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Abstract

Letn=2m+1 be odd and let Fon be the field with 2™ elements. A function on Fon is
third-order sum-free when its values over any eight elements forming a three-dimensional
affine subspace never add up to zero. The Welch function is the power map x — 2" +3; it
is one of the classical almost perfect nonlinear functions, and Hou and Zhao conjectured
that for n > 7 it is not third-order sum-free. We prove this. The question comes down
to a linearised polynomial g(x,y) in y whose roots form a vector space Z(x) over Fay
containing 1 and x, and the Welch function fails to be third-order sum-free exactly when
Z(x) has dimension three for some x outside Fo. We show that the dimension is always
2 or 3, and that it is 3 if and only if two explicit trace conditions hold: with u = z2",
both Tr(1/(z + u)) and Tr(zu/(x 4+ u)) equal 1. The proof applies the field automorphism

gm+1 . . . .. .
Zz , whose square is the Frobenius map, to turn g into an additive polynomial of
degree eight whose roots always lie in Fon. Counting the elements that satisfy both trace
conditions gives exactly (2" + 1 — 3K,,)/4 of them, where K,, is the binary Kloosterman
sum of Fan, and Weil’s bound | K, | < 27/241 makes this count positive for every n > 7.
The Welch function sums to zero over exactly (2" 4+1—3K,,)(2" —1)/168 three-dimensional
linear subspaces, and the count 2+ (2" + 1 — 3K,,)/4 agrees with the numbers that Hou
and Zhao computed for n < 15. Every statement is proved by hand.
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Note. The results of this paper were first made public on 9 October 2026, as release
v1.0.0 of the repository https://github.com/creelie/eConjectureWelchSum
Free; later versions (v1.1.0 of 22 October and v1.2.0 of 26 October) are archived
on Zenodo as 10.5281/zenodo.23553010 and 10.5281/zenodo.23662272 (concept DOI
10.5281/zenodo.23553009). An earlier and incomplete version of the paper appeared
on Hexagon on 22 October 2026 as the preprint hexagon:2610.00472, available at
https://hexagonmath.org/2610.00472. That version cited the conjecture and the
corollary of Hou and Zhao as Conjecture 4.10 and Corollary 4.9, numbers that do not
match their paper, listed the programs that check its statements in the text, and had
a short abstract. This version is complete and self-contained: the references follow the
arXiv paper of Hou and Zhao (Conjecture 5.10, Corollary 5.9, Section 5.3), every reference
has been checked at its source, the abstract states what is proved, and every statement is
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proved by hand, so that no statement rests on a computer. The source of this revision
is in release v2.0.0 of the same repository, archived as 10.5281/zenodo.23663217, with
programs that recompute Table 1 and check the criterion on small fields.

1 Introduction

A function f: Fon — Fon is kth order sum-free if .4 f(a) # 0 for every k-dimensional
affine subspace A of Fan over Fo. Carlet introduced this notion [6, 5]; for k = 2 it is the APN
property. Throughout, n = 2m +1is odd, ¢ = 2", F' = F, and Tr: I’ — 5 is the absolute
trace. The Welch function is

Wh(X) = X273,

It is APN [8], and decimating a binary m-sequence by 2™ + 3 gives a three-valued cross-
correlation, as Welch conjectured [4]. For m > 2 it has algebraic degree 3, so the first open
question about its higher-order sum-freedom is the third order. For m = 2 the Welch function
is X7 = X2*~1 which is third-order sum-free by a result of Carlet [6, Proposition 1]. Hou
and Zhao [9] reduced the question to the rank of a Dickson matrix, computed the answer for
5 < n < 15, and proposed the following statement [9, Conjecture 5.10].

Conjecture 5.10 of Hou and Zhao. Forn =2m+1 > 7, the Welch function on Fan is
not third-order sum-free.

