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abstract

We consider the Wilson lattice gauge measure for SU(2) on a periodic three-
dimensional torus of fixed size, with bare coupling g2 = g2

3a proportional to the
lattice spacing a, as dictated by the superrenormalizability of three-dimensional
Yang–Mills theory. Observables are Wilson loops of the lattice configuration
evolved by the Wilson flow, the lattice gradient flow of the Wilson action, at
positive flow time. We prove that, at every fixed value of the coupling, the joint
laws of finitely many flowed Wilson loops converge as the lattice spacing tends
to zero along the sequences of lattice sides nMk, for fixed odd M ≥ 3 and fixed
positive n divisible by four. For each such refinement class, the limits are realized
by a unique probability measure on the space of gauge orbits of Yang–Mills
heat-flow trajectories at positive times, a version of the state space introduced
by Cao and Chatterjee. At each fixed positive time, the energies of the selected
trajectories πk(U), with U distributed under the lattice Wilson measures, are tight
uniformly in the lattice spacing. The limiting measure is invariant under the lattice
symmetries and the center symmetries. We also show that, at short distances, the
rescaled deficits (1−W)/(g2

3ε) of the normalized fundamental Wilson loops W of
loops x + εℓ, flowed for time σε2 with fixed σ > 0, converge to explicit quadratic
functions of the heat-smoothed Gaussian free field. As the coupling tends to zero,
the measure concentrates on flat connections, with Gaussian fluctuations of explicit
covariance near regular commuting holonomies and fluctuations governed by the
constant-mode quartic form near the central holonomies. The proof is a multiscale
renormalization group analysis in the tradition of Bałaban, carried out on a small-
field event whose complement we show to have small probability, uniformly in the
lattice spacing, using reflection positivity and chessboard estimates. It is combined
with stochastic estimates for the lattice heat flow and a deterministic analysis of
the Wilson flow for rough initial data.
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section 12

Fluctuation integration and cluster expansions

In this section, we integrate out the fluctuations of a bounded number of averaging steps
around the classical background field. We consider s ≤ J consecutive averaging steps,
from a lattice of side Msm to a coarse lattice of side m ≥ 4, starting from the effective
classical action Ed0 of some depth d0 ≥ 0; for s = J this is one renormalization group step.
Given a coarse field c, the fine configurations whose average is c are described by free
logarithmic coordinates at each intermediate scale. We center these coordinates at the
conditional constrained minimizer, normalize them by the coupling and the constrained
Hessian, and integrate the resulting normalized fluctuation variables w over a fixed
product Ωp of three-dimensional balls.

There are three main results. The first is an exact formula for this integral, for one
averaging step in Lemma 12.3 and for s ≤ J averaging steps in Theorem 12.13. The second
is a convergent polymer expansion of the logarithm of the fluctuation partition function,
with volume-independent bounds on all its derivatives of positive order (Theorems 12.6
and 12.7 and Proposition 12.10). The third, Lemma 12.16, concerns an input effective
interaction R, produced by the integrations at finer scales. It shows that integrating
out the fluctuations replaces R by its value on the zero-fluctuation reconstruction plus
a correction of second order in the coupling. We do not estimate the probability of the
domain of integration under the Wilson measure here; this is done in Section 23.

We use the conventions of Section 4, the absolute coefficient calculus of Lemma 5.3,
the constraint coordinates and the exact Haar disintegration of Lemma 6.3, and the con-
ditional constrained minimizers, the nested minimization identity, and the coefficient
bounds for Ed of Theorems 10.10 and 10.11. In Section 13, the results are used to construct
the renormalization group recursion on the small-field event and to describe the condi-
tional fluctuation kernel; they are also used in Sections 14, 15, and 23. Sections 18 and 20
reuse the triangular change of variables and the graph combinatorics, and Sections 31,
33, and 35 use the coordinates of Theorem 12.13 and its dimension counts.

The integral over one averaging step. We first describe the identity of Lemma 12.3
informally. Let b(c, z) be the fine configuration with average c and free logarithmic
coordinates z, and let F(c, z) = Ed0(b(c, z)). Let z∗(c) be the minimizer of F(c, ·) and
K(c) = D2

z F(c, z∗(c)) the constrained Hessian. The substitution

z = z∗(c) + gK(c)−1/2w

2



12 Fluctuation integration and cluster expansions 3

has Jacobian g3 f det K(c)−1/2, where 3 f is the number of real free logarithmic coordinates.
Since z∗ is stationary and K−1/2KK−1/2 = I, we have

F(c, z)
g2 =

F(c, z∗(c))
g2 +

1
2
|w|2 + O(g|w|3),

and F(c, z∗(c))/g2 = Ed0+1(c)/(Mg2) by the nested minimization identity. The Haar
density of the free logarithmic coordinates is a reference constant times e−Lc(z), and
Lc(z) = Lc(z∗(c)) + O(g|w|). Thus the integral over w ∈ Ωp is the product of three
factors that depend on c (the exponential of the effective classical action at the coarse
scale, the determinant det K(c)−1/2, and the Haar density at the minimizer) and of the
integral of e−|w|

2/2−U(c,w), where U is small on Ωp. The determinant and the Haar
density at the minimizer become part of the effective interaction as functions of c, and
Ed0+1/(Mg2) remains a separate term. We control the integral of e−|w|

2/2−U by a polymer
expansion about the product of truncated Gaussian measures on the balls. This product
is only a reference measure. The conditional law of w, the conditional fluctuation kernel
studied in Section 13, has density proportional to e−|w|

2/2−U.
For several averaging steps the change of variables is triangular, from the coarsest

intermediate scale to the finest. The minimizers, Hessians, and Haar densities at a
finer scale depend on the fluctuations at all coarser scales, and the exact formula of
Theorem 12.13 keeps these dependences.

Organization. Section 12.1 defines the coefficient norms and proves the exact formula
for one averaging step. Section 12.2 proves the cluster expansion in an absolute coeffi-
cient algebra, in a form that applies to arbitrary interactions with connected supports.
Section 12.3 constructs connected supports for the interaction of one averaging step and
estimates the resulting effective interaction. Section 12.4 treats s ≤ J averaging steps, and
Section 12.5 treats an input effective interaction. The order in which the constants are
chosen is summarized in Remark 12.17.

Conventions. All results of this section concern the periodic torus without a fixed
complement. Distances are measured in units of the coarse lattice spacing. Unless stated
otherwise, constants in the statements about one averaging step have the dependence
described in item (2) of Definition 4.14. That is, they depend only on M, on the fixed
larger domains of the classical and Haar disintegration charts, and on fixed radius ratios,
spatial decay rates, and norm bounds. They are independent of the depth d0, of the side
m, and of the coupling and cutoff parameters satisfying the stated inequalities. For s ≤ J
averaging steps, the constants may also depend on J, on the finitely many changes of
scale between the lattices involved, and on the fixed box geometry, and no uniformity
as J → ∞ is claimed. Every factor that is independent of the field, and every factor that
depends only on the coarse field, is kept explicitly in the formulas.
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We recall the coefficient norms of Definition 4.6. A tensor is bounded at every fixed index
if, at the spatial decay rate b, its output-fixed absolute row sum and each of its input-fixed
absolute column sums, the latter with the volume normalization of Definition 4.6, are
bounded. Every sum carries the weight ebt, where t is the length of a shortest connected
network joining the locations of all indices of the coefficient; internal vertices are allowed.
For a scalar function, we fix any one input index and sum over the others with the same
weight, and we write ∥·∥b,root for the resulting norm of a derivative tensor. Scalar values
are never included in these norms. A majorant series of a family of tensors is a power
series with nonnegative coefficients that dominate the corresponding sums of absolute
coefficients.

Attribution. The organization of the integral into an effective classical action and con-
nected local fluctuation terms follows Bałaban’s renormalization group analysis of lattice
gauge theories [17, 19]; its three-dimensional antecedent is the stability analysis in [15].
We adapt this organization to the block averaging map, the constraint coordinates, and
the truncated domains used here, and we prove the expansion below. In particular, we
do not use the four-dimensional coupling renormalization of [17]. The cluster expansion
combines the Mayer expansion with a convergence criterion of the type of Kotecký and
Preiss [120]. The bound on connected graph sums by spanning trees comes from Pen-
rose’s partition [136], in the form described by Fernández and Procacci [87, Section 4.1];
see also Brydges’ exposition [38]. Dimock records the finite graph estimate in the con-
structive renormalization group setting [68, Appendix B, Theorem 27, p. 39, and (323),
p. 42]. His analysis concerns a scalar field, and no other result of [68] is used. The
weighted resolvent bounds use the Combes–Thomas method [61], as in Lemma 5.3.

12.1 Coefficient norms and normalized fluctuation coordinates

Definition 12.1. Let L ≥ 1 be an integer, the box scale; it is unrelated to the side length L
of the torus. Partition each periodic coordinate direction of the coarse lattice into integer
intervals of lengths between L and 2L ; a direction that is too short for such a partition
forms a single interval. The products of these intervals are the boxes. A support is a
nonempty connected set X of boxes; sets that wind around the torus are allowed, and
|X| denotes the number of boxes in X. A function is supported in X if it depends only on
coordinates θ and w (or θ and q, when those variables are used) whose locations lie in X.

For a convergent series f (θ, w) = ∑ν fν(w)θν in the coarse-field coordinates θ, whose
coefficients are functions of w on a fixed product Ωp, and for a family { fX} indexed by
supports, set

∥ f ∥u,coeff;p = ∑
ν

u|ν| sup
w∈Ωp

| fν(w)|, ∥{ fX}∥u,κ;p = sup
x

∑
X∋x

eκ|X|∥ fX∥u,coeff;p, (12.1)
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where x ranges over the boxes. The coefficients are taken in the scalar link and color
coordinates and include the Taylor factorials, that is, fν is the coefficient of the monomial
θν; replacing the scalar absolute value by a fixed norm on the three color components
changes only fixed constants. When the functions do not depend on w we omit p from
the notation.

For an extensive scalar holomorphic function f (θ, q) of the coarse-field coordinates θ

and of variables q, with qi = giwi in the applications below, set

Ju,v,b( f ) = ∑
r+s≥1

urvs

r! s!
∥Dr

θDs
q f (0, 0)∥b,root, (12.2)

where the tensor norm is the scalar counting fixed-input sum: it fixes any one index of θ

or of q, sums over all other indices, and uses the weight ebt, with no mesh-volume factor.
This is the scalar convention of Definition 4.6; volume normalization is retained for vector
columns. The constant coefficient of f is not restricted by Ju,v,b. For a reconstructed field,
which is vector valued, we use the analogous majorant series for the output-fixed rows
and for all input-fixed volume-normalized columns. In a composition of s averaging
steps the variables wi and qi of the i-th step have mesh Mi−s, 0 ≤ i < s, and the number
of their indices, for all these steps, located in a unit cube is at most CMsM3s.

In (12.1), we take the supremum over w ∈ Ωp of each coefficient in θ and then sum
with the weights u|ν|. This norm dominates the supremum of the function. The symbol
Ju,v,b is unrelated to the Haar disintegration densities Jc introduced below.

We now fix one averaging step, from side Mm to side m ≥ 4, with input action Ed0 of
depth d0 ≥ 0. By Lemma 6.3 and Theorem 10.10, the fine configuration with average c
is b(c, z) = eΓc(z)U0(c), where U0(c) is the coarse-field lift, Γc solves the block averaging
constraint for the eliminated edges e∗a , a ∈ Em, and z are the free logarithmic coordinates.
We write

B(θ, z) = Log b(eθ, z), F(θ, z) = Ed0(b(e
θ, z)), L(θ, z) = − log

Jeθ(z)
JI(0)

,

where Jc(z) is the Haar disintegration density of Lemma 12.3 below; when c rather than
θ is the variable we also write F(c, z). Let z∗(c) be the conditional constrained minimizer
of Theorem 10.10 and K(θ) = D2

z F(θ, z∗(eθ)).

Lemma 12.2. There exist a, A, R > 0, with the dependence described in item (2) of Definition 4.14
and independent of d0 ≥ 0 and m ≥ 4, and fixed products of coarse-field coordinates and free
logarithmic coordinates, contained with fixed positive margins in the domains of Lemma 6.3
and Theorems 10.10 and 10.11, on which the following bounds hold at the spatial decay rate a.

1. The order-k derivative tensors of B(θ, z) have output-fixed absolute row sums and input-fixed
volume-normalized column sums bounded by Ak+1k!.
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2. The order-k derivative tensors of the scalar functions F(θ, z) and L(θ, z) are bounded by
Ak+1k! for every k ≥ 1, with any one input index fixed.

3. The minimizer z∗(eθ) vanishes at θ = 0 and has the same factorial row and column bounds
for its derivative tensors; its normalized Taylor coefficients have convergent majorant series.

4. The coefficients of positive degree in θ of K(θ) may be bounded with either matrix index fixed,
or with one coarse-field index fixed; in the latter case both matrix indices are summed. Their
generating series is bounded by Ax/(1− Ax) for 0 ≤ x < R.

Proof. The output side is m ≥ 4, and the input action lives on the side Mm ≥ 4 and has
depth d0 ≥ 0, so Theorems 10.10 and 10.11 apply. We fix R > 0 such that the products
∥θ∥∞ ≤ 2R, ∥z∥∞ ≤ 2R lie inside the domain of the constraint coordinates and the
domain of Theorem 10.10, and such that ∥B(θ, z)∥∞ < r∗/2 there, where r∗ is the radius
of Theorem 10.11. Such a choice exists since B(0, 0) = 0 and by the first-order bounds of
Lemma 6.3. The last condition places the argument of Ed0 , and not only the coarse field,
in the domain where its coefficient bounds hold. The resulting margins depend only on
the data of one averaging step, and all later reductions of R in this proof are made before
J, g, and p are chosen.

Recall that if ∑ν aνzν converges on a neighborhood of a product of circles of radii Rj,
then by Cauchy’s formula |aµ|∏j R

µj
j is at most the supremum of the function on these

circles. The same holds for coefficients with values in a Banach space.
Each component of the solution Γ in Lemma 6.3 depends on a finite stencil of at

most nM scalar coordinates, of diameter at most dM in the output lattice. At fixed M
there are only finitely many local types of such stencils, and the periodic identifications
only identify members of this finite list. On a closed complex product strictly inside
the domain, the holomorphic solutions are bounded by a fixed constant A0. If the circle
radius in each scalar coordinate is R0, the coefficient of a multiindex ν is then at most
A0R−|ν|0 . There are (nM+k−1

k ) ≤ (2nM)k multiindices of degree k ≥ 1. Summing absolute
coefficients therefore introduces a factor exponential in k, and multiplying by k! gives the
bound Ak+1k! for the ordered derivative tensors. A fixed input belongs to at most CM
stencils, which gives the column bounds. A tree on the k + 1 locations of a coefficient
has length at most dMk, so the exponential weight contributes another factor exponential
in k. This proves the row and column bounds; no bound on directional derivatives is
used. Finite products, exponentials, and the logarithm in the identity chart preserve such
bounds, since their majorant series are dominated by products, by ex, and by ∑j≥1 xj/j
on a fixed small disc.

These are volume-normalized column bounds as well as counting bounds. In units
of the coarse lattice spacing, the two meshes are 1 and M−1. The column factor, the
output volume divided by the input volume, is therefore 1, M−3, or M3, and we include
these fixed factors in A. In compositions we use these factors as in Lemma 5.3, and the
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intermediate volumes cancel at each contraction. Since lengths measured in the units of
the input lattice are multiplied by M−1, the exponential bounds of the input lattice still
hold at one fixed positive rate.

The same reasoning applies to each term of L. Each nonforest link contributes
− log jH(Γe), and each coarse link a contributes log det(M2DXe∗a

Ca). Here jH(0) = 1,
and the matrix in the second logarithm equals I at z = 0. On a smaller product, their
differences from 1 and from I have norm less than 1/2, which ensures that the scalar and
matrix logarithm series converge with uniform local coefficient bounds. The constant
JI(0) cancels exactly these values at zero. Each index belongs to a bounded number of
these local terms, which gives the asserted bounds for their sum with one index fixed.
This argument also specifies the real logarithms and their holomorphic continuations.

For F, the product chosen above places every argument B inside the radius r∗, and we
use the factorial bounds for Ed0 of Theorem 10.11. In a coefficient of the composition, we
join the network of the outer tensor to the networks of the inserted B tensors. If an input
index is fixed, we use the column of the insertion containing it and rows for the other
insertions. The contraction rule of Lemma 5.3 then sums every internal index without
a volume factor, and the exponential generating series is bounded by the composition
of two convergent majorant series. Differentiating twice to form a Hessian introduces a
factor (k + 1)(k + 2) at coefficient degree k, which is absorbed on a fixed smaller radius.

To bound all orders of the minimizer, let K0 = D2
z F(0, 0) and write the stationarity

equation as the implicit system

z = Φ(θ, z), Φ(θ, z) = −(K0)−1{DzF(θ, z)− K0z}. (12.3)

We have Φ(0, 0) = 0, and the linear part of Φ in z vanishes at the origin. Its part
linear in θ is bounded by A∥θ∥, and the remaining majorant series is bounded by
A(∥θ∥+ x)2/[1− A(∥θ∥+ x)] when the unknown has majorant x. The rows and columns
of (K0)−1 are bounded uniformly by Theorem 10.10. We apply the implicit-series clause
of Lemma 5.3 with the majorant

x = A∥θ∥+ A(∥θ∥+ x)2

1− A(∥θ∥+ x)
,

that is, with κ = 0 in its notation, and we obtain a convergent majorant at every fixed
index. Its unique small solution is the minimizer of Theorem 10.10, by the uniqueness
statement there.

Finally we compose the tensor D2
z F, which has two indices of z, with the minimizer.

A coefficient of positive degree in θ contains a coarse-field index either in the outer tensor
or in an inserted copy of z∗. Fixing that index and using the appropriate columns along
its path, we sum over the two indices of z. The contractions and the majorant series just
described prove the stated bound for K− K0. Throughout the contractions we keep the
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shortest connected networks, and we replace them by trees on the external indices only
once, as permitted by Lemma 5.3. This fixes one positive rate for every order. Finally
reduce the evaluation radius R so that AR ≤ 1/2, keeping the coefficient constant A fixed
from the larger products.

In the next lemma, U denotes a scalar function of the coarse field and of w, not a
configuration.

Lemma 12.3. Fix an odd integer M ≥ 3. There exist u0, v0, b, m0, C, σ0 > 0 and p0 ≥ 1, with
the dependence described in item (2) of Definition 4.14 and independent of d0 ≥ 0 and m ≥ 4,
such that the following holds for the reconstruction b(c, z) of Theorem 10.10. Put

F(c, z) = Ed0(b(c, z)), z∗(c) = z∗d0
(c), K(c) = D2

z F(c, z∗(c)), S(c) = K(c)−1/2.

1. There are f = 2(M3 − 1)m3 independent SU(2) variables, hence 3 f real free logarithmic
coordinates. Their density relative to the product Haar measure on the coarse configuration,
including the Haar factors of the eliminated edges, is the Haar disintegration density

Jc(z) = c f
Haar

∏e nonforest jH(Γc,e(z))

∏a∈Em det DXe∗a
Cc,a(Γc(z))

,

where jH(X) = sinc2(|X|/2); its value at c = I, z = 0 is JI(0) = c f
HaarM6|Em|. The

integral over the forest variables has mass one. Set Lc(z) = − log(Jc(z)/JI(0)) and
L0(c) = Lc(z∗(c)).

2. For real c the matrix S(c) is real, symmetric, and positive definite, and S extends holomor-
phically to c = eθ, ∥θ∥∞ < u0. With K0 = K(I), for every real x ≥ 0,

∥(K0 + xI)−1∥b,row+col ≤
C

m0 + x
, S(c) =

1
π

∫ ∞

0
x−1/2(K(c) + xI)−1 dx.

The derivative tensors of S satisfy factorial bounds at every fixed index, with exponentially
weighted rows and columns, and each tensor of positive order in θ may also be bounded with
one coarse-field index fixed and both matrix indices summed.

3. There exist a1, A, R > 0, chosen before J and independent of d0, m, g, p, and fixed products of
radius R contained with fixed positive margins in the larger classical and Haar disintegration
domains, on which B(θ, z), F(eθ, z), Leθ(z), and z∗(eθ) satisfy the bounds of Lemma 12.2
at the rate a1, with order-k derivative tensors bounded by Ak+1k! for k ≥ 1; for B these
are output-fixed rows and all input-fixed volume-normalized columns, and for the scalar
functions any one input index is fixed. Scalar values are excluded, and no coupling or cutoff
enters. The order-k derivative tensors of K(eθ), K1/2 = KS, and S = K−1/2 are bounded by
Ak+1k! for k ≥ 1 with either matrix index fixed, or with a coarse-field index fixed and then
both matrix indices and all other inputs summed; their normalized Taylor series of positive
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degree are bounded by Au/(1− Au) for 0 ≤ u < R, with AR ≤ 1/2. All these bounds
also hold after translation to any background point of a fixed smaller product. The volume
normalizations are those of Definition 4.6 for this pair of lattices.

4. Let g > 0, p ≥ p0, and ∥θ∥∞ < u0, and assume

Cgp < 1
2 , σ = C

{ gp3

1− Cgp
+ gp

}
≤ σ0. (12.4)

Then, for every w ∈ Ωp = ∏
f
e=1{we ∈ R3 : |we| ≤ p}, the point z = z∗(c) + gS(c)w

satisfies ∥z∥∞ < v0/2, and b(c, z) lies in the domain of the classical coefficient bounds.
Let zp =

∫
|w|≤p e−|w|

2/2 d3w, let πp be the product reference measure on Ωp with density

z− f
p ∏e 1|we|≤pe−|we|2/2, and set

U(c, w) =
F(c, z∗ + gSw)− F(c, z∗)

g2 − 1
2
|w|2 + Lc(z∗ + gSw)−L0(c). (12.5)

Then, with g2
+ = Mg2,∫

z∗+gSΩp
e−F(c,z)/g2Jc(z) dz = JI(0)g3 f e−Ed0+1(c)/g2

+ det S(c) e−L0(c)z f
p Ξ(c), (12.6)

where Ξ(c) = Eπp e−U(c,w). These identities are exact for real c. For complex c the left side
is defined as the holomorphic continuation obtained by integrating over the same real product
of w.

Proof. We take p0 = 1; any fixed larger p0 also works. We use the products of Lemma 12.2
inside the domain of Theorem 10.10, and we reduce their radii as follows. Every use of
the matrix-function coefficient clauses of Lemma 5.3(8)–(9) is on their smaller coefficient
ball and retains the positive spatial rate actually supplied by the matrix perturbation. The
mesh-volume ratios of one averaging step are fixed powers of M, so these radius and rate
choices are uniform in d0 and m and precede J, g, and p.

Step 1: the weighted resolvent at the identity. Let λ = m0 be the uniform lower bound
of Theorem 10.10 for the Hessian K0 on the real space of free logarithmic coordinates; it
holds for every m ≥ 4. The indices of z have bounded density and polynomial growth,
with constants depending only on M. We apply the weighted inverse clause of Lemma 5.3
to K0 + xI, x ≥ 0. Its lower bound is λ + x, and its off-diagonal entries are those of K0.
We fix 0 < β0 < a by the condition of that clause for the lower bound λ; this choice works
for every x ≥ 0. We obtain

|(K0 + xI)−1
e f | ≤

2e−β0 dist(e, f )

λ + x
.

For 0 < b0 < β0, summing with the weight eb0 dist(e, f ) and using the polynomial growth
just recalled, we obtain the row and column bound C/(λ + x). The constant and the rate
are independent of x, d0, and m.
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Step 2: the inverse square root. Let ∆K = K(c)− K0. On a smaller coarse-field product,
Lemma 12.2(4) implies that ∥(K0 + xI)−1∆K∥b0 < 1/2 simultaneously for all x ≥ 0.
Hence

(K(c) + xI)−1 = ∑
j≥0

[
−(K0 + xI)−1∆K

]j
(K0 + xI)−1 (12.7)

converges in the weighted matrix algebra. Let CR ≥ 1 be the resolvent constant of Step 1,
and let k(u) majorize the normalized Taylor coefficients of ∆K with either matrix index
fixed, with k(0) = 0. For j ≥ 0,

1
π

∫ ∞

0
x−1/2(λ + x)−j−1 dx = λ−j−1/24−j

(
2j
j

)
.

Consequently, on a smaller radius with z(u) = CRk(u)/λ < 1, the integrated row and
column majorants are bounded by

CR√
λ

∑
j≥0

4−j
(

2j
j

)
z(u)j =

CR√
λ
(1− z(u))−1/2.

This justifies integrating the series coefficient by coefficient. For a real eigenvalue k > 0,
the case j = 0 of the integral identity gives π−1

∫ ∞
0 x−1/2(k + x)−1dx = k−1/2. Diagonal-

izing the real symmetric matrix K(c), we find that the integral is its positive symmetric
inverse square root. The same integral of the normally convergent series defines the
holomorphic continuation. By continuation from real data we have ST = S and STKS = I,
with the transpose rather than the Hermitian adjoint.

Step 3: coefficients of S. Each coefficient of positive degree in θ of (12.7) differentiates
at least one factor ∆K. We fix the coarse-field index on that factor, sum both of its
matrix indices by Lemma 12.2(4), and contract the remaining resolvents using their rows
and columns. If kt(u) is the corresponding positive-degree majorant of ∆K with this
coarse-field index fixed, the j choices of the marked factor give the convergent bound

C2
Rkt(u)
λ3/2

d
dz

(1− z)−1/2
∣∣∣∣
z=z(u)

=
C2

Rkt(u)
2λ3/2 (1− z(u))−3/2.

This proves the asserted bounds for S, including the sum over both matrix indices when
a coarse-field index is fixed. The undifferentiated term needs only the rows and columns
of (K0 + xI)−1. All radius reductions and the final rate are chosen here, before g and p.

Step 4: joint bounds and the positive square root. The tensors of B, F, L, and z∗ in part
(3) are those of Lemma 12.2; no fluctuation variable or cutoff enters their construction. For
the matrix products, we fix a1 > 0 such that 2a1 is at most both the rate of Lemma 12.2
and b0; this leaves the factor two needed to replace a shortest connected network by a tree
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on the external indices. Since S is a function of K, it commutes with K. The holomorphic
matrix

P(c) = K(c)S(c) (12.8)

equals the positive symmetric square root K(c)1/2 for real data, and P2 = K on the
complex product since S2K = I. Then P is the continuation of the positive square root,
and its row and column bounds follow from submultiplicativity.

We check the coefficient bounds for P. For a coarse-field multiindex ν we have
Pν = ∑µ≤ν KµSν−µ, with the Taylor factorials included in the coefficients. If a matrix
index is fixed, we use the row or column bound of the factor containing it and the
compatible bound of the other factor. If a coarse-field index is fixed, we distinguish its
position in the convolution. If it belongs to Kµ, we use the bound for K summing both
matrix indices and then a row of S at the common index. If it belongs to Sν−µ, we use the
corresponding bound for S and the column of K at the common index. Each contraction
joins two networks at the shared index of z, so the exponential weight and the volume
normalization are those of Lemma 5.3.

To treat all orders at once, let k(x), s(x) be majorant series of the coefficients of K
and S with a matrix index fixed, including their constant terms, and let kt(x), st(x) be
majorant series of their coefficients of positive degree with a coarse-field index fixed
and both matrix indices summed. These four series converge, and the last two have no
constant term. The contractions just described bound the coefficients of positive degree
of P by those of

k(x)s(x)− k(0)s(0), kt(x)s(x) + k(x)st(x), (12.9)

for a fixed matrix index and a fixed coarse-field index, respectively. If such a series
is bounded by C0 on a circle of radius r0, its coefficient of degree k is at most C0r−k

0 .
Enlarging A beyond max{1, (1 + C0)/r0} for the finitely many series involved, we bound
these coefficients by Ak for k ≥ 1. This bounds the series of positive degree by Au/(1−
Au) and the ordered tensors of order k by Ak+1k!. The same enlargement covers B, F, L,
z∗, K, and S.

These bounds persist after translation to any background point of a fixed smaller
product. Indeed, suppose that a tensor of order n, with one index fixed, is bounded by
Cn+1n!. Expanding at a background point of radius r, we obtain for k ≥ 1 the order-k
bound

∑
j≥0

rj

j!
Ck+j+1(k + j)! =

Ck+1k!
(1− Cr)k+1 ≤ (2C)k+1k! (Cr ≤ 1/2).

The fixed index remains a differentiated input or a matrix index, and the other legs at
the background point are summed using the same rows or columns; removing these legs
cannot increase the length of the remaining network. Thus one radius reduction and one
enlargement of A cover all orders and all these background points, without changing a1.
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We take the least common radius R and the least rate a1, then reduce R so that AR ≤ 1/2
without changing the coefficient constant fixed on the larger products. We reduce u0 to
this radius if necessary. This proves part (3), with constants chosen before J, g, and p.

Step 5: the Haar disintegration. By Lemma 6.3 there are f = 2((Mm)3 −m3) = 2(M3 −
1)m3 independent SU(2) variables, and the density is exactly Jc. At c = I and z = 0
each of the |Em| determinants det DXe∗a

CI,a(0) = det(M−2 I3) equals M−6, and each factor

jH equals one, which gives JI(0) = c f
HaarM6|Em|. The Haar probability measure on the

gauge transformations of the block forests has mass one. The forest integral contributes
no further factor, since the integral uses the action at the representative in the block axial
gauge. This proves part (1).

Step 6: the domain. By the bound ∥z∗(c)∥ ≤ C∥θ∥ and the row bound for S, we have
∥z∗ + gSw∥ ≤ C(u0 + gp). We choose u0 and the threshold for gp such that this is less
than half of the least chart radius v0 and the reconstruction stays inside the domain of
the classical coefficient bounds. We achieve these requirements by enlarging the constant
C in (12.4) before it is fixed; none of them depends on p, g, d0, or m.

Step 7: the change of variables. For real c, the change of variables z = z∗+ gSw has Jaco-
bian g3 f det S. Stationarity removes the linear term of F(c, ·) at z∗, and STKS = I turns its
quadratic term into |w|2/2. By the nested minimization identity Ed0+1(c) = MF(c, z∗(c))
of Theorem 10.10 and g2

+ = Mg2, we have F(c, z∗)/g2 = Ed0+1(c)/g2
+. Substituting

Jc(z) = JI(0)e−Lc(z) and extracting e−L0(c) leaves the integrand e−|w|
2/2−U(c,w), whose

integral over Ωp is z f
pΞ(c) by the definition of πp. This proves (12.6), with every scalar

factor displayed. For complex c, we integrate over the same real product of w. Since
the uniform chart margins and the convergent series justify integrating coefficient by
coefficient, the result is the holomorphic continuation of the real identity.

12.2 Polymer expansions in the coefficient algebra

In this subsection, we fix a finite set of boxes as in Definition 12.1. A polymer is a support,
that is, a nonempty connected set of boxes. We prove the cluster expansion of a hard-core
polymer gas whose activities take values in the coefficient algebra of (12.1). We then prove
a version for arbitrary interactions with connected supports, which includes holomorphic
dependence on the interaction and an estimate for the derivative with respect to an
inserted interaction. These statements use only the norms and the independence of
fluctuation variables in disjoint supports. They are applied to one averaging step in
Section 12.3 and to several in Section 12.4. The weighted incidence condition below is a
version of the convergence criterion of Kotecký and Preiss [120], and we prove the bound
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we need by majorizing with rooted trees. The successive support weights e8|X|, e5|P|, and
e2|Y| below are chosen for convenience; only the gaps between them matter.

Lemma 12.4. Let S be a finite family of nonempty sets of boxes, not necessarily connected, with
nonnegative weights hX, X ∈ S . Let κ ≥ 0 and suppose

η = sup
x

∑
X∋x

hXe(κ+1)|X| ≤ 1.

Put aX = hXeκ|X|. For X ∈ S let TX be the sum over finite rooted plane trees, with ordered
children, whose vertices carry elements of S , repetitions allowed, whose root carries X, and in
which the sets carried by adjacent vertices intersect, of the product of the weights aY of all vertices,
where a vertex with j children receives the factor 1/j!. Then TX ≤ aXe|X|, and ∑X∋x TX ≤ η for
every box x. In particular, the sum of eκ|∪F|∏X∈F hX over all families F of distinct elements of
S whose union contains x and whose intersection graph is connected is at most η.

Proof. For trees of height zero, we set T(0)
X = aX, and we define iteratively

T(n+1)
X = aX exp

(
∑

Y: Y∩X ̸=∅
T(n)

Y

)
. (12.10)

Expanding the exponential assigns the factor 1/j! to the j children of each vertex, and
induction on the height shows that T(n)

X is the sum over the trees of height at most n
described in the statement. Equivalently, for trees with k vertices and a fixed root, one
may label the other vertices 2, . . . , k and divide by (k− 1)!; grouping the labels among
the subtrees of the root gives exactly the same factors 1/j!. This verifies the count also
when several vertices carry the same set.

If T(n)
Y ≤ aYe|Y| for all Y, then

∑
Y: Y∩X ̸=∅

T(n)
Y ≤ ∑

x∈X
∑

Y∋x
aYe|Y| ≤ η|X| ≤ |X|,

which implies T(n+1)
X ≤ aXe|X|. Their limit TX satisfies the same bound, since the iterates

increase. Summing over X ∋ x, we obtain ∑X∋x TX ≤ supx ∑X∋x hXe(κ+1)|X| = η. A
family F of k distinct sets with connected intersection graph and union containing x
has a member containing x and an intersection spanning tree rooted at it. Listing its
other members in all orders cancels the factor 1/(k− 1)!, so the rooted tree sum counts
∏X∈F aX at least once. Finally, the inequality |∪F| ≤ ∑X∈F |X| transfers the weight of
the union to the vertex weights.

Lemma 12.5. For every finite simple graph G,∣∣∣∑
H
(−1)|E(H)|

∣∣∣ ≤ #{spanning trees of G},

where the sum is over the connected spanning subgraphs H of G.
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This inequality is used by Dimock in [68, Appendix B, Theorem 27, p. 39, and (323),
p. 42]. We prove it with the partition of connected subgraphs introduced by Penrose
[136]; see also [87, Section 4.1].

Proof. For a graph with one vertex both sides equal one, and for a disconnected graph
both sides vanish. Otherwise we order the vertices and root the graph at vertex 1. For a
connected spanning subgraph H, let dH(v) be the graph distance from v to 1 in H, and
join each v ̸= 1 to its least neighbor in H in the preceding distance layer. These edges
form a spanning tree T(H) with the same distances to 1. For a spanning tree T, let R(T)
consist of the edges of T, of every edge of G joining two vertices in the same distance
layer of T, and of every edge of G joining successive layers whose endpoint in the lower
layer is not smaller than the parent in T of its endpoint in the upper layer. No other edge
belongs to R(T). Then

T(H) = T ⇐⇒ T ⊂ H ⊂ R(T).

Indeed, an edge of H cannot skip a distance layer of H, and it cannot be joined to a
smaller vertex of the preceding layer than the chosen parent. Conversely, adding edges
of R(T) \ T to T changes no distance, since each such edge changes the layer by at most
one, and it does not change the least parent. Thus the connected spanning subgraphs are
partitioned into these intervals, and each interval contributes

∑
T⊂H⊂R(T)

(−1)|E(H)| = (−1)k−1(1− 1)|E(R(T))\E(T)|,

where k is the number of vertices. Its absolute value is at most one, and summing over
spanning trees proves the inequality.

Theorem 12.6. Fix a finite set of boxes and u > 0. For each polymer P let z(P) be a convergent
power series in the coarse-field coordinates located in P, with ∥z(P)∥u,coeff < ∞, and assume

sup
x

∑
P∋x

e5|P|∥z(P)∥u,coeff ≤ 2σ, (12.11)

where σ ≤ σ0 for an absolute constant σ0 > 0. Let

Ξ = ∑
{P1,...,Pk} pairwise disjoint

k

∏
i=1

z(Pi)

be the partition function of the hard-core polymer gas, in which two polymers are compatible if
they are disjoint; the empty family contributes one. Then the following statements hold.

1. We have log Ξ = ∑Y ΨY, where

ΨY = ∑
k≥1

1
k! ∑

P1∪···∪Pk=Y
φT(P1, . . . , Pk)

k

∏
i=1

z(Pi).
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The inner sum is over ordered tuples of polymers, repetitions allowed, and φT(P1, . . . , Pk) =

∑H(−1)|E(H)|, the sum being over the connected spanning subgraphs H of the incompati-
bility graph on {1, . . . , k}, in which i ̸= j are joined if Pi ∩ Pj ̸= ∅. A single polymer has
coefficient one, and |φT| is at most the number of spanning trees of the incompatibility graph
by Lemma 12.5. All these series converge absolutely in the coefficient algebra.

2. Each ΨY depends only on the coarse-field coordinates located in Y, and

sup
x

∑
Y∋x

e2|Y|∥ΨY∥u,coeff ≤ Cσ.

3. Ξ ̸= 0 on ∥θ∥∞ < u, and log Ξ is the branch that vanishes at zero activity.
4. Suppose that the number of coordinate labels in each box is bounded and that, for every

support Y, all labels located in Y can be joined by a network of length at most Cgeom|Y|.
Then there exists b > 0 such that, on ∥θ∥∞ ≤ u/2, for every s ≥ 1,

∥Ds
θ log Ξ∥b,root ≤ Css! σ.

The constants in (1)–(3) are absolute; in particular they do not depend on the number of polymers.
In (4) the constants depend in addition on Cgeom, on the bound on the number of labels per box,
and on u, but not on the number of boxes or on s.

Proof. We take σ0 = 1/4.

Step 1: the formal identity. We give each polymer P a formal variable zP. The partition
function is

∑
k≥0

1
k! ∑

P1,...,Pk

∏
i

zPi ∏
i<j

(
1− 1Pi∩Pj ̸=∅

)
,

since the last product removes all tuples with an intersecting pair, including repeated
polymers. Expanding this product gives a sum over all graphs on {1, . . . , k}, with the
weight −1Pi∩Pj ̸=∅ for each edge. Each graph has a unique partition of its vertices into
connected components. For components of sizes k1, . . . , kl, distributing the labels gives
the factor k!/(l! ∏j k j!), where the factor 1/l! accounts for equal components. Hence the
sum over all graphs is the exponential of the sum over connected graphs, and comparing
coefficients, we obtain the formula for ΨY.

Step 2: the bound. Let hP = ∥z(P)∥u,coeff and aP = hPe2|P|. For every tuple, the incom-
patibility graph is a finite simple graph on the distinct indices 1, . . . , k, even if some of
the listed polymers coincide, and its edges are the intersecting pairs. Thus Lemma 12.5
applies to every coefficient φT. If the union contains x, we choose a root polymer contain-
ing x, which replaces the factor 1/k! by the larger factor 1/(k− 1)!. By Lemma 12.4 with
κ = 2, we have

sup
x

∑
Y∋x

e2|Y|∥ΨY∥u,coeff ≤ sup
x

∑
P∋x

hPe3|P| ≤ 2σ,
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provided 2σ ≤ 1. This proves the absolute convergence in the coefficient algebra, the
bound in (2), and the fact that ΨY depends only on coordinates in Y.

Step 3: the analytic branch. We replace every activity by αz(P) with α ∈ C. Since
σ ≤ 1/4, the bound of Step 2 holds for |α| ≤ 2. Since the sum of all these bounds is finite
at finite volume, the connected series and its exponential are convergent power series
in α on this disc. By Step 1, their exponential and the polynomial Ξ(α) have the same
Taylor coefficients at α = 0, which implies that they agree on the whole disc. At α = 1,
this proves Ξ = exp(∑Y ΨY), which gives Ξ ̸= 0 and identifies the branch. This argument
does not use a volume-independent bound on the scalar log Ξ.

Step 4: derivatives. For a scalar series fY(θ) = ∑ν fY,νθν and ∥θ∥∞ ≤ u/2, the sum over
all ordered derivative indices of order s of the absolute values of the derivatives of fY is
bounded by

∑
n≥s

∑
|ν|=n
| fY,ν|(n)s(u/2)n−s ≤ 2s+1s! u−s∥ fY∥u,coeff, (12.12)

where (n)s = n(n − 1) · · · (n − s + 1). To check the constant, we write n = s + j and
bound each (s+j

s )2−j by ∑j≥0 (
s+j

s )2−j = 2s+1. Fixing one derivative index only reduces
the sum, and makes it zero unless that index is located in Y. By hypothesis, all distinct
labels in Y can be joined by a network of length Cgeom|Y|, and repeated labels add no
length. We choose b with bCgeom ≤ 1, multiply (12.12) by the weight ebt ≤ e|Y|, and
use the bound in (2), in which the fixed index determines a box. This proves (4), with
a single factorial. For the boxes of Definition 12.1, whose labels have bounded density,
the geometric hypothesis holds. Indeed, we join the centers of adjacent boxes of Y and,
inside each box, join its finitely many labels by a fixed tree; the total length is at most
CM,L |Y|.

In the next theorem, we apply two expansions to an arbitrary interaction with con-
nected supports: first the connected-component expansion of ∏X(1 + (e−UX − 1)), which
produces a hard-core polymer gas, and then the cluster expansion of Theorem 12.6.

Theorem 12.7. Fix a finite set of boxes, a fixed product domain Ω for the fluctuation variables,
each fluctuation variable being located in one box, and a product probability measure π on Ω.
Fix u > 0, and let A be the algebra of convergent series f (θ, w) = ∑ν fν(w)θν with bounded
measurable coefficients and finite norm ∥ f ∥A = ∑ν u|ν| supw∈Ω| fν(w)|. For h ≥ 0 let Sh be
the Banach space of families U = (UX), indexed by supports, such that each UX ∈ A depends
only on the fluctuation and coarse-field coordinates located in X, with the norm

∥U∥Sh = sup
x

∑
X∋x

eh|X|∥UX∥A .
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Constant coefficients are allowed. There exist absolute constants η0, C > 0, independent of the
number of boxes, of the dimension of the fluctuation variables, of u, and of π, such that the
following holds for ∥U∥S8 < η0. Define the polymer activities

z(P) = ∑
F

Eπ ∏
X∈F

(
e−UX − 1

)
, (12.13)

the sum being over the families F of distinct supports whose intersection graph is connected and
whose union is P, and set

LY(U) = −∑
k≥1

1
k! ∑

P1∪···∪Pk=Y
φT(P1, . . . , Pk)

k

∏
i=1

z(Pi),

with φT as in Theorem 12.6. Then LY(U) depends only on the coarse-field coordinates located in
Y, and

∑
Y
LY(U) = − log Eπe−∑X UX , ∥L(U)∥S2 ≤ C∥U∥S8 , (12.14)

where L(U) = (LY(U))Y. Here Eπe−∑X UX ̸= 0, and the logarithm is the branch that vanishes
at U = 0. Thus each connected cluster of interactions is assigned to the union of their supports.
The map U 7→ L(U), from the open ball of radius η0 in S8 to S2, is Fréchet holomorphic. For
∥U∥S8 ≤ η0/2 and every A ∈ S8,

∥DL(U)[A]∥S2 ≤ C∥A∥S8 . (12.15)

If the segment U + sA, 0 ≤ s ≤ 1, lies in the closed ball of radius η0/2, then L(U + A)−L(U)

is the integral of this derivative along the segment, and its S2 norm is at most C∥A∥S8 . If U
depends holomorphically on a parameter in a Banach space, so does L(U). If θ is real and all UX
and AX are real valued, then

∑
Y

DLY(U)[A] =
Eπ

[
(∑X AX)e−∑X UX

]
Eπe−∑X UX

.

The supports of the AX may lie anywhere relative to the box at which the norm S2 is evaluated.
The constants are absolute, as in item (1) of Definition 4.14; when these norms are converted to
the torus norms of Definition 4.6, the conversion constants have the dependence described in item
(2).

Proof. By coefficient convolution, we have ∥ f g∥A ≤ ∥ f ∥A ∥g∥A . The coefficientwise
expectation Eπ has norm at most one, and functions of the fluctuation variables in disjoint
sets of boxes are independent under π, so their product has the product expectation.
These are the operations of Lemma 5.3. At a fixed finite number of boxes, the spaces Sh
are complete, since they are finite products of closed subspaces of weighted ℓ1 spaces of
bounded measurable functions, with an equivalent finite maximum norm.
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Step 1: the connected-component expansion. We write FX = e−UX − 1, hX = ∥FX∥A ,
and η = ∥U∥S8 . For η0 small, the exponential series in A implies that hX ≤ e∥UX∥A − 1 ≤
2∥UX∥A , and therefore supx ∑X∋x e8|X|hX ≤ 2η. Since there are finitely many supports,
we may expand Eπe−∑X UX = Eπ ∏X(1 + FX) as the sum over families of distinct sup-
ports of Eπ ∏X∈F FX. Each family has a unique decomposition into components whose
intersection graphs are connected. Different components have disjoint unions, hence dis-
joint fluctuation variables, and the expectation factors. Grouping the families according
to the unions of their components, we obtain exactly the hard-core gas with the activities
(12.13); the empty family contributes one, and the coarse-field variables enter only as
parameters. Since the expectation contracts the norm and supx ∑X∋x hXe6|X| ≤ 2η ≤ 1,
Lemma 12.4 with κ = 5 gives

sup
x

∑
P∋x

e5|P|∥z(P)∥A ≤ 2η.

Step 2: the cluster expansion. Taking η0 ≤ σ0, we apply Theorem 12.6 to these activities,
with σ = η. We obtain the absolute convergence of the series defining LY, the statement
about their supports, the nonvanishing of Eπe−∑X UX , the branch, and (12.14). The
repetitions are those of Theorem 12.6. Since each connected union is fixed before the
coefficients are summed, these formulas define a family, although its sum could also be
distributed over the supports in other ways.

Step 3: holomorphy. At a fixed number of boxes the activities are finite sums of products
of entire functions of the UX in A , hence holomorphic. We choose η0 so small that
the bounds of Step 2 still hold after every activity is multiplied by 2, uniformly for
∥U∥S8 ≤ η0. Then the sum of all terms of the logarithm with k ≥ n polymers has S2

norm at most Cη0 2−n. Each sum with fixed k is finite and holomorphic, and by this
bound the series converges uniformly on the ball. To see that the limit is holomorphic,
we fix around any point of the open ball a closed ball of radius r inside it. By Cauchy’s
formula, the homogeneous Taylor polynomial of degree j of each partial sum is bounded
by Cη0(∥v∥/r)j, uniformly in the increment v. The uniform convergence implies that
these polynomials converge uniformly on smaller balls, and the limits are continuous
homogeneous polynomials, since polarization of the partial sums passes to the limit. For
∥v∥ < r, their series converges geometrically, and by the one-variable Cauchy formula on
the line through v, it equals the limit. This proves Fréchet holomorphy, and holomorphy
after composition with holomorphic parameter families.

Step 4: the derivative. Let a = ∥A∥S8 > 0 and rv = η0/(4a). For |v| ≤ rv, the output
has norm at most Cη0, since the input U + vA has norm at most 3η0/4. By Cauchy’s
formula, we have

DL(U)[A] =
1

2πi

∫
|v|=rv

L(U + vA)

v2 dv, ∥DL(U)[A]∥S2 ≤ 4Ca.
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For a = 0 there is nothing to prove. Renaming C, we obtain (12.15), and integrating
along the segment proves the statement about differences. The norm sums all supports
containing the chosen box after the circle integral. An inserted interaction need not
contain that box, since the derivative acts at every position of the inserted interaction
within a connected cluster.

Step 5: real data. At a fixed number of boxes the coefficient sums bound ∑X UX and
∑X AX uniformly on Ω. The integrable constant envelope |∑X AX|e|∑X UX |+v0|∑X AX | jus-
tifies differentiating − log Eπe−∑X(UX+vAX) under the integral at v = 0, and the sum of
the components of DL(U)[A] is this derivative, which is the displayed formula. The
envelope depends on the volume; we use it only to identify this sum, not in the estimates
for the family.

The derivative with respect to an inserted interaction gains a second power of a small
parameter when the first-order term of the insertion has mean zero under π on every
support. This is the mechanism behind Lemma 12.16.

Corollary 12.8. Assume the setting of Theorem 12.7. For s ∈ [0, 1] let ζ 7→ Us(ζ) and
ζ 7→ A(ζ) be holomorphic maps into S8 on a neighborhood of the closed disc |ζ| ≤ R such that,
uniformly in s,

∥Us(ζ)∥S8 ≤ η0/2, ∥A(ζ)∥S8 ≤ a|ζ|, Us(0) = A(0) = 0.

Assume that Eπ A′X(0) = 0 for every support X, as an identity of coefficients in θ, where
A′ = dA/dζ. Set Fs(ζ) = DL(Us(ζ))[A(ζ)]. Then Fs,Y(0) = F′s,Y(0) = 0 for every s and
every support Y, coefficient by coefficient, and

∥Fs(t)∥S2 ≤
2Ca t2

R
, 0 < t ≤ R/2, (12.16)

where C is the constant of Theorem 12.7. The same conclusion holds if the uniform bounds are
assumed only on an open disc.

Proof. By (12.15), we have ∥Fs(ζ)∥S2 ≤ Ca|ζ|. At zero interaction the derivative of the
family is Eπ AY, support by support: in the first expansion e−UX − 1 = −UX + O(U2

X),
and in the second only the terms with a single polymer are linear. Terms with two
interaction factors are of degree at least two in ζ. Since Us(0) = A(0) = 0, the coefficient
of ζ in Fs(ζ) is (Eπ A′Y(0))Y = 0. Thus Fs,Y(0) = F′s,Y(0) = 0 for every support and every
coefficient in θ; no cancellation between different supports is used.

The family Bs(ζ) = Fs(ζ)/ζ extends holomorphically to ζ = 0, vanishes there, and
has norm at most Ca. By Cauchy’s formula for Banach-valued functions, we have
∥[ζk]Bs∥S2 ≤ CaR−k. For 0 < t ≤ R/2, summing the series, we find

∥Fs(t)∥S2 ≤
Ca t2

R(1− t/R)
≤ 2Ca t2

R
.
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If the bounds hold only on an open disc, we apply this on smaller circles and pass to the
limit. No regularity in s is used.

12.3 Connected supports and the effective interaction of one averaging step

We now return to the fluctuation interaction U(c, w) of one averaging step, defined
in (12.5). The coarse-field coordinates and the normalized fluctuation variables have
locations on the lattice, and the coefficient bounds of Lemmas 12.2 and 12.3 decay
exponentially in the length of a network joining these locations. In the next lemma, we
convert this decay into a decomposition of U into pieces supported on connected sets
of boxes, with the summability over supports required by the norm (12.1), as needed to
apply Theorems 12.6 and 12.7. A large box scale L makes the factor e8|X|, exponential in
the number of boxes met by a network, compatible with the available spatial decay.

Lemma 12.9. Assume the setting of Lemma 12.3. Choose the box scale L sufficiently large,
using a fixed part of the spatial decay rate of the classical coefficient bounds, and then reduce the
coarse-field radius u and the threshold for gp, once. Assign every joint Taylor monomial of U,
in θ and w, to the set of boxes met by a rectilinear tree joining the locations of all its coarse-field
coordinates and normalized fluctuation variables, chosen by a fixed deterministic rule described in
the proof. This yields an exact decomposition U = ∑X UX into functions supported on connected
sets of boxes, including sets winding around the torus, with the following properties.

1. For degree r in θ and degree s in w, the absolute coefficient sums with one index of w fixed
and with the exponential weight of a connecting network at a fixed rate are bounded by

Cr+sgs−2 (s ≥ 3) for the classical part, Cr+sgs (s ≥ 1) for the part from L.

The classical part of U, the first two terms of (12.5), has no terms of degree zero, one, or two
in w, and every term of U has degree at least one in w.

2. The support assigned to a monomial satisfies |X| ≤ C(r + s + 1 + t/L ), and

∥{UX}∥u,8;p ≤ σ = C
{ gp3

1− Cgp
+ gp

}
.

3. Put σone = min{σ0, 1/4, η0/2}, where σ0 is the threshold of Lemma 12.3 and η0 is that of
Theorem 12.7. For all subsequent uses, reduce the coarea threshold to σone. If σ ≤ σone, then,
with FX = e−UX − 1, the fluctuation partition function is the hard-core polymer gas

Ξ = ∑
{P1,...,Pk} disjoint

k

∏
i=1

z(Pi), z(P) = ∑
F

Eπp ∏
X∈F

FX, ∥{z(P)}∥u,5 ≤ 2σ,

where F ranges over the families of distinct supports whose intersection graph is connected
and whose union is P. The empty family contributes one, and each activity depends only on
coarse-field coordinates located in P.
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4. Statements (1)–(3) remain valid, with g replaced by |ζ| in all bounds and in (12.4), for the
interaction

U(c, w; ζ) =
F(c, z∗ + ζSw)− F(c, z∗)

ζ2 − 1
2
|w|2 + Lc(z∗ + ζSw)−L0(c)

with a complex parameter ζ, extended holomorphically across ζ = 0; at ζ = g > 0 this is
U(c, w).

The constants have the dependence described in item (2) of Definition 4.14; they are independent
of d0, of m, of g, p satisfying (12.4), and of the number of supports. The only independence used
is that of the fluctuation variables in distinct boxes under the product measure πp. The exact
formula (12.6) concerns real g only.

Proof. We write c = eθ and proceed in four steps.

Step 1: expansion in the fluctuation variables. At fixed θ, we expand in the increment
gSw and obtain the normally convergent series

F(c, z∗ + gSw)− F(c, z∗)
g2 − 1

2
|w|2 = ∑

s≥3

gs−2

s!
Ds

zF(c, z∗)[Sw, . . . , Sw], (12.17)

Lc(z∗ + gSw)−Lc(z∗) = ∑
s≥1

gs

s!
Ds

zLc(z∗)[Sw, . . . , Sw]. (12.18)

The classical terms of degree one and two vanish by stationarity and by STKS = I. Both
series vanish at w = 0 for every coarse field.

Step 2: coefficient bounds. We expand the coefficients further in θ and apply Lem-
mas 12.2 and 12.3 and the contraction rule of Lemma 5.3. If an index of w is fixed, the
column of the factor S containing it carries the fixed index to a tensor of F or of L with
one index fixed, and all other insertions use rows. The networks of the factors meet at
the contracted indices, so their union joins all external locations. The joint coefficient of
degree (r, s) has the generating factor 1/(r! s!), and passing from total derivatives gives
only the factor (r + s)!/(r! s!) ≤ 2r+s. Summing the composed majorant series proves the
two coefficient bounds in (1), at one fixed rate a > 0. The choice of the fixed occurrence
of w, including multiplicities and colors, contributes at most another factor exponential
in r + s, which is absorbed into C.

Step 3: the supports. Let L ≥ 1 be an integer. If a periodic direction of the coarse lattice
has length at least 2L , we divide it into integer intervals of lengths between L and
2L ; this is possible by distributing the remainder among ⌊m/L ⌋ intervals. A shorter
direction forms one interval. The resulting boxes have bounded adjacency degree and
contain at most DM,L scalar labels.
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Consider a monomial with k = r + s ≥ 1 coordinate locations. We order all metric
spanning trees of these locations and all shortest periodic coordinate paths by one fixed
rule, choose a shortest metric spanning tree, and replace each of its edges by the chosen
rectilinear path. The resulting network has length at most a fixed multiple of the length t
of a shortest connected network joining the locations. Indeed, traversing every edge of
such a network twice gives a closed walk of length 2t through all locations. Shortcutting
this walk yields a metric spanning tree of length at most 2t, and replacing an edge by
a coordinate path changes its length by at most a factor depending on the dimension.
We add the intersection points of the paths as vertices, delete cycles by the fixed rule,
and prune branches that contain no location. The result is a rectilinear tree of no greater
length. Let X be the set of boxes met by this tree, including the boxes of the locations. It
is connected, since the fixed rule assigns boundary points to adjacent boxes. A coordinate
segment of length l meets at most C(1 + l/L ) boxes. The unpruned paths consist of
at most 3(k− 1) segments, and the deletions do not add boxes. Applying the bound to
these segments, we obtain

|X| ≤ C0
(
k + 1 + t/L

)
. (12.19)

Supports winding around the torus occur, since the paths are periodic. If x ∈ X and e is
the location of the fixed index of w, then

dist(x, e) ≤ C1
{

t +L (k + 1)
}

,

where the distance to a box is measured to its center; another choice changes the constant
by the diameter of a box.

We choose L so large that 8C0/L < a/4, and then b1 > 0 so small that b1C1 < a/4.
Combining the two geometric bounds, we obtain the support-weight estimate

1x∈Xe8|X| ≤ CDk
L eat/2e−b1 dist(x,e), (12.20)

with DL = e8C0+b1C1L . Since the indices of w have bounded density and polynomial
growth, we have supx ∑e e−b1 dist(x,e) ≤ CM,L ,b1 , uniformly in the side of the torus. This
includes the case of a short direction, in which the number of labels in that direction is
bounded by the box scale.

Step 4: summation and the polymer gas. We group the monomials, with their coeffi-
cients, according to their supports X; the sum UX depends only on coordinates located
in X. We apply (12.20) before summing over the location e of the fixed index of w, and
then the coefficient bounds of Step 2. This bounds the norm with support weight e8|X| by

C ∑
r≥0

(Cu)r
{

∑
s≥3

Csgs−2ps + ∑
s≥1

(Cgp)s
}

,

where the constants include the factors Dr+s
L . We reduce u until Cu ≤ 1/2 and the thresh-

old for gp until Cgp < 1/2. Summing the geometric series and enlarging the constant in
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(12.4), we obtain the bound C{gp3/(1− Cgp) + gp}. The absolute convergence proves
both the identity U = ∑X UX and the bound in (2). This estimate controls the sum of the
separate coefficient suprema required by (12.1).

The bounds of Steps 1–4 use g only through the factors gs−2 and gs of the series (12.17)
and (12.18), and the domain condition ∥gSw∥ ≤ C|g|p. For a complex parameter ζ in
place of g, the same series define U(c, w; ζ), which is holomorphic across ζ = 0 since the
classical series starts at ζ1. The same estimates hold with |ζ| in place of g. This proves (4)
for the bounds in (1) and (2), and the argument for (3) below applies without change.

For (3), the choice σ ≤ σone places the supported interaction in the ball of radius η0/2
and also meets the hard-core threshold 1/4. We apply Step 1 of the proof of Theorem 12.7
with π = πp and with η replaced by σ. We obtain ∥FX∥u,coeff;p ≤ 2∥UX∥u,coeff;p, the hard-
core representation of Ξ with the displayed activities, and the bound ∥{z(P)}∥u,5 ≤ 2σ.
This requires only the independence of the fluctuation variables in disjoint sets of boxes
under πp; the coarse-field variables are parameters. All constants were chosen using M,
the fixed domains, and the spatial decay rates, so they have the stated dependence.

We now combine the exact formula (12.6) with the cluster expansion. We define the
effective interaction newly generated by the averaging step as

Qw
d0
(c) = L0(c) + 1

2 log det K(c)− f log zp − log Ξ(c). (12.21)

Since det S(c) = (det K(c))−1/2, Lemma 12.3 can be written as∫
z∗+gSΩp

e−F(c,z)/g2Jc(z) dz = JI(0)g3 f exp
(
−

Ed0+1(c)
g2
+

−Qw
d0
(c)

)
.

Proposition 12.10. Assume the setting of Lemma 12.9, with σ ≤ σone. There exist u∗ ∈ (0, u0]

and b > 0, with the dependence described in item (2) of Definition 4.14, such that the following
holds on ∥θ∥∞ ≤ u∗, uniformly in d0, m, and in g, p satisfying (12.4).

1. For every s ≥ 1,
∥Ds

θQw
d0
∥b,root ≤ Css!.

The value of Qw
d0

is not bounded uniformly in the volume.

2. For real c and w ∈ Ωp, the Hessian of w 7→ |w|2/2 + U(c, w) is I + E, where E is bounded
by C(gp + g2) in a fixed exponentially weighted row-plus-column norm.

Proof. By Lemma 12.9(3), the activities satisfy (12.11), and the labels have bounded density.
Thus Theorem 12.6(4) implies that ∥Ds

θ log Ξ∥b,root ≤ Css!σ on ∥θ∥∞ ≤ u/2.
We next treat the determinant. Let A(θ) = (K0)−1(K(c)− K0), and reduce the coeffi-

cient radius such that the row and column series of A have norm less than 1/2. On this
radius, we have

1
2 log det K(c) = 1

2 log det K0 + 1
2 ∑

j≥1

(−1)j+1

j
tr A(θ)j, (12.22)
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where the logarithm is the branch that is real for real c. To verify this, we replace A by
hA. Differentiating the determinant along its columns, we find (d/dh) log det(I + hA) =

tr[(I + hA)−1A], and integrating the Neumann series from h = 0 to h = 1 gives the
formula. A coefficient of positive degree in θ differentiates at least one factor A. We
fix the coarse-field index on such a factor and sum over its two matrix indices using
Lemma 12.2(4) and the rows and columns of (K0)−1; every other factor is contracted
by rows and columns. The choice of the distinguished factor cancels the factor 1/j. If
a(x) = Cx/(1− Cx) is a majorant series for A, the trace coefficients with one coarse-field
index fixed are bounded by those of Ca′(x)/(1− a(x)) on a fixed smaller disc, and these
coefficients are at most Ck+1

1 . Translating to a background point in a fixed smaller product,
we obtain factorial bounds for all derivatives of positive order. The network of a trace
may contain a cycle. Deleting an edge leaves a network joining the same locations, so
the weight of a shortest connected network is still available. The constant log det K0 is
extensive and is not estimated. The term L0 is the composition of L with the minimizer,
and by Lemma 12.2 it has the same bounds with one index fixed. The constant f log zp

has no derivatives of positive order. Combining these bounds on ∥θ∥∞ ≤ u∗, where u∗
is the smaller of u/2 and the radius chosen for A, we obtain (1). Here the determinant
term enters (12.21) with the positive sign, and the constant − f log zp is kept.

For (2), we fix a real coarse field. Up to a term independent of w, the potential is
g−2F(c, z∗ + gSw) + Lc(z∗ + gSw). Since S depends only on c, its Hessian minus the
identity is

ST{D2
z F(c, z∗ + gSw)− K(c)

}
S + g2STD2

zLc(z∗ + gSw)S.

The third derivative of F and the second derivative of Lc have fixed weighted bounds on
the product, and ∥gSw∥ ≤ Cgp by the row bound for S. We conclude that the displayed
matrix is bounded by C(gp + g2) in a fixed weighted row-plus-column norm.

The last result for one averaging step concerns symmetries.

Proposition 12.11. In the setting of Lemma 12.3, there exist fixed products of coarse-field
logarithms θ, free logarithmic coordinates z, and gauge parameters κ, independent of d0 and m
and contained in the domains of that lemma, on which both the original and the transformed
reconstructed configurations lie in the domains of Lemma 6.3 and Theorems 10.10 and 10.11. We
call them the common symmetry domains; they are constructed in the proof. Let c = eθ be real,
with θ in the common symmetry domain, and let τ be one of the following real operations on coarse
fields: a translation by a vector of the coarse lattice; the spatial inversion, under which reversed
links carry inverted matrices; a constant color conjugation; or a coarse gauge transformation
c 7→ ck with SU(2)-valued k = eκ and κ real in the corresponding fixed parameter product.
Then there exists an orthogonal map O(c) of the free logarithmic coordinates, which permutes the
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three-component blocks, acts on each block by an orthogonal matrix, and does not depend on z,
such that

z∗(τc) = O(c)z∗(c), K(τc) = O(c)K(c)O(c)T, S(τc) = O(c)S(c)O(c)T.

The induced map w 7→ O(c)w of the normalized fluctuation variables preserves Ωp, |w|2, Lebesgue
measure, and πp, and the Haar disintegration density and det K are preserved. Consequently
the integral (12.6) and Qw

d0
take the same values at c and at τc. The resulting identities between

analytic functions of the coarse field extend to the corresponding common complex domains.

Proof. At depth zero the Wilson action is invariant under periodic gauge transformations,
translations, the spatial inversion, and constant color conjugations: the plaquette variables
are conjugated, relabeled, or inverted, and q(U−1) = q(U). The transformations of the
constraint coordinates in Lemma 6.3 intertwine the reconstruction, and on the common
symmetry domains they send z to O(c)z, where O(c) is as in the statement. Coarse
translations relabel the blocks, roots, trees, and distinguished edges; Proposition 6.2(4)
and Lemma 6.3(2)–(3) identify the translated constraints and their coarea factors.

We first prove the invariance of Ed as an identity of analytic germs at the identity, by
induction on the depth d. If the germ at depth d is invariant, then the intertwining of
the constraint coordinates carries the constrained objective to the transformed objective
near (c, z) = (I, 0). The transformed stationary point is O(c)z∗(c), which lies in the
neighborhood where the minimizer of Theorem 10.10 is unique. The two stationary
values agree, and multiplying by M gives the invariance of the germ at depth d + 1. Only
a nonempty neighborhood is used in this induction, and no uniform radius is inferred
from it.

To obtain a uniform domain, we use the common holomorphic domains of Lemma 6.3
and Theorems 10.10 and 10.11. We choose fixed smaller products in (θ, z, κ) on which
both the original and the transformed reconstructed fields lie in these domains; these
are the common symmetry domains of the statement. The finite-word bounds for the
reconstruction and the local gauge word eκx eθxy e−κy allow this choice independently of the
depth. The differences between the two action values, and between the two constrained
objectives, are holomorphic there and have zero germ by the induction. We claim that
they vanish on the whole smaller product. Indeed, we restrict such a difference to the
complex line h 7→ h(θ, z, κ) through a fixed point of the product. The fixed margins allow
a disc |h| < 1 + η for some η > 0. Its Taylor series vanishes near h = 0, and continuation
through overlapping discs along [0, 1] shows that it vanishes at h = 1. Translations
and the spatial inversion are treated in the same way without κ, and a constant color
conjugation preserves the radii and is kept fixed in the induction. Thus the identity of the
objectives holds on the fixed products, and the uniqueness of the minimizer there implies
that z∗(τc) = O(c)z∗(c) on the common domain, without a loss of radius depending on
the depth.
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Differentiating the objective identity twice, we obtain K(τc) = OKOT, and the integral
formula for the inverse square root implies that S(τc) = OSOT. Then w = S−1(z− z∗)/g
transforms as w 7→ O(c)w, which preserves the product of balls, |w|2, Lebesgue measure,
and the product reference measure πp. By the exact Haar disintegration of Lemma 6.3
and det(OKOT) = det K, every remaining factor of the integral is preserved. This proves
the identities for the integral and for Qw

d0
at real coarse fields, without requiring the

individual pieces UX to be invariant. The statements about balls, Lebesgue measure, and
πp concern the real change of variables. The identities for z∗, K, S, and Qw

d0
hold between

functions that are holomorphic on the common complex symmetry domains, so they
extend there by the identity theorem.

The gauge parameter κ in Proposition 12.11 ranges over a fixed small product, and
Theorem 12.13(6) imposes this restriction at every scale. Transitions between coarse fields
in the comparison domains of Section 13 that are related by an arbitrary periodic gauge
transformation are given by Theorem 13.4(3).

12.4 Several averaging steps

We now compose s ≤ J averaging steps. At each scale, from the coarsest to the finest,
we perform the change of variables of Lemma 12.3 with the coarse field of that scale,
which depends on the fluctuations already introduced. The following example shows the
structure of the resulting change of variables in the simplest case.

Example 12.12. Let s = 2, and let c2 = eθ be the coarse field. The coordinates of the
coarser intermediate scale are z1 = z∗1(c2) + g1S1(c2)w1, and they determine the field
c1 = b1(c2, z1), so that c1 = c1(w1). The coordinates of the finer scale are

z0 = z∗0(c1(w1)) + g0S0(c1(w1))w0.

In the order (w1, w0) the derivative of w 7→ (z1, z0) is block lower triangular,

Dwz =

(
g1S1(c2) 0

Dw1z0 g0S0(c1(w1))

)
, Dw1z0 = Dz∗0(c1)Dw1c1 + g0DS0(c1)[Dw1c1]w0.

We write Di for the number of real coordinates of zi, i = 0, 1. The off-diagonal block
does not change the determinant, det Dwz = gD1

1 det S1(c2) gD0
0 det S0(c1(w1)), but it

enters all later derivatives. The determinant of the finer scale depends on w1. Let
ĉ1 = c1(0) = b1(c2, z∗1(c2)) be the zero-fluctuation reconstruction of c1. We split

log det K0(c1(w1)) = log det K0(ĉ1) +
[
log det K0(c1(w1))− log det K0(ĉ1)

]
.

The first term depends only on c2 and becomes part of the function Bref of Theorem 12.13.
The second depends on w1 and is part of the fluctuation interaction Hd0,2. The negative
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logarithmic Haar density at the minimizer of the finer scale is split in the same way.
Replacing c1(w1) by ĉ1 in these terms would not give an exact formula. Under the
product reference measure, w1 and w0 are independent, but the interacting density need
not factor. Its classical and Haar-density remainders can involve both variables, while the
determinant and minimizer-density corrections displayed here depend only on w1 and
change its marginal weight.

In the theorem below, the field ci lives on the lattice of side mMs−i, 0 ≤ i ≤ s, so that c0

is the finest field and cs = eθ is the coarse field. The i-th averaging step, from side mMs−i

to side mMs−i−1, has input action Ed0+i; we write bi(c, z) for its reconstruction, Ji(c, z)
for its Haar disintegration density, and z∗i (c) for its conditional constrained minimizer,
as in Lemma 12.3. The coupling of the coarsest integrated scale is t, and the couplings
decrease by the factor M−1/2 toward finer scales.

Theorem 12.13. Fix an odd integer M ≥ 3 and an integer J ≥ 1, and put σseq =
1
2 min{σone, η0, 1/4}. There is a box-scale threshold LJ such that, for every fixed box scale
L ≥ LJ , there exist uJ , vJ , bJ , CJ > 0, uniform in the depth d0 ≥ 0 and in the side m ≥ 4, for
which the following holds for every integer 1 ≤ s ≤ J. For 0 ≤ i < s put

fi = 2(M3 − 1)(mMs−i−1)3, Di = 3 fi, gi = tM(i−s+1)/2,

and g2
s = Mg2

s−1. Given cs = eθ, define successively, for decreasing i,

Fi(c, z) = Ed0+i(bi(c, z)), Ki(c) = D2
z Fi(c, z∗i (c)), Si = K−1/2

i ,

zi = z∗i (ci+1) + giSi(ci+1)wi, ci = bi(ci+1, zi).

Let Ωall
p = ∏i<s ∏e{wi,e ∈ R3 : |wi,e| ≤ p}, and let πall

p be the product reference measure on it

with density proportional to e−∑i|wi|2/2. Assume p ≥ p0, ∥θ∥∞ < uJ , and

CJtp < 1
2 , σJ = CJ

tp3 + tp
1− CJtp

≤ σseq. (12.23)

Then the following statements hold.

1. For every w ∈ Ωall
p the reconstruction lies, with fixed margins, in every classical and Haar

disintegration chart, and the recursion is a jointly holomorphic map of θ and of the variables
qi = giwi on a common larger product.

2. In the order from coarser to finer scales,

det Dwz =
s−1

∏
i=0

gDi
i det Si(ci+1).



12 Fluctuation integration and cluster expansions 12.4 Several averaging steps 28

3. Put

Ucl
i =

Fi(ci+1, zi)− Fi(ci+1, z∗i (ci+1))

g2
i

− 1
2
|wi|2.

Then, exactly,
Ed0(c0)

g2
0

=
Ed0+s(cs)

g2
s

+
1
2 ∑

i
|wi|2 + ∑

i
Ucl

i .

4. Put Li(c, z) = − log(Ji(c, z)/Ji(I, 0)) and

Bi(c) = Li(c, z∗i (c)) +
1
2 log det Ki(c).

Let ĉs = cs and ĉi = bi(ĉi+1, z∗i (ĉi+1)) be the zero-fluctuation reconstruction, and set
Bref(cs) = ∑i Bi(ĉi+1). Define the fluctuation interaction

Hd0,s(θ, w) = ∑
i

[
Ucl

i +Li(ci+1, zi)−Li(ci+1, z∗i (ci+1))+Bi(ci+1)−Bi(ĉi+1)
]
. (12.24)

If Ds(cs) is the image of Ωall
p under w 7→ (zi)i<s, then∫

Ds(cs)
e−Ed0

(c0)/g2
0 ∏

i
Ji(ci+1, zi) dzi

=
(
∏

i
Ji(I, 0)gDi

i

)
e−Ed0+s(cs)/g2

s−Bref(cs)z∑i fi
p Ξd0,s(cs),

(12.25)

where Ξd0,s = Eπall
p

e−Hd0,s .

5. For the chosen box scale there is an exact decomposition Hd0,s = ∑X HX into functions
supported on connected sets of boxes with ∥{HX}∥u′J ,8;p ≤ σJ , for a fixed coarse-field radius
u′J ∈ (0, uJ ] that also lies inside the domain of the coefficient series of Bref described in the
proof. Both expansions of Theorem 12.7 apply; Ξd0,s ̸= 0 on ∥θ∥∞ < u′J , and the effective
interaction

Qw
d0,s = Bref −

(
∑

i
fi

)
log zp − log Ξd0,s

satisfies, on ∥θ∥∞ ≤ u′J/2, ∥Dk
θQw

d0,s∥bJ ,root ≤ Ck+1
J k! for every k ≥ 1. The function Bref of

the coarse field is kept in full.
6. Let cs be real, and let τ be one of the operations of Proposition 12.11, applied to cs. Assume

that, for every w ∈ Ωall
p and every i, the field ci+1 and the operation induced by τ on it satisfy

the hypotheses of Proposition 12.11 for the averaging step i, that is, they lie in the common
symmetry domains of that step. Then the induced changes of variables w′i = Oi(ci+1)wi are
triangular, orthogonal at each scale for fixed coarser variables, preserve every ball, and have
absolute joint Jacobian one; their dependence on the coarser fluctuations is retained. They
transport every factor of (12.25).
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The constants depend only on M, J, the larger chart margins, the box geometry, and the spatial
decay rates; they do not depend on d0, m, or on t, p satisfying (12.23).

In the proof, we first construct one product of coordinates on which all compositions
are controlled, before any integration. We then compute the Jacobian and the integral
exactly, and finally we estimate the fluctuation interaction and apply the expansions.

Proof. For each 0 ≤ i < s the averaging step i has output side mi = mMs−i−1 ≥ 4, input
side Mmi, and depth d0 + i ≥ 0. Thus Lemmas 12.2 and 12.3 apply to every step, and
the construction below checks their domain conditions at every argument reached by the
reconstruction.

Step 1: a common product. In logarithmic coordinates, we define the map of one step

Ti(x, q) = Log bi
(
ex, z∗i (e

x) + Si(ex)q
)
.

Its value at (0, 0) is zero. By Lemmas 12.2 and 12.3, its output rows and all its input
columns are bounded by one convergent majorant series, which we enlarge to P(h) =
Ah/(1− Ah); these bounds are uniform in d0 + i and in mi. We choose a smaller domain
for each step, with a fixed positive margin R1 to every classical and Haar disintegration
boundary and to every denominator in these series.

For a scalar variable h, we set xs(h) = h and successively xi(h) = P(xi+1(h) + h).
There are only s ≤ J compositions, and their denominators equal one at h = 0. We choose
rJ > 0 such that, for every s ≤ J and 0 ≤ i < s, all denominators are at least 1/2 and
xi+1(h) + h < R1/4 for 0 ≤ h ≤ 2rJ . These are finitely many continuous inequalities
that hold strictly at h = 0, so such an rJ exists; it depends only on the data listed in the
statement. By coefficientwise composition and the contraction rule of Lemma 5.3, these
scalar series majorize the recursion with independent variables qi. At a fixed input index,
we use the column along its path to the output and the rows on the other branches, and
the scalar compositions enumerate the partitions of the other inputs with their Taylor
factorials. Thus all joint absolute coefficients are controlled, not only the values of the
maps at real arguments.

Step 2: units and volumes. The output mesh of step i is Mi+1−s in units of the coarse
lattice spacing. A length l in the units of step i therefore becomes Mi+1−sl, and the
exponential bound of that step yields a bound at a fixed smaller rate in coarse units.
The meshes of all inputs and outputs belong to the finite set {M−J , . . . , 1}. The column
factors are the ratios of the corresponding volumes, as in Lemma 5.3. Passing between
counting sums and volume-normalized sums introduces at most a factor M3J for each
participating index, hence at most M3J(k+1) for a coefficient of order k, which is absorbed
by a fixed smaller joint radius. The number of indices of the variables qi of the finitely
many scales per unit cube is at most CMsM3s. In particular, no factor Md0 and no factor of
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the total volume occurs. We keep the composed networks until a single final replacement
by trees on the external indices, which gives one fixed rate aJ > 0.

Step 3: the domain of the fluctuation variables. We choose uJ and vJ below rJ and
below the last radius reduction. For ∥θ∥∞ < uJ and maxi∥qi∥∞ ≤ tp, we enlarge CJ so
that (12.23) implies tp < vJ/2. By Step 1, all charts then have fixed margins for every
w ∈ Ωall

p , and the recursion is jointly holomorphic in (θ, q) on the larger product. Taking
maxima over 1 ≤ s ≤ J fixes all these choices at once. This proves (1).

Step 4: the Jacobian. By Lemma 6.3, the scale i has 2(M3 − 1)(mMs−i−1)3 = fi in-
dependent SU(2) variables, hence Di = 3 fi real coordinates. We order the scales as
s− 1, s− 2, . . . , 0. The field ci+1 depends only on the wl with l > i, so

Dwi zi = giSi(ci+1), Dwl zi = 0 (l < i).

For l > i, the derivative Dwl zi contains both Dz∗i (ci+1)Dwl ci+1 and giDSi(ci+1)[Dwl ci+1]wi,
and we keep these entries. The derivative matrix is block triangular, and its determinant
is as stated in (2); for real data, each diagonal determinant is positive. The recursion is
one-to-one onto its image, since one recovers ws−1 from zs−1 first and proceeds to finer
scales, using the invertibility of each Si. Hence it is a change of variables on its image.

Step 5: the exact integral. By the nested minimization identity of Theorem 10.10 at scale
i, and since g2

i+1 = Mg2
i (including gs =

√
Mt), we have

Ed0+i(ci)

g2
i

−
Ed0+i+1(ci+1)

g2
i+1

=
Fi(ci+1, zi)− Fi(ci+1, z∗i )

g2
i

=
1
2
|wi|2 + Ucl

i .

Summing over i proves (3). The product of the Haar disintegration densities and of the
Jacobian is

∏
i
Ji(I, 0)gDi

i exp
{
−∑

i

[
Li(ci+1, zi) +

1
2 log det Ki(ci+1)

]}
.

For each i the exponent splits exactly as

Li(ci+1, zi) +
1
2 log det Ki(ci+1) = Bi(ĉi+1) + Li(ci+1, zi)−Li(ci+1, z∗i (ci+1))

+ Bi(ci+1)− Bi(ĉi+1).

We add the terms Ucl
i from (3). The first terms on the right sum to Bref, and all other

terms together form Hd0,s. Integrating the Gaussian factor over each ball contributes z∑i fi
p ,

and the remaining expectation is Ξd0,s. This proves (12.25); the off-diagonal derivatives of
the triangular change of variables contribute no additional determinant. The fluctuations
of the determinants and of the Haar densities at the minimizers of the finer scales are
exactly the terms Bi(ci+1)− Bi(ĉi+1). For complex coarse fields, the formula again means
integration over the same real product of the wi.
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Step 6: bounds for the fluctuation interaction. All coefficients of positive degree of
Bi have factorial bounds with one index fixed; for the determinant we use the series
(12.22), and for the negative logarithmic Haar density Lemma 12.2. We compose these
scalar series and the other tensors of one step with the maps bounded in Step 1. Fixing a
scalar coefficient at any input and propagating the fixed index along columns, we sum
all intermediate indices; the bounded density of the indices of the variables qi changes
only the constants.

By (12.17), a classical term from scale i has at least three wi inputs and the factor
gk−2

i for its degree k ≥ 3 in wi. Expanding its coarse field ci+1 adds one factor glwl for
each input from a coarser scale l > i. Since 0 < gi ≤ t, the sum over these degrees
and over all coarse-field degrees is bounded, on a smaller fixed coarse-field radius, by
CJtp3/(1− CJtp). By (12.18), a difference of negative logarithmic Haar densities contains
at least one factor giwi. A difference Bi(ci+1)− Bi(ĉi+1) has no term independent of the
fluctuations, since at q = 0 both arguments are the zero-fluctuation reconstruction. Each
of its terms contains a factor glwl with l > i. These two kinds of differences together
have the majorant CJtp/(1− CJtp). For each of these terms, a fixed index of q either fixes
the outer scalar coefficient or reaches it through the column of an insertion, so these are
bounds with one index fixed. Summing over the at most J scales, we obtain the majorant

CJ
tp3 + tp
1− CJtp

, (12.26)

and every monomial of Hd0,s contains at least one fluctuation variable.
We apply the construction of supports of Lemma 12.9, with (12.19) and (12.20), in

units of the coarse lattice spacing, with aJ in place of a, and with the density of the indices
of q stated above in the sum over the location of the fixed index. We choose the box
scale such that 8C0/L < aJ/4, then the rate b1, and then we reduce the joint radius to
absorb the resulting factor Dr+k

L . The geometric series of Step 4 of that proof now has the
majorants (12.26) in place of those of one step. After enlarging CJ , we obtain an exact
decomposition Hd0,s = ∑X HX with norm at most σJ for the support weight e8|X|. All the
conditions in (12.23) use this final CJ .

Step 7: the expansions and the effective interaction. The connected-component ex-
pansion uses only the coefficient bound, the exact supports, and the independence of
the fluctuation variables in disjoint supports, which holds for πall

p . Thus Step 1 of the
proof of Theorem 12.7 yields activities with ∥{z(P)}∥u′J ,5

≤ 2σJ , and by Theorem 12.6 we

have Ξd0,s ̸= 0 and the bound with support weight e2|Y| for the logarithm. The bounded
density of the indices also provides a network of length at most CJ |Y| joining all labels
of a support. Then (12.12) implies factorial bounds for the derivatives of log Ξd0,s on
∥θ∥∞ ≤ u′J/2, at one fixed rate bJ > 0, which we take no larger than aJ .
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The zero-fluctuation reconstruction is the map of Step 1 at q = 0. We compose its
majorant series with the series of the coefficients of positive degree of the Bi. This bounds
the coefficients of positive degree of Bref, with one coarse-field index fixed, at the rate
aJ on a fixed product of coarse fields. Translating to background points of a smaller
product, we bound every derivative of positive order of Bref by Ck+1

J k! there; the value of
the extensive trace is not bounded. We choose the radius u′J of (5) such that ∥θ∥∞ < u′J
lies inside this smaller product, and we restrict the derivative bounds to ∥θ∥∞ ≤ u′J/2,
where (12.12) applies. Restoring this function and the truncated Gaussian constants in
(12.25) proves the formula for Qw

d0,s and its bounds.

Step 8: symmetries. For each operation τ, the hypothesis of (6) allows us to apply
Proposition 12.11 at scale i, which shows that z∗i (τci+1) = Oiz∗i (ci+1), Ki(τci+1) = OiKiOT

i ,
and Si(τci+1) = OiSiOT

i , with Oi = Oi(ci+1) independent of wi. Proceeding from coarser
to finer scales, we obtain w′i = Oi(ci+1)wi, which depends on every coarser fluctuation.
This map is a bijection of Ωall

p , since one inverts the block of the coarsest scale first and
proceeds to finer scales. Its diagonal Jacobian blocks are the Oi, so its absolute Jacobian is
one. Each block preserves its balls and ∑i|wi|2, and each Haar density and determinant
is transported by the identity of one step. Since at zero fluctuations the transformed zero-
fluctuation reconstruction is the zero-fluctuation reconstruction of τcs, the function Bref
is transported as well. This proves (6). All choices used only the fixed data and finitely
many scales, which proves the stated uniformity; nothing is claimed as J → ∞.

12.5 Perturbation by an input effective interaction

In the recursion of Section 13, the density at the finer scale contains, besides the effective
classical action, an input effective interaction R, produced by the integrations at still finer
scales and evaluated at the reconstructed fine field. In this subsection, we fix s = J, so
that the J averaging steps form one renormalization group step, and we compute the
effect of R on the integral of Theorem 12.13. We set λi = M(i−J+1)/2, so that gi = tλi, and
let Craw(θ, q) be the fine field c0 produced by the recursion of Theorem 12.13 with qi in
place of giwi. That is, zi = z∗i (ci+1) + Si(ci+1)qi, and the matrices Si remain in the map.
This is the reconstruction before the gauge transformation used in Section 13.

The following heuristic explains why the effect of R, beyond its value Rref on the
zero-fluctuation reconstruction, is of second order in the coupling.

Remark 12.14. Suppose that H = ζH1 + ζ2H2 + · · · and A = ζA1 + ζ2A2 + · · · are
interactions depending on a small parameter ζ, and that Eπ A1 = 0. Expanding the
logarithms to second order gives

− log Eπe−H−A + log Eπe−H = ζ2
(

Eπ A2 −Covπ(H1, A1)− 1
2 Varπ(A1)

)
+ O(ζ3).
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For the inserted interaction A = R(c0) − Rref, the first-order term A1 is linear in the
normalized fluctuation variables, and its mean under the symmetric reference measure
vanishes. The difference of the logarithms is therefore of order ζ2, and ζ will be set
equal to t. Lemma 12.16 proves a uniform version of this statement for the families of
Theorem 12.7, using Corollary 12.8 instead of a finite-order expansion.

To apply Corollary 12.8 we vary the size of the fluctuations through a complex
parameter ζ, which takes the value t for the integral of Theorem 12.13.

Definition 12.15. For a complex parameter ζ, substitute qi = ζλiwi in the recursion,
and write ci(ζ) and zi(ζ) = z∗i (ci+1(ζ)) + ζλiSi(ci+1(ζ))wi for the resulting fields and
coordinates, so that ci(t) = ci and ci(0) = ĉi. The auxiliary fluctuation interaction
Hd0,J(θ, w; ζ) is obtained from (12.24) by replacing ci+1 and zi by ci+1(ζ) and zi(ζ), and
the classical term Ucl

i by

Fi
(
ci+1(ζ), z∗i + ζλiSiwi

)
− Fi

(
ci+1(ζ), z∗i

)
ζ2λ2

i
− 1

2
|wi|2, (12.27)

where z∗i and Si are evaluated at ci+1(ζ). Thus the explicit inverse square of the coupling
varies together with the increments, while the classical functions, the balls, and the cutoff
are held fixed. Put

Ξ0(θ; ζ) = Eπall
p

e−Hd0,J(θ,w;ζ), (12.28)

where log Ξ0 is the branch of Theorem 12.7, with log Ξ0(θ; 0) = 0.

By stationarity and ST
i KiSi = I, the expression (12.27) equals

∑
k≥3

ζk−2λk−2
i

k!
Dk

z Fi
(
ci+1(ζ), z∗i

)[
(Siwi)

⊗k],
so it extends holomorphically across ζ = 0. The differences of negative logarithmic Haar
densities and of the functions Bi in Hd0,J(θ, w; ζ) are evaluated at the same arguments
ci+1(ζ) and zi(ζ). At ζ = t, the auxiliary interaction is the interaction Hd0,J(θ, w) of
Theorem 12.13, and Ξ0(θ; t) = Ξd0,J(eθ). At ζ = 0, every term vanishes, since the classical
series starts at ζ1, zi(0) = z∗i (ĉi+1), and ci+1(0) = ĉi+1.

Lemma 12.16. Fix J and the larger products and norm conventions of Theorem 12.13 with s = J,
and fix u, v, b > 0. After fixing these radii and the rate, choose one common box partition using
the smaller of the rate available for the baseline and the rate b of the inserted pullback. Both
supported decompositions and all constants below refer to this partition; the baseline bounds are
constructed again on it. Let R be a scalar function of the fine field such that its pullback

R̂(θ, q) = R
(
Craw(θ, q)

)
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is holomorphic on a product {∥θ∥∞ < u2, maxi∥qi∥∞ < v2} with u2 > u and v2 > v, contained
in the common product of Theorem 12.13(1), and satisfies Ju,v,b(R̂) ≤ ϵ. The constant term of R̂
is unrestricted. Define

Rref(θ) = R̂(θ, 0), AR(θ, w; ζ) = R̂
(
θ, (ζλiwi)i

)
− Rref(θ),

ΞJ,R(θ; ζ) = Eπall
p

e−Hd0,J(θ,w;ζ)−AR(θ,w;ζ), DJ R(θ; ζ) = − log ΞJ,R(θ; ζ) + log Ξ0(θ; ζ),

both logarithms being the branches of Theorem 12.7 that vanish at ζ = 0. All parameters internal
to R, the balls, and the classical functions are held fixed when ζ varies. There exist u′, b′, CJ , cJ > 0,
depending only on M, J, u, v, b, the larger margins, and the spatial decay rates, and not on d0, m,
t, p, or ϵ, such that the following holds for every p ≥ p0, with Rζ = cJ/(p3 + ϵp).

1. For every complex ζ with |ζ| ≤ Rζ and every w ∈ Ωall
p , the variables qi = ζλiwi satisfy

∥qi∥∞ ≤ cJ ≤ min{v, vJ}/2. Consequently, for ∥θ∥∞ ≤ u′, the point (θ, q) lies in the
product on which R̂ is holomorphic and in the common product of Theorem 12.13(1), and
Hd0,J(θ, w; ζ) and AR(θ, w; ζ) are holomorphic in ζ on a neighborhood of the closed disc
|ζ| ≤ Rζ .

2. For ∥θ∥∞ ≤ u′, let 0 < t ≤ cJ/[2(p3 + ϵp)]. Then the conditions (12.23) hold, and the
integral (12.25) with the additional factor e−R(c0) in the integrand equals the integral (12.25)
times exp(−Rref(θ)−DJ R(θ; t)).

3. Let D(ζ) = L(H(ζ) + AR(ζ))−L(H(ζ)) be the difference of the families of Theorem 12.7,
at the coefficient radius u′, for the supported decompositions H(ζ) and AR(ζ) constructed in
the proof; its sum over supports is DJ R(θ; ζ). Its constant and linear coefficients in ζ vanish,
support by support. For 0 < t ≤ cJ/[2(p3 + ϵp)],

∥D(t)∥S2 ≤ CJt2ϵ(p4 + ϵp2),

and, on ∥θ∥∞ ≤ u′, for every k ≥ 1,

∥Dk
θDJ R(·; t)∥b′,root ≤ Ck+1

J k! t2ϵ(p4 + ϵp2).

