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A TRUNCATED THETA-TYPE SERIES WITH TRIANGULAR
WEIGHTS

MANJIL P. SAIKIA

ABSTRACT. Merca (2026) recently introduced the two-block odd partition function a(n),
proved that its generating function factors as A(q) = P(q)S(q), where P(q) is the
generating function of partitions whose odd parts are distinct and whose even parts
are unrestricted and S(q) is a theta-type series with triangular-number weights, and
conjectured that for N = 1,2 (mod 4) the truncation P(q)Sn(q) of this product has
nonnegative coefficients, positive from ¢> onward. We prove the conjecture in the stronger
form P(q)Sn(q) — A(g) € N[[g]].

1. INTRODUCTION

Recently Merca [Mer26] defined the two-block odd partition function a(n) as the signed
number of partitions of n into exactly two distinct part sizes, each occurring an odd number
of times: a(n) counts the representations n = (2r; + 1)z + (2r2 + 1)y with 1 < z < y, with
sign (—1)"*"2, Its generating function is the double Lambert series

AQ=Yamge= Y L 1 (11)

= < 14 g2 14 g2z’

We set some notations first. Throughout, g is a formal variable, (a;¢)e = [1;50(1 — aq’),
and N[[g]] denotes the set of formal power series with nonnegative integer coefficients. For
a series X (q) = >, z(n)g" we write [¢"]X = z(n), and for two series we write X > Y
if X =Y € N|[q]]. We write T; = j(j + 1)/2 for the triangular numbers. Let x4 be the
nontrivial character modulo 4, A\(n) = X, x4(d), o(n) = Xy, d, with o(z) = 0 if z ¢ Z,.

Among other things, Merca [Mer26|] proved the following results.

Theorem 1.1 ([Mer26, Theorem 1.1 and Corollary 1.2]). For everyn > 1,

o(n) —A(n)  a(n/2)
4 2

a(n) = + o(n/4). (1.2)
Consequently a(n) > 0 for all n > 1, with equality if and only if n € {1,2}.

Theorem 1.2 ([Mer26, Theorem 1.3]). Let

o = g IOy
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be the generating function of the partitions in which odd parts are distinct and even parts
are unrestricted, and let

S(q) — Z(_l)Tr_l T|—r/2] qTT_;,_l — q3 _ q6 _ 3q10 +3q15 +6q21 _ 6q28 _ 10q36 + 1Oq45 R

r>1
(1.4)
Then A(q) = P(q)S(q)-
For N > 1 let Sy(q) be the N-th partial sum of and let
. _ (q2;q4)°° ad Tr—1 Trt1
Fn(q) == P(q) Sn(q) = (@D (=) Ty g (1.5)
1 1/00 =1

Since A = PS € N[[g]] by Theorem [L.1] it is natural to ask whether the truncations Fy
are nonnegative as well. This is what Merca conjectured.

Conjecture 1.3. [Mer26] If N = 1,2 (mod 4), then Fn(q) has nonnegative coefficients.
Moreover, for all n > 3 the coefficient of q™ in Fyn(q) is positive.

Our goal here is to prove this conjecturd]]
We write Ry := S — Sy for the tail of the series (1.4), so that

Fn(q) = P(q)Sn(q) = A(q) — P(¢)EBn(q). (1.6)

The main result of this note is that the second term is itself a series with nonpositive
coefficients whenever N = 1,2 (mod 4). This is the exact analogue of the phenomenon
behind the truncated pentagonal number theorem of Andrews and Merca [AM12], where
the tail of the pentagonal series divided by (¢; ¢)s has coeflicients of constant sign.

Theorem 1.4. Let N =1,2 (mod 4). Then

—P(g9)Rn(g) € N[lg]l,  eguivalently — P(q)Sn(q) — Alg) € N[[g]].

In particular Conjecture 1.8 holds, that is, we have Fy(q) € N[[q]], and the coefficients of
q°, ¢, ¢* in Fy vanish, and [¢"|Fn > a(n) > 0 for every n > 3.

Theorem is a consequence of two results which we state below, where the tail is
divided by a finite product rather than by P(q)~!. Both of these results are proved by the
method of [SS26]: explicit quasi-polynomial estimates for the number of partitions into a
fixed finite set of parts, an exact evaluation of the resulting alternating polynomial sums,
and a case analysis whose finitely many polynomial inequalities are certified by computer
algebra. This method has been applied successfully to several open problems in the recent
years: see for example the work of Zhou [Zho24], Yao [Ya024], Chen and Yao [CY25] and
Liu [Liu25| for a sampler of this.

Theorem 1.5. Let k > 0 be even and N = 2k + 1 (that is, N =1 (mod 4)). Then

—Rn(q)
(1—-q)(1—¢*)(1—4g5

'We note that Jha [J26] has also announced a different proof of Conjecture The techniques used in
Jha seems to be different from those used in the present work.

e N[g]]-
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Theorem 1.6. Let k > 0 be even and N = 2k + 2 (that is, N =2 (mod 4)). Then

—Rn(q)
1-91-¢31-¢H(1-¢>)(1—4g") € N[q]].

The rest of the paper is organized as follows: Section [2 rewrites S, its truncations and
its tails in a convenient paired form, records the elementary factorisation of P(q) that
we need, and proves the reduction of Theorem [1.4] to Theorems [1.5] and Section
collects all the necessary tools that we need: quasi-polynomials for partitions into the

parts of {1,3,5} and of {1,3,4,5,7}, an exact summation formula for alternating sums
of polynomials, and two elementary positivity criteria for polynomials on an interval.
Sections [4] and [p] prove Theorems [1.5 and [1.6] respectively. The explicit polynomials needed
in Section [4] are displayed there; those needed in Section [5] are given in Appendix [A]

2. PRELIMINARY RESULTS AND A REDUCTION
We use the following notation throughout. For m > 1 put
A, = m(2m + 1) = Ty, by = (Mm+1)(2m + 1) = Topya, (2.1)
so that
by, — Gy, = 2m + 1, Amt1 — b =2m + 2, Omt1 — O = 4m + 3, (2.2)

and a1 < by <ay <by <---.
We have the following easy to prove lemmas.

