m/ and k < 2. The errors at the
endpoints in Lemma 22.12 have the forms C; X, and C;W, with fixed positive exponents;
the finite family of remainders adds only finitely many constants and ratios of scales.
Explicitly, for every transition 0 < a < K, we take the minimum side so large that the
exterior error z, and the cutoff error §, of that lemma are at most 1/4; the exterior error
is the positivity condition on d; in the comparison of Theorem 14.7. Then z, < 1 and
€ = 6,/(1—2z;) <1/3 < 1, and every rejection estimate and every domination by
reciprocals applies. The error €; of the regional comparison on the enclosing product
domain in Lemma 21.12 is likewise made at most 1/4; in particular, every reduction
through the auxiliary measure and its annular region has error strictly below one. We
make the ratios of successive envelopes at most 1/2, and the sum of the €, so small that
every reciprocal product has logarithm at most one; this achieves C; = 1 before the final
enlargement of 11,in. The measures for the initial segments are defined up to a = K, but
no quantity of a next transition is used at @ = K; when K = 0 these products and lists are
empty.

For the entropy, at m > 4 and x = m/y > e, the quantity A, (m) of (23.3) satisfies

A, (m) < Do(1+1logx),  Do=1+24C,M> + CsM?*(1 +1log M) +C; /8,

since 4/m < 1, 8/m> < 1/8, and log(Mm/v) = log M + log x. Increasing npin makes
this at most a,x/2, uniformly in 7. The ratio with exponent ¢ is made at most 1/2 by
(23.2). These conditions become stronger as the minimum side increases.
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Finally we keep the exact correction at the initial scale from Lemma 22.12. With
B=4N/v > 4N/vy > e, eight times its positive term divided by S is at most

Crr70 n 990 log(4N /o)
4N N2

— 0,

where we used that 1/ and log B/ are decreasing for B > e. We require this to be at
most d. /4. The positive term divided by f is therefore at most d. /32, and the exponent
at the initial scale is at most —pd. /32 = —d.N/(8v), at all larger sides and all couplings
in the interval. We choose npin € 4IN above this threshold and all preceding ones. The
logarithmic correction at the initial scale is not replaced by a bound along a fixed sequence
of sides.

Step 12: the reconstruction maps and the identity of coarse fields. The nested domains
and the tolerances for coefficients and derivatives used in Theorem 15.13 are fixed. Its
thresholds at fixed lattices can now be increased for the smaller inner image margins, by
Lemma 15.16: below the threshold the earlier bound holds, and above it the bound for
the limit plus the same fixed tolerance holds. This increase therefore cannot enlarge Ccp,
Aj, Ry, or B;. There are countably many pairs of finite lattices and preceding depths, and
we fix the maps on all of them at once, rather than choosing a new limit or threshold at
some coarse side. Each choice concerns classical maps on domains of free coordinates
and has no argument depending on the coupling, the field, or an observation. The coarse
tields, kernels, cutoffs, and Jacobians are preserved, by Theorem 15.13.

The bound on the reconstruction amplitude in Lemma 15.16 applies to these maps. To
check its parameters, we fix # > 1y, and let H = L/u, aj=H B~/, and g% = /L. Then

t = M(]_l)/2g3\/a_j, 7 =/ (Mu) < g2, tiy1 = t]‘/\/E/

where 7 < 9o/nmin < g2y < &2 < T2 by (2351) and Step 7. Here p(tj) > 1 and
tip(tj) < vo. The free input is at most ¢;p(t;), all products remain in the common working
ball by (23.40), and by < r. Then the amplitude bound and its sum give

b < Ceap,y [rell + 831/ p(t))],

bji—1 < Ceapy[r/(1 — o) + g3VH (p(t1) + 1)].
1

k (23.53)

J

The constant does not depend on H, u, v, or the length of the finite chain. We used the
deterministic bound of Lemma 15.16, not a stochastic bound at fixed H, and made no
new choice at a coarse side.

Finally, the path-length condition gives the identity of coarse fields, even before a test
that may fail. In a representative whose link distances are at most s, a product of / links
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has distance at most Is, by repeated use of the triangle inequality for the bi-invariant
distance. The two tree paths have total length at most 3(M — 1); adjoining the straight
segment of M links and the inverse of the reference path of M links gives the closed
paths of the based loop holonomies, of length at most 5M — 3. If (5M — 3)s < 7, all these
based loop holonomies have principal logarithms. In (4.3), the exponential of the average
logarithm then has distance at most (5M — 3)s, and multiplication by the reference
transport gives the bound (6 M — 3)s < 10Ms. Starting from s = r, induction gives the
link bound (10M )r before averaging step i < ], so the condition (5M — 3)(10M)/~1r < 7
covers each of the next | averaging steps. For a next RG step with 0 < a < K, the input
side is uBX=% = M/m with m = uBX=%"1 > ni, > 4, so each of these | averaging steps
has a valid pair of input and output lattices. There is no next step at a = K.

For an arbitrary input in D,, we apply this argument to a small periodic representa-
tive. Under a gauge transformation, the based loop holonomies are conjugated at their
basepoint, and their distances and their membership in the exceptional set are unchanged.
Conjugation commutes with the principal logarithm and with the exponential, and the
reference transport transforms in the usual way at its endpoints. The same covariance
holds for the Borel extension, since —1I is central. Then Ty and all its iterates are gauge
covariant, and the conclusion transfers back without taking a logarithm of the gauge
transformation. On an initial segment that passes the tests, the current coarse field lies in
D,, and the same argument applies to the next coarse field. The inverse coordinates in
Definition 14.4 satisfy the identity for one averaging step on this coordinate domain; com-
posing the | identities shows that the coarse field produced by the construction equals
TZ{/I of the finer field, even when a later cutoff fails. A gauge transformation depending
only on the coarse field and equal to the identity at the tree roots preserves this identity,
as well as the kernels and Jacobians, by Theorem 15.13.

All local estimates were evaluated before the later widths, and all side conditions used
tixed constants and the bound . This proves the stated dependences, and the absence of
any dependence on the number of elapsed RG steps, on shapes, or on depths. The single
choice of | used only the J-uniform geometric constants and torus rates, the J-uniform
series Z, and the finitely many coarse-field derivative bounds of the reconstruction maps
at zero fluctuation; the full joint norms and the norms of the gauge transformations
of the reconstruction maps were fixed after J. The full radii were restored only after
complete RG steps, and the remainders were included in the fixed family of insertions.
This completes the proof of Theorem 23.2.

23.7 Parameters below an arbitrary coupling ceiling

In this subsection we prove Theorem 23.5.
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Proof of Theorem 23.5. We start with parameters given by Theorem 23.2 with g = 1. The
argument works for every | obtained from that construction; it does not select a new
J. We keep its |, the analytic domains and rates on the torus and on block regions, the
margins of the product domains for free coordinates, the cutoff amplitude, the widths
of boundary layers, removed layers, and protected neighborhoods, the margins near flat
configurations, g, the interval for s, the family of remainders, and the numbers sy, d.,
ap, and ¢. Before the curvature threshold is chosen, d, is normalized to (0, 1], which
keeps the range of Theorem 7.3. The parameters include Ky and g2 < ayy, and the
stopping partition-function ratio is controlled for coefficients in [1/4,1/2] before the side
is enlarged. The deterministic column bounds come from Lemma 15.16; no stochastic
estimate is used in this choice. All these quantities are constructed from the local results
cited in Theorem 23.2, whose hypotheses concern g;, t, and fixed products and contain
no upper bound on 7. In particular, the classical constants, the coefficient constants of
the reconstruction maps, and the J-uniform constants are not chosen again using a later
probability constant. The reconstruction maps of Lemma 15.16 and Theorem 15.13 are
fixed on the same countable family of pairs of finite lattices; they depend on deterministic
domains, not on the coupling. Their exact identities and the margin 32/49 are unchanged.

At these parameters we apply Theorem 22.1 and Lemma 22.13 for the ceiling T,
without a restriction on the number of averaging steps. We obtain C,, Cs, C;, and we
set C;, = Cp + 1 +log2. Only the later probability constants and thresholds use these
constants, so their possible dependence on I creates no cycle with an earlier choice. We
choose the final side at least I'/¢2_, and above every earlier geometric and flat threshold.
For every side m > nr of a stopping lattice we have g3, = v/m < I'/nr < g2 4, and
also tf = v/ (Mni1y;) <T/(Mnr) < g2 4 < g%. These inequalities verify the coupling
bounds at the stopping level and for the integrated steps, respectively. The separately
imposed flat thresholds give 27t/nr < min(r/2,rg,). All inequalities involving local
small parameters hold on 0 < t < g, including every fixed power of t multiplied by a
logarithmic cutoff, and they hold at these sides on the new coupling interval.

We apply Lemma 23.4. At x = m /v > e we have

2 /
A, (m) = 24C,M? + LK:STM log(Mm/vy) + Sm_C; < Dy(1 +logx),

with the same Dy = 1+ 24C,M?> + C;M?(1 + log M) + C} /8 as in Step 11 of Section 23.6,
since m > 4. Lemma 20.15 makes this at most a,x/2 uniformly on x > nr/I'. The same
lemma makes all ratios at the endpoints at most 1/2 and the exterior errors at most 1/4,
and it makes the cutoff errors and the logarithms of the reciprocal products as small as
prescribed; in particular Cs < 1. The ratio over scales satisfies MBe—¢M-1)nr/T" < 1 /2,
The exact positive term at the initial scale, divided by p, is bounded by the vanishing
expression in Lemma 22.13. Finally, the constant th/ ; for the factors attached to threshold
failures at the ceiling I' is absorbed there, before the moment constants and the final side
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are used. All these requirements become stronger as the minimum side increases, and
we take their maximum, rounded up to an element of 4IN.

