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abstract

We study the three-dimensional Bose gas of hard spheres of diameter a at density
ρ and temperature T, in the thermodynamic limit with a, ρ, and T fixed. When the
gas parameter ρa3 is sufficiently small and 0 < T < T∗, we prove two equilibrium
signatures of superfluidity. First, in a periodic box, the superfluid fraction, defined
through the free-energy cost of twisted boundary conditions, has thermodynamic
lower limit at least c (ρa3)3/8, uniformly in T in this interval. Second, in dilations
of an arbitrary nonempty bounded open container with hard walls, the nonclas-
sical rotational inertia fraction 1 − I/Icl has thermodynamic lower limit at least
c′(ρa3)3/8 for every fixed rotation axis, where I is the moment of inertia, Icl its
classical value, and c′ > 0 depends only on the container and the axis. In both
results the derivative of the free energy is taken at finite volume, before the ther-
modynamic limit. The temperature T∗ is of order (ρa3)1/3/ log(1/(ρa3)) times the
critical temperature of the ideal Bose gas. We also bound the moment generating
function of the winding vector of the Feynman–Kac paths by that of a centered
Gaussian, at every density and positive temperature. Combining this upper bound
with the first result, we determine the order of the winding fluctuations in the
regime above. Further, for 0 < ε ≤ 1, ρa3 ≤ (ε/100)3, and T ≥ (1 + ε)4πρ2/3,
about 1.9(1 + ε) times the critical temperature of the ideal Bose gas, the superfluid
fraction in a periodic box tends to zero exponentially in its side length.

By identities of Pollock and Ceperley and of Sindzingre, Klein, and Ceperley,
we can express the two responses as multiples of the variances of the winding and
of the signed projected area of the paths. We bound these variances from below
with a variance inequality of Hammersley–Chapman–Robbins type, applied to
random rewirings of the paths in a short imaginary-time interval along closed
lattice routes. The rewirings adapt route comparisons developed in OpenAI’s
preprints on Bose–Einstein condensation in dilute Bose gases, and we extend
the thermal estimates of the positive-temperature hard-sphere preprint in that
series to higher temperatures. We average the rewirings over randomly translated
closed lattice walks whose independent copies rarely approach each other. This
makes the changed law close to the original law in chi-square divergence. Using
conditional independence between disjoint imaginary-time intervals, we obtain
bounds uniform in temperature. We also transfer the thermal estimates to arbitrary
containers.
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section 1

Introduction

Below a temperature of about two kelvin, liquid helium-4 flows through narrow channels
without measurable friction, and part of it does not follow the rotation of its container.
A fluid with these properties is called a superfluid. The goal of this paper is to prove
two equilibrium forms of superfluidity for a basic model of an interacting Bose gas: hard
spheres in three dimensions, at a fixed small density and a fixed positive temperature,
in the thermodynamic limit. Recall that identical particles are called bosons if their
wave functions are symmetric under permutations of the particle coordinates. The
thermodynamic limit means that the particle number and the volume tend to infinity
while their ratio tends to a fixed density. We show that the superfluid fraction, defined
through the free-energy cost of a twist of the boundary conditions, has a positive lower
bound, and that the moment of inertia of the gas in a slowly rotating container is
smaller than its classical value by a positive fraction. We prove both statements through
Feynman’s representation of the gas as a system of interacting Brownian loops. We will
define two geometric quantities of these loops, their winding and their stochastic area,
and prove lower bounds on their fluctuations.

1.1 Superfluidity and its equilibrium signatures

In 1938, Kapitza [82] and Allen and Misener [5] independently reported that liquid
helium-4, cooled below its transition temperature into the superfluid phase, flows through
thin slits and capillaries with almost no viscosity. In the same year, London proposed
that the transition is a form of Bose–Einstein condensation, in which a positive fraction
of the particles occupies a single one-particle state [107]. Einstein had predicted this
condensation for an ideal (noninteracting) gas of bosons [46], on the basis of the quantum
statistics of Bose [28]. Tisza then suggested that the liquid behaves as a mixture of two
components, a normal one that carries viscosity and a superfluid one that does not [142].
Landau developed a hydrodynamics of two interpenetrating fluids in which the normal
component is a gas of collective disturbances of the liquid [90, 91]. Andronikashvili
measured the normal fraction with closely spaced disks that oscillate about an axis [6].
Viscosity makes the normal component move with the disks, and the effective moment of
inertia decreases as the liquid is cooled. The two components describe different responses
of the same liquid, not two permanently labeled populations of atoms. Bogoliubov

1



1 Introduction 1.1 Superfluidity and its equilibrium signatures 2

showed that in a weakly interacting Bose gas, the energy of an excitation is approximately
proportional to its momentum at small momentum, as for sound waves [27]. Feynman
gave an atomic theory of the transition and of the two-fluid model [48–51]. We refer to
[95, 96, 123] for modern accounts.

Motion without friction concerns the dynamics of the fluid, and a circulating current
can last for a long time without being an equilibrium state. We study two equilibrium
criteria for superfluidity: the responses of the equilibrium state to a twist and to a slow
rotation, two perturbations whose effect on a classical fluid in equilibrium is trivial. We
describe them for N particles of mass m at temperature T in a region of side length L, and
we write ρ for the number density and h̄ for the reduced Planck constant; Boltzmann’s
constant is set equal to one. For a Hamiltonian H (the energy operator) at temperature T,
we define the free energy by F = −T log Z, where Z = Tr e−H/T is the partition function.

The first perturbation is a twist. Let the particles move on the torus ΛL = (R/LZ)3,
and require the many-body wave function ψ to satisfy

ψ(x1, . . . , xj + Le1, . . . , xN) = eiθψ(x1, . . . , xN) (1 ≤ j ≤ N), (1.1)

where e1 = (1, 0, 0) and the real number θ is the twist angle. Equivalently, the particles
obey periodic boundary conditions and feel a constant vector potential of magnitude
h̄θ/L in the direction e1. Let F(θ) denote the free energy with the boundary condition
(1.1). In classical statistical mechanics we can remove a constant vector potential by
shifting the momentum variables. Then F does not depend on θ. In a superfluid, a
gradient of the phase of the wave function corresponds to a velocity of the superfluid
component. The twist imposes the phase gradient θ/L. The superfluid component then
moves with velocity vs = h̄θ/(mL) relative to the box while the normal component stays
at rest, and the free energy increases by the kinetic energy of this motion:

F(θ)− F(0) = 1
2 mρsL3v2

s + o(θ2). (1.2)

Here ρs is the number density of the superfluid component. Fisher, Barber, and Jasnow
defined the helicity modulus through the second-order free-energy response to a slowly
varying phase, and related it to the superfluid density in this way [52]. Solving (1.2) for
ρs, we obtain the superfluid fraction

fs =
ρs

ρ
=

mL2

h̄2N
F′′(0). (1.3)

The second perturbation is a slow rotation. Place the particles in a container and
rotate it with a small angular velocity ω about an axis with direction n. In the frame
of the container, the Hamiltonian H becomes H − ωLn, where Ln is the total angular
momentum about the axis; its formula for our model is given in Section 1.2. Let Frot(ω)

be the free energy of H − ωLn. The moment of inertia of the equilibrium state is
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I = −∂2
ωFrot(0). A classical fluid in equilibrium rotates rigidly with its container, and for

a classical system I equals

Icl = m
〈 N

∑
j=1

r2
j

〉
, (1.4)

where rj is the distance of particle j from the axis and ⟨·⟩ is the equilibrium average. In
an axisymmetric vessel and in the absence of vortices (circulation around line defects),
the superfluid component can remain at rest under slow rotation. In this case we have
I < Icl. Hess and Fairbank observed this effect in helium cooled through the transition
in a slowly rotating cylinder [70]. Leggett proposed the nonclassical rotational inertia
fraction 1 − I/Icl as a criterion for superfluid behavior, in the context of solids [93]; see
also [136] for the moment of inertia of a trapped Bose gas.

Superfluidity is different from Bose–Einstein condensation. For a state Γ of N
particles, that is, a positive operator of trace one, the one-particle density matrix is
γ(1) = N Tr2,...,N Γ, where the partial trace integrates out the coordinates of the other
N − 1 particles. It is an operator on one-particle wave functions with trace N. Penrose
and Onsager defined condensation in an interacting system as the existence of an eigen-
value of γ(1) of order N [120]; the corresponding eigenvector is the condensate orbital.
Yang placed this definition in the framework of off-diagonal long-range order [146]. In a
homogeneous gas, this concerns the persistence of the kernel γ(1)(x, y) at large separation
|x − y|. Penrose and Onsager already pointed out that the condensate fraction and the
superfluid fraction need not be equal. For the ideal Bose gas in the thermodynamic limit,
Barber showed that the helicity modulus is proportional to the condensate density, so that
fs = 1 − (T/Tc)3/2 below the critical temperature Tc [10, Eq. (3.27) and Eqs. (4.2)–(4.3)].
Yet the Landau critical velocity of the ideal gas is zero: by Landau’s energetic criterion, a
moving obstacle can create excitations in it at any velocity [123, Section 6.1, pp. 65–67].
At zero temperature, where the state is a ground state, that is, a state of minimum en-
ergy, Leggett derived conditions for a unit superfluid fraction, involving translation and
time-reversal invariance and an additional condition related to off-diagonal long-range
order [94, pp. 935–936, conditions (C1)–(C2)]. Interactions, on the other hand, deplete the
condensate; the depleted fraction is the fraction of particles outside the condensate or-
bital. At zero temperature, Lee, Huang, and Yang predicted the leading depleted fraction
8(ρa3)1/2/(3

√
π) for hard spheres of diameter a [92]. This asymptotic is proved in [113,

Corollary 1.2], uniformly over density operators supported on the lowest eigenspace of
the Hamiltonian, with the thermodynamic limit taken before the dilute limit ρa3 → 0.
In a one-dimensional ground-state model with a random potential, Könenberg, Moser,
Seiringer, and Yngvason proved that complete condensation in a Gross–Pitaevskii limit
can coexist with an arbitrarily small superfluid fraction [87]. In that one-dimensional
model the pair-interaction coupling is scaled by N−1 in a fixed region. In the three-
dimensional Gross–Pitaevskii limits discussed below, it is the scattering length that is
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of order N−1 relative to the fixed spatial scale; see Section 1.3. The microscopic relation
between condensation and superfluidity was analyzed by Hohenberg and Martin [73];
see also [17, 80, 96].

Feynman developed a sum-over-paths formulation of quantum mechanics [47]. In
imaginary time, we can describe both responses probabilistically through this formulation
[48]. We use units with h̄ = 1 and m = 1/2, so that the kinetic energy operator is −∑j ∆j,
and with inverse temperature β = 1/T. The paths are parametrized by the time variable
t ∈ [0, β] of the heat semigroup e−tH, which physicists call imaginary time; it is not
the physical time of the dynamics. Let pt(x, y) be the heat kernel of the Laplacian on
R3, or the periodic heat kernel on the torus. Let PX,Y be the law of N independent
Brownian bridges with generator ∆ in the time interval [0, β], on R3 or on the torus, the
j-th going from xj to yj. Since the underlying Brownian motion has generator ∆, each of
its coordinates has variance 2t at time t. For hard spheres of diameter a, let C be the event
that |xi(t)− xj(t)| > a for all t ∈ [0, β] and all i ̸= j, where on the torus |xi(t)− xj(t)|
denotes the torus distance. In a container we use the free Euclidean heat kernel and
free Euclidean bridges, and C also requires the paths to stay inside the container. The
Feynman–Kac formula expresses the bosonic partition function as

Z = Tr e−βH =
1

N! ∑
π∈SN

∫ N

∏
j=1

pβ(xj, xπ(j))PX,πX(C)dX, (1.5)

where X = (x1, . . . , xN) and πX = (xπ(1), . . . , xπ(N)); see Proposition 3.5 and Lemma 3.6
for the representation and the trace normalization, and [48, 61–63, 133] for background.
The sum over permutations expresses the symmetry of bosonic wave functions. After
normalization, the integrand in (1.5) defines a probability measure µ on permutations
and paths, which we call the Bose path measure. Since the path of particle j ends where
the path of particle π(j) begins, the N paths join into closed loops; a cycle of π of length
k gives one loop of duration kβ. In this way the Bose gas becomes a gas of Brownian
loops with a hard-core interaction at equal times.

On the torus, we lift each loop to R3. After one full turn, its displacement is L times
an integer vector, which we call its winding vector. Let W ∈ Z3 be the sum of the
winding vectors of all loops. Pollock and Ceperley observed that the twist (1.1) multiplies
the weight of each configuration by the phase eiθW1 , the phase acquired by closed loops
in a constant vector potential, so that Z(θ)/Z(0) = EµeiθW1 [124]. Since EµW1 = 0 by
symmetry, differentiating twice at θ = 0 yields F′′(0) = T Varµ(W1). In our units, (1.3)
becomes

fs =
TL2

2N
Varµ(W1). (1.6)

This is the winding-number formula of Pollock and Ceperley [124]. For rotation, the
Hamiltonian H − ωLn differs from the Hamiltonian of particles in a uniform magnetic
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field along n by a centrifugal term proportional to ω2 ∑j r2
j , which accounts for Icl. The

magnetic field multiplies the weight of each configuration by eiωAn , where the stochastic
area An is the sum over loops of the signed areas of their projections onto the plane
orthogonal to n. We obtain

Icl − I = T Varµ(An), (1.7)

which is the area formula of Sindzingre, Klein, and Ceperley [135]; see Ceperley’s review
[33] for both formulas and their use in path-integral Monte Carlo simulations.

Superfluidity, in the two senses above, is the statement that the winding (or the
area) of an interacting system of Brownian loops has macroscopic fluctuations. By
(1.6), the superfluid fraction has a positive lower bound in the thermodynamic limit if
and only if the normalized variance Varµ(W1)/(βρL) has a positive lower limit. In a
container of linear size L, the classical moment of inertia is at most a constant times
NL2. By (1.7), the nonclassical rotational inertia fraction then has a positive lower limit
whenever Varµ(An)/(βρL5) does. Bose statistics is essential here. For noninteracting
distinguishable particles, only the identity permutation occurs, each loop has duration β,
and the probability that a single loop winds around the torus is of order e−L2/(4β); the
superfluid fraction then tends to zero. At fixed inverse temperature, long permutation
cycles provide a natural mechanism for winding on the scale of the container, since a cycle
through k particles is a loop of duration kβ. Feynman related the superfluid transition to
the appearance of such cycles [48]; see also [33, Section III.F]. The present paper proves
that, for the dilute hard-sphere gas at low positive temperature, the winding and the area
have fluctuations of the required size.

1.2 The model and the main results

We use units in which h̄ = 1, the particle mass is m = 1/2, and Boltzmann’s constant is
one, so that h̄2/(2m) = 1 and temperature is measured in units of energy. The dictionary
to general h̄ and m is given in Remark 1.10. We fix the diameter a > 0 of the hard
spheres, which is the smallest allowed distance between two particle centers. It is also
the scattering length of the interaction: the zero-energy scattering solution outside the
excluded ball is 1 − a/|x|, and its coefficient a is called the scattering length. Throughout,
T > 0 is the temperature and β = 1/T.

The gas on the torus. For N ≥ 1 and L > 0, let dL be the Euclidean distance on the torus
ΛL = (R/LZ)3, and let

XN,L = {X = (x1, . . . , xN) ∈ ΛN
L : dL(xi, xj) > a for all i ̸= j}.

We consider only N and L for which XN,L is nonempty; along the sequences in our
theorems, this holds for all large L. The Hamiltonian HN,L is the self-adjoint operator
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associated with the quadratic form ψ 7→ ∑N
j=1

∫
XN,L

|∇jψ|2 on the symmetric functions in

H1
0(XN,L). In other words, HN,L is the Dirichlet realization of −∑j ∆j on bosonic wave

functions that vanish when two particles touch. For θ ∈ R, the twisted Hamiltonian
HN,L(θ) is defined by the same form domain and the differential expression ∑j(−i∇j +

θe1/L)2. It is unitarily equivalent to −∑j ∆j with the boundary condition (1.1). The
twisted free energy is

FN,L,T(θ) = −T log Tr e−HN,L(θ)/T,

where the trace is over symmetric functions. We define the superfluid fraction at finite
volume by

fs(N, L, T) =
L2

2N
∂2

θ FN,L,T(0). (1.8)

In Section 3, we show that FN,L,T is twice continuously differentiable, that (1.6) holds with
the winding vector W of the Bose path measure µ on ΛL, and that 0 ≤ fs(N, L, T) ≤ 1.

The gas in a container. Let Ω ⊂ R3 be a nonempty bounded open set, the container, and
let |Ω| > 0 be its volume. For L > 0, consider N hard spheres with centers in the dilated
container LΩ, and let

XΩ
N,L = {X ∈ (LΩ)N : |xi − xj| > a for all i ̸= j}.

As on the torus, we consider only N and L for which XΩ
N,L is nonempty. The Hamiltonian

HΩ
N,L is the Dirichlet realization of −∑j ∆j on the symmetric functions in H1

0(XΩ
N,L); the

wave functions vanish when two particles touch and when a particle touches the wall.
Fix a unit vector n ∈ R3 and a point x0 ∈ R3, and consider rotations about the axis
{Lx0 + sn : s ∈ R}. The angular momentum about this axis is

Ln =
N

∑
j=1

n ·
(
(xj − Lx0)× (−i∇j)

)
.

The operator HΩ
N,L −ωLn is defined through its closed quadratic form on the form domain

of HΩ
N,L; the first-order term is infinitesimally form bounded because the container is

bounded. For ω ∈ R, let Frot
n (ω) = −T log Tr e−(HΩ

N,L−ωLn)/T, again with the trace over
symmetric functions. We define the moment of inertia and the classical moment of inertia
by

In = −∂2
ωFrot

n (0), Icl,n =
1
2

〈 N

∑
j=1

r2
j

〉
, (1.9)

where rj is the distance from xj to the axis and ⟨·⟩ denotes expectation in the normalized

state e−HΩ
N,L/T/ Tr e−HΩ

N,L/T, the Gibbs state at temperature T. The number 1 − In/Icl,n is
the nonclassical rotational inertia fraction. The circle in the integral below denotes the
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Stratonovich convention, obtained by midpoint evaluation in stochastic Riemann sums.
In Section 3, we show that In is well defined and that

Icl,n − In = T Varµ(An), A =
1
2

N

∑
j=1

∫ β

0
xj(t)× ◦dxj(t), An = n · A, (1.10)

where µ is now the Bose path measure in the container, and xj(t) is the path of particle j.
We call A ∈ R3 the stochastic area vector. Because the paths join into closed loops, A does
not depend on the choice of origin. In particular, the deficit Icl,n − In is the same for all
parallel axes. The identity (1.10) implies In ≤ Icl,n. Since Frot

n is concave (Proposition 3.16),
we also have In ≥ 0. We do not assume any symmetry of Ω or any regularity of its
boundary.

Main results. Let α0 ≥ 2 be the absolute constant fixed in Step 1 of Section 10.3, large
enough for the scaled setting of [112, Section 2] and for Appendices A and B; see
Section 8.1. Let κT be the numerical constant fixed in Appendix B. For a, ρ > 0 with
ρa3 < α3

0, we set Dρ = α3/2
0 (ρa3)−1/2 and define

T∗(a, ρ) =
κT ρa

log Dρ
. (1.11)

Under the change of units of [112, Section 10], every temperature in the open interval
(0, T∗(a, ρ)) maps for all large L into the scaled temperature window 0 < T ≤ τ0/ log D
of Section 8, where τ0 = κTα0 and D is the number of particles per unit cell in scaled
units; see Section 10. Once D is large, this window contains the window 0 < T ≤ D−1 of
[112, Theorem 2.1], and we extend the thermal estimates of [112] to it in Appendix B. In
the following theorems, fs(N, L, T), In, and Icl,n are the finite-volume quantities defined
in (1.8) and (1.9).

Theorem 1.1. There exist absolute constants c0 > 0 and c1 > 0 such that the following holds.
Let a > 0 and ρ > 0 satisfy ρa3 ≤ c0, and let 0 < T < T∗(a, ρ). Then

lim inf
N,L→∞
N/L3→ρ

fs(N, L, T) ≥ c1(ρa3)3/8.

The lower limit is over all sequences of N and L tending to infinity with N/L3 → ρ,
at fixed a, ρ, and T. The lower bound is the same for every temperature in the interval
(0, T∗). By (1.6), Theorem 1.1 states that Varµ(W1) ≥ (2c1 − ε)(ρa3)3/8βρL for every ε > 0
and all sufficiently large L in any such sequence.

For comparison, the ideal Bose gas of density ρ condenses below the temperature
Tc(ρ) = 4π(ρ/ζ(3/2))2/3, where ζ is the Riemann zeta function, and

T∗(a, ρ)

Tc(ρ)
=

κT ζ(3/2)2/3

4π

(ρa3)1/3

log Dρ
. (1.12)
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Numerical simulations place the transition of the dilute hard-sphere gas close to Tc

[65, 122]. Seiringer and Ueltschi proved an upper bound on the critical temperature
for Bose–Einstein condensation, by proving exponential decay, with spatial separation,
of the kernel of the one-particle density matrix above an explicit temperature [131].
The normal regime of Theorem 1.5 below starts at (1 + ε)ζ(3/2)2/3Tc ≈ 1.897(1 + ε)Tc,
whereas their bound for the absence of condensation is much closer to Tc, namely
Tc(1 + 5.09(ρa3)1/6(1 + o(1))) as ρa3 → 0, for a different quantity, in the grand-canonical
ensemble on domains with Dirichlet boundary conditions [131]. The interval (0, T∗) is
a small fraction, of order (ρa3)1/3/ log(1/(ρa3)), of the expected range of superfluidity.
It lies a logarithmic factor below the energy scale ρa of the excitations of the gas. For
momentum p ∈ R3, writing p2 = |p|2, Bogoliubov’s excitation spectrum in our units
is ϵ(p) = (p2(p2 + 16πaρ))1/2 [27]. It is approximately linear for p2 ≪ aρ, where the
excitations are phonons, that is, low-momentum collective excitations, and approximately
quadratic for p2 ≫ aρ; the crossover energy is of order ρa. We have T∗/(ρa) = κT/ log Dρ.
In this regime the theories of Landau and Bogoliubov predict that the normal fraction
1 − fs is very small [27, 91, 123]. Our lower bound c1(ρa3)3/8 is far from this prediction.
Theorem 1.1 implies that the gas is superfluid in the sense of (1.2), but it does not
determine its expected near-unit value.

Our second result concerns rotation. The covariance matrix Covµ(A) of the stochastic
area vector has smallest eigenvalue λmin(Covµ(A)) = inf|n|=1 Varµ(An). For x0 ∈ R3, let
RΩ(x0) = supy∈Ω |y − x0|.

Theorem 1.2. Let Ω ⊂ R3 be a nonempty bounded open set. There exist constants c0 > 0
and c1 > 0, depending only on Ω, such that the following holds. Let a > 0 and ρ > 0 satisfy
ρa3 ≤ c0, let 0 < T < T∗(a, ρ), and consider the hard-sphere gas in LΩ along sequences with
N, L → ∞ and N/(L3|Ω|) → ρ. Then

lim inf
N,L→∞

N/(L3|Ω|)→ρ

λmin(Covµ(A))

βρL5 ≥ c1(ρa3)3/8. (1.13)

Further, for every unit vector n ∈ R3 and every x0 ∈ R3,

lim inf
N,L→∞

N/(L3|Ω|)→ρ

(
1 − In

Icl,n

)
≥ 2c1

|Ω|RΩ(x0)2 (ρa3)3/8. (1.14)

The bound (1.13) says that Covµ(A) ≥ (1 − ε)c1(ρa3)3/8βρL5 Id in the sense of
quadratic forms, for every ε > 0 and all sufficiently large L. By (1.10), the inertia
deficit Icl,n − In equals T n ·Covµ(A) n for every axis with direction n. Then (1.13) bounds
the deficit from below for all axes at once. For a general direction n, the proof rotates
the coordinates so that n becomes a coordinate direction; no symmetry of Ω is used. The
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constant in (1.14) depends on Ω and on the axis point x0, and not on n. Combining (1.13),
the identity (1.10), and the inequality Icl,n ≤ NL2RΩ(x0)

2/2, we obtain the bound (1.14).
When Ω = (−1/2, 1/2)3 and x0 = 0, the symmetries of the cube imply that In and Icl,n
do not depend on n, at every finite volume. In this case the nonclassical rotational inertia
fraction is the same for all axes through the center of the cube.

Our third result bounds the moment generating function of the winding vector by that
of a centered Gaussian (a sub-Gaussian bound), without any restriction on the density or
the temperature. Let µ be the Bose path measure on ΛL and W its winding vector, as in
(1.6).

Theorem 1.3. Let N ≥ 1, L > 0, a > 0, and β > 0, and suppose that XN,L is nonempty. Then
for every t ∈ R3,

Eµ exp(t · W) ≤ exp
(

βN|t|2/L2).

Expanding both sides to second order in t, we find that Varµ(u · W) ≤ 2βN|u|2/L2

for u ∈ R3; by (1.6), this is the upper bound fs ≤ 1. Combining this with Theorem 1.1,
we obtain the order of magnitude of the winding vector.

Corollary 1.4. Assume the hypotheses of Theorem 1.1, let c1 be the constant there, and set
Ŵ = W/(βρL)1/2. Then Eµ exp(t · Ŵ) ≤ exp

(
N|t|2/(ρL3)

)
for every t ∈ R3, and

supN,L Eµ|Ŵ|p < ∞ for every p ≥ 1, where the supremum is over N and L in any sequence with
N/L3 → ρ. Further, every subsequential limit in distribution Ŵ∞ of Ŵ along such a sequence
satisfies EŴ∞ = 0 and

2c1(ρa3)3/8 Id ≤ Cov(Ŵ∞) ≤ 2 Id.

The area satisfies a two-sided bound of the same kind. Since In ≥ 0, we have
Varµ(An) ≤ βIcl,n by (1.10), and βIcl,n ≤ (1 + o(1))|Ω|RΩ(x0)

2βρL5/2. Then, by Theo-
rem 1.2, we find that the area variance has order of magnitude βρL5. We do not prove
the analog of Corollary 1.4 for the area, because we have no uniform bound on its higher
moments.

Theorem 1.5. Let ε ∈ (0, 1], let a, ρ > 0 satisfy ρa3 ≤ (ε/100)3, and consider a sequence
with N, L → ∞ and N/L3 → ρ. Then, for all sufficiently large L in the sequence and all
T ≥ (1 + ε)4πρ2/3,

fs(N, L, T) ≤ 57
(L2T

4π

)3/4
exp

(
−L

4

√
T log(1 + ε)

)
, (1.15)

and Pµ(W ̸= 0) ≤ 190(L2T/4π)3/2 exp
(
− L

2

√
T log(1 + ε)

)
. In particular, fs(N, L, T) → 0

and Varµ(W1) → 0, uniformly in T ≥ (1 + ε)4πρ2/3.

With ε = 1 and ρa3 ≤ min{c0, 10−6}, Theorems 1.1 and 1.5 give a superfluid interval
(0, T∗(a, ρ)) and a normal interval [8πρ2/3, ∞), which are disjoint; we prove nothing about
the temperatures in between.
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We conclude this section with several remarks on the scope of these results.

Remark 1.6. In Theorems 1.1 and 1.2, the derivatives in θ and ω are taken at θ = 0 and
ω = 0 at each finite N and L, and the thermodynamic limit is taken afterward. We do
not prove that fs(N, L, T) or In/Icl,n converges, and we make no statement about the free
energy at a fixed nonzero twist or angular velocity. A twist of angle θ changes the free
energy by fsNθ2/L2 + o(θ2), which is of order L, while the free energy itself is of order
L3. For this reason, asymptotic formulas for the free energy per unit volume, such as
those discussed in Section 1.3, do not by themselves control this curvature; one needs
estimates that resolve the twist-dependent part of the free energy, which is smaller than
the volume, together with control of its derivatives. Both of our quantities are responses
of the equilibrium state to static perturbations. Fisher, Barber, and Jasnow emphasized
that a nonzero equilibrium helicity modulus does not by itself establish the dynamical
stability of finite superflow [52, p. 1113]. Prokof’ev and Svistunov discuss how such
definitions relate to dynamical ones [125].

Remark 1.7. The proofs give the following finite-volume form of Theorem 1.1, uniform in
the density and the temperature. Let c0 and c1 be the constants of that theorem, let a > 0,
and let 0 < ρ1 ≤ ρ2 with ρ2a3 ≤ 2c0. There exists L0 such that fs(N, L, T) ≥ c1(ρLa3)3/8,
where ρL = N/L3, for all L ≥ L0, all N with ρL ∈ [ρ1, ρ2], and all 0 < T ≤ T∗(a, ρL). The
analogous statement holds for (1.13) and (1.14), with the lower limits omitted, ρ replaced
throughout by ρL = N/(L3|Ω|), and the constants of Theorem 1.2. Each finite-volume
quantity is computed at a positive temperature; the remark gives no statement about
ground states.

Remark 1.8. Several properties expected of the dilute Bose gas are not addressed here. We
do not prove that fs tends to one as T or ρa3 tends to zero, and we do not determine the
leading low-temperature behavior of 1 − fs. We do not prove a positive critical velocity,
indefinitely circulating currents, or vortices with quantized circulation. For an excitation-
spectrum formulation of Landau’s criterion and the role of the order of limits, see [36,
Sections 2.3, 2.5, and 2.6 in arXiv version 4]. We do not prove a sharp phase transition, or
identify the temperature at which superfluidity disappears. We do not prove a central
limit theorem for the winding vector, or that the limit in distribution of Ŵ in Corollary 1.4
is unique. Finally, our results do not imply Bose–Einstein condensation; condensation for
this model is the subject of [112, 115].

Remark 1.9. The two results use different boundary conditions for a reason. In a box
with hard walls, a constant vector potential is removed by multiplying the wave function
by a phase, so the free energy does not depend on a constant twist; the twist must be
imposed through periodic boundary conditions. For the rotational response we use a
physical container. The nonclassical rotational inertia fraction depends on the shape of the
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container, and it is not expected to equal fs. In a vessel without rotational symmetry about
the axis, such as a cube, the walls set the superfluid component into an irrotational (curl-
free) motion that carries angular momentum, and even a fully superfluid fluid need not
have In = 0; see [38] and [123, Section 14.2]. For the same reason, the angular momentum
Ln does not commute with HΩ

N,L in general, and In is a Duhamel correlation of Ln, that
is, an average over imaginary time of covariances, as in quantum linear response theory
[89, Eq. (3.16)], rather than β Var(Ln). See [33, Section III.E, Eqs. (3.18)–(3.25)] for this
rotational response without cylindrical symmetry.

Remark 1.10. In general units, write κ = h̄2/(2m) and measure temperature in units of
energy. The superfluid fraction is fs = mL2F′′(0)/(h̄2N) = mL2 Varµ(W1)/(βh̄2N), which
agrees with (1.3). The identity (1.10) becomes Icl,n − In = 4m2 Varµ(An)/(βh̄2), with
Icl,n as in (1.4). The bound of Theorem 1.3 becomes Eµ exp(t · W) ≤ exp(βκN|t|2/L2).
The threshold temperature is κκTρa/ log Dρ, and the ideal-gas critical temperature is
4πκ(ρ/ζ(3/2))2/3; the ratio (1.12) is unchanged. The fractions fs and 1 − In/Icl,n are
dimensionless and do not depend on the choice of units. In the Brownian representation,
imaginary time then runs over [0, β] and the paths have generator κ∆.

1.3 Previous work

Physics. The dilute hard-sphere Bose gas is a standard model in the physics literature.
Following the work of Bogoliubov [27], Lee, Huang, and Yang computed its ground-state
energy to second order in the gas parameter and described its low-temperature properties
[92]. Hugenholtz and Pines derived a relation between the chemical potential and the
self-energies that yields a gapless excitation spectrum for an interacting condensed
Bose system at zero temperature [75, Section 6, Eq. (6.2)]. Path-integral Monte Carlo
simulations of the hard-sphere gas locate the superfluid transition close to the ideal-
gas temperature Tc [65, 122]; both use the winding-number formula (1.6). Rotational
properties of trapped dilute gases are discussed in [123, 136]. These physical analyses
motivate superfluidity at low temperature, with a fraction close to one in the phonon
regime, while the simulations locate the transition. They do not constitute proofs of our
lower bounds on the response.

Lattice models. Rigorous results on long-range order and condensation are available for
lattice spin systems and lattice Bose gases [4, 45, 58, 83]. Several of them concern lattice
gases of hard-core bosons, whose nearest-neighbor hopping corresponds to spin-1/2 XY
couplings through the correspondence of Matsubara and Matsuda [108, Sections 2–3]. For
the superfluid response, Paramekanti, Trivedi, and Randeria obtained variational upper
bounds on the superfluid stiffness of disordered lattice systems [118]. These results do
not give positive lower bounds on the response of a continuum gas. In two dimensions,
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Fröhlich and Spencer proved the Kosterlitz–Thouless transition of classical rotator models,
a transition at which the decay of correlations changes from exponential to a power law
[57].

Energy and free energy of the continuum gas. For the continuum gas at fixed density,
most rigorous results concern the energy and the free energy. Dyson proved upper and
lower bounds on the ground-state energy of hard spheres [44]. Lieb and Yngvason proved
that the ground-state energy per unit volume is 4πaρ2(1 + o(1)) as ρa3 → 0, for repulsive
interactions including hard cores [101]. The second-order term of Lee, Huang, and Yang
was proved as an upper bound for sufficiently weak, smooth, rapidly decaying repulsive
potentials in [147, Theorem 2.1], and for nonnegative radial compactly supported L3(R3)

potentials, without a smallness assumption, in [12, Theorem 1.1], and as a lower bound
by Fournais and Solovej [54, 55], whose second paper treats interactions with hard cores;
see also [31]. For hard spheres, an upper bound with an error of the order of the second-
order term was proved in [13]. The sharp second-order upper bound is stated for hard
spheres in [15] and for general potentials in [16]. At positive temperature, Seiringer
[130, Theorem 1] proved a lower bound for the leading interaction correction to the
free energy, allowing hard cores and uniformly for temperatures up to the order of Tc,
down to zero. Yin [148, Theorem 1 and Corollary 1] proved the matching upper bound
for bounded, radial, compactly supported repulsive potentials when T/Tc tends to a
fixed positive value. A leading-order free-energy upper bound for nonnegative radial
compactly supported L3 potentials is proposed in [14]. At low temperatures, the free
energy to second order was proved as a lower bound in [66], and as an upper bound
for nonnegative radial compactly supported L2(R3) potentials, at temperatures up to
a fixed multiple of ρa, in [67]. The lower bound was extended to nonnegative radial
non-increasing potentials whose range is bounded by a fixed multiple of their scattering
length, including hard cores, in [53]. As explained in Remark 1.6, these bulk results do
not by themselves control the superfluid fraction.

Condensation in scaling limits. For continuum gases with short-range interactions,
Bose–Einstein condensation was proved in scaling limits in which the gas parameter
tends to zero as N → ∞. Lieb and Seiringer proved complete condensation of the ground
state of a trapped gas in the Gross–Pitaevskii limit [99]; we refer to [105] for an account.
Bogoliubov theory and optimal rates of condensation in Gross–Pitaevskii limits were
obtained for periodic boxes [25, 26] and trapped gases [29, 30, 110], and scalings beyond
the Gross–Pitaevskii regime were treated in [3]. At positive temperature, condensation
was proved for a trapped gas by Deuchert, Seiringer, and Yngvason [40], and for a
homogeneous gas in the Gross–Pitaevskii limit by Deuchert and Seiringer [39]. For
the grand-canonical mean-field gas on a three-dimensional unit torus, Deuchert, Nam,
and Napiórkowski justified a Bogoliubov description of the Gibbs state at temperatures
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comparable to the condensation transition [41]; they also related condensation and
spontaneous U(1) symmetry breaking through ordered quasi-averages [42]. These mean-
field results concern an interaction scaled with the particle number. For nonnegative
radial decreasing finite-range L1 potentials, condensation has also been propagated from
small boxes to larger ones for low-energy states in a dilute scaling regime [35, Theorem 2].
A Neumann localization inequality for this strategy is given in [81, Theorem 3]. Sütő
has proposed a proof of condensation for a class of potentials with nonnegative Fourier
transform at high density [140].

Condensation at fixed density. In a series of preprints, OpenAI proved Bose–Einstein
condensation for the dilute gas at fixed density in the thermodynamic limit. In [115],
it is proved that every ground state of the hard-sphere gas has a constant one-particle
orbital whose occupation is proportional to N when ρa3 is small. In [111], a condensate
fraction bounded below uniformly in small densities is obtained for fixed bounded,
nonnegative, radial, finite-range, nonzero potentials, at temperatures 0 ≤ T ≤ ρ2. In
[112], condensation is proved for the hard-sphere gas at a positive temperature. In the
main theorem [112, Theorem 1.1], one positive temperature is given for each small density.
Its scaled form [112, Theorem 2.1] holds uniformly in the scaled window 0 < T ≤ D−1.
Under the change of units of [112, Section 10], our interval (0, T∗) maps into a larger
window, for which we extend the thermal estimates of [112], not its condensation theorem,
in Appendix B. In the companion preprints [113, 114], the leading fraction outside the
condensate at zero temperature, called the quantum depletion, is determined for hard
spheres and for fixed bounded, nonnegative, radial, finite-range potentials with positive
scattering length, respectively. The thermodynamic limit is taken before the dilute limit
ρa3 → 0. Our proofs adapt the thermal estimates of [112] and several of the methods of
[111, 112, 115]; Section 1.4 summarizes these debts, and the technical sections give the
precise attributions.

Superfluidity. Rigorous results on the superfluid response of interacting continuum
gases are few. Lieb, Seiringer, and Yngvason proved complete superfluidity of the ground
state of a dilute Bose gas in a Gross–Pitaevskii limit, defined through the response to an
imposed velocity field [103]; we compare their result with ours below. Könenberg, Moser,
Seiringer, and Yngvason studied the superfluid fraction of a one-dimensional condensate
in a random potential, in a Gross–Pitaevskii limit [87], as mentioned in Section 1.1. For
rotating gases, Lieb and Seiringer derived the Gross–Pitaevskii equation from the many-
body problem [100], and the rotating Gross–Pitaevskii functional has been analyzed in
detail; see, for example, [37, 129]. These works concern rotation in the ground state and
Gross–Pitaevskii theory, including regimes in which the angular velocity scales with the
coupling. Here we study the susceptibility at positive temperature and ω = 0. For the
ideal gas, the helicity modulus was computed by Barber [10].
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Cycles and loops. The loop representation (1.5) has been studied in its own right. Sütő
introduced cycle percolation in the Bose gas, in which a nonzero fraction of particles
belongs to permutation cycles whose lengths diverge in the thermodynamic limit, and
related it to condensation in the ideal gas [137]. He later proved that the two are
equivalent for the ideal gas and for the imperfect Bose gas, whose interaction depends
only on the particle number [138]. Ueltschi studied Feynman cycles and their relation to
off-diagonal long-range order [143, 144]. Betz and Ueltschi proved the existence of infinite
cycles and identified their length distribution in models of spatial random permutations
[21–23]. Adams, Collevecchio, and König obtained variational bounds from the loop
representation, and an equality identifying the free energy in specified high-temperature
or low-density regimes [2]. König developed a description in which infinitely long paths
appear alongside the finite loops [88]. Random loop representations of quantum spin
systems are studied in [24, 145], and loop ensembles of lattice Bose gases in [59]. We do
not know of a general argument that deduces winding fluctuations of order βρL from
the existence of long cycles.

Comparison with the closest results. We now compare our results with the two closest
ones. Lieb, Seiringer, and Yngvason [103, Theorem 1] proved the asymptotics of the
ground-state energy under a twist that correspond to complete superfluidity, in a periodic
cube of fixed side length L, as N → ∞ with Na/L fixed. In this limit the density
grows and ρa3 = O(N−2). Their result controls the twist-dependent energy in this
scaling limit, which is stronger than computing a zero-temperature curvature at each
fixed finite volume. They also treated an annular cylinder with an imposed azimuthal
velocity field [103, Theorem 2]. In Theorem 1.1, we instead bound the curvature of the
canonical free energy, with particle number fixed, at finite volume. We fix a, the density,
and the positive temperature before taking the ordinary thermodynamic limit. The
strength of the conclusions also differs: the superfluid fraction is one in the limit of [103],
while in Theorem 1.1 we obtain only the lower bound c1(ρa3)3/8. The Gross–Pitaevskii
superfluidity proof of [103] uses generalized Poincaré inequalities with a vector potential
[104, Theorem 3 and Corollary 1].

The condensation theorem of [112] holds for the same model, and, in its scaled form,
at temperatures within our interval (0, T∗). It concerns a different quantity. Condensation
is a property of the one-particle density matrix, whose kernel γ(1)(x, y) is represented by
configurations in which one path is open and runs from x to y; the superfluid fraction is
a property of the windings of closed loops. Neither property is known to imply the other
in general, and the examples above show that the two fractions can differ substantially.
The proofs also differ in an essential way. Both use a randomized local change of a short
piece of the paths along a random route, and a second-moment computation over two
independent choices of the route. In [112], as in [111, 115], a bounded second moment of
the resulting likelihood suffices, because the conclusion is a positive lower bound on the
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occupation of the constant orbital. To bound a variance from below by a quantity of order
L, we need a second moment that is 1 +O(1/L), and this requires new constructions; see
Section 1.4.

To our knowledge, Theorems 1.1 and 1.2 are the first positive lower bounds, in the
thermodynamic limit, on the superfluid fraction defined by a twist and on the nonclas-
sical rotational inertia fraction 1 − In/Icl,n of the three-dimensional dilute hard-sphere
gas, at fixed exclusion distance, fixed positive density, and fixed positive temperature,
with the boundary conditions stated above. Earlier results include the Gross–Pitaevskii
ground-state theorem of [103], the ideal-gas calculation of [10], and the one-dimensional
disordered model of [87]. The exact winding bound of Theorem 1.3 is an elementary
consequence of the Gaussian shift and common-translation formulas underlying [33, 124];
related center-of-mass formulas are given in [139, Theorem III.1, Eqs. (52)–(60) in arXiv
version 2].

1.4 Methods and their sources

The identities of Pollock and Ceperley and of Sindzingre, Klein, and Ceperley reduce
our two response bounds to lower bounds on the variances of the winding and of the
stochastic area; see Section 3. We obtain these bounds by changing the Brownian paths
in one short interval of imaginary time, a slab. The change cyclically reassigns endpoints
along a closed lattice route and resamples the selected paths from their conditional law.
For open routes, this construction is the one of [111, Section 9]. Closed routes allow us
to increase the winding, or the mean projected area, while preserving the configurations
at the two ends of the slab. The mean area gain uses moments of the stochastic area of
Brownian bridges, which can be computed from Lévy’s conditional characteristic function
[97, Equation (1.3.4)]; see also [149, Equation (2)]. Theorem 1.3 has a separate and short
proof. Shifting all paths by a common linear drift turns the weight et·W into a translation
of the endpoint configuration, and the Cauchy–Schwarz inequality at imaginary time
β/2 bounds the resulting overlap by the partition function.

We give an explicit canonical normal-phase estimate for the periodic dilute hard-
sphere gas (Theorem 1.5). The argument combines the canonical cycle representation
with a hard-core particle-insertion bound obtained from the normalized Fourier frame.
Related canonical ratio estimates for integrable repulsive potentials were proved by
Adams, Collevecchio, and König [2]; negative-chemical-potential cycle suppression and
high-temperature absence of condensation were established by Ueltschi [143] and by
Seiringer and Ueltschi [131].

The variance inequality of Hammersley and of Chapman and Robbins [34, 69] com-
pares the squared mean change of an observable with the chi-square divergence of the
changed law. We need to produce a macroscopic change at a small cost in divergence. We
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average the change over a random skeleton, a closed lattice walk drawn independently
of the configuration. From this skeleton we build the route by detours around the cells
where the local estimates fail. Squaring the averaged likelihood then produces two inde-
pendent skeletons, as in the standard second-moment method for averaged likelihoods;
see, for example, [7, 20, 121] and the source discussion after Lemma 5.3. As explained
in Section 1.3, a variance lower bound of order L in one slab requires a divergence of
order L−1. We obtain it from closed skeletons translated uniformly at random, for which
two independent copies rarely come close, together with exact cancellation of the signed
terms when the two routes have no encounters and their indicators agree in the com-
pared matchings. Since disjoint slabs are conditionally independent, we obtain a factor
proportional to β, which makes the response bounds uniform in the temperature.

The path modifications and their comparisons adapt the methods of [111, 112, 115].
We state the thermal estimates adapted from [112] in Section 8, give precise attribution
at each technical step, and prove the enlarged torus window and the container versions
in Appendices A and B. The overview in Section 2 explains the route construction, the
cancellation in the divergence estimate, and the differences between winding and area.
As far as we know, the following parts of the argument are new relative to these sources.

• The use of surgeries along closed routes, combined with the Hammersley–Chapman–
Robbins inequality, to bound the variance of the winding and of the stochastic area
from below, and the signed estimate of order L−1 for the chi-square divergence that
this requires (Sections 5 and 7). Likelihoods with their conditional means subtracted,
and the cancellation they allow, already appear in [113, Lemmas 6.6–6.8] and [114,
Lemma 5.2]. Averaging closed-route surgeries over many retained groups, with cross-
group invariance of rates and route indicators and an encounter bound for the signed
cross terms, improves the power from 1/2 to 3/8. The disjoint-group selection is
adapted from [112, Section 7.2], following [115, Section 6].

• The comparison of conditional normalizing constants for four endpoint matchings,
which adapts [115, Lemma 8.3], [112, Lemma 9.3], and [111, Section 10] to changes of
the endpoint matching (Section 7), and the adaptations of the local estimates of [112]
to the retained endpoint matching (Section 9).

• Random closed skeletons that wind once around the torus, and random polygons
whose projections have area of order L2, both translated uniformly at random, for
which the number J of nearby pairs of vertices of two independent copies satisfies
E exp(cJ) ≤ 1 + O(1/L). Here we use the ordered expansion in the proof of [111,
Lemma 8.1] with its first moment retained, as in Khas’minskii’s continuous-time
exponential estimate [85, Section 3, Lemma 4, p. 315]. A related predecessor is the
endpoint-averaged encounter argument for open routes in [113, Sections 7 and 8,
especially Proposition 7.1 and Lemma 7.3], restated in [114, Proposition 6.1]; here
closed skeletons translated as a whole give the full exponential-moment excess O(1/L).



1 Introduction 1.5 Organization of the paper 17

Further new parts are the selection of a cycle with positive winding after detours,
detours anchored at fixed points that preserve a positive fraction of the area, and a
version for closed routes of the route-stability argument of [111, Lemmas 10.2 and
10.3, Section 10.4] (Section 6).

• The amplification over slabs through the law of total variance, which makes the
bounds uniform in the temperature (Section 5).

• The lower bound on the conditional mean of the area gain of a surgery (Section 11).
• The extension of the thermal estimates of [112] from scaled temperatures T ≤ D−1

to T ≤ τ0/ log D, by their proofs with each use of the temperature checked, which
raises the temperature threshold from order (ρa3)1/2ρa to order ρa/ log(1/(ρa3))

(Appendix B, and Appendix A in a container).
• The transfer of the thermal estimates of [112] to every nonempty bounded open

container with hard walls (Appendix A).
• The finite-volume moment-generating-function formulation of Theorem 1.3 and its

scaling consequences in Corollary 1.4, and the area-variance lower bounds uniform
over all rotation axes. Combined with the area identity and nonnegative inertia, the
latter give two-sided bounds on the area variance.

• The canonical high-temperature bound fs → 0 of Theorem 1.5, obtained from a
hard-core insertion-ratio estimate and cycle winding bounds (Section 4).

The elementary ingredients of these steps, such as the Cauchy–Schwarz inequality, the
law of total variance, and the decomposition of a closed walk into simple cycles, are
classical.

1.5 Organization of the paper

In Section 2, we give an overview of the proofs. Part I consists of Sections 3 and 4. In the
first, we define the Bose path measure, prove the exact identities (1.6) and (1.10), prove
Theorem 1.3, and show that the slabs are conditionally independent; in the second, we
prove Theorem 1.5. Part II develops the abstract variance, lattice-route, and matching
arguments. Section 5 proves the variance inequality for surgeries in one slab. Section 6
constructs the random routes and estimates their encounters, on the lattice alone. Section 7
studies surgeries of endpoint matchings under explicit hypotheses (H1)–(H5) and bounds
the chi-square divergence of surgeries averaged over groups of paths. Part III applies
these results to the hard-sphere gas. Section 8 states the thermal estimates adapted
from [112] that we use. Section 9 verifies (H1)–(H4) for one slab of the hard-sphere gas,
including the adaptations of the estimates of [112] to the retained endpoint matching.
Section 10 verifies (H5) for the winding routes and proves Theorem 1.1 and Corollary 1.4,
and Section 11 does the same for the area routes and proves Theorem 1.2. Appendix A
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proves the thermal estimates in a nonempty bounded open container with hard walls,
and Appendix B proves their extension to higher temperatures on the torus.



section 2

Overview of the proofs

In this section we explain the proofs of Theorems 1.1 and 1.2 and indicate where each
step is carried out. The two proofs follow the same scheme, and we describe it first for
the superfluid fraction. No statement in this section is used later.

It is convenient to work in the scaled units of [112]. We choose a length unit s such
that the box has side K = L/s, an integer, and the hard-core diameter becomes r = α/D,
where D = N/K3 is the number of particles per unit cell and α is a large fixed constant.
The dilute regime corresponds to large D, and the temperature range of our theorems
corresponds to scaled temperatures 0 < T ≤ τ0/ log D. In this overview, T = s2Tphys
and β = 1/T denote the scaled temperature and inverse temperature, where Tphys is the
temperature of the introduction. In these units a unit cell contains many particles, the
particles are far apart compared with r, and a Brownian path of duration of order one
moves a distance of order one. Section 10 returns to physical units.

2.1 From response to fluctuations

The first step is classical. By the Feynman–Kac formula, the canonical partition function
of the gas is an integral over configurations of N Brownian paths in the imaginary-time
interval [0, β], which avoid each other at distance r and are closed up by a permutation
of their endpoints. On the torus, the closed paths have a winding vector W ∈ Z3, the
sum of their displacements divided by K. Under the twisted Hamiltonian, the weight of
a path configuration is multiplied by eiθW1 , which leads to

fs =
TK2

2N
Var(W1). (2.1)

This identity is due to Pollock and Ceperley [124]. In the same way, rotation about an
axis with direction n multiplies the weight by a phase proportional to the stochastic area
n · A swept by the paths, and

Icl − I = T Var(n · A), (2.2)

which is the identity of Sindzingre, Klein, and Ceperley [135]. We prove both identities
for the hard-core gas in Section 3, together with the bounds 0 ≤ fs ≤ 1 and 0 ≤ I ≤ Icl.

19
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To prove Theorems 1.1 and 1.2, we need lower bounds on two variances. Since
N = DK3 and Icl ≤ CNK2, positive lower bounds on fs and on 1 − I/Icl would follow
from

Var(W1) ≥ cβDK, Var(n · A) ≥ cβDK5. (2.3)

Our bounds have this form with D replaced by D1/4, which gives the factor D−3/4, of
order (ρa3)3/8, in the theorems.

The difficulty is that the winding vector is a topological quantity. A modification of
the paths near a point, or inside a ball of radius smaller than K/2, cannot change W. To
change W1 by one, the paths must be reorganized along an entire loop around the torus.
To bound Var(W1) from below, we need a mechanism that acts on a macroscopic scale,
and the problem is to find one whose cost can be controlled.

2.2 A variance inequality

We use the following elementary inequality, which goes back to Hammersley [69] and
Chapman and Robbins [34]. Let µ be a probability measure on the configurations, and
let Q be a Markov kernel, that is, a random transformation of a configuration; µQ is the
law of the transformed configuration. Let O be an observable, that is, a real function of
the configuration, with O ∈ L2(µ), and suppose that µQ has a density L = d(µQ)/ dµ

in L2(µ). If the divergence χ2(µQ ∥ µ) =
∫
(L − 1)2 dµ is positive, then

Varµ(O) ≥
(
EµQO − EµO

)2

χ2(µQ ∥ µ)
. (2.4)

Indeed, the numerator is the square of
∫
(O − EµO)(L − 1)dµ, and we may apply the

Cauchy–Schwarz inequality; if the divergence is zero, then so is the numerator. We apply
(2.4) with O = W1 and with a kernel Q that we call a surgery: with probability at least
1/2 it rewires the paths so that W1 increases by a positive integer, and otherwise it does
nothing. The numerator is then at least 1/4, and a bound

χ2(µQ ∥ µ) ≤ C♯D−1/4/K (2.5)

implies Var(W1) ≥ KD1/4/(4C♯). We prove this bound in a single short slab of imaginary
time. The inequality (2.4) and its use are formalized in Section 5.

A rewiring along one fixed macroscopic loop generally changes the law too much for
this estimate. We obtain the small divergence by averaging over random choices of the
loop. We sample a random lattice loop Γ, which we call a skeleton, independently of the
configuration. The kernel QΓ builds a route from Γ that depends on the configuration
(see Section 2.6), and we set Q = EΓQΓ. Then

χ2(µQ ∥ µ) = EΓ,Γ′

∫
LΓLΓ′ dµ − 1, (2.6)
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where Γ′ is an independent copy of Γ and LΓ is the density of µQΓ. Averaged likelihoods
occur in minimax hypothesis testing; see [77, Section 1.1, equations (1.1)–(1.4) in the
preprint version]. The independent-copy second-moment expansion appears explicitly
for random paths in [7, Section 2.1.2, equation (2.6) in arXiv version 2] and [20, proof of
Lemma 2.4, equation (2.8) in arXiv version 1], and for point reassignments in perturbed
lattices in [121, proof of Proposition 2.1, equation (2.3) in arXiv version 1]. In our setting,
if surgeries along two routes that never come close did not interact at all, then

∫
LΓLΓ′ dµ

would equal one for such routes, and (2.6) would be controlled by the event that the two
routes meet. Two independent skeletons of length of order K in the torus, each translated
uniformly in the two transverse directions, meet with probability of order K · K−2 = K−1.
This is the source of the factor 1/K in (2.5). Making this heuristic rigorous is the main
work of the paper. There are three main difficulties: the paths interact through the hard
core, so that surgeries along distant routes do interact, through normalizing constants;
the routes must avoid regions where the gas is atypical; and two routes that do meet
must separate quickly.

2.3 One slab, and uniformity in temperature

We cut the imaginary-time interval [0, β] into nβ = ⌊β/δ⌋ slabs of a fixed small length δ,
together with a remainder. We record the positions of all particles at the times 0, δ, 2δ, . . . ,
which we call the cut configurations, and we relabel the particles independently at each
cut. Given all cut configurations, the paths and endpoint matchings in distinct slabs are
independent. Before conditioning, every full slab, together with its two cut configurations,
has the same law. The winding vector and the stochastic area are sums of contributions
of the slabs. By the law of total variance, we have

Var(W1) ≥ nβ E Var
(
W(1)

1

∣∣ endpoints of the first slab
)
, (2.7)

where W(1)
1 is the contribution of the first slab. We prove these facts in Section 3. Applying

(2.4) to the joint law with a surgery that acts in one slab and fixes its endpoints, we obtain
a lower bound of order KD1/4 on the expected conditional variance (Section 5). Then we
have Var(W1) ≥ nβKD1/4/(4C♯), and by (2.1), we obtain

fs ≥
T nβ

8C♯D3/4 ≥ 1
16C♯δD3/4 (2.8)

throughout the scaled temperature window 0 < T ≤ τ0/ log D, where T < δ−1 for D
sufficiently large. The factor T in the Pollock–Ceperley identity is compensated by the
number of independent slabs, which is why our lower bound does not deteriorate as T
decreases. We fix the slab length δ and the constant C♯ before D, so the bound in (2.8) is
of order D−3/4.
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2.4 The surgery in one slab

Fix one slab and condition on its initial configuration Y = (Y1, . . . , YN) and its final
configuration Z = (Z1, . . . , ZN). What remains random is a matching σ, which tells us
that the path starting at Yi ends at Zσ(i), and the paths themselves. Their conditional law
is proportional to

N

∏
i=1

Wδ
Yi→Zσ(i)

(dωi) 1{the paths stay at distance greater than r}, (2.9)

where Wδ
y→z is the unnormalized Brownian bridge measure. The matching is far from

uniform: its weight is a product of heat kernels, corrected by the hard-core interaction.
The thermal estimates of [112] describe the typical configuration of a short slab. At

most cells, there are many paths that stay near their cell and can be moved through any
neighboring cell, with probability close to one of avoiding all other paths. A cell where
this fails is called bad. The key input is a joint bound: for every prescribed set A of cells,
the probability that all cells of A are bad is at most p|A|, where p can be made small by
choosing the parameters. This bound is uniform in the scaled temperature window and
in all sufficiently large volumes. Section 8 states these inputs, and Appendix A proves
their versions in a container.

The surgery acts on a retained family of paths. In each cell with at least mM eligible
paths, we retain mM of them in a uniformly random order and divide them into m
groups of M; in other cells we retain none. We reveal everything except the matching of
the retained paths and the retained paths themselves (Section 9). The surgery chooses a
group uniformly at random. Given a closed lattice route γ = (v0, v1, . . . , vℓ−1) of cells that
are good for this group, with positive winding number in the first coordinate direction, it
chooses one retained path of the group in each cell vk, reconnects the path from cell vk to
the terminal point of the path chosen in cell vk+1 (indices modulo ℓ), and resamples the
chosen paths from their exact conditional law given everything else; see Figure 2.1. The
changes of the displacements of the chosen paths add up to K times the homology vector
hom(γ) of the route, so W1 increases by hom1(γ) ≥ 1 (Lemma 10.2). The closed route
is what makes this change topological. A cyclic shift of endpoints along an open route,
followed by exact resampling, was introduced in [111, Section 9] to compare a closed
path configuration with an opened one in a proof of Bose–Einstein condensation.

2.5 Why the chi-square divergence is small

Fix a group a and a labeled route of this group, that is, a route together with the paths
of the group chosen along it, and write π for the corresponding cyclic reassignment and
S for the chosen rows. The accepted surgery along it is a subprobability kernel whose
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v0 v1 v2 v3 v4 v5 v0

• initial point Yi ◦ terminal point Zσ(i) solid: old pairing dashed: new pairing

Figure 2.1. The surgery along a route γ = (v0, . . . , v5) that winds once around the torus in the
first coordinate direction; the dashed cell is v0 again. In each cell one retained path is chosen.
Its initial point is reconnected to the terminal point of the path chosen in the next cell, and the
chosen paths are resampled from their exact conditional law. All other paths, and all endpoints,
are unchanged. The changes of the displacements add up to K hom(γ), so in the example shown
the first coordinate of the winding vector increases by one.

outgoing mass at a matching σ is the probability Rπ(σ) of these choices. Its incoming
density at a configuration reached by the surgery is explicit (Lemma 7.6):

cπ = Rπ(σπ−1)
ZS(σπ−1; ωSc)

ZS(σ; ωSc)
,

the probability of the choices at the matching before the surgery, multiplied by the
conditional partition function of the chosen paths at that matching, and divided by their
conditional partition function at the matching after the surgery. After the completion
by the identity, the likelihood of the surgeries of group a for a skeleton Γ is La,Γ =

1 + ∑π(cπ − Rπ), where the sum is over the labeled routes of group a. The kernel Q is
the mixture of the kernels Q(a) of the m groups, each with weight 1/m, so the density LΓ

in (2.6) is m−1 ∑a La,Γ, and χ2(µQ ∥ µ) is the average over the m2 pairs of groups (a, b) of
EΓ,Γ′

∫
(La,Γ − 1)(Lb,Γ′ − 1)dµ. For the m diagonal terms, a = b, and the m(m − 1) cross

terms, a ̸= b, we must bound the sums, over pairs of labeled routes of groups a and b
built from two independent skeletons, of∫

(cπ − Rπ)(cπ′ − Rπ′)dµ. (2.10)

Each such term involves four matchings of the retained paths: the current one, the two
matchings before each of the two surgeries, and the matching before both; the last enters
through the product cπcπ′ .

First let a = b, and suppose that the four matchings produce the same pair of routes
from the two skeletons. If, in addition, no cell of one route is within a fixed distance R of
the other, then the hard-core interaction between the two sets of chosen paths vanishes,
the normalizing constants factor, neither surgery changes the choices available to the
other, and the four products in (2.10) cancel exactly (Lemma 7.9). When the routes do
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come within distance R of each other, we only need an upper bound. Each nearby chosen
path costs a factor (1 − ηloc)

−1, where ηloc bounds the probability that a resampled path
collides with one of the other chosen paths near it, and a path chosen by both routes
costs a fixed factor G. The first cost is small because ηloc tends to zero as D → ∞, by
the collision estimates of [112]. The second is rare, because each route chooses among
at least m∗ paths of the group in each cell, and two routes choose the same path with
probability at most 1/m∗. By Lemmas 7.8 and 7.12, when the routes agree in the four
matchings, we find that a pair of routes contributes zero if JR(γ, γ′) = 0 and at most
CeεJR(γ,γ′) otherwise, where JR(γ, γ′) counts pairs of cells of the two routes at distance at
most R and ε is small. Since ex ≤ C(e2x − 1) for x ≥ ε, if the routes did not depend on
the matching we would obtain

χ2(µQ(a) ∥ µ) ≤ C E
[
e2εJR(γ,γ′) − 1

]
. (2.11)

Section 2.6 explains the additional term needed when they do.
Now let a ̸= b. The two surgeries move rows of different groups, and a move of group

b changes none of the counts, bad sets, rates, and route indicators of group a. After
reindexing the matchings, three of the four products in (2.10) have the same integral, and
the comparison of the four normalizing constants bounds the signed sum from above
by a loss confined to the encounters of the two routes, which vanishes if JR(γ, γ′) = 0
(Lemma 7.13). This is an upper bound on an integrated signed sum, not a pointwise
cancellation: the hard core couples paths of different groups, and a move of one group
changes the conditional law of the paths of another. Averaged over the skeletons and the
configuration, each cross term is at most C×ηloc/K.

This comparison adapts two arguments of [111, 115]. The first is the cancellation of
conditional normalizing constants away from the overlap of two changes [115, Lemma 8.3],
reproduced in [112, Lemma 9.3]. The second is the comparison of four endpoint assign-
ments, with the costs concentrated on shared paths and their predecessors, in [111,
Section 10]. There is one essential difference. In [111, 112, 115], a bound of order one on
the second moment of a density suffices, while here we need the divergence to be small.
We must keep the subtracted outgoing rates in (2.10) until we have used the cancellation
for route pairs without encounters. This is why we work with the signed expansion
rather than with positive bounds alone.

2.6 Random routes

The bound (2.11) is useful only if two routes built from independent skeletons rarely
meet and, when they do meet, separate quickly. A route built from a simple random walk
would not do: two independent walks in the two transverse directions return to each
other with probability of order k−1 after k steps, which is not summable. We use instead
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the dyadic random skeleton of [111, Section 8.1], also used in [112, 115]. It advances by
one cell in the first coordinate direction at each step, and its transverse displacement over
k steps has a conditional density bounded by Ck−3/2, given its past. The exponent 3/2
exceeds one, so that the expected number of future encounters with a fixed opposing
route is bounded. This is the mechanism of unpredictable paths, due to Benjamini,
Pemantle, and Peres [19] and Häggström and Mossel [68]. To close the loop we read the
transverse displacement forward and then backward, and to make encounters rare we
translate the loop by a uniform transverse vector. By an ordered-moment argument, we
obtain

Eeκ JR(Γ,Γ′) ≤ 1 + C/K (2.12)

for two independent skeletons Γ, Γ′ (Proposition 6.6). The excess over one, rather than a
bounded exponential moment, is the new requirement here; it uses the random translation
in an essential way.

The skeleton ignores the bad cells. We replace each visit of the skeleton to a connected
cluster of bad cells by a detour along the outer boundary of the cluster, which consists
of good cells and is connected by a theorem of Kesten and Timár [84, 141]. The joint
bound p|A| makes large clusters rare, so the detoured route is accepted with probability
at least 1/2 and has few additional encounters. These detours are the construction of
[115, Section 7] and [112, Section 8] (Proposition 6.15).

There is an apparent circularity here, since the bad cells depend on the matching
of the retained paths, which the surgery changes. Precisely, a cell is bad for a group
when it contains fewer than m∗ retained paths of the group that can be moved, and
it is vulnerable when it contains fewer than m∗ + 2 of them. The four matchings in
(2.10) may produce different routes from the same skeleton, and the exact cancellation
described above can fail. The way out is that a surgery changes the number of usable
paths only in the cells it visits, and only by a bounded amount. All four bad sets lie in
the vulnerable set of a common matching, and the routes can differ only if a component
of the vulnerable set is approached by both skeletons. Let A∗ be the total number of
cells in such components. If A∗ = 0, the route indicators agree in all four matchings.
Contributions of route pairs without encounters then cancel exactly, and contributions
with encounters are bounded by the positive estimate above. In general, the number
of possible pairs of routes is at most 4A∗ (Lemma 6.16). This follows the stability and
path-list argument of [111, Lemmas 10.2–10.3]. Averaging over the environment and
using the joint bound for the vulnerable set, we obtain E[e2εJR(Γ,Γ′)+2crec A∗ ]− 1 ≤ C/K
for a constant crec (Corollary 6.19), which bounds the divergence of the surgeries of one
group by C∗/K. Combining the diagonal and the cross terms, Theorem 7.14 bounds
χ2(µQ ∥ µ) by C∗/(mK) + C×ηloc/K. The one-opponent collision bound of Lemma 9.9
applies to the normalized one-path trial law before conditioning on avoidance of the
other retained paths. The resulting union bound over all relevant retained paths is at
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most 1/2 for the choice of m in (10.7), with m comparable to D1/4. Since ηloc is of order
D−1/4, we obtain (2.5).

2.7 Rotation

For Theorem 1.2 we replace the winding loops by polygons of large area. Inside the
container we place a cube of side H comparable to K, at distance comparable to K from
the walls, and in it a diamond-shaped lattice polygon of side of order H, with the same
dyadic transverse fluctuations and a uniform random translation. Detours are made
separately on each of its four sides, so that the area of the routed polygon remains at
least cH2.

The polygon is not planar, since its transverse fluctuations also move it out of the
plane, but its projection onto the plane orthogonal to the axis has signed area of order
H2. The surgery along a polygon γ changes the component of the stochastic area along
the axis by this projected area, up to two errors. The chords between neighboring
endpoints contribute an error that is bounded pathwise by a constant times the length of
γ. The stochastic areas of the original and resampled Brownian bridges are not controlled
pathwise, since a confined Brownian path can sweep a large signed area through small
loops. We control them in mean, averaging over both the original chosen paths and
their replacements, conditionally on everything else (Proposition 11.7). The mean gain
of the surgeries of each group is at least cH2, and so is that of their mixture, whose χ2

divergence is at most C♯D−1/4/H. Combining (2.4) with the slab decomposition, we
obtain Var(n · A) ≥ c nβD1/4K5. Since Icl ≤ CNK2, we conclude from the identity (2.2)
that 1 − I/Icl has the claimed lower bound. Rotating the container reduces every axis
direction to the vertical one.

The thermal estimates of [112] are proved on the torus, and in Appendix B we extend
them to higher temperatures. In Appendix A we prove them for cells at a fixed distance
from the walls of an arbitrary bounded open container. The routes never approach the
walls, so the remaining arguments are the same as on the torus.

2.8 The order of choices

The constants are chosen in the following order (Section 10). We first fix the spatial
constants of the thermal estimates and the temperature coefficient κT, then the geometry
of the routes and the encounter coefficients, including the exponent θ× for routes of
different groups, then the upper bound pmax on the base for bad cells. From the thermal
estimates we then obtain the slab length δ and the local constants, including the factor G.
Next we choose the number M of retained paths per cell in each group, which makes the
cost of shared paths small, and then a density threshold Dmin, which makes the collision
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probability ηloc small, and, for each D ≥ Dmin, the number m(D) of groups. The constant
C♯ depends only on the choices made before Dmin. Only after these choices do we let K
tend to infinity. In particular, no constant depends on the volume or on the temperature,
so we have the uniformity stated in Theorems 1.1 and 1.2.
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section 3

The Bose path measure and exact identities

This section collects the exact response identities. All statements are at finite volume and
require no dilution assumption; the configuration domain is assumed nonempty. All
derivatives are taken at finite volume.

In Section 3.1, we define the hard-core Hamiltonians on the torus and in a bounded
container, the twisted and rotating free energies, the superfluid fraction, and the moment
of inertia. Section 3.2 recalls the Feynman–Kac representation, defines the Bose path
measure, and introduces the winding vector and the stochastic area. Section 3.3 bounds
the moment generating function of the winding vector by that of a centered Gaussian
and records the consequences for its scaling. In Section 3.4, we express the superfluid
fraction through the variance of the winding vector and through the fluctuations of the
total momentum. In Section 3.5, we prove that the moment of inertia is nonnegative
and that its deficit from the classical value is the variance of the stochastic area. Finally,
Section 3.6 decomposes imaginary time into slabs, proves that the slabs are conditionally
independent given the configurations at the cut times, and deduces the variance inequality
used to amplify single-slab estimates.

3.1 The model

We use the units of Section 1.2 and Remark 1.10: h̄ = 1, m = 1/2, and Boltzmann’s
constant one. The one-particle kinetic energy is −∆, the temperature is T > 0, and
β = 1/T.

Containers and configuration domains. The torus of side L > 0 is ΛL = (R/LZ)3 with
the distance dL(x, y) = mink∈Z3 |x − y + Lk|. A container is a nonempty bounded open
set U ⊂ R3, equipped with the Euclidean distance. Fix an exclusion distance a > 0 and
N ≥ 1. The configuration domains are

XN,L = {X ∈ ΛN
L : dL(xi, xj) > a for all i ̸= j},

XN(U) = {X ∈ UN : |xi − xj| > a for all i ̸= j},
(3.1)

where X = (x1, . . . , xN). With the periodic distance, XN(ΛL) = XN,L. In applications
the container is U = LΩ in physical units or U = KΩ in scaled units; in particular,
XN(LΩ) = XΩ

N,L in the notation of Section 1. We write XN for either XN,L or XN(U)

29
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when a statement applies to both, and X for the corresponding one-particle space, which
is ΛL on the torus and R3 for a container. The set XN is open, and it is invariant under
the permutations (πX)i = xπ(i), π ∈ SN. We assume throughout that XN is nonempty.

Hamiltonians. Let L2
sym(XN) be the space of square-integrable functions on XN that are

invariant under all permutations of the particle coordinates. Let H1
0(XN) be the closure in

H1 of the smooth functions with compact support in XN (on the torus, smooth functions
on ΛN

L with compact support in XN,L), and set QN = H1
0(XN) ∩ L2

sym(XN). The form

q[ψ] =
N

∑
i=1

∫
XN

|∇iψ|2 dX, ψ ∈ QN, (3.2)

is closed and nonnegative. We denote the associated self-adjoint operator on L2
sym(XN) by

HN,L on the torus and by HN(U) for a container, and write H for either. It is the Dirichlet
realization of −∑i ∆i on symmetric functions: the boundary condition is imposed on
the collision set {|xi − xj| = a} and, for a container, on the walls ∂U. The same form on
H1

0(XN), without the symmetry constraint, defines the labeled operator Hlab on L2(XN).
Since XN is invariant under permutations, Hlab commutes with them, and H is the
restriction of Hlab to the reducing subspace L2

sym(XN).

