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abstract

We determine the asymptotic distribution of the largest gaps between consecu-
tive eigenvalues of the Gaussian orthogonal ensemble (GOE) in the bulk of the
spectrum. After an explicit centering and scaling, the largest gaps in a fixed
interval converge to a Poisson point process with an exponential intensity, so the
largest gap has a shifted Gumbel limit. The analogous result for the Gaussian
unitary ensemble was proved by Feng and Wei. Our proof expresses the squared
probability that the GOE has no eigenvalues in a union of intervals as the corre-
sponding probability for the Gaussian unitary ensemble times a determinant of
fixed size, for every matrix dimension. We control this determinant on intervals
whose length in units of the local mean spacing grows with the dimension, using
an uncertainty principle of Nazarov and exact identities for Hermite functions.
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section 1

Introduction

1.1 Background

The gaps between consecutive eigenvalues are among the central objects of random
matrix theory. In the bulk of the spectrum, the limiting distribution of an individual gap
is known for a wide range of models [17, 55]. The smallest and largest gaps within a fixed
interval in the bulk are understood for far fewer models. Unlike an individual gap, they
are not determined by the local eigenvalue statistics on any fixed scale. The motivation
for their study is discussed in the introduction of [4], which includes a comparison with
numerical data for the Riemann zeta function.

We first describe what is known about the largest gaps. For the Gaussian unitary
ensemble (GUE) and the circular unitary ensemble (CUE) [14, 37], Ben Arous and Bour-
gade found the first-order asymptotics of the largest gaps in the bulk, which are of order√

log N/N, and left their fluctuations open [4]. Feng and Wei identified these fluctua-
tions [21]. They proved that the largest gaps of the CUE and the GUE, after centering
and rescaling, converge to a Poisson point process with an exponential intensity, so that
the largest gap has a Gumbel limit. Charlier recently extended this result to unitary-
invariant ensembles for a broad class of regular analytic potentials [6]. Bourgade proved
universality of the smallest gaps in both symmetry classes, and of the largest gaps in
the complex Hermitian class, for generalized Wigner matrices satisfying a smoothness
assumption [5]. His proof combines new quantitative relaxation estimates for Dyson
Brownian motion with reverse heat flow. Landon, Lopatto, and Marcinek proved compar-
ison theorems for the largest gaps of real symmetric and complex Hermitian generalized
Wigner matrices without a smoothness assumption [33]. In the complex Hermitian case,
both works use the GUE result of Feng and Wei [21] to identify the limiting distribution.
Both approaches also apply to the real symmetric largest-gap problem, but identifying
its limiting distribution required the corresponding GOE result, which was not known.

The smallest gaps were studied earlier. Vinson’s dissertation [52] was the first rigorous
work on extremal gaps. It determined the limiting distribution of the smallest gap of
the CUE and the GUE. Ben Arous and Bourgade found the joint limit of the smallest
gaps of these two ensembles [4], building on Soshnikov’s work on determinantal point
processes [46]. The limiting distribution of the smallest gaps is now also known for
the Gaussian orthogonal ensemble (GOE) [23], for the circular β-ensemble [27] with β a
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positive integer [20], for the Gaussian symplectic ensemble [25], and for complex Wishart
ensembles and one-cut unitary-invariant ensembles with real-analytic confining potentials
[42]. Bourgade’s universality theorem [5] covers the smallest gaps of real symmetric and
complex Hermitian generalized Wigner matrices with smooth entries, and Figalli and
Guionnet proved limiting laws for the smallest gaps and first-order asymptotics for the
largest gaps in perturbative several-matrix models with β = 2 [26]. For Wigner matrices
and related models, lower bounds for the smallest gaps were proved in [40], and for
sparse random matrices in [34]. Extremal gaps have also been studied for non-Hermitian
matrices [35, 36, 38] and for the zeros of random functions [19, 22, 24].

The results above that identify limiting laws or first-order asymptotics for the largest
eigenvalue gaps rest on a determinantal structure [45], either of the ensemble itself or of
the Gaussian ensemble with which it is compared. The GOE does not have this structure,
and the limiting distribution of its largest gaps has remained open; the problem was
raised in [5, 33, 35]. For the circular orthogonal and symplectic ensembles (COE and CSE)
[14, 37], Feng and Wei noted that even the order of the largest gaps is unknown [21]. Our
main result, Theorem 1.1, determines the limiting distribution of the largest gaps in the
bulk of the spectrum of the GOE.

The analysis of the largest gaps rests on precise asymptotics for the probability that a
long interval contains no eigenvalue. For the sine process, which is the limit of the GUE
eigenvalues after rescaling in the bulk [2], this probability is a Fredholm determinant
of the sine kernel, and its asymptotics were predicted by des Cloizeaux and Mehta [12]
and Dyson [13]. The leading term was proved by Widom [53], and the constant term,
known as the Widom–Dyson constant, by Krasovsky [31], Ehrhardt [15], and Deift, Its,
Krasovsky, and Zhou [8]. For β = 1 and β = 4, the corresponding asymptotics, including
the constant terms, were proved by Ehrhardt [16]. For general β > 0, the bulk scaling
limit of the Gaussian β-ensemble is the Sineβ process [50], and the probability that it has
no point in a long interval was determined up to a constant factor by Valkó and Virág
[51].

The eigenvalues of the GOE form a Pfaffian point process rather than a determinantal
one: the k-point correlation function is the Pfaffian of a 2k × 2k matrix built from a
2 × 2 matrix kernel, and one entry of this kernel contains the sign function sgn(x − y)/2
[37]. For even matrix dimensions, Tracy and Widom [48] expressed the square of the
probability that the GOE has no eigenvalue in a union of intervals as the corresponding
probability for the GUE, multiplied by the determinant of a matrix of fixed size; see also
[1, 27, 28, 44, 49, 54] for the correlation kernels of orthogonal and symplectic ensembles,
and [9–11] for their use in proving universality. Our proof builds on the identity of Tracy
and Widom. However, we derive it differently, for even and odd matrix dimensions, and
we analyze it on intervals whose length in units of the local mean spacing grows with N;
see Section 1.4.
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1.2 Main results

Let HN be an N × N matrix from the GOE, normalized so that its distribution has density
proportional to exp(−N Tr H2/4) with respect to Lebesgue measure on real symmetric
matrices. Equivalently, the entries Hij with i ≤ j are independent centered Gaussian
random variables, with variance 2/N if i = j and 1/N if i < j. We let λ1 < λ2 < · · · < λN
denote the eigenvalues of HN, and we let ZN denote the normalizing constant in their
joint density, which is

1
ZN

∏
1≤i<j≤N

|λj − λi|
N

∏
i=1

e−Nλ2
i /4 (1.1)

on {λ1 < · · · < λN}; see [2]. We define

σ(y) =
√

4 − y2, |y| ≤ 2. (1.2)

With this normalization, the empirical eigenvalue distribution converges to the semicircle
law. This is the probability measure on [−2, 2] with density σ(y)/(2π). The mean spacing
between consecutive eigenvalues near y ∈ (−2, 2) is approximately 2π/(Nσ(y)).

We define the constant κ1 and the function F by

κ1 = 213/24 exp
(3

2
ζ ′(−1)

)
, F(s) =

s2

64
+

s
8

, s ≥ 0, (1.3)

where ζ denotes the Riemann zeta function. Both come from the asymptotics of the
probability that the Sine1 process has no point in a long interval, which we recall after
Corollary 1.2. For N ≥ 2, we let bN > 0 denote the solution of F(bN) = log N, and we
define aN = F′(bN). Solving the quadratic equation F(bN) = log N, we find

bN = 8

√
log N +

1
4
− 4, aN =

bN + 4
32

, aNbN = 2 log N − bN

8
. (1.4)

We fix an interval I = [y−, y+] with −2 < y− < y+ < 2, and we consider the gaps
λi+1 − λi with both endpoints in I. We define

σI = min
y∈I

σ(y), ∂∗ I = {ξ ∈ {y−, y+} : σ(ξ) = σI}. (1.5)

Observe that ∂∗ I is the set of endpoints of I at which the semicircle density is smallest.
It consists of the endpoint with the larger absolute value if y− ̸= −y+, and of the two
endpoints if y− = −y+. In particular, ξ ̸= 0 for all ξ ∈ ∂∗ I. We define

ΛI = κ1 ∑
ξ∈∂∗ I

σ3
I

|ξ| . (1.6)
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We let GN(I) denote the set of indices i ∈ {1, . . . , N − 1} such that λi, λi+1 ∈ I, and for
i ∈ GN(I) we define the rescaled gap

τi,N = aN
(

NσI(λi+1 − λi)− bN
)
+

9
8

log bN. (1.7)

Finally, we let XN denote the point process on R whose points are the numbers τi,N,
i ∈ GN(I). For a Borel set A ⊂ R, we let XN(A) denote the number of points of XN in
A, which is the number of indices i ∈ GN(I) such that τi,N ∈ A. Our main result is the
following theorem.

Theorem 1.1. Let m ≥ 1, and let A1, . . . , Am ⊂ R be disjoint intervals, each of the form
(a, b] with a < b or (a, ∞). Then, as N → ∞, the vector (XN(A1), . . . ,XN(Am)) converges
in distribution to a vector of independent Poisson random variables with means ΛI

∫
Al

e−x dx,
1 ≤ l ≤ m. In particular, XN converges in distribution to the Poisson point process on R with
intensity ΛIe−x dx, with respect to the vague topology.

We let τ↓
1,N ≥ τ↓

2,N ≥ · · · denote the values τi,N, i ∈ GN(I), arranged in decreasing

order, and we set τ↓
k,N = −∞ if GN(I) has fewer than k elements. We also let m1,N denote

the largest gap λi+1 − λi with i ∈ GN(I) (and we set m1,N = 0 if GN(I) is empty). For
random variables YN and positive numbers θN, we write YN = OP(θN) if the sequence
(YN/θN)N is tight.

Corollary 1.2. For every k ≥ 1 and x ∈ R,

lim
N→∞

P
(
τ↓

k,N ≤ x
)
= exp

(
− ΛIe−x) k−1

∑
j=0

(ΛIe−x)j

j!
. (1.8)

In particular, τ↓
1,N − log ΛI converges in distribution to the standard Gumbel distribution, which

has the distribution function x 7→ exp(−e−x):

lim
N→∞

P
(
τ↓

1,N − log ΛI ≤ x
)
= exp

(
− e−x), x ∈ R. (1.9)

Moreover,

NσIm1,N = 8
√

log N − 4 − 9
4

log log N√
log N

+ OP

(
(log N)−1/2). (1.10)

We now explain where the constant κ1 and the function F come from. For a Borel set
A ⊂ R, we define the hole probability

E1,N(A) = P
(
λi /∈ A for all i ∈ {1, . . . , N}

)
. (1.11)

The limit of the hole probability of a short interval is expressed through the sine kernel.
We define the sine kernel S by

S(u) =
sin u
πu

, u ̸= 0, S(0) =
1
π

. (1.12)
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It is the kernel of the sine process, rescaled to have mean spacing π. For t > 0, we let S+,t

and S−,t denote the integral operators on L2(0, t) with kernels S(u − v) + S(u + v) and
S(u − v)− S(u + v), respectively, and we define the Fredholm determinants

D+(t) = det(Id − S+,t), D−(t) = det(Id − S−,t), q1(s) = D+(s/4), (1.13)

for t, s > 0. We will show in Corollary 7.5 that q1(s) is the limit of E1,N((y, y+ s/(Nσ(y))))
as N → ∞, for all y ∈ (−2, 2) and s > 0. The interval (y, y + s/(Nσ(y))) has length
s/(2π) in units of the mean spacing near y. So q1(s) is the probability that the Sine1

process, normalized to have mean spacing 2π, has no point in a given interval of length
s; this expression for the gap probability is classical [37, 48]. The asymptotics of D±
were determined by Ehrhardt [16, Theorem 4.8], confirming predictions of Dyson [13].
Ehrhardt proved that

log D±(t) = − t2

4
∓ t

2
− log t

8
+

( 1
24

± 1
4

)
log 2 +

3
2

ζ ′(−1) + o(1), t → ∞. (1.14)

Setting t = s/4 in (1.14) (see Lemma 7.1), we have

q1(s) = κ1s−1/8e−F(s)(1 + o(1)
)
,

D+(s/4)
D−(s/4)

=
√

2 e−s/4(1 + o(1)
)
, s → ∞, (1.15)

with κ1 and F as in (1.3).

Remark 1.3. We comment on the constants in Theorem 1.1 and Corollary 1.2.

(a) By (1.15), the function F is the exponent in the probability that the Sine1 process has
no point in a long interval. Its quadratic term, its linear term, and the power s−1/8 in
(1.15) agree with the asymptotics of Valkó and Virág for the Sineβ process at β = 1
[51], which are stated for intervals of length s in units in which the mean spacing
is 2π. The constant κ1 is the constant of Ehrhardt [16], after the change of variables
t = s/4.

(b) The constant −4 in (1.10) comes from the linear term s/8 in F. The coefficient 9/4
of the third term comes from the power s−1/8 in (1.15) and from the fact that the
largest gaps are located within distance of order (log N)−1 of the points of ∂∗ I; see
Remark 9.2.

(c) We consider the GUE with eigenvalue density proportional to ∏i<j |λj −
λi|2 ∏i e−Nλ2

i /2. Its empirical eigenvalue distribution also converges to the semicircle
law on [−2, 2]. We let mGUE

1,N denote the largest gap λi+1 − λi of the GUE with
λi, λi+1 ∈ I. It follows from [21, Theorem 2] that

NσImGUE
1,N =

√
32 log N − 5

2
√

2
log log N√

log N
+ OP

(
(log N)−1/2). (1.16)
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The leading term for the GOE is larger by a factor
√

2. It agrees with the prediction√
(64/β) log N at β = 1, which Feng and Wei formulated for the circular β-ensemble

[21].

The following remark records a consequence of Corollary 1.2 for real symmetric
generalized Wigner matrices, which was anticipated in [33] and [5]. We prove it in
Section 10.

Remark 1.4. Let WN be an N × N real symmetric generalized Wigner matrix satisfying
[33, Definition 1.1]; in particular, the entries of

√
NWN have finite moments of all orders.

For k ≥ 1, let T̂k,N denote the k-th largest of the gaps µi+1 − µi between consecutive
eigenvalues µ1 ≤ · · · ≤ µN of WN such that µi ∈ I (this is the convention of [33]), and let
T̂k,N = 0 if there are fewer than k such gaps. We define

τ̂k,N = aN
(

NσI T̂k,N − bN
)
+

9
8

log bN. (1.17)

Then (1.8) holds with τ̂k,N in place of τ↓
k,N. This follows from Corollary 1.2 and the

comparison theorem [33, Corollary 1.6].

1.3 Notation

We use the following notation throughout the paper. For a statement P, we let 1P denote
1 if P holds and 0 otherwise, and for a set A ⊂ R, we let 1A denote its indicator function.
For a Borel set A ⊂ R, we let |A| denote its Lebesgue measure, and for c > 0, we write
cA = {ca : a ∈ A}. We write ∥ · ∥2 for the norm of L2(A), and ∥T∥ for the operator norm
of a bounded operator T on L2(A). We identify L2(A) with the space of functions in
L2(R) that vanish outside A. For t ∈ R, we write (t)+ = max(t, 0). For t, y ∈ R, we let∫ y

t denote the oriented integral, so that
∫ y

t = −
∫ t

y if y < t. In Section 1.4, C and c denote
positive constants that do not depend on N, and whose values may change from line to
line. They may depend on the fixed parameters δ, γ, r0, k, and x1, . . . , xk introduced there,
and the implicit constants in O(·) have the same property. Limits are taken as N → ∞.

1.4 Overview of the proof

We now describe the main steps of the proof. This overview can be read independently
of the later sections; all objects in it are defined here, in Section 1.2, or in Section 1.3. The
proof has two parts. The first part, which follows the strategy of Feng and Wei for the
GUE [21], reduces Theorem 1.1 to three estimates for hole probabilities. The second part
proves these estimates in four steps, and Steps 1–3 are new compared with the proof for
the GUE. Where the GUE proof uses that the hole probability is a Fredholm determinant,
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Step 1 uses an exact identity, valid for even and odd N, that writes the square of the GOE
hole probability as the GUE hole probability times a determinant of fixed size. Step 2
replaces the sign function in this determinant, which does not decay, by functions that are
concentrated near the endpoints of the intervals. Step 3 replaces the elementary bound
on the inverse of the operator in the Fredholm determinant, which is a power of N in
our setting, by a bound that is exponential in the expected number of eigenvalues in the
intervals. Step 4 uses these results and the asymptotics of Hermite functions to compare
the GOE hole probability with its limit.

Reduction to hole probabilities. For the Poisson point process with intensity ΛIe−x dx,
the sum of ∏k

j=1(τj − xj)+ over all ordered k-tuples (τ1, . . . , τk) of distinct points has
expectation

k

∏
j=1

∫
R
(t − xj)+ΛIe−t dt =

k

∏
j=1

ΛIe−xj . (1.18)

By a criterion of the type used in [21, Lemma 1], which we state in Lemma A.1, it therefore
suffices to show that for every k ≥ 1 and all x1, . . . , xk ∈ R,

lim
N→∞

E ∑
i1,...,ik∈GN(I)

distinct

k

∏
j=1

(
τij,N − xj

)
+
=

k

∏
j=1

ΛIe−xj . (1.19)

The positive parts (τ − x)+ are used instead of the indicators 1τ>x because the left side
of (1.19) can be expressed through hole probabilities, as follows. For x ∈ R, we define

ℓN(x) =
1

NσI

(
bN +

x − 9
8 log bN

aN

)
, χN = aN NσI . (1.20)

By (1.7), we have τi,N − x = χN(λi+1 − λi − ℓN(x)) for all i ∈ GN(I). Further, by Taylor’s
theorem and the definitions of aN and bN, we have

F
(

NσIℓN(x)
)
= log N + x − 9

8
log bN + o(1). (1.21)

We also call the interval (λi, λi+1) a gap. For a gap (λi, λi+1) and ℓ > 0, the set of y ∈ R

such that [y, y+ ℓ] ⊂ (λi, λi+1) is an interval of length (λi+1 −λi − ℓ)+. For y1, . . . , yk ∈ R,
we let WN(y1, . . . , yk) denote the event that the intervals [yj, yj + ℓN(xj)], 1 ≤ j ≤ k, are
contained in distinct gaps (λi, λi+1) with i ∈ GN(I). Integrating over the left endpoints
y1, . . . , yk, we show in Lemma 10.1 that, for N large enough that ℓN(xj) > 0 for all j, the
expectation in (1.19) equals

χk
N

∫ y+−ℓN(x1)

y−
· · ·

∫ y+−ℓN(xk)

y−
P
(
WN(y1, . . . , yk)

)
dyk · · · dy1. (1.22)
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If two of the intervals [yj, yj + ℓN(xj)] intersect, then they cannot lie in distinct gaps,
so P(WN(y1, . . . , yk)) = 0. Otherwise, the probability P(WN(y1, . . . , yk)) is bounded by
the hole probability of the union of the intervals (yj, yj + ℓN(xj)). Conversely, suppose
that these intervals are separated from each other, and from the endpoints of I, by
distances at least 3N−1/3. Then P(WN(y1, . . . , yk)) is at least this hole probability minus
the probability that some interval of length N−1/3 in I contains no eigenvalue. The latter
probability is O(N−D) for every fixed D > 0. Indeed, every interval of length N−1/3

in I contains one of O(N1/3) fixed intervals of the form (y, y + s/(Nσ(y))) with s =

γ0
√

log N, where γ0 > 0 is a constant with γ2
0/64 > D + 1/3. By (1.23) below, applied

with γ = γ0, the hole probability of each of these intervals is at most 2q1(γ0
√

log N) ≤
N−γ2

0/64, and a union bound gives the claim.
It remains to estimate the hole probabilities of unions of at most k intervals in I with

total length at most C
√

log N/N. We need three estimates. The first is an asymptotic
formula for one interval, which we prove in Corollary 7.5. For all δ ∈ (0, 1) and γ > 0,
there exists C > 0 such that

E1,N

((
y, y +

s
Nσ(y)

))
= q1(s)

(
1 + O(eCsN−1/2)

)
(1.23)

uniformly in y ∈ [−2 + δ, 2 − δ] and 0 < s ≤ γ
√

log N. The second and third estimates
concern open intervals A1, . . . , Ar ⊂ [−2+ δ, 2− δ] with disjoint closures and total length
∑j |Aj| ≤ γ

√
log N/N, where the number r of intervals is at most a fixed integer r0. We

prove in Corollary 8.5 that

E1,N

( r⋃
j=1

Aj

)
≤ eC

√
log N

r

∏
j=1

E1,N(Aj), (1.24)

and that if, in addition, dist(Ai, Aj) ≥ N−1/2 for all i ̸= j, then

E1,N

( r⋃
j=1

Aj

)
=

(
1 + O(eC

√
log N N−1/4)

) r

∏
j=1

E1,N(Aj). (1.25)