The amplitude bounds of Lemma 15.16 require only t = /(Mu) < g2 and the
common working ball. The coupling condition just verified provides this, and under
this hypothesis the bound is uniform in H = L/u and g3. The conditions from path
lengths and the coordinate-domain conditions are deterministic in #, M, and J, and they
are unchanged. The conditions listed in this proof are the only places where the proof of
Theorem 23.2 uses the bound y < <. Hence every conclusion of that theorem holds, with
the same local dependences and with the fixed I' entering only the probability constants.
No support radius or reconstruction map changes at a larger coarse side. O

23.8 Every sufficiently large number of averaging steps

Section 29 compares the limits obtained along the sequences 1, M/K for two consecutive
values of ], so it needs the construction of Theorem 23.2 for every sufficiently large J. No
uniformity of the constants in | is asserted.

Lemma 23.14. Fix L > 0, an odd integer M > 3, a ceiling 0 < I' < 1, and the J-uniform
constants in item (1) of Theorem 23.2. There exists a finite Jy such that, for every integer | > Jo,
there exist a tuple ©j, a positive local coupling bound g, j, and ng; € 4IN, chosen before the
coupling and the side, for which all conclusions of Theorems 23.2 and 23.9 hold with B = M/,
simultaneously for

0<y<T, u€dN, u>ngy, N =uBX, K>0.

In particular, two consecutive values of | can be fixed before -y is varied. Neither the tuples nor
any later constants or thresholds are asserted to be uniform in J.

Proof. We verify the additional quantifier “for all | > J” in the proof of Theorem 23.2;
it is not inferred from the existence statement. We fix the outer rate on the torus, the
boxes, and the analytic-radius enlargement factor K,. The series for the conditional
constrained minimizers at zero fluctuation of Lemma 11.9 and Theorem 13.2 has a
J-uniform majorant Z(v) < Cv/(1 — Cv) and a J-uniform spatial rate. The finitely
many coarse-field derivative bounds of the reconstruction maps at zero fluctuation, as
opposed to the full analytic norm of their gauge transformations, are also J-uniform, by
Theorem 15.13 and Lemma 15.16. The additional identity at fixed | for hierarchical trees
in Lemma 11.9 does not change its J-uniform series, and only that series is used here.
Thus all constants in the following list are fixed before J:

B Z Bgeomz CP(‘ZT)/B < 1/4; ngp/B S 1/4/

T 7 (23.54)
CeK./B < 1/32, CgeombT/B < ar, Ccen/B < 1/8, B < (50(1171").
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These are the conditions of item (1) of Theorem 23.2 and (23.25); the rate at < dcen/8 and
the threshold dy(ar) are fixed before J. The finitely many additional image conditions
on first derivatives use the same series and derivative bounds; they are also strict lower
bounds on B with fixed finite right sides. The maximum of their thresholds is exceeded
by M/ for every | > Jo. This uses the exception for J-uniform constants in item (2) of
Definition 4.14, not a bound on a joint free map.

The constants C,jjoc and Cq in Theorem 20.9 do not depend on J. We choose cBeom >
max(1, Cy) and keep Bgeom = 256C,110c(CE " + 1). For each fixed | above the threshold
we set « = a/16, Mrate = Cfeom(a +a), and by = 8CE*°™My. The inequalities against Ba
and Ba reduce to

25
ECgeom < B/Calloc/ 8C§e0m < B/Calloc'

We decrease a > 0 below the positive bounds at fixed ] from the initial spatial decay rate
and the image exponent, and so that v/3 (a +a) < ay. No further inequality on supports
or connecting lengths remains.

We also check the later choices. At each fixed | there are finitely many product
domains for initial segments. The positive lower bounds for the constrained Hessians
and the radii of the inverses in Lemmas 19.3 and 19.7 have a positive finite minimum,
and the coordinate, analytic, and reconstruction domains are chosen within them. The
contraction on the torus satisfies gca < 1/4, and the bound E > 2Cs/(1 — gca) is
tinite by Theorem 13.5. The preliminary perturbation bound, the radius of the enclosing
product domain, and the image bounds of Lemma 20.3 and Theorem 20.14 can be chosen
positive on the fixed domains at this . The widths of boundary layers and removed
layers can be increased after their output constants are computed, and the bound for
frozen coordinates, the working radius, and the support radius can then be decreased. In
particular, (5M — 3)(10M)/~'r < 7 is an upper bound on r, not on J.

The bound on derivatives follows the same order of choices. Its linear coefficient
is o, = Ccp/B, and by (23.54) we have a.VB < 1/2. At this fixed J, By is finite by
Lemma 15.16. The restriction Bjres/ (1 — ) < 1/8 implies Bjregs < 1/8, and hence

1/2 < 2
(1= Byress)* — 49°

This requires no new choice of |. The remaining conditions for the fluctuations and the
interaction are finitely many inequalities C;t* logb(l /t) < ¢y with g,¢; > 0, including the
fixed additive term A, (J —1)log M /2 in a logarithmic radius. They hold after decreasing
g+, > 0, by Lemma 23.1.

We next check items (7)—(10). We normalize 0 < J, < 1 before fixing dcyt. The product
domains, the block-aligned initial mesh S, the classical lower bound ay > 0, the count

amap\/g <
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Fj, and the constant for the normalization factors are all fixed at this . By Lemma 22.8,
Kw = 48K; /aw < oo and the insertion satisfies

Qorig < KWVm;F/g%l + 8F] anf/r)/'
f

We enlarge Fj for the finitely many remainders. The interval of Theorem 22.1 allows

(1 ke —(g-1) 1 0c3ctd, Ko
O < {_/ 7 7 7 7 }/
<Sosminyg, 50 4Ky’ 16F " 2max{Ky, 48K}  “short]

where sghor¢ 7 > 0 is the minimum of its finitely many conditions for short scale intervals
and 6 = 1/2. Every entry is positive once | is fixed, and As = 1/2 —sKy € [1/4,1/2].
The action bound keeps at least 3P)/4 of the coefficient of the threshold failures, with
Py = 49cf§ftd*, and the later scalar threshold uses at most Py/4, so that Py/2 remains.
The compact minimum in the action bound uses the partition function of the starting
measure once; no factorization of the insertion through the coarse variables is needed.
We decrease g,; > 0 to impose gi ; < aw and every local condition already listed. We
choose the bounds for the stopping partition-function ratio and its numerator on the
fixed interval [1/4,1/2], and let genq,; > 0 be their minimum with 1 and g ;. Finally,
we increase the minimum side to include ng; > T'/ ggn dJ and all fixed geometric and
scalar thresholds and the thresholds for initial segments. The latter are conditions on the
minimum side, by Lemma 22.12; for I' < 1 their uniform scalar thresholds also follow
from Lemma 23.1.

These are exactly the later choices in Theorem 23.2, and none of them requires
enlarging | using a constant already computed at that J. By Theorems 23.6 and 23.9, we
then obtain the bound on the small-field failure probability on 0 < oy < I'. The positive
exponent min(5/24,1/2, —log qcp/ log B) /2 of Remark 23.3 is also available at each fixed
J. O

Corollary 23.15. Fix L > 0, an odd integer M > 3, and 0 < I' < oo. There exists a finite |
such that, for every | > o, there are a tuple Oy, g.; > 0, and nr;; € 4N, fixed before <y, the
side, and the number of renormalization group steps, for which every conclusion of Theorems 23.5
and 23.10 holds on 0 < «y < T with this prescribed ]. In particular, consecutive values of | can be
fixed before the coupling. No constant or threshold is asserted to be uniform in |.

Proof. We apply Lemma 23.14 with the ceiling one. Its check of the J-uniform conditions
provides Jp and parameters for v < 1 for every | > Jy. The constant Ky = 48K; /aypy
is fixed after the classical lower bound ap and before sy, and the normalization J, <1
is fixed before the curvature threshold; neither changes a J-uniform lower bound on
B = M/ or imposes an upper bound on J. The interval for s is a finite minimum of
positive numbers at fixed ], and the coupling bound at the endpoints is positive. For
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each prescribed | > Jo, we apply the construction in the proof of Theorem 23.5 to these
parameters. That construction changes only the later probability constants and the final
minimum side, and it keeps this | and the deterministic bounds of Lemma 15.16. By
Theorem 23.10, we then obtain the bounds for all finite numbers of RG steps on the
interval 0 < v < I'. For two values | and | + 1 one may take the larger of the two
minimum sides, with no uniformity as | varies. O



References

[1] Radostaw Adamczak. A Note on the Hanson-Wright Inequality for Random Vectors
with Dependencies. Electronic Communications in Probability, 20(72):1-13, 2015. doi:
10.1214/ECP.v20-3829. URL https://arxiv.org/abs/1409.8457.

[2] Arka Adhikari and Sky Cao. Correlation decay for finite lattice gauge theories
at weak coupling. The Annals of Probability, 53(1):140-174, 2025. doi: 10.1214/
24-AOP1702. URL https://doi.org/10.1214/24-A0P1702

[3] Robert ]J. Adler and Jonathan E. Taylor. Random Fields and Geometry. Springer Mono-
graphs in Mathematics. Springer, New York, 2007. ISBN 978-0-387-48112-8. doi:
10.1007 /978-0-387-48116-6. URL https://doi.org/10.1007/978-0-387-48116-6.
Theorem 2.1.1, printed p. 50, (2.1.5); Lemma 2.1.5, printed p. 54, (2.1.13), proof pp.
54-55. Used with the authors’ correction list of 7 October 2015, entries 54-6, 55-
11, and 55-4: https://robert.net.technion.ac.il/files/2016/08/corrections.
pdf. Gaussian reference only.

[4] David J. Aldous and Geoffrey K. Eagleson. On mixing and stability of limit theo-
rems. Annals of Probability, 6(2):325-331, 1978. doi: 10.1214/aop/1176995577.

[5] Thomas Appelquist and Robert D. Pisarski. High-temperature Yang-Mills theories
and three-dimensional quantum chromodynamics. Physical Review D, 23(10):2305-
2317, 1981. doi: 10.1103 /PhysRevD.23.2305.

