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Abstract. Let p be a prime number and 1 → H → G
q−→ T → 1 be an exact sequence

of finite groups, whereH is a nontrivial p-group. Fix a continuous surjection π : GQ ↠ T
and finitely many H-conjugation-invariant local conditions D. Let NG,π,D(X) count
the continuous surjections ρ : GQ ↠ G satisfying q ◦ ρ = π and these local conditions,

with |∆Fρ | ≤ X, where Fρ = Qker ρ
.

If at least one such lift exists, we prove that, for every ε > 0,

Xp/(|G|(p−1)) ≪G,π,D NG,π,D(X) ≪G,π,D,ε Xp/(|G|(p−1))+ε

for all sufficiently large X. This establishes the power of X predicted by Alberts’s
conjecture for every finite p-group kernel, without any solvability assumption on T . If
every element of order p in H lies in Z(H), then every nonempty family satisfies the
asymptotic predicted by Alberts:

NG,π,D(X) ∼ CG,π,DXp/(|G|(p−1))(logX)bV −1,

with CG,π,D > 0. As an application, for odd p and m ≥ 2, we obtain discriminant
asymptotics for surjective lifts of a fixed residual Galois representation to GLd(Z/pmZ),
subject to finitely many local conditions, whenever such a lift exists.

1. Introduction

Malle’s conjectures concern the number of extensions of a number field with prescribed
Galois group and bounded discriminant [12, 13]. Let k be a number field and let
1 ̸= G ⊆ Sn be a transitive permutation group. Denote by Nk,G(X) the number
of k-isomorphism classes of degree-n extensions E/k such that Nk/Q(dE/k) ≤ X and
the Galois group of the Galois closure of E/k, acting on the k-embeddings of E, is
permutation isomorphic to G. Here dE/k is the relative discriminant ideal. For g ∈ G,
define ind(g) = n−#({1, . . . , n}/⟨g⟩), and put a(G) = min1̸=g∈G ind(g). Thus ind(g) is
n minus the number of orbits of g.

The weak form of Malle’s conjecture [12] predicts that, for every ε > 0,

X1/a(G) ≪k,G Nk,G(X) ≪k,G,ε X
1/a(G)+ε

for all sufficiently large X.
The strong form also specifies a logarithmic factor. Let Cmin(G) be the set of conjugacy

classes of elements of index a(G). SetM = |G|, write Gk = Gal(k/k), and let χM : Gk →
(Z/MZ)× be the mod-M cyclotomic character. The action σ · [g] = [gχM (σ)−1

] preserves
Cmin(G). Set b(k,G) = #(Gk\Cmin(G)). The original strong form [13, Conjecture 1.1]
predicts a constant ck,G > 0 such that

Nk,G(X) ∼ ck,GX
1/a(G)(logX)b(k,G)−1
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as X → ∞. Both invariants depend on the chosen permutation representation. Klüners
[10] showed that the predicted logarithmic exponent is incorrect in general. His example
is compatible with the weak form of the conjecture.

Throughout this paper, all homomorphisms between profinite groups are continuous,
and finite groups have the discrete topology. We consider finite groups in their regular

permutation representation. A surjection ρ : GQ ↠ G cuts out the field Fρ = Qker ρ
, which

is Galois over Q with Galois group isomorphic to G. Conversely, each G-Galois extension
gives |Aut(G)| such surjections. An element g ∈ G of order r has |G|/r orbits in the
regular action. Consequently, indreg(g) = |G|(1− ord(g)−1) and areg(G) = |G|(1− ℓ−1

G ),
where ℓG is the smallest prime divisor of |G|.

Let p be a prime number and fix a surjection ρ̄ : GQ ↠ GLd(Fp) and an integer m ≥ 2.
One can ask how many surjective lifts to GLd(Z/pmZ) have splitting field of discriminant
at most X. Deformation theory provides methods for constructing lifts with prescribed
properties. More generally, suppose that

1 −→ H −→ G
q−→ T −→ 1 (1.1)

is an exact sequence of finite groups in which H is a nontrivial p-group. Fix a surjection

π : GQ ↠ T , and put L = Qkerπ
. A surjection ρ : GQ ↠ G satisfying q ◦ ρ = π is

called a proper solution of the embedding problem determined by (1.1) and π. For
a proper solution ρ, the equality kerπ = ρ−1(H) gives ker ρ ⊆ kerπ. Hence L ⊆ Fρ,
Gal(Fρ/Q) ≃ G, and Gal(Fρ/L) ≃ H. In particular, [Fρ : Q] = |G| and [Fρ : L] = |H|.
We order proper solutions by the absolute discriminant |∆Fρ | of the full splitting field.
We find that

|∆Fρ | = |∆L||H|NL/Q(dFρ/L),

where dFρ/L is the relative discriminant ideal. Since L and |H| are fixed, this is equivalent
(up to a fixed scaling) to ordering by the norm of the relative discriminant.

We first recall Alberts’s conjecture [2, Conjecture 3.10]. Assume that a proper solution
ρ0 : GQ ↠ G exists. Let NG,π(X) denote the number of surjections ρ : GQ ↠ G satisfying
q ◦ ρ = π and |∆Fρ | ≤ X. For each nontrivial normal subgroup N ⊴ G contained in H,
set

a(N) = min
1̸=n∈N

indreg(n).

All indices here are computed in the regular permutation representation of G. Let Cmin(N)
be the set of N -conjugacy classes of elements attaining this minimum. A continuous
homomorphism φ : GQ → G defines an action on Cmin(N) by

σ ⋆ [n]N = [φ(σ)nχM (σ)−1
φ(σ)−1]N .

Denote the number of orbits by bφ(N).
Following [2, Definition 3.8], define

Bρ0 = max
1̸=N⊴G, N⊆H
a(N)=a(H)

max
φ:GQ→G

φ≡ρ0 (mod N)

bφ(N).

The homomorphisms in the inner maximum are continuous and need not be surjective.
The congruence means equality after composition with G→ G/N .

Alberts’s conjecture predicts a constant cG,π > 0 such that

NG,π(X) ∼ cG,πX
1/a(H)(logX)Bρ0−1 as X → ∞. (1.2)

Thus the predicted power ofX is determined by the minimum index among the nonidentity
elements of the kernel H. We now specialize Alberts’s predicted exponent to our p-
group kernel. In the regular representation, indreg(h) = |G|(1− ord(h)−1). Since every
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nonidentity element of H has p-power order and H contains an element of order p, the
minimum is

a(H) = |G|(1− p−1).

