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REGULAR MORLEY TETRAHEDRA FROM p-SECTING PLANES

DEEP BHATTACHARJEE

ABSTRACT. Morley’s theorem says that the adjacent angle trisectors of a triangle meet in
the vertices of an equilateral triangle. Tran carried the construction to a tetrahedron by
trisecting its six dihedral angles and, more generally, by p-secting planes, with one parameter
e, f,g > 1 for each pair of opposite edges; the resulting tetrahedron is denoted M. ¢ 4(ABCD).
Tran showed that a regular Morley tetrahedron does not force the original tetrahedron to be
regular, observed that in his examples some pair of opposite edges has four equal cross edges,
and conjectured that this happens whenever M. ¢ ,(ABCD) is regular. We show that the
conjecture is false. We place an isosceles tetrahedron in the box [—a,a] x [=b, b] x [—¢, c] and
prove that M. r,,(ABCD) is regular exactly when its vertex A’ differs from the centre of the
box and lies on one of the four lines through the centre in the directions (1, 1,1), (1,—1,—1),
(=1,1,-1) and (—1,—1,1). Every interior point of these lines other than the centre occurs
for exactly one triple of parameters. When a, b and c¢ are pairwise different, no pair of
opposite edges has four equal cross edges, so each of these tetrahedra is a counterexample.
Two examples are given with the parameters in closed form. Finally, for quadrisecting planes,
e = f = g = 4, an isosceles tetrahedron has a regular Morley tetrahedron only if it is regular.

1. INTRODUCTION

Morley’s theorem says that the adjacent angle trisectors of a triangle meet in the vertices
of an equilateral triangle [3, 4]. Tran [5] carried the construction to a tetrahedron ABCD
by trisecting its six dihedral angles, and proved that the resulting Morley tetrahedron of an
isosceles tetrahedron is again isosceles. In the same paper he replaced the trisecting planes by
p-secting planes [5, Theorem 6]. We use the following form of the definition.

Definition 1.1. Let XY be an edge of a tetrahedron, let fxy € (0,7) be its interior dihedral
angle, let F' be one of the two faces through XY, and let p > 1. Let F'™ be the half-plane
bounded by the line XY that contains F', and let H be the half-plane bounded by XY that
lies on the same side of the plane of F' as the tetrahedron and makes the angle 6xy /p with
F*. The p-secting plane of XY towards F is the plane that contains H.

Since 0 < fxy/p < Oxy, the half-plane H lies inside the dihedral angle at XY. For p = 3
this is the trisecting plane of XY that is closer to F'. For numbers e, f,g > 1 we attach the
parameter e to the edges AB and CD, f to BC and AD, and g to AC and BD, as in [5,
Theorem 6]. The tetrahedron

M. ;4(ABCD) = A'B'C'D'

is defined as follows: A’ is the common point of the three planes that are p-secting towards the
face BC'D through the edges CD, BD and BC, with p equal to the parameter of the edge, so
p=-e,p=gand p = f respectively; B’, C' and D’ are obtained in the same way from the
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faces ACD, ABD and ABC. Proposition 2.3 below shows that the three planes always meet
in exactly one point. For e = f = g = 3 this is Tran’s Morley tetrahedron.!

Tran [6] recently showed that both converse conjectures of [5] are false: there are tetrahedra
T1 (not isosceles) and Ty (isosceles but not regular) whose Morley tetrahedra are regular. In
both, some pair of opposite edges AB, C'D has its four cross edges AC, AD, BC, BD of equal
length. He conjectured that a regular Morley tetrahedron always forces this [6, Conjecture 8.1],
proved it for every tetrahedron with a nontrivial symmetry [6, Corollary 11.6], and stated the
analogue for p-secting planes.

Conjecture 1.2 (Tran [6, Conjecture 8.6]). Lete, f,g > 1. If M t,(ABCD) is regular, then,
after relabeling the vertices, AC = AD = BC = BD.