[6] Michael F. Atiyah and Raoul Bott. The Yang-Mills equations over Riemann surfaces.
Philosophical Transactions of the Royal Society of London. Series A, Mathematical and
Physical Sciences, 308(1505):523—-615, 1983. doi: 10.1098 /rsta.1983.0017. URL https:
//doi.org/10.1098/rsta.1983.0017.

[7] Peter Austing and John F. Wheater. The convergence of Yang-Mills integrals. Journal
of High Energy Physics, 2001(02):028, 2001. doi: 10.1088/1126-6708/2001/02/028.
URL https://arxiv.org/abs/hep-th/0101071.

[8] Dominique Bakry and Michel Emery. Diffusions hypercontractives. In Séminaire de
Probabilités XIX 1983/84, volume 1123 of Lecture Notes in Mathematics, pages 177-206.
Springer, 1985. doi: 10.1007/BFb0075847. URL https://www.numdam.org/item/
SPS_1985__ 19 177 _0/.

[9] Tadeusz Bataban. Regularity and decay of lattice Green’s functions. Communications
in Mathematical Physics, 89(4):571-597, 1983. doi: 10.1007/BF01214744. URL https:
//doi.org/10.1007/BF01214744.

276


https://arxiv.org/abs/1409.8457
https://doi.org/10.1214/24-AOP1702
https://doi.org/10.1007/978-0-387-48116-6
https://robert.net.technion.ac.il/files/2016/08/corrections.pdf
https://robert.net.technion.ac.il/files/2016/08/corrections.pdf
https://doi.org/10.1098/rsta.1983.0017
https://doi.org/10.1098/rsta.1983.0017
https://arxiv.org/abs/hep-th/0101071
https://www.numdam.org/item/SPS_1985__19__177_0/
https://www.numdam.org/item/SPS_1985__19__177_0/
https://doi.org/10.1007/BF01214744
https://doi.org/10.1007/BF01214744

References 277

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

Tadeusz Bataban. Propagators and renormalization transformations for lattice
gauge theories. I. Communications in Mathematical Physics, 95(1):17-40, 1984. doi:
10.1007 /BF01215753. URL https://doi.org/10.1007/BF01215753. Proposition 1.1,
p. 33; formulas (1.11), (1.18), (1.39)—(1.44), (1.60)~(1.69), (1.103).

Tadeusz Bataban. Propagators and renormalization transformations for lattice
gauge theories. II. Communications in Mathematical Physics, 96(2):223-250, 1984. doi:
10.1007 /BF01240221. URL https://doi.org/10.1007/BF01240221. Proposition 2.7
and Corollary 2.8, p. 249.

Tadeusz Bataban. Averaging operations for lattice gauge theories. Communications
in Mathematical Physics, 98(1):17-51, 1985. doi: 10.1007/BF01211042. URL https:
//doi.org/10.1007/BF01211042. The reference-transport logarithmic averaging
construction is equation (15), p. 19.

Tadeusz Bataban. Propagators for lattice gauge theories in a background field. Com-
munications in Mathematical Physics, 99(3):389-434, 1985. doi: 10.1007/BF01240355.
URL https://doi.org/10.1007/BF01240355. Theorems 3.1-3.3, pp. 397-399;
Holder norms (3.40), p. 397, and nonendpoint first-gradient Holder bounds (3.43),
p- 398; extension (3.133), p. 422, and Theorem 3.12, p. 423; constrained covari-
ance (3.148), (3.153), pp. 425-426; Theorem 3.13, p. 426. Only the stated identity-
background portions are used.

Tadeusz Bataban. Spaces of regular gauge field configurations on a lattice and
gauge fixing conditions. Communications in Mathematical Physics, 99(1):75-102, 1985.
doi: 10.1007 /BF01466594. URL https://doi.org/10.1007/BF01466594.

Tadeusz Bataban. Ultraviolet stability of three-dimensional lattice pure gauge
field theories. Communications in Mathematical Physics, 102(2):255-275, 1985. doi:
10.1007 /BF01229380. URL https://doi.org/10.1007/BF01229380.

Tadeusz Balaban. The variational problem and background fields in renor-
malization group method for lattice gauge theories. Communications in Math-
ematical Physics, 102(2):277-309, 1985. doi: 10.1007/BF01229381. URL https:
//doi.org/10.1007/BF01229381.

Tadeusz Balaban. Renormalization group approach to lattice gauge field the-
ories. I. Generation of effective actions in a small field approximation and a
coupling constant renormalization in four dimensions. Communications in Math-
ematical Physics, 109(2):249-301, 1987. doi: 10.1007/BF01215223. URL https:
//doi.org/10.1007/BF01215223.

Tadeusz Bataban. Convergent renormalization expansions for lattice gauge
theories. Communications in Mathematical Physics, 119(2):243-285, 1988. doi:
10.1007 /BF01217741. URL https://doi.org/10.1007/BF01217741.


https://doi.org/10.1007/BF01215753
https://doi.org/10.1007/BF01240221
https://doi.org/10.1007/BF01211042
https://doi.org/10.1007/BF01211042
https://doi.org/10.1007/BF01240355
https://doi.org/10.1007/BF01466594
https://doi.org/10.1007/BF01229380
https://doi.org/10.1007/BF01229381
https://doi.org/10.1007/BF01229381
https://doi.org/10.1007/BF01215223
https://doi.org/10.1007/BF01215223
https://doi.org/10.1007/BF01217741

References 278

[19] Tadeusz Bataban. Renormalization group approach to lattice gauge field theories.
II. Cluster expansions. Communications in Mathematical Physics, 116(1):1-22, 1988.
doi: 10.1007/BF01239022. URL https://doi.org/10.1007/BF01239022.

[20] Tadeusz Bataban. Large field renormalization. I. The basic step of the R op-
eration. Communications in Mathematical Physics, 122(2):175-202, 1989. doi:
10.1007/BF01257412. URL https://doi.org/10.1007/BF01257412.

[21] Tadeusz Bataban. Large field renormalization. II. Localization, exponentiation, and
bounds for the R operation. Communications in Mathematical Physics, 122(3):355-392,
1989. doi: 10.1007 /BF01238433. URL https://doi.org/10.1007/BF01238433.

[22] Tadeusz Balaban and Arthur Jaffe. Constructive gauge theory. In Fundamen-
tal Problems of Gauge Field Theory, volume 141 of NATO ASI Series B, pages
207-263. Plenum Press, 1986. doi: 10.1007/978-1-4757-0363-4_5. URL https:
//link.springer.com/chapter/10.1007/978-1-4757-0363-4_5.

[23] Tadeusz Bataban, John Imbrie, and Arthur Jaffe. Exact renormalization group for
gauge theories. In Progress in Gauge Field Theory, volume 115 of NATO ASI Series
B, pages 79-103. Plenum Press, 1984. doi: 10.1007/978-1-4757-0280-4_4. URL
https://link.springer.com/chapter/10.1007/978-1-4757-0280-4_4.

[24] Tadeusz Bataban, John Imbrie, and Arthur Jaffe. Renormalization of the Higgs
model: Minimizers, propagators and the stability of mean field theory. Communica-
tions in Mathematical Physics, 97(1-2):299-329, 1985. doi: 10.1007/BF01206191. URL
https://link.springer.com/article/10.1007/BF01206191.

[25] Tadeusz Bataban, John Z. Imbrie, and Arthur Jaffe. Effective action and cluster
properties of the abelian Higgs model. Communications in Mathematical Physics, 114
(2):257-315, 1988. doi: 10.1007/BF01225038. URL https://link.springer.com/
article/10.1007/BF01225038.

[26] Riddhipratim Basu and Shirshendu Ganguly. SO(N) lattice gauge theory, planar
and beyond. Communications on Pure and Applied Mathematics, 71(10):2016-2064,
2018. doi: 10.1002/cpa.21788. URL https://doi.org/10.1002/cpa.21788.

[27] Rajendra Bhatia. Matrix Analysis, volume 169 of Graduate Texts in Mathematics.
Springer, New York, 1997. doi: 10.1007/978-1-4612-0653-8. URL https://doi.org/
10.1007/978-1-4612-0653-8.

[28] Patrick Billingsley. Convergence of Probability Measures. Wiley Series in Probability
and Statistics. John Wiley & Sons, New York, second edition, 1999. doi: 10.1002/
9780470316962.

[29] Marek Biskup. Reflection positivity and phase transitions in lattice spin models.
In Roman Kotecky, editor, Methods of Contemporary Mathematical Statistical Physics,
volume 1970 of Lecture Notes in Mathematics, pages 1-86. Springer, Berlin, Heidel-
berg, 2009. doi: 10.1007/978-3-540-92796-9_1. URL https://doi.org/10.1007/


https://doi.org/10.1007/BF01239022
https://doi.org/10.1007/BF01257412
https://doi.org/10.1007/BF01238433
https://link.springer.com/chapter/10.1007/978-1-4757-0363-4_5
https://link.springer.com/chapter/10.1007/978-1-4757-0363-4_5
https://link.springer.com/chapter/10.1007/978-1-4757-0280-4_4
https://link.springer.com/article/10.1007/BF01206191
https://link.springer.com/article/10.1007/BF01225038
https://link.springer.com/article/10.1007/BF01225038
https://doi.org/10.1002/cpa.21788
https://doi.org/10.1007/978-1-4612-0653-8
https://doi.org/10.1007/978-1-4612-0653-8
https://doi.org/10.1007/978-3-540-92796-9_1
https://doi.org/10.1007/978-3-540-92796-9_1

References 279

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

978-3-540-92796-9_1. arXiv version 2, 27 April 2009. Theorem 5.8, (5.34)—(5.35),
printed p. 44; proof pp. 45-46.