Lemma 3.1. The operator H has compact resolvent, and for every t > 0 and k ≥ 0 we have
tr(Hke−tH) < ∞. The partition function Z = tr e−βH satisfies 0 < Z < ∞.

Proof. Extension by zero maps H1
0(XN) isometrically into H1(ΛN

L ) on the torus, and into
H1

0(BN) for a container, where B is an open cube containing U; the form (3.2) is preserved.
By the min–max principle [127, Theorem XIII.2], the k-th eigenvalue of H, counted with
multiplicity, is at least the k-th eigenvalue of the Laplacian on ΛN

L , respectively of the
Dirichlet Laplacian on BN. These comparison operators have explicit spectra and finite
heat traces at every positive time. This proves that H has compact resolvent and that
tr e−tH < ∞. Since λke−tλ ≤ Ck,te−tλ/2 for λ ≥ 0, we also have tr(Hke−tH) < ∞. Since
XN is open and nonempty, it contains the support of a nonnegative, nonzero smooth
function ϕ, and ∑π ϕ(πX) is a nonzero element of QN. In particular L2

sym(XN) ̸= {0},
and Z > 0.

We write ⟨B⟩ = Z−1 tr(Be−βH) for the Gibbs expectation of a bounded operator B.
For a bounded measurable function f on XN that is invariant under permutations, ⟨ f ⟩
denotes the expectation of the corresponding multiplication operator.

Twisted boundary conditions. On the torus, let ϑ ∈ R3. The form

qϑ[ψ] =
N

∑
i=1

∫
XN,L

|(−i∇i + ϑ/L)ψ|2 dX, ψ ∈ QN, (3.3)
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is closed and bounded below, since qϑ ≤ 2q + 2N|ϑ|2L−2 and q ≤ 2qϑ + 2N|ϑ|2L−2 in the
sense of forms. We denote the associated self-adjoint operator by HN,L(ϑ), and for θ ∈ R

we write HN,L(θ) = HN,L(θe1), so that

HN,L(θ) =
N

∑
i=1

(
−i∇i + θe1/L

)2.

The twist convention is that of Section 1.2: HN,L(θ) is unitarily equivalent to −∑i ∆i with
phase eiθ when one particle is translated by Le1. By the min–max comparison of qϑ with
q and Lemma 3.1, the operator e−tHN,L(ϑ) is trace class for every t > 0. The twisted free
energy is

FN,L,T(ϑ) = −T log tr e−βHN,L(ϑ), FN,L,T(θ) = FN,L,T(θe1). (3.4)

Definition 3.2. The superfluid fraction of the canonical hard-core Bose gas on ΛL is

fs(N, L, T) =
L2

2N
∂2

θ FN,L,T(θ)
∣∣∣
θ=0

. (3.5)

By Lemma 3.13(3), θ 7→ FN,L,T(θ) is twice continuously differentiable. The derivative
in (3.5) exists. The physical interpretation and the order of limits are given in Section 1.2
and Remark 1.10.

Rotation. Let U be a container, let n ∈ R3 be a unit vector, and let x0 ∈ R3. The
axis of rotation is the line through x0 with direction n. We write yi = xi − x0 and
R0 = supx∈U|x− x0| < ∞. For ψ ∈ QN , define the components of the angular momentum
about x0 by

Lbψ =
N

∑
i=1

eb ·
(
yi × (−i∇i)

)
ψ = −i

N

∑
i=1

(eb × yi) · ∇iψ, b = 1, 2, 3, (3.6)

and set L = (L1,L2,L3) and Ln = n · L. For ω ∈ R3, the operator ω · L is given by (3.6)
with eb replaced by ω.

Lemma 3.3. Let ω ∈ R3. For all ϕ, ψ ∈ QN, we have ω · Lψ ∈ L2
sym(XN(U)),

∥ω · Lψ∥2 ≤ |ω|2NR2
0 q[ψ], ⟨ϕ, ω · Lψ⟩ = ⟨ω · Lϕ, ψ⟩. (3.7)

The form q[ψ]− ⟨ψ, ω · Lψ⟩ on QN is real, closed, and bounded below. Its self-adjoint operator
H − ω · L satisfies tr e−t(H−ω·L) < ∞ for every t > 0.

Proof. The vector field v(x) = ω × (x − x0) satisfies |v| ≤ |ω|R0 on U and div v = 0. By
the Cauchy–Schwarz inequality in R3N, we have pointwise∣∣∣∑

i
v(xi) · ∇iψ

∣∣∣2 ≤
(
∑

i
|v(xi)|2

)
∑

i
|∇iψ|2 ≤ |ω|2NR2

0 ∑
i
|∇iψ|2,



3 The Bose path measure and exact identities 3.1 The model 32

and integrating, we obtain the first inequality in (3.7). Since the differential expression is
invariant under permutations of the particles, it maps symmetric functions to symmetric
functions. For smooth ϕ, ψ with compact support in XN(U), we obtain the symmetry
relation in (3.7) by integration by parts, using div v = 0. Since both sides are continuous
on QN with the H1 norm, the relation extends to QN; in particular ⟨ψ, ω · Lψ⟩ is real.
The first inequality in (3.7) implies

|⟨ψ, ω · Lψ⟩| ≤ 1
2 q[ψ] + 1

2 |ω|2NR2
0∥ψ∥2, (3.8)

so the perturbation has relative form bound less than one. By the theorem on relatively
form-bounded perturbations of closed quadratic forms [126, Theorem X.17], we conclude
that the perturbed form is closed and bounded below on QN. By (3.8) and the min–max
principle, the k-th eigenvalue of H − ω · L is at least half the k-th eigenvalue of H minus
|ω|2NR2

0/2, and the trace bound follows from Lemma 3.1.

The rotating-frame free energy is

Frot(ω) = −T log tr e−β(H−ω·L), ω ∈ R3, (3.9)

and for the fixed axis we write Frot(ω) = Frot(ωn), ω ∈ R. Both depend on x0 through
L.

Definition 3.4. The moment of inertia tensor about x0 and the moment of inertia about
the axis (n, x0) are

Ibc(x0) = −∂ωb ∂ωc Frot(ω)
∣∣∣
ω=0

, I(n, x0) = −∂2
ωFrot(ωn)

∣∣∣
ω=0

= ∑
b,c

nbnc Ibc(x0).

(3.10)
The classical moment of inertia tensor and the classical moment of inertia are

Icl,bc(x0) = m
〈 N

∑
i=1

(
|yi|2δbc − yi,byi,c

)〉
, Icl(n, x0) = m

〈 N

∑
i=1

|n × yi|2
〉

, (3.11)

with m = 1/2 and yi = xi − x0.

The function Frot is twice continuously differentiable by Proposition 3.16, which
justifies (3.10); the second identity in (3.10) is the chain rule. The identity |y|2 − (n · y)2 =

|n × y|2 shows that Icl(n, x0) = ∑b,c nbnc Icl,bc(x0). The ratio 1 − I(n, x0)/Icl(n, x0) is the
nonclassical rotational inertia fraction. For U = LΩ, the axis point in this definition is the
physical point Lx0 used in Section 1.2.
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3.2 The Feynman–Kac representation and the Bose path measure

Brownian bridges. Let pt(x) = (4πt)−3/2 exp(−|x|2/(4t)) be the heat kernel of ∆ on
R3. Brownian motion with generator ∆ has independent coordinates, each of variance
2s at time s. For x, y ∈ R3 and t > 0, let Wt

x,y be the finite measure on C([0, t]; R3) with
total mass pt(y − x) whose normalization is the law of the Brownian bridge from x to y
of duration t. Every continuous path γ : [0, t] → ΛL has a continuous lift γ̃ to R3, unique
up to a translation by LZ3, and we call

d(γ) = γ̃(t)− γ̃(0) ∈ R3

the lifted displacement of γ. For x, y ∈ ΛL with representatives x̃, ỹ ∈ R3, the torus
bridge measure is

Wt
x,y = ∑

k∈Z3

(prL)∗ Wt
x̃,ỹ+Lk,

where prL : R3 → ΛL is the projection; it does not depend on the choice of representatives,
and the paths in the k-th term are exactly those with d(γ) = ỹ+ Lk− x̃. For configurations
X, Y ∈ XN, we set Wt

X,Y =
⊗N

i=1 Wt
xi,yi

, a measure on paths X(·) = (x1(·), . . . , xN(·)) in
C([0, t]; XN). We use two standard properties of these measures. First, they are invariant
under time reversal, in the sense that the image of Wt

X,Y under X(·) 7→ X(t − ·) is Wt
Y,X.

Second, they satisfy the concatenation identity

Ws+t
X,Z =

∫
XN

Ws
X,Y ⊛ Wt

Y,Z dY, s, t > 0, (3.12)

where ⊛ denotes the image of the product measure under concatenation of paths at time
s. Identity (3.12) is the Markov property of Brownian motion.

For t > 0, let Et = {X(·) : X(s) ∈ XN for all s ∈ [0, t]} be the event that the configura-
tion path stays in XN; on this event no two particles come within distance a and, for a
container, no particle leaves U. For X, Y ∈ XN, the killed kernel is

Kt(X, Y) = Wt
X,Y(Et), Ks

t (X, Y) =
1

N! ∑
π∈SN

Kt(X, πY). (3.13)

Proposition 3.5. Let t > 0.

1. The operator e−tHlab
on L2(XN) is an integral operator with kernel Kt.

2. For a container U, let a(x) = Ax + c be an affine real vector field with tr A = 0, let V
be a bounded measurable real function on XN(U) satisfying V(πX) = V(X) for every
π ∈ SN (almost everywhere in X), and let Hlab

a,V be the operator associated with the closed

form ∑i∥(−i∇i − a(xi))ψ∥2 + ⟨ψ, Vψ⟩ on H1
0(XN(U)). Then e−tHlab

a,V has the kernel∫
Et

exp
(
−i

N

∑
i=1

∫ t

0
a(xi(s)) · ◦dxi(s)−

∫ t

0
V(X(s))ds

)
Wt

X,Y(dX(·)), (3.14)
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where ◦ denotes the Stratonovich integral, which agrees with the Itô integral because div a =

0.

The same statements hold for the restrictions of these operators to L2
sym(XN), with the kernels

symmetrized in the second variable as in (3.13).

The path-integral description of the Bose gas through permutation cycles of Brownian
paths goes back to Feynman [48]. Ginibre studied reduced density matrices of quantum
gases, including hard-core potentials [61, 62]; see also his account of functional integration
[63]. For general background on functional integration, see [133, Sections 6 and 15]. For
arbitrary open domains, see [32, Proposition 2.9 and Theorem 6.1], with time rescaled
from generator ∆/2 to ∆. For a container, let Om ↑ XN be an increasing smooth relatively
compact exhaustion. After extension by zero, H1

0(Om) ⊂ H1
0(XN), and their union is

dense in H1
0(XN) in the form norm. Then the Dirichlet semigroups on Om, extended

by zero, converge strongly to the semigroup on XN. The same conclusion holds for
the magnetic forms, since the vector potential is bounded on the configuration domain
and the scalar potential is bounded. A continuous path whose image on [0, t] lies
in XN lies in some Om. The survival indicators increase to 1Et . The nonnegative path
integrals converge monotonically; the magnetic ones converge by dominated convergence,
since their integrands have modulus at most et∥V−∥∞ . For the torus case of (1), see [18,
Proposition 4.4 in arXiv version 4], applied to the H1

0 realization on the open configuration
domain; conditioning on the endpoint gives the kernel above. The sign conventions for
the phases in part (2) play no role below, since all the partition functions we consider are
real.

Lemma 3.6. The kernels have the following properties.

1. For all X, Y ∈ XN and π ∈ SN, we have Kt(X, Y) = Kt(Y, X) ≥ 0 and Kt(πX, πY) =
Kt(X, Y). The kernel Ks

t is symmetric and invariant under permutations of either argument.
2. For s, t > 0 and X, Z ∈ XN,∫

XN

Ks(X, Y)Kt(Y, Z)dY = Ks+t(X, Z),
∫
XN

Ks
s(X, Y)Ks

t (Y, Z)dY = Ks
s+t(X, Z).

(3.15)
3. We have

Z = tr e−βH =
∫
XN

Ks
β(X, X)dX =

1
N! ∑

π∈SN

∫
XN

Kβ(X, πX)dX, (3.16)

and ⟨ f ⟩ = Z−1
∫
XN

f (X)Ks
β(X, X)dX for every bounded measurable symmetric function

f . The analogous formula holds for the operators of Proposition 3.5(2).

Proof. Part (1) follows from the time-reversal invariance of the bridge measures, the
invariance of XN under permutations, and the definition of Ks

t . For part (2), we apply
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(3.12) and note that a concatenated path lies in Es+t if and only if both pieces lie in Es

and Et, respectively; the requirement Y ∈ XN is part of this event. This proves the first
identity. For the second, we insert the definition of Ks, change variables Y 7→ π−1Y in
the term indexed by (π, σ), and use part (1) and the first identity; the double sum over
SN × SN then reduces to N! copies of the sum defining Ks

s+t.
For part (3), let Psym be the orthogonal projection of L2(XN) onto L2

sym(XN). It com-

mutes with Hlab, and by Proposition 3.5(1) the operator A = e−βHlab/2Psym has the kernel
Ks

β/2. It is self-adjoint and Hilbert–Schmidt by Lemma 3.1, and trL2
sym

e−βH = tr A2 =∫∫
|Ks

β/2(X, Y)|2 dX dY. By part (1) and (3.15), the last integral equals
∫

Ks
β(X, X)dX.

The formula for ⟨ f ⟩ follows in the same way from tr( f e−βH) = tr(A f e−βHlab/2Psym).
For the operators of Proposition 3.5(2), write kt for the kernel (3.14) and ks

t for its sym-
metrization. Apply [32, Theorem 6.1] to the globally defined affine configuration-space
vector field (a(x1), . . . , a(xN)), with scalar potential V/2 extended by zero and time 2t.
It gives joint continuity of kt on XN(U)2. The bound |kt(X, Y)| ≤ et∥V−∥∞(4πt)−3N/2 and
the finite volume of XN(U) show that the convolution of two symmetrized kernels is
continuous. Thus the semigroup identity, initially valid almost everywhere on XN(U)2,
holds everywhere. Self-adjointness likewise gives ks

t(Y, X) = ks
t(X, Y) everywhere. In

particular,

ks
β(X, X) =

∫
XN(U)

|ks
β/2(X, Y)|2 dY.

Since the vector field and the scalar potential are bounded on the configuration domain,
their form satisfies qa,V [ψ] ≥ 1

2 q[ψ]− C∥ψ∥2. The min–max argument of Lemma 3.1 there-
fore makes the half-time symmetrized semigroup Hilbert–Schmidt. The same argument
as above proves both trace formulas.

Definition 3.7. We denote the Bose path measure by µ, or by µN,L,β on the torus and
µN,U,β in a container, suppressing the fixed exclusion distance. It is the probability
measure on SN × C([0, β]; XN) given by

µ({π} × dX(·)) = 1
Z N!

∫
XN

1Eβ
(X(·))W

β
X0,πX0

(dX(·))dX0. (3.17)

We write E, Var, and Cov for expectation, variance, and covariance under µ.

By (3.13) and (3.16), µ has total mass one, and its normalizing constant is Z =∫
XN

Ks
β(X, X)dX. This expression is positive and finite without reference to H: Kβ(X, πX)

is bounded by ∏i supz ∑k∈Z3 pβ(z + Lk) on the torus and by (4πβ)−3N/2 in a container,
XN has finite volume, and, since XN is open, the bridge from X ∈ XN to itself stays
in XN with positive probability. The proof of Theorem 3.10 uses only this description
of µ. Under µ, the random path satisfies X(0) = X0 and xi(β) = xπ(i)(0) for every
i. If (i1, . . . , ik) is a cycle of π, with π(ij) = ij+1 and ik+1 = i1, then the concatenation
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of xi1(·), . . . , xik(·) is a continuous closed loop of duration kβ. We call these loops the
worldlines. They are closed by the endpoint permutation alone; no segments are added
to close them. The labels are bookkeeping: all observables below are functions of the
unlabeled collection of worldlines.

Lemma 3.8. For every τ ∈ [0, β] and every bounded measurable function f on XN that is
invariant under permutations, we have E f (X(τ)) = ⟨ f ⟩.

Proof. For τ = 0, the claim follows from (3.17) and Lemma 3.6(3), and for τ = β it follows
from the case τ = 0 because X(β) = πX(0) and f is symmetric. For 0 < τ < β, we split
the bridge measure at time τ using (3.12), as in the proof of Lemma 3.6(2). This gives

E f (X(τ)) =
1

Z N! ∑
π

∫∫
Kτ(X, Y) f (Y)Kβ−τ(Y, πX)dX dY

=
1
Z

∫∫
Ks

β−τ(Y, X)Kτ(X, Y) f (Y)dX dY.

Using Kτ(π−1X′, Y) = Kτ(X′, πY) and (3.15), the integral over X equals Ks
β(Y, Y), and

Lemma 3.6(3) completes the proof.

Winding vector and stochastic area. On the torus, the winding vector of (π, X(·)) is

W =
1
L

N

∑
i=1

d(xi(·)) ∈ R3. (3.18)

Let x̃i ∈ [0, L)3 be representatives of xi(0). Since xi(β) = xπ(i)(0), we have d(xi(·)) =

x̃π(i) − x̃i + Lki for some ki ∈ Z3. Summing over i, we find that W = ∑i ki ∈ Z3. The
vector W is the total homology class of the worldlines. We write W = (W1, W2, W3).

For a container, the stochastic area vector of (π, X(·)) is

A =
1
2

N

∑
i=1

∫ β

0
(xi(s)− x0)× ◦dxi(s). (3.19)

For a path of any duration s > 0 and reference point a, we use the vector limit of the
dyadic left-point sums 1

2 ∑2ℓ−1
k=0 (ω(ks2−ℓ)− a)× (ω((k + 1)s2−ℓ)− ω(ks2−ℓ)), set to zero

where that vector limit does not exist. This is a Borel function of the path and agrees
Ws

y,z-almost everywhere, for every y, z, with the Itô and Stratonovich area integrals,
whose coordinate integrands and integrators have zero mutual quadratic covariation. To
justify the asserted almost-sure limit, let Aℓ be the dyadic sum under a normalized bridge
of duration s. Given the level-ℓ vertices, each midpoint of an interval with endpoints P, Q
and duration h is (P + Q)/2 + ξ, with independent centered Gaussian ξ of covariance
(h/2)I. Its contribution to Aℓ+1 − Aℓ is 1

2 ξ × (Q − P). Thus (Aℓ) is a martingale and
E|Aℓ+1 − Aℓ|2 ≤ Cs,y,z2−ℓ. The summable increment variances give convergence almost



3 The Bose path measure and exact identities § 3.2 37

surely and in L2; convergence in probability of the left-point sums to the Itô integral
identifies the limit. All stochastic areas below use this convention, and configuration
areas are sums of the single-path areas. We write An = n · A. Replacing x0 by x′0 changes
the right side of (3.19) by

−1
2
(x′0 − x0)×

N

∑
i=1

(
xi(β)− xi(0)

)
= −1

2
(x′0 − x0)×

N

∑
i=1

(
xπ(i)(0)− xi(0)

)
= 0,

so A does not depend on x0. Here we used the fact that the worldlines are closed;
the area of an individual path xi(·), or of a piece of the worldlines on a subinterval of
[0, β], depends on the origin in general. The vector A is the stochastic area estimator of
Sindzingre, Klein, and Ceperley [135].

Lemma 3.9. For every nonnegative measurable function G of (π, X(·)), we have

Z EG ≤ 1
N! ∑

π∈SN

∫
XN

∫
G(π, X(·))W

β
X0,πX0

(dX(·))dX0. (3.20)

On the torus, Eer|W| < ∞ for every r ≥ 0. For a container, E|A|2 < ∞.

Proof. Inequality (3.20) follows from (3.17) by dropping the indicator of Eβ. On the torus,
we use er|W| ≤ ∏i er|d(xi(·))|/L and decompose each torus bridge measure into its lifts as
above. On the term in which d(xi(·)) = di, with di = x̃π(i) + Lki − x̃i, the integrand is
constant, and the mass of that term is ∏i pβ(di). Since r|d|/L ≤ |d|2/(8β) + 2βr2/L2, we
have

pβ(d)er|d|/L ≤ e2βr2/L2
(4πβ)−3/2e−|d|2/(8β),

and supz∈R3 ∑k∈Z3 e−|z+Lk|2/(8β) < ∞. After inserting these bounds into (3.20), the inte-
gral over X0 ∈ [0, L)3N is finite.

For a container, write A = ∑i A(i), where A(i) is the contribution of particle i in (3.19),
so that |A|2 ≤ N ∑i|A(i)|2. Under W

β
X,Y, the paths of different particles are independent,

and the normalized law of the path of particle i is that of s 7→ xi + sβ−1(yi − xi) + b(s),
where b is a Brownian bridge from 0 to 0 of duration β. Expanding (3.19) in terms of
b, we find that A(i) is the sum of a deterministic vector, linear functionals of b, and the
stochastic area (1/2)

∫ β
0 b(s)× ◦db(s). Each of these terms has a finite second moment,

bounded uniformly for xi, yi ∈ U. Since pβ ≤ (4πβ)−3/2 and U is bounded, we conclude
from (3.20) that E|A|2 < ∞.

Used in: the square-integrability assertions in Propositions 3.17 and 5.6.
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3.3 An exact sub-Gaussian bound for the winding vector

In this section and the next, we work on the torus ΛL. For w ∈ R3 and X ∈ ΛN
L , we

write τwX = (x1 + w, . . . , xN + w). The map τw preserves XN,L and Lebesgue measure
and commutes with permutations, and Ks(τwX, τwY) = Ks(X, Y) for s > 0, since the
torus bridge measures and the events Es are invariant under a common translation of
all particles. The identity below is a path-space form of the common-translation relation
behind the winding and momentum formulas of Pollock and Ceperley [33, 124]. The nor-
malized overlap Φ(v)/Z is the characteristic function of the total momentum and equals
the center-of-mass density-matrix kernel divided by the density in [139, Theorem III.1,
Eqs. (52)–(60) in arXiv version 2]. We prove the winding moment-generating-function
identity directly by shifting the bridges.

Theorem 3.10. Let N ≥ 1, L > 0, β > 0, and a > 0 be such that XN,L is nonempty. For
v ∈ R3, let

Φ(v) =
∫
XN,L

Ks
β(X, τ−vX)dX. (3.21)

Then 0 ≤ Φ(v) ≤ Φ(0) = Z for every v ∈ R3, with Φ(v) = Z if v ∈ LZ3, and for every
t ∈ R3,

Eet·W = exp
(βN|t|2

L2

)Φ(2βt/L)
Z

. (3.22)

In particular,

Eet·W ≤ exp
(βN|t|2

L2

)
, (3.23)

with equality for t ∈ (L2/2β)Z3. The law of W is invariant under W 7→ SW for every signed
permutation matrix S; in particular EW = 0, Cov(W) = Var(W1) Id, and

Var(u · W) ≤ 2βN
L2 |u|2, u ∈ R3. (3.24)

Proof. Let t ∈ R3 and v = 2βt/L. Fix π ∈ SN and X0 ∈ XN,L, and let x̃1, . . . , x̃N ∈ R3

be representatives of the coordinates of X0. For k = (k1, . . . , kN) ∈ (Z3)N, put di =

x̃π(i) + Lki − x̃i and Wk =
⊗

i(prL)∗W
β
x̃i,x̃i+di

. By the definition of the torus bridge

measures, W
β
X0,πX0

= ∑k Wk, and the paths in the term indexed by k satisfy d(xi(·)) = di.
Since ∑i(x̃π(i) − x̃i) = 0, we have W = ∑i ki and t · W = L−1 ∑i t · di on these paths.
Completing the square in the exponent of pβ gives

pβ(d)et·d/L = eβ|t|2/L2
pβ(d − v), d ∈ R3.

The normalized Brownian bridge from x̃ to x̃ + d of duration β is the law of s 7→ x̃ +

(s/β)d + b(s), where b is a Brownian bridge from 0 to 0. Hence the shear ω(s) 7→ ω(s)−
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(s/β)v maps it onto the normalized bridge from x̃ to x̃ + d − v. Since W
β
x̃,x̃+d has mass

pβ(d), the last display shows that the shear maps et·d/L W
β
x̃,x̃+d onto eβ|t|2/L2

W
β
x̃,x̃+d−v.

We apply this shear to every particle, on R3 and then on ΛL, where it maps X(s) to
τ−sv/βX(s). It translates all particles by the same vector at each time, and therefore it
preserves Eβ. Hence∫

1Eβ
et·W dWk = eβN|t|2/L2

W′
k(Eβ), W′

k =
⊗

i

(prL)∗W
β
x̃i,x̃i+di−v.

As k ranges over (Z3)N, the endpoints x̃i + di − v = x̃π(i) − v + Lki range over all lifts of
xπ(i) − v, which is the i-th coordinate of πτ−vX0. Summing over k, we find∫

Eβ

et·W W
β
X0,πX0

(dX(·)) = eβN|t|2/L2
Kβ(X0, πτ−vX0).

We sum over π, divide by Z N!, and integrate over X0; all integrands are nonnegative. By
(3.17) and (3.13), this gives (3.22).

Next, let A = Ks
β/2 ≥ 0. Since τw commutes with permutations, Ks

s(τwX, τwY) =

Ks
s(X, Y). By Lemma 3.6(1)–(2) and this invariance,

Φ(v) =
∫∫

A(X, Y)A(Y, τ−vX)dY dX =
∫∫

A(X, Y)A(X, τvY)dY dX.

Since Y 7→ τvY preserves XN,L and Lebesgue measure, the Cauchy–Schwarz inequality in
L2(dX dY) gives 0 ≤ Φ(v) ≤

∫∫
A(X, Y)2 dX dY. By Lemma 3.6(1)–(2), the last integral

equals
∫

Ks
β(X, X)dX = Φ(0), which is Z by the description of µ after Definition 3.7. If

v ∈ LZ3, then τ−v is the identity of ΛN
L , and Φ(v) = Φ(0). Together with (3.22), this

proves (3.23) and the equality case.
Let S be a 3 × 3 signed permutation matrix. The map x 7→ Sx is an isometry of

ΛL, it maps Brownian bridges to Brownian bridges, and it preserves XN,L. Then the
measure µ is invariant under (π, X(·)) 7→ (π, SX(·)), and this map sends W to SW.
With S = −Id, and since W is integrable by Lemma 3.9, we obtain EW = 0. Further,
Cov(W) = S Cov(W)ST for all such S. Invariance under the diagonal sign changes
forces the off-diagonal entries of Cov(W) to vanish, and invariance under coordinate
permutations makes the diagonal entries equal. Finally, let u ∈ R3. By Lemma 3.9, the
function r 7→ Eeru·W is smooth, with derivatives computed under the expectation. By
(3.23), it is bounded by eβN|u|2r2/L2

. The two functions are equal to one and have derivative
zero at r = 0, since EW = 0. Their difference is nonpositive, so its second derivative at
r = 0 is nonpositive, which gives E(u · W)2 ≤ 2βN|u|2/L2. This is (3.24).

Used in: Theorem 1.3, Corollary 1.4, and Lemma 4.4; see Section 10.6.
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The bound (3.23) states that every linear functional u ·W with |u| = 1 is sub-Gaussian
with variance proxy

σ2 =
2βN

L2 = 2βρLL, ρL =
N
L3 . (3.25)

Here a variance proxy means that Eetu·W ≤ eσ2t2/2 for all real t; it bounds the variance
from above without asserting equality. By (3.32), σ2 is also the value of Var(W1) that
corresponds to fs = 1. We record the standard consequences of (3.23).

Corollary 3.11. Let u ∈ R3 be a unit vector. For all r ≥ 0 and p > 0,

P(|u · W| ≥ r) ≤ 2e−r2/(2σ2), E|u · W|p ≤ p (2σ2)p/2 Γ(p/2). (3.26)

In particular E(u · W)4 ≤ 16σ4. If Var(W1) ≥ v > 0, then

P
(
|u · W| ≥ (v/2)1/2) ≥ v2

64σ4 . (3.27)

Proof. For s > 0, Markov’s inequality and (3.23) imply that P(u · W ≥ r) ≤ e−sr+σ2s2/2,
and the choice s = r/σ2 gives e−r2/(2σ2). The same bound holds for −u ·W, which proves
the first inequality in (3.26). Then

E|u · W|p =
∫ ∞

0
prp−1P(|u · W| > r)dr ≤ 2p

∫ ∞

0
rp−1e−r2/(2σ2) dr = p (2σ2)p/2Γ(p/2).

For (3.27), set Y = (u · W)2. By Theorem 3.10, we have EY = Var(W1) ≥ v. Since
E[Y1{Y<v/2}] ≤ v/2, we have by the Cauchy–Schwarz inequality

EY − v
2
≤ E[Y1{Y≥v/2}] ≤ (EY2)1/2 P(Y ≥ v/2)1/2.

Using EY − v/2 ≥ v/2 and EY2 ≤ 16σ4, we obtain (3.27). This is the Paley–Zygmund
argument; for its original Rademacher-series forms, see [116, p. 192, Lemma 19] and [117,
p. 269, Lemma γ].

The next corollary concerns sequences of parameters. It uses a lower bound on
Var(W1) of order L, which is the content of Theorem 1.1 in the dilute regime; here it is an
assumption.

Corollary 3.12. Let (Nk, Lk, βk)k≥1 be parameters for which XNk,Lk is nonempty, let W(k) be the
corresponding winding vectors, and set Xk = L−1/2

k W(k). Suppose that βkNk/L3
k ≤ λ for all k,

with λ ∈ (0, ∞). Then for all k, all t ∈ R3, all unit vectors u, and all r ≥ 0,

Eet·Xk ≤ eλ|t|2 , P(|u · Xk| ≥ r) ≤ 2e−r2/(4λ). (3.28)
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In particular the laws of (Xk) are tight, and every subsequential weak limit X∞ has a law
invariant under X∞ 7→ −X∞ and satisfies Eet·X∞ ≤ eλ|t|2 for all t ∈ R3. Suppose in addition
that Var(W(k)

1 ) ≥ cLk for all k, with c > 0. Then for all k and all unit vectors u,

P
(
|u · W(k)| ≥ (cLk/2)1/2) ≥ c2

256λ2 , (3.29)

and every subsequential weak limit X∞ satisfies Cov(X∞) = v∞Id with c ≤ v∞ ≤ 2λ.

The scope of these fluctuation bounds is discussed after Corollary 1.4; the hypotheses
here do not imply a unique limiting law or a central limit theorem.

Proof. Let σ2
k = 2βkNk/L2

k, so that σ2
k ≤ 2λLk. Then (3.23) implies that Eet·Xk ≤

exp(σ2
k |t|2/(2Lk)) ≤ eλ|t|2 , and the tail bound in (3.28) follows from (3.26). The tail

bound implies that the laws are tight. Since Ee2t·Xk ≤ e4λ|t|2 , the variables et·Xk are uni-
formly integrable, and Eet·Xk converges to Eet·X∞ along a weakly convergent subsequence.
This proves the bound on the limit. The law of Xk is symmetric by Theorem 3.10, and so
is any weak limit.

Under the variance assumption, (3.27) with v = cLk and σ4
k ≤ 4λ2L2

k implies (3.29).

By Theorem 3.10, Cov(Xk) = vkId with vk = Var(W(k)
1 )/Lk, and c ≤ vk ≤ σ2

k /Lk ≤ 2λ

by (3.24). By (3.26), the fourth moments of Xk are bounded, and the second moments
converge along a weakly convergent subsequence. Then Cov(X∞) is the limit of vkId
along this subsequence, and its value lies in [c, 2λ].

3.4 Winding and the superfluid fraction

In this section, we abbreviate H = HN,L, H(ϑ) = HN,L(ϑ), and Z(ϑ) = tr e−βH(ϑ), so that
Z = Z(0). Pollock and Ceperley related the superfluid density to winding fluctuations
and momentum-density correlations, through the representation Z(ϑ)/Z = Eeiϑ·W of the
twisted partition function [33, 124]. We verify the second-order formulas (3.32) and (3.33)
for the present hard-core model from the untwisted Feynman–Kac representation and
Theorem 3.10, without using this representation. For z ∈ R3, let (Tzψ)(X) = ψ(τ−zX) on
L2

sym(XN,L). For an eigenvalue λ of H, let Eλ be its eigenspace, which is finite-dimensional
by Lemma 3.1.

Lemma 3.13. The following statements hold.

1. For every z ∈ R3, the operator Tz is unitary, commutes with H, and maps every eigenspace
Eλ onto itself.

2. For every eigenvalue λ, there are commuting Hermitian operators Pλ,1, Pλ,2, Pλ,3 on Eλ

such that Tz|Eλ
= e−iz·Pλ for z ∈ R3, and Pλ,bψ = −i ∑j ∂xj,b ψ for ψ ∈ Eλ. Moreover

∑b∥Pλ,bψ∥2 ≤ Nλ∥ψ∥2.
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3. For every ϑ ∈ R3, the operator H(ϑ) maps Eλ into itself and acts there as λ + 2L−1ϑ · Pλ +

NL−2|ϑ|2. Consequently

Z(ϑ) = e−βN|ϑ|2/L2
∑
λ

e−βλ tr e−2βϑ·Pλ/L, (3.30)

where the series converges uniformly on compact sets together with all partial derivatives of
order at most two, and FN,L,T is twice continuously differentiable on R3.

Proof. For part (1), the map τ−z preserves XN,L and Lebesgue measure and commutes
with permutations, so Tz is unitary. It maps smooth functions with compact support in
XN,L to such functions and preserves the H1 norm and the form q. Hence it preserves
QN, and q(φ, Tzψ) = q(T−z φ, ψ) for φ, ψ ∈ QN. For ψ in the domain of H, this gives
q(φ, Tzψ) = ⟨T−z φ, Hψ⟩ = ⟨φ, TzHψ⟩ for every φ ∈ QN. Then Tzψ lies in the domain of
H, and HTzψ = TzHψ. In particular Tz maps Eλ into itself, and since T−z does too, onto
itself.

For part (2), the translations are strongly continuous, so z 7→ Tz|Eλ
is a continuous

unitary representation of R3 on the finite-dimensional space Eλ. For each b, the continu-
ous one-parameter group s 7→ Tseb |Eλ

of unitary matrices is e−isPλ,b for a Hermitian matrix
Pλ,b. These matrices commute, since the groups do, and Tz|Eλ

= e−iz·Pλ . Let ψ ∈ Eλ. After
extension by zero, ψ ∈ H1(ΛN

L ), and the difference quotients s−1(Tseb ψ − ψ) converge
in L2 to −∑j ∂xj,b ψ. Their limit is also −iPλ,bψ, which proves the formula for Pλ,b. The
pointwise bound |∑j ∇jψ|2 ≤ N ∑j|∇jψ|2 gives ∑b∥Pλ,bψ∥2 ≤ Nq[ψ] = Nλ∥ψ∥2.

For part (3), let ψ ∈ Eλ and φ ∈ QN . By integration by parts for smooth functions with
compact support in XN,L, and by density, ⟨φ,−i ∑j ∂xj,b ψ⟩ = ⟨−i ∑j ∂xj,b φ, ψ⟩. Expanding
the square in (3.3) and using part (2), we find

qϑ(φ, ψ) = q(φ, ψ) +
2
L
⟨φ, ϑ · Pλψ⟩+ N|ϑ|2

L2 ⟨φ, ψ⟩ =
〈

φ,
(

λ +
2
L

ϑ · Pλ +
N|ϑ|2

L2

)
ψ
〉

.

Hence ψ lies in the domain of H(ϑ), and H(ϑ) acts on Eλ as stated. Let Bλ(ϑ) be this
Hermitian operator on Eλ. Since H has compact resolvent, L2

sym(XN,L) is the orthogonal
sum of the spaces Eλ. The orthogonal sum of the operators Bλ(ϑ) is self-adjoint, and
its restriction to finite sums of eigenvectors of H is a core. This restriction is contained
in H(ϑ). Since H(ϑ) is closed, it also contains the closure of the restriction, which is
the orthogonal sum. A self-adjoint operator has no proper symmetric extension, so the
orthogonal sum is H(ϑ). This gives (3.30), since e−βBλ(ϑ) = e−βλ−βN|ϑ|2/L2

e−2βϑ·Pλ/L.
Let r > 0, and let γ be a multi-index with |γ| ≤ 2. By part (2) and the Cauchy–

Schwarz inequality, ∥ϑ · Pλ∥ ≤ |ϑ|
√

Nλ for ϑ ∈ R3. Since the matrices Pλ,b commute, we
obtain for |ϑ| ≤ r∣∣∣∂γ

ϑ tr e−2βϑ·Pλ/L
∣∣∣ ≤ dim Eλ

(2β
√

Nλ

L

)|γ|
e2βr

√
Nλ/L ≤ dim Eλ

(2β
√

Nλ

L

)|γ|
eβλ/2+2βNr2/L2

.
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Since ∑λ(1 + λ)dim Eλ e−βλ/2 = tr
(
(1 + H)e−βH/2) < ∞ by Lemma 3.1, the series in

(3.30) and its partial derivatives of order at most two converge uniformly on compact
subsets of R3. Hence Z is twice continuously differentiable, and since Z(ϑ) > 0, so is
FN,L,T = −T log Z.

Proposition 3.14. Let ⟨P2
1 ⟩ = Z−1 ∑λ e−βλ tr P2

λ,1, with Pλ as in Lemma 3.13. Then

Var(W1) =
2βN

L2 − 4β2

L2 ⟨P2
1 ⟩, (3.31)

fs(N, L, T) =
TL2

2N
Var(W1), (3.32)

fs(N, L, T) = 1 − 2
NT

⟨P2
1 ⟩, (3.33)

and 0 ≤ fs(N, L, T) ≤ 1.

Since ⟨P1⟩ = Z−1 ∑λ e−βλ tr Pλ,1 = 0 (see the proof), ⟨P2
1 ⟩ is the variance of the

first component of the total momentum in the Gibbs state, and (3.33) reads fs =

1 − 2 Var(P1)/(NT). In physical units, it states that the normal fraction 1 − fs equals
Var(P1)/(mNT), where P1 is the physical total momentum. This is the total-momentum
fluctuation formula for the normal fraction; see [124].

Proof. Let v ∈ R3. As in the proof of Lemma 3.6(3), let A = e−βHlab/2Psym, and extend
T−v to L2(XN,L) by the same formula. Since (T−vψ)(Y) = ψ(τvY) and τ−v preserves
XN,L and Lebesgue measure, Proposition 3.5(1) shows that the Hilbert–Schmidt operators
A and AT−v have the kernels Ks

β/2(X, Y) and Ks
β/2(X, τ−vY). Since T−v commutes with

Psym, Lemma 3.6(2) gives

tr
(
e−βHT−v

)
= tr

(
A · AT−v

)
=

∫∫
Ks

β/2(X, Y)Ks
β/2(Y, τ−vX)dY dX = Φ(v),

with Φ as in (3.21). On the other hand, Lemma 3.13(1)–(2) give tr(e−βHT−v) =

∑λ e−βλ tr eiv·Pλ . With t = se1 and v = 2βse1/L, (3.22) becomes

Z EesW1 = eβNs2/L2
∑
λ

e−βλ tr e2iβsPλ,1/L, s ∈ R.

We differentiate twice at s = 0. On the left, this is justified by Lemma 3.9. On the right,
the j-th derivative of the term indexed by λ is bounded by dim Eλ e−βλ(2β

√
Nλ/L)j by

Lemma 3.13(2), and these bounds are summable by Lemma 3.1. The first derivatives
give EW1 = (2iβ/L)⟨P1⟩, where ⟨P1⟩ = Z−1 ∑λ e−βλ tr Pλ,1. Both EW1 and ⟨P1⟩ are real,
so ⟨P1⟩ = 0. The second derivatives then give EW2

1 = 2βNL−2 − 4β2L−2⟨P2
1 ⟩, which is

(3.31), since EW1 = 0.
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On the operator side, (3.30) with ϑ = θe1 may be differentiated term by term
by Lemma 3.13(3). Since ⟨P1⟩ = 0, the second derivative of log Z(θe1) at θ = 0
equals −2βNL−2 + 4β2L−2⟨P2

1 ⟩. Multiplying by −T, we obtain ∂2
θ FN,L,T(0) = 2NL−2 −

4βL−2⟨P2
1 ⟩ = T Var(W1), and (3.32) follows from (3.5). Then (3.33) follows from (3.32)

and (3.31). Finally, fs ≥ 0 by (3.32), and fs ≤ 1 by (3.33), since tr P2
λ,1 ≥ 0.

Remark 3.15. In general units, with mass m, the reduced Planck constant h̄, and κ =

h̄2/(2m), the Brownian motions have generator κ∆ on the time interval [0, β], and the
identities of this section read

fs =
mL2

h̄2N
F′′

N,L,T(0) =
mL2

βh̄2N
Var(W1) = 1 − β

mN
Var(h̄P1), Var(u · W) ≤ 2βκN

L2 |u|2.

The physical interpretation of the twist response is given in Section 1.1; the conversion to
general units is recorded in Remark 1.10. For the rotational identities of Section 3.5, the
factor T in front of Cov(A) becomes 4m2/(βh̄2).

3.5 Rotation and the stochastic area

In this section, U is a container, n is a unit vector, x0 ∈ R3, and H = HN(U). We do not
assume that U has any rotational symmetry.

For a container, the area functional and the angular momentum are related by the
magnetic completion of the square. Let ω ∈ R3, and let R(X) be the symmetric matrix
with entries Rbc(X) = m ∑i(|yi|2δbc − yi,byi,c), where yi = xi − x0 and m = 1/2, so that
Icl,bc(x0) = ⟨Rbc⟩. Expanding the square and using Lemma 3.3, we find for ψ ∈ QN that

N

∑
i=1

∥∥∥(−i∇i − 1
2 ω × yi

)
ψ
∥∥∥2

= q[ψ]− ⟨ψ, ω · Lψ⟩+ 1
2

〈
ψ, (ω · Rω)ψ

〉
, (3.34)

because |ω × y|2 = |ω|2|y|2 − (ω · y)2. We denote the operator associated with the
left side of (3.34) by Hmag(ω), so that Hmag(ω) = H − ω · L + (1/2)ω · Rω. It is the
Hamiltonian of the particles in the vector potential ω × (x − x0)/2, which corresponds
to the uniform magnetic field ω. We write G(ω) = −T log tr e−βHmag(ω).

Proposition 3.16. Let U be a container, n a unit vector, and x0 ∈ R3. Then the following
statements hold.

1. For every ω ∈ R3,

tr e−β(H−ω·L)

Z
= E exp

(
−iω · A+

1
2

∫ β

0
ω · R(X(s))ω ds

)
,

tr e−βHmag(ω)

Z
= Ee−iω·A.

(3.35)

The functions Frot and G are twice continuously differentiable on R3.
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2. The function Frot is concave on R3. In particular, I(x0) ≥ 0 in the sense of symmetric
matrices, and I(n, x0) ≥ 0.

3. We have EA = 0 and

Icl,bc(x0)− Ibc(x0) = ∂ωb ∂ωc G(0) = T Cov(A)bc,

Icl(n, x0)− I(n, x0) = T Var(An).
(3.36)

In particular, Icl − I does not depend on x0.
4. We have 0 ≤ I(n, x0) ≤ Icl(n, x0), and 0 ≤ I(x0) ≤ Icl(x0) in the sense of symmetric

matrices. Further, tr e−βHmag(ω) ≤ Z, so that G(ω) ≥ G(0), for every ω ∈ R3.

Part (2) is the standard concavity of a free energy in a parameter that enters the
Hamiltonian linearly. Formula (3.36) is the stochastic area estimator of the moment of
inertia introduced by Sindzingre, Klein, and Ceperley [135]; the proof below verifies it,
with its constant, for the hard-core gas with hard walls. The inequality tr e−βHmag(ω) ≤ Z
is a diamagnetic trace bound, proved below from the Feynman–Kac representation; see
[132] for ground-state diamagnetism of spinless bosons and [8, Theorems 2.3–2.5] for
magnetic semigroup domination.

Proof. For part (1), by Lemma 3.3 and (3.34), we have H −ω · L = Hmag(ω)+Vω with the
bounded symmetric potential Vω(X) = −(1/2)ω · R(X)ω. We apply Proposition 3.5(2)
with the affine, divergence-free vector field a(x) = ω × (x − x0)/2. Since (ω × y) · ◦dy =

ω · (y × ◦dy), the phase in (3.14) is

− i
2

N

∑
i=1

∫ β

0
(ω × yi(s)) · ◦dyi(s) = −iω · A.

Inserting this into the trace formula of Lemma 3.6(3) and comparing with (3.17) yields
(3.35). Let g(ω) denote the right side of the first identity in (3.35), and write M =∫ β

0 R(X(s))ds. The matrix M is positive semidefinite and bounded by βmNR2
0 in operator

norm, and E|A|2 < ∞ by Lemma 3.9. The second derivatives in ω of the integrand are
bounded by ((|A|+ ∥M∥|ω|)2 + ∥M∥)e∥M∥|ω|2/2, which is integrable uniformly for ω

in compact sets. Then g is twice continuously differentiable, and we may differentiate
under the expectation. The function g is positive, since it is a ratio of traces of positive
operators, and Frot = Frot(0)− T log g is twice continuously differentiable. The same
argument applies to G.

For part (3), we first note that ∂ωb g(0) = −iEAb. This number is real because g is real,
and EAb is real, so EAb = 0. Then

∂ωb ∂ωc log g(0) = ∂ωb ∂ωc g(0) = −E[AbAc] + EMbc.

By Lemma 3.8 and Fubini’s theorem, EMbc = β⟨Rbc⟩ = βIcl,bc(x0). Multiplying by
−T gives ∂ωb ∂ωc Frot(0) = T Cov(A)bc − Icl,bc(x0), which is the first claim of (3.36) after
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recalling (3.10). The same computation applied to the second identity in (3.35) yields
∂ωb ∂ωc G(0) = T Cov(A)bc. Contracting with n gives the second identity in (3.36). The
vector A does not depend on x0, as shown below (3.19), and neither does Icl − I.

For part (2), let σ = ∑k λk| fk⟩⟨ fk| be a symmetric density matrix of finite kinetic energy:
fk ∈ QN when λk > 0, and ∑k λkq[ fk] < ∞. By (3.7), |⟨ fk, ω · L fk⟩| ≤ |ω|

√
NR0 q[ fk]

1/2,
and ∑k λkq[ fk]

1/2 ≤ (∑k λkq[ fk])
1/2, so the series ∑k λk⟨ fk, ω · L fk⟩ converges absolutely.

We use the Gibbs variational principle [56, Lemma 3.1] for the self-adjoint operators of the
forms, with energies given by the forms. For H, it gives S(σ) ≤ β ∑k λkq[ fk] + log Z < ∞,
where S(σ) = − tr σ log σ. For H − ω · L, it gives

Frot(ω) ≤ Fω(σ) = ∑
k

λk
(
q[ fk]− ⟨ fk, ω · L fk⟩

)
− TS(σ), ω ∈ R3,

with equality for the Gibbs state Γω of H − ω · L. This state has finite kinetic energy.
Indeed, by Lemma 3.3, H − ω · L has an orthonormal basis of eigenvectors ϕk ∈ QN,
with eigenvalues Ek(ω) that are bounded below and satisfy ∑k|Ek(ω)|e−βEk(ω) < ∞, and
(3.8) gives q[ϕk] ≤ 2Ek(ω) + |ω|2NR2

0. Thus Frot(ω) is the minimum of Fω(σ) over the
symmetric density matrices of finite kinetic energy, a set that does not depend on ω. Each
function ω 7→ Fω(σ) is affine, and Frot, as their infimum, is concave. By part (1), it is
twice continuously differentiable, and its Hessian at ω = 0 is negative semidefinite. By
(3.10), this means that I(x0) ≥ 0, and then I(n, x0) ≥ 0.

For part (4), the inequality I ≥ 0 follows from part (2), and I ≤ Icl follows from part
(3), since covariance matrices are positive semidefinite. By the second identity in (3.35),
we have tr e−βHmag(ω) ≤ Z E|e−iω·A| = Z.

3.6 Imaginary-time slabs

In this section, XN is either XN,L or XN(U). Fix a slab length δ ∈ (0, β], and let

nβ = ⌊β/δ⌋ ≥ 1, rβ = β − nβδ ∈ [0, δ).

We cut the interval [0, β] at the times τj = jδ, 0 ≤ j ≤ nβ. This produces nβ full slabs
[τj−1, τj] of length δ and, if rβ > 0, a remainder slab [nβδ, β] of length rβ. Let J be the
number of slabs, so that J = nβ if rβ = 0 and J = nβ + 1 otherwise, and let s1, . . . , sJ be
their lengths.

The marked slab measure. The construction uses the semigroup and Bose symmetriza-
tion identities of Lemma 3.6; for functional-integration background, see [63, 133]. Its
one-slab marginal is obtained from [112, Proposition 5.1] by integrating out the auxiliary
configuration variable; we give the multiple-cut representation needed here. The slab
decomposition is described on an extended space. Its coordinates are cut configura-
tions Y0, . . . , YJ−1 ∈ XN, with the convention YJ = Y0, and, for each slab 1 ≤ j ≤ J, a
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permutation πj ∈ SN and a configuration path X(j)(·) ∈ C([0, sj]; XN). We define the
measure

µ̄ =
1

Z (N!)J

J

∏
j=1

(
1Esj

(X(j)(·))W
sj
Yj−1,πjYj

(dX(j)(·))
) J−1

∏
j=0

dYj, (3.37)

summed over (π1, . . . , πJ) with counting measure. Under µ̄, the path of slab j runs from
the cut Yj−1 to the cut πjYj, so that particle i of slab j ends at particle πj(i) of the cut Yj.
The concatenation map Cat sends the slab data to a pair (π, X(·)) as follows. Set σ0 = id
and σj = πj ◦ · · · ◦ π1, and define

xi(τ) = X(j)
σj−1(i)

(τ − τj−1) for τ ∈ [τj−1, τj−1 + sj], π = σJ , (3.38)

where τJ = β. Then particle i follows the path of slab 1 that starts at the i-th particle of
Y0, and at every cut it continues with the path of the next slab that starts where it arrived.
Let Fcut be the σ-algebra generated by Y0, . . . , YJ−1.

Proposition 3.17. The following statements hold.

1. The measure µ̄ is a probability measure. The cut configurations (Y0, . . . , YJ−1) ∈ X J
N have

the density

ρcut(Y0, . . . , YJ−1) =
1
Z

J

∏
j=1

Ks
sj
(Yj−1, Yj). (3.39)

2. Conditionally on Fcut, the slab data (πj, X(j)(·)), 1 ≤ j ≤ J, are independent, and the
conditional law of (πj, X(j)(·)) is

νsj(· | Yj−1, Yj) =
1

N! Ks
sj
(Yj−1, Yj)

∑
πj∈SN

1Esj
W

sj
Yj−1,πjYj

, (3.40)

which depends only on sj, Yj−1, and Yj. This formula is used where Ks
sj
(Yj−1, Yj) > 0;

elsewhere choose an arbitrary probability law. The exceptional cut tuples have ρcut-measure
zero.

3. The image of µ̄ under Cat is the Bose path measure µ.
4. If β > δ, then for every 1 ≤ j ≤ nβ, the joint law of (Yj−1, Yj, πj, X(j)(·)) is

1
Z N!

Ks
β−δ(Yj, Yj−1) 1Eδ

(X(j)(·))Wδ
Yj−1,πjYj

(dX(j)(·))dYj−1 dYj, (3.41)

which does not depend on j.

5. On the torus, let OW
j = L−1 ∑i d(X(j)

i (·)) ∈ R3. For a container, let OA
j =

(1/2)∑i
∫ sj

0 (X(j)
i (s)− x0)× ◦dX(j)

i (s). Then µ̄-almost surely,

W ◦ Cat =
J

∑
j=1

OW
j , A ◦ Cat =

J

∑
j=1

OA
j , (3.42)
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and every OW
j and OA

j has finite second moment under µ̄.

Proof. For fixed cuts, the total mass of the slab-j factor in (3.37), summed over πj, is
N! Ks

sj
(Yj−1, Yj) by (3.13). Integrating out the slab data in (3.37) gives (3.39), and the

product form of (3.37) implies part (2). Integrating (3.39) over Y1, . . . , YJ−1 with (3.15)
leaves Z−1Ks

β(Y0, Y0), whose integral is one by (3.16). This proves part (1).
For part (3), fix (π1, . . . , πJ) and push the corresponding term of (3.37) forward under

Cat. Consider first the two slabs j = 1, 2. By (3.38), particle i follows X(1)
i from y0,i

to y1,π1(i) and then X(2)
π1(i)

from y1,π1(i) to y2,σ2(i). The change of variables zi = y1,π1(i)
preserves Lebesgue measure on XN, and (3.12) applied to each particle shows that
integrating over Y1 produces the bridge measure of duration s1 + s2 from Y0 to σ2Y2.
Since XN is invariant under permutations, the configuration path of slab 2 stays in XN
if and only if its relabeling by π1 does; the killing indicators combine into 1Es1+s2

of the
concatenated path. Repeating this for the remaining cuts, we conclude that the image of
the term indexed by (π1, . . . , πJ) is

1
Z (N!)J 1Eβ

(X(·))W
β
Y0,σJY0

(dX(·))dY0

at π = σJ . For each π ∈ SN, exactly (N!)J−1 tuples (π1, . . . , πJ) satisfy πJ ◦ · · · ◦ π1 = π,
since π1, . . . , πJ−1 are arbitrary and πJ is then determined. Summing over the tuples
gives (3.17).

For part (4), note that β > δ implies J ≥ 2. In (3.37), we integrate out the slab data of
all slabs other than j, which produces the factors Ks

si
(Yi−1, Yi) for i ̸= j, and then the cuts

other than Yj−1 and Yj. By (3.15), applied around the cycle of cuts from Yj back to Yj−1,
the product of these kernels integrates to Ks

β−δ(Yj, Yj−1). The result is (3.41).
For part (5), the lifted displacement is additive under concatenation of paths, and for

each j the map i 7→ σj−1(i) is a bijection. Then

N

∑
i=1

d(xi(·)) =
N

∑
i=1

J

∑
j=1

d
(
X(j)

σj−1(i)
(·)

)
=

J

∑
j=1

N

∑
i=1

d(X(j)
i (·)).

The Stratonovich integral in (3.19) is additive over the subintervals [τj−1, τj−1 + sj], and
the same reindexing proves the second identity in (3.42). For the second moments, we
argue as in the proof of Lemma 3.9. If J = 1, then OW

1 = W ◦ Cat and OA
1 = A ◦ Cat, and

the claim is Lemma 3.9. If J ≥ 2, then the law of slab j with its cuts is given by the analog
of (3.41) with δ replaced by sj. In this formula, Ks

β−sj
is bounded by the supremum of

the free heat kernel at time β − sj > 0, which is finite, and dropping the killing indicator
leaves a free Gaussian integral of the same type as in Lemma 3.9, which is finite.

Used in: Lemma 8.2 and Proposition 5.6.
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We record three comments on Proposition 3.17. First, the labels of the cuts in (3.37)
are assigned independently at each cut: the density (3.39), which contains a symmetrized
kernel for every slab, is the law of the cut configurations after an independent uniform
relabeling of the particles at each cut. It is not the joint law of X(τ0), . . . , X(τJ−1) under µ

with the labels followed continuously from time 0; in that labeling, the internal factors
would be the labeled kernels Ksj and only the closing factor would be symmetrized. Part
(3) shows that the relabeled description has the correct image, and the observables W and
A do not depend on the labels. Second, conditioning on Fcut fixes the cut configurations
but not the permutations πj, the cycle structure of π, or the winding vector. Third, OW

j

is not an integer in general: with representatives ỹ in a fundamental cell, OW
j equals

L−1 ∑i(ỹj,i − ỹj−1,i) plus an integer vector, and the noninteger part is a function of the cuts.
Similarly, replacing x0 by x′0 in OA

j adds −(1/2)(x′0 − x0)× ∑i(yj,i − yj−1,i), a function of
the cuts that cancels in the sum (3.42). Neither change affects conditional variances given
Fcut.

Using conditional independence, additivity, and the law of total variance, we obtain
the following bound. The kernel form used below is proved in Lemma 5.5 and Proposi-
tion 5.6.

Lemma 3.18. Let g be a real measurable function of (Y, Y′, π′, X′(·)) ∈ XN × XN × SN ×
C([0, δ]; XN), and set Oj = g(Yj−1, Yj, πj, X(j)(·)) for 1 ≤ j ≤ nβ. Let Orem be a function of
the cuts and, if rβ > 0, of the remainder slab. Suppose that O1, . . . , Onβ

and Orem have finite

second moments under µ̄, and let O = ∑
nβ

j=1 Oj + Orem. Then

Varµ̄(O) ≥
nβ

∑
j=1

Eµ̄ Varµ̄(Oj | Fcut) = nβ Eµ̄ Varµ̄(O1 | Y0, Y1), (3.43)

where Varµ̄(O1 | Y0, Y1) is the variance of g(Y0, Y1, ·) under νδ(· | Y0, Y1).

Proof. By Proposition 3.17(2), conditional variances add given Fcut. Dropping the nonneg-
ative remainder variance and applying the law of total variance, we obtain the inequality
in (3.43). Each full-slab conditional law depends only on its two cuts. If nβ ≥ 2, then
β > δ, and Proposition 3.17(4) implies that the expected conditional variance is the same
for every full slab. For nβ = 1, the equality is immediate.

For winding and area, the additivity and square integrability required here are given
in Proposition 3.17(5). Their one-slab kernel bounds are combined in Proposition 5.6.



section 4

A normal phase at high temperature

Lemma 4.1 adapts the insertion argument in the proof of [112, Proposition 3.5], which
combines the normalized insertion orbital of [112, Lemma 3.4] and [115, Lemma 3.3], a
refinement of the nearest-neighbor construction of [102, Section 3.2 in arXiv version 1],
with a Fourier frame. That proof applies Parseval’s identity to all frequencies and then
restricts the sum to low ones; we keep all frequencies. Canonical ratio estimates for
integrable repulsive pair potentials are proved in [2, Lemma 3.4 in arXiv version 3];
their bound contains the integral of the pair potential, which is infinite for a hard core.
Lemma 4.2 is the inequality form of Ueltschi’s canonical cycle formula [143, Eq. (2.8) in
arXiv version 2]. The Gaussian winding-sector weights of Lemma 4.3 appear for negative
chemical potential in the proof of [143, Theorem 2 in arXiv version 2], which establishes
the absence of infinite cycles and of off-diagonal long-range order; for the canonical
free gas, cycle winding weights are computed in [74, equations (4)–(7) in the preprint
version]. Sütő related cycle percolation to condensation in the ideal and mean-field
gases [137, 138]. Seiringer and Ueltschi bounded the density in terms of the activity
and deduced the decay of off-diagonal correlations above an explicit temperature close
to Tc, in the grand-canonical ensemble on domains with Dirichlet boundary conditions
[131]. The mechanism, suppression of long cycles by a fugacity below one, is that of the
grand-canonical results of Ueltschi and of Seiringer and Ueltschi.

Throughout this chapter, we work on the torus ΛL, write V = L3, fix a, β > 0, and set
λβ = (4πβ)1/2. For j ≥ 1 such that the domain Xj,L of (3.1) is nonempty, let Zj = tr e−βHj,L

be the partition function of j particles at the same L, a, and β. We regard X0,L as a point
and set Z0 = 1. We write qj and Qj for the form (3.2) and its domain for j particles,
and Hlab

j for the labeled operator. Let N ≥ 1 be such that XN,L is nonempty, and let
ρL = N/V as in (3.25). We set ϵex = 36πρLa3 and, if ϵex < 1,

z =
ρLλ3

β

1 − ϵex
exp

(152π

3
βρLa

1 − ϵex

)
. (4.1)

If z < 1, we set γ∗ = (log(1/z)/(2β))1/2. The Bose path measure µ = µN,L,β and the
winding vector W are those of Definition 3.7 and (3.18), and E, P, and Var refer to µ.
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4.1 A canonical insertion bound

Lemma 4.1. Let j ≥ 1 be such that Xj−1,L is nonempty, and suppose that ϵj = 36π(j −
1)a3/V < 1. Then Xj,L is nonempty, and

Zj−1 ≤
jλ3

β

V(1 − ϵj)
exp

(152π

3
β(j − 1)a
(1 − ϵj)V

)
Zj. (4.2)

Consequently, if ϵex < 1, then ZN−m ≤ zmZN for 0 ≤ m ≤ N.

Proof. The consequence follows by applying (4.2) for j = N − m + 1, . . . , N; the domains
Xj−1,L are nonempty because XN,L is. The factor in front of Zj in (4.2) is increasing in
j/V, in (j − 1)/V, and in ϵj. For j ≤ N, we have (j − 1)/V ≤ j/V ≤ ρL and ϵj ≤ ϵex < 1,
so this factor is at most z.

We prove (4.2). Write points of Λj
L as (X, y), with X = (x1, . . . , xj−1) and y = xj. For

j = 1, the variable X is absent, ϵ1 = 0, and the orbital below is the constant V−1/2; the
steps below apply with these conventions.

Step 1: the orbital. Let h(r) = min{1, (r − 2a)+/a} for r ≥ 0. It vanishes on [0, 2a],
equals one on [3a, ∞), and is a−1-Lipschitz. For X ∈ Λj−1

L and y ∈ ΛL, let

b(X, y) = V−1/2 min
i<j

h
(
dL(y, xi)

)
, m(X) =

∫
ΛL

b(X, y)2 dy, φX(y) =
b(X, y)
m(X)1/2 .

For x ∈ ΛL, the map z 7→ x + z from the centered cube CL = [−L/2, L/2)3 onto ΛL
is a measure-preserving bijection, and dL(x + z, x) = |z| for z ∈ CL. Hence the ball
{y : dL(y, x) < 3a} and the shell {y : 2a < dL(y, x) < 3a} correspond to the intersections
of CL with the Euclidean ball and shell, and their volumes are at most 36πa3 and
4π
3 (27 − 8)a3 = 76π

3 a3, respectively. The function b(X, ·)2 equals V−1 outside the union
of the balls of radius 3a about the points xi, and this union has volume at most ϵjV < V.
We obtain

1 ≥ m(X) ≥ 1 − ϵj for every X ∈ Λj−1
L . (4.3)

For X ∈ Xj−1,L and y outside this union, we have (X, y) ∈ Xj,L; hence Xj,L is nonempty.
The function φX is a symmetric function of X, it vanishes if dL(y, xi) ≤ 2a for some i, and
0 ≤ φX ≤ (V(1 − ϵj))

−1/2.
Step 2: the gradient of the orbital. Each function fi(X, y) = h(dL(y, xi)) is Lipschitz. Since

dL is 1-Lipschitz in each argument, we have |∇y fi|2 + |∇xi fi|2 ≤ 2a−2 almost everywhere,
and ∇ fi = 0 almost everywhere outside the shell Si = {2a < dL(y, xi) < 3a}, because
the gradient of a Lipschitz function vanishes almost everywhere on each of its level sets.
For Lipschitz functions u and v, we have ∇u = ∇v almost everywhere on {u = v}.
Hence, almost everywhere, the gradient of mini fi equals ∇ fi for an index i attaining the
minimum, and

|∇yb|2 + ∑
i<j

|∇xi b|
2 ≤ 2

Va2 ∑
i<j

1Si(y).
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The functions b and m are Lipschitz, and m ≥ 1 − ϵj > 0, so φ is bounded and Lipschitz

on Λj−1
L × ΛL. If u is Lipschitz on Λj−1

L × ΛL, then X 7→
∫

u(X, y)dy is Lipschitz, with
gradient

∫
∇Xu(X, y)dy almost everywhere. To see this, we pair with derivatives of a

smooth function of X, integrate by parts in X for fixed y, and use Fubini’s theorem; by
Rademacher’s theorem and Fubini’s theorem, for almost every y the gradient of u(·, y)
agrees almost everywhere with ∇Xu(·, y). Since

∫
φ2

X dy = 1 for every X, applying this
to u = φ2 and u = b2 gives, for almost every X,∫

φX∇xi φX dy = 0, ∇xim(X) = 2
∫

b∇xi b dy.

Then ∇xi φX = m−1/2(∇xi b − φX
∫

φX∇xi b dy
)
. Thus m1/2∇xi φX is the component of

∇xi b orthogonal to the unit vector φX in L2(dy), and
∫
|∇xi φX|2 dy ≤ m−1

∫
|∇xi b|2 dy.

Also ∇y φX = m−1/2∇yb. By the shell volume of Step 1 and (4.3), we obtain for almost
every X

G(X) :=
∫ (

|∇y φX|2 + ∑
i<j

|∇xi φX|2
)

dy

≤ 1
1 − ϵj

· 2(j − 1)
Va2 · 76π

3
a3 =

152π

3
(j − 1)a
(1 − ϵj)V

=: G∗.

Step 3: trial vectors. Let (Ek, fk)k≥1 be an orthonormal eigenbasis of Hj−1,L in
L2

sym(Xj−1,L), which exists by Lemma 3.1; for j = 1, it consists of f1 = 1 with E1 = 0. For
p ∈ (2π/L)Z3, let

ψk,p(X, y) = fk(X)φX(y)eip·y, (X, y) ∈ Xj,L.

Let P′ = ((j − 1)!)−1 ∑σ∈Sj−1
Uσ, where (Uσψ)(X, y) = ψ(σX, y), be the orthogonal

projection of L2(Xj,L) onto the functions that are symmetric in X. It commutes with Hlab
j .

Let Hdist be the restriction of Hlab
j to ran P′; its form domain is H1

0(Xj,L) ∩ ran P′, and
its form is given by (3.2), which we again denote by qj. We show that ψk,p lies in this

form domain. If f ∈ C∞
c (Xj−1,L), then f (X)φX(y)eip·y is Lipschitz on Λj

L and supported
in {(X, y) : X ∈ supp f , dL(y, xi) ≥ 2a for all i}. This set is compact and contained
in Xj,L, since 2a > a; by mollification, the function lies in H1

0(Xj,L). For f ∈ Qj−1, we
approximate f in H1 by such functions. Multiplication by the bounded Lipschitz function
φX(y)eip·y is bounded in H1, and H1

0(Xj,L) is closed. Since fk and φX are symmetric in
X, this proves the claim for every p. For X ∈ Xj−1,L, the function φX vanishes at every y
with (X, y) /∈ Xj,L, so ∥ψk,p∥ = 1 since

∫
φ2

X dy = 1. Almost everywhere,

∇xi ψk,p = (φX∇i fk + fk∇xi φX)eip·y, ∇yψk,p = fk(∇y φX + ipφX)eip·y.

Since φX is real, |∇yψk,p|2 = | fk|2(|∇y φX|2 + |p|2φ2
X). We expand |∇xi ψk,p|2 and integrate

first in y. By Step 2, the cross terms vanish, and

qj[ψk,p] = qj−1[ fk] + |p|2 +
∫
| fk(X)|2G(X)dX ≤ Ek + |p|2 + G∗. (4.4)
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Step 4: a frame bound for all frequencies. Let u ∈ ran P′, extended by zero to Λj
L,

and let gp(X) =
∫

φX(y)e−ip·yu(X, y)dy. Then gp is symmetric, it vanishes outside
Xj−1,L, and |gp(X)|2 ≤

∫
|u(X, y)|2 dy. Hence gp ∈ L2

sym(Xj−1,L), and ⟨ψk,p, u⟩ = ⟨ fk, gp⟩.
Parseval’s identity for the basis ( fk), Parseval’s identity in L2(ΛL) for the orthonormal
basis (V−1/2eip·y)p, Tonelli’s theorem, and the bound on φX in Step 1 give

∑
k,p
|⟨ψk,p, u⟩|2 =

∫
∑
p
|gp(X)|2 dX = V

∫∫
φX(y)2|u(X, y)|2 dy dX ≤ ∥u∥2

1 − ϵj
. (4.5)

Step 5: partition functions. Let Zdist = tr e−βHdist , and let (en) be an orthonormal basis
of ran P′. Applying (4.5) to u = e−βHdist/2en and summing over n, we obtain by Tonelli’s
theorem

∑
k,p
⟨ψk,p, e−βHdistψk,p⟩ = ∑

n
∑
k,p
|⟨ψk,p, e−βHdist/2en⟩|2 ≤ Zdist

1 − ϵj
.

For a unit vector ψ in the form domain of Hdist, Jensen’s inequality for the spectral
measure of ψ gives ⟨ψ, e−βHdistψ⟩ ≥ e−βqj[ψ]. We apply this to each ψk,p and use (4.4) and
the Poisson summation formula. This gives

Zdist

1 − ϵj
≥ e−βG∗ ∑

k
e−βEk ∑

p
e−β|p|2 = e−βG∗Zj−1

V
λ3

β
∑

n∈Z3

e−L2|n|2/(4β) ≥ e−βG∗Zj−1
V
λ3

β

.

It remains to compare Zdist with Zj. The proof of Lemma 3.6(3) applies with Psym

replaced by P′. By Proposition 3.5(1), the operator e−βHlab
j /2P′ has the kernel ((j −

1)!)−1 ∑σ Kβ/2((X, y), (σX′, y′)). It is Hilbert–Schmidt by the min–max argument in the
proof of Lemma 3.1, which does not use the symmetry. Then Lemma 3.6(1) and (2) give

Zdist =
1

(j − 1)! ∑
σ∈Sj−1

∫
Xj,L

Kβ

(
(X, y), (σX, y)

)
dX dy.

In the formula of Lemma 3.6(3) for Zj, the kernel Kβ is nonnegative by Lemma 3.6(1).
Retaining only the (j − 1)! permutations that fix the label j, we obtain Zj ≥ Zdist/j.
Together with the previous display, this proves (4.2).

4.2 Cycles and winding sectors

Let (π, X(·)) ∈ SN × C([0, β]; ΛN
L ) satisfy xi(β) = xπ(i)(0) for every i; this holds µ-almost

surely. We write cyc(π) for the set of cycles of π. For a cycle c = (i1, . . . , im) of π with
i1 = min c and π(il) = il+1, where im+1 = i1, we write |c| = m, and we define the
worldline ωc ∈ C([0, mβ]; ΛL) by ωc(s) = xil(s − (l − 1)β) for s ∈ [(l − 1)β, lβ]. It is a
closed loop, and we set wc = d(ωc)/L.
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Lemma 4.2. For each m ≥ 1, let Fm : C([0, mβ]; ΛL) → [0, ∞] be measurable. Then

E ∑
c∈cyc(π)

F|c|(ωc) ≤
N

∑
m=1

ZN−m

mZN

∫
ΛL

∫
Fm dW

mβ
x,x dx.

