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Abstract

We construct vertex operator algebras realizing an infinite family of twisted, nonunitary
Haagerup—Izumi doubles. For every odd integer N > 3, we construct a spherical fusion
category Fn with the Haagerup—Izumi fusion rules for Z/NZ and pointed associator of
exact order IV, and realize its Drinfeld center as the ribbon category of modules of an explicit
vertex operator algebra #;y. The construction begins with a uniform family of strongly
rational Virasoro extensions, whose irreducible modules and theta-function characters we
determine. A simple-current extension involving a conformally shifted F; lattice vertex
operator algebra removes the additional semion factor. The resulting ¥ is simple, regular,
self-contragredient, and Cy-cofinite, with central charge —6N? — 10, effective central charge
eight, and N2+ 3 irreducible modules with explicit characters. Its weight-zero subspace has
dimension 56, so it is not of CFT type; we establish modularity and the ribbon equivalence
directly. The uniform rationality argument combines singular-vector recurrences, a 2-adic
finiteness obstruction, and hypergeometric control of the Zhu algebra.

1 Introduction

The realization of Haagerup—Izumi doubles by vertex operator algebras is part of the broader
problem of realizing modular tensor categories by rational conformal field theories. The first
author and Gannon [33] introduced families of twisted Haagerup—Izumi modular data and
studied their possible VOA realizations. In this paper, we construct vertex operator algebras
realizing an infinite family of these twisted nonunitary doubles, with a ribbon equivalence
identifying the representation categories.

Recent work has also advanced the realization problem for untwisted doubles. Gannon,
Schopieray and Yadav [29] construct Haagerup—Izumi fusion categories for every odd cyclic
group and determine the modular data of their centers. Lattice constructions for the untwisted
Haagerup double at central charge eight appear in work of the second author [2] and T.-C.
Huang [3]. Huang [4] also constructs a unitary strongly rational VOA realizing the positive
order-five Haagerup—Izumi double inside V,g4,.

Our starting point is the diagonal Virasoro construction of the first author [1]. It was
motivated by the S-fold theories of Gang and Kim [5] and the boundary characters proposed
by Gang, Kim and Lee [6]; its theta-function characters are also related to Flohr’s earlier work
on two-generator W-algebras [7]. For odd n > 3, the underlying Virasoro module is

V =Vya =LA —6n,nj(j + 1)), (1.1)
Jj=>0

where L(c, h) denotes the simple Virasoro module of central charge ¢ and lowest weight h.
The multiplication is the canonical diagonal multiplication of [1, Theorem 3.2], recalled in
Section 2.1. The first author established strong rationality and identified the twisted center
factor at n =9, and formulated the uniform extension of these results in [1, Conjecture 11.1].


https://hexagonmath.org/abs/2610.00490v1

We establish the structure of this family for every odd n > 3. In particular, we prove strong
rationality, classify the irreducible modules and determine their characters. If J denotes the
order-two simple current, write

Sn = (J), D,, = Centgrep(v,,5)(J), m=n+4.
There is a ribbon factorization
Rep(Vpi2) ~ S, XD, (1.2)

where §,, is a semion category with d(J) = —1. A lattice extension of V,,;o determines a
connected étale algebra in D,,, whose module category has near-group fusion rules. For n = N2,
a further condensation constructs a spherical fusion category Fy with Haagerup—Izumi fusion
rules and gives a ribbon equivalence Dy2 ~ Z(Fy). More generally, D,, is a Drinfeld center
exactly when n is a square.

The remaining step is to realize Dpe itself by a VOA. We use a simple-current extension
to cancel the semion factor in (1.2), following the reconstruction method of Gannon and the
second author [34, Theorem 2.3]. The spherical structure is essential: the auxiliary semion
must have the braiding and twist compatible with the negative dimension of J. A minuscule
conformal shift of the F; lattice VOA provides the required inverse ribbon factor and integral
extension weights. This gives the following main result.

Theorem 1.1 (Twisted-center realization). Let N > 3 be odd and put n = N%. Let K = Fx,
let u€ K*\ K be a minuscule weight with u*> = 3/2, and set

W = (Vi,wk +u(-2)1), M = (Vkju,wi + u(—2)1).
In the second expression the conformal vector acts on the lattice module. Then
In = (V2o @W) @ (J @ M) (1.3)

admits a simple, regular, Co-cofinite VOA extension structure, unique up to an isomorphism
fizing V2o @ W. 1t is self-contragredient and nonnegatively integer graded, and

Rep(¥v) =~ Z(Fyn),  [Tre(¥w)| = N? +3,
o(¥n)=—6N?—-10,  dim(¥y)o = 56, (1.4)
N?+43
hoin (V) = — T cei (V) = 8.

The equivalence is ribbon. The category Fn is the category constructed in Section 6, with
fusion rules
GOty = Qgry, PUa=0_ap, p°=1& P aap.
a€Z/N

Its noninvertible spherical dimension and pointed associator are

d(p) = N —VN?+4
p27r;c a—l—b2 | (15)
QN(a,b,c):exp<N{ ~ J), 0<a,bc<N.

The class [Qn] has exact order N, also for composite N.

The proof is completed in Section 13.4 (p. 59). The construction and uniqueness of the VOA
are proved in Proposition 11.1; self-contragredience and modularity in Propositions 11.2-11.3;
and the ribbon equivalence and complete module list in Proposition 11.4. The category Fn and



its associator are constructed in Sections 6.6-6.8, and the numerical invariants are calculated
in Section 13.3.

Here twisted refers to the associator on the pointed subcategory of Fn. The category Fn
is constructed by condensation, so the equivalence in (1.4) identifies the ribbon categories,
including their associativity data. Its comparison with the notation D'Hgy of [33] is stated
at the level of modular data. The VOAs ¥ are nonnegatively graded and regular, with a
56-dimensional weight-zero space. Sections 10-13 establish their modularity, give an explicit
conformal embedding into a deformed rank-eight lattice VOA and determine all their characters.

The diagonal Virasoro family

The uniform analysis of V,, o also gives results at nonsquare parameters. Its rank-one lattice
extension has the form U = V @& X, where X is a second simple module of lowest weight
zero. The corresponding algebra A = 1 & X lies in D,,. Passing to A-modules relates the
representation theory of V' to near-group categories and gives the following reconstruction
theorem.

Theorem 1.2. For every odd n > 3, the following statements hold.

(i) The simple V -modules are ezactly those in Theorem 9.2. They are self-contragredient and
have one-dimensional lowest spaces. In particular,

rank Rep(V,42) = 2n + 6, rank D,, = n + 3.
Their modular matrices are given by (8.1), (8.2) and (8.22). The data of Dy, are Galois
conjugate to the cyclic factor Dy, of [25].

(ii) Every simple VOA extension structure on V @& X is isomorphic to the lattice extension by
an isomorphism restricting to the identity on V.

(iii) The algebra A is connected étale. The spherical fusion category Ny, = (Dy)a has simple
objects g € Z/n and R, with
gR = Rg =R, R* =R, R*= P gonR. (1.6)
gEZ/n
There is a braided equivalence
Z(Np) =Dy RPEY, Py =C(Z/n,q(x) = 7/, (1.7)
(iv) If n = N2, there is a spherical fusion category Fy with simple objects aq, cup, a € Z/N,
and fusion rules

Oy = Ay, Pla=0_ap, p =18 P aap. (1.8)
a€Z/N

Its noninvertible spherical dimension is d(p) = (N — VN? +4)/2. With the tensor
convention of Section 2.3, its pointed subcategory is Vec%} N where

.
wl(a,b,c):exp<7TNZC V;bD 0<a,b,c<N. (1.9)

The class [w1] has order N, and
DNQ ~ Z(.FN), Rep(VN2+2) ~ SNQ X Z(J—"N) (110)

as ribbon categories. The center data are Galois conjugate to D'Hgy by the automorphism
in (8.21). More generally, Dy, is a Drinfeld center if and only if n is a square.

The proof of all four parts is assembled in Section 9.5 (p. 49). Part (i) follows from
Sections 7-9; part (ii) is proved in Section 6.10; and parts (iii)—(iv) are proved in Section 6,
with the Galois comparison in Section 8.7. All these arguments use the foundational properties
proved in Theorem 5.10.



Outline of the proof

The foundational properties of the diagonal family are collected in Theorem 5.10 and proved
in Sections 3-5. The level-nine singular vector of the primary generator yields recurrences
in the Cy-algebra. A uniform 2-adic obstruction proves that these recurrences force finite
dimensionality. The deformed lattice construction supplies the extension V @ X and the
simple current J. Relations from the level-four singular vector of J restrict the lowest weights
and control extensions between modules; projectivity of the vacuum then gives rationality.
Appendices B-C provide an alternative rationality proof through an explicit hypergeometric
description of the Zhu equation.

To complete the module classification, we use the near-group category of A-modules. Each
simple module not already supplied by lattice branching induces to a multiple b; R of its unique
noninvertible simple object. A bound from the Zhu bimodule of X forces b; = 1, determining
the rank. Galois symmetry and a theta-character identity recover the remaining modular
block, and modular forms of weight 1/2 determine the characters. At square parameters,
condensation then gives the Haagerup—Izumi fusion rules and the pointed associator of exact
order V.

The construction of ¥ pairs J with the nontrivial module of the shifted E7 lattice VOA.
The diagonal simple-current extension removes the semion while preserving the required
ribbon structure. The conformal shift contributes —11 to the central charge, and the lattice
construction determines the remaining invariants and the character formulas.

Organization

Section 2 recalls the diagonal construction and fixes notation. Sections 3-5 prove Cs-cofiniteness,
establish the lattice realization and prove rationality. Section 6 constructs the near-group and
twisted Haagerup—Izumi categories. Sections 7-9 classify the simple modules and determine
the modular data and characters, completing Theorem 1.2 in Section 9.5. Sections 10-13
construct ¥, its lattice parent and its characters, completing Theorem 1.1 in Section 13.4.
Section 14 discusses CFT type and the relation to the untwisted unitary problem. Appendix A
records the singular-vector coefficients; Appendices B—C give the alternative hypergeometric
proof and its gauge coefficients.

AT disclosure

Both authors used ChatGPT for proof exploration, symbolic calculations, organization and
drafting. The text includes Al-assisted mathematical arguments. Responsibility for the
mathematical content and conclusions remains with the authors.
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2 The diagonal Virasoro family

2.1 The diagonal construction

Recall the first author’s construction [1, Theorem 3.2] so that (1.1) specifies an algebra rather
than only a character. Choose t > 1 with ¢t +¢~! = n 4+ 2. This number is irrational. At
c=13—-6(t+t"1)=1-6n, set

b - (rt — )% — (t — 1)2
s T 4t N

The category of C-cofinite Virasoro modules at this generic central charge is semisimple and
rigid, with simple modules L(c, h,s) for r,s > 0 [17]. Its two subcategories generated by the
odd r labels L(c, hy 1) and the odd s labels L(c, h1s) centralize each other. Indeed,

Prs —hpgt —hi1s=—3(r—1)(s—1) € 2Z

for odd r, s, and L(c, hy1) W L(c, h1s) = L(c, hys).

The first subcategory is the generic integer-spin category SO(3), with q% = e?™*: the second
has parameter ¢2 = 2™/t = g=2. Thus the second is braid-reversed equivalent to the first,
taking label r to label . The generic type-A; braiding and fusion rules give this equivalence,
including the twists; on a diagonal label, h, 1 + hi1, € Z. The canonical diagonal algebra in
the product of a rigid category with its braid reverse has underlying object

@ L(c,hr1)" B L(c,h1y) = @L(c, nj(j+1)).
r>0 odd 7>0

Its multiplication is obtained by pairing dual bases of the fusion spaces; it is nonzero in every
allowed channel. The gluing construction and its direct-limit extension theorem identify it
with a VOA extension [18, 24]. It is Z>¢-graded with finite-dimensional graded pieces and
weight-zero space C1, so the VOA-extension correspondence applies.

This VOA is simple. An ideal is a Virasoro submodule, hence a sum of diagonal simple
summands. Multiplying a nonzero summand by its dual reaches the vacuum because the
corresponding pairing is nonzero. Thus every nonzero ideal contains the unit. Let W span
the top of the j = 1 summand, of weight 2n. Fusion with this summand reaches j 4+ 1 from
7, so T, W generate the VOA. The singular WW OPE has weights at most 4n — 1, below
the next diagonal primary of weight 6n. It therefore consists of descendants of the vacuum
and W; closure of these generator OPEs proves strong generation. Finally V73 = 0, so the
invariant-form criterion for a simple CFT-type VOA [8] makes V self-contragredient.

2.2 Notation

Write M (c, h) for a Virasoro Verma module and L(c, h) for its simple quotient. Vertex modes
use Y(a,2) =3 ez amz ™Y, Ly, = Trnq1, D = L_q, and o(a) = ywi(a)—1- In particular

Cy(V) = span{a_9b: a,b € V}, C1(M) = span{a_1m : wt(a) > 0}.

An ordinary module has diagonalizable Lg, finite-dimensional weight spaces, and weights
bounded below. Generalized modules allow finite Jordan blocks. CFT type means V; = 0 for
j < 0 and Vy = C1. Regularity means that every weak module is a direct sum of ordinary
irreducible modules. Strong rationality means simplicity, CFT type, self-contragredience, Cs-
cofiniteness, and rationality. A ribbon equivalence is a braided tensor equivalence preserving
the twist. For a spherical fusion category F, Z(F) denotes its Drinfeld center with the induced
ribbon structure. We reserve ¥y for the final realizing VOA, write V = V.o for the diagonal
Virasoro extension, and use V7, for the lattice VOA associated to an even positive-definite



lattice L. The symbols FPdim and d denote Frobenius—Perron and spherical dimensions; the
latter may be negative. The rank of a fusion category is its number of simple isomorphism
classes. The centralizer of J consists of objects whose double braiding with J is the identity.
The symbol X denotes a VOA fusion product or a Deligne product as its arguments dictate.
All categories are over C. The letter W denotes the primary generator of V'; the shifted Er
lattice VOA used in Sections 10-14 is denoted by W.

For a commutative algebra A in a braided category, an A-module is local if its action is
unchanged by double braiding with A. Write D4 for all A-modules and D¢ for the local ones.
An algebra is connected étale if Hom(1, A) = C and its multiplication has an A-bimodule
section. Passing to A-modules is the condensation used below.

2.3 Tensor convention

For a commutative algebra A in a braided category D, D4 means right modules with left
action on M obtained from ¢y} 4 : A® M — M ® A. This is the convention of [12, Section
3.3]. For an algebra B in a center Z (N), the quotient Repy(B) uses its specified central
half-braiding B® M — M ® B to define the left action. These two conventions agree under
the condensation-in-stages identification used below. Using the opposite convention changes
the displayed pointed cocycle to its inverse.

3 Uniform Cs-cofiniteness

The generator W has weight 2n and belongs to the Virasoro module L(1 — 6n,hs3). Its
level-nine null vector gives a differential equation for the image of Y/ (W, z)W at a point of the
Cs-algebra. A nonzero point would produce a polynomial solution; a 2-adic recurrence rules
out such a solution.

Theorem 3.1. For every positive odd n, the diagonal algebra Vi, o is Co-cofinite. If n > 5,
then its Ca-algebra R, generated by t = [T and w = [W], satisfies

g2t — gty — 0, dim R,, < 3n + 8.

Its Zhu algebra is finite-dimensional and commutative, so every irreducible module has a
one-dimensional lowest space.

The Zhu assertion follows from strong generation by T, W, centrality of [T], and the
surjection R, — gr A(V'). The coefficients of the normalized level-nine singular vector and its
differential recurrence are recorded in Appendix A.

3.1 The differential equation at a Cs-point

Strong generation gives a surjection C[t, w| — R,,. Since the weight-4n space lies below the
next Virasoro highest weight, reduction of W _)IV gives

w? = At*™ + Bt"w (3.1)

for scalars A, B. At any point of Spec R,, with ¢ = 0, equation (3.1) gives w = 0. Thus a
nonzero point must have ¢ # 0. By the grading action it can be normalized to ¢t = 1.
Suppose such a point exists, and let £ : V10 — R, — C be its evaluation functional. Then

KL_Q = €, éL_l = 0, gL_r =0 (7“ > 3).

Set F(z) = (Y (W, z)W). Every positive power of z has coefficient in Cy(V'), and odd-weight
classes vanish because R, is generated in even weights. Hence

F(z)€Clz7?, F()=vz 4. ... 4uw? v#£0. (3.2)



The nonzero leading coefficient is the nonzero vacuum pairing of the W summand.
For a descendant of the inserted field, the Virasoro Ward identities and the displayed

properties of £ give

Dl = 827

Dy =80+ (1) 2((r — D)hz™" = 2779,), r> 2.
These formulas also hold when the inserted vector is already a descendant. They follow
by normal ordering: only L_s survives on the left, while Ly and L_; are the only nonzero
nonnegative-side modes on the right highest-weight vector.

Let s33 = Y yrgca(n)L_xW be the level-nine singular vector, normalized by caoy = L
Define P;j(e,n) by
4
Z ex(n)Dy, -+ Dy, 2% = Z Pj(e,n)z¢" 9%, (3.3)
A9 j=0
The coefficients are listed in Appendix A. Commuting each L,,, 1 < m < 9, to the right gives
Ly,s33 =0 as a polynomial identity in n. Since this singular vector vanishes in L(c, 2n),

4
L,F =0, Ly =Y z""P;(20.,n). (3.4)
j=0

In particular,
Py(e,n) = 256en(n + 4).
With z = 272 and © = 20,, multiplication of (3.4) by z gives the polynomial-coefficient
operator
4
Ap=>a'Rj(®,n),  Rj(k,n)=Py_j(—2k,n). (3.5)
§=0

Thus (3.2) would be a nonzero polynomial in the kernel of A,.

3.2 The 2-adic obstruction

Write D = n(n + 4). The diagonal coefficient is
Ro(k,n) = —512Dk.

Since D # 0, a nonzero formal power-series solution at = 0 must have nonzero constant term
and is uniquely determined by that term. Normalize it as

Clx) =Y Caz®, Co=1.

a>0
The coefficients are rational and satisfy

min(4,a)
512D Cy = Y Rj(a—j,n)Ca_j. (3.6)
j=1

Lemma 3.2 (Integer divisibilities). For odd n and integral k,
512 | Ri(k,n), 256 | Ro(k,n), 128 | Rs(k,n).

If 4 | k, then 512 | Ro(k,n). Furthermore

Ry(k,n) = —32(k+n)(n—k)(2n — k)A(k,n)B(k,n)C(k,n),

A(k,n) = 4k* + 4k — 4n® — 16n + 1,

B(k,n) = k* — kn + 4k — 2n® — 11n + 4,

C(k,n) = 4k* — 12kn + 4k 4+ 8n? — 10n + 1.
Each of A, B,C is odd for odd n and integral k.



Proof. The recurrence polynomials obtained from (3.3) have contents 512, 256, 128, 64, 32 for

Ry, ..., Ry, respectively. For odd n, their primitive parts give
Ry . Ry . Rs _ 14
256_k(k+1), 128_k(k+1), 64_k +k  (mod 2).

All three expressions vanish at every integral k. Direct substitution k = 4v into Rs gives the
additional divisibility by 512. The factorization of R4 is an exact polynomial identity. The
parity assertions follow immediately, including B = k> —k —1 =1 (mod 2).

These divisibilities can be verified by expansion after n = 2u+1 and k = 2v+7r (or k = 4v):
coefficient divisibility in Z[u,v] gives the assertions on every residue class. This is a finite
polynomial identity check, independent of any specialization of n. ]

Let K = Qq(m), 72 = 2, and let O = Zs[r] be its valuation ring. Its residue field is Fs.
Define
by, = m™alC,.

Equation (3.6) becomes

min(4,a) j . .
m™a—1)---(a—j+1)Rj(a—j,n)
bo = qj (CL, n)ba*jv 4; = ’
st 512D

(3.7)

The empty product for j = 1 is 1. Since n is odd, D is a unit.
Lemma 3.3. Every coefficient gj(a,n) in (3.7) lies in O. Moreover:

1. q1,q3 € 7O for every applicable a;

2. q2 € 71O unless 4 | a;

3. qu=1 (mod 7) if4 | a, and g4 =0 (mod 7) otherwise.
Proof. The ¢, assertion follows from 512 | R;. For g3, use 128 | R3 and the even factor in
(a — 1)(a — 2): the resulting valuation is at least that of .

For ¢o = (a — 1)Ra(a — 2,n)/(256D), integrality follows from 256 | Ry. If a is odd, a — 1 is
even. If a =2 (mod 4), then a —2 =0 (mod 4), giving the extra factor of 2 in Lemma 3.2.

For g4, the exact factorization gives the following lower bounds, with equality in the first
row. Here v3(2) = 1:

a mod 4 ‘ va(Ry(a —4,n)) ‘ va((a—1)(a —2)(a —3)) ‘ v2(q4)

0 6 1 0
2 > 7 > 2 > 2
1,3 > 8 >3 >4

For instance, in the first row a — 4 is divisible by 4, the factors £ + n and n — k are odd, and
va(2n — k) = 1. A unit has residue 1 in Fy. Zero factors only increase the lower bounds. [

Proposition 3.4. For every positive odd integer n, the only polynomial solution of A, F =0
over C is zero.

Proof. By Lemma 3.3 and induction, all b, lie in O. The same induction modulo 7 gives

1 4]a,
by = {O ita (mod 7). (3.8)
Indeed, if a £ 0 (mod 4), all applicable coefficients vanish modulo 7. If 4 | a, the only additional
possible term is g2b,_2, whose second factor is already zero modulo 7; the fourth-step term
propagates b,_4 = 1.

Thus Cyyy, # 0 for every m > 0, so the normalized formal solution is not a polynomial. Any
nonzero polynomial solution must have nonzero constant term, because Ry(d,n) # 0 for every
positive integer d; after normalization it would equal C(z) coefficientwise. This proves the
claim, also for complex coefficients. ]



3.3 Consequences for the ()-algebra

Proposition 3.4 contradicts the polynomial forced by any nonzero point in the preceding
Ward-equation argument. Thus Spec R,, has only its origin. Since R, is a finitely gen-
erated commutative C-algebra, it is zero-dimensional and finite-dimensional. This proves
C-cofiniteness for every positive odd n.

The same operator gives a linear bound on dim R,,.

Proposition 3.5. For odd n > 4, one has t>"t* = t"*4w = 0 in R,,.

Proof. On each of the vacuum and W Virasoro channels, evaluate PBW monomials by sending
pure L_o powers of the highest-weight vector to 1 and every other negative-mode monomial to
0. This is well defined: the negative-mode character kills L_11, and kills the odd-level singular
vector s3 3 and all its descendants. The associated channel series are

Fo(z) = z4n Z a2, Fi(z)=2"2" Z B.222, ap = B = 1.
a>0 a>0
Both satisfy £, F; = 0. Their distinct leading powers make them linearly independent.
The 4 x 2 matrix
Qont1 Bl
M, = Q22 B2
Qon+3  Pn+s
Q2nt+4  Bnta

has rank two. Otherwise a nonzero combination G of Fy, F} has zero coefficients of 22, 2%, 26, 28.

Its truncation G<g is a nonzero polynomial in 22, while G — G<o = O(2'?). Since £,, lowers
powers by at most nine, £, (G — G<p) has only positive powers. Conversely £, G<¢ has only
negative powers. The equation £, G = 0 forces both to vanish, contradicting Proposition 3.4.

For j = 1,...,4, the negative product W(_y;_1)W belongs to C2(V) and has weight
4dn 4+ 2§ < 6n. Its reduction therefore gives

Vo2 4 1yt w = 0, v # 0,

where v, i are the two channel normalizations. Multiply the jth relation by t*~7. Rank two
now gives both claimed nilpotence relations. O

Together with (3.1), these relations span R,, by
1,t,...,t2"+3, w, tw, ..., " Bw.