Thus the predicted power is Xα, where

α =
p

(|G|(p− 1))
.

The logarithmic invariant also simplifies in this setting. Let Cp(H) be the set of
H-conjugacy classes of elements of order p. The fixed quotient π defines an action on this

set by σ ⋆ [h]H = [gσh
χ̄p(σ)−1

g−1
σ ]H , where q(gσ) = π(σ) and χ̄p : GQ → F×

p is the mod-p
cyclotomic character. The action is independent of the chosen lift gσ, since conjugation
by H acts trivially on H-conjugacy classes. Put bπ = #(GQ\Cp(H)). Then

Bρ0 = bρ0(H) = bπ.

Alberts’s prediction specializes to

NG,π(X) ∼ cG,πX
p/(|G|(p−1))(logX)bπ−1.

Under the additional hypothesis that every element of order p in H is central in H, the
group V = {h ∈ H : hp = 1} is elementary abelian, and Cp(H) identifies with V \ {0}.
In this case, Bρ0 = bπ = bV , where

bV = #(GQ\(V (−1) \ {0}))

for the action σ ⋆ v = χ̄p(σ)
−1π(σ)(v).

Alberts [2, Theorem 1.4 and Corollary 1.5] used the Greenberg–Wiles formula to
prove the matching bounds NG,π(X) ≍ Xα(logX)bπ−1 for abelian H. Alberts and
O’Dorney [4, 5] subsequently obtained the full asymptotic. Alberts [1] studied upper
bounds obtained by successive abelian extensions. His results give the weak Malle upper
bound for nilpotent groups. Koymans and Pagano [11] prove the strong form of Malle’s
conjecture in the regular representation for nilpotent groups whose elements of order
ℓ are central, where ℓ is the smallest prime divisor of the group order. Alberts, Lemke
Oliver, Wang and Wood [3] give an inductive framework for summing fixed-quotient
counting formulas. Their applications are restricted to abelian normal subgroups and
normal subgroups isomorphic to products of S3. In a related counting problem, lower
bounds for unrestricted GL2(Fℓ)-extensions were obtained from elliptic curves in [18].

1.1. Main results. Fix a prime p and a finite group G with a nontrivial normal p-
subgroup H. Put T = G/H, and let q : G↠ T be the quotient map. Fix a continuous

surjection π : GQ ↠ T , and set L = Qkerπ
. Fix embeddings of decomposition groups

GQv ⊂ GQ, and let S be a finite set of places containing p, ∞, and every prime ramified
in L. For each v ∈ S, choose a subset Dv of the continuous homomorphisms ψ : GQv → G
satisfying q ◦ ψ = π|GQv

. Assume that Dv is stable under conjugation by H, and write
D = (Dv)v∈S . There are no local restrictions outside S.

Define

NG,π,D(X) = #

ρ ∈ Sur(GQ, G) :
q ◦ ρ = π,
ρ|GQv

∈ Dv for every v ∈ S,
|∆Fρ | ≤ X

 . (1.3)

Here Sur denotes continuous surjective homomorphisms. All the data G, H, π, S, and
D remain fixed as X → ∞.

Theorem 1.1. Put B = |H|[L:Q] − 1. There is a constant C > 0 such that

NG,π,D(X) ≤ CXα(log(X))B
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for every X ≥ 2. If a proper solution satisfying the local conditions exists, then there are
a constant c > 0 and an integer b ≥ 1 such that

NG,π,D(X) ≥ cXα(logX)b−1

for all sufficiently large X. In particular, every nonempty fiber satisfies

lim
X→∞

logNG,π,D(X)

logX
=

p

|G|(p− 1)
.

For the asymptotic, suppose that every element of order p in H belongs to Z(H).
Then

V = {h ∈ H : hp = 1}. (1.4)

Regard V as an Fp-vector space, and let V (−1) denote the Galois module with action

σ ⋆ v = χ̄p(σ)
−1π(σ)(v). (1.5)

Here π(σ)(v) denotes conjugation by any lift of π(σ) to G. This is independent of the
lift because H centralizes V . Recall that bV = #(GQ\(V (−1) \ {0})).

Theorem 1.2. Suppose that every element of order p in H is central in H. If the fiber
in (1.3) contains a proper solution, then

NG,π,D(X) ∼ CG,π,DX
p/(|G|(p−1))(logX)bV −1 (1.6)

for a finite positive constant CG,π,D.

For T = 1 and no local restrictions, our proof of Theorem 1.2 simplifies the proof
of the p-group case over Q of Koymans and Pagano’s theorem [11, Theorem 1.1]. Our
arguments do not rely on their coordinate parametrization. Instead it uses the abelian
counting theorem of Alberts and O’Dorney applied to a fibrewise argument.

The principal application concerns Gj = GLd(Z/pjZ) for j ≥ 1, with m ≥ 2 and a
fixed residual representation ρ̄ : GQ ↠ G1 = GLd(Fp). For odd p, every element of order
p in Hm = ker(Gm → G1) belongs to Vm = ker(Gm → Gm−1). This subgroup is central
in Hm and is isomorphic to Md(Fp).

Write Nρ̄,m,D(X) for the count in (1.3) with G = Gm, H = Hm, T = G1, and π = ρ̄,
where the quotient map Gm ↠ G1 is reduction modulo p. Thus it counts surjective lifts
of ρ̄ satisfying D whose splitting fields have absolute discriminant at most X.

Corollary 1.3. Let p be odd. If a surjective lift of ρ̄ to Gm satisfying the finite local
conditions exists, then

Nρ̄,m,D(X) ∼ Cρ̄,m,DX
αm(logX)bρ̄−1,

where αm = p/(|Gm|(p − 1)) and bρ̄ is the number of orbits on Md(Fp) \ {0} for the
action σ ⋆ A = χ̄p(σ)

−1ρ̄(σ)Aρ̄(σ)−1. In particular, bρ̄ is independent of m.

