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Abstract. Let 2 ≤ a ≤ b, and let ρA, ρB be density operators on Ca and Cb, re-
spectively. Let C(ρA, ρB) denote the set of bipartite couplings on Ca ⊗ Cb with
these marginals. Parthasarathy showed that every extreme coupling has rank at most
KRP(a, b) := ⌊

√
a2 + b2 − 1⌋. It is not known for which dimension pairs (a, b) this bound

is tight.
We restrict attention to the tracial case ρA = Ia/a, ρB = Ib/b. For the Parthasarathy

bound, we construct extreme couplings of rank r from pairs of length-r finite unit-norm
tight frames (FUNTFs) in Ca and Cb satisfying a transversality condition. This yields an
extreme coupling of rank b for every 2 ≤ a < b, and hence tightness of KRP(a, b) whenever
a < b and b ≥ (a2 − 1)/2; in particular, along the whole qubit-qudit line (2, b), b ≥ 3. This
recovers the two previously known tracial cases with a < b, namely (2, 3) and (3, 4).

The Schmidt decomposition and subadditivity of rank give the lower bound ES(a, b) :=
⌈b/a⌉ for the rank of every tracial coupling, extreme or not. For the Schmidt bound,
we use sparse Kraus operators built from weighted partial permutation matrices. Setting
r := ES(a, b), we construct an extreme coupling of rank r whenever b − (r − 1)a divides
a, and show that for a < b ≤ 2a, where this condition reads b − a = gcd(a, b), it is also
necessary. For b > a(a− 1), the divisibility condition is superfluous and the Schmidt bound
is attained for every such b. Thus, for each fixed a, attainability of both bounds remains
open for only finitely many b ≥ a.

Contents

1. Introduction 2
1.1. Notations 5
2. The coupling set and its convex geometry 6
2.1. The Parthasarathy and Schmidt rank bounds 6
2.2. The Choi–Jamio lkowski correspondence and the extremality criterion 9
3. Construction of extremal tracial couplings using tight frames 12
3.1. Frames 12
3.2. The rank-one tuple and its extremality criterion 13
3.3. The projection formulation 15
4. Tightness of the Parthasarathy rank bound 16
4.1. Extremal tracial couplings of rank b for a < b 16
4.2. Some obstructions to transversality 17
5. Tightness of the Schmidt rank bound 19
5.1. Extremal tracial couplings with rank ES(a, b) 20
5.2. A complete characterization for a < b ≤ 2a 25

2020 Mathematics Subject Classification. 81P45, 42C15, 15B48.
Key words and phrases. Quantum marginal problem, Extremal tracial coupling, Finite unit-norm tight

frames (FUNTFs), Completely positive maps, Kraus operators.
1

h
e
x
a
g
o
n
:
2
6
1
0
.
0
0
4
8
9
v
1

https://hexagonmath.org/abs/2610.00489v1


2 DIPANKAR DEY, SOMNATH JANA, AND SOUMYASHANT NAYAK

5.3. An extremal tracial coupling of rank ES(a, b) for b ≥ a(a− 1) 27
6. Concluding remarks 30
7. Acknowledgements 30
References 30

1. Introduction

Let HA and HB be the finite-dimensional Hilbert spaces of two quantum systems, A and
B, of dimensions a and b, respectively, with 2 ≤ a ≤ b. A density operator on a finite-
dimensional Hilbert space H is a positive semidefinite operator with unit trace, and is used
to represent quantum states. We denote the set of all density operators on H by D(H). We
identify HA with Ca and HB with Cb, each equipped with the standard inner product.

Let ρA ∈ D(Ca) and ρB ∈ D(Cb) be density operators. The corresponding coupling set
with the prescribed marginal states ρA and ρB is defined as

C(ρA, ρB) =
{
ρ ∈ D(Ca ⊗ Cb) : TrB(ρ) = ρA, TrA(ρ) = ρB

}
,

where TrA and TrB denote the partial traces over subsystems A,B, respectively.
The extremality criterion for couplings (for example, see Theorem 2.13) is rooted in Choi’s

characterization of extreme completely positive maps [Cho75], and later adapted to this set-
ting by Rudolph [Rud04] and Price–Sakai [PS07]. In [Par05, Corollary, p. 261], Parthasarathy
proved that the rank of every extremal coupling, ρ, is bounded above by,

(1) rank ρ ≤ KRP(a, b) :=
⌊√

a2 + b2 − 1
⌋
,

and also established a slackness in the bound for the tracial two-qubit case, showing that
every extremal tracial coupling in C(I2/2, I2/2) has rank 1 < KRP(2, 2) = 2 (see [Par05,
Theorem 3.1]). Rudolph subsequently raised the question of when this upper bound is
attained [Rud04].

In this article, we focus exclusively on the case of tracial couplings,

C(Ia/a, Ib/b),

where both marginal states are the maximally mixed quantum states (tracial states) in
D(Ca) and D(Cb), respectively. We denote the maximum rank attained by an extreme point
of C(Ia/a, Ib/b), by Rmax(a, b). We say that the pair (a, b) is KRP-tight if

Rmax(a, b) = KRP(a, b),

meaning the Parthasarathy upper bound is achieved by an extremal tracial coupling.
Prior work on tightness of the Parthasarathy bound is of two kinds: constructions of

extremal tracial couplings, and constructions that achieve the bound only with non-tracial
marginals.

For tracial marginals, Ohno [Ohn10] computed Rmax(3, 3) = 4 and Rmax(4, 4) = 5 [Ohn10,
Theorems 2.6 and 2.7] and established the diagonal lower bound Rmax(a, a) ≥ a for a ≥ 3
[Ohn10, Theorem 2.8]. Kanmani and Satyanarayana [KS21] settled the qubit-qutrit pair in
the tracial setting, showing Rmax(2, 3) = KRP(2, 3) = 3. Devendra, Dey, and Dey [DDD26]
take tensor products of known extreme points and check whether the result remains extreme
in the appropriate dimension, which allows them to build new examples from Ohno’s extreme
points. In this way they verified KRP tightness for the pairs (5, 5), (9, 9), and (12, 12), for
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the amplified families (5k, 5k) with 3 ≤ k ≤ 14, and for the rectangular pair (3, 4). For the
qubit-qudit family (2, b) with b ≥ 4, however, tightness required deforming the first marginal
away from I2/2, so that construction is non-tracial except at b = 3, where it coincides with
the tracial case. Bala and Rana [BR26] verified KRP tightness for the infinite rectangular
family (a, a + m) with a ≥ 3 and m > (a2 − 2a − 2)/2, for the qubit case (2, 2 + m) with
m ≥ 1, and for the single pair (6, 6); as with the (2, b) family, these constructions deform
one marginal away from the maximally mixed state.

Via Jm (Theorem 2.10), a tracial coupling ρ ∈ C(ρA, ρB) corresponds to a CP map Φ
satisfying the marginal constraints Φ∗(Ib) = Ia, Φ(ρTA) = ρB, with extreme points of C(ρA, ρB)
corresponding to extreme points of this set of CP maps, and rank(ρ) equal to the Choi rank
of Φ. Writing K1, . . . , Kr for the Kraus operators of the minimal Kraus representation of Φ,
for most of the article we work directly with Kraus operators rather than couplings or Choi
matrices. For tracial marginals, Jm(Φ) = 1

a
J(Φ), and the marginal constraints become

(2)
r∑

i=1

K∗
iKi = Ia,

r∑
i=1

KiK
∗
i =

a

b
Ib.

The simplest case is an equal-weight, rank-one collection

Ki =

√
a

r
|vi⟩⟨ui|,

with {ui}ri=1 ⊂ Ca and {vi}ri=1 ⊂ Cb unit vectors, for which (2) reduces to the defining
identities for tight frames in Ca and Cb.

Recall that a finite unit-norm tight frame (FUNTF) of length r in Ca is a collection of r unit
vectors {ui}ri=1 whose synthesis matrix U satisfies UU∗ = r

a
Ia. Such frames were introduced

by Benedetto and Fickus [BF03]; their geometry has since been studied extensively (see
[DS06, CMS17]) and they play an important role in signal processing.

Given a pair of FUNTFs {ui}ri=1 ⊂ Ca and {vi}ri=1 ⊂ Cb of the same length, define the
bipartite state

(3) ρ :=
1

r

r∑
i=1

|ūi⟩⟨ūi| ⊗ |vi⟩⟨vi|.

The tight-frame identities immediately give TrB(ρ) = Ia/a and TrA(ρ) = Ib/b so that ρ is a
tracial coupling.

In Theorem 3.2, we note that the extremality of the state ρ is determined by the Gram
matrices, GU and GV , of its constituent frames. More specifically, ρ is an extremal tracial
coupling if and only if the linear map ΘU,V : Mr(C) →Mb(C) ⊕Ma(C), defined by

ΘU,V (X) :=
(
V (XT ◦GU)V ∗, U(X ◦GV )U∗

)
,

is injective. Part (ii) of that theorem tells us that injectivity of ΘU,V guarantees rank ρ = r.
We say a pair of FUNTFs (U, V ) is transversal if ker ΘU,V = {(0, 0)}. Our strategy for

attaining the KRP bound at a given dimension pair (a, b) is thus to construct a transversal
pair of FUNTFs of length r = KRP(a, b). The underlying bi-independence criterion is due to
Choi and has been applied via explicit vector constructions in [Ohn10, Rud04]; our reduction
to a single transversality map between two tight frames, however, appears to be new.

For every 2 ≤ a < b, we construct transversal FUNTF pairs (Theorem 4.1) in Ca,Cb

of length b which yields an extremal tracial coupling of rank b. This gives a lower bound
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Figure 1. The (a, b)-plane for the tracial Parthasarathy rank bound problem.
The curve b = (a2 − 1)/2 is the boundary of the region (Corollary 4.3): every
pair on or above it, with a ≥ 3, is resolved by Theorem 4.1. The ray at
a = 2 (a special case of Theorem 4.1) resolves every qubit-qudit pair b ≥ 3.
The point (2, 2) is not KRP tight, while (3, 3) and (4, 4) are KRP tight but
cannot be realized by the rank-one construction considered here. Square pairs
resolved by Devendra–Dey–Dey are shown for context. The pairs (2, 3) and
(3, 4), previously settled by Kanmani–Satyanarayana and Devendra–Dey–Dey
respectively, lie on the boundaries of the regions resolved here.

Rmax(a, b) ≥ b (Corollary 4.2) supplementing Ohno’s result (see [Ohn10, Theorem 2.8]). It
immediately follows that tightness of the Parthasarathy bound holds, that is, Rmax(a, b) =
KRP(a, b) = b, along the qubit-qudit line (2, b), b ≥ 3, and throughout the region, a ≥ 3,

b ≥ a2−1
2

(see Corollary 4.3). This region naturally subsumes isolated known cases, such as

the tracial (3, 4) pair. Over the integers, our boundary condition b ≥ a2−1
2

is equivalent to
the bound m > (a2 − 2a− 2)/2 of Bala and Rana [BR26]. In their construction, one of the
marginals is non-tracial and it does not appear to admit a tracial specialization, whereas
ours achieves extremality directly within the tracial setting.

In low-dimensional square dimension pairs, however, our rank-one construction runs into
obstructions. From Proposition 4.4 and Corollary 4.9, it follows that there are no transversal
FUNTF pairs of length KRP(a, a) for (2, 2), (3, 3), and (4, 4). KRP tightness for (3, 3) and
(4, 4) is nonetheless known, from Ohno’s results, leaving (2, 2) as the only dimension pair
known to fail KRP tightness (Theorem 2.7).

Figure ?? shows the KRP-tight region established here, the exceptional pairs (2, 2), (3, 3), (4, 4),
and the earlier results of Ohno, Kanmani–Satyanarayana, and Devendra–Dey–Dey that these
results subsume or complement.

We conjecture that a transversal pair of FUNTFs of length KRP(a, b) exists for every
dimension pair (a, b) outside the set {(2, 2), (3, 3), (4, 4)} (see Conjecture 6.1). In particular,
echoing a similar question posed by Devendra, Dey, and Dey [DDD26], we conjecture that
(2, 2) is the only non-KRP-tight dimension pair (see Conjecture 6.2).
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While the Parthasarathy bound caps the rank of an extremal coupling from above, in
this article we introduce a companion lower bound, established in Theorem 2.3-(iii). A
straightforward application of the Schmidt decomposition and the subadditivity of rank
shows that a tracial coupling ρ, extremal or not, satisfies rank ρ ≥ ES(a, b) := ⌈b/a⌉, which
we call the Schmidt bound. This raises the counterpart of Rudolph’s question: for which
dimension pairs is the Schmidt bound attained by an extremal tracial coupling?