The hypothesis concerns R̂ on a product containing all points described in (1). A
bound for R on a smaller set of fine fields, which misses part of the range of the
reconstruction over this product, does not suffice. The hypothesis is verified for the
effective interactions of the recursion in Theorem 13.5.

Proof. We use Definition 12.15 throughout. Since Hd0,J(θ, w; 0) = 0 and AR(θ, w; 0) = 0
for every coarse field, both partition functions equal one at ζ = 0.

Step 1: supported decompositions. We expand R̂ in the variables θ and q. Subtracting
R̂(θ, 0) removes exactly the terms of degree zero in q. Every remaining monomial
therefore contains a variable qi, and its scalar counting coefficient sum with that index
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fixed, without a mesh-volume factor, is controlled by Ju,v,b(R̂) ≤ ϵ. The support-weight
estimate (12.20), in the form used in Step 6 of the proof of Theorem 12.13, yields the
bound CDr+kebt/2e−b1 dist(x,e) for the weight e8|X| of a monomial of degree r in θ, degree k
in q, and fixed location e of an index of q. The sum over e contributes only the density of
these indices. We choose u1 < u/(2D) and a radius v1 < v/(2D) for the variables q, and
we reduce them further to absorb the fixed color factors and the choice of the fixed index
of q, which contributes at most a factor k ≤ 2k. A term of Ju,v,b(R̂) is then multiplied
by at most (Du1/u)r(CJ |ζ|p/v)k with k ≥ 1. Summing, we obtain an exact supported
decomposition AR(ζ) of AR with

∥AR(ζ)∥S8 ≤
CJϵ|ζ|p

1− CJ |ζ|p
, (12.29)

an absolute coefficient bound at the coarse-field radius u1. We use one box scale, chosen
with the smaller of the two available rates, for H and AR. We reduce u1 also to the
baseline and reference coefficient radius for this common partition, so that u1 ≤ u′J ≤ uJ ;
this preserves (12.29). Repeating the calculation of Step 6 in the proof of Theorem 12.13,
with ζ in place of t, we obtain

∥H(ζ)∥S8 ≤
CJ |ζ|(p3 + p)

1− CJ |ζ|p
. (12.30)

Indeed, the classical terms have degree at least three in the fluctuation variables of their
own scale, with the factor ζk−2. The differences of negative logarithmic Haar densities
and of the functions Bi have degree at least one in the fluctuation variables. Joint
composition and the support-weight estimate then give exactly these two geometric sums.
The assignment of supports does not depend on ζ or on the interpolation parameter s
below.

Step 2: the auxiliary disc. Let Rζ = cJ/(p3 + ϵp). Since p ≥ 1, we have Rζ p ≤
cJ , Rζ(p3 + p) ≤ 2cJ , and Rζϵp ≤ cJ . We choose cJ so small that CJcJ ≤ 1/2, that
6CJcJ ≤ η0/2, that cJ ≤ min{v1, vJ}/2, and that 4C′JcJ ≤ σseq, where η0 is the constant
of Theorem 12.7 and C′J , σseq are the constants in (12.23). For t ≤ Rζ/2, we have
tp ≤ tp3 ≤ cJ/2, hence C′Jtp < 1/2 and C′J(tp3 + tp)/(1− C′Jtp) ≤ 2C′JcJ ≤ σseq, which
are the conditions (12.23). Then (1) holds, the denominators in (12.29) and (12.30) are at
least 1/2 on a neighborhood of the closed disc |ζ| ≤ Rζ , and

∥H(ζ) + sAR(ζ)∥S8 ≤ 4CJcJ + 2CJcJ ≤ η0/2 (0 ≤ s ≤ 1).

Step 3: cancellation of the first order. By Theorem 12.7 and (12.29), the derivative family
DL(H + sAR)[AR] has norm at most CJϵp|ζ| on the disc. The coefficient of ζ in AR is
∑i λiDqi R̂(θ, 0)[wi]. Each monomial assigned to a support is linear in one fluctuation
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block, whose mean under the symmetric reference measure is zero. Thus its expectation
vanishes before any sum over supports or coarse-field coefficients, and the hypothesis of
Corollary 12.8 holds. Applying that corollary with R = Rζ , and integrating over s ∈ [0, 1],
we obtain for the difference D(ζ) the bounds

∥D(ζ)∥S2 ≤ CJϵp|ζ|, ∥D(t)∥S2 ≤ CJϵp
t2

Rζ
= CJt2ϵ(p4 + ϵp2), (12.31)

the second for t ≤ Rζ/2. If ϵ = 0, then R̂ is constant, AR = 0, and the difference vanishes
identically. Both terms t2ϵp4 and t2ϵ2p2 in the bound are needed.

Step 4: derivatives. With u′ = u1/2, the bound (12.12) bounds the sum of the derivatives
of order k of each support term by 2k+1k!u−k

1 times its coefficient norm. All coarse-field
labels in a support Y can be joined by a network of length at most Cgeom,J |Y|, and we
choose b′ with b′Cgeom,J ≤ 1. Fixing a derivative index restricts the sum to the supports
containing its box, and the factor e2|Y| dominates the network weight. This proves the
bound for the derivatives, with a single factorial. Reducing the coefficient radius from u1

to u′ preserves the bound for D(t).

Step 5: proof of (2). At ζ = t, we have qi = giwi, so R(c0) = R̂(θ, q) = Rref(θ) +

AR(θ, w; t). By Theorem 12.13, the integral with the factor e−R(c0), divided by the integral
without it, equals e−RrefΞJ,R(θ; t)/Ξ0(θ; t), since the two integrals have the same partition
function without insertion and the same classical, Haar density, determinant, and Gaus-
sian prefactors. The negative logarithm of this ratio is Rref + DJ R(θ; t), which proves
(2). The radii and the constants CJ , cJ were chosen before p, ϵ, and t, which enter only
through the conditions p ≥ p0 and t ≤ cJ/[2(p3 + ϵp)].

Remark 12.17. The constants of this section are chosen in the following order. We first
fix M and the larger domains of the classical and Haar disintegration charts. Next, we
choose the radii and rates of one averaging step, in Lemmas 12.2 and 12.3; these do not
depend on J. Then we fix J. For this J, we choose the domain rJ of the compositions in
Theorem 12.13, the box scale L , and the rate b1, we reduce the coefficient radius, and we
fix CJ , σseq, and the thresholds in (12.23). Finally, d0, m, t, and p vary subject to the stated
inequalities. In Lemma 12.16, the numbers u, v, b and the larger product of holomorphy
are fixed before the common support partition and its constants CJ and cJ , and ϵ, p,
and t enter only through the final smallness conditions. This section does not close the
recursion; Section 13 shows that the hypothesis of Lemma 12.16 is preserved from one
renormalization group step to the next, at the same radii.



section 13

Conditional measures and analytic estimates

In this section, we set up the renormalization group recursion for the Wilson measure
restricted to the small-field event. We prove that the effective interactions stay in the
same ball of an analytic coefficient norm at every scale, and we prove estimates for
the conditional law of the normalized fluctuation variables given the coarse field. One
renormalization group step consists of J consecutive applications of the block averaging
map TM, from a lattice of side mMJ to a coarse lattice of side m ≥ 4. Its fluctuations are
integrated with the results of Section 12. The probability of the restriction event under
the Wilson measure and the continuum limit are treated in later sections.

The exact formula for one step. The central identity is Theorem 13.4. Let the density
at the fine scale be 1Dr e

−Ed0,sat/g2
0−Rsat with respect to the product Haar measure, where

Ed0 is the effective classical action of depth d0 and R is the input effective interaction,
produced by the integrations at finer scales. Restricting to the event on which the step is
defined and the fluctuations are cut off, and pushing forward by T J

M, we obtain

1Dr(c) Acoord e−Ed0+J,sat(c)/g2
J−Bref,sat(c)−Rref,sat(c)

(∫
Ωp

e−Vc(w) dw
)

dH(c). (13.1)

Here Ωp = ∏i,e{wi,e ∈ R3 : |wi,e| ≤ p}, where e runs over the fi normalized fluctua-
tion variables of the intermediate scale i, each with three components, and dH is the
product Haar measure on the coarse configuration. The factors are defined precisely
in Theorem 13.4. Besides the effective classical action Ed0+J at the coarse scale, the for-
mula involves the reconstructed fine field, written through its logarithm φθ(w) in the
gauge chosen in Theorem 13.2. The values at the identity of the Haar disintegration
densities and Jacobians are collected in the constant Acoord. The terms Bref and Rref are
the determinant and Haar density terms and the input effective interaction, respectively,
evaluated on the zero-fluctuation reconstruction. The conditional fluctuation potential Vc

contains everything that depends on the fluctuations, and dividing by the integral gives
the conditional fluctuation kernel k(c, dw) of Theorem 13.8. The formula is first proved in
local gauge charts and then glued across charts by exact, finite gauge invariance. Iterating
it identifies the measures of the recursion with the conditioned Wilson measure, pushed
forward to the coarse scales.

37
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Main results. In Theorem 13.2, we construct a gauge representative of the reconstruction,
depending only on the coarse field, on the whole domain of coarse fields and fluctuations.
Theorem 13.4 proves (13.1) and identifies the iterated measures with the conditioned
Wilson measure. Theorem 13.5 proves that one step maps the effective interaction into a
fixed ball of the norm Bρ,a, at the same radius and rate. The new effective interaction is
the sum of a newly generated effective interaction, a contracting pullback of the input
effective interaction at zero fluctuation, and a fluctuation correction to the pullback, of
second order in the coupling. Theorem 13.8 proves convexity and concentration for the
conditional fluctuation kernel, and Theorem 13.10 estimates its means, its covariance, and
the coefficients of the reconstruction at its mean.

The inputs are the concentration theorem on convex products of balls and the Haar
measure identities of Theorem 5.4 and Lemma 5.1, the constrained minimizers and their
coefficient bounds of Theorems 10.10 and 10.11, and the gauge invariance of the effective
classical action, the contraction estimate, and the background field of Theorems 11.6
and 11.10 and Lemma 11.9. We also use the coordinates, exact integrals, and cluster
expansions of Lemmas 12.3 and 12.16 and Theorems 12.6, 12.7, and 12.13. The results
are used in Sections 14 and 15 to construct the small-field restriction and the backward
reconstruction, and in Sections 16 and 17 for conditional estimates of the reconstruction.
They are also used in Sections 19, 20, and 23, and, through the conditional law and its
moments, in Sections 26 to 28, 31, and 35.

Domains. Several neighborhoods of the identity appear, with different roles.

Set Role

Br coarse fields with link logarithms of norm less than r; here the integral
is identified with the restricted Wilson measure

Bρ a larger set of coarse fields, ρ ≥ r, on which the auxiliary integral and
the analytic recursion are defined

Bρ/2 contains the gauge-transformed reconstruction for all coarse fields
and fluctuations in the enlarged product; the input effective interac-
tion is evaluated here

Dr = GBr the gauge-invariant small-field domain; the reconstructed fine field
must lie in it

The gauge-transformed reconstruction lies in Bρ/2 by the coefficient bounds of Theo-
rem 13.2. That the reconstructed fine field lies in Dr, for every coarse field in Br and
every fluctuation in Ωp, is a separate hypothesis, the support-inclusion hypothesis of
Definition 13.3. A sufficient condition for it is MJ(r, tp) < r/2. Since the part of MJ
of positive degree in q does not vanish as r → 0, this condition may require a further
reduction of the coupling for each fixed r.



13 Conditional measures and analytic estimates 39

Order of choices. The parameters are chosen in the order

M, initial domains and decay rates −→ a, b, L , K∗, ρ0 −→ J −→ ρ, sJ −→ E∗, Aw, t∗.

The rate a is taken below acen/8, where acen is the rate of the bounds in Lemma 11.9, and
b > a is taken below the rate b∗ of Theorem 13.2. No constant depending on J is used
to choose J. The support radius r ≤ ρ and its support-inclusion hypothesis are treated
separately.

Conventions. All distances within a renormalization group step are measured in units
of the coarse lattice spacing. The input mesh is δ = M−J , the normalized fluctuation
variables wi and the variables qi = giwi of the intermediate scale i ∈ {0, . . . , J − 1} have
mesh Mi−J , and the couplings are gi = tλi with λi = M(i−J+1)/2 ∈ [M−(J−1)/2, 1]; also
g2

J = Mg2
J−1. The number of scalar indices of θ and of w located in a unit cell is at most

DJ ≤ CM(1 + J)M3J ; this is a density bound, not a bound on the number of variables.
Unless a bound is stated to hold before J is chosen, a constant in this section may depend
on M, J, the larger construction domains and their margins, the spatial decay rates, ρ, a,
and the bound E∗ on the effective interaction. Such a constant does not depend on the
depth d0, the side m, L, or γ. All results concern the whole periodic torus, not regions
with fixed exterior data.

We use ordered scalar tensors with their Taylor factorials divided out; for example, a
symmetric scalar tensor A of degree k contributes A[θ⊗k]/k!. Fixing one input index and
summing over the remaining indices defines the norm of a scalar tensor with one index
fixed. For a vector tensor one may instead fix its output, or fix any input and sum over
the output with its volume normalization, as in Definition 4.6. Every such sum carries
the weight ebt, where t is the length of a shortest connected network joining the locations
of the indices, with internal vertices allowed. At each degree we take the maximum
over the positions of the fixed index. Additive constants are excluded from these norms.
As in Section 12, a majorant series is a power series with nonnegative coefficients that
dominates the corresponding sums of absolute coefficients.

Attribution. The construction follows Bałaban’s renormalization group method for lattice
gauge theories. The logarithmic averaging with reference transports adapts his averaging
operations [12]; the use of small gauge representatives belongs to the program of [14];
and the constrained minimizer as a background field is the construction of [16]. The
exponential decay of the propagators, used through Sections 10 and 11, adapts [10, 11, 13].
The iteration of effective densities with Gaussian-normalized fluctuations, separated
normalization constants, and local effective interactions follows [15, 17, 19]; the four-
dimensional coupling renormalization of [17] is not used. None of these works proves the
identities for the centered block averaging map and the full periodic reconstruction used
here, and we prove them below. The polymer expansions are those of Section 12, which
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uses the criterion of Kotecký and Preiss [120] and the finite graph estimate recorded by
Dimock [68, Appendix B, Theorem 27, p. 39, and (323), p. 42]. The variance, entropy, and
covariance estimates for the conditional law come from Theorem 5.4, which belongs to
the framework of Brascamp and Lieb [33], Gross [103], Bakry and Émery [8], and Helffer
and Sjöstrand [109, 110]; here we verify its hypotheses for the conditional fluctuation
potential.

13.1 Weighted coefficient bounds and majorant series

We first describe how the coefficient norms behave under the operations used in this
section. Connected networks control the spatial weights; cancellation of mesh-volume
factors also requires compatible directed substitutions or common-output products.

Lemma 13.1. Suppose that analytic tensor families have convergent majorant series, at one
spatial decay rate b, for all their output-fixed rows and all their input-fixed volume-normalized
columns. Directed vector substitutions and pointwise products at a common output are bounded
by the corresponding products and compositions of the majorant series, with their compatible
mesh normalizations. For a general connected contraction diagram, use Lemma 5.3(1)–(3): at
each attachment through an input port j of a vector factor with output o, retain the factor vj/vo,
and at an external input l retain the final normalization vout/vl. These ratios are included in
the diagram majorant; connectedness alone does not cancel them. Products of extensive scalar
interactions without such a connection are excluded: they require an additional connecting kernel
with its own bounds, or separate bounds without a fixed index. To bound a composition with a
specified input fixed, we use the derivative of the scalar composition of majorants with respect to
the input variable, (F̂ ◦ Ĝ)′ = (F̂′ ◦ Ĝ) Ĝ′, which accounts for the choice of the factor containing
that input and of its position there. The volume normalization at the fixed input is that of its own
lattice, and no second derivative factorial occurs. On a fixed smaller analytic product, evaluation
and any fixed number of derivatives satisfy the same bounds.

Let T(o; i1, . . . , ik) be a tensor of fixed Taylor degree whose output-fixed rows are bounded by
A at the rate 2b, and let vo and vi denote the volumes of the meshes of the output and of an input.
Then, for every fixed input i,

∑
o, other inputs

vo

vi
ebt|T(o; i, . . .)| ≤ A

vi
∑
o

voe−b dist(o,i). (13.2)

If i is an input of the coarse lattice, then vi = 1, and if the outputs have spacing η ≤ 1 and
bounded density, then η3 ∑o e−b dist(o,i) ≤ Cb; thus summing over the output converts the row
bound into a column bound at the rate b, with a constant depending only on b and the density
of the labels. An input of mesh ηin < 1 keeps the factor η−3

in , which within one renormalization
group step is at most M3J . Conversions between counting sums at the finitely many meshes of
one renormalization group step cost at most a fixed factor depending on J.
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Finally, for an analytic vector map Fe(u) = ∑ν fe;νuν and a radius r > 0, define the entrywise
envelope of its derivative

Cex(r) = ∑
ν: νx>0

νx| fe;ν| r|ν|−1. (13.3)

Then sup∥u∥∞≤r|∂xFe(u)| ≤ Cex(r), and the sums of Cex(r) over x at fixed e, and over e at
fixed x with the volume factor ve/vx, both with the weight ebt of the corresponding coefficients,
are bounded by the derivatives at r of the majorant series of the output-fixed rows and of the
input-fixed columns at x, respectively. This is an entrywise bound uniform on the product, not a
bound on an evaluated operator norm.

Proof. We first consider finite Taylor polynomials. For a pointwise product at a common
output, we join the networks of the factors at that output; for a contraction we join them
at the contracted index. Repeating these joins along the assumed connected structure,
we obtain a connected union joining all uncontracted locations. Its length bounds the
external t, which implies that the external exponential weight is at most the product
of the weights of the factors. We fix the external index and choose a spanning tree of
the graph of factors, rooted at the factor containing that index. Summation of the other
indices is bounded by Lemma 5.3(2), retaining its attachment ratios and final external
normalization. For directed substitutions those ratios telescope, and common-output
products use compatible ports of the same kind, giving the factor-free product bound.
For other connected diagrams the ratios remain in the bound and in its scalar majorant.
The argument gives no such bound for two scalar factors with disjoint networks and
independent summed indices.

For a composition, we partition the ordered derivative indices among the inner factors.
If the parts have sizes k1, . . . , kl, there are k!/(k1! · · · kl !) assignments, and division by k!
leaves the ordinary coefficients of the composition of exponential generating series. The
derivative of the scalar composition bounds every coefficient series with a fixed input,
including the columns, since it counts the choice of the inner factor and of the position of
the fixed input in it. All bounds concern nonnegative sums, and passing to the limit of
finite Taylor truncations gives the statements for the convergent series.

For the radius reduction, if Ak ≥ 0 and ∑k AkRk < ∞, then for r < R the series
obtained by l derivatives satisfies

∑
k≥l

(k)l Akrk−l ≤ R−l sup
k≥l

(k)l(r/R)k−l ∑
k

AkRk < ∞,

where (k)l = k(k− 1) · · · (k− l + 1). This applies only to series that are already absolute
coefficient series; it does not infer absolute coefficients from a bound on directional
values.



13 Conditional measures and analytic estimates § 13.2 42

To prove (13.2), note that t ≥ dist(o, i) implies ebt ≤ e2bte−b dist(o,i). Applying the row
bound separately at each output o, we obtain the inequality. For an input i of the coarse
lattice, uniformly on periodic tori,

η3 ∑
o

e−b dist(o,i) ≤ Cb.

Indeed, the set of o with k ≤ dist(o, i) < k + 1 has counting volume, multiplied by η3,
at most C(k + 2)3, and ∑k≥0 C(k + 2)3e−bk converges; a sum over the torus is bounded
by the corresponding periodized sum over the infinite lattice. This proves the column
bound. An input of mesh ηin < 1 keeps its factor η−3

in , and replacing volume-normalized
sums by counting sums at any of the fixed meshes changes a measure by at most M3J for
each conversion.

For the envelope, |uν−ex | ≤ r|ν|−1 on the product, and the pointwise bound follows.
Summing Cex(r) over x at fixed e, we obtain ∑ν|ν|| fe;ν|r|ν|−1 with the weights, which is
the derivative at r of the majorant for the output-fixed rows. At a fixed input x, for |ν| = k
and νx > 0, the remaining k− 1 derivative indices can be ordered in (k− 1)! νx/ ∏j νj!
ways, and each ordered derivative of fe;νuν at zero has modulus | fe;ν|∏j νj!; dividing by
k! gives (νx/k)| fe;ν| (see also (13.11) below). This shows that the column majorant at x
has the coefficients ck = ∑e ∑|ν|=k(νx/k)| fe;ν|(ve/vx)ebt, and the weighted sum of Cex(r)
over e equals ∑k kckrk−1, the derivative of this majorant at r.

13.2 Gauge representatives on the reconstruction domain

The reconstruction Crawd0,J(θ, q) of Section 12.5 expresses the fine field in the block axial
gauges of the intermediate scales. Even at zero fluctuation it need not lie in a small
neighborhood of the identity in which the input effective interaction is defined. We
now apply a gauge transformation, depending only on the coarse field, after which
the reconstruction of the whole product of coarse fields and fluctuations lies in such a
neighborhood. Here Ω(θ) denotes a gauge transformation; it is unrelated to the product
of balls Ωp.

Comparison products. Fix a comparison radius 0 < rcmp < ρov inside the common
classical and Haar domains, where ρov is from Theorem 11.6. At each fixed J, comparison
products mean products on which every intermediate coarse target, both before and
after the exact transitions between gauge-related charts, lies in Brcmp with a common
positive margin. We also require common positive margins in each intermediate free-
coordinate, constraint, and Haar chart. In a comparison, both coarse representatives
are independently required to satisfy ∥θ∥∞, ∥θ′∥∞ ≤ u; smallness of the transformed
representative is not inferred from the first one. Such products exist uniformly in d0 and m:
the intermediate reconstruction maps, expressed in their own coarse representative and
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free inputs, have common absolute coefficient majorants and vanish at zero input. Real
transitions are orthogonal block permutations of the free variables, so both reconstructions
obey the same majorant when their own coarse inputs are bounded by u. Shrinking u and
the free-input radius bounds every original and transformed intermediate target strictly
below rcmp; the common holomorphic neighborhoods and transition bounds then keep
half these margins. Only fixed-J constants enter this construction. These comparison
margins are distinct from the final image bound Bρ/2.

Theorem 13.2. Fix an odd integer M ≥ 3. There exist a spatial decay rate b∗ > 0 and a majorant
Z(u) ≤ Cu/(1− Cu), both chosen before J, with the following property. Let J ≥ 1, d0 ≥ 0,
and m ≥ 4, and put δ = M−J . There exist rJ , CJ > 0, independent of d0, m, L, and γ, and a
gauge transformation Ωd0,J(θ) of the fine lattice, holomorphic in θ, with values in SU(2) for real
θ, equal to the identity at every vertex of the coarse lattice, and with Ωd0,J(0) = I, such that

Φd0,J(θ, q) = Log
[
Crawd0,J(θ, q)Ωd0,J(θ)

]
, T J

MeΦd0,J(θ,q) = eθ, Φd0,J(θ, 0) = δAd0,J(θ),

where eδAd0,J(θ) is the background field of Lemma 11.9. Here qi replaces giwi, and the matrices
K−1/2

i remain inside the recursion. Moreover the following statements hold.

1. On a fixed larger product with u + v < rJ , the map Φd0,J has the majorant series

MJ(u, v) = δZ(u) +
CJv

1− CJ(u + v)

for its output-fixed rows, also when the three output colors at a link are grouped and their
coefficient vector is measured in the Euclidean norm. For the input-fixed columns, with the
volume normalization of the fixed input, let cθ(u, v) and cq(u, v) be the majorant series at a
fixed coarse-field input and at a fixed input of q, in which every input, including the fixed one,
is weighted by its radius (u for coarse-field inputs and v for inputs of q). Then cθ ≤ u ∂uM̃J
and cq ≤ v ∂vM̃J for a majorant M̃J(u, v) = δZ̃(u) + CJv/(1− CJ(u + v)) of the same
form, where Z̃ has the properties of Z; in particular cq(u, 0) = 0. Thus the column bounds
are the derivatives of majorants of the same form with respect to the variable of the fixed
input, multiplied by its radius. The gauge transformation and its inverse have factorial
coefficient bounds at every fixed index on the same larger product of coarse fields. After
one fixed choice of radius, Ω has the logarithm κΩ in the identity chart, with κΩ(0) = 0,
∥κΩ(θ)∥∞ ≤ CJ∥θ∥∞, coefficient bounds of the same type, and κΩ = 0 at every vertex of
the coarse lattice. A positive spatial decay rate and the constants in the bounds for the first
three derivatives in θ at zero fluctuation can be chosen before J; the joint constants and rJ
may depend on J, the larger construction domains, and the decay rates.

2. For every constant u ∈ SU(2), Ω(Adu θ) = uΩ(θ)u−1 and Φ(Adu θ, Adu q) =

Adu Φ(θ, q), on real data and for the holomorphic continuations on the domains above.
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3. For every K∗ ≥ 2, one can choose J using only the constants chosen before J, and then
ρ, sJ > 0 such that

4K∗ρ < rJ , 4K∗CJ(ρ + sJ) < 1, MJ(4K∗ρ, 4K∗sJ) < ρ/2.

Then the image of the whole complex product with these radii consists of fields with link
logarithms of norm less than ρ/2, and all intermediate classical and Haar disintegration
maps, including the original and transitioned intermediate targets in the comparison products
just defined, have common positive margins. For real coarse fields with ∥θ∥∞ ≤ r ≤ ρ and
a radius Q for the variables q such that r + Q < rJ , 1− CJ(r + Q) > 0, all intermediate
margins hold, and MJ(r, Q) < r/2, the image of the entire real product lies in Br/2. These
are statements about the whole product, not only about its center.

4. Suppose that two coarse fields related by a periodic gauge transformation have reconstructions
C′ = Ck̃, related by the exact triangular transition of the fluctuation variables. Then

(C′)Ω(θ′) =
(
CΩ(θ)

)Ω(θ′)k̃Ω(θ)−1
.

The gauge transformation changes only the representative at which the input effective inter-
action is evaluated; it does not change the fluctuation variables, the cutoff domain, the Haar
disintegration densities, or the triangular determinant.

Proof. We first fix domains on which the maps of each averaging step have coeffi-
cient bounds, then construct the gauge transformation from the background field of
Lemma 11.9, compose the steps, and finally choose the radii.

Step 1: the maps of one averaging step. At the intermediate scale i, 0 ≤ i < J, the
depth is d0 + i and the sides are mMJ−i → mMJ−i−1, with output side at least four. Thus
Theorem 10.10 applies at every scale with the same constants m0, C0, rc, rz. Statements
about order, minima, and positive Hessians concern only real coarse fields and real free
logarithmic coordinates. For complex data, we use the holomorphic minimizer and the
analytic continuation of the nested minimization identity, without any order statement.
The free logarithmic coordinates are the logarithms in the block axial gauge, and

m0 I ≤ Ki(I) ≤ C0 I, ∥Ki(I)∥row+col + ∥Ki(I)−1∥row+col ≤ C0.

This concerns the free logarithmic coordinates only; no lower bound in the directions of
coarse gauge transformations or of constant harmonic one-forms is used.

We choose smaller products of coarse fields and free logarithmic coordinates, with
a common initial radius Rprim independent of d0 and m, strictly inside the domains of
Theorem 10.10 and the larger classical and Haar disintegration domains of Lemma 12.3.
Part (3) of that lemma applies on these products without a cutoff or a coupling. It provides
absolute coefficient bounds at every fixed index for the logarithmic reconstruction Bi,
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the objective Fi, the logarithmic Haar density, the minimizers z∗i , and K±1/2
i . For every

vector tensor these bounds include all its volume-normalized columns, and a coefficient
of positive degree of K±1/2

i may instead be bounded with a coarse-field index fixed and
both matrix indices summed. The scalar tensors have one input fixed and exclude values.
The actions in these objectives are the Ed0+i of Theorem 10.11, which applies at depth
d0 + i and side mMJ−i ≥ 4; it provides factorial bounds for their derivatives at one rate,
and DEd0+i(I) = 0. We take a positive rate below the rates of these results. This rate is
valid at every scale, since each mesh is at most one in units of the coarse lattice spacing.
All later reductions of these products are fixed reductions inside these domains.

Step 2: the zero-fluctuation reconstruction and the gauge. By Lemma 11.9, the back-
ground field C(θ) = Cd0,J(θ) = eδAd0,J(θ) satisfies T J

MC(θ) = eθ, and the output rows of
(Ad0,J ,∇δ Ad0,J) have the majorant Z(u) = Cu/(1−Cu), uniformly before J. Each column
at a coarse input, with output volume δ3, is bounded by the corresponding derivative of
Z. By the same lemma, for fixed J, there exists a block axial gauge F(θ) = FJ(θ), fixed
successively on the intermediate scales, such that

C(θ)F(θ) = Crawd0,J(θ, 0) (13.4)

on a complex ball of fixed radius. The gauge transformation F takes values in SU(2) for
real data, equals the identity at the vertices of the coarse lattice and at θ = 0, and F and
F−1 have factorial coefficient bounds at every fixed index. These bounds are uniform in
d0, m, L, and γ for fixed M and J, and they are not used to choose J.

We set Ω = F−1. Since Ω equals the identity at the vertices of the coarse lattice, it
preserves the coarse field. By (13.4) and the rule (Uk)l = Ulk, we have Craw(θ, 0)Ω = C(θ)
and Log[Craw(θ, 0)Ω] = δAd0,J(θ). We reduce the radius so that the values of Ω lie in
one identity chart. The absolutely convergent series Log(I + X) = ∑l≥1(−1)l+1Xl/l and
Lemma 13.1 give the bounds for κΩ. Its constant coefficient vanishes, and its majorant is
CJu/(1− CJu) after increasing CJ ≥ 1. At the vertices of the coarse lattice the matrix is I,
and the logarithm vanishes there.

Step 3: composition of the steps. The recursion uses the independent variables qi = giwi
in

zi = z∗i (ci+1) + Ki(ci+1)
−1/2qi,

that is, the square root is not absorbed into qi. We apply the bounds of Step 1 at every
scale. If Xi+1 is a majorant for the rows of Log ci+1, the majorants of the minimizer, of Si,
and of Bi give

Xi ≼ G(Xi+1, v), G(x, y) =
A(x + y)

1− A(x + y)
, XJ = u,

after one enlargement of the constant A. All maps vanish at (θ, q) = (0, 0), except for
the bounded constant matrix Si(I) multiplying qi. There are only J compositions, and
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we choose rJ > 0 so that these scalar compositions converge and all intermediate values
stay below the radii of Step 1. The networks are connected, since each composition joins
the outputs of one step to the inputs of the next and the factor Siqi contracts its index
of z. The derivative of the same composition with respect to a fixed input controls each
column at the mesh of that input. We obtain the joint absolute coefficient series of the
reconstruction, independently of d0 and m; the constants and the radius may depend on
J.

To include the factors of the gauge transformation at the endpoints of each link, we
transfer arrays indexed by vertices to the start or to the end of each link by the local
incidence maps. These maps have one entry in each output row and a bounded number
of entries in each input column. The corresponding segments have length at most δ, and
these maps therefore have bounded series at the fixed rate. The three resulting factors
indexed by links have a common output, and their connected pointwise product is the
matrix

Ωx(θ)Crawxy(θ, q)Ωy(θ)
−1

on the link (x, y). Reducing rJ so that the logarithm of the identity chart applies, we
obtain a joint absolute series for its logarithm at every fixed index. At q = 0 this series is
exactly δA. Subtracting this series coefficient by coefficient leaves only terms of positive
degree in q. Any convergent nonnegative series in two variables with this property is
bounded, on a smaller fixed product, by

CJv
1− CJ(u + v)

.

Indeed, its coefficient of degree (r, s), s ≥ 1, is at most AR−r−s on a smaller disc of
absolute convergence, and if CJ R ≥ max(1, A), then

[urvs]
CJv

1− CJ(u + v)
= Cr+s

J

(
r + s− 1

r

)
≥ AR−r−s (r ≥ 0, s ≥ 1),

including the coefficient of v itself. Grouping the three output colors costs at most a
factor three in the absolute coefficient rows. We absorb this fixed factor into the pre-J
majorant Z and the post-J constant CJ before fixing their final values. Thus evaluation
of MJ controls the Euclidean norm of a complex link logarithm, as well as each scalar
component. We reduce the final radius so that CJrJ < 1/2. The part of degree zero in
q has the separate majorant δZ(u). This proves the majorant MJ as a statement about
coefficients on the larger product.

Step 4: columns and rates. Every input is kept as a fixed input in this composition,
and its column has the volume normalization of its own lattice. Weighting each input,
including the fixed one, by its radius turns the derivative of the composed majorant
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with respect to the variable of the fixed input into u ∂u or v ∂v of that majorant. This
gives the column majorants cθ and cq of (1). Since every term of the part of positive
degree in q contains a variable qi and the part of degree zero does not depend on
q, we have cq(u, 0) = 0. The sum over the output carries the factor δ3; converting
it to a sum with a coarse-field index fixed therefore introduces no factor of the total
volume. Summing over the kinds of indices of q costs only DJ . The spatial decay rate
in coarse units can be fixed before J. Indeed, a step of mesh η ≤ 1 turns a rate b0 in
its own units into the rate b0/η ≥ b0 in coarse units, and contractions use the union of
networks at this one rate. The block forests of all scales together extend over a distance
at most CM ∑J

l=1 M−l < CM/(M− 1). A fixed part of the decay rate is used once for the
conversion from rows to columns in Lemma 13.1, not at every scale. The constants for
the first three derivatives at zero fluctuation, which are uniform before J, are those of
Lemma 11.9.

Step 5: color equivariance. All operations in the construction of F commute with
constant color conjugation: ordered transports, logarithms in the identity chart, the
minimizers, and the positive square root. For the square root, conjugation carries the
positive square root to the positive square root of the conjugated matrix, by uniqueness.
Equivariance for real data extends to the holomorphic continuations by comparing Taylor
coefficients. This proves (2).

Step 6: the choice of radii. We first take ρ0 with 4K∗Cρ0 < 1/2 for the uniform majorant
Z, so that Z(4K∗ρ) ≤ 8K∗Cρ for ρ ≤ ρ0. We choose J with 8K∗Cδ < 1/4. At this fixed
J, let Gcmp,J(u, v) be one convergent nonnegative row majorant for the finitely many
intermediate reconstruction maps in their own coarse and free inputs, with Gcmp,J(0, 0) =
0. For a real comparison set u = max(∥θ∥∞, ∥θ′∥∞); the orthogonal free-coordinate
transition preserves the bound v, so the same majorant bounds both sets of intermediate
targets. This does not assert that a fixed nonconstant gauge sends the zero coarse
input to zero. We first reduce the admissible coarse-field radius and then the free-input
radius so that Gcmp,J(4K∗ρ, 4K∗sJ) < rcmp/2, retaining strict free-coordinate, constraint,
and Haar margins. These reductions are possible by continuity of this common scalar
majorant at zero. After this choice we take ρ < min(ρ0, rJ/(8K∗), (32K∗CJ)

−1), and
finally 0 < sJ < rJ/(8K∗) with 4K∗CJsJ < ρ/16, reduced further if needed for the fixed
construction margins. Then the denominator in MJ(4K∗ρ, 4K∗sJ) is larger than 1/2, the
first term is less than ρ/4, and the second term is less than ρ/8. Together, these bounds
show that the majorant is less than ρ/2. The coefficient bound holds on the entire
complex product, since also 4K∗(ρ + sJ) < rJ . For real radii (r, Q) we require r + Q < rJ ,
1− CJ(r + Q) > 0, and the intermediate classical and Haar disintegration margins on
this product; only then is MJ(r, Q) a convergent majorant. If its value is less than r/2,
domination of the coefficients places the image of the entire real product in Br/2. This
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proves (3).

Step 7: overlaps. If C′ = Ck̃, then by the rule (Uk)l = Ulk we have

(C′)Ω(θ′) = CΩ(θ′)k̃ =
(
CΩ(θ)

)Ω(θ′)k̃Ω(θ)−1
.

No fluctuation variable changes in this calculation. The coordinate map, the cutoff
domain, and the triangular determinant are therefore those of Theorem 12.13. This
proves (4) and completes the proof.

13.3 Cutoffs and gauge invariance on overlapping charts

We compute the integral over one renormalization group step in a chart, that is, for a
chosen small representative of the coarse field. Different representatives are related by
gauge transformations whose logarithms need not be small. The following definition
states the invariance property used to glue the local formulas and the two hypotheses on
the reconstruction.

Definition 13.3. Fix the larger construction domains and the coefficient bounds of Theo-
rem 13.2.

1. A scalar function R on configurations of a periodic lattice is gauge invariant on Bρ if it
is real analytic on Bρ and

R(Uk) = R(U)

for every periodic SU(2)-valued gauge transformation k of that lattice with U, Uk ∈
Bρ. Its gauge-invariant extension is Rsat(U) = R(Uk) whenever Uk ∈ Bρ; it is defined
on Dρ = GBρ.

2. The enlarged-domain reconstruction hypothesis consists of the coefficient inequality
MJ(4K∗ρ, 4K∗sJ) < ρ/2, including the column bounds at every fixed input, together
with fixed margins for every intermediate classical, constraint, and Haar disinte-
gration map, and the comparison-product conditions above, including the common
margin inside Brcmp for every original and transitioned intermediate target. It does
not depend on the support radius.

3. Let 0 < r ≤ ρ. A fixed real product Ωp satisfies the support-inclusion hypothesis
if, for every c = eθ ∈ Br and every w ∈ Ωp, the variables qi = giwi lie in the
enlarged product of Theorem 13.2, all intermediate domain conditions hold, and
Crawd0,J(θ, q) ∈ Dr. The condition MJ(r, tp) < r/2, together with the margins of the
enlarged product, is sufficient.

Both hypotheses are required at every depth that is used. Neither imposes a condition
Dr at an intermediate scale of the renormalization group step.
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The restriction event of a renormalization group step, at a given small representative of
the coarse field, is the image of Ωp under the sequential reconstruction of Theorem 12.13,
together with the domain conditions of all intermediate classical, constraint, and Haar
disintegration maps, the condition that the fine field lie in Dr, and the condition that the
coarse field lie in Dr. The global event is its full periodic fine-gauge saturation; saturation
by gauges fixing coarse vertices describes only the fiber over one coarse representative.
We write 1cut for the global indicator.

Theorem 13.4. Let 0 < r ≤ ρ, and suppose that both hypotheses of Definition 13.3 hold for the
renormalization group step under consideration. Let R be gauge invariant on Bρ, with DR(I) = 0
and Bρ,a(R) ≤ E∗, and invariant under translations, the spatial inversion, and constant color
conjugations. Then the following statements hold for every depth d0.

1. The extension Rsat is well defined and real analytic on Dρ, and

|Rsat(U)− R(I)| ≤ C|E |E∗ρ2,

where |E | is the number of links. The input density

Pin(U) = 1Dr(U) e−Ed0,sat(U)/g2
0−Rsat(U)

has a finite and strictly positive integral on every finite torus.
2. At a chosen representative of the coarse field, the local restriction set is exactly the image

of the fluctuation product described above. Saturation by fine gauge transformations that
equal the identity at coarse vertices describes its fiber over that representative. The global
restriction event is the saturation of these sets by the full periodic fine gauge group; it is Borel
and independent of the chosen representative.

3. Whenever two coarse fields related by a periodic gauge transformation lie, with margins, in the
comparison domains, the exact transitions w′i = Oi(ci+1)wi are triangular from coarser to
finer scales, with orthogonal block permutations on the diagonal; they preserve every ball and
the Gaussian term and have absolute Jacobian one. They identify the full integrals, including
all Jacobians, Haar disintegration densities, and values of R. In particular the output density
defined by this integral is a pointwise defined function, consistent on overlapping charts,
and positive at every c ∈ Br. Its effective interaction, obtained by subtracting Ed0+J/g2

J
from the negative logarithm of the density, is gauge invariant in the same sense, has the
same symmetries, and has vanishing derivative at the identity. The auxiliary integral on
Bρ satisfies the same identities, but it is identified with the integral of the restricted input
measure only on Br.

4. Let Bref and Hd0,J be as in Theorem 12.13 with s = J, let φθ(w) = Φd0,J(θ, (giwi)i) and
Rref(c) = R(eφθ(0)), and set

Vc(w) = 1
2 |w|

2 + Hd0,J(θ, w) + R(eφθ(w))− Rref(c), Acoord = ∏
i
Ji(I, 0)g3 fi

i .
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With respect to the product Haar measure dH on the coarse configuration,

(T J
M)∗(1cutPin dH)

= 1Dr(c) Acoord e−Ed0+J,sat(c)/g2
J−Bref,sat(c)−Rref,sat(c)

(∫
Ωp

e−Vc(w) dw
)

dH(c).
(13.5)

The right side is defined by gluing the whole expression across charts. The terms Bref and Rref
need not be separately gauge invariant, and the subscript sat on them is notation for the glued
expression. Every indicator in 1cut is kept in its definition; the support-inclusion hypothesis
shows that the indicator of Dr for the fine field equals one on the domain of integration.

5. Start with d0 = 0, R0 = 0, and the measure 1Dr e
−SW /g2

N dHN. Then any finite iteration of
these positive operators gives the pushforward of the Wilson measure restricted to the initial
condition Dr and to the intersection of the pulled-back restriction events of the steps. After
normalization this is the Wilson measure conditioned on this event, pushed forward to the
current scale.

The constants depend only on M, J, ρ, a, E∗, and the fixed construction margins; they do not
depend on the side, the depth, L, γ, or the number of steps.

Proof. We glue local formulas, using the gauge transformation and the coefficient bounds
of Theorem 13.2 and the two hypotheses of Definition 13.3. The main point is that
the transition between two charts is an exact, orthogonal, and triangular change of the
fluctuation variables, so that the full integrals agree pointwise and not only almost
everywhere.

Step 1: gluing and normalization. If Uk, Ul ∈ Bρ, then Ul = (Uk)lk−1
, and gauge

invariance on Bρ implies that R(Ul) = R(Uk). Thus Rsat is well defined. The set Dρ is
open, as the union of the images of Bρ under fixed gauge transformations. On the open
set where Uk ∈ Bρ the function U 7→ R(Uk) is real analytic. These functions agree on
intersections, and together they define a real analytic function on Dρ. Translations and
the spatial inversion preserve Bρ and intertwine the gauge action, and the corresponding
identities glue as well. For the effective classical action, the gluing is Theorem 11.6 on the
classical domain.

We write R(ex) = R(I) + ∑k≥2 ∑|α|=k rαxα near zero, in scalar coordinates. The degree-
k sum of |rα| is at most 3|E | times the corresponding sum with one index fixed, and
the norm Bρ,a(R) sums these at radius ρ. This implies that the Taylor series converges
absolutely on the complex product ∥x∥∞ < ρ. It agrees with R on the real ball, since
both are real analytic on this connected ball and agree near zero. This also specifies the
complex continuation used below. By Euler’s identity,

∑
|α|=k
|rα| = ∑

i
∑
|α|=k

αi

k
|rα|.
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There are 3|E | scalar indices i, and the inner sum is the sum of the ordered derivatives
with i fixed, divided by k!, without its spatial weight, which is at least one. Summing
over the degrees, we obtain

sup
Bρ

|R− R(I)| ≤ 3|E |ρ2Bρ,a(R). (13.6)

The same bound holds for Rsat, which takes the same values. The effective classical
action is nonnegative, since it is a minimum of the Wilson action multiplied by a positive
normalization. Hence Pin ≤ exp[−R(I) + 3|E |E∗ρ2], and since the Haar measure has
mass one, the integral of Pin is finite. The classical action and the effective interaction
are finite and continuous near the identity, and Dr contains an open neighborhood of
the identity, of positive Haar measure. Integrating over a smaller closed neighborhood
shows that the integral is strictly positive. This argument keeps the constant R(I). This
proves (1).

Step 2: the exact transition between charts. Fix real coarse fields c and c′ = ck in the
comparison domains, with margins. The overlap statement of Theorem 11.6 applies on
every comparison domain required by the enlarged-domain reconstruction hypothesis.
In a block forest, we transport each link variable to the root before taking its logarithm.
Changing the frame at the root by k conjugates the transported variables by the value
of k at the root, and the factors of the paths at intermediate vertices cancel in pairs.
Thus a free logarithmic coordinate changes by the orthogonal adjoint action on its block.
A translation or the spatial inversion in addition relabels the oriented blocks, and the
reversal of an orientation acts by an orthogonal map on the color components. We
denote by Oi(ci+1) the resulting orthogonal map of the free logarithmic coordinates of
scale i, which permutes the blocks. It depends on the coarser field and not on the free
logarithmic coordinates of scale i. These are the transformations of Proposition 12.11
and Theorem 12.13.

By Theorem 11.6 the two classical objectives agree on these domains. Their mini-
mizers are unique, and the transformation of the coordinates carries one to the other.
Differentiating the objective in the orthogonal coordinates, we obtain

z∗′i = Oiz∗i , K′i = OiKiOT
i , S′i = OiSiOT

i ;

the last identity follows by taking the positive square root of real matrices, and it is contin-
ued analytically only on the fixed neighborhoods. Substituting in zi = z∗i + giSiwi gives
w′i = Oi(ci+1)wi. We proceed from scale J − 1 to finer scales; when Oi is evaluated, every
coarser field has already been transformed. This proves C′ = Ck̃ for the reconstructions,
with an SU(2)-valued gauge transformation k̃ of the fine lattice, as well as the triangular
transition of the fluctuation variables.
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In this order the derivative matrix of the transition is triangular. Its diagonal blocks
are the Oi, and its off-diagonal blocks contain all derivatives of the Oi with respect to the
coarser fluctuations. Therefore

|det Dww′| = ∏
i
|det Oi| = 1, ∑

i
|w′i|2 = ∑

i
|wi|2,

and each ball is carried onto the corresponding ball. The identity for block forests in
Lemma 5.1 preserves the product Haar measure, gives mass one to the forest variables,
and keeps every vertex of the coarse lattice fixed. The changes of the free logarithmic
coordinates and of the determinants of the constraints are exactly the changes in the
Haar disintegration formula of Lemma 6.3; since that formula is the disintegration of the
Haar measure, the product of these factors is preserved. Equivalently, we may substitute
z′i = Oizi in each integral over the free logarithmic coordinates and use the conjugation
identity for Si; the diagonal determinants and all Haar disintegration factors agree. No
off-diagonal derivative is dropped in either computation.

Step 3: values of the input effective interaction. The two gauge-transformed recon-
structions lie in Bρ/2, and they are related by the gauge transformation Ω(θ′)k̃Ω(θ)−1 of
Theorem 13.2(4). The values of R agree by gauge invariance on Bρ, not by smallness of
the logarithm of this gauge transformation. In particular,

Rsat
(
Craw(θ, (giwi)i)

)
= R

(
eφθ(w)

)
. (13.7)

For the auxiliary coarse fields in Bρ this identity uses Dρ only. For coarse fields in Br, the
support-inclusion hypothesis also places the reconstructed fine field in Dr. This removes
the indicator of Dr for the fine field from the integral over the fluctuation product.

Step 4: the restriction event. On a chart of the coarse field, we take the image of the
fluctuation product under the triangular reconstruction, with its classical, constraint, and
Haar disintegration domain conditions. We keep the conditions Dr for the fine field
and for the coarse field. We take its orbit under the gauge transformations of the fine
lattice that equal the identity at the vertices of the coarse lattice. Changing the small
representative of the coarse field changes this local set by the bijective triangular transition
of Step 2. Extending also by the gauge transformations of the coarse lattice defines one
event, independent of the chart; representatives are not counted.

This event is Borel. To see this, we exhaust the open ball of logarithms of the coarse
field by smaller closed balls, and each construction margin by closed positive margins. On
each such compact set the finite reconstruction and its domain data are continuous. The
product of such a set with the closed balls of fluctuations and the compact group of gauge
transformations therefore has a compact image in the finite-dimensional configuration
manifold. By Step 2, the union of the local events over all charts coincides with the



13 Conditional measures and analytic estimates § 13.3 53

local event on every chart; as the countable union of these compact images, it is Borel.
Intersecting with the Borel conditions on the fine and the coarse field yields a Borel event.
No measurable global choice of gauge is used. This proves (2).

Step 5: the density. We use the algebraic action identity and triangular change-of-
variables identity proved in Theorem 12.13(2)–(4), which require only the domain margins
assumed here, and insert (13.7). The cluster-expansion smallness assumptions of that
theorem are not needed for this identity. The normalization of the Haar disintegration is
Acoord = ∏i Ji(I, 0)g3 fi

i . The exponent depending on w is

1
2 |w|

2 + Hd0,J(θ, w) + R(eφθ(w))− R(eφθ(0)),

and the terms removed from it are exactly Ed0+J/g2
J + Bref + Rref. Including them, we

obtain (13.5) with respect to the product Haar measure on the coarse configuration. There
is no additional Haar density of the coarse field and no additional factor for the volume
of gauge orbits.

The integral is finite and strictly positive at every coarse field satisfying the hypotheses,
since the integrand is positive and continuous on the compact product of balls, which has
positive Lebesgue measure. By Step 2, the entire integral, including the terms evaluated
at the zero-fluctuation reconstruction and the constant Acoord, takes the same value in
overlapping charts. It is therefore a pointwise defined version of the density, which is
stronger than an identity almost everywhere. Taking the real logarithm and subtracting
the gauge-invariant classical term proves the gauge invariance of the effective interaction
on overlapping charts. The same argument for translations, the spatial inversion, and
constant color conjugations proves its other symmetries. If ℓ is its derivative at the identity,
color symmetry shows that ℓ is a linear functional on each link variable that is invariant
under all rotations of the color components. Rotations by π about two coordinate axes
force all three components to vanish. Hence DR+(I) = 0, where R+ denotes the output
effective interaction.

On Bρ the formula over the fixed product is the auxiliary integral. All comparisons of
charts used above stay inside the enlarged construction domains, so the same identities
hold for it. The condition Dr for the fine field was used only on Br; outside Br the
auxiliary integral is not identified with the integral of the restricted input measure. The
subscript sat on the terms evaluated at the zero-fluctuation reconstruction is only notation
for the glued expression, and the argument does not require their separate invariance.
This proves (3) and (4).

Step 6: iteration. Let Aj be the restriction event of the step applied to the configuration
obtained after j completed steps, and let ηj be the unnormalized measure after j steps.
For every nonnegative Borel function F, by the definition of the pushforward, we have∫

F dηj+1 =
∫

1Aj(U)F(T J
MU) dηj(U).
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Starting from the restricted Wilson density and substituting this identity repeatedly, we
obtain, since all integrands are nonnegative,

∫
F dηk =

∫
1Dr(U)

k−1

∏
j=0

1Aj(T
jJ
MU) F(TkJ

MU) e−SW(U)/g2
N dHN(U).

Every normalization is positive by Step 5. Dividing this identity by its value at F = 1, we
obtain exactly the Wilson measure conditioned on the stated intersection of events. The
constants used above depend only on the data stated in the theorem, and the extensive
factor in (13.6) is explicit. This proves (5).

13.4 Preservation of analytic bounds under iteration

We now show that one renormalization group step maps an effective interaction with
Bρ,a(R) ≤ E∗ to one with the same bound, at the same radius ρ and rate a. The new
effective interaction has three parts: the newly generated effective interaction Qw

d0,J , which
is bounded by Theorem 12.13; the pullback PδR of R at zero fluctuation, which contracts
by Theorem 11.10; and the fluctuation correction DJ R to the pullback, which is of second
order in t by the argument of Lemma 12.16. Two points require care. First, the supported
estimates must be converted back to the norm Bρ,a without reducing ρ, since otherwise
the radius would shrink at every step; this uses the translation invariance of the total
effective interaction. Second, the composition of R with the reconstruction must be
estimated at the level of coefficients, on the whole range of the reconstruction.

Theorem 13.5. Fix an odd integer M ≥ 3 and the bounds for the classical coefficients and for the
reconstruction. Then the following statements hold.

1. There exist a spatial decay rate a > 0, a larger rate b > a, a box scale L , a factor K∗ ≥ 2,
and ρ0 > 0, all chosen before J; the density of the coefficient indices affects only constants
that depend on J. Let Cgeom ≥ 1 be a constant, depending only on the metric conventions,
that bounds the lengths of the rectilinear networks used to construct supports by the lengths
of shortest connecting networks. The rate a is chosen below acen/8, where acen is the rate of
the bounds of Lemma 11.9. Choose J such that

qP = CP(a)M−J < 1
4 , M−J ≤ δ0(a),

M−JZ(4K∗ρ) ≤ ρ/4 (0 < ρ ≤ ρ0), CgeombM−J ≤ a.

where CP(a) and δ0(a) are the constant and mesh threshold of Theorem 11.10, and Z is the
majorant of Theorem 13.2. The pre-J radius ρ0 is also chosen within the radius allowed by
that contraction theorem. Then choose 0 < ρ ≤ min(ρ0, rJ/(8K∗)), with ρCB ≤ 1/2 for
a constant CB depending only on M, J, and the larger domains (defined in the proof), and
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sJ > 0 such that the enlarged-domain reconstruction hypothesis of Definition 13.3 holds
strictly. These choices use only the fixed larger domains, not the support radius r.

2. Let {ΨY} be a family of functions of the coarse field indexed by supports, with coefficient
norms at radius ρ, whose sum f = ∑Y ΨY is invariant under the translations of the coarse
lattice. Assume also that D f (0) = 0. Suppose that at ≤ 2|Y| for the coarse-field labels of
each coefficient of ΨY. Then

Bρ,a( f ) ≤ 9ρ−2 sup
x

∑
Y∋x

e2|Y|∥ΨY∥ρ,coeff

in scalar orientation and color coordinates. The individual ΨY need not be translation
invariant. Without translation invariance of f , a bound of this kind requires a strictly larger
coefficient radius.

3. There exist CG, CT, c∗ > 0, depending on M, J, ρ, a, b, K∗, sJ , and the larger domains, and
independent of the side and of d0, such that the following holds. Let R be gauge invariant
on Bρ, invariant under translations, the spatial inversion, and constant color conjugations,
with DR(I) = 0 and Bρ,a(R) ≤ ϵ. Then the pullback R(eΦd0,J(θ,q)) has the joint coefficient
bound CJ,ρ,aϵ at every fixed index on the enlarged product of coarse fields and variables q.
Define the auxiliary recursion by the integral over the fixed product of fluctuation variables
and the formula (13.5), using this pullback on the gauge-transformed image in Bρ/2, and
without any indicator of Dr at coarse fields outside Br. Let p ≥ p0, and assume

0 < t ≤ c∗
2(p3 + ϵp)

. (13.8)

Then, with Raux = c∗/(p3 + ϵp), for every complex ζ with |ζ| ≤ Raux and every w ∈ Ωp

the variables ζλiwi lie in the enlarged product of Theorem 13.2, the conditions (12.23) hold at
(t, p), and the supported families of the auxiliary interaction and of the inserted interaction
constructed in the proof lie in the ball of radius η0/2 of Theorem 12.7. Under these conditions,
apart from the field-independent factor Acoord, the output effective interaction is

R+ = Qw
d0,J + PδR +DJ R, Bρ,a(R+) ≤ CG + qPϵ + CTt2ϵ(p4 + ϵp2). (13.9)

Here PδR(θ) = R(eφθ(0)) = R(eδAd0,J(θ)) is the pullback at the zero-fluctuation reconstruc-
tion, DJ R is the difference of the logarithms of the fluctuation partition functions without
and with the inserted interaction, as in Lemma 12.16 at the parameter t, and Qw

d0,J is the
effective interaction of Theorem 12.13. The output R+ is gauge invariant on Bρ, invariant
under translations, the spatial inversion, and constant color conjugations, and DR+(I) = 0.
Coupling parameters internal to R are held fixed when the auxiliary parameter varies.
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4. Fix E∗ ≥ 2CG/(1− qP) and p(t) = Aw log(1/t) with Aw ≥ 1. There exists t∗ > 0,
depending only on the fixed data, such that for every 0 < t ≤ t∗ we have p(t) ≥ p0,
tp(t) < sJ , the enlarged-domain hypotheses, and

t ≤ c∗
2(p(t)3 + E∗p(t))

, CTt2(p(t)4 + E∗p(t)2) ≤ 1− qP

2
.

Consequently Bρ,a(R) ≤ E∗ implies Bρ,a(R+) ≤ E∗.
5. The auxiliary recursion starting at R0 = 0 exists, with the same ρ, a, and E∗, through every

finite chain in which each renormalization group step has largest integrated coupling at most
t∗ and output side at least four. For any r ≤ ρ for which the support-inclusion hypothesis
holds at every step, the restricted densities after k steps are exactly

Z−1
k 1Dr e

−EkJ,sat/g2
kJ−Rk,sat , Bρ,a(Rk) ≤ E∗,

for every k for which the output sides are at least four and the couplings of the integrated
scales are at most t∗. Nothing is asserted about the integral of the restricted input measure at
coarse fields outside Br.

Proof. We use the coefficient bounds of Theorem 13.2. We first fix the rates and the
supports, then prove (2), then estimate the three parts of R+, and finally choose the
coupling threshold.

Step 1: rates, supports, and the order of choices. At an intermediate scale of mesh
ηi ≤ 1, a weight eAt with t measured in the units of that scale equals e(A/ηi)t with t
measured in coarse units. In particular, it gives any fixed rate below A in coarse units.
The union of networks in Lemma 13.1 keeps one rate under finite composition and
does not divide it by the number of scales. Sums over the kinds of coordinates change
constants by DJ .

We separate these two effects with the following geometric bounds. For a monomial
with n coordinate locations, we choose a rectilinear network of length at most Cgeomt. To
that end, we first replace a shortest connected network by a tree on the locations, of at
most twice its length, by traversing its edges and shortcutting the walk. Then we replace
each edge of the tree by its three coordinate segments. This also shows that the number
of segments is at most a fixed multiple of n + 1. We partition the torus into boxes with
integer side lengths between L and 2L , a shorter direction forming one interval. Since
a coordinate segment of length l meets at most 2 + l/L intervals in its direction, the
connected set X of boxes met by the network satisfies

|X| ≤ c0
(
n + 1 + Cgeomt/L

)
. (13.10)

All constructions are periodic and include sets winding around the torus, and c0 depends
only on the dimension, not on the density of labels.
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We choose L so large that 8c0Cgeom/L is at most one quarter of the available rate.
The factor e8c0(n+1) in e8|X| is absorbed by enlarging K∗ ≥ 2 once, since the radii carry the
factor Kn

∗ . A second quarter of the available rate is used for the sums over the location
of the fixed index. If x ∈ X and u is any location of the monomial, the network from u
to x has length at most Cgeomt + CL , which leaves a factor that decays exponentially in
dist(x, u). Summing over u then costs only DJ . These choices give the support weights
used in Theorem 12.6 without a factor depending on J in the degree.

Each box contains at most CL 3 coarse-field labels. Joining them inside each box and
then joining adjacent boxes of a connected set Y, we obtain

t(coarse-field labels in Y) ≤ CL |Y|,

and repeated labels do not increase this length. The bounds of Lemma 11.9 for the
background field eδAd0,J hold at a rate acen, and for this representative Theorem 11.10
provides the contraction at every output rate 0 < a < acen/8, and at no larger rate. We
therefore choose a with 0 < a < acen/8 and aCL ≤ 2; such an a also satisfies a < a∗/8,
where a∗ is the rate of Theorem 10.11. We choose b > a below the rate b∗ of Theorem 13.2,
with enough room for the support and location estimates above. This is possible since
b∗ is a fixed positive rate chosen before J, and a may be taken as small as needed. The
condition CgeombM−J ≤ a is then imposed when J is chosen, after a and b are fixed. All
these choices precede J, and the metric conventions are included once in Cgeom.

The coefficient bounds for the reconstruction Φd0,J , for the auxiliary interaction H,
and for Bref hold at a common rate b∗ > 0 in coarse units, chosen before J. Indeed, the
bounds of one averaging step in Lemma 12.3 hold at a rate chosen before J. This rate does
not decrease when lengths are measured in coarse units, since every mesh is at most one,
and composition through connected networks keeps one rate, by Lemma 13.1. The rate b∗
of Theorem 13.2 is chosen below these rates. The inserted interaction is treated separately
in Step 3: the network of R has the rate a/δ in coarse units, the condition Cgeombδ ≤ a
supplies the rate b needed for the support estimates, and the attached networks of the
reconstruction have rate at least b∗ > b. Since

0 < a < b < b∗,

all four families of bounds hold at the rate a of the norm Bρ,a and at the rate b used for
the supports. The rate bJ of Theorem 12.13(5), which may depend on J, is not used; this
is why the bound on Qw

d0,J in Step 5 is proved directly.
The constant CP(a) of Theorem 11.10 does not change under later reductions of

the radius. We choose ρ0 in the range allowed by that theorem and in the range of
convergence of Z, so that Z(4K∗ρ) ≤ C1ρ for ρ ≤ ρ0. We then take J so large that
qP < 1/4, that M−JZ(4K∗ρ) ≤ ρ/4, that CgeombM−J ≤ a, and that M−J is below the
threshold δ0(a) of Theorem 11.10. This is the only choice of J. Next we choose ρ and sJ by
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the fixed-J construction in Theorem 13.2(3), including Gcmp,J(4K∗ρ, 4K∗sJ) < rcmp/2 and
every comparison-product margin, with strict image inequalities and with ρCB ≤ 1/2.
Here CB is the constant in the coefficient bound for Bref of Step 5, which depends only
on M, J, and the larger domains. Reducing these radii does not change qP, and none of
these choices uses r. This proves (1).

The image-majorant constants CJ , Ccol,J , and the radii just fixed are now frozen.
Later supported estimates use the separately named constant Csup,J ; enlarging it changes
coupling gates only and does not change an established image inequality.

Step 2: conversion at the same radius. For a monomial cαθα of degree k, the ordered
derivatives with a scalar input i fixed satisfy

1
k! ∑

i2,...,ik

|DiDi2 · · ·Dik(cαθα)(0)| = αi

k
|cα|. (13.11)

Indeed, the remaining indices can be ordered in (k− 1)!/((αi − 1)! ∏j ̸=i αj!) ways, and
each derivative equals cα ∏j αj!. For sums of supported terms the triangle inequality gives
the corresponding upper bound. A term differentiated at i has i ∈ Y, and eat ≤ e2|Y| by
hypothesis.

At each degree the translation-invariant function f has the same norm with a fixed
index at all translates of a given scalar orientation and color type. We choose one reference
index for each of the 3 · 3 = 9 types, replace the maximum of the nine nonnegative degree
sums by their sum, and only then sum over the degrees. Applying (13.11) at these fixed
indices, we obtain

Bρ,a( f ) ≤ 9ρ−2 sup
x

∑
Y∋x

e2|Y|∥ΨY∥ρ,coeff.

The individual ΨY need not be translation invariant. Without translation invariance of
f , a coefficient norm at a radius u > ρ bounds the degree-k norm with a fixed index by
u−k times the norm at u, and summing ρk−2u−k over k ≥ 2 gives u−2(1− ρ/u)−1. This
explains the need for a strictly larger radius in that case. A supremum over the fixed
index cannot be interchanged with the infinite sum over degrees at the same radius. This
proves (2).

Step 3: the coefficients of the composed input interaction. Let ϵ = Bρ,a(R). We write
the logarithms of the fine field as A = (Aj), where the labels j of the fine lattice have
volume vold = δ3, and we expand

R(eA) = R(I) + ∑
n≥2

1
n! ∑

j1,...,jn

Rn(j1, . . . , jn)
n

∏
r=1

Ajr ,

Pj(θ, q) = Φd0,J(θ, q)j = ∑
|ξ|+|η|≥1

pj;ξηθξqη;
(13.12)
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there is no term with n = 1 since DR(I) = 0. For a multiindex (ν, η) of positive total
degree N = |ν|+ |η| ≥ 1, the coefficient of θνqη in R(eP) is

[θνqη]R(eP) =
N

∑
n=2

1
n! ∑

j1,...,jn
∑

∑r ξr=ν, ∑r ηr=η
|ξr|+|ηr|≥1

Rn(j1, . . . , jn)
n

∏
r=1

pjr;ξrηr , (13.13)

where the inner sum is over ordered allocations. No further multinomial factor occurs,
since each pj;ξη is already the coefficient of a monomial. For example, the allocation
(ξ1, η1) = (ei, 0), (ξ2, η2) = (0, el) with n = 2 contributes (1/2)∑j1,j2 R2(j1, j2)pj1;ei,0 pj2;0,el ,
and the exchanged allocation contributes the other half. We keep each summand of (13.13)
with the union of the network of Rn and the networks of the attached coefficients of the
reconstruction. These are connected through the indices jr, and Lemma 13.1 applies; no
product of independent extensive scalars occurs.

Let rn = |Rn|a/n!, where |Rn|a is the norm with one index fixed, and F(s) = ∑n≥2 rnsn.
Then ∑n rnρn−2 = ϵ, so each rnρn−2 ≤ ϵ, and for 0 ≤ m ≤ ρ/2,

F′(m) ≤ ϵρ ∑
n≥2

n2−(n−1) = 3ϵρ. (13.14)

At the radii U0 = 4K∗ρ and V0 = 4K∗sJ the majorant for the output-fixed rows satisfies
MJ(U0, V0) < ρ/2; that is, every attached factor has majorant less than ρ/2. Fix an
external input i. We choose the factor containing it and its position there, and we use
the column of that factor and rows for all other factors. The column carries the factor
vold/vi, while the norm of Rn with a fixed index has no volume factor, and the bound for
the composed scalar with i fixed therefore contains vi/vold ≤ ΓJ , where

ΓJ = max
i

vi

vold
≤ M3J ,

the maximum being over indices of θ and of q. Let cθ(U, V) and cq(U, V) be the majorant
series of Theorem 13.2(1) for the columns at a fixed coarse-field input and at a fixed input
of q, in which the fixed input carries its radius U or V. In particular, cq(U, 0) = 0. Then
the series with the input i fixed is bounded by

ΓJ F′
(
MJ(U, V)

)(
cθ(U, V) + cq(U, V)

)
, (13.15)

and by (13.11) the series without a distinguished input is no larger. The column majorants
are finite at (U0, V0). Combining (13.14) and (13.15), we obtain the joint coefficient bound
CJ,ρ,aϵ on the enlarged product. It controls coefficients with a coarse-field index fixed,
with an index of q fixed, and mixed ones, before any evaluation, and the constant R(I)
never enters.

A network of locations of the fine lattice has length δ−1 times its length in coarse units.
Its weight at the rate a therefore gives the rate a/δ in coarse units, and the condition
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Cgeombδ ≤ a provides the rate b on this part of the composed network. Each attached
network of the reconstruction has its own rate, which is at least b. Their union provides
the rates used for the supports and for the location sums in Step 1, while the output
norm still has the rate a. Conversions between the fixed meshes cost factors depending
only on J, not volume factors.

For real coarse fields and fluctuations, the value of this pullback is Rsat(Craw), by
(13.7). Thus R(eΦd0,J(θ,q)) is the holomorphic pullback required in Lemma 12.16, and its
hypothesis is verified on the whole range of the reconstruction, not only at its center.
This proves the first assertion of (3).

Step 4: the inserted interaction at the radius ρ. We now show that the estimate of
Lemma 12.16 holds at the radius ρ itself, rather than at a smaller radius. We fix p,
every parameter internal to R, the balls, and the classical functions, and we substitute
qi = ζλiwi. For each summand o of (13.13) with |η| ≥ 1, where o specifies n, the indices
jr, the allocation, and the refinements of the networks, we set

ao(ζ) =
ζ |η|

n!
Rn(j1, . . . , jn)

n

∏
r=1

pjr;ξrηr ∏
l

λ
ηl
s(l),

where s(l) is the scale of the index l of q. Let Yo be the set of boxes assigned to the
external locations of o by the construction of Lemma 12.9, and set (AR)Y(θ, w; ζ) =

∑o: Yo=Y ao(ζ)θνwη. Then, exactly,

∑
Y
(AR)Y = R

(
eΦ(θ,(ζλiwi)i)

)
− R

(
eΦ(θ,0)),

supports winding around the torus being included; the construction is linear in R. We
replace the supremum over w in the norm S8 of Theorem 12.7, at the coefficient radius
ρ, by the sum of absolute coefficients at |wl| ≤ p. We then bound each monomial by
the sum over its variables wl of the corresponding terms with that variable fixed. The
support-weight estimate (12.20) costs a fixed constant and a factor KN for a monomial
with N locations, which we absorb by multiplying all radii by K. This enlargement is
included in K∗, so that Kρ ≤ U0 and K|ζ|p ≤ V0 in the range used below. The sum
over the location of the fixed index of w costs a constant depending on the density. In
this supported norm we count the chosen variable with its multiplicity ηl. A branch
monomial of total degree k contributes only ηl/k times its absolute coefficient to the
normalized input column of Step 3, so we must use the degree-marked column

cmark
q (U, V) = (U∂U + V∂V)cq(U, V).

The derivative F′ in (13.15) accounts separately for the choice of the outer branch. To
bound the marked column, let Ccol,J be the constant of the rational part of M̃J in The-
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orem 13.2(1), and put ηcol = 1− Ccol,J(U0 + V0) > 0. Applying degree marking to the
coefficientwise bound cq ≼ V∂VM̃J , and writing C = Ccol,J , gives

cmark
q (U, V) ≤ CV(1− CU + CV)

[1− C(U + V)]3
≤ 2CVη−3

col (U ≤ U0, V ≤ V0).

Thus Lmark
q = sup0<V≤V0

cmark
q (U0, V)/V is finite. Using the branch sum of (13.15) with

this marked column and (13.14), we obtain, with a separately chosen supported-estimate
constant Csup,J ,

∥AR(ζ)∥S8 ≤
Csup,J |ζ|ϵp

1− Csup,J |ζ|p
(Csup,J |ζ|p < 1). (13.16)

The bound is linear in ϵ, since it comes from the single tensor family (Rn). In the same
way, repeating Step 6 of the proof of Theorem 12.13 at the coefficient radius ρ and with
the boxes of Step 1, we obtain for the auxiliary interaction of Definition 12.15

∥H(ζ)∥S8 ≤
Csup,J |ζ|(p3 + p)

1− Csup,J |ζ|p
,

since its classical terms contain at least three fluctuation variables of their own scale and
its Haar density and determinant terms at least one.

Let saux > 0 be such that Ksaux ≤ V0, and choose

0 < c∗ < min
{

saux,
1

2Csup,J
,

η0

12Csup,J
,

σseq

2Csup,J

}
, Raux =

c∗
p3 + ϵp

, (13.17)

where η0 is the constant of Theorem 12.7, σseq is the constant of Theorem 12.13, and Csup,J
is chosen to dominate the constant of that theorem. Since p ≥ 1, we have Rauxp ≤ c∗,
so for |ζ| ≤ Raux the substituted variables satisfy |ζλiwi| ≤ c∗ ≤ saux, the denominators
above are at least 1/2, and, since p3 + p + ϵp ≤ 2(p3 + ϵp),

∥H(ζ) + sAR(ζ)∥S8 ≤ 2Csup,J Raux(p3 + p + ϵp) ≤ 4Csup,Jc∗ < η0/2 (0 ≤ s ≤ 1).

Under (13.8) we have tp ≤ tp3 ≤ c∗/2, which implies Csup,Jtp < 1/2 and Csup,J(tp3 +

tp)/(1− Csup,Jtp) ≤ 2Csup,Jc∗ ≤ σseq; these are the conditions (12.23). This proves the
statements about the domain in (3).

By Theorem 12.7 and (13.16), the family Fs(ζ) = DL(H(ζ) + sAR(ζ))[AR(ζ)] satisfies
∥Fs(ζ)∥S2 ≤ C|ζ|ϵp on the disc. Every term of H and of AR vanishes at ζ = 0. Their
coefficients of order one in ζ are cubic polynomials in the fluctuation variables for the
classical terms, and linear polynomials for the Haar density and determinant terms
and for the terms from R. Since each of them changes sign under w 7→ −w, while
the reference product πall

p is invariant under this reflection, each supported integral of
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first order vanishes. Terms with two interaction factors are of order at least two. Thus
Fs(0) = F ′s (0) = 0 on every support. The family Fs(ζ)/ζ is holomorphic, vanishes at zero,
and is bounded by Cϵp. Cauchy’s formula then gives, for 0 < t ≤ Raux/2,

∥Fs(t)∥S2 ≤ Cϵp
t2

Raux(1− t/Raux)
≤ 2C

c∗
t2ϵ(p4 + ϵp2).

Integrating over s ∈ [0, 1], we find that the difference D(t) = L(H(t) + AR(t))−L(H(t))
satisfies

∥D(t)∥S2 ≤ Cϵp
t2

Raux
≤ Ct2ϵ(p4 + ϵp2), (13.18)

at the coefficient radius ρ, without differentiation in the coarse field and without reduction
of the radius. The dependence on ϵ2 comes from the radius of the disc.

The auxiliary integral with the inserted interaction, the one without it, and the pull-
back at the zero-fluctuation reconstruction have the identities of Theorem 13.4 under
gauge transformations, translations, the spatial inversion, and color conjugations. Sub-
tracting, we find that the total difference of logarithms DJ R is translation invariant.
Applying part (2) to (13.18), we obtain

Bρ,a(DJ R) ≤ CTt2ϵ(p4 + ϵp2).

The constant term of DJ R is not controlled by this norm; it is transferred to the normal-
ization constant Λ, with densities written as exp(Λ− E/g2 − R).

Step 5: the pullback at zero fluctuation and the newly generated effective interac-
tion. Gauge invariance on Bρ implies the local gauge-invariance identities required in
Theorem 11.10. Indeed, for a fixed real small field, we take a small gauge variation at
one vertex whose endpoints remain in the chart and differentiate the exact invariance
identity. The other symmetries and DR(I) = 0 are hypotheses. The background field
eδAd0,J(θ) has the first-derivative bounds of Lemma 11.9, and by the choice of J its image
under the reconstruction majorant on ∥θ∥∞ ≤ 2ρ lies in the ball of radius ρ/2, since
δZ(2ρ) ≤ δZ(4K∗ρ) ≤ ρ/4. Theorem 11.10, applied to this representative at the rate
a < acen/8 chosen in Step 1, with 2ρ0 below the radius of Lemma 11.9, implies that

Bρ,a(PδR) ≤ qPϵ.

Its value is the value of R at the zero-fluctuation reconstruction that appears in the
integral. By gauge invariance on Bρ, this identification holds even if the representative in
the block axial gauge is not in Bρ.

The newly generated effective interaction, from Theorem 12.13, is

Qw
d0,J = Bref −

(
∑

i
fi

)
log zp − log Ξd0,J .
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We bound its three terms in the norm Bρ,a directly, using only rates at least b∗; the rate bJ
of Theorem 12.13(5), which may depend on J, is not used.

The function Bref(c) = ∑i Bi(ĉi+1) depends on the coarse field; it is not a constant.
Its coefficients of positive degree are obtained by composing the coefficient series of the
terms Bi with the zero-fluctuation reconstruction θ 7→ ĉi+1, that is, with the reconstruction
of Step 3 of the proof of Theorem 13.2 at q = 0. The coefficients of positive degree of Bi,
with one index fixed, are bounded by the logarithmic determinant series of the proof of
Proposition 12.10 and by the bounds for the logarithmic Haar density and the minimizer
of Lemma 12.3(3), at the rate of one averaging step. The reconstruction has coefficient
bounds at the rate b∗, with its columns. The networks of the composed coefficients are
connected through the indices of the fields ĉi+1, and Lemma 13.1 applies. The conversion
from the column normalization of these indices to the counting normalization of the
scalar norm costs at most the factor ΓJ ≤ M3J , as in Step 3. We conclude that there exists
CB, depending only on M, J, and the larger domains, such that

1
k!
∥Dk

θBref(0)∥b∗,root ≤ Ck+1
B (k ≥ 1),

uniformly in d0 and m. Since a < b∗ and ρCB ≤ 1/2 by the choice of ρ in Step 1,

Bρ,a(Bref) ≤ ∑
k≥2

ρk−2Ck+1
B ≤ 2C3

B.

For the logarithm of the fluctuation partition function, Step 4 gives an exact supported
decomposition H(t) of Hd0,J , at the coefficient radius ρ and with the boxes of Step 1,
with ∥H(t)∥S8 ≤ η0/2 under (13.8). By Theorem 12.7, − log Ξd0,J = ∑Y LY(H(t)) with
∥L(H(t))∥S2 ≤ Cη0, and each LY depends only on the coarse-field coordinates in Y. The
integral (12.25), the action Ed0+J , and the function Bref are invariant under the translations
of the coarse lattice, by Theorem 12.13(6) and its proof, so log Ξd0,J is translation invariant.
Since aCL ≤ 2, the support condition of part (2) holds, and by part (2) we have

Bρ,a(log Ξd0,J) ≤ 9Cη0ρ−2.

The Gaussian normalization (∑i fi) log zp is a constant; it has zero norm but remains in
the density. Altogether Bρ,a(Qw

d0,J) ≤ CG with CG = 2C3
B + 9Cη0ρ−2, uniformly in the

side, in d0, and in t, p satisfying (13.8). Taking the negative logarithm of the integral
formula (13.5) at the parameter t, and separating − log Acoord, we obtain

R+ = Qw
d0,J + PδR +DJ R.

Adding the three bounds proves (13.9). The symmetries of the integral give the stated
symmetries of R+, and the color argument of Step 5 of the proof of Theorem 13.4 shows
that DR+(I) = 0. This proves (3).
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Step 6: one coupling threshold and the induction. Let E∗ and p(t) = Aw log(1/t) be
as in (4). For k > 0 and l ≥ 0 we have tk log(1/t)l → 0 as t ↓ 0. There are finitely
many strict requirements: the image conditions, the cluster conditions, the condition
t ≤ c∗/(2(p(t)3 + E∗p(t))), the condition on CTt2(p(t)4 + E∗p(t)2), the bound tp(t) < sJ ,
and p(t) ≥ p0. For r ≤ ρ, the bound tp(t) < sJ implies r + tp(t) < rJ and a positive
denominator in MJ(r, tp(t)), by the inequalities for the enlarged product, and the interme-
diate maps have the margins already fixed. The additional inequality MJ(r, tp(t)) < r/2
is still required whenever the support-inclusion hypothesis is invoked; it is not implied
by a coupling threshold independent of r. We choose t∗ > 0 below the thresholds of all
these requirements. For ϵ ≤ E∗, condition (13.8) holds, and by the recursion we have

CG + qPϵ + CTt2ϵ(p4 + ϵp2) ≤ 1− qP

2
E∗ + qPE∗ +

1− qP

2
E∗ = E∗.

This proves (4). Starting with R0 = 0, we construct the next effective interaction at the
same ρ, a, and E∗ from the auxiliary integral, the nonvanishing of its continuation, and
this bound, and we repeat this through every finite chain satisfying the coupling ceiling
and output-side restriction at each step. Where the separate support-inclusion hypothesis
holds at every step, Theorem 13.4 identifies each restricted density with the displayed
expression, and the induction keeps every initial and pulled-back indicator. This proves
(5).

13.5 The conditional fluctuation potential

Dividing (13.5) by the integral over the fluctuations gives the conditional law of the
normalized fluctuation variables given the coarse field. We show that its potential is
uniformly convex, which implies dimension-free concentration and covariance estimates.
The heuristic reason is the following count of powers of the coupling. By stationarity and
the normalization by the constrained Hessian,

F(z∗ + gK−1/2w)− F(z∗)
g2 =

1
2
|w|2 + O(g|w|3),

while the Haar density terms, the determinant terms, and the input effective interaction
contribute O(g|w|) + O(g2|w|2) + · · · . Substituting the fluctuations of coarser scales into
the backgrounds of finer scales adds one factor glwl for each such variable and preserves
these powers. Thus the Hessian of the interaction is small when tp is small, while the
complex polymer expansion of Section 13.4 needs tp3 small. On a larger product with
radius P = q∗/t, in which only tP = q∗ is small, real convexity still holds although the
polymer expansion is not available.

We first record some facts about probability measures on a fixed product of balls.
Here the product does not move when parameters vary. Differentiation of a family of
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observables means differentiation of continuous functions with continuous derivatives on
a neighborhood of the product, and the same formulas hold for families with dominated
difference quotients and integrable derivatives.

Lemma 13.6. Let Ω be a fixed product of closed balls, let I ⊂ R be an interval, and let (Vu)u∈I
be real functions such that Vu(w) and ∂uVu(w) are continuous on I × N for a neighborhood N
of Ω. Let Eu, Covu refer to the probability measure on Ω with density proportional to e−Vu , and
let Fu be a family of observables as above.

1. We have

∂uEuFu = Eu∂uFu −Eu(Fu∂uVu) + EuFu Eu∂uVu = Eu∂uFu −Covu(Fu, ∂uVu),
(13.19)

and ∂u log
∫

Ω e−Vu dw = −Eu∂uVu.
2. Let mu = Euw, ξ = w−mu, Σu = EuξξT, and Qu = ∂uVu −Eu∂uVu. Then

∂uΣu(i, j) = −Euξiξ jQu, (13.20)

and
Eξiξ jQu = Cov(ξiξ j, Qu) = Cov(ξi, ξ jQu) = Cov(ξ j, ξiQu), (13.21)

including the case i = j.
3. For a matrix A, ∥A∥op ≤ (∥A∥row∥A∥col)

1/2, where ∥A∥row = supi ∑j|Aij| and
∥A∥col = supj ∑i|Aij|. If an array (beij) satisfies supe ∑i,j|beij| ≤ C and supi,j ∑e|beij| ≤
C, then ∥∑e aebe··∥HS ≤ C∥a∥2 for every array (ae).

Proof. On a compact interval of u, the functions e−Vu , Fu, and their u-derivatives are
bounded on Ω. The fundamental theorem of calculus applied to difference quotients,
followed by integration over the fixed set Ω, differentiates the integrals without a bound-
ary term, and the quotient rule gives (13.19). Taking F = 1 before normalizing gives the
formula for the logarithm. No integration by parts in w is used. For families with domi-
nated difference quotients, the same argument applies with the integrable dominating
function.

For (2), the explicit u-derivative of the observable ξiξ j has expectation −(∂umi)Eξ j −
(∂umj)Eξi = 0. Then (13.19) implies (13.20). Since ξi, ξ j, and Qu are centered, expanding
the definition of the covariance gives (13.21).

For (3), by the Cauchy–Schwarz inequality, we have

∑
i

∣∣∣∑
j

Aijvj

∣∣∣2 ≤ (
sup

i
∑

j
|Aij|

)
∑
i,j
|Aij||vj|2 ≤ ∥A∥row∥A∥col ∑

j
|vj|2.

Regard (beij) as a matrix T with rows indexed by e and columns by pairs (i, j). Since its
row sums and column sums are at most C, we have ∥T∥op ≤ C, and the same holds for
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its transpose. The array ∑e aebe·· is TTa, and its Hilbert–Schmidt norm is ∥TTa∥2 ≤ C∥a∥2.
This uses the column sums; a bound for each output e separately would not suffice.

The next lemma bounds conditional means along an interpolation that starts from a
measure with zero means. We use it twice below.

Lemma 13.7. Let Ω be a fixed product of balls in the scalar coordinates wi, and for s ∈ [0, 1]
let πs be the probability measure on Ω with density proportional to e−Vs , where Vs satisfies the
hypotheses of Lemma 13.6 in s, with continuous derivatives ∂wj ∂sVs. Let m(s) = maxi|Eπs wi|.
Assume that

1. m(0) = 0;
2. there is a matrix L = (Lij) with nonnegative entries such that, for every s and i,
|Covπs(wi, ∂sVs)| ≤ ∑j Lij∥∂wj ∂sVs∥L2(πs), with supi ∑j Lij ≤ Λ0;

3. for every s, supj∥∂wj ∂sVs∥L2(πs) ≤ β(1 + m(s)2).

If 2Λ0β < 1, then m(s) < 1 and m(s) ≤ 2Λ0βs for every s ∈ [0, 1].

Proof. By (13.19) with F = wi, we have dEπs wi/ds = −Covπs(wi, ∂sVs). Since the entries
of L are nonnegative, (2) and (3) give |dEπs wi/ds| ≤ Λ0β(1 + m(s)2). Integrating from 0
and using (1), we obtain m(s) ≤ Λ0β

∫ s
0 (1 + m(v)2) dv. The function m is continuous. If

m reached the value one, then at the first such time s1 ≤ 1 we would have 1 = m(s1) ≤
2Λ0βs1 < 1, which is impossible. Thus m < 1 on [0, 1], and inserting this in the integral,
we obtain m(s) ≤ 2Λ0βs.

Theorem 13.8. Fix the parameters of Theorem 13.5, with p = p(t) = Aw log(1/t), and reduce
its coupling threshold t∗ once to enforce the Hessian and mean-absorption bounds in the proof
below. This reduction depends only on the fixed data, including Aw, and on the fixed q∗ when part
(3) is used. Let 0 < t ≤ t∗ and let R be as in part (4) of that theorem, with Bρ,a(R) ≤ E∗. Consider
a renormalization group step whose restriction event satisfies both hypotheses of Definition 13.3.
Then the following statements hold for every c = eθ ∈ Br, every depth, and every side m ≥ 4.

1. The conditional law of the normalized fluctuation variables given the coarse field is the
conditional fluctuation kernel

k(c, dw) =
1Ωp(w)e−Vc(w) dw∫

Ωp
e−Vc(w) dw

, Vc =
1
2 |w|

2 + Hd0,J + R(eφθ(w))− R(eφθ(0)).

The domain is the fixed product of three-dimensional balls, independent of c. The conditional
fluctuation potential Vc contains all classical terms, the differences of Haar densities, the
dependence of the determinants of finer scales on coarser fluctuations, and the full chain rule
for the input effective interaction. If the whole hierarchy of restrictions is conditioned on
this coarse field, the conditional law of the fluctuations of this step is the same kernel: the
restrictions at coarser scales depend only on c and cancel in the normalization.
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2. There exist b, CH, C > 0, depending only on M, J, ρ, a, E∗, and the larger domains, such
that the entrywise envelope Hij = supw∈Ωp

|∂wi ∂wj(Vc − |w|2/2)| satisfies

∥H∥b,row+col ≤
CH[tp + t2(1 + E∗)]

(1− CHtp)3 ≤ 1
2

.

In particular D2
wVc ≥ I/2 on the closed product, and Vc is smooth on a neighborhood of it.

For the Neumann realization on the convex product Ωp, every real F ∈ H1(k) satisfies

Vark F ≤ 2Ek|∇F|2, Entk(F2) ≤ 4Ek|∇F|2,

and for real or complex F, G, with the covariance taken bilinear,

|Covk(F, G)| ≤ C ∑
i,j

e−b′ dist(i,j)∥∂iF∥2∥∂jG∥2

for a fixed b′ > 0. The constants do not depend on the dimension, on the radii of the balls, on
the side, on the depth, or on the coupling below the reduced threshold t∗.

3. Choose 0 < q∗ < 4K∗sJ strictly inside the common enlarged product, with its image and
denominator conditions and every intermediate comparison margin, and put P(t) = q∗/t.
On ΩP(t) define the same smooth potential, whether or not this larger product satisfies the
support-inclusion hypothesis. Let CH be the Hessian coefficient constant in part (2). If
CHq∗ < 1 and

CH[q∗ + t2(1 + E∗)]
(1− CHq∗)3 ≤ 1

2
,

then for each s ∈ [0, 1] the potential VP
s,c = |w|2/2 + s(Vc − |w|2/2) has Hessian at least

I/2 on ΩP(t) and satisfies the inequalities of (2). If πP
s,c denotes the normalized measure,

then, for a sufficiently small fixed t∗,

sup
s,c,i
|EπP

s,c
wi| ≤ Ct(E∗ + 2), ∥wi∥L4(πP

s,c)
≤ C

(
1 + sup

j
|EπP

s,c
wj|

)
.

Proof. We use the coefficient bounds of Theorem 13.2 and estimate the potential directly,
before taking any logarithm of a partition function.

Step 1: the conditional kernel. In the density of Theorem 13.4, the factors Acoord and
exp[−Ed0+J/g2

J − Bref − Rref] do not depend on w. Dividing the joint density by its
positive integral over w cancels exactly these factors, and we obtain k(c, dw). The domain
is the product of balls of the normalized fluctuation variables, which does not depend on
c. The terms Bi(ci+1)− Bi(ĉi+1) in Hd0,J keep the dependence of the determinants and
of the Haar densities at the minimizers on the coarser fluctuations, and its other terms
are the differences of the Haar densities. Thus k(c, dw) is the full conditional law, not a
perturbation of a Gaussian reference measure.
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The same calculation can be expressed without choosing a version of the conditional
law. To see this, we multiply the joint density by a bounded Borel function of c and a
bounded Borel function of w and integrate first in w and then in c. The result is the
joint integral of Theorem 13.4. This verifies the identity for the conditional kernel, and
its pointwise version is the positive continuous integral. In a complete hierarchy, every
restriction coarser than this step is a function of c and of its further averages. Such factors
multiply both the numerator and the normalization of the conditional law by the same
function of c and cancel. They do not cancel from the unnormalized law of the coarse
field. This proves (1).

Step 2: powers of the coupling. Let U = Vc − |w|2/2. We fix the coarse field in its larger
ball but do not freeze the coarser fluctuations. At scale i the classical Taylor remainder
has degree s ≥ 3 in the variables of its own scale, and the normalization of the action
gives the factor gs−2

i . Substituting the coarser fluctuations into the background adds rl
fluctuation variables from each coarser scale l > i. With total degree n = s + ∑l>i rl in w,
the coupling factor is exactly

gs−2
i ∏

l>i
grl

l = tn−2λs−2
i ∏

l>i
λ

rl
l , n ≥ 3. (13.22)

No negative power of a ratio λi ≤ 1 occurs, since s ≥ 3. Centering at the minimizer
removes the term of degree one in the variables of its own scale. The normalization by
the positive square root of the Hessian removes the quadratic term, at every value of the
coarser fluctuations. Thus no classical term of total degree one or two in w survives the
substitution.