Lemma 2.1. We have

S(q) _ Z (_1)m—1 T, (qam _ qu), (2.3)
m>1
and, for every even k > 0,
—Roks1 = Tin1 @™ + > (-1)"T,, (qam - qu), (2.4)
m>k+2
—Ropo= Y (-1)"Tn, (qam — qu> = —Ropy1 — Thy1g™+. (2.5)
m>k+2

Proof. Pair the terms r = 2m — 1 and r = 2m in (1.4). For r = 2m — 1 we have
T..1=(m—-1)2m—-1)=m—1 (mod 2) and T};1 = T, = ay,, and for r = 2m we have
Tr-1=m(2m —1) =m (mod 2) and T,41 = Tomt1 = biy; in both cases Tj/9) = T,p,. This

gives (2.3).
Removing the first 2k + 1, respectively 2k + 2, terms of (1.4)) from (2.3)) gives the tail

formulas (2.4) and (2.5). O
Lemma 2.2. Let D:={m >1: m odd}U{m >1: 4| m}. Then

1
P(g) =] T (2.6)
mep + — 4
(4% ¢%)oo
Proof. In P(q) = @D (T 0D the factors (1—¢™) with m even in (g; ¢)o cancel against
(¢%; )0, and what remains in the denominator is [T, oaa(1 — ¢™) [Tajm (1 — g™). O

We now reduce proving Theorem [1.4] to proving Theorems [1.5 and
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Proof of Theorem[1.4), assuming Theorems|[1.5 and[1.6. Let S C D be a finite set. By
Lemma

P@OIIC-a)= II ;= €Nl (2.7

ses meD\S
and hence Ba(@)
—fin\g
P = (PO T -0) - 2
whenever the second factor lies in NJ[q]].

For N = 1 (mod 4) this is Theorem with S = {1,3,5} C D, and for N = 2
(mod 4) it is Theorem with S = {1,3,4,5,7} C D (note that 4 € D). This proves
—P(g)Rn(q) € N[[g]}, that is, P(q)Sn(q) — Alg) € N[[g]] by (L6).

The remaining assertions follow: [¢"|Fx > a(n) for all n, which is positive for n > 3 by
Theorem and [¢"]Fn = 0 for n < 2 because Sy has no term of degree less than 3. [J

€ N[lq]]

Results such as Theorem comes with some partition theoretic linear inequalities
as easy corollaries. We mention the one associated with Theorem giving us linear
inequalities for pod(n) below.

Corollary 2.3. For every even k > 0 and everyn > 1,

2_:1(—1)’”_1Tm (pod(n — ap) — pod(n — bm)) + Txr1pod(n — ag+1) > a(n),

k+1

S (-1)"™'T, (pod(n — a,,) — pod(n — bm)) > a(n),

m=1

where pod(z) = 0 for z < 0.

Proof. These are the coefficient inequalities [¢"](PSy) > a(n) for N = 2k + 1 and
N = 2k + 2, where Sy is written out using the paired form (2.3)) of S. O

3. THE TOOLKIT

In this section, we collect results which are essential for the proofs of Theorems [1.5( and
1.6l

For a finite set S of positive integers let a.g(n) denote the number of partitions of n into
parts belonging to S, with ag(n) = 0 for n < 0, so that >>,5q as(n)q"* = [Tes(1 —¢%) "
We need two instances of S for our results.

Lemma 3.1 ([SS26, Lemma 2.1]). Let o3(n) := aq1351(n) and Q(z) := (2z + 9)2/120.
Then for allm >0

os(m) = Q(n) +e(n),  —rr <elm) < i= 1, (3.1)

where € is periodic with period 15.

The next lemma is a particular instance of what Liu has observed [Liu25, Eq. (3.7)].
The proof is similar to other such results in the literature, so we only sketch the essential
parts here.
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Lemma 3.2. Let a(n) := ag3457(n) and

Py(z) = x? N x_3 N 5512 N 25z N 157091 (3.2)
4 10080 252 1008 84 302400° '

Then for allm > 0
110771 145309
an) = Fa(m) +n(n), mmin 3= =3001050 < "M < 305400
where n is periodic with period 420, and both bounds are attained. We put
256080 1067
302400  1260°

Proof. The parts 1,3,4,5,7 are pairwise coprime, so the five-part case of the classical

=: Tmax,  (3-3)

E = Thmax — Tlmin =

quasi-polynomial theorem of Pélya and Szegs [PS98| Part I, Problem 27.1] applies, in the
explicit form given by Liu [Liu25, Eq. (3.7)] and Liu and Liao [LL25, Lemma 3.2]. For the
parts 1,3,4,5,7 it reads
an) = n* 4+ 40n® + 550n2 + 30007
10080
so that holds with n(n) := t(n) — 37 " which is periodic with period 420. Its

302400
extreme values can therefore be read off from one period, exactly as in the proofs of [CY25,

Lemmas 2.2, 3.1 and 3.2]: evaluating n(n) = a(n) — Py(n) for 0 < n < 419 gives
157091 145309

maxn(n) =n(0) = 1= 3057150 = 302400°
8536 157091 110771

i —n(2)=1— — =
min7(n) =n(2) 10080 _ 302400 302400’
where we used a(0) = «(2) = 1. O

+t(n), t(n + 420) = t(n),

We need the following fact about polynomials over Q.

Lemma 3.3. Let f be a polynomial in m, then there exists a unique polynomial g of the
same degree with

g(m) + g(m +1) = f(m), (3.4)
and for all integers A < B, we have

E_ZA(—I)’"f (m) = (—1)"g(A) + (-1)%g(B +1). (3.5)

Proof. The linear map g — g(m) + g(m + 1) on polynomials of degree < d is injective
(its leading coefficient is 2 times that of g), hence bijective, which gives existence and

uniqueness. For (3.5),

3 (=1 (g(m) +glm +1)) = 30 (~1)"g(m) = 37 (~1)"g(m)
= (=1)"g(4) — (-1)""'g(B+1). O

We shall also use the following elementary identity:

£ (1) (1)
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Lemma 3.4. Let o(u) = Asu? + Aju + Ay with Ay > 0, and let L > 0. If
SO(O) Z 07 QO(L) 2 0) AO - A2L2 Z 07
then p(u) > 0 for all u € [0, L]. The same conclusion holds if ¢(0) > 0 and A; > 0.

