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Abstract

We prove that every binary circular word of length n contains at least |(n —
1)/2] distinct abelian squares, and we determine all words attaining this
bound. This settles a conjecture of Simpson: its odd case holds, and in its
even case the list of extremal words misses (ab)"/? for n = 2 (mod 4), n > 6.
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1. Introduction

Words are over the alphabet {a,b}. For a letter ¢ we write £ for the
other letter and |ul|, for the number of occurrences of ¢ in a word u. An
abelian square is a word wv with w nonempty and |u|, = |v]a, |uls = |v]s;
then |u| = |v|. A circular word of length n is a word w = wp- - W,
read cyclically; its factors are the words w;w;;q -+ w;y_1, indices modulo
n, with 0 < i <nand 1 < L <n. Asin [1], factors longer than n are
not counted. Let D(w) be the number of distinct factors of w that are
abelian squares. Conjugate words (cyclic shifts) and complementary words
(obtained by exchanging a and b) have the same value of D. Simpson [1]
surveyed extremal problems on abelian squares in linear and circular words;
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for the minimum number of distinct abelian squares in a circular word he
stated the following, based on computer experiments.

Conjecture 0.6 of [1]. The minimum number of distinct abelian squares
in a circular word of length n is:

(a) (n—1)/2 if n is odd and this bound is attained only by a”, a"~'b and
their complements and conjugates.

(b) (n—2)/2 if n is even and this bound is attained only by a and its
complement and their conjugates, where k € {1,3,5,...,n — 1}.

kbnfk

For non-equivalent abelian squares in circular words the minimum was
found by Fraenkel, Simpson and Paterson [2|. For linear binary words the
minimum number of distinct abelian squares is conjectured by Fici and
Saarela to be |n/4], and [3] proves this in special cases; maximal numbers
of abelian squares were studied in [4, 5], and [6] surveys the area. We prove:

Theorem 1.1. Letn > 1. Every binary circular word w of length n satisfies
D(w) > |(n—1)/2]|. Equality holds if and only if w is a conjugate of one of
the following words:

(a) n odd: a™, b", a1, b" ta;
(b) n even: a*b"* with k odd, and (ab)™? if n =2 (mod 4).

The complement b*a"* of a¥*b"~* is a conjugate of a"*b*, and n — k is
odd when n is even and k is odd; the complement of (ab)™? is a conjugate
of (ab)™?. Hence the lists in (a) and (b) are closed under complement and

conjugation.

Corollary 1.2. Part (a) of Conjecture 0.6 of [1] holds. In part (b) the
minimum (n — 2)/2 is correct, and the list of extremal words is complete if
and only if n # 2 (mod 4) orn =2. Forn =2 (mod 4), n > 6, the words
(ab)™? and (ba)™? attain the minimum and are not conjugates of a*b"*
bk a"* for any k.

or

Proof. For n > 4 the word (ab)™? has n/2 > 2 maximal blocks of a, while
every conjugate of a*b" % or b*a"* has at most one maximal block of @ when
read cyclically. For n = 2, (ab)' = a'b'. The rest is Theorem 1.1. O

For example, the abelian squares among the factors of the circular word
ababab are abab and baba, so D(ababab) = 2 = (6—2)/2. Counting conjugates,
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Figure 1: The extremal circular words of length 6, read clockwise from the top, up to
complement. The three words on the left are those of Conjecture 0.6(b); the alternating
word on the right also has exactly two distinct abelian squares.

the number of words of length n with D(w) = |(n —1)/2] is 2n + 2 for odd
n > 3, and n?/2 for even n, plus 2 when n = 2 (mod 4) and n > 6. Figure 1
shows the extremal words of length 6 up to conjugation and complement.

Section 2 proves the lower bound by a double count of the abelian squares
of half-length m and n—m. Section 3 describes the words in which this count
is tight for one letter, and Section 4 completes the proof. Section 5 describes
the Lean 4 formalization.

2. The lower bound

Fix a circular word w of length n > 1 and set z; = w; mean for i € Z.
For a letter ¢ let t, = |wls, so t, +t, = n. Fori € Z and L > 0 let ¢,(i, L)
be the number of s € [i,i + L) with 3 = ¢; a window of n consecutive
positions contains ¢, occurrences of ¢, so ¢,(i, L) < t, implies L < n. For
m > 1let W(i,m) = x;x;41 - - Tizoam—1; we call W(i, m) a square if c,(i,m) =
co(i +m,m), equivalently c,(i,m) = c,(i +m, m).