We denote the minimum rank attained by an extreme point of C(Ia/a, Ib/b), by Rmin(a, b).
We say that the dimension pair (a, b) is ES-tight if

Rmin(a, b) = ES(a, b),

meaning the Schmidt lower bound is achieved by an extreme tracial coupling.
If a | b, then Proposition 5.2 gives an extremal tracial coupling of rank ES(a, b) = b

a
,

obtained by taking as Kraus operators a family of b
a

partial isometries from Ca into Cb

with pairwise orthogonal ranges. For a < b < 2a, where ES(a, b) = 2, we give a complete
characterization: the Schmidt bound, 2, is attained by an extreme point if and only if
b − a = gcd(a, b) (Theorem 5.12). Thus, every consecutive pair (a, a + 1) attains it while
a pair like (3, 5) does not. In general, with r := ES(a, b) we construct a collection of
weighted partial permutation Kraus operators that attains the Schmidt bound whenever
b− (r− 1)a divides a (Theorem 5.9), recovering the r = 2 characterization as a special case,
and guaranteeing that for every k ≥ 2, the window (k− 1)a < b < ka contains a b such that
(a, b) is a Schmidt-tight pair.

For b > a(a− 1), the divisibility hypothesis becomes superfluous. The Schmidt bound is
attained for every such b, by an explicit tight-frame construction (Theorem 5.14). Together,
Theorems 5.9 and 5.14 leave only finitely many values for b ≥ a per a where Schmidt-bound
attainment is not settled.

The constructions used to attain the Schmidt bound in §5 are quite different from those
used for the Parthasarathy bound in §3: in place of rank-one Kraus operators and tight-
frame geometry, they use weighted partial permutation matrices, and extremality is proved
by a combinatorial argument (Lemma 5.6).

Organisation. The remainder of the paper is organized as follows. Section 2 reviews
the convex-geometric formulation of the problem, the Parthasarathy/Schmidt rank bounds,
and the extremality criterion for tracial couplings. Section 3 introduces the tight-frame
construction and the linear map ΘU,V whose injectivity characterizes extremality. Section 4
constructs a transversal FUNTF pair for every a < b and gives obstructions to transversality
for square pairs. Finally, Section 5 analyzes the companion lower bound, the Schmidt bound,
detailing the complete characterization when ES(a, b) = 2 and a general construction for
higher values of ES(a, b).

1.1. Notations. To facilitate reading, we collect the conventions and notations used
throughout the paper.
A note on conventions. Throughout, we use the Dirac convention for the inner product:
⟨x, y⟩ is conjugate-linear in the first argument and linear in the second. This is the standard
convention in the quantum information literature. We also write a vector interchangeably
in ket form, |ek⟩, or just, ek: the ket is used inside Dirac expressions such as |ek⟩⟨ek|, while
the bare form appears when the vector is the argument of an operator applied in ordinary
notation, such as Kiek; both denote the same vector.
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Our basic reference for background material on completely positive maps, the Choi–
Jamio lkowski isomorphism, and vectorization is Watrous’s The Theory of Quantum Informa-
tion [Wat18], and we adopt its results freely. Purely for notational convenience, we deviate
in one respect. In [Wat18], an operator K ∈ L(X,Y ) is vectorized into Y ⊗ X and the
Choi representation is defined via Φ ⊗ I, so that J(Φ) ∈ L(Y ⊗X). We instead vectorize a
b × a matrix K : Ca → Cb into Ca ⊗ Cb (domain space first, codomain space second) and
define the Choi matrix via I ⊗ Φ rather than Φ ⊗ I, so that for Φ : Ma(C) → Mb(C) we
consistently have J(Φ) ∈Ma(C)⊗Mb(C), matching the order in which we write the coupling
set C(ρA, ρB) and the subsystems Ca,Cb throughout the paper. Any statement we cite from
[Wat18] should be read with this relabeling of tensor factors understood; the mathematical
content is unaffected.

Symbol Definition

Ma(C),Ma,b(C) The space of a× a, a× b complex matrices, respectively.

C(ρA, ρB) The coupling set; the space of all bipartite quantum states with
marginals ρA and ρB.

KRP(a, b) Parthasarathy’s KRP bound ⌊
√
a2 + b2 − 1⌋, an upper bound on the

rank of an extreme coupling.

Rmax(a, b) The maximal rank of an extreme point of C(Ia/a, Ib/b).
CP (Ma(C),Mb(C)) Completely positive maps from Ma(C) to Mb(C).
U, V Synthesis matrices of Finite Unit-Norm Tight Frames (FUNTFs) in Ca

and Cb, respectively.

GU , GV The Gram matrices of the frames U and V , given by U∗U and V ∗V .

PU , PV The scaled Gram projections, PU = a
rGU and PV = b

rGV .

ΘU,V The linear map ΘU,V : Mr → Mb ⊕Ma whose injectivity characterizes
extremality (Theorem 3.2).

Table 1. Notations used throughout the paper.

2. The coupling set and its convex geometry

In this section, we set up the convex-geometric language, prove the Parthasarathy and
Schmidt rank bounds, and prove the extremality criteria (Lemma 2.2, Theorem 2.13) in the
case of tracial couplings.

2.1. The Parthasarathy and Schmidt rank bounds. We give a linear algebraic for-
mulation for the extreme points of C(ρA, ρB) which leads to the Parthasarathy bound. Let
Hermn be the real vector space of Hermitian n × n matrices, so dimR Hermn = n2. Let
2 ≤ a ≤ b be the dimensions of the two subsystems. We denote the combined marginal map
by,

Λ : Hermab −→ Herma × Hermb, Λ(X) := (TrBX, TrAX).

In this language, C(ρA, ρB) = {X ∈ Hermab : X ⪰ 0, Λ(X) = (ρA, ρB)} is the intersection
of the closed convex cone of positive semidefinite matrices with an affine subspace, hence
closed and convex; since every X ⪰ 0 with TrX = 1 has operator norm at most 1, it is also
bounded. Thus C(ρA, ρB) is a compact convex set.
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Proposition 2.1. The image of Λ is equal to the hyperplane{
(P,Q) ∈ Herma × Hermb : TrP = TrQ

}
⊂ Herma × Hermb,

which has real dimension a2 + b2 − 1.

Proof. For any H ∈ Hermab, Tr(TrBH) = TrH = Tr(TrAH), so Λ(H) = (TrBH,TrAH)
satisfies Tr(TrBH) = Tr(TrAH). Hence range Λ lies in the hyperplane.

Recall the partial-trace identities TrB(HA ⊗ HB) = Tr(HB)HA and TrA(HA ⊗ HB) =
Tr(HA)HB. Let (P,Q) ∈ Herma × Hermb with TrP = TrQ, and set

HAB := P ⊗ Ib
b

+
Ia
a

⊗Q− Tr(P )
Ia
a

⊗ Ib
b
.

Using Tr(Q) = Tr(P ), we see that,

TrB(HAB) = P + Tr(Q)
Ia
a

− Tr(P )
Ia
a

= P.

Similarly, TrA(HAB) = Q. So Λ(HAB) = (P,Q), and range Λ equals the hyperplane. This
hyperplane is the kernel of the non-zero linear functional (P,Q) 7→ Tr(P )−Tr(Q) on Herma×
Hermb, hence has real dimension a2 + b2 − 1. □

For a complex subspace W ⊆ Cab, we define,

Herm(W ) := {H ∈ Hermab : rangeH ⊆ W}.

Note that this is a real vector space of dimension (dimCW )2, since it is the space of self-
adjoint maps from W to itself. With this notation, extremality admits the following charac-
terization.

Lemma 2.2. A coupling X ∈ C(ρA, ρB) is extreme if and only if

ker Λ ∩ Herm(rangeX) = {0}.

Proof. Suppose that ker Λ ∩ Herm(rangeX) = {0} and X = 1
2
(Y1 + Y2) with Y1, Y2 ∈

C(ρA, ρB). Let ξ ∈ ker(X), so that ⟨Xξ, ξ⟩ = 0. The positivity of Y1, Y2 forces ⟨Yiξ, ξ⟩ = 0
as well, so ker(X) ⊆ ker(Yi) which implies rangeYi ⊆ rangeX, for i = 1, 2. Thus Y1, Y2 ∈
Herm(rangeX). Hence Y1 −X ∈ ker Λ ∩ Herm(rangeX) which implies that Y1 = X = Y2.
We conclude that X is an extreme point of C(ρA, ρB).

Conversely, let H ̸= 0 be an element of ker Λ∩Herm(rangeX). Since rangeH ⊆ rangeX,
for all sufficiently small ε > 0 both X+ εH and X− εH are positive semidefinite and satisfy
Λ(X ± εH) = Λ(X) = (ρA, ρB). In other words, X ± εH ∈ C(ρA, ρB). Thus, X being the
midpoint of X − εH,X + εH, is not an extreme point of C(ρA, ρB). □

We are now ready for a conceptual proof of the Parthasarathy upper bound for the ranks
of extremal couplings, which is different from the original proof due to Parthasarathy.

Theorem 2.3. Let a ≤ b be positive integers, and ρA ∈ D(Ca), ρB ∈ D(Cb) be states.

(i) For any ρ ∈ C(ρA, ρB), rank ρ ≤ (rank ρA)(rank ρB).
(ii) (cf. [Par05, Corollary, p. 261]) If ρ is an extreme point of C(ρA, ρB), then

rank ρ ≤
⌊√

a2 + b2 − 1
⌋
.
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(iii) For every ρ ∈ C(ρA, ρB),

rank ρ ≥
⌈rank ρB

a

⌉
.

In particular, if ρ is a tracial coupling, then

rank ρ ≥
⌈ b
a

⌉
.

Proof. (i) Let PA, PB be the orthogonal projections onto range(ρA), range(ρB), and P := PA⊗
PB. Fix a unit vector ξ ⊥ range(ρA). Since TrB(ρ) = ρA, ⟨ξ|ρA|ξ⟩ = 0, so ⟨ξ⊗ η|ρ|ξ⊗ η⟩ = 0
for every η; as ρ ⪰ 0, this forces ρ(|ξ⟩ ⊗ |η⟩) = 0 for every η. The same argument, using
TrA(ρ) = ρB, applies to any η ⊥ range(ρB). Together these give ρ = PρP , so

rank ρ ≤ dim range(P ) = dim
(

range(ρA) ⊗ range(ρB)
)

= (rank ρA)(rank ρB).

(ii) Let W := range ρ. From Lemma 2.2 we see that Λ|Herm(W ) is injective. Since its
domain, Herm(W ), has real dimension dimC(W )2 = (rank ρ)2 = r2 and its codomain has
real dimension a2 + b2 − 1, we obtain the bound,

r2 ≤ a2 + b2 − 1.

(iii) Let ρ =
∑r

i=1 pi|ψi⟩⟨ψi| be the spectral decomposition of ρ with r = rank ρ and pi > 0
for 1 ≤ i ≤ r. Taking the partial trace over A gives

ρB =
r∑

i=1

pi TrA
(
|ψi⟩⟨ψi|

)
.

For every 1 ≤ i ≤ r, the reduced state TrA(|ψi⟩⟨ψi|) is the marginal of a pure state, whence
its rank is bounded above by a (see [Wat18, Theorem 2.10]). Subadditivity of rank across
the sum then gives

rank ρB ≤
r∑

i=1

rank
(

TrA(|ψi⟩⟨ψi|)
)

≤ ra,

so r ≥ (rank ρB)/a. Since r is an integer, we get the stated bound. Finally, when ρ is a
tracial coupling, ρB = Ib/b has rank b, and we get rank ρ ≥ ⌈b/a⌉. □

In the rest of the article, we are only interested in the tracial case, that is, ρA = 1
a
Ia, ρB =

1
b
Ib.

Definition 2.4. Let 2 ≤ a ≤ b be positive integers. Motivated by the theorem above, we
define

KRP(a, b) := ⌊
√
a2 + b2 − 1⌋, ES(a, b) :=

⌈ b
a

⌉
,

named after the initials of K. R. Parthasarathy and E. Schmidt, respectively.

Definition 2.5. Let 2 ≤ a ≤ b be positive integers. We denote the maximum (minimum, re-
spectively) of the ranks of extremal tracial couplings in C(Ia/a, Ib/b) by Rmax(a, b), Rmin(a, b),
respectively. We call the dimension pair (a, b) KRP-tight (ES-tight, respectively) if
Rmax(a, b) = KRP(a, b), (Rmin(a, b) = ES(a, b)), respectively.

