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LEHMER’S TOTIENT PROBLEM WITH FEWER THAN SIXTEEN PRIME
FACTORS

DEEP BHATTACHARJEE

ABSTRACT. A composite number n whose totient divides n — 1 was known to have at least
fourteen prime factors. We prove that it has at least sixteen, at least 16001 if (n — 1)/p(n) > 3,

and more than 10® if 3 | n, and that n < 927" if n has k prime factors. For the companion
equation ¢(n) | n + 1 we show that the nine known solutions are the only ones with at most
eight prime factors, and that a further solution prime to 3 has at least sixteen. Each statement
is reduced by hand to a finite computation, which independent programs carry out. Lehmer’s
conjecture remains open, and we state the assertion that would settle it.

1. INTRODUCTION

1.1. Two questions of Lehmer. Every prime p satisfies ¢(p) = p — 1, and so ¢(p) divides
p — 1. In 1932 Lehmer [19] asked whether any composite number n has the same property,

o(n) |n—1. (1.1)
Nobody has found one, and nobody has shown that none exists. Lehmer proved that a composite
solution of (1.1) must be odd, squarefree and divisible by at least seven distinct primes. The
question is Problem B37 in Guy’s collection [16]. Lehmer’s paper also lists solutions of the
companion equatiom1

o(n) | n+ 1. (1.2)
The two equations differ only in a sign. Equation (1.1) has no known composite solution, whereas
(1.2) has the solutions

1, 2, 3, 15, 255, 65535, 83623935, 4294967295, 6992962672132095, (1.3)

and no others are known. Except for 2, each of them satisfies n + 1 = 2¢(n). Five of them are
products of the first Fermat primes?, namely 3, 15 = 3-5, 255 = 3-5-17, 65535 = 3-5-17-257 and
4294967295 = 3-5-17-257-65537. Apart from 1 and 2, the other two are 83623935 = 3-5-17-353-929
and 6992962672132095 = 83623935 - 83623937. These numbers form sequence A203966 of the
OEIS [28].

Much of the literature on (1.1) concerns the number w(n) of distinct prime factors of a
composite solution. Pomerance [31] proved that a composite solution with k& prime factors

satisfies n < k‘zk, so that for each k the question is a finite one, and Burek and Zmija [7]
sharpened this to n < 22" _ 22]%1, using a lemma that goes back to Heath-Brown’s work on
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IThe comments to sequence A050474 of the OEIS [28] record this, and a misprint in Lehmer’s summary where
3-5-353-929 stands for 83623935 =3 -5-17- 353 - 929.

2The Fermat numbers F; = 22 + 1 are prime for 0 < i <4, and FoFy - - Fr_1 = 22" _ 1. For 1 <r <5 the
number n = 22" — 1 is therefore a product of primes F;, and ¢(n) = gl 2Tt _ 92" (n+1)/2. The chain
breaks at r = 6 because I5 = 641 - 6700417, as Euler found.
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odd perfect numbers [18] and was sharpened by Cook [10] and Nielsen [26].> In binary, their
bound allows n one digit for each subset of the set of its prime factors. Cohen and Hagis [8]
settled all k < 13 and obtained w(n) > 14. When 3 | n much more is true: Hagis [17] proved
w(n) > 298848, and Burcsi, Czirbusz and Farkas [6] raised this to w(n) > 40000000. In the
same paper they report that a computation of Renze [33], made available as a Mathematica
notebook, gives w(n) > 15 in general, and Pinch [30] outlined a proof of the same bound in
a poster presented at ANTS VII. Neither account has been refereed. Since p —1 | n — 1 for
every prime p dividing a solution, a composite solution of (1.1) would be a Carmichael number;*
Banks, Nevans and Pomerance [3] discuss this and the connection with Giuga’s conjecture.’

More is known when the quotient M = (n—1)/¢(n) exceeds 2. Hagis [17] proved w(n) > 1991
for M = 3, and Grytczuk and Wéjtowicz [15] gave lower bounds for w(n) that grow exponentially
with M > 4 (see [37] for both). The prime factors of a solution form what Golomb [14] called a
G-sequence: none of them divides another minus one. Meijer [22], who points out the connection
with (1.1), proved with the Brun-Selberg sieve that the product of p/(p — 1) over the elements
of a G-sequence up to z is at most a constant times loglogz. Yamada [37] made this explicit
with the large sieve and deduced that M < 16.03235 loglogw(n) for every composite solution of
o(n) | n £ 1 with w(n) > 4, so that w(n) is at least doubly exponential in M.

Norman [27] claimed that M > 3 for every composite solution of (1.1), and hence w(n) > 1991.
The proof rests on [27, Lemma 2.1], which asserts that ¢(G)/|G|?> > ¢(m)/(2m) for every
noncyclic nilpotent group G of order 4m with m odd and squarefree, where ¥ (G) is the sum of
the orders of the elements of G. The lemma is false. For G = Cy x Cy x C,,, with m prime to
3 we have ¢(G) = 7Hp|m(p2 —p+ 1), since v is multiplicative over factors of coprime order,

and the ratio of ¥(G)/|G|? to ¢(m)/(2m) is % pim (1 zﬁ)‘ The product over all primes
p > 51is 2¢(2)¢(3)/¢(6) = 1.1106... < £, so the ratio is less than 1; for m = 5 the two sides
are 147/400 and 2/5. The proof of the lemma uses 1)(V)/16 > 3 for the Sylow 2-subgroup V,
whereas 1(Cy x Cy) = 7. The claim M > 3 is therefore unproved; if it holds, Theorem 1.1 below
gives w(n) > 16001 for every composite solution.

Less is known about (1.2). The comments to sequences A050474 and A203966 of the OEIS
[28] report that the M.Sc. thesis of Wong [36] shows that a further solution of n + 1 = 2p(n)
would need at least eight prime factors, that there are no further solutions of n + 1 = 2¢(n)
below 103! and none of (1.2) below 1.6 - 103 (Alekseyev), and that (n + 1)/p(n) = 3 would
force at least 33 prime factors. None of this has appeared in a refereed paper, and we know of
no refereed bound on w(n) for (1.2).

1.2. Results. We write w(n) for the number of distinct prime factors of n. Our first theorem
goes one prime further than the bound announced by Renze and by Pinch, and its proof includes
a complete proof of that bound.

Theorem 1.1. Let n be composite with ¢(n) | n — 1. Then w(n) > 16. If (n — 1)/¢(n) > 3,
then w(n) > 16001, and if 3 | n, then w(n) > 108.

3Heath-Brown proved that an odd perfect number with k& distinct prime factors is less than 44k, and Nielsen
lowered this to 24k. The lemma of Cook and Nielsen concerns integers x1 < --- < x,, for which H(l —1/x;) lies
just below a given fraction; we state and sharpen it in Section 6.1.

4By Korselt’s criterion a composite n satisfies a” ' = 1 (mod n) for every a prime to n exactly when n
is squarefree and p — 1 | n — 1 for every prime p | n. A solution of (1.1) is squarefree by Lemma 2.1, and
p—11 )| n—1.

5Ciuga conjectured in 1950 that an integer n > 1 with 1"~" 4+ 277! 4... 4 (n — 1)"~! = —1 (mod n) is prime.
He showed that a composite n satisfies this congruence exactly when p | n/p—1 and p—1 | n/p — 1 for every
prime p | n; the second condition makes n a Carmichael number.
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Apart from Norman’s claim, we know of no earlier claim beyond fifteen prime factors in
general. The second assertion raises the bound 1991 of Hagis for the quotient 3 to 16001, and
for 31 n it also improves the bounds of Grytczuk and Wéjtowicz for the quotients from 4 to 7.
For 3 | n the third assertion raises the bound of Burcsi, Czirbusz and Farkas from 40000000 to
more than 10%. Our second theorem bounds the size of a solution in terms of the number of its
prime factors.

Theorem 1.2. Let n be composite with p(n) | n —1, let k = w(n), and put M = (n —1)/p(n).
(i) n <227,
(ii) If M >3, then n < 22" """

08

(iii) If 3 | n, then n < 92"

Part (i) divides the number of binary digits allowed by the bound of Burek and Zmija by
27 = 128. Together with Theorem 1.1 it shows that a solution with sixteen prime factors, the
first case not yet excluded, lies below 2°12 < 1.35 - 10154,

The other results concern (1.2).

Theorem 1.3. The solutions of ¢(n) | n+ 1 with w(n) < 8 are exactly the nine numbers (1.3).
Theorem 1.4. Every solution of p(n) | n+ 1 with n > 3 and 31 n has w(n) > 16.

Theorem 1.5. Let n > 3 satisfy ¢(n) | n+ 1 with (n+1)/¢(n) > 3. Then w(n) > 16001, and
w(n) > 108 if 3 | n.

The next theorem explains the list (1.3). Say that n is a Fermat-type solution if n+1 = 2¢(n);
by convention n = 1 is one.

Theorem 1.6. Let ng be a Fermat-type solution.

(i) For a prime q 1t ng, the number noq is a Fermat-type solution if and only if ¢ = ng + 2.

(ii) For primes p < q not dividing ng, the number nopq is a Fermat-type solution if and only
i
f

(p—ng—l)(Q—no—l):ng+no+1.

(iii) The Fermat-type solutions in (1.3), which are all of them except 2, are exactly the numbers
obtained from 1 by repeated use of (i) and (ii): every such extension of one of them is
again in (1.3).

Theorem 1.3 contains the bound reported from Wong’s thesis and goes one prime factor
further: a solution of (1.2) outside (1.3) has at least nine prime factors, whatever the quotient
(n+1)/p(n). Theorem 1.5 raises the 33 prime factors of the observation on the quotient 3
recorded in the OEIS to 16001. Part (iii) of Theorem 1.6 places 83623935 in the same family as
the products of Fermat primes: it is the two-prime extension of 255 coming from the factorisation
2552 + 255 + 1 = 65281 = 97 - 673, just as 4294967295 comes from the trivial factorisation
65281 = 1- 65281 (Figure 15).

The last result of this section is not new. It follows from the bound of Meijer [22], and Yamada
[37] proved it with ¢ = 1/16.03235 when w(n) > 4. We give a short proof by the large sieve
in Section 2.2, because the estimate behind it explains the size of the bounds in Theorems 1.1
and 1.5.

Theorem 1.7 (Meijer, Yamada). There is an absolute and effective constant ¢ > 0 with the
following property. Let n be composite with p(n) | n—1, or let n > 3 with p(n) | n+ 1, and let
M be the quotient (n —1)/p(n) or (n+1)/¢(n). Then

w(n) > exp(exp(cM)) — 2.
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The first primes alone give only w(n) > exp(¢’ M), since the product of p/(p — 1) over the first
K primes grows like log K. Theorem 1.7 uses the fact that no prime factor of a solution divides
another prime factor minus one, and it is proved by the large sieve (Section 2.2). It explains
why the bounds 16001 and 10® in Theorems 1.1 and 1.5 lie so far above the bounds 33 and 1540
that the first primes give.

1.3. Theory and computation. Every search in this paper rests on a theorem, proved by
hand, that reduces the statement to finitely many cases and shows that the search covers all of
them. The results divide as follows.

Proved entirely by hand. Theorem 1.7 and Meijer’s bound (Theorem 2.7), by the large sieve;
the sharp product lemma (Theorem 6.2) and the size bound n < 22°~” (Proposition 6.11); the
reductions of Section 2, up to the evaluation of the explicit finite products in Lemmas 2.2 and 2.3;
parts (i) and (ii) of Theorem 1.6; and the equivalence of Proposition 9.1.

Proved by hand up to a finite computation.

e w(n) > 16 in Theorem 1.1, and Theorem 1.4: the interval bounds, the divisibility condition for
the last two primes and the completeness of the search (Propositions 3.2 and 3.5, Theorem 3.6,
Corollary 3.3), and the reduction of the last three primes to divisors in a residue class
(Proposition 4.1, Theorem 4.4, Proposition 4.5), leave a search over at most fifteen primes,
which ends in 33865004 two-prime problems for fifteen (Section 5).

e The bounds 16001 and 10® in Theorems 1.1 and 1.5: Corollary 2.6 reduces them to the
branch-and-bound of Proposition 2.5.

e Theorem 1.2: Corollary 6.10 reduces part (i) to the tree 77 of 33678 nodes (Theorem 6.15),
and parts (ii) and (iii) to the evaluation of two explicit rational numbers.

e Theorem 1.3: the same reductions leave 228260561 two-prime problems for eight primes
(Section 7.4).

e Theorem 1.6(iii): the factorisation of eight integers.

Every search was carried out by at least two programs written independently, and every count
reported here is the same for all of them (Section 8). A search that finds nothing proves
something only if it would have found what it looks for, and the programs were therefore also
run on equations that have solutions.

1.4. Scope. Theorems 1.1-1.7 bound the number of prime factors and the size of a new solution
and describe the known ones; they do not decide whether (1.1) has a composite solution or
whether (1.2) has solutions beyond (1.3). Section 9 estimates the cost of the next cases and
states the assertion, equivalent to LLehmer’s conjecture, that this paper does not prove.

1.5. Method. The bound w(n) > 16 of Theorem 1.1 and Theorems 1.3 and 1.4 rest on
three reductions proved in Sections 2 to 4. The first (Section 2) shows that one may assume
n+ e = 2¢p(n), with ¢ = —1 for Lehmer’s equation and ¢ = +1 for the companion, and, except
in Theorem 1.3, that 3 t n. The second (Section 3) shows that once the first j prime factors are
fixed, the next one lies in an interval whose ends are explicit functions of them (Proposition 3.2),
that for each k only finitely many sequences of primes satisfy these conditions (Corollary 3.3),
and that the last two prime factors are determined by a divisibility condition (Proposition 3.5).
Each value of & is therefore a finite problem, and the traversal of an explicit finite tree finds every
solution (Theorem 3.6). The bounds for the two signs of ¢ differ only by terms of size 1/¢(n);
for p; > 5 they give identical trees for every k < 14, and for £ = 15 the same nodes down to
depth 13 (Figure 8). The third reduction (Section 4) treats the last three primes together: once
Pr_o is fixed, the last two correspond to a divisor of an explicit integer N in a known residue
class modulo an integer ¢ (Proposition 4.1). Such divisors are the lattice points of a coset near a



LEHMER’S TOTIENT PROBLEM 5

hyperbola (Lemmas 4.2 and 4.3). Since the two complementary divisors lie in the same class,
their sum lies in a single class modulo ¢, which reduces the problem to one square test for each
value of the sum (Section 4.4), and when ¢3 > N + 2¢? there are at most four such divisors
(Proposition 4.5). With these reductions the case k& < 14 becomes a tree of at most 31962 nodes
and the case k = 15 a set of 33865004 problems of this kind, which we solved by computer. One
of the routes never factors an integer, so that for every & < 15 the conclusion depends on no
primality proof.

The companion equation with eight prime factors and 3 | n behaves differently. After the
Fermat primes 3,5,17,257,65537 the product [[p/(p — 1) falls short of 2 by only 273!, the
interval for the sixth prime has length 233, and each of the 1.3 - 10® admissible choices of that
prime leaves a two-prime problem whose modulus is far below the cube root of the integer to be
split. We treat these problems by the sum route of Section 4.4, combined with trial division for
the small divisors and sieved by congruences that primes satisfy, and we settle the 1967265 cases
in which this would be slow by factoring the integer completely, with every prime factor proved
prime (Section 7.4). Theorem 1.6 rests on a short identity together with the factorisation of
eight integers.

The bounds for a quotient of at least 3 and for 3 | n, in Theorems 1.1 and 1.5, come from
independence. The prime factors of a solution form a set in which no prime divides another
minus one, and over such a set the product of p/(p — 1) grows only like the double logarithm of
its size (Theorem 2.7). A branch-and-bound over these sets (Proposition 2.5) shows that such a
set must be very large before the product reaches 3, as it must when the quotient is at least 3
and 3t n, or reaches % with all its primes congruent to 2 modulo 3, as it must for the prime
factors other than 3 when 3 | n.

Theorem 1.2 is proved in Section 6. Its first ingredient is a sharp form of the lemma of Cook
and Nielsen (Theorem 6.2), in which the bound for the product of the remaining prime factors
depends on how far the product [[p/(p — 1) over the prime factors already chosen falls short
of M. This lemma alone gives n < 22" (Proposition 6.11), and more generally n < 227 for
every solution whose first prime factors are small in a precise sense. In every other solution
the prime factors grow rapidly, and for s = 7 an exhaustive search over their possible initial
segments, which visits 33678 of them, shows that there are none. Parts (ii) and (iii) combine
the lemma of Cook and Nielsen with Proposition 2.5.