Tran notes that his methods do not apply to parameters other than e = f = g = 3, and he
lists the decision of Conjecture 1.2 among his open problems [6, Section 18.5 and Problem 8
of Section 19]. We show that the conjecture is false, already for isosceles tetrahedra, where it
holds for e = f = g = 3 [6, Theorems 10.1 and 10.3].

A tetrahedron is isosceles if its opposite edges have equal lengths. Every isosceles tetrahedron
is congruent to one with vertices

(1.1) A= (a,b,¢c), B=(a,—b,—c), C=(—a,b,—c), D =(—a,—b,c), a,b,c >0,

that is, to a tetrahedron inscribed in the box [—a,a] x [=b,b] X [—¢, ¢] [2, 1]; Lemma 3.1 below
gives a short proof, with the labels of the vertices preserved. Its edge lengths are

(12) AB=CD =2V +¢, AC=BD=2Va2+c2, AD=BC =2Va®+ b2

Let O be the origin, the centre of the box, and let ¢y, ¢s, ¢35, ¢4 be the lines through O in the
directions (1,1,1), (1,-1,—-1), (-1,1,-1), (=1,—1,1).

Theorem 1.3. Let ABCD be the isosceles tetrahedron (1.1).

(a) Foralle, f,g > 1, the tetrahedron M 5 ,(ABCD) is regular if and only if A’ # O and
A’ lies on £1 Uy U I3 Uly.

(b) Every point X # O of £1 Uy U ls ULy in the interior of ABCD is the vertex A" of
Mg, 1.4(ABCD) for exactly one triple (e, f,g) with e, f,g > 1.

Distinct points X in part (b) give distinct triples, and the interior points of ¢; already form
an open segment through O (Section 3), so there are infinitely many such triples. Figure 1
shows one of the regular Morley tetrahedra.

Corollary 1.4. Conjecture 1.2 is false. If a, b, ¢ are pairwise different, the tetrahedron (1.1)
has three different edge lengths, no pair of its opposite edges has four equal cross edges, and
Me,1.4(ABCD) is regular for infinitely many triples (e, f, g).

The parameters can be written down in closed form. Here is an example in which all three
parameters lie strictly between 2 and 4, and one in which two of them are equal to 4.

Example 1.5. Take (a,b,c) = (1,2,3), so that AB = CD = 2y/13, AC = BD = 2y/10 and
AD = BC = 24/5, and put

_arccos(—23/49) _ arccos(41/49) _ arccos(31/49)
~ arctan(4v/13/25)° ~ arctan(201/5/297) 9= arctan(5v/10/66)

M Tran’s paper [6] states the definition by saying that a p-secting plane makes the angle 6xy /p with one of
the two faces through XY. Remark 2.5 explains why the results below do not depend on which face the angle
is measured from.
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FIGURE 1. (a) An isosceles tetrahedron ABCD in its box, and a regular tetra-
hedron M, ¢ ,(ABCD) = A'B'C'D’; its vertex A’ lies on the line ¢;. (b) The
same Morley tetrahedron, enlarged: its vertices are alternate vertices of a cube
centred at O with edges parallel to those of the box, and each of them lies on
one of the lines #1,...,44.

Then 2 <e, f,g <4, and M, f,(ABCD) is the regular tetrahedron with vertices

2(-1,-1,-1), 2(-1,1,1), 2(1,-1,1), 2(1,1,-1).

Example 1.6. Take (a,b,c) = (4,2,1), so that AB = CD = 2/5, AC = BD = 2y/17 and
AD = BC = 4/5, and put e = f = 4 and
arccos(13/21)

- arctan(2\/ﬁ/(17 + 35«5/21)) .

Then 2 < g < 4, and M, ;,(ABCD) is the regular tetrahedron with vertices

s(—=1,-1,-1), s(—1,1,1), s(1,-1,1), s(1,1,-1), where s = 2 — 2,/5/21 > 0.

