
THE REAL-ROOTING TIME OF HEAT-EVOLVED RANDOM

POLYNOMIALS

B. BAGGINS

Abstract. Let Gn,t = exp(− t
2n

∂2
z )Gn be a random Weyl polynomial of degree n under the

backward heat flow, with independent coefficients of a law that is not a point mass and has
finite variance. Hall, Ho, Jalowy and Kabluchko showed that the empirical zero distribution
collapses onto the real line at t = 1. We show that the first time at which all zeros of Gn,t

are real, a finite-degree analogue of the de Bruijn–Newman constant, converges in distribution
to T∗ = R−2

∗ , where R∗ is the smallest modulus of a nonreal zero of the random power series∑
j ηjw

j with coefficients of the same law; the convergence is almost sure under a coupling of
the degrees that shares the top coefficients, whereas under the standard coupling the set of limit
points of the real-rooting time is almost surely [1,∞]. The proof rests on an exact count of
the nonreal zeros of analytic combinations

∑
j≤n ajhn−j of orthonormal Hermite polynomials:

if the real power series a has radius of convergence greater than 1, no zeros on the unit circle
and simple zeros in the unit disk, then for all large n the combination has exactly as many
nonreal zeros as a has in the disk. Its method expresses the polynomial and its derivative in
the bulk through a 2 × 2 matrix applied to (hn, hn−1), built from only O(logn) steps of the
backward three-term recurrence, with the remaining terms controlled by a Christoffel–Darboux
bound. For Gaussian coefficients the law of T∗ is a Fredholm determinant, P(T∗ > t) ∼ 4

3π
t−3/2

as t → ∞, and (t − 1) log P(T∗ ≤ t) → −π2/12 as t ↓ 1, half of the constant for complex
coefficients. At the scale 1/n the last pair of nonreal zeros collides inside the real bulk, at
relative position cos θ∗, where R∗e

±iθ∗ are the nonreal zeros of minimal modulus, and the real-
rooting time is within O(1/n) of T∗. In a window of size 1/n the polynomial is, up to a positive
factor and O(1/n), the model ζ cos(ζ + c) + λ sin(ζ + c), whose threshold for real-rootedness is
given by Kepler’s equation; the phase c rotates with n, so n(Λn − T∗) oscillates over an explicit
interval and has an explicit limit law jointly with T∗.

1. Introduction

1.1. Heat-evolved Weyl polynomials and their real-rooting time. Let ξ0, ξ1, . . . be in-
dependent standard real Gaussian random variables and let

(1.1) Gn(z) =
n∑
k=0

ξk
(
√
n z)k√
k!

be the real Weyl polynomial of degree n, whose zeros are asymptotically uniformly distributed
in the unit disk. Let it evolve under the backward heat flow,

(1.2) Gn,t = exp
(
− t

2n
∂2z

)
Gn =

∑
i≥0

1

i!

(
− t

2n

)i
∂2iz Gn, t ≥ 0,
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a finite sum. Hall, Ho, Jalowy and Kabluchko [19, Theorem 2.1] proved (for much more general
coefficients) that the empirical distribution of the zeros of Gn,t converges in probability to the
uniform distribution on the ellipse {x2/(1 + t)2 + y2/(1 − t)2 ≤ 1} for 0 ≤ t < 1, and to the
semicircle law on [−2

√
t, 2

√
t] for t ≥ 1. Macroscopically the zeros thus become real at time 1.

The operators exp(− s
2n∂

2
z ), s ≥ 0, preserve real-rootedness (Lemma 7.1), so the set of times

at which Gn,t has only real zeros is an interval [Λstd
n ,∞) (we put Λstd

n = 0 if Gn ≡ 0). The

real-rooting time Λstd
n is a finite-degree analogue of the de Bruijn–Newman constant [7, 31, 38];

the superscript refers to the standard coupling of the degrees, in which one sequence (ξk) serves
for every n. Weak convergence of empirical measures cannot see a bounded number of nonreal
zeros, so the macroscopic picture says nothing about Λstd

n beyond P(Λstd
n > t) → 1 for each

t < 1, which Proposition 1.11 sharpens to an exponential bound. This paper identifies the limit
law of Λstd

n (Theorem 1.1), and then describes, at the scale 1/n, how the last pair of nonreal
zeros becomes real (Theorems 1.6–1.8).

The results on the limit law hold for general coefficients. From now on let µ be a Borel
probability measure on R that is not a point mass and has

∫
x2 dµ(x) < ∞, and let the ξk in

(1.1) be independent with law µ. The standard Gaussian law remains the main example, and
Theorems 1.6–1.8, 1.9 and 1.10 and Proposition 1.11 concern only this case. Let η0, η1, . . . be
independent random variables with law µ and

(1.3) q(w) =
∑
j≥0

ηjw
j ,

a random power series that almost surely has radius of convergence 1; we write D = {|w| < 1}.
For standard Gaussian coefficients we call q the Gaussian power series. Almost surely q has
nonreal zeros in D (Proposition 7.6), and we let

(1.4) R∗ = min{|w| : w ∈ D \ R, q(w) = 0}, T∗ = R−2
∗ ∈ (1,∞).

Let E be the set of t > 1 for which q has a zero on the circle {|w| = t−1/2} with positive
probability. It is countable, and it is empty if µ has no atoms (Lemma 7.5).

Theorem 1.1 (Real-rooting time of heat-evolved Weyl polynomials). Let Λstd
n be the real-rooting

time of Gn,t. Then Λstd
n → T∗ in distribution as n → ∞. Moreover, for every t > 1 with t /∈ E,

in particular for every t > 1 if µ has no atoms, the number of nonreal zeros of Gn,t converges

in distribution to the number of nonreal zeros of q in the disk {|w| < t−1/2}, and

lim
n→∞

P
(
Gn,t has only real zeros

)
= P(T∗ ≤ t) = P

(
q has no zero in {|w| < t−1/2, Imw > 0}

)
.

Proposition 1.2 (The limit law). Almost surely 1 < T∗ <∞. The atoms of the law of T∗ lie in
E; in particular, if µ has no atoms, the distribution function of T∗ is continuous. For standard
Gaussian coefficients,

P(T∗ > t) =
4

3π
t−3/2

(
1 + o(1)

)
(t→ ∞), P(T∗ > t) ≤ κ(t−1/2) (t > 1),

where κ(r) = 1
π

[
1+r2

1−r2 arctan r−artanh r
]
= 4

3π r
3
(
1+r2+O(r4)

)
is the expected number of zeros

of q in {|w| < r, Imw > 0}. In particular P(T∗ > t) > 0 for every t.

So the last nonreal pair of zeros survives macroscopic collapse by a random amount of time,
governed by the nonreal zero of q closest to the origin. The limit law depends on µ: if µ has a
bounded density f that is continuous at 0, then t3/2P(T∗ > t) → 8

3f(0)
2
∫
x2 dµ (Theorem 7.8),

and for Rademacher coefficients even T∗ ≤ 4 (Remark 7.10). Theorem 1.1 is proved in Section 7,
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as a consequence of an almost sure statement under another coupling of the degrees (Theo-
rem 1.5), which in turn rests on a deterministic theorem about linear combinations of Hermite
polynomials.

1.2. Exact counts of nonreal zeros. Throughout, Hek are the probabilists’ Hermite polyno-
mials and

hk =
Hek√
k!

are the orthonormal polynomials for the standard Gaussian measure (2π)−1/2e−x
2/2 dx.

Definition 1.3. A power series a(w) =
∑

j≥0 ajw
j is admissible if its coefficients are real, its

radius of convergence is greater than 1, a(0) ̸= 0, a has no zeros on the unit circle, and all zeros
of a in D are simple.

An admissible a has finitely many zeros w1, . . . , wk in D; they are nonzero, and the set is
closed under complex conjugation. Let ζi = wi +w−1

i . The Joukowski map w 7→ w+w−1 maps
D\{0} conformally onto C\ [−2, 2], and maps (−1, 1)\{0} onto R\ [−2, 2], so the ζi are distinct
points off [−2, 2] and ζi is real exactly when wi is.

Theorem 1.4 (Exact zero count). Let a be admissible, with zeros w1, . . . , wk in D, and let

Qn(x) =
n∑
j=0

aj hn−j(x).

For every sufficiently small ε > 0 there is n0 such that for every n ≥ n0 all zeros of the polynomial
z 7→ Qn(

√
n z) are simple, and they are:

(a) for each i, exactly one zero in the disk |z− ζi| < ε, which is real if wi is real and nonreal
if wi is nonreal;

(b) n− k further zeros, all real and lying in (−2− ε, 2 + ε).

In particular, for all large n the number of nonreal zeros of Qn equals the number of nonreal
zeros of a in D.

When a is a polynomial the theorem concerns fixed finite combinations of consecutive or-
thonormal Hermite polynomials. The case of interest here is when a is a genuine power series,
possibly with radius of convergence arbitrarily close to 1; then Qn involves every hk, 0 ≤ k ≤ n,
and the coefficients aj may decay at an exponential rate arbitrarily close to 1. Exterior asymp-
totics place one zero near each ζi; the difficulty is to exclude pairs of nonreal zeros approaching
the real bulk, which they cannot detect. Theorem 1.4 is proved in Part I (Sections 2–6).

The heat flow enters through the following identity. With q as in (1.3), define the reversed
Weyl polynomials and their heat evolutions

(1.5) Pn(z) =
n∑
k=0

ηn−k
(
√
n z)k√
k!

, Pn,t = exp
(
− t

2n
∂2z

)
Pn.

For each n the vector (ηn, . . . , η0) has the law of (ξ0, . . . , ξn), so (Pn,t)t≥0 has the law of (Gn,t)t≥0;
only the coupling between different degrees differs. In (1.5) the top coefficients η0, η1, . . . are
shared by all degrees. Since exp(−1

2∂
2
x)x

k = Hek(x), one finds (Lemma 7.1) that for t > 0

(1.6) Pn,t(z) = tn/2
n∑
j=0

ηj t
−j/2 hn−j

(√
n
t z

)
.

Up to the factor tn/2 and the dilation z 7→ z/
√
t, this is the polynomial Qn(

√
n ·) of Theorem 1.4

for a(w) = q(w/
√
t), which has radius of convergence

√
t > 1 when t > 1. The weights 1/

√
k!
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of the Weyl polynomials enter here: under the heat flow every real polynomial becomes a
combination of the hn−j , but for other coefficient profiles the coefficients of this combination
depend on n; such profiles, and a Laguerre analogue of the heat flow, are treated in the companion
paper [C].

Theorem 1.5 (Almost sure real-rooting time). Let Λn = inf{t ≥ 0 : Pn,t has only real zeros},
with Λn = 0 if Pn ≡ 0. Almost surely all zeros of q in D \ {0} are simple and q has infinitely
many nonreal zeros in D, so that R∗ and T∗ in (1.4) are defined, and

lim
n→∞

Λn = T∗.

Moreover, fix t > 1 with t /∈ E. Almost surely, for every sufficiently small ε > 0 (depending
on q) and all sufficiently large n: all zeros of Pn,t are simple; for each nonreal zero u of q with

|u| < t−1/2 exactly one zero of Pn,t lies within distance ε of tu+ u−1; and all other zeros of Pn,t
are real.

1.3. The final collision. In Sections 1.3–1.6 the coefficients are standard Gaussian. Let u∗ =
R∗e

iθ∗ , 0 < θ∗ < π, be a nonreal zero of q of modulus R∗. For fixed t ∈ (1, T∗) it produces the
nonreal zero of Pn,t near tu∗+u

−1
∗ of Theorem 1.5, and as t ↑ T∗ this point tends to 2R−1

∗ cos θ∗,
an interior point of the limiting bulk [−2

√
T∗, 2

√
T∗] = [−2R−1

∗ , 2R−1
∗ ]. So heuristically the last

pair of zeros becomes real inside the bulk, at relative position cos θ∗, and not at its edge. The
next theorem shows that this is so, to within O(1/n) in time and in place.

Theorem 1.6 (The final collision). Let q be the Gaussian power series and Λn the real-rooting
time of Pn,t. Almost surely q has, up to conjugation, exactly one nonreal zero u∗ = R∗e

iθ∗,
0 < θ∗ < π, of modulus R∗, and there are K < ∞ and n0, depending on q, such that for every
n ≥ n0:

(a) |Λn − T∗| ≤ K/n;
(b) all zeros of Pn,Λn are real; exactly one of them, zn, is multiple, it is a double zero, and

|zn − 2R−1
∗ cos θ∗| ≤ K/n;

(c) for T∗ −K−1 ≤ t < Λn the polynomial Pn,t has exactly two nonreal zeros, and for every
t ≥ T∗ −K−1 with t ̸= Λn all zeros of Pn,t are simple.

Theorem 1.6 is Corollary 9.14, with the δ of Theorem 9.1 written as K−1 after enlarging
K. It is the Gaussian case of a deterministic result, Theorem 9.1, which holds for every real
power series q with q(0) ̸= 0, one simple conjugate pair of nonreal zeros of minimal modulus,
no real zero of that modulus and simple real zeros inside it. For a fixed q the collision is a
real zero of multiplicity 2 or 3; for random coefficients a triple zero is excluded almost surely,
because Pn,t = ∂zPn,t = ∂2zPn,t = 0 imposes three conditions on the three bottom coefficients
of Pn, while only the two parameters t and z are free. For the Weyl polynomials the theorem
gives tightness of n(Λstd

n − T̃∗,n), where T̃∗,n has the law of T∗ and is defined under an explicit
coupling (Corollary 9.16). Theorem 1.6 and Corollary 9.16 hold also for independent identically
distributed coefficients whose law has a density and finite variance (Remark 9.15). The constants
K and n0 depend on q; in the companion paper [A] they are bounded by polynomials in condition
parameters of q, which gives a power tail for supn n|Λn − T∗| on the event {T∗ ≥ 1 + ε}.
Theorem 1.6 does not say whether n(Λn−T∗) converges; the next theorem shows that in general
it does not.

1.4. The first-order law. The next order is not a constant: n(Λn − T∗) oscillates with n. In
a window of size 1/n in time and in space around the collision, Pn,t is, after a positive factor
and up to O(1/n), the one-phase model ζ cos(ζ + c) + λ sin(ζ + c), where λ is the rescaled time
and c = cn is, up to a constant, the phase of the pair (hn, hn−1) at 2

√
n cos θ∗. This model has
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a real multiple zero only at λ = − cos2 s, where s− sin s cos s = c, a form of Kepler’s equation;
and the phase advances by −(θ∗ − sin θ∗ cos θ∗) per degree, given by the same Kepler function.

Let u∗ = R∗e
iθ∗ (0 < θ∗ < π) be the nonreal zero of q of least modulus, γ∗ = u∗q

′(u∗) and
ρ∗ = u∗q

′′(u∗)/q
′(u∗), and put

W =
1

2(Imu∗)2
, τc =

Re(u∗) Im(ρ∗)

2|u∗|2 Imu∗
,

c♮n = arg γ∗ −
π

4
−
(
n+

1

2

)
θ∗ +

n

2
sin 2θ∗ −

1

4
sin 2θ∗Re ρ∗.

For c ∈ R let Ψ(c) ∈ [0, π] be the root of Kepler’s equation

(1.7) Ψ− sinΨ = 2dist(c, πZ),
let c̃ ∈ [−π

2 ,
π
2 ) be congruent to c modulo π, and let ν = (θ∗ − sin θ∗ cos θ∗)/π.

Theorem 1.7 (The first-order law). Let q be the Gaussian power series, Λn the real-rooting
time of Pn,t, and zn the multiple zero of Pn,Λn of Theorem 1.6. Almost surely

n(Λn − T∗) = τc −W cosΨ(c♮n) +O(n−2/3),

with error O(1/n) along every sequence of degrees with dist(c♮n, πZ) bounded away from 0, and

n
(
zn −

2 cos θ∗
R∗

)
= −Re(u∗)Re(ρ∗)

2|u∗|2
+ sgn(c̃♮n)

sinΨ(c♮n)

2 Imu∗
+Re(u∗)n(Λn − T∗) +O(n−1/3).

Moreover, almost surely ν is irrational and the set of limit points of n(Λn − T∗) is the interval
[τc −W, τc +W ], of length 1/(Imu∗)

2.

Theorem 1.8 (The joint law). Let q be the Gaussian power series and Λn the real-rooting time
of Pn,t. Then (

T∗, n(Λn − T∗)
)
−→

(
T∗, τc −W cosΨ(U)

)
in distribution,

where U is uniform on [0, π2 ] and independent of q; the same holds with T∗ replaced by any
random element of a Polish space that is a measurable function of q. Given q, the limit has the

density (πW )−1
(
(W +s)/(W −s)

)1/2
in s = τ−τc ∈ (−W,W ). For the real-rooting time Λstd

n of

the heat-evolved Weyl polynomials Gn,t and the threshold T̃∗,n of the coupling of Corollary 9.16,(
T̃∗,n, n(Λ

std
n − T̃∗,n)

)
→

(
T∗, τc −W cosΨ(U)

)
in distribution.

Theorem 1.7 follows from Theorem 10.1 and Proposition 10.9, applied on the almost sure event
of Lemma 9.12, together with Theorem 1.6 and Theorem 10.10; Theorem 1.8 is Theorem 10.10(b)
and Corollary 10.11. Theorem 10.1 holds for every deterministic real power series under the

conditions (G1)–(G3) of Section 9, with an exact phase cn in place of c♮n. The exponents 2
3

and 1
3 come from the cusps of the threshold curve at cn ∈ πZ, where the model has a triple

zero, and they cannot be improved from the window expansion alone (Remark 10.8). For
q = 1 + bw + aw2 with b2 < 4a the upper end τc + W equals a/2, which shows that the

elementary bound Λn ≤ a
√
n/(n− 1) is sharp to first order along a subsequence when ν is

irrational (Remark 10.12).

1.5. The law of T∗ near t = 1. For standard Gaussian coefficients the law of T∗ has an exact
form, and − logP(T∗ ≤ t) is determined to first order as t ↓ 1.

Theorem 1.9 (The law of T∗ near t = 1). Let the coefficients be standard Gaussian. For 0 < r <
1 and m,n ≥ 0 let Gmn(r) = 2

π

∫
Im(zmz̄n) |1−z2|−1dA(z), the integral over {|z| < r, Im z > 0}.

Then the matrix X(r) =
(
mGm′,m−1(r)−(m+1)Gm′,m+1(r)

)
m,m′∈{0,2,4,... }, in which the first term
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is 0 for m = 0, is a trace class operator on ℓ2({0, 2, 4, . . . }), and P(T∗ ≤ t) = det
(
I −X(t−1/2)

)
for every t > 1. Moreover

P(T∗ ≤ t) ≥
∏
k≥0

(
1− t−2k−1/2

)
(t > 1), P(T∗ ≤ t) ≤ exp

(
−π

2/12− o(1)

t− 1

)
(t ↓ 1),

so that (t− 1) logP(T∗ ≤ t) → −π2/12 as t ↓ 1.

The first statement is Proposition 7.11, which rests on the Pfaffian structure found by Mat-
sumoto and Shirai [27] and an identity of Rains [37]; the upper bound is Theorem 7.13, and
the lower bound, valid for every t > 1, is Theorem 7.18. The constant π2/12 is half of the con-
stant π2/6 for the Gaussian power series with complex coefficients [35]. The lower bound comes

from a comparison, for r = t−1/2, of the symmetric part of X(r) with the diagonal operator
R = diag(r2m+1)m∈{0,2,4,... }; here det(I − R) =

∏
k≥0(1 − r4k+1), which has half the exponent

of the product
∏
k≥1(1− r2k) of the complex case.

Two quantitative questions are left to companion papers. A rate of convergence in Theo-
rem 1.1, of order n−α uniformly on [1 + ε,∞) for a small explicit α that does not depend on ε,
is obtained in [A] from a version of Theorem 1.4 with an explicit onset. Times t = tn that tend

to 1 are the subject of [B], which shows that if tn ≤ 2 and (tn − 1)n1/3/(log n)5/4 → ∞, then
with probability tending to 1 the polynomial Pn,tn has at least as many nonreal zeros as q has

in {|w| < t
−1/2
n }, with any excess confined to two small disks about the edges ±2

√
tn.

1.6. The standard coupling. In the standard coupling of Theorem 1.1 the top coefficients
ξn, ξn−1, . . . , which play the role of η0, η1, . . . in (1.6) and so make up the symbol, are renewed
as n grows, whereas in the reversed coupling of Theorem 1.5 they are shared by all degrees. For
each n, Λstd

n has the law of Λn, so Λstd
n → T∗ in distribution; but it has no almost sure limit.

Theorem 1.10 (No almost sure limit under the standard coupling). Let ξ0, ξ1, . . . be indepen-
dent standard Gaussian variables.

(a) Almost surely the set of limit points of (Λstd
n )n≥1 in [0,∞] is [1,∞]. In particular, almost

surely lim infn Λ
std
n = 1 and lim supn Λ

std
n = ∞.

(b) Let N ⊂ N be an infinite set that does not depend on the ξk. Almost surely, for all
1 < t1 < t2 < ∞ we have t1 < Λstd

n ≤ t2 for infinitely many n ∈ N , and the set of limit
points of (Λstd

n )n∈N in [0,∞] is [1,∞].
(c) Λstd

n does not converge in probability to any random variable with values in [0,∞].

Proposition 1.11 (Real-rootedness before time 1 is exponentially rare). Let ξ0, ξ1, . . . be inde-
pendent standard Gaussian variables, let 0 < s < 1 and put

β2s = 1
4

√
s (1−

√
s) log(1/s), γs =

β2s
128(1− s2)

.

There is an explicit ns, defined in (8.11) (for instance ns = 25 051 for s = 1
2), such that for all

n ≥ ns

(1.8) P
(
Gn,s has only real zeros

)
≤ e−0.8(n+1) + 13 e−γsn/4.

Consequently P(Gn,s has only real zeros) ≤ Cse
−csn for all n ≥ 1, with cs = γs/4 and Cs =

14 eγsns/4. The event depends only on (ξ0, . . . , ξn), so these bounds hold in every coupling of the
degrees; in particular P(Λstd

n ≤ s) = P(Λn ≤ s) ≤ Cse
−csn.

In (b) the set N must be fixed in advance (Remark 8.1). Theorem 1.10 shows that the
convergence in distribution in Theorem 1.1 cannot be improved to convergence in probability.
Its proof plants a prescribed top block of coefficients at a sparse sequence of degrees and tests
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real-rootedness at the zeros of hn−1 (Lemma 8.2); Proposition 1.11, which gives lim infn Λ
std
n ≥ 1,

combines Mehler’s formula with the hole-probability argument of Sodin and Tsirelson [45]. Both
results are proved in Section 8.

1.7. Ideas of the proofs. The exact count (Part I). Put x =
√
n z. Away from [−2, 2], classical

ratio asymptotics give Qn(
√
nz)/hn(

√
nz) → a(r(z)), where r is the inverse of the Joukowski

map; Rouché’s theorem then yields one zero near each ζi (Section 5). This exterior information
is far from an exact count. A pair of nonreal zeros at distance o(1) from [−2, 2] is invisible to it,
and so is any statement about zero distributions. To count exactly we deform a continuously,
keeping its zeros in D fixed, until only a polynomial pin of degree k with these zeros remains. For
the endpoint, Shohat’s theorem on quasi-orthogonal polynomials (Lemma 2.7) gives n− k real
zeros inside (−2, 2), and the exterior argument gives the remaining k. Along the deformation
the number of nonreal zeros can change only if two real zeros collide. Everything therefore rests
on excluding real double zeros in the bulk, uniformly along the deformation (Section 4).

For this we write, for |z| ≤ L with some L > 2,(
Qn(x)

Q′
n(x)/

√
n

)
= Hn,M (z)

(
hn(x)
hn−1(x)

)
+

(
E(x)

E′(x)/
√
n

)
,

where Hn,M is obtained by expressing the first M +1 terms hn, . . . , hn−M through hn and hn−1

by the backward recurrence, and E is the sum of the remaining terms. The key points are these:

• OnlyM =Mn ≍ logn backward steps are used. Over this range the backward recurrence
is a small perturbation of the free recurrence fj = zfj−1−fj−2, with growth at most eκj

on [−2 coshκ, 2 coshκ] (Lemma 3.3). Hence Hn,Mn converges to a matrix Ha(z) whose

determinant is a(w)a(w−1) for z = w + w−1, which equals |a(eiθ)|2 > 0 on [−2, 2].
• The tail E is not expanded at all. By the Christoffel–Darboux formula, every hk(x)

with k < n is at most O(
√
n) times ∥(hn(x), hn−1(x))∥ in the bulk. If |aj | ≤ CR−j

0

and Mn = ⌈ℓ logn⌉, then
∑

j>Mn
|aj | = O(n−ℓ logR0), so the tail is negligible as soon as

ℓ logR0 >
1
2 .

Consequently (Qn, Q
′
n/

√
n) is bounded below by a constant times ∥(hn, hn−1)∥, which never

vanishes. The truncation is essential. Expressing all n terms through (hn, hn−1) produces

coefficients of size at least en/2n−1/4 at the edge of the bulk, and for radius of convergence below√
e the resulting matrix does not even stay bounded (Remark 4.4).
The limit law (Part II). Theorem 1.4 at a fixed time t, applied to the symbol q(·/

√
t), gives

the zeros of Pn,t for a single power series q (Theorem 7.2); since the heat flow does not increase
the number of nonreal zeros, this already pins down Λn to within any neighbourhood of T∗.
Probability enters only through three facts about the random series: its zeros in D \ {0} are
simple, it has no zero on a fixed circle, and it has nonreal zeros (Section 7). The tail of T∗ is the
probability of a nonreal zero in a small disk about the origin, a first-moment computation. For
Gaussian coefficients the gap probability P(T∗ ≤ t) is a Fredholm determinant, by the Pfaffian
structure of the zeros; the hole exponent π2/12 is obtained from above by a comparison with
the complex case and from below by an operator inequality for the symmetric part of the kernel.
For the standard coupling, a prescribed block of top coefficients is planted at a sparse sequence
of degrees, and real-rootedness is tested by signs at the zeros of hn−1 (Section 8).

The final collision (Part III). The backward heat flow never increases the number of nonreal
zeros (Laguerre, Pólya), and a real zero of multiplicity m ≥ 2 is preceded, just before, by 2⌊m/2⌋
nonreal zeros nearby, as for the heat polynomials. Theorem 1.4 at the two fixed times T∗±δ gives
the counts 2 and 0, so there is exactly one collision in between, and no other multiple zero at any
time t ≥ T∗ − δ. To locate it we rerun the bulk estimate of Section 4 at rate 1/n, uniformly in t

near T∗. The limiting head matrix now degenerates: detHa(t)(y) = |q(t−1/2eiθ)|2 for y = 2 cos θ
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vanishes only at (t, y) = (T∗, 2 cos θ∗), and its smallest singular value grows linearly away from
that point. Since the head converges at rate 1/n (Lemma 3.4) and the tail is O(1/n), every real
multiple zero lies within O(1/n) of the collision point.

The first-order law. At the collision point the whole limiting head matrix vanishes, so the
window of size 1/n sees the O(1/n) corrections. A second-order expansion of the backward
recurrence gives an envelope with an explicit first-order term, and the pair (hn, hn−1) near
2
√
n cos θ∗ is written through a complex carrier controlled by the Hermite differential equation.

Together they show that Q
(t)
n is, up to a positive factor, the model fλ,c(ζ) = ζ cos(ζ + c) +

λ sin(ζ + c) plus O(1/n) in C2. An exact identity, |(f, ∂ζf)|2 = (J(s)− c)2 + (λ+ cos2 s)2 with
s = ζ + c and J(s) = s − sin s cos s, shows that the model has exactly one real multiple zero.
A degree argument on a fixed box, with a homotopy in c that also covers the cusps, produces
a multiple zero of the perturbed model, and the uniqueness in Theorem 9.1 identifies it with
the final collision. The Plancherel–Rotach asymptotics convert the phase to closed form, and
equidistribution of nν modulo 1 gives the limit points and the joint law.

1.8. Related work. Zeros of linear combinations of orthogonal polynomials have a long history.
Shohat [43] proved that a combination of K + 1 consecutive orthogonal polynomials of degree
n has at least n −K real zeros in the convex hull of the support of the measure (Lemma 2.7);
Beardon and Driver [3] located these zeros between the zeros of the nth polynomial. Turán [47]
showed that all zeros of

∑
i≤n biHi, in the physicists’ normalisation, lie in the strip | Im z| ≤

1
2

(
1 + maxi<n |bi|/|bn|

)
, so that the Hermite coefficients control the distance of the zeros from

the real axis, a point of view he introduced for entire functions whose zeros lie in a horizontal
strip. Iserles and Saff [22] proved that

∑
k qkHk is real-rooted whenever

∑
k qkx

k is, together
with results of the same type for other classical families; this is the real-rooted case of the
heat-flow fact in Lemma 7.1(b). Closest to Theorem 1.4 is the work of Peherstorfer [34]. For
monic orthogonal polynomials pk of a fixed measure of Szegő class on [−1, 1], he considered

combinations
∑m(n)

j=0 µj,npn−j whose length m(n) may grow with n − m(n) → ∞. Under a
separation condition on the zeros of an associated polynomial and a summability condition on
the coefficients, he proved that these combinations eventually have exactly n−l(n) simple zeros in

(−1, 1), where l(n) is the number of zeros of the associated polynomial
∑

j 2
jµj,nz

m(n)−j outside
the unit circle. Theorem 1.4 is a result of the same type, but it does not follow from that theorem
as stated. The scaled polynomials z 7→ hk(

√
nz), 0 ≤ k ≤ n, are orthogonal with respect to

the n-dependent weight e−nz
2/2 on the whole real line, not with respect to a fixed measure on a

compact interval. Moreover, the combinationsQn have full length n, so after any truncation a tail
remains that must be controlled separately. We do not know whether the method of [34] extends

to this setting. Durán [13] studies fixed finite combinations
∑K

j=0 γjH̃n−j of Hermite polynomials

through the polynomial P (x) =
∑

j γjx
K−j : in the standard normalisation the combination is

real-rooted for all large n even when P has nonreal zeros, whereas in the Appell normalisation
Hn/(2

nn!) it has, for all large n, exactly as many nonreal zeros as P [13, Theorems 1.2 and 1.3].
For Laguerre polynomials he proves exact counts of the same kind in three of four normalisations,
in two of them under the condition that P has no nonreal zeros in the closed unit disk, while in
the monic normalisation the combination is eventually real-rooted [15, Theorems 1.3–1.6]; for
polynomial symbols these are the Laguerre counterparts of Theorem 1.4, and the Laguerre case of
our method in [C] is to be compared with them. In [14] he shows that every positive measure has
a normalisation of its orthogonal polynomials for which all zeros of fixed finite combinations are
eventually real and simple. The normalisation matters: relative to monic Hermite polynomials,
a fixed combination

∑
j ajhn−j has the n-dependent coefficients aj

√
n!/(n− j)!. The exterior

part of Theorem 1.4 is a consequence of ratio asymptotics, which are available also for varying
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recurrence coefficients; see [25] for the corresponding zero distributions. From a spectral point
of view, Qn(

√
n ·) is the characteristic polynomial of a rank-one, non-symmetric perturbation

of the scaled Jacobi matrix (Lemma 5.2). Results on spectral clustering for such perturbations
[18] allow eigenvalues near the interval and do not address their reality. The parametrisation
z = w + w−1 and the role of an analytic function of w resemble the Jost function theory of
Jacobi matrices [9], where the perturbations are self-adjoint. The exact count extends to the
orthonormal polynomials of varying weights e−nV with V a one-cut regular polynomial, by the
Riemann–Hilbert asymptotics of [11], and to Laguerre polynomials; this is carried out in [C].

The intensity of the complex zeros of the Gaussian power series was computed by Shepp and
Vanderbei [40]; the zeros form a Pfaffian point process, found by Forrester [17] via truncated
orthogonal matrices and by Matsumoto and Shirai [27]; the real zeros go back to Kac [23].
Theorem 1.1 expresses P(T∗ ≤ t) as a gap probability of this process, and Theorem 1.9 is the
real-coefficient counterpart of the hole probability of Peres and Virág [35]. The heat-flow model
and its normalisation are those of [19]; for the heat flow applied to Gaussian analytic functions
themselves see [20]. That the backward heat flow does not increase the number of nonreal zeros
of a real polynomial goes back to Laguerre and Pólya [32]; for real-rooted polynomials it is also
in [22].

The real-rooting time is a finite-degree analogue of the de Bruijn–Newman constant Λ [7, 31],
the real-rooting time of the backward heat flow started from a Fourier transform attached to
the Riemann zeta function, for which Rodgers and Tao proved Λ ≥ 0 [38] and Polymath 15 gave
an upper bound [36]. Collisions of zeros under this flow are central there. Csordas, Smith and
Varga [8] bound Λ from below through close pairs of zeros (Lehmer pairs), and the local form of a
collision at a multiple zero (our Lemma 9.3) is [36, Proposition 3.1(ii)] for the de Bruijn–Newman
family; the polynomials that describe it are the heat polynomials of Rosenbloom and Widder
[39]. The carrier cos(ζ + c) of the window model of Section 10 is the arithmetic-progression
equilibrium state used by Rodgers and Tao, and the model fλ,c adds one zero to it; it is an
exact trajectory of the backward heat flow, and its threshold λc is the real-rooting time of that
flow. For c ∈ πZ and c ∈ π

2 + πZ the threshold is classical: up to a factor, fλ,0 and fλ,π/2 are

Dini functions of orders ±1
2 , whose zeros are all real exactly when λ ≥ −1, respectively λ ≥ 0

[48, §15.25, p. 482]. We have not found the general threshold curve, a Kepler equation, in the
literature.

1.9. Organisation. Part I proves Theorem 1.4: Section 2 collects facts about Hermite and
Chebyshev polynomials, Section 3 bounds the backward recurrence over logarithmically many
steps, also at rate 1/n, Section 4 excludes real double zeros in the bulk, Section 5 treats the
exterior, and Section 6 completes the proof. Part II treats the heat flow: Section 7 proves
Theorems 1.5 and 1.1, Proposition 1.2, the tail of T∗ and, for Gaussian coefficients, Theorem 1.9;
Section 8 proves Theorem 1.10 and Proposition 1.11. Part III treats the final collision: Section 9
proves the deterministic collision theorem, Theorem 9.1, and its Gaussian form, Corollary 9.14,
which gives Theorem 1.6, and ends with the Weyl polynomials (Corollary 9.16); Section 10 proves
the first-order law (Theorem 10.1) and the joint law (Theorem 10.10), and hence Theorems 1.7
and 1.8. Section 11 contains remarks and open questions.

The companion papers extend this work in three directions that are not needed here: explicit
onsets for Theorem 1.4, a rate of convergence in Theorem 1.1 and explicit constants in The-
orem 1.6 [A]; the nonreal zeros at times tn ↓ 1 [B]; and exact counts for varying weights and
Laguerre polynomials, with the real-rooting times of other coefficient profiles and of a Laguerre
flow [C].
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Part 1. Exact counts of nonreal zeros

2. Preliminaries

2.1. Hermite polynomials. The polynomials hk satisfy, with h−1 = 0,

(2.1) xhk(x) =
√
k + 1hk+1(x) +

√
k hk−1(x), h′k(x) =

√
k hk−1(x) (k ≥ 0).

For m ≥ 1 let Jm be the m ×m symmetric tridiagonal matrix with zero diagonal and entries
(Jm)k−1,k = (Jm)k,k−1 =

√
k, 1 ≤ k ≤ m− 1 (rows and columns indexed by 0, . . . ,m− 1). Let

e0, . . . , em−1 be the standard basis and pm(x) = (h0(x), . . . , hm−1(x))
T . By (2.1),

(2.2) (xI − Jm) pm(x) =
√
mhm(x) em−1.

Lemma 2.1. For m ≥ 1 the zeros of hm are the eigenvalues of Jm. They are real and simple,
and for m ≥ 2 they lie in (−2

√
m− 1, 2

√
m− 1). The polynomials hm and hm−1 have no

common zero.

