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EXPLICIT ONSETS, RATES AND THE TAIL OF THE COLLISION
CONSTANT FOR HEAT-EVOLVED WEYL POLYNOMIALS

B. BAGGINS

ABSTRACT. Let hy be the orthonormal Hermite polynomials for the standard Gaussian weight,
and let a(w) = ijo a;w’ be a real power series with radius of convergence greater than 1,
a(0) # 0, no zeros on the unit circle and only simple zeros in the unit disk. For all large n the
polynomial Z;L:o ajhn—; has exactly as many nonreal zeros as a has in the disk, but the known
proof gives the onset by compactness. We make it explicit: if a has no zeros in {1—d < |w| < 1},
with d below an explicit threshold, the count is exact as soon as n exceeds a polynomial in 1/d
and in the inverses of |a(0)|, minj,|=1 |a|, minj,=1_q |a| and min_;44,1—4 max(|al,|a’]); no
separation of the nonreal zeros of a is needed. By an exact identity this applies to the random
Weyl polynomials G, with independent standard Gaussian coefficients under the backward
heat flow G, + = exp(—ﬁ@f)Gn, whose real-rooting time converges in distribution to T, = Ry 2,
where R, is the smallest modulus of a nonreal zero of the Gaussian power series g(w) = Y M wl.
We show that the convergence holds with the rate n™% on [1+¢, 00) for every a < %, an exponent
that does not depend on ¢; the dependence on ¢ is removed by a super-exponential tail for the
number of zeros of ¢ in a disk. Under a coupling of the degrees that shares the top coefficients,
the real-rooting time A, satisfies |A,, — T%| < K/n for n > ng, with K and no depending on gq.
We bound K and no by polynomials in condition parameters of ¢, with absolute degrees and,
when T, > 1+ ¢, coefficients polynomial in 1/e. For the Gaussian power series this gives, on
the event {T% > 1+ ¢}, a power tail with exponent 1/900 for the largest scaled displacement D
of the final collision of zeros, and without restriction the tail bound exp(—c(log z/loglog z)'/?);
the inputs include closed forms of the two-point correlation functions of the zeros of ¢.

1. INTRODUCTION

1.1. Setting. This paper makes quantitative three results of the main paper [M], to which
we refer for background and notation. Let &y,&1,... be independent standard real Gaussian
variables, let G, (2) = Y_7_o & (v 2)¥/VE! be the real Weyl polynomial of degree n, and let
Gyt = exp(—5-02)Gy, t > 0, be its evolution under the backward heat flow. The set of times
at which G, ; has only real zeros is an interval [Afltd,oo), and Affd is the real-rooting time.
Let n9,71,... be independent standard real Gaussian variables, let g(w) = 3,5 njw’ be the
Gaussian power series, let R, be the smallest modulus of a nonreal zero of ¢ in D = {|w| < 1},
and T, = R;2. By [M, Theorem 1.1], AS$*Y — T} in distribution; moreover, for every t > 1, the
number of nonreal zeros of G, ; converges in distribution to the number of nonreal zeros of ¢
in {|w| < t71/2}, and P(G,, has only real zeros) — P(T, < t). (In [M] these statements are
proved for more general coefficients; here the coefficients are standard Gaussian whenever they
are random.) The proof goes through the reversed polynomials P, ; of [M, (1.5)], which are built
from the coefficients of ¢ and share them across all degrees; for each n, (P, ¢)¢>0 has the law of
(Gn,t)e>0, and the real-rooting time A,, of P, ; converges to T} almost surely [M, Theorem 1.5].
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The deterministic input is an exact count of nonreal zeros [M, Theorem 1.4]. Let hy =
Hey,/V/k! be the orthonormal polynomials for the standard Gaussian weight, and let a(w) =
> >0 ajw’ be a real power series with radius of convergence greater than 1, a(0) # 0, no zeros
on the unit circle and only simple zeros wi, ..., wy in D. Then for every small € > 0 there is ng
such that for n > ng all zeros of z — Q,,(v/n 2), where @, = Z?:o ajhn—j, are simple; exactly
one of them lies within € of each point w; +w; 1 and it is real if and only if w; is real; and the
other n — k are real and lie in (—2 — ¢,2 + ¢). In particular @),, has exactly as many nonreal
zeros as a has in I. By the identity [M, (1.6)], P,(2) is, up to the factor /2 and the dilation
z — z/+/t, the polynomial Q,(/n-) for the symbol a®(w) = q(w/+/t), which has radius of
convergence v/t > 1 when t > 1.

Both ng in [M, Theorem 1.4] and the constants of the theorem on the final collision [M,
Theorem 9.1] are obtained by compactness. We bound them explicitly, and we draw two conse-
quences for the Gaussian case: a rate of convergence in [M, Theorem 1.1], and a tail bound for
the constant of the final collision.

1.2. An explicit onset.

Theorem 1.1 (An explicit onset). Let a(w) = > .~ ajwl be a real power series with |a;| <

CoRy? for all j > 0, where Ry > 1, such that a(0) # 0 and a has no zeros on the unit circle.
Let 0 < d < % be such that a has no zero in {1 —d < |w| < 1} and the minimum vq of
max(|a(x)|,|d’(x)|) over x € [-1+d,1 — d] is positive. If d and n satisfy the explicit conditions
(i)—(iv) of Theorem 2.6, which hold for all large n once d is small enough, then the number of
nonreal zeros of Q, = Z?:o ajhn—; equals the number of nonreal zeros of a in D, both counted
with multiplicity, and all real zeros of Q) are simple.

This is Theorem 2.6. Condition (i) is d < x/v/2, where & depends only on Cy, Ry, min|,|— |al
and the number of zeros of a in D. By Jensen’s formula (Lemma 2.2(b)), (ii)—(iv) hold as soon
as n exceeds a polynomial in 1/d and in the inverses of [a(0)[, min,—; |a|, minj,—1_q|a| and
V4, with exponents depending only on Ry. No separation of the nonreal zeros of a is needed, and
they need not be simple. Theorem 2.7 adds the localisation of [M, Theorem 1.4], with an onset
that depends also on the minimum of |a| away from its zeros (Remark 2.8). An explicit onset
is needed when the symbol depends on n, as in [C], or is random, as in Theorems 1.2 and 1.3
below.

1.3. A rate of convergence.

Theorem 1.2 (A rate of convergence). Let the coefficients be standard Gaussian. For every

e € (0,1] and every a € (0, %) there is a constant C; o < oo such that for all n > 2
sup [P(AS9 < ¢) —P(T, <t)| < Ceqn™™
t>14¢

Theorem 1.2 is part of Theorem 3.6, which also gives a rate n=%, 8 < %, at each fixed t > 1,
for the probability that G, ; has only real zeros and for the law of the number of its nonreal zeros.
It rests on Theorem 1.1 and on a bound for the number of zeros of ¢ in a disk (Lemma 3.5),
which makes the exponent independent of €. The exponent is far from optimal (Remark 3.7),
and we have no rate uniform in ¢ > 1.

1.4. Explicit constants and the tail of the collision constant. Let g(w) = >_; n;w’ now
be a deterministic real power series that satisfies the conditions (G1)—-(G3) of [M, Section 9:
q(0) # 0, the nonreal zeros of ¢ of minimal modulus R, inside its disk of convergence are one
simple conjugate pair u, = R,e*, @, with 0 < 6, < 7, ¢ has no real zero of modulus R,, and
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its real zeros of smaller modulus are simple. Let T, = R, 2, and let P,; and A, be built from
the coefficients of ¢ as above. By [M, Theorem 9.1] there are § > 0, K < oo and ng such that for
n > ng: |A, — T < K/n; all zeros of P, 5, are real, and exactly one of them, z,, is multiple,
with |z, — 2R, ! cosf,| < K/n; for T, —§ < t < A, the polynomial P, ; has exactly two nonreal
zeros; and A,, is the only ¢t > T, — § at which P, ; has a multiple zero. For the Gaussian power
series (G1)—(G3) hold almost surely [M, Corollary 9.14], so that the largest scaled displacement
of the collision,
D =supn(|An, — To| + |2n — 2R ! cos b)),
n>1

where for n < ng the point z, is chosen by the fixed rule of [M, Section 9.6], is finite almost
surely. Through the coupling of the proof of [M, Corollary 9.16], the tail of D controls the
tightness of n(A%d — T, %n) for the Weyl polynomials, where T %n has the law of T.

Theorem 1.3 (Explicit constants and the tail of D). (a) Let 0 < ¢ < 1, and let q satisfy
(G1)-(G3), with radius of convergence at least 1, T\ > 1+¢, sup; Inil(1+¢/2)77/* < oo,

and no multiple zero in [—re, 7], e = (1 +¢/2)"Y2. Then the conclusions of [M,
Theorem 9.1] hold with 6, K and ngy such that

sl < 6e I, K < c.I1°/2, ng < c. 119,

where c. < ce™¢ with an absolute constant c, and 11 is the product of nine factors, each

at least 1, built from condition parameters of q: the mazima of 1 and the inverses of
|usq' (uy)|, of sinby, of the distance g from Ry to the moduli of the other zeros of q, of
the minimum of |q| on an annulus about the circle {|u| = R.} away from u. and .,
of the minimum of max(|ql,|¢'|) on [—r¢,rc] and of |q(0)|; the mazimum of 1 and the
coefficient bound sup; [n;|(1 +¢/2)79/4; Ty; and a factor that is exponential in the number
of zeros of q in {|u| < r.}. The precise definition of Il is given in Section 4.1.

(b) Let q be the Gaussian power series. There is an absolute constant ¢ such that for all
O<e<landz>1

3

P(D>z, T,>1 <ce xP with > ,
(D>, Tz 1+e)sce ™ with fe 2 soom 079

and P(D >z, T, > 1+¢) < C. 271990 where log C. < ce~¢.
(c) There are absolute constants ¢ > 0 and C such that for the Gaussian power series and
all x > e

P(D > x) < CeXp<_c(lolgolgo§m>l/2)'

Part (a) is Theorem 4.1, part (b) is Theorem 4.12, and part (c) is Corollary 4.13. In (a) the
exponents are absolute; the factor exponential in the number of zeros is kept as a parameter
because for random ¢ it can be bounded either by Jensen’s formula, which gives the exponent (.
of order £/log(1/¢) in (b), or through the number of zeros of ¢ in a disk, which gives the exponent
1/900, independent of &, but a constant C. that is not polynomial in 1/e. The proof of (b) uses
closed forms of the two-point correlation functions of the zeros of ¢ (Proposition 4.5), which
give a small-ball bound for the gap g between R, and the other moduli of zeros (Theorem 4.6).
Part (c) combines the first bound of (b) with the bound for P(7, < 1+ ¢) that follows from [M,
Theorem 7.13]. Whether P(D > x) decays like a power of x is open (Question 5.2); a small-ball
lower bound for Im u,, which we expect but have not proved, would exclude exponents above 1
(Remark 4.14(3)).
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1.5. Ideas of the proofs. The explicit onset (Section 2). The proof of [M, Theorem 1.4]
deforms a, through as(w) = pin(w) pout(sw), s € [0, 1], into the polynomial pi, with the same
zeros in I, and excludes real double zeros along the way by a bulk estimate: in the bulk,
(Qn,Q.,/v/n) is a 2 x 2 matrix, built from O(logn) steps of the backward three-term recurrence,
applied to (hp, hn—1), plus a tail controlled by a Christoffel-Darboux bound. Each step of that
estimate has explicit constants once the coefficient bound of a5 and the minimum of |as| on the
unit circle are controlled uniformly in s. Lemma 2.2 controls both: the coefficients of as are
bounded by a constant times Y*, and |as| > 9(a) |a| on the closed unit disk, where the distortion
0(a) of the outer factor poyt is at least miny,_; |a| times Y% divided by a coefficient bound;
here T depends only on Ry, and Jensen’s formula bounds the number & of zeros of ¢ in D. In
the exterior we compare Q,, (/7 -)/hn(y/1 -), as a function of w with z = w+w™?!, with a on the
single circle {|w| = 1 — d}, and inside it we pass from a to this function by a linear homotopy,
along which real double zeros are excluded by vg; this is why no separation of the zeros of a
enters.

The rate (Section 3). For the random symbol a) = ¢(-//t), each parameter in the conditions
of Theorem 1.1 has a polynomial small-ball bound, uniformly in ¢ > 1+ &: the coefficient
bound, the minimum of |g| on a circle, the near-double real zeros and the zeros near the circle
(Lemmas 3.1-3.4). The factor exponential in the number of zeros of a() in I would cost, through
Jensen’s formula, an exponent of order £/log(1/¢); instead we use that the number of zeros of
g in a disk has super-exponential tails (Lemma 3.5). Large times are handled by the tail of 7.