Remark 2.6 (The Birkhoff property for qubit channels). The fact used in Theorem 2.7 below,
namely that every unital trace-preserving qubit channel is a convex combination of unitary
conjugations, is a Birkhoff-type theorem for doubly stochastic maps on M2(C) with an
interesting history. The result was proved by Bhat, Pati and Sunder in 1993 [BPS93],
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and independently by Landau and Streater [LS93] in the same year. It appears to have
been anticipated earlier by Tregub [Tre86]. The corresponding statement fails in dimensions
d ≥ 3. Kümmerer and Maassen [KM87] had exhibited extreme points of the set of unital
channels on Md, d ≥ 3, that are not unitary conjugations. This failure makes the higher-
dimensional analogue of Theorem 2.7 nontrivial. For completeness, we note that a more
direct proof for the Theorem 2.7 was given by Parthasarathy [Par05].

Theorem 2.7. Rmax(2, 2) = 1 < 2 = KRP(2, 2), that is, every extremal tracial coupling in
the qubit-qubit case has rank 1.

Proof. Extreme points of C(I2/2, I2/2) correspond to extreme unital trace-preserving qubit
channels. As noted in Remark 2.6, every extreme point of the set of unital trace-preserving
qubit channels is a single unitary conjugation, whose Choi state is a maximally entangled
pure state (rank 1). □

Remark 2.8. The pair (2, 2) is, to our knowledge, the only pair known to be non-KRP-tight.

2.2. The Choi–Jamio lkowski correspondence and the extremality criterion.

2.2.1. Vectorization. For a linear operator K : Ca → Cb, define its vectorization

vec(K) := (Ia ⊗K)|η⟩ ∈ Ca ⊗ Cb,

where |η⟩ :=
∑a

j=1 |ej⟩⊗|ej⟩ ∈ Ca⊗Ca. Specializing to the rank-one case, for u ∈ Ca, v ∈ Cb,
we get,

(4) vec
(
|v⟩⟨u|

)
= |ū⟩ ⊗ |v⟩.

2.2.2. The Choi matrix and the Choi–Kraus correspondence. For a linear map Φ : Ma(C) →
Mb(C), define its Choi matrix

J(Φ) := (I ⊗ Φ)(|η⟩⟨η|) ∈Ma(C) ⊗Mb(C),

where as above |η⟩ =
∑a

j=1 |ej⟩ ⊗ |ej⟩.
The following result of Choi [Cho75] (see [Wat18, Theorem 2.22]) relates complete pos-

itivity, positivity of the Choi matrix, and the Kraus representation, and defines the Choi
rank.

Theorem 2.9 (Choi–Kraus correspondence). Let Φ : Ma(C) → Mb(C) be linear. The
following are equivalent:

(a) Φ is completely positive.
(b) J(Φ) ⪰ 0.
(c) (Kraus representation) Φ(X) =

∑r
i=1KiXK

∗
i for some r ≥ 1 and Ki : Ca → Cb.

Moreover, J : B (Ma(C),Mb(C)) → Ma(C) ⊗Mb(C) is a linear bijection, restricting to a
bijection between the completely positive maps Ma(C) →Mb(C) and {Z ∈Ma(C)⊗Mb(C) :
Z ⪰ 0}. For a CP map Φ, the minimal number of terms r in a Kraus decomposition as in
(c) equals rank J(Φ); this common value is called the Choi rank of Φ, denoted CR(Φ), and

any minimal Kraus decomposition {Ki}CR(Φ)
i=1 has {|vec(Ki)⟩} a basis for range J(Φ) (and, a

fortiori, linearly independent).

If Φ has Kraus form Φ(X) =
∑r

i=1KiXK
∗
i with Ki : Ca → Cb, then

(5) J(Φ) =
r∑

i=1

|vec(Ki)⟩⟨vec(Ki)|,
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so a Kraus decomposition of Φ corresponds to a decomposition of J(Φ) into rank-one positive
semidefinite pieces |vec(Ki)⟩⟨vec(Ki)|, each Kraus operator recovered (up to a global phase)
as Ki = unvec(vi) for vi a unit eigenvector of the i-th piece.

Theorem 2.10 ([DDD26, Proposition 2.7]). Let ρA ∈ D(Ca) be invertible and let ρB ∈
D(Cb). Let J : B (Ma(C),Mb(C)) → Ma(C) ⊗Mb(C) denote the Choi–Jamio lkowski map,
and define

Jm(Φ) := (ρ
1/2
A ⊗ Ib) J(Φ) (ρ

1/2
A ⊗ Ib).

Then we have the following:

(i) J−1
m

(
C(ρA, ρB)

)
=
{

Φ ∈ CP (Ma(C),Mb(C)) : Φ∗(Ib) = Ia, Φ(ρTA) = ρB
}

, and this
is a compact convex set.

(ii) For ρ ∈ C(ρA, ρB), ρ is an extreme point of C(ρA, ρB) if and only if J−1
m (ρ) is an

extreme point of J−1
m (C(ρA, ρB)).

(iii) For every Φ ∈ CP (Ma(C),Mb(C)), rank(Jm(Φ)) = rank(J(Φ)) = CR(Φ), the Choi
rank of Φ.

Proof. (i) As ρA is invertible, ρ
1/2
A ⊗Ib is invertible, so Jm, a composition of J with conjugation

by an invertible operator, is also a linear bijection. For Φ ∈ B (Ma(C),Mb(C)), note that,

Jm(Φ) =
a∑

i,j=1

(ρ
1/2
A |ei⟩⟨ej|ρ1/2A ) ⊗ Φ(|ei⟩⟨ej|)

We compute the marginals of Jm(Φ) below.

TrA(Jm(Φ)) =
a∑

i,j=1

Tr(ρ
1/2
A |ei⟩⟨ej|ρ1/2A )Φ(|ei⟩⟨ej|) =

a∑
i,j=1

⟨ej|ρA|ei⟩Φ(|ei⟩⟨ej|)

=
a∑

i,j=1

(ρTA)ijΦ(|ei⟩⟨ej|) = Φ(ρTA),

TrB(Jm(Φ)) =
a∑

i,j=1

ρ
1/2
A |ei⟩⟨ej|ρ1/2A Tr

(
Φ(|ei⟩⟨ej|)

)
= ρ

1/2
A

( a∑
i,j=1

Tr
(
Φ∗(Ib)|ei⟩⟨ej|

)
|ei⟩⟨ej|

)
ρ
1/2
A

= ρ
1/2
A (Φ∗(Ib))

Tρ
1/2
A .

So, Jm
({

Φ ∈ CP (Ma(C),Mb(C)) : Φ∗(Ib) = Ia, Φ(ρTA) = ρB
})

= C(ρA, ρB)
Since C(ρA, ρB) is compact and convex (§2.1) and J−1

m is a linear bijection, J−1
m (C(ρA, ρB))

is compact and convex.
(ii). This follows from the general fact that an affine bijection carries extreme points to

extreme points.

(iii). Since ρ
1/2
A ⊗ I is invertible, we have rank(Jm(Φ)) = rank(J(Φ)) = CR(Φ). □

Remark 2.11. For tracial marginals, Jm identifies the coupling set with trace-preserving CP
maps satisfying Φ(Ia/a) = Ib/b. If one instead used the standard Choi matrix of a unital map

(as in [Rud04, DDD26]), the rank-one construction Ki = c |vi⟩⟨ui| would lead to c =
√
b/r

and force
∑

|ui⟩⟨ui| = (r/b)Ia, which is not a tight frame condition in Ca when a ̸= b. The
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Jm formulation yields c =
√
a/r and converts the two marginal constraints into the pair of

FUNTF identities (2); this is why we work with Jm rather than J .

Remark 2.12. Specializing Theorem 2.10 to the tracial case, the marginal constraints in the
Kraus representation, Φ(X) =

∑r
i=1KiXK

∗
i , take the form,

(6)
r∑

i=1

K∗
iKi = Ia,

r∑
i=1

KiK
∗
i =

a

b
Ib.

Below we give a proof of the extremality criterion of extremal tracial couplings. The more
general form of the theorem is proved in [Rud04] using a somewhat different approach.

Theorem 2.13 (cf. [Rud04, Theorem 1]). Let Φ be a completely positive map lying in the
compact convex set,

A := {Φ ∈ CP (Ma(C) →Mb(C)) : Φ∗(Ib) = Ia, Φ(Ia/a) = Ib/b} ,
where Φ∗ denotes the adjoint of Φ with respect to the Hilbert–Schmidt inner product
⟨A,B⟩HS = Tr(A∗B) (see [Wat18, Ch. 2]). Let Φ ∈ A with minimal Kraus representa-
tion Φ(X) =

∑r
i=1KiXK

∗
i , where Ki : Ca → Cb. Define the linear map Γ: Mr(C) →

Ma(C) ⊕Mb(C) by

(7) Γ(X) =
( r∑

i,j=1

xijK
∗
jKi,

r∑
i,j=1

xijKiK
∗
j

)
.

Then Φ is an extreme point of A if and only if ker Γ = {0}.

Proof. For Hermitian Y = (yij) ∈Mr(C), write ΨY (·) :=
∑r

i,j=1 yijKi(·)K∗
j , so that ΨIr = Φ.

A direct computation of the Hilbert–Schmidt adjoint gives Ψ∗
Y (Z) =

∑r
i,j=1 yijK

∗
jZKi (using

ȳij = yji), so

(8) Γ(Y ) =
(
Ψ∗

Y (Ib), ΨY (Ia)
)
.

In particular,

Γ(Ir) = (Φ∗(Ib),Φ(Ia)) =
(
Ia,

a

b
Ib

)
,

encodes exactly the two conditions defining A.

(ker Γ ̸= {0} =⇒ Non-extreme). Let 0 ̸= X ∈ ker Γ. Since Γ(X∗) = Γ(X)∗ by (7), ker Γ
is closed under adjoints, so we may take X to be Hermitian, by replacing X with X + X∗

or i(X −X∗) if needed. Fix ε > 0 small enough that X± := Ir ± εX ≻ 0, with square root

S± :=
√
X±. Writing (X±)ij =

∑r
l=1(S±)il(S±)jl and substituting into ΨX± gives the Kraus

form

ΨX±(Y ) =
r∑

l=1

K̃±
l Y (K̃±

l )∗, K̃±
l :=

r∑
i=1

(S±)ilKi,

so Ψ± := ΨX± is CP. By linearity, Γ(X±) = Γ(Ir) ± εΓ(X) = Γ(Ir), and since X± is
Hermitian, (8) gives

(
Ψ∗

±(Ib),Ψ±(Ia)
)

= (Φ∗(Ib),Φ(Ia)) =
(
Ia,

a
b
Ib
)
; thus Ψ± ∈ A.

Since X+ + X− = 2Ir, Ψ+ + Ψ− = 2ΨIr = 2Φ, so Φ = 1
2
(Ψ+ + Ψ−). The map C 7→∑r

i,j=1 cij|vec(Ki)⟩⟨vec(Kj)| from Mr(C) to Mab(C) is injective, since the r vectorizations

|vec(Ki)⟩ are linearly independent by minimality of the Kraus decomposition. As X+ ̸= Ir,
this gives J(Ψ+) ̸= J(Φ), i.e. Ψ+ ̸= Φ. Hence Φ = 1

2
(Ψ+ + Ψ−) is a nontrivial convex

combination in A, and Φ is not extreme.
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(Non-extreme =⇒ ker Γ ̸= {0}). Suppose Φ = 1
2
(Ψ+ + Ψ−), with Ψ± ∈ A and Ψ+ ̸= Φ.

At the level of Choi matrices, J(Ψ−) ⪰ 0 implies that J(Ψ+) = 2J(Φ) − J(Ψ−) ⪯ 2J(Φ),
hence range J(Ψ+) ⊆ range J(Φ). Since the minimal Kraus operators of Φ form a basis
for range J(Φ) = span{|vec(Ki)⟩ : 1 ≤ i ≤ r}, J(Ψ+) is supported within this subspace
and, being Hermitian, may be expanded in this basis with a Hermitian coefficient matrix
X ∈Mr(C):

J(Ψ+) =
r∑

i,j=1

xij|vec(Ki)⟩⟨vec(Kj)| =⇒ Ψ+ = ΨX .

Since X is Hermitian, (8) applies at Y = X and at Y = Ir, giving

Γ(X) =
(
Ψ∗

+(Ib), Ψ+(Ia)
)
, Γ(Ir) =

(
Φ∗(Ib), Φ(Ia)

)
.

Since Ψ+,Φ ∈ A, we note that Γ(X) = Γ(Ir) =
(
Ia,

a
b
Ib
)
, i.e. Γ(X − Ir) = 0. Since Ψ+ ̸= Φ,

we have X ̸= Ir, so X − Ir is a non-zero element of ker Γ. □

3. Construction of extremal tracial couplings using tight frames

In §2, we noted that Theorem 2.13 reduces extremality of tracial couplings to a linear-
algebraic condition on the associated Kraus operators Ki. In this section, we pursue the
simplest possible strategy of building extremal tracial couplings using linearly independent
rank-one Kraus operators of the form Ki = |vi⟩⟨ui|, with {ui} in Ca and {vi} in Cb being tight
frames of the same length. The marginal constraints hold automatically because of tightness,
so the ker Γ = {(0, 0)} condition of Theorem 2.13 reduces extremality to injectivity of an
explicit linear map ΘU,V built from the two frames alone.