Christer Borell. The Brunn-Minkowski inequality in Gauss space. Inventiones
Mathematicae, 30(2):207-216, 1975. doi: 10.1007/BF01425510. URL https://doi.
org/10.1007/BF01425510.

Raoul Bott. Nondegenerate critical manifolds. Annals of Mathematics, 60(2):248-261,
1954. doi: 10.2307/1969631. URL https://doi.org/10.2307/1969631.

Jean Bourgain. Invariant measures for the 2D-defocusing nonlinear Schrodinger
equation. Communications in Mathematical Physics, 176(2):421-445, 1996. doi: 10.
1007 /BF02099556. URL https://doi.org/10.1007/BF02099556.

Herm Jan Brascamp and Elliott H. Lieb. On Extensions of the Brunn—-Minkowski
and Prékopa-Leindler Theorems, Including Inequalities for Log Concave Functions,
and with an Application to the Diffusion Equation. Journal of Functional Analysis,
22(4):366-389, 1976. doi: 10.1016/0022-1236(76)90004-5. URL https://doi.org/10.
1016/0022-1236(76)90004-5.

Christian Brennecke. On the Leading Order Term of the Lattice Yang-Mills Free En-
ergy. Journal of Statistical Physics, 193(7):83, 2026. doi: 10.1007 /s10955-026-03649-4.
URL https://doi.org/10.1007/s10955-026-03649-4.

Bjoern Bringmann and Sky Cao. A para-controlled approach to the stochastic
Yang-Mills equation in two dimensions. Memoirs of the American Mathematical
Society, 319(1624):v+125, 2026. doi: 10.1090/memo/1624. URL https://doi.org/
10.1090/memo/1624. Publication metadata corroborated by the zbMATH-linked
record DE 8212947 and author publication lists; direct AMS page inaccessible
during verification.

David Brydges, Jiirg Frohlich, and Erhard Seiler. Diamagnetic and critical properties
of Higgs lattice gauge theories. Nuclear Physics B, 152(3—4):521-532, 1979. doi:
10.1016/0550-3213(79)90095-6. URL https://www.sciencedirect.com/science/
article/pii/0550321379900956.

David Brydges, Jiirg Frohlich, and Erhard Seiler. On the construction of quantized
gauge fields. I. general results. Annals of Physics, 121(1-2):227-284, 1979. doi:
10.1016/0003-4916(79)90098-8. URL https://www.sciencedirect.com/science/
article/abs/pii/0003491679900988.

David C. Brydges. A short course on cluster expansions. In Konrad Osterwalder and
Raymond Stora, editors, Critical Phenomena, Random Systems, Gauge Theories, Part
I, Les Houches, Session XLIII, 1984, pages 129-183. North-Holland, Amsterdam,
1986. URL https://inspirehep.net/literature/211093. School held in 1984;
proceedings published in 1986. No DOI or arXiv identifier found.


https://doi.org/10.1007/978-3-540-92796-9_1
https://doi.org/10.1007/978-3-540-92796-9_1
https://doi.org/10.1007/BF01425510
https://doi.org/10.1007/BF01425510
https://doi.org/10.2307/1969631
https://doi.org/10.1007/BF02099556
https://doi.org/10.1016/0022-1236(76)90004-5
https://doi.org/10.1016/0022-1236(76)90004-5
https://doi.org/10.1007/s10955-026-03649-4
https://doi.org/10.1090/memo/1624
https://doi.org/10.1090/memo/1624
https://www.sciencedirect.com/science/article/pii/0550321379900956
https://www.sciencedirect.com/science/article/pii/0550321379900956
https://www.sciencedirect.com/science/article/abs/pii/0003491679900988
https://www.sciencedirect.com/science/article/abs/pii/0003491679900988
https://inspirehep.net/literature/211093

References 280

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

David C. Brydges. Lectures on the renormalisation group. In Scott Sheffield
and Thomas Spencer, editors, Statistical Mechanics, volume 16 of IAS/Park City
Mathematics Series, pages 7-93. American Mathematical Society, 2009. doi: 10.1090/
pems/016/02. URL https://doi.org/10.1090/pcms/016/02.

David C. Brydges, Jiirg Frohlich, and Erhard Seiler. Construction of quan-
tised gauge fields. II. convergence of the lattice approximation. Communications
in Mathematical Physics, 71(2):159-205, 1980. doi: 10.1007/BF01197918. URL
https://link.springer.com/article/10.1007/BF01197918.

David C. Brydges, Jiirg Frohlich, and Erhard Seiler. On the construction of quan-
tized gauge fields. III. the two-dimensional abelian Higgs model without cut-
offs. Communications in Mathematical Physics, 79(3):353-399, 1981. doi: 10.1007/
BF01208500. URL https://link.springer.com/article/10.1007/BF01208500.

Sky Cao and Sourav Chatterjee. The Yang-Mills heat flow with random distribu-
tional initial data. Communications in Partial Differential Equations, 48(2):209-251,
2023. doi: 10.1080/03605302.2023.2169937. URL https://arxiv.org/abs/2111.
10652v4. All numbered and printed-page locators refer to arXiv:2111.10652v4, 25
August 2022, not journal pagination. Only deterministic smooth-data results are
used: Theorem 1.2 and Lemma 1.3, p. 3; Lemmas C.2-C.3, pp. 55-56; Corollary C.6,
p- 58; Lemmas C.12-C.13, p. 61.

Sky Cao and Sourav Chatterjee. A state space for 3D euclidean Yang-Mills
theories. Communications in Mathematical Physics, 405(1):3, 2024. doi: 10.1007/
s00220-023-04870-y. URL https://arxiv.org/abs/2111.12813v4. Article 3, 69 pp.
All numbered and printed-page locators refer to arXiv:2111.12813v4, 20 November
2023, not journal pagination, including Lemmas 1.4-1.5 and Theorem 1.6, p. 7;
Theorem 3.14, p. 25; Theorem 3.51, pp. 35-36; Lemma 3.68, p. 40.

Sky Cao, Ron Nissim, and Scott Sheffield. Expanded regimes of area law for lattice
Yang-Mills theories, 2025. URL https://arxiv.org/abs/2505.16585. Preprint; no
published version verified.

Ajay Chandra, Ilya Chevyrev, Martin Hairer, and Hao Shen. Langevin Dynamic for
the 2D Yang-Mills Measure. Publications mathématiques de I'IHES, 136:1-147, 2022.
doi: 10.1007/510240-022-00132-0. URL https://arxiv.org/abs/2006.04987.

Ajay Chandra, Ilya Chevyrev, Martin Hairer, and Hao Shen. Stochastic Quantisation
of Yang-Mills-Higgs in 3D. Inventiones mathematicae, 237(2):541-696, 2024. doi:
10.1007 /s00222-024-01264-2. URL https://arxiv.org/abs/2201.03487.

Nelia Charalambous and Leonard Gross. The Yang-Mills Heat Semigroup on Three-
Manifolds with Boundary. Communications in Mathematical Physics, 317(3):727-785,
2013. doi: 10.1007/s00220-012-1558-0. URL https://arxiv.org/abs/1004.1639.


https://doi.org/10.1090/pcms/016/02
https://link.springer.com/article/10.1007/BF01197918
https://link.springer.com/article/10.1007/BF01208500
https://arxiv.org/abs/2111.10652v4
https://arxiv.org/abs/2111.10652v4
https://arxiv.org/abs/2111.12813v4
https://arxiv.org/abs/2505.16585
https://arxiv.org/abs/2006.04987
https://arxiv.org/abs/2201.03487
https://arxiv.org/abs/1004.1639

References 281

[48] Nelia Charalambous and Leonard Gross. Neumann domination for the Yang-Mills
heat equation. Journal of Mathematical Physics, 56(7):073505, 2015. doi: 10.1063/1.
4927250. URL https://doi.org/10.1063/1.4927250.

[49] Nelia Charalambous and Leonard Gross. Initial behavior of solutions to the Yang—
Mills heat equation. Journal of Mathematical Analysis and Applications, 451(2):873-905,
2017. doi: 10.1016/j.jmaa.2017.02.027. URL https://doi.org/10.1016/j. jmaa.
2017.02.027.

[50] Sourav Chatterjee. The Leading Term of the Yang-Mills Free Energy. Journal of
Functional Analysis, 271(10):2944-3005, 2016. doi: 10.1016/j.jfa.2016.04.032. URL
https://arxiv.org/abs/1602.01222v6.

[61] Sourav Chatterjee. Yang-Mills for Probabilists. In Peter Friz, Wolfgang Konig,
Chiranjib Mukherjee, and Stefano Olla, editors, Probability and Analysis in Interacting
Physical Systems, volume 283 of Springer Proceedings in Mathematics & Statistics, pages
1-16. Springer, 2019. doi: 10.1007/978-3-030-15338-0_1. URL https://arxiv.org/
abs/1803.01950.

[52] Sourav Chatterjee. Rigorous solution of strongly coupled SO(N) lattice gauge
theory in the large N limit. Communications in Mathematical Physics, 366(1):203—
268, 2019. doi: 10.1007/s00220-019-03353-3. URL https://doi.org/10.1007/
500220-019-03353-3.

[53] Sourav Chatterjee. A scaling limit of SU(2) lattice Yang-Mills-Higgs theory. Prob-
ability and Mathematical Physics, 7(2):339-381, 2026. doi: 10.2140/pmp.2026.7.339.
URL https://arxiv.org/abs/2401.10507v4.

[54] Sourav Chatterjee and Jafar Jafarov. The 1/ N expansion for SO(N) lattice gauge the-
ory at strong coupling, 2016. URL https://inspirehep.net/literature/1448303.
Preprint; no published version verified.

[55] Ilya Chevyrev. Yang-Mills Measure on the Two-Dimensional Torus as a Random
Distribution. Communications in Mathematical Physics, 372(3):1027-1058, 2019. doi:
10.1007/s00220-019-03567-5. URL https://arxiv.org/abs/1808.09196.

