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Abstract. Let hk be the orthonormal Hermite polynomials for the standard Gaussian weight,
and let a(w) =

∑
j≥0 ajw

j be a real power series with radius of convergence greater than 1,

a(0) ̸= 0, no zeros on the unit circle and only simple zeros in the unit disk. For all large n the
polynomial

∑n
j=0 ajhn−j has exactly as many nonreal zeros as a has in the disk, but the known

proof gives the onset by compactness. We make it explicit: if a has no zeros in {1−d ≤ |w| ≤ 1},
with d below an explicit threshold, the count is exact as soon as n exceeds a polynomial in 1/d
and in the inverses of |a(0)|, min|w|=1 |a|, min|w|=1−d |a| and min[−1+d,1−d] max(|a|, |a′|); no
separation of the nonreal zeros of a is needed. By an exact identity this applies to the random
Weyl polynomials Gn with independent standard Gaussian coefficients under the backward
heat flow Gn,t = exp(− t

2n
∂2
z )Gn, whose real-rooting time converges in distribution to T∗ = R−2

∗ ,

where R∗ is the smallest modulus of a nonreal zero of the Gaussian power series q(w) =
∑

j ηjw
j .

We show that the convergence holds with the rate n−α on [1+ε,∞) for every α < 3
50
, an exponent

that does not depend on ε; the dependence on ε is removed by a super-exponential tail for the
number of zeros of q in a disk. Under a coupling of the degrees that shares the top coefficients,
the real-rooting time Λn satisfies |Λn − T∗| ≤ K/n for n ≥ n0, with K and n0 depending on q.
We bound K and n0 by polynomials in condition parameters of q, with absolute degrees and,
when T∗ ≥ 1 + ε, coefficients polynomial in 1/ε. For the Gaussian power series this gives, on
the event {T∗ ≥ 1+ ε}, a power tail with exponent 1/900 for the largest scaled displacement D

of the final collision of zeros, and without restriction the tail bound exp(−c(log x/ log log x)1/2);
the inputs include closed forms of the two-point correlation functions of the zeros of q.

1. Introduction

1.1. Setting. This paper makes quantitative three results of the main paper [M], to which
we refer for background and notation. Let ξ0, ξ1, . . . be independent standard real Gaussian
variables, let Gn(z) =

∑n
k=0 ξk(

√
n z)k/

√
k! be the real Weyl polynomial of degree n, and let

Gn,t = exp(− t
2n∂

2
z )Gn, t ≥ 0, be its evolution under the backward heat flow. The set of times

at which Gn,t has only real zeros is an interval [Λstd
n ,∞), and Λstd

n is the real-rooting time.
Let η0, η1, . . . be independent standard real Gaussian variables, let q(w) =

∑
j≥0 ηjw

j be the

Gaussian power series, let R∗ be the smallest modulus of a nonreal zero of q in D = {|w| < 1},
and T∗ = R−2

∗ . By [M, Theorem 1.1], Λstd
n → T∗ in distribution; moreover, for every t > 1, the

number of nonreal zeros of Gn,t converges in distribution to the number of nonreal zeros of q

in {|w| < t−1/2}, and P(Gn,t has only real zeros) → P(T∗ ≤ t). (In [M] these statements are
proved for more general coefficients; here the coefficients are standard Gaussian whenever they
are random.) The proof goes through the reversed polynomials Pn,t of [M, (1.5)], which are built
from the coefficients of q and share them across all degrees; for each n, (Pn,t)t≥0 has the law of
(Gn,t)t≥0, and the real-rooting time Λn of Pn,t converges to T∗ almost surely [M, Theorem 1.5].
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The deterministic input is an exact count of nonreal zeros [M, Theorem 1.4]. Let hk =

Hek/
√
k! be the orthonormal polynomials for the standard Gaussian weight, and let a(w) =∑

j≥0 ajw
j be a real power series with radius of convergence greater than 1, a(0) ̸= 0, no zeros

on the unit circle and only simple zeros w1, . . . , wk in D. Then for every small ε > 0 there is n0
such that for n ≥ n0 all zeros of z 7→ Qn(

√
n z), where Qn =

∑n
j=0 ajhn−j , are simple; exactly

one of them lies within ε of each point wi + w−1
i , and it is real if and only if wi is real; and the

other n − k are real and lie in (−2 − ε, 2 + ε). In particular Qn has exactly as many nonreal

zeros as a has in D. By the identity [M, (1.6)], Pn,t(z) is, up to the factor tn/2 and the dilation

z 7→ z/
√
t, the polynomial Qn(

√
n ·) for the symbol a(t)(w) = q(w/

√
t), which has radius of

convergence
√
t > 1 when t > 1.

Both n0 in [M, Theorem 1.4] and the constants of the theorem on the final collision [M,
Theorem 9.1] are obtained by compactness. We bound them explicitly, and we draw two conse-
quences for the Gaussian case: a rate of convergence in [M, Theorem 1.1], and a tail bound for
the constant of the final collision.

1.2. An explicit onset.

Theorem 1.1 (An explicit onset). Let a(w) =
∑

j≥0 ajw
j be a real power series with |aj | ≤

C0R
−j
0 for all j ≥ 0, where R0 > 1, such that a(0) ̸= 0 and a has no zeros on the unit circle.

Let 0 < d ≤ 1
2 be such that a has no zero in {1 − d ≤ |w| ≤ 1} and the minimum νd of

max(|a(x)|, |a′(x)|) over x ∈ [−1 + d, 1− d] is positive. If d and n satisfy the explicit conditions
(i)–(iv) of Theorem 2.6, which hold for all large n once d is small enough, then the number of
nonreal zeros of Qn =

∑n
j=0 ajhn−j equals the number of nonreal zeros of a in D, both counted

with multiplicity, and all real zeros of Qn are simple.

This is Theorem 2.6. Condition (i) is d ≤ κ/
√
2, where κ depends only on C0, R0, min|w|=1 |a|

and the number of zeros of a in D. By Jensen’s formula (Lemma 2.2(b)), (ii)–(iv) hold as soon
as n exceeds a polynomial in 1/d and in the inverses of |a(0)|, min|w|=1 |a|, min|w|=1−d |a| and
νd, with exponents depending only on R0. No separation of the nonreal zeros of a is needed, and
they need not be simple. Theorem 2.7 adds the localisation of [M, Theorem 1.4], with an onset
that depends also on the minimum of |a| away from its zeros (Remark 2.8). An explicit onset
is needed when the symbol depends on n, as in [C], or is random, as in Theorems 1.2 and 1.3
below.

1.3. A rate of convergence.

Theorem 1.2 (A rate of convergence). Let the coefficients be standard Gaussian. For every
ε ∈ (0, 1] and every α ∈ (0, 3

50) there is a constant Cε,α <∞ such that for all n ≥ 2

sup
t≥1+ε

∣∣P(Λstd
n ≤ t)− P(T∗ ≤ t)

∣∣ ≤ Cε,α n
−α.

Theorem 1.2 is part of Theorem 3.6, which also gives a rate n−θ, θ < 1
10 , at each fixed t > 1,

for the probability that Gn,t has only real zeros and for the law of the number of its nonreal zeros.
It rests on Theorem 1.1 and on a bound for the number of zeros of q in a disk (Lemma 3.5),
which makes the exponent independent of ε. The exponent is far from optimal (Remark 3.7),
and we have no rate uniform in t > 1.

1.4. Explicit constants and the tail of the collision constant. Let q(w) =
∑

j ηjw
j now

be a deterministic real power series that satisfies the conditions (G1)–(G3) of [M, Section 9]:
q(0) ̸= 0, the nonreal zeros of q of minimal modulus R∗ inside its disk of convergence are one
simple conjugate pair u∗ = R∗e

iθ∗ , ū∗, with 0 < θ∗ < π, q has no real zero of modulus R∗, and
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its real zeros of smaller modulus are simple. Let T∗ = R−2
∗ , and let Pn,t and Λn be built from

the coefficients of q as above. By [M, Theorem 9.1] there are δ > 0, K <∞ and n0 such that for
n ≥ n0: |Λn − T∗| ≤ K/n; all zeros of Pn,Λn are real, and exactly one of them, zn, is multiple,
with |zn − 2R−1

∗ cos θ∗| ≤ K/n; for T∗ − δ ≤ t < Λn the polynomial Pn,t has exactly two nonreal
zeros; and Λn is the only t ≥ T∗ − δ at which Pn,t has a multiple zero. For the Gaussian power
series (G1)–(G3) hold almost surely [M, Corollary 9.14], so that the largest scaled displacement
of the collision,

D = sup
n≥1

n
(
|Λn − T∗|+ |zn − 2R−1

∗ cos θ∗|
)
,

where for n < n0 the point zn is chosen by the fixed rule of [M, Section 9.6], is finite almost
surely. Through the coupling of the proof of [M, Corollary 9.16], the tail of D controls the

tightness of n(Λstd
n − T̃∗,n) for the Weyl polynomials, where T̃∗,n has the law of T∗.

Theorem 1.3 (Explicit constants and the tail of D). (a) Let 0 < ε ≤ 1, and let q satisfy

(G1)–(G3), with radius of convergence at least 1, T∗ ≥ 1+ε, supj |ηj |(1+ε/2)−j/4 <∞,

and no multiple zero in [−rc, rc], rc = (1 + ε/2)−1/2. Then the conclusions of [M,
Theorem 9.1] hold with δ, K and n0 such that

δ−1 ≤ 6ε−1Π, K ≤ cεΠ
5/2, n0 ≤ cεΠ

10,

where cε ≤ c ε−c with an absolute constant c, and Π is the product of nine factors, each
at least 1, built from condition parameters of q: the maxima of 1 and the inverses of
|u∗q′(u∗)|, of sin θ∗, of the distance g from R∗ to the moduli of the other zeros of q, of
the minimum of |q| on an annulus about the circle {|u| = R∗} away from u∗ and ū∗,
of the minimum of max(|q|, |q′|) on [−rc, rc] and of |q(0)|; the maximum of 1 and the

coefficient bound supj |ηj |(1+ε/2)−j/4; T∗; and a factor that is exponential in the number
of zeros of q in {|u| ≤ rc}. The precise definition of Π is given in Section 4.1.

(b) Let q be the Gaussian power series. There is an absolute constant c such that for all
0 < ε ≤ 1 and x ≥ 1

P(D > x, T∗ ≥ 1 + ε) ≤ c ε−cx−βε with βε ≥
ε

35640 log(40/ε)
,

and P(D > x, T∗ ≥ 1 + ε) ≤ Cε x
−1/900, where logCε ≤ c ε−c.

(c) There are absolute constants c > 0 and C such that for the Gaussian power series and
all x ≥ ee

P(D > x) ≤ C exp
(
−c

( log x

log log x

)1/2)
.

Part (a) is Theorem 4.1, part (b) is Theorem 4.12, and part (c) is Corollary 4.13. In (a) the
exponents are absolute; the factor exponential in the number of zeros is kept as a parameter
because for random q it can be bounded either by Jensen’s formula, which gives the exponent βε
of order ε/ log(1/ε) in (b), or through the number of zeros of q in a disk, which gives the exponent
1/900, independent of ε, but a constant Cε that is not polynomial in 1/ε. The proof of (b) uses
closed forms of the two-point correlation functions of the zeros of q (Proposition 4.5), which
give a small-ball bound for the gap g between R∗ and the other moduli of zeros (Theorem 4.6).
Part (c) combines the first bound of (b) with the bound for P(T∗ < 1+ ε) that follows from [M,
Theorem 7.13]. Whether P(D > x) decays like a power of x is open (Question 5.2); a small-ball
lower bound for Imu∗, which we expect but have not proved, would exclude exponents above 1
(Remark 4.14(3)).
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1.5. Ideas of the proofs. The explicit onset (Section 2). The proof of [M, Theorem 1.4]
deforms a, through as(w) = pin(w) pout(sw), s ∈ [0, 1], into the polynomial pin with the same
zeros in D, and excludes real double zeros along the way by a bulk estimate: in the bulk,
(Qn, Q

′
n/

√
n) is a 2×2 matrix, built from O(log n) steps of the backward three-term recurrence,

applied to (hn, hn−1), plus a tail controlled by a Christoffel–Darboux bound. Each step of that
estimate has explicit constants once the coefficient bound of as and the minimum of |as| on the
unit circle are controlled uniformly in s. Lemma 2.2 controls both: the coefficients of as are
bounded by a constant times Υk, and |as| ≥ d(a) |a| on the closed unit disk, where the distortion
d(a) of the outer factor pout is at least min|w|=1 |a| times Υ−k divided by a coefficient bound;
here Υ depends only on R0, and Jensen’s formula bounds the number k of zeros of a in D. In
the exterior we compare Qn(

√
n ·)/hn(

√
n ·), as a function of w with z = w+w−1, with a on the

single circle {|w| = 1 − d}, and inside it we pass from a to this function by a linear homotopy,
along which real double zeros are excluded by νd; this is why no separation of the zeros of a
enters.

The rate (Section 3). For the random symbol a(t) = q(·/
√
t), each parameter in the conditions

of Theorem 1.1 has a polynomial small-ball bound, uniformly in t ≥ 1 + ε: the coefficient
bound, the minimum of |q| on a circle, the near-double real zeros and the zeros near the circle

(Lemmas 3.1–3.4). The factor exponential in the number of zeros of a(t) in D would cost, through
Jensen’s formula, an exponent of order ε/ log(1/ε); instead we use that the number of zeros of
q in a disk has super-exponential tails (Lemma 3.5). Large times are handled by the tail of T∗.

Explicit constants and the tail of D (Section 4). Each compactness step of the proof of [M,
Theorem 9.1] can be made explicit, and Theorem 2.6 replaces [M, Theorem 1.4] at the two times
T∗ ± δ. This bounds δ−1, K and n0 by powers of Π, times powers of 1/ε. For the Gaussian
power series each factor of Π has a power tail on {T∗ ≥ 1 + ε}. For the modulus gap g this is
a first-moment bound over pairs of zeros: the two-point correlation functions, which we write
in closed form through the Gaussian regression on the zeros, are at most the products of the
one-point intensities. The factor exponential in the number of zeros is bounded through the
super-exponential tail of that number, as in the proof of Theorem 1.2.

1.6. Related work. For the literature on zeros of linear combinations of orthogonal polynomi-
als, on the heat flow of random polynomials and on the de Bruijn–Newman constant we refer
to the introduction of [M]. Times t = tn that tend to 1 are the subject of [B], and symbols that
depend on n, varying weights and the Laguerre flow that of [C]. The one-point intensities of
the zeros of the Gaussian power series go back to Kac [5] for the real zeros, and the correlation
functions are Pfaffians, by Matsumoto and Shirai [7] and, for the mixed correlations of real and
nonreal zeros, by Forrester [3]. We need only the two-point functions, which we write in closed
form (Proposition 4.5), and the Rice formulas of Azäıs and Wschebor [2].

1.7. Organisation. Section 2 proves Theorem 1.1 (Theorem 2.6) and its form with localisation
(Theorem 2.7). Section 3 proves Theorem 1.2 (Theorem 3.6) and bounds the distortion of the
outer factor for the random symbol (Proposition 3.9). Section 4 proves Theorem 1.3: the explicit
constants in Section 4.1, the two-point functions and the modulus gap in Section 4.2, small-ball
bounds at the collision in Section 4.3, and the tail of D in Section 4.4. Section 5 contains remarks
and open questions.