We now explain how these estimates give (1.19). We fix δ > 0 such that I ⊂ [−2 +

δ, 2 − δ], and we take r0 = k. Since NℓN(x) = (8 + o(1))
√

log N/σI for every fixed x, we
may also fix γ > 0 such that N ∑j ℓN(xj) ≤ γ

√
log N and 2NℓN(xj) ≤ γ

√
log N for all j

and all large N. We first consider the points (y1, . . . , yk) in the domain of integration in
(1.22) for which the intervals [yj, yj + ℓN(xj)] are separated from each other, and from the
endpoints of I, by distances at least 3N−1/3. For these points, we replace the probability
P(WN(y1, . . . , yk)) by the hole probability of

⋃
j(yj, yj + ℓN(xj)), with an error O(N−D),

where we choose D > k + 1 so that the error remains negligible after multiplication by
χk

N ≤ (N log N)k. Next, we use (1.25) with Aj = (yj, yj + ℓN(xj)) and r = k to replace
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this hole probability by the product of the hole probabilities E1,N((yj, yj + ℓN(xj))). For
the remaining points at which the intervals [yj, yj + ℓN(xj)] are disjoint, we use (1.24) to

bound P(WN(y1, . . . , yk)) by eC
√

log N times the same product. By (1.23), (1.15), and (1.21),
and since q1 is nonincreasing and σ(y) ≥ σI on I, each factor χNE1,N((yj, yj + ℓN(xj))) is
O(log N). Further, the set of these remaining points has k-dimensional Lebesgue measure

O(N−1/3). Their contribution is therefore O(eC
√

log N N−1/3(log N)k) = o(1), and (1.19)
reduces to the statement

lim
N→∞

χN

∫ y+−ℓN(x)

y−
E1,N

(
(y, y + ℓN(x))

)
dy = ΛIe−x, x ∈ R, (1.26)

which we prove in Section 9. To compute this integral, we apply (1.23) with s =

Nσ(y)ℓN(x). Note that

Nσ(y)ℓN(x)− NσIℓN(x) = NσIℓN(x)
(σ(y)

σI
− 1

)
,

F′(bN)bN = aNbN = 2 log N
(
1 + o(1)

)
,

(1.27)

by (1.4). Set sN = NσIℓN(x) and Ψ(y) = σ(y)/σI . Using (1.23) and (1.15), we find that
the integrand is

χN q1(sN)Ψ(y)−1/8 exp
(
−

s2
N

64
(
Ψ(y)2 − 1

)
− sN

8
(
Ψ(y)− 1

))(
1 + o(1)

)
, (1.28)

uniformly in y ∈ [y−, y+ − ℓN(x)]. Since s2
N/64 ∼ log N, this shows that the integral is

concentrated within distance of order (log N)−1 of the points of ∂∗ I, where σ(y) = σI .
Near ξ ∈ ∂∗ I, we have

σ(y)
σI

− 1 =
|ξ|
σ2

I
|y − ξ|+ O

(
|y − ξ|2

)
, (1.29)

since σ′(ξ) = −ξ/σI . A Laplace-type computation then shows that the contribution of ξ

to (1.26) is

χN q1
(

NσIℓN(x)
) σ2

I
2|ξ| log N

(
1 + o(1)

)
=

aNbN

2 log N
κ1

σ3
I

|ξ| e
−x(1 + o(1)

)
, (1.30)

where we used the asymptotics

q1
(

NσIℓN(x)
)
= κ1e−xbN N−1(1 + o(1)

)
, (1.31)

which follow from (1.15) and (1.21). In this computation, the factor b9/8
N coming

from e−F(s) is compensated by the factor s−1/8 = b−1/8
N (1 + o(1)) in (1.15) and by the
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width (log N)−1 of the region near ξ, since χN/(N log N) = 2σIb−1
N (1 + o(1)). Since

aNbN/(2 log N) → 1, summing over ξ ∈ ∂∗ I gives the constant ΛI .
The estimates (1.23), (1.24), and (1.25) are the main work of this paper. Two features

make (1.23) delicate. First, at s = NσIℓN(x), the probability q1(s) is of order N−1
√

log N
by (1.31). So we need a relative error bound for a polynomially small probability. Second,
the interval contains of order

√
log N eigenvalues on average, so the convergence of local

statistics on fixed scales does not suffice. For the GUE, the analogous estimates are proved
in [21] using the determinantal structure. The asymptotics of the Fredholm determinant
can then be derived from those of Toeplitz determinants [8], and the analogue of (1.24)

holds without the factor eC
√

log N by the negative association of determinantal point
processes [4, Lemma 3.8]. Neither tool is available for the GOE. The GOE hole probability
is the square root of the Fredholm determinant of an operator with a 2 × 2 matrix kernel
[28, 44, 49], and one entry of this kernel contains the sign function sgn(x − y)/2, which
does not decay as |x − y| → ∞.

Hermite coordinates. For the analysis, it is convenient to rescale the eigenvalues by the
factor

√
N/2. By (1.1), the vector (

√
N/2 λ1, . . . ,

√
N/2 λN) has a density proportional

to ∏i<j |xj − xi|∏i e−x2
i /2 on {x1 < · · · < xN}, and its empirical distribution concentrates

on [−
√

2N,
√

2N]. We call x =
√

N/2 λ the Hermite coordinate. In the rest of the overview,
the variables x, y, z, and t denote points in Hermite coordinates, and J denotes a subset
of R in Hermite coordinates. We let PN(J) denote the probability that

√
N/2 λi /∈ J for

all i, so that PN(
√

N/2 A) = E1,N(A) for every Borel set A ⊂ R. For δ ∈ (0, 1/2], we
define the bulk

BN(δ) =
[
− (1 − δ)

√
2N, (1 − δ)

√
2N

]
, (1.32)

and we note that
√

N/2 [−2 + δ, 2 − δ] = BN(δ/2). We say that an estimate holds in the
bulk if, for every fixed δ ∈ (0, 1/2], it holds uniformly on BN(δ), with constants depend-
ing on δ. In Hermite coordinates, the mean spacing between consecutive eigenvalues
near a point x in the bulk is approximately π/

√
2N − x2.

The Hermite functions h0, h1, . . . are obtained by applying the Gram–Schmidt proce-
dure in L2(R) to the functions x 7→ xne−x2/2, n ≥ 0, and they form an orthonormal basis
of L2(R). We define

KN(x, y) =
N−1

∑
n=0

hn(x)hn(y), (KN f )(y) =
∫

R
KN(y, x) f (x)dx, (1.33)

for x, y ∈ R and for f ∈ L2(R) or f bounded. The restriction of KN to L2(R) is the
orthogonal projection onto the span of h0, . . . , hN−1. For a measurable set J ⊂ R of
finite measure, we let KJ denote the integral operator on L2(J) with kernel KN(x, y),
x, y ∈ J, and we define DN(J) = det(Id − KJ). This is the probability that the GUE of
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Remark 1.3(c), with its eigenvalues multiplied by
√

N/2, has no eigenvalue in J [2]. The
eigenvalues of KJ lie in [0, 1), so Id − KJ is invertible.

Step 1: An exact formula and the endpoint matrix. Let J =
⋃r

j=1(aj, bj) with a1 < b1 <

a2 < · · · < ar < br. For t ∈ R, we define εt(x) = sgn(x − t)/2 and

gt(y) = (KNεt)(y)− εt(y), y ∈ R. (1.34)

The function gt measures how far the projection KN is from preserving the step function
εt. For 1 ≤ i ≤ r, we define Gi = (Id − KJ)

−1(1J gai) ∈ L2(J). The identity Gi =

1J gai + KN(1JGi) holds almost everywhere on J, and we use its right side to define Gi at
every point of J. For t in the closure of J, we write Gi(t+) and Gi(t−) for the one-sided
limits of Gi at t, whenever they exist. We define the r × r endpoint matrix AN(J) by

AN(J)ij = 1i=j −
(
Gi(b−j )− Gi(a+j )

)
, 1 ≤ i, j ≤ r. (1.35)

We measure the size of J by its microscopic length L(J) =
√

2N|J|. For J =
√

N/2 A, we
have L(J) = N|A|, and L(J) is comparable to the expected number of eigenvalues in J
when J lies in the bulk. The first main step of the proof is the following estimate, which
holds for even and odd N. For all δ ∈ (0, 1/2] and r0 ≥ 1, there exists C > 0 such that if
r ≤ r0, J ⊂ BN(δ), and L(J) ≤ N1/8, then

PN(J)2 = DN(J)
(

detAN(J) + O
(
eCL(J)N−1/2)), |detAN(J)| ≤ CeCL(J). (1.36)

The estimate (1.36) is the combination of an exact identity, Corollary 3.3, with Propo-
sition 6.2. The exact identity expresses PN(J)2, for every N ≥ 2, as DN(J) multiplied by
the determinant of an explicit (r + 2)× (r + 2) matrix. This matrix contains AN(J) as
a principal submatrix, and we will not need its other entries in the overview (they are
given in Definition 3.2). The square appears because PN(J) is a Pfaffian, by de Bruijn’s in-
tegration formula [7], and the square of a Pfaffian is a determinant. The Pfaffian involves
the sign function on the complement of J. After an integration by parts (Lemma 3.5), the
sign function appears only in r rank-one operators, one for each interval of J, and these
produce the endpoint matrix. The two remaining rows of the (r + 2)× (r + 2) matrix
involve the Hermite functions hN−1 and hN of the highest degrees. Using the bound
(1.46) below, we show that all entries of the matrix are O(eCL(J)), and that these two rows
are within O(eCL(J)N−1/2) of the corresponding rows of the identity matrix. Since the
determinant is linear in each row, this gives (1.36).

For even N, an identity of this type was found by Tracy and Widom [48, (33)], who
manipulated Fredholm determinants of operators with matrix kernels and justified these
manipulations in detail for the sine kernel. We derive the exact identity differently,
starting from de Bruijn’s formula and using only finite-dimensional linear algebra. Our
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derivation applies to even and odd N (this matters, since Theorem 1.1 concerns all N).
For odd N, one of the two remaining rows involves a function whose smallness is not
evident from its definition. To describe it, we define

(ε f )(x) =
1
2

∫
R

sgn(x − z) f (z)dz, pN(y) =
∫

R
KN(x, y)dx, x, y ∈ R, (1.37)

for all N ≥ 1 and integrable functions f . Note that
∫

R
hN−1(x)dx ̸= 0 when N is odd.

For odd N, we define

cN =
(N

2

)−1/4( ∫
R

hN−1(x)dx
)−1

, ωN =
(N

2

)1/4
εhN + cN. (1.38)

In the bulk, the two terms of ωN are of order one. However, we show in Lemma 2.6(b)
that their sum is exactly a multiple of 1 − pN:

ωN = cN(1 − pN), N odd. (1.39)

We also show that pN(y) = 1 + O(N−1/2) in the bulk, so (1.39) shows that ωN =

O(N−1/2) there. Landon and Sosoe observed a cancellation of this kind through an
asymptotic analysis of integrals of Hermite functions [32, Lemma 8.14 and Appendix D].

Step 2: The sign function becomes local. Observe that the entries of AN(J) involve the
functions gai only on J. The second step, which has no counterpart in the proof for the
GUE, is the observation that gt is concentrated near t, and that it can be computed from
the kernel KN in the bulk. We set φN = (N/2)1/4hN and ψN = (N/2)1/4hN−1. We prove
in Lemma 2.7 the exact identity

(KNεt)(y) = (εφN)(y) (εψN)(y) +
∫ y

t
KN(x, y)dx, t, y ∈ R. (1.40)

In the bulk, the product (εφN)(εψN) is O(N−1/2). Indeed, one of its factors is a constant
multiple of pN, namely εφN = −cN pN for odd N by (1.39), and εψN = −pN/

∫
R

φN for
even N by Lemma 2.6(a). This factor is bounded in the bulk, since pN = 1 + O(N−1/2)

there, and cN and (
∫

R
φN)

−1 are bounded. By parity, the other factor equals
∫ y

0 φN or∫ y
0 ψN, which is the integral of an oscillating function and is O(N−1/2) in the bulk. The

integral of the kernel between t and y is close to sgn(y − t)/2 when
√

N|y − t| is large.
In Corollary 4.7, we deduce from (1.40) that

|gt(y)| ≤
C

1 +
√

N|y − t|
+ CN−1/4, t, y ∈ BN(δ). (1.41)

The term CN−1/4 comes from the oscillation of the kernel far from the diagonal and is
not optimal. Further, we define

gsine(u) = − sgn(u)
∫ ∞

|u|
S(v)dv, u ∈ R, (1.42)
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Figure 1.1. The function gt = KNεt − εt for N = 60 and t = 2. Panel (a) shows KNεt and the step
function εt; the dotted lines are at ±

√
2N. In the bulk, their difference is concentrated near t, up

to small oscillations, while near and beyond the spectral edges it is of order one. Panel (b) shows
gt(t + u/ϱN(t)), where ϱN(t) =

√
2N − t2, together with its limit gsine(u).

and we show that∣∣∣gt

(
t +

u
ϱN(t)

)
− gsine(u)

∣∣∣ ≤ C(1 + |u|)N−1/2, t ∈ BN(δ), 0 < |u| ≤ N1/4, (1.43)

where we write ϱN(t) =
√

2N − t2; see Figure 1.1. The functions pN, εφN, and εψN are
defined by integrals over R, but by parity each of them equals an explicit constant plus
an integral over [0, y] of Hermite functions, and the constants are given by exact formulas
for

∫
R

hn. In particular, our arguments use the Hermite functions only in the bulk, and
we will not need any estimates for them near the spectral edges ±

√
2N.

The bound (1.41) is what makes the GOE hole probability factorize. We now assume,
in addition to the assumptions of (1.36), that the distance between any two intervals of J
is at least 1/

√
2, which corresponds to the distance N−1/2 in the original coordinates λ,

and that L(J) ≤ γ
√

log N for a fixed γ > 0. Then gai(y) = O(N−1/4) for y in the intervals
(aj, bj) with j ̸= i, by (1.41). Further, |KN(x, y)| ≤ C for x and y in different intervals,
while KN(x, x) is of order

√
N in the bulk. Using these bounds and the bound (1.46)

below, we show in Lemma 6.8 that the off-diagonal entries of AN(J) are O(eCL(J)N−1/4),
and that each diagonal entry AN(J)jj differs by O(eCL(J)N−1/2) from the endpoint matrix
of the single interval Jj = (aj, bj). The latter is a 1 × 1 matrix, which we identify with
its entry. We write each interval Jj in the form of Step 4 below, with x0 = aj and
s = 2ϱN(aj)(bj − aj) ≤ CL(J). The lower bound detAN(Jj) ≥ ce−CL(J) from Step 4 then
shows that

detAN(J) =
(
1 + O(eCL(J)N−1/4)

) r

∏
j=1

AN
(
(aj, bj)

)
. (1.44)
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Next, the operator KJ differs from the direct sum of the operators KJj by the operator
whose kernel equals KN(x, y) for x and y in different intervals of J and vanishes otherwise.
Its Hilbert–Schmidt norm is bounded by C|J| ≤ CL(J)N−1/2. Together with (1.46) below,
a standard estimate for Fredholm determinants (Lemma 8.1) gives

DN(J) =
(
1 + O(eCL(J)N−1)

) r

∏
j=1

DN(Jj). (1.45)

To prove (1.25), we set J =
√

N/2
⋃

j Aj, which satisfies J ⊂ BN(δ/2) and L(J) =

N ∑j |Aj| ≤ γ
√

log N ≤ N1/8. We apply (1.36) to J and to each Jj, and we insert (1.44)
and (1.45). Using the lower bound on detAN(Jj) once more and taking square roots, we
obtain (1.25).

Step 3: An inverse bound from the uncertainty principle. The estimates in Steps 1 and
2 involve the norm of (Id − KJ)

−1 on L2(J). Recall that the eigenvalues of KJ lie in [0, 1).
Therefore, ∥(Id− KJ)

−1∥ ≤ DN(J)−1. However, for an interval J, the right side grows like
ecL(J)2

, which is a power of N when L(J) is of order
√

log N, and this would overwhelm
the polynomially small errors. The third main step is the much better bound

∥(Id − KJ)
−1∥ ≤ CeCL(J), |J| ≤ 1, (1.46)

which we prove in Proposition 5.1 using a quantitative uncertainty principle of Nazarov
[29, 39]. To state it, we define the Fourier transform of f ∈ L1(R) ∩ L2(R) by

(F f )(ξ) =
1√
2π

∫
R

f (x)e−ixξ dx, ξ ∈ R, (1.47)

and we extend F to a unitary operator on L2(R) as usual. The principle states that for
all measurable sets A, Σ ⊂ R of finite measure and all f ∈ L2(R),

∥ f ∥2
2 ≤ CeC|A||Σ|

( ∫
R\A

| f (x)|2 dx +
∫

R\Σ
|(F f )(ξ)|2 dξ

)
. (1.48)

We let VN denote the real span of h0, . . . , hN−1. Each hn is an eigenfunction of F , so
F maps VN to the complex span of h0, . . . , hN−1, and we show that for every f in this
complex span, the integral of | f |2 over the complement of [−8

√
N, 8

√
N] is bounded

by e−N∥ f ∥2
2. Applying (1.48) with A = J and Σ = [−8

√
N, 8

√
N] to f ∈ VN, and using

|J||Σ| = 8
√

2 L(J), we find that

∥ f ∥2
2 ≤ CeCL(J)(∥ f ∥2

2 − ∥1J f ∥2
2 + e−N∥ f ∥2

2
)
, f ∈ VN. (1.49)

Since |J| ≤ 1, we have L(J) ≤
√

2N, so the term e−N is negligible compared to e−CL(J),
and we find ∥1J f ∥2

2 ≤ (1 − ce−CL(J))∥ f ∥2
2 for all f ∈ VN. Since ∥KJ∥ is the supremum of
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∥1J f ∥2
2/∥ f ∥2

2 over nonzero f ∈ VN , this implies (1.46). For a bounded interval J′ ⊂ R, we
let SJ′ denote the integral operator on L2(J′) with kernel S(u − v). Recall that S(u − v)
is the kernel of the orthogonal projection onto the space of functions in L2(R) whose
Fourier transform vanishes outside [−1, 1]. The same argument, with VN replaced by this
space, A = J′, and Σ = [−1, 1], so that |A||Σ| = 2|J′| and there is no tail term, shows that
∥(Id − SJ′)

−1∥ ≤ CeC|J′|.

Step 4: Comparison with the sine kernel. We now explain the proof of the one-interval
estimate (1.23). We fix a point y0 ∈ [−2+ δ, 2− δ] in eigenvalue coordinates and a number
0 < s ≤ γ

√
log N, and we define

x0 =
√

N/2 y0, ϱ = ϱN(x0), J =
(

x0, x0 +
s

2ϱ

)
. (1.50)

Then ϱ =
√

N/2 σ(y0), so J =
√

N/2 (y0, y0 + s/(Nσ(y0))), and L(J) = s/σ(y0) ≤ Cs.
We apply (1.36) to J with r = 1 and δ/4 in place of δ, so that the error term there is
O(eCsN−1/2). We show in Lemma 4.3, using the Plancherel–Rotach asymptotics of the
Hermite functions [41, 47], that∣∣∣1

ϱ
KN

(
x0 +

u
ϱ

, x0 +
v
ϱ

)
− S(u − v)

∣∣∣ ≤ CN−1/2, |u|, |v| ≤ 2N1/4. (1.51)

This shows that after the change of variables x = x0 + u/ϱ, the operator KJ is close to
S(0,s/2). For ℓ > 0, we let Asine(ℓ) denote the number given by the definitions of Step
1 with r = 1, after KN, J, and ga1(x0 + ·/ϱ) are replaced by the integral operator with
kernel S(u − v) on L2(R), the interval (0, ℓ), and gsine. So Asine(s/2) is the sine-kernel
analogue of detAN(J). Using (1.51), the convergence of gx0(x0 + u/ϱ) to gsine(u) from
Step 2, and the bounds on (Id − KJ)

−1 and (Id − S(0,s/2))
−1 from Step 3, we show that

DN(J) = det(Id − S(0,s/2))
(
1 + O(eCsN−1/2)

)
,

detAN(J) = Asine(s/2) + O(eCsN−1/2).
(1.52)

We translate (0, s/2) to (−s/4, s/4). On this symmetric interval, the operator with
kernel S(u − v) preserves the even and the odd functions. Its restrictions to these
two subspaces are unitarily equivalent to S+,s/4 and S−,s/4, respectively. Therefore
det(Id − S(0,s/2)) = D+(s/4)D−(s/4). Further, by an identity of Tracy and Widom [48,
(19), (25), (30)], we have Asine(s/2) = D+(s/4)/D−(s/4). By (1.15) and the positivity
and continuity of D±, this ratio is bounded below by ce−s/4 for all s > 0. Hence
detAN(J) ≥ ce−CL(J), and the error term in (1.36) is small compared to detAN(J), where
we used s ≤ γ

√
log N. Combining these estimates, we have

PN(J)2 = D+(s/4)D−(s/4) · D+(s/4)
D−(s/4)

(
1 + O(eCsN−1/2)

)
= q1(s)2(1 + O(eCsN−1/2)

)
.

(1.53)
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By the description of J above, PN(J) is the left side of (1.23) with y = y0, so this is (1.23).
Finally, we prove the upper bound (1.24), which requires no separation assumption.