When the three parameters are equal, Theorem 1.3 still applies, but the three conditions on
A’ become harder to satisfy. For e = f = g = 3, Tran showed that an isosceles tetrahedron with
a regular Morley tetrahedron is regular or similar to 7y [6, Theorem 10.3]. For quadrisecting
planes the second possibility disappears.

Theorem 1.7. An isosceles tetrahedron ABCD has a regular tetrahedron My 4(ABCD) if
and only if ABCD is regqular.

Conjecture 1.2 for e = f = g remains open; for e = f = g = 3 it is Tran’s Conjecture 8.1
in [6].

Section 2 describes the construction through the distances to the faces; Proposition 2.3
shows that A’ runs once through the interior of the tetrahedron as (e, f,g) runs through
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(1,00)3. Section 3 proves Theorem 1.3, Corollary 1.4 and the two examples, and Section 4
proves Theorem 1.7.

2. THE CONSTRUCTION IN TERMS OF DISTANCES

Let ABCD be a nondegenerate tetrahedron with volume V. For a vertex X let Fx be the
opposite face, Sx its area, nx its inward unit normal, and dx(P) the signed distance from a
point P to the plane of Fx, positive on the side of X. Each dx is an affine function. Splitting
ABCD into four tetrahedra with apex P gives

(2.1) Sada(P)+ Spdp(P)+ Scdc(P)+ Spdp(P) =3V

for P in the tetrahedron, and hence for every P € R3, since both sides are affine. The interior
of ABCD is the set where all four distances are positive. The interior dihedral angle between
the faces Fyy and Fyy, along the edge they share, satisfies cos = —ny - nyy.

For 6 € (0,7) and p > 1 put

sin((p—1)0
O

Lemma 2.1. Fiz 0 € (0,7). Then p — R,(0) is a strictly increasing bijection from (1, 00)
onto (0,00), and Ry(0) > 1 if and only if p > 2. For p > 0, the unique p with R,(0) = p is
p=10/p, where p € (0,0) is given by cot = (p + cosf)/sinb.

Proof. Write ¢ = 6/p, which decreases from 6 to 0 as p increases from 1 to co. Then

(0) sin(f — ¢)

R
P sin

= sin 6 cot p — cos .

Since sinf > 0 and cot decreases on (0, 7), this is a strictly decreasing function of ¢; it tends
to 0 as ¢ — 0 and to oo as @ — 0. This gives the bijection and the formula for p. Finally
sin(@ — ¢) — sing = 2cos(0/2)sin(0/2 — ¢), and cos(6/2) > 0, so Ry(#) > 1 exactly when
» < 0/2, that is, when p > 2. O

Lemma 2.2. Let XY be an edge, and let U and W be the other two vertices, so that XY =
Fy N Fy. Forp>1, the p-secting plane of XY towards Fy is

{PeR3: dw(P)=R,(0xy)du(P)}.

Proof. Let II be the p-secting plane and 6 = fxy. The line XY cuts II into two half-planes,
and one of them lies inside the dihedral angle at XY . A point P of that half-plane at distance
r from the line XY has dy(P) = rsin(f/p) and dw (P) = rsin(6 — /p), because the half-
plane makes the angles 6/p and 6 — 6/p with Fyy and Fyy (Figure 2). So the affine function
dw — Rp(0) dy vanishes on this half-plane and on the line XY It is not constant, because ny
and nyy are linearly independent, so its zero set is a plane, and this plane is II. O

For the vertex A’ the three edges are CD = Fo N Fg, BD = Fx N Fe and BC = F4 N Fp,
with parameters e, g and f. By Lemma 2.2, A" is the common point of the three planes

(2.2) dp = Re(0cp)da, dc = Ry(0Bp) da, dp = Ry(0pc) da,

and B’, C’, D' are described in the same way.
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FIGURE 2. A section perpendicular to an edge XY, which appears as the point
O; the faces F' and F’ through XY appear as two rays. The p-secting plane II
of XY towards F' makes the angle 6/p with F', and each of its points P satisfies
dp(P) = Ry(6) dp(P).

