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ABSTRACT

We determine the asymptotic distribution of the largest gaps between consecu-
tive eigenvalues of the Gaussian orthogonal ensemble (GOE) in the bulk of the
spectrum. After an explicit centering and scaling, the largest gaps in a fixed
interval converge to a Poisson point process with an exponential intensity, so the
largest gap has a shifted Gumbel limit. The analogous result for the Gaussian
unitary ensemble was proved by Feng and Wei. Our proof expresses the squared
probability that the GOE has no eigenvalues in a union of intervals as the corre-
sponding probability for the Gaussian unitary ensemble times a determinant of
fixed size, for every matrix dimension. We control this determinant on intervals
whose length in units of the local mean spacing grows with the dimension, using
an uncertainty principle of Nazarov and exact identities for Hermite functions.
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SECTION 1

Introduction

1.1 Background

The gaps between consecutive eigenvalues are among the central objects of random
matrix theory. In the bulk of the spectrum, the limiting distribution of an individual gap
is known for a wide range of models [17, 55]. The smallest and largest gaps within a fixed
interval in the bulk are understood for far fewer models. Unlike an individual gap, they
are not determined by the local eigenvalue statistics on any fixed scale. The motivation
for their study is discussed in the introduction of [4], which includes a comparison with
numerical data for the Riemann zeta function.

We first describe what is known about the largest gaps. For the Gaussian unitary
ensemble (GUE) and the circular unitary ensemble (CUE) [14, 37], Ben Arous and Bour-
gade found the first-order asymptotics of the largest gaps in the bulk, which are of order
\/m /N, and left their fluctuations open [4]. Feng and Wei identified these fluctua-
tions [21]. They proved that the largest gaps of the CUE and the GUE, after centering
and rescaling, converge to a Poisson point process with an exponential intensity, so that
the largest gap has a Gumbel limit. Charlier recently extended this result to unitary-
invariant ensembles for a broad class of regular analytic potentials [6]. Bourgade proved
universality of the smallest gaps in both symmetry classes, and of the largest gaps in
the complex Hermitian class, for generalized Wigner matrices satisfying a smoothness
assumption [5]. His proof combines new quantitative relaxation estimates for Dyson
Brownian motion with reverse heat flow. Landon, Lopatto, and Marcinek proved compar-
ison theorems for the largest gaps of real symmetric and complex Hermitian generalized
Wigner matrices without a smoothness assumption [33]. In the complex Hermitian case,
both works use the GUE result of Feng and Wei [21] to identify the limiting distribution.
Both approaches also apply to the real symmetric largest-gap problem, but identifying
its limiting distribution required the corresponding GOE result, which was not known.

The smallest gaps were studied earlier. Vinson’s dissertation [52] was the first rigorous
work on extremal gaps. It determined the limiting distribution of the smallest gap of
the CUE and the GUE. Ben Arous and Bourgade found the joint limit of the smallest
gaps of these two ensembles [4], building on Soshnikov’s work on determinantal point
processes [46]. The limiting distribution of the smallest gaps is now also known for
the Gaussian orthogonal ensemble (GOE) [23], for the circular B-ensemble [27] with B a
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positive integer [20], for the Gaussian symplectic ensemble [25], and for complex Wishart
ensembles and one-cut unitary-invariant ensembles with real-analytic confining potentials
[42]. Bourgade’s universality theorem [5] covers the smallest gaps of real symmetric and
complex Hermitian generalized Wigner matrices with smooth entries, and Figalli and
Guionnet proved limiting laws for the smallest gaps and first-order asymptotics for the
largest gaps in perturbative several-matrix models with f = 2 [26]. For Wigner matrices
and related models, lower bounds for the smallest gaps were proved in [40], and for
sparse random matrices in [34]. Extremal gaps have also been studied for non-Hermitian
matrices [35, 36, 38] and for the zeros of random functions [19, 22, 24].

The results above that identify limiting laws or first-order asymptotics for the largest
eigenvalue gaps rest on a determinantal structure [45], either of the ensemble itself or of
the Gaussian ensemble with which it is compared. The GOE does not have this structure,
and the limiting distribution of its largest gaps has remained open; the problem was
raised in [5, 33, 35]. For the circular orthogonal and symplectic ensembles (COE and CSE)
[14, 37], Feng and Wei noted that even the order of the largest gaps is unknown [21]. Our
main result, Theorem 1.1, determines the limiting distribution of the largest gaps in the
bulk of the spectrum of the GOE.

The analysis of the largest gaps rests on precise asymptotics for the probability that a
long interval contains no eigenvalue. For the sine process, which is the limit of the GUE
eigenvalues after rescaling in the bulk [2], this probability is a Fredholm determinant
of the sine kernel, and its asymptotics were predicted by des Cloizeaux and Mehta [12]
and Dyson [13]. The leading term was proved by Widom [53], and the constant term,
known as the Widom-Dyson constant, by Krasovsky [31], Ehrhardt [15], and Deift, Its,
Krasovsky, and Zhou [8]. For B = 1 and B = 4, the corresponding asymptotics, including
the constant terms, were proved by Ehrhardt [16]. For general B > 0, the bulk scaling
limit of the Gaussian B-ensemble is the Sineg process [50], and the probability that it has
no point in a long interval was determined up to a constant factor by Valké and Virag
[51].

The eigenvalues of the GOE form a Pfaffian point process rather than a determinantal
one: the k-point correlation function is the Pfaffian of a 2k x 2k matrix built from a
2 X 2 matrix kernel, and one entry of this kernel contains the sign function sgn(x —y)/2
[37]. For even matrix dimensions, Tracy and Widom [48] expressed the square of the
probability that the GOE has no eigenvalue in a union of intervals as the corresponding
probability for the GUE, multiplied by the determinant of a matrix of fixed size; see also
[1, 27, 28, 44, 49, 54] for the correlation kernels of orthogonal and symplectic ensembles,
and [9-11] for their use in proving universality. Our proof builds on the identity of Tracy
and Widom. However, we derive it differently, for even and odd matrix dimensions, and
we analyze it on intervals whose length in units of the local mean spacing grows with N;
see Section 1.4.
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1.2 Main results

Let Hy be an N x N matrix from the GOE, normalized so that its distribution has density
proportional to exp(—N Tr H?/4) with respect to Lebesgue measure on real symmetric
matrices. Equivalently, the entries H;; with i < j are independent centered Gaussian
random variables, with variance 2/Nifi = jand 1/Nifi < j. Welet Ay < Ay < --- < Ay
denote the eigenvalues of Hy, and we let Zy denote the normalizing constant in their
joint density, which is

N
Zi TT A=Al e V7 (1.1)

N 1<i<j<N i=1

on {A < --- < An}; see [2]. We define

o(y) = /4 —vy? ly| < 2. (1.2)

With this normalization, the empirical eigenvalue distribution converges to the semicircle
law. This is the probability measure on [—2,2] with density ¢(y)/(27r). The mean spacing
between consecutive eigenvalues near y € (—2,2) is approximately 27t/ (No(y)).
We define the constant x; and the function F by
s s

3
i =2"%exp (ST(-1),  F(5) =42, 520, (1.3)

where { denotes the Riemann zeta function. Both come from the asymptotics of the
probability that the Sine; process has no point in a long interval, which we recall after
Corollary 1.2. For N > 2, we let by > 0 denote the solution of F(by) = log N, and we
define ay = F/(by). Solving the quadratic equation F(by) = log N, we find

1 4
b = 8/log N + 7 — 4, aN:bN?’;L, aNszzlogN—%N. (1.4)

We fix an interval I = [y_,y4+] with =2 < y_ < y4 < 2, and we consider the gaps
Ait1 — A with both endpoints in I. We define

o = r;lei?a(y), oxl ={¢ €{y—,y+}:0(3) = 0o1}. (1.5)

Observe that 9.1 is the set of endpoints of I at which the semicircle density is smallest.
It consists of the endpoint with the larger absolute value if y_ # —y, and of the two

endpoints if y_ = —y,. In particular, ¢ # O for all §{ € d.I. We define
03
AI =K1 Z ﬁ (16)

Eco,l
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We let Gn(I) denote the set of indices i € {1,...,N — 1} such that A;, A1 € I, and for
i € Gn(I) we define the rescaled gap

9
TN = aN (NO’I(AZ'+1 — )\1) — bN) —+ g log by. (1.7)

Finally, we let Xy denote the point process on R whose points are the numbers T y,
i € Gn(I). For a Borel set A C R, we let Xy(A) denote the number of points of Xy in
A, which is the number of indices i € Gy(I) such that 7; y € A. Our main result is the
following theorem.

Theorem 1.1. Let m > 1, and let Ay,...,An C R be disjoint intervals, each of the form
(a,b] with a < b or (a,00). Then, as N — oo, the vector (Xn(A1),..., Xn(Am)) converges
in distribution to a vector of independent Poisson random variables with means Ay [ A € Ay,
1 <1 < m. In particular, XN converges in distribution to the Poisson point process on R with
intensity Aje™* dx, with respect to the vague topology.

We let Ti N Ti Ny = - denote the values Ty, i € Gn(I), arranged in decreasing
order, and we set Té’ Ny = —oif Gn(I) has fewer than k elements. We also let 1 y denote

the largest gap A1 — A; with i € Gy(I) (and we set my y = 0 if Gy(I) is empty). For
random variables Yy and positive numbers 6y, we write Yy = Op(fy) if the sequence
(YN/GN)N is tight.

Corollary 1.2. For every k > 1and x € R,

. 3 k—1 (Ale_x)j
Z\ljgr;oll’(r]iN <x)=exp(—Ape™) ]g) ]—' (1.8)

In particular, 7,'1i N — log A converges in distribution to the standard Gumbel distribution, which

has the distribution function x — exp(—e™*):

Jim P(tfy —logA;<x)=exp(—e?¥), xeR (1.9)
—»00 !
Moreover, ool

Nopimy y = 8/log N — 4 Ologlog N, Op ((log N)~1/2), (1.10)

4 /log N
We now explain where the constant x; and the function F come from. For a Borel set
A C R, we define the hole probability

El,N(A) ZIP(/\Z ¢ Aforallie {1,,N}> (1.11)

The limit of the hole probability of a short interval is expressed through the sine kernel.
We define the sine kernel S by

S(u) = , u#Q, S(0) =

1
Tu T

(1.12)
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It is the kernel of the sine process, rescaled to have mean spacing 7. For t > 0, we let S ;
and S_; denote the integral operators on L?(0, t) with kernels S(u — v) + S(u + v) and
S(u—v) — S(u + v), respectively, and we define the Fredholm determinants

Dy (t) = det(Id — Sy ), D_(t) = det(Id —S_), q1(s) = Dy (s/4), (1.13)

for t,s > 0. We will show in Corollary 7.5 that g1 (s) is the limit of E; x((y,y +5s/(No(y))))
as N — oo, for all y € (—2,2) and s > 0. The interval (y,y +s/(No(y))) has length
s/(2m) in units of the mean spacing near y. So g;(s) is the probability that the Sine;
process, normalized to have mean spacing 27, has no point in a given interval of length
s; this expression for the gap probability is classical [37, 48]. The asymptotics of D
were determined by Ehrhardt [16, Theorem 4.8], confirming predictions of Dyson [13].
Ehrhardt proved that

__t_t logt (1,1 3.1
log D () = = F 5 — ¢ +<24:|:4>10g2—|—2§( ) +0(1), t—oco (114)

Setting t = s/4 in (1.14) (see Lemma 7.1), we have

D (s/4)

g1(s) = xys~ /8 FE) (1+0(1)), D (s/4)

_ \/Ee—s/él(l -I—O(l)), S — 09, (1.15)

with x; and F as in (1.3).

Remark 1.3. We comment on the constants in Theorem 1.1 and Corollary 1.2.

(a) By (1.15), the function F is the exponent in the probability that the Sine; process has
no point in a long interval. Its quadratic term, its linear term, and the power s~1/8 in
(1.15) agree with the asymptotics of Valk6 and Virag for the Sineg process at f = 1
[51], which are stated for intervals of length s in units in which the mean spacing
is 27t. The constant «; is the constant of Ehrhardt [16], after the change of variables
t=s/4.

(b) The constant —4 in (1.10) comes from the linear term s/8 in F. The coefficient 9/4
of the third term comes from the power s~1/8 in (1.15) and from the fact that the
largest gaps are located within distance of order (log N)~! of the points of 9.I; see
Remark 9.2.

(c) We consider the GUE with eigenvalue density proportional to []i-;|A; —

Ail?TTe N A2 s empirical eigenvalue distribution also converges to the semicircle
law on [—2,2]. We let mﬂ\JIE denote the largest gap Aj;1 — A; of the GUE with
Ai, Aipq € 1. It follows from [21, Theorem 2] that

Noym§F = /32log N — > _10818N 5 100 N)-12) (1.16)

2v/2 /log N
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The leading term for the GOE is larger by a factor v/2. It agrees with the prediction
(64/B)log N at B = 1, which Feng and Wei formulated for the circular B-ensemble
[21].

The following remark records a consequence of Corollary 1.2 for real symmetric
generalized Wigner matrices, which was anticipated in [33] and [5]. We prove it in
Section 10.

Remark 1.4. Let Wy be an N x N real symmetric generalized Wigner matrix satisfying
[33, Definition 1.1]; in particular, the entries of VN Wy have finite moments of all orders.
For k > 1, let Tk,N denote the k-th largest of the gaps p;1 — u; between consecutive
eigenvalues yq < --- < uy of Wy such that y; € I (this is the convention of [33]), and let
Tin = 0 if there are fewer than k such gaps. We define

~ EN 9
Tk N = AN (N(T[Tk,N - bN) + 3 log by. (1.17)

Then (1.8) holds with 7 5y in place of Tki n- This follows from Corollary 1.2 and the
comparison theorem [33, Corollary 1.6].

1.3 Notation

We use the following notation throughout the paper. For a statement P, we let 1p denote
1 if P holds and 0 otherwise, and for a set A C R, we let 14 denote its indicator function.
For a Borel set A C R, we let |A| denote its Lebesgue measure, and for ¢ > 0, we write
cA={ca:ac A}. We write || - || for the norm of L?(A), and || T|| for the operator norm
of a bounded operator T on L?(A). We identify L?(A) with the space of functions in
L?(R) that vanish outside A. For t € R, we write (), = max(t,0). For t,y € R, we let
[ denote the oriented integral, so that [/ = — [ yt if y < t. In Section 1.4, C and ¢ denote
positive constants that do not depend on N, and whose values may change from line to
line. They may depend on the fixed parameters J, v, o, k, and x1, . . ., x; introduced there,

and the implicit constants in O(-) have the same property. Limits are taken as N — co.

1.4 Overview of the proof

We now describe the main steps of the proof. This overview can be read independently
of the later sections; all objects in it are defined here, in Section 1.2, or in Section 1.3. The
proof has two parts. The first part, which follows the strategy of Feng and Wei for the
GUE [21], reduces Theorem 1.1 to three estimates for hole probabilities. The second part
proves these estimates in four steps, and Steps 1-3 are new compared with the proof for
the GUE. Where the GUE proof uses that the hole probability is a Fredholm determinant,
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Step 1 uses an exact identity, valid for even and odd N, that writes the square of the GOE
hole probability as the GUE hole probability times a determinant of fixed size. Step 2
replaces the sign function in this determinant, which does not decay, by functions that are
concentrated near the endpoints of the intervals. Step 3 replaces the elementary bound
on the inverse of the operator in the Fredholm determinant, which is a power of N in
our setting, by a bound that is exponential in the expected number of eigenvalues in the
intervals. Step 4 uses these results and the asymptotics of Hermite functions to compare
the GOE hole probability with its limit.

Reduction to hole probabilities. For the Poisson point process with intensity Aje™* dx,
the sum of H;;l(l']’ — xj)+ over all ordered k-tuples (7i,...,7) of distinct points has
expectation

k k
[T/ (t=x)enmeat=[TAe™. (1.18)
j=1 j=1

By a criterion of the type used in [21, Lemma 1], which we state in Lemma A.1, it therefore
suffices to show that for every k > 1 and all x1,...,x; € R,

li — . .
dmE Y ), = [[ae 119
LkEGN(T) J=
dlstmct

The positive parts (T — x)4 are used instead of the indicators 1.~ because the left side
of (1.19) can be expressed through hole probabilities, as follows. For x € IR, we define

1 — % log by
In(x) = NO’[ (bN T), XN = anNoy. (1.20)
By (1.7), we have 7; y — x = xn(Aiy1 — Aj — In(x)) for all i € Gn(I). Further, by Taylor’s
theorem and the definitions of ay and by, we have

F(Noln(x)) =1log N + x — glong +0(1). (1.21)

We also call the interval (A;, Aj11) a gap. For a gap (A, Aiy1) and £ > 0, the setof y € R
such that [y, y + ¢] C (A, Aiy1) is aninterval of length (Aj; 1 —A;—€) 4. Foryy,...,yx € R,
we let Wn(y1, ..., yx) denote the event that the intervals [y;, y; + {n(xj)], 1 < j < k, are
contained in distinct gaps (A;, Ajy1) with i € Gy(I). Integrating over the left endpoints
Y1,---, Yk, we show in Lemma 10.1 that, for N large enough that /x(x;) > 0 for all j, the
expectation in (1.19) equals

¢ [y in(a) y+—n(xk)
XN/ / P(Wx (1, ..., vx)) dy - - - dyy. (1.22)
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If two of the intervals [y;,y; + ¢n(xj)] intersect, then they cannot lie in distinct gaps,
so P(Wn(y1,--.,yx)) = 0. Otherwise, the probability P(Wx(y1, ..., yx)) is bounded by
the hole probability of the union of the intervals (y;,y; + ¢n(x;)). Conversely, suppose
that these intervals are separated from each other, and from the endpoints of I, by
distances at least 3N~1/3. Then P(Wy(y1, ..., yx)) is at least this hole probability minus
the probability that some interval of length N~!/3 in I contains no eigenvalue. The latter
probability is O(N~P) for every fixed D > 0. Indeed, every interval of length N—1/3
in I contains one of O(N'/3) fixed intervals of the form (y,y +s/(Nc(y))) with s =
v0+/log N, where ¢ > 0 is a constant with 73/64 > D + 1/3. By (1.23) below, applied
with 7 = 7o, the hole probability of each of these intervals is at most 241 (79+/log N) <
N~7/64, and a union bound gives the claim.