There are 3n + 8 listed monomials, completing Theorem 3.1.
The rationality argument in Section 5 addresses the further semisimplicity assertion.

4 The lattice realization

We construct the conformal lattice extension and the simple current used in the rationality
argument. A charge filtration and the ordinary Virasoro block decomposition determine their
irreducible summands and characters. The local-module calculation then identifies the pointed
category that enters the categorical reconstruction. Write

c=1-6n, V=Veap=EPLlcnj(j+1), n=>L
=0
Let L =783, (8,8) = 2n, H = B_11, e = €, and A # 0. On the ordinary lattice vertex algebra
put
1
4dn
The symbols M, denote the 2n lattice modules V7 ,5/(2,)-

1
Tn=—H*1+ g1+ AD?%c, U= (Vi,Th). (4.1)

10



Theorem 4.1. For every positive integer n, the following hold.

(i) There is a conformal embedding V < U. Its image is exactly the sum of the C1-cofinite
simple Virasoro submodules of U.

(i) As V-modules, U =V & X and M, =J @Y, where X, J,Y are simple and
Iy = @L (Cvn (j2 - i)) :
jz1

The lowest weights of X, J,Y are 0,3n/4,—n/4, respectively.

(iii) For a # 0,n (mod 2n), M, is simple upon restriction to V, and My = Maop_q as V-
modules. The restrictions with 1 < a < n, together with V, X, J,Y, give n 4+ 3 distinct
simple V -modules.

For positive odd n, using the preceding uniform Cy result, J is an order-two simple current in
the full category C,, of grading-restricted generalized V-modules. Moreover,
Cn =S, XD,, D,, = Centc, (J), (4.2)
as braided monoidal categories with twist. The semion factor has
J? =1, F(J,J,J) = —1, cry=1i" 0;=i"", dim J = —1.
Semasimplicity is addressed in Section 5.

In addition, the extension algebra A =V & X belongs to D,, and
JRX =Y, (Dp)5¢ ~C (Z/n, q(a) = 62”“2/") .

For n = N? with N odd, an explicit further extension in D2 has local module category Vec;
see Section 4.8.

4.1 The deformed lattice and the Virasoro blocks

The lattice facts needed in the proof are recalled explicitly. With Ty the first two terms of
(4.1), € is primary of weight zero and has regular self-OPE. Thus

L), = L2 +  m(m+ 1)epm_1.

The Virasoro relations follow by substitution, with unchanged central charge ¢. Both L_; and
Ly are unchanged. A charge-k state with oscillator degree r has weight nk(k — 1) +r. In
particular,

Uy =Cl®Ce, U =CHSCDe, LYH = —2n(1+2)e).

Since L3} De = 0, the invariant-form functional can be normalized as

1
—o%
The corresponding invariant form on U is nondegenerate: its radical is an ideal of the simple
lattice vertex algebra. The positive-definite lattice vertex algebra is regular; its weak module
decomposition is unchanged, and each lattice coset remains ordinary for the shifted grading.
This also gives regularity of U.

For t +t~! = n+ 2, t is irrational. Generic Virasoro Verma modules at a positive Kac label
have one proper simple submodule; the C-cofinite category is semisimple, with positive-label
simple objects [17]. The Virasoro block decomposition is functorial [16]. The standard Feigin—

Fuchs determinant for the map from a Verma module to a Fock module gives the orientations
below [14, 15].

(1) =1, () = (4.3)
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Set
hij=nj(j+1), hf=hj+(2j+1)? L;j=L(ch;), Kj=L(c,h}), M;=M(c,hy).
The two-element block is {L;, K;}, with
0 — K; — M; — L; — 0. (4.4)

Write Fy, for the charge-k Fock space with the Ty action. Then

Fj+1 = Mj F_j = MJV (45)
To check the convention, take oy = v/2t and o = —/2/t, so f = a; + a_. The determinant

zeros for a Fock momentum are o, s = ((1 — r)ag + (1 — s)a—)/2, with 7, s > 0. The equality
kB = a, s forces r = s = 1 — 2k. Hence the Verma-to-Fock map is invertible for k = j +1 > 0.
Fock contragredience sends k to 1 — k, proving the other orientation in (4.5). In particular,
Kj is an irreducible Verma module and is not C}-cofinite.

Distinct j give disjoint blocks. The only potential cross-equality would imply

n(2j +1)* = (n +4)(2k + 1),
which would make n(n +4) = (n + 2)? — 4 a square. It is not a square for n > 1.

Lemma 4.2 (Block projectors on weight-finite unions). Suppose an ordinary lower-bounded
Virasoro module M has finite-dimensional weight spaces, and each of its finitely generated
submodules has the functorial exact block decomposition in category O. The block projectors
extend compatibly to M, preserve its submodules, and remain exact on short exact sequences
of such modules.

Proof. A finitely generated submodule is in category O: the positive modes lower weight, so
their orbit on finitely many generators lies in a finite-dimensional sum of weight spaces. If
My C Ms are two such submodules, functoriality makes their block projections agree on Mj.
Taking their directed union therefore defines a projector on M. Every vector has only finitely
many block components because it belongs to one finitely generated submodule. A submodule
is preserved by applying the same construction to its finitely generated submodules.

For exactness, lift any finitely many vectors from a quotient to the middle module and
generate a finitely generated Virasoro submodule there. Exactness of its block decomposition
gives the required lifts of block components. This proves exactness of the extended projections.
In particular, one may apply a block projector to the charge filtration and its quotients before
taking the weightwise finite associated graded. This argument is restricted to ordinary modules;
it is not a statement about generalized Lg-blocks. O

Lemma 4.3. Under the deformed Virasoro action,

U=EepBsB;, 0 — M; — B; — M) — 0.
j=0

Fach B; has precisely one simple C1-cofinite submodule, isomorphic to L;. Its highest vector
W; has lowest charge —j, with nonzero coefficient of e I8,

Proof. The filtration F'U = @), Fi is Virasoro-stable: the perturbation raises charge by
one. It is finite and exhaustive on every conformal-weight space. Its graded quotients have the
undeformed Fock action.

Apply Lemma 4.2 to the charge filtration. In the jth block, only the two quotients (4.5)
remain. Weightwise finiteness of the filtration therefore gives the displayed exact sequence.

12



The bottom space of B; is two-dimensional. Apply the Verma singular operator at level
(25 + 1) to this space. It is nonzero on the bottom of the embedded M;. Its image in M]V is
zero. Its image in M; consists of singular vectors, a one-dimensional space. Thus the map
has rank exactly one. Its one-dimensional kernel generates L;; no other Cq-cofinite simple can
occur in this block. A kernel vector cannot lie in the embedded Verma module, which proves
the assertion about its lowest charge. O

4.2 The conformal embedding

Let S = €D, Lj C U be the subspace in Lemma 4.3. An intertwining operator between two
C-cofinite modules has Ci-cofinite image when the target is lower-bounded [17, Theorem
4.1.7]. Applying this to the lattice products, and using generic semisimplicity, shows that S is
closed under all vertex products. It contains 1,7y and is a CFT-type sub-VOA.

Normalize W = W, so that its e ? coefficient is one. The lowest-charge term of

W_onj—1Wj

is a nonzero multiple of e~UtDA Since its weight is hjy1, it has nonzero projection onto Lj1.
Thus T, W generate S. The singular WW OPE lies in Ly & L1, because hg = 6n > 4n — 1.
This also proves strong generation.

The spin-one recoupling coefficients. For generic ¢, put

a

_ q“ —q al | = : o [2 _j]q![j]q!2
[a]q - q- q_l ) [ ]q! - (;I;[l[b}qv AJ o [] _{_3}(]! :

For 0 < j,k < 2, the rational Racah matrix is

min(4,2+5+k)
Fji, = 2k + 1]4A; A >
z=max(2+j,2+k)

(=1)7[z + 1!
[z =272z =2 — K] 2[4 — 2] )2+ j + k — 2,12

Every factorial argument is nonnegative. Rational simplification gives F? = I and Fy, =
(—=1)"[2r 4+ 1]4/[3]q # 0. In particular a diagonal matrix commuting with F' is scalar. These
are the exact recoupling facts used next.

Lemma 4.4. The vacuum coefficient and the W self-coupling in WW are both nonzero for
A# 0.

Proof. The charge-—1 term of W gives a coefficient one of 1 in o(W)e. Since W is primary of
even weight, its zero mode is self-adjoint. Consequently (4.3) and o(W)1 = 0 give

o(W)e =1+ 2)e. (4.6)

The Zhu product [W] x [IW] is a sum of descendants in Ly @& Ly: even its highest contributing
weight is 4n < 6n. If v and p denote the vacuum coefficient and self-coupling, it has the form

Y = vfa(@) + pgn(@)y,  f2(0) = 0.

Here z = [T)\], y = [W]; fn(0) = 0 follows because every contributing vacuum descendant has
positive weight. Applying this relation to Uy gives g, (0) = 2X, so pu # 0.

To determine the vacuum coefficient, use the integer-spin factorization in Section 2.1.
Compare multiplication with the canonical diagonal algebra in £ X £V, where £ = SO(3),
and ¢ is not a root of unity. Normalize every channel relative to that canonical multiplication,

k k

and write its relative scalar as afj. Commutativity gives a;; = aj;.
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For three spin-one inputs and spin-one output, the two intermediate labels in the product
category must coincide. In bases in the second factor dual to the bases in the first, the
coefficient matrix is diagonal:

D = diag (a’(l)la (a%1)2, a%laél)'

The canonical diagonal multiplication is the identity pairing between the two spaces of three-
point compositions. Therefore changing their parenthesization acts on these two spaces by F
and its inverse transpose. Associativity is exactly FDF~! = D.

In a rational Racah gauge,

[2r + 1],
Bl
All three entries are nonzero. Comparing entries (0,7) in F'D = DF makes D scalar. Since

al, # 0, it follows that a?; # 0, and hence v # 0. The displayed Racah coefficients give the
required nonzero matrix entries explicitly. O

For = (—1)" 0<r<2.

The restricted invariant form on S has radical equal to its maximal proper ideal. In its
simple quotient, W survives by Lemma 4.4. This quotient is a simple commutative diagonal
algebra in the same product category. The support theorem for such algebras [18, Proposition
4.4] says that the surviving labels form a tensor subcategory. Spin one generates all integer
spins. Hence every L; survives, the radical is zero, and S is simple.

Finally, the same recoupling calculation gives

()
Vcan Hcan .

After rescaling the canonical generator, the singular generator OPEs of S and V agree: the
relevant Virasoro intertwining spaces are one-dimensional. Both are simple, CFT-type, and
strongly generated by these generators. The common universal vacuum vertex algebra with
these generator relations has a unique maximal proper graded ideal, so their simple quotients
agree. This proves S = V and the embedding in Theorem 4.1.

4.3 Simplicity of the complement

The nondegenerate form on V' gives a V-module orthogonal decomposition
U=vVaolX.

The form on X is nondegenerate. Distinct Virasoro blocks are orthogonal, and X = @ X;
with composition factors L;, K;, K;. There is no L; submodule of X, by the uniqueness in
Lemma 4.3.

Lemma 4.5. The socle of X; is one copy of K, and every nonzero Virasoro submodule of X;
contains it. This copy is the singular submodule of the embedded M;, and has lowest charge
Jj+1

Proof. Only K can occur in the socle. If two copies occurred there, self-duality would put
two copies in the head as well. The kernel of the quotient onto that head would be a copy of
L;, contradicting the absence of an L; submodule. The socle is therefore a single K;. Every
nonzero submodule of a finite-length module contains a simple submodule. The singular copy
in M; already provides this K; and fixes its lowest charge. O
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Write ¢; for a highest vector of this socle. For j > 1, the lowest-charge part of Y (W, 2)¢; is
Y(e?,2)0\” € Fi{z}, (4.7)

where gbg-o) is the nonzero Feigin-Fuchs singular vector in F;;1. This series is nonzero: the
exponential lattice field is a product of invertible creation and annihilation exponentials and a
charge shift.

Its image in the simple quotient L;_; of F; = M;_; is zero. Indeed, a nonzero intertwiner of

type ( LLlj }éj) would, by contragredient symmetry, give a nonzero intertwiner of type ( Lllzjj—l)'

The latter is impossible by the C; image theorem, since K is not Cq-cofinite. Thus (4.7) has
nonzero image in K;_1 C F;.

Exact block projection now shows that some coefficient of Y (W, z)¢; has a nonzero compo-
nent in X;_;. By Lemma 4.5, any V-submodule containing ¢; consequently contains ¢;_;.
Repeating this reaches

(250 = De.

Equation (4.6) and translation covariance give
WonDe = 2n(1 + 2)e) = 2nxy, xo:= 14 2Xe € Xj. (4.8)
The weight-zero vector xq satisfies
(xo,x0) = (1 +4Xe) = —1,

because e_1e = 0.

Every nonzero V-submodule of X contains some ¢;, by block projection and Lemma 4.5;
hence it contains xg. The submodule generated by x( is therefore simple. Its invariant form is
nonzero and consequently nondegenerate. Its orthogonal complement in X would be another
submodule and, if nonzero, would also contain x(, an impossibility. Thus X is simple. This
argument proves simplicity for all n, without assuming rationality.

4.4 The half-lattice decomposition and the simple current

Consider M;, = @ycz Fry1/2- Put
wj=n(?=3), v=u+4iP=m+4)72-% (G=>1).

The argument of Lemma 4.3 applies with even Kac label 2j. The corresponding two Fock
quotients have charges 1/2 — j and 1/2+ j. There is exactly one C; simple submodule L(c, u;)
in their block. The charge-1/2 Fock quotient is a separate one-element block, the irreducible
Verma module L(c,—n/4). Thus the Cy socle is precisely

J = L(c,uy).

Jj=1

It is stable under V, again by the C; image theorem. Its jth highest vector has lowest-charge
term e(1/2=98 and the lowest-charge lattice product with W gives a nonzero transition from
the jth to the (5 4+ 1)st summand.

The lattice coset M,, is self-contragredient and has a nondegenerate invariant pairing: the
lattice intertwiner M,, x M, — U, paired with the invariant form on U/, identifies M,, with
its contragredient. Equivalently, this follows from the order-two lattice fusion rule. The next
argument shows that the restriction of this pairing to J is nondegenerate.

The lattice intertwiner sends J x J into V, by C closure. Let R be the radical of the
restricted pairing. It is a V-submodule. Invariance and skew-symmetry imply that Y (R, z)J
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pairs to zero with all of V', hence is zero. But take the lowest vector j; of J, whose lowest-
charge term is e #/2. For any nonzero r € R, the lowest-charge part of Y (j1,2)r is a nonzero
exponential field acting on the lowest-charge part of r. It cannot vanish. This contradiction
proves nondegeneracy.

Each Virasoro summand of J now has nondegenerate pairing. Any V-submodule is a sum
of these distinct simple summands and therefore has a V-stable orthogonal complement. A
nonzero submodule contains all sufficiently large labels by the upward transition above. Two
nonzero complementary submodules cannot both do this. Thus J is simple.

Consequently M,, = J @Y orthogonally. In each two-element Virasoro block, ¥ has one
L(c,u;) and two L(c,v;) factors and has essential socle L(c,v;), by Lemma 4.5. The same
lowest-charge lowering argument sends this socle to the one with label j — 1. At j =1 it
reaches the isolated irreducible block L(c,—n/4). Every nonzero submodule of Y therefore
contains that block. Its bottom space is the one-dimensional bottom space of M,, and has
nonzero pairing. The argument used for X proves that Y is simple.

The standard lattice abelian intertwining algebra U @ M,, contains the closed subalgebra

E=ValJ

Closure follows from the C] image theorem for each pair of summands. Both summands are
simple V-modules, and the pairing on J makes the vacuum channel in JJ nonzero. Hence E
is simple. The involution acting as +1 on V and —1 on J has fixed-point algebra V.

For odd n, the preceding C5 theorem supplies the full braided module category of V.
McRae’s abelian-intertwining-algebra orbifold theorem [19, Corollary 4.8] applies to E and
this involution, without assuming rigidity of that full category. It gives J Ky J = V. The
inherited lattice associator and braiding give F'(J, J,JJ) = —1 and ¢ ; = i". Also hy = 3n/4,
so 87 =1~ ", and the ribbon dimension on this rigid rank-two subcategory is —1.

4.5 The remaining lattice modules

Let a # 0,n (mod 2n) and r = a/(2n). The Fock quotients of M, have highest weights
h(k) =n(k+7r)(k+r—1), ke Z.

Each is an irreducible Verma module: a positive Kac label would force 2(k + r) to be an
integer. They lie in distinct one-element Virasoro blocks. The charge filtration therefore gives
a multiplicity-free direct sum of these irreducibles for the deformed Virasoro action. Denote
the corresponding submodules by Q.

The lowest-charge term of W gives a nonzero transition Qr — Qk—_1, just as in (4.7). The
lattice contragredient of M, is Ma,_4; its block paired with @ has charge 1 —r — k. The
downward transition on that dual module, together with primary-field adjointness, gives a
nonzero upward transition Qy — Qx41. Every nonzero V-submodule consequently contains
every (. Thus the restriction is simple.

The paired modules have the same lowest conformal weight and the same W zero-mode
eigenvalue, since W has even weight. Their one-dimensional top spaces are therefore isomorphic
as Zhu-algebra modules: the Zhu algebra is generated by [T'] and [W]. Uniqueness of the
simple module with a specified simple top proves M, = Moy, _, upon restriction.

Put Ay = Opm/n, with 0y, = > 17 q(b+2mk)2/(4m). The modules constructed above have
characters
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Module Lowest weight Character

|4 0 %(An,n - An+4,n+4)

X 0 5(Ann + Antants)

J 3n/4 3 (Mo — Nojnra)

Y —n/4 3 (Mo + Aojnra)
May 1 S a<n (n4—:)2 - % An—a,n

These identities follow from the decompositions stated above and the Fock characters. The
n + 3 modules are distinct: all listed lowest weights except the two zeros are distinct, and (4.6)
separates V' and X by the eigenvalues 0 and 2.

4.6 A uniform polynomial zero-mode identity

The charge-zero part of the normalized W is a degree-2n Heisenberg polynomial. Let p,(s) be
its zero-mode eigenvalue on a Fock highest vector with Hy eigenvalue s. Explicitly, if this part
I8 > jp|—2n cpH—p1, then

pn(s) = Z cp(—1)2nHP) 54P).

lp|=2n
Thus deg py, < 2n, p,(0) =0, and (4.6) gives p,(2n) = 2.

Proposition 4.6. For alln > 1,

2n—1
pu(s) — pu(2n — 8) = (2n2f1)‘ ];[1 (s—a). (4.9)

Proof. For every integer 1 < a < 2n — 1, the bottom of M, is one-dimensional, represented
by €%#/(27) " The nonzero-charge terms of W cannot preserve its bottom weight, so its zero-
mode eigenvalue is p,(a). Contragredient pairing with Mas,,_, gives p,(a) = p,(2n — a); this
argument also applies at a = n, without any simplicity assumption on its restriction. The left
side of (4.9) has degree at most 2n — 1, and hence is a scalar multiple of the displayed product.
Evaluation at s = 0 fixes the scalar. O

Equivalently, there is a polynomial @Q),, of degree at most n, with @,,(0) = A, such that

A 2n—1

Pals) = Qn (S(Sél_nQn)> + (2n —1)! a]:[ (s —a).

=1

This is a polynomial identity for every n. It constrains the first-radius branch of the Zhu
spectrum; it is not, by itself, a relation proving the whole Zhu algebra reduced.
4.7 The semion factor

Here is the elementary categorical point needed for (4.2). In any abelian braided monoidal
category containing an invertible J with J? 22 1 and ci j = —id, transport the monodromy of
J with an object M across the equivalence J ® —. It defines a natural endomorphism ks of
M. The hexagon and J? & 1 give m?\/l =id. Thus

M=M,®M_, £y, ==+id.

The plus subcategory is the centralizer of J. Tensoring with J exchanges the signs. Therefore
every object is a direct sum of an object of D, and J ® D with D € D,,. Morphisms between
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the two signs vanish, while tensoring with J is fully faithful on either sign. The tensor-product
functor
S, XD, —C,

is consequently fully faithful and essentially surjective. Its usual tensor structure is braided
because the two factors centralize each other; balancing gives compatibility with twists. This
proves (4.2). Full rigidity has not been used.

4.8 Local modules and the square case

Regard A = U = V @ X as a commutative algebra object of C,. Its unit is simple as an
A-module. The induction functor Fy is strong monoidal into the category of all A-modules.
Hence F4(J) is invertible and in particular simple. The inclusion J < M,, induces a nonzero
A-module map

F A(J ) — ./\/ln.

Both objects are simple A-modules, so it is an isomorphism. Comparing underlying V-modules
gives

ARJ=JaY, XRJXY.

Moreover, F4(J) is local. Locality of a free module implies that its inducing object centralizes
A: insert the algebra unit into the local-action identity to recover the monodromy of A with
that object. Thus J centralizes A, and A lies in D,,.

The equivalence (4.2) identifies local A-modules in C, with S, X (Dn)fgc. The former
category is the lattice module category of U. Its objects are M, with fusion addition modulo
2n, braiding inherited from the lattice, and twist

1a® a
0, = exp <2m [4n —J).

The image of J is M,,. Its centralizer consists exactly of the even labels a = 2x. Therefore
(D)5 = P = C (Z/n, q(x) = ™"/} (4.10)
In a convenient gauge P, has trivial associator, braiding c; , = e2mizy/n and dimensions one.
Now let n = N? with N odd and put a = 3/N. The subgroup NZ/N? is Lagrangian in
Prz. Its regular algebra is realized by the concrete overlattice extension

BN = (VZO”T)\), (a, a) = 2.
As a U-module it is EBan:_ol Mon,. As a V-module, it is the explicitly semisimple object

(N-1)/2
Bv2VoXa2 @ Zn,  Zne:=Monely, hzy, =r(r—N). (4.11)
r=1
Here pairing r» with N — 7 uses the proved isomorphism of generic lattice restrictions. All these
summands belong to Dy2: the regular algebra of the Lagrangian subgroup is an object of
(Dy2)%° by (4.10); forgetting its A-module structure gives By in Dy2, which is closed under
direct summands.

The category of local Bx-modules in Dy is Vec, since further local induction corresponds
to local modules of that Lagrangian algebra in Ppy2. This also follows directly from the two
lattice modules of V7z,: the surviving nontrivial one is the image of J, so the centralizer
has only the unit. The grading of By is bounded below but can have negative weights; no
CFT-type claim is made for this overlattice extension.

Thus (4.11) supplies the concrete algebra for the center reconstruction in Section 6. After
rationality is established in Section 5, Lemma 6.1 and condensation in stages prove that its
full module category is the spherical fusion category Fx and that Z(Fx) =~ Dye.
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5 Uniform rationality

We now prove rationality using the Cs-cofiniteness theorem of Section 3 and the lattice and
simple-current constructions of Section 4. The argument first controls the ordered pair of
lowest weights under the simple current, then excludes extensions of the vacuum. A Wronskian
zero count removes the final weight-one obstruction. The section concludes by collecting these
results in Theorem 5.10. Let n > 3 be odd and put

V = Vuqio, c=1-—06n, hw = 2n, hJ:?ZTn.

Sections 3 and 4 establish the following properties: V is simple, self-contragredient, of CF'T
type and Ca-cofinite; it is strongly generated by 7" and the even-weight primary W; and its
full grading-restricted generalized module category C contains the simple current

1
JRJI=V, |, =P Licu), ur:n(r2—4>. (5.1)
r>1

Write j,. for a highest vector of the rth summand and j = j;. The lattice construction gives a
nonzero upward component

W_p(2r—1)=1Jr = Yrjr+1 + descendants in summands with label at most r, v # 0. (5.2)

It also supplies a simple Y of lowest weight —n/4 and a simple X of weight zero with
o(W)|x, # 0, with JX X =Y. All these properties hold for every odd n > 3.