Proof. Put u* := —A;/(2As). Completing the square gives us
2
ou) = Ao (u— ' + (), o) = Ao~ LA
2
so ¢ is decreasing on (—oo,u*] and increasing on [u*,00). We distinguish three cases
according to the position of u*.
Case u* < 0. Then ¢ is increasing on [0, L], so ¢(u) > ¢(0) > 0 for u € [0, L].
Case u* > L. Then ¢ is decreasing on [0, L], so ¢(u) > ¢(L) > 0 for u € [0, L].
Case 0 < u* < L. Then the minimum of ¢ on [0, L] is the global minimum ¢(u*). Since
Ay > 0and 0 < u* < L, we have |A;| = 2A,u* < 24,L, hence A?/(4A5) < A;L? and
2

A
ou) > pu*)=A — j > Ag— AL > 0 (u € [0, L)).
2

This proves the first assertion.

For the second, note that A; > 0 is equivalent to u* < 0, so we are in the first case and
o(u) > ¢(0) > 0 for all u > 0. O

Lemma 3.5. Let p(u) = Z;-lzo cjw?! be a polynomial of degree at most d and let L > 0.
Define

=0 (J)
d d ) )
plze) = 36§ -0
i=0
and consequently Po, . .., Ba > 0 implies p(u) > 0 for all u € [0, L].
Proof. We have

Then

i—3 /) \J %
and summing over 0 < j < d, the left-hand side becomes p(Lz), while on the right-hand

side the coefficient of (‘f) (1 —x) s Ty (;) (j) _1chj = f;; this proves, for all real z,

where in the last step, we used (‘?_j) (".l) = (‘.1) (;) Multiplying the j-th identity by ¢;L?

we have J
plte) = 36§ -
i=0

Now let w € [0,L] and put z = u/L € [0,1]. Then z > 0 and 1 —z > 0, so each
(‘?)zi(l — x)%% is nonnegative, and if By, ..., B4 > 0 then p(u) = p(Lz) > 0. O

(3
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4. PROOF OF THEOREM [1.5f THE CASE N =1 (mod 4)

Throughout this section, £k > 0 is an even integer and N = 2k + 1. By (2.4) and
Lemma we can write

—Rn(g)
1-¢)(1—-¢3)(1- nz;obk " (4.1)

where

be(n) := Thy10s(n — bpy1) + > (=1)"T(03(n — am) — 03(n — b)), (4.2)
m>k+2
with the convention o3(z) = 0 for z < 0. Thus, to prove Theorem it suffices to show
that bx(n) > 0 for all integers n > 0. Note that, since o3 is nondecreasing, the m-th
summand in (4.2)) is nonnegative for even m and nonpositive for odd m.
For my > k + 2 we define the partial sums

mo—1

B(n, k,mg) 1= Tiy103(n — bey1) + _Ekj (=1)"Tm (03(n — Q) — 03(n — bm)), (4.3)

so that B(n, k,k + 2) = Ty1103(n — bxy1). The following lemma, which is the analogue of
[SS26|, Lemma 2.2] and of [CY25, Lemma 2.3], gives a polynomial lower bound for these
partial sums.

Lemma 4.1. Let k > 0 be even, mo > k+ 2 and n > b,,,—1 be integers. Then
2mi —n—8 11

B(n, k,mo) > ®(n, k,mg) = o(n, k) + (m — mo)((_nmo s 9_0), (4.4)

where

®y(n, k) :=

k+1)(k+2) , <k4 2k 41K K 1)
60 "Bt 3 T "1 10

LB 3R 0T 8K TRk 2y
15" 5 60 5 60 18 5

Proof. Since n > by,,_1, all the arguments of o3 in (4.3) are nonnegative, so we may use
Lemma (3.1 for each of them. By (3.1), for all z,y > 0 we have 03(z) > Q(z) — 15 and

03(z) — 03(y) > Q(z) — Q(y) — 155 — o = Q(z) — Q(y) — 13, and the same with the roles
of x and y interchanged. Hence

49
B(n, k,mg) > Ti11 (Q(n — bpt1) — 1—20)

mo—1

+ > (( )™, (Q(n —am)—Q(n—bm))—i—;Tm). (4.6)

m=k+2
A short computation using (2.1)) gives

(bm—am)(Qn—am—bm—i-Q) (2m+1)(n—2m2—2m+4)

Q(n_am)_Q(n_bm) = 30 = 15 ’

so that T, (Q(n —am) —Q(n— bm)) = % with

f(m) :=m(m+1)(2m + 1)(n —2m? — 2m+4).
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One checks directly that the polynomial g(m) := —(m3 — m)(2m? — n — 8) satisfies

g(m) + g(m + 1) = f(m). Therefore, by Lemma (recall that k + 2 is even) and by
(3.6), we have

mo—1

> (=)™ f(m) = gk +2) + (=1)™ " g(mo),

m=k+2
mo! 1 k+3
- () (1)

m=k—+2 3 3
Substituting these into (4.6]), we obtain

Tis1((2(n — brpa) +9)% — 49) N g(k +2) — (=1)™0g(mg)
120 30

B %((mQ;- 1) B (k;t?)))

(m3 —mo)(2m2 —n—8) 11

30 90
where ®y(n, k) collects all the terms which do not involve my, namely

T (20— bpir) +9)2—49)  g(k+2) 11 (k+3
o(n, k) = 120 t73 Tl )

Expanding this expression gives (4.5) which proves the lemma. O

and

B(n, k,mg) >

= ®g(n, k) + (—=1)™ (mg — my),

We are now ready to prove Theorem The argument follows the pattern of [SS26],
Lemma 2.4] and |[CY25, Section 2.1]: we locate n in one of the intervals [ap, aprt1),
M > k + 2, which partition {n : n > agi2}, and in each of four cases we bound b;(n)
from below by an explicit polynomial using Lemma [4.1] and Lemma [3.1] The resulting
polynomials are quadratic in the position of n inside the interval, and their nonnegativity
is established by Lemma [3.4] after expanding them in the variables x,s > 0 defined by

2k +2+4+s, M even,
k = 2k, =
2k+3+s, M odd.

