THE REAL-ROOTING TIME OF HEAT-EVOLVED RANDOM
POLYNOMIALS
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ABSTRACT. Let G, = exp(fiaf)Gn be a random Weyl polynomial of degree n under the
backward heat flow, with independent coefficients of a law that is not a point mass and has
finite variance. Hall, Ho, Jalowy and Kabluchko showed that the empirical zero distribution
collapses onto the real line at ¢ = 1. We show that the first time at which all zeros of Gy ¢
are real, a finite-degree analogue of the de Bruijn—-Newman constant, converges in distribution
to T. = Ry 2, where R. is the smallest modulus of a nonreal zero of the random power series
> j njw’ with coefficients of the same law; the convergence is almost sure under a coupling of
the degrees that shares the top coefficients, whereas under the standard coupling the set of limit
points of the real-rooting time is almost surely [1,00]. The proof rests on an exact count of
the nonreal zeros of analytic combinations j<n @jhn—; of orthonormal Hermite polynomials:
if the real power series a has radius of convergence greater than 1, no zeros on the unit circle
and simple zeros in the unit disk, then for all large n the combination has exactly as many
nonreal zeros as a has in the disk. Its method expresses the polynomial and its derivative in
the bulk through a 2 x 2 matrix applied to (hn,hn—1), built from only O(logn) steps of the
backward three-term recurrence, with the remaining terms controlled by a Christoffel-Darboux
bound. For Gaussian coefficients the law of T is a Fredholm determinant, P(T\ > t) ~ %t73/2
as t — oo, and (t — 1)logP(T. < t) — —72/12 as t | 1, half of the constant for complex
coefficients. At the scale 1/n the last pair of nonreal zeros collides inside the real bulk, at
relative position cos 0., where R.eT%* are the nonreal zeros of minimal modulus, and the real-
rooting time is within O(1/n) of Ts. In a window of size 1/n the polynomial is, up to a positive
factor and O(1/n), the model ¢ cos(¢ + ¢) + Asin(¢ 4 ¢), whose threshold for real-rootedness is
given by Kepler’s equation; the phase ¢ rotates with n, so n(A, — T%) oscillates over an explicit
interval and has an explicit limit law jointly with 7.
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1. INTRODUCTION

1.1. Heat-evolved Weyl polynomials and their real-rooting time. Let £y,&;,... be in-
dependent standard real Gaussian random variables and let

~ . (Vnz)*
(1.1) Gn(2) =) &——F——

be the real Weyl polynomial of degree n, whose zeros are asymptotically uniformly distributed
in the unit disk. Let it evolve under the backward heat flow,

(1.2) Gt = exp(—% 02)G, =Y % (—%)iazic;n, t>0,
.
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a finite sum. Hall, Ho, Jalowy and Kabluchko [19, Theorem 2.1] proved (for much more general
coeflicients) that the empirical distribution of the zeros of G, ; converges in probability to the
uniform distribution on the ellipse {x?/(1 + )2 +y?/(1 — )2 < 1} for 0 < t < 1, and to the
semicircle law on [—2v/t,2v/#] for t > 1. Macroscopically the zeros thus become real at time 1.

The operators exp(—5-02), s > 0, preserve real-rootedness (Lemma 7.1), so the set of times
at which Gy,; has only real zeros is an interval [AS'4, 00) (we put A4 = 0 if G, = 0). The
real-rooting time AS is a finite-degree analogue of the de Bruijn-Newman constant [7, 31, 38];
the superscript refers to the standard coupling of the degrees, in which one sequence (&) serves
for every n. Weak convergence of empirical measures cannot see a bounded number of nonreal
zeros, so the macroscopic picture says nothing about Affd beyond P(Ai}d > t) — 1 for each
t < 1, which Proposition 1.11 sharpens to an exponential bound. This paper identifies the limit
law of AS*d (Theorem 1.1), and then describes, at the scale 1/n, how the last pair of nonreal
zeros becomes real (Theorems 1.6-1.8).

The results on the limit law hold for general coefficients. From now on let p be a Borel
probability measure on R that is not a point mass and has f$2 du(z) < oo, and let the & in
(1.1) be independent with law p. The standard Gaussian law remains the main example, and
Theorems 1.6-1.8, 1.9 and 1.10 and Proposition 1.11 concern only this case. Let ng,n1,... be
independent random variables with law p and

(1.3) g(w) =
Jj=0
a random power series that almost surely has radius of convergence 1; we write D = {|w| < 1}.

For standard Gaussian coefficients we call ¢ the Gaussian power series. Almost surely ¢ has
nonreal zeros in D (Proposition 7.6), and we let

(1.4) R, = min{|w|: w e D\R, g(w) =0}, T. = R;? € (1,00).

Let £ be the set of t > 1 for which ¢ has a zero on the circle {|w| = t~/?} with positive
probability. It is countable, and it is empty if x4 has no atoms (Lemma 7.5).

Theorem 1.1 (Real-rooting time of heat-evolved Weyl polynomials). Let AS* be the real-rooting
time of G Then AS*d — T, in distribution as n — co. Moreover, for every t > 1 with t ¢ &,
in particular for every t > 1 if i has no atoms, the number of nonreal zeros of Gy converges
in distribution to the number of nonreal zeros of q in the disk {|w| < t~'/2}, and
lim P(Gny has only real zeros) = P(T, < t) =P(q has no zero in {|w| < 2 Imw > 0}).
n—oo
Proposition 1.2 (The limit law). Almost surely 1 < T, < oco. The atoms of the law of T} lie in

E; in particular, if p has no atoms, the distribution function of Ty is continuous. For standard
Gaussian coefficients,

P(T, > t) = %t_3/2(1 Lo(l)) (tooo), BT > )<t V?) (t> 1),

4

where »(r) = 1 Hf:j arctanr —artanhr] = s2r® (1+ 72+ O(r?)) is the expected number of zeros

of ¢ in {|w| <r, Imw > 0}. In particular P(Ty > t) > 0 for every t.

So the last nonreal pair of zeros survives macroscopic collapse by a random amount of time,
governed by the nonreal zero of ¢ closest to the origin. The limit law depends on u: if u has a
bounded density f that is continuous at 0, then t3/?P(T, > t) — 8£(0) [ 22 du (Theorem 7.8),
and for Rademacher coefficients even T, < 4 (Remark 7.10). Theorem 1.1 is proved in Section 7,
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as a consequence of an almost sure statement under another coupling of the degrees (Theo-
rem 1.5), which in turn rests on a deterministic theorem about linear combinations of Hermite
polynomials.

1.2. Exact counts of nonreal zeros. Throughout, He; are the probabilists’ Hermite polyno-

mials and
. Hek

V!

are the orthonormal polynomials for the standard Gaussian measure (27)~/ 2¢7%/2 g

h,

Definition 1.3. A power series a(w) = > ;5 ajw’ is admissible if its coefficients are real, its
radius of convergence is greater than 1, a(0) # 0, a has no zeros on the unit circle, and all zeros
of a in D are simple.

An admissible @ has finitely many zeros wi,...,w; in I; they are nonzero, and the set is
closed under complex conjugation. Let ¢; = w; +w; ! The Joukowski map w — w4 w™! maps
D\ {0} conformally onto C\ [-2,2], and maps (—1,1)\ {0} onto R\ [-2, 2], so the (; are distinct

points off [—2,2] and (; is real exactly when w; is.

Theorem 1.4 (Exact zero count). Let a be admissible, with zeros wy,...,w; in D, and let
n
Qn(z) = Z aj hn—j().
=0

For every sufficiently small € > 0 there is ng such that for everyn > ng all zeros of the polynomial
z = Qn(yv/nz) are simple, and they are:
(a) for each i, exactly one zero in the disk |z — (;| < €, which is real if w; is real and nonreal
if w; is nonreal;
(b) n — k further zeros, all real and lying in (—2 —,2 4 ¢).
In particular, for all large n the number of nonreal zeros of Q, equals the number of nonreal
zeros of a in D.

When a is a polynomial the theorem concerns fixed finite combinations of consecutive or-
thonormal Hermite polynomials. The case of interest here is when a is a genuine power series,
possibly with radius of convergence arbitrarily close to 1; then Q,, involves every hi, 0 < k < n,
and the coefficients a; may decay at an exponential rate arbitrarily close to 1. Exterior asymp-
totics place one zero near each (;; the difficulty is to exclude pairs of nonreal zeros approaching
the real bulk, which they cannot detect. Theorem 1.4 is proved in Part I (Sections 2-6).

The heat flow enters through the following identity. With ¢ as in (1.3), define the reversed
Weyl polynomials and their heat evolutions

n k
(1.5) P.(z) = kzonnk({;lkj!), P, = exp(—%@?) P,.
For each n the vector (7, ..., 1) has the law of (&, ..., &), 50 (P t)>0 has the law of (G, t)1>0;
only the coupling between different degrees differs. In (1.5) the top coefficients ng,n1,... are
shared by all degrees. Since exp(—302)z* = Hey,(z), one finds (Lemma 7.1) that for ¢ > 0

(1.6) Poy(z) = "2 Zn:nj 312 hn_j(ﬂz).
j=0

Up to the factor /2 and the dilation z — z/+/%, this is the polynomial Q,(y/n -) of Theorem 1.4
for a(w) = q(w/\/t), which has radius of convergence /¢ > 1 when ¢ > 1. The weights 1/v/k!
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of the Weyl polynomials enter here: under the heat flow every real polynomial becomes a
combination of the h,_;, but for other coefficient profiles the coefficients of this combination
depend on n; such profiles, and a Laguerre analogue of the heat flow, are treated in the companion
paper [C].

Theorem 1.5 (Almost sure real-rooting time). Let A,, = inf{t > 0: P, ; has only real zeros},
with Ay, = 0 if P, = 0. Almost surely all zeros of q in D\ {0} are simple and q has infinitely
many nonreal zeros in D, so that R, and Ty in (1.4) are defined, and

lim A, = T..

n—oo

Moreover, fix t > 1 with t ¢ £. Almost surely, for every sufficiently small € > 0 (depending
on q) and all sufficiently large n: all zeros of P, are simple; for each nonreal zero u of q with
lu| < t=1/2 ezactly one zero of Pt lies within distance € of tu +u™"; and all other zeros of Py
are real.

1.3. The final collision. In Sections 1.3-1.6 the coefficients are standard Gaussian. Let u, =
R.e 0 < 0, < 7, be a nonreal zero of ¢ of modulus R,. For fixed ¢t € (1,T) it produces the
nonreal zero of P, ; near tu, +u; ! of Theorem 1.5, and as t 1 T} this point tends to 2R, ! cos .,
an interior point of the limiting bulk [—2v/T%, 2v/Tx] = [-2R; 1, 2R !]. So heuristically the last
pair of zeros becomes real inside the bulk, at relative position cosf,, and not at its edge. The
next theorem shows that this is so, to within O(1/n) in time and in place.

Theorem 1.6 (The final collision). Let q be the Gaussian power series and A, the real-rooting
time of P,t. Almost surely q has, up to conjugation, exactly one nonreal zero u, = R,e'
0 < 0. <7, of modulus R, and there are K < co and ng, depending on q, such that for every
n > ng:
(a) [An — Ti| < K/n;
(b) all zeros of P, A, are real; exactly one of them, z,, is multiple, it is a double zero, and
|z — 2R Y cos b, | < K/n;
(c) for T — K~1 <t < A, the polynomial P, has exactly two nonreal zeros, and for every
t>T, — K1 with t # A, all zeros of P, are simple.

Theorem 1.6 is Corollary 9.14, with the 6 of Theorem 9.1 written as K ' after enlarging
K. It is the Gaussian case of a deterministic result, Theorem 9.1, which holds for every real
power series ¢ with ¢(0) # 0, one simple conjugate pair of nonreal zeros of minimal modulus,
no real zero of that modulus and simple real zeros inside it. For a fixed ¢ the collision is a
real zero of multiplicity 2 or 3; for random coefficients a triple zero is excluded almost surely,
because P,; = 0.FP,; = 8§Pn,t = 0 imposes three conditions on the three bottom coefficients
of P,, while only the two parameters ¢t and z are free. For the Weyl polynomials the theorem
gives tightness of n(Affd — T*m), where T*,n has the law of T, and is defined under an explicit
coupling (Corollary 9.16). Theorem 1.6 and Corollary 9.16 hold also for independent identically
distributed coefficients whose law has a density and finite variance (Remark 9.15). The constants
K and ng depend on ¢; in the companion paper [A] they are bounded by polynomials in condition
parameters of ¢, which gives a power tail for sup, n|A, — Ti| on the event {T,, > 1 + ¢}.
Theorem 1.6 does not say whether n(A,, —T) converges; the next theorem shows that in general
it does not.

1.4. The first-order law. The next order is not a constant: n(A, — T}) oscillates with n. In
a window of size 1/n in time and in space around the collision, P, ; is, after a positive factor
and up to O(1/n), the one-phase model ¢ cos(¢ + ¢) + Asin(¢ + ¢), where A is the rescaled time
and ¢ = ¢, is, up to a constant, the phase of the pair (hy,, h,—1) at 2y/n cos .. This model has
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a real multiple zero only at A = — cos® s, where s — sinscoss = ¢, a form of Kepler’s equation;

and the phase advances by —(0, — sin 0, cos 0,) per degree, given by the same Kepler function.
Let u, = Ryef~ (0 < 0, < m) be the nonreal zero of ¢ of least modulus, v, = u.q'(us) and
px = uxq" (us)/q (uy), and put

1 Re(us) Im(py)
wW=_ - _ HWelt) imipx)
2(Tm uy)?’ T 2wy 2 Tmuy
1 1
cEL = arg v — % — (n + 5)0* + %sinQQ* — zsin29* Re ps.
For ¢ € R let ¥(c) € [0, 7] be the root of Kepler’s equation
(1.7) U —sin ¥ = 2dist(c, 7Z),

let ¢ € [-F, %) be congruent to ¢ modulo 7, and let v = (64 — sin 6, cos 6.) /7.

Theorem 1.7 (The first-order law). Let q be the Gaussian power series, A, the real-rooting
time of Py, and z, the multiple zero of P, A, of Theorem 1.6. Almost surely
n(Ap —Ty) = 7o — Weos W(ch) + O(n2/3),
b

with error O(1/n) along every sequence of degrees with dist(cp, 7Z) bounded away from 0, and

2cosf.\  Re(u,)Re(p.) L, sin¥(ch) 13

Moreover, almost surely v is irrational and the set of limit points of n(A, — Ty) is the interval

[Te — W, 7. + W], of length 1/(Imu,)?.

Theorem 1.8 (The joint law). Let q be the Gaussian power series and A,, the real-rooting time
of Pnt. Then

(Ty, n(Ap — T%)) — (T, 7e — Weos U(U)) in distribution,

where U is uniform on [0,5] and independent of q; the same holds with T, replaced by any

random element of a Polish space that is a measurable function of q. Given q, the limit has the
density (xW) =L (W +3s) /(W — s))1/2 ins=r1—1. € (=W, W). For the real-rooting time AS'¢ of
the heat-evolved Weyl polynomials Gy and the threshold T ,, of the coupling of Corollary 9.16,
(T*,n» n(ASd — T*,n)) — (T, 7e = Wcos U(U)) in distribution.

Theorem 1.7 follows from Theorem 10.1 and Proposition 10.9, applied on the almost sure event
of Lemma 9.12, together with Theorem 1.6 and Theorem 10.10; Theorem 1.8 is Theorem 10.10(b)
and Corollary 10.11. Theorem 10.1 holds for every deterministic real power series under the
conditions (G1)—(G3) of Section 9, with an exact phase ¢, in place of ch. The exponents %
and % come from the cusps of the threshold curve at ¢, € wZ, where the model has a triple
zero, and they cannot be improved from the window expansion alone (Remark 10.8). For
g = 1+ bw + aw? with b*> < 4a the upper end 7. + W equals a/2, which shows that the
elementary bound A, < ay/n/(n—1) is sharp to first order along a subsequence when v is

irrational (Remark 10.12).

1.5. The law of T, near t = 1. For standard Gaussian coefficients the law of T, has an exact
form, and —logP(7T < t) is determined to first order as ¢ | 1.

Theorem 1.9 (The law of T, near t = 1). Let the coefficients be standard Gaussian. For0 < r <
1 and m,n > 0 let Gpn(r) = 2 [Im(2™2") [1—2%|"'dA(z), the integral over {|z| < r, Imz > 0}.
Then the matriz X (r) = (mgm/m,l(r)—(m—&—l)gmr,mﬂ(r))m {024, ) in which the first term
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is 0 for m =0, is a trace class operator on €2({0,2,4,...}), and P(T, < t) = det(I — X (¢t~1/2))
for every t > 1. Moreover
72 /12 — o(1)

P(T.<t)> [J(1—¢2712) (t>1), PI.<t)< exp(— p—

k>0
so that (t — 1) logP(T, < t) — —72/12 ast | 1.

) @,

The first statement is Proposition 7.11, which rests on the Pfaffian structure found by Mat-
sumoto and Shirai [27] and an identity of Rains [37]; the upper bound is Theorem 7.13, and
the lower bound, valid for every ¢ > 1, is Theorem 7.18. The constant 72/12 is half of the con-
stant 772/6 for the Gaussian power series with complex coefficients [35]. The lower bound comes
from a comparison, for r = t~'/2 of the symmetric part of X(r) with the diagonal operator
R = diag(r*™),,c(0.2,4,..}; here det(I — R) = [],=o(1 — r4+1) which has half the exponent
of the product [, (1 — r%) of the complex case.

Two quantitative questions are left to companion papers. A rate of convergence in Theo-
rem 1.1, of order n~% uniformly on [1 + €, 00) for a small explicit o that does not depend on &,
is obtained in [A] from a version of Theorem 1.4 with an explicit onset. Times ¢t = ¢, that tend
to 1 are the subject of [B], which shows that if ¢, < 2 and (¢, — 1)n'/3/(logn)%/* — oo, then
with probability tending to 1 the polynomial P, ;, has at least as many nonreal zeros as ¢ has

in {Jw| <t Y 2}, with any excess confined to two small disks about the edges £2+/¢,,.

1.6. The standard coupling. In the standard coupling of Theorem 1.1 the top coefficients
&ny&n—1,- .., which play the role of 79,71, ... in (1.6) and so make up the symbol, are renewed
as n grows, whereas in the reversed coupling of Theorem 1.5 they are shared by all degrees. For
each n, AS*Y has the law of A, so A% — T, in distribution; but it has no almost sure limit.

Theorem 1.10 (No almost sure limit under the standard coupling). Let &y,&1,... be indepen-
dent standard Gaussian variables.
(a) Almost surely the set of limit points of (AS*9),>1 in [0, 00] is [L,00]. In particular, almost
surely liminf,, AS*Y = 1 and lim sup,, A$* = oo.
(b) Let N C N be an infinite set that does not depend on the &. Almost surely, for all
1 <t1 <ty < oo we have t1 < Affd < to for infinitely many n € N, and the set of limit
points of (AS'),,cnr in [0, 00] is [1, 00].
(c) AS* does not converge in probability to any random variable with values in [0, c0].

Proposition 1.11 (Real-rootedness before time 1 is exponentially rare). Let &, &1, ... be inde-
pendent standard Gaussian variables, let 0 < s < 1 and put
Bz

B = Vs (1—/s)log(1/s), 75 = 128(1 — %)’

There is an explicit ng, defined in (8.11) (for instance ns = 25051 for s = %), such that for all
n > ng

(1.8) P(Gn,s has only real zems) < e 08(HD) 4 137 mm/4,

Consequently P(Gy, s has only real zeros) < Cse™%™ for all n > 1, with ¢ = ~vs/4 and Cs =
14 €¥s™s/4. The event depends only on (€oy -+, &n), so these bounds hold in every coupling of the
degrees; in particular P(AS < 5) = P(A,, < 5) < Cye™ %",

In (b) the set N must be fixed in advance (Remark 8.1). Theorem 1.10 shows that the
convergence in distribution in Theorem 1.1 cannot be improved to convergence in probability.
Its proof plants a prescribed top block of coefficients at a sparse sequence of degrees and tests
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real-rootedness at the zeros of h,,_; (Lemma 8.2); Proposition 1.11, which gives lim inf,, AS*d > 1,
combines Mehler’s formula with the hole-probability argument of Sodin and Tsirelson [45]. Both
results are proved in Section 8.

1.7. Ideas of the proofs. The exact count (Part I). Put x = \/nz. Away from [—2, 2], classical
ratio asymptotics give Q,(v/nz)/hy(y/nz) — a(r(z)), where r is the inverse of the Joukowski
map; Rouché’s theorem then yields one zero near each (; (Section 5). This exterior information
is far from an exact count. A pair of nonreal zeros at distance o(1) from [—2, 2] is invisible to it,
and so is any statement about zero distributions. To count exactly we deform a continuously,
keeping its zeros in D fixed, until only a polynomial py, of degree k with these zeros remains. For
the endpoint, Shohat’s theorem on quasi-orthogonal polynomials (Lemma 2.7) gives n — k real
zeros inside (—2,2), and the exterior argument gives the remaining k. Along the deformation
the number of nonreal zeros can change only if two real zeros collide. Everything therefore rests
on excluding real double zeros in the bulk, uniformly along the deformation (Section 4).
For this we write, for |z| < L with some L > 2,

(ot ) = e () + (iiom)

where H,, js is obtained by expressing the first M + 1 terms Ay, ..., h,—ps through h, and h,_1
by the backward recurrence, and E is the sum of the remaining terms. The key points are these:

e Only M = M,, < logn backward steps are used. Over this range the backward recurrence
is a small perturbation of the free recurrence f; = zf;_1 — fj—2, with growth at most efi
on [—2coshk,2cosh k] (Lemma 3.3). Hence H,, js, converges to a matrix H,(z) whose
determinant is a(w)a(w™') for z = w + w™!, which equals |a(e?)|?> > 0 on [~2,2].

e The tail E is not expanded at all. By the Christoffel-Darboux formula, every hy(z)
with k& < n is at most O(y/n) times ||(hy(z), hn—1(x))| in the bulk. If |aj| < CR,’
and M, = [llogn], then >,/ |a;| = O(n~*te fo) 5o the tail is negligible as soon as
(log Ry > 3.

Consequently (Qn, @,,/+/n) is bounded below by a constant times |[|(hy,, hnp—1)||, which never
vanishes. The truncation is essential. Expressing all n terms through (hy,h,—1) produces
coefficients of size at least €"/2n~1/% at the edge of the bulk, and for radius of convergence below
Ve the resulting matrix does not even stay bounded (Remark 4.4).

The limit law (Part II). Theorem 1.4 at a fixed time ¢, applied to the symbol q(-/v/1), gives
the zeros of P, ; for a single power series ¢ (Theorem 7.2); since the heat flow does not increase
the number of nonreal zeros, this already pins down A, to within any neighbourhood of 7.
Probability enters only through three facts about the random series: its zeros in D\ {0} are
simple, it has no zero on a fixed circle, and it has nonreal zeros (Section 7). The tail of Ty is the
probability of a nonreal zero in a small disk about the origin, a first-moment computation. For
Gaussian coefficients the gap probability P(7, < t) is a Fredholm determinant, by the Pfaffian
structure of the zeros; the hole exponent 72/12 is obtained from above by a comparison with
the complex case and from below by an operator inequality for the symmetric part of the kernel.
For the standard coupling, a prescribed block of top coefficients is planted at a sparse sequence
of degrees, and real-rootedness is tested by signs at the zeros of h,,_; (Section 8).

The final collision (Part III). The backward heat flow never increases the number of nonreal
zeros (Laguerre, Pélya), and a real zero of multiplicity m > 2 is preceded, just before, by 2|m/2]
nonreal zeros nearby, as for the heat polynomials. Theorem 1.4 at the two fixed times T, +0 gives
the counts 2 and 0, so there is exactly one collision in between, and no other multiple zero at any
time t > Ty, — 0. To locate it we rerun the bulk estimate of Section 4 at rate 1/n, uniformly in ¢
near T,. The limiting head matrix now degenerates: det H, ) (y) = |q(t~/?€?)|? for y = 2 cosf
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vanishes only at (¢,y) = (Tk, 2cos0,), and its smallest singular value grows linearly away from
that point. Since the head converges at rate 1/n (Lemma 3.4) and the tail is O(1/n), every real
multiple zero lies within O(1/n) of the collision point.

The first-order law. At the collision point the whole limiting head matrix vanishes, so the
window of size 1/n sees the O(1/n) corrections. A second-order expansion of the backward
recurrence gives an envelope with an explicit first-order term, and the pair (A, h,—1) near
24/n cos B, is written through a complex carrier controlled by the Hermite differential equation.

Together they show that Qg) is, up to a positive factor, the model fy.(¢) = (cos(¢ + ¢) +
Asin(¢ + ¢) plus O(1/n) in C?. An exact identity, |(f, dcf)|> = (J(s) — ¢)? + (A + cos? s)? with
s =(+cand J(s) = s —sinscoss, shows that the model has exactly one real multiple zero.
A degree argument on a fixed box, with a homotopy in ¢ that also covers the cusps, produces
a multiple zero of the perturbed model, and the uniqueness in Theorem 9.1 identifies it with
the final collision. The Plancherel-Rotach asymptotics convert the phase to closed form, and
equidistribution of nv modulo 1 gives the limit points and the joint law.

1.8. Related work. Zeros of linear combinations of orthogonal polynomials have a long history.
Shohat [43] proved that a combination of K + 1 consecutive orthogonal polynomials of degree
n has at least n — K real zeros in the convex hull of the support of the measure (Lemma 2.7);
Beardon and Driver [3] located these zeros between the zeros of the nth polynomial. Turdn [47]
showed that all zeros of ), b;H;, in the physicists’ normalisation, lie in the strip |Imz| <

3 (1 4 max;<p, [b;|/|bn]), so that the Hermite coefficients control the distance of the zeros from
the real axis, a point of view he introduced for entire functions whose zeros lie in a horizontal
strip. Iserles and Saff [22] proved that >, qxHy is real-rooted whenever >, grz® is, together
with results of the same type for other classical families; this is the real-rooted case of the
heat-flow fact in Lemma 7.1(b). Closest to Theorem 1.4 is the work of Peherstorfer [34]. For
monic orthogonal polynomials py of a fixed measure of Szeg6 class on [—1,1], he considered
combinations Z;-n:(g) [jnPn—j whose length m(n) may grow with n —m(n) — oco. Under a
separation condition on the zeros of an associated polynomial and a summability condition on
the coefficients, he proved that these combinations eventually have exactly n—I(n) simple zeros in
(—1,1), where I(n) is the number of zeros of the associated polynomial ), 27 11j.,2™ M7 outside
the unit circle. Theorem 1.4 is a result of the same type, but it does not follow from that theorem
as stated. The scaled polynomials z — hi(y/nz), 0 < k < n, are orthogonal with respect to
the n-dependent weight e~"**/2 on the whole real line, not with respect to a fixed measure on a
compact interval. Moreover, the combinations @), have full length n, so after any truncation a tail
remains that must be controlled separately. We do not know whether the method of [34] extends
to this setting. Durédn [13] studies fixed finite combinations Z]K:o Vi H,_ ; of Hermite polynomials

through the polynomial P(z) = > j vj2%=3: in the standard normalisation the combination is
real-rooted for all large n even when P has nonreal zeros, whereas in the Appell normalisation
H,/(2"n!) it has, for all large n, exactly as many nonreal zeros as P [13, Theorems 1.2 and 1.3].
For Laguerre polynomials he proves exact counts of the same kind in three of four normalisations,
in two of them under the condition that P has no nonreal zeros in the closed unit disk, while in
the monic normalisation the combination is eventually real-rooted [15, Theorems 1.3-1.6]; for
polynomial symbols these are the Laguerre counterparts of Theorem 1.4, and the Laguerre case of
our method in [C] is to be compared with them. In [14] he shows that every positive measure has
a normalisation of its orthogonal polynomials for which all zeros of fixed finite combinations are
eventually real and simple. The normalisation matters: relative to monic Hermite polynomials,
a fixed combination }_; ajh,—; has the n-dependent coefficients a;j\/n!/(n — j)!. The exterior
part of Theorem 1.4 is a consequence of ratio asymptotics, which are available also for varying
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recurrence coefficients; see [25] for the corresponding zero distributions. From a spectral point
of view, Qn(y/n-) is the characteristic polynomial of a rank-one, non-symmetric perturbation
of the scaled Jacobi matrix (Lemma 5.2). Results on spectral clustering for such perturbations
[18] allow eigenvalues near the interval and do not address their reality. The parametrisation
z = w+w~! and the role of an analytic function of w resemble the Jost function theory of
Jacobi matrices [9], where the perturbations are self-adjoint. The exact count extends to the
orthonormal polynomials of varying weights e™™"" with V' a one-cut regular polynomial, by the
Riemann—Hilbert asymptotics of [11], and to Laguerre polynomials; this is carried out in [C].

The intensity of the complex zeros of the Gaussian power series was computed by Shepp and
Vanderbei [40]; the zeros form a Pfaffian point process, found by Forrester [17] via truncated
orthogonal matrices and by Matsumoto and Shirai [27]; the real zeros go back to Kac [23].
Theorem 1.1 expresses P(T, < t) as a gap probability of this process, and Theorem 1.9 is the
real-coefficient counterpart of the hole probability of Peres and Virdg [35]. The heat-flow model
and its normalisation are those of [19]; for the heat flow applied to Gaussian analytic functions
themselves see [20]. That the backward heat flow does not increase the number of nonreal zeros
of a real polynomial goes back to Laguerre and Pdlya [32]; for real-rooted polynomials it is also
in [22].

The real-rooting time is a finite-degree analogue of the de Bruijn—-Newman constant A [7, 31],
the real-rooting time of the backward heat flow started from a Fourier transform attached to
the Riemann zeta function, for which Rodgers and Tao proved A > 0 [38] and Polymath 15 gave
an upper bound [36]. Collisions of zeros under this flow are central there. Csordas, Smith and
Varga [8] bound A from below through close pairs of zeros (Lehmer pairs), and the local form of a
collision at a multiple zero (our Lemma 9.3) is [36, Proposition 3.1(ii)] for the de Bruijn—Newman
family; the polynomials that describe it are the heat polynomials of Rosenbloom and Widder
[39]. The carrier cos(¢ 4 ¢) of the window model of Section 10 is the arithmetic-progression
equilibrium state used by Rodgers and Tao, and the model f) . adds one zero to it; it is an
exact trajectory of the backward heat flow, and its threshold A, is the real-rooting time of that
flow. For ¢ € nZ and ¢ € § + nZ the threshold is classical: up to a factor, fio and f) /2 are
Dini functions of orders :l:%, whose zeros are all real exactly when A > —1, respectively A > 0
[48, §15.25, p. 482]. We have not found the general threshold curve, a Kepler equation, in the
literature.