Ezxplicit constants and the tail of D (Section j). Each compactness step of the proof of [M,
Theorem 9.1] can be made explicit, and Theorem 2.6 replaces [M, Theorem 1.4] at the two times
T. £ 4. This bounds 5!, K and ng by powers of II, times powers of 1/¢c. For the Gaussian
power series each factor of II has a power tail on {7, > 1+ ¢}. For the modulus gap g this is
a first-moment bound over pairs of zeros: the two-point correlation functions, which we write
in closed form through the Gaussian regression on the zeros, are at most the products of the
one-point intensities. The factor exponential in the number of zeros is bounded through the
super-exponential tail of that number, as in the proof of Theorem 1.2.

1.6. Related work. For the literature on zeros of linear combinations of orthogonal polynomi-
als, on the heat flow of random polynomials and on the de Bruijn—Newman constant we refer
to the introduction of [M]. Times ¢t = ¢, that tend to 1 are the subject of [B], and symbols that
depend on n, varying weights and the Laguerre flow that of [C]. The one-point intensities of
the zeros of the Gaussian power series go back to Kac [5] for the real zeros, and the correlation
functions are Pfaffians, by Matsumoto and Shirai [7] and, for the mixed correlations of real and
nonreal zeros, by Forrester [3]. We need only the two-point functions, which we write in closed
form (Proposition 4.5), and the Rice formulas of Azais and Wschebor [2].

1.7. Organisation. Section 2 proves Theorem 1.1 (Theorem 2.6) and its form with localisation
(Theorem 2.7). Section 3 proves Theorem 1.2 (Theorem 3.6) and bounds the distortion of the
outer factor for the random symbol (Proposition 3.9). Section 4 proves Theorem 1.3: the explicit
constants in Section 4.1, the two-point functions and the modulus gap in Section 4.2, small-ball
bounds at the collision in Section 4.3, and the tail of D in Section 4.4. Section 5 contains remarks
and open questions.

2. AN EXPLICIT ONSET FOR THE EXACT COUNT

The proof of [M, Theorem 1.4] in [M, Section 6] obtains ng by compactness. To make it
explicit, we control the deformation as(w) = pin(w) pout (sw) of that proof through the zeros of
a in D (Lemma 2.2), and we treat the exterior with one circle and one real segment instead of
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the disks about the points ¢; = w; +w; ! used there, so that the count needs no separation of
the zeros.

Definition 2.1 (Condition parameters). For Cp < co and Ry > 1let S(Co, Ro) be the set of real
power series a(w) = ;g ajw! with |aj| < CoRy”? for all j > 0, and put Qy[a] = > j=0 @jbn—j.
For a € 8(Cy, Ry) and 0 < d < 3 let

o=lo(O0), p=minja@), pm= min jow), v=  min  mex(la)]. (@),
and let wi, ..., w; be the zeros of a in D, repeated according to multiplicity. Finally let
— C Ri+1 log T
R1:R3/2, Mziom’ _ 1+ ’ o og '
1_R8/ R -1 log Ry

Thus |a| < M on {Jw| = Ry}, and T and E depend only on Ry.

Lemma 2.2 (Structure of a symbol). Let a € S(Cp, Ry) with o > 0 and p > 0. Let pi,(w) =
a(0) H§:1(1 — w/w;), Pout = a/pin and G = o/ []; |wil.

(a) |wi| > 1y = a/(2Ch) and 1 — |w;| > d, := pRo(1 — Ry 1)?/Cy for every i.

(b) klog Ry <log(M/a); hence YF < (M/a)¥.

(¢) pout is analytic in {|w| < Ro} and has no zeros in D, and

o(a) = min [Pout| > i(Rl — 1>k > 0= Koyt
maxg |Pout | M 2 M
(d) For s € [0,1] let as(w) = pin(w) pous(sw). Then as € S(MY*, Ry), the coefficients of
as are polynomials in s, as(0) = a(0), a1 = a, and for s = 0 the series as is the real
polynomial py, of degree k. The zeros of as in D are wy, . .., wy, and |as(w)| > 0(a) |a(w)
for |w| < 1.

Proof. (a) If a(w;) = 0, then a@ < 375 Cor! = Cox/(1 — z) with z = |w;|/Ro, so |w;]
Roa/(Co + o) > a/(2Ch), as a < Cp. With u = w;/|w;| we have p < |a(u) — a(w;)|
(1 — |w;|) maxg |a'|, and maxg |a| < ijCORaj =CoRy (1 - RyH)72.

(b) By Jensen’s formula, 3" log(R1/|z|) < log(M /a), the sum over the zeros z of a in {|w| <
R1}, and each w; contributes at least log Ry. Since M > a, TF < (M/a)F.

(c) The singularities of pout at the w; are removable. On |w| = 1, |pin(w)| = G ], [w — w;| <
G2F, 50 |pout| > 1/(G2F) there, and on D by the minimum modulus principle. On |u| = Ry,
‘pin(u)’ > G(Rl - 1)k and ’a(u)’ < M? SO maxpy ‘pout| < max|qy| <Ry ’pout‘ < M/(G(Rl - 1)k) by
the maximum principle. Dividing, G cancels; and (R —1)/2> (R1 —1)/(R1 +1) =YL

(d) On || = Ru, [pm(w)] < G(1+ Ra)* and [pous(sw)| < M/(G(Ry — 1), 50 |ax(w)] < MT*:
use Cauchy’s estimates. For |w| <1, pout(sw) # 0 and as(w) = a(w) pous(sw)/Pous (w). O

IN IV

The next three lemmas are quantitative forms of [M, Proposition 4.3], of [M, Proposition 5.1]
on a disk, and of [M, Lemma 2.6].

Lemma 2.3 (Explicit bulk estimate). Let R > 1, ug > 0, and let (as)ses be a family in S(C, R)
such that |as(w)| > ps for all s € S and |w| = 1. Put ¥ = R~Y? and
psR(1 — 19)2} . SCR'/?
6C ’ (1—1)%’
C(198/k + 4M,, + 8)
(1-29)* .

K= min{l, %log R,

_ [2logn

" [logR-" Dr =




6 B. BAGGINS

If n > 2 satisfies

M, + 2)? 2I'+1)D
n Z g’ n Z DH? n Z w’
K
(2.1) Hs
3/2 < 37 +1)C
neZ (1—R2)1/22
Hs
then for all s € S and all real x with |x| < 2y/n coshk,
2, Qnfas)'(2)? 2 2 2 13
n|ds —_— 2 hn o — ) = 1amT 1\
Qulas)(@)? + %2 @ hala) + hoa@f), o= b

Proof. We follow the proof of [M, Proposition 4.3], with L = 2cosh k and k¢ = %log R, so that
e /R =1 and k < Ko.

The limit matriz. By [M, Lemma 4.2] with ko, det H,_(z) > u?% for |z| < 2, and det H,, (2)
as(w)as(w™t) for 2 < |z| < L, z=w+w™ !, wreal, e < Jw| < 1. Since max,|<~o |a}(u)]
CY jRIeU=Dro = CR1(1 —99)~2, for real v with e < |v| < e* and ¢ = signwv,

las(v) —as(c)| < (" —1)CR Y1 -9) 2 <erCR Y1 -9)2< & s < Tus.

IN I

As as(s) is real with |as(s)| > us, the real numbers as(w) and as(w™!) have the sign of as(c)
and modulus at least ug/2. So det H,, > p%/4 on [—L,L]. By [M, Lemma 3.3], ||G;(2)| <
A(j +2)eli DR so [|[Ha, (2)]] < 4Ce® 37 5(j +2)97 <T for |2 < L.

The head. The first condition gives (M, +2)? < kn with x < 1. So for j < M,, [M, Lemma 3.4],
with ¢; = 15/k, bounds the sum of the absolute values of the entries of the first row of G, j—G; by
c1(j+1)3e7" /n (part (a)) and that of the second row by (c1+3)(j+1)3e/*/n (part (b)). Bounding
the operator norm by the sum of the absolute values of the entries, |Gy ;(2) — G;(2)|| < (2¢1 +
3)(j + 1)3%e7%/n < (33/k)(j + 1)%e/% /n. For j > 2, [M, Lemma 2.5] gives |A;] < (j — 1)eU=2)*%,
Bl [ < jeUD% and [Byaa| < (7 + 1%, so [Gy(2)]| < 4G + 1)eI%. With e/R < 0,
OMr <1 /n, Y050+ 1209 <6(1—9) " and Y05, + )97 < (M 4 2)9M (1 —9)72,

33C . ; . i _ Du
Hyo,las)(2) — He(2)]] < — 4+ 1307 +4C j+H)Y < — =6,
| [as](2) () =— ;( ) j;:@( ) -
for |z] < L. The second and third conditions give &, < 1 and §,(2I' + 1) < p%/8. As in the
proof of [M, Proposition 4.3], det Hy, as, [as](z) > p%/8, |Hpm,las](2)|| < T + 1, and hence
Smin(Hn M, [as](2)) > 2c.
The tail. The tail estimate in the proof of [M, Proposition 4.3] holds with

en =V20(1 — R™H7V2R™Mn\/n(1+ L/2) < 2.3C(1 — R72)"Y2p73/2,

since R~ Mn = 92Mn < =2 gpnd 1 4+ L/2 <1+ coshl < 2.55. So g, < ¢ by the last condition,
and by [M, (4.1)] the norm of the vector with entries Q,[as](z) and Qplas]'(z)/+/n is at least
(2¢ = en)[[on(@)[| = cllvn(2)]- O
Lemma 2.4 (Exterior error on a disk). Let a € S(C,R) with R > 1. For 0 < |w| < 1
let pn(w) = Fo(J(w)), where J(w) = w+ w™! and F, = Qulal(v/n-)/hn(y/n-). Then ¢,
extends analytically to D, with ¢,(0) = a(0) and ¢, (0) = pp(w). For 0 < d < 1 the function
X, = on — a satisfies

2V2C 64 C
Xn < , X’ < ’
|w|S;1F—d| (W)l < (1 — R=2)1/247/2n |x|sgulp_d‘ n()| < (1 — R2)172¢%2p,

the second supremum over real x.
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Proof. The polynomials Q,[a|(yv/n-) and h,(y/n-) have degree n, their leading coefficients have
ratio a(0), and the zeros of the second lie in (—2,2) ([M, Lemma 2.4]). So ¢, is analytic on
D\ {0} and tends to a(0) at 0; real coefficients give the symmetry. Let p = 1 — d and apply the
last display of the proof of [M, Proposition 5.1] on the curve J({|w| = p}), which has distance
at least (1 — p)?/p from [—2,2] by [M, (5.2)] and on which |r| = p. Since Y, o, m?p?™ =
P21+ p2)(1 — p?)73 < 2p%d~3, this gives |X,| < 2C(1 — R™2)"Y2pd=2 - /2 pd=3/?>n~" on
|w| = p, and the maximum principle extends the bound to |w| < p. For real |z| < 1 —d the disk
of radius d/2 about z lies in {|w| < 1—d/2}, and Cauchy’s estimate gives the second bound, as
2-2v2-27/2 = 64. O

Lemma 2.5 (Constancy in a symmetric domain). Let €2 be a bounded Jordan domain, symmetric
about R, such that Q NR is an open interval I, and let U be a neighbourhood of Q, symmetric
about R. For s € [0,1] let fs be analytic on U with fs(w) = fs(w), such that (s,w) — fs(w) is
continuous on [0,1] x U. If, for every s, fs has no zero on OQ and every real zero of fs in I is
simple, then the number of nonreal zeros of fs in Q, counted with multiplicity, does not depend

on s.

Proof. The number of zeros in (2 is constant by the argument principle. The number of real
zeros in I is locally constant by the proof of [M, Lemma 2.6], with [—pg, o] replaced by I, whose
endpoints lie on 02, where f,, # 0. O

Theorem 2.6 (An explicit onset for the nonreal count). Let a € S(Cy, Ry) with o > 0 and
1> 0, and let 0 < d < L be such that a has no zero in {1 —d < |w| < 1}, pg > 0 and v4 > 0.
Put C) = M Y* and i = dop, and let , T', M,, and Dy be the constants of Lemma 2.3 for
C =C}, R= Ry and ug = 1t'; thus k = min{1, 1 log Ro,u’Ré/Q(l—ﬁo)Q/(ﬁC(’))} with ¥y = Ral/4.
Suppose that (i) d < r/\/2, and that n > 2 satisfies

(ii) n >k, and (2.1) holds for these constants;

(iii) n > 2v2Ch(1 — Ry )~YV2d77/2 ) (dopa);

(iv) n > 64 Co(1 — Ry?)~1/2d9/% /u,.
Then the number of nonreal zeros of Qnla] equals the number of nonreal zeros of a in D, both
counted with multiplicity, and all real zeros of Qnla] are simple. Every zero z of Qulal(/n-)
that is not of the form J(w) with |w| < 1 —d is real and lies in (=2 — 2d?,2 + 2d?).

