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EXCEPTIONAL ZEROS OF HECKE L-FUNCTIONS

CHRISTOPHER FREI AND WATARU KAI

ABSTRACT. We prove that Hecke L-functions have no exceptional zeros. We do so by general-
ising a variant due to Kerr of the proof by OpenAl in the case of Dirichlet L-functions.
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1. INTRODUCTION
Our work! is motivated by the recent proof by OpenAl [10] showing the non-existence of Landau-
Siegel zeros of Dirichlet L-functions. This result is currently at the center of much activity and
has been revisited in other contributions, making it more explicit [1], or providing alternative ar-
guments [0, 1]. We contribute here the observation that the arguments extend to Hecke characters

of arbitrary number fields.

Theorem 1.1. For every number field K, there is a constant ex > 0 such that the following
holds. Let x be a real Hecke character of K of conductor ideal q # (1), and let 5 € (0,1) a zero of
L(s,x). Then

(1—p)logMNg = ex,
where Nq denotes the absolute norm of q.

The constant €x is in principle effective, but we have not attempted to make it explicit in order
to keep the proofs short and clear. As for Dirichlet characters, it is well known that the only
possible exceptional zeros are real zeros of L-functions of real Hecke characters, see [5, Theorem
5.35] or [7, Lemma 2.3], so it suffices to consider the case stated in Theorem 1.1. The case q = (1)
is excluded simply because we would have to replace log91q by something like 1 + log91q to keep
the statement valid; this exclusion is not essential because there are only finitely many x with
conductor ideal q = (1). Of course, Theorem 1.1 is implied by the quasi-Riemann hypothesis for
L(s, x), a proof of which is claimed by Cureton and Thorner in [3]. We find it valuable to provide
a rather short and more elementary argument. Theorem 1.1 was also obtained in independent
work by Banks [2, Corollary 1.2], which appeared at the same time and uses similar methods.

We follow closely the proof of Kerr [6], who replaced the interpolation argument in [10] by
an application of a theorem of Masser [9] providing zero-estimates for multivariate polynomials.

The proofs over Q employ a concrete small basis of the quadratic field corresponding to x. In
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order to set up our generalisation, we need a basis with analogous properties for relative quadratic
extensions. This is provided by the following result. Write O for the ring of integers of K.
Dependencies of implicit constants in <-notation are signaled by subscripts.

Proposition 1.2. Let K be a number field of degree m = [K : Q]. Let F/K be an extension of
degree [F' : K] = 2 and discriminant ideal 9y . Then there is a € O, such that F = K(a) and
the following holds:

(]) a? ¢ Ok,

(2) [ﬁF : ﬁK[a]] <Lk 1,

(3) lal, <k (Mop/x) ™) for all archimedean places w of F.

Once Proposition 1.2 is established in §2, it is straightforward to set up and execute the extension
of Kerr’s proof to the number field setting. The details are given in §3-§6. There is one further
place where the generalisation of [6] was not immediate: the proof of Lemma 4.2, showing a lower
bound for the Dirichlet exponent of the subgroup I' C C? to which Masser’s theorem is applied.
We would not have expected that it suffices here to consider only one of the complex embeddings
of K.

Al use declaration: This draft and the mathematics in it were created without the use of
artificial intelligence tools.

2. PROOF OF PROPOSITION 1.2

Choose a finite set S of primes of K which is also a complete set of representatives for the ideal
class group CI(K), which exists by Chebotarev’s density theorem. We shall allow the implied
constants in ‘<’ to also depend on S.

We claim that there exists an element a € Ok such that F = K(y/a) and:

(i) ve(a) € {0,1} for all primes v ¢ S;
(ii) vp(a) <k 1forallp e S.