The paper is organised as follows. Section 2 proves the reductions, the bounds for large
quotients and for 3 | n, Theorem 1.5, and, by the large sieve, Theorem 1.7. Section 3 proves the
interval bounds and the completeness of the search, and Section 4 the reduction of the last three
primes to divisors in a residue class. Section 5 completes the proof of Theorem 1.1, Section 6
proves Theorem 1.2, and Section 7 proves Theorems 1.3, 1.4 and 1.6. Section 8 summarises the
checks on the computations, and Section 9 states the assertion that remains open.

Notation. Throughout, n = pips - - pi with primes p; < -+ < pg, and € € {—1,+1} selects
the equation ¢(n) | n+¢e; we put M = (n+¢)/¢(n). For 0 < j <k let

A; =] i B =[] -1, Pj:ﬁ:H ,_11,
1<j 1<J J i<j bi

with Ag = Bg = Py =1 and pg = 1. We write m = k — j for the number of primes still to be
chosen at depth j, and | < ro < --- for the primes from 5 on.

2. REDUCTIONS

Lemma 2.1. Let n > 1 satisfy ¢(n) | n+¢ and put M = (n+¢)/¢(n). Suppose n is composite
ife=—1,andn >3 ife = +1.
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(i) m is odd, squarefree and composite, and M > 2.
(ii) For primes p,q dividing n, possibly equal, pfq—1 and p{ M.

(i) [[-2— =M - —.

i p(n)

Proof. If n > 2 is even then ¢(n) is even and n + ¢ is odd. If p? | n then p divides ¢(n), hence
n + e, which is impossible since p | n. For ¢ = +1 a prime solution satisfies n — 1 | 2, so n < 3;
thus n is composite in both cases. For odd squarefree composite n we have p(n) <n — 1, so
M >2 Ifp,g|ntheng—1]|¢(n)|n+e whilep|n,soptq—1;similarly pt Mp(n) =n+e.
Finally n/o(n) = (n+¢)/p(n) —e/e(n). O

The next lemma shows how the prime 3 enters, and that it does so differently for the two
equations.

Lemma 2.2. In the situation of Lemma 2.1, suppose 3 | n. Then every other prime factor of n
is congruent to 2 modulo 3, and

2 (mod3), e=+1.
Consequently M >4 ife = =1, and M =2 or M > 5 ife = +1. If M > 4 then w(n) > 1540.

M= {1 (mod 3), &= -1,

Proof. For a prime p | n with p # 3, Lemma 2.1(ii) gives 3tp—1,sop=2andp—-1=1
(mod 3). Hence ¢(n) = 2][,.3(p — 1) = 2 (mod 3), while n +& = ¢ (mod 3). The relation
n+¢e = Mp(n) becomes 2M = e, which is the stated congruence. Suppose M > 4. Then
n/p(n) > 4: for ¢ = —1 because n/p(n) = M + 1/¢(n) by Lemma 2.1(iii), and for ¢ = +1
because then M > 5 and n/¢(n) = M — 1/p(n) > 5 — 5. On the other hand, if g1 < g2 < -+
are the primes congruent to 2 modulo 3 from 5 on, then

I S
2 p—1—-24L g1’
pln, p#3 =1

since p/(p — 1) decreases in p. An exact computation in rational arithmetic shows that the
right-hand side is 3.99985. .. for k£ = 1539 and first exceeds 4 at k = 1540, where the last prime
in the product is q1539 = 27947. ]

For ¢ = —1 this is a weak form of the bounds of Hagis and of Burcsi, Czirbusz and Farkas
mentioned in the introduction, and Corollary 2.6 below goes much further, but the lemma needs
no search and suffices wherever we use it. For ¢ = +1 it shows why 3 cannot be removed in the
same way: M = 2 is compatible with 3 | n, and each Fermat prime 5, 17,257, 65537 is congruent
to 2 modulo 3, as are 353 and 929.

Lemma 2.3. In the situation of Lemma 2.1, suppose 31 n and w(n) < 32. Then M = 2.

Proof. All prime factors are at least 5. By Lemma 2.1(iii) and monotonicity,
1

n € T
M=——+—+< + ,
p(n)  ¢(n) g ri—1  JlLi<p(ri —1)

where k = w(n), since n/p(n) = [, p/(p — 1) and ¢(n) = [[,,(p — 1), and the i-th smallest
prime factor of n is at least ;. An exact computation shows that the right-hand side is less than
3 for every k < 32. (For k = 32 the product is 2.99315. .. and the second term is below 10753; at
k = 33 the product exceeds 3.) Since M is an integer and M > 2 by Lemma 2.1(i), M =2. O

Corollary 2.4. Let n > 3 satisfy p(n) | n+ 1 with w(n) < 7. Then n+ 1 = 2p(n).
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[cs pey?/e=1 125 146 1.58 1.68 1.77 1.85 1.90 1.94 1.97 1.99 2.02 2.04
@ ¢<S:nope Sbelow g divides g — 1 O q¢S: some p € S divides g — 1
M arc from p € S to ¢, where p | ¢ — 1 arc from p ¢ S to g, where p | ¢ — 1

FIGURE 1. The primes from 5 to 89, with an arc from p to ¢ whenever p divides
q — 1; an independent set contains no two primes joined by an arc. The set S of
filled primes is chosen one prime at a time, each the least prime joined to none
of those chosen before it. Below each prime of S is the product of p/(p — 1) over
the primes of S up to it, which first exceeds 2 at 83, the eleventh.

Proof. Let k = w(n) > 2. The prime factors of n, in increasing order, are at least 3,71,...,7%_1,
and Lemma 2.1(iii) gives, as in the proof of Lemma 2.3,
M S § r; + 1

200 —1 " 2[Log(ri— 1)

The maximum of the right-hand side over 2 < k < 7 is 2.92357... < 3, attained at k = 7, and
so M = 2. ]

2.1. Independent sets of primes. Call a finite set of primes independent if none of its elements
divides another minus one. Golomb [14] and Meijer [22] call an increasing sequence of odd
primes with this property a G-sequence. By Lemma 2.1(ii) the prime factors of a solution form
an independent set, whereas the proofs above used only that the i-th smallest of them is at
least the i-th prime of a given list. Independence is a much stronger condition. Each prime ¢ of
the set excludes the primes congruent to 1 modulo ¢, which make up the proportion 1/(q¢ — 1)
of all primes by the prime number theorem for arithmetic progressions, and so the product of
p/(p — 1) over an independent set grows far more slowly with its size than the product over the
first primes. Choosing at each step the least prime from 5 on that the primes already chosen
allow gives the independent set

5,7, 13, 17, 19, 23, 37, 59, 67, 73, 83,

(Figure 1). Its product passes 2 at the eleventh prime, where the first primes from 5 on need
only seven, and it passes 3 only at the 100470-th prime, 5160959, where they need 33 (Figure 2).

Proposition 2.5. (i) No independent set of at most 16000 primes p > 5 has [[p/(p—1) >

2.999999.

(ii) No independent set of at most 10% primes p =2 (mod 3) with p > 5 has [[p/(p — 1) >
5(1-1079).

(iii) No independent set of at most 108 primes p =2 (mod 3) with p > 5 has [[p/(p — 1) >
10 -6
10(1 — 1076),
3 (

Proof. Let Q be the set of primes allowed, K the size and V the target. For an independent set
S C @ whose largest element is p (with p = 3 if S is empty), call the primes ¢ € Q with ¢ > p
and ¢ #Z 1 modulo every element of S the candidates for S. If |S| < K, let B(S) be the product
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of ¢/(q¢ — 1) over S and over the K — |S| smallest candidates for S. An independent set T' of
at most K primes of @ whose |S| smallest elements form S has its other elements among the
candidates for S, and there are at most K — |S| of them; as ¢/(q — 1) decreases in ¢, the product
over T is at most B(S5).

The search starts from the empty set and treats each set S that it creates as follows. If the
product over S is at least V, it stops and reports S. If |S| = K or B(S) < V, it discards S.
Otherwise it creates the sets S U {q} for the candidates ¢ with

q
. 2.1
ISR @1

where ¢’ runs over the K — |S| — 1 candidates for S that follow ¢. The left-hand side of (2.1) is
at least B(S U {q}), because every candidate for S U {q} is a candidate for S, and it decreases
as ¢ increases, so the sets created from S come from its first few candidates. Let T be as above
with product at least V. Every initial segment S of T" has B(S) > V, and if S U {¢q} is also an
initial segment, then ¢ satisfies (2.1); so the search creates the initial segments of 7" one after
another until it stops.

In each of the three cases the search ends without reporting a set. It creates 90320 sets in
case (i), the largest of them with 46 elements, and 9 sets in case (ii) and 2 in case (iii). Two
programs written independently, one of them in PARI/GP [29], carry out the three searches and
create the same sets. For (ii) and (iii), which involve primes up to 2-101°, they run through the
primes once for each set created. The products are handled through their logarithms, and every
bound is a sum of a few terms log(q/(q — 1)) and a difference of two running sums of such terms.
Every running sum here stays below 4; it has fewer than 2 - 10° terms in case (i), where the
primes below 3 - 107 suffice, and fewer than 1.1-10% in cases (ii) and (iii). In double precision
each term is computed with an absolute error below 3 - 1076 and each addition with one below
27°2 50 a bound carries an error below 1078 in case (i) and below 2 - 1077 in cases (ii) and (iii).
The PARI/ GP programs work with 57 significant digits in case (i) and 38 in cases (ii) and (iii),
and their errors are below 1074 and 10725, A set is discarded, or a candidate passed over, only
when exact rational arithmetic confirms it or when the logarithm of its bound lies below log V'
by more than a margin that exceeds these errors: 1077 in case (i) and 1079 in cases (ii) and (iii)
in double precision, and 1074° and 1072° in PARI/GP. Rounding can therefore add sets to the
search, but never remove one. ]

The search for (i) grows quickly with K: it creates 2567 sets for K = 10* and 19711 for
K = 14000. The least size of an independent set of primes from 5 on with product at least
3 therefore lies between 16001 and 100470, the length of the set chosen one prime at a time
above. For the primes p = 2 (mod 3) the products grow much more slowly: the independent set
chosen from them in the same way has 2307386 elements below 2 - 108, and its product is only

2.0703..., far below %.

Corollary 2.6. Let n be as in Lemma 2.1, with M = (n+¢)/p(n).
(i) If M > 3 and 3t n, then w(n) > 16001.
(i) If 3| n and e = —1, then w(n) > 10% + 2.
(iii) If3 | n, e = +1 and M > 3, then w(n) > 10% + 2.

Proof. Let k = w(n). By Lemma 2.1 the prime factors of n form an independent set, and
n/e(n) = M —e/¢(n).

(i) The prime factors are at least 5, and n/p(n) > 3—1/p(n) > 2. The product of p/(p—1) over
the six smallest primes from 5 on is 1.9490...,s0 k > 7 and ¢(n) > 4-6-10-12-16-18-22 > 106.
Hence n/p(n) > 2.999999, and Proposition 2.5(i) gives k£ > 16000.
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(ii) By Lemma 2.2, M > 4, and the k — 1 prime factors other than 3 are congruent to 2 modulo
3. The product of p/(p — 1) over them is 2 n/p(n) = 2(M + 1/p(n)) > 5, s0 k — 1 > 108 by
Proposition 2.5(ii).

(iii) By Lemma 2.2, M > 5, and the prime factors other than 3 are as in (ii). The product
over them is 2(M —1/¢p(n)) > 20 — 3@2(71) > 3, while over the five smallest primes p =2 (mod 3)
from 5 on it is 1.5818. ... So there are at least six of them, p(n) >2-4-10-16-22-28-40 > 105,
and the product exceeds ¥ (1 — 107°). Proposition 2.5(iii) gives k — 1 > 10°. O

For e = —1, part (ii) improves the bound w(n) > 40000000 of Burcsi, Czirbusz and Farkas [6],
who completed sequences of primes p = 2 (mod 3) in a similar way by the least primes allowed.
Part (i) replaces the bound 33 that the products over the first primes give, and for M = 3 the
bound 1991 of Hagis [17]; part (iii) replaces the bound 1540 that the products give.

Proof of Theorem 1.5 and of the last two assertions of Theorem 1.1. Let n satisfy (1.1) or (1.2),
with n composite in the first case and n > 3 in the second. If 31 n and M > 3, then w(n) > 16001
by Corollary 2.6(i). If 3 | n, then w(n) > 10® by Corollary 2.6(ii) for (1.1), where M > 4 holds
automatically, and by Corollary 2.6(iii) for (1.2) when M > 3. O

By Corollary 2.6, a solution with at most 16000 prime factors has M = 2, and if it solves
(1.1) it is prime to 3. The searches below concern the case n + & = 2p(n).

2.2. The growth of independent sets. Proposition 2.5 needs a search because the product
of p/(p — 1) over an independent set grows very slowly with the size of the set. Over the first K
primes the product is asymptotic to e” log K by Mertens’ theorem, so that the products alone
give only w(n) > exp(c’ M) for some ¢ > 0. Over an independent set of K primes the product is
at most a constant multiple of loglog K, and this forces w(n) to be at least doubly exponential
in M (Theorem 1.7).

For a set S of primes and z > 2 put

p 1
Psy= ] -5 sst= ]I (1--—)
p p—1
peS, p<x peS, p<z
An independent set with at least two elements does not contain 2, since 2 divides ¢ — 1 for
every odd prime g. For a set S of odd primes every factor of dg(x) is at least %, and since
1y _ 1
= 55) =1- g
55(2) Ps(z) < 1. (2:2)

Theorem 2.7 (Meijer [22]). There is an absolute constant ¢y such that every independent set S
of K > 3 primes satisfies

H - < ¢gloglog K.

-1
peES

Meijer proved the bound Ps(x) < cloglogx with the Brun—Selberg sieve, and Yamada [37]
gave explicit constants with the large sieve. We include a short proof by the large sieve, with
constants left unspecified. Each element p of S excludes from S the primes congruent to 1
modulo p, so that a prime above x can belong to S only if it avoids one residue class modulo
every element of S up to z; the large sieve bounds the number of such primes by dg(z) times
the number of all primes in the range.

Lemma 2.8. Let S be an independent set of odd primes and N > 288, Then
132 N §5(N1/44)

. N1/44 < NI <
#{qe S <g<N}< Tog N
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(a) primes p > 5, for 31 n, and the odd primes

16001, Proposition 2.5(i)

__________ k = 100470

-

——— the first primes from 5 on

- - --independent primes from 5 on, chosen one at a time

the first odd primes

[1p/(» — 1) over the k primes

1 10 102 10° 10 10° 10¢ 107 108

[

(b) 3 and the primes p =2 (mod 3), for 3 | n

T T, T T
k= 1540 10® + 2, Proposition 2.5(ii)
o

3 and the first primes p = 2 (mod 3)

[1p/(» —1) over the k primes

----3 and independent primes p = 2 (mod 3), chosen one at a time

1 L1l Ll Ll Ll Ll 1 I 1 Ll Ll

1 10 102 102 10 10° 10° 107 108

number k of primes

FIGURE 2. The product of p/(p — 1) over the first k primes of a list (solid) and
over the independent set chosen from the same list one prime at a time (dashed),
for the primes below 2 - 108, with k on a logarithmic scale. Where a list has
both curves, the largest product over an independent set of &k of its primes lies
between them. (a) For the primes from 5 on the product passes 2 at k = 7, so
a solution of (3.1) prime to 3 has at least seven prime factors (Section 5), and
3 at k = 33 (Lemma 2.3); for the odd primes it passes 3 at k = 8, where the
argument of Corollary 2.4 stops. The independent set passes 3 only at k = 100470,
and no independent set of primes from 5 on reaches 3 before k = 16001 (open
circle). (b) For 3 and the primes p = 2 (mod 3) the product passes 4 at k = 1540
(Lemma 2.2), and no independent set formed by 3 and such primes reaches 4
before k = 10% + 2 (open circle).