Proof. By (3.17),

ZN E ∑
c∈cyc(π)

F|c|(ωc) =
1

N! ∑
π∈SN

∑
c∈cyc(π)

∫
ΛN

L

∫
1Eβ

F|c|(ωc)dW
β
X0,πX0

dX0,

where we may integrate over ΛN
L because 1Eβ

vanishes unless X0 = X(0) ∈ XN,L. The
pairs (π, c) with |c| = m correspond bijectively to the triples (S, c, π′), where S = supp c
has m elements, c is a cyclic permutation of S, and π′ is a permutation of the complement
Sc; there are (N

m)(m − 1)! choices of (S, c). Fix such a triple. We bound 1Eβ
by the indicator

of the event that the paths with labels in Sc stay in XN−m,L; this drops every exclusion
that involves a label in S. The measure W

β
X0,πX0

is a product over the particles, and by
Tonelli’s theorem the integral is at most the product of two factors. The first is the integral
of Fm(ωc) over the initial positions and paths with labels in S. By m − 1 applications of
(3.12) for one particle, it equals

∫
ΛL

∫
Fm dW

mβ
x,x dx. The second factor, summed over π′,

equals (N − m)! ZN−m by Lemma 3.6(3) for N − m particles, and it equals 1 = 0! Z0 if
m = N. Since (N

m)(m − 1)! (N − m)!/N! = 1/m, the lemma follows.

Lemma 4.3.

(i) For t > 0 and k ∈ Z3, we have
∫

ΛL
Wt

x,x({ω : d(ω) = Lk})dx = Vpt(Lk).

(ii) For every c ∈ cyc(π), we have wc ∈ Z3, and W = ∑c∈cyc(π) wc.

Proof. By the definition of the torus bridge measure in Section 3.2, Wt
x,x is the sum over

k′ ∈ Z3 of the images of Wt
x̃,x̃+Lk′ , and the k′-th term is carried by {d(ω) = Lk′} and has

mass pt(Lk′). Integrating over x, we obtain (i). The lifted displacement is additive under
concatenation, so d(ωc) = ∑i∈c d(xi(·)), and d(ωc) ∈ LZ3 because ωc is closed. Summing
over the cycles and using (3.18), we obtain LW = ∑i d(xi(·)) = ∑c d(ωc), which proves
(ii).

4.3 The normal-phase estimates

Lemma 4.4. Let N ≥ 1 and L, a, β > 0 be such that XN,L is nonempty. Then

Var(W1) ≤
8βN

L2 P(W1 ̸= 0)1/2, equivalently fs(N, L, T) ≤ 4 P(W1 ̸= 0)1/2.

Proof. Let σ2 = 2βN/L2 as in (3.25). By Theorem 3.10, we have EW1 = 0, and by
Corollary 3.11, we have EW4

1 ≤ 16σ4. By the Cauchy–Schwarz inequality,

Var(W1) = E
[
W2

1 1{W1 ̸=0}
]
≤ (EW4

1 )
1/2 P(W1 ̸= 0)1/2 ≤ 4σ2 P(W1 ̸= 0)1/2.
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By (3.32), fs(N, L, T) = Var(W1)/σ2, which gives the equivalent form.

Theorem 4.5. Let N ≥ 1 and L, a, β > 0 be such that XN,L is nonempty, and suppose that
ϵex < 1, z < 1, and γ∗L ≥ 1. Then the following hold.

(a) We have

P(W ̸= 0) ≤ E #{c ∈ cyc(π) : wc ̸= 0} ≤ 190
( L

λβ

)3
e−γ∗L =: P∗.

(b) We have 0 ≤ fs(N, L, T) ≤ 4 P(W1 ̸= 0)1/2 ≤ 4P1/2
∗ and Var(W1) ≤ (8βN/L2)P1/2

∗ .

Proof. If W ̸= 0, then wc ̸= 0 for some cycle c by Lemma 4.3(ii), which proves the first in-
equality in (a). We apply Lemma 4.2 with Fm(ω) = 1{d(ω) ̸=0}, and then Lemma 4.3(i) and

Lemma 4.1. Since Vpmβ(Lk) = (L/λβ)
3m−3/2e−L2|k|2/(4mβ) and all terms are nonnegative,

we obtain

E #{c : wc ̸= 0} ≤
N

∑
m=1

zm

m ∑
k ̸=0

Vpmβ(Lk) ≤
( L

λβ

)3
∑

m≥1

zm

m5/2 ∑
k∈Z3\{0}

e−L2|k|2/(4mβ).

By the inequality between the arithmetic and geometric means,

m
2

log
1
z
+

L2|k|2
4mβ

≥ L|k|
( log(1/z)

2β

)1/2
= γ∗L|k|,

and therefore zme−L2|k|2/(4mβ) ≤ zm/2e−γ∗L|k|. Now ∑m≥1 m−5/2zm/2 ≤ ζ(5/2) < 1.342.
There are 24n2 + 2 ≤ 26n2 points k ∈ Z3 with |k|∞ = n ≥ 1, and |k| ≥ |k|∞. Since
∑n≥1 n2qn = q(1 + q)/(1 − q)3 for q = e−γ∗L ≤ e−1, we have

∑
k ̸=0

e−γ∗L|k| ≤ 26
1 + e−1

(1 − e−1)3 e−γ∗L ≤ 140.9 e−γ∗L.

Since 1.342 · 140.9 < 190, this proves (a). By Proposition 3.14, we have fs(N, L, T) ≥ 0. The
remaining bounds in (b) follow from Lemma 4.4, the inequality P(W1 ̸= 0) ≤ P(W ̸= 0),
and (a).

Proof of Theorem 1.5. Let ε ∈ (0, 1] and a, ρ > 0 with g = ρa3 ≤ (ε/100)3, and set Thi =

(1 + ε)4πρ2/3 and η = log(1 + ε). Consider a sequence of N and L with L → ∞ and
ρL = N/L3 → ρ. Choose L0 such that, for all L ≥ L0 in the sequence,

ρL ≤ (1 + ε)1/2ρ and L
√

Thi ≥ 6η−1/2.

Neither condition depends on T. Let L ≥ L0 and T ≥ Thi. Since ρ(4π/Thi)
3/2 =

(1 + ε)−3/2, we have

ρLλ3
β ≤ (1 + ε)−1, 36πρLa3 ≤ 36π

√
2 g < 160g ≤ 1.6 · 10−4ε3.
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In particular ϵj ≤ 36πρLa3 < 1 for 1 ≤ j ≤ N, and Lemma 4.1, applied for j = 1, . . . , N,
shows that XN,L is nonempty. Since βρLa = (ρLλ3

β)
2/3(ρLa3)1/3/(4π) ≤ 21/6g1/3/(4π),

the exponent in (4.1) satisfies

152π

3
βρLa

1 − ϵex
≤ 38

3
21/6

1 − 1.6 · 10−4 g1/3 ≤ 14.3 g1/3 ≤ 0.143 ε.

We use (1− ϵex)−1 ≤ 1+ 0.00017ε, e0.143ε ≤ 1+ 0.143e0.143ε ≤ 1+ 0.165ε, and (1+ ε)1/2 ≥
1 + (

√
2 − 1)ε for ε ∈ [0, 1]. We obtain

z ≤ (1 + ε)−1(1 + 0.00017ε)(1 + 0.165ε) ≤ (1 + ε)−1(1 + 0.17ε) ≤ (1 + ε)−1/2.

Hence z < 1, γ∗ ≥ 1
2(Tη)1/2, and γ∗L ≥ 1

2 L(Thiη)
1/2 ≥ 3. Since (L/λβ)

3 = (L2T/4π)3/2

and 4
√

190 < 57, Theorem 4.5 gives (1.15) and the bound on P(W ̸= 0), for all L ≥ L0 in
the sequence and all T ≥ Thi.

For the uniformity, let b = 1
2 η1/2 and s = L

√
T. The bounds just proved are

57(4π)−3/4s3/2e−bs/2 for fs and 190(4π)−3/2s3e−bs for P(W ̸= 0). Both decrease in s
for s ≥ 3/b, and L

√
T ≥ L

√
Thi ≥ 3/b for L ≥ L0. Therefore their suprema over T ≥ Thi

are attained at T = Thi, and these tend to zero as L → ∞. By (3.32),

Var(W1) =
2ρLL

T
fs(N, L, T) ≤ 114(4π)−3/4ρLL5/2T−1/4e−bL

√
T/2,

and the right side decreases in T. At T = Thi, it tends to zero as L → ∞, since ρL is
bounded. This proves the uniform convergence.



part ii

Surgery in one slab



section 5

A variance inequality for surgeries

We first complete accepted moves by the identity and prove the Hammersley–Chapman–
Robbins variance inequality. We then combine it with conditional independence of the
time slabs. In Proposition 5.6, we reduce each response bound to the mean gain and
chi-square divergence of a kernel acting on one slab.

5.1 Completed kernels and the chi-square divergence

Throughout this section, (X,F ) is a standard Borel space and µ is a probability measure
on X. A subprobability kernel on X is a map q : X × F → [0, 1] such that q(x, ·) is a
measure of total mass at most one for every x ∈ X, and x 7→ q(x, B) is measurable for
every B ∈ F . It is a probability kernel if every q(x, ·) is a probability measure. We write
µq for the measure B 7→

∫
q(x, B) µ(dx), and q f (x) =

∫
f (y) q(x, dy) for measurable

f ≥ 0. For probability measures ν and µ on X, the chi-square divergence of ν from µ is

χ2(ν ∥ µ) =
∫ ( dν

dµ
− 1

)2
dµ

if ν is absolutely continuous with respect to µ, and χ2(ν ∥ µ) = ∞ otherwise. We write
⟨ f , g⟩µ =

∫
f g dµ.

Definition 5.1. Let q be a subprobability kernel on X, and set q̄(x) = q(x, X). The
completion of q is the probability kernel

Q(x, dy) = q(x, dy) +
(
1 − q̄(x)

)
δx(dy).

We call q̄ the outgoing mass of q. If µq is absolutely continuous with respect to µ, we call
its density c = d(µq)/ dµ the incoming density of q.

A sample of µQ is obtained from a sample x of µ by moving according to q(x, ·) with
probability q̄(x), and by leaving x unchanged otherwise. In our application, q describes
the accepted surgeries, q̄(x) is the probability that a surgery is accepted at x, and a
rejected surgery leaves the configuration unchanged. The kernel q is not normalized by
its acceptance probability.

Lemma 5.2. Let q be a subprobability kernel on X with outgoing mass q̄ and completion Q, and
suppose that µq is absolutely continuous with respect to µ, with incoming density c.

58
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1. The measure µQ is absolutely continuous with respect to µ, and

L =
d(µQ)

dµ
= 1 − q̄ + c, χ2(µQ ∥ µ) =

∫
(c − q̄)2 dµ. (5.1)

2. Let O ∈ L2(µ), and suppose that L ∈ L2(µ). Then all integrals in (5.2) converge absolutely,

EµQO − EµO =
∫∫ (

O(y)− O(x)
)

q(x, dy) µ(dx) =
∫
(O − EµO)(L − 1)dµ, (5.2)

and (
EµQO − EµO

)2 ≤ Varµ(O) χ2(µQ ∥ µ). (5.3)

In particular, if χ2(µQ ∥ µ) = 0, then EµQO = EµO.

Proof. For B ∈ F , we have

µQ(B) = µq(B) +
∫

B
(1 − q̄)dµ =

∫
B
(c + 1 − q̄)dµ,

which proves the first identity in (5.1). The second follows from L − 1 = c − q̄.
For part (2), we note that 0 ≤ c ≤ L, since 0 ≤ q̄ ≤ 1 and c ≥ 0; in particular, c ∈ L2(µ).

By the Cauchy–Schwarz inequality, we have∫∫
|O(y)| q(x, dy) µ(dx) =

∫
|O| c dµ ≤ ∥O∥L2(µ)∥c∥L2(µ) < ∞,

and
∫∫

|O(x)| q(x, dy) µ(dx) =
∫
|O| q̄ dµ ≤ ∥O∥L1(µ) < ∞. In the same way,∫

|O|d(µQ) =
∫
|O|L dµ < ∞. Then the double integral in (5.2) converges abso-

lutely, and it equals
∫

O(c − q̄)dµ =
∫

O(L − 1)dµ, which is also EµQO − EµO. Since∫
(L − 1)dµ = 0, we may replace O by O − EµO in the last integral, which proves (5.2).

The Cauchy–Schwarz inequality applied to the last expression in (5.2) implies (5.3).

Used in: Lemma 5.5, Section 7, and the gain computations in Sections 10 and 11.
Inequality (5.3) is the Cauchy–Schwarz inequality for the functions O − EµO and

L − 1 in L2(µ). In this form, which compares the means of one observable under two
probability measures, it is due to Hammersley [69, p. 197, equation (31)] and to Chapman
and Robbins [34, Section 2, equations (3)–(5)], who used it to bound the variance of an
estimator without regularity assumptions; see also Barankin [9, Theorem 4]. The middle
expression in (5.2) shows that the gain is computed from the accepted moves alone: a
rejected move does not change O. The integrability assumption L ∈ L2(µ) is needed; for
a general positive measure on pairs of states, the gain can fail to be defined even when
both marginals have the same density.

The kernels of Section 7 are averages over an auxiliary random parameter, the skeleton
of a route, which is sampled independently of the state. The next lemma expresses the
divergence of such an average through two independent copies of the parameter.
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Lemma 5.3. Let (G,G) be a standard Borel space with a probability measure p. For every Γ ∈ G,
let QΓ be a probability kernel on X, such that (Γ, x) 7→ QΓ(x, B) is measurable for every B ∈ F .
Suppose that, for p-almost every Γ, the measure µQΓ is absolutely continuous with respect to µ,
with a nonnegative density LΓ(x) that is jointly measurable in (Γ, x). Let Q =

∫
QΓ p(dΓ).

Then µQ is absolutely continuous with respect to µ, with density L =
∫

LΓ p(dΓ), and

1 + χ2(µQ ∥ µ) =
∫∫

⟨LΓ, LΓ′⟩µ p(dΓ) p(dΓ′), (5.4)

where both sides may be infinite. If moreover
∫
∥LΓ∥2

L2(µ)
p(dΓ) < ∞, then

χ2(µQ ∥ µ) =
∫∫

⟨LΓ − 1, LΓ′ − 1⟩µ p(dΓ) p(dΓ′), (5.5)

and the integrand in (5.5) is integrable with respect to p⊗ p.

Proof. For B ∈ F , we have by Tonelli’s theorem

µQ(B) =
∫

µQΓ(B) p(dΓ) =
∫∫

B
LΓ dµ p(dΓ) =

∫
B

L dµ,

which shows that L is the density of µQ. Another application of Tonelli’s theorem yields∫
L2 dµ =

∫ (∫
LΓ p(dΓ)

)(∫
LΓ′ p(dΓ′)

)
dµ =

∫∫
⟨LΓ, LΓ′⟩µ p(dΓ) p(dΓ′).

Here we used the fact that the integrands are nonnegative. If L ∈ L2(µ), then
χ2(µQ ∥ µ) =

∫
L2 dµ − 1, because

∫
L dµ = 1. If L /∈ L2(µ), both sides of (5.4) are

infinite. This proves (5.4).
Under the additional assumption, by the Cauchy–Schwarz inequality, we have |⟨LΓ −

1, LΓ′ − 1⟩µ| ≤ (1+ ∥LΓ∥L2(µ))(1+ ∥LΓ′∥L2(µ)), and the right side is integrable with respect
to p⊗ p. Since

∫
LΓ dµ = 1 for p-almost every Γ, we have ⟨LΓ − 1, LΓ′ − 1⟩µ = ⟨LΓ, LΓ′⟩µ −

1. Integrating this identity and using (5.4) proves (5.5).

Used in: Theorem 7.14.
Identity (5.4) is the elementary independent-copy expansion of the second moment of

an averaged likelihood. Mixture likelihoods in minimax hypothesis testing are discussed
in [77, Section 1.1, equations (1.1)–(1.4) in the preprint version]. The independent-copy
expansion in the Gaussian model is given in [78, Section 3.3.1, equation (3.66), pp. 97–98];
see also [76] for related minimax testing background. Explicit forms of the independent-
path expansion appear in [7, Section 2.1.2, equation (2.6) in arXiv version 2], [20, proof
of Lemma 2.4, equation (2.8) in arXiv version 1], and [121, proof of Proposition 2.1,
equation (2.3) in arXiv version 1]. Its Bose-gas applications in [111, Section 9] and
[112, Section 9] average over random skeletons, as we do here. It is important that the
parameter is averaged out in Q. If Γ were kept as a coordinate of the state, the divergence
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would be
∫∫

(LΓ − 1)2 dµ p(dΓ), which corresponds to two copies of the same route, and
the decay that comes from the rarity of encounters between two independent routes
would be lost.

The kernels of Section 7 also preserve part of the state, namely the exposed data of a
slab, and the slab kernels of Section 5.2 preserve the cut configurations. The next lemma
shows that such kernels can be analyzed on each fiber.

Lemma 5.4. Let (Y,Y) be a standard Borel space, let Φ : X → Y be measurable, write µΦ for
the image of µ under Φ, and let (µy)y∈Y be a disintegration of µ along Φ: a probability kernel
from Y to X such that µy(Φ−1(y)) = 1 for µΦ-almost every y and µ =

∫
µy µΦ(dy). Let Q be a

probability kernel on X such that, for µ-almost every x, we have Φ(x′) = Φ(x) for Q(x, ·)-almost
every x′. Suppose that µQ is absolutely continuous with respect to µ, with density L. Then, for
µΦ-almost every y, the measure µyQ is absolutely continuous with respect to µy with density L,
and

∫
L dµy = 1. Moreover,

χ2(µQ ∥ µ) =
∫

χ2(µyQ ∥ µy) µΦ(dy). (5.6)

Proof. Let f be a bounded measurable function on X, and let φ be a bounded measurable
function on Y. Since Q preserves Φ, we have∫

φ(Φ(x)) f (x)L(x) µ(dx) =
∫∫

φ(Φ(x′)) f (x′) Q(x, dx′) µ(dx)

=
∫

φ(Φ(x)) Q f (x) µ(dx).

Disintegrating both sides along Φ gives∫
φ(y)

(∫
f L dµy

)
µΦ(dy) =

∫
φ(y)

(∫
Q f dµy

)
µΦ(dy).

Since φ is arbitrary,
∫

f L dµy =
∫

f d(µyQ) for µΦ-almost every y, for each fixed f . Since
X is standard Borel, F is generated by a countable collection of sets that is closed under
finite intersections and contains X. Applying the last identity to the indicators of these
sets, we conclude that the finite measures Lµy and µyQ agree on this collection for µΦ-
almost every y, and they are equal. Taking f = 1 yields

∫
L dµy = 1. Finally, (5.6) follows

from
∫
(L − 1)2 dµ =

∫ (∫
(L − 1)2 dµy

)
µΦ(dy).

Used in: Proposition 5.6.

5.2 Reduction to one slab

The next lemma combines the law of total variance with Lemma 5.2. It applies to an
observable that is a sum of contributions of conditionally independent pieces, and to a
kernel that changes one piece at a time.
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Lemma 5.5. Let C, S1, . . . , Sm, R be random elements of standard Borel spaces, defined on a
probability space with probability measure P. Suppose that, conditionally on C, the variables
S1, . . . , Sm, R are independent, and let

O =
m

∑
j=1

Oj(C, Sj) + OR(C, R), O1(C, S1), . . . , Om(C, Sm), OR(C, R) ∈ L2(P).

Let νj,c be a regular conditional law of Sj given C = c. For each j, let Qj,c be a probability kernel
on the space of Sj such that (c, s) 7→ Qj,c(s, B) is jointly measurable for every measurable set B,
and suppose that, for almost every value c of C, the measure νj,cQj,c is absolutely continuous with
respect to νj,c, with a density Lj(c, ·) that is jointly measurable in its two arguments. Set

hj = E

∫ (
Lj(C, s)− 1

)2
νj,C(ds), gj = E

[∫
Oj(C, s′) Qj,C(Sj, ds′)− Oj(C, Sj)

]
,

and suppose that hj < ∞ for every j. Then gj is well defined, hj = 0 implies gj = 0, and, with
the convention 0/0 = 0,

Var(O) ≥
m

∑
j=1

E Var(Oj | C) ≥
m

∑
j=1

g2
j

hj
. (5.7)

In particular, if gj ≥ g > 0 and hj ≤ h for every j, then Var(O) ≥ mg2/h.

Proof. By the law of total variance,

Var(O) = E Var(O | C) + Var
(
E[O | C]

)
≥ E Var(O | C).

Conditionally on C, the variables O1(C, S1), . . . , Om(C, Sm), OR(C, R) are independent and
have finite second moments almost surely. Then Var(O | C) = ∑j Var(Oj | C) + Var(OR |
C) ≥ ∑j Var(Oj | C), which proves the first inequality in (5.7).

Fix j, and write Ōj(c) =
∫

Oj(c, s) νj,c(ds) for the conditional mean of Oj. Since∫
Lj(c, s) νj,c(ds) = 1 for almost every c, we have E

∫
Lj(C, s)2 νj,C(ds) = 1 + hj < ∞. By

the Cauchy–Schwarz inequality,

E

∫∫
|Oj(C, s′)| Qj,C(s, ds′) νj,C(ds) = E

∫
|Oj(C, s)|Lj(C, s) νj,C(ds)

≤ ∥Oj∥L2(P)(1 + hj)
1/2,

so gj is well defined. Conditioning on C, we obtain

gj = E

∫
Oj(C, s)

(
Lj(C, s)− 1

)
νj,C(ds) = E

∫ (
Oj(C, s)− Ōj(C)

)(
Lj(C, s)− 1

)
νj,C(ds),

where in the second equality we used
∫
(Lj(c, s)− 1) νj,c(ds) = 0. The Cauchy–Schwarz

inequality applied to the joint law of C and s gives g2
j ≤ hj E Var(Oj | C). If hj = 0, this

forces gj = 0. This proves the second inequality in (5.7).
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Used in: Proposition 5.6.
We record two comments on Lemma 5.5. First, extend Qj,c to a kernel Qj on the joint

state by keeping C, the variables Sk with k ̸= j, and R fixed. Since Sj is conditionally
independent of the other variables given C, the density of PQj with respect to P is
Lj(C, Sj), and we have hj = χ2(PQj ∥P). Second, gj and hj are averages over C; neither
needs to be bounded on every fiber of C, and the conditional gain may even be negative
on some fibers. This matters for us, because the thermal estimates of Section 8 are
statements about the unconditional Gibbs law. On the other hand, conditioning on C
must not fix the variable that the kernel changes. In our application, C consists of the
cut configurations, and conditioning on them does not fix the endpoint matchings of the
slabs, which the surgeries of Section 7 change.

We now apply Lemma 5.5 to the slab decomposition of Section 3.6. We use the notation
of Proposition 3.17: δ ∈ (0, β] is the slab length, nβ = ⌊β/δ⌋, the cut configurations are
Y0, . . . , YJ−1, and the data of slab j are (πj, X(j)(·)). A one-slab variable is a quadruple
s = (Y, Y′, π′, X′(·)) with Y, Y′ ∈ XN, π′ ∈ SN, and X′(·) ∈ C([0, δ]; XN), and we call
(Y, Y′) its cuts. If β > δ, we let µδ be the law (3.41), which by Proposition 3.17(4) is the
law of (Yj−1, Yj, πj, X(j)(·)) for every 1 ≤ j ≤ nβ. The surgery of Section 7 acts on a slab
that carries additional random marks. For this reason, we allow a probability kernel m
from one-slab variables to a standard Borel space M of marks, and we let

µm
δ (ds, dθ) = µδ(ds)m(s, dθ)

be the law of a marked one-slab variable (s, θ). For a unit vector u ∈ R3 on the torus, and
for a unit vector n ∈ R3 in a container, let

φW
u (s) = L−1

N

∑
i=1

u · d(X′
i(·)), φA

n (s) =
1
2

N

∑
i=1

∫ δ

0
n ·

(
(X′

i(t)− x0)× ◦dX′
i(t)

)
,

so that φW
u (Yj−1, Yj, πj, X(j)(·)) = u · OW

j and φA
n (Yj−1, Yj, πj, X(j)(·)) = n · OA

j in the
notation of Proposition 3.17(5).

Proposition 5.6. Let 0 < δ < β and nβ = ⌊β/δ⌋. Let φ be φW
u on the torus or φA

n in a
container, and let O be u · W, respectively An = n · A. Let m be a marking kernel as above, and
let Q be a probability kernel on the space of marked one-slab variables such that, for µm

δ -almost
every (s, θ), the measure Q((s, θ), ·) is concentrated on marked one-slab variables with the same
cuts as s. Suppose that µm

δ Q is absolutely continuous with respect to µm
δ , and that, for some g > 0

and h < ∞,
Eµm

δ Q φ − Eµm
δ

φ ≥ g, χ2(µm
δ Q

∥∥ µm
δ

)
≤ h,

where φ is regarded as a function of (s, θ) that does not depend on θ. Then

Varµ(O) ≥
nβ g2

h
. (5.8)
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Proof. We extend the marked slab measure µ̄ of (3.37) by marks Θ1, . . . , Θnβ
that are sam-

pled, given all cuts and all slab data, independently with laws m((Yj−1, Yj, πj, X(j)(·)), ·).
Let P be the extended measure. We apply Lemma 5.5 with m = nβ, with C =

(Y0, . . . , YJ−1), with Sj = (πj, X(j)(·), Θj) for 1 ≤ j ≤ nβ, and with R the data of the
remainder slab if β − nβδ > 0 (and a constant otherwise). By Proposition 3.17(2) and the
construction of the marks, S1, . . . , Snβ

, R are conditionally independent given C, and the
conditional law of Sj given C is νm(· | Yj−1, Yj), where

νm(dπ′, dX′, dθ | Y, Y′) = νδ(dπ′, dX′ | Y, Y′)m
(
(Y, Y′, π′, X′), dθ

)
.

By Proposition 3.17(5), we have O ◦ Cat = ∑
nβ

j=1 Oj + OR almost surely, where Oj =

φ(Yj−1, Yj, πj, X(j)(·)) and OR is the contribution of the remainder slab, and all these terms
are in L2(P). Since the marks do not change the law of the slab data, Proposition 3.17(3)
implies that VarP(O ◦ Cat) = Varµ(O).

For each j, let Qj,C be the kernel that acts on Sj as Q acts on the marked one-slab vari-
able (Yj−1, Yj, Sj); this is well defined because Q preserves the cuts. By Proposition 3.17(4),
the pair (Yj−1, Yj) has the law of the cuts under µδ, and by (3.40) and (3.41), the measures
δ(Y,Y′) ⊗ νm(· | Y, Y′) form a disintegration of µm

δ along its cuts. Let L be the density of
µm

δ Q with respect to µm
δ . By Lemma 5.4, applied with Φ the map to the cuts, for almost

every (Y, Y′) the density of νm(· | Y, Y′)Q with respect to νm(· | Y, Y′) is the restriction
of L, and the quantity hj of Lemma 5.5 equals χ2(µm

δ Q ∥ µm
δ ) ≤ h. In the same way,

gj = Eµm
δ Q φ − Eµm

δ
φ ≥ g. Then Lemma 5.5 implies (5.8).

Used in: Section 10 (proof of Theorem 1.1) and Section 11 (proof of Theorem 1.2).
For winding, Lemma 10.2 computes the gain used with Proposition 5.6. For area, the

conditional mean gain is proved in Proposition 11.7.



section 6

Random routes with few nearby pairs

We construct two families of random closed walks: winding walks on the torus and
polygons with large projected area inside a cube. A deterministic detour construction
turns either walk into a simple cycle avoiding a sparse set of bad cells. We bound
encounters between independent walks, control changes of the resulting cycles when the
bad set changes locally, and average these estimates over the random bad set. The final
bound, Corollary 6.19, is the lattice input to Theorem 7.14. We give the source attributions
at the individual constructions below.

6.1 Notation

Cells and distances. Throughout this section L denotes either Z3 or the discrete torus
LK = (Z/KZ)3 with an integer K ≥ 3; its elements are called cells. We write pr : Z3 →
LK for the projection, and a lift of a cell or set of cells of LK is a cell or set of cells of Z3 that
pr maps onto it. The maximum distance d∞ is |x − y|∞ on Z3 and mink∈Z3 |x̃ − ỹ + Kk|∞
on LK, for lifts x̃, ỹ of x, y. For sets F, F′ we write d∞(x, F) = miny∈F d∞(x, y) and
d∞(F, F′) = miny∈F d∞(y, F′), a minimum over the empty set being +∞, and Nr(F) =

{x ∈ L : d∞(x, F) ≤ r} for r ≥ 0; thus Nr(∅) = ∅. The level of a cell is its first coordinate,
in Z or in Z/KZ.

Adjacency and components. Two cells are nearest neighbors if they differ by one of
±e1,±e2,±e3 (on LK, if they have lifts that do). For an integer r ≥ 1, two distinct cells
x, y are range-r adjacent if d∞(x, y) ≤ r. Range-one adjacency is called ∗-adjacency, and
∗-adjacent cells are called ∗-neighbors; every cell has at most 26 of them. A set F ⊂ L

is range-r connected if any two of its cells are joined by a chain of cells of F in which
consecutive cells are range-r adjacent. The range-r components of a set are its maximal
range-r connected subsets, and its ∗-components are its range-one components. A range-r
connected set of m cells has d∞-diameter at most r(m − 1). For F ⊂ Z3, the coordinate
span of F is the largest of the lengths of its three coordinate projections, and it is at most
r(m − 1) for such a set.

Walks and routes. A walk is a finite sequence P = (z0, . . . , z|P|) of cells in which consec-
utive cells are nearest neighbors. The integer |P| ≥ 0 is its length, and the pairs (zk, zk+1)

are its steps. It is closed if z|P| = z0. The occurrence list of a closed walk is (z0, . . . , z|P|−1);

65
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the closing cell is not repeated. A sum over z ∈ P runs over the occurrence list and counts
repeated cells with multiplicity, while d∞(x, P), Nr(P), and the phrase “cell of P” refer to
the set of cells of P. A closed walk is simple if z0, . . . , z|P|−1 are distinct. A route is either
a simple closed walk of length at least three, represented by starting at its smallest cell in
lexicographic order and keeping its orientation (on LK, the order of the representatives
in {0, . . . , K − 1}3), or the empty route †, which stands for a rejection and has no cells.

Encounter statistics. For closed walks or routes P, P′, an integer R ≥ 0, and an integer
Rc ≥ 1, the encounter count and the exponentially weighted distance sum are

JR(P, P′) = ∑
z∈P

∑
z′∈P′

1{d∞(z, z′) ≤ R}, SRc(P, P′) = ∑
z∈P

e−d∞(z,P′)/Rc . (6.1)

Both count occurrences, and both vanish if P or P′ is †; for two routes they are sums over
cells. In applications R is the encounter radius and Rc the component range, which is the
length scale of the exponentially weighted distance sum because that sum arises from the
expansion over components in Lemma 6.18.

Homology and area. Let P be a closed walk on LK. Since K ≥ 3, each step (zk, zk+1) has
a unique displacement δk ∈ {±e1,±e2,±e3} such that pr(z̃ + δk) = zk+1 for every lift z̃ of
zk. The sum of the displacements lies in KZ3, and we define the homology vector and
the first homology by

hom(P) = K−1
|P|−1

∑
k=0

δk ∈ Z3, hom1(P) = e1 · hom(P).

Equivalently, the lift of P that starts at a lift z̃0 of z0 ends at z̃0 + K hom(P). For a closed
walk P in Z3, write x(z) and y(z) for the first two coordinates of a cell z, and define the
projected area

area(P) =
|P|−1

∑
k=0

x(zk)
(
y(zk+1)− y(zk)

)
= −

|P|−1

∑
k=0

y(zk)
(
x(zk+1)− x(zk)

)
. (6.2)

The two sums agree because at most one of x and y changes in a step, so that
x(zk)(y(zk+1)− y(zk))+ y(zk)(x(zk+1)− x(zk)) is the increment of xy in the k-th step, and
these increments sum to zero. The quantity area(P) is the line integral of x dy along the
projection of P to the plane of the first two coordinates. It is invariant under translations,
changes sign under reversal of orientation, and for a simple closed curve in that plane
equals the enclosed area, positive for counterclockwise orientation.

Cycle decomposition. Every closed walk P is decomposed into simple closed walks by
the following fixed rule. If |P| = 0, the decomposition is empty. Otherwise let j ≥ 1 be
the smallest index such that zj = zi for some i < j; this i is unique. Record the simple
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closed walk (zi, . . . , zj), remove it to obtain the closed walk (z0, . . . , zi, zj+1, . . . , z|P|) of
length |P| − (j − i), and repeat. Every step of P belongs to exactly one recorded walk,
since the new step (zi, zj+1) is the old step (zj, zj+1). Lengths, homology vectors, and
areas are sums over steps, so each of them is additive: its value for P is the sum of its
values for the recorded walks. A recorded walk has length at least two; one of length two
traverses a single pair of cells back and forth and has zero area and zero homology.

Fields and constants. A field is a subset B ⊂ L. Its cells are called bad, and all other
cells are good; a route is good if all its cells are good. Constants c, C, C′, . . . , with or
without subscripts, depend only on the quantities named in the statement in which they
appear, and never on K, on the side Kin of the inner cube, on a field, or on a skeleton. A
constant is absolute if it depends on nothing.

6.2 Exponential excess from a small first moment

For a nonnegative random variable X, its exponential excess at coefficient ϑ ≥ 0 is EeϑX −
1. The following lemma converts a small first moment into a small exponential excess for
sums of bounded adapted variables whose conditional future sums are bounded.

Lemma 6.1. Let ū ≥ 0 be an integer, let (Fu)0≤u≤ū be a filtration, and let X0, . . . , Xū be random
variables with values in [0, 1] such that Xu is Fu-measurable for every u. Suppose that there is
B0 ≥ 0 such that

E
[ ū

∑
u′=u+1

Xu′

∣∣∣ Fu

]
≤ B0 almost surely, for every 0 ≤ u ≤ ū. (6.3)

Set X = ∑ū
u=0 Xu. Then for every ϑ ≥ 0 with (eϑ − 1)B0 < 1, we have

EeϑX − 1 ≤ eϑ − 1
1 − (eϑ − 1)B0

EX. (6.4)

Proof. For r ≥ 1 let Mr = E ∑0≤u1<···<ur≤ū Xu1 · · · Xur . We claim that Mr ≤ Br−1
0 EX. For

r = 1 this is an equality. For r ≥ 2, we write

∑
u1<···<ur

Xu1 · · · Xur = ∑
u1<···<ur−1

Xu1 · · · Xur−1

ū

∑
ur=ur−1+1

Xur .

The product Xu1 · · · Xur−1 is nonnegative and Fur−1-measurable. Conditioning each term
on Fur−1 and using (6.3), we obtain Mr ≤ B0Mr−1, which proves the claim by induction.
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By convexity, eϑt − 1 ≤ (eϑ − 1)t for t ∈ [0, 1]. Expanding the product, we find

eϑX =
ū

∏
u=0

(
1 + (eϑXu − 1)

)
= 1 +

ū+1

∑
r=1

∑
u1<···<ur

r

∏
l=1

(
eϑXul − 1

)
≤ 1 +

ū+1

∑
r=1

(eϑ − 1)r ∑
u1<···<ur

Xu1 · · · Xur .

Taking expectations and using the claim gives EeϑX − 1 ≤ ∑r≥1(eϑ − 1)rBr−1
0 EX, and

summing the geometric series yields (6.4).

No independence between the Xu is assumed. The expansion is that of the proof of
[111, Lemma 8.1], reproduced in the proof of [112, Lemma 8.2]. The ordered-product
estimate of [113, Lemma 7.3] is a related predecessor. Khas’minskii’s continuous-time es-
timate [85, Section 3, Lemmas 3–4, pp. 314–315] bounds an exponential excess by the first
moment of the additive functional, using an ordered-moment argument. The bounded-
adapted discrete version used here is proved above. In Proposition 6.6, averaging over a
random root makes EX of order 1/K, while (6.3) holds conditionally on the root.

Used in: Proposition 6.6.

Remark 6.2. The conditional bound (6.3) cannot be replaced by bounds on the first moment
and on a fixed exponential moment of X. Fix ϑ > 0, and for K ≥ 3 let XK equal
(log K)/(2ϑ) with probability 1/(K log K) and zero otherwise. Then EXK = 1/(2ϑK)
and Ee2ϑXK = 1 + (K − 1)/(K log K) ≤ 2, but

EeϑXK − 1 =
K1/2 − 1
K log K

,

which is much larger than 1/K. The random root must therefore enter the ordered-
moment argument itself, as in the proof of Proposition 6.6.

The dyadic velocity array. Let cvel = (1 − 2−1/4)/2, so that cvel ∑l≥0 2−l/4 = 1/2. A
dyadic array is a family (Ul,k)l,k≥0 of independent random variables, each uniform on
[−1, 1]. Its velocities and displacements are

vi = cvel ∑
l≥0

2−l/4Ul,⌊(i−1)/2l⌋ (i ≥ 1), Zs =
s

∑
i=1

vi (s ≥ 0). (6.5)

The series converges absolutely for every sample, |vi| ≤ 1/2, and |Zs − Zs′ | ≤ |s − s′|/2.
The variable Ul,k is attached to the dyadic block Il,k = {k2l + 1, . . . , (k + 1)2l}: it enters
vi if and only if i ∈ Il,k. For u ≥ 0, the variables revealed by time u are the Ul,k with
Il,k ∩{1, . . . , u} ̸= ∅. They determine Z1, . . . , Zu, because vi involves only variables whose
blocks contain i.
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Lemma 6.3. Let U(2) and U(3) be independent dyadic arrays with displacements Z(2)
s and

Z(3)
s , and write Zs = (Z(2)

s , Z(3)
s ). Let u ∈ Z≥0, let G be a σ-algebra independent of the two

arrays, and let F be generated by G and by the variables of both arrays revealed by time u. Set
cd = 43/4/(2cvel). Then for every integer k ≥ 1 the conditional law of Zu+k given F has a
density bounded by c2

dk−3/2. Moreover, for every w ∈ Z2, we have

P
(
⌊Zu+k/8⌋ = w

∣∣ F)
≤ 64 c2

d k−3/2, (6.6)

and for every integer K ≥ k, we have

P
(
⌊Zu+k⌋ ∈ w + KZ2 ∣∣ F)

≤ 4 c2
d k−3/2. (6.7)

Here the integer part is taken in each coordinate.

Proof. We first find an unrevealed block inside {u + 1, . . . , u + k}. If k = 1, take l = 0
and m = u, so that Il,m = {u + 1}. If k ≥ 2, take l with k/4 < 2l ≤ k/2 and let m be
the smallest integer with m2l ≥ u. Then m2l < u + 2l, so Il,m ⊂ {u + 1, . . . , u + 2l+1} ⊂
{u + 1, . . . , u + k}. In both cases, note that k/4 ≤ 2l ≤ k. Since Il,m does not meet
{1, . . . , u}, the variables U(2)

l,m and U(3)
l,m are not revealed by time u.

Let F̂ be generated by F and by all variables of both arrays other than U(2)
l,m and

U(3)
l,m . By independence, the pair (U(2)

l,m , U(3)
l,m) is independent of F̂ and uniform on [−1, 1]2.

Since Il,m ⊂ {1, . . . , u + k}, the variable U(j)
l,m enters Z(j)

u+k through 2l velocities, each time
with coefficient cvel2−l/4. Then

Z(j)
u+k = cvel2

3l/4 U(j)
l,m + Y(j), j ∈ {2, 3},

where Y(j) is F̂ -measurable. Conditionally on F̂ , the two coordinates of Zu+k are inde-
pendent and uniform on intervals of length

λ = 2cvel2
3l/4 ≥ 2cvel(k/4)3/4 = k3/4/cd.

The conditional density given F̂ is at most λ−2 ≤ c2
dk−3/2. For a Borel set E ⊂ R2 we

have P(Zu+k ∈ E | F ) = E[P(Zu+k ∈ E | F̂ ) | F ] ≤ c2
dk−3/2|E|, which is the density

bound. The same averaging applies to the two lattice bounds. It suffices to prove them
conditionally on F̂ .

A random variable uniform on an interval of length λ lies in a given interval of
length h with probability at most min{1, h/λ} ≤ h min{1, 1/λ} for h ≥ 1. Further,
min{1, 1/λ} ≤ cdk−3/4: if λ ≥ 1, this follows from λ ≥ k3/4/cd, and if λ < 1, we have
cdk−3/4 > 1 by the same inequality. The event ⌊Z(j)

u+k/8⌋ = wj is the event that Z(j)
u+k lies

in an interval of length 8, and its conditional probability is at most 8cdk−3/4. Taking the
product over the two coordinates yields (6.6). For (6.7), the event ⌊Z(j)

u+k⌋ ∈ wj + KZ is



6 Random routes with few nearby pairs 6.3 Two random skeletons 70

the event that Z(j)
u+k lies in the union of the intervals [wj + Kt, wj + Kt + 1), t ∈ Z. Since

2l ≤ k ≤ K and 2cvel < 1, we have λ ≤ k3/4 ≤ K. Points of two of these intervals whose
indices t differ by at least two are more than 2K − 1 ≥ K apart, so an interval of length
λ ≤ K meets at most two of them. The conditional probability is at most 2cdk−3/4. Taking
the product over the two coordinates gives (6.7).

The velocity array (6.5) is the one of [111, Section 8.1], reproduced in [112, Equa-
tion (8.4)], and the density bound is proved in the course of [112, Lemma 8.2] for the first
half of a folded skeleton; we have added the two lattice consequences. The mechanism of
independent aligned blocks on all dyadic scales goes back to Häggström and Mossel [68,
Section 3, Proposition 3.1]. The use of an unpredictable path, whose future position has
small conditional point probabilities, to control intersections with an independent path is
due to Benjamini, Pemantle, and Peres [19, Theorem 1.3 and Lemma 3.1]; see Hoffman
[72] for the limits of predictability profiles of nearest-neighbor processes. Stopping and
reflecting an unpredictable path is used as a symmetrization device in [1, Section 6,
Lemma 6.1] and in [60, Section 2, proof of Theorem 1.3]; the latter’s Lemma 2.5 bounds
the second moment of the resulting estimator. The lattice constructions below instead fold
the transverse displacements at deterministic midpoints; their geometry and encounter
bounds are proved here.

Used in: Proposition 6.6.

6.3 Two random skeletons

A skeleton is a random closed walk built from a finite family of independent random
variables, which we call its seed. Two skeletons are independent if their seeds are
independent. We use Γ for the full random input and for the walk it determines; statistics
of Γ depend only on the walk. In Section 7, the seeds are drawn independently of the
gas.

Definition 6.4. Let K ≥ 20 be an integer. The seed of a winding skeleton consists of
three independent components: a root ϱ uniform on (Z/KZ)2, and two dyadic arrays
U(2), U(3) with displacements Zs = (Z(2)

s , Z(3)
s ). Identify ϱ with its representative in

{0, . . . , K − 1}2. For 0 ≤ s ≤ K, the lifted base vertices are

b̃s =
(
s, ϱ + ⌊Zmin(s,K−s)⌋

)
∈ Z3, (6.8)

so that b̃K = b̃0 + Ke1. For 0 ≤ s < K, the step from b̃s to b̃s+1 is refined into the
walk that first moves by e1, then moves in the second coordinate by the increment of
the second coordinate, and then in the third coordinate by the increment of the third
coordinate; zero increments are omitted. These increments lie in {−1, 0, 1}, because



6 Random routes with few nearby pairs 6.3 Two random skeletons 71

|min(s + 1, K − s − 1)− min(s, K − s)| ≤ 1 and hence the two displacements differ by at
most 1/2 in each coordinate. Concatenating the K refined steps gives a walk Γ̃ in Z3

from b̃0 to b̃0 + Ke1, the lifted winding skeleton. Its projection Γ = pr(Γ̃) is a closed walk
on LK starting at b0 = pr(b̃0), the winding skeleton.

The transverse displacement is read forward on the first half of the levels and back-
ward on the second half, which closes the walk without conditioning the array on a
future value. The same folding is used in [111, Section 8.1] and [112, Equation (8.5)] for a
walk between two prescribed endpoints, with a linear drift; here the endpoints of the lift
project to the same cell. There is no drift, and the random root replaces the prescribed
endpoints. The levels s and K − s carry the same random transverse position, which
Proposition 6.6 exploits.

Definition 6.5. Let Kin ≥ 214 be an integer, let xin ∈ Z3, and let Qin = xin +

{0, 1, . . . , Kin − 1}3 be the inner cube. Set n = ⌊Kin/64⌋, so that n ≥ 256. The seed
of an area skeleton consists of nine independent components: a root ϱ = (ϱ1, ϱ2, ϱ3)

uniform on xin + {⌈Kin/3⌉, . . . , ⌊Kin/2⌋}3, and eight dyadic arrays U(ι,j), ι ∈ {1, 2, 3, 4},
j ∈ {2, 3}, with displacements Z(ι,j)

s . For 0 ≤ s ≤ n set d(ι,j)s = ⌊Z(ι,j)
min(s,n−s)/8⌋, and define

the base vertices of the four segments by

b1
s =

(
s, −2s + d(1,2)

s , d(1,3)
s

)
, b2

s =
(
n + s, −2n + 2s + d(2,2)

s , d(2,3)
s

)
,

b3
s =

(
2n − s, 2s + d(3,2)

s , d(3,3)
s

)
, b4

s =
(
n − s, 2n − 2s + d(4,2)

s , d(4,3)
s

)
.

(6.9)

Since d(ι,j)0 = d(ι,j)n = 0, we have bι
n = bι+1

0 for ι ∈ {1, 2, 3} and b4
n = b1

0 = 0. The anchors
are

o0 = ϱ, o1 = ϱ + (n,−2n, 0), o2 = ϱ + (2n, 0, 0), o3 = ϱ + (n, 2n, 0), o4 = o0.

Refine each step from bι
s to bι

s+1 as in Definition 6.4: first the step in the first coordinate,
then the unit steps in the second coordinate, then those in the third, omitting zero steps.
After translation by ϱ, segment ι is a walk from oι−1 to oι, and the concatenation of the
four segments is a closed walk Γ in Z3 starting at o0. We call Γ an area skeleton with
inner cube Qin. The union of segments 1 and 2 is its lower branch, and the union of
segments 3 and 4 its upper branch.

Without perturbations, Γ − ϱ is the diamond with corners (0, 0), (n,−2n), (2n, 0),
(n, 2n) in the plane of the first two coordinates, of area 4n2. Each segment carries its
own pair of arrays. The factor 1/8 keeps the two branches apart, and the anchors do not
depend on the arrays. In Section 11, Qin is the cell-index set of the physical block QK
in the active region of the scaled container, with xin = vQ and Kin = H at least a fixed
multiple of K; the bounds below, stated in terms of Kin, become bounds in terms of K
only through that comparison.
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Proposition 6.6. The following hold.

(a) Let K ≥ 20 and let Γ be a winding skeleton. Then Γ is a closed walk on LK with K ≤ |Γ| ≤
3K and hom(Γ) = e1. Every level of LK carries at most three occurrences of Γ, and every
cell of Γ̃ at level t ∈ {0, . . . , K} lies within d∞-distance one of b̃t.

(b) Let Kin ≥ 214, let n = ⌊Kin/64⌋, and let Γ be an area skeleton with inner cube Qin. Then
Γ is a simple closed walk in Z3 with |Γ| ≤ 20n, which passes through o0, o1, o2, o3 in this
order. Every level carries at most ten cells of Γ, and every cell created by the refinement of
the step from bι

s−1 to bι
s lies within d∞-distance three of ϱ + bι

s. Moreover,

area(Γ) ≥ 63
16

n2 − 4n, d∞
(
Γ, Z3 \ Qin

)
≥ Kin

4
. (6.10)

(c) For all integers R ≥ 0 and Rc ≥ 1 there exist κ, ξ ∈ (0, 1] and C < ∞, depending only on R
and Rc, with the following property. If Γ, Γ′ are independent winding skeletons with K ≥ 20,
then

Eeκ JR(Γ,Γ′) ≤ 1 +
C
K

, EeξSRc (Γ,Γ′) ≤ 1 +
C
K

. (6.11)

If Γ, Γ′ are independent area skeletons with the same inner cube Qin and Kin ≥ 214, then
(6.11) holds with K replaced by Kin.

Proof of Proposition 6.6(a) and (b). We begin with (a). The refinement of each of the K base
steps consists of one, two, or three steps. Then K ≤ |Γ| ≤ 3K. The lift Γ̃ of Γ ends at
b̃0 + Ke1. In particular, hom(Γ) = e1. The cells created by refining the step from b̃t−1 to b̃t

lie at level t, and each differs from b̃t by at most one in the second and third coordinates.
This proves the distance assertion, and it shows that each level t ∈ {1, . . . , K} of Γ̃ carries
at most three cells, while level 0 carries only b̃0. The occurrence list of Γ omits the closing
cell pr(b̃K) = b0. Then level 0 of LK carries at most 1 + 2 occurrences, and every other
level at most three.

We turn to (b). Since |Zs′ − Zs| ≤ 1/2 for |s′ − s| ≤ 1, consecutive values of d(ι,j) differ
by at most one. Then the step from bι

s to bι
s+1 changes the first coordinate by ±1, the

second by an amount in {−3,−2,−1} (for ι = 1, 4) or {1, 2, 3} (for ι = 2, 3), and the third
by at most one. Its refinement has at most five steps. Then |Γ| ≤ 20n. Its cells lie at the
level of bι

s+1, and they differ from ϱ + bι
s+1 by at most three in the second coordinate and

at most one in the third. The levels of the base vertices increase strictly along the lower
branch, from that of o0 to that of o2, and decrease strictly along the upper branch. Each
level carries the cells created by at most one refined step of each branch, together with
an anchor at the levels of o0 and o2. The cells of one refined step are distinct because it
moves monotonically in the second coordinate and then in the third. We conclude that
there are at most ten cells per level and that each branch visits every cell at most once.

To see that the branches meet only at o0 and o2, we use coordinates relative to ϱ and
write m = min(s, n − s). Since |Zm| ≤ m/2, we have −m/16 − 1 ≤ d(ι,j)s ≤ m/16. By a
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direct check of (6.9), we find that at the levels q ∈ {1, . . . , 2n − 1}, the base vertices of the
lower branch have second coordinate at most −(31/16)min(q, 2n − q) < −1, and those
of the upper branch at least (31/16)min(q, 2n − q)− 1 > 0. Since these coordinates are
integers, they are at most −2 and at least 1, respectively. The cells created at a level by a
refined step have second coordinates between those of the two base vertices of the step.
For 2 ≤ q ≤ 2n − 2, the cells of the lower branch at level q have second coordinate at most
−2, and those of the upper branch at least 1. At level 1, the lower branch, whose step
starts at o0, has second coordinates at most 0, and the upper branch at least 1; level 2n − 1
is symmetric. At level 0 the lower branch consists of o0 alone, and at level 2n the upper
branch consists of o2 alone. We conclude that Γ is simple and that it passes through the
anchors in order.

For the area, note that in each refined step the only step changing the first coordinate
is the first one, which starts at the base vertex. By the second formula in (6.2) and
translation invariance, we have

area(Γ) =
n−1

∑
s=0

[(
2s − d(1,2)

s
)
+

(
2n − 2s − d(2,2)

s
)
+

(
2s + d(3,2)

s
)
+

(
2n − 2s + d(4,2)

s
)]

.

The terms without d sum to 4n2. Since |d(ι,2)s | ≤ min(s, n − s)/16+ 1 and ∑n−1
s=0 min(s, n −

s) ≤ n2/4, the remaining terms are at least −4(n2/64 + n). This proves the first bound
in (6.10).

For the margin, the bounds on d(ι,j)s show that all base vertices, and hence all cells of
Γ − ϱ, lie in [0, 2n]× [−2n − 1, 2n + 1]× [−n/32 − 1, n/32 + 1]. Since 2n + 1 ≤ Kin/32 +
1 and ϱ − xin ∈ [Kin/3, Kin/2]3, every coordinate of z − xin, for a cell z of Γ, lies in
[29Kin/96− 1, 17Kin/32+ 1]. A cell v /∈ Qin has a coordinate of v − xin below 0 or at least
Kin. The distance d∞(z, v) is at least min{29Kin/96, 15Kin/32 − 1} ≥ Kin/4.

Proof of Proposition 6.6(c). Fix R ≥ 0 and Rc ≥ 1; in this proof C denotes a constant
depending only on R and Rc, which may change from line to line. In both cases we
construct an integer ū ≥ 0, a filtration (Fu)0≤u≤ū, and adapted random variables Xu, X′

u ∈
[0, 1] such that, with K̄ = K for winding skeletons and K̄ = Kin for area skeletons,

JR(Γ, Γ′) ≤ C1

ū

∑
u=0

Xu, SRc(Γ, Γ′) ≤ C1

ū

∑
u=0

X′
u,

E[Xu′ | Fu] + E[X′
u′ | Fu] ≤ C(u′ − u)−3/2 (0 ≤ u < u′ ≤ ū), E

ū

∑
u=0

(Xu + X′
u) ≤

C
K̄

,

(6.12)
where C1 depends only on R and Rc. Given (6.12), both sequences satisfy (6.3) with
B0 = C ∑k≥1 k−3/2. Let ϑ ∈ (0, 1] be such that (eϑ − 1)B0 ≤ 1/2. Then Lemma 6.1 implies
that Eeϑ ∑u Xu − 1 ≤ 2(eϑ − 1)E ∑u Xu ≤ C/K̄, and the same for (X′

u). With κ = ξ = ϑ/C1,
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the first line of (6.12) implies (6.11). Since exponential moments are nondecreasing in
their coefficients, the smaller of the values of κ and ξ and the larger value of C obtained
in the two cases serve for both.

Winding skeletons. Set ū = ⌊K/2⌋, and for 0 ≤ u ≤ ū let ϱu = ϱ + ⌊Zu⌋ ∈ (Z/KZ)2 be
the transverse position at unfolded time u. By (6.8), pr(b̃t) = (t, ϱmin(t,K−t)) for 0 ≤ t ≤ K.
The levels t = u and t = K − u share the transverse position ϱu. Fix Γ′, and for t ∈ Z/KZ

and w ∈ (Z/KZ)2 define

ft(w) = ∑
z′∈Γ′

1{d∞((t, w), z′) ≤ R + 1}, gt(w) = ∑
z′∈Γ′

e−d∞((t,w),z′)/Rc .

By (a) applied to Γ′, at most 3(2R + 3) occurrences of Γ′ lie at levels within distance R + 1
of t. Then 0 ≤ ft ≤ 3(2R + 3) and ∑w ft(w) ≤ 3(2R + 3)3. At most six occurrences lie
at levels at distance exactly d from t, for each d ≥ 0, so gt ≤ 6 ∑d≥0 e−d/Rc ≤ 6(Rc + 1).
If an occurrence z′ lies at a level at distance d from t, then d∞((t, w), z′) ≥ d, and at
most (2r + 1)2 cells w satisfy d∞((t, w), z′) = r; we have ∑w e−d∞((t,w),z′)/Rc ≤ ∑r≥d(2r +
1)2e−r/Rc ≤ C(1 + d)2e−d/Rc . Summing over z′ gives ∑w gt(w) ≤ C.

Let z be an occurrence of Γ, and let t ∈ {0, . . . , K} be the level of the corresponding
cell of Γ̃. By (a), we have d∞(z, pr(b̃t)) ≤ 1, which implies that

∑
z′∈Γ′

1{d∞(z, z′) ≤ R} ≤ ft
(
ϱmin(t,K−t)

)
,

e−d∞(z,Γ′)/Rc ≤ ∑
z′∈Γ′

e−d∞(z,z′)/Rc ≤ e1/Rc gt
(
ϱmin(t,K−t)

)
.

At most three occurrences of Γ correspond to each t. Then the variables

Xu =
1

6(2R + 3) ∑
t∈{u,K−u}

ft(ϱu), X′
u =

1
12(Rc + 1) ∑

t∈{u,K−u}
gt(ϱu),

where {u, K − u} has one or two elements and fK = f0, gK = g0, take values in [0, 1] and
satisfy the first line of (6.12) with C1 = max{18(2R + 3), 36e1/Rc(Rc + 1)}.

Let Fu be generated by the seed of Γ′, by ϱ, and by the variables of U(2) and U(3)

revealed by time u. The tests are functions of Γ′ and ϱu is Fu-measurable. In particular, Xu

and X′
u are Fu-measurable. For u < u′ ≤ ū we apply Lemma 6.3 with G generated by the

seed of Γ′ and ϱ, which is independent of the two arrays. Since ϱ is Fu-measurable and
takes finitely many values, and u′−u ≤ K, we have P(ϱu′ = w | Fu) ≤ 4c2

d(u
′−u)−3/2 for

every w by (6.7). Multiplying by the values of the tests and summing over w, we obtain the
second line of (6.12). Finally, conditionally on the two arrays and the seed of Γ′, the root ϱ

is uniform on (Z/KZ)2, and so is ϱu. We have EXu ≤ (6(2R+ 3))−1 · 2 · 3(2R+ 3)3K−2 =

(2R + 3)2K−2, and likewise EX′
u ≤ CK−2. Summing over the ū + 1 ≤ K values of u yields

the last bound in (6.12).
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Area skeletons. Set ū = ⌊n/2⌋. We write (xι
s, yι

s) for the deterministic parts of the
first two coordinates of bι

s in (6.9), namely (s,−2s), (n + s,−2n + 2s), (2n − s, 2s), and
(n − s, 2n − 2s) for ι = 1, 2, 3, 4. For each segment ι and 0 ≤ u ≤ ū define the transverse
position

ϱι
u = (ϱ2, ϱ3) +

(
⌊Z(ι,2)

u /8⌋, ⌊Z(ι,3)
u /8⌋

)
∈ Z2,

so that ϱ + bι
s =

(
ϱ1 + xι

s, ϱι
min(s,n−s) + (yι

s, 0)
)
. Fix Γ′, an area skeleton with the same

inner cube, and for q ∈ Z and w ∈ Z2 let

f (q, w) = ∑
z′∈Γ′

1{d∞((q, w), z′) ≤ R + 3}, g(q, w) = ∑
z′∈Γ′

e−d∞((q,w),z′)/Rc ,

with distances in Z3, and f ι
s(w) = f (ϱ1 + xι

s, w + (yι
s, 0)), gι

s(w) = g(ϱ1 + xι
s, w + (yι

s, 0)).
Since each level carries at most ten cells of Γ′ by (b), we obtain 0 ≤ f ≤ 10(2R + 7) by
the computation in the winding case, ∑w f (q, w) ≤ 10(2R + 7)3, g ≤ 20(Rc + 1), and
∑w g(q, w) ≤ C. Every occurrence of Γ other than o0 = ϱ + b1

0 is created by the refinement
of a step ending at some bι

s, at most five occurrences are created by each step, and each
lies within d∞-distance three of ϱ + bι

s. Then the variables

Xu =
1

80(2R + 7)

4

∑
ι=1

∑
s∈{u,n−u}

f ι
s(ϱ

ι
u), X′

u =
1

160(Rc + 1)

4

∑
ι=1

∑
s∈{u,n−u}

gι
s(ϱ

ι
u)

take values in [0, 1] and satisfy the first line of (6.12) with C1 = max{400(2R +

7), 800e3/Rc(Rc + 1)}.
Let Fu be generated by the seed of Γ′, by ϱ, and by the variables of all eight arrays

revealed by time u; the functions f ι
s, gι

s depend only on ϱ1 and Γ′. For a fixed ι, we
apply Lemma 6.3 to the pair U(ι,2), U(ι,3), with G generated by the seed of Γ′, by ϱ, and
by the variables of the other six arrays revealed by time u. This G is independent of
the pair, and together with the variables of the pair revealed by time u it generates Fu.
By (6.6), P(ϱι

u′ = w | Fu) ≤ 64c2
d(u

′ − u)−3/2, and the second line of (6.12) follows by
linearity; no joint density for the four segments is needed. Finally, conditionally on ϱ1,
the eight arrays, and the seed of Γ′, the pair (ϱ2, ϱ3) is uniform on a set of M2 points,
where M = ⌊Kin/2⌋ − ⌈Kin/3⌉+ 1 ≥ Kin/7, while the functions f ι

s, gι
s are fixed. We have

P(ϱι
u = w | ϱ1, arrays, Γ′) ≤ 49K−2

in , EXu ≤ 49(2R + 7)2K−2
in , and likewise EX′

u ≤ CK−2
in .

Summing over the ū + 1 ≤ Kin values of u gives the last bound in (6.12).

Remark 6.7. The conditional estimate of Lemma 6.3 is used only in increasing unfolded
time. The levels u and K − u of the folded walk are tested together, at their common
transverse position, by a test fixed once the opposing skeleton is revealed; no statement
is made about the law of the walk at chronologically later levels after the fold, where the
displacement is already determined. The root is revealed in F0 for the conditional bound
and averaged for the first moment. The restriction to increasing unfolded time is already



6 Random routes with few nearby pairs § 6.4 76

present in the proofs of [111, Lemma 8.1] and [112, Lemma 8.2]. We use the excess bound
of Proposition 6.6, with the random root averaged in its first-moment estimate.

Used in: Proposition 6.15, Corollary 6.19, and through them Theorem 7.14.

6.4 Exterior shells, periodic lifts, connected sets, and areas

Let C ⊂ Z3 be finite and nonempty. Outside a box containing C, all cells are connected by
nearest-neighbor paths avoiding C, and every infinite nearest-neighbor component of Z3 \
C meets this region. Then Z3 \ C has exactly one infinite nearest-neighbor component,
which we call the exterior of C. The fill of C, denoted fill(C), is the complement of
the exterior: the union of C and the finite nearest-neighbor components of Z3 \ C. The
exterior shell of C is

∂ext
∗ C = {x ∈ Z3 \ fill(C) : d∞(x, C) = 1}.

Lemma 6.8. Let C ⊂ Z3 be finite, nonempty, and ∗-connected. Then fill(C) lies in the coordinate
bounding box of C, and ∂ext

∗ C is a nearest-neighbor connected set with at most 26|C| cells. If C is
a ∗-component of a field B ⊂ Z3, every cell of ∂ext

∗ C is good.

The lemma is [112, Lemma 8.3], which reproduces [115, Lemma 7.2]; we recall the
proof. The connectivity of the shell is Kesten’s boundary-connectivity theorem [84,
pp. 138–139, Lemma 2.23], in the formulation of Timár [141, Theorem 4 in arXiv version 2];
see [43, Lemma 2.1] for ∗-connectivity of exterior nearest-neighbor boundaries. The
discussion immediately after that lemma also attributes the exterior-∗-boundary statement
to [84, Lemma 2.23]. The other assertions are elementary: a cell outside the bounding
box has a coordinate ray to infinity avoiding C, each cell has 26 ∗-neighbors, and a bad
shell cell would be ∗-adjacent to C, hence in the same ∗-component of B.

Lemma 6.9. Let r ≥ 1 and K > 2r be integers, and let C ⊂ LK be range-r connected with m
cells, where rm < K. Then the range-r components of pr−1(C) are translates of one another
by KZ3, each is finite and is mapped bijectively onto C by pr, and each has coordinate span at
most r(m − 1). If moreover r = 1 and C is a ∗-component of a field B ⊂ LK, then each of these
translates is a ∗-component of pr−1(B).

The first statement is [112, Lemma 8.4], which reproduces [115, Lemma 7.3]; we call
the translates the lifts of C. To prove it, fix a spanning tree of C for range-r adjacency.
Since K > 2r, if x, y ∈ LK are range-r adjacent and x̃ is a lift of x, then y has a unique
lift at d∞-distance at most r from x̃. Lifting the tree edge by edge from a lift of one of
its cells produces a range-r connected set C̃ ⊂ pr−1(C) of m cells, with coordinate span
at most r(m − 1) < K, which pr maps bijectively onto C. The translates C̃ + KZ3 cover
pr−1(C). No cell of one of two distinct translates lies within d∞-distance r of a cell of the
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other, since otherwise two cells of C̃ would differ by Kk + w with k ̸= 0 and |w|∞ ≤ r,
and some coordinate difference would be at least K − r > r(m − 1). Hence the translates
are the range-r components of pr−1(C). For the second, let x̃ ∈ pr−1(B) be ∗-adjacent to
a cell ỹ of a lift C̃. Since K ≥ 3, the cells pr(x̃) and pr(ỹ) are distinct and ∗-adjacent, so
pr(x̃) ∈ C by maximality of C. Hence x̃ ∈ pr−1(C) is range-one adjacent to ỹ, and x̃ ∈ C̃.

Lemma 6.10. Let r ≥ 1 and m ≥ 1 be integers. On Z3 and on LK, the number of range-r
connected sets of m cells containing a given cell is at most (2r + 1)6(m−1). If B is a random field
with P(F ⊂ B) ≤ p|F| for every finite F ⊂ L, then for every cell x,

P
(
x ∈ B and the range-r component of B containing x has at least m cells

)
≤

(
(2r + 1)6p

)m.
(6.13)

Proof. Assign to each such set a spanning tree for range-r adjacency, rooted at the given
cell, and traverse it depth first. The traversal has 2(m − 1) steps, each given by one of
fewer than (2r + 1)3 displacements, and the visited cells recover the set. This proves the
first bound. If the range-r component of B containing x has at least m cells, then growing
a spanning tree from x produces a range-r connected set F ∋ x of exactly m cells with
F ⊂ B. The union bound and the first statement give at most (2r + 1)6(m−1)pm, which
implies (6.13).

This counting bound and the depth-first argument are recorded in [112, Section 8.2].
Such estimates are instances of the classical Peierls counting principle [119, pp. 479–480];
see also [64, Section 1.4, pp. 16–18]. An early tree-encoding exponential bound for plane
animals is given in [86, pp. 852–853, Lemma 3]. Only the joint bound on prescribed sets
enters; no independence between cells is assumed.

Lemma 6.11. Every closed walk P in Z3 satisfies |area(P)| ≤ |P|2/16. If area(P) > 0, then
some walk c in the cycle decomposition of P satisfies

area(c) ≥ 16 area(P)2

|P|2 .

Proof. Let tx = ∑k|x(zk+1)− x(zk)| and ty = ∑k|y(zk+1)− y(zk)| be the total variations
of the first two coordinates along P, so that tx + ty ≤ |P|. Since P is closed, the values
of x along P lie in an interval of length at most tx/2; let x̄ be its midpoint. Since the
increments of y along P sum to zero, we obtain from (6.2)

|area(P)| =
∣∣∣∑

k

(
x(zk)− x̄

)(
y(zk+1)− y(zk)

)∣∣∣ ≤ txty

4
≤

(tx + ty)2

16
≤ |P|2

16
.
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For the second statement, let c1, . . . , cJ be the cycle decomposition of P and let Amax =

maxi area(ci), which is positive since the areas sum to area(P) > 0. By additivity and the
first statement applied to each ci, we have

area(P) ≤ ∑
i:area(ci)>0

area(ci) ≤ A1/2
max ∑

i:area(ci)>0
area(ci)

1/2 ≤ A1/2
max ∑

i

|ci|
4

=
A1/2

max|P|
4

,

which is the claim.

Used in: Proposition 6.15 (the area bound after cycle selection).

6.5 Routing maps

A routing map turns a skeleton and a field into a route. In Section 7, the routing map
of one surgery is evaluated at fields obtained from the current field by the other surgery,
and Lemma 6.16 compares the outputs. This requires locality in a precise sense, which
we formulate through the components of the field that meet the skeleton.

Definition 6.12. Let Γ be a closed walk on L. For a field B ⊂ L, let C(B, Γ) be the set of
∗-components of B that contain a cell of Γ, and let

Q(B, Γ) = Γ ∪N1

( ⋃
C∈C(B,Γ)

C
)

.

A routing map for Γ assigns to every field B either † or a route R(B, Γ). (For the
skeletons of Section 6.3, the lift and the anchors are determined by Γ.) The routing map
is component-local if the following hold for all fields B, B′.

(a) If C(B, Γ) = C(B′, Γ), then R(B, Γ) = R(B′, Γ).
(b) If R(B, Γ) ̸= †, every cell of R(B, Γ) is a cell of Γ or lies within d∞-distance one of a

component in C(B, Γ).

Lemma 6.13. Let Γ be a closed walk on L, and let B, B′ ⊂ L be fields that agree on Q(B, Γ).
Then C(B′, Γ) = C(B, Γ) and Q(B′, Γ) = Q(B, Γ). In particular, R(B′, Γ) = R(B, Γ) for every
component-local routing map for Γ.

Proof. Let C ∈ C(B, Γ). Its cells lie in Q(B, Γ)∩ B, hence in B′. The cells at d∞-distance one
from C lie in Q(B, Γ), and by maximality of C they lie outside B, hence outside B′. So C is
a ∗-component of B′, and it contains a cell of Γ. Conversely, let C′ ∈ C(B′, Γ), and let z be
a cell of C′ and of Γ. Then z ∈ B′ ∩Q(B, Γ) = B ∩Q(B, Γ), so z lies in some C ∈ C(B, Γ).
That C is a ∗-component of B′ containing z, so C′ = C. This proves C(B′, Γ) = C(B, Γ),
which implies Q(B′, Γ) = Q(B, Γ), and the last assertion is Definition 6.12(a).
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Definition 6.14. The two routing maps are defined as follows. In both, a walk produced
in the last step is represented as a route.

Winding routing map. Let K ≥ 20 and let Γ be a winding skeleton, with lift Γ̃ from b̃0

to b̃0 + Ke1. For a field B ⊂ LK, the route R(B, Γ) is computed in four steps.

1. Size rule. Reject if some C ∈ C(B, Γ) has at least ⌊K/20⌋ cells. Otherwise every
C ∈ C(B, Γ) has fewer than K/20 cells, and by Lemma 6.9 its lifts are finite ∗-
components of pr−1(B) mapped bijectively onto it.

2. Fill rule. Reject if b0 = pr(b̃0) belongs to pr(fill(C̃)) for a lift C̃ of a component in
C(B, Γ); this set does not depend on the choice of the lift.

3. Detours. Set P = Γ̃. As long as P has a cell in pr−1(B), let k be the smallest index
with Pk ∈ pr−1(B), let C̃ be the lift of a component in C(B, Γ) that contains Pk, and
let k′ be the largest index with Pk′ ∈ C̃. Replace the part (Pk−1, . . . , Pk′+1) of P by
the shortest nearest-neighbor path from Pk−1 to Pk′+1 in ∂ext

∗ C̃ that comes first in
lexicographic order.

4. Selection. Decompose the closed walk pr(P) on LK by the cycle decomposition, and
output the first walk in it with positive first homology.

Area routing map. Let Kin ≥ 214, let n = ⌊Kin/64⌋, and let Γ be an area skeleton with
anchors o0, . . . , o3. For a field B ⊂ Z3, the route R(B, Γ) is computed in four steps.