It remains to estimate the hole probabilities of unions of at most k intervals in I with
total length at most C/log N/N. We need three estimates. The first is an asymptotic
formula for one interval, which we prove in Corollary 7.5. For all 4 € (0,1) and ¢ > 0,
there exists C > 0 such that

s
E — ) = 1 CSN-1/2 1.2
w((1y+ §ogy)) =6 (1+06 ) (1.23)
uniformly iny € [-2+46,2 —¢] and 0 < s < v, /log N. The second and third estimates
concern open intervals Ay, ..., A, C [-2+ 6,2 — J] with disjoint closures and total length
Yi|Aj| <v+/log N/N, where the number r of intervals is at most a fixed integer ro. We
prove in Corollary 8.5 that

r r
El,N( U A]’) < CVISNTTE N(A)), (1.24)
j=1 j=1
and that if, in addition, dist(A4;, Aj) > N2 foralli # j, then
r r
Eun (U A7) = (14 0@V 8NN=4) T Eyn(4)). (1.25)
j=1 j=1

We now explain how these estimates give (1.19). We fix § > 0 such that I C [-2+
5,2 — 6], and we take ry = k. Since N/y(x) = (8 + 0(1))+/log N/ oy for every fixed x, we
may also fix v > 0 such that N Y, £ (x;) < 7/log N and 2Ny (x;) < v+/log N for all
and all large N. We first consider the points (y1, ..., Vx) in the domain of integration in
(1.22) for which the intervals [y;, y; + {n(xj)] are separated from each other, and from the
endpoints of I, by distances at least 3N~1/3. For these points, we replace the probability
P(Wn(y1,---,yx)) by the hole probability of U;(y;, y; + ¢n(x;)), with an error O(N~P),
where we choose D > k + 1 so that the error remains negligible after multiplication by
x% < (Nlog N)¥. Next, we use (1.25) with A; = (y;,y; + {n(x;)) and r = k to replace
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this hole probability by the product of the hole probabilities E1 n((y;j, ¥; + {n(x;))). For
the remaining points at which the intervals [y;, y; + {n(x;)] are disjoint, we use (1.24) to

bound P(Wn(y1,---,yk)) by eCV198N imes the same product. By (1.23), (1.15), and (1.21),
and since ¢ is nonincreasing and ¢ (y) > o7 on I, each factor xnE1,n((yj, yj +{n(x;))) is
O(log N). Further, the set of these remaining points has k-dimensional Lebesgue measure
O(N~1/3). Their contribution is therefore O(ec\/@N_l/‘?(log N)*) = 0(1), and (1.19)
reduces to the statement

_ y+—In(x) Ly
lim XN/ ELN((%]/ + EN(X))) dy = Aje™7, x €R, (1.26)

N—oo

which we prove in Section 9. To compute this integral, we apply (1.23) with s =
No(y)¢n(x). Note that

No(y)¢n(x) — Norln(x) = Noply(x) (%]I/) - 1)’ (1.27)

FI(bN)bN =anby = 210g N(l + 0(1)),

by (1.4). Set sy = Nopln(x) and ¥(y) = o(y) /0. Using (1.23) and (1.15), we find that
the integrand is

_ s3 s

v q(sn) ¥ (W) Sexp (= ZHEW)? 1) - T (¥W) -1) ) (1+0(1),  (128)
uniformly in y € [y_,y+ — {n(x)]. Since s%,/64 ~ log N, this shows that the integral is
concentrated within distance of order (log N)~! of the points of 9.1, where o (y) = 0.
Near ¢ € 9.1, we have

o(y) . _ ¢l
71_1—0—12|y_‘§|+o(|y_‘:|2)/ (1.29)

since 0’/ (&) = —¢/o;. A Laplace-type computation then shows that the contribution of ¢
to (1.26) is

2 3
T _ ONbN 07
xN g1 (Norln(x)) 2 log N (1+0(1)) = 2log N K1 H e *(1+0(1)), (1.30)
where we used the asymptotics
g1 (Nopln(x)) = xe *byN "1 (1 +0(1)), (1.31)

which follow from (1.15) and (1.21). In this computation, the factor b?\{s coming
from e~ F() is compensated by the factor s—1/8 = bg,l/g(l +0(1)) in (1.15) and by the
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width (log N)~! of the region near ¢, since xn/(NlogN) = 201bg]1(1 +0(1)). Since
anby/(2log N) — 1, summing over ¢ € 0.I gives the constant Aj.

The estimates (1.23), (1.24), and (1.25) are the main work of this paper. Two features
make (1.23) delicate. First, at s = Nojfy/(x), the probability g1 (s) is of order N~ /log N
by (1.31). So we need a relative error bound for a polynomially small probability. Second,
the interval contains of order /log N eigenvalues on average, so the convergence of local
statistics on fixed scales does not suffice. For the GUE, the analogous estimates are proved
in [21] using the determinantal structure. The asymptotics of the Fredholm determinant
can then be derived from those of Toeplitz determinants [8], and the analogue of (1.24)

holds without the factor eCV1osN by the negative association of determinantal point
processes [4, Lemma 3.8]. Neither tool is available for the GOE. The GOE hole probability
is the square root of the Fredholm determinant of an operator with a 2 x 2 matrix kernel
[28, 44, 49], and one entry of this kernel contains the sign function sgn(x — y)/2, which
does not decay as |x — y| — .

Hermite coordinates. For the analysis, it is convenient to rescale the eigenvalues by the
factor /N /2. By (1.1), the vector (v/N/2A4,...,v/N/2Ay) has a density proportional
to [ Ti<; |xj — x| TT; e™*1/2 on {x1 < --- < xn}, and its empirical distribution concentrates
on [—\/W, V2N ]. We call x = +/N/2 A the Hermite coordinate. In the rest of the overview,
the variables x, y, z, and t denote points in Hermite coordinates, and | denotes a subset
of R in Hermite coordinates. We let Py/(J) denote the probability that /N /2 A; ¢ J for
all i, so that Py(v/N/2A) = E;n(A) for every Borel set A C R. For 6 € (0,1/2], we
define the bulk

Bn(0) = [~ (1-6)V2N, (1-6)V2N], (1.32)

and we note that /N/2[—-2+ 4,2 — §] = By(6/2). We say that an estimate holds in the
bulk if, for every fixed ¢ € (0,1/2], it holds uniformly on By/(¢), with constants depend-
ing on 4. In Hermite coordinates, the mean spacing between consecutive eigenvalues
near a point x in the bulk is approximately 77/v2N — x2.

The Hermite functions ho, h1, ... are obtained by applying the Gram-Schmidt proce-

dure in Lz(IR) to the functions x s x"e*"/ 2 n>0,and they form an orthonormal basis
of L?(R). We define

N-1
Ka(oy) = B m(h@),  KeO) = [ Kn0fxdn 039

for x,y € R and for f € L?(R) or f bounded. The restriction of Ky to L?(R) is the
orthogonal projection onto the span of hy,...,hy_1. For a measurable set | C R of
finite measure, we let K; denote the integral operator on L?(]) with kernel Ky(x,y),
x,y € ], and we define Dy(]) = det(Id — Kj). This is the probability that the GUE of
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Remark 1.3(c), with its eigenvalues multiplied by v/N /2, has no eigenvalue in | [2]. The
eigenvalues of Kj lie in [0,1), so Id — K| is invertible.

Step 1: An exact formula and the endpoint matrix. Let ] = Uj_;(a;,b;) witha; < by <
ay < ---<ar <by Fort e R, we define &(x) = sgn(x — t)/2 and

gt(y) = (Kner)(y) —er(y),  yeR (1.34)

The function g; measures how far the projection Ky is from preserving the step function
er. For 1 < i < r, we define G; = (Id — K;)"!(1;4,,) € L?*(J). The identity G; =
1594, + Kn(1;G;) holds almost everywhere on ], and we use its right side to define G; at
every point of J. For t in the closure of |, we write G;(+*) and G;(¢~) for the one-sided
limits of G; at t, whenever they exist. We define the r x r endpoint matrix An(J) by

An(D)ij =1z — (Gi(b; ) = Gi(a])),  1<ij<r (1.35)

We measure the size of | by its microscopic length L(J) = v/2N|]|. For ] = /N/2 A, we
have L(J) = NJ|A]|, and L(]) is comparable to the expected number of eigenvalues in |
when ] lies in the bulk. The first main step of the proof is the following estimate, which
holds for even and odd N. For all 6 € (0,1/2] and ry > 1, there exists C > 0 such that if
r <ro, ] C Bn(6),and L(J) < N8, then

Pn(J)? = Dn(J) <detAN(]) + o(eCL<f>N—1/2)), | det An(])| < CeCED. (136

The estimate (1.36) is the combination of an exact identity, Corollary 3.3, with Propo-
sition 6.2. The exact identity expresses Pn(])?, for every N > 2, as Dy/(J) multiplied by
the determinant of an explicit (v 4+ 2) x (r 4 2) matrix. This matrix contains Ay(]) as
a principal submatrix, and we will not need its other entries in the overview (they are
given in Definition 3.2). The square appears because Py (]) is a Pfaffian, by de Bruijn’s in-
tegration formula [7], and the square of a Pfaffian is a determinant. The Pfaffian involves
the sign function on the complement of . After an integration by parts (Lemma 3.5), the
sign function appears only in r rank-one operators, one for each interval of ], and these
produce the endpoint matrix. The two remaining rows of the (r +2) x (r + 2) matrix
involve the Hermite functions hy_1 and hy of the highest degrees. Using the bound
(1.46) below, we show that all entries of the matrix are O(e“L()), and that these two rows
are within O(e“LU)N~1/2) of the corresponding rows of the identity matrix. Since the
determinant is linear in each row;, this gives (1.36).

For even N, an identity of this type was found by Tracy and Widom [48, (33)], who
manipulated Fredholm determinants of operators with matrix kernels and justified these
manipulations in detail for the sine kernel. We derive the exact identity differently,
starting from de Bruijn’s formula and using only finite-dimensional linear algebra. Our
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derivation applies to even and odd N (this matters, since Theorem 1.1 concerns all N).
For odd N, one of the two remaining rows involves a function whose smallness is not
evident from its definition. To describe it, we define

) =3 [ sen(-2)f)dz  pu) = [ Kn(xy)dy,  wyeR,  (13)

for all N > 1 and integrable functions f. Note that [ in—1(x)dx # 0 when N is odd.
For odd N, we define

CN = <§>_1/4(/Rh1\]_1(x) dx>_1, WN = <§>1/4shN—|—cN. (1.38)

In the bulk, the two terms of wy are of order one. However, we show in Lemma 2.6(b)
that their sum is exactly a multiple of 1 — py:

wy=cn(l-pn),  Nodd (1.39)

We also show that pn(y) = 1+ O(N~'/2) in the bulk, so (1.39) shows that wy =
O(N~1/2) there. Landon and Sosoe observed a cancellation of this kind through an
asymptotic analysis of integrals of Hermite functions [32, Lemma 8.14 and Appendix D].

Step 2: The sign function becomes local. Observe that the entries of Ayn(]) involve the
functions g, only on J. The second step, which has no counterpart in the proof for the
GUE, is the observation that g; is concentrated near ¢, and that it can be computed from
the kernel Ky in the bulk. We set p)y = (N/2)/*hy and ¢y = (N/2)/%hn_1. We prove
in Lemma 2.7 the exact identity

(Kne)(4) = Ccom)) ()W) + [ Kn(ey)dy,  tyeR (140)

In the bulk, the product (egy)(epy) is O(N~1/2). Indeed, one of its factors is a constant
multiple of py, namely epy = —cypn for odd N by (1.39), and ey = —pn/ fR pn for
even N by Lemma 2.6(a). This factor is bounded in the bulk, since py = 1+ O(N~1/2)
there, and cy and ( [ @n) ! are bounded. By parity, the other factor equals foy PN Or
foy N, which is the integral of an oscillating function and is O(N~'/2) in the bulk. The
integral of the kernel between t and y is close to sgn(y — t)/2 when /N|y — t| is large.
In Corollary 4.7, we deduce from (1.40) that

C
< +CN~V4  pye By(d). (1.41)
The term CN~1/4 comes from the oscillation of the kernel far from the diagonal and is
not optimal. Further, we define

(e¢]

Qsine(U) = — sgn(u)/ S(v) do, ueR, (1.42)

|ul
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(a) global view (b) local scale

0.50
0.25
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—0.75 4 - gf(t + U/QN(t)) - gsinc(u)
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Figure 1.1. The function g; = Kyé&; — & for N = 60 and t = 2. Panel (a) shows Ky¢; and the step
function ¢;; the dotted lines are at +£+v/2N. In the bulk, their difference is concentrated near ¢, up
to small oscillations, while near and beyond the spectral edges it is of order one. Panel (b) shows
gt(t+u/on(t)), where on(t) = V2N — 2, together with its limit ggine(u).

and we show that

gi(t =) — gane(w)| S CO+W)NTVZ, He By(6), 0 < |ul < N%, (143)
on(t)

where we write on(f) = V2N — t2; see Figure 1.1. The functions py, ey, and eyy are

defined by integrals over IR, but by parity each of them equals an explicit constant plus

an integral over [0, y] of Hermite functions, and the constants are given by exact formulas

for [ hy. In particular, our arguments use the Hermite functions only in the bulk, and

we will not need any estimates for them near the spectral edges ++/2N.

The bound (1.41) is what makes the GOE hole probability factorize. We now assume,
in addition to the assumptions of (1.36), that the distance between any two intervals of |
is at least 1/ \/E, which corresponds to the distance N —1/2 in the original coordinates A,
and that L(J) < v,/log N for a fixed v > 0. Then g, (y) = O(N~1/4) for y in the intervals
(aj,b;) with j # i, by (1.41). Further, |[Ky(x,y)| < C for x and y in different intervals,
while Ky (x, x) is of order VN in the bulk. Using these bounds and the bound (1.46)
below, we show in Lemma 6.8 that the off-diagonal entries of Ay/(]) are O(eCLUIN=1/4),
and that each diagonal entry Ay(]);; differs by O(eCHDN~1/2) from the endpoint matrix
of the single interval J; = (aj,b;). The latter is a 1 x 1 matrix, which we identify with
its entry. We write each interval J; in the form of Step 4 below, with xo = 4; and
s = 2gn(aj)(bj — aj) < CL(]). The lower bound det An(J;) > ce~CLU) from Step 4 then
shows that .

det An(]) = (1+ O L OIN"VH) TT An((a;,5))). (1.44)
j=1
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Next, the operator K; differs from the direct sum of the operators K Jj by the operator
whose kernel equals Ky(x,y) for x and y in different intervals of ] and vanishes otherwise.
Its Hilbert-Schmidt norm is bounded by C|J| < CL(J)N~1/2. Together with (1.46) below,
a standard estimate for Fredholm determinants (Lemma 8.1) gives

Dn(J) = (14 O(e 1) HDN Ji)- (1.45)

To prove (1.25), we set | = /N/2 U; Aj, which satisfies J € Bn(6/2) and L(]) =
NY;|Ajl < 7y/logN < N1/8, We apply (1.36) to ] and to each Jj, and we insert (1.44)
and (1.45). Using the lower bound on det A (J;) once more and taking square roots, we
obtain (1.25).

Step 3: An inverse bound from the uncertainty principle. The estimates in Steps 1 and
2 involve the norm of (Id — Kj) ™! on L?(]). Recall that the eigenvalues of K lie in [0, 1).
Therefore, || (Id — K;)7!|| < Dn(J) . However, for an interval ], the right side grows like

e’LU)? which is a power of N when L(]) is of order y/log N, and this would overwhelm
the polynomially small errors. The third main step is the much better bound

I(1d — K) 7 < ceCED, <, (1.46)

which we prove in Proposition 5.1 using a quantitative uncertainty principle of Nazarov
[29, 39]. To state it, we define the Fourier transform of f € L'(R) N L?(R) by

(F)(E \/— / f(x)e ™ dx, EE€R, (1.47)

and we extend JF to a unitary operator on L?(R) as usual. The principle states that for
all measurable sets A,~ C R of finite measure and all f € L?(R),

IF13 < Ce (1P [ IFA@R ) (1.48)

We let Vi denote the real span of hy,...,hnx_1. Each h, is an eigenfunction of F, so
F maps Vy to the complex span of hy, ..., hxy_1, and we show that for every f in this
complex span, the integral of |f|? over the complement of [~8+/N,8v/N] is bounded
by e V| f||3. Applying (1.48) with A = ] and £ = [-8+/N,8+/N] to f € Vy, and using
I7||Z| = 8v2L(]), we find that

113 < CeSH DB~ I fIB+e NIfIE),  f e V. (1.49)

Since |J| < 1, we have L(J) < v/2N, so the term e~V is negligible compared to e~CL(),
and we find ||1;f]|3 < (1 — ce"CL))||f||3 for all f € Vy. Since ||K;|| is the supremum of
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11,113/ 1f 1|5 over nonzero f € Vy, this implies (1.46). For a bounded interval ]’ C R, we
let Sj denote the integral operator on L?(J') with kernel S(u — v). Recall that S(u — v)
is the kernel of the orthogonal projection onto the space of functions in L?(IR) whose
Fourier transform vanishes outside [—1,1]. The same argument, with Vy replaced by this
space, A =], and ¥ = [—1,1], so that |A||Z| = 2|J’| and there is no tail term, shows that
(1 = 5)7 < eV,

Step 4: Comparison with the sine kernel. We now explain the proof of the one-interval

estimate (1.23). We fix a point yg € [—2 4 J,2 — 4] in eigenvalue coordinates and a number
0 <s < v4/logN, and we define

s
x0=VN/2y), e=on(x), J= <xo, Xo + Z> (1.50)
Then ¢ = VN /20 (yo), so ] = VN/2(yo,yo+s/(No(yo))), and L(]) = s/c(yo) < Cs.
We apply (1.36) to | with r = 1 and 6/4 in place of §, so that the error term there is
O(e“*N~1/2). We show in Lemma 4.3, using the Plancherel-Rotach asymptotics of the
Hermite functions [41, 47], that

EKN (xo + g,xo + g) — S(u— v)( <CNV2, u|, o] <2NV4 (151)

This shows that after the change of variables x = xy + u/¢, the operator Kj is close to
S(0,5/2)- For £ > 0, we let Agine(¢) denote the number given by the definitions of Step
1 with r = 1, after Ky, ], and g4, (xo + -/0) are replaced by the integral operator with
kernel S(u — v) on L?(R), the interval (0,¢), and gsine- SO Asine(5/2) is the sine-kernel
analogue of det Ax(J). Using (1.51), the convergence of gx,(xo + 1/0) to gsine(#) from
Step 2, and the bounds on (Id — K;) ! and (Id — S (0,5 /2))_1 from Step 3, we show that

Dn(J) = det(Id — S(g5/2)) (1 + O(eN~1/2)),

1.52
det An(]) = Agine(s/2) + O(eSN~1/2), (1.52)

We translate (0,s/2) to (—s/4,s/4). On this symmetric interval, the operator with
kernel S(u — v) preserves the even and the odd functions. Its restrictions to these
two subspaces are unitarily equivalent to S, ;,4 and S_;,4, respectively. Therefore
det(Id — S(gs/2)) = D+(s/4)D—_(s/4). Further, by an identity of Tracy and Widom [48,
(19), (25), (30)], we have Agine(s/2) = D4 (s/4)/D—_(s/4). By (1.15) and the positivity
and continuity of D, this ratio is bounded below by ce S/% for all s > 0. Hence
det Ax(J) > ce~CLU), and the error term in (1.36) is small compared to det A (]), where
we used s < 74/log N. Combining these estimates, we have

Pn(J)*> = D4(s/4)D_(s/4) - %(1 +O0(e“N12)

=q1(5)*(1+O(e“N~1/2)),

(1.53)
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By the description of | above, Py (]) is the left side of (1.23) with y = vy, so this is (1.23).