2. An explicit onset for the exact count

The proof of [M, Theorem 1.4] in [M, Section 6] obtains n0 by compactness. To make it
explicit, we control the deformation as(w) = pin(w) pout(sw) of that proof through the zeros of
a in D (Lemma 2.2), and we treat the exterior with one circle and one real segment instead of
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the disks about the points ζi = wi + w−1
i used there, so that the count needs no separation of

the zeros.

Definition 2.1 (Condition parameters). For C0 <∞ and R0 > 1 let S(C0, R0) be the set of real

power series a(w) =
∑

j≥0 ajw
j with |aj | ≤ C0R

−j
0 for all j ≥ 0, and put Qn[a] =

∑n
j=0 ajhn−j .

For a ∈ S(C0, R0) and 0 < d ≤ 1
2 let

α = |a(0)|, µ = min
|w|=1

|a(w)|, µd = min
|w|=1−d

|a(w)|, νd = min
x∈[−1+d,1−d]

max
(
|a(x)|, |a′(x)|

)
,

and let w1, . . . , wk be the zeros of a in D, repeated according to multiplicity. Finally let

R1 = R
1/2
0 , M =

C0

1−R
−1/2
0

, Υ =
R1 + 1

R1 − 1
, E =

logΥ

logR1
.

Thus |a| ≤M on {|w| = R1}, and Υ and E depend only on R0.

Lemma 2.2 (Structure of a symbol). Let a ∈ S(C0, R0) with α > 0 and µ > 0. Let pin(w) =

a(0)
∏k

i=1(1− w/wi), pout = a/pin and G = α/
∏

i |wi|.
(a) |wi| ≥ ra := α/(2C0) and 1− |wi| ≥ da := µR0(1−R−1

0 )2/C0 for every i.

(b) k logR1 ≤ log(M/α); hence Υk ≤ (M/α)E.
(c) pout is analytic in {|w| < R0} and has no zeros in D, and

d(a) :=
minD |pout|
maxD |pout|

≥ µ

M

(R1 − 1

2

)k
≥ d0 :=

µ

M
Υ−k.

(d) For s ∈ [0, 1] let as(w) = pin(w) pout(sw). Then as ∈ S(MΥk, R1), the coefficients of
as are polynomials in s, as(0) = a(0), a1 = a, and for s = 0 the series as is the real
polynomial pin of degree k. The zeros of as in D are w1, . . . , wk, and |as(w)| ≥ d(a) |a(w)|
for |w| ≤ 1.

Proof. (a) If a(wi) = 0, then α ≤
∑

j≥1C0x
j = C0x/(1 − x) with x = |wi|/R0, so |wi| ≥

R0α/(C0 + α) ≥ α/(2C0), as α ≤ C0. With u = wi/|wi| we have µ ≤ |a(u) − a(wi)| ≤
(1− |wi|)maxD |a′|, and maxD |a′| ≤

∑
j jC0R

−j
0 = C0R

−1
0 (1−R−1

0 )−2.

(b) By Jensen’s formula,
∑

log(R1/|z|) ≤ log(M/α), the sum over the zeros z of a in {|w| <
R1}, and each wi contributes at least logR1. Since M ≥ α, Υk ≤ (M/α)E .

(c) The singularities of pout at the wi are removable. On |w| = 1, |pin(w)| = G
∏

i |w − wi| ≤
G2k, so |pout| ≥ µ/(G2k) there, and on D by the minimum modulus principle. On |u| = R1,
|pin(u)| ≥ G(R1 − 1)k and |a(u)| ≤ M , so maxD |pout| ≤ max|u|≤R1

|pout| ≤ M/(G(R1 − 1)k) by

the maximum principle. Dividing, G cancels; and (R1 − 1)/2 ≥ (R1 − 1)/(R1 + 1) = Υ−1.
(d) On |w| = R1, |pin(w)| ≤ G(1+R1)

k and |pout(sw)| ≤M/(G(R1−1)k), so |as(w)| ≤MΥk;
use Cauchy’s estimates. For |w| ≤ 1, pout(sw) ̸= 0 and as(w) = a(w) pout(sw)/pout(w). □

The next three lemmas are quantitative forms of [M, Proposition 4.3], of [M, Proposition 5.1]
on a disk, and of [M, Lemma 2.6].

Lemma 2.3 (Explicit bulk estimate). Let R > 1, µS > 0, and let (as)s∈S be a family in S(C,R)
such that |as(w)| ≥ µS for all s ∈ S and |w| = 1. Put ϑ = R−1/2 and

κ = min
{
1, 1

2 logR,
µSR(1− ϑ)2

6C

}
, Γ =

8CR1/2

(1− ϑ)2
,

Mn =
⌈2 logn
logR

⌉
, DH =

C(198/κ+ 4Mn + 8)

(1− ϑ)4
.
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If n ≥ 2 satisfies

(2.1)

n ≥ (Mn + 2)2

κ
, n ≥ DH , n ≥ 8(2Γ + 1)DH

µ2S
,

n3/2 ≥ 37(Γ + 1)C

(1−R−2)1/2µ2S
,

then for all s ∈ S and all real x with |x| ≤ 2
√
n coshκ,

Qn[as](x)
2 +

Qn[as]
′(x)2

n
≥ c2

(
hn(x)

2 + hn−1(x)
2
)
, c =

µ2S
16(Γ + 1)

.

Proof. We follow the proof of [M, Proposition 4.3], with L = 2 coshκ and κ0 = 1
2 logR, so that

eκ0/R = ϑ and κ ≤ κ0.
The limit matrix. By [M, Lemma 4.2] with κ0, detHas(z) ≥ µ2S for |z| ≤ 2, and detHas(z) =

as(w)as(w
−1) for 2 < |z| ≤ L, z = w + w−1, w real, e−κ ≤ |w| < 1. Since max|u|≤eκ0 |a′s(u)| ≤

C
∑

j jR
−je(j−1)κ0 = CR−1(1− ϑ)−2, for real v with e−κ ≤ |v| ≤ eκ and ς = sign v,

|as(v)− as(ς)| ≤ (eκ − 1)CR−1(1− ϑ)−2 ≤ eκCR−1(1− ϑ)−2 ≤ e
6 µS <

1
2µS .

As as(ς) is real with |as(ς)| ≥ µS , the real numbers as(w) and as(w
−1) have the sign of as(ς)

and modulus at least µS/2. So detHas ≥ µ2S/4 on [−L,L]. By [M, Lemma 3.3], ∥Gj(z)∥ ≤
4(j + 2)e(j+1)κ, so ∥Has(z)∥ ≤ 4Ceκ

∑
j(j + 2)ϑj ≤ Γ for |z| ≤ L.

The head. The first condition gives (Mn+2)2 ≤ κn with κ ≤ 1. So for j ≤Mn [M, Lemma 3.4],
with c1 = 15/κ, bounds the sum of the absolute values of the entries of the first row ofGn,j−Gj by
c1(j+1)3ejκ/n (part (a)) and that of the second row by (c1+3)(j+1)3ejκ/n (part (b)). Bounding
the operator norm by the sum of the absolute values of the entries, ∥Gn,j(z)−Gj(z)∥ ≤ (2c1 +

3)(j + 1)3ejκ/n ≤ (33/κ)(j + 1)3ejκ/n. For j ≥ 2, [M, Lemma 2.5] gives |Aj | ≤ (j − 1)e(j−2)κ,

|Bj |, |Aj+1| ≤ je(j−1)κ and |Bj+1| ≤ (j + 1)ejκ, so ∥Gj(z)∥ ≤ 4(j + 1)ejκ. With eκ/R ≤ ϑ,
ϑMn ≤ 1/n,

∑
j(j + 1)3ϑj ≤ 6(1− ϑ)−4 and

∑
j>M (j + 1)ϑj ≤ (M + 2)ϑM+1(1− ϑ)−2,

∥Hn,Mn [as](z)−Has(z)∥ ≤ 33C

κn

∑
j≥0

(j + 1)3ϑj + 4C
∑
j>Mn

(j + 1)ϑj ≤ DH

n
=: δn

for |z| ≤ L. The second and third conditions give δn ≤ 1 and δn(2Γ + 1) ≤ µ2S/8. As in the
proof of [M, Proposition 4.3], detHn,Mn [as](z) ≥ µ2S/8, ∥Hn,Mn [as](z)∥ ≤ Γ + 1, and hence
smin(Hn,Mn [as](z)) ≥ 2c.

The tail. The tail estimate in the proof of [M, Proposition 4.3] holds with

εn =
√
2C(1−R−2)−1/2R−Mn

√
n(1 + L/2) ≤ 2.3C(1−R−2)−1/2n−3/2,

since R−Mn = ϑ2Mn ≤ n−2 and 1 + L/2 ≤ 1 + cosh 1 < 2.55. So εn ≤ c by the last condition,
and by [M, (4.1)] the norm of the vector with entries Qn[as](x) and Qn[as]

′(x)/
√
n is at least

(2c− εn)∥vn(x)∥ ≥ c∥vn(x)∥. □

Lemma 2.4 (Exterior error on a disk). Let a ∈ S(C,R) with R > 1. For 0 < |w| < 1
let φn(w) = Fn(J (w)), where J (w) = w + w−1 and Fn = Qn[a](

√
n ·)/hn(

√
n ·). Then φn

extends analytically to D, with φn(0) = a(0) and φn(w̄) = φn(w). For 0 < d < 1 the function
Xn = φn − a satisfies

sup
|w|≤1−d

|Xn(w)| ≤
2
√
2C

(1−R−2)1/2d7/2n
, sup

|x|≤1−d
|X ′

n(x)| ≤
64C

(1−R−2)1/2d9/2n
,

the second supremum over real x.
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Proof. The polynomials Qn[a](
√
n ·) and hn(

√
n ·) have degree n, their leading coefficients have

ratio a(0), and the zeros of the second lie in (−2, 2) ([M, Lemma 2.4]). So φn is analytic on
D \ {0} and tends to a(0) at 0; real coefficients give the symmetry. Let ρ = 1− d and apply the
last display of the proof of [M, Proposition 5.1] on the curve J ({|w| = ρ}), which has distance
at least (1 − ρ)2/ρ from [−2, 2] by [M, (5.2)] and on which |r| = ρ. Since

∑
m≥1m

2ρ2m =

ρ2(1 + ρ2)(1 − ρ2)−3 ≤ 2ρ2d−3, this gives |Xn| ≤ 2C(1 − R−2)−1/2ρd−2 ·
√
2 ρd−3/2n−1 on

|w| = ρ, and the maximum principle extends the bound to |w| ≤ ρ. For real |x| ≤ 1− d the disk
of radius d/2 about x lies in {|w| ≤ 1− d/2}, and Cauchy’s estimate gives the second bound, as

2 · 2
√
2 · 27/2 = 64. □

Lemma 2.5 (Constancy in a symmetric domain). Let Ω be a bounded Jordan domain, symmetric
about R, such that Ω ∩ R is an open interval I, and let U be a neighbourhood of Ω, symmetric
about R. For s ∈ [0, 1] let fs be analytic on U with fs(w̄) = fs(w), such that (s, w) 7→ fs(w) is
continuous on [0, 1]× U . If, for every s, fs has no zero on ∂Ω and every real zero of fs in I is
simple, then the number of nonreal zeros of fs in Ω, counted with multiplicity, does not depend
on s.

Proof. The number of zeros in Ω is constant by the argument principle. The number of real
zeros in I is locally constant by the proof of [M, Lemma 2.6], with [−ϱ, ϱ] replaced by I, whose
endpoints lie on ∂Ω, where fs0 ̸= 0. □

Theorem 2.6 (An explicit onset for the nonreal count). Let a ∈ S(C0, R0) with α > 0 and
µ > 0, and let 0 < d ≤ 1

2 be such that a has no zero in {1 − d ≤ |w| ≤ 1}, µd > 0 and νd > 0.

Put C ′
0 = M Υk and µ′ = d0 µ, and let κ, Γ, Mn and DH be the constants of Lemma 2.3 for

C = C ′
0, R = R1 and µS = µ′; thus κ = min{1, 14 logR0, µ

′R
1/2
0 (1−ϑ0)2/(6C ′

0)} with ϑ0 = R
−1/4
0 .

Suppose that (i) d ≤ κ/
√
2, and that n ≥ 2 satisfies

(ii) n ≥ k, and (2.1) holds for these constants;

(iii) n > 2
√
2C ′

0(1−R−1
0 )−1/2d−7/2/(d0µd);

(iv) n > 64C0(1−R−2
0 )−1/2d−9/2/νd.

Then the number of nonreal zeros of Qn[a] equals the number of nonreal zeros of a in D, both
counted with multiplicity, and all real zeros of Qn[a] are simple. Every zero z of Qn[a](

√
n ·)

that is not of the form J (w) with |w| < 1− d is real and lies in (−2− 2d2, 2 + 2d2).

Size of the onset. By Lemma 2.2(b), Υk ≤ (M/α)E , so all conditions are polynomial in
1/µ, 1/α, 1/µd, 1/νd and 1/d, with exponents depending on R0 only through E. For instance,
normalising C0 = 1 (the conclusion is invariant under a 7→ λa) and taking d of order µ2Υ−2k,
the largest value allowed by (i), conditions (iii) and (iv) read n > CΥ9kµ−8µ−1

d and n >

CΥ9kµ−9ν−1
d , with C depending only on R0. Neither the separation of the nonreal zeros of a nor

|a′| at its zeros enters. Real zeros enter through νd: if x1 < x2 are real zeros of a in [−1+d, 1−d],
then νd ≤ 1

2(x2 − x1)
2max[x1,x2] |a′′| by Rolle’s theorem. For the symbols a = q(·/

√
t) of [M,

(1.6)] with independent standard Gaussian coefficients ηj , νd has a polynomial small-ball bound
(Lemma 3.3).

Proof of Theorem 2.6. Let ρ0 = 1 − d, let Ωin be the interior of the ellipse J ({|w| = ρ0}), and
Ωout = C \Ωin = J ({0 < |w| < ρ0}); then Ωin ∩R = (−b, b) with b = ρ0 + ρ−1

0 ≤ 2+ 2d2. Let as
be as in Lemma 2.2(d), Q̂n,s = Qn[as](

√
n ·), and φn,s, Xn,s = φn,s − as as in Lemma 2.4 for as.

Step 1: the exterior count along the deformation. The zeros of a in D lie in {|w| < ρ0}, so
by Lemma 2.2(d) as has exactly k zeros there, and |as| ≥ d0µd on |w| = ρ0. Lemma 2.4 for
as ∈ S(C ′

0, R1), where 1−R−2
1 = 1−R−1

0 , and (iii) give |Xn,s| < |as| on |w| = ρ0. By Rouché’s
theorem φn,s has exactly k zeros in {|w| < ρ0} and none on its boundary. As φn,s(0) ̸= 0, J



8 B. BAGGINS

maps {0 < |w| < ρ0} conformally onto Ωout and hn(
√
n ·) has no zeros off [−2, 2], Q̂n,s has no

zero on ∂Ωin, k zeros in Ωout and n− k in Ωin.
Step 2: the bulk. By Lemma 2.2(d), min|w|=1 |as| ≥ d0µ = µ′. Lemma 2.3 with C = C ′

0,

R = R1 and µS = µ′, whose conditions are (ii), shows that Q̂n,s has no real multiple zero in
[−L,L], L = 2 coshκ. By (i), b− 2 ≤ 2d2 ≤ κ2 ≤ L− 2, so (−b, b) ⊂ [−L,L].