1. Budget rule. Reject if ∑C∈C(B,Γ)|C|2 > n, in particular if some C ∈ C(B, Γ) is infinite.
2. Anchor rule. Reject if one of o0, o1, o2, o3 belongs to fill(C) for a component C ∈

C(B, Γ).
3. Detours segment by segment. For each ι ∈ {1, 2, 3, 4} separately, let P be segment ι of Γ,

from oι−1 to oι. As long as P has a bad cell, let k be the smallest index with Pk ∈ B,
let C be the component in C(B, Γ) that contains Pk, and let k′ be the largest index
with Pk′ ∈ C. Replace (Pk−1, . . . , Pk′+1) by the shortest nearest-neighbor path from
Pk−1 to Pk′+1 in ∂ext

∗ C that comes first in lexicographic order. Concatenate the four
resulting walks into a closed walk P through o0, . . . , o3.

4. Selection. Decompose P by the cycle decomposition. Reject if no walk in it has
positive area; otherwise output the first walk in the decomposition whose area is the
largest.

The detours follow the exterior shell of a component from the cell immediately before
the first visit of the walk to that component to the cell immediately after its last visit,
as in [115, Section 7.3], reproduced in [112, Section 8.3]; related detours appear in [111,
Lemma 8.2]. In these sources the size and fill tests are applied to the whole environment
before the path is drawn [112, Equation (8.16)]. Here they are applied only to components
met by the skeleton, which makes the maps component-local, and the loop erasure of
an open path is replaced by the cycle decomposition, which preserves homology and
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C

o0

o1

o2

o3

Figure 6.1. Schematic projection of an area skeleton (thin) to the plane of the first two coordinates,
traversed counterclockwise through the anchors o0, . . . , o3. The second segment meets a bad
∗-component C (gray). The area routing map replaces the part of this segment between its first
and last visits to C (dashed) by a path in the exterior shell of C (thick). The other segments and
the four anchors are unchanged. Perturbations, the third coordinate, and the lattice are not drawn
to scale.

area. The size rule gives finite lifts, and the fill rule keeps the endpoints of the lifted walk
outside the fills of the detoured components. The area map is anchored: each segment
is corrected separately and its endpoints never move. A single first-to-last detour along
the whole closed skeleton could remove the entire polygon, for instance when a small
bad component near o0 is met at the beginning and at the end of the walk. The bound on
the sum of squared component sizes controls the area lost in the detours, since a detour
around C changes the area by at most a constant times |C|2, and it keeps the components
that are used close to the skeleton.

Proposition 6.15. Let p0 = 1/1458. There is an absolute constant Cacc such that the following
hold.

(a) Let K ≥ 20 and let Γ be a winding skeleton. The winding routing map is a component-local
routing map for Γ. For every field B ⊂ LK, the route γ = R(B, Γ) is either † or a good
route with hom1(γ) ≥ 1, every cell of which is a cell of Γ or the projection of a cell of ∂ext

∗ C̃
for a lift C̃ of a ∗-component of B containing a cell of Γ.

(b) Let Kin ≥ 214, let n = ⌊Kin/64⌋, and let Γ be an area skeleton with inner cube Qin. The
area routing map is a component-local routing map for Γ. For every field B ⊂ Z3, the route
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γ = R(B, Γ) is either † or a good route with

|γ| ≤ 124 n, area(γ) ≥ n2

250
, (6.14)

every cell of which is a cell of Γ or a cell of ∂ext
∗ C for a ∗-component C of B containing a cell

of Γ. Every cell of γ lies in N⌊
√

n⌋+1(Γ) ⊂ Qin.

(c) Let Γ be a random winding skeleton with K ≥ 20, or a random area skeleton with Kin ≥ 214.
Let B be a random field, independent of the seed of Γ, such that P(F ⊂ B) ≤ p|F| for every
finite F ⊂ L, where 0 ≤ p ≤ p0. Then P(R(B, Γ) = †) ≤ Cacc p.

Proof. Component-locality. In both maps, the size and budget rules, the fill and anchor
rules, and the exterior shells, with their lifts in the winding case, are functions of Γ and
C(B, Γ), and the selection steps read only the walk P. In the detour steps, every cell of
the current walk P is a cell of Γ (in the winding case, of Γ̃) or a cell of the exterior shell of
some C ∈ C(B, Γ) (in the winding case, of a lift of such a C). A cell of ∂ext

∗ C is good, since
otherwise it would be ∗-adjacent to C and lie in C. In the winding case, a cell x̃ of ∂ext

∗ C̃
satisfies pr(x̃) /∈ C, since otherwise x̃ would be a cell of pr−1(C) that is ∗-adjacent to C̃,
hence a cell of C̃ by Lemma 6.9. So pr(x̃) is a ∗-neighbor of C outside C, and it is good.
A cell of Γ is bad exactly when it lies in a component in C(B, Γ). Hence a cell of P lies in
B (in the winding case, in pr−1(B)) if and only if it lies in a component in C(B, Γ) (in the
winding case, in a lift of one). Every test in the detour steps, and the component used in
each replacement, is therefore decided by C(B, Γ). By induction over the replacements,
two fields B, B′ with C(B, Γ) = C(B′, Γ) produce the same walks and the same route. This
is Definition 6.12(a).

Proof of (a). Suppose that neither the size rule nor the fill rule rejects. The cell b0 is
good, since otherwise it would belong to a component C ∈ C(B, Γ) and to C ⊂ pr(fill(C̃)),
and the fill rule would reject. We claim that throughout the detour step, P is a walk from
b̃0 to b̃0 + Ke1 whose cells are cells of Γ̃ or good cells, so that its cells in pr−1(B) are cells
of Γ̃. This holds initially. Let k, C̃, and k′ be as in the definition; the lift C̃ exists because
pr(Pk) is a bad cell of Γ, whose ∗-component lies in C(B, Γ). Since the endpoints of P are
good, 1 ≤ k ≤ k′ < |P|. The cells P0, . . . , Pk−1 are good. They avoid C̃ and join b̃0 to Pk−1.
Since pr(b̃0) = b0 /∈ pr(fill(C̃)), the cell b̃0 lies in the exterior of C̃, and so does Pk−1. By
the choice of k′, the cells after Pk′ avoid C̃ and join Pk′+1 to b̃0 + Ke1, which also lies in
the exterior since it projects to b0. Both Pk−1 and Pk′+1 are nearest neighbors of cells of
C̃. They lie in ∂ext

∗ C̃. By Lemmas 6.8 and 6.9, they are joined by a nearest-neighbor path
in ∂ext

∗ C̃, and all its cells are good. The replacement removes every visit of P to C̃ and
adds only good cells. This proves the claim, and shows that the number of visits of P to
pr−1(B) decreases strictly at each replacement. Then the detour step ends with a walk P
from b̃0 to b̃0 + Ke1 consisting of good cells.



6 Random routes with few nearby pairs 6.5 Routing maps 82

The closed walk pr(P) has homology e1, because its lift P ends at b̃0 + Ke1. By
additivity, the first homologies of the walks in its cycle decomposition sum to one. Then
one of them is positive, and the selection step does not reject. The selected walk γ is
simple, consists of good cells, and has length at least K ≥ 3, because a closed walk with
nonzero first homology has at least K steps in the first coordinate. Its cells are cells of
Γ or projections of shell cells of lifts of components in C(B, Γ), and the latter lie within
distance one of the corresponding component. This proves (a) and Definition 6.12(b).

Proof of (b). On acceptance, ∑C∈C(B,Γ)|C|2 ≤ n. Each C ∈ C(B, Γ) is ∗-connected,
contains a cell of Γ, and has at most ⌊

√
n⌋ cells, so C and its exterior shell lie in N⌊

√
n⌋(Γ).

All cells of an accepted route lie in N⌊
√

n⌋+1(Γ). Since n ≤ Kin/64 and Kin ≥ 214, we have√
n + 1 ≤

√
Kin/8 + 1 < Kin/4, and the margin in (6.10) implies that N⌊

√
n⌋+1(Γ) ⊂ Qin.

Suppose that neither the budget rule nor the anchor rule rejects. The anchors are
good, since a bad anchor would belong to a component in C(B, Γ) and to its fill. Fix a
segment ι. Throughout the detour step for this segment, P is a walk from oι−1 to oι which
consists of an initial part of good cells, ending at a cell of the original segment, followed
by the remaining part of the original segment. Indeed, each replacement keeps the good
cells before Pk, inserts good cells, and ends the inserted path at the original cell Pk′+1.
Let k, C, and k′ be as in the definition. We use the argument for (a), with the anchors
oι−1 and oι in place of b̃0 and b̃0 + Ke1 and the anchor rule in place of the fill rule. We
find that Pk−1 and Pk′+1 lie in ∂ext

∗ C, that the replacement is well defined and adds only
good cells, and that the procedure terminates. After the replacement, the walk no longer
visits C, and later replacements add only good cells. Each component in C(B, Γ) is used
at most once in each segment, and at most four times in total.

We now bound the length and the area. Let C be a component used in segment ι, with
m = |C| cells. The initial part of P is good and ends at a cell of the original segment. Then
the first bad cell Pk lies in the remaining part, and the cells Pk−1, . . . , Pk′+1 form an arc of
the original segment ι. By the monotonicity of levels along a segment, the cells Pk, . . . , Pk′

lie at levels between those of Pk and Pk′ , which are cells of C; these levels form an interval
of at most m integers, since the coordinate span of C is at most m − 1. Each level carries
at most five cells of the segment, by the proof of Proposition 6.6(b). The removed arc has
at most 5m + 1 ≤ 6m steps. The inserted path has at most 26m cells by Lemma 6.8, hence
fewer than 26m steps. The removed arc followed by the reversed inserted path is a closed
walk of length at most 32m, and by additivity of the area, the replacement changes the
area of the concatenation of the four current segments by the area of this closed walk. By
Lemma 6.11, this change is at most (32m)2/16 = 64m2 in absolute value. On acceptance,
the sum of |C|2 over C ∈ C(B, Γ) is at most n, and |C| ≤ |C|2. Then the final closed walk
P satisfies

|P| ≤ |Γ|+ 4 · 26 ∑
C
|C| ≤ 20n + 104n = 124n,
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area(P) ≥ area(Γ)− 4 · 64 ∑
C
|C|2 ≥ 63

16
n2 − 260n ≥ 2n2,

where we used Proposition 6.6(b), and n ≥ 256 in the last inequality. In particular the
selection step does not reject. By Lemma 6.11, the selected walk γ satisfies |γ| ≤ |P| ≤
124n and

area(γ) ≥ 16(2n2)2

(124n)2 =
64

15376
n2 >

n2

250
.

It is simple, its cells are good, and its length is at least four since its area is positive.
Its cells are cells of Γ or shell cells of components in C(B, Γ). This proves (b) and
Definition 6.12(b).

Proof of (c). Fix the seed of Γ. Since B is independent of the seed, the prescribed-
set bound holds conditionally on it, and we apply Lemma 6.10 with r = 1, for which
(2r + 1)6 = 729; note that 729p ≤ 1/2. In the winding case, the size rule rejects only
if some ∗-connected set of ⌊K/20⌋ bad cells contains an occurrence of Γ, which has
probability at most 3K(729p)⌊K/20⌋. If the fill rule rejects because of a component C ∈
C(B, Γ) with m cells, then a lift of b0 lies in the bounding box of a lift of C, whose
coordinate span is at most m − 1 by Lemma 6.9. Every cell of C is then within distance
m − 1 of b0, so the ∗-component of B containing one of the at most (2m − 1)3 cells within
distance m − 1 of b0 has at least m cells. Summing over m, we obtain

P(R(B, Γ) = †) ≤ 3K(729p)⌊K/20⌋ + ∑
m≥1

(2m − 1)3(729p)m

≤ 729p
(

3K 21−⌊K/20⌋ + ∑
m≥1

(2m − 1)321−m
)

,

and the bracket is bounded by an absolute constant for K ≥ 20.
In the area case, if the budget rule rejects, then the sum of |C|2 over the ∗-components

C of B containing a cell of Γ exceeds n. Each such component contains an occurrence of
Γ. Writing C(z) for the ∗-component of B containing z when z ∈ B, we have by Markov’s
inequality and Lemma 6.10

P(budget rule rejects) ≤ 1
n ∑

z∈Γ
E
[
1{z ∈ B}|C(z)|2

]
≤ |Γ|

n ∑
m≥1

m2(729p)m ≤ 20 · 729p ∑
m≥1

m221−m.

Here we used EY2 = ∑m≥1(2m − 1)P(Y ≥ m) for Y = 1{z ∈ B}|C(z)|, which is almost
surely finite by (6.13), and |Γ| ≤ 20n. The anchor rule is bounded as the fill rule in the
winding case, for each of the four anchors. This proves (c).

Used in: Theorem 7.14 (acceptance and component-locality), Lemma 10.2 (first homology),
Proposition 11.7 (length and area), and Section 11 (containment in the inner cube).
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6.6 Stability of routes under local changes of the field

In Section 7, the route of one surgery is evaluated at a field obtained from the current
one by the other surgery. Such fields differ from a baseline field only within distance
one of the other route, and all of them lie in a common vulnerable set. The next lemma
shows that, for component-local routing maps, these changes matter only through the
components of the vulnerable set that are approached by both skeletons.

Lemma 6.16. Let L be Z3 or LK, let Γ, Γ′ be closed walks of positive length on L, and let R(·, Γ)
and R(·, Γ′) be component-local routing maps for Γ and Γ′. Let R ≥ 0 and Rc ≥ R + 2 be
integers, let V ⊂ L be finite, and let B0 ⊂ V. Let H be the set of range-Rc components H of V
such that d∞(H, Γ) ≤ Rc and d∞(H, Γ′) ≤ Rc, and set

U∗ =
⋃

H∈H

H, A∗ = |U∗|.

For D ⊂ U∗ put B[D] = (B0 \ U∗) ∪ D, and define the route lists

L = {R(B[D], Γ) : D ⊂ U∗}, L ′ = {R(B[D], Γ′) : D ⊂ U∗}.

(i) Let B1, B2 ⊂ V, let γ = R(B1, Γ) and γ′ = R(B2, Γ′), and suppose that

B1△B0 ⊂ N1(γ
′), B2△B0 ⊂ N1(γ). (6.15)

Then R(B[B1 ∩U∗], Γ) = γ and R(B[B2 ∩U∗], Γ′) = γ′. In particular (γ, γ′) ∈ L ×L ′,
and at most 4A∗ ordered pairs (γ, γ′) arise in this way.

(ii) Let γ, γ′ be routes, possibly †, and let B1, B2 ⊂ V satisfy (6.15) for this pair. If A∗ = 0, then

1{R(B1, Γ) = γ} 1{R(B2, Γ′) = γ′} = 1{R(B0, Γ) = γ} 1{R(B0, Γ′) = γ′}. (6.16)

(iii) For all B1, B2 ⊂ V, the routes γ = R(B1, Γ) and γ′ = R(B2, Γ′) satisfy

JR(γ, γ′) ≤ JR(Γ, Γ′) + CR,1A∗, CR,1 = 54(2R + 1)3. (6.17)

In particular (6.17) holds for the pairs in (i) and for every pair in L ×L ′.

Proof. We first prove the following localization claim. Let B, B′ ⊂ V, let x ∈ Q(B, Γ) ∩ V,
and suppose that d∞(x,R(B′, Γ′)) ≤ 1. Then x ∈ U∗. The same holds with the roles of Γ
and Γ′ interchanged.

To prove the claim, let H be the range-Rc component of V containing x. Either x
is a cell of Γ, or x lies within distance one of some C ∈ C(B, Γ). In the second case,
C ⊂ B ⊂ V is ∗-connected and contains a cell of Γ, so it lies in a range-Rc component of
V that contains a cell of Γ, and this component is H, since x ∈ V and d∞(x, C) ≤ 1 ≤ Rc.
In both cases H contains a cell of Γ. The route R(B′, Γ′) is not †, since N1(†) = ∅; let
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y′ be one of its cells with d∞(x, y′) ≤ 1. By Definition 6.12(b) for B′, either y′ is a cell of
Γ′, and then d∞(H, Γ′) ≤ 1 ≤ Rc; or y′ lies within distance one of a ∗-component C′ of
B′ containing a cell of Γ′. In the latter case C′ ⊂ V is ∗-connected, so it lies in a single
range-Rc component H′ of V, which contains a cell of Γ′. Since d∞(x, C′) ≤ 2 ≤ Rc, we
have H′ = H. In both cases H ∈ H , and therefore x ∈ U∗.

We prove (i). Let B′ = B[B1 ∩ U∗]. The fields B′ and B1 agree on U∗, and B′ agrees
with B0 outside U∗. If B′ and B1 differed at a cell x ∈ Q(B1, Γ), then x /∈ U∗ and
x ∈ B1△B0 ⊂ V ∩ N1(γ

′). The claim, applied with B = B1 and B′ = B2, would then
give x ∈ U∗, a contradiction. So B′ and B1 agree on Q(B1, Γ), and Lemma 6.13 gives
R(B′, Γ) = R(B1, Γ) = γ. The argument for Γ′ is the same, with the roles of Γ and Γ′

interchanged. Since B1 ∩ U∗ and B2 ∩ U∗ are subsets of U∗, we have γ ∈ L and γ′ ∈ L ′,
and each list has at most 2A∗ elements.

We prove (ii). Since A∗ = 0, we have U∗ = ∅ and B[∅] = B0. If the left side of
(6.16) is one, then γ and γ′ are the routes computed on B1 and B2, and by (i) we have
R(B0, Γ) = γ and R(B0, Γ′) = γ′, so the right side is one. Conversely, suppose that
the right side is one, so that γ = R(B0, Γ) and γ′ = R(B0, Γ′). Let x ∈ Q(B0, Γ) with
x ∈ B1△B0. Then x ∈ V ∩N1(γ

′), and the claim with B = B′ = B0 gives x ∈ U∗ = ∅,
which is impossible. Then B1 and B0 agree on Q(B0, Γ), and R(B1, Γ) = γ by Lemma 6.13.
In the same way R(B2, Γ′) = γ′, and the left side is one. In all other cases both sides
vanish. The converse direction is what identifies all four products of route indicators in
the signed sum of Section 7 with their baseline values.

We prove (iii). If γ or γ′ is †, the left side vanishes. Otherwise both are simple,
and JR(γ, γ′) counts the pairs of cells (x, x′) with x ∈ γ, x′ ∈ γ′, and d∞(x, x′) ≤ R.
For pairs in which x is a cell of Γ and x′ a cell of Γ′, choose an occurrence of x in
Γ and one of x′ in Γ′. Distinct pairs give distinct pairs of occurrences, and these are
counted in JR(Γ, Γ′). Suppose now that x is not a cell of Γ. By Definition 6.12(b),
x lies within distance one of a ∗-component C of B1 containing a cell of Γ, and C
lies in a range-Rc component H of V containing a cell of Γ. If x′ is a cell of Γ′, then
d∞(H, Γ′) ≤ d∞(C, x′) ≤ R + 1 ≤ Rc. Otherwise x′ lies within distance one of a ∗-
component C′ of B2 containing a cell of Γ′, which lies in a range-Rc component H′ of
V containing a cell of Γ′; then d∞(C, C′) ≤ R + 2 ≤ Rc, so H′ = H. In both cases
H ∈ H , and x ∈ N1(U∗). Symmetrically, if x′ is not a cell of Γ′, then x′ ∈ N1(U∗). Since
|N1(U∗)| ≤ 27A∗, and at most (2R + 1)3 cells of a simple route lie within distance R of a
given cell, the pairs with x ∈ N1(U∗) number at most 27(2R + 1)3A∗, and so do the pairs
with x′ ∈ N1(U∗). This proves (6.17). The routes in L and L ′ are computed from the
fields B[D] ⊂ V. Then (6.17) applies to them.

Remark 6.17. In [111, Lemmas 10.2–10.3], all unusable sets arising from the permitted
replacements lie in one enlarged set; the resulting pairs of paths are counted by an
exponential in the total size of components approached by both paths. There are three
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differences. First, our routes are closed cycles whose rejection rules read the compo-
nents met by the skeleton, so the localization is formulated through the set Q(B, Γ) of
Lemma 6.13; Definition 6.12(a) replaces the property in [111, Lemma 8.2] that bad compo-
nents not hit by an accepted skeleton can be removed without changing the path. Second,
the inclusion of the perturbed fields in V and the location (6.15) of their differences are
hypotheses here; in Section 7 they follow from row-local accessibility, with B0 the bad
set and V the vulnerable set of the reindexed base matching. Third, part (ii), the identity
in both directions including rejection, is needed because Theorem 7.14 bounds a signed
sum, whereas [111] bounds a positive second moment, for which (i) and (iii) suffice. The
fields B[D] need not arise from any matching, which is why the routing maps are defined
on every field; the lists count routes, not the rows selected along them.

Used in: Theorem 7.14.

6.7 Averaging over the environment

Lemma 6.18. Let L be Z3 or LK, let Rc ≥ 1 be an integer, and let crec ≥ 0 and p ≥ 0
satisfy q = (2Rc + 1)6pecrec ≤ e−2. Let Γ, Γ′ be random closed walks on L, each of positive
length almost surely, and let V be a random finite subset of L, independent of (Γ, Γ′), such that
P(F ⊂ V) ≤ p|F| for every finite F ⊂ L. Define A∗ from V, Γ, Γ′, and Rc as in Lemma 6.16.
Then almost surely

E
[
ecrec A∗

∣∣ Γ, Γ′] ≤ exp
(
ζ(p, crec) SRc(Γ, Γ′)

)
, ζ(p, crec) =

e(2Rc + 1)3√q
1 −√

q
. (6.18)

In particular ζ(p, crec) → 0 as p ↓ 0, for fixed Rc and crec.

Proof. Since V is independent of (Γ, Γ′), it suffices to prove (6.18) for fixed closed walks
Γ, Γ′, with the expectation taken over V. Call a set F ⊂ L admissible if it is finite,
nonempty, range-Rc connected, and satisfies d∞(F, Γ) ≤ Rc and d∞(F, Γ′) ≤ Rc. The
elements of H are pairwise disjoint admissible sets contained in V, and A∗ = ∑H∈H |H|.
Expanding the product, we have

ecrec A∗ = ∏
H∈H

(
1+(ecrec|H|− 1)

)
= ∑

F⊂H
∏

H∈F

(
ecrec|H|− 1

)
≤ ∑

F

1
{ ⋃

F∈F

F ⊂ V
}

∏
F∈F

ecrec|F|,

where on the right F ranges over the finite collections of pairwise disjoint admissible
sets. In the last step we dropped maximality, since every subcollection of H is such a
collection, and used ecrec|H| − 1 ≤ ecrec|H|. By disjointness the union has ∑F∈F |F| cells.
Taking expectations, which is legitimate for the nonnegative countable sum by Tonelli’s
theorem, and applying the prescribed-set bound, we obtain

Eecrec A∗ ≤ ∑
F

∏
F∈F

(
pecrec

)|F| ≤ ∏
F

(
1 + (pecrec)|F|

)
≤ exp

(
∑
F
(pecrec)|F|

)
.
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In the second inequality we dropped disjointness, and the product and the last sum run
over all admissible sets F.

Let F be admissible with m cells. Let z be an occurrence of Γ and x ∈ F a cell such
that d∞(z, x) ≤ Rc. Since F has diameter at most Rc(m − 1) and lies within distance Rc of
Γ′, we have d∞(z, Γ′) ≤ Rc + Rc(m − 1) + Rc = Rc(m + 1). Assigning F to the pair (z, x),
and using Lemma 6.10 for the number of range-Rc connected sets of m cells containing x,
we find

∑
F
(pecrec)|F| ≤ ∑

z∈Γ
∑

x∈NRc (z)
∑

m≥1
(2Rc + 1)6(m−1)(pecrec)m 1{d∞(z, Γ′) ≤ Rc(m + 1)}

≤ (2Rc + 1)3 ∑
z∈Γ

∑
m≥1

qm 1{d∞(z, Γ′) ≤ Rc(m + 1)}.

Counting a set more than once only increases the bound. Let d = d∞(z, Γ′). If d ≤ Rc(m +

1), then m ≥ d/Rc − 1, and q ≤ e−2 gives qm = qm/2qm/2 ≤ qm/2e−m ≤ e qm/2e−d/Rc .
Summing over m ≥ 1 gives ∑m qm1{d ≤ Rc(m + 1)} ≤ e

√
q(1 −√

q)−1e−d/Rc . Inserting
this bound into the previous display shows that the exponent is at most ζ(p, crec)SRc(Γ, Γ′),
which proves (6.18). On LK, admissible sets may wrap around the torus; the argument
uses only the periodic distance and the counting bound of Lemma 6.10, both valid
there.

This is the expansion over components in the proof of [115, Proposition 7.1] ([115,
Section 7.4]), reproduced in [112, Section 8.4, Equations (8.18)–(8.20)]; see also [111,
Section 10.5]. There it is applied to bad components approached by two paths in a
common environment; here it is applied to the vulnerable set, with an exponent crec that
in Theorem 7.14 includes the term log 4 from the list count in Lemma 6.16. Only the
prescribed-set bound under the law of V enters, with both walks fixed; no independence
between cells and no conditioning on explored cells is used.

Used in: Corollary 6.19.

Corollary 6.19. Let R ≥ 0 and Rc ≥ 1 be integers, and let κ, ξ, C be the constants of Proposi-
tion 6.6(c). Let Γ, Γ′ be independent winding skeletons with K ≥ 20, respectively independent
area skeletons with a common inner cube and Kin ≥ 214. Let V be a random finite subset of LK,
respectively of Z3, independent of the two seeds, such that P(F ⊂ V) ≤ p|F| for every finite F.
Let ε ≥ 0 and crec ≥ 0 satisfy

2ε ≤ κ, (2Rc + 1)6pecrec ≤ e−2, 2ζ(p, crec) ≤ ξ,

with ζ as in Lemma 6.18, and define A∗ as in Lemma 6.16. Then

E
[
eεJR(Γ,Γ′)+crec A∗

]
− 1 ≤ C

K
, respectively E

[
eεJR(Γ,Γ′)+crec A∗

]
− 1 ≤ C

Kin
. (6.19)
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Proof. We treat the winding case; the area case is identical with Kin in place of K. Condi-
tionally on the two seeds, JR(Γ, Γ′) is fixed, and by Lemma 6.18 we have

E
[
eεJR(Γ,Γ′)+crec A∗

∣∣ Γ, Γ′] ≤ exp
(
εJR(Γ, Γ′) + ζ(p, crec)SRc(Γ, Γ′)

)
.

By the Cauchy–Schwarz inequality, monotonicity of the exponential moments in their
coefficients, and Proposition 6.6(c), we have

EeεJR+ζSRc ≤
(
Ee2εJR

)1/2(
Ee2ζSRc

)1/2 ≤
(
Eeκ JR

)1/2(
EeξSRc

)1/2 ≤ 1 +
C
K

,

where JR and SRc are evaluated at (Γ, Γ′). Taking expectations in the previous display
proves (6.19).

In Theorem 7.14, we apply Corollary 6.19 with encounter coefficient 2εmax and co-
efficient 2crec of A∗ in the exponential. The parameter choices, including 4εmax ≤ κ,
(2Rc + 1)6pe2crec ≤ e−2, and 2ζ(p, 2crec) ≤ ξ, are given in Sections 10.3 and 11.5.

Used in: Theorem 7.14.



section 7

Matching systems and the surgery theorem

A row labels a path’s initial endpoint, a slot labels a terminal endpoint, and a matching
assigns one slot to each row. We call the data revealed before this assignment is resampled
the exposed data. This section introduces matching systems, which include the law of
one slab of the hard-sphere gas after suitable data have been exposed (Section 9). The
rows are partitioned into m groups with at most M rows of each group in each cell, and
a surgery moves rows of one group, chosen uniformly at random. Under hypotheses
(H1)–(H5), Theorem 7.14 bounds the chi-square divergence of the completed surgery
kernel, averaged over the group and over the random skeleton, by C∗/(mK) + C×ηloc/K,
where the collision error ηloc does not depend on m, and its acceptance probability from
below by 1 − Cp. Paths belong to an abstract standard Borel space; the analytic inputs
are the mass and insertion bounds (H2), (H3), and (H31), and the route properties (H5)
come from Section 6. The applications in Sections 10 and 11 combine this theorem with
the slab verification of (H1)–(H4) and (H4+).

The proof follows the second-moment method of Lemma 5.3. By (5.5), the divergence
of the surgeries of one group is an average over two independent skeletons Γ, Γ′ of the
inner product ⟨LΓ − 1, LΓ′ − 1⟩ of two centered likelihoods. In Section 7.3, we compute
LΓ and write this inner product as a sum, over pairs of labeled routes, of four terms.
Three of them are given by exact identities (Lemma 7.7). For the fourth, we compare
the conditional normalizing constants of four matchings (Lemma 7.8) in Section 7.4. In
Section 7.5, we sum over the selected rows (Lemma 7.12). In Section 7.7, we assemble the
four terms. When the two routes have no encounters and their skeletons approach no
common vulnerable component, route stability identifies their indicators, and the four
terms cancel exactly (Lemma 7.9). Otherwise, only the two positive terms are kept; they
are bounded by the cost of the encounters, and, when the skeletons approach a common
vulnerable component, the routes are counted by route lists. Finally, an expansion over
clusters of vulnerable cells averages over the configuration. The average over groups
also produces inner products of the likelihoods of two different groups. A move of one
group changes none of the counts, bad sets, and rates of another group, so three of the
four terms coincide, and the comparison of four matchings bounds the signed sum from
above by a loss confined to the encounters of the two routes (Lemma 7.13).

Most ingredients adapt arguments of [111, 112, 115]. The cyclic shift of endpoints
along a route, combined with exact conditional resampling, is the construction of [111,
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Section 9], where the routes are open; ours are closed, and the surgery changes the
endpoint matching of a closed slab. The cancellation of conditional normalizing constants
away from the places where two routes come close is the argument of [115, Lemma 8.3],
reproduced as [112, Lemma 9.3], which we adapt to changes of the endpoint matching;
Remark 7.10 explains why that lemma cannot be applied verbatim. The comparison
of four endpoint states, including rows shared by the two routes and their neighbors
on a route, adapts [111, Section 10]. The summation over selected rows adapts [112,
Equation (9.16)] and [111, Section 10.5], and the route lists that control routes depending
on the configuration adapt [111, Lemmas 10.2 and 10.3]. The signed estimate is proved
in Theorem 7.14; see Remark 7.15 for its role in the variance bound.

7.1 Matching systems

Throughout this section, L is the cell lattice of Section 6, that is, (Z/KZ)3 on the torus
and Z3 for a container, with the maximum distance d∞. Two cells are face neighbors if
they differ by ±ek for some k ∈ {1, 2, 3}; these are the nearest neighbors of Section 6.1.
For P ⊂ L and r ≥ 0, we write Nr(P) = {x ∈ L : d∞(x, P) ≤ r}. As in Section 6.1, a
route is either a simple closed walk γ = (v0, . . . , vr−1, vr = v0) of length r ≥ 3, or the
empty route †, which stands for a rejection. The cells v0, . . . , vr−1 of a route are distinct,
consecutive cells vk and vk+1 are face neighbors for 0 ≤ k ≤ r − 1, and the orientation is
part of the route. We identify γ with its set of cells when we write v ∈ γ, |γ|, or d∞(x, γ),
and Nr(†) = ∅. For finite sequences P, P′ of cells and R ≥ 0, the encounter count of
Section 6 is

JR(P, P′) = ∑
z∈P

∑
w∈P′

1{d∞(z, w) ≤ R},

where occurrences are counted with multiplicity, and JR(†, P′) = JR(P, †) = 0. For a
finite measure ϱ, we write ϱ(1) for its total mass.

Definition 7.1. A matching system consists of the following data.

1. A probability measure ν on a standard Borel space E. Its elements E are called
exposed data.

2. For each E ∈ E, finite sets I = I(E) of rows and J = J(E) of slots with |I| = |J|,
an anchor map anch = anchE : I → L, and a partition I = I(1) ⊔ · · · ⊔ I(m) of
the rows into groups, where the integer m ≥ 1 does not depend on E. We write
Iv = {i ∈ I : anch(i) = v} and I(a)

v = Iv ∩ I(a). There exists an integer M ≥ 1 such
that |I(a)

v | ≤ M for all E, v, and a; in particular, |Iv| ≤ mM. The sets I(E) and J(E) are
subsets of a fixed countable set, and they, the anchor map, and the groups depend
measurably on E.
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3. A standard Borel space P of paths. For each E, each i ∈ I, and each j ∈ J, a
finite measure KE

ij on P and a measurable set PE
ij ⊂ P with KE

ij(P \ PE
ij ) = 0. For

distinct rows i, k ∈ I, a measurable function hE
ik : P × P → {0, 1}, the pair check, with

hE
ki(ω

′, ω) = hE
ik(ω, ω′). The maps (E, ω) 7→ 1{ω ∈ PE

ij} and (E, ω, ω′) 7→ hE
ik(ω, ω′)

are Borel measurable on their index domains, and E 7→ KE
ij(B) is measurable for

every Borel set B ⊂ P.
4. Numbers AE

ij ∈ {0, 1} for i ∈ I and j ∈ J, the accessibility indicators, depending
measurably on E.

5. A finite set Λact ⊂ L of active cells, which may depend on K but does not depend
on E, and an integer m∗ ≥ 4.

A matching is a bijection τ : I → J. For a matching τ, let

ME
τ (dω) = ∏

i∈I
KE

iτ(i)(dωi) ∏
{i,k}

hE
ik(ωi, ωk), Zτ(E) = ME

τ (1), Ξ(E) = ∑
τ

Zτ(E),

(7.1)
where the second product is over unordered pairs of distinct rows, and the sum is over
all matchings. We assume that 0 < Ξ(E) < ∞ for ν-almost every E. The matching law is
the probability measure defined, for E in this full-measure set, by

µ(dE, {τ}, dω) = ν(dE)Ξ(E)−1ME
τ (dω)

on the state space X of triples (E, τ, ω) with E ∈ E, τ a matching, and ω ∈ PI(E). For a
matching τ, a group a, and a cell v, the count of accessible rows of group a, the bad set,
and the vulnerable set of group a are

m(a)
v (τ) = ∑

i∈I(a)
v

AE
iτ(i),

B(a)
τ = {v ∈ Λact : m(a)

v (τ) < m∗}, V(a)
τ = {v ∈ Λact : m(a)

v (τ) < m∗ + 2}.

We write a state as x = (E, σ, ω) and call σ the current matching. The state space X is
a measurable subset of the disjoint union, over finite sets I0, J0 of the fixed countable set
and bijections τ : I0 → J0, of the spaces E × PI0 , and it is standard Borel. We often fix E
and drop it from the notation. For ν-almost every E, we write µE for the conditional law
of (σ, ω) given E, that is, µE({τ}, dω) = Ξ(E)−1ME

τ (dω).
Under µE, the matching has law Zσ(E)/Ξ(E), which is in general far from uniform.

For example, two rows with masses K11(1) = K22(1) = 1 and K12(1) = K21(1) = ε, and
no checks, give the identity matching probability 1/(1 + ε2). Given σ, their joint law
is the product of the normalized measures Kiσ(i), conditioned on all pair checks. The
measure Kij contains all individual restrictions on the path of row i when it is paired with
slot j. The pair checks are the only interactions between rows, and they do not depend on
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the matching. We say that ω is individually permitted for a matching τ if ωi ∈ Piτ(i) for
every i. Under µ, the paths are individually permitted for the current matching almost
surely, and we remove the other states from X; this does not change µ. The accessibility
indicator Aiτ(i) depends only on the row i and its slot τ(i). A change of the matching

changes the count m(a)
v only in cells that contain rows of group a whose slots change.

Cells outside Λact are neither bad nor vulnerable, and (H5) below requires routes to stay
in Λact.

In Section 9, a matching system describes one slab of the hard-sphere gas of duration
δ = 2t. The rows are the retained initial endpoints, the slots are the retained terminal
endpoints, and the exposed data consist of the endpoint configurations, the eligibility
indicators, the ordered lists of retained rows, the paths that are not retained, and the
set of retained slots; the groups are successive blocks of the lists. The measure KE

ij is the
unnormalized Brownian bridge from the initial endpoint of row i to slot j, restricted by
individual events and by avoidance of the paths that are not retained, and the pair checks
are mutual avoidance. In Proposition 9.5, we prove that the conditional law of the slab is
a matching law.

For a set S ⊂ I of rows, a matching τ, and paths ωSc = (ωk)k/∈S, we write

MS
τ(dωS; ωSc) = ∏

i∈S
Kiτ(i)(dωi) ∏

{i,k}∩S ̸=∅
hik(ωi, ωk), ZS(τ; ωSc) = MS

τ(1; ωSc), (7.2)

where the product is over unordered pairs of distinct rows that meet S. Let

NSc

τ (dωSc) = ∏
i/∈S

Kiτ(i)(dωi) ∏
{i,k}⊂Sc

hik(ωi, ωk).

This measure on the outside paths includes no check joining S to Sc. Then

Mτ(dω) = NSc

τ (dωSc) MS
τ(dωS; ωSc), (7.3)

and NSc
τ depends on τ only through its restriction to Sc. In particular, under µE, the

conditional law of ωS given σ and ωSc is MS
σ(· ; ωSc)/ZS(σ; ωSc).

7.2 Hypotheses

We say that a pair (i, l) ∈ I × J is a crossed pairing if there exist k ∈ I and j ∈ J such that
anch(i) and anch(k) are equal or face neighbors and Aij = Akl = 1. Taking k = i and
l = j, we see that every accessible pairing is crossed.

Definition 7.2. Let Rint ≥ 0 be an integer, let 0 < z− ≤ z+ < ∞, ηglob ∈ [0, 1/2], η1 ≥ 0,
and p, p× ∈ [0, 1]. A matching system satisfies (H1)–(H5) if (H1)–(H3) and (H31) hold for
ν-almost every E, and (H4), (H4+), and (H5) hold.
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(H1) (Locality.) hE
ik ≡ 1 whenever d∞(anch(i), anch(k)) > Rint.

(H2) (Mass bounds for crossed pairings.) z− ≤ KE
il(1) ≤ z+ for every crossed pairing (i, l).

(H3) (Insertion.) For every matching τ and row i such that (i, τ(i)) is a crossed pairing,
every set I′ ⊂ I \ {i}, and all paths ωk ∈ PE

kτ(k), k ∈ I′,∫
∏
k∈I′

hE
ik(ωi, ωk)KE

iτ(i)(dωi) ≥ (1 − ηglob)KE
iτ(i)(1).

(H31) (One opponent.) For every matching τ and row i such that (i, τ(i)) is a crossed
pairing, every row k ̸= i, and every path ωk ∈ PE

kτ(k),

KE
iτ(i)

(
{ω : hE

ik(ω, ωk) = 0}
)
≤ η1 KE

iτ(i)(1).

(H4) (Rare vulnerable cells.) Pµ(F ⊂ V(a)
σ ) ≤ p|F | for every group a and every finite set

F ⊂ L.
(H4+) (Rare vulnerable cells of two groups.) Pµ(F ⊂ V(a)

σ ∪ V(b)
σ ) ≤ p|F |

× for all groups
a ̸= b and every finite set F ⊂ L.

(H5) (Routes.) There exist a standard Borel space G with a probability measure p, whose
elements are called skeletons, and a routing map R that assigns to every set B ⊂ Λact

and every Γ ∈ G either † or a route R(B, Γ), measurably in Γ. Every skeleton Γ
determines, measurably in Γ, a finite sequence of cells, which we also denote by
Γ. Fix integers R ≥ max{Rint, 1} and Rc ≥ R + 2. For V ⊂ Λact and Γ, Γ′ ∈ G,
let A∗(V; Γ, Γ′) be the total number of cells in those components H of V, for the
adjacency 0 < d∞(x, y) ≤ Rc, that satisfy d∞(H, Γ) ≤ Rc and d∞(H, Γ′) ≤ Rc. For
B0 ⊂ V, let L (V, B0; Γ, Γ′) be the set of pairs (R(B1, Γ),R(B2, Γ′)), where B1, B2 ⊂ V
satisfy

B1△B0 ⊂ N1
(
R(B2, Γ′)

)
, B2△B0 ⊂ N1

(
R(B1, Γ)

)
.

There exist constants K0, κ > 0, p0 > 0, Cacc, and Cch, and, for each c ≥ 0, numbers
penv(c) > 0 and Cfin(c) < ∞, none of which depends on K, such that the following
hold for K ≥ K0.

(a) Every route R(B, Γ) has all its cells in Λact \ B.
(b) If B is a random subset of Λact that is independent of Γ, where Γ has law p, and

P(F ⊂ B) ≤ p|F | for every finite F ⊂ L, where p ≤ p0, then P(R(B, Γ) = †) ≤
Caccp.

(c) Let Γ, Γ′ ∈ G, let V ⊂ Λact be finite, let B0 ⊂ V, and write A∗ = A∗(V; Γ, Γ′) and
L = L (V, B0; Γ, Γ′). Then:

(i) L has at most 4A∗ elements;
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(ii) if A∗ = 0, then for every pair of routes (γ, γ′) and all B1, B2 ⊂ V with
B1△B0 ⊂ N1(γ

′) and B2△B0 ⊂ N1(γ),

1{R(B1, Γ) = γ} 1{R(B2, Γ′) = γ′} = 1{R(B0, Γ) = γ} 1{R(B0, Γ′) = γ′};

(iii+) for all B1, B2 ⊂ V, the routes γ = R(B1, Γ) and γ′ = R(B2, Γ′) satisfy
JR(γ, γ′) ≤ JR(Γ, Γ′) + CchA∗; in particular, every pair of routes in L satis-
fies this bound.

(d) Let c ≥ 0, p ≤ penv(c), and 0 ≤ ε′ ≤ κ/2. Let Γ, Γ′ be independent with law p,
and let V be a random subset of Λact that is independent of (Γ, Γ′) and satisfies
P(F ⊂ V) ≤ p|F | for every finite F ⊂ L. Then

E exp
(
ε′ JR(Γ, Γ′) + cA∗(V; Γ, Γ′)

)
≤ 1 +

Cfin(c)
K

.

The properties in (H5) are proved in Section 6 for the skeletons and routing maps
used there: the winding skeletons of Definition 6.4 with the winding routing map of
Definition 6.14 on the torus, and the area skeletons of Definition 6.5 with the area routing
map of Definition 6.14 in a container. Properties (a) and (b) are part of Proposition 6.15.
Property (c) is Lemma 6.16, applied with perturbation radius one, and part (iii+) is its part
(iii), which is stated for all B1, B2 ⊂ V; the condition Rc ≥ R + 2 is the condition on the
component range there. Property (d) combines Lemma 6.18 with the encounter bounds
of Proposition 6.6, as in Corollary 6.19, whose hypotheses 2ε′ ≤ κ, (2Rc + 1)6pec ≤ e−2,
and 2ζ(p, c) ≤ ξ hold for ε′ ≤ κ/2 and p ≤ penv(c) if penv(c) is chosen small enough;
in a container, that corollary gives the bound C/Kin for the side Kin of the inner cube.
In this application the scale K in (H5) and Theorem 7.14 is read as Kin (Section 11): the
proof uses this scale only in the threshold K ≥ K0 and in (H5)(d), so the conclusion holds
with Kin in place of K and with the same comparison constants. In (c), the sets B1, B2 are
arbitrary subsets of V; they need not be bad sets of actual matchings. Part (ii) compares
the indicators of a prescribed pair of routes in both directions, which is needed to identify
all four terms of the signed expansion below.

We record some comments on the hypotheses. Let Cint = (2Rint + 1)3. By (H1) and
|Iv| ≤ mM, every row has nontrivial checks with at most CintmM other rows. Hence (H31)
and a union bound imply (H3) with ηglob = CintmMη1, provided that this number is at
most 1/2; in Section 9, this is how (H3) is verified. We set ηloc = 4Cintη1; this local error,
used in Lemma 7.8, does not involve the number mM of rows per cell. Hypothesis (H2)
concerns row-slot pairings that need not occur together in one matching: the rows i and
k may coincide, the slots j and l may coincide, and the two accessibility conditions may
hold in different matchings. This form is needed to bound masses in the four matchings
of Lemma 7.4. In (H3), the other rows need only be individually permitted; they need not
be accessible, and they need not pass their checks with each other. Since I′ is arbitrary,
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the bound persists when rows are deleted. In (H31), the opponent k may belong to any
group. Hypotheses (H4) and (H4+) are statements about the joint law µ, including the
exposed data; they are not assumed conditionally on E. Since B(a)

σ ⊂ V(a)
σ , they also hold

for the bad sets.
The next lemma is the form in which (H3) is used. Fix E, a matching τ, and a set

O ⊂ I of rows with paths ωO = (ωk)k∈O that are individually permitted for τ. For i /∈ O,
we absorb the checks with O into the path measure of i and write

K̂τ
i (dωi) = Kiτ(i)(dωi) ∏

k∈O
hik(ωi, ωk), ẑτ

i = K̂τ
i (1).

For disjoint sets W, X ⊂ I \ O and paths ωX that are individually permitted for τ, let

ZW(τ; ωX) =
∫

∏
i∈W

K̂τ
i (dωi) ∏

{i,k}⊂W
hik(ωi, ωk) ∏

i∈W, k∈X
hik(ωi, ωk),

with Z∅(τ; ωX) = 1. In ZW(τ; ωX), the rows of W are integrated, the rows of O ∪ X are
fixed opponents, and all other rows are deleted together with their checks. It depends
on τ only through its restriction to W. With O = I \ S and X = ∅, we recover ZS(τ; ωSc)

from (7.2).

Lemma 7.3. Assume (H3) for E, and let τ, O, ωO, X, and ωX be as above. Let W0 ⊂ W ⊂
I \ (O ∪ X).

1. We have
ZW(τ; ωX) ≤

(
∏

i∈W\W0

ẑτ
i

)
ZW0(τ; ωX). (7.4)

If moreover (i, τ(i)) is a crossed pairing for every i ∈ W \ W0, then (1 − ηglob)Kiτ(i)(1) ≤
ẑτ

i ≤ Kiτ(i)(1) for these i, and

ZW(τ; ωX) ≥ (1 − ηglob)
|W\W0|

(
∏

i∈W\W0

ẑτ
i

)
ZW0(τ; ωX). (7.5)

2. Assume moreover (H1) and (H31) for E, and that (i, τ(i)) is a crossed pairing for every
i ∈ W \ W0. Let N ≥ 0 be an integer such that every i ∈ W \ W0 has at most N rows
k ∈ (W ∪ X) \ {i} with d∞(anch(i), anch(k)) ≤ Rint, and suppose that 2Nη1 ≤ 1. Then

ZW(τ; ωX) ≥ (1 − 2Nη1)
|W\W0|

(
∏

i∈W\W0

ẑτ
i

)
ZW0(τ; ωX).

Proof. The upper bound (7.4) follows by bounding the checks incident to the rows of
W \ W0 by one. For the lower bound, the inequality ẑτ

i ≤ Kiτ(i)(1) holds because the
checks are at most one, and (H3) with I′ = O gives ẑτ

i ≥ (1 − ηglob)Kiτ(i)(1). We prove
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(7.5) by induction on |W \ W0|, the case W = W0 being trivial. Let i ∈ W \ W0 and
W1 = W \ {i}. Integrating ωi last, we have

ZW(τ; ωX) =
∫

ΛW1(dωW1)
∫

K̂τ
i (dωi) ∏

k∈W1∪X
hik(ωi, ωk),

where the measure

ΛW1(dωW1) = ∏
k∈W1

K̂τ
k (dωk) ∏

{k,l}⊂W1

hkl(ωk, ωl) ∏
k∈W1, l∈X

hkl(ωk, ωl)

has total mass ZW1(τ; ωX). The measure ΛW1 is carried by paths that are individually
permitted for τ. For such ωW1 , by (H3) with I′ = O ∪ W1 ∪ X, we have∫

K̂τ
i (dωi) ∏

k∈W1∪X
hik(ωi, ωk) =

∫
Kiτ(i)(dωi) ∏

k∈O∪W1∪X
hik(ωi, ωk)

≥ (1 − ηglob)Kiτ(i)(1) ≥ (1 − ηglob)ẑτ
i .

We conclude that ZW(τ; ωX) ≥ (1 − ηglob)ẑτ
i ZW1(τ; ωX), and the induction hypothesis

applied to W1 completes the proof of part (1).
For part (2), we use the same induction and the same representation of ZW(τ; ωX).

Fix paths ωW1 that are individually permitted for τ. Since the checks take values in {0, 1},
we have 1 − ∏k hik ≤ ∑k(1 − hik), and since K̂τ

i ≤ Kiτ(i),∫
K̂τ

i (dωi) ∏
k∈W1∪X

hik(ωi, ωk) ≥ ẑτ
i − ∑

k∈W1∪X
Kiτ(i)

(
{ω : hik(ω, ωk) = 0}

)
.

By (H1), only the rows k with d∞(anch(i), anch(k)) ≤ Rint contribute, and there are at
most N of them. For each of them, k ̸= i and ωk ∈ Pkτ(k), so (H31) bounds its term by
η1Kiτ(i)(1). By part (1), Kiτ(i)(1) ≤ ẑτ

i /(1 − ηglob) ≤ 2ẑτ
i . Hence the left side is at least

(1 − 2Nη1)ẑτ
i , and ZW(τ; ωX) ≥ (1 − 2Nη1)ẑτ

i ZW1(τ; ωX). Since W1 ∪ X ⊂ W ∪ X, the
assumption on N holds for W1, and the induction hypothesis applied to W1 completes
the proof. The rows of O enter only through ẑτ

i , and they are not counted in N.

Used in: Lemma 7.6 and Lemma 7.8.
For the lower bound in part (1), we used the fact that the absorbed measure K̂τ

i still
passes the remaining checks with probability at least 1 − ηglob relative to its own mass:
the numerator passes the outside and the remaining checks together with probability at
least 1 − ηglob relative to Kiτ(i)(1), and the mass ẑτ

i is at most Kiτ(i)(1).

7.3 Surgeries

Let γ = (v0, . . . , vr−1, vr = v0) be a route other than †. A labeling of γ is a family
(iv)v∈γ of rows with iv ∈ Iv for every v ∈ γ. The permutation of the labeled route is the
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permutation π of I with π(ivk) = ivk+1 for 0 ≤ k ≤ r − 1, where vr = v0, and π(i) = i
for all other rows. Its support S = supp π = {iv : v ∈ γ} is the set of selected rows. It
contains exactly one row in each cell of γ and no other row, and π is a cyclic permutation
of S since r ≥ 3. The labeled route is determined by π, and we identify the two. We
write γ(π) for the route of π, and ΠE for the finite set of permutations of labeled routes
whose cells lie in Λact. For a group a, we write Π(a)

E for the set of π ∈ ΠE whose selected

rows belong to I(a), that is, with iv ∈ I(a)
v for every v ∈ γ(π). These sets are disjoint.

Permutations act on the right: (σπ)(i) = σ(π(i)). In the matching σπ, the selected row
of vk is paired with σ(ivk+1), the slot of the selected row of the next cell along γ, and all
other rows keep their slots.

Lemma 7.4. Assume (H2) for E. Let σ be a matching, and let π, π′ ∈ ΠE have selected rows
S, S′. Set U = S ∪ S′ and

σ1 = σπ−1, σ2 = σπ′−1, σ12 = σπ−1π′−1.

1. If Aiσ(i) = 1 for every i ∈ S, then (i, σ(i)) and (i, σπ(i)) are crossed pairings for every
i ∈ S.

2. If Aiσ1(i) = 1 for every i ∈ S and Aiσ2(i) = 1 for every i ∈ S′, then (i, τ(i)) is a crossed
pairing for every i ∈ U and every τ ∈ {σ, σ1, σ2, σ12}.

In both cases, z− ≤ Kiτ(i)(1) ≤ z+ for the indicated pairings, by (H2).

Proof. For part (1), let i ∈ S. The pairing (i, σ(i)) is accessible, hence crossed. Since
σπ(i) = σ(π(i)), where π(i) is the selected row of the next cell of the route, which is
a face neighbor of anch(i), and since Aiσ(i) = Aπ(i)σ(π(i)) = 1, the pairing (i, σπ(i)) is
crossed, with k = π(i) and j = σ(i) in the definition.

For part (2), we consider the four matchings in turn. For i ∈ S, we have σ(i) = σ1(π(i))
and Aiσ1(i) = Aπ(i)σ1(π(i)) = 1, and the anchors of i and π(i) are face neighbors; this
implies that (i, σ(i)) is crossed. For i ∈ S′ \ S, the same argument with σ2 and π′ applies.
This treats τ = σ. For τ = σ1 and i ∈ S, the pairing (i, σ1(i)) is accessible; for i ∈ S′ \ S, we
have σ1(i) = σ(i), which was treated. The case τ = σ2 is symmetric. For τ = σ12 = σ1π′−1

and i ∈ S \ S′, we have σ12(i) = σ1(i). For i ∈ S′, let k = π′−1(i), the selected row of
the cell preceding anch(i) on the route of π′, so that σ12(i) = σ1(k). If k /∈ S, then
σ1(k) = σ(k) = σ2(i), which was treated. If k ∈ S, then Aiσ2(i) = Akσ1(k) = 1, and anch(i)
and anch(k) are face neighbors, which implies that (i, σ1(k)) is crossed. This includes the
case k ∈ S ∩ S′ and the case i ∈ S ∩ S′.

Used in: Lemma 7.6 and Lemma 7.8.

Definition 7.5. Let a matching system satisfy (H1)–(H5). Fix a Borel set E0 ⊂ E with
ν(E0) = 1 on which 0 < Ξ(E) < ∞ and (H1)–(H3) and (H31) hold, with their full



7 Matching systems and the surgery theorem 7.3 Surgeries 98

universal path quantifiers. Such a set exists: after partitioning by the countably many
finite index sets and matchings, failures of these hypotheses are projections of Borel sets
of finite tuples of paths, hence analytic. They are null in the completion of ν and are
contained in a Borel ν-null set; take its complement, also intersected with {0 < Ξ < ∞}.
For a group a, π ∈ Π(a)

E with route γ and labeling (iv)v∈γ, a matching τ, and a skeleton
Γ ∈ G, the selection rate is

Rπ(τ | Γ) = 1{R(B(a)
τ , Γ) = γ} rπ(τ), rπ(τ) = ∏

v∈γ

Aivτ(iv)

m(a)
v (τ)

,

where a factor with Aivτ(iv) = 0 is zero; if Aivτ(iv) = 1, then m(a)
v (τ) ≥ 1. For E ∈ E0,

we set qπ,Γ(x, ·) = 0 whenever Rπ(σ | Γ) = 0, before forming any quotient. Every
zero-rate contribution below is understood in this sense. When the rate is positive, the
surgery along π maps a state x = (E, σ, ω) to the state (E, σπ, ω′), where ω′

i = ωi for
i /∈ S = supp π, and ω′

S is a sample of

Pπ(dω′
S | x) =

MS
σπ(dω′

S; ωSc)

ZS(σπ; ωSc)
.

The denominator is positive by Lemma 7.6(1). The surgery kernel of group a with
skeleton Γ is the subprobability kernel

q(a)
Γ (x, ·) = ∑

π∈Π(a)
E

qπ,Γ(x, ·), qπ,Γ(x, ·) = Rπ(σ | Γ) δE ⊗ δσπ ⊗ δωSc ⊗ Pπ(· | x),

where the formula for qπ,Γ is used only when Rπ(σ | Γ) > 0, and Q(a)
Γ is the completion

of q(a)
Γ . On the exceptional exposed fibers E /∈ E0, we set qπ,Γ(x, ·) = q(a)

Γ (x, ·) = 0 and

Q(a)
Γ (x, ·) = δx. The surgery kernel of group a is Q(a) =

∫
Q(a)

Γ p(dΓ), and the surgery
kernel is

Q =
1
m

m

∑
a=1

Q(a).

For E ∈ E0, the surgery kernel acts as follows. Choose a group a uniformly at random
and a skeleton Γ with law p, independently of each other and of the state, and let
γ = R(B(a)

σ , Γ). If γ = †, do nothing. Otherwise, choose independently in each cell v of γ

a row uniformly among the m(a)
v (σ) rows i ∈ I(a)

v with Aiσ(i) = 1, let π be the permutation
of the resulting labeled route, and perform the surgery along π. Indeed, by (H5)(a), every
cell of γ lies in Λact \ B(a)

σ . Then m(a)
v (σ) ≥ m∗ for v ∈ γ, and the sum of rπ(σ) over all

π ∈ Π(a)
E with γ(π) = γ is ∏v∈γ ∑i∈I(a)

v
Aiσ(i)/m(a)

v (σ) = 1. In particular, the outgoing

mass of q(a)
Γ is 1{R(B(a)

σ , Γ) ̸= †}. Since completion commutes with averaging, Q(a) is
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the completion of q(a) =
∫

q(a)
Γ p(dΓ), whose outgoing mass is the acceptance probability

p({Γ : R(B(a)
σ , Γ) ̸= †}) of group a, and Q is the completion of q = m−1 ∑a q(a). The rates

depend on (E, σ, Γ) only, and not on the paths. The surgery preserves E, and the new
paths of the selected rows are sampled from their conditional law under µE given the
matching σπ and all other paths, including those of the other groups. By Lemma 7.6(1)
below, the normalizer ZS(σπ; ωSc) is positive whenever Rπ(σ | Γ) > 0.

This construction adapts [111, Sections 9.2 and 9.3]. There, one eligible slot is chosen
uniformly in each cell of an open path of cells, the starting points of the chosen paths are
shifted cyclically along the chosen tuple, and the chosen paths are resampled from their
conditional interacting law; the change opens one path of a closed configuration. Here
the route is closed, and the surgery maps a closed slab with one endpoint matching to a
closed slab with another.

Lemma 7.6. Fix E ∈ E0. Fix Γ ∈ G, a group a, and π ∈ Π(a)
E with selected rows S.

1. If Rπ(σ | Γ) > 0 and ω is individually permitted for σ, then

ZS(σπ; ωSc) ≥ ∏
i∈S

(1 − ηglob)
2Kiσπ(i)(1) ≥

(
(1 − ηglob)

2z−
)|S|

> 0.

2. The measure µEqπ,Γ is absolutely continuous with respect to µE, with density

cπ(σ, ω | Γ) = Rπ(σπ−1 | Γ)
ZS(σπ−1; ωSc)

ZS(σ; ωSc)
, (7.6)

where the right side is zero if Rπ(σπ−1 | Γ) = 0, and ZS(σ; ωSc) > 0 for µE-almost every
(σ, ω).

3. The measure µEQ(a)
Γ is absolutely continuous with respect to µE, with density

La,Γ = 1 + ∑
π∈Π(a)

E

(
cπ(· | Γ)− Rπ(· | Γ)

)
. (7.7)

Proof. For part (1), if Rπ(σ | Γ) > 0, then Aiσ(i) = 1 for every i ∈ S, and by Lemma 7.4(1),
the pairing (i, σπ(i)) is crossed for every i ∈ S. The paths ωSc are individually permitted
for σπ, since σπ and σ agree off S. We apply Lemma 7.3(1) with τ = σπ, O = I \ S,
X = ∅, W = S, and W0 = ∅. Since ZS(σπ; ωSc) = ZS(σπ;∅) in the notation of that
lemma, this implies the first inequality, and (H2) implies the second.

For part (2), let f ≥ 0 be measurable. By (7.3) for the matching σ, and since Pπ(· | x)
does not depend on ωS, we may integrate out ωS to obtain∫

f d(µEqπ,Γ) =
1
Ξ ∑

σ

Rπ(σ | Γ)
∫

NSc

σ (dωSc)
ZS(σ; ωSc)

ZS(σπ; ωSc)

×
∫

f (σπ, ωSc , ω′
S) MS

σπ(dω′
S; ωSc).
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By part (1), the divisor is positive for NSc
σ -almost every ωSc whenever Rπ(σ | Γ) > 0. We

substitute τ = σπ. Since σ and τ agree off S, we have NSc
σ = NSc

τ , and by (7.3) for τ, we
have ∫

f d(µEqπ,Γ) =
1
Ξ ∑

τ

∫
Mτ(dω) Rπ(τπ−1 | Γ)

ZS(τπ−1; ωSc)

ZS(τ; ωSc)
f (τ, ω)

=
∫

f cπ(· | Γ)dµE.

By part (1), applied to the matching τπ−1, the divisor ZS(τ; ωSc) is positive whenever
Rπ(τπ−1 | Γ) > 0, for NSc

τ -almost every ωSc . Moreover, the set {ZS(σ; ωSc) = 0} is a µE-
null set, since by (7.3) its measure is Ξ−1 ∑σ

∫
NSc

σ (dωSc)1{ZS(σ; ωSc) = 0}ZS(σ; ωSc) = 0.
This proves part (2).

Part (3) follows from part (2) and Lemma 5.2(1), since the outgoing mass of q(a)
Γ is

∑
π∈Π(a)

E
Rπ(· | Γ) and its incoming density is ∑

π∈Π(a)
E

cπ(· | Γ).

Used in: Lemma 7.7, Lemma 7.8, Lemma 7.13, and Theorem 7.14.
Formula (7.6) has the structure of the density of the opened slab in [111, Equation (26)]

and of the exact likelihood [112, Equation (9.10)]: the normalizer of the source matching
appears in the numerator and that of the target matching in the denominator. Its deriva-
tion uses only the product form (7.1) of the matching law, with no assumption on the
distribution of the matching. Since the rates do not depend on the paths, three of the
four inner products in the expansion of ⟨La,Γ − 1, Lb,Γ′ − 1⟩ are given by exact identities.

Lemma 7.7. Fix E as in Lemma 7.6. For groups a and b, Γ, Γ′ ∈ G, π ∈ Π(a)
E , and π′ ∈ Π(b)

E ,〈
cπ(· | Γ), Rπ′(· | Γ′)

〉
µE

= EµE

[
Rπ(σ | Γ) Rπ′(σπ | Γ′)

]
,〈

Rπ(· | Γ), cπ′(· | Γ′)
〉

µE
= EµE

[
Rπ(σπ′ | Γ) Rπ′(σ | Γ′)

]
,〈

Rπ(· | Γ), Rπ′(· | Γ′)
〉

µE
= EµE

[
Rπ(σ | Γ) Rπ′(σ | Γ′)

]
.

Proof. By Lemma 7.6(2), ⟨cπ(· | Γ), f ⟩µE =
∫

qπ,Γ f dµE for measurable f ≥ 0. Since the
function f (σ, ω) = Rπ′(σ | Γ′) does not depend on ω, we have qπ,Γ f (σ, ω) = Rπ(σ |
Γ)Rπ′(σπ | Γ′). This proves the first identity. The second is the first with the roles of
(π, Γ) and (π′, Γ′) exchanged, and the third is the definition of the inner product.

7.4 Comparison of four matchings

It remains to bound the inner product of two incoming densities. In this section, we fix
E as in Lemma 7.6 such that (H1) holds, a matching σ, and π, π′ ∈ ΠE with routes γ, γ′

and selected rows S, S′. We set U = S ∪ S′ and define σ1, σ2, σ12 as in Lemma 7.4.
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Matching Assignment Role

σ σ Current matching
σ1 σπ−1 Pre-surgery matching for π

σ2 σπ′−1 Pre-surgery matching for π′

σ12 σπ−1π′−1 Composed matching

At a state with matching σ, the product cπ(· | Γ)cπ′(· | Γ′) contains the rates Rπ(σ1 | Γ)
and Rπ′(σ2 | Γ′), which vanish unless

Aiσ1(i) = 1 (i ∈ S), Aiσ2(i) = 1 (i ∈ S′). (7.8)

We fix paths ωUc that are individually permitted for σ and for the other three matchings,
which agree with σ outside U. We use the notation of Lemma 7.3 with O = Uc, so
that K̂τ

i and ẑτ
i , for i ∈ U, contain the checks with the rows outside U. In this notation,

ZS(τ; ωSc) = ZS(τ; ωS′\S) and ZS′(τ; ωS′c) = ZS′(τ; ωS\S′), the measure MU
σ (dωU; ωUc)

of (7.2) equals ∏i∈U K̂σ
i (dωi)∏{i,k}⊂U hik(ωi, ωk), and ZU(τ; ωUc) = ZU(τ;∅).

Let R ≥ max{Rint, 1}. We call a row i ∈ S near if d∞(anch(i), γ′) ≤ R, and a row
i ∈ S′ near if d∞(anch(i), γ) ≤ R; other rows of S and S′ are far. Let CS, FS be the near
and far rows of S, let CS′ , FS′ be those of S′, and let CU = CS ∪ CS′ = U \ (FS ∪ FS′). These
sets have the following properties.

(N1) Every row of S ∩ S′ is anchored at a cell of γ ∩ γ′, so it lies in CS ∩ CS′ . In particular,
FS ⊂ S \ S′, FS′ ⊂ S′ \ S, FS ∩ FS′ = ∅, CU ∩ S = CS, and CU ∩ S′ = CS′ .

(N2) Each near row of S is the selected row of a cell v ∈ γ with d∞(v, γ′) ≤ R, and
there are at most JR(γ, γ′) such cells; the same holds for S′. This implies that
|CS|+ |CS′ | ≤ 2JR(γ, γ′) and |CU| ≤ 2JR(γ, γ′).

(N3) A far row of S is anchored at distance more than R ≥ Rint from every row of S′. By
(H1), it has no nontrivial check with any row of S′. The same holds with S and S′

exchanged.
(N4) σ12 = σ1 on S \ S′, and σ12 = σ2 on FS′ .

To prove (N4), we note that σ12(i) = σ1(π
′−1(i)), which equals σ1(i) if i /∈ S′. If i ∈ FS′ ,

then k = π′−1(i) is the selected row of the cell preceding anch(i) on γ′, which is at
distance one from anch(i). Since d∞(anch(i), γ) > R ≥ 1, we have k /∈ S and σ12(i) =

σ1(k) = σ(k) = σ2(i).

Lemma 7.8. Assume (H1)–(H3) and (H31) for E and ηloc ≤ 1/2, and let R ≥ max{Rint, 1}.
In the setting above, assume (7.8). Then all divisors in the following integral are positive, and∫ ZS(σ1; ωSc)

ZS(σ; ωSc)

ZS′(σ2; ωS′c)

ZS′(σ; ωS′c)
MU

σ (dωU; ωUc) ≤ G|S∩S′|(1 − ηloc)
−4JR(γ,γ′) ZU(σ12; ωUc),

(7.9)
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where G = (2z+/z−)3. Further, if π ∈ Π(a)
E and π′ ∈ Π(b)

E for groups a and b, then for all
Γ, Γ′ ∈ G,〈

cπ(· | Γ), cπ′(· | Γ′)
〉

µE
≤ G|S∩S′|(1 − ηloc)

−4JR(γ,γ′) EµE

[
Rπ(σπ′ | Γ) Rπ′(σπ′ππ′−1 | Γ′)

]
.

(7.10)

Proof. We proceed in five steps.
Step 1: masses. By (7.8) and Lemma 7.4(2), every pairing (i, τ(i)) with i ∈ U and

τ ∈ {σ, σ1, σ2, σ12} is crossed. By Lemma 7.3(1) and (H2), we have

(1 − ηglob)z− ≤ ẑτ
i ≤ z+, so that

ẑτ
i

ẑτ′
i

≤ 2z+
z−

= G1/3 (7.11)

for all such i and τ, τ′, where we used ηglob ≤ 1/2. Recall that ẑτ
i depends on τ

only through τ(i). Since S and S′ contain exactly one row in each cell of γ and of γ′,
respectively, U contains at most two rows in each cell. A cell has at most Cint cells within
d∞-distance Rint, including itself. Hence every row of U has at most N = 2Cint − 1 other
rows of U within d∞-distance Rint, and 2Nη1 ≤ ηloc ≤ 1/2.

Step 2: normalizers of S and S′. Let τ ∈ {σ, σ1}. The paths ωS′\S under MU
σ are

individually permitted for σ and for σ1, which agrees with σ on S′ \ S. By Lemma 7.3
with W = S, W0 = FS, and X = S′ \ S, we have

(1 − ηloc)
|CS|

(
∏

i∈CS

ẑτ
i

)
ZFS(τ; ωS′\S) ≤ ZS(τ; ωS′\S) ≤

(
∏

i∈CS

ẑτ
i

)
ZFS(τ; ωS′\S). (7.12)

The upper bound is part (1) of that lemma. The lower bound is part (2) with the number
N of Step 1, which applies since W ∪ X = U and the pairings are crossed by Step
1, together with 1 − 2Nη1 ≥ 1 − ηloc. By (N3), the checks between FS and S′ \ S are
identically one, and we have ZFS(τ; ωS′\S) = ZFS(τ;∅), which we abbreviate as ZFS(τ).
It does not depend on ωS′\S, and it depends on τ only through its restriction to FS. By
Lemma 7.3(1) with W = FS and W0 = ∅, it is positive. In the same way, for τ ∈ {σ, σ2},
(7.12) holds with S, S′ exchanged, and ZFS′

(τ) > 0. In particular, the divisors in (7.9) are
positive.

Step 3: upper bound. We insert the upper bounds from (7.12) for the numerators in (7.9)
and the lower bounds for the denominators. These bounds hold pointwise in ωU, and
the remaining integral of MU

σ is ZU(σ;∅). Then the left side of (7.9) is at most

(1 − ηloc)
−|CS|−|CS′ | ∏

i∈CS

ẑσ1
i

ẑσ
i

∏
i∈CS′

ẑσ2
i

ẑσ
i
·

ZFS(σ1) ZFS′
(σ2)

ZFS(σ) ZFS′
(σ)

· ZU(σ;∅).

By (7.4) with W = U and W0 = FS ∪ FS′ , and since by (N3) there are no checks between
FS and FS′ , we have

ZU(σ;∅) ≤
(

∏
i∈CU

ẑσ
i

)
ZFS∪FS′

(σ;∅) =
(

∏
i∈CU

ẑσ
i

)
ZFS(σ) ZFS′

(σ).
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Canceling the far normalizers of σ, we find that the left side of (7.9) is at most

(1 − ηloc)
−|CS|−|CS′ |

(
∏

i∈CU

ẑσ
i

)
∏

i∈CS

ẑσ1
i

ẑσ
i

∏
i∈CS′

ẑσ2
i

ẑσ
i
· ZFS(σ1) ZFS′

(σ2). (7.13)

Step 4: the composed matching. By Lemma 7.3(2) with τ = σ12, W = U, W0 = FS ∪ FS′ ,
X = ∅, and the number N of Step 1, which applies by Step 1, we have

ZU(σ12;∅) ≥ (1 − ηloc)
|CU |

(
∏

i∈CU

ẑσ12
i

)
ZFS(σ12) ZFS′

(σ12)

= (1 − ηloc)
|CU |

(
∏

i∈CU

ẑσ12
i

)
ZFS(σ1) ZFS′

(σ2).

In the first step, we used (N3) to factorize the far normalizer, and in the second step, we
used (N4) and FS ⊂ S \ S′. Combining this with (7.13), and using (N2), we conclude that
the left side of (7.9) is at most

(1 − ηloc)
−|CS|−|CS′ |−|CU | Q ZU(σ12;∅) ≤ (1 − ηloc)

−4JR(γ,γ′) Q ZU(σ12;∅),

where

Q = ∏
i∈CU

Qi, Qi =
ẑσ

i
ẑσ12

i

( ẑσ1
i

ẑσ
i

)1{i∈S}( ẑσ2
i

ẑσ
i

)1{i∈S′}
.