3.1. Frames. A sequence {ui}ri=1 ⊂ Ca is a frame if there exist 0 < A ≤ B <∞ such that

A∥x∥2 ≤
r∑

i=1

|⟨ui, x⟩|2 ≤ B∥x∥2 (x ∈ Ca).

The frame is tight if A = B, and a finite unit-norm tight frame (FUNTF) if, in addition,
∥ui∥ = 1 for all i. For a FUNTF, taking the trace of

∑r
i=1 |ui⟩⟨ui| = AIa gives A = r/a,

and one obtains the reconstruction formula

x =
a

r

r∑
i=1

⟨ui, x⟩ui for all x ∈ Ca.

FUNTFs exist for every r ≥ a. The unit-norm and tightness conditions ensure that the
construction below produces a state with maximally mixed marginals (Theorem 3.1(i)).

It is convenient to express frame operations via matrices. Given a frame {ui}ri=1 ⊂ Ca with
synthesis matrix U ∈ Ca×r (the frame vectors as columns, so Uc =

∑r
i=1 ciui), we record

four objects used in the paper:

• Analysis operator U∗ : Ca → Cr, the adjoint of U , mapping x to its coefficient
sequence (⟨ui, x⟩)ri=1.

• Frame operator UU∗ ∈ Ca×a: tightness reads UU∗ = r
a
Ia.

• Gram matrix GU = U∗U ∈ Cr×r, recording the pairwise inner products (GU)ij =
⟨ui, uj⟩. For a FUNTF, its diagonal entries are all 1.

• Spectrum of GU : sinceGU shares its non-zero eigenvalues with UU∗, a tight FUNTF
has sp(GU) = {r/a (multiplicity a), 0 (multiplicity r − a)}.
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A second FUNTF {vi}ri=1 ⊂ Cb of the same length r is recorded identically, with synthesis
matrix V ∈ Cb×r and Gram matrix GV = V ∗V .

3.2. The rank-one tuple and its extremality criterion. Associated to a pair of
FUNTFs U, V of length r is the equal-weight, rank-one Kraus tuple

(9) Ki =

√
a

r
|vi⟩⟨ui|, i = 1, . . . , r.

The specific coefficient
√
a/r is dictated by the trace-preserving constraint

∑
K∗

iKi = Ia
under the Jm correspondence (see Remark 2.11).

Note that |vec(Ki)⟩ =
√
a/r |ūi⟩ ⊗ |vi⟩, and

|vec(Ki)⟩⟨vec(Ki)| =
a

r
(|ūi⟩ ⊗ |vi⟩)(⟨ūi| ⊗ ⟨vi|) =

a

r
|ūi⟩⟨ūi| ⊗ |vi⟩⟨vi|.

Consider the quantum channel given by Φ(X) =
∑r

i=1KiXK
∗
i . We may directly verify

that Φ satisfies the tracial marginal constraints (2). Tightness gives
∑r

i=1 |ui⟩⟨ui| = r
a
Ia and∑r

i=1 |vi⟩⟨vi| = r
b
Ib. Since K∗

i =
√
a/r |ui⟩⟨vi| and ∥vi∥ = ∥ui∥ = 1, we have

K∗
iKi =

a

r
∥vi∥2|ui⟩⟨ui| =

a

r
|ui⟩⟨ui|,

r∑
i=1

K∗
iKi =

a

r
· r
a
Ia = Ia,

KiK
∗
i =

a

r
∥ui∥2|vi⟩⟨vi| =

a

r
|vi⟩⟨vi|,

r∑
i=1

KiK
∗
i =

a

r
· r
b
Ib =

a

b
Ib.

Using (5), we observe that the (normalized) Choi state of the quantum channel is

(10) ρ := Jm(Φ) =
1

a
J(Φ) =

1

a

r∑
i=1

|vec(Ki)⟩⟨vec(Ki)| =
1

r

r∑
i=1

|ūi⟩⟨ūi| ⊗ |vi⟩⟨vi|.

Theorem 3.1. Let {ui}ri=1 ⊂ Ca and {vi}ri=1 ⊂ Cb be finite unit-norm tight frames
(FUNTFs) of the same length r, and let ρ be the state defined in (10),

1

r

r∑
i=1

|ūi⟩⟨ūi| ⊗ |vi⟩⟨vi|.

Then we have the following:

(i) ρ ∈ C(Ia/a, Ib/b).
(ii) rank ρ = rank(GU ◦GV ), where GU and GV are the Gram matrices of the frames.

(iii) rank ρ = r if and only if the product vectors ūi ⊗ vi are linearly independent.

Proof. (i) Tracing out the second subsystem,

TrB ρ =
1

r

r∑
i=1

|ūi⟩⟨ūi| ∥vi∥2 =
1

r

r∑
i=1

|ūi⟩⟨ūi| =
Ia
a
,

using ∥vi∥ = 1 and the tightness of {ui}, which gives
∑r

i=1 |ui⟩⟨ui| = r
a
Ia. Tracing out the

first subsystem,

TrA ρ =
1

r

r∑
i=1

∥ūi∥2 |vi⟩⟨vi| =
1

r

r∑
i=1

|vi⟩⟨vi| =
Ib
b
,

using ∥ūi∥ = ∥ui∥ = 1 and the tightness of {vi},
∑r

i=1 |vi⟩⟨vi| = r
b
Ib. Hence ρ ∈ C(Ia/a, Ib/b).
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(ii) Let |wi⟩ = |ūi⟩ ⊗ |vi⟩ and let W be the matrix with columns |w1⟩, . . . , |wr⟩, so that
ρ = 1

r
WW ∗ and rank ρ = rank(W ∗W ). The matrix W ∗W has entries

(W ∗W )ij = ⟨wi, wj⟩ = ⟨ūi, ūj⟩⟨vi, vj⟩ = (GU)ij (GV )ij,

i.e. W ∗W = GU ◦GV , giving rank ρ = rank(GU ◦GV ).
(iii) By (ii), rank ρ = rankW equals the dimension of the span of the r vectors |wi⟩, which

is r precisely when they are linearly independent. □

Whether ρ is extreme depends on the inner products within the two frames. We write ◦
for the Hadamard (entrywise) product on Mr(C).

Theorem 3.2 (Transversality criterion). Let {ui}ri=1 ⊂ Ca and {vi}ri=1 ⊂ Cb be FUNTFs
of the same length r, with synthesis matrices U, V , and let

ρ :=
1

r

r∑
i=1

|ūi⟩⟨ūi| ⊗ |vi⟩⟨vi|

be the corresponding state, as in Theorem 3.1. Let ΘU,V : Mr(C) →Mb(C) ⊕Ma(C) be the
linear map given by

ΘU,V (X) :=
(
V (XT ◦GU)V ∗, U (X ◦GV )U∗

)
.

Then:

(i) ρ is an extreme point of the coupling set C(Ia/a, Ib/b) if and only if ΘU,V is injective,
that is, ker ΘU,V = {(0, 0)}.

(ii) If ΘU,V is injective, the product vectors ūi ⊗ vi are linearly independent, and conse-
quently rank ρ = r.

Proof. From Theorem 2.13 and Theorem 3.1, we see that ρ is an extreme point if and only
if the simultaneous equations

r∑
i,j=1

xijK
∗
iKj = 0 and

r∑
i,j=1

xijKjK
∗
i = 0

imply X = (xij) = 0.
(i) Since r

a
K∗

iKj = ⟨vi, vj⟩|ui⟩⟨uj| = (GV )ij |ui⟩⟨uj| and the (i, j)-th entry of X ◦ GV is
xij(GV )ij, summing against xij yields

r

a

r∑
i,j=1

xijK
∗
iKj =

r∑
i,j=1

xij(GV )ij |ui⟩⟨uj| = U(X ◦GV )U∗.

Similarly, since r
a
KjK

∗
i = (GU)ji |vj⟩⟨vi|, and xij(GU)ji is the (j, i) entry of XT ◦ GU , we

have,

r

a

r∑
i,j=1

xijKjK
∗
i = V (XT ◦GU)V ∗.

The two sums therefore vanish simultaneously if and only if ΘU,V (X) = (0, 0). Thus, the
extremality criterion of Theorem 2.13 reduces to ker ΘU,V = {0}.
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(ii) Suppose
∑r

i=1 ciKi = 0 for scalars c1, . . . , cr ∈ C, and write c := (c1, . . . , cr) ∈ Cr.
Taking the adjoint gives

∑r
i=1 c̄iK

∗
i = 0. Let {ek}rk=1 be the standard basis of Cr. Fix

1 ≤ k ≤ r and define X = |c̄⟩⟨ek|, meaning xij = c̄iδjk. Then
r∑

i,j=1

xijK
∗
iKj =

( r∑
i=1

c̄iK
∗
i

)
Kk = 0,

r∑
i,j=1

xijKjK
∗
i = Kk

( r∑
i=1

c̄iK
∗
i

)
= 0.

This demonstrates that X ∈ ker ΘU,V . Injectivity forces X = 0, hence c = 0, i.e. ci = 0 for
every i, proving the Kraus operators Ki are linearly independent. Because vectorization is
a linear isomorphism mapping Ki to

√
a/r ūi ⊗ vi, the product vectors ūi ⊗ vi are linearly

independent. This shows that rank ρ = r. □

Definition 3.3 (Transversal pair). We call a pair of FUNTFs U, V of the same length
transversal when ker ΘU,V = {0}.

By Theorem 3.2, existence of a single transversal pair of length r guarantees the existence
of a rank-r extreme point in C(Ia/a, Ib/b). Thus for a given dimension pair (a, b), the tightness
of the KRP bound can be established by finding one transversal pair of length r = KRP(a, b).

Remark 3.4. The rank-one, equal-weight form of the Ki is a restriction we impose; it is not
forced by extremality, and we do not expect it to produce every KRP-tight state. Ohno’s
extreme points at (3, 3) and (4, 4) require Kraus operators of rank greater than one and fall
outside it. Its advantage is that extremality becomes the injectivity of the explicit map ΘU,V .

3.3. The projection formulation. The kernel of ΘU,V admits a description that depends
on two orthogonal projections, the scaled Gram matrices:

(11) PU :=
a

r
GU , PV :=

b

r
GV .

The projections PU and PV project onto the row spaces of U and V , respectively.

Lemma 3.5. The matrices PU and PV are orthogonal projections satisfying:

rankPU = a, rankPV = b, (PU)ii =
a

r
, (PV )ii =

b

r
for all i.

Proof. By the tightness of the frame U , its frame operator is UU∗ = r
a
Ia, so

P 2
U =

(a
r

)2
U∗(UU∗)U =

(a
r

)2 r
a
U∗U = PU .

Since GU is Hermitian, PU = P ∗
U , so PU is an orthogonal projection. Its rank is a because U

has full row rank, and its diagonal entries are a
r

because the columns of U have unit norm.
The same argument applies to PV . □

Lemma 3.6. For X ∈Mr(C), ΘU,V (X) = 0 if and only if

(12) PV (XT ◦ PU)PV = 0 and PU(X ◦ PV )PU = 0.

Consequently, transversality depends on the two scaled Gram projections PU and PV relative
to the standard coordinate basis used for the Hadamard product.

Proof. Since the global scalar factors a
r

and b
r

do not alter the kernel, it suffices to show that
for any matrix A ∈ Mr(C), V AV ∗ = 0 is equivalent to PVAPV = 0, and that UAU∗ = 0
is equivalent to PUAPU = 0. Applying the first with A = XT ◦ GU and the second with
A = X ◦GV then gives (12) from the definition of ΘU,V .
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Since

V V ∗ =
r

b
Ib and UU∗ =

r

a
Ia,

we have

V AV ∗ = 0 =⇒ V ∗V AV V ∗ = 0 =⇒ PVAPV = 0

and

PVAPV = 0 =⇒ V ∗V AV ∗V = 0 =⇒ V (V ∗V AV ∗V )V ∗ = 0 =⇒ V AV ∗ = 0,

proving the first equivalence. The identical argument, with U, PU in place of V, PV , proves
UAU∗ = 0 ⇐⇒ PUAPU = 0. □

4. Tightness of the Parthasarathy rank bound

In this section, we construct a rank-b extremal tracial coupling for every a < b, establishing
KRP tightness in the region b ≥ (a2 − 1)/2 and along the qubit-qudit line (2, b), b ≥ 3. For
frames of length a+ 1 in Ca, however, we show that the transversality operator ΘU,V always
has non-trivial kernel, which obstructs the construction at (3, 3) and (4, 4).

