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Abstract

Using the inequality stated in [Che26, Main Claim 1.1], we prove nonexistence of
lim Cohen—Macaulay sequences for the completed section rings of smooth projective
surfaces over C with an ample globally generated divisor H satisfying Ky = 4H and
15H?/8 > x(Oy). Such a pair is exhibited in [Ang26, Corollary 4.3], with H* = 1080 and
x(Oy) = 1926. For a complete local domain (R, m) with £gH% (R) < oo for 0 < j < dim R,
we prove that a lim Cohen—-Macaulay sequence in the sense of Bhatt, Hochster, and Ma
[BHM26] exists if and only if a lim I'y,-Cohen-Macaulay sequence exists (Proposition 1.1).
These may be different sequences. Chen’s geometric inequality [Che26, Main Claim 1.1]
obstructs lim I',-Cohen—Macaulay sequences over the completed section rings above. The
comparison therefore rules out lim Cohen—Macaulay sequences over those rings.

Introduction

For a Noetherian local ring (R, m,k), Bhatt, Hochster, and Ma [BHM26, Definition 1.1]
define lim Cohen—Macaulay sequences of nonzero finite discrete modules M,, € Modg. For a
fixed system of parameters and each positive degree, the Koszul homology length divided by
ur(M,) must tend to zero, where pgr(M,,) is the minimal number of generators of M,,. A lim
['m-Cohen—Macaulay sequence satisfies the corresponding condition for lower local cohomology;
both definitions are given in Proposition 1.1.

For complete local domains (R, m) satisfying £gHi,(R) < oo for 0 < j < dim R, Proposition 2.7
shows that the existence of these two different kinds of sequences is equivalent, up to changing
the sequence. A given lim Cohen—Macaulay sequence need not itself be lim I'y,-Cohen—Macaulay;
see Proposition 2.9. Chen’s geometric inequality [Che26, Main Claim 1.1] obstructs lim I'y-
Cohen—Macaulay sequences for the completed section rings considered here. The comparison
then excludes lim Cohen—Macaulay sequences.

Conventions

All rings are discrete commutative Noetherian rings. The inputs and witnesses in the statements
are finite discrete modules. All tensor products, mapping objects, local cohomology, and fiber
sequences are taken in the stable category Modg. The symbol Hompg denotes the mapping
spectrum with its natural R-module structure. Write H*(X) = 7_;(X); a discrete module
shifted by [s] lies in homotopy degree s. The truncations 7>; and 7<; use homotopy degrees.
Free resolutions are indexed homologically, with differential from degree i to degree i — 1.
Kernels and cokernels of maps between discrete modules are taken in the heart Modg.
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1 Definitions

In the definitions below, (R, m, k) is a complete local ring of dimension d > 1.

Definition 1.1 (Koszul and local cohomology errors). Fix a system of parameters q =
(q1,-..,qq). For a finite discrete M € Modg, let ur(M) be its minimal number of generators
and put

d
K(q; M) =M @ Q) cofib(g; : R — R),  HL(M) = 7_;Tw(M).
=1

Here I'y, : Modr — Modg is the local cohomology functor. Define

prd - . g j
Kq(M) llglﬁécdele(q,M), Ar(M) OrgjaécdﬁRH (M),

allowing infinite length in the second expression. A nonzero M is e-CM if kq(M) < epr(M),
and is e-local-cohomology-CM if Ag(M) < eur(M). A sequence of nonzero finite discrete
modules M,, € Modp, is a lim Cohen—Macaulay sequence [BHM26, Definition 1.1] if

“q(M )
pr(M,

— 0.

n)

It is a lim I'y-Cohen—Macaulay sequence if Ag(M,) < oo for every n, and
Ar(Mp)

pr(My)

Definition 1.2 (Duality). Fix a normalized dualizing object wgr € Modg, so Hompg(k,wgr) ~ k,
and set

— 0.