Finally, we prove the upper bound (1.24), which requires no separation assumption.
Let J; = VN/2Ajfor1 < j <r andlet ] = U;J;. Then ] C By(/2) and L(]) <
vy/IogN < N8 By (1.36) with 6/2 in place of J, we have Pn(])? < CeCLU)Dy(]).
Next, the operator Id — K| is positive definite, since 0 < K; < Id, so an inequality of
Fischer type for Fredholm determinants of such operators gives Dn(J) < [T; Dn(J))-
Finally, we write J; in the form of the first part of this step, with y( the left endpoint
of Ajand s = No(yo)|A;| < 2v+/logN. Using (1.36) for the single interval J; and the
lower bound det An(J;) > ce”CLUD, we find Dn(J;) < CeCL(]f)PN(]]-)Z. Combining these
bounds, taking square roots, and using L(]) < v+ /log N, we obtain (1.24).

1.5 Organization of the paper

Section 2 collects classical facts about Hermite functions and proves the exact identities,
including (1.39) and (1.40). Section 3 proves the exact identity for Py(J)? described in
Step 1. Section 4 contains the asymptotic estimates for Hermite functions in the bulk, and
Section 5 proves the inverse bound (1.46). Section 6 reduces this identity to the endpoint
matrix and shows that the endpoint matrix of separated intervals is nearly diagonal.
Section 7 proves the one-interval estimate (1.23), and Section 8 proves the estimates (1.24)
and (1.25). Section 9 computes the first moment (1.26), and Section 10 completes the
proofs of Theorem 1.1, Corollary 1.2, and Remark 1.4. Appendix A contains the criterion
for Poisson convergence. The main logical dependencies between the sections are shown
in Figure 1.2.
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Figure 1.2. The main logical dependencies between the sections. An arrow from one section
to another means that the second section uses results of the first. The classical facts and exact
identities of Section 2 are used throughout.
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SECTION 2

Hermite functions and exact identities

In this section, we fix our notation and collect the facts about Hermite functions that
will be used in the rest of the paper. The classical facts are recalled in Section 2.2. The
identities in Section 2.4 are elementary, but our argument depends on them. They express
every global quantity that we need, such as the integral of the Hermite kernel over a
half-line, through quantities in the bulk of the spectrum. This allows us to avoid any
asymptotic analysis of Hermite functions near the spectral edges.

2.1 Conventions

For real-valued measurable functions f and g on R, we write

(f,8) = [ F)g(x) dx @)

whenever the integral converges absolutely. All functions in this paper are real-valued,
except for the Fourier transforms. For a measurable set A C R, we let 14 denote its
indicator function and | A| its Lebesgue measure, and we set A° = R\ A. For a bounded
measurable function Y and a function v in a space of functions on which (Y, -) is defined,
we let v ® Y denote the rank-one operator

(wRY)f =Y, f)o. (2.2)

We set sgn(x) = x/|x| for x # 0 and sgn(0) = 0. For t € R, we define the step
function

er(x) = %sgn(x _p), 2.3)

and for f € L'(IR) we define the function ¢f by

(ef)(x 2/ sgn(x —z)f(z)dz. (2.4)

We call ¢ the sign operator. The following properties are immediate from its definition.
First, if f € L'(R) is continuous, then ¢f is continuously differentiable with (ef)’ = f,
and

i () = %3 / ) @5)
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Further, if f € L'(R) is continuously differentiable with f' € L!(R) and f(x) — 0 as
|x| — oo, then &(f’) = f. Finally, for all f,g € L'(RR), we have (f,eg) = —(ef, g).

Throughout the paper, we let C and ¢ denote large and small positive constants,
respectively. They may depend on parameters that will be specified in each statement,
but not on N or on the positions of the sets considered, and their values may change
from line to line.

2.2 Classical facts

For every integer n > 0, we define the Hermite function

2, db 2
hn(x) = (2"n/) "2 (=1)"e 2 e (2.6)
and we set h_; = 0. The following facts are classical; see, for instance, [47]. The functions
(hn)n>o form an orthonormal basis of L?(R), each &, is a polynomial of degree n times

e=*/2, and h,(—x) = (—1)"h,(x). For all n > 0, we have the recurrence relations

F i (x \/7 n-1(
_ \E 1 (x) — ﬁ Huy1(x)

(FA(EG \/E / F(x)e ™ dx (2.8)

(2.7)

For f € L'(R) N L?(R), let

denote its Fourier transform, extended as usual to a unitary operator on L?(R). The
Hermite functions are eigenfunctions of this operator, with

Fhy = (—i)"hy. (2.9)
We also recall that hy,,11(0) = 0 and

hom (0) = (—1)%1/4% (2.10)

for all m > 0. Evaluating (2.9) at { = 0, we have [ hpu11 = 0and

(2m)!
2Mmp!

/Rth(x) dx = V27 (=1)"hyp (0) = V2 /% 2.11)

We set V) = {0}. For every integer N > 1, we let Vyy denote the span of hy, ..., hn_1,
and we define

N-1
y) = ;) B () (y)- (2.12)
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We also let Ky denote the integral operator with kernel Ky(x,y). This operator is the
orthogonal projection of L?(R) onto Vy. For every bounded measurable f, we define
Ky f by the same formula. Then Ky f € Vy. The kernel satisfies the Christoffel-Darboux

formula
Ky(x,y) = @ I aly) - ﬁN‘l(x)hN(y L xzy 213)

which follows from the first identity in (2.7). Further, for x € R, we have Ky(x,x) =
YN hu(x)?, and the Cauchy-Schwarz inequality gives

Kn(xy)] < Kn(x,0)2Kn(y, )% ()12 < Kn(x0)lfI3 for f € Vy.  (214)
We will need a crude bound on Hermite functions far outside the spectrum.

Lemma 2.1. For all integers N > 1and 0 < n < N, and all x € R such that |x| > 8v/N, we
have hy (x)? < e=¥/4,

Proof. Let P, denote the Hermite polynomial of degree 1, normalized so that

Py(x)e /2

These polynomials have the generating function (see [47])
Y. Pu(x)2"/nt = 257, (2.16)
n>0

By Cauchy’s estimate on the circle |z| = /N, we have

|Py(x)| < n! N~/22X VNN, (2.17)
It follows that
P,(x)2e n! ) 2
hn(x)2 _ gin)'ﬁ < W64\x|\/ﬁ+21\1 x Se4|x|\/ﬁ+21\1 22 (2.18)

In the last inequality, we used
n! <n" <N" (2.19)

for 1 < n < N. The same bound holds for n = 0 by direct inspection. Finally, when
x| > 8v/N, we have 4]x|\/N < x2/2 and 2N < x2/32, so the exponent on the right side
is bounded above by —x? /4. O
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2.3 The GOE in Hermite coordinates

Recall that Hy denotes an N x N GOE matrix, normalized as in (1.1), with eigenvalues
A < --- < Any. We will work with the rescaled eigenvalues v/ N /2 A;. By (1.1), the vector
(VN/2Aq,...,v/N/2Ay) has the density

1 N —x2/2
— H |xj — xi] He i (2.20)
i=1

ZN 1<i<j<N
on {x; < --- < xN}, where Zy is a normalizing constant. We call the variable

X = g)\ (2.21)

the Hermite coordinate, and the variable A the eigenvalue coordinate. In Hermite coordinates,
the semicircle law is supported on [—+v/2N, v2N], and the expected number of points

per unit length near x is approximately 77~ !{/2N — x3.

Definition 2.2. For a measurable set | C R of finite measure, we let K; denote the integral
operator on L?(]) with kernel Ky(x,y), x,y € ], and we define

Pu()) = ]P(,/gm ¢ Jforallic {1,...,N}), Dy(])=det(ld—K)). (222)
We call Py (J) the GOE hole probability of ].

The operator K; is positive and trace class, with trace f ] Kn(x,x)dx < oo, since
x — Ky(x,x) is bounded. A nonzero element of Vy cannot vanish on the complement
of a set of finite measure, which implies that ||K;|| < 1. Hence Dn(]) is a well-defined
Fredholm determinant in (0, 1]. It is the probability that the GUE, with eigenvalue density
proportional to J];- j |xj — xi|2TT; e_xzz, has no eigenvalue in | (see, for instance, [2]), but
we will not use this interpretation. Expanding Ky in the basis (/,),<n, we also have

Dn(]) = det (Ln=n — (hm, 1jhn))

Finally, for every measurable set A C R of finite measure, we have EjnN(A) =
Pn(vN/2A), where we recall that E; 5 (A) is the hole probability defined in (1.11).

N-1
m,n=0"

(2.23)

2.4 Top modes and exact identities

We now define the functions that measure how the GOE differs from the GUE. For every
integer N > 2, we define the top modes

PN = (g)whw, PN = <g>1/4h1\1_1. (2.24)
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With this normalization, ¢n(x)¥n(y) = vV N/2hn(x)hn-1(y), which is the factor appear-
ing in (2.13). We also define the constant cy and the function wy by

-1
if N is odd,
0 if N is even,

and the function

pa(y) = [ Kn(x,y) dv = (Knlr)(v). 2.26)

For odd N, the integer N — 1 is even, so f PN # 0 by (2.11), and cy is well defined. Note
that py € Vn.

Lemma 2.3. Forall N > 2 and x,y € R, we have

dxKn(x,y) + 9yKn(x,y) = —on(¥)Pn(y) — ¥n(x)on(y)- (2.27)

Proof. By the second identity in (2.7), we have

N-1 N-1 n N n
L () = X /3 I ) = XS ), @29
n=0 n=1 n=1

where we shifted the index in the second sum. We add the same identity with x and
y interchanged. Then all terms with n < N — 1 cancel, and the remaining terms with
n = N give

—VN/2 (hy(x)hn-1(y) + hn-1(x)hn (), (2.29)
which is the right side of (2.27). O]

Lemma 2.4. For all N > 2, we have

v =—( /]R on)ow — /IR ¥ ) on (2.30)

and

O =2 F (M, e -1 <av A ean
0<m<(N—1)/2 m

Moreover, if N is even, then [N =0and 1 < [ ¢n < 2, and if N is odd, then [ ¢n = 0 and
1 < [N < 2. In particular, cy € [1/2,1] when N is odd.

Proof. Integrating (2.27) in x over IR, and using the fact that

/ 9Ky (x, ) dx = 0, (2.32)
R
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we obtain (2.30).
Next, since h,(0) = 0 for odd n, we have

pn(0) = ) hzm(O)/hzm- (2.33)

Inserting (2.10) and (2.11) into this identity, we obtain the formula in (2.31).
We now turn to the bound. Set

2
O = ( m)zr’”. (2.34)
m
An elementary induction using @;,+1 = @, (2m +1)/(2m + 2) shows that
Voo, <t m>1 (2.35)
2ym = " T \2m+ 1 - '

In particular, (@ )n>0 decreases to 0, so the series }_,,~o(—1)"@,, converges. By Abel’s
theorem applied to the expansion

(1-42)2 =Y @p(4z)™ (2.36)
m>0
at z = —1/4, its value is 271/2. The alternating series bound then gives |pn(0) — 1| <

V2 @pp4q with M = [ (N —1)/2], and (2.35) implies that

V201 < V22M+3)"12 <2N71/2, (2.37)
Finally, we have
/ Iy = 0 (2.38)
for odd n. When N = 2m is even, (2.11) gives
/ on = m' V21 Aa)l?, (2.39)

and (2.35) shows that this number belongs to [rr'/4,21/47t1/4] C [1,2]. The same com-
putation with (N/2)1/% = (m + 1/2)'/* shows that [y € [1,2] when N = 2m + 1 is
odd. O

The next lemma records which antiderivatives of Hermite functions lie in Vy.

Lemma 2.5. Let n > 0. Then the derivative maps V;, onto {f € Vy 41 : [ f = 0}. Consequently,
the following statements hold.

(a) If nis odd, then eh, € V.

(b) If N is even, then Kn(ehyn) = 0.
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(c) If N is odd, then ehy € Vy and Ky(ehny—_1) = 0.

Proof. By (2.7), the derivative maps V;, into V,,1 1. The image consists of functions with
zero integral, and the derivative is injective on V};, so the image has dimension n. The
space {f € V41 : [ f = 0} also has dimension n, since [ hy # 0. Hence the image is all
of this space, which is the first claim.

To prove (a), suppose that n is odd. Then h, € V,, 11 and [ h, = 0, so the first claim
gives h, = ¢’ for some g € V,. The functions ¢ and €h, vanish at infinity and have
derivative h,, so they are equal, and (a) follows.

We now prove (b) and (c), using the identity (h,,, ef) = —(ehy, f). Let m < N. For
odd m, (a) implies that eh,, € V,,, so ehy, is orthogonal to hy and hy_1 when m < N — 2.
For even m, the function ¢h,, is odd.

Suppose first that N is even. When m < N is odd, we have m < N — 1, so (ehy,, hx) =
0. When m is even, the function eh,, hy is odd, so again (eh,,, hy) = 0. We conclude that
Kn(ehn) = 0, which is (b).

Finally, suppose that N is odd. Then ehy € Vy by (a). The same parity argument
applied to hy_1, which is even, gives (eh,,, hy_1) = 0 for all m < N. This proves (c). O

The following lemma contains the cancellation between the two terms in wy for odd
N, which is the main reason for the definition (2.25).

Lemma 2.6. Let N > 2.

(a) If N is even, then ey = —pn/ [ ¢n and wy = €.
(b) If N is odd, then e = —cnpN, and therefore wy = cn(1 — pN).
(c) In both cases, Kywn = 0, (YN, wn) = 0, and (YN, epn) = —cn | PN.

Proof. Suppose first that N is even. By Lemma 2.4, we have

pn = —( / PN) PN, (2.40)

so the derivative of ey + pn/ [ ¢n vanishes. As y — oo, we have py(y) — 0, since
pN € VN, and (2.5) gives

(eyn)(v) — (1/2) / N (2.41)
Therefore,

epn + P/ / on =0, (2.42)

and (a) follows, since cy = 0.
Next, suppose that N is odd. Then Lemma 2.4 gives p}, = —clfjl @, so the derivative
of epn + cnpn vanishes. As y — oo, we have py(y) — 0 and

(epn)(y) — (1/2) / ¢n =0, (2.43)
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which gives (b).
We now prove (c). When N is even, Lemma 2.5(b) implies that

KN(UN = KNSQDN =0. (2.44)
For odd N, we have
pN = Kn1r € Vy, (2.45)
so Knypn = pn, and therefore
KNCUN = CN(pN — KN]ON) =0. (2.46)

Since ¢ € Vi and wy is bounded, we find

(N, wn) = (Knyn, wn) = (PN, Knwn) = 0. (2.47)

Finally, we have
(YN, epn) = (YN, wN) — oN / N = —cN / ¥N- (2.48)
O

Observe that for odd N, Lemma 2.6(b) and Lemma 2.4 show that ey is close to the
constant —cy wherever py is close to 1. We will see in Section 4 that this holds in the
bulk of the spectrum, so that wy is small there, although the two terms in its definition
are of order one.

The last identity of this section concerns the sign function. It shows that, up to the
product (epn)(eipn ), the projection K applied to a step function only involves the kernel
between the jump and the point of evaluation.

Lemma 2.7. Forall N > 2 and y € R, we have

1
3 L s8nlr = v)Kn(x,) dx = (eon)(v) (e (). (2.49)
Consequently, for all t,y € R, we have
y
(Knen)(v) = (cgn)(v) (epn) ) + [ Kn(x,v) i, (2:50)
where the integral is oriented, so that [} = — [ yt when y < t.

Proof. Let G(y) denote the left side of (2.49). Then

2G(y) = /yoo Kn(x,y)dx — /_yoo Kn(x,y) dx. (2.51)
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Differentiating this identity, we have

G'(y) = —Kn(y,y) + % /ngn(x —y) 9yKn(x,y) dx. (2.52)

We now insert (2.27) into the integral. Integrating over (y,c0) and (—oo,y) separately, we
see that the term with —d,Kn(x,y) gives Kx(y,y). The remaining terms give

—% | 58n(x =) (on ()P () + 9n () en () dx = P () (eon) (v) + on () () (1),
where we used (29
[ sen(x = y)f(x) dx = —2(ef) (). (254)

Therefore, G/(y) = ((eon)(e9n)) (1). As y — oo, we have G(y) — 0 and
()W) (epn) () = (1/4) [ on [ 9n =0, 2.55)

since one of the two integrals vanishes by Lemma 2.4. This completes the proof of (2.49).