Let us make some remarks on the nonemptiness hypothesis and how it relates to well
established lifting theorems for Galois representations. Ramakrishna [16] developed a
method for constructing characteristic-zero lifts by allowing auxiliary ramification. In
dimension two, his large-image theorem [17, Theorem 1.1] shows that, for p ≥ 7, every
surjective GL2(Fp)-representation admits a lift with image containing SL2(Zp). A refined
argument yields a lift surjective onto GL2(Zp); see Proposition 8.3. Reduction modulo
pm therefore removes the nonemptiness hypothesis from Corollary 1.3.

Related constructions were developed by Khare, Larsen and Ramakrishna [9], who
construct p-adic lifts with prescribed Frobenius properties. Fakhruddin, Khare and
Patrikis [8] subsequently established lifting theorems for irreducible odd representations
valued in general reductive groups over totally real fields, assuming sufficiently large
residual characteristic and suitable local lifts. Whenever a lifting theorem supplies a
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surjective lift realizing the prescribed local conditions, its reductions provide the proper
solutions required by Corollary 1.3.

Declarations.

Conflict of interest: Not applicable; there is no conflict of interest to report.
Availability of data and materials: No data was generated or analyzed in obtaining

the results in this article.
Funding: No funding was received during the preparation of this article.
Use of artificial intelligence: The author used ChatGPT 6 Astra as an exploratory

tool to study related papers and to assist in correcting mistakes in the article.
It was not used to generate the mathematical ideas or the main results of the
article.

2. Preliminary facts

In this short preliminary section we identify Alberts’s logarithmic invariant, bound
the number of surjections defining a fixed field, and recall the tame discriminant formula.
Recall that α = p/(|G|(p − 1)), and write a = α−1. Let Bρ0 , bρ0(H) and bπ be the
invariants defined in the introduction.

Lemma 2.1. If a proper solution ρ0 exists, then Bρ0 = bρ0(H) = bπ.

Proof. Every nontrivial subgroup N ⊴ G contained in H contains an element of order p,
and all its elements have p-power order. Thus a(N) = a(H). If φ ≡ ρ0 (mod N), their
conjugation actions on N -conjugacy classes agree. Their twisted actions also agree, so
bφ(N) = bρ0(N).

Put K = ker χ̄p. Since ρ0 is surjective, ρ0(K) is normal in G and G/ρ0(K) is a
quotient of GQ/K. Its order therefore divides p− 1. The image of the p-group H in this
quotient is trivial, so H ⊆ ρ0(K).

Let ΩN be the set of elements of order p in N . The action

σ ⋆ x = ρ0(σ)x
χ̄p(σ)−1

ρ0(σ)
−1

on ΩH preserves ΩN . For every h ∈ H, choose σ ∈ K with ρ0(σ) = h. The action of
this σ is conjugation by h. In particular, each N -conjugacy class in ΩN lies in a single
GQ-orbit. Consequently, passing to N -conjugacy classes induces a bijection on GQ-orbit
sets, and bρ0(N) = #(GQ\ΩN ).

Since ΩN is an invariant subset of ΩH , bρ0(N) ≤ bρ0(H). The subgroup N = H attains
equality. The two maxima defining Bρ0 therefore give bρ0(H). On H-conjugacy classes,
the action through ρ0 agrees with the action through π defined in the introduction. Thus
bρ0(H) = bπ. □

Lemma 2.2. A field F/Q occurs as Fρ for at most |Aut(G)| of the surjections in (1.3).

Proof. Every surjection with kernel field F induces an isomorphism Gal(F/Q) ≃ G. Fix
one such isomorphism ι. Every other one is uniquely γ ◦ ι with γ ∈ Aut(G). □

Lemma 2.3. Let F/Q be Galois of degree g. At a tamely ramified rational prime ℓ with
inertia order e,

vℓ(∆F ) = g(1− e−1). (2.1)

For a proper solution of (1.1), inertia at a ramified prime ℓ /∈ S is tame and cyclic of
order pr, with r ≥ 1. In particular, vℓ(∆Fρ) ≥ a.

Proof. The first assertion follows from [7, Corollary 4.16], since F/Q is Galois.
Now suppose that ℓ /∈ S ramifies in Fρ. Since L/Q is unramified at ℓ, we have π(Iℓ) = 1.

The equality q ◦ ρ = π gives ρ(Iℓ) ⊆ H.
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The image of wild inertia has ℓ-power order and is contained in the p-group H. Since
ℓ ≠ p, this image is trivial. Thus ρ(Iℓ) is a finite cyclic quotient of tame inertia. It is
nontrivial because ℓ ramifies, so its order is pr for some r ≥ 1. Applying (2.1) gives

vℓ(∆Fρ) = |G|(1− p−r) ≥ |G|(1− p−1) = a.

□

3. A fixed-field upper bound

In this section, we bound the number of proper solutions with prescribed ramification
support. This gives the upper bound in Theorem 1.1.

Let K be a number field and let Σ be a finite set of its finite places containing the
places above p. Let KΣ be the maximal extension of K unramified outside Σ and the
infinite places. Set GK,Σ = Gal(KΣ/K). Let PK,Σ be its maximal pro-p quotient, and
put XK,Σ = Hom(GK,Σ,Fp) = Hom(PK,Σ,Fp). Here Fp is additive, with trivial action.
Ramification at real places is allowed.

For a positive squarefree integer R, let ΣR be obtained from Σ by adjoining the places
above the prime divisors of R. Write ω(R) for the number of these prime divisors, and
d(P ) for the minimum number of topological generators of a pro-p group P .

Lemma 3.1. Let P be a pro-p group. If r = dimFp Hom(P,Fp) <∞, then P is finitely
generated and d(P ) = r.

Proof. For the trivial P -module Fp, we have H1(P,Fp) = Hom(P,Fp). The assertion
follows from [15, Proposition 3.9.1]. □

Lemma 3.2. The group PK,Σ is finitely generated. If cK,Σ = d(PK,Σ), then

d(PK,ΣR
) ≤ cK,Σ + [K : Q]ω(R). (3.1)

Proof. By [15, Theorem 8.3.20(i)], with the infinite places included, the spaces XK,Σ and
XK,ΣR

are finite. Lemma 3.1 therefore shows that the corresponding pro-p groups are
finitely generated and that their generator ranks equal the dimensions of these spaces.