Each difference of Haar densities and each difference of determinant terms has positive
total degree n in w and the coupling factor tn. The composed difference of the input
effective interaction obeys the same rule, with amplitude bounded by Cϵ ≤ CE∗. The
joint coefficient bounds, evaluated on a slightly larger coarse-field radius and a slightly
larger product of the variables q, therefore give the following bounds for the absolute
coefficients with one index fixed:

contribution degree in w coefficient bound
classical remainder n ≥ 3 Cntn−2

Haar density and determinant differences n ≥ 1 Cntn

difference of R ◦ eφ n ≥ 1 CnE∗tn.

(13.23)

These bounds include every substitution of a background and every derivative of the
matrices Si. The fixed ratios λi and the fixed radii are included in C.

Step 3: the Hessian. We take two derivatives in w and sum their weighted rows. The
multiplicities of the two derivatives are at most n(n− 1), and the other coordinates have
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absolute value at most p. With x = Ctp < 1, the classical sum is

∑
n≥3

n(n− 1)Cntn−2pn−2 = 2C2{(1− x)−3 − 1
}
≤ 6C3tp

(1− Ctp)3 ,

where we used 1− (1− x)3 ≤ 3x. The sums for the Haar density and determinant terms
and for the terms from R are bounded by

(1 + E∗) ∑
n≥2

n(n− 1)Cntn pn−2 =
2C2t2(1 + E∗)
(1− Ctp)3 ,

and the terms of degree one contribute nothing. The network weights give the decay
in the distance between the two remaining indices, and by symmetry the column sums
have the same bound. These sums of absolute coefficients, evaluated at the radius p,
are uniform in w ∈ Ωp, so they bound the entrywise envelope Hij; this is the bound
(13.3) of Lemma 13.1 applied to the first derivatives of U. Choose CH once to dominate
the coefficient constants and fixed multipliers in these two sums. Then, on the branch
CHtp < 1, they give the stated bound for ∥H∥b,row+col. For the part coming from R, both
terms of

D2(R ◦ eφ) = D2(R ◦ exp)(φ)[Dφ, Dφ] + D(R ◦ exp)(φ)[D2φ]

are included in its series of degree n. In particular, the first derivative of R multiplying
the second derivative of the reconstruction is kept.

We reduce the coupling threshold of Theorem 13.5 so that CHtp < 1/2 and this bound
is at most 1/2. By Lemma 13.6(3), the operator norm is bounded by the row and column
sums, and we obtain D2

wVc ≥ I/2. The margin in the coefficient bounds provides a
smooth extension of the potential to an open neighborhood of the closed product.

Step 4: the inequalities of the Neumann realization. The balls are convex, have dimen-
sion three, and have radii independent of c, and the potential has the smoothness and
the lower bound on the Hessian just proved. By Theorem 5.4 with m = 1/2, we have the
variance constant 2 and the entropy constant 4, including the corners of the product. To
check its spatial hypothesis, recall that the weighted row-plus-column norm of H at the
rate b is at most 1/2. The hypothesis concerns the operator norms of the mixed blocks of
the three-dimensional balls, so we group the scalar indices into their three-component
blocks. The operator norm of a block is at most the sum of the absolute values of its scalar
entries. Hence the weighted row and column sums of the operator norms of the mixed
blocks are at most three times the scalar sums, that is, at most 3/2. We set b′ = b/8. For
z ≥ 0, convexity gives

ez/8 − 1 ≤ 1
8(e

z − 1) ≤ 1
8 ez.

Both block sums with the weight eb′ dist(x,y)− 1 are therefore at most 3/16, which is below
m/2 = 1/4; the diagonal Gaussian blocks have no mixed contribution. Thus the spatial
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hypothesis of Theorem 5.4, which involves the suprema over Ωp of the mixed blocks,
holds at the rate b′. Expanding the block gradient norms into their scalar components, we
obtain the stated scalar covariance inequality, with a fixed change of its constant. Distinct
blocks with the same location can be treated by separating them by an arbitrarily small
distance, applying the inequality at a slightly smaller rate, and passing to the limit; the
strict inequality 3/16 < 1/4 leaves room for this perturbation. All sums are finite at this
stage, and the weighted bounds remain uniform in the limit. This proves (2).

Step 5: the larger product. The proof of the Hessian bound evaluated the majorant series
at the radius tp of the variables q; it did not use smallness of tp3. Let 0 < q∗ < 4K∗sJ lie
strictly inside the common enlarged product, retain its image and denominator conditions,
every intermediate comparison margin, and the displayed Hessian smallness condition,
and set P = q∗/t. Then ρ + q∗ < rJ , the denominator of the reconstruction majorant
is positive, and all intermediate margins follow from the enlarged product. The gauge-
transformed reconstruction lies in Bρ/2, where the input effective interaction is defined,
and no inclusion in Dr is needed. If desired, we reduce the coupling threshold so that
tp(t) < q∗; then this product contains Ωp. We also impose CHq∗ < 1. Thus the two
geometric series remain convergent after replacing p by P = q∗/t, and with the same CH
we obtain

∥HP∥b,row+col ≤
CH[q∗ + t2(1 + E∗)]

(1− CHq∗)3 ,

for the entrywise envelope HP of D2
wU on ΩP. The potential on this product is the

smooth potential of the auxiliary integral, and no indicator of Dr is inserted. Under the
displayed condition, |w|2/2 + sU has Hessian at least I/2 for every s ∈ [0, 1], its mixed
blocks satisfy the same bound, and Step 4 applies on this product. No complex expansion
at the radius P is used.

Step 6: the means on the larger product. It remains to bound the means without a loss
of a factor P2. By the concentration statement of Theorem 5.4, we have for each scalar
coordinate P(|wi − Ewi| > u) ≤ 2e−u2/4, hence E|wi − Ewi|4 ≤

∫ ∞
0 8u3e−u2/4 du ≤ C.

Thus, with m(s) = maxi|EπP
s,c

wi|,

∥wi∥L4(πP
s,c)
≤ C(1 + m(s)), (13.24)

and the bound for three-component blocks changes only C.
If we differentiate a classical monomial of degree n in U with respect to one fluctuation

variable, there remain n− 1 ≥ 2 fluctuation factors. We place two of them in L4 and the
others in L∞, and Hölder’s inequality bounds their product in L2 by C(1 + m(s)2)Pn−3.
The coupling factor becomes

tn−2Pn−3 = tqn−3
∗ . (13.25)
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The absolute coefficient series converges at q∗, and the margin in the radius absorbs
the multiplicities of the derivative and the choice of the two factors placed in L4. The
derivatives of the Haar density and determinant terms and of the terms from R of degree
n give tnPn−1 = tqn−1

∗ , hence the bound Ct(1 + E∗). It follows that

sup
j
∥∂wjU∥L2(πP

s,c)
≤ Ct(1 + E∗ + m(s)2) ≤ Ct(1 + E∗)(1 + m(s)2). (13.26)

These bounds hold with one index of w fixed, with a profile that decays exponentially in
the distance to that index. Summing the covariance kernel of Step 4 over its second index
costs only a constant depending on the density. We apply Lemma 13.7 to Vs = |w|2/2 +
sU, for which ∂sVs = U. At s = 0 the measure is the even product of truncated Gaussian
measures, and m(0) = 0. Hypothesis (2) of the lemma holds with the nonnegative
kernel Lij = Ce−b′ dist(i,j) of the covariance bound of Step 4, whose row sums are at
most a constant Λ0 depending only on the fixed data, and hypothesis (3) holds with
β = Ct(1 + E∗) by (13.26). After one fixed reduction of the coupling threshold, 2Λ0β < 1,
and the lemma implies that m(s) ≤ Ct(1 + E∗) ≤ Ct(E∗ + 2), uniformly in s, c, and
the volume. Together with (13.24) this proves (3). All bounds are bounds at a fixed
coordinate, and the total dimension does not appear.

13.6 Conditional means and coarse-field derivatives

We now study how the conditional fluctuation kernel depends on the coarse field. The
main point is that its means are small, of order t∥θ∥∞, even though the kernel is interact-
ing. At the identity coarse field they vanish by the global color symmetry. We also control
the derivative of the conditional fluctuation covariance, by a three-point decay estimate,
and the first two Taylor coefficients of the reconstruction at the conditional mean, which
are used in the later reconstruction estimates. We first prove the three-point estimate
under abstract hypotheses.

Lemma 13.9. Let Ω be a fixed product of balls of radii at most p, p ≥ 1, in scalar coordinates
wi, and let Vθ be potentials depending on parameters θu, with the probability measures of density
proportional to e−Vθ on Ω, along the segment {sθ : 0 ≤ s ≤ 1}. Assume that Vϑ(w) and
∂ϑuVϑ(w), for every parameter coordinate u, are jointly continuous on U × N, where U is an
open neighborhood of the segment and N is a neighborhood of the fixed compact product Ω. Let
Σθ be the covariance matrix of w. Suppose that D0 ≥ 2, Asc ≥ 0, and that along the segment, for
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every location x and every R ≥ 0,

#{i : dist(i, x) ≤ R}+ #{u : dist(u, x) ≤ R} ≤ D0(1 + R)3,

|Cov(F, G)| ≤∑
i,j

Lij∥∂iF∥2∥∂jG∥2, Lij ≤ D0e−dist(i,j)/D0 ,

sup
Ω
|∂wi ∂θuV| ≤ AscD0e−dist(i,u)/D0 .

Let τ3(i, j, u) be the sum of the two smallest of the distances dist(i, j), dist(i, u), and dist(j, u).
Then, for an absolute constant C,

|∂θu Σθ(i, j)| ≤ CpAscD6
0e−τ3(i,j,u)/(4D0), ∥Σθ − Σ0∥op ≤ CpAscD14

0 ∥θ∥∞.

Proof. The joint continuity assumptions bound the potential and each parameter deriva-
tive on compact sub-neighborhoods of the fixed product, so differentiation under the
integral is justified and the covariance has continuous parameter derivatives. We write
D = D0 and A = Asc. The counting hypothesis implies, for each fixed c > 0,

sup
x

∑
i

e−dist(i,x)/(cD) + sup
x

∑
u

e−dist(u,x)/(cD) ≤ CcD4. (13.27)

To prove it, let Nx(R) = #{i : dist(i, x) ≤ R} and use e−r/(cD) = (cD)−1
∫ ∞

r e−R/(cD) dR;
summing this identity over i bounds the first sum by

1
cD

∫ ∞

0
e−R/(cD)D(1 + R)3 dR ≤ CcD4,

and the sum over u is bounded in the same way. The argument also works on small
periodic tori. By the triangle inequality,

∑
l

e−dist(i,l)/D−dist(l,u)/D ≤ CD4e−dist(i,u)/(2D); (13.28)

indeed, we extract the exponential on the right using half of the two distances and sum
the remaining factor e−dist(i,l)/(2D) by (13.27).

Since each coordinate and its mean have absolute value at most p, we have |ξi| ≤ 2p,
where ξ = w−Ew. Moving between two points of the convex product along a segment
and using the bound on the mixed derivatives, we find that the oscillation of ∂θuV is at
most 2pAD ∑l e−dist(l,u)/D. Subtracting the expectation does not increase this bound, and
the centered potential derivative Qu = ∂θuV −E∂θuV satisfies

∥Qu∥∞ ≤ CpAD5, |∂lQu| ≤ ADe−dist(l,u)/D. (13.29)

By (13.20), ∂θu Σ(i, j) = −Eξiξ jQu, and we bound this by each of the three covariances
in (13.21). For the first, the gradient of ξiξ j is ∂l(ξiξ j) = δliξ j + δl jξi. Using ∥ξi∥2 ≤ 2p,
the amplitudes D and AD of the two kernels, and (13.28), we obtain

|Eξiξ jQu| ≤ CpAD6{e−dist(i,u)/(2D) + e−dist(j,u)/(2D)
}

.
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For the second, the gradient of ξi is the coordinate vector at i, and ∂l(ξ jQu) = δl jQu +

ξ j∂lQu. The first term costs Lij∥Qu∥2 ≤ CpAD6e−dist(i,j)/D, and the second costs the
convolution (13.28) times 2pAD2. We obtain

|Eξiξ jQu| ≤ CpAD6{e−dist(i,j)/(2D) + e−dist(i,u)/(2D)
}

.

For the third, the coordinate vector is at j, the gradient of the product is δliQu + ξi∂lQu,
and the two resulting terms are bounded by

CpAD6{e−dist(i,j)/(2D) + e−dist(j,u)/(2D)
}

.

Using only the first of these three bounds would not control the separation of i from j.
We order the three distances as x ≤ y ≤ z. The smallest of the three braces is at most

e−y/(2D) + e−z/(2D) ≤ 2e−y/(2D), and since τ3 = x + y ≤ 2y, this is at most 2e−τ3/(4D).
This proves the bound on ∂θu Σ(i, j).

Since τ3 is the smallest length of the three trees with two edges on the points i, j, u, the
factor e−τ3/(4D) is at most the sum of the three corresponding products of exponentials.
For fixed i, summing one such tree over (j, u) removes its two leaves successively, and
(13.27) gives a factor at most CD8. Hence

sup
i

∑
j,u
|∂θu Σ(i, j)| ≤ CpAD14.

Integrating along the segment sθ, 0 ≤ s ≤ 1, and using |θu| ≤ ∥θ∥∞, we bound the
row sums of Σθ − Σ0. By symmetry in i, j, the column sums have the same bound, and
Lemma 13.6(3) implies the operator bound.

In the following theorem the conditional law is the kernel k(c, dw) of Theorem 13.8
on the product Ωp, and the derivatives are taken with the couplings, and hence the radii
of the balls, held fixed. We write Eθ, Covθ for this kernel at c = eθ.

Theorem 13.10. Use the conditional fluctuation kernel of Theorem 13.8 with p = Aw log(1/t),
and reduce the coupling threshold once so that tp3 is small. Let mθ = Eθw, ξ = w − mθ,
Σθ = EθξξT, and φθ(w) = Φd0,J(θ, (giwi)i). There exist C, b > 0 such that the following
statements hold uniformly for all ∥θ∥∞ < r ≤ ρ for which the support-inclusion hypothesis holds,
all depths, and all sides.

1. The conditional means satisfy

∥mθ∥∞ ≤ Ct∥θ∥∞, sup
e
|Eθ φθ,e(w)− φθ,e(0)| ≤ Ct2∥θ∥∞,

and both vanish at θ = 0 by the global color symmetry.



13 Conditional measures and analytic estimates § 13.6 74

2. For 0 ≤ s ≤ 1 let V̇s = dVsθ/ds on the same product. Then, uniformly in s,

sup
l
∥∂wl V̇s∥L2(k(esθ ,·)) ≤ Ct∥θ∥∞.

This bound holds at each fixed index of w, with the exponentially summable profile of the
joint coefficient bounds; it is not a bound on a norm of the extensive function V̇s. It includes
the classical, Haar density, and determinant terms of the potential, and the terms from R.

3. For every family Fθ of observables on this fixed product satisfying the differentiability condi-
tions stated before Lemma 13.6 (continuity with continuous derivatives on a neighborhood
of the product, or dominated difference quotients with integrable derivatives), and every
coordinate θu, the identities (13.19), (13.20), and (13.21) hold; in particular

∂uEθ Fθ = Eθ∂uFθ −Covθ(Fθ, ∂uVθ), ∂u log
∫

Ωp
e−Vθ dw = −Eθ∂uVθ,

and ∂uΣθ(i, j) = −Eθξiξ jQu with Qu = ∂uVθ −Eθ∂uVθ. The domain does not move, so
there is no boundary term.

4. The hypotheses of Lemma 13.9 hold with a fixed D0 and with Asc = Ctp2; more precisely,

sup
Ωp

|∂wi ∂θuVθ| ≤ Ctp2e−b dist(i,u),

∥Σθ − Σ0∥b′,row+col ≤ Ctp3∥θ∥∞, ∥Σθ∥op ≤ 2,

for a fixed b′ > 0. Here Σ0 = Σsp ⊗ I3 is the covariance of the conditional fluctuation kernel
at the identity coarse field; this kernel is interacting and truncated, and Σsp includes all its
spatial covariances.

5. Put g = g0, Eθ = g−1Dw φθ(mθ), and Bθ = (2g2)−1D2
w φθ(mθ). For every w = mθ + ξ ∈

Ωp,

φθ(mθ + ξ) = φθ(mθ) + gEθξ + g2Bθ(ξ, ξ) +Rθ(ξ), ∥Rθ∥∞ ≤ Cg3p3.

Moreover ∥Eθ∥op ≤ C, the scalar coefficients beij of Bθ satisfy

sup
e

∑
i,j
|beij|+ sup

i
∑
e,j
|beij| ≤ C,

∥∥∥∑
e

aebe··
∥∥∥

HS
≤ C∥a∥2

for every array (ae), and

∥Eθ − E0∥op + ∥Bθ − B0∥abs,root ≤ C∥θ∥∞,

∥EθΣθET
θ − E0Σ0ET

0 ∥op ≤ C∥θ∥∞(1 + tp3), sup
e
|EθBθ,e(ξ, ξ)| ≤ C∥θ∥∞,

where ∥·∥abs,root is the sum of absolute coefficients with one index fixed. At θ = 0 the matrix
E0 is scalar in the color components, and the contraction of the color-equivariant quadratic
tensor B0 with Σ0 vanishes.
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6. For the unnormalized integral of one step,

F̃(θ) = Acoorde−Ed0+J(eθ)/g2
J−Bref(θ)−Rref(θ)

∫
Ωp

e−Vθ(w) dw,

we have
D log F̃ = −D

(
Ed0+J/g2

J + Bref + Rref
)
−EθDVθ.

The derivatives of the terms evaluated at the zero-fluctuation reconstruction disappear only
from normalized conditional expectations.

The constants depend only on M, J, ρ, a, E∗, Aw, the ratios of the couplings, and the fixed
domains; they are independent of the side, L, γ, the depth, and the coarse field satisfying the
hypotheses. Converting volume-normalized column bounds into bounds for operators in counting
coordinates costs a fixed factor depending on J.

Proof. We use the coefficient bounds of Theorem 13.2 throughout; the conditional law is
always the kernel on Ωp of Theorem 13.8. We first prove (3) and (4), then the bounds
on the means and on the derivative of the potential by Lemma 13.7, and finally the
statements about the reconstruction.

Step 1: differentiation and the mixed derivatives. With the couplings, and hence the
radii of the balls, fixed, the potential Vθ and its derivatives in θ are continuous on a
neighborhood of the closed product, and Lemma 13.6 applies and proves (3).

We differentiate the series of (13.23) once in a coordinate θu of the coarse field and
once in a fluctuation variable wi. A derivative in θ on the larger product of coarse fields
preserves the powers of the coupling and the coefficient bounds. A classical term of
degree n leaves n− 1 fluctuation factors after the derivative in wi, so its sum is bounded
by

Ctp2 ∑
n≥3

n(Ctp)n−3 ≤ Ctp2

(1− Ctp)2 .

The Haar density and determinant terms and the terms from R give at most C(1 +

E∗)t/(1 − Ctp)2, which is absorbed in the same bound since E∗ is fixed and p ≥ 1.
Keeping both indices i and u in the network of each coefficient gives the factor e−b dist(i,u).
Reducing the coupling threshold so that Ctp is below a fixed margin, we obtain

sup
Ωp

|∂wi ∂θuVθ| ≤ Ctp2e−b dist(i,u). (13.30)

The Gaussian term contributes nothing to this derivative in θ, taken with all couplings
fixed, since the normalization by the constrained Hessian made it equal to |w|2/2 for
every coarse field.

The density of the indices and the covariance bound of Theorem 13.8 satisfy the
hypotheses of Lemma 13.9 with a fixed D0 depending only on the fixed data, and by
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(13.30) we may take Asc = Ctp2. The proof of that lemma is linear in Asc, and it yields
the bound Ctp3e−b1τ3 for the derivative of Σ. We keep an exponential weight in the final
sums. Since dist(i, j) ≤ τ3 by the triangle inequality, we may choose 0 < b′ < b1/2
and absorb eb′ dist(i,j) into half of the exponential of the tree. The remaining sums over
two-edge trees converge by the fixed density. Integrating along the segment of coarse
fields, we obtain

∥Σθ − Σ0∥b′,row+col ≤ Ctp3∥θ∥∞. (13.31)

Applying the variance bound of Theorem 13.8 to ∑i viwi, we find vTΣθv ≤ 2|v|2, hence
∥Σθ∥op ≤ 2. This proves (4), except for the structure of Σ0, which is proved in Step 5.

Step 2: the conditional means. The concentration bound used in (13.24) implies, on Ωp,
that ∥wi∥L4 ≤ C(1 + m(s)), where now m(s) = maxi|Esθwi|. We set V̇s = ∑u θu∂θuVsθ

and take one derivative in w in its joint series. Every coarse field sθ lies in Br, so the
support-inclusion hypothesis holds along the whole segment. The larger product of
coarse fields of Theorem 13.5 controls the derivative in θ, also when ∥θ∥∞ is close to r.
The couplings, the radii of the balls, and the parameters internal to R are fixed while s
varies. From a classical term of degree n ≥ 3 we keep two of the remaining factors in
L4 and bound the other n− 3 by p, which gives the coupling factor tn−2pn−3 = t(tp)n−3.
The derivative in θ and its column sum give the factor ∥θ∥∞. Thus

sup
j
∥∂wjV̇s∥2 ≤ Ct∥θ∥∞(1 + E∗ + m(s)2), (13.32)

with all norms in L2(k(esθ, ·)). More precisely, we keep the index j of w and a scalar
coarse-field index v in the network of each coefficient before contracting v with θv. The
exponential weight then gives the factor eb dist(j,v), while the two remaining fluctuation
factors are estimated in L4. The same summation shows that

∥∂wjV̇s∥L2(k(esθ ,·)) ≤ Ct(1 + E∗ + m(s)2)∑
v

e−b dist(j,v)|θv|, sup
j

∑
v

e−b dist(j,v) ≤ C,

(13.33)
the last sum being over coarse-field indices of fixed density, bounded uniformly in the
side by the count used in (13.27). The Haar density and determinant terms and the terms
from R contribute Ct(1 + E∗)∥θ∥∞, since one derivative in w of a term of degree n ≥ 1
leaves tn pn−1 = t(tp)n−1. The margins in the coefficient bounds absorb all multiplicities
of the derivatives. Summing the exponential covariance kernel against this profile costs
only a constant depending on the density.

At the identity coarse field, a constant color conjugation rotates every three-component
block of w and preserves the balls and the potential. A vector fixed by all such rotations
vanishes, so m(0) = 0. We apply Lemma 13.7 to Vs = Vsθ, with the nonnegative
exponential kernel and the constant Λ0 of the covariance bound of Theorem 13.8 and
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with β = Ct∥θ∥∞(1+ E∗), by (13.32) and 1+ E∗+m2 ≤ (1+ E∗)(1+m2). Since ∥θ∥∞ < ρ,
after one fixed reduction of the coupling threshold we have 2Λ0β ≤ Ctρ(E∗ + 2) < 1,
and the lemma implies that m(s) < 1 and m(1) ≤ Ct∥θ∥∞. This proves the first bound in
(1), for the interacting conditional means. Inserting m(s) < 1 in (13.32) and (13.33), and
absorbing the factor E∗ + 2 into C, we obtain

sup
j
∥∂wjV̇s∥L2(k(esθ ,·)) ≤ Ct∥θ∥∞ (0 ≤ s ≤ 1),

which is (2). It uses the same coupling threshold as the bound on the means, and no
norm of the extensive function V̇s.

Step 3: the mean of the reconstruction. Let Ge(θ, w) = φθ,e(w)− φθ,e(0). Its coefficients
of degree n in w carry the factor tn, and every term has positive degree in w. The same
holds after a derivative in θ on the larger product. Its rows in the fluctuation variables
are bounded by Ct on Ωp. For Ġe = dGe(sθ, w)/ds, the expectation of the part of degree
one is at most Ct∥θ∥∞m(s). For degrees at least two we keep two fluctuation factors in
L4 and bound the others by p. Summing the series with one index fixed, we obtain

|EsθĠe| ≤ C∥θ∥∞
{

tm(s) + t2(1 + m(s)2)
}

. (13.34)

The covariance of Ge with V̇s is at most Ct2∥θ∥∞(1 + E∗ + m(s)2), by the bound Ct on
the rows of Ge, the profile (13.32), and the summable covariance kernel. By Step 2,
tm(s) ≤ Ct2∥θ∥∞. Applying (13.19) to Ge, we find∣∣∣ d

ds
EsθGe(sθ, w)

∣∣∣ ≤ Ct2∥θ∥∞.

At the identity coarse field Ω(0) = I, and the reconstructed logarithm is color equivariant
by Theorem 13.2(2). Its expectation is then a vector invariant under all rotations of the
color components, which must vanish. Integrating from 0 to 1 proves the second bound
in (1). The reference value φθ(0) = δAd0,J(θ) is the zero-fluctuation reconstruction.

Step 4: the expansion at the conditional mean. Since each block of the mean lies in its
closed convex ball, the segment mθ + vξ, 0 ≤ v ≤ 1, lies in Ωp whenever mθ + ξ = w ∈ Ωp.
Three derivatives in w of the reconstruction have row sums at most Cg3, since the ratios
gi/g are fixed. By Taylor’s formula, we have

Rθ(ξ) =
1
2

∫ 1

0
(1− v)2D3

w φθ(mθ + vξ)[ξ, ξ, ξ] dv,

and since ∥ξ∥∞ ≤ 2p, we obtain ∥Rθ∥∞ ≤ Cg3p3. The first two Taylor coefficients are
exactly Eθ and Bθ, including the factor 1/2 in the latter.

The row bounds and the volume-normalized column bounds of Eθ and Bθ follow
from the absolute coefficient series of the reconstruction. Replacing the volume factors by
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counting measures costs only a fixed factor depending on J. By Lemma 13.6(3), we have
∥Eθ∥op ≤ C. The quadratic tensor satisfies supe ∑i,j|beij| ≤ C and supi ∑e,j|beij| ≤ C; the
second bound implies supi,j ∑e|beij| ≤ C, and Lemma 13.6(3) implies the Hilbert–Schmidt
bound.

The normalized first and second derivatives of the reconstruction have bounded first
derivatives, in their coefficient norms with one index fixed, on a still larger product.
Comparing them at (θ, (gimθ,i)i) and at (0, 0) along the straight segment and integrating
their derivatives, we obtain the bound

C
{
∥θ∥∞ + g∥mθ∥∞

}
≤ C∥θ∥∞.

The same bound holds for their rows and their columns, so the first derivative also
satisfies the operator bound in (5). No derivative of the mean as a function of the coarse
field is needed for this comparison.

Step 5: color structure and contractions. At the identity coarse field, the potential and
the gauge-transformed reconstruction commute with every constant rotation of the color
components, and m0 = 0 by Step 2. Therefore each 3× 3 block of Σ0 and of E0 commutes
with every rotation. Such a matrix is a multiple of the identity: rotations by π about
the coordinate axes force its off-diagonal entries to vanish, and rotations exchanging two
axes equate its diagonal entries. This proves Σ0 = Σsp ⊗ I3 and that E0 is scalar in the
color components.

We expand

EθΣθET
θ − E0Σ0ET

0 = (Eθ − E0)ΣθET
θ + E0(Σθ − Σ0)ET

θ + E0Σ0(Eθ − E0)
T.

The bounds of Step 4, ∥Σθ∥op ≤ 2, and (13.31) give the bound C∥θ∥∞(1 + tp3).
For one scalar output component e, let Bθ,e be the symmetric matrix of the quadratic

form Bθ,e. Each scalar matrix unit has nuclear norm one, so the sum of the absolute
coefficients bounds the nuclear norm, and

∥Bθ,e∥∗ ≤ C, ∥Bθ,e − B0,e∥∗ ≤ C∥θ∥∞.

The contraction of the color-equivariant quadratic tensor at the identity coarse field with
the color-scalar matrix Σ0 is a vector invariant under all rotations of the color components,
hence zero. This includes all spatial covariances of the kernel at the identity. Subtracting
this zero contraction, we obtain

|EθBθ,e(ξ, ξ)| ≤ ∥Bθ,e − B0,e∥∗∥Σθ∥op + ∥B0,e∥∗∥Σθ − Σ0∥op ≤ C∥θ∥∞(1 + tp3) ≤ C∥θ∥∞,

where in the last inequality we used the reduced coupling threshold. This proves (5).



13 Conditional measures and analytic estimates § 13.6 79

Step 6: the unnormalized integral. The constant Acoord does not depend on the coarse
field. Differentiating log F̃ and using the formula for the derivative of the logarithm of the
normalization in (3), we obtain (6). It keeps the derivatives of the classical, determinant,
and Haar density terms and of Rref, evaluated at the zero-fluctuation reconstruction,
which cancel only in normalized conditional expectations. All estimates used sums with
one index fixed, at a fixed density and fixed J. The constants therefore have the stated
dependence and do not depend on the depth or the volume.



section 14

Small-field conditioning and partition-function
bounds

This section connects the analytic recursion of Section 13 with the Wilson measure con-
ditioned on the small-field event. We prove four results. First, consider one RG step
and a fine configuration such that it and its coarse field both lie in the gauge-invariant
small-field domain Dr. After a hierarchical tree gauge fixing, every such configuration has
unique normalized fluctuation coordinates, whether or not it satisfies the fluctuation cut-
off (Theorem 14.3). Second, with the parameters chosen in Definition 14.4, the recursion
of Theorem 13.5, started at the Wilson action, produces effective interactions Rk whose
densities are exactly those of the pushforwards of the Wilson measure restricted by the
successive tests of the small-field event SN,u,γ. Every normalization constant is accounted
for (Theorem 14.6). Third, for coarse fields in Dr, if dt < 1 and ϵt < 1, then imposing
the fluctuation cutoff changes the unnormalized density by a factor whose reciprocal lies
between 1 and (1− ϵt)−1, with explicit errors dt and ϵt (Theorem 14.7). Fourth, on the
stopping lattice of side n, we bound the partition function of the stopped measure from
below by a tree-gauge trial integral over the same domain Dr. We also bound exponential
moments of the Wilson action under the stopped measure with a single boundary term
9n2 log(1/g) (Theorem 14.8). Finally, every flat configuration, including those whose
holonomies form one of the eight central triples, belongs to the small-field event once the
coarse side is large enough (Lemma 14.9).

Two points need care. First, the effective interactions are holomorphic on the ball Bρ of
configurations with link logarithms of norm less than ρ, while the small-field event uses a
smaller radius r < ρ/8. On all of Bρ, the recursion is defined by an auxiliary integral over
the fluctuation cutoff domain. This integral is defined because the reconstruction maps
the whole cutoff domain into Bρ/2, where the incoming effective interaction is analytic.
For coarse fields in Br, the auxiliary integral coincides with the fiber integral of the
restricted Wilson density. For coarse fields in Bρ \ Br, it is only an analytic continuation,
with no probabilistic meaning. Second, the fiber of the incoming restricted measure
over a coarse field need not be convex. However, it is contained in a product domain
Kt, independent of the coarse field, on which the conditional fluctuation potential is
uniformly convex. Tail bounds for the normalized measure on Kt pass to the fiber by
dividing by its conditioning probability; this does not assert a logarithmic Sobolev or

80
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covariance-decay inequality for the nonconvex fiber.
In the partition-function bounds, the denominator is bounded below on the same

domain Dr as the stopped measure. Only the numerator is enlarged, to an integral over
an open cube. After tree gauge fixing, the periodic lattice has 2n3 + 1 independent link
variables and the open cube has 2n3 − 3n2 + 1. Since each variable contributes three
powers of g, the comparison leaves exactly the factor g−9n2

.
We use the following inputs. Sections 5 to 7 supply the coefficient calculus, tree gauges,

the Haar disintegration over the block averaging constraint, the partition-function bound
on an open box, and the local inverse branch of the block averaging map. Sections 10
and 11 supply the classical background fields, the nested minimization identity for the
effective classical action, its comparison with the Wilson action, and its gauge invariance
on chart overlaps. Section 12 supplies the joint coordinate calculus and the sequential
density formula. Section 13 supplies the reconstruction gauge and its coefficient majorant,
the invariant analytic ball of the recursion, the cutoff identity for the restricted density,
and the convexity of the conditional fluctuation potential. In turn, Section 15 uses the
exact recursion and the conditional fluctuation kernels; Sections 18 and 21 to 23 use the
fiber coordinates, the classical lower bound, the normalization, and the cutoff comparison;
and Sections 33 to 36 use the estimates on the stopping lattice and the flat configurations.
This section does not show that the small-field event has probability close to one; that is
done in Section 23. In particular, we do not estimate here the ratio of auxiliary integrals
that bounds the exit probability of the coarse field in Theorem 14.7.

Separating the field into regular gauge-field coordinates and then performing succes-
sive convergent integrations is the constructive lattice gauge program of Bałaban [14, 18].
Within this framework, we prove the coordinates for every point of the small-field fiber
and the normalization identities below for the specific recursion and event used in this
paper.

Section 14.1 fixes notation. Section 14.2 collects the classical estimates on a common do-
main and derives the exact density of one RG step in fluctuation coordinates. Section 14.3
proves the coordinate theorem and states the choice of parameters and the small-field
event. Section 14.4 identifies the recursion with the restricted Wilson measure, and
Section 14.5 proves the cutoff comparisons. Section 14.6 contains the partition-function
bounds, and Section 14.7 treats flat configurations.

14.1 Conventions

One RG step. Fix an odd integer M ≥ 3 and an integer J ≥ 1, and set B = MJ . One
RG step maps a configuration on the lattice of side Bm = MJm to a configuration on
the lattice of side m ≥ 4 by T J

M. Its levels are indexed by i = 0, . . . , J; the integrated
intermediate scales have i < J. The lattice at level i, which we also call a scale, has side
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MJ−im. We write ci for the configuration at level i, so that c0 is the fine configuration
and cJ = c is the coarse one, and we write c = eθ when c lies in a chart of the identity.
If the fine lattice is at classical depth d0, the averaging step from scale i to scale i + 1 is
performed at depth d0 + i. The couplings satisfy g2

i+1 = Mg2
i . The integrated couplings

are g0, . . . , gJ−1, and we write

t = max
0≤i<J

gi = gJ−1, t2 =
γ

Mm
, λ∗ = M−(J−1)/2 ≤ gi

t
≤ 1, g2

J = Mt2 =
γ

m
.

The normalized fluctuation variables wi of the step from scale i to scale i + 1 are defined
by

zi = z∗i (ci+1) + giKi(ci+1)
−1/2wi,

where zi are the free logarithmic coordinates, z∗i is the conditional constrained minimizer,
and Ki is the constrained Hessian (Section 14.2). A block index (i, e) labels one vector
wi,e ∈ R3; a scalar index also specifies its color component. Distances are measured in
units of the coarse lattice of side m. For fixed M and J, the number of coordinate labels
in a ball of radius R is at most CM,J(1 + R)3, uniformly on every periodic lattice, since
the smallest label spacing is M−J and there are finitely many scale and orientation types.
This bound controls all sums of exponential kernels below.

Norms. For a matrix A indexed by labels and a rate b > 0, the weighted row-and-column
norm is

∥A∥b,row+col = max
{

sup
x

∑
y

eb dist(x,y)|Axy|, sup
y

∑
x

eb dist(x,y)|Axy|
}

.

By Schur’s test, it bounds the operator norm of A on ℓ2. This is the maximum of the
row bound and the counting column bound. In Section 10, the same two bounds are
added instead. That sum lies between this norm and twice it, so the bounds imported
from there hold for this norm with the same constants. No column-volume factor enters
this comparison, since both conventions use counting columns. For a tensor T, ∥T∥b,root
denotes the weighted absolute coefficient sum with one index fixed, maximized over the
choice and position of the fixed index, with spatial weight ebt, where t is the length of a
shortest connecting network of the coefficient locations (Definition 4.6). Input-fixed sums
are volume-normalized unless we say that they are counting sums. For a function R of
the link logarithms with DR(I) = 0, the weighted analytic coefficient norm is

Bρ,asp(R) = ∑
k≥2

ρk−2

k!
∥DkR(I)∥asp,root,

as in Definition 4.6; it does not control the constant R(I).
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Gauge-invariant extensions. Let Bρ = {exp A : maxe|Ae| < ρ} and Dρ = GBρ, the set of
configurations gauge equivalent to a configuration in Bρ. A real analytic function R on Bρ

is gauge invariant on overlaps if R(Uk) = R(U) whenever U and Uk lie in Bρ for a periodic
lattice gauge transformation k (Definition 13.3). Then Rsat(U) = R(Uk), for any k with
Uk ∈ Bρ, is a well-defined function on Dρ, which is gauge invariant and real analytic.
The same subscript denotes the gauge-invariant extension Ed,sat of the effective classical
action from its chart (Theorem 11.6). Global color rotations act by Ue 7→ uUeu−1 with
constant u ∈ SU(2), and spatial inversion is x 7→ −x with the induced action on oriented
links.

Constants. Unless a parameter is displayed separately, the constants C, c, b, . . . of this
section depend only on M, the fixed J, the larger classical and analytic domains fixed
below and the positive distances between them, the positive spatial rates, and the fixed
bounds on coefficients and effective interactions. They do not depend on the lattice
side, on L or γ, on the depth, or on the number of RG steps. All estimates concern the
whole torus; we make no statement about block regions. The value R(I) of an effective
interaction at the identity is always kept separately. Only constants explicitly identified
as uniform before the choice of J are used to choose J.

Radii. Several radii occur. The following table lists them, and Definition 14.4 fixes the
inequalities between them.

Radius Role

rC larger domain of the classical estimates (Sec-
tion 14.2)

ρ effective interactions are holomorphic on Bρ

r < ρ/8 radius of the small-field domain Dr

Rbuf = (10M)Jr T J
M(Dr) ⊂ DRbuf

Pphys < Qphys physical radii of products of fluctuations con-
tained in every fiber

Ren = Lenr, L ′
enr physical radii of the enclosing products

pw(t) = Aw log(1/t) radius of the fluctuation cutoff in the variables w

A product of fluctuation balls of radius a/t in the variables w is said to have physical
radius a; on it |giwi,e| ≤ a for all i, e, since gi ≤ t.

14.2 Classical coordinates and the conditional density

This subsection puts the classical estimates of Sections 10 to 12 on one common domain,
proves the coordinate calculus needed below, and derives the density of one RG step in
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the normalized fluctuation variables. We prove the classical and coarea identities on the
whole branch of the local constraint coordinates, before imposing any fluctuation cutoff.
The density formula involving an incoming interaction is restricted to reconstructed fine
fields in Dρ, with its reference value also defined there.

Classical estimates on a larger domain

For an averaging step at depth d, with coarse field c and free logarithmic coordinates z,
we write

b(c, z) = eΓc(z)U0(c), B(c, z) = Log b(c, z), Fd(c, z) = Ed(b(c, z)).

Here U0(c) is the coarse-field lift, which is the identity on block interiors and has the
prescribed coarse links on the interface links, and Γc are the local constraint coordinates
solving the block averaging constraint for the eliminated edges (Lemma 6.3). We always
write the lift with its argument, to distinguish it from a fine configuration U0.

Fix a larger classical ball of radius rC strictly inside the radii of Theorems 10.10, 10.11,
11.2, and 11.6; in particular rC < min(rCK, ρov, r∗), where rCK, ρov, and r∗ are the radii
of Theorem 11.2, Theorem 11.6, and Theorem 10.11. We take the products of coarse
fields and free coordinates of one averaging step strictly inside the joint products of
Lemma 12.3, and small enough that B(c, z) and every representative related to it by a
gauge transformation used below stay in BrC . These reductions depend only on the
fixed construction domains, not on the side or the depth. On these products, we use the
following data:

m0 I ≤ K0
d ≤ C0 I, ∥K0

d∥a0,row+col + ∥(K0
d)
−1∥a0,row+col ≤ C0, (14.1)

∥DsEd∥a0,root ≤ Cs+1
0 s! (s ≥ 2), Ed(I) = DEd(I) = 0, (14.2)

Ed+1(c) = MFd(c, z∗d(c)), Ed(bk) = Ed(b), (14.3)

the last identity on the larger overlaps, for periodic gauge transformations k with b, bk ∈
BrC . Here

K0
d = (DzB(I, 0))TD2Ed(I) DzB(I, 0),

and z∗d(c) is the conditional constrained minimizer, an interior stationary point. The
constants m0, C0 and the rate a0 > 0 are independent of d and the side. This spatial
rate a0 is local to the present subsection and unrelated to the trial amplitude a0 of
Theorem 14.8. The lower bound in (14.1) bounds the Hessian in the free coordinates z of
the constraint; we assert no lower bound for the quadratic form in the coarse variables.

These data come from the cited results as follows. Theorem 10.10 gives (14.1), the
conditional constrained minimizer, and the first identity in (14.3), including the factor
M, on the whole real product of free coordinates of that theorem. The minimizing
property and the positivity of Hessians are used only for real coarse fields and free
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coordinates. The stationary equation and the identity for the stationary value then extend
holomorphically to smaller complex products, where no minimum is asserted. The sides
in that theorem are Mm and m with m ≥ 4, and we infer nothing from it about iterated
steps. Theorem 10.11 gives the tensors in (14.2) at one rate, and its bound on the first
derivative gives DEd(I) = 0. We take only the derivatives of the scalar Ed from that
theorem, not its counting input columns for the coordinate maps. The upper bound of
Theorem 11.2 at the identity gives Ed(I) = 0. We take one common smaller rate a0 and
enlarge C0 to cover both results. Since the two representatives of each classical overlap
lie in BrC ⊂ Bρov , Theorem 11.6 implies the second identity in (14.3) for every periodic
gauge transformation, without a global logarithm of the gauge transformation.

Finally, Lemma 12.3 supplies joint tensor bounds for B, Fd, the negative logarithmic
Haar density L defined below, z∗d, Kd, and K±1/2

d on the chosen products. For a matrix-
valued derivative with a fixed coarse-field index, it sums both matrix indices, and its input-
fixed column sums are volume-normalized. Since the volume ratios for one averaging
step, or for the J steps of one RG step, are fixed powers of M, passing to counting
column sums costs only a constant depending on M and J. These bounds control no
field-independent value. The exact determinant and the fluctuation interaction Hd0,J
on cutoff products are given by Theorem 12.13; below we also derive the underlying
pointwise identities on the larger coordinate domain just fixed.

Lemma 14.1. On the larger domains just fixed, there are smaller radii rc, rz > 0 with the
following properties, for every depth d ≥ 0 and every averaging step from side Mm to side m ≥ 4.
The conditional constrained minimizer z∗d(c) is unique, ∥z∗d(eθ)∥∞ ≤ C∥θ∥∞, and throughout
the real product ∥θ∥∞ < rc, ∥z∥∞ ≤ rz we have

D2
z Fd ≥ m0 I/2, ∥D2

z Fd∥b,row+col ≤ C,

∥K1/2
d ∥b,row+col + ∥K−1/2

d ∥b,row+col ≤ C, Kd = D2
z Fd(c, z∗d(c)).

The minimizer z∗d and the two square roots extend holomorphically to a common smaller complex
product, and their weighted absolute Taylor coefficients of degree s, for output rows and for
volume-normalized input columns, are bounded by Cs+1s!. Compositions of these maps over the J
averaging steps of one RG step have the same property, with constants depending on J.

Proof. For every d ≥ 0 and every averaging step Mm → m with m ≥ 4, we apply
Theorem 10.10 on the intersection of its product with the larger products fixed above.
This gives the unique real interior minimizer, its linear bound in the coarse field, and the
Hessian estimate on the whole real product. Keeping the local labels, we have

D2
z Fd = (DzB)TD2Ed(B) DzB + DEd(B) D2

z B, (14.4)

and
∥D2

z Fd − K0
d∥b,row+col ≤ C(∥θ∥∞ + ∥z∥∞), (14.5)



14 Small-field conditioning and partition-function bounds § 14.2 86

with D2
z Fd ≥ m0 I/2 for real arguments. The second term in (14.4), which contains the first

derivative of Ed, is kept. Here b is a positive rate smaller than the rates of Theorem 10.10
and of the joint calculus. Combining the upper bound in (14.1) with (14.5), we obtain the
upper bound for the Hessian.

Next, we use the clause of Lemma 12.3 for coordinates of fixed physical radius,
which does not involve the coupling. It supplies the holomorphic minimizer and the
matrices K1/2

d and K−1/2
d , with factorial bounds on their weighted absolute coefficients

for rows, columns, and coarse-field indices, summing both matrix indices. Its radii and
constants are chosen before the number J of averaging steps in an RG step, and they
are uniform in d and m. We choose rz inside those products and then reduce rc so that
Crc < rz/8, keeping all earlier strict inclusions. For one averaging step, passing from
volume-normalized to counting columns costs the factor M3, which is included in C. The
two square roots are the positive square roots for real coarse fields and their holomorphic
continuations; no positivity is asserted for complex coarse fields.

For fixed J, we compose these tensors using Lemma 5.3, with a volume-normalized
input column along the branch that contains the fixed input index and output rows
elsewhere. Since each contraction attaches an output to an input, the coefficient networks
remain connected. We pass to trees on the external indices only at the end. The finite list
of meshes in one RG step has label density bounded in terms of M and J, and the volume
ratios cancel at contracted indices. A fixed loss in the spatial rate and one fixed smaller
radius, both depending on J, then give the factorial bounds for all the compositions. The
resulting constant CJ is independent of the side, the depth, L, and γ.

Haar disintegration and the fluctuation potential

Fix a coarse field c and the block forests rooted at its coarse vertices. By the block version
of Lemma 5.1, the passage to forest-fixed coordinates is a unique based change of Haar
variables; the tree variables have total mass one, and there is no variable at a coarse vertex.
On the branch of the local constraint coordinates, Lemma 6.3, or equivalently the coarea
clause of Lemma 12.3, gives the Haar disintegration density

Jc(z) = c f
Haar

∏e not in the forest jH(Γc,e(z))
∏a det DXe∗a

Cc,a(Γc(z))
, jH(X) = sinc2(|X|/2). (14.6)

Here f = 2(M3 − 1)m3 is the number of free group variables, cHaar = 1/(16π2), a runs
over the coarse links, e∗a is the eliminated edge of the constraint Cc,a = 0 at a, and Xe∗a
is its logarithmic coordinate. The density is taken relative to the product Haar measure
on coarse configurations and includes the Haar factor of every eliminated edge. It holds
for nonnegative Borel integrands on every measurable subset of this branch, with all
indicators of the branch conditions kept. It requires neither smallness of the interaction
nor nonvanishing of any partition function.
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For the sequential change of variables, we set Si = K−1/2
i and order the variables from

scale J − 1 down to scale 0. Since ci+1 depends only on the fluctuation variables of the
coarser scales i + 1, . . . , J − 1, the Jacobian matrix is block triangular and

det Dwz =
J−1

∏
i=0

g3 fi
i det Si(ci+1). (14.7)

Here fi is the number of free group variables at scale i; the off-diagonal derivatives of Si
and z∗i do not change the triangular determinant. We define

Li(c, z) = − log[Ji(c, z)/Ji(I, 0)],

Bi(c) = Li(c, z∗i (c)) +
1
2 log det Ki(c),

ĉJ = c, ĉi = bi(ĉi+1, z∗i (ĉi+1)), Bref(c) = ∑
i

Bi(ĉi+1),

Ucl
i = g−2

i [Fi(ci+1, zi)− Fi(ci+1, z∗i (ci+1))]− 1
2 |wi|2,

Hd0,J = ∑
i

[
Ucl

i + Li(ci+1, zi)−Li(ci+1, z∗i (ci+1)) + Bi(ci+1)− Bi(ĉi+1)
]
.

The fields ĉi form the zero-fluctuation reconstruction of c. The determinant term Bi of
a finer scale is evaluated at the coarse field ci+1 obtained from the given fluctuation
variables of the coarser scales. Only its value along the zero-fluctuation reconstruction is
subtracted. The nested minimization identity (14.3) and g2

i+1 = Mg2
i give the telescoping

identity
Ed0(c0)

g2
0

=
Ed0+J(cJ)

g2
J

+ 1
2 |w|

2 + ∑
i

Ucl
i . (14.8)

Indeed Fi(ci+1, zi) = Ed0+i(ci) and Fi(ci+1, z∗i (ci+1)) = Ed0+i+1(ci+1)/M, so the ith term
of the sum equals Ed0+i(ci)/g2

i − Ed0+i+1(ci+1)/g2
i+1 − |wi|2/2.

Let Φ(θ, q) = Φd0,J(θ, q) be the logarithm of the fine configuration reconstructed from
c = eθ and the variables qi = giwi, in the gauge given by the gauge transformation of
Theorem 13.2. This gauge transformation depends only on c and is the identity at the
coarse vertices, so T J

MeΦ(θ,q) = eθ. Write Cc(w) = Crawd0,J(θ, (giwi)i) and gw = (giwi)i.
For an incoming effective interaction R, assume Cc(0) ∈ Dρ and set Rref(c) = Rsat(Cc(0)).
Where the gauge-transformed reference lies in Bρ, this equals R(eΦ(θ,0)). Multiplying
(14.6) over the scales and by (14.7), and then inserting (14.8), we find the following. On
every measurable set of fluctuation variables whose reconstructed configurations lie in Dρ,

the density of the measure e−Ed0
/g2

0−Rsat dH in the coordinates (c, w), relative to dH(c) dw,
has a common prefactor, independent of the fluctuation variables and of the integration
subset, namely

∏
i
Ji(I, 0)g3 fi

i exp[−Ed0+J(c)/g2
J − Bref(c)− Rref(c)], (14.9)
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multiplied by e−Vc(w), where Vc(w) = |w|2/2+ Hd0,J(θ, w) + Rsat(Cc(w))− Rref(c). When
both gauge-transformed images lie in Bρ, its interaction difference is also R(eΦ(θ,gw))−
R(eΦ(θ,0)). To check this, we write Ji(ci+1, zi) = Ji(I, 0)e−Li(ci+1,zi) and det Si =

e−(log det Ki)/2, and regroup ∑i[Li(ci+1, zi) + (log det Ki(ci+1))/2] as Hd0,J − ∑i Ucl
i + Bref.

The remaining interaction term is Rsat(Cc(w))− Rref(c); its expression through Φ uses
the just stated image condition. A geometric branch alone does not extend R beyond Dρ.
Theorem 13.4 states exactly this formula on the cutoff product whenever its hypothesis
on the image of the coarse fields in Br holds, and there the identities agree term by term
with Theorem 12.13. The classical and coarea derivation uses only the branch of the
local constraint coordinates; the interaction-dependent formula additionally uses mem-
bership in Dρ and the defined reference value. It does not extend the small-interaction or
nonvanishing conclusions of Theorem 12.13 to a product of fixed physical radius.

The next lemma counts powers of the coupling in the Taylor coefficients of the
potential. We use it for the convexity of the potential on the enclosing product and for
the mean bound in Theorem 14.7, where one derivative in the coarse field is needed.

Lemma 14.2. Fix the ball Bρ and a function R holomorphic there, with DR(I) = 0 and
Bρ,asp(R) ≤ E∗, gauge invariant on overlaps, and invariant under global color rotations, lattice
translations, and spatial inversion. Use fixed smaller products of coarse fields and of free coordi-
nates of fixed physical radius on which the coefficient majorant of Theorem 13.2 holds with image
in Bρ/2, and on which the classical and coarea conditions hold with strict inequality. Define

Vθ(w) = 1
2 |w|

2 + Hd0,J(θ, w) + R(eΦ(θ,(giwi)i))− R(eΦ(θ,0)), Wθ = Vθ − 1
2 |w|

2.

After the Taylor series in the coarse field has been summed on a strictly smaller radius, the following
holds on these domains. The classical terms of Wθ of total degree k in w vanish for k ≤ 2, and for
k ≥ 3 they have the form tk−2 times coefficients whose weighted absolute sums, with any free or
coarse-field index fixed and with a fixed positive rate, are at most Ck+1

J . The coarea, determinant,
and effective-interaction terms of total degree k ≥ 1 have the form tk times coefficients with the
corresponding bound Ck+1

J (1 + E∗). The same statements hold for one derivative in the coarse
field, with a further fixed constant. Consequently, on the product {|wi,e| ≤ p} with tp ≤ q, where
q is at most the fixed physical radius of these domains and Cq < 1,

∥D2
wWθ∥b,row+col ≤

C[q + t2(1 + E∗)]
(1− Cq)3 . (14.10)

Proof. For real coarse fields, the Taylor expansion of Fi − Fi(z∗i ) at the conditional con-
strained minimizer has no zeroth or first order term, and normalization by the positive
square root of Ki makes its second order term exactly g2

i |wi|2/2. By the stationary
equation and the square-root identity of Lemma 14.1, these coefficient identities extend
holomorphically to the smaller complex products. After division by g2

i , a term of order
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k in wi therefore has k ≥ 3 and the factor gk−2
i . Each dependence on the fluctuation

variables of a coarser scale j through the field ci+1 carries an additional factor gjwj. Since
λ∗ ≤ gi/t ≤ 1, dividing by two such couplings changes constants by at most the fixed
factor λ−2

∗ . Every classical monomial of total degree k thus carries tk−2. Each difference
of Li or of Bi has positive degree in w and no inverse power of the coupling, so it carries
tk.

We control these compositions by the weighted coefficient bounds of Lemma 14.1:
we fix the external index, sum the indices of the innermost differentiated map, and
proceed outward, using the volume-normalized column at an input index. By the
triangle inequality, the union of the intermediate connecting networks bounds the external
network length. A fixed loss in the spatial rate absorbs the bounded label density of each
of the J kinds of labels. For log det K, we write, on a smaller domain,

log det K = log det K0 + ∑
h≥1

(−1)h+1

h
tr
[
((K0)−1(K− K0))h].

Here the perturbation (K0)−1(K − K0) has weighted norm below 1/2. A derivative of
positive order fixes one factor of this cycle, and its two matrix indices can then be summed
by the weighted bounds. The constant trace belongs to Bref and is not bounded by this
calculation. For the effective interaction, since the image of the coefficient majorant lies
in Bρ/2, the joint pullback bound of Theorem 13.5 applies. Its constant term is subtracted
as Rref, and each free input supplies its own factor gi. The same weighted contractions
give the factor tk.

We divide the factorial Taylor bounds by the Taylor factorial and sum the series in the
coarse field on a fixed, strictly smaller radius. This leaves geometric majorants Ck+1

J , and
one derivative in the coarse field is controlled on the same smaller radius. Two derivatives
in w cost at most k(k− 1). For the classical part we sum Cktk−2pk−2 over k ≥ 3, and for the
other part we sum Cktk pk−2 over k ≥ 2. The identity ∑h≥0(h + 1)(h + 2)xh = 2/(1− x)3,
obtained by differentiating the geometric series twice, then gives (14.10). This is a
convergent Taylor calculation at the small physical radius q; it does not assert a cluster
expansion on a fluctuation product of radius q/t.

14.3 Coordinates for the small-field fiber and the choice of parameters

We now show that the normalized fluctuation variables describe every point of the fiber
of one RG step whose fine and coarse fields lie in Du, and not only the points near the
conditional constrained minimizers or inside the fluctuation cutoff domain. We then fix
the parameters of the construction in a definite order and define the small-field event.

Theorem 14.3. Fix an odd integer M ≥ 3, an integer J ≥ 1, and the larger classical domains
and charts of local constraint coordinates of Section 14.2. By the common branch we mean
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the intersection of the branch of the local constraint coordinates (Lemma 7.2) with these classical
domains. There exist rgeom, CTG > 0, and a positive distance of all coordinates below from the
boundary of the common branch, independent of the depth d0 ≥ 0, the coarse side m ≥ 4, L, γ, and
the couplings, such that the following holds for every 0 < u < rgeom. Let U0 be a configuration
on the lattice of side MJm, let Ui = Ti

MU0, a configuration on the lattice of side MJ−im, and
suppose that U0 ∈ Du and UJ ∈ Du. Let c ∈ Bu be any configuration gauge equivalent to UJ .

1. There is a periodic gauge transformation of the fine lattice, equal to the identity at every
coarse vertex when UJ = c, after which the intermediate configurations have link logarithms
of norm at most CM,Ju and every averaging step lies in the common branch. One may take
10M as the growth factor of link logarithms in one averaging step, and CM,J = 2(10M)J + 1
before the constants of the forest coordinates are included.

2. After the unique hierarchical fixing of the block forests rooted at the coarse vertices, the free
logarithmic coordinates and the normalized fluctuation variables

zi = zi(U0), wi = g−1
i Ki(ci+1)

1/2(zi − z∗i (ci+1)), gi∥wi∥∞ ≤ CTGu,

reconstruct every such fiber point, including points outside the fluctuation cutoff domain.
They use one based Haar disintegration and the triangular determinant of Theorem 12.13; no
sum over choices of the auxiliary gauge transformation and no multiplicity factor occurs.

3. For any two configurations c, c′ ∈ Bu gauge equivalent to UJ , the transition between the two
coordinate systems is triangular, its diagonal blocks are orthogonal on each three-dimensional
color block, and it preserves every |wi,e|.

4. If Ki ≤ CK I and D2
z Fi ≥ m0 I/2 are the fixed classical bounds on the chart, then

Ed0,sat(U0)

g2
0

−
Ed0+J,sat(c)

g2
J

≥ m0

4CK
∑

i
∥wi∥2

2.

These classical values are evaluated on the larger classical chart, irrespective of the radius ρ

of the effective interactions.
5. Let R be gauge invariant on overlaps, with DR(I) = 0 and Bρ,asp(R) ≤ E∗. For 0 < η < 1

and ∥ξ∥∞ ≤ (1− η)ρ,

∥DR(eξ)∥asp,root ≤ CE∗ρη−1, ∥D2R(eξ)∥asp,root ≤ CE∗η−2.

Suppose that U0 is as above and also lies in D(1−η)ρ, fix one gauge transformation taking it
into B(1−η)ρ, and hold this gauge transformation fixed while differentiating. Let U0(w) be
the fine configuration reconstructed from c and w. Then, for one fixed smaller rate b > 0,

∥D2
w[Rsat(U0(w))]∥b,row+col ≤ CJE∗t2(η−2 + ρη−1), t = max

i
gi.

For the domain Dr one may take η = 1− r/ρ.
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The bounds in (5) hold at each point. They do not assert that the fiber is convex, and they do not
place the whole fiber in one chart of the effective interaction in the gauge of Theorem 13.2.

The point of (2) is that the coordinates cover the whole fiber over c of the measure
restricted to Du, so that its classical and coarea formulas apply at every point of this
fiber. Its interaction-dependent density formula applies where the reconstructed field
and reference value lie in Dρ, in particular in the later application u = r < ρ. Part (4)
is a quadratic lower bound for the excess classical action in terms of the normalized
fluctuation variables.

Proof. Steps 1 and 2 construct the gauge transformation in (1), using only the local inverse-
branch estimate of Lemma 7.2 and the nesting of centered blocks; no classical estimate is
used there. Steps 3 to 6 fix the forests, bound the fluctuation variables, and prove (2) and
(3). Steps 7 and 8 prove (4) and (5).

Step 1: a small representative and its averages. Let LM = 10M, and fix a periodic gauge
transformation k0 such that V0 = Uk0

0 ∈ Bu. The fine side is MJm with m ≥ 4, and scale
s has side MJ−sm. Each of the J averaging steps therefore has an integer coarse side at
least m ≥ 4, as required by the clause of Lemma 7.2 on iterated steps. We choose the
threshold rgeom so that (10M)Ju ≤ uM, where uM is the radius of that lemma, and so that
the finitely many conditions on logarithms of based loop holonomies hold. Then, by that
lemma, we have

Vs = Ts
MV0, max

e
ρG((Vs)e) ≤ Ls

Mu (0 ≤ s ≤ J).

Gauge covariance can also be read off from (4.3): every based loop holonomy is con-
jugated at its basepoint, the starting coarse vertex, and so is its logarithm, while the
reference transport acquires the gauge factors at its two endpoints. In particular, the
branch of based loop holonomies is preserved.

Step 2: alignment with the given representative. Let h be a gauge transformation of the
coarse lattice with Vh

J = c; if UJ = c, we take h = (k0|Λm)
−1. On a coarse bond xy, we

have hxh−1
y = cxy hy(VJ)

−1
xy h−1

y . Since ρG is conjugation invariant and satisfies the triangle
inequality, we obtain

ρG(hxh−1
y ) ≤ ρG((VJ)xy) + ρG(cxy) < (LJ

M + 1)u.

We lift h to a gauge transformation h̃ of the fine lattice that is constant on each centered
block of MJ sites per direction around a coarse vertex. These blocks partition the fine
torus. They are compatible with the blocks at every intermediate scale. Indeed, in
one coordinate, the union of the M centered intervals of Ms−1 sites centered at Ms−1 j,
−RM ≤ j ≤ RM, where M = 2RM + 1, is exactly the interval with integer endpoints
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±(Ms − 1)/2; taking Cartesian products and inducting in s proves the nesting. The
nesting implies that a link at scale s either has both endpoints in one block of h̃ or
crosses one boundary between neighboring blocks. In the second case, the increment of
h̃ between its endpoints obeys the preceding bound. Since (Uk)l = Ulk, the composite
gauge transformation is h̃k0, and we obtain

max
e

ρG((V h̃
s )e) ≤ Ls

Mu + (LJ
M + 1)u ≤ (2LJ

M + 1)u.

At scale J, the sharper bound c ∈ Bu holds. When UJ = c, the composite gauge
transformation is the identity at every coarse vertex. No global logarithm of h is used.

Step 3: forest coordinates. We fix the based block forests successively from the finest
scale. Each tree path has at most 3RM links. On a field with link bound v, a link outside
the forest has, after forest fixing, distance at most (6RM + 1)v from the identity. Removing
its coarse-field lift increases this bound by at most the bound for the coarse links. Hence
all relative logarithms, including those of the eliminated edges, are at most CM,Ju. We
reduce rgeom so that these inequalities, and the finitely many inequalities for intermediate
logarithms, hold strictly inside the uniqueness neighborhood of Lemma 7.2 and inside
the larger classical charts. Since the field satisfies its block averaging constraint, each
eliminated-edge coordinate is the value of Γci+1(zi) on that branch. This excludes a second
local solution for any point of the fiber.

Step 4: bounds on the fluctuation variables. Since the pairs (ci+1, zi) just obtained lie
in the larger products of Section 14.2, Lemma 14.1 implies ∥z∗i (ci+1)∥∞ ≤ CM,Ju and a
uniform row bound on K1/2

i . By the definition of wi, we have

gi∥wi∥∞ ≤ ∥K1/2
i ∥∞→∞(∥zi∥∞ + ∥z∗i ∥∞) ≤ CTGu.

Starting at cJ = c and recovering zi and then ci in decreasing order of i, we recover the
input configuration.

Step 5: the based Haar disintegration. The measure statement in (2) requires the based
conclusion of Step 2, not just the existence of a small representative. The union of the
nested forests has one connected component for each coarse vertex: a vertex reaches the
root of its block at each stage, and reaches its coarse vertex after at most J stages. Since
this union has no cycle, the based gauge transformation that fixes it is unique. The proof
of (14.6) applies at every stage. The auxiliary gauge transformation k0 serves only to
verify membership in the local branch after this unique forest fixing; it is not a coordinate
and is not summed over. The single change of free coordinates has the Jacobian (14.7),
which is the determinant of Theorem 12.13. Finally, the pointwise classical and coarea
identities of Section 14.2 hold on the whole branch, before any fluctuation radius is
imposed, and the present coordinates lie in this branch. Interaction-dependent identities
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retain the additional Dρ and reference-value conditions stated there. This proves the
measure assertion.

Step 6: change of representative. Let c, c′ ∈ Bu be gauge equivalent to UJ . The connect-
ing gauge transformation has increments less than 2u on coarse bonds, and its lift that
is constant on blocks keeps both coordinate neighborhoods in the same larger classical
domain, after a reduction of rgeom. A gauge transformation fixed at the coarse vertices
acts on a relative logarithm by the adjoint action at its source block; reversing the orien-
tation of a link permutes the coordinates and changes their sign, with an adjoint factor.
These maps are orthogonal on each color block. By uniqueness of the local inverse, they
intertwine the solved coordinates. The classical overlap identity in (14.3) then sends the
conditional constrained minimizer and the constrained Hessian to Oz∗i and OKiOT. The
positive square root is sent to OK1/2

i OT, since the square of the latter is the transformed
positive matrix. This gives w′i = Oi(ci+1)wi. Since Oi depends on the field of the coarser
scales, the joint change is triangular, and its diagonal blocks have determinants of ab-
solute value one. This proves the norm preservation and the absence of a multiplicity
factor.

Step 7: the quadratic lower bound. At each scale, let hi = zi − z∗i . By stationarity and
the classical Hessian bound, we have

Fi(ci+1, zi)− Fi(ci+1, z∗i ) =
∫ 1

0
(1− s)D2

z Fi(ci+1, z∗i + shi)[hi, hi] ds

≥ m0

4
∥hi∥2

2 ≥
m0g2

i
4CK
∥wi∥2

2.

In the last inequality, we used hi = giK−1/2
i wi and K−1

i ≥ C−1
K I. Both endpoints, and the

whole segment between them, lie in the fixed product of free coordinates. Subtracting
successive values of the nested minimization identity and using g2

i+1 = Mg2
i , we see that

all intermediate values cancel, as in (14.8). This gives (4), with the coefficient m0/(4CK).

Step 8: derivatives of the effective interaction. Let As ≥ 0 be the contribution of order
s to the weighted coefficient norm, so that ∑s≥2 As ≤ E∗. On ∥ξ∥∞ ≤ vρ with v = 1− η,
contracting the undifferentiated indices bounds the first two derivatives by

Cρ ∑
s≥2

svs−1As, C ∑
s≥2

s(s− 1)vs−2As.

The multipliers are bounded by C/η and C/η2: the first is at most ∑j≥0 vj, and applying
the same comparison to ordered pairs bounds the second by 2(∑j≥0 vj)2. This proves the
two bounds on DR and D2R in (5), independently of R(I).

At a point in the strict interior, we fix a gauge transformation k sending it into B(1−η)ρ

and hold k fixed. Since the image lies at positive distance from the boundary of Bρ, there
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exists a neighborhood on which the transformed field stays in Bρ. On it, gauge invariance
on overlaps identifies Rsat with this analytic representative. Fixed group multiplications
on a link have bounded differentials, and the logarithm has bounded first two differentials
on a strictly smaller chart; these operations create no sum over remote links. Combine
the minimizer and square-root bounds of Lemma 14.1 with the joint coefficient bounds
for B in Lemma 12.3(3), using Lemma 5.3(1), (3), and (4). These bound the first two
differentials of the finite reconstruction in the physical variables qi = giwi on the smaller
products, with each required input fixed. Substitution of qi = giwi, with gi ≤ t, gives

∥Dwξ∥b,root ≤ CJt, ∥D2
wξ∥b,root ≤ CJt2.

The two terms of the chain rule are D2R(ξ)[Dwξ, Dwξ] and DR(ξ)D2
wξ. Summing first

at the fixed input indices and using a smaller positive rate, we bound their row and
column sums by CJE∗t2η−2 and CJE∗ρt2η−1. The gauge transformation k has not been
differentiated. Taking η = 1− r/ρ gives the stated choice for Dr.

We now fix the parameters. The order matters: first J, using only constants that are
uniform before J; then the fixed-J analytic domains; then the small-field radius r; then
the physical radii of fluctuation products; and finally the coupling bound.

Definition 14.4. The parameters of the construction are chosen in the following order.

1. Fix M, the spatial rates, and the support-enlargement, polymer-summability, and
coefficient constants of Theorem 13.5, all of which are uniform before J. Choose J
once so that

CP(asp)M−J < 1/4, CcenM−J < 1/8,

and so that the other conditions on J in Theorem 13.5 hold. Here qP = CP(asp)M−J

is the contraction factor of the pullback of the effective interaction to the background
field (Theorems 11.10 and 13.5), and Ccen is the coefficient constant of the zero-
fluctuation background field in Lemma 11.9; both are uniform before J.

2. Fix ρ, ρcl, sJ , E∗, and the larger construction domains so that the image of the
reconstruction majorant and all classical, constraint-coordinate, and coarea conditions
of Theorem 13.5 hold. In particular, with the constants rJ , CJ , the analytic-radius
enlargement factor K∗, and the majorant MJ of Theorem 13.2, we require

4K∗(ρ + sJ) < rJ , CJ4K∗(ρ + sJ) <
1
2 , MJ(4K∗ρ, 4K∗sJ) < ρ/2. (14.11)

These domains contain one open branch for an averaging step. Here rCO > 0 is a fixed
radius for the relative logarithms X = Γc(z), including those of the eliminated edges,
chosen so that the branch lies strictly inside the uniqueness domain of Lemma 7.2
and the domain of the Haar disintegration of Lemma 6.3. The branch is

∥Log c∥∞ < rc, ∥z∥∞ < rz, ∥Γc(z)∥∞ < rCO,

det DXe∗a
Cc,a(Γc(z)) > 0 (a a coarse link),
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strictly inside the larger construction domains, with rc, rz as in Lemma 14.1. The
square root in the normalized fluctuation variables is the positive square root of
the constrained Hessian at the conditional constrained minimizer. All geometric
and Hessian constants on these domains are fixed, including rgeom and CTG of
Theorem 14.3, which we apply with this branch as its coordinate domain. We
decrease rgeom, before r is chosen, so that the bounds on all intermediate coarse
logarithms, free logarithms, and relative logarithms in the proof of that theorem lie
strictly below rc, rz, and rCO, respectively, and so that every constraint determinant
det DXe∗a

Cc,a(Γc(z)) is positive. These bounds are linear in u, and the determinants are

continuous and equal to det(M−2 I3) > 0 at the identity, so this is one fixed reduction.
Thus, whenever u < rgeom and both endpoint fields lie in Du, the coordinates of
Theorem 14.3 satisfy precisely the branch conditions used in Ak,J below.

3. Put λ∗ = M−(J−1)/2 and Cmap,J = (10M)J . Choose Len > 2CTG/λ∗, and choose
L ′

en ≥ Len larger than 2CTGCmap,J/λ∗ and than the fixed geometric enlargement
constants of the larger chart of coarse fields.

4. Let rmax > 0, depending only on the data fixed so far, be such that every 0 < r ≤ rmax

satisfies the following conditions, where Rbuf = Cmap,Jr and Ren = Lenr: r < ρ/8;
r < rgeom and Rbuf < rgeom; Cmap,Jr < ρ/2; the physical radii Ren and L ′

enr lie strictly
inside the products of free coordinates fixed in (2);

Rbuf +L ′
enr < rJ , CJ(Rbuf +L ′

enr) < 1
2 ,

Rbuf < 4K∗ρ, L ′
enr < 4K∗sJ ;

(14.12)

the inequalities

CHL ′
enr < 1,

CHL ′
enr

(1− CHL ′
enr)3 <

1
4

,

with CH fixed to dominate both the constant of (14.10) and the Hessian coefficient
constant of Theorem 13.8(2); and M−JZ(r) < r/4, where Z is the majorant of the
zero-fluctuation reconstruction in Theorem 13.2. Choose r ∈ (0, rmax].

5. Choose 0 < Pphys < Qphys, fixed multiples of r, such that MJ(r, Qphys) < r/2
and every point of the product of physical radius Qphys satisfies the intermediate
coordinate conditions.

6. Choose Aw ≥ 1, put pw(t) = Aw log(1/t), and choose a coupling bound t∗ ∈ (0, 1)
such that, for all 0 < t ≤ t∗, the smallness conditions on t in Theorems 13.5,
13.8, and 13.10 and in the proofs of Theorems 14.6 and 14.7 hold. These include
tpw(t) < Pphys and pw(t) ≥ p0, where p0 is the lower bound for the cutoff radius in
Theorem 13.5.

The integer J is not changed after step (1), and r is not changed after step (4).
Let u ∈ 4N, K ≥ 0, and N = uBK, put nℓ = N/Mℓ, and let γ > 0 be such that

t2
k = γ/(Mn(k+1)J) ≤ t2

∗ for 0 ≤ k < K. Put Vℓ = Tℓ
MU. On the endpoint-admitted set
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{VkJ , V(k+1)J ∈ Dr}, define Ak,J using a representative c ∈ Br of V(k+1)J : in the based
inverse coordinates of this step, every pair (ci+1, zi) lies in the branch of (2) at depth kJ + i,
with its conditional constrained minimizer and the normalization by the positive square
root of its constrained Hessian, and with the classical and coarea domains fixed above. Set
Ak,J false outside the endpoint-admitted set. By (2) and Theorem 14.3, branch admission
is automatic for every such representative on that set; orthogonal transitions compare the
fluctuation norms, rather than the bounds on intermediate coarse logarithms. Let wk,i,e
be the normalized fluctuation variables of this step, with couplings gk,i = tk M(i−J+1)/2.
The small-field event and the conditioned Wilson measure are

SN,u,γ = {U ∈ Dr} ∩
K−1⋂
k=0

[
Ak,J ∩ {max

i,e
|wk,i,e| ≤ Aw log(1/tk)} ∩ {V(k+1)J ∈ Dr}

]
,

νN,u,γ = µN,γ( · | SN,u,γ).

This definition makes precise the event of Definition 4.4. There is no Dr test at the
intermediate scales of an RG step. For K = 0 the event is the initial test {U ∈ Dr}. The
stopped measure after k RG steps is the normalized pushforward of the Wilson measure
restricted by the tests of the first k steps. The conditioned Wilson measure also contains
the tests of the remaining coarser steps, so its marginal at an intermediate scale is in
general not the stopped measure.

Lemma 14.5. The choices in Definition 14.4 can be made in the stated order. The integer J
depends only on constants uniform before J; ρ and sJ as in step (2) exist; there is rmax > 0 as in
step (4); in step (5) one can take Qphys = ζr and Pphys = Qphys/2, with ζ > 0 independent of
r ∈ (0, rmax], and then the fluctuation cutoff domain satisfies the same conditions as the product
of physical radius Qphys whenever t ≤ t∗; and there is t∗ as in step (6). The event SN,u,γ is a
Borel set invariant under lattice gauge transformations, and for K = 0 it equals Dr.

Proof. Only the constants that are uniform before J enter the choice of J. The additional
conditions of Theorem 13.5 on the image of the majorant, on support enlargement, and
on polymer summability are of this kind, so we can take one J satisfying all of them
and the two displayed contractions. We then fix the larger domains, ρ, sJ , E∗, and
every coefficient bound at this J. When choosing the larger domains, we take the strict
inclusions of Theorem 13.2 small enough that (14.11) holds. The classical products of
Section 14.2 and Theorem 14.3 fix CTG before r is chosen. These choices are made on the
larger domains, before r; the contraction of the pullback uses only the constants fixed
before J.

Every radius in step (4) is a fixed multiple of r, and the rational expression in step
(4) also tends to zero with r. Since there are finitely many strict inequalities, their set
of solutions contains an interval (0, rmax] after a strict reduction of its endpoint. The
constants used in this reduction have all been fixed already. The majorant condition
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already imposed in Theorem 13.5(1) and positivity of its coefficients give M−JZ(r) ≤
r/(16K∗) < r/4 for r ≤ ρ: use Z(r) ≤ rZ(4K∗ρ)/(4K∗ρ).

We choose ζ > 0 so small that CJζ/[1− CJ(r + ζr)] < 1/4 uniformly for 0 < r ≤ rmax,
that all intermediate conditions hold on the products of the corresponding physical
radii, and that ζ < Len. We set Qphys = ζr and Pphys = Qphys/2. By (14.12), we have
r + Qphys < rJ , the denominator of the majorant is positive, and the corresponding
product of coarse fields and free coordinates lies inside the products of step (2). Every
intermediate classical and coarea condition was included in the choice of ζ. The clause of
Theorem 13.2 for coarse fields in Br therefore applies, and with δ = M−J it gives

MJ(r, Qphys) = δZ(r) +
CJQphys

1− CJ(r + Qphys)
<

r
4
+

r
4
=

r
2

.

On the fluctuation cutoff domain, we have |giwi,e| ≤ tpw(t) < Pphys, so this domain is
contained in the product of physical radius Qphys and has the same properties.

For any fixed Aw ≥ 1, all remaining conditions on t compare a fixed positive quantity
with expressions tα logh(1/t), where α > 0 and h is a fixed nonnegative integer. These
expressions tend to zero: with x = log(1/t), the expression is e−αxxh, which the exponen-
tial series bounds by Cα,h/x for large x. Also, pw(t)→ ∞ as t→ 0. We conclude that one
t∗ < 1 enforces every condition, including those of Theorem 13.5. None of them requires
increasing J or changing r.

On the two endpoint Dr tests, (2) of Definition 14.4 and Theorem 14.3 imply all branch,
determinant, and classical conditions for every chosen Br representative. The remaining
fluctuation-ball tests are independent of that choice by the orthogonal transitions of the
chart theorem. This proves gauge invariance without asserting invariance of intermediate
coarse logarithms. For Borelness, cover the endpoint-admitted set by the open sets on
which fixed fine and coarse gauge transformations put the endpoints in Br. A countable
dense set of gauge transformations supplies such a cover because Br is open. On each
member the based inverse coordinates are continuous and the fluctuation tests are Borel.
There are finitely many steps, so their intersections and countable chart unions are Borel.
No global continuous gauge choice is used. For K = 0, the intersection over k has
an empty index set and equals the whole configuration space, so only the initial test
remains.

14.4 The restricted recursion and the enclosing product

This subsection identifies the recursion of Theorem 13.5 with the Wilson measure re-
stricted by the small-field event. It also shows that the fiber of the incoming restricted
density over a coarse field lies in a product domain on which the conditional fluctuation
potential is uniformly convex.
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Fix one RG step from depth d0, with coarse side m and incoming effective interaction
R. The incoming restricted density is

Pin(U) = 1Dr(U) e−Ed0,sat(U)/g2
0−Rsat(U)

relative to the product Haar measure, as in Theorem 13.4. For a coarse field c ∈ BRbuf , let
Sc be the set of normalized fluctuation variables w such that the pairs (ci+1, zi) defined
successively by cJ = c, zi = z∗i (ci+1) + giKi(ci+1)

−1/2wi, and ci = bi(ci+1, zi) lie in the
common branch, and the reconstructed fine configuration c0, with the forest variables in
their gauge-fixed position, lies in Dr. For the fixed coarse representative c, Theorem 14.3
gives these coordinates for every configuration U ∈ Dr with T J

MU = c, modulo fine
gauge transformations equal to the identity at every coarse vertex; the hierarchical forest
fixing chooses one representative. We apply the theorem with u = r for c ∈ Br and with
u = Rbuf for c ∈ BRbuf . If the coarse image is only gauge equivalent to c, it is first aligned
with c as in that theorem; we do not assert that this auxiliary alignment is unique. The
set Sc is Borel, since it is the preimage of the open set Dr under a continuous map on
an open domain. Since Pin is invariant under lattice gauge transformations, the forest
variables integrate out with total mass one (Lemma 5.1), and all densities in w below refer
to this reduced integral. They are statements about integrals of gauge-invariant functions,
not a pointwise coarea formula for other functions. They do not define a global gauge
fixing on the configuration space.

Theorem 14.6. Use the parameters of Definition 14.4 and start with R0 = 0.

1. For every finite number of RG steps, every coarse side m ≥ 4, and all couplings with t ≤ t∗
at each step, there are effective interactions Rk, holomorphic on Bρ, with

DRk(I) = 0, Bρ,asp(Rk) ≤ E∗,

gauge invariant on overlaps and invariant under global color rotations, lattice translations,
and spatial inversion.

2. Consider one RG step from depth d0, with incoming effective interaction R = Rk and coarse
field c = eθ, and set

F̃+(c) = Acoord e−Ed0+J(c)/g2
J−Bref(c)−Rref(c)

∫
Ωw

p

e−Vc(w) dw,

Rref(c) = R(eΦ(θ,0)), Vc(w) = 1
2 |w|

2 + Hd0,J(θ, w) + R(eΦ(θ,(giwi)i))− Rref(c),

Acoord = ∏
i
Ji(I, 0)g3 fi

i , Ωw
p = ∏

i,e
{|wi,e| ≤ pw(t)}.

For c ∈ Bρ this is an auxiliary integral, positive for real c, in which R is evaluated on the
image of the reconstruction, which lies in Bρ/2. With

zp =
∫
|x|≤pw(t)

e−|x|
2/2 d3x, πall

p (dw) = z−∑i fi
p 1Ωw

p (w)e−|w|
2/2 dw,
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and ΞR = Eπall
p

e−Hd0,J−R(eΦ(θ,gw))+Rref , we have

R+ = Bref + Rref −
(
∑

i
fi

)
log zp − log ΞR, F̃+ = Acoorde−Ed0+J/g2

J−R+ .

For real c, log ΞR is the real logarithm; for complex c it is the holomorphic logarithm given
by Theorem 13.5.

3. For every c ∈ Br, the reconstruction maps the whole fluctuation cutoff domain Ωw
p into Dr,

and all coordinate conditions of the step hold there. Consequently F̃+(c) is the density at c of
the pushforward under T J

M of the incoming density restricted by the coordinate conditions
and the fluctuation cutoff of this step, and the output density, including the coarse test, is
1Dr F̃+,sat dH. By induction, the stopped density after k RG steps is proportional to

1Dr e
−EkJ,sat/g2

kJ−Rk,sat dH,

where g2
kJ = γ/nkJ is the coupling of the lattice of side nkJ .

4. The field-independent factor of this density is the product of the factors Acoord of the steps
performed, together with the constants removed by centering, which are transferred to the
normalization constant. Precisely, if the incoming effective interaction is centered and the
incoming density carries the factor eΛk , then centering the output of this step means

Rk+1 = R+ − R+(I), Λk+1 = Λk + log Acoord − R+(I).

If R+ is kept uncentered, its constant stays in the exponent. The normalizing constant
is finite and strictly positive. After k RG steps, normalizing the density in (3) gives the
pushforward under TkJ

M of the Wilson measure conditioned on the initial Dr test and the
tests of the first k steps. After all K steps, this measure is (TKJ

M )∗νN,u,γ, with νN,u,γ the
conditioned Wilson measure of Definition 14.4.

5. Let bw = ∑i fi = 2(B3 − 1)m3, so that dimR w = 3bw, and define, for a ∈ {Pphys, Qphys},

Ωphys
a = ∏

i,e
{|wi,e| ≤ a/t}, Kt = ∏

i,e
{|wi,e| ≤ Ren/t}.

Then, for every c ∈ Br,

Ωw
p ⊂ Ωphys

Pphys
⊂ Ωphys

Qphys
⊂ Sc ⊂ intKt.

6. The same potential Vc is smooth on a neighborhood of the product Kt, which does not depend
on c, and

∥D2
w(Vc − 1

2 |w|
2)∥b,row+col ≤

C[Ren + t2(1 + E∗)]
(1− CRen)3 ≤ 1

2 , D2
wVc ≥ I/2.
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7. For c ∈ Br, the fiber of the incoming measure Pin dH over c, without fluctuation cutoff, has
the density

Acoord e−Ed0+J(c)/g2
J−Bref(c)−Rref(c) 1Sc(w)e−Vc(w) dw.

The prefactor is the same for every subset of Sc that is integrated. The set Sc need not be
convex.

8. On Ωw
p the normalized density is the conditional fluctuation kernel of Theorem 13.8 with

the effective interaction R, and the bounds of Theorem 13.10 on means, derivatives of the
potential, and covariances apply to it. The tests of the coarser RG steps cancel when one
conditions on the coarse field. A gauge transformation of the reconstructed fine field that
depends only on c and equals the identity at every coarse vertex leaves c, the normalized
fluctuation variables, the conditional fluctuation kernels, and the cutoffs unchanged, provided
that the coefficient bounds of Theorem 13.2 continue to hold in the new representative.

All constants depend only on the parameters of Definition 14.4 and the larger domains; they do
not depend on the side, the coupling, the depth, or the number of RG steps. The values of F̃+ at
coarse fields outside Br are not identified with pushforwards of the restricted Wilson measure.

Proof. Steps 1 to 6 concern the recursion and its identification with the restricted Wilson
measure; they prove (1) to (4). Steps 7 to 10 concern the fiber without cutoff and prove
(5) to (8).

Step 1: the auxiliary integral on Bρ. The image of the coefficient majorant on the
enlarged product was fixed in Theorem 13.2. By (14.11), the enlarged product of coarse
fields and free coordinates lies before the pole of the majorant and within u+ v < rJ , with
positive denominator. On the whole auxiliary ball of coarse fields, every reconstructed
argument of the effective interaction lies in Bρ/2, and every intermediate classical and
coarea argument satisfies its conditions with strict inequality. Then the formula in (2)
defines the same auxiliary operator as Theorem 13.5, with the present parameters and
incoming effective interaction, and that theorem supplies its holomorphic logarithm and
the common bound on its analytic norm. Positivity of the integral refers to real coarse
fields. For complex coarse fields, F̃+ is the holomorphic continuation, and the existence
of its logarithm is part of Theorem 13.5, not a consequence of positivity.

Step 2: normalization constants. Since Ωw
p is a product of ∑i fi balls in R3, each of

Gaussian mass zp, substituting Vc gives
∫

Ωw
p

e−Vc dw = z∑i fi
p ΞR. Taking the logarithm,

with the real branch on real coarse fields, gives the stated R+ and Acoord; this is also the
formula of Theorem 13.4. In particular, the normalization zp is not absorbed into an un-
specified term depending on the coarse field. Subtracting R+(I) changes no nonconstant
coefficient, no overlap identity, and no symmetry, and the unnormalized densities agree:

eΛk Acoorde−Ed0+J/g2
J−R+ = eΛk+log Acoord−R+(I)e−Ed0+J/g2

J−[R+−R+(I)].
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This proves the sign and every constant in (4).

Step 3: identification on Br. Let c ∈ Br. On the whole cutoff product, we have ∥gw∥∞ ≤
tpw(t) < Pphys < Qphys. By Lemma 14.5, the radius Qphys satisfies (14.12), r + Qphys < rJ ,
the positivity of the denominator of the majorant, and all intermediate conditions. The
image bound of Theorem 13.2 for coarse fields in Br therefore puts the fine field in Br/2,
in the gauge of that theorem, with all intermediate coordinate conditions. The indicator
of Dr for the fine field is identically one there. All hypotheses of Theorem 13.4 now hold:
R is gauge invariant on overlaps, its first derivative at the identity vanishes, its norm is
at most E∗, and it has the required symmetries. This implies that, at coarse fields in Br,
the auxiliary integral is the fiber integral of the restricted incoming density, including the
branch, coarea, cutoff, and coarse tests; we do not use this conclusion outside Br.

Step 4: overlaps, symmetries, and the first derivative. On an overlap in the common
comparison products, the triangular orthogonal change of Theorem 13.4(3), with the
domains fixed in Theorem 13.5(1), preserves the fluctuation product, Lebesgue measure,
the Haar disintegration densities, and the determinants. The two reconstructed arguments
of the effective interaction are related by a gauge transformation and both lie in Bρ/2,
so the values of R agree. A change of variables shows that the two auxiliary integrals
are equal, including all reference factors. Translations and spatial inversion act by the
corresponding orthogonal permutations, and constant color rotations also preserve the
integral. At the identity, each component of the first derivative of R+ at a link is a vector
in su(2) fixed by all adjoint rotations, and hence zero: rotations by a half-turn about the
coordinate axes reverse each component. This verifies the overlap and first-derivative
hypotheses at the next step.

Step 5: the analytic norm. The induction step for the norm is the inequality

Bρ,asp(R+) ≤ CG + qPE∗ + CTt2E∗(p4
w + E∗p2

w)

≤ CG + 1
2(1 + qP)E∗ ≤ E∗.

In the first inequality, we used the bound of Theorem 13.5; in the second, its condition
CTt2(p4

w + E∗p2
w) ≤ (1− qP)/2; and in the last, CG ≤ (1− qP)E∗/2. Since R0 = 0 satisfies

all hypotheses, this proves (1) at every finite depth kJ.

Step 6: iteration and the normalizing constant. Iterating these positive operators, and
using the last clause of Theorem 13.4, we obtain the pushforward of the Wilson density
restricted by exactly the tests of Definition 14.4, and the stopped density after any
number of steps. This proves (3). On a finite lattice, the identity configuration and
a sufficiently small open neighborhood of it pass all of the finitely many tests strictly.
Indeed, the inverse coordinates are continuous on the open branch, the image bound
holds on the whole cutoff product, and every normalized fluctuation variable of the
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identity configuration is zero. That neighborhood has positive Haar measure. All
densities are bounded on smaller chart neighborhoods, and the bound on the oscillation
of Rsat in Theorem 13.4, together with the finiteness of Haar measure on the compact
configuration space, gives finiteness. Hence the normalizing constant is finite and strictly
positive. When all K tests are imposed, normalizing the restricted Wilson measure before
pushforward gives νN,u,γ, and normalizing its pushforward gives the corresponding
stopped measure.

Step 7: the enclosure. We now consider the fiber without cutoff. The numbers of free
variables at the intermediate scales are

fi = 2(M3 − 1)(mMJ−i−1)3,
J−1

∑
i=0

fi = 2m3(M3J − 1),

where the equality follows by summing the finite geometric series. Since there are three
real color components per block, we have dimR w = 3bw. For a point of Sc, Theorem 14.3
with u = r implies that

|wi,e| ≤
CTGr

gi
≤ CTGr

λ∗t
<

Ren

2t
,

where in the last inequality we used Len > 2CTG/λ∗. This proves that Sc lies in the
interior of Kt, before any cutoff. Conversely, if |wi,e| ≤ Qphys/t for all i, e, then |giwi,e| ≤
Qphys. The image estimate of Theorem 13.2 puts the fine field in Br/2, with all intermediate
coordinate conditions, on this whole closed product, which is therefore a subset of Sc. The
other two inclusions follow from Pphys < Qphys and tpw(t) < Pphys. Since all inequalities
on the coarse field and the branch hold strictly, the assertions also hold on the boundaries
of these closed products.

Step 8: convexity on Kt. Throughout Kt, each input giwi,e has norm at most Ren ≤ L ′
enr,

and together with the coarse-field radius r ≤ Rbuf it satisfies (14.12). The image condition
of step (2) of Definition 14.4 therefore puts the image of the reconstruction, and an
open neighborhood of it, in the analytic domain of R. The same Vc is therefore smooth
there, also at points not in Sc. The clause of Theorem 13.8 for products of fixed physical
radius applies with q∗ = Ren < 4K∗sJ , strictly inside the reserved product with its image,
denominator, and intermediate comparison margins, and CHq∗ < 1 by the gate for L ′

enr,
and gives the Hessian estimate in (6); equivalently, this is the convergent coefficient
calculation of Lemma 14.2 with q = Ren. The choice of rmax makes the term with Ren

at most 1/4, and the choice of t∗ then makes the term with t2(1 + E∗) at most 1/4. By
Schur’s test, the weighted row-and-column bound controls the operator norm, which
gives D2

wVc ≥ I/2 on the whole convex product, whether or not Sc is convex.