Size of the onset. By Lemma 2.2(b), T* < (M/a)¥, so all conditions are polynomial in
1/, /e, 1/pg, 1/v4 and 1/d, with exponents depending on Ry only through E. For instance,
normalising Cy = 1 (the conclusion is invariant under a ~ Aa) and taking d of order p?Y =2
the largest value allowed by (i), conditions (iii) and (iv) read n > C’T%u_g,u;l and n >
CcYok p‘gygl, with C' depending only on Ry. Neither the separation of the nonreal zeros of a nor
|a’| at its zeros enters. Real zeros enter through vg: if 1 < 5 are real zeros of a in [-1+4d, 1—d],
then vg < $(zo — 21)? max(,, ,,]|a”| by Rolle’s theorem. For the symbols a = q(-/\/'t) of M,
(1.6)] with independent standard Gaussian coefficients 7;, v4 has a polynomial small-ball bound
(Lemma 3.3).

Proof of Theorem 2.6. Let pg = 1 —d, let Qi be the interior of the ellipse J({|w| = po}), and
Qout = C\ Qin = T({0 < Jw| < po}); then iy NR = (—b,b) with b= pg+ py ' < 2+2d2%. Let as
be as in Lemma 2.2(d), @n’s = Qnlas](v/n-), and @y, 5, Xp s = ¢ns — as as in Lemma 2.4 for as.

Step 1: the exterior count along the deformation. The zeros of a in D lie in {|w| < po}, so
by Lemma 2.2(d) as has exactly k zeros there, and |as| > dopuq on |w| = pp. Lemma 2.4 for
as € S(Ch, Ry), where 1 — Ry? =1 — Ry*, and (iii) give | X, 5| < |as| on |w| = po. By Rouché’s
theorem ¢, s has exactly k zeros in {|w| < po} and none on its boundary. As ¢, (0) # 0, J
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maps {0 < |w| < po} conformally onto Qo and hy,(y/n ) has no zeros off [—2,2], @n,s has no
zero on 08y, k zeros in Qg and n — k in Qyy.
Step 2: the bulk. By Lemma 2.2(d), minj,—; |as] > dopu = p/. Lemma 2.3 with C' = CY,

R = Ry and pg = 1/, whose conditions are (ii), shows that @n,s has no real multiple zero in
[-L,L], L =2coshk. By (i),b—2<2d?> <xk*<L—2,5s0 (~b,b) C[-L,L].

Step 3: the interior. By Steps 1-2 and Lemma 2.5 with €2 = y,, the number of nonreal zeros
of @n,s in Qi does not depend on s. For s =0, as = pi, has degree k < n and p;,(0) # 0, so by
[M, Lemma 2.7] @n,O has at least n — k distinct real zeros in (—2,2) C iy; by Step 1 these are
all its zeros in §,. Hence all zeros of Qn,l = Qnla](v/n-) in O, are real, and they are simple
by Step 2.

Step 4: the exterior. Let X = X,, 1. Lemma 2.4 for a € S(Cy, Rp) and (iv) give | X (z)| < vq
and | X'(z)| < g for real |z| < po; and, as Cp < C4, 99 < 1 and 1 — Ry? > 1 — Ry", (iii) gives
|X| < pa < la] on |w| = po. Let fx =a+ AX, X € [0,1]; it satisfies fy(w) = fr(w) and has no
zero on |w| = po. If fr(z) = fi(z) = 0 for some real |z| < py, then |a(z)| = A X ()| < vq and
la'(z)| < vg, contrary to the definition of v4. So by Lemma 2.5 on {|w| < po} the number of
nonreal zeros of f) there does not depend on A. For A\ = 0 it is the number of nonreal zeros of a
in D. For A =1, f1 = p,, and it is the number of nonreal zeros of Q,[a](y/n-) in Qoys, because
J maps the nonreal points of {0 < |w| < po} onto those of Qout, as Im J(w) = Imw (1 — |w|~2).
The real zeros of ¢, in (—po, po) are simple, and hence so are the real zeros of Q,[a](y/n-) in
Qout- With Steps 1 and 3 this proves the theorem. O

Theorem 2.7 (The exact count with an explicit onset). Let a € S(Co, Ry) be admissible, with
the notation of Lemma 2.2 and Theorem 2.6. Let o be the smallest distance between distinct
zeros of a inD (0 =1 if k <1), and for p > 0 let m(p) be the minimum of |a(w)| over the w
with |w| < 1 and |w — w;| > p for all i. Put &) = d, min(d,,o/2) and B =1+ 16CZ/a’. Let
0<e<6/3, and let

1 d K

0 da Ta 5}, d:min{g, Z, il 5/2}.

P= mm{g’ 327 B

If n satisfies (ii) of Theorem 2.6 and
2v/2C})

(1= Rg )2 d /09 m(p)

then all zeros of Qn(\/n-) are simple, and the conclusions (a) and (b) of [M, Theorem 1.4] hold

for this e.

n >

Since m(p) > u2=%p(c/2)*~! (Remark 2.8), the onset is also polynomial in 1/e.

Proof. By Lemma 2.2(a), |w;| <1—d, < 1—d, and the points of {|w| = 1 —d} have distance at
least d, — d > p from the zeros. So ug > m(p), the displayed condition implies (iii), and Steps
1-3 of the proof of Theorem 2.6 apply: Q,(y/n-) has k zeros in Qoyt, and its other n — k zeros
are real, simple and lie in (—b,b) C (=2 —¢,2 +¢), as 2d? < e. The disks B; = {Jw — w;| < p}
are disjoint, as p < 0/3; they lie in {|w| < 1 —d}, as |wi| + p < 1 — Zd,; they do not meet R if
w; ¢ R, as |[Imw;| > 0/2, and are symmetric about R if w; € R. Since |a| > m(p) > |¢n — a| on
{lw| <1 —d}\ U, int B; (Lemma 2.4), Rouché’s theorem gives exactly one zero of ¢, in each
int B;, real if and only if w; is real, and no other zero in {|w| < 1 —d}. On B;, |w| > ry/2,
so |J'(w)] = 1 —w™2| < B and J(intB;) C {|z — G| < Bp < €}. Finally, by [M, (5.2)],
dist(¢;, [~2,2]) > d2, and for i # i’ and nonreal (;

- wiwi”

1 1—|w]? _ od
|Ci_Ci":|'UJi—wi/|‘ ﬁ a

w2 T 2

> od,, | Tm ;| = | Tm wy|
|[wiwi |
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These are all at least §(, > 3e, so the disks {|z — ¢;| < €} are disjoint from each other and from
(=2 —¢€,2+¢), and from R when (; ¢ R. This gives (a) and (b) of [M, Theorem 1.4]. O

Remark 2.8 (The depth m(p)). If p < 0/2, at most one w; lies within /2 of a point w that enters
m(p), so |pi(w)| > Gp(c/2)*~1, and the proof of Lemma 2.2(c) gives m(p) > u2 *p(c/2)k1.
There is no lower bound polynomial in p, a, o, p: fork > 2and 0 < r < 1 a(w) = C’o(ﬁ)k((w—
3)F = r¥) lies in S(Co, Ry), since (];)2j_k < (2)% a and p lie in |3, ] Co(3Ro)~F for every
r; and o = 2rsin(r/k) € [4r/k,2nr/k]. With p = r/k, the point 3 + 7 + p gives m(p) <
dek ap (ko /2)k=1 = O(a*) as r | 0, for every fixed k. So an onset obtained by comparing

|on, — a| with |a| near the zeros depends on m(p), not only on p, a, 0. Whether the true onset
is that large is not known; it would need a lower bound for |X,,| near the cluster.

3. A RATE OF CONVERGENCE

For Gaussian coefficients Theorem 2.6 gives a rate of convergence in [M, Theorem 1.1] for
t > 1+ ¢, once the condition parameters of the symbol a) = ¢(-/v/t) of [M, (1.6)] have small-
ball bounds uniform in ¢. As in [M], we work with the polynomials P, ; of [M, (1.5)], built from
the coefficients of ¢, and with their real-rooting time A,, ([M, Theorem 1.5]). We use the notation
of Section 2: the class S(Co, Ry), the parameters a, i, j14, 74 and the constants Ry, M, Y, E of
Definition 2.1, the number k of zeros of the symbol in D, the bound 0y of Lemma 2.2, and
the quantities C{), i/, k, Yo, My, and conditions (i)—(iv) of Theorem 2.6. In this section ¢ is the
Gaussian power series [M, (1.3)], 0 <& <1, 7 = (1 +¢)"2 and ro = 1(1 + r1). By concavity,
1—r>(1- 2_1/2)5 >e/4,801 —1r9 >¢/8. Fort > 1+ ¢ the zeros of a® in D are v/t times
the zeros of ¢ in {|u| <t~} C {|u| < r1}. Put £5 = log(1/§) and

; g! i .
Y= sup [¢W(u)| < 8= ———|n|r] (i=1,2).
|u|<rq J>i (.7 - Z)'

It S = >, ¢jln;| with ¢; > 0, then P(S > ES +y) < exp(—y?/(2 > c?)) for y > 0: indeed

Eermil = 26’\2/2<I>()\) < B 1+A?/2 for )\ > 0, by the concavity of log ®, where ® is the standard

normal distribution function. Here ES; = /2/7 (1 —re) ™2 < 5272, > j%%j o1+ -
1373 <2(1—ry) 3 BSy = 2/2/m (1 — 1) 73 < 8182 and Y, 2(j — 1)%r5’ ' = 4(1+ 413 +
r3)(1 —1r3)™5 < 24(1 — ry)~>. Hence, for 0 < § < e !

818 + 1255 61/2

&3

52 + 46 3>

(3.1) P(Y; > y:(0)) <6, wn(d) = T’ y2(6) =

Lemma 3.1 (Coefficients). Let . = (1 +¢)'/* and C, = sup; |17j\)\5_j. Then a) € S(Cy, o)
Jor everyt >1+4¢, P(Cy > z) < (7/)e™=*12 for x > 1, and P(jno| < 8) < & for & > 0.

Proof For t > 1+e, n;|t77/% < \17]|)\52] < Cyhe I For x> 1, P(|n,| > aM) < o2 <
e /2>\ 7 since A¥ —1 > 2jlog Ae. Summing over j gives e */2/(1 — A-1), and 1 — A\Z! >
(1 —2"Y%)e > £/7 by concavity in e. O

Lemma 3.2 (Small values on a circle). For 0 <r <rj and 0 < 4§ < e !,
7000
P(min lg(u)| < 5) < 7563/2
|u|=r
Proof. Let y = y1(6), N = [2my/6] and 0}, = 27k/N. On {Y; <y}, [Lq(re®®)| <y, soif |g| < 5
somewhere on the circle, then |g(re?)| < 26 for some k. Let v = re?. From E|q(u)|?> = (1—r2)"!
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and Eq(u)? = (1—u?)~! we get VarReq(u) = £ ((1—r?) "' +Re(1—u?)"1) > 4, as Re(1—u?) > 0,
and

1 1 “sin®
det Cov(Re g(u),Img(u)) = ): : r? sin® 0

1
1((1_r2)2 1 —w?? 1—7r2)21 — w22
So P(|q(u)| < 26) is at most 46/y/7, and also at most 4wd%(1 — r2)|1 — u?|/(27r|sinf]) <
462 /(r|sin@|). We use the first bound at the at most N + 4 points 6}, with |sinf;| < §, and
the second at the others, for which Y, |sinfy|~! < 4/5 + (2N/7)log(2/5). With N§ < 2wy +1
and r <1,

46(2 166  85(2 1 2 2 5)(6 + 3log 2
p(mm\q|<5)§5+W+5>+6+8<W+>log§“+(ny+ )(6 + Oga)}’
|u|:r ﬁ r wr 5 r
and 27y + 5 < 621 £;/%¢~2 and 6 + 3log(2/5) < 11.145 by (3.1) and £5 > 1. 0

Lemma 3.3 (Near-double real zeros). Let t > 14+ ¢ and 0 < d < %,
parameter vg of Definition 2.1 for a®™. For 0 < § < e !,

P(va(t) < 6) < (40002¢;/% + 4¢)6.

and let vy(t) be the

Proof. We may assume §t < %, since otherwise the bound exceeds 1. If v4(t) < 0, there is a real
u with |u| < 71, |g(u)] < 6 and |¢/(u)| < & := 6v/t. Let y = y2(6) and take a grid in [—ry, ]
of spacing ¢’/y, with at most 2y/d’ + 1 points. On {Y2 < y} the grid point g nearest to u has
1d'(9)| < 26" and |q(g)| < & + 6™ /y. The real vector (g(g),q'(g)) has covariance determinant
(1 —g?)~* > 1, so its density is at most 1/(27). Hence

12

P(vq4(t) < 90) §5+(?+1)i-325/(5+5:) :5+73r(2y+5’)(5+5y) §6(1+6?y+2t),

where we used 6t < ;. Then (3.1) gives the claim. O

Lemma 3.4 (Zeros near the unit circle). Fort >1+¢ and 0 < d < 3, the probability that a®)
has a zero in {1 —d < |w| < 1} is at most 5d(1 + €)3e73.