Proof. By (2.2) and pm(x) ̸= 0, every zero of hm is an eigenvalue of Jm; as hm has m zeros
counted with multiplicity and Jm is symmetric with nonzero off-diagonal entries, hence has m
simple real eigenvalues, the zeros of hm are exactly these eigenvalues. Each row of Jm has
absolute row sum at most

√
m− 2 +

√
m− 1 < 2

√
m− 1, which bounds ∥Jm∥. Finally, if

hm(x) = hm−1(x) = 0, then (2.1) gives hm−2(x) = · · · = h0(x) = 0, contradicting h0 = 1. □

Lemma 2.2 (Christoffel–Darboux). For n ≥ 1 and x =
√
n z,

n−1∑
k=0

hk(x)
2 = n

(
hn(x)

2 − z hn(x)hn−1(x) + hn−1(x)
2
)
.

Consequently, if L > 0 and z is real with |z| ≤ L, then
∑n−1

k=0 hk(x)
2 ≤ n(1 + L

2 )
(
hn(x)

2 +

hn−1(x)
2
)
.

Proof. This is the confluent Christoffel–Darboux formula
∑

k<n h
2
k =

√
n(h′nhn−1−hnh′n−1) [46,

Section 3.2, (3.2.4)], since h′n =
√
nhn−1 and h′n−1 =

√
n− 1hn−2 = xhn−1 −

√
nhn by (2.1),

and
√
nx = nz. The inequality follows from |zhnhn−1| ≤ |z|

2 (h
2
n + h2n−1). □

Lemma 2.3 (Gaussian quadrature [46, Theorems 3.4.1–3.4.2]). Let x1 < · · · < xn+1 be the
zeros of hn+1. There are weights λi > 0 such that

∫
Rdγ =

∑
i λiR(xi) for every polynomial R

of degree at most 2n+ 1, where γ is the standard Gaussian measure.

Lemma 2.4. Let n ≥ 1 and z ∈ C \ [−2, 2]. Then hn(
√
nz) ̸= 0, and the vector ρn(z) =(

hk(
√
nz)/hn(

√
nz)

)n−1

k=0
equals (zI − n−1/2Jn)

−1en−1. In particular

n−1∑
k=0

∣∣∣hk(√nz)
hn(

√
nz)

∣∣∣2 ≤ dist(z, [−2, 2])−2.

Proof. By Lemma 2.1 the zeros of hn(
√
n ·) lie in (−2, 2). Dividing (2.2) by

√
nhn(

√
nz) gives

(zI −n−1/2Jn)ρn(z) = en−1. Since n
−1/2Jn is symmetric with spectrum in [−2, 2], the resolvent

has norm at most dist(z, [−2, 2])−1. □

2.2. Chebyshev polynomials and the Joukowski map. Let Ul be the Chebyshev polyno-
mials of the second kind, Ul(cos θ) = sin((l + 1)θ)/ sin θ, extended by the recurrence Ul+1(y) =
2yUl(y)− Ul−1(y) to U−1 = 0 and U−2 = −1. For w ̸= 0,±1 and y = 1

2(w + w−1),

(2.3) Ul(y) =
wl+1 − w−l−1

w − w−1
(l ≥ −2),
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since both sides satisfy the same recurrence and agree for l = −1, 0. The polynomial z 7→ Ul(z/2)
is the characteristic polynomial of the l× l path matrix with zero diagonal and unit off-diagonal
entries.

Lemma 2.5. Let κ > 0, l ≥ 0 and y ∈ R with |y| ≤ coshκ. Then

|Ul(y)| ≤ Ul(coshκ) =
sinh((l + 1)κ)

sinhκ
≤ (l + 1)elκ.

Proof. On [−1, 1], |Ul| ≤ l + 1 = Ul(1). All zeros of Ul lie in (−1, 1) and its leading coefficient
is positive, so Ul is increasing on [1,∞); by parity, |Ul(y)| ≤ Ul(|y|) ≤ Ul(coshκ) for 1 ≤ |y| ≤
coshκ. Finally sinh((l + 1)κ)/ sinhκ =

∑l
i=0 e

(l−2i)κ ≤ (l + 1)elκ. □

Let r(z) = 1
2

(
z −

√
z2 − 4

)
, with the branch for which r(z) ∼ 1/z at infinity. It is the inverse

of the Joukowski map w 7→ w + w−1 from D \ {0} onto C \ [−2, 2], and |r(z)| < 1 there.

2.3. Two facts about real polynomials.

Lemma 2.6. Let (Ps)s∈[0,1] be real polynomials of degree n whose coefficients depend contin-
uously on s. If every real zero of every Ps is simple, then the number of nonreal zeros of Ps,
counted with multiplicity, does not depend on s.

Proof. It suffices to show that the number N(s) of real zeros is locally constant. Fix s0, and let
x1, . . . , xr be the real zeros of Ps0 , which are simple. The zeros of all Ps with s near s0 lie in a
fixed disk {|z| ≤ ϱ}, because the leading coefficients stay away from 0. Choose disjoint closed
disks Bi centred at xi that contain no other zero of Ps0 . By Rouché’s theorem, for s close to
s0 each Bi contains exactly one zero of Ps, which is real because Bi is symmetric about R and
the zeros of Ps are symmetric. Also Ps0 has no zero on the compact set [−ϱ, ϱ] \

⋃
iBi, hence

neither has Ps for s close to s0. Thus N(s) = r near s0. □

Lemma 2.7 (Shohat’s theorem). Let 0 ≤ k ≤ n and let P =
∑k

j=0 cjhn−j with real cj and
c0 ̸= 0. Then P has at least n − k distinct real zeros in the open interval between the smallest
and the largest zero of hn+1, and in particular in (−2

√
n, 2

√
n).

That a combination of k+1 consecutive orthogonal polynomials of degree n has at least n−k
real zeros in the convex hull of the support of the measure is a classical theorem of Shohat [43];
see also [3] and [14, Lemma 3.1]. We include the short proof by Gaussian quadrature, which
also places the zeros between the extreme zeros of hn+1.

Proof. P has degree n and is orthogonal in L2(γ) to all polynomials of degree less than n − k.
With the notation of Lemma 2.3, for every such polynomial R the product PR has degree at
most 2n− k − 1 ≤ 2n+ 1, so

(2.4)

n+1∑
i=1

λiP (xi)R(xi) = 0.

Not all P (xi) vanish, since P ̸= 0 has degree n. Consider the values P (xi) ̸= 0 in increasing
order of i, and suppose they have σ < n− k sign changes. For each pair of consecutive nonzero
values of opposite sign, at nodes xa < xb, choose a point τ ∈ (xa, xb) that is not a node, and let
R be ± the product of the factors x− τ over all these pairs. Then R has degree σ < n− k, and
the sign can be chosen so that P (xi)R(xi) > 0 whenever P (xi) ̸= 0, contradicting (2.4). Hence
σ ≥ n− k. Each sign change gives a zero of P in the corresponding open interval (xa, xb), and
these intervals are disjoint. By Lemma 2.1, |xi| < 2

√
n. □
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3. The backward recurrence over logarithmically many steps

Fix n ≥ 2 and put x =
√
n z and fj(z) = hn−j(

√
nz) for 0 ≤ j ≤ n. By (2.1),

(3.1) fj =
z fj−1 −

√
1− j−2

n fj−2√
1− j−1

n

(2 ≤ j ≤ n).

Define polynomials An,j , Bn,j in z, for 0 ≤ j ≤ n, by (An,0, Bn,0) = (1, 0), (An,1, Bn,1) = (0, 1)
and the recurrence (3.1). Then

(3.2) hn−j(
√
nz) = An,j(z)hn(

√
nz) +Bn,j(z)hn−1(

√
nz) (0 ≤ j ≤ n).

As n → ∞ with j fixed, the coefficients of (3.1) tend to those of the free recurrence fj =
zfj−1 − fj−2, whose solutions with the same initial values are −Uj−2(z/2) and Uj−1(z/2). By
induction on j, the coefficients of the polynomials An,j , Bn,j converge, so

(3.3) An,j(z) → Aj(z) := −Uj−2(z/2), Bn,j(z) → Bj(z) := Uj−1(z/2)

uniformly on compact subsets of C, for every fixed j ≥ 0.

For 0 ≤ r < n let βr = 1 − r/n, and for j ≥ 1 let dn,j =
∏j−1
r=1

√
βr. For m ≥ 1 and

positive numbers b1, . . . , bm−1 let Πm(z; b1, . . . , bm−1) be the characteristic polynomial of the
m×m symmetric tridiagonal matrix with zero diagonal whose off-diagonal entries have squares
b1, . . . , bm−1; put Π0 = 1.

Lemma 3.1 (Continuant formulas). For 2 ≤ j ≤ n,

Bn,j =
Πj−1(z;β1, . . . , βj−2)

dn,j
, An,j = −Πj−2(z;β2, . . . , βj−2)

dn,j
.

Proof. Put dn,0 = dn,1 = 1. If Xj satisfies (3.1), then Nj = dn,jXj satisfies Nj = zNj−1 −
βj−2Nj−2 for j ≥ 2 (with β0 = 1). Expanding a tridiagonal determinant along its last row gives
Πm = zΠm−1 − bm−1Πm−2. For B the initial values are N0 = 0, N1 = 1 = Π0, N2 = z = Π1;
for A they are N0 = 1, N1 = 0, N2 = −1 = −Π0, N3 = −z = −Π1(z). Both formulas follow by
induction. □

Lemma 3.2 (Defect expansion). Write be = 1 − δe for the edges e = 1, . . . ,m − 1 of the path
on m vertices. Then

Πm(z; 1− δ1, . . . , 1− δm−1) =
∑
S

∏
e∈S

δe
∏
C

U|C|(z/2),

where S runs over the matchings of the path (sets of pairwise disjoint edges, including S = ∅),
and C runs over the connected components of the path with the endpoints of the edges of S
removed, |C| denoting the number of vertices of C.

Proof. Expanding the determinant over permutations, only products of disjoint transpositions
along edges contribute, so Πm =

∑
S′(−1)|S

′|∏
e∈S′ be z

m−2|S′|, the sum over matchings S′.

Expand
∏
e∈S′(1− δe) =

∑
S⊆S′(−1)|S|

∏
e∈S δe and exchange the sums. For a fixed matching S

the matchings S′ ⊇ S are S∪S′′ with S′′ a matching of the path with the vertices of S removed.
The two signs (−1)|S| cancel, and

∑
S′′(−1)|S

′′|zm−2|S|−2|S′′| is the product of the unit-weight
path polynomials U|C|(z/2) of the components. □

Lemma 3.3 (Transfer bound). Let κ > 0 and cκ = cothκ + 1
2 . For n ≥ 2, 0 ≤ j ≤ n/2 and

real z with |z| ≤ 2 coshκ,

|An,j(z)|+ |Bn,j(z)| ≤ 2(j + 1) ejκ ecκj
2/n.

The limits in (3.3) satisfy |Aj(z)|+ |Bj(z)| ≤ 2(j + 1)ejκ for the same z.
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Proof. For j ≤ 1 the left side is 1. Let 2 ≤ j ≤ n/2. Each polynomial Πm in Lemma 3.1 has
m ≤ j − 1 and edge squares 1 − δe with 0 ≤ δe ≤ j/n. In Lemma 3.2 every δe ≥ 0, and by
Lemma 2.5, |Ul(z/2)| ≤ Ul(coshκ) with Ul(coshκ) > 0. Hence |Πm(z; 1 − δ)| is at most the
same expansion with each Ul(z/2) replaced by Ul(coshκ). That expansion is nondecreasing in
every δe, so it is at most its value with every δe replaced by j/n. With β = 1− j/n ∈ [12 , 1), the

constant-edge path is
√
β times the unit path, so

|Πm(z; 1− δ)| ≤ Πm(2 coshκ;β, . . . , β) = βm/2Um

(coshκ√
β

)
≤ (m+ 1)emκ

′
,

where coshκ′ = coshκ/
√
β. Since β−1/2 − 1 ≤ 1 − β for β ∈ [12 , 1] and arcosh′ ≤ 1/ sinhκ on

[coshκ,∞), we get κ′ ≤ κ+ cothκ · j/n. For the denominators, log(1− u) ≥ −2u for u ∈ [0, 12 ]

gives dn,j ≥ exp(−
∑

r<j r/n) ≥ e−j
2/(2n). Using m = j − 1 for Bn,j and m = j − 2 for An,j ,

|An,j |+ |Bn,j | ≤ (2j − 1) e(j−1)κ exp
(
cothκ · j

2

n
+
j2

2n

)
,

which implies the claim. The bound for the limits follows from Lemma 2.5. □

Lemma 3.4 (The backward recurrence at rate 1/n). Let κ > 0, put κ1 = min(κ, 1) and
c1 = 15/κ1, and let j ≥ 0, n ≥ 1 and z ∈ R with |z| ≤ 2 coshκ.

(a) If (j + 1)2 ≤ κ1n, then

|An,j(z)−Aj(z)|+ |Bn,j(z)−Bj(z)| ≤ c1
j3e(j−1)κ

n
.

(b) If (j + 2)2 ≤ κ1n, then, with ωn,j =
√
1− j/n,

|ωn,jAn,j+1(z)−Aj+1(z)|+ |ωn,jBn,j+1(z)−Bj+1(z)| ≤ (c1 + 3)
(j + 1)3ejκ

n
.

Proof. A first-order defect bound. Let m ≥ 2 and 0 ≤ δe ≤ δ̄ for e = 1, . . . ,m − 1, where
mδ̄ ≤ κ1. We claim that

(3.4)
∣∣Πm(z; 1− δ1, . . . , 1− δm−1)− Um(z/2)

∣∣ ≤ e4/3

κ1
m(m+ 1) δ̄ emκ.

By Lemma 3.2 the difference is the sum over the nonempty matchings S in that lemma, and by
Lemma 2.5, |Ul(z/2)| ≤ Ul(coshκ). So the difference is at most Φ(δ)− Φ(0), where

Φ(δ) =
∑
S

∏
e∈S

δe
∏
C

U|C|(coshκ) = Πm(2 coshκ; 1− δ1, . . . , 1− δm−1)

is a polynomial in (δe) with nonnegative coefficients. Hence Φ(δ) − Φ(0) ≤ g(δ̄) − g(0), where
g(s) = Φ(s, . . . , s) is a polynomial in s with nonnegative coefficients; in particular (g(s)−g(0))/s
is nondecreasing on (0,∞). With s1 = κ1/m ∈ [δ̄, 12 ] this gives g(δ̄) − g(0) ≤ (δ̄/s1) g(s1) =

(mδ̄/κ1) g(s1). As in the proof of Lemma 3.3, g(s) = (1−s)m/2Um(coshκ/
√
1− s), and coshκ′ =

coshκ/
√
1− s1 gives κ′ ≤ κ + s1 cothκ. Moreover κ1 cothκ ≤ 4

3 : for κ ≤ 1 because κ cothκ ≤
1 + κ2/3 (compare the Taylor series of κ coshκ and (1 + κ2/3) sinhκ termwise), and for κ > 1

because cothκ < coth 1 < 4
3 . So mκ

′ ≤ mκ+ 4
3 , and g(s1) ≤ (m+ 1)emκ

′ ≤ e4/3(m+ 1)emκ by
Lemma 2.5, which proves (3.4).

(a) For j ≤ 1 the left side is 0. Let j ≥ 2. Then j2 ≤ n, n ≥ 9 and j ≤
√
n ≤ n/2, so

Lemma 3.1 applies.

Denominators. As in the proof of Lemma 3.3, 1 ≥ dn,j ≥ e−j
2/(2n) ≥ e−1/2, so 0 ≤ d−1

n,j − 1 ≤
ej

2/(2n) − 1 ≤ j2

2ne
1/2 ≤ j2

n .
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The entry B. By Lemma 3.1, Bn,j = Πj−1(z;β1, . . . , βj−2)/dn,j , with edge defects δe = e/n ≤
δ̄ := (j−2)/n. For j = 2, Π1(z) = z = U1(z/2). For j ≥ 3 we have (j−1)δ̄ ≤ j2/n ≤ κ1, and (3.4)

with m = j − 1 gives |Πj−1 − Uj−1(z/2)| ≤ (e4/3/κ1)j
3e(j−1)κ/n. Since |Uj−1(z/2)| ≤ je(j−1)κ

(Lemma 2.5),

|Bn,j −Bj | ≤
|Πj−1 − Uj−1(z/2)|

dn,j
+ |Uj−1(z/2)|

(
d−1
n,j − 1

)
≤

(e11/6
κ1

+ 1
)j3e(j−1)κ

n
.

The entry A. Here An,j = −Πj−2(z;β2, . . . , βj−2)/dn,j , with m = j − 2 and edge defects
(e + 1)/n ≤ (j − 2)/n, 1 ≤ e ≤ j − 3. For j ≤ 3, Πj−2 = Uj−2(z/2); for j ≥ 4, (j − 2)δ̄ =

(j− 2)2/n ≤ κ1, so (3.4) applies. With |Uj−2(z/2)| ≤ (j− 1)e(j−2)κ the same computation gives

|An,j − Aj | ≤ (e11/6/κ1 + 1)j3e(j−2)κ/n. Adding the two bounds and using 2(e11/6 + κ1) ≤ 15
gives (a).

(b) Since 0 ≤ 1−ωn,j ≤ j/n, for X ∈ {A,B} we have |ωn,jXn,j+1−Xj+1| ≤ |Xn,j+1−Xj+1|+
j
n |Xj+1|, and |Aj+1| + |Bj+1| = |Uj−1(z/2)| + |Uj(z/2)| ≤ (2j + 1)ejκ by Lemma 2.5. Part (a)

at j + 1 and j(2j + 1) ≤ 3(j + 1)3 give (b). □

The rate 1/n cannot be improved: by (3.1), An,2 −A2 = 1− (1− 1/n)−1/2 ∼ −1/(2n).

4. The bulk: no real double zeros

We work with families of power series, as needed for the deformation in Section 6.

Hypothesis 4.1. (as)s∈[0,1] is a family of real power series as(w) =
∑

j≥0 aj(s)w
j such that:

(H1) there are R0 > 1 and C0 <∞ with |aj(s)| ≤ C0R
−j
0 for all j ≥ 0 and s ∈ [0, 1];

(H2) each coefficient aj(s) depends continuously on s;
(H3) a0(s) does not depend on s, and a0(s) ̸= 0;
(H4) as(w) ̸= 0 for all s ∈ [0, 1] and |w| = 1.

By (H1) and (H2) the map (s, w) 7→ as(w) is continuous on [0, 1] × {|w| < R0}. For such a
family put

Qsn(x) =
n∑
j=0

aj(s)hn−j(x), vn(x) =

(
hn(x)
hn−1(x)

)
.

By Lemma 2.1, vn(x) ̸= 0 for every real x.

4.1. The head matrix and its limit. For 0 ≤ M ≤ n − 1, ωn,j =
√

1− j/n and a real
sequence a = (aj) define

Gn,j(z) =

(
An,j(z) Bn,j(z)

ωn,jAn,j+1(z) ωn,jBn,j+1(z)

)
, Hn,M [a](z) =

M∑
j=0

aj Gn,j(z).

Let Qn,M =
∑M

j=0 ajhn−j . By (2.1), Q′
n,M (x)/

√
n =

∑M
j=0 ajωn,jhn−j−1(x), so (3.2) gives, for

x =
√
nz,

(4.1)

(
Qn,M (x)

Q′
n,M (x)/

√
n

)
= Hn,M [a](z) vn(x).

Note that M +1 ≤ n, so no index below 0 occurs. Correspondingly let Gj(z) =

(
Aj Bj
Aj+1 Bj+1

)
with Aj , Bj from (3.3).
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Lemma 4.2 (The limiting matrix). Let a = (aj) be real with |aj | ≤ C0R
−j
0 , R0 > 1, and let

κ0 > 0 with eκ0 < R0. For real z with |z| ≤ 2 coshκ0 the series

A(z) =
∑
j≥0

ajAj(z) = a0 −
∑
j≥2

ajUj−2(z/2), B(z) =
∑
j≥0

ajBj(z) =
∑
j≥1

ajUj−1(z/2)

converge absolutely and uniformly, and

Ha(z) :=
∑
j≥0

ajGj(z) =

(
A(z) B(z)
−B(z) A(z) + zB(z)

)
, detHa(z) = A2 + zAB + B2.

If w lies on the unit circle, or is real with e−κ0 ≤ |w| ≤ eκ0, then z = w + w−1 is real with
|z| ≤ 2 coshκ0, and detHa(z) = a(w) a(w−1). In particular detHa(2 cos θ) = |a(eiθ)|2.

Proof. Absolute and uniform convergence follows from Lemma 3.3 and eκ0 < R0. From Aj+1 =
−Uj−1(z/2) = −Bj and Bj+1 = Uj(z/2) = zUj−1(z/2) − Uj−2(z/2) = zBj + Aj (valid for all
j ≥ 0 with our conventions) we get the second row. Fix w as stated. The sequence Aj + wBj
satisfies the free recurrence with initial values 1, w, so Aj+wBj = wj . Summing against aj (both
series converge absolutely), A + wB = a(w), and likewise A + w−1B = a(w−1). Multiplying,

(A + wB)(A + w−1B) = A2 + zAB + B2. For w = eiθ, a(w−1) = a(w) because the coefficients
are real. □

4.2. The bulk estimate.

Proposition 4.3 (No real double zeros in the bulk). Let (as) satisfy (H1), (H2) and (H4).
There are L > 2, c > 0 and n1 such that for all n ≥ n1, all s ∈ [0, 1] and all real x with
|x| ≤ L

√
n,

Qsn(x)
2 +

Qsn
′(x)2

n
≥ c2

(
hn(x)

2 + hn−1(x)
2
)
> 0.

In particular, Qsn has no multiple real zero in [−L
√
n,L

√
n].

Proof. Choice of constants. Let R0, C0 be as in (H1), and fix κ0 > 0 with eκ0 < R0. By
Lemma 4.2 and the Weierstrass test, the map (s, z) 7→ Has(z) is continuous on the set [0, 1] ×
[−2 coshκ0, 2 coshκ0]. By (H4) and compactness, µ = min{|as(w)| : s ∈ [0, 1], |w| = 1} > 0,
and by Lemma 4.2, detHas(z) ≥ µ2 for z ∈ [−2, 2]. By uniform continuity there is κ ∈ (0, κ0]
such that

(4.2) detHas(z) ≥ µ2/2 for all s ∈ [0, 1] and real |z| ≤ L := 2 coshκ.

Let Γ = sup{∥Has(z)∥ : s ∈ [0, 1], |z| ≤ L} < ∞. Fix ℓ > 1/(2 logR0) and put Mn = ⌈ℓ logn⌉.
Below, n is so large that Mn + 2 ≤ n/2 and (Mn + 1)2 ≤ n.

Convergence of the head. We claim that

(4.3) δn = sup
{
∥Hn,Mn [as](z)−Has(z)∥ : s ∈ [0, 1], z ∈ [−L,L]

}
→ 0.

By Lemma 3.3, for j ≤Mn and |z| ≤ L both ∥Gn,j(z)∥ and ∥Gj(z)∥ are at most C1(j+2)e(j+1)κ,
where C1 = 4ecκ ; here we bound the operator norm by the sum of the absolute values of the
entries and use ωn,j ≤ 1. For any fixed J and all n with Mn > J ,

∥Hn,Mn [as]−Has∥ ≤
∑
j≤J

C0∥Gn,j −Gj∥+ 2C0C1

∑
j>J

(j + 2)e(j+1)κR−j
0 .

The second sum is small for large J , since eκ < R0. For fixed j, Gn,j → Gj uniformly on [−L,L]
by (3.3) and ωn,j → 1. This proves (4.3).

The head is uniformly invertible. For a real 2 × 2 matrix X the smallest singular value is
| detX|/∥X∥, and | detX − detY | ≤ ∥X − Y ∥(∥X∥+ ∥Y ∥) (write the determinant as a bilinear
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form in the columns). By (4.2) and (4.3), for large n we have δn ≤ 1 and detHn,Mn [as](z) ≥
µ2/2− δn(2Γ + 1) ≥ µ2/4, hence

(4.4) ∥Hn,Mn [as](z)u∥ ≥ 2c ∥u∥ (u ∈ R2), 2c :=
µ2

4(Γ + 1)
,

for all s ∈ [0, 1] and |z| ≤ L.
The tail. Let E = Qsn −Qn,Mn with Qn,Mn built from as. Then E(x) =

∑
j>Mn

aj(s)hn−j(x)

and E′(x)/
√
n =

∑
j>Mn

aj(s)ωn,jhn−j−1(x), where only indices below n occur, 0 ≤ ωn,j ≤ 1

and h−1 = 0. By Cauchy–Schwarz and Lemma 2.2, for x =
√
nz with |z| ≤ L,∥∥∥(E(x),

E′(x)√
n

)∥∥∥ ≤
√
2
( ∑
j>Mn

aj(s)
2
)1/2(∑

k<n

hk(x)
2
)1/2

≤ εn∥vn(x)∥,

with εn =
√
2C0(1 − R−2

0 )−1/2R−Mn
0

√
n(1 + L/2). Since R−Mn

0 ≤ n−ℓ logR0 and ℓ logR0 >
1
2 ,

we have εn → 0.
Conclusion. By (4.1), (4.4) and the tail bound, ∥(Qsn(x), Qsn′(x)/

√
n)∥ ≥ (2c− εn)∥vn(x)∥ ≥

c∥vn(x)∥ once εn ≤ c, and vn(x) ̸= 0 by Lemma 2.1. □

Remark 4.4 (Why the head must be short). Expressing the whole sum Qn through (hn, hn−1),
that is, using all of (3.2) for 0 ≤ j ≤ n, is badly conditioned. At z = 2 write bj = Bn,j(2), so
that ωn,j−1bj = 2bj−1 − ωn,j−2bj−2 for 2 ≤ j ≤ n by (3.1). Induction gives bj ≥ bj−1/ωn,j−1 > 0
for 1 ≤ j ≤ n: if bj−2 ≤ ωn,j−2bj−1, then ωn,j−2bj−2 ≤ bj−1, so ωn,j−1bj ≥ bj−1. Hence, by the
bound n! ≤ e

√
n (n/e)n,

Bn,n(2) ≥
n−1∏
i=1

1

ωn,i
=

( nn−1

(n− 1)!

)1/2
=

(nn
n!

)1/2
≥ en/2

(e2n)1/4
.

For a(w) =
∑

j t
−j/2wj with 1 < t < e, which is admissible with radius

√
t, every term of∑

j≤n ajBn,j(2) is nonnegative, and the sum is at least t−n/2Bn,n(2) → ∞. So the full backward

coefficients are unbounded at the edge of the bulk, although the physical values Qn(2
√
n) and

hn(2
√
n) are not affected. The proof above avoids the problem by expanding only O(log n) terms

and estimating the rest directly through Lemma 2.2.

5. The exterior

Proposition 5.1 (Exterior asymptotics). Let (as) satisfy (H1). For every compact set K ⊂
C \ [−2, 2],

sup
s∈[0,1], z∈K

∣∣∣Qsn(√nz)
hn(

√
nz)

− as(r(z))
∣∣∣ → 0 (n→ ∞).

Proof. Let ℓ2 = ℓ2({0, 1, 2, . . . }) with basis (ei). Let T∞ be the free Jacobi operator, T∞ei =

ei−1 + ei+1 (with e−1 = 0), and let Tnei = τn,i−1ei−1 + τn,iei+1, where τn,i =
√

1− (i+ 1)/n for

0 ≤ i ≤ n − 2 and τn,i = 0 otherwise. Thus Tn is the direct sum of n−1/2Jn, with the order of
the basis reversed, and the zero operator. Both operators are self-adjoint with norm at most 2.

Fix z ∈ K and let dK = dist(K, [−2, 2]) and ϱ = maxK |r| < 1. By Lemma 2.4, u =
(z − Tn)

−1e0 has coordinates ui = hn−1−i(
√
nz)/hn(

√
nz) for i ≤ n − 1 and ui = 0 for i ≥ n.

A direct check shows that y = (z − T∞)−1e0 has coordinates yi = r(z)i+1: indeed zy0 − y1 = 1
and zyi − yi−1 − yi+1 = 0 because r + r−1 = z. By the second resolvent identity,

∥u− y∥ = ∥(z − Tn)
−1(Tn − T∞)y∥ ≤ d−1

K ∥(Tn − T∞)y∥.
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The operator Tn − T∞ is tridiagonal with zero diagonal and off-diagonal entries −ϵn,i, where
0 ≤ ϵn,i = 1− τn,i ≤ min(1, (i+ 1)/n). Since |yi| ≤ ϱi+1,

∥(Tn − T∞)y∥ ≤ 2
(∑
i≥0

ϵ2n,iϱ
2(i+1)

)1/2
≤ 2

n

(∑
i≥0

(i+ 1)2ϱ2(i+1)
)1/2

.

Now Qsn(
√
nz)/hn(

√
nz) = a0(s)+

∑n
j=1 aj(s)uj−1 and as(r(z)) = a0(s)+

∑
j≥1 aj(s)yj−1. Since

ui = 0 for i ≥ n, their difference is
∑

j≥1 aj(s)(uj−1 − yj−1), which is bounded by(∑
j≥1

aj(s)
2
)1/2

∥u− y∥ ≤ 2C0

(1−R−2
0 )1/2 dK n

(∑
i≥0

(i+ 1)2ϱ2(i+1)
)1/2

by (H1). The right side does not depend on s ∈ [0, 1] or z ∈ K and tends to 0. □

Lemma 5.2 (Colleague matrix). Let a0, . . . , an be real with a0 ̸= 0, let Q(x) =
∑n

j=0 ajhn−j(x),
and put

b = (an, an−1, . . . , a1)
T ∈ Rn, C = n−1/2Jn − a−1

0 en−1b
T .

Then

det(zI − C) =

√
n!

a0 nn/2
Q(

√
nz).

Consequently every zero z of Q(
√
n ·) satisfies |z| ≤ 2 + |a0|−1

(∑n
j=1 a

2
j

)1/2
.

Proof. Since det(xI−Jn) = Hen(x) =
√
n!hn(x) and, by (2.2), adj(xI−Jn)en−1 = Hen(x)(xI−

Jn)
−1en−1 =

√
(n− 1)! pn(x) (first where hn(x) ̸= 0, then everywhere as a polynomial identity),

the matrix determinant lemma gives

det
(
xI − Jn +

√
n
a0
en−1b

T
)
=

√
n!hn(x) +

√
n

a0

√
(n− 1)! bT pn(x) =

√
n!

a0
Q(x).

Put x =
√
nz and divide by nn/2. The bound follows from ∥C∥ ≤ ∥n−1/2Jn∥ + ∥b∥/|a0| and

Lemma 2.1. □

Lemma 5.3 (Quantitative exterior lemma). Let a(w) =
∑

j≥0 ajw
j be a real power series with

|aj | ≤ C0R
−j
0 for all j ≥ 0, where C0 < ∞ and R0 > 1, and let Qn =

∑n
j=0 ajhn−j. Let

0 < d < 1 and δ > 0, and let B be a closed disk with B ∩R = ∅ and B ⊂ {|w| ≤ 1− d}. Suppose
that |a| ≥ δ on ∂B and that a has m ≥ 1 zeros in the interior of B, counted with multiplicity. If

(5.1) n > next :=
2
√
2C0

(1−R−2
0 )1/2 δ d7/2

,

then the polynomial z 7→ Qn(
√
n z) has exactly m zeros, counted with multiplicity, in the domain

J (intB), where J (w) = w + w−1, and all of them are nonreal. In particular Qn has a nonreal
zero.

Unlike Proposition 5.1, the lemma has an explicit onset, which depends on a only through
C0, R0, δ and d. This is what is needed when the symbol changes with n, as in the standard
coupling of Section 8.

Proof. A distance bound. For 0 < |w| < 1,

(5.2) dist
(
J (w), [−2, 2]

)
≥ (1− |w|)2

|w|
.
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Indeed |J (w)∓ 2| = |w ∓ 1|2/|w|, so |J (w)− 2|+ |J (w) + 2| = 2(|w|+ |w|−1). For y ∈ [−2, 2]
we have |y−2|+ |y+2| = 4, and the triangle inequality gives 2|J (w)−y| ≥ 2(|w|+ |w|−1)−4 =
2(1− |w|)2/|w|.

Proof of the lemma. Since B ∩R = ∅, the disk B lies in D \ {0}, where J is conformal. Hence
Ω = J (intB) is a Jordan domain bounded by J (∂B), and K = J (B) = Ω is a compact subset
of C \ [−2, 2]. Moreover K ∩R = ∅, because ImJ (w) = Imw (1− |w|−2) ̸= 0 for w ∈ D \R. Let
F (z) = a(r(z)) for z ∈ C \ [−2, 2]. Since r(J (w)) = w for w ∈ D \ {0} and J is conformal near
B, F has exactly m zeros in Ω, counted with multiplicity, and |F | ≥ δ on ∂Ω = J (∂B).

The function (1−x)2/x is decreasing on (0, 1), so by (5.2), dist(K, [−2, 2]) ≥ d2/(1−d) ≥ d2;
and ϱ := maxK |r| = maxB |w| ≤ 1− d. With x = ϱ2 we have 1− x ≥ 1− (1− d)2 ≥ d, so∑

i≥0

(i+ 1)2ϱ2(i+1) =
x(1 + x)

(1− x)3
≤ 2

d3
.

The constant family as = a satisfies (H1). So the last display of the proof of Proposition 5.1,
with these bounds for dist(K, [−2, 2]) and ϱ, gives for n > next

sup
z∈K

∣∣∣Qn(√nz)
hn(

√
nz)

− F (z)
∣∣∣ ≤ 2C0

(1−R−2
0 )1/2 d2 n

·
√
2

d3/2
=
next δ

n
< δ ≤ |F | on ∂Ω.

Both functions are analytic near K, since the zeros of hn(
√
n ·) lie in (−2, 2) (Lemma 2.4). By

Rouché’s theorem Qn(
√
n ·)/hn(

√
n ·) has exactly m zeros in Ω, and since hn(

√
n ·) has no zeros

in K, so has Qn(
√
n ·). They are nonreal because Ω ∩ R = ∅. □

6. Proof of the exact count

Let a be admissible with radius of convergence R > 1 and zeros w1, . . . , wk in D. These are
finitely many, since a is analytic and not identically zero near the closed disk and has no zeros on
its boundary. They are nonzero because a(0) = a0 ̸= 0, and they are closed under conjugation.

The deformation. Put pin(w) = a0
∏k
i=1(1 − w/wi), a real polynomial of degree k, and

pout = a/pin. Then pout is analytic in {|w| < R} (its singularities at the wi are removable,
the zeros being simple), has real Taylor coefficients, satisfies pout(0) = 1, and has no zeros in
{|w| ≤ 1}. Let

as(w) = pin(w) pout(sw) =
∑
j≥0

aj(s)w
j , s ∈ [0, 1].

For s = 1 this is a, and for s = 0 it is the polynomial pin. The family satisfies Hypothesis 4.1.
For (H1), fix R0 ∈ (1, R); then |as(w)| ≤ max|w|≤R0

|pin| ·max|u|≤R0
|pout(u)| =: C0 for |w| = R0,

and Cauchy’s estimates apply. The coefficients aj(s) are polynomials in s, and a0(s) = a0. For
|w| ≤ 1 we have |sw| ≤ 1, so pout(sw) ̸= 0. Hence, for every s, the zeros of as in {|w| ≤ 1}
are exactly w1, . . . , wk, all simple. Let Qsn =

∑n
j=0 aj(s)hn−j ; it is a real polynomial of degree n

with leading coefficient a0/
√
n!, and its coefficients are continuous in s. Put

Q̂n,s(z) = Qsn(
√
n z).

