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Abstract

Howard and Rubin record Pincus’s ordered colored permutation model as N48, but do not
determine whether Ramsey’s theorem for pairs holds there. We prove that N48 |= RT2

2. The
proof uses least finite supports and the homogeneity of Pincus’s ordered colored structure: after
fixing all but one point of a support, the remaining point generates an infinite orbit whose
unordered pairs form a single stabilizer orbit. Combining this with Pincus’s results on the
dense linear ordering principle (DO), the Boolean Prime Ideal Theorem (BPI), and the failure
of Part∞, together with Pincus’s transfer theorems, yields Con(ZF) ⇒ Con(ZF + RT2

2 + DO +
BPI + ¬Part∞), where Part∞ states that every infinite set is the disjoint union of infinitely
many infinite sets.

1 Introduction
Howard and Rubin (1998, Part III) list the ordered colored permutation model constructed by
Pincus (1997, §2) as N48, Pincus’s Model XI, in their catalog of consequences of the Axiom of
Choice. Their entry records many principles as true or false in N48, but does not determine Form
17, Ramsey’s theorem for pairs. We write RT2

2 for the statement that, for every infinite set X
and every coloring c : [X]2 → 2, there is an infinite Y ⊆ X on which c is constant. Form 17 also
does not follow from any form recorded true in N48 in the implication data distributed with the
Choiceless Grapher (Dimitriou, 2025), whose matrix was supplied by Paul Howard. We checked
this by computing the transitive closure of its positive implications.

Tachtsis (2016, Theorem 2.4) proved RT2
2 in Mostowski’s linearly ordered permutation model

N3. We adapt that strategy to N48. After fixing all but one point of the least support of an object,
the remaining point can be moved through a single color class inside one gap determined by the fixed
support. Homogeneity of the ordered colored structure then produces an infinite orbit on whose
unordered pairs the stabilizer acts transitively. Related stabilizer and homogeneity arguments in
choiceless Ramsey theory appear in Blass (1977), Brot et al. (2021), and Banerjee et al. (2024).

Our main result is
N48 |= RT2

2.

Together with Pincus’s results on N48 and his transfer theorems, this yields

Con(ZF) =⇒ Con
(
ZF + RT2

2 + DO + BPI + ¬Part∞
)

,

where DO is the dense linear ordering principle, BPI is the Boolean Prime Ideal Theorem, and
Part∞ asserts that every infinite set is the disjoint union of infinitely many infinite sets. Howard
and Rubin give that last statement as Form 296. The contribution is the determination of Form
17 in N48 and the resulting ZF consistency statement.
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2 Ramsey’s theorem in N48
Let A = (A, <, C0, C1, . . .) be the countable universal homogeneous ordered colored structure used
by Pincus. The order is dense without endpoints, and every color occurs between any two distinct
atoms (Pincus, 1997, Proposition 2.1). Let Γ = Aut(A), and for finite E ⊆ A let Fix(E) be
the subgroup fixing E pointwise. We work in the usual finite-support Fraenkel–Mostowski model
obtained from this action, beginning in an ambient model of ZFA with Choice. Howard and Rubin
(1998, Part III) record this model as N48, Pincus’s Model XI.

Pincus’s support-intersection lemma implies that every object in the model has a least finite
support (Pincus, 1997, Lemma 2.2). Least supports transform equivariantly: if H is the least
support of x, then the least support of πx is πH. Indeed, if F supports πx, then π−1F supports x,
so H ⊆ π−1F and hence πH ⊆ F ; conversely πH supports πx.

Lemma 2.1. Let G ⊆ A be finite and let x have a non-singleton Fix(G)-orbit. Then there is
a finite K ⊇ G and an infinite K-supported set Y contained in that orbit such that Fix(K) acts
transitively on [Y ]2.

Proof. Let H be the least support of x. Since the Fix(G)-orbit of x is not a singleton, H ⊈ G;
otherwise Fix(G) ⊆ Fix(H) and every element of Fix(G) would fix x. Choose h ∈ H \ G and put

K = G ∪ (H \ {h}).

Let J be the maximal convex component of A \ K containing h. If h ∈ Cm, set

I = J ∩ Cm.

The set I is infinite. For if I were finite, then since J is an open interval in a dense order there
would be a nonempty open subinterval (u, v) ⊆ J avoiding I. Proposition 2.1 gives a point of Cm

strictly between u and v, a contradiction.
Define

Y = {πx : π ∈ Fix(K)}.

The set Y is K-supported, its elements are hereditarily symmetric, and hence Y belongs to the
permutation model. Since K ⊇ G, it is contained in the Fix(G)-orbit of x.