Proof of Theorem[1.5. We show that bx(n) > 0 for all n > 0. If n < bgy1, then bg(n) =0,
and if bgr1 < n < agy9, then bp(n) = Txi103(n — bgr1) > 0 by (4.2). So let n > agyo.
Since axio < agy3 < -- -, there exists a unique integer M > k + 2 such that

(4.7)

ay Sn<ay—1=ay +4M + 2,

and we put t :=n — aypy, so that 0 <t < 4M + 2. By (4.2) and (4.3)), all the terms with
m > M + 1 vanish, and

{B(n, k, M)+ (=1)MThr05(t), 0<t<2M (ie. ay <n <by),

B(n,k, M + 1), OM+1<t<4M+2 (ie by <n < ays),
(4.8)
because o3(n — bys) = 0 in the first range. Note that n > ap > by —1 + 2M and, in the
second range, n > by, so Lemma is applicable to B(n,k, M) and to B(n,k, M + 1)
respectively.
We now consider four cases.

br(n) =



A TRUNCATED THETA-TYPE SERIES WITH TRIANGULAR WEIGHTS 9

Case 1. ayy <n <by —1and M is even.

Write M =2k + 2+ s as in (£.7). By (4.8), Lemma [4.1 and (3.1),
49

be(n) = B(n, k, M) + Tas 05(t) > @(n,k, M) +TM(Q(t) -

) = A2t2+A1t+A0,

where, after substituting n = aj; + t and ,

60 Ay = 8k + 4ks + 16k + s> + 5s + 8,
60 A; = 64r>s + 32K> + 16K%s® + 144Kk>s + 152k* + 12ks* + 128ks
+ 208k — 25® + 55% + 59s + 88, (4.9)
90 Ay = 384k*s? + 576k*s + 96k* + 192k35> + 1584k3s% + 2520k3s
+ 552K3 4 24k%s* + 504k%s% + 239425 + 3450K%s + 10682
+ 36ks* + 396ks> + 1293ks% + 1671ks + 864k + 9s* + 49s°
+ 1145% 4 2125 + 252.
Clearly Ay > 0 and Ay > 0. We apply Lemma [3.4 on the interval [0, L] with L = 2M =
4k + 25+ 4. The value at t = L is
90 (A L? + A L + Ag) = 384k*s* + 960k*s + 480k* + 192k3s> + 1872k°%s% + 4152k
+ 2424K3 + 24K%s* + 552k2s3 + 3162k2s% 4 6426k s + 4380K>
+ 36ks* + 468ks® + 2139ks? + 4329ks + 3408k + 9s* + 106s>
+ 5135 + 11425 + 972 > 0,

and

90 (Ag — A L?) = 384k*s? + 576k*s — 96k* + 192k3s3 + 1584K3s* 4 2232k3s
— 216K3 + 24K%s* + 504K2%s® + 2226K%s% + 2562k%s — 84k
+ 36ks* + 348ks® + 933ks% + T59ks + 96k + 3s* — 55 — 7857
— 100s + 60. (4.10)

We distinguish three sub-cases.

e If s =0, then by Ay = Z(k+1)% (4 + 11) > 0, and the last assertion of
Lemma [3.4 gives by(n) > Ay > 0.

e If k> 1and s > 1, we replace k by kK + 1 and s by s + 1 in (4.10); the resulting
polynomial in x,s > 0 has only nonnegative coefficients, so Ay — A;L? > 0 and
Lemma (3.4 gives bg(n) > 0.

eIf x =0 and s > 1, then 604; = —2s® + 55 + 59s + 88, which is positive for
1 < s <7 (its value at s = 7 is 60), so again bg(n) > Ag > 0 for these s. For
s> 8, reduces to 3s* — 5s3 — 7852 — 100s + 60, and replacing s by s + 8
gives 3s* + 9153 + 95452 4 38365 + 3996 > 0; hence Ay — A;L? > 0 and Lemma
applies.

Thus bx(n) > 0 in Case 1.

Case 2. ayr <n <by —1and M is odd.
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Write M = 25+ 3+ s as in (4.7). By (4.8), Lemma [4.1] and (3.1)),

be(n) = B(n, k, M) — Tas 0s(t) > ®(n,k, M) — Tay (Q(t) + 13—290> — (D).

Here 1 is a quadratic polynomial in ¢ with leading coefficient — & (4ks+8k+5s?+7s+10) < 0,
so 1 is concave and ¥(t) > min{1(0),¥(2M)} for 0 <t < 2M. Now

901(0) = 384k*s® + 1344xk™*s + 1152x* + 192k3s% + 2160k3s*

+ 6456k3s 4 5808k3 + 24K2%s* 4 600K2s> 4 4194k% s>
+ 11286k2s + 10212x% + 36ks* + 588ks® + 3417ks? + 8361ks
+ 7182k + 155* 4+ 2055% 4+ 10085 + 20845 + 1536,

90 (2M) = 384rk*s® + 1728k*s + 1920k* + 192xs® + 2448K°s?
+ 8664k3s + 9072k3 + 24K2%s* 4 648K2s> 4 5106k s>
+ 15150k%s + 14676k + 36K5* + 660ks> + 4083ks> + 10287ks
+ 8946k + 155* + 1965 4 918s* + 18055 + 1266,

both of which are clearly positive. Thus b(n) > 0 in Case 2.

Case 3. byy <n<apyy41—1and M is even.
Write M =2k +2+sand t = 2M + 1+ u, so that 0 < u < 2M + 1. By (4.8) and
Lemma [4.1] (applied with mo = M + 1, which is odd),

90 by(n) > 90 ®(n, k, M + 1)
= 384k*s% + 960k*s + 480k* + 192k3s% + 1872k35% + 96K3su
+ 4248k3s + 144K%u + 2568k3 + 24K%s* + 552K7%s% + 24K%s%u
+ 3186K%s% + 312k su + 6738k2s + 6K%u? + 486K%u + 47282
+ 36ks* + 468ks> + 54ks®u + 2193ks? + 354ksu + 4551ks
+ 9ku? + 513ku + 3582k + 9s* + 3s5°u + 109s® + 39s*u + 51957
+ 144su + 11215 + 3u? + 171u + 942,

which is clearly positive for all k, s,u > 0. Thus bx(n) > 0 in Case 3.