Here we used CU ∩ S = CS and CU ∩ S′ = CS′ from (N1).
Step 5: the scalar ratio. We show that Q ≤ G|S∩S′|, which proves (7.9). Let i ∈ CU.

If i ∈ S \ S′, then Qi = ẑσ1
i /ẑσ12

i = 1 by (N4). If i ∈ S′ \ S and k = π′−1(i) /∈ S,
then σ12(i) = σ1(k) = σ(k) = σ2(i), and we have Qi = ẑσ2

i /ẑσ12
i = 1. If i ∈ S′ \ S

and k = π′−1(i) ∈ S, then k ∈ S ∩ S′ and i ∈ π′(S ∩ S′), and Qi ≤ 2z+/z− by (7.11).
If i ∈ S ∩ S′, then Qi = ẑσ1

i ẑσ2
i /(ẑσ

i ẑσ12
i ) ≤ (2z+/z−)2. The number of rows in the

third case is at most |π′(S ∩ S′)| = |S ∩ S′|. Since 2z+/z− ≥ 1, we conclude that
Q ≤ (2z+/z−)3|S∩S′| = G|S∩S′|.

Consequence. Let π ∈ Π(a)
E and π′ ∈ Π(b)

E , and write F = (1 − ηloc)
−4JR(γ,γ′). By (7.6),〈

cπ(· | Γ), cπ′(· | Γ′)
〉

µE
=

1
Ξ ∑

σ

Rπ(σ1 | Γ)Rπ′(σ2 | Γ′)
∫

NUc

σ (dωUc)

×
∫ ZS(σ1; ωSc)

ZS(σ; ωSc)

ZS′(σ2; ωS′c)

ZS′(σ; ωS′c)
MU

σ (dωU; ωUc),

where we used (7.3) with U in place of S and that the rates do not depend on ω. If the
product of the two rates is positive, then (7.8) holds, and (7.9) applies for NUc

σ -almost
every ωUc . Since σ12 agrees with σ outside U, we have NUc

σ = NUc
σ12

, and by (7.3),∫
NUc

σ12
(dωUc) ZU(σ12; ωUc) = Zσ12(E).
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We obtain〈
cπ(· | Γ), cπ′(· | Γ′)

〉
µE

≤ G|S∩S′|F
1
Ξ ∑

σ

Zσ12(E) Rπ(σ1 | Γ)Rπ′(σ2 | Γ′).

We have obtained the normalizing mass of the composed matching. We now sum using
that matching as the base variable. The conjugated permutation in the second rate follows
from the order of composition. The map σ 7→ τ = σπ−1π′−1 is a bijection of the set of
matchings, with inverse σ = τπ′π. In terms of τ, we have σ1 = τπ′ and σ2 = τπ′ππ′−1.
Reindexing the sum by τ and using Zτ(E)/Ξ(E) = µE({τ} × PI) proves (7.10).

The second rate in (7.10) is evaluated at σπ′ππ′−1, which differs from σπ when the
two labeled routes share a row: two cyclic permutations with a common row need not
commute.

When JR(γ, γ′) = 0, the comparison is an identity, and the ordinary rates rπ, rπ′ are
unchanged by the other surgery; for two moves of the same group, the route indicators
still require the stability argument.

Lemma 7.9. Assume (H1)–(H3) for E, and let R ≥ max{Rint, 1}. Let π ∈ Π(a)
E and π′ ∈ Π(b)

E
for groups a and b, with routes γ, γ′ and selected rows S, S′, and suppose that JR(γ, γ′) = 0.

1. The sets S and S′ are disjoint, the permutations π and π′ commute, so that π′ππ′−1 = π,
and hik ≡ 1 for all i ∈ S and k ∈ S′.

2. For every matching σ, we have rπ(σπ′) = rπ(σ) and rπ′(σπ) = rπ′(σ).
3. In the setting of Lemma 7.8, the inequality (7.9) holds with equality. Consequently, for all

Γ, Γ′ ∈ G, 〈
cπ(· | Γ), cπ′(· | Γ′)

〉
µE

= EµE

[
Rπ(σπ′ | Γ) Rπ′(σπ | Γ′)

]
. (7.14)

Proof. For part (1), every cell of γ is at d∞-distance more than R from every cell of γ′,
since JR(γ, γ′) = 0. In particular, γ and γ′ have no common cell. Each selected row is
anchored at a cell of its route, so S ∩ S′ = ∅, and permutations with disjoint supports
commute. Since R ≥ Rint, (H1) implies that hik ≡ 1 for i ∈ S and k ∈ S′.

For part (2), the matching σπ′ differs from σ only at the rows of S′, which are anchored
at cells of γ′. No cell of γ contains such a row, and no selected row of π lies in S′. Since
accessibility is row-local, we have m(a)

v (σπ′) = m(a)
v (σ) and Aivσπ′(iv) = Aivσ(iv) for every

v ∈ γ, and rπ(σπ′) = rπ(σ). The second identity follows in the same way.
For part (3), we use the notation of Lemma 7.3 with O = Uc. By part (1), there

are no checks between S and S′. Then ZS(τ; ωSc) = ZS(τ;∅) and ZS′(τ; ωS′c) =

ZS′(τ;∅) do not depend on ωU, and MU
σ (dωU; ωUc) is the product of the measures

∏i∈S K̂σ
i (dωi)∏{i,k}⊂S hik(ωi, ωk) and ∏i∈S′ K̂σ

i (dωi)∏{i,k}⊂S′ hik(ωi, ωk), whose masses
are ZS(σ;∅) and ZS′(σ;∅). These masses are positive by Step 2 of the proof of
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Lemma 7.8. Integrating, we find that the left side of (7.9) equals ZS(σ1;∅) ZS′(σ2;∅).
For i ∈ S, we have π′−1(i) = i and σ12(i) = σ1(i); for i ∈ S′, the row π′−1(i) lies
in S′ and not in S, and σ12(i) = σ1(π

′−1(i)) = σ(π′−1(i)) = σ2(i). Since there are
no checks between S and S′, we obtain ZU(σ12;∅) = ZS(σ1;∅) ZS′(σ2;∅). The right
side of (7.9) is ZU(σ12; ωUc) = ZU(σ12;∅), because S ∩ S′ = ∅ and JR(γ, γ′) = 0,
which proves the equality in (7.9). The derivation of (7.10) from (7.9) in the proof of
Lemma 7.8 uses no other inequality. Then (7.10) also holds with equality, with right side
EµE [Rπ(σπ′ | Γ)Rπ′(σπ′ππ′−1 | Γ′)]. By part (1), π′ππ′−1 = π, which gives (7.14).

Part (3) is the cancellation of conditional normalizing constants of [115, Lemma 8.3],
reproduced as [112, Lemma 9.3], in its simplest form: when no check joins the two
changes, the normalizers factor and cancel exactly. Together with part (2), it shows that a
pair of labeled routes whose routes do not meet contributes exactly zero to the signed
expansion, once the route indicators in the four terms agree; this is used in Step 4 of the
proof of Theorem 7.14 and in Lemma 7.13.

Remark 7.10. The proof of Lemma 7.8 follows the proof of [115, Lemma 8.3], reproduced
as [112, Lemma 9.3]. Rows far from the other route are separated from the near rows
by deletion and insertion, the normalizers of the far rows cancel, and the cost of the
insertions is confined to the near rows. The comparison of four states with a defect
supported on the shared rows and their neighbors on a route adapts [111, Section 10.1],
where the selected slots are partitioned into the shared set h and the set d = h ∪ pred(h);
our set (S ∩ S′) ∪ π′(S ∩ S′) plays the role of d.

The fixed-reference-law comparison in [112, Lemma 9.3] cannot be applied directly
when endpoints are reassigned. With the matching fixed, a path ending at a different slot
is singular with respect to its former bridge law. If slots are instead included in the path
coordinates, enforcing their distinctness does not satisfy the near-one insertion bound.
We compare the four matching normalizers directly in Lemma 7.8. The crossed mass
hypothesis (H2) controls their individual path masses, and the composed normalizer
permits the reindexing back to the matching law.

7.5 Label averaging

By Lemmas 7.7 and 7.8, the four inner products for a pair of labeled routes are bounded
by expectations of explicit functions of the matching. We now sum these functions over
the labelings of a fixed pair of routes by rows of one group a. The next lemma describes
how the bad sets of group a of the matchings that appear differ from B(a)

σ .

Lemma 7.11. Let σ be a matching, let a be a group, let π, π′ ∈ Π(a)
E have routes γ, γ′ and selected

rows S, S′, and let π̃ = π′ππ′−1. For τ ∈ {σπ, σπ′, σπ̃}, every cell contains at most two rows
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i with τ(i) ̸= σ(i), and these rows belong to group a; in particular, |m(a)
v (τ)− m(a)

v (σ)| ≤ 2 for
every cell v, and B(a)

τ ⊂ V(a)
σ . Further,

B(a)
σπ△B(a)

σ ⊂ γ, B(a)
σπ′△B(a)

σ ⊂ γ′, B(a)
σπ̃△B(a)

σ ⊂ N1(γ). (7.15)

Proof. The matching σπ changes the slots of exactly the rows of S, one in each cell of
γ, and σπ′ those of S′. The permutation π̃ moves a row i if and only if π′−1(i) ∈ S; its
support is π′(S) = (S \ S′) ∪ π′(S ∩ S′). The set S \ S′ has at most one row in each cell,
and these cells lie on γ. The set π′(S ∩ S′) ⊂ S′ has at most one row in each cell, and the
row π′(k), for k ∈ S ∩ S′, is anchored at the cell following anch(k) ∈ γ on γ′, which is a
face neighbor of a cell of γ. The rows of S and S′ belong to group a. Since Aiτ(i) depends

only on i and τ(i), we have m(a)
v (τ)− m(a)

v (σ) = ∑i∈I(a)
v
(Aiτ(i) − Aiσ(i)), and only rows

with τ(i) ̸= σ(i) contribute. This proves the bound on the counts and (7.15). If v ∈ B(a)
τ ,

then v ∈ Λact and m(a)
v (σ) ≤ m(a)

v (τ) + 2 < m∗ + 2, so v ∈ V(a)
σ .

Lemma 7.11 is the reason for the threshold m∗ + 2 in the definition of V(a)
σ : all bad

sets that occur in the four terms are contained in the single set V(a)
σ of the base matching,

which is the input of the route lists of (H5)(c). The enlarged set plays the role of the
common enlarged set of unusable cells in [111, Lemma 10.2].

For a group a, π, π′ ∈ Π(a)
E with routes γ, γ′, skeletons Γ, Γ′, and a matching σ, we

define the four indicator products

1ii = 1{R(B(a)
σπ′ , Γ) = γ} 1{R(B(a)

σπ̃ , Γ′) = γ′},

1io = 1{R(B(a)
σ , Γ) = γ} 1{R(B(a)

σπ , Γ′) = γ′},

1oi = 1{R(B(a)
σπ′ , Γ) = γ} 1{R(B(a)

σ , Γ′) = γ′},

1oo = 1{R(B(a)
σ , Γ) = γ} 1{R(B(a)

σ , Γ′) = γ′},

with π̃ = π′ππ′−1, and the four functions

Tii = G|S∩S′|(1 − ηloc)
−4JR(γ,γ′) 1ii rπ(σπ′) rπ′(σπ̃), Tio = 1io rπ(σ) rπ′(σπ),

Toi = 1oi rπ(σπ′) rπ′(σ), Too = 1oo rπ(σ) rπ′(σ).
(7.16)

The superscripts indicate whether the density of π, respectively π′, is incoming or
outgoing. By Lemmas 7.7 and 7.8, the first inner product ⟨cπ, cπ′⟩ is at most EµE Tii;
the other three, ⟨cπ, Rπ′⟩, ⟨Rπ, cπ′⟩, and ⟨Rπ, Rπ′⟩, equal EµE Tio, EµE Toi, and EµE Too,
respectively. Here the two factors carry skeletons Γ and Γ′. By Lemma 7.9, the first bound
is an equality when JR(γ, γ′) = 0. The indicator 1oo does not depend on the labelings.
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Lemma 7.12. Assume (H5)(a) and ηloc ≤ 1/2, and let R ≥ 1, G ≥ 1, and λ ≥ 1 with
M ≤ λm∗. Set

ε =
C1(G, λ)

m∗
+ C2ηloc, C1(G, λ) = 3 + 8Gλ2, C2 = 8. (7.17)

Fix E, a group a, a matching σ, skeletons Γ, Γ′, and a pair of routes (γ, γ′) in Λact, and write
J = JR(γ, γ′). Then

∑
π,π′

(
Tii + Too) ≤ 2eεJ max

{
1oo, max

π,π′
1ii
}

, (7.18)

where the sum and the maximum are over all labelings of γ and γ′ by rows of group a, that is,
over all π, π′ ∈ Π(a)

E with γ(π) = γ and γ(π′) = γ′. If either route has no such labeling, the
sum and the maximum over labelings are defined to be zero.

Proof. If either route has no such labeling, the bound follows from the stated convention.
Otherwise, we write mv = m(a)

v (σ), and, for labelings (iv)v∈γ and (i′w)w∈γ′ , we let S =

{v ∈ γ ∩ γ′ : iv = i′v} be the set of shared cells. Since a row is anchored at a single cell,
S ∩ S′ = {iv : v ∈ S} and |S ∩ S′| = |S|. For w ∈ γ′, let w− be the cell preceding w on γ′.
We use the following facts.

(F1) If R(B(a)
τ , Γ) = γ, then m(a)

v (τ) ≥ m∗ for all v ∈ γ, by (H5)(a); the same holds for Γ′

and γ′.

(F2) By the proof of Lemma 7.11, m(a)
v (σπ′) differs from mv only for v ∈ γ′, by at most

one, and m(a)
w (σπ̃) differs from mw only for w ∈ N1(γ), by at most two.

(F3) There are at most J cells of γ in γ′, and at most J cells of γ′ in N1(γ), since R ≥ 1.
(F4) The accessibility test of v ∈ γ in rπ(σπ′) is Aivσπ′(iv), which equals Aivσ(iv) unless

iv ∈ S′, that is, unless v ∈ S . The test of w ∈ γ′ in rπ′(σπ̃) equals Ai′wσ(i′w) unless
π′−1(i′w) = i′w− ∈ S, that is, unless w− ∈ S .

We also use an elementary inequality: if n, n′ are positive integers with n′ ≥ m∗ and
n ≤ n′ + k for some k ∈ {1, 2}, then n/n′ ≤ 1+ k/n′ ≤ ek/m∗ . Finally, F = (1− ηloc)

−4J ≤
e8ηloc J , since − log(1 − η) ≤ 2η for η ∈ [0, 1/2].

By (F1) with τ = σ, if 1oo = 1, then mv ≥ m∗ for all v ∈ γ ∪ γ′, and ∑π,π′ Too =

∏v∈γ ∑i∈I(a)
v

Aiσ(i)/mv · ∏w∈γ′ ∑i∈I(a)
w

Aiσ(i)/mw = 1; otherwise this sum vanishes. If

1ii = 0 for all labelings, then ∑π,π′ Tii = 0. Suppose that 1ii = 1 for some labeling. By

(F1), for this labeling, we have m(a)
v (σπ′) ≥ m∗ for v ∈ γ and m(a)

w (σπ̃) ≥ m∗ for w ∈ γ′,
and by (F2), mv ≥ m∗ − 2 ≥ m∗/2 for every v ∈ γ ∪ γ′. This lower bound on the counts
of σ does not depend on the labelings.

Let Āv = Aivσ(iv) for v /∈ S and Āv = 1 for v ∈ S , and let Ā′
w = Ai′wσ(i′w) unless w ∈ S

or w− ∈ S , in which case Ā′
w = 1. For every labeling with 1ii = 1, we use (F2)–(F4) and
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the elementary inequality, with k = 1 for the counts of σπ′ on γ and k = 2 for those of
σπ̃ on γ′, to obtain

Tii ≤ G|S|Fe3J/m∗ ∏
v∈γ

Āv

mv
∏

w∈γ′

Ā′
w

mw
,

and this bound also holds for labelings with 1ii = 0, for which Tii = 0. We sum over
all labelings with a fixed shared set S ⊂ γ ∩ γ′, dropping the condition iv ̸= i′v for
v ∈ (γ ∩ γ′) \ S , which only increases the sum. The sum then factorizes over cells. Since
mv ≥ m∗/2 and |I(a)

v | ≤ M, a cell v ∈ S carries one common row and contributes at
most ∑i∈I(a)

v
m−2

v ≤ 4M/m2
∗ ≤ 4λ/m∗. A cell w ∈ γ′ \ S with w− ∈ S contributes at most

∑i∈I(a)
w

m−1
w ≤ 2M/m∗ ≤ 2λ, and there are at most |S| such cells. Every other cell of γ,

and every other cell of γ′, contributes ∑i∈I(a)
v

Aiσ(i)/mv = 1. Including the factor G|S|,

the labelings with shared set S contribute at most Fe3J/m∗(8Gλ2/m∗)|S|. Summing over
S ⊂ γ ∩ γ′ and using (F3) and F ≤ e8ηloc J yields

∑
π,π′

Tii ≤ Fe3J/m∗
(

1 +
8Gλ2

m∗

)J
≤ e(8ηloc+(3+8Gλ2)/m∗)J = eεJ .

Together with the bound for Too, this proves (7.18).

The bound of Lemma 7.12 is a statement about the sum over labelings after the
comparison of normalizers and the reindexing of Lemma 7.8; it is not a pointwise bound
on likelihoods. No signed estimate over labelings is needed: on {A∗ = 0, JR(γ, γ′) = 0},
(H5)(c)(ii) identifies the four route-indicator products and Lemma 7.9 makes the signed
sum vanish. On {A∗ = 0, JR(γ, γ′) ≥ 1} and on {A∗ ≥ 1}, only the positive terms are
kept. The coefficient ε must nevertheless be small, since it multiplies the encounter count
in the exponential moments of (H5)(d). The large factor G is affordable only because a
shared row has probability of order 1/m∗ at each common cell, which is the mechanism
of [112, Equation (9.16)] and [111, Section 10.5]. Here the selection probabilities are
1/m(a)

v with counts that depend on the matching, and two kinds of corrections appear
that are not present in those sources: the accessibility tests of shared rows and of the rows
that follow them on γ′ are relaxed, and the denominators of the compared matchings
are compared with those of σ, through the baseline counts m(a)

v ≥ m∗ − 2. The route-
acceptance indicators for the pre-surgery matchings are retained until the denominators
have been compared, so that no comparison passes through a vanishing count.

7.6 Moves of different groups

Lemma 7.13. Let K ≥ K0, so that (H5)(a)–(d) hold, and let R be the integer of (H5). Fix
E as in Lemma 7.6 such that (H1) and (H31) also hold, suppose that ηloc ≤ 1/2, and write
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F(J) = (1 − ηloc)
−4J for integers J ≥ 0. Let a ̸= b be groups, and let Γ, Γ′ ∈ G. For π ∈ Π(a)

E

and π′ ∈ Π(b)
E with routes γ, γ′ and selected rows S, S′, we write cπ and Rπ for cπ(· | Γ) and

Rπ(· | Γ), and cπ′ and Rπ′ for cπ′(· | Γ′) and Rπ′(· | Γ′).

1. The sets S and S′ are disjoint, and ππ′ = π′π. For every matching τ and every cell v, we
have m(a)

v (τπ′) = m(a)
v (τ). Hence B(a)

τπ′ = B(a)
τ , V(a)

τπ′ = V(a)
τ , and Rπ(τπ′ | Γ) = Rπ(τ |

Γ). The same holds with (a, π, Γ) and (b, π′, Γ′) exchanged.
2. With J = JR(γ, γ′),

⟨cπ − Rπ, cπ′ − Rπ′⟩µE ≤
[
F(J)− 1

]
EµE

[
Rπ(σ | Γ) Rπ′(σ | Γ′)

]
, (7.19)

and the left side is zero if J = 0.

3. Consider the functions of the matching σ given by γ0 = R(B(a)
σ , Γ), γ′

0 = R(B(b)
σ , Γ′), and

Xab = JR(Γ, Γ′) + CchA∗
(

B(a)
σ ∪ B(b)

σ ; Γ, Γ′).

Then JR(γ0, γ′
0) ≤ Xab, and

∑
π∈Π(a)

E

∑
π′∈Π(b)

E

⟨cπ − Rπ, cπ′ − Rπ′⟩µE ≤ EµE

[
F
(

JR(γ0, γ′
0)
)
− 1

]
≤ EµE

[
e8ηlocXab − 1

]
.

4. Let θ× = min{κ/2, 1/ max(1, Cch)} and c× = θ×Cch. Let Γ, Γ′ be independent with law
p, let V be a random subset of Λact that is independent of (Γ, Γ′) and satisfies P(F ⊂
V) ≤ p|F |

× for every finite set F ⊂ L, where p× ≤ penv(c×), and let X = JR(Γ, Γ′) +
CchA∗(V; Γ, Γ′). Then, for 0 ≤ θ ≤ θ×,

EeθX − 1 ≤ θ

θ×

Cfin(c×)
K

.

Proof. For part (1), we have S ⊂ I(a) and S′ ⊂ I(b), so S ∩ S′ = ∅, and cyclic permutations
with disjoint supports commute. The matching τπ′ agrees with τ outside S′, and in
particular on I(a). Since Aiτ(i) depends only on i and τ(i), we obtain m(a)

v (τπ′) = m(a)
v (τ)

for every cell v, including the cells of γ ∩ γ′. Then B(a)
τπ′ = B(a)

τ and V(a)
τπ′ = V(a)

τ , the route

indicator in Rπ(τπ′ | Γ) is that of τ, and so is every factor Aivτπ′(iv)/m(a)
v (τπ′) of rπ(τπ′),

since iv ∈ S ⊂ I(a). The assertion with the two groups exchanged follows in the same
way.

For part (2), Lemma 7.7 and part (1) give

⟨cπ, Rπ′⟩µE = ⟨Rπ, cπ′⟩µE = ⟨Rπ, Rπ′⟩µE = EµE

[
Rπ(σ | Γ) Rπ′(σ | Γ′)

]
.

Since S ∩ S′ = ∅ and π′ππ′−1 = π, (7.10) reads ⟨cπ, cπ′⟩µE ≤ F(J)EµE [Rπ(σπ′ |
Γ)Rπ′(σπ | Γ′)], and by part (1), the last expectation equals EµE [Rπ(σ | Γ)Rπ′(σ | Γ′)].
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All four inner products are finite, since the rates are at most one and cπ, cπ′ ∈ L2(µE) by
(7.10). Expanding the left side of (7.19) proves (7.19). If J = 0, then by Lemma 7.9(3) and
part (1), ⟨cπ, cπ′⟩µE equals the same expectation, and the left side of (7.19) is zero.

For part (3), we apply (H5)(c)(iii+) with V = B(a)
σ ∪ B(b)

σ , B1 = B(a)
σ , and B2 = B(b)

σ ,
which gives JR(γ0, γ′

0) ≤ Xab; recall that JR vanishes if one of its arguments is †. By (7.19),
the double sum is at most

EµE ∑
π,π′

[
F
(

JR(γ(π), γ(π′))
)
− 1

]
Rπ(σ | Γ) Rπ′(σ | Γ′).

The rate Rπ(σ | Γ) vanishes unless γ(π) = γ0 ̸= †, in which case it equals rπ(σ), and
the same holds for π′ and γ′

0. If γ0 ̸= †, then by (H5)(a), as noted after Definition 7.5,
the sum of rπ(σ) over π ∈ Π(a)

E with γ(π) = γ0 is one, and the same holds for γ′
0. This

proves the first inequality, since F(0) = 1. The second follows from F(J) ≤ e8ηloc J , which
holds because − log(1 − ηloc) ≤ 2ηloc, and from JR(γ0, γ′

0) ≤ Xab.
For part (4), the function f (θ) = EeθX − 1 is convex on [0, θ×] and f (0) = 0, so that

f (θ) ≤ (θ/θ×) f (θ×). Since θ×X = θ× JR(Γ, Γ′) + c×A∗(V; Γ, Γ′), (H5)(d) with ε′ = θ× ≤
κ/2, c = c×, and the base p× ≤ penv(c×) in place of p gives f (θ×) ≤ Cfin(c×)/K.

Used in: Theorem 7.14.
Part (1) is an identity between functions of the matching. It does not assert that the

conditional law of the matching, or of the paths of group a, is unchanged by a move of
group b, and in general it is not, since the pair checks join rows of different groups. The
comparison of four matchings gives the integrated upper bound (7.19); its left side is zero
when J = 0.

7.7 The surgery theorem

Theorem 7.14. Let a matching system satisfy (H1)–(H5), with the constants of Definition 7.2;
these hypotheses include (H31), (H4) with base p, (H4+) with base p×, and (H5)(c)(iii+). Let
λ ≥ 1 with M ≤ λm∗, let G = (2z+/z−)3, and let ε be given by (7.17). Let 0 < εmax ≤
κ/4 and crec ≥ log 4 + Cchεmax, let θ× and c× be as in Lemma 7.13, and suppose that p ≤
min{p0, penv(2crec)}, p× ≤ penv(c×), ε ≤ εmax, and 8ηloc ≤ θ×. Let ε0 = min{εmax, crec}.
Let Q be the surgery kernel of Definition 7.5, and q(a) =

∫
q(a)

Γ p(dΓ) for every group a. Then
the following hold for K ≥ K0.

1. The measure µQ is absolutely continuous with respect to µ, its density is in L2(µ), and

χ2(µQ ∥ µ) ≤ C∗
mK

+
(

1 − 1
m

)C×ηloc

K
, (7.20)

where C∗ = 2Cfin(2crec)/(1 − e−2ε0) and C× = 8Cfin(c×)/θ×.



7 Matching systems and the surgery theorem 7.7 The surgery theorem 111

2. For every group a, the acceptance probability of the surgeries of group a satisfies∫
q(a)(x, X) µ(dx) = P

(
R(B(a)

σ , Γ) ̸= †
)
≥ 1 − Caccp,

and the same bound holds for the acceptance probability
∫

q(x, X) µ(dx) of Q, where q =

m−1 ∑a q(a).
3. The kernel Q preserves E, and χ2(µQ ∥ µ) =

∫
χ2(µEQ ∥ µE) ν(dE).

The constant C∗ depends only on εmax, crec, and the routes of (H5), and C× depends
only on θ×, Cfin(c×), and the routes. Neither depends on K, m, M, m∗, ηglob, η1, z±, p,
p×, or the exposed data, and the threshold K0 is that of (H5), which does not involve
the groups. The estimate (7.20) concerns the unconditional law µ; we do not assert a
bound of order 1/K on each fiber µE, nor a lower bound on the acceptance probability
for each E. Combining the theorem with Lemma 5.2, we obtain (EµQO − EµO)2 ≤
χ2(µQ ∥ µ)Varµ(O) for every O ∈ L2(µ), with the bound (7.20), and by (5.2), the gain
EµQO − EµO is the mean change of O over accepted surgeries,

EµQO − EµO =
1
m

m

∑
a=1

∫
p(dΓ)

∫
µ(dx) ∑

π∈Π(a)
E

Rπ(σ | Γ)

×
∫ (

O(E, σπ, ωSc , ω′
S)− O(x)

)
Pπ(dω′

S | x).

The gains of the winding and of the stochastic area are computed in Sections 10 and 11;
the theorem itself supplies no gain.

Remark 7.15. The factor K−1 requires cancellation before any upper bound by positive
terms. For two moves of the same group, when the routes have no encounters and
their indicators agree, Lemma 7.9 makes the signed contribution vanish, and the proof
discards the negative terms only on the remaining event, controlled by the skeleton
encounter count and the vulnerable components approached by both skeletons. For two
moves of different groups, the negative terms are kept on every event, and Lemma 7.13
bounds the signed contribution by the encounter loss of the two routes, which gives
the factor ηloc in (7.20). A merely bounded second moment would give no positive
thermodynamic lower bound; see Section 2.5. The antecedents for conditional centering
are [113, Lemmas 6.6–6.8] and [114, Lemma 5.2].

Proof of Theorem 7.14. We fix K ≥ K0. Since θ× ≤ 1, the assumption 8ηloc ≤ θ× implies
ηloc ≤ 1/8, so that Lemmas 7.8, 7.12, and 7.13 apply. Steps 1–7 concern the surgeries of
one group a, and Step 8 combines the groups.
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Step 1: the likelihood on a fiber. Fix a group a and E ∈ E0. By Lemma 7.6(3), for every Γ,
the measure µEQ(a)

Γ has the density La,Γ of (7.7) with respect to µE. The set Π(a)
E is finite,

the rates take values in [0, 1], and by Lemma 7.8 with π′ = π and Γ′ = Γ,

∥cπ(· | Γ)∥2
L2(µE)

≤ G|γ(π)|(1 − ηloc)
−4JR(γ(π),γ(π)).

In particular, supΓ∥La,Γ∥L2(µE)
< ∞. The density La,Γ(σ, ω) is jointly measurable in

(Γ, σ, ω), since R(B, ·) is measurable for each of the finitely many sets B ⊂ Λact. By
Lemma 5.3, the measure µEQ(a) is absolutely continuous with respect to µE, with density∫

La,Γ p(dΓ), and

χ2(µEQ(a) ∥ µE) =
∫∫

∑
π,π′∈Π(a)

E

(
⟨cπ, cπ′⟩µE − ⟨cπ, Rπ′⟩µE

− ⟨Rπ, cπ′⟩µE + ⟨Rπ, Rπ′⟩µE

)
p(dΓ) p(dΓ′),

where cπ and Rπ carry the skeleton Γ, and cπ′ and Rπ′ carry Γ′. All sums are finite and
all terms are finite.

Step 2: the four terms. By Lemmas 7.7 and 7.8, with the notation (7.16), the integrand
above is at most EµE ∑π,π′(Tii − Tio − Toi + Too). We group the pairs (π, π′) according
to their routes (γ, γ′), and obtain

χ2(µEQ(a) ∥ µE) ≤ EµE⊗p⊗p ∑
(γ,γ′)

Σ(γ, γ′), Σ(γ, γ′) = ∑
π,π′

(
Tii − Tio − Toi + Too),

(7.21)
where the outer sum is over ordered pairs of routes in Λact, and the inner sum is over
their labelings by rows of group a. The function Σ(γ, γ′) depends on (σ, Γ, Γ′).

Step 3: the route indicators. Since V(a)
σ ⊂ Λact is finite, (H5)(c) applies with V = V(a)

σ

and B0 = B(a)
σ . Fix σ, Γ, and Γ′, and write A∗ = A∗(V

(a)
σ ; Γ, Γ′), J0 = JR(Γ, Γ′), and L =

L (V(a)
σ , B(a)

σ ; Γ, Γ′). By Lemma 7.11, for every pair of labelings of (γ, γ′) by rows of group
a, each of the four indicator products has the form 1{R(B1, Γ) = γ}1{R(B2, Γ′) = γ′}
with B1, B2 ⊂ V(a)

σ and

B1△B(a)
σ ⊂ N1(γ

′), B2△B(a)
σ ⊂ N1(γ),

according to the following table.

1ii 1io 1oi 1oo

B1 B(a)
σπ′ B(a)

σ B(a)
σπ′ B(a)

σ

B2 B(a)
σπ̃ B(a)

σπ B(a)
σ B(a)

σ
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Two consequences follow. First, if one of the four indicator products equals one, then
γ = R(B1, Γ) and γ′ = R(B2, Γ′) for sets B1, B2 as in the definition of L , which implies
that (γ, γ′) ∈ L . Second, if A∗ = 0, then (H5)(c)(ii) implies that all four indicator
products equal 1oo, for every pair of labelings.

Step 4: the event A∗ = 0. Suppose that A∗ = 0. By the second consequence in Step
3, all four indicator products equal 1oo, for every pair of labelings. The indicator 1oo

vanishes unless (γ, γ′) is the pair (γ0, γ′
0) = (R(B(a)

σ , Γ),R(B(a)
σ , Γ′)) and both γ0 and γ′

0
are routes other than †, so that Σ(γ, γ′) = 0 for all other pairs. Suppose that γ0 and γ′

0

are routes. Taking B1 = B2 = B(a)
σ , we see that this pair lies in L , and (H5)(c)(iii+) with

A∗ = 0 implies that JR(γ0, γ′
0) ≤ J0. We distinguish two cases.

If JR(γ0, γ′
0) = 0, then by Lemma 7.9(1), for every pair of labelings of (γ0, γ′

0), we have
S ∩ S′ = ∅ and π̃ = π, so the factor G|S∩S′|(1 − ηloc)

−4JR(γ0,γ′
0) in Tii equals one. Since all

indicators equal one, by Lemma 7.9(2), we have

Tii − Tio − Toi + Too =
(
rπ(σπ′)− rπ(σ)

)(
rπ′(σπ)− rπ′(σ)

)
= 0,

and Σ(γ0, γ′
0) = 0. By Lemma 7.9(3), the bound of Step 2 is an equality for pairs of labeled

routes whose routes do not meet; on the event considered here, these pairs contribute
exactly zero, and not only at most zero. If JR(γ0, γ′

0) ≥ 1, then J0 ≥ 1. We discard the
nonpositive terms −Tio and −Toi, and by Lemma 7.12, we have Σ(γ0, γ′

0) ≤ 2eεJR(γ0,γ′
0) ≤

2eεmax J0 . In both cases, we obtain

∑
(γ,γ′)

Σ(γ, γ′) ≤ 2eεmax J0+crec A∗ 1{J0 + A∗ ≥ 1}.

Step 5: the event A∗ ≥ 1. Suppose that A∗ ≥ 1. Since Tio, Toi ≥ 0, we have Σ(γ, γ′) ≤
∑π,π′(Tii + Too). By Lemma 7.12 and the first consequence in Step 3, this is at most
2eεJR(γ,γ′)1{(γ, γ′) ∈ L }. By (H5)(c)(i) and (iii+), we obtain

∑
(γ,γ′)

Σ(γ, γ′) ≤ 2 · 4A∗eε(J0+Cch A∗) ≤ 2eεmax J0+crec A∗ 1{J0 + A∗ ≥ 1},

where we used ε ≤ εmax and log 4 + Cchεmax ≤ crec. This is the same bound as in Step 4.
Step 6: the exponential bound. Let X = εmax J0 + crecA∗. Since J0 and A∗ are nonnegative

integers, we have X ≥ ε0 on the event {J0 + A∗ ≥ 1}. For x ≥ ε0, we have e2x − 1 =

e2x(1 − e−2x) ≥ ex(1 − e−2ε0). Then

2eX1{J0 + A∗ ≥ 1} ≤ 2
1 − e−2ε0

(
e2X − 1

)
,

where on the complementary event both sides vanish. By Steps 2, 4, and 5, for ν-almost
every E,

χ2(µEQ(a) ∥ µE) ≤
2

1 − e−2ε0
EµE⊗p⊗p

[
e2εmax JR(Γ,Γ′)+2crec A∗(V

(a)
σ ;Γ,Γ′) − 1

]
.
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Step 7: one group. The kernel Q(a) preserves E, and for ν-almost every E, the measure
µEQ(a) has the density La(E, ·) =

∫
La,Γ p(dΓ) with respect to µE, and La,Γ is jointly

measurable in E, Γ, and the state, by the explicit formulas of Lemma 7.6 and Lemma 5.3,
extended by La,Γ = 1 on E /∈ E0. Then µQ(a) =

∫
µEQ(a) ν(dE) is absolutely continuous

with respect to µ, with density La, and
∫
(La − 1)2 dµ =

∫
χ2(µEQ(a) ∥ µE) ν(dE). Under

µ ⊗ p⊗ p, the vulnerable set V(a)
σ is a random subset of Λact that is independent of (Γ, Γ′)

and satisfies the prescribed-set bound (H4). We integrate the last display over E and
apply (H5)(d) with ε′ = 2εmax and c = 2crec, which is allowed because 2εmax ≤ κ/2 and
p ≤ penv(2crec). This gives

χ2(µQ(a) ∥ µ) ≤ 2
1 − e−2ε0

(
E
[
e2εmax JR(Γ,Γ′)+2crec A∗(V

(a)
σ ;Γ,Γ′)]− 1

)
≤ C∗

K
,

where the expectation is over independent (E, σ, ω) with law µ and Γ, Γ′ with law p. In
particular, La ∈ L2(µ).

The outgoing mass of q(a) at x is p({Γ : R(B(a)
σ , Γ) ̸= †}), as noted after Definition 7.5.

Under µ ⊗ p, the bad set B(a)
σ is a random subset of Λact, independent of Γ, and P(F ⊂

B(a)
σ ) ≤ P(F ⊂ V(a)

σ ) ≤ p|F | for every finite F by (H4). Since p ≤ p0, (H5)(b) implies
that P(R(B(a)

σ , Γ) = †) ≤ Caccp. The acceptance probability of Q is the average of these
probabilities over a, which proves part (2).

Step 8: the average over groups. By Definition 7.5 and Step 7, the measure µQ is
absolutely continuous with respect to µ, with density L = m−1 ∑a La ∈ L2(µ). Since∫

La dµ = 1 for every a,

χ2(µQ ∥ µ) =
∫
(L − 1)2 dµ =

1
m2

m

∑
a,b=1

⟨La − 1, Lb − 1⟩µ.

The kernel Q preserves E, and for ν-almost every E, the measure µEQ has the density
L(E, ·) with respect to µE, so that

∫
(L − 1)2 dµ =

∫
χ2(µEQ ∥ µE) ν(dE). This proves part

(3). By Step 7, each of the m diagonal terms satisfies ⟨La − 1, La − 1⟩µ = χ2(µQ(a) ∥ µ) ≤
C∗/K.

Let a ̸= b. Since La,Γ ≥ 0, we have |La,Γ − 1| ≤ La,Γ + 1, and Tonelli’s theorem and the
Cauchy–Schwarz inequality give∫

ν(dE)
∫∫ ∣∣⟨La,Γ − 1, Lb,Γ′ − 1⟩µE

∣∣ p(dΓ) p(dΓ′)

≤
∫

ν(dE)
∫∫

⟨La,Γ + 1, Lb,Γ′ + 1⟩µE p(dΓ) p(dΓ′) =
∫
(La + 1)(Lb + 1)dµ < ∞.

The middle expression also bounds the integral of |La,Γ − 1||Lb,Γ′ − 1| with respect to
µE ⊗ p⊗ p and ν(dE). By Fubini’s theorem, we obtain

⟨La − 1, Lb − 1⟩µ =
∫

ν(dE)
∫∫

⟨La,Γ − 1, Lb,Γ′ − 1⟩µE p(dΓ) p(dΓ′).
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For ν-almost every E and all Γ, Γ′, by (7.7), the inner product on the right side is the
finite sum of the terms ⟨cπ − Rπ, cπ′ − Rπ′⟩µE over π ∈ Π(a)

E and π′ ∈ Π(b)
E , where cπ, Rπ

carry Γ and cπ′ , Rπ′ carry Γ′. By Lemma 7.13(3), this sum is at most EµE [e
8ηlocXab − 1],

where Xab = JR(Γ, Γ′) + CchA∗(B(a)
σ ∪ B(b)

σ ; Γ, Γ′). Under µ ⊗ p⊗ p, the set B(a)
σ ∪ B(b)

σ ⊂
V(a)

σ ∪ V(b)
σ is a random subset of Λact that is independent of (Γ, Γ′), and by (H4+), it

satisfies the prescribed-set bound with base p× ≤ penv(c×). By Lemma 7.13(4) with
θ = 8ηloc ≤ θ×,

⟨La − 1, Lb − 1⟩µ ≤ Eµ⊗p⊗p

[
e8ηlocXab − 1

]
≤ 8ηloc

θ×

Cfin(c×)
K

=
C×ηloc

K
.

There are m diagonal and m(m − 1) off-diagonal terms, which gives (7.20) and completes
the proof of part (1).

Used in: Propositions 10.1 and 11.9, together with the slab verification Corollary 9.12 and
the gain estimates.

The common choice of constants is given in Section 10.3; Section 11.5 lists the addi-
tional container requirements.



part iii

The hard-sphere gas



section 8

Thermal inputs

In this section, we state the results on the hard-sphere Gibbs measure that are used in
Sections 9 to 11. These are the scaled setting and the thermal and bridge estimates needed
to analyze one short slab of imaginary time. On the torus they are quoted from OpenAI’s
preprint [112], except Proposition 8.5, which extends a statement of [112] to higher
temperatures and is proved in Appendix B; their analog in a container, Proposition 8.10,
is proved in Appendix A. Section 8.1 fixes the scaled variables, and Section 8.2 identifies
the thermal slab of [112] with one slab of the Bose path measure (Lemma 8.2). Sections 8.3
to 8.5 state the joint bound for failure of the local conditions, the estimate for a single
replacement path, and the supply of useful labels. Section 8.6 treats the container.

Imported results. The periodic thermal results imported from the literature are listed
below; the two lattice lemmas of [112, Lemmas 8.3 and 8.4] are proved in Section 6. The
classical tools include the facts recalled in Section 3, the Markov property and Gaussian
bridge computations, Doob’s maximal inequality, and Hoeffding’s sampling comparison
[71, Theorem 4]. For the extension to higher temperatures and the transfer to a container,
we also use the cited inputs enumerated in Tables A.1 and B.1, strong subadditivity of
quantum entropy [98], and monotonicity of relative entropy [106], together with the other
operator inequalities cited in Appendix A. Their adaptations are verified in Appendices A
and B. Definition 8.3, Lemma 8.7, Remark 8.8, and Lemma 8.9 reproduce the cited
statements of [112], with the notation changes in Table 8.1 and the explicitly stated
omissions. Proposition 8.5 extends [112, Proposition 5.4] and is proved in Appendix B,
following [112]. The one-slab identification and the container transfer are proved here
and in Appendix A, respectively.

Much of [112, Sections 3–7] is reproduced there, with attribution, from the earlier
OpenAI preprints [111, 115]: the energy and spatial estimates adapt [115, Section 3] and
[111, Sections 3–4]; regular paths are those of [115, Definition 4.3]; the trajectory estimate
behind Proposition 8.5, the positive-temperature counterpart of [115, Proposition 4.7],
adapts the trace comparison of [111, Section 6, Lemma 6.2]; Lemma 8.7 and Remark 8.8
reproduce [115, Proposition 5.3 and Remark 5.4]; and Lemma 8.9 corresponds to [115,
Lemma 6.1]. The main theorems of these three preprints concern Bose–Einstein conden-
sation and are not used.

117
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Table 8.1. Notation of [112] and of this paper.

Object In [112] Here

symmetric killed heat kernel; partition
function

Bsym
s ; ZN Ks

s (Section 3.2); tr e−βH

purified slab law R Ppur (8.3)
close-count fraction; separation
constant

θ; b θ0; b0

close count at a cell v Cv(X) Ncl
v (X)

scaled oscillation on a mesh interval Ak(ω) osck(ω)

regularity exponent γ = 1/12 written out
trial laws Qu

y,z, QB
y,z, Q0

y,z, Qu
i Pu

y,z, PB
y,z, P0

y,z, Pu
i

In a quoted statement, c, C > 0 denote constants independent of K, D, and T in the
ranges under consideration; they may depend on parameters fixed earlier, including the
window for α [112, Section 2].

8.1 The scaled setting

Let K ≥ 100 be an integer, let ΛK = (R/KZ)3 with the torus distance d, and for N ≥ 1
set

V = K3, D = N/V, r = α/D, α ∈ [α0/2, 2α0], 0 < T ≤ τ0/ log D, β = T−1, (8.1)

where τ0 = κTα0 is fixed in Appendix B; D is taken large enough that τ0/ log D ≤ 1/4.
With 0 < T ≤ D−1 in place of the temperature condition, this is [112, (2.1)], the parameter
range of [112, Theorem 2.1]; that theorem, a lower bound on the occupation of the constant
orbital, is not used. The number α0 ≥ 2 is fixed sufficiently large, and subsequently D
is taken sufficiently large. Here D, r, and T are the density, the exclusion distance, and
the temperature in scaled units. They are related to the physical variables of Section 3 by
the dilation x = sx̃, s = L/K, under which r = a/s and the scaled temperature is s2Tphys.
The density relation is

D = ρLs3, ρL =

{
N/L3 on the torus,

N/(L3|Ω|) in a container,
ρL −→ ρ.

Here ρ is the limiting density of the main theorems; see Sections 10 and 11.
The configuration domain, the Hamiltonian H, the kernels Ks and Ks

s , the bridge
measures Ws

X,Y, and the events Es are those of Sections 3.1 and 3.2, with L replaced by
K and the exclusion distance by r; the identities of Section 3 hold for every exclusion
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distance. A torus path has a continuous Euclidean lift, unique after the lift of its initial
point is fixed; lifted increments and diameters do not depend on that choice. The unit
cells are Bv = v + [−1/2, 1/2)3, periodically interpreted, with v ∈ LK = (Z/KZ)3, and
nv(X) is the number of positions of X in Bv. We write d∞ for the periodic maximum
distance on LK; distances to cells mean distances to their centers. For a configuration X,
let di(X) = mink ̸=i d(xi, xk).

The spatial constants of [112, Section 4] are fixed in the following order: α0 sufficiently
large and then ℓ > 0 sufficiently small, as in [112, Proposition 4.5]; then θ0 > 0 with
3θ0 < ℓ/2; then b0 ∈ (0, 1) sufficiently small, as in [112, Proposition 4.6]. Set

s0 = b0D−1/3, Ncl
v (X) = #{i : d(xi, v) ≤ 5, di(X) ≤ s0}, (8.2)

and increase D so that r < s0 < 1/2. These constants and the numerical constant Creg of
Definition 8.3 are fixed once, before all parameters introduced below, so that the require-
ments of Proposition 8.10 and the temperature-free requirements of Proposition B.2, with
the constants of Proposition B.1, are also met; these sources allow α0 to be increased and
ℓ, θ0, b0 to be decreased.

Remark 8.1. The volume threshold K1 of Proposition 8.5 depends on neither D, α, nor
T (Lemma B.5); the volume-uniformity assertions for the occupation bound in [112,
Theorem 2.1 and Section 9.6] are not used. In a container the volume threshold is KΩ of
Proposition 8.10, which depends on neither D nor T.

Used in: Sections 9 to 11 and Appendices A and B.

8.2 The thermal slab

Fix 0 < t ≤ 1, set δ = 2t, and assume β > δ; since T ≤ τ0/ log D ≤ 1/4, this holds. The
time t is fixed before the lower threshold on D. Let νN be the measure of N independent
torus Brownian motions with generator ∆ on [0, δ], with Lebesgue initial measure, and
write X(s) = (ω1(s), . . . , ωN(s)). For W ′ ∈ ΛN

K , the purified slab law of [112, (5.1)] is

Ppur(dω, dW ′) =
Ks

β/2−t(W
′, X(0))Ks

β/2−t(X(δ), W ′)

tr e−βH 1Eδ
(ω) νN(dω)dW ′, (8.3)

where 1Eδ
(ω) = 1 if and only if d(ωi(s), ωk(s)) > r for all s ∈ [0, δ] and i < k.

The slab variables of this paper are those of Section 3.6. Let X be the one-particle
space (ΛK, or R3 for a container) and XN the configuration domain. For 0 < δ < β, the
one-slab law is the probability measure on XN ×XN × SN × C([0, δ]; XN) given by

P(dY, dZ, {σ}, dω) =
Ks

β−δ(Z, Y)

N! tr e−βH 1Eδ
(ω)Wδ

Y,σZ(dω)dY dZ, (σZ)i = Zσ(i). (8.4)
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Under P, the path ωi runs from Yi to Zσ(i). The labels of Y are those of the paths, the
labels of Z name the terminal positions, which we call slots, and σ assigns to each path
its slot. Summing over σ and using Lemma 3.6, we conclude that (8.4) has mass one. By
Proposition 3.17(4), P is the marginal of each full slab in the marked representation µ̄,
with the cut labels assigned independently as described after that proposition, and with
its time interval translated to [0, δ].

Lemma 8.2. On the torus, (8.3) defines a probability measure, and the law of the labeled path
family ω = (ω1, . . . , ωN) is the same under P and under Ppur, namely

(tr e−βH)−1Ks
β−δ(ω(δ), ω(0)) 1Eδ

(ω) νN(dω). (8.5)

In particular, P(ω ∈ G) = Ppur(ω ∈ G) for every measurable set G of path families. The same
holds in a container, with wall killing included in Eδ and νN the measure of independent Euclidean
Brownian motions in (8.3).

Proof. By the symmetry of Ks and the semigroup identity of Lemma 3.6, integrating W ′

in the nonnegative measure (8.3) replaces the two outer kernels by Ks
β−δ(X(δ), X(0)),

which gives (8.5) as its path marginal. For P, let f be a bounded measurable function
of ω. In the term of (8.4) indexed by σ, we change variables Z′ = σZ; by Lemma 3.6(1),
Ks

β−δ(Z, Y) = Ks
β−δ(Z′, Y), so all N! terms are equal and

E f (ω) =
1

tr e−βH

∫
dY

∫
dZ′ Ks

β−δ(Z′, Y)
∫

f (ω)1Eδ
(ω)Wδ

Y,Z′(dω).

The kernel equals Ks
β−δ(ω(δ), ω(0)) on the support of Wδ

Y,Z′ , and νN =
∫

dY
∫

dZ′ Wδ
Y,Z′

by the Markov property. This shows that E f (ω) is the integral of f against (8.5). With
f = 1, since P has mass one, so does Ppur. The container case is identical.

Every event of the path family has the same probability under Ppur, under P, and
under the law of each full slab of the Bose path measure. This is the only way in which
Proposition 8.5 enters: as a statement about one slab.

Used in: Remark 8.6, for the joint bound (8.9).

8.3 Regular paths and local conditions

Following [112, (5.4)], we set

h0 = D−1, mt = ⌈t/r2⌉, τ = t/mt, (8.6)

and take D large enough that h0 < t and r2/2 ≤ τ ≤ r2. The intervals [(k − 1)τ, kτ],
1 ≤ k ≤ 2mt, divide each half of [0, 2t] into mt mesh intervals. For a path ω with lift ω̃,
let osck(ω) = r−1 diam ω̃([(k − 1)τ, kτ]). The following is [112, Definition 5.2].
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Definition 8.3. Fix a sufficiently large numerical constant Creg. A path on [0, 2t] is regular
if

max
k

osck(ω) ≤ D1/12,
1

2mt

2mt

∑
k=1

(
1 + osck(ω)

)3 ≤ Creg, (8.7)

and its lifted diameter in each endpoint window [0, h0] and [2t − h0, 2t] is at most s0/8.

Used in: Definition 8.4, Lemmas 8.7 and 8.9, and the half-path events of Section 9.2.
A path visits a set if it meets the set at some time. The next definition reproduces the

local conditions stated before [112, Proposition 5.4], with H1 as in Proposition 8.5. We
retain the source’s term “certificate” in Definition 8.4 and Proposition 8.5.

Definition 8.4. Let v ∈ LK, and write Y = X(0) and Z◦ = X(2t). A “certificate at v”
consists of the following conditions on the full path sample:

1. nv(Y) ≥ ℓD and Ncl
v (Y), Ncl

v (Z◦) < θ0D;
2. at most H1D paths visit the ball of radius 12 about v, every visiting path is regular,

and fewer than θ0D visiting paths have lifted diameter greater than one.

These conditions define an event of the full path sample, invariant under relabeling;
we do not condition on this event.

Proposition 8.5. There are a numerical constant κT ∈ (0, 1/16] and an integer K1, depending
only on the constants fixed in Section 8.1, such that the following holds with τ0 = κTα0. For each
prescribed p1 > 0 there are H1 and t̄ ∈ (0, 1], and for each t ∈ (0, t̄] there is D0, such that, for
every set A of distinct cell centers,

Ppur{no site of A has a certificate} ≤ p|A|
1 (8.8)

whenever K ≥ K1, D ≥ D0, α ∈ [α0/2, 2α0], and 0 < T ≤ τ0/ log D.

For 0 < T ≤ D−1, which lies in this window once D is large, and for K sufficiently
large, this is [112, Proposition 5.4]. We prove the extension to the window, and the form
of the volume threshold, in Appendix B, following the proof of [112, Proposition 5.4] and
checking each use of the temperature.

Remark 8.6. The spatial constants α0, ℓ, θ0, b0, and Creg are fixed before p1. After H1

is fixed, Proposition 8.5 permits a further reduction of t before increasing D0. We use
this permission for Lemma 8.9, whose requirement on t depends on H1. The quantities
depending on t, including δ = 2t, the mass bounds of Lemma 9.8, and the collision
constant of Lemma 9.9, are fixed after this reduction. The group size M is chosen next;
the number m of groups, which depends on D, is fixed in (10.7), and at most mM rows
are retained per cell. The density threshold is increased last; the full parameter choice is
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given in Section 10.3. The bound (8.8) is uniform in the window of (8.1) and imposes no
relation between β and K.

The probability in (8.8) is an unconditional probability under Ppur, that is, by
Lemma 8.2, under the law of one slab of the canonical Gibbs path measure. It is not
conditional on exposed data, on cut configurations, on a route, or on whether the local
conditions hold at other cells, and no independence between distinct cells is assumed or
asserted. For A = ∅ the bound is trivial.

By Lemma 8.2, (8.8) is equivalent to the following bound for the one-slab law P of
(8.4):

P{no cell of A satisfies the conditions of Definition 8.4} ≤ p|A|
1 (8.9)

for every finite set A of distinct cells. We call (8.9) the joint bound with base p1. In a
container it is required for sets of interior cells, and it is Proposition 8.10(i).

Used in: the application after Proposition 10.1 and the proof of Theorem 1.1; the joint
bound (8.9) is a hypothesis of Propositions 9.11, 10.1, and 11.9 and Corollary 9.12; the
order of choices is used in Sections 10 and 11.

8.4 Bridge estimates

Fix 0 < t ≤ 1. As in [112, (6.2)], we take D large enough that

r2/2 ≤ τ ≤ h0/2, h0 < t/4, rD1/12 < 1, Cτ/t ≤ r, r < 3s0/4, (8.10)

for any fixed geometric constant C used in the proofs. Fix a cell Bv, and suppose that the
outer endpoints y, z of a path have local lifts with y ∈ Bv and |z − v| ≤ 3. A target cell is
Bv or one of its six face-neighbor cells. For u in a target cell B, let Pu

y,z be the law obtained
by joining two independent Euclidean Brownian bridges of generator ∆, from y to u and
from u to z, each of duration t, projected to the torus. Let PB

y,z =
∫

B Pu
y,z du, a probability

measure since |B| = 1, and let P0
y,z be the Euclidean Brownian bridge from y to z of

duration 2t, projected to the torus. We write Cv for the event that the path is regular and
its local lift stays in the closed ball of radius 10 about v, and, for a deterministic torus
path c,

H(c) = {ω : d(ω(s), c(s)) ≤ r for some s ∈ [0, 2t]}.

The next statement is [112, Lemma 6.3].

Lemma 8.7. Let y ∈ Bv, |z − v| ≤ 3, and let c be a deterministic regular path satisfying
d(y, c(0)) > s0 and d(z, c(2t)) > s0. For either P = PB

y,z, with any target cell B, or P = P0
y,z,

one has

P(Cv ∩H(c)) ≤ Ctr + C
rD1/4
√

h0
≤ Cα

(
tD−1 + D−1/4). (8.11)

Thus this probability tends to zero with D for each fixed t.
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Adapted in: the proof of Lemma 9.9, for the supports and endpoints of Section 9; the
statement itself is not applied.

The next statement is [112, Remark 6.4], without its last sentence, which refers to later
uses in [112].

Remark 8.8. The midpoint in PB
y,z is averaged over a unit cell. An estimate uniform in a

prescribed midpoint is false: if u = c(t), the trial collides at time t. Restricting a uniform
midpoint to a measurable set of volume at least a0 > 0 multiplies an upper bound for a
nonnegative event by at most a−1

0 . Conditioning a trial on an event of probability at least
a0 has the same cost.

In Section 9 the midpoint is never prescribed: every collision bound integrates the full
bridge law, and the only normalization is a division by a lower bound on a total mass.

Used in: the integrated bridge estimates of Sections 9.4 and 9.5; no estimate at a prescribed
midpoint is asserted.

8.5 Useful labels under the local conditions

Label i refers to the path ωi of the sample. Following [112, Section 7.1], a label i is eligible
at v in the sense of [112] if

(i) ωi(0) ∈ Bv and d(ωi(2t), v) ≤ 3;
(ii) d(ωi(0), ωk(0)) > s0 and d(ωi(2t), ωk(2t)) > s0 for every k ̸= i;

(iii) its trajectory is regular and remains in the ball of radius 10 about v.

For such a label and u in a target cell, write Pu
i = Pu

ωi(0),ωi(2t), with all lifts near v. For a
collection F of fixed paths with labels other than i, let Ci(F) be the event that the trial
is regular, stays within distance 10 of v, and avoids every path in F at distance r, that
is, stays at distance greater than r at every time. The next statement reproduces [112,
Lemma 7.1], retaining its terminology.

Lemma 8.9. At a cell with a certificate there are at least ℓD/2 eligible labels. After t has been
chosen sufficiently small and D sufficiently large, at least nine tenths of these labels satisfy the
following stronger property: for every target cell Bw,∣∣{u ∈ Bw : Pu

i
(
Ci(Fall

i )
)
≥ 0.9

}∣∣ ≥ 0.99. (8.12)

Here Fall
i consists of all other trajectories in the sampled configuration, and |·| denotes spatial

volume.

We call an eligible label with property (8.12) useful. The requirement on t depends
on H1, through [112, Corollary 6.5], which is why the reduction of t permitted in Propo-
sition 8.5 is needed. Since every path that starts in Bv visits the ball of radius 12 about
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v, Definition 8.4 implies that at most H1D paths start in Bv at a cell satisfying the local
conditions. By Lemma 8.9, we have at least 9ℓD/20 useful labels there, a fraction at least
9ℓ/(20H1) of the paths starting in Bv.

Used in: Proposition 9.11.

8.6 The container

Let Ω ⊂ R3 be a fixed nonempty bounded open set, and for an integer K ≥ 1 let U = KΩ,
V = |U|, D = N/V, r = α/D, with α ∈ [α0/2, 2α0] and 0 < T ≤ τ0/ log D. We consider
N hard spheres of diameter r in U, with the Dirichlet conditions on the walls and on
the collision set of Section 3.1, and the one-slab law P of (8.4) for U. Distances and
diameters are Euclidean, and no lifts are needed. The cells are Bv = v + [−1/2, 1/2)3

with v ∈ Z3. For R0 > 12, a cell Bv is interior if v ∈ U and dist(v, R3 \ U) ≥ R0. Local
conditions, regular paths, eligible and useful labels, the trial laws Pu

i , and the events Ci(F)
are defined as in Sections 8.3 and 8.5, with Euclidean distances; the trial laws consist of
two independent unrestricted Euclidean bridges.

Proposition 8.10. The constants α0, ℓ, θ0, b0, and Creg of Section 8.1 can be chosen so that
the following holds. Fix R0 > 12. For every p1 > 0, one can choose H1 large, then t ∈ (0, 1]
sufficiently small, and then D0 sufficiently large, and there exists KΩ < ∞, depending only on
Ω and R0, such that, whenever K ≥ KΩ, D ≥ D0, N = DV ∈ N, α ∈ [α0/2, 2α0], and
0 < T ≤ τ0/ log D:

(i) for every finite set A of distinct interior cells,

P(every cell of A fails the local conditions) ≤ p|A|
1 ; (8.13)

(ii) at every interior cell v satisfying the local conditions, at most H1D paths start in Bv, at least
ℓD/2 labels are eligible at v, and at least nine tenths of these eligible labels are useful.

The constants H1, t, and D0 do not depend on Ω, K, or T. After H1 is fixed, t may be decreased
before D0 is increased.

For an interior cell, the closed ball of radius 10 about v lies in U. The event Ci(F) then
implies survival at the walls, and the useful property is the same as on the torus. As in
Remark 8.6, (8.13) is an unconditional bound under the law of one slab of the canonical
Gibbs path measure in U, and the quantifiers are used in the same order. The proof in
Appendix A follows the proofs of [112, Proposition 5.4 and Lemma 7.1], with the uses
of the temperature checked as in Appendix B; the changes for the domain concern the
insertion orbital, the lower bound on the free energy, the shortage bound, and the marked
paths of the trajectory estimate, which are allowed to leave the container. The bridge
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estimates of [112, Section 6] are Euclidean and local and apply without change at interior
cells.

Used in: Section 10.3 and Section 11; part (i) is the joint bound (8.9) in a container.



section 9

The retained matching in one slab

In this section, we show that one slab of the hard-sphere path measure carries a matching
system with m groups in the sense of Definition 7.1 that satisfies hypotheses (H1)–(H4),
with (H31) and (H4+), of Section 7. At each active cell with at least mM eligible paths,
we retain mM of them in a uniformly random order, and divide them into m groups of
M; otherwise we retain none. The rows label these retained eligible paths, each retained
list has mM entries or is empty, and the slots are their terminal positions. The exposed
data consist of everything except the assignment of the retained rows to these slots and
the retained paths. The results are collected in Corollary 9.12, which is combined with
Theorem 7.14 in Sections 10 and 11; hypothesis (H5) concerns the routes and is verified
there. We rely on the one-slab law of Section 3.6 and on Section 8. Sections 9.1 and 9.2 fix
the setting, eligibility, and the retained rows. Section 9.3 proves that the conditional law
of the retained matching and paths is a matching system (Proposition 9.5) and checks
(H1) (Lemma 9.4). Sections 9.4 to 9.6 prove (H2), (H3) with (H31), and (H4) with (H4+)
(Lemmas 9.8 and 9.9 and Proposition 9.11).

The construction adapts the selection and exposure argument of [112, Section 7],
which is that of [115, Section 6], in four ways. Eligibility is imposed separately on the two
halves of a path, so that halves of permitted paths meeting at a common midpoint form
a permitted path. The ordered list at a cell is divided into successive groups, as in [112,
Section 7.2], but all groups remain retained in one matching fiber, whereas [112] exposes
the paths outside a single selected group. The pairing of retained rows with their slots
is not exposed. The conditional law is a weighted sum over matchings rather than the
product law with fixed endpoints of [112, Lemma 7.2]. Finally, accessibility depends on
the row and its slot. Our eligible list can be larger than the source list, so we estimate its
useful fraction in Section 9.6.

9.1 Setting

Throughout this section, Λ is either the scaled torus ΛK of Section 8.1 or the scaled
container U = KΩ of Section 8.6, and the parameters satisfy (8.1), with the temperature-
window condition in (8.1) replaced by β > δ, and with V = |U| in a container. We write
d for the torus distance or the Euclidean distance, L for the cell lattice LK or Z3, and
N (v) = {v, v ± e1, v ± e2, v ± e3} for a cell v; the cells Bw, w ∈ N (v), are the seven target

126
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cells of v.

Active cells. On the torus, every cell is active: Λact = LK. In a container, set Ract = 64
and

Λact = {v ∈ Z3 : v ∈ U, dist(v, R3 \ U) ≥ Ract}. (9.1)

These are the interior cells of Section 8.6 for R0 = Ract. In both settings, Λact is finite: the
torus has K3 cells, and the active cells in a container belong to the bounded set U = KΩ.
Rows are retained only at active cells, and the bad and vulnerable sets of Section 9.4
are subsets of Λact. The depth 64 ensures that permitted paths of rows at active cells
stay in U (Lemma 9.4). That accepted routes lie in Λact is part of (H5) and is proved in
Section 11.

The slab. Fix t ∈ (0, 1] and set δ = 2t. We write (Y, Z, σ, ω) for a sample of the one-slab
law P of (8.4); the path ωi runs from Yi to Zσ(i). By Proposition 3.17(4), P is the law of
every full slab of the Bose path measure, and by Lemma 8.2 the results of Section 8 apply
to events of the path family under P.

Standing assumptions. Unless stated otherwise, we assume

D > 2, (8.10) holds with C = 60, and K ≥ 2000 on the torus. (9.2)

The first two conditions hold for all D larger than a threshold depending only on t, α0,
and b0. Under them, r < 1.

Local lifts. On the torus, for K ≥ 2000 the projection R3 → ΛK is an isometry from
every Euclidean ball of radius 400 onto its image, since two points of such a ball are at
distance at most 800 < K/2. All events below concern paths and points within distance
400 of a cell center v; we fix a lift ṽ and identify the two balls of radius 400 about v and
ṽ. Restricted to paths that stay in the ball, a torus bridge measure Ws

x,y of Section 3.2 is
then the Euclidean bridge measure between the lifted endpoints, since in the sum over
lifts defining Ws

x,y every other lift of y is at distance at least K − 400 from ṽ. Let W
s,E
x̃,ỹ

denote the unnormalized Euclidean bridge, of mass ps(ỹ − x̃), and write

Ŵ
s,E
x̃,ỹ = W

s,E
x̃,ỹ/ps(ỹ − x̃).

On the event that a path stays in the chosen chart, the torus bridge restriction is the
projection of the corresponding Euclidean bridge restriction. In defining p−i and p+j we
use the normalized Euclidean bridges with these local lifts. In a container no lifts are
needed, and x̃ = x.
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9.2 Eligible rows and ordered lists

We recall the mesh h0 = D−1, mt = ⌈t/r2⌉, τ = t/mt of (8.6) and the oscillations osck(ω),
1 ≤ k ≤ 2mt. The intervals with k ≤ mt lie in [0, t], and since h0 < t/4, the window [0, h0]

lies in [0, t] and the window [2t − h0, 2t] lies in [t, 2t].

Definition 9.1. For y ∈ Λ, let C−
y be the set of continuous paths ω on [0, 2t] with ω(0) = y

whose lift satisfies

(i) |ω̃(s)− ω̃(0)| ≤ 20 for s ∈ [0, t];
(ii) osck(ω) ≤ D1/12 for 1 ≤ k ≤ mt, and m−1

t ∑mt
k=1(1 + osck(ω))3 ≤ 2Creg;

(iii) diam ω̃([0, h0]) ≤ s0/8.

For z ∈ Λ, let C+
z be the set of paths ω with ω(2t) = z whose lift satisfies |ω̃(s)− ω̃(2t)| ≤

20 for s ∈ [t, 2t], the two conditions in (ii) for mt < k ≤ 2mt (with the average over these
mt indices), and diam ω̃([2t − h0, 2t]) ≤ s0/8.

Definition 9.2. Let (Y, Z, σ, ω) be a sample. A row i ∈ {1, . . . , N} is eligible if

(E1) d(Yi, Yk) > s0 for every k ̸= i, and d(Zσ(i), Zl) > s0 for every l ̸= σ(i);
(E2) ωi ∈ C−

Yi
∩ C+

Zσ(i)
.

Note that condition (E1) depends only on Y, on Z, and on the slot σ(i); condition (E2)
consists of a test on the first half of ωi that refers to its initial point and a test on the
second half that refers to its terminal point.

Lemma 9.3. Assume (9.2).

(a) Let ω be a path on [0, 2t] with ω(0) ∈ Bv. If ω is regular and its lift stays within distance
10 of ṽ, then ω ∈ C−

ω(0) ∩ C+
ω(2t). In particular, every label that is eligible at v in the sense of

[112] (Section 8.5) is an eligible row.
(b) If ω ∈ C−

y ∩ C+
z , then |ω̃(2t)− ω̃(0)| ≤ 40 and |ω̃(s)− ω̃(0)| ≤ 60 for all s ∈ [0, 2t].

Moreover, osck(ω) ≤ D1/12 for all 1 ≤ k ≤ 2mt, and the diameters of ω̃ on the two
windows of length h0 are at most s0/8.

(c) For all y, z, the indicator of C−
y is a function of the restriction of the path to [0, t], and the

indicator of C+
z is a function of its restriction to [t, 2t].

Proof. For (a), every point of the lift is within 10 +
√

3/2 < 20 of ω̃(0), since |ω̃(0)− ṽ| ≤√
3/2, and within 20 of ω̃(2t), since both lie within 10 of ṽ. The maximum test in (ii) is

part of (8.7). Since the summands in (8.7) are nonnegative, each half sum is at most the
full sum, and we have

1
mt

∑
k∈half

(1 + osck(ω))3 ≤ 2
2mt

2mt

∑
k=1

(1 + osck(ω))3 ≤ 2Creg.
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The window conditions are those of Definition 8.3. A label eligible at v in the sense of
[112] satisfies these hypotheses by its condition (iii), and condition (ii) there is (E1), since
Zσ(i) = ωi(2t).

For (b), the point ω̃(t) is within 20 of both ω̃(0) and ω̃(2t), which gives the first
bound. For s ≤ t we have |ω̃(s)− ω̃(0)| ≤ 20, and for s ≥ t we have |ω̃(s)− ω̃(0)| ≤
|ω̃(s)− ω̃(2t)|+ 40 ≤ 60. The remaining assertions are part of Definition 9.1. Part (c)
holds because the mesh intervals and the window used in each half event lie in the
corresponding half of [0, 2t].

Ordered lists. For v ∈ Λact, let Iel
v be the set of eligible rows i with Yi ∈ Bv, and let

nv = |Iel
v |. Fix integers m, M ≥ 1. Conditionally on the sample (Y, Z, σ, ω), choose

independently for every v ∈ Λact a list Lv as follows. If nv ≥ mM, then Lv is a uniformly
random ordered list of mM distinct elements of Iel

v , each of the (nv)mM = nv!/(nv −mM)!
such lists having probability 1/(nv)mM. If nv < mM, then Lv is empty. Let Iv be the set
of entries of Lv for v ∈ Λact, and, for 1 ≤ a ≤ m, let I(a)

v be the set of its entries in the
positions (a − 1)M + 1, . . . , aM. Set Iv = I(a)

v = ∅ for v /∈ Λact, and let

I =
⊔

v∈L

Iv, I(a) =
⊔

v∈L

I(a)
v , anch(i) = v for i ∈ Iv, J = σ(I).

The elements of I are the retained rows, I(1), . . . , I(m) are the groups, anch(i) is the anchor
of row i, and J is the set of retained slots. Each list has mM or no entries; in particular
|I(a)

v | ≤ M and |Iv| ≤ mM. We keep the notation P and E for the joint law of the
sample and the lists. Since the lists of a slab are chosen using that slab’s sample only, the
marked variables of distinct full slabs remain conditionally independent given the cut
configurations, as Lemma 5.5 requires. In [112, Section 7.2] each cell carries ⌊ℓD/(4M)⌋
groups of M labels; here the number m of groups is chosen in (10.7).

9.3 Exposed data and the conditional law

The exposed data E consist of the cut configurations Y and Z with their labels, the eligibility
indicators ε = (εk)

N
k=1 of all rows, the lists L = (Lv)v, and the slots σ(k) and paths ωk

of all rows k /∈ I. The set I, the groups, the anchors, and J = {1, . . . , N} \ σ(Ic) are
functions of E. The exposed data do not contain the restriction σI of σ to I, that is, the
assignment of retained rows to retained slots, nor the retained paths ωI = (ωi)i∈I . The
sample and the lists are a measurable function of (E, σI , ωI), and conversely. Whether the
local conditions hold at a cell is not included in E.