For π ∈ Fix(K), the least support of πx is

πH = (H \ {h}) ∪ {πh},

and πh ∈ I. Conversely, for every d ∈ I, the finite map fixing K pointwise and sending h to d
is an ordered-colored isomorphism between finite substructures. By homogeneity it extends to an
element of Fix(K). Thus every d ∈ I occurs as the moving support coordinate of some element of
Y .

If πh = σh, then σ−1π fixes H pointwise and hence fixes x, so πx = σx. Conversely, if πx = σx,
equality of least supports gives πH = σH, and since both automorphisms fix H \ {h} pointwise,
this forces πh = σh. Thus distinct points of I give distinct elements of Y . Since I is infinite, Y is
infinite; finiteness is absolute between the permutation model and the ambient universe.

Finally take two unordered pairs from Y . Choose representatives π1x, π2x and σ1x, σ2x, and
write di = πih and d′

i = σih. Distinct orbit elements give distinct moving coordinates, so after
ordering we may assume d1 < d2 and d′

1 < d′
2. The finite order-preserving map fixing K and

sending di to d′
i for i = 1, 2 preserves colors, and hence extends to some τ ∈ Fix(K). Then σ−1

i τπi

fixes H pointwise, so τ(πix) = σix for i = 1, 2. Therefore Fix(K) is transitive on [Y ]2.
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Theorem 2.2. N48 |= RT2
2.

Proof. Let X be infinite in N48 and let c : [X]2 → 2 belong to N48. Choose one finite support G
for both X and c.

Let
Z = {z ∈ X : (∀π ∈ Fix(G)) πz = z}.

The set Z is G-supported and belongs to the permutation model. In the ambient model choose a
well-order ≺ of Z. Every element of Fix(G) fixes every member of Z pointwise, and therefore fixes
the graph of ≺. Hence ≺ is G-supported and belongs to the permutation model.

If Z is infinite, its internal well-order yields an injection s : ω → Z. Pull c back along s to
a coloring of [ω]2. Ramsey’s theorem on ω is provable in ZF, so there is an infinite homogeneous
W ⊆ ω. Then s[W ] is an infinite homogeneous subset of X.

Suppose instead that Z is finite. Since X is infinite, choose x ∈ X \ Z. Its Fix(G)-orbit is
non-singleton. By Lemma 2.1, there are a finite K ⊇ G and an infinite K-supported Y in that
orbit such that Fix(K) acts transitively on [Y ]2. Because G supports X, we have Y ⊆ X.

Since G supports c, every element of Fix(K) fixes c as a function. If u ∈ [Y ]2 and π ∈ Fix(K),
then

c(πu) = π(c(u)) = c(u),
because the pure set 2 is fixed pointwise by the atom action. As [Y ]2 is a single Fix(K)-orbit, c is
constant on [Y ]2. Thus Y is an infinite homogeneous subset of X.

3 A ZF consistency consequence
Pincus (1997, §§2–3) proves that this model satisfies DO and the Prime Ideal Theorem, equivalently
BPI, while Part∞ fails. Together with Theorem 2.2, this gives

N48 |= RT2
2 + DO + BPI + ¬Part∞.

Corollary 3.1.
Con(ZF) =⇒ Con

(
ZF + RT2

2 + DO + BPI + ¬Part∞
)

.

Proof. Let
Θ = RT2

2 ∧ DO ∧ BPI ∧ ¬Part∞.

We show that Θ belongs to Pincus’s Class III as described in Pincus (1997, §2). Class III con-
tains the boundable and injectively boundable statements (Pincus, 1997, pp. 447–448). Blass
(1977, pp. 388–389) shows that RT2

2 is injectively boundable, and Pincus (1997, p. 447) states that
¬Part∞ is boundable. By Theorem 3 of Pincus (1997, p. 448), Class III contains both DO and
the Prime Ideal Theorem. Pincus (1997, p. 448) also states that “all three classes are closed under
conjunction”. Hence Θ is a Class III statement.

Class III statements transfer from Fraenkel–Mostowski models to models of ZF. The underlying
transfer construction is given in Pincus (1977a, §4), and its extension to the Prime Ideal Theorem
is due to Pincus (1977b). Pincus (1997, §2) describes the resulting class in the form used here.

The transfer theorem, as stated in Pincus (1977a, pp. 136–137), assumes a Fraenkel–Mostowski
model whose well-founded universe U satisfies ZFE + GCH, where Pincus (1977a, p. 145) defines
E as the assertion that “the universe has a well ordering”. This adds no consistency strength.
The constructible universe of any model of ZF satisfies ZFC + GCH and has a definable global
well-ordering, so it satisfies E in Pincus’s sense. Taking the well-founded universe U to be L, one
performs the usual Fraenkel–Mostowski construction with a countable set of atoms and forms N48.
Since N48 |= Θ, transfer yields a model of ZF satisfying Θ.
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