Proposition 2.3. For all e, f,g > 1 the three planes (2.2) meet in exactly one point A’, and
A’ lies in the interior of ABCD. The map (e, f,g) — A’ is a bijection from (1,00)3 onto the
interior of ABCD. Its inverse sends an interior point P to the triple determined by

d(P) do(P) dp(P)
da(P)’ da(P)’ da(P)’
The same holds for B', C' and D’.

Proof. The four normals na,...,np span R3, so P+ (da(P),dg(P),dc(P),dp(P)) is an
injective affine map from R? to R*. By (2.1) its image lies in the hyperplane H = {t €
R* : Sats + Sptp + Sctc + Sptp = 3V}, and since both are three-dimensional, the image
is all of H. Write p. = Re(6cp), pg = Ry(0Bp) and py = Rf(0pc); these are positive by
Lemma 2.1. A point lies on the three planes (2.2) exactly when its distance vector has the
form (7, peT, pg7, ps7), and such a vector lies in H for exactly one 7, namely

o 3V
Sa+ peSe + pgSc + pfSp

So the planes meet in exactly one point, and all its distances to the faces are positive. Con-
versely, for an interior point P the three ratios in (2.3) are positive, and by Lemma 2.1 each
of them equals R, of the corresponding dihedral angle for exactly one p > 1. With these
parameters P lies on the three planes (2.2), so P = A’; and no other triple gives P, again by
Lemma 2.1. O

(2.3) Re(6cp) = Ry(0pp) = Ry(0pc) =

> 0.

Two vertices of M, ¢ ,(ABCD) can coincide only if a parameter equals 2. For instance, a
point P = A" = B’ satisfies dg(P) = Rc(6cp) da(P) and, since B’ lies on the e-secting plane
of CD towards Fp, also da(P) = Re(0cp) dp(P); so Re(0cp) =1 and e = 2 by Lemma 2.1.

The symmetries we need permute the vertices by elements of the Klein group

K = {id, (AB)(C D), (AC)(BD), (AD)(BC)}.
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Every element of K maps each of the three pairs of opposite edges to itself; for instance
(AB)(C D) maps AB and CD to themselves, interchanges AC' and BD, and interchanges AD
and BC'. So it preserves the parameter attached to every edge.

Lemma 2.4. Let T} be a second tetrahedron, let w be a permutation of the labels A, B,C, D,
and let h be an isometry of R3 that maps each vertex X of ABCD to the vertex of Ty with
label m(X). Let ey, f1,g1 > 1 be parameters for Ty such that, for all vertices Y # Z, the edge
of Ty with labels w(Y)w(Z) carries the same parameter as Y Z. Then h maps the vertex X' of
M 1 4(ABCD) to the vertex of Me, f, 4, (T1) with label w(X).

Proof. Write d% for the signed distances of Tj. The isometry h maps the plane of Fy to the
plane of the face of T} opposite 7(X), and the side of X to the side of 7(X), so d}r(X)(h(P)) =
dx (P) for every point P. It maps the inward normals of ABCD to those of T, so it also
preserves the dihedral angles: the angle of T7 between the faces opposite 7(U) and 7(W)
equals 0 at Fyy N Fyy. By Lemma 2.2, X' satisfies dy (X') = R,(0)dx(X’) for the three
vertices Y # X, where 6 is the angle at Fx N Fy and p is the parameter of that edge. Hence
h(X') satisfies d}r(y)(h(X’)) = R,(6) d}r(x)(h(X’)), with the same p and the same angle. By
Lemma 2.2 and Proposition 2.3 for T, h(X’) is the vertex of M, 1, 4, (T1) with label 7(X). O

We use Lemma 2.4 in two ways: with 77 = ABCD, the same parameters and © € K; and
with 7 the identity, when h moves a tetrahedron into a standard position.