Theorem 5.1. For every odd n > 3, the following assertions hold.
(i) If S is simple and S? = J K S, with lowest weights h, h”, then for some a € Z either

(h’hJ)_<a2_n W_”)j (5.3)

or

a? n (a+n+4)? n> (5.4)

h,h') = = _n
(, ) (4(n+4) 4’ 4(n+4) 4
The label a is odd in the centralizer of J and even in the other monodromy sector. There
is no cutoff on a in this theorem.

(ii) All simple lowest weights satisfy h > —n/4. Since Y attains that bound, cog = ¢ —24hmin =
1.

(iii) The ordered pair (h,h”) determines S up to isomorphism. In particular, at most two
simple modules have any prescribed lowest weight.

(iv) For simple modules S, T with hs = hr,
Ext}(S,T) = 0. (5.5)

In particular, every simple module has no non-split self-extension, including logarithmic
self-extensions. The same vanishing holds when hgr = hpr.

5.1 The simple-current Zhu bimodule is cyclic

Let A(V') be Zhu’s algebra and A(J) = J/Oy(J) the Frenkel-Zhu bimodule. Write x;, , for
left and right multiplication by [T'], respectively. Since A(V') is generated by = = [T] and
y = [W], and z is central, A(V') is commutative. Its simple modules, and therefore the lowest
spaces of simple V-modules, are one-dimensional.
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The standard bimodule identities give, for homogeneous v € J,
[L_pv] = (=1)" (may — 21 + wtv)[v], m > 1. (5.6)

For example, [L_1v] = (z; — z, — wtv)[v] and [L_ov] = (22, — x; + wtv)[v]. Thus the image
of each Virasoro summand is generated by [j,] over Clx;, x,].

Lemma 5.2.
A(J) = Clay, 2, ][5].

Moreover, for polynomials F,, G,
(W] [j] = F(@, ) [4], [j] * W] = Gn (21, ) [j]- (5.7)
Proof. The higher circle relations

(14 2)%"

Res, - Y (W, z)v € Oy (J), k> 2,

reduce [W_gv], k > 2, to a linear combination of classes [W,,v] with m > —1. This follows by
induction on k, since the leading term of the displayed relation is W_v.
Apply this to (5.2). The reduced terms have weights at most u, + 2n, whereas

U1 — Up = n(2r + 1) > 2n.

Hence all reduced terms lie in Virasoro summands with label at most . The other terms in
(5.2) have classes polynomial in z;, z, times [js], s < r. Since v, # 0, induction expresses every
[Jr+1] in terms of [j]. This proves cyclicity.

Every term in W % j or j « W has weight at most u; 4+ 2n < ug. It therefore belongs to the
first Virasoro summand. Applying (5.6) gives (5.7). O

For simple S, S”, the top-space map associated to the nonzero intertwiner of type (f;) is
nonzero by the Frenkel-Zhu-Li injectivity theorem; only injectivity, not the generally false
unrestricted surjectivity statement, is used [20, Theorem 2.12]. Lemma 5.2 then implies that
its value on [j] is nonzero. Thus

V(j,2)s = th_h_hJ(t + higher powers of z), 0#£te S,{J, 0+#sé€S (5.8)
5.2 The level-four polynomial and the spectrum
The (2,2) null vector in the first summand of J is
(LY, —2(n+2)L_oL*, + n(n+4)L%5 —2(n — 1)L_3L_; — 3nL_4)j = 0. (5.9)
Applying (5.6), or the three-point Ward identities, gives the exact bimodule relation

P, (zy,x; — x,)[j] = 0, (5.10)
where

ratn = (o= 5) o )] [l ) e (1)

Both identities are obtained by applying the positive Virasoro modes to the displayed level-four
vector and then substituting (5.6).

. (5.11)

20



For d = h’ — h, (5.8) and (5.10) imply P, (h,d) = 0. Finite order of J implies that its
monodromy with a simple module is +1. Balancing therefore gives
e2mild=8n/4) — 41 4— snely (5.12)
4 2
This uses the categorical finite-order monodromy fact, which does not require rigidity of the
ambient category [21, Lemma 2.13].

If the first factor of (5.11) vanishes, put a = 2d —n/2. Then a € Z by (5.12), and direct
substitution gives (5.3). For the second factor put a = 2d — (n 4 4)/2; this gives (5.4). In the
plus monodromy sector, d — 3n/4 € Z, so both possible integer labels are odd. In the minus
sector they are even. The lower bound and effective central charge follow immediately.

To prove uniqueness for an ordered pair, evaluate the second relation in (5.7) on the nonzero
map (5.8). The W eigenvalue of S}, is

wg = Gn(h?, h). (5.13)

Thus the ordered pair determines its one-dimensional A(V')-module, and hence its simple
V-module. For fixed h # —n/4, only one quadratic lattice can occur: simultaneous occurrence
with nonzero integer labels would make n(n + 4) a rational square. That number lies strictly
between (n + 1)2 and (n + 2)2. The remaining branch gives at most two values of h”. At
h = —n/4, the two possible values are 0 and 1. This proves the two-module bound.

Lemma 5.3 (Lowest-space residues for a log-free intertwiner). Let J be an ordinary module,
and let M, N be grading-restricted generalized modules with lowest generalized weight spaces
My, Nipy. Suppose a log-free intertwiner Y of type (JNM) commutes with the nilpotent parts of

Ly. For homogeneous v € J, let oy(v) be the coefficient of 2 =h=wt(®) o these spaces. Then
[v] — oy (V)

annihilates Oy (J) and respects the left and right Zhu actions, with [w| acting by the actual
operators L0|N[h’] and L0|M[h], respectively. No injectivity assertion is made for nonsimple
M, N.

Proof. The Zhu top-space residue identities use the Jacobi identity, the derivative identity
on J, and the fact that every positive-degree lowering mode annihilates a lowest space.
These statements hold for generalized lowest spaces too. Expand the factors (1 + z)"*@ for
homogeneous a € V in the usual finite binomial sums. Taking the specified lowest-to-lowest
coefficient in the Jacobi identity gives

oy(a*v) = o(a)oy(v), oy(v*a) = oy(v)o(a), oy(aov)=0.

The same residue calculation gives the higher-circle identities. Log-freeness ensures that
coefficient extraction introduces no derivatives of log z. Compatibility with nilpotent parts
ensures that Ly is retained as an operator in these equations, rather than replaced prematurely
by its eigenvalue. This proves the stated descent. In the application below, invertibility of the
particular top map comes from naturality with the simple submodule and quotient; it does
not come from extending the injectivity theorem for simple modules. O

5.3 Vanishing of self-extensions

The polynomial relation can now be applied to generalized lowest spaces.
Suppose
0—S—F—S—0. (5.14)
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It is enough to consider indecomposable E. Tensoring by J is an equivalence and hence exact,
so E/ = JX E is a self-extension of S”. Their generalized lowest spaces have dimension two.
Write Ng = Lo — (Lg)ss and similarly Nys. Both are V-module endomorphisms and square to
Z€ro.

Naturality shows that the monodromy on J X E induces the same scalar on its simple
submodule and quotient. Its difference from that scalar therefore squares to zero. Since J has
finite order, Lemma 2.13 of [21] makes this nilpotent part vanish, so the monodromy is scalar.
Taking nilpotent logarithms in the balancing identity gives

Nps = id; ®Ng. (5.15)

Naturality of the universal intertwiner then says NpsYVg(j, 2) = Yr(j,2) Ng. The usual Lo-
bracket relation shows that the coefficients of positive powers of log z vanish: on each fixed pair
of generalized weight spaces the remaining differential equation is the ordinary homogeneous
Euler equation. Thus Vg is log-free.

Let h, h’ be the simple lowest weights and d = h/ — h. The coefficient of 24"/ gives a map

TE : E[h] — E[‘;ZJ}

Naturality with respect to the submodule and quotient in (5.14) gives a morphism between the
two short exact sequences of lowest spaces. Its two outer maps are the nonzero one-dimensional
maps (5.8). Consequently T is an isomorphism. In particular,

NgsTg = TgNg.

Apply Lemma 5.3 to this log-free coefficient map on the generalized lowest spaces. Relation
(5.10), with the common nilpotent part cancelled in z; — x,, gives

TgP,(h+ Np,d) = 0. (5.16)

Both spaces are lowest spaces of self-extensions, so the coefficient map has no contribution
from lower weights.
The crucial derivative is nonzero. Indeed,

(16d*> — n(n + 4))2.

discy, Py (h, d) = T

Since d is rational and n(n + 4) is not a square, the two roots in h are distinct. More explicitly,
at the roots supplied by the first and second factors,

16d? — n(n + 4) 5, P 16d? — n(n +4)
hin

8th: 4 5 - — 4 )

(5.17)

respectively. Expanding (5.16) using Nz = 0, P, (h, d) = 0 and invertibility of T gives Ng = 0
on E[h]

The module E is generated by that lowest space: it contains the lowest space of the
submodule S and maps onto the lowest space of the quotient S. Hence Ng = 0 on all of E.
The same holds for E”.

Now evaluate (5.7) on Tg. Since x; = h’/ and x, = h are scalar,

Tgo(W) = Gp(h?,h)TE = wsTk.

Thus o(W) is also scalar on Ej. All of A(V') acts there as the character of Sj,.
Choose a lift s € E}, of the quotient’s lowest vector and let F' =V - s. Its lowest space is
A(V)s = Cs. Therefore F' cannot contain the submodule S, whose lowest vector is linearly
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independent of s. Since S is simple, F' NS = 0. The image of F' in the quotient is all of S, so
F = S and (5.14) splits. This proves Ext!(S,S) = 0.

If S, T are distinct simples with the same lowest weight, their one-dimensional Zhu characters
are distinct. A finite-dimensional commutative algebra has no extensions between distinct
characters. Hence the two-dimensional lowest space of an extension of S by T splits as an
A(V)-module. A lift in the character of S generates a complement by the same intersection
argument. This proves (5.5). Applying the exact equivalence J X — proves the assertion about
equal partner weights.

5.4 Circle-product relations

The cyclicity lemma allows the growing level-nine calculation for W to be supplemented by
a fourth-order one. Put ¢ = o(W)|;, . Then ¢ # 0: otherwise the projection of Y (W, z);j
to the first Virasoro summand would vanish, so all terms of weight at most h; + 2n would
vanish. This would give [j] x [W] = 0, forcing wg = 0 for every simple S by (5.8). The already
constructed X has a nonzero W eigenvalue, a contradiction.

Normalize the projection by ¢ and write

g YW, 2)j) =272 fulwr,2)2' (], fo=1. (5.18)
£>0

Before ¢ = 3n only the first Virasoro summand occurs. Thus these initial coefficients are
determined without any higher-channel normalization.

Here is a compact specification of the complete fourth-order differential operator. Set
0 = z0,. When moving L_, from the second input, whose existing descendant level is L, use

D) = (1) (ray —x+ hy+2n 4+ L+0) + 27" ((r — 1)2n — 6). (5.19)

Apply these operators in the order dictated by each monomial of (5.9), starting with its right-
most factor, and sum with the null-vector coefficients. Multiply by z* to obtain Z;‘:o 25Q4(0).
Its indicial denominator on (5.18) is exactly

Dy = £(£ —3n) (> — (3n+2)0 — 6n +1). (5.20)

The quadratic discriminant is 9n(n + 4), so it has no rational roots. For odd n > 3, all
denominators through ¢ = 2n 4+ 2 are therefore nonzero. This gives an exact four-step
recurrence over Q[xy, z,].

The two circle products give genuine bimodule relations

2n

. 2n

Rn,k‘(xlax’l‘)[j} = 07 Rn,k == E < i >f2n+ki7 k= 172 (521)
=0

Also .-
_—
_ 2n —1
q 1Gn(xl7x7‘) - Z < . )an—i-
i=0 !
In particular, wg/q € Q for every simple S, since its ordered weight pair is rational. This is a
statement about the semisimple quotient of the Zhu algebra; it does not exclude its radical.

The recurrence. The following finite rule spells out every coefficient of the operator in
(5.19). For a PBW term of (5.9) with coefficient b, start with one pair (s,b) = (0,b) and
descendant level L = 0. For each negative mode L_,, starting on the right, replace each pair

(s,b) by

(s, b(=1)"(rey —z;+3n/4+2n+ L+e+s)),
(s—r b((r—1)2n—e—s)).
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Combine equal shifts, replace L by L + r, and continue. Sum the five PBW terms and add
four to every shift. The coefficient at shift s is Qs(e). With fo = 1, the exact recurrence is

min(4,£)

Defe=— Y Qs(=2n+€—5)frs,

s=1

whenever Dy # 0. Together with (5.21), this specifies the circle polynomials explicitly.

5.5 Extensions of the vacuum

Theorem 5.1 removes all same-weight extension pairs. Generalized Lg eigenspaces modulo
Z, and the two monodromy sectors of J, are direct-sum decompositions of the category.
Consequently a remaining nonzero Ext! (S, T) must satisfy

hS_hTEZ\{O}, hsJ—hTJ GZ\{O}, KS = K.

In particular, both Ext!(V, X) and Ext!(J,Y) vanish.

There is a useful additional reduction for extensions of the vacuum. If a simple T has
hy > 1, an extension 0 — T — FE — V — 0 splits: lift the vacuum to v € Ey. Then
L_qv € T1 = 0. A translation-invariant module vector is vacuum-like, so a — a_jv gives a
module map V — FE splitting the quotient. Nonintegral h also gives a split extension by the
L residue decomposition, and hp = 0 is covered by Theorem 5.1.

At this stage a possible obstruction to projectivity of V' must have lowest weight in the
explicit finite arithmetic set

By={keZ: —|n/4]<k<1, k=0,

: . (5.22)
n(n 4+ 4k) or (n + 4)(n + 4k) is a nonnegative integer square}.

There are at most two simple candidates at each such weight. The next argument removes all
negative weights from this obstruction set, including at the odd-square parameters relevant to
the Haagerup—Izumi family.

5.6 Extensions with negative lowest weight

Fix t > 1 with ¢t + ¢t~! = n + 2, and use momentum notation

P —(t—1)

h(p) = yr

For rational labels 7, s, the weight h(rt — s) is rational precisely when r? = s2. This follows by
reducing t~' = n + 2 — t and using irrationality of ¢.
The level-nine null vector of W = L(c, h3 3) gives the usual nine-root fusion restriction

p—p+2it—2j  ije{-1,01} (5.23)

To see the restriction explicitly, apply the Virasoro bimodule identity (5.6) to the level-nine

singular vector in Appendix A, with input weight h and output weight h. The resulting monic
polynomial is

2
Pos(hh)y=(i—h) ] [(ﬁ —h- Cf) _ Rt (- 1)2)] . (5.24)

t2
ac{l,tt—1,t+1}

For h = h(p), each quadratic factor has roots h(p + 2a) and h(p — 2a). Together with the
root h(p) these are exactly the nine weights in (5.23). Every nonzero three-point coupling
annihilates this polynomial, which gives the necessary fusion restriction used below.
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Lemma 5.4. Suppose a simple ordinary V-module has lowest weight h(k(t—1)) or h(k(t+1)),
where k € Q\ Z. Its Virasoro constituents lie, respectively, in the sets

{L(c,h((k+2m)(t —1))) :m € Z}, {L(e, h((k +2m)(t+1))):m € Z}.

All these constituents are irreducible Verma modules in singleton Virasoro blocks. In particular,
none lies in a block containing a constituent of V.

Proof. For the first family, a shift in (5.23) changes the rational labels to r = k+2i, s = k+ 25.
Rational output weight requires

(E+20)% = (k+2))2=4(i—j)(k+i+j)=0.

Since k ¢ Z, this forces i = j, giving the stated step-two orbit. For the second family the
corresponding equation is

(k4 2i)% — (k—2§)2 =4(i+ j)(k+i—j) =0,

so ¢ = —j. These nonintegral labels cannot be integer Kac labels, even after a momentum
sign change. Feigin—Fuchs linkage therefore makes each orbit weight a singleton block [16,
Theorem 3.1].

To propagate the restriction through the module, restrict the ordinary module to Virasoro
and apply Lemma 4.2 to extend the category-O block projections. The hypotheses here include
ordinary Lg-action; generalized modules are not being projected by this argument. A fixed
singleton or two-element block has finite length, since its possible composition-factor lowest
spaces are finite-dimensional. If the projection of Y (W, z) from a simple constituent to a block
is nonzero, first take the Virasoro submodule spanned by its coefficients and then a simple
quotient of that image. The block has finite length by the preceding weight-space bound, so
such a quotient exists and the composed intertwiner is nonzero. Its output weight must satisfy
(5.23). Any permitted output belongs to a singleton block in the displayed orbit; hence a block
outside that orbit cannot receive a nonzero image. Thus no block outside the displayed orbit is
reached. Singleton ordinary blocks are semisimple. Iterating from the lowest vector and using
strong generation by T, W proves the claim. The blocks of V have positive integral diagonal
Kac labels and their linked negative-label partners, so they are disjoint from these orbits. [

Proposition 5.5. For every simple T with negative lowest weight,
Ext'(V,T) = 0.

Consequently the only remaining possible obstruction to projectivity of V is a simple module of
lowest weight one.

Proof. Nonintegral lowest weights split by the Lg residue decomposition. If hy < 0 is integral,
the spectral theorem gives either k = a/n or k = a/(n +4) with 0 < |k| < 1. The zero label
would give hp = —n/4, which is not integral for odd n. Lemma 5.4 applies.

In an extension 0 — T — E — V — 0, the nilpotent part of Ly factors through a
homomorphism V' — T'; and is therefore zero. Thus F is ordinary, so no generalized-category-
O assertion is being imported. The disjoint Virasoro blocks split the sequence as Virasoro
modules. The section with the Virasoro constituents of V' is stable under W: fusion of the
C1-cofinite W with the diagonal constituents of V has Ci-cofinite image, and cannot reach
any of the singleton generic blocks of T [17]. Hence this section is a V-submodule and splits
the extension. Combining this with the previous hr > 1, nonintegral and hr = 0 arguments
proves the last statement. O
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5.7 The first weight-one candidate
Let xo € Xo, yo € Y_;,/4 be nonzero. The lattice construction gives
xo =1+ 2)e, L_1z9 #0, (zo,x0) # 0, o(W)xg =wxxg, wx #0.

The vector ¢ = L_qx¢ is a Virasoro highest vector of weight one. Use the nonzero intertwiner
Y of type ( JXY) and the invariant form on X. For homogeneous v € J of weight b, write Ts(v)
for the coefficient of z5t"/4=% in Y(v, 2)yo, and set

Po(v) = (20, To(v)),  ®1(v) = (¢, T1(v)).

The first functional is the actual lowest-space Zhu map, and ®¢(j) # 0. The L; bracket identity
gives

®1(v) = Po(L1v) + (b+ n/4)Po(v), ®1(j) = nPo(j) # 0. (5.25)
The second functional is a Virasoro highest-to-highest functional with ordered weights (h, h’) =
(—n/4,1); it is not a lowest-V-space map.
Put w =2n and C =Woj=Y{",(})Wi_z2j. Since ®o(C) =0, (5.25) and
[Ll, Wi_g] = (2w — i)Wi_l

give, by shifting one binomial sum,

®1(C) 2“’: (?) (2w — 9)®o(Wi1j) — iPo(Wi—27))

1=0

- wzwj (1:) Do(Wi_15) = 2nwyx Po(j).
i=0

2

For n > 3, all terms of C' lie below the next Virasoro primary of J. Evaluating their first-channel
reduction on ®; therefore proves the exact identity

qR,1(1,—n/4) =2wx # 0. (5.26)

Corollary 5.6. For odd n > 3, the module Y is the unique simple of lowest weight —n /4.
There is at most one simple module T of lowest weight one, and, if it exists, it satisfies

3n
hymr = - +4.

Proof. At h = —n/4, the spectral theorem permits partners of weight 0 or 1. Identity (5.26)
excludes the second; ordered-pair uniqueness identifies the first with Y. At h = 1 the first
quadratic branch is impossible because n(n+4) is not a square. The two second-branch choices
have partners —n/4 and 3n/4 4+ 4. The former is excluded by applying the involution J X —
to (5.26). Ordered-pair uniqueness gives the remaining at-most-one assertion. O

5.8 The second weight-one candidate

Specialize the fourth-order operator to

T, =1, T = — + 4.
For its scalar solution F(z) = 272" > >0 fo2t, set

P(z) = 22"(1 + 2)*"F(2).
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After this gauge transformation and division by 1 + z, the equation is

3
G P=0, G,=) z"Cy(0), 0=-2z0., (5.27)
k=0

where the following four polynomials specify the operator completely:

Co(e) = e(e — 3n)(e? — (3n +2)e — 6n + 1),
Ci(e) = 3et — (22n + 14)e® + (51n? + 54n + 13)e>
+ (—=36n> — 1812 + 9n — 6)e — 54n> — 90n> + 360,
Cy(e) = 3et — (26n + 22)e® 4 (79n? + 1261 + 45)e?
— (960> + 20612 + 1291 + 14)e + 36n* + 7803 + 36n% — 32n,
Cs(e) = (e — 2n)(e — 3n — 4)(e* — (5n + 6)e + 6n% + 14n + 9).

The recurrence (5.19) gives these coefficients as polynomial identities in n.

Lemma 5.7. For every odd integer n > 3,
(Rpn,1(3n/4+4,1), Ry 2(3n/4+4,1)) # (0,0).
Consequently there is no simple V-module of lowest weight one.

Proof. Suppose both circle coefficients vanish. The recurrence determines f; uniquely through
£ = 2n + 2, because those levels precede 3n. Put

min(2n,0) <2n

2n
pe= ) i >f4—i’ P(z) = ;}pﬂg-

i=0
Then P(0) = 1 and deg P < 2n. The assumed circle relations say po,+1 = pant+2 = 0. The
gauged recurrence therefore makes every coefficient of G, P through degree 2n + 2 vanish. Its
only possible further coefficient is at degree 2n + 3, and this is C5(2n)p2, = 0. Thus G,,P = 0.
This step uses no coefficient at or beyond the resonant level 3n.
The same equation has an explicit polynomial solution

Sp(z) = 23"H, (), (5.28)
where
Hy(z) =1+2z+ 2(;:1__11)22
2(2n — 1)(5n — 4) 4 n(2n —1) ) (5.29)

zZ".

3B3n—4)(6n—1)" ' 3(3n—4)(6n— 1)
Substitution in (5.27) verifies this identity coefficient by coefficient. In particular,

4(2n —1)

degSn = 3n + 4, Hn(O) =1, Hn(_l) = _3(3n _ 4)(6n — 1)

£0. (5.30)

At z = —1, the lowest-order coefficient of G,,(z + 1)" is the indicial polynomial
I1(r)=r(r—2n-8)(r* —(2n+6)r+2n+9). (5.31)

The two roots of its quadratic factor are n+3++/n(n + 4), and are irrational. It follows directly
by examining the first nonzero Taylor coefficient that any nonzero polynomial solution vanishing
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at —1 has vanishing order exactly 2n 4+ 8. No connection formula or absence-of-logarithms
assumption is needed for this assertion.
Now form the polynomial Wronskian

W = PS, — P'S,.
At zero, P(0) =1 and S,, = 2°"(1 + O(2)), so

ordg # =3n — 1,
in particular, # # 0. Since S,,(—1) # 0, the nonzero polynomial solution
P(=1)
Sn(=1)

vanishes at —1. It is nonzero because Q(0) = 1. By (5.31), ord_; Q = 2n + 8. Replacing P by
Q leaves # unchanged, so

Q=P— Sn

ord_ 1 # =2n+17.