Proof. This is the event that ¢ has a zero in {(1 — d)r < |u| < 7}, where r = t~1/2 < 1.
By [7, Theorem 2.7], as in the proof of [M, Lemma 7.9], the nonreal zeros of ¢ have the first
intensity 2| Imu|/(7|1 — u?|(1 — |u|*)?) < 2/(7(1 —r?)3) on {|u|] < r1}. The real zeros have the
intensity 1/(m(1—2?)) on (—1,1) [5]; this is the Rice formula [2, Theorem 6.2] in dimension one,
since g(x) has variance (1 — 2?)~! and ¢/(x) has conditional variance (1 — 2%)~3 given ¢(x). So
the expected number of zeros in the annulus is at most W(lfw - 27wd + ﬂ(fi%) < (15’%)3, and
1-r?=¢/(1+e). O

The bound T* < (M /a)¥ of Lemma 2.2(b) for the factor T* in Theorem 2.6 is attained only
by symbols with many zeros forced by a small «. For the random symbol the number of zeros in
a disk has super-exponential tails. For 0 < r < 1 let Z, be the number of zeros of ¢ in {|u| < r},
counted with multiplicity.

Lemma 3.5 (Overcrowding). Let 0 < r < 1, L, = log 1t~ and A, = 2r3/(1 — r?)3, and for
m > 1 put a = [m/2] and b= [m/4]. Then

eL, \@  (V2eA,
) ()

Consequently, for T > 1 and 8 > 0, with mg =4 + max(eQL%T‘w/w, SeZA%TSﬁ),
P(Z, >m) <2Y7P" (m>mg), P(Y*>s)<CrY,8)s " (s>1),

P(Z 2m) < (
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with C(r, Y, 3) = max(2, Y mo).

Proof. Almost surely the zeros of ¢ in D\ {0} are simple ([M, Lemma 7.4]), ¢(0) # 0, and ¢ has
no zero on {|u| = r} ([M, Lemma 7.5](a)). So Z, = Ng + 2k,, where Ny is the number of real
zeros in [—r,r] and k, the number of zeros in D;f; and Z,. > m implies Ng > a or k. > b. We
use P(N > j) < IE(]]V) and j! > (j/e)j.

Nonreal zeros. Step 1 of the proof of [M, Proposition 7.11] gives E(l‘;’”) < (7r2C,)b(20)"/2 /b
with C, = 2r/(n(1 —r?)%), and 7r2C, = A,. So P(k, > b) < (V2eA,/Vb)".

Real zeros. By [7, Section 6.1, proof of Theorem 2.1], the a-point correlation function of the
real zeros of ¢ is

1
—a/2 1/2
palin, - sma) = m) (@) Bl o) = (),

and by Cauchy’s determinant formula det® = [[,(1 — z7)~! [T, ((; — x5)/(1 — :Uixj))Q <
[1,(1—x2)~'. By Hélder’s inequality, E|g(z1) - - - ¢(wa)| < [L;(Elg(x:)|*)Y* = B¢ [,(1—2?) /2
with ¢ standard Gaussian, and E|£|* < ((2a—1)!)}/2 < a%/? by the inequality of arithmetic and

geometric means. As [7 (1 —2?)"lde = L,

2(0) = < e = (22)"

a al Ji—y e a! (2m)e/2 2ma

The consequences. Let m > mg. Then a > m/2 > e2L2Y*8/(27) and b > m/4 > 22 A28
so the two terms are at most T=2%¢ and Y% both at most T2, For s > Y™ let m =
[log s/log Y| 4+ 1 > mg; then P(T%r > s) < P(Z, >m) < 2Y ™ <2578, For 1 < s < Y™ the
bound C(r, Y, 3)s™# > 1 is trivial. O

So Z,., whose mean is of order (1 —7r)"!, exceeds m with probability decaying like m =", and

YZr has finite moments of every order. The constants are crude: for r = 0.8 the first bound is
below 1 only for m of order 3 - 10%, while numerically P(Zys > m) falls from 0.32 at m = 3 to
5.5-107% at m = 8.

Theorem 3.6 (A rate of convergence). Let q be the Gaussian power series and 0 < e < 1. For
every a € (0, ) there is C. o < 00 such that for all n > 2

150

sup [P(AS <) —P(T, <t)| < Ceun™™
t>1+e

For every 6 € (0,%0) there is C.9 < o0 such that for every t > 1+ ¢ and n > 2 both

{P(Gnyt has only real zeros) — P(T, < t)’ and the total variation distance between the laws of

the number of nonreal zeros of Gt and of the number of nonreal zeros of q in {|w| < t=1/2} are

at most C g tn=?.

Proof. Since A$* has the law of A, and Gy, that of P, (proof of [M, Theorem 1.1]), we may
work with P, ; and A,,. By Lemma 3.1, Theorem 2.6 applies to a® with (Cy, Rg) = (Cyqs Ac) for
every t > 1+¢; then Ry = R. := (1+)"/%, Y =7, := (R. +1)/(R. — 1) and 9y = At Fix
0 € (0,%) and put & = (1 —106)/20 > 0. Let C and n.y denote constants depending only on

» 10
¢ and 6. For n > 3 put
z
§=n""?, Tn = max(1,1/20logn), Z = i ,
n ( ) 5(1_ 5_1/2)
, AY2(1 = 99)? _ W2
W= zn?. 612M7 d, ="

6 V2
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and k, = [0'logn/logY.]. Let G,(t) be the event that Cy < xy, |no| > d, the parameters of
Definition 2.1 for a®) satisfy p1, p1g , v, > 0, a® has no zero in {1—d,, < |w| < 1}, and Z,, < k.

On Gn(t) the count is exact. The number k of zeros of a(¥) in I is the number of zeros of
g in {|Ju| < t7/2} c {|u| < 71}, s0 on G,(t), TF < Yk < n?. This replaces the bound of
Lemma 2.2(b). Moreover M < x,/(1 — )\5_1/2) =6Z and p > 6§, 80 09 = p/(MYE) > W1,
@ > 6W=1 and C) < §W. So the third entry in the definition of % in Theorem 2.6 is at least
a1 W2, and for n > ne,p SO are the other two; hence (i) holds with d = d,. In (ii), the constants
of Lemma 2.3 for C = C}, R = R, and pg = p/ satisfy k > s W2, M,, < Clogn, I' < C6W
and Dy < C6W (W2 +1logn); as W > 1 and /=t < W/4, the four conditions (2.1) follow from
n > CW?2log?n, n > CW?3logn, n > CW6logn and n > CW?®/3. Condition (iii) follows from
n>CW?, as Co/(dopg,) < W? and Jfl7/2 < CWT; condition (iv) fromn > CZW?, as Cylvg, <
Zpn /0 < Z and JEQ/Z < CW?; and n > k from k < k, < logn. Since Z < C’ne(logn)l/Q, we have
ZWO < Cnt09 (logn)® = Cn'~11% (logn)® and W6 < Cnb@+9) (logn)? with 6(6 4 6') < 1;
so all these hold for n > n. g, uniformly in ¢ > 1 + . Then Theorem 2.6 and [M, (7.1)] show
that on G,(t) the number N, (¢) of nonreal zeros of P, equals the number N; of nonreal zeros
of ¢ in {Jw| < t~¥/2}. Since {A, < t} = {N,(t) = 0} when 5y # 0 ([M, Lemma 7.1](c)) and
{N; = 0} = {T < t}, the quantities |P(A,, < t) — P(T, < t)| and P(N,(t) # N;) are at most
P(Gn(t)¢) for n > n. .

The bad event. Let 1 4+¢ <t < T and n > n.g, so that § < e ! and 5 = flogn. As
e~*n/2 < §, Lemma 3.1 gives P(Cy > xp,) +P(Jno] < ) < (7/e +1)d. The parameters p and pg
are minima of |g| on circles with radii in [T~'/2/2, 7], so Lemma 3.2 bounds their contribution by
21000 ~27%/25¢%/%; Lemma 3.3 bounds that of v by (4000e~3¢}/* +-4T)5, and Lemma 3.4 that
of the annulus by 5(1 + ¢)3¢73d,, < €42, as d, < CW =2 < CZ~? < C6%. Finally, Lemma 3.5
with r =71, T = Y. and 8 = 6/0' gives P(Z,, > m) < 2Y:"™ for m > mo(r1, e, B); with
m =k, +1> 6'logn/log Y. this gives P(Z,, > k,) < 2n~? as soon as k, + 1 > my, that is, for
logn > mglog Y. /#'. Enlarging C to cover smaller n, we get for all n > 2

(3.2) sup (\P(An <) = P(T, < )| + P(No(t) # Nt)) < CTn (logn)®>.
1+e<t<T

Large times. By the proof of [M, Lemma 7.9], with » = T-%/2 and arctanp < o, P(T} >
T) < 273/2 for T > 2. For t > T, by monotonicity, IP(A, < t) —P(Ty < t)] < |P(A, <
T) —P(T, < T)| + 2P(T, > T). With T = max(2,1n%%/5) and (3.2) the supremum over t > 1+ ¢
is at most Cn=3%/5(logn)3/2. Given a < 3., choose 0 € (%a, L); then n=%/5(logn)3/? < Cn—.
The claims at a fixed ¢ are (3.2) with T" = ¢, applied with a slightly larger 6 < %0 to absorb

the logarithm, since P, ; has only real zeros exactly when N, () = 0, and the total variation
distance between the laws of N,,(t) and N; is at most P(N,,(t) # V). O

Remark 3.7 (The exponent). The exponents do not depend on e: the only place where the
argument could lose a factor depending on ¢ is the factor T*, and its bound Y* < (M /a)¥ of
Lemma 2.2(b), with E =< ¢~ 'log(1/¢), would give an exponent of order £/log(1/¢); Lemma 3.5
replaces it. The constants are not explicit and not polynomial in 1/e: the proof needs logn >
molog Y. /0, so log C. o = e~ 01/(3/50-2)) " The limits %0 and % come from the degree, about
9 in 1/p, of the explicit onset (Theorem 2.6 and the paragraph after it). Since P(u < z) is of
order x for the random symbol, the sufficient condition of that theorem fails with probability of
order at least n=1/9, so this argument cannot give a fixed-t exponent above é; a better exponent
needs a sharper deterministic onset, in particular near the edges &2 of the bulk. The theorem
gives no rate uniform in ¢ > 1. In a Monte Carlo simulation (not reported here; n < 1024,
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t € {1.25,1.5,2,3}, 24000 to 48000 samples for each pair (n,t)), the probability that exactly
one of the events {P,; has only real zeros} and {7, < t} occurs decays with fitted exponents
0.68 to 0.82, and P(A,, < t) — P(Tx < t) is positive at every computed point and decays with
fitted exponents 0.4 to 0.7.

The distortion 9(a®) of the outer factor (Lemma 2.2(c)) also has a small-ball bound whose
exponent does not depend on €. We need the circle minimum uniformly in the radius.

Lemma 3.8 (Small values on a circle, uniformly in the radius). Fort > 1+¢ and 0 <z <e™ !,

7000
IP’( i < ) < = 032512,
o la(u)l <z ) < —- 67
Proof. Let r = 12 < ri. Ifr > x1/2, Lemma 3.2 gives at most 70005*2%;%/2/1”, which is at
most 7000e~263/ %12 If r < z/2, then |q(u) — mo| < rY1 < 2/2Y; on |u| = 7, so the event
implies |no| < = + z/2Y;. By (3.1), P(Y; > y1(z)) < z, and P(|no| < v) < v; so the probability
is at most 2z + /(52 + 46&1/2)5_2, which is at most 100e~2¢%/*z1/2, O
Proposition 3.9 (The distortion). Let 0 < ¢ < 1, and let 9(a®)) be the distortion of the symbol
a®, defined in Lemma 2.2(c) with (Co, Ro) = (Cy, Xe).
(a) For T>14¢ and 0 < B < 1 there is C- g such that P(0(a®) < &) < C. sTY?68 for all
te[l+eT) andé € (0,1].
(b) For 0 < B < 1 there is Ce g such that P(d(a®) < &) < C.36° for allt > 1+ ¢ and
5 €(0,1].