Inflation identifies XK,Σ with a subspace of XK,ΣR
. Restriction to inertia induces an

injection

XK,ΣR
/XK,Σ ↪→

⊕
l∈ΣR\Σ

Hom(Il,Fp).

Indeed, a character trivial on inertia at every new place is unramified outside Σ and the
infinite places, and hence factors through GK,Σ.

Every new place has residue characteristic different from p. Its wild inertia has trivial
image in Fp, and the maximal pro-p quotient of tame inertia is procyclic. Thus each
summand has dimension at most one. There are at most [K : Q]ω(R) new places, so

d(PK,ΣR
) = dimFp XK,ΣR

≤ dimFp XK,Σ +#(ΣR \ Σ)
≤ cK,Σ + [K : Q]ω(R).

This proves (3.1). □

Lemma 3.3. Put A = |H|[L:Q]. The number of proper solutions unramified outside
S ∪ supp(R) is at most

CAω(R), (3.2)

where C depends only on the fixed data. If V ⊆ H is normal in G, the same assertion
holds for G/V , with AV = |H/V |[L:Q] ≤ A in place of A.
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Proof. Let Σ consist of the finite places of L above S. For every solution under consider-
ation, Fρ/L is an H-extension unramified outside ΣR and the infinite places. Hence it is
the kernel field of a surjection PL,ΣR

↠ H.
A continuous homomorphism from a group with d topological generators to H is

determined by the d generator images. Indeed, two such homomorphisms agreeing on
the generators agree on a dense subgroup and therefore everywhere. Thus there are at
most |H|d homomorphisms. Distinct kernel fields give distinct kernels, so Lemma 3.2
bounds the number of possible fields by

|H|cL,Σ+[L:Q]ω(R) = |H|cL,ΣAω(R).

This counts all H-extensions of L with the stated ramification. Requiring Galoisness
over Q only decreases their number. Lemma 2.2 bounds the number of surjections for
each remaining field by |Aut(G)|, proving (3.2).

For G/V , the kernel over L is H/V . The same proof applies with H/V in place of H.
If H/V = 1, the only quotient field is L, so the assertion also holds in this case. □

Proposition 3.4. The upper bound in Theorem 1.1 holds without a nonemptiness
hypothesis.

Proof. For a proper solution put Q(ρ) =
∏
ℓ/∈S, ℓ ramified in Fρ

ℓ. Lemma 2.3 gives Q(ρ)a ≤
|∆Fρ |. Thus |∆Fρ | ≤ X implies Q(ρ) ≤ Y = X1/a. Partitioning by Q(ρ) and applying
Lemma 3.3 gives

NG,π,D(X) ≤ C
∑
n≤Y

µ2(n)Aω(n), (3.3)

where µ is the Möbius function.
For the positive integer A, let τA(n) count ordered A-tuples of positive integers whose

product is n. When n is squarefree, each prime factor is assigned to one of the A entries,
so τA(n) = Aω(n). For all n, it follows that µ2(n)Aω(n) ≤ τA(n).

We prove by induction on A that

DA(Y ) :=
∑
n≤Y

τA(n) ≪A Y (log(2Y ))A−1 (3.4)

where Y ≥ 1. For A = 1, this is ⌊Y ⌋ ≤ Y . If A ≥ 2, the convolution identity τA = 1∗τA−1

and the inductive bound give

DA(Y ) =
∑
m≤Y

DA−1(Y/m)

≪A Y
∑
m≤Y

(log(2Y/m))A−2

m

≪A Y (log(2Y ))A−2
∑
m≤Y

1

m

≪A Y (log(2Y ))A−1.

Here
∑

m≤Y m
−1 ≤ 1 + log Y ≪ log(2Y ). This proves (3.4).

Combining (3.3) and (3.4), and using 1/a = α and log(2X1/a) ≪a log(X), yields

NG,π,D(X) ≪ Xα(log(X))A−1.

Since A− 1 = B, this is the asserted upper bound. □
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4. Abelian fibers and the lower bound

In this section, we parametrize lifts with an elementary abelian kernel in terms of
Galois cocycles and apply the counting results of Alberts and O’Dorney. Choosing such
a kernel inside Z(H) then gives the lower bound in Theorem 1.1. Let V be any nonzero
G-normal elementary abelian subgroup of Z(H). Conjugation on V factors through T ,
so π makes V a Galois module. We set

b(V ) = #(GQ\(V (−1) \ {0})).
This equals bV when V is the subgroup in (1.4).

Let qV : G/V ↠ T be the map induced by q. Fix a surjection ψ : GQ ↠ G/V
satisfying qV ◦ ψ = π. Define Nψ(X) to be the number of surjections ρ counted by (1.3)
whose composition with the quotient map G→ G/V equals ψ.

Lemma 4.1. Let ρ0 : GQ → G lift ψ. The assignment

f 7−→ ρf defined by ρf (σ) = f(σ)ρ0(σ), (4.1)

is a bijection from Z1(Q, V ) to the lifts of ψ. It induces a bijection from H1(Q, V ) to
their V -conjugacy classes. Every class contains

|B1(Q, V )| = |V |
|V GQ |

(4.2)

actual homomorphisms. These assertions also hold locally upon replacing GQ by any
decomposition group.

Proof. The proof is straightforward and thus is omitted. □

Proposition 4.2. If ψ has a surjective lift satisfying the local conditions, then there is a
constant cψ > 0 such that

Nψ(X) ∼ cψX
α(logX)b(V )−1. (4.3)

Otherwise Nψ(X) = 0 for every X.

Proof. Choose a surjective lift ρ0 satisfying the local conditions. We apply the Alberts–
O’Dorney theorem [6, Theorem 1.1 and Corollary 1.2]. We check the local conditions,
the ordering, and surjectivity.

For v ∈ S, let Lv be the subset of H1(Qv, V ) consisting of the classes whose twists
of ρ0|GQv

belong to Dv. This is well defined since changing a cocycle by a coboundary

conjugates its twist by an element of V ⊂ H. For v /∈ S, take Lv = H1(Qv, V ). Let
H1

L(Q, V ) denote the global classes satisfying these restrictions.
Set g = |G|, and let Af be the degree-g étale algebra associated to ρf in the regular

permutation representation. Define D([f ]) = | disc(Af )|. Conjugation does not change
Af , so this depends only on [f ]. To describe it explicitly, set Uf = ρf (GQ) and

Kf = Qker ρf . The action of Uf on G is free, with g/|Uf | orbits. We find that

Af ≃
g/|Uf |∏
j=1

Kf ,

and consequently,

D([f ]) = |∆Kf
|g/|Uf |.