4.1. Extremal tracial couplings of rank b for a < b. When the lengths of the FUNTF
pair equal b, the second FUNTF is square, and a square tight frame is unitary. Since
conjugation by a unitary is injective, taking V = Ib reduces injectivity of ΘU,V to injectivity
of its first component alone: the map X 7→ XT ◦ GU on Mr(C), which is injective exactly
when GU has no zero entries. We construct such a U in the following way for every 2 ≤ a < b:
one fixed vector, together with b−1 vectors at an equal angle to it, obtained from one another
by rotating within its orthogonal complement via the (b− 1)-th roots of unity.

Theorem 4.1. For every dimension pair (a, b) satisfying 2 ≤ a < b, there exists a transversal
pair of FUNTFs of length b in Ca and Cb. Consequently, there is an extreme point of
C(Ia/a, Ib/b) of rank b.

Proof. Take V = Ib, a square unitary FUNTF, so GV = Ib and ΘU,V (X) = (XT ◦
GU , U diag(X)U∗). Transversality of (U, Ib) is then equivalent to injectivity of X 7→ XT ◦GU

on Mb(C), which holds exactly when GU = U∗U has no zero entries. So it suffices to construct
a FUNTF U ∈ Ca×b whose Gram matrix has all entries non-zero.

Let {|ek⟩}a−1
k=0 be the standard basis of Ca. Define weights

α =
b− a

a(b− 1)
, β =

b(a− 1)

a(b− 1)
,

so that α + β = 1 and α, β ∈ (0, 1). Let ζ = e2πi/(b−1), a primitive (b − 1)-th root of unity,
and for j = 0, 1, . . . , b− 2 define the unit vector |wj⟩ ∈ span{|e1⟩, . . . , |ea−1⟩} by

|wj⟩ =
1√
a− 1

a−1∑
k=1

ζkj|ek⟩.

The b columns of U are

|u0⟩ = |e0⟩, |uj⟩ =
√
α |e0⟩ +

√
β |wj−1⟩, j = 1, . . . , b− 1.

Since ⟨wj−1|wj−1⟩ = 1 and α + β = 1, every |uj⟩ is a unit vector, and so is |u0⟩.
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We compute the matrix elements of UU∗ = |u0⟩⟨u0|+
∑b−1

j=1 |uj⟩⟨uj| in the standard basis.

For k, k′ ∈ {1, . . . , a− 1},

⟨ek|UU∗|ek′⟩ = β
b−1∑
j=1

⟨ek|wj−1⟩⟨wj−1|ek′⟩ =
β

a− 1

b−2∑
m=0

ζ(k−k′)m =
β(b− 1)

a− 1
δk,k′ =

b

a
δk,k′ ,

where we re-indexed m = j− 1 and used that ζk−k′ ̸= 1 for 0 < |k− k′| ≤ a− 2 < b− 1. For
the off-diagonal elements involving |e0⟩ and |ek⟩ with k ≥ 1,

⟨e0|UU∗|ek⟩ =
√
αβ

b−1∑
j=1

⟨wj−1|ek⟩ =

√
αβ√
a− 1

b−2∑
m=0

ζ−km = 0,

since 1 ≤ k ≤ a− 1 < b− 1 ensures ζ−k ̸= 1. Finally,

⟨e0|UU∗|e0⟩ = 1 + (b− 1)α =
b

a
.

Thus UU∗ = b
a
Ia, and U is a FUNTF of b vectors in Ca.

Note that,
⟨u0|uj⟩ =

√
α ̸= 0 for every j ≥ 1

For 1 ≤ j < j′ ≤ b− 1, set d = j′ − j with 1 ≤ d ≤ b− 2, and let S(d) =
∑a−1

k=1 ζ
kd. Then

⟨uj|uj′⟩ = α + β ⟨wj−1|wj′−1⟩ = α + β
S(d)

a− 1
.

Since S(d) is a sum of roots of unity, it is an algebraic integer. If the inner product were
zero, we would have S(d) = −(a− 1)α/β = −(b− a)/b, which is rational but not an integer
(as 0 < b− a < b). A rational algebraic integer is an integer ([DF03, Chapter 15, Prop.28]),
so equality is impossible. Hence ⟨uj|uj′⟩ ̸= 0 for all j ̸= j′. Therefore GU has no zero entries,
ker ΘU,Ib = {(0, 0)}, and (U, Ib) is a transversal pair of length b. □

Corollary 4.2. For a ≤ b, we have Rmax(a, b) ≥ b. This supplements Ohno’s result that
Rmax(a, a) ≥ a.

Corollary 4.3. If 2 ≤ a < b and a2−1
2

≤ b, then Rmax(a, b) = KRP(a, b) = b.

Proof. Since b ≥ 1
2
(a2 − 1), we have b2 ≤ a2 + b2 − 1 < (b + 1)2. Hence KRP(a, b) =

⌊
√
a2 + b2 − 1⌋ = b, and Theorem 4.1 produces an extreme coupling of rank b, so Rmax(a, b) =

b. The KRP bound is tight in particular for

(2, b), b ≥ 3; (3, b), b ≥ 4; (4, b), b ≥ 8; (5, b), b ≥ 12. □

4.2. Some obstructions to transversality.

Proposition 4.4. For every pair of FUNTFs U, V of length a in Ca, ker ΘU,V consists of
the matrices with zeroes on the diagonal. Thus,

dimC(ker ΘU,V ) = a2 − a.

Proof. Because U and V are FUNTFs of length r = a, their square synthesis matrices satisfy
UU∗ = Ia and V V ∗ = Ia. Thus U and V are unitary matrices, whence GU = GV = Ia.

For any X ∈Ma(C), X ◦ Ia = XT ◦ Ia = diag(X), so the transversality map reduces to:

ΘU,V (X) =
(
V (XT ◦GU)V ∗, U (X ◦GV )U∗

)
=
(
V diag(X)V ∗, U diag(X)U∗

)
.
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Because U and V are invertible, ΘU,V (X) = 0 if and only if diag(X) = 0.
Therefore, the kernel of ΘU,V is the subspace of matrices with zeros on their main diagonal,

which has complex dimension a2 − a. □

The failure at (2, 2) may be explained by the fact that there are no rank-2 extreme points
in C(I2/2, I2/2) at all, let alone one obtained from a transversal pair of FUNTFs. The cases
(3, 3) and (4, 4) are different, and rest on the following elementary facts about rank-one
projections.

Lemma 4.5. Let Q be a rank-one orthogonal projection on Cr with constant diagonal
entries. Then each diagonal entry equals 1/r, and Q = 1

r
|p⟩⟨p| for some p ∈ Cr all of whose

entries are of unit-modulus, that is, |pi| = 1 for every 1 ≤ i ≤ r.

Proof. Since Q has rank one, Q = |w⟩⟨w| for some unit vector w ∈ Cr. Its diagonal entries
|wi|2 sum to ⟨w|w⟩ = 1; being all equal, each equals 1/r. Writing p :=

√
r w gives Q =

1
r
|p⟩⟨p|, and |pi|2 = r|wi|2 = 1 for every i. □

For a FUNTF of length r = a + 1, the correlation projections PU , PV (Lemma 3.5) have
rank a = r − 1 and constant diagonal a/r, so Ir − PU , Ir − PV are rank-one orthogonal
projections with constant diagonal. By Lemma 4.5,

Ir − PU = 1
r
|p⟩⟨p|, Ir − PV = 1

r
|q⟩⟨q|

for unit-modulus p, q ∈ Cr (the Naimark complements of U, V ). To rule out a transversal
pair it suffices to exhibit one non-zero element of ker ΘU,V , which we now do.

By Lemma 3.6, with PU = Ir − 1
r
|p⟩⟨p| and PV = Ir − 1

r
|q⟩⟨q| as above, we seek a non-zero

X ∈Mr(C) with

PV (XT ◦ PU)PV = 0 and PU(X ◦ PV )PU = 0.

The next lemma describes the solutions for X in either condition.

Lemma 4.6. Let P = I − 1
r
|q⟩⟨q| be the orthogonal projection onto (span{|q⟩})⊥ for a

vector q ∈ Cr with ⟨q|q⟩ = r. For any matrix A ∈Mr(C),

PAP = 0 ⇐⇒ A = |q⟩⟨x| + |y⟩⟨q| for some x, y ∈ Cr.

Proof. If A = |q⟩⟨x| + |y⟩⟨q|, then PAP = (P |q⟩)⟨x|P + P |y⟩(⟨q|P ) = 0 since P |q⟩ = 0
and ⟨q|P = 0. Conversely, if PAP = 0, the range of AP lies entirely in kerP = span{|q⟩}.
Thus, AP = |q⟩⟨x̃| for some vector x̃ ∈ Cr. Decomposing A via the projection yields

A = A(P + I −P ) = AP + 1
r
A|q⟩⟨q|. Substituting AP = |q⟩⟨x̃| gives A = |q⟩⟨x̃|+

(
A|q⟩
r

)
⟨q|.

Setting x = x̃ and y = A|q⟩
r

recovers the desired form. □

Proposition 4.7. For every pair of FUNTFs U, V of length a+ 1 in Ca, the map ΘU,V has
non-trivial kernel.

Proof. Set r = a + 1. With PU = Ir − 1
r
|p⟩⟨p|, PV = Ir − 1

r
|q⟩⟨q| for p, q ∈ Cr whose entries

have unit modulus, by Lemma 4.6,

PV (XT ◦ PU)PV = 0 ⇐⇒ XT ◦ PU = |q⟩⟨x| + |y⟩⟨q|
for some x, y ∈ Cr. Every entry of PU is non-zero with (PU)ii = r−1

r
, (PU)ij = −1

r
pip̄j for i ̸= j

since p has entries of unit modulus. Taking the simplest nontrivial choice x = 0, y = q, we



TIGHTNESS OF RANK BOUNDS FOR EXTREMAL TRACIAL COUPLINGS 19

get XT ◦PU = |q⟩⟨q|. Dividing entrywise by (PU)ij = δij− 1
r
pip̄j , gives XT = r2

r−1
Ir−r|s⟩⟨s|,

where s = p̄ ◦ q. Equivalently,

X :=
r2

r − 1
Ir − r|s̄⟩⟨s̄|.

Since p and q have unit-modulus entries, s = p̄ ◦ q does as well, and

(X ◦ PV )ii = 1 = pip̄i and (X ◦ PV )ij = (−rs̄isj)
(

1

r
qiq̄j

)
= pip̄j, for i ̸= j.

Hence, X ◦PV = |p⟩⟨p|. Since PV |q⟩ = 0 and PU |p⟩ = 0, both conditions of Lemma 3.6 hold,
so X ∈ ker ΘU,V . Finally,

TrX = Tr
( r2

r − 1
Ir − r|s̄⟩⟨s̄|

)
=

r3

r − 1
− r2 =

r2

r − 1
> 0,

so X ̸= 0. □

Remark 4.8. Let a ≥ 2 be a positive integer. The frame length relevant to KRP tightness
at (a, a) is r = KRP(a, a), and Proposition 4.7 applies precisely when r = a+ 1, i.e.

a+ 1 ≤
√

2a2 − 1 < a+ 2.

For a ≥ 2, we have

a2 + 2a+ 1 ≤ 2a2 − 1 < a2 + 4a+ 4,

equivalently a2−2a−2 ≥ 0 and a2−4a−5 < 0. The first holds for integers a ≥ ⌈1+
√

3 ⌉ = 3,
and the second holds for integers a < 5, so that a ∈ {3, 4}. Thus, among square dimension
pairs, KRP(a, a) = a+ 1 occurs only at (3, 3) and (4, 4).

Corollary 4.9. Every pair of FUNTFs U, V of length 4 in C3, and every pair of FUNTFs
U, V of length 5 in C4, has ker ΘU,V ̸= {0}. Thus, there are no transversal pairs to be found
in the (3, 3) or (4, 4) case.

Proof. Both cases correspond to FUNTFs of length n + 1 in Cn, with n = 3 and n = 4,
respectively. The assertion follows immediately from Proposition 4.7. □

Remark 4.10. Corollary 4.9 shows why the transversal-pair construction cannot handle the
dimension pairs (3, 3) and (4, 4). Both pairs are nevertheless KRP tight: Ohno’s construc-
tions give extreme points of rank 4 and 5 [Ohn10], respectively, using Kraus operators of
rank greater than one.

5. Tightness of the Schmidt rank bound

Theorem 2.3 bounds the rank of an extremal tracial coupling between the Schmidt bound
ES(a, b) = ⌈b/a⌉ and the Parthasarathy bound KRP(a, b) = ⌊

√
a2 + b2 − 1⌋. Section 4

concerned dimension pairs at which the Parthasarathy upper bound is attained. Here, we
explore the analogous question for the Schmidt bound: For which values of (a, b) is this
lower bound tight?
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5.1. Extremal tracial couplings with rank ES(a, b). Let 2 ≤ a ≤ b be positive integers.
We start with the case where a | b.