[56] Ilya Chevyrev. Stochastic Quantization of Yang-Mills. Journal of Mathematical
Physics, 63(9):091101, 2022. doi: 10.1063/5.0089431. URL https://arxiv.org/abs/
2202.13359.

[57] Ilya Chevyrev and Hao Shen. Invariant Measure and Universality of the 2D Yang-
Mills Langevin Dynamic. Communications on Pure and Applied Mathematics, 79
(8):1973-2102, 2026. doi: 10.1002/cpa.70043. URL https://arxiv.org/abs/2302.
12160v3.

[58] Ilya Chevyrev and Hao Shen. Uniqueness of Gauge Covariant Renormalisation of
Stochastic 3D Yang-Mills-Higgs. Archive for Rational Mechanics and Analysis, 250


https://doi.org/10.1063/1.4927250
https://doi.org/10.1016/j.jmaa.2017.02.027
https://doi.org/10.1016/j.jmaa.2017.02.027
https://arxiv.org/abs/1602.01222v6
https://arxiv.org/abs/1803.01950
https://arxiv.org/abs/1803.01950
https://doi.org/10.1007/s00220-019-03353-3
https://doi.org/10.1007/s00220-019-03353-3
https://arxiv.org/abs/2401.10507v4
https://inspirehep.net/literature/1448303
https://arxiv.org/abs/1808.09196
https://arxiv.org/abs/2202.13359
https://arxiv.org/abs/2202.13359
https://arxiv.org/abs/2302.12160v3
https://arxiv.org/abs/2302.12160v3

References 282

(1):11, 2026. doi: 10.1007 /s00205-025-02163-3. URL https://arxiv.org/abs/2503.
03060v2.

[59] Ilya Chevyrev, Yahui Qu, and Hao Shen. Scaling limit of the 3D abelian Yang-Mills
langevin dynamics, 2026. URL https://arxiv.org/abs/2608.27828v2. Preprint,
version 2, 17 September 2026.

[60] B. S. Cirel’son, I. A. Ibragimov, and V. N. Sudakov. Norms of Gaussian sample
functions. In Gisiro Maruyama and Jurii V. Prokhorov, editors, Proceedings of the
Third Japan—-USSR Symposium on Probability Theory, volume 550 of Lecture Notes in
Mathematics, pages 20—41. Springer, 1976. doi: 10.1007/BFb0077482. URL https:
//doi.org/10.1007/BFb0077482.

[61] Jean-Michel Combes and Lawrence Thomas. Asymptotic Behaviour of Eigen-
functions for Multiparticle Schrodinger Operators. Communications in Mathe-
matical Physics, 34(4):251-270, 1973. doi: 10.1007/BF01646473. URL https:
//doi.org/10.1007/BF01646473.

[62] A. Coste, Antonio Gonzalez-Arroyo, J. Jurkiewicz, and C. P. Korthals Altes. Zero-
momentum contribution to Wilson loops in periodic boxes. Nuclear Physics B, 262(1):
67-94, 1985. doi: 10.1016/0550-3213(85)90064-1. URL https://doi.org/10.1016/
0550-3213(85)90064-1.

[63] Giuseppe Da Prato and Arnaud Debussche. Strong Solutions to the Stochastic
Quantization Equations. The Annals of Probability, 31(4):1900-1916, 2003. doi:
10.1214/aop/1068646370. URL https://doi.org/10.1214/aop/1068646370.

[64] Paulo A. Faria da Veiga and Michael O’Carroll. On Thermodynamic and Ultra-
violet Stability of Yang-Mills, 2019. URL https://arxiv.org/abs/1903.09829v2.

Preprint, version 2, 7 October 2019. No journal publication verified as of 16 October
2026.

[65] Paulo A. Faria da Veiga and Michael O’Carroll. On Yang-Mills Stability Bounds
and Plaquette Field Generating Function. Reports on Mathematical Physics, 95(3):
303-380, 2025. doi: 10.1016/50034-4877(25)00035-7. URL https://arxiv.org/abs/
2205.07376v2.

[66] Dennis M. DeTurck. Deforming Metrics in the Direction of Their Ricci Tensors.
Journal of Differential Geometry, 18(1):157-162, 1983. doi: 10.4310/jdg/1214509286.
URL https://doi.org/10.4310/jdg/1214509286.

[67] Jonathan Dimock. The renormalization group according to Balaban. II. Large fields.
Journal of Mathematical Physics, 54(9):092301, 2013. doi: 10.1063/1.4821275. URL
https://doi.org/10.1063/1.4821275.

[68] Jonathan Dimock. The renormalization group according to Balaban—I. small
fields. Reviews in Mathematical Physics, 25(7):1330010, 2013. doi: 10.1142/
S0129055X13300100. URL https://arxiv.org/abs/1108.1335v2. All numbered


https://arxiv.org/abs/2503.03060v2
https://arxiv.org/abs/2503.03060v2
https://arxiv.org/abs/2608.27828v2
https://doi.org/10.1007/BFb0077482
https://doi.org/10.1007/BFb0077482
https://doi.org/10.1007/BF01646473
https://doi.org/10.1007/BF01646473
https://doi.org/10.1016/0550-3213(85)90064-1
https://doi.org/10.1016/0550-3213(85)90064-1
https://doi.org/10.1214/aop/1068646370
https://arxiv.org/abs/1903.09829v2
https://arxiv.org/abs/2205.07376v2
https://arxiv.org/abs/2205.07376v2
https://doi.org/10.4310/jdg/1214509286
https://doi.org/10.1063/1.4821275
https://arxiv.org/abs/1108.1335v2

References 283

and printed-page locators refer to arXiv:1108.1335v2, 21 December 2012, not jour-
nal pagination: Appendix B, Theorem 27, p. 39, and connected hard-core graph
estimate (323), p. 42. Only the finite graph bound is imported.

[69] Jonathan Dimock. The Renormalization Group According to Balaban IIL
Convergence. Annales Henri Poincaré, 15(11):2133-2175, 2014. doi: 10.1007/
s00023-013-0303-3. URL https://doi.org/10.1007/s00023-013-0303-3.

[70] Jonathan Dimock. Covariant Axial Gauge. Letters in Mathematical Physics, 105(7):
959-987, 2015. doi: 10.1007/s11005-015-0763-0. URL https://doi.org/10.1007/
s11005-015-0763-0.

[71] Jonathan Dimock. Nonperturbative renormalization of scalar quantum electro-
dynamics in d = 3. Journal of Mathematical Physics, 56(10):102304, 2015. doi:
10.1063/1.4933224. URL https://pubs.aip.org/aip/jmp/issue/56/10.

[72] Jonathan Dimock. Ultraviolet regularity for QED in d = 3. Journal of Mathematical
Physics, 59(1):012301, 2018. doi: 10.1063/1.5009458. URL https://arxiv.org/abs/
1512.04373.

[73] Jonathan Dimock. Multiscale block averaging for QED in d = 3. Journal of
Mathematical Physics, 61(3):032302, 2020. doi: 10.1063/1.5134439. URL https:
//arxiv.org/abs/1712.10029.

[74] Sjoerd Dirksen. Tail Bounds via Generic Chaining. Electronic Journal of Probability,
20(53):1-29, 2015. doi: 10.1214/E]JP.v20-3760. URL https://arxiv.org/abs/1309.
3522.

[75] Simon K. Donaldson. A new proof of a theorem of Narasimhan and Seshadri.
Journal of Differential Geometry, 18(2):269-277, 1983. doi: 10.4310/jdg/1214437664.
URL https://doi.org/10.4310/jdg/1214437664.

[76] Simon K. Donaldson. Anti Self-Dual Yang-Mills Connections over Complex
Algebraic Surfaces and Stable Vector Bundles. Proceedings of the London Math-
ematical Society, 50(1):1-26, 1985. doi: 10.1112/plms/s3-50.1.1. URL https:
//doi.org/10.1112/plms/s3-50.1.1.

[77] Michael R. Douglas. The Yang-Mills millennium problem. Nature Reviews Physics,
8(2):86-97, 2026. doi: 10.1038/s42254-025-00909-2. URL https://www.nature.com/
articles/s42254-025-00909-2.

[78] Bruce K. Driver. YM;: Continuum expectations, lattice convergence, and las-
sos. Communications in Mathematical Physics, 123(4):575-616, 1989. doi: 10.1007/
BF(01218586. URL https://doi.org/10.1007/BF01218586.

[79] Richard M. Dudley. The Sizes of Compact Subsets of Hilbert Space and Continu-
ity of Gaussian Processes. Journal of Functional Analysis, 1(3):290-330, 1967. doi:
10.1016/0022-1236(67)90017-1.  URL https://doi.org/10.1016/0022-1236(67)
90017-1.


https://doi.org/10.1007/s00023-013-0303-3
https://doi.org/10.1007/s11005-015-0763-0
https://doi.org/10.1007/s11005-015-0763-0
https://pubs.aip.org/aip/jmp/issue/56/10
https://arxiv.org/abs/1512.04373
https://arxiv.org/abs/1512.04373
https://arxiv.org/abs/1712.10029
https://arxiv.org/abs/1712.10029
https://arxiv.org/abs/1309.3522
https://arxiv.org/abs/1309.3522
https://doi.org/10.4310/jdg/1214437664
https://doi.org/10.1112/plms/s3-50.1.1
https://doi.org/10.1112/plms/s3-50.1.1
https://www.nature.com/articles/s42254-025-00909-2
https://www.nature.com/articles/s42254-025-00909-2
https://doi.org/10.1007/BF01218586
https://doi.org/10.1016/0022-1236(67)90017-1
https://doi.org/10.1016/0022-1236(67)90017-1

References 284

[80] Carl Eckart and Gale Young. The approximation of one matrix by another of lower
rank. Psychometrika, 1(3):211-218, 1936. doi: 10.1007 /BF02288367.