Enlarge S to a finite set S0 containing the primes ramified in ρ0. For ℓ /∈ S0, both ρ0
and V are unramified, and ℓ ≠ p. Hence ρf (Iℓ) = f(Iℓ) ⊂ V . Wild inertia has trivial
image in V . Its nontrivial tame image is cyclic of order p. Such an inertia generator
acts on G as g/p cycles of length p. The tame discriminant formula gives vℓ(D([f ])) = a
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for a ramified class and 0 for an unramified class. Thus the minimum exponent in the
counting theorem is a = α−1.

We also compute its logarithmic exponent. Inflation–restriction at ℓ /∈ S0 gives

0 −→ H1
ur(Qℓ, V ) −→ H1(Qℓ, V ) −→ V (−1)Frobℓ −→ 0.

Indeed, inertia acts trivially on V , its maximal pro-p tame quotient is Zp(1), and the
unramified quotient has p-cohomological dimension one. The inertia value w satisfies
Frobℓ(w) = ℓw, which gives the indicated inverse cyclotomic twist.

Every inertia value has |H1
ur(Qℓ, V )| preimages. This kernel is V/(Frobℓ−1)V , whose

order is |V Frobℓ | = |H0(Qℓ, V )|. The normalized local factor is consequently

1

|H0(Qℓ, V )|
∑

[fℓ]∈H1(Qℓ,V )

ℓ−svℓ(Dℓ([fℓ])) = 1 +
(
|V (−1)Frobℓ | − 1

)
ℓ−as.

Here Dℓ is the local discriminant formed by twisting ρ0|GQℓ
.

The action on V (−1) factors through Γ = Gal(L(µp)/Q). Thus these factors are
Frobenian. The logarithmic parameter of the counting theorem is the Chebotarev
average of their coefficients at ℓ−as. Burnside’s lemma identifies it with

1

|Γ|
∑
γ∈Γ

(
|V (−1)γ | − 1

)
= b(V ).

Theorem 1.1 of [6] now gives a constant Cψ > 0 such that

#{[f ] ∈ H1
L(Q, V ) : D([f ]) ≤ X} ∼ CψX

α(logX)b(V )−1.

Since the chosen ρ0 is surjective, [6, Corollary 1.2(i)(a)] states that the proportion of
these classes whose twists are surjective converges to a positive number ϑψ.

Surjectivity and the local conditions are invariant under V -conjugation. Apply
Lemma 4.1 to convert the count of surjective cohomology classes to actual homomor-
phisms. This gives (4.3) with cψ = |V |ϑψCψ/|V GQ | > 0. If there is no surjective lift
compatible with local conditions, the defining set for Nψ(X) is empty. □

Lemma 4.3. There is a nonzero G-normal elementary abelian subgroup of Z(H).

Proof. The proof of this lemma is straightforward and thus is left to the reader. □

Proof of the lower bound in Theorem 1.1. Choose a compatible proper solution ρ0, and
choose V as in Lemma 4.3. Put ψ = ρ0 mod V . Every proper lift of ψ has quotient π,
so Proposition 4.2 gives

NG,π,D(X) ≥ Nψ(X) ∼ cψX
α(logX)b(V )−1.

The set V (−1) \ {0} is nonempty, so b(V ) ≥ 1. Take b = b(V ) and c = cψ/2 for all
sufficiently large X.

Together with Proposition 3.4, the lower bound gives logNG,π,D(X) = α logX +
O(log log(X)). Divide by logX to obtain the stated limit. □

5. A uniform estimate for abelian fibers

In this section, we prove an upper bound for Nψ(X) whose constant is independent
of ψ. Assume the hypothesis of Theorem 1.2, and use V from (1.4). In particular, V
is normal in G, is elementary abelian, and is centralized by H. Its GQ-action therefore
depends only on π. Set

a′ = |G|(1− p−2) and
a′

a
= 1 +

1

p
. (5.1)
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All constants in this section may depend on the fixed data and on S, but not on the
quotient representation ψ. We let GQ,S be the Galois group of the maximal extension of
Q unramified at all finite primes outside S.

Lemma 5.1. The group Z1(GQ,S , V ) is finite.

Proof. Since S is finite, p ∈ S, and V is a finite p-primary GQ,S-module, [15, Theo-
rem 8.3.20(i)] shows that H1(GQ,S , V ) is finite.

The coboundary groupB1(GQ,S , V ) is an image of V , so it is finite. SinceH1(GQ,S , V ) =
Z1(GQ,S , V )/B1(GQ,S , V ), the cocycle group is also finite. □

For each finite ℓ /∈ S, choose an arithmetic Frobenius ϕℓ in the fixed decomposition
group. Also choose τℓ ∈ Iℓ whose image generates the Zp-quotient of tame inertia. Since
ℓ ̸= p, every continuous homomorphism Iℓ → H kills wild inertia and factors through
this procyclic quotient. It is therefore determined by the image of τℓ.

In the tame quotient of the decomposition group, conjugation by ϕℓ sends an inertia
element to its ℓth power. We use this relation only after applying a representation that
kills wild inertia. The inertia action on V is trivial. Define

Wℓ = {v ∈ V : ϕℓ(v) = ℓv}, nℓ = |Wℓ| − 1. (5.2)

Since χ̄p(ϕℓ) = ℓ mod p, the number nℓ is the number of fixed points of ϕℓ on V (−1)\{0}.

Lemma 5.2. For every Y ≥ 1,∑
Q≤Y

Q squarefree
(Q,S)=1

∏
ℓ|Q

nℓ ≪ Y (log(2Y ))bV −1. (5.3)

Here (Q,S) = 1 means that no finite prime in S divides Q. The summand for Q = 1 is
one.