A factor of w that is an abelian square has even length 2m < n, and it
equals W (i, m) for some ¢ for which W (i,m) is a square. Hence

Ln/2]

D(w) = Z |Siml, S ={W(i,m) :i € Z, W(i,m) is a square}.
m=1



Definition 2.1. For 1 < m < n —1 let Q,, be the set of pairs (¢, k) such
that some square W (i, m) satisfies x;1,,—1 = £ and ¢,(i,m) = k. For a letter
¢ and k > 0, the column Cy(k) is the set of m € [1,n — 1] with (£, k) € Q.

So (¢, k) € Q,, records a square of half-length m whose left half ends with
¢ and contains k letters £. The sets S,,, @, and Cy(k) do not change when
w is replaced by a conjugate.

Lemma 2.2. |Q,,] < |S,,| for 1 <m <n/2.

Proof. The pair (¢, k) attached to a square W (i,m) is determined by the
word W (i,m): £ is its m-th letter and k the number of letters ¢ among its
first m letters. So @), is the image of .S, under a map. n

Lemma 2.3. Let 1 <m <n—1. If ({,k) € Qm, then ({,t; — k) € Qpn_m.
Hence |Qm| = |Qn-ml|, and 1 <k <t,—1 for every ({,k) € Q.

Proof. Let W (i,m) be a square with ;4,1 = £ and ¢,(i, m) = ¢,(i+m,m) =
k. Consider W (i + 2m,n —m). Its left half [i + 2m, i+ m +n) and the right
half [i +m, i+ 2m) of W (i, m) together form the window [i +m, i+ m + n),
so the left half contains t, — k letters ¢. Its right half [i + m + n,i + 2n)
is the translate by n of [i + m,i + n), which together with [i,i + m) forms
a window of length n; so it also contains ¢, — k letters ¢. The last letter
of the left half is z;1min—1 = Tizm-1 = €. Thus ({,;t, — k) € Qp_rm. The

map (¢,k) — ({,t, — k) is injective and is its own inverse, 0 |Q| = |Qn—m|-
Finally k£ > 1 because the left half ends with ¢, and ¢, — & > 1 by the same
argument applied to W (i 4+ 2m,n — m). O

If t, > 1, let (pj);ez be the increasing enumeration of {s € Z : z, = (};
then pj1y, = p; +n. For j € Z and 1 < k < t; let I;(k) be the interval of
integers m with

max(pjix—Pjt1+1, Djvor—Djrk) < m < min(pjik—p;, Pj+2k+1—Pi+k—1).

(1)

Lemma 2.4. Let 1 < k <t;, and m € I;(k). Then W(pjsx +1—m,m) is
a square whose left half ends with ¢ and contains k letters ¢. In particular

m € Cg(k)

Proof. Let i = pj1, +1 —m. By (1), p; < i < pjy1, so the left half [i, pjix]
contains exactly the occurrences p;, 1, ..., pjsx and ends with z,, = . Also



W (i,m) = uv, |u| = |[v| = m,
k letters £ in each half,
u ends with £

reading direction

circular word w

te letters £

left half of W (i + 2m, n —m):
the n — m cells outside v,
ty — k letters ¢

right half of W (i 4+ 2m, n —m):
the n — m cells outside u,
ty — k letters ¢

Figure 2: The proof of Lemma 2.3. The two halves of the square W (i + 2m,n — m) are
the complements of v and of u in the circle, so each contains t, — k letters £, and the left
one ends at the last letter of u.

Djtok < Djk + M < Pjiopy1, so the right half [p;x + 1, pj+r + m] contains
exactly pjiit1,-..,Pj+26- Both halves contain £ letters £. Since m > 1 and

k < t;,, we have 1 < m < n. ]
m positions, holding m positions, holding
Pit1s- s Pj+k Pi+k+1s- -2 Pj+2k
A A
~ T Y
left half right half
@ @ L @ @ L
Pj Pji+1 Pj+2 Pj+3 Pj+a Pj+5

pj <i<pj+1 and pjqop < pirg +m < pjgop41: both halves contain k letters £ (here k = 2)

Figure 3: The square of Lemma 2.4 for £ = 2. The occurrences of £ are the dots; the left
half ends at p;i; and the right half stops before p; op41.

Lemma 2.5. For every letter ¢ and 1 < k < t, — 1, the column Cy(k) is
nonempty.