Case 4. byy <n <apy1—1and M is odd.
Write M =2k +3+sandt=2M +14+uwithO<u<L:=2M+1=4k+2s+ 7.
By (4.8) and Lemma (applied with mg = M + 1, which is even),

bk(n) Z <I>(n, k, M + 1) = A2U2 + Al’U, + A(),
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where

304; =(k+1)(2k+ 1),
30 A; = 32635 + 64K> + 8x%s% + 96K%s + 178K + 6Ks® + 58ks + 119k — &3
— 852 —17s — 1,
90 A = 384k*s? + 1728k*s + 1920k* + 192k>s® 4 2448k3 s>
+ 8760x3s + 9264k3 + 24k2s* + 648K%s% + 5130k%s>
+ 15438k%s + 15204k2 + 36ks* + 660ks> + 4101ks> + 10461 ks
+ 9294k + 155* + 193s® + 894s® + 17545 + 1260.
Note that A; may be negative (for k = 0 it equals —(s*+8s%+17s+1)/30), so the minimum
of this quadratic over the real line need not be nonnegative, and we use Lemma [3.4] instead.
We have A; > 0, Ay > 0,
90 (A2 L? + A1 L+ Ag) = 384k"s” 4 2112k"s 4 2784k* + 192k°s” + 2736k°s”
+ 11064x3s + 13224k3 + 24K%s* 4 696K7%s> 4 5970k2 s>
+ 19530k2s + 21216k% + 36Ks* + 684k5° 4 4515k5% + 12489k
+ 12390k + 9s* + 1245 + 6365% + 14755 + 1386 > 0,

and

90 (Ag — AyL?) = 384k*s® + 1728k s + 1824k + 192k3s> + 2448k3s*
+ 8664k3s 4 8784k3 + 24k2%s* 4 648k2s® 4 5106k s>
+ 15126k2s + 14358k 4 36ks* + 660ks® 4 4065k5> 4+ 10161ks
+ 8685k + 155 + 193s> + 8825 + 1670s + 1113 > 0.

By Lemma br(n) > 0 for 0 < u < L, which is Case 4.

We have shown that b (n) > 0 for all n > 0, and Theorem[1.5 now follows from (4.1). O

5. PROOF OF THEOREM [1.6f THE CASE N =2 (mod 4)

Throughout this section, £ > 0 is an even integer, N = 2k + 2, and o = a1 3457} is as
in Lemma [3.2] By (2.5),
—Rn(q)

-0 -A1-1-F)1—q) nZZOCk(n) 7", (5.1)
where
c(n) = Y (-1)"Tn (a(n —am) —a(n — bm)), (5.2)
m>k+2

with a(z) = 0 for z < 0, and it suffices to show that cx(n) > 0 for all n > 0. The proof
runs parallel to that of Theorem with Lemma [3.2] in place of Lemma there is no

leading term, the main terms are now of degree 4 in n, and the final positivity check uses
Lemma, [3.5] instead of Lemma, [3.4
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For mo > k + 2 let

mo—1

C(n,k,mo) == > (-1)"T, (a(n —am) —a(n— bm)), (5.3)

m=k+2

an empty sum when my = k + 2. Recall E = Nmax — Tmin = 190r from Lemma

Lemma 5.1. Let k > 0 be even, mo > k+ 2 and n > b,,—1 be integers. Then

W (mo, n) 1067)
- 4
20160 7560, O

Cn, k,mo) > ®a(n, k,mo) = Byo(n, k) + (md —my) ((—1)mo
where
W(m,n) := 32m° — 48m*n — 736m* + 24m’n? + 692m?n + 5322m>
— 4n® — 162n% — 2272n — 11725 (5.5)

and

Bk 11k 1
B, o(n. k) = A I W

20(n, k) (5040 *810 5000 T 840)"
B ( K k' 43k 67K 5k 11 >n2

840 "84 T 1120 T 1680 672 ~ 560
KT kS 823K5  151k*  61k3 220K 55k 17

+ (@J“%Jr 5040 T 504 ' 5040 504 252 +2_10>n
Kk 4K 8kS  3020k° 6359k

630 35 21 15 10080 * 5040
106861k*  559k% 29501k 9031

60480 * 3360 * 60480 * 10080

Proof. As in the proof of Lemma, all arguments of o are nonnegative, and (3.3)) gives
:I:(oz(z) - a(y)) > :I:(P4(x) - P4(y)) — E for z,y > 0. Hence

(5.6)

Clnkymo) = Y ((—1)™fa(m) — BT,),

and
fa(m) := T (Ps(n = am) — Ps(n — by)).

Here f, is a polynomial of degree 9 in m (and of degree 3 in n, the terms in n* cancelling),
and one verifies that the polynomial
(m?® —m) W(m,n)

20160
satisfies go(m) + go(m + 1) = fo(m). By Lemma [3.3] and (3.6)),

1 k+3
C(n,k,mo) > ga(k +2) + (=1)™ 1 go(myg) — E(<m03+ ) - ( ;: ))

my — mo)W(me,n) 1067 5

20160 75600 ~ o)

where ®o(n,k) = g2(k+2) + E (’“?”) collects the terms free of my; expanding gives
55). 0

g2(m) := —

= @2’0(’1’1, k) + (—1)m0 (
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Proof of Theorem[1.6. If n < a2, then ¢x(n) = 0. For n > a2 let M > k + 2 be the
unique integer with apy < n < ap41 — 1 and put ¢t :=n —ay € [0,4M + 2]. Exactly as in
(4.8),
C(n,k, M)+ (—1)"Tyra(t), 0<t<2M,
ck(n) = (5.7)
C(n,k,M +1), M +1<t<4M +2,
and Lemma, applies to the partial sums occurring here.