Step 9: the density on the whole fiber. By Theorem 14.3(2) and the discussion before
the theorem, the uncut fiber has exactly one representation in the based coordinates.
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Multiplying (14.6), (14.7), and (14.8) gives the factor (14.9) times 1Sc e
−Vc(w) dw. Gauge

invariance on overlaps identifies the value of the effective interaction at every point of Sc.
All other factors are contained in (14.9) or in Hd0,J , and none of them depends on which
subset of the fiber is integrated. This proves (7).

Step 10: conditional kernels and changes of representative. On the cutoff product,
the normalized density is the kernel of Theorem 13.8 with the effective interaction just
constructed; the hypotheses of that theorem, including the fixed domain Ωw

p and the
smallness of tpw(t)3, were verified above. The effective interaction is holomorphic on
Bρ and gauge invariant on overlaps, and it has vanishing first derivative at the identity,
the required symmetries, and norm at most E∗. Further, the product of coarse fields and
free coordinates satisfies the image condition of (14.11). The hypotheses of Lemma 14.2
then also hold, and Theorem 13.10 applies to this kernel, including its local L2 bound
along the interpolation. The segment sθ, 0 ≤ s ≤ 1, stays in Br, and the product and the
couplings are fixed along it. If the Wilson measure conditioned on the whole small-field
event is conditioned further on the coarse field of this step, the tests of the coarser steps
are functions of that coarse field and of its deterministic averages. Their common factor
therefore cancels in the normalized conditional fluctuation kernel wherever these tests
pass.

Finally, a gauge transformation depending only on the coarse field and equal to the
identity at the coarse vertices changes the representative of the fine field after reconstruc-
tion. The free coordinates, all fluctuation balls, the Haar disintegration density, and the
triangular Jacobian are unchanged, and by gauge invariance on overlaps the value of the
effective interaction agrees. Hence the potential and the kernel are the same. The proviso
on coefficient bounds allows the analytic estimates, including those on derivatives of the
potential, to be used in the new representative. Every reduction and every bound used
only the fixed parameters, and none involved the length of the preceding recursion.

14.5 Conditional comparisons and exit probabilities

We now compare three normalized measures on the fluctuation variables over a coarse
field c ∈ Br: the conditional fiber measure of the incoming restricted density, its restriction
to the fluctuation cutoff domain, and a comparison measure on the enclosing product
Kt. The last one has a uniformly convex potential on a convex domain, so it satisfies
a logarithmic Sobolev inequality and a local covariance bound. Its tail bounds pass to
the fiber by conditioning, with the factor υc(Sc)−1 ≤ (1− dt)−1; no logarithmic Sobolev
or covariance-decay inequality for the nonconvex fiber is asserted. We also bound the
probability that the coarse field leaves Dr by a ratio of auxiliary integrals.
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Theorem 14.7. Use the parameters of Definition 14.4, consider one RG step from depth d0 with
incoming effective interaction R given by Theorem 14.6, and for every c = eθ ∈ Br define the
normalized enclosing-product comparison measure υc and the conditional fiber measure κold

c by

υc(dw) =
1Kt(w)e−Vc(w) dw∫
Kt

e−Vc(w) dw
, κold

c (dw) =
1Sc(w)e−Vc(w) dw∫

Sc
e−Vc(w) dw

.

1. Uniformly in the depth, the side, and c,

sup
i
|Eυc wi| ≤ Ct∥θ∥∞, κold

c = υc( · | Sc).

2. Put mcv = 1/2 and

dt = 6bwe−mcvQ2
phys/(24t2), δt = 6bwe−mcv pw(t)2/24, ϵt =

δt

1− dt
.

If dt < 1, then

κold
c

(
(Ωphys

Pphys
)c) ≤ 6bwe−mcvP2

phys/(24t2)

1− dt
, κold

c
(
(Ωw

p )
c) ≤ ϵt.

3. Let σ be the probability measure Z−1
in Pin dH, where Zin =

∫
Pin dH; this is the normalized

incoming restricted density of this step. Let G(c) be the density at c of the pushforward
of the unnormalized measure Pin dH under T J

M, given by the based coarea formula of Theo-
rem 14.6(7), and let F̃ = F̃+ be the auxiliary integral of Theorem 14.6(2), both with the same
convention for field-independent factors. Then, on Dr,

F̃(c)
G(c)

= κold
c (Ωw

p ),

without any smallness assumption, and 1 ≤ G(c)/F̃(c) ≤ (1− ϵt)−1 if dt < 1 and ϵt < 1.
4. If dt < 1, the normalized measures 1Dr G dH/

∫
Dr

G dH and 1Dr F̃ dH/
∫

Dr
F̃ dH differ in

total variation supA|µ(A)− ν(A)| by at most ϵt, and

σ(the next RG step fails) ≤ σ(T J
MU /∈ Dr) + ϵt,

where the next RG step fails if U violates at least one of the coordinate conditions of the step,
the fluctuation cutoff, and the condition T J

MU ∈ Dr.

5. We have T J
M(Dr) ⊂ DRbuf with Rbuf = (10M)Jr. Let K′t be the product of physical radius

L ′
enr, and define

H(c) = C(c)
∫
K′t

e−Vc(w) dw, C(c) = Acoord e−Ed0+J(c)/g2
J−Bref(c)−Rref(c),
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with the same convention for field-independent factors as G and F̃. If δt < 1, then

G(c) ≤ H(c) ≤ F̃(c)
1− δt

(c ∈ DRbuf),

and, with Zaux(A) =
∫

A e−Ed0+J,sat/g2
J−R+,sat dH,

σ(T J
MU /∈ Dr) ≤

1
1− δt

Zaux(DRbuf \ Dr)

Zaux(Dr)
.

In (5) no inclusion of the cutoff product in Sc is required for coarse fields in DRbuf \ Dr. The
pointwise statements refer to the explicit density given by the based coarea formula; for an arbitrary
disintegration they hold almost everywhere. The constants do not depend on the volume, but the
explicit factor bw and the conditions dt < 1, ϵt < 1, and δt < 1 cannot be dropped. At fixed L and
γ > 0, along refinement of the lattice, bw = OM,J,γ(t−6), so the errors dt, δt, and ϵt are smaller
than every power of the mesh. The theorem gives no bound on the ratio of auxiliary integrals in
(5).

The mean bound in (1) concerns the comparison measure on the enclosing product,
not the kernel on the cutoff product, whose means are bounded in Theorem 13.10. Its
proof must avoid the large radius Ren/t of Kt. Heuristically, a classical cubic term in the
potential has size tw3, so its mixed derivative in w and in the coarse field has size tw2,
whose L2 norm is at most t∥w∥2

4. The fourth moments are bounded independently of the
radius of the product, by concentration. In a term of degree k ≥ 3 the remaining k− 3
factors are bounded by Ren/t, which leaves tk−2(Ren/t)k−3 = tRk−3

en , a summable series.
Bounding all factors by the radius of the product, or using a global Cauchy–Schwarz
bound for the extensive derivative of the potential, would lose this smallness.

Proof. Steps 1 to 4 prove the mean bound in (1): Step 1 recalls the convexity input, Step
2 derives concentration and fourth moments, Step 3 bounds the mixed derivative of the
potential, and Step 4 integrates along the segment from 0 to θ. Steps 5 and 6 prove the
conditioning identity and (2). Steps 7 and 8 prove (3) and (4). Steps 9 and 10 prove (5),
and Step 11 proves the remaining statements.

Step 1: inputs. We use the coefficient bounds of Lemma 14.2. They apply because the
effective interaction, constructed in Theorem 14.6, has the required holomorphy, vanishing
first derivative, gauge invariance on overlaps, symmetries, and norm bound. The whole
enclosing product and the segment of coarse fields satisfy (14.12). The convexity and
the product inequalities are supplied by the clause of Theorem 13.8 for products of
fixed physical radius, which rests on Theorem 5.4. Their constants depend on the lower
Hessian bound mcv = 1/2 and on the weighted bounds on the interaction, but not on
the radius Ren/t of the product or on the dimension. These inequalities go back to Gross
[103], Bakry and Émery [8], and Helffer and Sjöstrand [110]; the version for reflecting
boundary conditions on products of balls is proved in Section 5.
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Step 2: concentration of one coordinate. Let X be a scalar coordinate. The logarithmic
Sobolev inequality of Step 1 reads Ent( f 2) ≤ (2/mcv)E|∇ f |2. We apply it to f = eλX/2,
for which |∇ f |2 = λ2eλX/4, and set ψ(λ) = log EeλX. Dividing by EeλX, we obtain

λψ′(λ)− ψ(λ) ≤ λ2

2mcv
.

The left side is λ2 times the derivative of ψ(λ)/λ, whose limit at λ = 0 is EX. Integrating
from 0 to λ gives log Eeλ(X−EX) ≤ λ2/(2mcv). This is the argument of Herbst; see [123,
Section 2.3]. The exponential Markov inequality with λ = mcvv gives

P(|X−EX| ≥ v) ≤ 2e−mcvv2/2. (14.13)

The calculation is valid for either sign of λ on the bounded product. Integrating 4v3 times
this tail bound gives

∥X∥4 ≤ C(1 + |EX|). (14.14)

In particular, the estimates below contain no factor equal to the radius of the product.

Step 3: the mixed derivative of the potential. Let θs = sθ for 0 ≤ s ≤ 1, let υs be
the corresponding comparison measure, and let M(s) = maxα|Eυs wα|, the maximum
over scalar coordinates. In this proof, the running maximum M(s) of the means should
not be confused with the odd integer M. Since the product Kt does not depend on s,
differentiating the finite positive integral by the quotient rule gives

d
ds

Eυs wα = −Covυs(wα, ∂sVθs), (14.15)

and there is no boundary term.
In a classical monomial of total degree k ≥ 3 in w, the derivative Dw∂sV leaves k− 1

fluctuation factors. We keep two of them in L4 and bound the other k− 3 by p = Ren/t. By
Hölder’s inequality and (14.14), the L2 norm of their product is at most C(1+ M(s))2pk−3,
and the coupling factor of the monomial becomes

tk−2pk−3 = tRk−3
en .

Since the derivative in the coarse field is taken in the fixed direction θ, the summation
on a strictly smaller radius in Lemma 14.2 shows that the summed weighted majorant
in the coarse field costs C∥θ∥∞. A nonclassical term of degree one gives Ct(1 + E∗)∥θ∥∞

directly. A term of degree two gives Ct2(1 + E∗)(1 + M(s))∥θ∥∞, from its single L2 factor.
For degree k ≥ 3 the preceding argument with two factors in L4 gives the coupling factor
tk pk−3 = t3Rk−3

en . Summing these convergent geometric series, and the weighted sums
over the indices in the coarse field, we obtain the local weighted estimate

sup
α
∥Dwα ∂sVθs∥2,loc ≤ Ct∥θ∥∞(1 + E∗ + M(s)2). (14.16)
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Here the local norm fixes the index α of the derivative in w and sums all coefficient labels
and indices in the coarse field with their weights ebt, and the L2 norm is taken under
υs. This definition and the weighted coefficient bounds prevent a volume factor in this
estimate.

Step 4: the mean bound. We apply the local covariance bound of Step 1 to (14.15). The
gradient of wα is the unit vector at α, and the exponentially weighted sum over the other
index is finite by the bound on the number of labels in a ball. We obtain∣∣∣ d

ds
Eυs wα

∣∣∣ ≤ Ct∥θ∥∞(1 + E∗ + M(s)2).

At s = 0, every vector mean vanishes and M(0) = 0, since the potential and each color
ball are invariant under simultaneous adjoint rotations. At fixed finite volume, the map
s 7→ M(s) is continuous. If M(s) first reached the value one at some s0 ≤ 1, integration
up to s0 would give M(s0) ≤ Ctr(2 + E∗) < 1/2, after the corresponding reduction of t∗
in Definition 14.4(6), a contradiction. Hence M(s) < 1 for all s ∈ [0, 1]. Inserting this into
the last differential inequality, we obtain M(1) ≤ Ct∥θ∥∞. The constants may absorb the
fixed E∗. This proves the mean bound in (1).

Step 5: the conditioning identity. By the description of the support and the density of
the fiber in Theorem 14.6(5) and (7),

κold
c (A) =

υc(A ∩ Sc)

υc(Sc)

for every Borel set A. The denominator is strictly positive, since Ωphys
Qphys

⊂ Sc has positive
Lebesgue measure and the density of υc is positive. This identity requires no convexity
of Sc, and it proves the second statement of (1).

Step 6: tail bounds. We reduce t∗ so that every scalar mean under υc is at most
Pphys/(2

√
3t) and at most pw(t)/(2

√
3). This is possible since the means are O(tr)

by Step 4, Pphys is a fixed positive multiple of r, and pw(t) ≥ p0. Let a = Pphys or
a = Qphys. If |wi,e| ≥ a/t, then one of its three scalar coordinates has magnitude at least
a/(
√

3t), and hence deviates from its mean by at least a/(2
√

3t). Applying (14.13) to
both tails of each scalar coordinate and summing over the 3bw scalar coordinates, we
obtain

υc
(
(Ωphys

a )c) ≤ 6bwe−mcva2/(24t2). (14.17)

The same calculation with the threshold pw(t) gives

υc
(
(Ωw

p )
c) ≤ 6bwe−mcv pw(t)2/24 = δt. (14.18)

Now suppose dt < 1. Since Ωphys
Qphys

⊂ Sc, (14.17) with a = Qphys implies υc(Sc) ≥ 1− dt.
Dividing the bounds (14.17) with a = Pphys and (14.18) by this denominator and using
Step 5, we obtain both bounds in (2), the second with exactly ϵt.
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Step 7: density ratios. Let C(c) denote the prefactor (14.9), as in (5), with the chosen
convention for constants; it depends on c but not on w. By Theorem 14.6(2) and (7), on
Br we have

G(c) = C(c)
∫

Sc
e−Vc dw, F̃(c) = C(c)

∫
Ωw

p

e−Vc dw.

Since the cutoff product is a subset of Sc, dividing proves the identity in (3) without
any smallness condition. If dt < 1 and ϵt < 1, then (2) implies the two-sided bound
in (3). Both formulas are compatible with the orthogonal changes of representative of
Theorem 14.3(3), and hence hold on Dr for this explicit density.

Step 8: total variation and failure of the next step. For the comparison of normalized
measures and the failure bound, we assume only dt < 1, so that ϵt is a nonnegative
upper bound; the condition ϵt < 1 is not needed. Let η be the joint law of the coarse
field and the fluctuation variables under the uncut fiber densities, conditioned on c ∈ Dr,
and let A be the event that w ∈ Ωw

p . Integrating the second bound of (2) over c, we
obtain η(Ac) ≤ ϵt. For any probability measure η and any event A of positive probability,
η = η(A)η(· | A) + η(Ac)η(· | Ac), and the two conditional measures are carried by
disjoint events. Hence

sup
B
|η(B)− η(B | A)| = η(Ac) sup

B
|η(B | Ac)− η(B | A)| = η(Ac).

Taking the image under a measurable map does not increase this distance, since an event
for the coarse field pulls back to an event in the joint space. The images of η and η(· | A)

under the projection to the coarse field are the two normalized measures in (4), so they
differ in total variation by at most ϵt. For the failure bound, note that σ is carried by Dr.
By Theorem 14.3 with u = r, and the reduction of rgeom in step (2) of Definition 14.4,
every configuration U ∈ Dr with T J

MU ∈ Dr satisfies the coordinate conditions of the
step, so the next step can fail only if T J

MU /∈ Dr or if T J
MU ∈ Dr and the fluctuation cutoff

fails. The probability of the second event is σ(T J
MU ∈ Dr) η(Ac) ≤ ϵt. This proves (4).

Step 9: the larger coarse fields. We now prove (5), without using any inclusion of the
cutoff product in Sc for coarse fields outside Dr. Since the fine side is MJm and the
coarse side is m ≥ 4, each averaging step has coarse side MJ−i−1m ≥ 4. Moving an
input configuration in Dr into Br and applying Lemma 7.2 J times, we find, by gauge
covariance, T J

M(Dr) ⊂ DRbuf with Rbuf = (10M)Jr. For c ∈ BRbuf , applying Theorem 14.3
with u = Rbuf and using Dr ⊂ DRbuf , we obtain |wi,e| ≤ CTGRbuf/(λ∗t) for every point of
Sc. Since L ′

en > 2CTGCmap,J/λ∗, the set Sc lies in the interior of K′t.
Both K′t and the fluctuation cutoff domain satisfy the conditions fixed for the larger

coarse fields in Definition 14.4. More precisely, by (14.12), we have Rbuf + L ′
enr < rJ ,

the denominator of the majorant is at least 1/2, and both radii lie in the products
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of step (2). Therefore the image condition of Theorem 13.2 also holds on this larger
product. Its free-input radius is strictly below 4K∗sJ , and all comparison margins and the
Hessian smallness condition of Theorem 13.8(3) are retained. The Hessian argument of
Theorem 14.6(6) applies with the physical radius L ′

enr in place of Ren, using the inequality
for CL ′

enr in step (4) of Definition 14.4. Steps 2 to 4 apply with the coarse-field radius Rbuf
in place of r, with the fixed product and the weighted sums otherwise unchanged. These
are the conditions imposed when choosing rmax and t∗. They give scalar means of size
at most CtRbuf and the tail bound (14.18) on the larger product, with the same exponent.
With H(c) = C(c)

∫
K′t

e−Vc dw as in (5), the inclusion Sc ⊂ K′t implies G(c) ≤ H(c), also

when Sc is empty. The ratio F̃(c)/H(c) is the probability of the cutoff product under the
normalized measure on K′t, so the concentration bound gives F̃(c)/H(c) ≥ 1− δt, that
is, H(c) ≤ F̃(c)/(1− δt) when δt < 1. No inclusion of the cutoff product in Sc has been
used outside Dr.

Step 10: the exit probability. Assume δt < 1. The law of the coarse field under σ has
density G/

∫
G dH, and by Step 9 it is carried by DRbuf . Its exit probability satisfies∫

DRbuf
\Dr

G dH∫
DRbuf

G dH
≤ 1

1− δt

∫
DRbuf

\Dr
F̃ dH∫

Dr
F̃ dH

.

In the numerator, we used the upper bound of Step 9, and in the denominator, we used
G ≥ F̃ on Dr, from (3). Since F̃ = Acoorde−Ed0+J/g2

J−R+ , the common constant Acoord
cancels, and we obtain the ratio of the integrals Zaux in (5). The same cancellation holds
for any convention for centering.

Step 11: versions of the density and asymptotics. All pointwise statements used the
explicit density given by the based coarea formula. Any other disintegration agrees with
it almost everywhere on the set of coarse fields where it is positive, which gives the stated
qualification. The explicit factor bw cannot be absorbed into a constant independent of
the volume. Along a refinement at fixed γ, we have t2 = γ/(Mm) and hence m3 =

(γ/M)3t−6, so that
bw = 2(B3 − 1)(γ/M)3t−6.

With x = log(1/t), the logarithm of δt is at most C + 6x− cA2
wx2, which is below −hx

for every fixed h > 0 once x is large. The tail with a physical radius has the stronger
exponent −c/t2. Since the mesh is L/m = (LM/γ)t2, both errors are smaller than every
fixed power of the mesh along such a sequence, and the denominators 1− dt tend to
one.
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14.6 Partition-function bounds on the stopping lattice

After k RG steps, the stopped measure lives on the stopping lattice Λn, n = nkJ , at depth
d = kJ. This subsection bounds its partition function from below and the exponential
moments of the Wilson action under it from above. It also compares effective classical
actions with the Wilson action at every depth, records an exact identity for normalization
constants, and bounds derivatives of the centered effective interactions in fixed charts.
The lower bound is a trial integral over the same domain Dr as the stopped measure, in a
periodic tree gauge with all non-tree link variables of size a0g. The upper bound enlarges
only the numerator, to an integral over an open cube, for which Lemma 6.10 gives an
explicit bound. The ranks of the two gauge-fixed integrals are as follows.

Integral Group variables Power of g

periodic tree trial inside Dr 2n3 + 1 g3(2n3+1)

open cube, upper bound for the nu-
merator

2n3 − 3n2 + 1 g3(2n3−3n2+1)

ratio difference 3n2 g−9n2

Since the numerator and the denominator are each estimated once, the boundary term
9n2 log(1/g) appears once. These bounds, obtained by elementary gauge integration, are
in the tradition of the stability estimates of Faria da Veiga and O’Carroll [64, 65]; here we
need the precise periodic correction.

Theorem 14.8. Use the parameters of Definition 14.4. There are κ∗, a0, g∗ > 0 and CA, CR, C# >

0, independent of the side n ≥ 4, of the depths d = kJ reached by the recursion, of the number of
RG steps, and of 0 < g ≤ g∗, with the following properties. The integration domain is exactly
Dr on the stopping lattice Λn. Let R = Rk be the effective interaction of Theorem 14.6 at depth
d = kJ, and put

D = 3n3, bn = 2n3 + 1, c = R(I), R = R− c,

Fg =
E0

g2 =
4
g2 ∑

p
q(Up), Zraw =

∫
Dr

e−Ed,sat/g2−Rsat dHn, Ẑ1 = ecZraw.

Here D is the number of links, and c is a constant, not a coarse field.

1. For every integer d ≥ 0, Ed,sat ≥ κ∗E0 on the gauge-invariant extension of the larger classical
domain, whether or not an effective interaction is attached to the depth d.

2. For the effective interactions of the stopped measures, |R| ≤ CRDE∗ρ2 on Dr. On the trial
set of configurations which, in a periodic spanning tree gauge based at a root, have every
non-tree link logarithm of norm at most a0g < min(r/2, 1),

Ed ≤ CADa2
0g2, |R| ≤ CRDE∗a2

0g2,

Zraw ≥
( a0g− sin(a0g)

2π

)bn
e−c−CADa2

0−CRDE∗a2
0g2

.
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3. Let ν̂ = Ẑ−1
1 1Dr e

−Ed/g2−R dHn be the stopped measure, and put λen = κ∗/2. Then

ν̂(Fg ≥ u) ≤ exp(C#D + 9n2 log(1/g)− λenu), u ≥ 0,

Eν̂esFg ≤ exp(C#D + 9n2 log(1/g)), 0 ≤ s ≤ λen,

Eν̂Fg ≤ [C#D + 9n2 log(1/g) + 1]/λen.

The open cube with n vertices per side has rank bop
n = 2n3 − 3n2 + 1. Only an upper bound

for a numerator is enlarged to the Haar integral over this open cube; the denominator remains
the trial integral over Dr. The unmatched power of the coupling is exactly g−3(bn−bop

n ) =

g−9n2
.

4. Fix 0 < λ0 ≤ 1, let λ ∈ [λ0, 1], and put

Ẑλ =
∫

Dr
e−λEd/g2−λR dHn, dτ(λ) = Ẑ−1

λ 1Dr e
−λEd/g2−λR dHn.

After one reduction of g∗ depending on λ0, for 0 ≤ s ≤ λ0κ∗/2,

log Eτ(λ)esFg ≤ CD + 9n2 log(1/g), log
{ Ẑλ

Ẑ1
Eτ(λ)esFg

}
≤ CD + 9n2 log(1/g).

The second bound is obtained from one numerator and one denominator, not as the sum of
bounds for the two factors.

5. For every fixed α0 > 0 and 0 < λ0 ≤ λ ≤ λ1 < ∞,

log

∫
Un

e−(λα0−s)Fg dHn

Ẑ1
≤ Cλ0,λ1,α0 D + 9n2 log(1/g), 0 ≤ s ≤ λ0α0/2,

where g∗ is reduced so that the effective inverse coupling 4(λα0 − s)/g2 is at least one. No
condition on charts or small fields is imposed on this numerator.

6. Let an initial probability density with unnormalized normalizing constant Zbase be restricted
by the small-field tests and pushed forward by finitely many RG steps of Theorem 14.6 to the
lattice Λn, and suppose that the resulting subprobability measure is written in the centered
convention as

dξT = Z−1
baseeΛT

T 1Dr e
−Ed/g2−R dHn, pT = ξT(Un) ≤ 1.

Then, exactly,
eΛT

T

Zbase
=

pT

Ẑ1
=

pTe−c

Zraw ≤ Ẑ−1
1 .

All normalization factors of integrated Gaussian coordinates, coarea constants, constant
terms of cluster expansions, and constants removed from effective interactions belong to this
same normalization constant ΛT

T .
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7. The constants depend only on the parameters of the recursion, the constants of Theorem 11.2
and Lemma 6.10, and the displayed parameters λ0, λ1, α0. For every fixed γ0 > 0, one
minimum side makes these estimates hold simultaneously for g2 = γ/n, all 0 < γ ≤ γ0,
and every larger side. The estimates involve no block regions.

8. The effective interactions Rd,γ = Rk satisfy Bρ,asp(Rd,γ) ≤ E∗ and DRd,γ(I) = 0, and they
are gauge invariant on overlaps, as in Theorem 14.6. Fix a side n, a number 0 < η < 1, and
a finite family of smooth charts Ψα of configurations on Λn, defined on parameter domains
W̃α, with relatively compact subdomains Wα ⋐ W̃α and smooth based gauge transformations,
such that the charts and the gauge transformations extend smoothly to neighborhoods of the
closures Wα and the gauge-transformed representatives of Ψα(y), y ∈ Wα, lie in B(1−η)ρ.
Then every derivative of fixed positive order of Rd,γ,sat ◦Ψα on Wα is bounded uniformly in
d = kJ and 0 < γ ≤ γ0. In link logarithms, the bound of order j ≥ 1 in the weighted norm
is CjE∗ρ2−jη−j, with Cj = j!. Passing to a fixed chart costs its fixed derivative bounds and a
norm conversion in fixed finite dimension. The charts are composed with fixed smooth gauge
transformations, never with a differentiated Borel selection of gauges. The constants may
depend on n, j, η, the charts, and the larger domains, but not on the depth or the coupling.

9. The law of the coarsest field VKJ = TKJ
M U, a configuration on Λu, under the conditioned

Wilson measure νN,u,γ is the stopped measure after all K RG steps.

Part (1) holds at every integer depth, and part (8) gives bounds on derivatives from the
analytic coefficient norm itself; a bound on the oscillation of R alone would not control
its derivatives. Any later comparison of normalization constants on block regions must
be made with the normalization constant ΛT

T of part (6) on the whole torus.

Proof. Step 1 relates the stopping lattice to the recursion. Steps 2 and 3 prove (1) and the
first bound in (2). Step 4 proves the trial lower bound, and Step 5 the open-cube upper
bound. Steps 6 to 8 combine them to prove (3) to (5), Step 9 proves (6), and Step 10 proves
(7). Steps 11 and 12 prove (8), and Step 13 proves (9).

Step 1: depths and couplings. At a depth d = kJ, the effective interaction in this proof
is the function Rd,γ = Rk of Theorem 14.6, in its chosen convention for constants. By that
theorem, it is holomorphic on Bρ and gauge invariant on overlaps, with DRd,γ(I) = 0
and Bρ,asp(Rd,γ) ≤ E∗, uniformly in k and in the coupling. Its real density is the stopped
density on Dr. Subtracting the value at the identity changes no derivative of positive
order and no analytic norm. We take g∗ so small that g∗/

√
M ≤ t∗. Since g2

J = Mt2, at
the stopping coupling g the largest integrated coupling of the last RG step is g/

√
M, and

all earlier integrated couplings are smaller. This implies that every run of the recursion
in the theorem satisfies the conditions on the coupling in Definition 14.4; with zero RG
steps there is no such condition.
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Step 2: the classical lower bound. We apply the comparison of Theorem 11.2 at one
stopping field and one mesh, for every integer depth, without reference to an effective
interaction. With the larger radius rC fixed in Section 14.2, the comparison product of
that theorem satisfies

P∞ ≤ exp
(

CrC ∑
j≥0

M−2(j+1)
)
< ∞.

We conclude that Ed ≥ κ∗E0 with κ∗ = P−1
∞ . For an argument in the gauge-invariant

extension of the classical domain, we fix a gauge transformation taking it into the
corresponding classical ball inside BrC and use the clause of Theorem 11.2 on transport by
a fixed gauge transformation. Theorem 11.6 identifies the transported values with Ed,sat
for every d ≥ 0, while E0 is gauge invariant. This proves (1) on the whole gauge-invariant
domain and at every integer depth. Only the assertions involving Rd,γ restrict the depth
to the values d = kJ reached by the recursion. If the larger radius requires a smaller κ∗, it
is fixed before the final reductions of the coupling bound.

Step 3: oscillation of the effective interaction. Let As ≥ 0 denote the summand of order
s in the weighted coefficient norm of R, so that ∑s≥2 As ≤ E∗. For ∥ξ∥∞ ≤ ϵ ≤ ρ we
expand R(eξ)− R(I), fix one scalar link and color label in each coefficient, and sum the
remaining labels. Since there are 3D choices of the fixed label and the spatial weights are
at least one, absolute summation of the Taylor series gives

|R(eξ)− c| ≤ CRDϵ2 ∑
s≥2

As(ϵ/ρ)s−2 ≤ CRDE∗ϵ2. (14.19)

By gauge invariance on overlaps, this bound holds at every representative. With ϵ = r < ρ,
we obtain the bound |R| ≤ CRDE∗ρ2 on Dr. No estimate of c is involved.

Step 4: the trial lower bound. We choose a spanning tree of the periodic lattice graph
and a root. By Lemma 5.1, the integral of a gauge-invariant integrand over a gauge-
invariant set is an integral over exactly bn = D− (n3− 1) = 2n3 + 1 independent non-tree
link variables, each with the Haar probability measure; the tree variables have total mass
one, no root variable is integrated, and no volume factor of a stabilizer appears. We fix
a0 > 0 and reduce g∗ so that ϵ = a0g < min(r/2, 1) for all 0 < g ≤ g∗. Since all tree-fixed
logarithms on the trial set are at most ϵ, the trial set lies strictly inside the same domain
Dr. By the upper bound of Theorem 11.2 at radius ϵ, we have Ed ≤ CADϵ2 uniformly in
d and n, and (14.19) implies |R| ≤ CRDE∗ϵ2. By (4.2), the exact Haar mass of the ball for
one non-tree link is

m(ϵ) =
1

16π2

∫
|X|<ϵ

sinc2(|X|/2) d3X =
1
π

∫ ϵ

0
sin2(s/2) ds =

ϵ− sin ϵ

2π
.

Integrating the lower bound for the density over the product of these bn balls gives the
lower bound for Zraw in (2), with the factor e−c kept.



14 Small-field conditioning and partition-function bounds § 14.6 114

We will use the weaker form

Ẑ1 ≥ e−CLDg3bn . (14.20)

To prove it, note that sinc(s/2) ≥ sinc(1/2) > 0 for 0 ≤ s ≤ 1, since the numerator
x cos x − sin x = −

∫ x
0 y sin y dy of the derivative of sin x/x is nonpositive on [0, 1/2].

The radial integral therefore gives m(ϵ) ≥ cballϵ
3, with cball = sinc2(1/2)/(12π). Since

bn ≤ D and g∗ ≤ 1, all fixed factors in the trial bound have logarithms bounded in
absolute value by a fixed multiple of D. This proves (14.20).

Step 5: the open-cube upper bound. For α ≥ αmin > 0, let

Iα(g) =
∫
Un

e−αFg dHn.

Since q ≥ 0, deleting every plaquette that crosses a periodic seam can only increase the
integrand. The remaining complex has n vertices per direction, 3(n− 1)n2 links, and n3

vertices, so its tree rank is

bop
n = 3(n− 1)n2 − n3 + 1 = 2n3 − 3n2 + 1.

Each unused seam link contributes a Haar probability integral equal to one. Lemma 6.10,
applied to this open cube at inverse coupling β = 4α/g2, which is legitimate when
4αmin/g2

∗ ≥ 1, gives

Iα(g) ≤ cbop
n

G (4α/g2)−3bop
n /2 ≤ eCU Dg3bop

n , (14.21)

where cG =
√

2/π is the constant of that lemma. The constant CU depends on αmin and
cG, and is independent of n, d, and g.

Step 6: moments under the stopped measure. We use (1) and the oscillation bound of
Step 3 in the numerator. For 0 ≤ s ≤ λen = κ∗/2 we have −Ed/g2 + sFg ≤ −(κ∗ − s)Fg,
and hence ∫

Dr
e−Ed/g2−R+sFg dHn ≤ eCRDE∗ρ2

Iκ∗−s(g) ≤ eCU Dg3bop
n ,

after including the oscillation constant in CU. Here αmin = κ∗/2 works, including at the
endpoint s = λen. Dividing by (14.20) leaves exactly

3(bn − bop
n ) = 9n2

unmatched powers of g−1. This proves the bound on the exponential moment in (3),
with A = C#D + 9n2 log(1/g), after enlarging C# if necessary. The exponential Markov
inequality at s = λen gives the tail bound. Since A ≥ 0, integrating the minimum of the
tail bound and one gives

Eν̂Fg ≤
∫ ∞

0
min(1, eA−λenu) du =

A + 1
λen

.
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The exponential moment at the endpoint s = λen was proved through its defining integral,
not by integrating a tail bound. In the uncentered convention, the same factor e−c appears
in the numerator and in the denominator and cancels.

Step 7: tempered measures. Fix λ0 ≤ λ ≤ 1. On the same tree trial set, the exponent
λEd/g2 + λR is bounded above by CD, uniformly in λ, and hence

Ẑλ ≥ e−CDg3bn . (14.22)

For 0 ≤ s ≤ λ0κ∗/2, the numerator is bounded above by

eCD Iλκ∗−s(g) ≤ eCDg3bop
n , λκ∗ − s ≥ λ0κ∗/2,

and one fixed reduction of g∗ makes the inverse coupling of Lemma 6.10 at least one
throughout this interval. Dividing by (14.22) gives the first bound in (4). For the second
bound, we keep the exact identity

Ẑλ

Ẑ1
Eτ(λ)esFg =

∫
Dr

e−λEd/g2−λR+sFg dHn

Ẑ1
,

and use the last upper bound for the numerator and (14.20), once each. The difference of
ranks is still 3n2, so the exponent is again 9n2 log(1/g). Estimating the two factors on the
left separately would count this term twice.

Step 8: the unrestricted numerator. Let α = λα0 − s ≥ λ0α0/2. Applying (14.21) to the
unrestricted Wilson numerator and (14.20) to Ẑ1 proves (5), after the corresponding fixed
reduction of g∗. The constants may depend on λ0, λ1, and α0, but not on the depth or the
side.

Step 9: the identity for normalization constants. Integrating the subprobability measure
in (6) gives exactly

pT = Z−1
baseeΛT

T Ẑ1.

Both Zbase and Ẑ1 are positive. The total mass pT is at most one, since restricting a
probability measure and pushing it forward cannot increase its total mass. Solving this
equality, and using Ẑ1 = ecZraw, proves the identities and the inequality in (6). Removing
a Gaussian coordinate, a reference Haar disintegration factor, a constant term, or the
constant of an effective interaction changes the representation of the density and the
normalization constant together; it cannot change this identity for the total mass.

Step 10: uniformity in the coupling. All constants so far were chosen from the param-
eters of the recursion and the constants of Theorem 11.2 and Lemma 6.10. For a fixed
γ0 > 0, we take a minimum side at least γ0/g2

∗, rounded up to an integer, and to a
multiple of four when the RG steps require it. Then g2 = γ/n ≤ g2

∗ for every larger side
and every 0 < γ ≤ γ0. Since the earlier integrated couplings of the recursion are smaller,
the same reductions hold at every depth. This proves (7).
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Step 11: derivatives in link logarithms. We write Rd,γ(ξ) = Rd,γ(eξ)− Rd,γ(I) and

Ak,d,γ =
ρk−2

k!
∥DkRd,γ(0)∥asp,root, ∑

k≥2
Ak,d,γ ≤ E∗.

Let j ≥ 1, v = 1− η, and ∥ξ∥∞ ≤ vρ. We differentiate the absolutely convergent Taylor
series on this strictly smaller ball. Contracting its k− j undifferentiated indices does not
increase the weight of the network on the remaining indices, so

∥DjRd,γ(ξ)∥asp,root ≤ ρ2−j ∑
k≥max(2,j)

Ak,d,γ
k!

(k− j)!
vk−j.

Each multiplier satisfies

k!
(k− j)!

vk−j = j!
(

k
j

)
vk−j ≤ j!η−j,

because (k
j)η

jvk−j is one nonnegative term of (η + v)k = 1. It follows that

∥DjRd,γ(ξ)∥asp,root ≤ j!E∗ρ2−jη−j (j ≥ 1). (14.23)

The uncontrolled constant Rd,γ(I) disappears through differentiation; no derivative bound
is deduced from the oscillation bound alone.

Step 12: derivatives in charts. For y ∈Wα, we write the gauge-transformed representa-
tive of Ψα(y) as eξα(y) ∈ B(1−η)ρ. The chart, the subdomain, and the gauge transformation
are fixed independently of d and γ. By continuity, the extended representatives on Wα

lie in the closed ball of radius (1− η)ρ, strictly inside the domain of the logarithm, and
compactness gives a neighborhood of Wα on which the same logarithm is smooth. For
1 ≤ h ≤ j, let

Cα,h = sup
y∈Wα

∥Dhξα(y)∥op,∞ < ∞;

finiteness follows from continuity of these derivatives on the compact closure. The
derivatives of the gauge transformation, of the group multiplication, and of the logarithm
are included in these constants. By gauge invariance on overlaps, Rd,γ,sat ◦Ψα = Rd,γ ◦ ξα

on Wα. The chain rule for higher derivatives gives one term for each partition π of
{1, . . . , j}, with outer derivative D|π|Rd,γ and inner factors D|B|ξα, B ∈ π; this follows by
induction, since a new derivative either joins an existing block or forms a new singleton
block. Since there are 9n3 scalar link and color labels, fixing the first outer index and
summing the others bounds a full contraction by 9n3 times the weighted norm. Using
(14.23), we obtain

∥Dj(Rd,γ,sat ◦Ψα)∥op ≤ 9n3E∗∑
π

|π|! ρ2−|π|η−|π| ∏
B∈π

Cα,|B|. (14.24)
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Every factor on the right is fixed before the depth and the coupling vary, and for a finite
family of charts we take the maximum. To cover a compact subset of the gauge-invariant
domain with this interior property, we choose at each of its points a local chart and a
fixed gauge transformation whose representatives stay in B(1−η)ρ. Since these conditions
are open, there exists a smaller parameter neighborhood with compact closure inside the
chart on which they still hold. These neighborhoods cover the compact set, and a finite
subcover gives subcharts of the required kind, with extensions of the charts and gauge
transformations past their closures. We include the derivatives of their logarithmic charts
in the same maximum. This proves (8).

Step 13: the coarsest marginal. At the coarsest lattice Λu, no tests of coarser RG steps
remain. The small-field event is then exactly the event whose normalized pushforward
defines the stopped density after K steps, so the law of VKJ under νN,u,γ is this stopped
measure.

14.7 Flat configurations

A configuration U is flat if Up = I for every plaquette p. Flat configurations are the
minima of the Wilson action, and the weak-coupling analysis of Sections 33 to 36 takes
place near them. The lemma below first records the classification of flat configurations on
a periodic lattice by their holonomies; this is the usual description of flat connections on
T3

L by representations of π1(T
3
L) = Z3, and we include an elementary proof on the lattice.

The rest of the lemma is specific to our construction: all flat configurations, including
those whose holonomies form one of the eight central triples, satisfy every test of the
small-field event, with vanishing fluctuation variables, once the coarse side is large. The
reason is that a flat configuration is gauge equivalent to a constant configuration with link

variables eHlog
i /n, which are close to the identity when n is large, although the holonomies

eHlog
i around the cycles of the torus can be far from it.

Lemma 14.9. 1. On every periodic lattice Λn, the flat configurations modulo periodic lat-
tice gauge transformations are classified by their commuting holonomies around the three
coordinate cycles, up to simultaneous conjugation:

Hom(Z3, SU(2))/SU(2) ≃ (R/4πZ)3/{ϑ ∼ −ϑ},

where ϑ parametrizes the triple (eϑ1u, eϑ2u, eϑ3u) for a unit vector u ∈ su(2). There are
exactly eight central points, the central triples, at which each coordinate is 0 or 2π modulo
4π. Every flat configuration is gauge equivalent to a configuration with constant commuting

link variables eHlog
i /n in direction i, where the Hlog

i ∈ su(2) commute, |Hlog
i | ≤ 2π, and

eHlog
i are the cycle holonomies. The block averaging map TM raises these link variables to
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their Mth powers and preserves the three cycle holonomies. Taking commuting Mth roots
gives exact flat refinements.

2. Fix rflat > 0 strictly smaller than r and than the radii of all real coordinate charts and gauge
transformations of one RG step fixed in Definition 14.4. If the coarse side u satisfies 2π/u <

rflat, then, for every K ≥ 0, N = uBK, and every coupling allowed by Definition 14.4, every
flat configuration on ΛN belongs to the small-field event SN,u,γ. In the successive based
forests the coarse-field lift is flat, and

zi = 0, z∗i (ci+1) = 0, wi = 0, Ed,sat(ci) = 0

at every intermediate scale and every depth d. The same holds for products of fluctuations
of any positive physical radius that fit the fixed domains. All initial and coarse Dr tests and
all intermediate classical and coarea conditions hold. Changes of representative based at the
coarse vertices preserve the holonomies and the membership in the event. The gradient of the
Wilson action vanishes at flat configurations, so they are stationary for the Wilson flow, and
their three cycle holonomies are unchanged at every time.

3. Under the side and parameter hypotheses of (2), at each fixed finite N = uBK and each
allowed coupling, the compact set of flat configurations has an open neighborhood contained
in SN,u,γ; equivalently, there is δN,u,γ > 0 with

{max
p

ρG(Up) < δN,u,γ} ⊂ SN,u,γ.

No bound on δN,u,γ uniform in N or in the coupling is asserted. Separately, on a fixed
stopping lattice whose side n satisfies 2π/n < rflat, the set of flat configurations lies in the
open set Dr, with a neighborhood that depends only on n and r, not on the depth or the
coupling.

No central triple is removed, and no projectively commuting or twisted flat data are introduced:
all gauge transformations are periodic and all cycle holonomies commute.

Proof. Steps 1 to 4 prove (1), Steps 5 to 8 prove the membership statement in (2), Step 9
proves the statement on the Wilson flow, and Step 10 proves (3).

Step 1: path independence. We lift the periodic configuration to Z3. If all plaquette
variables are the identity, the transport along a path is unchanged when an edge followed
by its reverse is deleted, and when two adjacent coordinate steps are replaced by the
other two sides of their elementary square. These moves connect any two paths with the
same endpoints in Z3: one interchanges neighboring steps in different directions until
the steps are grouped in coordinate order, and then cancels opposite steps in each group.
This implies that a path and its reverse define inverse transports, and the transport PU(x)
from the origin to a vertex x of the lift does not depend on the path.
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Step 2: the holonomy triple. The cycle holonomies are PU(nei). By periodicity, the
transport from nei to nei + nej equals PU(nej), so path independence applied to the two
orders of going around the i and j directions implies PU(nei)PU(nej) = PU(nej)PU(nei).
A periodic loop whose lift ends at n(k1, k2, k3) has transport PU(ne1)

k1 PU(ne2)
k2 PU(ne3)

k3 .
A periodic gauge transformation conjugates the triple by its value at the origin.

A commuting triple in SU(2) lies in one maximal torus. Indeed, suppose that one
of the matrices is not central. Then it is unitarily diagonalizable with two distinct
eigenvalues, and a matrix commuting with it preserves both eigenlines and is diagonal
in this basis. The determinant condition then puts all three diagonal matrices in the
same circle. If all three are central, any orthonormal basis works. Hence we can choose

commuting logarithms Hlog
i ∈ su(2) with eHlog

i = PU(nei) and |Hlog
i | ≤ 2π, and we set

ai = eHlog
i /n.

Step 3: an explicit gauge equivalence. Let Pa(x) be the transport of the constant con-
figuration with link variables ai on Z3, and set kx = Pa(x)−1PU(x). By flatness and

periodicity, we have PU(x + nei) = eHlog
i PU(x), and the same identity holds for Pa, since

an
i = eHlog

i . Since the two factors cancel in kx+nei , the gauge transformation k is periodic.
On an edge xy, we have PU(y) = PU(x)Uxy, so

kxUxyk−1
y = Pa(x)−1PU(x)UxyPU(y)−1Pa(y) = Pa(x)−1Pa(y) = axy.

This gauge transformation is the identity at the origin. Conversely, a constant commuting
configuration is flat and has the given cycle holonomies. Hence two flat configurations
with the same based holonomy triple are equivalent under a gauge transformation based
at the origin, and flat configurations modulo all periodic gauge transformations are
classified by their triples modulo simultaneous conjugation.

Step 4: the angle coordinates. Writing the common element of the Cartan subalgebra
as a multiple of a unit vector u gives the three angles, which have period 4π in our
normalization. A change of the common eigenbasis either fixes the two eigenlines or
interchanges them, and the interchange reverses all three angles. There is no independent
change of sign for a single noncentral coordinate. At a central triple each angle is 0 or 2π

modulo 4π, which gives exactly 23 = 8 points. The sign involution fixes these points and
removes none of them. This proves the stated quotient, including the central points.

For constant commuting link variables, every displaced contour in (4.3) and its straight
reference path have the same net displacement Mei, and hence the same transport aM

i .
The corresponding based loop holonomy is the identity, so the block averaging map
involves no exceptional logarithm and returns aM

i . The holonomy around a cycle of
the coarse lattice is (aM

i )n/M = an
i , so the three cycle holonomies are preserved. Taking
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ai = eHlog
i /(Mn′) refines a constant configuration on the lattice of side n′ exactly to the

lattice of side Mn′. This completes the proof of (1).

Step 5: flat lifts. We now check the minimizer and the membership statements on the
larger classical products of Section 14.2. The coarse-field lift U0(c) of a flat coarse field
c is flat. Indeed, a fine plaquette inside one block has only identity factors, a plaquette
crossing one interface has two equal and opposite interface factors, and a plaquette
crossing two interfaces has exactly the four factors of a coarse plaquette. In all three cases,
the product is the identity.

Step 6: zero classical action. For a constant commuting coarse field on a lattice of side n,

there exists a zero-action configuration at every depth d, obtained by placing eHlog
i /(nMd)

on the links of the finer lattice. Its logarithmic potential in units of the coarse lattice is the
constant Hlog

i /n, with vanishing differences. Since the coarse link logarithms have norm
at most 2π/n < rflat, this configuration, together with all the fixed changes of chart and
of gauge, lies strictly inside the domains of the classical minimization. Its Wilson action
is zero. Since the effective classical action is nonnegative and is defined as a constrained
minimum, its value at this coarse field is zero at every depth. To transport this value to
the coarse-field lift, we use Theorem 11.6: by the choice of rflat, the constant representative
and the forest-fixed representative both lie strictly inside BrC .

Step 7: vanishing fluctuation variables. Consider one averaging step. The block-tree
gauge transformation of the constant configuration is based at every coarse vertex. If
x = v + r lies in the centered block of the coarse vertex v, the value of this gauge
transformation there is ∏j a

rj
j . On a link inside a block, the commuting factors cancel to

the identity. On an interface link in direction i, the offsets of the two endpoints differ
by 1−M in the ith coordinate, and the transformed value is aM

i = ci. Hence the forest-
fixed configuration is exactly U0(c), and all its relative logarithms, including those of the
eliminated edges, vanish. Its free coordinate is z = 0, which is a zero of the nonnegative
function Fd(c, ·) on the branch. The strict convexity and the uniqueness in Lemma 14.1
force z∗d(c) = 0, and the normalization by the positive square root of Kd then gives w = 0.
This proves the statement on minimizers.

Step 8: all tests. At every scale with side ns ≥ u, the constant link variables have
logarithms of norm at most 2π/ns ≤ 2π/u < rflat < r. This proves the initial and
coarse Dr tests, with strict inequality. The choice of rflat below the radii of all fixed charts
and gauge transformations of one RG step gives every intermediate classical, constraint-
coordinate, and coarea condition. There are no further Dr tests at intermediate scales,
and every product of fluctuation balls of positive radius contains the zero vector. These
facts hold for every number of RG steps, since the smallest coarse side controls the same
inequalities at each step. An arbitrary flat configuration is periodically gauge equivalent
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to such a constant configuration, and the coordinate transitions on overlaps and the
gauge invariance of the event (Lemma 14.5) carry the membership over to it. A change
of representative based at the coarse vertices leaves the based cycle holonomies fixed and
preserves the norms of the fluctuation variables and the event. A change at the common
root only conjugates the triple simultaneously.

Step 9: the Wilson flow. We vary one link in a Lie algebra direction. At a flat configu-
ration, each differentiated plaquette variable is the identity, and its derivative is tangent
to SU(2) at the identity, hence traceless. Thus Dq(I) = 0, every summand of the gra-
dient of the Wilson action vanishes, and the constant trajectory solves the Wilson flow
equation. The Wilson flow is the flow of a smooth vector field on the compact manifold
UN, so its solutions are unique. Indeed, locally, iterating the integral equation h times
bounds the difference of two solutions with the same initial value by Chth/h! times a
fixed supremum, which tends to zero, and the argument can be repeated on successive
time intervals. Hence flat configurations are stationary, and their cycle holonomies are
unchanged at every time.

Step 10: neighborhoods. Assume the hypotheses of (2), and fix a finite N = uBK and
an allowed coupling. At each flat configuration, all classical and coarea inequalities hold
strictly by Steps 5 to 8, the domains Dr for the fine and coarse fields are open, and every
fluctuation vector is zero, inside a ball of positive radius. The maps defining the event
and the inverse coordinates are continuous on their open branches. A finite intersection
of their preimages therefore gives an open neighborhood of this configuration contained
in the event, after replacing the fluctuation balls by smaller open balls around zero. The
union of the gauge images of an open set is open, since each gauge transformation acts
by a homeomorphism. Taking the union of these neighborhoods gives an open set O
with FN ⊂ O ⊂ SN,u,γ, where FN is the set of flat configurations.

The configuration space is compact, and f (U) = maxp ρG(Up) is continuous with zero
set exactly FN. If Oc is nonempty, f attains a strictly positive minimum on this compact
set; otherwise any positive threshold works. Choosing δN,u,γ below this minimum proves
the inclusion in (3). The minimum is taken separately at each N and each coupling, and
the argument gives no uniform lower bound for it.

On a fixed stopping lattice whose side satisfies the same condition, Step 8 shows that
the compact set of flat configurations lies in Dr. The set Dr is open, being a union of
gauge images of the open set Br. For any fixed metric on the finite product, the compact
set of flat configurations therefore has positive distance from the closed complement of
Dr, unless this complement is empty. The resulting neighborhood depends only on n
and r; neither set involves the depth or the coupling. Throughout the argument all gauge
transformations were periodic and all cycle holonomies commuted, so no projectively
commuting or twisted data have been introduced.



section 15

Conditional kernels and reconstruction maps

In this section we prove that the renormalization group construction on the small-field
event converges at every fixed resolution. That is, we fix the side n0 of the coarse lattice
and a number l of RG steps counted from the coarse side, and we let the total number
k of RG steps tend to infinity. At a fixed resolution all objects are finite dimensional. In
Theorem 15.6, we show that one RG step contracts effective interactions in the weighted
analytic coefficient norm, uniformly in the lattice side and in the preceding depth, and we
deduce the convergence of the effective interactions and of the stopped measures at each
fixed level. Theorem 15.9 proves the convergence of the conditional fluctuation kernels,
and Lemma 15.10 writes the conditioned Wilson measure as an iteration of these kernels.
In Theorem 15.13, we construct the reconstruction maps R̂, and in Theorem 15.14 we
prove that the finite-scale reconstructions converge in law. Lemma 15.16 gives amplitude
bounds for the reconstruction that are uniform in the mesh and in the coupling, and
Theorem 15.17 makes the convergence uniform for the coupling on compact intervals
I ⊂ (0, ∞) on which the hypotheses of Theorem 15.6 hold for every γ ∈ I. The inputs
are the classical convergence and the bounds for the zero-fluctuation reconstruction of
Theorem 11.2 and Lemma 11.9, and the density and the cluster expansion of one RG step
(Theorems 12.7 and 12.13 and Corollary 12.8). We also use the gauge transformations
and the invariant ball of Theorems 13.2 and 13.5, and the identification of the auxiliary
integral with the conditioned Wilson measure (Theorems 14.3 and 14.6). The later
sections approximate the flowed field by the field reconstructed from finitely many RG
steps (Sections 3.3 and 3.6). Sections 16, 17, 26 to 29, and 31 to 36 use the reconstruction
maps, the conditional kernels, the convergence of finite-scale reconstructions, and the
amplitude bounds, and Section 23 uses the deterministic constants and the order in which
they are chosen.

The splitting of the fine field into a constrained minimizer and normalized fluctuations,
and the integration of the fluctuations scale by scale, are Bałaban’s [15, 16, 18]. We
combine the standard renormalization group contraction with the cluster expansion
estimates of Section 12 to obtain the limits of the conditional kernels and a compatible
family of representatives for this construction. These estimates go back to Kotecký and
Preiss [120] and use the finite tree-graph bound in Dimock’s exposition [68, Appendix B].
The selection of a holomorphic subsequence is the normal-family argument in finitely
many variables, and the limits follow from the contraction in the usual way.

122
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15.1 Scales, measures, and conventions

Throughout this section L > 0 is fixed, M ≥ 3 is odd, J ≥ 1, and B = MJ . One averaging
step is one application of the block averaging map TM of Definition 4.3, and one RG step
consists of J averaging steps. We fix the side n0 ∈ 4N of the coarse lattice, let H = L/n0,
and for j ≥ 0 set

nj = n0Bj, aj = HB−j, g2
j =

γ

nj
= g2

3aj.

We call Λnj the lattice of level j. If the finest lattice has level k, the lattices form the chain

Λn0

T J
M←−− Λn1

T J
M←−− · · ·

T J
M←−− Λnk .

The fluctuations are integrated from right to left, toward coarser lattices, and the fine
field is reconstructed from left to right. The number of averaging steps between the finest
lattice and level j is

dk
j = J(k− j),

and we call it the preceding depth at level j. The RG step from level j to level j− 1 has J
intermediate scales, indexed by 0 ≤ i < J, with couplings

gj,i = tjM(i−J+1)/2, tj = M(J−1)/2gj = gj−1/
√

M.

Here tj is the largest of these couplings, and the ratios gj,i/tj are fixed powers of M. With
p(t) = Aw log(1/t) we write pj = p(tj). The normalized fluctuation variables wj = (wj,i,e)

of this RG step are restricted to the fluctuation cutoff domain Ωpj , the product of the
three-dimensional balls {|wj,i,e| ≤ pj}; it does not depend on k. We write qj,i = gj,iwj,i
for the coupling-scaled fluctuation inputs of the reconstruction. Since the inverse square
roots of the constrained Hessians remain inside the reconstruction maps, qj,i is not a free
logarithmic coordinate of the fiber.

The three measures. Let
νk = νn0Bk,n0,γ

be the conditioned Wilson measure of Definition 4.4, with the small-field event of (4.6)
and Definition 14.4. In the comparison notation, the comparison index s gives ns = n∗Bs,
Hs = L/ns, and νK,s = νNK ,ns,γ with NK = n∗BK. Then n0 = ns and k = K − s, the
meshes of the reconstruction are aj = HsB−j, 0 ≤ j ≤ K − s, and the preceding depths
are J(K− s− j). At level j three different measures occur.

1. The marginal of νk at level j, that is, the law of Vdk
j under νk.

2. The stopped measure ν̂k
j of Theorem 15.6. It is obtained by integrating out the finer

levels and imposing the small-field restrictions only up to level j.
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3. The conditional fluctuation kernel kk
j (θ, dw) of Theorem 15.9, the conditional law of

the fluctuation variables of the RG step from level j to level j− 1 given the field eθ at
level j− 1.

The marginal in (1) also carries the restrictions at the coarser levels j − 1, . . . , 0, and
in general it differs from the stopped measure. At the coarse level j = 0 no coarser
restriction remains, and (1) and (2) coincide (Lemma 15.12). The kernel (3) does not
change when coarser restrictions are imposed, once the field at level j− 1 has been fixed
(Theorem 15.9).

Effective interactions. We write functions of a configuration near the identity in loga-
rithmic coordinates, R(eξ), and use the norm

Bρ,asp(R) = ∑
m≥2

ρm−2

m!
∥DmR(0)∥asp,root

of Definition 4.6. The tensor norm fixes one index, sums the absolute values of the
coefficients over the remaining indices with the weight easpt, where t is the length of a
shortest connected network through the locations of the indices, and takes the supremum
over the fixed index. For maps between lattices of different meshes the input-fixed
sums carry the volume factor a3

out/a3
in of Definition 4.6; we call them volume-normalized

column sums. A function R on Bρ is invariant under gauge transformations within
Bρ if R(Uh) = R(U) whenever U and Uh both lie in Bρ, as in Definition 13.3; then
Rsat(U) = R(Uh) for Uh ∈ Bρ defines its gauge-invariant extension to Dρ. For a lattice
Λ and the parameters ρ, asp, E fixed in Theorem 15.6, let AE = AE(Λ) be the set of
functions R given by an absolutely convergent Taylor series on Bρ that are real on real
configurations, invariant under lattice translations, the spatial inversion, global color
rotations, and gauge transformations within Bρ, and satisfy

R(I) = 0, DR(I) = 0, Bρ,asp(R) ≤ E.

These are the symmetries of the recursion of Theorems 13.5 and 14.6. The norm Bρ,asp

vanishes on constants.

Constants. A constant denoted CJ , cJ , or similar depends only on M, J, the fixed larger
construction domains and their radius ratios, the spatial exponents, the factor K∗, and the
norm ceilings. It is independent of the lattice side and of the preceding depth; this is the
dependence described in item (2) of Definition 4.14. A subscript Λ allows, in addition,
dependence on a fixed lattice pair. Such constants occur only in convergence moduli and
never in the estimates that are used to choose J. We write ∥µ− ν∥TV = supA|µ(A)− ν(A)|
for the total variation distance.
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15.2 Finite-dimensional analytic bounds and product domains

We begin with three elementary facts about total variation, which are used repeatedly
below.

Lemma 15.1. 1. Let µ be a σ-finite measure on a measurable space X, and let V, V′ be real
measurable functions on X with supX|V − V′| ≤ δ and 0 <

∫
e−Vdµ < ∞. Let π and

π′ be the probability measures proportional to e−Vµ and e−V′µ. Then the ratio of their
normalizers lies in [e−δ, eδ], the density dπ′/dπ takes values in [e−2δ, e2δ], and

∥π − π′∥TV ≤ e2δ − 1.

2. Let η, η′ be probability measures on a measurable space X0, and for 1 ≤ j ≤ l let Kj, K′j be
probability kernels from X0 × · · · × Xj−1 to Xj. Then P = ηK1 · · ·Kl and P′ = η′K′1 · · ·K′l
satisfy

∥P− P′∥TV ≤ ∥η − η′∥TV +
l

∑
j=1

sup
h
∥Kj(h, ·)− K′j(h, ·)∥TV.

3. Let P, P′ be probability measures on a measurable space X, and let F, F′ be measurable
maps from X into a set K of diameter at most D∗ in a finite-dimensional normed space.
Put ∥F − F′∥∞ = supX∥F − F′∥. For every bounded real function f that is uniformly
continuous on K, with modulus of continuity ω f ,∣∣∣∫ f (F) dP−

∫
f (F′) dP′

∣∣∣ ≤ 2∥ f ∥∞∥P− P′∥TV + ω f (∥F− F′∥∞),

and
W1(F∗P, F′∗P

′) ≤ ∥F− F′∥∞ + D∗∥P− P′∥TV.

Proof. For (1), let Z, Z′ be the two normalizers. Since e−δe−V ≤ e−V′ ≤ eδe−V , we have
e−δZ ≤ Z′ ≤ eδZ. The density dπ′/dπ = eV−V′Z/Z′ therefore lies in [e−2δ, e2δ]. For
an event A we have |π(A) − π′(A)| ≤

∫
|1 − dπ′/dπ| dπ ≤ e2δ − 1, where we used

1− e−2δ ≤ e2δ − 1.
For (2), first observe that a measurable function u with values in [0, 1] satisfies

|
∫

u dµ−
∫

u dµ′| ≤ ∥µ− µ′∥TV for probability measures µ, µ′; indeed u =
∫ 1

0 1{u>s} ds.
We replace first η by η′, and then the kernels one at a time. Fix an event A in the product
space. Since the function obtained by integrating 1A against K1 · · ·Kl takes values in [0, 1],
the first replacement changes the probability of this event by at most ∥η − η′∥TV. In the
replacement of Kj by K′j, the integral of 1A against the later kernels is again a [0, 1]-valued
function of (h, xj), and the change is at most suph∥Kj(h, ·)− K′j(h, ·)∥TV. Summing these
changes proves (2).

For (3), we have∣∣∣∫ f (F) dP−
∫

f (F′) dP′
∣∣∣ ≤ ∫

| f (F)− f (F′)| dP +
∣∣∣∫ f (F′) dP−

∫
f (F′) dP′

∣∣∣.
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The first term is at most ω f (∥F − F′∥∞). For the second, the function ( f (F′) +
∥ f ∥∞)/(2∥ f ∥∞) takes values in [0, 1], and the observation in the proof of (2) bounds
it by 2∥ f ∥∞∥P − P′∥TV. For the Wasserstein bound, let λ = P + P′, let u, u′ be the
densities of P, P′ with respect to λ, and set m = min(u, u′) and ϑ0 =

∫
m dλ =

1 − ∥P − P′∥TV. If ϑ0 = 1 then P = P′ and we couple x with itself. Otherwise
let Γ be the sum of the image of mλ under x 7→ (x, x) and of the product measure
(1− ϑ0)

−1(u−m)λ⊗ (u′ −m)λ. Its marginals are P and P′. The cost of the pushforward
summand is

∫
∥F(x)− F′(x)∥m(x) dλ(x), at most ϑ0∥F− F′∥∞. The product summand

has mass 1− ϑ0 and cost at most (1− ϑ0)D∗. Consequently∫
∥F(x)− F′(x′)∥ dΓ(x, x′) ≤ ∥F− F′∥∞ + (1− ϑ0)D∗,

and (F× F′)∗Γ couples F∗P and F′∗P′. This completes the proof.

In particular, for the bounded-Lipschitz distance, whose test functions are bounded
by one and have Lipschitz constant at most one, part (3) gives the bound 2∥P− P′∥TV +

∥F− F′∥∞.

Box supports. The cluster expansion of Section 12 assigns interactions to connected
sets of boxes. We partition each periodic coordinate direction of the coarse lattice into
intervals of integer length between L and 2L , or use one interval when the direction
is shorter than L , as in Definition 12.1. The products of these intervals are the boxes.
Each scalar variable has a fixed location in the torus, as in Definition 4.6; the coarse field
has nine scalar components (three orientations and three colors) at each vertex. The first
lemma bounds the length of a network through the locations of the coarse-field variables
in a connected set of boxes.

Lemma 15.2. Fix an integer L ≥ 1 in units of the coarse lattice. There exists a constant
Cbox(L ), depending only on L and on the fixed metric and location conventions, such that every
nonempty connected set Y of boxes satisfies

t(locations of the coarse-field variables in Y) ≤ Cbox(L )|Y|. (15.1)

The constant is independent of the side of the torus, the preceding depth, J, the couplings, the
degree of a coefficient, and the density of the fluctuation variables. The bound also holds for
every subset or repeated list of these locations, and for every union of connected box sets whose
intersection graph is connected.

Proof. Set q = 2L + 2, and let cmet ≥ 1 bound the length of a coordinate segment of unit
length and the distance from the location of a link variable to an endpoint of the link. A
lifted box, together with a collar of one cell for the locations of its link variables, lies in
an integer cube of side at most q. The coordinate grid of this cube has at most 3q(q + 1)2
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edges. There are at most 9(q + 1)3 locations of scalar variables in the cube, and we attach
each of them to a grid point by a segment of length at most cmet. This gives a connected
network of length at most 12cmet(q + 1)3 containing every such location in the box.

Fix a grid vertex in each box. A traversal of the connected box graph selects |Y| − 1
adjacencies that connect all boxes. For each selected adjacency we join the two chosen
grid vertices by a periodic coordinate path. Since the boxes are adjacent, this path has
length at most cmet(6q + 3) ≤ 9cmetq. These paths and the grids form one connected
network containing all these locations in Y, so we may take

Cbox(L ) = cmet{12(q + 1)3 + 9q}.

In a periodic direction shorter than L we project the grid of the cube to the torus, which
can only decrease its length; for an adjacency across the periodic boundary we use a
shortest periodic coordinate path, which obeys the same bound. No lower bound on the
side in terms of L was used. Repeated labels occupy the same location, and restricting
the list of locations requires no new segment. Finally, a union of connected box sets
whose intersection graph is connected is itself a connected box set, so the bound applies
to it with its own cardinality.

The next lemma makes the support assignment of Lemma 12.9 explicit. It assigns a
connected box set to a coefficient and bounds the resulting support-counting factor by
the length of the network of the coefficient.

Lemma 15.3. Fix deterministic choices of shortest paths. Let N ≥ 1 points be given, together
with a connected network of length ℓ containing them. Join the points by a minimal spanning tree,
replace each edge of the tree by its three coordinate segments along shortest periodic displacements,
and let Y be the set of boxes met by the resulting network, including the boxes of the points. Then
Y is a nonempty connected box set. There exist constants c0, Cgeom ≥ 1 depending only on the
metric conventions, and a constant CL depending only on L and the metric conventions, such
that

|Y| ≤ c0

(
N + 1 +

Cgeomℓ

L

)
, dist(x, u) ≤ Cgeomℓ+ CL (15.2)

for every box x ∈ Y and every given point u, where the distance is measured from a fixed point of
the box. Consequently, for h, µ > 0 and

K ≥ ehc0 , β ≥ Cgeom

(hc0

L
+ µ

)
, Ch = ehc0+µCL ,

we have
1{x∈Y}e

h|Y| ≤ ChKNeβℓe−µ dist(x,u). (15.3)

Proof. A minimal spanning tree on the N points has at most N − 1 edges, and its length
is at most twice the length of any connected network containing the points; indeed,
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traversing such a network twice and shortcutting between successive points gives a
path through all of them. The comparison between coordinate segments and the metric,
together with this factor two, is included in Cgeom. A coordinate segment of length l′

meets at most a fixed multiple of 2 + l′/L boxes. Summing over the at most 3(N − 1)
segments gives the first bound in (15.2). The second follows by moving along the
network from u to the box x and then inside the box. Inserting (15.2) into eh|Y| and using
µ dist(x, u) ≤ µCgeomℓ+ µCL , we obtain (15.3).

Order of the spatial choices. We now fix the spatial parameters, in an order that keeps
them independent of J. Fix a decay rate b > 0 strictly below the common spatial rate of
the classical and image bounds of Lemma 11.9 and Theorems 13.2 and 13.5. We choose
L using this rate alone, so that 8c0Cgeom/L ≤ b/4. We fix µ > 0 with Cgeomµ ≤ b/4;
this sets aside a part of b for summing over the distance between a box and the location
of a variable. With h = 8 and K = e8c0 in Lemma 15.3, the factor KN is absorbed by
multiplying every input radius by K; we take the factor K∗ ≥ 2 of Theorem 13.5 so large
that K < 4K∗, so that these enlarged radii stay inside the products of Lemma 15.4 below.
Next we choose the spatial exponent asp of the effective interactions so that

0 < asp < min{b/4, acen/8}, aspCbox(L ) ≤ 2,

CP(asp)/B < 1/4, B−1 ≤ δ0(asp), Cgeomb/B ≤ asp,
(15.4)

where CP is the constant of Theorem 11.10. The condition asp < acen/8, where acen

is the rate of Lemma 11.9, is the restriction imposed in Theorem 13.5. Indeed, the
zero-fluctuation reconstruction used below is the representative of Lemma 11.9, and
Theorem 11.10 gives the contraction for this representative only at output rates below
acen/8, with the constant CP(asp) at the rate asp. The first two conditions determine asp

after L . Only then do we choose J, so that the last three conditions and the condition
M−JZ(4K∗ρ) ≤ ρ/4 of Theorem 13.5 hold. All constants in these conditions are fixed
before J, and M−J → 0, so they hold for all large J. The scale L is not chosen again after
asp or J, and no exponent is decreased during the iteration. In the common parameter
choice of Theorem 23.2, the torus exponent denoted asp in this section is aT, distinct from
the smaller regional boundary exponent chosen after J. By (15.1), these choices give

aspt ≤ 2|Y|

for the locations of the coarse-field variables in every connected box set Y, including
subsets and repetitions of these locations. This inequality does not involve a radius.

Nested analytic product domains. The next lemma fixes the complex products on which
the reconstruction is controlled.
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Lemma 15.4. Let Cim,J and rJ be the constants of Theorem 13.2, and let

MJ(u, v) = B−1Z(u) +
Cim,Jv

1− Cim,J(u + v)

be its row majorant. Before the radius r of the small-field domain and the coupling ceiling are
chosen, the common product of coarse-field and fluctuation-input variables can be fixed with radii
u◦ = 4K∗ρ and v◦ = 4K∗sJ , such that

u◦ + v◦ < rJ , Cim,J(u◦ + v◦) ≤ 1− ηim < 1,

B−1Z(u◦) ≤ ρ/4, MJ(u◦, v◦) < ρ/2
(15.5)

for a fixed ηim > 0, and every intermediate classical, logarithm, and Haar disintegration domain
condition holds with a margin. Every smaller product lies in this domain and has denominator at
least ηim. For each 0 < r ≤ ρ there exists Qact > 0, depending on r, at most sJ , and at most any
previously chosen positive bound on the inputs q, such that

r + Qact < rJ , 1− Cim,J(r + Qact) > 0, MJ(r, Qact) < r/2. (15.6)

After the coupling ceiling is reduced so that tp(t) ≤ Qact, these conditions hold on every
product {∥θ∥∞ < r} × {maxi∥giwi∥∞ ≤ tp(t)} used in the construction. All these choices are
deterministic and independent of the coupling, the lattice side, and the preceding depth.

Proof. The series Z of Lemma 11.9 is chosen before J, and the choice of J in Theorem 13.5
gives B−1Z(4K∗ρ) ≤ ρ/4. After J has been fixed, we take ρ strictly below rJ/(8K∗) and
so small that 4K∗Cim,Jρ < 1/4, within the common classical and Haar disintegration
domains. Then we choose sJ > 0 so small that u◦ + v◦ < rJ , that Cim,J(u◦ + v◦) < 1/2,
and that the second term of MJ(u◦, v◦) is strictly below ρ/4. This reduction keeps
the intermediate margins of Theorem 13.2. No radius is changed during a recursion.
We denote the positive margin of the denominator by ηim. Since the coefficients of all
majorants are nonnegative, the domain and denominator conditions remain valid on
smaller products.

The ratio Z(u)/u is nondecreasing, because the series of Z has nonnegative coefficients
and no constant term. Hence B−1Z(r) ≤ r/(16K∗) for r ≤ ρ. We take Qact strictly below

min
{

sJ ,
rJ − r

2
,

1− Cim,Jr
2Cim,J

,
r(1− Cim,Jr)

16Cim,J

}
,

and below any previously chosen bound on the inputs; every entry of the minimum
is positive. The denominator is then at least (1 − Cim,Jr)/2, and the second term of
MJ(r, Qact) is less than r/8. Thus MJ(r, Qact) < r/(16K∗) + r/8 < r/2. Since the product
lies in the outer product, it has all intermediate margins. Finally, tp(t) → 0 as t ↓ 0, so
one ceiling works on the whole interval of smaller couplings.
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A Taylor tail estimate. The last lemma of this section compares values, derivatives, and
coefficient norms at a fixed lattice size.

Lemma 15.5. On a fixed finite lattice Λ with edge set EΛ, let DΛ = 3|EΛ|. Every function F
given by a Taylor series in logarithmic coordinates with F(I) = 0 and DF(I) = 0 satisfies

sup
∥ξ∥∞≤ρ

|F(eξ)| ≤ DΛρ2Bρ,asp(F).

The same bound holds on Dρ if F is invariant under gauge transformations within Bρ. Values on
a closed coordinate ball mean the continuous extension of the absolutely convergent Taylor series.
For 0 < σ < 1 and s ≥ 1, the sum over all indices of the absolute values of the coefficients of DsF
at points of Bσρ is at most

s! DΛρ2−s(1− σ)−sBρ,asp(F).

Suppose a family Fα has a common bound on Bρ1,asp for some ρ1 > ρ, with the same spatial
exponent. If each fixed Taylor coefficient tensor of Fα is Cauchy, uniformly in an additional
parameter, then Fα is Cauchy in Bρ,asp , uniformly in that parameter. This also holds for vector-
valued maps and for joint products of coarse-field and fluctuation-input variables, including every
volume-normalized column sum and every fixed spatial difference, provided the inner and outer
radii of each group of variables have a common ratio less than one.

Proof. We write F(eξ) = ∑s≥2 DsF(0)[ξ⊗s]/s!. Summing first over one scalar coordinate
and then over the remaining ones gives at most DΛ times the supremum of the sums
with one fixed index. Dropping the spatial weights, which are at least one, and using
|ξe| ≤ ρ, we obtain the value bound. Differentiation produces the falling factorial
m(m − 1) · · · (m − s + 1) in degree m. Its product with σm−s is at most s!(1 − σ)−s,
because (m

s )(1− σ)sσm−s ≤ 1 is one term of the binomial expansion of ((1− σ) + σ)m = 1.
Summing against the coefficient norms gives the derivative bound. Gauge invariance
within Bρ changes none of these values, since a single gauge transformation is used at
the point of evaluation.

Let um = ∥DmF(0)∥asp,root/m!. If Bρ1,asp(F) ≤ C, then

∑
m>h

ρm−2um ≤ C(ρ/ρ1)
h−1. (15.7)

For a difference of two members of the family we use twice the common bound. For
fixed h there are finitely many coefficients, indices, and labels, and their weighted sums
converge. We choose h first in (15.7) and then the indices of the family. This proves the
Cauchy property without decreasing ρ or asp.

For a joint vector series we group the monomials by total degree. If the ratio of each
inner radius to the corresponding outer radius is at most ζ < 1, the part of degree greater
than h has norm at most Cζh+1. A fixed input contributes a degree factor, which is
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absorbed by using an intermediate ratio between ζ and one. At a fixed lattice size the
volume factors, the spatial weights, and the difference matrices are fixed finite numbers,
so the argument applies to all these sums and differences. It also shows that locally
uniform holomorphic convergence, together with a common absolute bound on a larger
product, gives convergence in these norms.

Here and below the Cauchy formula in several variables means the iterated one-
variable formula on circles inside the polydisc. If a function is bounded by C on these
circles, the formula bounds the coefficient of ξα by Cr−α. In coordinate dimension D
there are (m+D−1

D−1 ) multi-indices of degree m, a polynomial in m. On every strictly smaller
polydisc, the sums of the absolute values of the coefficients are then finite. This justifies
the finite-dimensional uses of locally uniform holomorphic convergence below.

15.3 Contraction and limits at fixed resolution

The auxiliary transformation. Fix a lattice pair of one RG step: a coarse lattice of
side m ≥ 4 and the fine lattice of side Bm, with d ≥ 0 preceding averaging steps. Fix
0 < t ≤ g∗, and let gi = tλi with λi = M(i−J+1)/2 for 0 ≤ i < J. We write c = eθ for
the coarse field and qi = giwi for the inputs. Let Crawd(θ, q) be the reconstruction of the
fine field in the block axial gauge, built from the conditional constrained minimizers, the
constrained Hessians, and their inverse square roots, as in Lemma 12.3 and Theorem 12.13.
Let Ωd(θ) be the gauge transformation of Theorem 13.2; it depends only on θ and equals
the identity at the vertices of the coarse lattice. Define

ϕd(θ, q) = Log
[
Crawd(θ, q)Ωd(θ)

]
, PdR(θ) = R(eϕd(θ,0)).

Thus PdR is the pullback of R by the zero-fluctuation reconstruction. Let Hd,J(θ, w)

be the fluctuation exponent of Theorem 12.13. It contains the classical remainder, the
nonconstant parts of the Haar disintegration densities, and the differences of the deter-
minant terms; the determinant of a finer intermediate scale is evaluated at the argument
determined by the coarser fluctuation variables. Let πp be the normalized product of
standard Gaussian measures on R3 restricted to balls of radius p = p(t), one factor for
each three-dimensional block of fluctuation variables. Let

zp =
∫
{v∈R3:|v|≤p}

e−|v|
2/2 dv,

let fi be the number of free group variables at the intermediate scale i, so that the cutoff
domain is a product of ∑i fi balls, and let Bref(θ) be the zero-fluctuation Jacobian term of
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Theorem 12.13. For an input effective interaction R, produced by the integrations at finer
scales, we set

AR(θ, w) = R(eϕd(θ,(giwi)))− PdR(θ),

ΞR(θ) =
∫

e−Hd,J(θ,w)−AR(θ,w) dπp(w),

DdR = − log ΞR + log Ξ0,

Qd = Bref −
(
∑

i
fi

)
log zp − log Ξ0.

(15.8)

By Theorems 12.13 and 14.6, Qd + PdR + DdR is the effective interaction produced by
one RG step from R, before normalization at the identity. The three terms are the
newly generated effective interaction, the pullback at zero fluctuation, and the fluctuation
correction to the pullback. In the gauge of ϕd, they are the terms Qw

d,J , PδR, and DJ R
of (13.9), with d0 = d, up to field-independent constants. We define the auxiliary
transformation

M̂d,tR = (Qd + PdR + DdR)− (Qd + PdR + DdR)(I).

The field-independent factors ∏i Ji(I, 0)g3 fi
i , the Haar disintegration density at the iden-

tity, and the powers of the couplings, are kept in the normalization constant of Theo-
rem 14.6, together with the subtracted value at the identity; they are never estimated
by Bρ,asp . The integral ΞR carries no indicator of Dr on the fine lattice, and it is defined
for complex θ in the larger analytic product domain of Lemma 15.4. At a coarse field
in Br, the image condition of the next theorem implies that this indicator would equal
one on the whole cutoff domain. There ΞR is the normalized Gaussian fluctuation factor
in the fiber formula of Theorem 14.6(2). Multiplying it by the classical, zero-fluctuation,
Gaussian, and coordinate prefactors in that formula gives the density of the pushforward
under T J

M, before global normalization (Theorem 14.6).

Theorem 15.6. Fix odd M ≥ 3, J ≥ 1, B = MJ , and the parameters of Theorems 13.5 and 14.6:
the radii 0 < r < ρ, the spatial exponent asp > 0, the ceiling E for effective interactions,
the coefficient Aw > 0, and the coupling ceiling g∗ > 0, with p(t) = Aw log(1/t) > 0 for
0 < t ≤ g∗. Fix a lattice pair of one RG step with coarse side m ≥ 4, a coupling 0 < t ≤ g∗, and
the couplings gi = tλi of its intermediate scales. Assume that the image under ϕd of the complex
product of Lemma 15.4, with radii 4K∗ρ and 4K∗sJ , lies strictly inside Bρ/2; that for ∥θ∥∞ < r
the real product {maxi∥qi∥∞ ≤ tp(t)} is mapped into Br/2; and that all intermediate classical,
logarithm, and Haar disintegration domain conditions hold. Then, after one initial reduction of
g∗, all R1, R2 ∈ AE satisfy

Bρ,asp

(
M̂d,tR1 − M̂d,tR2

)
≤

{
qpr + CJt2[p(t)4 + (ϵ1 + ϵ2)p(t)2]

}
Bρ,asp(R1 − R2)

≤ ϑBρ,asp(R1 − R2),
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where ϵi = Bρ,asp(Ri), 0 ≤ qpr < 1/4, and ϑ = (1 + qpr)/2 < 1. The reduction of g∗ imposes
p(t) ≥ 1, by taking g∗ ≤ e−1/Aw , and

t[p(t)3 + 2Ep(t)] ≤ cJ/2, CJt2[p(t)4 + 2Ep(t)2] ≤ (1− qpr)/2

for all 0 < t ≤ g∗. At this fixed lattice pair and fixed t,

sup
R∈AE

Bρ,asp

(
M̂d,tR− M̂d′,tR

)
−→ 0 (d, d′ → ∞),

at the same radius and exponent. The conditional constrained minimizers, the constrained
Hessians, the analytic branches of their square roots and inverse square roots that are positive at
real arguments, the Haar disintegration densities, and the reconstructions Crawd converge locally
uniformly and holomorphically on smaller product domains, with every fixed derivative.

Now fix n0 ∈ 4N and γ > 0 for which the construction of Theorem 14.6 applies, with
t2
1 = γ/(Mn0) ≤ g2

∗ for the reduced ceiling above, and use the hierarchy of Section 15.1. For
0 ≤ j ≤ k let Rk

j be the effective interaction at level j given by Theorem 14.6; thus Rk
k = 0,

Rk
h−1 = M̂J(k−h),th

Rk
h for 1 ≤ h ≤ k, and Rk

h ∈ AE(Λnh). The stopped measure at level j is

dν̂k
j = Ẑ−1

j,k 1Dr exp{−EJ(k−j),sat/g2
j − Rk

j,sat} dHnj , Rk
j (I) = 0.

For every fixed j there exists R∞
j ∈ AE(Λnj) such that

Bρ,asp(Rk
j − R∞

j ) −→ 0, ∥ν̂k
j − ν̂∞

j ∥TV −→ 0 (k→ ∞),

where ν̂∞
j has the density of the same form with E∞,sat and R∞

j,sat, the same indicator 1Dr , and a
positive finite normalizer. The contraction constants have the dependence described in item (2)
of Definition 4.14; they are uniform in the side and in the preceding depth for fixed analytic
parameters. The continuity moduli and the convergence thresholds may in addition depend on the
fixed lattices and on j, t, p(t), L, and γ. No rate that is uniform in the resolution, in the number
of RG steps, or as γ→ 0 is asserted.

Here E∞ is the limit of the effective classical actions Ed at the fixed lattice (Theo-
rem 11.2), and E∞,sat is its gauge-invariant extension.

Remark 15.7. The second-order gain in the coupling has the following heuristic origin.
Suppose that a reconstruction has the expansion F(θ, tw) = F(θ, 0) + tLθw + O(t2). For a
difference ∆ of two effective interactions we then have

∆(F(θ, tw))− ∆(F(θ, 0)) = tD∆(F(θ, 0))[Lθw] + O(t2).

Since the first term is linear in w, it has mean zero under the reference measure πp, which
is invariant under w 7→ −w. The derivative of the negative logarithm of the fluctuation
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integral in the direction ∆ is the expectation of this difference under the interacting
conditional measure. Its leading term is the reference expectation, which vanishes, and
the interaction contributes another factor of t. Lemma 15.8 and the cluster expansion
of Theorem 12.7 make this argument uniform in the volume and in the degree of the
coefficients, in the norm Bρ,asp . The cancellation is a property of the reference measure
on each support; it does not use any symmetry of the interacting conditional measure.

Local interaction decompositions. For a family A = (AY) indexed by nonempty con-
nected box sets Y, where AY(θ, w) = ∑ν AY,ν(w)θν depends only on the coarse-field and
fluctuation variables located in Y, we use the norm

∥A∥Sh = sup
x

∑
Y∋x

eh|Y|∑
ν

ρ|ν| sup
w∈Ωp

|AY,ν(w)| (15.9)

of Theorem 12.7, with coarse-field radius ρ and the cutoff radius p ≥ 1 of the RG step;
the supremum is over boxes x. The next lemma gives an explicit decomposition of the
fluctuation interactions into such families, with a bound on the difference family that is
linear in the norm of the difference.

Lemma 15.8. Assume the hypotheses of Theorem 15.6 at a fixed lattice pair and preceding depth
d, with p = p(t) ≥ 1. Let R1, R2 ∈ AE, ∆ = R1 − R2, δ = Bρ,asp(∆), ϵi = Bρ,asp(Ri), and
Rs = R2 + s∆ for 0 ≤ s ≤ 1. For z ∈ C replace the couplings gi by zλi, both in the inputs
qi = zλiwi of ϕd and in the classical remainder of Hd,J , as in Definition 12.15, and keep fixed the
cutoff radius p and all parameters on which the input effective interaction depends. There exists
CJ such that, for CJ |z|p < 1, there exist families H(z), As(z), and A∆(z), holomorphic in z with
values in S8, with the following properties.

1. Their sums over Y are, respectively, the exponent Hd,J with gi = zλi, the function
Rs(eϕd(θ,(zλiwi)))− Rs(eϕd(θ,0)), and the same function with Rs replaced by ∆.

2. As = A0 + sA∆, and H(0) = As(0) = A∆(0) = 0.
3. On each Y the coefficient of z in A∆,Y(z) is a linear function of the fluctuation variables.
4. They satisfy

∥H(z)∥S8 ≤
CJ |z|(p3 + p)

1− CJ |z|p
,

∥As(z)∥S8 ≤
CJ |z|(ϵ1 + ϵ2)p

1− CJ |z|p
,

∥A∆(z)∥S8 ≤
CJ |z|δp

1− CJ |z|p
.

(15.10)

Supports that wrap around the torus are allowed.
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Proof. The family H is the local interaction decomposition of the auxiliary fluctuation
interaction of Definition 12.15 at the parameter ζ = z; it is built from the decompositions
of Lemma 12.9, whose item (4) allows a complex parameter. We use its supported-norm
bound at radius ρ on the pre-J boxes proved in Step 4 of the proof of Theorem 13.5,
with the same box scale L and enlargement K∗ as here. By stationarity of the condi-
tional constrained minimizers and the normalization of the fluctuation variables by the
constrained Hessians, the classical remainder has no terms of degree zero, one, or two
in the fluctuation variables, and its coefficients of degree m ≥ 3 carry the factor zm−2.
The coefficients of the Haar disintegration and determinant terms of degree m ≥ 1 carry
the factor zm. The coefficient bounds of Lemma 12.9(4), with this support assignment,
therefore give the first inequality in (15.10), after enlarging CJ . In particular H(0) = 0.

We now construct A∆. The construction is linear in the interaction, and we define
As by the same construction applied to Rs; this proves the first assertion of (2). Since
Bρ,asp(Rs) ≤ (1− s)ϵ2 + sϵ1 ≤ ϵ1 + ϵ2, the bound for As follows from the bound for A∆
with δ replaced by ϵ1 + ϵ2.

Coefficients. We write

∆(eξ) = ∑
n≥2

1
n! ∑

j1,...,jn

∆n(j1, . . . , jn)
n

∏
r=1

ξ jr , ϕd,j(θ, q) = ∑
|α|+|η|≥1

ϕj;αη θαqη,

where j, jr range over the scalar coordinates of the fine lattice, and α and η are multi-
indices in the coarse-field variables and the inputs. Since ϕd(0, 0) = 0, substitution gives,
for |α|+ |η| = N,

[θαqη]∆(eϕd(θ,q)) =
N

∑
n=2

1
n! ∑

j1,...,jn
∑

α1+···+αn=α, η1+···+ηn=η
|αr|+|ηr|≥1

∆n(j1, . . . , jn)
n

∏
r=1

ϕjr;αrηr . (15.11)

No further multinomial factor occurs, since each ϕj;αη is already the coefficient of a
monomial. An occurrence o consists of n, the indices j1, . . . , jn, and an ordered allocation
(αr, ηr)r≤n in (15.11). To ∆n(j1, . . . , jn) we assign a shortest connected network through
the locations of j1, . . . , jn, and to each ϕjr;αrηr a shortest connected network through the
location of jr and the locations of its inputs. The union No is a connected network through
the locations of all external variables of o, and its length ℓo is at most the sum of the
lengths of these networks. Let No be the number of external variables of o, counted with
multiplicity.

The families. We keep the occurrences with |η| ≥ 1. For such an occurrence, let

ao(z) =
z|η|

n!
∆n(j1, . . . , jn)

n

∏
r=1

ϕjr;αrηr ∏
l

λ
ηl
i(l),
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where l runs over the inputs and i(l) is the intermediate scale of the input l. Let Yo be
the box set assigned by Lemma 15.3 to the locations of the external variables of o and the
network No, and define

A∆,Y(θ, w; z) = ∑
o: Yo=Y

ao(z) θαwη.

The occurrences with η = 0 sum to ∆(eϕd(θ,0)). Hence, once absolute convergence is
established below,

∑
Y

A∆,Y(z) = ∆(eϕd(θ,(zλiwi)))− ∆(eϕd(θ,0)),

which is (1) for A∆. Since every coefficient carries a positive power of z, we have
A∆(0) = 0, and the coefficient of z collects the occurrences with |η| = 1, which are linear
in w. This proves (2) and (3).

Spatial weights. The networks of ∆n have lengths measured in units of the fine lattice;
in units of the coarse lattice these lengths are divided by B. By the last condition in (15.4)
and Cgeom ≥ 1, a weight ebℓ on this part, with ℓ in coarse units, is at most the weight easpt

in fine units, which is included in δ. The networks attached to the coefficients of ϕd are
weighted by the spatial rate of the bounds of Theorem 13.2, which exceeds b. With h = 8,
K = e8c0 , and the choices of L and µ made before (15.4), the exponent β in Lemma 15.3
is at most b/2, so the weight eβℓo is covered by these two weights.

The bound. In (15.9) we bound the supremum over w ∈ Ωp by the sum of the absolute
values of the coefficients of wη times p|η|; since |λi| ≤ 1, the input l then has radius at
most |z|p. For an occurrence o and a box x ∈ Yo we apply (15.3), with u the location of an
input l of o, and we sum over all inputs l with their multiplicities ηl ≥ 1; this overcounts
each occurrence. The factor KNo is absorbed by multiplying the coarse-field radius ρ and
the input radius |z|p by K. For a fixed input l, the weighted sum over the occurrences
containing l is bounded by the calculus of nonnegative coefficient bounds of Lemma 5.3.
The outer coefficient ∆n is summed with one index fixed, the branch r containing l is
summed by its volume-normalized column sum at l, and the remaining branches by their
row sums. Let

F∆(y) = ∑
n≥2

∥Dn∆(0)∥asp,root

n!
yn,

let cq(U, V) be the majorant of the input-fixed column sums of ϕd at a fixed free input, in
which every input, including the fixed one, is weighted by its radius, as in Theorem 13.2(1),
and let

ΓJ = max
l

vl
vfine

≤ M3J ,

where vl is the cell volume at the mesh of the input l and vfine the cell volume of the fine
lattice. The factor ΓJ converts the volume-normalized column sum of ϕd into the counting
sum used in the norm of ∆. A branch monomial of total degree k contributes only ηl/k
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times its absolute coefficient to the normalized column at l, whereas the occurrence count
above uses multiplicity ηl. We therefore mark its total degree and use

cmark
q (U, V) = (U∂U + V∂V)cq(U, V).