Let Jj =
√

N/2 Aj for 1 ≤ j ≤ r, and let J =
⋃

j Jj. Then J ⊂ BN(δ/2) and L(J) ≤
γ
√

log N ≤ N1/8. By (1.36) with δ/2 in place of δ, we have PN(J)2 ≤ CeCL(J)DN(J).
Next, the operator Id − KJ is positive definite, since 0 ≤ KJ < Id, so an inequality of
Fischer type for Fredholm determinants of such operators gives DN(J) ≤ ∏j DN(Jj).
Finally, we write Jj in the form of the first part of this step, with y0 the left endpoint
of Aj and s = Nσ(y0)|Aj| ≤ 2γ

√
log N. Using (1.36) for the single interval Jj and the

lower bound detAN(Jj) ≥ ce−CL(Jj), we find DN(Jj) ≤ CeCL(Jj)PN(Jj)
2. Combining these

bounds, taking square roots, and using L(J) ≤ γ
√

log N, we obtain (1.24).

1.5 Organization of the paper

Section 2 collects classical facts about Hermite functions and proves the exact identities,
including (1.39) and (1.40). Section 3 proves the exact identity for PN(J)2 described in
Step 1. Section 4 contains the asymptotic estimates for Hermite functions in the bulk, and
Section 5 proves the inverse bound (1.46). Section 6 reduces this identity to the endpoint
matrix and shows that the endpoint matrix of separated intervals is nearly diagonal.
Section 7 proves the one-interval estimate (1.23), and Section 8 proves the estimates (1.24)
and (1.25). Section 9 computes the first moment (1.26), and Section 10 completes the
proofs of Theorem 1.1, Corollary 1.2, and Remark 1.4. Appendix A contains the criterion
for Poisson convergence. The main logical dependencies between the sections are shown
in Figure 1.2.
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Section 4
Hermite asymptotics

Section 3
exact formula

Section 5
inverse bound

Section 6
endpoint matrix

Section 7
one interval

Section 8
several intervals

Section 9
first moment

Section 10
proof of Theorem 1.1

Appendix A
Poisson criterion

Figure 1.2. The main logical dependencies between the sections. An arrow from one section
to another means that the second section uses results of the first. The classical facts and exact
identities of Section 2 are used throughout.



section 2

Hermite functions and exact identities

In this section, we fix our notation and collect the facts about Hermite functions that
will be used in the rest of the paper. The classical facts are recalled in Section 2.2. The
identities in Section 2.4 are elementary, but our argument depends on them. They express
every global quantity that we need, such as the integral of the Hermite kernel over a
half-line, through quantities in the bulk of the spectrum. This allows us to avoid any
asymptotic analysis of Hermite functions near the spectral edges.

2.1 Conventions

For real-valued measurable functions f and g on R, we write

⟨ f , g⟩ =
∫

R
f (x)g(x)dx (2.1)

whenever the integral converges absolutely. All functions in this paper are real-valued,
except for the Fourier transforms. For a measurable set A ⊂ R, we let 1A denote its
indicator function and |A| its Lebesgue measure, and we set Ac = R \ A. For a bounded
measurable function Y and a function v in a space of functions on which ⟨Y, ·⟩ is defined,
we let v ⊗ Y denote the rank-one operator

(v ⊗ Y) f = ⟨Y, f ⟩v. (2.2)

We set sgn(x) = x/|x| for x ̸= 0 and sgn(0) = 0. For t ∈ R, we define the step
function

εt(x) =
1
2

sgn(x − t), (2.3)

and for f ∈ L1(R) we define the function ε f by

(ε f )(x) =
1
2

∫
R

sgn(x − z) f (z)dz. (2.4)

We call ε the sign operator. The following properties are immediate from its definition.
First, if f ∈ L1(R) is continuous, then ε f is continuously differentiable with (ε f )′ = f ,
and

lim
x→±∞

(ε f )(x) = ±1
2

∫
R

f (z)dz. (2.5)

18
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Further, if f ∈ L1(R) is continuously differentiable with f ′ ∈ L1(R) and f (x) → 0 as
|x| → ∞, then ε( f ′) = f . Finally, for all f , g ∈ L1(R), we have ⟨ f , εg⟩ = −⟨ε f , g⟩.

Throughout the paper, we let C and c denote large and small positive constants,
respectively. They may depend on parameters that will be specified in each statement,
but not on N or on the positions of the sets considered, and their values may change
from line to line.

2.2 Classical facts

For every integer n ≥ 0, we define the Hermite function

hn(x) = (2nn!
√

π)−1/2(−1)nex2/2 dn

dxn e−x2
, (2.6)

and we set h−1 = 0. The following facts are classical; see, for instance, [47]. The functions
(hn)n≥0 form an orthonormal basis of L2(R), each hn is a polynomial of degree n times
e−x2/2, and hn(−x) = (−1)nhn(x). For all n ≥ 0, we have the recurrence relations

xhn(x) =

√
n + 1

2
hn+1(x) +

√
n
2

hn−1(x),

h′n(x) =
√

n
2

hn−1(x)−
√

n + 1
2

hn+1(x).

(2.7)

For f ∈ L1(R) ∩ L2(R), let

(F f )(ξ) =
1√
2π

∫
R

f (x)e−ixξ dx (2.8)

denote its Fourier transform, extended as usual to a unitary operator on L2(R). The
Hermite functions are eigenfunctions of this operator, with

Fhn = (−i)nhn. (2.9)

We also recall that h2m+1(0) = 0 and

h2m(0) = (−1)mπ−1/4
√
(2m)!

2mm!
(2.10)

for all m ≥ 0. Evaluating (2.9) at ξ = 0, we have
∫

R
h2m+1 = 0 and∫

R
h2m(x)dx =

√
2π (−1)mh2m(0) =

√
2 π1/4

√
(2m)!

2mm!
. (2.11)

We set V0 = {0}. For every integer N ≥ 1, we let VN denote the span of h0, . . . , hN−1,
and we define

KN(x, y) =
N−1

∑
n=0

hn(x)hn(y). (2.12)
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We also let KN denote the integral operator with kernel KN(x, y). This operator is the
orthogonal projection of L2(R) onto VN. For every bounded measurable f , we define
KN f by the same formula. Then KN f ∈ VN. The kernel satisfies the Christoffel–Darboux
formula

KN(x, y) =

√
N
2

hN(x)hN−1(y)− hN−1(x)hN(y)
x − y

, x ̸= y, (2.13)

which follows from the first identity in (2.7). Further, for x ∈ R, we have KN(x, x) =

∑n<N hn(x)2, and the Cauchy–Schwarz inequality gives

|KN(x, y)| ≤ KN(x, x)1/2KN(y, y)1/2, | f (x)|2 ≤ KN(x, x)∥ f ∥2
2 for f ∈ VN. (2.14)

We will need a crude bound on Hermite functions far outside the spectrum.

Lemma 2.1. For all integers N ≥ 1 and 0 ≤ n ≤ N, and all x ∈ R such that |x| ≥ 8
√

N, we
have hn(x)2 ≤ e−x2/4.

Proof. Let Pn denote the Hermite polynomial of degree n, normalized so that

hn(x) =
Pn(x)e−x2/2

(2nn!
√

π)1/2 . (2.15)

These polynomials have the generating function (see [47])

∑
n≥0

Pn(x)zn/n! = e2xz−z2
. (2.16)

By Cauchy’s estimate on the circle |z| =
√

N, we have

|Pn(x)| ≤ n! N−n/2e2|x|
√

N+N. (2.17)

It follows that

hn(x)2 =
Pn(x)2e−x2

2nn!
√

π
≤ n!

Nn e4|x|
√

N+2N−x2 ≤ e4|x|
√

N+2N−x2
. (2.18)

In the last inequality, we used
n! ≤ nn ≤ Nn (2.19)

for 1 ≤ n ≤ N. The same bound holds for n = 0 by direct inspection. Finally, when
|x| ≥ 8

√
N, we have 4|x|

√
N ≤ x2/2 and 2N ≤ x2/32, so the exponent on the right side

is bounded above by −x2/4.
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2.3 The GOE in Hermite coordinates

Recall that HN denotes an N × N GOE matrix, normalized as in (1.1), with eigenvalues
λ1 < · · · < λN . We will work with the rescaled eigenvalues

√
N/2 λi. By (1.1), the vector

(
√

N/2 λ1, . . . ,
√

N/2 λN) has the density

1
Z̃N

∏
1≤i<j≤N

|xj − xi|
N

∏
i=1

e−x2
i /2 (2.20)

on {x1 < · · · < xN}, where Z̃N is a normalizing constant. We call the variable

x =

√
N
2

λ (2.21)

the Hermite coordinate, and the variable λ the eigenvalue coordinate. In Hermite coordinates,
the semicircle law is supported on [−

√
2N,

√
2N], and the expected number of points

per unit length near x0 is approximately π−1
√

2N − x2
0.

Definition 2.2. For a measurable set J ⊂ R of finite measure, we let KJ denote the integral
operator on L2(J) with kernel KN(x, y), x, y ∈ J, and we define

PN(J) = P
(√N

2
λi /∈ J for all i ∈ {1, . . . , N}

)
, DN(J) = det(Id − KJ). (2.22)

We call PN(J) the GOE hole probability of J.

The operator KJ is positive and trace class, with trace
∫

J KN(x, x)dx < ∞, since
x 7→ KN(x, x) is bounded. A nonzero element of VN cannot vanish on the complement
of a set of finite measure, which implies that ∥KJ∥ < 1. Hence DN(J) is a well-defined
Fredholm determinant in (0, 1]. It is the probability that the GUE, with eigenvalue density
proportional to ∏i<j |xj − xi|2 ∏i e−x2

i , has no eigenvalue in J (see, for instance, [2]), but
we will not use this interpretation. Expanding KN in the basis (hn)n<N, we also have

DN(J) = det
(
1m=n − ⟨hm, 1Jhn⟩

)N−1
m,n=0. (2.23)

Finally, for every measurable set A ⊂ R of finite measure, we have E1,N(A) =

PN(
√

N/2 A), where we recall that E1,N(A) is the hole probability defined in (1.11).

2.4 Top modes and exact identities

We now define the functions that measure how the GOE differs from the GUE. For every
integer N ≥ 2, we define the top modes

φN =
(N

2

)1/4
hN, ψN =

(N
2

)1/4
hN−1. (2.24)
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With this normalization, φN(x)ψN(y) =
√

N/2 hN(x)hN−1(y), which is the factor appear-
ing in (2.13). We also define the constant cN and the function ωN by

cN =

{( ∫
R

ψN
)−1 if N is odd,

0 if N is even,
ωN = εφN + cN, (2.25)

and the function
pN(y) =

∫
R

KN(x, y)dx = (KN1R)(y). (2.26)

For odd N, the integer N − 1 is even, so
∫

ψN ̸= 0 by (2.11), and cN is well defined. Note
that pN ∈ VN.

Lemma 2.3. For all N ≥ 2 and x, y ∈ R, we have

∂xKN(x, y) + ∂yKN(x, y) = −φN(x)ψN(y)− ψN(x)φN(y). (2.27)

Proof. By the second identity in (2.7), we have

N−1

∑
n=0

h′n(x)hn(y) =
N−1

∑
n=1

√
n
2

hn−1(x)hn(y)−
N

∑
n=1

√
n
2

hn(x)hn−1(y), (2.28)

where we shifted the index in the second sum. We add the same identity with x and
y interchanged. Then all terms with n ≤ N − 1 cancel, and the remaining terms with
n = N give

−
√

N/2
(
hN(x)hN−1(y) + hN−1(x)hN(y)

)
, (2.29)

which is the right side of (2.27).

Lemma 2.4. For all N ≥ 2, we have

p′N = −
( ∫

R
φN

)
ψN −

( ∫
R

ψN

)
φN (2.30)

and

pN(0) =
√

2 ∑
0≤m≤(N−1)/2

(−1)m
(

2m
m

)
4−m, |pN(0)− 1| ≤ 2N−1/2. (2.31)

Moreover, if N is even, then
∫

ψN = 0 and 1 ≤
∫

φN ≤ 2, and if N is odd, then
∫

φN = 0 and
1 ≤

∫
ψN ≤ 2. In particular, cN ∈ [1/2, 1] when N is odd.

Proof. Integrating (2.27) in x over R, and using the fact that∫
R

∂xKN(x, y)dx = 0, (2.32)
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we obtain (2.30).
Next, since hn(0) = 0 for odd n, we have

pN(0) = ∑
2m<N

h2m(0)
∫

h2m. (2.33)

Inserting (2.10) and (2.11) into this identity, we obtain the formula in (2.31).
We now turn to the bound. Set

ϖm =

(
2m
m

)
4−m. (2.34)

An elementary induction using ϖm+1 = ϖm(2m + 1)/(2m + 2) shows that

1
2
√

m
≤ ϖm ≤ 1√

2m + 1
, m ≥ 1. (2.35)

In particular, (ϖm)m≥0 decreases to 0, so the series ∑m≥0(−1)mϖm converges. By Abel’s
theorem applied to the expansion

(1 − 4z)−1/2 = ∑
m≥0

ϖm(4z)m (2.36)

at z = −1/4, its value is 2−1/2. The alternating series bound then gives |pN(0)− 1| ≤√
2 ϖM+1 with M = ⌊(N − 1)/2⌋, and (2.35) implies that

√
2 ϖM+1 ≤

√
2(2M + 3)−1/2 ≤ 2N−1/2. (2.37)

Finally, we have ∫
hn = 0 (2.38)

for odd n. When N = 2m is even, (2.11) gives∫
φN = m1/4

√
2 π1/4ϖ1/2

m , (2.39)

and (2.35) shows that this number belongs to [π1/4, 21/4π1/4] ⊂ [1, 2]. The same com-
putation with (N/2)1/4 = (m + 1/2)1/4 shows that

∫
ψN ∈ [1, 2] when N = 2m + 1 is

odd.

The next lemma records which antiderivatives of Hermite functions lie in VN.

Lemma 2.5. Let n ≥ 0. Then the derivative maps Vn onto { f ∈ Vn+1 :
∫

R
f = 0}. Consequently,

the following statements hold.

(a) If n is odd, then εhn ∈ Vn.
(b) If N is even, then KN(εhN) = 0.
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(c) If N is odd, then εhN ∈ VN and KN(εhN−1) = 0.

Proof. By (2.7), the derivative maps Vn into Vn+1. The image consists of functions with
zero integral, and the derivative is injective on Vn, so the image has dimension n. The
space { f ∈ Vn+1 :

∫
f = 0} also has dimension n, since

∫
h0 ̸= 0. Hence the image is all

of this space, which is the first claim.
To prove (a), suppose that n is odd. Then hn ∈ Vn+1 and

∫
hn = 0, so the first claim

gives hn = g′ for some g ∈ Vn. The functions g and εhn vanish at infinity and have
derivative hn, so they are equal, and (a) follows.

We now prove (b) and (c), using the identity ⟨hm, ε f ⟩ = −⟨εhm, f ⟩. Let m < N. For
odd m, (a) implies that εhm ∈ Vm, so εhm is orthogonal to hN and hN−1 when m ≤ N − 2.
For even m, the function εhm is odd.

Suppose first that N is even. When m < N is odd, we have m ≤ N − 1, so ⟨εhm, hN⟩ =
0. When m is even, the function εhm hN is odd, so again ⟨εhm, hN⟩ = 0. We conclude that
KN(εhN) = 0, which is (b).

Finally, suppose that N is odd. Then εhN ∈ VN by (a). The same parity argument
applied to hN−1, which is even, gives ⟨εhm, hN−1⟩ = 0 for all m < N. This proves (c).

The following lemma contains the cancellation between the two terms in ωN for odd
N, which is the main reason for the definition (2.25).

Lemma 2.6. Let N ≥ 2.

(a) If N is even, then εψN = −pN/
∫

φN and ωN = εφN.
(b) If N is odd, then εφN = −cN pN, and therefore ωN = cN(1 − pN).
(c) In both cases, KNωN = 0, ⟨ψN, ωN⟩ = 0, and ⟨ψN, εφN⟩ = −cN

∫
ψN.

Proof. Suppose first that N is even. By Lemma 2.4, we have

p′N = −(
∫

φN)ψN, (2.40)

so the derivative of εψN + pN/
∫

φN vanishes. As y → ∞, we have pN(y) → 0, since
pN ∈ VN, and (2.5) gives

(εψN)(y) → (1/2)
∫

ψN = 0. (2.41)

Therefore,
εψN + pN/

∫
φN = 0, (2.42)

and (a) follows, since cN = 0.
Next, suppose that N is odd. Then Lemma 2.4 gives p′N = −c−1

N φN, so the derivative
of εφN + cN pN vanishes. As y → ∞, we have pN(y) → 0 and

(εφN)(y) → (1/2)
∫

φN = 0, (2.43)
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which gives (b).
We now prove (c). When N is even, Lemma 2.5(b) implies that

KNωN = KNεφN = 0. (2.44)

For odd N, we have
pN = KN1R ∈ VN, (2.45)

so KN pN = pN, and therefore

KNωN = cN(pN − KN pN) = 0. (2.46)

Since ψN ∈ VN and ωN is bounded, we find

⟨ψN, ωN⟩ = ⟨KNψN, ωN⟩ = ⟨ψN, KNωN⟩ = 0. (2.47)

Finally, we have

⟨ψN, εφN⟩ = ⟨ψN, ωN⟩ − cN

∫
ψN = −cN

∫
ψN. (2.48)

Observe that for odd N, Lemma 2.6(b) and Lemma 2.4 show that εφN is close to the
constant −cN wherever pN is close to 1. We will see in Section 4 that this holds in the
bulk of the spectrum, so that ωN is small there, although the two terms in its definition
are of order one.

The last identity of this section concerns the sign function. It shows that, up to the
product (εφN)(εψN), the projection KN applied to a step function only involves the kernel
between the jump and the point of evaluation.

Lemma 2.7. For all N ≥ 2 and y ∈ R, we have

1
2

∫
R

sgn(x − y)KN(x, y)dx = (εφN)(y) (εψN)(y). (2.49)

Consequently, for all t, y ∈ R, we have

(KNεt)(y) = (εφN)(y) (εψN)(y) +
∫ y

t
KN(x, y)dx, (2.50)

where the integral is oriented, so that
∫ y

t = −
∫ t

y when y < t.

Proof. Let G(y) denote the left side of (2.49). Then

2G(y) =
∫ ∞

y
KN(x, y)dx −

∫ y

−∞
KN(x, y)dx. (2.51)
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Differentiating this identity, we have

G′(y) = −KN(y, y) +
1
2

∫
R

sgn(x − y) ∂yKN(x, y)dx. (2.52)

We now insert (2.27) into the integral. Integrating over (y, ∞) and (−∞, y) separately, we
see that the term with −∂xKN(x, y) gives KN(y, y). The remaining terms give

−1
2

∫
R

sgn(x − y)
(

φN(x)ψN(y) + ψN(x)φN(y)
)

dx = ψN(y)(εφN)(y) + φN(y)(εψN)(y),

(2.53)
where we used ∫

sgn(x − y) f (x)dx = −2(ε f )(y). (2.54)

Therefore, G′(y) =
(
(εφN)(εψN)

)′
(y). As y → ∞, we have G(y) → 0 and

(εφN)(y)(εψN)(y) → (1/4)
∫

φN

∫
ψN = 0, (2.55)

since one of the two integrals vanishes by Lemma 2.4. This completes the proof of (2.49).
We now prove (2.50), whose two sides are continuously differentiable in t, with

derivative −KN(t, y) by the symmetry of KN . For t = y, the left side reduces to G(y) and
the right side to (εφN)(y)(εψN)(y), so (2.50) follows from (2.49).



section 3

An exact formula for the hole probability

In this section, we express PN(J)2 as DN(J) times the determinant of a matrix whose
size depends only on the number of intervals in J. The identity holds for every N ≥ 2
and every finite union of bounded intervals J. For even N, an identity of this type was
obtained by Tracy and Widom in [48, (33)], who manipulated Fredholm determinants
of operators with matrix kernels. They gave a detailed justification of these manipula-
tions for the sine kernel in [48, Section VIII]. Our derivation is different. It starts from
de Bruijn’s integration formula and uses only finite-dimensional linear algebra, so no
regularization of the sign kernel is required. It treats N of either parity and pairs the
two endpoints of each interval from the start, which produces a matrix whose size is the
number of intervals plus two, instead of twice the number of intervals plus one.

3.1 Statement

Throughout this section, we fix N ≥ 2, an integer r ≥ 1, and real numbers a1 < b1 < a2 <

b2 < · · · < ar < br. We set

Jj = (aj, bj), J =
r⋃

j=1

Jj. (3.1)

For 1 ≤ j ≤ r, we define the functions

k j = KN(·, bj)− KN(·, aj), wj = 1Jc εaj . (3.2)

Observe that k j ∈ VN and ⟨k j, f ⟩ = f (bj)− f (aj) for all f ∈ VN. Further, since sgn(x −
aj) = sgn(x − bj) for x /∈ [aj, bj], we have wj = 1Jc εbj almost everywhere. The function wj
vanishes on J and takes the value −1/2 on Jc ∩ (−∞, aj) and the value 1/2 on Jc ∩ (bj, ∞).
We also define the function

YN(J) = 1Jc
(
ωN − ε(1J φN)

)
, (3.3)

where we recall that ωN was defined in (2.25), and the operator TN(J) on VN by

TN(J) = Id − KN1J −
r

∑
j=1

k j ⊗ wj + ψN ⊗ YN(J), (3.4)

27
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where KN1J denotes the operator f 7→ KN(1J f ), and the rank-one operators were defined
in (2.2). Finally, we define

X♯
N(J) = −1

2

r

∑
j=1

k j −
1
2

( ∫
J

φN

)
ψN, dN(J) = 1 − cN

∫
J

ψN,

Y♯
N(J) = −2cN

(
1JεψN + 1Jc ε(1JψN)

)
.