Proposition 5.1. Let 2 ≤ a be a positive integer. Then the dimension pair (a, a) is
ES-tight, that is, Rmin(a, a) = ES(a, a) = 1.

Proof. Let ψ := 1√
a

∑a
i=1 |ei⟩ ⊗ |ei⟩, and set ρ := |ψ⟩⟨ψ|. A direct computation shows

TrA(ρ) = TrB(ρ) = Ia/a, so ρ ∈ C(Ia/a, Ia/a). Since ρ is a pure state, it is an extremal
tracial coupling of rank 1, establishing Rmin(a, a) = ES(a, a) = 1. □

Proposition 5.2. Let a ≤ b be positive integers such that a divides b, and set r = b
a
. Then

there exists an extreme point of the tracial coupling set C(Ia/a, Ib/b) of rank r.

Proof. Because b = ra, we can orthogonally decompose the target space as Cb =
⊕r

i=1Bi,
where dimBi = a. For each i, let Vi : Ca → Cb be an isometry with range Bi. Note that
V ∗
i Vj = δijIa and

∑r
i=1 ViV

∗
i = Ib. Defining the Kraus operators as Ki = 1√

r
Vi, we obtain

the marginal constraints:
r∑

i=1

K∗
iKi =

1

r

r∑
i=1

Ia = Ia,
r∑

i=1

KiK
∗
i =

1

r

r∑
i=1

ViV
∗
i =

a

b
Ib.

Thus, the Choi state ρ associated with {Ki}ri=1 is a tracial coupling of rank r. To establish
extremality, suppose X = (xij) ∈ Mr(C) satisfies

∑r
i,j=1 xijKiK

∗
j = 0. Left-multiplying by

V ∗
m and right-multiplying by Vn isolates a single coefficient:

V ∗
m

(
r∑

i,j=1

xij
1

r
ViV

∗
j

)
Vn =

1

r
xmnIa = 0,

which forces xmn = 0 for all m,n. Thus, from Theorem 2.13, it follows that ρ is an extreme
point of rank r. □

We will need the following lemma.

Lemma 5.3. Let a ≤ b and r := ⌈ b
a
⌉. Let K1, . . . , Kr : Ca → Cb satisfy the constraints∑r

i=1K
∗
iKi = Ia and

∑r
i=1KiK

∗
i = a

b
Ib. Then rankKi = a for every 1 ≤ i ≤ r.

Proof. Set c := a/b. Since KiK
∗
i ≥ 0 and

∑r
l=1KlK

∗
l = cIb, each KiK

∗
i ≤ cIb, so sp(KiK

∗
i ) ⊆

[0, c]. As KiK
∗
i and K∗

iKi have the same non-zero eigenvalues, this gives sp(K∗
iKi) ⊆ [0, c]

as well, i.e., K∗
iKi ≤ cIa, for every 1 ≤ i ≤ r.

Fix 1 ≤ j ≤ r. Summing the bound over the remaining indices and using
∑r

i=1K
∗
iKi = Ia

gives

K∗
jKj = Ia −

∑
i̸=j

K∗
iKi ≥ Ia − (r − 1)cIa =

(
1 − (r − 1)c

)
Ia.

By definition of r, r−1 < b
a
≤ r, so 1−(r−1)c > 0. Thus K∗

jKj is invertible, so kerKj = {0},
and by rank-nullity, rankKj = a. □

Definition 5.4. Let A ∈ Ma,b(C). We say that A is a partial permutation matrix if it has
entries from {0, 1} with at most one 1 in each row and each column. More generally, we say
that A is a weighted partial permutation matrix if it has at most one non-zero entry in each
row and each column.
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Observation 5.5. Let a ≤ b be positive integers. To an injective mapping π : {1, . . . , a} →
{1, . . . , b} and a mapping w : {1, . . . , a} → (0,∞), we may associate a b×a weighted partial
permutation matrix as follows. We view {1, . . . , a}, {1, . . . , b}, respectively, as the indexing
set for the set of columns, rows, respectively, of a b× a matrix. In this context, π(k) is the
row of the unique non-zero entry in column k and w(k) its value. We define the entries of
the weighted partial permutation matrix A : Ca → Cb associated with (π,w) by:

Am,k =

{
w(k) if m = π(k),

0 otherwise.

Consider injective mappings π1, π2 : {1, . . . , a} → {1, . . . , b} and mappings w1, w2 :
{1, . . . , a} → (0,∞). Let A1, A2, respectively, be the weighted partial permutation matrices
associated with (π1, w1), (π2, w2), respectively. The product A1A

∗
2 has entries:

(A1A
∗
2)m,n =

{
w1(k)w2(k) if ∃k such that m = π1(k) and n = π2(k),

0 otherwise.

Because π1 and π2 are injective, this k is unique when it exists. Moreover, the product A∗
1A2

has entries:

(A∗
1A2)k,l =

{
w1(k)w2(l) if π1(k) = π2(l),

0 otherwise.

Because the KiK
∗
j have small and mostly disjoint supports, a single entry of

∑
i,j xijKiK

∗
j

usually involves only one xij; the next lemma exploits this.

Lemma 5.6. For 1 ≤ i ≤ r, consider injective mappings πi : {1, . . . , a} → {1, . . . , b} and
mappings wi : {1, . . . , a} → (0,∞). Let Ki : Ca → Cb be the weighted partial permutation
matrix associated with (πi, wi) as in Observation 5.5. Assume that {Ki}ri=1 satisfies the
tracial marginal constraints

∑r
i=1K

∗
iKi = Ia and

∑r
i=1KiK

∗
i = a

b
Ib and that the following

holds:

(a) For each i, there exists a row index m in the range of πi that is not in the range of
any other πj (j ̸= i).

(b) For each distinct pair i ̸= j, there exists a column index k ∈ {1, . . . , a} such that the
coordinate pair (πi(k), πj(k)) is not equal to (πi′(k

′), πj′(k
′)) for (i′, j′) ̸= (i, j) and

any column index k′.

Then the Choi state of {Ki} is an extreme point of C(Ia/a, Ib/b).

Proof. By Theorem 2.13, it suffices to show that
∑

i,j xijKiK
∗
j = 0 implies X = (xij) = 0.

By Observation 5.5, the non-zero entries of KiK
∗
j occur at the coordinates (πi(k), πj(k)).

For the diagonal entries of X, fix i and let m = πi(k) be the exclusive row provided by
condition (a). Evaluating the matrix sum at entry (m,m) yields only the (i, i) term, forcing
xiiwi(k)2 = 0. Since wi(k) > 0, we have xii = 0.

For the off-diagonal entries, fix distinct i ̸= j and let k be the column provided by condition
(b), mapping to (m,n) = (πi(k), πj(k)). Evaluating the matrix sum at entry (m,n) yields
only the (i, j) term, forcing xij(wi(k)wj(k)) = 0. Hence, xij = 0. □

We illustrate Lemma 5.6 in the smallest nontrivial case, (a, b) = (2, 3).
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Example 5.7. Consider the dimension pair (a, b) = (2, 3). We first define the injective
mappings π1, π2 : {1, 2} → {1, 2, 3} and the weight functions w1, w2 : {1, 2} → (0,∞) as
follows:

π1(1) = 1, w1(1) =
√

1/3,

π1(2) = 2, w1(2) =
√

2/3;

π2(1) = 3, w2(1) =
√

2/3,

π2(2) = 1, w2(2) =
√

1/3.

As given in Observation 5.5, to these pairs (πi, wi), we associate the weighted partial
permutation matrices K1, K2 : C2 → C3:

K1 =

√1/3 0

0
√

2/3
0 0

 , K2 =

 0
√

1/3
0 0√
2/3 0

 .

Direct computation verifies the tracial marginals:

K∗
1K1 +K∗

2K2 = I2, K1K
∗
1 +K2K

∗
2 =

2

3
I3.

We verify the two conditions given in Lemma 5.6.

(a) The range of π1 is {1, 2} and the range of π2 is {1, 3}. Row index m = 2 is exclusive
to range of π1, and row index m = 3 is exclusive to the range of π2.

(b) There is only one pair (i, j) with i ̸= j, namely (1, 2). Choosing the column k = 1
yields the coordinate pair (π1(1), π2(1)) = (1, 3). No other pair of operators (i′, j′) at
any column k′ maps to (1, 3).

The resulting extreme point is the Choi state ρ = 1
2

∑2
i=1 |vec(Ki)⟩⟨vec(Ki)|. Vectorizing

the operators, with {|ej⟩}2j=1, {|fm⟩}3m=1 the standard bases of C2,C3, yields:

|vec(K1)⟩ =
1√
3
|e1⟩ ⊗ |f1⟩ +

√
2

3
|e2⟩ ⊗ |f2⟩,

|vec(K2)⟩ =

√
2

3
|e1⟩ ⊗ |f3⟩ +

1√
3
|e2⟩ ⊗ |f1⟩.

In the lexicographic basis |e1⟩ ⊗ |f1⟩, |e1⟩ ⊗ |f2⟩, |e1⟩ ⊗ |f3⟩, |e2⟩ ⊗ |f1⟩, |e2⟩ ⊗ |f2⟩, |e2⟩ ⊗ |f3⟩,
this produces the 6 × 6 bipartite density matrix:

ρ =
1

6


1 0 0 0

√
2 0

0 0 0 0 0 0

0 0 2
√

2 0 0

0 0
√

2 1 0 0√
2 0 0 0 2 0

0 0 0 0 0 0

 .

Proposition 5.8. Let 2 ≤ a ≤ b be positive integers such that b ≡ 1 (mod a). Then
C(Ia/a, Ib/b) contains an extreme point of rank ⌈ b

a
⌉.
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Proof. Let r := ⌈ b
a
⌉. Since b ≡ 1 (mod a), b = (r − 1)a + 1. For 1 ≤ i ≤ r − 1, define

πi : {1, . . . , a} → {1, . . . , b} as translation by (i− 1)a:

πi(k) = k + (i− 1)a, 1 ≤ k ≤ a.

Define πr as the cyclic translation by (r − 1)a = b− 1:

πr(1) = b, πr(k) = k − 1 (2 ≤ k ≤ a).

b 1 2 · · · a−1 a a+1 · · · 2a · · · (r−2)a+1 · · · (r−1)a

image of πr

image of π1 image of π2 image of πr−1

Note that each πi is injective. Define strictly positive weights

wi(k) :=


√
k/b, i = 1,√
a/b, 2 ≤ i ≤ r − 1,√
(a− k + 1)/b, i = r;

on {1, . . . , a}.
Let {|ek⟩}ak=1, {|fm⟩}bm=1 be the standard bases of Ca,Cb, and define

Ki :=
a∑

k=1

wi(k) |fπi(k)⟩⟨ek|.

Claim 1. For every k ∈ {1, . . . , a}, the values π1(k), . . . , πr(k) are pairwise distinct.

Proof of Claim. For i ≤ r − 1, πi(k) = (i − 1)a + k occupies the k-th position within the
i-th of the r − 1 disjoint length-a blocks pictured above. Since the blocks are disjoint,
π1(k), . . . , πr−1(k) lie in different blocks and so are automatically pairwise distinct, one per
block. It remains to compare each with πr(k). At k = 1, πr(1) = b lies one step beyond the
last block, which ends at (r− 1)a = b− 1, so it exceeds every πi(1). At k ≥ 2, πr(k) = k− 1
is strictly less than π1(k) = k, and hence less than every πi(k) for i ≤ r − 1 as well, since
πi(k) ≥ π1(k). Either way, πr(k) differs from all the others.

Claim 2.
∑r

i=1K
∗
iKi = Ia and

∑r
i=1KiK

∗
i = a

b
Ib. Moreover, for each i there is a column

ki such that the value mi := πi(ki) is attained by πi but by no other πj, that is, mi ∈
range(πi) \

⋃
j ̸=i range(πj). (This is the hypothesis (a) of Lemma 5.6.) Explicitly,

m1 = a at k1 = a, mi = ia at ki = a (2 ≤ i ≤ r − 1), mr = b at kr = 1.

Proof of Claim. By injectivity of πi, ⟨fπi(k)|fπi(k′)⟩ = δkk′ , so K∗
iKi =

∑a
k=1wi(k)2|ek⟩⟨ek| is

diagonal. Fixing k,

r∑
i=1

wi(k)2 = w1(k)2 +
r−1∑
i=2

wi(k)2 + wr(k)2 =
k

b
+ (r − 2)

a

b
+
a− k + 1

b
=

(r − 1)a+ 1

b
= 1,

so
∑r

i=1K
∗
iKi = Ia.
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For KiK
∗
i =

∑a
k=1wi(k)2|fπi(k)⟩⟨fπi(k)|: grouping the ra terms across all i by target row

m,
r∑

i=1

KiK
∗
i =

b∑
m=1

( ∑
(i,k):πi(k)=m

wi(k)2
)
|fm⟩⟨fm|.