We prove this conjecture. The reduction of Hou and Zhao goes through the polynomial
g X, V) =Y (X2 + X))+ V(X" + X)+ Y (X?" + X?). (1.1)

For x € F let Z(z) = {y € F : g(x,y) = 0}. Since g(x,Y) is an additive polynomial in Y,
Z(x) is a vector space over [y, and it contains 1 and z. By Lemma 2.3 below, W), fails to
be third-order sum-free exactly when dimp, Z(x) > 3 for some xz € F'\ Fo. Our main result
decides this dimension for every .

Theorem 1.1. Letn=2m +1>3 and v € F\ Fo, and put u = 2*". Then dimg, Z(z) €
{2,3}, and dimp, Z(z) = 3 if and only if

T+ u

Let
K, = Z (_1)Tr(z+z_1)
zeF*
be the Kloosterman sum of F'. The conditions of Theorem 1.1 turn the count of the elements
x with dim Z(z) = 3 into Kloosterman sums.

Theorem 1.2. Let n = 2m + 1 > 3, and let N, be the number of x € F \ Fo with
dimp, Z(x) = 3. Then

2" +1—-3K
Nn:%g”_

By Weil’s bound [11] (see also [10, Chapter 5]), |K,| < 2-2"2. Hence

M4 1—6-2%2  (2n/2 _3)2 -8
N, > + 1 :( 4) >0 forn>T17.
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Corollary 1.3. The conjecture of Hou and Zhao is true. More precisely, form =2m+12>5
the Welch function sums to zero over exactly

N, (2" — 1)
42

three-dimensional linear subspaces of F, and over 2”3 times as many three-dimensional
affine subspaces. This number is positive for every n > 7 and is zero for n = 5.

By a theorem of Carlitz [7] (see also [10, Chapter 5]), K, = —(w" + @") with w =
(=1 ++/=7)/2, because K1 = 1. So Ko = -2, K; = 1 and K,, = —K,,_1 — 2K,,_», which
gives Table 1. Hou and Zhao [9, Corollary 5.9] showed that dim Z(z) = 3 for some z € F'\ Fa
if and only if the polynomial det D*(X') built from a Dickson matrix has more than two roots
in F'; the number of its roots in F' is 2 + N,,. For 5 < n < 15 these are the values Hou and
Zhao computed [9, Table 1].

Table 1: The Kloosterman sum K, the count N,, of Theorem 1.2 and the number 2 + N,, of
roots of det D*(X) in Fan.

) 11 0 2
7 —13 42 44
9 -5 132 134
11 67 462 464

13 —181 2184 2186
15 275 7986 7988
17 —101 32844 32846
19 =797 131670 131672
21 2795 522192 522194

The proof of Theorem 1.1 uses the automorphism p(z) = 22" of F, whose square is the

Frobenius map z ~— 22 and whose inverse is z — 22". Applying p to the equation g(z,y) =0
and eliminating »?" produces an additive polynomial of degree 8 in 7. Its roots form a
three-dimensional space V' that always lies in F' and contains Z(x), and a linear map built
from g(z,-) moves V into Z(x). Whether Z(z) = V is then decided by two elements of s,
and both turn out to be traces of explicit rational functions of x and wu, because an element
of Fy equals its own trace when n is odd. The counting of Section 5 is a finite count attached
to the action of the Galois group on F', of the same kind as the counts in the author’s earlier
work [1, 2, 3].

Section 2 collects facts about the trace and the reduction of Hou and Zhao. Section 3
studies a fixed z, Section 4 proves Theorem 1.1, and Section 5 proves Theorem 1.2 and
Corollary 1.3.

2 Preliminaries

Lemma 2.1. Let p(z) = 22" forz € F.
(a) p(22") =z = p(2)?" and p(p(2)) = 2? for every z € F.
(b) The elements of F fized by z + 22", and those fized by p, are 0 and 1.