We now prove (2.50), whose two sides are continuously differentiable in ¢, with
derivative —Ky/(t,y) by the symmetry of Ky. For t = y, the left side reduces to G(y) and
the right side to (e¢n)(v)(eyn)(y), so (2.50) follows from (2.49). O



SECTION 3

An exact formula for the hole probability

In this section, we express Py(])? as Dy(]) times the determinant of a matrix whose
size depends only on the number of intervals in J. The identity holds for every N > 2
and every finite union of bounded intervals J. For even N, an identity of this type was
obtained by Tracy and Widom in [48, (33)], who manipulated Fredholm determinants
of operators with matrix kernels. They gave a detailed justification of these manipula-
tions for the sine kernel in [48, Section VIII]. Our derivation is different. It starts from
de Bruijn’s integration formula and uses only finite-dimensional linear algebra, so no
regularization of the sign kernel is required. It treats N of either parity and pairs the
two endpoints of each interval from the start, which produces a matrix whose size is the
number of intervals plus two, instead of twice the number of intervals plus one.

3.1 Statement

Throughout this section, we fix N > 2, an integer » > 1, and real numbers 41 < by < ax <
by <---<a, <b,. We set

r
Ji = (aj, b)), I=UJ (3.1)
j=1
For 1 <j <, we define the functions
k] = KN(,b]) — KN(-,IZJ'), w] = 1]C€aj~ (32)

Observe that k; € Vy and (kj, f) = f(b;) — f(a;) for all f € Vy. Further, since sgn(x —
a;) = sgn(x — b;j) for x ¢ [a;, bj], we have w; = 1jcep, almost everywhere. The function w;
vanishes on | and takes the value —1/2 on J N (—oo,4;) and the value 1/2 on ] N (b}, o).
We also define the function

YN () = e (wn — e(yon)), (3.3)

where we recall that wy was defined in (2.25), and the operator Ty(J) on Vy by

Tn(J) =1d — Kyl — Y _kj @ w;+ 9y @ Yn(J), (3.4)
j=1

27
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where Ky1j denotes the operator f — Ky (1jf), and the rank-one operators were defined
in (2.2). Finally, we define

X0 =5 Lh—5( [on)on  dn(D=1-cx [y,

j=1 (3.5)
Yi()) = —2en (1jepn + Lee(1gn)).

Note that Xlﬁ\,( J) € Vy, and that Yﬁ,(]) is bounded. For even N, we have cy = 0, so

Y4 (J) = 0and dy(]) = 1.

Proposition 3.1. Let Tn(]) denote the operator on Vi & R defined by

Tn(J)(f,a) = (Tn()f +a X3 (), (YD), f) +adn()). (3.6)

Then
P(])* = detTy(J). (37)
In particular, if N is even, then Pn(])? = det Tn(]).

To state the consequence of Proposition 3.1 that we will use, we write
Qn(J) =1d — Kn1, (3.8)

viewed as an operator on Vy. In the basis (hy,),<n, the matrix of this operator is the
matrix in (2.23), so det Qn(J) = Dn(J) > 0. In particular, Qn/(]) is invertible. We define
Xo, ..., Xy € Vy and bounded functions Yy, ..., Y, by

Xo = —¢Yn, Xj = kj, Yo = Yn(J), Yj = wj, l<j=r, (3.9)

so that Ty (]) = ON(]) — Yh—o Xa ® Ya. We index the rows and columns of the following
matrices by {0,1,...,r} and {0,1,...,r+ 1}, respectively.

Definition 3.2. We define the (r + 1) x (r + 1) matrix My(]) and the (r +2) x (r + 2)
matrix M?V( J) by

MN(Nap = Le=p — (Yo, Qn(J) ' Xp),  0<a,B<r, (3.10)
nd () on())
¢ _ (My UN
My () = (ZN(])T dN(I))' (3.11)

where vy (]),zn(]) € R™T! have the entries

ovlo=j [ov o)==z == G K, G12)

fori1<j<rand0<pB<r.
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Corollary 3.3. Forall N > 2 and | as in (3.1), we have
P(J)? = Dy(J) det My (]). (3.13)
If N is even, then zn(J) = 0 and dy(J) = 1, so det M4, (J) = detMy/(J).
Proof. We write Q = Qn/(J) and X, = Q~'X,. By (3.5) and (3.12), we have
X5() = ;UN(])aXa- (3.14)

Therefore, Ty (J) = (Q @ 1) T/, where
T, = (= 3 Kl f) = aon(e), 3+ ()9 +aldn() -1)). (419

We now write T’ as the identity minus a sum of r + 2 rank-one operators. Set
Ug = (Xp,0) for B < rand U1 = (0,1). We define

Sy (f,a) = (Yo, f) —aon(])a (3.16)

for « <rand
@i (f,0) = ~(Y5 (), f) —aldn(]) = 1), (317)
and we let U ® ® denote the operator u — ®(u)U. Then

.
T =1d— ) (X, 0) @Dy — (0,1) @ Pry, (3.18)
a=0

so Sylvester’s determinant identity implies that det T’ is the determinant of the (r + 2) x
(r 4+ 2) matrix with entries 1,5 — ®,(Ug). Comparing entries, we see that this matrix

coincides with M?V( J). Since det(Q & 1) = Dn(J]), Proposition 3.1 now gives (3.13). The
last claim follows from ¢y = 0 for even N. H

3.2 De Bruijn’s formula

Let A C R be a measurable set. We define the skew-symmetric bilinear form

Qa(f,8) = (1af,e(148)),  f,8 € VNi1, (3.19)

and, for odd N, the skew-symmetric bilinear form on Vy @ R given by

N b a

O4((£,0),(3,0)) = OA(f,8) — 5 (Lo, f) + 5 (1a,8). 3.20)
With a slight abuse of notation, we also let (04 denote the matrix of ()4 in the basis
(hn)n<n of Vy, and we let Q4 denote the matrix of Q4 in the basis of Vy ® R given by
the vectors (h,,,0), n < N, and (0,1).
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Lemma 3.4. If N is even, then det Qg # 0 and Py(])? = det Qe / det Qg. If N is odd, then
det O # 0and Py(J)? = det O/ det Og.

Proof. Since hy, is a polynomial of degree n times e~¥'/2, there exists a constant ¢y # 0
such that .
det(hn (xi)) gy = on [ [(xj— xi) [Te /2 (3.21)
i<j i

The product JT;;(x; — x;) is positive on {x; < --- < xny}. Comparing with (2.20), we
tind that for every measurable A,

n)(,/ﬁAieAfor all i) 1 / det(hy(x;))dx; - - dxy.  (3.22)
2 GNZN x1<--<xN, X;€A

For even N, de Bruijn’s formula [7] states that the integral on the right is the Pfaffian
of the matrix with entries [[, ,sgn(y — x)hu(x)h,(y) dxdy. Observe that this entry
equals —2Q 4 (hy,, hy). For odd N, the corresponding formula (see [3, Theorem 6.1] or [44,
(2.2)]) states that the integral is the Pfaffian of the same matrix bordered by the column
( f A Ahm)m< N, its negative transpose, and a zero. This bordered matrix coincides with
—20)4.

Taking A = R shows that the Pfaffian is nonzero in either case. Taking A = J¢,
dividing by the case A = R, and squaring, we obtain the claim, since the square of a
Pfaffian is the determinant and the factors of —2 cancel. O

3.3 The derivative trick

To compute the determinants in Lemma 3.4, we replace the first argument of (4 by
derivatives. Here and below, we write 0f = f’. The idea is that ¢ inverts the derivative,
so that Qr(9f,g) = —(f, g). However, 9f does not lie in Vy in general, and its projection
Knof differs from df by a multiple of the top mode hy. The following lemma carries
out this computation for A = R and A = J°. Recall from (3.3) that Yx(]) = 1jc(wn —

e(1jon))-

Lemma 3.5. Forall f,g € Vy, we have

ORr(KNOf, g) = —(f, &) — (YN, f){epn, &), (3.23)
Qye(Knof,g) = —(f, Tn(J)g) + en(n, f) (1), &) (3.24)

Proof. By (2.7), we have df € V41 and

(hn,of) = —(0hn, f) = =V/N/2{hn-1, ). (3.25)
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Therefore,
Knof =of + \/§<hN—1zf>hN = of + (PN, fon. (3.26)
We first consider A = IR. Integrating by parts and using deg = g, we find that
Or(9f,8) = (9f eg) = —{f,8)- (3.27)

Also, Or(¢nN,§) = —(epn, §)- Applying ORr(+, g) to (3.26) and inserting these identities,
we obtain (3.23).
We now consider A = J¢. We set

Yo = eg — 1jce(1)cg) = 1jeg + 15ee(15g), (3.28)
so that
Qe (9f,8) = (9f,e8) — (f ¥g) = —(f,8) — (9f, ¥g)- (329)

The restriction of ¥, to each interval J; extends continuously to the closure J;, and it has
derivative ¢ on J;. It is constant on each connected component of ], since ¢(1;¢) has
derivative 1jg, so its jumps occur only at the points a; and b;. We have

Fela;) = Ye(a)) = (e(1)8))(a)) — (8)(a)) = —(e(1):8))(a)) = (wj, g), (3.30)
where the last equality follows from (eh)(t) = — (e, h) and 1jee;; = w;. In the same way,
we find that

Fo(b) — ¥e(b') = (e(1:9)) (b)) = —{w; ), (331)
where we used 1jcgj,, = w; almost everywhere.
Integrating by parts on each interval where Y, is continuous, we find
r

(0f ¥g) = )_ (f(ay) — f(b))) (w), 8) — (£, 8)

j=1

r (3.32)
- Z%(f,kj><w]-,g> —(f Kn(1)8)),
i

where in the last step we used f € Vy. Further, the skew-symmetry of ¢ gives

Qpe(on, &) = —(Lree(Lyepn), &) = —(Yn()), &) +en(1y, 8), (333)
where we used
E(lfc(pN) = EPN — 5(1]¢N) = WN —CN — 8(1}4)1\]). (3.34)
Applying Qe (-, ) to (3.26) and combining the identities above, we have

7

Qe (Knof,8) = —(f,8) + (f, Kn(158)) +];<f i) (i 8) (3.35)

— (¢, ) (N (]), 8) — en (1), 8)),
which is (3.24) by the definition (3.4). O]
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3.4 Proof of Proposition 3.1
Let B denote the N x N matrix with entries By,, = (hy, dhy,). Then
KNOhw =Y _ Bywhy, (3.36)
l

so for every measurable A, the matrix with entries Q4 (Knohy,, hy) is given by BTQ4.

Suppose first that N is even. Then cy = 0, and Lemma 3.5 shows that the matrices
—BTQR and —BTQ je are the matrices of the operators Id + ¢ ® epn and Ty(J) in the
basis (hy),<n, respectively. The first operator has determinant 1 + (e, ) = 1, by
Lemma 2.6(c) with ¢y = 0. In particular, det B # 0, and Lemma 3.4 gives

. detQ]c . det(—BTQ]c)

Pn())* = detOg ~ det(—BTOg) det Tn(]). (3.37)
Suppose now that N is odd, and set
v =2cn(N/2)V4, (3.38)
We define the vectors
um = (Knohm, —vly—n_1), 0<m <N, un = (vhny_1,0), (3.39)

in Vy @R, and we set e, = (hy,,0) for n < N and ey = (0,1). Let I' denote the matrix
with
e = )_Tapep. (3.40)
p

Then the matrix with entries —Q (ug, eg) is given by —I'Q)4. We now compute these
entries for A € {RR, J°}, using Lemma 3.5 and the identity v1,,-n_1/2 = cN (PN, Fim)-
We begin with the case m,n < N. Then (3.24) gives

— Qe (ttm, en) = — Qe (Kt hn) + e (Wn, Bin) (Le, 1) = (o, Tng ()1, (3.41)

and in the same way, (3.23) gives —(A)R(um, en) = (hm, (Id + YN ® wn)hy), where we used

WN = €PN + CN. R
Next, let m < N and n = N. Then the definition (3.20) gives —Qa(um, en) =
(14, KNnOhy) /2. When A = R, this quantity equals

(PN, Ohm) /2 = — (PN, hm) /2 =0, (3.42)
where we used (2.30), [ ¢ = 0, and the orthogonality of ¢y to V. When A = |, we
combine the case A = R with (3.26) to obtain

1 1

R VR _ u
= = Ry lkyh) = 5 [on =t K1)

(3.43)
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It remains to compute the entries with « = N. For n < N, we have e alun,en) =
—vQa(hy-1,hy). When A = R, Lemma 2.5(c) implies that

Q]R(hN—ll ]’ln) = —<8hN_1,hn> = 0, (344)

so this entry vanishes. To treat A = J°, we expand 1;c = 1 —1; and use the skew-
symmetry of e. This gives, for all f,g € Vy,

O (f,8) — Or(f, g) = (Lef +1je(1)f), ) (3.45)

Taking f = hy_1 and using vhn_1 = 2cyPn, we find

—Oype(un, en) = (Y5 (), ). (3.46)

Finally, we have

—Oa(un,en) = (v/2) (g, hn-1) = cn(1a, ¥N), (3.47)

which takes the value 1 for A = R and the value dy(]) for A = J°.

Combining these computations, we see that —I'() je is the matrix of Ty (J) in the
basis (eg), and that —T'Qp is the matrix of (Id 4 ¥ ® wy) & 1, which has determinant
1+ (wn, ¥n) = 1 by Lemma 2.6(c). In particular, detI’ # 0, and Lemma 3.4 gives

_ detQye  det(—I'Qy)
det ﬁ]R det( —FﬁR)

Pn(])? = detTn(]). (3.48)

This completes the proof. O



SECTION 4

Estimates in the bulk

In this section, we prove the asymptotic estimates for Hermite functions that we need.
They all concern points in the bulk of the spectrum, and they follow from the Plancherel-
Rotach asymptotics together with the identities of Section 2.4. The main results are
Lemma 4.3, which compares the Hermite kernel with the sine kernel on growing windows,
and Lemma 4.6 and Corollary 4.7, which control integrals of the kernel against step
functions.

For ¢ € (0,1/2], we define the bulk

Bn(0) = [~ (1-6)V2N,(1-6)V2N], (4.1)

and for xy € By (d) we define the local scale

on(x0) = /2N — x2. 4.2)

Note that V20N < on(xp) < V2N for xg € By(5). We also define the sine kernel

sint 1
- = _, 4.
pet t=#£0, S(O) p (4.3)

5(t)

Throughout this section, we fix § € (0,1/2]. The constants C, ¢, and Ny depend only on
6, and all statements hold for N > N.

4.1 Plancherel-Rotach asymptotics

For n > 1 and |x| < v/2n+ 1, we define 6,(x) € (0, ) by x = v/2n + 1cos 0, (x), and we

set

21/4 1

ay(x) = W(Sin(?n(x)) , 3 wa
On(x) = (g n Z> (sin 26, (x) — 26, (x)) + f

Lemma 4.1. There exists C > 0 such that for all integers n with |n — N| < 2 and all x € By/(6),
we have

hn(x) = an(x)(sin @y (x) + pn(x)), lon(x)] <

Moreover, the following estimates hold for such n and x.

. (4.5)

Z|l0

34
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(i) We have @,(x) = vV2n+1— 2, |0/ (x)| < C, and |0),(x)| < CN~1/2,
(i) We have CTIN~V/4 <, (x) < CN~V4 and |/, (x)| < CN73/4,
(iii) The functions defined by a = an_1/an and & = On_1 — Oy satisfy |a(x) — 1| < C/N,
la/(x)] < CN73/2,|8(x) — On(x)| < C/N, and |¢(x)] < CN~1/2,

Proof. When N > Ny, we have |x| < (1—6/2)y/2n+1 for |n — N| <2 and x € By(J), so
6, (x) belongs to a compact subset of (0, r) depending only on J. The expansion (4.5) is
then the Plancherel-Rotach asymptotic formula [41] in the form of [47, Theorem 8.22.9],
multiplied by the normalizing factor (2"n!y/71)~/? in (2.6).

For (i), we have

0/ (x)=—02n+1—x%)"12 (4.6)
and
d9(((2n+1)/4)(sin20 — 20)) = —(2n + 1) sin® 0. (4.7)
Therefore,
@), (x) = V2n+1sinf,(x) = vV2n+1—x2, (4.8)
and
O(x) = —x(2n+1—x2)"1/2, (4.9)

These are bounded as claimed, since 21 + 1 — x2 > ¢cN.
The bounds on &, in (ii) follow from sin 6, (x) € [c, 1]. Further, we have

(loga,) (x) = x/(2(2n +1 — x?)), (4.10)
which is bounded by CN~!/2 in absolute value.
For (iii), the identity for (loga,)’ gives

(loga) = x/(2(2N —1—x?)) —x/(2(2N +1 — x?)), (4.11)

which is bounded by CN~3/2 in absolute value. The bound on a — 1 follows from
(N/(N—=1))"/4=1+0O(N~1) and sinfy_1(x)/ sinfy(x) = 1+ O(N~1). Next, we have

¥ =v2N—-1-—22— V2N +1- 2, (4.12)

which is bounded by CN~1/2 in absolute value.
Finally, we regard n as a continuous variable. Differentiating (4.4) in n at fixed x, and
using
940, (x) = cosB,(x)/((2n+ 1) sin B, (x)), (4.13)

we have

cos 0, -
(2n+1)sin6,

0,09, (x) = %(sinZGn —20,) — (2n+1)sin 0, - —0,(x). (4.14)
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Integrating this identity, and using the bound [0,,6,(x)| < C/N for n € [N —1,N|, we

conclude that N

9(x) = /N—l 8:(x) dt = By (x) + O(N1). (4.15)

]

Lemma 4.2. Forall x,y € Bn(6), the following estimates hold.

(a) We have |hy,(x)| < CN~Y4 for |n — N| < 2. In particular, |pn(x)| + |¥n(x)| < C.
(b) We have Ky (x,x) < CV/'N and Kni1(x,x) < CV/N.

(c) We have |Kn(x,y)| < CvV/N (1++/Njx —y|)~!

(d) We have |0xKyn(x,y)| < CN.

Proof. The bounds in (a) follow from Lemma 4.1. For (b), letting y — x in (2.13) and
using the second identity in (2.7) for k), and h},_;, we find

M}ZNH(X)}ZNA(X)

Kn(x,x) = g(th(x)z +hn(x)?) - 2
(4.16)

VNIN-T)

5 hn-—2(x)hn(x).