Proof. Put Q = NY/2 and z = NV/* = Q122 g0 that z > 4. For a prime p < z let 2, consist of
the residue class 0 modulo p and, if p € S, also of the class 1; for z < p < Q let 2, be empty.
Let w(p) < p be the number of classes in Q,. A prime ¢ € S with z < ¢ < N lies in none of these
classes: it is not divisible by a prime p < z < ¢, and for p € S it is not congruent to 1 modulo
p, because S is independent. The large sieve [23, 24| states that a set of integers in [1, N] that
avoids the classes of Q, for every prime p < @ has at most (N + Q?)/L elements, where

L= 120G, G =[low). o)=—P_

= via p—w(p)
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Here g(p) =1/(p—1) for p <z with p ¢ S, g(p) =2/(p—2) for p < z with p € S, and g(p) =0
for p > z; in every case g(p) < 6/p.

Let II be the product of the primes up to z and put o = 1/log 2, so that Q7 = e?2. Then L
is the sum of G(q) over the divisors ¢ < @ of II. A divisor ¢ > @ has (¢/Q)? > 1, and so

Y G)<Q Y. Ga)® =e 2]+ gp)p°
qll1, ¢>Q qla p<z

For p < z we have 0 < ologp < 1, hence p” —1 < (e—1)o log p by convexity, and 1+ ¢g(p)p” < (1+

9(p)) exp(g(p)(p” —1)). With g(p) < 6/p and the elementary bound® 3 . (log p)/p < log z+log4
this gives

[T +9@p7) Sexp<6(e—l)<1+10g4)> 1;[(1 +9) <TI0

p<z log < p<z p<z

because z > 4 and 12(e — 1) < 20.7. Since [[,<.(1 +g(p)) = Xgm G( ) and %7722 < 1 the
divisors ¢ > @ contribute less than a third of this sum, and L > 2Tl,<.(1 + g(p)). Finally

14+g(p)=p/(p—1)forpg S and 1+ g(p) = (l—ﬁ) for p € S, so that
1 1\-1 logz
L+g(p) = 1-=) > _—=
1090 =575 ,,EI} ) T EG
since the product [],,(1 — 1/p)~! is at least 3°,.. 1/n > logz. With logz = (log N)/44 we
obtain L > log N/(66 d5(z)), and the large sieve, with N + Q? = 2N, gives the lemma. O

Lemma 2.9. Let S be an independent set of odd primes and y > 288, Then

1
ST = <2696s(yMH).
q€S, y<q<y?

Proof. Let a = |logyy| > 88 and b = [2log, y], so that b < 2a+2. The interval (y, y?] is covered
by the intervals (2°~1, 2¢] with a < i < b. For each such i, Lemma 2.8 with N = 2¢ applies to the
elements of S in (271, 27], because 2/4* < 21 and 55(2’/44) < 6s5(y*/*%), because 2! > y and
dg is decreasing. Each of these elements exceeds 2i=1 5o their reciprocals add up to at most

132 - 21 5g(y1/4) 26455(1/1/44)

2i=1jlog 2 ilog2
Since Y, ;< 1/i < log(b/a) < log(2+ 2/88) < 0.705 and 264 - 0.705/log 2 < 269, the lemma
follows. - |

Proof of Theorem 2.7. By Mertens’ theorem [, (1 — 1/p)~! = eYlogx + O(1), so there is an
absolute constant ¢; with [],.,<,44p/(p —1) < c1 for all u > 2. Let S be an independent set of

odd primes. Then Ps(y) < ¢; Ps(y*/**) for y > 2%, and Lemma 2.9 and (2.2) give, for y > 258,
1 269 269 c;

- < < .

> q = Ps(y/*4) = Ps(y)

(2.3)
qes, y<q<y?

Put yo = 2%, y;11 = yj2 and a; = Ps(y;). Since —log(1—1/q) < 2/q, (2.3) gives a1 < aje?/%
with ¢ = 538¢y, and also aj11 < ciaj. If aj > ¢, then aj11 < aj(1 + 2¢2/aj) = a; + 2¢2,
because e! <1+ 2t for 0 <t < 1;if aj < c2, then aj11 < cica. By induction a; < c3 + 2¢oj for

6Let m = |z]. Legendre’s formula gives logm! > Y pemlm/pllogp>my - _ (logp)/p—3_ _, logp, while
logm! < mlogm and Zp<m log p < mlog4, because the product of the primes up to m is less than 4™. Dividing
by m gives the bound.
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all j > 0, where c3 = max{cicy, [[,<o8s p/(p — 1)} > ag. For x > yq let j be the least index with
y; > x. Then 2/ 1logyy < logz, and Ps(z) < a; < c3 + 2c2(1 + logy(log z/log yp)). Together
with Pg(z) < ag < ¢3 for x < yp, this gives Ps(x) < ¢sloglogx for all x > 3, with an absolute
constant cy4.

Now let S have K > 3 elements, so that its elements are odd. At most K of them exceed K2,
and each of those contributes a factor at most 1+ 1/K?, so that together they contribute less
than /X < 2. Hence

11 Ll < 2P5(K?) < 2¢4loglog K2 = 2¢4(log 2 + loglog K) < 20 ¢4 loglog K,
peS p—
since log 2 < 9loglog 3. |

Proof of Theorem 1.7. Let n be as in Lemma 2.1 and k = w(n) > 2. The prime factors of n form
an independent set, and n/¢(n) is the product of p/(p — 1) over them. If k¥ > 3, Theorem 2.7
and Lemma 2.1(iii) give M < ¢ploglogk + 1/¢(n) < (co + 3) loglog(k + 2), since loglog5 > %
If k = 2, then n/p(n) < 3.2 and ¢p(n) > 8, so that M < 2 < Tloglog4. In both cases
loglog(k +2) > ¢M with ¢ = 1/ max{co + 3,7}, which is the assertion. O

The constants in Theorems 2.7 and 1.7 are effective but large, and the numerical bounds
of Corollary 2.6 come from Proposition 2.5, not from the sieve. What the sieve explains is
the shape of those bounds. Heuristically, the elements of S up to z leave a proportion dg(z)
of the primes near x available, and a set that takes every available prime gains log Pg at the
rate ds(x) dloglogz, since 3 ., 1/q grows like loglogz. The derivative of Ps with respect
to loglog z is then dg(z)Ps(x), which is at most 1 by (2.2), so that Pg(x) grows at most like
log log x, the rate of Theorem 2.7. The independent sets chosen one prime at a time in Section 2.1
grow at this rate (Table 1). Between z = 10 and x = 10® the product of p/(p — 1) over the
elements up to x differs from a linear function of loglog z by less than 0.003, with slope 0.82
for the primes from 5 on and 0.41 for the primes p = 2 (mod 3), which are half of all primes.
The first set needs 100470 primes to reach the product 3, where the first primes from 5 on need
33, and the second has not reached % below 2 - 10% (Section 2.1). This is why the bounds of
Corollary 2.6 exceed 33 and 1540 by so much.

TABLE 1. The independent sets chosen one prime at a time from the primes from
5 on and from the primes p = 2 (mod 3) from 5 on: the number of elements up
to = and the product of p/(p — 1) over them.

primes from 5 on p=2 (mod 3)

z loglogx elements product elements product

103 1.933 62  2.3430 45  1.6489
104 2.220 407 2.5792 293  1.7626
10° 2.443 2908  2.7593 2185  1.8564
106 2.626 22602  2.9078 17396  1.9328
107 2780 183730  3.0344 142723  1.9979
108 2913 1538281  3.1447 1207989  2.0546

3. INTERVALS FOR THE PRIME FACTORS

Fix k > 2, a sign ¢, and a squarefree odd n = p; - - - pi, with
n+¢e=2p(n). (3.1)
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By Lemma 2.1(iii),
k

il;[l pip—i 172 <p(€n)' (3:2)

For ¢ = —1 the product lies just above 2, and for € = +1 just below it. Everything in this
section is a consequence of (3.2), and the two signs are treated together.

Proposition 3.1. P; <2 for every j < k.

Proof. For € = +1 this is clear, since P; < P, =2 —1/p(n). For e = —1, suppose P; > 2 with
j < k. Since pj;1 —1 < n —1 we have pj;1/(pj+1 —1) > 1+ 1/(n — 1), and the remaining

factors exceed 1, so P, > 2(1+1/(n—1)) =2+ 1/p(n) by (3.1), contradicting (3.2). O
At depth j put T' = 2/P;, which exceeds 1 by the proposition, and
i

Cj:2Bj—Aj, T—lZAj

Thus C; is a positive integer, and Cj/A; measures how far the primes chosen so far fall short of
the target 2.

Proposition 3.2. Let 0 < j<k—-2, m=k—j, W = (p;+1)" and x = pj41/(pj+1 —1). Then

1
™ >T and a:<T—|—AjW ife =—1,
(3.3)
I
al |

L;,Uj| whose endpoints are determined by p1,...,p;, k

and x <T ife=+1.

In particular pj1 lies in an interv
and €.
Proof. Let p = [1;~; pi/(pi — 1). By (3.2),
9 _
J2mcfel) e
by Pjp(n)
There are m > 2 factors in p; each exceeds 1 and none exceeds x, because p/(p — 1) decreases in
p. Hence z < p < 2™. The remaining primes are odd and larger than p; (larger than 2 when
j=0),80p; —1>p;+1fori>j, and p(n) = B;[];5;(pi —1) > B;W. Therefore
1 < 1 1
Pp(n) = PBW ~ AW
and the four inequalities follow from = < p < 2™. Finally, for € = +1 the quantity 7' — 1/(A; W
exceeds 1, since T'— 1 = Cj/A; > 1/A;. O
<

0<

~—

Apart from the correction terms, (3.3) says x < T' < 2™, that is 1/(T"— 1) < pj41 — 1
1/(T'/™—1). Since T'/™—1 is close to (I'—1)/m, the interval has length about (m—1)/(T—1)
(m —1)A;/C; (Figure 3). The upper end obeys a bound that makes the search finite.

Corollary 3.3. Let 0 < j < k—2, let p1 < --- < p; be odd primes with P; < 2, and let pj11 > p;
be a prime that satisfies the inequality for ™ in (3.3). Then pji1 <1+ 3(k — j)B;/C; < 4kA;.
If n=p; - pg satisfies (3.1), then moreover pr < 2Bk_1 + 1, and

A< (4k)Y (0<j<k), n< (k).
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1.2

the interval [L;, Uj]

—r= -1
P < o p/(p—1)

— ™ withm =3

1.1

T=2/P; =14 Cj/A;

¢<—length about (m — 1)A; /C; ——

L; 50 U; 100

candidate p for p;i1

F1GURE 3. The interval of Proposition 3.2 for T' = 1.04 and m = 3, with the
correction terms 1/(A;W) left out. The candidate p must satisfy = < T', because
the other m — 1 factors of p exceed 1, and ™ > T, because none of them exceeds
x. Here the two conditions give 26 < p < 77.

Proof. Let m =k — j and = pj11/(pj+1 — 1), so that pj;1 —1=1/(x —1). By (3.3), 2™ > T’,
where " =T ife=—land T =T — 1/(A;W) if e = +1. AsT — 1= C;/A; with C; > 1, and
W > 4, in both cases T" — 1 > (C; — 1)/A; > 3C;/(44;) > 0 and T" < T. For t > 1 we have
tm 1= (t—1)/ S t/™ > (t — 1)/(mt), and so

1 1 mT’ 2mBj 4AJ 3’I7LBJ

< < < : < .

r—1 T1/m — 1 T —1 Aj 30]' Cj
Since C; > 1 and B; < A; — 1 for j > 1, while Ag = By = Cy = 1, this gives pj11 < 4kA;. For
a solution, the equation Ax_1py + ¢ = 2Bk_1(pr — 1) gives pxCx—1 = 2Br_1 +¢, and Cx_1 > 1
by Proposition 3.1, so that pi < 2By_1 + 1 < 4kAi_1. By Propositions 3.1 and 3.2 the first
part applies to p;y; for every j < k —2. Hence A1 < 4kA]2- for 0 < j < k, and induction gives
Aj < (4k)? 1 O

pj+1— 1=

Every node of the search below satisfies the hypotheses of Corollary 3.3, so the tree has finitely
many nodes and the search terminates. The bound n < (4k)2k has the shape of the bound
n < k2" of Pomerance [31]; Theorem 1.2 replaces it by n < 22"

The inequalities (3.3) are tested in integers: for instance 2™ > T reads p™A; > 2B;(p — 1)™.
A floating-point estimate is used only to find a starting point, which is then corrected by exact
comparisons.

Lemma 3.4 (congruence prune). No prime factor of n divides p — 1 for another prime factor p
of n.

This is Lemma 2.1(ii). A candidate p for p;;1 is discarded if p | p; — 1 or p; | p — 1 for some
i < j. The primes of the interval [L;, U;] that are not discarded are called admissible.
The last two primes are determined together by a divisibility condition.
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candidates for p;y1
j=1 X f I
L; U,

Pj+1 Pi+1 \™ pi 5
S« <p< ( ) 0 P . =T —
i=2 < pj41 —1 pj+1—1 I, pi—1 Pjp(n)

prune if P; > 2, or if p | ¢ — 1 for two chosen primes

(Cp—2B)(Cq—2B)=2AB+¢C, C=2B—-A
Ap+e
Cp—2B

j=k—2 [A,B,c] [A,B,C] [A,B,c}

P =pg_1 runs over [Ly_o,Up_»o]; ¢g=1+

FIGURE 4. The search for n = p; - - - p with n 4+ ¢ = 2p(n). A node at depth j
is an increasing sequence of primes p; < --- < p;. Its children are the primes in
the interval [L;, U;] of Proposition 3.2 that pass the congruence prune; dashed
branches are cut. At depth k& — 2 the pair (pyx_1,pk) is a lattice point on the
hyperbola (3.5), found by running p over [Ly_s, Ug_so] or by factoring 2AB + C.

Proposition 3.5. Let A= Ay 9, B=By_o, C=2B— A, p=pgr_1 and ¢ = px. Then
Ap+e

t:=Cp—2B >0, t| Ap+e, g=1+ o

(3.4)

and equivalently
(Cp—2B)(Cq—2B) =2AB +¢<C. (3.5)

Proof. Equation (3.1) reads Apg + ¢ = 2B(p — 1)(¢ — 1). Collecting the terms in ¢ gives
q(Cp—2B) =2B(p— 1) +&. The right-hand side is positive, so ¢ > 0, and ¢ —1 = (2Bp — 2B +
e —Cp+2B)/t = (Ap +¢€)/t. Multiplying Cpg — 2B(p + ¢q) + 2B — e = 0 by C and completing
the product gives (Cp — 2B)(Cq — 2B) = 4B? — 2BC +¢C = 2AB + C. O

Once p1,...,pr_9 are fixed, the prime py_; runs over the interval of Proposition 3.2 with
m = 2, and for each candidate p the last prime is determined by (3.4). Alternatively, by (3.5), t
is a divisor of the integer

D =2AB+¢C
lying in a known residue class modulo C| so the candidates can be read off from the divisors of
D when D can be factored. The first route costs time proportional to the length of the interval,
the second the cost of factoring D. Figure 4 summarises the procedure.

The search is a depth-first traversal of the tree whose nodes at depth 7 < k — 2 are the
increasing sequences (p1,...,p;) of primes with p; > pmin, where each p;41 lies in the interval
determined by (p1,...,p;) and passes the congruence prune, and where P; < 2 for all i < j. At
depth k — 2 each candidate pi_1 is tested with (3.4): one checks that ¢ > 0, that ¢ | Ap+ ¢, that
g=1+4+ (Ap+e¢)/t is a prime larger than p, that p and ¢ pass the congruence prune, and finally
that (3.1) holds exactly.

Theorem 3.6 (completeness). If n = p; -« pgp with primes pmin < p1 < -+ < px satisfies (3.1),
then the traversal visits (p1,...,px—2), examines the candidate py_1, and records n.