Proof. (a) holds because 22" = z, 2™ . 2m+1 = 2n and 2m+1.2m+1 = 2.27 For (b), the fixed
field of z — 22" is Foecagrmy, and ged(m,2m + 1) = ged(m +1,2m +1) = 1. O



Let Ty = {w € F : Tr(w) = 0}, put p(z) = 2% + 2, and for z € F let

Lemma 2.2. (a) Tr(sz) = Tr(z) for all z € F and k > 0; in particular Tr(p(2)) = Tr(z).
(b) Tr(1) =1, so Tr(e) = ¢ for e € Fs.

(c) Each of the maps z — p(z), z — 22" + 2z and z + p(2) + z is Fa-linear with kernel Fy
and image Ty.

(d) o(Tyn(2)) = Trn(p(2)) = 22" + 2 for all z € F.

Proof. (a) is clear and (b) holds because n is odd. In (c), the kernels are Fo by Lemma 2.1(b),
so each image has ¢/2 elements; each image lies in Ty by (a), and |Tp| = ¢/2. For (d), both
sides telescope: p(Tin(2)) = X1y 2% + 51 2% = 22" + 2, and T (2% + 2) is the same
sum. 0

The next lemma is the reduction of Hou and Zhao [9, Section 5.3]; we include the short
proof.

Lemma 2.3. (a) Forz,y € F,

> Walaiz + agy + a3) = g(z,y).

a1,a2,a3€F2

(b) Let A = c+ Ay be a three-dimensional affine subspace of F with linear part Ag. Then

S aca Wn(a) = Yaca, Wala), and Ypca, Wala) = b*" 33 cp14, Wala) for every
be A \ {O}

(c) Wy, is not third-order sum-free if and only if dimp, Z(x) > 3 for some x € F'\ Fa.
Proof. (a) Since a?k = q; for a; € Fo,
Wila1z + asy + az) = (12> + a2y + az)(a12? + azy? + a3)(a17 + azy + as).

Expanding, we get a sum of terms a;ajar afy with a € {22",4?" 1}, B € {2?,4% 1} and
v € {x,y,1}. Summed over (a1, az, a3) € F3, a monomial in the a; gives 0 unless all three of
aiy, az,az occur in it, because ) _,cp, 1 = 0. So only the six terms in which ¢, j, k are distinct
survive, each with sum 1, and they add up to g(z,y).

(b) Write the elements of A as c+a with a € Ag and expand W,,(c+a) = (2" +a®")(c® +
a?)(c+ a). Apart from a®?" a?a, every one of the eight products is a constant times a product
of at most two Fo-linear functions of a. In coordinates a = aje; + ageas + ages with respect to
a basis of Ag, such a product is a combination of monomials in at most two of the a;, and its
sum over Ay vanishes as in (a). The second statement holds because W, is a power function.

(c) By (b), W, is not third-order sum-free if and only if it sums to zero over a three-
dimensional linear subspace that contains 1. Such a subspace is (1, z,y) with 1, z,y linearly
independent over [y, and by (a) the sum over it is g(x,y). Since Z(z) always contains (1, z),
a suitable y exists if and only if dim Z(x) > 3. O



3 A fixed element x

In this section and the next, z € F'\ Fy is fixed and
w=2z", t=a2%+, d=z+u, v =u?+u.

By Lemma 2.1, p(z) = v? and p(u) = x, so

p(t) =% pld)=d+v=xz+u% pld+v)=d* pE®+u) =uvt+z, " =0 (3.1)
The elements t, u? +u = v, d and d + v = = + p(x) are nonzero by Lemma 2.1(b), and

t=d*+d+o. (3.2)
Write L(y) = g(x,y), so that
Liy) = ty*" +dy* + (2% + )y,

an [Fa-linear map of F' with kernel Z(z). One checks directly that L(1) = L(x) = 0.
Lemma 3.1. L(y) = tTh(p(y)) + dp(y) for everyy € F.

Proof. By Lemma 2.2(d), t T, (p(y)) +d o(y) = t(y*" +y) +d(y? +y) = ty*" +dy>+(t+d) vy,
and t +d = 2% + u. O

Let

CdyP+ (2 +u)y
- ; ,

Y(y) P(y) =v*y+(d+0)Y(y)' + (u' +2)Y(y)*,
and define ®: F — F by ®(y) = p(L(y)/t). Then Y, P and ® are Fa-linear, L(y) =
t(y*" +Y(y)), and ®(y) = 0 if and only if L(y) = 0.