First, take any ag € Ok such that F' = K(\/ag). Suppose there is a prime v ¢ S such that
ve(ag) > 2. Take p € S in the same ideal class as v, and p’ € S in the opposite class. We
have pp’ = (c) and tp’ = (d) for some ¢,d € O \ {0}. Then the ideal agp?p’® = (aopc?) is
divisible by t?p”? = (d?). Hence if we define a; := apc?/d® € Ok so that F = K(,/a1), we have
ve(a1) = ve(ag) — 2 and the valuations at other primes outside S are unchanged. Repeating this
process, we obtain an a. € Ok such that F' = K(,/as) and condition (i) is satisfied.

The 2|CL(K)|-th power of any ideal is the square of a principal ideal. Hence we can divide aqo
by a square to obtain an element a € Ok having the same valuations as a., at each v ¢ S and
valuations < 2|Cl(K)| at each prime in S. This a satisfies condition (ii) as well, verifying the
claim.

Now, let a € Ok satisfy the conditions in the claim. We show that its modification by a square
in 0} makes the assertions of the proposition true.

For primes v ¢ S coprime to 2, the condition that v is ramified in F' = K (y/a) is equivalent to
each of the following two conditions:

e v.(a) =1 (by condition (i) in the claim); and

® t | 0p/k, in which case v.(0p/ ) = 1 by the assumption t { 2.
Thus the ideals (a) and 9,k agree outside S and 2, and by condition (ii) the difference is also uni-
formly bounded. The product formula implies that [, |a|, = [Nk q(a)| <k Mg, where complex
places are multiplied twice. Elementary geometry of numbers tells us that by the multiplication
by a square in 0, we can modify a so that the sizes |a|, for different archimedean places v are
e
for each archimedean place v of K. Then any of the two square roots o = y/a satisfies the desired
properties (1) and (3).

To show property (2), we work in the absolute extension F/Q. Let W be an integral basis
of F/Q, and consider the Z-basis A of Ok [a] consisting of the elements 1y, ..., Nm, M, ..., Nna,

comparable, i.e., within bounded factors Ok (1) of each other. This means that |a|, <k D0
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where 11, ...,m, is an integral basis of K/Q. The discriminants of these bases satisfy
D(A) = [OF : Ok[a]?D(W). (2.1)
By the transitivity of discriminants of number fields, we have
D(W)Z =dp/g = N0p)x - V% -

On the other hand, the transitivity of discriminants of bases (see, e.g. [8, Exercise 23 in §2]),
yields

D(A) = Ngg(D(1,))D(n1, - .. ,0m)? = Nijo(4a)D(ny, . .. nm)>.
As D(n1,...,mm)Z = Vg q, inserting these formulas into (2.1) gives

[OF : Ok[d]” = N(4ady) ) <k 1,

by the uniform bound of the ideal ab;} K O

3. SETUP

Here we set up the framework allowing us to generalise the arguments in [6] in order to prove
Theorem 1.1. We write m = [K : Q], let K be an algebraic closure of K and fix an embedding
K C C. Moreover, we fix an integral basis 71, ..., nm of K.

Let Q) denote the set infinite places of K, so for every v € Qx we have an embedding
oy : K — C and a corresponding absolute value | - |, = |oy,( - ).

We fix an arbitrary integer b € Ok that is not a square in K and a root 8 € K of £2 —b. Then
for every infinite place w of the quadratic extension field E := K(8) of K, lying above a place
v € Qk, we have |f], = |b\11)/2 <k 1. Let 0/ denote the relative discriminant ideal of E/K.

Write A% for the idele group of K. The real Hecke character x is a continuous homomorphism
X : A% — S! that is trivial on K* and satisfies x> = 1. As the Dedekind zeta function of K
definitely has no zero at s = 1, the theorem’s assertion holds true for the trivial character. Assume
from now on that y is non-trivial. Then the kernel of x is an open subgroup of index two in Aj
containing K, which corresponds by class field theory to a quadratic extension F, /K. Via the
norm residue map, we may thus consider x as a character of Gal(F, /K) = Z/27Z. The conductor
(ideal) g of x is equal to the conductor (ideal) of F, /K, and thus to the discriminant ideal 0g,_,
of F\\/K. Let a € OF, be a “small” generator, as supplied by Proposition 1.2 with F' = F\.