Proof. By Lemma 2.2(c), 9(a®) > (u/M)((R. — 1)/2)*, and k < Z,,. Let 0 < 1 < 1 and
T =2/(R. —1). On the complement of

(M > 67"y U {p < 843 U {(X)2 > 672

we have 0 > §1731/4§7/4§1/2 = 5. The first event has probability at most C. exp(—c.0-"2) <

C. 0 by Lemma 3.1, as M = C,/(1 — )\5_1/2). The third has probability at most C.,d by
Lemma 3.5 with T = T’ and exponent 2/n. For the second, p = min,_,-1/2 [g(u)|: for (a),

Lemma 3.2 with r = ¢~%/2 > T—1/2 gives at most C.T/25'=31/*10g/%(1/4); for (b), Lemma 3.8
gives at most C.60=31/9/210g%/2(1/5). Take 1 small. O

The exponent in (b) is limited by small radii, where q(u) =~ 19 +n1u on |u| = r and the circle
minimum is a small-ball problem for |ny| — r|n1|; we expect exponents up to 1 uniformly in ¢,
but have not proved it.

Remark 3.10 (Another deformation). Let a € S(Cy, Ry) with «, > 0, let pin, pout be as in
Lemma 2.2, let pou be the smallest modulus of a zero of a outside D (or Ry if it is smaller),
and let a? = Pin Dot = pineSIOgPO‘“, with the branch of log poyt that vanishes at 0; it is analytic
in {|w| < pout} and has real coefficients. On |w| = 1, |a®| = |pi|'~*|al*, so Minge(o,1], jw|=1 lal| =
min(p, miy) with my, = min |- |pin|. Any continuous family from p;, to a has circle minimum
at most min(u, miy) (look at its end points), so this family is optimal in that respect; and
Min > 0(a)p, since |pout(0)] = 1. But miy, is a product over the zeros of a in D, and its
lower bounds cost a factor exponential in k; and if a zero w' of a with |w'| = pout < Ro has a
multiplicity j with js ¢ Z (for instance if the zeros on |w| = poys are simple and 0 < s < 1), then
a® is not analytic at w', so its coefficients a;(s) satisfy limsup; |a;(s)|"/" = 1/pout, and pous — 1
has no lower bound depending only on €. So this deformation does not remove the dependence

on k either; in Theorem 3.6 it is removed by Lemma 3.5 instead.
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4. EXPLICIT CONSTANTS AND THE TAIL OF D

In this section we bound the constants of [M, Theorem 9.1] explicitly (Section 4.1) and, for
the Gaussian power series, bound the tail of the largest scaled displacement D of the collision,
the variable of the proof of [M, Corollary 9.16] (Sections 4.2-4.4). The notation is that of [M,
Section 9]: ¢q(w) = Zj n;w’ is a real power series, the polynomials P, ; and their real-rooting
time A,, are built from its coefficients, and u, = R*ew*, 0 < 0, < m, is its nonreal zero of minimal
modulus.

4.1. Explicit constants. The proof of [M, Theorem 9.1] obtains §, K and ng by compactness.
We now bound them explicitly, by polynomials in condition parameters of ¢ whose degrees are
absolute. Throughout this subsection 0 < € < 1, and ¢ satisfies the conditions (G1)-(G3) of [M,
Section 9], with radius of convergence p, > 1 and T > 1 +¢. Put

)‘5/2 = (1 + 5/2)1/47 Te = )\5_/227 Cq = 51;18 ‘nj’/\;/Jé7
J=Z

as in Lemma 3.1 with /2 in place of €, and assume C, < oco. Let M. = C,/(1 — )‘5_/12/2)’

Y. = ()\ig + 1)/()\2;3 — 1) and E, = log Y./ log Aig; these are M, Y and E of Definition 2.1
for (Co, Ro) = (Cy, )\5/2). Let s, = sinf, and m, = min(f,, 7™ — 0,), so that m, > s,, and recall
Yo = usq'(uy) from [M, Section 9.3]. The modulus gap g € (0,1] is the minimum of 1 and the
distance from R, to the moduli of the zeros of ¢ in {|u| < p,} other than wu,,u,, real zeros
included; and

p8lob — min{max(|q(z)|,|¢'(z)]) : z €R, |z] <rc}.
We assume also v8'°> > 0, that is, ¢ has no multiple zero in [—r., r.]; (G3) gives this only in
(—R.«, Ry). Let 61 = min{e/4, ng/2/6}, let 2 be the closed annulus {(T + 26;)" /2 < |u| <
(T, — 261)~/2}, as in [M, Section 9.3] with this 41, and for p > 0 let mg(p) be the minimum of
|g| over the points of 2 at distance at least p from wu, and u.. Put
|l B 4000 max(1, Cy)
F=gr 2 = =3 ;

T *min{c—F 4] m*} =
1= §27 1 9 [ pv_6T3/2
Finally let k_ be the number of zeros of ¢ in {|u| < (T, — 6;)"/?}, U = YE-, and

~' - max (1, ma(py) )

-max(1, (#°")71) - max(1, [no| ) - max(1, Cy) - Ti - U.
Each of the nine factors of II is at least 1; we call them P,, Py, Py, Py, P,, Py, Po, Ty, U, in this

order. Below, ¢ denotes absolute constants and c. numbers with c¢. < ce™¢, not the same at
each occurrence.

I = max(1, |.|™") - s7' g

Theorem 4.1 (Explicit constants). In this setting the conclusions (a)—(d) of [M, Theorem 9.1]
hold with 6 = 61 and with K, ng such that

§1<6e ', K<ceIP? nyg<cI.

Moreover U < (M./|no|)F, and U < YZ, where Z is the number of zeros of q in {|u| < r.},
counted with multiplicity.

The factor U = YT* of Theorem 2.6 is kept as a parameter, because for random ¢ it can be
bounded either by Jensen’s formula or through the number of zeros in a disk (Theorem 4.12).

Lemma 4.2. (a) If X > 1 and n > 16X (1 +log X)2, then n > X (1 +1logn)?. In particular
this holds for n > 64X2.
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(b) If Pi,..., Py are distinct factors of Il and ay,...,a; > 0, then [], P/ < II™axi @i,

Proof. (a) The function n — n/(1+logn)? is increasing for n > e. At ny = 16X (1+log X)? > 16,
using log(1+y) <y, we have 1+logni < 14+log16+3log X < 4(1+log X), so n1/(1+logny)?

X. Moreover (1+1log X)? <4X for X > 1. (b) Each P, > 1, so P{* < PM#¢ and a product of
distinct factors of II is at most II. 0

By Lemma 4.2(b), a bound by ¢, times a monomial in the factors of II is a bound by c.I1¢,
where e is the largest exponent of a single factor.

Proof of Theorem 4.1. We go through the proof of [M, Theorem 9.1], which runs from [M,
Section 9.2] to [M, Section 9.5], and bound each constant. The elementary numerical inequalities
used below were also checked on grids by computer.

Step 1: 01 and the annulus. As g < 1 < T, and ¢ < 1, §; > min(e/4,9/6) > £g/6, so
5;1 < 65_1Pg. Also 61 <e/4 < Ty/4 and T, — 261 > 1+ £/2. By the mean value theorem,

(T, —261) 2= R, < 6,(T,/2) %% = 226, T.%% <0489, R,—(T.+261) 2 <5,7.%* <

So every point of 20 has modulus within g/2 of R,, and by the definition of g the only zeros
of ¢ in A are u, and wy; this is condition (C2) of [M, Section 9.3]. Condition (C1) there holds
because (T — 261)" Y2 <r, <1< p,. Fort € I; = [Ty — 61, Ts + 61] C [1 + 3¢/4,00) we have
In;|t=9/2 < C AJ/QA‘/Q; = C,\ / , which is [M, (9.2)] with (Co, Ro) = (Cy, A.ja).

Step 2: k. Take k = k. := 01/(5T%) < £/20. Since log(1 + z) > z/(1 + x), we have
log TT*fé‘sll > T*+125 > 2k, and log :,? 2‘551 > = 5 > 2k, which is [M, (9.3)]. Aslog ./, > ¢/10,
the number ¥ = e"c /), /5 satisfies log(1/1) 2 5/20 hence 1 — 9 > ¢/21; and ¢ = 40/ satisfies
llog(1/9) > 2. Moreover k. ! < 30e 1T, P,.

Step 3: [M, Proposition 9.7]. Let X3 = (£ + 3)?/k. and ng = [64XZ7]. For n > n3, M, +
2 < flogn +3 < (£ +3)(1+1logn), and Lemma 4.2(a) gives (M, + 2)?> < k.n; so nz may
serve as the n3 of [M, Proposition 9.7], and n3g < cETng2 < ¢ II?. For n > ns we have
(My, +2)/n < ke/(M, +2) <1, so the paragraph after the proof of [M, Proposition 9.7] gives
Cu < Cy(1 —9)7%(198/k. + 4) < 202(21/2)*Cyr;t. In the proof Of [M, Proposition 9.7](b),
Ry <n~2 s0 e, < C'/n with C' = /2(1 + cosh/{c)l/QC (1—=A_ /2 ) 112 < 5.7¢71/2C,, using
1= 2 5 > €/6. Hence Cyy = Cy + C' < ¢. PoT, Py < cII

Step 4 [M, Lemma 9.8](b). The local part. The cp of the proof of [M, Lemma 9.8] satisfies
2cp = 3|7 min(1, 5 o17) = |V«|/(4T), which is the cp defined above. With u = t=1/2¢1  the
function F(t,0) = q(u) has

(uq +u2q”) Ftt uq +u2q// uq/

2t ’ 412 212
with ¢’, ¢ evaluated at u. For t € I} we have t > 1 and |u| < r., so each second derivative is at
most

Fpo = —(uq +u*q"), Fyp =

3C _
sup (1¢'(w)] + lg"(u)]) < Cyri D 5 (Aejare)’ 1 < B,

‘U|STC ]>1 (1 - )\6/2710)3

by >, 220 < 2(1—2)3, 172 < 3 and 1 — Aejore > €/11. Taylor’s formula with integral
remainder gives |F(Ty + «,0 + 3) — Fya — FpB| < 3Ba(|al + |B])?, the first derivatives being
taken at (T, 0.). Hence |F| > cp(Ja| + |B]) for |af, 5] < r1, as 2r; < 2CF/§2 So r1 may serve
as the 7 of the proof of [M, Lemma 9.8]: it is at most ¢; and at most 5 mln(ﬂ*, 7w —0,), and
S0 = sin(ms/2) > s,/m. The computation of that proof gives

smin(H (t)(QCOSH)) > 165()CF(|t — T+ |y — y*|) (|t =T <1, |0 —0.] <11).

a
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The neighbourhood V. Let 19 = 0.6s,m and V = {(t,y) : [t — Ti| < r1, |y — y«| < r2}. If
0 € [0,7] and |0 — 0] > ry, then, since cos is decreasing on [0, 7] and 0. £ € [0,7], and
sinx > %min(x,ﬂ —x) on [0, ],

1 g 3y

| cos O — cos 0] ZQsinr—1 minsin(ﬁ*ir—l) >2. =
2 £ 2 T

> 0.3 8,71.

Soy = 2cosf € [-2,2] and |y — y«| < 7o force |§ — 6.| < r1. Moreover ro < 0.6m, - my/2 <
4m?2/m? <2 — |yi|, s0 V C I x (—2,2), and the local bound holds on V.