Remark 2.5. If the angle fxy /p in Definition 1.1 is measured from the other face through XY,
the plane used for a given parameter p is the one we use for p/(p —1). The map p — p/(p—1)
is an involution of (1,00), so the family of tetrahedra M. ,(ABCD) is the same, with the
parameters renamed. If instead one always takes the p-secting plane closer to the face, only
parameters p > 2 occur. In Examples 1.5 and 1.6 all parameters exceed 2, so these examples
disprove Conjecture 1.2 under each of these readings.

3. ISOSCELES TETRAHEDRA

Lemma 3.1. Let ABCD be an isosceles tetrahedron. There are a,b,c > 0 and an isometry h
of R3 such that h(A), h(B), h(C), h(D) are the points (1.1), in this order.

Proof. Put O = $(A+ B+ C + D) and

uy =1(A+B-C-D), uy =32(A-B+C-D), us=31(A-B-C+D).

Then A = O+uj+us+us, B=0+u;—us—u3, C = O—ui+us—ugand D = O —uj —ug+ug.
Since A — B = 2(ug + u3) and C' — D = 2(ug — ug3), we get |AB|? — |CD|? = 16 uy - ug; in the
same way |AC|? — |BD|?> = 16 u1 -ug and |AD|?> — |BC|? = 16 u; - ua. So uy, uz, ug are pairwise
orthogonal. A direct expansion gives (B—A)- ((C —A) x (D —A)) = —16u; - (u2 X u3), which
is not zero, so none of the u; vanishes. With a = |u1|, b = |uz|, ¢ = |us|, the vectors u; /a, ua/b,
ug/c form an orthonormal basis, and the isometry h(P) = ((P—0)-ui/a, (P—0)-uz/b, (P—
O) - ug/c) sends A to (a,b,c), B to (a,—b,—c), C to (—a,b,—c) and D to (—a, —b,c). O

From now on let ABC'D be the tetrahedron (1.1), and write « = 1/a, 8 =1/b, v = 1/c¢ and
N = (a? + B2 +4?)Y2. For a point P = (z,y,z) put
LA(P)=1+az+ By + vz, Lp(P) =1+ azx — By — vz,
Lo(P)=1—ax+ By — vz, Lp(P)=1—ax — Py +vyz.
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Each Lyx vanishes at the three vertices other than X and equals 4 at X; hence dx = Lx /N,
and the inward normals are ny = (o, 8,7)/N, ng = (o, —3,—7)/N, nc = (—a,,—7)/N,
np = (—a,—08,7)/N. The dihedral angles at the edges of the face F4 are therefore given by

N2 ’ N2 ’ N2 '
The three half-turns about the coordinate axes,

(3.1) cosbcp = cosfgp = cosfpc =

hl(xayuz) = (J"’_yv _Z)7 hZ(xvyuz) = (_xayv _Z)a hg(ﬂ?,y,Z) = (—I‘, _yaz)a

map the tetrahedron to itself and induce the permutations (A B)(C D), (AC)(B D) and
(AD)(BC).

Proof of Theorem 1.3. (a) Let A’ = (z,y, z). Lemma 2.4, applied to hy, hy and hs, gives

B = (z,—y,—2), C'=(—z,y,—2), D' = (—z,—y,2).
Hence
|A'B'| = |C'D'| = 2\/y2 + 22, |A'C'|=|B'D|=2V22+22, |A'D|=|BC'| =222+
If A = O, the four points coincide. Otherwise the six distances are equal if and only if
22 = y? = 22, that is, if and only if A’ lies on one of the lines ¢;; and then A’, B’, C’, D’ are

alternate vertices of the cube [—|z|, ||}, which form a regular tetrahedron.
(b) This is Proposition 2.3 applied to the interior point X. O

For 0 <t < 1/(a+ 4+ ) the point —¢(1,1,1) of ¢; is interior: La(—t,—t,—t) =1 —t(a +
B+7) > 0,and Lp, Lc, Lp exceed L4 there by 2t(8+7), 2t(a+) and 2t(a+ (). By part (b)
each of these points is the vertex A’ of a regular Morley tetrahedron, and distinct points give
distinct triples because the map of Proposition 2.3 is injective.