Lemma 3.2. P(y) = p(L(®(y))) for everyy € F.

Proof. Let ¢ = L(y)/t, so that 4" = Y (y) + ¢ and, by Lemma 2.1(a), p(y) = (yﬂm)2 =
(Y(y) + £)%. Applying p to L(y) and using (3.1),

p(L(y)) = v’y + (d+v)p(y)* + (u' + 2)p(y) = P(y) + (d + v)* + (u* + 2)¢*.

On the other hand p(L(y)) = p(tf) = v?p(¢). Hence P(y) = v?p(€) + (d + v)* + (u* + x)¢2.
Now put £ = ®(y) = p(¢). By Lemma 2.1(a), 2" = £ and p(¢') = £2, so

p(L()) = p(tl + dl'* 4 (2 + u)l') = v + (d +v)* + (u* + )2 = P(y). O

Let M(y) = y(y + Dy +2)(y + 2 +1) = p(uy) (p(y) +1) = y* + (t + 1)y* +ty. It is an
additive polynomial whose roots are the elements of (1,z). Put

(d+v)d* 302 c tv?
o

A= Tdidre)y TR ddro)

Lemma 3.3. As polynomials in y over F, P(y) = MI(y)(Il(y) + ¢). The roots of P in
an algebraic closure of F form a three-dimensional Fo-space V' that contains (1,x), and

VA (Lz) ={y:1l(y) = c}.



Proof. P is an additive polynomial. Its coefficient of 4% is A # 0 and its coefficient of y is
v? #£ 0, since Y (y)* and Y (y)? contain only 3%, y* and y?. So P has 8 distinct roots, and
they form a three-dimensional Fo-space V. Since Y (1) =1 and Y (z) =

P(1) =v*+ (d+v) + (u* +2) =0, P(x) = v*x + (d + v)u* + (u* + z)u?® = 0,
o (1,z) CV. Choose yp € V'\ (1,z). Then V = (1,2) U (yo + (1, x)) and, since II is additive,

P(y) = MI(y) Iy + yo) = MI(y) (TI(y) + I(yo))-

The coefficient of y on the right is AtII(yy), because II(y)? has only even powers of y.
Comparing with v? gives II(yo) = v?/(A\t) = c. Finally ¢ # 0, so the roots of II(y) + ¢ are
exactly the four elements of V outside (1, z). O

Lemma 3.4. Tr(a) = 0. If z € F satisfies p(z) = a, then Tr(tz) = 0. Consequently V C F'.

Proof. From (3.2) one checks the identity

v 1 1
a= Qﬁ+d+d+ (3.3)
multiplied by d*(d + v) it reads tv? = v?(d + v) + vd*(d + v) + d3(d + v) + d*, and the right
side equals v?(d? + d + v). By (3.1), 1/(d +v) = p(1/d), so Tr(1/(d + v)) = Tr(1/d) and
Tr(a) = 0. By Lemma 2.2(c) there are exactly two elements z € F' with p(z) = a, and they
differ by 1; since Tr(t) = Tr(p(x)) = 0, the value Tr(¢z) does not depend on the choice.

Let h = 1/d. Since Tr(h + Tr(h)) = 0 by Lemma 2.2(b), Lemma 2.2(c) gives zo € F with
p(z2) + z2 = h + Tr(h). By Lemma 2.1(a),

p(22) = p(p(22)) + 22 = p(p(22) + 22) + (p(22) + 22) = p(h) + h = + =,

so by (3.3) we may take z = v/d? + zp. First, by (3.2),

tv_ v v2_ v

which has trace 0. Second, let ¢ = d +v = z + p(z). Then p(e) = d? by (3.1), and
p(e) + e = 22 + x = t. Using Lemma 2.2(a) and Lemma 2.1(a) to move z — 22" and p
through the trace,