DR(X) = HOHIR(X, wR).

For finite discrete M, one has m; Dr(M) = 0 for i ¢ [0,d], and biduality gives Dr(Dr(M)) ~ M.

Definition 1.3 (Reflexive modules). For a finite discrete V' € Modg, put VV =
>0 Hompg(V, R). We call V reflezive if the evaluation map V' — VVV is an isomorphism.

2 From lim Cohen—Macaulay to
lim I',-Cohen—Macaulay sequences

Definition 2.1 (The replacement). Let (R, m, k) be complete local of dimension d > 1. Fix a
normalized dualizing object wgr € Modg, and let M € Modpg be finite and discrete. Choose a
minimal free resolution Py ~ Dg(M), with each P; finite free and P, = 0 for i < 0. Let o4P,
retain degrees 0,...,d — 1, and put

Qr = 0>qPe := Ps /043P € Modp.

Thus the retained degrees are d,d + 1, ..., including degree d; the differential out of degree d
is replaced by zero. This is the brutal truncation of the chosen resolution. It has exactly one
possibly nonzero homotopy module:

ﬂ'dQM = coker(Pd+1 — Pd), WiQM =0 (Z 75 Cl)
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Consequently m;Dr(Qpr) = 0 for i ¢ [—d,0]. Define the finite discrete replacement and its
map by

NM = TZODR(szPo) pi) M. (1)

The map is the composite
NM — DR(QM) — DR(DR(M)) ~ M,

obtained by dualizing the quotient Dg(M) — Qpr. The connective cover retains moDg(Qar);
the negative homotopy groups of Dr(Qs) need not vanish. The estimates below control the
error caused by this final truncation.

Remark 2.2 (Injective resolutions in the torsion category). Under the hypotheses of Proposi-
tion 2.1, work in the presentable stable category

T =Modprm :={X € Modp : I'n X ~ X}

of modules supported at m. The standard t-structure on Modpg restricts to 7; its heart consists
of discrete m-power torsion modules and has enough injectives. Let E € TV be the injective
hull of k. Choose a minimal injective resolution in T,

oM~ (J° — J'— J> — ), JI~ E% 0t < oo,

with J7 placed in homotopy degree —j. Here minimality means that ker(J/ — Ji*1) — JJ
is an injective hull in 7% for every j > 0. Retain the terms beginning with J¢, deleting its
incoming differential. The resulting object

Ty=0—J —J" —..)eT
maps to 'y M. Since H,]n(M ) = 0 for j > d, its only possibly nonzero homotopy module is
Car = n_gTh = ker(J? — JHH e 79, Ty =~ Cy—d).

The module C'; need not be injective.

Write Ay : Modr — Modpg for completion, given by AnX = Homp(I'yR, X) ([Sta26], Tag
0A6V). Then the replacement and its map are

| N =roohn(Cul=d)) | Ny — AaTa — AnlnM = M.

Indeed, termwise Matlis duality gives a minimal free resolution P; = Hompg(J%, E) of Dg(M).
For this choice of P,, the quotient Dg(M) — Qs is dual to the inclusion Th; — I'nM. Local
duality and completion therefore identify

Ty ~ Homp(Qar, E) ~ TnDr(Qur), AT ~ Dr(Qwr)

([Sta26], Tag 0A81). Thus this is the construction in Proposition 2.1, including its map to M.
The negative homotopy groups of AT can be nonzero; the final connective cover removes
them and is finite and discrete.

Proposition 2.3 (Discrete quantitative comparison). Let (R, m, k) be a complete local domain
of dimension d > 1 such that
d—1
h:= ZKRH%(R) < 0. (2)
j=0
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Fiz a system of parameters q. There is a constant C = C(R,q) > 1 such that the replacement
oy 2 Nyp — M oin (1) satisfies, for every finite discrete M € Modg,

rankp Nj; > rankg M, H (Ny) =0 (0 <j<min{2,d}),

d—1 ) (3)
lR coker(par) + ZERH#(NM) < Crg(M).