1.9. Organisation. Part I proves Theorem 1.4: Section 2 collects facts about Hermite and
Chebyshev polynomials, Section 3 bounds the backward recurrence over logarithmically many
steps, also at rate 1/n, Section 4 excludes real double zeros in the bulk, Section 5 treats the
exterior, and Section 6 completes the proof. Part II treats the heat flow: Section 7 proves
Theorems 1.5 and 1.1, Proposition 1.2, the tail of T} and, for Gaussian coefficients, Theorem 1.9;
Section 8 proves Theorem 1.10 and Proposition 1.11. Part III treats the final collision: Section 9
proves the deterministic collision theorem, Theorem 9.1, and its Gaussian form, Corollary 9.14,
which gives Theorem 1.6, and ends with the Weyl polynomials (Corollary 9.16); Section 10 proves
the first-order law (Theorem 10.1) and the joint law (Theorem 10.10), and hence Theorems 1.7
and 1.8. Section 11 contains remarks and open questions.

The companion papers extend this work in three directions that are not needed here: explicit
onsets for Theorem 1.4, a rate of convergence in Theorem 1.1 and explicit constants in The-
orem 1.6 [A]; the nonreal zeros at times ¢, | 1 [B]; and exact counts for varying weights and
Laguerre polynomials, with the real-rooting times of other coefficient profiles and of a Laguerre
flow [C].
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Part 1. Exact counts of nonreal zeros
2. PRELIMINARIES

2.1. Hermite polynomials. The polynomials hy satisfy, with h_; = 0,

(2.1) che(x) = VE+ 11 (z) + VEhe_1(z),  By(x) = VEhe_1(z)  (k>0).

For m > 1 let J,, be the m x m symmetric tridiagonal matrix with zero diagonal and entries
(Jn)k—1k = (Jm)k k-1 = Vk, 1 <k <m — 1 (rows and columns indexed by 0,...,m — 1). Let
€g, ..., em_1 be the standard basis and p,,(z) = (ho(x), ..., hm_1(2))T. By (2.1),

(2.2) (2 — Jm) pm(x) = VM hen(T) €m—1.

Lemma 2.1. For m > 1 the zeros of hy, are the eigenvalues of J,,. They are real and simple,
and for m > 2 they lie in (—2v/m —1,2v/m —1). The polynomials hy, and h,,_1 have no
common zero.

Proof. By (2.2) and p,,(z) # 0, every zero of h,, is an eigenvalue of J,,; as h,, has m zeros
counted with multiplicity and J,, is symmetric with nonzero off-diagonal entries, hence has m
simple real eigenvalues, the zeros of h, are exactly these eigenvalues. Each row of J,, has
absolute row sum at most vm —2 + /m —1 < 2y/m — 1, which bounds ||.J;,,||. Finally, if
him(x) = hyp—1(x) = 0, then (2.1) gives hpy—2(z) = - -+ = ho(x) = 0, contradicting ho = 1. O

Lemma 2.2 (Christoffel-Darboux). Forn > 1 and x = \/n z,

n—1
> h(@)? = n(hn(2)? = 2 hn(2) b1 (2) + hn—1(2)).
k=0

Consequently, if L > 0 and z is real with |z| < L, then Z;é hip(x)? < n(l + %)(hn(:n)2 +
hn—l (:L’)Z) .

Proof. This is the confluent Christoffel-Darboux formula Y-, _, h? = \/n(hl,hn—1 —hnhl,_;) [46,
Section 3.2, (3.2.4)], since h], = \/nhy_1 and hl,_; = /n —1hy_o = zhy,_1 — /nhy by (2.1),
and \/nx = nz. The inequality follows from |zh,h,—1| < %(h% +h2_,). O
Lemma 2.3 (Gaussian quadrature [46, Theorems 3.4.1-3.4.2]). Let x; < -+ < xp4+1 be the
zeros of hpt1. There are weights \; > 0 such that [ Rdy = >, \iR(x;) for every polynomial R
of degree at most 2n + 1, where ~y is the standard Gaussian measure.

Lemma 2.4. Let n > 1 and z € C\ [-2,2]. Then h,(yv/nz) # 0, and the vector p,(z) =
(hk(\/ﬁz)/hn(\/ﬁz))z;é equals (zI —n~Y2J,) e 1. In particular

“ hi(v/nz) |2 < d; )
— 2 < dist(z,[-2,2]) ",
kzo hn(\/ﬁz)‘

Proof. By Lemma 2.1 the zeros of hy,(y/n-) lie in (—2,2). Dividing (2.2) by v/n h,(y/nz) gives
(21 —n=Y2J,) pu(2) = en_1. Since n~Y/2J, is symmetric with spectrum in [2, 2], the resolvent
has norm at most dist(z, [-2,2]) 7. O

2.2. Chebyshev polynomials and the Joukowski map. Let U; be the Chebyshev polyno-
mials of the second kind, Uj(cosf) = sin((I + 1))/ sin @, extended by the recurrence Ujy1(y) =
2yUi(y) — Up—1(y) to U—y = 0 and U_9 = —1. For w # 0,+1 and y = $(w + w™?),

Wil — i1
(2.3) Uly)=——— (1=2-2),

w— w1
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since both sides satisfy the same recurrence and agree for | = —1,0. The polynomial z — U;(z/2)
is the characteristic polynomial of the [ x [ path matrix with zero diagonal and unit off-diagonal
entries.

Lemma 2.5. Let k >0, 1> 0 and y € R with |y| < coshk. Then

sinh((l + 1)k)

< p—
\Ui(y)| < U(cosh k) <inh

< (14 1)el*.

Proof. On [—1,1], |U)| <1+ 1 = U;(1). All zeros of U; lie in (—1,1) and its leading coefficient
is positive, so U; is increasing on [1,00); by parity, |U;(y)| < Ui(|ly|) < Uj(coshk) for 1 < |y| <
cosh . Finally sinh((l + 1)x)/sinhk = Zé:o el=20r < (1 4 1)el". O

Let 7(z) = (2 — v/22 — 4), with the branch for which 7(z) ~ 1/z at infinity. It is the inverse
of the Joukowski map w +— w + w™! from D\ {0} onto C\ [-2,2], and |r(2)| < 1 there.

2.3. Two facts about real polynomials.

Lemma 2.6. Let (Ps)se[o,l] be real polynomials of degree n whose coefficients depend contin-
wously on s. If every real zero of every Py is simple, then the number of nonreal zeros of Pk,
counted with multiplicity, does not depend on s.

Proof. Tt suffices to show that the number N (s) of real zeros is locally constant. Fix sg, and let
Z1,...,%, be the real zeros of Ps,, which are simple. The zeros of all P; with s near sp lie in a
fixed disk {|z|] < g}, because the leading coefficients stay away from 0. Choose disjoint closed
disks B; centred at x; that contain no other zero of Py,. By Rouché’s theorem, for s close to
so each B; contains exactly one zero of Py, which is real because B; is symmetric about R and
the zeros of Py are symmetric. Also Py, has no zero on the compact set [—p, o] \ |U; B;, hence
neither has P; for s close to sg. Thus N(s) = r near s. O

Lemma 2.7 (Shohat’s theorem). Let 0 < k < n and let P = Z?:o cjhn—j with real c; and
co # 0. Then P has at least n — k distinct real zeros in the open interval between the smallest
and the largest zero of hy41, and in particular in (—2+/n,2/n).

That a combination of k+ 1 consecutive orthogonal polynomials of degree n has at least n — k
real zeros in the convex hull of the support of the measure is a classical theorem of Shohat [43];
see also [3] and [14, Lemma 3.1]. We include the short proof by Gaussian quadrature, which
also places the zeros between the extreme zeros of hy,1.

Proof. P has degree n and is orthogonal in L2(7) to all polynomials of degree less than n — k.
With the notation of Lemma 2.3, for every such polynomial R the product PR has degree at
most 2n —k—1<2n+1, so

n+1

(2.4) > XiP(zi)R(z;) = 0.
=1

Not all P(x;) vanish, since P # 0 has degree n. Consider the values P(z;) # 0 in increasing
order of 7, and suppose they have o < n — k sign changes. For each pair of consecutive nonzero
values of opposite sign, at nodes x, < xp, choose a point 7 € (x4, xp) that is not a node, and let
R be + the product of the factors x — 7 over all these pairs. Then R has degree ¢ < n — k, and
the sign can be chosen so that P(z;)R(z;) > 0 whenever P(z;) # 0, contradicting (2.4). Hence
o > n — k. Each sign change gives a zero of P in the corresponding open interval (x4, xp), and
these intervals are disjoint. By Lemma 2.1, |z;| < 2y/n. O
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3. THE BACKWARD RECURRENCE OVER LOGARITHMICALLY MANY STEPS

Fix n > 2 and put = /nz and f;(2) = hp—j(v/nz) for 0 < j < n. By (2.1),

2fm = 1= 52 fia .
(3.1) fi= : (2<j<n).
1 1=

Define polynomials A, j, B ; in z, for 0 < j < n, by (An 0, Bno) = (1,0), (An1, Bn1) = (0,1)
and the recurrence (3.1). Then

(3.2) hn—i(vVnz) = Ay j(2) hn(vV/nz) + By j(2) hn—1(v/nz) (0<j<n).
As n — oo with j fixed, the coefficients of (3.1) tend to those of the free recurrence f; =
z2fj—1 — fj—2, whose solutions with the same initial values are —U;_2(z/2) and U;_1(2/2). By
induction on j, the coefficients of the polynomials A, ;, B, ; converge, so
(3.3) Anj(2) = Aj(2) == —Uj2(2/2),  Bnj(z) = Bj(2) :== Uj-1(2/2)
uniformly on compact subsets of C, for every fixed j > 0. A

For 0 <r <mnlet f =1—r/n, and for j > 1 let d,,; = H‘Zﬂ: VBr. For m > 1 and
positive numbers by, ..., by,—1 let I, (2;b1,...,bm—1) be the characteristic polynomial of the

m X m symmetric tridiagonal matrix with zero diagonal whose off-diagonal entries have squares
bi,...,bym_1; put Ily = 1.

Lemma 3.1 (Continuant formulas). For 2 < j <mn,

;1(z; 81, -, Bj—2) I _o(2; B2, - - -, Bj—2)

dn.j ’ dn,j

Proof. Put d,o = d,1 = 1. If X; satisfies (3.1), then N; = d,, ;X; satisfies N; = zN;_1 —
Bj—2N;j_o for j > 2 (with By = 1). Expanding a tridiagonal determinant along its last row gives
11, = zIl,,,_1 — by,_11l,,,_2. For B the initial values are Ny = 0, N1 = 1 = Ily, Ny = z = Ily;
for A they are Ng =1, Ny =0, No = —1 = —Ily, N3 = —z = —II;(2). Both formulas follow by
induction. O

By ;=

Apj=—

Lemma 3.2 (Defect expansion). Write b = 1 — 6. for the edges e = 1,...,m — 1 of the path
on m vertices. Then

Hm(z; 1-— 51, ey 1-— 5m—1) = Z H(5€HU|C|(Z/2),
S eeS C

where S runs over the matchings of the path (sets of pairwise disjoint edges, including S = (),
and C runs over the connected components of the path with the endpoints of the edges of S
removed, |C| denoting the number of vertices of C.

Proof. Expanding the determinant over permutations, only products of disjoint transpositions
along edges contribute, so IL, = > ¢ (1)1 [Lecs be 229l the sum over matchings S'.
Expand [[,cq/(1—6) = S gce (=19 [ cq de and exchange the sums. For a fixed matching S
the matchings S’ D S are SUS” with S” a matching of the path with the vertices of S removed.
The two signs (—1)I8| cancel, and ZS,,(—1)‘S/I|zm_2|5|_2|5”‘ is the product of the unit-weight
path polynomials U|¢|(2/2) of the components. O

Lemma 3.3 (Transfer bound). Let k > 0 and ¢,, = cothk + % Form>2,0<j5<n/2and
real z with |z| < 2coshk,

[Anj(2)] + [Baj ()] < 205 + 1) ™ eI m.
The limits in (3.3) satisfy |Aj(2)| +|B;(2)| < 2(j + 1)e?® for the same z.
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Proof. For j <1 the left side is 1. Let 2 < j < n/2. Each polynomial II,, in Lemma 3.1 has
m < j — 1 and edge squares 1 — §, with 0 < d. < j/n. In Lemma 3.2 every 6. > 0, and by
Lemma 2.5, |U;(2/2)| < Uj(coshk) with Uj(coshk) > 0. Hence |[II,,,(z;1 — §)| is at most the
same expansion with each Uj(z/2) replaced by Uj(cosh k). That expansion is nondecreasing in
every O, so it is at most its value with every d. replaced by j/n. With 8 =1—j/n € [%, 1), the
constant-edge path is /B times the unit path, so

cosh k

VB

where cosh &’ = coshk//B. Since f71/2 -1 <1 — g for B € [%, 1] and arcosh’ < 1/sinh x on
[cosh K, 0), we get k' < Kk + cothk - j/n. For the denominators, log(1 — u) > —2u for u € [0, %]
gives d,, j > exp(— ZK]- r/n) > e—3%/(2n), Using m = j — 1 for B, j and m = j — 2 for A, ;,

M (2; 1 — 8)| < TLn(2coshw; B, ..., 8) = Bm/QUm< ) < (m+1)e™

2 2
. i1 J J
[Angl + [Bugl < (24 = 1) e~ exp(cothir - -+ 2,
which implies the claim. The bound for the limits follows from Lemma 2.5. ]
Lemma 3.4 (The backward recurrence at rate 1/n). Let k > 0, put k1 = min(k,1) and
c1 =15/k1, and let 1 >0, n>1 and z € R with |z| < 2coshk.
(a) If (j +1)? < kin, then
j3e(j—1)n
[Anj(2) = 45(2)] +[Bnj(2) = Bj(2)| < e1 ———
(b) If (j +2)% < kin, then, with w,; = /1 —j/n,
(7 +1)°"

|wn,jAn,j+1(2) = Ajr ()] + |wnj Brjri(2) = Bj+1(2)] < (e1 +3) =—

Proof. A first-order defect bound. Let m > 2 and 0 < J. < 6 for e = 1,...,m — 1, where
md < k1. We claim that
4/3

(3.4) T (2i1 = 61, 1= G) — Un(2/2)| < e? m(m + 1) 5 ™.
1

By Lemma 3.2 the difference is the sum over the nonempty matchings S in that lemma, and by
Lemma 2.5, |Uj(z/2)| < Uj(cosh k). So the difference is at most ®(8) — ®(0), where

d(0) = Z H Je HU‘C|(cosh/€) =11,,(2coshk;1 —d1,...,1 — 0pp—1)
S eeS C

is a polynomial in (d.) with nonnegative coefficients. Hence ®(d) — ®(0) < g(9) — ¢(0), where
g(s) = ®(s,...,s)is a polynomial in s with nonnegative coefficients; in particular (g(s)—g(0))/s
is nondecreasing on (0,00). With s; = r1/m € [§, 3] this gives g(5) — g(0) < (6/s1) g(s1) =
(md/k1) g(s1). As in the proof of Lemma 3.3, g(s) = (1—5)"/2U,,(cosh k/v/1T — 5), and cosh &’ =
cosh k//1 — s1 gives k' < k + s1 coth k. Moreover k1 cothk < %: for k < 1 because kcothk <
1 + x%/3 (compare the Taylor series of x coshx and (1 + x2/3) sinh k termwise), and for x > 1
because cothr < cothl < 4. So ms’ < mk + 5, and g(s1) < (m + e < e¥/3(m + 1)e™ by
Lemma 2.5, which proves (3.4).

(a) For j < 1 the left side is 0. Let j > 2. Then j2 < n,n > 9 and j < v/n < n/2, so
Lemma 3.1 applies.

Denominators. As in the proof of Lemma 3.3, 1 > d,, ; > eI/ (2n) > 6_1/2, so 0 < d;é —-1<

.9 -2 ;2
7°/(2n) __ 27 ,1/2 J
e /(2n) 1 S Qne / é -
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The entry B. By Lemma 3.1, By, j = II;_1(2; 81, ..., Bj—2)/dn ;, with edge defects §. = e/n <
§ = (j—2)/n. For j = 2,1I;(z) = z = Uy(2/2). For j > 3 we have (j—1)0 < j?/n < k1, and (3.4)
with m = j — 1 gives |TI[;_1 — Uj_1(2/2)| < (e*/3/k1)53eU=D% /n. Since |U;_1(2/2)] < jeld=1x
(Lemma 2.5),

101 — Uj—1(2/2)] e!/s

dn,j

The entry A. Here A, ; = —IIj_2(2;B2,...,Bj—2)/dnj, with m = j — 2 and edge defects
(e+1)/n<(j—2)/n,1 <e<j—3 Forj<3 Ig=Uja(2/2); for j >4, (j —2)) =
(j—2)%/n < k1, so (3.4) applies. With |U;_2(2/2)] < (j —1)e=2)* the same computation gives
|A,; — Aj| < (eM/0/ky 4+ 1)j3eU=2%/n. Adding the two bounds and using 2(e!'/6 + k1) < 15
gives (a).

(b) Since 0 < 1—wy; < j/n, for X € {A, B} we have |wy j Xy j+1— Xj11] < | X j+1— Xjpa |+
L|X;1|, and |Aj1| + |Bj1| = |Uj—1(2/2)] + [Uj(2/2)] < (2§ 4+ 1)e’" by Lemma 2.5. Part (a)
at 7+ 1 and j(25 + 1) < 3(j + 1)3 give (b). O

)j?)e(j—l)m

|Bn,j = Bj| < +|Uj—1(2/2)| (dy ) = 1) < ( +1

K1

The rate 1/n cannot be improved: by (3.1), A, — Ay =1— (1 —1/n)"1/2 ~ —1/(2n).

4. THE BULK: NO REAL DOUBLE ZEROS
We work with families of power series, as needed for the deformation in Section 6.
Hypothesis 4.1. (as)sepo,1) is a family of real power series as(w) =35, aj(s)w’ such that:

(H1) there are Ry > 1 and Cj < oo with |a;(s)| < CoR,” for all j > 0 and s € [0, 1];
(H2) each coefficient a;(s) depends continuously on s;

(H3) ap(s) does not depend on s, and ag(s) # 0;

(H4) as(w) # 0 for all s € [0,1] and |w| = 1.

By (H1) and (H2) the map (s,w) — as(w) is continuous on [0,1] x {|w| < Rp}. For such a
family put

Q@) =D aj(s) hnj(z),  wnlz) = <hh”(w) > .
=0

n—1(2)
By Lemma 2.1, v, (z) # 0 for every real z.

4.1. The head matrix and its limit. For 0 < M < n —1, w,; = /1 —j/n and a real
sequence a = (a;) define

M
() = < Anj(2) By,j(2) > 7 Hyla)(z) = Z a; G ().

wWn,j An,j+1(2)  Wn,jBn,j1(2) =

Let Qum = ij\io ajhn—j. By (2.1), @ p(2)/v/n = Ej]\io ajwn jhn—j—1(x), so (3.2) gives, for
T =+/nz,

Qn,M('r) —
(4.1) < Z,M(x)/\/ﬁ> = H,, ma](2) vn(2).

Note that M +1 < n, so no index below 0 occurs. Correspondingly let G;(z) = ( AAj B; >
j+1 Bjy
with A;, B; from (3.3).
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Lemma 4.2 (The limiting matrix). Let a = (a;) be real with |a;| < CoRaj, Ry > 1, and let
ko > 0 with "0 < Ry. For real z with |z| < 2cosh kg the series

Al2) =) ajAj(z) = a0 — Y a;Uja(2/2),  B(z) = a;Bj(2) =Y _ a;U; 1(2/2)

Jj=0 Jj=2 J=0 Jj=1
converge absolutely and uniformly, and

— - [ AR B(z) — 42 2
H,(z) = Z%%G](z) = (—B(z) A(2) + 2B() ) det Hy(z) = A* 4+ zAB + B~.
J=
If w lies on the unit circle, or is real with e < |w| < e, then z = w 4+ w™! is real with
|z| < 2cosh kg, and det Hy(2) = a(w) a(w™). In particular det Hy(2 cos6) = |a(e™)|?.

Proof. Absolute and uniform convergence follows from Lemma 3.3 and e < Ry. From A; 1 =
— j,l(z/2) = —Bj and Bj+1 = Uj(Z/Q) = ZUjfl(Z/Q) — Uj72(2/2) = ZBJ' + Aj (Valid for all
j > 0 with our conventions) we get the second row. Fix w as stated. The sequence A; + wB;
satisfies the free recurrence with initial values 1,w, so A;+wB; = wl. Summing against a; (both
series converge absolutely), A + wB = a(w), and likewise A + w™'B = a(w™!). Multiplying,
(A+wB)(A+w'B) = A% + 2AB + B2. For w = ¢, a(w™') = a(w) because the coefficients
are real. O

4.2. The bulk estimate.

Proposition 4.3 (No real double zeros in the bulk). Let (as) satisfy (H1), (H2) and (H4).
There are L > 2, ¢ > 0 and ny such that for all n > ny, all s € [0,1] and all real x with
2] < Ly/m,
s/ 2
Qe+ EE S 2@ 4 1)) >0
In particular, QS has no multiple real zero in [—L\/n, Ly/n].

Proof. Choice of constants. Let Ry,Cy be as in (H1), and fix k9 > 0 with e < Ry. By
Lemma 4.2 and the Weierstrass test, the map (s,z) — H,,(z) is continuous on the set [0, 1] x
[—2 cosh kg, 2 cosh kg]. By (H4) and compactness, p = min{|as(w)| : s € [0,1], |w| = 1} > 0,
and by Lemma 4.2, det H,_(2z) > p? for z € [-2,2]. By uniform continuity there is x € (0, xg]
such that

(4.2) det H,_(z) > p?/2 for all s € [0,1] and real |z| < L := 2coshk.

Let I' = sup{||Hq, (2)|| : s € [0,1], |z2] < L} < oo. Fix £ > 1/(2log Ry) and put M, = [¢logn].
Below, n is so large that M, +2 < n/2 and (M,, + 1)? < n.

Convergence of the head. We claim that
(4.3) 6n = sup{||Hn,m, [as)(z) — Hq,(2)|| : s€[0,1], z € [-L,L]} — 0.

By Lemma 3.3, for j < M,, and |z| < L both ||G, ;(2)| and ||G;(2)]|| are at most Cy(j +2)eU 1=,
where C'y = 4e®*; here we bound the operator norm by the sum of the absolute values of the
entries and use wy, ; < 1. For any fixed J and all n with M,, > J,

| Hoar, [as] = Ha,ll <3 CollGhj — Gyl +2CoCr Y (5 +2)eV TRy
Jj<J J>J
The second sum is small for large J, since e < Ry. For fixed j, G, ; — G uniformly on [-L, L]
by (3.3) and wy, j — 1. This proves (4.3).

The head is uniformly invertible. For a real 2 x 2 matrix X the smallest singular value is
|det X|/|| X, and | det X —det Y| < [|X = Y|[(| X|| + ||Y]|) (write the determinant as a bilinear
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form in the columns). By (4.2) and (4.3), for large n we have 6, < 1 and det H,, a,[as](z) >
u2/2 — 6,(2I + 1) > p?/4, hence

12

(4.4) Vs fosl () ull 2 2 ull - (ueR?),  2e:= gmms,

for all s € [0,1] and |z| < L.

The tail. Let E = Q;, — Qn,n, With Qp g, built from a,. Then E(z) = .y a;(s)hn—j(z)
and E'(z)/v/n = > o, @(8)wn,jhn—j—1(7), where only indices below n occur, 0 < wp; <1
and h_; = 0. By Cauchy—Schwarz and Lemma 2.2, for = \/nz with |z| < L,

[0 ED)| < va( T ait2) " (Ztu?) " < culoatol

with &, = v2Co(1 — Ry?)~"Y2Ry M \/n(1 + L/2). Since Ry < n~t°8fo and flog Ry > 1,
we have ¢, — 0.

Conclusion. By (4.1), (4.4) and the tail bound, ||(Q%(x), Q5 (z)/v/n)|| > (2¢ — &) ||vn(x)|| >
cllvp(z)]| once €, < ¢, and v, (z) # 0 by Lemma 2.1. O

Remark 4.4 (Why the head must be short). Expressing the whole sum @,, through (h,,, hn—1),
that is, using all of (3.2) for 0 < j < n, is badly conditioned. At z = 2 write b; = B, j(2), so
that wy, j_1b; = 2bj_1 — wp j—2bj_o for 2 < j < n by (3.1). Induction gives b; > bj_1/wy j—1 >0
for 1 < j < n: if bj,Q < wnJ,ij,l, then wn’j72b]’72 < bjfl, SO wn,j,lbj > bjfl. Hence, by the
bound n! < ey/n(n/e)",

n—1 1 1 1/2 n"y1/2 en/2
Bnn(2) > zl_[1 g ((n_ 1)!) - <F) = (e2n)1/4

For a(w) = >, t79/2wl with 1 < t < e, which is admissible with radius v/Z, every term of
> j<n @jBn,;(2) is nonnegative, and the sum is at least t7"/2B,, ,(2) — oc. So the full backward
coefficients are unbounded at the edge of the bulk, although the physical values @, (2y/n) and

hn(24/n) are not affected. The proof above avoids the problem by expanding only O(logn) terms
and estimating the rest directly through Lemma 2.2.

5. THE EXTERIOR

Proposition 5.1 (Exterior asymptotics). Let (as) satisfy (H1). For every compact set K C
C\ [-2,2],

|

s€[0,1], ze K hn(\/ﬁz)

Proof. Let ¢? = ¢2({0,1,2,...}) with basis (e;). Let Ty, be the free Jacobi operator, Tooe; =
ei—1 + eit1 (with e_; = 0), and let T,e; = 7y, j—1€i—1 + T i€it1, Where 7, ; = /1 — (i + 1) /n for
0<7<n-2and 7,; = 0 otherwise. Thus T, is the direct sum of nil/ZJn, with the order of
the basis reversed, and the zero operator. Both operators are self-adjoint with norm at most 2.

Fix z € K and let dx = dist(K,[—2,2]) and ¢ = maxg |r| < 1. By Lemma 2.4, u =
(2 — T,,) " teg has coordinates u; = h,_1_i(y/nz)/hn(y/nz) for i <n —1 and u; = 0 for i > n.
A direct check shows that y = (z — Ts) “leg has coordinates y; = 7(2)"!: indeed zyg — 11 = 1
and zy; — ¥i_1 — ¥is1 = 0 because 7 +r~! = z. By the second resolvent identity,

lu =yl = [z = T) ™ (Lo = Too)yll < dig' |(Tn = Toc)yll-

—as(r(z))| — 0 (n — o0).
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The operator T,, — T\, is tridiagonal with zero diagonal and off-diagonal entries —e, ;, where
0<eén;=1—7,,; <min(l,(i+1)/n). Since |y;| < o1,
4 /2 9 . 1/2
”(Tn o Too)yH < 2( 6%,i92(1+1)) <= (Z(Z 4 1)2Q2(l+1)> .
i>0 " Niso

Now Q,(vii2) /i (Vi2) = ao(s)+ 50y a;()uy—1 and as(r()) = ag(s)+ 5,1 a;()y;1. Since
u; = 0 for i > n, their difference is .~ a;(s)(wj—1 — yj—1), which is bounded by

(Z aj(8)2> 1/2“u —yll < = 3526;?/2 o <Z(Z n 1)2Q2(i+1))

j>1 i>0

1/2

by (H1). The right side does not depend on s € [0,1] or z € K and tends to 0. O

Lemma 5.2 (Colleague matrix). Let ag, . .., a, be real with ag # 0, let Q(z) = >, ajhy—j(w),
and put
b= (an,an-1,...,a1) €R",  C=n""2J, —aglen1b”.
Then
vn!

ap nn/2

det(zI — C) = Q(Vnz).

Consequently every zero z of Q(y/n-) satisfies |z| < 2 + \a0|_1(2?:1 a?)l/Q.

Proof. Since det(xI —.J,,) = He,(x) = v/n! h,(x) and, by (2.2), adj(z] — J,)en_1 = Hey, (2) (2] —
Jn) " ten—1 = /(n — 1) py(x) (first where h,,(x) # 0, then everywhere as a polynomial identity),
the matrix determinant lemma gives

det (2] — Jp + e _10") = Vil hy(2) + ‘C{f\/(n — Dol py(z) = vt ().

ao

Put z = /nz and divide by n™2. The bound follows from ||C|| < ||n=Y2J,]|| + ||b]|/|ao| and
Lemma 2.1. [l

Lemma 5.3 (Quantitative exterior lemma). Let a(w) =}, ajwl be a real power series with
laj| < CoRy? for all j > 0, where Cy < co and Ry > 1, and let Q,, = Z?ZO ajhn—j;. Let

0<d<1andd >0, andlet B be a closed disk with BNR =0 and B C {|w| < 1—d}. Suppose
that |a| > 0 on OB and that a has m > 1 zeros in the interior of B, counted with multiplicity. If

2v/2 Cy
(1-— R62)1/2 5d7/2’

(5.1) n > Next 1=

then the polynomial z — Q. (y/n 2) has exactly m zeros, counted with multiplicity, in the domain
J(int B), where J(w) = w + w™", and all of them are nonreal. In particular Q, has a nonreal
zero.

Unlike Proposition 5.1, the lemma has an explicit onset, which depends on a only through
Cy, Ro, 6 and d. This is what is needed when the symbol changes with n, as in the standard
coupling of Section 8.

Proof. A distance bound. For 0 < |w| < 1,

(1= Juwl)?

(5.2) dist (J (w),[-2,2]) > ]
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Indeed | T (w) F 2| = |w F 1*/|w]|, so | T (w) — 2| + |T (w) + 2| = 2(|w| + |w|™1). For y € [-2,2]
we have |y — 2| + |y +2| = 4, and the triangle inequality gives 2|7 (w) —y| > 2(|w|+ |w|™!) —4 =
2(1 = w])?/Jwl.

Proof of the lemma. Since BNR = (), the disk B lies in D\ {0}, where J is conformal. Hence
Q) = J(int B) is a Jordan domain bounded by J(0B), and K = J(B) = 2 is a compact subset
of C\ [~2,2]. Moreover K NR = (), because Im J (w) = Imw (1 — |w|~2) # 0 for w € D\ R. Let
F(z) =a(r(z)) for z € C\ [-2,2]. Since r(J(w)) = w for w € D\ {0} and J is conformal near
B, F has exactly m zeros in 2, counted with multiplicity, and |F'| > § on 02 = J(0B).

The function (1 —z)?/x is decreasing on (0, 1), so by (5.2), dist(K,[-2,2]) > d?/(1 —d) > d?
and g := maxy |r| = maxg |w| <1 —d. With z = ¢®> we have 1 —2 > 1 — (1 —d)? > d, so

. ; 1+z) 2
1)226+1) — x( < £
;(H e 0 <@

The constant family as = a satisfies (H1). So the last display of the proof of Proposition 5.1,
with these bounds for dist(K,[—2,2]) and g, gives for n > next

D) (o) < it V2 el o onon.

su .
p 52)1/2 d2n d3/2

z€K hn(\/ﬁz)

Both functions are analytic near K, since the zeros of h,(y/n-) lie in (—2,2) (Lemma 2.4). By
Rouché’s theorem Qy,(v/n-)/hn(y/n-) has exactly m zeros in €, and since h,(y/n -) has no zeros
in K, so has Q,(y/n-). They are nonreal because Q N R = (). O

6. PROOF OF THE EXACT COUNT

Let a be admissible with radius of convergence R > 1 and zeros wi,...,wg in ID. These are
finitely many, since a is analytic and not identically zero near the closed disk and has no zeros on
its boundary. They are nonzero because a(0) = ap # 0, and they are closed under conjugation.