Step 3: the interior. By Steps 1–2 and Lemma 2.5 with Ω = Ωin, the number of nonreal zeros

of Q̂n,s in Ωin does not depend on s. For s = 0, as = pin has degree k ≤ n and pin(0) ̸= 0, so by

[M, Lemma 2.7] Q̂n,0 has at least n− k distinct real zeros in (−2, 2) ⊂ Ωin; by Step 1 these are

all its zeros in Ωin. Hence all zeros of Q̂n,1 = Qn[a](
√
n ·) in Ωin are real, and they are simple

by Step 2.
Step 4: the exterior. Let X = Xn,1. Lemma 2.4 for a ∈ S(C0, R0) and (iv) give |X(x)| < νd

and |X ′(x)| < νd for real |x| ≤ ρ0; and, as C0 ≤ C ′
0, d0 ≤ 1 and 1 − R−2

0 ≥ 1 − R−1
0 , (iii) gives

|X| < µd ≤ |a| on |w| = ρ0. Let fλ = a + λX, λ ∈ [0, 1]; it satisfies fλ(w̄) = fλ(w) and has no
zero on |w| = ρ0. If fλ(x) = f ′λ(x) = 0 for some real |x| < ρ0, then |a(x)| = λ|X(x)| < νd and
|a′(x)| < νd, contrary to the definition of νd. So by Lemma 2.5 on {|w| < ρ0} the number of
nonreal zeros of fλ there does not depend on λ. For λ = 0 it is the number of nonreal zeros of a
in D. For λ = 1, f1 = φn, and it is the number of nonreal zeros of Qn[a](

√
n ·) in Ωout, because

J maps the nonreal points of {0 < |w| < ρ0} onto those of Ωout, as ImJ (w) = Imw (1−|w|−2).
The real zeros of φn in (−ρ0, ρ0) are simple, and hence so are the real zeros of Qn[a](

√
n ·) in

Ωout. With Steps 1 and 3 this proves the theorem. □

Theorem 2.7 (The exact count with an explicit onset). Let a ∈ S(C0, R0) be admissible, with
the notation of Lemma 2.2 and Theorem 2.6. Let σ be the smallest distance between distinct
zeros of a in D (σ = 1 if k ≤ 1), and for ρ > 0 let m(ρ) be the minimum of |a(w)| over the w
with |w| ≤ 1 and |w − wi| ≥ ρ for all i. Put δ′0 = damin(da, σ/2) and β = 1 + 16C2

0/α
2. Let

0 < ε ≤ δ′0/3, and let

ρ = min
{σ
3
,
da
3
,
ra
2
,
ε

β

}
, d = min

{1

2
,
da
3
,
κ√
2
,
√
ε/2

}
.

If n satisfies (ii) of Theorem 2.6 and

n >
2
√
2C ′

0

(1−R−1
0 )1/2 d7/2 d0m(ρ)

,

then all zeros of Qn(
√
n ·) are simple, and the conclusions (a) and (b) of [M, Theorem 1.4] hold

for this ε.

Since m(ρ) ≥ µ2−kρ(σ/2)k−1 (Remark 2.8), the onset is also polynomial in 1/ε.

Proof. By Lemma 2.2(a), |wi| ≤ 1− da < 1− d, and the points of {|w| = 1− d} have distance at
least da − d ≥ ρ from the zeros. So µd ≥ m(ρ), the displayed condition implies (iii), and Steps
1–3 of the proof of Theorem 2.6 apply: Qn(

√
n ·) has k zeros in Ωout, and its other n− k zeros

are real, simple and lie in (−b, b) ⊂ (−2− ε, 2 + ε), as 2d2 ≤ ε. The disks Bi = {|w − wi| ≤ ρ}
are disjoint, as ρ ≤ σ/3; they lie in {|w| < 1− d}, as |wi|+ ρ ≤ 1− 2

3da; they do not meet R if
wi /∈ R, as | Imwi| ≥ σ/2, and are symmetric about R if wi ∈ R. Since |a| ≥ m(ρ) > |φn − a| on
{|w| ≤ 1 − d} \

⋃
i intBi (Lemma 2.4), Rouché’s theorem gives exactly one zero of φn in each

intBi, real if and only if wi is real, and no other zero in {|w| < 1 − d}. On Bi, |w| ≥ ra/2,
so |J ′(w)| = |1 − w−2| ≤ β and J (intBi) ⊂ {|z − ζi| < βρ ≤ ε}. Finally, by [M, (5.2)],
dist(ζi, [−2, 2]) ≥ d2a, and for i ̸= i′ and nonreal ζi

|ζi − ζi′ | = |wi − wi′ |
|1− wiwi′ |
|wiwi′ |

≥ σda, | Im ζi| = | Imwi|
1− |wi|2

|wi|2
≥ σda

2
.
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These are all at least δ′0 ≥ 3ε, so the disks {|z − ζi| < ε} are disjoint from each other and from
(−2− ε, 2 + ε), and from R when ζi /∈ R. This gives (a) and (b) of [M, Theorem 1.4]. □

Remark 2.8 (The depthm(ρ)). If ρ ≤ σ/2, at most one wi lies within σ/2 of a point w that enters
m(ρ), so |pin(w)| ≥ Gρ(σ/2)k−1, and the proof of Lemma 2.2(c) gives m(ρ) ≥ µ2−kρ(σ/2)k−1.
There is no lower bound polynomial in µ, α, σ, ρ: for k ≥ 2 and 0 < r ≤ 1

4 , a(w) = C0(
2

3R0
)k
(
(w−

1
2)

k − rk
)
lies in S(C0, R0), since

(
k
j

)
2j−k ≤ (32)

k; α and µ lie in [12 , 2] · C0(3R0)
−k for every

r; and σ = 2r sin(π/k) ∈ [4r/k, 2πr/k]. With ρ = r/k, the point 1
2 + r + ρ gives m(ρ) ≤

4ek αρ (kσ/2)k−1 = O(σk) as r ↓ 0, for every fixed k. So an onset obtained by comparing
|φn − a| with |a| near the zeros depends on m(ρ), not only on µ, α, σ. Whether the true onset
is that large is not known; it would need a lower bound for |Xn| near the cluster.

3. A rate of convergence

For Gaussian coefficients Theorem 2.6 gives a rate of convergence in [M, Theorem 1.1] for

t ≥ 1 + ε, once the condition parameters of the symbol a(t) = q(·/
√
t) of [M, (1.6)] have small-

ball bounds uniform in t. As in [M], we work with the polynomials Pn,t of [M, (1.5)], built from
the coefficients of q, and with their real-rooting time Λn ([M, Theorem 1.5]). We use the notation
of Section 2: the class S(C0, R0), the parameters α, µ, µd, νd and the constants R1,M,Υ, E of
Definition 2.1, the number k of zeros of the symbol in D, the bound d0 of Lemma 2.2, and
the quantities C ′

0, µ
′, κ, ϑ0,Mn and conditions (i)–(iv) of Theorem 2.6. In this section q is the

Gaussian power series [M, (1.3)], 0 < ε ≤ 1, r1 = (1 + ε)−1/2 and r2 = 1
2(1 + r1). By concavity,

1 − r1 ≥ (1 − 2−1/2)ε ≥ ε/4, so 1 − r2 ≥ ε/8. For t ≥ 1 + ε the zeros of a(t) in D are
√
t times

the zeros of q in {|u| ≤ t−1/2} ⊂ {|u| ≤ r1}. Put ℓδ = log(1/δ) and

Yi = sup
|u|≤r2

|q(i)(u)| ≤ Si :=
∑
j≥i

j!

(j − i)!
|ηj | rj−i

2 (i = 1, 2).

If S =
∑

j cj |ηj | with cj ≥ 0, then P(S > ES + y) ≤ exp(−y2/(2
∑

j c
2
j )) for y ≥ 0: indeed

Eeλ|ηj | = 2eλ
2/2Φ(λ) ≤ eλE|ηj |+λ2/2 for λ ≥ 0, by the concavity of log Φ, where Φ is the standard

normal distribution function. Here ES1 =
√

2/π (1− r2)
−2 ≤ 52ε−2,

∑
j j

2r2j−2
2 = (1 + r22)(1−

r22)
−3 ≤ 2(1 − r2)

−3, ES2 = 2
√

2/π (1 − r2)
−3 ≤ 818ε−3 and

∑
j j

2(j − 1)2r2j−4
2 = 4(1 + 4r22 +

r42)(1− r22)
−5 ≤ 24(1− r2)

−5. Hence, for 0 < δ ≤ e−1,

(3.1) P
(
Yi > yi(δ)

)
≤ δ, y1(δ) =

52 + 46 ℓ
1/2
δ

ε2
, y2(δ) =

818 + 1255 ℓ
1/2
δ

ε3
.

Lemma 3.1 (Coefficients). Let λε = (1 + ε)1/4 and Cq = supj |ηj |λ
−j
ε . Then a(t) ∈ S(Cq, λε)

for every t ≥ 1 + ε, P(Cq > x) ≤ (7/ε)e−x2/2 for x ≥ 1, and P(|η0| < δ) ≤ δ for δ > 0.

Proof. For t ≥ 1 + ε, |ηj |t−j/2 ≤ |ηj |λ−2j
ε ≤ Cqλ

−j
ε . For x ≥ 1, P(|ηj | > xλjε) ≤ e−x2λ2j

ε /2 ≤
e−x2/2λ−j

ε , since λ2jε − 1 ≥ 2j log λε. Summing over j gives e−x2/2/(1 − λ−1
ε ), and 1 − λ−1

ε ≥
(1− 2−1/4)ε ≥ ε/7 by concavity in ε. □

Lemma 3.2 (Small values on a circle). For 0 < r ≤ r1 and 0 < δ ≤ e−1,

P
(
min
|u|=r

|q(u)| < δ
)
≤ 7000

ε2r
δ ℓ

3/2
δ .

Proof. Let y = y1(δ), N = ⌈2πy/δ⌉ and θk = 2πk/N . On {Y1 ≤ y}, | ddθq(re
iθ)| ≤ y, so if |q| < δ

somewhere on the circle, then |q(reiθk)| < 2δ for some k. Let u = reiθ. From E|q(u)|2 = (1−r2)−1
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and Eq(u)2 = (1−u2)−1 we get VarRe q(u) = 1
2

(
(1−r2)−1+Re(1−u2)−1

)
≥ 1

2 , as Re(1−u
2) > 0,

and

detCov
(
Re q(u), Im q(u)

)
=

1

4

( 1

(1− r2)2
− 1

|1− u2|2
)
=

r2 sin2 θ

(1− r2)2|1− u2|2
.

So P(|q(u)| < 2δ) is at most 4δ/
√
π, and also at most 4πδ2(1 − r2)|1 − u2|/(2πr| sin θ|) ≤

4δ2/(r| sin θ|). We use the first bound at the at most Nδ + 4 points θk with | sin θk| < δ, and
the second at the others, for which

∑
k | sin θk|−1 ≤ 4/δ + (2N/π) log(2/δ). With Nδ ≤ 2πy + 1

and r ≤ 1,

P
(
min
|u|=r

|q| < δ
)
≤ δ +

4δ(2πy + 5)√
π

+
16δ

r
+

8δ(2πy + 1)

πr
log

2

δ
≤ δ

[
1 +

(2πy + 5)(6 + 3 log 2
δ )

r

]
,

and 2πy + 5 ≤ 621 ℓ
1/2
δ ε−2 and 6 + 3 log(2/δ) ≤ 11.1 ℓδ by (3.1) and ℓδ ≥ 1. □

Lemma 3.3 (Near-double real zeros). Let t ≥ 1 + ε and 0 < d ≤ 1
2 , and let νd(t) be the

parameter νd of Definition 2.1 for a(t). For 0 < δ ≤ e−1,

P
(
νd(t) < δ

)
≤

(
4000 ε−3ℓ

1/2
δ + 4t

)
δ.

Proof. We may assume δt < 1
4 , since otherwise the bound exceeds 1. If νd(t) < δ, there is a real

u with |u| ≤ r1, |q(u)| < δ and |q′(u)| < δ′ := δ
√
t. Let y = y2(δ) and take a grid in [−r1, r1]

of spacing δ′/y, with at most 2y/δ′ + 1 points. On {Y2 ≤ y} the grid point g nearest to u has
|q′(g)| < 3

2δ
′ and |q(g)| < δ + δ′2/y. The real vector (q(g), q′(g)) has covariance determinant

(1− g2)−4 ≥ 1, so its density is at most 1/(2π). Hence

P
(
νd(t) < δ

)
≤ δ +

(2y
δ′

+ 1
) 2

π
· 3δ

′

2

(
δ +

δ′2

y

)
= δ +

3

π
(2y + δ′)

(
δ +

δ′2

y

)
≤ δ

(
1 +

6y

π
+ 2t

)
,

where we used δt < 1
4 . Then (3.1) gives the claim. □

Lemma 3.4 (Zeros near the unit circle). For t ≥ 1 + ε and 0 < d ≤ 1
2 , the probability that a(t)

has a zero in {1− d ≤ |w| ≤ 1} is at most 5d(1 + ε)3ε−3.

Proof. This is the event that q has a zero in {(1 − d)r ≤ |u| ≤ r}, where r = t−1/2 ≤ r1.
By [7, Theorem 2.7], as in the proof of [M, Lemma 7.9], the nonreal zeros of q have the first
intensity 2| Imu|/(π|1− u2|(1− |u|2)2) ≤ 2/(π(1− r21)

3) on {|u| ≤ r1}. The real zeros have the
intensity 1/(π(1−x2)) on (−1, 1) [5]; this is the Rice formula [2, Theorem 6.2] in dimension one,
since q(x) has variance (1− x2)−1 and q′(x) has conditional variance (1− x2)−3 given q(x). So
the expected number of zeros in the annulus is at most 2

π(1−r21)
3 · 2πd + 2d

π(1−r21)
≤ 5d

(1−r21)
3 , and

1− r21 = ε/(1 + ε). □

The bound Υk ≤ (M/α)E of Lemma 2.2(b) for the factor Υk in Theorem 2.6 is attained only
by symbols with many zeros forced by a small α. For the random symbol the number of zeros in
a disk has super-exponential tails. For 0 < r < 1 let Zr be the number of zeros of q in {|u| ≤ r},
counted with multiplicity.

Lemma 3.5 (Overcrowding). Let 0 < r < 1, Lr = log 1+r
1−r and Ar = 2r3/(1 − r2)3, and for

m ≥ 1 put a = ⌈m/2⌉ and b = ⌈m/4⌉. Then

P(Zr ≥ m) ≤
( eLr√

2πa

)a
+
(√2 eAr√

b

)b
.