If 9q is sufficiently large in terms of K, the fields F) and E will be different from each other,
and hence

L:=F () = K(a, B)
is a biquadratic extension of K. We consider the order & := Ok[a, ] of L, which is free over O

with basis 1, «, 8, af.
For N > 0, we define the finite subset

Brc(N) = {nim + - i = 1 € [0, N]NZ for all i} C Ok
and the finite subset
Br(N) = {u1 + usa +ugf +waf : uj € Bi(N) for all j} C 0.
We denote by 0,7 € Gal(L/K) 2 Z/27 x Z/2Z the generators that satisfy
o(a)=—a, o(f)=p, and 7(a)=a, 7(8) =—F.

By the properties of a from Proposition 1.2, there is a finite set S of prime ideals of Ok,
depending only on K, that contains all prime ideals p that divide the discriminant g/, the
index [0g : Ok[B]] or the index [0, : Ok[a]], or that satisfy 9lp < 8. We note that every
prime ideal p ¢ S such that p t g will be unramified in L. With this setup, we have the following
divisibility result, analogous to [10, (5.2)] and [6, (3)—(4)].
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Lemma 3.1. Let p ¢ S be a prime ideal of Ok, such that p 1 q and x(p) = —1. Define the
automorphism g, € Gal(L/K) to be equal to o if p splits in E/K and equal to o if p is inert in
E/K. Then every 0 € O satisfies

0™ — g, (0) € pO.

Proof. As x(p) = —1, the prime ideal p is inert in F\ /K. As p does not divide [OF, : Ok[a]],
this is equivalent to X2 — a not having a root in the residue field Ok /pOr, which is by Euler’s

criterion equivalent to the congruence a®=1/2 = —1 mod p. We conclude that

™ = aa%1/2 = _g mod po.
Similarly, 8”% = £ mod p@, depending on whether p splits or remains inert in £/K. As Mp is
a power of the characteristic of &/p@, and u”* = u mod p holds for all u € O, this implies for
0 = uy + usx + usf + usafB € O that 0”7 = uy — uor £ usf F userff = gp(#) mod po. O

4. VANISHING POLYNOMIALS HAVE LARGE DEGREE

The generalised Dirichlet exponent p(T') of a non-trivial finitely generated additive subgroup
' CC" is given in [9] as

() = (L —=1r)/r,

where | = rky(I") is the rank of I' and [, is the maximum of all ranks of 'V for V. C C" a
C-subspace of dimension n — r. Let ~1,...,v be a basis of I and, for N > 0, let T'(/V) denote
the set of all linear combinations nyy; + - - + nyy, with n; € ZN [0, N]. As in [6], we will apply
a theorem of Masser [, Theorem 1], which states that a non-zero polynomial F' € Clzy,...,z,]
that satisfies F(y) = 0 for all 4 € I'(N) must have degree at least (N/n)*(I).

Recall that we fixed an embedding K C L C K C C. We consider the vectors

min
1<r<n

1 a B, ap
Y1 = 1 y V2 = -], V3= /8 , Y4 = 7O[B € (Cg
1 —a -0 af

and define I' C C? to be the subgroup generated by all the 7;v;, 1 < i < m, 1 < j < 4, or
equivalently I' = Z?Zl Or7;.
The following is an immediate generalisation of arguments given in [0, Lemma 7].

Lemma 4.1. Let 7 : C* — C3 be a surjective C-linear map whose kernel is not contained in any
proper subspace of C* that is spanned by vectors in K*. Let V := m(K*). Then
(1) V is a K-subspace of C* of dimension dimg (V) = 4.
(2) For every proper C-subspace L C C2, the intersection V N L is a K-subspace of C* of
dimension dimg (V N L) < dime(L).