Proof. By induction on j the node (pi,...,p;) is visited for every j < k — 2: the prime p;q;
lies in the interval of Proposition 3.2, it passes the prune by Lemma 3.4, and Pj;1 < 2 by
Proposition 3.1. At depth k& — 2 the candidate p = py_; satisfies (3.4) with ¢ = px. A primality
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test never declares a prime to be composite, so ¢ is accepted, and the final check of (3.1)
succeeds. O

The search is rigorous for two reasons. First, all arithmetic is exact: A;, Bj, C}, the interval
endpoints and the quantities in (3.4) are integers or ratios of integers compared by cross
multiplication. Second, the probabilistic primality tests used by the programs’ can err only by
declaring a composite number prime, never by declaring a prime composite. Such an error could
add a node or accept a composite ¢, but it can never remove an actual solution. A search that
finds nothing is therefore a proof that there is nothing, and the completeness of the enumeration
route depends on no primality proof. The exact check of (3.1) would not catch such an error,
since it uses [[(p; — 1) in place of ¢(n). This matters only for solutions that are reported, and
every solution reported in this paper, including those used in the checks of Section 8, has all its
prime factors below 10, where the tests are proofs. The divisor route depends on a complete
factorisation of D, which is certified whenever D < 113, since then every prime factor of D lies
below that bound.

4. THE LAST THREE PRIMES

For k < 14 the search of Section 3 is cheap because the interval for py_; is never longer
than about 5-107. For k = 15 this is no longer true. After the prime pi3 has been chosen the
interval for p14 can be longer than 10", and there are tens of millions of choices of p13. Neither
route of Section 3 copes with this: running pi4 over its interval is far too slow, and factoring
tens of millions of integers of about fifty digits is a computation of a different order. In this
section we describe two further ways of finding the divisors of 2AB + C that can occur in
Proposition 3.5. Both use the residue class in which these divisors lie: the first lists lattice points
near a hyperbola, and the second scans the possible values of the sum of two complementary
divisors.

4.1. Reduction to divisors in a residue class. Fix a node (p1,...,px_3) at depth k — 3 and
a candidate s = pi_o in its interval that passes the congruence prune. Put

A = Ay_5s, B' = Byp_3(s—1), c=2B"— A, N =2A'B' +«¢c.

If ¢ <0 then P,_o = A’/B’ > 2, and by Proposition 3.1 no solution has p1,...,pr_3,s as its
first & — 2 primes; such s are discarded. So let ¢ > 1. By Proposition 3.5, applied with A = A’
and B = B’, the remaining primes p < ¢ of a solution satisfy (cp — 2B’)(cq — 2B’) = N with
both factors positive. Let 7 be the least positive residue of —2B’ modulo c.

By (3.2) the last three primes satisfy

2
S P4 g e 2
s—1 p—1 ¢q—1 Pr_30(n) Pr—3
so the point (s, p, q) lies next to the surface on which this product equals T'. Fixing s cuts the

surface in a curve, and the pair (p, q) lies exactly on the hyperbola (¢p — 2B")(cq — 2B') = N
beside that curve (Figure 5).

Proposition 4.1. The integer t = cp — 2B’ is a divisor of N with
t=r (mode¢), 1<t<VN.

"Below the number P13 = 3317044064679887385961981 the programs use a strong probable-prime test to
the thirteen bases 2,3,...,41, and above it a Baillie-PSW test. Sorenson and Webster [34] showed that every
composite number below 3 fails the first test for at least one of these bases, so there it is a proof. The
Baillie-PSW test [2, 32] combines a strong probable-prime test to base 2 with a strong Lucas test; no composite
number is known to pass it.
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FIGURE 5. The surface -2 - % . q% =T with s < p < ¢, for T = 1.1 on
logarithmic axes. Each slice with fixed s, three of which are marked, falls steeply
from large values of ¢ to the edge p = q. The slices shrink as s grows, and the

surface ends at the point s = p = ¢ where (s/(s — 1)) = T.

Moreover ged(r,c) = 1 and N = r? (mod ¢). Conversely, every divisor t of N with these
properties gives integers p = (t +2B")/c and ¢ = (N/t + 2B’) /c satisfying A'pq +¢ = 2B'(p —
(g —1).

Proof. The congruence holds because t = —2B’ (mod ¢), and ¢t > 1 because both factors are
positive, and t < /N because p < ¢ makes ¢t the smaller of the two factors. Since ¢ = 2B’ — A’ we
have ged(2B’,¢) = ged(2B’, A'), which is 1 because A’ is odd and, by the congruence prune, no
prime factor of A’ divides B’; hence ged(r,c) = 1. Further N = 24'B’' = (2B’)? = 7? (mod c¢),
using A’ = 2B’. Conversely, let ¢ be such a divisor. Then N/t = r?r~1 =7 (mod ¢), so both ¢
and N/t are congruent to —2B’ and p and ¢ are integers. Expanding (¢p — 2B’)(cq — 2B’) = N
and using 4B"? — 2A'B’ = 2B'c gives c(cpqg — 2B'(p + q) + 2B’ —€) = 0, which, as ¢ > 1 and
c=2B"— A, is the equation A'pg+e=2B'(p—1)(¢ — 1). O

So the two-prime problem at depth & — 2 becomes the following question: given IV, a modulus
¢ and a class 7 prime to ¢, list the divisors of N up to v/N that are congruent to r modulo
c. Lenstra [20] proved that there are at most 11 such divisors when ¢ > N'/38 and gave a
polynomial-time algorithm to find them; Coppersmith, Howgrave-Graham and Nagaraj [11]
extended the algorithmic side down to ¢ > N1/4t9 We use a more elementary method suited to
our range, and in Section 4.4 a still simpler one based on the fact that ¢ and N/t lie in the same
class.

8In the form used here: if 0 <r<c¢< N, ged(r,¢) =1and ¢ > N3 then at most 11 positive divisors of N
are congruent to » modulo c. The bound counts all divisors in the class, not only those up to v N.
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4.2. Lattice points near a hyperbola. Let 7’ be the residue of N»—! modulo ¢, so that /' = r
in the situation of Proposition 4.1, and put
N —rr/ 1

w= , a=wr ", B=r"r~t (mod c).
c

A divisor ¢t = r is written ¢t = r + cu with v > 0, and then N/t = r’ + cv for an integer v.
Expanding (r + cu)(r’ + cv) = N gives
cuv +r'u+rv =w, (4.1)

so the pairs (u,v) are the lattice points on a hyperbola. Reducing (4.1) modulo ¢ shows that
each of them lies in the coset

v=a—fu (mod c). (4.2)
The coset has one point in every ¢ consecutive values of v above a given u, so by itself it excludes
little; combined with the shape of the hyperbola it leaves only a few points to test.

Lemma 4.2. Let 0 < ug < up and put

N -7 N -7/
U+:“ /(r + cuo)] TJ’ ”7:[[ /(r + cu)] 7“]
c c
Ift =1+ cu divides N and ug < u < uq, then N/t = 1" + cv with v~ < v < vt and v satisfying
(4.2). Consequently, with H = v™ — v~ + 1, the integer u lies in the set
{uweup,u]: (a—Pu—v )mode < H}, (4.3)
and there is no such t at oll if H <0.

Proof. Since t = r (mod ¢) and ged(r,¢) = 1, we have N/t = Nr~! = 7/ (mod c), so v =
(N/t —r")/c is an integer. The cofactor N/t is an integer between N/(r + cuq) and N/(r + cug),
hence between the ceiling of the first and the floor of the second, and this gives v~ < v < v™; in
particular H > 1. The congruence (4.2) was shown above. Put x = (o — fu — v~ ) mod ¢, so
that 0 <z < cand v —v~ =2 (mod ¢). As v —ov~ >0, it is at least the least non-negative
member x of its class, and so x <v—v~ < H — 1. O

If H > c the set (4.3) is the whole of [ug,u;], and every w in the box is tested. If H < ¢ it
consists of the u for which an arithmetic progression modulo ¢ falls into a window of length H,
and its elements can be listed in increasing order without looking at the others, at a cost of
O(log ¢) arithmetic operations each, by the following elementary recursion.

Lemma 4.3. Let 0 <a<gand 0 < L < R <g. Theleasty >0 with L < aymod g < R is
found as follows. If a =0 there is no such y. If a > 1 and a[L/a] < R, it is [L/a]. Otherwise
it is [(L + gz)/al, where z is the least integer > 0 with

(—R)moda < (¢gmoda)zmoda < (—L)mod a,

and if no such z exists there is no y. The last problem is of the same kind, with (g,a, L, R)
replaced by (a, g mod a, (—R) mod a, (—L) mod a).

Proof. If a = 0 then ay mod g = 0 < L for every y. In the second case ay < R < g fory = [L/a],
so ay mod g = ay € [L, R], while 0 < ay < L for smaller y > 0. Otherwise no multiple of a lies in
[L, R]. Since any a consecutive integers contain a multiple of a, this gives R— L < a—2; moreover
a { R, and no multiple of a lies in [-R, —L], so the residues (—R) mod a, ..., (—L) mod a of
—R,...,—L increase without wrapping around and 0 < (—R) moda < (—=L) mod a < a. A
solution y satisfies ay = gz + x with z = |ay/g] and x = ay mod ¢ € [L, R], and z > 1 because
z = 0 would make x = ay a multiple of a in [L, R]. Conversely, for a given z > 0 a solution
with this z exists exactly when [L + gz, R 4 gz| contains a multiple of a; that multiple is unique,
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g=97, a=30, [L,R]=[40,47] (9,a,L, R) — (30,7,13,20)
g T T T 30 [ | T
z=0
z=1
z=2
20
> R
el
E r g
> L N 13 —
S first hit b~
y =38
[ ]
[}
0 | | | 0
0 1 2 3 4 5 6 7 8 9 10 5
Yy z

FIGURE 6. One step of Lemma 4.3 with ¢ = 97, a = 30 and [L, R] = [40, 47].
Left: the residues ay mod g rise in runs, one for each value of z = |ay/g], and
the first run misses the window because a[L/a] = 60 > R. Right: the reduced
problem (30,7, 13,20) asks for the least z with 7z mod 30 in [13,20]. It is z = 2,
and the lemma returns y = [(40 + 2 - 97)/30] = 8, for which ay mod g = 46.

because R — L < a, and the solution is y = [(L + gz)/a]. The interval contains a multiple of a

exactly when gz = —z (mod a) for some x € [L, R], that is, when gz mod a = (g mod a)z mod a
lies in the stated range. The intervals [L + gz, R + gz| are disjoint and increase with z, since
R — L < g, so the least z gives the least y. (Il

The recursion replaces (g, a) by (a, g mod a), as in Euclid’s algorithm, so it stops after O(log g)
steps; Figure 6 follows one step. It is applied with ¢ = ¢ and a = —f mod ¢ as follows. Starting
from u = wug, let b = (o — fu—v~ ) mod ¢. If b < H, then u is in (4.3). Otherwise the next
element of (4.3), if it does not exceed uj, is u + y, where y is the least integer > 0 with
c—b<aymodc < c—b+ H —1; this window lies inside [1, ¢ — 1], so Lemma 4.3 applies. Every
u found in this way is tested by one exact division of N by r + cu, and the search resumes at
u+ 1.

4.3. Choosing the boxes. The range 0 < u < U = [(|V/N] — r)/c] is cut into consecutive
intervals [ug,u1], each giving a box [ug,u1] X [v™,v"] in Lemma 4.2 (Figure 7). Correctness
does not depend on how this is done; the choice only affects the running time. Since v ~ K/u
with K = N/c?, a box with u; — up = Aug has area close to KA?/(1+ )), and as the coset has
one point per area ¢ we choose A with A?/(1+ A) = ¢®/N, so that each box holds about one
point of (4.2). There are two regimes. If ¢ > N, then \ exceeds 1.6 and grows like ¢3/N, so
that O(log N/log(2 + ¢3/N)) boxes cover the whole range: this is Lenstra’s range, and the work
is a handful of Euclidean recursions. If ¢3 < N, the boxes shrink to width about ug(c?/N)'/?,
the values of u below (N/c3)!/2 are tested one at a time, and the number of boxes grows like
(N/c*)Y/21og N. When this estimate exceeds a fixed threshold we factor N completely instead
and read off its divisors in the class.
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(r+cu)(r’' + cv) =N

60

FIGURE 7. The divisors of N = 17670 in the class 4 modulo 13 up to \/N, found
as in Lemma 4.2. The grey points form the coset (4.2), here v = 8 — u (mod 13);
the curve is the hyperbola (4.1). The boxes cover the curve for 2 < u <9 (the
values u = 0, 1 are tested directly), and only the points inside a box are examined.
Two of them lie on the curve and give the divisors ¢ = 30 and ¢ = 95.

Theorem 4.4. Let (p1,...,pk—3) be a node at depth k — 3 of the search of Section 3. Every
n = p1---px with n+¢e = 2p(n) extending this node is found by running s = px_o over the
admissible primes of its interval and, for each s, listing the divisors of Proposition 4.1 by
Lemmas 4.2 and 4.3 or by a complete factorisation of N.

Proof. The prime pj_s lies in the interval and passes the prune, as in the proof of Theorem 3.6.
For s = pj_o, Proposition 4.1 shows that t = c¢py_1; — 2B’ is one of the divisors listed: Lemma 4.2
shows that u = (t — r)/c lies in the set (4.3) of the box that contains it, and Lemma 4.3 lists
every element of that set, or, if IV is factored, ¢ is read off from its factorisation. The converse
part of Proposition 4.1 then recovers pi_1 and py. O

Every divisor that is found yields integers p < q with Ax_3spg+e = 2B;_3(s—1)(p—1)(¢—1),
by the converse part of Proposition 4.1, and n = py---pr_3 Spq is a solution exactly when
s < p < qand p and q are prime. As before, the correctness of a negative answer depends on no
primality proof except in the factoring route, where every prime factor of N is proved prime:
below 113 by the strong probable-prime test to the first thirteen prime bases, which is a proof
there by the work of Sorenson and Webster [34], and above it by the primality prover of FLINT
[13], which uses the n — 1 and n + 1 methods of Brillhart, Lehmer and Selfridge [5] when enough
of n — 1 or n+ 1 can be factored, and otherwise the Jacobi sum test of Adleman, Pomerance
and Rumely [1] in the form given by Cohen and Lenstra [9].

4.4. The sum of the two factors. The classes of Proposition 4.1 are special: ¢ and N/t lie
in the same class modulo ¢, because N = r2. This allows a third treatment which uses neither
boxes nor factoring. Write ¢t = 7+ cu and N/t = r + cv with 0 < u < v. Since ' = r, the integer
w of Section 4.2 is w = (N — r2)/c, and (4.1) becomes

cuv +r (u+v) = w, (4.4)
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so the sum S = u + v lies in the single class S = wr~! (mod ¢), and u and v are the roots
of X2 - SX + (w—rS)/c. Conversely, if S = wr~! (mod ¢), then (w — rS)/c is an integer,
and if S? — 4(w — rS)/c = € with an integer e > 0 of the parity of S, then u = (S — €)/2
and v = (S + e)/2 are integers satisfying (4.4), so that (r + cu)(r + cv) = N. Fix ug > 1
and put tg = r + cug; if tg > V/N there is no divisor with v > ug to look for. Since z + N/x
decreases on (0,v/N ], every divisor t < /N with u > ug has 2r + ¢S =t + N/t < tg+ N/tg,
while t + N/t > 2v/N. So S runs over at most N/(c*ug) + 1 values of one residue class, and
each value needs a single test whether S? — 4(w — 7S)/c is a perfect square. Every divisor
with u > ug is found in this way, and by the converse every square found gives a factorisation
N = (r 4+ cu)(r + cv). The divisors with u < ug4 are found by trial division. With u4 close to
(N/c)1/? the work is about 2(N/c)'/2 4 2 operations. This is comparable with the number of
boxes above, but unlike the work in the boxes it does not depend on where the divisors lie.
The same argument bounds the number of divisors.

Proposition 4.5. In the situation of Proposition 4.1, suppose that ¢ > N + 2¢?. Then at
most one divisor t < N of N with t = r (mod c) is different from r, and N has at most four
positive divisors congruent to r modulo c.

Proof. By Proposition 4.1, every divisor ¢ of N in the class has N/t = r2r~! = r (mod ¢). Let
t1 < ta < V/N be divisors of N in the class, both different from r. The hypothesis gives ¢* > 2¢2,
soc¢>2and 0 <r <c Hencet; =r+ cu; with u; > 1, and N/t; = r + cv; with v; > u;. By
(4.4) the sums u; + v; lie in one class modulo ¢, so the numbers t; + N/t; = 2r + c(u; + v;) differ
by a multiple of ¢?. The difference is positive, because z + N/z decreases on (0, VN |, and both
numbers lie between 2v/N and r+c+N/(r+c) < 2¢+N/c. Hence ¢? < 2¢+N/c—2v/N < 2¢+N/c,
that is, ¢ < N 4 2¢2, contrary to the hypothesis. Finally, every divisor of N above v/N in the
class is N/t for a divisor ¢ < V/N in the class, and so there are at most four divisors in the class:
r, N/r, t and N/t. O

For classes of this special kind, and at the price of the term 2¢?, Proposition 4.5 sharpens
Lenstra’s bound of 11 to four.