Consequently, for Υ > 1 and β > 0, with m0 = 4 +max
(
e2L2

rΥ
4β/π, 8e2A2

rΥ
8β
)
,

P(Zr ≥ m) ≤ 2Υ−βm (m ≥ m0), P
(
ΥZr > s

)
≤ C(r,Υ, β) s−β (s ≥ 1),
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with C(r,Υ, β) = max(2,Υβm0).

Proof. Almost surely the zeros of q in D \ {0} are simple ([M, Lemma 7.4]), q(0) ̸= 0, and q has
no zero on {|u| = r} ([M, Lemma 7.5](a)). So Zr = NR + 2kr, where NR is the number of real
zeros in [−r, r] and kr the number of zeros in D+

r ; and Zr ≥ m implies NR ≥ a or kr ≥ b. We

use P(N ≥ j) ≤ E
(
N
j

)
and j! ≥ (j/e)j .

Nonreal zeros. Step 1 of the proof of [M, Proposition 7.11] gives E
(
kr
b

)
≤ (πr2Cr)

b(2b)b/2/b!

with Cr = 2r/(π(1− r2)3), and πr2Cr = Ar. So P(kr ≥ b) ≤ (
√
2 eAr/

√
b)b.

Real zeros. By [7, Section 6.1, proof of Theorem 2.1], the a-point correlation function of the
real zeros of q is

ρa(x1, . . . , xa) = (2π)−a/2(detΣ)1/2 E
∣∣q(x1) · · · q(xa)∣∣, Σ =

( 1

1− xixj

)
i,j≤a

,

and by Cauchy’s determinant formula detΣ =
∏

i(1 − x2i )
−1

∏
i<j

(
(xi − xj)/(1 − xixj)

)2 ≤∏
i(1−x2i )−1. By Hölder’s inequality, E|q(x1) · · · q(xa)| ≤

∏
i(E|q(xi)|a)1/a = E|ξ|a

∏
i(1−x2i )−1/2

with ξ standard Gaussian, and E|ξ|a ≤ ((2a−1)!!)1/2 ≤ aa/2 by the inequality of arithmetic and
geometric means. As

∫ r
−r(1− x2)−1dx = Lr,

E
(
NR
a

)
=

1

a!

∫
[−r,r]a

ρa ≤ aa/2La
r

a! (2π)a/2
≤

( eLr√
2πa

)a
.

The consequences. Let m ≥ m0. Then a ≥ m/2 ≥ e2L2
rΥ

4β/(2π) and b ≥ m/4 ≥ 2e2A2
rΥ

8β,
so the two terms are at most Υ−2βa and Υ−4βb, both at most Υ−βm. For s ≥ Υm0 let m =
⌊log s/ logΥ⌋+ 1 ≥ m0; then P(ΥZr > s) ≤ P(Zr ≥ m) ≤ 2Υ−βm ≤ 2s−β. For 1 ≤ s < Υm0 the
bound C(r,Υ, β)s−β ≥ 1 is trivial. □

So Zr, whose mean is of order (1− r)−1, exceeds m with probability decaying like m−cm, and
ΥZr has finite moments of every order. The constants are crude: for r = 0.8 the first bound is
below 1 only for m of order 3 · 104, while numerically P(Z0.8 ≥ m) falls from 0.32 at m = 3 to
5.5 · 10−4 at m = 8.

Theorem 3.6 (A rate of convergence). Let q be the Gaussian power series and 0 < ε ≤ 1. For
every α ∈ (0, 3

50) there is Cε,α <∞ such that for all n ≥ 2

sup
t≥1+ε

∣∣P(Λstd
n ≤ t)− P(T∗ ≤ t)

∣∣ ≤ Cε,α n
−α.

For every θ ∈ (0, 1
10) there is Cε,θ < ∞ such that for every t ≥ 1 + ε and n ≥ 2 both∣∣P(Gn,t has only real zeros) − P(T∗ ≤ t)

∣∣ and the total variation distance between the laws of

the number of nonreal zeros of Gn,t and of the number of nonreal zeros of q in {|w| < t−1/2} are

at most Cε,θ t n
−θ.

Proof. Since Λstd
n has the law of Λn and Gn,t that of Pn,t (proof of [M, Theorem 1.1]), we may

work with Pn,t and Λn. By Lemma 3.1, Theorem 2.6 applies to a(t) with (C0, R0) = (Cq, λε) for

every t ≥ 1 + ε; then R1 = Rε := (1 + ε)1/8, Υ = Υε := (Rε + 1)/(Rε − 1) and ϑ0 = λ
−1/4
ε . Fix

θ ∈ (0, 1
10) and put θ′ = (1− 10θ)/20 > 0. Let C and nε,θ denote constants depending only on

ε and θ. For n ≥ 3 put

δ = n−θ, xn = max
(
1,
√

2θ log n
)
, Z =

xn

δ(1− λ
−1/2
ε )

,

W = Znθ
′
, c1 =

λ
1/2
ε (1− ϑ0)

2

6
, d̄n =

c1W
−2

√
2

,
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and kn = ⌊θ′ log n/ logΥε⌋. Let Gn(t) be the event that Cq ≤ xn, |η0| ≥ δ, the parameters of

Definition 2.1 for a(t) satisfy µ, µd̄n , νd̄n ≥ δ, a(t) has no zero in {1− d̄n ≤ |w| ≤ 1}, and Zr1 ≤ kn.

On Gn(t) the count is exact. The number k of zeros of a(t) in D is the number of zeros of

q in {|u| < t−1/2} ⊂ {|u| ≤ r1}, so on Gn(t), Υ
k
ε ≤ Υkn

ε ≤ nθ
′
. This replaces the bound of

Lemma 2.2(b). Moreover M ≤ xn/(1 − λ
−1/2
ε ) = δZ and µ ≥ δ, so d0 = µ/(MΥk

ε) ≥ W−1,
µ′ ≥ δW−1 and C ′

0 ≤ δW . So the third entry in the definition of κ in Theorem 2.6 is at least
c1W

−2, and for n ≥ nε,θ so are the other two; hence (i) holds with d = d̄n. In (ii), the constants
of Lemma 2.3 for C = C ′

0, R = Rε and µS = µ′ satisfy κ ≥ c1W
−2, Mn ≤ C log n, Γ ≤ CδW

and DH ≤ CδW (W 2 + logn); as δW ≥ 1 and µ′−1 ≤W/δ, the four conditions (2.1) follow from

n ≥ CW 2 log2 n, n ≥ CW 3 log n, n ≥ CW 6 log n and n ≥ CW 8/3. Condition (iii) follows from

n ≥ CW 9, as C ′
0/(d0µd̄n) ≤W 2 and d̄

−7/2
n ≤ CW 7; condition (iv) from n ≥ CZW 9, as Cq/νd̄n ≤

xn/δ ≤ Z and d̄
−9/2
n ≤ CW 9; and n ≥ k from k ≤ kn ≤ logn. Since Z ≤ Cnθ(log n)1/2, we have

ZW 9 ≤ Cn10θ+9θ′(log n)5 = Cn1−11θ′(log n)5 and W 6 ≤ Cn6(θ+θ′)(log n)3 with 6(θ + θ′) < 1;
so all these hold for n ≥ nε,θ, uniformly in t ≥ 1 + ε. Then Theorem 2.6 and [M, (7.1)] show
that on Gn(t) the number Nn(t) of nonreal zeros of Pn,t equals the number Nt of nonreal zeros

of q in {|w| < t−1/2}. Since {Λn ≤ t} = {Nn(t) = 0} when η0 ̸= 0 ([M, Lemma 7.1](c)) and
{Nt = 0} = {T∗ ≤ t}, the quantities |P(Λn ≤ t) − P(T∗ ≤ t)| and P(Nn(t) ̸= Nt) are at most
P(Gn(t)

c) for n ≥ nε,θ.
The bad event. Let 1 + ε ≤ t ≤ T and n ≥ nε,θ, so that δ ≤ e−1 and ℓδ = θ log n. As

e−x2
n/2 ≤ δ, Lemma 3.1 gives P(Cq > xn) + P(|η0| < δ) ≤ (7/ε+1)δ. The parameters µ and µd̄n

are minima of |q| on circles with radii in [T−1/2/2, r1], so Lemma 3.2 bounds their contribution by

21000 ε−2T 1/2δℓ
3/2
δ ; Lemma 3.3 bounds that of νd̄n by (4000ε−3ℓ

1/2
δ +4T )δ, and Lemma 3.4 that

of the annulus by 5(1 + ε)3ε−3d̄n ≤ Cδ2, as d̄n ≤ CW−2 ≤ CZ−2 ≤ Cδ2. Finally, Lemma 3.5

with r = r1, Υ = Υε and β = θ/θ′ gives P(Zr1 ≥ m) ≤ 2Υ−βm
ε for m ≥ m0(r1,Υε, β); with

m = kn + 1 > θ′ log n/ logΥε this gives P(Zr1 > kn) ≤ 2n−θ as soon as kn + 1 ≥ m0, that is, for
log n ≥ m0 logΥε/θ

′. Enlarging C to cover smaller n, we get for all n ≥ 2

(3.2) sup
1+ε≤t≤T

(∣∣P(Λn ≤ t)− P(T∗ ≤ t)
∣∣+ P

(
Nn(t) ̸= Nt

))
≤ C T n−θ(logn)3/2.

Large times. By the proof of [M, Lemma 7.9], with r = T−1/2 and arctan ϱ ≤ ϱ, P(T∗ >
T ) ≤ 2T−3/2 for T ≥ 2. For t ≥ T , by monotonicity, |P(Λn ≤ t) − P(T∗ ≤ t)| ≤ |P(Λn ≤
T )− P(T∗ ≤ T )|+ 2P(T∗ > T ). With T = max(2, n2θ/5) and (3.2) the supremum over t ≥ 1 + ε

is at most Cn−3θ/5(logn)3/2. Given α < 3
50 , choose θ ∈ (53α,

1
10); then n

−3θ/5(log n)3/2 ≤ Cn−α.

The claims at a fixed t are (3.2) with T = t, applied with a slightly larger θ < 1
10 to absorb

the logarithm, since Pn,t has only real zeros exactly when Nn(t) = 0, and the total variation
distance between the laws of Nn(t) and Nt is at most P(Nn(t) ̸= Nt). □

Remark 3.7 (The exponent). The exponents do not depend on ε: the only place where the
argument could lose a factor depending on ε is the factor Υk, and its bound Υk ≤ (M/α)E of
Lemma 2.2(b), with E ≍ ε−1 log(1/ε), would give an exponent of order ε/ log(1/ε); Lemma 3.5
replaces it. The constants are not explicit and not polynomial in 1/ε: the proof needs logn ≥
m0 logΥε/θ

′, so logCε,α = ε−O(1/(3/50−α)). The limits 1
10 and 3

50 come from the degree, about
9 in 1/µ, of the explicit onset (Theorem 2.6 and the paragraph after it). Since P(µ < x) is of
order x for the random symbol, the sufficient condition of that theorem fails with probability of
order at least n−1/9, so this argument cannot give a fixed-t exponent above 1

9 ; a better exponent
needs a sharper deterministic onset, in particular near the edges ±2 of the bulk. The theorem
gives no rate uniform in t > 1. In a Monte Carlo simulation (not reported here; n ≤ 1024,
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t ∈ {1.25, 1.5, 2, 3}, 24 000 to 48 000 samples for each pair (n, t)), the probability that exactly
one of the events {Pn,t has only real zeros} and {T∗ ≤ t} occurs decays with fitted exponents
0.68 to 0.82, and P(Λn ≤ t) − P(T∗ ≤ t) is positive at every computed point and decays with
fitted exponents 0.4 to 0.7.

The distortion d(a(t)) of the outer factor (Lemma 2.2(c)) also has a small-ball bound whose
exponent does not depend on ε. We need the circle minimum uniformly in the radius.

Lemma 3.8 (Small values on a circle, uniformly in the radius). For t ≥ 1+ ε and 0 < x ≤ e−1,

P
(

min
|u|=t−1/2

|q(u)| < x
)
≤ 7000

ε2
ℓ3/2x x1/2.

Proof. Let r = t−1/2 ≤ r1. If r ≥ x1/2, Lemma 3.2 gives at most 7000ε−2xℓ
3/2
x /r, which is at

most 7000ε−2ℓ
3/2
x x1/2. If r < x1/2, then |q(u) − η0| ≤ rY1 ≤ x1/2Y1 on |u| = r, so the event

implies |η0| < x+ x1/2Y1. By (3.1), P(Y1 > y1(x)) ≤ x, and P(|η0| < v) ≤ v; so the probability

is at most 2x+ x1/2(52 + 46ℓ
1/2
x )ε−2, which is at most 100 ε−2ℓ

1/2
x x1/2. □

Proposition 3.9 (The distortion). Let 0 < ε ≤ 1, and let d(a(t)) be the distortion of the symbol

a(t), defined in Lemma 2.2(c) with (C0, R0) = (Cq, λε).

(a) For T ≥ 1 + ε and 0 < β < 1 there is Cε,β such that P(d(a(t)) < δ) ≤ Cε,βT
1/2δβ for all

t ∈ [1 + ε, T ] and δ ∈ (0, 1].

(b) For 0 < β < 1
2 there is Cε,β such that P(d(a(t)) < δ) ≤ Cε,βδ

β for all t ≥ 1 + ε and
δ ∈ (0, 1].

Proof. By Lemma 2.2(c), d(a(t)) ≥ (µ/M)((Rε − 1)/2)k, and k ≤ Zr1 . Let 0 < η < 1 and
Υ′ = 2/(Rε − 1). On the complement of

{M > δ−η/4} ∪ {µ < δ1−3η/4} ∪ {(Υ′)Zr1 > δ−η/2}

we have d ≥ δ1−3η/4δη/4δη/2 = δ. The first event has probability at most Cε exp(−cεδ−η/2) ≤
Cε,ηδ by Lemma 3.1, as M = Cq/(1 − λ

−1/2
ε ). The third has probability at most Cε,ηδ by

Lemma 3.5 with Υ = Υ′ and exponent 2/η. For the second, µ = min|u|=t−1/2 |q(u)|: for (a),

Lemma 3.2 with r = t−1/2 ≥ T−1/2 gives at most CεT
1/2δ1−3η/4 log3/2(1/δ); for (b), Lemma 3.8

gives at most Cεδ
(1−3η/4)/2 log3/2(1/δ). Take η small. □

The exponent in (b) is limited by small radii, where q(u) ≈ η0 + η1u on |u| = r and the circle
minimum is a small-ball problem for |η0| − r|η1|; we expect exponents up to 1 uniformly in t,
but have not proved it.