The deformation. Put pi,(w) = ag Hle(l — w/w;), a real polynomial of degree k, and
Pout = @/pPin. Then poyy is analytic in {|w| < R} (its singularities at the w; are removable,
the zeros being simple), has real Taylor coefficients, satisfies poyt(0) = 1, and has no zeros in
{Jw| < 1}. Let

as(w) = pin(w) pout (sw) = Zaj(s) w, s €[0,1].
Jj=0
For s = 1 this is a, and for s = 0 it is the polynomial py,. The family satisfies Hypothesis 4.1.
For (H1), fix Ry € (1, R); then |as(w)| < max|y<p, [Pin| - maxX|yj<r, [Pout (u)| =: Cp for |w| = Ry,
and Cauchy’s estimates apply. The coefficients a;(s) are polynomials in s, and ag(s) = ag. For
|lw] < 1 we have |sw| < 1, 80 pout(sw) # 0. Hence, for every s, the zeros of as in {|w| < 1}
are exactly wi, ..., wg, all simple. Let Q5 = Z?:o a;(s)hp—j; it is a real polynomial of degree n

with leading coefficient ag/v/n!, and its coefficients are continuous in s. Put

Qns(2) = Q5(Vn2).

Geometry. Let L > 2 and n; be given by Proposition 4.3, and let oo = 2 + |ag| ™ Co(1 —
R;?)~Y/2. By (H1) and Lemma 5.2, all zeros of every Q, s lie in {|2| < go}. Let & > 0 be the
minimum of the distances dist(¢;, [—2,2]), |¢; — (| (i #¢') and |Im (| (for nonreal (;); if k =0
put 6o = 1. Let

0 <e<min(1, (L—2)/2, /3).
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Let D; be the closed disk of radius € about ¢;, and U = {2 : dist(z,[~2,2]) < ¢}. The disks D;
are pairwise disjoint and disjoint from U; those with nonreal centre do not meet R, and those
with real centre are symmetric about R. Moreover U NR = (-2 —¢,2+4¢) C (=L, L). Let

K = {2l < oo+ [Gi] + -+ |Gl + 13\ (U uJint D),

a compact subset of C \ [—2,2] that contains every circle dD;.

Uniform exterior control. Let Fs(z) = as(r(z)). Since r is a bijection of C \ [—2,2] onto
D\ {0} with 7({;) = w; and 7’ # 0, the zeros of Fs are exactly (i, ..., (k, all simple, for every
s. The function (s,z) +— Fs(z) is continuous on [0,1] x K and has no zeros there, so m =
min 1)« g |Fs(2)| > 0. By Proposition 5.1 there is ny such that |@ns(z)/hn(\/ﬁz) —Fs(2)| <m
on K for all n > ng and s € [0,1]. Since hy(y/n-) has no zeros off [—2,2] (Lemma 2.4), we
conclude for n > ny and every s:

(i) @n,s has no zeros in K, and none in {|z| > go}; so all its zeros lie in U U |, int D;;

(ii) by Rouché’s theorem on 9D, @n’s has exactly one zero in int D;, counted with multi-
plicity. It is real when (; is real, because D; is symmetric about R and @n,s has real
coefficients. It is nonreal when (; is nonreal.

Let ng > max(ny,ne, k). For n > ng and every s, the real zeros of Q\ms in U lie in (=L, L) and
are simple by Proposition 4.3, and the real zeros in the disks D; are simple by (ii). So all real
zeros of every @n,s are simple.

Counting. Fix n > ng. By Lemma 2.6, the number N(s) of nonreal zeros of @n,s does not
depend on s. At s = 0 we have Q¥ = Z?:o a;(0)h,—j, because a is the polynomial p;, of degree
k for s = 0, and ag(0) = ap # 0. By Lemma 2.7, @n,() has at least n — k distinct real zeros in
(=2,2) C U. Together with the k zeros in the disks D;, which are disjoint from U, these account
for all n zeros. So the zeros of Qn,o in U are n — k simple real zeros, and N(0) is the number of
nonreal w;. Hence so is N(1).

At s = 1, by (ii) the disks D; with nonreal centre already contain N (1) nonreal zeros. So
@n,1(2) = Qn(yv/nz) has no nonreal zeros in U. Its n — k zeros in U are therefore real, lie in

(=2 —€,2+ ¢), and are simple by Proposition 4.3, and its zeros in the disks D; are simple by
(ii). This proves Theorem 1.4 for every € as above. O

Remark 6.1. The conditions of Definition 1.3 on the zeros of a are used as follows. If a has
a zero € on the unit circle, then det H,(2cosf) = 0 and Proposition 4.3 fails near 2cos6. If
a has a multiple real zero in D, then Rouché’s theorem only gives a cluster of zeros near the
corresponding (;, whose reality is not decided by the leading-order asymptotics; multiple nonreal
zeros are allowed in the version of Theorem 1.4 with an explicit onset in [A]. Neither situation is
covered by Theorem 1.4; Section 9 treats the first one quantitatively for the family a = q(-/\/)
of (1.6), in which a conjugate pair of zeros crosses the unit circle.
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Part 2. The limit law
7. HEAT FLOW AND RANDOM POWER SERIES

Theorem 1.4 is deterministic, and so is its consequence for a fixed power series (Theorem 7.2).
Probability enters only through three facts about the random series ¢: its zeros in D\ {0} are
simple (Lemma 7.4), it has no zero on a fixed circle (Lemma 7.5), and it has nonreal zeros
(Proposition 7.6).

7.1. The heat flow.

Lemma 7.1. Let P(z) = Y 3_cr(v/nz)F/VE! with real coefficients cx, not all zero, let d =
max{k : ¢y # 0}, and for t > 0 let P, = exp(—5-92)P.

(a) Fort >0, Py(z) =Y p_ocrt?/2hi(\/n/t2).

(b) For a real polynomial p let Z(p) be the number of nonreal zeros of p, counted with
multiplicity. If p #Z 0 is a real polynomial and o > 0, then exp(—ad?)p has the degree
and the leading coefficient of p, and Z(exp(—ad?)p) < Z(p). In particular, if P; has
only real zeros, then so has Pyys for every s > 0.

(c) The set {t > 0: P; has only real zeros} is a closed interval [A, 00) with A < co.

Proof. (a) Comparing the generating function e®s—5/2 — Dok Hey, (z)s* /! with
exp(—%@i)e“ = 5/ 2ems

gives Hey(z) = exp(—302)2*. Substituting x = \/n/t 2, so that $02 = ;L-02, gives

exp(—%az) (vnz)F = t*/?Hey, (\/mz)

(b) The degree and the leading coefficient are preserved, since 92 lowers the degree. The
inequality Z(exp(—ad?)p) < Z(p) is a classical theorem of Laguerre and Pélya: if ¢ is an entire
function of the Laguerre-Pdlya class, such as ¢(z) = e = lim,,(1 — agz2)m, then ¢(0)
does not increase the number of nonreal zeros of a real polynomial [32]. For real-rooted p the
real-rootedness of exp(—ad?)p, equivalently of >, gxHep when >, qrx” is real-rooted, is also
proved by Iserles and Saff [22]. For a real-rooted polynomial ¢ this reduces, factor by factor, to
Z(p —cp') < Z(p) for real ¢ # 0, which follows from Rolle’s theorem applied to e~%/¢p(z); the
case (z) = e~ follows by the lower semicontinuity below, since the polynomials (1— ag2ymp,
all of the degree of p, converge coefficientwise to exp(—ad?)p. The last statement of (b) is the
case p= P, a = 5, since Py = exp(—ﬁé?z)Pt.

Lower semicontinuity. If real polynomials p,, of degree d converge coefficientwise to a poly-
nomial p of degree d, then Z(p) < liminf,, Z(p,,). Indeed, around each nonreal zero of p, of
multiplicity p, choose a closed disk that does not meet R or the other zeros of p; by Hurwitz’s
theorem it contains exactly p zeros of p,, for large m, all nonreal.

(c) By (b) the set is upward closed. It is closed by the lower semicontinuity above, because
the coefficients of P, are polynomials in ¢ and P; has the degree and the leading coefficient of P.
It is nonempty: by (a), t=¥2P,(\/t/nx) = 3 ey crxt®=D2h(x) — cgha(z) coefficientwise as
t — 0o. Since hg has d simple real zeros, the argument of Lemma 2.6 shows that P; is real-rooted
for large t. U

Let (n;);>0 be any real sequence and define P,, P, by (1.5). Applied to P, (with ¢ = np—1)
and substituting k = n — j, part (a) gives (1.6):

(7.1) Poy(z) =t"2 QP (Vnz/VE), QW = nt7ih,_;,
§=0
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which is the polynomial of Theorem 1.4 for a = a(), where a®)(w) = q(w/v/t). If P, # 0, the
real-rooting time A,, = inf{t > 0 : P, has only real zeros} is finite, and by Lemma 7.1(c) the
polynomial P, ; has only real zeros exactly when t > A,,. If P, =0 we put A, = 0.

7.2. A fixed power series. Theorem 1.5 is the almost sure form of a deterministic statement
about one power series. Let (1;);>0 be real, not all zero, and let g(w) =) ;njw’ have radius of
convergence p, € (0,00]. Let Z; be the set of zeros of ¢ in {0 < |w| < p,;} and put

(7.2) R.=inf{|lul: we Z,\R} € (0,p,], T.=R;*€]0,00),

with R, = pg if Z; C R, and 00~2 = 0. The infimum is positive because the zeros of ¢ # 0 do
not accumulate at 0. When p, = 1 and ¢ has a nonreal zero in D, this agrees with (1.4).

Theorem 7.2 (A fixed power series). Let q, pg, Zq, Ry, T be as above, and let A, be the
real-rooting time of P, ;.

(a) Let t > 0 with v/t p; > 1 be such that q has no zero on {|w| = t='/2} and all zeros of g
in {0 < |w| < t='/2} are simple. For every sufficiently small € > 0 there is ng such that
for n > ng: all zeros of Py are simple; for each u € Z; with |u| < t=1/2, ezactly one
zero of Py lies within distance € of tu+u™!, and it is real if and only if u is real; all
other zeros of Pyt are real and lie in (—2v/t —€,2v/t +€). In particular the number of
nonreal zeros of Py ¢ equals the number of nonreal zeros of q in {|w| < t=1/2}.

(b) If every real u € Zy with |u| < R, is a simple zero of q, then limsup,, A, < T.

(c) If Ry < pq, then liminf, A,, > T.

In particular, if ¢ has a nonreal zero in its disk of convergence and its monzero real zeros of
modulus less than Ry are simple, then A, — T,.

Proof. Reduction tong # 0. Let mo = min{j : n; # 0} and g(w) = q(w)/w™°, and for n > my let
n' = n—mg and let ﬁn/, ﬁn’,t be the polynomials (1.5) built from the coefficients 7; = 745 of 4.
Since 1,k = 0 for k > n', we have P,(2) = 3" <, -k (v/12)* /VE! = P (A\z) with A = \/n/n’.
For every polynomial p, exp(—s02)[p(A-)](z) = [exp(—sA20%)p](Az); with s = t/(2n) this gives

(7.3) P i(z) = ]Sn/,t(\/n/n’ z) (n > mg, t>0).

So Ay (q) = Ap—m,(G), and the zeros of P, ; are those of ﬁn/,t multiplied by \/n//n =1+0(1/n).
Since Zz = Z4 and pz = pq, the numbers R,, T, and all hypotheses are the same for ¢ and q.
Hence (b) and (c) for ¢ follow from (b) and (c) for . For (a), the points tu +u~! (u € Z,,
lu| < t~1/2) are finitely many, as /2 < p,; they are distinct and off [~2v/%,2v/7], because
u = tu+ut = Vi(w+w ), w = Vtu, is injective on {0 < |u| < t~Y/?} with values off
that interval. Take e smaller than a third of their mutual distances and of their distances to
[—2v/1,2/1], and apply (a) for ¢ with £/2. The zeros of ﬁn/,t then lie in a bounded set, so the
dilation by 1/n//n moves each of them by less than £/2 for large n; it preserves reality and
simplicity, and it maps the £/2-neighbourhoods into the e-neighbourhoods, which are disjoint.
So (a) holds for g. From now on 1y # 0.

(a) The series a®(w) = g(w/+v/t) has real coefficients, radius of convergence vtp, > 1,
a®(0) = 1y # 0 and no zero on the unit circle. Its zeros in D are the points v/ u with u € Z,,
lu| < t~Y/2 and these are simple. So a® is admissible. By (7.1), z is a zero of P, if and only
if z/\/t is a zero of Q%t)(\/ﬁ-), with the same multiplicity, and vt(Vtu + (Viu)™') = tu+ u™'.
Theorem 1.4, applied to o) with €/v/% in place of e, gives (a) after the dilation z — /% z.

(b) The zeros of ¢ in {|w| < pq} are isolated, so the set M = {|u| : u € Z;} is countable.
Let t > Ty, t > 0, with ¢t~1/2 ¢ M. Then /2 < R, < Pq, SO \/qu > 1; g has no zero on
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{jw| = t71/2}; and every u € Z, with |u| < t71/2 is real, since |u| < R., hence simple. By (a),
P, + has only real zeros for all large n, that is, A, <t. Such ¢ are dense in (T}, 00).

(c) Since R, < pq, the closed disk {|w| < min(R, + 1, (R« + pg)/2)} lies in the disk of
convergence and contains finitely many zeros of ¢, so the infimum R, is attained at a nonreal zero
Uy. Let p;2 <t < T,. Then a has radius of convergence \/qu > 1, so by Cauchy’s estimates the

constant family a; = o satisfies (H1) of Hypothesis 4.1 for some Ry > 1. The point w, = v/tu,
is a nonreal zero of a(!) in D, so ¢, = wy + w; ! is nonreal: Im ¢, = Imw, (1 — |w,|72) # 0. The
function a® or is analytic on C\ [—2, 2], vanishes at (,, and is not identically zero, since it tends
to no at infinity. Choose a closed disk B centred at (., disjoint from R, on whose boundary
a®) o 7 has no zero. By Proposition 5.1, Q¥ (v/nz)/hn(v/nz) — a® (r(z)) uniformly on B, so
by Rouché’s theorem this quotient has a zero in B for all large n. As h,(y/n ) has no zeros off
[—2,2] (Lemma 2.4), it is a zero of Qg)(\/ﬁ), and it is nonreal. By (7.1), P, has a nonreal
zero, so A, >t by Lemma 7.1(c). Hence liminf A,, > ¢ for every ¢t < T} close to T. O

Remark 7.3. (i) No condition on circles is needed for the limit: (b) uses only times outside the
countable set {t:t71/2 € M}, and (c) uses none. (ii) Simplicity is needed only for the real zeros
of modulus less than R,; for independent coefficients with a common law as in Lemma 7.4 it
holds almost surely by that lemma. (iii) 7% < 1 is possible when p, > 1. For q(w) = 1 + w?/4

we have R, = 2, so A, — i; indeed Qg) = hp 4 (4t)"'h,_o, and the zeros +2iv/t of a® lie
in D exactly when ¢t < %. So T, > 1 in Proposition 1.2 is a property of series of radius 1. (iv)
If ¢ has no nonreal zero in its disk of convergence and p, < oo, only (b) applies, and gives
limsup A, < pq_2. For t < pq_2 the series a(¥) has radius less than 1, and Proposition 5.1 does

not apply.

7.3. Random coefficients. Throughout this subsection 79,7;,... are independent random
variables with a common law y that is not a point mass and satisfies [log™ |z| du(z) < oo, and
q(w) = > ;mjw’. Put v, = > g p({z})?; then v, < max, u({z}) < 1. Since D oks1 P(X >
6k) < 671EX for X = log™ |no|, we have >, P(|nx| > €’*) < oo for every § > 0, and the
Borel-Cantelli lemma gives, almost surely, || < e?* for all large k, for every § > 0 (it suffices
to take § = 1/m, m € N), so that p, > 1. Since p # &g, there is b > 0 with P(|no| > b) > 0,
and then |ng| > b for infinitely many k& by the second Borel-Cantelli lemma; hence g # 0 and
pq = 1 almost surely. The events used below are measurable on {p, > 1}. For instance, ¢ has
a multiple zero in a compact set K C D exactly when ming(|¢| + |¢']) = 0, and this minimum
may be taken over a countable dense subset of K.

Lemma 7.4 (Simple zeros). Let no,n1,... be independent with a common law u that is not a
point mass and has [log™ |z|du(z) < co. Almost surely every zero of q in D\ {0} is simple.

Proof. A deterministic claim. Let g Z 0 be analytic in D, let K C D\ {0} be compact with
rg = ming |u| and pg = maxg |u|, and let § > 0 with e®pr < 1. Then there is ky such that for
every k > ko and every ¢ € C with 0 < |¢| < €%, the function g + cw® has no multiple zero in
K.

To see this, let K" = {u : dist(u, K) < 7} with 7 > 0 so small that K’ € D\ {0}. In K’ the
function ¢ has finitely many zeros z1, . .., 2, of multiplicities m1,...,mp, and g = h[[,(w—z;)"™
with h analytic and zero-free on K’'. Let m = Y, m; and M = max; m;, fix s > 0 with 2s < 7
and 2s < |z; — zy| for i # i, and put C1 = maxg |h'/h| +m/s and ¢; = ming |h| - min(s,1)™.
Let u € K. If lu — z;| > s for all 4, then |¢'(u)/g(u)| < Ci. If |u — 2| < s for some 4, then
|u — zy| > s for i’ # i, s0 |g'(uw)/g(u) —m;/(u—2)| < Cy and |g(u)| > c1|u — z|™.

Now let u; € K be a multiple zero of g + cw® with ¢ # 0. Then g(u1) = —cuf # 0

and ¢'(u1) = —keul™1, so ¢'(u1)/g(u1) = k/uy, whose modulus lies in [k/px, k/rK] and so
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exceeds k. Let k > (7. Then the first case is excluded, so |u; — z;| < s for some ¢, and
m;/luy — 2| < k/ri + C1 < 2k/ri. Hence |uy — 2| > rx/(2k) and |g(u1)| > c1(rx/2k)M. But
lg(u1)| = |e|jur|* < (e?pr)¥, which is smaller than c; (rx /2k)™ for all large k. This proves the
claim.

Resampling. Fix a compact K C D\ {0} and § > 0 with e’ maxg |u| < 1, and let A be
the event that p, > 1 and ¢ has a multiple zero in K. Let 7({,7},... be independent with
law p, and independent of n = (n;);>0. Let n®) be n with its k-th coordinate replaced by -
Since the coordinates are independent, n¥) has the law of 7, and the series built from n*) is

g+ (nf — m)w”. Let o(z) = p({z}). Then P(y, = nk | 1) = ¢(nk), and n® =7 on {n}, = ni},
SO

(7.4) P(A) = P(n*) € A) =E[1a(n) o(ne)] +P(n™ € A, nj, # m).

First term. Let € > 0. There are J and an event A ; determined by 7o, ...,ns-1 with P(AAA;) <
e. For k > J the variable 7 is independent of Ay, so E[14,¢(nx)] = P(A)) >, u({z})? =
YulP(Ay). Since 0 < ¢ < 1, the first term is at most v, P(A) +2¢ for k > J. Second term. By the
Borel-Cantelli arguments above, applied with §/2 to  and to 7/, almost surely p, > 1, ¢ # 0,
and |ng| + |n,| < €%* for all large k. On this event the deterministic claim, applied to g = ¢
and ¢ = 7, — nx, shows that the indicator of {n*) € A, n, # nx} vanishes for all large k. By
dominated convergence the second term tends to 0 as k — oc.

Hence P(A) < v,P(A)+ 2¢ for every € > 0, and P(A) = 0 because v, < 1. Exhausting D\ {0}
by the compact sets {1/m < |w| < 1—1/m} proves the lemma. O

No density, continuity or symmetry of the laws is used: the lemma covers Rademacher coeffi-
cients and all other nondegenerate atomic laws with a logarithmic moment. The limit £ — oo is
essential: for random polynomials of fixed degree with an atomic coefficient law, a double zero
in D\ {0} can have positive probability, for instance 1 — 4w + 4w? = (1 — 2w)? when the law
charges 1, —4 and 4. When p({0}) > 0 the zero of ¢ at w = 0 can be multiple; it is removed by
(7.3).

Lemma 7.5 (Zeros on circles). Let ng,m,... be as in Lemma 7.4.

(a) If pu has no atoms, then for every r € (0,1), almost surely q has no zero on the circle
{lw] =r}.

(b) The set & of t > 1 for which P(q has a zero on {|w| =t~Y/2}) > 0 is countable. By (a),
it is empty if p has no atoms.

Proof. (a) Let g(w) = > .5, n;w’, which is independent of 7. Almost surely p, > 1 and not
all nj, j > 1, vanish. Then ¢ has a zero on {|w| = r} if and only if —ny € g({|w| = r}) NR.
The function  — Tm g(re) = 3 i>1 n;77 sin(j0) is real-analytic, 27-periodic and not identically
zero, so it has finitely many zeros in [0, 27), and g({|w| = r})NR is finite. Since 7y is independent
of g and has no atoms, Fubini’s theorem shows that —rnjg lies in this finite set with probability 0.

(b) Fix b € (0,1). Almost surely ¢ # 0 and pg > 1, so the number NN, of zeros of ¢ in {|w| < b}
is finite. Let C) be the event that ¢ has a zero on {|w| = r}. For distinct r1,...,r, € (0,b] each
zero lies on at most one of the circles {|w| = r;}, so

m

> P(C,,) <Emin(m, N;) =o(m)  (m — o),

i=1
by dominated convergence. So for each € > 0 only finitely many r € (0,b] have P(C,) > e.
Letting € | 0 and b 1 1 shows that only countably many r € (0, 1) have positive probability. O
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Proposition 7.6 (Nonreal zeros). Let ng,m1,... be independent with a common law p that is
not a point mass and has fac2 du(z) < 0o. Almost surely q has infinitely many nonreal zeros in
D.

The proof looks at g near the boundary point ¢, where a central limit theorem applies. We use
the following standard facts. Let Q@ C C be a domain and H(£2) the space of analytic functions
on 2 with the topology of locally uniform convergence, a Polish space. By Montel’s theorem,
sets of functions that are uniformly bounded on ) are relatively compact in H(Q2). The Borel
o-field of H () is generated by the evaluations at a countable dense subset of €2, so the law of
a random element of H(Q2) is determined by its finite-dimensional distributions. We also use
Prokhorov’s theorem, the portmanteau theorem for closed sets, Slutsky’s lemma (Xy = X and
d(Xn,Yn) — 0 in probability imply Yy = X), and the fact that X](\l,) = X0 for1=1,....L,
with XJ(\}), e X ](VL) independent for each N, implies joint convergence to independent copies; see
[5, Chapter 1]. The multivariate Lindeberg—Feller theorem follows from the one-dimensional one
by the Cramér—Wold device [4, Theorems 27.2 and 29.4]. Finally, a Gaussian analytic function
F on Q with covariance kernel K (s,s') = EF(s)F(s'), K(s,s) > 0, has a first intensity of zeros
equal to ﬁA]og K (s, s) with respect to Lebesgue measure (the Edelman—Kostlan formula [21,
Section 2.4]).

Proof of Proposition 7.6. Let m = Eng and ¢? = Varng > 0; dividing ¢ by o we may assume
o = 1. Almost surely p, > 1, as shown at the beginning of this subsection, since log™ |z| < z2.
Let Q) = {|s— 1| < 1} and Q= {|s — 1| < 3}. For s € Q we have Res > 1 and |s| < I, so
|1 —es|?<1—¢/dfor 0 <e<ey=4/49. For such € put

we(s) =i(l —es) =ecIms+i(1 —ecRes), f=(s) = Ve q(wa(s)) (s € Qa).

The points we(s), s € Q2, lie in D and are nonreal.

Step 1: the mean. Write g(w) = m/(1 — w) + ¢°(w), where ¢° has the centred coefficients
n;—m, and f. = d.+ f0 accordingly. Since |1 —w.(s)| > v2—%e > 1, the deterministic function
d-(s) = /em/(1 — we(s)) tends to 0 uniformly on Q9 as ¢ — 0.

Step 2: finite-dimensional distributions. For s,s" € Qo,

€ 1 ,
- 1—(1—es)(1—¢ed) - s+’ Ef(s)f2()

N I3
S 1+ (1—es)(1—es)

Ef2(5)f2(s") — 0.
Fix s1,...,8p € Q2. The vector (f2(s;))i<p is the sum over k of the independent centred vectors
Xi = (e —m)(we(s;)¥)1<p. The sum over k > K. = [¢~2] has coordinates of variance at most
€ sk (1— g/4)F < 4(1 —¢/4)Ks — 0. For the sum over k < K. we have | Xy| < \/pg |, —m|,
so for 7 > 0, with e = E[(n — m)21{|n0_m|>T/\/p—E}}, the Lindeberg sum is

ZE[|Xk|21{|Xk|>T}] </ 262 \w5(51)|2k < 4])55 — 0.
k

I<p k

By the Lindeberg—Feller theorem, the finite-dimensional distributions of fO converge to those
of a centred complex Gaussian process F' on Qo with EF (s)F(s') = K(s,s') :==1/(s+ &) and
EF(s)F(s") = 0.

Step 3: tightness. For analytic f on Q9 and s € 5 the disk B(s, %) lies in Qg, and |f(s)|? <
16 fB(s,1/4) | fI>dA. Since E[f2(s)]*> = /(1 — |1 —es|*) <4 on Qy and Qs has area 3%,

16
Esup [f2]? < / E|f2]* dA < 36.
01 ™

Qo
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By Markov’s inequality, Montel’s theorem and Prokhorov’s theorem, the laws of f0 on H ()
are tight. Every subsequential limit has the finite-dimensional distributions of F', so F' has a
version in H(£2;), a Gaussian analytic function with kernel K, and f* = F in H(£;) as € — 0.
By Step 1, also f. = F.

Step 4: the limit has zeros. Here K(s,s) = 1/(2Res) > 0 and £~Alog K (s, s) = m > 0.

By the Edelman-Kostlan formula, F has a zero in B = {|s — 1| < 1} with positive probability
pp. Also F' # 0 almost surely, since F'(1) is a nondegenerate Gaussian variable.

Step 5: independent scales. Let N > 4 be an integer, L > 1, and e, = N 2 forl =1,..., L.
Split fg = flb + fi, where flb keeps the indices N%~1 < k < N2+1. These blocks of indices are

disjoint, so fP,..., f}LD are independent. As in Step 3,

2
Esup | ff]” §9sup€z( Soe Y (1—55/4)"?> gg(ﬁ+4e—N/4).
“ 2 k<N2-1 k> N2+t

Let N — oo with L fixed. Then fgl = I and supq, |f/| — 0 in probability, so flb = F by
Slutsky’s lemma, for each I. By independence, (fP,... ,be) = (F,...,Fr) in H(Qp)", where
Fy, ..., Fp, are independent copies of F. By Slutsky’s lemma and Step 1, also (f,,..., f:,) =
(F1,...,FL).

Step 6: counting. The set C = {g € H(1) : ¢ has no zero in B, or g|p = 0} is closed, by
Hurwitz’s theorem. The regions w., (B) lie in the annuli {3¢; < |w—i| < 3¢;}, which are disjoint
for N > 2, and they consist of nonreal points of D. If ¢ # 0 and ¢ has fewer than j nonreal
zeros in D, then f;, ¢ C for at most j — 1 values of I. The set Cr, ; of (g1,...,91) with g, € C for
at least L — 7 + 1 values of [ is a finite union of finite intersections of closed sets, hence closed.
Let V; be the event that ¢ has fewer than j nonreal zeros in ID. By the portmanteau theorem,
and since P(FF € C) =1 — pp,

P(V;) < njxvnsupIP((fEl, o fer) €CLG) <P((Fy,...,FL) € Cry) = P(Bin(L,pB) < j).
—00

The left side depends neither on N nor on L, and the right side tends to 0 as L — co. So ¢ has
at least j nonreal zeros in D almost surely, for every j. O

No zero—one law is used: the probability of the fixed event is bounded by a binomial tail
for every L. For standard Gaussian coefficients the central limit step is not needed, since f. is
exactly Gaussian. In that case Feldheim’s law of large numbers for zeros of stationary Gaussian
analytic functions in a strip [16, Theorem 1], applied to g(tanhwu)/coshu (whose covariance
kernel is sech(u — v)), gives another proof.

The convergence of rescaled random power series with independent coefficients to a Gaussian
analytic function near the boundary of the disk is the universality principle of Ledoan, Merkli
and Starr [26], extended by Shirai [42]; Steps 2 and 3 are an instance of it, at a single boundary
point and with independent scales. For symmetric coefficient laws, Nazarov, Nishry and Sodin
[29, Theorem 1.3] prove a stronger statement under weaker assumptions: if lim sup; ;|17 =1
and > j 77]2 = oo almost surely, then almost surely g takes every complex value b infinitely often
in D, with > (1 — |w|) = oo over the solutions of ¢(w) = b. Whether this yields nonreal zeros
without a second moment is discussed in Remark 7.7.

We now prove Theorems 1.5 and 1.1. Let no,n1,... be independent with a common law p
that is not a point mass and has [2%du < co. Then [log™ |z|du < oo, since log™ |z| < 22, so
the results above apply.

Proof of Theorem 1.5. Work on the almost sure event on which p, = 1, every zero of ¢ in D\ {0}
is simple (Lemma 7.4), and ¢ has a nonreal zero in D (Proposition 7.6). The zeros of ¢ in each
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disk {|w| < b}, b < 1, are finitely many, so the infimum (7.2) is attained, it agrees with the
minimum (1.4), and 0 < R, <1 = p,. Hence 1 < T, < oo, and Theorem 7.2 gives A,, — T.
Now fix t > 1 with ¢ ¢ £, where £ is the countable set of Lemma 7.5(b). Then almost surely
¢ also has no zero on {|w| = t~/2}. On this event the hypotheses of Theorem 7.2(a) hold, since
Vipy = v/t > 1 and all zeros of ¢ in {0 < |w| < t~/2} are simple, and Theorem 7.2(a) gives the
description of the zeros of P, ;. O

Proof of Theorem 1.1. For each n the real-rooting time of a polynomial is a measurable function
of its coefficients, namely the infimum of the rational ¢ > 0 at which the polynomial is real-rooted
(Lemma 7.1(c)). Since (9, ...,m0) and (&, ..., &) have the same law, AS'd has the law of A,
which converges almost surely, hence in distribution, to T by Theorem 1.5. Likewise, for ¢ > 1
with t ¢ £, the number of nonreal zeros of Gy, ; has the law of the number Nt(n) of nonreal zeros
of P, ;, which by Theorem 1.5 is almost surely eventually equal to

Ny =#{ueD\R: gu) =0, [ul <t~'/?}.