Choosing the outer branch that contains l separately produces the derivative of F∆. With
SJ(µ) = DJ ∑r≥0(r + 2)3e−µr, where DJ(r + 2)3 bounds the number of inputs at distance
between r and r + 1 from a point, we obtain

∥A∆(z)∥S8 ≤ C8SJ(µ)ΓJ F′∆
(
MJ(Kρ, K|z|p)

)
cmark

q (Kρ, K|z|p). (15.12)

Let U0 = 4K∗ρ and V0 = 4K∗sJ be the radii of Lemma 15.4. Since
∑n≥2 ρn−2∥Dn∆(0)∥asp,root/n! = δ, we have, for 0 ≤ y ≤ ρ/2,

F′∆(y) ≤ δρ ∑
n≥2

n21−n = 3δρ.

By Theorem 13.2(1), cq ≼ V∂VM̃J for a majorant M̃J(U, V) = B−1Z̃(U) + Cim,JV/(1−
Cim,J(U + V)) of the same form. Applying the degree marking coefficientwise and
writing C = Cim,J gives

cmark
q (U, V) ≤ CV(1− CU + CV)

[1− C(U + V)]3
≤ 2CVη−3

im

on the reserved product. Thus LJ = sup0<V≤V0
cmark

q (U0, V)/V ≤ 2Cim,Jη
−3
im . This

changes only a constant chosen after J. Let

B∆ = 3ΓJρ C8SJ(µ)LJK,

and choose CJ ≥ max{1, B∆, K/V0}. If CJ |z|p < 1, then K|z|p < V0, and Kρ < U0 because
K < 4K∗; hence MJ(Kρ, K|z|p) ≤ MJ(U0, V0) < ρ/2 by (15.5). Inserting these bounds
into (15.12), we find

∥A∆(z)∥S8 ≤ B∆δ|z|p ≤
CJ |z|δp

1− CJ |z|p
.

The factor δ enters through the single tensor ∆n, never through the sum of two norms.
The bound is uniform in |z| ≤ r0 for every r0 < (CJ p)−1. The series defining A∆ therefore
converges absolutely in S8 and is holomorphic in z, and all regroupings used above are
justified. This proves (4).

Proof of Theorem 15.6. The proof has seven steps. Step 1 identifies the transformation.
Step 2 extracts the contraction of the pullback Pd from the estimate of Theorem 13.5.
Step 3 proves the Lipschitz bound, using Lemma 15.8 and the second-order cancellation.
Steps 4 and 5 compare two preceding depths at a fixed lattice pair: Step 4 shows that each
fixed coefficient tensor of the output converges, uniformly over AE, and Step 5 deduces
convergence in Bρ,asp from a bound at a larger radius. Step 6 combines the contraction
with this continuity to construct R∞

j , and Step 7 passes to the stopped measures.
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Step 1: the transformation. All products used in this proof are subproducts of the
products of Lemma 15.4. In particular, on the cutoff domain maxi∥giwi∥∞ ≤ tp(t) ≤ Qact,
so that r + Qact < rJ and the denominator of the majorant is positive. The complex
product of the auxiliary integral satisfies (15.5), with its intermediate domain conditions.
Thus the rational bound of Theorem 13.2 is used only inside its domain. As explained
before the theorem, Qd + PdR + DdR is the effective interaction produced from R before
normalization, M̂d,tR subtracts its value at the identity, and at a coarse field in Br the
prefactors of Theorem 14.6(2) times ΞR give the conditional fiber density before global
normalization.

Step 2: contraction of the pullback. Let F have the symmetries of AE, be invariant under
gauge transformations within Bρ, and satisfy F(I) = 0, DF(I) = 0, and Bρ,asp(F) < ∞; we
do not require Bρ,asp(F) ≤ E. For each fixed h > 0, the estimate of Theorem 13.5 applies
to the input hF on a sufficiently small interval of couplings, which may depend on h.
Its constants CG, CT, and qP are fixed before the ceiling of the invariant ball is chosen.
The estimate holds at the rate asp. Indeed, asp < acen/8 by (15.4), and the pullback Pd

is the evaluation at the representative eB−1 Ad,J of Lemma 11.9 (Theorem 13.2), for which
Theorem 11.10 applies at every rate below acen/8. At the fixed lattice pair, as t ↓ 0 with
p = Aw log(1/t), the fluctuation exponent and the term containing the input tend to zero
uniformly on a smaller complex product domain: they are bounded by CΛ,Jt(p3 + p) and
CΛ,JhBρ,asp(F)tp, respectively. Here the factors g−2

i in the classical remainder have already
canceled against its first two orders in the inputs. Since the coarse-field radius of this
product exceeds ρ, Lemma 15.5 implies that the same convergence holds in Bρ,asp . This
gives Dd(hF) → 0 in this norm. The estimate with zero input implies Bρ,asp(Qd) ≤ CG.
Using the estimate with input hF and the triangle inequality, we find

hBρ,asp(PdF) ≤ 2CG + qPhBρ,asp(F) + CTt2hBρ,asp(F)
(

p4 + hBρ,asp(F)p2)+ Bρ,asp(Dd(hF)).

The pullback Pd does not depend on t or p. Letting t ↓ 0, we obtain hBρ,asp(PdF) ≤
2CG + qPhBρ,asp(F). Dividing by h and letting h→ ∞, we conclude that

Bρ,asp(PdF) ≤ qprBρ,asp(F), qpr = qP < 1/4. (15.13)

All auxiliary limits in this step are taken on one fixed lattice, and the resulting constant
qP is the constant of Theorem 13.5, which is the same for every lattice and depth. Inputs
of arbitrary finite norm were used only in that estimate, before its restriction to ϵ ≤ E.
The order of the two limits matters: the small-coupling limit is taken at fixed h.

Step 3: the Lipschitz bound. Let R1, R2, ∆, δ, ϵi, Rs be as in Lemma 15.8. The segment Rs

stays in the class of real, symmetric, gauge-invariant functions with Rs(I) = 0, DRs(I) =
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0, and Bρ,asp(Rs) ≤ ϵ1 + ϵ2. We hold fixed all parameters of the input effective interaction
and the cutoff radius, and we vary only the current couplings, through gi = zλi. Set

Rz =
cJ

p3 + (ϵ1 + ϵ2)p
, (15.14)

where cJ ≤ min{sJ , (2CJ)
−1, η0/(8CJ)}, with CJ from Lemma 15.8 and η0 from Theo-

rem 12.7. For |z| ≤ Rz we have |z|p ≤ cJ/p2 ≤ cJ , so CJ |z|p ≤ 1/2, and the inputs with
radii enlarged by K stay inside (15.5), with all intermediate domain conditions and denom-
inators keeping strict margins. By (15.10) and p ≤ p3, the family Us(z) = H(z) + As(z)
satisfies

∥Us(z)∥S8 ≤ 2CJ |z|(p3 + p + (ϵ1 + ϵ2)p) ≤ 4CJ |z|(p3 + (ϵ1 + ϵ2)p) ≤ 4CJcJ ≤ η0/2.

This choice depends only on J. Since the sum of Us at z = t is Hd,J + ARs , Theorem 12.7
implies that − log ΞRs = ∑Y LY(Us(t)). Since ∂s As = A∆, the derivative of the fluctuation
correction along the segment is given by the family

Fs(z) = DL(Us(z))[A∆(z)],

and by (12.15) and (15.10), we have

∥Fs(z)∥S2 ≤ CJ |z|δp (|z| ≤ Rz), (15.15)

after enlarging CJ . At z = t the sum of Fs(t) over Y is the expectation of A∆ under the
interacting conditional measure, not under the reference measure.

Both Us and A∆ vanish at z = 0. By Lemma 15.8(3), the coefficient of z in A∆ is
linear in the fluctuation variables on each support, so its expectation under the symmetric
reference measure πp vanishes before the sums over supports and over coefficients are
taken. The terms containing a further factor of the interaction, including the differences of
the Haar disintegration and determinant terms, are of degree at least two in z. Applying
Corollary 12.8 with a = 2CJδp, which bounds ∥A∆(z)∥S8/|z| on the disc by (15.10), and
with R = Rz, we obtain

∥Fs(t)∥S2 ≤ CJt2δ[p4 + (ϵ1 + ϵ2)p2], 0 < t ≤ Rz/2, (15.16)

after enlarging CJ once more.
The fluctuation correction, its value at zero fluctuation, and its derivative along the

segment are invariant under translations and global color rotations, by Theorem 12.13.
The coordinate changes map zero fluctuations to zero fluctuations, and the first derivatives
with respect to the coarse field vanish at the identity. Every support of the logarithm
is a union of supports of the decomposition whose intersection graph is connected.
By Lemma 15.2 and (15.4), we have aspt ≤ 2|Y| for the locations of the coarse-field
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variables in each such support, including subsets and repetitions. The conversion of local
interaction decompositions into the norm Bρ,asp in Theorem 13.5, with nine types of scalar
indices, therefore applies to (15.16) at the radius ρ, with the factor 9ρ−2. We integrate in
s and add (15.13). The common term Qd cancels in the difference, and the subtraction of
the values at the identity does not change Bρ,asp . This gives the factor

qpr + CJt2[p4 + (ϵ1 + ϵ2)p2],

after enlarging CJ . One reduction of g∗ imposes p(t) ≥ 1, by taking g∗ ≤ e−1/Aw ,
together with t[p(t)3 + 2Ep(t)] ≤ cJ/2, which gives t ≤ Rz/2 when ϵ1 + ϵ2 ≤ 2E, and
CJt2[p(t)4 + 2Ep(t)2] ≤ (1 − qpr)/2, for all 0 < t ≤ g∗. The factor is then at most
ϑ = (1 + qpr)/2.

Step 4: changing the preceding depth. By Theorem 11.2, all classical data of the RG step
converge on strictly smaller product domains as the preceding depth tends to infinity.
These data are the conditional constrained minimizers, the constrained Hessians, the
analytic branches of their square roots and inverse square roots that are positive at real
arguments, every Haar disintegration density, and the triangular reconstruction. The
Hessians here are those of the intermediate scales, with their couplings gi; no inverse of a
Hessian in the coarse-field variables is needed. In particular Hd,J and Bref converge with
every fixed derivative, since their formulas in Theorem 12.13 are finite compositions of
these data on products where all domain conditions hold.

It remains to control the term with the input effective interaction, uniformly in R ∈ AE.
For two depths d, d′ we use the same gauge transformation Ωd on both reconstructions
Crawd and Crawd′ . The arguments stay in the common product (15.5). The product
with radii enlarged by K has radii strictly below u◦ and v◦, so their sum is less than
rJ and the denominator of the majorant is at least ηim. Every intermediate map keeps
its strict domain margin on this product. The bounds of Theorem 13.2 for the gauge
transformation and its inverse, together with the convergence of the reconstructions, put
the image Log[Craw

Ωd
d′ ] in B3ρ/4 for all sufficiently large pairs of depths, while ϕd has

image in Bρ/2. All these bounds hold on a smaller complex product which still contains

the output radius ρ and the cutoff domain. At depth d′ we compare R(exp Log[Craw
Ωd
d′ ])

with R(eϕd′ ). On real inputs these are evaluations of the gauge-invariant extension Rsat

at two gauge-equivalent representatives of the same reconstruction, both in Bρ, so they
agree. Both functions are holomorphic on the comparison product, and their difference
vanishes on an open real box. By the one-variable identity theorem applied in each
coordinate, it vanishes identically. We may therefore compare the depths d and d′ in the
common gauge Ωd. Since the derivative bound of Lemma 15.5 on B3ρ/4 is uniform over
AE, this term and each of its fixed derivatives change by o(1) as d, d′ → ∞, uniformly
over AE, without any assumption on the behavior of the sequence Ωd.
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Since the cutoff domain and its couplings do not change, the integrands on this fixed
finite product, together with their fixed derivatives in the coarse field, are uniformly
Cauchy. By Theorem 12.7, the logarithm of each partition function is the sum of a local
interaction decomposition over the finitely many boxes of the lattice, with a bound in S2.
This sum is bounded on the chosen complex product, and the modulus of each partition
function has a positive lower bound there. Its branch agrees with the real logarithm at
real coarse fields. Comparing the ratio of two close partition functions on a disc about
one, we find that the logarithms, normalized at the identity, converge together with every
fixed coefficient tensor of the output, uniformly in R ∈ AE.

Step 5: convergence in the norm. We choose the larger radius uniformly, rather than by
continuity separately at each depth. In the nonnegative coefficient compositions of Step 3,
bound the degree-k rooted absolute coefficient sums of the input interaction by Eρ2−k, as
supplied by Bρ,asp(R) ≤ E. Together with the depth-uniform classical and reconstruction
majorants and the fixed support payments, this gives a common convergent absolute
coefficient majorant U (u) for the entire supported family H + AR as a function of the
coarse-field radius u. It converges for u in a neighborhood of ρ: the enlarged products
have strict margins and the reconstructed input remains strictly inside Bρ. At the actual
coupling t ≤ Rz/2, the bound of Step 3 is at most η0/4. For u ≥ ρ the increase in the
supported norm is bounded uniformly in d and R ∈ AE by U (u)−U (ρ). Choose one
ρ < ρ1 < 2ρ so close that this difference is at most η0/4, while all enlarged-product and
input-image margins remain strict. Then

sup
d, R∈AE

∥H + AR∥S8(ρ1)
≤ η0/2.

Here S8(u) denotes the same supported coefficient norm with coarse-field radius u. Thus
the logarithm expansion applies on one common larger radius; the input interaction is
still evaluated below its original radius ρ. Positive composition and the two expansions
of Lemma 12.9 and Theorem 12.6 use the same connected box sets and their unions with
connected intersection graph. Hence Lemma 15.2 still gives aspt ≤ 2|Y| at this larger
output radius. The output is translation invariant and has vanishing first derivative at
the identity, as in Step 3. The conversion of Theorem 13.5, now with factor 9ρ−2

1 , gives

sup
d, R∈AE

Bρ1,asp

(
M̂d,tR

)
≤ CΛ,J,t,p,E. (15.17)

Only sufficiently large d are needed here; the finitely many smaller depths have finite
bounds and are included after enlarging the constant. At the radius ρ1 the bound need
not be E. Applying Lemma 15.5 to (15.17) and to the convergent coefficient tensors of
Step 4, we obtain the continuity statement at exactly the radius ρ and the exponent asp.
Nothing in this argument identifies the auxiliary integral at coarse fields outside Br with
a conditional integral of the conditioned measure.
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Step 6: contraction over finitely many scales. Fix j and a positive integer m. If k, k′ ≥ j +
m, the two hierarchies have the same lattices and couplings at the levels j, . . . , j + m, and
their effective interactions at level j+m lie inAE by Theorem 14.6. For h = j+ 1, . . . , j+m,
define

εh(k, k′) = sup
R∈AE

Bρ,asp

(
M̂J(k−h),th

R− M̂J(k′−h),th
R
)
.

For fixed m and h this tends to zero as k, k′ → ∞, by Step 5. Inserting and subtracting at
each level the first operator applied to the second input, and using the contraction and
the triangle inequality, we obtain

Bρ,asp(Rk
j − Rk′

j ) ≤ 2Eϑm +
j+m

∑
h=j+1

ϑh−j−1εh(k, k′). (15.18)

We let k, k′ → ∞ at fixed m, and then m → ∞. The space of coefficient sequences with
finite norm is complete: each coefficient tensor has a limit, Fatou’s lemma bounds the
weighted sums of the limit, and the Cauchy property makes the tails uniform. The limit
series converges absolutely on the same ball and defines R∞

j with Bρ,asp(Rk
j −R∞

j )→ 0. Its
value and first derivative at the identity vanish. Reality, the symmetries, and the identities
expressing gauge invariance within Bρ pass to the pointwise limit, which defines R∞

j,sat
on Dρ. Thus R∞

j ∈ AE.

Step 7: stopped measures. The stopped density in the statement is the density of Theo-
rem 14.6 after k− j RG steps, with preceding depth J(k− j). Its classical term converges
by Theorem 11.2 on this fixed lattice, and the gauge-invariant extension preserves the
uniform bound on Br. Combining this with Step 6 and the value bound of Lemma 15.5,
we obtain

δj,k = sup
Dr

∣∣∣EJ(k−j),sat − E∞,sat

g2
j

+ Rk
j,sat − R∞

j,sat

∣∣∣ −→ 0. (15.19)

Here gj > 0 is fixed. At this finite volume, the limiting weight is bounded above and
below by positive constants on Dr. Since Dr contains a real open neighborhood of the
identity of positive Haar measure, the limiting normalizer is positive and finite. By
Lemma 15.1(1), the total variation distance between ν̂k

j and ν̂∞
j is at most e2δj,k − 1, which

proves the convergence of the stopped measures. The identification n0 = ns, k = K− s
follows from Definition 4.4. All the nonuniform constants introduced in (15.17)–(15.19)
concern fixed finite resolutions or fixed positive couplings, as asserted.

15.4 Conditional fluctuation kernels and the coarse-level measure

We now identify the conditional law of the fluctuation variables of one RG step, given
the field at the coarser level, and prove its convergence. We then write the conditioned
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Wilson measure as an iteration of these kernels, starting from its marginal on the coarse
lattice.

Theorem 15.9. In the hierarchy of Theorem 15.6, fix j ≥ 1 and k ≥ j, and recall dk
j = J(k− j),

tj = M(J−1)/2gj, pj = p(tj), and the cutoff domain Ωpj of the RG step from level j to level j− 1,
which does not depend on k. For a field c = eθ ∈ Br at level j− 1, the conditional fluctuation
kernel of level j is

kk
j (θ, dw) =

1Ωpj
(w) e−Vk

j (θ,w) dw∫
Ωpj

e−Vk
j (θ,v) dv

,

with the conditional fluctuation potential

Vk
j (θ, w) = 1

2 |w|
2 + Hdk

j ,J(θ, w)

+ Rk
j,sat

(
Crawdk

j
(θ, (gj,iwi)i)

)
− Rk

j,sat
(
Crawdk

j
(θ, 0)

)
.

Here Hd,J is the fluctuation exponent of Theorem 12.13, including every difference of determinant
terms that depends on coarser fluctuation variables; only terms independent of w have been
canceled. The reconstruction uses the inputs gj,iwi, with their fixed ratios, and contains every
inverse square root of the constrained Hessians. There exists a limiting potential V∞

j on the same
product such that

∆j,k = sup
eθ∈Br, w∈Ωpj

|Vk
j (θ, w)−V∞

j (θ, w)| −→ 0, sup
eθ∈Br

∥kk
j (θ, ·)− k∞

j (θ, ·)∥TV ≤ e2∆j,k − 1.

The reconstructions Crawdk
j

converge uniformly on this product. The limiting density and the

limiting reconstruction are Borel and continuous in θ on the smaller coordinate chart, and all
normalizers are positive. The formula defines a version of the conditional law at every field in
Br, including fields of zero probability. Restrictions at coarser levels are functions of the field at
level j− 1, and they cancel from this conditional law wherever it is used. The constants have the
fixed-resolution dependence of Theorem 15.6. No total variation statement is made for the images
of these kernels under reconstruction maps that depend on k.

Proof. Here tj = gj−1/
√

M = M(J−1)/2gj is the largest coupling of the intermediate scales,
and gj,i = tjM(i−J+1)/2, 0 ≤ i < J. Thus the cutoff domain, its radii, and all ratios of
couplings are fixed once j, L, γ, and the hierarchy are fixed.

We apply Theorem 12.13 with preceding depth dk
j . Its telescoping identity for the

classical action contributes |w|2/2 and the classical remainder. Its triangular determinant
contributes the factors g3 fi

j,i , the zero-fluctuation terms (1/2) log det Ki, and the differences
of these terms that depend on coarser fluctuation variables. Its Haar disintegration
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densities contribute their values at the identity and all nonconstant differences. The
unnormalized fiber is therefore exactly

Ck
j (c) 1Ωpj

(w) e−Vk
j (θ,w) dw,

where Ck
j (c) > 0 collects the factors that depend only on the field c, including the value

of the input effective interaction at zero fluctuation, and Vk
j is the displayed potential. By

Theorem 14.6, the indicator of Dr at level j and all intermediate domain indicators equal
one on the whole product, at every field in Br. Dividing this fiber by its own integral
gives the formula for the kernel.

For the convergence, we first compare the same input effective interaction R at two
preceding depths, using the common gauge transformation of Step 4 in the proof of
Theorem 15.6. Both images lie in B3ρ/4 on a common complex product. The difference
of the reconstructions tends uniformly to zero, and the derivative bounds for R on B3ρ/4
are uniform over AE. Next we replace Rk

j by R∞
j on this image. By the value bound of

Lemma 15.5, this changes the potential by at most DΛj ρ
2Bρ,asp(Rk

j − R∞
j ), where DΛj is

the number of scalar link coordinates at level j. We apply these two comparisons at w
and at w = 0. The classical and Haar disintegration terms converge by Theorem 11.2.
Thus the potentials are uniformly Cauchy on the closed product of fields and fluctuation
variables, which gives ∆j,k → 0.

To define the limiting potential, we fix any sufficiently late depth d and use its gauge
transformation Ωd as a comparison gauge. It puts the image of the limiting reconstruction
in B3ρ/4, so R∞

j can be evaluated holomorphically there. Two such choices agree on
real data, by gauge invariance within Bρ, and hence as holomorphic functions, by the
coordinatewise identity argument of Step 4. The convergence of the reconstructions
themselves follows from Theorem 11.2 and does not involve this interaction.

By Lemma 15.1(1), applied to Lebesgue measure on Ωpj , the total variation distance is
at most e2∆j,k − 1, uniformly in the field. The integrals are positive, since the product has
positive Lebesgue measure. On every closed smaller coordinate chart the limiting poten-
tial is continuous and bounded, so its exponential has a positive integral which depends
continuously on θ. This proves that the normalized density is Borel and continuous in
θ, and that the limiting reconstruction is continuous. In particular the density defines a
version of the conditional law even at fields of zero probability.

Finally, once the field at level j − 1 is fixed, a restriction at a coarser level has the
form a(c) ∈ {0, 1}, because all further averaging maps are deterministic. At a field used
by the conditioned measure we have a(c) = 1, and it cancels between the fiber and its
normalizer. For a general nonnegative factor depending only on c the same cancellation
holds wherever the factor is positive. This proves the last assertion.



15 Conditional kernels and reconstruction maps § 15.4 145

Lemma 15.10. Fix k ≥ 1 and the conditioned Wilson measure νk, with meshes aj = HB−j and
preceding depths dk

j = J(k− j). Fix a Borel map S0, independent of k, from Dr on the coarse

lattice Λn0 to {θ : ∥θ∥∞ < r} such that eS0(U) is gauge equivalent to U; such a map exists and
is constructed in the proof. Let θ0 = S0(V Jk), where V Jk is the coarse field of U ∼ νk. Given
θ0, w1, . . . , wj−1, let wj have the law kk

j (θj−1, ·), and put

U0 = eθ0 , Uj = eθj , θj = Φdk
j ,j
(
θj−1, (gj,iwj,i)i

)
, T J

MUj = Uj−1 (1 ≤ j ≤ k).

Here Φd,j is either the map ϕd of Section 15.3, built with the gauge transformations of Theo-
rem 13.2, or the logarithmic coordinate representation Φ̂d,Λj of the reconstruction map of Theo-
rem 15.13 below; in both cases the gauge transformation depends only on the field at level j− 1
and equals the identity at the vertices of Λnj−1 . Then the following hold.

1. The gauge orbits ([U0], . . . , [Uk]) have the law of the gauge orbits ([V Jk], [V J(k−1)], . . . , [V0])

under νk.
2. If the field at level j− 1 is replaced by another gauge-equivalent representative in Br, the

kernels correspond under a triangular change of fluctuation coordinates with orthogonal
diagonal blocks, which preserves the balls of the cutoff domain and the normalized density.

3. Restrictions at coarser levels that are functions of the field at level j− 1 do not change the
conditional law at level j.

The map S0 need not be constant on gauge orbits.
Suppose in addition that, on the products used in the construction,

∥Φd,j(θ, q)∥∞ ≤ acap∥θ∥∞ + Crec,J max
i
∥qi∥∞, acap = CCP/B, acap

√
B < 1,

where CCP ≥ 1 is fixed before J. Put bj = ∥θj∥∞. Then on every sample, uniformly in k, j, and
dk

j ,

bj ≤ acapbj−1 + Crec,Jtj pj, bj ≤ raj
cap + Ccap,J g3

√
aj pj,

for any Ccap,J ≥ M(J−1)/2Crec,J/(1− acap
√

B). For 2 ≤ l ≤ k,

k

∑
j=l

bj−1 ≤ CJ
{

ral−1
cap + g3

√
al−1 (pl + 1)

}
;

for l = 1 one adds the term b0 < r. These constants have the dependence described in item (2) of
Definition 4.14, and they may depend on (1− acap

√
B)−1; the physical parameters and the mesh

factors are displayed explicitly.

Proof. We first construct S0. The gauge group of the coarse lattice is a finite product of
compact matrix groups and has a countable dense subset (hm)m≥1. For U ∈ Dr the set of
gauge transformations carrying U into the open set Br is nonempty and open, so some hm
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does so; we choose the least such m and set S0(U) = Log(Uhm). The sets {U : Uhm ∈ Br}
are open, and removing from each of them the finitely many earlier ones gives Borel sets
on which the choice is constant. Thus S0 is Borel and independent of k, and it carries
every field in Dr into Br.

At fixed k, the density of νk disintegrates, by the fiber formula of Theorem 14.6, into
its coarse marginal and the normalized kernels of Theorem 15.9. To verify this without
choosing an abstract version of the conditional law, we multiply the unnormalized fiber by
a bounded test function of the coarse field and a bounded test function of the fluctuation
variables, and integrate. By Fubini’s theorem and the exact fiber normalizer, we obtain
the proposed conditional integral. We repeat this finite calculation from the coarse
side to the fine side. At each repetition, all remaining restrictions at coarser levels are
factors depending only on the coarser field, and they cancel. Integrating the resulting
iterated product against the coarse marginal constructs the finite random hierarchy of
the statement.

For changes between coarse representatives in Br, we use part (3) of Theorem 13.4.
The enlarged-domain reconstruction hypothesis inherited from Theorem 15.6 places both
intermediate reconstructions in the required comparison domains, with margins. The
transition is triangular in the intermediate scales and has orthogonal color rotations and
block permutations on its diagonal, so it preserves every ball, the Gaussian term |w|2/2,
and Lebesgue measure, with absolute Jacobian one. The representative change after
reconstruction is given by Theorem 13.2(4). For the initial coarse field, which lies in Dr

but possibly outside Br, the passage to the representative eS0(U) uses the gauge invariance
of the input density and of the restriction event in parts (1)–(3) of Theorem 13.4, not
the chart theorem of Theorem 12.13. The Haar disintegration density and the gauge-
invariant extension of the input effective interaction transform by the same identity, so the
normalized conditional density is preserved. This proves (2). Once the field at level j− 1
is fixed, the gauge transformation in Φ does not depend on the fluctuation variables and
equals the identity at every vertex of Λnj−1 . By gauge covariance of the block averaging
map we have

T J
M
(
Crawd(c, q)Ω(c)) = (

T J
MCrawd(c, q)

)Ω|Λnj−1 = c,

which proves the relation T J
MUj = Uj−1 at every step. The same computation applies to

the reconstruction maps of Theorem 15.13, which have these properties by construction.
We conclude that every function of the tuple that is invariant under gauge transformations
at each level has the same expectation as under νk, which is (1). Assertion (3) is the last
part of Theorem 15.9.

On the cutoff domain maxi∥gj,iwj,i∥∞ ≤ tj pj, and the assumed bound on Φ implies
the first recurrence. We write a = acap, ξ = a

√
B < 1, and cB = M(J−1)/2. Since b0 < r
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and ti = cBg3
√

ai = cBg3
√ajB(j−i)/2, iteration gives

bj ≤ raj + Crec,J

j

∑
i=1

aj−iti pi = raj + cBCrec,J g3
√

aj

j

∑
i=1

ξ j−i pi

≤ raj +
cBCrec,J

1− ξ
g3
√

aj pj.

(15.20)

In the last inequality we used pi ≤ pj, which holds since pj = p1 + (j − 1)cp with
cp = Aw log B/2 > 0. This gives the second bound on bj, on every sample. Only a
constant depending on J is enlarged here; CCP and acap stay fixed.

For l ≥ 2, let x = B−1/2. Using
√

ah =
√

al−1 xh−l+1, ph = pl−1 + (h− l + 1)cp, and
the sums ∑h≥0 xh = (1− x)−1 and ∑h≥0 hxh = x(1− x)−2, we obtain

k

∑
j=l

bj−1 ≤
ral−1

1− a
+ Ccap,J g3

√
al−1

( pl−1

1− x
+

cpx
(1− x)2

)
≤ CJ

{
ral−1 + g3

√
al−1 (pl + 1)

}
,

(15.21)

where one may take CJ ≥ max{(1− a)−1, Ccap,J(1− x)−2}: both pl−1 and cp are at most
pl, so the bracket in the first line is at most pl/(1− x)2. Thus no dependence on Aw is
needed in this constant. For l = 1 we separate b0 < r and apply this calculation from
j = 2.

Remark 15.11. Subsequent gauge-invariant comparisons may be made on the probability
space of the reconstruction chain in Lemma 15.10. To include a configuration with the
full law νk, adjoin an independent Haar-distributed gauge transformation h on the finest
vertex gauge group and set U = Uh

k . For any bounded Borel test function, its Haar
average over h depends only on [Uk]; the terminal orbit law and gauge invariance of νk

therefore give Law(U) = νk. Gauge covariance and T J
MUj = Uj−1 give, on every sample,

(T J
M)k−jU = U

h|Λnj
j (0 ≤ j ≤ k).

Thus all levels are matched jointly using restrictions of the same gauge transforma-
tion. Statements about gauge-invariant observables of the original configuration and a
reconstruction prefix are understood in this realization.

Lemma 15.12. In the hierarchy of Theorem 15.6, fix n0, L, γ > 0, and the Borel map S0 of
Lemma 15.10, independent of k. Let νk

0,full be the marginal of νk on the coarse lattice, that is, the
law of V Jk. Then νk

0,full = ν̂k
0, and the laws ηk

0 = (S0)∗νk
0,full and η∞

0 = (S0)∗ν̂∞
0 of the coarse

logarithm satisfy
∥ηk

0 − η∞
0 ∥TV ≤ ∥ν̂k

0 − ν̂∞
0 ∥TV −→ 0.

The limiting stopped measure has a positive normalizer. The map S0 need only be Borel. The
convergence has the dependence of Theorem 15.6 at the fixed coarse side.
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Proof. We integrate the density of νk down to the coarse lattice, using Theorem 14.6. All k
restrictions on the fluctuation variables and the indicator of Dr on the coarse lattice have
been included, and no restriction at a coarser level remains. The normalized density is
exactly that of ν̂k

0. Applying Theorem 15.6 with j = 0, we obtain its total variation limit
and the positive limiting normalizer. For every Borel set A,

|ηk
0(A)− η∞

0 (A)| = |ν̂k
0(S
−1
0 A)− ν̂∞

0 (S−1
0 A)| ≤ ∥ν̂k

0 − ν̂∞
0 ∥TV.

Taking the supremum over A, as in Lemma 5.5, completes the proof; no continuity of S0

is needed.

15.5 A fixed family of reconstruction maps

The gauge transformations Ωd of Theorem 13.2 are auxiliary: they change only the
representative in which the input effective interaction is evaluated, and the conditional
measures do not depend on them. However, Theorem 13.2 asserts nothing about their
convergence as the preceding depth tends to infinity, so the reconstructed fields need
not converge. To fix this, we use that at a fixed lattice pair the gauge transformations
form a bounded family of holomorphic functions of finitely many variables, so they
have a convergent subsequence. We choose one subsequential limit and use it at every
preceding depth beyond a deterministic threshold. The exact averaging identities and
the conditional densities are preserved, because the new gauge transformation is the
identity at the vertices of the coarse lattice and this interaction is gauge invariant. This
is not a gauge fixing on the space of gauge orbits. The threshold must be large enough
to preserve certain bounds, and we keep track of the order in which the constants are
chosen:

CCP and the spatial parameters −→ J −→ joint coefficient bounds on larger domains

−→ β J , reff, r −→ Qact, coupling ceiling, thresholds d0(Λ).
(15.22)

The constants β J and reff appear in Lemma 15.16. The thresholds can be increased at the
last step without changing any earlier constant. The choice of the limiting gauge depends
on the lattice pair and on the domains, and not on the coupling.

Theorem 15.13. There exist nested complex domains Din ⋐ Dmid ⋐ Dout of coarse-field and
input variables, chosen inside the reserved reconstruction and fixed-gauge products before the
later working radii, with radius ratios less than one, such that all real products of coarse fields
and inputs used in the construction lie in Din with a margin. The domains and the coefficient
ceilings depend only on M, J, and the larger construction domains, and not on the lattice side or
the preceding depth.
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1. On each fixed lattice pair Λ of one RG step, choose once a holomorphic subsequential
limit Ω∞,Λ, on the middle domain of coarse fields, of the gauge transformations Ωd,Λ of
Theorem 13.2 as d→ ∞. It is periodic, takes values in SU(2) at real arguments, equals the
identity at θ = 0 and at the vertices of the coarse lattice, is equivariant under global color
rotations, and has a bounded holomorphic inverse on that domain. Let Craw∞,Λ be the limit
of the reconstructions Crawd,Λ given by Theorem 15.6, and put

Φ∞,Λ(c, q) = Log
[
Craw∞,Λ(c, q)Ω∞,Λ(c)

]
.

Then the whole sequence Log[Craw
Ω∞,Λ
d,Λ ] converges to Φ∞,Λ on Din in every fixed derivative

and every fixed spatial difference, and in the weighted analytic coefficient norm, including all
output-fixed row sums and all volume-normalized column sums. The modulus of convergence
may depend on Λ.

2. Fix first tolerances, independent of J, for the finitely many quantities bounded in (3) below,
and a tolerance depending on J for the joint coefficient norm on Din. There exist finite
deterministic thresholds d0(Λ), which also enforce the image conditions into Br at real coarse
fields in Br and into Bρ on the complex product, such that

Ω̂d,Λ(c) =

{
Ωd,Λ(c), d < d0(Λ),

Ω∞,Λ(c), d ≥ d0(Λ),

and
R̂d,Λ(c, q) = Crawd,Λ(c, q)Ω̂d,Λ(c), Φ̂d,Λ = Log R̂d,Λ,

define maps Φ̂d,Λ with common joint coefficient bounds on Din, with all row and column
sums, uniformly in Λ and d. The complex image condition is imposed on this inner product,
and the real image condition on the actual real cutoff products contained in it; all intermediate
classical and Haar disintegration conditions retain their fixed margins. No coefficient bound
on a product larger than Din is asserted for the replacement family. The thresholds depend
only on the lattice pair, the deterministic domains, and the tolerances; they do not depend
on the coupling, on samples, on sources, on an observation scale, on a position, or on the
total number of RG steps. We call R̂d,Λ the reconstruction map and Φ̂d,Λ its logarithmic
coordinate representation.

3. Write Φ̂d,Λ(c, 0) = B−1Ad,Λ(c), and let ∇1/B denote the first differences at spacing 1/B,
in units of the coarse lattice. The field Ad,Λ is a new representative of the gauge orbit of the
classical background field; it is not claimed to equal the field of Lemma 11.9. Set

Gd,Λ(θ) =
(

Ad,Λ(θ),∇1/B Ad,Λ(θ)
)
,

and let Dθ = {∥θ∥∞ ≤ rθ} be a closed polydisc of coarse fields contained in the coarse-
field factor of Din and in the ball ∥θ∥∞ < rcen of Lemma 11.9. There exists CCP ≥ 1,
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independent of J, Λ, d, and rθ, with the following properties. For every θ ∈ Dθ we have
∥Gd,Λ(θ)∥∞ ≤ CCP∥θ∥∞. The output-fixed row sum and every input-fixed column sum of
DθGd,Λ(0) are at most CCP. For every θ ∈ Dθ and 1 ≤ s ≤ 3, the output-fixed row sum
and every input-fixed column sum of Ds

θGd,Λ(θ) are at most s! Cs+1
CP . These sums use the

row and column conventions of Definition 4.6, but their network lengths are measured in
coarse/input lattice units, as in Lemma 11.9, with spatial rate acen fixed before J and column
volume factor B−3. In particular the linear coefficient of c 7→ Φ̂d,Λ(c, 0) at c = I has row
and column sums at most CCP/B. The full joint constants may depend on J. The constant
CCP is enlarged before J is chosen, and J is then chosen so that

acap = CCP/B, qanc = C2
CP/B < 1,

with a margin; one may require qanc ≤ 1/4. The tolerances preserve these conditions.
4. Let L̂d,Λ be the derivative at c = I of c 7→ Φ̂d,Λ(c, 0). In this item and in Step 4 of the proof,

let H denote the mesh of the coarse lattice of the pair Λ (not the mesh L/n0 of level zero),
and let a = H/B be the mesh of its fine lattice. Then for every coarse logarithm θ, every
orientation i, and every color,

a2 ∑
x
(L̂d,Λθ)i(x) = H2 ∑

u
θi(u),

where x runs over the vertices of the fine lattice and u over those of the coarse lattice. In
words, for each coarse link and color, the linearized zero-fluctuation reconstruction has the
same componentwise integral as the piecewise constant embedding of the coarse potential.

5. The reconstruction maps preserve the exact averaging identity T J
MeΦ̂d,Λ(c,q) = c, the gauge

orbit of the zero-fluctuation reconstruction, the cutoff domains, the Haar disintegration
densities, and the conditional fluctuation kernels.

The constants have the dependence described in item (2) of Definition 4.14; among them, only the
finitely many bounds in (3) are chosen before J. No convergence or uniqueness of the sequence
Ωd,Λ itself is asserted.

Proof. The proof has five steps: we choose the limiting gauge transformation, prove
convergence of the whole sequence in the fixed limiting gauge, choose the thresholds,
prove the identity (4), and verify the preservation statements.

Step 1: a limiting gauge transformation at a fixed lattice pair. On a fixed lattice pair Λ
there are finitely many coarse-field coordinates and finitely many matrix entries at the
vertices. We take the three domains inside the common product of Lemma 15.4, with
strict nested margins. Their sums of radii are less than rJ , the denominator of the rational
majorant is at least ηim, and all intermediate classical, logarithm, and Haar disintegration
domain conditions hold. By Theorem 13.2, the gauge transformations have holomorphic
logarithms κd in the identity chart, uniformly bounded on the outer domain. By Cauchy’s
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formula, every Taylor coefficient is bounded there. We enumerate the coefficients of
all matrix entries and choose nested subsequences along which the first coefficient, the
second, and so on converge; along the diagonal subsequence, all coefficients converge.
Such subsequences exist, since each coefficient lies in a fixed closed disc of C.

On every strictly smaller polydisc the Cauchy bounds make the tail of the coefficient
series uniformly summable: in coordinate dimension D there are (m+D−1

D−1 ) monomials of
degree m, and the ratio of radii is bounded by a number less than one. Hence the diagonal
series converges uniformly on compact subsets of the middle domain, and so do its fixed
derivatives after a further reduction of the domain. Its sum κ∞ is holomorphic there, and
we set Ω∞,Λ = exp κ∞. The exponential series gives convergence of the corresponding
gauge transformations. The bounded inverse entries have the same subsequential limit,
and passing to the limit in ΩdΩ−1

d = I, we see that the limiting inverse is holomorphic and
bounded. Periodicity, the identity at zero and at the coarse vertices, equivariance under
global color rotations, and the values in SU(2) at real arguments are closed conditions
and pass to the limit; for the last one, a limit of unitary matrices of determinant one is
unitary with determinant one. We choose one such subsequence for each Λ.

The identity (15.24) and the common coefficient bounds of Theorem 13.2 make every
matrix entry of Crawd,Λ locally uniformly bounded on the connected product Dout. By
Theorem 11.2, these entries converge on a real open subset. The analytic compactness
statement Lemma 11.4(2) therefore gives convergence of the whole sequence locally
uniformly on Dout, with each fixed derivative. Along the chosen subsequence both the
gauge transformations and the reconstructions converge, so their gauge-transformed
logarithms converge to Φ∞,Λ. The logarithm stays on its branch: the bound on the
images has a strict gap to the boundary of the branch, and the same bound holds in
the limit. Passing to the limit coefficient by coefficient in each nonnegative weighted
sum and applying Fatou’s lemma, we obtain for Φ∞,Λ the joint coefficient bounds of the
unmodified maps, including its column sums; these bounds may depend on J. In the
same way, we obtain separately the bounds of Lemma 11.9(2) for the pair G∞,Λ formed
by the field BΦ∞,Λ(·, 0) and its first differences ∇1/B in units of the coarse lattice. These
are the value bound and the row and column sums of its first three derivatives in the
coarse field at every point of Dθ. Indeed, Lemma 11.9(2) holds at every point of the ball
∥θ∥∞ < rcen, and at a fixed lattice pair these derivatives are finite arrays whose entries
converge along the chosen subsequence. Although Lemma 11.9 gives bounds of all orders
that are independent of J, only the finitely many bounds listed in (3) are kept with a
constant independent of J in the construction below.

Step 2: the whole sequence in the fixed limiting gauge. We define

Ψd(c, q) = Log
[
Crawd,Λ(c, q)Ω∞,Λ(c)

]
. (15.23)
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For all sufficiently large d this map is defined on a neighborhood of the inner product
contained in the larger analytic domain, and it converges locally uniformly and holomor-
phically to Φ∞,Λ, with every fixed derivative, because the gauge transformation in (15.23)
does not depend on d. We now show that it also converges in the coefficient norm.

All operations needed below preserve nonnegative coefficient bounds with fixed
indices; this is the calculus of nonnegative coefficient bounds of Lemma 5.3. For a
product of coefficient tensors, the union of their networks connects the external indices,
so the exponential weight of the product is at most the product of the weights. An
output-fixed sum uses the row sums of all factors; an input-fixed sum uses the column
sums of the factors on the path from that input to the output, and the row sums of the
others. The intermediate volume factors cancel, and only the ratio of the volumes of the
external output and of the fixed input remains. Expanding derivatives of compositions,
with factorials divided out, sums the partitions as in the composition of nonnegative
power series. Matrix products contribute only a factor depending on the fixed matrix
dimension. The series

eX = ∑
m≥0

Xm/m!, log(I + Y) = ∑
m≥1

(−1)m+1Ym/m

give the same conclusion for the exponential and the logarithm on products strictly inside
their domains of convergence; the second series is used only where ∥Y∥ < 1 with a fixed
margin.

To apply these facts uniformly before any threshold is imposed, we recover a link of
the reconstruction from the gauge-transformed link by

(Crawd)e = Ωd(x)−1eϕd,e Ωd(y), e = (x, y). (15.24)

The gauge transformation Ωd, its inverse, and the map ϕd have the common bounds of
Theorem 13.2 on a larger product domain. The input product is strictly inside (15.5),
so its denominator is positive and its intermediate margins hold. The limiting gauge
transformation has the same bounds, by Fatou’s lemma. Using (15.24), then multiplying
by the limiting gauge transformation and applying the logarithm series, we obtain a joint
bound, depending on J, for (15.23) on an intermediate product domain. The construction
domains are chosen inside this product at the outset, with these margins. This preliminary
bound need not carry the small factor B−1 of the zero-fluctuation reconstruction. Its
constants and radii are independent of Λ, of d, and of the working radius chosen later.
At fixed Λ each fixed coefficient tensor of (15.23) converges, and Lemma 15.5 controls
the tail in the degree on Din. Then the whole sequence converges in the coefficient
norm, including every volume-normalized column sum. Each fixed spatial difference is a
fixed finite difference matrix at this lattice size, so the same argument applies to it. The
modulus may depend on Λ. This proves (1).
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Step 3: finitely many derivatives, then thresholds. Let C0 ≥ 1 be a common constant for
the quantities in (3) of the unmodified maps, that is, for the pair Gd formed by Bϕd(·, 0)
and its first differences ∇1/B. These quantities are the value bound on Dθ, the row and
column sums of DθGd(0), and the row and column sums of Ds

θGd(θ) for 1 ≤ s ≤ 3 and
every θ ∈ Dθ. Since the unmodified zero-fluctuation map is B−1Ad,J of Lemma 11.9
(Theorem 13.2), and Lemma 11.9(2) holds at every point of the ball ∥θ∥∞ < rcen, the
constant C0 is independent of J, Λ, and d. For the difference Hd between the fixed-
gauge and limiting zero-fluctuation pairs, including their spatial-difference components,
Hd(0) = 0. The radial identity Hd(θ) =

∫ 1
0 DHd(sθ)[θ] ds therefore turns derivative

convergence into a value error proportional to ∥θ∥∞. We prescribe errors at most one in
this finite list of scaled quantities, smaller if necessary to keep a chosen strict condition.
We enlarge CCP to cover C0 and these errors. Then CCP serves directly as the constant in
the value bound and as the bound for the row and column sums of the linear coefficient
tensor, and it can be chosen so that the bounds of orders 1 ≤ s ≤ 3 have the form s! Cs+1

CP .
This enlargement uses no analytic radius depending on J and no modulus of convergence.
We choose J using this enlarged constant, with C2

CP/B ≤ 1/4 and the earlier conditions
of Theorem 13.5 and (15.4). The construction of Steps 1 and 2 is then carried out for this
J.

We also prescribe one error, depending on J, in the full joint coefficient norm on the
inner product. By the convergence just proved, for each fixed Λ there exists a finite
d0(Λ) such that, for every d ≥ d0(Λ), the map (15.23) differs from Φ∞,Λ by at most this
error, and the quantities in (3) for BΨd(·, 0) and its first differences differ from those
of G∞,Λ by at most the prescribed errors, uniformly in θ ∈ Dθ. At a fixed lattice pair
these are finitely many entries of finitely many arrays, and they converge uniformly on
the closed set Dθ by Step 2, since Dθ lies in the inner domain. We include in this finite
list of requirements the image conditions on the real and complex products and every
intermediate logarithm, classical, and Haar disintegration margin. The limiting images
have strict margins, inherited from the common bounds of the unmodified maps, and
the convergence on these product domains allows us to keep half of each margin. All
image requirements concern the inputs qi, on fixed products that contain every product
{maxi∥giwi∥∞ ≤ tp(t)} used in the construction, so they do not involve the coupling.
For the image into Br we take the whole product {∥θ∥∞ ≤ r} × {maxi∥qi∥∞ ≤ Qact} of
(15.6), including r + Qact < rJ and the positive denominator. On this product, the limiting
image satisfies the strict bound inherited from the majorant of the unmodified maps, and
the convergence in the fixed gauge keeps half of its margin above the threshold. For
the complex image condition use the closure of Din, which lies strictly inside the larger
product: the limit has the uniform Bρ/2 margin inherited from the unmodified majorant,
and uniform convergence there places the replacement image in Bρ. The intermediate
domain conditions belong to the reconstruction Crawd,Λ, which is unchanged. These
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requirements use Qact itself, not the varying radius tp(t).
The piecewise family of (2) now has the asserted bounds: below the threshold we

use the bounds of the unmodified maps, and above it the bounds of the limit plus the
prescribed errors. The maximum of the two is independent of Λ and d, even if the
thresholds diverge with the lattice size. Each threshold is a deterministic property of
finitely many classical maps, domains, and tolerances.

In (3), Ad,Λ = BΦ̂d,Λ(·, 0) is a representative of the gauge orbit of the classical back-
ground field. Its preserved bounds give acap = CCP/B and, under the choice of J in (3),
acap
√

B ≤ 1/2. The full joint constants may depend on J.

Step 4: preservation of componentwise integrals. We prove the identity in (4) directly,
by differentiating one averaging step at I. For an array X of logarithms on the links of
the fine lattice, we write X(σ) for the signed sum of X along a path σ, and Xi(x) for the
value on the link from x to x + ei. Differentiating the exponent and the reference path in
Definition 4.3, we obtain

(DTM(I)X)i(v) = M−3 ∑
x∈BM(v)

M−1

∑
s=0

Xi(x + sei) + hX(v)− hX(v + Mei),

hX(v) = M−3 ∑
x∈BM(v)

X(σv,x).
(15.25)

Here the derivative of the reference transport cancels the derivative of the reference
transport subtracted inside the logarithm, and the paths σv+Mei,x+Mei are translates of
σv,x. Summing over the periodic coarse vertices v removes the last two terms. For each s
the blocks BM(v) partition the fine vertices, and translation by sei permutes them. Thus
every oriented fine link is counted exactly M times in the double sum, and

∑
v
(DTM(I)X)i(v) = M−2 ∑

x
Xi(x). (15.26)

Multiplying by the square of the coarse mesh converts this into the equality of the
integrals of the two piecewise constant potentials, logarithm divided by mesh. Applying
(15.26) J times gives the factor B−2 for T J

M.
Every reconstruction map satisfies the exact averaging identity, since its gauge transfor-

mation is the identity at the coarse vertices. At zero fluctuation this reads T J
MeΦ̂d,Λ(θ,0) = eθ,

and its derivative at θ = 0 gives D(T J
M)(I)L̂d,Λθ = θ. With the coarse mesh H and the

fine mesh a = H/B, (15.26) yields, for each orientation and color,

a2 ∑
x
(L̂d,Λθ)i(x) = H2 ∑

u
θi(u). (15.27)

If θ = Hv for a coarse potential v in physical units, the two sides are exactly the integrals
of the fine linearized reconstruction a−1 L̂d,Λθ and of the piecewise constant embedding
of v. Taking v supported on one oriented coarse link and one color proves (4).
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Step 5: preservation of the conditional measures. At a fixed coarse field, the reconstruc-
tion map is a fixed fine gauge transformation applied after the unchanged reconstruction
Crawd,Λ. It fixes the coarse vertices, preserves the product Haar measure and the gauge
orbit of the classical background field, and changes neither the fluctuation variables nor
the cutoff domain. The Haar disintegration density, the triangular determinant, and the
fluctuation exponent of Theorem 12.13 are those of Crawd,Λ. The input effective interaction
takes the same value at the two representatives, by gauge invariance within Bρ, since
both representatives lie in its domain. Thus the fiber and its normalizer are unchanged,
and so is the conditional fluctuation kernel. This proves (5).

15.6 Convergence of finite-scale reconstructions

We now use the reconstruction maps of Theorem 15.13 in every hierarchy. For the RG
step from level j to level j − 1 let Λj be its lattice pair, and use the preceding depth
dk

j = J(k− j). With the coarse logarithm θ0 and the fluctuation variables w1, . . . , wl of
Lemma 15.10, the finite-scale reconstruction is defined by

Fk
0 = θ0, Fk

j = Φ̂dk
j ,Λj

(
Fk

j−1, (gj,iwj,i)i
)

(1 ≤ j ≤ l).

Theorem 15.14. Use the reconstruction maps of Theorem 15.13 at the preceding depths dk
j =

J(k− j) in every hierarchy.

1. For every finite k, the replacement of Ωd by Ω̂d is a gauge transformation that depends
only on the coarse field and equals the identity at the coarse vertices, applied after the same
reconstruction Crawd. At each coarse field in Br it preserves the small-field event, every
ball of the cutoff domain, the coordinates of the reconstruction, the effective classical action,
the Haar disintegration density, the triangular determinant, the gauge-invariant extension
of the input effective interaction, the normalizer, and the conditional fluctuation kernel. It
preserves the exact averaging identities at every level, and the gauge invariance within Bρ

after the triangular change of fluctuation coordinates that accompanies a change of the coarse
representative.

2. Fix l < ∞, L, γ > 0, and the Borel map S0 of Lemma 15.10. As k → ∞, the joint law Pk
l

of (θ0, w1, . . . , wl) converges in total variation. The law of the finite-scale reconstruction
(Fk

0 , . . . , Fk
l ) converges weakly and in bounded-Lipschitz distance. Since these reconstructions

have a common compact range, it also converges in W1 for any norm on the finite-dimensional
space of logarithmic fields. The limiting laws are compatible: they are the finite iterations
of one limiting coarse-level law, the kernels k∞

j , and the maps Φ∞,Λj , and the limit for l is a
marginal of the limit for l + 1. All these objects are Borel.

No total variation statement is made for the laws of the reconstructed fields. The constants and
moduli have the dependence of Theorem 15.6 at fixed l. The construction requires neither a limit
of fields in a space of distributions nor a modulus that is uniform in l.
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Remark 15.15. The restriction to weak convergence for the reconstructed fields is necessary.
The reconstruction maps depend on k, and pushforwards by maps that move with k do
not preserve total variation convergence. For example, if xk → x with xk ̸= x, then
δxk → δx weakly, while ∥δxk − δx∥TV = 1. The coordinates (θ0, w1, . . . , wl), on the other
hand, live on fixed products, and there total variation convergence holds.

Proof. At a fixed coarse field, the replacement changes no coordinate of the reconstruction,
no fluctuation variable, no ball, and no Jacobian. The indicators of Dr are gauge invariant,
and the new representative satisfies the strict domain conditions of Theorem 15.13. Gauge
covariance preserves the averaging identity, and gauge invariance within Bρ preserves
the effective classical action and the input effective interaction. By Theorem 14.6, every
factor of the fiber, the normalizer, and the conditional fluctuation kernel are therefore
preserved.

For a change of the coarse representative, we write C′ = Ch̃ for the reconstructions,
after the triangular change of fluctuation coordinates. The convention (4.1) gives

(C′)Ω̂(c′) =
(
CΩ̂(c))Ω̂(c′)h̃Ω̂(c)−1

. (15.28)

The change of coordinates preserves every ball and has absolute Jacobian one, by Theo-
rem 13.4(3), on the comparison domains of the enlarged-domain reconstruction hypothe-
sis. Both representatives lie in the domain of this interaction, so its values at them agree.
This proves the gauge invariance within Bρ without any equivariance of the limiting
gauge transformation under local gauge transformations, and completes the proof of (1).

By Lemma 15.12, ηk
0 → η∞

0 in total variation. Fix l < ∞ and define

Xl = {∥θ0∥∞ ≤ r} ×
l

∏
j=1

Ωpj .

The domain of each reconstruction map strictly contains its closed product. By
Lemma 15.10 and Theorem 15.13, the reconstructions Fk

j are defined on Xl and have

a common compact range. For k large, each of the finitely many depths dk
j , j ≤ l, exceeds

its threshold d0(Λj). The gauge transformation is then the fixed limiting one, and Theo-
rem 15.13(1) implies uniform convergence of each map. Let uj,k = ∥Fk

j − F∞
j ∥∞, let vj,k be

the supremum distance between Φ̂dk
j ,Λj

and Φ∞,Λj on the smaller product domain, and

let ωΦj be the modulus of continuity of Φ∞,Λj in its first argument there. Adding and
subtracting Φ∞,Λj(Fk

j−1, ·), we obtain

uj,k ≤ vj,k + ωΦj(uj−1,k), u0,k = 0, vj,k −→ 0. (15.29)

By induction on j, Fk
j → F∞

j uniformly on Xl for every j ≤ l.
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By Theorem 15.9, the limiting density is continuous on the compact product of fields
and fluctuation variables, and its continuous positive normalizer has a positive minimum.
Hence the limiting kernel is uniformly continuous in the field, in L1(dw) and therefore in
total variation; let ωkj be its modulus. For points h = (θ0, w1, . . . , wj−1) of the coordinate
space, define

Kk
j (h, dw) = kk

j (Fk
j−1(h), dw), K∞

j (h, dw) = k∞
j (F∞

j−1(h), dw).

The two kernels are evaluated at different reconstructed fields, so the comparison contains
a term for this discrepancy. By Theorem 15.9,

sup
h
∥Kk

j (h, ·)− K∞
j (h, ·)∥TV ≤ e2∆j,k − 1 + ωkj(uj−1,k) −→ 0. (15.30)

Every term of the conditional fluctuation potential is kept here, including the input
effective interaction, the Haar disintegration terms, and the differences of the determinant
terms.

By Lemma 15.10, Pk
l = ηk

0Kk
1 · · ·Kk

l is the law of the coordinates. We define P∞
l =

η∞
0 K∞

1 · · ·K∞
l . Lemma 15.1(2) implies that

∥Pk
l − P∞

l ∥TV ≤ ∥ηk
0 − η∞

0 ∥TV +
l

∑
j=1

sup
h
∥Kk

j (h, ·)− K∞
j (h, ·)∥TV −→ 0. (15.31)

We write Fk = (Fk
0 , . . . , Fk

l ). The ranges lie in a common compact subset of the finite-
dimensional space of logarithmic fields, of diameter Dl. For every continuous f on this
set, Lemma 15.1(3) gives∣∣∣∫ f (Fk) dPk

l −
∫

f (F∞) dP∞
l

∣∣∣ ≤ 2∥ f ∥∞∥Pk
l − P∞

l ∥TV + ω f (∥Fk − F∞∥∞), (15.32)

which proves weak and bounded-Lipschitz convergence. For a fixed norm, Lemma 15.1(3)
also gives

W1
(
(Fk)∗Pk

l , (F∞)∗P∞
l
)
≤ ∥Fk − F∞∥∞ + Dl∥Pk

l − P∞
l ∥TV −→ 0.

The limiting coarse-level law is a Borel pushforward, and the limiting maps and kernels
are continuous on their product domains. Integrating the last probability kernel to
one proves the compatibility. Only finitely many lattices, thresholds, and moduli were
used.

15.7 Deterministic amplitude bounds for the reconstruction

The bounds of Lemma 15.10 assume a linear bound on the reconstruction maps. We
now derive such bounds, in a nonlinear form, from the joint coefficient bounds of
Theorem 15.13. The constants are uniform in the mesh of the coarse lattice and in the
coupling; this uniformity is used in Sections 17, 23, 31, and 34.
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Lemma 15.16. For the reconstruction maps of Theorem 15.13 write P̂d,Λ(c) = Φ̂d,Λ(c, 0) and
L̂d,Λ = DP̂d,Λ(0). Fix the larger joint domains and one common joint coefficient bound, with all
row sums and volume-normalized column sums of Definition 4.6, using the coarse/input units
for network lengths specified in Theorem 15.13(3), before the working radius and the radius r are
chosen. Let am be the larger of the row and column norms of the homogeneous part of degree m of
P̂d,Λ. There exist AJ , RJ > 0, uniform in Λ and d, such that

a1 ≤ α∗ = CCP/B, am ≤ AJ R−m
J (m ≥ 2).

After a fixed reduction of the radius, which absorbs the degree factors produced by fixing an input,
choose

β J ≥ max{1, R−1
J , AJ/(α∗R2

J )}.

Then, uniformly in Λ and d,

P̂ ≺ φ(z) =
α∗z

1− β Jz
, P̂− L̂ ≺

α∗β Jz2

1− β Jz
.

Here ≺ means that each am (with m ≥ 2 in the second relation) is at most the coefficient of zm of
the series on the right, and that a fixed input is bounded by the corresponding derivative of the
same series. The full joint series in the coarse field and the inputs, not only these coefficients, has
a common domain depending on J, with its column sums, and the bounds (3) and the identity (4)
of Theorem 15.13 hold at the same time.

Choose J, using the constant CCP, so that Bα2
∗ = qanc ≤ 1/4, and only afterwards choose

0 < reff < min{ρ, rθ},
β Jreff

1− α∗
<

1
8

, 0 < r < reff/4.

On the working ball {∥θ∥∞ ≤ reff},

∥DP̂∥ ≤ amap =
α∗

(1− β Jreff)2 ≤
64
49

α∗, amap
√

B ≤ 32
49

< 1.

The bounds on the inputs and the coupling ceiling can then be chosen so that every image of the
reconstruction, and every repeated zero-fluctuation reconstruction, lies in the working domain.
Increasing the thresholds d0(Λ) to obtain these smaller image margins changes none of CCP,
AJ , RJ , β J , or the joint bound. These constants have the dependence described in item (2) of
Definition 4.14; they are independent of r, of the thresholds, of the coupling, of the side, of the
depth, and of the lattice offset, and among them only CCP is independent of J.

The same joint bounds give the following amplitude bound. Let H > 0, aj = HB−j, tj =

cBg3
√aj with cB = M(J−1)/2, and pj = Aw log(1/tj) ≥ 1. Fix the free-input radius v0 > 0

used in (15.34), whose doubled product lies in the joint domain. Consider any finite chain
θj = Φ̂dj,Λj(θj−1, qj), 1 ≤ j ≤ k, of logarithmic representations of reconstruction maps in the
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working ball, with b0 = ∥θ0∥∞ ≤ r and inputs maxi∥qj,i∥∞ ≤ tj pj ≤ v0, and put bj = ∥θj∥∞.
There exists a constant Cfree,J , determined by the joint bounds, such that

bj ≤
α∗bj−1

1− β Jbj−1
+ Cfree,Jtj pj.

Choose a coupling ceiling τ, after the working radii, so that these chains stay in the working ball.
Then, whenever t1 ≤ τ, uniformly in H, g3, k, the preceding depths, the sides, and the lattice
offset,

bj ≤ Ccap,Jrα
j
∗ + Ccap,J g3

√
aj pj,

k

∑
j=1

bj−1 ≤ Ccap,J

[ r
1− α∗

+ g3
√

H (p1 + 1)
]
.

The constant Ccap,J may depend on the joint bounds, Aw, M, J, reff, β J , and τ, but not on H or
on the coupling. These bounds hold on every sample; they are not moment bounds.

Proof. We first build the majorant φ from the joint bounds and choose the radii. We then
prove the amplitude bounds in two passes. The first pass uses the ratio amap and bounds
the sum of the amplitudes uniformly; the second uses this sum to recover the smaller
ratio α∗, which is what makes the forcing summable.

Step 1: the majorant. We fix the common joint coefficient bound of Theorem 15.13 on a
larger product domain, before any working radius is chosen, and restrict it to q = 0. If
its coarse-field radius is R0 and its bound is A0, then the norm of degree m is at most
A0R−m

0 . The row and every volume-normalized column use the same bound. Fixing
an input produces at most a degree factor m, which is absorbed by replacing R0 with
R0/2, since m2−m is bounded; a fixed finite list of such factors is absorbed by a further
fixed reduction. This gives AJ , RJ > 0 as in the statement for every m ≥ 2. The linear
coefficient has the separate bound a1 ≤ CCP/B = α∗ from Theorem 15.13(3). Only this
last bound is needed uniformly before J is fixed.

We choose β J at least the displayed maximum; it may be increased to cover the inverse
radius of the fixed joint product as well. For m ≥ 2,

α∗β
m−1
J ≥

AJ

R2
J

βm−2
J = AJ R−m

J (β J RJ)
m−2 ≥ AJ R−m

J . (15.33)

These are the coefficients of φ(z) = α∗z/(1− β Jz), whose first coefficient is treated sepa-
rately. Subtracting the linear term gives the second majorant. In a nonnegative coefficient
series, a derivative with respect to a fixed input marks that input and differentiates the
same series. The same calculation therefore proves the statement for fixed inputs, with
the volume normalization of the column of that input. The full joint series and the
identities of Theorem 15.13 are those already proved there; restricting to q = 0 does not
replace them.
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Step 2: the working radii. We first choose J with C2
CP/B ≤ 1/4. In particular α∗ < 1

and α∗
√

B ≤ 1/2. All constants defining β J are now fixed. We choose reff as small
as necessary inside the coarse-field radius of the common product domain, with the
displayed inequality, and then 0 < r < reff/4. Such choices exist since β J is finite.
Differentiating the nonnegative series, we have on this working ball

∥DP̂∥ ≤ φ′(reff) =
α∗

(1− β Jreff)2 .

The working inequality implies β Jreff < (1− α∗)/8 < 1/8. The last display is therefore
at most (64/49)α∗, and its product with

√
B is at most 32/49. Since P̂(0) = 0, the zero-

fluctuation image of the working ball lies in the strictly smaller ball of radius amapreff.
For the remaining choices, we note that the common joint series gives a continuous

nonnegative majorant GJ(u, v), with GJ(u, 0) = 0, for Φ̂(θ, q)− P̂(θ) on the working ball
∥θ∥∞ ≤ reff. We choose a fixed v∗ > 0 so small that

GJ(reff, v∗) < (1− amap)reff/4,

and, after a further reduction, the image condition into Br and every intermediate domain
margin hold. For example, at a coarse field in Br the zero-fluctuation reconstruction is at
most amapr < r/2, and we choose the bound on the inputs so that their contribution is
less than r/2− amapr. This number is positive, since amap ≤ 32/(49

√
B) < 1/2 for B ≥ 3.

The coupling ceiling is then reduced so that tp(t) is below that bound for every smaller
coupling. These choices of fixed domains and ceilings do not depend on the coupling.

If necessary, we increase each threshold d0(Λ) to impose these more restrictive image
conditions, by the same convergence in the fixed gauge. For depths below the enlarged
threshold we use the unmodified family, whose bounds satisfy the chosen requirements.
For depths above it we keep the prescribed tolerances for the joint norm and for the
quantities in Theorem 15.13(3), and add only these image requirements. Thus increasing
a threshold changes none of the earlier coefficient constants. The order of the choices
is the joint bound, then β J , then reff and r, and then the bounds on the inputs and the
coupling ceiling, as in (15.22). This proves the first part of the lemma.

Step 3: a uniform bound for the inputs and a first recursion. All products in the rest of
the proof are closed subproducts of the common product of Lemma 15.4; in particular
their sums of radii are less than rJ and the denominators of the majorants are positive.
Fix v0 > 0 such that the product with coarse-field radius reff and input radius 2v0 lies in
the common joint coefficient domain, with a margin. Differentiating the nonnegative joint
series in one input, and using the factor two in the radius, we find that every output-fixed
absolute row sum of the derivative with respect to all fluctuation inputs is bounded by
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one constant Cfree,J < ∞, uniformly in the lattice pair, the preceding depth, and the lattice
offset. Integrating DqΦ̂(θ, sq)q over 0 ≤ s ≤ 1 and using its absolute row sum, we obtain

∥Φ̂d,Λ(θ, q)− Φ̂d,Λ(θ, 0)∥∞ ≤ Cfree,J max
i
∥qi∥∞, ∥θ∥∞ ≤ reff, max

i
∥qi∥∞ ≤ v0.

(15.34)
The number of output links is never summed in this estimate. The inverse square roots of
the constrained Hessians remain inside Φ̂, whose inputs are exactly qi = giwi. Combining
(15.34) with the majorant of P̂, which gives ∥P̂(θ)∥∞ ≤ φ(∥θ∥∞), we obtain

bj ≤ φ(bj−1) + f j, f j = Cfree,Jtj pj, φ(b) =
α∗b

1− β Jb
. (15.35)

Let a = amap, x = B−1/2, and κw = Aw log B/2. We choose the common ceiling τ > 0,
after the working radii, so that

τ ≤ e−1, Aw log(1/τ) ≥ 1, τp(τ) ≤ v0, Cfree,Jτp(τ) ≤ (1− a)reff/4. (15.36)

We also keep every previously imposed image and domain condition, by decreasing τ

if necessary. For 0 < t ≤ τ both tp(t) and t(p(t) + 1) are increasing functions of t, since
their derivatives are Aw(log(1/t)− 1) and Aw(log(1/t)− 1) + 1. Thus these conditions
hold for every tj whenever t1 ≤ τ. Since φ(b) ≤ ab on the working ball, (15.35) implies

bj ≤ abj−1 + f j.

It also keeps the chain in the working ball. Starting from b0 ≤ r < reff/4, if bj−1 ≤ reff/2,
then (15.36) gives bj ≤ areff/2 + (1− a)reff/4 < reff/2. By induction, every evaluation in
(15.35) takes place in the same working ball.

The identities tj = t1xj−1 and pj = p1 + κw(j− 1) give

∑
j≥1

tj pj = t1

{ p1

1− x
+

κwx
(1− x)2

}
≤ DJt1(p1 + 1), DJ =

1
1− x

+
κwx

(1− x)2 . (15.37)

For a finite chain, the infinite sum is an upper bound for the forcing. Iterating the linear
recursion and summing its nonnegative terms, we obtain

k−1

∑
h=0

bh ≤
r + Cfree,J DJt1(p1 + 1)

1− a
≤ S∗ =

reff/4 + Cfree,J DJτ(p(τ) + 1)
1− a

. (15.38)

This bound is independent of H, g3, k, the lattice pairs, and their preceding depths. In
particular S∗ contains neither p1 nor H as a varying parameter.
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Step 4: the sharper ratio. Set

Kβ =
1

1− β Jreff
≤ 8

7
, ζh =

α∗
1− β Jbh

, Cprod = exp(Kββ JS∗).

For 0 ≤ y ≤ β Jreff we have − log(1− y) =
∫ y

0 (1− s)−1ds ≤ Kβy. Since bh ≤ reff/2, every
finite product satisfies

v

∏
h=u

ζh ≤ αv−u+1
∗ exp

(
Kββ J

v

∑
h=u

bh

)
≤ Cprodαv−u+1

∗ , (15.39)

where we used (15.38); for an empty product we use 1 ≤ Cprod. Since φ(bh) = ζhbh,
successive substitution in bj ≤ ζ j−1bj−1 + f j gives

bj ≤ b0

j−1

∏
h=0

ζh +
j

∑
i=1

fi

j−1

∏
h=i

ζh ≤ Cprodrα
j
∗ + CprodCfree,J

j

∑
i=1

α
j−i
∗ ti pi

≤ Cprodrα
j
∗ +

CprodCfree,J

1− α∗
√

B
tj pj.

(15.40)

In the last inequality we used ti = tjB(j−i)/2, pi ≤ pj, and α∗
√

B ≤ 1/2. Substituting
tj = cBg3

√aj, we obtain the pointwise bound of the statement, with the ratio α∗ rather
than a.

Summing (15.40) over h = 1, . . . , k− 1, treating b0 ≤ r separately, and using (15.37),
we obtain

k−1

∑
h=0

bh ≤
Cprodr
1− α∗

+
CprodCfree,J DJ

1− α∗
√

B
t1(p1 + 1)

=
Cprodr
1− α∗

+
CprodCfree,J DJcBx

1− α∗
√

B
g3
√

H (p1 + 1).

(15.41)

For the last two displays, we may take any

Ccap,J ≥ Cprod max
{

1,
Cfree,JcB

1− α∗
√

B
,

Cfree,J DJcBx

1− α∗
√

B

}
. (15.42)

It may also be enlarged to cover the constant Ccap,J of Lemma 15.10. This constant
depends only on the joint bounds, the working radii, and the ceiling. Thus it is uniform
in H and g3 subject to the single condition t1 ≤ τ, and in the length of the chain, the
sides, the lattice offset, and the preceding depths. The constant CCP is not enlarged in
this proof.
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15.8 Uniformity on compact intervals of couplings

In this section the coupling varies in a compact interval I = [γ−, γ+] with 0 < γ− ≤
γ+ < ∞. The lattice of level j has side nj = nBj for a fixed coarse side n ∈ 4N, and
aj = (L/n)B−j, g2

j = γ/nj, tj = M(J−1)/2gj, and dk
j = J(k− j). On a fixed lattice pair Λ

the largest coupling of the intermediate scales is t = cΛ
√

γ for a constant cΛ > 0, with
the fixed ratios λi. Constants with a subscript I may depend on both endpoints of I, on
n, L, M, J, the fixed parameter collection Θ of Theorem 23.2, the analytic parameters and
exponents, moment orders, and fixed lists of times and observables; constants for a fixed
lattice pair may also depend on that pair. None of them depends on the value of γ ∈ I,
on the preceding depth, or on a finer mesh. These are compact-coupling constants with
the explicit dependences just listed, not constants chosen before J. Since the cutoff radius
p(tj) depends on γ, we use the rescaled fluctuation variables vj = wj/p(tj), which live
on the fixed product Ω1 of unit balls.

Theorem 15.17. Fix the parameters and products of Theorem 15.6, with its coupling ceiling g∗,
a coarse side n ∈ 4N, and I = [γ−, γ+] with 0 < γ− ≤ γ+ < ∞. Assume that the image,
product, and coupling conditions of Theorem 15.6 hold for every γ ∈ I. Then the following hold.

1. On every fixed lattice pair Λ, at the same radius and exponent,

lim
d,d′→∞

sup
γ∈I

sup
R∈AE

Bρ,asp

(
M̂d,tR− M̂d′,tR

)
= 0. (15.43)

The contraction factor ϑ < 1 of Theorem 15.6 is the same for all γ ∈ I. At each finite
d the transformation is jointly continuous in (γ, R) in this norm. After the substitution
w = p(t)v, the classical data and the reconstruction maps converge uniformly in γ ∈ I
on every fixed smaller product domain, with every fixed derivative and every fixed spatial
difference.

2. For every fixed j, the effective interactions Rk
j and the stopped measures ν̂k

j converge uniformly
in γ ∈ I, in Bρ,asp and in total variation respectively, and the limits are continuous in γ in
these norms.

3. For every fixed l, the joint law of the coarse logarithm and of the rescaled fluctuation variables
(v1, . . . , vl) converges in total variation, uniformly in γ ∈ I. The laws of the finite-scale
reconstructions converge in bounded-Lipschitz distance and in W1, for any norm on the
finite-dimensional space of logarithmic fields, uniformly in γ ∈ I. The limiting laws are
continuous in γ in these distances, and they are compatible.

All moduli have the dependence described above, at fixed l. No rate that is uniform in l, and no
statement as γ→ 0, is asserted.

The hypothesis holds in particular when I ⊂ (0, γ0] and the hierarchy satisfies the
hypotheses of Theorem 15.6 for every γ ≤ γ0. The theorem does not by itself guarantee
that these hypotheses hold for a given coarse side and an arbitrary upper endpoint γ+.
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Proof. The proof follows the proofs of Theorems 15.6, 15.9, and 15.14. The new point is
that every estimate is proved uniformly in γ ∈ I on fixed products; uniform convergence
is never deduced from pointwise convergence and compactness of I.

Step 1: rescaling. On a fixed lattice pair, let t = cΛ
√

γ, t± = cΛ
√

γ±, p− = p(t+) > 0,
and p+ = p(t−) < ∞. Let D be the finite number of scalar fluctuation variables, and
we change variables w = p(t)v, v ∈ Ω1. The Jacobian p(t)D cancels from normalized
integrals and from logarithms normalized at the identity. For the Gaussian reference the
remaining normalizer is

Zunit
p =

∫
Ω1

e−p2|v|2/2 dv, |Ω1|e
−p2

+ supΩ1
|v|2/2 ≤ Zunit

p ≤ |Ω1|. (15.44)

The scalar factor zD/3
p of (15.8) satisfies the exact relation zD/3

p = pDZunit
p , so no normal-

ization is discarded. Every input is qi = λitp(t)vi, with fixed λi > 0 and t ∈ [t−, t+]. By
Lemma 15.4 and the hypothesis, these inputs lie in one closed subproduct of the larger
analytic product domain, and we also use its complex enlargement in the coarse field
and a slightly larger input product. Their margins were chosen before the coupling.

Step 2: classical data. In Lemma 12.3, the conditional constrained minimizer minimizes
Ed ◦ b, the constrained Hessian is its second derivative in the free variables, and its square
root is the analytic branch that is positive at real arguments. These objects do not depend
on γ; the coupling enters only through qi = giwi and the explicit divisors g2

i of the
action. The finitely many ratios of couplings are fixed powers of M. By Theorem 11.2,
the minimizers, the constrained Hessians, their square roots and inverses, the Haar
disintegration densities, and the reconstructions converge with every fixed derivative on
this one product of inputs. The formulas of Theorem 12.13 are finite compositions of
these data, with factors g−1

i ≤ (λit−)−1 and bounded p and p−1. Thus their substitutions
converge uniformly in γ ∈ I, including every fixed derivative in the coarse field of the
classical and Haar disintegration exponent, with all dependences of the determinant
terms on coarser fluctuation variables. This proves the last assertion of (1).

Step 3: the input effective interaction. We use the same gauge transformation Ωd of
Theorem 13.2 on the two reconstructions being compared; its derivatives in the coarse
field and its inverse are bounded on the common product domain. One image lies in
Bρ/2, and the uniform convergence of the reconstructions puts the other in B3ρ/4 for all
sufficiently large pairs of depths, uniformly over the product of Step 1 and over γ ∈ I.
By Lemma 15.5, every R ∈ AE satisfies

sup
B3ρ/4

|DsR| ≤ Cs,Λρ2−sE. (15.45)

Using the chain rule and the integral of DR along the segment between the two images, we
find that every fixed derivative of the term with the input effective interaction converges,
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uniformly in R and in γ. Gauge invariance within Bρ identifies these evaluations with
the values of Rsat, and the coordinatewise identity argument of Step 4 in the proof of
Theorem 15.6 identifies the holomorphic extensions. No convergence of Ωd is needed.

Step 4: the partition functions. The integrands on Ω1 are now uniformly Cauchy,
together with each fixed derivative in the coarse field. On the finite set QΛ of boxes
of the lattice, let Ud,t,R be the local interaction decomposition of Lemma 15.8, after the
zero-fluctuation terms and the Gaussian factor have been removed. Its reference measure
is the product probability

dπunit
p (v) = (Zunit

p )−1e−p2|v|2/21Ω1(v) dv.

The estimates of Lemma 15.8 for the supports, the support-counting factors, and the
radii give ∥Ud,t,R∥S8 ≤ η0/4 at coarse-field radius ρ, uniformly in γ ∈ I, d, and R. These
smallness conditions hold throughout I by hypothesis; the bounds involve only the fixed
domains, their radius ratios, and bounded p, t, t−1, and E. Theorem 12.7 applies to
this family of coefficients in the coarse field, allows scalar coefficients, and has constants
independent of the reference probability and of the number of fluctuation variables. It
gives a family L with

− log Ξd,t,R = ∑
Y
LY, ∥L∥S2 ≤ C∥Ud,t,R∥S8 .

Every support is nonempty, so on the complex product∣∣∣∑
Y
LY

∣∣∣ ≤∑
Y

∑
ν

ρ|ν||LY,ν| ≤ |QΛ|∥L∥S2 ≤ C|QΛ|η0/2.

The branch of the logarithm vanishes at zero interaction and agrees with the real loga-
rithm on real data. This proves that the normalized complex partition functions do not
vanish and satisfy

|log Ξd,t,R| ≤ CΛ,I,E, |Ξd,t,R| ≥ e−CΛ,I,E . (15.46)

Comparing the ratio of two close partition functions on a disc about one, we find that
their logarithms normalized at the identity, and their fixed coefficient tensors, are uni-
formly Cauchy. The uniform lower bound (15.46) is not inferred from positivity of the
normalizers at real arguments.

Step 5: the transformations. The common absolute coefficient majorants used for (15.17)
are uniform also in γ ∈ I: the rescaled inputs have fixed product margins, t and p(t)
range over compact intervals, and every denominator has one common positive margin.
A common convergent majorant controls the increase of the supported norm when the
coarse-field radius increases from ρ to u. At u = ρ the actual-coupling reserve gives
∥H + AR∥S8 ≤ η0/4 uniformly in d, R, γ. Choose one ρ < ρ1 < 2ρ so that the common
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majorant’s increment is at most η0/4 and all product and input-image margins remain
strict. The whole supported family is then bounded by η0/2 at ρ1, uniformly over these
parameters. The logarithm expansion and the conversion used for (15.17) give

sup
γ∈I, d, R∈AE

Bρ1,asp

(
M̂d,tR

)
≤ CΛ,I,E. (15.47)

Indeed, the argument of the input effective interaction stays below its input radius ρ, the
fixed connected box sets still satisfy aspt ≤ 2|Y|, and the conversion factor is 9ρ−2

1 ; none
of these facts depends on t. The finitely many small depths are included in the bound,
on their own product domains. We split the difference of two outputs at a Taylor degree
h. Its tail is at most 2CΛ,I,E(ρ/ρ1)

h−1, by Lemma 15.5. We choose h first, and then d, d′ so
large that the finitely many remaining tensors are close, by Step 4. This proves (15.43) in
the coefficient norm at the unchanged ρ and asp.

At a finite depth d the rescaled integrand and Zunit
p depend continuously on t > 0.

The same logarithm and tail argument proves continuity in the norm for fixed R. The
contraction of Theorem 15.6, applied at a fixed parameter to two inputs, implies continuity
in R. Its conditions on t, p(t), and E hold for every γ ∈ I by hypothesis, so the factor ϑ is
unchanged. This proves (1).

Step 6: effective interactions and stopped measures. For fixed j and m we take the
supremum over I in (15.18). By (1),

sup
γ∈I
Bρ,asp(Rk

j − Rk′
j ) ≤ 2Eϑm +

j+m

∑
h=j+1

ϑh−j−1εh,I(k, k′), εh,I(k, k′) −→ 0, (15.48)

where εh,I is the supremum over γ ∈ I of the quantity εh of (15.18). We choose m first and
then k, k′. By the completeness of the coefficient space, proved in Step 6 of the proof of
Theorem 15.6, we obtain the uniform limit R∞

j (γ) ∈ AE. Each finite effective interaction
is continuous in γ, since it is a finite composition of transformations that are continuous
by (1), starting from the zero interaction on the finest lattice. The uniform limit is then
continuous as well.

On the fixed domain Dr at level j, the difference of the classical terms in (15.19) is
divided by g2

j ≥ γ−/nj. Using the value bound of Lemma 15.5, we obtain

δj,k,I = sup
γ∈I

sup
Dr

∣∣∣EJ(k−j),sat − E∞,sat

g2
j

+ Rk
j,sat − R∞

j,sat

∣∣∣ −→ 0. (15.49)

At this fixed volume all these exponents are bounded uniformly in γ ∈ I. This common
domain contains an open neighborhood of the identity of positive Haar measure, so
the normalizers have a positive lower bound uniform in γ. By Lemma 15.1(1), the total
variation distance is at most e2δj,k,I − 1, which proves the uniform convergence of the
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stopped measures. The same bounds and the fixed domain prove continuity in γ in total
variation, both at finite k and in the limit. In particular, with the fixed Borel map S0

of Lemmas 15.10 and 15.12, the coarse-level laws ηk
0 and η∞

0 converge in total variation
uniformly in γ and depend continuously on γ. No continuity of S0 is needed. This
proves (2).

Step 7: kernels and finite-scale reconstructions. For the potential of Theorem 15.9, with
all its terms, we write

Ṽk
j (γ, θ, v) = Vk

j (γ, θ, pj(γ)v), v ∈ Ω1.

By Steps 2 and 3 and (15.49), we have

∆j,k,I = sup
γ,θ,v
|Ṽk

j − Ṽ∞
j | −→ 0, (15.50)

where all suprema are over closed smaller product domains. Each finite potential is jointly
continuous in (γ, θ, v), and so is the uniform limit, which is bounded there. The integral

of e−Ṽ∞
j over Ω1 is at least |Ω1| exp(− sup|Ṽ∞

j |) > 0. Thus the limiting normalized kernel
on the unit product is jointly continuous in (γ, θ) in total variation, with one modulus
ωj,I in the field. By Lemma 15.1(1), the finite kernel differs from it in total variation by at
most e2∆j,k,I − 1, uniformly in the field and in γ.

The thresholds d0(Λj) of Theorem 15.13 do not depend on the coupling. For a fixed
l, all gauge transformations are therefore the fixed limiting ones once k is large. After
the substitution qi = gj,i(γ)pj(γ)vi, the reconstruction maps converge uniformly on the
common compact product of γ and the coordinates, and their first derivatives in the
coarse field are uniformly bounded. Let Fk

j be the finite-scale reconstruction, and let

uj,k,I = supγ,h|Fk
j (γ, h)− F∞

j (γ, h)|. Then

u0,k,I = 0, uj,k,I ≤ vj,k,I + Cj,Iuj−1,k,I , vj,k,I −→ 0, (15.51)

where vj,k,I is the uniform distance between the maps and Cj,I bounds the first derivative
of the limiting map. Since there are finitely many j ≤ l, all uj,k,I tend to zero. Evaluated
along the reconstruction, the kernels differ by at most e2∆j,k,I − 1 + ωj,I(uj−1,k,I). Using
the disintegration of Lemma 15.10 and Lemma 15.1(2), we obtain

sup
γ∈I
∥Pk

l (γ)− P∞
l (γ)∥TV ≤ sup

γ∈I
∥ηk

0 − η∞
0 ∥TV +

l

∑
j=1

{
e2∆j,k,I − 1 + ωj,I(uj−1,k,I)

}
−→ 0.

(15.52)
This bound accounts for the whole finite-scale reconstruction, including the dependence
of later fields on earlier fluctuation variables. The logarithmic fields have a common
compact range, by the amplitude bounds. Lemma 15.1(3), as in (15.32), implies uniform
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convergence in bounded-Lipschitz distance, and its coupling bound gives uniform con-
vergence in W1, with error at most ∥Fk − F∞∥∞ + Dl∥Pk

l − P∞
l ∥TV. The continuity in γ

of the coarse-level laws and of the kernels in total variation, and the continuity of the
limiting reconstruction maps, prove the continuity of the limiting laws. Compatibility is
the disintegration identity. This proves (3).



part v

Heat estimates and backward reconstruction



section 16

Heat-kernel estimates, interpolation,
and concentration

This section proves the analytic and probabilistic estimates through which the conditional
fluctuation kernels of Sections 13 and 15 control the reconstructed field in norms of
negative regularity. The main result is Theorem 16.6. It concerns one renormalization
group step, from a coarse field c to the lattice of mesh a, and the lattice potential
A = a−1Φ, where Φ is the logarithm of the reconstructed fine field in a gauge that
depends only on c. Conditionally on c, the fluctuation F = A−E[A | c] of A about its
conditional expectation satisfies, for 0 < α < 3/2 and every p ≥ 1,(

E
[(

sup
0<s≤T0

sα/2∥PsF∥∞

)p ∣∣∣ c
])1/p

≤ Cpg3aα−1/2
√

log(2 + L/a),

where Ps is the continuum heat semigroup applied to F, viewed as a function that is
constant on lattice cells. The bound is uniform in c and in the number of averaging steps
that precede the step. For α > 1/2 it tends to zero with the mesh and is summable over
a geometric sequence of meshes. It controls only the fluctuation about the conditional
expectation; the conditional expectation itself is estimated in Lemma 17.1.

The auxiliary results are deterministic heat and interpolation estimates and probabilis-
tic maximal inequalities. We prove bounds for the heat kernel on the periodic lattice and
on the torus (Lemma 16.1), and we construct a smooth cardinal interpolation between
lattices whose meshes have an integer ratio, which preserves the integral of every col-
umn exactly (Lemma 16.3). We also prove an elementary chaining lemma (Lemma 16.4),
estimates for time convolutions (Lemma 16.8), and the convergence of the discrete heat
evolution of a fixed bounded finite-dimensional family of smooth fields to the continuum
heat evolution (Lemma 16.9). All heat estimates are stated on a fixed finite time interval
and keep the constant mode.

The scale in the main estimate. The factor g3aα−1/2 has a simple origin. Let g2 = g2
3a be

the coupling at mesh a. The Jacobian of the map from the normalized fluctuation variables
w to the lattice potential A has counting ℓ2 operator norm at most CJ g/a = CJ g3a−1/2. At
a time s ≥ a2, the heat kernel averages over about (

√
s/a)3 cells, and a linear function of w

with this averaging has Lipschitz constant smaller by the factor a3/2s−3/4. When α < 3/2,
the product sα/2a3/2s−3/4 is largest at s ≍ a2, where it equals aα. By the concentration
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inequality for the conditional fluctuation kernel, the fluctuations at each point have size
g3aα−1/2, and the maximum over space and time costs the factor

√
log(2 + L/a).

Three linear operations. Three linear operations on lattice arrays occur in this and the
following sections.

Operation Input and output Use

Continuum heat semigroup
Ps applied to the cell embed-
ding

An array on the lattice of
mesh a, extended as a con-
stant on each half-open cell;
a smooth function on T3

L

Negative-regularity norms of
reconstructed fields (Theo-
rem 16.6, Section 17)

Discrete heat semigroup Pa
t An array on the lattice of

mesh a; an array on the same
lattice

Heat bounds for the lattice
flow (Lemmas 16.1 and 16.9)

Cardinal interpolation Ia0→a An array on the lattice of
mesh a0; an array on the finer
lattice of mesh a = a0/m

Comparison of fields from
different scales on a common
lattice; values and differ-
ence arrays are interpolated
separately (Lemmas 16.3
and 16.9)

Two points that need care. First, the conditional fluctuation kernel is supported on a
product of balls, but it is not a product measure: the normalized fluctuation variables
interact, and they are not Gaussian. We use only that its potential V satisfies D2

wV ≥ I/2
on the convex support. This implies a logarithmic Sobolev inequality and Gaussian
concentration for Lipschitz functions, with constants independent of the dimension.
Second, the column sums of the reconstruction Jacobian must be normalized by the cell
volume of the lattice on which each fluctuation variable lives. A uniform bound on
the row sums alone does not imply the ℓ2 operator bound used in the concentration
argument, and the column bound with the correct input volume produces the factor a3/2

above.

Inputs, uses, and attribution. The conventions for meshes, heat semigroups, analytic
norms, and flow norms are those of Section 4. The probabilistic input is the concentration
theorem on convex products of balls, Theorem 5.4. It rests on the variance inequality
of Brascamp and Lieb [33], the logarithmic Sobolev inequality of Gross [103], and the
curvature criterion of Bakry and Émery [8], with the boundary of the product treated
in Section 5. The conditional fluctuation kernel and the bounds on the reconstruction
and its derivatives come from Theorems 13.2 and 13.8; the reconstruction maps and
the preservation of the kernels under them come from Theorems 15.13 and 15.14. The
concentration theorem is used in Section 17; the heat bounds, the interpolation, and
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the chaining lemma are used in Sections 17, 24, 26, 27, 29, 31, and 34; the convolution
estimates in Section 24; and the consistency lemma in Section 25.