Tr(tzg) = Tr(p(e)zz) + Tr(eze) = Tr(e 23" ) + Tr(ezz) = Tr(e (p(22) + 22)*")
= Tr(p(e) (p(22) + 22)) = Tr(d*(h + Tr(h))) = Tr(d) + Tr(h) Tr(d?) = 0,

since Tr(d) = Tr(z + 22™) = 0. Hence Tr(tz) = 0.
Now Lemma 2.2(c) gives y € F with p(y) = tz. Then II(y) = tz(tz +t) = t2p(z) = ¢, so
y € V\ (l,z) by Lemma 3.3, and V = (1,z,y) C F. O

Lemma 3.5. V = {y € F : L(®(y)) = 0}, Z(x) C V and &(V) C Z(x). The element
d(z) = ®(yo) is the same for all yo € V' \ (1,z) and lies in (1,z). If 6(x) =0 then Z(z) =V;
otherwise Z(x) = (1, x).

Proof. Since V' C F (Lemma 3.4) and p is injective, Lemma 3.2 shows that V = {y € F':
L(®(y)) =0}. If L(y) =0 then ®(y) =0and y € V, so Z(z) C V; and &(V) C Z(x) by the
same description of V. Two choices of y differ by an element of (1,z) C Z(x), on which ®
vanishes. As (1,z) C Z(x) C V and dim V = 3, either Z(z) =V or Z(z) = (1, x). In the first
case 0(z) = 0. In the second case §(z) € ®(V) C (1, z), and §(x) # 0 because yo ¢ Z(z). O



Lemma 3.6. 6(x) € {0,1} if and only if Tr(1/d) = 1.

Proof. Take yo € V' \ (1,z) and let z = p(yo)/t. By Lemma 3.3, t?p(2) = p(vo)(p(yo) +1) = ¢,
so p(2) = a. Let £y = L(yo)/t, so that §(z) = p(ly), and 6(z) € {0,1} if and only if ¢y € {0, 1},
that is, p(¢p) = 0. By Lemma 3.1, ¢y = T,,(tz) + dz. By Lemma 2.2(d), (3.1) and (3.2),

o(lo) = (t2)*" +tz+d?2* +dz = v 22" +(t+d*+d) 2+ d*a = v(2*" +2)+d%a = v Ty, (a)+d%a.

Put v = d?a/v, so that p({y) = v (Tn(a)+7). On the other hand §(x) € (1,x) by Lemma 3.5,
so by = 6(z)?" €{0,1,u,u+ 1} and p(¢y) € {0,v}. Therefore ¢ = T}, (a) + ~ lies in Fy, and
e = 0 exactly when §(z) € {0,1}. By Lemma 2.2(b) and (a),

m—1

e="Tr(e) = Z Tr(aQi) + Tr(y) = mTr(a) + Tr(y) = Tr(y),
=0

using Tr(a) = 0 from Lemma 3.4. By (3.2), v = tv/(d*(d + v)) = v/d* + v/(d + v). By (3.1),
p(t/d?) = v?/(d +v)?, so Tr(v/(d + v)) = Tr(t/d?). Since v+t = d* + d,

Tr(y) = Tr(”d;;t) = Tr(1) + Tr(%) =1+ Tr(%).
So d(x) € {0,1} if and only if Tr(1/d) = 1. O

4 Proof of Theorem 1.1

The objects of Section 3 depend on z; we write Ly, t,, ®,, V, and d, =  + 22" when the
dependence matters. The second condition of Theorem 1.1 comes from the substitution
x— 1/x.

Lemma 4.1. Forz € F\Fy andy € F, g(1/x,y/z) = 2~ "3 g(z, ). Moreover Dy /,(y) =
710, (wy), Vijp =2V, and 6(1/x) = 2716(x).