We ran this route, too, over every pair of a node at depth k — 3 and an admissible s. It takes
its primes s from a sieve of its own and uses no factorisation, so its negative answers depend on
no primality test at all.

5. LEHMER’S EQUATION: PROOF OF THEOREM 1.1

The last two assertions of Theorem 1.1 were proved in Section 2.1. For the first, let n be
composite with ¢(n) | n — 1 and suppose w(n) < 15. By Lemma 2.2, 3 t n; by Lemma 2.1(i),
n=p;---pp with 5 <p; <--- < pand k < 15; and by Lemma 2.3, n — 1 =2p(n). If £ <6
then [1pi/(pi — 1) <Tlj<gri/(ri —1) =1.9490..., which contradicts (3.2). It therefore suffices
to run the search with ¢ = —1 and pmin = 5 for 7 < k < 15, and to find nothing. For k < 14 we
use the search of Section 3, and for £ = 15 the method of Section 4.

5.1. Up to fourteen primes. Table 2 records the outcome. The column terminal counts the
nodes at depth k — 2 whose interval for px_1 is non-empty, and the last column gives the largest
width Up_o — Li_o of such an interval. No solution was found for any k < 14, so by Theorem 3.6
there is none. The case k < 13 recovers the theorem of Cohen and Hagis, and the case k = 14 is
the bound w(n) > 15 announced by Renze and by Pinch.

For k = 14 the numbers of nodes at depths 0,1,...,12 are

1, 6, 16, 27, 29, 23, 22, 33, 58, 127, 335, 1654, 29631,
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TABLE 2. The search for n — 1 = 2¢(n) with 5 < p;. Both implementations visit
the same number of nodes for every k.

k  mnodes terminal largest width for px_1

7 8 0 -
8 18 1 2
9 29 1 3
10 42 1 2
11 73 7 49
12 187 61 298
13 1092 725 25854
14 31962 29549 54962 375

as in the row k = 14 of Figure 8, and 82 of the 29631 nodes at depth 12 have an empty interval
for p13. The largest prime occurring at depth 12 is 77563. Most of the work lies in a few
terminal nodes. Exactly fifteen have an interval for p13 of width more than three million; they
are listed in Table 3. Each of these intervals was enumerated in full, and independently the
integer D = 2AB — C was factored completely for each of the fifteen; the factorisations are part
of the archived data.

TABLE 3. The fifteen terminal nodes of the case k = 14 with an interval for pi3
of width more than 3 - 10%, with the number of digits of D = 2AB — C.

P1y--.yP12 width dlglts of D
5, 7,13, 17, 19, 23, 37, 59, 67, 89, 173, 25867 54962375 41
5, 7,13, 17,19, 23, 37, 59, 67, 89, 173, 25889 19589 597 41
5,7, 13,17, 19, 23, 37, 59, 67, 73, 317, 5483 14242697 40
5, 7,13, 17, 19, 23, 37, 59, 67, 89, 173, 25903 13903 362 41
5,7, 13, 17, 19, 23, 37, 59, 67, 89, 173, 25913 11517582 41
5, 7,13, 17,19, 23, 37, 59, 67, 89, 173, 25919 10443 048 41
5, 7,13, 17,19, 23, 37, 59, 67, 89, 173, 25933 8577304 41
5, 7,13, 17,19, 23, 37, 59, 67, 89, 173, 25939 7967703 41
5,7, 13, 17, 19, 23, 37, 59, 83, 97, 107, 3343 6121542 39
5,7, 13, 17, 19, 23, 37, 59, 67, 97, 199, 577 6086511 38
5, 7,13, 17, 19, 23, 37, 59, 67, 89, 173, 25969 5880810 41
5,7, 13,17, 19, 23, 37, 59, 67, 89, 173, 26003 4537275 41
5,7, 13,17, 19, 23, 37, 59, 67, 89, 173, 26017 4147802 41
5, 7,13, 17, 19, 23, 37, 59, 67, 89, 173, 26029 3863 803 41
5, 7,13, 17, 19, 23, 37, 59, 83, 109, 173, 199 3320179 37

Eleven of the fifteen share the prefix 5,7,13,17,19,23,37,59,67,89,173, whose product
[1p/(p — 1) is already within 8 - 107> of 2; the twelfth prime then closes most of the remaining
gap. For the node ending in 25867 one has T'— 1 = C'//A = 1.8 -1078, and for the node ending in
5483 one has T'— 1 = 7.0 - 10~®. These near misses are the reason the width of the last interval
grows so quickly with k: by Proposition 3.2 with m = 2 the interval for pi_; runs from about
A/C to about 24/C, and a small C' means a long interval. For the node ending in 25867 this
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10° 10* 10% 10® 10* 10° 10° 107
esssssssssmmmmm—  nodes at depth j

k=17 1 2 3 1 1 0
k=38 1 3 4 4 3 2 1
k=9 1 4 6 5 7 4 1 1
k=10 1 4 8 10 9 5 3 1 1
k=11 1 4 10 15 14 9 6 3 4 7
k=12 1 5 12 19 17 14 8 7 12 29 63
k=13 1 6 15 23 25 19 12 17 30

!
k=14 1 6 16 27 29 23 22 33 58 --
k=15 1 6 18 30 34 37 41 56 103 -

8 9 10 11 12

0 1 2 3 4 5 6 7
depth j, the number of primes chosen

13

FIGURE 8. Number of nodes at each depth j of the search for k = 7,...,15
primes, with the colour on a logarithmic scale. The counts are the same for
n—1=2p(n) and n + 1 = 2p(n) with p; > 5. The tree stays small until the
last two levels. The last cell of each row counts the nodes at depth k£ — 2: for
k < 14 these are the nodes where pi_; is enumerated, and for k = 15 (framed)
they are the 33865004 choices of p13, each completed by the method of Section 4.

gives exactly the interval [54962376, 109924751]. Among the fifteen integers D one, for the node
ending in 25913, is itself a prime of 41 digits®.

5.2. Fifteen primes. For k = 15 the traversal of Section 3 is stopped at depth 12. The numbers
of nodes at depths 0,1,...,12 are

1, 6, 18, 30, 34, 37, 41, 56, 103, 218, 616, 3227, 55125,

and 54985 of the nodes at depth 12 have a non-empty interval for p13. Both implementations of
the search produce the same 54985 prefixes with the same intervals, and so do the bounds for
€ = +1. The intervals have total length 1.005 - 10° and contain 33865004 primes s that pass
the congruence prune. For each of these pairs of a prefix and a prime s = p;3 we solved the
two-prime problem of Proposition 4.1, in which N has between 40 and 58 digits, three times: by
the two implementations of the lattice method (Section 4.2) and by the route of Section 4.4.
The first lattice implementation factored N completely in the 473 cases where the estimated
number of boxes exceeded its threshold and took 19 minutes of processor time in all; the second
factored NV in 1772 cases and took 45 minutes; the route of Section 4.4, which factors nothing,
took 13 minutes. The three agree on each of the 55443 pieces into which the work was divided.

Figure 9 shows how the pairs are distributed according to the ratio ¢®/N, which by Section 4
decides how hard the two-prime problem is. For 33786783 of them, all but 0.23 per cent,
the modulus satisfies ¢3 > N, so that Lenstra’s bound applies and a few boxes suffice. The
remaining 78221 pairs come from values of s just above the lower end of long intervals, where
¢ = (198 — 2Bj9 is small. The most extreme is the prefix ending in 25867 of Table 3, whose

9For this node (3.5) has only the trivial factorisations D = 1-D and D = D - 1, and neither gives a pair of
primes in the required range. The enumeration of the 1.15 - 107 candidates for pi3 reaches the same conclusion
without knowing that D is prime.
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FIGURE 9. The 33865004 two-prime problems of the case k = 15, by the ratio
c3/N on a logarithmic scale (bins of one decade). To the right of the dashed line
is Lenstra’s range, where N has at most 11 divisors in the class and a few boxes
find them. The left tail comes from the lower ends of the longest intervals for pq3.

first admissible s gives ¢®/N ~ 2- 1071, For these pairs the route of Section 4.4 needs about
2(N/c3)Y/? operations.

For none of the 33865004 pairs does N have a divisor in the class of Proposition 4.1 that
yields integers s < p < ¢, and the three computations agree on this. So there is not even a
completion by composite integers, and in particular no solution with & = 15. Together with the
case k < 14 this proves Theorem 1.1.

6. THE SIZE OF A SOLUTION

This section proves Theorem 1.2. Of what precedes it uses only Section 2, and unlike Sections 3
to 5 it does not assume M = 2. Throughout, n = p; - - - p is a composite solution of (1.1) with
p1 < -+ <pg,sothat e = -1 and M = (n—1)/¢(n), and A;, B; and P; are as in the Notation
of Section 1; thus B;j = ¢(A;). By Lemma 2.1, n is odd and squarefree, k > 2, M > 2, and no
prime factor of n divides p — 1 for a prime factor p of n. By Lemma 2.2, if 3 | n then p; = 3 and
M =1 (mod 3), so that M > 4.

Lemma 6.1. (i) A<P<---<P1<M<P,=M+1/p(n).
(ii) P = (MBk_l — 1)/(MBk_1 — Ak—l)-

Proof. The equality P, = M + 1/¢(n) is Lemma 2.1(iii), and P; increases with j. Writing
n—1= Mgo(n) as Ag_1pp — 1 = MBk_l(pk — 1) gives pg (MBk_l — Ak—l) =MBr_1—1>0.
Hence M By_1 > Ag_1, that is P,_1 < M, and (ii) follows. O

6.1. A sharp product lemma. For integers m > 1 and real y > 1 put
En(y) =y*" —y

The function E,, is increasing on y > 1, satisfies E,,,(y) < ", and
En(y”) = Entuly)  (m>1, u>0). (6.1)

gm—1
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Theorem 6.2. Let a < b be positive integers, d =b—a, m > 2, and let 2 < x1 < a0 < --- <y
be integers with

Z:Hl<1~%) == U <1*x7>' (6.2)
Then
a1 T < By, 1(b(ac‘;1))

If d divides b+ 1, equality holds for a suitable choice of the x;.

For d = 1 the bound is Ey,—1((a+1)?) = E,(a + 1), which is the lemma of Cook and Nielsen
(Lemma 6.5 below) behind the bound of Burek and Zmija. For d > 2 it is smaller, and it
improves the bound E,,_1(b?/d) of Stone [35, Corollary 1], since b(a + 1) < b%. Applied to the
prime factors of n that follow the first j, Theorem 6.2 is strong whenever P; is still well below
M.

Throughout this subsection a < b are positive integers, d = b — a, and 21 < --- < z,,, are
integers at least 2 satisfying (6.2). We write

Xy =21 Ty, Yo=(z1—-1)-(x, — 1),
with Xg = Yy = 1, and use the same notation Z, = 21 - - - 2z, for other sequences.

Lemma 6.3. For 0 < u < m — 1 the tail xy41,...,Tn satisfies (6.2) with (a,b) replaced by
(aXy,bY,), and aX, < bY,.

Proof. Divide (6.2) by [;<,(1—1/z;) = Y,/ X,. Since u <m—1, we have Y,/ Xy > [[;<p1(1—
1/z;) > a/b. O

The next lemma is a majorisation inequality; only the sequence z needs to be ordered.

Lemma 6.4. Let x; < --- < xp, and 21,..., 2y be real numbers greater than 1 with X, > Z,
for1 <u<m. Then

1(1- ) =110 1)

[M1-=)=> 1—=),

i=1 Li =1 2

with strict inequality if X, > Zn,.

Proof. The function f(t) = log(1—e™*) on ¢ > 0 has derivative f’(t) = 1/(e!—1), which is positive
and decreasing, so f is concave. Put 7; = logx; and o; = log z;, so that f(r;) = log(1 — 1/z;)
and f(o;) =log(1 —1/z). By concavity
1
flo) < f(ri) +eiloi =), e =f(n)=

._1’

and ¢ > ¢co > -+ > ¢n > 0 because the x; are nondecreasing. The partial sums A, =
= log(Z,/X,) are at most 0 by hypothesis, and summation by parts gives

Zzgu(al - 2)
m m—1
Z Cz - Tz = Z (Cu - Cu—l—l)Au + CmAm < CmAm < O,
=1 u=1

with ¢ Ay, <0 When Xm > Zp. Hence Y f(0;) <Y f(7;), strictly in that case, and the lemma
follows on exponentiating. O

Lemma 6.5 (Cook, Nielsen). Under (6.2), with m > 1, we have aX,, < Ep(a+1).

This is the lemma of Cook [10] and Nielsen [26] mentioned in the introduction. We include
its proof, on which the proof of Theorem 6.2 builds.
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Proof. We use induction on m. Define
w=@+1)*  +1 1<u<m-1), zm=(a+1)?" "
Induction on u gives aZ, = (a+1)*" —1 for 0 < u < m—1, and then aZ,, = E,,(a+1). Writing

cu = (a+1)2""", s0 that cypq = c2and 1 —1/2z, = cy(cy —1)/(cuy1 — 1) for u < m, the product
telescopes:

m am-1_1
H(l—i)z(aﬂ) @ ml_ a0 (6.3)
il 2y Cm — 1 Cm a+1
These identities use only that a is a positive real number, and we shall apply them once more
with a value of a that need not be an integer.

Suppose first that X, < Z, for some 1 < v < m — 1, so that aX, +1 < (a + 1)2u. By
Lemma 6.3 and the induction hypothesis applied to the m —w terms xy 41, . . . , T, With numerator

aX,, and by (6.1),
aXm =aXy [[2i < Em—u(aXu+1) < Em_y((a+1)*") = En(a+1).
i>u
Otherwise X, > Z, for every u < m — 1 (for m = 1 this is vacuous). If also X,, > Z,,

Lemma 6.4 and (6.3) give [[(1 — 1/x;) > a/(a+ 1) > a/b, contrary to (6.2). Hence X,, < Z,,
and aX,, < Ep(a+1). O

The proof compares x1,...,z, with an extremal sequence zy, ..., z, through the partial
products X, and Z,, and splits according to whether X, < Z, for some v < m — 1 (Figure 10).
Proof of Theorem 6.2. Put G = b(a+1)/d, so that G —1 = a(b+1)/d, and define real numbers

b+1
21 = — zu =G
Then aZ; = G — 1, induction gives aZ, = G2~ 1 for 1 <u <m-1, and aZ,, =
(G2 —1)G?"" = Ep_1(G). The numbers 2, ...,z are the sequence of the proof of
Lemma 6.5 with G — 1 in place of a and m — 1 terms, so by (6.3)

ﬁ(l—l) a+l G-1 a+1 ab+1) a

Qu=—2 om—2

+1 (2<u<m-—1), Zm =G .

2/ b+1 G b+1 bla+1) b

u=1
Suppose first that X,, < Z,, for some 1 <u <m — 1, so that a X, +1 < G2'"'. Lemmas 6.3
and 6.5, applied to the m —u > 1 terms zy41,...,Tm, and (6.1) give

aXm < Emw(aXy +1) < Ep_o(G*) = En 1 (G).

Otherwise X,, > Z,, for all u < m — 1. If also X,;, > Z,,,, then Lemma 6.4, which applies because
every z, exceeds 1 (for z; because b+ 1 > d), gives [[(1 — 1/x;) > [I(1 — 1/2;) = a/b, contrary
to (6.2). Hence X,,, < Z,,, that is a X, < Ep,—1(G).