=0
For every finite discrete M with Agr(M) < oo,
k(M) < CAR(M). (1)

In particular,
pr(M) >0, 0<e<s, Kq(M) < eur(M)

= Ny #0, AR(NM) < CaﬂR(NM)~ (5)

For the proof of Proposition 2.3, work under its hypotheses and choose a finite local inclusion
(A,n, k) C (R,m, k), with A complete regular of dimension d, and regular parameters x of
A ([Sta26], Tag 0323, Lemma 10.160.11). These are also parameters of R, and finite lengths
agree over A and R. Put

Bi(M) = dimy 7;(k @4 M), b= Z&(R).

The parameter comparison in [BHM26, Theorem 4.6] gives constants u,v > 1, independent of
M, such that
max (M) < ukq(M), kq(M) < vmax B;(M). (6)
>0 >0
Indeed, k®4 M ~ K(x; M), and that theorem compares the sums of positive Koszul homology
lengths.
Finite duality identifies Dr(X) with Hom4 (X, A)[d] after restricting to Mod 4. For the discrete
injective hull E' = ERr(k) € Modg, local duality gives

d-1
I'wDgr(X) ~ Hompg(X, E), > trmwr =h (7)
r=0
for X € Modp with finitely many nonzero homotopy modules, each finite ([Sta26], Tag 0A81).

The regular subring A is used only in the estimates; the construction (1) does not use it.

Lemma 2.4 (The ranks below degree d). For the chosen minimal resolution of Dr(M), put
t; = rankr P;. Then

d—1
Y ti<akg(M),  a=du(l+b)* (8)
1=0

Proof. Construct the resolution from degree zero upwards. If Y; € Modpg is the remaining
object at the i-th step, minimality gives fiber sequences

Pli] — Yi — Yiy1,  Yo=Dg(M), YieMod%', t;=pugr(mYi).

Since the residue fields agree, t; < dimy m;(k ® 4 Y;). The finite A-module M is perfect over A,
SO
k®a DR(M) ~ Homk(kz ®a M, k‘)[d]
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Tensor the preceding fiber sequences with k& over A. Their homotopy sequences give, for
0<1i<d,
ti < Ba—i(M)+ > Bij 1(R)t; < Bai( M) +bD _t;.
1<t 1<t
Induction yields Y, ,t; < (1 +b)4~1 22:1 Bq(M). Now apply (6). O

Lemma 2.5 (Dualizing the truncation). The map par : Ny — M satisfies

d—1 d—1
Ll coker(par) + Z ERH,];I(NM) <h Z t;.
=0 i=0

Moreover, rankg Njs > rankg M, and H&(NM) =0 for 0 < j <min{2,d}.

Proof. Let Gy = 0-4Ps € Modp. It is perfect of Tor-amplitude [0,d — 1], and the quotient
gives a fiber sequence
Gu — Dr(M) — Qu. (9)

Dualizing and using biduality gives
DR(QM) — M — DR(GM) (10)

The finite filtration of Gjs has factors P;[i]. Thus Dr(Gps) has a finite filtration with factors
wii[—i], where 0 < i < d. By (7),

> UrmDr(Gu) < h Yt (11)

s<0 i<d

Set Wi = 7<_1Dr(Qn) € Modpg. Because M is discrete, the homotopy sequence of (10)
gives

0— coker(pM) — WoDR(GM) — T AWy — 0, TsWar =~ 7Ts+1DR(GM) (8 < —2).
Consequently all these modules have finite length, and

ER coker(pM) + ZKRWSWM < hzti. (12)

s<0 i<d
In particular I'yWis ~ Wiy, and pys is surjective at the generic point. This proves the rank
inequality.
Apply Ty, to the fiber sequence Nyy — Dr(Qnr) — Wy Local duality identifies the result
with
TwNy — HOIHR(QM,E) — Wy