Consequently this nonzero polynomial must have degree at least
Bn—1)+(2n+7) =5n+6.
But its definition gives
deg# < deg P+ degS, —1<5n+3,

a contradiction. The two circle coeflicients cannot both vanish. Corollary 5.6 and the Zhu
relations (5.21) therefore exclude the last weight-one candidate. O

5.9 Projectivity of the vacuum and rationality

Lemma 5.8 (Projective unit criterion). Let D be a finite C-linear abelian braided r-category
with simple unit and right-exact tensor product. If its unit is projective, then D is rigid and
semisimple.

Proof. Here an r-category is a Grothendieck—Verdier category whose dualizing object is the
tensor unit; write D for its contravariant duality. For a nonzero indecomposable M, the
evaluation DM ® M — 1 corresponds to idpps under the defining adjunction and is therefore
nonzero. Since the unit is simple, this evaluation is an epimorphism. Projectivity of 1 splits it,
so M is non-negligible in the exact sense of Etingof-Penneys [23, Theorem 1.1].

Moderate growth is automatic here and does not require already knowing rigidity. Let K
be the maximum of 1 and the lengths of S; ® S; over the finitely many simple objects. Right
exactness in each variable gives

((A® B) < KI(AX(B),  #(M®)< K~ Y(M).

Also dim Hom(A4, B) < ¢(A)¢(B) by induction on composition series. Thus dim End(M®") < r!
for sufficiently large r. Etingof-Penneys applies to each indecomposable, proving rigidity.
Finally,

Hom(M, —) 2 Hom(1,M* ® —)

is exact, because rigid tensoring is exact and the unit is projective. Every object is therefore
projective, so the finite abelian category is semisimple. O

Theorem 5.9 (Uniform rationality). For every odd n > 3,
Vo is strongly rational.

In particular this holds for every n = N? with N > 3 odd.

28



Proof. Lemma 5.7 proves that there is no simple of weight one. Proposition 5.5, together with
the other vacuum-extension vanishings, gives Ext!(V,T) = 0 for every simple 7. Induction
on length then gives Ext!(V, M) = 0 for every object M, so V is projective. The C-cofinite
theory makes the category of grading-restricted generalized V-modules finite abelian and
braided, with right-exact tensor product [22, Section 2.3]. Closure under contragredients gives
Grothendieck—Verdier duality with dualizing object V¥ [9, Section 4.1]. Since V'V = V| this is
an r-category. Lemma 5.8 therefore proves semisimplicity. In the Cs-cofinite setting this is
rationality [22], and Section 2.1 establishes the other strong-rationality properties. O

5.10 Foundational properties

For odd n > 3, let C,, = Rep(Vj,+2). We collect the conclusions of Sections 2-5 in a form suited
to the categorical reconstruction and module classification.

Theorem 5.10 (Foundational properties of the diagonal family). For every odd n > 3, the
following statements hold.

(H1) V = V19 is simple, self-contragredient, of CFT type, Cy-cofinite and rational, with
central charge 1 — 6n. Its ordinary module category C, is modular.

(H2) There is a self-dual invertible J with J* = 1, associator F(J,J,J) = —1, self-braiding
cjg g =1", twist 0y =i~", and spherical dimension d(J) = —1. Its centralizer gives the
ribbon factorization

Cn =S, XD, Sy = (J).

(H3) The deformed lattice VOA U, = (Vz5,Ty), B> = 2n, A # 0, is a conformal extension of
V', and as a V-module
A=U,=16 X, X simple, hx =0, X %1.
It is simple and self-contragredient. The projection pairing A ® A = A — 1 is
nondegenerate. Also A € D,, and 04 = id.

(H4) The local A-modules in D, are the pointed category Py, in (1.7). If L, denotes the local
object labeled x € Z/n and U is restriction to Dy, then

UL)=1®X, U(Ly) =2, (x+#£0), (5.32)

where each Z, is simple, Z, = Z_,, and these are the only repetitions. The Z, differ
from 1, X. The pointed category has trivial associator in the gauge ¢z, = e2miry/n gnd
dimensions one.

(H5) The simple Y = JX is the unique simple module of minimum lowest weight —n /4, with
one-dimenstonal lowest space. With

Z q(2m'r+a)2 /(4m)7 q = e2miT
reZ

)

the characters satisfy

Xv = 3(Ann—Anganta), xx = 3AnntAniania), Xy = 3(Aon+Nopra). (5.33)

Proof. Section 2.1 establishes simplicity, CF'T type, self-contragredience and strong generation
by T, W. Theorem 3.1 proves Cs-cofiniteness. The lattice and simple-current constructions
in Theorem 4.1 then provide the inputs to Theorem 5.9, which proves rationality. McRae’s
modularity theorem [22, Main Theorem 3] gives modularity of C,,. This proves (H1).
Theorem 4.1 proves the simple-current data and semion factorization in (H2), as well as the
conformal embedding and decomposition U, =V & X in (H3). The invariant form constructed
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in (4.3) is nondegenerate and restricts nondegenerately to V. The orthogonal projection onto
V therefore identifies its product pairing with the projection pairing in (H3). Section 4.8
proves that J centralizes A, so A € D,,; the integral lattice grading gives 64 = id.

The lattice local-module calculation in Section 4.8 identifies the local category with (4.10).
Together with the simplicity and isomorphism statements in Theorem 4.1(iii), it gives the
branching and pointed structure in (H4). Finally, the character calculation in Section 4 gives
the three formulas in (H5). Theorem 5.1 gives the lower bound —n/4, and Corollary 5.6 proves
that Y uniquely attains it. Its lowest space is one-dimensional by the lattice construction.
This proves (H5). O

6 Categorical reconstruction

Sections 6-9 use the foundational properties established in Theorem 5.10. This section proves
the categorical and extension-uniqueness assertions of Theorem 1.2.

6.1 The extension algebra

Lemma 6.1. The algebra A is connected étale, N;, = Dy 4 is a fusion category, and the
spherical structures and the center equivalence (1.7) are defined.

Proof. Connectedness follows from A =1 @ X with X 2 1. It is commutative and associative
by the VOA extension. Its only possible proper nonzero D,-subobjects are 1 and X. The unit
action rules out 1 as an ideal, and the nonzero vacuum channel in X X rules out X. Hence A
is a simple commutative algebra.

Creutzig-McRae—Shimizu—Yadav [9, Theorem 2.26] proves that modules over a simple
commutative algebra in a braided fusion category form a fusion category. This theorem
requires neither unitarity nor a prior nonzero categorical-dimension calculation. Thus D,, 4
is semisimple. Kong—Zheng [10, Theorem 6.10] then gives separability in characteristic zero.
This proves that A is connected étale.

For completeness, the nonzero dimension needed for the spherical module structure can be
checked without assuming it at the beginning. Work with common left and right duals from
the spherical structure. Let b =em : A ® A — 1 be the nondegenerate projection pairing, and
let f: A— A* be its adjoint, so b = eva(f ® id4). Associativity makes f an isomorphism of
the appropriate regular A-modules. Braided commutativity gives bca 4 = b. Together with
04 = id 4, this is the symmetry identity

f*jA:f7

where j4 : A — A™ is the ribbon pivotal map. This is the pairing calculation in [11,
Lemma 1.13]; it uses the inverse pairing, but no division by d(A).
The algebra dimension used in [10, Definition 6.1] is therefore

dim,g(A) = eva(f @ f~1) coevy
= evyx ((f_l)*f ®idg~) coeva = eva«(ja ® ida=) coevy = dp, (A).

The regular A-module is simple and Hom(1, A) = C. Separability and [10, Theorem 6.3] give
dimgig(A) # 0, hence d(A) # 0. Now the spherical module structure and pivotal free-module
functor follow from [11, Theorems 1.17-1.18 and Remark 1.19]. The center theorem [12,
Corollary 3.30] gives (1.7). O
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6.2 The rank of the module category

Lemma 6.2. Let A be connected étale in a nondegenerate braided fusion category D, put
N =Dy, and let P = Df“. Then

rank N = Z dimc Endp(U(M)). (6.1)
MEeIrr(P)

Proof. Let F : Z(N') — N be forgetful and I its right adjoint. For the canonical algebra
K = I(1), adjunction and the center-induction formula [13, Proposition 9.2.2] give

dim Endy(y) K = dim Hompy(FI(1),1) = > dimHomp(7T ® T%,1) = rank V.
Telrr(N)

Under Z(N) ~ DX P the underlying object of EX M is F4(E) ® 4 M. Therefore
Hom;(n) (E' X M, K) = Homp (Fa(E), M*) = Homp(E,U(M")).

Consequently, as an object,
K= @ UM )RM.
Melrr(P)
Different M are orthogonal simple labels in the second factor. Taking endomorphism dimensions
and relabeling by duality proves (6.1). O

Apply the lemma to (5.32). The unit local module contributes two, and each of the other

n — 1 local modules contributes one. Z, = Z_, does not merge the distinct second-factor
labels L., L_,. Hence

rank NV, =2+ (n—1)=n+1. (6.2)

The n local modules already give a full pointed subcategory with group Z/n. There is exactly
one remaining simple, denoted R. The next calculation proves that it is noninvertible and
fixes its fusion coefficient.

6.3 Frobenius—Perron dimensions
The following lemma justifies the character method in this nonunitary setting.

Lemma 6.3. Let V be a strongly rational VOA of central charge ¢, with a unique minimum-
weight simple Y whose lowest space is one-dimensional. Suppose the vacuum character has a
nonzero contribution at the corresponding exponential rate, with

lelﬁ)l 6777(0724hy)/(126)XV(Z~6) > 0.

Then .

~ Suy y X (i€)

= —— =Ilim -
SVY €l0 Xv(le)

FPdim(M)
for every simple M.

Proof. Modular transformation and uniqueness of Y show that the coefficients vy; = Sysy of
the fastest exponential are real and nonnegative, since the characters have nonnegative graded
dimensions. By hypothesis vy, > 0. Verlinde diagonalization says that v is a simultaneous
eigenvector of the nonnegative fusion matrices Ny, with eigenvalue Ay = vy /vy > 0.

Since M ® M* contains the unit, Ny Ny~ > I entrywise. Applying this to the nonzero
vector v > 0 yields ApsAp+ > 1. Thus all Ay; and all entries of v are strictly positive. A
nonnegative matrix with a strictly positive eigenvector has that eigenvalue as its spectral
radius. Therefore Ay; = FPdim(M ), and the asserted limit follows. O
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Poisson summation and the eta transformation give

- 1 s €
Aa,m(lﬁ) ~ ﬁe /(12 )

By (5.33), set

) —-1/2 9 -1/2 ) 4
t:FPdim(X):(n) +(2n +8) _n+2+vn(n+ ) (6.3)
(2n)~Y2 — (2n + 8)~1/2 2
The denominator is positive. Useful identities are
t+tt=n+2  (t—1)*>=nt, FPdim(A) =1+t (6.4)

6.4 The near-group fusion rules

The dimension formulas for connected étale algebras [12, Lemma 3.11 and Corollary 3.32]
imply
FPdim(D,) = n(1+t)?,  FPdim(N,) = n(1 +t). (6.5)

Let r = FPdim(R). Subtracting the n known invertible simples gives
2 _ _ _ 2
r“=n(l+t)—n=nt=(t—1)°

Therefore r =t — 1 > 1, so R is noninvertible. The local invertibles permute the noninvertible
simples on both sides; there is just one. Hence gR = Rg = R and R* = R. Frobenius
reciprocity makes every invertible occur once in R?. Write

R*=PgemR.
Y

Dimensions now give

r?—n  nt-1)
m = = =n.
r t—1

This proves (1.6).

An exact induction decomposition will also be needed. Adjunction and (5.32) show that
F4(X) contains the unit once and no other local invertible. Thus F4(X) =1 @ bR. Since the
tensor functor F4 preserves Frobenius—Perron dimensions, ¢t = 1 + b(t — 1), and

Fia(X)=1®R. (6.6)

6.5 Spherical dimensions

Write z = dp, (X). The free-module functor is pivotal. By (6.6), z = 1 + d(R), while (1.6)
and the fact that odd-order invertibles have spherical dimension one give

d(R)? = n +nd(R).
Consequently
z € {t,t71}, x > 0.
The character asymptotics determine the root. By (H5) and (5.33),

0= Sy = o[- 1 >0 (6.7)
T T \Van V2nt ) ' '
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Because Y = JX and d(J) = —1, d(Y) = —z. The categorical dimension formula for local
modules gives

dim D,, = n(1 + )2, dimC,, = 2n(1 + z)%.
The normalized VOA S-matrix satisfies Syy/Syyv = d(Y) and S%,, = 1/dimC,. Squaring
eliminates any choice of sign in its normalization. Since x > 0, (6.7) gives

T 1 n
e 2 = — 1— .
1tz V¢ 2( \/n+4>

n—y/n(n+4)
—
In particular the spherical near-group category obtained from the VOA has negative non-
invertible dimension. Frobenius—Perron dimensions remain the positive numbers computed
above.

Solving yields

dX)=t"1  dR) =t'-1= (6.8)

6.6 Condensation at a square parameter

Now put n = N? with N odd, and let H = NZ/N?2. In Py its twists and braiding are trivial.
Also

H+ =H,
because the associated bicharacter is e=4™@¥/N* and 2 is invertible modulo N. Hence the
central subcategory on H is Tannakian and Lagrangian in this pointed factor.

Let B = @),cpy h be its regular central algebra in Z(Ny2) =~ Dy2 K P}y, and define
Fn :=Repy, (B). (6.9)

The forgetful functor identifies this central pointed subcategory with the invertibles H C Nyz,
so this is ordinary de-equivariantization by H. Tts unit is simple. The local modules of the
second factor over B are Vec. The center theorem for a central algebra [12, Theorem 3.20]
therefore gives
Z(Fn) ~ Z(Ny2)'8¢ ~ Dye. (6.10)
There is also a concrete description directly in VOA modules. Put a = 3/N, so a? = 2,
and use the same conformal vector in the overlattice extension

By = (Vza, Th).
Condensation in stages identifies (6.9) with
(N-1)/2
Fn~ (Dy2)y, Byv=l1oXa2 P Zn. (6.11)
r=1

The regular algebra on H is connected étale in the local A-module category, so its algebra over
A, namely By, is connected étale in Dy2 [12, Proposition 3.16]. Its twist is trivial. All simple
Zn displayed here are distinct. The grading of this overlattice VOA can contain negative
weights; no CFT-type extension theorem is used for it.

Each invertible local A-module has spherical dimension one, so its restriction has dimension
d(A) = 1+t~1. The regular algebra on H has N such summands. Consequently

dp,, (B) = Ndp,(A) = N(L+ 1) £0.

Together with 6p, = id, this verifies the dimension hypothesis for the spherical module
structure of [11] on (6.11). Its central free-module functor is pivotal. Thus the braided
equivalence (6.10) also preserves twists: it is a ribbon equivalence with the inherited spherical
center. As an independent rank check, the Lagrangian algebra By corresponds to Ir, (1), and
hence

N -1
rank Fy = dimEndDN2 (By)=1+1+ 4T — 92N.
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6.7 The Haagerup—Izumi fusion rules

The proof first determines the simple objects, then their left and right actions and their
products.

Simple objects. The free modules gB on invertibles are indexed by G/H = Z/N and give
precisely N invertibles o,. By adjunction,

Endg(RB) = @) Hom(R, Rh).
heH

Every summand is one-dimensional. Compositions are nonzero scalar multiples of the group
law, so this algebra is a twisted group algebra of H. A cyclic group has H?(H,C*) = 0; thus
it is CN. Consequently RB is a multiplicity-one sum of N distinct simple objects Q;. None is
an ag, by adjunction. Induction is dominant, so these 2IN objects exhaust the simples.

Put § = (N++/N2+4)/2, 50 §> = 1+ N§ and FPdim(R) = N¢. If d; = FPdim(Q;), tensor
induction and de-equivariantization give

2 2
> d; = N, dezW—N:N&Q.

Equality in Cauchy—Schwarz implies d; = d for every i¢. They are therefore noninvertible.
Free left and right actions. For a noninvertible simple @), write the total multiplicities
of invertible and noninvertible terms in QQ* as a,b. Dimensions give

1+ N6 =a+bd.

As 0 is irrational, ¢ = 1 and b = N. Frobenius reciprocity identifies a with the order of the
left stabilizer of Q. Thus the left action of Z/N is free and, since there are N noninvertibles,
transitive. The same argument using Q*() proves the right action free and transitive. Choose
p = Qo and write the others as a,p. There is an automorphism ¢ of Z/N with

Plg = Ap(q)P-

The dual action supplies all translations. De-equivariantization gives N2 ~ F ][\f .
The dual action fixes every invertible gB: twisting the B-action is undone by rescaling the
H-graded free factor. Noninvertible orbits each produce at least one noninvertible in the
equivariantization. Since N2 has just one, the N noninvertibles of Fx form a single orbit.
Thus H , of order N, acts freely and transitively on them. It fixes the a, and commutes with
their left action, so on simple labels it acts by every translation

QP — Qgitp.

Inversion and self-duality. The dimension argument above applies also to p?, so it has a
unique invertible summand, say ay. Every translation fixes that summand, but

(Oét/))2 = at+<p(t)p2‘

Comparing the unique invertibles shows t +¢(t) = 0 for every ¢; hence p = —1. Write p* = a;p.
Dualizing again gives p = ag;p. Freeness and oddness force j = 0. Thus p* = p, and the
invertible summand of p? is 1.

Multiplicity one. Write

pQZI@@maaap, Zma:N.
a a

Since (agp)? = p?, applying each translation automorphism gives mq; = m,. Therefore
mg = 1 for all a. This proves all the rules (1.8).
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The spherical de-equivariantization is pivotal, so d(R) = >, d(Q;). All a,, have dimension
one (they have odd order), and the Q; = a,p have a common dimension. Equation (6.8) now

yields
d(R) N —+/N?2+4
N 2 ’

d(p) =

as asserted.

6.8 The pointed associator

Work first with G = Z/N?, H = NZ/N?, and central half-braiding
op(z) = e2mikha [N (he H,z € G).

The pointed category before condensation has trivial associator. Choose coset representatives
0 < a < N, and write M, = aB. Let u,y be its basis in degree a + Nh, h € Z/N, with
standard right B-action. Its left action is

2mwikra/N
bNr *Ug,p = € / Ug,h+r-

Write a + b for reduction modulo N and s(a,b) = |(a+ b)/N|. The following are well-defined
balanced multiplication isomorphisms:

Fap(tan @p ups) = 2Ny hett+s(ab)”
For a triple of basis vectors, the left-associated composition of the f’s divided by the right-

associated composition has scalar
eQﬁikcs(a,b)/N

Terms involving h,t cancel modulo integral exponents, using b+ ¢ — b+ ¢ = Ns(b,c). The
skeletal associator is the map from the left-associated product to the right-associated one, so
it is
w_g(a,b,c) = e~ 2rikes(@b)/N. (6.12)
In this construction the central factor is P{3, so k = —1. Equation (6.12) is exactly (1.9).
The carry identity proves the normalized pentagon equation. Its class is the standard
generator of H3(Z/N,C*) = Z/N: the cyclic cocycle invariant

N-1 )
H w1<17j7 1) — 627‘(‘2/]\7
Jj=0

is primitive. In particular this family is twisted, with pointed associator of maximal order
N, including composite odd N. The remaining associators are inherited from relative tensor
products in Fy.

6.9 The center criterion

Equation (1.7) gives the Witt equality [D,] = [P,]. A pointed nondegenerate category is
Witt-trivial exactly when its metric group has a Lagrangian subgroup; see [12, Section 5.3].
Such a subgroup has order /n, so it cannot exist for nonsquare n. For n = N2, the subgroup
NZ/N? is Lagrangian as already proved. This establishes the final assertion of Theorem 1.2.

For odd squares n = N2, one has n = 1 (mod 8). Thus the semion factor in (1.10) can be
specified uniformly by

J2=1, F(J,J,J)=-1, cjy=i, 05=—i, d(J)=—1.

This specifies the inherited ribbon structure, including its negative dimension.
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6.10 Uniqueness of the VOA extension

The near-group calculation gives
dim Hom(X?,1) =1, dim Hom(X?, A) = dim Hompx((1 ® R)?,1) = 2.

Consequently dim Hom(X?, X) = 1. Fix nonzero maps e¢ : X2 — 1 and f : X? - X. Every
unit-fixed multiplication on A has the form

m|x2 = ae + bf.

For a simple extension, a # 0: if a = 0, its X summand is a proper ideal.
In strict notation supplied by coherence, put

U =e®idy —idx ®e € Hom(X?, X).

This is nonzero. If it vanished, choose ¢ : 1 — X? with (id ®e)(c ® id) = idx. Tensor the
equality U = 0 on the left by idx and precompose with ¢ ® idy2. The result is idy2 = ce,
making X? a retract of the unit. Then X would be invertible, contrary to FPdim(X) =t > 1
in (6.3).

Projection of associativity on X? to the X output gives

aU +b*V =0, V=f(f®id) - fidaf).

Thus b # 0. If (ag, by) are the constants of the existing lattice multiplication, the same equation
and U # 0 give a/b* = ao/b3. Set s = b/by. The identities

a= szao, sb = s%by

are exactly the two components of ¢om = mg(p ® ¢) for ¢ =idy @sidx. Thus ¢ is an algebra
isomorphism to the lattice algebra.

The VOA-extension correspondence transports this isomorphism to an isomorphism fixing
V' [30, Theorem 3.2 and Remark 3.3]. The extension has a two-dimensional weight-zero space;
Remark 3.3 supplies the version of the correspondence that allows this.

7 The simple modules

The next step determines the simple objects of D = D,,. Write F : D — N, for the free-module
functor. The reconstruction gives

24/ 1
F(X)=1®R, t:=FPdim(X)= "7 +2n("+ ) FPdim(R)=t—1, (.1)

and
— +4
§:=d(R)y ="V TY 7;(” ), dX)=1+6=1t"",

dimD = n(2 + §)?, FPdim(D) = n(1 +t)%

(7.2)

The known objects are 1, X and Z,, 1 <z < (n —1)/2. The unknown induction multiplicities
are first expressed categorically, then bounded using the lattice structure of X.

7.1 Induction multiplicities

Lemma 7.1. Write Q; for the as-yet-unclassified simples of D, with i in a finite set I. Then

F(Zx) =xd (—x) ) R, F(Ql) = biR, (73)
FPdim(Q;) = bi(t — 1), d(Qi) = bid, (7.4)
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where b; are positive integers, and

=" (7.5)
: 2
i€l
Also
(n—1)/2
X’=18X0 @ Z.eo@PhQ. N, =0-1 (7.6)
z=1 el

Proof. Adjunction with U(g) determines every invertible summand of a free module. The known
Z, have exactly the two invertible summands x, —z; an unlisted simple has none. Dominance
gives b; > 0. The dimension formula for restriction of an A-module gives FPdim(Z,) =
FPdim(A) = 1 + ¢, since its local module has dimension one. Since FPdim(R) = ¢ — 1, this
proves the displayed decomposition of F'(Z,). Pivotality gives the spherical dimensions.

Subtract the dimensions of the known simples from FPdim (D) = n(1+t)2. Using (t—1)% = nt
gives

Zb2:n(1+t)2—1—t2—%1(1+t)2 _ n+3'
7 (t—1)2 2

Adjunction also gives U(R) = X &P, Z, D, biQi. Now UF(X) =X ®Aand F(X) =18R,
so X2 =19 U(R). Finally

dim Homp (Q;Q;, A) = dim Homr(b?R?, 1) = b,

The unit contributes one; Frobenius reciprocity identifies the remaining multiplicity with
N O
Proposition 7.2. Fven without the bimodule theorem below, the inputs imply b? | n+4. Hence
b; is odd, and
rankD=n+3-> (b7 —1)=n+3 (mod8).
i

In particular the asserted ranks hold whenever n + 4 is squarefree.