We write F = (ωk)k/∈I for the frozen paths, and let AvF be the set of paths ω on [0, 2t]
with d(ω(s), ωk(s)) > r for all s ∈ [0, 2t] and k /∈ I that, in a container, stay in U. For



9 The retained matching in one slab 9.3 Exposed data and the conditional law 130

i ∈ I and j ∈ J, define the finite measure

KE
ij(dω) = 1C−Yi

∩C+Zj
∩AvF

(ω)W2t
Yi,Zj

(dω), (9.3)

and let PE
ij be the set of paths from Yi to Zj in C−

Yi
∩ C+

Zj
∩ AvF. The measure KE

ij is

carried by PE
ij , and we call the elements of PE

ij the permitted paths of the pairing (i, j). Let
Rloc = 61, Rint = 123, and Cint = (2Rint + 1)3. For distinct i, k ∈ I, set

hik(ω, ω′) = 1{d(ω(s), ω′(s)) > r for all s ∈ [0, 2t]} if d∞(anch(i), anch(k)) ≤ Rint,

and hik ≡ 1 otherwise. For a bijection σ′ : I → J, we define

ME
σ′(dωI) = ∏

i∈I
KE

iσ′(i)(dωi)∏
i<k

hik(ωi, ωk), Ξ(E) = ∑
σ′∈Bij(I,J)

ME
σ′(1). (9.4)

Lemma 9.4. Assume (9.2). For every value of E, every i ∈ I and j ∈ J, every permitted
path ω ∈ PE

ij stays within distance Rloc of the center of the cell anch(i). If i, k ∈ I satisfy
d∞(anch(i), anch(k)) > Rint, then d(ω(s), ω′(s)) > r for all s, all ω ∈ PE

ij , and all ω′ ∈ PE
kl.

For each i ∈ I, at most CintmM rows k ∈ I satisfy d∞(anch(i), anch(k)) ≤ Rint. In a container,
every path in C−

Yi
∩ C+

Zj
stays in U. These assertions do not depend on the matching.

Proof. Let v = anch(i). By Lemma 9.3(b), a permitted path stays within 60 of Yi. Since
|Yi − ṽ| ≤

√
3/2, the first assertion follows. If d∞(v, v′) > Rint, then some coordinate

of v − v′ has absolute value at least 124. Then d(v, v′) ≥ 124, and two paths within 61
of v and of v′ are at distance at least 2 > r at all times. There are at most (2Rint + 1)3

cells w with d∞(v, w) ≤ Rint, and each carries at most mM retained rows. In a container,
dist(v, R3 \ U) ≥ 64 > 61 for v ∈ Λact.

By Lemma 9.4, replacing the avoidance indicator by one for rows with distant anchors
does not change ME

σ′ : on permitted paths both are equal to one.

Used in: Proposition 9.5 and Lemma 9.9, and Corollary 9.12, where it gives (H1).

Proposition 9.5. Assume (9.2). For almost every value of E under P, we have 0 < Ξ(E) < ∞,
and the conditional law of (σI , ωI) given E is

µE({σ′} × dωI) = Ξ(E)−1ME
σ′(dωI), σ′ ∈ Bij(I, J). (9.5)

In particular, the joint law of (E, σI , ωI) under P is a matching system in the sense of Defini-
tion 7.1, with exposed data E, rows I =

⊔
v Iv partitioned into the groups I(1), . . . , I(m) with

|I(a)
v | ≤ M, anchors anch(i), slots J, kernels KE

ij , permitted sets PE
ij , pair checks hik, and active

region Λact.
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Proof. We first show that the exposed quantities that enter the density are the same for
every matching of the retained rows. Fix a value of E such that εi = 1 for all i ∈ I; other
values have probability zero, since the lists contain only eligible rows. Let σ′ : I → J be
a bijection, let ω′

i ∈ PE
iσ′(i) for i ∈ I, and let S′ be the sample with the cut configurations

Y, Z, the matching equal to σ′ on I and to the exposed slots on Ic, the paths ω′
I , and the

frozen paths F. Then the following hold.

(1) Every retained row i is eligible in S′. Indeed, Yi is separated from the other initial
positions because i was eligible in the original sample and this condition depends
on Y only. The slot σ′(i) ∈ J is the slot of some retained row in the original sample;
since that row was eligible, Zσ′(i) is separated from the other terminal positions.
Condition (E2) holds because ω′

i ∈ PE
iσ′(i).

(2) Every row k /∈ I has the same eligibility indicator in S′ as in the original sample,
because this indicator depends only on Y, Z, σ(k), and ωk, which are exposed.

(3) By (1) and (2), the eligible sets Iel
v and the counts nv of S′ are those of the original

sample, and the lists L have the same conditional probability ∏v sv(Lv), where
sv(Lv) = 1{nv ≥ mM}/(nv)mM if Lv ̸= ∅ and sv(∅) = 1{nv < mM}. Here we used
that the entries of Lv are eligible rows starting in Bv, by (1).

(4) The paths of S′ avoid the frozen paths and, in a container, stay in U, because
ω′

i ∈ AvF.

We now compute the joint law. Let Φ be a bounded nonnegative measurable function
of E, and let Ψ be a bounded nonnegative measurable function of (E, σI , ωI). Fix the lists
L, which determine I, an injective map φ : Ic → {1, . . . , N} prescribing the slots of the
frozen rows, and the indicators ε; then J = {1, . . . , N} \ φ(Ic), and the permutations σ

with σ|Ic = φ are the maps σ = φ ∪ σ′ with σ′ ∈ Bij(I, J). By (8.4) and the definition of
the lists, the contribution of these values to E[Φ(E)Ψ(E, σI , ωI)] is

cN ∑
σ′∈Bij(I,J)

∫
dY dZ Ks

β−δ(Z, Y)
∫

∏
k/∈I

W2t
Yk,Zφ(k)

(dωk)∏
i∈I

W2t
Yi,Zσ′(i)

(dωi)

× 1E2t(ω) 1{ε(S) = ε}∏
v

sv(Lv)ΦΨ,

where cN = (N! tr e−βH)−1 and S = (Y, Z, φ ∪ σ′, ω). We split the indicator of E2t into
the pair conditions between frozen paths, between a retained and a frozen path, and
between two retained paths, together with the wall condition in a container. The indicator
1{ε(S) = ε} is the product of the conditions εk(S) = εk for k /∈ I, which are functions of
E, and the conditions that each i ∈ I satisfies (E1) and (E2). By the argument for (1), the
product over i ∈ I of the conditions (E1) equals

∏
i∈I

1{d(Yi, Yk) > s0 ∀k ̸= i}∏
j∈J

1{d(Zj, Zl) > s0 ∀l ̸= j},
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which does not depend on σ′. By (3), the sampling factors are functions of E. Collecting
the factors that depend only on E into a function G(E) ≥ 0, and using (9.3), the definition
of hik, and Lemma 9.4 for the pairs of retained paths, we factor the integrand as

cNKs
β−δ(Z, Y) G(E)Φ(E)∏

k/∈I
W2t

Yk,Zφ(k)
(dωk)× Ψ(E, σ′, ωI)ME

σ′(dωI).

Let νref be the measure on exposed data that, for each choice of L, φ, and ε, equals
cNKs

β−δ(Z, Y)G(E)dY dZ ∏k/∈I W2t
Yk,Zφ(k)

(dωk). Summing over the finitely many choices
gives

E[Φ(E)Ψ(E, σI , ωI)] =
∫

Φ(E) ∑
σ′∈Bij(I,J)

∫
Ψ(E, σ′, ωI)ME

σ′(dωI) νref(dE). (9.6)

With Ψ = 1, (9.6) implies that the law of E is Ξ(E) νref(dE). In particular, the set
{Ξ = 0} has probability

∫
{Ξ=0} Ξ dνref = 0. Since each ME

σ′(1) is at most a product of
the finite masses W2t

Yi,Zj
(1), we have Ξ(E) < ∞. Then (9.6) states that (9.5) is a version of

the conditional law of (σI , ωI) given E. The exposed data take values in a finite disjoint
union, over the choices of L, φ, and ε, of products of Euclidean spaces and path spaces,
which is standard Borel. Since bridge measures depend measurably on their endpoints
and the events in (9.3) are Borel sets of continuous paths, the maps E 7→ KE

ij(A), ME
σ′ ,

and Ξ are measurable. Each retained row uses the path space C([0, 2t]; X) for all of its
pairings, and the checks hik do not depend on the matching. This is the structure required
in Definition 7.1; accessibility and the threshold m∗ are defined in Section 9.4.

Remark 9.6. The retained matching is not uniformly distributed given E: its conditional
probabilities are ME

σ′(1)/Ξ(E). For example, KE
ij = 0 when the lifted distance from

Yi to Zj exceeds 40, by Lemma 9.3(b), and every matching pairing such i and j has
probability zero, while the matching of the sample has positive mass almost surely. If σI
is exposed as well, the conditional law is the product of the normalized enlarged kernels
KE

iσI(i)
, conditioned on mutual avoidance. This has the same disintegration form as [112,

Lemma 7.2], whose individual cutoffs and endpoint class are different. We cannot expose
σI , since the surgeries of Section 7 change it. Apart from the eligibility and allocation
marks whose fiber invariance was proved above, E imposes no further condition on the
retained paths. Neither these local conditions nor route acceptance is exposed. Steps (1)–
(3) of the proof, the invariance of eligibility and of the sampling factors on the matching
fiber, are the reason for imposing eligibility separately on the two halves of a path.

Used in: Corollary 9.12; the form (9.5) is the matching law of Definition 7.1 used in
Section 7.
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9.4 Accessibility and masses

Fix a value of E. For i ∈ Iv, j ∈ J, and u ∈ R3 with |u − ṽ| ≤ 400 (on the torus, a point of
the lifted ball about ṽ), let p−i (u) be the probability that a Brownian bridge of duration t
from Yi to u, with law Ŵ

t,E
Ỹi,u

, satisfies conditions (i)–(iii) of Definition 9.1 for C−
Yi

, avoids

every frozen path at distance r during [0, t], and, in a container, stays in U. Let p+j (u) be

the probability that a Brownian bridge of duration t from u to Zj, with law Ŵ
t,E
u,Z̃j

and run

on the time interval [t, 2t], satisfies the conditions of Definition 9.1 for C+
Zj

, avoids every
frozen path at distance r during [t, 2t], and, in a container, stays in U. On the torus, Zj is
lifted to the lift nearest to u; if that lift is at distance more than 20 from u, then p+j (u) = 0.

Definition 9.7. For i ∈ Iv and j ∈ J, set Aij = 1 if, for every w ∈ N (v),∣∣{u ∈ Bw : p−i (u) p+j (u) ≥ 0.9}
∣∣ ≥ 0.99, (9.7)

and Aij = 0 otherwise. For a bijection σ′ : I → J, a group a, and a cell v, let m(a)
v (σ′) =

∑i∈I(a)
v

Aiσ′(i). For an integer m∗ ≥ 4, the bad set and the vulnerable set of the group a are

B(a)
σ′ = {v ∈ Λact : m(a)

v (σ′) < m∗}, V(a)
σ′ = {v ∈ Λact : m(a)

v (σ′) < m∗ + 2}.

The quantities p± and Aij are functions of E, i, j, and u; they read no retained path,
of any group. The probabilities p−i and p+j are jointly measurable in (E, u): bridge
measures depend measurably on their endpoints, and their defining tests are jointly Borel
in the exposed data and the continuous path, as in the proof of Proposition 9.5. Fubini’s
theorem, first for the bridge probabilities and then for the spatial volumes in (9.7), shows
that Aij is measurable in E; see also [112, Section 7.3]. Changing σ′ at one row changes

m(a)
v (σ′) only for the group a of that row and at its anchor, and by at most one. Cells

outside Λact never belong to B(a)
σ′ or V(a)

σ′ ; in a container these sets consist of interior cells
at depth at least Ract.

Lemma 9.8. Assume (9.2), and set

g∗ = (4πt)−3/2e−100/t, z− = 0.98 (0.9)2g2
∗, z+ = (8πt)−3/2.

For every value of E, all i, k ∈ I whose anchors are equal or face neighbors, and all j, l ∈ J with
Aij = Akl = 1, we have

z− ≤ KE
il(1) ≤ z+. (9.8)

The cases i = k and j = l are included, and the pairings (i, j) and (k, l) need not belong to a
common matching. Moreover, KE

ij(1) ≤ z+ for all i ∈ I and j ∈ J.
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Proof. Let v = anch(i) and v′ = anch(k) ∈ N (v). Then Bv′ is a target cell of v, and it
is the home cell of k. Since Aij = 1 and p+j ≤ 1, the set S1 = {u ∈ Bv′ : p−i (u) ≥ 0.9}
has volume at least 0.99. Since Akl = 1, applied with the target cell Bv′ of k, the
set S2 = {u ∈ Bv′ : p+l (u) ≥ 0.9} has volume at least 0.99. As |Bv′ | = 1, we have
|S1 ∩ S2| ≥ 0.98.

By the concatenation identity (3.12), W2t
Yi,Zl

=
∫

Wt
Yi,u

⊛ Wt
u,Zl

du. By Lemma 9.3(c),
the indicator in (9.3) is the product of a function of the first half of the path and a
function of the second half: avoidance of F on [0, 2t] is avoidance on [0, t] and on [t, 2t],
and the same holds for the wall condition. On the confinement event we pass to the
corresponding Euclidean bridge restrictions. Normalizing the two Euclidean half bridges,
we obtain

KE
il(1) =

∫
pt(u − Yi) pt(Zl − u) p−i (u) p+l (u)du, (9.9)

where on the torus the integral is over the lifted ball about ṽ, by the convention on local
lifts. For u ∈ S1 ∩ S2 ⊂ Bv′ , we have |u − Yi| ≤

√
6 < 3, since Yi ∈ Bv and v′ ∈ N (v),

and |Zl − u| ≤ 20, since p+l (u) > 0 requires a path from u to Zl that stays within 20 of
Zl. Since pt is radially decreasing, both heat kernels in (9.9) are at least pt(20e1) = g∗ on
S1 ∩ S2. Restricting the integral to S1 ∩ S2 yields KE

il(1) ≥ 0.98 (0.9)2g2
∗.

For the upper bound, the confinement of Lemma 9.3(b) selects a unique Euclidean
lift on the torus. We first pass to that Euclidean bridge restriction and then drop all
restrictions to obtain KE

ij(1) ≤ p2t(Zj − Yi) ≤ p2t(0) = z+, with the selected lift of Zj on
the torus. If no lift is permitted, the mass is zero.

The constants z± depend only on t. Lemma 9.8 bounds the mass of the crossed pairing
(i, l); it does not assert that this pairing is accessible. The intersection of two success sets
of volume 0.99 is used in [112, Section 7.4], after Proposition 7.4 there, for two accessible
labels sharing a midpoint target set, following [115, Proposition 6.4]. Here it bounds
the unnormalized mass of a pairing whose two halves come from different accessible
pairings.

Used in: Corollary 9.12, where it gives (H2); the lower bound z− is also used in Lemma 9.9
and in the conditional area moments of Section 11.

9.5 Insertion

Lemma 9.9. Assume (9.2). There exists Ct < ∞, depending only on t and α0, with the following
property. Let E be a value of the exposed data satisfying d(Yi, Yk) > s0 for every i ∈ I and k ̸= i,
and d(Zj, Zl) > s0 for every j ∈ J and l ̸= j. Every value produced by the selection procedure
satisfies these conditions, since retained rows are eligible and J = σ(I). Let i ∈ I and j ∈ J satisfy
KE

ij(1) ≥ z−, let k ∈ I \ {i} and j′ ∈ J \ {j}, and let ω′ ∈ PE
kj′ . Then

KE
ij
(
{ω : hik(ω, ω′) = 0}

)
≤ η1KE

ij(1), η1 = CtD−1/4. (9.10)
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Further, for every bijection σ′ : I → J with KE
iσ′(i)(1) ≥ z−, every I′ ⊂ I \ {i}, and every choice

of ωk ∈ PE
kσ′(k) for k ∈ I′,∫

∏
k∈I′

hik(ω, ωk)KE
iσ′(i)(dω) ≥ (1 − ηglob)KE

iσ′(i)(1), ηglob = CintmMCtD−1/4. (9.11)

The opponents ωk in (9.10) and (9.11) are only required to be permitted for their
own pairings. They need not be accessible, they need not belong to the group of i,
they need not avoid one another, and the frozen paths remain imposed through the
kernels. Deleting rows from I′ or checks from the product only increases the left side. By
Lemma 9.8, every crossed pairing (i, σ′(i)) of (H2) has mass at least z−. Hence (9.11) is
hypothesis (H3) with collision error ηglob whenever ηglob ≤ 1/2, and (9.10) is hypothesis
(H31) with η1, since distinct rows have distinct slots under a bijection.

Proof. If d∞(anch(i), anch(k)) > Rint, then hik ≡ 1 and there is nothing to prove. Other-
wise all paths involved stay within distance 400 of ṽ, v = anch(i), by Lemma 9.4, and we
pass to the Euclidean bridge restriction in this chart. We write y = Yi and z = Zj in these
Euclidean coordinates. Since KE

ij ≤ 1C−y ∩C+z W
2t,E
y,z , the restrictions to AvF only decrease the

left side of (9.10). It suffices to prove

W2t,E
y,z

(
C−

y ∩ C+
z ∩H(ω′)

)
≤ Cα0t−3/2D−1/4 (9.12)

with a numerical constant C, where H(ω′) is the collision event of Section 8.4. Then (9.10)
follows with Ct = Cα0t−3/2z−1

− , after division by KE
ij(1) ≥ z−.

We first collect the properties of the opponent. Since ω′ ∈ C−
Yk
∩ C+

Zj′
, Lemma 9.3(b)

implies that oscm(ω′) ≤ D1/12 for all m, and the diameters of ω′ on the two windows of
length h0 are at most s0/8. Its initial point is Yk, and d(y, Yk) > s0 because the retained
row i is eligible. Its terminal point is Zj′ , and d(z, Zj′) > s0 because j is the slot of an
eligible retained row in the original sample. Note that j′ ̸= j is used here: the trial and
the opponent have distinct terminal slots.

The endpoint windows. Let ω ∈ C−
y and s ∈ [0, h0]. Then

d(ω(s), ω′(s)) ≥ d(y, Yk)− d(ω(s), y)− d(ω′(s), Yk) > s0 −
s0

8
− s0

8
=

3s0

4
> r,

where in the last inequality we used (8.10). The same holds on [2t − h0, 2t]. It follows
that on C−

y ∩ C+
z ∩H(ω′) a collision occurs during a mesh interval [(m − 1)τ, mτ] that is

not contained in [0, h0] ∪ [2t − h0, 2t].
One mesh interval in the first half. Let m ≤ mt with mτ > h0, and set s = (m − 1)τ;

then s > h0 − τ ≥ h0/2, since τ ≤ h0/2. By the concatenation identity, under W
2t,E
y,z the

position Xs = ω(s) has the unnormalized density ps(x− y)p2t−s(z− x), and conditionally
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on Xs = x the path (ω(s + s′))0≤s′≤2t−s is a Brownian bridge from x to z of duration
t′ = 2t − s ≥ t. We write it as

ω(s + s′) = x +
s′

t′
(z − x) + b(s′), 0 ≤ s′ ≤ t′,

where b is a Brownian bridge from 0 to 0 of duration t′, whose law does not depend on x.
Let Υ = r−1 sup0≤s′≤τ|b(s′)|. Writing b(s′) = B(s′)− (s′/t′)B(t′) for a Brownian motion
B of generator ∆, Doob’s maximal inequality and Gaussian moments give

E sup
s′≤τ

|B(s′)|3 ≤
(3

2

)3
E|B(τ)|3 ≤ Cτ3/2, E

(τ

t′
|B(t′)|

)3
≤ Cτ3t′−3/2 ≤ Cτ3/2,

where we used τ ≤ t′ in the last step. Since τ ≤ r2, we obtain EΥ3 ≤ CΥ with a numerical
constant CΥ.

On C−
y ∩ C+

z , Lemma 9.3(b) implies that |z − Xs| ≤ 60, and the drift term satisfies
s′|z − Xs|/t′ ≤ 60τ/t ≤ r for s′ ≤ τ, by (8.10) with C = 60. If, moreover, d(ω(s +
s′), ω′(s + s′)) ≤ r for some s′ ∈ [0, τ], then

|Xs − ω′(s)| ≤ |Xs − ω(s + s′)|+ |ω(s + s′)− ω′(s + s′)|+ |ω′(s + s′)− ω′(s)|
≤ (r + rΥ) + r + r oscm(ω

′) = r
(
2 + oscm(ω

′) + Υ
)
.

This is a necessary condition for a collision during the mth interval on C−
y ∩ C+

z . We now
discard the cutoffs. Since Υ is independent of Xs, ps ≤ (4πs)−3/2, and p2t−s ≤ (4πt)−3/2,
the unnormalized mass of this necessary condition is at most

4π

3
r3

(4πs)3/2(4πt)3/2 E
(
2 + oscm(ω

′) + Υ
)3 ≤ C

r3D1/4

t3/2s3/2 .

In the last inequality, we used (x + y)3 ≤ 4x3 + 4y3, oscm(ω′) ≤ D1/12, and EΥ3 ≤ CΥ.
Summing over the intervals. The starting times s = (m − 1)τ ≥ h0/2 are multiples of τ.

With k0 = ⌈h0/(2τ)⌉ ≥ 1, we have

∑
k≥k0

(kτ)−3/2 ≤ τ−3/2(k−3/2
0 + 2k−1/2

0
)
≤ 3τ−3/2k−1/2

0 ≤ 3
√

2
τ
√

h0
≤ 6

√
2

r2
√

h0
,

where we used τ ≥ r2/2. The collisions during the first half contribute at most
Ct−3/2rD1/4h−1/2

0 = Ct−3/2αD−1/4 ≤ 2Cα0t−3/2D−1/4, since r = α/D and h0 = D−1.
The second half. The time reversal ω 7→ ω(2t − ·) maps W

2t,E
y,z to W

2t,E
z,y (Section 3.2). It

maps C+
z to C−

z and C−
y to C+

y , because the two halves of Definition 9.1 are mirror images,
and it maps the mesh intervals of [t, 2t] to those of [0, t]. The reversed opponent has the
same oscillation and window bounds, and its endpoints are separated from z and y by
more than s0. Collisions during the second half become collisions during the first half
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of the reversed paths, and by the preceding argument, we obtain the same bound. This
proves (9.12).

For (9.11), we have 1 − ∏k∈I′ hik ≤ ∑k∈I′(1 − hik). Only rows k with
d∞(anch(i), anch(k)) ≤ Rint contribute, and there are fewer than CintmM of them
by Lemma 9.4. For each of them σ′(k) ̸= σ′(i), since σ′ is a bijection, and ωk ∈ PE

kσ′(k).
Applying (9.10) with j = σ′(i) and j′ = σ′(k) to each term and summing yields (9.11).

The normalization of the integrated bridge estimates is as in Remark 8.8, with divisor
KE

ij(1) ≥ z−. We adapt the proof of Lemma 8.7 for the whole bridge P0
y,z, with three

changes: permitted paths are confined to balls of radius 20 about their two endpoints
instead of a ball of radius 10 about the home cell, and the drift bound uses the distance
60; the opponent is any permitted path of another retained row with a different terminal
slot; and the normalization is by the mass bound of Lemma 9.8 instead of an accessibility
probability as in [112, Proposition 7.4]. Only the maximum test on the opponent’s
oscillations is used, which is why the bound is CtD−1/4 rather than C(tr + rD1/4h−1/2

0 ).

Used in: Corollary 9.12, where it gives (H3) and (H31); the bound (1 − ηglob)z− ≥ z−/2
on the one-row normalizing masses after imposing the fixed opponents is also used in
Section 11.

9.6 Vulnerable cells

We use the following form of the multiplicative Chernoff bound for sampling without
replacement.

Lemma 9.10. Let a set of n elements contain at least f n marked elements, where 0 < f ≤ 1, and
let X be the number of marked elements among M ≤ n distinct elements chosen uniformly at
random. Then P(X < f M/2) ≤ e− f M/8.

Proof. Let f ′ ≥ f be the fraction of marked elements, and let X′ have the binomial
distribution with parameters M and f ′. By Hoeffding’s comparison [71, Theorem 4] (see
also [11, Lemma 1.1]), we have Eϕ(X) ≤ Eϕ(X′) for every continuous convex function ϕ.
For λ > 0, applying this with ϕ(x) = e−λx and Markov’s inequality, we obtain

P(X < f M/2) ≤ eλ f M/2 Ee−λX′
= eλ f M/2(1 − f ′(1 − e−λ)

)M ≤ eλ f M/2− f M(1−e−λ).

In the last inequality, we used 1− x ≤ e−x and f ′ ≥ f . For λ = log 2, the exponent equals
− f M(1 − log 2)/2 ≤ − f M/8.

Used in: Proposition 9.11.

Proposition 9.11. Let p1 ∈ (0, 1), and let H1 > 0, t ∈ (0, 1], and D0 be such that the
useful-label conclusion holds for these H1, t, and D ≥ D0: on the torus by Lemma 8.9, and
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in a container by the conclusion derived from Proposition A.23 in the proof of Theorem A.1(ii).
Set qu = 9ℓ/(20H1), let M be an integer with quM ≥ 16 and p1 + 2e−qu M/8 ≤ 1, and let
m∗ = ⌊quM/4⌋. Assume (9.2), D ≥ D0, m ≥ 1, mM ≤ ℓD/2, ηglob ≤ 1/2, α ∈ [α0/2, 2α0],
β > δ, in a container K ≥ KΩ, and that P satisfies the joint bound (8.9) with base p1 (for sets
of interior cells in a container). Then m∗ ≥ 4, m∗ + 2 < quM/2, and M/m∗ ≤ 8/qu, and, for
every group a and every finite set A of distinct cells,

P
(

A ⊂ V(a)
σ

)
≤

(
p1 + e−qu M/8)|A|. (9.13)

For all distinct groups a, b and every finite set A of distinct cells,

P
(

A ⊂ V(a)
σ ∪ V(b)

σ

)
≤

(
p1 + 2e−qu M/8)|A|. (9.14)

Here σ stands for the retained matching σI of the sample, and P is the joint law of the slab sample
and the lists. In particular, (H4) holds for every group with p = p1 + e−qu M/8, and (H4+) holds
with p× = p1 + 2e−qu M/8 ≤ 2p.

Proof. Since quM ≥ 16, we have m∗ ≥ 4 and m∗ + 2 ≤ quM/4 + quM/8 < quM/2; also
m∗ ≥ quM/4 − 1 ≥ quM/8, which gives M/m∗ ≤ 8/qu. If A ̸⊂ Λact, the probabilities in
(9.13) and (9.14) vanish, and we may assume A ⊂ Λact.

For v ∈ Λact, let Gv be the event that the local conditions of Definition 8.4 hold at v,
with Euclidean distances in a container. Call a row useful if, as a label of the sample, it is
eligible at some cell v in the sense of [112] and satisfies (8.12). Fix v ∈ Λact and suppose
that Gv holds. We claim that the following hold.

(i) nv ≥ mM, so that |I(a)
v | = M for every group a;

(ii) at least qunv elements of Iel
v are useful;

(iii) every useful row i ∈ Iv, in any group, satisfies Aiσ(i) = 1.

By the useful-label conclusion, which concerns every path configuration satisfying the
local conditions at v, at least ℓD/2 labels are eligible at v in the sense of [112], at least
nine tenths of them are useful, and at most H1D paths start in Bv; on the torus, the last
bound is the remark after Lemma 8.9. By Lemma 9.3(a), all of these eligible labels belong
to Iel

v , and we have nv ≥ ℓD/2 ≥ mM, which proves (i). Every row in Iel
v starts in Bv, so

nv ≤ H1D. The number of useful rows is at least 9ℓD/20 ≥ quH1D ≥ qunv, which proves
(ii).

For (iii), let i ∈ Iv be useful, let w ∈ N (v), and let u ∈ Bw satisfy Pu
i (Ci(Fall

i )) ≥ 0.9.
Under Pu

i , the trial is the concatenation of independent bridges, b− from Yi to u and b+

from u to ωi(2t) = Zσ(i), each of duration t, with the same local lifts as in the definition of
p±. On Ci(Fall

i ) the trial is regular and stays within distance 10 of v. By Lemma 9.3(a), the
bridge b− then satisfies the conditions defining C−

Yi
and b+ those defining C+

Zσ(i)
. The trial

avoids every path of Fall
i , which contains the frozen family F because i ∈ I. In a container
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it stays in U, since the ball of radius 10 about an active cell lies in U. We conclude that
Ci(Fall

i ) is contained in the intersection of the event defining p−i (u) for b− and the event
defining p+

σ(i)(u) for b+, and by the independence of b− and b+, we have

0.9 ≤ Pu
i
(
Ci(Fall

i )
)
≤ p−i (u) p+

σ(i)(u).

By (8.12), the set of such u has volume at least 0.99 in each target cell. Then Aiσ(i) = 1,
which proves (iii). The point is that removing the retained paths from the obstacles can
only increase success probabilities.

For a group a, let Nu,(a)
v be the number of useful rows in I(a)

v , and let H(a)
v = {Nu,(a)

v <

quM/2}. By (iii), m(a)
v (σ) ≥ Nu,(a)

v on Gv. Since m∗ + 2 < quM/2, we obtain{
v ∈ V(a)

σ

}
⊂ Gc

v ∪
(
Gv ∩ H(a)

v
)
.

Usefulness and Gv are functions of the slab sample S = (Y, Z, σ, ω), and H(a)
v is a function

of S and Lv. Conditionally on S, on Gv the list Lv is a uniformly random ordered list
of mM distinct elements of Iel

v , by (i). Each fixed block of M positions of Lv is then a
uniformly random ordered list of M distinct elements of Iel

v , since every such list has the
same number (nv − M)!/(nv − mM)! of completions. Thus I(a)

v is a uniformly random
subset of M elements of Iel

v , and (ii) and Lemma 9.10 with f = qu imply that, for every
group a,

P
(

H(a)
v

∣∣ S
)
≤ e−qu M/8 on Gv. (9.15)

The blocks of different groups at one cell need not be independent; for a ̸= b we use only
the consequence P(H(a)

v ∪ H(b)
v | S) ≤ 2e−qu M/8 on Gv.

We prove (9.14); the proof of (9.13) is the same, with H(a)
v in place of H(a)

v ∪ H(b)
v and

e−qu M/8 in place of 2e−qu M/8. Let Hv = H(a)
v ∪ H(b)

v . On the event {A ⊂ V(a)
σ ∪ V(b)

σ }, let
A0 be the set of cells of A at which Gv fails. By the inclusion above, every v ∈ A \ A0

satisfies Gv and Hv. Summing over the possible values of A0, we obtain

P
(

A ⊂ V(a)
σ ∪ V(b)

σ

)
≤ ∑

A0⊂A
E
[

∏
v∈A0

1Gc
v ∏

v∈A\A0

1Gv 1Hv

]
.

Conditionally on S, the lists at distinct cells are independent, and 1Hv depends only on S
and Lv. Conditioning on S and using (9.15), we bound the term indexed by A0 by(

2e−qu M/8)|A\A0| P
( ⋂

v∈A0

Gc
v

)
≤

(
2e−qu M/8)|A\A0| p|A0|

1 .

In the last inequality, we used that
⋂

v∈A0
Gc

v is an event of the slab sample, whose
probability under the joint law of the sample and the lists is its probability under the
one-slab law, and the joint bound (8.9), where A0 consists of interior cells in a container.
Summing over A0 ⊂ A yields (p1 + 2e−qu M/8)|A|.
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All probabilities in Proposition 9.11 are unconditional, under the law of one slab of
the canonical Gibbs path measure (Proposition 3.17(4)) together with its lists. The proof
conditions only on the full slab sample, never on the exposed data, the matching, or a
route, and it uses no independence of the local-condition events at distinct cells: the joint
bound (8.9) is applied to the set A0. Only the dominating events are factored across cells;
the vulnerable sets themselves depend on all retained lists, through the frozen family.
This is the argument of [112, proof of Proposition 7.3] (see also [115, Proposition 6.3]),
with the useful fraction 9/10 replaced by qu, because our eligible list may be larger than
the list of labels eligible in the sense of [112], and with the sampling estimate replaced
by Lemma 9.10. In a container the vulnerable sets are empty outside the interior cells;
declaring the cells near the walls bad would violate (9.13).

Used in: Corollary 9.12, where it gives (H4) and (H4+).

9.7 Summary

We collect the results of this section in the form in which they are used.

Corollary 9.12. Let p1 ∈ (0, 1), and let H1, t, D0, and qu = 9ℓ/(20H1) be as in Proposi-
tion 9.11. Let z± be as in Lemma 9.8 and Ct as in Lemma 9.9. Let M be an integer with quM ≥ 16
and p1 + 2e−qu M/8 ≤ 1, and let m∗ = ⌊quM/4⌋. There exists D1 ≥ max{D0, 2M/ℓ}, de-
pending only on D0, t, M, and the constants of Section 8.1, such that the following holds. Let
D ≥ D1, α ∈ [α0/2, 2α0], and β > δ, let m ≥ 1 be an integer with mM ≤ ℓD/2 and
ηglob = CintmMCtD−1/4 ≤ 1/2, let K ≥ 2000 on the torus and K ≥ KΩ in a container, and
suppose that P satisfies the joint bound (8.9) with base p1 (for sets of interior cells in a container).
Then the law of (E, σI , ωI) under P is a matching system in the sense of Definition 7.1, with m
groups of at most M rows per cell, active region Λact, accessibility Aij, and threshold m∗ ≥ 4,
and it satisfies

(H1) with Rloc = 61, Rint = 123, and at most CintmM = 2473mM rows with a nontrivial check
with a given row;

(H2) with z− = 0.98 (0.9)2g2
∗ and z+ = (8πt)−3/2, where g∗ = (4πt)−3/2e−100/t;

(H3) with collision error ηglob;
(H31) with η1 = CtD−1/4;
(H4) for every group, with p = p1 + e−qu M/8;

(H4+) with p× = p1 + 2e−qu M/8 ≤ 2p.

Moreover M/m∗ ≤ 8/qu. The constants Rloc, Rint, and Cint are numerical, and z±, qu, and Ct

depend only on H1, t, and the constants of Section 8.1. None of them depends on M, m, D, T, K,
or the exposed data.
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Proof. Let D1 ≥ max{D0, 2M/ℓ} be large enough that (9.2) holds for D ≥ D1, apart from
the condition on K. By Proposition 9.5, we have a matching system with the groups
I(1), . . . , I(m). Hypothesis (H1) follows from Lemma 9.4, and Lemma 9.8 implies (H2).
By Lemma 9.9, we have (H3), since ηglob ≤ 1/2, and (H31): for a matching τ, a crossed
pairing (i, τ(i)), and a row k ̸= i of any group, KE

iτ(i)(1) ≥ z− by Lemma 9.8, and

τ(k) ̸= τ(i), so that (9.10) applies with j = τ(i), j′ = τ(k), and every ω′ ∈ PE
kτ(k). Finally,

Proposition 9.11 implies (H4), (H4+), and the bound on M/m∗.

The full order of parameter choices is given in Section 10.3, with the permission to
reduce t stated in Remark 8.6. Hypothesis (H5), including the containment of accepted
routes in Λact in a container, is verified in Sections 10 and 11.

Used in: Sections 10 and 11, together with Theorem 7.14.



section 10

Proof of the theorem on the superfluid fraction

We apply Theorem 7.14 to the slab matching system, compute the exact winding gain,
and use Proposition 5.6 to obtain the scaled lower bound. After fixing the parameters, we
return to physical units and prove Theorem 1.1; the final subsection proves Corollary 1.4.

10.1 The scaled setting

In Sections 10.1 to 10.4, we work in the scaled units of Section 8.1. Here K ≥ 100
is an integer, ΛK = (R/KZ)3, LK = (Z/KZ)3 is the cell lattice with cells Bv = v +

[−1/2, 1/2)3, and N, D, r, α, and T satisfy (8.1), with the temperature-window condition
in (8.1) replaced by β > δ. We apply the results of Section 3 to N particles on ΛK with
exclusion distance r; the side L and the exclusion distance a of Section 3 are then K and r.
We write µ for the Bose path measure, W for its winding vector, and fs(N, K, T) for the
superfluid fraction (3.5). Since N = DK3, the identity (3.32) reads

fs(N, K, T) =
TK2

2N
Varµ(W1) =

T
2DK

Varµ(W1). (10.1)

Slabs and marks. Let t ∈ (0, 1] and the group size M be fixed as in Section 10.3, let
m = m(D) be the number of groups in (10.7), and set δ = 2t and nβ = ⌊β/δ⌋ ≥ 1. We
use the slab decomposition of Proposition 3.17 with slab length δ, and we mark each full
slab by the ordered lists of Section 9.2, of mM rows divided into m groups. The lists of a
slab are chosen using that slab and its two cuts only, and they define a marking kernel m
as in Proposition 5.6. We write µm

δ for the resulting marked one-slab law. In the notation
of Section 9, it is the joint law P of the slab sample (Y, Z, σ, ω) and the lists, where Y
and Z are the two cuts of the slab and ωi runs from Yi to Zσ(i). By Proposition 9.5, the
marked one-slab variable and the triple (E, σI , ωI) of exposed data, retained matching,
and retained paths are measurable functions of each other, and we identify the two
descriptions. As in Section 9, we write σ for the retained matching σI when no confusion
can arise.

For a unit vector u, the function φW
u of Section 5.2 is, in the present notation,

φW
u =

1
K

N

∑
k=1

u · d(ωk), (10.2)

142
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where d(ωk) is the lifted displacement of the path ωk (Section 3.2). By Proposition 3.17(4)
and (5), it is the contribution of any full slab to u · W, and it is square integrable under
µm

δ .

The surgery kernel. Let Γ be a winding skeleton of Definition 6.4, sampled indepen-
dently of the slab, and let R be the torus routing map of Definition 6.14. We use them
in the kernels of Definition 7.5. For each group a, averaging the subprobability kernel of
the group over the random skeleton gives a subprobability kernel q(a), whose outgoing
mass q̄(a) is the probability, over the random skeleton, that the routing map accepts the
bad set B(a)

σ . The surgery kernel Q = m−1 ∑a Q(a), where Q(a) is the completion of q(a)

(Definition 5.1), is the completion of q = m−1 ∑a q(a), and it preserves the exposed data E,
including the two cuts. For an accepted labeled route of the group a, the selected rows
ik belong to I(a), π(ik) = ik+1, and the matching changes from σ to σπ. We compute the
resulting winding change below.

The following proposition is the scaled form of Theorem 1.1. Its constants are fixed in
Section 10.3.

Proposition 10.1. Let α0, p1, δ, Dmin, and C♯ be the constants fixed in Section 10.3, and let K0

be the threshold defined there, which depends only on the constants fixed there. Let K ≥ K0 and
N ≥ 1 with D = N/K3 ≥ Dmin, let α ∈ [α0/2, 2α0] and r = α/D, and let β > δ. Suppose
that the one-slab law of µ satisfies the joint bound (8.9) with base p1. Then

Varµ(W1) ≥
nβKD1/4

4C♯
, fs(N, K, T) ≥

Tnβ

8C♯D3/4 ≥ 1
16C♯δD3/4 . (10.3)

By Proposition 8.5, the joint bound holds whenever K ≥ K1, D ≥ Dmin, α ∈ [α0/2, 2α0],
and 0 < T ≤ τ0/ log D.

Used in: the proof of Theorem 1.1 in Section 10.5.

10.2 The winding gain

We use the homology vector hom(γ) of Section 6.1. If ṽ0, . . . , ṽ|γ| is a lift of the oriented
closed nearest-neighbor walk γ = (v0, . . . , v|γ|−1), then

ṽ|γ| − ṽ0 = K hom(γ). (10.4)

The torus routing map ensures hom1(γ) ≥ 1 (Proposition 6.15).
The next lemma shows that a surgery along γ changes the winding vector by exactly

hom(γ), whatever the resampled paths are. The operation of moving terminal endpoints
along a route of cells, with exact conditional resampling of the moved paths, is that
of [111, Section 9], where the routes are open. For a closed route, the changes of the
endpoints telescope, and the change of the observable is the homology class of the route.
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Lemma 10.2. Assume K ≥ 2000. Let E be a value of the exposed data of one slab, let γ =

(v0, . . . , v|γ|−1) be an oriented nearest-neighbor cycle of distinct cells of LK, and let ik ∈ Ivk for
k ∈ Z/|γ|Z. Let π be the permutation of I with π(ik) = ik+1 that fixes all other rows, and let
S = {ik : k ∈ Z/|γ|Z}. Let σ : I → J be a bijection, and let ωI and ω′

I be families of paths such
that ωi ∈ PE

iσ(i) for every i ∈ I, ω′
i = ωi for i /∈ S, and ω′

i ∈ PE
i,σπ(i) for i ∈ S. Then

1
K ∑

i∈I

(
d(ω′

i)− d(ωi)
)
= hom(γ). (10.5)

If (E, σπ, ω′
I) is obtained from (E, σ, ωI) by a move of the kernel q along γ, then φW

e1
increases

by hom1(γ). If this move is applied to a full slab of the marked slab measure of Proposition 5.6,
then the winding vector of the concatenated paths increases by hom(γ).

Proof. We first show that the lifted displacement of a permitted path is determined by
its endpoints. Let i ∈ Iv, j ∈ J, and ω ∈ PE

ij . By Lemma 9.4, ω stays within distance
Rloc = 61 of v. Fix a representative ṽ ∈ Z3 of v. Since K ≥ 2000, the torus ball of radius
61 about v is the isometric image of the Euclidean ball B(ṽ, 61), as in the paragraph on
local lifts in Section 9.1, and the lift of ω that starts in B(ṽ, 61) stays there. We conclude
that

d(ω) = z̃ − ỹ, (10.6)

where ỹ and z̃ are the unique representatives of ω(0) and ω(2t) in B(ṽ, 61).
Let ṽ0, . . . , ṽ|γ| be the lifts of the cells of γ defined before (10.4). For 0 ≤ k < |γ|, let

Ỹk be the representative of Yik in B(ṽk, 61), and let Z̃k be the representative of Zσ(ik) in
B(ṽk, 61); both exist because ωik ∈ PE

ikσ(ik)
runs from Yik to Zσ(ik) within distance 61 of vk.

Set Z̃|γ| = Z̃0 + Khom(γ). By (10.4), Z̃|γ| is the representative of Zσ(i0) in B(ṽ|γ|, 61). By
(10.6), we have

d(ωik) = Z̃k − Ỹk, 0 ≤ k < |γ|.
Next, fix 0 ≤ k < |γ|. The path ω′

ik
belongs to PE

ik,σπ(ik)
, and σπ(ik) = σ(ik+1). It

runs from Yik to Zσ(ik+1)
and stays within distance 61 of vk. By (10.6), we have d(ω′

ik
) =

Z̃′ − Ỹk, where Z̃′ is the representative of Zσ(ik+1)
in B(ṽk, 61). On the other hand, Z̃k+1

is a representative of the same point, and it lies in B(ṽk+1, 61) ⊂ B(ṽk, 62), because
|ṽk+1 − ṽk| = 1; for k = |γ| − 1 we use the definition of Z̃|γ|. Two representatives of one
point of ΛK differ by an element of KZ3, and Z̃′ and Z̃k+1 both lie in B(ṽk, 62), whose
diameter is less than K. This implies that Z̃′ = Z̃k+1, and we have

d(ω′
ik) = Z̃k+1 − Ỹk.

The paths of the rows i /∈ S are unchanged. Summing over the selected rows gives

∑
i∈I

(
d(ω′

i)− d(ωi)
)
=

|γ|−1

∑
k=0

(
Z̃k+1 − Z̃k

)
= Z̃|γ| − Z̃0 = Khom(γ),
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which is (10.5). A move of q along γ is of this form: the selected rows lie in the distinct
cells of γ, the paths in the support of the exact conditional law of the matching system
belong to the permitted sets, and the frozen paths of the slab are part of E and do not
change. By (10.2), φW

e1
increases by hom1(γ). Finally, the move changes neither the cuts

nor the other slabs. By (3.42), the winding vector of the concatenated paths changes by
the change of the contribution of the slab, which is hom(γ).

Used in: the proof of Proposition 10.1.

10.3 Choice of the parameters

We now fix the constants used in the proofs of Theorem 1.1 and Theorem 1.2, in the
following order. Each step uses only the constants fixed in earlier steps. At every step,
the choice is made so that the requirements of both theorems are met; Section 11.5 lists
the additional requirements that come from the container. In particular, the constants α0,
ℓ, θ0, b0, κT, H1, t, M, and Dmin, and the number m(D) of groups, are common to the two
theorems.

Step 1. Spatial constants and the temperature coefficient. Fix α0 ≥ 2, then ℓ, then θ0 such
that 3θ0 < ℓ/2, then b0, and the numerical constant Creg, as in Section 8.1, so that
the requirements of [112, Sections 4 and 5], the temperature-free requirements
of Proposition B.2 with the constants of Proposition B.1, and the requirements
of Proposition 8.10 are met. Then fix the numerical constant κT and τ0 = κTα0

of Proposition 8.5, the insertion constant Cinc and the color-gap base m0 of
Appendix B, and the volume threshold K1 of Proposition 8.5, which depends
only on the constants of this step.

Step 2. Geometry. The eligibility class of Section 9.2 has half-path radius 20. It fixes the
radii Rloc = 61 and Rint = 123 of (H1) and Cint = 2473 (Lemma 9.4). Fix the
radius R of the encounter count JR as required in Section 7, the shell radius 1 and
the perturbation radius 1 of Lemma 6.16, and a component range Rc ≥ R + 2.
Fix the winding skeleton law of Definition 6.4 and the torus routing map of
Definition 6.14, with its size threshold ⌊K/20⌋. None of these choices depends
on a constant fixed later.

Step 3. Exponential coefficients. By Proposition 6.6, there exist κ, ξ > 0 and Ch, Cs < ∞
such that two independent winding skeletons Γ, Γ′ satisfy Eeκ JR(Γ,Γ′) ≤ 1 +

Ch/K and EeξSRc (Γ,Γ′) ≤ 1 + Cs/K for all sufficiently large K. Let Cacc be the
acceptance constant of Proposition 6.15, Cch the constant in the encounter
bound of Lemma 6.16, and ζ(p, c) the coefficient of Lemma 6.18. The polygon
skeletons of Section 11.1 have constants of the same kind, and we use the
smaller exponential coefficients and the larger multiplicative constants of the
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two families. We fix εmax ∈ (0, κ/4], and then the coefficient crec > log 4 +

Cchεmax + 1 of A∗ in the exponential of Theorem 7.14. We also fix the cross-
group exponent and coefficient of Lemma 7.13,

θ× = min{κ/2, 1/ max(1, Cch)}, c× = θ×Cch,

and the cross-group constant C× = 8Cfin(c×)/θ× of Theorem 7.14, where
Cfin(c×) is the constant of (H5)(d), the larger of its values for the two skeleton
families. These choices are made before the thermal constants, and the base for
bad cells in Step 4 does not depend on t.

Step 4. Base for bad cells. Let pmax ∈ (0, 1) be such that, for every p ∈ (0, pmax], we
have p ≤ p0, with p0 as in Proposition 6.15, Caccp ≤ 1/2, the expansion of
Lemma 6.18 applies with exponent 2crec, and 2ζ(p, 2crec) ≤ ξ. Require moreover
that (2Rc + 1)6(2pmax)ec× ≤ e−2 and 2ζ(2pmax, c×) ≤ ξ, so that Corollary 6.19
applies with the coefficient c× of A∗ for every base at most 2pmax; that is, we
may take penv(c×) = 2pmax in (H5)(d). Fix p1 ∈ (0, pmax/2).

Step 5. Thermal constants. We apply Proposition 8.5, Lemma 8.9, and Proposition 8.10
with base p1 and R0 = 64, and we fix a common H1, then a common t ∈ (0, 1],
as permitted by Remark 8.6, together with the density thresholds D0. The
larger of the two values of H1 is allowed: increasing H1 weakens the certificate
conditions in Definition 8.4, and then t may be decreased to meet the useful-
label requirements for this common value. Set δ = 2t, the useful fraction qu =

9ℓ/(20H1) of Proposition 9.11, the masses z± of Lemma 9.8, G = (2z+/z−)3,
and the constant Ct of Lemma 9.9. No later step changes t.

Step 6. Group size M. Set λ0 = 8/qu, and let M be an integer such that quM ≥ 16,
e−qu M/8 < pmax/2, and (3 + 8Gλ2

0)/m∗ < εmax/2, where m∗ = ⌊quM/4⌋ and
3+ 8Gλ2

0 = C1(G, λ0) is the constant of (7.17). By Proposition 9.11, m∗ ≥ 4, m∗+
2 < quM/2, and M/m∗ ≤ λ0. Set p = p1 + e−qu M/8 and p× = p1 + 2e−qu M/8,
so that p < pmax and p× < 2pmax < 1.

Step 7. Density threshold and number of groups. Let Dmin be at least the threshold D1 of
Corollary 9.12 for the constants of Steps 5 and 6, which includes the threshold
D0 of Step 5 (and with it the thresholds of Proposition 8.5 and Appendix B),
2M/ℓ, and the requirement D > 2 of (9.2), and at least (2CintMCt)4. Let Dmin

moreover be so large that

32CintCtD−1/4
min ≤ min{εmax/2, θ×}, D3/4

min ≥ 1
ℓCintCt

,
τ0

log Dmin
≤ 1

4
.

For D ≥ Dmin, the number of groups is

m(D) =
⌊ D1/4

2CintMCt

⌋
. (10.7)



10 Proof of the theorem on the superfluid fraction 10.4 Proof of the scaled bound 147

Since D ≥ (2CintMCt)4, the argument of the floor is at least one, and ⌊x⌋ ≥ x/2
for x ≥ 1 gives

D1/4

4CintMCt
≤ m(D) ≤ D1/4

2CintMCt
.

Hence m(D) ≥ 1, the global collision error ηglob = Cintm(D)MCtD−1/4 of
Lemma 9.9 satisfies ηglob ≤ 1/2, and m(D)M ≤ D1/4/(2CintCt) ≤ ℓD/2. With
η1 = CtD−1/4 and ηloc = 4Cintη1, we have 8ηloc ≤ min{εmax/2, θ×}, and there-
fore ε = (3 + 8Gλ2

0)/m∗ + 8ηloc < εmax. Since G was defined using only
ηglob ≤ 1/2, increasing Dmin changes neither G nor M.

Step 8. Comparison constants. With the constants of Steps 1–7, Theorem 7.14 provides the
constant C∗ in its bound on the chi-square divergence; for the polygon skeletons
of Section 11.1 it provides a constant of the same kind, and we let C∗ be the
larger of the two. Set

C♯ = 4CintCt
(

MC∗ + C×
)
.

The constants C∗, C×, and C♯ depend only on the constants of Steps 1–6, and not
on K, on D ≥ Dmin, on m, on α, or on T. Finally, we increase Dmin, if necessary,
so that 8C♯δD3/4

min ≥ 1; since C♯ does not depend on Dmin, this changes no
constant fixed before, and the requirements of Step 7 persist. The constants of
the area estimate are fixed at this step as well (Section 11.5).

Step 9. Physical parameters, then the volume. For Theorem 1.1, fix a and 0 < ρ1 ≤ ρ2 with
ρ2a3 ≤ 2c0, where c0 = α3

0/(16D2
min). Only after that do we let N and L, and

with them K, tend to infinity.

Volume thresholds. Let K0 be the smallest integer K0 ≥ 2000 such that, for all K ≥
K0, the excess bounds of Step 3 for the winding skeletons, the acceptance bound of
Proposition 6.15 for the torus routing map, and the volume condition of Theorem 7.14
hold. These are lattice conditions, which depend only on the constants of Steps 1–8. No
condition involves D, α, T, or the number of groups, and none relates β to K.

10.4 Proof of the scaled bound

Proof of Proposition 10.1. Let K, N, α, and β be as in the statement, and let m = m(D) be
the number of groups (10.7). By assumption, β > δ.

We first verify the hypotheses of Theorem 7.14 for one slab. By Step 7, we have m ≥ 1,
mM ≤ ℓD/2, and ηglob ≤ 1/2, and D ≥ Dmin is at least the threshold D1 of Corollary 9.12;
moreover K ≥ K0 ≥ 2000. Since the one-slab law satisfies the joint bound (8.9) with base
p1, Corollary 9.12 shows that the marked one-slab law µm

δ is the law of a matching system
with m groups of at most M rows per cell that satisfies (H1) with the radii of Step 2,
(H2) with the masses z± of Step 5, (H3) with the collision error ηglob ≤ 1/2, (H31) with
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η1 = CtD−1/4, (H4) with the base p < pmax of Step 6, and (H4+) with the base p× < 2pmax

of Step 6. By Propositions 6.6 and 6.15 and Lemma 6.16, the winding skeletons and the
torus routing map satisfy (H5), including (H5)(c)(iii+), with the constants of Step 3; on
the torus every cell is active. By Steps 3, 4, 6, and 7, the constants εmax, crec, θ×, p,
p×, ηloc = 4Cintη1 with 8ηloc ≤ θ×, and ε = (3 + 8Gλ2

0)/m∗ + 8ηloc < εmax satisfy the
requirements of Theorem 7.14, with λ = λ0. Then Theorem 7.14 implies that µm

δ Q is
absolutely continuous with respect to µm

δ , that its density belongs to L2(µm
δ ), that each

group accepts with probability at least 1 − Caccp, and that

χ2(µm
δ Q

∥∥ µm
δ

)
≤ C∗

mK
+

(
1 − 1

m

)C×ηloc

K
.

By the lower bound on m(D) in Step 7, we have C∗/m ≤ 4CintMCtC∗D−1/4, and C×ηloc =

4CintCtC×D−1/4. Therefore

χ2(µm
δ Q

∥∥ µm
δ

)
≤

C♯D−1/4

K
,

∫
q̄(a) dµm

δ ≥ 1 − Caccp ≥ 1
2

for every group a. (10.8)

In the last inequality, we used p < pmax and Caccpmax ≤ 1/2.
Next, we bound the gain. Since the function φW

e1
of (10.2) and the density of µm

δ Q are
square integrable, and Q is the completion of q = m−1 ∑a q(a), Lemma 5.2(2) implies that

Eµm
δ Q φW

e1
− Eµm

δ
φW

e1
=

1
m ∑

a

∫∫ (
φW

e1
(y)− φW

e1
(x)

)
q(a)(x, dy) µm

δ (dx),

with absolutely convergent integrals. Fix a state x = (E, σ, ωI) with E ∈ E0 such that
ωi ∈ PE

iσ(i) for every i ∈ I, which holds for µm
δ -almost every x by (9.5). Fix also a group a

and a random skeleton Γ for which the routing map accepts B(a)
σ , with output γ. Every

move of q(a) with this skeleton is a move along γ as in Lemma 10.2, since its selected
rows lie in I(a)

v for the distinct cells v of γ, and the resampled paths are drawn from a law
carried by the permitted sets PE

i,σπ(i), i ∈ S. By Lemma 10.2, every such move increases

φW
e1

by hom1(γ), and hom1(γ) ≥ 1 by Proposition 6.15. The selection probabilities of the
rows sum to one. Averaging over the random skeleton, we obtain∫ (

φW
e1
(y)− φW

e1
(x)

)
q(a)(x, dy) = EΓ

[
1{R(B(a)

σ , Γ) accepts} hom1
(
R(B(a)

σ , Γ)
)]

≥ q̄(a)(x).

Integrating over x, averaging over the groups, and using (10.8), we obtain

Eµm
δ Q φW

e1
− Eµm

δ
φW

e1
≥ 1

m

m

∑
a=1

∫
q̄(a) dµm

δ ≥ 1
2

. (10.9)

The kernel Q preserves the cuts, and 0 < δ < β. By Proposition 5.6, applied with
u = e1, g = 1/2, and h = C♯D−1/4/K, and by (10.8) and (10.9), we have

Varµ(W1) ≥
nβ(1/2)2

C♯D−1/4/K
=

nβKD1/4

4C♯
.
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Inserting this bound into (10.1) yields

fs(N, K, T) ≥ T
2DK

·
nβKD1/4

4C♯
=

Tnβ

8C♯D3/4 .

Finally, since β/δ ≥ 1 and ⌊x⌋ ≥ x/2 for x ≥ 1, we have Tnβ = ⌊β/δ⌋/β ≥ 1/(2δ),
which gives the last inequality in (10.3).

The temperature uniformity follows from Tnβ ≥ 1/(2δ); see Proposition 5.6. Since
fs ≤ 1 by Proposition 3.14, the constants satisfy 16C♯δD3/4

min ≥ 1.

10.5 Return to physical units

We follow the change of units of [112, Section 10]. The superfluid fraction is invariant
under dilations, in the following sense. For an exclusion distance a > 0, we write
fs(N, L, T; a) for the superfluid fraction of Definition 3.2.

Lemma 10.3. Let N ≥ 1 and L, a, s > 0, and set K = L/s. The configuration domains of N
particles on ΛL with exclusion distance a and on ΛK with exclusion distance a/s are either both
empty or both nonempty. In the second case, FN,L,T(θ) = s−2FN,K,s2T(θ) for every θ ∈ R, where
the free energies are computed with the exclusion distances a and a/s, respectively, and

fs(N, L, T; a) = fs(N, K, s2T; a/s). (10.10)

Proof. The map X 7→ X/s is a bijection from ΛN
L onto ΛN

K , and dL(x, y) = s dK(x/s, y/s).
It maps the configuration domain with exclusion distance a onto the one with exclusion
distance a/s, which proves the first claim. Define (Uψ)(X) = s3N/2ψ(sX) for X ∈ ΛN

K .
Then U is unitary from L2(ΛN

L ) onto L2(ΛN
K ), it preserves symmetry, and it maps smooth

functions with compact support in the first domain onto those in the second. It also maps
QN onto QN. For smooth ψ, note that ∇i(Uψ)(X) = s3N/2s(∇iψ)(sX) and θe1/K =

s θe1/L. Then
N

∑
i=1

∫
|(−i∇i + θe1/K)Uψ|2 dX = s2

N

∑
i=1

∫
|(−i∇i + θe1/L)ψ|2 dX,

where we changed variables X 7→ sX on the right, with Jacobian s3N. By density, this
identity holds on QN. The forms (3.3) then satisfy q(L,a)

θ = s−2q(K,a/s)
θ ◦ U, which implies

that HN,L(θ) = s−2U−1HN,K(θ)U, with the indicated exclusion distances. It follows that
tr e−HN,L(θ)/T = tr e−HN,K(θ)/(s2T), and taking logarithms, we obtain the relation between
the free energies. Differentiating twice at θ = 0 and using (3.5) yields

fs(N, L, T; a) =
L2

2N
s−2 ∂2

θ FN,K,s2T(0) =
K2

2N
∂2

θ FN,K,s2T(0) = fs(N, K, s2T; a/s).

This completes the proof.
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Used in: the proof of Theorem 1.1.
Equivalently, the winding vector is invariant under the dilation of paths x(τ) 7→

s−1x(s2τ), and TL2 = (s2T)K2.

Proof of Theorem 1.1. Let α0, p1, τ0, Dmin, δ, C♯, and K0 be the constants fixed in Sec-
tion 10.3, and let K1 be the threshold of Proposition 8.5; they are absolute. We prove the
theorem with the constants c0 = α3

0/(16D2
min) and c1 = 1/(16C♯δα9/8

0 ). For a, ρ > 0, put

sρ =
(α0

aρ

)1/2
, Dρ = ρs3

ρ =
α3/2

0
(ρa3)1/2 .

By (1.11), we have T∗(a, ρ) = τ0/(s2
ρ log Dρ).

We first prove the finite-volume form stated in Remark 1.7. Let a > 0 and 0 < ρ1 ≤ ρ2

with ρ2a3 ≤ 2c0. We claim that there exists L0 such that fs(N, L, T) ≥ c1(ρLa3)3/8, where
ρL = N/L3, for all L ≥ L0, all N with ρL ∈ [ρ1, ρ2], and all 0 < T ≤ T∗(a, ρL). Let L, N,
and T be such. As in [112, Section 10], with ⌈·⌉ in place of ⌊·⌋, let

K =
⌈ L

sρL

⌉
, s =

L
K

, D =
N
K3 = ρLs3, r =

a
s

, α = Dr = ρLas2, TK = s2T.

Since L/sρL ≤ K < L/sρL + 1, we have (1 − 1/K)sρL ≤ s ≤ sρL . Let L0 =

sρ1 max{K0, K1, 8}. Since sρL ≤ sρ1 , we have K ≥ max{K0, K1, 8} for L ≥ L0, and then the
following hold.

• (1 − 1/K)3DρL ≤ D ≤ DρL . Since ρLa3 ≤ 2c0, we have DρL ≥
√

8 Dmin, and
(7/8)3

√
8 ≥ 1 gives D ≥ Dmin.

• (1 − 1/K)2α0 ≤ α ≤ α0, so that α ∈ [α0/2, α0].
• Since D ≥ Dmin > 1, both factors in TK log D are nonnegative, and

TK log D ≤ s2
ρL

T log DρL = τ0
T

T∗(a, ρL)
≤ τ0.

• βK = 1/TK ≥ log Dmin/τ0 ≥ 4 > δ, since τ0/ log Dmin ≤ 1/4 and δ = 2t ≤ 2.

By Proposition 8.5, in the form (8.9), the one-slab law of N particles on ΛK with exclusion
distance r and temperature TK satisfies the joint bound with base p1; the threshold K1

depends on neither D nor TK (Remark 8.1). By Lemma 10.3 and Proposition 10.1, we have

fs(N, L, T; a) = fs(N, K, TK; r) ≥ D−3/4

16C♯δ
≥

D−3/4
ρL

16C♯δ
=

(ρLa3)3/8

16C♯δα9/8
0

= c1(ρLa3)3/8,

which proves the claim.
Now let a, ρ > 0 satisfy ρa3 ≤ c0, let 0 < T < T∗(a, ρ), and consider a sequence

of N and L tending to infinity with ρL = N/L3 → ρ. Since T∗(a, ·) is continuous,
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for all sufficiently large L in the sequence we have ρL ∈ [ρ/2, 2ρ] and T ≤ T∗(a, ρL).
We apply the claim with ρ1 = ρ/2 and ρ2 = 2ρ, for which ρ2a3 ≤ 2c0, and obtain
fs(N, L, T) ≥ c1(ρLa3)3/8 for all sufficiently large L in the sequence. Since ρL → ρ, we
conclude that

lim inf
N,L→∞
N/L3→ρ

fs(N, L, T) ≥ c1(ρa3)3/8,

which is the claim.

10.6 Scaling of the winding vector

Proof of Corollary 1.4. Fix a sequence of N and L tending to infinity with N/L3 → ρ, and
write ρL = N/L3 and Ŵ = W/(βρL)1/2. Let λρ = sup ρL/ρ, the supremum over the
sequence, which is finite.

For t ∈ R3, we apply Theorem 3.10 to t(βρL)−1/2 and obtain

Eµet·Ŵ ≤ exp
(βN|t|2

L2βρL

)
= exp

(N|t|2
ρL3

)
.

Let u be a unit vector and p ≥ 1. By Corollary 3.11, with σ2 = 2βN/L2 as in (3.25),
we have Eµ|u · W|p ≤ p(2σ2)p/2Γ(p/2). Since 2σ2/(βρL) = 4ρL/ρ ≤ 4λρ, we obtain
Eµ|u · Ŵ|p ≤ p(4λρ)p/2Γ(p/2). By convexity, we have |Ŵ|p ≤ (|Ŵ1|+ |Ŵ2|+ |Ŵ3|)p ≤
3p−1 ∑b|Ŵb|p, and then

Eµ|Ŵ|p ≤ 3p p(4λρ)
p/2Γ(p/2)

for every element of the sequence.
Let Ŵ∞ be the limit in distribution of Ŵ along a subsequence. By the last bound

with p = 4, the variables |Ŵ|2 are uniformly integrable along the sequence, and we have
EµŴ → EŴ∞ and EµŴŴT → EŴ∞ŴT

∞ along the subsequence. Then Theorem 3.10
implies that EµŴ = 0, which implies that EŴ∞ = 0. By Theorem 3.10, Covµ(Ŵ) = vL Id
with vL = Varµ(W1)/(βρL). By (3.24) with u = e1, we have Varµ(W1) ≤ 2βN/L2,
and then vL ≤ 2ρL/ρ → 2. By (3.32), Varµ(W1) = 2βN fs(N, L, T)/L2, that is, vL =

2(ρL/ρ) fs(N, L, T), and Theorem 1.1 implies that lim inf vL ≥ 2c1(ρa3)3/8. Since Cov(Ŵ∞)

is the limit of vL Id along the subsequence, we conclude that

2c1(ρa3)3/8 Id ≤ Cov(Ŵ∞) ≤ 2 Id,

which completes the proof.

The upper and moment bounds use only Theorem 3.10; the lower covariance bound
also uses Theorem 1.1. See the comments after Corollary 3.12 for the scope of the
distributional conclusion.



section 11

Proof of the theorem on rotational inertia

In this section, we prove Theorem 1.2. The argument follows that of Section 10, with
three changes. First, the gas lives in a bounded container, rows are retained only at cells
at a fixed distance from the walls, and the routes are polygons in a cube inscribed in
the container. Section 11.1 describes this setting and shows that the routes never leave
the cells at which the matching system is active, which completes the verification of
hypothesis (H5) of Section 7. Second, the observable is the stochastic area, and its change
under a surgery is random. In Sections 11.3 and 11.4, we bound its conditional mean
from below by the area of the routed polygon, up to an error proportional to the length
of the polygon (Proposition 11.7). Third, to treat an arbitrary rotation axis, we rotate
the container (Section 11.2), and the volume thresholds do not depend on the rotation.
Section 11.5 lists the requirements on the parameters that come from the container,
and Section 11.6 proves Theorem 1.2. We use the thermal estimates in a container of
Proposition 8.10, which are proved in Appendix A, the matching system of Section 9, and
the identities of Sections 3.5 and 3.6, which hold in every bounded open container.

11.1 The container in scaled units

Throughout this section, Ω ⊂ R3 is a fixed nonempty bounded open set. We make
no assumption on its regularity, connectivity, or symmetry. We use the scaled units
of Section 8.6. For an integer K ≥ 1, the container is U = KΩ, the cells are Bv =

v + [−1/2, 1/2)3 with v ∈ Z3, and

D =
N
|U| =

N
K3|Ω| , r =

α

D
, α ∈ [α0/2, 2α0], T > 0, β = T−1 > δ. (11.1)

Here δ = 2t, with t fixed in Section 10.3, and D is the number of particles per unit
volume in scaled coordinates. It is not N divided by the number of cells that meet U,
which can be much larger than |U| when Ω is irregular. With this convention, D is the
scaled counterpart of the finite-volume density ρL = N/(L3|Ω|), which converges to the
density ρ in Theorem 1.2. We apply the results of Section 3 to N particles in the container
U with exclusion distance r, and we write µ for the Bose path measure and A for the
stochastic area vector (3.19). By Proposition 3.16(3) and (4), for every unit vector n and

152
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every x0 ∈ R3,

Icl(n, Kx0)− I(n, Kx0) = T Varµ(An), 0 ≤ I(n, Kx0) ≤ Icl(n, Kx0), (11.2)

where the axis passes through Kx0 with direction n; the matrix form is Icl(Kx0) −
I(Kx0) = T Covµ(A). No symmetry of Ω is used in (11.2).

An inscribed cube. Since Ω is open and nonempty, we may fix x∗ ∈ Ω and Rin > 0 such
that the closed ball B(x∗, 2Rin) is contained in Ω. For K with RinK ≥ 20, set

H =
⌊2RinK√

3

⌋
− 2,

let vQ ∈ Z3 be a lattice point nearest to Kx∗ − (H − 1)(1, 1, 1)/2, and let QK be the union
of the cells Bv with v ∈ vQ + {0, . . . , H − 1}3. The set QK = vQ + [−1/2, H − 1/2)3 is a
cube of side H made of H3 cells.

Lemma 11.1. If RinK ≥ 20, then RinK ≤ H ≤ 2RinK, the cube QK is contained in the ball
B(Kx∗, RinK), and every point of QK has distance at least RinK from R3 \ U.

Proof. The upper bound on H is immediate. Since 2/
√

3 − 1 > 0.15 and RinK ≥ 20,
we have H ≥ 2RinK/

√
3 − 3 ≥ RinK + 0.15RinK − 3 ≥ RinK. The center c = vQ +

(H − 1)(1, 1, 1)/2 of QK satisfies |c − Kx∗| ≤
√

3/2 by the choice of vQ, and every
point of QK is within distance

√
3H/2 of c. Then every point of QK is within distance√

3(H + 1)/2 ≤ RinK −
√

3/2 of Kx∗, where we used H + 1 ≤ 2RinK/
√

3− 1. The closed
ball B(Kx∗, 2RinK) = KB(x∗, 2Rin) is contained in U, which gives the last claim.

Used in: Lemma 11.2 and the proof of Proposition 11.9.

Active cells and the matching system. We use the matching system of Section 9 for the
gas in U. By (9.1), the active cells are

Λact = {v ∈ Z3 : v ∈ U, dist(v, R3 \ U) ≥ 64},

a finite set, since U is bounded. We recall the conventions of Section 9 that matter in a
container. Rows are retained only at active cells. All other slab paths, in particular all
paths that start near the walls, are frozen and exposed, and the wall condition is imposed
on them. The bad sets B(a)

σ and the vulnerable sets V(a)
σ of the groups are subsets of Λact;

a prescribed set of cells that is not contained in Λact is never contained in V(a)
σ ∪ V(b)

σ

for groups a, b, and the inactive cells do not affect (H4) and (H4+). The exposed data
name the terminal positions as slots, and they do not contain the assignment of the
retained rows to the retained slots (Proposition 9.5); exposing the terminal position of
each retained row would fix the matching that the surgery changes. Restricting the
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retained rows to the deterministic set Λact does not affect the proof of Proposition 9.5,
since the absence of rows at inactive cells is not a random event. By Lemma 9.4, every
permitted path of a retained row stays in U, within distance 61 of the center of its anchor;
the walls do not restrict retained rows in any pairing, and the kernels KE

ij of (9.3) are
restrictions of Euclidean bridge measures W2t

Yi,Zj
. By Corollary 9.12, for K ≥ KΩ and

D ≥ Dmin, and whenever the one-slab law of the gas in U satisfies the joint bound (8.9)
with base p1 for sets of interior cells, the marked one-slab law µm

δ is the law of a grouped
matching system with active region Λact and the number of groups of (10.7), which
satisfies (H1)–(H4), (H31), and (H4+), with the same constants as on the torus. Here KΩ
is the threshold of Proposition 8.10 with R0 = 64, the interior cells are the active cells,
and µm

δ is defined as in Section 10.1.
The cells outside Λact never belong to a bad set, but they carry no rows, and a surgery

cannot use them. Declaring them bad instead would violate (H4). Lemma 11.2 below
shows that accepted routes never reach them.