The only possibly nonzero homotopy module of the middle object is in degree —d. Therefore
H (Ny) ~m Wy (0<j <d).
The asserted vanishing and length bound follow from W), € Modéf1 and (12). O

Lemma 2.6 (Local cohomology controls Koszul homology). For every finite discrete M with
)\R(M) < 00,
kq(M) < 2%AR(M).
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Proof. The natural map k@A T'wM — k®4 M is an isomorphism. Filter I', M by its homotopy
truncations. The factor H% (M)[—d] has no positive homotopy groups after tensoring with
k, since pdgqk = d. For a finite-length discrete A-module T, a composition series gives
dimy (k@4 T) < (Z)EA(T). It follows that, for ¢ > 0,

d—1
d .
(M) < CrHI (M) < 2%Xp(M),
Bi( )_jz()<i+j>Rm( ) < 2°AR(M)
with binomial coefficients outside [0, d] equal to zero. Use (6). O

Proof of Proposition 2.3. The three lemmas give (3) with constant ha and (4) with constant
2%y. For the normalization, put eq = e((q), R). The following rank bound holds for every
finite discrete M:

pr(M) < eqrankp M + kq(M). (13)

Indeed, write h; = ¢rm; K(q; M). The multiplicity formula and nonnegativity of the second
partial Euler characteristic give

ho—hl—{-(hg—hg—l—'--) :eqrankRM.
N ——
X220

The right side is zero when M has rank zero. The nonnegativity is Serre’s theorem; see [Put04].
Since pr(M) < hg, this proves (13). If M # 0 and kq(M) < epr(M) with € < 1/2, then

M
;LR(NM) > rankg Ny > rankp M > 'u};() > 0.
€q
Hence Ag(Nys) < 2eqhacug(Nas). Take C' = max{1, ha, 2%, 2eqha}. O

Corollary 2.7. For a complete local domain satisfying (2), the following are equivalent:

(i) For every e > 0, there is a nonzero finite discrete e-CM module for one fixed system of
parameters.

(ii) For every e > 0, there is a nonzero finite discrete e-local-cohomology-CM module.

The first condition is independent of the system of parameters. Equivalently, R admits a lim
Cohen—Macaulay sequence if and only if it admits a lim Ty -Cohen—Macaulay sequence.

Proof. Apply the proposition with input error min{1/2,¢/C}. The converse uses (4) on the
same module. Parameter independence follows from [BHM26, Theorem 4.6]. Choose errors
tending to zero for the assertion about sequences. O

Remark 2.8 (Cohen—-Macaulay approximations). If M is maximal Cohen—Macaulay, then
miDr(M) = 0 for i # d, so minimality gives P; = 0 for i < d. Thus Qu ~ Dgr(M), and
oy Ny — M is an isomorphism.

If R is Cohen—Macaulay, then h = 0, and the construction gives an exact sequence of finite
discrete modules

0— Ly — Ny Mo —s 0, Nj; maximal Cohen—Macaulay.

The module Ly has finite injective dimension. Indeed, Wi = 0 by (12), and Dr(Gar) =~ La[1].
Its finite filtration has factors K'i[d —i], where Kz = H~%(wg) is the canonical module, which
has finite injective dimension. This is an Auslander—-Buchweitz maximal Cohen—Macaulay
approximation [AB89].
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Remark 2.9 (The witnesses may change). The proposition compares existence conditions; it
does not bound the two errors on the same module. For example, let S = C[[u, v, w]| and

(un’vn 7wn)

P, = coker (S 53, M, =S"® P,.

The presentation and local duality give
:LLS(MTL) =n+3, K (u,,w) (Mn) =1, gSH%u,v,w) (Mn) =n’.

Thus the normalized Koszul error tends to zero while the normalized local cohomology error
tends to infinity. For these modules, (1) gives Ny, ~ S"F3.