Proof. With u = 22",

2m 2 2
3 3(Y 142 v z+u y u+tz
1 — . ) 7.
vz’ g(l/z,y/x) =uzx ( " 2 +$2 o +x o

) = g(@,y).
So Ly/x(y) = z~C" )L, (xy). Since tije = 2t =t /a3,

Ly (zy)
uty

1/2(y) = n( ) = p(u™h) By(wy) = 27 0, (xy).

By the first statement of Lemma 3.5, applied to x and to 1/x, V}/, = {y € F': L1 /,(®1/,(y)) =
0} ={y € F:Ly(®y(2y)) =0} =27 V,. If yg € V; \ (1, 2), then yo/z € Vije \ (1,1/), and
0(1/x) = @1/0(yo/x) = 2~ Pu(yo) = 2~ 6 (). O

Proof of Theorem 1.1. By Lemma 3.5, dim Z(z) € {2,3}, and dim Z(x) = 3 if and only if
d(z) = 0. Since §(z) € (1,z) and x # 1, §(z) = 0 if and only if 6(x) € {0,1} and é(x) € {0, x}.
By Lemma 3.6, the first condition is Tr(1/d,) = 1. By Lemma 4.1, §(z) € {0,z} if and
only if §(1/z) € {0,1}, which by Lemma 3.6 applied to 1/z means Tr(1/d;/,) = 1. Finally
dijpy =1/v+1/u= (v +u)/(zu). O



5 Counting

Proof of Theorem 1.2. For x € F\Fa let d = z + 2", u = 2?", a(z) = (fl)Tr(l/d) and
B(z) = (—1)T@w/d) By Theorem 1.1,

No=7 ¥ (1-a@)(-8) = 3(a-2- a6+ 08),

x€F\Fa

all sums over € F\ Fy. By Lemma 2.2(c), 2 — = + 22" maps F \ Fy two-to-one onto
To \ {0}. Hence

Sa=2 Y ()M = 3 (14 ()M ) = 1 K,
weTp\{0} weF*
because w ~ 1/w permutes F* and 3, p«(—1)T™®) = —1. The map = ~— 1/2 permutes
F\ Fg, and f(z) = a(1/z) because dy/, = d/(xu); so 358 = K, — 1. Finally, z > x +1
permutes F'\ Fy, leaves d unchanged and sends zu to (x + 1)(u + 1) = zu + d + 1; since
Tr(1) =1,
Ao+ 1) = (~1) DD/ o (0)5(z),

SoSaf=-YpB=1-K,, and

_q+1-3K,

O
4

Npy=-(qg—2-2(K,—1)+1-K,)

PN

Proof of Corollary 1.5. If dim Z(z) = 3, then A = Z(z) is a three-dimensional subspace
containing 1 over which W,, sums to zero, by Lemma 2.3(a). Conversely, let A 5 1 be such
a subspace and 2’ € A\ Fo. Writing A = (1,2/,y'), Lemma 2.3(a) gives g(z/,y') = 0, so
A C Z(2'), and Z(2') = A by Theorem 1.1. Hence the subspaces containing 1 with zero sum
correspond to the elements = with dim Z(x) = 3, six elements to each subspace, and there
are N, /6 of them.

Let S be the set of three-dimensional linear subspaces with zero sum. By Lemma 2.3(b),
A€ S and be F*imply bA € S. The pairs (A,b) with A € S and b€ A\ {0} number 7|S|,
and (A,b) — (b~1A,b) maps them bijectively to the pairs (B,b) with B € S, 1 € B and
b € F*, which number (¢ — 1)N,, /6. So |S| = N,(q — 1)/42. By Lemma 2.3(b), an affine
subspace has zero sum exactly when its linear part does, and each linear part has 2”3 cosets.
The numbers are positive for n > 7 by the bound after Theorem 1.2, and N5 = 0 because
K5 = 11. 0

Remark 5.1. For n = 5, Corollary 1.3 gives a second proof that W5 = X7 is third-order
sum-free. For n = 3 the polynomial g(x,Y’) vanishes identically, and indeed N3 = 6 = 23 — 2
since K3 = —5.
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