Geometry. Let L > 2 and n1 be given by Proposition 4.3, and let ϱ0 = 2 + |a0|−1C0(1 −
R−2

0 )−1/2. By (H1) and Lemma 5.2, all zeros of every Q̂n,s lie in {|z| ≤ ϱ0}. Let δ0 > 0 be the
minimum of the distances dist(ζi, [−2, 2]), |ζi − ζi′ | (i ̸= i′) and | Im ζi| (for nonreal ζi); if k = 0
put δ0 = 1. Let

0 < ε < min
(
1, (L− 2)/2, δ0/3

)
.
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Let Di be the closed disk of radius ε about ζi, and U = {z : dist(z, [−2, 2]) < ε}. The disks Di

are pairwise disjoint and disjoint from U ; those with nonreal centre do not meet R, and those
with real centre are symmetric about R. Moreover U ∩ R = (−2− ε, 2 + ε) ⊂ (−L,L). Let

K = {|z| ≤ ϱ0 + |ζ1|+ · · ·+ |ζk|+ 1} \
(
U ∪

⋃
i

intDi

)
,

a compact subset of C \ [−2, 2] that contains every circle ∂Di.
Uniform exterior control. Let Fs(z) = as(r(z)). Since r is a bijection of C \ [−2, 2] onto

D \ {0} with r(ζi) = wi and r
′ ̸= 0, the zeros of Fs are exactly ζ1, . . . , ζk, all simple, for every

s. The function (s, z) 7→ Fs(z) is continuous on [0, 1] × K and has no zeros there, so m =

min[0,1]×K |Fs(z)| > 0. By Proposition 5.1 there is n2 such that |Q̂n,s(z)/hn(
√
nz)−Fs(z)| < m

on K for all n ≥ n2 and s ∈ [0, 1]. Since hn(
√
n ·) has no zeros off [−2, 2] (Lemma 2.4), we

conclude for n ≥ n2 and every s:

(i) Q̂n,s has no zeros in K, and none in {|z| > ϱ0}; so all its zeros lie in U ∪
⋃
i intDi;

(ii) by Rouché’s theorem on ∂Di, Q̂n,s has exactly one zero in intDi, counted with multi-

plicity. It is real when ζi is real, because Di is symmetric about R and Q̂n,s has real
coefficients. It is nonreal when ζi is nonreal.

Let n0 ≥ max(n1, n2, k). For n ≥ n0 and every s, the real zeros of Q̂n,s in U lie in (−L,L) and
are simple by Proposition 4.3, and the real zeros in the disks Di are simple by (ii). So all real

zeros of every Q̂n,s are simple.

Counting. Fix n ≥ n0. By Lemma 2.6, the number N(s) of nonreal zeros of Q̂n,s does not

depend on s. At s = 0 we have Q0
n =

∑k
j=0 aj(0)hn−j , because as is the polynomial pin of degree

k for s = 0, and a0(0) = a0 ̸= 0. By Lemma 2.7, Q̂n,0 has at least n − k distinct real zeros in
(−2, 2) ⊂ U . Together with the k zeros in the disks Di, which are disjoint from U , these account

for all n zeros. So the zeros of Q̂n,0 in U are n− k simple real zeros, and N(0) is the number of
nonreal wi. Hence so is N(1).

At s = 1, by (ii) the disks Di with nonreal centre already contain N(1) nonreal zeros. So

Q̂n,1(z) = Qn(
√
nz) has no nonreal zeros in U . Its n − k zeros in U are therefore real, lie in

(−2 − ε, 2 + ε), and are simple by Proposition 4.3, and its zeros in the disks Di are simple by
(ii). This proves Theorem 1.4 for every ε as above. □

Remark 6.1. The conditions of Definition 1.3 on the zeros of a are used as follows. If a has
a zero eiθ on the unit circle, then detHa(2 cos θ) = 0 and Proposition 4.3 fails near 2 cos θ. If
a has a multiple real zero in D, then Rouché’s theorem only gives a cluster of zeros near the
corresponding ζi, whose reality is not decided by the leading-order asymptotics; multiple nonreal
zeros are allowed in the version of Theorem 1.4 with an explicit onset in [A]. Neither situation is
covered by Theorem 1.4; Section 9 treats the first one quantitatively for the family a = q(·/

√
t)

of (1.6), in which a conjugate pair of zeros crosses the unit circle.
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Part 2. The limit law

7. Heat flow and random power series

Theorem 1.4 is deterministic, and so is its consequence for a fixed power series (Theorem 7.2).
Probability enters only through three facts about the random series q: its zeros in D \ {0} are
simple (Lemma 7.4), it has no zero on a fixed circle (Lemma 7.5), and it has nonreal zeros
(Proposition 7.6).

7.1. The heat flow.

Lemma 7.1. Let P (z) =
∑n

k=0 ck(
√
nz)k/

√
k! with real coefficients ck, not all zero, let d =

max{k : ck ̸= 0}, and for t ≥ 0 let Pt = exp(− t
2n∂

2
z )P .

(a) For t > 0, Pt(z) =
∑n

k=0 ck t
k/2hk

(√
n/t z

)
.

(b) For a real polynomial p let Z(p) be the number of nonreal zeros of p, counted with
multiplicity. If p ̸≡ 0 is a real polynomial and α ≥ 0, then exp(−α∂2z )p has the degree
and the leading coefficient of p, and Z(exp(−α∂2z )p) ≤ Z(p). In particular, if Pt has
only real zeros, then so has Pt+s for every s ≥ 0.

(c) The set {t ≥ 0 : Pt has only real zeros} is a closed interval [Λ,∞) with Λ <∞.

Proof. (a) Comparing the generating function exs−s
2/2 =

∑
k Hek(x)s

k/k! with

exp
(
−1

2∂
2
x

)
exs = e−s

2/2exs

gives Hek(x) = exp(−1
2∂

2
x)x

k. Substituting x =
√
n/t z, so that 1

2∂
2
x = t

2n∂
2
z , gives

exp
(
− t

2n
∂2z

)
(
√
nz)k = tk/2Hek

(√
n/t z

)
.

(b) The degree and the leading coefficient are preserved, since ∂2 lowers the degree. The
inequality Z(exp(−α∂2)p) ≤ Z(p) is a classical theorem of Laguerre and Pólya: if φ is an entire

function of the Laguerre–Pólya class, such as φ(x) = e−αx
2
= limm(1 − α

mx
2)m, then φ(∂)

does not increase the number of nonreal zeros of a real polynomial [32]. For real-rooted p the
real-rootedness of exp(−α∂2)p, equivalently of

∑
k qkHek when

∑
k qkx

k is real-rooted, is also
proved by Iserles and Saff [22]. For a real-rooted polynomial φ this reduces, factor by factor, to

Z(p − cp′) ≤ Z(p) for real c ̸= 0, which follows from Rolle’s theorem applied to e−x/cp(x); the

case φ(x) = e−αx
2
follows by the lower semicontinuity below, since the polynomials (1− α

m∂
2)mp,

all of the degree of p, converge coefficientwise to exp(−α∂2)p. The last statement of (b) is the
case p = Pt, α = s

2n , since Pt+s = exp(− s
2n∂

2
z )Pt.

Lower semicontinuity. If real polynomials pm of degree d converge coefficientwise to a poly-
nomial p of degree d, then Z(p) ≤ lim infm Z(pm). Indeed, around each nonreal zero of p, of
multiplicity µ, choose a closed disk that does not meet R or the other zeros of p; by Hurwitz’s
theorem it contains exactly µ zeros of pm for large m, all nonreal.

(c) By (b) the set is upward closed. It is closed by the lower semicontinuity above, because
the coefficients of Pt are polynomials in t and Pt has the degree and the leading coefficient of P .
It is nonempty: by (a), t−d/2Pt(

√
t/n x) =

∑
k≤d ckt

(k−d)/2hk(x) → cdhd(x) coefficientwise as
t→ ∞. Since hd has d simple real zeros, the argument of Lemma 2.6 shows that Pt is real-rooted
for large t. □

Let (ηj)j≥0 be any real sequence and define Pn, Pn,t by (1.5). Applied to Pn (with ck = ηn−k)
and substituting k = n− j, part (a) gives (1.6):

(7.1) Pn,t(z) = tn/2Q(t)
n

(√
n z/

√
t
)
, Q(t)

n =

n∑
j=0

ηjt
−j/2hn−j ,
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which is the polynomial of Theorem 1.4 for a = a(t), where a(t)(w) = q(w/
√
t). If Pn ̸≡ 0, the

real-rooting time Λn = inf{t ≥ 0 : Pn,t has only real zeros} is finite, and by Lemma 7.1(c) the
polynomial Pn,t has only real zeros exactly when t ≥ Λn. If Pn ≡ 0 we put Λn = 0.

7.2. A fixed power series. Theorem 1.5 is the almost sure form of a deterministic statement
about one power series. Let (ηj)j≥0 be real, not all zero, and let q(w) =

∑
j ηjw

j have radius of

convergence ρq ∈ (0,∞]. Let Zq be the set of zeros of q in {0 < |w| < ρq} and put

(7.2) R∗ = inf{|u| : u ∈ Zq \ R} ∈ (0, ρq], T∗ = R−2
∗ ∈ [0,∞),

with R∗ = ρq if Zq ⊂ R, and ∞−2 = 0. The infimum is positive because the zeros of q ̸≡ 0 do
not accumulate at 0. When ρq = 1 and q has a nonreal zero in D, this agrees with (1.4).

Theorem 7.2 (A fixed power series). Let q, ρq, Zq, R∗, T∗ be as above, and let Λn be the
real-rooting time of Pn,t.

(a) Let t > 0 with
√
t ρq > 1 be such that q has no zero on {|w| = t−1/2} and all zeros of q

in {0 < |w| < t−1/2} are simple. For every sufficiently small ε > 0 there is n0 such that

for n ≥ n0: all zeros of Pn,t are simple; for each u ∈ Zq with |u| < t−1/2, exactly one
zero of Pn,t lies within distance ε of tu + u−1, and it is real if and only if u is real; all

other zeros of Pn,t are real and lie in (−2
√
t − ε, 2

√
t + ε). In particular the number of

nonreal zeros of Pn,t equals the number of nonreal zeros of q in {|w| < t−1/2}.
(b) If every real u ∈ Zq with |u| < R∗ is a simple zero of q, then lim supn Λn ≤ T∗.
(c) If R∗ < ρq, then lim infn Λn ≥ T∗.

In particular, if q has a nonreal zero in its disk of convergence and its nonzero real zeros of
modulus less than R∗ are simple, then Λn → T∗.

Proof. Reduction to η0 ̸= 0. Letm0 = min{j : ηj ̸= 0} and q̃(w) = q(w)/wm0 , and for n > m0 let

n′ = n−m0 and let P̃n′ , P̃n′,t be the polynomials (1.5) built from the coefficients η̃j = ηm0+j of q̃.

Since ηn−k = 0 for k > n′, we have Pn(z) =
∑

k≤n′ ηn−k(
√
nz)k/

√
k! = P̃n′(λz) with λ =

√
n/n′.

For every polynomial p, exp(−s∂2z )[p(λ ·)](z) = [exp(−sλ2∂2)p](λz); with s = t/(2n) this gives

(7.3) Pn,t(z) = P̃n′,t

(√
n/n′ z

)
(n > m0, t ≥ 0).

So Λn(q) = Λn−m0(q̃), and the zeros of Pn,t are those of P̃n′,t multiplied by
√
n′/n = 1+O(1/n).

Since Zq̃ = Zq and ρq̃ = ρq, the numbers R∗, T∗ and all hypotheses are the same for q and q̃.
Hence (b) and (c) for q follow from (b) and (c) for q̃. For (a), the points tu + u−1 (u ∈ Zq,

|u| < t−1/2) are finitely many, as t−1/2 < ρq; they are distinct and off [−2
√
t, 2

√
t], because

u 7→ tu + u−1 =
√
t(w + w−1), w =

√
tu, is injective on {0 < |u| < t−1/2} with values off

that interval. Take ε smaller than a third of their mutual distances and of their distances to
[−2

√
t, 2

√
t], and apply (a) for q̃ with ε/2. The zeros of P̃n′,t then lie in a bounded set, so the

dilation by
√
n′/n moves each of them by less than ε/2 for large n; it preserves reality and

simplicity, and it maps the ε/2-neighbourhoods into the ε-neighbourhoods, which are disjoint.
So (a) holds for q. From now on η0 ̸= 0.

(a) The series a(t)(w) = q(w/
√
t) has real coefficients, radius of convergence

√
tρq > 1,

a(t)(0) = η0 ̸= 0 and no zero on the unit circle. Its zeros in D are the points
√
t u with u ∈ Zq,

|u| < t−1/2, and these are simple. So a(t) is admissible. By (7.1), z is a zero of Pn,t if and only

if z/
√
t is a zero of Q

(t)
n (

√
n ·), with the same multiplicity, and

√
t
(√
tu+ (

√
tu)−1

)
= tu+ u−1.

Theorem 1.4, applied to a(t) with ε/
√
t in place of ε, gives (a) after the dilation z 7→

√
t z.

(b) The zeros of q in {|w| < ρq} are isolated, so the set M = {|u| : u ∈ Zq} is countable.

Let t > T∗, t > 0, with t−1/2 /∈ M . Then t−1/2 < R∗ ≤ ρq, so
√
tρq > 1; q has no zero on
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{|w| = t−1/2}; and every u ∈ Zq with |u| < t−1/2 is real, since |u| < R∗, hence simple. By (a),
Pn,t has only real zeros for all large n, that is, Λn ≤ t. Such t are dense in (T∗,∞).

(c) Since R∗ < ρq, the closed disk {|w| ≤ min(R∗ + 1, (R∗ + ρq)/2)} lies in the disk of
convergence and contains finitely many zeros of q, so the infimum R∗ is attained at a nonreal zero
u∗. Let ρ

−2
q < t < T∗. Then a

(t) has radius of convergence
√
tρq > 1, so by Cauchy’s estimates the

constant family as = a(t) satisfies (H1) of Hypothesis 4.1 for some R0 > 1. The point w∗ =
√
tu∗

is a nonreal zero of a(t) in D, so ζ∗ = w∗ + w−1
∗ is nonreal: Im ζ∗ = Imw∗ (1− |w∗|−2) ̸= 0. The

function a(t) ◦r is analytic on C\ [−2, 2], vanishes at ζ∗, and is not identically zero, since it tends
to η0 at infinity. Choose a closed disk B centred at ζ∗, disjoint from R, on whose boundary

a(t) ◦ r has no zero. By Proposition 5.1, Q
(t)
n (

√
nz)/hn(

√
nz) → a(t)(r(z)) uniformly on B, so

by Rouché’s theorem this quotient has a zero in B for all large n. As hn(
√
n ·) has no zeros off

[−2, 2] (Lemma 2.4), it is a zero of Q
(t)
n (

√
n ·), and it is nonreal. By (7.1), Pn,t has a nonreal

zero, so Λn > t by Lemma 7.1(c). Hence lim inf Λn ≥ t for every t < T∗ close to T∗. □

Remark 7.3. (i) No condition on circles is needed for the limit: (b) uses only times outside the

countable set {t : t−1/2 ∈M}, and (c) uses none. (ii) Simplicity is needed only for the real zeros
of modulus less than R∗; for independent coefficients with a common law as in Lemma 7.4 it
holds almost surely by that lemma. (iii) T∗ ≤ 1 is possible when ρq > 1. For q(w) = 1 + w2/4

we have R∗ = 2, so Λn → 1
4 ; indeed Q

(t)
n = hn + (4t)−1hn−2, and the zeros ±2i

√
t of a(t) lie

in D exactly when t < 1
4 . So T∗ > 1 in Proposition 1.2 is a property of series of radius 1. (iv)

If q has no nonreal zero in its disk of convergence and ρq < ∞, only (b) applies, and gives

lim supΛn ≤ ρ−2
q . For t < ρ−2

q the series a(t) has radius less than 1, and Proposition 5.1 does
not apply.

7.3. Random coefficients. Throughout this subsection η0, η1, . . . are independent random
variables with a common law µ that is not a point mass and satisfies

∫
log+ |x| dµ(x) <∞, and

q(w) =
∑

j ηjw
j . Put γµ =

∑
x∈R µ({x})2; then γµ ≤ maxx µ({x}) < 1. Since

∑
k≥1 P(X >

δk) ≤ δ−1EX for X = log+ |η0|, we have
∑

k P(|ηk| > eδk) < ∞ for every δ > 0, and the

Borel–Cantelli lemma gives, almost surely, |ηk| ≤ eδk for all large k, for every δ > 0 (it suffices
to take δ = 1/m, m ∈ N), so that ρq ≥ 1. Since µ ̸= δ0, there is b > 0 with P(|η0| ≥ b) > 0,
and then |ηk| ≥ b for infinitely many k by the second Borel–Cantelli lemma; hence q ̸≡ 0 and
ρq = 1 almost surely. The events used below are measurable on {ρq ≥ 1}. For instance, q has
a multiple zero in a compact set K ⊂ D exactly when minK(|q| + |q′|) = 0, and this minimum
may be taken over a countable dense subset of K.

Lemma 7.4 (Simple zeros). Let η0, η1, . . . be independent with a common law µ that is not a
point mass and has

∫
log+ |x| dµ(x) <∞. Almost surely every zero of q in D \ {0} is simple.

Proof. A deterministic claim. Let g ̸≡ 0 be analytic in D, let K ⊂ D \ {0} be compact with
rK = minK |u| and ρK = maxK |u|, and let δ > 0 with eδρK < 1. Then there is k0 such that for
every k ≥ k0 and every c ∈ C with 0 < |c| ≤ eδk, the function g + cwk has no multiple zero in
K.

To see this, let K ′ = {u : dist(u,K) ≤ τ} with τ > 0 so small that K ′ ⊂ D \ {0}. In K ′ the
function g has finitely many zeros z1, . . . , zp, of multiplicitiesm1, . . . ,mp, and g = h

∏
i(w−zi)mi

with h analytic and zero-free on K ′. Let m =
∑

imi and M = maximi, fix s > 0 with 2s < τ
and 2s < |zi − zi′ | for i ̸= i′, and put C1 = maxK |h′/h| +m/s and c1 = minK |h| ·min(s, 1)m.
Let u ∈ K. If |u − zi| ≥ s for all i, then |g′(u)/g(u)| ≤ C1. If |u − zi| < s for some i, then
|u− zi′ | > s for i′ ̸= i, so |g′(u)/g(u)−mi/(u− zi)| ≤ C1 and |g(u)| ≥ c1|u− zi|mi .

Now let u1 ∈ K be a multiple zero of g + cwk with c ̸= 0. Then g(u1) = −cuk1 ̸= 0

and g′(u1) = −kcuk−1
1 , so g′(u1)/g(u1) = k/u1, whose modulus lies in [k/ρK , k/rK ] and so
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exceeds k. Let k > C1. Then the first case is excluded, so |u1 − zi| < s for some i, and
mi/|u1 − zi| ≤ k/rK + C1 ≤ 2k/rK . Hence |u1 − zi| ≥ rK/(2k) and |g(u1)| ≥ c1(rK/2k)

M . But
|g(u1)| = |c||u1|k ≤ (eδρK)k, which is smaller than c1(rK/2k)

M for all large k. This proves the
claim.

Resampling. Fix a compact K ⊂ D \ {0} and δ > 0 with eδmaxK |u| < 1, and let A be
the event that ρq ≥ 1 and q has a multiple zero in K. Let η′0, η

′
1, . . . be independent with

law µ, and independent of η = (ηj)j≥0. Let η(k) be η with its k-th coordinate replaced by η′k.

Since the coordinates are independent, η(k) has the law of η, and the series built from η(k) is
q + (η′k − ηk)w

k. Let φ(x) = µ({x}). Then P(η′k = ηk | η) = φ(ηk), and η
(k) = η on {η′k = ηk},

so

(7.4) P(A) = P(η(k) ∈ A) = E
[
1A(η)φ(ηk)

]
+ P

(
η(k) ∈ A, η′k ̸= ηk

)
.

First term. Let ε > 0. There are J and an event AJ determined by η0, . . . , ηJ−1 with P(A△AJ) <
ε. For k ≥ J the variable ηk is independent of AJ , so E[1AJ

φ(ηk)] = P(AJ)
∑

x µ({x})2 =
γµP(AJ). Since 0 ≤ φ ≤ 1, the first term is at most γµP(A)+2ε for k ≥ J . Second term. By the
Borel–Cantelli arguments above, applied with δ/2 to η and to η′, almost surely ρq ≥ 1, q ̸≡ 0,

and |ηk| + |η′k| ≤ eδk for all large k. On this event the deterministic claim, applied to g = q

and c = η′k − ηk, shows that the indicator of {η(k) ∈ A, η′k ̸= ηk} vanishes for all large k. By
dominated convergence the second term tends to 0 as k → ∞.

Hence P(A) ≤ γµP(A)+2ε for every ε > 0, and P(A) = 0 because γµ < 1. Exhausting D\{0}
by the compact sets {1/m ≤ |w| ≤ 1− 1/m} proves the lemma. □

No density, continuity or symmetry of the laws is used: the lemma covers Rademacher coeffi-
cients and all other nondegenerate atomic laws with a logarithmic moment. The limit k → ∞ is
essential: for random polynomials of fixed degree with an atomic coefficient law, a double zero
in D \ {0} can have positive probability, for instance 1 − 4w + 4w2 = (1 − 2w)2 when the law
charges 1, −4 and 4. When µ({0}) > 0 the zero of q at w = 0 can be multiple; it is removed by
(7.3).

Lemma 7.5 (Zeros on circles). Let η0, η1, . . . be as in Lemma 7.4.

(a) If µ has no atoms, then for every r ∈ (0, 1), almost surely q has no zero on the circle
{|w| = r}.

(b) The set E of t > 1 for which P
(
q has a zero on {|w| = t−1/2}

)
> 0 is countable. By (a),

it is empty if µ has no atoms.

Proof. (a) Let g(w) =
∑

j≥1 ηjw
j , which is independent of η0. Almost surely ρq ≥ 1 and not

all ηj , j ≥ 1, vanish. Then q has a zero on {|w| = r} if and only if −η0 ∈ g({|w| = r}) ∩ R.
The function θ 7→ Im g(reiθ) =

∑
j≥1 ηjr

j sin(jθ) is real-analytic, 2π-periodic and not identically

zero, so it has finitely many zeros in [0, 2π), and g({|w| = r})∩R is finite. Since η0 is independent
of g and has no atoms, Fubini’s theorem shows that −η0 lies in this finite set with probability 0.

(b) Fix b ∈ (0, 1). Almost surely q ̸≡ 0 and ρq ≥ 1, so the number Nb of zeros of q in {|w| ≤ b}
is finite. Let Cr be the event that q has a zero on {|w| = r}. For distinct r1, . . . , rm ∈ (0, b] each
zero lies on at most one of the circles {|w| = ri}, so

m∑
i=1

P(Cri) ≤ Emin(m,Nb) = o(m) (m→ ∞),

by dominated convergence. So for each ε > 0 only finitely many r ∈ (0, b] have P(Cr) ≥ ε.
Letting ε ↓ 0 and b ↑ 1 shows that only countably many r ∈ (0, 1) have positive probability. □
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Proposition 7.6 (Nonreal zeros). Let η0, η1, . . . be independent with a common law µ that is
not a point mass and has

∫
x2 dµ(x) <∞. Almost surely q has infinitely many nonreal zeros in

D.

The proof looks at q near the boundary point i, where a central limit theorem applies. We use
the following standard facts. Let Ω ⊂ C be a domain and H(Ω) the space of analytic functions
on Ω with the topology of locally uniform convergence, a Polish space. By Montel’s theorem,
sets of functions that are uniformly bounded on Ω are relatively compact in H(Ω). The Borel
σ-field of H(Ω) is generated by the evaluations at a countable dense subset of Ω, so the law of
a random element of H(Ω) is determined by its finite-dimensional distributions. We also use
Prokhorov’s theorem, the portmanteau theorem for closed sets, Slutsky’s lemma (XN ⇒ X and

d(XN , YN ) → 0 in probability imply YN ⇒ X), and the fact that X
(l)
N ⇒ X(l) for l = 1, . . . , L,

with X
(1)
N , . . . , X

(L)
N independent for each N , implies joint convergence to independent copies; see

[5, Chapter 1]. The multivariate Lindeberg–Feller theorem follows from the one-dimensional one
by the Cramér–Wold device [4, Theorems 27.2 and 29.4]. Finally, a Gaussian analytic function

F on Ω with covariance kernel K(s, s′) = EF (s)F (s′), K(s, s) > 0, has a first intensity of zeros
equal to 1

4π∆ logK(s, s) with respect to Lebesgue measure (the Edelman–Kostlan formula [21,
Section 2.4]).

Proof of Proposition 7.6. Let m = Eη0 and σ2 = Var η0 > 0; dividing q by σ we may assume
σ = 1. Almost surely ρq ≥ 1, as shown at the beginning of this subsection, since log+ |x| ≤ x2.
Let Ω1 = {|s − 1| < 1

2} and Ω2 = {|s − 1| < 3
4}. For s ∈ Ω2 we have Re s > 1

4 and |s| < 7
4 , so

|1− εs|2 ≤ 1− ε/4 for 0 < ε ≤ ε0 = 4/49. For such ε put

wε(s) = i(1− εs) = ε Im s+ i(1− εRe s), fε(s) =
√
ε q

(
wε(s)

)
(s ∈ Ω2).

The points wε(s), s ∈ Ω2, lie in D and are nonreal.
Step 1: the mean. Write q(w) = m/(1 − w) + q0(w), where q0 has the centred coefficients

ηj−m, and fε = dε+f
0
ε accordingly. Since |1−wε(s)| ≥

√
2− 7

4ε ≥ 1, the deterministic function
dε(s) =

√
εm/(1− wε(s)) tends to 0 uniformly on Ω2 as ε→ 0.

Step 2: finite-dimensional distributions. For s, s′ ∈ Ω2,

Ef0ε (s)f0ε (s′) =
ε

1− (1− εs)(1− εs̄′)
→ 1

s+ s̄′
, Ef0ε (s)f0ε (s′) =

ε

1 + (1− εs)(1− εs′)
→ 0.

Fix s1, . . . , sp ∈ Ω2. The vector (f0ε (sl))l≤p is the sum over k of the independent centred vectors

Xk =
√
ε(ηk−m)(wε(sl)

k)l≤p. The sum over k > Kε = ⌈ε−2⌉ has coordinates of variance at most

ε
∑

k>Kε
(1− ε/4)k ≤ 4(1− ε/4)Kε → 0. For the sum over k ≤ Kε we have |Xk| ≤

√
pε |ηk −m|,

so for τ > 0, with ℓε = E
[
(η0 −m)21{|η0−m|>τ/√pε}

]
, the Lindeberg sum is∑

k

E
[
|Xk|21{|Xk|>τ}

]
≤ ℓε

∑
l≤p

ε
∑
k

|wε(sl)|2k ≤ 4p ℓε → 0.

By the Lindeberg–Feller theorem, the finite-dimensional distributions of f0ε converge to those

of a centred complex Gaussian process F on Ω2 with EF (s)F (s′) = K(s, s′) := 1/(s + s̄′) and
EF (s)F (s′) = 0.

Step 3: tightness. For analytic f on Ω2 and s ∈ Ω1 the disk B(s, 14) lies in Ω2, and |f(s)|2 ≤
16
π

∫
B(s,1/4) |f |

2 dA. Since E|f0ε (s)|2 = ε/(1− |1− εs|2) ≤ 4 on Ω2 and Ω2 has area 9π
16 ,

E sup
Ω1

|f0ε |2 ≤
16

π

∫
Ω2

E|f0ε |2 dA ≤ 36.
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By Markov’s inequality, Montel’s theorem and Prokhorov’s theorem, the laws of f0ε on H(Ω1)
are tight. Every subsequential limit has the finite-dimensional distributions of F , so F has a
version in H(Ω1), a Gaussian analytic function with kernel K, and f0ε ⇒ F in H(Ω1) as ε→ 0.
By Step 1, also fε ⇒ F .

Step 4: the limit has zeros. Here K(s, s) = 1/(2Re s) > 0 and 1
4π∆ logK(s, s) = 1

4π(Re s)2
> 0.

By the Edelman–Kostlan formula, F has a zero in B = {|s− 1| < 1
4} with positive probability

pB. Also F ̸≡ 0 almost surely, since F (1) is a nondegenerate Gaussian variable.
Step 5: independent scales. Let N ≥ 4 be an integer, L ≥ 1, and εl = N−2l for l = 1, . . . , L.

Split f0εl = fbl + f rl , where f
b
l keeps the indices N2l−1 < k ≤ N2l+1. These blocks of indices are

disjoint, so fb1 , . . . , f
b
L are independent. As in Step 3,

E sup
Ω1

|f rl |2 ≤ 9 sup
Ω2

εl

( ∑
k≤N2l−1

1 +
∑

k>N2l+1

(1− εl/4)
k
)
≤ 9

( 2

N
+ 4e−N/4

)
.

Let N → ∞ with L fixed. Then f0εl ⇒ F and supΩ1
|f rl | → 0 in probability, so fbl ⇒ F by

Slutsky’s lemma, for each l. By independence, (fb1 , . . . , f
b
L) ⇒ (F1, . . . , FL) in H(Ω1)

L, where
F1, . . . , FL are independent copies of F . By Slutsky’s lemma and Step 1, also (fε1 , . . . , fεL) ⇒
(F1, . . . , FL).

Step 6: counting. The set C = {g ∈ H(Ω1) : g has no zero in B, or g|B ≡ 0} is closed, by
Hurwitz’s theorem. The regions wεl(B) lie in the annuli {3

4εl < |w− i| < 5
4εl}, which are disjoint

for N ≥ 2, and they consist of nonreal points of D. If q ̸≡ 0 and q has fewer than j nonreal
zeros in D, then fεl /∈ C for at most j − 1 values of l. The set CL,j of (g1, . . . , gL) with gl ∈ C for
at least L− j + 1 values of l is a finite union of finite intersections of closed sets, hence closed.
Let Vj be the event that q has fewer than j nonreal zeros in D. By the portmanteau theorem,
and since P(F ∈ C) = 1− pB,

P(Vj) ≤ lim sup
N→∞

P
(
(fε1 , . . . , fεL) ∈ CL,j

)
≤ P

(
(F1, . . . , FL) ∈ CL,j

)
= P

(
Bin(L, pB) < j

)
.

The left side depends neither on N nor on L, and the right side tends to 0 as L→ ∞. So q has
at least j nonreal zeros in D almost surely, for every j. □

No zero–one law is used: the probability of the fixed event is bounded by a binomial tail
for every L. For standard Gaussian coefficients the central limit step is not needed, since fε is
exactly Gaussian. In that case Feldheim’s law of large numbers for zeros of stationary Gaussian
analytic functions in a strip [16, Theorem 1], applied to q(tanhu)/ coshu (whose covariance
kernel is sech(u− v̄)), gives another proof.

The convergence of rescaled random power series with independent coefficients to a Gaussian
analytic function near the boundary of the disk is the universality principle of Ledoan, Merkli
and Starr [26], extended by Shirai [42]; Steps 2 and 3 are an instance of it, at a single boundary
point and with independent scales. For symmetric coefficient laws, Nazarov, Nishry and Sodin
[29, Theorem 1.3] prove a stronger statement under weaker assumptions: if lim supj |ηj |1/j = 1

and
∑

j η
2
j = ∞ almost surely, then almost surely q takes every complex value b infinitely often

in D, with
∑

(1 − |w|) = ∞ over the solutions of q(w) = b. Whether this yields nonreal zeros
without a second moment is discussed in Remark 7.7.

We now prove Theorems 1.5 and 1.1. Let η0, η1, . . . be independent with a common law µ
that is not a point mass and has

∫
x2 dµ < ∞. Then

∫
log+ |x| dµ < ∞, since log+ |x| ≤ x2, so

the results above apply.

Proof of Theorem 1.5. Work on the almost sure event on which ρq = 1, every zero of q in D\{0}
is simple (Lemma 7.4), and q has a nonreal zero in D (Proposition 7.6). The zeros of q in each
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disk {|w| ≤ b}, b < 1, are finitely many, so the infimum (7.2) is attained, it agrees with the
minimum (1.4), and 0 < R∗ < 1 = ρq. Hence 1 < T∗ <∞, and Theorem 7.2 gives Λn → T∗.

Now fix t > 1 with t /∈ E , where E is the countable set of Lemma 7.5(b). Then almost surely

q also has no zero on {|w| = t−1/2}. On this event the hypotheses of Theorem 7.2(a) hold, since√
tρq =

√
t > 1 and all zeros of q in {0 < |w| < t−1/2} are simple, and Theorem 7.2(a) gives the

description of the zeros of Pn,t. □

Proof of Theorem 1.1. For each n the real-rooting time of a polynomial is a measurable function
of its coefficients, namely the infimum of the rational t ≥ 0 at which the polynomial is real-rooted
(Lemma 7.1(c)). Since (ηn, . . . , η0) and (ξ0, . . . , ξn) have the same law, Λstd

n has the law of Λn,
which converges almost surely, hence in distribution, to T∗ by Theorem 1.5. Likewise, for t > 1

with t /∈ E , the number of nonreal zeros of Gn,t has the law of the number N
(n)
t of nonreal zeros

of Pn,t, which by Theorem 1.5 is almost surely eventually equal to

Nt = #{u ∈ D \ R : q(u) = 0, |u| < t−1/2}.

In particular P(Gn,t real-rooted) = P(N (n)
t = 0) → P(Nt = 0). Finally {Nt = 0} = {R∗ ≥

t−1/2} = {T∗ ≤ t}, and by the symmetry of the zeros under conjugation this is the event that q

has no zero in {|w| < t−1/2, Imw > 0}. □

Remark 7.7 (Without a second moment). Let the ηj be independent with a common law µ that
is not a point mass, and assume only

∫
log+ |x| dµ <∞. Lemmas 7.4 and 7.5 and Theorem 7.2

still give the following. Almost surely, on the event that q has a nonreal zero in D, Λn → T∗;
off this event R∗ = ρq = 1, and lim supΛn ≤ 1 by Theorem 7.2(b). For every t > 1 with t /∈ E ,
almost surely the number of nonreal zeros of Pn,t is eventually the number of nonreal zeros of

q in {|w| < t−1/2}. So the statements of Theorem 1.1 for fixed t hold, with P(T∗ ≤ t) read as

the probability that q has no nonreal zero in {|w| < t−1/2}. We do not know whether q has
nonreal zeros almost surely when only

∫
log+ |x| dµ < ∞ is assumed. For symmetric laws, [29,

Theorem 1.3] gives
∑

q(w)=0(1−|w|) = ∞ almost surely under this assumption alone, since then

ρq = 1 and
∑

j η
2
j = ∞ almost surely; so it would suffice to show that the real zeros satisfy∑

(1− |x|) <∞.

7.4. The limit law. By Theorem 1.1, P(T∗ > t) is the limit of P(Gn,t is not real-rooted) for
t /∈ E . Its decay as t → ∞ is governed by the probability that q has a nonreal zero in a small
disk about the origin, which requires the first two coefficients to be small.

Theorem 7.8 (The tail of T∗). Let η0, η1, . . . be independent. Suppose that η0 and η1 have
densities f0, f1 that are bounded on R and continuous at 0, that Eη22 <∞, and that supj≥3 Eη2j <
∞. Then q is almost surely analytic in D, and

lim
r↓0

r−3 P
(
q has a nonreal zero in {|w| < r}

)
=

8

3
f0(0)f1(0)E[η22].

In particular, if the ηj are identically distributed with a bounded density f that is continuous at
0, and Eη20 <∞, then

P(T∗ > t) =
8

3
f(0)2 E[η20] t−3/2

(
1 + o(1)

)
(t→ ∞),

read as o(t−3/2) if f(0) = 0. For standard Gaussian coefficients the constant is 4
3π , and for the

uniform law on a symmetric interval it is 2
9 .

Proof. Let Ar be the event that q has a nonreal zero in {|w| < r}. It is the union, over
the closed disks B with rational centres and radii contained in {|w| < r} \ R, of the events
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{minB |q| = 0}, hence measurable. Since supj≥2 E|ηj | < ∞, the Borel–Cantelli lemma gives

lim supj |ηj |1/j ≤ 1 almost surely, so q is analytic in D. In the identically distributed case
{T∗ > t} = At−1/2 , the series q having nonreal zeros by Theorem 1.5; and the standard Gaussian
density has f(0)2 = 1/(2π), while the uniform law on [−b, b] has f(0)2Eη20 = (2b)−2 · b2/3 = 1

12 .
So it suffices to prove the first statement.

Fix 0 < r ≤ 1
4 and put

Fr(z) = r−2q(rz) = X + Y z + η2z
2 + hr(z), X =

η0
r2
, Y =

η1
r
, hr(z) =

∑
j≥3

ηjr
j−2zj .