We use the substitution and again consider four cases; in each case we obtain, from
(5.7), Lemma 5.1 and (3.3), a lower bound cx(n) > p(u) by a polynomial p of degree at
most 4 in a variable u € [0, L], whose coefficients are polynomials in x and s:

eCase l. ayy <n<by, M =2k+2+seven: u=t, L =2M, and p(u) =
(I)Q(G,M + u, k, M) + TM (P4(’LL) + nmin)-
e Case 2. ay <n<by, M =2k+3+so0dd: u =1t L =2M, and p(u) =
Os(an +u, k, M) — Ty (P4(u) + nmax).
e Case 3. by <n<ay1, M =2k+2+seven: u=t—2M —1, L =2M + 1,
and p(u) = ®o(bps +u, k, M + 1).
e Cased. by <n<apyy1, M =26+3+sodd: u=t—2M —1, L =2M +1, and
p(u) = Po(bar +u, k, M + 1).
(In Cases 1 and 2 we used Tha(t) > Tar(Py(t) + Nmin) and —Tpra(t) > —Tpr(Pa(t) + Mmax)
respectively.) In each case we compute the five coefficients S, . . ., B4 of p on [0, L] according
to with d = 4; they are polynomials in (k, s) and are listed in Appendix
One finds:

e In Cases 2, 3 and 4, all five 5; have nonnegative coefficients as polynomials in s
and s, hence 3; > 0 for all k,s > 0, and Lemma gives cx(n) > p(u) > 0.
e In Case 1, all five B; have nonnegative coefficients after replacing s by s+ 1, hence
ck(n) > 0 whenever s > 1. If s =0, then M = k + 2, the sum is empty, and
gives directly c(n) = Tyi2 a(t) > 0.
Therefore cx(n) > 0 for all n > 0, and Theorem (1.6 follows from (/5.1)). O
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APPENDIX A. EXPLICIT POLYNOMIALS FOR THEOREM [L.6]

The following expressions are the coefficients fy, . . ., 84 defined in (3.7) (with d = 4) of
the lower bounds p(u) on [0, L] of Cases 1-4 in the proof of Theorem as polynomials
in the variables (k, s) of (4.7); for Case 1 they are printed in the variables (k,v), where
s = v + 1. Every coefficient of every polynomial below is nonnegative.

Case 1: 3y, in the variables (k,v) with s = v + 1 (multiplied by 60480):

49152503 + 184320K°%02 + 196608k5v + 61440x° + 36864K°v* 4 479232k503
+ 16896004502 + 2085888K°v + 838656k5 + 9216k*v° 4 241920K*v*
+ 1913856x*v> + 6308160k*v? + 87553924y + 4128384k* + 768k30°
+ 42624k30° 4 623232x30* 4+ 3926304x30v° 4 123622564302 + 184076163V
+ 9390288k3 + 2304k20°® 4 70272k20° 4 779616K2v* + 4386720K20°
+ 13306944202 + 19691484x%v 4 10078140x2 + 2112kv5 + 49536k0°
+ 490224kv* + 2554776k 4 7033218kv? 4 9245076Kv + 4370154k + 69615
+ 15240v° 4 132888v* + 558161v° + 113908502 + 1011874v + 340398

Case 1: 31, in the variables (k,v) with s = v+ 1 (multiplied by 60480):

49152k%03 + 20275250 4 242688K°%v + 89088K° + 36864k5v* + 497664k5v3
+ 1867008K°v? 4 251174450 + 110553645 + 9216x%0° + 247680k v
+ 2033664k + 7021536K%0? + 10313568k*v + 5087232k + 768K3v°
+ 43200x30° 4 649728k3v* + 4240272k30° 4 13814640k30% + 211669923V
+ 11021328k + 2304k20° 4 72000x%0v° + 825984k2v* + 4779264K%0°
+ 14733480k2v% + 21998196K%v + 11432220K% 4 2112k05 + 51696k0°
+ 523668Kv? + 2739708kv> + 7520550kv% 4 9936240kv + 4871634k + 74405
+ 16050v° 4 135534v* + 550403v° + 109585502 + 992110v + 408222
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Case 1: 33, in the variables (k,v) with s = v + 1 (multiplied by 60480):

49152k50% + 221184k%0? + 294912x%v + 122880k° + 36864x°v* + 516096K°v>
+ 2052096k°v 4 2987520K%v + 1414656k5 + 9216k10° + 253440k 0"
+ 2156544k + 7777920k 02 4 12012096k v + 6164096K* + T68K3v°
+ 43776305 4 676608k3v* + 4564416x30v 4 15328368k30v? 4 24086944k3v
+ 12840592x3 + 2304x%0° 4 73728k%05 4 872064K%v* + 5164416K%0°
+ 16139664k2v? + 24372492k%v + 12999132x% + 2112k0° + 53568k0°

+ 550608kv* + 2884336kv° + 7928610Kv2 + 10657356kv + 5545050k + 76806

+ 16104v° + 1314920* + 51903703 + 1027137v2 + 1005718v + 543654
Case 1: f33, in the variables (k,v) with s = v+ 1 (multiplied by 60480):

49152k503 4+ 239616K%02 + 353280k%v + 162816k° + 36864k5v* + 534528K5v3
+ 2244864x°v% + 3510912x%v 4 17713925 4 9216x%0° + 25920044 v*
+ 2282496k v + 8572704k v? + 13849440k*v + 7404288k + 768k30°
+ 44352k30° 4 703872K3v* + 4895088k30v® + 16893264k3v? + 27219696K3v
+ 14998992k3 + 2304x2v8 4 75456K20° 4 916416K%v* + 5535072K203
+ 17548824202 + 26992356K%v + 15027708k + 2112kv° + 54864Kv°

+ 569124kv* + 2994180kv3 + 8333862kv2 + 11627448Kkv + 6593874k + 74400

+ 152100° + 1213860* + 4760150° + 984123v% 4 1147306v + 812790
Case 1: (4, in the variables (k,v) with s = v+ 1 (multiplied by 60480):

49152k%0° 4 258048k5v% + 41779250 + 211968k° + 36864K%v* 4 552960x°v>
+ 2445312K°v? + 40888325y + 2210304k5 + 92160 4 264960k 0v*
+ 2411520k 4 9412800x%v? + 15897024k 4 8968320x* + 768k30°
+ 44928k30° 4 731520K3v* + 523632030 4 18572112k30v% 4 308478723
+ 17889360k3 + 2304208 + 7718420 4 960480k%v* + 5920608k20>
+ 1915708802 + 30398652K%v + 18051900k + 2112kv° + 55872Kv°

+ 586416Kv* + 3132360kv° + 8994210kv2 + 13350660k + 8400426k + 69635

+ 14088v° + 113040v* + 46352903 + 108928502 + 1600906v + 1328382
Case 2: 3y (multiplied by 60480):

49152k°%5% 4 184320K°%5% 4 196608K°s + 46080x° + 36864K°s* + 479232553
+ 1689600x°s? + 2039808k5s + 582144k° + 9216K*s° + 241920x*s*
+ 1913856k%s3 + 6250560k s? + 8114112ks + 2944896k* 4 768> s°
+ 42624k355 + 623232x35* + 3887904k3 5 + 11720976k352 + 16040640K° s
+ 7616448k + 2304k2s°® 4 70272K%5° + 765216K%s* + 4066080K% s>
+ 1153171262s% 4 17030724k2s + 10388052k% + 2112k5° + 46656ks°