[81] Paul Federbush. A phase cell approach to Yang-Mills theory. I. modes, lattice-
continuum duality. Communications in Mathematical Physics, 107(2):319-329, 1986.
doi: 10.1007/BF01209397. URL https://link.springer.com/article/10.1007/
BF01209397.

[82] Paul Federbush. A phase cell approach to Yang-Mills theory. III. local stabil-
ity, modified renormalization group transformation. Communications in Math-
ematical Physics, 110(2):293-309, 1987. doi: 10.1007/BF01207369. URL https:
//link.springer.com/article/10.1007/BF01207369.

[83] Paul Federbush. A phase cell approach to Yang-Mills theory. VI. non-abelian
lattice-continuum duality. Annales de I'Institut Henri Poincaré, Physique théorique,
47(1):17-23,1987. URL https://www.numdam.org/item/ATHPA 1987 __47 1 17 _0/.
Bibliographic record verified in Numdam; no DOI or arXiv identifier located.

[84] Paul Federbush. A phase cell approach to Yang-Mills theory. IV. the choice of vari-
ables. Communications in Mathematical Physics, 114(2):317-343, 1988. doi: 10.1007/
BF01225039. URL https://link.springer.com/article/10.1007/BF01225039.

[85] Paul Federbush. A phase cell approach to Yang-Mills theory. V. analysis of a
chunk. Communications in Mathematical Physics, 127(3):433-457, 1990. doi: 10.1007/
BF02104497. URL https://link.springer.com/article/10.1007/BF02104497.

[86] Paul Federbush and Calvin Williamson. A phase cell approach to Yang-Mills
theory. II. analysis of a mode. Journal of Mathematical Physics, 28(6):1416-1419, 1987.
doi: 10.1063/1.527495. URL https://pubs.aip.org/aip/jmp/issue/28/6.

[87] Roberto Fernandez and Aldo Procacci. Cluster Expansion for Abstract Polymer
Models. New Bounds from an Old Approach. Communications in Mathematical
Physics, 274(1):123-140, 2007. doi: 10.1007/s00220-007-0279-2. URL https://doi.
org/10.1007/s00220-007-0279-2.

[88] Richard P. Feynman. The qualitative behavior of Yang-Mills theory in 2+1 dimen-
sions. Nuclear Physics B, 188(3):479-512, 1981. doi: 10.1016/0550-3213(81)90005-5.

[89] Dana S. Fine. Quantum Yang-Mills on the two-sphere. Communications in Math-
ematical Physics, 134(2):273-292, 1990. doi: 10.1007/BF02097703. URL https:
//doi.org/10.1007/BF02097703.

[90] Dana S. Fine. Quantum Yang-Mills on a Riemann surface. Communications in
Mathematical Physics, 140(2):321-338, 1991. doi: 10.1007/BF02099502. URL https:
//doi.org/10.1007/BF02099502.

[91] Zoltan Fodor, Kieran Holland, Julius Kuti, Daniel Nogradi, and Chik Him Wong.
The Yang-Mills gradient flow in finite volume. Journal of High Energy Physics, 2012


https://link.springer.com/article/10.1007/BF01209397
https://link.springer.com/article/10.1007/BF01209397
https://link.springer.com/article/10.1007/BF01207369
https://link.springer.com/article/10.1007/BF01207369
https://www.numdam.org/item/AIHPA_1987__47_1_17_0/
https://link.springer.com/article/10.1007/BF01225039
https://link.springer.com/article/10.1007/BF02104497
https://pubs.aip.org/aip/jmp/issue/28/6
https://doi.org/10.1007/s00220-007-0279-2
https://doi.org/10.1007/s00220-007-0279-2
https://doi.org/10.1007/BF02097703
https://doi.org/10.1007/BF02097703
https://doi.org/10.1007/BF02099502
https://doi.org/10.1007/BF02099502

References 285

[92]

[93]

[94]

[95]

[96]

[97]

[98]

[99]

[100]

[101]

(11):007, 2012. doi: 10.1007/JHEP11(2012)007. URL https://arxiv.org/abs/1208.
10561.

Jiirg Frohlich, Robert Israel, Elliott H. Lieb, and Barry Simon. Phase Transitions
and Reflection Positivity. I. General Theory and Long Range Lattice Models. Com-
munications in Mathematical Physics, 62(1):1-34, 1978. doi: 10.1007 /BF01940327. URL
https://doi.org/10.1007/BF01940327.

Jiirg Frohlich, Robert B. Israel, Elliott H. Lieb, and Barry Simon. Phase Transitions
and Reflection Positivity. II. Lattice Systems with Short-Range and Coulomb Inter-
actions. Journal of Statistical Physics, 22(3):297-347, 1980. doi: 10.1007 /BF01014646.
URL https://doi.org/10.1007/BF01014646.

Krzysztof Gawedzki and Antti Kupiainen. A rigorous block spin approach to
massless lattice theories. Communications in Mathematical Physics, 77(1):31-64, 1980.
doi: 10.1007/BF01205038. URL https://link.springer.com/article/10.1007/
BF01205038.

Krzysztof Gawedzki and Antti Kupiainen. Block spin renormalization group for
dipole gas and (V¢)*. Annals of Physics, 147(1):198-243, 1983. doi: 10.1016/
0003-4916(83)90071-4. URL https://www.sciencedirect.com/science/article/
pii/0003491683900714.

Krzysztof Gawedzki and Antti Kupiainen. Rigorous renormalization group and
asymptotic freedom. In Scaling and Self-Similarity in Physics, volume 7 of Progress in
Physics, pages 227-262. Birkhauser, 1983. doi: 10.1007 /978-1-4899-6762-6_7. URL
https://link.springer.com/chapter/10.1007/978-1-4899-6762-6_7.

Krzysztof Gawedzki and Antti Kupiainen. Continuum limit of the hierarchical
O(N) non-linear o-model. Communications in Mathematical Physics, 106(4):533-550,
1986. doi: 10.1007/BF01463394. URL https://link.springer.com/article/10.
1007/BF01463394.

Paul H. Ginsparg. First order and second order phase transitions in gauge the-
ories at finite temperature. Nuclear Physics B, 170:388-408, 1980. doi: 10.1016/
0550-3213(80)90418-6.

James Glimm and Arthur Jaffe. Quantum Physics: A Functional Integral Point of
View. Springer, 2 edition, 1987. doi: 10.1007/978-1-4612-4728-9. URL https:
//1link.springer.com/book/10.1007/978-1-4612-4728-9.

Antonio Gonzalez-Arroyo. Yang-Mills fields on the 4-dimensional torus. part I:
Classical theory, 1998. URL https://arxiv.org/abs/hep-th/9807108. First part of
lectures given at the 1997 Advanced School on Non-perturbative Quantum Physics,
Pefiiscola; cited version: arXiv:hep-th/9807108v1.

Antonio Gonzalez-Arroyo, J. Jurkiewicz, and C. P. Korthals-Altes. Ground state
metamorphosis for Yang-Mills fields on a finite periodic lattice. In J. Honerkamp,


https://arxiv.org/abs/1208.1051
https://arxiv.org/abs/1208.1051
https://doi.org/10.1007/BF01940327
https://doi.org/10.1007/BF01014646
https://link.springer.com/article/10.1007/BF01205038
https://link.springer.com/article/10.1007/BF01205038
https://www.sciencedirect.com/science/article/pii/0003491683900714
https://www.sciencedirect.com/science/article/pii/0003491683900714
https://link.springer.com/chapter/10.1007/978-1-4899-6762-6_7
https://link.springer.com/article/10.1007/BF01463394
https://link.springer.com/article/10.1007/BF01463394
https://link.springer.com/book/10.1007/978-1-4612-4728-9
https://link.springer.com/book/10.1007/978-1-4612-4728-9
https://arxiv.org/abs/hep-th/9807108

References 286

K. Pohlmeyer, and H. Romer, editors, Structural Elements in Particle Physics and
Statistical Mechanics, pages 339-358. Plenum Press, New York, 1983. doi: 10.1007/
978-1-4613-3509-2_25. Freiburg 1981 lectures. Year follows the publisher’s original-
volume record (1983); the chapter landing page inconsistently displays 1987.

[102] David J. Gross and Frank Wilczek. Ultraviolet behavior of non-abelian gauge
theories. Physical Review Letters, 30(26):1343-1346, 1973. doi: 10.1103 /PhysRevLett.
30.1343.

[103] Leonard Gross. Logarithmic Sobolev Inequalities. American Journal of Mathematics,
97(4):1061-1083, 1975. doi: 10.2307/2373688. URL https://doi.org/10.2307/
2373688.

[104] Leonard Gross. Convergence of U(1)3 Lattice Gauge Theory to Its Continuum
Limit. Communications in Mathematical Physics, 92(2):137-162, 1983. doi: 10.1007/
BF01210842. URL https://doi.org/10.1007/BF01210842.

[105] Leonard Gross. The Yang-Mills heat equation with finite action in three dimensions.
Memoirs of the American Mathematical Society, 275(1349):v+111, 2022. doi: 10.1090/
memo/1349. URL https://doi.org/10.1090/memo/1349.

[106] Leonard Gross, Christopher King, and Ambar Sengupta. Two dimensional Yang—
Mills theory via stochastic differential equations. Annals of Physics, 194(1):65-
112, 1989. doi: 10.1016/0003-4916(89)90032-8. URL https://doi.org/10.1016/
0003-4916(89)90032-8.

[107] Martin Hairer. A theory of regularity structures. Inventiones mathematicae, 198(2):
269-504, 2014. doi: 10.1007/s00222-014-0505-4. URL https://doi.org/10.1007/
s00222-014-0505-4.

[108] D. L. Hanson and F. T. Wright. A Bound on Tail Probabilities for Quadratic Forms
in Independent Random Variables. The Annals of Mathematical Statistics, 42(3):1079—
1083, 1971. doi: 10.1214/aoms/1177693335. URL https://doi.org/10.1214/aoms/
1177693335.