Proof of Corollary 1.4. If a,b, ¢ are pairwise different, so are b% + ¢, a® + ¢ and a? + b2, and
by (1.2) the tetrahedron has three different edge lengths, each shared by a pair of opposite
edges. Under any labeling, the four cross edges of a pair of opposite edges are the two other
pairs, so they have two different lengths. On the other hand, by Theorem 1.3 and the para-
graph above, M. ¢ ,(ABCD) is regular for the infinitely many triples obtained from the points
—t(1,1,1) with 0 < t < 1/(a + B+ ). O

For a point X on /¢; the ratios in (2.3) take a simple form. If X = —¢(1,1,1) with ¢ > 0,
then

LaX)=1-tla+B+7),  Lp(X)—La(X)=2tB+1),
Lo(X) — La(X) = 2t(a+7),  Lp(X) — La(X) = 2t(a + 5),
so that, for 0 <t < 1/(a+ 4+ ) and with A =¢/Ls(X) > 0,

dp(X) _ de(X) _ p(X) _
(3.2) dA(X)_1+2(5+fy)/\, dA(X)_1+2(a+7))\, 7 (X)_1+2(a+,8)/\.
For p = 4 the identity sin 3u = sinu (1 + 2 cos 2u) gives
(3.3) R4(0) =1+ 2cos(0/2), so R4(0) — 1 =4/2(1 + cos®).

Since p — R,(#) is increasing (Lemma 2.1), a parameter p with R,(f) = p satisfies p < 4 as
soon as (p — 1)2 < 2(1 4 cosf), and p > 2 as soon as p > 1.
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Proof of Example 1.5. Here (a,ﬁ,’y) = (1, %, é) and N? = 36, so (3.1) gives cosfcp = —%,
cosfpp = % and coslpo = 49, with sines ﬂ, % and %“9/5. Take X = —%(1,1,1).
Then L4(X) = 52 > 0, so X is interior, A = 5, and (3.2) gives the ratios 2, % and %. By
Lemma 2.1 the parameters are /¢ with tan ¢ = sin@/(p + cos0):
tan 124/13/49  4v/13 tan 124/10/49  5v/10
b = 23 ’ BD = 713 31 ’
ol 25 T+ 55 66
12¢/5/49  20V/5
tan ppc = =

dypa o297

These are the stated values of e, g and f; the three angles ¢ lie in (0,7/2), so the arctangents
are the right branches. The three ratios exceed 1, and 2(1+cos #) equals ig, 1f90 and 180 for the
edges CD, BD and BC, which exceed 12, ( )2 and ( )2:8502 <e, f,g <4. By Proposmon 2.3,
A" = X, and by Theorem 1.3 and its proof the other vertices are hi(X), ho(X) and h3(X). O

Proof ofExample 1 6. Here (o, B,7) = (4, 5,1) and N? = 16, so cosOcop = %, cosfpp = %
and cosfpc = —57. By (3.3), R4(90D) =1+4y/5/21 and R4(Opc) =1+ 2«/5/2 By (3.2),
with B +v =3 and a+ B = 2, both equations e =4 and f=4say A = \/5/2 For this A
the point X = —t(l, 1,1) w1th t =M1+ 7/\) 2 — ﬂ/5/21 is interior, and the third ratio is
14+ %)\ =1+ %\/5/2 . With sinfpp = 4\2(, Lemma 2.1 gives
4y/17/21 217

tanppp = 10 3 )