Then Ar is the event that Fr has a nonreal zero in D. Let ω′ = (η2, η3, . . . ) and Γ =
27
8

∑
j≥3 |ηj |(

3
8)
j−3; by Minkowski’s inequality ∥Γ∥2 ≤ 27

5 supj≥3 ∥ηj∥2 < ∞. For |z| ≤ 3
2 we

have rj−2|z|j ≤ r 4−(j−3) · 27
8 (

3
2)
j−3, so

(7.5) sup
|z|≤3/2

|hr(z)| ≤ rΓ.

For fixed ω′ let Dr(ω
′) be the set of (x, y) ∈ R2 such that x + yz + η2z

2 + hr(z) has a nonreal
zero in D. Since (η0, η1) is independent of ω′ and has the density f0(u)f1(v), the substitution
(η0, η1) = (r2x, ry) gives

(7.6) P(Ar | ω′) = r3
∫
Dr(ω′)

f0(r
2x)f1(ry) dx dy.

A box. Let x, y, c ∈ R, and let h be analytic near {|z| ≤ 3
2}, with real Taylor coefficients

and |h| ≤ ε there. Suppose F (z) = x + yz + cz2 + h(z) has a nonreal zero in D. Then F has
at least two zeros in D, a conjugate pair. If |x| > |y| + |c| + ε, then |F − x| < |x| on |z| = 1,
and Rouché’s theorem gives no zero in D; so |x| ≤ |y| + |c| + ε. On |z| = 3

2 we then have

|x + yz| ≥ 3
2 |y| − |x| ≥ 1

2 |y| − |c| − ε and |cz2 + h(z)| ≤ 9
4 |c| + ε. If |y| > 13

2 |c| + 4ε, then

|x + yz| > |cz2 + h| on |z| = 3
2 , so F has at most one zero in {|z| < 3

2}, which is impossible.

Hence |y| ≤ 13
2 |c|+ 4ε and |x| ≤ 15

2 |c|+ 5ε. By (7.5), with ε = rΓ ≤ Γ,

(7.7) Dr(ω
′) ⊂ B(ω′) :=

[
−15

2 |η2| − 5Γ, 15
2 |η2|+ 5Γ

]
×
[
−13

2 |η2| − 4Γ, 13
2 |η2|+ 4Γ

]
,

a rectangle of area at most 240(|η2|+ Γ)2.
The limit region. For c ∈ R let D0(c) be the set of (x, y) such that F0(z) = x+ yz + cz2 has

a nonreal zero in D. For c ̸= 0 the zeros of F0 are nonreal if and only if y2 < 4cx, and then
they have modulus

√
x/c; so D0(c) = {(x, y) : 0 < x/c < 1, y2 < 4cx}, and for c > 0 its area is∫ c

0 4
√
cx dx = 8

3c
2, as also for c < 0 by the symmetry (x, y, c) 7→ (−x,−y,−c). Also D0(0) = ∅.

Pointwise convergence. Fix ω′ with Γ < ∞ and put c = η2. We claim that 1Dr(ω′)(x, y) →
1D0(c)(x, y) as r ↓ 0 for almost every (x, y) ∈ R2. Fix (x, y); by (7.5), Fr → F0 uniformly on

{|z| ≤ 3
2}, where now Fr(z) = x + yz + cz2 + hr(z). Let first c ̸= 0, and exclude the null set

{y2 = 4cx} ∪ {x = c}. (i) If (x, y) ∈ D0(c), then F0 has a simple nonreal zero z0 ∈ D. Take
a closed disk B ∋ z0 in D \ R on whose boundary F0 does not vanish and which contains no
other zero of F0. By Rouché’s theorem Fr has a zero in B for small r, so (x, y) ∈ Dr(ω

′). (ii)
If y2 > 4cx, then F0 has two simple real zeros u1 ̸= u2. For each ui with |ui| < 5

4 take a closed

disk Bi centred at ui, of radius less than 1
4 , such that these disks are disjoint and contain no

other zero of F0, and let K = D \
⋃
i intBi. Then F0 does not vanish on K ∪

⋃
i ∂Bi, so once

sup|z|≤3/2 |Fr − F0| is less than the minimum of |F0| there, Fr has no zero in K and exactly one
zero in each Bi, which is real because Fr is real on R and Bi is symmetric about R. So all zeros
of Fr in D are real, and (x, y) /∈ Dr(ω

′). (iii) If y2 < 4cx and x/c > 1, then F0 has no zero in D,
hence neither has Fr for small r. These cases exhaust the complement of the null set. If c = 0,
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exclude the null set {|x| = |y|}. Then |F0| ≥ ||x|− |y|| > 0 on |z| = 1, so for small r the function
Fr has as many zeros in D as F0, at most one, and a single zero of a function that is real on R
is real. So (x, y) /∈ Dr(ω

′) for small r, and D0(0) = ∅.
Conclusion. For fixed ω′ with Γ <∞, the integrand 1Dr(ω′)(x, y)f0(r

2x)f1(ry) in (7.6) is dom-
inated by ∥f0∥∞∥f1∥∞1B(ω′), by (7.7), and converges almost everywhere to f0(0)f1(0)1D0(η2), by

the continuity of f0, f1 at 0. By dominated convergence, r−3P(Ar | ω′) → 8
3f0(0)f1(0)η

2
2. More-

over r−3P(Ar | ω′) ≤ 240∥f0∥∞∥f1∥∞(|η2|+Γ)2, which is integrable. Dominated convergence in
ω′ gives r−3P(Ar) → 8

3f0(0)f1(0)E[η
2
2]. □

The exponent 3
2 has a transparent source: (η0, η1) must lie in a region of size r2× r, and η2 is

unconstrained. Only the densities of η0, η1 at 0 and the second moment of η2 enter the constant.
For Gaussian coefficients there is also an exact bound, valid for all t > 1, through the expected

number of nonreal zeros.

Lemma 7.9 (Expected number of pairs). Let η0, η1, . . . be independent standard Gaussian vari-
ables, and let kr be the number of zeros of q in {|w| < r, Imw > 0}. For 0 ≤ r < 1,

Ekr = κ(r) :=
1

π

[1 + r2

1− r2
arctan r − artanh r

]
=

4

3π
r3
(
1 + r2 +O(r4)

)
(r → 0).

Consequently P(T∗ > t) ≤ κ(t−1/2) for every t > 1.

Proof. The zeros of q in the upper half-disk have the first intensity

ρc(z) =
|z − z̄|

π |1− z2| (1− |z|2)2

with respect to Lebesgue measure: this is the limiting intensity of the complex zeros of real
Gaussian Kac polynomials computed by Shepp and Vanderbei [40, Theorem 1.2], and the case
n = 1 of the Pfaffian formula of Matsumoto and Shirai [27, Theorem 2.7]. In polar coordinates
z = ϱeiθ we have |1− ϱ2e2iθ|2 = (1 + ϱ2)2 − 4ϱ2 cos2 θ, and with u = cos θ,∫ π

0

sin θ dθ

|1− ϱ2e2iθ|
= 2

∫ 1

0

du√
(1 + ϱ2)2 − 4ϱ2u2

=
1

ϱ
arcsin

2ϱ

1 + ϱ2
=

2

ϱ
arctan ϱ (0 < ϱ < 1).

Hence Ekr = 4
π

∫ r
0 ϱ arctan ϱ (1 − ϱ2)−2 dϱ. Integrating by parts with d

dϱ
1

2(1−ϱ2) = ϱ
(1−ϱ2)2 , and

using 1
(1−ϱ2)(1+ϱ2) =

1
2

(
1

1−ϱ2 + 1
1+ϱ2

)
,

Ekr =
4

π

[ arctan r

2(1− r2)
− artanh r + arctan r

4

]
= κ(r).

Multiplying the Taylor series gives πκ(r) = 4
3(r

3 + r5) + 152
105(r

7 + r9) + O(r11). Finally, with

r = t−1/2, {T∗ > t} = {R∗ < r} = {kr ≥ 1}, and Markov’s inequality gives P(T∗ > t) ≤ Ekr. □

By Theorem 7.8, the bound of Lemma 7.9 is asymptotically sharp as t → ∞. The intensity
ρc can also be obtained from the Rice formula [2, Theorem 6.2], applied to the Gaussian field
(Re q, Im q) on D \ R.

Proof of Proposition 1.2. That 1 < T∗ < ∞ almost surely was shown in the proof of Theo-
rem 1.5. For t > 1, {T∗ = t} is contained in the event that q has a zero on {|w| = t−1/2}, which
is null for t /∈ E . Together with P(T∗ ≤ 1) = 0 this shows that the atoms of the law of T∗ lie
in E , which is empty if µ has no atoms (Lemma 7.5). For standard Gaussian coefficients the
asymptotics are Theorem 7.8, and the bound is Lemma 7.9. The asymptotics give P(T∗ > t) > 0
for large t, hence for every t, as P(T∗ > t) is nonincreasing in t. □
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Remark 7.10 (The law of T∗ is not universal). The convergence Λn → T∗ holds for every law as
in Theorem 1.5, but the law of T∗ depends on µ, also after normalisation: T∗ does not change
when q is multiplied by a nonzero constant. If the support of µ lies in {x : b1 ≤ |x| ≤ b2} with
0 < b1 ≤ b2, then |q(w)| ≥ b1 − b2|w|/(1− |w|) > 0 for |w| < b1/(b1 + b2), so R∗ ≥ b1/(b1 + b2)
and T∗ ≤ (1 + b2/b1)

2 almost surely. For Rademacher coefficients, ±1 with probability 1
2 each,

this gives T∗ ≤ 4, whereas for Gaussian coefficients P(T∗ > t) > 0 for every t. Among laws with
a bounded density that is continuous at 0, the tail constant 8

3f(0)
2E[η20] of Theorem 7.8 also

depends on the law: it is 4
3π for centred Gaussian coefficients and 2

9 for coefficients uniform on
a symmetric interval.

7.5. The law of T∗ near t = 1. Throughout this subsection the ηj are independent standard
Gaussian variables. For 0 < r < 1 let Dr = {|w| < r} and D+

r = {w ∈ Dr : Imw > 0}, and let
kr be the number of zeros of q in D+

r , as in Lemma 7.9; so P(T∗ ≤ t) = P(kt−1/2 = 0) for t > 1.
By [27, Theorem 2.7] the zeros of q in D+ = {w ∈ D : Imw > 0} form a Pfaffian point process:
their correlation functions with respect to Lebesgue measure are
(7.8)

ρn(z1, . . . , zn) =
1

(πi)n

n∏
j=1

1

|1− z2j |
Pf

(
Kc(zi, zj)

)n
i,j=1

, Kc(z, w) =

(
F (z, w) F (z, w̄)
F (z̄, w) F (z̄, w̄)

)
,

where F (x, y) = (x − y)/(1 − xy)2, (Kc(zi, zj))i,j is the antisymmetric 2n × 2n matrix with
the 2 × 2 blocks Kc(zi, zj), and Pf B = b12 for n = 1. For n = 1 this is the intensity ρc of
Lemma 7.9. For a trace class operator T we write trT and det(I + T ) for its trace and its
Fredholm determinant [30, Section 14.5], ∥T∥ for its norm and ∥T∥p for its Schatten p-norm;
2N0 = {0, 2, 4, . . . }.

Proposition 7.11 (The law of T∗ as a Fredholm determinant). For 0 < r < 1 and m,n ≥ 0 let
Gmn(r) = 2

π

∫
D+
r
Im(zmz̄n) |1− z2|−1dA(z), and for m,m′ ∈ 2N0 let Xm,m′(r) = mGm′,m−1(r)−

(m + 1)Gm′,m+1(r), where the first term is 0 for m = 0. Then X(r) is a trace class operator

on ℓ2(2N0), trX(r) = κ(r), and E skr = det
(
I − (1 − s)X(r)

)
for every s ∈ C. In particular

P(T∗ ≤ t) = det
(
I −X(t−1/2)

)
for every t > 1.

Proof. Fix r and put λ = 1− s.
Step 1: a Fredholm Pfaffian. Let d(z) be a square root of (πi|1 − z2|)−1 and K(z, w) =

d(z)d(w)Kc(z, w). Since Pf(DBDT ) = detDPf B with D = diag(d(z1), d(z1), . . . , d(zn), d(zn)),
(7.8) reads ρn = Pf(K(zi, zj)). The kernel is bounded on {|z| ≤ r}: there |1 − z2| ≥ 1 − r2

and |1 − zw| ≥ 1 − r2, so the entries of K are at most Cr = 2r/(π(1 − r2)3). By Hadamard’s
inequality and Pf(B)2 = detB, an antisymmetric 2n × 2n matrix with entries bounded by C

has |Pf B| ≤ (2n)n/2Cn. Hence E
(
kr
n

)
= 1

n!

∫
(D+

r )n ρn ≤ (πr2Cr)
n(2n)n/2/n!, so E(1 + δ)kr =∑

n δ
nE

(
kr
n

)
<∞ for every δ > 0, and by dominated convergence

(7.9) E skr =
∑
n≥0

(−λ)n

n!

∫
(D+

r )n
Pf

(
K(zi, zj)

)
i,j≤n dA(z1) · · · dA(zn) (s ∈ C),

the Fredholm Pfaffian Pf(J − λK) of [37, (8.3)]. In particular Eskr is entire in s.
Step 2: truncation and the square. Expanding, F (x, y) =

∑
m,n≥0Amnx

myn with Am,m−1 =

m = −Am−1,m for m ≥ 1 and Amn = 0 if |m− n| ̸= 1. So Kc(z, w) = Φ(z)AΦ(w)T , where Φ(z)

is the 2×∞ matrix with rows (zm)m≥0 and (z̄m)m≥0. For odd M let A(M) = (Amn)m,n≤M , let

ΦM be the corresponding 2× (M + 1) matrix, K(M)(z, w) = d(z)d(w)ΦM (z)A(M)ΦM (w)T , and

let fM (s) be the series (7.9) with K(M) in place of K. Since
∑

m,n |Amn|rm+n = 2r/(1 − r2)2,
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the entries of K(M) are bounded by Cr and K(M) → K uniformly on (D+
r )

2; so fM (s) → Eskr
as M → ∞, by dominated convergence.

The kernel K(M) is bounded and antisymmetric, K(M)(w, z)T = −K(M)(z, w). Let J =(
0 1
−1 0

)
. The identity Pf(J+K)2 = det(I+J−1K) of [37, Lemma 8.1, (8.6)], with K = −λK(M)

and J−1 = −J , gives

(7.10) fM (s)2 =
∑
n≥0

λn

n!

∫
(D+

r )n

∑
a∈{1,2}n

det
((
JK(M)(zi, zj)

)
aiaj

)
i,j≤n

dA(z1) · · · dA(zn),

the Fredholm determinant of the kernel λJK(M) on D+
r × {1, 2}. Rains states (8.6) without

analytic hypotheses. For a bounded antisymmetric 2× 2 kernel K on a space of finite measure
both sides are absolutely convergent series, by Hadamard’s inequality, and (8.6) follows by
integrating over the n-th power of the space the pointwise identity∑

S⊔S′={1,...,n}

PfK(S) PfK(S′) =
∑

a∈{1,2}n
det

((
J−1K(yi, yj)

)
aiaj

)
i,j≤n

,

where K(S) = (K(yi, yj))i,j∈S . This identity is the coefficient of w1 · · ·wn in Pf(Jn + N)2 =
det(Jn+N) = det(I+J−1

n N), where Jn = diag(J, . . . , J) and N = (
√
wiwjK(yi, yj))i,j≤n, whose

Pfaffian is
∑

S

∏
i∈S wi PfK(S). Now JK(M)(z, w) = u(z)v(w) with u(z) = d(z)JΦM (z) and

v(w) = d(w)A(M)ΦM (w)T , and d(w)2(ΦM (w)TJΦM (w))mn = (wmw̄n − w̄mwn)/(πi|1 − w2|).
By the Cauchy–Binet formula and Andréief’s identity, (7.10) equals det(I + λ

∫
D+
r
v u dA) =

det(I + λA(M)G(M)), where G(M) = (Gmn(r))m,n≤M .
Step 3: parity. The map z 7→ −z̄ preserves D+

r , dA and |1 − z2|, and Im((−z̄)m(−z)n) =
−(−1)m+n Im(zmz̄n); so Gmn = 0 when m+n is even, and so is Amn. Order the indices 0, . . . ,M

as (even, odd), two groups of (M + 1)/2. Then A(M) =
( 0 Aeo

−AT
eo 0

)
and G(M) =

( 0 Geo

−GT
eo 0

)
, so

A(M)G(M) = − diag(AeoGTeo, ATeoGeo) and, by det(I − BC) = det(I − CB) and transposition,

fM (s)2 = det(I − λX(M))2 with X(M) = AeoGTeo. Here X
(M)
m,m′ =

∑
nAmnGm′n = mGm′,m−1 −

(m+1)Gm′,m+1 for even m,m
′ ≤M−1, since both neighbours m±1 of m are at mostM : X(M)

is the compression of X(r) to the even indices at mostM−1. Since |Gmn| ≤ rm+n+2/(1−r2), we
have |Xm,m′ | ≤ (2m+1)rm+m′+1/(1−r2) and

∑
m,m′ |Xm,m′ | <∞. A matrix unit has trace norm

1, so X(r) is trace class, X(M) → X(r) in trace norm, and det(I − λX(M)) → det(I − λX(r))
[30, Lemmas 14.38 and 14.39]. Hence f2 = g2 for the entire functions f(s) = Eskr and g(s) =
det(I − (1 − s)X(r)). Since f(1) = g(1) = 1, the factor f + g of (f − g)(f + g) ≡ 0 is not
identically zero, so f = g: the sign is fixed by the value 1 at s = 1. The coefficients of s− 1 give
trX(r) = Ekr = κ(r), and s = 0 gives P(kr = 0) = det(I −X(r)). □

Remark 7.12 (Numerical evaluation). In polar coordinates Gmn(r) = 2
π

∫ r
0 ϱ

m+n+1Sm−n(ϱ) dϱ

with Sk(ϱ) =
∫ π
0 sin(kθ) |1 − ϱ2e2iθ|−1dθ. Here Sk = 0 for even k, S−k = −Sk, S1(ϱ) =

2ϱ−1 arctan ϱ (proof of Lemma 7.9), and for odd k ≥ 1, with x = ϱ2,

(k + 1)xSk+2 − k(1 + x2)Sk + (k − 1)xSk−2 = −2(1− x),

as one finds by integrating Dg′+2x sin(2θ) g = 0, where D = |1−xe2iθ|2 and g = D−1/2, against
cos kθ over [0, π]. Solved as a boundary value problem (forward recursion is unstable), with
Gauss–Legendre quadrature in ϱ and truncation atm ≤ 14/(1−r), this evaluates − logP(T∗ ≤ t)
to about 10−7 (absolute; tested by a 25% change of the truncation) for t − 1 ≥ 0.0026. For
example, numerically P(T∗ ≤ 100/81) = 0.10868062 (r = 0.9) and − logP(T∗ ≤ 10000/9801) =
36.180955 (r = 0.99). The law of kr given by det(I − (1 − s)X(r)) agrees with Monte Carlo
simulations of q for 0.5 ≤ r ≤ 0.9.
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Theorem 7.13 (The hole probability from above). For standard Gaussian coefficients,

lim sup
t↓1

(t− 1) logP(T∗ ≤ t) ≤ −π
2

12
.

That is, for every c < π2/12 there is t0 > 1 such that P(T∗ ≤ t) ≤ e−c/(t−1) for 1 < t ≤ t0.

The constant is half of the constant π2/6 for the Gaussian power series with complex coeffi-
cients [35], and it is attained, by Theorem 7.18 below. The factor 1

2 arises in the upper bound

because the kernel of the determinant is, up to an error of Hilbert–Schmidt norm O(log 1
t−1),

the reproducing kernel of the even functions in the Bergman space of D (Lemma 7.14), and in
the lower bound because the symmetric part of X(r) is at most diag(r2m+1)m∈2N0 (Lemma 7.17
and Step 1 of the proof of Theorem 7.18).

The operators. Fix r ∈ (0, 1) and put ς = log t = −2 log r and ℓr = log 1
1−r . For m ∈ 2N0 let

ψm(z) = mzm−1 − (m + 1)zm+1, and define U : ℓ2(2N0) → L2(Dr) and V : L2(Dr) → ℓ2(2N0),
with Lebesgue measure on Dr, by

(Uc)(z) =
∑

m∈2N0

cmz
m, (V f)m =

∫
Dr

vm(z)f(z) dA(z), vm(z) =
sgn(Im z)ψm(z)

πi |1− z2|
.

As |1−z2| ≥ 1−r2 on Dr and
∑

m(2m+1)2r2m <∞, both are Hilbert–Schmidt. Splitting Dr into
D+
r and its conjugate gives Gmn(r) = 1

πi

∫
Dr

sgn(Im z) zmz̄n|1 − z2|−1dA(z), hence X(r) = V U .

The operator L = UV on L2(Dr) has the kernel
∑

m z
mvm(w); summing with

∑
m∈2N0

mxm =

2x2(1− x2)−2 and
∑

m∈2N0
(m+ 1)xm = (1 + x2)(1− x2)−2, x = zw̄,

(7.11) L(z, w) = sgn(Imw)

2πi |1− w2|

[ z − w̄

(1− zw̄)2
− z + w̄

(1 + zw̄)2

]
(z, w ∈ Dr).

X(r) and L are trace class, as products of two Hilbert–Schmidt operators. For µ ̸= 0 and k ≥ 1,
U maps ker(V U − µ)k into ker(UV − µ)k, as (UV − µ)kU = U(V U − µ)k, and injectively, as
Uc = 0 and (V U − µ)kc = 0 give (−µ)kc = 0; likewise V maps back injectively. So X(r)
and L have the same nonzero eigenvalues λk, repeated according to algebraic multiplicity, and∑

k |λk| <∞ [30, Proposition 14.21]. We use three classical facts.
(i) P(T∗ ≤ t) = det(I −X(r)) =

∏
k(1− λk), by Proposition 7.11 and [30, Theorem 14.44].

(ii) trLj =
∑

k λ
j
k for j ≥ 1, and trL = trX(r) = κ(r). For j = 1 this is Lidskii’s theorem

[30, Theorem 14.34], applied to L and to X(r). For j ≥ 2, from I−νjLj =
∏
ωj=1(I−ωνL), the

multiplicativity of det [30, Lemma 14.40] and [30, Theorem 14.44], det(I−νjLj) =
∏
k(1−νjλ

j
k)

for ν ∈ C; compare the coefficients of νj .
(iii) For p ≥ 2,

(7.12)
∑

k |λk|p ≤ ∥L∥pp.
This is Weyl’s inequality between the eigenvalues and the singular values [49]; for compact
operators see [44, Chapter 1].

The comparison operator K is the integral operator on L2(Dr) with the kernel

Kev(z, w) =
1

2π

[ 1

(1− zw̄)2
+

1

(1 + zw̄)2

]
=

1

π

∑
m∈2N0

(m+ 1)zmw̄m.

The zm are orthogonal in L2(Dr), with ∥zm∥2 = πr2m+2/(m+1), so Kzm = r2m+2zm for evenm,
and K vanishes on the orthogonal complement of these functions. So K is self-adjoint, ∥K∥ ≤ 1,

its nonzero eigenvalues are e−(2k+1)ς , k ≥ 0, and

(7.13) trKj = ∥K∥jj =
∑

k≥0 e
−(2k+1)jς = 1/(2 sinh(jς)) (j ≥ 1).
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Lemma 7.14 (The even Bergman kernel). ∥L − K∥2 ≤ 1 + ℓr.

Proof. Let R = L − K, with kernel R = L − Kev. As L(z̄, w̄) = L(z, w) and Kev(z̄, w̄) =

Kev(z, w), ∥R∥22 = 2
∫
D+
r

∫
Dr

|R(z, w)|2 dA(z) dA(w). Let w ∈ D+
r and τ = 2 Imw/|1 − w2|.

From −i(z − w̄) = −i(z − w) + 2 Imw and i(z + w̄) = i(z + w) + 2 Imw,

R(z, w) =
1

2π

[(−i(z − w)

|1− w2|
− (1− τ)

) 1

(1− zw̄)2
+
( i(z + w)

|1− w2|
− (1− τ)

) 1

(1 + zw̄)2

]
.

Here 0 ≤ τ ≤ 1, as |1 − w2|2 = (1 − |w|2)2 + 4(Imw)2, and |z ∓ w| ≤ |1 ∓ zw̄|, as |1 − zw̄|2 −
|z − w|2 = (1 − |z|2)(1 − |w|2). Expanding in powers of zw̄ and using the orthogonality of
the zk,

∫
Dr

|1 ∓ zw̄|−2dA(z) =
∑

k≥0 πr
2k+2|w|2k/(k + 1) ≤ πr

∑
k≥0 r

k+1/(k + 1) ≤ πℓr and∫
Dr

|1∓zw̄|−4dA(z) ≤
∑

k≥0 π(k+1)|w|2k = π(1−|w|2)−2. With (a1+· · ·+a4)2 ≤ 4(a21+· · ·+a24),∫
Dr

|R(z, w)|2 dA(z) ≤ 2

π

[ ℓr
|1− w2|2

+
(1− τ)2

(1− |w|2)2
]
.

To integrate over w, substitute w = tanh(ζ/2), ζ = u + iv, which maps the strip {0 < v < π
2 }

conformally onto D+. Then w = (sinhu+ i sin v)/(coshu+ cos v), |dw/dζ| = (coshu+ cos v)−1,
|1 − w2| = 2(coshu + cos v)−1, 1 − |w|2 = 2 cos v (coshu + cos v)−1 and τ = sin v. Also |w|2 =
(coshu − cos v)/(coshu + cos v) ≥ tanh2(u/2), so w ∈ D+

r forces |u| < 2 artanh r. Hence∫
D+
r
|1− w2|−2dA(w) ≤

∫
|u|<2 artanh r

∫ π/2
0

1
4 dv du = π

2 artanh r and∫
D+
r

(1− τ)2 dA(w)

(1− |w|2)2
≤

∫
|u|<2 artanh r

∫ π/2

0

(1− sin v)2

4 cos2 v
dv du =

(
2− π

2

)
artanh r.

So ∥R∥22 ≤ 2 artanh r (ℓr +
4−π
π ) ≤ (log 2 + ℓr)(ℓr +

4−π
π ) ≤ (1 + ℓr)

2. □

Lemma 7.15. Let p ≥ 2 be an integer and Cp = max(2e, 1 + Hp−1), where Hp−1 =
∑

j<p
1
j .

For every λ ∈ C, log |1− λ| ≤ −Re
∑p−1

j=1 λ
j/j + Cp|λ|p.

Proof. Let h(λ) be the left side minus the sum. If |λ| ≥ 1, then h ≤ log(1+ |λ|)+
∑

j<p |λ|j/j ≤
|λ|+Hp−1|λ|p−1 ≤ (1+Hp−1)|λ|p. If |λ| < 1 and |1−λ| < 1/(ep), then h < −1−log p+Hp−1 ≤ 0,

asHp−1 ≤ 1+log p. If |λ| < 1 and |1−λ| ≥ 1/(ep), then h = −Re
∑

j≥p λ
j/j. With σj =

∑j
i=p λ

i

we have |σj | ≤ 2|λ|p/|1−λ|, and summation by parts gives |
∑

j≥p λ
j/j| = |

∑
j≥p σj(

1
j −

1
j+1)| ≤

2|λ|p/(p|1− λ|) ≤ 2e|λ|p. □

Proof of Theorem 7.13. Let t > 1 and r = t−1/2, so r2 = e−ς . By Lemma 7.14 and (7.13),
∥R∥2 ≤ 1 + ℓr and ∥K∥22 = 1/(2 sinh 2ς) ≤ 1/(4ς); for 0 < ς ≤ 1, 1− r ≥ ς/4, so ℓr ≤ log(4/ς).

Traces. For j = 1, trL = κ(r) by (ii), and the closed form of κ in Lemma 7.9 gives κ(r) =
1

2(1−r2) +O(ℓr), so ς trL → 1
2 as ς → 0. For j ≥ 2, expand tr(K+R)j into 2j words. By cyclicity

a word with one factor R has trace tr(Kj−1R), of modulus at most ∥K∥2∥R∥2 as ∥K∥ ≤ 1; a
word with at least two factors R has trace norm at most ∥R∥22max(1, ∥R∥)j−2 ≤ (1 + ∥R∥2)j .
With (7.13), | trLj − 1/(2 sinh(jς))| ≤ j(1 + ℓr)/(2

√
ς) + (4 + 2ℓr)

j . So ς trLj → 1
2j as ς → 0,

for every j ≥ 1.
Schatten norms. Let p ≥ 2. By (7.12), the triangle inequality for ∥ · ∥p, ∥R∥p ≤ ∥R∥2 and

(7.13),

ς
∑
k

|λk|p ≤ ς
(
∥K∥p + ∥R∥2

)p
=

ς

2 sinh(pς)

(
1 + ∥R∥2

(
2 sinh(pς)

)1/p)p → 1

2p
(ς → 0).
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Conclusion. By (i), Lemma 7.15 and (ii), for every integer p ≥ 2,

− logP(T∗ ≤ t) = −
∑
k

log |1− λk| ≥
p−1∑
j=1

Re trLj

j
− Cp

∑
k

|λk|p.

Multiplying by ς and letting t ↓ 1, lim inft↓1 ς (− logP(T∗ ≤ t)) ≥
∑p−1

j=1
1

2j2
− Cp

2p . As Cp =

O(log p), letting p → ∞ gives 1
2ζ(2) = π2

12 on the right. Finally 0 < ς = log t ≤ t − 1 and
− logP(T∗ ≤ t) ≥ 0. □

Remark 7.16 (An explicit bound). For p = 2, log |1 − λ| = 1
2 log(1 − 2Reλ + |λ|2) ≤ −Reλ +

1
2 |λ|

2, and the proof gives, for every t > 1 and r = t−1/2, P(T∗ ≤ t) ≤ exp(−κ(r) + 1
2∥L∥

2
2).

Here ∥L∥22 = tr(U∗U V V ∗) =
∑

m∈2N0
∥zm∥2∥vm∥2 is a series of one-dimensional integrals.

Numerically, (t− 1)(κ(r)− 1
2∥L∥

2
2) increases with r on a grid of step 0.0025 in r ∈ [0.8, 0.9995],

from 0.2796 at r = 0.8; so, numerically, P(T∗ ≤ t) ≤ e−0.279/(t−1) for 1.001 ≤ t ≤ 1.5625. In the

other direction, Theorem 7.18 below gives P(T∗ ≤ t) ≥
∏
k≥0(1− t−2k−1/2) for every t > 1.

The lower bound. The lower bound that matches Theorem 7.13 comes from a comparison of
the symmetric part of X(r) with a diagonal operator. It rests on an identity for the quadratic
form of X(r), which follows from Green’s formula.

Lemma 7.17 (The quadratic form ofX(r)). Let 0 < r < 1 and σr(θ) = (1+r2) sin θ |1−r2e2iθ|−1

for 0 ≤ θ ≤ π. Then 0 ≤ σr ≤ 1, and for every real c ∈ ℓ2(2N0), with f(z) =
∑

m∈2N0
cmz

m,

(7.14)
∑

m,m′∈2N0

cmXm,m′(r) cm′ =
r

π

∫ π

0
|f(reiθ)|2σr(θ) dθ −

1

π

∫ r

−r
f(x)2 dx.

Proof. Both sides of (7.14) are continuous in c ∈ ℓ2(2N0): the left side because X(r) is bounded,

the right side because f depends linearly on c and sup|z|≤r |f(z)| ≤
∑

m |cm|rm ≤ ∥c∥(1−r2)−1/2,
by the Cauchy–Schwarz inequality. So it suffices to take c finitely supported; then f is an even
polynomial with real coefficients.

Put ψ =
∑

m cmψm. As ψm has real coefficients, m Im(zm
′
z̄m−1) − (m + 1) Im(zm

′
z̄m+1) =

Im(zm
′
ψm(z)), so the definitions of Xm,m′(r) and Gmn(r) give∑

m,m′

cmXm,m′(r) cm′ =
2

π

∫
D+
r

Im
(
f(z)ψ(z)

)
|1− z2|

dA(z).

Let s(z) =
√
1− z2 be the principal branch. It is holomorphic and has no zero on D, since

Re(1 − z2) = 1 − x2 + y2 > 0 there, and s > 0 on (−1, 1). For holomorphic g we have
(1− z2)g′ − zg = s (sg)′, as ss′ = −z; with g = zm the left side is ψm, so ψ = s u′ with u = sf .
Put v = f/s. As |1− z2| = ss̄ and v is holomorphic,

f ψ

|1− z2|
=
f

s
u′ = v u′ = ∂z̄(vū).

The function vū is smooth on D, which contains the closure of D+
r . Green’s formula

∫
Ω ∂z̄F dA =

1
2i

∮
∂Ω F dz, with ∂Ω oriented counterclockwise, therefore applies to F = vū and Ω = D+

r (the
corners at ±r are harmless). The boundary consists of the segment from −r to r and the arc
z = reiθ, 0 ≤ θ ≤ π, so the left side of (7.14) equals

2

π
Im

( 1

2i

∫ r

−r
(vū)(x) dx+

1

2i

∫ π

0
(vū)(reiθ) ireiθ dθ

)
.
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On [−r, r], s > 0 and f is real, so vū = f2, and the first term contributes − 1
π

∫ r
−r f(x)

2 dx. On

the arc, vū = |f |2 s̄/s, so the second term contributes r
π

∫ π
0 |f(reiθ)|2 Im

(
eiθs̄/s

)
dθ. Finally, at

z = reiθ we have s̄2 = 1− r2e−2iθ and |s|2 = |1− r2e2iθ|, so

eiθ
s̄

s
=
eiθ s̄2

|s|2
=
eiθ − r2e−iθ

|1− r2e2iθ|
=

(1− r2) cos θ + i (1 + r2) sin θ

|1− r2e2iθ|
.

This number has modulus 1, and its imaginary part is σr(θ), which proves (7.14); since sin θ ≥ 0
for 0 ≤ θ ≤ π, it also gives 0 ≤ σr ≤ 1. □

Theorem 7.18 (The hole probability from below). For standard Gaussian coefficients and every
t > 1,

P(T∗ ≤ t) ≥
∏
k≥0

(
1− t−2k−1/2

)
≥

(
1− t−1/2

)
exp

(
− π2

12 log t

)
.

Consequently limt↓1(t− 1) logP(T∗ ≤ t) = −π2/12.

Proof. Let r = t−1/2, so that r4k+1 = t−2k−1/2 = e−(2k+1/2)ς with ς = log t. For n ≥ 1 let Xn be
the compression of X(r) to the indices m ∈ {0, 2, . . . , 2n− 2}, a real n× n matrix, and put

Sn = 1
2

(
Xn +XT

n

)
, Bn = 1

2

(
XT
n −Xn

)
, Rn = diag

(
r2m+1

)
m∈{0,2,...,2n−2},

so that the entries of Rn are r4k+1, 0 ≤ k < n. By Step 3 of the proof of Proposition 7.11
(Xn is the matrix X(M) of that step with M = 2n − 1), Xn → X(r) in trace norm and
det(I −Xn) → det(I −X(r)) = P(T∗ ≤ t) as n→ ∞.

Step 1: Sn ≤ Rn. Let c ∈ Rn, indexed by m ∈ {0, 2, . . . , 2n− 2}, and f(z) =
∑

m cmz
m. For

real c we have cTSnc = cTXnc, which is the left side of (7.14) for c extended by zeros. In (7.14)

we have σr ≤ 1 (Lemma 7.17), the last term is not positive, and 1
π

∫ π
0 e

i(m−m′)θ dθ = δmm′ for
even m−m′; hence

cTSnc ≤
r

π

∫ π

0
|f(reiθ)|2 dθ =

∑
m

r2m+1c2m = cTRnc.

As Sn and Rn are real symmetric, Sn ≤ Rn. In particular Hn := I − Sn ≥ I −Rn ≥ (1− r)I is
positive definite.

Step 2: det(I − Xn) ≥ detHn. This is the inequality of Ostrowski and Taussky [33],
| detM | ≥ det 1

2(M +M∗) when 1
2(M +M∗) is positive definite, in the case we need; we include

the short proof. Since Xn = Sn − Bn, we have I − Xn = Hn + Bn = H
1/2
n (I + Cn)H

1/2
n with

Cn = H
−1/2
n BnH

−1/2
n , so det(I−Xn) = detHn ·det(I+Cn). The matrix Cn is real and antisym-

metric, so iCn is Hermitian and the eigenvalues of Cn are purely imaginary. The characteristic
polynomial of Cn has real coefficients, so its nonzero eigenvalues, repeated according to multiplic-
ity, come in pairs ±iκj with κj > 0. Hence det(I+Cn) =

∏
j(1+ iκj)(1− iκj) =

∏
j(1+κ

2
j ) ≥ 1.