The global part. By [M, Lemma 3.3], ||G;(v)|| < 4(j + 2)elTV%e for |y| < L = 2cosh ke, so
fort e I

a0 Wl < 4C,e 3G + 200 < Tem FHE < TG
320
Let (t,y) € (I1 x [-L,L]) \ V and m = mg(py). If |y| < 2, write y = 2cosf with 6 € [0, 7] and
w=t"12" ¢ 9. If |t — Tx| > 71, then Hu| — R*‘ > %rl(T* + 51)_3/2 >0.35 rlT;3/2. Otherwise
[y — yu| > 72, 50 |0 — 60, > 1r9/2, and as |u| > (1.25T,) /2,

0 —0,
lu — uy| > 2(|u]R*)1/2 sin |2’

> % -0.94R,. - 0.3 5,71 > 0.17 Ry8471.
Since also |u — @] > Imu + Imu, > R.s. and R, > T;3/2, in both cases u has distance at
least py from u, and @, and det H o (y) = |q(u)|> > m?. If 2 < |y| < L, then det H, (y) =
q(w/v/t) q(1/(wy/t)) with w = r(y) real; both points are real, lie in 2 by [M, (9.3)], and have
distance at least Imu, = Rys, > py from w,, u,, and det H ) (y) > 0 by [M, Lemma 9.8](a);
so again det H ) (y) > m?. In both cases syin(H, ) (y)) = det H/||H|| > ¢3 :== m?/T.. As
81 + 2L < 4.3, the constant c, = min{sgcr/16, c3/4.3} satisfies [M, Lemma 9.8](b), and c; ! <
ce max(P;T, Py, PoPy) < c.I2

Step 5: [M, Proposition 9.9]. Part (a) holds for n > n3 with K1 = Cy/cx < cII?, the

monomials being PoT?2PyPs P, and PAT, P, P3. In part (b), 0o = 2+ |no| 1 Cy(1 — A;/g)—l/Q <
ce P, Pc. We replace the compactness argument of (b) by an explicit one. Let t € I, y € J =
[—00,—L] U [L, 00] and w = 7(y). Then w is real, o' < |w| < e7F < 1 — k./2, and |7/ (y)| =
w?/(1—w?) < (1—e~2r<)~! < k1. In the notation of that proof, ®,,(¢,y) —®(¢,y) = X, (w) and
0y (®,, — ®)(t,y) = X! (w)7'(y), where X,, is the function of Lemma 2.4 for a® € S(C,, Ae/2)-
That lemma with d = k./2 gives

E' 1481 C
[® — @] + |0y Py — 0yP| < —, E' = : 11/2°
n (1= A2)1/2k! /
€/2

as 2v/2-27/2 4+ 64-29/2 < 1481. On the other hand, with u = w/+/t, which is real with |u| < 7.,
and [r'(y)| > w?,

|, 9)| + 10,2 (t, )| = la(w)] +t|q (w)| | (9)]

> w2-1/2 / U pslob
> w (lg(w)| + g’ (w)]) = m1 =

(T + 61)Y/%
So for n > ny, := |E’'/my| + 1 the functions ®,,(¢,-) and 9,®, (¢, ) have no common zero on .J,
and the rest of the proof of (b) applies. Here n;, < CEPC(T*Pg)11/2(PQPC)2T*1/2PZ, < I8, Part
(c) holds for n > ns := max(ng,ny).

Step 6: the anchor times t+ = T, + 8;. We apply Theorem 2.6 to a(t+) ¢ S(Cy; Az j2), whose
zeros in D are /1 times the zeros of ¢ in {|u| < t;l/g}; their number k. is at most k_, so Tht <
U. Let k+ be the k of that theorem for a*+) and di = min{x+/v/2, §1/(8T})}. For o € [1—d, 1]
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the circle {|u| = Qt;1/2} lies in A, and its radius differs from R, by at least 0.35 51T;3/2 > py.
Indeed, for ¢4, Ty /> —(Tu461) "2 > 15,(1.25T) "3/2 and (1—d y ) (Tu+61) Y2 > (Tu+26,) Y%
for t_, (To—61) Y2 =T, "2 > 15,7732 while d_(T. —6,)" 12 < 1.16d_T5 /* < 0.156, T, /.
Hence a**) has no zero in {1 —dy < |w| < 1}, by (C2), and its parameters of Definition 2.1
satisfy p, g, > mand vy, > (T, +6,)~1/2pelob.
of Lemma 2.2 and Theorem 2.6 satisfy

also a = |ng|. Since m < p < M., the quantities

2 2

m / T m /
K+ > €]

COSMCua /J'IZ

09 >

_MCU7 —_—2 )

M, U?

(&
with ¢ = min{}log Ao, AJ3(1 = Ay )2/6} > £2/9600. As M, < 21e71C, we get x5 <
c. P2U*PE and di' < c. max(P2UPE, T.P,) < c.I1%. So (i) of Theorem 2.6 holds. In (ii), the

constants of Lemma 2.3 for C = C{, R = )\iﬁ, ps = p' satisty M, +2 < (40/e 4+ 3)(1 + logn),

Dy < c:C)(kz' +1+logn) and T < ¢.Cl. With Lemma 4.2, the conditions of (ii)-(iv) hold as
soon as n exceeds each of the following bounds, at both anchors:

n > ky: forn > U, as ky <logl/log Y. and log T, > 1;

n > (M, +2)?/ky: for n > camf, at most c.I1%;

n > Dg: for n > ch{)ﬁ:;l and n > c. max(1,C})?, at most c.I1%;

n > 8(2I' + 1)Dy/p'?: the right side is at most c. (PSUCPS + PAUPy(1 + logn)), so
n > ¢ 118 suffices;

n®? > 37(0+1)Ch(1—A_j5) " /21/~?: the right side is at most ce PAU* Py, so n > ¢.I1%?

suffices;
(iii): we have C/(dopa.) < cc PAU*P§, so with the factor d;7/2 the bound is at most
¢ max(POUOPY, PRUAPRTI*P)/%) < c.11;

o (iv): 64C,(1 — A;/é)*lﬁd;g/ 2 vy < cemax(PROUOPITY?P,, PeT?P)*P,) < ¢ IT'°,

Let n7 be the least integer such that every n > ny satisfies all of them; then n; < ¢ II'°. For
n > nz, Theorem 2.6 and [M, (9.1)] give [M, (9.4)]: the nonreal zeros of a{*~) in D are /f_ u.
and /T_ 1, as in [M, Section 9.5], and a(*+) has none; so N,(t_) = 2 and N, (t,) = 0, the real
zeros of P, ; are simple, and its two nonreal zeros are simple, being a conjugate pair.

Step 7: conclusion. With ng = max(ns,ny) < cI1*°, the proof in [M, Section 9.5] applies
without change and gives (a)—(d) with K = K1 (14 v/Tx + 61 + (T — 51)_1/2) < 32K TM* <
C€H5/2.

The bounds for U. Lemma 2.2(b) for a(*-), which has o = || > 0 and no zero on the unit
circle, gives U = Th- < (M./|no)) . And (T, — 61)" /2 < e, 50 b < Z. O

Remark 4.3. (1) The exponent 10 comes from condition (iv) at the anchor times, through
dy < ke < (MU /m)~2, as in the paragraph on the size of the onset after Theorem 2.6. The
exponents are crude: Lemma 4.2(b) does not distinguish the factors of II. (2) Theorem 4.1 needs
no lower bound for |g| near clustered zeros other than mg, no separation of the zeros inside the
disk of radius R., and no lower bound for |¢'| at the real zeros: real zeros enter only through
velob (3) Without the factor U, that is, with U < (M./|no|)®¢, the bounds are polynomial with
degrees of order E. < e !log(1/e).

4.2. Pairs of zeros of the Gaussian power series. In this subsection and the next two, g
is the Gaussian power series [M, (1.3)]. We write D, = {Jw| < r}, D* = DN {Imw > 0} and
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D;f = D, ND*. The zeros of ¢ have the one-point intensities

1 2Im z b,
pr(x) = P (@e(=1L1)  pe(2) = I1—22[(1—[2[%)2 71— |2]?)

(Z S DJr)a

for the real zeros and for the zeros in Dt, with respect to Lebesgue measure [7, Theorems 2.1
and 2.7], [M, Lemma 7.9], where b, = 2Im z/((1 — |2|?)|1 — 22|). Let 1 (a,b) = |a — b|/|1 — ab| be
the pseudo-hyperbolic distance on D. For a € D let By(w) = (w — a)/(1 — aw) if a is real, and
By(w) = (w—a)(w—a)/((1 — aw)(1 — aw)) if a is not real. These are Blaschke products with
real Taylor coefficients, and |B.(y)| = ¥(z,y), |B.(z)| = ¥(z,2)?, |B.(w)| = ¥(z,w)(z, )
and |B.(z)| = b,. Rice formulas are used in the form of [2, Theorem 6.2], for Gaussian fields
Z : U — R? on open sets U C R? with analytic paths, a nondegenerate law of Z(t) for each
t € U, and almost surely no zero t with det Z’(¢) = 0; the last condition holds below because
the zeros of ¢ in D\ {0} are simple [M, Lemma 7.4].

Lemma 4.4 (Regression). Let ai,...,a, € D be distinct points whose set is closed under
complex conjugation, and let B be the product of the factors B, over the real points x and
B, over the pairs {z,z}. Then the conditional law of q given q(a1) = --- = q(am) = 0 (the
Gaussian regression) is the law of B, where ¢ has the law of q. In particular, conditionally
on these values, (¢'(a;))i<m has the law of (B'(a;)G(a;))i<m. The density at 0 of the real vector
formed by the values q(a;) (real and imaginary parts at the nonreal points, one point of each
pair) is the product, over the points taken in any order, of (2m)~Y2(1—x2)1/2/|B (z)| for a real
point x and 1/(7b.|B(2)|?) for a pair z, where B is the product of the factors of the points
taken before.

Proof. For one real point z this is [7, Lemma 4.2]: the covariance 1/(1 — uv) of ¢ minus its
regression on ¢(x) is By(u)Bz(v)/(1 —uv). For one conjugate pair it is [7, Lemma 7.2], with the
same identity for the covariance and the pseudo-covariance. For several points we condition on
one point or pair at a time: conditioning a Gaussian vector on a block of coordinates and then
on the next block is conditioning on both. Once g has been replaced by ‘5 44, the remaining
conditions ¢(a) = 0 are equivalent to ¢(a) = 0, because B 4(a) # 0; this proves the first claim
by induction, also when real points and pairs are mixed. The derivative identity follows by
differentiating B¢ at a;, where B vanishes. For the densities, the density at 0 of a Gaussian
vector is the product of the conditional densities at 0 of its blocks, and by the first claim the
conditional law of q(a) given the earlier values is that of B (a)¢(a). Finally Varg(z) = (1—-22)7!,
and (det Cov(Re ¢(z),Im ¢(2)))"/? = b./2 (proof of Lemma 3.2). O

Proposition 4.5 (Two-point functions). Let pyr, pre and pee be the two-point correlation func-
tions, with respect to Lebesque measure, of pairs of real zeros, of a real zero and a zero in DT,
and of pairs of zeros in DV. For distinct z,y € (—1,1) and z,w € DT,

prr(2,y) = (¥ + V1 = Y2 arcsin /1 = 92) p(2)pr(y), » = ¢(z,y),
(41)  pre(m, 2) = P32 = 9?) pr(@)pe(2), Y =(z,2),

Pec(z,w) = ab (3 —a —b) pe(2)pe(w), a=1Y(z w)2, b=1(z, ﬁ))2.
In particular prr < prpr, pre < prpe and pee < pepe.

Proof. The mized pair. The field Z(z,z) = (¢(x),Req(z),Imq(z)) on U = (—1,1) x DT has
nondegenerate values, since by Lemma 4.4 the density of Z(z,z) at 0 is finite, and its zeros in
I x B are the pairs formed by a real zero in I and a zero in B. Its Jacobian determinant is
¢'(7)|¢'(2)|%, by the Cauchy-Riemann equations. So [2, Theorem 6.2] gives E[Ng(I) N, (B)] =
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J1 J pre with
pre(,2) = P20, () E[1d ()] |¢'(2)]* | ¢(z) =0, q(z) =0].

By Lemma 4.4 with B = By B.: py ;) (0) = (2m) " V2(1 — 22)1/2(xb.4p?) 71, since |By(2)|* = ¢?;
¢'(z) = By(z)B:(2)4(z) with |By(x)| = (1 —2®)~! and [B.(z)| = 4% and |¢'(2)| = ¢b:|4(2)|.
Hence pr. = ¥%(1 — 22)~1/2b,(27) V22~ M with M = E[|X||Y]?], X = G(z) and Y = ¢(z),
viewed in R2. Write Y = aX + W with W independent of X the cross term vanishes because
E[|X|X] =0, and E|X|* = 2/2/70%. So

(s BB F 1r0se
M_IE|X]<IE]Y| + EX? )— T (1— 22121 — [2]2)

since EX?2 = (1 —2?) "L EYP?2 = (1 — |2, EXY = (1 —22)"!, 1 — 22| = [1 — 22| and
(1—22)(1 - 2)?)/]1 — 2z]? = 1 — % With p.(2)pc(2) = b,/(7?(1 — 22)(1 — |2]?)) this is the
second line of (4.1).

Two nonreal zeros. Use the field (Re q(2),Im q(2), Re ¢(w), Im g(w)) on {(z,w) € (DT)?: 2z #
w} and B = B, B, with |B,(w)| = ¥(z, w)y(z, @) = vab. The density at 0is (7b,) " (rbyab) !,
and |¢'(2)?|¢' (w)|? = b2b2a?b?|G(2)|?|G(w)|?. By Isserlis’ formula E|X|?|Y|> = E|X|?E|Y|? +
[EXY|? +|EXY|? for complex Gaussian X,Y with real covariance structure, and (1 — |z|?)(1 —
lw|?)/|1 — zw|?> = 1 —a, (1 —|2*)(1 — |w|?)/|1 — zw|?> = 1 — b; so the ratio of the moment to
E|X|*E|Y|? is 3 — a — b, which gives the third line.