(3.5)

Note that X♯
N(J) ∈ VN, and that Y♯

N(J) is bounded. For even N, we have cN = 0, so
Y♯

N(J) = 0 and dN(J) = 1.

Proposition 3.1. Let TN(J) denote the operator on VN ⊕ R defined by

TN(J)( f , a) =
(
TN(J) f + a X♯

N(J), ⟨Y♯
N(J), f ⟩+ a dN(J)

)
. (3.6)

Then
PN(J)2 = det TN(J). (3.7)

In particular, if N is even, then PN(J)2 = det TN(J).

To state the consequence of Proposition 3.1 that we will use, we write

QN(J) = Id − KN1J , (3.8)

viewed as an operator on VN. In the basis (hn)n<N, the matrix of this operator is the
matrix in (2.23), so det QN(J) = DN(J) > 0. In particular, QN(J) is invertible. We define
X0, . . . , Xr ∈ VN and bounded functions Y0, . . . , Yr by

X0 = −ψN, Xj = k j, Y0 = YN(J), Yj = wj, 1 ≤ j ≤ r, (3.9)

so that TN(J) = QN(J)− ∑r
α=0 Xα ⊗ Yα. We index the rows and columns of the following

matrices by {0, 1, . . . , r} and {0, 1, . . . , r + 1}, respectively.

Definition 3.2. We define the (r + 1)× (r + 1) matrix MN(J) and the (r + 2)× (r + 2)
matrix M♯

N(J) by

MN(J)αβ = 1α=β − ⟨Yα, QN(J)−1Xβ⟩, 0 ≤ α, β ≤ r, (3.10)

and

M♯
N(J) =

(
MN(J) vN(J)
zN(J)T dN(J)

)
, (3.11)

where vN(J), zN(J) ∈ Rr+1 have the entries

vN(J)0 =
1
2

∫
J

φN, vN(J)j = −1
2

, zN(J)β = ⟨Y♯
N(J), QN(J)−1Xβ⟩, (3.12)

for 1 ≤ j ≤ r and 0 ≤ β ≤ r.
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Corollary 3.3. For all N ≥ 2 and J as in (3.1), we have

PN(J)2 = DN(J)det M♯
N(J). (3.13)

If N is even, then zN(J) = 0 and dN(J) = 1, so det M♯
N(J) = det MN(J).

Proof. We write Q = QN(J) and X̃α = Q−1Xα. By (3.5) and (3.12), we have

X♯
N(J) = ∑

α

vN(J)αXα. (3.14)

Therefore, TN(J) = (Q ⊕ 1)T′, where

T′( f , a) =
(

f −
r

∑
α=0

X̃α

(
⟨Yα, f ⟩ − a vN(J)α

)
, a + ⟨Y♯

N(J), f ⟩+ a(dN(J)− 1)
)

. (3.15)

We now write T′ as the identity minus a sum of r + 2 rank-one operators. Set
Uβ = (X̃β, 0) for β ≤ r and Ur+1 = (0, 1). We define

Φα( f , a) = ⟨Yα, f ⟩ − a vN(J)α (3.16)

for α ≤ r and
Φr+1( f , a) = −⟨Y♯

N(J), f ⟩ − a(dN(J)− 1), (3.17)

and we let U ⊗ Φ denote the operator u 7→ Φ(u)U. Then

T′ = Id −
r

∑
α=0

(X̃α, 0)⊗ Φα − (0, 1)⊗ Φr+1, (3.18)

so Sylvester’s determinant identity implies that det T′ is the determinant of the (r + 2)×
(r + 2) matrix with entries 1α=β − Φα(Uβ). Comparing entries, we see that this matrix
coincides with M♯

N(J). Since det(Q ⊕ 1) = DN(J), Proposition 3.1 now gives (3.13). The
last claim follows from cN = 0 for even N.

3.2 De Bruijn’s formula

Let A ⊂ R be a measurable set. We define the skew-symmetric bilinear form

ΩA( f , g) = ⟨1A f , ε(1Ag)⟩, f , g ∈ VN+1, (3.19)

and, for odd N, the skew-symmetric bilinear form on VN ⊕ R given by

Ω̂A
(
( f , a), (g, b)

)
= ΩA( f , g)− b

2
⟨1A, f ⟩+ a

2
⟨1A, g⟩. (3.20)

With a slight abuse of notation, we also let ΩA denote the matrix of ΩA in the basis
(hn)n<N of VN, and we let Ω̂A denote the matrix of Ω̂A in the basis of VN ⊕ R given by
the vectors (hn, 0), n < N, and (0, 1).
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Lemma 3.4. If N is even, then det ΩR ̸= 0 and PN(J)2 = det ΩJc / det ΩR. If N is odd, then
det Ω̂R ̸= 0 and PN(J)2 = det Ω̂Jc / det Ω̂R.

Proof. Since hn is a polynomial of degree n times e−x2/2, there exists a constant ςN ̸= 0
such that

det(hm(xi))
N−1,N
m=0,i=1 = ςN ∏

i<j
(xj − xi)∏

i
e−x2

i /2. (3.21)

The product ∏i<j(xj − xi) is positive on {x1 < · · · < xN}. Comparing with (2.20), we
find that for every measurable A,

P
(√N

2
λi ∈ A for all i

)
=

1
ςN Z̃N

∫
x1<···<xN , xi∈A

det(hm(xi))dx1 · · · dxN. (3.22)

For even N, de Bruijn’s formula [7] states that the integral on the right is the Pfaffian
of the matrix with entries

∫∫
A×A sgn(y − x)hm(x)hn(y)dx dy. Observe that this entry

equals −2ΩA(hm, hn). For odd N, the corresponding formula (see [3, Theorem 6.1] or [44,
(2.2)]) states that the integral is the Pfaffian of the same matrix bordered by the column
(
∫

A hm)m<N, its negative transpose, and a zero. This bordered matrix coincides with
−2Ω̂A.

Taking A = R shows that the Pfaffian is nonzero in either case. Taking A = Jc,
dividing by the case A = R, and squaring, we obtain the claim, since the square of a
Pfaffian is the determinant and the factors of −2 cancel.

3.3 The derivative trick

To compute the determinants in Lemma 3.4, we replace the first argument of ΩA by
derivatives. Here and below, we write ∂ f = f ′. The idea is that ε inverts the derivative,
so that ΩR(∂ f , g) = −⟨ f , g⟩. However, ∂ f does not lie in VN in general, and its projection
KN∂ f differs from ∂ f by a multiple of the top mode hN. The following lemma carries
out this computation for A = R and A = Jc. Recall from (3.3) that YN(J) = 1Jc(ωN −
ε(1J φN)).

Lemma 3.5. For all f , g ∈ VN, we have

ΩR(KN∂ f , g) = −⟨ f , g⟩ − ⟨ψN, f ⟩⟨εφN, g⟩, (3.23)

ΩJc(KN∂ f , g) = −⟨ f , TN(J)g⟩+ cN⟨ψN, f ⟩⟨1Jc , g⟩. (3.24)

Proof. By (2.7), we have ∂ f ∈ VN+1 and

⟨hN, ∂ f ⟩ = −⟨∂hN, f ⟩ = −
√

N/2 ⟨hN−1, f ⟩. (3.25)
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Therefore,

KN∂ f = ∂ f +

√
N
2
⟨hN−1, f ⟩hN = ∂ f + ⟨ψN, f ⟩φN. (3.26)

We first consider A = R. Integrating by parts and using ∂εg = g, we find that

ΩR(∂ f , g) = ⟨∂ f , εg⟩ = −⟨ f , g⟩. (3.27)

Also, ΩR(φN, g) = −⟨εφN, g⟩. Applying ΩR(·, g) to (3.26) and inserting these identities,
we obtain (3.23).

We now consider A = Jc. We set

Ψg = εg − 1Jc ε(1Jc g) = 1Jεg + 1Jc ε(1J g), (3.28)

so that
ΩJc(∂ f , g) = ⟨∂ f , εg⟩ − ⟨∂ f , Ψg⟩ = −⟨ f , g⟩ − ⟨∂ f , Ψg⟩. (3.29)

The restriction of Ψg to each interval Jj extends continuously to the closure Jj, and it has
derivative g on Jj. It is constant on each connected component of Jc, since ε(1J g) has
derivative 1J g, so its jumps occur only at the points aj and bj. We have

Ψg(a−j )− Ψg(a+j ) = (ε(1J g))(aj)− (εg)(aj) = −(ε(1Jc g))(aj) = ⟨wj, g⟩, (3.30)

where the last equality follows from (εh)(t) = −⟨εt, h⟩ and 1Jc εaj = wj. In the same way,
we find that

Ψg(b−j )− Ψg(b+j ) = (ε(1Jc g))(bj) = −⟨wj, g⟩, (3.31)

where we used 1Jc εbj = wj almost everywhere.
Integrating by parts on each interval where Ψg is continuous, we find

⟨∂ f , Ψg⟩ =
r

∑
j=1

(
f (aj)− f (bj)

)
⟨wj, g⟩ − ⟨1J f , g⟩

= −
r

∑
j=1

⟨ f , k j⟩⟨wj, g⟩ − ⟨ f , KN(1J g)⟩,
(3.32)

where in the last step we used f ∈ VN. Further, the skew-symmetry of ε gives

ΩJc(φN, g) = −⟨1Jc ε(1Jc φN), g⟩ = −⟨YN(J), g⟩+ cN⟨1Jc , g⟩, (3.33)

where we used

ε(1Jc φN) = εφN − ε(1J φN) = ωN − cN − ε(1J φN). (3.34)

Applying ΩJc(·, g) to (3.26) and combining the identities above, we have

ΩJc(KN∂ f , g) = −⟨ f , g⟩+ ⟨ f , KN(1J g)⟩+
r

∑
j=1

⟨ f , k j⟩⟨wj, g⟩

− ⟨ψN, f ⟩
(
⟨YN(J), g⟩ − cN⟨1Jc , g⟩

)
,

(3.35)

which is (3.24) by the definition (3.4).
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3.4 Proof of Proposition 3.1

Let B denote the N × N matrix with entries Bℓm = ⟨hℓ, ∂hm⟩. Then

KN∂hm = ∑
ℓ

Bℓmhℓ, (3.36)

so for every measurable A, the matrix with entries ΩA(KN∂hm, hn) is given by BTΩA.
Suppose first that N is even. Then cN = 0, and Lemma 3.5 shows that the matrices

−BTΩR and −BTΩJc are the matrices of the operators Id + ψN ⊗ εφN and TN(J) in the
basis (hn)n<N, respectively. The first operator has determinant 1 + ⟨εφN, ψN⟩ = 1, by
Lemma 2.6(c) with cN = 0. In particular, det B ̸= 0, and Lemma 3.4 gives

PN(J)2 =
det ΩJc

det ΩR

=
det(−BTΩJc)

det(−BTΩR)
= det TN(J). (3.37)

Suppose now that N is odd, and set

ν = 2cN(N/2)1/4. (3.38)

We define the vectors

um =
(
KN∂hm, −ν1m=N−1

)
, 0 ≤ m < N, uN = (νhN−1, 0), (3.39)

in VN ⊕ R, and we set en = (hn, 0) for n < N and eN = (0, 1). Let Γ denote the matrix
with

uα = ∑
β

Γαβeβ. (3.40)

Then the matrix with entries −Ω̂A(uα, eβ) is given by −ΓΩ̂A. We now compute these
entries for A ∈ {R, Jc}, using Lemma 3.5 and the identity ν1m=N−1/2 = cN⟨ψN, hm⟩.

We begin with the case m, n < N. Then (3.24) gives

−Ω̂Jc(um, en) = −ΩJc(KN∂hm, hn) + cN⟨ψN, hm⟩⟨1Jc , hn⟩ = ⟨hm, TN(J)hn⟩, (3.41)

and in the same way, (3.23) gives −Ω̂R(um, en) = ⟨hm, (Id+ ψN ⊗ ωN)hn⟩, where we used
ωN = εφN + cN.

Next, let m < N and n = N. Then the definition (3.20) gives −Ω̂A(um, eN) =

⟨1A, KN∂hm⟩/2. When A = R, this quantity equals

⟨pN, ∂hm⟩/2 = −⟨p′N, hm⟩/2 = 0, (3.42)

where we used (2.30),
∫

φN = 0, and the orthogonality of φN to VN. When A = Jc, we
combine the case A = R with (3.26) to obtain

1
2
⟨1Jc , KN∂hm⟩ = −1

2
⟨1J , ∂hm + ⟨ψN, hm⟩φN⟩

= −1
2

r

∑
j=1

⟨k j, hm⟩ −
1
2
⟨ψN, hm⟩

∫
J

φN = ⟨hm, X♯
N(J)⟩.

(3.43)
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It remains to compute the entries with α = N. For n < N, we have −Ω̂A(uN, en) =

−ν ΩA(hN−1, hn). When A = R, Lemma 2.5(c) implies that

ΩR(hN−1, hn) = −⟨εhN−1, hn⟩ = 0, (3.44)

so this entry vanishes. To treat A = Jc, we expand 1Jc = 1 − 1J and use the skew-
symmetry of ε. This gives, for all f , g ∈ VN,

ΩJc( f , g)− ΩR( f , g) = ⟨1Jε f + 1Jc ε(1J f ), g⟩. (3.45)

Taking f = hN−1 and using νhN−1 = 2cNψN, we find

−Ω̂Jc(uN, en) = ⟨Y♯
N(J), hn⟩. (3.46)

Finally, we have

−Ω̂A(uN, eN) = (ν/2)⟨1A, hN−1⟩ = cN⟨1A, ψN⟩, (3.47)

which takes the value 1 for A = R and the value dN(J) for A = Jc.
Combining these computations, we see that −ΓΩ̂Jc is the matrix of TN(J) in the

basis (eβ), and that −ΓΩ̂R is the matrix of (Id + ψN ⊗ ωN)⊕ 1, which has determinant
1 + ⟨ωN, ψN⟩ = 1 by Lemma 2.6(c). In particular, det Γ ̸= 0, and Lemma 3.4 gives

PN(J)2 =
det Ω̂Jc

det Ω̂R

=
det(−ΓΩ̂Jc)

det(−ΓΩ̂R)
= det TN(J). (3.48)

This completes the proof.



section 4

Estimates in the bulk

In this section, we prove the asymptotic estimates for Hermite functions that we need.
They all concern points in the bulk of the spectrum, and they follow from the Plancherel–
Rotach asymptotics together with the identities of Section 2.4. The main results are
Lemma 4.3, which compares the Hermite kernel with the sine kernel on growing windows,
and Lemma 4.6 and Corollary 4.7, which control integrals of the kernel against step
functions.

For δ ∈ (0, 1/2], we define the bulk

BN(δ) =
[
− (1 − δ)

√
2N, (1 − δ)

√
2N

]
, (4.1)

and for x0 ∈ BN(δ) we define the local scale

ϱN(x0) =
√

2N − x2
0. (4.2)

Note that
√

2δN ≤ ϱN(x0) ≤
√

2N for x0 ∈ BN(δ). We also define the sine kernel

S(t) =
sin t
πt

, t ̸= 0, S(0) =
1
π

. (4.3)

Throughout this section, we fix δ ∈ (0, 1/2]. The constants C, c, and N0 depend only on
δ, and all statements hold for N ≥ N0.

4.1 Plancherel–Rotach asymptotics

For n ≥ 1 and |x| <
√

2n + 1, we define θn(x) ∈ (0, π) by x =
√

2n + 1 cos θn(x), and we
set

αn(x) =
21/4

√
π n1/4

(
sin θn(x)

)−1/2,

Θn(x) =
(n

2
+

1
4

)(
sin 2θn(x)− 2θn(x)

)
+

3π

4
.

(4.4)

Lemma 4.1. There exists C > 0 such that for all integers n with |n− N| ≤ 2 and all x ∈ BN(δ),
we have

hn(x) = αn(x)
(

sin Θn(x) + ρn(x)
)
, |ρn(x)| ≤ C

N
. (4.5)

Moreover, the following estimates hold for such n and x.

34
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(i) We have Θ′
n(x) =

√
2n + 1 − x2, |Θ′′

n(x)| ≤ C, and |θ′n(x)| ≤ CN−1/2.
(ii) We have C−1N−1/4 ≤ αn(x) ≤ CN−1/4 and |α′n(x)| ≤ CN−3/4.

(iii) The functions defined by a = αN−1/αN and ϑ = ΘN−1 − ΘN satisfy |a(x)− 1| ≤ C/N,
|a′(x)| ≤ CN−3/2, |ϑ(x)− θN(x)| ≤ C/N, and |ϑ′(x)| ≤ CN−1/2.

Proof. When N ≥ N0, we have |x| ≤ (1 − δ/2)
√

2n + 1 for |n − N| ≤ 2 and x ∈ BN(δ), so
θn(x) belongs to a compact subset of (0, π) depending only on δ. The expansion (4.5) is
then the Plancherel–Rotach asymptotic formula [41] in the form of [47, Theorem 8.22.9],
multiplied by the normalizing factor (2nn!

√
π)−1/2 in (2.6).

For (i), we have
θ′n(x) = −(2n + 1 − x2)−1/2 (4.6)

and
∂θ

(
((2n + 1)/4)(sin 2θ − 2θ)

)
= −(2n + 1) sin2 θ. (4.7)

Therefore,
Θ′

n(x) =
√

2n + 1 sin θn(x) =
√

2n + 1 − x2, (4.8)

and
Θ′′

n(x) = −x(2n + 1 − x2)−1/2. (4.9)

These are bounded as claimed, since 2n + 1 − x2 ≥ cN.
The bounds on αn in (ii) follow from sin θn(x) ∈ [c, 1]. Further, we have

(log αn)
′(x) = x/(2(2n + 1 − x2)), (4.10)

which is bounded by CN−1/2 in absolute value.
For (iii), the identity for (log αn)′ gives

(log a)′ = x/(2(2N − 1 − x2))− x/(2(2N + 1 − x2)), (4.11)

which is bounded by CN−3/2 in absolute value. The bound on a − 1 follows from
(N/(N − 1))1/4 = 1 +O(N−1) and sin θN−1(x)/ sin θN(x) = 1 +O(N−1). Next, we have

ϑ′ =
√

2N − 1 − x2 −
√

2N + 1 − x2, (4.12)

which is bounded by CN−1/2 in absolute value.
Finally, we regard n as a continuous variable. Differentiating (4.4) in n at fixed x, and

using
∂nθn(x) = cos θn(x)/((2n + 1) sin θn(x)), (4.13)

we have

∂nΘn(x) =
1
2
(

sin 2θn − 2θn
)
− (2n + 1) sin2 θn ·

cos θn

(2n + 1) sin θn
= −θn(x). (4.14)
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Integrating this identity, and using the bound |∂nθn(x)| ≤ C/N for n ∈ [N − 1, N], we
conclude that

ϑ(x) =
∫ N

N−1
θt(x)dt = θN(x) + O(N−1). (4.15)

Lemma 4.2. For all x, y ∈ BN(δ), the following estimates hold.

(a) We have |hn(x)| ≤ CN−1/4 for |n − N| ≤ 2. In particular, |φN(x)|+ |ψN(x)| ≤ C.
(b) We have KN(x, x) ≤ C

√
N and KN+1(x, x) ≤ C

√
N.

(c) We have |KN(x, y)| ≤ C
√

N (1 +
√

N|x − y|)−1.
(d) We have |∂xKN(x, y)| ≤ CN.

Proof. The bounds in (a) follow from Lemma 4.1. For (b), letting y → x in (2.13) and
using the second identity in (2.7) for h′N and h′N−1, we find

KN(x, x) =
N
2
(
hN−1(x)2 + hN(x)2)− √

N(N + 1)
2

hN+1(x)hN−1(x)

−
√

N(N − 1)
2

hN−2(x)hN(x).
(4.16)

By (a), each term on the right side is bounded by CN · N−1/2. The same argument with
N + 1 in place of N bounds KN+1(x, x), since it only involves hn with |n − N| ≤ 2, which
are covered by (a).

To prove (c), we first suppose that |x − y| ≥ N−1/2. Then (2.13) and (a) give

|KN(x, y)| ≤ CN1/2 · N−1/2 · |x − y|−1, (4.17)

which implies the claim. In the remaining case |x − y| < N−1/2, the claim follows from
(2.14) and (b).