Proof. Note that dimc ker(w) = 1. Therefore, ker(w) N K* = {0}, as otherwise it would generate
a proper C-subspace containing ker(w). Hence, V ~ K 4 as K-vector spaces.

For a proper C-subspace L C C?, let W C C* be the C-subspace generated by 7~ !(L) N K*.
By hypothesis, ker(m) is not contained in W, and thus W N ker(r) = {0}. This shows that
dimg (VN L) = dimg (K* N7~ (L)) = dimc(W) = dimc(r(W)) < dime(L). O

Lemma 4.2. The subgroup IT' C C? defined above satisfies u(I') > 4m/3.

Proof. Let w: C* — C? be the map defined by 7(e;) = ~;, with eg,...,es the canonical C-basis
of C*. Then the extension of scalars I'g of I' from Z to Q consists of all K-linear combinations of
Yi,--,74, hence Tg = m(K*) = V.

We observe that ker(r) is the C-subspace of C* generated by the vector (a3, 3, —a, —1). As
the coordinates of this vector are linearly independent over K, the map 7 satisfies the hypotheses
of Lemma 4.1.

Hence, rkz(I") = dimg(V) = mdimg (V) = 4m. Moreover, for any proper C-subspace L C C3,
we see that rkz(I' N L) = dimg(V N L) = mdimg (VN L) < mdime(L).
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These assertions together imply that
dm — (3 —r)m _ 4m

> min —m8M— = .
i 2 oig, = 3 .

Together with [9, Theorem 1], the previous lemma implies the following.
Lemma 4.3. Let F € Clzy,x2,z3]~\{0} and suppose that F(0,0(0),07(0)) =0 for alld € BL(N).
Then deg F > N4™/3,
Proof. We observe that for 8 = uy + usax + uzf8 + uga8 € O, we have

0

a(0) | =wiy 4+ u2y2 + usys + uaya,
o7(0)

and hence our hypothesis implies that F' vanishes on all elements of the subset
D(N) =Y migmy : nig €ZN[0,N]p CT.
4,J

Hence, [9, Theorem 1] together with Lemma 4.2 implies that
deg F > (N/3)*I) >, N4™/3, O

5. CONSTRUCTION OF VANISHING POLYNOMIAL OF SMALL DEGREE

For D € N, let %p C L[x1,x2, 23] be the free @-module generated by the monomials 2z x5k

satisfying 7 + 8(j + k) < D. Hence, the elements of .£p are polynomials
= Z cid’k:c’ix%xg with ¢; ;1 € O. (5.1)
i+8(j+k)<D
The following lemma is essentially the same as [6, Lemma 2].

Lemma 5.1. Let p be a prime ideal of Ok with Mp > 8 and ¢ € {2,3}. For i,j,k € Ny with
i+ 8(j + k) < D, define the polynomial

W _p)adal with  e:=|i/Np], vi=1i—eMNp.

— v
Gijk = oy (z;

These polynomials G; j 1 form a basis of Zp.

Proof. The argument in [6, Lemma 2] does not use the assumption that p is prime. It works
equally well with 91p instead of p: the polynomials G; ; i, lie in .Zp and can be expressed in terms
of the basis {z{z32%} by a square triangular matrix with diagonal entries 1. (]
For any 6 € O, we write ||0|| := maxyecq, {|0|w}, where Qp denotes the set of archimedean
places of L. For B> 1 and f € ¥p asin (5.1), we let
= max ciinl|BITITRYL
7l = max {llws B+

The following is our analogue of [6, Lemma 3].

Lemma 5.2. There is a constant C'x > 0, depending only on K, such that for any D,H, B > 1,

#reso s Ifssmz 1 ( 1 )4’”.