Remark 2.10 (Extending lower bounds to arbitrary modules). Let (R, m) be any three-
dimensional Noetherian normal local domain. For every finite discrete M € Modpg, the natural
map to its reflexive hull induces a surjection

H2 (M) — H2(MYV) — 0,  rankg M"Y = rankp M. (14)

To prove this, let T C M be its torsion submodule and put M’ = M /T, with both regarded as
discrete R-modules. Then dim Supp 7 < 2, so H3 (T) = 0 and H2 (M) — H2 (M’) is surjective.
The injection M’ — M"YV is an isomorphism at primes of height at most one ([Sta26], Tag
0AVC). Its cokernel has support of dimension at most one, so its second local cohomology
vanishes. The second surjection follows, proving (14).

Consequently, a bound
(RH2 (V) > drankg V

for finite discrete reflexive V with finite-length HZ (V) implies the same bound for every finite
discrete M with finite-length H2(M). For rank zero the bound is automatic. One may also
allow infinite length, in which case the inequality is automatic whenever the left side is infinite.
This assertion concerns the lower bound; it does not assert that H2 (M) has finite length for
arbitrary M.

Corollary 2.11 (A uniform obstruction). Let R satisfy the hypotheses on the ring in Proposi-
tion 2.8, and fix a system of parameters q. Suppose § > 0 and

d—1
> (gH}(N) > drankp N
j=0

for every finite discrete N € Modpg satisfying ERH%;(N) < oo for 0 < j < d. Then there is
1n > 0 such that every nonzero finite discrete M € Modp satisfies

kq(M) > nur(M). (15)
In particular, R admits no lim Cohen—Macaulay sequence.

Proof. Use Proposition 2.3, and let C be its constant. The module N in (3) gives
d—1 ‘
drankp M < drankp N < ZERH{n(N) < Crq(M).
§=0
With eq = e((q), R), (13) implies
pr(M) < eqrankp M + kq(M) < (eqC/6 + 1)kgq(M).

Take n = (eqC/§ + 1)~1. This also covers rank zero. O
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3 Nonexistence of lim I'-Cohen—Macaulay sequences from
Chen’s inequality

Let Y be a smooth connected projective surface over C, and let H be an ample globally
generated Cartier divisor such that
15

Ky =4H, 6= §H2 —x(Oy) > 0.

In discrete commutative C-algebras, put

B=@H(Y,0v(nH)), Bi=@B., R=Bp,, m=DBR

n>0 n>0

We use the geometric inequality stated in [Che26, Main Claim 1.1]:
(RH2 (V) > drankg V (16)

for every nonzero finite discrete reflexive V'€ Modpg. The length on the left is finite by [Che26,
Lemma 2.5].

Remark 3.1 (Reflexivity is unnecessary in the numerical lower bound). By Proposition 2.10,
the reflexivity hypothesis in Chen’s numerical inequality (16) can be omitted. The same
inequality holds for every finite discrete V' € Modpg with finite-length H2 (V), and with the
convention of infinite length it holds for every finite discrete V. This removes a hypothesis from
the lower bound, not from Chen’s separate assertion of finite length. No reflexivity condition is
therefore needed when applying the inequality to the quantitative criterion of Proposition 2.3.

Corollary 3.2. For the pair (Y, H) above, R is a three-dimensional complete normal local
domain with no lim I'y-Cohen—Macaulay sequence and hence no lim Cohen—Macaulay sequence.

Proof. The ring R is complete, normal, and three-dimensional by [Che26, Proposition 2.1].
Normality gives HY (R) = HL(R) = 0. Applying [Che26, Lemma 2.5] to V = R shows that
¢rH2(R) < co. Thus the ring hypotheses of Proposition 2.3 hold. By Proposition 3.1, the
inequality supplied by [Che26, Main Claim 1.1] applies to every finite discrete module with
finite-length second local cohomology. Fix parameters q, put eq = e((q), R), and let C' be the
constant in Proposition 2.3. For every nonzero finite discrete M € Modg with Ap(M) < oo,
Chen’s inequality gives Ag(M) > d rankr M. Together with (13) and (4), this yields

pr(M) < eqrankp M + rq(M) < (eq/d + C)Ar(M).