Remark 3.10 (Another deformation). Let a ∈ S(C0, R0) with α, µ > 0, let pin, pout be as in
Lemma 2.2, let ρout be the smallest modulus of a zero of a outside D (or R0 if it is smaller),
and let ahs = pin p

s
out = pine

s log pout , with the branch of log pout that vanishes at 0; it is analytic
in {|w| < ρout} and has real coefficients. On |w| = 1, |ahs | = |pin|1−s|a|s, so mins∈[0,1],|w|=1 |ahs | =
min(µ,min) with min = min|w|=1 |pin|. Any continuous family from pin to a has circle minimum
at most min(µ,min) (look at its end points), so this family is optimal in that respect; and
min ≥ d(a)µ, since |pout(0)| = 1. But min is a product over the zeros of a in D, and its
lower bounds cost a factor exponential in k; and if a zero w′ of a with |w′| = ρout < R0 has a
multiplicity j with js /∈ Z (for instance if the zeros on |w| = ρout are simple and 0 < s < 1), then

ahs is not analytic at w′, so its coefficients al(s) satisfy lim supl |al(s)|1/l = 1/ρout, and ρout − 1
has no lower bound depending only on ε. So this deformation does not remove the dependence
on k either; in Theorem 3.6 it is removed by Lemma 3.5 instead.
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4. Explicit constants and the tail of D

In this section we bound the constants of [M, Theorem 9.1] explicitly (Section 4.1) and, for
the Gaussian power series, bound the tail of the largest scaled displacement D of the collision,
the variable of the proof of [M, Corollary 9.16] (Sections 4.2–4.4). The notation is that of [M,
Section 9]: q(w) =

∑
j ηjw

j is a real power series, the polynomials Pn,t and their real-rooting

time Λn are built from its coefficients, and u∗ = R∗e
iθ∗ , 0 < θ∗ < π, is its nonreal zero of minimal

modulus.

4.1. Explicit constants. The proof of [M, Theorem 9.1] obtains δ, K and n0 by compactness.
We now bound them explicitly, by polynomials in condition parameters of q whose degrees are
absolute. Throughout this subsection 0 < ε ≤ 1, and q satisfies the conditions (G1)–(G3) of [M,
Section 9], with radius of convergence ρq ≥ 1 and T∗ ≥ 1 + ε. Put

λε/2 = (1 + ε/2)1/4, rc = λ−2
ε/2, Cq = sup

j≥0
|ηj |λ−j

ε/2,

as in Lemma 3.1 with ε/2 in place of ε, and assume Cq < ∞. Let M c = Cq/(1 − λ
−1/2
ε/2 ),

Υc = (λ
1/2
ε/2 + 1)/(λ

1/2
ε/2 − 1) and Ec = logΥc/ log λ

1/2
ε/2; these are M , Υ and E of Definition 2.1

for (C0, R0) = (Cq, λε/2). Let s∗ = sin θ∗ and m∗ = min(θ∗, π − θ∗), so that m∗ ≥ s∗, and recall
γ∗ = u∗q

′(u∗) from [M, Section 9.3]. The modulus gap g ∈ (0, 1] is the minimum of 1 and the
distance from R∗ to the moduli of the zeros of q in {|u| < ρq} other than u∗, ū∗, real zeros
included; and

νglob = min
{
max(|q(x)|, |q′(x)|) : x ∈ R, |x| ≤ rc

}
.

We assume also νglob > 0, that is, q has no multiple zero in [−rc, rc]; (G3) gives this only in

(−R∗, R∗). Let δ1 = min{ε/4, gT 3/2
∗ /6}, let A be the closed annulus {(T∗ + 2δ1)

−1/2 ≤ |u| ≤
(T∗ − 2δ1)

−1/2}, as in [M, Section 9.3] with this δ1, and for ρ > 0 let mA(ρ) be the minimum of
|q| over the points of A at distance at least ρ from u∗ and ū∗. Put

cF =
|γ∗|
8T∗

, B2 =
4000max(1, Cq)

ε3
, r1 = min

{ cF
B2

, δ1,
m∗
2

}
, ρV =

r1s∗

6T
3/2
∗

.

Finally let k− be the number of zeros of q in {|u| < (T∗ − δ1)
−1/2}, U = Υ

k−
c , and

Π = max(1, |γ∗|−1) · s−1
∗ · g−1 ·max

(
1,mA(ρV )

−1
)

·max
(
1, (νglob)−1

)
·max(1, |η0|−1) ·max(1, Cq) · T∗ · U .

Each of the nine factors of Π is at least 1; we call them Pγ , Ps, Pg, PA, Pν , Pα, PC , T∗,U , in this
order. Below, c denotes absolute constants and cε numbers with cε ≤ c ε−c, not the same at
each occurrence.

Theorem 4.1 (Explicit constants). In this setting the conclusions (a)–(d) of [M, Theorem 9.1]
hold with δ = δ1 and with K, n0 such that

δ−1 ≤ 6ε−1Π, K ≤ cεΠ
5/2, n0 ≤ cεΠ

10.

Moreover U ≤ (M c/|η0|)Ec, and U ≤ ΥZ
c , where Z is the number of zeros of q in {|u| ≤ rc},

counted with multiplicity.

The factor U = Υk of Theorem 2.6 is kept as a parameter, because for random q it can be
bounded either by Jensen’s formula or through the number of zeros in a disk (Theorem 4.12).

Lemma 4.2. (a) If X ≥ 1 and n ≥ 16X(1+ logX)2, then n ≥ X(1+ log n)2. In particular
this holds for n ≥ 64X2.
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(b) If P1, . . . , Pk are distinct factors of Π and a1, . . . , ak ≥ 0, then
∏

i P
ai
i ≤ Πmaxi ai.

Proof. (a) The function n 7→ n/(1+logn)2 is increasing for n ≥ e. At n1 = 16X(1+logX)2 ≥ 16,
using log(1+y) ≤ y, we have 1+log n1 ≤ 1+log 16+3 logX ≤ 4(1+logX), so n1/(1+log n1)

2 ≥
X. Moreover (1 + logX)2 ≤ 4X for X ≥ 1. (b) Each Pi ≥ 1, so P ai

i ≤ Pmax a
i , and a product of

distinct factors of Π is at most Π. □

By Lemma 4.2(b), a bound by cε times a monomial in the factors of Π is a bound by cεΠ
e,

where e is the largest exponent of a single factor.

Proof of Theorem 4.1. We go through the proof of [M, Theorem 9.1], which runs from [M,
Section 9.2] to [M, Section 9.5], and bound each constant. The elementary numerical inequalities
used below were also checked on grids by computer.

Step 1: δ1 and the annulus. As g ≤ 1 ≤ T∗ and ε ≤ 1, δ1 ≥ min(ε/4, g/6) ≥ εg/6, so
δ−1
1 ≤ 6ε−1Pg. Also δ1 ≤ ε/4 < T∗/4 and T∗ − 2δ1 ≥ 1 + ε/2. By the mean value theorem,

(T∗−2δ1)
−1/2−R∗ ≤ δ1(T∗/2)

−3/2 = 23/2δ1T
−3/2
∗ ≤ 0.48 g, R∗−(T∗+2δ1)

−1/2 ≤ δ1T
−3/2
∗ ≤ g

6
.

So every point of A has modulus within g/2 of R∗, and by the definition of g the only zeros
of q in A are u∗ and ū∗; this is condition (C2) of [M, Section 9.3]. Condition (C1) there holds

because (T∗ − 2δ1)
−1/2 ≤ rc < 1 ≤ ρq. For t ∈ I1 = [T∗ − δ1, T∗ + δ1] ⊂ [1 + 3ε/4,∞) we have

|ηj |t−j/2 ≤ Cqλ
j
ε/2λ

−2j
ε/2 = Cqλ

−j
ε/2, which is [M, (9.2)] with (C0, R0) = (Cq, λε/2).

Step 2: κ. Take κ = κc := δ1/(5T∗) ≤ ε/20. Since log(1 + x) ≥ x/(1 + x), we have

log T∗+2δ1
T∗+δ1

≥ δ1
T∗+2δ1

≥ 2κc and log T∗−δ1
T∗−2δ1

≥ δ1
T∗−δ1

≥ 2κc, which is [M, (9.3)]. As log λε/2 ≥ ε/10,

the number ϑ = eκc/λε/2 satisfies log(1/ϑ) ≥ ε/20, hence 1 − ϑ ≥ ε/21; and ℓ = 40/ε satisfies

ℓ log(1/ϑ) ≥ 2. Moreover κ−1
c ≤ 30ε−1T∗Pg.

Step 3: [M, Proposition 9.7]. Let X3 = (ℓ + 3)2/κc and n3 = ⌈64X2
3⌉. For n ≥ n3, Mn +

2 ≤ ℓ logn + 3 ≤ (ℓ + 3)(1 + log n), and Lemma 4.2(a) gives (Mn + 2)2 ≤ κcn; so n3 may
serve as the n3 of [M, Proposition 9.7], and n3 ≤ cεT

2
∗P

2
g ≤ cεΠ

2. For n ≥ n3 we have
(Mn + 2)/n ≤ κc/(Mn + 2) ≤ 1, so the paragraph after the proof of [M, Proposition 9.7] gives
CH ≤ Cq(1 − ϑ)−4(198/κc + 4) ≤ 202(21/ε)4Cqκ

−1
c . In the proof of [M, Proposition 9.7](b),

R−Mn
0 ≤ n−2, so εn ≤ C ′/n with C ′ =

√
2(1 + coshκc)

1/2Cq(1 − λ−2
ε/2)

−1/2 ≤ 5.7ε−1/2Cq, using

1− λ−2
ε/2 ≥ ε/6. Hence CW = CH + C ′ ≤ cεPCT∗Pg ≤ cεΠ.

Step 4: [M, Lemma 9.8](b). The local part. The cF of the proof of [M, Lemma 9.8] satisfies

2cF = 1
2 |γ∗|min(1, 1

2T∗
) = |γ∗|/(4T∗), which is the cF defined above. With u = t−1/2eiθ, the

function F (t, θ) = q(u) has

Fθθ = −(uq′ + u2q′′), Ftθ = − i(uq
′ + u2q′′)

2t
, Ftt =

uq′ + u2q′′

4t2
+
uq′

2t2
,

with q′, q′′ evaluated at u. For t ∈ I1 we have t ≥ 1 and |u| < rc, so each second derivative is at
most

sup
|u|≤rc

(
|q′(u)|+ |q′′(u)|

)
≤ Cqr

−2
c

∑
j≥1

j2(λε/2rc)
j ≤ 3Cq

(1− λε/2rc)3
≤ B2,

by
∑

j j
2xj ≤ 2(1 − x)−3, r−2

c ≤ 3
2 and 1 − λε/2rc ≥ ε/11. Taylor’s formula with integral

remainder gives |F (T∗ + α, θ∗ + β) − Ftα − Fθβ| ≤ 1
2B2(|α| + |β|)2, the first derivatives being

taken at (T∗, θ∗). Hence |F | ≥ cF (|α|+ |β|) for |α|, |β| ≤ r1, as 2r1 ≤ 2cF /B2. So r1 may serve
as the r1 of the proof of [M, Lemma 9.8]: it is at most δ1 and at most 1

2 min(θ∗, π − θ∗), and
s0 = sin(m∗/2) ≥ s∗/π. The computation of that proof gives

smin

(
Ha(t)(2 cos θ)

)
≥ 1

16s0cF
(
|t− T∗|+ |y − y∗|

)
(|t− T∗| ≤ r1, |θ − θ∗| ≤ r1).
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The neighbourhood V . Let r2 = 0.6 s∗r1 and V = {(t, y) : |t − T∗| < r1, |y − y∗| < r2}. If
θ ∈ [0, π] and |θ − θ∗| ≥ r1, then, since cos is decreasing on [0, π] and θ∗ ± r1 ∈ [0, π], and
sinx ≥ 2

π min(x, π − x) on [0, π],

| cos θ − cos θ∗| ≥ 2 sin
r1
2

min
±

sin
(
θ∗ ±

r1
2

)
≥ 2 · r1

π
· 2
π
· 3m∗

4
≥ 0.3 s∗r1.

So y = 2 cos θ ∈ [−2, 2] and |y − y∗| < r2 force |θ − θ∗| < r1. Moreover r2 ≤ 0.6m∗ ·m∗/2 <
4m2

∗/π
2 ≤ 2− |y∗|, so V ⊂ I1 × (−2, 2), and the local bound holds on V .

The global part. By [M, Lemma 3.3], ∥Gj(y)∥ ≤ 4(j + 2)e(j+1)κc for |y| ≤ L = 2 coshκc, so
for t ∈ I1

∥Ha(t)(y)∥ ≤ 4Cqe
κc

∑
j≥0

(j + 2)ϑj ≤ Γc :=
8Cqe

κc

(1− ϑ)2
≤ 3720Cq

ε2
.

Let (t, y) ∈ (I1 × [−L,L]) \ V and m = mA(ρV ). If |y| ≤ 2, write y = 2 cos θ with θ ∈ [0, π] and

u = t−1/2eiθ ∈ A. If |t− T∗| ≥ r1, then
∣∣|u| −R∗

∣∣ ≥ 1
2r1(T∗ + δ1)

−3/2 ≥ 0.35 r1T
−3/2
∗ . Otherwise

|y − y∗| ≥ r2, so |θ − θ∗| ≥ r2/2, and as |u| ≥ (1.25T∗)
−1/2,

|u− u∗| ≥ 2(|u|R∗)
1/2 sin

|θ − θ∗|
2

≥ 2

π
· 0.94R∗ · 0.3 s∗r1 ≥ 0.17R∗s∗r1.

Since also |u − ū∗| ≥ Imu + Imu∗ ≥ R∗s∗ and R∗ ≥ T
−3/2
∗ , in both cases u has distance at

least ρV from u∗ and ū∗, and detHa(t)(y) = |q(u)|2 ≥ m2. If 2 < |y| ≤ L, then detHa(t)(y) =

q(w/
√
t) q(1/(w

√
t)) with w = r(y) real; both points are real, lie in A by [M, (9.3)], and have

distance at least Imu∗ = R∗s∗ ≥ ρV from u∗, ū∗, and detHa(t)(y) ≥ 0 by [M, Lemma 9.8](a);
so again detHa(t)(y) ≥ m2. In both cases smin(Ha(t)(y)) = detH/∥H∥ ≥ c3 := m2/Γc. As
δ1 + 2L ≤ 4.3, the constant c∗ = min{s0cF /16, c3/4.3} satisfies [M, Lemma 9.8](b), and c−1

∗ ≤
cεmax(PsT∗Pγ , PCP

2
A) ≤ cεΠ

2.
Step 5: [M, Proposition 9.9]. Part (a) holds for n ≥ n3 with K1 = CW /c∗ ≤ cεΠ

2, the

monomials being PCT
2
∗PgPsPγ and P 2

CT∗PgP
2
A. In part (b), ϱ0 = 2 + |η0|−1Cq(1 − λ−2

ε/2)
−1/2 ≤

cεPαPC . We replace the compactness argument of (b) by an explicit one. Let t ∈ I1, y ∈ J =
[−ϱ0,−L] ∪ [L, ϱ0] and w = r(y). Then w is real, ϱ−1

0 < |w| ≤ e−κc ≤ 1 − κc/2, and |r′(y)| =
w2/(1−w2) ≤ (1−e−2κc)−1 ≤ κ−1

c . In the notation of that proof, Φn(t, y)−Φ(t, y) = Xn(w) and

∂y(Φn − Φ)(t, y) = X ′
n(w) r

′(y), where Xn is the function of Lemma 2.4 for a(t) ∈ S(Cq, λε/2).
That lemma with d = κc/2 gives

|Φn − Φ|+ |∂yΦn − ∂yΦ| ≤
E′

n
, E′ =

1481Cq

(1− λ−2
ε/2)

1/2κ
11/2
c

,

as 2
√
2 · 27/2 + 64 · 29/2 ≤ 1481. On the other hand, with u = w/

√
t, which is real with |u| < rc,

and |r′(y)| ≥ w2,

|Φ(t, y)|+ |∂yΦ(t, y)| = |q(u)|+ t−1/2|q′(u)| |r′(y)|

≥ w2t−1/2
(
|q(u)|+ |q′(u)|

)
≥ m1 :=

νglob

ϱ20(T∗ + δ1)1/2
.