Proof. Put E = L(µp) and Γ = Gal(E/Q). The action on V (−1) factors through Γ, and
every prime ramified in E belongs to S. Decompose the finite Γ-set as

V (−1) \ {0} =

bV∐
j=1

Γ/Jj ,

and put Ej = EJj . These fields remain fixed throughout the argument.
Let aK(n) be the number of nonzero integral ideals of a number field K with absolute

norm n. For ℓ /∈ S, the cycles of ϕℓ on Γ/Jj correspond to the primes of Ej above ℓ.
Their lengths are the residue degrees. Thus a fixed point corresponds to a prime ideal of
norm ℓ, and

nℓ =

bV∑
j=1

aEj (ℓ). (5.4)

For fixedK, put AK(Y ) =
∑

n≤Y aK(n). The ideal-counting estimate is AK(Y ) ≪K Y ;

see [14]. Partial summation gives∑
n≤Y

aK(n)

n
=
AK(Y )

Y
+

∫ Y

1

AK(t)

t2
dt≪K log(2Y ). (5.5)

For 1 ≤ r ≤ bV , let cr = aE1 ∗ · · · ∗ aEr , where ∗ denotes Dirichlet convolution. We
claim that ∑

n≤Y
cr(n) ≪ Y (log(2Y ))r−1. (5.6)
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For r = 1 this is the ideal-counting estimate. Suppose r ≥ 2 and that the assertion holds
for r − 1. Then ∑

n≤Y
cr(n) =

∑
m≤Y

aEr(m)
∑

n≤Y/m

cr−1(n)

≪ Y
∑
m≤Y

aEr(m)

m
(log(2Y/m))r−2

≤ Y (log(2Y ))r−2
∑
m≤Y

aEr(m)

m

≪ Y (log(2Y ))r−1.

The last estimate is (5.5). This proves (5.6) by induction.
The functions aEj are nonnegative and multiplicative. Their convolution is therefore

nonnegative and multiplicative. By (5.4), cbV (ℓ) = nℓ for ℓ /∈ S. Hence cbV (Q) =
∏
ℓ|Q nℓ

for every squarefree Q prime to S. The sum in (5.3) is at most
∑

n≤Y cbV (n), and (5.6)
proves the lemma. □

For a surjection ψ : GQ ↠ G/V above π, write

R(ψ) =
∏
ℓ/∈S

ψ(Iℓ)̸=1

ℓ. (5.7)

This is squarefree and finite. As in Section 4, Nψ(X) counts the proper lifts of ψ satisfying
the prescribed local conditions and the discriminant bound.

Proposition 5.3. There is a constant C such that, for every ψ and every X ≥ 2,

Nψ(X) ≤ C|V |ω(R(ψ))R(ψ)−a
′/aX1/a(log(X))bV −1. (5.8)

The constant is independent of ψ and of its restrictions at the places in S.

Proof. Write R = R(ψ). For a lift ρ counted by Nψ(X), put

Q(ρ) =
∏

ℓ/∈S,ℓ∤R
ρ(Iℓ)̸=1

ℓ.

Then Q(ρ) is squarefree and prime to R. By Lemma 2.3, each inertia image outside S is
a cyclic p-subgroup of H generated by ρ(τℓ).

If ℓ | R, the image of ρ(τℓ) in G/V is nontrivial. Thus ρ(τℓ) /∈ V . Every element of
order p in H belongs to V , so ord(ρ(τℓ)) ≥ p2. The tame discriminant formula gives
vℓ(∆Fρ) ≥ |G|(1− p−2) = a′.

If ℓ | Q(ρ), the inertia image is a nontrivial cyclic subgroup of V . It has order p, so
vℓ(∆Fρ) = a. Consequently,

|∆Fρ | ≥ Ra
′
Q(ρ)a. (5.9)

If Ra
′
> X, no lift is counted. Otherwise, set

Y = (X/Ra
′
)1/a ≥ 1. (5.10)

Every counted lift satisfies Q(ρ) ≤ Y .
Fix a possible value Q of Q(ρ). We first count the tuples (ρ(τℓ))ℓ/∈S . For ℓ | R, the

element ψ(τℓ) is fixed. Its inverse image under G→ G/V has |V | elements, so there are
at most |V | choices for ρ(τℓ).
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For ℓ ∤ R outside S, put vℓ = ρ(τℓ) ∈ V , using additive notation. The representation ρ
kills wild inertia at ℓ. Applying it to the relation in the tame quotient gives

ρ(ϕℓ)ρ(τℓ)ρ(ϕℓ)
−1 = ρ(τℓ)

ℓ.

Conjugation on V factors through π, so this identity says ϕℓ(vℓ) = ℓvℓ. Thus vℓ ∈Wℓ. It
has at most nℓ choices if ℓ | Q, and is zero if ℓ ∤ QR. The number of possible tuples is
therefore at most

|V |ω(R)
∏
ℓ|Q

nℓ. (5.11)

Fix one tuple and one lift ρ1 having that tuple, if a lift exists. By Lemma 4.1, every
other lift ρ2 of ψ determines a unique f ∈ Z1(Q, V ) satisfying ρ2(σ) = f(σ)ρ1(σ) for all
σ ∈ GQ. The module action here is the fixed action through π; it does not depend on ψ
or ρ1.

Equal tuples give f(τℓ) = 0 for every ℓ /∈ S. Since inertia acts trivially on V , the
restriction of f to Iℓ is a homomorphism. It kills wild inertia, whose finite quotients have
ℓ-power order, and factors through the Zp-quotient of tame inertia. Since τℓ generates
that quotient, f |Iℓ = 0.

Let KS be the kernel of GQ → GQ,S . The action on V factors through GQ,S . If i ∈ Iℓ
and σ ∈ GQ, the cocycle identity therefore gives

f(σiσ−1) = f(σ) + σf(i) + σif(σ−1) = σf(i) = 0.

Here the first and last terms cancel because i acts trivially on V . The restriction f |KS
is

a homomorphism. The group KS is the closed normal subgroup generated by the inertia
groups outside S, so continuity implies f |KS

= 0. Thus f descends to Z1(GQ,S , V ).
It follows that each tuple occurs for at most CS := |Z1(GQ,S , V )| global lifts. This

is finite by Lemma 5.1. The estimate counts all lifts of ψ having the tuple, so it also
applies after imposing surjectivity, the local conditions, and the discriminant bound.