Step 3: detHn ≥ det(I − Rn). Put P = I − Rn. Then 0 < P ≤ Hn, so P
−1/2HnP

−1/2 ≥ I

has all its eigenvalues at least 1, and detHn = detP · det
(
P−1/2HnP

−1/2
)
≥ detP .

Step 4: the bounds. By Steps 2 and 3, det(I − Xn) ≥ det(I − Rn) =
∏
k<n(1 − r4k+1) ≥∏

k≥0(1−r4k+1), since every factor lies in (0, 1). Letting n→ ∞ gives the first inequality. For the

second, let ϕ(u) = − log(1−e−u) for u > 0. Then ϕ is positive and decreasing, and
∫∞
0 ϕ(u) du =∑

j≥1

∫∞
0

e−ju

j du =
∑

j≥1
1
j2

= π2

6 . As ϕ is decreasing, ϕ
(
(2k + 1

2)ς
)
≤ 1

2ς

∫ (2k+1/2)ς
(2k−3/2)ς ϕ(u) du for

k ≥ 1, and these intervals are disjoint subsets of (0,∞). Hence

− log
∏
k≥1

(
1− t−2k−1/2

)
=

∑
k≥1

ϕ
(
(2k + 1

2)ς
)
≤ 1

2ς

∫ ∞

0
ϕ(u) du =

π2

12 log t
,
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and the factor with k = 0 is 1− t−1/2.
The limit. By the bounds, (t − 1) logP(T∗ ≤ t) ≥ (t − 1) log(1 − t−1/2) − π2

12 · t−1
log t . As

t ↓ 1, (t − 1)/ log t → 1, and (t − 1) log(1 − t−1/2) → 0 because 1 − t−1/2 ∼ 1
2(t − 1). So

lim inft↓1(t − 1) logP(T∗ ≤ t) ≥ −π2/12, and Theorem 7.13 gives the reverse inequality for the
lim sup. □

Remark 7.19. (a) For the comparison operator R = diag(r2m+1)m∈2N0 , det(I −R) =
∏
k≥0(1−

r4k+1) = exp
(
−(π2/12 + o(1))/(t− 1)

)
as t ↓ 1, half the exponent of the product

∏
k≥1(1− r2k)

that gives the hole probability for the Gaussian power series with complex coefficients [35]. A
halving of the same kind occurs for the gap probabilities of non-Hermitian random matrices: at
maximal non-Hermiticity, the probability that a disk about the origin contains no eigenvalue of
the quaternion (β = 4) Ginibre ensemble is obtained from the product for the complex (β = 2)
ensemble by skipping every second factor [1].

(b) The proof gives more. The compressions Sn of S = 1
2(X(r) + X(r)T ) converge to S in

trace norm, as
∑

m,m′ |Xm,m′(r)| <∞ (proof of Proposition 7.11), so Steps 1–2 give P(T∗ ≤ t) ≥
det(I − S). This bound is much closer: numerically, at r = 0.99, logP(T∗ ≤ t) = −36.181 and
log det(I − S) = −36.269, against

∑
k≥0 log(1− r4k+1) = −42.090. The bound of Theorem 7.18

is sharp in the exponent but not for moderate t: at t = 100/81 (r = 0.9) it gives 0.0112, against
P(T∗ ≤ t) = 0.1087 (Remark 7.12).

(c) For 0 ≤ s ≤ 1 the same argument applies to (1−s)X(r): Step 1 gives (1−s)Sn ≤ (1−s)Rn,
and I − (1 − s)Rn is positive definite. With Proposition 7.11 this gives Eskr = det

(
I − (1 −

s)X(r)
)
≥

∏
k≥0

(
1 − (1 − s)r4k+1

)
. So the generating function of kr dominates, on [0, 1], that

of a sum of independent Bernoulli variables with parameters r4k+1, k ≥ 0; whether kr itself is
such a sum is Question 11.2.

8. The standard coupling

Throughout this section ξ0, ξ1, . . . are independent standard real Gaussian variables, Gn and
Gn,t are given by (1.1) and (1.2), and

Λstd
n = inf{t ≥ 0 : Gn,t has only real zeros}.

In this coupling all degrees share the bottom coefficients ξ0, ξ1, . . . , while in the reversed coupling
(1.5) they share the top coefficients η0, η1, . . . ; Λn is the real-rooting time of Pn,t. As in the

proof of Theorem 1.1, Λstd
n and Λn have the same law for each n, so Λstd

n → T∗ in distribution,
and only the joint law of different degrees differs. Theorem 1.5, an almost sure statement, is
specific to the reversed coupling: under the standard coupling there is no almost sure limit, and
not even a limit in probability (Theorem 1.10).

Remark 8.1. In Theorem 1.10(b) the order of the quantifiers matters: the set N is fixed before
the sample point is drawn. For every sample point in the event of Theorem 1.10(a) the set
{n : Λstd

n ∈ (2, 3)} is infinite, and along it all limit points lie in [2, 3].

8.1. The standard coupling in Hermite coordinates. For real numbers a0, . . . , an, or a
real polynomial or power series a(w) =

∑
j ajw

j , write

Qn[a] =

n∑
j=0

aj hn−j .
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Let bn(u) =
∑n

j=0 ξn−ju
j and a(n,t)(w) = bn(w/

√
t), so that a

(n,t)
j = ξn−jt

−j/2. Lemma 7.1(a)
with ck = ξk and k = n− j gives, for t > 0,

(8.1) Gn,t(z) = tn/2Qn
[
a(n,t)

](√
n
t z

)
.

This is (7.1) with the top block ξn, ξn−1, . . . of the single sequence in place of η0, η1, . . . , so the

symbol a(n,t) is renewed as n grows. In the Hermite variable y = z/
√
t the zeros of Gn,t are

those of y 7→ Qn[a
(n,t)](

√
n y); in particular Gn,t has only real zeros if and only if Qn[a

(n,t)] has.
Almost surely ξn ̸= 0 for every n, and on this event Lemma 7.1(c) gives, for every t ≥ 0,

(8.2) {Λstd
n ≤ t} = {Gn,t has only real zeros}, {Λstd

n > t} = {Gn,t has a nonreal zero}.

Only these one-sided descriptions are used below; we never approximate Λstd
n by a function of

the top block.

8.2. An interlacing criterion.

Lemma 8.2 (Interlacing criterion). Let n ≥ 2 and Q =
∑n

j=0 ajhn−j with real aj and a0 ̸= 0.

Let x1 < · · · < xn−1 be the zeros of hn−1, and put αj(x) = hn−j(x)/hn(x).

(a) hn(xi) ̸= 0, α1(xi) = 0, α2(xi) = −
√
n/(n− 1), and |αj(xi)| ≤

√
n for 1 ≤ j ≤ n.

(b) For κ > 0 and 0 ≤ j ≤ n/2, |αj(xi)| ≤ 2(j + 1)ejκ+cκj
2/n, where cκ = cothκ+ 1

2 .

(c) If
∣∣∑n

j=2 ajαj(xi)
∣∣ < |a0| for every i, then Q has n simple real zeros, one in each of the

intervals (−∞, x1), (x1, x2), . . . , (xn−1,∞). This holds in particular if, for some κ > 0,

(8.3) |a2|
√

n

n− 1
+

n∑
j=3

|aj |βn,j < |a0|, βn,j =

{
min

{√
n, 2(j + 1)ejκ+cκj

2/n
}
, j ≤ n/2,

√
n, j > n/2.

Proof. (a) By Lemma 2.2 at x = xi, where hn−1 vanishes,
∑

k<n hk(xi)
2 = nhn(xi)

2. Since
h0 = 1, this gives hn(xi) ̸= 0 and |hk(xi)| ≤

√
n |hn(xi)| for k < n, that is, |αj(xi)| ≤

√
n for

1 ≤ j ≤ n. Clearly α1(xi) = 0, and the recurrence (2.1) with k = n − 1, which at xi reads

0 =
√
nhn(xi) +

√
n− 1hn−2(xi), gives α2(xi) = −

√
n/(n− 1).

(b) By (3.2) with z = xi/
√
n and hn−1(xi) = 0, we have αj(xi) = An,j(xi/

√
n). By Lemma 2.1,

|xi| < 2
√
n, so Lemma 3.3 applies with |z| < 2 ≤ 2 coshκ.

(c) By (2.1) and (a), h′n−1(xi) =
√
n− 1hn−2(xi) = −

√
nhn(xi). The zeros of hn−1 are simple

and its leading coefficient is positive, so signh′n−1(xi) = (−1)n−1−i, and hence signhn(xi) =

(−1)n−i. Since α1(xi) = 0, the hypothesis says that Q(xi)/hn(xi) = a0 +
∑

j≥2 ajαj(xi) has the

sign of a0, so signQ(xi) = (−1)n−i sign a0. The leading coefficient of Q is a0/
√
n!, so Q(x) has

the sign of a0 for large positive x and the sign of (−1)na0 for large negative x. Hence Q changes
sign on each of the n intervals listed. As Q has degree n, this accounts for all its zeros, and they
are simple. Under (8.3) the hypothesis holds by (a) and (b). □

Remark 8.3. Sign tests at the zeros of hn−1 are the classical route to the interlacing of the zeros of
consecutive orthogonal polynomials (cf. [46, Section 3.3, Theorem 3.3.2]), and Lemma 8.2(c) is a
test of this kind. What makes it effective for the random symbols below is the bound |αj | ≤

√
n

of part (a), which is uniform in j and comes from the Christoffel–Darboux formula. In the

application aj = ξn−jt
−j/2, where t > 1 may be close to 1. A geometric bound |αj(xi)| ≤ Cj

alone would bring in the term |ξ0|(C/
√
t)n, which is unbounded unless t > C2; with (a) and (b)

the test works for every t > 1 (Step 4 of the proof of Lemma 8.4).
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8.3. Every point of [1,∞] is a limit point.

Lemma 8.4. Let N ⊂ N be an infinite set that does not depend on the ξk, and let 1 < t1 <
t2 <∞. Almost surely t1 < Λstd

n ≤ t2 for infinitely many n ∈ N .

Proof. All constants below depend only on t1 and t2.
Step 1: parameters. Put

λ = t
1/4
1 , ρ = t

−1/2
1 , θ1 = λρ = t

−1/4
1 , σ = (t1t2)

−1/4, p(u) = σ2 + u2.

Then λ > 1, θ1 < 1 and t
−1/2
2 < σ < ρ < 1, and p has the simple zeros ±iσ. Let

2δ2 = σ2 − t−1
2 > 0, ε0 =

1
2 min{σ, ρ− σ}, 2δ1 = ε0σ, d = 1−

√
t1 (σ + ε0).

Since σ+ε0 ≤ (σ+ρ)/2, we have 1
2(1−

√
t1 σ) ≤ d < 1, so 0 < d < 1. LetMn = ⌈3 log n/ log t1⌉,

so that λMn = t
Mn/4
1 ≥ n3/4. Since λ/

√
t2 < t

1/4
1 t

−1/2
1 = t

−1/4
1 < 1, we can choose κ > 0 with

θ2 := λeκ/
√
t2 < 1; let cκ = cothκ+ 1

2 and S =
∑

j≥3(j + 1)θj2. Finally choose ε ∈ (0, 1] with

ε
(
3 +

θ31
1− θ1

)
≤ δ1

2
, ε (3 + 3S) ≤ δ2.

Step 2: the events. For n with Mn + 2 ≤ n/2 let En be the event that

|ξn − σ2| < ε, |ξn−1| < ε, |ξn−2 − 1| < ε, |ξn−j | ≤ ελj (3 ≤ j ≤Mn),

which depends only on the top block (ξn−j)0≤j≤Mn , and let Fn = {maxk≤n |ξk| ≤ λMn}.
(i) By independence,

P(En) ≥ π0 := P(|ξ0 − σ2| < ε)P(|ξ0| < ε)P(|ξ0 − 1| < ε)
∏
j≥3

P(|ξ0| ≤ ελj) > 0,

because every factor is positive and
∑

j≥3 P(|ξ0| > ελj) ≤
∑

j≥3 2e
−ε2λ2j/2 <∞, as λ > 1.

(ii) Since P(|ξk| > 2
√
log k) ≤ 2k−2 for k ≥ 2, the first Borel–Cantelli lemma gives an almost

surely finite C with maxk≤n |ξk| ≤ C + 2
√
log n for all n ≥ 2. As λMn ≥ n3/4, almost surely Fn

holds for all large n.
(iii) Since n −Mn → ∞, we can choose n1 < n2 < · · · in N such that Mn + 2 ≤ n/2 for

all n ≥ n1 and nm+1 −Mnm+1 > nm for all m. The event Enm depends only on the ξk with
nm −Mnm ≤ k ≤ nm. These blocks of indices are disjoint, so the events Enm are independent,
and

∑
m P(Enm) = ∞ by (i). By the second Borel–Cantelli lemma, almost surely Enm occurs

for infinitely many m.
Step 3: the coefficients on En ∩ Fn. Let n ≥ n1, and assume that En ∩ Fn occurs.
(a) |ξn−j | ≤ 2λj for 0 ≤ j ≤ n. For j ≤ 2 this follows from σ2 + ε ≤ 2, ε ≤ 2λ and 1 + ε ≤ 2;

for 3 ≤ j ≤ Mn from ε ≤ 1; and for j > Mn from Fn, which gives |ξn−j | ≤ λMn < λj . Hence

|a(n,t1)j | ≤ 2(λ/
√
t1)

j = 2 t
−j/4
1 for all j.

(b) For |u| ≤ ρ, using λρ = θ1 and ρ < 1,

|bn(u)− p(u)| ≤ |ξn − σ2|+ |ξn−1|+ |ξn−2 − 1|+ ε

Mn∑
j=3

θj1 +
∑
j>Mn

θj1 ≤ ε
(
3 +

θ31
1− θ1

)
+
θMn+1
1

1− θ1
.

Let N1 ≥ n1 be such that θMn+1
1 /(1 − θ1) ≤ δ1/2 for n ≥ N1. Then |bn − p| ≤ δ1 on {|u| ≤ ρ}

for n ≥ N1.
Step 4: Λstd

n ≤ t2. Let N2 ≥ n1 be such that for all n ≥ N2

ecκM
2
n/n ≤ 3

2 and
(√

n
n−1 − 1

)
+

n−1/4

1− λ/
√
t2
< δ2.
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Let n ≥ N2 and a = a(n,t2), so that aj = ξn−jt
−j/2
2 . On En ∩ Fn we have |a0| > σ2 − ε and

|a2| < (1 + ε)t−1
2 . For 3 ≤ j ≤Mn, since Mn ≤ n/2,

|aj |βn,j ≤ ελjt
−j/2
2 · 2(j + 1)ejκ · 3

2 = 3ε(j + 1)θj2,

and for Mn < j ≤ n, by Fn, |aj | ≤ λMnt
−j/2
2 ≤ (λ/

√
t2)

j and βn,j ≤
√
n. Hence the left side of

(8.3) is at most

(1 + ε) t−1
2

√
n
n−1 + 3εS + τn, τn =

√
n (λ/

√
t2)

Mn+1

1− λ/
√
t2

≤ n−1/4

1− λ/
√
t2
,

where we used λ/
√
t2 < t

−1/4
1 and t

Mn/4
1 ≥ n3/4. Using σ2 = t−1

2 + 2δ2, t
−1
2 < 1,

√
n/(n− 1) ≤√

2 and the choice of ε, the right side of (8.3) minus this bound is at least

2δ2 − ε
(
1 +

√
2 + 3S

)
−
(√

n
n−1 − 1

)
− τn ≥ δ2 −

(√
n
n−1 − 1

)
− τn,

which is positive by the choice of N2. Hence (8.3) holds, so by Lemma 8.2 the polynomial

Qn[a
(n,t2)] has only real zeros; by (8.1) so has Gn,t2 , and by (8.2) Λstd

n ≤ t2.

Apart from a0, the only coefficient that is not small is a2, and α2 = −
√
n/(n− 1) is close to

−1; so the test amounts to t−1
2 < σ2 = (t1t2)

−1/2, that is, to t1 < t2. The coefficient a1 does not
enter, because α1 = 0 at the zeros of hn−1.

Step 5: Λstd
n > t1. The circle |u− iσ| = ε0 lies in {|u| < ρ}, since σ + ε0 < ρ, and on it

|p(u)| = |u− iσ| |u+ iσ| ≥ ε0(2σ − ε0) ≥ ε0σ = 2δ1.

Let n ≥ N1. On En∩Fn, Step 3(b) gives |bn−p| ≤ δ1 < |p| on this circle, so |bn| ≥ δ1 there, and by
Rouché’s theorem bn has exactly one zero in {|u−iσ| < ε0}, as p has (note |−iσ−iσ| = 2σ > ε0).

Let B = {|w − i
√
t1 σ| ≤

√
t1 ε0}. Then a(n,t1)(w) = bn(w/

√
t1) has exactly one zero in the

interior of B, and |a(n,t1)| ≥ δ1 on ∂B. Moreover B ⊂ {|w| ≤
√
t1(σ+ ε0)} = {|w| ≤ 1− d}, and

B ⊂ {Imw ≥
√
t1 σ/2}, so B∩R = ∅. By Step 3(a), |a(n,t1)j | ≤ 2 t

−j/4
1 for all j. Lemma 5.3, with

C0 = 2, R0 = t
1/4
1 , δ = δ1 and d as in Step 1, shows that for n > next the polynomial Qn[a

(n,t1)]
has a nonreal zero. By (8.1) so has Gn,t1 , and by (8.2) Λstd

n > t1.
Step 6: conclusion. Let N0 = max{N1, N2, ⌊next⌋ + 1}. By Steps 4 and 5, En ∩ Fn ⊂ {t1 <

Λstd
n ≤ t2} for every n ≥ N0, up to the null event that ξk = 0 for some k. By Step 2, almost

surely Enm occurs for infinitely many m and Fn holds for all large n. Hence almost surely
t1 < Λstd

nm
≤ t2 for infinitely many m. □

Planting a prescribed block of top coefficients is a simple device: for the reversed coupling it
also shows directly that P(T∗ > t) > 0 for every t, since if η0 is close to δ2, η1 to 0, η2 to 1, and
the later ηj are small enough, then q has a pair of nonreal zeros near ±iδ, so that T∗ > t when

δ < t−1/2. What is new here is the almost sure version on disjoint blocks of coordinates, which
rules out convergence in probability to any random limit. The events En are designed so that
the symbols they produce satisfy the hypotheses of Lemma 8.2 at time t2 and of Lemma 5.3
at time t1 with constants that do not depend on n; this gives a single onset N0. Theorem 1.4
would not do here, since its onset depends on the symbol, which changes with n.

8.4. Mehler’s formula and real-rootedness before time 1.

Lemma 8.5 (Mehler’s formula). For 0 < r < 1 and x, y ∈ C,

(8.4)
∑
k≥0

hk(x)hk(y) r
k = (1− r2)−1/2 exp

(2rxy − r2(x2 + y2)

2(1− r2)

)
,
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the series converging absolutely. In particular
∑

k≥0 r
k|hk(x)|2 = (1 − r2)−1/2 exp

(
(r|x|2 −

r2Rex2)/(1− r2)
)
.

Proof. LetN,N ′ be independent standard real Gaussian variables. Since Eeλ(x+iN) = eλx−λ
2/2 =∑

k Hek(x)λ
k/k! for complex λ, comparing coefficients of λk gives Hek(x) = E(x + iN)k; the

exchange of sum and expectation is justified by Ee|λ|(|x|+|N |) <∞. Hence∑
k

Hek(x)Hek(y)

k!
rk = E exp

(
r(x+ iN)(y + iN ′)

)
,

where the series converges absolutely and the exchange is justified because E exp
(
r(|x|+|N |)(|y|+

|N ′|)
)
<∞ for r < 1. Integrating first over N ′, with EecN ′

= ec
2/2 for complex c, and then over

N , with EebN+r2N2/2 = (1− r2)−1/2eb
2/(2(1−r2)) for complex b, gives

(1− r2)−1/2 exp
(
rxy − r2x2

2
− r2(y − rx)2

2(1− r2)

)
,

which is the right side of (8.4). The second statement is the case y = x̄, since the hk have real
coefficients. □

This is Mehler’s classical formula [28], often stated for real x, y. We include the short proof
because we use it at complex arguments, with y = x̄ (Steps 1 and 2 of the proof of Propo-
sition 1.11). To extend the real formula by analytic continuation one needs a bound for |hk|
off the real line that makes the series converge locally uniformly on C2; the representation
Hek(x) = E(x+ iN)k gives this bound and the formula at once.

Proof of Proposition 1.11. Fix s ∈ (0, 1) and n ≥ 1. For z = X + iY put

gk(z) = sk/2hk
(√

n/s z
)
, Vn(z) =

n∑
k=0

|gk(z)|2, V∞(z) =
∑
k≥0

|gk(z)|2,

and

φ(z) =
1

2

( X2

1 + s
+

Y 2

1− s

)
.

By Lemma 7.1(a) with ck = ξk and t = s, Gn,s =
∑

k≤n ξkgk, so Vn(z) = E|Gn,s(z)|2. The idea is

that near the origin log |Gn,s| is close to nφ with high probability, that φ is strictly subharmonic,
and that log |Gn,s| would be harmonic in the upper half-plane if all zeros of Gn,s were real.

Step 1: the variance. By Lemma 8.5 with r = s and x =
√
n/s z, for which r|x|2− r2Rex2 =

n(X2 + Y 2)− ns(X2 − Y 2),

(8.5) V∞(z) = (1− s2)−1/2e2nφ(z) ≥ e2nφ(z) ≥ 1.

(Inside the ellipse of [19], (2π)−1∆(nφ) = n/(π(1 − s2)) is the density of n times its uniform
distribution; we do not use this.)

Step 2: the truncation is harmless near 0. For k > n we have sk ≤ s(n+1)/2(
√
s)k. So

Lemma 8.5 with r =
√
s, together with −r2Rex2 ≤ r2|x|2 and (

√
s+ s)/(s(1− s)) = 1/(

√
s(1−√

s)), gives

V∞(z)− Vn(z) ≤ s(n+1)/2(1− s)−1/2 exp
( n|z|2√

s (1−
√
s)

)
.

For |z| ≤ βs the exponent is at most n
4 log(1/s), so V∞(z)− Vn(z) ≤ (1− s)−1/2s1/2sn/4. Let n′s

be the least n with (1− s)−1/2s1/2sn/4 ≤ 1
2 . For n ≥ n′s and |z| ≤ βs, by (8.5),

(8.6) Vn(z) ≥ V∞(z)− 1
2 ≥ 1

2V∞(z) ≥ 1
2e

2nφ(z).
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Step 3: geometry. Let y0 = βs/2, z0 = iy0, r1 = y0/2, r2 = r1/2, and z′l = z0 + r2e
2πil/12

for 0 ≤ l < 12. The closed disk D = D(z0, r1) lies in {Im z ≥ y0/2} ∩ {|z| ≤ 3
4βs}. Since

φ is a quadratic polynomial in (X,Y ), and the averages of cosϑ, sinϑ, cos 2ϑ and sin 2ϑ over
ϑ = 2πl/12 vanish,

(8.7)
1

12

∑
l<12

φ(z′l)− φ(z0) =
r22
4

( 1

1 + s
+

1

1− s

)
=

r22
2(1− s2)

=
y20

32(1− s2)
= γs.

Moreover φ(z) ≤ |z|2/(2(1− s)), so Φmax := maxD φ ≤ (3y0/2)
2/(2(1− s)) = 36(1 + s)γs.

Step 4: two Gaussian estimates. Let ε = γs/4.
(U) Let Ω1

n = {
∑

k≤n ξ
2
k ≤ 4(n+ 1)}. If χ2

m has the chi-squared distribution with m degrees

of freedom and x > 1, Markov’s inequality for eλχ
2
m , with Eeλχ2

m = (1− 2λ)−m/2, gives

P(χ2
m ≥ mx) ≤ inf

0<λ<1/2
e−λmx(1− 2λ)−m/2 = (xe1−x)m/2,

the infimum being attained at λ = (1 − 1/x)/2. With m = n + 1 and x = 4, P((Ω1
n)
c) ≤

(4e−3)(n+1)/2 ≤ e−0.8(n+1). On Ω1
n, by the Cauchy–Schwarz inequality and (8.5), for all z ∈ C,

(8.8) log |Gn,s(z)| ≤ log
(
2
√
n+ 1

)
+ 1

2 log V∞(z) = nφ(z) + log
(
2
√
n+ 1

)
+ c′s,

where c′s =
1
4 log

(
1/(1− s2)

)
.

(L) Fix z ∈ C. For real α, Re(e−iαGn,s(z)) =
∑

k ξk Re(e
−iαgk(z)) is a centred Gaussian

variable with variance 1
2Vn(z)+

1
2 Re

(
e−2iα

∑
k gk(z)

2
)
, which is at least 1

2Vn(z) > 0 for a suitable

α (note Vn ≥ |g0|2 = 1). Since |Gn,s(z)| ≥ |Re(e−iαGn,s(z))|, and a centred Gaussian variable

with variance v has density at most (2πv)−1/2,

P
(
|Gn,s(z)| < e−εn

√
Vn(z)/2

)
≤

√
2/π e−εn ≤ e−εn.

Let Ω2
n be the event that |Gn,s(z)| ≥ e−εn

√
Vn(z)/2 for each of the 13 points z ∈ {z0, z′0, . . . , z′11}.

Then P((Ω2
n)
c) ≤ 13e−γsn/4. These points lie in {|z| ≤ βs}, so on Ω2

n, for n ≥ n′s and each of
them, (8.6) gives

(8.9) log |Gn,s(z)| ≥ nφ(z)− εn− log 2.

Step 5: harmonic averaging. Let H be harmonic on a neighbourhood of D(z0, r1), and recall
that r2/r1 =

1
2 . Then

(8.10)
∣∣∣ 1
12

∑
l<12

H(z′l)−H(z0)
∣∣∣ ≤ c12 ·

1

2π

∫ 2π

0

∣∣H(z0 + r1e
iϑ)

∣∣ dϑ, c12 =
2 · 2−12

1− 2−12
=

2

4095
.

Indeed, by the Poisson integral, H(z0+r2e
iϑ) =

∑
k∈Z Ĥ(k)2−|k|eikϑ with Ĥ(k) = 1

2π

∫ 2π
0 H(z0+

r1e
iψ)e−ikψdψ. Thus Ĥ(0) = H(z0) and |Ĥ(k)| ≤ 1

2π

∫ 2π
0 |H(z0+ r1e

iψ)| dψ. The average of eikϑ
over ϑ = 2πl/12 is 1 if 12 | k and 0 otherwise, so the left side of (8.10) is at most 2

∑
m≥1 2

−12m

times the mean of |H| on the circle.
Step 6: conclusion. With ε = γs/4, Φs = 36(1 + s)γs and c12 = 2/4095, let

fs(n) = n(γs − ε)− log 2− log
(
2
√
n+ 1

)
− c′s − c12

(
2
(
nΦs + log(2

√
n+ 1) + c′s

)
+ εn+ log 2

)
,

and

(8.11) ns = min{n ≥ n′s : fs(n) > 0}.
Here fs is convex in n, fs(1) < 0 (as γs < 1), and fs(n)/n→ γs

(
3
4 − c12(72(1+ s)+ 1

4)
)
> γs

2 , so
ns is finite, and by convexity fs(n) > 0 for every n ≥ ns. For s = 0.3, 0.5, 0.8, 0.95 one finds
ns = 13 707, 25 051, 93 949, 493 795 (and n′s = 1, 4, 25, 169).
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Let n ≥ ns, and suppose that Ω1
n ∩ Ω2

n occurs and that Gn,s has only real zeros. On Ω2
n,

Gn,s(z0) ̸= 0, so H = log |Gn,s| is harmonic on the upper half-plane, which contains D. Let

I = 1
2π

∫ 2π
0 |H(z0+r1e

iϑ)| dϑ. By the mean value property, I = 1
π

∫ 2π
0 H+(z0+r1e

iϑ) dϑ−H(z0).
By (8.8) on the circle, where its right side is positive, and by (8.9) at z0 together with φ ≥ 0,

I ≤ 2
(
nΦmax + log(2

√
n+ 1) + c′s

)
+ εn+ log 2.

By (8.9) at the points z′l, (8.8) at z0, and (8.7),

1

12

∑
l<12

H(z′l)−H(z0) ≥ nγs − εn− log 2− log
(
2
√
n+ 1

)
− c′s.

By (8.10) the left side is at most c12I. Since Φmax ≤ Φs, the last three inequalities give fs(n) ≤ 0,
a contradiction. Hence, for n ≥ ns,

{Gn,s has only real zeros} ⊂ (Ω1
n)
c ∪ (Ω2

n)
c,

and (1.8) follows from Step 4.
For the consequences, note that β2s/(1− s2) =

√
s log(1/

√
s)/(2(1 +

√
s)(1 + s)) ≤ 1/(2e), so

γs ≤ 1/(256e) and e−0.8(n+1) ≤ e−γsn/4. So the right side of (1.8) is at most 14e−γsn/4 ≤ Cse
−csn

for n ≥ ns, while for n < ns we have Cse
−csn > 14. Finally, the event {Gn,s has only real zeros}

is determined by (ξ0, . . . , ξn), and by (8.2) it is the event {Λstd
n ≤ s} up to a null set; the same

holds for Pn,s and Λn, whose coefficient vector has the same law. □

The proof uses neither the convergence of empirical measures of [19] nor Plancherel–Rotach
asymptotics: the points are taken near the origin, where the truncation k ≤ n is exponentially
negligible by Mehler’s formula alone. Steps 5 and 6 are the standard hole-probability argument
for Gaussian analytic functions: a zero-free disk makes log |f | harmonic, and this is played
against lower bounds at finitely many points [45]. The onset ns is large, and the right side of
(1.8) is below 1 only for n > 4γ−1

s log 13, about 2.7 · 104 at s = 1
2 . We have not tried to find the

true rate of decay.

8.5. Proof of the limit-point theorem.

Proof of Theorem 1.10. No limit point below 1. By (8.2) and Proposition 1.11,
∑

n P(Λstd
n ≤

s) < ∞ for every s ∈ (0, 1). By the first Borel–Cantelli lemma, applied to each rational
s ∈ (0, 1), almost surely Λstd

n > s for all large n and every rational s < 1. Hence almost surely
lim infn Λ

std
n ≥ 1, and no point of [0, 1) is a limit point of (Λstd

n )n∈N , for any infinite N ⊂ N.
Every point of [1,∞] is a limit point. Fix an infinite set N ⊂ N that does not depend on

the ξk. Applying Lemma 8.4 to the countably many pairs of rationals 1 < t1 < t2, we obtain
an almost sure event on which, for every such pair, t1 < Λstd

n ≤ t2 for infinitely many n ∈ N .
For real 1 < t1 < t2 choose rationals t1 < t′1 < t′2 < t2; then (t′1, t

′
2] ⊂ (t1, t2], so the same holds

for all real pairs. On this event every t ∈ (1,∞) is a limit point of (Λstd
n )n∈N , since for every k

infinitely many of these values lie in (t− 1/k, t+1/k). The set of limit points is closed in [0,∞],
so it also contains 1 and ∞.

Together, the two parts prove (b), and (a) is the case N = N; the smallest and largest limit
points are 1 and ∞.

(c) Give [0,∞] the metric | arctanx − arctan y|. If Λstd
n → Y in probability, then Λstd

n → Y
almost surely along some infinite deterministic set N ⊂ N, so that almost surely (Λstd

n )n∈N has
exactly one limit point. This contradicts (b). □
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Part 3. The final collision

9. The final collision

In this section q(w) =
∑

j≥0 ηjw
j is a real power series with radius of convergence ρq ∈ (0,∞];

it is deterministic until Section 9.6. The polynomials Pn, Pn,t, Q
(t)
n and the real-rooting time

Λn are defined from its coefficients by (1.5) and (7.1), as in Section 7.1, and we put Pn,t =
exp(− t

2n∂
2
z )Pn for every real t (a finite sum). Sections 3–5 call the Hermite variable z. Here we

write y for it and keep z for the heat variable, so that by (7.1)

(9.1) Pn,t(z) = tn/2Q(t)
n (

√
n y), z =

√
t y (t > 0),

and the zeros of Pn,t and of y 7→ Q
(t)
n (

√
n y) correspond under z =

√
t y, with multiplicities. The

argument of the hk is x =
√
n y, and vn(x) = (hn(x), hn−1(x))

T as in Section 4. Let Nn(t) be
the number of nonreal zeros of Pn,t, counted with multiplicity. We use the following conditions
on q.

(G1) q(0) ̸= 0, and q has a nonreal zero in {|w| < ρq}. Put
R∗ = min{|u| : |u| < ρq, q(u) = 0, u /∈ R}, T∗ = R−2

∗ ;

the minimum is attained because the zeros of q in {|w| < ρq} are isolated.

(G2) The nonreal zeros of q of modulus R∗ are exactly one conjugate pair u∗ = R∗e
iθ∗ , ū∗,

with 0 < θ∗ < π, and u∗ is a simple zero.
(G3) q has no real zero of modulus R∗, and every real zero of q of modulus less than R∗ is

simple.

Radius ρq ≥ 1 is not needed: since R∗ < ρq, the series a(t)(w) = q(w/
√
t) has radius

√
t ρq > 1

for t near T∗, and only such t occur. For the Gaussian power series (1.3), (G1)–(G3) hold almost
surely with ρq = 1 (Lemma 9.12). Put

y∗ = 2 cos θ∗ ∈ (−2, 2), z∗ =
√
T∗ y∗ = 2R−1

∗ cos θ∗.

Theorem 9.1 (The final collision). Let q satisfy (G1)–(G3). There are δ ∈ (0, T∗/4), K < ∞
and n0 such that for every n ≥ n0:

(a) (time) T∗ − δ < Λn ≤ T∗ + δ and |Λn − T∗| ≤ K/n;
(b) (the collision) all zeros of Pn,Λn are real, and exactly one of them, zn, is multiple. Its

multiplicity is 2 or 3, and, with yn = zn/
√
Λn,

|zn − z∗| ≤
K

n
, |yn − y∗| ≤

K

n
;

(c) (before and after) for T∗− δ ≤ t < Λn the polynomial Pn,t has exactly two nonreal zeros,
a conjugate pair, and all its zeros are simple; for t > Λn all zeros of Pn,t are real and
simple;

(d) (uniqueness and localisation) Λn is the only t ≥ T∗− δ at which Pn,t has a multiple zero.

If |t − T∗| ≤ δ and y is a real multiple zero of y 7→ Q
(t)
n (

√
n y), equivalently z =

√
t y is

a real multiple zero of Pn,t, then |t− T∗|+ |y − y∗| ≤ K/n.

For fixed t < T∗ close to T∗, Theorem 7.2(a) places a nonreal zero of Pn,t near tu∗ + u−1
∗ ,

and T∗u∗ + u−1
∗ = z∗. So the last pair of zeros becomes real inside the bulk, at the relative

position cos θ∗ of [−2
√
T∗, 2

√
T∗], and within O(1/n) of the time T∗; in particular n(Λn − T∗)

is bounded. We do not claim here that n(Λn − T∗) converges; its first-order behaviour is the
subject of Section 10. The constants δ, K, n0 depend on q. The proof below obtains them by
compactness; in the companion paper [A], which replaces Theorem 1.4 at the two times T∗ ± δ
by a version with an explicit onset, they are bounded by polynomials in condition parameters
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of q, with absolute degrees and, when T∗ ≥ 1+ ε, coefficients polynomial in 1/ε. Part (c) counts
the nonreal pair on [T∗ − δ,Λn) but does not locate it uniformly in t.

The proof is in Section 9.5. The number of nonreal zeros is carried from T∗ − δ to T∗ + δ
by the heat flow (Section 9.1): it never increases, and every real multiple zero forces two extra
nonreal zeros just before it. This leaves room for exactly one collision. A quantitative form
of the bulk estimate of Section 4, whose lower constant degenerates linearly at (T∗, y∗), then
locates it (Sections 9.2–9.4).