By (a), each term on the right side is bounded by CN - N=1/2. The same argument with
N + 1 in place of N bounds Ky 1(x, x), since it only involves h,, with |n — N| < 2, which
are covered by (a).

To prove (c), we first suppose that |[x —y| > N ~1/2 Then (2.13) and (a) give

|Kn(x,y)] < CNY2.N"V2. |x —y| 71, (4.17)

which implies the claim. In the remaining case |x — y| < N~1/2, the claim follows from
(2.14) and (b).
For (d), we write
OxKn(x,y) = Y hy(x)hy (4.18)

n<N
and the Cauchy-Schwarz inequality gives

10Ky (x,y)| < ( Z H(x ) Ny ) VA (4.19)
To bound the sum on the right side, we use (2.7), which gives

My (x)? < nhy 1 (2)? 4 (4 Dy (), (4.20)

so the sum is bounded by
2NKn.1(x,x) < CN%/2, (4.21)
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where we used (b) in the last step. Using (b) again, we have

19K (x,y)| < CN3/4N1/4, (4.22)

4.2 The local sine kernel

Lemma 4.3. For all xo € By(6) and all u,v € R such that |u|, |v| < 2N'/4, we have, setting

¢ = on(xo), )
u v -1/2
- - Z) =S(u—0)| < : .
(QKN(xO+Q,xO+Q> S(u v)) <CN (4.23)
Proof. Set x = xo +u/0 and y = xp + v/0, and define
K(u,0) = o 'Kn(x,y). (4.24)
Observe that
|x — xo| + |y — xo| < CN~1/4, (4.25)

Hence x,y € Bn(6/2) when N > Nj, and we may apply Lemmas 4.1 and 4.2 with §/2 in
place of 4.
We first suppose that |u — v| > N~!/2. Using (2.13) and x — y = (u — v) /0, we find

K (1,0) = \/ghN(x)th(y) — Iy () (y) (4.26)

u—o

We insert (4.5). The terms involving pn or pny_1 contribute to K(u, v) at most
CNY2. N~V2N"Yy —o|7t < CN7V2, (4.27)

We set z1 = Oyn(x) and z; = On(y). In the notation of Lemma 4.1(iii), the remaining
terms in the numerator equal

an (x)an (y) <a(y) sinzy sin (z + 8(y)) — a(x) sin (z1 + 8(x)) sinzz>. (4.28)
Lemma 4.1(iii) implies that
la(y) — a(x)| < CN?|x —y| (4.29)
and
8(y) — 8(x)| <CNV2|x —y]. (4.30)

Replacing a(y) by a(x) and ¢(x) by 9(y) therefore changes the numerator by at most
CN~!|x — y|, and changes K (u,v) by at most

CNY2N"Yx—y|/|u—v|=CN V21 <CNL (4.31)
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After these replacements, we use the identity
sinzy sin(zp + w) — sin(z1 + w) sinzp = sinwsin(z; — z2), z1,z2,w €R,  (4.32)

with w = ¥(y), and we find that

K(u,v) = \/ng(X)aN(y) a(x)sin 8(y)

We now evaluate the prefactor. It follows from Lemma 4.1(iii) and (i) that

sin®(y) = sinfy(y) + O(N™1) (4.34)

sinz1 —22) L oN12). @)

and
sin Oy (x)/ sinfy(y) =1+ O(N~34), (4.35)

since |x — y| < CN~/4. Using (4.4), we have

VY (@) a()sinoy) = L (SN2 o)

sin O (x)

71T (4.36)
=—(1+ O(N3/%y).
Next, Lemma 4.1(i) and Taylor’s theorem give
21 — 22 = On(x0) (x — ) + O(|x — y[(|x — x0| + [y — x0)) (4.37)
= (u—20)(1+O(N%),
where we used the bound |x — xq| + |y — xg| < CN'/4/¢ and
O (x0) = \/0? +1= (1 +O(N)). (4.38)
Using the inequality
|sin(w(1+w')) —sinw| < |ww'|, (4.39)
which holds for all w,w’ € R, we deduce that
sin(z1 — 2p)/(u —v) = sin(u —v)/(u — v) + O(N~3/4). (4.40)

Inserting this estimate and the evaluation of the prefactor into (4.33), we obtain (4.23)
when |u —v| > N~1/2,

Now suppose that |u —v| < N™V2. Let u' = v —sgn(v)N~V2if v # 0, and v’ =
N-Y2if v = 0. Then |u' —v| = N7V2, |u/| < 2N'4, and |u — /| < 2N~V/2. By
Lemma 4.2(d), we have

10, (1, v)| = 07 2|0xKn(x,y)| < C, (4.41)
and |S’| < 1. Therefore, by the case already treated,
|K(1,0) — S(u —0)| < |[KW,0) = S’ —v)| + (C+1)|u—u'| <CNV2 (4.42)

This completes the proof. O
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4.3 Oscillatory integrals and global functions
Lemma 4.4. Forn € {N —1,N}, all a < b in By(6), and every continuously differentiable

function f on [a,b], we have

b b b
/ h(x)f(x)dx| < CN"34(sup |f+ [ |f'(x)|dx) + CN-5/4 / F(x)|dx.  (4.43)
a [ll,b] a a

JPon|+ | [P yn| < CNV2,

Proof. By (4.5), the contribution of p, to the integral is at most

In particular,

b
CN-1/ANT /a £ (4.44)

To bound the main term, we integrate by parts using sin®, = —(cos®,)’/©),, and we
find

b b ! b
/a apfsin®, dx = [ — ‘g{ cos@n}z + /a cos®, (%Z) fdx+ /a cos@ng_’Zf/dx.
(4.45)
By Lemma 4.1, we have |a,/@/,| < CN~3/%and |(x,/@),)'| < CN~5/%on By/(9). Together
with the last display, these bounds imply (4.43). The last claim follows by taking f =1
and using b —a < C+v/N and (N/2)1/4 < NV/4, O

We now show that the global functions introduced in Section 2.4 are close to their
limiting values in the bulk. Recall that py, wy, and cy were defined in (2.25) and (2.26).

Lemma 4.5. For all y € Bn(9), the following estimates hold.
(a) We have |pn(y) — 1] < CN~1V/2,

) We have |(egn) (1)) + (et ()] < C and |(egn)(y) (e9w) (v)| < CN-V2 IF N is odd,
then |(epn)(y)| < CN~1/2,

(c) We have |wy(y)| < CN~1/2,

Proof. To prove (a), we use (2.30), which gives

pn(y) —pn(0) = _</]R(PN) /Oy PN (x)dx — (/RIPN> /Oy gn(x)dx.  (4.46)

Lemmas 2.4 and 4.4 show that the right side is bounded by CN~!/2 in absolute value,
since [0,y] C By(4). Recalling that |pn(0) — 1| < 2N~1/2, we obtain (a).
For (b), observe that (¢f)(0) = 0 for every even integrable function f, so that

CHw) = [ f @47
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Suppose first that N is even. Then ¢y is even, and Lemma 4.4 implies that |(epn)(y)| <
CN~1/2, Further, Lemma 2.6(a), part (a), and f pN > 1 give

epn) )] = pa()/ [ on <2 (4.48)

Now suppose that N is odd. Then ¢y is even, so |(eyn)(y)| < CN~1/2, while
Lemma 2.6(b) gives

|(eon) (W)| = enpn(y) < 2. (4.49)
This proves (b).
It remains to prove (c). If N is even, then wy = ey, which was bounded in the proof

of (b). If N is odd, then Lemma 2.6(b) gives wy = cn(1 — pn), and the claim follows
from (a) and cny < 1. ]

4.4 Integrals of the kernel

Lemma 4.6. Forall a,y € Byx(d) with a < y, the following estimates hold.
(a) We have

y C
Kn(x, i CN /4, 4.50
/a n(x,y) dx 1 v —— (4.50)

(b) Set 0 = on(y) and T = o(y —a). If T < 2N4, then

/y Kn(x,y) dx — /OTS(t) df| <C(1+T)N"V2, (451)

The same estimates hold for | ya Kn(x,y) dx when a >y, with y — a replaced by a — y.

Proof. The last sentence of the lemma follows from the first two claims and the symmetry
Kn(—x, —y) = Kn(x,y), so we may suppose that a < y. For (b), the change of variables
x =1y —t/o gives

y T 4
/a Kn(x,y)dx = /0 ¢ Kn(y—t/oy)dt, (4.52)

and Lemma 4.3 with xg = y, u = —t, and v = 0 shows that the integrand is S(t) +
O(N~1/2), since S is even. Integrating, we obtain (b).
For (a), suppose first that T < N/, We have

__/ dt) = ‘/ smtdt‘ < min (; 71’2T> (4.53)

where we integrated by parts once for the second bound. Combining (4.53) with (b), and
using T > ¢v/N(y —a) and (1+ T)N~1/2 < 2N~1/4, we obtain (4.50).
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Now suppose that T > N'/4, and set
ad=y—NY4/0€ (ay). (4.54)

The case already treated gives
Yy
/ Kn(x,y)dx = 1/2 + O(N~1/4), (4.55)
a/

and (2.13) yields

[ &ty =Y (moaw) [ ) dx—w(v) [ ’ g o)

We apply Lemma 4.4 with f(x) = (x —y)~! on [a,4']. Here sup |f| = (y —a’) "},

/ < (y—a), (4.57)
and
[ 1fl < log((y —a)/(y ~a')) < ClogN. (4.58)
We also have
(y—a')~1 =N~V < CNV4, (4.59)
so these bounds give
a/
| / () (x — )~ dx| < CN~1/2 (4.60)
a
for n € {N — 1, N}. Together with Lemma 4.2(a), this implies that
a/
|/ Kn(x,y) dx| < CNV2N-VAN-1/2 = cN-1/4, 4.61)
a
In this case, we have VN (y—a) >cN 174 "and (4.50) follows. O

We now apply these estimates to the projection of a step function. For t € R, we
define
gt = Kner — &4, (4.62)

where ¢; was defined in (2.3), and we define the bounded function

(o]

Qsine(U) = — sgn(u)/| ‘ S(v) do, ueck. (4.63)
u

The function g; measures how far the projection Ky is from preserving the step function

gt. The next corollary shows that it is concentrated near t, where it is approximated by

Ssine ON the local scale.
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Corollary 4.7. For all t,y € Bn(0) with y # t, the following statements hold.
(a) We have

max(ty)

&iy) = (o)) Ceom) ) +sny—0 ([ Kn(rydr—5). @6d

min(t,y)

(b) We have |g+(y)| < C(1+V/Nly — t\)_l +CN~/4,

(c) Set 0 = on(t), and write y = t +u/o. If0 < |u| < NV4, then |g1(y) — gsine(1)| <
C(1+ |u|)N"V/2,

Proof. The identity (a) is a restatement of (2.50), since &(y) = sgn(y —t)/2 and
the oriented integral | ty equals sgn(y —t) [ max(ty) - The bound (b) follows from (a),

min(t,y)
Lemma 4.5(b), and Lemma 4.6(a).
To prove (c), we apply Lemma 4.6(b) with the local scale on(y) in place of 0. Set

T=ony)ly —t = [ulon(y)/0. (4.65)
Since ¢ > cv/N and

lon(y) — ol < Cly —t| < Clul/¢, (4.66)
we have

IT — |u|| < Clu>/N < CN~1/2, (4.67)

and in particular T < 2N1/4, By Lemma 4.6(b) and |S| < 1/, we find
max(t,y) |u
/ Kn(x,y) dx:/ S(v) dv+O((1+ |u)N-1/2). (4.68)
min(t,y) 0
Inserting this into (4.64), and using Lemma 4.5(b) and the identity
|u %
S—1/2=-— S, (4.69)

0 |ul

we obtain (c). ]



SECTION 5

An inverse bound from the uncertainty principle

The entries of the matrix Mg\,( J) in Corollary 3.3 involve the inverse of Id — Kj. The goal
of this section is to show that its norm grows at most exponentially in the length of |
measured on the microscopic scale. Given a bounded measurable set | C IR, we define
its microscopic length

L(]) = V2N |]|. (5.1)

In eigenvalue coordinates, we have L(]) = N|A| for | = v/N/2 A, so L(]) is comparable
to the expected number of eigenvalues in | when J is in the bulk.

Since every eigenvalue of K; belongs to [0, 1), we have ||(Id — K;) 71| < det(I1d — K;) .
Since det(Id — Kj) decays like e~¢LU)? for an interval, this only gives a bound of the form
|(1d — K;) 71| < eCLU ). However, this is not enough for our purposes. We will take L(J])
of order y/log N, where LU s a power of N and would overwhelm the polynomially
small errors in Section 4. In this regime, the bound e“-() proved below is much smaller
than any power of N. The main input to its proof is a quantitative uncertainty principle
of Nazarov [39], in the form given by Jaming [29].

Proposition 5.1. There exist absolute constants C, Ny > 0 such that the following holds. Let
N > Ny, and let ] C R be measurable with |J| < 1. Then

1(0d = Kp) 2y a2y < CeCHO). (5.2)

Further, for every measurable set ] C R of finite measure, the integral operator Sy on L(]) with
kernel S(u —v), u,v € J, satisfies || (Id — S;) 71| < CeCll.

We will use the following one-dimensional form of Nazarov’s uncertainty principle
[39], as stated in [29, Theorem]. Recall that F denotes the unitary Fourier transform from
(2.8).

Lemma 5.2. There exists an absolute constant Cy > 0 such that for all measurable sets A,~. C R
of finite measure and all f € L*>(R),

1713 < Coe I ([ Ip)Pax+ [ ((FAE@)PaE). 53)
Proof. We define
Fon) = [ fxem dx. 54

43
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In [29], the inequality is stated with a Fourier transform of this form, normalized so that
it is unitary on L?(R); the sign in the exponent is irrelevant, since replacing ¥ by —X

does not change |Z|. In dimension one, the factor e€™"(") there is bounded by eCl4I%l,
and the result is due to Nazarov [39]. We set
¥ =-%/(2n). (5.5)
Using
(FAE) = (2m)"12f(~¢/ (2m)) (5.6)
and changing variables, we have
L= [ 172 57)
Together with |¥/| = |X|/(27) and the Plancherel identity 1fl2 = |Ifll2, this gives
(5.3). O
Proof of Proposition 5.1. Set
n = [-8VN,8VN]. (5.8)
We first show that every f € Vy satisfies
| P ax < e £ 59)
XN
Indeed, (2.14) and Lemma 2.1 imply that
2
F)P < Kn(x,x)[IfIIF < Ne™ /|| 112 (5.10)
for |x| > 8v/N, and
/ Ne ®/4dy <2N [ e 2VNr gy <oV, (5.11)
|x[>8vN 8VN

where we used x2/4 > 2v/Nx for x > 8v/N in the first inequality, and N > Nj in the
second.

Now let f € Vy. It follows from (2.9) that the function Ff belongs to the complex
span of hy,...,hy—1, and ||Ff|2 = ||fll2. The proof of (5.9) applies verbatim to this
complex span. Applying Lemma 5.2 with A = | and X = X, and then (5.9) to F f, we
find

I£1B < Coc' VNI [ 1P+ Nf1B). (5.12)

Since 16v/N|]J| < 12L(]) and L(J) < /2N, we have

Coel6CVNITI=N < 1 /2 (5.13)
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for N > Nj. Therefore,
IyfI3 < @ —ce P |IfI5  feVn, (5.14)

with ¢ = (2Cy)~! and C = 12Cy. This means that the operator Ky1;Ky on L*(R)
has norm at most 1 — ce~CLU). The operator K; on L?(]) equals (1;Ky)(1;Ky)*, while
Kn1jKyn = (1;Kn)*(1;KN), so the two operators have the same norm. Since Kj is self-
adjoint and nonnegative, we conclude that

1(Id — K;) 71| < ¢~ teCLU, (5.15)

Finally, we consider the sine kernel. Let P denote the orthogonal projection of L?(IR)
onto the functions f with F f supported in [—1,1]. Then S; = 1;P1;. Applying Lemma 5.2
with A = J and ¥ = [—1,1] to such f, we find

I1£18 < (1 - Cgle 2| £13, (5.16)
and the rest of the argument is the same as above. O

We will use Proposition 5.1 through the following consequence for values at single
points. For a bounded measurable set | and a bounded function f on J, the function
(Id — Kj) ! f is a priori only an element of L?(]). However, we have

(Id-K)) 'f = f+K;(Id - K)) " If, (5.17)

and the second term on the right is the restriction to | of a function in V. We therefore
use the right side of (5.17) to define (Id — Kj) " f at every point of the closure of | at
which f is defined. In particular, if ] is a finite union of open intervals and f is continuous
on the closure of each of them, then (Id — K;) 7! f has one-sided limits at all endpoints.

Lemma 5.3. Let 6 € (0,1/2]. There exist C, Ny > 0 depending only on 6 such that the following
holds for N > Ny. Let | C Bn(6) be measurable with |J| < 1, let f be a bounded function on J,
and set G = (1d — Kj) "1 f. Then

| / Kn(tz)G(z)dz| < CeLDsup |f|,  t € By(o). (5.18)
J J
Consequently, |G(t)| < CetV) sup, |f| for every t € ], with G(t) defined through (5.17). The
same bound holds for boundary values obtained as limits from within J.

Proof. Using the Cauchy-Schwarz inequality, Lemma 4.2(b), and Proposition 5.1, we find
that the left side of (5.18) is bounded by

Ky (4, )2 |Gl < CNYACHD |2 supf] < CeCLIL())!/? suplfl- (519

Since L(])l/ 2 < L), the last display implies (5.18), and the bound for G on ] follows
from (5.17). Passing to limits gives the boundary assertion. O



SECTION 6

The endpoint matrix

In this section, we show that, up to a small error, the determinant of M?V(]) in Corol-
lary 3.3 is the determinant of an r x r matrix Ax(J) whose entries are differences of
values of (Id — K;)1g,, at the endpoints of J. Recall that g, was defined in (4.62). We
then show that An/(]) is close to a diagonal matrix when the intervals of | are far apart.