[109] Bernard Helffer. Remarks on Decay of Correlations and Witten Laplacians:
Brascamp-Lieb Inequalities and Semiclassical Limit. Journal of Functional Anal-
ysis, 155(2):571-586, 1998. doi: 10.1006/jfan.1997.3239. URL https://doi.org/10.
1006/ jfan.1997.3239.

[110] Bernard Helffer and Johannes Sjostrand. On the Correlation for Kac-like Models in
the Convex Case. Journal of Statistical Physics, 74(1-2):349-409, 1994. doi: 10.1007 /
BF02186817. URL https://doi.org/10.1007/BF02186817.

[111] Robert D. Horowitz. Characters of free groups represented in the two-dimensional
special linear group. Communications on Pure and Applied Mathematics, 25(6):635—
649, 1972. doi: 10.1002/cpa.3160250602. URL https://doi.org/10.1002/cpa.
3160250602.


https://doi.org/10.2307/2373688
https://doi.org/10.2307/2373688
https://doi.org/10.1007/BF01210842
https://doi.org/10.1090/memo/1349
https://doi.org/10.1016/0003-4916(89)90032-8
https://doi.org/10.1016/0003-4916(89)90032-8
https://doi.org/10.1007/s00222-014-0505-4
https://doi.org/10.1007/s00222-014-0505-4
https://doi.org/10.1214/aoms/1177693335
https://doi.org/10.1214/aoms/1177693335
https://doi.org/10.1006/jfan.1997.3239
https://doi.org/10.1006/jfan.1997.3239
https://doi.org/10.1007/BF02186817
https://doi.org/10.1002/cpa.3160250602
https://doi.org/10.1002/cpa.3160250602

References 287

[112] Leon Isserlis. On a formula for the product-moment coefficient of any order of
a normal frequency distribution in any number of variables. Biometrika, 12(1-2):
134-139, 1918. doi: 10.1093 /biomet/12.1-2.134. URL https://doi.org/10.1093/
biomet/12.1-2.134.

[113] R. Jackiw and S. Templeton. How super-renormalizable interactions cure their
infrared divergences. Physical Review D, 23(10):2291-2304, 1981. doi: 10.1103/
PhysRevD.23.2291.

[114] Arthur Jaffe and Edward Witten. Quantum Yang-Mills theory. In James Carlson,
Arthur Jaffe, and Andrew Wiles, editors, The Millennium Prize Problems, pages 129-
152. Clay Mathematics Institute and American Mathematical Society, 2006. URL
https://www.claymath.org/wp-content/uploads/2022/06/yangmills.pdf. Pub-
lished version, pp. 129-152; official Clay PDF also available. No chapter DOI or
arXiv identifier verified.

[115] Dimitra Karabali, Chanju Kim, and V. P. Nair. Planar Yang-Mills theory: Hamil-
tonian, regulators and mass gap. Nuclear Physics B, 524:661-694, 1998. doi:
10.1016/50550-3213(98)00309-5.

[116] Dimitra Karabali, Chanju Kim, and V. P. Nair. On the vacuum wavefunction and
string tension of Yang-Mills theories in (2+1) dimensions. Physics Letters B, 434
(1-2):103-109, 1998. doi: 10.1016/S0370-2693(98)00751-5.

[117] Christopher King. The U(1) Higgs model. I. the continuum limit. Communications
in Mathematical Physics, 102(4):649-677, 1986. doi: 10.1007/BF01221651. URL
https://link.springer.com/article/10.1007/BF01221651.

[118] Christopher King. The U(1) Higgs model. II. the infinite volume limit. Communica-
tions in Mathematical Physics, 103(2):323-349, 1986. doi: 10.1007/BF01206942. URL
https://link.springer.com/article/10.1007/BF01206942.

[119] Jeffrey Koller and Pierre van Baal. A non-perturbative analysis in finite volume
gauge theory. Nuclear Physics B, 302(1):1-64, 1988. doi: 10.1016/0550-3213(88)
90665-7.

[120] Roman Kotecky and David Preiss. Cluster expansion for abstract polymer
models. Communications in Mathematical Physics, 103(3):491-498, 1986. doi:
10.1007/BF01211762. URL https://doi.org/10.1007/BF01211762.

[121] Werner Krauth and Matthias Staudacher. Finite Yang-Mills integrals. Physics
Letters B, 435(3-4):350-355, 1998. doi: 10.1016/50370-2693(98)00814-4. URL https:
//arxiv.org/abs/hep-th/9804199.

[122] Werner Krauth, Hermann Nicolai, and Matthias Staudacher. Monte Carlo approach
to M-theory. Physics Letters B, 431(1-2):31-41, 1998. doi: 10.1016/S0370-2693(98)
00557-7. URL https://arxiv.org/abs/hep-th/9803117.


https://doi.org/10.1093/biomet/12.1-2.134
https://doi.org/10.1093/biomet/12.1-2.134
https://www.claymath.org/wp-content/uploads/2022/06/yangmills.pdf
https://link.springer.com/article/10.1007/BF01221651
https://link.springer.com/article/10.1007/BF01206942
https://doi.org/10.1007/BF01211762
https://arxiv.org/abs/hep-th/9804199
https://arxiv.org/abs/hep-th/9804199
https://arxiv.org/abs/hep-th/9803117

References 288

[123] Michel Ledoux. Concentration of Measure and Logarithmic Sobolev Inequalities. In
Séminaire de Probabilités XXXIII, volume 1709 of Lecture Notes in Mathematics, pages
120-216. Springer, 1999. doi: 10.1007/BFb0096511. URL https://www.numdam.org/
item/SPS_1999 33 120 0/.

[124] Thierry Lévy. Yang-Mills measure on compact surfaces. Memoirs of the American
Mathematical Society, 166(790):xiv+122, 2003. doi: 10.1090/memo/0790. URL https:
//doi.org/10.1090/memo/0790.

[125] Thierry Lévy. Two-dimensional Markovian holonomy fields. Astérisque, 329:vi+172,
2010. URL https://www.numdam.org/item/AST_2010__329__R1_0/.

[126] A.D. Linde. Infrared problem in the thermodynamics of the Yang-Mills gas. Physics
Letters B, 96(3—4):289-292, 1980. doi: 10.1016/0370-2693(80)90769-8.

[127] Martin Liischer. Some analytic results concerning the mass spectrum of Yang-Mills
gauge theories on a torus. Nuclear Physics B, 219(1):233-261, 1983. doi: 10.1016/
0550-3213(83)90436-4. URL https://doi.org/10.1016/0550-3213(83)90436-4.

[128] Martin Liischer. Properties and Uses of the Wilson Flow in Lattice QCD. Journal
of High Energy Physics, 2010(08):071, 2010. doi: 10.1007/JHEP08(2010)071. URL
https://arxiv.org/abs/1006.4518. Erratum: Journal of High Energy Physics
2014, no. 03, article 092, doi:10.1007 /JHEP03(2014)092.

[129] Martin Liischer. Trivializing maps, the Wilson flow and the HMC algorithm.
Communications in Mathematical Physics, 293(3):899-919, 2010. doi: 10.1007/
s00220-009-0953-7. URL https://doi.org/10.1007/s00220-009-0953-7.

[130] Martin Liischer and Gernot Miinster. Weak-coupling expansion of the low-lying
energy values in the SU(2) gauge theory on a torus. Nuclear Physics B, 232(3):
445-472,1984. doi: 10.1016/0550-3213(84)90038-5.

[131] Martin Liischer and Peter Weisz. Perturbative analysis of the gradient flow in
non-abelian gauge theories. Journal of High Energy Physics, 2011(02):051, 2011. doi:
10.1007/JHEP02(2011)051. URL https://doi.org/10.1007/JHEP02(2011)051.

[132] Jacques Magnen, Vincent Rivasseau, and Roland Sénéor. Construction of YM, with
an Infrared Cutoff. Communications in Mathematical Physics, 155(2):325-383, 1993.
doi: 10.1007/BF02097397. URL https://doi.org/10.1007/BF02097397.

[133] Rajamani Narayanan and Herbert Neuberger. Infinite N phase transitions in
continuum Wilson loop operators. Journal of High Energy Physics, 2006(03):064,
2006. doi: 10.1088/1126-6708/2006/03/064. URL https://doi.org/10.1088/
1126-6708/2006/03/064.

[134] Konrad Osterwalder and Erhard Seiler. Gauge Field Theories on a Lattice. Annals
of Physics, 110(2):440-471, 1978. doi: 10.1016/0003-4916(78)90039-8. URL https:
//doi.org/10.1016/0003-4916(78)90039-8.


https://www.numdam.org/item/SPS_1999__33__120_0/
https://www.numdam.org/item/SPS_1999__33__120_0/
https://doi.org/10.1090/memo/0790
https://doi.org/10.1090/memo/0790
https://www.numdam.org/item/AST_2010__329__R1_0/
https://doi.org/10.1016/0550-3213(83)90436-4
https://arxiv.org/abs/1006.4518
https://doi.org/10.1007/s00220-009-0953-7
https://doi.org/10.1007/JHEP02(2011)051
https://doi.org/10.1007/BF02097397
https://doi.org/10.1088/1126-6708/2006/03/064
https://doi.org/10.1088/1126-6708/2006/03/064
https://doi.org/10.1016/0003-4916(78)90039-8
https://doi.org/10.1016/0003-4916(78)90039-8

References 289

[135] Giorgio Parisi and Yong-shi Wu. Perturbation theory without gauge fixing. Sci-
entia Sinica, 24(4):483-496, 1981. URL https://chimera.romal.infn.it/GIORGIO/
papers.html.

[136] Oliver Penrose. Convergence of fugacity expansions for classical systems. In Thor A.
Bak, editor, Statistical Mechanics: Foundations and Applications, pages 101-109. W. A.
Benjamin, New York, 1967.