Proof. For a modular category, the column character a — Sg;/Sp; of its integral fusion ring
takes algebraic-integer values. Its formal codegree is the sum of the products of its values on a
and a*, namely 1/S3;; this is an algebraic integer. This elementary form of the formal-codegree
argument is also recorded in [26]. Here

b252 b?
n2+0)2 n+d

ng’ =
using 62 = n(1 +§) and (2 +6)? = (n + 4)(1 + 9). Thus (n + 4)/b? is a rational algebraic
integer. The other conclusions follow from (7.5). O

For general n, the remaining task is to exclude b; > 1 when n + 4 has a square divisor. The
bimodule A(X) supplies the required bound.

7.2 The Virasoro structure of the complement
Use the Fock spaces and blocks of Section 4. Write
hj=nj(j+1),  gj=hj+(2j+1)*=(n+4)5(G +1) + 1.

Thus M; = M(e, h;), Lj = L(c, h;), and K; = L(c, g;), with the Verma and Fock structures
in (4.4)—(4.5). The charge filtration and its exact block projections are those of Lemmas 4.2
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and 4.3. Let vj = eUtDB generate the embedded M; C Bj, and let W; span the bottom of the
unique L; C B;.
The orthogonal decomposition Y =V & X gives

X=pX;, 0—M—X;— K —0. (7.7)
720

Indeed the projection of the embedded M; into X is injective, since M; has no L; submodule.
Lemma 4.5 identifies the socle and, by self-duality, the head of X; with Kj.

Choose a bottom vector x; of X, a highest vector ¢; of its socle, and a homogeneous lift
u; of the highest vector of its head. Then

wtz; = hj, wt ¢; = wtu; = gj, (uj7¢j)7é0'

Every vector in X is a sum of negative Virasoro descendants of xz; and u;. Since n is odd,
every h; is even and every g; is odd. This separation will make the reduction triangular.

7.3 Transition maps between Virasoro blocks

Lemma 7.3. The vectors can be chosen so that:

(a) xz; has nonzero lowest-charge component proportional to e~ I8 the projection of W_onj—17j
to the bottom of X1 is nonzero.

(b) For j > 1, projection of Y (W, 2)¢; to X;—1 has a nonzero coefficient proportional to ¢;_1.

(¢) The coefficient of uji1 in the head of the Xjy1 component of Wa,_1_ Uj 1S NONZETO.

9i+1—95)
Proof. The charge of L{‘ never decreases. Invariance expresses the pairing of two lattice
states through the weight-zero functional, which is supported in charges zero and one. Hence
(vj,v;) = 0, since both inputs have charge j + 1 and all further charge shifts are nonnegative.
The bottom form of Bj is nondegenerate, while the W; line is nondegenerate. Its orthogonal
projection of v; into X; therefore subtracts a nonzero multiple of W;: otherwise a nonzero
vector in the one-dimensional nondegenerate orthogonal complement would be isotropic. This
proves the assertion about ;.

Normalize W = W; to have lowest component e ?. The lowest-charge contribution to
Y (W, z)x; is a nonzero scalar times

V(e P 2)e798 = ;22 (¢~ UHDB L higher oscillator terms), ¢; # 0.

Block projection to Bj1 preserves this coeflicient: on the charge —(j 4+ 1) associated graded
it is the identity. The action of V' preserves X. At weight h;,1 its projection is thus a nonzero
multiple of ;1. This proves (a).

The lowest-charge component qb? of ¢; is the nonzero singular vector in F; 1 = M;. The
lowest-charge part of Y/ (W, 2)¢; is

V(e ™?, 2)¢) € Fi{z}.

It is nonzero: the lattice exponential is a charge shift composed with invertible creation

and annihilation exponentials. Its projection to L;_; is zero. A nonzero projected Virasoro
T
would be Ci-cofinite by [17, Theorem 4.1.7|, contrary to irreducibility and non-Ci-cofiniteness
of K;. Thus the nonzero series takes values in the submodule K;_; of F;.

Its leading coefficient is a highest vector: the Virasoro commutator formula with the primary
e~? shows that every positive L, annihilates the first nonzero coefficient on the highest input

qﬁ(])-. Since K;_1 is an irreducible Verma module, that coefficient is at its bottom g;_1, not at a

intertwiner would, by contragredient symmetry, give an intertwiner of type ( I, 1). Its image
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higher singular weight. Exact block projection preserves its charge-j component. The filtered
part of Bj_; of charges at least j is precisely its embedded Verma module; the next filtered
part is zero. Hence the projected coefficient is a nonzero multiple of the socle vector ¢;_1,
proving (b).

For an even-weight primary, invariance gives (W,a,b) = (a, Wa,—2-,-b). Apply this to (b),
pairing with u; and ¢;;1. The adjoint mode has weight increase g;11 — g;, and the pairing is
nonzero. Since pairing with the socle detects the head quotient, this is precisely (c). O

7.4 The two-generator bound

For a V-module M, let A(M) = M/Oy (M) be the Frenkel-Zhu bimodule. Put x; = [T] * —
and x, = — * [T]. For homogeneous v the standard relations are

[L_v] = (—=1)"(rz, —x + wto)[v] (r>1). (7.8)

Also the higher circle relations reduce [W_sv], s > 2, to classes of W,v with r > —1, and

2n
W] o] = W0+ 3 (?) W 1], (7.9)

These follow directly from the defining residue relations; they hold without assuming v is
Virasoro highest.

Theorem 7.4. The bimodule A(X) is generated over A(V') on the left and right by the two
classes [xo] and [uo], of weights zero and one. Consequently

Nig<?2 (7.10)
for any simple V -modules S,T.

Proof. By (7.7) and (7.8), it is enough to reduce [z;], [u;]. Induct on their conformal weights.
The two bottom generators are xg, ug. Their weights are distinct from all subsequent generator
weights.

For x4 use Lemma 7.3(a). The target weight increase from x; is 2n(j + 1). For j =0,
the mode is W_1, which is handled by (7.9). For j > 1 the mode is at most —2, and a higher
circle relation replaces it by modes of resulting weight at most h; +2n < hj;yq1. All other block
components of the original coefficient are descendants of generators of smaller weight. There
is no other generator of weight h;,1: the h; are strictly increasing even integers and the g; are
odd. The coefficient of x;; is nonzero, so this solves for its class.

For w41 use Lemma 7.3(c). Its weight increase is 2(n 4+ 4)(j + 1) > 2n, so a higher circle
relation reduces the relevant mode to states of smaller weight. After removing the nonzero
head coefficient, the remaining part of its block lies in the Verma module generated by 1,
whose weight is strictly smaller than g;;1. Other blocks have smaller generator weights as
well, because no h; equals gj+1 and the g; are strictly increasing. Thus induction also solves
for [u;41]. This proves the generation assertion.

Strong generation by 7', W implies that A(V') is generated by [T, [W]. Since [T is central it
is commutative. Its simple modules, hence all simple V-module top spaces, are one-dimensional.
The Frenkel-Zhu—Li injection [20, Theorem 2.12] bounds an intertwining-operator space by
the contraction of A(X) with the two top-space characters. That contraction is generated by
the images of the two displayed classes and has dimension at most two. This proves (7.10). [

Corollary 7.5. Every b; in Lemma 7.1 is one. There are exactly M = (n + 3)/2 new simples
Q;, and the two ranks in Theorem 1.2 hold.
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Proof. Apply (7.10) with § = T = @Q;. Equation (7.6) gives b? — 1 < 2, so the positive
integer b; is one. Now use (7.5) and the semion factorization. Equation (7.6) becomes
X? = @SEITY(D) 5. -

In particular the missing objects have an intrinsic construction: split the complementary

summand
Q=X%o <1@X@EBZ$>.

Its endomorphism algebra is CM | and its primitive idempotents give exactly the @Q;, each once.
Their semion translates give the other M missing V-modules.

Every simple is self-contragredient. On the contragredient top, o(T") has the same eigenvalue,
and so does o(W) because W is primary of even weight. The two Zhu characters coincide; Zhu's
bijection gives the isomorphism. Rationality makes A(V') semisimple, so its commutativity
and the rank theorem give A(V) =2 C?"*6 as abstract algebras.

8 Modular data

Order the simples of Dy, as 1, X, Z,,Q,, with 1 <2z < (n—1)/2and 1 <y < (m —1)/2. The
next formulas state that, for u = n= %2 and v = m~1/2,

(u+v)/2 (u—wv)/2 ull —ov1
(u—0)/2 (u+v)/2 ul' ol 1/2

S = ul ul o o | u=mn" v=m"2, (8.1)
—vl vl 0 C,
2 4mab ; :
(Crlap = NG cos 7;a , O = diag (1, 1; 62””‘2/”; emeZ/m> . (8.2)

The matrix © records the ribbon twists. Use the positive square root of dimD,, in the
normalization of S. The end of this section recovers the character normalization and compares
the data with the formulas of [25, 33].

8.1 The known blocks

Normalize categorical S by the positive root vVdim D = /n(2 4 ¢§). Let B be the restriction
matrix from the local A-modules. Its only nonzero entries are

Bi1o = Bxo =1, Bz, =Bz, +=1.

Kirillov—Ostrik’s local-module modular-invariance theorem, which does not assume unitarity,
gives ‘
SpB=BSp,,  (Sp,)ey =n" et/ (8.3)

[11, Theorems 4.1 and 4.5]. Twists on restriction agree. Since d(Z,) =2+ 0 and d(Q;) = 9,
the vacuum row is

Soo = (u+v)/2, Sox = (u — ’U)/2, SOZx =u, SOQi = —.

Taking each column of (8.3), and using symmetry, now gives exactly (8.1) except for its last
block, temporarily denoted K = (K;;). The known twists are §x =1 and 6z, = e2miz?/n,

All fusion matrices are real symmetric because all simples are self-dual. Their eigenvalues
Sqi/So; are real; hence S is real. Thus S? = 1, and its remaining blocks satisfy
2

Kl=—-——-1 K? =1 — =11t 8.4
\/m ) M m ( )
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The normalized Gauss sum of D equals that of its local pointed category [11, Theorem 4.5]:

1 omiz? /n 1 n=1 (mod4),
= —— e =
7= n 2 {z n=3 (mod 4).

x mod n

If w; = 0g,, the vacuum entry of the Gauss-sum identity gives

M
1+2) w; =yv/m. (8.5)
i=1

For example, expand ), Sgaea = vSpo and use the ordinary quadratic Gauss sum for the Z
sector. This proves (8.5) without choosing a proposed twist for any Q;.

8.2 The integral fusion algebra

We recover the unknown block by adapting the characteristic-two method of [29, Section 5.2];
this also treats square m.
Write N{; = Ngi’fQj. Adjunction gives

QiQj =01+ (1—6;))X + > Zo+ > NjiQr, S ONE=M—2+4;. (8.6)
x k k

Indeed the coefficient of Z, = U(z) is the multiplicity of x in R?, the sum of the unit and X
coeflicients is one, and the last equality follows by applying F' and comparing R coefficients.
Similarly
XQi=X+)> Z,+ > Q;
= J#i

In the complexified fusion ring define ¢; = 1 + X — Q;. Direct substitution using X2 =", a
gives

CiCj = 251']'1 + Zafjck, afj =1- N,Ll; <1, Zaf} =2 - 51] (87)

k 2

The elements 1,c¢1,...,cyr are linearly independent in the fusion ring.

Evaluate at the fusion-ring character belonging to ();. The evaluations are

_ Soj + Sxij = 5ij
Soj

zi(j) = VmK;;.

They form a basis of functions on the M labels, since K is invertible. Equations (8.4) imply

Z.%i = —1, TT(xsz) = méij — 2. (8.8)

Here the trace is the sum over all M evaluations. The lattice O = ), Zz; is a unital integral
algebra by (8.7) and 1 = — }°, ;. All its evaluations are algebraic integers, and its trace-pairing
determinant is m™ 1!, odd.

Modular Galois symmetry [27, Theorem 10.1] permutes the ); among themselves. Their
vacuum entry has Galois conjugates +1/y/m. The other vacuum entries have different absolute
values, since

O<u<v<m<u (n>3).
2 2
The Galois signs on all Q; are the same, namely /m/o(y/m). Therefore

o(@:(4)) = 250 ).
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Choose a prime above two in a cyclotomic field containing the entries, and an automorphism
in its decomposition group inducing residue-field Frobenius. Such a lift exists even if the
cyclotomic field ramifies at two. Let its permutation on I be 7. Each evaluation of z7 — Tr(s)
vanishes modulo that prime. Hence its trace after multiplication by any x; is an even rational
integer. The invertibility modulo two of the trace matrix (8.8) proves

z? Tri) (mod 20). (8.9)
Write 22 = 3", brg. By (8.7), by = ak—2 < —1and 3", by, = 1—2M. Exactly the coefficient
at (i) is odd by (8.9). Thus that coefficient is at most —1 and every other coefficient is at
most —2. Their sum forces equality in every place. Lifting back to the independent elements

1, ¢, yields
¢} =21+ ¢y (8.10)

For i # j, compare the coefficient of 1 in (cicj)2 = cgc?. The permutation property of = and

(2
(8.7) give
k\2 k
k k
Since a(a — 1) > 0 for every integer a, exactly two coefficients are one and all the others are
zero. Thus ¢;c; = ¢, + ¢4 with p # q.

8.3 The finite abelian group

Put ¢y = 21. The preceding products define a commutative two-valued group on {0} U I:
multiplication lists the two labels in a product c,cp. Associativity follows from associativity of
the algebra and independence of the basis. Its identity is strong; every label is its own unique
inverse. There is no nonidentity label whose square is {0,0}, by (8.10).

The following precise consequence is needed from the classification of involutive commutative
two-valued groups [28, Theorem 1.10]: a finite such group with no nonidentity strong involution
is H/{£1} for a finite abelian group H of odd order. Indeed the unipotent and special families,
and any nontrivial Boolean factor in that classification, contain a nonidentity element squaring
to the identity twice. In the principal family the same exclusion removes H[2]. Therefore

|H| =2M + 1 =m, Clp) = en+e_p (8.11)

identifies the algebra with C[H]{*1},
The column evaluations are consequently the characters of this algebra: for each [k] €
H/{+1} there is a unique class [xx] € H/{£1} such that

ey ([K]) = xn(h) + xx(h) .

The identity evaluation sends every cf,) to two. Symmetry of K and the product formula in
(8.11) show that [k] — [xx] preserves the two-valued product.

Use the lifting fact proved in [29, Lemma 5.4]; the following argument records it in the
present notation. A two-valued isomorphism f : H/{£1} — H'/{£1} for odd finite abelian
groups lifts to a group isomorphism, uniquely up to a global sign. Choose g # 0 and a
representative b of f([g]). For each = choose the unique representative F'(z) of f([z]) for which

[z +gl) = [F(x) +0].

Existence follows from the two-valued product, and uniqueness from oddness: [u+b] = [—u+ D]
forces u = 0 or b = 0. Induction using the product with [g] gives f([z + rg]) = [F(x) + rb].
Apply the product rule to  + rg and y + sg. The variables r + s, — s vary independently
modulo the odd order of b. If the first outputs could not be matched, the sign classes
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[F(x) — F(y) + (r — s)b] would all be constant, impossible for a cyclic orbit of odd length at
least three. Thus [F(z) + F(y) + tb] = [F(z + y) + tb] for every ¢t. Taking ¢t = 0,1 and using
the same uniqueness proves additivity. Bijectivity follows from that of f.

This gives a nondegenerate bicharacter 5 : H x H — C* with

o BULE) + B
[hl,[K] = Jm :

(8.12)

Symmetry says B(h, —) + B(h,—)"t = B(—,h) + B(—, h)~!. Independence of characters and
the fact that a group cannot be the union of two proper subgroups show that 3 is globally
symmetric or globally skew. The twist argument next proves symmetry, including when m is
a square.

8.4 The quadratic form

Extend w; to an even function w : H — C* by w(0) = 1, and put v(h) = w(h)~!. Vafa’s
theorem gives |w(h)| = 1. The identity

SeS =~0"1567!
in its vacuum—@Q and Q—Q blocks, using (8.12), gives respectively

> w(h)B(h, k) = ~yv/muv(k), (8.13)

heH
v(h + k) +v(h — k) = v(h)v(k)(B(h, k) + B(h,k)1). (8.14)

Here is the block calculation for the second equation. The two distinguished columns contribute
2/m. Extending the sum in K diag(w)K from sign classes to all of H introduces the h = 0
term —2/m, cancelling it. Its four character sums are the two sums in (8.13) at h + k, h — k,
each twice. This works for a symmetric or a skew bicharacter, since the arguments occur in an
even pair. Cancelling v/y/m yields (8.14).

The real number B(h, k) + B(h,k)~! is nonzero, because 3(h,k) has odd order. For two
unit complex numbers with nonzero sum z, their product is z/Z. Applying this to (8.14) gives

v(h + k)v(h — k) = v(h)?v(k)2. (8.15)

It follows inductively that v(rh) = v(h)"". If h has odd order d, compare r = (d+ 1)/2 and
(d—1)/2 using evenness; this gives v(h)? = 1. Write v(h) = e2™Q(M/¢ with e the odd exponent
of H. Equation (8.15) is the parallelogram identity in Z/e. Division by two is defined in Z/e.

Set

QUER ZQUZD _ Gtk — Q) - Qb
Applying the parallelogram identity at h+k and h—k gives P(h+1,k)+ P(h—1,k) = 2P(h, k).
Taking | = h gives P(2h, k) = 2P(h, k), and then taking h = (a + b)/2, | = (a — b)/2 proves
additivity in the first variable. Symmetry gives additivity in the second.

Thus by(h,k) = v(h + k)/(v(h)v(k)) is a symmetric bicharacter. Equation (8.14) says
b, + b;! = B+ B! Character independence and the same two-subgroup argument give
b, = 3 or B! globally. In particular 3 is symmetric and b, is nondegenerate. Hence w is a
nondegenerate homogeneous quadratic form on H and

P(h, k) =

-1
Kin i) = buth, b) T/%”(h’k) ;> wlh) =yym. (8.16)

heH

Thus the missing block comes from a metric group of order m.
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8.5 Identification of the metric group
Lemma 8.1. Some simple V-module has twist e2™/™

Proof. By (H5), ch X — chV = Ay, 1. Its modular transform is the exact Poisson-summation
identity

A ( 1/T) \/t Z aAam T) (817)

Let D act on functions by D f(7) = e?™¢/24 f(7 4 1), and put £ = >/, By (H1), the span of
simple characters is modular invariant, and D acts there with the ribbon twists as eigenvalues.
Choose L divisible by their orders and by 4m. The polynomial operator

1 L-1
[ g—'f’DT
L4

projects to the {-eigenspace both on the character span and on the theta functions in (8.17).
The terms with a = m — 2 and a = m + 2 survive, since

a mod 2m

(m=2?% n_1

4m 4 m

Any surviving index satisfies a®> — mn =4 (mod 4m), so a> = mn =1 (mod 4) and a is odd.
All surviving terms therefore have negative sign and nonnegative theta coefficients; they cannot
cancel. Thus II¢ # 0 on the character span, proving the assertion. O

Proposition 8.2. The metric group in (8.16) is isometric to
(Z)m, yr—s V™),

Proof. All twists in D have odd order: this holds for its known objects and, by (8.16), for
its other objects. Multiplication by 6; = 44 produces a twist with a factor four in its order.
Therefore the simple in Lemma 8.1 belongs to D, not its J-translate. It is neither 1, X nor a
Z,, since ged(n,m) = 1. Tt corresponds to some h € H with w(h) = >™/™.

For a homogeneous quadratic form on an odd group, w(h) has order dividing the order
of h, as proved above. Thus h has order m = |H|. It generates H, and homogeneity gives
w(rh) = e2™r*/m_ Equation (8.16) now gives precisely the last block in (8.1) and the last
twists in (8.2). O

8.6 Comparison with earlier modular data

To specify the Galois conjugation, write the cyclic factor of [25] using units A (mod n), B
(mod m) with

(AT, (B) = —1, Z 2miaz?/ (8.18)
x mod r
In the positive-dimension normalization, its distinguished 2 x 2 block is 2 (474 “*¥); its vacuum

entries on the two further families are u, v; its X entries there are u, —v; its remaining diagonal

blocks are
2 4 Az 2 A7 Byy'
— cos ———, — cos .

vn n LD m

—27miAz? /n. e27riBy2/m
; .

Its twists are 1, 1;e
The comparison uses the full polarization of each quadratic form. In particular, for
qB(y) = e2miBY*/m jtg bicharacter is

aB(Y+Y) _ aribyy)
b n N — — AniByy m’
5.9 q8(y)aB(y')
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and the primed block is —m~'/2(bg + bgl). This normalization is compatible with the theta-
character formulas of Section 9. The comparison below refers to these explicitly displayed
matrices; using the half-polarization e2™5v¥'/™ in that block would give a different matrix. The
derivation of (8.1)—(8.2) above fixes the normalization without depending on that comparison.

These are the centralizing labels ag, by, ¢z, —z, do y in [25, Proposition 7(b), Section 4.4]. This
statement concerns the explicitly defined modular data, not the separate conjecture identifying
all near-group doubles with those data.

Choose an integer ¢ by the Chinese remainder theorem with

(=1 (mod 4), =-A"!' (mod n), ¢(=B"' (modm). (8.19)

It is a unit modulo 4nm. Let o¢(Cinm) = (- For odd r and £ = 1 (mod 4), quadratic Gauss
sums give o¢(\/r) = (£/r)\/r. Put s, = (¢/n) and s,, = (¢{/m). Since n = m (mod 4), (8.18)
gives

SpSm = (—=1/n)(A/n)(B/m) = —1.
Thus s, = —s;,. Substituting (8.19) into every entry gives

0(SFY) = 5,8,  0(0F%) = 0. (8.20)

The single overall sign is exactly the permitted choice of square root of global dimension when
normalizing .S. This proves the prescribed Galois relationship for any admissible cyclic pair in
the family D,, of [25]; it is an entrywise identity valid for composite odd parameters as well.

8.7 The twisted Haagerup—Izumi comparison

Let n = N? and u = N? 4+ 4. Compare with the explicit data D'Hgy of [33, Section 3.2,
equation (3.3)]. Their two groups of nontrivial labels are the nonzero sign classes of a metric
group of order N2, and the nonzero sign classes of Z/ .

Here is an explicit description of the first metric group, so that no classification of HI
categories enters. For twist parameter w, use generators g, h with

24N
Nh=0,  Ng=2wh, q(ag+bh)=exp (27”W> :

Changing a by N and b by —2w preserves this form. For a unit w (mod N), g has order N2,
and the form is cyclic with coefficient w. The labels a; in [33] are the nonzero bh sign classes,
and its cqp are the classes with a # 0. This gives every nonzero class exactly once. For w =1
the form is q(z) = 2™@*/N*  The other coefficient in [33] is B = (u —1)/2 = —2~! (mod pu);
its cosine block can equally be written —24~/2 cos(dmByy' /).
Choose
(=1 (mod 4N?), ¢=-2 (mod p). (8.21)

Since p =5 (mod 8), (=2/p) = —1. Hence oy fixes N and sends /i to — /. It fixes the
first quadratic form and sends the second coefficient B to one. Direct substitution in the data
displayed in [33] gives

o(D'Hgy) = (S,0)

with the positive square-root normalization of this paper. Combined with the ribbon equivalence
(1.10), this proves the modular-data assertion for the center of the constructed twisted HI
category.
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8.8 The full VOA matrices
In the order Irr(D) followed by their J-translates, set

1 (1 -1 . o
SS_\/§<_1 _1> R @g—dlag(l,z )

The categorical matrices are their tensor products with (8.1)—(8.2), up to the global normaliza-
tion of S. The genus-one/Verlinde comparison identifies the character and categorical matrices
up to the common normalization of S [31]. The character normalization is

SV =—Ss®8, TV =200 0). (8.22)
Indeed Poisson summation in (H5), using the unique minimum-weight simple, gives
SVy = 1(2n)™2 - (2m)7V?) > 0.