9.1. The heat flow: the nonreal count and local collisions. In this subsection P is a
real polynomial of degree n ≥ 1 and Pt = exp(− t

2n∂
2
z )P for t ∈ R. Then Pt has the leading

coefficient of P , its coefficients are polynomials in t, Pt+s = exp(− s
2n∂

2
z )Pt, and ∂tPt = − 1

2n∂
2
zPt.

Let Z(p) be the number of nonreal zeros of a real polynomial p, counted with multiplicity, as in
Lemma 7.1(b); then Nn(t) = Z(Pn,t). Nothing in this subsection uses the Hermite structure.

Lemma 9.2 (The nonreal count does not increase). For t ∈ R and s ≥ 0, Z(Pt+s) ≤ Z(Pt).
Moreover, if real polynomials pm of degree n converge coefficientwise to a polynomial p of degree
n, then Z(p) ≤ lim infm Z(pm). In particular {t ≥ 0 : Z(Pt) = 0} is closed.

This is the fact of Lemma 7.1(b), in the notation of this section.

Proof. Since Pt+s = exp(− s
2n∂

2
z )Pt, the first statement is Lemma 7.1(b) applied to the real

polynomial p = Pt, for any real t, with α = s
2n . For the second, choose around each nonreal zero

of p, of multiplicity µ, a closed disk that meets neither R nor the other zeros of p; by Hurwitz’s
theorem it contains exactly µ zeros of pm for large m, all nonreal. Applied to pm = Ptm with
tm → t, which have the leading coefficient of P , the second statement shows that {t ≥ 0 :
Z(Pt) = 0} is closed. □

Lemma 9.3 (Local form of a collision). Let t0 ∈ R, and let x0 ∈ R be a zero of Pt0 of multiplicity
m ≥ 2. Let ρ > 0 be such that x0 is the only zero of Pt0 in {|z − x0| ≤ ρ}. Then for all t ̸= t0
close enough to t0, Pt has exactly m zeros in {|z − x0| < ρ}, and

(a) if t < t0, exactly 2⌊m/2⌋ (≥ 2) of them are nonreal;
(b) if t > t0, all m of them are real and simple.

Proof. Let bk = P
(k)
t0

(x0)/k!, so that bk = 0 for k < m, bm ̸= 0, and Pt0(x0 + w) =
∑

k bkw
k.

Write t = t0 + ϵnσ2 with ϵ ∈ {1,−1} and σ > 0, so that Pt = exp(− ϵσ2

2 ∂
2)Pt0 . Since

exp(−a∂2)wk =
∑

i≤k/2
(−a)i
i!

k!
(k−2i)!w

k−2i, we get, exactly,

Pt(x0 + σv) =
∑
k≥m

bkσ
kHϵ

k(v), Hϵ
k(v) =

∑
i≤k/2

(
− ϵ
2

)i k!

i! (k − 2i)!
vk−2i,

so that H+
k = Hek and H−

k (v) = i−kHek(iv). Hence σ−mPt(x0 + σv) → bmHϵ
m(v) uniformly on

compact sets as σ ↓ 0 (the sum is finite). The zeros of Hem are real and simple, λ1 < · · · < λm;
they are symmetric about 0, and 0 is one of them if and only if m is odd. The zeros of H−

m are
−iλ1, . . . ,−iλm.

By Hurwitz’s theorem, for t close to t0 the disk {|z−x0| < ρ} contains exactly m zeros of Pt.
Choose pairwise disjoint small disks around the m zeros of Hϵ

m. For small σ, again by Hurwitz’s
theorem, each of them contains exactly one zero of the real polynomial v 7→ Pt(x0 + σv), and
these m zeros of Pt lie in {|z − x0| < ρ}; so they are all of its zeros there. If ϵ = −1, the disks
around −iλk with λk ̸= 0 can be taken disjoint from R; this gives 2⌊m/2⌋ nonreal zeros. If
moreover m is odd, the disk around 0, taken symmetric about R, contains one zero, which is
real because nonreal zeros of a real polynomial come in conjugate pairs. If ϵ = +1, each disk is
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centred at a real point and taken symmetric about R, so its unique zero is real, and the m zeros
are distinct, hence simple. □

Remark 9.4 (On Lemma 9.3). Lemma 9.3 is classical in substance: H±
k are the heat polynomials

of [39], and the same local form at a zero of order m of the de Bruijn–Newman family is [36,
Proposition 3.1(ii)], by the same computation. The lemma describes the zeros near a multiple
zero, but it does not say that multiple zeros are exceptional. In the one-parameter family t 7→ Pt,
a real multiple zero at a positive time is forced whenever P0 has nonreal zeros: Pt is real-rooted for
large t (Lemma 7.1(c)), and at its real-rooting time it has a real multiple zero, by the first step of
the proof of Lemma 9.5(b) below. A real double zero (m = 2) persists under small perturbations
of the coefficients of P : since ∂tPt = − 1

2n∂
2
zPt, the Jacobian of (t, z) 7→ (Pt(z), ∂zPt(z)) at (t0, x0)

has determinant −P ′′
t0(x0)

2/(2n) ̸= 0, and the implicit function theorem applies. So multiple
zeros cannot be excluded by a general-position argument. Such an argument does predict their
type: a real triple zero imposes three conditions on the two parameters (t, z), and Lemma 9.13
makes this rigorous for random coefficients through Lemma 9.11. That there is only one collision
is not a general-position statement; it comes from the monotone count of Lemma 9.2, through
Lemma 9.5.

Lemma 9.5 (One drop of two means one collision). Let 0 ≤ T1 < T2 with Z(PT1) = 2 and
Z(PT2) = 0, and let Λ = inf{t ≥ 0 : Z(Pt) = 0}. Then:

(a) T1 < Λ ≤ T2; Z(Pt) = 2 for T1 ≤ t < Λ, and Z(Pt) = 0 for t ≥ Λ;
(b) PΛ has exactly one multiple zero; it is real, of multiplicity 2 or 3;
(c) for every t ∈ (T1,∞) \ {Λ} all zeros of Pt are simple.

In particular, Λ is the only time in (T1,∞) at which Pt has a multiple zero.

Proof. (a) By Lemma 9.2, Z(Pt) ≤ 2 for t ≥ T1 and Z(Pt) = 0 for t ≥ T2, and the set
{t ≥ 0 : Z(Pt) = 0} is closed and upward closed. It contains T2, so it is [Λ,∞) with Λ ≤ T2.
It does not contain T1 ≥ 0, so Λ > T1. For T1 ≤ t < Λ we have Z(Pt) ≥ 1, hence Z(Pt) ≥ 2,
because nonreal zeros come in conjugate pairs, hence Z(Pt) = 2.

(c) Let t′ > T1, t
′ ̸= Λ, and suppose that Pt′ has a multiple zero. It is not nonreal: by

(a), Z(Pt′) ≤ 2, while a nonreal zero of multiplicity at least 2 and its conjugate would give
Z(Pt′) ≥ 4. So it is a real zero x0 of multiplicity m ≥ 2. Choose ρ as in Lemma 9.3, so small
that the disk about x0 is disjoint from small disks about the nonreal zeros of Pt′ , which keep
their nonreal zeros, with multiplicity, for t near t′ (Hurwitz’s theorem). Lemma 9.3(a) then
gives Z(Pt) ≥ Z(Pt′) + 2 for t < t′ close to t′. If t′ < Λ, then Z(Pt′) = 2, so Z(Pt) ≥ 4 for some
t ∈ (T1, t

′), contradicting (a). If t′ > Λ, then Z(Pt) ≥ 2 for some t ∈ (Λ, t′), again contradicting
(a).

(b) By (a), Z(PΛ) = 0. If all zeros of PΛ were simple, hence real, then, as in the proof of
Lemma 2.6, disjoint disks symmetric about R around them would each contain exactly one zero
of Pt, necessarily real, for t close to Λ; so Z(Pt) = 0 for t < Λ close to Λ, contradicting (a). So
PΛ has a multiple zero, and it is real. If x1, . . . , xl are its real multiple zeros, of multiplicities

m1, . . . ,ml, Lemma 9.3(a), applied in disjoint disks, gives 2 = Z(Pt) ≥
∑l

i=1 2⌊mi/2⌋ for t < Λ
close to Λ. Hence l = 1 and m1 ∈ {2, 3}. □

Remark 9.6 (Simple zeros after real-rootedness). For every real polynomial P of degree n, with
Λ = inf{t ≥ 0 : Z(Pt) = 0}, all zeros of Pt are simple for every t > Λ. Indeed, a multiple zero
of Pt′ with t

′ > Λ is real, since Z(Pt′) = 0, and by Lemma 9.3(a) it would give nonreal zeros at
times in (Λ, t′), contrary to Lemma 9.2. This fact is well known.

9.2. The bulk inequality at rate 1/n. For a real 2×2 matrixX let smin(X) = min∥u∥=1 ∥Xu∥,
its smallest singular value. Recall that smin(X) = |detX|/∥X∥ for X ̸= 0, and smin(X) ≥
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smin(Y ) − ∥X − Y ∥. The matrices Gn,j , Gj , Hn,M [a] and Ha are those of Section 4, with the
variable y.

Proposition 9.7 (The bulk inequality at rate 1/n). Let (as)s∈S be a family of real sequences,

indexed by an arbitrary set S, with |aj(s)| ≤ C0R
−j
0 for all j ≥ 0 and s ∈ S, where R0 > 1. Let

κ > 0 with eκ < R0, put L = 2 coshκ and ϑ = eκ/R0, and let Mn = ⌈ℓ log n⌉ with ℓ log(1/ϑ) ≥ 2.
There are CH , CW < ∞ and n3, depending only on C0, R0, κ, ℓ, such that for all n ≥ n3, s ∈ S
and real y with |y| ≤ L:

(a) ∥Hn,Mn [as](y)−Has(y)∥ ≤ CH/n;
(b) with Qsn =

∑n
j=0 aj(s)hn−j and x =

√
n y,∥∥∥(Qsn(x), Qsn′(x)√

n

)∥∥∥ ≥
(
smin

(
Has(y)

)
− CW

n

)
∥vn(x)∥.

Hypotheses (H2)–(H4) are not needed.

Proof. Let κ1 = min(κ, 1), and let n3 ≥ 2 be such that (Mn + 2)2 ≤ κ1n for n ≥ n3; then
1 ≤Mn ≤ n− 1, and Has is defined on [−L,L] by Lemma 4.2, with κ0 = κ.

(a) We haveHn,Mn [as]−Has =
∑

j≤Mn
aj(s)(Gn,j−Gj)−

∑
j>Mn

aj(s)Gj . For j ≤Mn we have

(j+2)2 ≤ κ1n, and Lemma 3.4, applied to the two rows of Gn,j −Gj , gives ∥Gn,j(y)−Gj(y)∥ ≤
c2(j+1)3ejκ/n with c2 = 2c1+3 ≤ 33/κ1; here and below the operator norm is bounded by the

sum of the absolute values of the entries. So the first sum has norm at most C0c2
n

∑
j≥0(j+1)3ϑj .

For j ≥ 2, which covers every j > Mn, Lemma 2.5 gives |Aj | ≤ (j − 1)e(j−2)κ, |Bj |, |Aj+1| ≤
je(j−1)κ and |Bj+1| ≤ (j + 1)ejκ, so ∥Gj(y)∥ ≤ 4(j + 1)ejκ. Hence the second sum has norm at
most

4C0

∑
j>Mn

(j + 1)ϑj ≤ 4C0

(1− ϑ)2
(Mn + 2)ϑMn ≤ 4C0

(1− ϑ)2
Mn + 2

n2
,

since ϑMn ≤ n−ℓ log(1/ϑ) ≤ n−2. This proves (a).
(b) Let E = Qsn −

∑
j≤Mn

aj(s)hn−j . By (4.1),(
Qsn(x),

Qsn
′(x)√
n

)T
= Hn,Mn [as](y) vn(x) +

(
E(x),

E′(x)√
n

)T
.

The tail estimate in the proof of Proposition 4.3 uses only (H1), Lemma 2.2 and the Cauchy–
Schwarz inequality, and it gives∥∥∥(E(x),

E′(x)√
n

)∥∥∥ ≤ εn∥vn(x)∥, εn =
√
2C0(1−R−2

0 )−1/2R−Mn
0

√
n(1 + L/2).

Since ℓ logR0 > ℓ log(1/ϑ) ≥ 2, we have εn ≤ C ′n1/2−2 ≤ C ′/n with C ′ depending only on
C0, R0, κ. By (a), smin(Hn,Mn [as](y)) ≥ smin(Has(y))− CH/n. Take CW = CH + C ′. □

The power (j + 1)3 in Lemma 3.4 is not optimal and does not matter, since any polynomial
weight is summable against ϑj . Since

∑
j(j + 1)3ϑj ≤ 6(1 − ϑ)−4, the proof gives CH =

C0(1− ϑ)−4
(
198/κ1 + 4 supn≥n3

(Mn + 2)/n
)
, which is polynomial in 1/κ1 and (1− ϑ)−1.

9.3. The limit matrix near the collision. Assume (G1)–(G3). The constants chosen here
are kept until the end of the proof of Theorem 9.1. The zeros of q in {|u| < ρq} are isolated and
R∗ < ρq; on the circle {|u| = R∗} the only zeros are u∗ and ū∗, by (G2) and (G3). Hence there
is δ1 ∈ (0, T∗/4) such that

(C1) (T∗ − 2δ1)
−1/2 < ρq, and

(C2) the only zeros of q in the closed annulus A = {(T∗+2δ1)
−1/2 ≤ |u| ≤ (T∗− 2δ1)

−1/2} are
u∗ and ū∗.
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Put I1 = [T∗ − δ1, T∗ + δ1] and a(t)(w) = q(w/
√
t). Fix ϱ1 ∈ ((T∗ − δ1)

−1/2, ρq) and put

R0 = ϱ1(T∗ − δ1)
1/2 > 1. By Cauchy’s estimate there is C0 with |ηj | ≤ C0ϱ

−j
1 , hence

(9.2) |a(t)j | = |ηj | t−j/2 ≤ C0R
−j
0 (t ∈ I1, j ≥ 0).

Fix κ > 0 with eκ < R0 and

(9.3) e2κ ≤ min
( T∗ − δ1
T∗ − 2δ1

,
T∗ + 2δ1
T∗ + δ1

)
,

and put L = 2 coshκ > 2. By (9.3), if t ∈ I1 and e−κ ≤ |w| ≤ eκ, then w/
√
t ∈ A. Hence,

by (C2), for t ∈ I1 the only zeros of a(t) in {e−κ ≤ |w| ≤ eκ} are
√
t u∗ and

√
t ū∗; they have

modulus
√
t/T∗, and they lie on the unit circle if and only if t = T∗. By (9.2), Lemma 4.2

applies to every a(t), t ∈ I1, with κ0 = κ.

Lemma 9.8 (Degeneration at the collision point). Let t ∈ I1 and y ∈ [−L,L].
(a) detHa(t)(y) ≥ 0, with equality if and only if (t, y) = (T∗, y∗).
(b) There is c∗ > 0, depending only on q, such that

smin

(
Ha(t)(y)

)
≥ c∗

(
|t− T∗|+ |y − y∗|

)
.

Proof. (a) If |y| ≤ 2, write y = 2 cos θ with θ ∈ [0, π]. By Lemma 4.2, detHa(t)(y) = |a(t)(eiθ)|2 =
|q(t−1/2eiθ)|2. Since t−1/2eiθ ∈ A, by (C2) this vanishes if and only if t−1/2eiθ ∈ {u∗, ū∗}, that
is, if and only if t = T∗ and θ = θ∗. (The zero e−iθ∗ of a(T∗) on the circle gives the same point
y∗, since y = w+w−1 does not distinguish w from w−1 = w̄.) If 2 < |y| ≤ L, then y = w+w−1

with w = r(y) real and e−κ ≤ |w| < 1, and detHa(t)(y) = a(t)(w) a(t)(w−1) by Lemma 4.2. Both

arguments are real with moduli in [e−κ, eκ], so neither is a zero of a(t). As a function of w the
product is continuous and nonvanishing on [e−κ, 1] and on [−1,−e−κ], and at w = ±1 it equals

a(t)(±1)2 > 0; so it is positive.

(b) Local bound. Let F (t, θ) = a(t)(eiθ) = q(t−1/2eiθ), a real-analytic function near (T∗, θ∗)

with F (T∗, θ∗) = q(u∗) = 0. With u = t−1/2eiθ,

∂tF = −u q
′(u)

2t
, ∂θF = i u q′(u), so that at (T∗, θ∗) : ∂tF = − γ∗

2T∗
, ∂θF = iγ∗,

where γ∗ = u∗q
′(u∗) ̸= 0, because u∗ ̸= 0 is a simple zero by (G2). The two derivatives are

R-linearly independent, one being a real and the other an imaginary multiple of γ∗; precisely,
|γ∗(−α/(2T∗) + iβ)| ≥ 2cF (|α|+ |β|) for real α, β, with 2cF = 1

2 |γ∗|min(1, 1
2T∗

). By differentia-

bility there is r1 ∈ (0,min(δ1,
1
2θ∗,

1
2(π − θ∗))] such that

|F (t, θ)| ≥ cF
(
|t− T∗|+ |θ − θ∗|

)
(|t− T∗| ≤ r1, |θ − θ∗| ≤ r1),

and there sin θ ≥ s0 := sin(12 min(θ∗, π − θ∗)) > 0.

For y = 2 cos θ with θ ∈ (0, π) write Ha(t)(y) =

(
A B
−B A+ yB

)
as in Lemma 4.2, with A,B

real and A+ eiθB = F (t, θ). Then |B| = | ImF |/ sin θ ≤ |F |/ sin θ and |A| = |ReF − B cos θ| ≤
2|F |/ sin θ, so ∥Ha(t)(y)∥ ≤ 2|A| + (2 + |y|)|B| ≤ 8|F |/ sin θ. Since detHa(t)(y) = |F |2 and
smin = |det |/∥ · ∥,

smin

(
Ha(t)(2 cos θ)

)
≥ 1

8 |F (t, θ)| sin θ ≥
1
8s0cF

(
|t− T∗|+ |θ − θ∗|

)
≥ 1

16s0cF
(
|t− T∗|+ |y − y∗|

)
for |t−T∗| ≤ r1 and |θ−θ∗| ≤ r1, using |y−y∗| = 2| cos θ− cos θ∗| ≤ 2|θ−θ∗|. Since y∗ ∈ (−2, 2)
and θ 7→ 2 cos θ is a homeomorphism near θ∗, this bound holds on V = {(t, y) : |t − T∗| <
r1, |y − y∗| < r2} for some r2 > 0.
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Global bound. The map (t, y) 7→ Ha(t)(y) is continuous on I1× [−L,L], by (9.2), the bound for
|Aj |+ |Bj | in Lemma 3.3 and the Weierstrass test; hence so is smin(Ha(t)(y)). On the compact
set (I1 × [−L,L]) \ V we have smin > 0 by (a), so smin ≥ c3 there for some c3 > 0, while
|t− T∗|+ |y − y∗| ≤ δ1 + 2L. Take c∗ = min

(
1
16s0cF , c3/(δ1 + 2L)

)
. □

At (T∗, y∗) the whole limit matrix vanishes: A + eiθ∗B = q(u∗) = 0 with A,B real and
sin θ∗ ̸= 0 forces A = B = 0. So near the collision the local picture is decided by the O(1/n)
corrections to the head, which is why Section 10 needs more than Lemma 9.8.

9.4. Localisation, uniformly in t. Keep the constants of Section 9.3.

Proposition 9.9 (Localisation of real multiple zeros). There are K1 <∞ and n5 such that for
all n ≥ n5 and t ∈ I1:

(a) (bulk) for real y with |y| ≤ L and x =
√
n y,∥∥∥(Q(t)

n (x),
Q

(t)
n

′(x)√
n

)∥∥∥ ≥ c∗

(
|t− T∗|+ |y − y∗| −

K1

n

)
∥vn(x)∥;

(b) (real exterior) every real multiple zero y of y 7→ Q
(t)
n (

√
n y) satisfies |y| < L;

(c) every real multiple zero y of y 7→ Q
(t)
n (

√
n y) satisfies |t− T∗|+ |y − y∗| ≤ K1/n.

So the bulk estimate of Proposition 4.3 holds uniformly in t ∈ I1, with a lower constant that
degenerates linearly at the collision point instead of being bounded below; and in the exterior
only real zeros need to be controlled.

Proof. (a) Fix ℓ with ℓ log(R0e
−κ) ≥ 2. By (9.2), Proposition 9.7 applies to the family (a(t))t∈I1 ,

whose polynomials Qsn are the Q
(t)
n . Combined with Lemma 9.8(b) it gives (a) for n ≥ n3, with

K1 = CW /c∗.

(b) By (9.2) and Lemma 5.2, for every t ∈ I1 all zeros of y 7→ Q
(t)
n (

√
n y) lie in {|y| ≤ ϱ0},

where ϱ0 = 2 + |η0|−1C0(1 − R−2
0 )−1/2. If ϱ0 < L there is nothing to prove. Otherwise let

J = [−ϱ0,−L] ∪ [L, ϱ0], ε
′ = (L− 2)/2 and K ′ = {y ∈ C : dist(y, J) ≤ ε′}, a compact subset of

C \ [−2, 2]. Put

Φ(t, y) = a(t)(r(y)), Φn(t, y) =
Q

(t)
n (

√
n y)

hn(
√
n y)

.

Proposition 5.1, whose only hypothesis is (H1), applies to the family (a(t))t∈I1 (after an affine
change of parameter from I1 to [0, 1]) by (9.2), and gives supI1×K′ |Φn−Φ| → 0. Both functions
are analytic in y on a neighbourhood ofK ′, because hn(

√
n ·) has no zeros off [−2, 2] (Lemma 2.4)

and |r| < 1 <
√
t ρq. Every point of J is the centre of a disk of radius ε′ contained in K ′, so by

Cauchy’s estimate supI1×J |∂yΦn − ∂yΦ| → 0.
Let t ∈ I1 and y ∈ J . Then w = r(y) is real with 0 < |w| ≤ r(L) = e−κ. If Φ(t, y) = 0, then

u = w/
√
t is a real zero of q with |u| < (T∗ − δ1)

−1/2 < (T∗ − 2δ1)
−1/2. By (C2), u /∈ A, so

|u| < (T∗+2δ1)
−1/2 < R∗, and u is a simple zero of q by (G3). Hence (a(t))′(w) = t−1/2q′(u) ̸= 0

and ∂yΦ(t, y) = (a(t))′(w) r′(y) ̸= 0, since r′ has no zeros. So |Φ|+|∂yΦ| is continuous and positive
on the compact set I1×J , with a positive minimumm1. For large n, |Φn−Φ|+|∂yΦn−∂yΦ| < m1

on I1 × J , so Φn(t, ·) and ∂yΦn(t, ·) have no common zero on J . A real multiple zero y0 ∈ J of

Q
(t)
n (

√
n ·) would be one, since hn(

√
n y0) ̸= 0.

(c) Let n5 be at least n3 and the threshold in (b). By (b), |y| < L. At a multiple zero the left
side of (a) vanishes, while vn(

√
n y) ̸= 0 by Lemma 2.1; so |t− T∗|+ |y− y∗| ≤ K1/n by (a). □
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9.5. Proof of the collision theorem. Let δ = δ1 and t± = T∗ ± δ.
The two anchor times. The series a(t±) is admissible (Definition 1.3). Its coefficients are real;

its radius of convergence is
√
t± ρq > 1 by (C1); and a(t±)(0) = η0 ̸= 0. It has a zero on the unit

circle if and only if q has a zero of modulus t
−1/2
± ; such a zero would lie in A and have modulus

different from R∗, which (C2) excludes. Its zeros in D are the points
√
t± u with q(u) = 0 and

|u| < t
−1/2
± , and such a u is either in A, hence u ∈ {u∗, ū∗}, a simple zero by (G2), or of modulus

less than (T∗ + 2δ1)
−1/2 < R∗, hence real by the definition of R∗ and simple by (G3). The

nonreal zeros of a(t−) in D are exactly
√
t− u∗ and

√
t− ū∗, since R∗ < t

−1/2
− , and a(t+) has none,

since t
−1/2
+ < R∗. By Theorem 1.4 and (9.1) there is n7 such that for n ≥ n7

(9.4) Nn(t−) = 2, Nn(t+) = 0, and all zeros of Pn,t− are simple.

The collision. Let n0 = max(n5, n7) and n ≥ n0. Apply Lemma 9.5 to P = Pn, which has
degree n because η0 ̸= 0, with T1 = t− > 0 and T2 = t+; its Λ is Λn. It gives t− < Λn ≤ t+;
Nn(t) = 2 for t− ≤ t < Λn and Nn(t) = 0 for t ≥ Λn; exactly one multiple zero zn of Pn,Λn , real,
of multiplicity 2 or 3; and simple zeros for all t ∈ (t−,∞) \ {Λn}. Together with (9.4) at t = t−
this proves (c) and the first statement of (d); on [t−,Λn) the two nonreal zeros are simple, hence
a conjugate pair.

The place and the time. By (9.1), yn = zn/
√
Λn is a real multiple zero of Q

(Λn)
n (

√
n ·),

and Λn ∈ I1. By Proposition 9.9(c), |Λn − T∗| + |yn − y∗| ≤ K1/n. Since |y∗| < 2 and
|
√
Λn −

√
T∗| ≤ |Λn − T∗|/(2

√
T∗ − δ),

|zn − z∗| ≤
√
Λn |yn − y∗|+ |y∗|

∣∣√Λn −
√
T∗

∣∣ ≤ (√
T∗ + δ +

1√
T∗ − δ

)K1

n
.

This proves (a) and (b) with K = K1

(
1+

√
T∗ + δ+ (T∗ − δ)−1/2

)
. The last statement of (d) is

Proposition 9.9(c). □

Remark 9.10 (On the proof). (1) Proposition 9.9(c) shows that all real zeros of Pn,t are simple
for K1/n < |t − T∗| ≤ δ. So Lemma 2.6 on [T∗ − δ, T∗ − 2K1/n] and on [T∗ + 2K1/n, T∗ + δ],
with (9.4), already gives |Λn − T∗| ≤ 2K1/n. Lemma 9.2 is needed for (b)–(d): without it, the
count could a priori go from 2 to 4 and back inside the window.

(2) Theorem 1.4 is used only at the two fixed times t±, and the bulk estimate only to locate
the collision; no uniform control of nonreal zeros near the bulk is needed. Nothing about the
size or phase of hn(

√
n y) in the bulk is used beyond vn(x) ̸= 0, since Lemma 2.2 controls the

tail relative to ∥vn(x)∥. In particular no Plancherel–Rotach asymptotics enter; in Section 10
they are used only to put the phase of the first-order law in closed form (Proposition 10.9), on
which Theorem 10.10 rests.

(3) For a fixed q the theorem allows a triple zero at Λn. Lemma 9.13 below excludes it almost
surely for random coefficients, using the bottom coefficients ηn, ηn−1, ηn−2 of Pn, which change
with n; a deterministic argument under (G1)–(G3) cannot use them.

9.6. Genericity for random coefficients. In this subsection q is the Gaussian power series
(1.3), and all statements refer to the completed probability space. We show that (G1)–(G3)
hold almost surely and that triple collisions do not occur. Apart from the existence of nonreal
zeros and the simplicity of the zeros (Proposition 7.6 and Lemma 7.4), the lemmas use only that
the coefficients are independent and have densities and that q has radius 1; see Remark 9.15 for
other coefficient laws.

Lemma 9.11 (Conditioning). Let (ηj)j≥0 be independent real random variables. Let k ≥ 1, let
c = (ηi1 , . . . , ηik) for distinct indices i1, . . . , ik, each ηil having a density, and let g be the sequence
of the remaining coefficients. Let M be a second countable smooth manifold of dimension less
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than k, let G be a Borel set with P(g ∈ G) = 1, and let Ψ : M × G → Rk be jointly Borel on
M×G and C1 in m ∈ M for each fixed g. Then P

(
∃m ∈ M : c = Ψ(m, g)

)
= 0.

Proof. For fixed g ∈ G, the set Ψ(M, g) is a countable union of images of compact sets under
C1, hence Lipschitz, maps from open subsets of Rd, d < k; so it has Lebesgue measure zero in
Rk. The set S = {(c′, g′) : c′ ∈ Ψ(M, g′)} is the projection of the Borel set {(m, c′, g′) : c′ =
Ψ(m, g′)} ⊂ M × Rk × G, hence analytic and so universally measurable. The vector c has a
density on Rk and is independent of g, so Fubini’s theorem for the completed product measure
gives P((c, g) ∈ S) = E

[
P(c ∈ Ψ(M, g) | g)

]
= 0. □

Lemma 9.12 (Distinct moduli). Almost surely:

(a) no real zero and no nonreal zero of q in D have the same modulus;
(b) if u, u′ are nonreal zeros of q in D with u′ /∈ {u, ū}, then |u| ̸= |u′|.

Consequently, almost surely q satisfies (G1)–(G3) with ρq = 1.

Proof. Almost surely q has radius of convergence 1 and η0 ̸= 0: for every ε > 0,
∑

j P(|ηj | >
eεj) < ∞, and |ηj | ≥ 1 for infinitely many j, by the two Borel–Cantelli lemmas. In (a) and (b)

let G be the Borel set of sequences (gj) with lim supj |gj |1/j ≤ 1, which has full measure. The
maps Ψ below are pointwise limits of continuous functions of (m, g) (take partial sums of the
series), hence jointly Borel, and they are smooth in m.

(a) Let c = (η0, η1, η2), g3(w) =
∑

j≥3 ηjw
j , and let M1 = {(x, u) : x ∈ (−1, 1) \ {0}, u ∈

D\R, |u| = |x|}, a smooth manifold of dimension 2, parametrised by (±r, reiφ). For (x, u) ∈ M1

the real-linear map Θx,u : R3 → R× C, (c0, c1, c2) 7→ (p(x), p(u)) with p(w) = c0 + c1w + c2w
2,

is injective: a real polynomial of degree at most 2 that vanishes at x and u vanishes at the
three distinct points x, u, ū. So Θx,u is an isomorphism, depending smoothly on (x, u). If
q(x) = q(u) = 0, then c = Ψ(x, u, g) := −Θ−1

x,u(g3(x), g3(u)). Lemma 9.11 with k = 3 applies.
(A zero at 0 is excluded by η0 ̸= 0.)

(b) Replacing u, u′ by their conjugates if necessary, we may assume that Imu > 0, Imu′ > 0
and u ̸= u′. Let c = (η0, . . . , η3), g4(w) =

∑
j≥4 ηjw

j , and let M2 = {(u, u′) ∈ D2 : Imu >

0, Imu′ > 0, u ̸= u′, |u| = |u′|}, a smooth manifold of dimension 3. The real-linear map
Θu,u′ : R4 → C2, (c0, . . . , c3) 7→ (p(u), p(u′)) with p(w) =

∑
i≤3 ciw

i, is injective, because a

real cubic in its kernel vanishes at the four distinct points u, u′, ū, ū′. If q(u) = q(u′) = 0, then
c = −Θ−1

u,u′(g4(u), g4(u
′)), and Lemma 9.11 with k = 4 applies.

(G1)–(G3). Almost surely, in addition, q has a nonreal zero in D (Proposition 7.6) and all
zeros of q in D \ {0} are simple (Lemma 7.4). This gives (G1) with ρq = 1; R∗ is attained, since
the nonreal zeros of modulus at most that of a given nonreal zero u0 ∈ D are finitely many. By
(b), the nonreal zeros of modulus R∗ form exactly one conjugate pair, which is (G2), and by (a)
no real zero has modulus R∗, which completes (G3). □

Lemma 9.13 (No real triple zeros). Almost surely, for no n ≥ 2 and no t ∈ R does Pn,t have
a real zero of multiplicity at least 3.

Proof. Fix n ≥ 2; a countable union of null events is null. The terms k = 0, 1, 2 of Pn in (1.5)
are ηn+ηn−1

√
n z+ηn−2nz

2/
√
2, and exp(− t

2n∂
2
z ) maps nz2 to nz2− t and fixes 1 and z. Hence

Pn,t(z) = ηn + ηn−1

√
n z + ηn−2

nz2 − t√
2

+Rn,t(z),

where Rn,t(z) is a polynomial in (t, z) whose coefficients depend only on η0, . . . , ηn−3 (Rn,t = 0
if n = 2). A real zero z of multiplicity at least 3 at time t means Pn,t = ∂zPn,t = ∂2zPn,t = 0 at
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z, that is,

Θt,z

 ηn
ηn−1

ηn−2

 = −

 Rn,t(z)
∂zRn,t(z)
∂2zRn,t(z)

 , Θt,z =

1
√
n z (nz2 − t)/

√
2

0
√
n

√
2nz

0 0
√
2n

 .

The matrix Θt,z is invertible, so (ηn, ηn−1, ηn−2) = Ψ(t, z) for a map Ψ on M = R2 that is
jointly continuous in (t, z) and (η0, . . . , ηn−3), and polynomial in (t, z). Lemma 9.11 with k = 3
applies. □

The collision point as a fixed rule. For each n ≥ 1 fix a Borel map Fn : Rn+1 → R such
that Fn(η0, . . . , ηn) is a real multiple zero of Pn,Λn whenever η0 ̸= 0 and such a zero exists, and
Fn = 0 otherwise. Such a map exists; for instance, take the largest real multiple zero. Indeed,
Λn is a Borel function of (η0, . . . , ηn) (proof of Theorem 1.1), hence so is the coefficient vector of
Pn,Λn . Among coefficient vectors of real polynomials of degree n, those with a real multiple zero
form a relatively closed set, and on it the largest real multiple zero is upper semicontinuous: the
zeros stay bounded under small perturbations at fixed degree, and a limit of real multiple zeros
is a real multiple zero of the limit. For n ≥ n0 in Theorem 9.1, Fn(η0, . . . , ηn) = zn.

Corollary 9.14 (The final collision for the Gaussian power series). Let q be the Gaussian power
series (1.3), and zn = Fn(η0, . . . , ηn). Almost surely q satisfies (G1)–(G3) with ρq = 1, and the
conclusions (a)–(d) of Theorem 9.1 hold with random δ, K and n0, and with zn a double zero
of Pn,Λn for n ≥ n0. In particular, almost surely

sup
n≥1

n |Λn − T∗| <∞ and sup
n≥1

n
∣∣zn − 2R−1

∗ cos θ∗
∣∣ <∞.

Proof. On the intersection of the almost sure events of Lemmas 9.12 and 9.13, Theorem 9.1
applies to the now fixed q, and the multiplicity of zn is 2 for n ≥ n0. For n < n0, Λn < ∞ by
Lemma 7.1(c), and zn is a finite number. □

Remark 9.15 (Other coefficient laws). Theorem 9.1 is deterministic. In Lemmas 9.11–9.13 the
Gaussian law enters only through independence, the existence of densities, radius 1, and, for
(G1)–(G3), Proposition 7.6 and Lemma 7.4. So let the ηj be independent and identically dis-
tributed with a law that has a density and finite variance. Then q has radius 1 almost surely (by
the Borel–Cantelli argument above: E log+ |η0| < ∞, and |ηj | exceeds a fixed positive number
for infinitely many j), η0 ̸= 0 almost surely, q has nonreal zeros by Proposition 7.6, and its zeros
in D \ {0} are simple by Lemma 7.4. Lemmas 9.12 and 9.13 hold with the same proofs, and
so do Corollary 9.14 and Corollary 9.16 below, the Weyl polynomials having coefficients of the
same law. Finite variance is used only for the existence of nonreal zeros; under a density and
E log+ |η0| < ∞ alone, the conclusions of Corollary 9.14 hold almost surely on the event that q
has a nonreal zero in D. For laws with atoms, such as the Rademacher law, Lemma 9.11 is not
available. Simplicity of the zeros still holds (Lemma 7.4), but we do not know whether almost
surely the nonreal zeros of modulus R∗ form one conjugate pair and no real zero has modulus
R∗, or whether triple collisions are excluded.