Routes. For points y0, . . . , ym−1 ∈ R3, with indices modulo m, we write

ar(y0, . . . , ym−1) =
1
2

m−1

∑
k=0

yk × yk+1 (11.3)

for the area vector of the closed polygon with vertices y0, . . . , ym−1. It is invariant under
translations yk 7→ yk + c, since ∑k c × (yk+1 − yk) = 0. The number e3 · ar(y0, . . . , ym−1)

depends only on the projections of the yk onto the plane orthogonal to e3; it is the signed
area enclosed by the projected polygon, counted positively for counterclockwise orienta-
tion. For an oriented cycle of cells γ = (v0, . . . , v|γ|−1), we write ar(γ) = ar(v0, . . . , v|γ|−1),
using the cell centers vk ∈ Z3.

Let nH = ⌊H/64⌋, the scale denoted n in Definition 6.5. Let Γ be a polygonal skeleton
of that definition with Kin = H and inner cell cube Qin = vQ + {0, . . . , H − 1}3, the
cell-index set of QK. Let R be the area routing map of Definition 6.14.

Lemma 11.2. Assume that RinK ≥ 64 and H ≥ 214. For every polygonal skeleton Γ and every
field B ⊂ Z3, every cell of an accepted output of the area routing map lies in N⌊√nH⌋+1(Γ) ⊂
Qin ⊂ Λact.

Proof. By Lemma 11.1, every cell center in Qin has distance at least RinK ≥ 64 from R3 \U.
In particular, Qin ⊂ Λact. The conclusion follows from Proposition 6.15(b), applied with
Kin = H.

Used in: the verification of (H5) below.

The surgery theorem in the container. By Proposition 6.6, applied to the polygon law in
a cube of side H, two independent polygonal skeletons satisfy the excess bounds of Step
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3 in Section 10.3 with K replaced by H, for all sufficiently large H. By Proposition 6.15, if
nH ≥ 256, then for a random set of bad cells that is independent of the random skeleton
and satisfies the bound of (H4), the area routing map rejects with probability at most
Caccp; and every accepted output of the routing map is an oriented nearest-neighbor
cycle γ of distinct cells outside the bad set, with |γ| ≤ 124nH and e3 · ar(γ) ≥ n2

H/250. By
Lemma 6.16, (H5)(c) holds, and by Lemma 11.2 the routes lie in Λact, as (H5)(a) requires.
We conclude that (H5) holds, with the excess bounds stated in terms of H.

Let q be the subprobability kernel of Definition 7.5, built from the polygonal skeletons
and the area routing map and averaged over the random skeleton and over the groups,
and let Q be its completion. It acts on one slab as described in Section 10.1, with LK
replaced by Λact. By Theorem 7.14, with the constants of Section 10.3 and the excess
bounds in terms of H, and by the bounds on the number of groups and on ηloc used
for (10.8), the measure µm

δ Q is absolutely continuous with respect to µm
δ with a square-

integrable density, and

χ2(µm
δ Q

∥∥ µm
δ

)
≤

C♯D−1/4

H
,

∫
q̄ dµm

δ ≥ 1 − Caccp ≥ 1
2

, (11.4)

whenever K exceeds the volume thresholds collected in Section 11.5 and the joint bound
holds.

11.2 Rotating the container

The routes of Section 11.1 produce area in the direction e3. For another direction, we
rotate the container. We write SO(3) for the group of rotations of R3, and µU for the Bose
path measure of N particles in a container U with exclusion distance r.

Lemma 11.3. Let Θ ∈ SO(3). The Bose path measure µΘU is the image of µU under the
map (π, X(·)) 7→ (π, ΘX(·)), where ΘX(·) = (Θx1(·), . . . , ΘxN(·)), and the stochastic area
satisfies A(ΘX(·)) = ΘA(X(·)). In particular, CovµΘU(A) = Θ CovµU(A)ΘT, and VarµU(n ·
A) = VarµΘU((Θn) · A) for every unit vector n.

Proof. Since |Θx − Θy| = |x − y|, the map X 7→ ΘX sends XN(U) onto XN(ΘU), pre-
serves Lebesgue measure, and commutes with permutations of the particles. The heat
kernel pt is rotation invariant, and the image of the bridge measure Wt

x,y under ω 7→ Θω

is Wt
Θx,Θy; this is the rotation invariance of Brownian motion with generator ∆. A con-

figuration path stays in XN(U) if and only if its image stays in XN(ΘU). Inserting these
facts into (3.16) and (3.17), we conclude that the two partition functions are equal and
that µΘU is the image of µU.

For Θ ∈ SO(3), recall that Θa × Θb = Θ(a × b) for all a, b ∈ R3. Each coordinate
of the Stratonovich integral in (3.19) is a bilinear expression in the coordinates of the
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integrand and of the integrator, and this identity carries over to the integrals. We obtain
A(ΘX(·)) = ΘA(X(·)), computed with the reference points Θx0 and x0; recall that A
does not depend on the reference point. The remaining claims follow.

Used in: the proof of Proposition 11.9.
If B(x∗, 2Rin) ⊂ Ω, then ΘΩ is a nonempty bounded open set with B(Θx∗, 2Rin) ⊂

ΘΩ and |ΘΩ| = |Ω|. The construction of Section 11.1 applies to ΘΩ, with the point
Θx∗, the same radius Rin, and the same values of H, N, and D. Only the cell lattice Z3

is not rotated. The volume thresholds do not depend on Θ: conditions (K1) and (K3) of
Section 11.5 involve only Rin and H, and for the threshold of Proposition 8.10 we use
gΘΩ = gΩ ◦ Θ−1 in (A.5), so that KΘΩ = KΩ by Remark A.2(2).

11.3 Stochastic area of a Brownian bridge

For a path ω on [0, δ] and y ∈ R3, we write

By(ω) =
1
2

∫ δ

0
e3 ·

(
(ω(s)− y)× ◦dω(s)

)
for the stochastic area of ω about y in the direction e3, defined almost everywhere
under the bridge measures, as in (3.19). If ω(0) = y and x′ ∈ R3, then, since ω − x′ =
(ω − y) + (y − x′) and

∫ δ
0 ◦dω = ω(δ)− y,

1
2

∫ δ

0
e3 ·

(
(ω(s)− x′)× ◦dω(s)

)
=

1
2

e3 ·
(
(y − x′)× (ω(δ)− y)

)
+ By(ω). (11.5)

For the stochastic area of planar Brownian motion and its conditional characteristic
function given the endpoint, see Lévy [97, Sections 1.2–1.3] and Yor [149, Equation (2)].
We need only the second moment of the area of a Brownian bridge. The proof below
obtains it from the decomposition of Brownian motion into a bridge and its independent
endpoint and from Itô’s isometry [79, Theorems 2.1(I) and 2.2]; see also [128, Chapter I,
Section 3, and Theorem IV.2.2].

Lemma 11.4. Let δ > 0 and y, d ∈ R3, and let ω be a Brownian bridge with generator ∆ from y
to y + d of duration δ, with law Ŵδ

y,y+d = Wδ
y,y+d/pδ(d). Then

EBy(ω) = 0, EBy(ω)2 =
δ2

3
+

δ|d⊥|2
6

, (11.6)

where d⊥ = (d1, d2, 0). Further, for R ≥ 0 and |d| ≤ R,∫
|By|dWδ

y,y+d ≤ (4πδ)−3/2
(δ2

3
+

δR2

6

)1/2
. (11.7)
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Proof. We write ω(s) = y + sd/δ + b(s), where b is a Brownian bridge from 0 to 0
of duration δ, with Eba(s)bc(s′) = 2 1{a = c}(min(s, s′) − ss′/δ) for the coordinates
a, c ∈ {1, 2, 3}. Since the coordinates of b are independent, the Stratonovich integrals of
one coordinate against another coincide with the Itô integrals. Since d × d = 0, we have

(ω(s)− y)× ◦dω(s) =
s
δ

d × db(s) +
1
δ

b(s)× d ds + b(s)× ◦db(s).

Integration by parts gives
∫ δ

0 s db(s) = −
∫ δ

0 b(s)ds, because b(δ) = 0. With J =
∫ δ

0 b(s)ds,
we obtain

By(ω) = A(b) +
1
δ

e3 · (J × d), A(b) =
1
2

∫ δ

0
e3 ·

(
b(s)× ◦db(s)

)
. (11.8)

The law of b is invariant under b 7→ −b, which leaves A(b) unchanged and changes the
sign of J. This implies that EJ = 0 and that A(b) and e3 · (J × d) are uncorrelated. The
law of b is also invariant under the reflection of its first coordinate, which changes the
sign of A(b). Then EA(b) = 0. This proves the first identity in (11.6).

The coordinates of J are independent centered Gaussian variables with variance

2
∫ δ

0

∫ δ

0

(
min(s, s′)− ss′

δ

)
ds ds′ = 2

(δ3

3
− δ3

4

)
=

δ3

6
.

The variance of δ−1e3 · (J × d) = δ−1(J1d2 − J2d1) is δ|d⊥|2/6.
To compute the variance of A(b), let B be a Brownian motion with generator ∆ started

at 0, and let U = B(δ). The process B(s)− sU/δ is a Brownian bridge from 0 to 0 of
duration δ, independent of U, and we may take b(s) = B(s)− sU/δ. Applying (11.8)
with y = 0 to the path B(s) = sU/δ + b(s), whose computation above is pathwise, yields
A(B) = A(b) + δ−1e3 · (J × U). By Itô’s isometry, since d⟨Ba⟩s = 2 ds and EBa(s)2 = 2s,

EA(B)2 =
1
4

∫ δ

0
E
(
B1(s)2 +B2(s)2) 2 ds =

1
2

∫ δ

0
4s ds = δ2.

Since U is centered and independent of b, the variables A(b) and δ−1e3 · (J × U) are
uncorrelated, and the variance of the latter is

δ−2(EJ2
1 EU2

2 + EJ2
2 EU2

1
)
= δ−2 · 2 · δ3

6
· 2δ =

2δ2

3
.

We obtain EA(b)2 = δ2 − 2δ2/3 = δ2/3. Together with (11.8) and the computation for J,
this proves the second identity in (11.6).

Finally, Wδ
y,y+d has total mass pδ(d) ≤ pδ(0) = (4πδ)−3/2. By the Cauchy–Schwarz

inequality, we have
∫
|By|dWδ

y,y+d = pδ(d)E|By(ω)| ≤ pδ(0)(EBy(ω)2)1/2. Since |d⊥| ≤
|d| ≤ R, this proves (11.7).
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Used in: Lemma 11.5.
The stochastic area of a confined Brownian path is not bounded pathwise: a path

that stays in a small ball can sweep a large signed area by winding many times. For
this reason, we control the area gain of a surgery through first moments under the exact
conditional laws of the matching system. Set

MB = (4πδ)−3/2
(δ2

3
+

1600 δ

6

)1/2
, CB =

2MB
z−

, (11.9)

where z− is the constant of Lemma 9.8.

Lemma 11.5. Consider the matching system of one slab in U, and assume that its global col-
lision error satisfies ηglob ≤ 1/2. Let E be a value of the exposed data satisfying the end-
point separation conditions of Lemma 9.9, let τ : I → J be a bijection, and let i ∈ I satisfy
KE

iτ(i)(1) ≥ z−. Let ωk ∈ PE
kτ(k) for k ∈ I \ {i}, and let ν be the probability measure proportional

to ∏k ̸=i hik(ω, ωk)KE
iτ(i)(dω). Then∫

|BYi(ω)| ν(dω) ≤ CB. (11.10)

Proof. By (9.11) with I′ = I \ {i}, the normalizing constant of ν is at least (1 −
ηglob)KE

iτ(i)(1) ≥ z−/2 > 0. By (9.3), KE
iτ(i) is bounded by the bridge measure W2t

Yi,Zτ(i)
,

and the checks hik are at most one. Since KE
iτ(i)(1) > 0, there exists a permitted path from

Yi to Zτ(i), and Lemma 9.3(b) implies that |Zτ(i) − Yi| ≤ 40. By (11.7) with R = 40, we
have ∫

|BYi(ω)|∏
k ̸=i

hik(ω, ωk)KE
iτ(i)(dω) ≤

∫
|BYi |dW2t

Yi,Zτ(i)
≤ MB.

Dividing by the normalizing constant gives (11.10).

Used in: the proof of Proposition 11.7.
No independence between the area and the avoidance constraints is used: the con-

straints are dropped in the numerator and controlled in the denominator. The bound
requires the insertion estimate for every permitted configuration of the other rows, in-
cluding the rows of the other groups, and not only on average; this is the form of (H3),
with the global error ηglob, proved in Lemma 9.9.

11.4 The mean area gain of a surgery

The change of the stochastic area under a surgery consists of a deterministic part, which
is computed from the endpoints of the selected paths, and the change of the stochastic
areas of the selected paths about their initial points. The deterministic part is the area
of the polygon of initial points, up to an error from the chords between neighboring
endpoints.
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Lemma 11.6. Let m ≥ 2, let Y0, . . . , Ym−1, Z0, . . . , Zm−1, x′ ∈ R3, with indices modulo m, and
let dk = Zk − Yk. Then

1
2

m−1

∑
k=0

(Yk − x′)× (Zk+1 − Zk) = ar(Y0, . . . , Ym−1) +
1
2

m−1

∑
k=0

(Yk−1 − Yk)× dk. (11.11)

If Yk = Vk + ek for Vk, ek ∈ R3, then

ar(Y0, . . . , Ym−1)− ar(V0, . . . , Vm−1) =
1
2

m−1

∑
k=0

(
ek × (Vk+1 − Vk−1) + ek × ek+1

)
. (11.12)

Proof. Since ∑k(Zk+1 − Zk) = 0, the terms with x′ cancel. Next, note that Zk+1 − Zk =

Yk+1 − Yk + dk+1 − dk and Yk × Yk = 0. Expanding gives

∑
k

Yk × (Zk+1 − Zk) = ∑
k

Yk × Yk+1 + ∑
k

Yk × dk+1 − ∑
k

Yk × dk.

Reindexing the second sum on the right as ∑k Yk−1 × dk proves (11.11). For (11.12), we
expand Yk ×Yk+1 = Vk × Vk+1 + Vk × ek+1 + ek × Vk+1 + ek × ek+1 and use ∑k Vk × ek+1 =

∑k Vk−1 × ek = −∑k ek × Vk−1.

Used in: the proof of Proposition 11.7.
In the rest of this section, we assume the setting of Section 11.1, with K exceeding

the volume thresholds of Section 11.5 and the one-slab law satisfying the joint bound, so
that (11.4) holds and Lemma 11.2 applies. Fix x′ ∈ R3, and let φ = φA

e3
be the function of

Section 5.2 with the reference point x′; in the notation of Section 9,

φ =
1
2

N

∑
k=1

∫ δ

0
e3 ·

(
(ωk(s)− x′)× ◦dωk(s)

)
,

the sum running over all paths of the slab. By Proposition 3.17(5), φ is square integrable
under µm

δ . Let
Cerr = 57 + 2CB. (11.13)

Proposition 11.7. Let a be a group, and let q(a) be the subprobability kernel of group a in
Definition 7.5, averaged over the random skeleton. The double integral below converges absolutely,
and∫∫ (

φ(y)− φ(x)
)

q(a)(x, dy) µm
δ (dx) ≥ E

[
1{R(B(a)

σ , Γ) accepts}
(
e3 · ar(γ)− Cerr|γ|

)]
,

(11.14)
where the expectation on the right is over (E, σ, ωI) with law µm

δ and an independent polygonal
skeleton Γ, and γ = R(B(a)

σ , Γ).
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Proof. Since q is the average of the group kernels, q(a) is at most the number of groups
times q. The absolute convergence then follows from Lemma 5.2(2), applied to q, since φ

and the density of µm
δ Q are square integrable.

All fiber computations below are on E ∈ E0 satisfying the endpoint separation con-
ditions of Lemma 9.9, a set of full measure for the exposed data. For fixed Γ, the kernel
q(a)

Γ is a finite sum over labeled routes as in Definition 7.5, with one row of group a in

each cell. For γ = (v0, . . . , v|γ|−1) and a labeling ik ∈ I(a)
vk , the rate is

Rπ(σ | Γ) = 1{R(B(a)
σ , Γ) = γ}∏

k

Aikσ(ik)

m(a)
vk (σ)

,

where π is the permutation with π(ik) = ik+1 that fixes all other rows (Definition 7.5).
The rate depends only on E, σ, and Γ. Let S = {ik}, and let Ptgt denote the exact target
conditional law of Definition 7.5, given E, σπ, and ωI\S. For an accepted route, the rates
of its labelings sum to one.

Fix Γ, a state x = (E, σ, ωI) with ωi ∈ PE
iσ(i) for all i ∈ I, and a labeled route with

Rπ(σ | Γ) > 0. We write Yk = Yik , Zk = Zσ(ik), and dk = Zk − Yk. The move replaces the
path ωik , from Yk to Zk, by a path ω′

ik
from Yk to Zσπ(ik) = Zk+1, and leaves all other paths

of the slab unchanged. By (11.5), applied to ωik and to ω′
ik

, and by (11.11), the new state
y satisfies

φ(y)− φ(x) = e3 · ar(γ) + E1 + E2 + ∑
k

(
BYk(ω

′
ik)−BYk(ωik)

)
, (11.15)

where

E1 =
1
2 ∑

k
e3 ·

(
(Yk−1 − Yk)× dk

)
, E2 = e3 ·

(
ar(Y0, . . . , Y|γ|−1)− ar(γ)

)
.

We bound the two errors. We write ek = Yk − vk. Since Yk ∈ Bvk and neighboring cell
centers are at distance one, we have |ek| ≤

√
3/2 and |Yk−1 −Yk| ≤ 1+

√
3. The path ωik is

permitted, and Lemma 9.3(b) implies that |dk| ≤ 40. We obtain |E1| ≤ 20(1 +
√

3)|γ|. By
(11.12) with Vk = vk, and by |vk+1 − vk−1| ≤ 2, we have |E2| ≤ (

√
3+ 3/4)|γ|/2 ≤ 5|γ|/4.

Since 20(1 +
√

3) + 5/4 ≤ 57, we conclude from (11.15) that

φ(y)− φ(x) ≥ e3 · ar(γ)− 57|γ| − ∑
k

(
|BYk(ω

′
ik)|+ |BYk(ωik)|

)
. (11.16)

We next bound the conditional means of the stochastic areas, starting with the target
paths. Under Ptgt, conditionally on ω′

S\{ik}
, the path ω′

ik
has the law ν of Lemma 11.5 with

τ = σπ, i = ik, and the opponents ω′
l , l ∈ S \ {ik}, and ωl, l /∈ S, which are permitted

for their pairings under σπ. Its pairing (ik, σ(ik+1)) has mass at least z− by Lemma 9.8,
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applied to the rows ik and ik+1, whose anchors vk and vk+1 are face neighbors, and to
Aikσ(ik) = Aik+1σ(ik+1)

= 1. Then Lemma 11.5 implies that
∫
|BYk(ω

′
ik
)| Ptgt(dω′

S) ≤ CB.
We now turn to the source paths. By (9.5), under µm

δ and conditionally on
(E, σ, ωI\{ik}), the path ωik has the law ν of Lemma 11.5 with τ = σ and i = ik. If
Rπ(σ | Γ) > 0, then Aikσ(ik) = 1, and by Lemma 9.8, applied with equal rows and equal
slots, we have KE

ikσ(ik)
(1) ≥ z−. Since Rπ(σ | Γ) is a function of (E, σ) for fixed Γ, by

Lemma 11.5, we have∫
Rπ(σ | Γ)|BYk(ωik)|dµm

δ =
∫

Rπ(σ | Γ)E
[
|BYk(ωik)|

∣∣ E, σ, ωI\{ik}
]

dµm
δ

≤ CB

∫
Rπ(σ | Γ)dµm

δ .

This is the point where we use that the rates do not read the paths that are integrated.
We now multiply (11.16) by Rπ(σ | Γ), integrate over Ptgt and over µm

δ , sum over the
labeled routes, and average over Γ. All terms are integrable: ar(γ) and |γ| are bounded
at fixed K, because Λact is finite, and the stochastic areas were just bounded. Since the
rates of the labelings of an accepted route sum to one, the two bounds above give (11.14)
with Cerr = 57 + 2CB.

Used in: Corollary 11.8.
In Proposition 11.7, the endpoint terms of (11.5) reproduce the area of the polygon of

initial points through the chord identity (11.11), and the reference point x′ drops out, in
agreement with the independence of A from the reference point. The stochastic areas
of the selected paths enter only through their conditional first moments, which is where
the exact resampling of the target paths and the independence of the rates from the path
values are used.

Corollary 11.8. Suppose, in addition, that H ≥ 128 and nH ≥ max{256, 62000 Cerr}. Then

Eµm
δ Q φ − Eµm

δ
φ ≥

n2
H

1000
≥ cgH2, cg = 2−14 · 10−3. (11.17)

Proof. By Lemma 5.2(2), the left side of (11.17) equals
∫∫

(φ(y)− φ(x)) q(x, dy) µm
δ (dx),

which is the average over the groups a of the left sides of (11.14). By Proposition 6.15,
every accepted route satisfies e3 · ar(γ) ≥ n2

H/250 and |γ| ≤ 124nH. Then

e3 · ar(γ)− Cerr|γ| ≥
n2

H
250

− 124 CerrnH ≥
n2

H
500

,

where in the last inequality we used nH ≥ 62000 Cerr. By Proposition 11.7, the left side
of (11.14) is at least n2

H/500 times the acceptance probability
∫

q̄(a) dµm
δ of group a. The

average of these acceptance probabilities over the groups is
∫

q̄ dµm
δ ≥ 1/2, by (11.4).

Hence the gain is at least n2
H/1000. Finally, nH ≥ H/64 − 1 ≥ H/128 since H ≥ 128, and

(H/128)2/1000 = cgH2.

Used in: the proof of Proposition 11.9.
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11.5 Choice of the parameters

We use the constants of Section 10.3. At the steps listed there, the choices also meet the
following requirements of the container.

• Step 1. The spatial constants satisfy the requirements of Proposition 8.10.
• Step 2. The active cells have depth 64, as in (9.1). The polygonal skeleton law of

Definition 6.5 and the area routing map of Definition 6.14 are fixed. The point x∗ and
the radius Rin are fixed properties of Ω; they enter only the constant c♯Ω below and
the volume thresholds.

• Steps 3 and 4. The skeleton constants, including θ× and C×, serve both skeleton
families, and the area routing map accepts with probability at least 1 − Caccp ≥ 1/2.

• Steps 5 and 7. The thermal constants H1 and t are chosen for Proposition 8.10 with
base p1 and R0 = 64 as well, and Dmin is at least the threshold of Corollary 9.12 in a
container, which includes the threshold D0 of Proposition 8.10.

• Step 8. The area constants are MB and CB = 2MB/z− of (11.9), Cerr = 57 + 2CB of
(11.13), cg = 2−14 · 10−3, and

c♯Ω =
c2

gR5
in

2C♯δ
. (11.18)

The constant CB uses only the bound ηglob ≤ 1/2. It does not depend on D ≥ Dmin.
These constants depend on t, C♯, and Rin only. They enter the volume thresholds and
the final constants, and none of Steps 1–7.

Volume thresholds. Let K0 be the smallest integer such that, for every Θ ∈ SO(3) and
every K ≥ K0, the following hold for the container ΘΩ:

(K1) RinK ≥ 64, H ≥ 214, and nH ≥ max{256, 62000 Cerr};
(K2) K ≥ KΩ, the threshold of Proposition 8.10 with R0 = 64;
(K3) the excess bounds of Proposition 6.6 for the polygon law in a cube of side H, the

acceptance bound of Proposition 6.15 for the area routing map, and the volume
condition of Theorem 7.14.

Conditions (K1) hold for all large K, since H ≥ RinK and nH = ⌊H/64⌋ ≥ H/64 − 1 ≥
RinK/64 − 1 by Lemma 11.1. The threshold K0 depends only on Ω, through Rin and
KΩ, and on the constants of Section 10.3; it does not depend on Θ, D, α, or T, and no
condition relates β to K.

11.6 Proof of the theorem

We first prove the lower bound on the area variance in a fixed direction, in scaled units.
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Proposition 11.9. Let Ω, x∗, and Rin be as in Section 11.1, let c♯Ω be the constant (11.18), and
let K0 be the threshold of Section 11.5. Let K ≥ K0 and N ≥ 1 with D = N/(K3|Ω|) ≥ Dmin,
let α ∈ [α0/2, 2α0] and r = α/D, and let β > δ. Let n be a unit vector and Θ ∈ SO(3) with
Θn = e3, and suppose that the one-slab law of N particles in KΘΩ with exclusion distance r
satisfies the joint bound (8.9) with base p1 for sets of interior cells. Then the Bose path measure µ

of N particles in U = KΩ satisfies

Varµ(n · A) ≥ c♯Ω D1/4βK5. (11.19)

Proof. By Lemma 11.3, VarµU(n · A) = VarµΘU(e3 · A), and ΘU = K(ΘΩ). By the com-
ment after Lemma 11.3, the results of Sections 11.1 and 11.4 apply to the container ΘU,
whose one-slab law satisfies the joint bound by assumption, with the point Θx∗ and the
same Rin, H, N, and D.

By assumption β > δ. The completed surgery kernel Q preserves the exposed data,
and in particular the cuts, and by (11.4) it satisfies χ2(µm

δ Q ∥ µm
δ ) ≤ C♯D−1/4/H. By

Corollary 11.8, its gain for φA
e3

is at least cgH2. By Proposition 5.6, applied in the container
ΘU with the unit vector e3, g = cgH2, and h = C♯D−1/4/H, we obtain

VarµΘU(e3 · A) ≥
nβ c2

gH4

C♯D−1/4/H
=

nβ c2
gH5D1/4

C♯
.

Since β > δ, we have nβ = ⌊β/δ⌋ ≥ β/(2δ), and H ≥ RinK by Lemma 11.1. The right
side is at least c2

gR5
inD1/4βK5/(2C♯δ) = c♯ΩD1/4βK5.

Used in: the proof of Theorem 1.2.
By Proposition 8.10, applied to ΘΩ with KΘΩ = KΩ (Section 11.2), the joint bound

holds for every Θ whenever D ≥ Dmin, 0 < T ≤ τ0/ log D, and K ≥ K0.
We follow the change of units of [112, Section 10], with ⌈·⌉ in place of ⌊·⌋, as in

Section 10.5. For the container, we use the following analog of Lemma 10.3.

Lemma 11.10. Let N ≥ 1, L, a, s > 0, K = L/s, and x0 ∈ R3. Consider N particles in LΩ
with exclusion distance a at temperature T, and N particles in KΩ with exclusion distance a/s
at temperature s2T. Their configuration domains are both empty or both nonempty. In the second
case, the inertia tensors of Definition 3.4 satisfy

Ibc(Lx0) = s2 Ibc(Kx0), Icl,bc(Lx0) = s2 Icl,bc(Kx0),

where the left sides refer to the first gas and the right sides to the second, and Cov(A) for
the first gas is s4 times Cov(A) for the second. In particular, 1 − I(n, Lx0)/Icl(n, Lx0) =

1 − I(n, Kx0)/Icl(n, Kx0) for every unit vector n.

Proof. The first claim and the properties of the unitary map U are as in the proof
of Lemma 10.3, with ΛL and ΛK replaced by LΩ and KΩ; in particular q(LΩ,a) =
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s−2q(KΩ,a/s) ◦ U, so that H(LΩ,a) = s−2U−1H(KΩ,a/s)U. Under the change of variables
x = sx̃, we have x − Lx0 = s(x̃ − Kx0) and ∇x = s−1∇x̃, and the angular momentum
(3.6) about Lx0 is conjugated by U to the angular momentum about Kx0. By Lemma 3.3,
the operators H − ω · L are defined by their forms on the respective domains, and the
last two facts give

tr e−(H(LΩ,a)−ω·L)/T = tr e−(H(KΩ,a/s)−s2ω·L)/(s2T).

The rotating-frame free energies (3.9) then satisfy Frot(ω) = s−2Frot(s2ω), with the
first gas on the left and the second on the right. Differentiating twice at ω = 0 gives
Ibc(Lx0) = s2 Ibc(Kx0). For a bounded measurable symmetric function f , the operator
U f U−1 is multiplication by f (s ·), and the Gibbs expectation of f in the first gas equals
that of f (s ·) in the second. The matrix function R of Section 3.5 with reference point
Lx0, evaluated at sX, is s2 times the one with reference point Kx0, evaluated at X. This
gives Icl,bc(Lx0) = s2 Icl,bc(Kx0). By (3.36) in both gases, T Cov(A) for the first gas equals
s2(Icl − I) for the second, which is s2 · s2T Cov(A) for the second. Dividing by T gives
the claim.

Used in: the proof of Theorem 1.2.

Proof of Theorem 1.2. Let α0, Dmin, δ, τ0, and C♯ be the constants of Section 10.3, and let
c♯Ω be the constant (11.18). We prove the theorem with the constants c0 = α3

0/(16D2
min)

and c1 = c♯Ω/α9/8
0 . The first is absolute; the second depends on Ω only through Rin.

We first prove the following finite-volume bounds. Let a > 0 and 0 < ρ1 ≤ ρ2 with
ρ2a3 ≤ 2c0. There exists L0 such that, for all L ≥ L0, all N with ρL = N/(L3|Ω|) ∈ [ρ1, ρ2],
all 0 < T ≤ T∗(a, ρL), every unit vector n, and every x0 ∈ R3,

λmin(Covµ(A))

βρLL5 ≥ c1(ρLa3)3/8, 1 − I(n, Lx0)

Icl(n, Lx0)
≥ 2c1

|Ω|RΩ(x0)2 (ρLa3)3/8,

where µ is the Bose path measure of N particles in LΩ with exclusion distance a at
temperature T.

Change of units. For ρ > 0, let sρ = (α0/(aρ))1/2 and Dρ = ρs3
ρ = α3/2

0 (ρa3)−1/2, as in
the proof of Theorem 1.1. By (1.11), T∗(a, ρ) = τ0/(s2

ρ log Dρ), and since ρ2a3 ≤ 2c0, we
have Dρ ≥ Dρ2 ≥

√
8 Dmin for ρ ≤ ρ2. For N, L, and T as above, let

K =
⌈( aN

α0|Ω|L

)1/2⌉
=

⌈ L
sρL

⌉
, s =

L
K

, D =
N

K3|Ω| = ρLs3,

r =
a
s

, α = Dr = ρLas2, TK = s2T, βK =
1

TK
.
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Since K − 1 < L/sρL ≤ K, we have (1 − 1/K)sρL < s ≤ sρL . If K ≥ 8, then
D ∈ [(7/8)3DρL , DρL ], so that D ≥ (7/8)3

√
8 Dmin ≥ Dmin, and α ∈ [(7/8)2α0, α0] ⊂

[α0/2, 2α0]. Since D ≤ DρL and log D > 0,

TK log D ≤ s2
ρL

T log DρL = τ0
T

T∗(a, ρL)
≤ τ0,

and βK ≥ log D/τ0 ≥ log Dmin/τ0 ≥ 4 > δ, since τ0/ log Dmin ≤ 1/4 by Step 7 of
Section 10.3 and δ = 2t ≤ 2. Let K0 be the threshold of Section 11.5, and let L0 =

max{K0, 8} sρ1 . For L ≥ L0, we have K ≥ L/sρL ≥ L/sρ1 ≥ max{K0, 8}, since ρL ≥ ρ1. We
denote by Covsc and Varsc the covariance and variance under the Bose path measure of
N particles in KΩ with exclusion distance r at temperature TK.

All directions in scaled units. Let L ≥ L0. By the comment after Proposition 11.9,
the joint bound holds for every Θ ∈ SO(3), since D ≥ Dmin, 0 < TK ≤ τ0/ log D, and
K ≥ K0. Since the threshold K0 does not depend on the direction, Proposition 11.9 gives
Varsc(n · A) ≥ c♯ΩD1/4βKK5 for every unit vector n. Hence

λmin
(
Covsc(A)

)
= inf

|n|=1
Varsc(n · A) ≥ c♯ΩD1/4βKK5.

Return to physical units. By Lemma 11.10, Covµ(A) = s4 Covsc(A). Since β = s2βK,
L = sK, and D ≤ DρL , we obtain

λmin
(
Covµ(A)

)
≥ c♯ΩD1/4s4βKK5 = c♯ΩD1/4 βL5

s3 = c♯Ω
ρL

D3/4 βL5 ≥
c♯Ω

α9/8
0

(ρLa3)3/8βρLL5,

which is the first finite-volume bound.
The inertia fraction. Fix a unit vector n and x0 ∈ R3, and consider the physical

gas in LΩ with the axis through Lx0 with direction n. The classical moment of in-
ertia Icl(n, Lx0) is the Gibbs expectation of the bounded symmetric function f (X) =

∑j|n × (xj − Lx0)|2/2. By Lemma 3.6(3), this expectation is Z−1
∫

f (X)Ks
β(X, X)dX, with

Z =
∫

Ks
β(X, X)dX > 0. The function f vanishes only on the Lebesgue null set of

configurations with all particles on the axis, which implies that Icl(n, Lx0) > 0. Moreover,
Icl(n, Lx0) ≤ NL2RΩ(x0)

2/2, since |x − Lx0| ≤ LRΩ(x0) for x ∈ LΩ. By (3.36),

1 − I(n, Lx0)

Icl(n, Lx0)
=

T Varµ(An)

Icl(n, Lx0)
≥

2λmin(Covµ(A))

βNL2RΩ(x0)2 =
λmin(Covµ(A))

βρLL5 · 2
|Ω|RΩ(x0)2 ,

and the first finite-volume bound gives the second.
The limits. Let a, ρ > 0 satisfy ρa3 ≤ c0, let 0 < T < T∗(a, ρ), and consider a sequence

of N and L tending to infinity with ρL → ρ. Since T∗(a, ·) is continuous, we have
ρL ∈ [ρ/2, 2ρ] and T ≤ T∗(a, ρL) for all sufficiently large L in the sequence. We apply the
finite-volume bounds with ρ1 = ρ/2 and ρ2 = 2ρ. The second gives (1.14), and the first,
multiplied by ρL/ρ → 1, gives (1.13). This completes the proof.
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The argument proves the uniform form stated in Remark 1.7. Together with the
upper bound from (11.2), the covariance lower bound gives the two-sided area estimates
discussed after Theorem 1.2.

For a cube centered at the origin, symmetry reduces the proof to one direction.

Remark 11.11. Let Ω = (−1/2, 1/2)3 and x0 = 0. Every signed permutation matrix
Θ maps LΩ onto itself. The argument of Lemma 11.3 applies to every orthogonal
matrix, with A(ΘX(·)) = det(Θ)ΘA(X(·)), because Θa × Θb = det(Θ)Θ(a × b). This
implies that Covµ(A) = Θ Covµ(A)ΘT for every signed permutation matrix Θ. As
in the proof of Theorem 3.10, invariance under changes of sign of single coordinates
forces the off-diagonal entries to vanish, and invariance under permutations of the
coordinates makes the diagonal entries equal; thus Covµ(A) = v Id. In the same way,
the unitary map ψ 7→ ψ(Θ−1 ·) commutes with the Hamiltonian, and the Gibbs state
is invariant under Θ, and the matrix ⟨∑j xjxT

j ⟩ is a multiple of the identity. By (3.11),
Icl(0) = w Id for some w > 0, and by (3.36), I(0) = (w − Tv) Id. It follows that I(n, 0),
Icl(n, 0), and the fraction 1 − I(n, 0)/Icl(n, 0) do not depend on n, at every finite volume,
and λmin(Covµ(A)) = Varµ(A3). In this case the proof of Theorem 1.2 needs only the
direction e3, and Lemma 11.3 is not used.

Remark 11.12. The constant c1 depends on Ω through R5
in, and the fraction bound (1.14)

also involves |Ω| and RΩ(x0). The thermal constants are independent of Ω; the volume
thresholds may depend on its shape. For the interpretation of the rotational response
and its dependence on the walls, see Remark 1.9. Unlike for winding in Corollary 1.4, no
higher-moment or distributional-limit bound for the normalized area is proved here.



appendix a

Thermal estimates in a container

In this appendix, we prove the estimates on the hard-sphere Gibbs measure that Sections 9
and 11 require for a gas in a container with hard walls. The container is the dilation
of a fixed nonempty bounded open set Ω ⊂ R3. We assume no regularity of ∂Ω,
no connectivity, and nothing about the equilibrium density profile. The main result,
Theorem A.1, is Proposition 8.10: the analog in the container of the joint bound for
failure of the local conditions [112, Proposition 5.4] and of the supply of useful labels
[112, Lemma 7.1], for cells at a fixed distance from the walls.

The proof follows the chain of estimates in [112, Sections 3–7], much of which is re-
produced there from [111, 115]. The largest changes are a lower bound on the free energy
depending only on the volume and an insertion orbital satisfying the wall condition: a
smooth orbital supported in the container and equal, before normalization, to one on a
set of volume at least half the container volume. We also adapt the close-neighbor esti-
mate, the entropy bound, the shortage argument, and the marked-path trace comparison.
Table A.1 states which proofs are reproduced, modified, or restricted to interior cells.
Upper bounds on local particle numbers hold at every unit cell, including cells cut by the
walls; lower bounds require cells whose closures lie in the container. Auxiliary marked
particles may leave the physical container, as explained in Section A.12. The domain
arguments in Section A.3 apply to arbitrary open sets.

A.1 Setting and statement

The scaled container. We use the scaled container and parameter ranges of Section 8.6,
with

U = KΩ, V = |U|, D = N/V, r = α/D, β = T−1,

α ∈ [α0/2, 2α0], 0 < T ≤ τ0/ log D,
(A.1)

where τ0 = κTα0 and the numerical constant κT ∈ (0, 1/16] is fixed in Appendix B.
We take D so large that τ0/ log D ≤ 1/4; then T ≤ 1/4 and β ≥ 4. When comparing
different particle numbers j, we hold U, r, T, and the reference density D = N/V fixed;
in particular, r is never replaced by αV/j.

Throughout this appendix, c, C > 0 denote constants that may change from line to
line. Unless stated otherwise, they depend only on α0 and on the constants ℓ, θ0, b0, Creg
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fixed below, and never on Ω, K, N, D, α, or T in the ranges under consideration. A
constant called numerical does not depend on α0 either.

Hamiltonians. For an open set G ⊂ Rd, we write H1
0(G) for the closure in H1(Rd) of

the smooth functions with compact support in G, and we identify its elements with their
extensions by zero. We use only this definition, and never a description of H1

0(G) as the
set of H1 functions vanishing outside G, which fails for some irregular boundaries. For
an open set U′ ⊂ R3 and j ≥ 1, let

Gj(U′) = {X = (x1, . . . , xj) ∈ (U′)j : |xi − xk| > r for i ̸= k}, Gj = Gj(U).

Let Hlab
j be the operator on L2(Gj) associated with the closed form qj[ f ] = ∑

j
i=1

∫
|∇i f |2

on H1
0(Gj), and let Hj be its restriction to the symmetric subspace. In the notation

of Section 3.1, GN is the configuration domain XN(U) and H = HN is the container
Hamiltonian, with the exclusion distance r. For a bounded measurable function W ≥ 0
on R3, set

H(−W)
j = Hj −

j

∑
i=1

W(xi), Z(−W)
j = tr e−βH(−W)

j , F(−W)
j = −T log Z(−W)

j ,

where the trace is over the symmetric subspace. We omit the superscript when W = 0,
and set Z0 = 1 and F0 = 0; thus ZN = tr e−βH. A symmetric trace-one state σ =

∑k λk| fk⟩⟨ fk| on L2(Gj) has finite kinetic energy if fk ∈ H1
0(Gj) whenever λk > 0 and

tr Hjσ = ∑k λkqj[ fk] < ∞; energies are always form expectations. For such σ we write
S(σ) = − tr σ log σ and

F (−W)
j (σ) = tr Hjσ − tr

( j

∑
i=1

W(xi)
)

σ − TS(σ).

The Gibbs variational principle [56, Lemma 3.1], applied to βH(−W)
j with form energies,

gives F (−W)
j (σ) ≥ F(−W)

j , with equality for the Gibbs state Γ(−W)
j = e−βH(−W)

j /Z(−W)
j

when Z(−W)
j > 0; this state has finite kinetic energy, because tr e−sH(−W)

j < ∞ for every

s > 0 (Lemma A.3(5)). We write Ej,−W for expectation under the position law of Γ(−W)
j ,

and
µ(dX) = Z−1

N Ks
β(X, X)dX

for the equilibrium position law of N particles (Lemma 3.6). For a bounded measurable
function f on R3, let n f (X) = ∑i f (xi), and let Eσ denote expectation under the position
law of a state σ.
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Cells. The cells are the half-open unit cubes Bv = v+ [−1/2, 1/2)3, v ∈ Z3, and nv(X) =

#{i : xi ∈ Bv}. Since configurations lie in U, the count nv refers to the points in Bv ∩ U.
This set may be empty or of arbitrarily small volume, and we never divide by its volume.
For A ⊂ Z3 and x ∈ R3, let d(x, A) = minv∈A|x − v|, and let |A| be the number of
elements of A. Fix R0 > 12. As in Section 8.6, a cell Bv is interior if v ∈ U and
dist(v, R3 \ U) ≥ R0. Then the closed ball B(v, 12) and the closure of Bv lie in U. Distinct
interior cells are disjoint unit cubes in U. A set A of interior cells satisfies |A| ≤ V.

Separation and the slab. Let s0 = b0D−1/3. For a configuration X of j points, let di(X) =

mink ̸=i|xi − xk|, with di = +∞ if j = 1, and let Ncl
v (X) = #{i : |xi − v| ≤ 5, di(X) ≤ s0},

as in (8.2). Fix t ∈ (0, 1] and set δ = 2t < β. Let νN be the measure of N independent
Euclidean Brownian motions with generator ∆ on [0, δ] with Lebesgue initial measure,
write X(s) = (ω1(s), . . . , ωN(s)), Y = X(0), and Z◦ = X(δ), and let Eδ be the event that
X(s) ∈ GN for all s ∈ [0, δ]. On this event no two paths come within distance r and no
path leaves U. The purified slab law is

Ppur(dω, dW ′) =
1

ZN
Ks

β/2−t(W
′, Y)Ks

β/2−t(Z◦, W ′) 1Eδ
(ω) νN(dω)dW ′, (A.2)

where Ks
s are the symmetrized killed kernels (3.13) of GN , which vanish outside GN ×GN .

This is (8.3) for the container. By Lemma 8.2, every event of the path family ω has the
same probability under Ppur as under the one-slab law P of (8.4) for U.

Regular paths, local conditions, and useful labels. We use Definitions 8.3 and 8.4
and Section 8.5 with Euclidean distances and diameters, including the definitions of
eligible and useful labels and the unrestricted trial laws Pu

y,z. The mesh variables mt and
τ and the oscillations osck are those of Definition 8.3; set h0 = D−1. The mesh conditions
are

max
k

osck(ω) ≤ D1/12,
1

2mt

2mt

∑
k=1

(
1 + osck(ω)

)3 ≤ Creg, (A.3)

together with the two endpoint-window conditions in that definition. The local conditions
quoted from [112, Definition 5.2 and Proposition 5.4] are those of Definition 8.4; their six
failure tests are listed in Section A.14. We read the ball of radius 12 there as B(v, 12); the
proof also applies to B(v, 12).

For an eligible label i, usefulness means∣∣{u ∈ Bw : Pu
i (Ci(Fall

i )) ≥ 0.9}
∣∣ ≥ 0.99, Fall

i = {ωk : k ̸= i}, (A.4)

for each target cell Bw of v, with Pu
i and Ci as in Section 8.5. At an interior cell, B(v, 10) ⊂

U. A trial in Ci(Fall
i ) stays in U.
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The shape threshold. By inner regularity of Lebesgue measure, Ω contains a compact
set of volume greater than |Ω|/2. We fix once and for all a smooth function gΩ with
compact support in Ω, with 0 ≤ gΩ ≤ 1, and equal to one on such a compact set. Then

∫
g2

Ω ≥ |Ω|
2

, eΩ =

∫
|∇gΩ|2∫

g2
Ω

, KΩ = max
{

1, |Ω|−1/3, e1/2
Ω

}
. (A.5)

We prove Proposition 8.10 in the following form.

Theorem A.1. With the parameters, ranges, and order of choices specified in Proposition 8.10, in
particular for 0 < T ≤ τ0/ log D, the following hold:

(i) for every finite set A of distinct interior cells,

P(every cell of A fails the local conditions) ≤ p|A|
1 ; (A.6)

(ii) at every interior cell v satisfying the local conditions, at most H1D paths start in Bv, at least
ℓD/2 labels are eligible at v, and at least nine tenths of these eligible labels are useful.

The constants H1, t, and D0 are independent of Ω, K, and T, and t may be decreased after H1 is
fixed and before D0 is increased.

Used in: Proposition 8.10, and through it Section 11; the proof of part (ii) is used in
Proposition 9.11.

The proof gives the following additional information.

Remark A.2. 1. There exist numerical constants α∗0 ≥ 2, ℓ∗ > 0, C∗
reg and, for each

θ0 > 0, a numerical b∗(θ0) ∈ (0, 1) such that the theorem holds whenever α0 ≥ α∗0 ,
0 < ℓ ≤ ℓ∗, 0 < θ0 < ℓ/6, 0 < b0 ≤ b∗(θ0), and Creg ≥ C∗

reg. This is the form in
which the theorem enters Section 8.1, where these constants are fixed once for the
torus and the container.

2. One may take KΩ as in (A.5). It depends only on Ω, not on R0, D, T, or p1. The
constants H1, t, D0 depend only on p1 and the constants of part (1), and not on R0.
No inradius, boundary area, or bound on the volume near ∂U enters. For a rotated
container ΘΩ, Θ ∈ SO(3), we take gΘΩ = gΩ ◦ Θ−1; then KΘΩ = KΩ. This is used in
Section 11.

3. The threshold D0 can be chosen so that, in addition, the scale restrictions (8.10) hold,
2s0 < 1, and r < 1/32.

4. The proof uses two kinds of local estimates, with different ranges of cells. Upper
bounds on local particle numbers (Corollary A.13) hold for every cell Bv, v ∈ Z3,
including cells that meet R3 \ U; they bound nv, not nv/|Bv ∩ U|. Lower bounds
(Proposition A.14) are proved only for cells whose closure lies in U. No lower
bound holds for cells cut by the walls in general: if Bv ∩ U lies in a ball of radius
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r/2, then nv ≤ 1. Applied to one interior cell, Proposition A.14 gives Eµnv ≥
ℓD(1 − e−cD); this lower bound on the mean occupation is a consequence of the
free-energy comparisons, not an assumption on the density profile.

A.2 The torus estimates in the container

Table A.1 lists the statements of [112, Sections 3–7] used to prove [112, Proposition 5.4
and Lemma 7.1], together with their status in the container. A statement marked same
proof follows from the cited argument after replacing periodic distances by Euclidean
distances, using the container configuration domain Gj, and omitting sums over periodic
lifts. Auxiliary free paths, bridges, marked particles, and neighborhoods of cells lie in
R3. A statement marked modified proof requires an additional argument, which is given
below. The table also records restrictions to interior cells. Its statuses concern the change
of domain. The standing temperature range of [112] is 0 < T ≤ D−1. For the window in
(A.1), we rely on the cited proofs for the unchanged domain-transfer steps, and each use
of the temperature is one checked in this appendix or in Appendix B, where Table B.1
records the use of the temperature in each of these statements. The origins in [111, 115]
are those given in [112]. The statements of [112, Sections 7.2–7.4, 8, and 9] are not used
in this appendix.

Table A.1. Status in the container of the statements of [112] used in the proof of Theorem A.1.

Statement of [112] Status in the container Here

Lemma 3.1, cube energy
(from [115, Lemma 3.1])

Same proof for the cube inequality. The cell
inequality is applied to the zero extension on
full cubes, summed over all cells, including
cells cut by the walls.

Lemma A.5

Lemma 3.2,
close-neighbor energy
(from [115, Lemma 3.2])

Modified proof: translated Euclidean grid of
side 8s.

Lemma A.5

Lemma 3.3, entropy (from
[111, Lemma 3.2])

Modified proof: open sets of finite volume in
R3; the term V−1 disappears.

Lemma A.4

Lemma 3.4, normalized
insertion (from [115,
Lemma 3.3])

Same proof for orbitals with compact support
in U.

Lemma A.8

Proposition 3.5, lower
bound FN ≥ cαN

Modified proof: new proof using only |U|. Lemma A.6,
Corollary A.7
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Statement of [112] Status in the container Here

Proposition 3.5,
monotonicity of Fj/j
(from [111,
Proposition 3.3])

Same proof at fixed U, r, T, D. Proposition A.9

Proposition 3.5, upper
increments

Modified proof: orbital wK and Fourier frame
on a cube containing U.

Proposition A.9

Lemma 4.1, two-color
localization (from [111,
Lemma 4.1])

Same proof; first color on U ∩O, second color
on U.

Lemma A.10

Lemma 4.2, diagonal tilt
(from [111, Lemma 4.1])

Same proof. Lemma A.11

Proposition 4.3, local
penalty (from [115,
Lemma 3.6])

Same proof with Euclidean distances, for
every finite set of cells; temperature uses as in
Proposition B.2.

Proposition A.12

Corollary 4.4, density in a
small field

Same proof, for every finite set of cells;
temperature uses as in Proposition B.2.

Corollary A.13

Proposition 4.5, low
counts (method of [111,
Section 4])

Restricted to cells with closure in U; modified
proof (filling inside U, |A| ≤ V); temperature
uses as in Proposition B.2.

Proposition A.14

Proposition 4.6, close
counts (method of [111,
Section 4]; geometry from
[115, Section 3.5])

Same proof with Euclidean distances, for
every finite set of cells; temperature uses as in
Proposition B.2.

Proposition A.15

Proposition 5.1,
purification

Modified proof: kernels include wall killing;
the occupation identity is not used.

Proposition A.16

Definition 5.2, regular
path (from [115,
Definition 4.3])

Same proof, with Euclidean diameters. (A.3)

Lemma 5.3, free cutoffs
(from [115, Lemma 4.4])

Same proof for Euclidean free laws. Lemma A.17

Proposition 5.4, [BEC]’s
“certificates”

Restricted to interior cells; extended to the
window as in Proposition B.4, with the
remainder rwall

D of Section A.13.

Theorem A.1(i)

Lemma 5.5, marked
kernel (adapting [111,
Section 6])

Modified proof: Euclidean neighborhoods, no
lifts; marked paths without wall killing.

Lemma A.18,
Lemma A.19

Lemma 5.6, trace
comparison (from [111,
Lemma 6.2])

Same proof; hypotheses verified for the
mixed color space.

Lemma A.21
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Statement of [112] Status in the container Here

Proposition 5.7, trajectory
moment (adapting [111,
Proposition 6.1])

Modified proof: unmarked physical particles
in U, all-cell density bound, no term V−1.

Proposition A.22

Lemma 6.1, Gaussian
density (from [115,
Lemma 5.1])

Same proof. Proposition A.23

Lemma 6.2, averaged
collision (from [115,
Proposition 5.2])

Same proof in R3; the paragraph on lifts is
deleted.

Proposition A.23

Lemma 6.3, single
replacement (from [115,
Proposition 5.3])

Same proof in R3. Proposition A.23

Remark 6.4, midpoints
(from [115, Remark 5.4])

Same proof. Proposition A.23

Corollary 6.5, successful
labels (from [115,
Corollary 5.5])

Same proof in R3. Proposition A.23

Lemma 7.1, useful labels
(from [115, Lemma 6.1])

Restricted to interior cells; same proof. Theorem A.1(ii)

No auxiliary torus is used. In [112], several neighborhoods of sets of cells are allowed
to be the whole torus; in R3 they are bounded, and this case does not occur. The only
place where periodic functions enter is Parseval’s identity on a cube containing U, in the
proof of Proposition A.9.

A.3 Open-domain preliminaries

The following facts hold for arbitrary open sets. They are used without comment in the
rest of the appendix.

Lemma A.3. Let G ⊂ Rd be open.

1. If f ∈ H1
0(G), then f = 0 and ∇ f = 0 almost everywhere on Rd \ G.

2. Let m : Rd → C be bounded and Lipschitz, and let G′ ⊂ G be open with supp m ∩ G ⊂ G′.
Then f 7→ m f is bounded from H1

0(G) to H1
0(G

′), and ∇(m f ) = m∇ f + f∇m almost
everywhere. If G1 ⊂ Rd1 and G2 ⊂ Rd2 are open, f1 ∈ H1

0(G1), and f2 ∈ H1
0(G2), then

f1 ⊗ f2 ∈ H1
0(G1 × G2).

3. Let G1 ⊂ Rd1 and G2 ⊂ Rd2 be open with G ⊂ G1 × G2, and let ∇1 be the gradient in the
first d1 variables. Let ρ = ∑k λk| fk⟩⟨ fk| be a positive trace-class operator on L2(G) with
λk ≥ 0, fk ∈ H1

0(G), and ∑k λk∥∇1 fk∥2 < ∞. Then the partial trace ρ1 of ρ over the
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last d2 variables is a positive trace-class operator on L2(G1), its eigenvectors with nonzero
eigenvalues lie in H1

0(G1), and its kinetic energy ∑l µl∥∇hl∥2, computed in an eigenbasis
ρ1 = ∑l µl|hl⟩⟨hl|, equals ∑k λk∥∇1 fk∥2.

4. Let W be a bounded measurable real function on G, and let h be the operator of the closed
form

∫
|∇ f |2 −

∫
W| f |2 on H1

0(G). For s > 0, the operator e−sh has the nonnegative kernel∫
1{γ(τ) ∈ G for all τ ∈ [0, s]} exp

(∫ s

0
W(γ(τ))dτ

)
Ws

x,y(dγ),

where Ws
x,y is the Brownian bridge measure of Section 3.2, on Rd, of total mass

(4πs)−d/2e−|y−x|2/(4s).
5. If d = 3 and |G| < ∞, then tr es∆G ≤ |G|(4πs)−3/2 for s > 0, where ∆G is the Dirichlet

Laplacian of G. If G is bounded, the operator h of part (4) has compact resolvent and
tr e−sh < ∞ for s > 0.

Proof. For part (1), approximants vanish outside G together with their gradients, and
both properties pass to limits in L2. For part (2), let f ∈ C∞

c (G). Then m f is Lipschitz, and
its support lies in the compact set supp f ∩ supp m, which is contained in G ∩ supp m ⊂
G′. Mollification shows that Lipschitz functions with compact support in G′ belong
to H1

0(G
′). The product rule for a Lipschitz function and a Sobolev function gives

∥m f ∥H1 ≤ Cm∥ f ∥H1 , and since H1
0(G

′) is closed, approximation proves the first assertion
for every f ∈ H1

0(G). Products of approximants of f1 and f2 are smooth, have compact
support in G1 × G2, and converge to f1 ⊗ f2 in H1.

Part (3) is the domain argument of [112, Section 3.2]. Let (em) be an orthonormal
basis of L2(G2), and for f ∈ H1

0(G) set fm(x) =
∫

f (x, y)em(y)dy. If f ∈ C∞
c (G), then

fm is smooth with support in the projection of supp f , which is a compact subset of G1,
and Parseval’s identity in y gives ∑m∥ fm∥2 = ∥ f ∥2 and ∑m∥∇ fm∥2 = ∥∇1 f ∥2. Both
identities extend to f ∈ H1

0(G) by approximation, and fm ∈ H1
0(G1) because H1

0(G1)

is closed. Then ρ1 = ∑k,m λk| fk,m⟩⟨ fk,m| with ∑k,m λk∥ fk,m∥2
H1 < ∞. If ρ1h = µh with

µ > 0 and ∥h∥ = 1, then h = µ−1 ∑k,m λk⟨ fk,m, h⟩ fk,m. By the Cauchy–Schwarz inequality,
∑k,m λk|⟨ fk,m, h⟩|∥ fk,m∥H1 < ∞. This series converges in H1, and h ∈ H1

0(G1). With A the
Dirichlet Laplacian of G1 with the sign reversed, both expressions for the kinetic energy
equal tr(A1/2ρ1A1/2).

For part (4), the case W = 0 with G a configuration domain is Proposition 3.5(1). Its
proof exhausts G by relatively compact open subsets with smooth boundaries, applies
the Feynman–Kac formula with killing [32, Proposition 2.9] on each of them, and passes
to the limit by strong convergence of the semigroups and monotone convergence of
the killed path integrals. The only property of G that it uses is that a continuous path
which stays in G on [0, s] has compact image in G, and therefore stays in one of the
exhausting subsets. The argument applies to every open set G and every bounded W; it
is the open-domain argument of [112, Section 2.1] and [115, Section 4]. Kernel identities
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hold almost everywhere, and traces are evaluated after a split at a positive time, as in
Lemma 3.6(3).

For part (5), let pG
s be the kernel of es∆G , and ps the free heat kernel. By part (4),

0 ≤ pG
s (x, y) ≤ ps(y − x) almost everywhere. Since es∆G = (es∆G/2)2,

tr es∆G =
∫∫

pG
s/2(x, y)2 dx dy ≤

∫
G

∫
R3

ps/2(y − x)2 dy dx = |G|ps(0) = |G|(4πs)−3/2.

If G is bounded, extension by zero maps H1
0(G) isometrically into H1

0(Q) for an open
cube Q ⊃ G, and the min–max principle compares the eigenvalues of h + ∥W∥∞ with
those of the Dirichlet Laplacian on Q, as in the proof of Lemma 3.1.

The configuration domains Gj are bounded open sets. By Lemma A.3(5), H(−W)
j has

compact resolvent and Z(−W)
j < ∞ for every j and every bounded measurable W ≥ 0.

That Z(−W)
j > 0 for j ≤ 2N is proved in Proposition A.9.

Lemma A.4. Let O ⊂ R3 be open with |O| < ∞, let ς ∈ (0, 1], and let j ≥ 0. For every
symmetric trace-one state σ on L2(Oj) of finite kinetic energy,

ς tr
( j

∑
i=1

−∆O,i

)
σ − TS(σ) ≥ −Tj − CςT5/2|O|, (A.7)

where ∆O,i is the Dirichlet Laplacian of O in the ith coordinate. In particular S(σ) < ∞. The
same bound holds for symmetric states of finite kinetic energy on L2(Gj(O′)) for every open set
O′ ⊂ O.

Proof. This is [112, Lemma 3.3], the ideal Bose entropy bound of [111, Lemma 3.2], with
the periodic heat-kernel bound replaced by Lemma A.3(5). Let h = −ς∆O. For 0 < z < 1,

define the ideal grand partition function by Ξ(z) = ∑j≥0 zj trsym e−β ∑
j
i=1 hi . We use z = e−1,

for which

log Ξ(e−1) = ∑
m≥1

e−m

m
tr emβς∆O ≤ |O|(4πβς)−3/2 ∑

m≥1
e−mm−5/2 ≤ Cς|O|T3/2.

Its j-particle term is e−j times the canonical partition function, and the Gibbs variational
principle gives (A.7) for states of finite rank. The general case, and the finiteness of S(σ),
follow as in [112] from the nonnegativity of the relative entropy with respect to the ideal
canonical Gibbs state. For the last statement, extension by zero maps H1

0(Gj(O′)) into
H1

0(O
j) and preserves the kinetic form.
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A.4 Local kinetic estimates on full cubes

For a set I of labels, we write qI [F] = ∑i∈I
∫
|∇iF|2, let nI

Q(X) be the number of i ∈ I with
xi ∈ Q, and let dI

i (X) = mink∈I\{i}|xi − xk|, with dI
i = +∞ if I = {i}. For a function F of

X, EF denotes integration against |F|2.

Lemma A.5. Let U′ ⊂ R3 be open, F ∈ H1
0(Gj(U′)), and I ⊂ {1, . . . , j}.

1. For every l > 0 and every partition of R3 into the cubes Q of a grid z + lZ3 + [0, l)3,
z ∈ R3,

qI [F] ≥ ccube rl−3 EF ∑
Q

nI
Q(n

I
Q − 1), ccube =

1
64
√

3
.

In particular qI [F] ≥ ccube r EF ∑v∈Z3 nI
v(nI

v − 1).
2. If 0 < r < s < 1, then

qI [F] ≥ cnear rs−3 EF#{i ∈ I : dI
i ≤ 2s}, cnear =

27
262144

√
3

.

The sums run over all cubes, including those that meet R3 \ U′, and nI
Q counts the points in

Q ∩ U′.

Proof. We extend F by zero; it vanishes almost everywhere where some pair has distance
at most r (Lemma A.3(1)). The first assertion of [112, Lemma 3.1] states that, for a cube
Q of side l and a function in H1(Qn) that vanishes almost everywhere where some pair
has distance at most r, with no condition on the faces of Q, the kinetic energy is at least
ccuberl−3n(n − 1) times the squared norm. Its proof applies the ray inequality

∫
Q
| f |2 ≤

√
3l3

r

∫
Q
|∇ f |2 for f ∈ H1(Q) vanishing on {x ∈ Q : |x − y| ≤ r}, y ∈ Q,

(A.8)
on the full cube Q, followed by a subdivision of Q. Partition configuration space according
to the cube that contains each coordinate in I. In a sector in which nQ of these coordinates
lie in Q, fix all other coordinates; for almost every choice, the restriction of F to the product
of the cubes QnQ lies in H1 of that product and vanishes where two coordinates of I
in the same cube are within distance r. The cube inequality in each cube with nQ ≥ 2,
integrated over the fixed coordinates and summed over sectors, gives part (1). Restriction
to sectors is Neumann bracketing: no derivative of a sector indicator appears. The set
Q ∩ U′ plays no role; it may be nonconvex, disconnected, or of small volume.

For part (2), let ℓs = 8s and, for z ∈ [0, ℓs)3, consider the grid z + ℓsZ
3 + [0, ℓs)3. In

each sector of this grid and for each i ∈ I that has another coordinate of I in its cube,
choose such a partner by a fixed order of the labels, and apply (A.8) in the coordinate
xi with the partner and all other coordinates fixed. Each coordinate is used once. Then
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qI [F] ≥ (
√

3ℓ3
s )

−1r EF#{i ∈ I : i has a partner in its cube}. Now average over z uniform
in [0, ℓs)3. For fixed X and i ∈ I with dI

i ≤ 2s, let k be a nearest partner. The two
points lie in one cube with probability ∏3

m=1(1 − |xi,m − xk,m|/ℓs)+ ≥ (3/4)3 = 27/64.
Since ℓ3

s = 512s3, this proves part (2) with the constant 27/(32768
√

3) ≥ cnear. This is
the translated-grid argument of [112, Lemma 3.2], with a Euclidean grid in place of a
periodic one.

A.5 A lower bound on the free energy

The proof of the bound FN ≥ cαN in [112, Proposition 3.5] uses the inequality ∑v nv(nv −
1) ≥ N(D − 1), which on the torus follows from the Cauchy–Schwarz inequality over
the V cells. In a container, the analogous inequality would involve the number of cells
that meet U, which need not be comparable to V. For example, let C1 ⊂ [0, 1] be a closed
nowhere dense set of measure close to one, and let Ω = (0, 1)3 \ C3

1 . Then Ω is open and
dense in (0, 1)3, its volume is small, and every cell in K(0, 1)3 meets KΩ. The next lemma
uses only the volume of U. We state it for an arbitrary bounded open set.

Lemma A.6. Let U ⊂ R3 be a bounded open set, N ≥ 1, D = N/|U|, and r = α/D with
α ≥ 1. For every F ∈ H1

0(GN),

qN[F] ≥
(3ccube

16
αN − ccube

2
α5/2

D
N
)
∥F∥2.

Proof. We may assume ∥F∥ = 1. Let l = α−1/2, and partition R3 into the cubes Q of the
grid lZ3 + [0, l)3. We call Q dense if |Q ∩U| > l3/2 and sparse otherwise. The dense cubes
are disjoint, and each contains a part of U of volume greater than l3/2. Their number Md
satisfies Md ≤ 2V/l3, where V = |U|. For a configuration X, let m(X) be the number of
its points in dense cubes.

We first bound the kinetic energy of the points in sparse cubes. Let Q be a cube of
side l, and let g ∈ H1(Q) vanish almost everywhere on a measurable set E ⊂ Q with
|E| ≥ |Q|/2. Let gQ be the mean of g over Q. Then |E||gQ|2 =

∫
E|g − gQ|2 ≤

∫
Q|g − gQ|2,

and by the Poincaré inequality for the Neumann Laplacian of Q, whose smallest nonzero
eigenvalue is π2/l2, we have∫

Q
|g|2 =

∫
Q
|g − gQ|2 + |Q||gQ|2 ≤ 3

∫
Q
|g − gQ|2 ≤ 3l2

π2

∫
Q
|∇g|2.

For almost every choice of the coordinates other than xi, the function xi 7→ F(X)

lies in H1(R3), its gradient is ∇iF, and it vanishes almost everywhere outside U by
Lemma A.3(1). In a sparse cube Q, the set Q \ U has volume at least l3/2. We apply the
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last display in every sparse cube, and sum over the cubes and over i. Integrating over the
other coordinates yields

qN[F] ≥
π2

3l2 EF(N − m) = cP α EF(N − m), cP =
π2

3
. (A.9)

If Md = 0, then m = 0, and (A.9) implies the lemma. Suppose that Md > 0. By
Lemma A.5(1) with the grid of side l, keeping only the dense cubes, and by the Cauchy–
Schwarz inequality ∑Q dense n2

Q ≥ m2/Md, we have

qN[F] ≥ ccube rl−3 EF ∑
Q dense

nQ(nQ − 1) ≥ ccube rl−3 EF

( l3m2

2V
− m

)
. (A.10)

We average (A.9) and (A.10), so that each kinetic energy is used once, and use m ≤ N.
This gives

qN[F] ≥ EF

[ ccuber
4V

m2 +
cPα

2
(N − m)

]
− ccuber

2l3 N.

Since r/V = α/N and cP/2 ≥ ccube/4, the expectation is at least
(ccube/4)αN EF[(m/N)2 + 1 − m/N] ≥ (3ccube/16)αN, where we used x2 + 1 − x ≥ 3/4.
The last term equals (ccube/2)α5/2N/D, because rl−3 = α5/2/D.

Corollary A.7. There exists D1, depending only on α0, such that the following holds for every
bounded open set U, every N with D = N/|U| ≥ D1, every α ∈ [α0/2, 2α0], and every
0 < T ≤ τ0/ log D. Every symmetric trace-one state σ on L2(GN) of finite kinetic energy
satisfies FN(σ) ≥ c∗αN, with c∗ = ccube/16. In particular FN ≥ c∗αN.

Proof. By Lemma A.6 and the spectral decomposition of σ, tr HNσ ≥ (3ccube/16)αN −
(ccube/2)α5/2N/D. We use half of the kinetic energy for this bound and the other half
for Lemma A.4 with O = U and ς = 1/2; the latter is applicable by its last statement. We
obtain

FN(σ) ≥
3ccube

32
αN − ccube

4
α5/2

D
N − TN − CT5/2V

≥ N
(3ccube

32
α − ccube

4
α5/2

D
− τ0

log D
−

Cτ5/2
0

D(log D)5/2

)
,

where in the second inequality we used T ≤ τ0/ log D and V = N/D. Since α ≥ 1,
α ≤ 2α0, and τ0 = κTα0, the bracket is at least ccubeα/16 once D is large depending on α0.
If ZN > 0, the Gibbs variational principle gives FN = FN(ΓN) ≥ c∗αN; if ZN = 0, then
FN = +∞.
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A.6 Insertion, the Fourier frame, and particle-number comparisons

Lemma A.8. Let w be a real smooth function with compact support in U and ∥w∥2 = 1.
Let n ≥ 0, let F ∈ H1

0(Gn), and suppose that on the support of F at most k old positions lie
within distance 2r of supp w. If C∥w∥2

∞kr3 ≤ 1/4, there exists F̃ ∈ H1
0(Gn+1) of the form

F̃(X, y) = F(X)φX(y), where φX is real, |φX| ≤ 2|w|, φX is a symmetric function of X, and,
for X in the support of F, ∫

φ2
X dy = 1,

∫
φX∇xi φX dy = 0,∫ (

|∇y φX|2 +
n

∑
i=1

|∇xi φX|2
)

dy ≤ C
(
∥∇w∥2

2 + ∥w∥2
∞kr

)
.

(A.11)

In particular ∥F̃∥ = ∥F∥, F̃ has the same old-coordinate position marginal as F, and

qn+1[F̃] ≤ qn[F] + C
(
∥∇w∥2

2 + ∥w∥2
∞kr

)
∥F∥2.

Proof. This is [112, Lemma 3.4], the configurationwise normalized insertion of [115,
Lemma 3.3], which refines the nearest-neighbor trial construction of [102, Section 3.2 in
arXiv version 1]. Its proof applies with Euclidean distances, and we recall the construction
because it is used below. Let hr : [0, ∞) → [0, 1] be nondecreasing, equal to zero on [0, 1.1r]
and to one on [2r, ∞), with Lipschitz constant at most C/r. For X ∈ (R3)n and y ∈ R3,
let

fX(y) = w(y)min
i≤n

hr(|y − xi|), m(X) =
∫

f 2
X dy, φX =

fX

max{m(X)1/2, 1/2}
,

with the empty minimum equal to one. On the support of F, the hypothesis implies
that 1 −m(X) ≤ ∥w∥2

∞k|B(0, 2r)| ≤ 1/4. The proof of (A.11) and of the energy bound
in [112] uses only these definitions and Euclidean geometry, and applies after the stated
substitutions.

It remains to verify that F̃ ∈ H1
0(Gn+1); this is where the walls enter. The function

(X, y) 7→ φX(y) is bounded and Lipschitz, and
∫
|∇X φX(y)|2 dy is bounded uniformly in

X. The map F 7→ Fφ is bounded from H1(R3n) to H1(R3n+3). If F′ ∈ C∞
c (Gn), then F′φ

is Lipschitz and supported in {(X, y) : X ∈ supp F′, y ∈ supp w, |y − xi| ≥ 1.1r for all i}.
This set is compact and contained in Gn+1: on supp F′ the mutual distances of the old
points are bounded below by a number larger than r, the new point lies in the compact
set supp w ⊂ U, and it has distance at least 1.1r > r from the old points. We have
F′φ ∈ H1

0(Gn+1), and approximation of F proves the claim. The Dirichlet condition at the
walls for the new coordinate comes from the compact support of w in U, and for the old
coordinates from F.
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We now fix the insertion orbital. With gΩ and eΩ as in (A.5), let

wK(x) =
K−3/2gΩ(x/K)

∥gΩ∥2
. (A.12)

Then wK is real and smooth with compact support in U, ∥wK∥2 = 1, ∥wK∥2
∞ ≤

K−3(|Ω|/2)−1 = 2/V, and ∥∇wK∥2
2 = eΩK−2 ≤ 1 for K ≥ KΩ. This is the only place

where a threshold depending on the shape of Ω enters. An orbital supported in a single
ball inside U would have a supremum controlled by the volume of that ball rather than
by V; and a constant orbital, as in [112], does not satisfy the Dirichlet condition at the
walls.

Proposition A.9. There exist a numerical constant c∗ > 0 and a threshold D1, depending
only on α0, such that the following holds whenever K ≥ KΩ, D ≥ D1, α ∈ [α0/2, 2α0], and
0 < T ≤ τ0/ log D.