Since d(Y') = —d(X) < 0, this forces the negative normalization of S& v and hence the minus
sign in (8.22). This sign distinction matters for this nonunitary ribbon structure.

9 Characters and Zhu’s algebra

The complete module list is now known. The character determination uses the space of
holomorphic modular forms of weight 1/2 for the two Weil representations appearing in the
modular data. This also treats composite parameters, where a single character need not
generate the full modular representation.

9.1 Splitting the character vector into two Weil representations

For r = n, m put
’(9(177. = ’[’]Aaﬂ. = Zq(27‘t+a)2/(47‘)’ 0 S a S r.
teZ

Let p; be the even part of the Weil representation of (Z/2r,a + a?/(4r)). Use component
coordinates indexed by sign classes 0,1,...,r, so its theta transformation is

ar(=1/7) = YT (90, + (=1)%0 +2§cos( b/r)d (9.1)
ar\—1/T) = —F/— 0,r - T Tao/r)vpy |, .
vr =
Do p (T + 1) = 270/ U9, (7). (9.2)
The factor v/—ir includes the usual e~™/% in the metaplectic S matrix.
Temporarily label the Z,, @, and their J-translates by A,, By, using

An—Qz = Za:a AQx = JZz7 Bm—2y = an BZy = JQy

Alll <a <nand 1 <b < m occur once. These are categorical labels, not yet character
assertions. Define vectors f(, (M) by

£ = n(ch V + ch X), 7 =n(chJ +chY), fi" = neh A,
£ = p(ch X — ch V), f§" = nlchY —ch J), £ =nech By,

Substitution of (8.1), (8.2), and (8.22) gives precisely (9.1)—(9.2) for these two vectors. To
check the signs, for example,
m(r —2z)(r — 2y) drxy

COS = — COS
r

(r odd),
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and the factors at 0,7 account for the half-sums defining V, X, J. Y. For the T check, the
exponent of 7 ch M is h(M)+n/4 modulo Z. For B,,_a, this is y?/m+n/4 = (m—2y)?/(4m),
and the other three label types follow in the same way.

By (H5) every lowest weight is at least —n/4. Thus each component of these vectors has
no negative Fourier exponent. Modular covariance then gives holomorphy at every cusp.
Consequently

f(r) € Ml/2(p;r)7 r=mn,m. (9-3)

9.2 The unary-theta basis

The argument uses Bruinier—-Schwagenscheidt’s unary-theta basis theorem [32, Lemma 2.1], a

formulation of Skoruppa’s critical-weight result: for a positive integer r, M; /z(p,«) is spanned

by the unary theta vectors at indices r/d?, lifted from isotropic subgroups and acted on by

discriminant-form automorphisms, where d? | r. The involution a —+ —a acts trivially at weight

1/2, so this is also the space in (9.3). The required explicit consequences are verified next.
On the full coordinates a € Z/2r, for odd r and d? | r, define

1 dl|a,d|b, b=a (mod2r/d),

0 otherwise.

(Eq)ay = {

Then (EqV;), is zero unless d | a, and otherwise is ¥,/q,/42. Indeed the d residue classes
b = a+2rs/d partition the integers df with £ = a/d (mod 2r/d?). This is exactly the isotropic
lift in the basis theorem. An automorphism at index r/d? is multiplication by signs at its
prime-power factors. Lift those signs to the corresponding prime powers of r, choosing either
sign at any remaining factors. The lifted permutation P, has square one, commutes with F,
and gives the same lifted theta vector. Hence

f(T) = M,9,, M, € spanc{E4P, : d? | }. (9-4)

All these matrices commute with the Weil matrices. For T, this follows from b? = a? (mod 4r)
on the support of F4. For S, summing the finite Fourier kernel over a coset of the isotropic
subgroup proves the equality; P, preserves the quadratic form. Moreover they are symmetric
on the full coordinates. On sign-class coordinates this becomes

D.M, = M'D,, D, = diag(1,2,...,2,1). (9.5)

These statements hold for complex linear combinations; no reality assumption on their
coefficients is needed.

The functions J,,, 0 < a < r, are linearly independent. Their exponents are disjoint:
equality of two squared integers implies equality of their sign classes modulo 2r. Thus every
scalar coefficient of M, can be recovered from Fourier coefficients.

It is already known that fy) = 0,, from (H5). Also

S5 4 £ = 2peh Y = 9,0+ o

By the basis theorem, fér) is a linear combination of ¥, /42, d? | r: every automorphism
fixes zero. The positive exponents in the n and m combinations are disjoint. An intersection
would make n/m a rational square; since ged(n,m) = 1, both n,m would be odd squares,
impossible when m —n = 4. It follows that each difference fO(T) — ¥, is constant. Such a finite
linear combination of these theta functions cannot be a nonzero constant: its smallest positive
exponent comes from the largest d with a nonzero coefficient, and cannot cancel. Therefore

=00 1D =0, (9.6)

Linear independence and (9.5) show that both endpoint rows and both endpoint columns of
M, are the corresponding rows and columns of the identity.
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9.3 Positivity and the character formulas

The next positivity fact is stronger than positivity of a VOA character alone.

Lemma 9.1. Let E be an ordinary, lower-bounded V-module. The coefficient of ¢"™/* in
nch E is a nonnegative integer if either h <0, or h #0,—n/4 (mod Z).

Proof. At this central charge, a rational Virasoro highest weight can have a reducible Verma
module only at a positive Kac label with r = s, hence at h = n(s?> — 1)/4 > 0. This follows by
separating the irrational coefficient of ¢ in the Kac formula, as in Section 5. All these weights
are congruent to 0 or —n/4 modulo integers. The character of an irreducible Verma module
becomes the single monomial ¢"T™/* after multiplication by 1. A non-Verma irreducible can
therefore contribute a subtraction only in those two congruence classes and at nonnegative
weights.

Virasoro composition multiplicities are nonnegative integers. This character assertion also
applies to a module not finitely generated over Virasoro: at any fixed weight cutoff, finitely
many homogeneous generators suffice to reproduce the truncated character, and their category-
O modules have finite length at this generic central charge. Composition-factor additivity
then gives the stated coefficient. Equivalently one can use the finite weight truncations of the
block decomposition. Under either condition on A, no negative subtraction contributes at that
weight. O

For 1 < b < r set hy, = b*/(4r) —n/4. For r = n these numbers are all negative. For r = m
they are negative when b < m — 3; the only others are
_ _ 1, 1
hmf2,m — 1/77’L, hmfl,m ) + am
Both lie outside the two exceptional congruence classes in Lemma 9.1. In a nonendpoint row

a, the matrix coefficient (M, )q, equals the coefficient at qb2/ (4r) i nch A, or nch B,, because
the theta supports are disjoint and the leading coefficient of ¥, is one. Consequently

(Mr)ab S ZZO (1 <a,b< ’I”).

The zero row of the Fourier matrix in (9.1) is (1,2,...,2,1)/v/2r. Commutation of M, with
that matrix, together with (9.6), therefore gives

r—1

Y ((M)g=1 (1<b<r).

a=1

The interior block has r — 1 rows and columns. Each column thus has a single entry one.
No row is zero, since each represents the character of a nonzero simple, and the endpoint
columns have already vanished on these rows. Thus each row also has one entry one: M, is a
permutation fixing both endpoints.

Relabel by these permutations. Commutation with 7" preserves parity of the indices, because
an odd square and an even square cannot be congruent modulo 4r. They commute with the
modular matrices, so the formulas already proved for S, T are unchanged. They fix V, X, J,Y;
Verlinde’s formula then shows that they also preserve fusion by J. This proves the following
full classification.
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Theorem 9.2. For every odd n > 3, the simple V-modules have the following lowest weights
and characters. Every lowest space is one-dimensional; the index ranges are 1 < a < n and
1<b<m.

module lowest weight  character

%4 0 (A — M) /2
X 0 (A + Am) /2
J 37’L/4 (AO,n — AO’m)/Q
Y —n/4 (Ao,n + A07m)/2
A, a?/(4n) —n/4  Aan
By b%/(4m) — n/4 Apm

Moreover JA, = Ap_q and JBy = B,,_y. The odd indices in the two families are the Z and
Q objects in the centralizer.

The weight of J follows from the first surviving term of (Yo, — Jom)/2 = ¢" +---. All
other weights follow directly from their displayed theta leading terms.

9.4 A presentation of Zhu’s algebra

The character theorem gives an exact uniform presentation after a harmless change of generators.
Define

Po(t) = t(t — 3n/4)(t + n/4)

n—1 2 n+3 2
a n b n (9.7)
11 t—+> 11 <t—+>.
a=1 < 4n 4 b=1 4(” + 4) 4
Its 2n 4+ 5 roots are distinct. Within either family this is immediate; between the two
families equality would make n/m a rational square. None equals 0 or the two exceptional
endpoint weights. Since A(V') is semisimple and its simples have the displayed Lg eigenvalues,
P,([T]) = 0, and this is the minimal polynomial of [T7.

The only repeated Lg eigenvalue is zero, on V, X. The W eigenvalues on these two tops
differ: otherwise the two characters of the algebra generated by [T],[W] would coincide. The
vacuum eigenvalue is zero. Rescale W to make its X eigenvalue one, and put

P.([T)/[T
o= PP
P (0)
Here P, (t)/t means polynomial division before evaluation, not division by a possibly nonin-
vertible element. Then e is the primitive idempotent of X. It follows that

A(V) 2 Clt,e]/(Pa(t), te, e —¢),  t+— [T). (9.8)

Indeed these elements separate all 2n 4 6 simple characters, so the map is surjective; its source
has dimension (2n + 5) + 1 = 2n + 6, proving injectivity. This presentation follows from the
module classification; the rank argument used only the independent bound on A(X).

9.5 Proof of Theorem 1.2

Proof. Theorem 5.10 establishes the five foundational properties of V1o for every odd n > 3,
including strong rationality, the lattice extension and its branching rules. We now collect the
deductions that prove the four parts of the theorem.

Part (i). Theorem 7.4 bounds the relevant fusion multiplicities by two. Applied to the
induction multiplicities in (7.6), this gives b7 — 1 < 2, hence b; = 1. Corollary 7.5 therefore
proves that the simple objects already constructed exhaust the category and that the ranks are
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2n 4+ 6 and n 4 3. Section 7.4 also proves that the lowest spaces are one-dimensional and that
every simple is self-contragredient: the contragredient has the same top-space eigenvalues for
the two generators [T, [W] of Zhu’s algebra. Section 8 determines the modular matrices (8.1),
(8.2) and (8.22), and Section 8.6 proves the stated Galois comparison. Finally, Theorem 9.2
identifies the simple modules by their explicit characters and lowest weights. These results
prove every assertion in part (i).

Part (ii). The lattice extension exists by Theorem 4.1. Section 6.10 proves uniqueness by
determining its multiplication on X Xy X: both the vacuum channel and the X channel are
one-dimensional, and associativity fixes the ratio a/b? of their coefficients. Rescaling X then
identifies every simple extension multiplication with the lattice multiplication, while acting
identically on V.

Part (iii). Lemma 6.1 proves that A =1 ® X is connected étale, equips N;, = (D,,) 4 with
its spherical structure and proves the center factorization (1.7). Lemma 6.2 and the lattice
branching rules give exactly n + 1 simple A-modules. The n local modules form the pointed
subcategory on Z/n; the remaining simple is R. Section 6.4 computes FPdim(R) = ¢t — 1,
proves gR = Rg = R and R* = R, and uses Frobenius reciprocity and dimensions to obtain
R? = @®, 9 ® nR. This proves part (iii).

Part (iv). At n = N2, Section 6.6 constructs Fy by condensing the regular algebra
of NZ/N? in the central pointed factor. This subgroup is Lagrangian, so its condensation
removes that factor and gives the ribbon equivalence (6.10). The inherited spherical structure is
identified there using the equivalent description Fy =~ (Dp2)p, . Section 6.7 determines all 2N
simple objects, their left and right actions, self-duality and the multiplicity-one decomposition
of p?. Together with the spherical dimension calculation in Section 6.5, it gives d(p) =
(N — VN2 +4)/2. Section 6.8 computes the associator from balanced multiplication maps,
obtaining (1.9); its cyclic invariant is e*™/N so its class has exact order N. The semion
factorization in Theorem 5.10 now gives both equivalences in (1.10). Section 8.7 proves the
Galois comparison with D'Hgy. Finally, Section 6.9 proves that D, is a center exactly when
n is a square, by the Lagrangian-subgroup criterion for its pointed Witt class. This completes
part (iv) and the theorem. O

10 The inverse ribbon semion

From this point onward n = N? with N > 3 odd. In particular n = 1 (mod 8). The results
for the diagonal family above give

3
J22V,  hy= I”, cry=i,  0y=—i,  d(J)=-L (10.1)
Write S~ := (J); the superscript records the negative dimension, not a reversal of braiding.

Thus
Rep(V)~D,KXS™.

10.1 A conformal shift of the £, lattice

Let K be the positive-definite E7 root lattice. Its dual quotient has order two. A minuscule
weight u representing the nonzero class satisfies

veK*, u¢K, 2uekK, ul=-:=. (10.2)

Define the shifted lattice VOA W = Vi, by keeping its vacuum, state-field correspondence
and translation, and replacing its conformal vector by

wy = wg +u(—=2)1. (10.3)
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Its Virasoro operators, central charge and momentum weights are

Ly(r) = Lg(r) — (r + Du(r), (W) =7—12u = —11, (10.4)
o P _(p-w)? 3
wty(eP) = 5 (u,p) = T (10.5)

Oscillators add their usual nonnegative integer degrees. Since u € K*, W is integer graded.
Completing the square proves boundedness below and finite-dimensionality of every weight
space.

There are exactly two simple weak modules, with underlying lattice modules Vi and Vi .
Both remain ordinary for L, (0). The fields and weak-module identities are unchanged by the
conformal shift, so the regularity of the positive-definite lattice vertex algebra gives regularity
here. The shifted-lattice theorems of Dong-Mason [35, Theorems 3.1, 4.1 and 4.4] give these
facts and self-contragredience, the latter because 2u € K.

Denote the second shifted module by M = Vi, . At a momentum p = u +a, a € K,

formula (10.5) becomes

2
Wty (V) = % . Z. (10.6)

It has a one-dimensional lowest space at weight —3/4, and hence 0y, = i. Lattice fusion gives
M Xy M =ZW.

Lemma 10.1. The category of ordinary VW-modules, with its shifted ribbon structure, is ribbon
equivalent to (S7)*V. In particular

F(M7M7M):—]_’ CM,M:_i7 Oy =1, d(M):—l

Proof. The shift leaves the lattice vertex operators and translation operator unchanged. To
identify the tensor structures, apply [22, Proposition 2.17] to v = u(—1)1: here vpwgx = 0, and
the original and shifted vacuum gradings are nonnegative, the latter by Lemma 10.2. The
proposition identifies the module categories with the same braided tensor structure. The twist,
however, must be calculated with the shifted L(0). The nontrivial lattice class has self-braiding

. 9o .
e = e = —i

and the order-two semion associator. The twist is changed by the new L(0); (10.6) gives

Onr = i. The rank-two spin-statistics relation gives d(M) = 0ns/cyr,m = —1. These data are
the inverse braiding and inverse twist of (10.1), with the same dimension. They determine the
claimed ribbon equivalence. O

This shift addresses two distinct extension conditions. The following table records the
nontrivial auxiliary object s and the product current J ® s:

Auxiliary lattice module c¢ss 6 cysgs  OJs

Unshifted A; 1 7 -1 1
Unshifted Er —i =1 1 -1
Shifted Fr, namely M —i i 1 1

The last row supplies both braided commutativity and integral conformal grading for an
ordinary VOA extension.

10.2 Nonnegative grading and the zero-weight space

Lemma 10.2. The shifted VOA W has no negative weights and dim Wy = 56.
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Proof. For a nonzero p € K, put p? = 2r, where r is a positive integer. Since (u, p) is integral
and (u,p) < V/3r, it is at most r for 7 = 1,2,3. For r > 4 one has v/3r < r. Thus (10.5) is
nonnegative. No oscillator contributes at weight zero, so dim W, is the number of momenta
satisfying p?/2 = (u,p).

For an explicit count, realize

K = FEgN(e; +ep)t, uw=(1/2,-1/2,1,0,0,0,0,0)

in the usual orthonormal coordinates. The Eg roots are the vectors te; + e; and the half-
integral vectors (£1/2)® with an even number of minus signs. Among the roots perpendicular
to e1 + ea, exactly 27 have (u,a) = 1: eleven are integral and sixteen are half-integral. Every
zero-weight momentum has r < 3. For » = 1 these are the 27 roots just counted; the involution
p — 2u — p pairs them with all » = 2 solutions. At r = 3, equality in Cauchy—Schwarz forces
p = 2u. Together with p = 0, the count is

1427427+ 1 =56.
Equivalently, these are the 56 shortest vectors in the coset K + u, translated by w. O

The invariant bilinear form on W is nondegenerate even though its vacuum is isotropic. In
the shifted contragredient pairing, the vacuum pairs with e**. Positivity of a Hermitian form,
and the normalization (1,1) = 1, are not hypotheses of the extension result used below.

11 The extension and ribbon cancellation

We first construct the VOA and establish the finiteness and duality properties needed for its
tensor category. We then identify that entire category by local induction, keeping track of the
tensor product, braiding and twist.
Put
B=VaW, Q=JxM.

This use of B is local to this section; it is distinct from the central algebra used to define Fy.
The product category is
Rep(B) ~D, KRS K (S ). (11.1)

11.1 Existence, simplicity and regularity

Equations (10.1) and (10.6) imply

Q*=B, cgo=1 0Og=1, dQ)=1, hg=———". (11.2)
For odd N > 3, this last number is a positive multiple of six.

Proposition 11.1. The direct sum B @ Q admits a simple, reqular, Ca-cofinite VOA structure
extending B, unique up to an isomorphism fizing B. It is nonnegatively integer graded and
has central charge —6n — 10.

Proof. The base VOA. Theorem 5.10 makes V strongly rational. Thus the tensor product
V ® Vi is regular and Cs-cofinite. Its weak-module identities depend only on the fields, which
the conformal shift leaves unchanged. Every weak B-module therefore decomposes into simple
tensor-product modules. These remain ordinary: their V-weights are bounded below, and
their lattice weights are a positive-definite quadratic function of the momentum, as in (10.5),
plus nonnegative oscillator degrees. Each total weight space is finite-dimensional. Hence B is
regular, and the unchanged C5 space proves Cs-cofiniteness. The product of the invariant forms
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on V and W is nondegenerate, so B is self-contragredient as well as simple. Its vacuum grading
is nonnegative by Lemma 10.2. Finally, the conformal-shift comparison used in Lemma 10.1,
together with the tensor-product construction, gives the braided factorization (11.1).

The extension multiplication. There is one nonzero intertwining-operator channel from
Q x Q to B, since Q Xp () = B. The two semion associators can be written in normalized
gauges as F'(J,J,J) = F(M, M, M) = —1. Their product on @ is therefore

The associators involving the unit are normalized to one. Thus the order-two extension has
trivial associativity and commutativity obstructions. Also hg = 3(n — 1)/4 € 6Zx, so its
fields have the integral grading required for a VOA.

These checks make @) an even simple-current unit. Carnahan’s extension theorem [36,
Theorem 3.2.12] now applies: its base is a simple Cy-cofinite Mobius vertex algebra with finite
weight spaces and a nondegenerate invariant form, and is rational. It gives a VOA extension on
B @ @ that is regular and Ca-cofinite. In particular, the theorem allows the present By # C1.

More explicitly, choose the nonzero intertwining operator Z of type (QBQ) supplied by this
construction. The four components of the state-field map are

Y (b, 2)b' = Yg(b, 2)b, Y (b,z)qg =Yq(b, 2)q,

11.4
Y(q,2)b = VYL (b, —2)q, Y(g,2)d =I(q,2)d, (114)

for b,/ € B and ¢,q' € Q. The vacuum and conformal vector lie in B. Equation (11.3) is
precisely the compatibility of the last component with associativity and skew-symmetry; the
extension theorem supplies the Jacobi identity for these fields.

Sitmplicity and uniqueness. As a B-module, B ® @ is a multiplicity-free sum of two
inequivalent simples. Any VOA ideal is a B-submodule. If it contains B, it contains the
vacuum and hence the whole extension. If it contains (), the nonzero @ x () — B product
forces it to contain B. Thus the extension is simple.

For any other simple extension on the same B-module, the first three components of (11.4)
are fixed by the B-action and skew-symmetry. The last is aZ for a scalar a, and a # 0 since
otherwise @ would be an ideal. Choose s € C* with s> = a. The map idp ®sidg is an
isomorphism from that extension to the one with last component Z: on ) x ) the required
equality is exactly a = s?. This proves uniqueness with B fixed.

Grading and central charge. The B summand has nonnegative integral weights, while @
starts at the positive integer hg > 6 and has integral weight increments. The conformal vector
is that of B, giving

c(Wn)=c(V)+ce(W)=(1-6n)—11=—6n— 10.

Proposition 11.2. The extension ¥y is self-contragredient.

Proof. Since hg > 6, its degree-zero and degree-one spaces coincide with those of B, with the
same L(1) action. Consequently

(YN)o/L(1)(¥N)1 = Bo/L(1)Bx.

The space of invariant bilinear forms on B is Homp(B, B'), where B’ is its restricted con-
tragredient. Since B is simple and self-contragredient, this space has dimension one. Li’s
invariant-form theorem [8] identifies it with the dual of By/L(1)B;. Applying the same theorem
to ¥ therefore gives a one-dimensional space of invariant forms on the extension. Choose a
nonzero form in this space. Its radical is an ideal; simplicity from Proposition 11.1 forces that
radical to be zero. Invariance makes distinct L(0)-eigenspaces orthogonal, and each eigenspace
is finite-dimensional. The nondegenerate form thus gives an isomorphism ¥y = #%; of modules.
No normalization of the vacuum’s self-pairing is needed. O
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11.2 Modularity without CFT type

Proposition 11.3. The category of grading-restricted ¥y-modules is a semisimple modular
tensor category, despite dim(¥x)o = 56.

Proof. Proposition 11.1 gives a simple, regular, Cs-cofinite, nonnegatively Z-graded VOA ¥},
and Proposition 11.2 proves it is self-contragredient. In particular, regularity implies rationality
and hence semisimplicity of Zhu’s algebra A(¥y). McRae’s Main Theorem 3 [22] applies
to precisely an N-graded, simple, self-contragredient, Co-cofinite VOA with semisimple Zhu
algebra. It therefore proves that the full category of grading-restricted generalized #-modules
is a semisimple modular tensor category. No hypothesis that (#5)o = C1 is used. This
argument establishes modularity independently of the subsequent identification of the category
with D,,; in particular, that identification is not used to deduce the rigidity required in McRae’s
modularity results. O

11.3 The diagonal algebra and its local modules
Under (11.1), the extension algebra is

d=10Q=1p, X (1K 1)@ (J X M)). (11.5)

The factor in parentheses is the diagonal algebra in S~ X (§7)™V. Equations (11.2)—(11.3)
identify the symmetric subcategory generated by @ with Rep(Z/2). The multiplication on
1 ® @ is its regular commutative algebra, so it is separable over C. It is connected because

HomRep(B)(ByeQ{) = HomB(B,B) = G,

connectedness here concerns the multiplicity of the tensor unit, not the dimension of the
weight-zero space. Moreover 0, = id and d(«/) = 2. Thus &/ is a connected étale algebra
with trivial twist, and its module category is semisimple. We next calculate its local modules
and their ribbon structure explicitly.