By (5.11),

Nψ(X) ≤ CS |V |ω(R)
∑
Q≤Y

Q squarefree
(Q,RS)=1

∏
ℓ|Q

nℓ. (5.12)

Dropping the coprimality condition with R and applying Lemma 5.2 gives

Nψ(X) ≪ |V |ω(R)R−a′/aX1/a(log(2Y ))bV −1.

Since 1 ≤ Y ≤ X1/a, we have log(2Y ) ≤ max{1, a−1} log(X). Finally, bV ≥ 1 because
V ̸= 0. This proves (5.8). □

6. Summing the fibers

In this section, we use the uniform estimate from Section 5 to prove Theorem 1.2.

Proof of Theorem 1.2. The subgroup V in (1.4) satisfies the hypotheses of Proposition 5.3.
Indeed, its elements are central in H, so (vw)p = vpwp = 1 for v, w ∈ V . It is therefore
an abelian subgroup of exponent p. Cauchy’s theorem shows that it is nontrivial. Every
automorphism of H preserves V , and H is normal in G, so V is normal in G. It contains
every element of order p in H.

Let P be the set of surjections ψ : GQ ↠ G/V whose further quotient is π. For each
squarefree positive integer R, Lemma 3.3, applied with kernel H/V , gives

#{ψ ∈ P : R(ψ) = R} ≤ C0A
ω(R)
0 , (6.1)

where C0 and A0 ≥ 1 are independent of R. If H = V , then P = {π} and we take
A0 = 1. Every ψ is ramified at only finitely many primes, so R(ψ) is finite. There are
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finitely many integers R ≤ Z, and (6.1) bounds each corresponding set. Consequently
P is countable and {ψ ∈ P : R(ψ) ≤ Z} is finite for every Z.

Every representation counted by (1.3) has a unique quotient modulo V . Hence

NG,π,D(X) =
∑
ψ∈P

Nψ(X). (6.2)

For each fixed X, this sum has only finitely many nonzero terms, since the left side
counts finitely many representations. Proposition 4.2 gives

lim
X→∞

Nψ(X)

X1/a(logX)bV −1
= cψ. (6.3)

Here cψ = 0 for an empty fiber, and cψ > 0 whenever the fiber has a proper solution
satisfying the local conditions. The action on V factors through π, so the integer bV is
the same in every fiber.

For X ≥ e, write Fψ(X) = Nψ(X)/(X1/a(logX)bV −1). Proposition 5.3 and a′/a =
1 + 1/p give

0 ≤ Fψ(X) ≤ C1
|V |ω(R(ψ))

R(ψ)1+1/p
=:Mψ. (6.4)

The constant is independent of X and ψ: the only additional factor after normalization
is (log(X)/ logX)bV −1, which is bounded for X ≥ e.

Grouping by R(ψ) and using (6.1), we obtain∑
ψ∈P

Mψ ≤ C2

∑
R squarefree

(A0|V |)ω(R)

R1+1/p
= C2

∏
ℓ

(
1 +

A0|V |
ℓ1+1/p

)
<∞. (6.5)

To justify the last two assertions, expand the product over a finite set of primes. Its
terms are exactly those squarefree integers supported on that set. Increasing these
finite sets gives the displayed equality by monotone convergence. The logarithm of each
finite product is at most A0|V |

∑
ℓ ℓ

−1−1/p, which is finite because it is bounded by

A0|V |
∑

n≥2 n
−1−1/p.

Taking limits in (6.4) gives 0 ≤ cψ ≤Mψ. Thus the sum CG,π,D :=
∑

ψ∈P cψ converges.

We verify the passage to the limit in (6.2). Given ε > 0, choose Z with
∑

R(ψ)>ZMψ < ε.

For the finite set of ψ satisfying R(ψ) ≤ Z, (6.3) implies

lim
X→∞

∑
R(ψ)≤Z

(
Fψ(X)− cψ

)
= 0.

For every X ≥ e, the two tails are bounded by
∑

R(ψ)>Z Fψ(X) < ε and
∑

R(ψ)>Z cψ < ε.

Therefore ∣∣∣∣∣∣
∑
ψ∈P

Fψ(X)− CG,π,D

∣∣∣∣∣∣ ≤
∣∣∣∣∣∣

∑
R(ψ)≤Z

(
Fψ(X)− cψ

)∣∣∣∣∣∣+ 2ε.

First let X → ∞, and then let ε→ 0. Together with (6.2), this proves

lim
X→∞

NG,π,D(X)

X1/a(logX)bV −1
= CG,π,D.

Finally, the proper solution assumed in the theorem has a quotient ψ0 ∈ P with a
nonempty proper-lift fiber satisfying the local conditions. Proposition 4.2 gives cψ0 > 0.
Hence CG,π,D ≥ cψ0 > 0, which proves (1.6).

Lemma 2.1 gives bV = bπ = Bρ0 for every proper solution ρ0. Thus the logarithmic
exponent agrees with (1.2). □
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7. General linear congruence groups

In this section, we give an application to the asymptotic counting of lifts of Galois
representations. We retain the notation of Corollary 1.3. For 1 ≤ r ≤ m, put Kr =
ker(Gm → Gr), and set Kr = 1 for r ≥ m. Thus K1 = Hm and Km = 1.

Lemma 7.1. For 1 ≤ r < m, the map

Kr/Kr+1 −→Md(Fp),
(Id + prA)Kr+1 7−→ A mod p

(7.1)

is an isomorphism of groups, where the target is additive. Conjugation on this quotient
factors through G1 and is given by A 7→ ḡAḡ−1 for g ∈ Gm. Moreover, for r, s ≥ 1 one
has

[Kr,Ks] ⊆ Kr+s. (7.2)

In particular, Hm is a nontrivial p-group of order pd
2(m−1), and Vm = Km−1 is elementary

abelian and central in Hm.

Proof. The proof is an exercise which is left to the reader. □

Lemma 7.2. Suppose that p is odd. If g ∈ Hm is nontrivial and g = Id + prA with
1 ≤ r < m and A ̸≡ 0 (mod p), then ord(g) = pm−r. Consequently, {h ∈ Hm : hp =
1} = Vm.

Proof. Choose a lift Ã ∈Md(Zp), and put g̃ = Id + prÃ. The binomial formula applies
because every term is a power of the same matrix. It gives

g̃p = Id + pr+1Ã+

p−1∑
j=2

(
p

j

)
prjÃj + prpÃp.