The inner coefficient is a/b for every m, checked case by case:

• 1 ≤ m ≤ a−1: exactly two pairs land on m, namely (1,m) and (r,m+1), contributing

w1(m)2 + wr(m+ 1)2 =
m

b
+
a−m

b
=
a

b
;

• m = a: only (1, a) lands, contributing w1(a)2 = a/b;
• a+ 1 ≤ m ≤ (r− 1)a: writing m = k+ (i− 1)a uniquely for 2 ≤ i ≤ r− 1, only (i, k)

lands, contributing wi(k)2 = a/b;
• m = b: only (r, 1) lands, contributing wr(1)2 = a/b.

Hence
∑r

i=1KiK
∗
i = a

b
Ib.

The rows m1, . . . ,mr listed in the claim are exactly the singly-covered rows identified in
this case analysis (m = a, m = ia for 2 ≤ i ≤ r − 1, and m = b), each received by exactly
the operator named.

Claim 3. K1, . . . , Kr are linearly independent, so the Choi state has rank r.

Proof of Claim. Suppose
∑

l clKl = 0. Pairing with ⟨fmi
| on the left and |eki⟩ on the right,

0 =
〈
fmi

∣∣∣∑
l

clKl

∣∣∣eki〉 = ciwi(ki),

since mi is exclusive to i, so every term but l = i vanishes. As wi(ki) > 0, this forces ci = 0;
since i was arbitrary, c = 0.

Claim 4. {KiK
∗
j }1≤i,j≤r are linearly independent, so the Choi state is extreme.

Proof of Claim. Suppose
∑

m,n xmnKmK
∗
n = 0. Fix i, j ∈ {1, . . . , r}, and pair the relation

with ⟨fπi(kj)| on the left and |fmj
⟩ on the right:

0 =
∑
m,n

xmn

〈
fπi(kj)

∣∣KmK
∗
n

∣∣fmj

〉
.

Since mj is exclusive to j, K∗
n|fmj

⟩ = 0 for every n ̸= j, while K∗
j |fmj

⟩ = wj(kj)|ekj⟩; so only
the n = j term survives:

0 = wj(kj)
∑
m

xmj ⟨fπi(kj)|Km|ekj⟩.

By the column-wise distinctness claim,

⟨fπi(kj)|Km|ekj⟩ = wm(kj) ⟨fπi(kj)|fπm(kj)⟩ =

{
wi(kj), m = i,

0, m ̸= i,

so the sum collapses to its single m = i term, wj(kj)wi(kj) xij = 0. Since both weights are
positive, xij = 0; as i, j were arbitrary, X = 0.

By Theorem 2.13, the Choi state corresponding to {Ki} has rank r and is an extremal
tracial coupling. □
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Theorem 5.9. Let a ≤ b be positive integers, and r := ⌈ b
a
⌉. If b− (r − 1)a divides a, then

C(Ia/a, Ib/b) contains an extreme point of rank r.

Proof. If a = b, then r = 1 and Proposition 5.1 applies. Assume b > a and set p :=
b − (r − 1)a > 0. By hypothesis p | a; write a = pt with t ≥ 1 and m := (r − 1)t + 1, so
(a, b) = p(t,m).

We first construct a rank-r extreme point for the base pair (t,m). If t ≥ 2, then m ≡ 1
(mod t) and Lemma 5.8 applies directly, yielding Kraus operators K ′

1, . . . , K
′
r : Ct → Cm.

If t = 1 (equivalently a | b and m = r), set K ′
i := 1√

r
|fi⟩⟨e1| where {|fi⟩}ri=1 and |e1⟩ are

standard bases of Cr and C1. One checks
∑

iK
′∗
i K

′
i = I1,

∑
iK

′
iK

′∗
i = 1

r
Ir = t

m
Im, and the

operators K ′
iK

′∗
j are linearly independent.

Now identify Ca ∼= Cp ⊗ Ct and Cb ∼= Cp ⊗ Cm, and define

Ki := Ip ⊗K ′
i, i = 1, . . . , r.

Since K∗
iKj = δijIp ⊗K ′∗

i K
′
j and KiK

∗
j = Ip ⊗K ′

iK
′
j, summing gives

r∑
i=1

K∗
iKi = Ip ⊗ It = Ia,

r∑
i=1

KiK
∗
i = Ip ⊗

t

m
Im =

a

b
Ib.

Suppose
∑

i,j xijKiK
∗
j = 0. This reads Ip ⊗ Y = 0 with Y =

∑
i,j xijK

′
iK

′∗
j , which forces

Y = 0, and linear independence of {K ′
iK

′∗
j } gives X = 0. □

5.2. A complete characterization for a < b ≤ 2a. For ES(a, b) = 2, which corresponds
to a < b ≤ 2a, the divisibility condition of Theorem 5.9 is also necessary. The proof compares
the spectra of K∗

1K1, K
∗
2K2 with those of K1K

∗
1 , K2K

∗
2 . The comparison produces a bijection

between index sets with constant step (b−a)/b, and Lemma 5.10 shows that such a bijection
exists only if b− a divides a.

Lemma 5.10. Let p, q be positive integers, and let n = p + q. Let S, T ⊂ {1, . . . , n} with
|S| = |T | = q and S ∪ T = {1, . . . , n}. Let ν1, . . . , νn, α, β be real numbers such that νi = α
for i /∈ S and νj = β for j /∈ T , with α ̸= β. If there exist a bijection ϕ : T → S and a
non-zero constant δ such that νi = νϕ(i) + δ for every i ∈ T , then p | q.

Proof. Let us encode ϕ as a directed graph G = (V,E) on the vertex set V = {1, . . . , n},
with a directed edge i→ ϕ(i) for every i ∈ T . Since ϕ : T → S is a bijection and T ∪S = V ,
we observe that:

• Every vertex in T has out-degree 1, while every vertex outside T (i /∈ T ) is a sink
and has out-degree 0.

• Every vertex in S has in-degree 1, while every vertex outside S (i /∈ S) is a source
and has in-degree 0 in G.

At each step i → ϕ(i) of a directed path in G, the relation νi = νϕ(i) + δ implies that ν
strictly decreases by δ. Thus G has no directed cycles.

Since T ∪S = V , there are no isolated vertices, and the graph G decomposes into a disjoint
union of simple directed paths covering all of V . The number of sources in G is equal to
|V \ S| = n− |S| = (p+ q) − q = p and similarly, the number of sinks in G is equal to p. It
follows that there are p directed paths in the above decomposition of G.

Along each directed path in the decomposition, the value of ν drops by δ at each step. By
definition, every source i /∈ S satisfies νi = α, and every sink j /∈ T satisfies νj = β. Thus,
every path in the decomposition has the same number of edges, L = (α− β)/δ.
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Because each path in the decomposition consists of L edges and L+ 1 vertices, and the p
disjoint paths partition all n vertices, we have:

p+ q = n = p(L+ 1),

which implies that q = pL. Thus p | q. □

Proposition 5.11. Let a < b be positive integers. If a rank-2 tracial coupling of
C(Ia/a, Ib/b) exists, then b− a | a.

Proof. Let K1, K2 : Ca → Cb be the Kraus operators of the coupling, satisfying

K1K
∗
1 +K2K

∗
2 =

a

b
Ib, K∗

1K1 +K∗
2K2 = Ia.

Because they sum to a multiple of the identity, K1K
∗
1 and K2K

∗
2 commute and are simul-

taneously diagonalizable in Mb(C). On every joint eigenspace, their eigenvalues sum to a/b.
Let p := b − a. Since a < b by hypothesis, note that p > 0. If p = a, then b − a | a holds
trivially, so we may assume p ̸= a.

Since the coupling has rank 2, Theorem 2.3(iii) gives ⌈ b
a
⌉ ≤ 2. As a < b, we also have

⌈ b
a
⌉ ≥ 2. So ⌈ b

a
⌉ = 2, and Lemma 5.3 applies to K1, K2, giving rankK1 = rankK2 = a. Thus,

0 is an eigenvalue of K1K
∗
1 with multiplicity p. Let V1 denote the p-dimensional 0-eigenspace

for K1K
∗
1 . Then V1 is the same as the a

b
-eigenspace of K2K

∗
2 . Similarly, if V2 denotes the

0-eigenspace for K2K
∗
2 , the a

b
-eigenspace of K1K

∗
1 is the same as V2. Since 0 ̸= a/b, V1 and

V2 are eigenspaces of the Hermitian operator K1K
∗
1 for two distinct eigenvalues, and are

therefore mutually orthogonal. The space Cb ⊖ (V1 ⊕ V2) has dimension q := b− 2p = a− p
and the restrictions of both K1K

∗
1 and K2K

∗
2 to this space are invertible positive operators,

thus possessing strictly positive eigenvalues.
The matrices K∗

1K1 and K∗
2K2 sum to Ia, so they are simultaneously diagonalizable in

Ca. Let their joint eigenvalues be νi and 1 − νi, respectively, for i = 1, . . . , a. The multiset
of strictly positive eigenvalues of K∗

mKm is equal to that of KmK
∗
m for both m ∈ {1, 2}.

Thus, the multiset {νi}ai=1 contains p copies of a/b alongside a − p values strictly less than
a/b, defining an index subset S1 ⊂ {1, . . . , a} of size p where νi = a/b. Symmetrically,
the multiset {1 − νi}ai=1 for K∗

2K2 also contains p copies of a/b, defining an index subset
S2 ⊂ {1, . . . , a} of size p where 1 − νi = a/b, which gives us νi = 1 − a/b = p/b.

On the q-dimensional space Cb ⊖ (V1 ⊕ V2), the eigenvalues of K1K
∗
1 are {νi | i /∈ S1},

and the eigenvalues of K2K
∗
2 are {a/b − νi | i /∈ S1}; these are the non-a/b eigenvalues of

K2K
∗
2 , since its a/b-eigenspace is V1. On the other side, the non-a/b eigenvalues of K∗

2K2

are exactly {1 − νj | j /∈ S2}. Since the full non-zero spectra of K∗
2K2 and K2K

∗
2 agree as

multisets, and each contains exactly p copies of a/b (indexed by S2, respectively supported
on V1), removing these leaves the two remaining size-q multisets equal:

{1 − νj | j /∈ S2} = {a/b− νi | i /∈ S1}.

Thus there is a bijection ϕ : {1, . . . , a} \ S2 → {1, . . . , a} \ S1 such that:

1 − νj =
a

b
− νϕ(j) for every j /∈ S2.

Rearranging this equation yields:

νj = νϕ(j) + 1 − a

b
= νϕ(j) +

p

b
.
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We are now ready to apply Lemma 5.10. Set n = a, and let

T = {1, . . . , a} \ S2, S = {1, . . . , a} \ S1.

Then |S| = |T | = q = a− p. The corresponding constant values are

α =
a

b
for i /∈ S, β =

p

b
for j /∈ T.

Since p ̸= a, we have α ̸= β as well as S1 ∩ S2 = ∅. Thus,

S ∪ T = {1, . . . , a}.
Also, p > 0, so the step size δ = p/b is non-zero. Thus all the hypotheses of Lemma 5.10 are
satisfied, and we see that

p | q = a− p

and hence p | a. Recalling that p = b− a, we obtain b− a | a, as required. □

Theorem 5.12. Let a < b ≤ 2a. There is an extreme point of C(Ia/a, Ib/b) of rank 2 if
and only if b− a = gcd(a, b).

Proof. Since a < b ≤ 2a, we have r = ⌈ b
a
⌉ = 2. By Theorem 5.9 and Proposition 5.11, a

rank-2 extreme point exists if and only if b− a divides a.
If b− a = gcd(a, b), then b− a divides a and sufficiency follows. Conversely, suppose b− a

divides a. Then it also divides b = a + (b − a), so b − a is a common divisor of a and b;
hence b − a ≤ gcd(a, b). But gcd(a, b) divides b − a as well, giving gcd(a, b) ≤ b − a. Thus
b− a = gcd(a, b). □

5.3. An extremal tracial coupling of rank ES(a, b) for b ≥ a(a − 1). The divisibility
hypothesis of Theorem 5.9 is not needed once b is large enough.

Lemma 5.13 (Harmonic Frame). For every a ≥ 2 and every 1 ≤ p ≤ a, there exists a unit-
norm tight frame {v1, . . . , va} ⊂ Cp with frame operator a

p
Ip, that is,

∑a
i=1 |vi⟩⟨vi| = a

p
Ip.