In particular P(G,, real-rooted) = P(N[™ = 0) — P(N; = 0). Finally {N; = 0} = {R, >
t=1/2} = {T, < t}, and by the symmetry of the zeros under conjugation this is the event that ¢
has no zero in {|w| < t~/2, ITmw > 0}. O

Remark 7.7 (Without a second moment). Let the n; be independent with a common law p that
is not a point mass, and assume only flog+ |x| du < oo. Lemmas 7.4 and 7.5 and Theorem 7.2
still give the following. Almost surely, on the event that ¢ has a nonreal zero in D, A, — Tj;
off this event R, = p, = 1, and limsup A,, < 1 by Theorem 7.2(b). For every ¢t > 1 with t ¢ &,
almost surely the number of nonreal zeros of P, ; is eventually the number of nonreal zeros of
q in {Jw| < t7%/2}. So the statements of Theorem 1.1 for fixed ¢ hold, with P(T, < t) read as
the probability that ¢ has no nonreal zero in {jw| < t~'/?}. We do not know whether ¢ has
nonreal zeros almost surely when only [log™ |z|du < oo is assumed. For symmetric laws, [29,
Theorem 1.3] gives },,)—o(1 — |w|) = oo almost surely under this assumption alone, since then

pq = 1 and Zj 7]]2 = oo almost surely; so it would suffice to show that the real zeros satisfy
d>o(1—|x]) < 0.

7.4. The limit law. By Theorem 1.1, P(T} > t) is the limit of P(G, is not real-rooted) for
t ¢ £. Its decay as t — oo is governed by the probability that ¢ has a nonreal zero in a small
disk about the origin, which requires the first two coefficients to be small.

Theorem 7.8 (The tail of Ty). Let no,m1,... be independent. Suppose that ny and n; have
densities fo, f1 that are bounded on R and continuous at 0, that En3 < oo, and that SUp;>3 En?- <
0. Then q is almost surely analytic in D, and

hﬁ} r3P(q has a nonreal zero in {|w| < r}) = %fO(O)fl(O) E[n3).

In particular, if the n; are identically distributed with a bounded density f that is continuous at
0, and Eng < 00, then

BT > 1) = & FOELR] 92 (140(1)) (¢t o0),

read as o(t=>/?) if f(0) = 0. For standard Gaussian coefficients the constant is %, and for the
uniform law on a symmetric interval it is %.

Proof. Let A, be the event that ¢ has a nonreal zero in {Jw| < r}. It is the union, over
the closed disks B with rational centres and radii contained in {|w| < r} \ R, of the events
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{ming |q| = 0}, hence measurable. Since sup;>,E[n;| < oo, the Borel-Cantelli lemma gives
lim sup; \njll/j < 1 almost surely, so ¢ is analytic in . In the identically distributed case
{T >t} = A, 1,2, the series ¢ having nonreal zeros by Theorem 1.5; and the standard Gaussian
density has f(0)? = 1/(2n), while the uniform law on [—b,b] has f(0)?End = (2b)~2-v?/3 = L.
So it suffices to prove the first statement.

Fix0<r§iandput

Fr(2) =7 2q(rz) = X + Yz +1m22° + he(2), X = n—g, Y = @, hr(z) = anrj%zj.
r r =
Then A, is the event that F, has a nonreal zero in D. Let ' = (n2,m3,...) and T' =
27 Z]>3|7]j\( )773; by Minkowski’s inequality [Tz < 257 sup;>g [[jll2 < oo. For |2] < 3 we
have I =22 < 1"4 (=3 . %(%)] 3 so
(7.5) sup |h,(2)| < rT.
|2|<3/2

For fixed w’ let D,.(w') be the set of (x,y) € R? such that = + yz + 1m22% + h,.(z) has a nonreal
zero in D. Since (o, n1) is independent of w’ and has the density fo(u)fi(v), the substitution

(no,m) = (r®x,ry) gives
(76) ]P)(AT | w/) _ T3/ fo(T2$)f1(7’y) dx dy
Dy (w")

A box. Let m,y,c € R, and let h be analytic near {|z| < 3}, with real Taylor coefficients
and |h| < e there. Suppose F(z) = z + yz + cz? + h(z) has a nonreal zero in D. Then F has
at least two zeros in D, a conjugate pair. If |z| > |y| + |¢| + ¢, then |F — z| < |z| on |z| = 1,
and Rouché’s theorem gives no zero in D; so |z| < |y| + |¢| +e. On |z| = 5 we then have
|z + yz| > 3]y| lx| > |y| |c| — ¢ and |cz? + h(2)] < %|c| +e If Jy| > 123 c| + 4e, then
|z + yz| > |e2? + h| on ]z\ = 3, so F has at most one zero in {|z| < 3}, which is impossible.
Hence |y| < L¥|c| + 4¢ and |z| S Ble| + 5e. By (7.5), with e = 7' < T,

(1) Di) CBW) := [~lmal — 5T, Blna| +5T] x [~ 2| — 4T, Blno| + 4T,

a rectangle of area at most 240(|nz| + I')2.

The limit region. For ¢ € R let Dy(c) be the set of (z,y) such that Fy(z) = = + yz + cz? has
a nonreal zero in ID. For ¢ # 0 the zeros of Fyy are nonreal if and only if y?> < 4cx, and then
they have modulus \/z/c; so Dy(c) = {(z,y) : 0 < z/c < 1, y? < 4cx}, and for ¢ > 0 its area is
Jy 4/cx dx = §c?, as also for ¢ < 0 by the symmetry (z,y,c) — (—z, —y, —c). Also Dy(0) = 0.

Pointwise convergence. Fix ' with I' < oo and put ¢ = 1. We claim that 1p,w)(z,y) —
1py(e)(z,y) as r | 0 for almost every (z,y) € R%. Fix (z,y); by (7.5), F, — Fp uniformly on
{|z| < 3}, where now F,(2) = z + yz + 2% + h,(2). Let first ¢ # 0, and exclude the null set
{y? = dcx}y U {z = ¢}. (i) If (z,y) € Do(c), then Fy has a simple nonreal zero zp € . Take
a closed disk B 3 zp in D \ R on whose boundary Fy does not vanish and which contains no
other zero of Fy. By Rouché’s theorem F) has a zero in B for small 7, so (z, y) € D, (w'). (i)
If y? > 4cz, then Fy has two simple real Zeros uy # ug. For each u; Wlth lug| < 3 5 take a closed
disk B; centred at u;, of radius less than 7> such that these disks are disjoint and contain no
other zero of Fp, and let K = D\ |, int B;. Then Fy does not vanish on K U |J; dB;, so once
SUP|+|<3/2 |F. — Fp| is less than the minimum of |Fp| there, F, has no zero in K and exactly one
zero in each B;, which is real because F; is real on R and B; is symmetric about R. So all zeros
of F, in D are real, and (x,y) ¢ D,(w'). (iii) If 42 < 4cx and 2/c > 1, then Fy has no zero in D,
hence neither has F;. for small . These cases exhaust the complement of the null set. If ¢ = 0,
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exclude the null set {|z| = |y|}. Then |Fy| > ||z] —|y|| > 0 on |z| = 1, so for small r the function
F,. has as many zeros in D as Fj, at most one, and a single zero of a function that is real on R
is real. So (z,y) ¢ D,(w’) for small r, and Dy(0) = 0.

Conclusion. For fixed w’ with I < oo, the integrand 1p () (z,y) fo(r?z) f1(ry) in (7.6) is dom-
inated by || follcoll f1llco15(r), by (7.7), and converges almost everywhere to fo(0) f1(0 )1D0 (2)> DY
the continuity of fo, fi at 0. By dominated convergence, r 3P(4, | w') — % fo(0) f1(0)n3. More-
over 7 3P(A, | W) < 240||f0||oo||f1||oo(|772| +T)2, which is integrable. Dominated convergence in

W' gives r3P(A,) — 3f0( )f1(0)E[n3]. O

The exponent % has a transparent source: (1o, 7;) must lie in a region of size 72 x r, and 7 is

unconstrained. Only the densities of 19,71 at 0 and the second moment of 7o enter the constant.
For Gaussian coefficients there is also an exact bound, valid for all £ > 1, through the expected
number of nonreal zeros.

Lemma 7.9 (Expected number of pairs). Let 19,71, .. be independent standard Gaussian vari-
ables, and let k, be the number of zeros of q in {|w| <r, Imw > 0}. For0<r <1,

11402
wll—r2
Consequently P(T, > t) < s(t~/2) for every t > 1.

Ek, = »(r) :=

4 .
arctanr — artanh r} =3 r?(1+7r%+0(rh) (r —0).
7r

Proof. The zeros of ¢ in the upper half-disk have the first intensity
|z — 2|
™1 =22 (1 = |2?)?
with respect to Lebesgue measure: this is the limiting intensity of the complex zeros of real
Gaussian Kac polynomials computed by Shepp and Vanderbei [40, Theorem 1.2], and the case

n =1 of the Pfaffian formula of Matsumoto and Shirai [27, Theorem 2.7]. In polar coordinates
z = pe" we have |1 — g?e%?|? = (1 + 92)2 — 40? cos? §, and with u = cos#,

/” sin 6 df / 1 . 20 2 " 0<o<1)
5, = —arcsim ——; = — arctanpg % .
o [1— o2 ~ VO + 022 —40%2 0 1+0% o

pe(z) =

Hence Ek, = %fo Qarctang(l 0%)"%dp. Integrating by parts with o 2(11g 5 = (1_992)2, and

. 1 1
USIME T2y (i+e?) — 2( 2T 1+@ )

o 4 [ arctanr artanh r + arctanr (r)
== - = ().
"o l2(1 —r2) 4

Multiplying the Taylor series gives ms¢(r) = 5(r® +r°) + 22(r" + %) + O(r'!). Finally, with
r=t"12 {T. >t} = {R. <7} = {k, > 1}, and Markov’s inequality gives P(T} > t) < Ek,. O

By Theorem 7.8, the bound of Lemma 7.9 is asymptotically sharp as t — co. The intensity
pe can also be obtained from the Rice formula [2, Theorem 6.2], applied to the Gaussian field
(Req,Imgq) on D\ R.

Proof of Proposition 1.2. That 1 < T, < oo almost surely was shown in the proof of Theo-
rem 1.5. For t > 1, {T, = t} is contained in the event that ¢ has a zero on {|w| = t~'/2}, which
is null for ¢ ¢ £. Together with P(T, < 1) = 0 this shows that the atoms of the law of T} lie
in £, which is empty if p has no atoms (Lemma 7.5). For standard Gaussian coefficients the
asymptotics are Theorem 7.8, and the bound is Lemma 7.9. The asymptotics give P(Ty > t) > 0
for large ¢, hence for every t, as P(T, > t) is nonincreasing in ¢. ]
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Remark 7.10 (The law of Ty is not universal). The convergence A, — T} holds for every law as
in Theorem 1.5, but the law of T, depends on u, also after normalisation: T, does not change
when ¢ is multiplied by a nonzero constant. If the support of u lies in {z : by < |z| < ba} with
0 < b1 < by, then \q(w)] > by — bQ‘w’/(l — |w\) > 0 for ]w| < bl/(bl + b2), so R, > bl/(bl -+ bg)
and Ty < (14 by/b1)? almost surely. For Rademacher coefficients, 1 with probability % each,
this gives T, < 4, whereas for Gaussian coefficients P(Ty > t) > 0 for every ¢t. Among laws with
a bounded density that is continuous at 0, the tail constant § f(0)?E[nZ] of Theorem 7.8 also
depends on the law: it is %r for centred Gaussian coeflicients and % for coefficients uniform on
a symmetric interval.

7.5. The law of T} near t = 1. Throughout this subsection the 7; are independent standard
Gaussian variables. For 0 <r < 1let D, = {|w| < r} and D} = {w € D, : Imw > 0}, and let
k, be the number of zeros of ¢ in D;f, as in Lemma 7.9; so P(T, < t) = P(k;—1/2 = 0) for ¢ > 1.
By [27, Theorem 2.7] the zeros of ¢ in DT = {w € D : Imw > 0} form a Pfaffian point process:
their correlation functions with respect to Lebesgue measure are

(7.8)

n

1

\n
i) i

P K= (R0 RED).

P21y .oy 2n) = (

where F(z,y) = (x — y)/(1 — 2y)?, (K°(2i,2;))i; is the antisymmetric 2n x 2n matrix with
the 2 x 2 blocks K“(z;,z;), and Pf B = bjp for n = 1. For n = 1 this is the intensity p. of
Lemma 7.9. For a trace class operator T we write tr’7" and det(I 4+ T') for its trace and its
Fredholm determinant [30, Section 14.5], ||T|| for its norm and ||T||, for its Schatten p-norm:;
9Ny = {0,2,4,...}.

Prop051t10n 7.11 (The law of T, as a Fredholm determinant). For 0 <r <1 and m,n >0 let
Grmn(r) = 2 fD+ Im(2™z") |1 — 2%|71dA(z), and for m,m’ € 2Ny let Xy /(1) = m Gpyr gn—1(r) —
(m + 1) gm 7m+1( ), where the first term is 0 for m = 0. Then X(r) is a trace class operator
on (2(2Ng), tr X (r) = »(r), and Es* = det(I — (1 — s)X(r)) for every s € C. In particular
P(T, < t) =det(I — X(t*1/2)) for every t > 1.

Proof. Fix r and put A=1 —s.

Step 1: a Fredholm Pfaffian. Let d(z) be a square root of (il — 22|)~! and K(z,w) =
d(z)d(w)K®(z,w). Since Pf(DBDT) = det D Pf B with D = diag(d(z1),d(z1), .. ( n), (zn))
(7.8) reads p, = Pf(K(z;,2;)). The kernel is bounded on {|z| < r}: there \1 — 2} >1-
and |1 — zw| > 1 — 72, so the entries of K are at most C, = 2r/(n(1 — r?)3). By Hadamard’s
inequality and Pf(B)? = det B, an antisymmetric 2n x 2n matrix with entries bounded by C
has | Pf B| < (2n)™2C™. Hence IE(]::) = %f(Di’)" pn < (mr2C)"(2n)2 /), so E(1 + §)kr =

>, 0"E (]j: ) < oo for every § > 0, and by dominated convergence

(7.9) E sk = Z (_n);)n /(D*)n Pf(K(z;, zj>)i,j§n dA(z1) - dA(z) (s €C),
n>0 T

the Fredholm Pfaffian Pf(J — AK) of [37, (8.3)]. In particular Es*" is entire in s.

Step 2: truncation and the square. Expanding, F'(x,y) = >_,, >0 Amn2™y" with Ay, 1 =
m = —Am_1m for m > 1 and Ay, =0 if |m —n| # 1. So K¢(2,w) = ®(2)A®(w)T, where ®(2)
is the 2 X oo matrix with rows (2™);,>0 and (2™)m,>0. For odd M let AM) — (Amn)mn<m, let
® s be the corresponding 2 x (M + 1) matrix, KM (z, w) = d(2)d(w)®p(2) AM &y (w)7, and
let far(s) be the series (7.9) with K ™) in place of K. Since > [Amn | = 2r /(1 — )2
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the entries of K(*) are bounded by C, and K™) — K uniformly on (ID;)?; so far(s) — Es*r
as M — oo, by dominated convergence.

The kernel KM is bounded and antisymmetric, KM (w, 2)7 = —KM)(z,w). Let J =
(% %). The identity Pf(J+ K)? = det( + J 1K) of [37, Lemma 8.1, (8.6)], with K = —\K*)
and J~1 = —J, gives

(7.10) Zn'/ > det((JK(M)(zi,zj))aiaj)' dA(21) - - dA(zn),

<
n>0 ac{1,2}n BI=n

the Fredholm determinant of the kernel AJK®M) on D x {1,2}. Rains states (8.6) without
analytic hypotheses. For a bounded antisymmetric 2 x 2 kernel K on a space of finite measure
both sides are absolutely convergent series, by Hadamard’s inequality, and (8.6) follows by
integrating over the n-th power of the space the pointwise identity

Y PIK(S)PIE(S)= > det( 1K(yi,yj))aiaj>ivj§nv
SUS'={1,....n} ac{1,2}n
where K(S) = (K (yi,y;))ijes- This identity is the coefficient of wy - --wy, in Pf(J, + N)? =
det(J,+N) = det(I+.J, ' N), where .J,, = diag(J, ..., J) and N = (,/wiw; K (yi, y;))i,j<n, Whose
Pfaffian is ) ¢ [[,cq wi Pf K(S). Now JKM) (2 w) = u(z)v(w) with u(z) = d(2)J®y(2) and
v(w) = d(w)AM®y(w)T, and d(w)?(Par(w)T TP p (W))n = (WMD" — T/ (7i|]1 — w?|).
By the Cauchy-Binet formula and Andréief’s identity, (7.10) equals det(I + A ij vudA) =
det(I + )\A(M)Q(M)), where G(M) = (Grn (7)) mn<-
Step 3: parity. The map z + —Z preserves D;f, dA and |1 — 22|, and Im((—2)™(—2)") =

—(=1)™*" Im(2™2"); 80 Gmpn = 0 when m—+mn is even, and so is A,,,. Order the indices 0, ..., M
as (even, odd), two groups of (M + 1)/2. Then AM) = = ( gT Ag") and G(M) = (7§T gg"), so

AMGM) — _ diag(A.,GL, AL G.,) and, by det(I — BC) = det(I — CB) and transposition,
far(s)? = det(I — AXM)?2 with XM) = A,,GT. Here XT(nAQL, = 0 AmnGmm = MGy m—1 —
(m+1)Gpns 1 for even m,m’ < M —1, since both neighbours m =1 of m are at most M: X M)
is the compression of X (r) to the even indices at most M — 1. Since |Gpn| < 7™ 72/(1—12), we
have | X, | < (2m1)7rm+™+1/(1—12) and > mm | Xmms| < 0o. A matrix unit has trace norm
1, so X(r) is trace class, X(™) — X(r) in trace norm, and det(I — AXM)) — det(I — AX (7))
[30, Lemmas 14.38 and 14.39]. Hence f2 = g for the entire functions f(s) = Es* and g(s) =
det(I — (1 — s)X(r)). Since f(1) = g(1) = 1, the factor f+ g of (f — g)(f +¢) = 0 is not
identically zero, so f = g: the sign is fixed by the value 1 at s = 1. The coeflicients of s — 1 give
tr X (r) = Ek, = 5(r), and s = 0 gives P(k, = 0) = det(I — X(r)). O

Remark 7. 12 (Numerical evaluation). In polar coordinates G (r) = 2 o @"THLS n(0) do
with Si(0) = fo sin(kf) |1 — o%*e??|71df. Here S, = 0 for even k, S_ = —Si, Si(0) =
2071 arctan o (proof of Lemma 7.9), and for odd k > 1, with 2 = ¢,

(k+ 1) Spya — k(1 +22) S + (k — 1)a S = —2(1 - 2),

as one finds by integrating D ¢’ + 2z sin(26) g = 0, where D = |1 —ze*?|? and g = D~1/2, against
cos k@ over [0,7]. Solved as a boundary value problem (forward recursion is unstable), with
Gauss—Legendre quadrature in ¢ and truncation at m < 14/(1—r), this evaluates — log P(T < t)
to about 10~7 (absolute; tested by a 25% change of the truncation) for ¢ — 1 > 0.0026. For
example, numerically P(7, < 100/81) = 0.10868062 (r = 0.9) and — logP(T, < 10000/9801) =
36.180955 (r = 0.99). The law of k, given by det(I — (1 — )X (r)) agrees with Monte Carlo
simulations of ¢ for 0.5 < r < 0.9.
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Theorem 7.13 (The hole probability from above). For standard Gaussian coefficients,

7T2

limsup (t — 1) logP(T, <t) < ——.
t}1 12

That is, for every ¢ < w2 /12 there is to > 1 such that P(T, <t) < e~ for 1 <t <tg.

The constant is half of the constant 72/6 for the Gaussian power series with complex coeffi-
cients [35], and it is attained, by Theorem 7.18 below. The factor % arises in the upper bound
because the kernel of the determinant is, up to an error of Hilbert—Schmidt norm O(log ﬁ),
the reproducing kernel of the even functions in the Bergman space of D (Lemma 7.14), and in
the lower bound because the symmetric part of X (r) is at most diag(r?*™1),,con, (Lemma 7.17
and Step 1 of the proof of Theorem 7.18).

The operators. Fix r € (0,1) and put ¢ = logt = —2logr and ¢, = log 1—; For m € 2Nj let
Ym(2) = mz™"t — (m + 1)2™*!, and define U : £2(2Ng) — L?(D,) and V : L2(D,) — ¢2(2Ny),
with Lebesgue measure on D,., by

WA = 3 o™ VPn= [ (G AAG) () = EEEIE)

me2Ng r
As[1-2% > 1-r?onD, and >, (2m+1)?r?>™ < oo, both are Hilbert-Schmidt. Splitting D, into
D, and its conjugate gives Gy (r) = = Jp, sen(Im z) 2™ 2" (1 — 22|71dA(z), hence X (r) = VU.
The operator £ = UV on L*(D;) has the kernel Y, 2™ vy, (w); summing with Y7, oy, ma™ =
20*(1—2?)"% and Y, con, (M + 1)a™ = (14 2%)(1 — 22) 72, z = zw,

sgn(Imw) z—w zZ+w

(7.11) L) = o =) [(1—,271))2 T 1+ zw)?
X(r) and L are trace class, as products of two Hilbert—Schmidt operators. For p # 0 and k > 1,
U maps ker(VU — ) into ker(UV — p)k, as (UV — p)*U = U(VU — p)¥, and injectively, as
Uc =0 and (VU — p)fe = 0 give (—p)*e = 0; likewise V maps back injectively. So X(r)
and £ have the same nonzero eigenvalues ), repeated according to algebraic multiplicity, and
>k [Ak| < 00 [30, Proposition 14.21]. We use three classical facts.

(i) P(Tx < t) =det(I — X(r)) = [[,(1 — Ag), by Proposition 7.11 and [30, Theorem 14.44].

(i) tr £7 = >, )\i for j > 1, and tr £ = tr X(r) = »(r). For j = 1 this is Lidskii’s theorem
[30, Theorem 14.34], applied to £ and to X (r). For j > 2, from I — /L7 =[] ;_,(I —wvL), the
multiplicativity of det [30, Lemma 14.40] and [30, Theorem 14.44], det( —7£7) = ], (1—17 )\?{)
for v € C; compare the coefficients of 1/7.

(iii) For p > 2,
(7.12) 2ok Ael? < [IL][p-

This is Weyl’s inequality between the eigenvalues and the singular values [49]; for compact
operators see [44, Chapter 1].
The comparison operator K is the integral operator on L?(ID,) with the kernel

1 1 1 }_1

(z,w € D,).

Key(z, = 5= - —
(z,w) 27 L(1 — zw)? * (1+ zw)?

— Z (m+1)z"w™.

s
me2Ng

The 2™ are orthogonal in L?(ID,.), with ||2™[|? = 7r?™F2/(m+1), so K2™ = r?™+22™ for even m,
and K vanishes on the orthogonal complement of these functions. So K is self-adjoint, ||| < 1,
its nonzero eigenvalues are e~ 2k*T1s k> 0, and

(7.13) k= K = Yympe @9 = 1/(2sinh(je) (> 1).
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Lemma 7.14 (The even Bergman kernel). ||£ — Klj2 <1+ 4,.

Proof. Let R = L — K, with kernel R = £ — Ko,. As L(Z,w) = L(z,w) and K (Z,0) =
Kev(z,w), |RI3 = 2fD+ Jo, |R(2 (z,w)]?dA(2) dA(w). Let w € D and 7 = 2Imw/|1 — w?.
From —i(z — w) = —i(z —w) + 2Imw and i(z + w) = i(z + w) + 2Imw,

R(z,w) = 2;[(_2'(2_‘”)—(1—7))( L +(i(z+w)—(1—7))71 > ]

11— w?| 1— zw)? 11— w?| (14 zw)?

Here 0 < 7 < 1, as |1 — w?]? = (1 — |w|?)? + 4(Imw)?, and |z F w| < |1 F 2], as |1 — zw|* —
|z —w]®> = (1 —|2/*)(1 — |w|?). Expanding in powers of zw and using the orthogonality of
the 2%, [i 11 F 20| ?dA(2) = Ypuo 2w /(k + 1) < 70 X s0r" 1/ (k + 1) < 7l and
fDo" [1F2w|~dA(z) < > k>0 m(k+1)|w|?* = 7(1—|w|?)~2. With (a1+ - -+a4)? < 4(a2+---+a?),

2 e, 1—7)2
|R(= w)\QdA( ) < [|1 w2 (1(_ \w])Z)Q

Dy

To integrate over w, substitute w = tanh((/2), ¢ = u + v, which maps the strip {0 < v < §}
conformally onto DF. Then w = (sinhu + i sinv)/(coshu + cosv), |dw/d(| = (coshu + cosv) !,
|1 — w?| = 2(coshu + cosv)™!, 1 — |w|?> = 2cosv (coshu + cosv)™! and 7 = sinv. Also |w|? =
(coshu — cosv)/(coshu + cosv) > tanh?(u/2), so w € D forces |u| < 2artanhr. Hence
fJDJ?«“ 11— w?|2dA(w) < f‘u|<2artanhr fﬂ/z 1 dvdu = % artanhr and

1— 2 A /2 1 — s 2
/ % < / / w dv du = (2 — i) artanh r.
D (1 - |w‘ ) |u|<2artanhr J0O 4 cos®v 2

So |R||3 < 2artanhr (€, + %) < (log2 + £,) (6, + £5) < (14 4,)2. O

Lemma 7.15. Let p > 2 be an integer and Cp = max(2e,1 + Hy_1), where Hy 1 = 3, %
For every A € C, log |1 — \| < —Re Y1) LM 54 Cy| AP

Proof. Let h(\) be the left side minus the sum. If [A[ > 1, then b <log(1+[A)+>_;, AV /5 <
IN+Hp—1 AP~ < (1+Hp—1)|AP. If|A| < Land [1—-A| < 1/(ep), then h < —1—logp+H,—1 <0,
as Hy_1 < 1+logp. If |\ < 1and |[1—-A| > 1/(ep), then h = —ReE]> N/j. With o = Z]_p A
we have |o;| < 2[A|P/[1—A[, and summation by parts gives [ >~ N /j[ =[5, ](] ]H)] <
2[A[P/(pl1 = A) < 2e|A]P. 0

Proof of Theorem 7.13. Let t > 1 and r = t~ /2, so 7> = ¢~5. By Lemma 7.14 and (7.13),
R|l2 <1+ and ||K||3 =1/(2sinh2¢) < 1/(45); for 0 < ¢ < 1,1 —7r > /4, so £, < log(4/s).

Tmces For j =1, tr L = »(r) by (ii), and the closed form of » in Lemma 7.9 gives s(r) =

5= TQ) +0(4,),soctr £ — 3 as ¢ — 0. For j > 2, expand tr(K+R)’ into 27 words. By cyclicity

a word with one factor R has trace tr(K/~1R), of modulus at most ||K||2[|R]|2 as |K| < 1; a
word with at least two factors R has trace norm at most ||R|3 max(1, IRIN7=2 < (1 + ||R]2).
With (7.13), [tr £7 — 1/(2sinh(j<))| < 5(1 4+ £,)/(2/5) + (4 +2£,)7. So ctr LT — i as ¢ — 0,
for every j > 1.

Schatten norms. Let p > 2. By (7.12), the triangle inequality for || - ||, |R][, < [|R|l2 and
(7.13),

¢S Il < (Il + IR
k

S

= Femn(p0) (1 + (R 2(2 sinh(ZK))l/p)p - 2i (c = 0).

4
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Conclusion. By (i), Lemma 7.15 and (ii), for every integer p > 2,

—log P(Ty < 't) Zlog|1—)\k| >ZRetr£ -Gy Z|>\k|p

Multiplying by < and letting ¢ | 1, liminf,; ¢ (—logP(T} < t)) > Z] 1 ? — C—;. As C) =
O(logp), letting p — oo gives 2((2) = 7{—; on the right. Finally 0 < ¢ = logt < ¢t —1 and
—logP(T, < t) > 0. O

Remark 7.16 (An explicit bound). For p = 2, log|1 — A| = log(1 —2Re A + [A|?) < —Re A +
3|A|%, and the proof gives, for every t > 1 and r = t=1/2 P(T, < t) < exp(—sx(r) + FI1L)13).
Here |L||5 = tr(U*UVV*) = 3 cono 12" [[loml|? is a series of one-dimensional integrals.
Numerically, (t —1)(3¢(r) — 3||£||3) increases with r on a grid of step 0.0025 in 7 € [0.8,0.9995],
from 0.2796 at r = 0.8; so, numerically, P(T, < t) < e=0-279/(t=1) for 1.001 < ¢ < 1.5625. In the
other direction, Theorem 7.18 below gives P(T. < t) > [[,5(1 — t~271/2) for every ¢ > 1.

The lower bound. The lower bound that matches Theorem 7.13 comes from a comparison of
the symmetric part of X (r) with a diagonal operator. It rests on an identity for the quadratic
form of X (r), which follows from Green’s formula.

Lemma 7.17 (The quadratic form of X (r)). Let0 < r < 1 and o,(8) = (14+7?)sin @ [1—r 6210’ !
Jor 0 <0 <m. Then 0 <o, <1, and for every real c € £*(2Ny), with f(z) = Y, con, cm?"

r[" 012 L \e
(7.14) > en Xo(r)e = - /O e 0)ar—~ [ fafds
m,m’E2Ng

Proof. Both sides of (7.14) are continuous in ¢ € £?(2Np): the left side because X (r) is bounded,
the right side because f depends linearly on ¢ and supy,|<, [f(2)] < 32, en[r™ < lle||(1—r2)~1/2,
by the Cauchy—Schwarz inequality. So it suffices to take c finitely supported; then f is an even
polynomial with real coefficients.

Put ¢ = 3 ¢mibm. As by, has real coefficients, m Tm(2™ 2"1) — (m + 1) Im(2™ 2+ =

Im (2™ ¢ (2)), so the definitions of X, (7) and Gn(r) give

Z Cm Xm,m’(r) Cm = 72T/]]])+ MdA(Z)

1 - 22|

Let s(z) = V1 — 22 be the principal branch. It is holomorphic and has no zero on D, since
Re(l — 2%) = 1 — 2% + y? > 0 there, and s > 0 on (—1,1). For holomorphic g we have
(1 —22)g — zg =s(sg), as ss' = —z; with g = 2™ the left side is 1, so 1 = su’ with u = sf.
Put v = f/s. As |1 — 2%| = 55 and v is holomorphic,

fi

T=7 SJ—UU = 0z(vu).

The function v is smooth on I, which contains the closure of ;7. Green’s formula [, 9:F dA =
% fag F dz, with 0% oriented counterclockwise, therefore applies to F' = vt and = D;f (the
corners at £r are harmless). The boundary consists of the segment from —r to r and the arc
z=re" 0<0 <, so the left side of (7.14) equals

2

7Tnm(;i/_r( a)(z )dg;+27 ﬂ(va)(rew)irewdﬂ).
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On [—r,7], s > 0 and f is real, so vti = f2, and the first term contributes —1 f f(z)?dz. On
the arc, v = |f|? 5/5 so the second term contributes %foﬂ \f(rew)|2 Im(ews/s) do. Finally, at
o we have 52 = 1 — r2e=29 and Is|? =1 - 7“2@21'9], SO

ws €98 el —p2em® (1 —12)cost+i(l+r?)sing

z=re

s |sP T 1 —r2e2| 11— 722
This number has modulus 1, and its imaginary part is o,(#), which proves (7.14); since sin§ > 0
for 0 <0 <, it also gives 0 < g, < 1. O

Theorem 7.18 (The hole probability from below). For standard Gaussian coefficients and every

t>1,
2

P(T, <t) > _ 2k 1/2 > (1 -1 (_ T )
kl;[) - ( )exp 12logt

Consequently limy |1 (t — 1) log P(Ty, < t) = —72/12.