For (d), we write
∂xKN(x, y) = ∑

n<N
h′n(x)hn(y), (4.18)

and the Cauchy–Schwarz inequality gives

|∂xKN(x, y)| ≤
( N−1

∑
n=0

h′n(x)2
)1/2

KN(y, y)1/2. (4.19)

To bound the sum on the right side, we use (2.7), which gives

h′n(x)2 ≤ n hn−1(x)2 + (n + 1)hn+1(x)2, (4.20)

so the sum is bounded by
2NKN+1(x, x) ≤ CN3/2, (4.21)
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where we used (b) in the last step. Using (b) again, we have

|∂xKN(x, y)| ≤ CN3/4N1/4. (4.22)

4.2 The local sine kernel

Lemma 4.3. For all x0 ∈ BN(δ) and all u, v ∈ R such that |u|, |v| ≤ 2N1/4, we have, setting
ϱ = ϱN(x0), ∣∣∣1

ϱ
KN

(
x0 +

u
ϱ

, x0 +
v
ϱ

)
− S(u − v)

∣∣∣ ≤ CN−1/2. (4.23)

Proof. Set x = x0 + u/ϱ and y = x0 + v/ϱ, and define

K(u, v) = ϱ−1KN(x, y). (4.24)

Observe that
|x − x0|+ |y − x0| ≤ CN−1/4. (4.25)

Hence x, y ∈ BN(δ/2) when N ≥ N0, and we may apply Lemmas 4.1 and 4.2 with δ/2 in
place of δ.

We first suppose that |u − v| ≥ N−1/2. Using (2.13) and x − y = (u − v)/ϱ, we find

K(u, v) =

√
N
2

hN(x)hN−1(y)− hN−1(x)hN(y)
u − v

. (4.26)

We insert (4.5). The terms involving ρN or ρN−1 contribute to K(u, v) at most

CN1/2 · N−1/2N−1|u − v|−1 ≤ CN−1/2. (4.27)

We set z1 = ΘN(x) and z2 = ΘN(y). In the notation of Lemma 4.1(iii), the remaining
terms in the numerator equal

αN(x)αN(y)
(
a(y) sin z1 sin

(
z2 + ϑ(y)

)
− a(x) sin

(
z1 + ϑ(x)

)
sin z2

)
. (4.28)

Lemma 4.1(iii) implies that

|a(y)− a(x)| ≤ CN−3/2|x − y| (4.29)

and
|ϑ(y)− ϑ(x)| ≤ CN−1/2|x − y|. (4.30)

Replacing a(y) by a(x) and ϑ(x) by ϑ(y) therefore changes the numerator by at most
CN−1|x − y|, and changes K(u, v) by at most

CN1/2N−1|x − y|/|u − v| = CN−1/2ϱ−1 ≤ CN−1. (4.31)
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After these replacements, we use the identity

sin z1 sin(z2 + w)− sin(z1 + w) sin z2 = sin w sin(z1 − z2), z1, z2, w ∈ R, (4.32)

with w = ϑ(y), and we find that

K(u, v) =

√
N
2

αN(x)αN(y) a(x) sin ϑ(y)
sin(z1 − z2)

u − v
+ O(N−1/2). (4.33)

We now evaluate the prefactor. It follows from Lemma 4.1(iii) and (i) that

sin ϑ(y) = sin θN(y) + O(N−1) (4.34)

and
sin θN(x)/ sin θN(y) = 1 + O(N−3/4), (4.35)

since |x − y| ≤ CN−1/4. Using (4.4), we have√
N
2

αN(x)αN(y) a(x) sin ϑ(y) =
1
π

(sin θN(y)
sin θN(x)

)1/2(
1 + O(N−1)

)
=

1
π

(
1 + O(N−3/4)

)
.

(4.36)

Next, Lemma 4.1(i) and Taylor’s theorem give

z1 − z2 = Θ′
N(x0)(x − y) + O

(
|x − y|(|x − x0|+ |y − x0|)

)
= (u − v)

(
1 + O(N−3/4)

)
,

(4.37)

where we used the bound |x − x0|+ |y − x0| ≤ CN1/4/ϱ and

Θ′
N(x0) =

√
ϱ2 + 1 = ϱ(1 + O(N−1)). (4.38)

Using the inequality
| sin(w(1 + w′))− sin w| ≤ |ww′|, (4.39)

which holds for all w, w′ ∈ R, we deduce that

sin(z1 − z2)/(u − v) = sin(u − v)/(u − v) + O(N−3/4). (4.40)

Inserting this estimate and the evaluation of the prefactor into (4.33), we obtain (4.23)
when |u − v| ≥ N−1/2.

Now suppose that |u − v| < N−1/2. Let u′ = v − sgn(v)N−1/2 if v ̸= 0, and u′ =
N−1/2 if v = 0. Then |u′ − v| = N−1/2, |u′| ≤ 2N1/4, and |u − u′| ≤ 2N−1/2. By
Lemma 4.2(d), we have

|∂uK(u, v)| = ϱ−2|∂xKN(x, y)| ≤ C, (4.41)

and |S′| ≤ 1. Therefore, by the case already treated,

|K(u, v)− S(u − v)| ≤ |K(u′, v)− S(u′ − v)|+ (C + 1)|u − u′| ≤ CN−1/2. (4.42)

This completes the proof.
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4.3 Oscillatory integrals and global functions

Lemma 4.4. For n ∈ {N − 1, N}, all a < b in BN(δ), and every continuously differentiable
function f on [a, b], we have∣∣∣ ∫ b

a
hn(x) f (x)dx

∣∣∣ ≤ CN−3/4
(

sup
[a,b]

| f |+
∫ b

a
| f ′(x)|dx

)
+ CN−5/4

∫ b

a
| f (x)|dx. (4.43)

In particular,
∣∣ ∫ b

a φN
∣∣+ ∣∣ ∫ b

a ψN
∣∣ ≤ CN−1/2.

Proof. By (4.5), the contribution of ρn to the integral is at most

CN−1/4N−1
∫ b

a
| f |. (4.44)

To bound the main term, we integrate by parts using sin Θn = −(cos Θn)′/Θ′
n, and we

find∫ b

a
αn f sin Θn dx =

[
− αn f

Θ′
n

cos Θn

]b

a
+

∫ b

a
cos Θn

( αn

Θ′
n

)′
f dx +

∫ b

a
cos Θn

αn

Θ′
n

f ′ dx.

(4.45)
By Lemma 4.1, we have |αn/Θ′

n| ≤ CN−3/4 and |(αn/Θ′
n)

′| ≤ CN−5/4 on BN(δ). Together
with the last display, these bounds imply (4.43). The last claim follows by taking f = 1
and using b − a ≤ C

√
N and (N/2)1/4 ≤ N1/4.

We now show that the global functions introduced in Section 2.4 are close to their
limiting values in the bulk. Recall that pN, ωN, and cN were defined in (2.25) and (2.26).

Lemma 4.5. For all y ∈ BN(δ), the following estimates hold.

(a) We have |pN(y)− 1| ≤ CN−1/2.
(b) We have |(εφN)(y)|+ |(εψN)(y)| ≤ C and |(εφN)(y) (εψN)(y)| ≤ CN−1/2. If N is odd,

then |(εψN)(y)| ≤ CN−1/2.
(c) We have |ωN(y)| ≤ CN−1/2.

Proof. To prove (a), we use (2.30), which gives

pN(y)− pN(0) = −
( ∫

R
φN

) ∫ y

0
ψN(x)dx −

( ∫
R

ψN

) ∫ y

0
φN(x)dx. (4.46)

Lemmas 2.4 and 4.4 show that the right side is bounded by CN−1/2 in absolute value,
since [0, y] ⊂ BN(δ). Recalling that |pN(0)− 1| ≤ 2N−1/2, we obtain (a).

For (b), observe that (ε f )(0) = 0 for every even integrable function f , so that

(ε f )(y) =
∫ y

0
f . (4.47)
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Suppose first that N is even. Then φN is even, and Lemma 4.4 implies that |(εφN)(y)| ≤
CN−1/2. Further, Lemma 2.6(a), part (a), and

∫
φN ≥ 1 give

|(εψN)(y)| = pN(y)/
∫

φN ≤ 2. (4.48)

Now suppose that N is odd. Then ψN is even, so |(εψN)(y)| ≤ CN−1/2, while
Lemma 2.6(b) gives

|(εφN)(y)| = cN pN(y) ≤ 2. (4.49)

This proves (b).
It remains to prove (c). If N is even, then ωN = εφN , which was bounded in the proof

of (b). If N is odd, then Lemma 2.6(b) gives ωN = cN(1 − pN), and the claim follows
from (a) and cN ≤ 1.

4.4 Integrals of the kernel

Lemma 4.6. For all a, y ∈ BN(δ) with a < y, the following estimates hold.

(a) We have ∣∣∣ ∫ y

a
KN(x, y)dx − 1

2

∣∣∣ ≤ C
1 +

√
N(y − a)

+ CN−1/4. (4.50)

(b) Set ϱ = ϱN(y) and T = ϱ(y − a). If T ≤ 2N1/4, then∣∣∣ ∫ y

a
KN(x, y)dx −

∫ T

0
S(t)dt

∣∣∣ ≤ C(1 + T)N−1/2. (4.51)

The same estimates hold for
∫ a

y KN(x, y)dx when a > y, with y − a replaced by a − y.

Proof. The last sentence of the lemma follows from the first two claims and the symmetry
KN(−x,−y) = KN(x, y), so we may suppose that a < y. For (b), the change of variables
x = y − t/ϱ gives ∫ y

a
KN(x, y)dx =

∫ T

0
ϱ−1KN(y − t/ϱ, y)dt, (4.52)

and Lemma 4.3 with x0 = y, u = −t, and v = 0 shows that the integrand is S(t) +
O(N−1/2), since S is even. Integrating, we obtain (b).

For (a), suppose first that T ≤ N1/4. We have∣∣∣1
2
−

∫ T

0
S(t)dt

∣∣∣ = ∣∣∣ ∫ ∞

T

sin t
πt

dt
∣∣∣ ≤ min

(1
2

,
2

πT

)
, (4.53)

where we integrated by parts once for the second bound. Combining (4.53) with (b), and
using T ≥ c

√
N(y − a) and (1 + T)N−1/2 ≤ 2N−1/4, we obtain (4.50).
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Now suppose that T > N1/4, and set

a′ = y − N1/4/ϱ ∈ (a, y). (4.54)

The case already treated gives∫ y

a′
KN(x, y)dx = 1/2 + O(N−1/4), (4.55)

and (2.13) yields

∫ a′

a
KN(x, y)dx =

√
N
2

(
hN−1(y)

∫ a′

a

hN(x)
x − y

dx − hN(y)
∫ a′

a

hN−1(x)
x − y

dx
)

. (4.56)

We apply Lemma 4.4 with f (x) = (x − y)−1 on [a, a′]. Here sup | f | = (y − a′)−1,∫
| f ′| ≤ (y − a′)−1, (4.57)

and ∫
| f | ≤ log((y − a)/(y − a′)) ≤ C log N. (4.58)

We also have
(y − a′)−1 = ϱN−1/4 ≤ CN1/4, (4.59)

so these bounds give

|
∫ a′

a
hn(x)(x − y)−1 dx| ≤ CN−1/2 (4.60)

for n ∈ {N − 1, N}. Together with Lemma 4.2(a), this implies that

|
∫ a′

a
KN(x, y)dx| ≤ CN1/2N−1/4N−1/2 = CN−1/4. (4.61)

In this case, we have
√

N(y − a) ≥ cN1/4, and (4.50) follows.

We now apply these estimates to the projection of a step function. For t ∈ R, we
define

gt = KNεt − εt, (4.62)

where εt was defined in (2.3), and we define the bounded function

gsine(u) = − sgn(u)
∫ ∞

|u|
S(v)dv, u ∈ R. (4.63)

The function gt measures how far the projection KN is from preserving the step function
εt. The next corollary shows that it is concentrated near t, where it is approximated by
gsine on the local scale.
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Corollary 4.7. For all t, y ∈ BN(δ) with y ̸= t, the following statements hold.

(a) We have

gt(y) = (εφN)(y) (εψN)(y) + sgn(y − t)
( ∫ max(t,y)

min(t,y)
KN(x, y)dx − 1

2

)
. (4.64)

(b) We have |gt(y)| ≤ C
(
1 +

√
N|y − t|

)−1
+ CN−1/4.

(c) Set ϱ = ϱN(t), and write y = t + u/ϱ. If 0 < |u| ≤ N1/4, then |gt(y)− gsine(u)| ≤
C(1 + |u|)N−1/2.

Proof. The identity (a) is a restatement of (2.50), since εt(y) = sgn(y − t)/2 and
the oriented integral

∫ y
t equals sgn(y − t)

∫ max(t,y)
min(t,y) . The bound (b) follows from (a),

Lemma 4.5(b), and Lemma 4.6(a).
To prove (c), we apply Lemma 4.6(b) with the local scale ϱN(y) in place of ϱ. Set

T = ϱN(y)|y − t| = |u| ϱN(y)/ϱ. (4.65)

Since ϱ ≥ c
√

N and
|ϱN(y)− ϱ| ≤ C|y − t| ≤ C|u|/ϱ, (4.66)

we have
|T − |u|| ≤ C|u|2/N ≤ CN−1/2, (4.67)

and in particular T ≤ 2N1/4. By Lemma 4.6(b) and |S| ≤ 1/π, we find∫ max(t,y)

min(t,y)
KN(x, y)dx =

∫ |u|

0
S(v)dv + O

(
(1 + |u|)N−1/2). (4.68)

Inserting this into (4.64), and using Lemma 4.5(b) and the identity∫ |u|

0
S − 1/2 = −

∫ ∞

|u|
S, (4.69)

we obtain (c).



section 5

An inverse bound from the uncertainty principle

The entries of the matrix M♯
N(J) in Corollary 3.3 involve the inverse of Id − KJ . The goal

of this section is to show that its norm grows at most exponentially in the length of J
measured on the microscopic scale. Given a bounded measurable set J ⊂ R, we define
its microscopic length

L(J) =
√

2N |J|. (5.1)

In eigenvalue coordinates, we have L(J) = N|A| for J =
√

N/2 A, so L(J) is comparable
to the expected number of eigenvalues in J when J is in the bulk.

Since every eigenvalue of KJ belongs to [0, 1), we have ∥(Id−KJ)
−1∥ ≤ det(Id−KJ)

−1.
Since det(Id − KJ) decays like e−cL(J)2

for an interval, this only gives a bound of the form
∥(Id − KJ)

−1∥ ≤ eCL(J)2
. However, this is not enough for our purposes. We will take L(J)

of order
√

log N, where eCL(J)2
is a power of N and would overwhelm the polynomially

small errors in Section 4. In this regime, the bound eCL(J) proved below is much smaller
than any power of N. The main input to its proof is a quantitative uncertainty principle
of Nazarov [39], in the form given by Jaming [29].

Proposition 5.1. There exist absolute constants C, N0 > 0 such that the following holds. Let
N ≥ N0, and let J ⊂ R be measurable with |J| ≤ 1. Then

∥(Id − KJ)
−1∥L2(J)→L2(J) ≤ CeCL(J). (5.2)

Further, for every measurable set J ⊂ R of finite measure, the integral operator SJ on L2(J) with
kernel S(u − v), u, v ∈ J, satisfies ∥(Id − SJ)

−1∥ ≤ CeC|J|.

We will use the following one-dimensional form of Nazarov’s uncertainty principle
[39], as stated in [29, Theorem]. Recall that F denotes the unitary Fourier transform from
(2.8).

Lemma 5.2. There exists an absolute constant C0 > 0 such that for all measurable sets A, Σ ⊂ R

of finite measure and all f ∈ L2(R),

∥ f ∥2
2 ≤ C0eC0|A||Σ|

( ∫
Ac

| f (x)|2 dx +
∫

Σc
|(F f )(ξ)|2 dξ

)
. (5.3)

Proof. We define

f̂ (η) =
∫

R
f (x)e2πixη dx. (5.4)

43
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In [29], the inequality is stated with a Fourier transform of this form, normalized so that
it is unitary on L2(R); the sign in the exponent is irrelevant, since replacing Σ by −Σ
does not change |Σ|. In dimension one, the factor eC min(·) there is bounded by eC|A||Σ|,
and the result is due to Nazarov [39]. We set

Σ′ = −Σ/(2π). (5.5)

Using
(F f )(ξ) = (2π)−1/2 f̂ (−ξ/(2π)) (5.6)

and changing variables, we have ∫
Σc
|F f |2 =

∫
Σ′c

| f̂ |2. (5.7)

Together with |Σ′| = |Σ|/(2π) and the Plancherel identity ∥ f̂ ∥2 = ∥ f ∥2, this gives
(5.3).

Proof of Proposition 5.1. Set
ΣN = [−8

√
N, 8

√
N]. (5.8)

We first show that every f ∈ VN satisfies∫
Σc

N

| f (x)|2 dx ≤ e−N∥ f ∥2
2. (5.9)

Indeed, (2.14) and Lemma 2.1 imply that

| f (x)|2 ≤ KN(x, x)∥ f ∥2
2 ≤ Ne−x2/4∥ f ∥2

2 (5.10)

for |x| ≥ 8
√

N, and∫
|x|≥8

√
N

Ne−x2/4 dx ≤ 2N
∫ ∞

8
√

N
e−2

√
Nx dx ≤ e−N, (5.11)

where we used x2/4 ≥ 2
√

Nx for x ≥ 8
√

N in the first inequality, and N ≥ N0 in the
second.

Now let f ∈ VN. It follows from (2.9) that the function F f belongs to the complex
span of h0, . . . , hN−1, and ∥F f ∥2 = ∥ f ∥2. The proof of (5.9) applies verbatim to this
complex span. Applying Lemma 5.2 with A = J and Σ = ΣN, and then (5.9) to F f , we
find

∥ f ∥2
2 ≤ C0e16C0

√
N|J|

( ∫
Jc
| f |2 + e−N∥ f ∥2

2

)
. (5.12)

Since 16
√

N|J| ≤ 12L(J) and L(J) ≤
√

2N, we have

C0e16C0
√

N|J|−N ≤ 1/2 (5.13)
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for N ≥ N0. Therefore,

∥1J f ∥2
2 ≤

(
1 − c e−CL(J))∥ f ∥2

2, f ∈ VN, (5.14)

with c = (2C0)
−1 and C = 12C0. This means that the operator KN1JKN on L2(R)

has norm at most 1 − ce−CL(J). The operator KJ on L2(J) equals (1JKN)(1JKN)
∗, while

KN1JKN = (1JKN)
∗(1JKN), so the two operators have the same norm. Since KJ is self-

adjoint and nonnegative, we conclude that

∥(Id − KJ)
−1∥ ≤ c−1eCL(J). (5.15)

Finally, we consider the sine kernel. Let P denote the orthogonal projection of L2(R)

onto the functions f with F f supported in [−1, 1]. Then SJ = 1J P1J . Applying Lemma 5.2
with A = J and Σ = [−1, 1] to such f , we find

∥1J f ∥2
2 ≤ (1 − C−1

0 e−2C0|J|)∥ f ∥2
2, (5.16)

and the rest of the argument is the same as above.

We will use Proposition 5.1 through the following consequence for values at single
points. For a bounded measurable set J and a bounded function f on J, the function
(Id − KJ)

−1 f is a priori only an element of L2(J). However, we have

(Id − KJ)
−1 f = f + KJ(Id − KJ)

−1 f , (5.17)

and the second term on the right is the restriction to J of a function in VN. We therefore
use the right side of (5.17) to define (Id − KJ)

−1 f at every point of the closure of J at
which f is defined. In particular, if J is a finite union of open intervals and f is continuous
on the closure of each of them, then (Id − KJ)

−1 f has one-sided limits at all endpoints.

Lemma 5.3. Let δ ∈ (0, 1/2]. There exist C, N0 > 0 depending only on δ such that the following
holds for N ≥ N0. Let J ⊂ BN(δ) be measurable with |J| ≤ 1, let f be a bounded function on J,
and set G = (Id − KJ)

−1 f . Then∣∣∣ ∫
J

KN(t, z)G(z)dz
∣∣∣ ≤ CeCL(J) sup

J
| f |, t ∈ BN(δ). (5.18)

Consequently, |G(t)| ≤ CeCL(J) supJ | f | for every t ∈ J, with G(t) defined through (5.17). The
same bound holds for boundary values obtained as limits from within J.

Proof. Using the Cauchy–Schwarz inequality, Lemma 4.2(b), and Proposition 5.1, we find
that the left side of (5.18) is bounded by

KN(t, t)1/2 ∥G∥L2(J) ≤ CN1/4eCL(J)|J|1/2 sup
J

| f | ≤ CeCL(J)L(J)1/2 sup
J

| f |. (5.19)

Since L(J)1/2 ≤ eL(J), the last display implies (5.18), and the bound for G on J follows
from (5.17). Passing to limits gives the boundary assertion.



section 6

The endpoint matrix

In this section, we show that, up to a small error, the determinant of M♯
N(J) in Corol-

lary 3.3 is the determinant of an r × r matrix AN(J) whose entries are differences of
values of (Id − KJ)

−1gai at the endpoints of J. Recall that gai was defined in (4.62). We
then show that AN(J) is close to a diagonal matrix when the intervals of J are far apart.