1+ 9. /521 + 8~ 174 35,/5/21
L . . 10 5 _ 500 612 _
which is the stated value of g. The third ratio exceeds 1, and (3)2 "3 = g9 < 185 =

2(1 + cospp), so 2 < g < 4. Finally s > 0 because ﬁ < 25 As before, A’ = X and the
Morley tetrahedron is regular. U

4. QUADRISECTING PLANES

Proof of Theorem 1.7. By Lemma 3.1 there is an isometry h that maps A, B, C', D to the
points (1.1), in this order. By Lemma 2.4, with 7 the identity and all parameters equal to 4,
h maps My 44(ABCD) onto My 44 of the image, and an isometry preserves regularity. So we
may assume that ABCD is the tetrahedron (1.1). By (1.2) it is regular if and only if a = b = ¢,
that is, a = 5 = 7.

Suppose first that « = § = . By (3.1) the edges CD, BD and BC have the same dihedral
angle 0, and since dx = Lx /N, (2.2) says that Lp = Lc = Lp = R4(0) La at A" = (z,y, 2).
Now Lp — Lc = 2a(x —y) and Le — Lp = 2a(y — 2), so x =y = z and A’ lies on ¢;. If A’
were O, then La(A’) = Lp(A") = 1 would give R4(0) = 1, while R4(6) > 1 by Lemma 2.1. So
A" # O, and My 44(ABCD) is regular by Theorem 1.3.

Conversely, suppose that My 44(ABCD) is regular. By Theorem 1.3, A’ = X is a point
td # O, where § is one of 01 = (1,1,1), d2 = (1,—1,—1), 03 = (—1,1,—-1), 04 = (—1,—-1,1).
Put p=1t/La(X) # 0 and

p=0B%+7% qBp = & + 77, qpc = o’ + 2.

By (3.1), 1+cosfcp = 2qcp/N?, and similarly for the other two edges. A direct computation
from the formulas for Lx gives

dp(X) do(X) dp(X)
-1=-2 —1=-2 —1=-9
da(X) HWeD; ) HWBD; ) LWBC,
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where (wop,wpp,wpc) equals

08*_7a a‘*ﬁ@ CY4_6)7 (“ﬁ“ﬂ@ CY__Vall__B)7 (5__75 —a—=", 6__(y% 07__67 V—Q, _11__6)

for § = 01, 02, 93, 04 respectively. Since all parameters equal 4, (2.3) and (3.3) give, for each of
the three edges F of Fa,

445 qe

_ 2772
ZQR?, SO 1u%7__ 1% N~.

4pPwh = 2(1 + cos ) =
In particular wg # 0, since gg > 0, and the three quotients qp/ w% are equal.
For § = 4, this is impossible: gop/wip = (8% ++%)/(8 + 7)? < 1, while ggp/w%, =
(a® ++%)/(a —7)? > 1. In the same way the edges BD and CD rule out d3, and the edges
BC and CD rule out d4. So § = 41, and

B+ (a+)? (atp)?
Since (u? +v?)/(u +v)? =1 — 2r(u,v) with r(u,v) = uv/(u 4 v)?, this says r(v, 3) = r(v, a)
and r(a,y) = r(a, 8). For positive u,v,w,

u (v —w)(u? —vw)
(u+v)*(u+w)?

r(u,v) — r(u,w) =

so the two equations say

B-a)y*—ap)=0 and  (v-p)(a®~py) =0.
Suppose o # 3. Then v = af. If v = B, this gives 82 = af3, so a = j3; otherwise o = 37,
and dividing v? = a3 by a? = 37 gives 7 = a3, so v = a and then a? = af, again o = f5.
Both cases contradict o # 8. Hence a = 3, and the second equation becomes —3(y — 3)? = 0,
so vy = . Thus a = b = ¢, and ABCD is regular. 0
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