If d | b+ 1, then 2; is an integer greater than 1, so 21 > 2, and G — 1 =az1, G > 3 and all z,
are integers. They are nondecreasing: zo > G > z1, since G > z; amounts to ab > 1; the middle
terms increase; and for m > 3 we have z,, = (2,1 — 1)2 > Zm—1 because z;,—1 — 1> G > 3.
The product of 1 —1/z, is a/b over all m terms and larger over the first m — 1, so the z, satisfy
(6.2) and attain aZ,, = En_1(G). O

Remark 6.6. Since G = (a+1)/(1 — a/b), the bound of Theorem 6.2 depends on b only through
the distance of a/b from 1. Its base is smaller than the base (a + 1)? of Lemma 6.5 by the
factor (a + 1)d/b, which is at least 1 because (a + 1)d —b = a(d — 1) > 0; Figure 11 shows
the two bases. Stone’s bound E,,_1(b?/d) exceeds ours by the factor b/(a + 1) in the base.
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aZ5 = E4(16)

log, log,(a X, + 1)

—e— 3, 17, 257, 65537, 232 (extremal)
—m— 5, 6, 17, 272, 4336
—o— 8,11, 12,13, 14

1 | | \
0 1 2 3 4 5

FIGURE 10. The proof of Theorem 6.2 for a/b = 5/8 and m = 5, on the scale
log, logs(aX, + 1). The extremal sequence 3,17,257,65537, 232 rises by exactly
1 per step from u = 1 on and ends at aZ; = E4(16). The two other sequences
satisfy (6.2), start above it, and fall below it at u = 2 and v = 3. From that
point Lemmas 6.3 and 6.5 give a X5 < (aX, + 1)257u, the dashed line of slope 1,
which ends below F4(16). A sequence that stayed above the extremal one up to
u = 4 would end below it at w = 5, by Lemma 6.4.

In the application below a = A; and b = M Bj;, and then the base G = (4; +1)/(1 — P;/M)
decreases as M increases, so the smallest admissible value of M yields an upper bound. The
base b*/d = M?B3 /(M B;j — Aj) of Stone has no such property: it decreases for M < 2P; and
increases for M > 2P;.

Remark 6.7. The extremal sequences of Theorem 6.2 are explicit. For a/b = 5/8 we have d = 3,
z1 = 3 and G = 16, and with m = 4 the sequence is 3,17, 257, 65536:

2 16 256 65535 5

3 17 257 65536 8’
The first three terms are Fermat primes. For a = 1 the sequence of the proof of Lemma 6.5 consists
of the Fermat numbers Fy, ..., F,,_o followed by 22m_1, and the products FoF} --- Fp_; =22 —1
with 1 < r < 5 are the solutions 3, 15, 255, 65535 and 4294967295 of (1.2) in (1.3). Such
products have n/p(n) just below 2, and so do the deepest nodes of the search of Section 6.3
(Section 6.6).

5-3-17-257- 65536 = 232 — 210 = F3(16).

6.2. Heavy solutions. For 0 < j <k —1 put
MB;(A;+1)  Aj+1
MB;—A;  1-Pj/M’

By Lemma 6.1(i) the denominator is positive, and Vj(M) decreases as M increases.

V= V(1) =
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* sharp form, b(a +1)/d ® Cook-Nielsen, (a + 1)?

log, of the base

FIGURE 11. The base of the bound for aX,, written as E,,—1(-), on a log, scale,
over the numerator a and the deficit d = b—a. The wire mesh is the base (a +1)?
of the lemma of Cook and Nielsen, the shaded sheet below it the base b(a +1)/d
of Theorem 6.2. They meet along d = 1, where the two bounds coincide, and
separate as d grows.

Proposition 6.8. For0<j<k—1,

n < (4; + 1)2k_j and n < ijk_j_l.
Proof. Take m =k — j, x; = pj+i, a = Aj and b = M B;. Then
k k—1
1 P, P P; 1
IL0-3) =5 <y =p<ns - I 0-5)

by Lemma 6.1(i), so (6.2) holds, a < b, and ax1 - -z, = n. Lemma 6.5 gives n < Ej_;(A; + 1),
which implies the first bound. For j < k — 2, Theorem 6.2 gives n < Ej_;_1(V}), because
bla+1)/d =V;. For j =k —1, Lemma 6.1(ii) gives n = Ay_1px < Ay_1MBy_1/(MBj_1 —
Ag-1) < Vg1 O

Definition 6.9. Let s > 0 be an integer, and put 6; = 22" fori>sand 0, =1fori<s. A
composite solution n of (1.1) is s-heavy if for every j with 0 < j <k —1

(H1) A; > 6;, and

(H2) Vj = 041

Corollary 6.10. A composite solution of (1.1) with k prime factors that is not s-heavy satisfies
n <227,
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Proof. If (H1) fails at j, then j > s and A; +1 < 227" and Proposition 6.8 gives n < (Aj +
1)21%J < 22" 1f (H2) fails at j, then j + 1 > s because V; > 1, and n < kaiﬁl <22 O

For s = 2 condition (H1) alone contradicts Lemma 6.1(i), and the argument can be carried
out by hand.

Proposition 6.11. No composite solution of (1.1) is 2-heavy. Consequently every composite

solution with k prime factors satisfies n < 22¢77

Proof. Let n be 2-heavy, and let 1 < i < k — 1. Condition (H1) at j = i and A4; < p; give
pi > 01" = 227"/ Hence py > 24, ps > 256, po > 19000 and p; > 41 for i > 10, so that
1 1 1 1
K;ﬂ_l o1 < 556 T 19000 +Z;:O 7 < 0.004.
Put f(z) = z/(z — 1), which decreases for > 1 and satisfies f(z) < e'/=1), Then P, =
[Ti<k f(pi) and f(px) < f(pr—1). Let b1,...,b7 be lower bounds for pi,...,p7 and 3; =
[Lic; f(bi). If k <8, then Py < Bg_1f(bk—1). If kK > 9, the prime factors ps, ..., py contribute
less than €09 f(pp_1) < %098 and P, < 72098, We distinguish four cases.
(a) If 3| n, then p; =3 and M > 4 by Lemma 2.2, and the next prime factors are at least
5,7,11,13,17 and, as p7 > 24, 29.
(b) If py = 5 and po = 7, then no other prime factor is congruent to 1 modulo 5 or 7 by
Lemma 2.1(ii), which excludes 11, 29 and 31.
(c) If pp = 5 and pa # 7, then pa > 13, and 11 and 31 are excluded because they are
congruent to 1 modulo 5.
(d) If p; > 7, the prime factors are at least the primes from 7 on, and p; > 29.
In cases (b) to (d), 3tn and M > 2. Table 4 lists the bounds by, ..., b7 in each case and the
larger of max;<7 3;f(b;) and B7e%0%. In every case it is less than M, so that P, < M, contrary
to Lemma 6.1(i). Hence no composite solution is 2-heavy, and Corollary 6.10 with s = 2 gives

the bound. g
TABLE 4. The four cases in the proof of Proposition 6.11: lower bounds by, ..., b7
for the seven smallest prime factors and the resulting upper bound for Py, rounded
up.
case by,...,b7 bound for P, M >
(a) p1 =3 3,5,7,11,13,17,29 2.972 4
(b) pr =5, po =7 5,7,13,17,19,23,37 1.957 2
(c)p1=5,ps#7 5,13,17,19,23,29,37 1.738 2
(d)pr =7 7,11,13,17, 19,23, 29 1.749 2

The proof uses only condition (H1), whose failure gives the bound through the lemma of Cook
and Nielsen, and the fact that no prime factor divides another minus one. For s = 1 the same
argument needs only the cases 3 | n and 3 t n, with the primes from 5 on as lower bounds and
pe > 41, p7 > 569, pg > 65537 from (H1); it shows that no composite solution is 1-heavy, which
gives n < 22k_1, half the number of binary digits allowed by the bound of Burek and Zmija. For
larger s the estimates of this proof are too weak, and Theorem 1.2(i) follows once we know that
no solution is 7-heavy, which Section 6.3 establishes with exact bounds at every node and with
condition (H2) and Theorem 6.2 as well.
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We first record how fast the prime factors of a heavy solution grow. Fix s, an index j > 0 and
the product A; of j odd primes. For ¢ > j let A; be the least positive integer A with A;\*™7 > 0;,
and put y; = (Hi/Aj)l/(i*j). Then \; = max{1, [y;]}, so \; > v;, and \; < y; + 1 whenever
A > 1.

Lemma 6.12. Let i > j.
(i) If i > j+2 and y; > 1, then yj41 > yf‘/3.
(i) If n is an s-heavy solution, A; is the product of its j smallest prime factors andi < k—1,
then p; > A;.
Proof. (i) If y; > 1, then ; > A; > 1,0 ¢ > s and ;41 = 6?. Hence
(t+1—j)logyiy1 =2logh; —log A; > 2(log 0; —log A;) = 2(i — j) log v,

2i— )logyz > 4logyi, since ¢ — 7 > 2 and logy; > 0.

s0 log yis1 >

t+1—j T
(ii) By (H1) at i, 0; < A; < Ajp; 7, s0 p; > ;. O
The search needs an upper bound for P;/P; that uses only pi,...,p; and a lower bound for

pj+1. For an integer ¢ > 3 and i > j let m;(¢q) be the (i — j)-th smallest prime that is at least g,
if this prime is less than 2 - 107, and 7;(q) = ¢ + 2(i — j — 1) otherwise. Put b; = max{m;(q), \;},
let ip be the least index i > j + 3 with A\; > 10%°, and define

q bi+2 {4 b 16\ 17 b
. | (1 : 6.5
i(q) max{q_l jnax RS ( + )‘i0_2>l:111 bl—l} (6.5)

The quantity I'j(¢) depends only on j, A;, ¢ and s, and it is a finite computation because \;
grows doubly exponentially in .

Lemma 6.13. Let n be an s-heavy solution, 0 < j < k — 1, and let q be an integer with
3<q<pjs1. Then P, < PI'j(q).

Proof. The quotient Py /P; is the product of p;/(p; — 1) over j < i <k, and z/(z — 1) decreases
in . For j <i <k —1 we have p; > m;(q), since pj;1 < --- < p; are odd primes at least
q, and p; > \; by Lemma 6.12(ii); so p; > b;. For the last prime, pp > ¢ if k = j+ 1 and
Pk > Dk—1+2 > by_1+2 otherwise. This bounds P/ P; by the first term of (6.5) when k = j+1,
and by the second term, with ¢ =k — 1, when j + 2 < k < 1. ‘

Suppose k > ig. The primes p;i1,...,pij,—1 contribute at most H;O:;-IH b/ (b — 1), as before.
Put Y = y;,. Since \;, > 10%°, we have Y > Xig —1 > 10%°, and Lemma 6.12 gives p; > \; >
yi > YW for 4o <i < k—1. As pr, > pr_1, the factor of p, is at most that of py_1, so

k
1

‘H 1S H( o ) <eXp(22 Y ame )

z:zo i=ig
Because (4/3)% > 1+wu/3 and Y > 10%, the terms with v > 1 add up to less than 1/(Y — 1), so
the exponent is less than 4/(Y — 1) < 1. With e* <1+ 2z for 0 < 2 <1 the product is at most
1+8/(Y —1) <1+8/(\iy —2), which is smaller than the factor 1+ 16/(\;, — 2) of the third
term of (6.5). O

6.3. The search. Fix s. Let S = (p1,...,p;), 7 > 0, be an increasing sequence of odd primes
in which no p; divides any p; — 1, and write A;, B; and P; as before. Let p(S) be the least
integer M > P; with M > 2 and, if py = 3, M =1 (mod 3), and let z/(S) be the next such
integer. We say that a solution n extends S if j <k — 1 and S consists of the j smallest prime
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record n = A; py
(no case occurs)

A

R3 last prime |

p;i+2
p<M< Py
sequence
Si= (21 D;) R1 ratio test yes R2 deficit test yes
= ooy Dj
nop; | p—1 P;Ti(q1) > p(S)? Vi(u(S)) > 0417
1 R4 children ¢ > p;
no no omit by (i), (ii), (iii)

P

( discard S ) discard S j

each child (p1,...,pj;,q) is treated in the same way

FIGURE 12. The treatment of a sequence S = (p1,...,p;) in the tree T;. A
sequence that fails the ratio test or the deficit test cannot be extended by an
s-heavy solution. A node is tested for a last prime factor and passes to its children
every prime that the three omission rules allow.

factors of n. By Lemmas 2.1, 2.2 and 6.1(i), the quotient M of such an n satisfies M > u(S5).

For M > P; we use V;(M) as in (6.4), computed from S.

The tree Ty is built from the empty sequence by the following rules, applied to each sequence
S of length j that is generated; Figure 12 summarises them.

(R1) Ratio test. Let ¢i be the least prime greater than p; (¢1 =3 if j = 0). If P;I";j(q1) < p(S),
the sequence S is discarded.

(R2) Deficit test. If V;(1u(S)) < 041, the sequence S is discarded.

A sequence that survives both tests is a node of T;. At a node:

(R3) Last prime. If j > 1, then for each integer M with p(S) < M < Pj(p; +2)/(pj + 1), and
M =1 (mod 3) if p; = 3, test whether (M B; —1)/(MB; — A;) is a prime greater than p;
that is not 1 modulo any p;.

(R4) Children. Put p = p(S) and q. = |uB;/(uBj— A;)]. Generate the sequences (p1,...,p;,q)
for the primes ¢ > p; with ¢ # 1 (mod p;) for i < j and with Ajq¢ > 60,41, taking ¢ in
increasing order and omitting ¢ in the following cases.

(i) If P;T'j(¢q) < p, omit ¢ and every larger prime.
(ii) If ¢ < g and P;T';(g) < /'(S), omit every prime in [q, g.].
(iii) If ¢ > g and Vj41(p), computed for the sequence (p1,...,p;,q), is less than 6},
omit q.

A prime ¢ satisfies ¢ < ¢, exactly when Pjq/(q — 1) > p, so in (ii) a solution extending
(p1,---,pj,q) has Pjyq1 > p and hence M > p/(S). For ¢ > g. we have Pj1; < p, so Vjp1(p) is
defined, and after multiplication by its positive denominator the inequality in (iii) becomes a
quadratic inequality in ¢ with positive leading coefficient;'? the primes omitted by (iii) therefore
form an interval, which is computed once per node.

YOWith D = puB; — A; and 6 = 0,1 one has Vj41(n) = uB;(q — 1)(A;q + 1)/(Dq — pB;), and V41 (n) < 0
reads uA;Bjq* + (,qu — nA;B; — 9D)q + (0 —1)uB; < 0.
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Proposition 6.14. Let n be an s-heavy solution. Then (pi,...,pk—1) is a node of T, and
rule (R3) at that node finds py.

Proof. Write Sj = (p1,...,p;). We show by induction on j that S; is generated and is a node,
for 0 < j < k — 1. The empty sequence Sy is generated by definition. Suppose that S; is
generated. As n extends Sj, we have M > p(S;). Lemma 6.13 with ¢ = ¢1 < pj41 gives
PiTj(q1) > P, > M > p(S;), so (R1) does not discard S, and V;(u(S;)) > V;(M) > 6,41 by
(H2), so (R2) does not either. Thus S; is a node.

Now let j < k — 2. The prime pj;1 is a candidate of (R4) at S;, by Lemma 2.1(ii) and (H1)
at j + 1. Lemma 6.13 gives P;I";(q) > P, > M > u(S;) for every integer ¢ with 3 < g < pj1,
so rule (i) applies at no prime ¢ < pji1. If pjy1 < gc, then Pjyq > u(S;), and M > Pj4q forces
M > /(S}); hence P;T'j(q) > p/(S;) for ¢ < pj41, rule (ii) applies at no prime ¢ < pj;1, and an
application at a larger prime does not reach pji1. If pj41 > g, rule (ii) omits only primes up to
e, and Vi1 (1(S;5)) > Vi1 (M) > 040 by (H2) at j + 1, so rule (iii) does not omit pj;1. Hence
Sjy1 is generated.

At the node Si_1 we have u(Sy_1) < M < P, and Py = Py_1pi/(px — 1) < Pr_1(pp—1 +
2)/(pg—1 + 1), so M is one of the values tested in (R3), and pj is the quotient given by
Lemma 6.1(ii). O

6.4. The computation. All quantities in the rules are rational numbers, and the search
evaluates them exactly. The primes 7;(q) below 2 - 107 are taken from a sieve. Primes above
that are reached by stepping to the next probable prime; such a step never skips a prime, so a
composite number may occasionally be treated as a prime, which can only enlarge the tree. It is
equally harmless to replace ¢; in (R1) by the smaller number p; 4 2, as one of the two programs
does beyond the sieve, because the proof of Proposition 6.14 uses only Lemma 6.13, which holds
for every integer ¢ with 3 < ¢ < p;1;. In rule (R3) the quotient was never an integer, so no
primality proof is needed.

