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Abstract

Wigderson conjectured that for every finite field F' and every n > 1 there is
a space of n x n matrices over F of dimension n? — (3}) whose only nilpotent
element is zero. We show that every six-dimensional space of 3 x 3 matrices
over [F3 contains a nonzero nilpotent matrix, so the conjecture fails for F' =

F3 and n = 3; the largest possible dimension is five.
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1. Introduction

Let F be a field and M,,(F') the space of n x n matrices over F. Ger-
stenhaber [6] proved that a linear subspace of M,,(F’) consisting of nilpotent
matrices has dimension at most () when |F| > n, and Serezhkin [11] re-
moved the condition on the field; de Seguins Pazzis extended the bound
to division rings [4]. The strictly upper triangular matrices show that the
bound is attained.

Wigderson [13] recently gave a proof by duality of Dieudonné’s theo-
rem [3, 9] that a space of singular n x n matrices has dimension at most
n? —n. Over a finite field the matrices of multiplication by the elements of

Fy» form an n-dimensional space in which every nonzero matrix is invertible,
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and a space of singular matrices meets it only in 0; this gives the bound over
finite fields, and a model-theoretic transfer carries it to every field. Wigder-
son proposed to treat the Gerstenhaber—Serezhkin theorem in the same way.
If W < My (F) has dimension n? — (3) and no nonzero nilpotent element,
then a space of nilpotent matrices of dimension larger than (g) would meet
W in a nonzero matrix, which is impossible. Over R the symmetric matrices
are such a space. For finite fields he made the following conjecture.

Conjecture 1.1 (Wigderson [13, Conjecture 8]). For every finite field F'
and every integer n > 1 there is a linear subspace W < M, (F') with dim W =
n? — () such that no nonzero matriz in W is nilpotent.

We call a subspace nilpotent-free if its only nilpotent element is 0. For
n = 3 the conjecture asks for a nilpotent-free space of dimension six.

Theorem A. FEvery linear subspace of M3(Fs) of dimension at least siz
contains a nonzero nilpotent matriz. In particular Conjecture 1.1 fails for
F =TF;3 and n = 3.

Theorem B. The largest dimension of a nilpotent-free subspace of M3(F3)
is five. It is attained by

a 0 b
W5 = 0 c—d—e c|:a,bcdeclF;s;. (1.1)
b d

Theorem A does not touch the Gerstenhaber—Serezhkin theorem itself,
which holds over every field. It shows that over Fs the bound for 3 x 3
matrices cannot be seen by exhibiting a single space, and it leaves the duality
approach open over the algebraic closure of F3 (Remark 6.1).

The proof of Theorem A reduces the statement to 3'® coefficient ma-
trices (Section 2) and settles these by a search tree with 3,109,888 nodes
(Section 3). The reduction, the soundness of the search and the deduction
of both theorems are proved in the Lean 4 proof assistant [10] with the
Mathlib library [8]; the search itself is evaluated by compiled code inside
Lean. Two exhaustive enumerations of a different kind, over all 678,468,820
six-dimensional subspaces of M3(F3) and over all 25,095,280 five-dimensional
subspaces of the trace-zero matrices, confirm Theorem A independently.

The failure is special to the field. The conjecture holds for n < 2 over
every finite field, and for n = 3 over Fy and over F5 (Section 5). In char-
acteristic three the identity matrix has trace zero, and Section 4 shows how
this shapes the nilpotent matrices in Ms: they correspond one to one with



the points of a quadric in the seven-dimensional quotient of the trace-zero
matrices by the scalars, and no nilpotent-free space of dimension at least
five contains the identity.

2. Reduction to a finite statement

Throughout, E;; denotes the matrix unit and Ny = (E2, 13, Eo3) the
space of strictly upper triangular 3 x 3 matrices. We call

P = (L 1)7 b2 = (232)7 p3 = (3’ 3)a P4 = (2a 1)a b5 = (37 1)7 be = (372)

the free positions; they are the positions outside N, . For a field F'; a matrix
C € F3*6 and y € F% put

6
Xo(y) =Y yrEy, — (Cy)1E12 — (Cy)2 Bz — (Cy)3Eas
k=1

fn —(Coh (O (2.1)
= | v Y2 —(Cy)s
Ys Ye Y3

For X € M3(F) let ca(X) be the sum of the principal 2 x 2 minors, so that
the characteristic polynomial of X is t3 — (tr X)t? 4+ c2(X)t — det X.

Lemma 2.1. For X € M3(F) the following are equivalent: X is nilpotent;
X3 =0;tr X = cp(X) =det X =0.