Proof. Let r = t=1/2, so that r#F+1 = ¢=2k=1/2 — o=(2k+1/2)s with ¢ = logt. For n > 1 let X, be
the compression of X (r) to the indices m € {0,2,...,2n — 2}, a real n X n matrix, and put

Sn = 5 (X + X)), By = 5(Xy — Xa), R, = diag(r*™*")

me{0,2,...,2n—2}’

so that the entries of R, are r***1 0 < k < n. By Step 3 of the proof of Proposition 7.11
(X, is the matrix XM of that step with M = 2n — 1), X,, — X(r) in trace norm and
det(I — Xp,) — det(I — X (r)) =P(Tx <t) as n — 0.

Step 1: Sy, < R,,. Let ¢ € R", indexed by m € {0,2,...,2n — 2}, and f(z) =), ¢nz™. For
real ¢ we have c!'S,,c = ¢! X,,c, which is the left side of (7.14) for ¢ extended by zeros. In (7.14)
we have 0, < 1 (Lemma 7.17), the last term is not positive, and 1 fﬂ im=m"0 g9 — §,_ . for
even m — m/'; hence

™
cl'Spe < T / |f(rei?)|? do = Z r2mtle2 — TRc.
m™Jo ™

As S, and R, are real symmetric, S, < R,,. In particular H,, :=1 -5, > 1 — R, > (1 —r)[ is
positive definite.

Step 2: det(l — X,,) > detH This is the inequality of Ostrowski and Taussky [33],
|det M| > det (M + M*) when 3 (M + M*) is positive definite, in the case we need; we include

the short proof. Since X, = S,, — B,, we have [ — X,, = H, + B,, = H}/Q(I + Cp)H, ,11/2 with
Cy = H, " *B,H,"? , so det(I — X,,) = det Hy,-det(I +Cy,). The matrix C,, is real and antisym-

Inetric, so iCy, is Hermitian and the eigenvalues of C), are purely imaginary. The characteristic
polynomial of C;, has real coefficients, so its nonzero eigenvalues, repeated according to multiplic-
ity, come in pairs ik; with x; > 0. Hence det(I+Cy) = [[;(1+ix;)(1—ir;) = Hj(l—kmjz) > 1.

Step 3: det H,, > det(I — R,,). Put P=1—R,,. Then 0 < P < H,,, so P~Y2H,P~1/2 > |
has all its eigenvalues at least 1, and det H,, = det P - det (P‘l/QHnP_l/Q) > det P.

Step 4: the bounds. By Steps 2 and 3, det(I — X,,) > det(I — Ry,) = [[j.,,(1 — r**1) >
[Tiso(1—r#+1) since every factor lies in (0, 1). Letting n — oo gives the first inequality. For the
second, let ¢(u) = —log(1—e™*) for u > 0. Then ¢ is positive and decreasing, and [;° ¢(u) du =
> j>1 0 e_]—ju du =3} ;> %2 = %f. As ¢ is decreasing, ¢((2k + 3)s) < % f((22kk+31/22 (u) du for
k > 1, and these intervals are disjoint subsets of (0,00). Hence

[e's) 2
_ _ —2k—1/2 __ T
log H (1—t Z o((2k + /0 o(u) du Dlogt’

k>1 k>1
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and the factor with k = 01is 1 — ¢t~ /2, ,

The limit. By the bounds, (t — 1)logP(Ty < t) > (¢t — 1)log(l — t7/2) — T . =1 Ag
t 11, (t—1)/logt — 1, and (t — 1)log(1 — t~1/2) — 0 because 1 —t~1/2 ~ (t—1). So
liminf;) 1 (t — 1) log P(T, < t) > —n?/12, and Theorem 7.13 gives the reverse inequality for the
lim sup. O

Remark 7.19. (a) For the comparison operator R = diag(r*™!),,con,, det(I — R) = [[150(1 —
rih ) = exp(—(7?/12+ 0(1))/(t — 1)) as t | 1, half the exponent of the product [];~,(1 —r?)
that gives the hole probability for the Gaussian power series with complex coefficients [35]. A
halving of the same kind occurs for the gap probabilities of non-Hermitian random matrices: at
maximal non-Hermiticity, the probability that a disk about the origin contains no eigenvalue of
the quaternion (5 = 4) Ginibre ensemble is obtained from the product for the complex (5 = 2)
ensemble by skipping every second factor [1].

(b) The proof gives more. The compressions S, of S = $(X(r) + X(r)T) converge to S in
trace norm, as >, . | Xom m/ (1) < 00 (proof of Proposition 7.11), so Steps 1-2 give P(T, <t) >
det(I —S). This bound is much closer: numerically, at » = 0.99, log P(T, < t) = —36.181 and
logdet(I — S) = —36.269, against >, log(1 — r**1) = —42.090. The bound of Theorem 7.18
is sharp in the exponent but not for moderate ¢: at t = 100/81 (r = 0.9) it gives 0.0112, against
P(T, <t)=0.1087 (Remark 7.12).

(c) For 0 < s < 1 the same argument applies to (1—s)X(r): Step 1 gives (1—s5)S,, < (1—35)R,,
and I — (1 — s)R, is positive definite. With Proposition 7.11 this gives Es* = det(I — (1 —
$)X(r)) > [Leso(1 — (1 — s)r***1). So the generating function of k. dominates, on [0, 1], that
of a sum of independent Bernoulli variables with parameters r*+*1 & > 0: whether k, itself is
such a sum is Question 11.2.

8. THE STANDARD COUPLING

Throughout this section &y, &1, ... are independent standard real Gaussian variables, G,, and
G, are given by (1.1) and (1.2), and

A = inf{t > 0: G, has only real zeros}.

In this coupling all degrees share the bottom coefficients &gy, &1, . . ., while in the reversed coupling
(1.5) they share the top coefficients 79, 71,...; A, is the real-rooting time of P,;. As in the
proof of Theorem 1.1, A$*d and A,, have the same law for each n, so AS*d — T, in distribution,
and only the joint law of different degrees differs. Theorem 1.5, an almost sure statement, is
specific to the reversed coupling: under the standard coupling there is no almost sure limit, and
not even a limit in probability (Theorem 1.10).

Remark 8.1. In Theorem 1.10(b) the order of the quantifiers matters: the set N is fixed before
the sample point is drawn. For every sample point in the event of Theorem 1.10(a) the set
{n: AS*d € (2,3)} is infinite, and along it all limit points lie in [2, 3].

8.1. The standard coupling in Hermite coordinates. For real numbers ag,...,a,, or a
real polynomial or power series a(w) = >_; ajw’, write

Qnla] = Zaj hp—j.
5=0
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Let by(u) = 7 oy and al™ (w) = by(w/V), so that al™ = ¢, ;t79/2. Lemma 7.1(a)
with ¢ = &, and kK =n — j gives, for t > 0,

(8.1) Gni(2) = t"?Q, [a("’t)] <\/§ z)

This is (7.1) with the top block &,,&,—1,... of the single sequence in place of 1,71, ..., so the
symbol a(™? is renewed as n grows. In the Hermite variable y = z/\/t the zeros of G, are
those of y — Q,[a™](y/ny); in particular G,, ; has only real zeros if and only if Q,[a(™")] has.
Almost surely &, # 0 for every n, and on this event Lemma 7.1(c) gives, for every ¢ > 0,

(8.2)  {A3M <t} = {G, has only real zeros}, {AS > #} = {G,,; has a nonreal zero}.

Only these one-sided descriptions are used below; we never approximate A,Sfd by a function of
the top block.

8.2. An interlacing criterion.

Lemma 8.2 (Interlacing criterion). Let n > 2 and Q = >7"_q ajhy—; with real aj and ag # 0.
Let x1 < --- < xp_1 be the zeros of hy_1, and put aj(x) = hy—j(x)/hn(z).

(@) hn(zs) #0, an(zs) =0, ao(z) = —/n/(n—1), and |og(x;)| < /n for 1 < j <n.

(b) For k>0 and 0 <j <n/2, |aj(z;)| <205 + 1)edrtesi®/n where ¢, = coth k + 3.

(c) If ’Z?:Q a;oy (ﬂ:l)’ < |ag| for every i, then @ has n simple real zeros, one in each of the
intervals (—oo, 1), (x1,22), ..., (Tp—1,00). This holds in particular if, for some Kk > 0,

min{y/m, 2(j + Delsted™/n}j < n/2,
\/ﬁ7 j > n/2

Proof. (a) By Lemma 2.2 at = x;, where h,_1 vanishes, >, _,, hi(2;)> = nhy(z;)?. Since
ho = 1, this gives hyp(x;) # 0 and |hi(z;:)| < /o |hp(xz;)| for k < n, that is, |a;(z;)] < /n for
1 < j < n. Clearly a;i(x;) = 0, and the recurrence (2.1) with k& = n — 1, which at z; reads
0=+/nhp(z;) +vVn—1h,_2(x;), gives as(z;) = —/n/(n —1).

(b) By (3.2) with z = x;/\/n and hy,—1(z;) = 0, we have a;(z;) = Ay, j(z;/y/n). By Lemma 2.1,
|z;] < 24/n, so Lemma 3.3 applies with |z| < 2 < 2cosh k.

(c) By (2.1) and (a), h],_;(x;) = v/n — 1 hp_o(z;) = —/n hy(z;). The zeros of h,_1 are simple
and its leading coefficient is positive, so signh!,_;(z;) = (=1)" 7% and hence sign h,(x;) =
(—1)"~%. Since a;(x;) = 0, the hypothesis says that Q(z;)/hn(z;) = ap + > j>2aj(xi) has the
sign of ag, so sign Q(x;) = (—1)" " signag. The leading coefficient of Q is ag/v/n!, so Q(x) has
the sign of ag for large positive x and the sign of (—1)"aq for large negative x. Hence @) changes
sign on each of the n intervals listed. As ) has degree n, this accounts for all its zeros, and they
are simple. Under (8.3) the hypothesis holds by (a) and (b). O

n
n
(8.3) |azl o + Z |aj| Bn,; < laol, B = {
=3

Remark 8.3. Sign tests at the zeros of h,,_1 are the classical route to the interlacing of the zeros of
consecutive orthogonal polynomials (cf. [46, Section 3.3, Theorem 3.3.2]), and Lemma 8.2(c) is a
test of this kind. What makes it effective for the random symbols below is the bound |o;| < y/n
of part (a), which is uniform in j and comes from the Christoffel-Darboux formula. In the
application a; = £n,jt_j/2, where ¢ > 1 may be close to 1. A geometric bound |aj(z;)| < CY
alone would bring in the term |&|(C/+/t)", which is unbounded unless ¢ > C?; with (a) and (b)
the test works for every ¢ > 1 (Step 4 of the proof of Lemma 8.4).
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8.3. Every point of [1,00] is a limit point.

Lemma 8.4. Let N C N be an infinite set that does not depend on the &, and let 1 < t; <
ty < 0o. Almost surely t; < AS* <ty for infinitely many n € N

Proof. All constants below depend only on #; and t5.
Step 1: parameters. Put
A= t}/zl, p= tl_l/Q, 01 =Xp= tl_l/4, o= (tltg)_1/4, p(u) = o? +u?.
Then A > 1, 81 < 1 and t;1/2 < o0 < p <1, and p has the simple zeros +io. Let
262:(72—75271>07 60:%min{a, p—o}, 201 = ggo, d=1— /1t (o +eo).
Since o4¢e9 < (04 p)/2, we have $(1—y/f10) <d < 1,500 <d < 1. Let M,, = [3logn/logt{],
so that AMn = tiw"/4 > n3/4. Since MV < t}/4t1_1/2 = tl_l/é'1 < 1, we can choose k > 0 with
02 := Xe"/\/Ty < 1; let ¢ = cothk + 5 and S = Y. 4(j + 1)63. Finally choose e € (0, 1] with

3
g(3+ i )<ﬁ, £ (34 39) < 6.

1—-6y/ — 2
Step 2: the events. For n with M,, +2 < n/2 let E,, be the event that
’én - 02’ <g, ‘gn—l‘ <g, ’én—Q - 1‘ <g, ’én—j‘ < 8)\] (3 S] < Mn)7

which depends only on the top block (&,—;)o<j<m,, and let F,, = {maxy<, |[&] < AMn}.
(i) By independence,

P(E,) > mo :=P(|&% — 0| < &) P(I&] < &) P(|o — 1] < &) [[ P&l < €M) >0,
Jj=3
because every factor is positive and > -5 P(|€o| > eM) < > >3 2e~ N /2 <00, as A > 1.

(ii) Since P(|¢x| > 2v/logk) < 2k~2 for k > 2, the first Borel-Cantelli lemma gives an almost
surely finite C' with maxy<,, || < C + 2y/logn for all n > 2. As AMn > p3/4 almost surely F,
holds for all large n.

(ili) Since n — M,, — oo, we can choose n; < ng < --- in N such that M, +2 < n/2 for
all n > ny and nyy1 — My,,,., > ny, for all m. The event E),  depends only on the &, with
Ny, — My, < k < ny,. These blocks of indices are disjoint, so the events E,,  are independent,
and ) P(E,, ) = oo by (i). By the second Borel-Cantelli lemma, almost surely E,  occurs
for infinitely many m.

Step 3: the coefficients on Ey, N F,. Let n > nqy, and assume that E, N F, occurs.

(a) |€n—j] < 2N for 0 < j < n. For j < 2 this follows from 02 +e <2, <2\ and 1+ < 2;
for 3 < j < M, from ¢ < 1; and for j > M, from F,,, which gives |¢,—;| < AM» < A/, Hence
la{™™| < 200 /v/A) = 24,77 for all j.

(b) For |u| < p, using Ap =61 and p < 1,

b < 2 1 3 0] o <e(s4 -0 o
ba() = p(u)| < fe = 0|+ [0t [ne — 2+ D6+ D0 0] <e(34 =) +
Jj=3 J>Mn
Let Ny > ny be such that #2" /(1 — 6;) < §,/2 for n > Ny. Then |b, — p| < 81 on {|u| < p}
for n > Nj.
Step 4: AStd < ty. Let Ny > nj be such that for all n > N

cM2/n<3 d n 1 77,71/4 5
e <3 an ( 7—>+1_)\/\/5< 2.

n—1
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Let n > Ny and a = ™), so that a; = fn,jt;jﬂ. On E, N F, we have |ag| > 0? — ¢ and
las] < (1 + &)ty ' For 3 < j < M, since M,, < n/2,

|aj] Buj < eN,7? - 2(j 4+ 1)ed™ - 3 = 3e(j + 1)63,

and for M, < j <n, by Fy, |a;| < /\]‘/I"t;j/2 < (A/Vt2)? and B, ; < y/n. Hence the left side of
(8.3) is at most

N/ /Ty ) Mnt1 —1/4
(1+e)t3' /325 + 3¢S + T, Tnz\/ﬁ( [VEz) < " :
n 1—A/Via 1—A/Via
where we used \/\/t2 < t1_1/4 and tiw"/4 > n3/4. Using 02 = t;1 + 200, t;1 < 1, y/n/(n—1) <
v/2 and the choice of ¢, the right side of (8.3) minus this bound is at least

20— (14 V2 +39) = (/i =1) = 2 & - (/i -1) = 7

which is positive by the choice of No. Hence (8.3) holds, so by Lemma 8.2 the polynomial
Qn[a™*)] has only real zeros; by (8.1) so has Gy, 1,, and by (8.2) ASHd < ¢y,

Apart from ag, the only coefficient that is not small is ay, and ag = —y/n/(n — 1) is close to
—1; so the test amounts to t;l <o?= (tltg)*l/Q, that is, to t; < to. The coefficient a1 does not
enter, because oy = 0 at the zeros of h,_1.

Step 5: AS'd > t1. The circle |u — io| = &g lies in {|u| < p}, since o + ¢ < p, and on it

Ip(w)| = |u —iol|u+io| > eo(20 — gg) > 9o = 26;.

Let n > Nj. On E,NF,, Step 3(b) gives |b,—p| < §1 < |p| on this circle, so |b,| > d; there, and by
Rouché’s theorem b,, has exactly one zero in {|u—io| < gp}, as p has (note |—ioc —io| = 20 > &9).
Let B = {|Jw — ivti 0| < Vfieo}. Then a(™)(w) = b,(w/\/t1) has exactly one zero in the
interior of B, and |a(™*)| > §; on dB. Moreover B C {|w| < /{1 (0 +¢c0)} = {Jw| < 1 —d}, and
B C {Imw > +/t; 0/2}, so BNR = (). By Step 3(a), ]ag-n’tl)\ < 2t1_‘7/4 for all j. Lemma 5.3, with

Co=2, Ry = t}/4, 0 = 61 and d as in Step 1, shows that for n > ney the polynomial Qn[a(”’tl)]

has a nonreal zero. By (8.1) so has G, 4,, and by (8.2) AStd > ¢;.

Step 6: conclusion. Let Ny = max{Ny, Na, |next| + 1}. By Steps 4 and 5, E, N F,, C {t; <
Affd < tg} for every n > Np, up to the null event that £ = 0 for some k. By Step 2, almost
surely E, ., occurs for infinitely many m and F), holds for all large n. Hence almost surely
t < Affi <ty for infinitely many m. O

Planting a prescribed block of top coefficients is a simple device: for the reversed coupling it
also shows directly that P(T, > t) > 0 for every t, since if 19 is close to 62, 71 to 0, 72 to 1, and
the later 7; are small enough, then ¢ has a pair of nonreal zeros near +id, so that T, > ¢ when
§ < t~1/2. What is new here is the almost sure version on disjoint blocks of coordinates, which
rules out convergence in probability to any random limit. The events F,, are designed so that
the symbols they produce satisfy the hypotheses of Lemma 8.2 at time t2 and of Lemma 5.3
at time ¢; with constants that do not depend on n; this gives a single onset Ng. Theorem 1.4
would not do here, since its onset depends on the symbol, which changes with n.

8.4. Mehler’s formula and real-rootedness before time 1.

Lemma 8.5 (Mehler’s formula). For 0 <r <1 and z,y € C,

ray — 1222 4 2
(8.4) kgohk(x)hk(y) k(1 2)71/2 eXp(2 y2(1 _(TZ)—I—y )>’
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the series converging absolutely. In particular ;g k(@) = (1 — 1)~V 2exp((r|lz|? -
r?Rex?)/(1 —r?)).

(z+iN) — Az—A?/2 _

Proof. Let N, N’ be independent standard real Gaussian variables. Since Ee? =
>~ Heg(x)A*/k! for complex A, comparing coefficients of A\¥ gives Hey(z) = E(z + iN)F; the

exchange of sum and expectation is justified by EeMN(z+IND < o0, Hence
H H
PP (xl)d ) 1k _ B exp(r(a + iN)(y + iN')),
- !
where the series converges absolutely and the exchange is justified because E exp (r(|z|+|N|)(|y|+
IN’[)) < oo for r < 1. Integrating first over N’, with EeN' = ¢¢*/2 for complex ¢, and then over
N, with EePN+7N*/2 = (1 — 2)=1/2¢6°/Q0=7%) for complex b, gives
2.2 2 2
2\—1/2 rr r“(y —rxz)
-7V eXp<rmy_ 2 2(1-12) >
which is the right side of (8.4). The second statement is the case y = Z, since the hj, have real
coefficients. D

This is Mehler’s classical formula [28], often stated for real z,y. We include the short proof
because we use it at complex arguments, with y = Z (Steps 1 and 2 of the proof of Propo-
sition 1.11). To extend the real formula by analytic continuation one needs a bound for |hg|
off the real line that makes the series converge locally uniformly on C?; the representation
Hey(z) = E(x + iN)* gives this bound and the formula at once.

Proof of Proposition 1.11. Fix s € (0,1) and n > 1. For z = X +iY put

ge(z) = i (Vinfsz),  Valz2) =) la@)P Vee(z) = Y lan(2)
k=0

k>0

and

1/ X2 Y2

#l2) = §<1+s * 1—s>'

By Lemma 7.1(a) with ¢y = & and t = s, G s = o) €6k, 50 Vi(2) = E|Gp5(2)]?. The idea is

that near the origin log |G, ¢| is close to ny with high probability, that ¢ is strictly subharmonic,

and that log |Gy, | would be harmonic in the upper half-plane if all zeros of G, s were real.
Step 1: the variance. By Lemma 8.5 with r = s and @ = \/n/s 2, for which r|z|? — r? Re2? =

n(X?+Y?) —ns(X2-Y?),

(8.5) Vio(z) = (1 — s%)712e2n0(2) > o2ne(z) >

(Inside the ellipse of [19], (27)"1A(np) = n/(n(1 — s?)) is the density of n times its uniform
distribution; we do not use this.)

Step 2: the truncation is harmless near 0. For k > n we have s* < s("tD/2(\/s)k. So
Lemma 8.5 with r = /s, together with —r? Rex? < r?|z|? and (/s +5)/(s(1—5)) = 1/(v/s(1 —
V3)), gives

n|z[? )
Vs(l=+/s)/)
For |z| < B the exponent is at most % log(1/s), so Voo (2) — Viu(2) < (1 — 5)~1/251/257/4 Let n/,
be the least n with (1 — s)71/2s1/25"/4 <1 For n > n) and |z| < B, by (8.5),

(8.6) Vi(2) > Vio(z) — % > %Voo(z) > %627190(2).

Vio(2) = Va(2) < s FD/2(1 = )72 exp
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Step 3: geometry. Let yo = Bs/2, 20 = iyo, ™1 = Yo/2, r2 = r1/2, and z = 2y + Proemil/12
for 0 < I < 12. The closed disk D = D(zg,r1) lies in {Imz > yo/2} N {|z| < 2B,}. Since
¢ is a quadratic polynomial in (X,Y’), and the averages of cos, sind, cos 29 and sin 21 over
¥ = 2ml/12 vanish,

1 , B r% 1 1 B r% o y(2) _
(8.7) pla) = w(z0) = (1 - s> 21— 32(1-s)

Moreover ¢(z) < |z[2/(2(1 — 5)), 50 Pmax := maxp ¢ < (3y0/2)?/(2(1 — 5)) = 36(1 + s)7s.

Step 4: two Gaussian estimates. Let e = ~4/4.

(U) Let ), = {>p<n & < 4(n+1)}. If X2, has the chi-squared distribution with m degrees
of freedom and x > 1, Markov’s inequality for eMin | with EeMin = (1 —2X)"™/2 gives

P2 > < ipf —Amx 1 — 2\ -m/2 _ 1—z\m/2
(2 ma) < inf e M1 - 2072 = (wel ),

the infimum being attained at A = (1 — 1/x)/2. With m = n+ 1 and = = 4, P((QL)°) <
(4e=3)(n+1D/2 < =08(n+1) - On QL by the Cauchy-Schwarz inequality and (8.5), for all z € C,
(8.8) log |Gy,s(2)] < log(2vn + 1) + 3 log Voo (2) = nep(2) + log(2vn + 1) + ¢,
where ¢, = Xlog(1/(1 — s%)).

(L) Fix z € C. For real a, Re(e Gy 5(2)) = >; & Re(e ™ gi(2)) is a centred Gaussian
variable with variance %Vn(z)+% Re(e™2@ 3", gi(2)?), which is at least 1V,,(z) > 0 for a suitable
a (note V,, > |go|*> = 1). Since |Gy 5(2)] > |Re(e " Gy.5(2))], and a centred Gaussian variable

with variance v has density at most (27v) /2,

P(|Gn,s( )| < e~/ V(2 /2) < /2 me T < e,

Let Q2 be the event that |G, 5(2)| > e ="/ V,,(2)/2 for each of the 13 points z € {zo, 20y 211}
Then P((Q2)¢) < 13e~7"/*, These points he in {|z| < Bs}, so on Q2 for n > n', and each of
them, (8.6) gives

(8.9) log |Gy.s(2)| > ne(z) —en —log 2.

Step 5: harmonic averaging. Let H be harmonic on a neighbourhood of D(zg,r1), and recall
that ro/r = % Then

(8.10) ‘1 > H(z) — H( )’< ! /QW}H( +rie)| dy 2.2°7 2
. — z;) — H(z c12 - — zp + 1€ c12 = = .
12 & O1="2"9r )y o ’ 2T 12712 7 4095

Indeed, by the Poisson integral, H(zo—i—rge 9 = EkeZ H (k)2 *leih? with H (k) = = 027r H(zo+
rie®)e=*Vdyy. Thus H(0) = H(z) and |H (k)| < = 0 " |H (29 +7r1e™)| dep. The average of eV
over ¥ = 2rl/12 is 1 if 12 | k and 0 otherwise, so the left side of (8.10) is at most 2>, 2712™
times the mean of |H| on the circle. B

Step 6: conclusion. With € = v5/4, ®s = 36(1 + s)7vs and c12 = 2/4095, let
fs(n) =n(ys —e) —log2 —log(2v/n + 1) — ¢, — c12 (2(71(1)5 +log(2v/n + 1) 4 ¢,) + en + log 2),

and
(8.11) ns = min{n > n’ : fs(n) > 0}.

Here f; is convex in n, f5(1) <0 (as s < 1), and fs(n)/n — 7s(3 —c12(72(14+5)+ 1)) > &
ng is finite, and by convexity fs(n) > 0 for every n > ns. For s = 0.3, 0.5, 0.8, 0.95 one finds
ns = 13707, 25051, 93949, 493795 (and n) = 1,4, 25,169).
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Let n > ng, and suppose that QL N Q2 occurs and that Gy, s has only real zeros. On Q2,
Gr.s(20) # 0, so H = log |Gy, s| is harmonic on the upper half-plane, which contains D. Let
=5 027r |H (20 +71€")| d¥. By the mean value property, I = % 027r H* (20 +r1€™) d— H(z).
By (8.8) on the circle, where its right side is positive, and by (8.9) at zy together with ¢ > 0,

I <2(n®max + log(2vn + 1) + ¢) + en + log 2.

By (8.9) at the points z;, (8.8) at 2o, and (8.7),

1
- H(z)) — H(z0) > nys —en —log2 —log(2vn + 1) — ¢
1<12

By (8.10) the left side is at most cj21. Since Ppax < Py, the last three inequalities give fs(n) < 0,
a contradiction. Hence, for n > ng,

{G.,.s has only real zeros} C (1)°U (Q2)°,

and (1.8) follows from Step 4.

For the consequences, note that 32/(1 — s2) = \/slog(1//3)/(2(1 + /3)(1 + s)) < 1/(2e), so
vs < 1/(256¢) and e~ 08+ < ¢=77/4 Qo the right side of (1.8) is at most 14e™7s/4 < Cye=%"
for n > ng, while for n < ns; we have Cse™%" > 14. Finally, the event {G,, s has only real zeros}
is determined by (&, ...,&,), and by (8.2) it is the event {AS'd < s} up to a null set; the same
holds for P, s and A,,, whose coefficient vector has the same law. O

The proof uses neither the convergence of empirical measures of [19] nor Plancherel-Rotach
asymptotics: the points are taken near the origin, where the truncation k < n is exponentially
negligible by Mehler’s formula alone. Steps 5 and 6 are the standard hole-probability argument
for Gaussian analytic functions: a zero-free disk makes log|f| harmonic, and this is played
against lower bounds at finitely many points [45]. The onset ng is large, and the right side of
(1.8) is below 1 only for n > 4~ ' log 13, about 2.7-10* at s = 3. We have not tried to find the
true rate of decay.

8.5. Proof of the limit-point theorem.

Proof of Theorem 1.10. No limit point below 1. By (8.2) and Proposition 1.11, > P(ASHd <
s) < oo for every s € (0,1). By the first Borel-Cantelli lemma, applied to each rational
s € (0,1), almost surely A$'d > s for all large n and every rational s < 1. Hence almost surely
liminf,, A5 > 1, and no point of [0, 1) is a limit point of (A5*d),car, for any infinite A" C N.

FEvery point of [1,00] is a limit point. Fix an infinite set A/ C N that does not depend on
the &. Applying Lemma 8.4 to the countably many pairs of rationals 1 < #; < t3, we obtain
an almost sure event on which, for every such pair, t; < AS*d < t, for infinitely many n € N.
For real 1 < ¢; < ¢ choose rationals t; < t] < t, < to; then (¢},t5] C (t1,t2], so the same holds
for all real pairs. On this event every ¢t € (1,00) is a limit point of (A%*4),cxr, since for every k
infinitely many of these values lie in (¢ —1/k,t+ 1/k). The set of limit points is closed in [0, o],
so it also contains 1 and co.

Together, the two parts prove (b), and (a) is the case N' = N; the smallest and largest limit
points are 1 and oo.

(c) Give [0,00] the metric |arctanz — arctany|. If AS'Y — Y in probability, then ASYd — Y
almost surely along some infinite deterministic set /' C N, so that almost surely (A$*d), cxr has
exactly one limit point. This contradicts (b). O
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Part 3. The final collision
9. THE FINAL COLLISION

In this section g(w) = ;5 n;w’ is a real power series with radius of convergence p, € (0, oc];

it is deterministic until Section 9.6. The polynomials P,, P, , Qg) and the real-rooting time
A, are defined from its coefficients by (1.5) and (7.1), as in Section 7.1, and we put P,; =
exp(—5-02) P, for every real ¢ (a finite sum). Sections 3-5 call the Hermite variable z. Here we
write y for it and keep z for the heat variable, so that by (7.1)

(9.1) Poa(2) =t"2QW(Vny), 2=ty (t>0),

and the zeros of P, ; and of y — Qg’ )(\/ﬁ y) correspond under z = v/t y, with multiplicities. The
argument of the hy is ¥ = /ny, and v,(z) = (hy(2), hn—1(x))T as in Section 4. Let N, (t) be
the number of nonreal zeros of P, ;, counted with multiplicity. We use the following conditions
on q.

(G1) ¢(0) # 0, and ¢ has a nonreal zero in {|w| < ps}. Put

R, =min{|u| : |u] < pg, qu) =0, u ¢ R}, T, = R. %

the minimum is attained because the zeros of ¢ in {|w| < p4} are isolated.
(G2) The nonreal zeros of ¢ of modulus R, are exactly one conjugate pair u, = R.e? a,,
with 0 < 0, < 7, and u, is a simple zero.
(G3) ¢ has no real zero of modulus R,, and every real zero of g of modulus less than R, is
simple.
Radius p, > 1 is not needed: since R. < pg, the series a(*) (w) = q(w/v/t) has radius vt p, > 1
for ¢ near T, and only such ¢ occur. For the Gaussian power series (1.3), (G1)—(G3) hold almost
surely with p; = 1 (Lemma 9.12). Put

Yx = 2cos b, € (—2,2), 2 = \/Tuys = 2R, cos,.