6.1 Setting

Throughout this section, we fix δ ∈ (0, 1/2] and an integer r0 ≥ 1. The constants C, c,
and N0 depend only on δ and r0, and all statements hold for N ≥ N0. We consider sets
J =

⋃r
j=1(aj, bj) as in (3.1), with r ≤ r0, and we assume that

J ⊂ BN(δ), L(J) ≤ N1/8, (6.1)

where L(J) is the microscopic length from (5.1). In particular, |J| ≤ 1, so that Proposi-
tion 5.1 and Lemma 5.3 apply. We also define the microscopic separation of the intervals of
J by

sep(J) =
√

2N min
i ̸=j

dist(Ji, Jj) (6.2)

when r ≥ 2, and sep(J) = ∞ when r = 1. Given a function G on J that has one-sided
limits at the endpoints of J, we set

∆jG = G(b−j )− G(a+j ), 1 ≤ j ≤ r. (6.3)

Definition 6.1. We define the endpoint matrix of J to be the r × r matrix AN(J) with entries

AN(J)ij = 1i=j − ∆j

[
(Id − KJ)

−1(1J gai

)]
, 1 ≤ i, j ≤ r. (6.4)

Note that the restriction of gai to each interval Jk is bounded and extends continuously
to the closure Jk, where at the point ai we use the value limy↓ai gai(y). In particular, the
one-sided limits in (6.4) are defined through (5.17).

The main result of this section is the following proposition.

Proposition 6.2. Under the assumptions (6.1), we have∣∣det M♯
N(J)− detAN(J)

∣∣ ≤ CeCL(J)N−1/2, |detAN(J)| ≤ CeCL(J). (6.5)

Consequently, PN(J)2 ≤ CeCL(J)DN(J).
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6.2 Reduction to local quantities

The entries of M♯
N(J) are pairings of bounded functions Y on R with QN(J)−1X, where

X ∈ VN. We first show that these pairings depend on Y only through ⟨Y, X⟩ and the
restriction of KNY to J, and for X = k j only through the latter.

Lemma 6.3. Let Y be a bounded measurable function on R, and let X ∈ VN. Then

⟨Y, QN(J)−1X⟩ = ⟨Y, X⟩+ ⟨1JKNY, (Id − KJ)
−1(1JX)⟩. (6.6)

Moreover, for 1 ≤ j ≤ r, we have ⟨Y, QN(J)−1k j⟩ = ∆j
[
(Id − KJ)

−1(1JKNY)
]
.

Proof. Let f ∈ VN, and set

G = (Id − KJ)
−1(1J f ) ∈ L2(J). (6.7)

Then f + KN(1JG) ∈ VN, and

QN(J)
(

f + KN(1JG)
)
= f + KN(1JG)− KN

(
1J f + 1JKN(1JG)

)
= f − KN(1J f ) + KN

(
1J(Id − KJ)G

)
= f ,

(6.8)

where we used 1JKN(1JG) = KJG on J. Therefore QN(J)−1 f = f + KN(1JG). Pairing
with Y and using the symmetry of KN, we obtain (6.6) with f = X.

To prove the second claim, we take X = k j. Since KNY ∈ VN, we have ⟨Y, k j⟩ =

∆j(KNY). Also, by the symmetry of (Id − KJ)
−1,

⟨1JKNY, (Id − KJ)
−1(1Jk j)⟩ = ⟨(Id − KJ)

−1(1JKNY), 1Jk j⟩
= ∆j

[
KN

(
1J(Id − KJ)

−1(1JKNY)
)]

.
(6.9)

Adding the two terms and using (5.17), we obtain the claim.

We now compute 1JKNwi, where wi = 1Jc εai was defined in (3.2). This is the step
where the sign function becomes local.

Lemma 6.4. For 1 ≤ i ≤ r, we have

1JKNwi = (Id − KJ)(1Jεai) + 1J gai . (6.10)

Consequently, MN(J)ij = AN(J)ij for all 1 ≤ i, j ≤ r.

Proof. We have KNwi = KNεai − KN(1Jεai), and 1JKN(1Jεai) = KJ(1Jεai). The definition
(4.62) also gives 1JKNεai = 1Jεai + 1J gai . Combining these identities, we obtain (6.10).

Applying Lemma 6.3 with Y = wi and X = k j, and using (6.10), we have

⟨wi, QN(J)−1k j⟩ = ∆j
[
1Jεai

]
+ ∆j

[
(Id − KJ)

−1(1J gai)
]
. (6.11)
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The function εai is constant on each interval Jj, with the value 1/2 on Ji and on the
intervals to the right of Ji, and the value −1/2 on the intervals to the left of Ji. Hence
∆j[1Jεai ] = 0 for all j. Recall that Yi = wi and Xj = k j in (3.9). The claim now follows
from (3.10) and (6.4).

Remark 6.5. Lemma 6.4 is where the nondecaying sign function in the GOE kernel
is removed. The function wi does not decay, and a direct estimate of the pairing
⟨wi, QN(J)−1k j⟩ would require control of the projection KN on the whole real line. How-
ever, wi is locally constant away from the endpoints of J, and (6.10) shows that after
discarding the term (Id − KJ)(1Jεai), which does not contribute to the endpoint differ-
ences, only the function gai remains. By Corollary 4.7(b), we have

|gai(y)| ≤ C(1 +
√

N|y − ai|)−1 + CN−1/4, (6.12)

so this function is small away from ai on the microscopic scale and can be computed in
terms of the kernel in the bulk.

6.3 Bounds on the remaining entries

We now bound the entries of M♯
N(J), including those that involve the top modes. We will

use repeatedly that∫
J
|KN(y, z)|dz ≤ C log

(
2 + L(J)

)
, y ∈ BN(δ). (6.13)

To see this, note that the bound C
√

N(1+
√

N|y− z|)−1 from Lemma 4.2(c) is a decreasing
function of |y− z|. So the integral over J is bounded by the integral of this bound over the
interval {z : |z− y| ≤ |J|/2}, which is equal to 2C log(1+

√
N|J|/2). Since

√
N|J| ≤ L(J),

the claim follows.

Lemma 6.6. For 1 ≤ i ≤ r, we have supJ |KNwi| ≤ C log(2+ L(J)). Further, with Y0 = YN(J)

and Y♯
N(J) as in (3.3) and (3.5),

sup
J

|KNY0|+ sup
J

|KNY♯
N(J)| ≤ C

(
1 + L(J)

)2N−1/2. (6.14)

Proof. The first claim follows from (6.10), (6.13), and Corollary 4.7(b).
Next, we observe that for all integrable f ,

1Jc ε(1J f ) =
r

∑
k=1

( ∫
Jk

f
)
wk (6.15)
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almost everywhere. Indeed, sgn(x − z) = sgn(x − ak) for x /∈ Jk and z ∈ Jk. Therefore

Y0 = 1Jc ωN −
r

∑
k=1

( ∫
Jk

φN

)
wk, Y♯

N(J) = −2cN

(
1JεψN +

r

∑
k=1

( ∫
Jk

ψN

)
wk

)
. (6.16)

To bound supJ |KNY0|, we recall from Lemma 2.6(c) that KNωN = 0, so that
KN(1Jc ωN) = −KN(1JωN). Then Lemma 4.5(c) and (6.13) imply that

sup
J

|KN(1JωN)| ≤ CN−1/2 log(2 + L(J)). (6.17)

Further, Lemma 4.2(a) gives

|
∫

Jk

φN| ≤ C|J| ≤ CL(J)N−1/2. (6.18)

Combining these bounds with the first claim, we obtain the desired bound.
For Y♯

N(J), we may assume that N is odd, since otherwise Y♯
N(J) = 0. Then

Lemma 4.5(b) gives |εψN| ≤ CN−1/2 on J, and the same argument applies, using
cN ≤ 1.

Lemma 6.7. The entries of M♯
N(J) satisfy the following bounds, for 1 ≤ i, j ≤ r and 0 ≤ β ≤ r:

|MN(J)i0|+ |MN(J)ij| ≤ CeCL(J),

|MN(J)00 − 1|+ |MN(J)0j|+ |zN(J)β|+ |dN(J)− 1|+ |vN(J)0| ≤ CeCL(J)N−1/2.
(6.19)

Proof. We first consider the entries in the columns j ≥ 1. By Lemma 6.3, for all bounded
Y, we have

⟨Y, QN(J)−1k j⟩ = ∆j
[
(Id − KJ)

−1(1JKNY)
]
, (6.20)

and Lemma 5.3 bounds this by CeCL(J) supJ |KNY|. Taking Y = wi, Y = Y0, and Y =

Y♯
N(J), and using Lemma 6.6, we obtain the bounds on MN(J)ij, MN(J)0j, and zN(J)j.

Next, we consider the column β = 0, where X0 = −ψN. Lemma 6.3 also gives, for all
bounded Y,

⟨Y, QN(J)−1ψN⟩ = ⟨Y, ψN⟩+ ⟨1JKNY, (Id − KJ)
−1(1JψN)⟩. (6.21)

Using Proposition 5.1 and Lemma 4.2(a), we bound the second term in (6.21) by

|J|1/2 sup
J

|KNY| · CeCL(J)∥1JψN∥2 ≤ CeCL(J) sup
J

|KNY|. (6.22)

It remains to bound ⟨Y, ψN⟩ for the three choices of Y. For Y = wi, we have

⟨wi, ψN⟩ = ⟨εai , ψN⟩ − ⟨1Jεai , ψN⟩ = −(εψN)(ai)− ⟨1Jεai , ψN⟩, (6.23)
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which Lemma 4.5(b) and Lemma 4.2(a) bound by C in absolute value. When Y = Y0, we
use ⟨ωN, ψN⟩ = 0 from Lemma 2.6(c) and the formula for Y0 in the proof of Lemma 6.6
to write

⟨Y0, ψN⟩ = −⟨1JωN, ψN⟩ −
r

∑
k=1

( ∫
Jk

φN

)
⟨wk, ψN⟩, (6.24)

which is bounded by CN−1/2|J|+ CL(J)N−1/2 in absolute value. The same computation
for Y = Y♯

N(J) with N odd gives

|⟨Y♯
N(J), ψN⟩| ≤ CN−1/2|J|+ C|J|max

k
|⟨wk, ψN⟩|, (6.25)

and the right side can be bounded by CL(J)N−1/2. Combining these bounds with
Lemma 6.6, and recalling that MN(J)α0 = 1α=0 + ⟨Yα, QN(J)−1ψN⟩ and zN(J)0 =

−⟨Y♯
N(J), QN(J)−1ψN⟩, we obtain the bounds for the column β = 0.

Finally, Lemma 4.2(a) gives

|dN(J)− 1| = cN|
∫

J
ψN| ≤ C|J| (6.26)

and |vN(J)0| ≤ C|J|. This completes the proof, since |J| ≤ CL(J)N−1/2 and L(J) ≤
eL(J).

Proof of Proposition 6.2. We order the rows and columns of M♯
N(J) as 0, 1, . . . , r, r + 1,

where the index r + 1 corresponds to the last row and column in (3.11). Let E denote
the matrix obtained from M♯

N(J) by replacing the row with index 0 by the unit vector e0

and the row with index r + 1 by the unit vector er+1. Lemma 6.7 implies that every entry
of M♯

N(J) is bounded by CeCL(J) in absolute value, and that the rows with index 0 and
r + 1 differ from e0 and er+1 by vectors with entries bounded by CeCL(J)N−1/2. Since the
determinant is linear in each row and r ≤ r0, we find∣∣det M♯

N(J)− det E
∣∣ ≤ CeCL(J)N−1/2. (6.27)

Expanding det E along the two unit rows, we find that det E is the determinant of
the submatrix of M♯

N(J) with rows and columns indexed by 1, . . . , r. Lemma 6.4 shows
that this submatrix coincides with AN(J), which gives the first bound in (6.5). The
second bound follows from Lemma 6.7 and r ≤ r0, and the last claim follows from
Corollary 3.3.

6.4 Separated intervals

We now show that the endpoint matrix of a union of well-separated intervals is close to
the diagonal matrix formed by the endpoint matrices of the individual intervals.
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Lemma 6.8. Under the assumptions (6.1), suppose that r ≥ 2 and sep(J) ≥ 1. Then for all
1 ≤ i, j ≤ r with i ̸= j,

|AN(J)ij| ≤ CeCL(J)( sep(J)−1 + N−1/4),∣∣AN(J)jj −AN(Jj)
∣∣ ≤ CeCL(J) sep(J)−1,

(6.28)

where AN(Jj) is the endpoint matrix of the single interval Jj, which is a real number.

Proof. Throughout the proof, we write L = L(J) and d = sep(J). Let K0 denote the
operator on L2(J) =

⊕
k L2(Jk) that acts as KJk on each L2(Jk), and set R = KJ − K0. The

kernel of this operator is equal to KN(x, y) for x and y in different intervals of J, and to 0
otherwise. Using Lemma 4.2(c), we see that |KN(x, y)| ≤ C

√
Nd−1 when x and y belong

to different intervals, so the Hilbert–Schmidt norm of R satisfies

∥R∥2
2 ≤ ∑

k ̸=l
|Jk||Jl|CNd−2 ≤ CL2d−2. (6.29)

By the resolvent identity, we have

(Id − KJ)
−1 = (Id − K0)

−1 + (Id − KJ)
−1R (Id − K0)

−1. (6.30)

Fix i. We define
G = (Id − KJ)

−1(1J gai) (6.31)

and
G0 = (Id − K0)

−1(1J gai). (6.32)

By Corollary 4.7(b), we have |gai | ≤ C on J, and |gai(y)| ≤ C(d−1 + N−1/4) for y ∈ Jk
with k ̸= i, since then

√
N|y − ai| ≥ d/

√
2. Applying Proposition 5.1 to each Jk separately,

we have

∥1Jk G0∥2 ≤ CeCL|J|1/2(d−1 + N−1/4), k ̸= i, ∥G0∥2 ≤ CeCL|J|1/2. (6.33)

Combining (6.30) and (6.29) with Proposition 5.1, we also have

∥G − G0∥2 ≤ CeCL∥R∥2∥G0∥2 ≤ CeCLd−1|J|1/2, (6.34)

where in the last inequality we absorbed the factor L from (6.29) into eCL.
We now evaluate G at an endpoint t ∈ {aj, bj} with j ̸= i. By (5.17), we have

G(t) = gai(t) +
r

∑
k=1

∫
Jk

KN(t, z)G(z)dz. (6.35)

The first term is bounded by C(d−1 + N−1/4), since
√

N|t − ai| ≥ d/
√

2. When k ̸= j,
we have |KN(t, z)| ≤ C

√
Nd−1 for z ∈ Jk. Then the Cauchy–Schwarz inequality, together

with (6.33) and (6.34), shows that the term with index k is bounded by

C
√

Nd−1|J|1/2∥G∥2 ≤ CeCLLd−1. (6.36)
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For k = j, the Cauchy–Schwarz inequality and Lemma 4.2(b) give∣∣∣ ∫
Jj

KN(t, z)G(z)dz
∣∣∣ ≤ CN1/4(∥1Jj G0∥2 + ∥G − G0∥2

)
≤ CeCL(d−1 + N−1/4), (6.37)

where we used N1/4|J|1/2 ≤ L1/2 and j ̸= i. Taking the difference between t = bj and
t = aj, we obtain the first bound in (6.28).

To prove the second bound, we define

G(i) = (Id − KJi)
−1(1Ji gai). (6.38)

By the definition of the endpoint matrix, AN(Ji) = 1 − ∆iG(i). We also have 1Ji G0 = G(i).
For t ∈ {ai, bi}, we can then write

G(t)− G(i)(t) = ∑
k ̸=i

∫
Jk

KN(t, z)G(z)dz +
∫

Ji

KN(t, z)
(
G − G0

)
(z)dz. (6.39)

As above, the first sum is bounded by CeCLLd−1. Using (6.34), we bound the last term by
CN1/4∥G − G0∥2 ≤ CeCLd−1. This gives the second bound in (6.28), after renaming i as
j.



section 7

The hole probability of one interval

In this section, we prove that the GOE hole probability of an interval (x0, x0 +

s/(2ϱN(x0))) in the bulk, with s ≤ γ
√

log N, is asymptotic to its limit q1, with a rel-
ative error that is polynomially small in N. We first recall the limiting objects.

7.1 Sine-kernel determinants

Recall from (1.13) that D±(t) = det(Id − S±,t) for t > 0, where S±,t is the integral
operator on L2(0, t) with kernel S(u − v)± S(u + v), and S is the sine kernel (4.3). We
set D±(0) = 1. The operators S±,t are the restrictions of the integral operator with kernel
S(u − v) on L2(−t, t) to even and odd functions, respectively, so their eigenvalues lie in
[0, 1), and

D+(t)D−(t) = det
(
Id − S(−t,t)

)
= det

(
Id − S(0,2t)

)
, (7.1)

where SA denotes the operator on L2(A) with kernel S(u − v), and the second equality
follows from translation invariance; see [48, Section IV] or [16, (4)]. The functions D± are
continuous and positive on [0, ∞), and they are nonincreasing. To see the monotonicity,
note that S±,t is a compression of S±,t′ for t < t′, so its eigenvalues increase with t by the
Courant–Fischer min-max principle. By definition, q1(s) = D+(s/4). We define

µ(s) =
D+(s/4)
D−(s/4)

, s ≥ 0, (7.2)

and we set q1(0) = 1. (The interpretation of q1 as a gap probability, recalled in Section 1.2,
is not used in our proofs.) Recall from (1.14) the asymptotics of D±(t) as t → ∞, which
were proved by Ehrhardt [16, Theorem 4.8].

Lemma 7.1. Recall the function F(s) = s2/64 + s/8 and the constant κ1 from (1.3). Then the
following statements hold.

(a) We have q1(s) = κ1s−1/8e−F(s)(1 + o(1)) as s → ∞, and q1 is nonincreasing.
(b) We have µ(s) =

√
2 e−s/4(1 + o(1)) as s → ∞, and there exists c > 0 such that µ(s) ≥

c e−s/4 for all s ≥ 0.

Proof. Setting t = s/4 in (1.14) with the upper sign, we find

log q1(s) = − s2

64
− s

8
− 1

8
log s +

1
4

log 2 +
7

24
log 2 +

3
2

ζ ′(−1) + o(1), (7.3)
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which is the asymptotic formula in (a), since 1/4 + 7/24 = 13/24. The monotonicity in
(a) was shown above. Subtracting the two cases of (1.14), we find

log µ(s) = −s/4 + (log 2)/2 + o(1). (7.4)

Since µ is continuous and positive on [0, ∞), this implies the lower bound in (b).

Next, we identify the limit of the endpoint matrix of one interval. For ℓ > 0, we define

Asine(ℓ) = 1 −
((

(Id − S(0,ℓ))
−1gsine

)
(ℓ−)−

(
(Id − S(0,ℓ))

−1gsine
)
(0+)

)
, (7.5)

where gsine was defined in (4.63), and the values at the endpoints are defined through the
analogue of (5.17) for S, with gsine(0+) = −1/2. The following identity is due to Tracy
and Widom.

Lemma 7.2. For all ℓ > 0, we have Asine(ℓ) = D+(ℓ/2)/D−(ℓ/2). In particular,
Asine(s/2) = µ(s) for all s > 0.

Proof. Set t = ℓ/2 and J = (−t, t), and define

∆G = G(t−)− G((−t)+). (7.6)

Since the sine kernel is translation invariant and gsine is evaluated relative to the left
endpoint, we have

Asine(ℓ) = 1 − ∆
[
(Id − SJ)

−1(1J gsine(·+ t)
)]

. (7.7)

Let R(x, y), x ∈ R, y ∈ J, denote the kernel of (Id − S1J)
−1S1J . Then

R(x, y) = S(x − y) +
∫

J
S(x − z)R(z, y)dz, (7.8)

and R is symmetric on J × J.
Set w = 1Jc ε−t. Tracy and Widom showed [48, (19), (25), (30)] that

1 −
∫

Jc
w(x)

(
R(x, t)− R(x,−t)

)
dx =

D+(t)
D−(t)

, (7.9)

where the integral over Jc is the limit as M → ∞ of the integral over Jc ∩ [−M, M] (we
show below that this limit exists). To deduce this identity from the equations of Tracy
and Widom, set

a± =
∫

Jc
w(x)R(x,±t)dx. (7.10)

Since 1Jc ε−t = 1Jc εt almost everywhere, the determinant in [48, (19)] with m = 1 is

det
(

1 + a− −a+
a− 1 − a+

)
= 1 − (a+ − a−), (7.11)
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which is the left side of (7.9). This determinant is computed in [48, (25)] and is equal to
D+(t)/D−(t) by [48, (30)].

It remains to identify the left side of (7.9) with Asine(ℓ). To that end, for z ∈ J, we set

Φ(z) = lim
M→∞

∫
Jc∩[−M,M]

w(x)S(x − z)dx. (7.12)

A direct computation using
∫ ∞

0 S = 1/2 gives

lim
M→∞

∫ M

−M
ε−t(x)S(x − z)dx =

∫ z+t

0
S(v)dv = ε−t(z) + gsine(z + t), (7.13)

and the convergence is uniform in z ∈ J, since |
∫ ∞

M S| ≤ 2/M. Therefore

Φ = (Id − SJ)(1Jε−t) + 1J gsine(·+ t). (7.14)

Inserting the equation for R into the left side of (7.9) and exchanging the order of
integration over [−M, M] and J, we find∫

Jc
w(x)R(x, y)dx = Φ(y) +

∫
J

Φ(z)R(z, y)dz =
(
(Id − SJ)

−1Φ
)
(y), y = ±t. (7.15)

Since ε−t is equal to 1/2 on J, we have

∆[(Id − SJ)
−1Φ] = ∆[(Id − SJ)

−1(1J gsine(·+ t))], (7.16)

which completes the proof.