For 2 ≤ j ≤ p− 1, the corresponding term is divisible entrywise by p1+rj , hence by pr+2.
The last term is also divisible by pr+2, since rp ≥ r + 2 for odd p and r ≥ 1. Therefore

g̃p = Id + pr+1A1. (7.3)

Here A1 ≡ Ã (mod p), so A1 has an entry prime to p.
The same calculation can now be applied to Id + pr+1A1. Induction gives matrices

At ∈Md(Zp) such that g̃p
t
= Id+ pr+tAt and At ≡ Ã (mod p) for every t ≥ 0. Thus the

least valuation of an entry of g̃p
t − Id is exactly r + t.

Reduction modulo pm gives gp
m−r

= Id and g
pm−r−1

≠ Id. The order of g divides pm−r

and does not divide pm−r−1, so it is pm−r. Every nonidentity element of Hm admits such
an expression by choosing r to be the least valuation of an entry of g − Id. It has order
p precisely when r = m− 1. Adjoining the identity proves the final assertion. □

Proof of Corollary 1.3. Apply Theorem 1.2 to the reduction map Gm → G1 and the
fixed quotient ρ̄. Lemma 7.1 shows that its kernel Hm is a nontrivial p-group. By
Lemma 7.2, its elements of order dividing p form Vm. This subgroup centralizes Hm by
Lemma 7.1. The assumed proper solution satisfies the prescribed local conditions, so the
nonemptiness hypothesis of Theorem 1.2 holds.

Under the identification in (7.1), conjugation on Vm is the action A 7→ ρ̄(σ)Aρ̄(σ)−1.
After the inverse cyclotomic twist, it is exactly the action defining bρ̄ in Corollary 1.3.
Theorem 1.2 therefore gives the asserted asymptotic with a positive constant and exponent
p/(|Gm|(p− 1)). The twisted action depends on ρ̄ and χ̄p, and hence its orbit number is
independent of m. □



GALOIS EMBEDDING PROBLEMS AND NUMBER FIELD COUNTING 15

8. An application in dimension two

We use Ramakrishna’s large-image theorem [17, Theorem 1.1] to construct surjective
lifts of ρ̄ to GL2(Zp) when d = 2 and p ≥ 7. Reduction modulo pm then removes the
nonemptiness hypothesis from Corollary 1.3 for any finite local conditions satisfied by
these reductions.

Lemma 8.1. Let p ≥ 5. The group SL2(Zp) is generated by the matrices

u(t) =

(
1 t
0 1

)
and v(t) =

(
1 0
t 1

)
for t ∈ Zp and equals its commutator subgroup.

Proof. For a ∈ Z×
p , we find that

w(a) = u(a)v(−a−1)u(a) =

(
0 a

−a−1 0

)
.

Thus w(a)w(−1) = diag(a, a−1) belongs to the subgroup generated by the elementary
matrices.

Let A =

(
a b
c d

)
∈ SL2(Zp). If a is a unit, then ad− bc = 1 gives

A = v(c/a)

(
a 0
0 a−1

)
u(b/a).

If a is not a unit, c must be a unit. The upper left entry of w(1)A is then a unit, so
the preceding factorization applies to w(1)A. Since w(1) and its inverse belong to the
generated subgroup, so does A.

Put D = diag(2, 2−1) and use the convention [x, y] = xyx−1y−1. Direct calculation
gives [D,u(t)] = u(3t) and [D, v(t)] = v(−3t/4). The elements 3 and 4 are units in
Zp. Consequently, u(t) = [D,u(t/3)] and v(t) = [D, v(−4t/3)]. Every generator is a
commutator, which proves the assertion. □

In the result below, no parity assumption on det ρ̄ is required.

Theorem 8.2 (Ramakrishna [17, Theorem 1.1]). Let p ≥ 7, and let ρ̄ : GQ → GL2(Fp)
be a continuous representation whose image contains SL2(Fp). Put A = Zp[[T1, T2, . . .]].
Then ρ̄ admits a continuous lift r̃ : GQ → GL2(A) whose image contains SL2(A).

Proposition 8.3. Suppose that d = 2 and p ≥ 7. Then ρ̄ admits a continuous surjective
lift ρ∞ : GQ ↠ GL2(Zp).

Proof. Theorem 8.2, followed by specialization Ti = 0, gives a continuous lift r : GQ →
GL2(Zp) whose image contains SL2(Zp).

Let ω be the Teichmüller lift of det ρ̄, and let χp,∞ be the p-adic cyclotomic character.

Put η = ωχp−1
p,∞. This character lifts det ρ̄ and is surjective. Indeed, χp−1

p,∞ remains
surjective onto 1 + pZp, when restricted to on kerω. The character η(det r)−1 takes
values in 1 + pZp. Since squaring is an automorphism of this group, it has a unique
continuous square-root character θ with θ ≡ 1 (mod p). Set ρ∞ = θr. Then ρ∞ lifts ρ̄
and det ρ∞ = η.

Put J = ρ∞(GQ). Since the twisting factors are scalar matrices, they cancel in
commutators. Thus, for σ, τ ∈ GQ,

[r(σ), r(τ)] = [ρ∞(σ), ρ∞(τ)] ∈ J.

Given A,B ∈ SL2(Zp), choose σ, τ ∈ GQ with r(σ) = A and r(τ) = B. Such choices
exist because the image of r contains SL2(Zp). The displayed equality gives [A,B] ∈ J .



16 A. RAY

By Lemma 8.1, every element of SL2(Zp) is a finite product of such commutators. Since
det ρ∞ is surjective, it then follows that ρ∞ is surjective. □

Corollary 8.4. Suppose that d = 2 and p ≥ 7. For every m ≥ 2, the asymptotic in
Corollary 1.3 holds with no local restrictions. More generally, let ρ∞ be a surjective lift
as in Proposition 8.3, and put ρm = ρ∞ mod pm. The same asymptotic holds with finite
local conditions D whenever ρm|GQv

∈ Dv for every v ∈ S.

Proof. Proposition 8.3 provides a surjective lift ρ∞. Each reduction ρm is surjective and,
under the stated compatibility condition, satisfies D. Corollary 1.3 therefore applies. □
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