The heat-kernel bounds are standard; we prove them by Fourier analysis because the
normalizations matter. The maximal inequalities use chaining in the sense of Dudley [79].
For general tail bounds by generic chaining, see Dirksen [74, Theorems 3.2 and 3.5]; the
second of these theorems treats increments with mixed sub-Gaussian and exponential
tails. Those results are stated for semimetrics satisfying the triangle inequality. Our
version assumes only the covering and continuity properties that we use, and we include
its short proof. Only the verification that the conditional fluctuation kernel and the
reconstruction satisfy the hypotheses of these general estimates, uniformly in the coarse
field and in the depth, depends on the construction.

Notation. Throughout this section, L > 0 is the side length of the torus T3
L. For a mesh

a = L/n with an integer n ≥ 4, we write Γa = (aZ/LZ)3 for the vertex set of Λn in
physical units, and we use the measure a3 ∑x∈Γa in all norms Lr

a. Arrays on positive links
are identified with arrays on vertices by attaching the link (x, x + aei) to its starting vertex
x; the direction i and the color form a fixed finite set of components, and all operators
below act componentwise. For a direction i, we write D+

a,i f (x) = ( f (x + aei)− f (x))/a
and D−a,i f (x) = ( f (x)− f (x− aei))/a for the physical forward and backward differences,
∆a = ∑i D−a,iD

+
a,i, and Pa

t = et∆a ; this semigroup keeps the constant mode. For an integer
q ≥ 0, we write Dq

a for any ordered product of q physical forward or backward differences
(the identity if q = 0). When the particular product matters, we write Dϵ

a , and ∂ϵ for the
corresponding product of partial derivatives; bounds stated for Dq

a hold uniformly over
the finitely many products of order q. The continuum heat semigroup is Pt = et∆ on T3

L,
with kernel pt(x− y). The cell embedding of an array f on Γa is the function on T3

L equal
to fy on the half-open cell Qy = y + [0, a)3. In this section, the letter q denotes an order
of differentiation or an exponent; it is unrelated to the plaquette energy. Constants C
may change from line to line, and depend only on the parameters listed in the statement
being proved.

16.1 Heat-kernel bounds

The following lemma collects the bounds on the discrete and continuum heat kernels
used in the rest of the paper. Its last assertion is a maximal inequality for sub-Gaussian
processes. We state it here because it is applied to processes built from the heat kernel; it
is a special case of Lemma 16.4. For a set I, a nonnegative symmetric function d on I × I,
and v > 0, we write N(I, d, v) for the smallest cardinality of a set N ⊂ I such that every
i ∈ I has some i′ ∈ N with d(i, i′) ≤ v.
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Lemma 16.1. Fix L, T > 0. Let a = L/n with an integer n ≥ 4, and let pa
t (x, y) be the density of

Pa
t with respect to the measure a3 ∑y. Then pa

0(x, y) = a−31x=y, pa
t ≥ 0, and a3 ∑y pa

t (x, y) = 1.
For every integer q ≥ 0, every product Dϵ

a of q physical forward or backward differences acting on
the variable y, every x ∈ Γa, and every 0 ≤ t ≤ T,

∥Dϵ
a pa

t (x, ·)∥L1
a
≤ Cq(t + a2)−q/2,

∥Dϵ
a pa

t (x, ·)∥L2
a
≤ Cq(t + a2)−3/4−q/2,

∥Dϵ
a pa

t (x, ·)∥∞ ≤ Cq(t + a2)−(3+q)/2.

(16.1)

The continuum heat kernel pt is smooth for t > 0 and satisfies the same three bounds with a = 0,
for 0 < t ≤ T, with Dϵ

a replaced by a product of q partial derivatives. The constants depend only
on q, the fixed sets of directions and colors, and T/L2.

For y ∈ Γa, 0 < t ≤ T, and x ∈ T3
L let

ωy(t, x) =
∫

Qy
pt(x− z) dz.

Then
∥ω(t, x)∥ℓ2 ≤ C min{1, a3/2t−3/4} (0 < t ≤ T),

and

∥ω(t, x)−ω(t, x′)∥ℓ2 ≤ Ca3/2t−3/4 min{1, dist(x, x′)/
√

t} (a2 ≤ t ≤ T).

More generally, for every multi-index ν and every integer r ≥ 0, the array of cell integrals of
∂ν∂r

t pt(x− ·) has ℓ2 norm at most Cν,ra3/2t−3/4−|ν|/2−r for 0 < t ≤ T. Thus every additional
spatial derivative costs a factor t−1/2 and every time derivative a factor t−1, and the corresponding
increment bounds follow; for example, with v = min{s, t},

∥ω(t, x)−ω(s, x)∥ℓ2 ≤ Ca3/2v−3/4 min{1, |t− s|/v} (0 < s, t ≤ T).

For 0 < t ≤ a2 we use instead that ∥Pt f ∥∞ ≤ maxy| fy| for the cell embedding of an array f .
Finally, let (Xi)i∈I be a centered real process and let d be a nonnegative symmetric function

on I × I with sup d ≤ σ. Suppose that

EezXi ≤ ez2σ2/2, Eez(Xi−Xj) ≤ ez2d(i,j)2/2 (z ∈ R, i, j ∈ I),

that N(I, d, ησ) ≤ Aη−v for every 0 < η < 1, where A ≥ 1 and v ≥ 0, and that the process has
a version which is continuous with respect to d and whose supremum equals its supremum over a
countable d-dense subset of I (this holds automatically if I is finite). Choose such a continuous
version and denote it again by X; the following suprema are taken for this version. Then there is a
universal constant C such that, for u ≥ 0,

P
{

sup
i∈I
|Xi| > Cσ

[√
log(2A) +

√
v +
√

u
]}
≤ 2e−u,

E sup
i∈I
|Xi| ≤ Cσ

[√
log(2A) +

√
v
]
.
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No Gaussian or independence assumption is made.

Remark 16.2. The finite horizon T cannot be removed, because the semigroups keep the
constant mode. For instance, as t → ∞ the density pa

t (x, ·) tends to the constant L−3,
whose L2

a norm is L−3/2, while (t + a2)−3/4 → 0. In the same way, for Eθ = I and
a = a0 in Lemma 16.3 below, the undifferentiated row of Wt tends to the constant row
n−3, whose counting ℓ2 norm is n−3/2. The bound Ca3/2

0 (t + a2
0)
−3/4 therefore cannot

hold with a fixed constant on an unbounded time interval. For this reason, all row and
covering estimates in this section are stated for times in [0, T], and their constants depend
on T/L2.

Proof of Lemma 16.1. We use Euclidean norms on the fixed spaces of directions and colors;
changing between equivalent norms costs a fixed factor. All heat times below lie in [0, T],
and they are positive for the continuum kernel and the cell integrals.

The discrete kernel and its L1 bounds. We begin with unit spacing on Z. Let S+ and
S− be the two shifts. The kernel rs of

es(S++S−−2I) = e−2s ∑
k,l≥0

sk+l

k! l!
Sk
+Sl
−

is nonnegative and has sum one; the series converges in operator norm on bounded
arrays. Its Fourier multiplier on [−π, π] is e−4s sin2(θ/2). Let ∇ϵ be a product of r unit
forward or backward differences in this coordinate, and set hs = ∇ϵrs. Up to a sign, the
multiplier of hs is

ms(θ) = e−ilθ(eiθ − 1)re−4s sin2(θ/2), 0 ≤ l ≤ r,

where l is the number of backward differences. For s ≤ 1, we have ∑j|hs(j)| ≤ 2r by the
difference stencil. For s ≥ 1, the inequalities |eiθ − 1| ≤ |θ| and sin2(θ/2) ≥ θ2/π2 on
[−π, π] imply ∫ π

−π
|ms|2 dθ ≤ Crs−r−1/2,

∫ π

−π
|m′s|2 dθ ≤ Crs−r+1/2. (16.2)

Here and below, the finitely many sign patterns are included in Cr. To verify the second
bound, note that m′s is a sum of terms bounded by

Cr
(
|θ|r + 1r≥1|θ|r−1 + s|θ|r+1)e−csθ2

;

the first term is absent when l = 0, and only the last term is present when r = 0. Squaring,
integrating, and substituting v =

√
s θ, we obtain (16.2), since

∫
R
|v|me−cv2

dv < ∞ for
every m ≥ 0. For this finiteness, we split [0, ∞) into the intervals [k, k + 1], k ≥ 0; on each
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of them, |v|me−cv2 ≤ (k + 1)me−ck2
, and these bounds form a summable sequence. The

negative half-line is treated by symmetry. The Fourier coefficients of m′s are ijhs(j). By
Parseval’s identity, we have

∑
j
|hs(j)|2 ≤ Crs−r−1/2, ∑

j
j2|hs(j)|2 ≤ Crs−r+1/2.

These identities may be applied first to the absolutely convergent kernel series, or obtained
by approximation with trigonometric polynomials in L2. For s ≥ 1, we have ∑j∈Z(1 +

j2/s)−1 ≤ C
√

s; to see this, we separate |j| ≤
√

s from |j| >
√

s and use s ∑j>
√

s j−2 ≤
C
√

s. Then the weighted Cauchy–Schwarz inequality implies

∑
j
|hs(j)| ≤

(
∑

j
(1 + j2/s)−1

)1/2(
∑

j
(1 + j2/s)|hs(j)|2

)1/2
≤ Crs−r/2. (16.3)

The kernel on Z3 is the product of three copies of rs. A product of q differences puts
ri differences on coordinate i, with r1 + r2 + r3 = q, and the absolute counting L1 norm of
the differentiated kernel is the product of the three one-dimensional norms. By (16.3), it
is at most Cq(1 + s)−q/2 for every s ≥ 0. Periodizing with period n does not increase this
norm, by the triangle inequality, and it preserves positivity and mass. At spacing a, the
time is s = t/a2, the density carries the factor a−3, and a product of q physical differences
carries the factor a−q. We obtain

a3 ∑
y
|Dϵ

a pa
t (x, y)| ≤ Cqa−q(1 + t/a2)−q/2 = Cq(t + a2)−q/2.

The periodized kernel solves the finite heat equation with initial density a−31x=y, and by
uniqueness for this finite linear system it equals pa

t . This proves the L1 bound and the
assertions on positivity and mass, including at t = 0.

The L2 and supremum bounds. Fix one representative of each k ∈ (Z/nZ)3 with
|ki| ≤ n/2. Then

pa
t (x, y) = L−3 ∑

k
e−tλa(k)e2πik·(x−y)/L, λa(k) = 4a−2 ∑

i
sin2(πki/n). (16.4)

Indeed, these exponentials are eigenfunctions of ∆a, and their orthogonality on Γa yields
the required initial density at t = 0. For these representatives,

c|k|2/L2 ≤ λa(k) ≤ C|k|2/L2,

and the multiplier of Dϵ
a has absolute value at most Cq(|k|/L)q. If 0 ≤ t ≤ a2, we obtain

the supremum bound 2qa−3−q and the L2
a bound 2qa−3/2−q from the difference stencil
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and the mass identity; since t + a2 ≤ 2a2, these are the asserted bounds. If t ≥ a2, we
extend the sum over nonzero frequencies to Z3 \ {0}. For every r ≥ 0 and c > 0,

L−3 ∑
k ̸=0

(|k|/L)re−ct|k|2/L2 ≤ Cr,ct−(3+r)/2. (16.5)

To check this estimate, we set u = t/L2 and group the frequencies with j ≤ |k| < j + 1.
There are at most C(j + 1)2 of them, since the disjoint unit cubes centered at these points
lie in an annulus of fixed extra width. For u ≤ 1, the sum of (j + 1)r+2e−cuj2 over j ≥ 1 is
at most Cr,cu−(r+3)/2: on the interval [j, j + 1], we may replace j2 by x2/4 and (j + 1)r+2

by Crxr+2, and then integrate. For u ≥ 1, we have e−cuj2 ≤ e−cu/2e−cj2/2 for j ≥ 1, and
e−cu/2 ≤ Cr,cu−(r+3)/2. Rescaling gives (16.5).

The triangle inequality in (16.4), together with (16.5) for r = q, implies the supremum
bound. By orthogonality on Γa, the square of the L2

a norm equals L−3 times the sum
over k of the squared multipliers times e−2tλa(k), and (16.5) with r = 2q bounds it. For
q = 0, the frequency k = 0 contributes L−3 both to the supremum and to the square of
the L2

a norm. On the horizon, we have L−3 ≤ (T/L2)3/2t−3/2, and this contribution is at
most C(T/L2)t−3/2 in both cases; every difference of positive order annihilates it. Since
t + a2 ≤ 2t in this range, these are the asserted bounds, with constants depending only
on q and T/L2.

The continuum kernel and the cell integrals. The continuum kernel is the periodization
of

Gt(z) = (4πt)−3/2e−|z|
2/(4t),

which has mass one. For each multi-index ν, the derivative ∂νGt equals t−(3+|ν|)/2 times
a fixed polynomial in z/

√
t times e−|z|

2/(4t). A change of variables yields ∥∂νGt∥1 ≤
Cνt−|ν|/2, and periodization does not increase the absolute L1 norm. The periodic Fourier
coefficients are L−3e−4π2t|k|2/L2

, obtained by integrating the periodized Gaussian over one
period. The other two bounds follow from (16.5), with the term k = 0 treated as before.
For t > 0, all these series and their derivatives converge absolutely; multiplying Fourier
coefficients then verifies the heat equation and the semigroup property.

By positivity and mass, we have ∑y ωy(t, x) = 1, and hence ∥ω(t, x)∥2 ≤ 1. Using the
Cauchy–Schwarz inequality on each cell, we find

∑
y

∣∣∣∫
Qy

∂ν∂r
t pt(x− z) dz

∣∣∣2 ≤ a3∥∂ν∆r pt∥2
2 ≤ Cν,ra3t−3/2−|ν|−2r, (16.6)

where we used the heat equation ∂t pt = ∆pt and, in the last inequality, the continuum
L2 bound with q = |ν|+ 2r. The case ν = 0, r = 0 is the second bound on ∥ω(t, x)∥2.
Integrating one spatial derivative along a shortest segment in T3

L from x to x′, we bound
the difference of the two cell arrays by Ca3/2t−5/4 dist(x, x′). The value bound, used
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twice, bounds it by Ca3/2t−3/4, and the minimum of the two is the increment bound.
In the same way, (16.6) controls every fixed spatial and time derivative. For the time
increment, we integrate the time derivative over [v, v + |t− s|] when |t− s| ≤ v, and we
use the two value bounds otherwise. The same reasoning, applied to a differentiated
array of cell integrals, yields its increment bounds, with the additional factors displayed
in (16.6). Finally, for t ≤ a2, positivity and unit mass imply ∥Pt f ∥∞ ≤ maxy| fy| for every
cell embedding f ; this needs no regularity across cell boundaries.

The chaining assertion is a special case of Lemma 16.4; we deduce it at the end of
Section 16.3.

16.2 Cardinal interpolation and volume-normalized columns

We next define the cardinal interpolation used to compare arrays on different lattices.
Fix an even nonnegative function b ∈ C∞

c ([−1, 1]) that is positive on (−1, 1); all its
derivatives vanish at ±1. Set

ζ(v) =
b(v)

∑m∈Z b(v−m)
(v ∈ R), ζ3(u) =

3

∏
i=1

ζ(ui) (u ∈ R3).

Let a0 = L/n with n ≥ 4, let m ≥ 1 be an integer, and let a = a0/m. For x ∈ Γa0 let

ψx(z) = ∑
l∈Z3

ζ3((z− x + Ll)/a0) (z ∈ T3
L)

be the periodization of the translated function ζ3((· − x)/a0). The cardinal interpolation
of an array f on Γa0 is the array on Γa defined componentwise by

(Ia0→a f )i(y) = ∑
x∈Γa0

ψx(y) fi(x) (y ∈ Γa), (16.7)

where, as above, each positive link is attached to its starting vertex. The continuous
interpolant is Ia0 f (z) = ∑x ψx(z) f (x) for z ∈ T3

L. In (16.7) we also write ζ3((y− x)/a0)

for ψx(y).
For a matrix K from scalar variables ξ attached to the cells of the lattice of mesh a0

to arrays on the lattice of mesh a, we use the row sums supy ∑ξ |K(y, ξ)| and the volume-
normalized column sums supξ(a3/a3

0)∑y|K(y, ξ)|, as in Definition 4.6. Throughout, a
column is normalized by the cell volume a3

0 of its input.

Lemma 16.3. Fix L, T > 0 and the function b. Let a0 = L/n with n ≥ 4, let m ≥ 1 be an
integer, and let a = a0/m. All times below lie in [0, T].
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1. The map Ia0→a is local within distance
√

3a0, commutes with constant color rotations,
preserves constants, satisfies (Ia0→a f )(x) = f (x) for x ∈ Γa0 , and Ia→a is the identity. For
every integer q ≥ 0,

∥Dq
a Ia0→a f ∥∞ ≤ Cqa−q

0 ∥ f ∥∞, a3 ∑
y

ψx(y) = a3
0,

a3 ∑
y

dist(y, x)ψx(y) ≤ Ca4
0, ∥Dq

a Pa
t Ia0→a f ∥∞ ≤ Cq(t + a2

0)
−q/2∥ f ∥∞.

The continuous interpolant Ia0 f satisfies the corresponding derivative bounds, and∫
T3

L
ψx(z) dz = a3

0.

2. Let Eθ be a deterministic matrix, depending on a parameter θ, from scalar variables ξ attached
to the cells of the lattice of mesh a0, at most vJ of them per cell, to arrays on that lattice.
Suppose that, uniformly in θ, its row sums and volume-normalized column sums are at most
CJ , that is,

sup
x

∑
ξ

|Eθ(x, ξ)| ≤ CJ , sup
ξ

a3
0 ∑

x
|Eθ(x, ξ)| ≤ CJa3

0, (16.8)

and that its columns decay exponentially at scale a0, with fixed rate and amplitude. Set
Wt = Pa

t Ia0→aEθ. Then for every integer q ≥ 0,

sup
x,θ
∥Dq

aWt(x, ·)∥ℓ2 ≤ CJ,qa3/2
0 (t + a2

0)
−3/4−q/2,

∥Dq
aWt∥ℓ2→L2

a
≤ CJ,qa3/2

0 (t + a2
0)
−q/2,

where ℓ2 refers to the variables ξ. For q ∈ {0, 1}, put Aq(t) = a3/2
0 (t + a2

0)
−3/4−q/2 and

v = min{s, t}. Then

∥Dq
aWt(x, ·)− Dq

aWs(x, ·)∥ℓ2 ≤ CJ,q Aq(v)min{1, |t− s|/(v + a2
0)},

∥Dq
aWt(x, ·)− Dq

aWt(y, ·)∥ℓ2 ≤ CJ,q Aq(t)min{1, dist(x, y)/
√

t + a2
0}.

At fixed θ, for q ∈ {0, 1} and 0 < η < 1, the set Γa × [0, T] with the distance
aq

0∥D
q
aWt(x, ·)− Dq

aWs(y, ·)∥ℓ2 between (x, t) and (y, s) has an η-net with at most

CJ,q(1 + L/(ηa0))
3(1 + T/(ηa2

0))

points. For the normalized rows Dq
aWt(x, ·)/Aq(t) the same holds, up to a factor which is a

fixed power of 1 + T/a2
0.

3. Let u be an array on the lattice of mesh a1 with a1/a ∈N. Then, componentwise,

a3 ∑
y∈Γa

Ia1→au(y) = a3
1 ∑

x∈Γa1

u(x).
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Hence, if arrays originating on lattices of different meshes are interpolated separately from
their own lattices to a common finer lattice before they are added or subtracted, every
componentwise integral is preserved exactly; in particular every prescribed zero integral is
preserved.

All the estimates are uniform in the ratio m = a0/a, in n, and in θ, at fixed J and fixed coefficient
constants. The constants depend only on b, q, T/L2, vJ , CJ , and the decay constants of the
columns. The hypotheses of the second part hold, with a constant CJ depending only on J, the
fixed construction domains, and the order of differentiation, for the normalized Jacobian of the
reconstruction and for each of its mixed derivatives of fixed order in the coarse field and the
fluctuation variables, uniformly in the coarse field and in the depth; see Lemma 16.5.

Proof. All matrices in this proof are written in counting coordinates, and all times lie in
[0, T]; we apply Lemma 16.1 with the same L and T. The parameter θ is fixed during the
construction of each net, and the constants are uniform in θ; the covering assertion is not
an entropy estimate for the family indexed by θ.

The basis functions and their masses. Let db(u) = ∑m∈Z b(u−m). Since only finitely
many terms are nonzero near any point, db is smooth and one-periodic. It is strictly
positive, since some integer has distance at most 1/2 from u, and its minimum over one
period is positive. The function ζ = b/db is smooth, nonnegative, even, and supported in
[−1, 1]; all its derivatives vanish at ±1, and

ζ(k) = 1k=0 (k ∈ Z), ∑
k∈Z

ζ(u− k) = 1. (16.9)

The first identity holds because b(k) = 0 for integers k ̸= 0 and db(0) = b(0); the second
follows by replacing every db(u− k) by db(u). The periodization in ψx accounts for every
periodic seam. These functions sum to one as x ranges over Γa0 , they are supported
within torus distance

√
3a0 of x, and ψx(x′) = 1x=x′ for x′ ∈ Γa0 . The map preserves

constants and samples, and it is the identity when a = a0. Since it acts by the same scalar
coefficients on each direction and color, it commutes with every constant color rotation.

Since at any point of T3
L at most a fixed number of the functions ψx are nonzero, we

have
∥∂ϵ Ia0 f ∥∞ ≤ Cqa−q

0 ∥ f ∥∞

for every product ∂ϵ of q partial derivatives. For a smooth periodic function h, each
physical forward or backward difference is an average of the corresponding derivative,

D±a,ih(z) =
∫ 1

0
∂ih(z± raei) dr. (16.10)

Applying this identity repeatedly, we write a product of q differences as an average of the
corresponding derivative of order q. The preceding bound therefore implies the bound
on Dq

a Ia0→a f , uniformly in m.
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For the mass, we write an integer l as l = mk + r with 0 ≤ r < m. By (16.9), we have

∑
l∈Z

ζ(l/m) =
m−1

∑
r=0

∑
k∈Z

ζ(k + r/m) = m.

Taking the product over the three coordinates and regrouping the periodization, we
obtain

a3 ∑
y∈Γa

ψx(y) = a3m3 = a3
0. (16.11)

Since ψx ≥ 0 is supported within distance
√

3a0 of x, the first moment is at most
√

3a4
0.

Integrating the second identity in (16.9) over [0, 1], we find
∫

R
ζ(u) du = 1, and the

product over the coordinates gives
∫

T3
L

ψx(z) dz = a3
0. These arguments also prove the

assertions on the continuous interpolant.

Heat smoothing. If t ≤ a2
0, we commute the differences with the discrete heat semigroup

and use that Pa
t contracts the supremum norm, together with the bound on Dq

a Ia0→a f ;
this gives Cqa−q

0 ∥ f ∥∞. If t ≥ a2
0, we move the differences onto the heat kernel and use

its L1
a bound from Lemma 16.1, together with ∥Ia0→a f ∥∞ ≤ ∥ f ∥∞; since a ≤ a0, we

obtain Cqt−q/2∥ f ∥∞. Both bounds are at most Cq(t + a2
0)
−q/2∥ f ∥∞. The same argument,

with continuous derivatives and the continuum heat kernel, proves the corresponding
continuous estimate.

Row sums and volume-normalized column sums. We write ξ for the scalar input
variables. The finitely many variables per cell and the color components are included in
CJ . The estimates below use only (16.8), and they apply to every matrix obeying (16.8).
The interpolation, whose range is

√
3a0, preserves the exponential decay of the columns,

but this decay is not needed for the numerical bounds.
Let K = Ia0→aEθ. For every product of q differences,

sup
y

∑
ξ

|Dq
aK(y, ξ)| ≤ CJ,qa−q

0 , sup
ξ

a3 ∑
y
|Dq

aK(y, ξ)| ≤ CJ,qa3−q
0 . (16.12)

For the first bound, we expand K over the coarse vertices. By (16.10) and the bounded
overlap of the differentiated continuous basis functions, we have ∑x|D

q
aψx(y)| ≤ Cqa−q

0 ,
and the row bound in (16.8) implies the claim. For the second bound, each differentiated
basis function has magnitude at most Cqa−q

0 and support within distance Cqa0 of its vertex,
which contains at most Cq(a0/a)3 fine vertices. This also holds if the support wraps
around the torus, by summing over its lifts. We conclude that a3 ∑y|D

q
aψx(y)| ≤ Cqa3−q

0 ,
and summing over x with the column bound in (16.8) gives the second bound.

For t ≤ a2
0, the heat semigroup is a contraction on absolute row sums and on volume-

normalized column sums, and (16.12) holds for Dq
aWt. In particular, the ℓ2 norm of a
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row of Dq
aWt is at most its absolute row sum CJ,qa−q

0 = CJ,q Aq(0). For t ≥ a2
0, we use the

undifferentiated K in the heat convolution and move all differences to the heat kernel.
The L1

a bound and the supremum bound of Lemma 16.1 yield, respectively,

sup
x

∑
ξ

|Dq
aWt(x, ξ)| ≤ CJ,qt−q/2, sup

x,ξ
|Dq

aWt(x, ξ)| ≤ CJ,qa3
0t−(3+q)/2. (16.13)

The square of the ℓ2 norm of a row is at most the product of these two quantities, that
is, at most CJ,qa3

0t−3/2−q. Together with the bound for t ≤ a2
0, this proves the row bound

with t + a2
0 on the whole interval.

For the operator norm, we use Schur’s test with the volume weights of the output
lattice,

a3 ∑
x

∣∣∣∑
ξ

H(x, ξ)uξ

∣∣∣2 ≤ (
sup

x
∑
ξ

|H(x, ξ)|
)(

sup
ξ

a3 ∑
x
|H(x, ξ)|

)
∑
ξ

|uξ |2, (16.14)

which follows from the Cauchy–Schwarz inequality in each row and an interchange of
two finite sums. For t ≤ a2

0, we use (16.12). For t ≥ a2
0, the first factor is bounded by

(16.13), and the second is at most CJ,qa3
0t−q/2, by the L1

a bound on the heat kernel and the
undifferentiated column bound for K. Taking the square root gives CJ,qa3/2

0 (t + a2
0)
−q/2.

The volume in this computation is the input cell volume a3
0; refining the output lattice

does not change it.

Increments and nets. Let Rq(t, x) denote the row Dq
aWt(x, ·). The bounds already proved

hold for every order of differentiation. Since ∂tWt = ∆aWt, they imply

∥∂tRq(t, x)∥ℓ2 ≤ CJ,q
Aq(t)
t + a2

0
, ∥D±a,iRq(t, x)∥ℓ2 ≤ CJ,q

Aq(t)√
t + a2

0

.

Since Aq is decreasing, integrating the first bound between s and t gives CJ,q|t −
s|Aq(v)/(v + a2

0); the sum of the two row norms is at most CJ,q Aq(v), and the mini-
mum of the two bounds is the time increment. For the spatial increment, we join two fine
vertices by a shortest periodic path along coordinate directions, of total physical length
at most

√
3 dist(x, y). Summing the second bound along this path gives the distance

times the displayed derivative bound; the sum of the two value bounds is the alternative
without the distance.

For the distance dq((x, t), (y, s)) = aq
0∥Rq(t, x)− Rq(s, y)∥ℓ2 , these estimates imply

dq((x, t), (y, s)) ≤ CJ,q

(dist(x, y)
a0

+
|t− s|

a2
0

)
.

We choose spatial points at physical separation at most cJ,qηa0 and times at separation
at most cJ,qηa2

0. If a exceeds the proposed spatial separation, we use all vertices, whose
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number is then smaller than the bound below; otherwise, we round a continuum cubic
covering to fine vertices, which at most doubles its radius. The resulting net has at most
CJ,q(1 + L/(ηa0))

3(1 + T/(ηa2
0)) points, independently of the number of fine vertices.

For the normalized rows Rq(t, x)/Aq(t), differentiation in time produces the additional
term A′q(t)/Aq(t) = −(3/4 + q/2)/(t + a2

0). The same estimates give a spatial Lipschitz
bound CJ,q/a0 and a time Lipschitz bound CJ,q/a2

0 for the normalized rows, and the same
net works. Alternatively, using only the global bounds costs powers of a−q

0 /Aq(T) =

(1 + T/a2
0)

3/4+q/2.

Column integrals. Let u be an array on the lattice of mesh a1 with a1/a ∈N. Interchang-
ing finite sums and using (16.11) with a1 in place of a0, we obtain

a3 ∑
y

Ia1→au(y) = ∑
x

u(x) a3 ∑
y

ψx(y) = a3
1 ∑

x
u(x).

Applying this identity to each array on its own lattice before adding or subtracting arrays
from different lattices preserves every signed componentwise integral exactly. This is
an identity for arrays of components, not for lattice cochains or holonomies. All the
constants above depend only on b, the order of differentiation, T/L2, and the coefficient
constants.

16.3 Supremum bounds from covering numbers

The maximal inequalities of this paper are obtained by elementary chaining. We consider
a process indexed by a set T with a nonnegative symmetric function d that controls the
tails of the increments. We do not assume that d satisfies the triangle inequality; the proof
uses only the covering numbers of d and the continuity of the process with respect to
d. As in Section 16.1, for v > 0, a v-net is a set N ⊂ T such that every z ∈ T has some
z′ ∈ N with d(z, z′) ≤ v, and N(T , d, v) is the smallest cardinality of a v-net. A process
(Fz)z∈T is continuous with respect to d if Fzk → Fz whenever d(zk, z)→ 0.

Lemma 16.4. Let T be a nonempty set and d : T × T → [0, ∞) a symmetric function. Let
(Fz)z∈T be a real process which has a version that is continuous with respect to d and whose
supremum equals its supremum over a countable d-dense subset of T . Choose such a continuous
version and denote it again by F; all suprema below are taken for this chosen version. Let z0 ∈ T ,
s, b ≥ 0, D < ∞, A ≥ 1, and qent ≥ 0, and assume that

sup
z,z′∈T

d(z, z′) ≤ D, N(T , d, v) ≤ Av−qent (0 < v ≤ 1),

and that for every u > 0 and all z, z′ ∈ T ,

P{|Fz0 | > s
√

u + bu} ≤ 2e−u, P{|Fz − Fz′ | > d(z, z′)(s
√

u + bu)} ≤ 2e−u.
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Put D1 = max{1, D} and H = log(2A) + qent. There is a universal constant C such that, for
u ≥ 0 and 1 ≤ p < ∞,

P
{

sup
z
|Fz| > CD1

[
s(
√

H +
√

u) + b(H + u)
]}
≤ 2e−u,∥∥∥sup

z
|Fz|

∥∥∥
Lp
≤ CD1

[
s(
√

H +
√

p) + b(H + p)
]
.

No Gaussian or independence assumption is made; in particular the lemma applies to centered
processes.

Further, let Y1, . . . , YN, N ≥ 1, be real random variables with P{|Yi| > s
√

u + bu} ≤ 2e−u

for every u > 0, and let M ≥ 0 be a random variable with M ≤ maxi≤N |Yi|+ e almost surely,
for a deterministic e ≥ 0. Then, for u ≥ 0 and 1 ≤ p < ∞,

P
{

M > e + s
√

log(2N) + u + b(log(2N) + u)
}
≤ e−u,

∥M∥Lp ≤ e + C
{

s
[√

log(2N) +
√

p
]
+ b

[
log(2N) + p

]}
.

Every assertion holds under a fixed conditional probability kernel, with the same constants, if
all the hypotheses hold for each fixed value of the conditioning variable. The constant C does not
depend on the dimension, the meshes, the radii, the couplings, or the conditioning value. A bound
which is uniform in the conditioning value requires that the parameters s, b, D, A, qent (and e) be
bounded uniformly in that value.

Proof. We use the chosen continuous version; equality of finite-dimensional distributions
preserves every fixed-point and increment hypothesis, and countably many net points can
be compared on one event of probability one. We first normalize. Dividing d by D1 gives
a function of supremum at most one. At the radii 2−k, k ≥ 1, it has nets Tk with at most
A2kqent points: if D12−k ≤ 1, we use the given net for d at radius D12−k, and otherwise we
use the net at radius one. In the normalized function, the increment parameters become
at most D1s and D1b, while the parameters of the point z0 are unchanged and are at most
D1s and D1b. If a net of minimal cardinality does not exist at some radius, we enlarge
the radius by a factor two; the universal constant absorbs this factor. It therefore suffices
to consider D1 = 1 and nets Tk of radius at most 21−k.

We choose the nets and the connections deterministically. We connect every point of
T1 to z0, and each point of Tk, k ≥ 2, to one point of Tk−1 within distance 22−k; such a
point exists because Tk−1 is a net of radius 22−k for all of T . There are at most A2kqent

connections at level k. Set

h0 = u + log 8, hk = u + log(2A) + kqent log 2 + (k + 3) log 2 (k ≥ 1).

The point z0 violates the bound s
√

h0 + bh0 with probability at most e−u/4. By a union
bound over the connections at level k, the probability that one of them violates its bound
is at most e−u2−k−3. The sum of these probabilities is less than 2e−u.
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On the complementary event, we follow the connections from a point of Tk back to z0.
The value of the process at every net point is then bounded by the bound at z0, plus the
bound for its connection at level one, plus

∑
k≥2

22−k(s
√

hk + bhk).

Since the sums of 2−k, k2−k, and
√

k2−k converge, and
√

x + y ≤
√

x+
√

y, this expression
is at most

C
{

s
[√

log(2A) + qent +
√

u
]
+ b

[
log(2A) + qent + u

]}
.

Every z ∈ T is the limit, with respect to d, of net points zk ∈ Tk, since d(z, zk) ≤ 21−k.
On the event where the chosen version is continuous, we have Fzk → Fz, and the bound
extends to every point. The supremum equals a countable supremum and is therefore
measurable. Restoring D1 proves the tail bound. If s = b = 0, the same countable
argument applies: the value at z0 and every increment along a connection vanish almost
surely. This also covers points at distance zero.

For the moments, we use that a nonnegative random variable X with P{X > α0 +

c
√

u + d0u} ≤ 2e−u for all u ≥ 0 satisfies ∥X∥Lp ≤ α0 + C(c
√

p + d0p) + C(c + d0).
To see this, let E be an exponential random variable with P(E > v) = e−v. Since
min{1, 2e−u} = P(E + log 2 > u), the variable X is stochastically dominated by α0 +

c
√

E + log 2 + d0(E + log 2). Minkowski’s inequality and

EEr =
∫ ∞

0
tre−t dt ≤ 2(2r/e)r (r > 0)

imply the claim; the last inequality follows by maximizing tre−t/2 and integrating the
remaining factor e−t/2, and we apply it with r = p/2 and r = p. In our case, α0 =

CD1(s
√

H + bH), c = CD1s, and d0 = CD1b, and H ≥ log 2 absorbs the term C(c + d0).
This proves the Lp bound, including the bound on the expectation at p = 1.

For the finite family, we apply the tail bound for each Yi with u + log(2N) in place of
u and sum the N probabilities of failure; then we add the deterministic error e. The same
comparison with an exponential random variable yields the moment bound.

Every step above is an inequality under one fixed probability measure, and we may
therefore apply it separately under each conditional kernel. In the applications, the
supremum is over rational times and a finite spatial grid, or over a set on which the
process is continuous; its measurability is part of the hypotheses. The nets are constructed
for the fixed value of the conditioning variable and require no random choice. Bounds on
the parameters that are uniform in the conditioning value give bounds that are uniform
in that value.

Proof of the chaining assertion in Lemma 16.1. We use the chosen continuous version of X,
which has the same fixed-point and increment laws. If σ > 0, we apply Lemma 16.4 to
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the function d/σ, with s =
√

2σ, b = 0, D = 1, qent = v, the given A, and an arbitrary
point i0 ∈ I. The moment generating function bounds imply the required tails. Indeed,
for a variable Y with EezY ≤ ez2r2/2 for all real z, minimizing e−zxEezY at z = ±x/r2

gives P{|Y| > x} ≤ 2e−x2/(2r2), which is the required tail with u = x2/(2r2). Since the
one-point variance proxy is at most σ at every point, the choice of i0 is arbitrary. The
hypothesis on nets concerns radii η < 1; at radius one, a single point is a net, since
d/σ ≤ 1. The lemma then gives the displayed tail and expectation bounds, where we use√

log(2A) + v ≤
√

log(2A) +
√

v. If σ = 0, every value of the process on the countable
dense set vanishes almost surely by its moment generating function bound, and the claim
follows from the continuity of the chosen version.

16.4 Concentration of conditionally centered reconstructions

One renormalization group step. Fix an odd integer M ≥ 3, an integer J ≥ 1, B = MJ ,
and the parameters of Theorems 13.8 and 15.14: the analytic radii, the cutoff amplitude
Aw, the bound E∗ on the effective interaction, and the larger construction domains. Fix
L > 0 and the continuum coupling g3 > 0. Let a = L/n be a mesh such that n/B ≥ 4
is an integer. We consider the renormalization group step from the lattice of mesh Ba,
which we call the coarse lattice, to the lattice of mesh a, preceded by d ≥ 0 averaging
steps; we call d the depth. Its intermediate scales are indexed by 0 ≤ i ≤ J − 1. The
intermediate scale i has mesh ai = Mia and coupling gi = g3

√
ai = Mi/2g, where

g = g3
√

a, so that g2 = g2
3a. The largest coupling of the step is t = gJ−1 = M(J−1)/2g. The

normalized fluctuation variables w = (wi,e) take values in the fluctuation cutoff domain
Ωp = ∏i,e{wi,e ∈ R3 : |wi,e| ≤ pi}, whose radii satisfy pi ≤ p(t) = Aw log(1/t). We write
qi = giwi for the corresponding coupling-scaled fluctuation inputs, which range over a
product of balls of radius at most Q = maxi gi pi ≤ tp(t).

The conditional fluctuation kernel. Let Rsupp be a support radius, either Rsupp = r or
Rsupp = ρ as described below, and let c ∈ BRsupp be a coarse field, with θ = Log c. Its
conditional fluctuation kernel is

V[Rsupp]

d,c (w) = 1
2 |w|

2 + Hd,J(θ, w) + R[Rsupp]
in (eφθ(w))− R[Rsupp]

in (eφθ(0)),

Z[Rsupp]

d,c =
∫

Ω
[Rsupp]
p

e−V
[Rsupp]
d,c (w) dw,

dµ
[Rsupp]

d,c (w) =

1
Ω

[Rsupp]
p

(w)e−V
[Rsupp]
d,c (w)

Z[Rsupp]

d,c

dw.

(16.15)

Here φθ(w) = Φd,J(θ, (giwi)i) is the reconstruction of Theorem 13.2, at which the ef-

fective interaction is evaluated, and R[Rsupp]
in is the effective interaction produced by the
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d preceding averaging steps. The function Hd,J(θ, w) collects the remaining terms of
the conditional fluctuation potential: the part of the effective classical action beyond
its quadratic approximation, the Haar disintegration densities, and the logarithms of
the Jacobian determinants of the conditional Hessian normalizations. The density in
(16.15) is exactly the kernel k(c, dw) of Theorem 13.8 (compare (4.8)). The subtraction

of R[Rsupp]
in (eφθ(0)) depends only on c and cancels in the normalized kernel. The domain

Ω
[Rsupp]
p does not depend on c. Since the potential is smooth on the compact closed

product and the exponential is positive, 0 < Z[Rsupp]

d,c < ∞. When no confusion can arise,
we write µd,c, Vc, and Ωp.

For Rsupp = r, the coarse field ranges over the small-link domain Br, and µd,c is the
conditional law, given the coarse field, of the fluctuation variables of the step under the
conditioned Wilson measure. Indeed, once the coarse field is fixed, the restrictions at
coarser scales are fixed factors and cancel in the normalized kernel (Theorem 13.8). For
Rsupp = ρ, we assume that a separate instance of Theorem 13.8 with support radius ρ

is given. It has its own incoming effective interaction R[ρ]
in , its own fluctuation cutoff

domain, normalized kernel, and change-of-gauge identity, and the image conditions
of Theorem 13.2 hold for all coarse fields in Bρ, including the margins of Lemma 16.5
below. This instance is a different conditional measure; it is not obtained by evaluating
the auxiliary integral of Section 14 at coarse fields in Bρ \ Br, and we make no statement
about that integral there. In Section 17, only the case Rsupp = r is used.

The reconstruction. Let Φ(c, q) be the logarithm of a reconstruction of the fine field,
in a gauge transformation that depends only on the coarse field c. We require the
following properties on the whole product of coarse fields c ∈ BRsupp and coupling-scaled
fluctuation inputs of radius at most Q. The image of the reconstruction lies in the
domain prescribed by Theorem 13.2. Its derivatives in q satisfy the absolute row bounds
and the volume-normalized column bounds of that theorem, with each variable of the
intermediate scale i normalized by its own cell volume a3

i . The map Φd,J of Theorem 13.2
and the logarithmic form Φ̂d of the reconstruction maps R̂ of Theorem 15.13 have these
properties; see Lemma 16.5. We set

A(w) = a−1Φ(c, (giwi)i),

the lattice potential of the reconstructed field, and we view it as a cell function: the
component of A on a positive link (y, y + aei) is extended as a constant on the cell Qy.

The domain conditions. The next lemma collects the conditions under which the whole
product of fluctuation variables lies in the domain where the coefficient bounds of
Theorem 13.2 and the Hessian bound of Theorem 13.8 hold. It fixes the order of choices:
the larger construction domains and coefficient constants first, then the support radius,
and the coupling bound g∗ last; J is fixed throughout.
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Lemma 16.5. Let K∗ ≥ 2, ρ, sJ , rJ , CJ , and the coefficientwise majorant series

MJ(u, v) = B−1Z(u) +
CJv

1− CJ(u + v)

for the absolute row sums of the reconstruction, be as in Theorem 13.2. Thus Z has nonnegative
coefficients and no constant term, and

4K∗ρ < rJ , CJ4K∗(ρ + sJ) < 1, MJ(4K∗ρ, 4K∗sJ) < ρ/2.

For the reconstruction and conditional-potential assertions, fix a support radius 0 < Rsupp ≤ ρ

and a conditional-kernel instance on BRsupp . Assume that this ball of coarse fields satisfies the
coordinate-domain conditions of that instance, and that its product with the coupling-scaled
fluctuation inputs lies in the domain of the chosen reconstruction, with the fixed radius ratios;
for the reconstruction maps of Theorem 15.13, assume that this product lies in their common
inner domain. In the application below Rsupp = r, or Rsupp = ρ with the separately hypothesized
instance and its own domains. For this fixed ball and instance, choose Q◦ with 0 < Q◦ ≤ sJ and
Q◦ < (rJ − ρ)/2, inside every further domain of coarse fields and coupling-scaled fluctuation
inputs used by the reconstruction, and set η◦ = 1− CJ(ρ + sJ). Then the following statements
hold.

1. We have η◦ > 0 and

0 < R ≤ ρ, 0 ≤ Q ≤ Q◦ =⇒ R + Q < rJ , 1− CJ(R + Q) ≥ η◦. (16.16)

2. For 0 ≤ u ≤ ρ and 0 ≤ v ≤ Q◦,

∂vMJ(u, v) =
CJ(1− CJu)

[1− CJ(u + v)]2
≤ CJη

−2
◦ .

On the fixed product of coarse fields c ∈ BRsupp and coupling-scaled fluctuation inputs
of radius at most Q◦, the normalized Jacobian g−1DwΦ(c, (giwi)i), with each fluctuation
variable attached to a cell of the lattice of mesh a, and each of its mixed derivatives of fixed
order in the coarse field and the fluctuation variables, satisfy (16.8) with a0 = a and a
constant depending only on J, the fixed construction domains, the order of differentiation,
and η◦.

3. For 0 < R ≤ ρ put Qgate(R) = min{Q◦, Rη◦/(8CJ)}. If 0 ≤ Q ≤ Qgate(R), then
MJ(R, Q) < 3R/16 < R/2.

4. Fix 0 < R ≤ ρ. There is 0 < g∗ ≤ t∗, where t∗ is the threshold of the selected instance
of Theorem 13.8, depending only on the fixed construction data and on R, such that for all
0 < t ≤ g∗,

tp(t) ≤ Qgate(R), 1− Ctp(t) > 0,

C[tp(t) + t2(1 + E∗)]
[1− Ctp(t)]3

≤ 1
2

,
(16.17)
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where p(t) = Aw log(1/t) and C is the constant in the Hessian bound of Theorem 13.8 (not
the row constant CJ).

In particular, for the fixed support radius and instance specified above, let g∗ be as in the fourth
part with R = Rsupp, let 0 < t ≤ g∗, and let the radii of the fluctuation cutoff domain satisfy
pi ≤ p(t). Then for every coarse field in BRsupp the whole product of fluctuation variables, and
not only the point w = 0, is mapped into the product of the first part; the image condition
MJ(R, Q) < R/2 of Theorem 13.2 holds with Q = maxi gi pi; and the conditional fluctuation
potential satisfies D2

wVc ≥ I/2 on the closed product.

Proof. Since K∗ ≥ 2, we have CJ(ρ + sJ) < 1/(4K∗) < 1, and hence η◦ > 0. If 0 < R ≤ ρ

and 0 ≤ Q ≤ Q◦, then R + Q ≤ ρ + Q◦ < ρ + (rJ − ρ)/2 < rJ and 1− CJ(R + Q) ≥ 1−
CJ(ρ + sJ) = η◦. This proves (16.16). The choice of Q◦ is possible because rJ − ρ > 0, and
it can be made strictly inside every further domain used by the map, since these domains
are open and have fixed radius ratios. For the reconstruction maps of Theorem 15.13,
the required room comes from the hypothesis that the fixed product of coarse fields and
coupling-scaled fluctuation inputs lies in their common inner domain with fixed radius
ratios. We use their coefficient bound for mixed derivatives at fixed J and their uniform
interior-domain conditions, rather than a majorant uniform in J.

Every product in (16.16) is contained in the product with radii 4K∗ρ and 4K∗sJ . By
Theorem 13.2, the image of this larger product lies in Bρ/2, with interior margins for
the intermediate classical, logarithm, and Haar disintegration conditions; subsets inherit
these margins. On this product, the formula for ∂vMJ follows by differentiation, and
the bound follows from 1− CJu ≤ 1 and 1− CJ(u + v) ≥ η◦. The derivatives of the
column majorants with respect to one fixed input give the volume-normalized column
sums, with the same lower bound η◦ on the denominator. Each further derivative of fixed
order costs only a factorial, the order, and inverse powers of η◦; it does not depend on
the number of lattice points. These are derivatives of the absolute coefficient series, not
consequences of a bound on the values of a holomorphic function. It remains to convert
the normalizations. A fluctuation variable of the intermediate scale i lives on the lattice
of mesh ai = Mia, and its column is normalized by a3

i . Attaching it to a cell of the lattice
of mesh a changes the normalization by the factor M3i ≤ B3, and replacing qi by giwi and
dividing by g multiplies the derivative by gi/g = Mi/2. At most a number of variables
depending only on J is attached to each cell. These conversions only enlarge CJ by a
factor depending on J, and they yield (16.8) for the normalized Jacobian and its mixed
derivatives of fixed order. This proves the second part.

For the third part, the coefficients of Z are nonnegative and Z(0) = 0. Comparing
term by term and using (R/(4K∗ρ))k ≤ R/(4K∗ρ) for every degree k ≥ 1, we find Z(R) ≤
(R/(4K∗ρ))Z(4K∗ρ) for 0 < R ≤ ρ. Since B−1Z(4K∗ρ) ≤ MJ(4K∗ρ, 4K∗sJ) < ρ/2, we
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obtain
B−1Z(R) ≤ R

4K∗ρ
B−1Z(4K∗ρ) <

R
8K∗
≤ R

16
.

If Q ≤ Qgate(R), then by (16.16),

MJ(R, Q) ≤ B−1Z(R) + CJQ/η◦ <
R
16

+
R
8
=

3R
16

<
R
2

.

For the fourth part, let x = log(1/t). Then tp(t) = Awxe−x → 0 as t ↓ 0, since
ex ≥ x3/6 for x > 0, and t2(1 + E∗)→ 0. By the definition of a limit, the three conditions
in (16.17) hold for all t in an interval (0, g∗], not only for one value of t. This is a single
reduction of the upper bound on the coupling, which uses only the fixed construction
data and R; it introduces no dependence on the lattice side, the depth, or the coarse field.

Finally, let R = Rsupp, let t ≤ g∗, and let pi ≤ p(t). Since gi ≤ t, we have Q =

maxi gi pi ≤ tp(t) ≤ Qgate(R) ≤ Q◦. Hence, for every coarse field in BRsupp , the whole
product of fluctuation variables lies in the fixed product on which the reconstruction and
the conditional potential of the chosen instance are defined, and in the product of the first
part. The third part gives MJ(R, Q) < R/2. Shrinking Q does not enlarge the domain
of coarse fields; the ball BRsupp and its conditional kernel are given by the hypothesis.
In particular, the majorant of Theorem 13.2 is never evaluated beyond this product or
across its pole, and both the image condition and the domain conditions under which
it is stated hold. The last condition in (16.17) is its numerical sufficient bound on the
Hessian perturbation; since also t ≤ g∗ ≤ t∗ for the chosen instance of Theorem 13.8, that
theorem implies D2

wVc ≥ I/2 on the closed product.

Theorem 16.6. Fix M, J, and the parameters of Theorems 13.8 and 15.14, and fix L, T0 > 0.
Let Rsupp = r, or Rsupp = ρ under the additional hypothesis on the separate instance described
above, and let g∗ be as in Lemma 16.5 with R = Rsupp. Let a = L/n be a mesh with n/B ≥ 4,
let d ≥ 0, let g2 = g2

3a, and assume that t = M(J−1)/2g ≤ g∗. Let c ∈ BRsupp , let µd,c be the
conditional fluctuation kernel (16.15), and let Φ be a reconstruction with the properties described
above; the reconstruction maps of Theorem 15.13 are an example. Put A(w) = a−1Φ(c, (giwi)i),
viewed as a cell function, and

F = A−Eµd,c A, ∥F∥−α;T0 = sup
0<s≤T0

sα/2∥PsF∥∞,

where Ps is the continuum heat semigroup acting componentwise. Then for every 0 < α < 3/2
and u ≥ 0,

µd,c

{
∥F∥−α;T0 > Cg3aα−1/2

√
log(2 + L/a) + u

}
≤ Ce−u.

For every p ≥ 1 and λ ≥ 0, with τa = Cg3aα−1/2,(
Eµd,c∥F∥

p
−α;T0

)1/p ≤ Cpg3aα−1/2
√

log(2 + L/a),

Eµd,c e
λ∥F∥−α;T0 ≤ exp

{
Cλτa

√
log(2 + L/a) + Cλ2τ2

a

}
.
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In particular, if 1/2 < α < 3/2 and a ↓ 0 with g3 fixed (equivalently, with L and γ = g2
3L

fixed), then for each fixed p the conditional Lp norms of ∥F∥−α;T0 tend to zero, for each fixed λ the
exponential moments Eµd,c e

λ∥F∥−α;T0 tend to one, and the bounds on Eµd,c∥F∥−α;T0 are summable
along every geometric sequence of meshes; these statements are uniform in c and d.

For every deterministic real φ ∈ L2(T3
L), paired componentwise with A,

Varµd,c⟨A, φ⟩ ≤ CJ g2
3a2∥φ∥2

2, log Eµd,c e
z⟨F,φ⟩ ≤ CJz2g2

3a2∥φ∥2
2 (z ∈ R).

For finitely many real φ1, . . . , φm ∈ L2(T3
L) and every compact set K ⊂ Cm,

sup
z∈K

∣∣∣Eµd,c exp
( m

∑
j=1

zj⟨F, φj⟩
)
− 1

∣∣∣ −→ 0

as a ↓ 0 with g3 fixed.
If c ∈ DRsupp , choose a coarse-lattice gauge transformation k with c′ = ck ∈ BRsupp . Use the

kernel µ
[Rsupp]

d,c′ and evaluate the reconstruction at c′. All the preceding estimates hold uniformly in
c and in this choice of representative.

The constants depend only on M, J, the fixed construction domains and their margins, the
Hessian bound, the row and column constants of the derivatives of Φ, α, L, T0, and, where
displayed, p. They do not depend on n, d, or c, and they do not depend on the coupling below g∗,
except through the displayed factors of g3.

Remark 16.7. Theorem 16.6 bounds the fluctuation F about the conditional expectation
under the conditional fluctuation kernel. It gives no bound on Eµd,c A, which is estimated
in Lemma 17.1. The norm ∥·∥−α;T0 is not invariant under gauge transformations that vary
in space, and the estimates refer to the chosen gauge representative of the reconstruction.

Proof of Theorem 16.6. We fix c and the kernel µ = µd,c for the whole proof; all expectations
and probabilities are taken with respect to µ, and nothing in the proof differentiates in c.
The constants have the dependence stated in the theorem, and CJ may increase by factors
depending on M, J, and the fixed construction domains. The proof has seven steps. We
verify the hypotheses of the concentration theorem and bound the Jacobian of w 7→ A(w).
We then bound PsF at a fixed time by chaining over space, using the cell integrals of the
heat kernel, take the supremum over times by a dyadic decomposition, and derive the
moments, the exponential moments, and the limits. Finally, we estimate deterministic
source pairings and their generating functions, and we transport the conclusions to coarse
fields in DRsupp .

Step 1: the kernel and its convexity. Let Rsupp and g∗ be as in the statement. We
apply Lemma 16.5 to this support radius and to the corresponding instance of the
conditional kernel: for Rsupp = r the kernel of Theorem 13.8 on Br, and for Rsupp = ρ the
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separately hypothesized instance on Bρ, each with its own domains. By that lemma, for
every c ∈ BRsupp , the whole product Ωp is mapped into the fixed product on which the
reconstruction and the potential are defined, and the image condition of Theorem 13.2
holds. For the reconstruction of Theorem 13.2, each intermediate classical, logarithm, and
Haar disintegration input lies in the enlarged product of that theorem, and its interior
margin remains valid. For the reconstruction maps of Theorem 15.13, the same inputs
lie in their inner domain, where that theorem preserves the uniform interior-domain
conditions and the normalized conditional kernels. We use only the joint coefficient
bound of that family at fixed J. In the case Rsupp = ρ, the image condition is required on
all of Bρ, including the margins of Lemma 16.5, and not only on Br; the analytic radius
and the coefficient constants of that instance cover Bρ by hypothesis.

By the last condition in (16.17), Theorem 13.8 gives D2
wVc ≥ I/2 on the closed convex

product, with a C2 extension to an open neighborhood. Then µ satisfies the hypotheses
of Theorem 5.4 with m = 1/2; that theorem includes the faces and corners of the product
of balls. We use only the following two of its conclusions: for every function H of w in
H1(µ) and every real Euclidean-Lipschitz function H,

Varµ H ≤ 2Eµ|∇wH|2, log Eµez(H−Eµ H) ≤ z2 Lipw(H)2 (z ∈ R). (16.18)

These inequalities require no independence under µ.
The kernel does not depend on the gauge in which the observable A is computed:

another gauge transformation depending only on c changes A but not Vc. The recon-
struction maps of Theorem 15.13 are obtained from the same reconstruction before gauge
transformation by a gauge transformation depending only on the coarse field. By Theo-
rems 15.13 and 15.14, they preserve the fluctuation cutoff domain, the free logarithmic
coordinates, the effective classical action, the Haar disintegration density, the Jacobian
determinants of the conditional Hessian normalizations, the incoming effective interac-
tion, the coarse field, and the normalization constant. Hence (16.15) defines the same
conditional measure for the reconstruction maps, and its Hessian is that of the same
potential.

Step 2: the Jacobian. We write ξ for a scalar fluctuation coordinate, e for a scalar
component of the output on a positive link, and φ(w) = Φ(c, (giwi)i). By the derivative
bounds of Theorem 13.2 on the whole product, converted as in the second part of
Lemma 16.5, we have

sup
w,e

∑
ξ

|∂wξ
φe(w)| ≤ CJ g, sup

w,ξ
∑

e
|∂wξ

φe(w)| ≤ CJ g. (16.19)

We convert the normalizations as in the proof of Lemma 16.5. The column of a variable
of the intermediate scale i is normalized by a3

i , and the column bound of Theorem 13.2
reads a3 ∑e|∂qξ

Φe| ≤ CJa3
i . The substitution qξ = giwξ contributes the factor gi =
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Mi/2g, and the passage to counting coordinates costs the factor M3i; the row bound is
converted with the same bounded ratios of couplings. These factors, and the number
of variables per cell, depend only on J, and (16.19) holds with no factor depending on
the number of cells or on d. The gauge transformation depends only on c and has no
derivative in w, and the derivatives of the conditional Hessian normalizations and of the
reconstruction before gauge transformation are included in (16.19). For the reconstruction
maps of Theorem 15.13, that theorem provides the joint coefficient bound, every volume-
normalized column, and the image conditions on their common domains, uniformly in
the depth and with deterministic thresholds that do not depend on the coupling or on
the sample. The same computation applies, with the constant of that family at fixed J.

By Schur’s test (16.14) in counting coordinates, we have

sup
w
∥Dw A(w)∥ℓ2→ℓ2 ≤ Ka, Ka = CJ g/a = CJ g3a−1/2, (16.20)

where the norm is from the fluctuation variables to the components of A on the links.
Since the product is convex, integrating the derivative along the segment from w to w′

gives
∥A(w)− A(w′)∥ℓ2 ≤ Ka∥w− w′∥2. (16.21)

Step 3: a fixed time. Fix one scalar component, given by a direction and a color, and let
Xs(x) = PsF(x). Since F is constant on the half-open cells, we have

Xs(x) = ∑
y

ωy(s, x)
(

Ay(w)−Eµ Ay
)
, (16.22)

by integration of the cell function against the continuum heat kernel. As a function
of w, the right side is a linear combination of the components of A. By (16.20), its
Lipschitz constant is at most Ka∥ω(s, x)∥2, and the Lipschitz constant of Xs(x)− Xs(y)
is at most Ka∥ω(s, x)−ω(s, y)∥2. Both have mean zero, because the subtracted mean is
the conditional expectation under µ. By (16.18) and Lemma 16.1 with horizon T0, their
sub-Gaussian parameters, in the normalization ez2σ2/2, can be taken as

σs = CJKa min{1, a3/2s−3/4} (16.23)

and, when s ≥ a2,

ds(x, y) = CJKaa3/2s−3/4 min{1, dist(x, y)/
√

s}. (16.24)

The constants include the factor
√

2 that converts (16.18) to this normalization. The
function ds is nonnegative and symmetric, and after enlarging the constants we have
sup ds ≤ σs for s ≥ a2.

For s ≥ a2, a cubic grid on T3
L of spacing at most cη

√
s is an ησs-net for ds, which

gives
N(T3

L, ds, ησs) ≤ C(1 + L/
√

s)3η−3 (0 < η < 1).
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For each w, the function x 7→ PsF(x) is smooth for s > 0. Its supremum is determined
by a countable dense set, and the process is continuous with respect to ds. We set ℓa =

log(2 + L/a). Applying the chaining assertion of Lemma 16.1 with A = C(1 + L/
√

s)3

and v = 3, we obtain

Pµ

{
∥PsF∥∞ > CKaa3/2s−3/4

√
ℓa + u

}
≤ Ce−u, Eµ∥PsF∥∞ ≤ CKaa3/2s−3/4

√
ℓa.

(16.25)
Here we used log(2 + C(1 + L/

√
s)3) ≤ Cℓa, which holds because s ≥ a2. There are

nine scalar components; a union bound over them and the equivalence of norms on the
components change only C.

Step 4: the supremum over times. Each scalar cell variable Ay −Eµ Ay is centered and
Ka-Lipschitz. The exponential bound in (16.18), applied to it and to its negative, yields

Pµ{|Ay −Eµ Ay| > 2Ka
√

h} ≤ 2e−h (h ≥ 0).

There are 9n3 scalar cell variables. Choosing h = u + log(18n3) and summing, we obtain

Pµ

{
∥F∥∞ > CKa

√
ℓa + u

}
≤ Ce−u. (16.26)

Since the heat semigroup contracts the supremum norm, we have, for 0 < s ≤
min{a2, T0},

sα/2∥PsF∥∞ ≤ aα∥F∥∞.

Together with (16.26), this implies the required bound at all these times, including the
case T0 < a2.

Suppose now that T0 ≥ a2. Let sj = 2ja2 for 0 ≤ j ≤ r, where r is the largest integer
with sr ≤ T0. By the semigroup property and the contraction of the supremum norm, we
have, for sj ≤ s ≤ min{2sj, T0},

sα/2∥PsF∥∞ ≤ 2α/2sα/2
j ∥Psj F∥∞. (16.27)

The weighted scale at the time sj satisfies

Kaa3/2sα/2−3/4
j = Kaaα2−j(3/4−α/2) ≤ Kaaα, (16.28)

where we used α < 3/2. Further, r + 1 ≤ 1 + log2(T0/a2) ≤ CT0/L2ℓa, since n = L/a ≥ 4.
We use (16.25) at every sj with u + log(r + 2) in place of u, and (16.26) with the same
parameter. The sum of the probabilities of failure is at most Ce−u. Since log(r + 2) ≤
CT0/L2ℓa, all the thresholds in (16.27) and (16.28) are bounded by

CKaaα
√
ℓa + u = Cg3aα−1/2

√
ℓa + u.

This proves the tail bound for all meshes in the statement. The time supremum is
measurable, because the heat field is continuous in (s, x) for s > 0 and a countable dense
subset of (0, T0]×T3

L determines it. For each finite lattice, the field is bounded, and the
norm is finite.
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Step 5: moments, exponential moments, and limits. Let τa = Cg3aα−1/2, with C large
enough for the preceding bounds, and let Z = ∥F∥−α;T0 . Since

√
ℓa + u ≤

√
ℓa +

√
u, the

positive part of Z− Cτa
√
ℓa has tail at most C exp[−x2/(Cτ2

a )] at height x. Multiplying
this tail by pxp−1, integrating over x > 0, and substituting x = τav, we obtain Cpτ

p
a . By

the triangle inequality in Lp and ℓa ≥ log 2, we have

EµZ ≤ Cτa
√
ℓa, (EµZp)1/p ≤ Cpτa

√
ℓa.

The norm Z is itself a Lipschitz function of w, with constant at most Cτa. Indeed, by
(16.21) and the bound on the cell integrals of the heat kernel, the difference of its values
at w and w′ is at most

CKa∥w− w′∥2 sup
0<s≤T0

sα/2 min{1, a3/2s−3/4} ≤ CKaaα∥w− w′∥2,

where in the last inequality we used sα/2 ≤ aα for s ≤ a2, and that sα/2−3/4 is decreasing
for s ≥ a2. The subtracted conditional mean does not depend on w. Applying (16.18) to
Z, we obtain

EµeλZ ≤ exp{λEµZ + Cλ2τ2
a } ≤ exp

{
Cλτa

√
ℓa + Cλ2τ2

a

}
.

Since the concentration theorem applies to every real Lipschitz function, no smoothness
of Z is needed.

All limits and summability statements are at fixed L and g3, equivalently at fixed
L and γ = g2

3L. If β = α − 1/2 > 0, then aβ
√

log(2 + L/a) → 0 as a ↓ 0, and every
fixed conditional Lp norm therefore tends to zero, uniformly in c and d. The exponential
moment is at least one because Z ≥ 0, and its upper bound tends to one for fixed λ. For
a geometric sequence of meshes ak = a∗b−k with a fixed b > 1, we have

aβ
k

√
log(2 + L/ak) ≤ aβ

∗b
−kβ

{√
log(2 + L/a∗) +

√
k log b

}
,

and both resulting series converge; the ratio of consecutive terms in the second tends to
b−β < 1. This proves the summability of the bounds on the expected norms, without any
independence between different meshes.

Step 6: deterministic sources and generating functions. For a real test field φ, let
qy =

∫
Qy

φ(x) dx, with the pairing of directions and colors included. By the Cauchy–
Schwarz inequality on each cell, we have

∑
y
|qy|2 ≤ a3∥φ∥2

2. (16.29)

Combining this with (16.20), we find that the pairing Hφ = ⟨A, φ⟩ has Lipschitz constant
at most

Kaa3/2∥φ∥2 = CJ g3a∥φ∥2,
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and its gradient satisfies the same bound pointwise. The two inequalities in (16.18) then
imply

Varµ Hφ ≤ CJ g2
3a2∥φ∥2

2, log Eµez⟨F,φ⟩ ≤ CJz2g2
3a2∥φ∥2

2 (z ∈ R).

Next, fix finitely many real sources φ1, . . . , φm and a compact set K ⊂ Cm, and let
Yz = ∑j zj⟨F, φj⟩. By the variance bound and the triangle inequality in L2, we have

(Eµ|Yz|2)1/2 ≤ CJ g3a ∑
j
|zj|∥φj∥2.

Since the real part of Yz is the pairing of F with the real source ∑j ℜ(zj)φj, the exponential
bound gives

Eµe2|ℜYz| ≤ Eµe2ℜYz + Eµe−2ℜYz ≤ 2 exp
{

CJ g2
3a2

(
∑

j
|zj|∥φj∥2

)2}
.

By the identity ey − 1 = y
∫ 1

0 eϱy dϱ and the Cauchy–Schwarz inequality, uniformly for
z ∈ K,

|EµeYz − 1| ≤ (Eµ|Yz|2)1/2(Eµe2|ℜYz|)1/2 −→ 0

as a ↓ 0 with g3 fixed. For each finite lattice, these functions of z are entire. Indeed,
the domain of the fluctuation variables is compact and the reconstruction is continuous
on a neighborhood of it; hence the exponential of the source pairing has a uniformly
convergent power series on every compact set of sources. Complex test fields are handled
by including their real and imaginary parts among the real sources.

Step 7: coarse fields in DRsupp . Let c ∈ DRsupp , and let c′ = ck and c′′ = ck′ both lie in
BRsupp . For support r, the change-of-gauge identity of Theorem 13.4(3), the reconstruction
identity of Theorem 13.2(4), and Theorem 15.13(5) when the replaced reconstruction is
used give a triangular fluctuation-coordinate map T between the two small representa-
tives. Its diagonal blocks are orthogonal; it preserves the cutoff product and has absolute
Jacobian one. Thus

T∗µ
[Rsupp]

d,c′ = µ
[Rsupp]

d,c′′ .

For Rsupp = ρ, we use the change-of-gauge identity assumed for the separate instance in
(16.15). At each small representative separately, the same radius Q and reconstruction-
domain margins apply, so all preceding estimates hold with the same constants. This
proves uniformity in c and the chosen small representative; it does not assert gauge
invariance of the heat norms.

16.5 Weighted heat convolutions

The Duhamel integrals for the Wilson flow in Section 24 lead to time convolutions of two
powers, each regularized by the same positive parameter ϵ; in the applications, ϵ = a2

0
for a mesh a0. The following lemma estimates these scalar integrals.



16 Heat-kernel estimates, interpolation, and concentration § 16.5 196

Lemma 16.8. Let ϵ > 0, t ≥ 0, 0 ≤ p < 1, and q ≥ 0, and define

Iϵ
p,q(t) =

∫ t

0
(s + ϵ)−p(t− s + ϵ)−q ds.

For fixed p and q, uniformly in ϵ and t,

Iϵ
p,q(t) ≤ Cp,q


(t + ϵ)1−p−q, 0 ≤ q < 1,

(t + ϵ)−p[1 + log(1 + t/ϵ)], q = 1,

ϵ1−q(t + ϵ)−p, q > 1.

For 0 ≤ t ≤ ϵ we also have Iϵ
p,q(t) ≤ tϵ−p−q, and for p = q = 1/2 we have Iϵ

1/2,1/2(t) ≤ π.
In particular, let 1/2 < αfl < 2/3, p = (αfl + 1)/2, and ϵ = a2

0 with a0 > 0. Then

Ia2
0

p,3/4(t) ≤ C(t + a2
0)
−αfl/2−1/4, Ia2

0
p,5/4(t) ≤ Ca−1/2

0 (t + a2
0)
−p,

sup
t≥0

{
(t + a2

0)
αfl−1/2 Ia2

0
p,3/4(t) + (t + a2

0)
αfl Ia2

0
p,5/4(t)

}
≤ Cαfl aαfl−3/2

0 .

The same bound holds if either of the two weights (t + a2
0)

αfl−1/2 and (t + a2
0)

αfl is replaced by
the same power of t + a2, for some 0 < a ≤ a0. For p = 3αfl/2, the integrals with q = 0 and
q = 1/2, which correspond to the value and to one spatial difference of a heat convolution, are
bounded by C(t + ϵ)1−3αfl/2 and C(t + ϵ)1/2−3αfl/2, respectively. The constants depend only on
the displayed exponents.

Proof. All integrands are nonnegative. If t = 0, the integral is zero. If 0 < t ≤ ϵ, each
factor of the integrand is at most its value with s or t− s replaced by zero, which gives

Iϵ
p,q(t) ≤ tϵ−p−q. (16.30)

Since ϵ ≤ t + ϵ ≤ 2ϵ in this range, this implies the three general bounds, with a constant
depending only on p and q; in the case q = 1, we use 1 + log(1 + t/ϵ) ≥ 1.

For t ≥ ϵ, we split the integral at t/2. On the first half, t− s + ϵ ≥ (t + ϵ)/2, which
gives∫ t/2

0
(s + ϵ)−p(t− s + ϵ)−q ds ≤ 2q(t + ϵ)−q

∫ t/2

0
(s + ϵ)−p ds ≤ 2q

1− p
(t + ϵ)1−p−q.

On the second half, we set r = t− s and use s + ϵ ≥ (t + ϵ)/2; this half is at most

2p(t + ϵ)−p
∫ t/2

0
(r + ϵ)−q dr.

The last integral is at most (t + ϵ)1−q/(1− q) if q < 1, it equals log(1 + t/(2ϵ)) if q = 1,
and it is at most ϵ1−q/(q− 1) if q > 1. The first half is absorbed in the bounds for the
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second half: for q = 1, it is of order (t + ϵ)−p, and for q > 1 we use (t + ϵ)1−q ≤ ϵ1−q.
This proves the general estimate for all t and ϵ.

For p = q = 1/2 and t > 0, we decrease the two positive shifts to zero and obtain

Iϵ
1/2,1/2(t) ≤

∫ t

0
s−1/2(t− s)−1/2 ds =

∫ π/2

0
2 dϑ = π,

where we substituted s = t sin2 ϑ. At t = 0, the bound is trivial.
Now let α = αfl and p = (α + 1)/2. Then p < 1, and the cases q = 3/4 and q = 5/4

of the general estimate yield

Iϵ
p,3/4(t) ≤ Cα(t + ϵ)−α/2−1/4, Iϵ

p,5/4(t) ≤ Cαϵ−1/4(t + ϵ)−(α+1)/2.

Multiplying by the two weights, we obtain

(t + ϵ)α−1/2 Iϵ
p,3/4(t) ≤ Cα(t + ϵ)α/2−3/4,

(t + ϵ)α Iϵ
p,5/4(t) ≤ Cαϵ−1/4(t + ϵ)(α−1)/2.

(16.31)

Since both powers of t + ϵ on the right are negative for α in the stated range, both right
sides are at most Cαϵα/2−3/4, which equals Cαaα−3/2

0 for ϵ = a2
0. Replacing either weight

by the corresponding power of t + a2 decreases it, since a ≤ a0 and both powers are
positive. The short-time bound (16.30) remains available; in particular, none of these
bounds replaces an integral that vanishes at t = 0 by a singular expression.

Finally, p = 3α/2 < 1, and the cases q = 0 and q = 1/2 of the general estimate give
(t + ϵ)1−3α/2 and (t + ϵ)1/2−3α/2, respectively. All constants in this proof are built from
2p, 2q, (1− p)−1, |1− q|−1 (when q ̸= 1), and fixed powers of two; they do not depend
on any mesh ratio, coupling, lattice side, or depth.

16.6 Heat consistency for finite-scale reconstructions

The last lemma of this section compares the discrete heat evolution of a sampled smooth
field with the continuum heat evolution. It is applied in Section 25 to the cardinal
interpolation of a finite-scale reconstruction, that is, of a field reconstructed from a fixed
finite number of renormalization group steps. The family of fields is fixed before the
mesh tends to zero, and no uniformity is claimed as the number of scales grows. The
comparison concerns the linear heat evolution only; the corresponding statement for the
quadratic Picard term is proved in Section 25.

For a smooth periodic function f we write ∥ f ∥Cr for the maximum of the supremum
norms of its derivatives of order at most r. For a mesh a = L/n we write Sa f = f |Γa for
the restriction of f to the vertices.
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Lemma 16.9. Fix L, T, H > 0 with L/H ∈N, a finite collection of meshes a1, . . . , al commen-
surate with H, and a deterministic bound MH. Let FH be the set of functions f = ∑l

j=1 Iaj u
(j),

where each u(j) is an array of link variables on the lattice of mesh aj with ∥u(j)∥∞ ≤ MH; it is
a bounded finite-dimensional family of smooth periodic functions. Let a ↓ 0 run through meshes
a = L/n such that aj/a ∈N for every j. Then, uniformly in f ∈ FH and 0 ≤ t ≤ T,

∥Pa
t Sa f − SaPt f ∥∞ ≤ CHa2,

and for every ordered product Dϵ
a of q ≥ 1 forward or backward differences, with corresponding

product of partial derivatives ∂ϵ,

∥Dϵ
a Pa

t Sa f − Sa∂ϵPt f ∥∞ ≤ CH,qa.

For a general smooth periodic function f the two right sides may be replaced by CTa2∥ f ∥C4 and
Cq

[
a∥ f ∥Cq+1 + Ta2∥ f ∥Cq+4

]
, respectively. These bounds include t = 0, the periodic seams, and

the constant mode.
Let ua(t) = Pa

t Sa f and uϵ
a(t) = Dϵ

a Pa
t Sa f , and let Iaua(t) and Iauϵ

a(t) be their cardinal
interpolations on T3

L, each array being interpolated separately. Then Iaua → Pt f and Iauϵ
a →

∂ϵPt f uniformly on [0, T]×T3
L, and the same convergence holds after multiplying the discrete

and the continuum quantities by the weights (t + a2)δ and tδ, respectively, for any δ > 0. In
particular, the separately interpolated value and difference arrays converge in the positive-time
weighted heat norms of Definition 4.8.

The constants depend on L, T, q, the meshes a1, . . . , al, the function b, and MH, but not on
the finer mesh a, the coupling, the depth, or the number of steps of the whole reconstruction.

Remark 16.10. The convergence in Lemma 16.9 concerns the value array and each dif-
ference array, interpolated separately. It is not a statement about the derivatives of the
interpolated value field, and such a statement would be false. Indeed, ζ ′(k) = 0 for every
integer k: at k = 0 because ζ is even, at k = ±1 because all derivatives of ζ vanish there,
and elsewhere because ζ vanishes near k. It follows that ∂i(Iau) vanishes at every vertex
of Γa for every array u, and it cannot converge uniformly to ∂i f even when u = Sa f . The
proof below uses no identity between Dϵ

a and derivatives of Ia.

Proof of Lemma 16.9. The fields are deterministic. By Lemma 16.3, for every integer r ≥ 0,
the functions in FH satisfy

sup
f∈FH

∥ f ∥Cr ≤ Cb,r MH

l

∑
j=1

(1 + a−r
j ), (16.32)

and we denote the right side by KH,r. Since there are only finitely many link variables
on the meshes aj, the family FH is bounded and finite-dimensional; no compactness
argument is needed for the uniform estimates below.
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Taylor’s formula with integral remainder in the coordinate i gives, for a smooth
periodic function f ,

∥D−a,iD
+
a,iSa f − Sa∂2

i f ∥∞ ≤ Ca2∥∂4
i f ∥∞.

To see the cancellation, we expand f (x + aei) and f (x− aei) to order three at x; the odd
terms cancel, and the two remainders of order four, divided by a2, are at most Ca2∥∂4

i f ∥∞.
Summing over i, we obtain

∥∆aSa f − Sa∆ f ∥∞ ≤ Ca2∥ f ∥C4 . (16.33)

The Taylor expansions are carried out on the periodic lift of f to R3, so they apply at
every seam with the same constants.

The discrete and the continuum semigroups both commute with their own constant-
coefficient derivatives, and both contract the supremum norm; for the continuum semi-
group, this follows from its convolution kernel in Lemma 16.1. Differentiating Pa

t−sSaPs f
in s and integrating, we obtain the identity

Pa
t Sa f − SaPt f =

∫ t

0
Pa

t−s(∆aSa − Sa∆)Ps f ds. (16.34)

The differentiation is legitimate because f is smooth and the discrete space is finite.
Since ∥Ps f ∥C4 ≤ ∥ f ∥C4 , inserting (16.33) into (16.34), we obtain the bound CTa2∥ f ∥C4 ,
uniformly on [0, T].

Fix an ordered product of q differences Dϵ
a and the corresponding product of deriva-

tives ∂ϵ. Using (16.10) repeatedly, we write Dϵ
a Sa f (x) as an average of ∂ϵ f over shifts of

x of total length at most qa. The fundamental theorem of calculus along these shifts then
gives

∥Dϵ
a Sa f − Sa∂ϵ f ∥∞ ≤ Cqa∥ f ∥Cq+1 . (16.35)

We commute the differences with Pa
t and compare the differentiated initial data:

Dϵ
a Pa

t Sa f − Sa∂ϵPt f = Pa
t
(

Dϵ
a Sa f − Sa∂ϵ f

)
+

(
Pa

t Sa∂ϵ f − SaPt∂
ϵ f

)
.

The first term is bounded by (16.35), and the second by the value estimate already proved,
applied to ∂ϵ f , and we obtain Cq{a∥ f ∥Cq+1 + Ta2∥ f ∥Cq+4}. This argument does not divide
an error in the values by a. It includes t = 0, and both errors vanish identically for
constant f . Together with (16.32), this proves the two estimates for the family FH; since
a ≤ L, the term of order a2 is absorbed into CH,qa.

For the interpolation statement, we use the nonnegative partition of unity and its
support radius: for every smooth periodic g and every array u,

∥IaSag− g∥∞ ≤ Ca∥∇g∥∞, ∥Iau∥∞ ≤ ∥u∥∞. (16.36)

We apply the first bound to g = Pt f and g = ∂ϵPt f , and the second to the differences
between the discrete arrays and the sampled continuum functions. The smooth norms of
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these continuum functions are bounded uniformly by (16.32) and heat contraction. Then
the interpolated value array and each separately interpolated difference array converge
uniformly on [0, T]×T3

L to the corresponding continuum functions.
For a positive power δ, the weights (t + a2)δ are bounded by (T + L2)δ and converge

to tδ uniformly on [0, T] as a ↓ 0, by the uniform continuity of v 7→ vδ on [0, T + L2].
Multiplying the uniform errors in the values and the differences by the weights of
Definition 4.8 therefore preserves the convergence, also when one compares the weighted
discrete and the weighted continuum functions themselves. All constants depend only
on the meshes aj, MH, b, L, T, and q.



section 17

Backward reconstruction and conditional
quadratic moments

This section proves three estimates on the coarse-to-fine reconstruction of the fine field
under the conditioned Wilson measure. They are used in Sections 26 and 27 to control
the heat evolution of the reconstructed field and its quadratic Picard term, and also in
Sections 28 and 31. Throughout, the torus, the coarsest mesh H, the continuum coupling
g3 > 0, and a time horizon T0 are fixed, and all estimates are uniform in the number k of
renormalization group steps between the coarsest and the finest lattice.

The purpose of the three estimates. Recall from Section 3.3 that the fine field is recon-
structed from the coarsest field one renormalization group step at a time, from coarse
to fine. At the jth step, the logarithm θj of the reconstructed field on the lattice of
mesh aj is obtained from the logarithm θj−1 on the lattice of mesh aj−1 = Baj and
from the normalized fluctuation variables wj of that step. Let Aj = a−1

j θj be the lat-
tice potential, and let Cj be the zero-fluctuation reconstruction in the same units, that
is, the reconstruction with wj = 0. We write P, Q, and R for the linear, quadratic,
and cubic parts of the zero-fluctuation reconstruction defined in Lemma 17.2, so that
Cj = a−1

j−1[Pθj−1 + Q(θj−1, θj−1) + R(θj−1)]. Viewing all terms as functions that are con-
stant on lattice cells, we obtain the exact decomposition

Aj − Eaj−1 Aj−1 =
(

Aj −E[Aj | Fj−1]
)
+ mj + Dd Aj−1 + a−1

j−1Q(θj−1, θj−1) + a−1
j−1R(θj−1).

(17.1)
Here Eaj−1 is the cell embedding on the coarser lattice, and Fj−1 is generated by the
coarsest field and the fluctuation variables of the first j− 1 steps. The term mj = E[Aj |
Fj−1] − Cj is the conditional mean correction (in the notation of Sections 26 and 34,

mj = mph
j ), and Dd Aj−1 is the difference between the linearized reconstruction of Aj−1

and its cell embedding; the precise definitions are given below. The first term is controlled
by Theorem 16.6. Lemma 17.1 gives a deterministic bound on θj, the reconstruction
amplitude bound, which tends to zero with the mesh. It also bounds mj and shows
that the sum over j of Aj − Cj, which is the sum of the first two terms, is small in a
negative-regularity norm. Lemma 17.2 shows that each column of the linear operator
Dd has zero integral and is localized at the scale aj−1, so that heat smoothing at time t
gains the factor aj−1/

√
t. Theorem 17.4 controls the quadratic term. The cubic term is

201
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controlled by the reconstruction amplitude bound on θj−1.

Inputs and attribution. The deterministic inputs are the reconstruction maps of Theo-
rem 15.13, with the representation of the conditioned Wilson measure in Lemma 15.10,
the preservation of the conditional kernels in Theorem 15.14, and the derivative bounds of
Lemma 15.16. The zero-fluctuation reconstruction is built from the classical background
fields of Bałaban [16], and the averaging is a version of Bałaban’s averaging operation
[12]. The probabilistic inputs are the bounds on conditional means and covariances of
Theorem 13.10, the concentration theorem Theorem 5.4, and the results of Section 16. The
concentration theorem rests on the convexity methods of Brascamp and Lieb [33], Gross
[103], and Bakry and Émery [8]. The gain from a column of zero integral is the standard
cancellation of a localized kernel with vanishing mass, and the maximal inequalities are
elementary chaining in the sense of Dudley [79] (see also [74]), in the form of Lemma 16.4.

17.1 Setting

Order of the parameters. We use the constructions of Section 15 with the following
order of choices. The constant CCP ≥ 1 of Theorem 15.13, which bounds the first three
derivatives in the coarse field and the first spatial difference of the zero-fluctuation
reconstruction, is fixed before J. Before J is chosen, it may be enlarged to include finitely
many further bounds of the same kind, as in the proofs below. Then J is chosen so that
qanc = C2

CP/B < 1, where B = MJ ; Theorem 15.13 allows qanc ≤ 1/4. The larger analytic
domains and their coefficient bounds, which may depend on J, are fixed next. Then the
radii are chosen as in Lemma 15.16,

0 < r < reff/4,
β Jreff

1− α∗
<

1
8

, α∗ = CCP/B,

and the bounds on the coupling-scaled fluctuation inputs and on the coupling are chosen
so that every reconstructed field lies in the working domain of that lemma. Finally, the
upper bound g∗ on the couplings is fixed. It includes the bound of Theorem 16.6 with
Rsupp = r, it ensures that pj ≥ 1, and it makes tj p3

j as small as required in Theorem 13.10,
in the notation introduced next.

The coarse-to-fine reconstruction. Fix L > 0, T0 > 0, a coarsest mesh H = L/n0 with
n0 ∈ 4N, and g3 > 0 such that t1 ≤ g∗, in the notation introduced below; here γ = g2

3L.
We also fix the Borel choice of gauge of Lemma 15.10, which carries every stopping field
in Dr into Br and does not depend on k, and the reconstruction maps R̂ of Theorem 15.13.
We write Φ̂d,j for their logarithmic form at depth d, at the jth step. For k ≥ 1, let
aj = HB−j and dk

j = J(k− j) for 0 ≤ j ≤ k. For 1 ≤ j ≤ k, we define

gj = g3
√

aj, gj,s = Ms/2gj (0 ≤ s < J), tj = M(J−1)/2gj, pj = Aw log(1/tj).
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Since tj = t1B−(j−1)/2, we have tj ≤ t1 ≤ g∗ at every fluctuation step. We take g∗ no
larger than the working-domain ceiling τ of Lemma 15.16. Here g2

j is the lattice coupling
at mesh aj, gj,s is the coupling at the intermediate scale s of the jth step, and tj is the
largest of these couplings. Further, pj is the radius of the fluctuation cutoff domain of the
jth step, and dk

j is the number of averaging steps that precede it, counted from the finest
lattice. The reconstruction is

θj = Φ̂dk
j ,j
(
θj−1, (gj,swj,s)

J−1
s=0

)
, Fj = σ(θ0, w1, . . . , wj) (1 ≤ j ≤ k), (17.2)

where θ0 is the logarithm of the stopping field in the chosen gauge, and wj = (wj,s)s are
the normalized fluctuation variables of the jth step. The meshes and depths are

(θ0; H; Jk) −→ (θ1; H/B; J(k− 1)) −→ · · · −→ (θk; H/Bk; 0).

The measure. Let N = n0Bk, and let ν = νN,n0,γ be the conditioned Wilson measure.
By Lemma 15.10, the gauge orbits of the fields (eθ0 , . . . , eθk) have exactly the law of the
averaged configurations under ν. The conditional law of wj given Fj−1 is the conditional
fluctuation kernel k(eθj−1 , dw) of Theorem 13.8 at the coarse field eθj−1 , and the reconstruc-
tion maps preserve it (Theorem 15.14). This kernel has a density Z−11Ωe−V on a fixed
product Ω of three-dimensional balls of radius pj, where V is smooth on a neighborhood
of the closed product and D2

wV ≥ I/2 there. It is not a product of independent Gaussian
measures. All conditional expectations below are taken under ν. The marginal law of θj−1
under ν includes the restrictions at all coarser steps, and it is in general not a stopped
measure. Once Fj−1 is fixed, these restrictions are fixed factors, and they cancel in the
conditional law of wj.

At each step, the coarse field eθj−1 lies in Br, after the change of gauge of Lemma 15.10
if it is given in Dr. By the strict domain inclusions established in Lemma 15.16 and The-
orem 15.14, the reconstruction of Theorem 13.2 and the reconstruction maps act on the
same product. All segments of coarse fields and of coupling-scaled fluctuation inputs
used below lie in the larger domains on which the derivative bounds hold. We use
Theorem 16.6 with Rsupp = r, together with its change-of-gauge assertion.

Norms. Every array is embedded as a componentwise constant function on the half-open
cells of its own lattice, each positive link being attached to its starting vertex. We use the
heat norm

∥ f ∥−α;T0 = sup
0<s≤T0

sα/2∥Ps f ∥∞, (17.3)

where Ps is the continuum heat semigroup acting componentwise; it keeps the constant
mode. Since the heat kernel is positive and has unit mass, we have

∥ f ∥−α;T0 ≤ Tα/2
0 ∥ f ∥∞ (α > 0). (17.4)
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Discrete heat semigroups carry their mesh as a superscript, as in Section 16. For linear
and quadratic coefficient arrays, we use the row sums and the volume-normalized column
sums of Definition 4.6: a column of an input on a lattice of mesh ain is multiplied by
a3

out/a3
in.

Constants. We vary the depth at fixed L, T0, H, and g3, and all limits are taken at these
fixed values. Constants have the dependence specified in each result: the lemma on
conditional means allows dependence on the upper bound on the coupling, the lemma
on column cancellation has the independence stated there, and the theorem on quadratic
moments allows dependence on the fixed positive g3 and the fixed H. No stronger
statement, uniform as H varies or as g3 ↓ 0, is claimed; the bounds of Lemma 15.16 that
are uniform in H are not used to improve this dependence. A subscript J indicates a
constant that may depend on J; such constants are chosen after J. The applications of
Lemmas 16.1 and 16.3 use the horizon T = T0, and their constants therefore depend on
T0/L2.

17.2 Conditional means along the reconstruction

The first lemma bounds the reconstructed fields and their conditional mean corrections.
The stopping-field contribution to the reconstruction amplitude bound is r(aj/H)κterm ,
where κterm is determined by the contraction factor acap = CCP/B of the linearized recon-
struction; the fluctuation contribution is bounded by CJ g3

√aj pj. The conditional mean
correction is at most CJ g2

3 times the size of the coarser field. Indeed, by Theorem 13.10,
the conditional mean of the reconstructed link variables differs from the zero-fluctuation
reconstruction by O(t2

j ∥θj−1∥∞), and t2
j /aj is a fixed multiple of g2

3.

Lemma 17.1. Assume the setting of Section 17.1, and let the constant CCP ≥ 1, fixed before J,
satisfy

acap = CCP/B, acap
√

B < 1, κterm = −
log acap

log B
>

1
2

.

For 1 ≤ j ≤ k set

Aj = a−1
j θj, Cj = a−1

j Φ̂dk
j ,j(θj−1, 0), mj = E[Aj | Fj−1]− Cj,

each embedded as a componentwise constant function on the cells of its own lattice. Then, on
every sample of the conditioned Wilson measure,

bj = ∥θj∥∞ ≤ bj, bj = r(aj/H)κterm + CJ g3
√

aj pj, ∥mj∥∞ ≤ CJ g2
3bj−1.

For 2 ≤ l ≤ k let
Ml = CJ g2

3
{

ral−1
cap + g3

√
al−1(pl + 1)

}
.
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Then ∑k
j=l∥mj∥∞ ≤ Ml, and Ml → 0 as l → ∞, uniformly in k ≥ l. For every 1/2 < α < 3/2

and u ≥ 0,

k

∑
j=l

E∥Aj − Cj∥−α;T0 ≤ CJ,αg3aα−1/2
l

√
log(2 + L/al) + Cα,T0 Ml,

and, with probability at least 1− Ce−u, simultaneously for all terms of this finite sum,

k

∑
j=l
∥Aj − Cj∥−α;T0 ≤ CJ,αg3aα−1/2

l

[√
log(2 + L/al) +

√
u
]
+ Cα,T0 Ml.

These estimates also hold after integration over the law of the stopping field under the conditioned
Wilson measure, uniformly in k. The constants depend on the fixed construction parameters, on L,
T0, α, H, and on the upper bound on the coupling, but not on j, k, the depth, or the choice of the
representative of the stopping field.