1/(2m) Biti+k
i+8(j+k)<D CxMNg B+

Proof. Let N > 1. Clearly, every u € Bx(N) satisfies ||u|| <x N. As ||laf <x Ng'/?™) by
Proposition 1.2 and ||8]] <k 1, this shows that every § € B (N) satisfies

16]] <x Ng'/C™IN. (5.2)

Take N; jj := H/(CxMNq'/ ™) B+i+F) with sufficiently large Ck, then every f as in (5.1) with
cijk € Br(Nijx) will satisfy || f||g < H. There are (| N; ;x| + 1)*™ choices for such ¢; j . O
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Here is our analogue of [6, Lemma 4]. We write r := rkg .%p.

Lemma 5.3. Let T be a finite set of prime ideals p of Ok that are not in S, do not divide q and
satisfy x(p) = —1. For each p € T, let

ky :=max{1,[D/Mp|}, E,:= > HJ and let P = [] o**.

i+8(j+k)<D peT
For each f € Zp, consider the tuple of residue classes
vy = (f(0.0(0),07(0)) mod PO e, () € (0/BO) 7).
Then
#{ve : feZLpy <P [ .

peT

Proof. Let p € T and take £ = 2 if p is split in F', and £ = 3 if p is inert in F. By Lemma 5.1, we

can write
f= > cijuGijn
i+8(j+k)<D
with ¢; ; x € . By Lemma 3.1, for each § € &, we have
Giji(0,0(0),07(0)) € pi/™ g,
hence the value of the tuple (f(6,0(6),o7(6)) mod p* &)pesm, (n) is determined by the values of
ci jx mod pke—L/M] G,
Therefore, there are at most
H #0 [pPe LM g — H pt (ke —L1/9])
i+8(j+k)<D i+8(j+k)<D
such tuples modulo p¥». By the Chinese remainder theorem, there are thus at most
H H Npt U —Li/Mw)) — o H Np—1E»
peT i+8(j+k)<D peT

tuples vy modulo ‘B, as desired. O
Our analogue of [6, Lemma 5] takes the following form.

Lemma 5.4. There is a constant cxk > 1, depending only on K, such that the following holds.
Assume that Nq is sufficiently large in terms of K and let V' > 0. Let v € N be sufficiently large
in terms of K and V, define

D
Y — 1/(2m) v NAm/3 —
N :=MNq", B:=cxNMyq , D:=VN , Q: Tog V)2’
and consider the following set of prime ideals of O :
T:={p: Mp<Q p&s pta x(p)=-1}
If
1 1
3 osNp _ 13m ) B (5.3)

=t Np 10
then there is a non-zero polynomial F' € £p that satisfies f(0,0(0),07(0)) =0 for all® € Br(N).

Proof. Recall that r = rkg(Zp), let E,, P be as in Lemma 5.3, and define
W= Y (i+ith).
i+8(j+k)<D

With Ck as in Lemma 5.2, let H := QR'/™/(4r). Then the number of f € .&p with | f||p < H
is at least

-
i+8(j+k)<D CxMNgl/Gm) Brtitk ((4r)ymCm/Nq) 4 BAmW
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Comparing this with the estimate from Lemma 5.3, we see that as soon as

> EylogMp > mW log B + rlog((4r)"Ct/Ma), (5.4)
peT

there are two polynomials f,g € Zp with || f|5, |lgllp < H and vy = v,. Then the polynomial
F = f — g satisfies F(0,0(0),07(0)) € RO for all § € B (N).

Let 0 € #L(N). By definition of N and B, we see as in (5.2) that ||0]],|lo(8)]], |lo7(0)| < B if
only ¢k is sufficiently large. As ||F||p < 2H, this implies that

1F(0.00)0r0))] < 2001 < T2

and thus [Ny, o(F(0,0(6),07(6)))| < 99B*/2*™. On the other hand, as F(0,0(6),07(0)) € PO C
PO, its norm in Q is divisible by M(POL) = MNP, In view of the above bound on its absolute
value, this shows that F(0,0(0),07(0)) = 0, as desired.