Proof. A nilpotent matrix has only the eigenvalue 0 over an algebraic closure
of F, so its characteristic polynomial is ¢3; this is the third condition. By
the Cayley-Hamilton theorem the third condition gives X3 = 0, which in
turn means that X is nilpotent. O

Lemma 2.2. Let W < M3(F) with dimW > 6. Then W N Ny # 0, or
dim W = 6 and there is a unique C € F3*¢ with W = {X¢(y) : y € F°}.

Proof. Suppose WNN; =0. ThendimW <9—dim Ny =6,sodimW =6
and M3(F) = W@ N4. The map 7: M3(F) — F¢ X +— (Xp,, ..., Xp), has
kernel V., so its restriction to W is an isomorphism. For y € F° the upper
entries (X12, X13, X23) of X = (7|w) '(y) depend linearly on y; writing
them as —C'y defines C, and then X = X¢(y). Uniqueness is clear. O

Proposition 2.3. For every C € FgXG there is a nonzero y € F$ with
Xcl(y)® =0.



The proof of Proposition 2.3 occupies Section 3. We first derive the two
theorems from it.

Proof of Theorem A. Let W < M3(F3) have dimension at least six, and let
W' < W be a subspace of dimension exactly six. A nonzero element of
W’ N N4 is a nonzero nilpotent element of W. Otherwise, by Lemma 2.2,
W’ = {Xc(y)} for some C, and Proposition 2.3 gives y # 0 with X¢(y)? =
0. The matrix X¢(y) is nilpotent by Lemma 2.1, and nonzero because its
entries at the free positions are y. O

Proof of Theorem B. The five parameters of (1.1) appear alone in the entries
(1,1), (1,3), (2,3), (3,2) and (3,3), so dim W5 = 5. A direct check of the
3% — 1 = 242 nonzero matrices of W5 shows that none has vanishing cube,
so W5 is nilpotent-free by Lemma 2.1. Theorem A excludes dimension six
and more. O

3. The search tree

3.1. Partial matrices

The columns of C' correspond to the free positions, column k to pg. We
fix them one at a time in the order

0':(0'1,...,0'6):(4,5,6,1,2,3), (31)

that is, first the three strictly lower positions (2,1), (3,1), (3,2) and then
the diagonal (Figure 1). Let S; = {o1,...,04}. A node of depth d is an
assignment of values in F3 to the columns o1, ..., 0y; it is extended by every
C whose columns in S, take these values.

col. 1 col. 2 col. 3

Figure 1: The matrix Xc(y) of (2.1). The six free positions carry the coordinates of y; the
three raised positions carry —Cy. The circled numbers give the order (3.1) in which the
corresponding columns of C' are fixed: the strictly lower positions first, then the diagonal.



The search rests on a locality property. If suppy C Sy, then Cy =
> kes, Yk Cur involves only the columns of C' in Sy, so X¢(y) is the same
matrix for every C extending a given node. We call a node of depth d > 1
closed if there is y € F§ with suppy C Sy, ¥, = 1 and X¢(y)? = 0, for C
extending the node; by locality such a y serves every extension at once.!

The tree is built from the root, the unique node of depth 0: a node of
depth d < 6 that is not closed receives as children its 27 extensions to depth
d + 1. Proposition 2.3 follows once every node of depth 6 in this tree is
closed. Indeed, given C, consider the nodes on the path from the root to
the node of depth 6 that C' determines; the first closed node on the path
exists and lies in the tree, and its witness y gives X¢(y)? = 0.

Proposition 3.1. The tree has 3,109,888 nodes, and every node of depth 6
is closed. Table 1 and Figure 2 give the counts by depth.

depthd 0 1 2 3 4 5 6
nodes 1 27 486 6,966 48,627 1,312,929 1,740,852
closed - 9 228 5,165 0 1,248,453 1,740,852

Table 1: The search tree of Proposition 3.1. Each open node of depth d < 6 has 27
children.

The shape of the tree has a simple explanation. While only lower
columns are fixed (d < 3), the candidates y are supported on the strictly
lower positions, so X¢(y) has zero diagonal and is nilpotent exactly when
c2(Xe(y)) = det Xo(y) = 0; already three quarters of the nodes of depth
3 close in this way. At depth 4 the candidates have y; = 1 and no other
diagonal entry, hence trace 1, and no node closes. At depths 5 and 6 the
trace condition can be met, and the remaining nodes close.

3.2. Formal verification

The search tree, the soundness argument and the reduction of Section 2
are formalised in Lean 4 [10] with Mathlib [8]; the development is archived
with this paper [1]. It consists of three parts.

'Restricting to Yo, = 1 loses nothing. A vector y # 0 with support in Sq has a largest
e < d with y,, # 0; after multiplying by +1, which does not affect nilpotency, y,, = 1,
and y is a candidate at the ancestor of depth e.
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Figure 2: Nodes and closed nodes of the search tree by depth, on a logarithmic scale.