9.7. The Weyl polynomials. For the Weyl polynomials (1.1) with standard Gaussian coeffi-
cients, built from a single sequence (ξk), only statements about laws can be transferred, as in
Theorem 1.1. Let Λstd

n be the real-rooting time of Gn,t. Since Gn is the polynomial Pn of (1.5)

for the coefficients (η0, . . . , ηn) = (ξn, . . . , ξ0), the number zstdn = Fn(ξn, . . . , ξ0) is a real multiple
zero of Gn,Λstd

n
whenever ξn ̸= 0 and such a zero exists.
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Corollary 9.16 (The final collision for Weyl polynomials). For each n ≥ 1 there is a Gaussian
power series q̃n, defined on the probability space of (ξk) enlarged by independent standard Gauss-

ian variables, with threshold T̃∗,n and nonreal zero R̃∗,ne
iθ̃∗,n, 0 < θ̃∗,n < π, of minimal modulus,

such that the families

n
(
Λstd
n − T̃∗,n

)
, n

(
zstdn − 2R̃−1

∗,n cos θ̃∗,n
)

(n ≥ 1)

are tight. For every n the law of T̃∗,n is that of T∗. With probability tending to one as n → ∞,

zstdn is the unique multiple zero of Gn,Λstd
n
, and it is a double zero.

Proof. Let (ξ′j)j≥1 be independent standard Gaussian variables, independent of (ξk). For fixed n

put η̃j = ξn−j for 0 ≤ j ≤ n and η̃j = ξ′j for j > n, and q̃n(w) =
∑

j≥0 η̃jw
j . Then (η̃j)j≥0 is an

independent standard Gaussian sequence, and the polynomial built from it by (1.5) in degree n

is
∑

k η̃n−k(
√
nz)k/

√
k! = Gn(z). Hence Gn,t is the heat evolution P̃n,t built from q̃n. The vector

(Λstd
n , zstdn , T̃∗,n, R̃∗,n, θ̃∗,n) is obtained from (η̃j) by the same Borel maps as (Λn, zn, T∗, R∗, θ∗)

from (ηj), the rule Fn being the same on both sides, so the two vectors have the same law. By
Corollary 9.14, D = supmm

(
|Λm−T∗|+ |zm−2R−1

∗ cos θ∗|
)
is almost surely finite, and therefore

P
(
n
(
|Λstd
n − T̃∗,n|+ |zstdn − 2R̃−1

∗,n cos θ̃∗,n|
)
> C

)
≤ P(D > C) −−−−→

C→∞
0

uniformly in n. Likewise, the probability that zstdn is the unique multiple zero of Gn,Λstd
n

and is

double equals the probability of the same event for Pn, which is at least P(n0 ≤ n) → 1, with
n0 from Corollary 9.14. □

Corollary 9.16 gives tightness only; the first-order law of n(Λn−T∗) is the subject of Section 10.
A rate for the convergence of the law of Λstd

n to that of T∗ on [1 + ε,∞), which does not use D,
and a bound for the tail of the variable D of the proof are given in the companion paper [A].

10. The first-order law

Throughout this section q(w) =
∑

j≥0 ηjw
j is a real power series with radius of convergence

ρq that satisfies (G1)–(G3) of Section 9, and u∗ = R∗e
iθ∗ (0 < θ∗ < π) and T∗ = R−2

∗ are as

there. The polynomials Pn, Pn,t (t ∈ R) and Q
(t)
n =

∑
j≤n a

(t)
j hn−j , with a

(t)
j = ηjt

−j/2, and

the real-rooting time Λn are built from q as in (1.5) and (7.1). By Theorem 9.1, for n ≥ n0 all
zeros of Pn,Λn are real and exactly one of them, zn, is multiple. We determine n(Λn − T∗) and
n(zn − 2R−1

∗ cos θ∗) up to o(1).

Notation. Put ω = sin θ∗, w∗ = eiθ∗ , y∗ = 2 cos θ∗, x∗ =
√
n y∗, z∗ = 2R−1

∗ cos θ∗, γ∗ = u∗q
′(u∗)

(nonzero by (G2)), ρ∗ = u∗q
′′(u∗)/q

′(u∗), and

W =
T∗
2ω2

=
1

2(Imu∗)2
, τc =

T∗
2

cot θ∗ Im ρ∗ =
Re(u∗) Im(ρ∗)

2|u∗|2 Imu∗
,

ξr = −1
2 cos θ∗Re ρ∗ and β = −iγ∗/(2ω). The carrier and the carrier phase are

cn(x) = hn(x) + i
hn(x) cos θ∗ − hn−1(x)

sin θ∗
,

cn = arg cn(x∗) + arg γ∗ −
π

2
− 1

4
sin 2θ∗Re ρ∗ (mod 2π);

cn(x∗) ̸= 0, since otherwise hn(x∗) = hn−1(x∗) = 0, contrary to Lemma 2.1.



52 B. BAGGINS

Let J(s) = s − sin s cos s. Since J ′(s) = 2 sin2 s vanishes only on πZ, J is an increasing
real-analytic bijection of R; it is odd, and J(s+ π) = J(s) + π. For c ∈ R put

sc = J−1(c), ζc = sin sc cos sc, λc = − cos2 sc.

As sc+π = sc+π, ζc and λc are π-periodic in c. Let c̃ ∈ [−π
2 ,

π
2 ) be congruent to c modulo π and

Ψ(c) = 2|sc̃| ∈ [0, π]. Since J is odd and J(π2 ) =
π
2 , Ψ = Ψ(c) is the root in [0, π] of Kepler’s

equation

(10.1) Ψ− sinΨ = 2dist(c, πZ),

and cos 2sc = cosΨ(c), sin 2sc = sgn(c̃) sinΨ(c). We write Ψn = Ψ(cn) and

dn = max
(
n−1, dist(cn, πZ)

)
.

The window is described as follows: for real τ, ξ put

(10.2) t = T∗ +
τ

n
, y = y∗ +

ξ

n
, x =

√
n y = x∗ +

ξ√
n
, ζ = ω(ξ − ξr), λ =

τ − τc −W

2W
,

so that y is the Hermite variable and z =
√
t y the heat variable; (τ, ξ) 7→ (ζ, λ) is an affine

bijection that does not depend on n. The model is

(10.3) fλ,c(ζ) = ζ cos(ζ + c) + λ sin(ζ + c) (λ, c, ζ ∈ R).

Since fλ,c+π = −fλ,c, everything below depends on cn only modulo π.

Theorem 10.1 (The first-order law). Assume (G1)–(G3). There are C and n1 ≥ n0 such that
for every n ≥ n1 the following hold.

(a) (Time.)
∣∣n(Λn − T∗)− τc +W cosΨn

∣∣ ≤ Cn−1d
−1/3
n ≤ Cn−2/3.

(b) (Place.) With yn = zn/
√
Λn, the multiple zero in the Hermite variable,∣∣∣n(yn − y∗)− ξr − sgn(c̃n)

sinΨn

2ω

∣∣∣ ≤ Cn−1d−2/3
n ≤ Cn−1/3,

and in the heat variable

n(zn − z∗) = −Re(u∗)Re(ρ∗)

2|u∗|2
+ sgn(c̃n)

sinΨn

2 Imu∗
+Re(u∗)n(Λn − T∗) +O

(
n−1d−2/3

n

)
.

(c) (Double zero.) If dist(cn, πZ) ≥ C/n, then zn is a double zero of Pn,Λn.

So, up to o(1), n(Λn− T∗) is the function τc−W cosΨn of the single phase cn, with values in
[τc−W, τc+W ], and (n(Λn−T∗), n(yn−y∗)) lies near the ellipse ((τ−τc)/W )2+(2ω(ξ−ξr))2 = 1.
By Proposition 10.9, cn = c∞−nπν+O(1/n) with πν = J(θ∗), so cn rotates by −πν per degree,
and n(Λn − T∗) does not converge in general (Theorem 10.10). The upper end τc +W is the
time at which the zero of the leading complex envelope reaches the real line (λ = 0). The error
is O(1/n) when dist(cn, πZ) is bounded below, where the collision is a fold of the model; the
uniform exponents come from the cusps at cn ∈ πZ (Remark 10.8).

The proof has three steps. In the window, Q
(t)
n (x) is a positive factor times fλ,cn(ζ)+O(1/n),

in C2 in ζ (Proposition 10.5). By an exact identity, the model has a unique real multiple zero,
at λ = λc (Lemma 10.6). A degree argument and Theorem 9.1 identify the multiple zero of the
perturbed model with the last collision (Proposition 10.7).
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10.1. The window expansion. Constants. Fix δ1 ∈ (0, T∗/4) with (T∗ − 2δ1)
−1/2 < ρq, put

I1 = [T∗− δ1, T∗+ δ1], fix ϱ1 ∈ ((T∗− δ1)
−1/2, ρq) and put R0 = ϱ1(T∗− δ1)

1/2 > 1. By Cauchy’s
estimate there is C0 with

(10.4) |a(t)j | ≤ C0R
−j
0 (t ∈ I1, j ≥ 0),

and a(t)(w) = q(w/
√
t) converges for |w| < R0. Fix κ > 0 with eκ < R0, put ϑ = eκ/R0 and

Sp =
∑

j≥0(j +1)pϑj , let Mn = ⌈3 log n/ log(1/ϑ)⌉, so that ϑMn ≤ n−3, and let nW ≥ 4 be such

that (Mn + 2)4 ≤ n for n ≥ nW . Let Dκ = {w + w−1 : e−κ ≤ |w| ≤ eκ}, the closed region
bounded by the ellipse with foci ±2 and semi-axes 2 coshκ, 2 sinhκ; its interior is the image
of the open annulus. Fix r0 > 0 such that the disc D2r0 , where Dr = {y ∈ C : |y − y∗| ≤ r},
lies in the interior of Dκ and does not meet (−∞,−2] ∪ [2,∞). Let w(y) = 1

2(y + i(4− y2)1/2)

(principal root), which is analytic off (−∞,−2] ∪ [2,∞), with w(y) + w(y)−1 = y, w(y∗) = w∗
and w′ = w/(w − w−1), so that w′(y∗) = w∗/(2iω). For y ∈ D2r0 the two Joukowski preimages
w(y)±1 of y have modulus in (e−κ, eκ). Below, C denotes constants that depend only on q and
on these choices, and CΞ constants that depend also on a parameter Ξ.

Continuants. For complex y let An,j(y), Bn,j(y) be the polynomials of Section 3 (there the
variable is called z), Aj(y) = −Uj−2(y/2), Bj(y) = Uj−1(y/2) as in (3.3), and

Xn,j(y;w) = An,j(y) + wBn,j(y), Xj(y;w) = Aj(y) + wBj(y).

By the proof of Lemma 4.2, Xj(w + w−1;w) = wj for w ̸= 0.

Lemma 10.2 (Second-order continuant expansion). Let κ > 0 and y ∈ Dκ; write Ul = Ul(y/2).

(a) |Ul| ≤ Ul(coshκ) ≤ (l + 1)elκ for l ≥ 0; hence |Aj(y)|+ |Bj(y)| ≤ 2(j + 1)ejκ.

(b) Put A
(1)
j = B

(1)
j = 0 for j ≤ 1 and, for j ≥ 2,

B
(1)
j =

j−2∑
ℓ=1

ℓ Uℓ−1Uj−2−ℓ +
j(j − 1)

4
Uj−1, A

(1)
j = −

j−3∑
ℓ=1

(ℓ+ 1)Uℓ−1Uj−3−ℓ −
j(j − 1)

4
Uj−2.

Then |A(1)
j (y)|+ |B(1)

j (y)| ≤ j4ejκ for every j ≥ 0.

(c) If n ≥ 4 and j2 ≤ n, then∣∣∣An,j(y)−Aj(y)−
A

(1)
j (y)

n

∣∣∣+ ∣∣∣Bn,j(y)−Bj(y)−
B

(1)
j (y)

n

∣∣∣ ≤ 4ecothκj6ejκ

n2
.

(d) Let w ∈ C \ {0} and y = w + w−1. Then Yj = A
(1)
j (y) + wB

(1)
j (y) satisfies Y0 = Y1 = 0

and

Yj = yYj−1 − Yj−2 +
1
2

(
(j − 1)wj + (j − 2)wj−2

)
(j ≥ 2).

Proof. (a) Write y = w + w−1 with |w| = eσ, |σ| ≤ κ. By (2.3) (and by continuity at w = ±1),

Ul =
∑l

i=0w
l−2i. Pairing i with l − i, |Ul| ≤

∑
i e
σ(l−2i) =

∑
i cosh(σ(l − 2i)) ≤

∑
i cosh(κ(l −

2i)) = Ul(coshκ), and Lemma 2.5 gives the second inequality. For j ≥ 1, |Aj | + |Bj | ≤ (j −
1)e(j−2)κ + je(j−1)κ.

(b) By (a),
∑N−1

ℓ=1 |Uℓ−1UN−1−ℓ| ℓ ≤ e(N−2)κ
∑

ℓ<N ℓ
2(N−ℓ), and

∑
ℓ<N ℓ

2(N−ℓ) = N2(N2−
1)/12 ≤ N4/8. With N = j − 1 for B

(1)
j and N = j − 2, ℓ + 1 ≤ 2ℓ, for A

(1)
j , we get

|B(1)
j | ≤ (18j

4 + 1
4j

3)ejκ and |A(1)
j | ≤ (14j

4 + 1
4j

3)ejκ, and j3 ≤ j4/2.

(c) For j ≤ 1 the left side vanishes, so let j ≥ 2; then j ≤
√
n ≤ n/2. A second-order

defect bound. Let m ≥ 2 and 0 ≤ δℓ ≤ δ̄ ≤ 1/m for ℓ = 1, . . . ,m − 1, and put T
(1)
m =
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ℓ=1 δℓUℓ−1Um−ℓ−1. We claim

(10.5)
∣∣Πm(y; 1− δ1, . . . , 1− δm−1)− Um − T (1)

m

∣∣ ≤ ecothκm2(m+ 1)δ̄2emκ.

In Lemma 3.2, S = ∅ gives Um, and S = {ℓ} leaves components with ℓ − 1 and m − ℓ − 1

vertices, so the matchings with |S| = 1 give T
(1)
m . By (a), the left side of (10.5) is at most∑

|S|≥2

∏
ℓ∈S δℓ

∏
C U|C|(coshκ) ≤ h(δ̄), where g(s) = Πm(2 coshκ; 1 − s, . . . , 1 − s) =

∑
k gks

k

has coefficients gk =
∑

|S|=k
∏
C U|C|(coshκ) ≥ 0 and h(s) =

∑
k≥2 gks

k. As h(s)/s2 is non-

decreasing, h(δ̄) ≤ (mδ̄)2h(1/m) ≤ m2δ̄2g(1/m). The constant-edge path is
√
1− s times

the unit path, so g(s) = (1 − s)m/2Um(coshκ/
√
1− s), and as in the proof of Lemma 3.3,

g(1/m) ≤ (m+ 1)emκ
′
with κ′ ≤ κ+ cothκ/m. This proves (10.5).

Denominators. Let L = − log dn,j = −1
2

∑j−1
r=1 log(1−r/n). From u ≤ − log(1−u) ≤ u+u2 on

[0, 12 ], L = j(j−1)
4n +εd with 0 ≤ εd ≤ j3

6n2 ≤ j2

12n , so 0 ≤ L ≤ j2

3n ≤ 1
3 . Write d−1

n,j = eL = 1+D1+D

with D1 = j(j−1)
4n . Then 0 ≤ D1 +D = eL − 1 ≤ LeL ≤ 0.47 j2/n, 0 ≤ D = eL − 1 − L + εd ≤

1
2L

2eL + j3

6n2 ≤ j4

4n2 , and d
−1
n,j ≤ 1.4.

The polynomial Bn,j. By Lemma 3.1, Bn,j = Πj−1(y; 1 − δ1, . . . , 1 − δj−2)/dn,j with δℓ =
ℓ/n ≤ δ̄ := (j−2)/n, and δ̄ ≤ 1/(j−1) because (j−1)(j−2) ≤ n. Write Πj−1 = Uj−1+T1+T2

with T1 = T
(1)
j−1 (and T1 = T2 = 0 if j = 2). Then nT1 =

∑
ℓ ℓUℓ−1Uj−2−ℓ, so Bj + B

(1)
j /n =

Uj−1 + T1 +D1Uj−1 and

Bn,j −Bj −
B

(1)
j

n
=

T2
dn,j

+ T1(D1 +D) + Uj−1D.

By (10.5), |T2| ≤ ecothκj5e(j−1)κ/n2; by the proof of (b), |T1| ≤ j4e(j−3)κ/(8n); and |Uj−1| ≤
je(j−1)κ. Hence the left side is at most (1.4ecothκj5 + 0.06j6 + 0.25j5)ejκ/n2 ≤ 2ecothκj6ejκ/n2,
as 0.31 < 0.6e ≤ 0.6ecothκ.

The polynomial An,j. Here An,j = −Πj−2(y; 1− δ′1, . . . , 1− δ′j−3)/dn,j with δ
′
ℓ = (ℓ+ 1)/n ≤

(j − 2)/n ≤ 1/(j − 2) (no edges if j ≤ 3), and the same algebra gives −(An,j − Aj − A
(1)
j /n) =

T ′
2/dn,j+T

′
1(D1+D)+Uj−2D, with |T ′

2| ≤ ecothκj5e(j−2)κ/n2, |T ′
1| ≤ j4e(j−4)κ/(4n) and |Uj−2| ≤

je(j−2)κ. The bound is now (1.4ecothκj5 + 0.12j6 + 0.25j5)ejκ/n2 ≤ 2ecothκj6ejκ/n2, as 0.37 <
0.6e. Adding the two bounds gives (c).

(d) The polynomials Xn,j = Xn,j(y;w) satisfy (3.1): (1 − j−1
n )1/2Xn,j = yXn,j−1 − (1 −

j−2
n )1/2Xn,j−2, with Xn,0 = 1, Xn,1 = w. Fix j ≥ 2; y lies in some Dκ, so by (c), Xn,i =

wi + Yi/n + O(n−2) for i ≤ j as n → ∞. Inserting (1 − k/n)1/2 = 1 − k/(2n) + O(n−2) and

comparing the coefficients of n−1 gives Yj − j−1
2 wj = yYj−1 − Yj−2 +

j−2
2 wj−2. □

Lemma 10.3 (The envelope). For t ∈ I1 and y ∈ Dκ let

F0 =
∑
j≥0

a
(t)
j Xj(y;w∗), F1 =

∑
j≥0

a
(t)
j

(
A

(1)
j (y) + w∗B

(1)
j (y)

)
, En,t =

Mn∑
j=0

a
(t)
j Xn,j(y;w∗),

functions of (t, y).

(a) The series converge absolutely and uniformly on I1 × Dκ, also after any number of t-
derivatives; F0, F1 are analytic in y in the interior of Dκ and smooth in t; and |En,t(y)−
F0(t, y)− F1(t, y)/n| ≤ C/n2 on I1 ×Dκ for n ≥ nW .

(b) F0(T∗, y∗) = 0, ∂tF0(T∗, y∗) = −γ∗/(2T∗), ∂yF0(T∗, y∗) = β, and

F1(T∗, y∗) = F ∗
1 := γ∗

( 1

4ω2
− i

4
cot θ∗ ρ∗

)
.
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(c) Let Ξ > 0. There are CΞ and n′Ξ such that, in the notation (10.2), for n ≥ n′Ξ and

|τ |, |ξ| ≤ Ξ the function ∆n = nEn,t(y) − β(ζ − iλ)/ω satisfies |∂kξ∆n| ≤ CΞ/n for
k = 0, 1, 2.

Proof. (a) By (10.4) and Lemma 10.2(a),(b), the jth terms are at most 2C0(j+1)ϑj and C0j
4ϑj

on I1 × Dκ. Since ∂kt a
(t)
j is a

(t)
j times t−k times a polynomial in j of degree k, and t ≥ 3

4T∗,
the t-derivatives only add polynomial factors in j. This gives uniform convergence, analyt-
icity by Weierstrass’s theorem, and termwise differentiation in t. Next, En,t − F0 − F1/n =∑

j≤Mn
a
(t)
j ϱn,j−

∑
j>Mn

a
(t)
j

(
Xj+(A

(1)
j +w∗B

(1)
j )/n

)
with ϱn,j = Xn,j−Xj−(A

(1)
j +w∗B

(1)
j )/n.

For n ≥ nW and j ≤ Mn we have j2 ≤ n, so by Lemma 10.2(c) the first sum is at most
4ecothκC0S6/n

2. The second is at most 3C0
∑

j>Mn
(j + 1)4ϑj ≤ 3C0(Mn + 2)4ϑMn+1S4 ≤

3C0S4/n
2, because (M + 2 + i)4 ≤ (M + 2)4(1 + i)4, ϑMn ≤ n−3 and (Mn + 2)4 ≤ n.

(b) Let y ∈ D2r0 and w = w(y). The sequences Aj + w±1Bj satisfy the free recurrence with

initial values 1, w±1, so they equal w±j . Summing against a
(t)
j (absolutely, since |w±1| < eκ <

R0) gives At + w±1Bt = a(t)(w±1), where At =
∑

j a
(t)
j Aj and Bt =

∑
j a

(t)
j Bj . Hence

F0(t, y) = a(t)(w(y)) + (w∗ − w(y))Bt(y), Bt(y) =
a(t)(w(y))− a(t)(w(y)−1)

w(y)− w(y)−1
.

At (T∗, y∗) we have w = w∗, a
(T∗)(w∗) = q(u∗) = 0 and a(T∗)(w−1

∗ ) = q(ū∗) = 0; so BT∗(y∗) = 0

and F0(T∗, y∗) = 0. Differentiating, with w∗T
−1/2
∗ = u∗, ∂tF0(T∗, y∗) = ∂t

[
q(w∗t

−1/2)
]
t=T∗

=

−u∗q′(u∗)/(2T∗) and ∂yF0(T∗, y∗) = (a(T∗))′(w∗)w
′(y∗) = u∗q

′(u∗)/(2iω) = β.

Finally F1(T∗, y∗) =
∑

j ajYj , with aj = a
(T∗)
j and Yj as in Lemma 10.2(d) for w = w∗. Let

|w| = 1, w ̸= ±1, put

α2 =
w2 + 1

2(w2 − 1)
, α1 =

−1
2(w

2 + 2)− α2

w2 − 1
, P (j) = α2

j(j + 1)

2
+ α1j,

and ∆P (j) = P (j) − P (j − 1) = α2j + α1. Then wjP (j) − ywj−1P (j − 1) + wj−2P (j − 2) =
wj∆P (j)−wj−2∆P (j − 1), and the choice of α2 and α1 makes this equal to 1

2((j − 1)wj + (j −
2)wj−2) (compare the coefficients of j and the constant terms). As the homogeneous recurrence
has the solutions w±j , Yj = wj(P (j) + k1) + k2w

−j for constants k1, k2. Since a has radius of
convergence greater than 1,∑

j

ajYj =
α2

2
w2a′′(w) + (α1 + α2)wa

′(w) + k1a(w) + k2a(w
−1).

At w = w∗: a(w
±1
∗ ) = 0, w∗a

′(w∗) = γ∗, w
2
∗a

′′(w∗) = u2∗q
′′(u∗) = γ∗ρ∗, α2 = cos θ∗/(2i sin θ∗) =

− i
2 cot θ∗, and with s = w2

∗, α1 + α2 = (s+1)(s−2)−(s+2)(s−1)
2(s−1)2

= −s
(s−1)2

= 1
4ω2 , since (s − 1)2 =

−4s sin2 θ∗. This gives F
∗
1 .

(c) Let n′Ξ = max(nW ,Ξ/δ1,Ξ/r0) and n ≥ n′Ξ. Then (t, y) and the segment joining it to
(T∗, y∗) lie in I1 × [y∗ − r0, y∗ + r0]. By (a) and Cauchy’s estimates on discs of radius r0 inside
D2r0 , the derivatives of F0 and F1 of order at most 3 are bounded by C there, and |∂ky (En,t−F0−
F1/n)| ≤ C/n2 for k ≤ 2. Write nEn,t = nF0 + F1 + n(En,t − F0 − F1/n). Taylor’s formula and
(b) give nF0(t, y) = βξ− γ∗τ/(2T∗) +O(Ξ2/n) and F1(t, y) = F ∗

1 +O(Ξ/n), so nEn,t(y) = βξ−
γ∗τ/(2T∗)+F

∗
1 +OΞ(1/n). Since ∂ξ = n−1∂y, ∂ξ(nEn,t) = ∂yF0(t, y)+O(1/n) = β+OΞ(1/n) and

∂2ξ (nEn,t) = n−1∂2yEn,t = O(1/n). It remains to check that βξ− γ∗τ/(2T∗) +F ∗
1 = β(ζ − iλ)/ω.

By (10.2), β(ζ − iλ)/ω = βξ−βξr − iβω(τ − τc−W )/T∗, and −iβω/T∗ = −γ∗/(2T∗). Moreover
−βξr = − i

4γ∗ cot θ∗Re ρ∗ and γ∗(τc+W )/(2T∗) = γ∗(
1
4 cot θ∗ Im ρ∗+

1
4ω2 ), whose sum is F ∗

1 . □
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Lemma 10.4 (The carrier). Let n ≥ 2.

(a) For real x, hn(x) = Re cn(x), hn−1(x) = Re(w∗cn(x)), ω
2|cn(x)|2 = h2n−y∗hnhn−1+h

2
n−1,

and hn(x)
2+hn−1(x)

2 ≤ 2|cn(x)|2. If x =
√
n (y∗+ξ/n) with ξ real, then

∑
k<n hk(x)

2 ≤
(nω2 + |ξ|)|cn(x)|2.

(b) Let Ξ > 0 and n ≥ 5(1 + Ξ)2/ω2. For real ξ with |ξ| ≤ Ξ and x = x∗ + ξ/
√
n,

cn(x) = cn(x∗) e
(x2−x2∗)/4 eiωξ

(
1 + εn(ξ)

)
,

where εn is smooth, εn(0) = 0, |εn| + |ε′n| ≤ 5(1 + Ξ)2/(nω) ≤ 1 and |ε′′n| ≤ CΞ/n, with
CΞ depending only on Ξ and ω.

Proof. (a) Re cn = hn is clear, and Re(w∗cn) = hn cos θ∗ − (hn cos θ∗ − hn−1) = hn−1. Next
ω2|cn|2 = ω2h2n+(hn cos θ∗−hn−1)

2 = h2n−y∗hnhn−1+h
2
n−1. The quadratic form a2−2ab cos θ∗+

b2 has eigenvalues 1±cos θ∗, and ω
2 = (1−| cos θ∗|)(1+| cos θ∗|), so h2n+h2n−1 ≤ (1+| cos θ∗|)|cn|2.

Lemma 2.2 with z = y∗+ξ/n gives
∑

k<n h
2
k = n(h2n−y∗hnhn−1+h

2
n−1)−ξhnhn−1 = nω2|cn|2−

ξhnhn−1, and |hnhn−1| ≤ |cn|2.
(b) Let um(x) = e−x

2/4hm(x). From He′′m−xHe′m+mHem = 0 we get u′′n+(n+ 1
2−

x2

4 )un = 0,
and (2.1) gives u′n =

√
nun−1 − x

2un. Put U(ξ) = un(x∗ + ξ/
√
n). Since x/(2

√
n) = cos θ∗ +

ξ/(2n),

(10.6) e−x
2/4cn(x) = U − iU ′

ω
− iξU

2nω
.

Let Z = U−iU ′/ω; then Z(0) = e−x
2
∗/4cn(x∗) ̸= 0 by (a). As x2/4 = n cos2 θ∗+ξ cos θ∗+ξ

2/(4n),

U ′′ + (ω2 + ϵ)U = 0, ϵ(ξ) =
1

n

(1
2
− ξ cos θ∗ −

ξ2

4n

)
, |ϵ| ≤ 1 + Ξ

n
, |ϵ′| ≤ 2

n
.

Since U = ReZ, this gives Z ′ = iωZ + (iϵ/ω)ReZ. Let Υ(ξ) = e−iωξZ(ξ) − Z(0), so that
Υ′ = (iϵ/ω)e−iωξ ReZ. With ℓ = (1 + Ξ)Ξ/(nω) ≤ ω/5, Gronwall’s inequality gives |Z| ≤
eℓ|Z(0)| ≤ 1.23|Z(0)| and then |Υ| ≤ 1.23 ℓ|Z(0)|. Define

εn(ξ) =
Υ(ξ)

Z(0)
− iξe−iωξU(ξ)

2nωZ(0)
.

By (10.6), Z(0)eiωξ(1 + εn) = Z − iξU/(2nω) = e−x
2/4cn(x), which is the claimed identity, and

εn(0) = 0. Using |U | ≤ |Z|, |U ′| = ω| ImZ| ≤ ω|Z| and |Υ′| ≤ 1.23(1 + Ξ)|Z(0)|/(nω),

|εn| ≤
1.23Ξ2 + 1.85Ξ

nω
, |ε′n| ≤

1.23(1 + Ξ) + 0.62(1 + 2Ξ)

nω
,

and the sum is at most 5(1 + Ξ)2/(nω) ≤ ω ≤ 1. Differentiating once more, with |Z ′| ≤ 2|Z|
and U ′′ = −(ω2 + ϵ)U , gives |ε′′n| ≤ CΞ/n. □

Proposition 10.5 (The window expansion). Assume (G1)–(G3). For every Ξ > 0 there are
nΞ and CΞ such that for n ≥ nΞ and real τ, ξ with |τ |, |ξ| ≤ Ξ, in the notation (10.2),

Q(t)
n (x) = Pn(ξ)

[
fλ,cn(ζ) +Rn(ζ, λ)

]
, Pn(ξ) =

|cn(x∗)| |γ∗|
2nω2

ey∗ξ/2+ξ
2/(4n),

where Rn is a smooth function of (ζ, λ) with |Rn|+ |∂ζRn|+ |∂2ζRn| ≤ CΞ/n. The constants do
not depend on cn.

Proof. Let nΞ = max(n′Ξ, 5(1 + Ξ)2/ω2) and n ≥ nΞ; then also Mn + 1 ≤ n and Ξ ≤ nω2.
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Head representation. By Lemma 10.4(a), Ahn +Bhn−1 = Re[cn(A+w∗B)] for real A,B. As

the a
(t)
j and the polynomials An,j , Bn,j are real, (3.2) gives

Q(t)
n (x) = Re

[
cn(x)En,t(y)

]
+ Etail(x), Etail(x) =

n∑
j=Mn+1

a
(t)
j hn−j(x).

The identity. By Lemmas 10.4(b) and 10.3(c), with (x2 − x2∗)/4 = y∗ξ/2 + ξ2/(4n),

cn(x) = |cn(x∗)|ei arg cn(x∗)e
x2−x2∗

4 eiωξ(1 + εn), nEn,t(y) =
|β|
ω
ei arg β

[
(ζ − iλ) +

ω∆n

β

]
.

Since |β| = |γ∗|/(2ω), arg β = arg γ∗ − π
2 and ωξ = ζ + ωξr = ζ − 1

4 sin 2θ∗Re ρ∗, the phases add
up to ζ + cn, and

cn(x)En,t(y) = Pn(ξ) ei(ζ+cn)
[
(ζ − iλ) +Gn

]
, Gn = εn(ζ − iλ) + (1 + εn)ω∆n/β.

As Re[ei(ζ+c)(ζ − iλ)] = fλ,c(ζ), this is the claim with

Rn = Re
[
ei(ζ+cn)Gn

]
+ Etail(x)/Pn(ξ).

Rn = Q
(t)
n (x)/Pn(ξ) − fλ,cn(ζ) is smooth in (ζ, λ), as Q

(t)
n (x) is a polynomial in (x, t−1/2) and

(10.2) is affine.
Bounds. At fixed λ, ∂ζ = ω−1∂ξ. On the square, |ζ− iλ| ≤ CΞ, and |∂kξ εn|, |∂kξ∆n| ≤ CΞ/n for

k ≤ 2 by Lemmas 10.4(b) and 10.3(c); hence |∂kξGn| ≤ CΞ/n, and |∂kζ Re[ei(ζ+cn)Gn]| ≤ CΞ/n

uniformly in cn. For the tail, ∂ξ = n−1/2∂x and h′m =
√
mhm−1 show that ∂kξE

tail(x) =∑
j>Mn

a
(t)
j pj,khn−j−k(x) with weights pj,k ∈ [0, 1] and all indices below n (h−1 = h−2 = 0). By

the Cauchy–Schwarz inequality, (10.4) and Lemma 10.4(a),

|∂kξEtail(x)| ≤
( ∑
j>Mn

(a
(t)
j )2

∑
m<n

hm(x)
2
)1/2

≤ C0R
−Mn
0 (2n)1/2ω

(1−R−2
0 )1/2

|cn(x)| ≤ Cn−5/2|cn(x)|,

since R−Mn
0 ≤ ϑMn ≤ n−3. By Lemma 10.4(b), |cn(x)| ≤ 2|cn(x∗)|e(x

2−x2∗)/4 = 2nωPn(ξ)/|β|,
and the derivatives of 1/Pn are 1/Pn times polynomials in y∗/2 + ξ/(2n) and 1/(2n). Hence

|∂kξ (Etail/Pn)| ≤ CΞn
−3/2 for k ≤ 2. □

The proof uses only that q is real and that u∗ is a simple nonreal zero with |u∗| < ρq; the
minimality of |u∗| and (G3) enter only through Theorem 9.1. No asymptotics of hn are used: the
phase arg cn(x∗) is kept exact. Since the leading envelope F0 vanishes at (T∗, y∗), the window
sees its first derivatives and the first-order envelope F1, together with the carrier phase.

10.2. The model. For c ∈ R let Φc(ζ, λ) =
(
fλ,c(ζ), ∂ζfλ,c(ζ)

)
∈ R2, with the Euclidean

norm. Let Γ = {(ζ, λ) : ζ2 + λ2 + λ = 0}, the circle of radius 1
2 about (0,−1

2); the curve

γ(s) = (sin s cos s,− cos2 s) runs around Γ at unit speed with period π, and (ζc, λc) = γ(sc).

Lemma 10.6 (The model). Let c, ζ, λ ∈ R and s = ζ + c.

(a) With R(s) =
(

cos s sin s
− sin s cos s

)
,

Φc(ζ, λ) = R(s)
[
(ζ, λ)− γ(s)

]
, |Φc(ζ, λ)|2 =

(
J(s)− c

)2
+
(
λ+ cos2 s

)2
.

In particular |Φc(ζ, λ)| ≥ dist((ζ, λ),Γ).
(b) (ζc, λc) is the only zero of Φc: fλ,c has a real multiple zero if and only if λ = λc, and

then only at ζc. There ∂2ζ fλ,c = −2 sin sc, ∂
3
ζ fλ,c = −2 cos sc and detDΦc = 2 sin2 sc; so

the zero is double, and regular for Φc, if c /∈ πZ, and triple if c ∈ πZ.
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(c) All zeros of the entire function fλ,c are real if and only if λ ≥ λc. For λ > λc they are
simple; for λ < λc exactly two are nonreal, a simple conjugate pair, and the real ones
are simple.

(d) Let ε = |Φc(ζ, λ)| ≤ 1, d = max(ε, dist(c, πZ)), σ = | sin sc| and CJ =
√
2 (3π2/2)1/6 <

2.22. Then σ3 ≥ (12/π3) dist(c, πZ),

|ζ − ζc| ≤ min
{
(32π

2ε)1/3, 11.7 εd−2/3
}
, |λ− λc| ≤ min

{
ε+ CJε

2/3, 7.1 εd−1/3
}
,

and if ε < σ3/4, then |ζ − ζc| ≤ 2ε/σ2 and |λ− λc| ≤ ε(1 + 2/σ).

For c ∈ πZ and c ∈ π
2 + πZ, part (c) is classical: up to the factor (2/π)1/2z−1/2, fλ,0(z) and

fλ,π/2(z) are the Dini functions αJϱ(z) + zJ ′
ϱ(z) with ϱ = 1

2 and ϱ = −1
2 and α = λ+ 1

2 , whose
zeros are all real if and only if α + ϱ ≥ 0 [48, §15.25, p. 482]; this gives λ0 = −1 and λπ/2 = 0.
As c runs over R/πZ, the threshold points (ζc, λc) run once around Γ, and (2c, 2 + 2λc) runs
along one arch of the cycloid S 7→ (S − sinS, 1− cosS), with S = 2sc; its cusps, c ∈ πZ, are the
phases with a triple zero. The model is an exact trajectory of the backward heat flow: eufλ+2u,c

solves ∂uF = −∂2ζF , so that (c) describes the real-rooting time of this flow started from fλ,c.