We still need to prove (5.4). As in the proof of [6, Lemma 5], we have the estimates

D3 5D* D4
— +0(D?», W= o(D*), E,=-——+0(D?.
r=3g H O orag T O By 153691 (D7)
The last of these estimates implies, together with (5.3), that
D4 log MNp 13mD*
§ EplogM Ox(D3Q) > log B + Ok (D3Q).
2 08It = 1536 2= K(D°Q) > 7oy log B+ Ok (D°Q)

Together with the estimates of » and W above, this shows (5.4) if only ~ is sufficiently large in
terms of K and V. O

6. CONCLUSION OF THE PROOF OF THEOREM 1.1

Analogously to [10, 6], the following input from analytic number theory will allow us to deduce
the validity of hypothesis (5.3) in Lemma 5.4 if 3 sufficiently close to 1.

Lemma 6.1. Assume that 9Nq > 3. Let 8 € (0,1) be a real zero of L(s,x) and X > 3. Then
log N
3 Of;p P <k log g + (1 — B)(log X)?.

Np<X
x(p)=1

Proof. This is a natural generalisation of the proof of [10, Lemma 2]. By [5, Theorem 5.6], we

have
L/
_= 1 _
7 (8:x) = 0gq+ Sx b— E(S_ )

where p runs over the nontrivial zeros of L(s, x) with multiplicities, ¢ <x 91q and (s, x) is the
gamma factor given on [5, p.129]. By [5, Proposition 5.7], the constant b has real part

==Y R,

For s =1+ 1/log X € (1,2), the values L'/L(s,x) and ~'/~v(s, x) are real. Hence, taking real

parts, we obtain
LI
e 1 R
L0 =ghsr+ T -3 (;5)

AsR((s—p)7 1) = (s—R(p))/|s — p|*> > 0 and the factor (X,x)/'y(x, s) is bounded for s € (1,2)
in terms of K alone, we get

1
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Together with —(} /Cx(s) =1/(s — 1) + Ok(1), this yields

Ck r 1 1
—25(s) — — < — —— 4+ Ok (logMgq).
CK(S) 78X < s s K (log MNq)
The main term on the right-hand side is
1 1 1-p

_ — B o 2
s—1 s—p (3—1)(8—,8)§(1 B)(log X)

We conclude our prove by observing that

! /
2 Z log Op <9 Z log‘JSIp SZAK(C‘)(l‘:X(a)) :_Cl(s)—g(&)()- U
€ gioex p siosx W Na (ke L
x(p)=1 x(p)=1

6.1. Proof of Theorem 1.1. As there are < 1 quadratic Hecke characters with 9Mq <x 1
and L(1,x) # 0 holds for every Hecke character, we may assume that 91q is sufficiently large in
terms of K. Suppose that (1 — 8)0q < e for sufficiently small € in terms of K. We will find a
contradiction.

Let N, B, D,Q,T be as in Lemma 5.4, with parameters -, V to be chosen soon, depending only
on K. The number-field analog of Mertens’ estimate is

1
Z ogt‘ﬁp =log X + Ok (1),

Np< X

see [11, Lemma 2.3]. Together with Lemma 6.1, this implies that

Z logt?:p =10g Q + Ok (logNq + (1 — B)(log Q)*).
peT

Aslog @ = (4m/3)log N + Ok (loglog N) +log V and log B = log N +1/(2m)logMNg + Ok (1) =

1+ ﬁ) log N 4+ Ok (1), this shows that (5.3) is satisfied as soon as v is sufficiently large in
terms of K and V, and ¢ is sufficiently small in terms of K,V hence in terms of K.

Hence, by Lemma 5.4, there is a non-zero polynomial F' € #p that satisfies F'(8,0(0),07(0)) =

0 for all € #(N). Using Lemma 4.3, we see that deg F' > N*™/3. However, as every F € %p

satisfies deg FF < D = VN*"/3_ this yields a contradiction if V' was chosen sufficiently small in
terms of K. O
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