6.1 Setting

Throughout this section, we fix § € (0,1/2] and an integer rp > 1. The constants C, ¢,
and Ny depend only on ¢ and ry, and all statements hold for N > Ny. We consider sets
J= U]’-:l(a]-, b;) as in (3.1), with r < r, and we assume that

T C Bun(9), L(J) < N1/8, 6.1)

where L(]) is the microscopic length from (5.1). In particular, |J| < 1, so that Proposi-
tion 5.1 and Lemma 5.3 apply. We also define the microscopic separation of the intervals of

] by
sep(J) = V2N rr;;n dist(J;, J;) (6.2)
17]

when r > 2, and sep(J) = oo when r = 1. Given a function G on ] that has one-sided
limits at the endpoints of |, we set

AG=G(b;)—G(af), 1<j<r (6.3)

Definition 6.1. We define the endpoint matrix of | to be the r x r matrix Ay (]) with entries

AN(])ij = Li=j — Aj[(ld —Kp) (1 ga,-)}/ 1<ij<r. (6.4)

Note that the restriction of g, to each interval Ji is bounded and extends continuously
to the closure Ji, where at the point a; we use the value lim,, g4, (y). In particular, the
one-sided limits in (6.4) are defined through (5.17).

The main result of this section is the following proposition.

Proposition 6.2. Under the assumptions (6.1), we have
| detM5,(]) — det An(J)| < CeCHINTY2, | det Ay (])] < CeCHD. (6.5)
Consequently, Pn(])? < CeCHDy(]).

46
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6.2 Reduction to local quantities

The entries of Mg\]( J) are pairings of bounded functions Y on R with Qy/(J) !X, where
X € Vy. We first show that these pairings depend on Y only through (Y, X) and the
restriction of KyY to ], and for X = k; only through the latter.

Lemma 6.3. Let Y be a bounded measurable function on R, and let X € Vy. Then
(Y,Qn(])7'X) = (Y, X) + (KNY, (Id — K;) 71 (1;X)). (6.6)
Moreover, for 1 < j < r, we have (Y, Qn(J) " 'kj) = Aj[(Id — Kj) "} (1;KNY)].
Proof. Let f € Vy, and set
G = (1d - K)) "' (1;f) € L*(]). 6.7)
Then f + Kn(1;G) € Vy, and

Qv (f +Kn(15G)) = f + Kn(1;G) — Kn(1;f + 1;Kn(15G))
= f— Kn(1;f) + Kn(1;(Id = K))G) = f,

where we used 1;Ky(1;G) = K;G on . Therefore Qn(J)~'f = f + Kn(1;G). Pairing
with Y and using the symmetry of Ky, we obtain (6.6) with f = X.

To prove the second claim, we take X = k;. Since KyY € Vy, we have (Y,k;) =
Aj(KNY). Also, by the symmetry of (Id — Kj) !,

(6.8)

(K Y, (Id — Kp) " (1K) = {(1d — Kp)~ (1K), 1k;)

. 6.9)
= Aj[Kn (1;(d - Kp) 7 (KN Y)) ]
Adding the two terms and using (5.17), we obtain the claim. O

We now compute 1;Kyw;, where w; = 1jcg,, was defined in (3.2). This is the step
where the sign function becomes local.

Lemma 6.4. For1 < i <r, we have
1;Knyw; = (Id — K})(l}ﬁai) +1)4a;- (6.10)
Consequently, My (])ij = An(])ij forall 1 <i,j <.

Proof. We have Kyw; = Kné&q, — KN(ljga,-)/ and 1]KN(1]6’”Z.) = K](].]Eai). The definition
(4.62) also gives 1;Kne,, = 15,4, + 1;¢,,. Combining these identities, we obtain (6.10).
Applying Lemma 6.3 with Y = w; and X = kj, and using (6.10), we have

(wi, ON(]) k) = Aj[15eq,] + A;[(1d — Kj) 71 (1)84,)] - (6.11)
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The function ¢,, is constant on each interval | is with the value 1/2 on J; and on the
intervals to the right of J;, and the value —1/2 on the intervals to the left of J;. Hence
Aj[1yeq] = 0 for all j. Recall that ¥; = w; and X; = k; in (3.9). The claim now follows
from (3.10) and (6.4). O]

Remark 6.5. Lemma 6.4 is where the nondecaying sign function in the GOE kernel
is removed. The function w; does not decay, and a direct estimate of the pairing
(wi, Qn(J)~'kj) would require control of the projection Ky on the whole real line. How-
ever, w; is locally constant away from the endpoints of |, and (6.10) shows that after
discarding the term (Id — Kj)(1;¢,,), which does not contribute to the endpoint differ-
ences, only the function g, remains. By Corollary 4.7(b), we have

180,(y)| < C(1+VNJy—a;|) ' + CN~ V4, (6.12)

so this function is small away from 4; on the microscopic scale and can be computed in
terms of the kernel in the bulk.

6.3 Bounds on the remaining entries

We now bound the entries of Mgi\,( J), including those that involve the top modes. We will
use repeatedly that

/]|KN(y,Z)| dz < Clog (2+L(J)), v € By(d). (6.13)

To see this, note that the bound Cv/N(1+ v/N|y — z|)~! from Lemma 4.2(c) is a decreasing
function of |y — z|. So the integral over | is bounded by the integral of this bound over the
interval {z : |z —y| < |J|/2}, which is equal to 2Clog(1 + v/N|J|/2). Since vN|J| < L(]),
the claim follows.

Lemma 6.6. For 1 <i < r, we have sup; |[Kyw;| < Clog(2+ L(])). Further, with Yo = Yn(])
and Yﬁ,(}) as in (3.3) and (3.5),

sup |KnYo| + sup [Ky Y5 ()| < C(1 4+ L(J))*N-V2, (6.14)
J ]

Proof. The first claim follows from (6.10), (6.13), and Corollary 4.7(b).
Next, we observe that for all integrable f,

r

1ee(1yf) =Y (| flw (6.15)

k=1 7k
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almost everywhere. Indeed, sgn(x — z) = sgn(x — a;) for x ¢ J; and z € Ji. Therefore

Yo = 1wy — i (/ q)N> w,  YL() = —2cx (1]31/;1\] +k_i1 (/}k sz)wk). (6.16)

k=1 7k

To bound sup; |KnYo|, we recall from Lemma 2.6(c) that Kywy = 0, so that
Kn(1jewn) = —Kn(1jwy). Then Lemma 4.5(c) and (6.13) imply that

sup |[Kn(1jwn)| < CN"21log(2 + L(])). (6.17)
J

Further, Lemma 4.2(a) gives

| /I gn| < ClJ| < CL()N"V2, (6.18)

Combining these bounds with the first claim, we obtain the desired bound.

For Yﬁf(]), we may assume that N is odd, since otherwise Yﬁ]( J) = 0. Then
Lemma 4.5(b) gives |e¢y] < CN~/2 on ], and the same argument applies, using
CN < 1. L]

Lemma 6.7. The entries of M?V(]) satisfy the following bounds, for 1 <i,j <rand 0 < p <r:

IMn(])iol + IMn(])] < CeCED),

(6.19)
IMn (D)oo — 1| + M ())oj| + |zn ()| + |dn(T) — 1| + [on(J)o| < CeLUINTI/2,

Proof. We first consider the entries in the columns j > 1. By Lemma 6.3, for all bounded
Y, we have

(Y, Qn (1)~ ) = 4[(1d = Kp) (KN Y), (6.20)
and Lemma 5.3 bounds this by Ce¢L(/) sup; |IKNY|. Taking Y = w;, Y = Yy, and Y =

Yﬁ,(]), and using Lemma 6.6, we obtain the bounds on My(]);;, Mn(J)oj, and zn(]);-
Next, we consider the column B = 0, where Xy = —¢n. Lemma 6.3 also gives, for all
bounded Y,

(Y, Qu ()" en) = (¥, gn) + (LKNY, (1d = K) 7 (1)) (6:21)
Using Proposition 5.1 and Lemma 4.2(a), we bound the second term in (6.21) by

17112 sup |[Kn Y] - CeSE D) |15 ]|2 < CeCHV) sup [Ky Y. (6.22)
I J

It remains to bound (Y, ¥y) for the three choices of Y. For Y = w;, we have

(Wi, ¥n) = (€0, PN) — (La, Pn) = — () (a:) — (1jea;, ¥N), (6.23)
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which Lemma 4.5(b) and Lemma 4.2(a) bound by C in absolute value. When Y = Y, we
use (wy, PN) = 0 from Lemma 2.6(c) and the formula for Y in the proof of Lemma 6.6

to write
T

(Yo, ¢n) = —(Ljwon, ¥n) — ) (/] @N) (Wi, ¥n), (6.24)

k=1 k

which is bounded by CN~1/2|]J| + CL(J)N~'/2 in absolute value. The same computation
forY = Yﬁj( J) with N odd gives

(R (7), )| < CNTV2{T]+ C T max (g, ), (6:25)

and the right side can be bounded by CL(J)N~1/2. Combining these bounds with
Lemma 6.6, and recalling that My (J)ao = Ta—o + (Yo, On(J) '¢n) and zn(J)o =
_<Y£](Dr On(])~'¢n), we obtain the bounds for the column g = 0.

Finally, Lemma 4.2(a) gives

dn () — 1] = e /}wm <clJl (6.26)

and |on(])o| < C|J|. This completes the proof, since |J| < CL(J)N~%/2 and L(]) <
eL(]). ]

Proof of Proposition 6.2. We order the rows and columns of Mzﬁ\]( J) as 0,1,...,r,r+1,
where the index r + 1 corresponds to the last row and column in (3.11). Let E denote
the matrix obtained from M%( J) by replacing the row with index 0 by the unit vector ¢
and the row with index r + 1 by the unit vector e, 1. Lemma 6.7 implies that every entry
of Mlﬁ\]( J) is bounded by CeCLU) in absolute value, and that the rows with index 0 and

r + 1 differ from ey and e, by vectors with entries bounded by CeC“/)N~1/2, Since the
determinant is linear in each row and r < r(, we find
| det M4, () — det E| < CeCHUINT1/2, (6.27)

Expanding detE along the two unit rows, we find that detE is the determinant of
the submatrix of Mg\]( J) with rows and columns indexed by 1,...,r. Lemma 6.4 shows
that this submatrix coincides with An(]), which gives the first bound in (6.5). The
second bound follows from Lemma 6.7 and r < ry, and the last claim follows from
Corollary 3.3. O

6.4 Separated intervals

We now show that the endpoint matrix of a union of well-separated intervals is close to
the diagonal matrix formed by the endpoint matrices of the individual intervals.
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Lemma 6.8. Under the assumptions (6.1), suppose that v > 2 and sep(J) > 1. Then for all
1<i,j<ruwithi#j,
|AN(])ii] < CeSHU) (sep ()1 + N~1/4),
[AN())jj — An(j)| < Ce“HD sep()) 71,

where AN (];) is the endpoint matrix of the single interval |;, which is a real number.

(6.28)

Proof. Throughout the proof, we write L = L(J) and d = sep(J). Let Ky denote the
operator on L?(]) = @y L?(Ji) that acts as Kj, on each L?(]), and set R = Kj — K. The
kernel of this operator is equal to Kx(x,y) for x and y in different intervals of ], and to 0
otherwise. Using Lemma 4.2(c), we see that |Ky/(x,y)| < Cv/Nd~! when x and y belong
to different intervals, so the Hilbert-Schmidt norm of R satisfies

IR < Ykl il CNd™2 < CL?d 2. (6:29)
k1

By the resolvent identity, we have

(Id—K;) ' =(1d — Ko) '+ (Id — K;) 'R (Id — Ko) % (6.30)
Fix i. We define
G = (Id — K;) (184, (6.31)
and

Go = (Id — Ko) 1 (1g4,)- (6.32)

By Corollary 4.7(b), we have |g,| < C on ], and |g,,(y)| < C(d™' + N~1/4) for y € J;
with k # i, since then v/N|y — a;| > d/+/2. Applying Proposition 5.1 to each J; separately,
we have

117, Goll2 < Ce“H{J[V2(d7H+ NTV4), k#i,  ||Golla < CeSHJ[2. (6.33)
Combining (6.30) and (6.29) with Proposition 5.1, we also have
IG = Goll2 < Ce“"[IR|[2|Goll2 < Ced M [J|2, (6:34)

where in the last inequality we absorbed the factor L from (6.29) into eCL.
We now evaluate G at an endpoint t € {a;, b} with j # i. By (5.17), we have

G(t) = gu () + Y / Kn(t,2)G(2) dz. (6.35)
k=1"Jx

The first term is bounded by C(d~! + N~1/4), since v/N|t — a;| > d/+/2. When k # j,
we have |Ky(t,z)| < Cv/Nd~! for z € J;. Then the Cauchy-Schwarz inequality, together
with (6.33) and (6.34), shows that the term with index k is bounded by

CVNdYJ|V2||Gl|2 < CeCLLd ™. (6.36)
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For k = j, the Cauchy-Schwarz inequality and Lemma 4.2(b) give

)/j Kn(t,2)G(2) dz] < CNY4([11),Goll2+ G = Goll2) < CeH(d™T+N74),  (6.37)
j

where we used N'/4|J|'/2 < L1/2 and j # i. Taking the difference between t = b; and
t = aj, we obtain the first bound in (6.28).
To prove the second bound, we define

G = (1d — K},) " (13.8a)- (6:38)

By the definition of the endpoint matrix, Ax(J;) =1 — A;G . We also have 1 1,.Go = G,
For t € {a;,b;}, we can then write

Gty -6 =Y ] Kn(t,2)G(z)dz + ] Kn(t2) (G —Go)(z)dz.  (6:39)
ki 7k i

As above, the first sum is bounded by Ce“tLd~!. Using (6.34), we bound the last term by
CN'4||G — Gol|o < Ce“td~1. This gives the second bound in (6.28), after renaming i as
j. O



SECTION 7

The hole probability of one interval

In this section, we prove that the GOE hole probability of an interval (xg,xo +
s/(20n(xp))) in the bulk, with s < ,/log N, is asymptotic to its limit q;, with a rel-
ative error that is polynomially small in N. We first recall the limiting objects.

7.1 Sine-kernel determinants

Recall from (1.13) that D+ (t) = det(Id — S+) for t > 0, where Sy is the integral
operator on L2(0,t) with kernel S(u — v) + S(u + v), and S is the sine kernel (4.3). We
set D+ (0) = 1. The operators S+ ; are the restrictions of the integral operator with kernel
S(u —v) on L?(—t,t) to even and odd functions, respectively, so their eigenvalues lie in
[0,1), and

D+(t)D7(t) = det (Id - S(—t,t)) = det (Id - S(O,Zt))/ (71)
where S, denotes the operator on L?(A) with kernel S(u — v), and the second equality
follows from translation invariance; see [48, Section IV] or [16, (4)]. The functions D are
continuous and positive on [0,c0), and they are nonincreasing. To see the monotonicity,
note that S+ is a compression of S,y for t < t/, so its eigenvalues increase with ¢ by the
Courant-Fischer min-max principle. By definition, q1(s) = D4 (s/4). We define

_ D4 (s/4)
u(s) = D_(s/4)’ s >0, (7.2)

and we set g1(0) = 1. (The interpretation of 41 as a gap probability, recalled in Section 1.2,
is not used in our proofs.) Recall from (1.14) the asymptotics of D+ () as t — oo, which
were proved by Ehrhardt [16, Theorem 4.8].

Lemma 7.1. Recall the function F(s) = s?/64 + s/8 and the constant 1 from (1.3). Then the
following statements hold.

(a) We have g1(s) = k15~ V/8e=F()(1 4+ 0(1)) as s — oo, and gy is nonincreasing.
(b) We have u(s) = V/2e 5/*(1 +0(1)) as s — oo, and there exists ¢ > 0 such that u(s) >
ces% forall s > 0.

Proof. Setting t = s/4 in (1.14) with the upper sign, we find
B s 1 1 7 3,
logg1(s) = 13 8logs+zlog2+ﬂlog2+§§( 1) +o0(1), (7.3)

53
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which is the asymptotic formula in (a), since 1/4 +7/24 = 13/24. The monotonicity in
(a) was shown above. Subtracting the two cases of (1.14), we find

logu(s) = —s/4+ (log2)/2+0(1). (7.4)
Since u is continuous and positive on [0, o), this implies the lower bound in (b). O

Next, we identify the limit of the endpoint matrix of one interval. For £ > 0, we define

Asine(£) =1 — (((Id - S(O,f))_lgsine) (") — ((Id - S(O,Z))_lgsine) (0+)>, (7.5)

where gsine was defined in (4.63), and the values at the endpoints are defined through the
analogue of (5.17) for S, with ggine(07) = —1/2. The following identity is due to Tracy
and Widom.

Lemma 7.2. For all { > 0, we have Agne({) = Dy(£/2)/D_(¢/2). In particular,
Agine(s/2) = u(s) forall s > 0.

Proof. Sett = (/2 and | = (—t,t), and define
AG=G(t7)—G((-t)™). (7.6)

Since the sine kernel is translation invariant and ggine is evaluated relative to the left
endpoint, we have

Asine(£) =1—A[(Id = S)) (1) gsine (- + 1)) ] (7.7)
Let R(x,y), x € R, y € ], denote the kernel of (Id — S1;)~151;. Then

R(x,y) =S(x—y) + /]S(x —2)R(z,y)dz, (7.8)

and R is symmetric on | X J.
Set w = 1jce 4. Tracy and Widom showed [48, (19), (25), (30)] that

1 [ w(@)(R(x,t) — Rz, —1)) dx = gj—gg, (7.9)

where the integral over J¢ is the limit as M — oo of the integral over J° N [—M, M| (we
show below that this limit exists). To deduce this identity from the equations of Tracy
and Widom, set

ar = /]C w(x)R(x, £t) dx. (7.10)

Since 1jce ; = 1jcg; almost everywhere, the determinant in [48, (19)] with m = 1 is

1+a- —ayp \ _ . _
det( . 1—a+) =1—(a; —a-), (7.11)
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which is the left side of (7.9). This determinant is computed in [48, (25)] and is equal to
D4 (t)/D_(t) by [48, (30)]. ~
It remains to identify the left side of (7.9) with Agine(¢). To that end, for z € |, we set

d(z) = ]\}I{)noo (- w(x)S(x —z) dx. (7.12)

A direct computation using fooo S =1/2 gives
M z+t
lim e_+(x)S(x —z)dx = / S(v)dv =e_4(z) + gsine(z + 1), (7.13)
M—oo J—-M 0

and the convergence is uniform in z € J, since | [, S| < 2/M. Therefore
P = (Id—S])(ljs,t) +1]gsine('+t)- (7.14)

Inserting the equation for R into the left side of (7.9) and exchanging the order of
integration over [—M, M] and ], we find

/Cw( JR(x, ) dx = B(y) + /cb — (d-8)7'®)(y), y==+t (7.15)
Since e_; is equal to 1/2 on |, we have

Al(Id — S;)7'®] = A[(Id — S;) 1 (1) gsine (- +1))], (7.16)

which completes the proof. O

7.2 The comparison

Proposition 7.3. Let 6 € (0,1/2] and v > 0. There exist C, Ny > 0 depending only on ¢
and -y such that the following holds for N > Ny. Let xo € By(9), set 0 = on(xo), and let
0 < s < y+/logN. Then the interval defined by | = (xo,xo + s/ (20)) satisfies

‘PN( Dn(J)
q1(s) D, (s/4)D_(s/4)

Before giving the proof, we record a standard bound for determinants. We let ||Z||;
and ||Z||, denote the trace norm and the Hilbert-Schmidt norm of a trace class operator
Z.