So for n ≥ nb := ⌊E′/m1⌋ + 1 the functions Φn(t, ·) and ∂yΦn(t, ·) have no common zero on J ,

and the rest of the proof of (b) applies. Here nb ≤ cεPC(T∗Pg)
11/2(PαPC)

2T
1/2
∗ Pν ≤ cεΠ

6. Part
(c) holds for n ≥ n5 := max(n3, nb).

Step 6: the anchor times t± = T∗ ± δ1. We apply Theorem 2.6 to a(t±) ∈ S(Cq, λε/2), whose

zeros in D are
√
t± times the zeros of q in {|u| < t

−1/2
± }; their number k± is at most k−, so Υ

k±
c ≤

U . Let κ± be the κ of that theorem for a(t±) and d± = min{κ±/
√
2, δ1/(8T∗)}. For ϱ ∈ [1−d±, 1]
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the circle {|u| = ϱ t
−1/2
± } lies in A, and its radius differs from R∗ by at least 0.35 δ1T

−3/2
∗ ≥ ρV .

Indeed, for t+, T
−1/2
∗ −(T∗+δ1)

−1/2 ≥ 1
2δ1(1.25T∗)

−3/2 and (1−d+)(T∗+δ1)−1/2 ≥ (T∗+2δ1)
−1/2;

for t−, (T∗− δ1)
−1/2−T

−1/2
∗ ≥ 1

2δ1T
−3/2
∗ , while d−(T∗− δ1)

−1/2 ≤ 1.16 d−T
−1/2
∗ ≤ 0.15 δ1T

−3/2
∗ .

Hence a(t±) has no zero in {1 − d± ≤ |w| ≤ 1}, by (C2), and its parameters of Definition 2.1

satisfy µ, µd± ≥ m and νd± ≥ (T∗+δ1)
−1/2νglob; also α = |η0|. Sincem ≤ µ ≤M c, the quantities

of Lemma 2.2 and Theorem 2.6 satisfy

d0 ≥
m

M c U
, C ′

0 ≤M c U , µ′ ≥ m2

M c U
, κ± ≥ c′1

m2

M
2
c U2

,

with c′1 = min{1
4 log λε/2, λ

1/2
ε/2(1 − λ

−1/4
ε/2 )2/6} ≥ ε2/9600. As M c ≤ 21ε−1Cq, we get κ−1

± ≤
cεP

2
CU2P 2

A and d−1
± ≤ cεmax(P 2

CU2P 2
A, T∗Pg) ≤ cεΠ

2. So (i) of Theorem 2.6 holds. In (ii), the

constants of Lemma 2.3 for C = C ′
0, R = λ

1/2
ε/2, µS = µ′ satisfy Mn + 2 ≤ (40/ε+ 3)(1 + log n),

DH ≤ cεC
′
0(κ

−1
± + 1+ log n) and Γ ≤ cεC

′
0. With Lemma 4.2, the conditions of (ii)–(iv) hold as

soon as n exceeds each of the following bounds, at both anchors:

• n ≥ k±: for n ≥ U , as k± ≤ logU/ logΥc and logΥc ≥ 1;
• n ≥ (Mn + 2)2/κ±: for n ≥ cεκ

−2
± , at most cεΠ

4;

• n ≥ DH : for n ≥ cεC
′
0κ

−1
± and n ≥ cεmax(1, C ′

0)
2, at most cεΠ

3;

• n ≥ 8(2Γ + 1)DH/µ
′2: the right side is at most cε

(
P 6
CU6P 6

A + P 4
CU4P 4

A(1 + log n)
)
, so

n ≥ cεΠ
8 suffices;

• n3/2 ≥ 37(Γ+1)C ′
0(1−λ

−1
ε/2)

−1/2µ′−2: the right side is at most cεP
4
CU4P 4

A, so n ≥ cεΠ
8/3

suffices;

• (iii): we have C ′
0/(d0µd±) ≤ cεP

2
CU2P 2

A, so with the factor d
−7/2
± the bound is at most

cεmax(P 9
CU9P 9

A, P
2
CU2P 2

AT
7/2
∗ P

7/2
g ) ≤ cεΠ

9;

• (iv): 64Cq(1− λ−2
ε/2)

−1/2d
−9/2
± /νd± ≤ cεmax(P 10

C U9P 9
AT

1/2
∗ Pν , PCT

5
∗P

9/2
g Pν) ≤ cεΠ

10.

Let n7 be the least integer such that every n ≥ n7 satisfies all of them; then n7 ≤ cεΠ
10. For

n ≥ n7, Theorem 2.6 and [M, (9.1)] give [M, (9.4)]: the nonreal zeros of a(t−) in D are
√
t− u∗

and
√
t− ū∗, as in [M, Section 9.5], and a(t+) has none; so Nn(t−) = 2 and Nn(t+) = 0, the real

zeros of Pn,t− are simple, and its two nonreal zeros are simple, being a conjugate pair.
Step 7: conclusion. With n0 = max(n5, n7) ≤ cεΠ

10, the proof in [M, Section 9.5] applies

without change and gives (a)–(d) with K = K1

(
1 +

√
T∗ + δ1 + (T∗ − δ1)

−1/2
)
≤ 3.2K1T

1/2
∗ ≤

cεΠ
5/2.
The bounds for U . Lemma 2.2(b) for a(t−), which has α = |η0| > 0 and no zero on the unit

circle, gives U = Υ
k−
c ≤ (M c/|η0|)Ec . And (T∗ − δ1)

−1/2 < rc, so k− ≤ Z. □

Remark 4.3. (1) The exponent 10 comes from condition (iv) at the anchor times, through
d± ≍ κ± ≍ (M cU/m)−2, as in the paragraph on the size of the onset after Theorem 2.6. The
exponents are crude: Lemma 4.2(b) does not distinguish the factors of Π. (2) Theorem 4.1 needs
no lower bound for |q| near clustered zeros other than mA, no separation of the zeros inside the
disk of radius R∗, and no lower bound for |q′| at the real zeros: real zeros enter only through
νglob. (3) Without the factor U , that is, with U ≤ (M c/|η0|)Ec , the bounds are polynomial with
degrees of order Ec ≍ ε−1 log(1/ε).

4.2. Pairs of zeros of the Gaussian power series. In this subsection and the next two, q
is the Gaussian power series [M, (1.3)]. We write Dr = {|w| < r}, D+ = D ∩ {Imw > 0} and
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D+
r = Dr ∩ D+. The zeros of q have the one-point intensities

ρr(x) =
1

π(1− x2)
(x ∈ (−1, 1)), ρc(z) =

2 Im z

π |1− z2| (1− |z|2)2
=

bz
π(1− |z|2)

(z ∈ D+),

for the real zeros and for the zeros in D+, with respect to Lebesgue measure [7, Theorems 2.1
and 2.7], [M, Lemma 7.9], where bz = 2 Im z/((1− |z|2)|1− z2|). Let ψ(a, b) = |a− b|/|1− ab̄| be
the pseudo-hyperbolic distance on D. For a ∈ D let Ba(w) = (w − a)/(1− aw) if a is real, and
Ba(w) = (w − a)(w − ā)/((1− āw)(1− aw)) if a is not real. These are Blaschke products with
real Taylor coefficients, and |Bx(y)| = ψ(x, y), |Bz(x)| = ψ(x, z)2, |Bz(w)| = ψ(z, w)ψ(z, w̄)
and |B′

z(z)| = bz. Rice formulas are used in the form of [2, Theorem 6.2], for Gaussian fields
Z : U → Rd on open sets U ⊂ Rd with analytic paths, a nondegenerate law of Z(t) for each
t ∈ U , and almost surely no zero t with detZ ′(t) = 0; the last condition holds below because
the zeros of q in D \ {0} are simple [M, Lemma 7.4].

Lemma 4.4 (Regression). Let a1, . . . , am ∈ D be distinct points whose set is closed under
complex conjugation, and let B be the product of the factors Bx over the real points x and
Bz over the pairs {z, z̄}. Then the conditional law of q given q(a1) = · · · = q(am) = 0 (the
Gaussian regression) is the law of Bq̌, where q̌ has the law of q. In particular, conditionally
on these values, (q′(ai))i≤m has the law of (B′(ai)q̌(ai))i≤m. The density at 0 of the real vector
formed by the values q(ai) (real and imaginary parts at the nonreal points, one point of each

pair) is the product, over the points taken in any order, of (2π)−1/2(1−x2)1/2/|B<(x)| for a real
point x and 1/(πbz|B<(z)|2) for a pair z, where B< is the product of the factors of the points
taken before.

Proof. For one real point x this is [7, Lemma 4.2]: the covariance 1/(1 − uv) of q minus its
regression on q(x) is Bx(u)Bx(v)/(1−uv). For one conjugate pair it is [7, Lemma 7.2], with the
same identity for the covariance and the pseudo-covariance. For several points we condition on
one point or pair at a time: conditioning a Gaussian vector on a block of coordinates and then
on the next block is conditioning on both. Once q has been replaced by BAq̂, the remaining
conditions q(a) = 0 are equivalent to q̂(a) = 0, because BA(a) ̸= 0; this proves the first claim
by induction, also when real points and pairs are mixed. The derivative identity follows by
differentiating Bq̌ at ai, where B vanishes. For the densities, the density at 0 of a Gaussian
vector is the product of the conditional densities at 0 of its blocks, and by the first claim the
conditional law of q(a) given the earlier values is that ofB<(a)q̌(a). Finally Var q(x) = (1−x2)−1,

and (detCov(Re q(z), Im q(z)))1/2 = bz/2 (proof of Lemma 3.2). □

Proposition 4.5 (Two-point functions). Let ρrr, ρrc and ρcc be the two-point correlation func-
tions, with respect to Lebesgue measure, of pairs of real zeros, of a real zero and a zero in D+,
and of pairs of zeros in D+. For distinct x, y ∈ (−1, 1) and z, w ∈ D+,

(4.1)

ρrr(x, y) = ψ
(
ψ +

√
1− ψ2 arcsin

√
1− ψ2

)
ρr(x)ρr(y), ψ = ψ(x, y),

ρrc(x, z) = ψ2(2− ψ2) ρr(x)ρc(z), ψ = ψ(x, z),

ρcc(z, w) = ab (3− a− b) ρc(z)ρc(w), a = ψ(z, w)2, b = ψ(z, w̄)2.

In particular ρrr ≤ ρrρr, ρrc ≤ ρrρc and ρcc ≤ ρcρc.

Proof. The mixed pair. The field Z(x, z) = (q(x),Re q(z), Im q(z)) on U = (−1, 1) × D+ has
nondegenerate values, since by Lemma 4.4 the density of Z(x, z) at 0 is finite, and its zeros in
I × B are the pairs formed by a real zero in I and a zero in B. Its Jacobian determinant is
q′(x)|q′(z)|2, by the Cauchy–Riemann equations. So [2, Theorem 6.2] gives E[NR(I)N+(B)] =
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I

∫
B ρrc with

ρrc(x, z) = pZ(x,z)(0)E
[
|q′(x)| |q′(z)|2

∣∣ q(x) = 0, q(z) = 0
]
.

By Lemma 4.4 with B = BxBz: pZ(x,z)(0) = (2π)−1/2(1−x2)1/2(πbzψ2)−1, since |Bx(z)|2 = ψ2;

q′(x) = B′
x(x)Bz(x)q̌(x) with |B′

x(x)| = (1 − x2)−1 and |Bz(x)| = ψ2; and |q′(z)| = ψbz|q̌(z)|.
Hence ρrc = ψ2(1 − x2)−1/2bz(2π)

−1/2π−1M with M = E[|X| |Y |2], X = q̌(x) and Y = q̌(z),
viewed in R2. Write Y = aX +W with W independent of X; the cross term vanishes because
E[|X|X] = 0, and E|X|3 = 2

√
2/π σ3X . So

M = E|X|
(
E|Y |2 + |EXY |2

EX2

)
=

√
2

π

1 + (1− ψ2)

(1− x2)1/2(1− |z|2)
,

since EX2 = (1 − x2)−1, E|Y |2 = (1 − |z|2)−1, EXY = (1 − xz)−1, |1 − xz| = |1 − xz̄| and
(1 − x2)(1 − |z|2)/|1 − xz̄|2 = 1 − ψ2. With ρr(x)ρc(z) = bz/(π

2(1 − x2)(1 − |z|2)) this is the
second line of (4.1).

Two nonreal zeros. Use the field (Re q(z), Im q(z),Re q(w), Im q(w)) on {(z, w) ∈ (D+)2 : z ̸=
w} andB = BzBw, with |Bz(w)| = ψ(z, w)ψ(z, w̄) =

√
ab. The density at 0 is (πbz)

−1(πbwab)
−1,

and |q′(z)|2|q′(w)|2 = b2zb
2
wa

2b2|q̌(z)|2|q̌(w)|2. By Isserlis’ formula E|X|2|Y |2 = E|X|2E|Y |2 +
|EXY |2 + |EXȲ |2 for complex Gaussian X,Y with real covariance structure, and (1− |z|2)(1−
|w|2)/|1 − zw̄|2 = 1 − a, (1 − |z|2)(1 − |w|2)/|1 − zw|2 = 1 − b; so the ratio of the moment to
E|X|2E|Y |2 is 3− a− b, which gives the third line.

Two real zeros. Use the field (q(x), q(y)) on {x ̸= y}, or [7, Lemma 6.1]. The density at 0

is (2π)−1(1− x2)1/2(1− y2)1/2/ψ, the Jacobian factor is ψ2(1− x2)−1(1− y2)−1|q̌(x)q̌(y)|, and
E|XY | = 2

πσXσY (
√
1− c2 + c arcsin c) for the correlation c =

√
1− ψ2 of X = q̌(x), Y = q̌(y).

The bounds. t(2 − t) ≤ 1 for all real t. On [0, 1]2, ∂a[ab(3 − a − b)] = b(3 − 2a − b) ≥ 0,
and symmetrically in b, so ab(3 − a − b) ≤ 1. With ψ = cosφ, φ ∈ [0, π2 ], the first factor is

cos2 φ+ φ sinφ cosφ ≤ 1, because φ ≤ tanφ. □

The bound ρrr ≤ ρrρr is [7, Corollary 2.2], and the closed form for ρrr is equivalent to [7,
(2.6)]; the closed form for ρcc is the case n = 2 of [7, Theorem 2.7], and the bound ρcc ≤ ρcρc
is stated after it. Mixed correlations are not treated in [7]; Forrester [3, (30)] gives all mixed
correlations as a Pfaffian, and ρrc can also be read off its entries [3, (49)–(52)]. All three closed
forms agree with a direct numerical evaluation of the Kac–Rice formula. Only the three bounds
are used below.