Two real zeros. Use the field (¢(z),q(y)) on {x # y}, or [7, Lemma 6.1]. The density at 0
is (2m) "1 (1 — 22)/2(1 — 4)'/2 /4, the Jacobian factor is 1?(1 — 22)~1(1 — y?)~|¢(x)g(y)|, and
E|XY| = 20x0y(V1— ¢ + carcsine) for the correlation ¢ = /1 — 9?2 of X = ¢(z), Y = ¢(y).

The bounds. t(2 —t) < 1 for all real t. On [0,1]%, 9,[ab(3 — a — b)] = b(3 — 2a — b) > 0,
and symmetrically in b, so ab(3 —a —b) < 1. With ¥ = cosp, ¢ € [0, 5], the first factor is
cos? p + @sin g cos p < 1, because ¢ < tan . O

The bound p,r < ppp, is [7, Corollary 2.2], and the closed form for p,, is equivalent to [7,
(2.6)]; the closed form for pc. is the case n = 2 of [7, Theorem 2.7|, and the bound p.. < pepe
is stated after it. Mixed correlations are not treated in [7]; Forrester [3, (30)] gives all mixed
correlations as a Pfaffian, and p,. can also be read off its entries [3, (49)—(52)]. All three closed
forms agree with a direct numerical evaluation of the Kac—Rice formula. Only the three bounds
are used below.

Theorem 4.6 (The modulus gap). For 0 <e <1 and s > 0,
P(T, >1+¢, g<s) <107 %s.

Proof. Let 7. = (1 +¢)~/2 and 7, = (1 +r.). By concavity 1 —r. > £/4, so 1 — 1. > /8,
and as 7. > 2712 1 -2 > 1.853-¢/8 > 0.2316¢. If s > (1 — r.)/2, the right side exceeds
107e73/8 > 1550 let s < (1 —17.)/2 < 0.15.

On the event, u, € DT is a zero with |u.| = R, < r., and some zero u' & {uy, .} of ¢ in D
has ||u/| — R.| < s, hence |u/| < rL. If u/ is not real, then u/ or @ is a zero in DT other than
Uy, of the same modulus. So the event implies the existence of an ordered pair (u,v) of distinct
zeros, with uw € D, v € D or v real, and ’|v| - ]u” < s. By Markov’s inequality, the Rice

T
formula for second factorial moments and Proposition 4.5, its probability is at most

/D ol [ /A ) dAw ¢ /{ o i )] dAD)
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where A(p) = {0 — s < |v| < o+ s}. On {|v] < rl} we have p.(v) < ZImv/( (1 —12)3), as
|1 — % > 1— |v%, and in polar coordinates fA (oyrp+ M dA(v) < 2o+ 93 —(0—9)) =
40%s + 33 < 4.03s, also when ¢ < 5. With (1 —2)73 < 80.5¢73 the first inner mtegral is at
most 2 - 80 5-4.03s/(me) < 207se73. The second is at most 4s/(7 (1 —7r2)) <5. 535 The

outer integral is s(rz) of [M, Lemma 7.9], and since arctan o < 7/4, »(r) < [ o(1 — ¢?) 2dg =
1"2/(2(411 —12)), s0 s(r:) < 1/(2¢). Altogether the probability is at most —8(2076 +5.5e71)s <
1077 %s. U

The same integral bounds s for small 7. By the proof of [M, Lemma 7.9], and since arctan o <

0,
4 [T parctanp 4 /’" 0% dp 4r3
= — ——do < — <

#(r) w/o 1-022 =7 )y =022 = 3r(1—r2)2’
which is at most 273 for r < 0.7, as (1 — 72)? > 0.26 > 2/(37) there. For 0.7 < r < 0.8,
sx(r) <r?/(2(1 —7?)) < 213, as 4r(1 — r?) > 1 there; and 272 > 1 for r > 0.8. As {R, < o} =
{T. > 072}, [M, Lemma 7.9] gives
(4.2) P(R, < 0) < 20° (0> 0), P(T, > s) < 2s75/2 (s> 1).

[M, Lemma 9.12] is the qualitative form of Theorem 4.6. Numerically, P(T, > 1.5, g < s) lies
between 2.1s and 2.4s for 1073 < s < 10*2, so the exponent 1 is the true one and the constant
107e—% is crude.

4.3. Small balls at the collision. Let r. = (14 ¢)~'/2 and r. = (1 +¢/2)~!/2 as above, and
rg = 3(1+rc), so that 1 —rg > £/12. Let Y3 = sup|u|§,n3 l¢" (u)]. Asin (3.1), With r3 in place of

ro, B (= Dnslrd 2 = 2¢/2/m (1—75) ™3 < 275872 and 32, 52(j — 1)%r5" " < 24(1—r3) 77,
SO

2758 + 3456 (/2
g3 '
Lemma 4.7 (Small balls for ¢'(u), 7« and sinfy). For0<r <1, 7 >0 and 0 < s < 1:
(a) E#{u e D ¢ q(u) =0, |¢'(w)| < 7} <67 ¥/3(1 = r?)~1r2;
(b) E#{u e D : q(u) =0, |ug'(u)| <7} <2.862(1 — r2)=3/273/2;
(c) E#{ue D} : q(u) =0, Imu < s|u|} < %73(1 _p2)73g2,

(4.3) P(Y; > ys(0)) <e* (£>0), ys3(0) =

Consequently
2.6172 8.17%/2
/
P(T.21+¢, () <7) < =——,  P(TL2l+e n|<7) <=7,
1.21 52
P(T.>1+¢, 5. <5) < ——"
5
Proof. (c) On D}, p.(u) < 2Imu/(7(1—7r%)3). In polar coordinates u = pe’¥ the set {sinyp < s}

contributes at most [ o*do- 2 [;" csin s smgodcp i 7,2)5, and 2(1 — /1 — s2) < 252,

(a) We use the weighted Rice formula [2, Theorem 6.4], in the form restated in [6, Appen-
dix A.1, Theorem 1]: for a Gaussian field Z : U — R? with C? paths and nondegenerate values
on an open U C R%, a compact A C U, random vectors Y continuous in ¢ with (Z,Y") jointly
Gaussian, and a bounded continuous g,

E Y g0 = / E[|det Z'(1)  g(Y?) | Z(t) = 0] p(o(0) .
teA, Z(t)=0 A

Apply it to Z = (Req,Imq) on U = DT, with Y* = ¢/(u), a compact A C D, and gx(v) =
min (1, max(0,1 — k(|v| — 7))), which is bounded, continuous and decreases to 1{|jv| < 7} as
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k — oo. Let kK — oo: on the left by dominated convergence, the sum being at most the number
of zeros of ¢ in D;f, whose mean s(r) is finite; on the right by monotone convergence. Then let
A 1D, So the left side of (a) is [+ I(u) dA(u) with

I(u) = py(u)(0) E[l¢ (w)*1{|¢'(w)] < 7} | q(u) = 0].
By Lemma 4.4, given ¢(u) = 0 we have ¢'(u) = B}, (u)&, with | B (u)| = b := b, and £ distributed
as q(u). The density of £ is at most py(,)(0) = 1/(7b), and VarRe{ > 1 (proof of Lemma 3.2),
so P(|¢| < o) < 20/+/7. Hence, with y = Imu < b (as (1 — |u|?)|1 — u?| < 2),
273 < 273
m3/202 = ;3/2y2

I(u) < (xb) ' T2 P(|¢] < 7/b) <

Also I(u) < pe(u) < Ay with A = 2/(n(1 — r2)?). Integrating min(Ay, By—273), B = 2x—3/2
over y € (0,00) gives %A1/3BQ/37'2, and the range of Re u has length at most 2; and 3AY/3B2%/3 =
6r=4/3(1 —r?)~ L

(b) The same, with 7 replaced by 7/|u|: I(u) < min(Ay, B73|u|=3y~2). In polar coordinates
u = pe'? we have y = psinp, and 2¢/m < sing < ¢ on [0, 5]; by the symmetry ¢ — 7 — ¢ the
p-integral of I is at most twice the integral over (0,00) of min(Agtp, %23739*590*2), which is
Br20~% with 8 = 3AY3(x2B/4)?/3 = 3.27Y/3(1 — )1, and it is also at most 2 fJ/Q Appdp =
ao with a = An?/4 = 7/(2(1 — r?)?). Integrating omin(ag, B72073) over o € (0,00) gives
3al/4p3/473/2 and §ml/433/4271/2 < 2.862.

For the consequences, u, € D} on {T, > 1+4¢} (almost surely R, # ., by [M, Lemma 7.5(a)]),
1-7r2=¢/(14+¢)>¢/2and r3(1 —r2)~3 < 23/2¢73; and the probability that some zero has a
property is at most the expected number of such zeros. O

The exponents 2, 3/2 and 2 are the natural ones (heuristically: a nonreal zero of modulus
about g near 0 forces 179 &~ 0 and 171 = 0, 80 7« ~ 0%, while P(R. < o) < ¢%). Parts (a) and (b)
are the only places where the weighted Rice formula is used. The next lemma, which needs no
Rice formula, gives exponent 2 for |¢'(uy)| up to a logarithm, hence exponent 6/5 for || up to
a logarithm (through P(R, < ) < 20°, (4.2), with o = 72/%); this suffices for Theorem 4.12.

Lemma 4.8 (Near-critical values). Let y > 275872, 0 <7 <1 and 0 < § < 7%/(4y). Then

P(YQ’ <yandueD, : |gu)| <3, |¢)] < T> < 72(19 + 5.410g(2.04y)).

Proof. Put h = 7/(2y) < €3/5516 < min($, r3 —rc). Since q(@) = ¢(u) we may assume Imu > 0.
Work on {Yj < y}; all Taylor bounds below use segments in D,.,.

Points with Imu > 2h. Let g be the point of the grid h(Z + i(Z + 1)) nearest to u, so
lg —u| < h/v2 and Img > 3h. Then |¢'(g)] < 7+ yh/V2 < 13547 =: 7/ and |q(g)| <
§+Th/V2+yh%/4 < 0.6677%/y =: §'. For a fixed g, let b = by, > Im g. The density of q(g) is at
most 1/(mb), so P(|q(g)| < ") < §/b. Given q(g) = v, the law of ¢/(g) is Gaussian with a mean
linear in v and a covariance that does not depend on v; by Lemma 4.4 its centred part has the
law of By(g)¢ with & distributed as q(g). By Anderson’s inequality [1] the disk {| - | < 7'} has
conditional probability at most P(|B;(g)¢| < 7') < min(1,27'/(\/7b)). So

1o ! / L. 27’
B9 <9, [d() <7') < f(mg), () = Trmin(1, ).
and f is decreasing. The grid points with |Reg| < 1 lie on the rows Img = (j + 3)h, j > 1,
with at most 3/h points each. Comparing the sum with an integral, >~ f((j + $)h) <
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fEh)+n1 f;,f/z f< (5’2% +h~16" (14 1og(2.04y)), so these points contribute at most 302 (% +

h2

log(2.04y)) < 7%(8.9 4 5.410g(2.04y)).

Points with 0 < Imu < 2h. Let x = Reu. Then |¢/(z)] < 7+ 2hy = 27 and |¢(z)| <
§ + 2hT + 2h%y < 1.7572/y. Let x, be the point nearest to = of the grid of spacing 7/y in
[—7¢, 7], which has at most 2y/7 + 1 points. Then |¢'(z,)| < 2.57 and |q(z,)| < 2.87572/y. The
density of (q(zg), ¢ (z4)) is at most 1/(27), because its covariance determinant is (1 —22)~* > 1.
So each grid point contributes at most (27)~1(5.7572/y)(57) < 4.5873/y, and these points
contribute at most 9.1672 + 4.5873 /y < 10.172. O

For p > 0 let
m(p) = inf{|q(u)| : |u| < re, ¢ has no zero in {|v — u| < p}},

which is nondecreasing in p. In the setting of Section 4.1, every point of 2 has modulus within
g/2 of R, (Step 1 of the proof of Theorem 4.1), every zero of ¢ other than w,, %, has modulus
at distance at least g from R,, and 2 C D,_. Hence

(4.4) my(p) > m(min(p,g/2))  (p>0).

Lemma 4.9 (Depth away from the zeros). For 0 < p < ¢/12 and 0 < § < e™!, with y =

llog(1/9)), 2
P(m(p) <0) <o+ (1;5 + 4y5) (19 + 5.410g(2.04y)).