(i) A search function written in plain Lean, without Mathlib, which ex-
plores the tree above with the cube test of Lemma 2.1 written out
entry by entry, together with a check that every candidate vector at
depth d is nonzero and supported on Sy.

(ii) A proof, by induction on the number of columns still to be fixed, that
if the search function and the candidate check both return true, then
Proposition 2.3 holds.

(iii) A proof of Lemma 2.2 for subspaces in Mathlib’s sense, with dimen-
sion given by finrank, from which Theorem A, the negation of Con-
jecture 1.1 as a formal statement over all finite fields, and Theorem B
follow.

The two Boolean equations of part (i) are evaluated by compiled code; this
takes about four and a half minutes on one core. Lean records each such eval-
uation as an axiom asserting exactly the evaluated equation, so the trusted
base consists of the Lean kernel, the three standard axioms (propositional
extensionality, choice and soundness of quotients), and the Lean compiler
for these two equations. The check of the 242 matrices of W5 is done by the
kernel.

The development also contains Lemma 4.1, the two statements of
Lemma 4.2 used later (the formula for co and the fact that the radical is
FI), Propositions 4.3 and 4.4 (the latter with Mathlib’s Chevalley—Warning
theorem), Proposition 5.1 for every finite field, and Examples 5.2 and 5.3,
whose finite checks are again done by the kernel. These use only the three



standard axioms. The one statement of the paper that is not formalised is
the count of zeros of a quadric quoted after Proposition 4.3.

3.3. Independent computations

Two exhaustive enumerations of a different kind confirm Theorem A.

First, a six-dimensional subspace W < Mjz(F3) is the orthogonal com-
plement U~ of a three-dimensional U < F for the standard dot product on
matrix entries, and U is the row space of a unique 3 x 9 matrix in reduced
row echelon form. The subspace W is nilpotent-free exactly when each of
the 364 lines of nonzero nilpotent matrices is not orthogonal to U. Run-
ning through all (g) , = 678,468,820 echelon matrices, no nilpotent-free 1
occurs. (That there are 364 = (3% — 1)/2 such lines is the theorem of Fine
and Herstein [5] that M,,(IF,) contains exactly ¢"°~" nilpotent matrices.)

Second, if dim W = 6 then W Nsl3(F3) has dimension at least five, where
sl denotes the trace-zero matrices. All (g) 3 = 25,095,280 five-dimensional
subspaces of sl3(F3) contain a nonzero nilpotent matrix, which is a second
proof of Theorem A that does not use Lemma 2.2. The search tree has also
been written again in C++, with the same node counts. The programs are
archived with the paper [1].

4. Characteristic three

In this section F' = F, with ¢ = 3%, Since trI = 3 = 0, the identity lies
in 5[3 (F)

Lemma 4.1. For X €sl3(F) anda € F,
co(X +al) = co(X), det(X + al) = det X + a® + aca(X).

Proof. The characteristic polynomial of X is x(t) = 3 + c2(X)t — det X.
In characteristic three (t —a) = t3 — a3, so the characteristic polynomial of
X +alis

X(t —a) =13+ co(X)t — (det X + a® + aca(X)),
and the two identities can be read off. O

Lemma 4.2. On sl3(F) one has ca(X) = tr(X?). The polar form of co
is (X,Y) — 2tr(XY), whose radical in sl3(F') is the line FI. Hence cy
induces a nondegenerate quadratic form ca on the seven-dimensional space

V =sl3(F)/FI.



Proof. Newton’s identity 2co(X) = (tr X)? — tr(X?) gives co(X) =
—2tr(X?) = tr(X?) on sl3(F), because —3 = 1 in F. The polar form
is (X +Y) —ca(X) —c2(Y) = 2tr(XY). The trace form is nondegenerate
on M3(F), and the orthogonal complement of sl3(F) = (FI)* is FI; since
FI C sl3(F), the radical of the restriction to sl3(F) is FI. The form is
constant on cosets of F'I by Lemma 4.1, and as ¢ is odd it is nondegenerate
on the quotient. ]

Proposition 4.3. The quotient map sl3(F) — V restricts to a bijection
from the set of nilpotent matrices in M3(F') onto the set of zeros of ca.

Proof. A nilpotent matrix lies in sl3(F") and has co = 0 by Lemma 2.1, so
it maps to a zero of ¢a. Conversely let X € sl3(F) with c2(X) = 0. By
Lemmas 2.1 and 4.1, X + al is nilpotent exactly when det X + a® = 0. The
map a — a® is the Frobenius automorphism of F, so there is exactly one
such a. O

A nondegenerate quadratic form in seven variables over F, has exactly
q% zeros [7, Chapter 6], so Proposition 4.3 gives a short proof, for n = 3 and
q a power of three, of the count q”2_" of Fine and Herstein.