Thus no lim I'y,-Cohen—Macaulay sequence exists. By Proposition 2.7, no lim Cohen—Macaulay
sequence exists either. ]

The numerical condition and the example. If o(Y) denotes the signature of the
intersection form on H?(Y (C),R), the signature and Noether formulas give

o) =K} -sq0y),  a=200M

using Ky = 4H. Thus the numerical condition agrees with the degree-signature inequality in
[Ang26].
In projective Q-schemes, let

Waq = Vi (u§ — uf +uf, uf —uf +uf, uf —uf +uf) C PY.
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Let p : Yq — Wq be the blow-up of the reduced singular locus, let E be its reduced exceptional
divisor, and put H = 3p*Owq (1) — E. After extension to C, the resulting pair satisfies

Y smooth, H ample and globally generated,
Ky ~4H,  H?=1080, x(Oy) = 1926.

These are the surface and polarization in [Ang26, Remark 4.2 and Corollary 4.3] and [Che26, §7].
Hence 6 = 99. Applying Chen’s geometric inequality [Che26, Main Claim 1.1], Proposition 3.2
excludes lim Cohen—Macaulay sequences over the completed vertex of its full section ring.

Remark 3.3 (Mixed characteristic). By Proposition 3.2, the rational example above gives,
for every prime p, a four-dimensional complete normal local domain of mixed characteristic
(0,p), with residue field Fp, admitting no lim Cohen-Macaulay sequence.

Here are the algebraic details. Let Bq be the full section ring of the rational pair above, let
V=12, K= Qp, and put By = Bq ®q K. Choose homogeneous generators by,...,b; of
strictly positive degree for Bg. The normalization C of V[by,...,b] in Frac(B) is finite by
excellence. It lies in By, is graded ([Sta26], Tag 077G), and satisfies Cy = V and C[1/p| = Bk.
Each graded piece is finite free over V', and dim(C/pC) = 3. Lift homogeneous parameters
of C'/pC to sg,s1,s2 € C. Degreewise Nakayama shows that C is finite over Vs, s1, $2]; the
parameter degrees may exceed one. Put

—

T= C(p’CJr)’ A= VH807 51, 52]]7 P = C+T

Then T is normal ([Sta26], Tag 0C23), finite over A, of dimension four, and T'/P = V. The
positive-degree ideal of the finite graded V-algebra C'/(sp, s1, s2) is nilpotent. Hence P is the
unique prime over (s, s1, $2)A4, and

—

Tp = T ®4 K|[s0, 51,52]] = (BK) (By)., - (17)

For a hypothetical lim Cohen—Macaulay sequence of finite discrete M,, € Modr, write

4
rn = ranky M,, e =ranky T, Ep = Zdimpp mi(Fp @4 My).
i=1

The Euler characteristic gives ur(M,) < er, + &,. Since €, = o(ur(M,)), one has r, > 0
eventually and €, = o(ry,). Localizing and completing a minimal finite A-free resolution bounds
the positive Betti numbers of N,, = M, ®r ZI/}\: over K{[so, s1, $2]] by those of M, over A.
Flatness makes N,, discrete, and rank,f; N,, = r,,. Since ,u:;;(Nn) > ry, these modules form a

lim Cohen—Macaulay sequence over T;:.

Choose an abstract field embedding K < C. The map K|[[so, s1, s2]] — C|[so, $1, s2]] is
faithfully flat and local ([Sta26], Tag 00R4). Its base change in (17) is the completed section
ring over C. It preserves minimal generator numbers and lengths of the positive Koszul
homotopy modules. The resulting sequence contradicts Proposition 3.2.
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