Proof. Let d; = p%Jrkl— pj and e; = d;y, — d;. Both are periodic in j with
period t,, so Z;;}’* e; = 0 for every r. Hence some e¢j, < 0. If ¢; <0

jo+t
Jotte €j<0-

implied ej1; < 0 for every j, then e; < 0 for all j > jo, and e



So there is j with e; < 0 < e;yq, that is d;, < d; and djq1 < djyp1. We
show I;(k) # 0 by comparing each lower bound in (1) with each upper bound.
First, pjir—pjt1+1 < pjyx—pj and pjrog—Pjtk < Pjr2k+1—Pj+k— 1. Second,
Pjtak = itk = djpk < dj = pjyr — pj- Third, with g = pjie1 — pjr 2 1,

Pik —Pjp1 + 1 =djp1 —g+1<dj11 < djypgr
<djjrr1t9—1=pjrons1 —pjrr— L.
By Lemma 2.4, Cy(k) 2 I;(k) # 0. O
Theorem 2.6. D(w) > |[(n—1)/2].

Proof. Let N = 22;11 |Qm| and F = Z}:ﬁJ |Qm|. Counting the pairs
(m, (¢, k)) with (¢,k) € @, by columns,

N = ;ZWMN, STICR) = te—1 it > 1, (2)

k>0 k>0

by Lemmas 2.3 and 2.5. If both letters occur, N > t, +t, —2 = n — 2;
otherwise N > n — 1. By Lemma 2.3, |Qp| = |Qn—m], s0

N + ¢ |Qn2| = 2F, e=1ifniseven, ¢ =0if nis odd. (3)

Hence 2F > n—2 and F > [(n —2)/2] = |(n — 1)/2]. By Lemma 2.2,
D(w) > F. O

We call a letter ¢ with ¢, > 1 tight if |Cy(k)| < 1 for every k. By
Lemmas 2.3 and 2.5, ¢ is tight if and only if ), |Co(k)| = t, — 1. We call w
rigid if |Sy| = |Qm| for 1 < m < n/2: two squares W (i, m), W (i',m) with
2m < n, Tiym-1 = Tyym—1 = £ and cg(i,m) = ¢,(i', m) are equal words.

Proposition 2.7. If D(w) = [(n—1)/2], then w is rigid and N +¢£|Qp /2| =
2[(n—1)/2].

Proof. In the proof of Theorem 2.6, |(n—1)/2] < F < D(w), so F = D(w),
and |Qn,| < |Sp| for each m forces |@Qy,| = |Sim|. Then (3) gives the second
statement. [



3. Rigid words with a tight letter

Theorem 3.1. Let w be rigid and let £ be a tight letter, ¢ = t,. Then w is
a conjugate of 0=t with t odd ort =mn, orn =2t and w is a conjugate of
(e0)t.

Throughout this section w and ¢ are as in Theorem 3.1, (p;) enumerates
the occurrences of ¢, and ¢g; = pj41 — p; > 1. Since ¢ is tight, Lemma 2.4
gives:

for 1 <k <, the integers in (J; I;(k) form a set with at most one element.
(4)

Proof of Theorem 3.1. If t = n, then w = {". Assume t < n, so g; > 2 for
some j.

Case A: g; > 2 for all j. If t = 1, then w is a conjugate of £/™~!. Let
t > 2. By (1), I;(1) is the set of m with g;11 < m < min(g;, gj+1+ gj+2 —1).
If g; > gj41, then I;(1) D {gj+1, 9541 + 1} since gj1o > 2, contradicting (4).
So g; < gj41 for all j, and as g is periodic, g; = 0 is constant and n = ¢6. If
§ = 2, then n = 2t and w is a conjugate of (¢/)!. Let § > 3, so p; = pgy + j6.
The words W (p1,0) and W (p; + 2,0) have halves ££°~1, ¢¢°=1 and £°—2¢¢,
0°=2¢¢. Both are squares whose left halves end with ¢ and contain 6 — 1
letters ¢, and 2§ < n. By rigidity they are equal, but their first letters are ¢
and /.

Case B: gj = 1 for some j. A run of length L > 1 consists of occurrences
PIt1y-- 5 Parn With g7 > 2, g50 =+ =gyp1 = 1 and gy > 2; its gaps
are A = gy and p = gy4r. Since g has period ¢ and some g; > 2, every run
has length L < t. The two occurrences p;,pj+1 with g; = 1 lie in a run of
length at least 2.