Theorem 4.6 (The modulus gap). For 0 < ε ≤ 1 and s > 0,

P
(
T∗ ≥ 1 + ε, g < s

)
≤ 107 ε−4s.

Proof. Let rε = (1 + ε)−1/2 and r′ε = 1
2(1 + rε). By concavity 1 − rε ≥ ε/4, so 1 − r′ε ≥ ε/8,

and as rε ≥ 2−1/2, 1 − r′2ε ≥ 1.853 · ε/8 ≥ 0.2316 ε. If s > (1 − rε)/2, the right side exceeds
107ε−3/8 > 1; so let s ≤ (1− rε)/2 ≤ 0.15.

On the event, u∗ ∈ D+ is a zero with |u∗| = R∗ ≤ rε, and some zero u′ /∈ {u∗, ū∗} of q in D
has

∣∣|u′| − R∗
∣∣ < s, hence |u′| < r′ε. If u′ is not real, then u′ or ū′ is a zero in D+ other than

u∗, of the same modulus. So the event implies the existence of an ordered pair (u, v) of distinct
zeros, with u ∈ D+

rε , v ∈ D+ or v real, and
∣∣|v| − |u|

∣∣ < s. By Markov’s inequality, the Rice
formula for second factorial moments and Proposition 4.5, its probability is at most∫

D+
rε

ρc(u)
[∫

A(|u|)∩D+

ρc(v) dA(v) +

∫
{x∈R: ||x|−|u||<s}

ρr(x) dx
]
dA(u),
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where A(ϱ) = {ϱ − s < |v| < ϱ + s}. On {|v| ≤ r′ε} we have ρc(v) ≤ 2 Im v/(π(1 − r′2ε )
3), as

|1 − v2| ≥ 1 − |v|2, and in polar coordinates
∫
A(ϱ)∩D+ Im v dA(v) ≤ 2

3

(
(ϱ + s)3 − (ϱ − s)3

)
=

4ϱ2s + 4
3s

3 ≤ 4.03 s, also when ϱ < s. With (1 − r′2ε )
−3 ≤ 80.5 ε−3 the first inner integral is at

most 2 · 80.5 · 4.03 s/(πε3) ≤ 207 sε−3. The second is at most 4s/(π(1 − r′2ε )) ≤ 5.5 sε−1. The
outer integral is κ(rε) of [M, Lemma 7.9], and since arctan ϱ ≤ π/4, κ(r) ≤

∫ r
0 ϱ(1− ϱ2)−2dϱ =

r2/(2(1− r2)), so κ(rε) ≤ 1/(2ε). Altogether the probability is at most 1
2ε(207ε

−3 +5.5ε−1)s ≤
107 ε−4s. □

The same integral bounds κ for small r. By the proof of [M, Lemma 7.9], and since arctan ϱ ≤
ϱ,

κ(r) =
4

π

∫ r

0

ϱ arctan ϱ

(1− ϱ2)2
dϱ ≤ 4

π

∫ r

0

ϱ2 dϱ

(1− ϱ2)2
≤ 4r3

3π(1− r2)2
,

which is at most 2r3 for r ≤ 0.7, as (1 − r2)2 ≥ 0.26 > 2/(3π) there. For 0.7 < r < 0.8,
κ(r) ≤ r2/(2(1 − r2)) ≤ 2r3, as 4r(1 − r2) ≥ 1 there; and 2r3 > 1 for r ≥ 0.8. As {R∗ < ϱ} =
{T∗ > ϱ−2}, [M, Lemma 7.9] gives

(4.2) P(R∗ < ϱ) ≤ 2ϱ3 (ϱ > 0), P(T∗ > s) ≤ 2s−3/2 (s > 1).

[M, Lemma 9.12] is the qualitative form of Theorem 4.6. Numerically, P(T∗ ≥ 1.5, g < s) lies
between 2.1s and 2.4s for 10−3 ≤ s ≤ 10−2, so the exponent 1 is the true one and the constant
107ε−4 is crude.

4.3. Small balls at the collision. Let rε = (1 + ε)−1/2 and rc = (1 + ε/2)−1/2 as above, and
r3 =

1
2(1 + rc), so that 1− r3 ≥ ε/12. Let Y ′

2 = sup|u|≤r3 |q
′′(u)|. As in (3.1), with r3 in place of

r2, E
∑

j j(j− 1)|ηj |rj−2
3 = 2

√
2/π (1− r3)−3 ≤ 2758 ε−3 and

∑
j j

2(j− 1)2r2j−4
3 ≤ 24(1− r3)−5,

so

(4.3) P
(
Y ′
2 > y3(ℓ)

)
≤ e−ℓ (ℓ ≥ 0), y3(ℓ) =

2758 + 3456 ℓ1/2

ε3
.

Lemma 4.7 (Small balls for q′(u∗), γ∗ and sin θ∗). For 0 < r < 1, τ > 0 and 0 < s ≤ 1:

(a) E#{u ∈ D+
r : q(u) = 0, |q′(u)| ≤ τ} ≤ 6π−4/3(1− r2)−1τ2;

(b) E#{u ∈ D+
r : q(u) = 0, |uq′(u)| ≤ τ} ≤ 2.862(1− r2)−3/2τ3/2;

(c) E#{u ∈ D+
r : q(u) = 0, Imu < s|u|} ≤ 4

3π r
3(1− r2)−3s2.

Consequently

P
(
T∗ ≥ 1 + ε, |q′(u∗)| ≤ τ

)
≤ 2.61 τ2

ε
, P

(
T∗ ≥ 1 + ε, |γ∗| ≤ τ

)
≤ 8.1 τ3/2

ε3/2
,

P
(
T∗ ≥ 1 + ε, s∗ < s

)
≤ 1.21 s2

ε3
.

Proof. (c) On D+
r , ρc(u) ≤ 2 Imu/(π(1−r2)3). In polar coordinates u = ϱeiφ the set {sinφ < s}

contributes at most
∫ r
0 ϱ

2dϱ · 2
∫ arcsin s
0 sinφdφ · 2

π(1−r2)3
, and 2(1−

√
1− s2) ≤ 2s2.

(a) We use the weighted Rice formula [2, Theorem 6.4], in the form restated in [6, Appen-
dix A.1, Theorem 1]: for a Gaussian field Z : U → Rd with C2 paths and nondegenerate values
on an open U ⊂ Rd, a compact Λ ⊂ U , random vectors Y t continuous in t with (Z, Y t) jointly
Gaussian, and a bounded continuous g,

E
∑

t∈Λ, Z(t)=0

g(Y t) =

∫
Λ
E
[
| detZ ′(t)| g(Y t)

∣∣ Z(t) = 0
]
pZ(t)(0) dt.

Apply it to Z = (Re q, Im q) on U = D+, with Y u = q′(u), a compact Λ ⊂ D+
r , and gk(v) =

min
(
1,max(0, 1 − k(|v| − τ))

)
, which is bounded, continuous and decreases to 1{|v| ≤ τ} as
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k → ∞. Let k → ∞: on the left by dominated convergence, the sum being at most the number
of zeros of q in D+

r , whose mean κ(r) is finite; on the right by monotone convergence. Then let
Λ ↑ D+

r . So the left side of (a) is
∫
D+
r
I(u) dA(u) with

I(u) = pq(u)(0)E
[
|q′(u)|21{|q′(u)| ≤ τ}

∣∣ q(u) = 0
]
.

By Lemma 4.4, given q(u) = 0 we have q′(u) = B′
u(u)ξ, with |B′

u(u)| = b := bu and ξ distributed
as q(u). The density of ξ is at most pq(u)(0) = 1/(πb), and VarRe ξ ≥ 1

2 (proof of Lemma 3.2),

so P(|ξ| ≤ ϱ) ≤ 2ϱ/
√
π. Hence, with y = Imu ≤ b (as (1− |u|2)|1− u2| ≤ 2),

I(u) ≤ (πb)−1τ2 P(|ξ| ≤ τ/b) ≤ 2τ3

π3/2b2
≤ 2τ3

π3/2y2
.

Also I(u) ≤ ρc(u) ≤ Ay with A = 2/(π(1 − r2)3). Integrating min(Ay,By−2τ3), B = 2π−3/2,

over y ∈ (0,∞) gives 3
2A

1/3B2/3τ2, and the range of Reu has length at most 2; and 3A1/3B2/3 =

6π−4/3(1− r2)−1.
(b) The same, with τ replaced by τ/|u|: I(u) ≤ min(Ay, Bτ3|u|−3y−2). In polar coordinates

u = ϱeiφ we have y = ϱ sinφ, and 2φ/π ≤ sinφ ≤ φ on [0, π2 ]; by the symmetry φ 7→ π − φ the

φ-integral of I is at most twice the integral over (0,∞) of min
(
Aϱφ, π2

4 Bτ
3ϱ−5φ−2

)
, which is

βτ2ϱ−3 with β = 3A1/3(π2B/4)2/3 = 3 · 2−1/3(1− r2)−1, and it is also at most 2
∫ π/2
0 Aϱφdφ =

aϱ with a = Aπ2/4 = π/(2(1 − r2)3). Integrating ϱmin(aϱ, βτ2ϱ−3) over ϱ ∈ (0,∞) gives
4
3a

1/4β3/4τ3/2, and 4
3π

1/433/42−1/2 < 2.862.
For the consequences, u∗ ∈ D+

rε on {T∗ ≥ 1+ε} (almost surely R∗ ̸= rε, by [M, Lemma 7.5(a)]),

1− r2ε = ε/(1 + ε) ≥ ε/2 and r3ε(1− r2ε)
−3 ≤ 23/2ε−3; and the probability that some zero has a

property is at most the expected number of such zeros. □

The exponents 2, 3/2 and 2 are the natural ones (heuristically: a nonreal zero of modulus
about ϱ near 0 forces η0 ≈ ϱ2 and η1 ≈ ϱ, so γ∗ ≈ ϱ2, while P(R∗ < ϱ) ≍ ϱ3). Parts (a) and (b)
are the only places where the weighted Rice formula is used. The next lemma, which needs no
Rice formula, gives exponent 2 for |q′(u∗)| up to a logarithm, hence exponent 6/5 for |γ∗| up to

a logarithm (through P(R∗ < ϱ) ≤ 2ϱ3, (4.2), with ϱ = τ2/5); this suffices for Theorem 4.12.

Lemma 4.8 (Near-critical values). Let y ≥ 2758 ε−3, 0 < τ ≤ 1 and 0 ≤ δ ≤ τ2/(4y). Then

P
(
Y ′
2 ≤ y and ∃u ∈ Drc : |q(u)| ≤ δ, |q′(u)| < τ

)
≤ τ2

(
19 + 5.4 log(2.04y)

)
.

Proof. Put h = τ/(2y) ≤ ε3/5516 ≤ min(13 , r3−rc). Since q(ū) = q(u) we may assume Imu ≥ 0.

Work on {Y ′
2 ≤ y}; all Taylor bounds below use segments in Dr3 .

Points with Imu ≥ 2h. Let g be the point of the grid h(Z + i(Z + 1
2)) nearest to u, so

|g − u| ≤ h/
√
2 and Im g ≥ 3

2h. Then |q′(g)| < τ + yh/
√
2 ≤ 1.354τ =: τ ′ and |q(g)| ≤

δ+ τh/
√
2+ yh2/4 ≤ 0.667τ2/y =: δ′. For a fixed g, let b = bg ≥ Im g. The density of q(g) is at

most 1/(πb), so P(|q(g)| ≤ δ′) ≤ δ′2/b. Given q(g) = v, the law of q′(g) is Gaussian with a mean
linear in v and a covariance that does not depend on v; by Lemma 4.4 its centred part has the
law of B′

g(g)ξ with ξ distributed as q(g). By Anderson’s inequality [1] the disk {| · | < τ ′} has

conditional probability at most P(|B′
g(g)ξ| < τ ′) ≤ min(1, 2τ ′/(

√
π b)). So

P
(
|q(g)| ≤ δ′, |q′(g)| < τ ′

)
≤ f(Im g), f(y′) =

δ′2

y′
min

(
1,

2τ ′√
π y′

)
,

and f is decreasing. The grid points with |Re g| ≤ 1 lie on the rows Im g = (j + 1
2)h, j ≥ 1,

with at most 3/h points each. Comparing the sum with an integral,
∑

j≥1 f((j + 1
2)h) ≤
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f(32h)+h
−1

∫∞
3h/2 f ≤ δ′2 4y

3τ +h
−1δ′2

(
1+ log(2.04y)

)
, so these points contribute at most 3δ′2

h2

(
5
3 +

log(2.04y)
)
≤ τ2

(
8.9 + 5.4 log(2.04y)

)
.

Points with 0 ≤ Imu < 2h. Let x = Reu. Then |q′(x)| ≤ τ + 2hy = 2τ and |q(x)| ≤
δ + 2hτ + 2h2y ≤ 1.75τ2/y. Let xg be the point nearest to x of the grid of spacing τ/y in
[−rc, rc], which has at most 2y/τ +1 points. Then |q′(xg)| ≤ 2.5τ and |q(xg)| ≤ 2.875τ2/y. The
density of (q(xg), q

′(xg)) is at most 1/(2π), because its covariance determinant is (1−x2g)−4 ≥ 1.

So each grid point contributes at most (2π)−1(5.75τ2/y)(5τ) ≤ 4.58τ3/y, and these points
contribute at most 9.16τ2 + 4.58τ3/y ≤ 10.1τ2. □

For ρ > 0 let

m(ρ) = inf
{
|q(u)| : |u| ≤ rc, q has no zero in {|v − u| < ρ}

}
,

which is nondecreasing in ρ. In the setting of Section 4.1, every point of A has modulus within
g/2 of R∗ (Step 1 of the proof of Theorem 4.1), every zero of q other than u∗, ū∗ has modulus
at distance at least g from R∗, and A ⊂ Drc . Hence

(4.4) mA(ρ) ≥ m
(
min(ρ, g/2)

)
(ρ > 0).

Lemma 4.9 (Depth away from the zeros). For 0 < ρ ≤ ε/12 and 0 < δ ≤ e−1, with y =
y3(log(1/δ)),

P
(
m(ρ) < δ

)
≤ δ +

(16δ2
ρ2

+ 4yδ
)(

19 + 5.4 log(2.04y)
)
.

Proof. Let τ = max(4δ/ρ, 2
√
yδ). If τ > 1, the right side exceeds 1. Otherwise work on

{Y ′
2 ≤ y}, whose complement has probability at most δ by (4.3). Let |u| ≤ rc, |q(u)| < δ and

|q′(u)| ≥ τ , and put s = 2δ/|q′(u)| ≤ ρ/2. On |v − u| = s, |q(v) − q′(u)(v − u)| ≤ δ + ys2/2 ≤
3
2δ < 2δ = |q′(u)(v − u)|, because ys2 ≤ 4yδ2/τ2 ≤ δ. By Rouché’s theorem q has a zero in

{|v − u| < s} ⊂ {|v − u| < ρ}. So m(ρ) < δ implies that some u ∈ Drc has |q(u)| < δ and
|q′(u)| < τ . As τ2 ≥ 4yδ, Lemma 4.8 applies. □

Lemma 4.10 (Scale-free depth). Let

Vm = sup
0<ρ≤ε/12

ρ3/2

m(ρ)
.