Proposition 11.4. There is a ribbon equivalence
Rep(¥n) ~ Dy, ~ Z(Fn).
For each simple T € D,,, the corresponding irreducible ordinary ¥x-module is
Mpr=(TeW)® (JXRyT)® M). (11.6)
These modules are pairwise nonisomorphic and exhaust the irreducible ordinary modules.

Proof. The extension correspondence. Put C = Rep(B). Since B is N-graded and Cs-cofinite, its
full category of grading-restricted generalized modules has the Huang—Lepowsky—Zhang vertex
tensor structure [22, Section 2.3]. Regularity makes this category semisimple. Proposition 2.17
of the same reference identifies the braided structure before and after the lattice conformal shift,
as checked in Lemma 10.1; thus it is the product structure in (11.1). The extension *nx = B®Q
is an object of this category with the same conformal vector as B. The extension theorem of
Creutzig-Kanade-McRae [37, Theorem 3.65] consequently gives a braided equivalence

C(L‘;C ~ Rep(¥n), (11.7)

initially for those modules whose restrictions lie in C.

This accounts for the full grading-restricted category. Indeed, an ordinary ¥#n-module
restricts, by regularity of B, to a direct sum of simple ordinary B-modules. There are finitely
many such types. Infinite multiplicity of any one type would give an infinite-dimensional
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L(0)-eigenspace, because the conformal vector has not changed. Its restriction is therefore
a finite direct sum and belongs to C. Regularity of ¥ also makes every grading-restricted
generalized module a finite direct sum of ordinary simples. Conversely a local &/-module in
C acquires the extension action with the same grading, so is grading-restricted. This proves
(11.7) for precisely the category in the proposition.

Locality and the simple objects. Write the simple objects of C as

Stap = (JVRy T) 2 M Tech(D,), a,be{0,1},

where the zeroth powers mean V and W. In either semion factor the monodromy of the
nontrivial object with itself is —1. Since T centralizes J, the monodromy with @ is

b
CSt00Q €QS10p = (—1) P idQRp sy, - (11.8)

Let Ind(S) = o Kp S denote free induction. By [37, Proposition 2.65], it is local exactly
when the monodromy of S with ¢ is trivial. Formula (11.8) says that this is exactly a = b.
Tensoring with @ sends (7', a,b) to (T, a+ 1,b+ 1), with the last two labels read modulo two.
Hence the local labels occur in the free pairs

{57,0,0,57,1,1}, T € Irr(Dy,).

There are no fixed labels, since the second lattice factor changes from W to M or conversely.
Induction—restriction adjunction gives, for every simple S,

End,, (Ind(S)) 2 Home (S, S & (Q ¥z S)) = C. (11.9)

The last equality uses the absence of fixed labels. Since the /-module category is semisimple,
this proves that each induced module is simple. Induction identifies the two labels in each
pair: the isomorphism & Kp Q) = & follows from its regular action. For the representative
St0,0 =T @ W, the underlying B-module is exactly

Ind(ToW)=(TaoW)® (J Xy T)® M),
as in (11.6). The same adjunction gives
Hom s (M7, M7+) = Homp, (T, T"), (11.10)

because the cross term has lattice factors W and M, which are nonisomorphic. This proves
pairwise nonisomorphism.

To prove exhaustion, let L be a simple local &/-module. Its action Q Xg L — L is invertible:
acting twice is the nonzero multiplication @ Xp @ = B followed by the unit action. Locality
then forces the monodromy with ) on its underlying object to be the identity. Any simple B-
constituent S of L therefore has a = b. Adjunction gives a nonzero 7-module map Ind(S) — L.
Both modules are simple by (11.9), so this map is an isomorphism. Thus every local simple is
one of the displayed M.

The tensor product and braiding. Define

®:D, — Rep(¥y),  ®(T)=1Ind(T @ W). (11.11)

Every object T'® W centralizes 7. Induction on this centralizer is a braided tensor functor
[37, Theorems 2.67 and 3.68]. In particular its tensor and unit isomorphisms are

O(T) Ry, (T) = O(TRyT), BV)= . (11.12)

These isomorphisms arise from multiplication of the two &/ factors in the relative tensor
product. The centralizer condition makes them compatible with the braiding, and associativity
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of &/ gives their tensor coherence. Equation (11.10), extended over direct sums, proves full
faithfulness; the preceding exhaustion argument proves essential surjectivity. Thus & is a
braided tensor equivalence, rather than merely a matching of fusion rules or modular matrices.
The ribbon structure and the center. The twist on a VOA module is 2™ On the first
summand of My it is 67, since 6y, = 1. On the second, centralization of J by T gives

QJgVTQM = 050700, = (—i)ieT = 0. (11.13)

Thus ® preserves the twist on each simple and hence on every object. The two categories are
rigid, by the results for V' and Proposition 11.3, so this proves that ® is a ribbon equivalence.

Finally Section 6.6 constructs the spherical category Fn and proves the ribbon equivalence
D,, ~ Z(Fn) in (6.10). Composing it with ®~! proves the asserted realization of the center,
with its inherited spherical structure and associators. ]

Together with Proposition 11.3, this proves the existence and categorical parts of Theorem 1.1
without applying a CFT-type modularity theorem to #. The fusion coefficients of the Mp
are exactly those of D,,, and the S matrix is the categorical matrix of Section 8, with its stated
normalization. The categorical twists should be distinguished from the trace T" matrix, which
also includes the factor e2mc(¥n)/24

12 A rank-eight lattice parent

This section uses the concrete lattice embedding and the half-lattice decomposition of Section 4.
It gives actual vertex operators for (1.3), in addition to the abstract simple-current construction.

12.1 The lattice and its discriminant form

Choose a root a € Fg, with o2 = 2, and identify K = Eg N o’ with E7. Choose the sign of u
so that
Es = (Za® K) + Z(a/2 + u).

Set 8 = Na and

Ly=(ZB® K)+Z(B/2 + u), hy = B/2 + u. (12.1)
The new coset has order two over ZS & K, and
N%+3
h% = 5 €2L.

Thus Ly is even and positive definite of rank eight. Its determinant is (2N?2 - 2)/22 = N2.

Lemma 12.1. There are equalities and an isometry of finite quadratic modules

Ly={z€Es:(z,a)=0 (mod N)}, (12.2)
(LN/Ln,q) = (Z/N?, z+— 2°/N? (mod Z)). (12.3)

In particular [Eg : Ly] = N.

Proof. Every generator in (12.1) has pairing with « divisible by N, and hy € Eg because N
is odd. The homomorphism Eg — Z/N given by x — (z,«) is surjective: roots of Eg have
pairing one with «. Its kernel has index N, which agrees with the determinant of Ly, proving
(12.2).

The vector o/N lies in L} by (12.2). Moreover Ly NRa = NZa: a vector in the odd glue
coset has a nontrivial K*/K component, and cannot lie on the « line. Therefore a/N has
exact order N2 modulo Ly. Since the discriminant group has order N2, it is generated by
this element. Its quadratic value is (a/N)?/2 = 1/N?, proving the formula. O
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With the standard conformal vector, this is the concrete inner cyclic orbifold

Vi = VioPEmeO/MN) (12.4)

Indeed the automorphism fixes oscillators and acts on e® by exp(27mi(z,«)/N). Its fixed
momenta are exactly (12.2). The subsequent conformal deformation is essential for the
embedding of the diagonal family.

12.2 The conformal vector and the subalgebra

Fix A # 0 and put
WP = oy -+ Ay (—2)1 4+ AD%eP. (12.5)

For the first two terms, e? is primary of weight zero, because (2 /2 = (hn, ) = n. Its self-OPE
)

denotes the shifted lattice Virasoro operator, the additional term gives

L = L) 4 (e + 1)(e), 1.

is regular. If LghN

For a weight-zero primary, [L,, (¢®)s] = (—r — s — 1)(®),1s; the modes of ¢# commute with
one another. Substitution proves the Virasoro relations, since the cross-term coefficient is

Ar+s)(r(r4+1)—s(s+1)) =AXr—s)(r+s)(r+s+1).

There is no added central term. Both L(0) and L(—1) are unchanged by AD?e®. The resulting
regular VOA Py has
¢(Pn) = 8 — 12h% = —6N? — 10.

Regularity follows again from the unchanged lattice fields and the ordinary shifted grading of
every lattice module.
The two lattice cosets in (12.1) give

Py = Up @ W) ® (M, @ M), (12.6)

where U, = V® X and M,, = J@Y are the deformed rank-one lattice VOA and its half-lattice
module. The V ® W action preserves J @ M. For the remaining product, J Xy J =V and
M Xy M =W force the image of (J ® M) x (J ® M) into V @ W. This product is nonzero:
its first factor is the nonzero lattice intertwiner on J x J proved in Section 4, and its second
factor is the lattice intertwiner M x M — W. Thus all products in

(VoW @ (Je M)

are closed under the actual lattice fields, and the subspace contains the vacuum and conformal
vector (12.5). It is therefore a conformal subalgebra of Py. The two-summand ideal argument
in Proposition 11.1 proves that it is simple, and the uniqueness assertion of that proposition
identifies its vertex operators with those of ¥, fixing V' ® W. This supplies a concrete lattice
realization of the extension fields (11.4). The complementary terms of (12.6) give the precise
branching

Pn 4 PN =PVn ® My, My =(XaoW)s (Y ®M). (12.7)

The inclusion Ly C Eg gives a further conformal extension with the same vector (12.5).
Its underlying vertex algebra is Vg, ; with this conformal vector it is regular and has only one
irreducible ordinary module. This use of holomorphicity permits negative conformal weights.
Both ambient lattice algebras have minimum weight

_hy _ _N'+3
2 4
attained at eV. In contrast ¥y itself is nonnegatively graded. The discriminant group in

(12.3) is cyclic of order N?; it is different from the split group (Z/N)? occurring in an untwisted
pointed parent.
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13 Characters and examples

For a lattice coset write

2 r)? TIT
OKtalr) = Z q° /2 O,.5(7) = Zq(st—i- ) /(45)’ g = 2T
peK+a =/

The character convention is ch F' = trp ¢=“(0)—¢/24, Completing the square in (10.5) gives

) G}
chw =" chM =1 (13.1)
n n
Thus the conformal shift exchanges the two standard FE» characters.
13.1 All irreducible characters
By (11.6), the character attached to T € Irr(D,,) is
) S}
ch My — XTOK+u T XJTOK (13.2)

7
n
These are traces on constructed modules. Theorem 9.2 makes (13.2) completely explicit. With
m = n + 4, the vacuum and the distinguished non-vacuum character are

(en,n - 9m,m)®K+u + (HO,n - 90,m)®K

ch ¥y = 2 (13.3)
My = Unn ™ em’m)@’(;“: Co.n + bo.m)Ox (13.4)
For odd a with 1 <a <n and odd b with 1 <b < 7Zn, the remaining characters are
chMy, = 9”’"@““7;9”‘“’”91{, (13.5)
chMp, = OOk ;89’““”@[( . (13.6)
The odd labels are exactly the centralizer labels. The number of modules in this list is
2+”;1 +mT_1:n+3:N2+3.

The lowest weight of (11.6) is
h(MT) = min{hT, hJT — 3/4} (137)

If the two terms coincide, their bottom-space dimensions add. Their characters have nonnega-
tive coefficients since both terms in (11.6) are actual module characters.

13.2 Rank-eight theta differences

For a positive integer » = 1 (mod 4), let 2 = 2r, perpendicular to K, and define
K(r)=(Zp, & K)+ Z(5,/2 + u).
This is an even positive-definite lattice of rank eight and determinant r. Its theta series is
Ok(r) = 00,rOKk + 01, Ok 1y (13.8)

Since n = N? = 1 (mod 8), both n and n + 4 are allowed, and K(n) = Ly. The two

distinguished characters simplify to

OK(n) — OK(n+4) Ok (n) + OK(nta)
2n8 ’ 2n8 ’

Their sum is O, /7%, as required by (12.7). In the ambient character, the shift hy € Ly

merely reindexes the lattice theta sum; the D?e term does not alter the grading. This explains
the sum-and-difference identities at the level of the lattice extension.

ch af/N = ch MX = (139)
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13.3 Numerical invariants

Since the second extension summand begins at 3(n —1)/4 > 6,
dim(yN)o = dimVo dim Wo = 56.

All simple V-modules have lowest weight at least —n/4, and all simple YW-modules have lowest
weight at least —3/4. Formula (11.6) therefore gives a lower bound —(n + 3)/4 for every
Yn-module. Tt is attained in the Y ® M summand of Mx. Consequently

3
honin (V) = — I C cenr(P) = (=6n —10) + 6(n +3) = 8. (13.10)
N () ho |Ir()|  hum(Ya)
3 —64 6 12 -3
5 160 18 28 _7
7 =304 36 52 —13
9 —496 60 84 -21
11 —-736 90 124 -31

Every entry follows from the uniform formulas; each row has dim(¥#x)o = 56 and effective
central charge eight. The row N =9 also illustrates that the construction includes composite
odd parameters: the pointed class has order nine.

13.4 Proof of Theorem 1.1

Proof. Fix an odd N > 3 and put n = N2. We verify the assertions in the order of construction,
categorical realization and numerical invariants.

Construction and finiteness properties. Theorem 5.10 supplies the strongly rational VOA
Vh+2 and its order-two simple current J. Lemmas 10.1 and 10.2 construct the nonnegatively
graded shifted lattice VOA W with two simple modules and identify its inverse ribbon semion.
The product current @ = J ® M has integral lowest weight 3(n — 1)/4, trivial self-braiding
and trivial twist. Proposition 11.1 consequently constructs

In=(Var2®@W) & (J® M)

as a simple, regular, Cs-cofinite VOA, proves uniqueness fixing the first summand and es-
tablishes its nonnegative integral grading. Equation (11.4) specifies its state-field map, and
Section 12 realizes these fields inside the deformed rank-eight lattice VOA. Proposition 11.2
proves self-contragredience by an invariant form on the extension. Proposition 11.3 then
establishes modularity for its full grading-restricted module category.

The center and its spherical structure. Section 6.6 constructs Fn by central condensation
and proves the ribbon equivalence D,, ~ Z(Fy). Sections 6.7 and 6.8 prove its Haagerup—Izumi
fusion rules and calculate its pointed associator. In particular,

d(R) _ N -VN?+1

d(p) = — 5

QN = W1i.

The invariant ij:_ol wi(1,4,1) = e*™/N has order N, proving the exact order of [Qy] without
a primality restriction. Proposition 11.4 constructs the braided tensor equivalence @ : D,, —
Rep(#n) by local induction. Its tensor compatibility is (11.12), and (11.13) proves twist
preservation. Composing ®~! with the preceding center equivalence gives

Rep(¥n) ~ D,, ~ Z(FN)
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as ribbon categories. This identifies the constructed center, with its associators and spherical
structure.

Modules and numerical invariants. The simplicity and exhaustion argument in Proposi-
tion 11.4 gives one module Mt for each simple T" € D,,. Corollary 7.5 therefore gives exactly
n+3 = N?+ 3 irreducible modules; their explicit characters are (13.3)—(13.6). The unchanged
extension conformal vector has charge (1 — 6n) — 11 = —6n — 10. Since @ begins in weight
at least six, the weight-zero space is Vo ® Wy, of dimension 1 - 56. Finally every summand of
an induced module has lowest weight at least —n/4 — 3/4, and the Y ® M summand of Mx
attains this bound. Thus

3 3
hamin (V) = —nz . ce(Pn) = (—6n —10) — 24 (—”I ) —38.
These are all the claims in (1.4) and (1.5), completing the theorem. O

14 CFT type, twisting and unitarity

14.1 The grading limitation

The dimension dim(¥#x)g = 56 shows that ¥ is not of CFT type. Thus the term strongly
rational, as defined in Section 2, does not apply, even though ¥y is regular, Cs-cofinite and
self-contragredient. Nevertheless its representation category is modular by Proposition 11.3,
using McRae’s theorem rather than a theorem requiring CFT type. The obstruction here is
specific and visible in the auxiliary VOA. Any nonzero self-contragredient lattice shift with
2u € K places both 1 and e?* in degree zero. Adding a term D?e?" leaves L(0) unchanged.
Tensoring this construction with a CFT-type holomorphic VOA also leaves its degree-zero
multiplicity unchanged.

A sufficient replacement would be a fixed strongly rational CFT-type VOA P with exactly
two simple modules P, R and ribbon data

R’ P, d(R) = —1, Or =i, CRR = —i. (14.1)

Then (V240 ® P) @ (J ® R) would have the same center as its ribbon category and would be
of CFT type for all sufficiently large odd N, since 3N2/4 + hr > 0 eventually. No existence
assertion for such a P is made here. Nor does this sufficient auxiliary problem exclude other
constructions of CFT-type realizations.

14.2 The twisted target
The invariant

N-1

II on(1,b,1) = /N

b=0
shows that the pointed associator is nontrivial for every parameter under consideration. The
cancellation in Section 11 preserves Fy and its center; it does not remove this cohomology
class or change d(p) to its positive Frobenius—Perron value.

There is also a distinction directly in the center. Section 8 gives an object of twist e
of exact order N2. For the canonical untwisted Haagerup—Izumi data the twist orders divide
N or N% + 4 [33, Section 3.2]; none has order N2, because ged(N, N? +4) = 1 for odd N.
A cyclotomic Galois automorphism preserves the exact order of a root of unity, so Galois
conjugation cannot erase this distinction.

27i/N?
Y
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14.3 The nonunitary ribbon structure

The category D,, has negative-dimensional objects (), with

n(n +4)

< 0.
2

7 —
d(Qy) =

Hence its specified ribbon structure cannot be the representation category of a unitary VOA.

This is separate from the elementary fact that the constructed ¥ has negative central charge.

The signs cannot be changed by a different pivotal structure on the same underlying fusion

category. Corollary 7.5 gives
X*= P T

T€lrr(Dr)

including both 1 and X. If a tensor automorphism of the identity has scalar Ay on T', then
every displayed summand satisfies A = A%, while the X summand gives \x = )\_2)(. Thus
Ax = 1 and every Ar = 1. Pivotal structures, when they exist, differ by such automorphisms;
the existing one is unique.

Finally the Haagerup—Izumi fusion rules themselves allow no nontrivial group grading of Fy.
The summand p of p? forces deg p = e; the other summands force dega, = e. Consequently
a cocycle twist of a grading of the entire category does not provide an automatic inverse to
(1.5). A realization of the canonical untwisted unitary series remains a different reconstruction
problem.

A The level-nine singular-vector calculation

This appendix gives the coefficient data used in Section 3. The singular vector is normalized
by the coefficient of L? ;W; the recurrence follows by applying the Ward operators in PBW
order.

A.1 The singular vector

Use PBW order L_y = L_,, ---L_), with Ay >--- > As. In
6
5§33 = Zcx(n)L_,\W, cx(n) = Z cxan”,
AF9 a=0

all coefficients are as follows. A repeated part is written as a power; for example (2,17) has
eight parts.

A Co c1 Co c3 Cq cs  Cg
(9) 0 -2016 12544 0 -1792 -2048 0
(8,1) 432  -7936 2464 -3136 2432 -256 O
(7,2) 0 1664 -8192 4544 1280 -256 O
(7,12) -384 1008 2832 -3552 384 0 O
(6,3) 0 -3392 18432 -2816 -5632 -1024 O
(6,2,1) 64 -2048 -6272 3072 1536 0 O
(6,13) 480 -1280 1920  -640 0 0 0
(5,4) 0 416  -5312 2432 128 -256 0
(5,3,1) 808 -7664 2824 3696 96  -192 0
(5,22) 0 1536 -1536 960 384 0 O
(5,2,1%)  -1328 4256 -3600  -960 192 0 O
(5,14) 288  -440 472 -48 0 0 O
(4%2,1) -624 7968 -3648  -192 384 0 0
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A Co C1 C2 C3 Cq Cs Cg
(4,3,2) 0 -2560 11392 -288 -2304 -384 O
(4,3,1%) 312 -624 -3096 96 288 0 0
(4,2%)1) 256 -9088 -1152 1728 384 0 0
(4,2,13) 864 3520  -224  -384 0 0 0
(4,15) -216  -180 72 0 0 0 0
(3%) 0 1152 -5088  -424 1904 672 64
(32,2,1) -256 3328 2208 -2832 -1536 -192 0
(32,13) -324 176 260 192 48 0 0
(3,23) 0 0 -1024  -256 0 0 0
(3,22,1%) 384 -1344 1728 1248 192 0 0
(3,2,1%) -144  -240  -336 -96 0 0 0
(3,19) 36 6 12 0 0 0 0
(24,1) 0 1024 256 0 0 0 0
(23,13) -256  -640  -384 -64 0 0 0
(22,1°) 144 192 48 0 0 0 0
(2,17) -24 -12 0 0 0 0 0
(19) 1 0 0 0 0 0 0
The coefficient of L2 ;W is one. The verification uses only
(Lo L) = (0= ) Lass + 22 (0% = @)0usno, LW =20,

and L,,/W = 0 for m > 0. Negative-mode reordering uses L_,L_p, = L_pL_, + (b — a)L_(a+b)
for a < b. Thus every coefficient of each L,,s33 reduces to the zero polynomial, and s33

vanishes in L(1 — 6n,2n).

12

A.2 The recurrence polynomials

For complete coefficient data, write

Rj(k,n) = 29-J Z a;m(n)k™,
m=0

Polynomial R; (scale 256).

2j+1

Polynomial Ry (scale 128).

j=1,2,3.

O»—‘[\DOJ»POTS

m  aim(n)
3 203 +12n%2 +20n + 8
2 3n%42n%—34n+12
1 —13n3 —58n2 —22n+4
0 4n*+16n°
az,m(n)
—12n2 — 48n — 36
24n3 4 84n2 — 84

12n* + 13813 + 363n% 4+ 96n — 51
—24n5 — 150n* — 273n® — 141n% + 98n — 5
—48n5 — 270n* — 25513 + 390n2 — 20n + 2
24n° 4 156n* 4 192n3 — 96n>
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Polynomial R3 (scale 64).

az,m(n)

24n + 48

—96n2 — 132n + 216

48n? — 360n% — 1038n + 396

192n* 4 1248n3 + 1144n? — 1835n + 354

—168n° — 312n* + 1614n3 + 2280n2 — 1670n + 152
—96n5 — 1260n° — 3228n* — 45n3 + 202902 — 545n + 23
96n7 4 624n° + 268n° — 1904n* + 1923n° — 73n? — 1
144n7 + 984n5 + 924n°® — 2694n? + 552n3 — 24n2

O)—‘MW%U‘Y@\]S

The end polynomials are Ry(k,n) = —512n(n + 4)k and the factorized R4 in Lemma 3.2.
These formulas can also be recovered directly from the singular-vector table: apply each Ward
operator from the rightmost PBW factor to the leftmost, acting on a monomial 265 by

D12°F% = (e 4 5)2°T5 71, D2t = 5,025 4 (1) 2 ((r — 1)2n — e — 8) 27577

Sum the thirty contributions and use R;(k,n) = Py_;(—2k,n).

B An alternative uniform finiteness and Zhu argument

This appendix gives an alternative proof of uniform rationality. It derives a sharper Cs bound
and proves Zhu semisimplicity by reducing the singular-vector equation to a tensor product
of hypergeometric equations. Proposition B.2 gives the required differential-gauge identities.
The coefficient recursions are specified below, and Appendix C gives the complete scalar row.

Throughout put h = 2n, c =1 —-3h, t +t ' =n+2,t > 1, and m = n+ 4. Let W
be the primary generator of weight h, and let s)(h) = ¢\(h/2) be the thirty singular-vector
coefficients in Appendix A. Write v = Wy, W € C* and let C' # 0 be the coefficient of W in
Why,_1W. Their nonvanishing is supplied by the lattice construction. The notation z = [T7],
y = [W] will be used in either the Cy algebra or Zhu’s algebra, as specified.