(B1) Every run has odd length. Suppose a run has length 2i, ¢ > 1.
In (1) for I;(i) the lower bounds are i and i, and the upper bounds are
Ati—1>i+landi+p—1>i+1. So ;(i) D {i,i+ 1} with i < 2i <t,
contradicting (4).

For a run pyi1,...,psrons1 with A > 1 and gaps A, p, (1) gives, with

N = g1 and p’ = gjiont2,

Iy 1(h+1)=[A+h, minA+h+ XN —1, h+p)], (5)
I;(h+1)=[p+h, min(A+h, h+p+p —1)], (6)

where we used \,p > 2. Here h+1<2h +1 <t

7



(B2) All runs of length at least 3 have the same length. Let a run
PJyils---,Pjront1 have b > 1) and suppose another run py/yq,...,pyop has
L' >2h+2. In (1) for I;,(h+ 1) the lower bounds are h+ 1 and h + 1, and
the upper bounds are at least h+ 1;s0 h+1 € I;,(h+ 1). By (5) and (6),
At hel; (h+1)iftAX<pand p+hel;(h+1)if p <A Both numbers
exceed h + 1, contradicting (4).

By (B1) and (B2) there is b > 1 such that every run has length 1 or 2h+1,
and some run has length 2h+1. Consider such arun R = (pyy1, ..., Psions1)
with gaps A, p.

(B3) p < X is impossible. Let R’ be the run following R, starting at
Dyronte. If R’ has length 1, then p/ > 2, and by (6) I;(h+1) 2 {p +
h,p+ h+1}. If R has length 2h + 1, let 0 > 2 be its right gap. Then
t # 2h + 1: otherwise R’ is the translate of R by n and p = g;.¢ = g5 = \.
In (1) for I;(2h + 1) the lower bounds are 2h + 1 and 2h + p, and the upper
bounds are 2h + A > 2h+p+ 1 and 2h+p+0 —1 > 2h + p + 1; so
I;(2h+1) 2 {2h+p,2h+ p+ 1} with 2h+ 1 < t. Both cases contradict (4).

(B4) If A < p, the occurrence py is not a run of length 1. Otherwise
N >2 and by (5) I;_1(h+1) D {A+ h, A+ h+ 1}, contradicting (4).

(B5) If A\ = p, thent = 2h + 1 and w is a conjugate of (*"*1/ =1 By
(5) and (6), m = A+ h liesin I;_1(h+ 1) and in I;(h + 1). By Lemma 2.4
the squares W (p;, m) and W (ps + 1, m) have left halves ending with ¢ and
containing h + 1 letters £. Their first letters are z,,, = ¢ and ,,,, = £, since
p; < psj+1 < pyiq. Byrigidity, 2m > n. Then py; = pj+n < pj+2X\+2h =
Prionio, SOt < 2h 4+ 1, and t > 2h + 1 as R has 2h + 1 occurrences. So
t=2h+1,n=prron2—pPss1=2h+ A and x,, - Tp,  fn-1= (2ht1pA=1,

Now choose the run R of length 2h + 1 with the least left gap A\. By (B3),
p> A If p= A, (B5) applies. If p > A, then by (B4) the run R~ preceding
R has length 2h + 1. Its right gap is A, and its left gap is at least \ by the
choice of R; by (B3) the two are equal, and (B5) applies to R~. In all cases
w is a conjugate of £/0"* with t = 2h + 1 odd. O

4. Proof of Theorem 1.1

Lemma 4.1. Let ¢ be a letter.

(i) Let 0 < a <n and  =n—«, and suppose each of o, B is 0, odd, or at
least n — 1. Then every abelian square factor of the circular word (8
is (2™ or (2™, and D({*0P) = |a/2] + |5/2].



(ii) For even n, D((€0)"?) = 2|n/4].

Proof. (i) Let s = uv be an abelian square factor, |u| = |v| = m, 2m < n,
containing both letters; then 1 < o, 8 < n — 1, and read cyclically the word
consists of the two blocks /¢ and ¢7. If s crosses exactly one block boundary,
s = e " with ¢ € {(,f} and 0 < r < 2m, and |u|. = min(r,m) >
max(r —m,0) = |v|.. Otherwise s contains a whole block in its interior, say
s = 008" with r,7” > 1. Then 8 < 2m —2 < n — 2, so § is odd, whereas
B = |s|7 = 2|u|z. The case s = £7¢*¢"" is symmetric. The factor £>™ occurs if
and only if 2m < o, and £?™ if and only if 2m < .