Theorem 9.1 (The final collision). Let q satisfy (G1)-(G3). There are § € (0,T,/4), K < o0
and ng such that for every n > ny:
(a) (time) Tx — 6 < Ay, <Ti 40 and [N, — Ty| < K/n;
(b) (the collision) all zeros of Py a, are real, and exactly one of them, zy,, is multiple. Its
multiplicity is 2 or 3, and, with yn, = 2/ Ay,

K K
’zn_z*‘gga ‘yn_y*‘gﬁa

(c) (before and after) for Ty —§ <t < A, the polynomial P, + has ezactly two nonreal zeros,
a conjugate pair, and all its zeros are simple; for t > A, all zeros of P,; are real and
simple;

(d) (uniqueness and localisation) A,, is the only t > T, —§ at which Py, has a multiple zero.
If |t = Ty| <6 and y is a real multiple zero of y — Qg)(\/ﬁy), equivalently z = \/ty is
a real multiple zero of Py, then [t — Ty| + |y — y«| < K/n.

For fixed t < T close to T, Theorem 7.2(a) places a nonreal zero of P, ; near tu, + u*_l,
and T,u, + u;' = z.. So the last pair of zeros becomes real inside the bulk, at the relative
position cos 0, of [—2v/T,2+/T.], and within O(1/n) of the time T; in particular n(A, — T})
is bounded. We do not claim here that n(A, — Ty) converges; its first-order behaviour is the
subject of Section 10. The constants §, K, ng depend on g. The proof below obtains them by
compactness; in the companion paper [A], which replaces Theorem 1.4 at the two times Ty + §
by a version with an explicit onset, they are bounded by polynomials in condition parameters
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of ¢, with absolute degrees and, when T, > 1+ ¢, coefficients polynomial in 1/e. Part (c) counts
the nonreal pair on [T, — d,A,,) but does not locate it uniformly in ¢.

The proof is in Section 9.5. The number of nonreal zeros is carried from T, — 6 to Ty + &
by the heat flow (Section 9.1): it never increases, and every real multiple zero forces two extra
nonreal zeros just before it. This leaves room for exactly one collision. A quantitative form
of the bulk estimate of Section 4, whose lower constant degenerates linearly at (T, y.), then
locates it (Sections 9.2-9.4).

9.1. The heat flow: the nonreal count and local collisions. In this subsection P is a
real polynomial of degree n > 1 and P, = exp(—ﬁ&?)P for £ € R. Then P, has the leading
coefficient of P, its coefficients are polynomials in ¢, P45 = exp(—%ag)Pt, and Oy P; = —ﬁ@fPt.
Let Z(p) be the number of nonreal zeros of a real polynomial p, counted with multiplicity, as in
Lemma 7.1(b); then N,,(t) = Z(P,+). Nothing in this subsection uses the Hermite structure.

Lemma 9.2 (The nonreal count does not increase). Fort € R and s > 0, Z(Py1s) < Z(P;).
Moreover, if real polynomials pm, of degree n converge coefficientwise to a polynomial p of degree
n, then Z(p) < liminf,, Z(py). In particular {t > 0: Z(P;) = 0} is closed.

This is the fact of Lemma 7.1(b), in the notation of this section.

Proof. Since Prys = exp(—=02)F;, the first statement is Lemma 7.1(b) applied to the real
polynomial p = P, for any real ¢, with a = 5-. For the second, choose around each nonreal zero
of p, of multiplicity u, a closed disk that meets neither R nor the other zeros of p; by Hurwitz’s
theorem it contains exactly p zeros of p,, for large m, all nonreal. Applied to p,, = F;,, with
tm — t, which have the leading coefficient of P, the second statement shows that {t > 0 :

Z(P;) = 0} is closed. O

Lemma 9.3 (Local form of a collision). Let ty € R, and let zo € R be a zero of Py, of multiplicity
m > 2. Let p > 0 be such that zg is the only zero of Py, in {|z — zo| < p}. Then for all t # to
close enough to ty, P, has exactly m zeros in {|z — xo| < p}, and

(a) if t < to, exactly 2|m/2] (> 2) of them are nonreal;

(b) if t > to, all m of them are real and simple.
Proof. Let by, = Pt(ok)(:co)/k!, so that by = 0 for k < m, by, # 0, and Py, (zo +w) = Y, bpwk.
Write t = tg + eno? with € € {1,—-1} and ¢ > 0, so that P, = exp(—%@%Pto. Since

exp(—ad?)w” = Zigk/Q (2—?)1 (kf!%)!wk*%, we get, exactly,
€ € €\? k‘ —21
Py(zg + ov) = Z bro™ My (v), Hi(v) = Z (*5) mvk 2
k>m i<k/2 ) )

so that H; = Hey, and H;, (v) = i *Hey(iv). Hence o~ P;(z¢ + ov) — by HE, (v) uniformly on
compact sets as o | 0 (the sum is finite). The zeros of He,, are real and simple, A\; < -+ < A\p;
they are symmetric about 0, and 0 is one of them if and only if m is odd. The zeros of H,, are
—iAL, ey — A,

By Hurwitz’s theorem, for ¢ close to ¢y the disk {|z — z¢| < p} contains exactly m zeros of P;.
Choose pairwise disjoint small disks around the m zeros of Hs,,. For small o, again by Hurwitz’s
theorem, each of them contains exactly one zero of the real polynomial v — P;(z¢ + ov), and
these m zeros of P, lie in {|z — zo| < p}; so they are all of its zeros there. If e = —1, the disks
around —i\; with A\; # 0 can be taken disjoint from R; this gives 2|m/2] nonreal zeros. If
moreover m is odd, the disk around 0, taken symmetric about R, contains one zero, which is
real because nonreal zeros of a real polynomial come in conjugate pairs. If e = +1, each disk is
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centred at a real point and taken symmetric about R, so its unique zero is real, and the m zeros
are distinct, hence simple. ]

Remark 9.4 (On Lemma 9.3). Lemma 9.3 is classical in substance: 7—[;: are the heat polynomials
of [39], and the same local form at a zero of order m of the de Bruijn—-Newman family is [36,
Proposition 3.1(ii)], by the same computation. The lemma describes the zeros near a multiple
zero, but it does not say that multiple zeros are exceptional. In the one-parameter family t — P,
a real multiple zero at a positive time is forced whenever Py has nonreal zeros: P is real-rooted for
large ¢ (Lemma 7.1(c)), and at its real-rooting time it has a real multiple zero, by the first step of
the proof of Lemma 9.5(b) below. A real double zero (m = 2) persists under small perturbations
of the coefficients of P: since P, = —5-02P;, the Jacobian of (,z) — (Pi(z), 0.Py(2)) at (to, zo)
has determinant — P/ (z0)?/(2n) # 0, and the implicit function theorem applies. So multiple
zeros cannot be excluded by a general-position argument. Such an argument does predict their
type: a real triple zero imposes three conditions on the two parameters (¢, z), and Lemma 9.13
makes this rigorous for random coeflicients through Lemma 9.11. That there is only one collision
is not a general-position statement; it comes from the monotone count of Lemma 9.2, through
Lemma 9.5.

Lemma 9.5 (One drop of two means one collision). Let 0 < T} < Ty with Z(Pr,) = 2 and
Z(Pr,) =0, and let A =inf{t > 0: Z(P;) =0}. Then:

(a) i < A<Ty; Z(P) =2 forTh <t <A, and Z(P;) =0 fort > A;

(b) Pa has ezactly one multiple zero; it is real, of multiplicity 2 or 3;

(c) for everyt € (T1,00) \ {A} all zeros of P; are simple.

In particular, A is the only time in (11, 00) at which P, has a multiple zero.

Proof. (a) By Lemma 9.2, Z(FP;) < 2 for t > T) and Z(F;) = 0 for t > T, and the set
{t > 0:Z(P) = 0} is closed and upward closed. It contains 75, so it is [A, c0) with A < T5.
It does not contain 773 > 0, so A > T7. For T7 <t < A we have Z(P;) > 1, hence Z(P;) > 2,
because nonreal zeros come in conjugate pairs, hence Z(P;) = 2.

(c) Let t' > Ty, t' # A, and suppose that Py has a multiple zero. It is not nonreal: by
(a), Z(Py) < 2, while a nonreal zero of multiplicity at least 2 and its conjugate would give
Z(Py) > 4. So it is a real zero xp of multiplicity m > 2. Choose p as in Lemma 9.3, so small
that the disk about x( is disjoint from small disks about the nonreal zeros of Py, which keep
their nonreal zeros, with multiplicity, for ¢ near ¢ (Hurwitz’s theorem). Lemma 9.3(a) then
gives Z(P;) > Z(Py) + 2 for t <t close to t'. If t/ < A, then Z(Py) = 2, so Z(P;) > 4 for some
t € (Th,t'), contradicting (a). If ' > A, then Z(P;) > 2 for some ¢ € (A,t'), again contradicting
(a).

(b) By (a), Z(Pxr) = 0. If all zeros of Py were simple, hence real, then, as in the proof of
Lemma 2.6, disjoint disks symmetric about R around them would each contain exactly one zero
of P;, necessarily real, for ¢ close to A; so Z(P;) = 0 for t < A close to A, contradicting (a). So

Pp has a multiple zero, and it is real. If x1,...,2; are its real multiple zeros, of multiplicities
mi,...,my, Lemma 9.3(a), applied in disjoint disks, gives 2 = Z(P;) > 2221 2|m;/2] for t < A
close to A. Hence [ =1 and m; € {2,3}. O

Remark 9.6 (Simple zeros after real-rootedness). For every real polynomial P of degree n, with
A =inf{t > 0: Z(P;) = 0}, all zeros of P; are simple for every ¢ > A. Indeed, a multiple zero
of Py with ¢/ > A is real, since Z(Py) = 0, and by Lemma 9.3(a) it would give nonreal zeros at
times in (A, t’), contrary to Lemma 9.2. This fact is well known.

9.2. The bulk inequality at rate 1/n. For areal 2x2 matrix X let spin(X) = minj,— [[Xul,
its smallest singular value. Recall that spmin(X) = |det X|/|| X for X # 0, and Spin(X) >
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smin(Y) — || X = Y||. The matrices G, j, Gj, Hy mla] and H, are those of Section 4, with the
variable y.

Proposition 9.7 (The bulk inequality at rate 1/n). Let (as)ses be a family of real sequences,
indexed by an arbitrary set S, with |a;(s)| < CoRy”’ for all j >0 and s € S, where Ry > 1. Let
k > 0 with e” < Ry, put L = 2coshk and 9 = €/ Ry, and let M,, = [¢logn]| with £log(1/9) > 2.
There are Cg, Cyy < oo and ng, depending only on Cy, Ry, k, £, such that for alln > ng, s € S
and real y with |y| < L:

(a) [[Hn,a,las](y) — Ho,(9)[| < Cr/n;

(b) with Q;, = >°7_g a;j(s)hn—j and x = \/ny,

| (@n, 9 )H (s (o () = ) ()

Hypotheses (H2)-(H/) are not needed.

Proof. Let k1 = min(k, 1), and let n3 > 2 be such that (M, + 2)? < kin for n > n3; then
1< M, <n-—1,and H,, is defined on [—L, L] by Lemma 4.2, with xy = k.

(a) We have Hy, ar,, [as|—Ha, = 3 j<py, @5(8)(Gnj—G5)=> 5, a5(8)Gj. For j < My, we have
(j+2)% < k1n, and Lemma 3.4, applied to the two rows of G, j — G, gives ||Gy.;(y) — G;(y)| <
c2(j+1)3e7% /n with ¢o = 2¢1 +3 < 33/k1; here and below the operator norm is bounded by the
sum of the absolute values of the entries. So the first sum has norm at most C%CQ > soli+ 1)397.
For j > 2, which covers every j > M, Lemma 2.5 gives |A;| < (j — 1)elU=2% |By|,|A;41] <
§eU=% and |Bjiq| < (j 4 1)e?%, so ||G;(y)|| < 4(j + 1)e’*. Hence the second sum has norm at
most

4Cy
(1-9)?

4Coy M, +2
(1-9)2 n2 ~’

4Co Y (j+ 1) <
J>Mn
since ¥Mn < p=t108(1/9) < =2 This proves (a).
(b) Let B = Q7 — >_;<ny, @j(s)hn—j. By (4.1),
s/ T / T
(@@ LY — sl vnlo) + (B, S2) "
The tail estimate in the proof of Proposition 4.3 uses only (H1), Lemma 2.2 and the Cauchy—
Schwarz, inequality, and it gives

|(Ee

Since £log Ry > Elog(l/q?) > 2, we have &, < C'n'/?=2 < C’/n with C’ depending only on
Co, Ro, . By (a), Smin(Hn.,, [as](y)) > Smin(Ha, (y)) — Cr/n. Take Cy = Cy + C. O

(M, 4 2)9M <

Mk%muu e = V3C(1 - B2 V2R (1T 1)2).

The power (j + 1)3 in Lemma 3.4 is not optimal and does not matter, since any polynomial
weight is summable against /. Since >_;(j + 1)397 < 6(1 — 9)~, the proof gives Cyy =
Co(1 —9)~*(198/k1 + 4sup,,>,, (M, + 2)/n), which is polynomial in 1/k; and (1 —9)~*.

9.3. The limit matrix near the collision. Assume (G1)-(G3). The constants chosen here
are kept until the end of the proof of Theorem 9.1. The zeros of ¢ in {|u| < p,} are isolated and
R, < pg; on the circle {|u| = R,} the only zeros are u, and u,, by (G2) and (G3). Hence there
is 01 € (0,7%/4) such that
(C1) (Tx —261)"Y2 < p,, and
(C2) the only zeros of g in the closed annulus 2 = {(T} +261) /2 < |u| < (T — 261)~/?} are
Uy and Us.
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Put I = [T, — 01,T% + 61] and a®(w) = q(w/vt). Fix g € (T — 51)_1/2 ¢) and put
Ry = 01(Ts — 51)1/2 > 1. By Cauchy’s estimate there is Cy with |n;| < Coo;”, hence

9.2) | = || t79/% < CoRy? (te Ly, j>0).

Fix k > 0 with e < Ry and

(9.3) e < min( L=o L+ 251)

T*—2(517 T, + 61

and put L = 2coshx > 2. By (9.3), ift € I and e ® < |w| < e, then w/vt € A. Hence,
by (C2), for t € I the only zeros of a® in {e=* < |w| < e*} are \/fu* and v/t i,; they have
modulus /t/T, and they lie on the unit circle if and only if ¢ = Ti. By (9.2), Lemma 4.2
applies to every a®), t € I, with kg = k.

Lemma 9.8 (Degeneration at the collision point). Let t € Iy and y € [-L, L].

(a) det H ) (y) > 0, with equality if and only if (t,y) = (Tk, yx).
(b) There is ¢, > 0, depending only on q, such that

Proof. (a) If |y| < 2, write y = 2cosf with 6 € [0, 7]. By Lemma 4.2, det H ) (y) = |a® (¢?)|? =
lq(t= /%), Since t~1/2e? € 2, by (C2) this vanishes if and only if t~1/2¢? € {u,, @}, that
is, if and only if ¢ = T, and @ = 6,. (The zero e~ of aT) on the circle gives the same point
Ys, since y = w + w~! does not distinguish w from w™! =w.) If 2 < |y| < L, then y = w +w™!
with w = 7(y) real and e < |w| < 1, and det H,«)(y) = a® (w) a® (w™') by Lemma 4.2. Both
arguments are real with moduli in [e*”, e*], so neither is a zero of a®. As a function of w the
product is continuous and nonvanishing on [e~",1] and on [-1, —e™ "], and at w = %1 it equals
a®(£1)2 > 0; so it is positive.

(b) Local bound. Let F(t,0) = aV) (&) = q(t~1/2€?), a real-analytic function near (7%, 6,)
with F(T%,0,) = q(us) = 0. With u = t~1/2¢%

/
OF = —“(IQE“), 8pF =iuq(u),  sothatat (T.,0,): OF = —27:; , OF =i,

where v, = u.q'(us) # 0, because u, # 0 is a simple zero by (G2). The two derivatives are
R-linearly independent, one being a real and the other an imaginary multiple of ~,; precisely,
[ye(—a/(2T%) 4+ iB)| > 2cp(la| + |B]) for real o, B, with 2cp = |, |min(1, 2T ). By differentia-

bility there is r1 € (0, min(d1, 164, 3(7 — 6,))] such that
F0) > cr(it~ T +10-0.)  (t—T. <m0 —0.] < 1),
and there sin > sq := sin(3 min(6,, 7 — 6,)) > 0.
: A B : :
For y = 2cos @ with 6 € (0, 7) write H ) (y) = (—B A+ yB) as in Lemma 4.2, with A, B

real and A + B = F(t,0). Then |B| = |Im F|/sin@ < |F|/sin and |A| = |Re F — Bcosf| <
2|F|/sinf, so |H,w(y)| < 2|A| + (2 + |y])|B] < 8|F|/sinf. Since det H,(y) = |F|* and
Smin = | det [/[| - |,

smin(Ha(t)(Q cos 9)) > %|F(t, 0)|sinf > %SocF(H/ — T+ 160 — 9*|) > %68()CF(|ZL/ — T+ |y — y*\)

for [t —Ty| <1y and |0 —0.] < r1, using |y — y«| = 2| cos @ —cos 0| < 2|0 —0,|. Since y, € (—2,2)
and 6 — 2cosf is a homeomorphism near 6,, this bound holds on V' = {(t,y) : |t — Ti| <
r1, |y — y«| < ro} for some ry > 0.
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Global bound. The map (t,y) — H,w (y) is continuous on I; x [—L, L], by (9.2), the bound for
|A;| +|Bj| in Lemma 3.3 and the Weierstrass test; hence s0 is smin(H ) (y)). On the compact

set (Iy x [-L,L]) \'V we have sy, > 0 by (a), S0 Smin > c3 there for some cs3 > 0, while
[t — Ti| + |y — y«| < 61 + 2L. Take ¢, = min(15socp, c3/(61 4 2L)). O

At (T.,y) the whole limit matrix vanishes: A + B = q(u.) = 0 with A, B real and
sinf, # 0 forces A = B = 0. So near the collision the local picture is decided by the O(1/n)
corrections to the head, which is why Section 10 needs more than Lemma 9.8.

9.4. Localisation, uniformly in ¢. Keep the constants of Section 9.3.

Proposition 9.9 (Localisation of real multiple zeros). There are K1 < oo and ns such that for
alln>ns andt € I1:

(a) (bulk) for real y with |y| < L and z = \/nvy,
H(Q@(x),@(@};@)]( > oIt =Tl 1y = el = 21 a0l

(b) (real exterior) every real multiple zero y of y +— Qv(f)(\/ﬁ y) satisfies |y| < L;
(c) every real multiple zero y of y — Qg)(\/ﬁy) satisfies [t — Ti| + |y — y«| < K1/n.

So the bulk estimate of Proposition 4.3 holds uniformly in ¢t € I, with a lower constant that
degenerates linearly at the collision point instead of being bounded below; and in the exterior
only real zeros need to be controlled.

Proof. (a) Fix £ with £log(Roe ") > 2. By (9.2), Proposition 9.7 applies to the family (a)cy,

whose polynomials @);, are the Q,(f ). Combined with Lemma 9.8(b) it gives (a) for n > ng, with
K, = Cw/cy.

(b) By (9.2) and Lemma 5.2, for every t € I all zeros of y — Q,(f)(\/ﬁy) lie in {|y| < 0o},
where g9 = 2 + |no| 'Co(1 — RaQ)_l/Q. If o9 < L there is nothing to prove. Otherwise let
J=[—00,—L]U[L, 0], & = (L —2)/2 and K' = {y € C: dist(y,J) < €'}, a compact subset of
C\ [-2,2]. Put

(t)
0 _ Qn'(Vny)
(t,y) =a(r(y),  Pult,y) Viy)
Proposition 5.1, whose only hypothesis is (H1), applies to the family (a(?),c;, (after an affine
change of parameter from I; to [0, 1]) by (9.2), and gives supy, g+ |®, — ®| — 0. Both functions
are analytic in y on a neighbourhood of K’, because h,(1/n -) has no zeros off [—2, 2] (Lemma 2.4)
and |r| <1 < v/t p,. Every point of J is the centre of a disk of radius ¢’ contained in K, so by
Cauchy’s estimate supy, » j [0y ®, — 0y ®| — 0.

Let t € I1 and y € J. Then w = r(y) is real with 0 < |w| < r(L) = e . If ®(t,y) = 0, then
u = w/+/1 is a real zero of ¢ with |u| < (T, — 61)""/? < (T, — 26;)"Y/2. By (C2), u ¢ 2, so
lu| < (Ty+26;)"'/? < R,, and u is a simple zero of ¢ by (G3). Hence (a®) (w) = t~/2¢'(u) # 0
and 9,®(t,y) = (a®) (w) r'(y) # 0, since 7 has no zeros. So |®|+|d,®| is continuous and positive
on the compact set I; x J, with a positive minimum m,. For large n, |®,, —®|+|0, P, —0,®| < my
on Iy x J, so ®,(t,-) and 9,P,(t,-) have no common zero on J. A real multiple zero yo € J of

S)(\/ﬁ) would be one, since h,(y/nyo) # 0.

(c) Let ns be at least ng and the threshold in (b). By (b), |y| < L. At a multiple zero the left
side of (a) vanishes, while v, (y/ny) # 0 by Lemma 2.1; so |t — Ti| + |y — y«| < Ki/n by (a). O
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9.5. Proof of the collision theorem. Let 6 = §; and t+ = T, + 6.
The two anchor times. The series a(**) is admissible (Definition 1.3). Tts coefficients are real;
its radius of convergence is /fx p, > 1 by (C1); and a{**)(0) = 19 # 0. Tt has a zero on the unit

circle if and only if ¢ has a zero of modulus t;l/ 2; such a zero would lie in 2l and have modulus
different from R., which (C2) excludes. Its zeros in D are the points /1 u with ¢(u) = 0 and

lu| < t;1/2, and such a wu is either in A, hence u € {u,, 4.}, a simple zero by (G2), or of modulus
less than (T, + 26;)"'/2 < R,, hence real by the definition of R, and simple by (G3). The
nonreal zeros of a(*~) in D are exactly \/7_ u, and \/I_ Gy, since Ry < =12

since tll/g < R,. By Theorem 1.4 and (9.1) there is n7 such that for n > ny
(9.4) Ny(t-) =2, Nyp(ty) =0, and all zeros of P, are simple.

The collision. Let ng = max(ns,ny) and n > ng. Apply Lemma 9.5 to P = P,, which has
degree n because ng # 0, with 73 =¢t_ > 0 and Ty = ty; its A is A,. Tt gives t— < A, < tg;
Ny(t) =2fort_ <t <A, and N,(t) =0 for t > A,; exactly one multiple zero z, of P, 4,, real,
of multiplicity 2 or 3; and simple zeros for all ¢ € (¢_,00) \ {A,,}. Together with (9.4) at t =¢_
this proves (c¢) and the first statement of (d); on [t_, A,,) the two nonreal zeros are simple, hence
a conjugate pair.

The place and the time. By (9.1), yn = zn/+/A, is a real multiple zero of Q%A")(\/ﬁ-),
and A, € I;. By Proposition 9.9(c), [An — Ti| + |yn — y«| < Ki/n. Since |y.| < 2 and

VAL VT < A~ T/ VT = D).
1 K
‘Zn_z*’ < \/An‘yn_y*“i“y*H\/An_\/i‘ < ( T*+5+7>71

T.—6/ n

This proves (a) and (b) with K = K1 (1+vTi + 6 + (T — 6)_1/2). The last statement of (d) is
Proposition 9.9(c). O

, and a*+) has none,

Remark 9.10 (On the proof). (1) Proposition 9.9(c) shows that all real zeros of P, ; are simple
for Ki/n < |t —Ti| < 6. So Lemma 2.6 on [T, — 6,7, — 2K;/n] and on [Ty + 2K /n, Ty + 9],
with (9.4), already gives |A,, — T%| < 2K;/n. Lemma 9.2 is needed for (b)—(d): without it, the
count could a priori go from 2 to 4 and back inside the window.

(2) Theorem 1.4 is used only at the two fixed times ¢4, and the bulk estimate only to locate
the collision; no uniform control of nonreal zeros near the bulk is needed. Nothing about the
size or phase of h,(y/ny) in the bulk is used beyond v, (z) # 0, since Lemma 2.2 controls the
tail relative to ||v,(z)||. In particular no Plancherel-Rotach asymptotics enter; in Section 10
they are used only to put the phase of the first-order law in closed form (Proposition 10.9), on
which Theorem 10.10 rests.

(3) For a fixed ¢ the theorem allows a triple zero at A,,. Lemma 9.13 below excludes it almost
surely for random coefficients, using the bottom coefficients 7, 7n—1, Mn—2 of Py, which change
with n; a deterministic argument under (G1)—(G3) cannot use them.

9.6. Genericity for random coefficients. In this subsection ¢ is the Gaussian power series
(1.3), and all statements refer to the completed probability space. We show that (G1)-(G3)
hold almost surely and that triple collisions do not occur. Apart from the existence of nonreal
zeros and the simplicity of the zeros (Proposition 7.6 and Lemma 7.4), the lemmas use only that
the coefficients are independent and have densities and that ¢ has radius 1; see Remark 9.15 for
other coefficient laws.

Lemma 9.11 (Conditioning). Let (n;)j>0 be independent real random variables. Let k > 1, let
c= Miy,...,m,) for distinct indices i1, . .., i, each n;, having a density, and let g be the sequence
of the remaining coefficients. Let M be a second countable smooth manifold of dimension less
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than k, let G be a Borel set with P(g € G) =1, and let ¥ : M x G — RF be jointly Borel on
M x G and C* in m € M for each fized g. Then P(Im € M : ¢ = ¥(m,g)) = 0.

Proof. For fixed g € G, the set ¥(M,g) is a countable union of images of compact sets under
C', hence Lipschitz, maps from open subsets of R?, d < k; so it has Lebesgue measure zero in
RF. The set S = {(¢,¢) : ¢ € ¥(M,g')} is the projection of the Borel set {(m,c,g’) : ¢ =
U(m,g')} € M x RF x G, hence analytic and so universally measurable. The vector ¢ has a
density on RF and is independent of ¢, so Fubini’s theorem for the completed product measure

gives P((c,g) € S) =E[P(c € ¥(M,g) | g)] = 0. O

Lemma 9.12 (Distinct moduli). Almost surely:

(a) no real zero and no nonreal zero of q in D have the same modulus;
(b) if u,u’ are nonreal zeros of q in D with v’ ¢ {u,u}, then |u| # |v/|.

Consequently, almost surely q satisfies (G1)-(G3) with pg = 1.

Proof. Almost surely ¢ has radius of convergence 1 and 19 # 0: for every € > 0, Zj P(|n;| >
e)) < o0, and |n;| > 1 for infinitely many j, by the two Borel-Cantelli lemmas. In (a) and (b)
let G be the Borel set of sequences (g;) with limsup; |gj|1/j < 1, which has full measure. The
maps ¥ below are pointwise limits of continuous functions of (m,g) (take partial sums of the
series), hence jointly Borel, and they are smooth in m.

(a) Let ¢ = (no,m,m2), g3(w) = > ;53mw’, and let My = {(z,u) : @ € (=1,1) \ {0}, u €
D\R, |u| = |z|}, a smooth manifold of dimension 2, parametrised by (£r,7e’?). For (z,u) € M;
the real-linear map O, : R — R x C, (cg, c1,¢2) = (p(x), p(u)) with p(w) = co + c1w + cow?,
is injective: a real polynomial of degree at most 2 that vanishes at x and w vanishes at the
three distinct points z,u,u. So ©,, is an isomorphism, depending smoothly on (z,u). If
q(x) = q(u) = 0, then ¢ = ¥(z,u,g) := =0, ,(g3(x), g3(u)). Lemma 9.11 with k = 3 applies.
(A zero at 0 is excluded by ng # 0.)

(b) Replacing u, u’ by their conjugates if necessary, we may assume that Imu > 0, Imu' > 0
and u # u'. Let ¢ = (ng,...,n3), ga(w) = Zj>47]jwj, and let My = {(u,v’) € D? : Imu >
0, Imu" > 0, u # o, |u] = |u/|}, a smooth manifold of dimension 3. The real-linear map
Ouw : RY = C?, (co,...,c3) = (p(u),p(u')) with p(w) = > .5 c;w?, is injective, because a
real cubic in its kernel vanishes at the four distinct points u,u’, @, @’. If g(u) = g(«') = 0, then
c= —@;’L, (94(u), g4(v')), and Lemma 9.11 with k& = 4 applies.

(G1)-(G3). Almost surely, in addition, ¢ has a nonreal zero in D (Proposition 7.6) and all
zeros of ¢ in D\ {0} are simple (Lemma 7.4). This gives (G1) with p, = 1; R, is attained, since
the nonreal zeros of modulus at most that of a given nonreal zero ug € D are finitely many. By
(b), the nonreal zeros of modulus R, form exactly one conjugate pair, which is (G2), and by (a)
no real zero has modulus R,, which completes (G3).

Lemma 9.13 (No real triple zeros). Almost surely, for non > 2 and not € R does P, have
a real zero of multiplicity at least 3.

Proof. Fix n > 2; a countable union of null events is null. The terms k = 0,1,2 of P, in (1.5)
are Ny, +Mn_1/n 2 +nNp_onz?/v/2, and exp(—ﬁ@?) maps nz2 to nz? —t and fixes 1 and z. Hence
nz? —t
V2
where Ry, ;(z) is a polynomial in (¢, z) whose coefficients depend only on 7o, ..., 7—3 (Rnt =0
if n = 2). A real zero z of multiplicity at least 3 at time ¢ means P, = 0,P,; = 8§Pn,t =0 at

Pn,t(z) =Tn + nn—l\/ﬁz + Nin—2 + Rn,t<z)7
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z, that is,
o wi(2) L iz (= )2

Otz | 1 | = — ,t(z) ;o O=10 Vn V2nz

Nn—2 Ryt (2) 0 0 V2n
The matrix O, is invertible, so (N, Tn—1,Mn—2) = P(t,2) for a map ¥ on M = R? that is
jointly continuous in (¢, z) and (ng,...,nn—3), and polynomial in (¢, z). Lemma 9.11 with k = 3
applies. O
The collision point as a fized rule. For each n > 1 fix a Borel map F,, : R"*! — R such
that Fy,(no, ..., nn) is a real multiple zero of P, x, whenever 7y # 0 and such a zero exists, and
F,, = 0 otherwise. Such a map exists; for instance, take the largest real multiple zero. Indeed,
A,, is a Borel function of (1o, ..., n,) (proof of Theorem 1.1), hence so is the coefficient vector of

P, A,,- Among coefficient vectors of real polynomials of degree n, those with a real multiple zero
form a relatively closed set, and on it the largest real multiple zero is upper semicontinuous: the
zeros stay bounded under small perturbations at fixed degree, and a limit of real multiple zeros
is a real multiple zero of the limit. For n > ng in Theorem 9.1, F},(no, ..., Mn) = 2n.