] < CeCSN-1/2) - 1‘ < CeCSNT1/2, (7.17)

Lemma 7.4. Let Z be a trace class operator on a Hilbert space with ||Z||, < 1/2, and let (yy)
denote its eigenvalues, repeated according to algebraic multiplicity. We define log det(Id — Z) =
Y« log(1 — yi), where log denotes the principal branch of the logarithm. Then

|logdet(Id — Z) + Tr Z| < || Z||3. (7.18)
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Proof. Recall that, by Lidskii’s theorem,

TrZ =) (7.19)
k

and

det(Id —Z) = (1 — wx), (7.20)
k

and that, by Weyl’s inequality (see [43]),

Yl < 12|13 (7.21)
k

In particular, |yx| < 1/2 for all k. The claim now follows from the elementary inequality
|log(1 —y) +y| < |y|? for complex y with |y| < 1/2. O

Proof of Proposition 7.3. Set £ = s/2. Then | = (xo,xo + ¢/0) and
L(J) = V2N¢/o < Cs. (7.22)

Since s < 7+/log N, we may assume that | C By(6/2), L(J) < N8, and Ce“*N~1/2 <
N~1/4 for every fixed C, by taking Ny large. We use the results of Sections 4 to 6 with
4/2 in place of 6.

We define a map from L2(]) to L?(0,/) by

(Uf)(u) = ¢ 2f(xo+u/q). (7.23)
This map is unitary. Let K; denote the integral operator on L?(0, ¢) with kernel
K(u,v) = 0 'Kn(xo+u/0,x0+v/0). (7.24)

Note that UK]U_1 coincides with this operator. We abbreviate S, = S(Olg), and we set
E = Ky —Sy. By Lemma 4.3, we have |Z(u,v)| < CN~Y2 for u,v € [0,¢]. Further,
Proposition 5.1 implies that ||(Id — K;)~!|| and ||(Id — S,;)~!|| are bounded by Ce®*.

We first prove the second bound in (7.17). By (7.1), we have D, (s/4)D_(s/4) =
det(Id — S;), and Dn(J) = det(Id — K;). Set Z = (Id — S;) 'ZE. Then

det(Id — K;) = det(Id — S;) det(Id — Z). (7.25)

We have ||E|; < CIN"Y2 and ||Z||; < Ce®*N~1/2. The operators K, and S, are
positive and have continuous kernels, so their traces are the integrals of their kernels over
the diagonal. Therefore, | Tr Z| < C/N~1/2, Writing (Id — S;)~! = 1d + S,(Id — S;) !, we
also have

|TrZ) < |TrE| + | Tr(S,(Id — S,) 1E)|

_ o ~ (7.26)
< | T &+ [|Sell2 /| (1d = So) M| E[l2 < CeSNT2,
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where we used |[|S||2 < ¢/m. Then Lemma 7.4 implies that |logdet(ld — Z)| <
Ce“*N~1/2 which gives the second bound in (7.17).
Next, we compare the endpoint matrices. We define

G = (Id — K;) ' (17gx,)- (7.27)
The endpoint matrix of | is then the number Ax(J) =1 — A1G. Set
g(u) = gx,(x0 +1/0) (7.28)

and
G(u) = G(xo+u/o) (7.29)

for u € (0,¢). Using (5.17) and the change of variables z = xy + v/, we find that
G=3+K,G, (7.30)

and this identity extends to u € {0, ¢}.
Let Ggine = (Id — Sy) "' gsine- By Corollary 4.7(c), we have |§(u) — gsine()| < C(1+
O)N~12 for u € (0,¢). Note that

é - Gsine - (Id - ’CZ)_l ((§— gsine) + E"Gsine) (7-31)
and that ||Ggine|l2 < Ce®*¢1/2. Therefore,
IG — Geinell2 < Ce“*N~1/2, (7.32)

For u € {0,¢}, we then have

|G () = Geine(u)| < [3(1) — &sine(u)| + /Oe 1Z(u,0)||G(v)|do

¢ ~
+ [ 1800 =0)/16(0) = Gne(0)] do 7.35)
< CeCS N—l/Z’
by the Cauchy-Schwarz inequality. Therefore, by Lemma 7.2,
"AN(]) - “I/l(S)’ = ’AN(]) - Asine(g)’ < CeCstl/Z' (7.34)

We now conclude. By Corollary 3.3, Proposition 6.2, (7.34), and Lemma 7.1(b), we
have

Pn(])?
Dn(J)

Combining this with the second bound in (7.17) and D (s/4)D—_(s/4)u(s) = q1(s)?, we
find that Pn(])? = g1(s)?(1 + O(e**N~1/2)). Taking square roots, we obtain the first
bound in (7.17). ]

— det M (]) = u(s) + O (e N"12) = u(s) (1 + O(eSN~1/2)). (7.35)
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We now translate Proposition 7.3 to eigenvalue coordinates. Recall from the intro-
duction that E; 5 (A) denotes the probability that Hy has no eigenvalue in A, and that

oy) = v4-y~

Corollary 7.5. Let 6 € (0,1) and v > 0. There exist C, Ny > 0 depending only on é and -y such
that for N > Np, ally € [-2+4 6,2 — ], and all 0 < s < y,/log N,
5 _ Csny—1/2

B (0 + o)) — 0] < CONTais), (736)

Proof. Set xyg = v/N/2y. Then xo € Bx(6/2), on(x0) = VN/20(y), and the image of

the interval (y,y +s/(No(y))) under A — /N /2 A is (xo,x0 +5/(20n(x0))). The claim
therefore follows from Proposition 7.3. O



SECTION 8

Several intervals

In this section, we prove two estimates for unions of intervals, which are used in the proof
of Theorem 1.1. The first states that the hole probability of a union of well-separated
intervals factorizes. The second states that the hole probability of an arbitrary union of
disjoint intervals is bounded by e“L times the product of the individual hole probabilities.
For the GUE, the second estimate holds without the factor e“, by the negative association
of determinantal point processes [4, Lemma 3.8]. For the GOE, the factor ¢! comes from
the endpoint matrix. This factor is harmless, since L is of order /log N in our application.

Throughout this section, we fix § € (0,1/2], an integer rp > 1, and ¢ > 0, and we
consider sets | = U]r-:1 Jj as in (3.1) with

r<rn, JCBn(), L(J)<7/logN. (8.1)

The constants C, ¢, and Ny depend only on §, r9, and <, and all statements hold for
N > Np.

8.1 The determinantal part
Lemma 8.1. Let ', ] C R be disjoint bounded measurable sets. Then
Dn(J'U]”) < Dn(J') D (") (8.2)

Moreover, if ]’ and ] satisfy the assumptions of Proposition 5.1 and ||Kju||y < ce~C(LUNFLU")),
where Kyijn denotes the operator from L2(J") to L*(]") with kernel Kn(x,y), then

Dn(J"UJ")

lo < CBC(L(]/)—'_L(]”)) Ky 2. 8.3
gDN(]/) DN(]//) = || I'T ||2 ( )
Proof. With respect to the decomposition L?(J' U J") = L?(J') & L?(]"), we write
_ Id - K]/ _K]/]//
1d — Ky = ( “Kpp T K]N) . (84)

Factoring this operator into block triangular operators whose diagonal blocks are Id — Ky
and the Schur complement, and using the multiplicativity of Fredholm determinants, we

have
Dn(J'U]")
Dn(J') Dn(]")
59

= det(Id — Z), (8.5)
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where we define
Z = (Id — Kpr) Y 2Kpnp(1d — Kpr) " Ko (1d — Kpn) 12, (8.6)

Note that the operator Z is trace class and nonnegative. Since Id — Kj/j» is nonnega-
tive, so is its Schur complement Id — Kj» — Kjnp(Id — K p)‘lK 1, and therefore Z < Id.
Hence the eigenvalues of Z lie in [0,1], and det(Id — Z) < 1, which proves (8.2).

We now prove the second claim. Under the additional assumptions, Proposition 5.1
gives

1Z|ly < CeCEUIFETD K| < 1/2. (8.7)

Therefore, (8.3) follows from

[logdet(Id — Z)| < ) [log(1 — z¢)| < 2 Z]}1, (8.8)
k

where we let z; € [0,1/2] denote the eigenvalues of Z. O

8.2 Factorization and the quasi-product bound
We first record a lower bound for the endpoint matrix of a single interval.

Lemma 8.2. Let |’ be an interval satisfying (8.1). Then det M?V(]’) > ce LU and An(J)) >
Ce_CL(]/).

Proof. We write
J' = (x0,x0 +5/(20)) (8.9)

with ¢ = on(xp), so that s < 2L(J'). By Corollary 3.3 and Proposition 7.3, we have
det M} (') = Pn(J")*/Dn(J") = p(s)(1+ O(¢“N~1/2)) (8.10)

and Lemma 7.1(b) gives u(s) > ce™*/%. This yields the first claim for N > N, since
e N~1/2 < N~1/4, The second claim follows from the first and Proposition 6.2. O

Proposition 8.3. Assume (8.1), and suppose that sep(]) > +/N. Then

Pn(J]) CL(J) n7—1/4
— 7 __ 1|1 <C N . 8.11
oy = &1D

Proof. We write L = L(J) and d = sep(]). We first consider the determinantal part. Set

Je=TlU- Ul (8.12)
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for 2 < k < r. By Lemma 4.2(c), we have |Ky(x,y)| < Cv/Nd~! for x € Jeand y € i,
which implies that

Ky, /13 < CNd2[J]2 < CL2d ™2 < CL2N, (8.13)
Applying (8.3) fork =r,r —1,...,2, we find

Dn()) = (f{wm) (1+0(e“"N™)). (8.14)
p

Next, we consider the endpoint matrices. Let Ay denote the diagonal matrix with
entries Ay(J;), and write Ay(J) = Ag + E. It follows from Lemma 6.8 and d > /N
that the entries of E are bounded by Ce“!N~1/4 in absolute value. By Lemma 8.2, the
diagonal entries of A are at least ce~ L. Therefore, we have

det Ay/(J) = det A det(Id + Ag'E) = (f[AN( ]]-)) (1+O0(CENTV4).  (8.15)
j=1

In particular, det An(]) > ce CL,
We now apply Proposition 6.2 to | and to each J;. Together with Lemma 8.2, this gives

det MY, (J) = det An(J) (1 + O(eSEN~1/2)) (8.16)
and
det M4 (J;) = An(J;) (1 + O(eSENT1/2)), (8.17)
Hence .
det Mf, () = ( detMlﬁ\](]j)> (1+ O(eCLN"1/4y). (8.18)
j=1
Combining (8.14) and (8.18) with Corollary 3.3, we find
Pn(D? =T TPnU))? (1+O0(ENTHH). (8.19)
]
Taking square roots completes the proof. O

Proposition 8.4. Assume (8.1). Then

r

Pn()) < CeSEDTT Pu ). (8.20)
j=1

Proof. Combining Proposition 6.2, Lemma 8.1, Corollary 3.3, and Lemma 8.2, we have
r
Pn(])* < CeHIDy()) < CeHD T D ()
i=1
r PN (])2 r
— CeCLU) H—ﬁf < CeCL) HPN(]]')Z-
j=1 det My (Jj) j=1

Taking square roots, we obtain (8.20). O

(8.21)
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We now translate these results to eigenvalue coordinates.

Corollary 8.5. Let 6 € (0,1), rg > 1, and v > 0. There exist C, Ny > 0 depending only on J,
ro, and 7y such that the following holds for N > Ny. Let Aq,..., Ay C [=2+ 8,2 — 8] be open
intervals with disjoint closures, where r < rg, and suppose that L < 'y\/m, where we set
L =NY;|Ajl. Then

r r
ELN( U A]-> < CeCL q E1n(A)). (8.22)
=1 =

If, in addition, dist(A;, A;) > N~V2 for all i # j, then

7

r r
‘ELN( U A]-) - ]’[El,N(Aj)‘ < CECENTVAT Eun(4)). (8.23)
=1 j=1 j=1

Proof. Let ]; denote the image of A; under A — +/N/2A, and set | = Uj Jj- These images
are intervals, and their union satisfies (8.1) with J/2 in place of §. Moreover, we have
L(J) =L and

sep(J) = err;i? dist(A;, A;). (8.24)
So (8.22) follows from Proposition 8.4. Under the additional assumption that
dist(Ai,A]-) > N2 for all i # j, we have sep(J) > V/N, and (8.23) follows from
Proposition 8.3. [



SECTION 9

The first moment

In this section, we compute the integral of the one-interval hole probability over the
starting point of the interval, at the threshold relevant for the largest gaps. This calculation
determines the centering, the scaling, and the constant A; in Theorem 1.1. We work in
eigenvalue coordinates, with the notation of Section 1.2. Recall the quantities ¢x(x) and
xn from (1.20). For x € R, we also define sn(x) = Nojln(x), so that

x — 3logby

S X
Py In(x) = ?\’]ETI), XN = anNo. 9.1)

S N(x ) = by +
These definitions are chosen so that, for i € Gn(I),

TN — X = XN (A1 — A — In(x)). 9.2)

Note that sy(x) = by + Ox(loglog N/+/log N), where O, indicates that the implicit
constant depends on x.

Proposition 9.1. For every x € R, we have

y+—In(x)
lim XN/ Ein((yy+En(x))) dy = Are™™. (9.3)

N—o0

Moreover, there exist Cy, Ny > 0 such that for all N > Ny,

sup  ANEiLn((,y +n(x))) < CylogN. (94)
yely—y+—In(x)]

Proof. Throughout the proof, x is fixed, and we abbreviate sy = sy(x) and /x5 = {n(x).
We begin with the value of g; at sy. Recall that F(by) = logN, F/(by) = ay, and
F"" =1/32. Taylor’s theorem then gives

9 1
F(sy) =logN +x — glong+6—4<

— 21oe by 2
M) zlogN—I—X—glong—i—O(l)/ (9.5)
anN 8

where we used ay > ¢/log N. Using Lemma 7.1(a), (9.5), and sy /by — 1, we have

g1(sn) = Klsg,l/se_F(SN)(l +0(1)) = Klbg’]e_x (14 0(1)). (9.6)
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For y € I, we set

Y(y) =c(y)/or > 1, (9.7)
and for y € [y_,y+ — {n], we set
s(y) = No(y)in = sn¥(y), 9-8)
so that
W,y +Ln) = (v y +s(y)/(Ne(y))). 9.9)
Since I C (—2,2) is compact and s(y) < C4/log N, Corollary 7.5 gives
Eun((vy+0n) = qi(sn¥(y)) (1+0(1)) (9.10)

uniformly iny € [y_,y+ — ]
Next, (9.10) and (9.6) imply that

XNEIN((y,y+4N)) < Cxngi(sn) < Cranbn, (9.11)

where we used that q; is nonincreasing and ¥ > 1. This implies (9.4), since anyby <
2log N by (1.4).

We now prove (9.3). Let dy € (0, |I|/2) be a small constant, which will be chosen
below depending only on I, and let & denote the set of y € I with dist(y,d«I) < dy. Since
Y is continuous on I and attains the value 1 only on 9., there exists ¢y > 0 such that
Y >1+coonI\U. It follows from Lemma 7.1(a) and (9.5) that

91((1+ co)s) < Ce(eolsi/6d < N= (I +o(l), 9.12)

s0 (9.10) and the monotonicity of g; imply that the contribution of I \ U to the left side of
(9.3) is bounded by CxnyN—(+e)*+o(1) _ .
Fix ¢ € 9.1. Recall that
¢ = max(ly—1, |y+]) >0, (9.13)

since I is nondegenerate. We parametrize the points of I/ near ¢ as y = ¢ — sgn(¢)t with
t € [0,dp), so that t is the distance from y to ¢, and y moves into the interior of I as f

increases. Note that 0/ ({) = —¢/ 0y, which gives
Y (¢ —sgn(d)t) =1+ (7£12| t+O(). (9.14)

We choose dy so small that the function  — ¥ (¢ — sgn(¢)t) is increasing on [0, dp), with
derivative between ||/ (207) and 2|&|/ 7.
We now change variables by setting

z=(logN)(¥(y) — 1), (9.15)
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so that s(y) = sy(1+z/logN), and dt = 07(|¢|log N)~1(1+ O(t)) dz. In the integral, ¢
ranges over [0,d) if { = y_, and over [/n,dp) if { = y+. In both cases, we let [zy, ZN)
denote the corresponding range of z. We have

0<zy <ClylogN — 0 (9.16)

and zy > clog N.
Setting w = z/log N > 0, we have

2
F(sn(1+w)) — E(sy) = Z—Z(zw+w2) +%Nw. 9.17)
By (9.5), we have s3,/64 = logN + O(y/logN). Therefore, the right side of (9.17)
equals 2z + 0(1) uniformly for z in compact sets. Further, it is at least z for all z > 0
when N is large. Combining this with Lemma 7.1(a), which shows that the ratio
q1(s)/ (k15~1/8e~F(5)) takes values in [1/2,2] for s > sy and N large, we find

lim q1(sn(1+2z/logN)) _ 71(sn(14+z/1logN))

p < 4e7F, 9.18
N—voo ‘71(5N) ‘h(SN) = ( )

where the limit is locally uniform in z > 0, and the bound holds for all z > 0 and N large.
It follows from (9.10) that the contribution of the part of I/ near ¢ to the left side of
(9.3) is
o? N g1(sn(1+2z/logN))
¢[log N Jzy 71(sN)

By (9.18) and dominated convergence, the integral converges to

(T40(1)) xng1(sn) (14+0(t)) dz. (9.19)

/ e %dz =1/2. (9.20)
0

Using (9.6) and xn = anyNoj, we find that the contribution converges to

EleN (73 0'13

P P S Pk ¢
nglo 2log N K1 me K1 E e, (9.21)
where we used that anyby/(2log N) — 1, which follows from (1.4). Summing over
¢ € 04«1, we obtain (9.3). O

Remark 9.2. The proof of Proposition 9.1 explains the form of the centering in Theorem 1.1.
Heuristically, the integral of E; x((y,y + £)) over y is the expected value of Y ;(Aj11 —
Ai — )4, so the expected number of gaps longer than ¢ is minus its derivative in ¢. With
¢ = s/(Noy), the proof shows that the integral is approximately g1 (s)o?/(2|¢|log N) for
each ¢ € 0,1, and differentiating g (s) ~ x5~ /8¢~ F(5) produces a factor F'(s) ~ s/32. So
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the expected number of gaps longer than s/ (Noy) is of order Nsq;(s)/log N, which is of
order Ngq(s)/s since s?> ~ 64log N. This number is of order one when Ng;(s) ~ s ~ by,
or equivalently when F(s) ~ log N — (9/8) log by. The linear term s/8 in F, which comes
from the term Ft/2 in (1.14), produces the constant —4 in (1.10). By contrast, for the
GUE the corresponding exponent s> /32 has no linear term.