The factors g3 and the powers of the mesh are displayed explicitly. The exponent
κterm is defined by the contraction of the linearized reconstruction and is unrelated
to the exponent κfl = 1− 3αfl/2 of the flow norms. The lemma controls Aj − Cj, the
deviation of the reconstructed field from its zero-fluctuation reconstruction; the adjacent
difference Aj − Aj−1 contains in addition the last three terms of (17.1), which are treated
in Sections 17.3 and 17.4.

Proof. All constants have the dependence allowed in the statement. A constant with
subscript J may include the finitely many ratios of couplings within a step and the
factor (1− acap

√
B)−1. The proof has four steps: the reconstruction amplitude bound, its

summation, the bound on the conditional mean in the gauge of the reconstruction maps,
and the bounds on the centered part.

Step 1: the reconstruction amplitude bound. The recurrence and its summation in Steps
1 and 2 are also stated in Lemma 15.10. We repeat the short computation because the
distinction between the constant Crec,J of the recurrence and the constant Ccap,J of its
solution is used again in the proof of Theorem 17.4. We first explain the choice of CCP.
Let K1, K2, and K3 be the bounds, independent of J, from Theorem 15.13(3), retained
in Lemma 15.16, for the linear term, the quadratic term, and the cubic remainder of
the normalized zero-fluctuation reconstruction Ad (see Lemma 17.2) on its fixed inner
ball. For a coarse field of norm R ≤ 1, the value of Ad is at most K1R + K2R2 + K3R3 ≤
(K1 + K2 + K3)R. We include this sum in CCP; the working ball is chosen inside the inner
ball, with R ≤ 1, after J is fixed. No constant that depends on all orders of differentiation
at fixed J is used to choose J. With this choice, the bound

∥Φ̂d,j(θ, q)∥∞ ≤ acap∥θ∥∞ + Crec,J max
s
∥qs∥∞
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holds with the same acap: the zero-input term has the bound just established, and
integrating the free-input derivative bound (15.34) of Lemma 15.16 gives Crec,J = Cfree,J .
The summation is also recorded in Lemma 15.10.

Set ϱ = acap
√

B < 1. Since |gj,swj,s| ≤ tj pj on the fluctuation cutoff domain, the last
bound implies that, at every point of the support of the conditioned measure,

bj ≤ acapbj−1 + Crec,Jtj pj, b0 ≤ r.

Let cB = M(J−1)/2, so that tj = cBg3
√aj, and fix

Ccap,J ≥
cBCrec,J

1− ϱ
. (17.5)

Both Crec,J and Ccap,J are chosen after J, and neither changes CCP. Since tj = t1B−(j−1)/2,
we have

pj = p1 + cw(j− 1), cw = 1
2 Aw log B > 0; (17.6)

in particular pj is increasing in j. Iterating the recurrence, with no exceptional set, and

using aj−i
cap
√

ai = ϱj−i√aj and pi ≤ pj for i ≤ j, we obtain

bj ≤ raj
cap + cBCrec,J g3

√
aj

j

∑
i=1

ϱj−i pi ≤ raj
cap + Ccap,J g3

√
aj pj.

Since aj
cap = B−κterm j = (aj/H)κterm , this is the asserted bound, with a constant CJ ≥ Ccap,J

that may also dominate the constants of the summation and of the mean below. The
condition κterm > 1/2 is equivalent to ϱ < 1.

Step 2: summation of the amplitude bound. Let qB = B−1/2 and j = l + h. By the
amplitude bound, (17.6), and aj−1 = al−1B−h, we have

k

∑
j=l

bj−1 ≤
ral−1

cap

1− acap
+ Ccap,J g3

√
al−1 ∑

h≥0
qh

B(pl + cwh) ≤ CJ
{

ral−1
cap + g3

√
al−1(pl + 1)

}
.

The two series equal (1− qB)
−1 and qB(1− qB)

−2. The constant does not depend on k or
on the sample.

Step 3: the conditional mean in the gauge of the reconstruction maps. Conditionally
on Fj−1, the coarse field is fixed, the gauge transformation of the reconstruction maps
depends only on it, and the conditional fluctuation kernel is the same as for the recon-
struction of Theorem 13.2. Equality of the kernels does not by itself identify the two
reconstructed means, because the observable changes; we show that the bound on the
mean survives the change of gauge. We write ϕ = θj−1 and R = ∥ϕ∥∞. Let Xe(w) be the
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logarithm of the reconstruction of Theorem 13.2 on one output link e, and let xe = Xe(0).
By the bound on the reconstructed mean in Theorem 13.10, we have

|EXe − xe| ≤ CJ g2
j R,

where we used t2
j = c2

Bg2
j . The variance of Xe is at most CJ g2

j , by Theorem 16.6, applied
under the conditional fluctuation kernel at the coarse field eϕ ∈ Br, with fine mesh aj and
horizon T0. Indeed, we apply its variance bound to the test function a−3

j 1Qe in one color

component of X/aj, whose squared L2 norm is a−3
j , and multiply by a2

j . Summing over
the three colors, we obtain

E|Xe − xe|2 ≤ CJ g2
j + CJ g4

j R2 ≤ C′J g2
j . (17.7)

The reconstruction of Theorem 13.2 satisfies the hypotheses of both theorems used here.
At the fixed coarse field, the reconstruction maps differ from this reconstruction by

a gauge transformation given by matrices hx at the vertices. On the link e = (x, y),
the logarithm of the reconstruction map is He(Xe), where He(X) = Log(hxeXh−1

y ). By
the bounds of Theorems 13.2 and 15.13, the two zero-fluctuation reconstructions xe

and x̂e = He(xe) have norm at most CR. The identity ex̂e = hxexe h−1
y therefore implies

|Log(h−1
y hx)| ≤ CR. Let ze = Log(h−1

y hx). By conjugation, we have

He(X) = Ad(hx)Log(eXeze).

On the fixed small ball of logarithms, the analytic series of the exponential and the
logarithm give bounded derivatives of (X, z) 7→ Log(eXez) through order three. More
precisely, we enlarge this ball within the fixed chart so that ∥eXez − I∥ ≤ q < 1 in matrix
norm. Termwise differentiation of Log(I + Z) = ∑m≥1(−1)m+1Zm/m is justified by the
convergent majorants ∑m≥r mr−1qm−r, r = 1, 2, 3, and the derivatives of the exponential
are bounded by its absolutely convergent series on this ball. These bounds depend only
on the chart. At z = 0, the function equals X, and its second derivative in X vanishes
there. Integrating the mixed derivative DzD2

X along the segment sze, 0 ≤ s ≤ 1, we
therefore find ∥D2

X He∥ ≤ CR, while ∥DX He∥ ≤ C. All segments used here lie in the fixed
chart. Since the matrices Ad(hx) are orthogonal, these constants do not depend on the
matrices hx or on the number of vertices. By Taylor’s formula at xe, the bound on the
mean, and (17.7), we obtain

|EHe(Xe)− He(xe)| ≤ C|E(Xe − xe)|+ CR E|Xe − xe|2 ≤ CJ g2
j R.

This is the bound on the mean for the reconstruction maps, on the same product of balls.
Dividing by the fine mesh, we obtain

∥mj∥∞ ≤ CJ
t2

j

aj
bj−1 ≤ CJ g2

3bj−1.
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Together with Step 2, this implies ∑k
j=l∥mj∥∞ ≤ Ml, after one enlargement of CJ . Both

terms of Ml tend to zero as l → ∞, because acap < 1 and pl grows linearly in l while√
al−1 decays geometrically.

Step 4: the centered part. We define

Fj = Aj −E[Aj | Fj−1].

Theorem 16.6 applies to Fj conditionally on Fj−1. Indeed, the fine mesh is aj, the side
of the coarse lattice of the step is n0Bj−1 ≥ 4, the depth is dk

j , the largest coupling is
tj ≤ g∗, the coarse field is in Br, the horizon is T0, and the reconstruction maps satisfy the
hypotheses of that theorem on the whole product. The same holds for the reconstruction
of Theorem 13.2, which we used in Step 3. Let β = α− 1/2 > 0 and ℓj = log(2 + L/aj).
Taking the conditional expectation and then the expectation, we obtain

E∥Fj∥−α;T0 ≤ CJ,αg3aβ
j

√
ℓj.

For h ≥ 0, we have ℓl+h ≤ ℓl + h log B and al+h = alB−h. It follows that

∑
h≥0

aβ
l+h

√
ℓl+h ≤ aβ

l

{ √
ℓl

1− B−β
+

√
log B ∑

h≥0
B−βh

√
h
}
≤ CB,βaβ

l

√
ℓl. (17.8)

The last series converges, for instance because
√

h ≤ h + 1, and ℓl ≥ log 2 absorbs its
contribution. Since Aj − Cj = Fj + mj, the bound on the expectation follows from (17.4)
applied to mj and from Step 3.

For the bound in probability, we use the tail bound of Theorem 16.6 at level j = l + h
with u + 2h log 2 in place of u. Integrating the conditional probability does not change its
upper bound. By a union bound over the finitely many levels, the probability of failure
is at most

Ce−u ∑
h≥0

4−h ≤ C′e−u.

On the complementary event, we sum the thresholds, using
√

x + y ≤
√

x +
√

y, (17.8),
and the convergent series ∑h B−βh and ∑h B−βh

√
h, and we add the deterministic sum

of the means by (17.4). This proves the bound in probability. No independence between
levels has been used.

Since all conditional estimates are uniform in the coarse fields that occur and in the
stopping field, the same inequalities hold after integration over the law of the stopping
field under the conditioned Wilson measure. The argument concerns Aj − Cj throughout,
and Cj is never replaced by Aj−1.
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17.3 Column cancellation and heat-kernel estimates

The normalization of an input column is essential here. For an operator K from arrays
on a lattice of mesh A to componentwise functions on the torus, the volume-normalized
absolute column of an input x is A−3

∫
|Kx(y)| dy. A zero integral of a column is a

separate identity, which no absolute bound implies. On a lattice of mesh δ, the integral is
replaced by δ3 ∑y, still divided by the input volume A3.

The lemma below concerns the difference Dd between the linearized zero-fluctuation
reconstruction and the cell embedding on the coarse lattice. Each column of Dd is
concentrated within distance of order A of its input, and it has zero integral. At times
t≫ A2, the heat kernel is nearly constant on the scale A, and the zero integral allows us
to replace pt(z− y) by pt(z− y)− pt(z− x), which costs the distance from y to x times
the gradient of the kernel. This yields the factor A/

√
t.

Lemma 17.2. Assume the setting of Section 17.1. Let d ≥ 0, let A > 0 be a mesh with L/A ∈N

and L/A ≥ 4, let a = A/B, and let Φ̂d be the logarithmic form of the reconstruction map of one
renormalization group step at depth d, from the lattice of mesh A to the lattice of mesh a. In units
of the coarse lattice, its zero-fluctuation reconstruction has the expansion

Φ̂d(θ, 0) = B−1Ad(θ), Ad(θ) = Pdθ + Qd(θ, θ) + Rd(θ),

where Pd = DAd(0), Qd = D2Ad(0)/2, and ∥Rd(θ)∥∞ ≤ CCP∥θ∥3
∞ on a fixed inner ball of

coarse fields. The first three derivatives in θ, together with their first spatial differences ∇1/B in
units of the coarse lattice, have weighted row sums and volume-normalized column sums bounded
by one constant, uniformly in d, the lattice side, and J, as in Lemma 15.16. Here ∇1/B = A∇a,
where ∇a denotes the first differences at the physical mesh a; thus a physical first difference of Ad
carries the factor A−1, and a physical first difference of the potential A−1Ad carries the factor A−2.
The cubic remainder and these finitely many bounds are included in CCP before J is fixed. This
pre-J enlargement also includes the row, column, and first-moment bounds below after subtracting
the coarse cell embedding; their additional constants depend only on the fixed spatial rate and the
cell geometry. In physical units the zero-fluctuation reconstruction is A−1Ad(θ).

Let EAv be the cell embedding on the lattice of mesh A of a coarse lattice potential v, let Pdv be
the cell embedding on the lattice of mesh a of the array A−1Pd(Av), and let Dd = Pd − EA. For
each input link x and input color b, and each output direction and color (i, c), the corresponding
column of Dd satisfies∫

T3
L

(Dd)(i,c),(x,b)(y) dy = 0, A−3
∫

T3
L

dist(y, x)
∣∣(Dd)(i,c),(x,b)(y)

∣∣ dy ≤ CCPA.

Its volume-normalized column sums and its row sums are bounded by CCP, with exponential
localization at the scale A. In particular, for 0 < t ≤ T0,

∥PtDdv∥∞ ≤ C min{1, A/
√

t}∥v∥∞, ∥Ddv∥−α;T0 ≤ Cα Aα∥v∥∞ (0 < α < 1).



17 Backward reconstruction and conditional quadratic moments § 17.3 210

Let m ∈N and δ = a/m. Let Parr
d v be the array on the lattice of mesh a whose cell embedding is

Pdv, and let
Dδ

d = Ia→δParr
d − IA→δ,

where the two cardinal interpolations of Lemma 16.3 start from the lattices of meshes a and A,
respectively. Then every componentwise column of Dδ

d has zero integral δ3 ∑y, its absolute column
sums and first moments satisfy the same bounds, and for every integer q ≥ 0, every product Dq

δ

of q physical forward or backward differences, and every 0 ≤ t ≤ T0,

∥Dq
δ Pδ

t Dδ
dv∥∞ ≤ CJ,q(t + A2)−q/2 min

{
1, A/

√
t + A2

}
∥v∥∞.

In the continuum estimates, C depends only on the column and moment bounds, on α where it
appears, and on T0/L2. In the estimates on the lattice of mesh δ the constant may also depend on
J, q, and the function b of the cardinal interpolation. No constant depends on δ/a, the lattice side,
the depth, the coupling, or the coarse field. The zero integral is a linear identity for each input
column; no zero integral of Qd is asserted.

Proof. The proof has five steps: the expansion, the zero integrals, the localization, the
continuum heat estimates, and the estimates on the finer lattice.

Step 1: the expansion and its units. By Lemma 15.16, the reconstruction maps keep the
bounds on the first three derivatives of the zero-fluctuation reconstruction in the coarse
field and on its first spatial difference in units of the coarse lattice, the volume-normalized
columns, and the zero-integral identity of Theorem 15.13. Their common domain contains
a fixed inner ball of coarse fields. Taylor’s formula on this ball gives

Ad(θ) = DAd(0)θ + 1
2 D2Ad(0)[θ, θ] + Rd(θ),

Rd(θ) =
1
2

∫ 1

0
(1− s)2D3Ad(sθ)[θ, θ, θ] ds.

The value at θ = 0 is zero by global color equivariance. The bound on the third derivative
implies ∥Rd(θ)∥∞ ≤ (1/6) sup∥D3Ad∥ ∥θ∥3

∞. We enlarge CCP to include this bound, the
finitely many derivative bounds, and their first spatial differences in units of the coarse
lattice, before J is fixed. This uses the finitely many constants that are uniform in J, not
the bounds on all derivatives at fixed J. The conversion to physical units is

a−1Φ̂d(θ, 0) = (A/B)−1B−1Ad(θ) = A−1Ad(θ). (17.9)

Step 2: zero integrals. We first restate the zero-integral identity of Theorem 15.13 in these
units. The reconstruction satisfies the averaging constraint exactly. Differentiating this
identity at θ = 0, we find that the linearized reconstruction preserves the componentwise
physical integral of each input column. For each physical input basis vector, at an input
link x, with a direction and a color, this gives∫

T3
L

(Pd)(i,c),(x,b)(y) dy =
∫

T3
L

(EA)(i,c),(x,b)(y) dy.
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The direction of x is suppressed in the notation, as in the statement. The matching
component on the right has integral A3, and the other components have integral zero.
Subtracting, we obtain the zero integral of each column of Dd. This is the exact identity
of Theorem 15.13, not a consequence of its absolute bounds. In that identity, the periodic
gradient part of the differentiated reconstruction has zero sum, including across the
seams of the torus; hence no constant mode has been discarded.

Step 3: localization and the first moment. After a fixed reduction of the exponent of
the spatial weight, there exist constants C, c > 0, independent of J, such that for every
column and every integer h ≥ 0,

A−3
∫

hA≤dist(y,x)<(h+1)A
|(Dd)x(y)| dy ≤ Ce−ch, (17.10)

and the row sums are bounded. These statements follow by subtracting the coarse cell
column from the volume-normalized column of Pd, weighted exponentially; moving a
point of a cell to the vertex of the cell costs at most

√
3A. The same argument, applied to

each weighted row, yields the localization of the rows. Multiplying (17.10) by (h + 1)A
and summing over h, we obtain

A−3
∫

dist(y, x)|(Dd)x(y)| dy ≤ CA ∑
h≥0

(h + 1)e−ch ≤ C′A.

All sums over directions and colors are finite and included in C.

Step 4: heat-kernel cancellation in the continuum. In this step, all heat estimates use
the horizon T = T0 in Lemma 16.1. To pass from the moments of individual columns to
a bound on the supremum over outputs, we use the following elementary inequality. For
a smooth periodic function f and a cube Q of side A,

A3 sup
Q
| f | ≤ C ∑

S⊂{1,2,3}
A|S|

∫
Q
|∂S f (y)| dy. (17.11)

Indeed, on an interval of length A, we have | f (x)| ≤ A−1
∫
| f |+

∫
| f ′|, and applying this

successively in the three variables yields (17.11); the endpoints are handled by continuity.
If Q is enlarged to the set of points within distance (h + 2)A, the enlargement is covered
by at most C(h + 3)3 cubes of side A. Summing the resulting bounds on the supremum
over the lattice of inputs costs the same overlap factor C(h + 3)3.

Let A2 ≤ t ≤ T0 and fz(y) = pt(z− y). Since every column has zero integral, we have

(PtDdv)(z) = ∑
x

vx

∫ [
pt(z− y)− pt(z− x)

]
(Dd)x(y) dy.

On the hth annulus around x, the bracket is at most (h + 1)A times the supremum of
|∇pt(z − ·)| on the enlarged cube around x; a shortest periodic path proves this also
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when the annulus crosses a seam. Using (17.10), then (17.11) with the overlap bound,
and finally the L1 bounds on the derivatives of the heat kernel in Lemma 16.1, we obtain

∥PtDdv∥∞ ≤ CA∥v∥∞ ∑
h≥0

e−ch(h + 3)4
3

∑
r=0

Ar∥∇r+1pt∥1 ≤ C
A√

t
∥v∥∞ (A2 ≤ t ≤ T0),

where in the last inequality we used that each factor (A/
√

t)r is at most one. For
0 < t ≤ min{A2, T0}, the contraction of the heat semigroup and the bound on the
row sums imply ∥PtDdv∥∞ ≤ C∥v∥∞. This proves the value estimate, with constants
depending only on the column bounds and on T0/L2. When 0 < α < 1, multiplying
by tα/2 gives at most CAα in both ranges of time; if A2 > T0, the bound for small times
suffices. This proves the bound on the heat norm.

Step 5: the finer lattice. We now keep the lattices of meshes a and A distinct. Let m ∈N

and δ = a/m, so that
a
δ
= m ∈N,

A
δ
= Bm ∈N. (17.12)

Since L/A ∈ N and L/A ≥ 4, the numbers L/a = B(L/A) and L/δ = Bm(L/A) are
integers at least four. We therefore apply Lemma 16.3 to the pairs of meshes (a, δ) and
(A, δ), with integer ratios m and Bm, the same function b, and the horizon T = T0. For a
fixed integer q ≥ 0, Dq

δ denotes any ordered product of q physical forward or backward
differences, and the identity if q = 0; these are exactly the products allowed in both
lemmas of Section 16. Let pz,x be the coefficients of the array Parr

d . By the mass identity
of Lemma 16.3, we have, for each componentwise column,

δ3 ∑
y
(Dδ

d)y,x = δ3 ∑
y

∑
z∈ΛL/a

ζ3((y− z)/a)pz,x − δ3 ∑
y

ζ3((y− x)/A)I

= a3 ∑
z

pz,x − A3 I = 0,
(17.13)

where the last equality is the discrete form of the zero integral in Step 2. The identity
matrices in this formula involve the matching direction and color only. Since the function
b is nonnegative, the mass and moment bounds of the interpolation imply

δ3 ∑
y

∣∣∣∑
z

ζ3((y− z)/a)pz,x

∣∣∣ ≤ a3 ∑
z
|pz,x|,

δ3 ∑
y

dist(y, x)
∣∣∣∑

z
ζ3((y− z)/a)pz,x

∣∣∣ ≤ a3 ∑
z

(
dist(z, x) + Ca

)
|pz,x|.

The interpolated coarse column has mass A3 and first moment at most CA4. Both terms
of Dδ

d therefore satisfy the bounds of the columns before interpolation, with a fixed
enlargement of the constants. Since their supports are displaced by at most Ca ≤ CA,
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(17.10) holds with the integral replaced by δ3 ∑y. The row sums are bounded as well, by
the positive partition of unity of each interpolation.

The argument of Step 4 applies on the lattice of mesh δ, and we only describe its new
ingredient. On an interval of mA = A/δ = Bm lattice points, averaging the inequality

| f (r)| ≤ | f (s)|+ δ ∑
u between r,s

|Dδ f (u)|

over s yields the one-dimensional analog of (17.11). Taking the product over the coordi-
nates, with an enlargement by one lattice step to include the differences at the boundary,
we obtain (17.11) with sums in place of integrals and products of forward differences in
place of derivatives. The overlap bound for the enlarged cubes is unchanged. To subtract
the kernel, we use (17.13) and a shortest lattice path, whose length is at most a fixed
multiple of the torus distance. Then the L1 bounds on discrete differences of the heat
kernel in Lemma 16.1 imply

∥Pδ
t Dδ

dv∥∞ ≤ C min{1, A/
√

t}∥v∥∞ (0 < t ≤ T0). (17.14)

No constant here depends on a/δ.
For 0 ≤ t ≤ min{2A2, T0}, we commute the product of q differences with the heat

semigroup and use the derivative bounds of the two interpolations:

∥Dq
δ Pδ

t Dδ
dv∥∞ ≤ ∥Dq

δ Ia→δParr
d v∥∞ + ∥Dq

δ IA→δv∥∞ ≤ Cq(a−q + A−q)∥v∥∞ ≤ CJ,q A−q∥v∥∞.

For 2A2 ≤ t ≤ T0, we split the heat semigroup into two equal halves, use the L1 bound
on the differentiated heat kernel for the first half and (17.14) for the second:

∥Dq
δ Pδ

t Dδ
dv∥∞ ≤ Cq(t/2 + δ2)−q/2 A√

t/2
∥v∥∞ ≤ Cq At−(q+1)/2∥v∥∞.

Up to fixed constants, the two ranges of time give the asserted bound with t + A2; they
include t = 0 and every fixed order of differences. Only the estimate for small times
introduces the factor Bq, through a−q = Bq A−q, and this factor is allowed in CJ,q. All the
cancellations used in this proof are identities for the columns of linear operators; neither
Taylor’s formula nor the heat-kernel cancellation yields a zero integral of Qd.

17.4 Conditional quadratic moments

Quadratic maps and their norms. Let Q be a quadratic map from arrays on a lattice of
mesh ain to arrays on a lattice of mesh aout ≤ ain. We write a scalar output component as

Qy(v, v) = ∑
x,z

Ty;x,zvxvz,
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where the indices include directions and colors. We use the symmetric coefficient tensor
of the quadratic map: replacing Ty;x,z by (Ty;x,z + Ty;z,x)/2 leaves Q(v, v) unchanged, and
all bounds below are assumed or proved for this symmetric tensor. We write Q(u, v) for
the corresponding symmetric bilinear map, and Q : M for the array with components
∑x,z Ty;x,zMxz, for a matrix M indexed by the inputs. Let t(y, x, z) be the length of a
shortest connected network in T3

L containing the locations of y, x, and z, with internal
vertices allowed, as in Definition 4.6. We fix a spatial exponent a′sp > 0, smaller than the
exponents of the coefficient bounds of Section 15 by a fixed amount, and set

∥T∥ain,aout = max
{

sup
y

∑
x,z

ea′spt(y,x,z)/ain |Ty;x,z|, sup
x

a3
out

a3
in

∑
y,z

ea′spt(y,x,z)/ain |Ty;x,z|
}

. (17.15)

By symmetry, the column with the second input fixed has the same bound. In particular,
if ain = ai, aout = δ, and ∥T∥ai,δ ≤ KQ, then

sup
y

∑
x,z
|Ty;x,z| ≤ KQ, sup

x

δ3

a3
i
∑
y,z
|Ty;x,z| ≤ KQ. (17.16)

The same exponent a′sp is used at every level below; it is not reduced after each composi-
tion. At the coarsest level, we set b0 = r. For i ≥ 1, bi always denotes the reconstruction
amplitude bound of Lemma 17.1, never a random bound left outside a conditional
expectation.

Why a conditional decomposition is needed. For j ≥ 2, by the reconstruction amplitude
bound, the quadratic term a−1

j−1Q(θj−1, θj−1) in (17.1) is at most Ca−1
j−1b

2
j−1, which is in

general of order g2
3 p2

j−1 and is not summable in j. We therefore regard θj−1 as recon-
structed from θj−2, condition on Fj−2, and separate a conditionally centered part, which
concentrates, from a conditional expectation error, which is smaller. The conditional
expectation is close to the quadratic term evaluated on the linearized reconstruction
Lj−1θj−2, and repeating the argument pulls the quadratic coefficient back through the
linearized reconstructions. Each pullback contracts the coefficient by the factor a2

cap, one
factor for each argument, while dividing by the coarser mesh costs a factor B; the result-
ing ratio qanc = Ba2

cap < 1 makes the final convolution summable. Volume-normalized
columns are essential here: with counting column sums, each pullback would lose an
additional factor B3.

Three errors remain in the conditional expectation, and they explain the three terms
in the first part of Theorem 17.4 below. Replacing the nonlinear zero-fluctuation recon-
struction by its linearization costs a2

cap∥ϕ∥3
∞. The conditional means of the fluctuation

variables and the change of their covariance with the coarse field cost g2
i ∥ϕ∥∞. Here

we use that the conditional kernel at the zero coarse field is invariant under constant
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color rotations, although it is spatially correlated; an expected adjoint vector built from it
therefore vanishes. The terms of higher order in the fluctuations cost g3

i p3
i .

The deterministic part of the pullback is the following lemma.

Lemma 17.3. Let 1 ≤ i ≤ j, let T be the symmetric coefficient array of a quadratic map from
arrays on the lattice of mesh ai to arrays on the lattice of mesh aj, and let L be the coefficient array
of a linear map from arrays on the lattice of mesh ai−1 = Bai to arrays on the lattice of mesh ai.
Suppose that ∥T∥ai,aj ≤ K and that

sup
x

∑
u

ea′sp dist(x,u)/ai−1 |Lx,u| ≤ acap, sup
u

a3
i

a3
i−1

∑
x

ea′sp dist(x,u)/ai−1 |Lx,u| ≤ acap. (17.17)

Then the coefficient array
T′y;u,v = ∑

x,z
Ty;x,zLx,uLz,v

of the map v 7→ Q(Lv, Lv) is symmetric and satisfies ∥T′∥ai−1,aj ≤ Ka2
cap. If the quadratic map

is equivariant under the adjoint action of constant color rotations and L commutes with them,
then the map v 7→ Q(Lv, Lv) is equivariant.

Proof. We first prove the unweighted bounds. The output row of T′ is at most Ka2
cap, by

the row bounds of T and of L. For the column with the first input u fixed, we use the
volume-normalized column of L in the first argument and its row in the second:

a3
j

a3
i−1

∑
y,v
|T′y;u,v| ≤

a3
i

a3
i−1

∑
x
|Lx,u| acap

( a3
j

a3
i
∑
y,z
|Ty;x,z|

)
≤ Ka2

cap.

Fixing the second input instead repeats this calculation with x, z and u, v interchanged.
The factor a3

i /a3
i−1 = B−3 cancels the factor B3 in the counting column sum of L.

The weights cause no additional loss. A shortest network for (y, x, z), joined with
shortest paths from x to u and from z to v, is a connected network containing (y, u, v),
which implies t(y, u, v) ≤ t(y, x, z) + dist(x, u) + dist(z, v); periodic shortest networks
satisfy the same inequality. In the units ai−1 > ai of the new input mesh, the weight
of the old network is at most its weight in the units ai, and the weights in (17.17) are
already in the units ai−1. The new weight is therefore at most the product of the three old
weights, and the preceding calculation applies with these weights inserted and the same
exponent. Symmetry of T′ follows from that of T. Equivariance is preserved because L
commutes with the color rotations.

Theorem 17.4. Assume the setting of Section 17.1 and fix k ≥ 1. Let bi, 1 ≤ i ≤ k, be
the reconstruction amplitude bounds of Lemma 17.1, and b0 = r. Let acap = CCP/B and
qanc = Ba2

cap = C2
CP/B < 1, and for 1 ≤ i ≤ k let Li = DθΦ̂dk

i ,i(0, 0) be the linearized
zero-fluctuation reconstruction of the ith step.
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Let 1 ≤ i ≤ k, and let Q be a deterministic quadratic map from arrays on the lattice of mesh ai
to su(2)-valued arrays on a lattice of mesh δ ≤ ai, which is equivariant under the adjoint action
of constant color rotations and satisfies ∥T∥ai,δ ≤ KQ for its coefficient array T, with all input
and output directions and colors included. Then the following statements hold.

1. For every coarse field eϕ ∈ Br, under the conditional fluctuation kernel of the ith step at the
coarse field eϕ,∥∥E[Q(θi, θi) | θi−1 = ϕ]−Q(Liϕ, Liϕ)

∥∥
∞ ≤ CJKQ

{
a2

cap∥ϕ∥3
∞ + g2

i ∥ϕ∥∞ + g3
i p3

i
}

.

Let µϕ = Eϕw and Σϕ = Covϕ(w, w) be the conditional mean and covariance of the
fluctuation variables under this kernel (in the notation of Section 26, µϕ = mϕ), and let Eϕ

be the derivative at w = µϕ of the map w 7→ g−1
i Φ̂dk

i ,i(ϕ, (gi,sws)s), which includes the ratios

gi,s/gi. Then the expectation of Q(giEϕ(w− µϕ), giEϕ(w− µϕ)) equals g2
i Q : (EϕΣϕET

ϕ ).
This contraction vanishes at ϕ = 0, and

∥EϕΣϕET
ϕ − E0Σ0ET

0 ∥op ≤ CJ∥ϕ∥∞.

The first estimate accounts for the value of the reconstruction at µϕ, its displacement from
the zero-fluctuation reconstruction, and all remainders of the means and of the covariance; it
does not assume that the conditional expectation of a quadratic term vanishes when ϕ ̸= 0.

2. For every 0 < α < 3/2, on every sample,

E
[∥∥Q(θi, θi)−E[Q(θi, θi) | Fi−1]

∥∥
−α;T0

∣∣∣ Fi−1

]
≤ CJ,αKQgibiaα

i

√
log(2 + L/ai).

3. For 2 ≤ j ≤ k define quadratic maps Qj,i from arrays on the lattice of mesh ai to arrays on
the lattice of mesh aj, for 0 ≤ i ≤ j− 1, by

Qj,j−1 = Qdk
j ,j, Qj,i−1(v, v) = Qj,i(Liv, Liv) (1 ≤ i < j),

where Qdk
j ,j is the quadratic part of the zero-fluctuation reconstruction of the jth step, as in

Lemma 17.2. These maps are equivariant. Let Tj,i be the symmetric coefficient array of Qj,i,
and set Kj,i = ∥Tj,i∥ai,aj . Then

Kj,i ≤ Ca2(j−1−i)
cap ,

Kj,i

aj−1
≤ C

qj−1−i
anc

ai
.

4. For 2 ≤ j ≤ k and 1 ≤ i ≤ j− 1 put

Zj,i = Qj,i(θi, θi)−E[Qj,i(θi, θi) | Fi−1],

ej,i = E[Qj,i(θi, θi) | Fi−1]−Qj,i−1(θi−1, θi−1).
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Then, on every sample,

Qdk
j ,j(θj−1, θj−1) = Qj,0(θ0, θ0) +

j−1

∑
i=1

(Zj,i + ej,i).

Further, with

vi = gibiaα−1
i , ui =

qancb
3
i−1

ai−1
+ g2

3bi−1 + g3
3
√

ai p3
i ,

we have, for 0 < α < 3/2,

E
∥∥a−1

j−1Qdk
j ,j(θj−1, θj−1)

∥∥
−α;T0

≤ Cr2

H
qj−1

anc + C
j−1

∑
i=1

qj−1−i
anc

{
vi

√
log(2 + L/ai) + ui

}
.

5. For 1/2 < α < 3/2 and every 0 < τ < min{1/2,− log qanc/ log B},

k

∑
j=l

E
∥∥a−1

j−1Qdk
j ,j(θj−1, θj−1)

∥∥
−α;T0

≤ Cτaτ
l ,

uniformly in k ≥ l ≥ 2.

The constants depend on the fixed construction parameters and coefficient bounds, on L, H, T0,
α, and τ, and on the fixed coupling g3, but not on k, the depth, the ratio ai/δ, or the sample.
The identity in the fourth part does not identify compositions of the nonlinear zero-fluctuation
reconstructions with products of their linearizations; their difference is contained in ej,i.

Proof. We fix k for the whole proof, so that all coefficients, zero-fluctuation reconstructions,
and conditional kernels have the depths dk

i = J(k − i) of one hierarchy. Intermediate
constants in the estimates for a single kernel may depend on J; all estimates are uniform
in the depth. The proof has five steps. Steps 1 and 2 prove the first two parts, Step 3
proves the third, Step 4 the fourth, and Step 5 the last.

Step 1: the conditional expectation of a quadratic term. Fix a level i and a coarse field
eϕ ∈ Br, and write R = ∥ϕ∥∞, g = gi, t = ti, and p = pi. In this step, all expectations are
under the conditional fluctuation kernel at eϕ. Let

µϕ = Eϕw, ξ = w− µϕ, Σϕ = EϕξξT, ψϕ(w) = Φ̂dk
i ,i(ϕ, (gi,sws)s).

The segment of coarse fields uϕ, 0 ≤ u ≤ 1, stays in Br. The fluctuation cutoff domain, the
free logarithmic coordinates, and the conditional fluctuation potential are those preserved
by Theorem 15.14. The domains and bounds on the coupling-scaled fluctuation inputs
are those fixed in Section 17.1; hence the whole segment satisfies the domain conditions.
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The bounds on means and on the dependence on the coarse field in Theorem 13.10 apply
to this kernel, and give

∥µϕ∥∞ ≤ CJtR, ∥Σϕ∥op ≤ 2, ∥Σϕ − Σ0∥row+col ≤ CJtp3R, (17.18)

where the last norm is the larger of the maximal row and column sums, possibly with
a fixed smaller exponential weight; since it is at most their sum, the cited bound holds
with either convention. The product of balls does not depend on ϕ. To make precise
which normalization enters, let Vϕ be the conditional fluctuation potential and Su =

∂uVuϕ −Euϕ∂uVuϕ its centered potential derivative along the segment. In the notation of
Lemma 13.6, Su = Qu for this path, and −Su is the normalized log-density derivative. By
differentiation, we have

∂uEuϕF = Euϕ∂uF−Euϕ(FSu), ∂uΣuϕ(r, s) = −Euϕ(ξrξsSu). (17.19)

Indeed, we differentiate the numerator and the denominator; this is legitimate because
the support is compact and fixed and the integrands are smooth. In the second identity,
the terms containing the derivative of µuϕ multiply Eξ = 0 and cancel. Thus (17.18) refers
to the covariance of the interacting truncated kernel and to its centered derivative; there
is no boundary term and no reference Gaussian covariance.

By the joint coefficient bounds kept by Lemma 15.16, we may expand the reconstruc-
tion map by Taylor’s formula at the conditional mean µϕ. We define

vϕ = ψϕ(µϕ), Eϕ = g−1Dwψϕ(µϕ), Bϕ = (2g2)−1D2
wψϕ(µϕ);

the ratios gi,s/g are included in these definitions. The mean lies in the convex product,
and so does the segment from it to each w. Since ∥ξ∥∞ ≤ 2p, Taylor’s formula with
integral remainder and the bound on the third derivative in w imply

θi = vϕ + gEϕξ + g2Bϕ(ξ, ξ) +Rϕ(ξ), ∥Rϕ(ξ)∥∞ ≤ CJ g3p3. (17.20)

Each derivative in w contributes its coupling factor, and the joint absolute bound sums
the remaining coefficients. These bounds are at fixed J and impose no further condition
on J.

By the bounds on the row sums and volume-normalized column sums kept by the
reconstruction maps, converted between the finitely many types of fluctuation variables
of a step, we have

∥Eϕ∥op + ∥Bϕ∥abs ≤ CJ ,

where ∥Bϕ∥abs is the larger of its absolute row and column sums. The joint bounds in the
coarse field and the coupling-scaled fluctuation inputs also give

∥Eϕ − E0∥op + ∥Bϕ − B0∥abs ≤ CJ(R + g∥µϕ∥∞) ≤ C′J R. (17.21)
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For this bound, we integrate the derivative in the coarse field along sϕ with the coupling-
scaled fluctuation inputs equal to zero, and then the derivative in these inputs from
zero to (gi,sµϕ,s)s. Both segments lie in the fixed inner domain, where the normalized
coefficients have bounded row and column sums. At the zero coarse field, we have µ0 = 0
by the global color symmetry, and the endpoint is exactly E0, B0. The row and column
bounds imply the displayed operator bounds by Schur’s test,

∑
x

∣∣∣∑
y

Kxyuy

∣∣∣2 ≤ (
sup

x
∑
y
|Kxy|

)(
sup

y
∑
x
|Kxy|

)
∑
y
|uy|2,

and the conversion from volume-normalized to counting column sums costs only a factor
depending on J.

Let Zϕ = EϕΣϕET
ϕ . Adding and subtracting E0ΣϕET

ϕ and E0Σ0ET
ϕ , and using (17.18)

and (17.21), we obtain

∥Zϕ −Z0∥op ≤ CJ R(1 + tp3) ≤ C′J R. (17.22)

This is the covariance comparison of the first part, for the coefficients of the reconstruction
maps themselves.

At the zero coarse field, the product of balls and the potential are invariant under
every constant adjoint color rotation. This implies Σ0 = Σsp ⊗ I3 for a spatial matrix Σsp,
and the linear coefficient E0 acts as a scalar on the adjoint color representation. To check
this, note that rotations by π about the three coordinate axes force each 3× 3 color block
commuting with them to be diagonal, and rotations exchanging the axes force its three
diagonal entries to agree. The same invariance for the equivariant map Q implies

Q : Z0 = 0. (17.23)

Indeed, each output component of the contraction is an adjoint vector fixed by every
rotation, and rotations by π about two different axes force it to vanish. This argument is
componentwise in the output and keeps every spatial entry of the covariance; it needs no
translation invariance of Q.

The same reasoning shows that B0 : Σ0 = 0. Together with (17.21) and (17.18), this
implies

∥EϕBϕ(ξ, ξ)∥∞ ≤ CJ R(1 + tp3) ≤ C′J R. (17.24)

Here we used that each scalar coefficient matrix of Bϕ has absolute entry sum at most
CJ , and that a contraction against a matrix of operator norm D has absolute value at
most CJ D, since every entry of that matrix is bounded by D. The same remark justifies
contractions against (17.22) without any dependence on the dimension.

The displacement of the reconstruction at the mean satisfies

∥vϕ − ψϕ(0)∥∞ ≤ CJ g∥µϕ∥∞ ≤ CJ g2R, (17.25)
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where we integrated the derivative in w, whose absolute row sums are at most CJ g, along
the segment from 0 to µϕ, and used that t/g depends only on J. By the bounds on the first
three derivatives of the zero-fluctuation reconstruction and the majorant of Lemma 15.16,
we have

∥ψϕ(0)− Liϕ∥∞ ≤ CJacapR2, ∥Liϕ∥∞ ≤ acapR. (17.26)

The constant CCP used to choose J has already been enlarged by the uniform nonlinear
bounds, as explained in Step 1 of Lemma 17.1. The present J-dependent quadratic-
error constant is chosen afterwards and does not change acap. By (17.25), (17.26), and
∥Q(u, v)∥∞ ≤ KQ∥u∥∞∥v∥∞, we have

∥Q(vϕ, vϕ)−Q(Liϕ, Liϕ)∥∞ ≤ CJKQ(a2
capR3 + g2R). (17.27)

To see every power, let ϵ = vϕ− Liϕ; then the left side is at most 2KQacapR∥ϵ∥∞ +KQ∥ϵ∥2
∞,

with ∥ϵ∥∞ ≤ CJ(acapR2 + g2R). Since R and g are bounded by fixed constants, the term
R4 is absorbed into R3 and the remaining terms into g2R.

We now expand Q(θi, θi) using (17.20). The term linear in gEϕξ has mean zero. The
term quadratic in it has mean

EϕQ(gEϕξ, gEϕξ) = g2Q : Zϕ,

which is the identity of the first part; by (17.23) and (17.22), it is at most CJKQg2R.
The cross term of vϕ with g2Bϕ(ξ, ξ) has mean at most CJKQg2R, by (17.24) and the
boundedness of vϕ. Every remaining product contains either one linear and one quadratic
term in ξ, or a remainder, or two quadratic terms. Their pointwise bounds are CJKQg3p3,
CJKQg3p3, and CJKQg4p4, respectively. Products of a remainder with a term of positive
degree in ξ satisfy the same bound CJKQg3p3, since gp is bounded by a fixed constant,
and so does the square of the remainder. In the term Q(vϕ,Rϕ), only the boundedness of
vϕ is needed. Further, g4p4 ≤ CJ g3p3. Combining these bounds with (17.27), we obtain
the first estimate.

Step 2: the centered heat norm of a quadratic term. We prove the second part without
assuming smoothness of the output. Fix a sample, so that ϕ = θi−1 is fixed and ∥ϕ∥∞ ≤
bi−1. Let Y(w) = Q(θi(w), θi(w)) and F = Y − EϕY. On the whole product of balls,
differentiating the polarized map, we find

DwY = Q(Dwθi, θi) + Q(θi, Dwθi).

The absolute row sums of the derivative of θi in w are at most CJ gi, and its volume-
normalized columns satisfy the same bound. At most a number of fluctuation variables
depending only on J is attached to each cell of the lattice of mesh ai. Further, ∥θi(w)∥∞ ≤
bi at every point w of the product. Indeed, the recurrence of Step 1 in the proof of
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Lemma 17.1 gives ∥θi(w)∥∞ ≤ acapbi−1 + Crec,Jti pi, and this is at most bi by (17.5), since
CJ ≥ Ccap,J . Let A = CJKQgibi. Then the derivative matrix G = DwY satisfies

sup
y

∑
r
|Gy,r| ≤ A, sup

r

δ3

a3
i
∑
y
|Gy,r| ≤ A, (17.28)

where r runs over the scalar fluctuation variables. For the column bound, we fix the
differentiated fluctuation variable, use the column of Q for its differentiated argument,
bound its other argument by bi, and then use the volume-normalized column of Dwθi; the
volume factors multiply to δ3/a3

i . Since both differentiated arguments satisfy the same
bound, their sum is included in CJ . This holds for all directions and colors.

By Schur’s test, the counting ℓ2 operator norm of G is at most A(ai/δ)3/2. For
0 < s ≤ T0, let ωy(s, x) =

∫
Qy

ps(x − z) dz for the output cells Qy of side δ. For each
scalar component of PsY at a point x, the Lipschitz constant in w is at most

CAmin{1, a3/2
i s−3/4}. (17.29)

The first bound follows from the absolute row sums and ∑y ωy = 1. For the second, we
compose the operator bound with ∥ω(s, x)∥2 ≤ Cδ3/2s−3/4, from Lemma 16.1; the factor
(ai/δ)3/2 cancels the factor δ3/2 of the output cells. By the derivative and time-increment
bounds of the same lemma, one spatial derivative of the cell integrals costs s−1/2 and
one time derivative costs s−1 when a2

i ≤ s ≤ T0, in which case s ≥ δ2. These bounds also
hold for differences of two evaluations, by integration along a shortest spatial path or a
time segment.

We now take the supremum over times, beginning with times below a2
i . Let Mi = Eϕθi.

By the amplitude bound, we have ∥Mi∥∞ ≤ bi as well as ∥θi∥∞ ≤ bi. The output row
bound in (17.16) then gives

∥Q(θi, θi)−Q(Mi, Mi)∥∞ ≤ 2KQbi∥θi −Mi∥∞,

and subtracting the conditional expectation, we obtain

∥F∥∞ ≤ 2KQbi
(
∥θi −Mi∥∞ + Eϕ∥θi −Mi∥∞

)
. (17.30)

This uses the output row; a bound on the input columns alone would not imply it. There
are Ni = 9(L/ai)

3 scalar coordinates of θi on its own lattice. By the bounds on the
derivative rows of the reconstruction maps in Lemma 15.16, each of them is a Lipschitz
function of w with Euclidean constant at most CJ gi, since the ℓ2 norm of a row of the
derivative is at most its absolute sum. The conditional kernel is the one on a convex
product described in Section 17.1 (Lemma 15.10 and Theorem 15.14), with Hessian at
least I/2. By Theorem 5.4 with m = 1/2 and a union bound, we have

Pϕ{∥θi −Mi∥∞ > x} ≤ min
{

1, 2Ni exp[−x2/(CJ g2
i )]

}
. (17.31)
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To integrate this bound, we take x0 = gi

√
CJ log(2Ni), and for this integral we let

A2 = CJ g2
i . We use

∫ ∞
x0

e−x2/A2
dx ≤ A2e−x2

0/A2
/(2x0), which follows by inserting the

factor x/x0 ≥ 1 in the integrand. After enlarging the constant, we obtain

Eϕ∥θi −Mi∥∞ ≤ CJ gi

√
log(2 + L/ai), Eϕ∥F∥∞ ≤ CJKQgibi

√
log(2 + L/ai),

where we used log(2Ni) ≤ C log(2 + L/ai), which holds because L/ai ≥ 4. Since the
heat semigroup contracts the supremum norm, the expected supremum over 0 < s ≤
min{a2

i , T0} of sα/2∥PsF∥∞ is at most CAaα
i

√
log(2 + L/ai). Only the coordinates on the

lattice of mesh ai have been counted; there is no union bound over the arbitrarily fine
output lattice. The mean Mi is the conditional mean of the reconstruction, which need
not vanish.

For the remaining times, let Sh = 2ha2
i , and consider each nonempty interval

[Sh, min{2Sh, T0}], h ≥ 0. The centered process sα/2(PsF)(x), with its nine scalar compo-
nents, has one-point sub-Gaussian parameter at most

σh = CJ,αAa3/2
i Sα/2−3/4

h ,

by (17.29) and (16.18). Its increments have parameter at most Cσh times

min{1, dist(x, x′)/
√

Sh}+ min{1, |s− s′|/Sh};

this includes the derivative of sα/2, whose relative size on the interval is at most Cα/Sh.
Between distinct components, we take the distance to be Cσh; adding the Lipschitz
constants of the two components justifies this choice. Using spatial nets of spacing
cη
√

Sh and temporal nets of spacing cηSh, together with the nine components, we obtain
covering numbers at most

C(1 + L/
√

Sh)
3η−4 (0 < η < 1).

Since the process is continuous for s > 0 and smooth in x on these intervals, a countable
dense set of parameters determines its supremum. We apply Lemma 16.4 to the increment
function divided by σh, with s = Cσh, b = 0, D = C, A = C(1 + L/

√
Sh)

3, and qent = 4;
the point z0 of that lemma has the same one-point bound. At p = 1, the lemma bounds
the expected supremum over the interval by

Cσh

√
log(2 + L/ai),

because
√

Sh ≥ ai, so that A ≤ C(1 + L/ai)
3; no factor depending on the output mesh

enters. Since σh = CJ,αAaα
i 2−h(3/4−α/2), the sum over the intervals converges with ratio

2α/2−3/4 < 1 when α < 3/2. Adding the bound for small times, we obtain

Eϕ∥F∥−α;T0 ≤ CJ,αKQgibiaα
i

√
log(2 + L/ai).

Conditionally on Fi−1, all constants here are deterministic and uniform over the coarse
fields that occur. This is the second part.
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Step 3: the pulled-back coefficients. The linearized reconstruction Li has output mesh ai
and input mesh ai−1 = Bai, and it satisfies (17.17). These are the weighted bounds on the
first derivative of the zero-fluctuation reconstruction, with the constant CCP, uniform in J,
enlarged as in Section 17.1. By the bounds on the second derivative of the zero-fluctuation
reconstruction, the coefficient Qj,j−1 = Qdk

j ,j has norm at most a fixed constant C. By

induction down to the input level i, using Lemma 17.3 at each step, we obtain

Kj,i ≤ Ca2(j−1−i)
cap .

The global color equivariance of the zero-fluctuation reconstruction implies the equiv-
ariance of its quadratic part, and each Li commutes with constant color rotations; hence
every Qj,i is equivariant. With m = j− 1− i, the identity ai = Bmaj−1 gives

Kj,i

aj−1
≤

CBma2m
cap

ai
=

Cqm
anc

ai
. (17.32)

Step 4: the telescoping identity and the convolution. Let Yi = Qj,i(θi, θi) for 0 ≤ i ≤
j− 1. By the definitions in the fourth part,

Yi −Yi−1 =
{

Yi −E[Yi | Fi−1]
}
+

{
E[Yi | Fi−1]−Yi−1

}
= Zj,i + ej,i.

Summing this finite identity over 1 ≤ i ≤ j− 1, we obtain the telescoping identity on
every sample. Since every conditional expectation is taken under the kernel of the same
hierarchy that generated θi, Steps 1 and 2 apply with ϕ = θi−1 and the amplitude bound
bi−1 on ∥θi−1∥∞.

The term from the coarsest level is bounded deterministically by∥∥∥Qj,0(θ0, θ0)

aj−1

∥∥∥
−α;T0

≤ Cr2

H
qj−1

anc ,

by (17.4), (17.32) with i = 0, a0 = H, and ∥θ0∥∞ ≤ r. For the centered terms, the second
part and (17.32) give

E∥Zj,i∥−α;T0

aj−1
≤ Cqj−1−i

anc gibiaα−1
i

√
log(2 + L/ai).

For the conditional expectation errors, we use the first part, (17.4), and the three identities

a2
cap

ai
=

qanc

ai−1
,

g2
i

ai
= g2

3,
g3

i
ai

= g3
3
√

ai,

and obtain
E∥ej,i∥−α;T0

aj−1
≤ Cqj−1−i

anc ui.

By the triangle inequality, we obtain the convolution estimate of the fourth part, with vi
as defined there. No composition of the nonlinear zero-fluctuation reconstructions has
been identified with a product of linearizations; the difference remains in ej,i.
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Step 5: summation. Let 1/2 < α < 3/2. By the reconstruction amplitude bound of
Lemma 17.1 and (17.6), we have, with constants depending on the fixed H, g3, and r,

bi ≤ C(1 + i)B−i/2 (i ≥ 0), (17.33)

since ai
cap = B−κtermi with κterm > 1/2; the case i = 0 is included by enlarging C. More

precisely, inserting the two terms of bi, we obtain

vi ≤ C
{

B−(κterm+α−1/2)i + (1 + i)B−αi},

and both exponents exceed 1/2. In ui, the part of b
3
i−1/ai−1 coming from the coarsest field

decays with the exponent 3κterm − 1 > 1/2, and the part coming from the fluctuations
is at most C(1 + i)3B−i/2; the inequality (x + y)3 ≤ 4(x3 + y3) handles the mixed terms.
The other two terms of ui are at most C(1 + i)3B−i/2 directly. It follows that

vi + ui ≤ C(1 + i)3B−i/2. (17.34)

For i < j, we use the cruder bound
√

log(2 + L/ai) ≤
√

log(2 + L/aj) ≤ C
√

1 + j.

Let 0 < τ < min{1/2,− log qanc/ log B}, and set r1 = qancBτ < 1 and r2 = Bτ−1/2 < 1.
Let Xj be the deterministic upper bound obtained from the convolution estimate by
inserting (17.34) and

√
log(2 + L/ai) ≤ C

√
1 + j; it is defined for every j ≥ 2 and does

not depend on k. Writing j = i + m + 1, we have

∑
j≥2

Bτ jXj ≤ C ∑
j≥2

Bτ jqj−1
anc + CBτ ∑

i≥1
∑

m≥0
(2 + i + m)1/2(1 + i)3rm

1 ri
2 < ∞.

All terms are nonnegative, and (2 + i + m)1/2 ≤ (2 + i)(1 + m) reduces the double series
to the product of ∑i(2 + i)4ri

2 and ∑m(1 + m)rm
1 , which converge by comparison with

geometric series. The bound depends only on the fixed data and on the gaps in the strict
inequalities for τ. The finite sequence for a given k is bounded by this deterministic
majorant; no coefficients from different values of k are identified. We conclude that

k

∑
j=l

E
∥∥a−1

j−1Qdk
j ,j(θj−1, θj−1)

∥∥
−α;T0

≤ B−τl ∑
j≥2

Bτ jXj ≤ Cτ H−τaτ
l ,

and the factor H−τ is absorbed into Cτ. This is the last part. The proof used only qanc < 1
and the stated choice of τ; no condition of the form qancBα < 1 is needed.



part vi

Large-field control and the small-field event



section 18

Local coordinates and constrained minimizers
on block regions

This section begins the large-field analysis. Its subject is a block region: a union of final
blocks of s ≤ J consecutive averaging steps, possibly disconnected and with holes, on
which the configuration is integrated while the configuration on the fixed complement is
held fixed. On a block region, we construct coordinates adapted to the block averaging
constraints, compute Haar measure in these coordinates, and construct the constrained
minimizers of the effective classical action, with weighted bounds on all their Taylor
coefficients. All estimates are uniform in the shape, the topology, and the number of
components of the block region.

We need these objects for the following reason. As explained in Section 3.4, the
exponential-moment bound for blocked Wilson actions (Theorem 22.1) runs the renor-
malization group in a localized form. The configurations are partitioned according to
the regions where some averaged plaquette has large curvature (Theorem 21.5). Outside
these regions, background fields, fluctuation integrals, and effective interactions are con-
structed on arbitrary unions of blocks, and the link variables in the excluded regions
are held fixed as frozen coordinates. This section supplies the finite-dimensional part of
that construction. Section 19 compares the constructions on a block region with those on
the whole torus, and Section 20 integrates the fluctuations on block regions and tracks
the normalization constants. Further, Section 21 uses the change of variables and the
coercivity estimate at the first block integration to write exact densities, and Section 23
uses the substitution estimates in its choice of parameters.

Definition 18.1 introduces coefficient norms with exponential weights in the distance
to the boundary of the block region, and Lemma 18.3 shows that these norms are stable
under contractions, inverses, inverse square roots, and Schur complements. Lemma 18.4
proves that the iterated block averaging map is local for every output side m ≥ 4.
Lemma 18.7 computes the pushforward of Haar measure in the local constraint coordi-
nates of a block region, under the hypothesis that the fiber is covered by the chosen chart.
Lemma 18.8 records the derivatives of constrained minimum values, and Lemma 18.9
states how coefficient norms, normalization constants, and determinants change when
variables are frozen. The main result is Theorem 18.12: the constrained Hessian of the
effective classical action on a block region is bounded below by a constant that does

226
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not depend on the region, and the constrained minimizer is analytic, with weighted
coefficient bounds. Its coercivity estimate rests on the patch inequality of Lemma 18.11.
Lemma 18.14 identifies the objective of the first block integration with the Wilson action
on the block region and gives the exact form and range of its Hessian, as needed in
Section 21. Finally, Lemma 18.15 shows that connected expressions containing a perturba-
tion in the fixed complement decay exponentially into the block region, without a factor
proportional to the volume of the complement.

The inputs are the coefficient calculus of Lemma 5.3, the local constraint coordinates
and Haar disintegration of Lemma 6.3, the nested minimization identity and the weighted
coefficient bounds for the effective classical actions in Theorems 10.10 and 10.11, the
triangular change of variables of Theorem 12.13, the domains of Definition 14.4, and,
from Theorem 14.8, only the inequality Ed,sat ≥ κ∗E0 for the effective classical action at
every depth d ≥ 0. The geometry of Lemma 7.4 is used only for a comparison.

Two observations organize the argument. The first concerns coercivity. Let u be
a linearized variation that satisfies the tree gauge conditions and the linearized block
averaging constraints of the block region. If u has zero curl on a single final block, then
u is a gradient there, the tree conditions make its potential constant on the block, and
hence u vanishes on the block. On two adjacent final blocks, the constraint on the coarse
bond between them equates the two constants. Coercivity on these two kinds of patches,
a covering with bounded overlap, and an explicit extraction of the free coordinates from
u give a lower bound on the constrained Hessian that does not see the topology of the
region. The second observation concerns locality. A connected contraction of coefficient
tensors that contains a perturbation in the fixed complement must connect each of its
external indices in the block region to the complement. Its length therefore bounds
the distance of these indices to the boundary, and summing over the positions in the
complement with exponential weights gives decay without a volume factor.

The constructions are analytic near the identity. Whether every point of a fiber of
the block averaging map lies in the chart is a hypothesis of Lemma 18.7; it is verified in
Section 21. Frozen coordinates from earlier block integrations are fixed real parameters:
we never differentiate in them or continue them to complex values. Constant terms are
tracked separately from the nonconstant Taylor series, and the coefficient norms never
bound them.

Charts adapted to the averaging constraints and constrained minimizers of the action
(background fields) are central ingredients of Bałaban’s renormalization group. Configu-
rations with prescribed averages and the axial gauge conditions on them are introduced
in [14, §§A–B]; the minimizers, their analytic dependence on the coarse field, and the
decay of their derivatives are constructed in [16, Theorem 1, p. 279, and §G, Proposition 9,
p. 309]. We follow that method, but the block regions, the centered averaging map, the
constraint coordinates, and the coefficient norms are different, and we prove the estimates
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needed here directly. The weighted inverse bounds adapt the exponential conjugation
of Combes and Thomas [61]. Gauge fixing along trees by successive Haar translations,
the analytic implicit function theorem, the formulas for derivatives of minimum values,
Schur complements, the resolvent identity, and the integral formula for inverse square
roots are standard.

18.1 Block regions, coordinates, and constants

Fix an odd integer M = 2RM + 1 ≥ 3 and an integer J ≥ 1. Throughout this section
1 ≤ s ≤ J and m ≥ 4 are integers, and we consider s consecutive averaging steps Ts

M, from
the lattice of side Msm (the input lattice) to the lattice of side m (the output lattice). The
lattices of sides Ms−im, 0 ≤ i ≤ s, are the levels, indexed by i; the integrated intermediate
scales have i < s. The level i = 0 is the input lattice and i = s the output lattice. Distances
are measured in units of the output mesh. The final blocks are the centered blocks of Ms

input sites per direction at the vertices of the output lattice; they are described precisely in
Section 18.3. A block region is a union Ω of final blocks. The fixed complement consists
of the input vertices and links not in Ω, and the boundary W of Ω is the set of positions
of the input links with one endpoint in Ω and the other in the fixed complement. A block
region may be empty, may be disconnected, may have holes, and may contain isolated
final blocks.

Labels and positions. A scalar coordinate is one component of the logarithm of a link
variable. It is specified by its link, its color, and the level on which the link lives; a frozen
coordinate also records the scale at which it was introduced. Coordinates that differ in
direction, color, scale, or scale of introduction are different labels, even if their positions
coincide. Each label is assigned the position of its link, embedded in output units. Inner
products on lists of coordinates are counting inner products. Volume-normalized column
sums carry the factors a3

out/a3
in of Definition 4.6. Changing the counting unit across at

most J scales changes a counting sum by a factor depending only on M and J, and it
introduces no volume factor. In analytic formulas we write Ed(A) for Ed(eA) on the
identity chart.

Coordinates. We use the coordinates listed in Table 18.1. The coarse field, the free coor-
dinates, and the tree coordinates are defined precisely in Definition 18.6 and Lemma 18.7,
and the normalized fluctuation variables in Lemma 18.9. The logarithms c of the coarse
links, the free coordinates z, and the logarithms ξ of the frozen coordinates introduced at
the current block integration are analytic variables, and they may be complexified on the
construction chart. The frozen coordinates brec introduced at earlier block integrations are
fixed real parameters. Figure 18.1 shows the different kinds of links in a two-dimensional
sketch.
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Symbol Meaning Reference measure Analytic role

c logarithms of the coarse links
of Ω, that is, of the bonds
joining two final blocks of Ω

Haar measure
dH(ec) of the group
values

variable;
complexified

zi free logarithmic coordinates
at intermediate scale i, on the
free edges Fi

Lebesgue measure,
with the density Ji of
Lemma 18.7

variable;
complexified

wi normalized fluctuation
variables, zi = ai + giK−1/2

i wi

Lebesgue measure variable

f tree coordinates (gauge
transformations at the
nonroot vertices of the trees)

product of Haar
probability measures

integrated; never
differentiated

ξ logarithms of the frozen
coordinates introduced at the
current block integration

Haar measure on the
group values

small; complexified

brec frozen coordinates
introduced at earlier block
integrations, at their scales of
introduction

product Haar
measure

fixed and real;
never differentiated

Table 18.1. The coordinates used on a block region.

Uniform constants. In this section a constant is called uniform if it depends only on
the following data: M and J; the radius rE of the identity chart on which the effective
classical actions Ed are controlled, the bound CE on their weighted Taylor coefficients
with each index fixed, and their spatial rate aE > 0, all from Theorem 10.11; the constant
κ∗ > 0 in the lower bound (18.20) below; the radii of the local constraint coordinates
of Lemma 6.3, strictly smaller than their radii of definition, and the coefficient bounds
of the finite group products that define them; the label density vJ of (18.1); and fixed
ratios of radii and fixed differences of spatial rates, stated where they are used. Uniform
constants are independent of L, γ, m, N, K, the depth d0, the number of preceding block
integrations, the number of components and the shape of the block region, the values
of the frozen coordinates brec, and every width chosen later (boundary strips, interior
restriction distances, protected neighborhoods, and cells). A bound for a general analytic
input may depend in addition on the coefficient bound and the inverse bound assumed
for that input. No uniformity as J → ∞ is claimed. This is the dependence described
in item (3) of Definition 4.14. Frozen coordinates are fixed before Taylor coefficients are
taken or degrees are summed.
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Figure 18.1. A two-dimensional sketch of a block region with M = 3 and s = 1: three final blocks
(filled sites, with enlarged roots) and one final block of the fixed complement (open sites, dashed
square). Solid lines are tree edges. The two thick edges are the eliminated edges of the two coarse
bonds of Ω. Dotted lines are free edges. Dashed edges are links across the boundary; they are
not coordinates of the block region, and they carry frozen coordinates.

18.2 Coefficient norms with boundary decay

In the regional estimates, distances between label positions are periodic shortest-path
distances on the common refined position graph: the periodic cubic lattice of mesh
(2Ms)−1 ≤ 1 in output units, which contains the endpoints and the midpoints of the
links of all levels. Its vertices need not carry a coordinate. In this section dist denotes
this graph distance, and the boundary distance uses it. The connecting-network length t
uses the associated periodic ℓ1 metric, with internal vertices allowed. If d2 and t2 denote
the Euclidean distance and network length of Definition 4.6, then d2 ≤ dist ≤

√
3d2 and

t2 ≤ t ≤
√

3t2. A coefficient bound imported at Euclidean rate b is therefore used at
graph rate b/

√
3. The regional norms below are the graph-metric variants of the norms

of Definition 4.6 and (4.11), written out for a block region.

Definition 18.1. Fix the data of Section 18.1 and a block region Ω. Assume that the
positions of the labels satisfy the density bound

#{y : R ≤ dist(x, y) < R + 1} ≤ vJ(R + 2)3 (R ≥ 0) (18.1)

for every label position x, where the count is over labels y. Each region carries its
geometric position domain, a subset of the vertices of the refined position graph, as well
as its list of labels. A vertex in that domain with no coordinate is not a hole. For a label
i, let dΩ(i) be the graph distance from its position to the geometric complement of this
domain. When a geometric position is removed from a block region, all labels at that
position are removed together; the distances for a retained subregion use its retained
geometric position domain. A different convention for the positions of link endpoints
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changes these distances by at most a fixed amount, which is absorbed in the widths
below.

Let ρ > 0, asp > 0, and αbd > 0, and let ϕ be a spatially varying analytic radius
on Ω, with 0 < ϕ(i) ≤ ρ. Let f (v; brec) = ∑ν fν(brec)vν be a function of the variables
v = (vi)i∈Ω of the block region, given by its Taylor series in v, which depends on the
frozen coordinates brec. Define

X ϕ
Ω( f ) = sup

brec

ρ−2 ∑
k≥1

sup
i∈Ω

eαbddΩ(i) ∑
|ν|=k

νi

k
| fν(brec)|easpt(ν)ϕν.

Here t(ν) is the length of a shortest connecting network for the positions of the labels
in supp ν, with internal vertices allowed, measured in the periodic ℓ1 metric of the
refined position graph (the graph-metric variant of the length in Definition 4.6), and
ϕν = ∏i ϕ(i)νi . The supremum over i is taken inside the sum over degrees, and the
supremum over brec outside it; brec ranges over the given compact set of real values of the
frozen coordinates, each at the scale at which it was introduced. The norm involves no
derivative in brec and no complex value of brec. The constant term f (0; brec) is not part of
the norm: it is kept in the effective classical action or in the normalization constant Λ. All
nonconstant degrees, including degree one, enter the norm. The norm of a function on the
empty block region is zero. If the fixed complement is empty, a boundary perturbation is
required to have zero nonconstant part, and its norm is zero. For the effective classical
action we use the same definition with its own radius ρcl, its own radius function, and its
own rates.

For K∗ ≥ 2, wbd ≥ 1, and 0 < ρ∂ ≤ ρ we use the radius

ϕ(i) =

{
ρ∂, dΩ(i) < wbd,

ρ, dΩ(i) ≥ wbd,
ψprof =

√
K∗ ϕ, ϕ̂ = K∗ϕ,

which is smaller in the boundary strip of width wbd. The enlarged radii ψprof and ϕ̂ are
used in Sections 19 and 20, on correspondingly larger analytic domains.

For a coefficient tensor with a set A of external indices and Taylor multi-index ν, put
S = A ∪ supp ν and

tW(S) = inf
w∈W

t(S ∪ {w}).

The bulk and boundary coefficient norms of such a tensor at rate a are the sums of
the absolute values of its coefficients at the given radii, with weights eat(S) and eatW(S)

respectively, in which one external index is fixed and all other indices are summed; the
norm is the maximum over the choice of the fixed index. Differentiated analytic inputs
count as external indices. Column sums at input indices are volume-normalized as in
Definition 4.6. A tensor has a bulk bound or a boundary bound if the corresponding
norm is bounded by a stated constant. The algebraic properties of these norms are
collected in Lemma 18.3.
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Remark 18.2. The weight eatW(S) of the boundary coefficient norm and the weight
easpt(ν)+αbddΩ(i) in X ϕ

Ω are different, and a boundary bound at rate a does not by itself
bound X ϕ

Ω with asp = αbd = a. The two are related by the length inequalities (18.51) and
(18.52) in the proof of Lemma 18.15, at the cost of a fixed fraction of the rate.

For example, freezing the variable y at the value c in the function vy + y2 produces
the linear term cv and the constant c2. This is why the norm X ϕ

Ω includes degree one,
and why constants are tracked separately (see Lemma 18.9).

Lemma 18.3. Use the norms of Definition 18.1. Fix radii and rates, together with strictly smaller
radii and rates. For every analytic substitution F ◦ G, let R be the coefficient-radius vector of the
outer function and r the input-radius vector of the substitution, and require the absolute coefficient
image margin

Ĝ(r) ≤ (1− η)R

componentwise, for one fixed η > 0. Fix common convergent majorants of the factors on these
larger products, including their bounds with each permitted input distinguished; all constants
may depend on these majorants and on η. The bounds below hold at the smaller radii and rates,
with constants depending only on these choices, on vJ , and on the stated bounds of the factors.
For inverse differences and each Schur elimination, the output rate is chosen strictly below the
rate supplied by part (3) for every inverse factor used in that operation. In an iterated elimination
this requirement is imposed successively, at most J times, retaining all real-gap, bulk-coefficient,
and complex-perturbation hypotheses of part (3) at each stage. The final output rate is below the
minimum of these finitely many rates.

1. For a scalar function f , a label i, and k ≥ 1,

∑
|ν|=k

νi

k
| fν|eat(ν) =

1
k! ∑

i2,...,ik

|Dk f (0)i,i2,...,ik |e
at(i,i2,...,ik). (18.2)

In particular, a bound on the Taylor tensors of f with each index fixed in turn is the same as
a bound on the absolute values of its coefficients.

2. A connected product, contraction, or analytic composition of tensors, in which one factor
has a boundary bound and the other factors have bulk bounds, has a boundary bound at
every remaining external index. This includes at most J Schur complements of constrained
Hessians in the free coordinates.

3. For u > 0 put SJ(u) = 8vJ ∑r≥0(r + 1)3e−ur. For a matrix K on a list of labels let
∥K∥b be the maximum of its absolute row and column sums with weight eb dist(x,y). Let
K0 = KT

0 ≥ λI be real with ∥K0∥b ≤ Q, and put

µ =
bλ

8(Q + λ)
, CR = 2SJ(µ/2).
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Let L be a complex symmetric matrix, analytic in further variables, with bulk coefficient
bounds on a larger radius such that CR∥L∥µ/2 ≤ λ/4, where the norm includes the absolute
values of all coefficients at that radius. Then (K0 + L)−1 and the inverse square root
(K0 + L)−1/2, obtained by holomorphic continuation from the positive inverse square root of
K0, have bulk coefficient bounds at rate µ/2, depending only on b, λ, Q, vJ , and the ratio of
the radii.

4. For two matrices A and B as in (3) on a common list, a boundary bound on A− B gives
boundary bounds on A−1 − B−1 and A−1/2 − B−1/2, through the ordered identities

A−1 − B−1 = −A−1(A− B)B−1

and
A−1/2 − B−1/2 = − 1

π

∫ ∞

0
t−1/2(A + t)−1(A− B)(B + t)−1 dt.

The lower bound λ is a hypothesis on the free coordinates only, not on the coarse field. All
constants are uniform.

Proof. We begin with the identity (18.2). Fix ν with |ν| = k and νi > 0. An ordered
list (i2, . . . , ik) whose multiplicities are ν − ei occurs (k − 1)!/ ∏j(ν − ei)j! times in the
sum on the right, and for each such list the derivative is ν! fν. Multiplying these two
numbers and dividing by k!, we obtain νi/k, which proves (18.2). In particular, a bound
on Taylor tensors with each index fixed is an absolute coefficient bound, not a bound on
a derivative in a single direction.

Next we prove (2). When two factors are contracted at a label, we join their connecting
networks at that label. The union spans every remaining external label, and if the first
factor carries a boundary bound, it also reaches the point of W of that factor. Hence

tW(Sext) ≤ tW(S1) + ∑
r≥2

t(Sr), (18.3)

where Sext is the set of external labels of the contraction and Sr the label set of the r-th
factor. We fix any remaining external index. On the branch leading to that label we use
the corresponding input-column bound, and on the other branches we use output-row
bounds; these are the contractions of Lemma 5.3, with the same counting measures
and with the attachment and external-normalization mesh-volume ratios retained in the
majorant for general contractions. A connected matrix cycle with an external insertion
can be cut at that insertion, and successive absolute row and column sums give the same
bound. (This does not apply to a disconnected scalar trace.) Multiplication of majorant
series with nonnegative coefficients sums over the partitions of the Taylor labels, and
division by the Taylor factorials turns the multinomial factors into ordinary products
of power series. The same reasoning, applied to the convergent composed majorant
F̂(Ĝ(r)), proves (2) for compositions. The fixed absolute image margin justifies the outer
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derivative series, and the distinguished-input majorants bound a specified analytic input
through the chain rule. A pointwise inclusion of the image alone would not justify these
absolute coefficient sums. Fixing a specified analytic input only changes the fixed index.
An external index within distance R0 of W may instead be joined to W at the price of a
factor eaR0 . No step involves a sum over the positions of W.

For (3) we first record a density sum. By the density bound (18.1), we have, for every
u > 0 and every subset of a periodic list of labels,

sup
x

∑
y

e−u dist(x,y) ≤ 8vJ ∑
r≥0

(r + 1)3e−ur = SJ(u). (18.4)

Here we divided the displacements according to r ≤ dist(x, y) < r+ 1 and used (r+ 2)3 ≤
8(r + 1)3. The series is finite, since for large r the ratio of successive summands is at most
e−u/2 < 1.

We now adapt the exponential conjugation of Combes and Thomas [61] to the matrix
K0. Let q be a real function that is one-Lipschitz for the distance on the labels, and
let Dq = diag(eµq(x)). The entries of DqK0D−1

q − K0 are (K0)xy(eµ(q(x)−q(y)) − 1), so the
maximum of its unweighted absolute row and column sums is at most

Q sup
r≥0

e−br(eµr − 1) ≤ Qµ

b− µ
≤ λ

8
.

For the first inequality we used eµr − 1 ≤ µreµr and re−(b−µ)r ≤ (b− µ)−1; the second
follows from the definition of µ. The Euclidean operator norm is bounded by the row
and column sums: by the Cauchy–Schwarz inequality,

∥Av∥2
2 ≤

(
sup

x
∑
y
|Axy|

)(
sup

y
∑
x
|Axy|

)
∥v∥2

2.

For t ≥ 0 the matrix (K0 + t)−1 has operator norm at most (λ+ t)−1. The Neumann series
for the conjugated resolvent therefore converges, and we obtain ∥Dq(K0 + t)−1D−1

q ∥2 ≤
2/(λ + t). Taking q(x) = dist(x, y) for a fixed y and reading off the (x, y) entry, we find

|(K0 + t)−1
xy | ≤

2e−µ dist(x,y)

λ + t
, ∥(K0 + t)−1∥µ/2 ≤

CR

λ + t
,

where the second bound follows from the first and (18.4).
Next let L be the perturbation in (3). Since CR∥L∥µ/2/λ ≤ 1/4, we have

(K0 + L + t)−1 = ∑
n≥0

[−(K0 + t)−1L]n(K0 + t)−1, ∥(K0 + L + t)−1∥µ/2 ≤
4CR

3(λ + t)
.

(18.5)
The series converges absolutely in the coefficient norms, uniformly for t ≥ 0. Bounds
with every index fixed, and on the derivatives in the further variables, follow by inserting
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the differentiated perturbation and its connecting network into this series, or by differen-
tiating its scalar geometric majorant on a strictly smaller radius. Here we use that L has
bulk coefficient bounds with every index fixed; a pointwise bound on a matrix-valued
function would not suffice.

For the inverse square root we use the scalar identity π−1
∫ ∞

0 t−1/2(x+ t)−1 dt = x−1/2

for x > 0, which follows from the substitution t = xu2. Diagonalization gives the same
formula for a real positive matrix. Expanding the resolvents as in (18.5) proves the
formula for the complex perturbations of (3), and shows that it defines the branch
obtained by holomorphic continuation from the positive inverse square root. Multiplying
out the two resolvents, we have

(A + t)−1 − (B + t)−1 = −(A + t)−1(A− B)(B + t)−1.

At t = 0 this is the first identity in (4), and integrating it against π−1t−1/2 dt gives the
second. The order of the factors matters, since they need not commute. By (2) and
(18.5), the integrand of the second identity has a boundary bound by a constant times
t−1/2(λ+ t)−2 times the boundary norm of A− B, and

∫ ∞
0 t−1/2(λ+ t)−2 dt = π/(2λ3/2).

The integral therefore preserves absolute coefficient bounds and the boundary weight.
This proves (3) and (4).

Finally we treat Schur complements, completing the proof of (2). If K =
(

A B
BT C

)
≥ λI,

then A ≥ λI and

vT(C− BTA−1B)v = min
u

(u, v)TK(u, v) ≥ λ|v|2, (18.6)

where the equality follows by substituting the minimizer u = −A−1Bv. In the coefficient
norms the Schur complement is bounded by ∥C∥+ ∥BT∥∥A−1∥∥B∥. To compare two
Schur complements, we replace the three factors of the product one at a time; each
of the resulting terms contains one difference, possibly the inverse difference of (4),
and therefore has a boundary bound by (2). For at most J successive eliminations we
obtain a finite recursion: starting from a bound Q0, the next bound can be taken to
be Qk+1 = Qk + Q2

k Ik, where Ik is the preceding inverse bound from (18.5). At each
stage we first choose an inverse rate supplied by (3), and then choose the next coefficient
rate strictly below this rate. We make these finitely many choices before subsequent
applications and take their minimum, together with the corresponding smaller radii;
there is no loss depending on the Taylor order or on the number of sites. The lower
bounds used here are lower bounds for matrices in the free coordinates, and all constants
depend only on the quantities listed in the statement.
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18.3 Local coordinates and Haar disintegration on block regions

The coordinates of a block region are obtained by solving, scale by scale, only the block
averaging constraints of the coarse bonds that join two blocks of the region, with the local
constraint coordinates of Lemma 6.3.

We set R(t) = (Mt − 1)/2 for t ≥ 0, so that R(0) = 0 and R(1) = RM. In input lattice
units, the final block with anchor v has the vertices v + [−R(s), R(s)]3 ∩Z3. Balanced
base-M digits give the disjoint decomposition

[−R(s), R(s)]3 ∩Z3 =
⊔

x∈[−R(s−1),R(s−1)]3∩Z3

(Mx + [−RM, RM]3 ∩Z3). (18.7)

To see this in one coordinate, we write an integer uniquely as Mq+ r with−RM ≤ r ≤ RM;
since MR(s−1)+RM = R(s), the integers in [−R(s), R(s)] are exactly those with |q| ≤ R(s−1).
We apply this in each of the three coordinates and iterate. The internal links of a block
region have both endpoints in Ω, and the links across the boundary of the block region
have exactly one endpoint in Ω. At every intermediate scale we use exactly the blocks of
this nested partition that lie in Ω.

Lemma 18.4. Let M ≥ 3 be odd, and let s ≥ 1 and m ≥ 4 be integers. On the input lattice of
side Msm, the value of Ts

M at a final link with endpoints v and v + Msei depends only on the
input links with both endpoints in the union of the two centered Ms-blocks at v and v + Msei.
The tree paths of all intermediate scales inside a final block stay in that block. The same holds for
the Borel extension of TM by the reference-path transport of Definition 4.3. No divisibility of m by
four is needed.

Proof. We begin with one averaging step and write x = v + δ with δ ∈ [−RM, RM]3 ∩Z3.
The coordinate-ordered path σv,x stays in the block at v, since each coordinate of each
intermediate vertex lies between its initial and final value. The path σv+Mei,x+Mei stays
in the translated block for the same reason. Along the straight segment from x to
x + Mei, the transverse coordinates stay equal to δj, and the longitudinal coordinate lies
in [−RM, M + RM]. Since M = 2RM + 1, we have

[−RM, M + RM] ∩Z = ([−RM, RM] ∩Z) ⊔ ([M− RM, M + RM] ∩Z).

Every vertex of the segment lies in one of the two endpoint blocks, and its only link
between the blocks joins the two adjacent boundary vertices. The reference path from v
to v + Mei satisfies the same containment. Therefore every contour, based loop holonomy,
and tree path in the definition (4.3) of the output uses only links with both endpoints
in the union of the two blocks. The test whether some based loop holonomy equals −I
reads these same holonomies, and the exceptional output is the reference transport, so
the Borel extension has no additional dependence.
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For the induction, suppose that the assertion holds for r averaging steps. A one-step
formula for a link at the next scale reads links whose endpoints lie in its two endpoint
M-blocks on the current lattice. Each such link, pulled back through r steps, reads only
the two centered Mr-blocks at its endpoints, by the induction hypothesis. By (18.7), these
blocks partition the two centered Mr+1-blocks at the endpoints. All links that are read,
including links between the smaller blocks, therefore have their endpoints in the union of
the two large blocks. A tree path inside one block of the current lattice pulls back to tree
paths in its smaller blocks and to the links joining these, all inside the same final block.
This proves both assertions for r + 1 steps, including the exceptional outputs. When
m ≥ 4 the two final blocks lift injectively to a rectangular box in Z3; alternatively, the
same coordinate containment can be read periodically. No step used a tiling, a reflection,
or a congruence condition on the side.

Remark 18.5. When m ∈ 4N, the dependence in Lemma 18.4 agrees with the geometry
of Lemma 7.4, applied with D = s and n = m. The reflection and tiling conclusions of
that lemma are not needed here. For the other sides m ≥ 4, and for all shapes of block
regions, Lemma 18.4 is the dependence statement used below; it requires no filling across
a hole.

When we solve only the block averaging constraints of the internal coarse bonds, their
eliminated-edge equations keep their independence and their derivatives after restriction
to Ω: by Lemma 18.4, an internal equation reads only links in its two endpoint blocks,
and it contains no eliminated edge other than its own. The following definition makes
the construction explicit and fixes the linear maps used in the coercivity estimates of
Sections 18.6 and 18.7.

Definition 18.6. Fix 1 ≤ s ≤ J and m ≥ 4, put n = Msm, and work in input lattice units
on (Z/nZ)3. For an anchor a ∈ (MsZ/nZ)3, let Bs(a) = a + {−R(s), . . . , R(s)}3 be the
final block at a. Let K be the set of anchors of the final blocks of Ω, let Ω0 =

⋃
a∈K Bs(a)

be the vertex set of Ω, and let Ωi = Ω0 ∩ (MiZ/nZ)3 for 0 ≤ i ≤ s, so that Ωs = K.

1. Edges. For 0 ≤ i ≤ s, let Li be the set of positive edges of length Mi with both
endpoints in Ωi. Thus L0 = LΩ is the set of internal links of Ω, including the links
that join two final blocks of Ω, and Ls is the set of coarse bonds. An input link with
exactly one endpoint in Ω0 is a link across the boundary of the block region; such
links are not coordinates of the block region. A reversed edge carries the opposite
cochain value and the inverse group value.

2. Blocks and trees. For i < s the blocks Bi(a) = a + Mi{−RM, . . . , RM}3, a ∈ Ωi+1,
partition Ωi, by (18.7). Write πi(x) = a for x ∈ Bi(a). For x ∈ Bi(a), let σa,x be the
path from a to x with steps of length Mi that changes the coordinates in the order
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1, 2, 3. In each block these paths form a tree rooted at a, and Ti ⊂ Li is the union of
these trees.

3. Eliminated and free edges. For a bond c′ = (a, a + Mi+1ek) ∈ Li+1, its eliminated edge
is

e∗i (c
′) = (a + RM Miek, a + (RM + 1)Miek) ∈ Li.

Let Di = {e∗i (c′) : c′ ∈ Li+1}, and let Fi = Li \ (Ti ∪ Di) be the set of free edges at
scale i. No constraint and no free coordinate is attached to a link across the boundary.

4. Linearized maps. For c′ = (a, a + Mi+1ek) ∈ Li+1 and x ∈ Bi(a), let

Fi,c′,x = σa,x[x, x + Mi+1ek] σ−1
a+Mi+1ek,x+Mi+1ek

,

a path with steps of length Mi. With [ω : e] the signed number of traversals of the
edge e by the path ω, define the scalar matrices

(Qi)c′e = M−3 ∑
x∈Bi(a)

[Fi,c′,x : e], ΠTi u = u|Ti ,

which act on three colors by tensoring with I3. Put Q[0,0) = I and Q[0,i) = Qi−1 · · ·Q0,
and define

GΩu =
(
(ΠTi Q[0,i)u)0≤i<s, Q[0,s)u

)
(18.8)

for edge cochains u on L0. The last component prescribes zero variation of every
coarse bond of Ω; no bond to a final block outside Ω is constrained. The kernel
ker GΩ is the space of linearized variations of the block region.

5. Reconstruction. For a group field b on Li+1, its coarse-field lift is

(Hib)e =

{
I, πi(x) = πi(y),

b(πi(x),πi(y)), πi(x) ̸= πi(y),
e = (x, y) ∈ Li, (18.9)

with the orientation convention in the second line. Start with U(s) = exp(c) on Ls

and descend by

U(i)
e = exp

(
ΓU(i+1),e(zi)

)
(HiU(i+1))e, e ∈ Li. (18.10)

Here Γb is the map of local constraint coordinates of Lemma 6.3 at the target
b = U(i+1), solving only the constraints indexed by Li+1 for the logarithms on the
eliminated edges Di, with free entries zi ∈ (R3)Fi and zero entries on Ti. All products
are taken on a common identity chart, smaller than the chart of definition, on which
these finitely many inverses exist. Write ΦΩ(c, z) = U(0) for the resulting field on L0.
Thus ΦΩ receives the logarithm c of the coarse field on Ls, not its group value. The
logarithms c of the coarse links, the free coordinates z = (z0, . . . , zs−1), and the loga-
rithms ξ of the current frozen coordinates are independent parameters of this chart.
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The reference measure of the coarse links is Haar measure of their group values,
written dH(c) in Lemma 18.7; in these coordinates it is dH(ec) = ∏e cHaar jH(ce) d3ce,
with the product over the coarse links, not Lebesgue measure.

6. Tree-path transports to the basepoints. For x ∈ Ω0 let x0 = x and xi+1 = πi(xi). For
1 ≤ k ≤ s and a configuration U on L0, let

Θx,k(U) = U(k−1)(σxk,xk−1) · · ·U
(0)(σx1,x0), (18.11)

where U(i) = Ti
MU on Li; this is a transport with endpoints xk and x. A frozen

coordinate on a link across the boundary at x that is based at the level-k ancestor xk
is represented by its based transport, obtained by multiplying the link value from
the left by Θx,k; a link across the boundary frozen at the first block integration is
based at the root of its final block, k = s. We write Θx = Θx,s.

On the reconstruction we have Ti
MΦΩ(c, z) = U(i) on Li, since each Γ solves the

constraints of the internal bonds, and these read only internal links by Lemma 18.4. Each
factor in (18.11) is a transport along a tree path, and the tree links of (18.10) are equal to
I. Hence Θx,k(ΦΩ(c, z)) = I identically, also at nonzero (c, z) in the chart. Under a gauge
transformation f , the transport has the covariance Θ f

x,k = f (xk)Θx,k f (x)−1. Thus the
based transport of a boundary link from x to v transforms by f (xk) at the left endpoint
and f (v)−1 at the right endpoint. It is invariant when both these endpoints are fixed. This
applies to a coordinate frozen at the current integration, where k = s and xs is a fixed final
root, and to older frozen coordinates whose endpoints are protected from the active trees.
An intermediate ancestor xk with k < s need not be fixed; those intermediate transports
are covariant and are not additional frozen coordinates. The coarse output on a bond
across the boundary of the block region is evaluated from the reconstructed field after
this construction; it is not a prescribed target. The frozen coordinates supply the based
transports of frozen links across the boundary and the links of the fixed complement,
each at the scale at which it was introduced. Arguments of an analytic torus action
outside the block region that were outside earlier block regions are set to zero (logarithm
zero), as described in Theorem 18.12. Arbitrary data deep in the fixed complement are
never arguments of an analytic function.

Lemma 18.7. Fix 1 ≤ s ≤ J, a block region Ω, and Borel sets Sc,brec of free coordinates z in the
chart of Definition 18.6, depending measurably on the coarse links c and on the frozen coordinates
brec. For tree coordinates f, that is, a gauge transformation at the nonroot vertices of the trees
of all scales, let U(c, z, f; brec) be the configuration obtained from ΦΩ(c, z) by the based gauge
transformation f and completed outside Ω by the frozen coordinates. Let the incoming finite
positive measure have a Borel density p(U, brec) with respect to the product of Haar probability
measures on the links of Ω and Haar measures on the independently introduced frozen coordinates,
each at the scale at which it was introduced; any normalizing constant of the incoming measure
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is included in p. Let χ(U, brec) be the product of all indicators carried by the incoming measure:
those of the large-field decomposition, of the coordinate domains, of the small-field conditions of
Definition 14.4, and of the fluctuation cutoffs. Assume coverage of the fiber by the chart: every
configuration U with p(U, brec)χ(U, brec) > 0 has the form U(c, z, f; brec) with z ∈ Sc,brec , after
the based tree gauge transformation that fixes its coarse field and the based transports of its frozen
coordinates.

Then the pushforward of the measure with density pχ to (c, brec) has the density

pout(c, brec) =
∫

dH(f)
∫
Sc,brec

χ(U(c, z, f; brec), brec) p(U(c, z, f; brec), brec)
s−1

∏
i=0

Ji

s−1

∏
i=0

dzi

with respect to dH(c)∏e dH(brec,e), where the product is over the independently introduced
frozen coordinates, dH(f) is the product of Haar probability measures, and we use the letter c both
for the coarse links and for their logarithms. If fi is the number of free group variables at scale i,
the Haar disintegration density at scale i is

Ji = c fi
Haar

∏e∈Li\Ti
jH(Γi,e)

∏c′∈Li+1
det DXe∗i (c

′)
Cb,c′(Γi)

, jH(X) = sinc2(|X|/2), cHaar =
1

16π2 ,

where Γi = ΓU(i+1)(zi) and Cb,c′ is the block averaging constraint of c′ at the target b = U(i+1).
All Haar factors of the eliminated edges appear in the numerator. The determinants are positive on
the real chart and continue holomorphically, without zeros, to its complex neighborhood. There is
no further Haar density of the coarse field, no Gram determinant, no gauge-orbit volume, and no
Jacobian of a field-dependent choice of gauge. The formula is an identity tested against nonnegative
Borel functions, and the displayed integral defines the density at every covered target.

When a frozen coordinate is introduced on a link e across the boundary at a fixed field v of
the block region, the change from the link value ae to the based transport b̂e = Uv(σe)ae, where
Uv(σe) is the tree-path transport of e to its basepoint in the field v, is a Haar translation that is
triangular in the coordinates. Frozen coordinates introduced earlier are unchanged, and a blocked
image of an earlier frozen coordinate is a function of the existing coordinates, not an additional
Haar coordinate. If pχ is invariant under the based tree gauge transformations that fix the coarse
field and the frozen coordinates, the integral over f equals one and may be omitted; otherwise it
remains in the formula. The identities are finite-dimensional, and the analytic bounds of the chart
are uniform. Coverage is a hypothesis of this lemma.