Proposition 4.4. Let U < sl3(F) with I € U and dimU > 4. Then U
contains a nonzero nilpotent matriz. Consequently a nilpotent-free subspace
of M3(F) of dimension at least five does not contain I.

Proof. The image of U in V has dimension at least three, and the restriction
of ¢o to it is a quadratic form in at least three variables, which has a nonzero
zero by the Chevalley—Warning theorem [2, 12]. Choose X € U\ FI mapping
to it. By Proposition 4.3 some X + al is nilpotent; it lies in U because
I € U, and it is nonzero because X ¢ F'I. For the second statement, if W is
nilpotent-free with dim W > 5 and I € W, apply the first to U = WNsl3(F),
which contains I and has dimension at least dim W — 1 > 4. O

By Proposition 4.4, the second computation of Section 3 need only con-
sider five-dimensional subspaces U < sl3(F3) with I ¢ U. For such U the
space U @ FI maps onto a five-dimensional subspace U of V, every zero of
¢y on U has exactly one nilpotent lift in U @ FI, and the question is whether
one of these lifts lies in the hyperplane U. A nondegenerate form on U has
40 projective zeros, and each lift lies in U with a chance of one in three if
the lifts behave independently. The enumeration agrees with this heuristic
on average, the mean number of nilpotent lines being close to 40/3, and
shows how little room there is at the extreme: 1,872 of the five-dimensional



subspaces of sl3(F3) contain exactly one line of nilpotent matrices. Theo-
rem A therefore cannot follow from a counting argument alone, and we do
not know a proof that avoids the computation.

5. Fields where the conjecture holds
Proposition 5.1. Conjecture 1.1 holds for n < 2 and every finite field F'.

Proof. For n = 1 take W = F. For n = 2 choose M € Ms(F) such that
the binary quadratic form u — «" Mu has no nonzero zero; such forms exist
over every finite field, for instance the norm form of F 2 over F' written in a
basis. Let J = (Y ') and W = {X : tr(JMX) = 0}, a space of dimension
3=22— (g) A nonzero nilpotent X € Ma(F') has rank one and square zero,
so X = wv" with u,v # 0 and v"u = 0, that is v = AJu with A # 0. Then
tr(JMX) = v JMu=Au"J"IMu = u"Mu #0,s0 X ¢ W. O

Example 5.2. Over Fs the space

a b+d+e a+e+f
d b b+f |ia... fem
e f c

is six-dimensional and nilpotent-free, so the conjecture holds for n = 3 over
Fy. By Lemma 2.2 a nilpotent-free six-dimensional subspace is { X¢(y)} for
a unique C, and running through the 2'® matrices C' € F§X6 shows that
exactly 128 of the (3), = 788,035 six-dimensional subspaces of Mj(F3) are
nilpotent-free.

Example 5.3. Over F5 the space of matrices

a 3a+4b+d+2e+2f 3a+3b+3e+3f
d b a+4b+c+3d+3f |, a,...,f €Fs,
e f c

is six-dimensional and nilpotent-free, as a check of its 55 —1 nonzero elements
shows. So the conjecture holds for n = 3 over Fs.

For q € {4,7,8,9} we do not know whether M3(F,;) has a nilpotent-free
subspace of dimension six. By Lemma 2.2 such a subspace is {X¢(y)} for
some C € FEXG, and a local search over C, which found the examples over
Fy and 5, found none for these fields in twenty-five minutes each. We draw
no conclusion from this.



6. Remarks and questions

Remark 6.1. Theorem A does not rule out a duality proof of the Gersten-
haber—Serezhkin bound over F3. A space N of nilpotent matrices over Fj is
spanned by finitely many matrices, whose entries lie in some Fgx; their span
over Fsm for any multiple m of k consists of nilpotent matrices and has the
same dimension as N. It therefore suffices to have nilpotent-free spaces of
dimension n? — (3) over Fzm for some multiple m of every k. Theorem A
only removes m = 1.

Question 6.2. Does M3(Fg) contain a nilpotent-free subspace of dimension
six? More generally, for which n and ¢ is the largest dimension of a nilpotent-
free subspace of M, (F,) smaller than n* — (5)?

Proposition 4.4 holds over every field of characteristic three, and a simi-
lar but weaker phenomenon is available whenever the characteristic divides
n, since then I € sl,. It would be interesting to know whether the conjec-
ture fails for other pairs (n,q) with p | n, or whether (3,F3) is an isolated
exception.
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