TABLE 5. The tree 77 by depth j: the number of nodes and the number of values
of M tested by rule (R3).

J 0123456 7 8 9 10 11 12 13
nodes 1 1 1 3 6 7 7 13 31 79 266 1501 29073 2689
tests 0 0 0O 0O OO O O O O 16 215 11894 2689

Theorem 6.15. The tree T7 has 33678 nodes and depth 13. Rule (R3) tests 14814 wvalues of
M, and for none of them is the quotient (M Bj; —1)/(MBj; — A;) an integer. Consequently, by
Proposition 6.1/, no composite solution of (1.1) is T-heavy.

Table 5 lists the nodes by depth. Every node has u(S) = 2, so every node has p; # 3 and
P; < 2; in particular the sequence (3), for which pu = 4, is discarded at once by the ratio test.
The first branch of the tree is 5,7,13,17,19, 23, 37,59, 67, 73, the beginning of the independent
set of Section 2.1 chosen one prime at a time, and the deepest nodes have thirteen entries.

Proof of Theorem 1.2(i). By Theorem 6.15 no composite solution of (1.1) is 7-heavy, and Corol-
lary 6.10 with s = 7 gives n < 22", O

For s =1,...,7 the trees T, have 1, 3, 7, 12, 24, 118 and 33678 nodes. The deficit test does
most of the work: without rules (R2) and (iii), the tree 75 already has 4469 nodes and depth 12.
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I I
memm V(1) over the nodes
7|  wmmm A; over the nodes '
threshold of (H2): j+1—7 l o
6 threshold of (H1): j — 7 . o ' .
° 0
° 0

5 o 0 .
N [ ] ¢ '
o0 0
= 4 ! .
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depth j

FIGURE 13. The nodes of 77 by depth j. The bars span the range of log, log, Vj (1)
(right of each depth) and of logylog, A; (left of each depth) over the nodes of
depth j, and the short marks below them are the thresholds j + 1 — 7 of (H2)
and j — 7 of (H1). The deficit condition (H2) is the one that binds: at depth 13
the smallest value of log, log, Vi3 is 7.0000075. . .

6.5. Larger quotients. When M > 3, condition (H1) for a suitable s is incompatible with
Lemma 6.1(i) and the bounds of Section 2.1, and no further search is needed. Let 1 < fo < ---
be integers with p; > ¢; for : <k, let J > 1, and let V* be a number with Py, 3 < V*. If
(H1) holds for all j < k—1, then A; < pl-i gives p; > p; for i < k—1, where p; is the least positive
integer x with 2 > 6;. With w; = max{/;, p;} we obtain, as in the proof of Lemma 6.13,

io—1

wh+2 § w; 16 w;
P.<R,=V* 1 i 1 6.6
. < R, max{ , jmax w§+1l:1;£1wz—1’ ( +pz‘0—2>,:1;[+1wz—1}’ (6.6)

where w} = max{w;, ¢;+1—2} accounts for p;+1 > max{/;11,w;+2}, and ip > max{J+1,s+4} is
an index with p;, > 1039, The three terms cover k < J, then J < k < ig with k = i+1, and k > 4.
The tail estimate is that of Lemma 6.13, applied to y; = 93/z7 for which p; > p; > y; > pi — 1
when p; > 1, and logy;+1 = Z% logy; > %log y; when ¢ > max{s, 2}. We evaluate R; in exact
rational arithmetic, with integer lower bounds in place of the p;, which can only enlarge it.

Proof of Theorem 1.2(ii) and (iii). Suppose 3 | n. Then M > 4, every prime factor other than 3
is congruent to 2 modulo 3, by Lemma 2.2, and k > 108 +2 by Corollary 2.6(ii). Take J = 10841,
¢; = 2i + 1, which is at most the i-th odd prime, and V* = 4(1 — 107%). The J smallest prime
factors are 3 and an independent set of 10® primes p = 2 (mod 3), so Py < % . %(1 —107%) = v~
by Proposition 2.5(ii). The computation gives Rjps = 3.9999966... < 4. If (H1) held for all
j <k —1with s = 108, then (6.6) would give P, < 4 < M, contrary to Lemma 6.1(i). So n is
not 10%-heavy, and Corollary 6.10 gives (iii).
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FIGURE 14. The number of nodes of 7; at each depth, for s = 4,5,6,7, on a
logarithmic scale.

Suppose M > 3 and 34 n. Then k& > 16001 by Corollary 2.6(i). Take J = 16000, ¢; = r;, the
primes from 5 on, and V* = 2.999999; the J smallest prime factors form an independent set, so
Pj; < V* by Proposition 2.5(i). Then Ry5981 = 2.99999900041 ... < 3, and the same argument

2k—15981

gives n < 2 . If M >3 and 3 | n, part (iii) gives a stronger bound. O

The exponent 15981 is the largest that this argument gives with J = 16000, since Ri5980 =
3.000016. ... Everything is decided by the prime factors around the 16000-th. For s = 15981,
(H1) at 5 = 16000 gives pigooo > p16000 > 7 - 10°, so that the remaining prime factors raise
Pieooo < 2.999999 by a factor less than 1+ 1072, For s = 15982 the corresponding bound
16000 < 10 lies below 16000 = 176089, and the next prime factor alone may raise the product
by the factor 1+ 1/176122.

6.6. Where the search is hard. The nodes that survive longest are prefixes with P; just
below 2, the same kind of prefix that makes the next cases expensive (Section 9). Every node at
depth 13 has 2 — P13 < 10710: there A;3 has between 27 and 29 digits, while C3 = 2B13 — A3
has between 14 and 18. In this respect the deep nodes behave like the products of Fermat
primes of Remark 6.7, for which 2¢(n) —n = 1. For such a prefix 1 — P;/2 is tiny, so Vj is
large and the deficit test cannot discard it. Its children are few for the same reason: a prime
q<q.=|1/(1 — P;/2)|, which exceeds 3 - 10" at depth 13, would raise Pj;; to 2 or more and
force M > 3, and rule (ii) removes these primes. Figure 13 shows how close to the threshold of
(H2) the deepest nodes come.

The tree grows quickly with s (Figure 14), and for s = 7 more than nine tenths of its nodes
lie at depths 12 and 13. Each further unit of s halves the number of binary digits allowed by
Theorem 1.2(i). The method proves n < 22" for every s for which the tree 75 can be searched,
and the cost of the search is dominated by the deep prefixes with P; close to 2. We have not
completed the search for s = 8: at the node 5,7,13,17,19,23,37,59,67,73,317, 5483 of depth
12, where 2/Pjs — 1 = 7.0 - 1078, rule (R4) already generates more than 10% sequences.
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6.7. Comparison with other bounds. Stone [35, (52), (53)] treated tuples of primes with
[1(1 — 1/p;) < 2 < Il;<(1 — 1/p;), which include the prime factors of solutions with M = 2.
For p1 = 5 he obtained [[p; < Eg(B) with 8 ~ 1.66127, and with 5 ~ 1.50188 when also ps = 7.
Theorem 1.2(i) gives the base 21/12% = 1.00543 . .. for solutions of (1.1). Table 6 compares, along
the first branch of 77, the exponents e for which the three bases give n < 227 The deficit
gains about three quarters of a unit of e over Lemma 6.5, and Theorem 6.2 adds a further gain
over Stone’s form that is largest for short prefixes.

TABLE 6. Along the branch 5,7,13,... of 77 with M = 2: the exponent e such
that the bound for n obtained at depth j is 22, for the base (A; +1)% of
Lemma 6.5, the base b%/d of Stone and the base V; of Theorem 6.2.

J Dj P; Cook-Nielsen  Stone Theorem 6.2
1 5 1.25000 —0.370 —0.142 0.000
2 7 1.45833 —0.370  0.099 0.181
3 13 1.57986 —0.143  0.486 0.530
4 17 1.67860 0.309 1.017 1.041
5 19 1.77186 0.899 1.644 1.657
6 23 1.85240 1.561 2.324 2.330
7 37 1.90385 2.251 3.030 3.033
8 59 1.93668 2.965 3.759 3.761
9 67 1.96602 3.720 4516 4.517
10 73 1.99333 4.507  5.265 5.265

7. THE COMPANION EQUATION

7.1. Up to seven prime factors. Let n satisfy (1.2) with w(n) < 7. If n < 3 there is nothing
to prove. Otherwise n is odd, squarefree and composite by Lemma 2.1, and n + 1 = 2p(n) by
Corollary 2.4. Since 3 may divide n, the search now starts from pnin = 3, and we run it with
e = +1 for 2 < k < 7. The outcome is in Table 7.

TABLE 7. The search for n+ 1 = 2¢p(n) with 3 <p; and k < 7.

k nodes terminal largest width for pr_1 solutions found

2 1 1 1 15

3 3 2 2 255

4 5 2 15 65535

5 11 4 256 83623935, 4294967295
6 60 44 65536 6992962672132095

7 6914 6 826 232 none

For k£ < 6 the search returns exactly the known solutions, each at its own depth, and this is
also a test of the programs. For k = 7 it returns nothing. Here the enumeration route is too
slow, because one terminal node, the prefix 3,5,17,257,65537, has an interval for pg of width
232 for this prefix C =1 and D = 2AB + C = 264 — 232 4 1, which is prime!!. We therefore

Hindeed A=2%2 -1, B=2% and C =2B — A=1,s0 D = 2%2(2%2 — 1) + 1 = ®4(2°?), the sixth cyclotomic
polynomial at 232. Its primality is well known and is confirmed by a deterministic test, since D < 3.3 - 10%4.
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use the divisor route throughout, which is rigorous in this range: the largest integer D factored
in the case k < 7 has 21 digits, so every factorisation is certified. For k < 6 the enumeration
route was also run and agrees node for node. This proves Theorem 1.3 for solutions with at
most seven prime factors; the case of eight is treated in Section 7.4.

7.2. Solutions prime to three. Let n > 3 satisfy (1.2) with 3 t n and w(n) < 15. Then
n=p1-px with 5 < p;, and n+1 = 2¢(n) by Lemma 2.3. For k < 6 the product []p;/(p; — 1)
is at most 1.9490..., whereas (3.2) requires it to be 2 — 1/p(n). For k > 2 this is at least
2— 4 > 1.95 as ¢(n) > 4-6, and for k = 1 it is at least I, whereas p;/(p1 — 1) < 2. For
7 < k < 14 we ran both implementations with ¢ = +1 and puyin = 5. Neither found a solution,
and the node counts, the numbers of terminal nodes and the largest widths coincide with those
of Table 2 for every k. For k = 15 the nodes at depth 12 and their intervals are again those of
Section 5.2, and the method of Section 4, run with € = +1 by both implementations and by the
route of Section 4.4 over the same 33865004 pairs, finds no completion in integers. This proves
Theorem 1.4.

The coincidence with Table 2 has a simple cause. The two sets of bounds in (3.3) differ only
by the terms 1/(A;W), which in this range are far smaller than the gaps between consecutive
admissible values of p/(p—1) near the endpoints, and the computation confirms that no endpoint
moves. The tests (3.4) at the last level do differ, but by then the tree is fixed. For 3 { n and
k < 15 the two equations therefore lead to the same search.

7.3. Extensions of Fermat-type solutions.

Proof of Theorem 1.6. Let 2p(ng) = no + 1 and let Q > 1 be squarefree and coprime to
no. Then n = no@ satisfies 2p(n) = n + 1 if and only if 2p(ng)e(Q) = ne@ + 1, that is,
(no + 1)p(Q) = noQ + 1, or

no(Q - ¢(Q)) = (@) - L. (7.1)

(i) For Q = ¢ prime, (7.1) reads ng = ¢ — 2.

(ii) For @ = pq with primes p < ¢ we have Q — p(Q) =p+q¢—1and p(Q) — 1 =pg—p — q,
so (7.1) becomes pq — (ng + 1)(p + q) +no = 0, and adding (ng + 1)? — ng to both sides gives
(p—no—1)(g—no—1)=n3 +np+ 1.

The two factors on the left have the same sign, and they are positive: if both were negative we
would have 2 < p < ¢ < ng, and the left-hand side would be at most (ng — 1)? < n% +no+ 1.
Conversely, a factorisation nZ + ng + 1 = de with d < e gives p=no +1+d and ¢ =ng + 1 + e,
and if both are prime then ngpq is a Fermat-type solution; the conditions p, ¢ f ng hold because
p,q > ng. The divisor d = 1 gives p = ng +2 and ¢ = (ng + 1)? + 1 = ng(ng + 2) + 2, which is
the composition of two one-prime extensions.

(iii) Factoring n2 + ng + 1 and testing ng + 2 for each of the eight numbers gives Table 8.
The one-prime extensions are 1 — 3 — 15 — 255 — 65535 — 4294967295 and 83623935 —
6992962672132095. The two-prime extensions are those listed in the table, and the only one
that is not a composition of one-prime extensions is 255 — 83623935. Every extension of each of
the eight numbers is therefore again one of the eight, and each of them is reached from 1, so the
eight numbers are exactly the closure of {1}. The rows for 65535, 83623935, 4294967295 and
6992962672132095 show where the chains stop. Every factor in Table 8 is below 264, where the
primality tests we use are proofs, and a test that declares a candidate p or ¢ composite is never
wrong. (]

The chains stop for the following reasons. For ng = 65535 the trivial divisor gives p = 65537
and ¢ = 232 + 1 = 641 - 6700417, which is Euler’s factorisation of Fy, and the divisor 193 gives
p = 65729, a prime, but ¢ = 22318913 = 3037 - 7349. For ng = 4294967295 the one-prime
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TABLE 8. One- and two-prime extensions of the Fermat-type solutions.

no mno+ 2 prime factorisation of n3 + no + 1; two-prime extensions (p,q)

1 yes 3; (3,5)
3 yes 13; (5,17)
15 yes 241; (17,257)
255 yes 97-673; (257,65537) and (353, 929)
65535 yes 193 - 22253377; none
83623935 yes 67 - 180097 - 579535339; none
4294967295 no 264 _ 232 1 1, prime; none
6992962672132095 no 13 -37-109 - 30802180789 - 30280941915943441; none

-3 -5 17 257 -65537 1
(13} {15 {285 | {65535 4204967295 > x

2552 4255 4+ 1 = 97 - 673 | -353 - 929

-83623937 1
—> 83623935 {6992962672132095} - > X

FIGURE 15. The Fermat-type solutions of n + 1 = 2¢(n) as the closure of 1
under extensions. Horizontal arrows are one-prime extensions ng — ng(ng + 2),
labelled by the prime ng + 2. The bent arrow is the two-prime extension of 255
by (353,929), coming from the factorisation 65281 = 97 - 673. Dashed arrows end
the two chains: 4294967297 and 6992962672132097 are composite, and neither
ng 4+ ng + 1 has a factorisation that yields two primes.

extension fails because ng + 2 = 232 4 1 is composite once more. Figure 16 shows the hyperbolas
for ng = 255 and ng = 65535 with their lattice points.

Remark 7.1. For three new primes, @ = spq with s <p < g, writez=s—1,y=p—1, z=¢q—1.
Equation (7.1) becomes

zyz =no(zy + yz + 2z) + no(x + y + 2) + ng + 1,

and dividing by noxyz shows that 1/x + 1/y + 1/z falls short of 1/ng by (no(z +y + z) +no +
1)/(noxyz), which is less than 4/2% because r < y < z. Hence z, the smallest of the three,
satisfies 3/z > 1/ng — 4/2% and 1/z < 1/no, that is, ng < x < 3ng + 2. For fixed x the equation
is bilinear in y and z:

((z = no)y — no(x + 1)) ((x — ng)z — no(x + 1)) = (z — ng)(nox + no + 1) +na(z + 1)%,

so the pair (y, 2) comes from the divisors of an integer of size about n3z2. For ng = 4294967295
there are about 3.8 - 10® primes s in the range, and 1.3 - 10% of them pass the congruence
prune: s =2 (mod 3) as Lemma 2.2 requires, and s Z 1 modulo 5, 17, 257 and 65537. Each of
them leaves an integer of about forty digits to factor. This is the prefix 3,5,17,257,65537 that
dominates the case k = 8 in Section 7.4.