SECTION 10

Factorial moments and the proof of Theorem 1.1

In this section, we complete the proofs of Theorem 1.1 and Corollary 1.2. We follow the
approach of Feng and Wei [21], who reduced the Poisson convergence to the convergence
of the moments in (10.1) below; we state and prove this reduction as Lemma A.1 in
Appendix A. The new input is the use of the estimates for several intervals from Section 8
in place of the negative association of determinantal processes used in [21].

10.1 The positive-part moments

Fix k > 1and x = (x1,..., %) € RK, and set ¢; = In(x;), with £y (x) as in (9.1). We work
with N sufficiently large that 0 < ¢; < |I| for every j. We define

MN/k(x)zlE ) H TN — X)) (10.1)
LAkEGN(I) =

dlstmct
where we write (f)+ = max(t,0). For a realization of the eigenvalues, we let )y denote
the setof y = (y1,...,yx) € H}‘:l[y_,er — /] for which there exist distinct iy, ..., i €
Gn(I) such that
[y],y] + 6]] C ()\i]., Ai]-—l—l)/ 1< ] < k. (10.2)
Lemma 10.1. We have
My (%) = 1% / P(y € Vy)dy. (10.3)
ITily—y+—4j]
Proof. Consider a gap (A, Aj11) and ¢ > 0. The set of y such that [y, + ¢] C (A;, Aitq)
is an interval of length (A1 —A; —¢)1. When i € Gn(I), this interval is a subset of
ly—,y+ —{]. Given y € Yy, the indices iy, ..., i in (10.2) are determined by y, since the
gaps are disjoint. Therefore, )y is the disjoint union, over ordered k-tuples of distinct
indices in Gn(I), of products of such intervals, and

Inl= ) H — A=), (10.4)
Lik€Gn(I) j=

dlstmct

By (9.2), the right side equals Xﬁk times the sum in (10.1). Taking expectations and using
Fubini’s theorem, we obtain (10.3). O
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Note that the event {y € Yy} implies that the set U;(y;, y; + ¢;) contains no eigenvalue.
The converse holds when the intervals are separated, provided that every interval of
moderate length in I contains an eigenvalue. To make this precise, we set

and we let Ry denote the event that every closed interval B C I with |B| > #y contains
an eigenvalue of Hy.

Lemma 10.2. For every D > 0, there exists Ny > 0 such that P(RS;) < NP for N > Np,.

Proof. Let v > 0 be a parameter, which will be chosen at the end of the proof. Let § > 0
be such that I C [-2+ 6,2 — J], and set s = v /log N. We define

B = [y— +myn/2,y— + (m+1)yn/2] (10.6)

for the integers m > 0 with B,, C I; there are at most 2|I|N'/3 of them. Every closed
interval B C I with |B| > 5y contains one of the By,.

Let y denote the left endpoint of B,. Since s/(No(y)) < nn/2 for N > Ny, the
interval (y,y +s/(No(y))) contains no eigenvalue whenever B,, contains none. Using
Corollary 7.5 and Lemma 7.1(a), we find that the hole probability of this interval is
bounded by

2q1(s) < Ce F) < CN—T/64, (10.7)
A union bound over m gives P(RS;) < CNY/ 3-7%/64 and we choose 7 so that 72/64 >
D+1. O]

Remark 10.3. Lemma 10.2 also follows from the rigidity of eigenvalues proved in [18,
Theorem 2.2], after a rescaling of the GOE by the factor (1 +1/N)~!/2 that makes the
row sums of the variance matrix equal to one. However, the argument above requires
only the one-interval estimate.

Proposition 10.4. For every k > 1 and x € R¥, we have

1\1]13(130 My k(x) = ]liAle_xf. (10.8)
Proof. We define
Hi(y) = Ein((yy+¢)),  H(y) = El,N( Lle(yj,yj + 5;‘))- (10.9)
j=
By Proposition 9.1, we have
lim 7y /y el Hi(y)dy = Aje ™, sup  xnHi(y) <ClogN.  (10.10)

YEly—y+—14j]
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Here, and for the rest of this proof, the constants C may depend on k, x, and I. Let Sy
denote the set of y € [];[y—, y+ — ¢;] such that

lyi—yil > 4N (I #J), yi—y- > 4N, y+ — (yj +4;) > 4N, (10.11)

and let S§; denote its complement in [;[y—, y+ — ¢;]. We may assume that ¢; < 57y for all
j, since £; < Cy/log N/N.

We first bound the integral of the product of the H; over §§;.. The set Sj; is covered
by the sets where |y; — y;| < 47y for some i # j, and the sets where y; lies within 41y
of y_ or of y; — ¢; for some j. To bound the integral over the set where |y; — y;| <
4nn, we integrate first in y;, bound H; by its supremum, and integrate the remaining
factors over their full ranges. Using (10.10), we see that the contribution of this set to
x5 S5 [1; H;(y;) dy is bounded by Cryy log N. The boundary sets are treated in the same
way. Summing these contributions, we have

k
N /S [ [#(y;)dy < CynlogN. (10.12)
N j=1

We now prove the upper bound in (10.8). Suppose first that two of the intervals
[yj, yj+ 6]-] intersect. Then they cannot be contained in two disjoint gaps, so P(y € Vn) =
0. Otherwise, we have

P(y € In) < H(y), (10.13)

and the intervals (y;, y; + ¢;) have disjoint closures and lie in I. Set
L=N) {; <Cy/logN. (10.14)
j

By (8.22), we have
H(y) < CeSVIENTT H;(y)). (10.15)
j

When moreover y € Sy, the intervals are separated by at least 37y > N~1/2, and (8.23)
gives

H(y) = (1+ O(e“VIENNTVINTT H,(y)). (10.16)
j

Inserting these bounds into (10.3) and using (10.12), we find

¢

Mpyi(x) < (1+ O(eC\/@N—lﬂ)) ﬁ <XN /y+

H]-> +CeCVEN log N. (10.17)
j=1 -

By (10.10), the right side converges to [T; Aje™ .
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To prove the lower bound, suppose that y € Sy, that the set U;(y;, y; + ¢;) contains
no eigenvalue, and that Ry holds. We order the intervals from left to right. The interval
between y_ and the first prescribed interval, the intervals between consecutive prescribed
intervals, and the interval between the last prescribed interval and y all have length at
least 377 and lie in I, so each contains an eigenvalue. Further, the points y; and y; + ¢;
are almost surely not eigenvalues. Hence each prescribed interval [y;, y; + ;] is contained
in a gap (A, Ait1) with Aj, Aj1q € I, and different prescribed intervals belong to different
gaps. This shows that y € Vy, and therefore

P(y € Yn) =2 H(y) —P(Ry),  y€ SN (10.18)
Using (10.3), (8.23), Lemma 10.2 with D = k41, and xny < CN,/log N, we have

k
Myx(x) > (1 —O(ec\/logNN_l/‘l))xlf\,/S T[T H;(yj) dy — C(N/Tog N)*N—51. (10.19)
N =1

Finally, (10.12) implies that x%; times the difference between the integrals of [T H;(y))
over Sy and over [];[y—,y+ — ¢;] is o(1). By (10.10), the latter integral, multiplied by x5,
converges to []; Aje” . This completes the proof. O

10.2 Proofs of the main results

Proof of Theorem 1.1. Proposition 10.4 shows that the point processes Xy satisfy the hy-
pothesis of Lemma A.1 with A = A;. Hence Theorem 1.1 follows from Lemma A.1. [

Proof of Corollary 1.2. For x € R, let X'N((x,00)) denote the number of i € Gy (I) with
T;N > x. Then

{tiy < x}={An((x,0)) <k—1}, (10.20)

with the convention that Tkil Ny = —if [Gn(I)| < k. By Theorem 1.1, X'n((x, o)) converges
in distribution to a Poisson random variable with mean Aje™*, which gives (1.8). Taking
k =1, we obtain (1.9).

We now prove (1.10). Let Ey = {Gn(I) # @}. By (1.8) with k = 1, we have
limsupy_,P(Ex) < exp(—Aje™ ) for every x € R. Letting x — —oco shows that
P(En) — 1. Let Ty equal Tli, y on &y and 0 on its complement. Then (1.9) implies that
71 N is tight. On &£y, the definition (1.7) gives

Noymy N = by + a&l (%1,1\] — (9/8) log bN) . (10.21)
From (1.4), we have

by = 8y/logN — 4+ O((logN)~'/2),

1 4 4
— = = O((log N)~3/2),
an  /logN+1/4 \/logN+ ((log N)™)

(10.22)
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and log by = (1/2) loglog N +log 8 4 0(1). Inserting these expansions on £y and using
P(En) — 1, we obtain (1.10). N

Proof of the claims in Remark 1.4. Given a real symmetric N x N matrix M with eigenval-
ues p1 < --- < puy,asetl’ CR,and k > 1, we let Ty(M; I') denote the k-th largest of the
gaps pir1 — y; with y; € I', with Ti(M; I') = 0 if there are fewer than k such gaps. We
also set

:L'\k(M,' I/) = ﬂN(N(T[ Tk(M,' 1/) - bN) + glong, (1023)

so that the quantity Ty 5 in Remark 1.4 is 7, (Wy; I). Throughout the proof, we fix k > 1,
and we let F(x) denote the right side of (1.8).
We first compare Wy with a Gaussian matrix. Set

Oy = (1+1/N)~1/2 (10.24)

and Gy = OyHy. The entries (GN)ij, i < j, are independent centered Gaussian random

variables with variance (1+ 1,—;)/(N + 1). Hence every row of the variance matrix of

Gy sums to 1, and Gy is the GOE matrix in the normalization of [33, Definition 1.1].
Let ® € C®(R), and set v = N/,/log N and

SN(t) = CD((ZNU'I\/IOng—IZNbN—f-glong>, t € R, (10.25)
so that
Q(Ti(M; 1)) = Sn(v Te(M; 1)). (10.26)

The derivatives of Sy of order at most five are bounded by C(logN)® since
anory/log N < Clog N. Using [33, Corollary 1.6], whose error term involves derivatives
of the test function of order at most five, we find

[ED (T (Wn; 1)) — E®(Ti(Gn; 1)) | < CN“(log N)°. (10.27)

Next, we show that P(%(Gy; I) < x) — Fy(x) forall x € R. Set Iy = 65'I. The matrix
Gy has eigenvalues Oy, so Ty (Gn; I) = OnTi(Hy; Iy). Fix x € R and 1 > 0. By (10.23)
and (9.1), the events {7 (Gn; I) > x} and {Tx(Hn; In) > ¢n(x)/0N} coincide for N large.
Note that £ (x +17) — £n(x) = 11/ xn is much larger than £y (x) (85, —1) < Cy/log N/N2.
Hence, for N large, we have

EN(X) < KN(JC)/QN < EN(X—FU), (10.28)
and therefore

P (T (Hn; In) > x+1) < P(T(Gn; 1) > x) <P (T (Hn; In) > x). (10.29)
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It remains to compare T (Hy; Iy) with TkiN' Let x’ € R. The events {7 (Hy; In) > x'}

and {T,;L N > X'} can differ only if there exists a gap (A;, Aj+1) of length at least £y (x')
such that exactly one of the conditions A; € Iy and i € Gy(I) holds. The closure of such
a gap contains a point within distance 2/N of y_ or of y, since |9K]1yi —y+| <2/N. A
gap of length at least /5(x") whose closure contains a point within distance 2/N of v+
contains one of the intervals

(yi_KN(x’) +£’ yi_g)’

In(x!
2 N N g )_g)

2
(]/ﬁ: + vt 5): (10.30)

These four intervals lie in [—2 + J,2 — 4] for some § > 0 depending on I. Fur-
ther, o(y) > o7 — Cly(x') on them, so each has the form (y,y +s/(No(y))) with
s > sn(x')/2 — C, where we recall that

sn(x') = Nopln(x). (10.31)

Using Corollary 7.5, Lemma 7.1(a), and the monotonicity of q;, we see that the probability
that one of them contains no eigenvalue is bounded by Cqy(sy(x')/2 — C) < N~1/4+e(1),
Therefore,

P(T(Hn; In) > %) = P(tpy > x')| < N7H/4+0l) (1032)
for every fixed x’. Inserting this with ' = x and x’ = x + 7 into (10.29) and using (1.8),
we find that every limit point of IP(7(Gy; I) < x) belongs to [F(x), Fx(x + 7)]. Letting
1 | 0 and using the continuity of F;, we have

I[)(:C\k(GN,' I) < x) — Fk(x). (1033)
Since Fy is the distribution function of a probability measure on IR, it follows that
E®(%,(Gn; 1)) — / D dF, (10.34)

for all ® € CP(R). Then (10.27) implies that the same holds for Wy in place of Gy.
Convergence of E® for all ® € C°(RR) to the integral against a probability measure
implies convergence in distribution, so

P(T(Wn; I) < x) — Fe(x) (10.35)

for all x € R. O



APPENDIX A

A criterion for Poisson convergence

In this appendix, we prove the criterion used in the proof of Theorem 1.1. It is a variant
of [21, Lemma 1], where the conclusion is stated for half-lines.

Lemma A.1. Let A > 0, and for each N, let Xy = Y ;c1,, Ox,  be a point process on R with an
almost surely finite index set Ty. Suppose that for every k > 1 and x = (x1,...,x;) € R¥,

lim E ) H N—¥), =[]Ae. (A1)
N g€y j=1 j=1
dzstmct

Let Aq,...,Am C R be disjoint intervals, each of the form (a,b] with a < b or (a,00). Then
(XN(A1),..., AN(Am)) converges in distribution to a vector of independent Poisson random
variables with means A f A e *dx, 1 <1 < m. Consequently, Xy converges in distribution to
PPP(Ae~* dx) with respect to the vague topology.

Proof. For x € R¥, we define

k
Inx)=E ) Hl{Xi].,N > X}, f(x) = Ae ™. (A.2)

i1,k €IN ]':1
distinct

We first show that Zy(x) — IT; f(x;). Given h > 0 and x € R, we set

uen(H) = ((E= %) = (E=x—h)y), (A.3)

so that
1{t > x +h} <uyp(t) < 1{t > x}. (A.4)

Expanding the product [7]; ij,h(Xi]-,N) into 2F terms and applying (A.1) to each of
them, we find

k N -+ h
lm E Y Hux] =TI~ S i(x] ) (A5)
distinct j=1 j=1
Combining this with (A.4), we find
k _h) — ) k +h
limsup Ty (x) < T 2[ SO limine Ty (0 > T2 i(xf ) (a6)
N—oo j=1 N—roo =1
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where in the first bound we used (A.4) with x; — h in place of x;. Letting h | 0, we
conclude that

(0 =TT~ () = [T/ (x). (A7)
) )
Next, let ky, ...,k > 0. We define the falling factorial by
(ng=nn—1)---(n—k+1). (A.8)

Since the intervals A; are disjoint, [E];(Xn(A;))y, is the expected number of families
of distinct indices (i;,,)1<1<m,1<p<k, With X, N € A for all / and p. To compute this
expectation, we write

1{t € (a,b]} = 1{t > a} — 1{t > b} (A9)

and
1{t € (a,00)} = 1{t > a}, (A.10)

and we expand the product of these indicators. This expresses E[];(An(A;))x, as a
finite linear combination of the quantities Zy(x), with x having coordinates among the
endpoints of the A;. Using the first part of the proof, we have

m

lim Eﬁ(XN(Al))kl =11 <A/

k
e dx) l, (A.11)
N—o0 =1 A

which is the corresponding factorial moment of the claimed Poisson vector. The method
of moments then gives the convergence in distribution of (Xx(A1),..., Xn(An)), since
a vector of independent Poisson random variables is determined by its moments, and
moments are finite linear combinations of factorial moments.

Finally, let X be a Poisson point process on R with intensity Ae™* dx. It is simple
and has a nonatomic intensity measure. The convergence of count vectors proved above
implies that X (B) converges in distribution to X'(B) for every finite union B of disjoint
bounded intervals of the form (a, b]. This implies local tightness of the counts, conver-
gence of the void probabilities, and convergence of the probabilities of at least two points.
The one-dimensional version of Kallenberg’s criterion [30], as stated in [4, Theorem 2.2]
for point processes on IR?, therefore gives the convergence in distribution of Xy to X
with respect to the vague topology. Intervals of other types are handled by approximation
using the expected-count limits above, since the limiting intensity has no atoms; see also
[4, Proposition 2.1] for the same deduction. This completes the proof. O
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