7.2 The comparison

Proposition 7.3. Let δ ∈ (0, 1/2] and γ > 0. There exist C, N0 > 0 depending only on δ

and γ such that the following holds for N ≥ N0. Let x0 ∈ BN(δ), set ϱ = ϱN(x0), and let
0 < s ≤ γ

√
log N. Then the interval defined by J = (x0, x0 + s/(2ϱ)) satisfies∣∣∣PN(J)

q1(s)
− 1

∣∣∣ ≤ CeCsN−1/2,
∣∣∣ DN(J)
D+(s/4)D−(s/4)

− 1
∣∣∣ ≤ CeCsN−1/2. (7.17)

Before giving the proof, we record a standard bound for determinants. We let ∥Z∥1

and ∥Z∥2 denote the trace norm and the Hilbert–Schmidt norm of a trace class operator
Z.

Lemma 7.4. Let Z be a trace class operator on a Hilbert space with ∥Z∥2 ≤ 1/2, and let (yk)

denote its eigenvalues, repeated according to algebraic multiplicity. We define log det(Id − Z) =
∑k log(1 − yk), where log denotes the principal branch of the logarithm. Then∣∣ log det(Id − Z) + Tr Z

∣∣ ≤ ∥Z∥2
2. (7.18)
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Proof. Recall that, by Lidskii’s theorem,

Tr Z = ∑
k

yk (7.19)

and
det(Id − Z) = ∏

k
(1 − yk), (7.20)

and that, by Weyl’s inequality (see [43]),

∑
k
|yk|2 ≤ ∥Z∥2

2. (7.21)

In particular, |yk| ≤ 1/2 for all k. The claim now follows from the elementary inequality
| log(1 − y) + y| ≤ |y|2 for complex y with |y| ≤ 1/2.

Proof of Proposition 7.3. Set ℓ = s/2. Then J = (x0, x0 + ℓ/ϱ) and

L(J) =
√

2Nℓ/ϱ ≤ Cs. (7.22)

Since s ≤ γ
√

log N, we may assume that J ⊂ BN(δ/2), L(J) ≤ N1/8, and CeCsN−1/2 ≤
N−1/4 for every fixed C, by taking N0 large. We use the results of Sections 4 to 6 with
δ/2 in place of δ.

We define a map from L2(J) to L2(0, ℓ) by

(U f )(u) = ϱ−1/2 f (x0 + u/ϱ). (7.23)

This map is unitary. Let Kℓ denote the integral operator on L2(0, ℓ) with kernel

K(u, v) = ϱ−1KN(x0 + u/ϱ, x0 + v/ϱ). (7.24)

Note that UKJU−1 coincides with this operator. We abbreviate Sℓ = S(0,ℓ), and we set
Ξ = Kℓ − Sℓ. By Lemma 4.3, we have |Ξ(u, v)| ≤ CN−1/2 for u, v ∈ [0, ℓ]. Further,
Proposition 5.1 implies that ∥(Id −Kℓ)

−1∥ and ∥(Id − Sℓ)
−1∥ are bounded by CeCs.

We first prove the second bound in (7.17). By (7.1), we have D+(s/4)D−(s/4) =

det(Id − Sℓ), and DN(J) = det(Id −Kℓ). Set Z = (Id − Sℓ)
−1Ξ. Then

det(Id −Kℓ) = det(Id − Sℓ)det(Id − Z). (7.25)

We have ∥Ξ∥2 ≤ CℓN−1/2 and ∥Z∥2 ≤ CeCsN−1/2. The operators Kℓ and Sℓ are
positive and have continuous kernels, so their traces are the integrals of their kernels over
the diagonal. Therefore, |Tr Ξ| ≤ CℓN−1/2. Writing (Id − Sℓ)

−1 = Id + Sℓ(Id − Sℓ)
−1, we

also have

|Tr Z| ≤ |Tr Ξ|+ |Tr(Sℓ(Id − Sℓ)
−1Ξ)|

≤ |Tr Ξ|+ ∥Sℓ∥2∥(Id − Sℓ)
−1∥∥Ξ∥2 ≤ CeCsN−1/2,

(7.26)
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where we used ∥Sℓ∥2 ≤ ℓ/π. Then Lemma 7.4 implies that | log det(Id − Z)| ≤
CeCsN−1/2, which gives the second bound in (7.17).

Next, we compare the endpoint matrices. We define

G = (Id − KJ)
−1(1J gx0). (7.27)

The endpoint matrix of J is then the number AN(J) = 1 − ∆1G. Set

g̃(u) = gx0(x0 + u/ϱ) (7.28)

and
G̃(u) = G(x0 + u/ϱ) (7.29)

for u ∈ (0, ℓ). Using (5.17) and the change of variables z = x0 + v/ϱ, we find that

G̃ = g̃ +KℓG̃, (7.30)

and this identity extends to u ∈ {0, ℓ}.
Let Gsine = (Id − Sℓ)

−1gsine. By Corollary 4.7(c), we have |g̃(u)− gsine(u)| ≤ C(1 +

ℓ)N−1/2 for u ∈ (0, ℓ). Note that

G̃ − Gsine = (Id −Kℓ)
−1((g̃ − gsine) + ΞGsine

)
(7.31)

and that ∥Gsine∥2 ≤ CeCsℓ1/2. Therefore,

∥G̃ − Gsine∥2 ≤ CeCsN−1/2. (7.32)

For u ∈ {0, ℓ}, we then have∣∣G̃(u)− Gsine(u)
∣∣ ≤ |g̃(u)− gsine(u)|+

∫ ℓ

0
|Ξ(u, v)||G̃(v)|dv

+
∫ ℓ

0
|S(u − v)||G̃(v)− Gsine(v)|dv

≤ CeCsN−1/2,

(7.33)

by the Cauchy–Schwarz inequality. Therefore, by Lemma 7.2,∣∣AN(J)− µ(s)
∣∣ = ∣∣AN(J)−Asine(ℓ)

∣∣ ≤ CeCsN−1/2. (7.34)

We now conclude. By Corollary 3.3, Proposition 6.2, (7.34), and Lemma 7.1(b), we
have

PN(J)2

DN(J)
= det M♯

N(J) = µ(s) + O
(
eCsN−1/2) = µ(s)

(
1 + O(eCsN−1/2)

)
. (7.35)

Combining this with the second bound in (7.17) and D+(s/4)D−(s/4)µ(s) = q1(s)2, we
find that PN(J)2 = q1(s)2(1 + O(eCsN−1/2)). Taking square roots, we obtain the first
bound in (7.17).
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We now translate Proposition 7.3 to eigenvalue coordinates. Recall from the intro-
duction that E1,N(A) denotes the probability that HN has no eigenvalue in A, and that
σ(y) =

√
4 − y2.

Corollary 7.5. Let δ ∈ (0, 1) and γ > 0. There exist C, N0 > 0 depending only on δ and γ such
that for N ≥ N0, all y ∈ [−2 + δ, 2 − δ], and all 0 < s ≤ γ

√
log N,∣∣∣E1,N

((
y, y +

s
Nσ(y)

))
− q1(s)

∣∣∣ ≤ CeCsN−1/2q1(s). (7.36)

Proof. Set x0 =
√

N/2 y. Then x0 ∈ BN(δ/2), ϱN(x0) =
√

N/2 σ(y), and the image of
the interval (y, y + s/(Nσ(y))) under λ 7→

√
N/2 λ is (x0, x0 + s/(2ϱN(x0))). The claim

therefore follows from Proposition 7.3.



section 8

Several intervals

In this section, we prove two estimates for unions of intervals, which are used in the proof
of Theorem 1.1. The first states that the hole probability of a union of well-separated
intervals factorizes. The second states that the hole probability of an arbitrary union of
disjoint intervals is bounded by eCL times the product of the individual hole probabilities.
For the GUE, the second estimate holds without the factor eCL, by the negative association
of determinantal point processes [4, Lemma 3.8]. For the GOE, the factor eCL comes from
the endpoint matrix. This factor is harmless, since L is of order

√
log N in our application.

Throughout this section, we fix δ ∈ (0, 1/2], an integer r0 ≥ 1, and γ > 0, and we
consider sets J =

⋃r
j=1 Jj as in (3.1) with

r ≤ r0, J ⊂ BN(δ), L(J) ≤ γ
√

log N. (8.1)

The constants C, c, and N0 depend only on δ, r0, and γ, and all statements hold for
N ≥ N0.

8.1 The determinantal part

Lemma 8.1. Let J′, J′′ ⊂ R be disjoint bounded measurable sets. Then

DN(J′ ∪ J′′) ≤ DN(J′)DN(J′′). (8.2)

Moreover, if J′ and J′′ satisfy the assumptions of Proposition 5.1 and ∥KJ′ J′′∥2 ≤ ce−C(L(J′)+L(J′′)),
where KJ′ J′′ denotes the operator from L2(J′′) to L2(J′) with kernel KN(x, y), then∣∣∣ log

DN(J′ ∪ J′′)
DN(J′)DN(J′′)

∣∣∣ ≤ CeC(L(J′)+L(J′′))∥KJ′ J′′∥2
2. (8.3)

Proof. With respect to the decomposition L2(J′ ∪ J′′) = L2(J′)⊕ L2(J′′), we write

Id − KJ′∪J′′ =

(
Id − KJ′ −KJ′ J′′

−KJ′′ J′ Id − KJ′′

)
. (8.4)

Factoring this operator into block triangular operators whose diagonal blocks are Id− KJ′

and the Schur complement, and using the multiplicativity of Fredholm determinants, we
have

DN(J′ ∪ J′′)
DN(J′)DN(J′′)

= det(Id − Z), (8.5)
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where we define

Z = (Id − KJ′′)
−1/2KJ′′ J′(Id − KJ′)

−1KJ′ J′′(Id − KJ′′)
−1/2. (8.6)

Note that the operator Z is trace class and nonnegative. Since Id − KJ′∪J′′ is nonnega-
tive, so is its Schur complement Id − KJ′′ − KJ′′ J′(Id − KJ′)

−1KJ′ J′′ , and therefore Z ≤ Id.
Hence the eigenvalues of Z lie in [0, 1], and det(Id − Z) ≤ 1, which proves (8.2).

We now prove the second claim. Under the additional assumptions, Proposition 5.1
gives

∥Z∥1 ≤ CeC(L(J′)+L(J′′))∥KJ′ J′′∥2
2 ≤ 1/2. (8.7)

Therefore, (8.3) follows from

| log det(Id − Z)| ≤ ∑
k
| log(1 − zk)| ≤ 2∥Z∥1, (8.8)

where we let zk ∈ [0, 1/2] denote the eigenvalues of Z.

8.2 Factorization and the quasi-product bound

We first record a lower bound for the endpoint matrix of a single interval.

Lemma 8.2. Let J′ be an interval satisfying (8.1). Then det M♯
N(J′) ≥ c e−CL(J′) and AN(J′) ≥

c e−CL(J′).

Proof. We write
J′ = (x0, x0 + s/(2ϱ)) (8.9)

with ϱ = ϱN(x0), so that s ≤ 2L(J′). By Corollary 3.3 and Proposition 7.3, we have

det M♯
N(J′) = PN(J′)2/DN(J′) = µ(s)(1 + O(eCsN−1/2)) (8.10)

and Lemma 7.1(b) gives µ(s) ≥ ce−s/4. This yields the first claim for N ≥ N0, since
eCsN−1/2 ≤ N−1/4. The second claim follows from the first and Proposition 6.2.

Proposition 8.3. Assume (8.1), and suppose that sep(J) ≥
√

N. Then∣∣∣ PN(J)
∏r

j=1 PN(Jj)
− 1

∣∣∣ ≤ CeCL(J)N−1/4. (8.11)

Proof. We write L = L(J) and d = sep(J). We first consider the determinantal part. Set

J′k = J1 ∪ · · · ∪ Jk−1 (8.12)
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for 2 ≤ k ≤ r. By Lemma 4.2(c), we have |KN(x, y)| ≤ C
√

Nd−1 for x ∈ J′k and y ∈ Jk,
which implies that

∥KJ′k Jk
∥2

2 ≤ CNd−2|J|2 ≤ CL2d−2 ≤ CL2N−1. (8.13)

Applying (8.3) for k = r, r − 1, . . . , 2, we find

DN(J) =
( r

∏
j=1

DN(Jj)
)(

1 + O(eCLN−1)
)
. (8.14)

Next, we consider the endpoint matrices. Let A0 denote the diagonal matrix with
entries AN(Jj), and write AN(J) = A0 + E. It follows from Lemma 6.8 and d ≥

√
N

that the entries of E are bounded by CeCLN−1/4 in absolute value. By Lemma 8.2, the
diagonal entries of A0 are at least ce−CL. Therefore, we have

detAN(J) = detA0 det(Id +A−1
0 E) =

( r

∏
j=1

AN(Jj)
)(

1 + O(eCLN−1/4)
)
. (8.15)

In particular, detAN(J) ≥ ce−CL.
We now apply Proposition 6.2 to J and to each Jj. Together with Lemma 8.2, this gives

det M♯
N(J) = detAN(J)(1 + O(eCLN−1/2)) (8.16)

and
det M♯

N(Jj) = AN(Jj)(1 + O(eCLN−1/2)). (8.17)

Hence

det M♯
N(J) =

( r

∏
j=1

det M♯
N(Jj)

)(
1 + O(eCLN−1/4)

)
. (8.18)

Combining (8.14) and (8.18) with Corollary 3.3, we find

PN(J)2 = ∏
j
PN(Jj)

2 (1 + O(eCLN−1/4)). (8.19)

Taking square roots completes the proof.

Proposition 8.4. Assume (8.1). Then

PN(J) ≤ CeCL(J)
r

∏
j=1

PN(Jj). (8.20)

Proof. Combining Proposition 6.2, Lemma 8.1, Corollary 3.3, and Lemma 8.2, we have

PN(J)2 ≤ CeCL(J)DN(J) ≤ CeCL(J)
r

∏
j=1

DN(Jj)

= CeCL(J)
r

∏
j=1

PN(Jj)
2

det M♯
N(Jj)

≤ CeCL(J)
r

∏
j=1

PN(Jj)
2.

(8.21)

Taking square roots, we obtain (8.20).
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We now translate these results to eigenvalue coordinates.

Corollary 8.5. Let δ ∈ (0, 1), r0 ≥ 1, and γ > 0. There exist C, N0 > 0 depending only on δ,
r0, and γ such that the following holds for N ≥ N0. Let A1, . . . , Ar ⊂ [−2 + δ, 2 − δ] be open
intervals with disjoint closures, where r ≤ r0, and suppose that L ≤ γ

√
log N, where we set

L = N ∑j |Aj|. Then

E1,N

( r⋃
j=1

Aj

)
≤ CeCL

r

∏
j=1

E1,N(Aj). (8.22)

If, in addition, dist(Ai, Aj) ≥ N−1/2 for all i ̸= j, then

∣∣∣E1,N

( r⋃
j=1

Aj

)
−

r

∏
j=1

E1,N(Aj)
∣∣∣ ≤ CeCLN−1/4

r

∏
j=1

E1,N(Aj). (8.23)

Proof. Let Jj denote the image of Aj under λ 7→
√

N/2 λ, and set J =
⋃

j Jj. These images
are intervals, and their union satisfies (8.1) with δ/2 in place of δ. Moreover, we have
L(J) = L and

sep(J) = N min
i ̸=j

dist(Ai, Aj). (8.24)

So (8.22) follows from Proposition 8.4. Under the additional assumption that
dist(Ai, Aj) ≥ N−1/2 for all i ̸= j, we have sep(J) ≥

√
N, and (8.23) follows from

Proposition 8.3.



section 9

The first moment

In this section, we compute the integral of the one-interval hole probability over the
starting point of the interval, at the threshold relevant for the largest gaps. This calculation
determines the centering, the scaling, and the constant ΛI in Theorem 1.1. We work in
eigenvalue coordinates, with the notation of Section 1.2. Recall the quantities ℓN(x) and
χN from (1.20). For x ∈ R, we also define sN(x) = NσIℓN(x), so that

sN(x) = bN +
x − 9

8 log bN

aN
, ℓN(x) =

sN(x)
NσI

, χN = aN NσI . (9.1)

These definitions are chosen so that, for i ∈ GN(I),

τi,N − x = χN
(
λi+1 − λi − ℓN(x)

)
. (9.2)

Note that sN(x) = bN + Ox(log log N/
√

log N), where Ox indicates that the implicit
constant depends on x.

Proposition 9.1. For every x ∈ R, we have

lim
N→∞

χN

∫ y+−ℓN(x)

y−
E1,N

(
(y, y + ℓN(x))

)
dy = ΛIe−x. (9.3)

Moreover, there exist Cx, Nx > 0 such that for all N ≥ Nx,

sup
y∈[y−,y+−ℓN(x)]

χN E1,N
(
(y, y + ℓN(x))

)
≤ Cx log N. (9.4)

Proof. Throughout the proof, x is fixed, and we abbreviate sN = sN(x) and ℓN = ℓN(x).
We begin with the value of q1 at sN. Recall that F(bN) = log N, F′(bN) = aN, and
F′′ = 1/32. Taylor’s theorem then gives

F(sN) = log N + x − 9
8

log bN +
1

64

(x − 9
8 log bN

aN

)2
= log N + x − 9

8
log bN + o(1), (9.5)

where we used aN ≥ c
√

log N. Using Lemma 7.1(a), (9.5), and sN/bN → 1, we have

q1(sN) = κ1s−1/8
N e−F(sN)(1 + o(1)) =

κ1bNe−x

N
(1 + o(1)). (9.6)

63
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For y ∈ I, we set
Ψ(y) = σ(y)/σI ≥ 1, (9.7)

and for y ∈ [y−, y+ − ℓN], we set

s(y) = Nσ(y)ℓN = sNΨ(y), (9.8)

so that
(y, y + ℓN) = (y, y + s(y)/(Nσ(y))). (9.9)

Since I ⊂ (−2, 2) is compact and s(y) ≤ C
√

log N, Corollary 7.5 gives

E1,N
(
(y, y + ℓN)

)
= q1

(
sNΨ(y)

)
(1 + o(1)) (9.10)

uniformly in y ∈ [y−, y+ − ℓN].
Next, (9.10) and (9.6) imply that

χNE1,N((y, y + ℓN)) ≤ CχNq1(sN) ≤ CxaNbN, (9.11)

where we used that q1 is nonincreasing and Ψ ≥ 1. This implies (9.4), since aNbN ≤
2 log N by (1.4).

We now prove (9.3). Let d0 ∈ (0, |I|/2) be a small constant, which will be chosen
below depending only on I, and let U denote the set of y ∈ I with dist(y, ∂∗ I) < d0. Since
Ψ is continuous on I and attains the value 1 only on ∂∗ I, there exists c0 > 0 such that
Ψ ≥ 1 + c0 on I \ U . It follows from Lemma 7.1(a) and (9.5) that

q1
(
(1 + c0)sN

)
≤ Ce−(1+c0)

2s2
N/64 ≤ N−(1+c0)

2+o(1), (9.12)

so (9.10) and the monotonicity of q1 imply that the contribution of I \ U to the left side of
(9.3) is bounded by CχN N−(1+c0)

2+o(1) → 0.
Fix ξ ∈ ∂∗ I. Recall that

|ξ| = max(|y−|, |y+|) > 0, (9.13)

since I is nondegenerate. We parametrize the points of U near ξ as y = ξ − sgn(ξ)t with
t ∈ [0, d0), so that t is the distance from y to ξ, and y moves into the interior of I as t
increases. Note that σ′(ξ) = −ξ/σI , which gives

Ψ
(
ξ − sgn(ξ)t

)
= 1 +

|ξ|
σ2

I
t + O(t2). (9.14)

We choose d0 so small that the function t 7→ Ψ(ξ − sgn(ξ)t) is increasing on [0, d0), with
derivative between |ξ|/(2σ2

I ) and 2|ξ|/σ2
I .