Then P(Vm > s) ≤ c ε−cs−1(1 + log s) for s ≥ 1, with an absolute constant c.

Proof. Let ρk = 2−k−1ε/12 and δk = (2ρk)
3/2/s ≤ e−1 for k ≥ 0. If Vm > s, then some

ρ ∈ (ρk, 2ρk] has m(ρ) < ρ3/2/s, and m(ρk) ≤ m(ρ) < δk. By Lemma 4.9, with yk = y3(log(1/δk))
and δ2k/ρ

2
k = 8ρk/s

2,

P
(
m(ρk) < δk

)
≤ δk +

(
128ρks

−2 + 4ykδk
)(
19 + 5.4 log(2.04yk)

)
.

Here δk ≤ 2−3k/2/s,
∑

k ρk ≤ ε/12, and log(1/δk) ≤ log s + 2(k + 1) + 3
2 log(12/ε), so yk ≤

c ε−3(1 + log s+ k + log(1/ε))1/2. Summing over k gives the claim. □

4.4. The tail of D. Let

D = sup
m≥1

m
(
|Λm − T∗|+ |zm − 2R−1

∗ cos θ∗|
)
,

with zm = Fm(η0, . . . , ηm), as in the proof of [M, Corollary 9.16]. By [M, Corollary 9.14], D <∞
almost surely. For the first degrees we use two crude bounds.

Lemma 4.11 (Small degrees). Let Σ3 =
∑

j≥3(j + 1)23−j |ηj | and Λsup = max{30, (1.42|η2|+
45.5Σ3)/|η0|}.
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(a) For every m ≥ 2, Λm ≤ Λsup, and P(Λsup > x) ≤ 365/x for x ≥ 30.

(b) For m ≥ 2 and t ≥ 0, every zero z of Pm,t satisfies |z| ≤ 4(1 +mt)1/2Hm, with Hm =
max

(
1,maxj≤m |ηj |/|η0|

)
.

(c) Y ′ = supj≥0 |ηj |/(2 log(j + 2))1/2 satisfies P(Y ′ > y) ≤ 2 · 2−y2 for y ≥ 2.

Proof. (a) Let t ≥ 30 and aj = ηjt
−j/2. In [M, Lemma 8.2(c)] with κ = 1 we have cκ =

coth 1 + 1
2 < 1.82, so for j ≤

√
m (when j ≤ m/2) βm,j ≤ 2e1.82(j + 1)ej ≤ 12.4(j + 1)ej , and

for j >
√
m, βm,j ≤

√
m < j; so βm,j ≤ 12.4(j + 1)ej for all j ≥ 3. As t ≥ 30 > 4e2, e/

√
t ≤ 1

2 ,
and the left side of [M, (8.3)] is at most

√
2 |η2|
t

+ 12.4
e3

t3/2

∑
j≥3

(j + 1)23−j |ηj | ≤
1.42|η2|+ 45.5Σ3

t
,

which is less than |η0| for t > Λsup. So Q
(t)
m , and hence Pm,t, has only real zeros for every t > Λsup,

and Λm ≤ Λsup. Conditionally on (ηj)j≥1, P(|η0| < v/x) ≤ v/x; and E[1.42|η2| + 45.5Σ3] =√
2/π (1.42 + 455) ≤ 365, as

∑
j≥3(j + 1)23−j = 10.

(b) Write Pm,t(z) =
∑

k ckz
k. From exp(− t

2m∂
2)zl =

∑
i
(−t/2m)i

i!
l!

(l−2i)!z
l−2i,

ck =
∑

i≤(m−k)/2

(−t/2m)i

i!

(k + 2i)!

k!
ηm−k−2i

m(k+2i)/2√
(k + 2i)!

, cm =
η0m

m/2

√
m!

.

Since m(l−m)/2
√
m!/l! ≤ 1 for l ≤ m and (k + 2i)!/k! ≤ m2i, the i-th term of |ck/cm| is at

most Hm(mt/2)i/i! ≤ Hmmax(1,mt/2)p/2, where p = m − k. So |ck/cm|1/p ≤ Hm(p/2 +

1)1/pmax(1,mt/2)1/2 ≤ 2Hm(1 +mt)1/2, and Fujiwara’s bound |z| ≤ 2maxk<m |ck/cm|1/(m−k)

[4] gives the claim.

(c) P
(
|ηj | > y(2 log(j + 2))1/2

)
≤ (j + 2)−y2 , and

∑
k≥2 k

−y2 ≤ 2 · 2−y2 for y ≥ 2. □

Theorem 4.12 (The tail of D). Let q be the Gaussian power series, 0 < ε ≤ 1, and Ec =

logΥc/ log λ
1/2
ε/2 as in Section 4.1. There is an absolute constant c such that for all x ≥ 1:

(a) P(D > x, T∗ ≥ 1 + ε) ≤ c ε−cx−βε, where βε = 1/(1782Ec) ≥ ε/(35640 log(40/ε));

(b) P(D > x, T∗ ≥ 1 + ε) ≤ Cε x
−1/900, where logCε ≤ c ε−c.

Proof. Work on Ω = {T∗ ≥ 1 + ε}, intersected with the almost sure event on which (G1)–(G3)
hold with ρq = 1, Cq < ∞, νglob > 0 (as η0 ̸= 0 and the zeros of q in D \ {0} are simple, [M,
Lemma 7.4]), and the conclusions of [M, Corollary 9.14] hold. Theorem 4.1 applies.

A deterministic bound. For m ≥ n0 the m-th term of D is at most 2K. For m = 1 it is T∗ +

2T
1/2
∗ , as Λ1 = 0 and z1 = 0. For 2 ≤ m < n0, zm is 0 or a zero of Pm,Λm , so by Lemma 4.11(a),

(b) the m-th term is at most n0
(
Λsup + 3T∗ + 4(1 + n0Λ

sup)1/2Hn0

)
. With Y ′′ = max(1, Y ′) we

have Hn0 ≤ PαY
′′(2 log(n0 + 2))1/2 ≤ 2PαY

′′n
1/10
0 . Hence D ≤ c (K + n1.60 ΛsupT∗PαY

′′), and
Theorem 4.1 with Lemma 4.2(b) gives D ≤ cε(ΠΛ

supY ′′)17. Next, by (4.4) and the monotonicity
of m, with ρ′ = min(ρV , g/2, ε/12),

PA = max
(
1,mA(ρV )

−1
)
≤ max(1, Vm) ρ

′−3/2,

and ρ′−1 ≤ max
(
6T

3/2
∗ /(r1s∗), 2Pg, 12/ε

)
≤ cεΠ

5/2
1 with Π1 = PγPsPgPCT∗, since r−1

1 ≤
cεmax(T∗PγPC , Pg, Ps). Let Π3 be the product of the eleven factors Pγ , Ps, Pg, PC , T∗,

max(1, Vm), Pν , Pα, U , Λsup and Y ′′, each at least 1. Then Π ≤ cεmax(1, Vm)Π
19/4
1 PνPαU ,

and

(4.5) D ≤ cεΠ
81
3 .
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Tails. Each factor V of Π3 satisfies P(V > s, Ω) ≤ c ε−cs−b(1 + log s)2 for s ≥ 1, with the
following b:

• Pγ : b = 6/5, by Lemma 4.8 with δ = 0 and y = y3(2 log(1/τ)), and P(R∗ < ϱ) ≤ 2ϱ3 (by

(4.2)) with ϱ = τ2/5 (or b = 3/2 by Lemma 4.7(b));
• Ps: b = 2 (Lemma 4.7(c)); Pg: b = 1 (Theorem 4.6); Pα: b = 1; T∗: b = 3/2, by (4.2);
• PC and Y ′′: every b, by Lemma 3.1 with ε/2 in place of ε, and Lemma 4.11(c); Λsup:
b = 1 (Lemma 4.11(a));

• max(1, Vm): b = 1 (Lemma 4.10); Pν : b = 1, because the proof of Lemma 3.3, with ε/2

in place of ε and δ′ = δ, gives P(νglob < δ) ≤ (32000 ε−3 log1/2(1/δ) + 4)δ;

• U : for (a), U ≤ (M c/|η0|)Ec gives P(U > s) ≤ P(M c > s1/(2Ec)) + P(|η0| < s−1/(2Ec)) ≤
c ε−cs−1/(2Ec); for (b), U ≤ ΥZ

c and Lemma 3.5 with r = rc, Υ = Υc and exponent 1 give
P(U > s) ≤ C(rc,Υc, 1) s

−1, where logC(rc,Υc, 1) ≤ c ε−15 because log((1 + rc)/(1 −
rc)) ≤ log(12/ε), 2r3c/(1− r2c )

3 ≤ 54ε−3 and Υc ≤ 40/ε.

By (4.5), D > x forces some factor of Π3 to exceed (x/cε)
1/891. Summing the eleven bounds gives

(a), the smallest exponent being 1/(2Ec) (note Ec ≥ 72) and Ec ≤ 20ε−1 log(40/ε), and (b), all
exponents being at least 1 and the logarithms being absorbed by the margin 1/891− 1/900. □

Corollary 4.13. There are absolute constants c > 0 and C such that for x ≥ ee

P(D > x) ≤ C exp
(
−c

( log x

log log x

)1/2)
.

Proof. By [M, Theorem 7.13] there is an absolute C0 with P(T∗ < 1 + ε) ≤ C0e
−0.8/ε for

0 < ε ≤ 1. With Theorem 4.12(a),

P(D > x) ≤ C0e
−0.8/ε + c ε−c exp

(
− ε log x

35640 log(40/ε)

)
.

Take ε = (log log x/ log x)1/2. For large x, log(40/ε) ≤ log log x, so the second term is at most

exp
(
c log log x−(log x/ log log x)1/2/35640

)
, and the first is C0 exp(−0.8(log x/ log log x)1/2). En-

large C for the remaining x. □

Remark 4.14. (1) The tail of D on {T∗ ≥ 1 + ε} rests on no unproved hypothesis: the small-
ball bound for the modulus gap is Theorem 4.6, and the weighted Rice formula is not needed.
(2) In (a) the constant is polynomial in 1/ε and the exponent is of order ε/ log(1/ε); it comes
from Jensen’s bound for U . In (b) the exponent does not depend on ε, because the number
of zeros of q in a disk of radius rc has super-exponential tails (Lemma 3.5), but logCε is of

order ε−O(1). (3) Whether P(D > x) has a power bound without the restriction T∗ ≥ 1 + ε is
Question 5.2. By [M, Theorem 1.7] the limit points of n(Λn−T∗) fill the interval [τc−W, τc+W ],
so D ≥ W = (2(Imu∗)

2)−1; a lower bound P(Imu∗ < ϱ) ≥ cϱ2, which we expect but have not
proved, would give P(D > x) ≥ c′x−1, so that no exponent above 1 is possible. (4) The exponents
1/900 and 1/(1782Ec) come from the exponent 10 of Theorem 4.1 and a union bound over eleven
factors, and are not optimised.

5. Remarks and questions

5.1. Rates. The exponents in Theorem 3.6, any α < 3
50 and any θ < 1

10 at fixed t, do not
depend on ε, but the constants are not polynomial in 1/ε (Remark 3.7). By Remark 3.7 this
argument cannot give a fixed-t exponent above 1

9 ; the limit is the degree of the explicit onset of
Theorem 2.6, through the vertex loss of Lemma 2.4 near the edges ±2 and the bulk constant. The
distortion of the outer factor has an ε-independent small-ball exponent, uniformly in t ≥ 1 + ε
(Proposition 3.9(b)), and the natural alternative deformation is no better (Remark 3.10).
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Question 5.1. (i) For the Gaussian power series, is there a rate n−α in Theorem 3.6 with
α > 1

10 , or with constants polynomial in 1/ε? The Monte Carlo exponents of Remark 3.7 are 0.4
to 0.82. (ii) Does Proposition 3.9(b) hold for every β < 1, uniformly in t ≥ 1 + ε? (iii) Is there

a deformation of a(t) into a polynomial with the same zeros in D along which the minimum of
|as| on the unit circle and the coefficient bound of as are controlled by powers of µ, |η0| and
Cq whose exponents do not depend on ε? By Remark 3.10, any such deformation has circle

minimum at most min|w|=1 |pin(w)|, a product over the zeros of a(t) in D.

5.2. The constant in the final collision. [M, Theorem 9.1] gives |Λn − T∗| = O(1/n) with a
constant that depends on q. By Theorem 4.1 this constant is bounded, when T∗ ≥ 1 + ε, by a
polynomial in condition parameters of q with absolute degrees and coefficients polynomial in 1/ε,

and for Gaussian coefficients P(D > x, T∗ ≥ 1 + ε) ≤ Cεx
−1/900 (Theorem 4.12). The constant

Cε is not polynomial in 1/ε, and with a constant polynomial in 1/ε we have only an exponent

of order ε/ log(1/ε); so for D itself we obtain only P(D > x) ≤ C exp(−c(log x/ log log x)1/2)
(Corollary 4.13). By Remark 4.14(3), no bound better than x−1 can be expected.

Question 5.2. Does P(D > x) decay like a power of x for the Gaussian power series, without
the restriction T∗ ≥ 1 + ε? By [M, Theorem 7.13] this would follow from Theorem 4.12(b) with
logCε = o(1/ε), or from Theorem 4.12(a) with an exponent bounded below. What is the true
exponent of P(D > x, T∗ ≥ 1 + ε)?

Statement on the use of AI

The proofs, computations and text of this paper were produced with AI systems from An-
thropic, OpenAI and Google, directed by the author. The proofs were checked by independent
AI referee rounds; no human expert has yet read them.

References

[M] B. Baggins, The real-rooting time of heat-evolved random polynomials, preprint (2026).
[B] B. Baggins, Nonreal zeros of heat-evolved Weyl polynomials near the collapse time, preprint (2026).
[C] B. Baggins, Exact counts of nonreal zeros beyond the Weyl weight: varying weights, coefficient profiles and

the Laguerre flow, preprint (2026).
[1] T. W. Anderson, The integral of a symmetric unimodal function over a symmetric convex set and some

probability inequalities, Proc. Amer. Math. Soc. 6 (1955), 170–176.
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[6] G. Lindgren, K. Podgórski, I. Rychlik, Effective computations of joint excursion times for stationary Gaussian
processes, arXiv:2007.14220 (2020).

[7] S. Matsumoto, T. Shirai, Correlation functions for zeros of a Gaussian power series and Pfaffians, Electron.
J. Probab. 18 (2013), no. 49, 1–18; doi:10.1214/EJP.v18-2545; arXiv:1212.6108.


	1. Introduction
	1.1. Setting
	1.2. An explicit onset
	1.3. A rate of convergence
	1.4. Explicit constants and the tail of the collision constant
	1.5. Ideas of the proofs
	1.6. Related work
	1.7. Organisation

	2. An explicit onset for the exact count
	3. A rate of convergence
	4. Explicit constants and the tail of D
	4.1. Explicit constants
	4.2. Pairs of zeros of the Gaussian power series
	4.3. Small balls at the collision
	4.4. The tail of D

	5. Remarks and questions
	5.1. Rates
	5.2. The constant in the final collision

	Statement on the use of AI
	References