Proof. (a) Since f = ζ cos s+ λ sin s and ∂ζf = (1+ λ) cos s− ζ sin s, we have (f, ∂ζf − cos s) =
R(s)(ζ, λ), and R(s)γ(s) = (0,− cos s). As R(s) is orthogonal and ζ − sin s cos s = J(s)− c, the
identities follow; and γ(s) ∈ Γ.

(b) By (a), Φc = 0 if and only if J(s) = c and λ = − cos2 s, that is, s = sc, ζ = sc−c = ζc and
λ = λc. Inserting these values in ∂2ζ f = −(2+λ) sin s− ζ cos s and ∂3ζ f = −(3+λ) cos s+ ζ sin s

gives −2 sin sc and −2 cos sc, and the rows of DΦc are (∂ζf, ∂λf) = (0, sin sc) and (∂2ζ f, ∂λ∂ζf) =

(−2 sin sc, cos sc). Finally sc ∈ πZ if and only if c ∈ πZ, since J(kπ) = kπ.
(c) As fλ,c+π = −fλ,c we may take 0 ≤ c < π. On |w| = Nπ, N ≥ 1, one has | tanw| ≤ 2:

for w = u + iv with |v| ≥ 1, | tanw|2 ≤ coth2 v < 2; if |v| < 1, then dist(u, πZ) < 1/π and
| tanw|2 ≤ (sin2 u + sinh2 v)/ cos2 u < 2. So for Nπ > c + 2|λ|, on |ζ + c| = Nπ we have
|λ sin(ζ + c)| < |ζ cos(ζ + c)|, and by Rouché’s theorem fλ,c has 2N +1 zeros in {|ζ + c| < Nπ},
as ζ cos(ζ + c) has. Now count real zeros. Let 0 < c < π. On Ik = (kπ − c, (k + 1)π − c) write
w = ζ + c and f = sinw (h + λ) with h(ζ) = ζ cotw, so that h′ = (c − J(w))/ sin2w; at the
endpoints f = ±ζ ̸= 0. For k ≥ 1, ζ > 0 and | sinw cosw| ≤ w − kπ < ζ, so h decreases from
+∞ to −∞; for k ≤ −1, similarly h increases from −∞ to +∞; either way Ik carries exactly
one zero, which is simple. On I0, h → −∞ at both ends and h′ has the sign of c − J(w), so h
has the single maximum h = (sc − c) cot sc = cos2 sc = −λc, at ζc. Hence I0 carries two simple
zeros, one double zero, or none, as λ > λc, λ = λc or λ < λc. For c = 0 the intervals Ik, k ≥ 1
and k ≤ −2, are as before; on (0, π), h = ζ cot ζ decreases from 1 to −∞, h is even, and ζ = 0
is a zero with f = (1 + λ)ζ − (12 + λ

6 )ζ
3 + O(ζ5); so (−π, π) carries three simple zeros, a triple

zero, or one simple zero, as λ > −1, λ = −1 or λ < −1. In all cases the number of real zeros in
(−Nπ− c,Nπ− c), with multiplicity, is 2N +1 if λ ≥ λc and 2N − 1 if λ < λc. Letting N → ∞
gives (c); a nonreal double zero would come with a conjugate one.

(d) Let L = |s− sc| = |ζ − ζc|. By (a), |J(s)− J(sc)| ≤ ε and |λ+cos2 s| ≤ ε. For an interval
I of length L,

∫
I 2 sin

2 u du ≥ L − sinL ≥ 2L3/(3π2) if L ≤ π, and ≥ π if L ≥ π; as ε < π,

this gives L ≤ (32π
2ε)1/3. For real a < b with b − a < π, by the Cauchy–Schwarz inequality,

| cos2 b− cos2 a| ≤ 2
∫ b
a | sinu| du ≤ (2(b−a)(J(b)−J(a)))1/2 ≤ CJ(J(b)−J(a))2/3, and this also

holds if b − a ≥ π, since then J(b) − J(a) ≥ π; so |λ − λc| ≤ ε + CJε
2/3. If ε < σ3/4: on the

interval between sc and s of length min(L, σ/2) we have | sinu| ≥ σ/2, which forces L < σ/2
and then ε ≥ σ2L/2; moreover cos2 s − cos2 sc = −

∫ s
sc
cotu · 2 sin2 u du with | cotu| ≤ 2/σ,

so |λ − λc| ≤ ε + 2ε/σ. Next, with s̃ = sc̃ ∈ [−π
2 ,

π
2 ), σ = | sin s̃| ≥ 2|s̃|/π and dist(c, πZ) =

J(|s̃|) ≤ 2
3 |s̃|

3, so σ3 ≥ (12/π3) dist(c, πZ). Finally, if dist(c, πZ) > (π3/3)ε, then σ3 > 4ε and
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d = dist(c, πZ), and the fold bounds give |ζ−ζc| ≤ 2(π3/12)2/3εd−2/3 and, as 1 ≤ (π/2)1/3d−1/3,

|λ − λc| ≤ ((π/2)1/3 + 2(π3/12)1/3)εd−1/3; otherwise d ≤ (π3/3)ε, and the first bounds give

|ζ − ζc| ≤ (32π
2)1/3(π3/3)2/3εd−2/3 and |λ− λc| ≤ (1 + CJ)ε

2/3 ≤ (1 + CJ)(π
3/3)1/3εd−1/3. The

constants are below 11.7 and 7.1. □

10.3. The threshold. Let B0 = [−1, 1]×[−3
2 ,

1
2 ]. It is convex and contains Γ ⊂ [−1

2 ,
1
2 ]×[−1, 0],

and dist(∂B0,Γ) = 1
2 . Put Ξ0 = |ξr| + ω−1 + |τc +W | + 3W ; then the square |τ |, |ξ| ≤ Ξ0 is

mapped by (10.2) onto a rectangle containing B0. Let Rn be as in Proposition 10.5 for Ξ = Ξ0,
and on B0 put Fn = fλ,cn + Rn and Φn = (Fn, ∂ζFn), so that |Φn − Φcn | ≤ ε̄n := CΞ0/n. For
n ≥ n0 let τn = n(Λn − T∗) and ξn = n(yn − y∗), with yn = zn/

√
Λn, and let (ζn, λn) be the

image of (τn, ξn) under (10.2).

Proposition 10.7 (The last collision in the window). For all large n, (ζn, λn) lies in the interior
of B0 and Φn(ζn, λn) = 0; in particular |Φcn(ζn, λn)| ≤ ε̄n.

Proof. Dictionary. Let n ≥ nΞ0 and let (ζ, λ) ∈ B0 be the image of (τ, ξ). At fixed τ , ∂ξx = n−1/2

and ∂ξζ = ω, so Proposition 10.5 gives n−1/2Q
(t)
n

′(x) = P ′
n(ξ)Fn(ζ, λ) + ωPn(ξ)∂ζFn(ζ, λ). As

Pn > 0, Φn(ζ, λ) = 0 if and only if x is a multiple zero of Q
(t)
n , that is, by (7.1), if and only if√

t y is a real multiple zero of Pn,t.
Degree. By Lemma 10.6(a), |Φc| ≥ 1

2 on ∂B0 for every c, and by Lemma 10.6(b), (ζc, λc) ∈
Γ is the only zero of Φc; for c /∈ πZ it is regular with positive Jacobian, so the Brouwer
degree deg(Φc, B0, 0) is 1. Since (c, ζ, λ) 7→ Φc(ζ, λ) is continuous and does not vanish on
R× ∂B0, homotopy invariance gives deg(Φc, B0, 0) = 1 for every c, including c ∈ πZ. The maps
Φcn + µ(Φn −Φcn), 0 ≤ µ ≤ 1, are continuous and have modulus at least 1

2 − ε̄n > 0 on ∂B0 for
large n, so deg(Φn, B0, 0) = 1, and Φn has a zero (ζ ′, λ′) in the interior of B0 [10, Ch. 1].

Identification. By the dictionary, Pn,t′ has a real multiple zero, where t′ = T∗ + τ ′/n and
|τ ′| ≤ Ξ0. Let δ be as in Theorem 9.1. For large n, t′ ≥ T∗ − δ, so t′ = Λn by Theorem 9.1, and
the multiple zero is zn, the only multiple zero of Pn,Λn . Hence (ζ ′, λ′) = (ζn, λn). □

Proposition 10.7 uses from Theorem 9.1 only that Λn is the only time t ≥ T∗ − δ at which
Pn,t has a real multiple zero, and that Pn,Λn has only one. It does not use the localisation of the
collision within K/n of (T∗, z∗), which it reproves with an explicit window: |τn − τc| ≤ 2W and
|ξn − ξr| ≤ 1/ω for large n.

Proof of Theorem 10.1. Let n be large, so that ε̄n ≤ 1 and Proposition 10.7 applies. The bounds
of Lemma 10.6(d) increase with ε, and max(ε̄n, dist(cn, πZ)) ≥ min(CΞ0 , 1) dn; so that lemma,
with c = cn, gives

|λn − λcn | ≤ Cn−1d−1/3
n , |ζn − ζcn | ≤ Cn−1d−2/3

n .

By (10.2), τn = τc+W +2Wλn and ξn = ξr+ ζn/ω, while τc+W +2Wλcn = τc−W cos 2scn =
τc −W cosΨn and ζcn = 1

2 sin 2scn = 1
2 sgn(c̃n) sinΨn. This proves (a) and the first part of (b).

Since zn =
√
Λn yn, exactly n(zn − z∗) =

√
Λn ξn + y∗τn/(

√
Λn +

√
T∗); as τn, ξn are bounded,

this is
√
T∗ ξn + y∗τn/(2

√
T∗) + O(1/n), and

√
T∗ ξr = −Re(u∗)Re(ρ∗)/(2|u∗|2),

√
T∗/(2ω) =

1/(2 Imu∗), y∗/(2
√
T∗) = Reu∗.

(c) Suppose that dist(cn, πZ) ≥ 3π3CΞ0/n, and let σ = | sin scn |. Then σ3 ≥ 36ε̄n by
Lemma 10.6(d), and the same lemma gives |ζn − ζcn | ≤ 2ε̄n/σ

2 and |λn − λcn | ≤ ε̄n(1 + 2/σ).
On B0, which contains (ζn, λn) and (ζcn , λcn), the function

∂2ζ fλ,cn(ζ) = −(2 + λ) sin(ζ + cn)− ζ cos(ζ + cn)



60 B. BAGGINS

has partial derivatives bounded by 9
2 in ζ and by 1 in λ. By Lemma 10.6(b) and Proposition 10.5,

using σ ≤ 1,

|∂2ζFn(ζn, λn)| ≥ 2σ − 5ε̄n

( 2

σ2
+ 1 +

2

σ

)
− ε̄n ≥ 2σ − 26ε̄n

σ2
≥ σ

(
2− 26

36

)
> 0.

So ζn is a zero of Fn(·, λn) of multiplicity exactly two. As Q
(Λn)
n (x) = Pn(ξ)Fn(ζ, λn) with Pn

smooth and positive and ζ an affine function of x,
√
n yn is a double zero of Q

(Λn)
n , and zn one

of Pn,Λn . □

Remark 10.8 (The exponents). For υ ∈ R the difference fλ,c+υ − fλ,c is O(|υ|) on bounded sets,
with all its derivatives and uniformly in c; for υ ≍ 1/n it is a remainder of the size allowed in
Proposition 10.5. At c = 0 it moves the multiple zero by λυ−λ0 = sin2 sυ and ζυ−ζ0 = 1

2 sin 2sυ,

of orders |υ|2/3 and |υ|1/3, since J(s) ∼ 2
3s

3. So no argument that uses only the conclusion of
Proposition 10.5 gives better exponents than those of Theorem 10.1 at dn ≍ 1/n. In between,
dλc/dc = cot sc and dζc/dc = cos 2sc/(2 sin

2 sc); as c̃ → 0 with n|c̃| → ∞, a phase shift by 1/n

moves λc and ζc by (1+o(1))(32 |c̃|)
−1/3/n and (1+o(1))(32 |c̃|)

−2/3/(2n). Where these derivatives
vanish, the rate 1/n is realised by υ sin(ζ + c), which turns fλ,c into fλ+υ,c, and by translations
in ζ. Whether Rn itself has such components at order 1/n is a question about the next order of
the expansion.

Numerically, the size of the cusp effect depends on q. For eight symbols (the benchmark
of Table 1, three other fixed symbols and four samples of the Gaussian power series), with 128
degrees each in 100 ≤ n ≤ 25607, we compared the scaled error n·|n(Λn−T∗)−(τc−W cosΨ(cn))|
at degrees with dist(cn, πZ) < 0.05 with its median at degrees with dist(cn, πZ) > 0.3, and

fitted it, for n ≥ 1600, by A+Bmax(dist(cn, πZ), n−1)−1/3. For three symbols, among them the
benchmark, the errors near the cusps are at most three times the median at the folds and the
fit gives B ≤ 0, so no growth towards the cusps is detectable for n ≥ 1600. (For the benchmark,
the values 1.62 at n = 110 and 1.45 at n = 408 are about twice the largest value at the folds,
0.76; at the three degrees near the cusps above 1600 they are 0.5 to 1.0.) For the other five,
three of them Gaussian samples, B > 0 and the errors near the cusps are 4.5 to 14 times the
median at the folds, consistent with the growth dist(cn, πZ)−1/3 that Theorem 10.1 allows. The
samples near the cusps are small (1 to 6 degrees per symbol), and dist(cn, πZ) does not go much
below 10−2, so the regime dn ≍ 1/n is not reached. So for particular symbols the next-order
remainder appears to have a negligible component in the direction that moves the cusp, but not
in general.

10.4. The carrier phase.

Proposition 10.9 (The carrier phase). Fix θ∗ ∈ (0, π). As n→ ∞,

arg cn(x∗) =
π

4
−
(
n+

1

2

)
θ∗ +

n

2
sin 2θ∗ +O

( 1

n

)
(mod 2π),

|cn(x∗)| = ex
2
∗/4

( 2

πn

)1/4
(sin θ∗)

−1/2
(
1 +O(1/n)

)
.

Consequently cn = c♮n +O(1/n) modulo 2π, where

c♮n = c∞ − nπν, c∞ = arg γ∗ −
π

4
− θ∗

2
− 1

4
sin 2θ∗Re ρ∗, πν = J(θ∗) = θ∗ − sin θ∗ cos θ∗,

and Theorem 10.1(a),(b) hold with (cn,Ψn, dn) replaced by (c♮n,Ψ(c♮n),max(n−1, dist(c♮n, πZ))).

So the rotation number ν of the carrier phase is given by the same Kepler function J that
gives the threshold of the model. The O(1/n) terms are locally uniform in θ∗; explicit constants
can be obtained from [41, Theorem 3.1].
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Proof. By the Plancherel–Rotach asymptotics in the oscillatory region [46, Theorem 8.22.9(a),
(8.22.12)] (equivalently, by formulas 12.7.2, 12.10.14–12.10.16, 12.10.18, 12.10.22 and 12.10.23

of [12]), rewritten for hn = Hen/
√
n! = 2−n/2Hn(·/

√
2)/

√
n!, for x = 2(n+ 1

2)
1/2 cosφ

(10.7) e−x
2/4hn(x) =

( 2

πn

)1/4
(sinφ)−1/2

[
cos

((
n+ 1

2

)
J(φ)− π

4

)
+O

( 1

n

)]
,

uniformly for φ ∈ [ϵ, π− ϵ]. (In Szegő’s form the phase is (n2 +
1
4)(sin 2φ−2φ)+ 3π

4 for sin, which

is 3π
4 − (n+ 1

2)J(φ).) For real m near n let φm ∈ (0, π) be given by cosφm = x∗/(2(m+ 1
2)

1/2),

and g(m) = (m + 1
2)J(φm). Differentiating, φ′

m = cosφm/(2(m + 1
2) sinφm), so g′(m) =

J(φm)+2(m+ 1
2) sin

2 φm φ
′
m = φm. Since φn−1/2 = θ∗ and φm−θ∗ = O(1/n) for m ∈ [n−1, n],

we get g(n) = nJ(θ∗) +
1
2θ∗ +O(1/n) and g(n− 1) = g(n)− θ∗ +O(1/n). Apply (10.7) at x∗ to

hn and to hn−1; with Θ = g(n)− π
4 and An = (2/(πn))1/4(sinφn)

−1/2,

e−
x2∗
4 hn(x∗) = An

[
cosΘ +O( 1n)

]
, e−

x2∗
4 hn−1(x∗) = An

[
cos(Θ− θ∗) +O( 1n)

]
.

As cosΘ cos θ∗ − cos(Θ− θ∗) = − sinΘ sin θ∗, this gives

e−x
2
∗/4cn(x∗) = An

[
e−iΘ +O(1/n)

]
,

hence arg cn(x∗) = −Θ + O(1/n), which is the first claim. The second follows, since sinφn =

sin θ∗ +O(1/n), and the definition of cn gives cn = c♮n +O(1/n).
For the last claim, on B0 we have |∂cΦc| ≤ |∂cf | + |∂c∂ζf | ≤ 1 + 2(|ζ| + |λ|) ≤ 6. Choosing

representatives with |cn− c♮n| ≤ C ′/n, Proposition 10.7 gives |Φ
c♮n
(ζn, λn)| ≤ (CΞ0 +6C ′)/n, and

the proof of Theorem 10.1 applies with c♮n in place of cn. The two error bounds are comparable,

since max(n−1, dist(c♮n, πZ)) ≤ (1 + C ′)dn and dn ≤ (1 + C ′)max(n−1, dist(c♮n, πZ)). □

10.5. Oscillation and the joint law.

Theorem 10.10 (Oscillation and the joint law). Let pW (s) = (πW )−1((W + s)/(W − s))1/2

for |s| < W and pW (s) = 0 otherwise.

(a) Assume (G1)–(G3) and ν = J(θ∗)/π /∈ Q. Then the set of limit points of n(Λn − T∗)
is [τc −W, τc +W ], and N−1

∑
n≤N δn(Λn−T∗) converges weakly to the law with density

pW (τ − τc), whose mean is τc + W/2. If ν = p/r in lowest terms, then n(Λn − T∗)
is asymptotically periodic with period r, and it converges if and only if θ∗ = π/2 and
dist(c∞, πZ) = π/4.

(b) Let q be the Gaussian power series. Almost surely (G1)–(G3) hold and ν /∈ Q, so that
(a) applies. For every random element Y of a Polish space that is a measurable function
of q, (

Y, n(Λn − T∗)
)
−→

(
Y, τc −W cosΨ(U)

)
in distribution,

where U is uniform on [0, π2 ] and independent of q. In particular (T∗, n(Λn − T∗)) →
(T∗, τc − W cosΨ(U)), and E[Zφ(n(Λn − T∗))] → E[Z

∫
φ(τc + s)pW (s) ds] for every

bounded measurable function Z of q and bounded continuous φ: the conditional law of
n(Λn − T∗) given q converges to the law with density pW (τ − τc).

The limit law piles up at the upper end τc +W , where its density has an inverse square-root
singularity, and vanishes like a square root at τc −W .

Proof. The law. Let V be uniform on R/πZ and F (c) = τc −W cos 2sc = τc −W cosΨ(c), a
continuous function on R/πZ; as c runs once around R/πZ, 2sc runs once around R/2πZ, so
F (R/πZ) = [τc−W, τc+W ]. U = dist(V, πZ) is uniform on [0, π2 ] and F (V ) = τc−W cosΨ(U).
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By (10.1), dU = 1
2(1− cosΨ) dΨ, so Ψ(U) has density (1− cosΨ)/π on [0, π], and s = −W cosΨ

has density (1− cosΨ)/(πW sinΨ) = pW (s) and mean −W
π

∫ π
0 cosΨ(1− cosΨ) dΨ = W

2 .

(a) By Theorem 10.1 and Proposition 10.9, τn−F (c♮n) → 0, where τn = n(Λn−T∗). If ν /∈ Q,

(nν) is equidistributed modulo 1 [24, Ch. 1, Example 2.1], so (c♮n) is equidistributed in R/πZ.
Every point of R/πZ is then a limit point of (c♮n), so by compactness and continuity of F the
limit points of (τn) form F (R/πZ). For bounded continuous φ, uniform continuity on a compact

set containing all τn gives N−1
∑

n≤N (φ(τn) − φ(F (c♮n))) → 0, and N−1
∑

n≤N φ(F (c
♮
n)) →

Eφ(F (V )) by [24, Ch. 1, Corollary 1.2]. If ν = p/r, then c♮n runs periodically through the r
points c∞ − jπ/r of R/πZ, 0 ≤ j < r, and r ≥ 2 as 0 < ν < 1. F depends on c only through
dist(c, πZ), injectively, and this function takes each value in (0, π2 ) at two points of R/πZ and
each of 0, π2 at one. So (τn) converges if and only if r = 2, that is J(θ∗) =

π
2 , that is θ∗ =

π
2 , and

dist(c∞, πZ) = dist(c∞ − π
2 , πZ), that is dist(c∞, πZ) =

π
4 .

(b) By Section 9 (Lemma 9.12), (G1)–(G3) hold almost surely. The law of u∗ is absolutely
continuous. Write q = η0 + η1w + g(w). For u ∈ D \ R the map Θu(c0, c1) = c0 + c1u is an
R-linear isomorphism R2 → C (its determinant is Imu), depending smoothly on u, and q(u) = 0
if and only if (η0, η1) = Sg(u) := −Θ−1

u g(u). Let A ⊂ D \ R be a Borel null set. For fixed g, Sg
is locally Lipschitz, so Sg(A) is null; the set of (c, g) with c ∈ Sg(A) is analytic (a projection of
a Borel set), hence universally measurable; and (η0, η1) has a density and is independent of g.
By Fubini’s theorem, q has a zero in A with probability 0. Hence P(u∗ ∈ A) = 0 (u∗, the zero
of least modulus in D ∩ {Imw > 0}, is a measurable function of q), θ∗ = arg u∗ has a density
on (0, π), and so has ν = J(θ∗)/π, since J is a diffeomorphism of (0, π) onto itself. In particular
P(ν ∈ Q) = 0.

The phase becomes independent. Let pν be the density of ν and Z a bounded complex

measurable function of q. For k ̸= 0, E[Ze−2πiknν ] =
∫ 1
0 e

−2πiknvE[Z | ν = v] pν(v) dv → 0

by the Riemann–Lebesgue lemma. Applying this to Ze2ikc∞ gives E[Zψ(c♮n)] → E[Z]Eψ(V )
for trigonometric polynomials ψ on R/πZ, and by uniform approximation for all continuous ψ;
this is the arbitrary functions principle in the form of [6, eq. (1)]. Let Ȳ = (Y, T∗, θ∗, γ∗, ρ∗).

Since Ȳ has a fixed law, R/πZ is compact, and products ϕ(ȳ)ψ(c) determine laws, (Ȳ , c♮n) →
(Ȳ , V ) in distribution, with V independent of q [5]. The map (ȳ, c) 7→ Fȳ(c) = τc −W cos 2sc,

with τc and W computed from ȳ, is continuous, so (Ȳ , FȲ (c
♮
n)) → (Ȳ , FȲ (V )). Almost surely

τn − FȲ (c
♮
n) → 0, by (a) of this proof, so (Ȳ , τn) → (Ȳ , FȲ (V )), and FȲ (V ) = τc −W cosΨ(U)

with U = dist(V, πZ) independent of q. Projecting to (Y, τn) gives the claim; with Y = (Z, τc,W )
and the law computed above, it gives the statement about E[Zφ(τn)]. □

Corollary 10.11 (Weyl polynomials). Let Λstd
n be the real-rooting time of Gn,t, and q̃n, T̃∗,n as

in Corollary 9.16. Then (T̃∗,n, n(Λ
std
n − T̃∗,n)) → (T∗, τc −W cosΨ(U)) in distribution, with U

uniform on [0, π2 ] and independent of q. In particular n(Λstd
n − T̃∗,n) converges in distribution to

the law with density τ 7→ E[pW (τ − τc)].

Proof. For each n, Gn,t is the heat evolution of the reversed polynomial built from q̃n (proof

of Corollary 9.16), so (Λstd
n , q̃n) has the law of (Λn, q), and (T̃∗,n, n(Λ

std
n − T̃∗,n)) has the law of

(T∗, n(Λn − T∗)). Apply Theorem 10.10(b) with Y = T∗; the density of the mixture follows by
Fubini’s theorem. □

The almost sure statements of Theorem 10.10 do not transfer to Gn, since q̃n changes with n.

Remark 10.12 (A benchmark). Let q(w) = 1 + bw + aw2 with b2 < 4a. Then (G1)–(G3) hold,

u∗ = a−1/2eiθ∗ with b = −2
√
a cos θ∗, T∗ = a, q′(u∗) = 2i

√
a sin θ∗ and ρ∗ = 1 − i cot θ∗, so

that τc = −a
2 cot

2 θ∗, W = a/(2 sin2 θ∗) and τc +W = a
2 . By Theorem 10.10(a), if ν /∈ Q, then
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lim supn n(Λn − a) = a
2 and lim infn n(Λn − a) = −a

2 (1 + cos2 θ∗)/ sin
2 θ∗. On the other hand,

Λn ≤ a
√
n/(n− 1) for every n ≥ 2: by (2.1),

√
n!Q

(t)
n = (x + b

√
n/t)Hen−1 − χHen−2 with

χ = n− 1− (a/t)
√
n(n− 1), and for t ≥ a

√
n/(n− 1) we have χ ≥ 0, so that, expanding along

the last row, this is det(x− J ′) for the real symmetric matrix J ′ obtained from Jn by replacing

its last diagonal entry by −b
√
n/t and its last two off-diagonal entries by

√
χ (recall from the

proof of Lemma 5.2 that det(x− Jm) = Hem). Hence Q
(t)
n , and with it Pn,t, has only real zeros.

Since n(a
√
n/(n− 1) − a) = a

2 + O( 1n), this elementary bound is sharp to first order along a

subsequence whenever c♮n accumulates at π
2 + πZ, for instance when ν /∈ Q.

Table 1 compares, for a = 2 and θ∗ = 1.1 (so ν = 0.2215 . . ., τc = −0.2590 . . .,W = 1.2590 . . .),
the computed n(Λn − 2) with τc −W cosΨn, where cn is computed from hn(x∗) and hn−1(x∗).

Λn was found by Newton’s method for Q
(t)
n = ∂xQ

(t)
n = 0 in (t, x), in double precision, and for

several n confirmed in 50-digit arithmetic and by counting real zeros just before and after it.
Over the 128 degrees computed, 100 ≤ n ≤ 25607, the largest n(Λn − 2) is 1.0017, at n = 207,
below the bound 1.0036 for that n.

Table 1. The benchmark q = 1 + bw + 2w2, θ∗ = 1.1: the scaled real-rooting
time against the first-order law.

n dist(cn, πZ) n(Λn − T∗) τc −W cosΨn n× difference
100 0.671 0.45390 0.45007 0.38
101 0.024 −1.24112 −1.24775 0.67
207 1.515 1.00171 0.99805 0.76
408 0.009 −1.37582 −1.37228 −1.45
1609 0.076 −0.95726 −0.95684 −0.68
3203 0.029 −1.21202 −1.21171 −1.00

12805 1.553 0.99987 0.99981 0.75
25604 0.065 −1.00556 −1.00558 0.38

11. Remarks and questions

11.1. The limit law. As t ↓ 1 the event {T∗ ≤ t} asks that q has no nonreal zero in a disk of

radius t−1/2 close to 1, a hole probability for the nonreal zeros near the whole unit circle.

Question 11.1. By Theorems 7.13 and 7.18, − logP(T∗ ≤ t) = π2

12(t−1)(1+ o(1)) as t ↓ 1, half of

the exponent for the Gaussian power series with complex coefficients, whose probability of having
no zero in {|w| < t−1/2} is

∏
k≥1(1− t−k) = exp

(
−(π2/6 + o(1))/(t− 1)

)
[35, Theorem 2(i) and

Corollary 3(i)]; and − logP(T∗ ≤ t) ≤ π2

12 log t + log 1
1−t−1/2 for every t > 1. What is the second-

order term of − logP(T∗ ≤ t) as t ↓ 1? Numerically, for 0.002 ≤ t− 1 ≤ 0.08 (Remark 7.12), fits
of (t − 1)(− logP(T∗ ≤ t)) with corrections in powers of log 1

t−1 up to the third give 0.82246–

0.82247 for its limit, against π2/12 = 0.822467, while other correction models give 0.820–0.826

with larger residuals. At the computed values of t, − logP(T∗ ≤ t) lies below π2

12(t−1) , by an

amount that grows faster than log 1
t−1 ; its form is not determined.

Question 11.2. Are the eigenvalues of the operators X(r) of Proposition 7.11 real and in [0, 1]
for every r ∈ (0, 1)? Since Eskr =

∏
k(1 − (1 − s)λk) over the eigenvalues λk of X(r), by

Proposition 7.11 and [30, Theorem 14.44], this holds if and only if the number kr of zeros of q
in the half disk D+

r is distributed as a sum of independent Bernoulli variables, as the number
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of zeros in {|w| < r} is for the complex series [35]. The constant π2/12 no longer depends on
this question (Theorem 7.18). The analogous statement for general regions symmetric under
z 7→ −z̄ is false (Remark 11.3), so an answer must use the shape of the half disk. Numerically,
for ten values of r between 0.1 and 0.99 and for r = 0.995 (truncations up to 1401 × 1401), all
computed eigenvalues of X(r) are real, and those above 10−12 lie in (0, 1); smaller eigenvalues
are not resolved in double precision.

Remark 11.3 (Other regions). Let

z1 = −19
25 + i

10 , z2 = −z̄1, z3 =
27
100 + 17

20 i, z4 = −z̄3, b1 = b2 =
42
5 , b3 = b4 =

9
40 ,

let aj = πbj |1 − z2j |, and for δ > 0 let Aδ be the union of the disks B(zj , δ
√
aj/π), j ≤ 4, of

areas δ2aj ; it is symmetric under z 7→ −z̄. For all sufficiently small δ > 0, the number Nδ of
zeros of q in Aδ is not distributed as a sum of independent Bernoulli variables. Indeed, Step 1 of
the proof of Proposition 7.11 applies to Aδ in place of D+

r , and with 1− s = τ/δ2 the n-th term

of the resulting series (7.9) for EsNδ is bounded by (C|τ |)n(2n)n/2/n!, uniformly in small δ. As
the correlation functions ρn of (7.8) are continuous and vanish when two arguments coincide, it
follows that, locally uniformly in τ ∈ C,

lim
δ→0

EsNδ = P (τ) =
∑

S⊂{1,2,3,4}

(−τ)|S|
∏
j∈S

aj · ρ|S|
(
(zj)j∈S

)
.

By (7.8) the coefficients of P are rational numbers; numerically P (τ) = 1−38.031τ+534.81τ2−
3288.5τ3+7440.7τ4. Exact rational arithmetic shows that the discriminant of P is negative, so P
has two simple real zeros and a pair of simple nonreal zeros, τ ≈ 0.08879±0.00176 i. By Hurwitz’s
theorem EsNδ , as a function of τ , has a nonreal zero for all small δ, whereas EsN =

∏
k(1−pkτ/δ2)

has only real zeros when N is a sum of independent Bernoulli variables with parameters pk. The
argument gives no explicit range of δ; numerically, for this configuration, the nonreal zeros
persist up to δ = 0.0275 and are absent from δ = 0.03 on. As the coefficients of P depend
continuously on the zj and aj , the conclusion also holds for all nearby configurations of four
points and weights, symmetric or not.

A similar computation shows that the zeros of q in D+ do not form a determinantal point
process with a Hermitian kernel K (with respect to any reference measure, whose density can
be absorbed into K). For such a process, aij = ρ1(zi)ρ1(zj) − ρ2(zi, zj) = |K(zi, zj)|2 and
T = ρ3(z1, z2, z3) − ρ1(z1)ρ1(z2)ρ1(z3) +

∑
ρ1(zi)ajk = 2Re

(
K(z1, z2)K(z2, z3)K(z3, z1)

)
, the

sum over {i, j, k} = {1, 2, 3}, so T 2 ≤ 4a12a13a23 almost everywhere. But the ρn of (7.8) are
continuous, and at (z1, z2, z3) = (− 3

20 + i
20 ,

9
10 + 7i

50 ,−
93
100 + 13i

100) the ratio T 2/(4a12a13a23) is a
rational number equal to 3.9154 . . ., so the inequality fails on a neighbourhood of this point.
Both computations are computer-assisted, in exact rational arithmetic, by the Python program
part4 exact checks.py of the verification suite in the ancillary files (see the Statement on the
use of AI).

11.2. The standard coupling. Theorem 1.10 leaves open how often Λstd
n lies below a given

level. Heuristically, Λstd
n is decided by the top block (ξn, . . . , ξn−Mn) of length O(log n), which

has the law of (η0, . . . , ηMn), and blocks that are more than Mn apart are independent.

Question 11.4. Is it true that, almost surely,

1

N
#{n ≤ N : Λstd

n ≤ t} → P(T∗ ≤ t) for every t ≥ 0 ?

For t < 1 this holds, with limit 0, by the first part of the proof of Theorem 1.10. For t > 1
a proof would need two-sided approximations of {Λstd

n ≤ t} by events of the top block whose
discrepancy has small frequency, not merely small probability; the one-sided inclusions in the
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proof of Lemma 8.4 do not give this. We also do not know how fast lim supn Λ
std
n = ∞ is

approached, for instance for which deterministic Λ(n) → ∞ the inequality Λstd
n > Λ(n) holds

infinitely often.

11.3. The cusp phases. Theorem 10.1 gives the time to within O(n−1d
−1/3
n ) and the place to

within O(n−1d
−2/3
n ), where dn = max(n−1, dist(cn, πZ)): the error is O(1/n) away from the cusp

phases cn ∈ πZ, and O(n−2/3), respectively O(n−1/3), uniformly. By Remark 10.8, no argument
that uses only the conclusion of Proposition 10.5 does better at the cusps.

Question 11.5. What is the optimal error in Theorem 10.1 at the cusp phases, that is, when
dist(cn, πZ) = O(1/n)? Identify the coefficient of the cusp shift: the component of the next-
order term of the remainder in Proposition 10.5, at the triple point (ζ, λ, c) = (0,−1, 0) of the
model, along the direction υ of Remark 10.8, which moves the cusp. For which q does it vanish?
The numerics in Remark 10.8 suggest that it vanishes for some symbols, the benchmark among
them, and not for others. Is the final collision zn a triple zero for some deterministic q satisfying
(G1)–(G3) and some n ≥ n0? By Theorem 10.1(c), for n ≥ n1 this requires dist(cn, πZ) < C/n.

11.4. Beyond this paper. The companion papers leave their own questions: whether the rate
n−α in Theorem 1.1 can be improved beyond the small explicit exponent obtained there, and
whether the constant in Theorem 1.6(a) has a power tail without the restriction T∗ ≥ 1 + ε

[A]; whether the description of Theorem 1.5 persists at times tn = 1 + snn
−1/3 whenever sn →

∞, where the two edge regions remain open [B]; and what replaces the Joukowski picture of
Theorem 1.4 for weights whose equilibrium measure has several intervals [C].

Statement on the use of AI

The proofs, computations and text of this paper were produced with AI systems from An-
thropic, OpenAI and Google, directed by the author. The proofs were checked by independent
AI referee rounds; no human expert has yet read them.

Independently of these rounds, the algebraic identities, the explicit constants and several of
the quantitative predictions were checked mechanically by a suite of Python programs, deposited
with the paper as ancillary files (folder anc/; run run all.py). The suite checks the identities
of Sections 2–3 and the window model of Section 10 symbolically. It encloses the onset ns and
the constants of Proposition 1.11, and the values of det(I − X(r)) reported in Remark 7.12,
in interval arithmetic. It certifies the zero counts of Theorem 1.4 for three admissible symbols,
and it carries out the exact computations of Remark 11.3. Finally, it computes Λn by certified
bisection in t and compares n(Λn − T∗) with Theorem 1.7. All checks pass, and every printed
number that the suite recomputes is reproduced to the printed digits. The suite checks identities,
constants and predictions, not the proofs themselves.
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