+ 410064k5* 4 1963032k5% + 5702838ks? + 9554988k + 6878898k + 4565°

+ 72245° + 58920s* + 3364315 + 121656352 + 22662465 + 1637982

15
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Case 2: $; (multiplied by 60480):

49152k%s> + 202752k55? + 242688k s + 67584k° + 36864K°s* + 497664k° s
+ 1867008k°s% + 2447232k5s + 824832k° + 9216K*s° + 247680k s*
+ 2033664k + 6940896k 5 + 9611808k s + 4040256K* 4 768> s°
+ 43200k355 + 649728k3s* + 4186512k353 + 13112880x35% + 190730403 s
+10116384k3 + 2304x255 + 72000x%s5 + 805824K%s* + 4428384K2s3
+ 13163016k2s? + 20640780k2s + 13396068k + 2112k5° + 47664ks°
+ 435948k5* 4 2216220k5> + 6841842k + 11900088ks + 8652474k + 40855
+ 72785 4 70098s* + 4372855 + 15868175 + 28825305 + 2020302

Case 2: (33 (multiplied by 60480):

49152k°%53 + 221184k°5% + 29491255 + 98304x° + 36864x°s* + 516096k° s
+ 2052096K°s2 + 2913792k5s 4 1158144k° 4 9216K%s5 + 253440k s*
+ 2156544k*s3 + 7685760k 52 + 11370816K%s + 5476864k* + 768k3s°
+ 43776K3s% + 6766083 s* + 4502976x° s> 4 14687088k3 52 + 22712480k3s
+ 13239872k3 + 2304K%55 + 73728k255 + 849024K%s* + 4843776K2 s>
+15108816k25% + 2497141225 4 16961940k2 + 2112k5° + 48960ks°
+ 470448ks* + 2540720k5> + 8228070k52 + 14620164k + 10623474k + 3845°
+ 80885 + 885405 + 56894753 + 20178395 + 35449305 + 2403702

Case 2: 3 (multiplied by 60480):

49152k°%53 + 239616k°s% + 353280k%s + 14131245 + 36864k5s* 4 534528k s>
+ 2244864K°s% + 3446400k°s + 1599744k5 + 9216k 55 + 259200x%s*
+ 2282496k% 53 + 8492064k s? + 13420320k*s + 7280064k + 7683 s°
+ 44352k355 + 703872k3s* + 4841328k353 + 16464144k3s% + 26971248k3 s
+ 16948896k3 + 2304k2s° + 75456K%s° + 896256k s* 4 5320512K7% 53
+ 17362488k25% 4 29917212k2s 4 20935332k2 + 2112k5° + 50832k5°
+ 515484k 4 2932068k5> + 9796290ks2 + 17535072k + 12632490k + 4085°
+ 98465° + 113622s* + 71975353 + 246102952 + 41666145 + 2729862

Case 2: (34 (multiplied by 60480):

49152k°%5% 4 258048k°%5% 4 417792K%5 + 196608K° + 36864k°s* + 552960x° 3
+ 2445312K° 52 + 4042752k5s 4 21381125 4 9216k%s5 + 264960K*s*
+ 2411520k*s3 + 9355200k s + 15716544k%s + 9360000k + 768k3 55
+ 44928k35° + 73152063 s* + 5197920x3s3 + 18391632x3s% + 3163123235
+ 2096352043 + 2304K%55 + 77184k% 55 + 946080K%s* + 5830368k2s>
+ 19744608k2 s> 4 35009892k2s + 24880788k% + 2112k5° + 52992ks5
+ 563856ks* 4 3328200k5% + 11299830k + 20179548ks + 14341266k + 456s°
+ 118325 + 137520s* + 847799s% + 27965075 + 45713265 + 2893806
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Case 3: By (multiplied by 60480):

49152k%5 4 110592k55? + 49152k°%s + 3072k° + 36864K°s* + 405504x° s
+ 1026048k5s? + 737280k5s + 53760k° + 9216x*s® + 218880x*s* + 1453056k s°
+ 3788736K%s% + 3497664k s + 369408k* + T68k3s® + 40320x3s° + 5195523 s*
+ 2784480k3s3 + 7088208k3s? + 7223808k>s + 1269120k + 23047 s°
+ 63360k2s5 + 612576K%s* + 2863968k2s> + 6709728k2s% + 6974148k s
+ 2124468k + 2112ks° + 43200k5° + 340944ks* + 1325928ks> + 2710374ks>
+ 2965020k + 1639170k + 6965° 4 98165 + 51528s* + 1343995 4 24955552
+ 4413345 + 465102

Case 3: 3; (multiplied by 60480):

4915255 4 129024k55? 4 76800K°s + 6144x° 4 36864K°s* + 423936K° s
+ 1175808K°s2 + 981120x°s + 99840x° + 9216ks® + 224640k s* 4 1561344k 53
+ 4308000k 52 + 4304640k s + 638016k + 768k35 + 40896x>s® + 5446083 s
+ 3031536k353 + 7983864435 + 860344835 + 2010720k + 2304x2s°
+ 65088k25° + 648864K%s* + 3105696k2s> + 750252025 + 8373228k
+ 3171468k% + 2112k5% + 44208k5 + 353388ks? + 1411932k + 3091344k5>
+ 3827370k + 2372670k + 648s° + 89225 + 476495 + 143849s> + 35493052
+ 6963345 + 667602

Case 3: (32 (multiplied by 15120):

12288k°53 + 36864k552 + 27648k%s 4 3072k° + 9216k5s* + 110592k°s3
+ 333312K°s® + 316800x°s + 46080x° + 2304k*s° + 57600x*s* + 418176k s>
+ 1216416k*s% + 1314816k*s + 268608k* + 192x35° + 10368355 + 142512k35*
+ 8220003 s> + 2243544K3s% + 2577240k3s + 7776003 + 576k25° + 16704k 5"
+ 171216k2s* 4 841152k%53 + 2112504k2 s> + 2552232k s + 1156392k + 528k.5°
+ 11232ks5 + 91512ks* + 381180ks> 4 905286k + 1251030k + 835980k + 1445°
+ 1986s° + 11433s* + 426865> + 12979552 + 2608965 + 231588