Proof. Let ω = e2πi/a and fix any subset S ⊂ {0, . . . , a − 1} with |S| = p; let {|es⟩}s∈S be
the standard basis of Cp. For i = 1, . . . , a, define

|vi⟩ =
1
√
p

∑
s∈S

ωs(i−1)|es⟩.

Each |vi⟩ is a unit vector because |ωs(i−1)| = 1. The frame operator has matrix entries

⟨es|

(
a∑

i=1

|vi⟩⟨vi|

)
|es′⟩ =

1

p

a∑
i=1

ω(s−s′)(i−1) = δs,s′
a

p
,

since 0 < |s− s′| < a for distinct s, s′ ∈ S. Hence
∑a

i=1 |vi⟩⟨vi| = a
p
Ip. □

Any linear map K : Ca → Cb can be written column by column as

K =
a∑

k=1

λk |uk⟩⟨ek|,

with unit vectors uk ∈ Cb and λk ≥ 0. Writing each Kraus operator this way, Ki =∑a
k=1 λi,k|ui,k⟩⟨ek|, gives

KiK
∗
j =

a∑
k=1

λi,kλj,k |ui,k⟩⟨uj,k|,
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so whether {KiK
∗
j }ri,j=1 is linearly independent (which suffices for extremality) depends only

on the ra vectors ui,k. We choose them as follows.

Theorem 5.14. Let a ≥ 2 and let b > a(a − 1) be positive integers. Then there is an
extreme point of C(Ia/a, Ib/b) of rank ⌈ b

a
⌉.

Proof. We first set up the notation used to construct the extreme point, working with its cor-
responding CP map and a minimal Kraus representation thereof, under the correspondence
of Theorem 2.10.

Let r := ⌈ b
a
⌉, p := b − (r − 1)a and wa := a

b
, wp := p

b
. Note that 0 < p ≤ a and

(r − 1)wa + wp = (r−1)a+p
b

= 1. Let f1, . . . , fb denote the standard basis vectors of Cb, and
define,

Ω :=
{

(i, k) ∈ {1, . . . , r} × {1, . . . , a} : k ̸= i
}
.

Since |Ω| = ra− a = a(r − 1) < b, we may choose an injective map σ : Ω → {1, . . . , b}. Set

V := span{fσ(i,k) : (i, k) ∈ Ω}, W := V ⊥,

so dimV = a(r− 1) and dimW = p. Using Lemma 5.13, fix a tight frame {v1, . . . , va} ⊂ W
with

∑a
i=1 |vi⟩⟨vi| = a

p
IW , ∥vi∥ = 1.

Let e1, . . . , ea denote the standard basis vectors of Ca. For 1 ≤ i ≤ r, 1 ≤ k ≤ a, set

ui,k :=

{
fσ(i,k), k ̸= i,

vi, k = i,
λi,k :=

{√
wa, k ̸= i,

√
wp, k = i,

.

Note that (i, k) /∈ Ω if and only if k = i, and thus for every 1 ≤ k ≤ a, we have

(13)
a∑

i=1

λ2i,k = wp + (r − 1)wa = 1.

Define K1, . . . , Kr : Ca → Cb by

Ki :=
a∑

k=1

λi,k |ui,k⟩⟨ek|.

Claim 5. If (i, k) ∈ Ω, then ui,k ⊥ ui′,k′ for every (i′, k′) ̸= (i, k). In particular, ui,k ⊥ ui,k′
for k ̸= k′ and 1 ≤ i ≤ r, and ui,k ⊥ ui′,k for i ̸= i′ and 1 ≤ k ≤ a.

Proof of Claim. If also (i′, k′) ∈ Ω, then σ(i′, k′) ̸= σ(i, k) since σ is injective and (i′, k′) ̸=
(i, k), so ui,k = fσ(i,k) and ui′,k′ = fσ(i′,k′) are distinct standard basis vectors. If instead
(i′, k′) /∈ Ω, then ui′,k′ = vi′ ∈ W , while ui,k = fσ(i,k) ∈ V , and V ⊥ W .

For (i, k), (i′, k′) /∈ Ω the vectors ui,k = vi and ui′,k′ = vi′ need not be orthogonal; there we
use the tight-frame identity instead.

Claim 6.
∑r

i=1K
∗
iKi = Ia and

∑r
i=1KiK

∗
i = a

b
Ib.

Proof of Claim. From Ki =
∑a

k=1 λi,k|ui,k⟩⟨ek|, we get

K∗
iKi =

∑
1≤k,k′≤a

λi,kλi,k′⟨ui,k|ui,k′⟩ |ek⟩⟨ek′ |,(14)

KiK
∗
i =

∑
1≤k,k′≤a

λi,kλi,k′⟨ek|ek′⟩ |ui,k⟩⟨ui,k′ |.(15)
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In the first sum, the previous claim gives ⟨ui,k, ui,k′⟩ = 0 for k ̸= k′. Since ⟨ui,k, ui,k⟩ = 1,
for 1 ≤ i ≤ r we have,

K∗
iKi =

a∑
k=1

λ2i,k |ek⟩⟨ek|.

By interchanging the order of summation, we observe that
r∑

i=1

K∗
iKi =

r∑
i=1

a∑
k=1

λ2i,k |ek⟩⟨ek| =
a∑

k=1

( r∑
i=1

λ2i,k

)
|ek⟩⟨ek| =

a∑
k=1

|ek⟩⟨ek| = Ia.

In the second sum, using ⟨ek, ek′⟩ = δkk′ , we have

KiK
∗
i =

a∑
k=1

λ2i,k |ui,k⟩⟨ui,k|.

As before, by interchanging the order of summation, we observe that,
r∑

i=1

KiK
∗
i = wa

∑
(i,k)∈Ω

|fσ(i,k)⟩⟨fσ(i,k)| + wp

a∑
i=1

|vi⟩⟨vi|

= waEV + wp ·
a

p
EW =

a

b
EV +

a

b
EW =

a

b
Ib.

Claim 7. For each k ∈ {1, . . . , a}, the vectors K1ek, . . . , Krek are linearly independent. In
particular, K1, . . . , Kr are linearly independent, and the corresponding Choi state has rank
r.

Proof of Claim. Let 1 ≤ k ≤ a. By Claim 5, u1,k, . . . , ur,k are mutually orthogonal. Since
Kiek = λi,kui,k with λi,k > 0, the vectors K1ek, . . . , Krek are non-zero and mutually orthog-
onal, hence linearly independent.

If K1, . . . , Kr satisfied a non-trivial linear relation
∑r

j=1 cjKj = 0 for scalars cj, evaluating
at any fixed ek would give a non-trivial linear relation among K1ek, . . . , Krek, leading us to
a contradiction.

Claim 8. The operators {KiK
∗
j }1≤i,j≤r are linearly independent.

Proof of Claim. Suppose
∑r

i,j=1 xijKiK
∗
j = 0. Let ℓ ∈ {1, . . . , r}. Since a ≥ 2, choose

k′ ̸= ℓ with 1 ≤ k′ ≤ a, so (ℓ, k′) ∈ Ω. By Claim 5, uℓ,k′ is orthogonal to every uj,k with
(j, k) ̸= (ℓ, k′). From K∗

j =
∑a

k=1 λj,k |ek⟩⟨uj,k|, we have

K∗
j uℓ,k′ =

a∑
k=1

λj,k⟨uj,k|uℓ,k′⟩ek =

{
0, j ̸= ℓ,

λℓ,k′ek′ , j = ℓ.

Applying the relation to uℓ,k′ , we get,

0 =
∑

1≤i,j≤r

xijKiK
∗
j uℓ,k′ = λℓ,k′

r∑
i=1

xiℓKiek′ .

Since ℓ ̸= k′, λℓ,k′ =
√
wa ̸= 0. This shows

∑r
i=1 xiℓKiek′ = 0; by the previous claim,

K1ek′ , . . . , Krek′ are linearly independent, so xiℓ = 0 for every i. As ℓ was arbitrary, we
conclude that xij = 0 for 1 ≤ i, j ≤ r.

By Theorem 2.13, this claim establishes that the Choi state is extreme. □
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6. Concluding remarks

Our results settle KRP tightness throughout the region, b ≥ 1
2
(a2 − 1), and settle ES-

tightness at ES(a, b) = 2, that is, a < b ≤ 2a, and throughout the region b ≥ a(a − 1)
(Theorems 4.1, 5.12, 5.9, and 5.14). We close with two conjectures and two open problems.

Conjecture 6.1. For every (a, b) with a, b ≥ 2 and (a, b) /∈ {(2, 2), (3, 3), (4, 4)}, there exists
a transversal pair of FUNTFs of length r = KRP(a, b) in Ca and Cb.

If the conjecture holds, the problem of KRP tightness would be settled for every pair except
(2, 2), which motivates the following conjecture (see also Devendra–Dey–Dey [DDD26]):

Conjecture 6.2. Rmax(a, b) = KRP(a, b) for every (a, b) ̸= (2, 2) with a, b ≥ 2.

For ES(a, b) = 2, that is, a < b < 2a, Theorem 5.12 gives a complete characterization: the
Schmidt bound is attained if and only if b− a = gcd(a, b). Two problems remain open.

First, for r := ES(a, b) ≥ 3, Theorem 5.9 shows that the Schmidt bound is attained
whenever b−(r−1)a divides a, and Theorem 5.14 shows that this condition is not needed once
b > a(a−1). Whether the condition is necessary in the intermediate range 2a < b ≤ a(a−1),
as it is when r = 2, is open.

Second, Ohno’s constructions show that (3, 3) and (4, 4) are KRP tight, while Corollary 4.9
shows that no transversal pair of FUNTFs reaches them. It is open whether a modification
of the transversality approach, allowing unequal weights or Kraus operators of rank greater
than one, produces maximal-rank extremal tracial couplings at these two pairs, and more
generally wherever equal-weight rank-one pairs fail.

7. Acknowledgements

We thank B. V. Rajarama Bhat for introducing us to the problem of tightness of
Parthasarathy’s rank bound during a seminar series on CP maps at ISI Bangalore in
February 2024. We also thank Repana Devendra and Pankaj Dey for helpful discussions.

Acknowledgement of AI assistance. The main mathematical ideas, constructions, and
proof strategy in this work are due to the authors. Moonshot AI’s Kimi K3 and Google’s
Gemini 3.1 Pro were used in organizing and restructuring parts of the proofs, including
separating intermediate arguments into lemmas, and in generating examples. The authors
critically assessed and developed these suggestions and, in several cases, substantially refined
the arguments. The authors take full responsibility for the correctness of the mathematical
contents of the paper.

References

[BF03] J. J. Benedetto and M. Fickus, Finite normalized tight frames, Adv. Comput. Math. 18 (2003),
no. 2–4, 357–385.

[BPS93] B. V. Rajarama Bhat, V. Pati, and V. S. Sunder, On some convex sets and their extreme points,
Mathematische Annalen 296 (1993), no. 4, 637–648.

[BR26] I. Bala and S. Rana, Extremal marginal states of maximal rank in (d,d+m), arXiv:2605.26920
(2026).

[Cho75] M.-D. Choi, Completely positive linear maps on complex matrices, Linear Algebra Appl. 10 (1975),
no. 3, 285–290.

[CMS17] J. Cahill, D. G. Mixon, and N. Strawn, Connectivity and irreducibility of algebraic varieties of
finite unit norm tight frames, SIAM J. Appl. Algebra Geom. 1 (2017), no. 1, 38–72.



TIGHTNESS OF RANK BOUNDS FOR EXTREMAL TRACIAL COUPLINGS 31

[DDD26] R. Devendra, P. Dey, and S. Dey, On the rank of extremal marginal states, Linear Algebra Appl.
737 (2026), 146–172.

[DF03] David S. Dummit and Richard M. Foote, Abstract algebra, 3rd ed., John Wiley & Sons, Hoboken,
NJ, 2003.

[DS06] K. Dykema and N. Strawn, Manifold structure of spaces of spherical tight frames, Int. J. Pure
Appl. Math. 28 (2006), no. 2, 217–256.

[KM87] Burkhard Kümmerer and Hans Maassen, The essentially commutative dilations of dynamical semi-
groups on Mn, Communications in Mathematical Physics 109 (1987), no. 1, 1–22.

[KS21] S. Kanmani and S. V. M. Satyanarayana, Extremal states of qubit-qutrit system with maximally
mixed marginals, Phys. Lett. A 385 (2021), 126978.

[LS93] L. J. Landau and R. J. Streater, On birkhoff’s theorem for doubly stochastic completely positive
maps on matrix algebras, Linear Algebra Appl. 193 (1993), 107–127.

[Ohn10] H. Ohno, Maximal rank of extremal marginal tracial states, J. Math. Phys. 51 (2010), no. 9, 092101.
[Par05] K. R. Parthasarathy, Extremal quantum states in coupled systems, Ann. Inst. H. Poincaré Probab.
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