We now change variables by setting

z = (log N)
(
Ψ(y)− 1

)
, (9.15)
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so that s(y) = sN(1 + z/ log N), and dt = σ2
I (|ξ| log N)−1(1 + O(t))dz. In the integral, t

ranges over [0, d0) if ξ = y−, and over [ℓN, d0) if ξ = y+. In both cases, we let [zN, zN)

denote the corresponding range of z. We have

0 ≤ zN ≤ CℓN log N → 0 (9.16)

and zN ≥ c log N.
Setting w = z/ log N ≥ 0, we have

F
(
sN(1 + w)

)
− F(sN) =

s2
N

64
(2w + w2) +

sN

8
w. (9.17)

By (9.5), we have s2
N/64 = log N + O(

√
log N). Therefore, the right side of (9.17)

equals 2z + o(1) uniformly for z in compact sets. Further, it is at least z for all z ≥ 0
when N is large. Combining this with Lemma 7.1(a), which shows that the ratio
q1(s)/(κ1s−1/8e−F(s)) takes values in [1/2, 2] for s ≥ sN and N large, we find

lim
N→∞

q1(sN(1 + z/ log N))

q1(sN)
= e−2z,

q1(sN(1 + z/ log N))

q1(sN)
≤ 4e−z, (9.18)

where the limit is locally uniform in z ≥ 0, and the bound holds for all z ≥ 0 and N large.
It follows from (9.10) that the contribution of the part of U near ξ to the left side of

(9.3) is

(1 + o(1)) χN q1(sN)
σ2

I
|ξ| log N

∫ zN

zN

q1(sN(1 + z/ log N))

q1(sN)

(
1 + O(t)

)
dz. (9.19)

By (9.18) and dominated convergence, the integral converges to∫ ∞

0
e−2z dz = 1/2. (9.20)

Using (9.6) and χN = aN NσI , we find that the contribution converges to

lim
N→∞

aNbN

2 log N
· κ1

σ3
I

|ξ| e
−x = κ1

σ3
I

|ξ| e
−x, (9.21)

where we used that aNbN/(2 log N) → 1, which follows from (1.4). Summing over
ξ ∈ ∂∗ I, we obtain (9.3).

Remark 9.2. The proof of Proposition 9.1 explains the form of the centering in Theorem 1.1.
Heuristically, the integral of E1,N((y, y + ℓ)) over y is the expected value of ∑i(λi+1 −
λi − ℓ)+, so the expected number of gaps longer than ℓ is minus its derivative in ℓ. With
ℓ = s/(NσI), the proof shows that the integral is approximately q1(s)σ2

I /(2|ξ| log N) for
each ξ ∈ ∂∗ I, and differentiating q1(s) ≈ κ1s−1/8e−F(s) produces a factor F′(s) ≈ s/32. So



9 The first moment 66

the expected number of gaps longer than s/(NσI) is of order Ns q1(s)/ log N, which is of
order Nq1(s)/s since s2 ≈ 64 log N. This number is of order one when Nq1(s) ≈ s ≈ bN,
or equivalently when F(s) ≈ log N − (9/8) log bN . The linear term s/8 in F, which comes
from the term ∓t/2 in (1.14), produces the constant −4 in (1.10). By contrast, for the
GUE the corresponding exponent s2/32 has no linear term.



section 10

Factorial moments and the proof of Theorem 1.1

In this section, we complete the proofs of Theorem 1.1 and Corollary 1.2. We follow the
approach of Feng and Wei [21], who reduced the Poisson convergence to the convergence
of the moments in (10.1) below; we state and prove this reduction as Lemma A.1 in
Appendix A. The new input is the use of the estimates for several intervals from Section 8
in place of the negative association of determinantal processes used in [21].

10.1 The positive-part moments

Fix k ≥ 1 and x = (x1, . . . , xk) ∈ Rk, and set ℓj = ℓN(xj), with ℓN(x) as in (9.1). We work
with N sufficiently large that 0 < ℓj < |I| for every j. We define

MN,k(x) = E ∑
i1,...,ik∈GN(I)

distinct

k

∏
j=1

(
τij,N − xj

)
+

, (10.1)

where we write (t)+ = max(t, 0). For a realization of the eigenvalues, we let YN denote
the set of y = (y1, . . . , yk) ∈ ∏k

j=1[y−, y+ − ℓj] for which there exist distinct i1, . . . , ik ∈
GN(I) such that

[yj, yj + ℓj] ⊂ (λij , λij+1), 1 ≤ j ≤ k. (10.2)

Lemma 10.1. We have

MN,k(x) = χk
N

∫
∏j[y−,y+−ℓj]

P(y ∈ YN)dy. (10.3)

Proof. Consider a gap (λi, λi+1) and ℓ > 0. The set of y such that [y, y + ℓ] ⊂ (λi, λi+1)

is an interval of length (λi+1 − λi − ℓ)+. When i ∈ GN(I), this interval is a subset of
[y−, y+ − ℓ]. Given y ∈ YN, the indices i1, . . . , ik in (10.2) are determined by y, since the
gaps are disjoint. Therefore, YN is the disjoint union, over ordered k-tuples of distinct
indices in GN(I), of products of such intervals, and

|YN| = ∑
i1,...,ik∈GN(I)

distinct

k

∏
j=1

(
λij+1 − λij − ℓj

)
+

. (10.4)

By (9.2), the right side equals χ−k
N times the sum in (10.1). Taking expectations and using

Fubini’s theorem, we obtain (10.3).
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Note that the event {y ∈ YN} implies that the set
⋃

j(yj, yj + ℓj) contains no eigenvalue.
The converse holds when the intervals are separated, provided that every interval of
moderate length in I contains an eigenvalue. To make this precise, we set

ηN = N−1/3, (10.5)

and we let RN denote the event that every closed interval B ⊂ I with |B| ≥ ηN contains
an eigenvalue of HN.

Lemma 10.2. For every D > 0, there exists N0 > 0 such that P(Rc
N) ≤ N−D for N ≥ N0.

Proof. Let γ > 0 be a parameter, which will be chosen at the end of the proof. Let δ > 0
be such that I ⊂ [−2 + δ, 2 − δ], and set s = γ

√
log N. We define

Bm = [y− + mηN/2, y− + (m + 1)ηN/2] (10.6)

for the integers m ≥ 0 with Bm ⊂ I; there are at most 2|I|N1/3 of them. Every closed
interval B ⊂ I with |B| ≥ ηN contains one of the Bm.

Let y denote the left endpoint of Bm. Since s/(Nσ(y)) ≤ ηN/2 for N ≥ N0, the
interval (y, y + s/(Nσ(y))) contains no eigenvalue whenever Bm contains none. Using
Corollary 7.5 and Lemma 7.1(a), we find that the hole probability of this interval is
bounded by

2q1(s) ≤ Ce−F(s) ≤ CN−γ2/64. (10.7)

A union bound over m gives P(Rc
N) ≤ CN1/3−γ2/64, and we choose γ so that γ2/64 >

D + 1.

Remark 10.3. Lemma 10.2 also follows from the rigidity of eigenvalues proved in [18,
Theorem 2.2], after a rescaling of the GOE by the factor (1 + 1/N)−1/2 that makes the
row sums of the variance matrix equal to one. However, the argument above requires
only the one-interval estimate.

Proposition 10.4. For every k ≥ 1 and x ∈ Rk, we have

lim
N→∞

MN,k(x) =
k

∏
j=1

ΛIe−xj . (10.8)

Proof. We define

Hj(y) = E1,N
(
(y, y + ℓj)

)
, H(y) = E1,N

( k⋃
j=1

(yj, yj + ℓj)
)

. (10.9)

By Proposition 9.1, we have

lim
N→∞

χN

∫ y+−ℓj

y−
Hj(y)dy = ΛIe−xj , sup

y∈[y−,y+−ℓj]

χNHj(y) ≤ C log N. (10.10)



10 Factorial moments and the proof of Theorem 1.1 § 10.1 69

Here, and for the rest of this proof, the constants C may depend on k, x, and I. Let SN
denote the set of y ∈ ∏j[y−, y+ − ℓj] such that

|yi − yj| ≥ 4ηN (i ̸= j), yj − y− ≥ 4ηN, y+ − (yj + ℓj) ≥ 4ηN, (10.11)

and let S c
N denote its complement in ∏j[y−, y+ − ℓj]. We may assume that ℓj ≤ ηN for all

j, since ℓj ≤ C
√

log N/N.
We first bound the integral of the product of the Hj over S c

N. The set S c
N is covered

by the sets where |yi − yj| < 4ηN for some i ̸= j, and the sets where yj lies within 4ηN
of y− or of y+ − ℓj for some j. To bound the integral over the set where |yi − yj| <
4ηN, we integrate first in yi, bound Hi by its supremum, and integrate the remaining
factors over their full ranges. Using (10.10), we see that the contribution of this set to
χk

N
∫
S c

N
∏j Hj(yj)dy is bounded by CηN log N. The boundary sets are treated in the same

way. Summing these contributions, we have

χk
N

∫
S c

N

k

∏
j=1

Hj(yj)dy ≤ CηN log N. (10.12)

We now prove the upper bound in (10.8). Suppose first that two of the intervals
[yj, yj + ℓj] intersect. Then they cannot be contained in two disjoint gaps, so P(y ∈ YN) =

0. Otherwise, we have
P(y ∈ YN) ≤ H(y), (10.13)

and the intervals (yj, yj + ℓj) have disjoint closures and lie in I. Set

L = N ∑
j
ℓj ≤ C

√
log N. (10.14)

By (8.22), we have

H(y) ≤ CeC
√

log N ∏
j
Hj(yj). (10.15)

When moreover y ∈ SN, the intervals are separated by at least 3ηN ≥ N−1/2, and (8.23)
gives

H(y) = (1 + O(eC
√

log N N−1/4))∏
j
Hj(yj). (10.16)

Inserting these bounds into (10.3) and using (10.12), we find

MN,k(x) ≤
(
1 + O(eC

√
log N N−1/4)

) k

∏
j=1

(
χN

∫ y+−ℓj

y−
Hj

)
+ CeC

√
log NηN log N. (10.17)

By (10.10), the right side converges to ∏j ΛIe−xj .
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To prove the lower bound, suppose that y ∈ SN, that the set
⋃

j(yj, yj + ℓj) contains
no eigenvalue, and that RN holds. We order the intervals from left to right. The interval
between y− and the first prescribed interval, the intervals between consecutive prescribed
intervals, and the interval between the last prescribed interval and y+ all have length at
least 3ηN and lie in I, so each contains an eigenvalue. Further, the points yj and yj + ℓj
are almost surely not eigenvalues. Hence each prescribed interval [yj, yj + ℓj] is contained
in a gap (λi, λi+1) with λi, λi+1 ∈ I, and different prescribed intervals belong to different
gaps. This shows that y ∈ YN, and therefore

P(y ∈ YN) ≥ H(y)− P(Rc
N), y ∈ SN. (10.18)

Using (10.3), (8.23), Lemma 10.2 with D = k + 1, and χN ≤ CN
√

log N, we have

MN,k(x) ≥
(
1 − O(eC

√
log N N−1/4)

)
χk

N

∫
SN

k

∏
j=1

Hj(yj)dy − C(N
√

log N)kN−k−1. (10.19)

Finally, (10.12) implies that χk
N times the difference between the integrals of ∏j Hj(yj)

over SN and over ∏j[y−, y+ − ℓj] is o(1). By (10.10), the latter integral, multiplied by χk
N,

converges to ∏j ΛIe−xj . This completes the proof.

10.2 Proofs of the main results

Proof of Theorem 1.1. Proposition 10.4 shows that the point processes XN satisfy the hy-
pothesis of Lemma A.1 with Λ = ΛI . Hence Theorem 1.1 follows from Lemma A.1.

Proof of Corollary 1.2. For x ∈ R, let XN((x, ∞)) denote the number of i ∈ GN(I) with
τi,N > x. Then

{τ↓
k,N ≤ x} = {XN((x, ∞)) ≤ k − 1}, (10.20)

with the convention that τ↓
k,N = −∞ if |GN(I)| < k. By Theorem 1.1, XN((x, ∞)) converges

in distribution to a Poisson random variable with mean ΛIe−x, which gives (1.8). Taking
k = 1, we obtain (1.9).

We now prove (1.10). Let EN = {GN(I) ̸= ∅}. By (1.8) with k = 1, we have
lim supN→∞ P(E c

N) ≤ exp(−ΛIe−x) for every x ∈ R. Letting x → −∞ shows that
P(EN) → 1. Let τ̃1,N equal τ↓

1,N on EN and 0 on its complement. Then (1.9) implies that
τ̃1,N is tight. On EN, the definition (1.7) gives

NσIm1,N = bN + a−1
N

(
τ̃1,N − (9/8) log bN

)
. (10.21)

From (1.4), we have

bN = 8
√

log N − 4 + O
(
(log N)−1/2),

1
aN

=
4√

log N + 1/4
=

4√
log N

+ O
(
(log N)−3/2),

(10.22)
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and log bN = (1/2) log log N + log 8 + o(1). Inserting these expansions on EN and using
P(EN) → 1, we obtain (1.10).

Proof of the claims in Remark 1.4. Given a real symmetric N × N matrix M with eigenval-
ues µ1 ≤ · · · ≤ µN , a set I′ ⊂ R, and k ≥ 1, we let Tk(M; I′) denote the k-th largest of the
gaps µi+1 − µi with µi ∈ I′, with Tk(M; I′) = 0 if there are fewer than k such gaps. We
also set

τ̂k(M; I′) = aN
(

NσI Tk(M; I′)− bN
)
+

9
8

log bN, (10.23)

so that the quantity τ̂k,N in Remark 1.4 is τ̂k(WN; I). Throughout the proof, we fix k ≥ 1,
and we let Fk(x) denote the right side of (1.8).

We first compare WN with a Gaussian matrix. Set

θN = (1 + 1/N)−1/2 (10.24)

and GN = θN HN. The entries (GN)ij, i ≤ j, are independent centered Gaussian random
variables with variance (1 + 1i=j)/(N + 1). Hence every row of the variance matrix of
GN sums to 1, and GN is the GOE matrix in the normalization of [33, Definition 1.1].

Let Φ ∈ C∞
c (R), and set ν = N/

√
log N and

SN(t) = Φ
(

aNσI
√

log N t − aNbN +
9
8

log bN

)
, t ∈ R, (10.25)

so that
Φ(τ̂k(M; I)) = SN(ν Tk(M; I)). (10.26)

The derivatives of SN of order at most five are bounded by C(log N)5, since
aNσI

√
log N ≤ C log N. Using [33, Corollary 1.6], whose error term involves derivatives

of the test function of order at most five, we find∣∣EΦ
(
τ̂k(WN; I)

)
− EΦ

(
τ̂k(GN; I)

)∣∣ ≤ CN−c(log N)5. (10.27)

Next, we show that P(τ̂k(GN ; I) ≤ x) → Fk(x) for all x ∈ R. Set IN = θ−1
N I. The matrix

GN has eigenvalues θNλi, so Tk(GN; I) = θNTk(HN; IN). Fix x ∈ R and η > 0. By (10.23)
and (9.1), the events {τ̂k(GN ; I) > x} and {Tk(HN ; IN) > ℓN(x)/θN} coincide for N large.
Note that ℓN(x+ η)− ℓN(x) = η/χN is much larger than ℓN(x)(θ−1

N − 1) ≤ C
√

log N/N2.
Hence, for N large, we have

ℓN(x) ≤ ℓN(x)/θN ≤ ℓN(x + η), (10.28)

and therefore

P
(
τ̂k(HN; IN) > x + η

)
≤ P

(
τ̂k(GN; I) > x

)
≤ P

(
τ̂k(HN; IN) > x

)
. (10.29)
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It remains to compare τ̂k(HN ; IN) with τ↓
k,N . Let x′ ∈ R. The events {τ̂k(HN ; IN) > x′}

and {τ↓
k,N > x′} can differ only if there exists a gap (λi, λi+1) of length at least ℓN(x′)

such that exactly one of the conditions λi ∈ IN and i ∈ GN(I) holds. The closure of such
a gap contains a point within distance 2/N of y− or of y+, since |θ−1

N y± − y±| ≤ 2/N. A
gap of length at least ℓN(x′) whose closure contains a point within distance 2/N of y±
contains one of the intervals(

y± − ℓN(x′)
2

+
2
N

, y± − 2
N

)
,

(
y± +

2
N

, y± +
ℓN(x′)

2
− 2

N

)
. (10.30)

These four intervals lie in [−2 + δ, 2 − δ] for some δ > 0 depending on I. Fur-
ther, σ(y) ≥ σI − CℓN(x′) on them, so each has the form (y, y + s/(Nσ(y))) with
s ≥ sN(x′)/2 − C, where we recall that

sN(x′) = NσIℓN(x′). (10.31)

Using Corollary 7.5, Lemma 7.1(a), and the monotonicity of q1, we see that the probability
that one of them contains no eigenvalue is bounded by Cq1(sN(x′)/2 − C) ≤ N−1/4+o(1).
Therefore,

|P(τ̂k(HN; IN) > x′)− P(τ↓
k,N > x′)| ≤ N−1/4+o(1) (10.32)

for every fixed x′. Inserting this with x′ = x and x′ = x + η into (10.29) and using (1.8),
we find that every limit point of P(τ̂k(GN; I) ≤ x) belongs to [Fk(x), Fk(x + η)]. Letting
η ↓ 0 and using the continuity of Fk, we have

P(τ̂k(GN; I) ≤ x) → Fk(x). (10.33)

Since Fk is the distribution function of a probability measure on R, it follows that

EΦ(τ̂k(GN; I)) →
∫

Φ dFk (10.34)

for all Φ ∈ C∞
c (R). Then (10.27) implies that the same holds for WN in place of GN.

Convergence of EΦ for all Φ ∈ C∞
c (R) to the integral against a probability measure

implies convergence in distribution, so

P(τ̂k(WN; I) ≤ x) → Fk(x) (10.35)

for all x ∈ R.



appendix a

A criterion for Poisson convergence

In this appendix, we prove the criterion used in the proof of Theorem 1.1. It is a variant
of [21, Lemma 1], where the conclusion is stated for half-lines.

Lemma A.1. Let Λ > 0, and for each N, let XN = ∑i∈IN
δXi,N be a point process on R with an

almost surely finite index set IN. Suppose that for every k ≥ 1 and x = (x1, . . . , xk) ∈ Rk,

lim
N→∞

E ∑
i1,...,ik∈IN

distinct

k

∏
j=1

(
Xij,N − xj

)
+
=

k

∏
j=1

Λe−xj . (A.1)

Let A1, . . . , Am ⊂ R be disjoint intervals, each of the form (a, b] with a < b or (a, ∞). Then
(XN(A1), . . . ,XN(Am)) converges in distribution to a vector of independent Poisson random
variables with means Λ

∫
Al

e−x dx, 1 ≤ l ≤ m. Consequently, XN converges in distribution to
PPP(Λe−x dx) with respect to the vague topology.

Proof. For x ∈ Rk, we define

IN(x) = E ∑
i1,...,ik∈IN

distinct

k

∏
j=1

1{Xij,N > xj}, f (x) = Λe−x. (A.2)

We first show that IN(x) → ∏j f (xj). Given h > 0 and x ∈ R, we set

ux,h(t) = h−1((t − x)+ − (t − x − h)+
)
, (A.3)

so that
1{t > x + h} ≤ ux,h(t) ≤ 1{t > x}. (A.4)

Expanding the product ∏j uxj,h(Xij,N) into 2k terms and applying (A.1) to each of
them, we find

lim
N→∞

E ∑
distinct

k

∏
j=1

uxj,h(Xij,N) =
k

∏
j=1

f (xj)− f (xj + h)
h

. (A.5)

Combining this with (A.4), we find

lim sup
N→∞

IN(x) ≤
k

∏
j=1

f (xj − h)− f (xj)

h
, lim inf

N→∞
IN(x) ≥

k

∏
j=1

f (xj)− f (xj + h)
h

, (A.6)
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where in the first bound we used (A.4) with xj − h in place of xj. Letting h ↓ 0, we
conclude that

IN(x) → ∏
j
(− f ′(xj)) = ∏

j
f (xj). (A.7)

Next, let k1, . . . , km ≥ 0. We define the falling factorial by

(n)k = n(n − 1) · · · (n − k + 1). (A.8)

Since the intervals Al are disjoint, E ∏l(XN(Al))kl
is the expected number of families

of distinct indices (il,p)1≤l≤m,1≤p≤kl
with Xil,p,N ∈ Al for all l and p. To compute this

expectation, we write
1{t ∈ (a, b]} = 1{t > a} − 1{t > b} (A.9)

and
1{t ∈ (a, ∞)} = 1{t > a}, (A.10)

and we expand the product of these indicators. This expresses E ∏l(XN(Al))kl
as a

finite linear combination of the quantities IN(x), with x having coordinates among the
endpoints of the Al. Using the first part of the proof, we have

lim
N→∞

E
m

∏
l=1

(XN(Al))kl
=

m

∏
l=1

(
Λ

∫
Al

e−x dx
)kl

, (A.11)

which is the corresponding factorial moment of the claimed Poisson vector. The method
of moments then gives the convergence in distribution of (XN(A1), . . . ,XN(Am)), since
a vector of independent Poisson random variables is determined by its moments, and
moments are finite linear combinations of factorial moments.

Finally, let X be a Poisson point process on R with intensity Λe−x dx. It is simple
and has a nonatomic intensity measure. The convergence of count vectors proved above
implies that XN(B) converges in distribution to X (B) for every finite union B of disjoint
bounded intervals of the form (a, b]. This implies local tightness of the counts, conver-
gence of the void probabilities, and convergence of the probabilities of at least two points.
The one-dimensional version of Kallenberg’s criterion [30], as stated in [4, Theorem 2.2]
for point processes on R2, therefore gives the convergence in distribution of XN to X
with respect to the vague topology. Intervals of other types are handled by approximation
using the expected-count limits above, since the limiting intensity has no atoms; see also
[4, Proposition 2.1] for the same deduction. This completes the proof.
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