Case 3: (33 (multiplied by 60480):

49152k°%5% 4 165888K°%5% 4 150528K°s + 24576k5 + 36864K°s* 4 460800x° s
+ 1498368k°s% + 1602432k°s + 330240x° + 9216k*s® 4 236160k%s*
+ 1787136k%s> + 5468640k s? + 6405888k*s + 1750464k* + 768355
+ 42048r35° + 5958723 s* + 3557904353 + 10095720x3s% + 12453768k3s
+ 46872003 + 2304k2s°® 4 685442 s° + 7220162 s* 4+ 3657120K%s3
+ 9624360k25% + 12625788K%s 4 6597468k2 + 2112ks5 + 45648ks° 4 3828845
+ 1686372ks> + 4362684k + 6587070k + 4607670k + 5045° + 7278s° + 48471s*
+ 224909s> + 76278052 + 15063345 + 1252602

17
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Case 3: 34 (multiplied by 60480):

49152x°%5% 4 184320x°%5% + 196608x°s + 46080k° + 36864K°s* + 479232x°s*
+ 1671168k°s% + 1993728k5s + 560640k5 + 921655 + 241920k s*
+ 1904640x*s3 + 6123840k*s? + 7788864k s + 2737920k 4 768k3s5
+ 42624K35° + 622080k3s* + 3845280k3s3 + 11385072k3s% + 15151296k3 s
+ 6860160x> + 2304255 + 70272x%5° 4 761760K%s* + 3999648k s>
+ 11097696k2s? + 15768348k%s + 9197868k2 + 2112ks5 + 46656k + 407856k
+ 1918968ks> + 5378874ks? + 8668020k + 6218670k + 4565° 4 7320s° + 58560s*
+ 316169s> + 11062055 + 21078345 + 1657602

Case 4: fy (multiplied by 60480):

49152k%5 4 258048k5s? + 417792k5s + 196608k° + 36864k5s* + 5529604553
+ 2463744k°s% + 4107264k5s + 21934085 + 9216155 + 264960k%s*
+ 2420736k 53 + 9495744k s? + 16190784k s + 9820032k + 768k3s°
+ 44928k35° + 732672k3s* + 5242848k353 + 1880856052 + 33004224k3s
+ 22382784k3 + 2304k2s5 + T7184K2%5° 4 9495362 s* 4 5911392K2 53
+ 20369856k25% 4 36951228k2s 4 26844024k% + 2112ks° + 52992k5°
+ 567984ks* + 3405480k5% + 11789898k + 21449472ks + 15456024k + 456s°
+ 1192855 + 141240s* + 88465753 + 294388852 + 48176475 + 3029670

Case 4: (3; (multiplied by 60480):

49152k553 + 276480k°%s2 + 482304k°s + 251904k° + 36864k°s* + 571392k5 s>
+ 2668800K° 52 + 4724352k5s 4 2754816k° 4 9216k%s5 + 270720K% 5%
+ 2552064k%s3 + 10397472K* 5% + 18642432k s + 12074880k + 768> s°
+ 45504K35° + 760608K3s* + 5611248k3s3 + 20859720k 5% + 3811135235
+ 26911056k3 + 230425 + 78912k2s% 4 1000224K%s* + 6444672k7% 53
+ 22941768k2 5% 4 42672900k2s + 31510248k2 + 2112ks°® + 55152k°
+ 617748ks* 4 3824316ks° + 13442640k 4 24534198k s + 17638092k + 5045°
+ 13974s° + 166293s* + 10235275 + 333158152 + 53443695 + 3304854

Case 4: (2 (multiplied by 15120):

12288k5s3 + 73728k°%5% 4 138240x°s 4 798725 + 9216k5s* + 147456k5 53
+ 720384k5 5% 4+ 13520645 s + 854784k5 4 2304x%s5 + 69120k s* + 671616k%s>
+ 2839584k%s% + 5341056k s + 3664512k + 192k355 + 115204355 + 197232k35%
+ 1499568k353 + 5768136k3 5% + 10926552k3s + 7977744K3 + 576k 5°
+ 20160k2s° + 263376K%s* + 1753056k2s> + 6418824k2s% + 12178968k s
+9101328k% + 528ks° + 14400ks° + 167712ks* 4 1063404k5> + 3771354ks2
+ 6881070k + 4927572k + 14455 + 40625 + 476855 + 2866945> + 9111095>
+ 14304825 + 867888
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Case 4: (33 (multiplied by 60480):
49152k°%5% + 313344k°5% 4 629760x°s + 399360x° + 36864k°s* + 608256k° s>
+ 3101952k°s% + 6156672k5s + 4181760k° + 9216k s + 282240k%s*
+ 2823936k%s3 + 12373728k 5% + 24327936k s + 17531520k* + 768K>s°
+ 46656k355 + 817632k35* + 6400272k3 53 + 25409304k352 + 496652883 s
+ 37257264k3 + 2304255 + 82368k2s° + 1107936K%s* + 7593024k7%s3
+ 28458840k2 5% 4 54826452k2s + 41323080k% + 2112k5° + 60048ks°
+ 721884ks* 4 4653636k5> + 16575252k5% 4 30169482k + 21503268k + 64855
+ 18210s° + 2095475 + 12296515 + 381504352 4 58543335 + 3474198
Case 4: (34 (multiplied by 60480):
49152k5s3 + 331776K%52 + 7127048 s + 49152045 + 36864k°s* + 626688k5 s>
+ 3330048k°s% + 6967296k°s -+ 5038080k° + 9216k s + 288000k*s*
+ 2964480x*s3 + 13439040k s% + 27505344k s 4 20657280k + 768k3s°
+ 47232k355 + 846720K3s* + 6813600k3 s> + 27832272x35% + 55865088kK>s
+ 42824640k + 23042 5% + 84096k%5° + 1162080x2s* + 8166048K2s>
+ 31180800k2s 4 60750948k2s + 46057416x% + 2112k5° + 62208ks°
+ 765456k 4 4984632k5% + 17769174k 4 32219568k s + 22847688k + 6965°
+ 19320s° + 217680s* + 12473995 + 37759925 + 56455935 + 3257226
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