(ii) Every factor of length 2m alternates. If m is odd, its halves start with
different letters ¢ # ¢, and |u|. = (m+1)/2 # (m —1)/2 = |v|.. If m is even,
both halves contain m /2 letters of each kind, and there are exactly two factors
of length 2m <n. So D =2 |{m :m even, 2 <m <n/2}| =2|n/4]. O

Lemma 4.2. Let a >3, h > 1, n = a+ 2h and w = (*0*". Then Cz(h) D
{h, h+ 1, n — h}, three distinct numbers.

Proof. W(a, h) = £%" is a square whose left half /" ends with ¢, so h € Cy(h).
Wi(a—1,h+1) = £0?"( is a square with halves £¢" and £"¢, and 2h +2 < n;
so h+ 1 € Cy(h). By Lemma 2.3 with t; = 2h, n — h € C3(2h — h). Finally
n—h=a+h>h+3. O

Proof of Theorem 1.1. The lower bound is Theorem 2.6. If w is a conjugate
of a word in the list, Lemma 4.1 gives D(w) = [(n — 1)/2]: for a” (n odd)
In/2] = (n —1)/2; for a" b (n odd) (n —1)/2 + 0; for a*v"* (n even, k
odd) (k= 1)/2+ (n—k —1)/2 = (n —2)/2; for (ab)™? (n = 2 (mod 4))
2(n —2)/4. Complements and conjugates have the same D.

Conversely let D(w) = [(n — 1)/2]. By Proposition 2.7, w is rigid and
N +2[Qupa] = 2[(n — 1)/2),

n even. Then N +(Q, /2| = n—2. If only one letter occurs, N > n —1; so
both occur, and by (2) N > n—2. Hence |Q,/2| =0 and >, |Cy(k)| =t,—1
for both letters, so both letters are tight. Theorem 3.1 for ¢ = a shows that
w is a conjugate of a*b"~* with k odd (k = n is excluded since b occurs), or
n = 2t, and w is a conjugate of (ab)™/2. In the second case, if n = 0 (mod 4),
both halves of W (0,n/2) alternate and have even length n/2, so W(0,n/2)
is a square and Q,/» # 0, a contradiction. So n =2 (mod 4).

n odd. Then N = n—1. If only one letter occurs, w is a” or b”. Otherwise
(2) gives D [Calk)[ + 224 [Co(K)| = (ta = 1) + (8 — 1) + 1 with 5, [Co(R)| >



t; — 1 for both letters. So one letter ¢ is tight, and ), |C7(k)| < t7. By
Theorem 3.1, w is a conjugate of £2¢"* with t = ¢, odd, since t < n and
n is odd. Then n — ¢t = 2h with h > 1. If ¢ = 1, then w is a conjugate of
(=Y. If t > 3, Lemma 4.2 gives |Cy(h)| > 3 with 1 < h < 2h = t;, and with
Lemma 2.5, >, |C7(k)| > (t7 — 1) + 2 > t7, a contradiction. O

5. Formal verification

Theorem 1.1 and Corollary 1.2 are formalized in Lean 4 |7] with Mathlib
[8], version 4.34.1, and the formal proofs are checked by the Lean kernel.
Words are lists over a two-letter alphabet, and the definitions follow Section 1
literally: an abelian square is a word wv with u nonempty and the same
number of each letter in v and v; the factors of a circular word w of length
n are the prefixes of length L, 1 < L < n, of its n rotations; and D(w) is the
number of distinct factors that are abelian squares. The formal statements
are the following. For every n > 1 the least value of D on the words of length
nis [(n—1)/2]. A word of odd length, and a word of even length, attains this
value exactly when it is a conjugate of one of the words in (a), respectively
(b), of Theorem 1.1. Part (a) of Conjecture 0.6 holds, and part (b), stated
literally, is false. Finally D(ababab) = 2, and ababab is not a conjugate of
a¥b5=* or of its complement for any k. The proofs depend only on the axioms
of Lean’s logic, namely propositional extensionality, choice and the soundness
of quotients; they contain no unproved step and add no axiom.

Independent computations confirm Theorem 1.1 on every binary circular
word of length at most 22 and on one word of each necklace class up to length
28, and they confirm each lemma of Sections 2 and 3 on every word of length
at most 16.

Declaration of generative AI and Al-assisted technologies in the
manuscript preparation process

During the preparation of this work the author used Claude (Anthropic)
in order to assist with the proofs, the Lean formalization, the computations
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the content of the published article.
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