Corollary 9.14 (The final collision for the Gaussian power series). Let g be the Gaussian power
series (1.3), and z, = Fy(no, ..., nn). Almost surely q satisfies (G1)-(G3) with pg = 1, and the
conclusions (a)—(d) of Theorem 9.1 hold with random 6, K and ng, and with z, a double zero
of Py.a, forn > mng. In particular, almost surely

supn |A, — Ti| < 00 and supn’zn 2R*_1COSG*’ < 0.

n>1 n>1
Proof. On the intersection of the almost sure events of Lemmas 9.12 and 9.13, Theorem 9.1
applies to the now fixed ¢, and the multiplicity of z, is 2 for n > ng. For n < ng, A, < oo by
Lemma 7.1(c), and z, is a finite number. O

Remark 9.15 (Other coefficient laws). Theorem 9.1 is deterministic. In Lemmas 9.11-9.13 the
Gaussian law enters only through independence, the existence of densities, radius 1, and, for
(G1)-(G3), Proposition 7.6 and Lemma 7.4. So let the 7; be independent and identically dis-
tributed with a law that has a density and finite variance. Then ¢ has radius 1 almost surely (by
the Borel-Cantelli argument above: Elog™ |no| < oo, and |n;| exceeds a fixed positive number
for infinitely many j), no # 0 almost surely, ¢ has nonreal zeros by Proposition 7.6, and its zeros
in D\ {0} are simple by Lemma 7.4. Lemmas 9.12 and 9.13 hold with the same proofs, and
so do Corollary 9.14 and Corollary 9.16 below, the Weyl polynomials having coefficients of the
same law. Finite variance is used only for the existence of nonreal zeros; under a density and
Elog™ |no| < oo alone, the conclusions of Corollary 9.14 hold almost surely on the event that ¢
has a nonreal zero in D. For laws with atoms, such as the Rademacher law, Lemma 9.11 is not
available. Simplicity of the zeros still holds (Lemma 7.4), but we do not know whether almost
surely the nonreal zeros of modulus R, form one conjugate pair and no real zero has modulus
R, or whether triple collisions are excluded.

9.7. The Weyl polynomials. For the Weyl polynomials (1.1) with standard Gaussian coeffi-
cients, built from a single sequence (), only statements about laws can be transferred, as in
Theorem 1.1. Let A$*d be the real-rooting time of Gy, ;. Since Gy, is the polynomial P, of (1.5)
for the coefficients (19, ..., 7.) = (&n, - .., &), the number 28 = F,(&,,. .., &) is a real multiple
zero of Gy, ysta whenever &, # 0 and such a zero exists.
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Corollary 9.16 (The final collision for Weyl polynomials). For each n > 1 there is a Gaussian
power series Gn, defined on the probability space of (§x) enlarged by independent standard Gauss-
tan variables, with threshold T*m and nonreal zero E*,new*’", 0< é*n < m, of minimal modulus,
such that the families

”(A?fd - T*,n), n(zztd - 2]%*7,11 cos é*n) (n>1)

are tight. For every n the law of T*,n 1s that of Ty. With probability tending to one as n — oo,

25 s the unique multiple zero of G, swa, and it is a double zero.
sidp

n

Proof. Let (f;) j>1 be independent standard Gaussian variables, independent of (). For fixed n
put 7 = &—j for 0 < j <nand 7 = f; for j > n, and ¢, (w) = ijo flyw’. Then (7)) ;>0 is an
independent standard Gaussian sequence, and the polynomial built from it by (1.5) in degree n
is 3 fin—k(v/n2)*/VE! = Gy(2). Hence G, is the heat evolution P, ; built from G,. The vector

(At 254 T, ) Ry, O.) s obtained from (7j;) by the same Borel maps as (Ay, 2y, Tk, Ra, 0x)
from (7;), the rule F}, being the same on both sides, so the two vectors have the same law. By

Corollary 9.14, D = sup,,, m(| Ay, — Ti |+ |2m — 2R * cos 6,]) is almost surely finite, and therefore

P(n(|Afztd _ T*7n| + |Z7sltd — QR;}Z COSé*,nD > C) <P(D>C) C———> 0

’ —00
uniformly in n. Likewise, the probability that 25'¢ is the unique multiple zero of G psta and is
double equals the probability of the same event for P,, which is at least P(ng < n) — 1, with
ng from Corollary 9.14. U

Corollary 9.16 gives tightness only; the first-order law of n(A,, —T%) is the subject of Section 10.
A rate for the convergence of the law of AS*d to that of T} on [1 4 ¢, 00), which does not use D,
and a bound for the tail of the variable D of the proof are given in the companion paper [A].

10. THE FIRST-ORDER LAW

Throughout this section g(w) = ) >0 njw’ is a real power series with radius of convergence
pq that satisfies (G1)—(G3) of Section 9, and u. = R.e®®* (0 < 6, < 7) and T, = R;? are as
there. The polynomials P,, P,; (t € R) and Qg) = Zj<n ag»t)hn_j, with ag-t) = njt_j/Q, and

the real-rooting time A,, are built from ¢ as in (1.5) and (7.1). By Theorem 9.1, for n > ng all
zeros of P, a, are real and exactly one of them, z,, is multiple. We determine n(A,, — T%) and
n(zn — 2R ! cosf,) up to o(1).
Notation. Put w = sin 0, wy, = €%, y, = 2cos by, x, = VI Ysy 25 = 2R cos Oy, ve = uiq' (us)
(nonzero by (G2)), px = uxq” (us)/q (uy), and

T, 1 T, Re(us) Im(py)
W = = — = — t 9* I « — T H5 T,
202 2(Imuy)?’ Te= g @ e 2|y |? Tm s
& = —% cos 0, Re p, and 5 = —i7,/(2w). The carrier and the carrier phase are
hy () cos O, — hy—1(x)

cn(z) = hy(z) + 4

sin 6, ’

1
cn = arg cp(zy) + arg v, — g 1 sin 20, Re p,  (mod 27);

cn(xx) # 0, since otherwise hy,(z4) = hp—1(x4) = 0, contrary to Lemma 2.1.
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Let J(s) = s —sinscoss. Since J'(s) = 2sin?s vanishes only on 77, J is an increasing
real-analytic bijection of R; it is odd, and J(s + 7) = J(s) + 7. For ¢ € R put

Se = J_l(c), (. = sin 8. cos s, Ao = — cos? se.

As Scin =S¢+, . and A¢ are m-periodic in ¢. Let ¢ € [~7, §) be congruent to ¢ modulo 7 and
U(c) = 2|sz| € [0,7]. Since J is odd and J(5) = 5, ¥ = ¥(c) is the root in [0, 7] of Kepler’s
equation

(10.1) U — sin ¥ = 2dist(c, 7Z),
and cos 2s. = cos ¥(c), sin 2s. = sgn(¢) sin ¥(c). We write ¥,, = ¥(c¢,) and
dy, = max(n_l, dist(cp, FZ)).
The window is described as follows: for real 7, & put

T—T.—W

(=wlE—&), A=To—,

T £ €
10.2) t=T, + —, =Ys + —, = =TT ——=,
(10.2) to y=et o, @ Vny =z, + NG
so that gy is the Hermite variable and z = +/ty the heat variable; (7,£) — (¢,)) is an affine
bijection that does not depend on n. The model is

(10.3) fre(€) = Ceos(C+c) + Asin(¢+¢) (A, €ER).
Since fy ctr = —fxc, everything below depends on ¢, only modulo 7.

Theorem 10.1 (The first-order law). Assume (G1)-(G3). There are C' and ny > ng such that
for every n > ny the following hold.

(a) (Time.) [n(Ap — T%) — 7e + Wcos ¥y | < Cnld,'® < cn2/3.

(b) (Place.) With y, = zn//An, the multiple zero in the Hermite variable,

nw, o B
‘n(yn - y*) - g'r' - Sgn(én)sul S C'n ldn2/3 S Cn 1/37
and in the heat variable
Re(u.) Re(ps _ . sinV¥, 1
n(zn — 2zs) = —W + sgn(cn)ﬂmu* + Re(we) n(Ay, — To) + O(n~1d,; 2/3).

(c) (Double zero.) If dist(cy,nZ) > C/n, then z, is a double zero of Py a,, .

So, up to o(1), n(A,, — T%) is the function 7. — W cos ¥,, of the single phase ¢,, with values in
[Te—W, 7.+W], and (n(A, —T%), n(yn—vys«)) lies near the ellipse ((7—7.)/W)2+ (2w(£—§,))? = 1.
By Proposition 10.9, ¢;, = ¢oo —nmv+O0(1/n) with 7v = J(6.), so ¢, rotates by —mv per degree,
and n(A, — T\) does not converge in general (Theorem 10.10). The upper end 7. + W is the
time at which the zero of the leading complex envelope reaches the real line (A = 0). The error
is O(1/n) when dist(cp,7Z) is bounded below, where the collision is a fold of the model; the
uniform exponents come from the cusps at ¢, € 7Z (Remark 10.8).

The proof has three steps. In the window, Q) (x) is a positive factor times fy ., ({)+O(1/n),
in C? in ¢ (Proposition 10.5). By an exact identity, the model has a unique real multiple zero,
at A = A\, (Lemma 10.6). A degree argument and Theorem 9.1 identify the multiple zero of the
perturbed model with the last collision (Proposition 10.7).



THE REAL-ROOTING TIME OF HEAT-EVOLVED RANDOM POLYNOMIALS 53

10.1. The window expansion. Constants. Fix §; € (0,T./4) with (T, — 28;)""/% < p,, put
I = [T — 61, Ty + 01], fix 01 € (T —51)*1/2,pq) and put Ry = 01(T% —51)1/2 > 1. By Cauchy’s
estimate there is Cy with

(10.4) o < GoRy?  (teh, j=0),

and a®(w) = q(w//t) converges for |w| < Ry. Fix k > 0 with e® < Ry, put ¥ = /Ry and
Sp =20+ )P, let M, = [3logn/log(1/9)], so that 9M» < n=3 and let ny > 4 be such
that (M, +2)* < n for n > ny. Let Dy = {w+w™! : e* < |w| < €}, the closed region
bounded by the ellipse with foci £2 and semi-axes 2 cosh k, 2sinh k; its interior is the image
of the open annulus. Fix rg > 0 such that the disc Da,,, where D, = {y € C: |y — y.| < 1},
lies in the interior of D, and does not meet (—oo, —2] U [2,00). Let w(y) = 3(y +i(4 — y?)1/?)
(principal root), which is analytic off (—oo, —2] U [2,00), with w(y) + w(y) ™! =y, w(y.) = ws
and w' = w/(w — w™1), so that w'(y.) = ws/(2iw). For y € Doy, the two Joukowski preimages
w(y)*! of y have modulus in (e, e”). Below, C' denotes constants that depend only on ¢ and
on these choices, and Cz constants that depend also on a parameter Z.

Continuants. For complex y let A, ;(y), Bn;(y) be the polynomials of Section 3 (there the
variable is called z), A;(y) = —Uj—2(y/2), Bj(y) = Uj—1(y/2) as in (3.3), and

Xnj(y;w) = Anj(y) +wBnj(y),  Xj(y;w) = Aj(y) + wB;(y).
By the proof of Lemma 4.2, X;(w +w™;w) = w’ for w # 0.
Lemma 10.2 (Second-order continuant expansion). Let k > 0 and y € Dy; write Uy = Uj(y/2).

(a) |Ui] < Uy(cosh k) < (14 1)et™ for 1 > 0; hence |Aj(y)| + |Bj(y)| < 2(j + 1)e’~.

(b) Put A;l) = B](.l) =0 for j <1 and, for j > 2,

= G —1) = iG—1)
Bj(l) — Zz UraUjat+ =—Uj1, A§_1> _ Z(E + 1)Uy 1Uj 3¢ — Ui
=1 =1

Then |A§-1)(y)| + \B§1)(y)| < jted® for every j > 0.
(c) If n > 4 and j%2 < n, then
1
A (y)

n

(d) Let w e C\ {0} andy =w+w=t. ThenY; = Ag-l)(y) + ij(-l)(y) satisfies Yo = Y1 =0
and

Ani(y) — Aj(y) —

B](l)(y)‘ _ 4ec0th/ij66jf€

|+ [Bosw) - Biw) - = -

Yj=yYj1 Y2+ 3(( - Dw’ + (- 2w/ %) (j22)

Proof. (a) Write y = w + w1 with |w| = €7, || < k. By (2.3) (and by continuity at w = £1),
U = Zli:O w!=2. Pairing i with [ —i, |U] < 3, e772) = 3" cosh(o(l — 2i)) < 3, cosh(k(l —
2i)) = Uj(cosh k), and Lemma 2.5 gives the second inequality. For j > 1, |4;] + |B;| < (j —
1)6(‘7'72)/‘6 + je(jfl)ﬂ.

(b) By (a), é\7=_11 [Ue—1Un—1-¢| £ < eN=2)r DN (*(N —/(), and 20N (?(N—t) = N*(N?—
1)/12 < N*/8. With N = j — 1 for B and N = j —2, ¢+ 1 < 20, for AV, we get
B < (4 + 17969 and [A] < (354 + Lj%)er, and 3 < /2.

(¢) For j < 1 the left side vanishes, so let 5 > 2; then j < /n < n/2. A second-order
defect bound. Let m > 2 and 0 < §, < 5 < 1/m for £ = 1,...,m — 1, and put T,(nl) =
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Zzn:_ll O¢Up_1Up—pr—1. We claim

(10.5) ’Hm(y; 1—=61,...,1=6pm—1) = Up — TT(nl)‘ < O rmZ(m 4 1)5%e™",

In Lemma 3.2, S = () gives Uy, and S = {¢} leaves components with £ — 1 and m — ¢ — 1
vertices, so the matchings with |S| = 1 give T, By (a), the left side of (10.5) is at most
Z|S|>2 [Lies el U|C|(cosh k) < h(0), where g(s) = II,(2coshk;1 —s,...,1 —38) = >, grs”
has coefficients g, = Z‘S| k [1c Ujci(coshk) > 0 and h(s) = 375, grs®. As h(s)/s? is non-
decreasing, h(d) < (md)2h(1/m) < m262g(1/m). The constant-edge path is /1 — s times
the unit path, so g(s) = (1 — s)m/QU (coshk/y/1 —s), and as in the proof of Lemma 3.3,
g(1/m) < (m 4+ 1)e™" with &' < k + coth #/m. This proves (10.5).

Denominators. Let L = —logd, j = —1 E]_l log(1— r/n) From u < —log(1—u) < u+u? on
[O,%},L: %—l—adwithO <gg < 6,]: < 2 so0<L<4 < 1 . Write d 1 —el =14Dy+D
with Dy = 241, Then0<D1+D—e —1< Lek §O.47]2/n, ogD_ L_1—Ltei<
1L26’L + A iz < 4n2, and d ;<L 4.

The polynomial B, ;. By Lemma 3.1, By, ; = IIj_1(y;1 — 61,...,1 = d_2)/dyn; with 6, =

l/n<§:=(j—2)/n,and § < 1/(j —1) because (j —1)(j —2) < n. Write Il;_1 = Uj_1 +T1 + 1%
(1)

with 71 = T\ (and Ty = Ty = 0 if j = 2). Then 0Tt = 3, (Up_1Uj_2_y, s0 B; + B\ /n =
Uj_1 + 711 + DlUj_l and
1
B](. ) T
Bnj—Bj———= d7+T1(D1+D)+Ua 1D.
7.7

ByA(lO.S), Ty| < e©thr5eU=1k /n2: by the proof of (b), |T1| < j4e(jf3)"/(8n) and |Uj_1| <
jeU=Dr_ Hence the left side is at most (1.4e°™"#55 4 0.065% + 0.255%)el® /n? < 2e0th# j6¢ik /2,
as 0.31 < 0.6 < 0.6,

The polynomial Ay j. Here Apj = —I1;_o(y;1 —04,...,1 = 8% _3)/dpnj with 6, = (£ +1)/n <

, . e - . 1
(j—2)/n<1/(j —2) (no edges if j < 3), and the same algebra gives —'(An’j —Aj - A; )/n) =
TQ’/'dnvj—l—Tl’(Dl—i—D)—kUj_gD, with |T3] < eoth#j5¢(-2) “/n IT]| < j*eU=9%/(4n) and |U;_o| <
jeli=2% The bound is now (1.4e°"#35 1+ 0.12j6 4 0.255%)el® /n? < 2ehj6eik /n? as 0.37 <
0.6e. Adding the two bounds gives (c). '

(d) The polynomials X, ; = X, ;(y;w) satisfy (3.1): (1 — ZN12X,; = yX, ;-1 — (1 -
212X, 59, with X,0 = 1, X,1 = w. Fix j > 2; y lies in some Dy, so by (c), X,; =
w' +Y;/n+ O(n=2) fori < j as n — oo. Insertlng (1—k/n)Y? =1—k/(2n) + O(n~2) and

-1

comparing the coefficients of n~! gives Yy —I5w) =yY; 1 - Y o+ ﬁwj 2, U

Lemma 10.3 (The envelope). Fort € I and y € Dy, let

My,
Fo = Za (Y5 wy), Za A ) )+ w*B](l)(y)), En: = Zag-t)Xn,j(y; Wy ),
3>0 >0 =0

functions of (t,y).

(a) The series converge absolutely and uniformly on I1 X D, also after any number of t-
derivatives; Fy, F are analytic in y in the interior of Dy, and smooth in t; and |Ey, (y) —
Fo(t,y) — Fi(t,y)/n| < C/n? on Iy x Dy, for n > nyy.

(b) Fo(Ts,ys) = 0, OuFo (T, yi) = =1/ (2T%), OyFo(Ty,y«) = B, and

1
Fi(Ty,ys) = F} = *y*<m — EcotH* p*>.
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(c) Let £ > 0. There are C= and nf such that, in the notation (10.2), for n > nf and
IT], €] < 2 the function A, = nEy(y) — B(( — i\)/w satisfies \8§An\ < Cz/n for
k=0,1,2.

Proof. (a) By (10.4) and Lemma 10.2(a),(b), the jth terms are at most 2C(j +1)9/ and Cpj*
on I; x D,. Since Gfag-t) is ag-t) times ¢t~* times a polynomial in j of degree k, and ¢t > %T*,
the t-derivatives only add polynomial factors in j. This gives uniform convergence, analyt-

icity by Weierstrass’s theorem, and termwise differentiation in ¢. Next, E'nt Fy — F1 /n =
1 1 . 1

5y 0 005 = 5 o, 0 (54 (A 10, B ) ith 5 = X, 5~ X, — (4,30 .
For n > ny and j < M, we have j> < n, so by Lemma 10.2(0) the ﬁrst sum is at most
4" CySg/n®. The second is at most 3Co Y-y, (7 + 1) < 3Co(M, + 2)*0MnF18, <
3CpSy/n?, because (M + 2 +i)* < (M +2)*(1 +4)4, 9 <n=2 and (M,, + 2)*

b) Let y € Dy, and w = w(y). The sequences A; + w*!B; satisfy the free recurrence with

0 J J

*1 50 they equal w*/. Summing against agt) (

Ro) gives Ay + wt'B; = a® (w*h), where A; = > agt)Aj and By =3, a(.t)Bl. Hence

initial values 1, w absolutely, since [wt!| < e <

Fo(t,y) = aD(wy)) + (we —w(®m)Bi(y),  Bily) =

At (T, y.) we have w = w,, (™) (w,) = q(u,) = 0 and ™) (w ) = ¢(a,) =
and Fy(Ty,y«) = 0. Differentiating, with w, T ~12 = Uy OpF0(Ty,ys) = O [q(w*t_1/2)] =

—usq'(us) /(2T%) and 9y Fo(Te, ys) = (al™)) (w.) w'(y.) = uad (us) / (2iw) = 6.

Finally (T, y.) = >, a;Y;, with a; = ag-T*) and Y as in Lemma 10.2(d) for w = w,. Let
|lw| =1, w # £1, put

w? 41 —2(w? +2) —a j
2w? —1) U w1 () = a2
and AP(j) = P(j) — P(j — 1) = agj + a;. Then w P(j) —yw? " P(j — 1) + w/2P(j — 2) =
wIAP(j) —wI=2AP(j — 1), and the choice of a and a; makes this equal to 5((j — 1)w’ + (j —
2)w’~2) (compare the coefficients of j and the constant terms). As the homogeneous recurrence
has the solutions w*7, Y; = w’(P(j) + k1) + kow™7 for constants ky, k2. Since a has radius of
convergence greater than 1,

a9 =

Z a;Y; = %wQa"(w) + (a1 + az)wd (w) + kra(w) + kea(w™).

At w = wy: a(wF) =0, wed (wy) = Ve, w2a" (wy) = u2q" (Us) = Yups, 2 = cosby/(2isinb,) =
—Lcotf,, and with s = w?, oy + ay = (s+1)(s~ 2 SjQ)(S D _ (8:‘19)2 = 4%2, since (s — 1)? =

—4ssin?0,. This gives F7.

(c) Let nL = max(nw,=/d1,2/ro) and n > nL. Then (¢,y) and the segment joining it to
(Ty,y«) lie in I; X [ys — ro,y« + 70]. By (a) and Cauchy’s estimates on discs of radius ry inside
D, , the derivatives of Fy and F} of order at most 3 are bounded by C' there, and |8’;(En7t —Fy—
Fi/n)| < C/n? for k < 2. Write nE,+ = nFy+ F1 + n(En: — Fy — Fi/n). Taylor’s formula and
(b) give nFy(t,y) = BE — 7.7/ (2T%) + O(E?/n) and Fy(t,y) = Ff + O(E/n), so nE,.(y) = BE —
Y7/ (2T )+ Ff+0=(1/n). Since ¢ = n~19y, O¢(nEy ;) = 9, Fo(t,y)+0(1/n) = B+0=(1/n) and
ag(nEnt) = n_162 E,:=0(1/n). It remains to check that 8¢ — v.7/(2T%) + F}' = (¢ —iN)/w.
By (10.2), B(¢ —z)\)/w = B¢ — P& —ifw(T — T — )/T*7 and —iﬁw/T = —7./(2T%). Moreover
— B¢ = — Ly, cot 0, Re py and vi (1. + W) /(2T%) = 7:(% cot 0, Im p, + 4w2) whose sum is F;'. O
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Lemma 10.4 (The carrier). Let n > 2.
(a) Forrealz, hy(z) = Rec,(x), hn_1(z) = Re(wwcn (), w?|cn () > = h2—yihphp_1+h>

n—1»
and by (2)? +hp—1(2)? < 2|, (@)%, If x = /i (ys+E&/n) with € real, then Y, ., hi(x)? <
(nw? + [€])en (@)

(b) Let 2> 0 and n > 5(1 + =)?/w?. For real £ with || <= and x = x4 + £/\/n,

en (1) = cn(@a) €@ /(1 1 g, (€)),

where &, is smooth, £,(0) = 0, |e,| + |h| < 5(1 +Z)?/(nw) < 1 and || < C=/n, with
C= depending only on = and w.

Proof. (a) Rec, = hy, is clear, and Re(wyc,) = hycosb, — (hycos@y — hp—1) = hy—1. Next
w?|en|? = wW?hZ+(hy cos O —hy—1)? = b2 —y.hyhy—1+h2_ . The quadratic form a®—2ab cos 0, +
b? has eigenvalues 14cos 0y, and w? = (1—| cos 0.]) (14| cos 0.]), so h2+h2_| < (1+]cos 0.])|en|?.
Lemma 2.2 with z = y. +&/n gives >, _, hi = n(h% —yihphn_1+h2_1) —Ehphyp—1 = nw?|e, |2 —
Ehphn_1, and |hphp_1| < |cn?

(b) Let up (x) = e **/4hy, (x). From He!, — zHe!, +mHe,, = 0 we get u + (n+ 1 — 2 )u,, = 0,

and (2.1) gives u;, = /N Uup—1 — Sup. Put U(§) = un(zs +&//n). Since 2/(2y/n) = cosb, +
§/(2n),
2 WU iU
10. e =y U €U
(10.6) e en(z)=U T
Let Z = U—iU’Jw; then Z(0) = e "*/4¢c,(2,) # 0 by (a). As2?/4 = ncos? 0, +& cos . +£2/(4n),
1/1 £2 1+ = 2
1 2 _ - —(Z_ . < — < =
U'+ (@ +9U=0,  e§)=—(5-Ccosbu=3-), Jd<——=, ||<>

Since U = Re Z, this gives Z/ = iwZ + (ie/w)Re Z. Let YT(£) = e ™¢Z(¢) — Z(0), so that
Y = (ie/w)e” ™ Re Z. With £ = (1 + E)Z/(nw) < w/5, Gronwall’s inequality gives |Z| <
e‘|Z(0)| < 1.23|Z(0)| and then |Y| < 1.23¢|Z(0)|. Define

(&) ige ™U(¢)
0) 2nwz(0)

By (10.6), Z(0)e™¢(1 4+ ¢,) = Z — iU/ (2nw) = e~*"/4¢,(z), which is the claimed identity, and
en(0) = 0. Using |U| < |Z], |U'| = w|Im Z| < w|Z| and |Y'| < 1.23(1 + 2)|Z(0)|/(nw),

=2 =
< 1.23=2° + 1.85H’

len] <

en(§) = ;

. 1.23(1+E2) + 0.62(1 + 28)
lenl < ;
nw nw

and the sum is at most 5(1 + Z)?/(nw) < w < 1. Differentiating once more, with |Z’| < 2|Z|
and U” = —(w? + €)U, gives |e!'| < C=z/n. O

Proposition 10.5 (The window expansion). Assume (G1)-(G3). For every = > 0 there are
nz and Cz such that for n > nz and real 7,& with |7|, |£| < Z, in the notation (10.2),

QW (x) = Pu(€) [faea(Q) + Rn($N)], Pn(€) = W eY=E/2+6%/(4n)
where R, is a smooth function of (¢, \) with |Ry| + |0¢Ry| + \8?Rn\ < Cz/n. The constants do
not depend on c,,.

Proof. Let nz = max(nk,5(1 + Z)?/w?) and n > nz; then also M, +1 < n and E < nw?.
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Head representation. By Lemma 10.4(a), Ahy + Bhy—1 = Re[c, (A + w,B)] for real A, B. As
the ag.t) and the polynomials A,, j, By, ; are real, (3.2) gives

n

QY (2) = Re[tn(@) Eng()] + E¥N2),  E¥2)= Y a\"h, ().
j=Mp+1

The identity. By Lemmas 10.4(b) and 10.3(c), with (22 — 22)/4 = y.£/2 + £2/(4n),

eal2) = lea(w) |50 OITTE (L ), nB(y) = NP (¢ i) 4

wAn]'

Since |B] = [1«|/(2w), arg B = arg v« — § and w¢ = ( +w& = ¢ — %sin%* Re ps, the phases add
up to ¢ + ¢y, and
n(2)Eni(y) = Pu(€) €CT[(C —iA) + Gr],  Gn=en(C—i\) + (1 +en) wA,/B.
As Re[e'CF9 (¢ —i)\)] = fr.(C), this is the claim with
R, = Re[e'CTen) G, ] + B (2) /Py (€).

R, = g)(:c)/Pn(f) — e, (€) is smooth in (¢, N), as Q,(f)(x) is a polynomial in (x,¢~1/2) and
(10.2) is affine.

Bounds. At fixed \, 9; = w™'9¢. On the square, | —i)\| < Cs, and ]6§5n|, |8§An| < Cz/n for
k < 2 by Lemmas 10.4(b) and 10.3(c); hence laan\ < Cz/n, and |8é3 Re[e!¢ten)@,]| < Cz/n
uniformly in ¢,. For the tail, 9 = n~'/29, and A}, = /mhy_1 show that 8§Etaﬂ(x) =
> is M, a§t)pj7khn_j_k(x) with weights p;;, € [0, 1] and all indices below n (h_; = h_o = 0). By
the Cauchy—Schwarz inequality, (10.4) and Lemma 10.4(a),

ai 12 CoR-Mr(2n)1/2 _
0] < (3 @) X hate?) < R(_Q))m en(@)] < O~ ]en(a)],
- Y

j>Mpy m<n

since Ry™M» < 9M» < n=3. By Lemma 10.4(b), |cn(2)] < 2|c,(2.)|e®*=7D/4 = 2nwP,(€)/18],
and the derivatives of 1/P,, are 1/P, times polynomials in y./2 + £/(2n) and 1/(2n). Hence
|OF (B /Py)| < C=n=3/2 for k < 2. O

The proof uses only that ¢ is real and that u, is a simple nonreal zero with |u.| < pg; the
minimality of |uy| and (G3) enter only through Theorem 9.1. No asymptotics of h,, are used: the
phase argc,(z.) is kept exact. Since the leading envelope Fjy vanishes at (T, ys), the window
sees its first derivatives and the first-order envelope Fi, together with the carrier phase.

10.2. The model. For ¢ € R let ®.(¢,A) = (f((),0cfrc(¢)) € R?, with the Euclidean
norm. Let I' = {(¢,A) : (3 + A2 + X = 0}, the circle of radius § about (0,—3); the curve
v(s) = (sin s cos s, — cos? s) runs around I' at unit speed with period 7, and ((e, Ae) = Y(s¢).
Lemma 10.6 (The model). Let ¢,(,A € R and s =+ c.

(a) With R(S) — ( cos s sins)}

— SIn s CoSs s
Do(¢,A) = R(s)[(¢,A) = (s)], 1B(¢C N2 = (J(s) =€) + (A +cos® s)°.
In particular |®.(C, \)| > dist((¢, ), ).
(b) (e, Ae) is the only zero of ®.: fx. has a real multiple zero if and only if X = ¢, and
then only at (.. There 8gf)\,c = —2sin s, 3§’f>\,c = —2cos s, and det DO, = 2sin? s.; so
the zero is double, and reqular for ®., if ¢ ¢ w7, and triple if ¢ € 7Z.
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(c) All zeros of the entire function fy. are real if and only if X > A.. For A > X they are
simple; for A < A; exactly two are nonreal, a simple conjugate pair, and the real ones
are simple.

(d) Let € = |®.(¢,\)| < 1, d = max(e, dist(c,77Z)), o = |sins.| and Cy = /2 (372/2)'/6 <
2.22. Then 0% > (12/73) dist(c, 77Z),

¢ — ¢ <min{(3n%)V3, 11.7ed7%3), |\ =\ <min{e + O3, 7.1ed7 /3,
and if ¢ < 03 /4, then | — | < 2¢e/0? and |\ — \¢| < e(1+2/0).

For ¢ € nZ and ¢ € § + ©Z, part (c) is classical: up to the factor (2/m)22712 fro(z) and
[ar/2(2) are the Dini functions a.J,(2) + 2J,(2) with o = tand o= —1% and @ = A+ 1, whose
zeros are all real if and only if o + 0 > 0 [48, §15.25, p. 482]; this gives \g = —1 and A/, = 0.
As ¢ runs over R/7Z, the threshold points ((., Ac) run once around I', and (2¢,2 + 2);) runs
along one arch of the cycloid S +— (S —sin S, 1 — cos S), with S = 2s,; its cusps, ¢ € 7Z, are the
phases with a triple zero. The model is an exact trajectory of the backward heat flow: €“ fy 2y
solves Oy F = —6?F, so that (c) describes the real-rooting time of this flow started from fy .

Proof. (a) Since f = (coss+ Asins and O¢f = (1 + A) coss — (sins, we have (f,0cf — coss) =
R(s)(¢, A), and R(s)y(s) = (0, —coss). As R(s) is orthogonal and ¢ —sinscoss = J(s) — ¢, the
identities follow; and ~(s) € T.

(b) By (a), ®. = 0 if and only if J(s) = c and A = — cos? s, that is, s = s, ( = s.—c = (. and
A = A.. Inserting these values in 82]" = —(24+ A)sins — ( cos s and 8?]0 = —(34+A)coss+(sins
gives —2sin s, and —2 cos s¢, and the rows of D®, are (O¢f,0\f) = (0,sin s.) and (Ggf, OO f) =
(—2sin s, cos s¢). Finally s, € nZ if and only if ¢ € 7Z, since J(kr) = k.