[137] H. David Politzer. Reliable perturbative results for strong interactions? Physical
Review Letters, 30(26):1346-1349, 1973. doi: 10.1103 /PhysRevLett.30.1346.

[138] Yu. V. Prokhorov. Convergence of random processes and limit theorems in prob-
ability theory. Theory of Probability and Its Applications, 1(2):157-214, 1956. doi:
10.1137/1101016. URL https://epubs.siam.org/doi/10.1137/1101016. English
translation; Russian original: Teoriya Veroyatnostei i ee Primeneniya 1(2), 177-238
(1956).

[139] Johan Rdde. On the Yang-Mills Heat Equation in Two and Three Dimensions.
Journal fiir die reine und angewandte Mathematik, 431:123-163, 1992. doi: 10.1515/
crll.1992.431.123. URL https://doi.org/10.1515/cr1l.1992.431.123. Publisher
metadata gives pages 123-164, including a blank final verso; substantive text ends
at page 163.

[140] Vincent Rivasseau. From Perturbative to Constructive Renormalization. Princeton Se-
ries in Physics. Princeton University Press, 1991. doi: 10.1515/9781400862085.
URL https://www.degruyterbrill.com/document/doi/10.1515/9781400862085/
html. Originally published in 1991; DOI refers to the electronic reissue (2014).

[141] Erhard Seiler. Gauge Theories as a Problem of Constructive Quantum Field Theory and Sta-
tistical Mechanics, volume 159 of Lecture Notes in Physics. Springer, 1982. doi: 10.1007/
3-540-11559-5. URL https://link.springer.com/book/10.1007/3-540-11559-5.

[142] Ambar Sengupta. The Yang-Mills measure for S. Journal of Functional Analysis,
108(2):231-273, 1992. doi: 10.1016/0022-1236(92)90025-E. URL https://doi.org/
10.1016/0022-1236(92) 90025-E.

[143] Ambar Sengupta. Quantum gauge theory on compact surfaces. Annals of Physics,
221(1):17-52, 1993. doi: 10.1006/aphy.1993.1002. URL https://doi.org/10.1006/
aphy.1993.1002.

[144] Ambar Sengupta. Gauge Invariant Functions of Connections. Pro-
ceedings of the American Mathematical Society, 121(3):897-905, 1994.  doi:
10.1090/50002-9939-1994-1215205-7. URL  https://doi.org/10.1090/

S0002-9939-1994-1215205-7.

[145] Ambar Sengupta. Gauge theory on compact surfaces. Memoirs of the American
Mathematical Society, 126(600):viii+85, 1997. doi: 10.1090/memo/0600. URL https:
//doi.org/10.1090/memo/0600.


https://chimera.roma1.infn.it/GIORGIO/papers.html
https://chimera.roma1.infn.it/GIORGIO/papers.html
https://epubs.siam.org/doi/10.1137/1101016
https://doi.org/10.1515/crll.1992.431.123
https://www.degruyterbrill.com/document/doi/10.1515/9781400862085/html
https://www.degruyterbrill.com/document/doi/10.1515/9781400862085/html
https://link.springer.com/book/10.1007/3-540-11559-5
https://doi.org/10.1016/0022-1236(92)90025-E
https://doi.org/10.1016/0022-1236(92)90025-E
https://doi.org/10.1006/aphy.1993.1002
https://doi.org/10.1006/aphy.1993.1002
https://doi.org/10.1090/S0002-9939-1994-1215205-7
https://doi.org/10.1090/S0002-9939-1994-1215205-7
https://doi.org/10.1090/memo/0600
https://doi.org/10.1090/memo/0600

References 290

[146] Hao Shen, Rongchan Zhu, and Xiangchan Zhu. A stochastic analysis approach
to lattice Yang-Mills at strong coupling. Communications in Mathematical Physics,
400(2):805-851, 2023. doi: 10.1007/s00220-022-04609-1. URL https://doi.org/10.
1007/s00220-022-04609-1.

[147] Charles Stein. A bound for the error in the normal approximation to the distri-
bution of a sum of dependent random variables. In Lucien M. Le Cam, Jerzy
Neyman, and Elizabeth L. Scott, editors, Proceedings of the Sixth Berkeley Symposium
on Mathematical Statistics and Probability, Volume II: Probability Theory, pages 583-602.
University of California Press, 1972. URL https://digicoll.lib.berkeley.edu/
record/113245.

[148] V. N. Sudakov and B. S. Tsirel’son. Extremal properties of half-spaces for spher-
ically invariant measures. Journal of Soviet Mathematics, 9(1):9-18, 1978. doi:
10.1007/BF01086099. URL https://doi.org/10.1007/BF01086099. English trans-
lation. Russian original: Zapiski Nauchnykh Seminarov LOMI 41 (1974), 14-24,
165.

[149] Gerard 't Hooft. A property of electric and magnetic flux in non-abelian gauge
theories. Nuclear Physics B, 153:141-160, 1979. doi: 10.1016/0550-3213(79)90595-9.

[150] Michael J. Teper. SU(N) gauge theories in 2+1 dimensions. Physical Review D, 59(1):
014512, 1999. doi: 10.1103/PhysRevD.59.014512. Issue dated 1 January 1999; first
published online 9 December 1998.

[151] Karen K. Uhlenbeck. Connections with L? Bounds on Curvature. Communications
in Mathematical Physics, 83(1):31-42, 1982. doi: 10.1007/BF01947069. URL https:
//doi.org/10.1007/BF019470609.

[152] Pierre van Baal. QCD in a finite volume. In M. Shifman, editor, At the Frontier of
Particle Physics: Handbook of QCD, volume 2, pages 683-760. World Scientific, 2001.
doi: 10.1142/9789812810458_0021.

[153] Kenneth G. Wilson. Confinement of Quarks. Physical Review D, 10(8):2445-2459,
1974. doi: 10.1103/PhysRevD.10.2445. URL https://doi.org/10.1103/PhysRevD.
10.2445.

[154] Edward Witten. On quantum gauge theories in two dimensions. Communications
in Mathematical Physics, 141(1):153-209, 1991. doi: 10.1007/BF02100009. URL
https://doi.org/10.1007/BF02100009.

[155] Roderick Wong. Asymptotic Approximations of Integrals, volume 34 of Classics in
Applied Mathematics. Society for Industrial and Applied Mathematics, 2001. doi: 10.
1137/1.9780898719260. URL https://doi.org/10.1137/1.9780898719260. SIAM
reprint of the 1989 Academic Press edition.

[156] C. N. Yang and R. L. Mills. Conservation of Isotopic Spin and Isotopic Gauge
Invariance. Physical Review, 96(1):191-195, 1954. doi: 10.1103/PhysRev.96.191. URL


https://doi.org/10.1007/s00220-022-04609-1
https://doi.org/10.1007/s00220-022-04609-1
https://digicoll.lib.berkeley.edu/record/113245
https://digicoll.lib.berkeley.edu/record/113245
https://doi.org/10.1007/BF01086099
https://doi.org/10.1007/BF01947069
https://doi.org/10.1007/BF01947069
https://doi.org/10.1103/PhysRevD.10.2445
https://doi.org/10.1103/PhysRevD.10.2445
https://doi.org/10.1007/BF02100009
https://doi.org/10.1137/1.9780898719260

References 291

https://doi.org/10.1103/PhysRev.96.191.

[157] Daniel Zwanziger. Covariant Quantization of Gauge Fields without Gribov Ambi-
guity. Nuclear Physics B, 192(1):259-269, 1981. doi: 10.1016/0550-3213(81)90202-9.
URL https://doi.org/10.1016/0550-3213(81)90202-9.


https://doi.org/10.1103/PhysRev.96.191
https://doi.org/10.1016/0550-3213(81)90202-9

	Part VI: Large-field control and the small-field event (continued)
	19 Comparison of reconstructions on block regions
	19.1 Setting and conventions
	19.2 Conditional minimization and successive substitution
	19.3 Comparison of the regional and torus stationary points
	19.4 A gauge transformation fixing prescribed vertices
	19.5 The gauge-transformed reconstruction and its input columns
	19.6 Construction radii and bounds on the reconstruction majorant
	19.7 Perturbations of the incoming action

	20 Fluctuation integration and normalization on block regions
	20.1 Setting and coefficient calculus
	20.2 Conditional minimizers, constrained Hessians, and Haar densities
	20.3 The conditional fluctuation potential
	20.4 Cluster expansion with boundary-localized coefficients
	20.5 Effective interactions and normalization constants
	20.6 Preservation of the analytic bounds under iteration
	20.7 Summation of truncation errors

	21 Large-field decompositions and conditional densities
	21.1 Local path products and closed cell complexes
	21.2 Deterministic large-field decompositions
	21.3 Coordinate coverage and representatives satisfying the reconstruction identities
	21.4 Pointwise gauge-invariant densities
	21.5 Freezing and substitution of frozen coordinates
	21.6 Conditional integration and normalization on large-field decompositions

	22 Exponential-moment bounds between renormalization scales
	22.1 Setting and the main estimate
	22.2 Product domains along a large-field decomposition
	22.3 Energy transport, feasible configurations, and the reference normalization
	22.4 The minimum of the Wilson action over omitted links
	22.5 Domination of the plaquette-energy sum by the Wilson minimum
	22.6 Gauge-invariant domination of the densities
	22.7 Summation over large-field decompositions
	22.8 Chessboard estimates with regularity indicators
	22.9 Domination of successive small-field restrictions

	23 Uniform bounds for the small-field event
	23.1 Elementary inequalities
	23.2 Choice of the parameters
	23.3 Bounds under the Wilson measure
	23.4 Probability of the small-field event
	23.5 Two-sided bounds of logarithm-squared order
	23.6 Proof of the choice of parameters
	23.7 Parameters below an arbitrary coupling ceiling
	23.8 Every sufficiently large number of averaging steps

	References