7.4. Eight prime factors. Let n satisfy (1.2) with w(n) = 8. Then n > 3, and n is odd and
squarefree by Lemma 2.1. If 31 n, then w(n) > 16 by Theorem 1.4; hence 3 | n. By Lemma 2.2
the quotient M is either 2 or at least 5, and in the second case w(n) > 1540. Hence n+1 = 2p(n)
and p; = 3, and it suffices to run the search with € = 4+1 and k = 8 over the prefixes that begin
with 3.



38 DEEP BHATTACHARJEE

TTT TTTT] TTT TTTTTT TTTTTT]

1010 |- g =12% 4 1=0641-6700417
O

10°% |- el q = 22318913 = 3037 - 7349 7
— ~
| el
o ) S~o
£ 10% ~—~ N
[ S~
ﬁ‘ 257, 65537) S~
o 10% |- Tee
10% |- N
100 L 111 Il LIl ‘ 11 1111 1| T T
10° 10t 102 10° 10 10° 10°
d=p—no—1
de = 65281 (ng = 255) - - = de = 4294901761 (ng = 65535)

FIGURE 16. The two-prime extensions of ng are the lattice points (d,e) =
(p—mno—1, g —mng—1) on de = n3 + no + 1 with both p and ¢ prime, shown on
logarithmic axes. For ng = 255 both lattice points with d < e give primes (filled).
For ny = 65535 both lattice points give a prime p and a composite ¢ (open).

The traversal down to depth 5 takes a few seconds. It yields 10459 prefixes (p1,...,ps)
with a non-empty interval for pg, and 10458 of them begin with 3. Their intervals have total
length 1.3045 - 101 and most of it belongs to a few prefixes (Figure 18, left): 8.59 - 10°
to 3,5,17,257,65537, that is, to the solution 4294967295 itself, where C5 = 1; 1.23 - 10° to
3,5,17,257,65543; and 1.67 - 10% to 3,5,17,353,929, the solution 83623935, where again C5 = 1.
Thirty-four prefixes have an interval longer than 107, and 326 one longer than 10°. The intervals
contain 228260561 primes s that pass the congruence prune, 131788942 of them for the prefix
3,5,17,257,65537. Each pair of a prefix and such a prime s = pg leaves the two-prime problem
of Proposition 4.1, in which N has between 15 and 40 digits.

These problems lie far to the left of those of Figure 9. For the prefix 3,5,17,257,65537 and
pe = s one has A’ = (232 — 1)s and B’ = 23(s — 1), so that the modulus is ¢ = s — 232, and
N =2A'B’ + c is close to 26452, As s runs over [232 4 1, 3 - 232 — 1], the ratio ¢®/N stays below
2.1-10719, and the number (N/c?)/? that governs the methods of Section 4 grows from 7 - 10*
at the upper end to 4 - 106 at the first admissible prime, s = 4294967357, where ¢ = 61. We
therefore combine the sum route with trial division and with a complete factorisation, as follows.

Fix a prefix and an admissible prime s, define A’, B’, ¢, N as in Section 4, and let ¢t = c¢p — 2B’
be the divisor of Proposition 4.1. Since p > s + 2, it satisfies t >ty = ¢(s + 2) — 2B’, and we
choose a split point t5 with tg < 4.

(i) The divisors with ¢ < ¢4 are found by running p over the integers with ¢y < ¢p — 2B’ < tq4
and testing whether ¢ divides A’p + ¢, as in Proposition 3.5. Since ¢(A'p+¢) = A't + N
and ged(t, c) = 1 by Proposition 4.1, this is the same as testing whether ¢ divides N, and
the program does that when A’p is too large for 128-bit arithmetic.
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(ii) For the divisors with tq <t < +/N we use the sum ¢ = p + ¢ and the product m = pq. By

(3.5),

cm=2B'oc - 2B +¢, (¢ —p)? = o* — 4, (7.2)
so o lies in the class of (2B’ —¢)(2B’)~! modulo ¢, and t + N/t = co — 4B'. As z + N/x
decreases on (0, VN ], the sum runs over its class in the range 2v/N + 4B’ < co <
ty+ N/tq+4B’, and each value is tested by asking whether 02 — 47 is a perfect square.
This is the route of Section 4.4, written in terms of p and ¢ instead of u and v: the two
sums differ by the constant (2r +4B’)/c.

(iii) Both loops are sieved by congruences. Let p < ¢ be integers with A'pg+1 = 2B’ (p—1)(¢—1).
No p; divides p — 1 or ¢ — 1, since it would then divide 1. If moreover p and ¢ have no
prime factor up to 61, which holds for primes larger than s because every admissible s
exceeds 61, then modulo every prime £ < 61 they avoid the residue 0, and also the residue
1 when £ is one of the p;; in particular they are odd and congruent to 2 modulo 3. Call
these residues excluded. Since X2 —oX +7 = (X —p)(X — q), the roots of this polynomial
modulo a prime ¢ are p and ¢ modulo ¢. The sieve discards only values of ¢ that are odd,
or not congruent to 1 modulo 3, or for which o2 — 47 is not a square modulo one of 28, 32,
52 and 72, or for which, for some prime ¢ < 43, the polynomial has no root modulo ¢ or
a root at an excluded residue; and in the trial division it discards only values of p at an
excluded residue modulo some prime ¢ < 61. Every other value is tested exactly. So the
sieve keeps every value that comes from integers p and ¢ without prime factors up to 61,
and in particular every value that comes from primes.

(iv) If the estimated work of (i) and (ii) exceeds four milliseconds, the time we allow for
factoring N, then N is factored completely with PARI/GP [29], every prime factor is
proved prime,'? and all divisors ¢ of N with tg < ¢ < v/N in the class of Proposition 4.1
are listed.

Since c¢ is odd and prime to 3, the admissible values of ¢ form one class modulo 6¢. The work
of (i) and (ii) is therefore about (t4 — to)/c values of p and (tq + N/tg — 2/N)/(6¢?) values of
o, and tg is chosen to minimise it (Figure 17), with the two kinds of steps weighted by their
measured costs. With equal weights the minimum lies near t; = (N/6¢)*/? and amounts to
about 2(N/6¢%)'/2 steps, as in Section 4.4. By the argument of that section, (i) and (i) together
find every divisor ¢t >ty of N in the class up to v/N, and so does (iv); the sieve (iii) loses none
that comes from integers p and g without prime factors up to 61. Where o and 7 are too large
for 128-bit arithmetic, (ii) is carried out in multiprecision arithmetic. Now let n be a solution
with p; = 3 and k = 8. By Theorem 3.6 its first five primes form one of the prefixes and pg is
one of the admissible primes s of its interval, and by Proposition 4.1 its last two primes give
a divisor t > ty in the class. Hence n is found. Every completion s < p < ¢ in integers that
is found is checked against A'pg + 1 = 2B'(p — 1)(¢ — 1) exactly, and p and ¢ are tested for
primality.

The computation examined all 228260561 pairs; in 1967265 of them N was factored, with up
to 39 digits. The computation was cut into 10897 pieces, each a range of s under one prefix,
and run on four processors; it made 3.4 - 10! trial divisions, the sums ranged over 6.7 - 10'3
values of o, the sieve (iii) passed 2.1 - 108 of them on to the exact test, and the whole run took
6.9 hours of processor time, 3.2 of them in PARI/GP. It found 21 completions s < p < ¢ in

12\ith the option factor_proven set, PARI/GP certifies every prime factor it returns. A factor below 2%* is
certified by its Baillie-PSW test, which no composite number below 2% passes; the PARI/GP documentation
records that this was checked against the table of base-2 pseudoprimes below 2°* of Feitsma and Galway [12]. A
larger factor is certified by the n — 1 method [5] when enough of n — 1 is known, and otherwise by the test of
Adleman, Pomerance and Rumely [1] in the form of Cohen and Lenstra [9].
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N/t

$ = Pe6

t=cp—2B’

- - - N factored completely, step (iv)

trial division, tg < t < tq4, step (i)
sums 0 = p+q, tg <t < VN, step (ii) ® the end point t = VN

® a divisor t of N in the class of —2B’ modulo ¢

FIGURE 17. Steps (i), (ii) and (iv) for four admissible values s1 < s9 < $3 < s4
of pg, not to scale. The divisors t = ¢p — 2B’ of N with ¢ty <t < /N lie on the
branch ¢ — N/t. Trial division covers ¢t < t4 and the sums cover ty <t < V'N.
The split point tg4 is chosen for each s to minimise the work, and where both
routes would be slow, as for s1, the integer IV is factored completely.

integers and no solution. Sixteen of the completions lie under the prefix 3,5,17,353,929 with
s = 83623937, where 3-5-17-353 - 929 - s is the solution ng = 6992962672132095. They are the
pairs p = ng+1+d, ¢ = ng+ 1+ e of Theorem 1.6(ii), one for each factorisation n3 +mng+1 = de
with d < e, and by Table 8 none of them consists of two primes. In each of the other five, listed
in Table 9, p or ¢ is divisible by one of pi,...,p5. So (1.2) has no solution with eight prime
factors, and together with Section 7.1 this proves Theorem 1.3.

TABLE 9. The completions s < p < ¢ in integers of the case k = 8 other than the
sixteen two-prime extensions of 6992962672132095, with the factorisations of p
and gq.

5 =DPs p q

prefix 3,5,17,257,65537
4294967459 17 -43 - 673 - 230521189693 5 - 409642859 - 26363459459

4294967969 27419312914203719 5-19-5011 - 7699 - 21393991009
4596195557 65533391633 17 -20923232569978145771052877
prefix 3,5,17, 353,929

83625827 3% .5%. 13- 252862031 3-5-7-13-113-794656817253868193
83760029 3-5-3431155289 3 - 87389293 - 45294677621

8. CHECKS ON THE COMPUTATIONS

A search that finds nothing proves something only if it would have found what it looks
for. Every search of this paper was therefore carried out by at least two programs written
independently, and every count reported here is the same for all of them. For Theorems 1.1
and 1.4 one of the two programs never factors an integer, so that its negative answers depend
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FIGURE 18. The case k = 8 of the companion equation. Left: the 10458 prefixes
(3,p2,...,ps5) by the width of the interval for pg, on logarithmic axes; the two in
the last bar end in 65537 and 65543. Right: processor time per admissible pg
under the prefix 3,5,17,257,65537, one point for each piece of the run, against
the modulus ¢ = pg — 232. For ¢ below about 10® the integer N is factored, and
each pg costs about six milliseconds in all; above that the sums and the trial
division are faster, and their cost falls as ¢ grows. Beyond ¢ = 232, that is for
pe > 233, the condition p > pg leaves only a short range of divisors.

on no primality proof. The programs were also run on equations that do have solutions: on
the equation 2¥(n — 1) = (2¥ 4 h)p(n), whose 56 solutions with k& = 4 and k = 5 in the ranges
of Appendix A they all return, and on (1.2), where they return every known solution with at
most six prime factors at the right depth and nothing else. The divisor routines of Section 4
were compared with complete factorisations and tested on planted divisors, and the program of
Section 7.4 was tested in the same ways and partly run twice. The programs, their recorded
output and the details of these tests are in the archive [4].

9. THE ASSERTION THAT REMAINS OPEN

The methods of Section 4 settle the case kK = 15 of Lehmer’s equation in a quarter of an
hour on a single processor and the case of eight primes of the companion equation in 6.9 hours.
They do not reach the next cases: for (1.1) with sixteen prime factors the number of two-prime
problems grows from 3.4 - 107 to about 9 - 103, and for (1.2) with nine prime factors and 3 | n
the Fermat primes alone leave some 10'7 of them. In both cases most of the cost comes from
a few prefixes whose product [[p/(p — 1) differs from 2 by less than 1077, the prefixes that
Section 6.6 describes. We end with the statement, equivalent to Lehmer’s conjecture, that a
proof for all k£ would have to establish.

Proposition 9.1. Equation (1.1) has no composite solution if and only if there are no finite set
S of odd primes and no integer M > 2 such that, with A =[],cgp and B = ]_[pes(p —1), the
number D = M B — A is positive, divides A — 1, and makes (M B — 1)/D a prime larger than
every element of S.

Proof. Let n be a composite solution of (1.1), let ¢ be its largest prime factor, S the set of its
other prime factors and M = (n — 1)/p(n); by Lemma 2.1 the elements of S are odd. Then
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n = Agq, ¢(n) = B(¢g— 1), and n — 1 = My(n) reads ¢D = MB — 1; so D > 1, D divides
MB—1=D+(A-1) and hence A—1, and ¢ = (M B—1)/D is a prime larger than every element
of S. Conversely, for S and M as in the statement the number n = Ag with ¢ = (M B —1)/D is
composite and satisfies n — 1 = Mp(n), since ¢gD = M B — 1 is the same equation. (]

By Theorem 1.1 a set .S with these properties has at least 15 elements, at least 16000 if
M > 3, and at least 10% if 3 € S. The assertion asks that one number attached to each set S
never be a prime above the elements of S. For the companion equation the same construction
with D = 1 gives the Fermat numbers: the Fermat primes S = {3,5,17, 257, 65537} give 232 + 1.
For Lehmer’s equation D = 1 would give (M B —1)/D = A, which is not a prime larger than the
elements of S; so D > 1, and the assertion is not a question about Fermat numbers. Two further
constraints on D follow from the proof. Since gD = D+ A —1, the divisoris D = (A—1)/(¢—1),
so ¢ — 1 divides A — 1 as well and the assertion asks that 1 + (4 —1)/(M B — A) never be a
prime larger than the elements of S; and since 2/° divides B while A is odd, D is odd and
D= —A (mod 2¥), so D > 3.

APPENDIX A. SOLUTIONS OF THE TEST EQUATION

The following 56 integers n = p; - - - py satisfy 2¥(n — 1) = (2F + h)p(n) for the indicated
h. They are the complete output of both implementations for £k =4, 1 < h <40, and k = 5,
1 < h <85, with p; > 3, listed in increasing order of n down the columns. Each was verified by
direct arithmetic.

TABLE 10. Solutions with £k =4, 1 < h < 40.

P1,.-.,P4 h P1,...,P4 h
3, 5,47, 89 15 13, 29, 433, 2969 2
5, 19, 29, 163 6 7,97, 139, 8581 3
7,17, 229, 251 4 13, 29, 383, 28879 2
3, 29, 263, 521 9 11, 47, 1109, 15497 2
13, 37, 151, 271 2 29, 41, 1291, 15199 1
3,29, 197, 1559 9 11, 47, 1049, 77477 2
17, 23, 83, 1709 2 7, 61, 859, 183397 3
29, 71,163,193 1 31, 37, 2377, 66499 1
41, 43, 97, 491 1 19, 157, 9697, 15511 1
37, 41,137,829 1 19, 157, 8353, 20887 1
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TABLE 11. Solutions with k=5, 1 < h < 85.

P1,...,P5 h P1y,...,D5 h
5,7, 13, 139, 653 19 5, 47, 317, 40253, 499027 9
11, 13, 17, 109, 379 9 19, 269, 443, 1747, 1852699 2
3, 17, 29, 317, 4643 21 23, 71, 983, 1031, 103437589 2
11, 17, 107, 173, 1373 6 19,199, 757, 5059, 23698783 2
5,19, 37, 73, 19739 12 31, 43, 233, 318629, 12310321 2
19, 73, 97, 103, 613 3 19, 313, 389, 1277, 590838019 2
11, 17, 127, 131, 2879 6 11,47, 1051, 67967, 102302009 4
5, 7, 269, 317, 4283 15 7, 59, 1721, 41813, 958695209 6
5, 53, 233, 857, 5689 9 41, 167, 14411, 322633, 1891541 1
31, 53, 149, 569, 3407 2 31,37, 2411, 47681, 5732949913 2
13, 17, 271, 1567, 5573 5 31, 37, 2297, 2639701, 1379629439 2
7, 13, 17, 1553, 480499 11 37, 463, 827, 1667389, 4325665973 1
17, 23, 131, 199, 167099 4 37,353, 1867, 25109743, 844718249 1
11, 83, 163, 239, 210461 4 43, 139, 61729, 212167, 32068788511 1
13, 167, 349, 1747, 8237 3 37, 367, 1553, 21098893, 41563512479 1
19, 181, 1439, 3767, 17683 2 43, 139, 47857, 57253657, 72147837793 1
3, 11, 269, 17837, 3861929 21 37, 353, 1867, 24384917, 20504256743083 1
43, 317, 331, 953, 166357 1 43, 139, 47819, 1145259251, 653813324977 1
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