(c) As fxctr = —fre we may take 0 < ¢ < 7. On |w| = Nm, N > 1, one has |tanw| < 2:
for w = u + iv with |v| > 1, |tanw|? < coth®?v < 2; if |v| < 1, then dist(u,7Z) < 1/7 and
|tanw|?> < (sin?u + sinh?v)/cos®u < 2. So for N7 > ¢+ 2|\|, on |¢ + ¢| = N7 we have
|Asin(¢ +¢)| < |¢ cos(¢ +c¢)|, and by Rouché’s theorem fy . has 2N + 1 zeros in {|( +¢| < N7},
as ¢ cos(¢ + ¢) has. Now count real zeros. Let 0 < ¢ < 7. On I}, = (km — ¢, (k + 1)7 — ¢) write
w = C+cand f = sinw(h+ \) with A(¢) = Ccotw, so that k' = (¢ — J(w))/sin?w; at the
endpoints f = +( # 0. For k > 1, ( > 0 and |sinwcosw| < w — kr < (, so h decreases from
400 to —oo; for k < —1, similarly h increases from —oo to +oo; either way I carries exactly
one zero, which is simple. On Iy, h — —oo at both ends and A’ has the sign of ¢ — J(w), so h
has the single maximum h = (s. — c) cot s. = cos® s, = — )\, at (.. Hence I carries two simple
zeros, one double zero, or none, as A > A, A = A. or A < A.. For ¢ = 0 the intervals I, k > 1
and k < —2, are as before; on (0,7), h = ( cot ¢ decreases from 1 to —oo, h is even, and ( = 0
is a zero with f = (1+A)( — (3 + %)C?’ + O(¢%); so (—m, ) carries three simple zeros, a triple
zero, or one simple zero, as A > —1, A= —1 or A < —1. In all cases the number of real zeros in
(=N7 — ¢, N — ¢), with multiplicity, is 2N + 1 if A > A\ and 2N — 1 if A < A.. Letting N — oo
gives (c); a nonreal double zero would come with a conjugate one.

(d) Let L = |s — s¢| = |¢ — C|- By (a), |J(s) — J(s¢)| < e and |\ + cos? s| < e. For an interval
I of length L, f12sin2udu > L—sinL >2L3/(3r?)if L <m and > 7 if L > 7 as e < m,
this gives L < (%7725)1/ 3. For real a < b with b — a < 7, by the Cauchy-Schwarz inequality,
| cos?b—cos? a| < 2 f; |sinu| du < (2(b—a)(J(b) — J(a)))/? < C;(J(b) — J(a))*?, and this also
holds if b — a > 7, since then J(b) — J(a) > 7; 50 |A — Ae| < & + Cye?/?. If € < 03/4: on the
interval between s. and s of length min(L,0/2) we have |sinu| > 0/2, which forces L < /2
and then & > 02L/2; moreover cos?s — cos? s, = —fssc cotu - 2sin® udu with |cotu| < 2/0,
s0 A — A| < e+2¢/0. Next, with § = sz € [-F,7), 0 = [sin3] > 2[3[/7 and dist(c,7Z) =
J(13]) < 2|3, so 0% > (12/n3) dist(c, 7Z). Finally, if dist(c, 7Z) > (73/3)e, then ¢ > 4e and
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d = dist(c, 7Z), and the fold bounds give | — (.| < 2(73/12)%/3ed=2/3 and, as 1 < (7/2)Y/3d~1/3,
A= X| < ((m/2)Y3 + 2(x3/12)Y/3)ed~1/3; otherwise d < (73/3)e, and the first bounds give
¢ = ¢ < Bn)V3(n3/3)2/3ed=2/3 and |A — A| < (1+C)e?3 < (1+Cy)(n®/3)Y/32d~1/3. The
constants are below 11.7 and 7.1. 0

10.3. The threshold. Let By = [—1,1]x[—3, 3]. It is convex and contains I' C [—1, 2] x[-1,0],
and dist(9By,T') = 1. Put Z¢g = |& | +w™ + |7 + W| + 3W; then the square |7, || < Ej is
mapped by (10.2) onto a rectangle containing By. Let R, be as in Proposition 10.5 for = = E,
and on By put F,, = fi., + Rn and ®, = (F,,0¢F,), so that |®, — ®., | < &, := Cz,/n. For
n > ng let 7, = n(A, — T%) and &, = n(y, — y«), with y, = 2,/vA,, and let ((,, A\n) be the
image of (7, &,) under (10.2).

Proposition 10.7 (The last collision in the window). For all large n, ((,, An) lies in the interior
of By and ®,((n, A\n) = 0; in particular | D¢, (Cn, An)| < Ep-

Proof. Dictionary. Let n > nz, and let ({, \) € By be the image of (7,&). At fixed 7, Ocx = n~1/2
and 0:( = w, so Proposition 10.5 gives n_l/QQg)’(w) = PLE)Fn(C,A) + wPn(§)0cFrn(C, ). As
P, >0, ®,(C,\) = 0 if and only if z is a multiple zero of Q\, that is, by (7.1), if and only if
Vty is a real multiple zero of P, ;.

Degree. By Lemma 10.6(a), |®| > 3 on By for every c, and by Lemma 10.6(b), ((¢, Ac) €
I' is the only zero of ®.; for ¢ ¢ 7Z it is regular with positive Jacobian, so the Brouwer
degree deg(®., Bp,0) is 1. Since (¢,(,A) = D.(¢, ) is continuous and does not vanish on
R x 0By, homotopy invariance gives deg(®., By, 0) = 1 for every ¢, including ¢ € 7Z. The maps
D, + pu(Py — Pc,), 0 < < 1, are continuous and have modulus at least & — &, > 0 on 9B for
large n, so deg(®,, By,0) = 1, and ®,, has a zero (¢’, \’) in the interior of By [10, Ch. 1].

Identification. By the dictionary, P,y has a real multiple zero, where t' = T, + 7//n and
|7’| < Zg. Let § be as in Theorem 9.1. For large n, t' > T, — §, so t’ = A, by Theorem 9.1, and
the multiple zero is z,, the only multiple zero of P, »,. Hence (¢, X') = ((n, An). O

Proposition 10.7 uses from Theorem 9.1 only that A, is the only time ¢ > T, — § at which
P, ; has a real multiple zero, and that P, , has only one. It does not use the localisation of the
collision within K /n of (T, z.), which it reproves with an explicit window: |7, — 7| < 2W and
1€n — & | < 1/w for large n.

Proof of Theorem 10.1. Let n be large, so that £, < 1 and Proposition 10.7 applies. The bounds
of Lemma 10.6(d) increase with ¢, and max(&,, dist(cp, 7Z)) > min(Cz,, 1) dp; so that lemma,
with ¢ = ¢, gives

A = Aen| < Cn7Y Y3 (G — G| < OnTRL PR

By (10.2), 7 = 7 + W +2W A, and &, = & + ¢ /w, while 7. + W +2W A, = 7. — W cos 25, =
Te — Weos Uy, and (., = %sin 25¢, = %sgn(én) sin ¥,,. This proves (a) and the first part of (b).
Since 2z, = /Ay yn, exactly n(z, — z¢) = VAn &n + 4T/ (VAn + VTY); as 7y, &, are bounded,
this s v/T% &y 4 o7/ (2y/T5) + O(1/n), and VL6 = - Re(us) Re(ps) /(2 ), VTo/ (2) =
1/(2Imus), y«/(2vTx) = Re us.

(c) Suppose that dist(c,,nZ) > 373Cg,/n, and let ¢ = |sins,,|. Then o3 > 36&, by
Lemma 10.6(d), and the same lemma gives [(, — (., | < 28,/0% and |\, — A, | < En(1 +2/0).
On By, which contains ({,, \,) and (., , A, ), the function

02 frea Q) = —(2+ X)sin(C + cn) — G cos(C + ¢p)
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has partial derivatives bounded by % in ¢ and by 1 in A\. By Lemma 10.6(b) and Proposition 10.5,
using o < 1,
26&y,

9 _ _
O2F(Gos M)l 2 20 =560 ( S5 +14 =) =& 2 20— 2t = 0(2— 2) >0,

o
So ¢, is a zero of F,(-, \,) of multiplicity exactly two. As Q%A")(x) = Pn(§) Fn(¢, An) with Py,

smooth and positive and ¢ an affine function of x, \/ny, is a double zero of Q%A”), and z, one
of Pya,- O

Remark 10.8 (The exponents). For v € R the difference f) .1, — fa is O(|v]) on bounded sets,
with all its derivatives and uniformly in ¢; for v < 1/n it is a remainder of the size allowed in
Proposition 10.5. At ¢ = 0 it moves the multiple zero by A\, —\g = sin? s, and ¢, —(p = % sin 2s,,,
of orders |v|*/? and |v|'/3, since J(s) ~ 253, So no argument that uses only the conclusion of
Proposition 10.5 gives better exponents than those of Theorem 10.1 at d,, < 1/n. In between,
d)\e/dc = cot s. and d(./dc = cos 2s./(2sin? s.); as & — 0 with n|é| — oo, a phase shift by 1/n
moves . and (. by (1+0(1))(3[¢]) =3 /n and (1+0(1))(3|¢])~2/3/(2n). Where these derivatives
vanish, the rate 1/n is realised by vsin(¢ + ¢), which turns f) . into fiy, ., and by translations
in (. Whether R, itself has such components at order 1/n is a question about the next order of
the expansion.

Numerically, the size of the cusp effect depends on ¢. For eight symbols (the benchmark
of Table 1, three other fixed symbols and four samples of the Gaussian power series), with 128
degrees each in 100 < n < 25607, we compared the scaled error n-|n(A, —T%)—(1.—W cos ¥(cy,))|
at degrees with dist(c,,nZ) < 0.05 with its median at degrees with dist(c,,7Z) > 0.3, and
fitted it, for n > 1600, by A+ B max(dist(c,,7Z),n~1)~1/3. For three symbols, among them the
benchmark, the errors near the cusps are at most three times the median at the folds and the
fit gives B < 0, so no growth towards the cusps is detectable for n > 1600. (For the benchmark,
the values 1.62 at n = 110 and 1.45 at n = 408 are about twice the largest value at the folds,
0.76; at the three degrees near the cusps above 1600 they are 0.5 to 1.0.) For the other five,
three of them Gaussian samples, B > 0 and the errors near the cusps are 4.5 to 14 times the
median at the folds, consistent with the growth dist(cy, wZ)fl/ 3 that Theorem 10.1 allows. The
samples near the cusps are small (1 to 6 degrees per symbol), and dist(c,, 7Z) does not go much
below 1072, so the regime d, < 1/n is not reached. So for particular symbols the next-order
remainder appears to have a negligible component in the direction that moves the cusp, but not
in general.

10.4. The carrier phase.
Proposition 10.9 (The carrier phase). Fiz 6, € (0,7). As n — oo,

arg ¢, (z4) = % - (n + %)9* + 2sin 20, + O(%) (mod 27),

2
w2af 2NV e
e (24)] = €72/ (%) (sin6,)"/2(1 4 O(1/n)).
Consequently c, = ch + O(1/n) modulo 2w, where
0. 1 . .
cEl:coo—mw, coo:argv*—£—5—181n29*Rep*, v = J(0x) = 0, — sin b, cosb,,

and Theorem 10.1(a),(b) hold with (¢, ¥y, d,) replaced by (&, \I/(cgz),max(nfl,dist(c%, 7))).

So the rotation number v of the carrier phase is given by the same Kepler function J that
gives the threshold of the model. The O(1/n) terms are locally uniform in 6,; explicit constants
can be obtained from [41, Theorem 3.1].
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Proof. By the Plancherel-Rotach asymptotics in the oscillatory region [46, Theorem 8.22.9(a),
(8.22.12)] (equivalently, by formulas 12.7.2, 12.10.14-12.10.16, 12.10.18, 12.10.22 and 12.10.23
of [12]), rewritten for h, = He, /v/n! = 27/2H,(-/v/2)/Vnl, for z = 2(n + 1)Y/2 cos ¢

107) e = (2) )2 eos((n+ 1)) - T) +0(1)],

™m
uniformly for ¢ € [e,m —¢]. (In Szegd’s form the phase is (% + 1)(sin 2¢ — 2¢) + 3 for sin, which
is 3T — (n+1)J(¢).) For real m near n let ¢, € (0,7) be given by cos ¢y, = z./(2(m + %)1/2),
and g(m) = (m + 3)J(¢m). Differentiating, ¢}, = cosg,/(2(m + 3)singy), so ¢(m) =
J(pm) +2(m+ 3) sin® @, @), = @, Since Pn—1/2 = 0s and @, — 0, = O(1/n) for m € [n—1,n],
we get g(n) = nJ(0y) + 30, + O(1/n) and g(n — 1) = g(n) — 6. + O(1/n). Apply (10.7) at z, to
hy, and to hy,_1; with © = g(n) — 7 and A4, = (2/(7n)) 4 (sin @) /2,
22 22
e~ 1 hp(zy) = Ay [cos@ + O(%)], e 1 hy_1(xy) = A4, [cos(@ —0,) + O(%)]
As cos © cos b, — cos(© — 0,) = — sin O sin 0, this gives
e‘xz“cn(w*) =A, [e_i@ +0(1/n)],

hence argc,(z+) = —© 4+ O(1/n), which is the first claim. The second follows, since sin ¢, =
sinf, + O(1/n), and the definition of ¢, gives ¢, = &+ O(1/n).

For the last claim, on By we have [0.®c| < |0cf| + |0:0¢f] < 1+ 2(|¢] + |A]) < 6. Choosing
representatives with |¢, — c,hl\ < C’/n, Proposition 10.7 gives D (Cny An)| < (Cy +6C")/n, and

the proof of Theorem 10.1 applies with cqu1 in place of ¢,. The two error bounds are comparable,

since max(n~!, dist(ch, 7Z)) < (1 + C")d,, and dy, < (1 + C’)max(n~1, dist(ch, 7Z)). O
10.5. Oscillation and the joint law.

Theorem 10.10 (Oscillation and the joint law). Let py(s) = (#W)~ (W + 5)/(W — s))1/2
for |s| < W and pw(s) = 0 otherwise.

(a) Assume (G1)-(G3) and v = J(0x)/m ¢ Q. Then the set of limit points of n(A, — T%)
is [Te = Wyte + W], and N71" On(An—T,) CcOnverges weakly to the law with density
pw (T — 7.), whose mean is 7. + W/2. If v = p/r in lowest terms, then n(A, — Ts)
is asymptotically periodic with period r, and it converges if and only if 0, = 7/2 and
dist(coo, 7Z) = 7/4.

(b) Let q be the Gaussian power series. Almost surely (G1)-(G3) hold and v ¢ Q, so that
(a) applies. For every random elementY of a Polish space that is a measurable function
of q,

(Y, n(A, = Tv)) — (Y, 7o — Weos ¥(U)) in distribution,

™

where U is uniform on [0, 5] and independent of q. In particular (Ty,n(A, — Tk)) —
(T, 7e — Weos¥(U)), and E[Zp(n(A, — Ty))] — E[Z [ o(1c + s)pw(s)ds] for every
bounded measurable function Z of q and bounded continuous : the conditional law of
n(A, — Tx) given q converges to the law with density pw (T — 7¢).

The limit law piles up at the upper end 7. + W, where its density has an inverse square-root
singularity, and vanishes like a square root at 7. — W.

Proof. The law. Let V be uniform on R/7Z and F(c) = 7. — Wcos2s. = 7. — Wcos¥(c), a
continuous function on R/7Z; as ¢ runs once around R/7Z, 2s. runs once around R/27Z, so
FR/nZ) = [1c. — W, 7.+ W]. U = dist(V, 7Z) is uniform on [0, §] and F'(V) = 7. — W cos ¥(U).
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By (10.1), dU = (1 —cos ¥) d¥, so ¥(U) has density (1—cos ¥)/7 on [0, 7], and s = —W cos ¥
has density (1 — cos ¥)/(7W sin ¥) = py(s) and mean —% Jo cos (1 —cos ) d¥ = %

(a) By Theorem 10.1 and Proposition 10.9, 7, —F(CEZ) — 0, where 7, = n(A, —T%). If v ¢ Q,
(nv) is equidistributed modulo 1 [24, Ch. 1, Example 2.1], so (cEl) is equidistributed in R/7Z.

Every point of R/nZ is then a limit point of (cEl), so by compactness and continuity of F' the
limit points of (7,,) form F(R/7Z). For bounded continuous ¢, uniform continuity on a compact

set containing all 7, gives N~ 37y (o(mn) — (p(F(CEL))) — 0, and N7'3 _y cp(F(cEL)) —

Ep(F(V)) by [24, Ch. 1, Corollary 1.2]. If v = p/r, then ¢h, runs periodically through the r
points coo — jm/r of R/7Z, 0 < j < r,and r > 2 as 0 < v < 1. F depends on ¢ only through
dist(c, 7Z), injectively, and this function takes each value in (0, %) at two points of R/7Z and
each of 0, 5 at one. So (7;,) converges if and only if r = 2, that is J(0x) = 7, that is 6, = 7, and
dist(coo, 7Z) = dist(coo — 5, 7Z), that is dist(coo, 7Z) = 7.

(b) By Section 9 (Lemma 9.12), (G1)—(G3) hold almost surely. The law of u, is absolutely
continuous. Write ¢ = 1o + mw + g(w). For u € D\ R the map O,(co,c1) = ¢p + cru is an
R-linear isomorphism R? — C (its determinant is Im u), depending smoothly on u, and g(u) = 0
if and only if (9, m) = Sy(u) := —O,1g(u). Let A C D\ R be a Borel null set. For fixed g, S,
is locally Lipschitz, so Sq(A) is null; the set of (¢, g) with ¢ € S;(A) is analytic (a projection of
a Borel set), hence universally measurable; and (n9,71) has a density and is independent of g.
By Fubini’s theorem, ¢ has a zero in A with probability 0. Hence P(us € A) = 0 (u., the zero
of least modulus in D N {Imw > 0}, is a measurable function of ¢), 0, = argu, has a density
on (0,7), and so has v = J(6,)/m, since J is a diffeomorphism of (0, 7) onto itself. In particular
P(r € Q) = 0.

The phase becomes independent. Let p, be the density of v and Z a bounded complex
measurable function of ¢q. For k& # 0, E[Ze_%ikm’] = fol e_QWik"”}E[Z | v =v|py(v)dv — 0
by the Riemann-Lebesgue lemma. Applying this to Ze?*¢= gives E[Z¢(c§l)] — E[Z]Ey(V)
for trigonometric polynomials 1) on R/7Z, and by uniform approximation for all continuous ;
this is the arbitrary functions principle in the form of [6, eq. (1)]. Let Y = (Y, T, 0., Vs, ps)-
Since Y has a fixed law, R/7Z is compact, and products ¢()1(c) determine laws, (577031) —
(Y, V) in distribution, with V independent of ¢ [5]. The map (¥,c) — Fy(c) = 7. — W cos 25,
with 7, and W computed from §, is continuous, so (Y, Fy(ch)) — (¥, F5-(V)). Almost surely
Tn — Fy(cEL) — 0, by (a) of this proof, so (Y, 7,) = (Y, Fyp(V)), and Fyp(V) = 7. — W cos ¥(U)
with U = dist(V, 7Z) independent of ¢q. Projecting to (Y, 7,) gives the claim; with Y = (Z, 7., W)
and the law computed above, it gives the statement about E[Z(7,)]. O

Corollary 10.11 (Weyl polynomials). Let A$*d be the real-rooting time of Gy, and G, T*yn as
in Corollary 9.16. Then (Typn,n(ASY — T, ) — (T, 7e — W cos W(U)) in distribution, with U
uniform on [0, %] and independent of q. In particular n(AS4 — T, ) converges in distribution to

the law with density T — Elpw (7 — 7¢)].

Proof. For each n, G, is the heat evolution of the reversed polynomial built from ¢, (proof
of Corollary 9.16), so (A%, ,) has the law of (Ay,q), and (Tin, (A3 — T, ,,)) has the law of
(T,n(Ay, — Ty)). Apply Theorem 10.10(b) with Y = T}; the density of the mixture follows by
Fubini’s theorem. g

The almost sure statements of Theorem 10.10 do not transfer to G,,, since ¢, changes with n.

Remark 10.12 (A benchmark). Let ¢(w) = 1+ bw + aw? with v?> < 4a. Then (G1)-(G3) hold,
u, = a2 with b = —2\/acosb,, T, = a, ¢ (u,) = 2i/asiné, and p, = 1 —icotb,, so
that 7. = —% cot?6,, W = a/(2sin?6,) and 7. + W = §. By Theorem 10.10(a), if v ¢ Q, then
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limsup,, n(A, — a) = % and liminf, n(A, — a) = —4%(1 + cos?6,)/sin?#,. On the other hand,
A, < ay/n/(n—1) for every n > 2: by (2.1), \/??ng) = (= + by/n/t)He,_1 — xHe,_2 with
x=n—1—(a/t)\/n(n—1), and for t > ay/n/(n — 1) we have x > 0, so that, expanding along
the last row, this is det(x — J’) for the real symmetric matrix J' obtained from J,, by replacing
its last diagonal entry by —bm and its last two off-diagonal entries by /X (recall from the
proof of Lemma 5.2 that det(z — J,;,) = He,,). Hence QS ), and with it P, ;, has only real zeros.
Since n(ay/n/(n —1) —a) = %+ O(2), this elementary bound is sharp to first order along a
subsequence whenever CEL accumulates at § + 7Z, for instance when v ¢ Q.

Table 1 compares, for a = 2 and 6, = 1.1 (sov = 0.2215..., 7. = —0.2590 ..., W = 1.2590...),
the computed n(A, — 2) with 7. — W cos ¥,,, where ¢, is computed from h,(z,) and h,—1(z.).
A, was found by Newton’s method for Qg ) = &EQS )~ 0in (t,z), in double precision, and for
several n confirmed in 50-digit arithmetic and by counting real zeros just before and after it.
Over the 128 degrees computed, 100 < n < 25607, the largest n(A, — 2) is 1.0017, at n = 207,
below the bound 1.0036 for that n.

TABLE 1. The benchmark ¢ = 1 + bw + 2w?, 6, = 1.1: the scaled real-rooting
time against the first-order law.

n dist(cn,7Z) n(Ap —Ti) 7c— Wecos¥, nx difference

100 0.671 0.45390 0.45007 0.38
101 0.024 —1.24112 —1.24775 0.67
207 1.515 1.00171 0.99805 0.76
408 0.009 —1.37582 —1.37228 —1.45
1609 0.076 —0.95726 —0.95684 —0.68
3203 0.029 —1.21202 —1.21171 —1.00
12805 1.553 0.99987 0.99981 0.75
25604 0.065 —1.00556 —1.00558 0.38

11. REMARKS AND QUESTIONS

11.1. The limit law. As t | 1 the event {7, < ¢} asks that ¢ has no nonreal zero in a disk of
radius t1/2 close to 1, a hole probability for the nonreal zeros near the whole unit circle.

2

Question 11.1. By Theorems 7.13 and 7.18, —log P(T\ < t) = %(1 +0o(1)) as t | 1, half of
the exponent for the Gaussian power series with complex coefficients, whose probability of having
no zero in {|w| < t71/2} is [[o,(1 — t7%) = exp(—(72/6 + 0(1))/(t — 1)) [35, Theorem 2(i) and
Corollary 3(i)]; and —logP(Ty < t) < #zgt + log 1—15%1/2 for every t > 1. What is the second-
order term of —logP(T, <t) as ¢t | 1?7 Numerically, for 0.002 <t —1 < 0.08 (Remark 7.12), fits
of (t — 1)(—logP(T\ < t)) with corrections in powers of log /-7 up to the third give 0.82246-
0.82247 for its limit, against 72/12 = 0.822467, while other correction models give 0.820-0.826

with larger residuals. At the computed values of ¢, —logP(Ty < t) lies below by an

7-(-2
12(t—1)°
amount that grows faster than log ﬁ; its form is not determined.

Question 11.2. Are the eigenvalues of the operators X (r) of Proposition 7.11 real and in [0, 1]
for every r € (0,1)? Since Esf = [, (1 — (1 — s)A\x) over the eigenvalues A; of X(r), by

Proposition 7.11 and [30, Theorem 14.44], this holds if and only if the number &, of zeros of ¢
in the half disk D" is distributed as a sum of independent Bernoulli variables, as the number
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of zeros in {|w| < r} is for the complex series [35]. The constant 72/12 no longer depends on
this question (Theorem 7.18). The analogous statement for general regions symmetric under
z — —Zz is false (Remark 11.3), so an answer must use the shape of the half disk. Numerically,
for ten values of r between 0.1 and 0.99 and for r = 0.995 (truncations up to 1401 x 1401), all
computed eigenvalues of X (r) are real, and those above 10712 lie in (0,1); smaller eigenvalues
are not resolved in double precision.

Remark 11.3 (Other regions). Let

19 7 = 27 17 = 42 9
le_%—i_ﬁ’ 22 = —Z1, 23217004—%1, Z4 = —Z3, blzb2:?7 b3:b4:E7

let a; = wb;|1 — Zf], and for § > 0 let As be the union of the disks B(zj,0+/a;j/m), j < 4, of
areas (52aj; it is symmetric under z — —Zz. For all sufficiently small § > 0, the number Nj of
zeros of ¢ in Ay is not distributed as a sum of independent Bernoulli variables. Indeed, Step 1 of
the proof of Proposition 7.11 applies to As in place of D;f, and with 1 — s = 7/6% the n-th term
of the resulting series (7.9) for Es™ is bounded by (C|7|)*(2n)™?2/n!, uniformly in small 6. As
the correlation functions p,, of (7.8) are continuous and vanish when two arguments coincide, it
follows that, locally uniformly in 7 € C,

lim Es™Vs = P(7) = Z (—T)|S| H aj - P\S|((zj)j65)-

6—0 .
Sc{1,2,3,4} JeSs

By (7.8) the coefficients of P are rational numbers; numerically P(7) = 1 —38.0317 4 534.8172 —
3288.5734-7440.77*. Exact rational arithmetic shows that the discriminant of P is negative, so P
has two simple real zeros and a pair of simple nonreal zeros, 7 ~ 0.08879+0.00176 . By Hurwitz’s
theorem Es™¢, as a function of 7, has a nonreal zero for all small §, whereas Es™ =[], (1—px7/5?)
has only real zeros when N is a sum of independent Bernoulli variables with parameters pg. The
argument gives no explicit range of §; numerically, for this configuration, the nonreal zeros
persist up to & = 0.0275 and are absent from & = 0.03 on. As the coefficients of P depend
continuously on the z; and aj, the conclusion also holds for all nearby configurations of four
points and weights, symmetric or not.

A similar computation shows that the zeros of ¢ in D' do not form a determinantal point
process with a Hermitian kernel K (with respect to any reference measure, whose density can
be absorbed into K). For such a process, a;; = p1(2i)p1(2;) — p2(2i,25) = |K(2i,2)|? and
T = p3(z1,22,23) — p1(z1)p1(22)p1(23) + > p1(zi)aje = 2Re(K(21722)K(22723)K(23,zl)), the
sum over {i,j,k} = {1,2,3}, so T? < 4ajzai3a23 almost everywhere. But the p, of (7.8) are

continuous, and at (z1, 29, 23) = (—23—0 + 559 % + %, —% + %) the ratio T?/(4a12a13a23) is a
rational number equal to 3.9154..., so the inequality fails on a neighbourhood of this point.

Both computations are computer-assisted, in exact rational arithmetic, by the Python program
part4_exact_checks.py of the verification suite in the ancillary files (see the Statement on the
use of AI).

11.2. The standard coupling. Theorem 1.10 leaves open how often A$'¢ lies below a given
level. Heuristically, AS'd is decided by the top block (&, ..., &, _ar,) of length O(logn), which
has the law of (no,...,nas, ), and blocks that are more than M,, apart are independent.

Question 11.4. Is it true that, almost surely,
1
<N A <t} 5 P(T, <t) foreveryt>0?

For t < 1 this holds, with limit 0, by the first part of the proof of Theorem 1.10. For ¢ > 1
a proof would need two-sided approximations of {A$'d < t} by events of the top block whose
discrepancy has small frequency, not merely small probability; the one-sided inclusions in the
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proof of Lemma 8.4 do not give this. We also do not know how fast limsup, A5 = oo is
approached, for instance for which deterministic A(n) — oo the inequality AS* > A(n) holds
infinitely often.

11.3. The cusp phases. Theorem 10.1 gives the time to within O(nildﬁl/‘g) and the place to
within O(n_ld;wg), where d,, = max(n~1, dist(c,, 7Z)): the error is O(1/n) away from the cusp
phases ¢, € nZ, and O(n‘z/ 3), respectively O(n‘l/ 3), uniformly. By Remark 10.8, no argument
that uses only the conclusion of Proposition 10.5 does better at the cusps.

Question 11.5. What is the optimal error in Theorem 10.1 at the cusp phases, that is, when
dist(cp,7Z) = O(1/n)? Identify the coefficient of the cusp shift: the component of the next-
order term of the remainder in Proposition 10.5, at the triple point (¢, A,¢) = (0,—1,0) of the
model, along the direction v of Remark 10.8, which moves the cusp. For which ¢ does it vanish?
The numerics in Remark 10.8 suggest that it vanishes for some symbols, the benchmark among
them, and not for others. Is the final collision z, a triple zero for some deterministic ¢ satisfying
(G1)—(G3) and some n > ny? By Theorem 10.1(c), for n > ny this requires dist(c,, 7Z) < C/n.

11.4. Beyond this paper. The companion papers leave their own questions: whether the rate
n~ % in Theorem 1.1 can be improved beyond the small explicit exponent obtained there, and
whether the constant in Theorem 1.6(a) has a power tail without the restriction T, > 1+ ¢
[A]; whether the description of Theorem 1.5 persists at times ¢, = 1 + snn_l/ 3 whenever s, —
oo, where the two edge regions remain open [B]; and what replaces the Joukowski picture of
Theorem 1.4 for weights whose equilibrium measure has several intervals [C].

STATEMENT ON THE USE OF Al

The proofs, computations and text of this paper were produced with Al systems from An-
thropic, OpenAl and Google, directed by the author. The proofs were checked by independent
Al referee rounds; no human expert has yet read them.

Independently of these rounds, the algebraic identities, the explicit constants and several of
the quantitative predictions were checked mechanically by a suite of Python programs, deposited
with the paper as ancillary files (folder anc/; run run_all.py). The suite checks the identities
of Sections 2—-3 and the window model of Section 10 symbolically. It encloses the onset ngs and
the constants of Proposition 1.11, and the values of det(I — X (r)) reported in Remark 7.12,
in interval arithmetic. It certifies the zero counts of Theorem 1.4 for three admissible symbols,
and it carries out the exact computations of Remark 11.3. Finally, it computes A,, by certified
bisection in ¢ and compares n(A, — T%) with Theorem 1.7. All checks pass, and every printed
number that the suite recomputes is reproduced to the printed digits. The suite checks identities,
constants and predictions, not the proofs themselves.
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