B.1 Complete recursive coefficient definitions

For a partition A = (r, u) of a number at most nine and an integer s > 0, define polynomials
in an auxiliary variable z by

Fzs(a,h;z) =1,
r),s (@ s 2) = 0r02F) s(a, by 2) + (2R + 8 — 2a — s 4 (h — 1)(r — 1)) Fyy 510 (a, h; 2),

Qpla,h) = szs)\ VExo(a, h; z).
AF9

E

Only 0 < p <4 occur. For Zhu’s algebra define

G@,s(dv h,x;z) = 2973’
Grpy,s(d by 2) = (=1)"((r—Dz+d—9+ s+ |u|)Gus(d, h,z; 2)
+(2h+8—d—s+ (h—1)(r —1))Gpstr(d, b, x; 2),
K,(d,h,x) = szs)\ )Gro(d, h,x; 2).
AF9

Only 0 < p <9 occur, Ko(d, h,x) = Qo(d/2,h), and deg, K, < [p/2]. These fixed recursions
involve the thirty partitions of nine.
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Commuting W, through the singular vector before passing to the relevant quotient gives

4
> Qpla, h)aPRa—p =0, Ry = [Wan_1-2,W] € V/Cs(V), (B.1)
p=0

9
> Ky(d, h,x)Zg—p =0, Zq = [Wan_1_qgW] € A(V). (B.2)
p=0

Negative indices mean zero. The identities follow from
(Wa, L] = (a+ (h—1)(r — 1)) Wy, [L_yv] = (—=1)"((r — 1)z + wtv)[v]

in Zhu’s algebra. In the Cy quotient a leftmost L_, survives only for r = 2. Thus the
calculation does not assume that positive modes preserve Ca(V).

B.2 The sharper uniform C5 bound

Here R, =0 for a < 0 or a > h, Ry = v, and R;, = y*. The recursive coefficients give
Q4(a,h) = —128h(h + 8)(a — h — 4).

Define by = 1, b; = 0 for j <0, and

22:0 Qp(h +4 -7, h)bj+pf4

198h(h + 8)7 G2 1). (B:3)

bj = —

Put B; = 2jj!bj/h2 for j > 1. The first values are

B =1,
By = h? — h +3,

Bs = h* — 313 4 3h% 4+ 32h + 57,

By = h% — 6h° — 3h* + 200h3 — 279h% + 6750h + 3417.

For j > 5,

21 =1)---(J =g+ 1)Qu—g(h+4—3,h)
128h(h + 8) ’

4
Bj =Y Aq(h,j)Bj—q,  Aq(h,j)=—
q=1

For h =2 (mod 4), the following are lower bounds on v2(A); starred bounds are equalities:

j (m0d4)‘q:1 g=2 q¢q=3 q=4
0 1 1 2 2%
1 2 4 4 5)
2 2 2 4 4
3 1 2 2% 5)

They are finite polynomial congruences: substitute h = 4v + 2, j = 4r + s in the numerator of

Ay Tts denominator is 2%(2v + 1)(2v + 5). After division by 29F¢=4_ all coefficients are integral;

for (s,q) = (0,4),(3,3) the numerator divided by 2!! is identically one modulo two. These

statements are completely specified by the preceding recursion and the table of s).
Induction in blocks of four now gives

va(B;) > 2 VZIJ , (B.4)
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with equality for j = 0,3 (mod 4). The first four values are odd. In a block beginning at
4r 4 1, the first two new values have valuation at least 2r. For j = 4r + 3, the ¢ = 3 term has
valuation exactly 27, and the other terms have larger valuation; for j = 4r + 4, the ¢ = 4 term
is the unique term of valuation 2r. This proves (B.4), and in particular

v2(Bpy1) =n — 1, bpy1 # 0.
Theorem B.1 (Sharper uniform finiteness bound). For every odd n > 3,

$2n+3 +3

:]}n

y =0, dim V,,42/C2(Vy42) < 3n + 6.

Proof. Put T; = 2/ Ry for 0 < j < h+ 1, and T; = 0 at negative indices. Multiply (B.1) at
a=h+4—j by 2771, The resulting relation, compared with (B.3), proves inductively

333Tj = bjngh.

Since Tj41 = 0 and by, 41 # 0, one gets x3R;, = 0. At j = h and j = n this gives vz"*3 =0
and z"T3R,, = 0. The relation R, = az™ + Cy with C' # 0 implies both asserted vanishings.
Also y? € Cz?" 4 Cx™y. The monomials

$2n+2 n+2

l,z,..., , Y, TY, ..., T Y

span the quotient and number 3n + 6. ]

B.3 A universal Zhu polynomial

Write B = A(V), a finite-dimensional commutative algebra generated by z,y. Set Zy as in
(B.2); then Zp = v # 0 and Z;, = Cy + b(z) with C # 0. There is a polynomial P(w) € B[w]
with

2
S Zpt=P(=—), degP<h, P(0)=wvl (B.5)
=0 1+ 2

Indeed higher Zhu circle relations make (1 + 2)"* 3, Z42% a polynomial of degree at most 2h.
Skew symmetry and [D"a] = (—1)"(wt a),[a] make the series invariant under z — —z/(1 + 2).
The invariant coordinate is w = 22/(1 + z), and the pole bounds at —1, co give a polynomial
in w of degree at most h.

Let D, = z0,, D,, = wd,,. Equation (B.2) specifies the scalar operator

9
L, = Z PKp(D; +p,h,x). (B.6)
p=0

Its symmetric version L, is specified uniquely by
L.(P(w(2))) = (z+2)(z + D (LwP)(w(2)). (B.7)

Thus £,P = 0. Equations (B.2) and (B.7) give an explicit finite definition of this order-nine
operator.

B.4 The rank-three systems and the rational gauge

For H =2t —1 or 2/t — 1, consider

Dy(Dy — H/2)(Dyy — (3H +1)/2) + %(Dw — H)(D2 — (H — 1)Dy — 2(H + 1)z)| F = 0.

w
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For the first system, choose A2 = n + 4z and ¢ = v/t\. In the coordinate —w/4, its hypergeo-
metric parameters are

a=01-2t,1—t+q,1—-t—q), g =1(1,3/2—1t,2—3t). (B.9)

The second system replaces ¢ by t~1. Write H;(x) and () for their rank-three monodromy
representations. At w = —4 the exceptional local exponent is always 1/2, besides 0, 1.

Proposition B.2 (Exact gauge identities). The scalar row in Appendiz C defines a rational
gauge I'(w, x) from the tensor product of (B.8) to Ly, in derivative coordinates. Set

A=4z—3t+2 B=A4dtz+2t—3, C,=4dtx—3t>+6t— 3,

and
0= (2t — 1)3(2/t — 1)*x(4x — 3t + 2)(4x — 3/t + 2)(8x — 3h).

Then T'yym = 0L is polynomial in x, and

K(t)

detI' =
¢ w?(w + 4)%24 A2B2C,’

(B.10)

where

5038848(t — 2)3(t — 1) (t + 1)°(t + 2)2(2¢ — 3)?(2t — 1)3(2t + 1)*(3t — 2)?
- 124 :

K(t)

The residual ranks of Tyum at © = 0,3n/4 are four and one. For origin Frobenius solutions
with exponents

po(t) =0, pi(t) =t—1/2, p2(t) =3t —1,

the scalar row shifts the leading exponent of the product indexed by (a,b) by exactly —ab. Its
normalized leading coefficient for (0,0) is one; for (2,2) it is a nonzero function of t divided
by 0, so has a simple pole at x = 3n/4.

Proof. The scalar row and the rank-three equations reduce the assertion to polynomial identities.
Apply the scalar row to the nine tensors (DE F})(DZ F»), 0 < p,q < 2, and eliminate all higher
derivatives with (B.8). Successive Euler derivatives through order eight give I'. Substituting
these rows into the operator specified by (B.6) and (B.7), and clearing denominators, gives
zero in each of the nine tensor components. Thus the differential identity holds over Q(¢, z, w).
At the origin, the rank-three recurrences give the Frobenius coefficients. Substitution into
the scalar row cancels every power preceding the stated shift and gives the nine nonzero
leading coefficients, with the stated normalizations. The trace difference of the Euler first-order
systems is —18(w + 2)/(w + 4), giving the factor w=(w + 4)~ in the determinant. The
product of Frobenius leading coefficients and the ratio of the two Vandermonde determinants
give its remaining factor. For the exceptional ranks, a nonzero 4 x 4 minor at x = 0,w = 1,
using derivative rows 0, 1,2,3 and tensor columns (1,1),(1,2),(2,1),(2,2), is

820125(¢ — 2)°(t — )M (¢ + 1)(2t — 3)%(2t — 1)°(3t — 2)°
$20 :

At x = 3n/4,w = 1, the row-zero, column-(0,0) entry is

441(t — 2)2(t — 1)*(2t — 3)(2t — 1)%(3t — 4)(3t — 2)(4t — 3)
46 ’

At zero the five columns with p = 0 or ¢ = 0 vanish; at 3n/4 the 2 x 2 minors vanish identically.
The displayed nonzero certificates give the asserted ranks. All t-factors displayed above are
nonzero, since t > 4 at the parameters considered here. ]
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B.5 The regular inverse and rational exceptional weights

We apply Proposition B.2. Over the discrete valuation ring in x at zero, det I'yy, has valuation
five and residual rank four, so its elementary-divisor valuations are 0,0,0,0,1,1,1,1,1. Since
0 has a simple zero, I'"! is regular and has residual rank five. At x = 3n/4, the corresponding
determinant valuation is eight and the residual rank is one; the inverse is again regular, now
of rank eight.

These statements are valid on the solution spaces at the origin as well. The scalar exponents
are independent of x, with the only integral resonance class consisting of 0,n,3n. For generic
x the gauge gives a log-free basis; the finitely many resonance obstructions are polynomial
identities in & with denominators independent of x, so vanish identically. Choosing the free
resonant coefficients to be zero gives a basis holomorphic in z. In this basis

(' P)go = P(0)

at both exceptional parameters and after base change to every local Artin algebra. At x = 3n/4,
the inverse kernel is the scalar Frobenius line beginning with w3": the (2,2) coefficient has a
simple pole there, and the inverse has a one-dimensional kernel.

For rational £, either H;(§) or H;/¢(£) can be reducible only at

¢e&=1{0,1,3n/4,3n/4 + 4}, (B.11)

To check this, apply the hypergeometric criterion a; — 3; ¢ Z for irreducibility [38, Proposi-
tions 3.2-3.3]. The differences involving 1 — 2¢ are irrational. An integral remaining difference
forces ¢ = at+b with a € {0, £1, £2} and rational b. Using ¢? = t(n+4¢) and t2 = (n+2)t —1,
comparison in the basis 1,¢ gives b = a®. The case a = 0 comes from a nonzero half-integer b
and is impossible. The other cases give n + 4¢ € {n,m,4n,4m}, exactly (B.11).

B.6 Reduced local Zhu factors away from the exceptions

Let B¢ be a local Artin factor of A(V'), with residue x = £ € Q\ &. Its polynomial (B.5),
under the inverse gauge, is a single-valued horizontal tensor, equivalently an intertwiner

T He(w)" — Hyp(z)

over Be. Monodromy matrices depend holomorphically on = at a nonsingular base point, so

substitution of their finite Taylor series makes this statement meaningful over the Artin algebra.

The determinant of the gauge is a unit there. The reduction of T is nonzero since P(0) = v1;

irreducibility and Schur’s lemma make it an isomorphism. It remains an isomorphism over B.
Comparing the traces of monodromy at infinity gives the identity

G(z) = cos(2m\/t(n + 4x)) — cos(2my/(n + 4x) /1)
= —2sin(my/mvn + 4z) sin(my/nvn + 4z) =0 in Be. (B.12)

This is entire in z, independent of the square-root choices. Its zeros are

(a,beZ).

Every zero is simple as a zero in x. At n + 4z = 0, the product is a nonzero constant
times n + 4z; elsewhere both sine factors cannot vanish because /nm is irrational. Thus
G(z) = (z — &u(z) with u(§) # 0, and (B.12) gives = £1 in the local algebra.

With x scalar, Schur’s lemma makes the space of single-valued tensor solutions one-
dimensional. The condition P(0) = v1 fixes its multiple, so every coefficient Z; is scalar.
Since Z, = Cy + b(x) with C # 0, y is scalar as well, and B¢ = C. The same normalization
determines the same y at every factor over £; hence at most one maximal ideal lies over any

such &.
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B.7 The two upper exceptional parameters

At x = 1, the numerator parameters are (1 — 2¢, —2t,2). Hypergeometric contiguity [38,
Propositions 2.5 and 2.7] gives

0— Ry — Hi(1) — 1 —0,

with R; irreducible of rank two. There is no trivial subrepresentation: its scalar solution
would be a rational function regular at w = 0, —4 and with only integral infinity exponent —2,
hence a polynomial of negative degree. Consequently any map from #H;(1)* to H; (1) kills the
trivial source submodule and has image in R; /. Its (0,0) origin coefficient is zero. The only
integral-exponent products are (0,0), (1,1),(2,2), and the other two become series starting at
w", w3 under the gauge. Thus P(0) = 0, contradicting (B.5).

At 2 = 3n/4 + 4, the numerator parameters are (1 — 2t,¢ + 3, -3t — 1), giving

0 — xt — Hi(x) — Ry — 0.

Here y; has origin exponent 3t — 1. This sequence is nonsplit: a quotient y; would give an
adjoint solution with character x; L equal to w3t times a polynomial of degree —3. Indeed
its infinity exponent is —3t — 2, and its exponents at —4 are 0,1,1/2. An intertwiner from
the dual of the first system to the second must therefore factor through the rank-one source
quotient into the rank-one target submodule. Its only origin component is (2,2), which the
scalar row sends to a series starting at w3”. It cannot give a nonzero polynomial of degree at
most h = 2n. Neither upper exceptional value is a Zhu eigenvalue.

B.8 The two lower exceptional parameters

Let Be now be a local factor at £ = 0 or 3n/4. The regular inverse gauge produces an
intertwiner T whose reduction is nonzero, because its (0,0) coefficient is P(0) = v1.
At zero the numerator parameters are (1 — 2¢,2 — 2¢,0), giving the nonsplit sequence

0—1— H(0) — R — 0.

A trivial quotient would yield a rational adjoint solution regular at the two finite singularities
and with infinity exponent —1, which is impossible. A nonzero intertwiner from the dual
of the first system to the second has rank one and factors through their trivial constituents.
At infinity the eigenvalue one is isolated from the other two eigenvalues, both e~*™ in the
first representation. Its spectral projector varies holomorphically in . The component of T’
between the matching one-dimensional eigenlines is a unit over the Artin algebra. Equality of
the eigenvalues therefore forces

e?mis(@) _ 1 =, s(x) = —n + vnvn + 4z.

Since s(0) = 0 and §'(0) = 2, this gives z = 0 in By.
At x = 3n/4, the parameters are (1 — 2¢,¢t — 1,3 — 3t), and

0— Ry — H:(3n/4) — x¢t — 0

is nonsplit. A y; submodule would give w? ! times a polynomial with infinity exponent 3t — 3,
hence degree —2. A nonzero intertwiner between the dual and the other system factors as an
isomorphism of the irreducible rank-two constituents. All infinity eigenvalues are distinct, and
one of the matched moving eigenline components is a unit. The exponent difference is again
s(x); now s(3n/4) =n and s'(3n/4) = 1. Thus z = (3n/4)1 in its local Artin factor.

To finish, at x = 0 the Zhu quadratic is y(y — wg) = 0 with wg # 0, and both roots are
realized by V' and X. The whole summand is therefore C & C. At x = 3n/4, the inverse-gauge
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kernel begins at w3 and meets no polynomial of degree at most 2n. Such polynomials inject
into the one-dimensional homomorphism space of the rank-two constituents. Normalization
fixes the polynomial uniquely, and Zy = Cy + b(z) makes y scalar. The current J realizes this
factor, which is exactly C.

Theorem B.3 (Uniform Zhu semisimplicity). For every odd n > 3, the Zhu algebra A(Vy42)
is semisimple. The zero-weight summand is C @ C, each nonzero weight fibre has dimension at
most one, and weight one is absent. Consequently Vyio is strongly rational.

Proof. Theorem B.1 gives uniform Cs-cofiniteness. Rationality of conformal weights under
Cs-cofiniteness [39, Corollary 5.10] makes every residue of z rational. At a rational value
outside (B.11), the other factors in (B.10) do not vanish: A, B could vanish only at irrational
x, and Cy vanishes at 3n/4. The cases just treated therefore exhaust all local Artin factors,
proving semisimplicity. The simple, self-contragredient CFT-type VOA then satisfies McRae’s
rationality criterion [22, Main Theorem 3]. This proves strong rationality. O

The argument uses the uniform identities above and is independent of the character
classification and categorical reconstruction in the main text.

C Complete coefficients of the uniform Zhu gauge

This appendix gives all thirty-nine nonzero scalar-row coefficients of the rational gauge.
Together with the thirty singular-vector coefficients in Appendix A and the fixed recursions in
Appendix B, it specifies every rational function in Proposition B.2. The symbols F; in this
appendix denote auxiliary polynomials.

For solutions Fy, F5 of the rank-three equations (B.8), the scalar row is

2 Z Z Ry pq(t, x)w" (DY, F1)(Df,Fa), (C.1)
r=—4p,q=0
where 0 is as in Proposition B.2. Put

bh=t—2 ly=t—1, fl3=2—3, f(=2—1,
05 =3t—4, lg=3t—2, (=4t 3.

All omitted coefficients vanish. The table is grouped by the Laurent power r.

rp q Repgltz)

—4 1 1 —36020302050%07 /5
—4 1 2 —T20,030%050%0, /4
—4 2 1 T2030%0,050%0, )

—4 2 2 144010%04050230 /1

-3 0 1 —72030203050607/t*
-3 0 2 —1440103030506072)t3
-3 1 0 7202030350272/t
—3 1 1 36E(103030,06/t0

-3 1 2 —18Eql1l3lyls/t"
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rp g Repglt,z)

-3 2 0 —144£%£3£4f5£%€7$/t5
-3 2 1 —18E3€1€3€4€6/t5
—3 2 2 T2Eul 0304l )tt

—2 0 0 1440%030%0506072% /t*
~2 0 1 12BEsli430306x/t*

-2 0 2 —12Esll3l%ex/t?
—2 1 0 12E:020304067/t°

—2 1 1 6FEglil3lyls)td

-2 1 2 3Bl l3lyls/t!

-2 2 0 —12E1003030,0ex/td
—2 2 1 =3By lil3l4ls/t°
—2 2 2 3Ejlil3lyls/t*

—1 0 0 48E 3033020622/t
-1 0 1 6E4l1l303l6x/th

-1 0 2 —6E1501030%x/t3
~1 1 0 —6E 62030406 /t°
—1 1 1 —6El1l3lyls/t°
—1 1 2 3Eglil3l406/(2t%)
~1 2 0 —6E1gl2l304ler/t®
—1 2 1 =3Byl l3lsls/(2t%)

—1 2 2 3Eyl1l3040/(2tY)

0 0 0 6Exl0:30%sz/t!

0 0 1 3Exll30%sz/t?

0 0 2 —30lal30%6x(162 —1)/t?
0 1 0 —3Epulslylex/th

0 1 1 —3Egslil3lslez/t!

0 1 2 3Exlilslylsx/t?

0 2 0 —3034alslylez(16z — 1)/t
0 2 1 —3Eylilslslgz/tt

0 2 2 3E31l30405x/t3

The twenty-seven auxiliary polynomials are as follows. Each display is an exact expression
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over Z[t, x|.

Ey = 80t(t? —t + 1)x — 13(t — 2)(2t — 3)(2t — 1)(3t — 2),
Eo = 16t(t — 1)(4t2 + 2t — T)x

+ (2t — 3)(2t — 1)(3t — 2)(40t* — 87t + 46),
By = 16t(t — 1)(7t? — 2t — 4)z

— (t —2)(2t — 3)(3t — 2)(46t> — 87t + 40),
E4 = 40t(t — 1)%x + (2t — 3)(3t — 2)(17t* — 35t + 17),

= 4t%(16t — 17)z — (t — 2)(2t — 3)(54t% — 97t + 42),

E6 = 8t(8t — 9)z + (2t — 3)(72t> — 143t + 66),
Er = 4t(17t — 16)x + (2t — 1)(3t — 2)(42t* — 97t + 54).

Eg = 8t2(8t* — 11t 4 8)a?
+ 2t(108t* — 308t> 4 395t% — 308t 4 108)x
—27(t — 2)(t — 1)%(2t — 3)(2t — 1)(3t — 2),
FEo = 32t(4t — 7T)2® — 8t(60t> — 110t* + 29t 4 18)x
—3(t—1)(2t — 3)(2t — 1)(3t — 2)(22t — 27),
FE1o = 8t(9t — 8)x + (3t — 2)(66t> — 143t 4 72),
Eyy = 32t(7t — 4)2% 4 8t(18t3 + 29t* — 110t + 60)z
—3(t —2)(t — 1)(2t — 3)(3t — 2)(27t — 22),
E1p = 64t%2% 4+ 16t(39t% — 79t + 39)z
+ 3(2t — 3)(3t — 2)(32t% — 65t + 32),
Ey3 = 4tx + 92 — 19t + 9,
Eyy = 326%2% + 8t(t* + 5t — T)x
— (t —2)(t — 1)(36t% — 79t + 36).

Ey5 = 4t(16t — 17)x + 36t — 124¢% 4 134t — 45,

Eyg = 32t%2% — 8t(7t* — 5t — 1)z
— (t —1)(2t — 1)(36t> — 79t + 36),

Eyp = 326323 — 862 (1142 — 19t + 11)a?
+ (12t — 953 + 170t% — 95t + 12)x
+3(t—2)(t —1)%(2t — 3)(2t — 1)(3t — 2),

Fig = 16t%(8t — 13)2? — 4¢(841% — 196t> + 128t — 21)x
— 3(t —1)(2t — 3)(2t — 1)(3t — 2)(4t — 5),

Eqg = 4t(17t — 16)x + 45t — 134¢% 4 124t — 36,

Ego = 16t2(13t — 8)x? — 4t(2113 — 128t + 196t — 84)x
—3(t—2)(t — 1)(2t — 3)(3t — 2)(5¢t — 4),

Eo1 = 64t%2% 4 8t(33t> — 68t + 33)x + 15(t — 1)%(2t — 3)(3t — 2).
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Foy = 8ta? +2(t* — 3t + 1)z + (t — 1),
Eog = 16tx? — 4(3t* — 9t + Tz + (t — 1)(3t — 4),
By = 16ta? — 4(7t* — 9t + 3)x + (t — 1)(4t — 3),
Fos = 16t%2° — 4t(9t% — 16t + 9)x

+ 18t — 78t% 4 121¢% — 78t + 18,
Fog = 4t(2t — 3)2 — 18t% 4 461> — 36t + 9,
Ey7 = 4t(3t — 2)x — 9t + 361% — 46t + 18.

For completeness, the change of differential coordinates in (B.7) can be recovered without
solving for an unspecified operator. Set Np o = 1, use zero for out-of-range indices, and define

Ny j(2) = 2((z + 1)N]_y ;(2) = (r = 1)Ny—1,5(2)) + (2 + 2)Np—15-1(2).

Then .
DL =% N,(2)(z+1)""Dj,
=0

Substitute this expression into (B.6), divide by (z + 2)(z + 1), and replace 22/(z + 1) by
w. The result is the symmetric operator £,,. Applying successive Euler derivatives to (C.1),
reducing each rank-three factor by (B.8), then gives the full gauge matrix. Thus the data
needed for the differential identity, Frobenius leading terms, determinant and exceptional-rank
assertions are all contained in the manuscript.
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