Proof. Let 7 = max(48/p, 24/yd). If 7 > 1, the right side exceeds 1. Otherwise work on
{Y] < y}, whose complement has probability at most § by (4.3). Let |u| < r., |g(u)| < § and
|¢'(w)| > 7, and put s = 20/|¢'(u)| < p/2. On v —u| =s, |q(v) — ¢'(u)(v —u)| < 6 +ys?/2 <
36 < 20 = |¢'(u)(v — u)|, because ys? < 4ys?/7> < 5. By Rouché’s theorem ¢ has a zero in
{lv—u| < s} € {|Jv—u| < p}. Som(p) < & implies that some u € D, has |g(u)| < § and
|¢’(u)] < 7. As 7% > 436, Lemma 4.8 applies. O

Lemma 4.10 (Scale-free depth). Let

3/2
V= sup ——.
0<p<e/12 m(p)

Then P(Vy > s) < ce s~ (1 +logs) for s > 1, with an absolute constant c.
Proof. Let pp = 27%71¢/12 and 6, = (2px)%?/s < e ! for k > 0. If Vi > s, then some
p € (pr,2pk) has m(p) < p?/2/s, and m(py,) < m(p) < 6. By Lemma 4.9, with y;, = y3(log(1/61))
and 62 /p3 = 8pi/s?,

P(m(pr) < 6k) < 6k + (128ps™ 2 + 4yidy) (19 + 5.41og(2.04y)).
Here 6y < 273%/2/s, 3", pr < £/12, and log(1/5)) < logs + 2(k + 1) + 3 log(12/e), so y, <
ce 3(1+log s + k + log(1/¢))'/2. Summing over k gives the claim. O
4.4. The tail of D. Let

D = sup m(|Am, — Ti| + |2 — 2R; ' cos6,]),

m>1
with zp, = Fp (10, - - -, m), as in the proof of [M, Corollary 9.16]. By [M, Corollary 9.14], D < co
almost surely. For the first degrees we use two crude bounds.
Lemma 4.11 (Small degrees). Let X3 = > ~5(j + 1)2379|n;| and AS"° = max{30, (1.42|ne| +
45.5%3)/[nol}-
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(a) For every m > 2, Ay, < AS"P, and P(AS™P > z) < 365/x for x > 30.

(b) Form >2 and t > 0, every zero z of Py satisfies |z| < 4(1 +mt)Y/2H,,, with H,, =
max (1, max;<m [n;]/|nol)-

(c) Y' =sup;>qIn;l/(21log(j + N2 satisfies P(Y' > y) < 2-27Y" for y > 2.

Proof. (a) Let t > 30 and a; = n;t77/2. In [M, Lemma 8.2(c)] with x = 1 we have ¢, =
cothl + 1 < 1.82, so for j < \/m (when j < m/2) B ; < 2eM82(j 4+ 1)ed < 12.4(j + 1)e/, and
for j > \/m, Bmj < /m < j; 50 B < 12.4(j + 1)l for all j > 3. Ast > 30 > 4e?, /vt < L,
and the left side of [M, (8.3)] is at most

V2] ¢ ~
e (j + 1)2°77 ;|
7>3

_ 1420 +45.5%,
= t )

which is less than || for ¢ > AS"P. So Q%), and hence P, ¢, has only real zeros for every ¢t > AS"P,
and A, < AS"P. Conditionally on (7;)j>1, P(|no] < v/x) < v/x; and E[1.42|ny| + 45.5%53] =

V2/m (142 4 455) < 365, as 3 -4(j + 1)2377 = 10. |
(b) Write Pp¢(2) = > cxz”. From exp(—5-02)2! =, (=t/2m)" (lj;i)!zl_2i,

7 4!

Z (—t/2m)" (k + 2i)! ‘ m(k+20)/2 . _ mom™/?
= I T

Since m="™/2/m!I/Il < 1 for | < m and (k 4 2i)!/k! < m?, the i-th term of |cy/cm| is at
most Hy,(mt/2)"/i! < H,, max(1,mt/2)P/? where p = m — k. So |ex/cm|"? < Hpu(p/2 +
DYP max(1,mt/2)"/? < 2H,,(1 + mt)'/?, and Fujiwara’s bound |z| < 2maxg<,, |cx/cm|/ ™ H)
[4] gives the claim.

(c) ]P’(\nj] > y(2log(j + 2))1/2) <+ 2)’?/2, and ) <o kv <2- 2-Y* for y > 2. O
Theorem 4.12 (The tail of D). Let q be the Gaussian power series, 0 < ¢ < 1, and E. =
log Y./ log )\ig as in Section 4.1. There is an absolute constant ¢ such that for all x > 1:

(a) P(D >z, Tw >1+¢) <cea™P, where B. = 1/(1782E,) > ¢/(35640log(40/¢));
(b) P(D >z, Ty >1+¢) < Cox™ /9 where log C. < ce™©.

Ci —

Proof. Work on Q = {7, > 1 + ¢}, intersected with the almost sure event on which (G1)—(G3)
hold with p, = 1, Cy < 0o, v8°" > 0 (as 7y # 0 and the zeros of ¢ in D\ {0} are simple, [M,
Lemma 7.4]), and the conclusions of [M, Corollary 9.14] hold. Theorem 4.1 applies.

A deterministic bound. For m > ng the m-th term of D is at most 2K. For m =1 it is Ty +
2T*1/2, as Ay =0 and z; = 0. For 2 <m < ng, 2z, is 0 or a zero of Py, 4,,, so by Lemma 4.11(a),
(b) the m-th term is at most ng (AP + 3T} + 4(1 + ngAS®)Y/2H,, ). With Y” = max(1,Y”’) we
have H,, < PyY"(2log(ng + 2))/2 < 2P, Y"n/*°. Hence D < ¢ (K + nlSASPT, P,Y"), and
Theorem 4.1 with Lemma 4.2(b) gives D < c.(ITAS"PY”)!7. Next, by (4.4) and the monotonicity
of m, with p/ = min(py, g/2,¢/12),

Py = max(l, mm(pV)_l) < maX(lv Vm) p,_3/27
and p/~! < maX(GTE/Q/(rls*), 2P, 12/5) < CEH?/Q with 1y = P,PsP,PcT, since 'rl_l <
ce max(T, PyPc, Py, Ps). Let II3 be the product of the eleven factors Py, Ps, Py, Pc, T,
max(1,Va), Py, Pa, U, A and Y, each at least 1. Then II < c. max(1, Vi) I/ * P, P4,
and

(4.5) D < ¢ T8
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Tails. Each factor V of II3 satisfies P(V > s, Q) < ces7°(1 + logs)? for s > 1, with the
following b:
e P b=6/5, by Lemma 4.8 with § = 0 and y = y3(2log(1/7)), and P(R. < 0) < 20° (by
(4.2)) with o = 7/° (or b = 3/2 by Lemma 4.7(b));
o P;: b=2 (Lemma 4.7(c)); Py: b=1 (Theorem 4.6); Py: b=1; Ty: b=3/2, by (4.2);
e Pc and Y”: every b, by Lemma 3.1 with £/2 in place of ¢, and Lemma 4.11(c); AS"P:
b=1 (Lemma 4.11(a));
e max(1,Vy): b =1 (Lemma 4.10); P,: b = 1, because the proof of Lemma 3.3, with £/2
in place of € and & = 8, gives P(18°P < §) < (32000e 3 log!/?(1/8) + 4)4;
o U: for (a), U < (M./|no|)® gives PU > 5) < P(M, > s'/CE)) L P(|ng| < s~/ (2E)) <
ce s~/ CFe); for (b), U < TZ and Lemma 3.5 with r = r., T = T, and exponent 1 give
PU > s) < Ore, Ye,1) s71, where log C(re, Te, 1) < ce™ 15 because log((1 + 7.)/(1 —
) <log(12/e), 2r3 /(1 — r2)3 < 54e73 and Y. < 40/e.
By (4.5), D > x forces some factor of I3 to exceed (z/c.)*/®9!. Summing the eleven bounds gives
(a), the smallest exponent being 1/(2E.) (note E. > 72) and E. < 20e~!log(40/¢), and (b), all
exponents being at least 1 and the logarithms being absorbed by the margin 1/891 —1/900. O

Corollary 4.13. There are absolute constants ¢ > 0 and C' such that for x > e°
1 1/2
P(D >z) < Cexp(—c(&> )
loglog x

Proof. By [M, Theorem 7.13] there is an absolute Cy with P(7, < 1 +¢) < Coe 98/ for
0 < e < 1. With Theorem 4.12(a),

_ elogx )
356401log(40/e)/

Take ¢ = (loglog z/logz)'/2. For large z, log(40/¢) < loglogz, so the second term is at most

exp(cloglog z— (log z/ log log #)1/2/35640), and the first is Cy exp(—0.8(log #/ log log #)'/2). En-

large C' for the remaining x. O

P(D > ) < Coe 0¥/ 4 ce—¢ exp(

Remark 4.14. (1) The tail of D on {T, > 1+ £} rests on no unproved hypothesis: the small-
ball bound for the modulus gap is Theorem 4.6, and the weighted Rice formula is not needed.
(2) In (a) the constant is polynomial in 1/e and the exponent is of order ¢/log(1/¢); it comes
from Jensen’s bound for ¢/. In (b) the exponent does not depend on &, because the number
of zeros of ¢ in a disk of radius r. has super-exponential tails (Lemma 3.5), but log C. is of
order e~9M), (3) Whether P(D > x) has a power bound without the restriction T, > 1 + ¢ is
Question 5.2. By [M, Theorem 1.7] the limit points of n(A,, —T%) fill the interval [7. — W, 7.+ W],
so D >W = (2(Imu,)?)~!; a lower bound P(Imu, < g) > co?, which we expect but have not
proved, would give P(D > z) > ¢/2™!, so that no exponent above 1 is possible. (4) The exponents
1/900 and 1/(1782E.) come from the exponent 10 of Theorem 4.1 and a union bound over eleven
factors, and are not optimised.

5. REMARKS AND QUESTIONS

5.1. Rates. The exponents in Theorem 3.6, any a < % and any 0 < % at fixed ¢, do not
depend on g, but the constants are not polynomial in 1/e (Remark 3.7). By Remark 3.7 this
argument cannot give a fixed-t exponent above %; the limit is the degree of the explicit onset of
Theorem 2.6, through the vertex loss of Lemma, 2.4 near the edges +2 and the bulk constant. The
distortion of the outer factor has an e-independent small-ball exponent, uniformly in ¢t > 1+ ¢

(Proposition 3.9(b)), and the natural alternative deformation is no better (Remark 3.10).
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Question 5.1. (i) For the Gaussian power series, is there a rate n~® in Theorem 3.6 with
a > %0, or with constants polynomial in 1/e? The Monte Carlo exponents of Remark 3.7 are 0.4
to 0.82. (ii) Does Proposition 3.9(b) hold for every 5 < 1, uniformly in ¢ > 1+ &7 (iii) Is there
a deformation of a(® into a polynomial with the same zeros in I along which the minimum of
las| on the unit circle and the coefficient bound of as are controlled by powers of u, || and
C, whose exponents do not depend on €7 By Remark 3.10, any such deformation has circle
minimum at most minj,|—; |pin(w)|, a product over the zeros of a® in D.

5.2. The constant in the final collision. [M, Theorem 9.1] gives |A,, — 7| = O(1/n) with a
constant that depends on gq. By Theorem 4.1 this constant is bounded, when T, > 1+ ¢, by a
polynomial in condition parameters of ¢ with absolute degrees and coefficients polynomial in 1/¢,
and for Gaussian coefficients P(D > z, Ty > 1 +¢) < Coz~ /%0 (Theorem 4.12). The constant
C. is not polynomial in 1/e, and with a constant polynomial in 1/ we have only an exponent
of order ¢/ log(1/¢); so for D itself we obtain only P(D > x) < Cexp(—c(logz/loglogz)'/?)
(Corollary 4.13). By Remark 4.14(3), no bound better than 2~ can be expected.

Question 5.2. Does P(D > z) decay like a power of z for the Gaussian power series, without
the restriction Ty > 1+ &? By [M, Theorem 7.13] this would follow from Theorem 4.12(b) with
log C. = o(1/¢), or from Theorem 4.12(a) with an exponent bounded below. What is the true
exponent of P(D >z, T, > 1+4¢)?

STATEMENT ON THE USE OF Al

The proofs, computations and text of this paper were produced with Al systems from An-
thropic, OpenAlI and Google, directed by the author. The proofs were checked by independent
Al referee rounds; no human expert has yet read them.
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