Proof. We first fix one scale and the frozen coordinates. On each block we can remove
a leaf of its rooted tree: we replace the variable on that edge by the transport from the
root to the leaf, and translate the variables on the other edges at the leaf accordingly.
At fixed values of the remaining variables this is a left or right Haar translation. We
remove the leaves successively. The inverse map reconstructs each edge variable from the
transports to its endpoints and its based value, so this is a bijective triangular change of
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group coordinates. It gives Haar probability measure in each tree variable at a nonroot
vertex and in each based link outside the trees. No division by a stabilizer or by an orbit
volume occurs, also for a single isolated block.

For an internal bond its eliminated-edge equation is the equation of Lemma 6.3 on its
two endpoint blocks. Its determinant equals det(M−2 I3) > 0 at zero and stays positive
on the real chart. We compute the normalization when only internal equations are solved.
Let ni be the number of internal group links outside Ti and qi the number of internal
constraints, so that fi = ni − qi. At a fixed target ci+1 we write Ue = eXeU0,e(ci+1), where
U0 is the coarse-field lift. Right translation preserves Haar measure, and these ni factors
have the density cni

Haar ∏e jH(Xe) with respect to dX, by the coordinate formula for Haar
measure in (4.2).

The tested pushforward can be computed by inserting a unit point mass at TΩU = ci+1
with respect to Haar measure on the targets, where TΩ denotes the internal outputs of
TM. More explicitly, if δH is the density of the unit point mass at the identity, then∫

dH(ci+1) δH
(
(TΩU)c−1

i+1

)
G(ci+1, U) = G(TΩU, U)

for nonnegative tests G. This notation only expresses a change of variables. In logarithmic
coordinates Y at the identity it reads δH(eY) = c−1

Haarδ0(Y), since jH(0) = 1. The logarithms
of the constraints are Yc′ = Cb,c′(X). The local substitution (Xe∗i (c

′))c′ 7→ (Yc′)c′ , with
the free logarithms fixed, has Jacobian equal to the product of the eliminated-edge
determinants, since each equation contains no other eliminated variable. We obtain

cni−qi
Haar

∏e∈Li\Ti
jH(Γi,e)

∏c′ det DXe∗i (c
′)
Cb,c′(Γi)

dzi = Ji dzi,

with the Haar density of every solved eliminated edge still in the numerator. The point-
mass calculation can equivalently be carried out by first making this invertible local
substitution and then integrating the unit mass in Y; no global disintegration theorem
is needed. This proves the identity for continuous tests on compact subsets of the chart.
Exhaustion of the open chart and monotone approximation extend it to nonnegative Borel
tests. The reference measure dH(ci+1) is already present in this calculation; expressing it
once more in logarithms and keeping its density as another factor would count it twice.

We apply this one-scale identity to a nonnegative Borel test of the coarse links and
frozen coordinates, multiplied by the Borel function pχ, keeping the tree variables in
the integrand. The internal output Haar variables of scale i are the internal input Haar
variables of scale i + 1. When the based tree gauge at a coarser scale is restored, its block-
constant extension is absorbed into the finer free coordinates by Lemma 6.3(5). At fixed
coarser data it acts by orthogonal adjoint maps, preserves the constraint reconstruction
and its coarea density, and preserves the three-dimensional fluctuation balls. Ordering
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the variables from coarse to fine, the joint coordinate change is triangular with orthogonal
diagonal blocks, so its determinant has absolute value one. We retain the transformed pχ

and the forest variables; the tree Haar integrals are removed only under the invariance
condition in the statement. Repeated nonnegative integration therefore gives the product
of the Ji, Lebesgue measure in all free logarithms, Haar probability measure in each tree
variable of each scale, and Haar measure on the coarse links. This proves the displayed
formula against every nonnegative Borel test. Restricting each free integral to Sc,brec and
keeping χ records the domain of the chart. The coverage hypothesis says that the image
of this domain under the based tree gauge transformations contains every point that is
pushed forward; without it the argument proves only the identity restricted to the chart.

The local coordinate formulas are Borel, their domains are Borel, and their Jacobians
are continuous on the chart. After extension of the integrand by zero outside these
domains, the integral is a Borel function of (c, brec): this holds first for indicators of
rectangles, then for nonnegative simple functions, and then by increasing approximation.
At an exceptional target its value may be +∞; since the incoming measure is finite, it is
finite almost everywhere. No unspecified almost-everywhere density enters the pointwise
formula.

When a frozen coordinate is introduced, we hold the field v of the block region fixed.
For every nonnegative Borel function G,∫

G(v, Uv(σe)ae) dH(ae) =
∫

G(v, b̂e) dH(b̂e),

by left invariance of Haar measure. Iterating over the newly frozen links and then
integrating over v proves the assertion on Haar translations, although the translations
depend on v. If the orientation gives a right translation instead, right invariance gives
the same identity. An earlier frozen coordinate is not changed by this operation, and a
later blocked value computed from it is a function on the existing coordinate space, not a
new independent coordinate. This proves the statement on the reference measure of the
frozen coordinates; it makes no claim of probabilistic independence under the density.

If pχ is invariant under the based gauge transformations in the statement, its value in
these coordinates does not depend on f, since these gauge transformations fix both the
target and the endpoints of the based transports of the frozen coordinates. Each Haar
probability factor of the tree variables then integrates to one. Finally, the determinants
do not vanish on the complex neighborhood of the chart, by the local inverse bounds
of Lemma 6.3. Since there are at most J scales, each with bounded stencils and fixed
radii, the analytic constants of the chart are uniform. The measure identity itself needs
no analyticity of p.
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18.4 Derivatives of constrained minima

The constrained minimizers below are stationary points of an objective in the free co-
ordinates, with the coarse field and the current frozen coordinates as parameters. The
identities below hold at complex arguments; positivity of the Hessian, and hence mini-
mization, enters only at real data.

Lemma 18.8. Let F(u, y; brec) be holomorphic on a finite-dimensional complex product and real
at real arguments, where u denotes free coordinates and y parameters. Let a(y) be a holomorphic
branch of solutions of Fu(a(y), y; brec) = 0 along which A = Fuu is invertible. All derivatives
below are evaluated at (a(y), y; brec), with the frozen coordinates brec fixed. For a direction η of
the parameters (the coarse field or the current frozen coordinates), set Vη = (−A−1Fuyη, η), and
let Fmin(y) = F(a(y), y). Then

Da η = −A−1Fuyη, DFmin = Fy, D2Fmin = Fyy − Fyu A−1Fuy,

and
D3Fmin[η1, η2, η3] = D3F[Vη1 , Vη2 , Vη3 ].

At intermediate scale i we define the regional intermediate objective to be MiFmin, and each of
its derivatives carries the same factor Mi. In the torus case, the Bellman identity identifies this
objective with the named effective classical action. Successive and joint constrained minimizers
agree provided that every conditional branch is unique in its stated solution domain and the
corresponding coordinates of the joint stationary point belong, at each successive stage, to both
that stage’s parameter domain and its solution domain, including the outer solution domain.

If F = E ◦Ψ, then for any directions u, v of the free coordinates or of the parameters,

Fuv = ΨT
u E′′(Ψ)Ψv + E′(Ψ)Ψuv.

The second term is present also at a constrained minimizer. In particular, differentiation in a
current frozen coordinate ξ gives Dξ a = −F−1

uu Fuξ , where Fuξ contains both terms. At complex
arguments, transposes are bilinear transposes. Higher derivatives of a require only the inverse
of Fuu. Weighted coefficient bounds on these derivatives hold in the coefficient norms on smaller
fixed products, with constants depending on the coefficient bounds of F, on the bound for F−1

uu ,
and on uniform data. No inverse of a Hessian in the coarse field or in the frozen coordinates is
used, and no derivative in a frozen coordinate brec is taken.

Proof. We begin with the existence and uniqueness of the branch near a given point of
it. At that point the matrix A∗ = Fuu is invertible, so the map u 7→ u− A−1

∗ Fu(u, y) has
derivative zero there. By continuity, there exist a ball of free coordinates on which this
derivative has norm at most 1/2 and a smaller neighborhood of parameters on which the
map moves the base point by less than a quarter of the radius of that ball. The iteration
is then a contraction of the ball into itself, and the analytic implicit-series statement of
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Lemma 5.3 gives its holomorphic solution. Local uniqueness identifies this solution with
the given branch, and these local constructions agree on their common neighborhoods.

Let L(y) = (a(y), y), with brec fixed. Differentiating Fu ◦ L = 0, we obtain

A Da η + Fuyη = 0.

This proves the formula for Da and shows that DL η = Vη. The first derivative of F ◦ L
is Fy, since Fu = 0. Differentiating this equality once more and inserting the formula for
Da, we find the stated Schur complement formula for D2Fmin.

For the third derivative it is convenient to keep the tangent vectors. For every vector
h of free coordinates and every parameter direction η, we have

D2F[(h, 0), Vη] = hT(A Da η + Fuyη) = 0. (18.12)

The second derivative can also be written D2(F ◦ L)[η1, η2] = D2F[Vη1 , Vη2 ]. Its derivative
in the direction η3 consists of D3F[Vη1 , Vη2 , Vη3 ] and two further terms, in each of which
one of the vectors V is differentiated. A differentiated V has the form (D2a[ηj, η3], 0),
so both further terms vanish by (18.12). This proves the polarized identity for the third
derivative.

By the chain rule, before any stationarity is imposed, we have

DuDv(E ◦Ψ) = (DuΨ)TE′′(Ψ)DvΨ + E′(Ψ)DuDvΨ.

Stationarity of the constrained objective says only that E′(Ψ)Ψu = 0 for the free directions
u; it does not remove E′(Ψ)Ψuv. Taking v to be the direction of a current frozen coordinate,
we obtain the formula for Dξ a. Since these are polynomial identities between derivatives,
their holomorphic versions use the same bilinear transpose, without complex conjugation
of the parameters.

We now turn to higher derivatives. Differentiating Fu ◦ L = 0 in r given directions and
using the chain rule indexed by the partitions π of these directions, we obtain

0 = ∑
π

D|π|Fu(L)
[
D|B|L[ηj : j ∈ B] : B ∈ π

]
.

For r ≥ 2 the partition with a single block contributes A Dra, since the higher derivatives
of the second component of L vanish. Every other partition contains only derivatives
of a of order less than r. The new derivative is therefore obtained by solving one linear
equation with the matrix A. For r = 1 this is the formula for Da proved above.

A quantitative bound uses given coefficient majorants for F and for the inverse A−1.
On a product where these bounds hold, we divide the partition formula by r!, use the
contraction bounds of Lemma 5.3, and pass to a strictly smaller product of parameters.
After the derivative condition for the preconditioned nonlinear map has been imposed,
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the solution is bounded by the majorant series Y with nonnegative coefficients determined
by

Y = Ct + κY +
C(t + Y)2

1− C(t + Y)
, κ < 1.

By the implicit-series statement of Lemma 5.3, we obtain the factorial bounds and their
versions with a specified input index. For the boundary-weighted version, mark one
boundary factor in the differentiated implicit series. If Z denotes its absolute marked
majorant, the unmarked branches are bounded by Y, and the recursion has the coeffi-
cientwise form Z ⪯ H(t, Y) + A(t, Y)Z. Here H contains the marked input and A the
derivative of the unmarked fixed-point map. On a fixed smaller product the derivative
condition gives A ≤ a0 < 1, so Z ⪯ ∑n≥0 AnH. Every marked term connects its ex-
ternal index to the marked factor. The rooted contraction and composition bounds of
Lemma 18.3(2) therefore bound this series in the boundary coefficient norm, including
any specified analytic input. This proves the weighted implicit bound directly, without
using the later result on general boundary networks. The constants depend only on
these coefficient bounds, the bound for A−1, and uniform data. The hypotheses of this
quantitative application are verified for the objective of a block region in Theorem 18.12.

To compare successive and joint minimizers, split the free coordinates as (u, v) and let
(u∗, v∗) be the joint stationary point. By the domain compatibility in the statement, v∗ is
an admissible parameter for the conditional branch and u∗ belongs to its solution domain.
Conditional stationarity and uniqueness imply a(v∗) = u∗. The envelope identity then
gives DvFmin(v∗) = Fv(u∗, v∗) = 0. Since v∗ belongs to the outer solution domain,
uniqueness of the outer branch identifies it with the successive solution. Repeating
this argument identifies all stages. Conversely, a successive stationary point is jointly
stationary, but this observation alone does not identify a joint branch in a different domain.
Finally, the regional rescaling convention multiplies the partial minimum value by M at
each intermediate scale, so after i scales the factor is Mi. On the torus, Theorem 10.10
additionally identifies the result with the effective classical action. Multiplication by a
positive constant does not change the minimizer, and every derivative of the value carries
the same factor.

18.5 Freezing variables

When a block region shrinks, the variables at the removed labels are frozen: they are
replaced by fixed values, which become frozen coordinates. The next lemma describes
how the coefficient norm, a torus interaction, the effective density, and the triangular
determinant behave under this substitution.

Lemma 18.9. Use the norms and the position convention of Definition 18.1. Let D be the label
list of a block region with geometric position domain VD, with the radius ϕ of Definition 18.1
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for D, let ser ≥ max{2, wbd}, and choose a retained geometric position domain contained in
{x ∈ VD : dist(x, Vc

D) ≥ ser}. Let I be the labels of D at the retained positions and let F = D \ I.
The labels in F are frozen. Since ser ≥ wbd, every label of D at which ϕ < ρ lies in F; additional
geometric positions may be removed as holes. The domains here are domains of graph vertices,
including vertices without labels, as in Definition 18.1. Let c = (cj)j∈F satisfy |cj| ≤ ηϕ(j) with
0 ≤ η ≤ 1/4. For a function v on I, write v⊕ c for the variables on D equal to v on I and to c
on F, and for an analytic function f set Tc f (v) = f (v⊕ c)− f (0⊕ c). The following statements
hold.

1. For i ∈ I we have dD(i) ≥ dI(i) + ser − 1, and

X ρ
I (Tc f ) ≤ (1− η)−2e−αbd(ser−1)X ϕ

D( f ) ≤ 2e−αbd(ser−1)X ϕ
D( f ).

The norm on the left includes every remaining nonconstant degree, including degree one. The
same statement holds with the separate classical radius and rates.

2. Let rT be a function on the torus with no linear term and Bρ,ā(rT) ≤ E, where Bρ,ā is the
torus norm of Definition 4.6, with the Euclidean network length, and ā ≥

√
3(asp + αbd),

and assume |cj| ≤ β = ηρ for j ∈ F. The boundary-completion difference

GcrT(v) = rT(v, c)− rT(0, c)− rT(v, 0) + rT(0),

that is, the difference between the substitution of the frozen values c and the substitution
of zero, satisfies X ρ

I (GcrT) ≤ 8ηE. All torus labels outside D are set to zero in these
evaluations. The analogous difference for the effective classical action has its own radius and
bound.

3. Consider a joint density, relative to its given reference measure, of the form

Z−1eΛ(brec) W(brec) e−E(v,c;brec)/g2−R(v,c;brec)χ(v, c, brec),

where W(brec) ≥ 0 is a weight depending only on the frozen coordinates (not to be confused
with the boundary W). Freezing c gives the same joint measure, with the same Z, the same
indicators, and the same effective classical action E, with the enlarged frozen coordinates
(brec, c), and with

Rnew(v) = R(v, c)− R(0, c), Λnew = Λ− R(0, c).

If the effective classical action is centered as well, its factor e−E(0,c;brec)/g2
remains as an

external factor. No partition function at fixed frozen coordinates is introduced. At uniform
radius, write R = rT|D + f with rT as in (2), and set

ϵD( f ) = ∑
k≥2

ρk−2 sup
i∈D

eαbddD(i) ∑
|ν|=k

νi

k
| fν|easpt(ν), ℓD( f ) = sup

i∈D
eαbddD(i)| fei |.
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If ∥c∥∞ ≤ β ≤ ρ/4, then

|R(0, c; brec)− R(0; brec)| ≤ |F|
{

βℓD( f ) + β2[ϵD( f ) + E]
}

.

This bounds the change of the constant term; it does not bound R(0; brec) itself.
4. Consider a sequential normalization by the constrained Hessians,

zi = ai(ci+1; brec) + giKi(ci+1; brec)
−1/2wi, ci+1 = ci+1(w>i),

where ci+1 denotes the coarser fields as functions of the coarser normalized fluctuation
variables, and let di = 3 fi be the number of scalar free coordinates at scale i. The Jacobian
determinant of w 7→ z is

∏
i

gdi
i det Ki(ci+1(w>i); brec)

−1/2.

Adding and subtracting half of log det Ki(ĉi+1; brec), where ĉi+1 = ci+1(0), splits this single
determinant into its value at zero fluctuation and the logarithmic difference containing all the
dependence on the coarser normalized fluctuation variables. Missing Gaussian coordinates
and all factors at zero fluctuation remain explicit.

At frozen coordinates represented by their based transports, we have the identity f (v ⊕ c) =

Tc f (v) + f (0⊕ c). Every algebraic identity above is finite-dimensional. All bounds are uniform
and independent of additional holes, of the number of preceding block integrations, of the widths
chosen later, and of the number of frozen labels except through the displayed factor |F|.

Proof. We begin with the distance inequality in (1). If I is empty there is no nonconstant
coefficient to estimate. If D has no boundary, the boundary perturbation is zero by the
convention of Definition 18.1. Otherwise let i ∈ I, and let h = (2Ms)−1 ≤ 1 be the
mesh of the refined position graph. We choose a shortest path i = x0, . . . , xk of vertices
of this graph with xk outside D, so that kh = dD(i), and we set s′ = ⌈ser/h⌉. Since
kh = dD(i) ≥ ser and k is an integer, we have k ≥ s′. The vertex xk−s′+1 is at distance at
most (s′ − 1)h < ser from the complement of D, so it is outside the retained geometric
position domain, whether or not it carries a label. We conclude that

dI(i) ≤ (k− s′ + 1)h ≤ dD(i)− ser + h ≤ dD(i)− ser + 1.

Additional holes can only decrease dI . This proves the distance inequality, with the exact
term −1. Removing all labels at a position together is what makes this a statement on
the graph of positions. The fixed buffer of Definition 18.1 transfers the same argument to
another convention for link endpoints.

Next we prove the coefficient bound in (1). We fix the earlier frozen coordinates and
an allowed c, and for each input degree m we set

Am = ρ−2 sup
i∈D

eαbddD(i) ∑
|ν|=m

νi

m
| fν|easpt(ν)ϕν.
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A monomial of degree m splits uniquely as (νI , νF), of degrees k ≥ 1 and j ≥ 0 with
m = k + j. Every remaining radius is ρ, since all labels with smaller radius are frozen.
For a fixed index i ∈ I, the new factor νi/k is at most m/k times the old factor νi/m, and
m/k ≤ 1 + j. Substituting the frozen values costs at most a factor η j, and t(νI) ≤ t(ν).
The distance inequality contributes the factor q = exp[−αbd(ser − 1)]. Combining these
factors, we find that the outgoing summand of degree k is at most q ∑j≥0(1 + j)η j Ak+j;
coinciding outgoing monomials are bounded by the triangle inequality. We sum over k
after taking the suprema over the fixed index. Since all terms are nonnegative, we obtain

∑
k≥1

q ∑
j≥0

(1 + j)η j Ak+j ≤ q
(
∑
j≥0

(1 + j)η j
)

∑
m≥1

Am = q(1− η)−2 ∑
m≥1

Am.

This includes k = 1, even when the linear term comes from a monomial of high degree.
No binomial factor for the choice of frozen factors appears, since the two label sets are
fixed. The suprema over the earlier frozen coordinates and over the allowed real values
c are taken after this inequality and the degree sums. Since (1 − η)−2 ≤ 16/9 < 2,
this proves the two inequalities in (1). For the classical statement we replace the three
parameters by the classical radius and rates in the same calculation; the partition of labels
and the ratios of the factors νi/k are unchanged.

We now explain why the outgoing norm has uniform radius. We write ϕcl for the
classical radius function. When all labels with smaller radius are frozen, we have

ϕ|I ≡ ρ, ϕcl|I ≡ ρcl. (18.13)

Indeed, dD(i) ≥ ser ≥ wbd excludes every remaining position from the boundary strip,
and additional holes remove labels without changing the radius at the remaining ones.
This means that X ρ

I (Tc f ) is the norm with the uniform radius ρ at every remaining
variable, and its classical counterpart has uniform radius ρcl. These are the incoming
norms at uniform radius for the next calculation on the same list of labels, with their
existing scales of introduction. The new values c are fixed real frozen coordinates, not
additional variables with the radius ρ, and no extension beyond an earlier analytic domain
is asserted, since each remaining variable already had the radius ρ.

For (2), only monomials that meet both I and F contribute to GcrT. For any fixed
index i ∈ I, the network of such a monomial reaches the complement of I, so its ℓ1 length
is at least dI(i), as well as at least t(νI). Since the torus norm uses the Euclidean network
length t2 and t ≤

√
3t2, we obtain

aspt(νI) + αbddI(i) ≤ (asp + αbd)t(ν) ≤
√

3(asp + αbd)t2(ν) ≤ āt2(ν).

We use (18.2) for the torus norm. The degree calculation above now has j ≥ 1, and its
incoming sum is at most E. We obtain the stronger estimate

X ρ
I (GcrT) ≤ [(1− η)−2 − 1]E ≤ 4ηE ≤ 8ηE.
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For the middle inequality we wrote the bracket as η(2− η)/(1− η)2 and used η ≤ 1/4.
This calculation counts the linear term produced by the substitution. Setting the other
torus labels to zero only deletes coefficients. For the classical difference we replace the
radius, the rates, and the bound by their classical counterparts in the same calculation,
with the same factor

√
3 in the rate hypothesis.

For (3), the statement on the measure is an algebraic identity with the given reference
measure. Indeed,

eΛ−R(0,c)e−[R(v,c)−R(0,c)] = eΛ−R(v,c).

The weight W(brec), every indicator, and the term E(v, c; brec)/g2 are unchanged. Splitting
E into E(v, c) − E(0, c) and E(0, c) gives the external classical factor in the statement.
Fubini’s theorem with the given reference measure proves the identity of joint measures,
with the same Z; no normalization at fixed frozen coordinates has taken place. If the
frozen variables are based transports, the identity is evaluated at those same values; it is
a substitution in existing variables.

Only monomials supported in F contribute to R(0, c; brec)− R(0; brec). At each degree
m, we assign such a monomial to its labels with weights νi/m, whose sum is one, and
drop the network and distance weights, which are at least one. In degree one the sum is
at most |F|βℓD( f ). For m ≥ 2 we use βm ≤ β2ρm−2. Summing over i ∈ F and then over
m bounds the contribution of f by |F|β2ϵD( f ) and that of the torus part by |F|β2E. The
constant terms cancel in this difference, which is why the bound says nothing about an
arbitrary incoming R(0; brec). This proves the bound on the change of the constant term.

Finally we prove (4). We order the blocks of free coordinates from the coarser scales
to the finer ones. The sequential map has the blocks

zi = ai(ci+1; brec) + giKi(ci+1; brec)
−1/2wi, ci+1 = ci+1(w>i).

Its derivative is block triangular, with diagonal blocks giKi(ci+1(w>i); brec)−1/2, so the
determinant is the product in the statement. This is the triangular argument of The-
orem 12.13, applied to the list of free coordinates of the block region; the dimensions
di = 3 fi are those of this list, not of the torus. With Li(w) = log det Ki(ci+1(w>i); brec)

and L̂i = log det Ki(ĉi+1; brec), the splitting reads

det Dwz =
(
∏

i
gdi

i

)
e−

1
2 ∑i L̂i e−

1
2 ∑i[Li(w)−L̂i].

The second exponential contains all the dependence on the coarser normalized fluctu-
ation variables. This is one determinant, with its real positive branch and its analytic
continuation. If some free labels are absent, their Gaussian coordinates are absent from
this product and remain explicit in any comparison, and the factors at zero fluctuation
remain constant factors. The only estimates were sums of coefficients with a fixed index
and graph distances, and neither introduces a dependence on the number of preceding



18 Local coordinates and constrained minimizers on block regions § 18.6 250

block integrations, the number of holes, or the later widths, beyond the displayed factor
|F|.

18.6 Coercivity and analytic constrained minimizers

We first prove the patch inequality, which bounds a linearized variation of a block region
by its curl on single final blocks and on pairs of adjacent final blocks. The patches and the
restriction maps are defined explicitly, so that the inequality applies both to the effective
classical action (Theorem 18.12) and to the Wilson action at the first block integration
(Lemma 18.14).

Definition 18.10. Use the notation of Definition 18.6. The set PΩ of patches of Ω consists
of every final block Bs(a) with a ∈ K and of every union Bs(a) ∪ Bs(a + Msek) of two
adjacent final blocks with both anchors in K. For P ∈ PΩ, let E(P) be the set of positive
input edges with both endpoints in P, and P(P) the set of elementary positive plaquettes
with all four vertices in P; thus P is a complete cuboid, with its boundary edges and
faces. Construct Li(P), QP

i , and ΠT ,P
i by the rules of Definition 18.6, using only the final

block or blocks of P, and let

GPh =
(
(ΠT ,P

i QP
[0,i)h)0≤i<s, QP

[0,s)h
)
, VP = ker GP. (18.14)

For a single block Ls(P) is empty, and for a pair it consists of its one coarse bond. The
tree conditions are imposed at every scale, not only at the finest one. Let dP be the signed
plaquette incidence matrix (the curl) of the cuboid P. For an edge cochain u on L0, the
restriction to the patch is (RPu)e = ue for e ∈ E(P). For a patch that crosses a periodic
seam we use the orientations induced by its rectangular lift.

Lemma 18.11. Use Definitions 18.6 and 18.10. Let Ḣi be the derivative of the coarse-field lift Hi
at the identity, let IFi and IDi be the inclusions of coordinates on Fi and Di into cochains on Li,
and let ΠFi be the restriction to Fi. Define

Γ′i = IFi −M2 IDi Qi IFi , AΩz =
s−1

∑
i=0
Ḣ0 · · · Ḣi−1Γ′izi, (18.15)

where the product preceding Γ′0 is the identity, and

(Bextv)i = ΠFi(I − ḢiQi)Q[0,i)v. (18.16)

For a matrix B write ∥B∥∞ = supx ∑y |Bxy| and ∥B∥1 = supy ∑x |Bxy|. The following state-
ments hold.

1. The map AΩ is the derivative of Log ΦΩ(0, ·) at z = 0. It maps the free coordinates
bijectively onto ker GΩ, and Bext is its inverse on ker GΩ.
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2. We have
∥AΩ∥∞ ≤ J(1 + 4M3), ∥AΩ∥1 ≤ M2(J−1)(1 + 24M3),

∥Bext∥∞ ≤ b∞ = (1 + 4M)(4M)J−1, ∥Bext∥1 ≤ b1 = (1 + 24M3)
J−1

∑
i=0

(24M)i.

Consequently ∥z∥2 ≤ Cext,J∥AΩz∥L0 with Cext,J = max(1,
√

b∞b1). Every nonzero entry
of AΩ or Bext joins two positions at periodic maximum distance at most RM,J = 4 ∑J−1

i=0 Mi+1

in input units, hence also in output units.
3. Let u ∈ ker GΩ, and let du be the curl of any edge cochain on all input edges that agrees with

u on L0. For every patch P, we have RPu ∈ VP and (dPRPu)p = (du)p for p ∈ P(P).
4. There is σJ > 0, depending only on M and J, such that ∥h∥2 ≤ σ−1

J ∥dPh∥2 for every patch
P and every h ∈ VP. For every u ∈ ker GΩ,

∥u∥2
L0
≤ ∑

P∈PΩ

∥RPu∥2 ≤ σ−1
J ∑

P∈PΩ

∥dPRPu∥2 ≤ 7
σJ

∑
p∈PΩ

|(du)p|2, (18.17)

where PΩ =
⋃

P∈PΩ
P(P).

All constants are independent of m, of the block region, of its number of components and holes,
and of its topology. For an empty list of free coordinates all statements hold with the conventions
for zero-dimensional spaces.

Proof. We begin with the derivatives of the block averaging map at the identity. Differen-
tiating the averaging formula (4.3) at the identity gives Qi: the derivative of the reference
transport in the averaged logarithm cancels the derivative of the final reference factor. The
exceptional rule plays no role, since all based loop holonomies are close to I in a neigh-
borhood of the identity. For a scalar vertex function φ and a bond c′ = (a, a + Mi+1ek),
each contour Fi,c′,x telescopes, and hence

(Qi∇φ)c′ = φ(a + Mi+1ek)− φ(a). (18.18)

This holds at every scale, and it uses only the contours of internal bonds; no gradient is
extended across a hole.

The derivative Ḣi copies a coarse value to each edge of the interface of its bond and
vanishes on the interiors of the blocks. We have

QiḢi = I, ΠTi Ḣi = 0, Qi IDi = M−2 I. (18.19)

For the first identity, each contour of c′ crosses the interface of c′ exactly once, with
positive orientation, and its tree parts lie in block interiors. The second holds since tree
edges lie in block interiors. For the third, a contour of a different bond never uses the
eliminated edge of c′, and among the M3 contours of c′ exactly M use e∗i (c

′), each once
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with positive orientation. Since tree paths stay in their blocks, these identities hold also
for an internal bond next to a final block outside Ω.

The linearized constraint at the identity is QiX = 0 for a cochain X on Li with zero
tree entries, and (18.19) gives its unique solution with free entries zi:

Γ′izi = IFi zi −M2 IDi Qi IFi zi, ΠTi Γ′i = 0, QiΓ′i = 0, ΠFi Γ
′
izi = zi.

No inversion of a matrix of unbounded range occurs, since the coefficient matrix of
the eliminated edges is M−2 I. Thus Γ′i is the derivative at zero of the local constraint
coordinates at the identity target. Since Γb(0) = 0 for every target b, differentiating (18.10)
at (c, z) = (0, 0), we obtain

us = 0, ui = Ḣiui+1 + Γ′izi, u0 = AΩz,

where ui is the derivative of Log U(i) in the direction z. By (18.19), we have ui = Q[0,i)u0,
ΠTi ui = 0, and us = 0, so u0 ∈ ker GΩ. Conversely, let v ∈ ker GΩ and set

vi = Q[0,i)v, zi = ΠFi(vi − Ḣivi+1).

The cochain vi−Ḣivi+1 has zero tree entries and satisfies Qi(vi−Ḣivi+1) = vi+1− vi+1 =

0. By (18.19) its eliminated entries are determined by its free entries, so it equals Γ′izi.
Since vs = 0, descending induction shows that v = AΩz. We conclude that AΩ maps
the free coordinates bijectively onto ker GΩ, with inverse (18.16). This is the successive
extraction of the averaged fields and of their free coordinates, written as a matrix, and it
proves (1).

Next we prove (2). A contour has at most 4M− 3 steps, so

∥Qi∥∞ ≤ 4M, ∥Qi∥1 ≤ 24M, ∥Ḣi∥∞ ≤ 1, ∥Ḣi∥1 ≤ M2.

For the column bound for Qi, an interior edge of a block occurs in the contours of at most
the six bonds incident to its block, and an interface edge only in the contours of its own
bond; each such row has absolute sum at most 4M. A bond has M2 interface edges, which
gives the column bound for Ḣi. We obtain ∥Γ′i∥∞ ≤ 1 + 4M3 and ∥Γ′i∥1 ≤ 1 + 24M3, and
the bounds for AΩ follow from (18.15), since a column of AΩ belongs to a single scale
i ≤ J − 1. For Bext we multiply the row and column bounds of the factors in (18.16);
stacking over i takes the maximum of the row bounds and the sum of the column bounds.
By the Cauchy–Schwarz inequality, we have ∥Bv∥2

2 ≤ ∥B∥∞∥B∥1∥v∥2
2, and therefore

∥z∥2 = ∥BextAΩz∥2 ≤ Cext,J∥AΩz∥L0 . These estimates apply to each color and to the
Euclidean norms over the colors.

We now prove the range bound. We assign to each edge its midpoint. Each nonzero
entry of Qi, Ḣi, or Γ′i joins positions at periodic maximum distance at most 2Mi+1. A
term of (18.15) uses at most one such factor at each scale. In (18.16), the term with ḢiQi
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can use two factors at scale i, in addition to the factors at finer scales. Adding these
ranges bounds every term of both formulas by 4 ∑J−1

i=0 Mi+1 = RM,J . Dividing coordinates
by Ms ≥ 1 only decreases this range. All these estimates hold after restriction to a block
region: only equations of internal bonds were used, and deleting other equations does
not increase a row sum, a column sum, or a range.

We now prove (3). For a patch P and each i, let rP
i select the edges of Li(P) among

those of Li. Since all contours of a bond stay in its two complete endpoint blocks
(Lemma 18.4), we have the matrix identity

QP
i rP

i = rP
i+1Qi,

where the right side has zero coefficients on the input edges outside P; these zeros come
from the supports of the contours, not from an extension of u by zero. The same identity
holds for the rows of the trees. Iterating it and using GΩu = 0, we obtain GPRPu = 0,
that is, RPu ∈ VP. This holds for every patch, including the patches next to the boundary
of Ω. Every plaquette in P(P) has its four edges in E(P) ⊂ L0, so (dPRPu)p = (du)p for
p ∈ P(P).

Next we show that the curl is injective on each space VP. A single block or an adjacent
pair lifts injectively to a rectangular cuboid in Z3: its longest side has at most 2Ms − 1
links, which is less than n/2 since m ≥ 4. Let h ∈ VP with dPh = 0. A closed cochain
on a rectangular cuboid is a gradient, as we now recall. Fix a corner o, and for a vertex
x let τx be the coordinate-ordered path from o to x. For an edge (x, y), the closed chain
τx + (x, y)− τy is an integer combination of elementary squares in the cuboid: we move
the last coordinate step through the portions of τx in later coordinates, and all squares
used lie between the relevant coordinate values, hence in the cuboid. Pairing with h
shows that φ(x) = h(τx) satisfies hxy = φ(y)− φ(x). By (18.18), QP

[0,i)h is the gradient of
the values of φ at the anchors of scale i. The tree equations at the finest scale make φ

constant on each block of the first scale. If φ is constant on the blocks of scale i, the tree
equations at scale i equate these constants along a connected tree in each block of scale
i + 1. After s steps φ is constant on each final block. On a single block this implies h = 0.
On a pair, the remaining equation of GP for its coarse bond says, by (18.18), that the two
final constants agree, so h = 0 on the pair as well. No equation with an endpoint in a
final block outside Ω was used.

For 1 ≤ s ≤ J there are finitely many cuboids of these types, including the directions
of the pairs. For each one with VP ̸= {0}, we take an orthonormal basis matrix BP of
VP and let σP be the least eigenvalue of BT

P dT
PdPBP, which is positive by the injectivity

just proved; if VP = {0} we set σP = 1. Let σJ be the minimum of these finitely many
numbers. It depends only on M and J, and we have ∥h∥2 ≤ σ−1

J ∥dPh∥2 for h ∈ VP.
It remains to prove the covering and overlap bounds in (18.17). Every edge of L0 has

its endpoints either in one final block or in two adjacent final blocks of Ω; the first kind
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is covered by the single block and the second by the pair. This gives the first inequality,
including for isolated blocks. The second inequality follows from (3) and the bound on
each VP. For the third, fix a plaquette p and one of its vertices x. Every patch containing
p contains x, hence the final block of x. There are at most seven such patches: that block
and the pairs formed with its six possible neighbors. So each plaquette occurs in at most
seven of the sets P(P); a plaquette that meets three or four final blocks may occur in
none. Using (3), we obtain (18.17).

We now state the main result. Its objective is the effective classical action at depth d0,
evaluated on the reconstruction of a block region and completed outside Ω as described
in the statement.

Theorem 18.12. Fix M and J, and let κ∗ > 0 be the constant of Theorem 14.8. Then

E′′d0
(0) ≥ κ∗ curlT curl for every depth d0 ≥ 0, (18.20)

as quadratic forms on real link variations. Let 1 ≤ s ≤ J, m ≥ 4, let Ω be a block region and
d0 ≥ 0 a depth, and set

FR(c, z; ξ) = Ed0(ΨR(c, z; ξ)).

Here ΨR(c, z; ξ) is the logarithm, on all links of the torus, of the reconstruction ΦΩ(c, z) of
Definition 18.6, completed outside Ω by the small values with logarithms ξ prescribed by the
current frozen coordinates (at the first block integration, by the completion of Definition 18.13),
and with logarithm zero at the torus labels that lay outside earlier block regions. The parameters ξ

may be complexified on the construction chart. Frozen coordinates from earlier block integrations
and arbitrary data in the fixed complement are not arguments of this analytic action. The following
statements hold with uniform constants and radii; in particular they are independent of the widths
chosen later, of the shape of Ω (which may contain isolated final blocks), of d0, and of the values of
the frozen coordinates.

1. On a common list of coordinates, the linearizations at zero E1 and E0 of the reconstruction
on Ω and of the reconstruction on the whole torus with the complementary coordinates set
to zero, defined in (18.22), satisfy E1 = E0 + DW ; here E0 and E1 denote linear embeddings,
not effective classical actions. Both indices of every nonzero entry of DW lie in a band
of fixed width LJ around the boundary W, the weighted rows and columns of DW are at
most CJ , and its rank is at most CJ |W|. On matched coordinates in the common chart, the
nonlinear formulas for the outputs in Ω of the two reconstructions agree away from this band.
Prescribed values in the fixed complement may differ; their effect is estimated as a bounded
source in Lemma 18.15. Coarse outputs on bonds across the boundary of the block region
that are not prescribed are holomorphic functions of (c, z; ξ), with all their derivatives. This
compares two embeddings; it does not identify their fibers.
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2. There are νJ , Cext,J , λJ , QJ > 0 with the following properties. Let u = DzΨR(0)z; its
restriction to LΩ = L0 lies in ker GΩ. Then

∥ curl u∥2
2 ≥ νJ∥u∥2

LΩ
, ∥z∥2 ≤ Cext,J∥u∥LΩ ,

K0
R = FR,zz(0) ≥ λJ I, λJ = κ∗νJ/C2

ext,J , ∥K0
R∥aJ ≤ QJ .

One may take νJ = σJ/7 and Cext,J as in Lemma 18.11. Every principal block of K0
R and

every real Schur complement of K0
R is bounded below by λJ I. Let zH be the free coordinates

of the torus outside Ω. On the common list (zL, zH), the Hessian at (c, z, ξ) = 0 of the
interpolation between the joint objective on the torus and FR + ∥zH∥2

2/2 is bounded below
by λU,J I, where λU,J = min(λJ , λT,J , 1) > 0 and λT,J is the corresponding flat bound on
the torus.

3. There are radii ra,J , rz,J , ρJ , βrec,J > 0, a rate aJ > 0, and an inverse bound IJ such that, on
an open product containing

∥c∥∞ ≤ 2ρJ , ∥z∥∞ ≤ rz,J , ∥ξ∥∞ ≤ 2βrec,J ,

the reconstruction lies in Bra,J , inside the identity chart on which Ed0 is controlled, and

∥FR,zz − K0
R∥aJ ≤ QJ(∥c∥∞ + ∥z∥∞ + ∥ξ∥∞) ≤ λJ/8.

Mixed derivative matrices, and tensors of order l ≥ 2 with each index fixed in turn, are
bounded by l!Cl+1

J . The inverse of the complex free Hessian has weighted row-column norm
at most IJ at a fixed smaller rate.

4. Choose the parameter radii below the solution radius so that

IJQJ(2ρJ + 2βrec,J) < rz,J/16, 8GJ(2ρJ + rz,J + 2βrec,J) < min(rΓ,J , rE),

where GJ and rΓ,J are the coefficient bound and the radius of the reconstruction in (18.21).
Then there exists a unique holomorphic stationary point zR = zR(c; ξ) in the free box,

FR,z(c, zR; ξ) = 0, ∥zR∥∞ ≤ CJ(∥c∥∞ + ∥ξ∥∞) < rz,J/8.

It has factorial coefficient bounds on output rows and on volume-normalized input columns
on a smaller fixed product. For real data it is the unique minimizer of FR(c, · ; ξ) in the
convex free box.

5. Conditional minimizers over initial segments of the scales exist on smaller products of the
coarser free coordinates around this joint minimizer, chosen so that the bounds (18.31) on the
Hessian and on the inverse times the gradient hold. No claim is made on other slices of the
joint box.
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Proof of Theorem 18.12. The proof has six steps. In the first, we construct the reconstruction
with coefficient bounds that do not depend on the size of the lattice, and compare the
embeddings on Ω and on the torus. In the second, the patch inequality gives the coercivity
of the curl. In the third, we derive (18.20) from Theorem 14.8 and obtain the lower bound
on K0

R. In the fourth, we bound the Hessian on a complex product and choose the radii.
In the fifth, we construct the minimizer by a contraction argument, and in the sixth, the
conditional minimizers. All constants are constructed on larger products before any of
the later widths is chosen. If the list of free coordinates is empty, the minimizer is empty
and the matrices are zero-dimensional, so we assume that it is nonempty.

Step 1: local charts and comparison of embeddings. For one averaging step the re-
construction is the eliminated-edge solution of Lemma 6.3, restricted to internal bonds
as in Definition 18.6. Let LM bound its stencil radius in output units of one step. Its
local scalar majorants can be chosen of the form GMt/(1− GMt) on a fixed radius. This
absolute coefficient bound does not depend on the size of the lattice, for the following
reason. Each defining group product reads a bounded number nM of variables. Matrix
exponentials are bounded coefficientwise by et, and on ∥V − I∥ < 1 the logarithm has
the convergent series ∑k≥1(−1)k+1(V − I)k/k. The inverse of the linear coefficient of an
eliminated edge is M2 I3, and the nonlinear equation for that edge has zero constant term
and a quadratic remainder after its linear part is removed. On a sufficiently small fixed
radius, the implicit-series statement of Lemma 5.3 gives GM and factorial coefficients for
the local inverse. Since only nM variables occur in each local equation, summing over its
finite stencil, also with any input fixed, we obtain absolute row and column bounds.

By composing at most J such maps, with the embeddings of positions, we obtain
numbers GJ , LJ , rΓ,J > 0 such that the logarithm ΨR of the reconstruction is holomorphic,
vanishes at zero, and has a majorant series with nonnegative coefficients on that radius,
with the bounds

∥ΨR∥coeff ≤
GJT

1− GJT
, ∥DlΨR∥all indices ≤ l!Gl+1

J (l ≥ 1) (18.21)

on a fixed smaller product. Here T = rc + rz + rξ , where rc, rz, and rξ are the maximal
radii of the coarse logarithms c, of the free coordinates z, and of the current frozen
coordinates ξ, respectively; the second bound absorbs the fixed ratios of radii. The first
norm is a row majorant for the image; the derivative bounds include every input column.
One may take LJ ≥ ∑J−1

i=0 MiLM, and enlarge GJ for the finitely many compositions. There
are at most a fixed multiple of JM3J labels per unit cube of the output lattice, and vJ
includes this multiplicity. Volume-normalized input columns acquire their mesh-volume
ratios under composition, by Lemma 5.3, and these factors are bounded by fixed powers
of MJ .

We now compare the embeddings, before any minimization. Let ΨT(cT, zT) be the
logarithm of the reconstruction on the whole torus, and let PL insert the free coordinates
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of Ω into the list of free coordinates of the torus, with zero in every other slot. At matched
data we use cT = c⊕ 0 and zT = PLz. The two linearized embeddings on this common
list are

E1z = DzΨR(0, 0; 0)z, E0z =
d
dt

ΨT(0, tPLz)
∣∣∣
t=0

. (18.22)

The symbols E0 and E1 in this formula and in (18.23) denote linear embeddings, not
effective classical actions. All current frozen coordinates and logarithms of the coarse
links vanish in these derivatives, and both reconstructions vanish there. At one scale, the
equations on Ω and on the torus for an internal bond have the same two endpoint blocks,
the same internal target, and the same free values, so their eliminated-edge solutions
agree by local uniqueness. The additional equations of the torus concern bonds meeting
the complement. Descending through the scales, a change in such an equation can
propagate only through the accumulated stencil of width LJ of Lemma 18.4. Therefore,
with matching free values in Ω and zero complementary torus values, the nonlinear
formulas for the outputs in Ω agree outside a band of fixed width around W. Prescribed
values in the fixed complement are separate formulas and may differ there. An input in
Ω farther than one further stencil from the band cannot affect a changed formula, and
we enlarge LJ once to include that stencil. Differentiating with the conventions of (18.22),
we obtain

E1 = E0 + DW , (DW)ex = 0 unless e, x lie in the LJ-band around W. (18.23)

Here the LJ-band is the set of positions within distance LJ of W. The weighted row and
column bounds follow from the finite range, (18.21), and the density bound. We cover
the band by balls of radius LJ + 1 around the positions of W. Each ball contains at most
CvJ(LJ + 2)3 labels, so the number of nonzero output rows of DW , and hence its rank, is
at most CJ |W|.

Every coarse output on a bond across the boundary of the block region that is not
prescribed is obtained by applying the finite group products of Ts

M to the reconstructed
field. In the chart it is a holomorphic function of (c, z, ξ), with all its derivatives given by
these products and (18.21). No equation sets it to a prescribed value, so (18.23) compares
two embeddings of a common list and asserts no equality of their fibers.

Step 2: coercivity of the curl. Let u = DzΨR(0)z. On L0 it equals AΩz, by
Lemma 18.11(1), so its restriction lies in ker GΩ. Then (18.17) implies

∥u∥2
L0
≤ 7

σJ
∑

p∈PΩ

|(du)p|2 ≤
7
σJ
∥ curl u∥2

2,

where curl u is the curl of the completed variation on all plaquettes of the torus. In the
last inequality we used that restricting a sum of squares to the plaquettes of the patches
can only decrease it; since these plaquettes have all their edges in L0, variations of the
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completed boundary values induced by the tree-path transports to the basepoints do not
enter. This proves the first inequality of (2) with νJ = σJ/7. The second inequality is
Lemma 18.11(2); it shows in particular that a nonzero vector of free coordinates is visible
on the internal links, also for an isolated final block.

Step 3: the lower bound on the Hessian at the identity. The quadratic form E′′d0
(0) is the

Hessian at the identity, that is, the effective Maxwell quadratic form of Theorem 8.3 (see
Theorem 10.10). We derive (18.20) from Theorem 14.8, which gives Ed,sat ≥ κ∗E0 for every
integer d ≥ 0 on the domain of the gauge-invariant extension Ed,sat of Ed, whether or
not an effective interaction is attached to that depth. We choose a ball of link logarithms
at the identity that is contained both in the construction chart of that extension and
in the domain used here; on it, Ed,sat equals the analytic function Ed. For a fixed real
variation u, we choose |t| so small that tu lies in this ball. Then for every d0 ≥ 0 we have
Ed0(tu) ≥ κ∗E0(tu), with the same κ∗. Both functions vanish at zero and are stationary
there: for Ed0 this follows from Theorems 10.10 and 10.11 by induction from the Wilson
action. Further, E0(tu) = t2∥ curl u∥2

2/2 + O(t3), by expanding the plaquette product
and using 4q(eX) = |X|2/2 + O(|X|4). Dividing the inequality by t2/2 and letting t→ 0
proves (18.20) for every integer depth. Only this inequality from Theorem 14.8 has been
used, and this step gives no positivity at a nonflat coarse field.

By Lemma 18.8, the Hessian of Ed0 ◦ΨR at zero has no term involving the gradient of
the action, since DEd0(0) = 0. Using (18.20) and Step 2, we obtain

zTK0
Rz ≥ κ∗∥ curl DzΨR(0)z∥2

2 ≥
κ∗νJ

C2
ext,J
∥z∥2

2, (18.24)

which is the claimed value of λJ . The same patch construction with every final block
of the torus gives a lower bound λT,J > 0 for the joint free Hessian on the torus. Every
principal block of either joint matrix has the same lower bound, and (18.6) implies the
same lower bound for its real Schur complements. On the common list (zL, zH), where
zL are the free coordinates of Ω, the interpolating Hessian at the identity is

H0
t = (1− t)H0

T + t(K0
R ⊕ IH), 0 ≤ t ≤ 1,

where H0
T is the joint Hessian at the identity on the torus and IH the identity on the

zH coordinates. It is bounded below by λU,J = min(λJ , λT,J , 1) > 0. This is a convex
combination of two objectives on a common list of coordinates, not an identification of
fibers. All the flat and nonflat estimates below can be chosen uniformly in t, using this
common lower bound and the maximum of the two coefficient bounds.

Step 4: analytic products and the inverse of the free Hessian. Let bJ > 0 be smaller
than the rate aE of the torus tensors after the transfer of positions to output units
and the conversion to the graph metric; this conversion divides a Euclidean rate by
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√
3. We include the finite-stencil weights of (18.21). We compose the torus tensors of

Theorem 10.11 with the majorant series of ΨR, using Lemma 5.3. The scalar composition
converges on a fixed product, and after enlarging CJ and QJ we have

∥Dl FR∥bJ ,all indices ≤ l!Cl+1
J (l ≥ 2), ∥K0

R∥bJ ≤ QJ . (18.25)

The mixed matrices in z, c, and ξ satisfy the same bound after enlargement. The labels of
ξ have their positions on the input lattice and their own density, not the density of the
output lattice. The volume-normalized column bounds follow from the contraction rule,
with the volume factors kept in each factor.

At a general point of the product, the Hessian is

FR,zz = ΨT
R,zE′′d0

(ΨR)ΨR,z + E′d0
(ΨR)ΨR,zz, (18.26)

and the last term, which contains the gradient of the action, is kept. The gradient bound
∥E′d0

(A)∥∞ ≤ CE∥A∥∞ is part of Theorem 10.11. We integrate the third-derivative bound
of the composed objective along the segment from zero to (c, z, ξ), which lies in its
product domain. In the weighted row-column norm, we obtain

∥FR,zz(c, z; ξ)− K0
R∥bJ ≤ QJ(∥c∥∞ + ∥z∥∞ + ∥ξ∥∞), (18.27)

∥FR,z(c, 0; ξ)∥∞ ≤ QJ(∥c∥∞ + ∥ξ∥∞). (18.28)

These estimates also follow by expanding all the terms of (18.26); integrating the complete
third derivative ensures that none of the terms involving the gradient of the action or the
second derivative of the coordinates is omitted.

We apply Lemma 18.3(3) with the lower bound λU,J , the bound QJ , and the rate
bJ to every flat principal block of free coordinates and to every interpolating Hessian.
We obtain a common smaller rate aJ > 0 and a flat inverse bound; we take IJ so large
that it bounds these inverses and their perturbations. For example, the constants µ and
CR of that lemma give the flat bound CR/λU,J and the perturbed bound 4CR/(3λU,J)

on a sufficiently small coefficient product. We enlarge IJ and QJ if necessary; these
enlargements precede every choice of radius. Bounds at the rate bJ imply the same
bounds at the rate aJ .

We now choose the radii, on a product larger than the one in the statement. Let r0 =

min(rΓ,J , rE), where rE is replaced by a strictly smaller radius of the torus chart if necessary.
We first choose rz,J > 0, and then ρJ , βrec,J > 0, so that, with T+ = 2rz,J + 4ρJ + 4βrec,J ,

QJT+ < min{λU,J/8, (8IJ)
−1}, 8GJT+ < r0,

IJQJ(4ρJ + 4βrec,J) < rz,J/16.
(18.29)

We also require that the nonconstant part of the Hessian on this product satisfies the
condition of Lemma 18.3(3) with the factor 1/4 in (18.5). By (18.25) this perturbation
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tends to zero with T+, so this is one more upper bound on the radii. All these inequalities
can be satisfied: we first choose rz,J to satisfy the two inequalities that involve it alone,
with strict inequality, and then make the two parameter radii sufficiently small. We
choose ra,J < rE larger than the bound on the image in (18.21) at T+, which is possible by
the inequality 8GJT+ < r0.

These choices hold on the open product defined by ∥z∥∞ < 2rz,J , ∥c∥∞ < 4ρJ , and
∥ξ∥∞ < 4βrec,J , which contains the closed product of the statement. In particular the right
side of (18.27) is at most λU,J/8 ≤ λJ/8 there, the image lies in Bra,J , and (18.29) implies
both inequalities on the parameter radii in (4). The inverse of the complex free Hessian
is bounded by IJ at its smaller rate by the resolvent series (18.5), not by a positivity
argument at complex data. This proves (3).

Step 5: the constrained minimizer and its coefficients. On the free box we use the map

Tc,ξ(z) = z− (K0
R)
−1FR,z(c, z; ξ).

By (18.27) and (18.29), its derivative has maximal row norm at most 1/8. By (18.28), its
value at zero is at most IJQJ(∥c∥∞ + ∥ξ∥∞) < rz,J/16 on the larger parameter product.
Thus it maps the closed box of radius rz,J into itself, strictly. Starting at zero, its iterates
satisfy ∥z(n+1) − z(n)∥∞ ≤ 8−nrz,J/16. Their geometric sum converges to a fixed point in
the box, and it is unique, since the distance between two fixed points would be at most
one eighth of itself. Since ∥zR∥∞ ≤ ∥Tc,ξ(0)∥∞ + ∥zR∥∞/8, we have

∥zR∥∞ ≤
8
7

IJQJ(∥c∥∞ + ∥ξ∥∞) < rz,J/8,

which gives the stated CJ . The iterates are holomorphic, and their convergence is geomet-
ric and uniform on compact subsets of the product. By the Cauchy integral formula in
each coordinate, the limit is holomorphic: the integral of the uniform tail tends to zero,
also on each smaller contour used for derivatives.

For the absolute coefficient bounds with each index fixed, we use the majorant version
of this iteration. We subtract the flat linear part. By (18.25), the nonlinear remainder
is quadratic and has the majorant CJ(t + Y)2/[1− CJ(t + Y)]. The coefficients of the
solution, and their versions with a specified input index, are therefore bounded by the
majorant series Y with nonnegative coefficients determined by

Y = CJt + 1
2Y +

CJ(t + Y)2

1− CJ(t + Y)
. (18.30)

All hypotheses of the implicit-series statement of Lemma 5.3 have now been checked:
zero constant term, a bounded inverse of the linear part, tensor bounds with each index
fixed, the bound 1/8 on the derivative, and a strictly larger product. The lemma therefore
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gives factorial coefficient bounds on a smaller fixed product. Fixing a chosen current
input index in the same majorant series, we obtain the bound on volume-normalized
columns. One spatial rate is used throughout, with at most the single initial reduction
for external trees described in Lemma 5.3.

At real data the objective and the chart are real. Complex conjugation maps a station-
ary point in the box to a stationary point in the same box, and uniqueness shows that zR
is real. Throughout the box the real Hessian is at least 7λU,J I/8, by (18.27) and (18.29).
For a real z in the convex box, by Taylor’s formula at zR with h = z− zR, we have

FR(c, z; ξ)− FR(c, zR; ξ) =
∫ 1

0
(1− t)hTFR,zz(c, zR + th; ξ)h dt ≥

7λU,J

16
∥h∥2

2.

We conclude that zR is the unique minimizer in the box. This proves (4).

Step 6: domains for the conditional minimizers. It remains to specify the domains of
the conditional minimizers. Let I be an initial segment of the scales, write z = (u, y) with
u = zI and y = zIc , and let z0 = zR(c; ξ). We use the parameters v = y− z0

Ic and solve
for h = u− z0

I . The matrix AI = FR,uu(c, z0; ξ) has a common inverse bound I′J , by the
estimates for principal blocks proved above. We choose a solution radius rI > 0 inside
the larger domain, and then a smaller radius ηI > 0 for the coarser parameters v, such
that throughout the corresponding product

∥A−1
I (FR,uu − AI)∥coeff ≤ 1/4,

∥A−1
I FR,u(c, z0

I , z0
Ic + v; ξ)∥coeff ≤ rI/8.

(18.31)

The first condition holds after shrinking the product, by the convergent majorant of the
third derivative. In the second, the gradient vanishes at v = 0, and its change is∫ 1

0
FR,uy(c, z0

I , z0
Ic + tv; ξ)v dt.

Its coefficient norm is at most Q′J∥v∥, by the bounds on mixed derivatives, so I′JQ
′
JηI ≤

rI/8 suffices. The solution radius is chosen first and the parameter radius second; they
are not equal.

The map h 7→ h− A−1
I FR,u now has derivative at most 1/4 and value at most rI/8

at h = 0. It maps the box of radius rI/2 into itself, and the convergence and majorant
arguments of Step 5 apply. The conditional minimizer aI is holomorphic, real at real data,
and satisfies

aI(c, z0
Ic ; ξ) = z0

I , DyaI = −F−1
R,uuFR,uy.

Since there are at most J initial segments, their solution radii and parameter radii have
a common positive minimum. For a sequential application we also choose a smaller
radius for the fluctuation inputs. The finite composition of these conditional minimizers
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and of their inverse square roots equals the joint minimizer when all the inputs giwi
vanish, and its deviation has a majorant Cseq,Jt/(1− Cseq,Jt). We choose rq > 0 so that
this expression is less than a quarter of the least of the preceding solution and parameter
radii. All sequential images then lie in the domains of the conditional minimizers. This
is a choice for finitely many scales, independent of the number of sites. Lemma 18.8
identifies successive and joint minimizers there and gives the factors Mi. The real lower
bounds for principal blocks and Schur complements persist there by (18.6), and their
complex coefficient bounds follow from the Schur calculus of Lemma 18.3.

These choices also give the coefficient-image reserves required by Lemma 18.3: the
raw reconstruction majorant in (18.21) stays inside the action radius, the implicit majorant
(18.30) stays inside its solution product, and the sequential deviation majorant stays below
a quarter of every stage margin. Choose fixed smaller coefficient products inside these
larger products. The same common majorants and their distinguished-input derivatives
converge there, and the finite minimum over the at most J stages gives a common positive
image margin. This controls absolute coefficient substitutions, rather than just pointwise
images. The conditions (18.31) are part of the smaller products just constructed. Every
constant used to obtain them comes from the finite local formulas, the tensor bounds on
the torus, the constants of the patch inequality, and the density bound. Taking maxima
and minima over s ≤ J and over initial segments therefore gives uniform constants,
independent in particular of isolated final blocks, of the later widths, and of the values of
the frozen coordinates. This completes the proof.

18.7 The first block integration

At depth zero, we identify the completed objective with the part of the Wilson action that
depends on (c, z), and we give the exact form and range of its Hessian, uniformly in the
arbitrary frozen group values deep in the fixed complement, as used in Section 21. The
restriction and extraction maps are those of Lemma 18.11.

Definition 18.13. Use Definition 18.6 at the first block integration, and let E(Λ) be the
set of all positive input links.

1. Dependencies. Collect in a finite list all contours Fi,c′,x with c′ ∈ Li+1, their reference
paths and tree paths, and the tree-path transports (18.11) to the basepoints of frozen
coordinates on links across the boundary, with the edges of the coarser scales ex-
panded recursively through the definition of TM. The formulas of the local constraint
coordinates and of the Haar disintegration densities are included in this list. Let
Edep

Ω be the union of the input links on which these formulas depend. If a further
formula at the boundary is to be used analytically, its input links are added to this
list before the near links are fixed.
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2. Near and deep links. Let Pinc be the set of plaquettes p with at least one edge in L0,
and set

Enear
Ω =

(
Edep

Ω ∪
⋃

p∈Pinc

∂p
)
\ L0, Edeep

Ω = E(Λ) \ (L0 ∪ Enear
Ω ). (18.32)

Further links may be added to Enear
Ω ; none is needed below.

3. Near values. Assume that every near link carries a value in the identity chart. The
near values bnear are independent small group values on Enear

Ω : on a link with both
endpoints outside Ω0 the value itself, and on a link across the boundary its based
transport. If a link (x, y) across the boundary is first given by its value axy, we
set be = Θx(U)axy at fixed field of the block region; this is the Haar translation of
Lemma 18.7, and all indicators are kept under this substitution. The logarithms of
the near values are denoted ξ.

4. Completion. For a link e = (x, y) across the boundary, with x ∈ Ω0, y /∈ Ω0, and
based transport be, set

Uact
xy = Θx(ΦΩ)

−1be; (18.33)

for a positive link whose endpoint in Ω0 is its terminal endpoint, we apply this rule
to the reversed link and invert. On the remaining links we set

Uact
e (c, z; ξ, η) =


ΦΩ,e(c, z), e ∈ L0,

be, e ∈ Enear
Ω with both endpoints outside Ω0,

ηe, e ∈ Edeep
Ω ,

(18.34)

where η ∈ SU(2)E
deep
Ω are the frozen group variables in the fixed complement on the

deep links (the deep frozen group variables); they are arbitrary real group values, not
small analytic logarithms. The analytic completion Uan(c, z; ξ) is defined by the same
rules with ηe = I on the deep links, and we write ΨR = Log Uan, componentwise on
the chart.

5. Varying plaquettes. Let fp(c, z; ξ) = 4q(Uan
p (c, z; ξ)), and

Pmin = {p ∈ Pinc : fp(·, · ; ξ) is nonconstant in (c, z) for some small real ξ}. (18.35)

Fix a list Pvar with Pmin ⊆ Pvar ⊆ Pinc, and define the objective of the first block
integration

Fbare(c, z; ξ) = ∑
p∈Pvar

fp(c, z; ξ). (18.36)

Every link across the boundary is a near link: if x ∈ Ω0 is the endpoint of such a link
in direction k, a step from x in a transverse direction toward the interior of the final block
of x gives a plaquette that contains the link and an edge of L0, since a final block has
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at least three vertices per side. This holds also at corners and at periodic seams. The
requirement that the near values lie in the identity chart is the condition imposed on
the protected neighborhoods in Section 21; the conversion between the value axy and
the based transport be is a finite group product, whose smallness is also controlled there.
Since Θx(ΦΩ(c, z)) = I, the value (18.33) of such a link equals be on the reconstruction.
Hence, at fixed frozen coordinates, the derivatives in (c, z) of all links outside Ω vanish.
Completion by zero means logarithm zero, that is, the group value I; it does not mean
solving the block averaging constraints of the torus with the missing targets set to zero.
Coarse outputs on bonds across the boundary of the block region are evaluated by TM
on the completion, and they are not imposed as additional equations. Exceptional values
of the Borel extension of TM at the deep frozen group variables are kept in the measure,
and no logarithm of such a value enters Uan.

The list Pmin is fixed on the chart, not chosen anew at each value of the frozen
coordinates. A plaquette function outside Pmin is also independent of the complex
variables: its derivatives in (c, z) vanish on the real product, hence, by the identity
theorem applied successively in each scalar coordinate, on the complex product. If
the split is made before some internal constraint coordinates are eliminated, the list of
varying plaquettes may be larger than Pmin. All conclusions below hold for every fixed
list between Pmin and Pinc.

For the statement of the next lemma, let dvaru = ((du)p)p∈Pvar , let ιΩ be the extension
by zero from edge cochains on L0 to all input links, and let ÂΩ = ιΩ AΩ, with AΩ as in
(18.15). For a patch P define a linear map from cochains on the varying plaquettes to
cochains on the plaquettes of P by

(R(2)
P v)p =

{
vp, p ∈ P(P) ∩ Pvar,

0, p ∈ P(P) \ Pvar.
(18.37)

Lemma 18.14. Use Definition 18.13. The following statements hold.

1. For p ∈ Pinc, the plaquette variables of Uact and Uan agree for every η. The sum of the
Wilson terms of the plaquettes not in Pvar, evaluated at Uact, is independent of (c, z); denote
it by Ehole(ξ, η). Then

SW(Uact) = Fbare(c, z; ξ) + Ehole(ξ, η) (18.38)

and

E0(ΨR(c, z; ξ)) = Fbare(c, z; ξ) + CΩ(ξ), CΩ(ξ) = ∑
p/∈Pvar

fp(0, 0; ξ), (18.39)

where E0 = SW is the Wilson action. The function CΩ is not the energy of the deep frozen
group variables. Every derivative that involves (c, z) is the same on the two sides of (18.39).
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2. Let u = Dz Log Uan(0, 0; 0)z and KΩ = ∂2
z Fbare(0, 0; 0). Only the variables of the block

region and the near values vanish here; the deep frozen group variables η are arbitrary, and
the same u on the varying plaquettes and the same KΩ are obtained from Uact, independently
of η. Then u = ÂΩz, and for every patch P,

RPu ∈ VP, dPRPu = R(2)
P dvaru. (18.40)

Further,
∥u∥2

L0
≤ ∑

P∈PΩ

∥RPu∥2, ∑
P∈PΩ

∥R(2)
P dvaru∥2 ≤ 7∥dvaru∥2, (18.41)

∥dvaru∥2 ≥
σJ

7
∥u∥2

L0
, z = Bextu|L0 , ∥z∥2 ≤ Cext,J∥u∥L0 , (18.42)

with σJ , Bext, and Cext,J as in Lemma 18.11.
3. We have

KΩ = ÂT
ΩdT

vardvarÂΩ, λM,J I ≤ KΩ ≤ QM,J I, λM,J =
σJ

7C2
ext,J

, (18.43)

where QM,J = 16a1a∞ with a∞ = J(1 + 4M3) and a1 = M2(J−1)(1 + 24M3). In positions
measured in output units,

(KΩ)ab = 0 if dist∞(a, b) > DM,J = 2RM,J + 2. (18.44)

Principal submatrices of KΩ satisfy the same lower bound, the same upper bound, and the
same range condition. Real Schur complements of KΩ are bounded below by λM,J and have
uniform exponentially weighted row and column bounds; no finite range is asserted for them.

4. There is a chart radius ϵM,J > 0, depending in addition only on a fixed choice of the local
analytic chart, such that for real (c, z, ξ) with max(∥c∥∞, ∥z∥∞, ∥ξ∥∞) ≤ ϵM,J ,

∂2
z Fbare(c, z; ξ) ≥ 1

2 λM,J I. (18.45)

All constants depend only on M, J, and the coordinate conventions, and are independent of m,
of the block region, of its number of components and holes, of its topology, of the widths of the
protected neighborhoods, and of the deep frozen group variables. No uniformity as J → ∞ is
claimed. For an empty list of free coordinates the statements on matrices and on the extraction
hold with the conventions for zero-dimensional spaces. By (18.39), KΩ is the matrix K0

R of
Theorem 18.12 at depth zero, where (18.20) holds with κ∗ = 1, and (18.43) is the corresponding
case of that theorem, with νJ = σJ/7.

Proof. We begin with (1). Let p ∈ Pinc. By (18.32), each edge of p lies in L0 or in Enear
Ω ,

so the deep values do not enter Uact
p , and Uact

p = Uan
p for every η. A plaquette outside

Pinc has no edge in L0. On the reconstruction its edges are constant in (c, z): links across
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the boundary are equal to be, other near links to be, and deep links to ηe. Its Wilson term
is therefore independent of (c, z). A plaquette in Pinc \ Pvar is not in Pmin, so its term is
independent of (c, z) as well. This proves that Ehole is independent of (c, z), and (18.38)
follows by splitting the sum over all plaquettes. The same argument for Uan shows that
E0(ΨR) = Fbare + ∑p/∈Pvar fp(c, z; ξ) with each summand independent of (c, z) and hence
equal to fp(0, 0; ξ). This proves (18.39). If the list Pvar contains additional plaquettes
whose terms are constant in (c, z), only the complementary constants change.

Next we prove (2). On L0 the derivative u equals AΩz, by Lemma 18.11(1). The links
outside Ω are constant in z at zero near-link logarithms and fixed deep frozen group
variables, as noted after Definition 18.13, so u = ÂΩz. The first assertion of (18.40) is
Lemma 18.11(3). Let p ∈ P(P). All four edges of p belong to L0, so p ∈ Pinc, and the
link variables of Uact and Uan on p are equal, independently of the deep frozen group
variables. At (c, z, ξ) = 0 all these links are equal to I. The Wilson expansion of a single
term is

fp(0, tz; 0) = 1
2 t2|(du)p|2 + O(t3). (18.46)

Indeed, the first derivative of the plaquette product is the signed sum of the derivatives
of its four edge logarithms, and 4q(eX) = |X|2/2 + O(|X|4). If p /∈ Pvar, then fp(0, tz; 0)
is constant, equal to its value zero at t = 0, and (18.46) implies (du)p = 0. This holds for
every u ∈ ker GΩ, since AΩ maps onto ker GΩ by Lemma 18.11(1); it does not assert that
every plaquette of a patch is a varying plaquette. On a varying plaquette of P the entries
of dPRPu are those of du, and on the other plaquettes of P both sides vanish. This proves
the second assertion of (18.40).

The first inequality of (18.41) is the first inequality of (18.17). The second follows
since every plaquette lies in at most seven of the sets P(P), as shown in the proof of
Lemma 18.11. Using the bound ∥h∥2 ≤ σ−1

J ∥dPh∥2 on VP and (18.40), we obtain

∥u∥2
L0
≤∑

P
∥RPu∥2 ≤ σ−1

J ∑
P
∥R(2)

P dvaru∥2 ≤ 7
σJ
∥dvaru∥2.

Together with Lemma 18.11(1) and (2), this proves (18.42).
For (3), all varying plaquettes have only internal or near links, by (18.32). At their com-

mon zero they are identity plaquettes, even when the deep links are arbitrary. Summing
(18.46) over the varying plaquettes proves the formula for KΩ in (18.43). In particu-
lar, the term in the Hessian of a composition that involves the gradient of the action
vanishes here, since each plaquette term has zero first derivative at the identity; it is
not being dropped at a nonflat field. The lower bound follows from (18.42): we have
zTKΩz = ∥dvaru∥2 ≥ (σJ/7)∥u∥2

L0
≥ λM,J∥z∥2

2.
For the upper bound and the range, note that each row of the curl matrix has four

entries, and each positive edge lies in four plaquettes, so its row and column norms are
at most 4. Using Lemma 18.11(2) for AΩ, we find that 16a1a∞ bounds both the operator
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norm and the unweighted absolute row and column norms of KΩ. If (KΩ)ab ̸= 0, then
two edges in the supports of the columns a and b of AΩ belong to a common plaquette,
so their midpoints are within maximum distance 2 in input units. Since each column of
AΩ is supported within maximum distance RM,J of its label, this proves (18.44). This is
a finite range after the elimination of the trees and of the eliminated edges, before any
minimization over a whole scale; no orthonormal basis of ker GΩ was used as coordinates.

We record the cases at the boundary. If a final block of Ω is next to the fixed
complement, all trees of that block and all equations used for its restriction still lie in
the complete block, and a pair is used only when both of its blocks lie in Ω. No missing
target of a link across the boundary is set to zero: such a link is fixed through (18.33), and
its tree-path transport to the basepoint is identically I on the reconstruction. Plaquettes
that contain an internal link and a near link belong to Pinc, have only small links, and
contribute nonnegative squares of curls at zero; the estimate above is already obtained
from the plaquettes of the patches. If a plaquette of a patch has become constant in (c, z)
after the elimination of the constraints, (18.46) shows that its curl vanishes, so no missing
energy term is needed, and no boundary condition is imposed on a face of a hole.

At the boundary between near and deep links, a plaquette containing a deep link
cannot contain a link of L0, by (18.32). All its links are constant on the reconstruction, and
it belongs to Ehole even when some of its other links are near links. Likewise, a deep link
occurs in none of the formulas for the coordinates and the Haar disintegration densities.
Changing η therefore changes neither AΩ, Bext, Fbare, nor any of their derivatives in
(c, z). There is no smallness or branch condition on η, and no derivative in η is taken.
In particular, an exceptional value of the Borel averaging map at the deep frozen group
variables cannot affect an internal formula or the matrices above.

Next we treat principal submatrices and Schur complements. Principal submatrices
keep the lower bound, the upper bound, and the range. For a decomposition K =(

KI I KIR
KRI KRR

)
of a matrix with λI ≤ K ≤ QI, the real Schur complement satisfies

λ∥y∥2 ≤ yT(KRR − KRIK−1
I I KIR)y = min

x
(x, y)TK(x, y) ≤ Q∥y∥2. (18.47)

The lower inequality uses λ(∥x∥2 + ∥y∥2) ≥ λ∥y∥2, and the upper one the choice x = 0.
This proves the lower bound for the Schur complement of every initial segment of the
scales. The factors Mi of the effective classical actions multiply whole quadratic forms
and lie between 1 and MJ .

We now prove locality without asserting a finite range for Schur complements. In
output units, the number of scalar labels in a ball of radius r is at most vM,J(r + 2)3 for
a fixed vM,J . Indeed, there are at most J scales and at most 9M3J scalar edge labels per
scale and per unit cube of the output lattice, with a fixed enlargement for the boundaries
of the cubes. For a principal matrix K of KΩ let a = 2QM,J and T = I − K/a. Its operator
norm is at most q = 1− λM,J/a < 1. The matrix Tk has range kDM,J in the maximum



18 Local coordinates and constrained minimizers on block regions § 18.7 268

distance, hence range at most 3kDM,J in the graph distance dist, its entries are bounded
by qk in absolute value, and its rows and columns are supported on at most CM,J(k + 1)3

labels. For b > 0 so small that qe3bDM,J < 1, the series

K−1 = a−1 ∑
k≥0

Tk, K−1/2 = a−1/2 ∑
k≥0

(
2k
k

)
4−kTk (18.48)

converge in the norm ∥ · ∥b of Lemma 18.3(3), uniformly, since their scalar majorants are
constant multiples of ∑k≥0(k + 1)3(qe3bDM,J )k; the second series is the binomial series of
(1− x)−1/2, whose coefficients are at most one. The norm ∥ · ∥b is submultiplicative by
the triangle inequality for the distance, so a Schur complement S satisfies

∥S∥b ≤ ∥K∥b + ∥K∥2
b∥K−1

I I ∥b, S ≥ λM,J I,

and these bounds can be repeated through the at most J eliminations of initial segments.
Finally we bound the inverse and the inverse square root of such an exponentially

localized matrix directly. Suppose S ≥ λI and ∥S∥b ≤ H. For a one-Lipschitz real
function f and W f = diag(eµ f ) with 0 < µ < b, we have

∥W f SW−1
f − S∥2 ≤

Hµ

b− µ
,

by |et − 1| ≤ |t|e|t|, the inequality re−(b−µ)r ≤ 1/(b− µ), the row and column bounds,
and the Cauchy–Schwarz inequality. We choose µ so that the right side is at most λ/2.
The Neumann series about S + tI then bounds the conjugated resolvent by 2/(λ + t) for
every t ≥ 0. Taking f = dist(·, y), we obtain

|(S + tI)−1
xy | ≤

2e−µ dist(x,y)

λ + t
.

The density of labels sums this bound in the weighted norm at rate µ/2. At t = 0 it
bounds S−1, and the formula

S−1/2 =
1
π

∫ ∞

0
t−1/2(S + tI)−1 dt

bounds S−1/2, since
∫ ∞

0 t−1/2(λ + t)−1 dt = π/
√

λ. The integral formula follows by
orthogonal diagonalization of the positive matrix and the substitution t = λx2 in the
scalar integral. This proves the assertions on Schur complements in (3), without a finite
range for them.

It remains to prove (4). We fix local constraint coordinates of Lemma 6.3 on strictly
smaller charts. Their finite-dimensional analytic bounds and (18.10) give a common
complex product max(∥c∥∞, ∥z∥∞, ∥ξ∥∞) < 2δ, for some δ > 0 depending only on M, J,
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and the radii of these charts. To check that δ does not depend on the region, we start at
scale s, reduce its target and free radii so that its image lies strictly inside the target chart
of the next scale, and repeat at most J times. Since the inverse at one scale depends on at
most 6M3 links, this finite sequence of choices does not depend on the number of blocks.
The completion outside Ω is by constants on the reconstruction.

On this product each fp depends on at most N∗ scalar labels, and each label occurs in
the dependency lists of at most Ninc plaquettes; both numbers depend only on the finite
stencils and on M and J. There are finitely many patterns of final blocks of Ω in one
stencil. Let C3 be the maximum, over these patterns and all scalar indices, of the absolute
values of the third derivatives of a single fp on the closed product of radius δ. It is finite,
since each local function is holomorphic on the larger product and the list of functions
and of their arguments is finite; this also describes exactly how C3 depends on the chart.
Integrating the third derivative from zero to x = (c, z, ξ) and summing over the second
free index, we obtain

∥∂2
z Fbare(x)− KΩ∥∞ ≤ Clip∥x∥∞, Clip = NincN2

∗C3.

The column bound is the same by symmetry, so this is also a bound on the operator
norm. The calculation differentiates the whole composition, including the term with the
gradient of the action at nonzero x. We take ϵM,J ≤ min(δ, λM,J/(2 max(1, Clip))). For
real data the Hessian is real symmetric, and (18.45) follows. All plaquette functions in
Fbare are independent of η before differentiation, so the uniformity in the deep frozen
group variables persists.

18.8 Decay of connected boundary perturbations

We finally consider expressions, built from the objects of Theorem 18.12, that contain
one perturbation located in the fixed complement or near the boundary: for example
the difference between the reconstructions on Ω and on the torus, or a bounded source
in the fixed complement. A contraction network is a finite contraction, or a convergent
sum of contractions, of the following tensors: the tensors of the chart and of the effective
classical action, with coefficient bounds with each index fixed; inverses of constrained
Hessians; at most J Schur complements; and the convergent Neumann and implicit-
function series of these operations. Its coefficients are summed with the convergent
coefficients of these operations, so a network may contain arbitrarily many inverse
or implicit vertices. One constant cannot, however, bound expressions of unbounded
algebraic complexity; multiplying an allowed expression by a large scalar already destroys
any common bound. We therefore consider families of networks with one common scalar
majorant. A perturbation factor has a stated bound on its amplitude. If it depends
analytically on current variables, these variables occur among its external indices and
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satisfy the coefficient bounds of the family; a fixed real source needs only its amplitude
bound. The perturbation factor must lie in the same connected component of the network
as the external index in the block region.

Lemma 18.15. Use the products of Theorem 18.12. Let H be the fixed complement, let HLJ be its
enlargement by the fixed width LJ , and for b > 0 put

SJ(b) = CvJ ∑
r≥0

(r + 1)3e−br < ∞.

1. On every periodic subset of labels we have supx ∑y e−b dist(x,y) ≤ SJ(b). For 0 < a < b and
every position u in Ω,

ea dist(u,W) ∑
h∈HLJ

e−b dist(u,h) ≤ eaCJ SJ(b− a).

2. Let N be a family of connected contraction networks, each with at least one external index
in Ω and with a perturbation factor at a position of HLJ in the same connected component.
The perturbation may be a bounded source sh at any position h of HLJ , with |sh| ≤ s∗.
Assume that for one fixed b0 > 0 the diagram sums of all members of N are bounded, on one
common coefficient product and including all mesh-volume factors, by one common scalar
majorant P with nonnegative coefficients after insertion of the weight eb0ℓ. Here ℓ is the
sum of the lengths of the constituent connecting networks and propagator paths, including
a route to the perturbation factor; the bound holds with every external index fixed in turn.
Thus the majorant is a spatially weighted majorant of the full resolved contractions, not just
an unweighted amplitude bound. It is required to converge on the common larger product,
together with the distinguished-input majorants, and every analytic substitution retains the
fixed absolute coefficient image margins of Lemma 18.3. Then there are cJ , CJ > 0, depending
only on uniform data, on b0, on P , and on s∗, such that every tensor Tl of order l ≥ 1 in N

with a specified external index i1 in Ω satisfies

sup
i1∈Ω

ecJ dist(i1,W) ∑
i2,...,il

ecJt(i1,...,il)|Tl(i1, . . . , il)| ≤ l!Cl+1
J .

A single fixed reduction of the spatial rate suffices, independently of the Taylor order and of
the number of contractions.

3. For a member of N with output index e and Taylor series Te(v) = ∑ν fe;νvν, and an input
index x, let

Cex = ∑
ν:νx>0

νx| fe;ν| rν−ex

be the entrywise absolute coefficient envelope of ∂xTe at the radii r of a strictly smaller
coefficient product. Let Ian be the union of the unfixed analytic input labels and the current
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frozen-coordinate labels on their construction chart, and let ve and vx be the mesh volumes of
the lattices on which e and x live. Then

sup
x∈Ian

∑
e∈Ω

ve

vx
ecJ [dist(e,W)+dist(e,x)] rx Cex ≤ CJ . (18.49)

In particular, if x and e lie in Ω, then Cex ≤ CJe−cJ [dist(e,W)+dist(e,x)], where the fixed
conversions of radii and mesh volumes are absorbed in CJ . For two Hessian indices e and f
in Ω,

|Te f | ≤ CJe−cJ [dist(e, f )+dist(e,W)+dist( f ,W)],

with factorial joint versions that include every differentiated background and free index in the
external network. These statements also apply to derivatives in the current frozen coordinates
on their construction chart, at the density of their labels.

Traces confined to H, which have no external index in Ω, remain sums over H; no bound on them
independent of the size of H is asserted. Differences of coordinates deep in H need only be bounded
on their construction domain; they need not be exponentially small. The constants do not depend
on the volume of H, on the area of W, on the shape or number of components of Ω, on the number
of preceding block integrations, or on the widths chosen later.

Proof. We begin with (1). The first bound is (18.4), with C = 8, possibly enlarged to
account for a fixed change between positions of links and of their endpoints. It holds on
every periodic subset, since restriction deletes terms from a sum of nonnegative terms. A
shortest path from a position u in Ω to a position in H crosses W. If h ∈ HLJ lies in Ω,
we add a path of length at most LJ to H and then its crossing of W. In both cases

dist(u, W) ≤ dist(u, h) + Cband,J , (18.50)

where the fixed buffer for link endpoints is included in Cband,J . Multiplying termwise by
ea dist(u,W) and using (18.4), we obtain

ea dist(u,W) ∑
h∈HLJ

e−b dist(u,h) ≤ eaCband,J ∑
h

e−(b−a)dist(u,h) ≤ eaCband,J SJ(b− a).

This proves (1), after enlarging CJ . The bound sums over all of H, with no separate
constant for each face of the boundary.

Next we record how a network acquires its distance to the boundary. For the coefficient
of each factor we choose a connected network spanning its external indices and Taylor
labels, with length as close as desired to its shortest connecting length, and for each
matrix propagator a shortest path between its endpoints. Joining these networks at the
contracted labels gives a connected network N of total length ℓ. If S is the set of its
external positions, then

t(S) ≤ ℓ, dist(i, W) ≤ ℓ+ Cband,J (i ∈ S ∩Ω). (18.51)
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For the second inequality, we follow a route in N from i to its perturbation vertex h ∈ HLJ

and use (18.50). The same route reaches a point of W, after a segment of length at most
Cband,J if necessary, so also tW(S) ≤ ℓ+ Cband,J . Adding these inequalities, we obtain for
all rates a, α ≥ 0 and every external index i in Ω

eat(S)+α dist(i,W) ≤ eαCband,J e(a+α)ℓ, eatW(S) ≤ eaCband,J eaℓ. (18.52)

This is how the two weights of Remark 18.2 are related: both are bounded by the weight
of the total length of the joined network, at a fixed rate. For two external indices e and f
in Ω we have the three inequalities

dist(e, f ) ≤ ℓ, dist(e, W) ≤ ℓ+ Cband,J , dist( f , W) ≤ ℓ+ Cband,J (18.53)

simultaneously; they do not require a separate perturbation for each index. Summing
them, we find, for every c ≥ 0,

ec[dist(e, f )+dist(e,W)+dist( f ,W)] ≤ e2cCband,J e3cℓ. (18.54)

We now divide the spatial rate. Use the rate b0 of the weighted majorant, decreased if
necessary to a common rate for the coefficients of the factors, including the smaller rate
of the inverse of the free Hessian. We take all contraction and implicit-series estimates
first at the rate b0/2, and we choose 0 < cJ ≤ b0/32. A factor eb0ℓ is available in the
absolute product bounds at the rate b0. We use at most eb0ℓ/4 of it for the desired external
network and the distances in (18.51) and (18.53). For example, the network length plus
one distance to the boundary is at most 2ℓ+ Cband,J , and the network length plus the
three distances in (18.53) is at most 4ℓ + 2Cband,J . The choice of cJ covers either sum
and leaves a positive fixed fraction of b0ℓ for the internal summations. The fixed added
lengths contribute at most the factor e2cJCband,J .

Next we give the summation. We orient a finite tree of contractions toward the
specified external index and sum the labels on the outermost branches first, using the
corresponding row bounds. On the unique branch containing a specified input index
we use the input-column bound instead. The network weights multiply by (18.3), and
Lemma 5.3 gives the product of the bounds for the factors, with the normalization of the
columns unchanged. A redundant edge or a matrix cycle with a fixed external index is
bounded by a further absolute row sum after cutting it at an attached vertex; alternatively,
its propagators can be expanded into their convergent chains. All internal sums then use
the same row and column bounds. In particular, a final sum over a bounded source sh,
h ∈ HLJ , uses

∑
h∈HLJ

|sh|e−u dist(i,h) ≤ ∥s∥∞SJ(u),

or the weighted version proved in (1), rather than the bound |H|∥s∥∞. Only one source
insertion is needed; further perturbation vertices already present in a coefficient do not
require independent sums of this kind.
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A fixed product has a finite scalar majorant obtained by multiplying the majorants
of its factors, keeping the attachment and external-normalization mesh-volume ratios of
Lemma 5.3. For a composition, finiteness follows from the stipulated common convergent
majorants and absolute image margins of Lemma 18.3; separate factor bounds or a
pointwise image inclusion would not suffice. Each inverse or resolvent series is an infinite
sum of chains with geometric ratio at most 1/4 on the larger product, as in (18.5). The
perturbation in an inverse difference stays in its single difference factor. A difference
of Schur complements is the finite telescoping sum of Lemma 18.3, and at most J such
operations have a fixed complexity. The common majorant P bounds the number of
summed chains and contractions. The division of the spatial rate is applied once to each
complete joined network, not anew at each vertex of an infinite expansion.

For an implicit series we make this precise. Let Y(t) be the solution with nonnegative
coefficients of (18.30). A derivative in a parameter that inserts the perturbation once gives
an equation whose majorant satisfies

Z ⪯ H(t, Y(t)) + A(t)Z, A(t) = 1
2 + ∂Y

CJ(t + Y)2

1− CJ(t + Y)

∣∣∣
Y=Y(t)

. (18.55)

Here ⪯ denotes domination of coefficients, and H(t, Y) is the series with the source
inserted (not to be confused with the fixed complement H); its constant and higher
coefficients have the bounds with a fixed index just proved. The implicit series is obtained
by repeated substitution, so all its coefficients are bounded by those of

∑
n≥0

A(t)nH(t, Y(t)) =
H(t, Y(t))
1− A(t)

.

We choose a radius t0 > 0 strictly inside the radius of the solution such that A(t0) ≤ 3/4;
this is possible since Y(0) = 0 and A(0) = 1/2. The series converges absolutely at t0, and
its value is at most 4H(t0, Y(t0)). This is a bound on the value of a series with nonnegative
coefficients; it is not the false coefficientwise inequality Zl ≤ 4Hl. A derivative in another
analytic input differentiates this convergent series on a strictly smaller radius, where the
additional geometric denominators are bounded; this gives the estimate with a specified
input index. All indices are allowed, since all factor tensors and all inserted inverses were
controlled with every index fixed.

For example, consider the interpolation from Step 3 of the proof of Theorem 18.12,
and let da = ΨR−ΨT on the common list of link variables. Its changed formulas in Ω are
confined to the band of width LJ , and its values in the fixed complement are bounded on
the construction domain. The difference of the two objectives is

∆F =
∫ 1

0
DEd0(ΨT + tda)[da] dt + 1

2∥zH∥2
2. (18.56)
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The segment of integration lies in the torus chart, by the choice of radii in that proof.
If a derivative in a current or free variable acts on da, the changed formula keeps its
perturbation. If it acts on the action or on another argument of the chart, the tensor of the
action connects that derivative to the remaining position of da. The auxiliary quadratic
form has only indices in the complement, and it reaches an index in Ω only through a
connected contraction. A derivative at a remote background position therefore cannot
disconnect the perturbation. Differentiating the stationarity equation in the interpolation
parameter, we obtain ż = −F−1

zz (∆F)z, which is an instance of (18.55). This verifies that
the implicit networks used here have a perturbation connected to every external index,
rather than an unrelated scalar factor.

To pass from convergence to the factorial bounds in (2), we fix a common radius t1

with 0 < t1 < t0 and let DJ bound the preceding majorants with a fixed index there, after
the division of the spatial rate. If al denotes their Taylor coefficients of order l, normalized
as in (18.2), nonnegativity implies altl

1 ≤ DJ . Hence the derivative tensors of order l are
bounded by l!DJt−l

1 . Taking CJ ≥ max(DJ , t−1
1 , 1) proves the bound in (2). Every degree

sum and every supremum over the fixed index in this argument has been taken at fixed
frozen coordinates, and the uniform bound permits the final supremum over their real
values.

For (3), we keep both the input index x and the output index e in the complete network
before summing the other leaves. The length then covers dist(e, W) and dist(e, x) at the
rate cJ . For each differentiated occurrence we have dist(e, W) + dist(e, x) ≤ 2ℓ+ Cband,J ,
by (18.51). Summing the differentiated majorant series on a smaller product over e, with
the input column of x and its volume normalization, we obtain (18.49). Each entry is
then at most (vx/ve)r−1

x CJe−cJ [dist(e,W)+dist(e,x)]; since at most J scales are involved and rx

is a fixed radius of the smaller product, this gives the entrywise bound after enlarging
CJ . This bound includes the multiplicity of the input in the differentiated series; it is not
only a bound on a first derivative at zero. For two Hessian indices we use (18.53). A
background or free coefficient of order k is bounded by

(k + 2)!
k!

Ck+3
J Rk = C3

J (k + 1)(k + 2)(CJ R)k,

whose sum over k is 2C3
J /(1− CJ R)3 for CJ R < 1. The external network at this order

includes both Hessian indices and all k further leaves. Reducing R by a fixed factor
gives the bound on Te f and its joint factorial versions. Derivatives in the current frozen
coordinates use the same tensors and the same counting, at the density of the labels on
the input lattice.

No step of the proof estimates a trace confined to the complement by fixing an
index in Ω, and no step requires decay of a coordinate difference at a position deep
in the complement. For example, a prescribed small link exp(ετa) in the complement
can differ from the corresponding link I of the torus completion by the logarithm ετa,
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whatever its distance from W; its effect at an index in Ω is bounded instead by (18.50)
and the convergent sum over sources. All choices used only fixed coefficient bounds, the
density of labels, and fixed rates, so no volume, area, number of components, number
of preceding block integrations, or later width enters cJ and CJ . The empty block region
and the convention for a block region without boundary give the remaining degenerate
cases.
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