1. For 0 ≤ j ≤ 2N, the space H1
0(Gj) ∩ L2

sym(Gj) is nonzero. Hence 0 < Z(−W)
j < ∞ for

every bounded measurable W ≥ 0.
2. FN ≥ c∗αN.
3. Fi/i ≤ Fj/j for 1 ≤ i ≤ j ≤ 2N, and FN+k ≥ FN + c∗αk for 0 ≤ k ≤ N.

4. F(−W)
j − F(−W)

j−1 ≤ Cincα for 1 ≤ j ≤ 2N and every bounded measurable W ≥ 0 on R3,
with the numerical constant Cinc of Appendix B.

All quantities are computed in the same container U, at the same exclusion distance r = α/D
and temperature T, with D = N/V.

Used in: Propositions A.12, A.14, and A.22, including the energy-shift choice in Sec-
tion A.12.

Proof. For j ≤ 2N and the orbital wK, the smallness condition of Lemma A.8 holds with
k ≤ 2N, because C∥wK∥2

∞(2N)r3 ≤ 4CNr3/V = 4Cα3/D2 ≤ 1/4 for D large. By (A.11),
we have, uniformly in X,

|φX(y)|2 ≤ 8
V

,
∫ (

|∇y φX|2 + ∑
i
|∇xi φX|2

)
dy ≤ C(1 + 4α) ≤ C′α, (A.13)

since ∥∇wK∥2 ≤ 1 and ∥wK∥2
∞(2N)r ≤ 4Nr/V = 4α.

For part (1), we apply Lemma A.8 with w = wK successively, starting from the zero-
particle vector 1. We obtain a nonzero labeled vector in H1

0(Gj) for every j ≤ 2N. Let

Ψ be such a vector. The function
(
(j!)−1 ∑π|Ψ ◦ π|2

)1/2 is nonzero and symmetric. It
belongs to H1

0(Gj): for approximants Ψm ∈ C∞
c (Gj) of Ψ, the corresponding functions

are Lipschitz with compact support in Gj, they converge in L2, and their gradients are
bounded in L2 by the gradient inequality for the Euclidean norm of a finite vector of
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functions; hence a subsequence converges weakly in H1, and H1
0(Gj) is weakly closed.

Part (2) is Corollary A.7.
For part (3), we follow [112, Proposition 3.5], which takes the argument from [111,

Proposition 3.3]. Let 1 ≤ i < j ≤ 2N, let σ = Γj be the j-particle Gibbs state, and for
0 ≤ m ≤ j let σm be its trace-one m-particle marginal and Sm = S(σm), with S0 = 0.
Since Gj ⊂ Gm × U j−m, Lemma A.3(3) shows that σm is a symmetric state of finite kinetic
energy on L2(Gm) with tr Hmσm = (m/j) tr Hjσ, by symmetry; its entropy is finite by
Lemma A.4. Strong subadditivity of the entropy [98, Theorem 2(i) and Section 4], applied
to σm+1 with the labels split into {1}, {2, . . . , m}, and {m + 1}, and the symmetry of σ

give Sm+1 + Sm−1 ≤ 2Sm for 1 ≤ m < j; for m = 1 this is ordinary subadditivity. Then
m 7→ Sm is concave with S0 = 0, and Sm/m is nonincreasing. We obtain

Fi ≤ Fi(σi) =
i
j

tr Hjσ − TSi ≤
i
j
(
tr Hjσ − TSj

)
=

i
j
Fj.

With i = N and j = N + k, part (2) gives FN+k ≥ (1 + k/N)FN ≥ FN + c∗αk. This
argument uses neither translation invariance nor a uniform one-body density. It does use
that U, r, and T are the same for all particle numbers.

For part (4), we adapt the insertion-frame argument in the proof of [112, Proposi-
tion 3.5, especially Equation (3.12)], using wK and Fourier modes on a cube containing
U. To bound the partition function from below after adding a particle, we distinguish
the new particle and insert it in many low-frequency states. A Fourier frame bound
controls the overlap between these states, and positivity of the kernel then returns to the
symmetric partition function.

Fix 1 ≤ j ≤ 2N and W. Let Hdist be the space of functions in L2(Gj) that are symmetric
in the first j − 1 coordinates, write (X, y) with X ∈ (R3)j−1 and y ∈ R3, and let Hdist be
the restriction of Hlab

j − ∑i W(xi)− W(y) to Hdist and Zdist = tr e−βHdist . Fix an integer

K̂ ≥ 100 and a cube QU of side K̂ containing U, and let V̂ = K̂3. For k ∈ (2π/K̂)Z3 and
a symmetric (j − 1)-particle form vector F, let

vkF(X, y) = F(X)φX(y)eik·y,

with φX the normalized orbital of Lemma A.8 for w = wK. The proof of Lemma A.8, with
the bounded Lipschitz factor eik·y included, shows that vkF is a form vector in Hdist, and
vk is an isometry. The Fourier phase need not satisfy any boundary condition, since its
product with φX does. Since φX is real, the kinetic energy added by the new coordinate
is

∫
(|∇y φX|2 + |k|2φ2

X)dy, and the cross terms in the old coordinates vanish by (A.11).
The old field terms are unchanged, and the new field term is nonpositive. By (A.13),

⟨vkF, HdistvkF⟩ ≤ ⟨F, H(−W)
j−1 F⟩+ (C′α + |k|2)∥F∥2.
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Next we prove a frame bound. For u ∈ Hdist and fixed X, extend y 7→ φX(y)u(X, y) by
zero from U to QU. Parseval’s identity in L2(QU), with the orthonormal basis V̂−1/2eik·y,
and (A.13) give

∑
k

∣∣∣∫
U

φX(y)e−ik·yu(X, y)dy
∣∣∣2 = V̂

∫
U

φX(y)2|u(X, y)|2 dy ≤ 8V̂
V

∫
U
|u(X, y)|2 dy. (A.14)

The integral on the left is (v∗ku)(X); it is symmetric in X, because φX and u are. Integrating
in X and restricting the sum, we obtain ∑|k|≤1 vkv∗k ≤ (8V̂/V)I on Hdist. The number
of k with |k| ≤ 1 is at least cV̂, since K̂ ≥ 100. Let (El, fl) be an orthonormal eigenbasis
of H(−W)

j−1 . Jensen’s inequality for the spectral measure of the unit vector vk fl gives

⟨vk fl, e−βHdistvk fl⟩ ≥ e−β(El+C′α+1) for |k| ≤ 1. Summing over l and over |k| ≤ 1, we find

8V̂
V

Zdist ≥ ∑
|k|≤1

tr
(
v∗ke−βHdistvk

)
≥ cV̂e−β(C′α+1)Z(−W)

j−1 .

The factor V̂ cancels, and Zdist ≥ cVe−β(C′α+1)Z(−W)
j−1 . By Lemma A.3(4), the labeled kernel

of e−β(Hlab
j −∑ W) is nonnegative. In the formula for Z(−W)

j as the average over π ∈ Sj of∫
K(X, πX)dX (Lemma 3.6(3)), we retain only the (j − 1)! permutations that fix the label

j; this gives Z(−W)
j ≥ j−1Zdist. We obtain

F(−W)
j − F(−W)

j−1 ≤ C′α + 1 + T log+(Cj/V).

Here log+ x = max{log x, 0}. This bound holds for every T > 0, and the constants Cins ≥
C′ and C f ≥ C of Appendix B are chosen to dominate its constants. Since j/V ≤ 2D,
the logarithm is at most log(2C f D) ≤ 2 log D for D ≥ 2C f . Since T ≤ τ0/ log D with
τ0 = κTα0, κT ≤ 1/16, and α ≥ α0/2, the last term is at most 2κTα0 ≤ α0/8 ≤ α/4. Since
α ≥ 1, we obtain part (4) with Cinc = Cins + 5/4, as in Appendix B. The constant Cinc is
uniform in W, including its size, in T, and in the shape of Ω, once K ≥ KΩ.

A.7 Localization and diagonal tilting

Lemma A.10. Let p, q : R3 → R be Lipschitz with p2 + q2 = 1, and let O ⊂ R3 be a bounded
open set that contains the compact set supp p. Let 0 ≤ J ≤ N, and let σ be a symmetric trace-one
state on L2(GJ) of finite kinetic energy. Introduce an auxiliary label with two values by the
isometry f 7→ (p f , q f ) on each coordinate, and call the resulting state σloc. If Pj projects onto
the subspace with exactly j labels of the first type, replace σloc by ∑j PjσlocPj; this removes terms
between distinct particle-count subspaces. We call the two label types colors. Let (ϖj) be the
distribution of j, and let σin

j and σout
j be the conditional marginal states of the two colors. Then
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σin
j is a symmetric state of finite kinetic energy on L2(Gj(U ∩O)), σout

j is one on L2(GJ−j) whose
eigenvectors vanish unless every coordinate lies in supp q, and for every bounded measurable
W ≥ 0,

F (−W)
J (σ) + Eσn|∇p|2+|∇q|2 ≥ ∑

j
ϖj

[
F (−W)

j (σin
j ) +F (−W)

J−j (σout
j )

]
− TS(ϖ), (A.15)

where F (−W)
j (σin

j ) uses the Dirichlet form of Gj(U ∩O) and S(ϖ) = −∑j ϖj log ϖj. Moreover,

∑
j

jϖj = Eσnp2 , S(ϖ) ≤ − log(1 − e−1) + Eσnp2 . (A.16)

Conditional on the positions, the particles receive the first color independently with probabilities
p(xi)

2, and for every nonnegative measurable symmetric function g, ∑j ϖjEσin
j

g is the expectation

of g evaluated at the first-color points.

Proof. This is [112, Lemma 4.1], the two-color localization of [111, Lemma 4.1]; the
geometric step localizes the many-particle kinetic energy by a partition of unity, see [40,
Section 3, Lemma 3.1]. Its proof applies after the stated substitutions once the following
domain statements are verified. In the sector of color assignments with first-color label
set S, the localized vector is ∏i∈S p(xi)∏i/∈S q(xi)F(X), where F is an eigenvector of σ. By
Lemma A.3(2), applied with G = GJ and G′ = {X ∈ GJ : xi ∈ O for i ∈ S}, this vector lies
in H1

0(G
′). After grouping the coordinates by color, G′ is contained in G|S|(U ∩O)×GJ−|S|;

dropping the exclusions between the colors only enlarges the domain. The wall condition
for both colors comes from F, and the Dirichlet condition on ∂O for the first color comes
from the compact support of p in O. This order matters when supp p meets ∂U: the mask
multiplies approximants of F, which already vanish near the walls. By Lemma A.3(3),
the conditional marginals have finite kinetic energy, and their kinetic energies add up to
the localized kinetic energy. Their entropies are finite by Lemma A.4. Every second-color
factor contains q(xi), which gives the statement on the support of σout

j .

Lemma A.11. Let G be a bounded real symmetric Lipschitz function of N positions, g = eG,
MG = Eµe2G, and σg = M−1

G gΓNg. The state σg has finite kinetic energy, and

FN(σg)− FN ≤ Eσg |∇G|2 + T
(
2Eσg G − log MG

)
, |∇G|2 = ∑

i
|∇iG|2.

Proof. This is [112, Lemma 4.2], the diagonal tilt of [111, Lemma 4.1], and its proof applies
after the stated substitutions. The only domain property it uses is that multiplication by
the bounded Lipschitz symmetric functions g and g2 preserves H1

0(GN) ∩ L2
sym, which is

Lemma A.3(2) with G′ = G; this allows a weak eigenfunction ψ of HN to be tested against
g2ψ. Energies and entropies are finite by Lemma A.3(5) and Lemma A.4, and the relative-
entropy step uses monotonicity under discarding a finite classical label [106, Lemmas 1
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and 2]; see also [109, Theorem 1] for monotonicity under positive trace-preserving maps
on separable Hilbert spaces. No regularity of ∂U and no preservation of operator domains
is used.

A.8 The local penalty and the density in a small field

For a finite nonempty set A ⊂ Z3 and a configuration X of J ≤ N points, let

fA(X) =
J

∑
i=1

e−d(xi,A), kA(X) = #{i : d(xi, A) ≤ 6, di(X) ≤ 2s0}.

Here A is any finite set of cells. Its cells may meet R3 \ U, or lie outside U.

Proposition A.12. There exist numerical constants c, C > 0, in particular independent of b0,
such that the following holds for K ≥ KΩ and D sufficiently large depending on b0 and α0. For
every finite nonempty A ⊂ Z3, every 0 ≤ J ≤ N, every measurable W with 0 ≤ W ≤ 1, and
every symmetric trace-one state σ on L2(GJ) of finite kinetic energy,

F (−W)
J (σ)− F(−W)

J ≥ α
[
Eσ( fA + cb−3

0 kA)− CD|A|
]
. (A.17)

Proof. We follow the proof of [112, Proposition 4.3], which combines the exponential
localization of [115, Lemma 3.6] with the two-color localization. We give it in full,
because the inside states now live in U ∩Oh, the outside states in U, and the cell energies
run over all cells Bv, v ∈ Z3. We take D so large that r < s0 < 1/2 and Proposition A.9
applies.

For h ≥ 0, let ϕh(x) = min{max{d(x, A) − h, 0}, 1}, ph = cos(πϕh/2), and qh =

sin(πϕh/2). Then ph = 1 where d(x, A) ≤ h, ph = 0 where d(x, A) ≥ h + 1, and
|∇ph|2 + |∇qh|2 ≤ (π2/4)1{h < d(x, A) < h + 1}. Let Oh = {x ∈ R3 : d(x, A) < h + 2}.
This is a bounded open set containing supp ph, and |Oh| ≤ C(h + 4)3|A|. We apply
Lemma A.10.

Outside, by Proposition A.9(4), we have F (−W)
J−j (σout

j ) ≥ F(−W)
J−j ≥ F(−W)

J − Cincαj.
Inside, we divide the kinetic energy of σin

j into three equal parts. The first part pays
for the entropy: by Lemma A.4 with O = Oh, O′ = U ∩ Oh, and ς = 1/3, it is at least
TS(σin

j )− Tj − CT5/2(h + 4)3|A|. To the second and third parts we apply Lemma A.5(1)
with the unit cells and Lemma A.5(2) with s = s0, with U′ = U ∩ Oh and all labels
retained. The field costs at most j, since W ≤ 1, and the color entropy costs at most
T(C + Eσnp2

h
) by (A.16). Using ∑j jϖj = Eσnp2

h
, T ≤ 1, and α ≥ 1, we obtain

F (−W)
J (σ)− F(−W)

J ≥ c r E ∑
v

nin
v (nin

v − 1) + c rs−3
0 E kin

− CαEσ

[
np2

h
+ n1{h<d(·,A)<h+1}

]
− C(h + 4)3|A|,
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where nin
v is the number of first-color points in Bv, kin is the number of first-color points

with a first-color partner within 2s0, and E is the expectation in the description of the
colors in Lemma A.10.

We average this bound over h with the density e−h on [0, ∞). For every x,∫ ∞

0
ph(x)2e−h dh ≤ e e−d(x,A),

∫ ∞

0
1{h < d(x, A) < h + 1}e−h dh ≤ e e−d(x,A),

and the averaged losses are at most CαEσ fA + C|A|. Let bv = e−d(v,A). If h ≥ d(v, A) + 1,
then ph = 1 on Bv, because |x − v| < 1 for x ∈ Bv, and every point in Bv has the first
color. This holds whether or not Bv is contained in U. Averaging, the cell term is at least
cr Eσ ∑v bvnv(nv − 1). A point counted by kA has a partner within 2s0 < 1, and both
points have distance less than 7 from A; for h ≥ 8 both have the first color. Averaging,
the close term is at least crs−3

0 EσkA = cαb−3
0 EσkA. We have proved

F (−W)
J (σ)− F(−W)

J ≥ Eσ

[
cr ∑

v
bvnv(nv − 1)− Cα fA + cαb−3

0 kA

]
− C|A|.

For x ∈ Bv, we have d(x, A) ≥ d(v, A)− 1. Then fA ≤ e ∑v bvnv. For n ≥ 0 and D ≥ 1,
completing the square gives (c/D)n(n − 1)− (C + 1)en ≥ −C′D. Multiplying by αbv and
summing over v ∈ Z3, and using r = α/D, we obtain cr ∑v bvnv(nv − 1)− (C + 1)α fA ≥
−C′αD ∑v bv. Finally, ∑v∈Z3 bv ≤ ∑w∈A ∑v∈Z3 e−|v−w| ≤ C|A|. Adding α fA to both sides
of the previous inequality proves (A.17). The completion of the square uses the integers
nv and the weights bv only; it does not use the volume of Bv ∩ U.

Corollary A.13. There exists a constant Cdens such that the following holds under the hypotheses
of Proposition A.12. For every 0 ≤ J ≤ N, every measurable W with 0 ≤ W ≤ 1, and every
finite set A ⊂ Z3,

EJ,−W ∑
v∈A

nv ≤ CdensD|A|.

Used in: Proposition A.22.

Proof. This is [112, Corollary 4.4]. The left side of (A.17) vanishes for the Gibbs state
Γ(−W)

J . Dropping the term with kA and using ∑v∈A nv ≤ e fA, we obtain the claim. The
case A = ∅ is trivial.

The reference density in Corollary A.13 is D = N/V for every J ≤ N. The bound is
needed in Proposition A.22, where the neighborhoods of the marked colors can meet the
walls; see Remark A.2(4).
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A.9 Shortages at interior cells

Proposition A.14. There exist numerical constants α∗0 , ℓ∗ > 0, and csh > 0 such that the
following holds for α0 ≥ α∗0 , 0 < ℓ ≤ ℓ∗, K ≥ KΩ, and D sufficiently large depending on α0. For
every finite set A ⊂ Z3 of cells whose closures lie in U, in particular for every finite set of interior
cells,

µ{nv < ℓD for every v ∈ A} ≤ e−cshD|A|.

Used in: Section A.14.

Proof. We follow the proof of [112, Proposition 4.5]; the filling construction is now carried
out inside U. Let A be nonempty. Since the cells of A are disjoint unit cubes in U,
we have |A| ≤ V. For x ∈ R3 let |x|∞ be the maximum norm. Define p in each cell
v ∈ A by p(x) = cos

(
(π/2)min{max{12(|x − v|∞ − 1/4), 0}, 1}

)
, so that p = 1 where

|x − v|∞ ≤ 1/4 and p = 0 where |x − v|∞ ≥ 1/3, let p = 0 outside the cells of A, and let
q = (1 − p2)1/2, the corresponding sine. Then |∇p|2 + |∇q|2 ≤ C. Let O be the union of
the open cubes {|x − v|∞ < 1/2}, v ∈ A; it is a bounded open subset of U containing
supp p. Let ϕ = ϕ2

0, where ϕ0 is smooth, 0 ≤ ϕ0 ≤ 1, ϕ0 = 1 where |x − v|∞ ≤ 1/3 for
some v ∈ A, and supp ϕ0 ⊂ O. Then |∇ϕ|2 ≤ Cϕ and

p2 + |∇p|2 + |∇q|2 ≤ Cϕ. (A.18)

The filling vector. Fix a real smooth function g0 supported in (−1/8, 1/8)3 with
∥g0∥2 = 1, and let w = |A|−1/2 ∑v∈A g0(· − v). Then w is smooth with compact support
in U, ∥w∥2 = 1, ∥w∥2

∞ ≤ C/|A|, and ∥∇w∥2
2 ≤ C. Let εf ∈ (0, 1) be fixed below, and let

k = ⌊εfD|A|⌋. We apply Lemma A.8 with this w successively k times, starting from the
zero-particle vector 1. At every step, at most k old points are present, and the smallness
condition holds because C∥w∥2

∞kr3 ≤ CεfDr3 = Cεfα
3/D2 ≤ 1/4 for large D. Since

kr/|A| ≤ εfα, the result is a normalized labeled vector Ψ ∈ H1
0(Gk) with

qk[Ψ] ≤ Ck(1 + rk/|A|) ≤ Ck(1 + εfα), (A.19)

which vanishes unless every coordinate lies in supp w. Let Υk =
(
(k!)−1 ∑π|Ψ ◦ π|2

)1/2.
As in the proof of Proposition A.9(1), Υk is a symmetric normalized vector in H1

0(Gk) with
qk[Υk] ≤ qk[Ψ], and it vanishes unless every coordinate lies in supp w.

The filling map. The support of q lies where |x − v|∞ ≥ 1/4 for every v ∈ A, and
supp w lies where |x − v|∞ ≤ 1/8 for some v ∈ A; the two sets have distance at least 1/8.
Let σ be a symmetric state of finite kinetic energy on L2(GN), and let σout

j be the outside
states of Lemma A.10 for these masks and J = N. For a symmetric (N − j)-particle form
vector f that vanishes unless every coordinate lies in supp q, let

Uj f =

(
N − j + k

k

)1/2

Psym( f ⊗ Υk).
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The terms in Psym( f ⊗ Υk) that correspond to different choices of the k coordinates in
supp w have disjoint supports. Then Uj is an isometry, and the kinetic energy of Uj f is
qN−j[ f ]∥Υk∥2 + qk[Υk]∥ f ∥2. The vector Uj f is admissible. Indeed, f ⊗Υk ∈ H1

0(GN−j ×Gk)

by Lemma A.3(2). Let θ1, θ2 be Lipschitz functions on R3 with θ1 = 1 on supp q, θ1 =

0 where |x − v|∞ ≤ 3/16 for some v ∈ A, θ2 = 1 on supp w, and θ2 = 0 where
|x − v|∞ ≥ 5/32 for every v ∈ A. Then f ⊗ Υk is unchanged by multiplication with
m = θ

⊗(N−j)
1 ⊗ θ⊗k

2 , and on supp m every old point has distance at least 1/32 > r from
every new point. Then supp m ∩ (GN−j × Gk) ⊂ GN−j+k, and by Lemma A.3(2), we have
f ⊗ Υk ∈ H1

0(GN−j+k). The walls are respected because both factors vanish outside U,
and the new exclusions because of the separation of supports. The isometry preserves
the nonzero eigenvalues of σout

j , hence its entropy. The Gibbs variational principle and
(A.19) give

FN−j(σ
out
j ) ≥ FN−j+k − Ck(1 + εfα).

Since k ≤ εfD|A| ≤ εfN, all particle numbers below are at most 2N. By Proposition A.9(3)
at N + k and then part (4) applied j times,

FN−j(σ
out
j ) ≥ FN + c∗αk − Cincαj − Ck(1 + εfα). (A.20)

The constant C in (A.20) depends only on g0, which was fixed before α0. Let α∗0 = 8C/c∗
and εf = c∗/(4C). For α0 ≥ α∗0 and α ≥ α0/2, we have C(1 + εfα) ≤ c∗α/2. For D ≥ 2/εf,
we have k ≥ εfD|A|/2. Then (A.20) implies that FN−j(σ

out
j ) ≥ FN + (c∗εf/4)αD|A| −

Cincαj.
The inside states. The state σin

j lives on Gj(U ∩ O), and |O| = |A|. By Lemma A.4 with

the full kinetic energy, Fj(σ
in
j ) ≥ −Tj − CT5/2|A|. Inserting both bounds into (A.15), and

using (A.16) and (A.18), we conclude that for every symmetric state σ of finite kinetic
energy

FN(σ)− FN ≥ c∗εf

4
αD|A| − C|A| − (Cincα + 2T)Eσnp2 − Eσn|∇p|2+|∇q|2

≥ c1αD|A| − C2αEσnϕ,

with c1 = c∗εf/8 and a numerical C2, once D is large enough to absorb C|A|. This is a
free-energy inequality for arbitrary states; no density profile has been assumed.

The tilt. For 0 ≤ λ ≤ 1, let G = −λnϕ, a bounded Lipschitz symmetric function, and
L(λ) = − log Eµe−2λnϕ . By Lemma A.11, with |∇G|2 ≤ Cλ2nϕ from |∇ϕ|2 ≤ Cϕ and
with 2Eσg G ≤ 0, we have FN(σg)− FN ≤ CEσg nϕ + TL(λ). Comparing with the previous
display for σ = σg, and using that the position law of σg is e2Gµ/MG, we find

C3αL′(λ) + TL(λ) ≥ c1αD|A|, L′(λ) = 2Eσg nϕ,

with a numerical C3. The differentiation is justified because 0 ≤ nϕ ≤ N. Let a∗ =

min{c1/2, c1/(2C3)}. If L(1) < a∗D|A|, then L(λ) < a∗D|A| for all λ ∈ [0, 1], since
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L is nondecreasing. Using T ≤ 1 and α ≥ 1, we have TL(λ) ≤ c1αD|A|/2. Then
L′ ≥ c1D|A|/(2C3), and integration from L(0) = 0 gives L(1) ≥ a∗D|A|, a contradiction.
We conclude that L(1) ≥ a∗D|A|. On the event of the proposition, nϕ ≤ ∑v∈A nv <

ℓD|A|, and by the exponential Markov inequality, we have the bound e2ℓD|A|Eµe−2nϕ ≤
e−(a∗−2ℓ)D|A|. With ℓ∗ = a∗/4 and csh = a∗/2, this proves the proposition. The constants
εf, c1, C3, a∗ are numerical, and ℓ∗ does not depend on α0.

Each cell in Proposition A.14 contains the fixed-size region used for the inserted
particles, and the comparison shows that leaving all these regions nearly empty costs too
much free energy. Nothing is asserted about cells cut by the walls; see Remark A.2(4).

A.10 Close counts

Proposition A.15. For every fixed θ0 > 0 there exists a numerical b∗(θ0) ∈ (0, 1) such that,
for 0 < b0 ≤ b∗(θ0), K ≥ KΩ, D sufficiently large depending on b0 and α0, and every finite set
A ⊂ Z3,

µ{Ncl
v ≥ θ0D for every v ∈ A} ≤ exp(−cclθ0b0D2/3|A|),

where ccl > 0 is numerical.

Used in: Section A.14.

Proof. The proof of [112, Proposition 4.6] applies after the stated substitutions with
Euclidean distances, Proposition A.12 in place of [112, Proposition 4.3], and Lemma A.11
in place of [112, Lemma 4.2]. It tilts the Gibbs state by λmA, 0 ≤ λ ≤ s0, where
mA = ∑i ud(d(xi, A))un(di/s0) for squared Lipschitz cutoffs ud, un equal to one on
[0, 5] and [0, 1], and zero on [6, ∞) and [2, ∞), respectively. Then 0 ≤ mA ≤ kA and
∑v∈A Ncl

v ≤ C0mA, where C0 bounds the number of lattice sites within distance 5 of a
point. We note the two points where the domain could have entered. First, the bound
|∇mA|2 ≤ Cs−2

0 mA rests on the fact that a point is the nearest neighbor of a numerically
bounded number of other points: if xk is the nearest neighbor of xi and of xj, then
|xi − xj| is the largest side of the triangle, so the angle at xk is at least π/3. This is
Euclidean geometry of the physical points, and restricting them to U changes none of
it. Second, λmA is a bounded Lipschitz symmetric function. Then Lemma A.11 applies.
The temperature enters only through the term 2Tλ ≤ 1 in the upper bound on the tilted
free energy, since T ≤ 1 and λ ≤ s0 < 1/2. The conditions on b0 in the proof, namely
that cαb−3

0 dominate the constant in the upper bound on the tilted free energy and that
Cb3

0 ≤ θ0/C0, where C0 bounds the number of points of Z3 within distance 5 of a point,
involve only numerical constants and are monotone in b0. This gives b∗(θ0).
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A.11 The slab and free cutoff bounds

Proposition A.16. Let 0 < δ < β. Then (A.2) defines a probability measure. At every fixed
time s ∈ [0, δ], the position marginal of X(s) is µ. The joint law of X(t) and W ′ has density
Φ(X, W ′)2, where Φ = Z−1/2

N Ks
β/2 is nonnegative, symmetric separately in both arguments, and

has squared integral one. The marginal of the path family ω is Z−1
N Ks

β−δ(Z◦, Y)1Eδ
(ω)νN(dω),

the law (8.5) for the container.

Proof. This is [112, Proposition 5.1] without its occupation identity, with the killed kernels
of GN, which include the walls. The proof there uses only the Feynman–Kac representa-
tion of the labeled killed kernel, which is Proposition 3.5(1) for the container; the facts
that Psym commutes with the labeled semigroup and P2

sym = Psym; and the semigroup and
trace identities, which are Lemma 3.6. These hold for every open configuration domain,
and the proof applies after the stated substitutions. The last statement is the first step of
the proof of Lemma 8.2.

Used in: Section A.14.

Lemma A.17. Fix t ∈ (0, 1]. For every q > 0, a Euclidean Brownian motion with generator ∆
on [0, 2t] fails to be regular with probability at most Cq,tD−q, uniformly in its starting point and
in α ∈ [α0/2, 2α0]. The same holds for each of the tests restricted to one half of [0, 2t], namely its
endpoint window, the maximum over its mesh intervals, and the average over its mesh intervals
compared with Creg. The same assertions hold for a Euclidean Brownian bridge of duration 2t,
and for two independent Euclidean bridges of duration t joined at a prescribed midpoint, when the
prescribed points lie in a fixed bounded region. The constant Creg can be chosen as one numerical
constant for all these laws, and any larger value is allowed. If the three prescribed points lie in
B(v, 3), the probability that the joined path leaves B(v, 10) is at most Ce−c/t for 0 < t ≤ 1.

Proof. This is [112, Lemma 5.3], from [115, Lemma 4.4]. Its proof concerns free Brownian
motion and free bridges only, and applies after the stated substitutions in R3, where no
lifts are needed. We use these bounds only for free laws, never for a bridge conditioned
to survive the walls.

Used in: Lemma A.18 and Proposition A.23.

A.12 Marked colors without wall killing

Fix a finite nonempty set A of cells. For a continuous path ω : [0, δ] → R3, let JA(ω) be
the number of v ∈ A such that ω visits B(v, 12). Consider the three events

Eall = {all paths}, Ediam = {diam ω([0, δ]) > 1}, Eirr = {ω is not regular},
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and for one of them, E, and λ > 0, the marked moment

M = EPpur exp
(

λ
N

∑
i=1

JA(ωi)1E(ωi)
)
= EPpur

N

∏
i=1

[
1 + (eλJA(ωi) − 1)1E(ωi)

]
. (A.21)

As in [112, Section 5.3], on [0, t] mark the first exit from the unit ball about ω(0), then the
first exit from the unit ball about that exit point, and so on up to time t; on [t, δ] make
the same construction backward from ω(δ). Let n(ω) be the total number of completed
exits. Between consecutive marks the path stays in a unit ball, so on {n(ω) = n},

JA(ω) ≤ C(n + 1), |ω(δ)− ω(0)| ≤ n + 2, (A.22)

and if JA(ω) > 0, both endpoints lie within distance n + 15 of A, and the closed unit
neighborhood of the segment [ω(0), ω(δ)] lies in {x : d(x, A) < 32(n + 1)}. Let

On = {x ∈ R3 : d(x, A) < 32(n + 1) + 2},

and let pn : R3 → [0, 1] be Lipschitz with pn = 1 where d(x, A) ≤ 32(n + 1), pn = 0
where d(x, A) ≥ 32(n + 1) + 1, and |∇pn| ≤ 1. Then On is a bounded open set containing
supp pn, |On| ≤ C(n + 1)3|A|, and On is covered by at most C(n + 1)3|A| cells. The sets
On are auxiliary: they need not be contained in U. Let

Kn(y, z) =
∫ (

eλJA(ω) − 1
)
1E(ω)1{n(ω) = n}Wδ

y,z(dω)

be the free Euclidean kernel of duration δ with the marking weight and the restriction
n(ω) = n, without walls or exclusion.

Lemma A.18. For y, z ∈ R3 and n ≥ 0,

Kn(y, z) ≤ ln pn(y)pn(z) [e3δ∆On ](y, z), ln = Cλ(n + 1)eCλ(n+1)e−cn2/tϵ1/3
E ,

where ∆On is the Dirichlet Laplacian of On, and ϵE = 1, Ce−c/t, CtD−12 for E = Eall, Ediam, Eirr.
The constants for Eall and Ediam are uniform in 0 < t ≤ 1.

Proof. The proof of [112, Lemma 5.5] applies after the stated substitutions in R3, with the
sum over lifts of z deleted and Lemma A.17 in place of [112, Lemma 5.3]. It bounds the
kernel without the marking factor by the geometric mean of three free bounds, which is
a constant times g3δ(z − y)e−cn2/tϵ1/3

E with gs(u) = (4πs)−3/2e−|u|2/(4s), and the marking
factor by (A.22). The only lower bound in the proof is the following. If Kn(y, z) ̸= 0, then
the closed unit neighborhood of the segment [y, z] lies in On, and pn(y) = pn(z) = 1. A
Brownian bridge of duration 3δ ≤ 6 from y to z stays within distance one of this segment
with probability bounded below by a numerical constant, by Brownian scaling. Then
[e3δ∆On ](y, z) ≥ cg3δ(z − y) by Lemma A.3(4). This lower bound concerns the auxiliary
set On, not U.
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We now set up the colored operator of [112, Section 5.4]. Fix n∗ ≥ 0, and let Mn∗

be the moment (A.21) with 1E(ωi) replaced by 1E(ωi)1{n(ωi) ≤ n∗}. Let Cinc and
m0 = max{2, 4(2Cincα0 + 1)} be the constants of Appendix B; Cinc is the constant of
Proposition A.9(4), and m0 depends only on α0. Let

gn =
m0 + n

δ
, κn = lnem0+n. (A.23)

Since δ ≤ 2 and α ≤ 2α0, we have gn/2 ≥ m0/4 ≥ Cincα + 1, and since β > δ, we have
βgn/2 > (m0 + n)/2 ≥ 1. The direct sum below is an auxiliary comparison space. Its
first summand retains a physical particle, while the additional summand indexed by n
replaces a marked path by the heat-kernel bound of Lemma A.18. The factor κn and the
energy shift gn satisfy κne−δgn = ln. The one-particle space is

he = L2(U)⊕
n∗⊕

n=0
L2(On).

The first summand represents unmarked physical particles, and the others represent
auxiliary types indexed by the exit count n. For a color assignment c = (c1, . . . , cN) ∈
{o, 0, . . . , n∗}N, let S(c) = {i : ci ̸= o} and

Gc =
{

X ∈ (R3)N : (xi)i/∈S(c) ∈ GN−|S(c)|, xi ∈ Oci for i ∈ S(c)
}

.

On Hlab
e =

⊕
c L2(Gc), let Hlab act on L2(Gc) as the operator of the closed form

∑
i/∈S(c)

∫
|∇i f |2 + ∑

i∈S(c)

∫ (
3|∇i f |2 + gci | f |2

)
on H1

0(Gc).

Unmarked physical particles remain in U with their mutual hard-core exclusions. A
particle marked by n instead moves in On with a Dirichlet condition on ∂On; it is subject
neither to the physical walls ∂U nor to pair exclusions. Simultaneous permutations
of positions and colors commute with Hlab. Let He be the invariant subspace and H

the restriction of Hlab to it. For f ∈ L2(U), let ve f = ( f , (κ1/2
n pn f )n≤n∗), where pn f is

regarded as an element of L2(On); let Vlab = v⊗N
e on L2(GN), so that its component in

L2(Gc) is ∏i∈S(c) κ1/2
ci

pci(xi)F(X), and let Ve be its restriction to symmetric functions. Set

Tlab = V∗
labe−δHlab

Vlab and T = V∗
e e−δHVe.

Lemma A.19. 1. The map Vlab is bounded, maps H1
0(GN) into

⊕
c H1

0(Gc), and intertwines
permutations of the coordinates with simultaneous permutations of positions and colors.

2. We have

Mn∗ ≤
trsym

(
e−(β−δ)HNT

)
ZN

≤
( tr T β/δ

ZN

)δ/β
. (A.24)



A Thermal estimates in a container A.12 Marked colors without wall killing 192

Proof. For part (1), ∥VlabF∥2 =
∫

∏i(1 + ∑n κn pn(xi)
2)|F|2 ≤ (1 + ∑n κn)N∥F∥2. Let

F ∈ H1
0(GN) and let c be a color assignment with S = S(c). We apply Lemma A.3(2)

with G = GN, the bounded Lipschitz function m(X) = ∏i∈S κ1/2
ci

pci(xi), and G′ =

{X ∈ GN : xi ∈ Oci for i ∈ S}. Since supp pn ⊂ On, we have supp m ∩ GN ⊂ G′, and
mF ∈ H1

0(G
′). Since G′ ⊂ Gc, extension by zero gives mF ∈ H1

0(Gc). The coordinates of
the unmarked physical particles keep the walls and their mutual exclusions from F; the
marked coordinates acquire the Dirichlet condition on ∂Oci from the compact support
of pci . The image vanishes at further configurations, for example where a marked
coordinate lies outside U; this is allowed, since the target domain does not require it.
Marked colors can lose the wall condition while the input of the map remains admissible.
The intertwining property is immediate from the coordinatewise definition.

For part (2), expand the product in Mn∗ . The term indexed by a set S of marked
labels is

1
ZN

∫
Ks

β−δ(Z◦, Y)1Eδ
(ω)∏

i∈S

(
eλJA(ωi) − 1

)
1E(ωi)1{n(ωi) ≤ n∗} νN(dω),

after integrating out W ′ by Proposition A.16. For every i ∈ S, we drop the wall killing of
ωi and every exclusion between ωi and another path: 1Eδ

(ω) is at most the indicator that
(ωi)i/∈S stays in GN−|S|. The unmarked physical paths keep all their walls and mutual
exclusions. All factors, including Ks

β−δ, are nonnegative. The integral does not decrease.
Integrating the paths with fixed endpoints, Proposition 3.5(1) for the domain GN−|S| and
the definition of Kn show that the term is at most

1
ZN

∫
Ks

β−δ(Z◦, Y)K(Sc)
δ (YSc , Z◦

Sc)∏
i∈S

∑
ni≤n∗

Kni(yi, z◦i )dY dZ◦,

where K(Sc)
δ is the labeled killed kernel of GN−|S|. Let Vlab,c be the component of Vlab in

L2(Gc). By Lemma A.18 and ln = κne−δgn , the integrand is at most Ks
β−δ(Z◦, Y) times

the sum, over the assignments c with S(c) = S, of the kernel of V∗
lab,ce−δHlab

Vlab,c, which
equals

K(Sc)
δ (YSc , Z◦

Sc)∏
i∈S

κci pci(yi)pci(z
◦
i )e

−δgci [e3δ∆Oci ](yi, z◦i ).

Every choice of marked labels and exit counts appears exactly once in the direct sum
over c, and summing over S bounds the tested slab kernel pointwise by the kernel of
Tlab. This is a comparison of nonnegative kernels; it does not compare normalized laws.
The rest of the proof is that of [112, Section 5.4]: both e−(β−δ)Hlab

N and Tlab commute with
Psym = (N!)−1 ∑π Uπ, and the kernel of e−(β−δ)Hlab

N Psym is Ks
β−δ. Then∫

Ks
β−δ(Z◦, Y)KTlab(Y, Z◦)dY dZ◦ = tr

(
e−(β−δ)Hlab

N PsymTlab
)
= trsym

(
e−(β−δ)HNT

)
.
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The only permutation normalization is the one in Psym; no factorial enters the color
expansion. This proves the first inequality of (A.24), and the second is Hölder’s inequality
for Schatten norms [134, Theorem 2.8] with exponents β/(β − δ) and β/δ. All traces are
finite by Lemma A.3(5).

Remark A.20. The marked particles must be allowed to leave U, because there is no
uniform lower bound on the probability that a short bridge near a wall survives. For
example, a Brownian bridge with generator ∆ and duration s, from a point at distance
h from a plane back to the same point, stays on one side of the plane with probability
1 − e−h2/s, which tends to zero as h → 0. The lower bound in Lemma A.18 concerns a
tube contained in the auxiliary set On, which is not contained in U.

A.13 A trace comparison and the path moment bound

Let Σc(x) = ∑n≤n∗ κn pn(x)2, Θ(x) = (1/2) log(1 + Σc(x)), and Θ̂(X) = ∑i Θ(xi), with
the same multiplier in every color. The map Ṽe = e−Θ̂Ve is an isometry, because the
squared pointwise norm of its one-coordinate color vector is one. With Y = eΘ̂e−δHeΘ̂,
we have T = Ṽ∗

e YṼe. The min–max principle for compressions of positive compact
operators gives tr T q ≤ trY q for every q > 0.

Lemma A.21. Let W0 = 2Θ/δ + 3|∇Θ|2 and H̃ = H − ∑i W0(xi). For every real q > 0,
trY q ≤ tr e−qδH̃.

Proof. This is [112, Lemma 5.6], the trace estimate for eΘ̂e−δHeΘ̂ with a Lipschitz multiplier
of [111, Lemma 6.2]. Its proof uses the following properties of the colored operator, which
we verify for the present domains. (i) There are finitely many color assignments, and
in each, Hlab is given by a closed form on H1

0(Gc) with kinetic coefficients 1 or 3 and
nonnegative constant energy shifts gn. Since U and the sets On are bounded, every Gc
is a bounded open set, and Lemma A.3(5) shows that H and H̃ have compact resolvent
and finite heat traces; W0 is bounded. (ii) Multiplication by euΘ̂, |u| ≤ 1, preserves each
H1

0(Gc) and the simultaneous permutation symmetry, by Lemma A.3(2) with G′ = G; this
retains the walls and exclusions of the unmarked physical particles and the boundaries
∂On of the marked colors. (iii) The product rule holds almost everywhere. With these
properties, the proof in [112] applies after the stated substitutions. It pairs form-domain
vectors with operator-domain vectors only, so no preservation of operator domains by
the multipliers is needed, and its final integration against q2eqh dh gives the bound for
every real q > 0, including q = β/δ.



A Thermal estimates in a container § A.13 194

Proposition A.22. Let E be one of Eall, Ediam, Eirr, and let ln,κn, gn be as in Lemma A.18 and
(A.23). There is a numerical C0 such that, if

C0

δ ∑
n≥0

κn ≤ 1, (A.25)

then, under the hypotheses of Proposition A.12 and for every finite nonempty A ⊂ Z3,

log EPpur exp
(

λ
N

∑
i=1

JA(ωi)1E(ωi)
)
≤ CD|A| ∑

n≥0
(n + 1)3κn

+ CδT5/2|A| ∑
n≥0

(n + 1)3e−βgn/2.

The constants do not depend on n∗, K, Ω, D, T, or 0 < t ≤ 1.

Used in: Section A.14.

Proof. We follow [112, Proposition 5.7]; the unmarked physical particles remain in U, and
the marked traces are Euclidean. By the Cauchy–Schwarz inequality and |∇pn| ≤ 1On ,

|∇Θ|2 ≤ Σc

(1 + Σc)2 ∑
n≤n∗

κn|∇pn|2 ≤ ∑
n≤n∗

κn1On , 2Θ ≤ Σc ≤ ∑
n≤n∗

κn1On .

Since δ ≤ 2, this implies that 0 ≤ W0 ≤ (C/δ)∑n≤n∗ κn1On ≤ 1, by (A.25) with C0 ≥ C.
The unmarked physical particles. For 0 ≤ J ≤ N and 0 ≤ u ≤ 1, the Duhamel formula

and cyclicity of the trace give

∂u log Z(−uW0)
J = β EJ,−uW0 ∑

i
W0(xi);

the field is bounded and the traces are finite. We cover each On by at most C(n + 1)3|A|
cells, and apply Corollary A.13 with the field uW0, which lies in [0, 1]. Some of these cells
may meet the walls, or lie outside U; the corollary applies to all of them. Integrating in u
gives

log
Z(−W0)

J

ZJ
≤ βC

δ
D|A| ∑

n≤n∗

(n + 1)3κn. (A.26)

By Proposition A.9(4) with W = 0, FN − FJ ≤ Cincα(N − J), that is,

ZJ/ZN ≤ eβCincα(N−J). (A.27)

The decomposition into auxiliary types. The space He decomposes according to the
number J of unmarked physical particles and the numbers kn of particles of color n,
with J + ∑n kn = N. Normalized symmetrization over the mutually orthogonal color
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assignments identifies each such sector with one tensor product of L2
sym(GJ) and the

symmetric spaces L2
sym(Okn

n ); there is no multinomial multiplicity. On this tensor product,

H̃ is the sum of H(−W0)
J and, for each n, the sum, over the kn coordinates of this type,

of −3∆On + gn − W0. The trace of e−βH̃ over the sector is Z(−W0)
J times the canonical

traces of the marked colors. By (A.27), ZJ ≤ ZN ∏n eβCincαkn , and since W0 ≤ 1 and
gn/2 ≥ Cincα + 1, each marked one-particle operator with Cincα subtracted is at least
−3∆On + gn/2 in the sense of forms. The min–max principle then bounds each marked
canonical trace by that of −3∆On + gn/2. We drop the restriction ∑n kn ≤ N; since J is
determined by the kn, this introduces no sum over J. Using (A.26), we obtain

tr e−βH̃

ZN
≤ exp

(βC
δ

D|A| ∑
n≤n∗

(n + 1)3κn

)
∏

n≤n∗

Ξn,

where Ξn is the ideal Bose grand partition function of −3∆On + gn/2 at inverse tempera-
ture β.

The marked colors. By Lemma A.3(5) and βgn/2 ≥ 1,

log Ξn = ∑
m≥1

e−mβgn/2

m
tr e3mβ∆On ≤ |On|(12πβ)−3/2 ∑

m≥1
m−5/2e−mβgn/2

≤ C(n + 1)3|A|T3/2e−βgn/2.

No volume of U and no volume of a containing set appears here. Combining the last
two displays with Lemma A.19(2), the compression inequality tr T β/δ ≤ trY β/δ, and
Lemma A.21 with q = β/δ, and multiplying the logarithm by δ/β = δT, we conclude
that the bound of the proposition holds for Mn∗ .

As n∗ → ∞, the truncated marking weight of every path increases to the full weight,
and so does the finite product over labels. The bounds are uniform in n∗, and their
right sides are summable, as shown in (A.28) below. Monotone convergence removes the
truncation.

We record the sizes of the two terms. Since t ≤ 1, by the tail bound for the exit count
in ln, we have

∑
n≥0

(n + 1)3κn ≤ Cλϵ1/3
E em0 ∑

n≥0
(n + 1)4eCλ(n+1)+n−cn2

= Cλλϵ1/3
E , (A.28)

where Cλ is bounded on bounded intervals of λ and depends on α0 through m0. The same
bound holds without the factor (n + 1)3. For the second term, βgn/2 = (m0 + n)x with
x = (2δT)−1 ≥ (4T)−1 ≥ 1, since δ ≤ 2 and T ≤ 1/4. Then ∑n≥0(n + 1)3e−(m0+n)x ≤
Ce−m0x ≤ Ce−m0/(4T). Since T 7→ T5/2e−m0/(4T) is increasing and T ≤ τ0/ log D, the
second term in Proposition A.22 is at most rwall

D |A|, uniformly in 0 < t ≤ 1, where

rwall
D = C

τ5/2
0

(log D)5/2 D−m0/(4τ0) −→ 0 (D → ∞).
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A.14 Completion of the joint failure estimate

Proof of Theorem A.1(i). We follow the six-test assembly in [112, Section 5.6, proof of
Proposition 5.4], substituting the container estimates proved above. Let α0 ≥ α∗0, 0 <

ℓ ≤ ℓ∗, 0 < θ0 < ℓ/6, 0 < b0 ≤ b∗(θ0), and Creg ≥ C∗
reg, where α∗0 and ℓ∗ are given

by Proposition A.14, b∗(θ0) by Proposition A.15, and C∗
reg is the numerical constant of

Lemma A.17; this is the range of constants in Remark A.2(1). We may assume p1 < 1.
Let A be a finite nonempty set of interior cells; for A = ∅ there is nothing to prove.
By Lemma 8.2, it suffices to bound the probability under Ppur. A cell fails the local
conditions if and only if one of six tests fails: nv(Y) < ℓD; Ncl

v (Y) ≥ θ0D; Ncl
v (Z◦) ≥ θ0D;

more than H1D paths visit B(v, 12); some path visiting B(v, 12) is irregular; at least θ0D
paths visiting B(v, 12) have diameter greater than one. It suffices to show that, for a given
p′ ∈ (0, 1), the parameters can be chosen so that for every test and every finite set A′

of interior cells, the probability that the test fails at every cell of A′ is at most (p′)|A
′|.

Indeed, given failures at every cell of A, assign to each cell a failing test. There are at
most 6|A| assignments, and in each, some test is assigned to a set A′ of at least |A|/6 cells.
The probability that every cell of A fails is at most (6(p′)1/6)|A|, and we choose p′ with
6(p′)1/6 ≤ p1. No independence between cells or between tests is used.

Endpoint tests. By Proposition A.16, Y and Z◦ have law µ. By Proposition A.14, we
bound the first test by e−cshD|A′|, and by Proposition A.15, we bound the second and third
by exp(−cclθ0b0D2/3|A′|). Both bases are at most p′ for D large.

Visitors. We take E = Eall, for which ϵE = 1, and λ = c′t with a constant c′ > 0. By
(A.28), ∑n κn ≤ Cλ = Cc′t with C independent of t. Then (A.25) holds for all t ∈ (0, 1]
once c′ is small, and the first term in Proposition A.22 is at most C4λD|A′| with C4

independent of t. If every cell of A′ has more than H1D visitors, then ∑i JA′(ωi) >

H1D|A′|. By the exponential Markov inequality and Proposition A.22, we have the bound

exp
{
[−λ(H1 − C4)D + rwall

D ]|A′|
}

.

We choose H1 = C4 + 1 now. For every subsequently fixed t, the base exp(−c′tD + rwall
D )

is at most p′ for D large. Reducing t does not affect the choice of H1.
Visitors of large diameter. We set E = Ediam and λ = 1. Then ϵ1/3

E ≤ Ce−c/t and
∑n(n + 1)3κn ≤ Ce−c/t. Fix t so small that (A.25) holds and the first coefficient in
Proposition A.22 is at most θ0D/2 per cell. If every cell of A′ is visited by at least θ0D
paths of diameter greater than one, then ∑i JA′(ωi)1E(ωi) ≥ θ0D|A′|, and the probability
is at most exp[−(θ0D/2 − rwall

D )|A′|]. This reduction of t is permitted, and any further
reduction preserves the bound.

Irregular visitors. With t now fixed, take E = Eirr and λ = log(2/p′). Then ϵ1/3
E =

CtD−4, and we have ∑n(n + 1)3κn ≤ Cλ,tD−4, (A.25) holds for D large, and the first term
in Proposition A.22 is at most Cλ,tD−3|A′|. If every cell of A′ is visited by an irregular
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path, then ∑i JA′(ωi)1E(ωi) ≥ |A′|, even if a single path visits many of these cells. The
probability is at most exp[−(λ − Cλ,tD−3 − rwall

D )|A′|] ≤ (p′)|A
′| for D large.

Order of choices. The constants α0, ℓ, θ0, b0, Creg are fixed first, then κT and τ0 = κTα0,
then Cinc and m0 of Appendix B, and c′. Given p1, we fix p′ with 6(p′)1/6 ≤ p1, then
H1, then t, which may be reduced further for the requirement of Section A.15, then λ

for the irregular test, and finally D0, larger than all the thresholds above and than those
of Propositions A.9, A.12, A.14, A.15, and A.23. We also require (8.10), 2s0 < 1, and
r < 1/32, which proves Remark A.2(3). The shape of Ω enters only through K ≥ KΩ, in
Proposition A.9; R0 enters only through the set of cells to which the theorem applies. No
lower bound on T other than positivity is used.

A.15 Euclidean bridge estimates and useful labels

For y, z ∈ R3 and a cell B, let PB
y,z =

∫
B Pu

y,z du, and let P0
y,z be the Euclidean Brownian

bridge with generator ∆ from y to z of duration 2t. For v ∈ Z3, let Cv be the event that
a path on [0, 2t] is regular and stays in B(v, 10), and for a deterministic continuous path
c : [0, 2t] → R3 let H(c) = {ω : |ω(s)− c(s)| ≤ r for some s ∈ [0, 2t]}.

Proposition A.23. Fix t ∈ (0, 1], and let D be large enough that (8.10) holds. Then [112,
Lemmas 6.1, 6.2, and 6.3, Remark 6.4, and Corollary 6.5] hold for the Euclidean laws Pu

y,z, PB
y,z,

and P0
y,z, with the same constants at every v ∈ Z3. The obstacle paths are deterministic Euclidean

paths. In particular:

1. If y ∈ Bv, |z − v| ≤ 3, and c is a deterministic regular path with |y − c(0)| > s0 and
|z − c(2t)| > s0, then, for P = PB

y,z with any target cell B of v, or P = P0
y,z,

P(Cv ∩H(c)) ≤ Ctr + C
rD1/4
√

h0
≤ Cα

(
tD−1 + D−1/4).

The midpoint is averaged as in Remark 8.8; no uniform prescribed-midpoint estimate is used.
2. Let F be a collection of deterministic continuous paths on [0, 2t], at most H1D of which

visit B(v, 12), every visiting path being regular. Let a list of m ≥ ℓD/2 distinct paths
ci ∈ F have endpoints yi = ci(0) ∈ Bv and zi = ci(2t) with |zi − v| ≤ 3, such that
|yi − c(0)| > s0 and |zi − c(2t)| > s0 for every c ∈ F \ {ci}. For t sufficiently small
depending on H1, and then D sufficiently large depending on t, at least 9m/10 of the
listed labels have the following property: for every target cell B of v, the set of u ∈ B with
Pu

yi,zi
(Cv ∩

⋂
c∈F\{ci} H(c)c) ≥ 9/10 has volume at least 99/100.

The choices are uniform in F, in v, and in α ∈ [α0/2, 2α0].

Used in: Theorem A.1(ii), and through its proof Proposition 9.11; part (1) is the Euclidean
form of Lemma 8.7, whose proof is adapted in Lemma 9.9.
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Proof. The statements of [112, Section 6], reproduced there from [115, Section 5], concern
free Euclidean Brownian bridges and deterministic obstacle paths. The torus enters their
proofs only through the projection of the trial paths to ΛK, and through the paragraph on
lifts in the proof of [112, Lemma 6.2]. In that paragraph, the lift of the obstacle near v is
selected for each mesh interval. In R3 we delete the projection and that paragraph; every
other line applies unchanged, with Lemma A.17 in place of [112, Lemma 5.3]. In the
proof of [112, Corollary 6.5], a trial in B(v, 10) can collide only with an obstacle that visits
B(v, 12), since r < 1. For each such obstacle, we first average the collision probability over
the m listed labels using [112, Lemma 6.2], obtaining Ctr + CrD1/4/(D

√
h0), omitting

the obstacle’s own label when present but retaining the divisor m. By the union bound
over the at most H1D such obstacles, we bound the averaged failure probability by
Ce−c/t + εD(t) + CH1α(t + D−1/4), with εD(t) → 0 as D → ∞; this is the reason t
is chosen small depending on H1. The container U does not appear in any of these
statements.

Proof of Theorem A.1(ii). The proof of [112, Lemma 7.1] applies after the stated substitu-
tions at interior cells; we recall it. Let v be an interior cell at which the sample satisfies
the local conditions. Every path that starts in Bv visits B(v, 12). At most H1D paths start
in Bv. By item 1 of Definition 8.4, at least ℓD paths start in Bv; item 2 makes all of them
regular. We discard the fewer than θ0D of them with diameter greater than one. The
remaining paths stay within distance

√
3/2+ 1 < 2 of v; in particular they stay in B(v, 10)

and end within distance 3 of v. We discard also those whose initial point has another
initial point within distance s0, and those whose terminal point has another terminal
point within distance s0. These endpoints lie within distance 5 of v, so by item 1 of
Definition 8.4 each of the two losses is less than θ0D. The remaining labels are eligible,
and their number is at least (ℓ− 3θ0)D ≥ ℓD/2.

We now apply Proposition A.23(2) to the entire list of labels eligible at v, not only to the
labels just counted, with F = {ωk : 1 ≤ k ≤ N}. Every eligible label has its initial point in
Bv, its terminal point within distance 3 of v, and both endpoints at distance greater than
s0 from the corresponding endpoints of all other paths. By item 2 of Definition 8.4, at
most H1D paths visit B(v, 12), and all of them are regular. For an eligible label i, the event
in Proposition A.23(2) is Ci(Fall

i ). For t small depending on H1 and D large depending on
t, we conclude that at least nine tenths of the eligible labels are useful. Since B(v, 10) ⊂ U,
a successful trial stays in U. The useful property needs no factor for survival inside the
container. The requirement on t is the further reduction of t after H1 is fixed, which is
permitted by part (i).



appendix b

Thermal estimates in a larger temperature window

In this appendix, we prove Proposition 8.5: on the torus, the joint bound of [112, Propo-
sition 5.4] for failure of the local conditions holds uniformly for 0 < T ≤ τ0/ log D, in
place of 0 < T ≤ D−1, with a volume threshold that depends on neither D, α, nor T. The
proof is that of [112, Sections 3–5], much of which is reproduced there from [111, 115],
with the origins recorded in Table A.1; we check each use of the temperature. Propo-
sitions B.1 to B.4 extend [112, Proposition 3.5], [112, Proposition 4.3, Corollary 4.4, and
Propositions 4.5 and 4.6], [112, Proposition 5.7], and [112, Proposition 5.4], respectively,
and their proofs display every inequality in which the temperature enters differently. The
supply of useful labels, Lemma 8.9, involves no temperature. The statements of [112,
Sections 7.2–7.4, 8, and 9] and the occupation bound [112, Theorem 2.1] are not used.

B.1 The window and the order of choices

We use the scaled torus setting of Section 8.1: K ≥ 100 is an integer, V = K3, D = N/V,
r = α/D, α ∈ [α0/2, 2α0], and β = T−1, with the spatial constants α0, ℓ, θ0, b0, and
Creg fixed there. For j ≥ 0 and a bounded measurable function W ≥ 0 on ΛK, we

use the operators H(−W)
j , the partition functions Z(−W)

j = tr e−βH(−W)
j , the free energies

F(−W)
j = −T log Z(−W)

j , and the functionals F (−W)
j (σ) of states σ of finite kinetic energy,

with the entropy S(σ), of [112, Section 2]. They are defined as in Section A.1, with ΛK in
place of U and the torus distance in place of the Euclidean distance. Thus ZN = tr e−βH,
and µ(dX) = Z−1

N Ks
β(X, X)dX is the equilibrium position law. We write EJ,−W for

the expectation under the position law of the Gibbs state e−βH(−W)
J /Z(−W)

J , Eσ for the
expectation under the position law of a state σ, and n f (X) = ∑i f (xi). Throughout this
appendix, c, C > 0 denote constants that may change from line to line; unless stated
otherwise, they depend only on the spatial constants, and not on K, N, D, α, T, or t.

The window. Let α+ = 2α0. We fix

κT =
1

16
, τ0 = κTα0, 0 < T ≤ τ0

log D
. (B.1)

199
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This is the window of (8.1). Let Cins ≥ 1 and C f ≥ 1 be numerical constants such that,
once D is large depending on α0, the bound

F(−W)
j − F(−W)

j−1 ≤ Cinsα + 1 + T log+(C f j/V), 1 ≤ j ≤ 2N, (B.2)

holds for every T > 0 and every bounded measurable W ≥ 0, both on the torus and in
every container with V = |U| and K ≥ KΩ. Here log+ x = max{log x, 0}. On the torus,
(B.2) is the bound obtained in the proof of [112, Proposition 3.5] before the temperature is
restricted (see the proof of Proposition B.1); in a container, it is the corresponding bound
in the proof of Proposition A.9. Every threshold on D below is at least max{2C f , e4τ0}.
Then log(2C f D) ≤ 2 log D, and in the window

T ≤ τ0

log D
≤ 1

4
, β ≥ 4 > δ for every δ = 2t with t ∈ (0, 1], (B.3)

T log(2C f D) ≤ 2T log D ≤ 2τ0 =
α0

8
≤ α

4
. (B.4)

We set
Cinc = Cins +

5
4

, m0 = max{2, 4(Cincα+ + 1)}. (B.5)

For j ≤ 2N we have j/V ≤ 2D, and (B.4) and α ≥ 1 bound the right side of (B.2) by Cincα

in the window. The constant Cinc is numerical, and m0 depends only on α0.

Order of choices. The constants are chosen in the following order, and each depends
only on those chosen before it:

1. the spatial constants α0, ℓ, θ0, b0, and Creg of Section 8.1;
2. κT = 1/16 and τ0 = κTα0;
3. Cinc, and then m0, by (B.5);
4. the prescribed base p1, and a base p′ ∈ (0, 1) for the six tests with 6(p′)1/6 ≤ p1 (for

p1 ≥ 1 there is nothing to prove);
5. H1;
6. t̄ ∈ (0, 1], and then the time t ∈ (0, t̄], with δ = 2t;
7. the fixed tilt λ = log(2/p′) of the test for irregular visitors;
8. the threshold D0 = D0(t);
9. the volume threshold K1 = 100 of Lemma B.5.

In particular, κT, Cinc, and m0 do not depend on p1, H1, or t. The thermal threshold D0(t)
is distinct from the density threshold Dmin of Section 10.3, which is chosen later and also
involves M and the constants of the surgery.



B Thermal estimates in a larger temperature window § B.2 201

B.2 Statements whose proofs hold at every temperature

The setting of [112, Section 2] involves the temperature only through β > 0: the killed
heat kernels are nonnegative, heat traces are finite at every positive time, and the Gibbs
variational principle holds for every T > 0. In [112], the standing range is 0 < T ≤ D−1

[112, (2.1)], and the statements of [112, Sections 3–5] without an explicit range are proved
in it. Table B.1 lists the statements of [112, Sections 3–7] used to prove [112, Proposition 5.4
and Lemma 7.1]. For each statement whose proof holds for every T > 0, or for every
β > δ, the table records the reason, and we use the statement without change. The other
statements are extended in Sections B.3 to B.6. The endpoint-window length h0 = D−1,
the mesh scales of (8.6), and the scale restrictions (8.10) are spatial; they are kept, and the
midpoint stays averaged, as in Remark 8.8.

Table B.1. Use of the temperature in the statements of [112] used to prove [112, Proposition 5.4
and Lemma 7.1].

Statement of [112] Use of the temperature Here

Lemma 3.1, cube energy None: a kinetic inequality for hard-core
functions.

Propositions B.1
and B.2

Lemma 3.2,
close-neighbor energy

None. Proposition B.2

Lemma 3.3, entropy Proved for every T > 0. Its error
−Tj − CT|O|(V−1 + T3/2), including the
term V−1 from the zero mode of the torus, is
kept at every use.

Propositions B.1
and B.2

Lemma 3.4, normalized
insertion

None: its smallness condition is geometric. Propositions B.1
and B.2

Proposition 3.5,
particle-number bounds

Stated for 0 < T ≤ D−1. Extended. Proposition B.1

Lemma 4.1, two-color
localization

Proved for every T > 0. The color entropy
−TS(ϖ), with S(ϖ) ≤ C + Eσnp2 , is kept.
Each sector of fixed color numbers is one
tensor product, with no binomial factor.

Proposition B.2

Lemma 4.2, diagonal tilt Proved for every T > 0. The term
T(2Eσg G − log MG) is kept; the gradient term
has no factor β.

Proposition B.2

Proposition 4.3 and
Corollary 4.4, local
penalty and density in a
field

Standing range; the proof uses Proposition
3.5 and T ≤ 1. Extended.

Proposition B.2
(1), (2)
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Statement of [112] Use of the temperature Here

Propositions 4.5 and 4.6,
low and close counts

Stated for 0 < T ≤ D−1. Extended. Proposition B.2
(3), (4)

Proposition 5.1,
purification

Only β > δ, so that the outer times β/2 − t
are positive.

Propositions B.3
and B.4

Definition 5.2, regular
path

None: h0 = D−1 is an endpoint-window
length on [0, 2t].

Definition 8.3

Lemma 5.3, free cutoffs None: free paths and bridges of duration 2t,
or two legs of duration t.

Proposition B.3

Proposition 5.4,
certificates

Stated for 0 < T ≤ D−1 and K sufficiently
large. Extended.

Proposition B.4

Lemma 5.5, marked
kernel

None: free kernels of duration δ. Proposition B.3

Lemma 5.6, trace
comparison

Proved for every real q > 0, and used at
q = β/δ; the Hölder step before it has the
exponents β/(β − δ) and β/δ, and requires
β > δ.

Proposition B.3

Proposition 5.7, trajectory
moment

Standing range; the proof uses β ≥ D in the
choice of the color gaps and Proposition 3.5
for the removal of particles. Extended.

Proposition B.3

Lemmas 6.1–6.3, Remark
6.4, and Corollary 6.5,
bridge estimates

None: deterministic estimates for free bridges
of duration t and 2t; the scale restrictions
relate D to t, not to β.

Lemmas 8.7
and 8.9
and Remark 8.8

Lemma 7.1, useful labels None: deterministic on the event of a
certificate.

Lemma 8.9

B.3 Free energies and particle numbers

The next proposition extends [112, Proposition 3.5], which is stated uniformly in K ≥ 100
and 0 < T ≤ D−1. We follow its proof. We write ccube = 1/(64

√
3) for the constant of

[112, Lemma 3.1].

Proposition B.1. There is D1, depending only on α0, such that the following hold for every integer
K ≥ 100, every N with D = N/V ≥ D1, every α ∈ [α0/2, 2α0], and every 0 < T ≤ τ0/ log D.

1. For 0 ≤ j ≤ 2N, the symmetric hard-core form domain of j particles on ΛK is nonzero.
Hence 0 < Z(−W)

j < ∞ for every bounded measurable W ≥ 0.

2. FN ≥ (ccube/4)αN.
3. Fi/i ≤ Fj/j for 1 ≤ i ≤ j ≤ 2N, and FN+k ≥ FN + (ccube/4)αk for 0 ≤ k ≤ N.
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4. F(−W)
j − F(−W)

j−1 ≤ Cincα for 1 ≤ j ≤ 2N and every bounded measurable W ≥ 0, with the
numerical constant Cinc of (B.5).

All quantities are computed on the same torus ΛK, at the same exclusion distance r = α/D and
temperature T, with D = N/V.

Used in: Propositions B.2 and B.3.

Proof. All particle-number comparisons keep the reference domain ΛK, the exclusion
distance r, the temperature T, and the reference density D = N/V fixed; we establish
the nonzero form domains through 2N in part (1), before using their partition-function
ratios.

Part (1) is proved in [112] by inserting particles one at a time with [112, Lemma 3.4]
and the orbital V−1/2, starting from the vacuum. Its smallness condition is at most
C(2N)r3/V = 2Cα3/D2, and it does not involve T.

For part (2), we reserve half of the kinetic energy for [112, Lemma 3.3] with O = ΛK,
and apply [112, Lemma 3.1] with ∑v nv(nv − 1) ≥ N(D − 1) to the other half. As in [112],
this gives, for every T > 0 and every symmetric trace-one N-particle state σ of finite
kinetic energy,

FN(σ)

N
≥ ccube

2
α
(
1 − D−1)− T − CT

N
− CT5/2

D
. (B.6)

The last two terms are the error CTV(V−1 + T3/2) of [112, Lemma 3.3] divided by
N = DV; the term CT/N comes from the zero mode of the torus. In [112], the negative
terms are absorbed using T ≤ D−1. In the window, since N ≥ 1003D and α ≥ 1,

T +
CT
N

+
CT5/2

D
≤ τ0

log D
+

Cτ0

N log D
+

Cτ5/2
0

D(log D)5/2 ≤ ccube

8
α

once D is large depending on α0, uniformly in K ≥ 100. For D ≥ 4, (B.6) then gives
FN(σ) ≥ (ccube/4)αN, and the Gibbs variational principle gives part (2).

For part (3), [112], following [111, Proposition 3.3], shows that Fj/j is nondecreasing
for 1 ≤ j ≤ 2N. The proof uses strong subadditivity of the entropies of the marginals of
the Gibbs state [98], the fact that taking a marginal preserves the hard-core form domain
and the kinetic energy per particle, and the variational principle. Writing Si for the
entropy of the i-particle marginal of the j-particle Gibbs state, strong subadditivity gives
Si/i ≥ Sj/j. Hence −TSi/i ≤ −TSj/j for every T > 0, which, together with preservation
of kinetic energy per particle and the variational principle, proves the monotonicity in
the window. With part (2), FN+k ≥ (1 + k/N)FN ≥ FN + (ccube/4)αk.

For part (4), the insertion-frame argument of [112] distinguishes the last label, inserts it
with the normalized orbital of [112, Lemma 3.4] for w = V−1/2 and the plane waves eip·y,
p ∈ (2π/K)Z3, |p| ≤ 1, bounds the frame operator of these insertions, applies Jensen’s
inequality in the spectral measure of each inserted vector, and returns to the symmetric
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partition function by positivity of the labeled kernel. These steps hold for every β > 0
and every bounded measurable W ≥ 0: the old field terms are unchanged, and the new
one is nonpositive. For D large depending on α0, they give (B.2) with numerical constants.
In [112], the last term of (B.2) is absorbed using T ≤ D−1. In the window, j/V ≤ 2D and
(B.4) give T log+(C f j/V) ≤ T log(2C f D) ≤ α/4; hence, since α ≥ 1,

F(−W)
j − F(−W)

j−1 ≤ Cinsα + 1 +
α

4
≤ Cincα.

The constant does not depend on W, including its size.

B.4 Spatial estimates

The next proposition extends [112, Proposition 4.3 and Corollary 4.4], which are proved
in the standing range 0 < T ≤ D−1 of [112], and [112, Propositions 4.5 and 4.6], which are
stated uniformly in K ≥ 100 and 0 < T ≤ D−1. We follow their proofs. For a nonempty
set A ⊂ LK and a configuration X of J ≤ N points, let

fA(X) =
J

∑
i=1

e−d(xi,A), kA(X) = #{i : d(xi, A) ≤ 6, di(X) ≤ 2s0},

as in [112, Section 4.2], with s0 = b0D−1/3. These proofs impose on α0, ℓ, θ0, and b0 the
requirements of [112, Propositions 4.5 and 4.6], with the constants of Proposition B.1.
These requirements involve no temperature, and they are preserved when α0 is increased
and ℓ, θ0, and b0 are decreased; we take the constants of Section 8.1 to meet them.

Proposition B.2. There are constants c, C > 0, independent of b0, and a threshold D2 ≥ D1

such that the following hold for every integer K ≥ 100, every N with D = N/V ≥ D2, every
α ∈ [α0/2, 2α0], and every 0 < T ≤ τ0/ log D.

1. For every nonempty A ⊂ LK, every 0 ≤ J ≤ N, every measurable W with 0 ≤ W ≤ 1, and
every symmetric trace-one J-particle state σ of finite kinetic energy,

F (−W)
J (σ)− F(−W)

J ≥ α
[
Eσ( fA + cb−3

0 kA)− CD|A|
]
.

2. For every A ⊂ LK, every 0 ≤ J ≤ N, and every measurable W with 0 ≤ W ≤ 1, we have
EJ,−W ∑v∈A nv ≤ CD|A|.

3. For every A ⊂ LK, we have µ{nv < ℓD for every v ∈ A} ≤ e−cD|A|.
4. For every A ⊂ LK, we have µ{Ncl

v ≥ θ0D for every v ∈ A} ≤ exp(−cθ0b0D2/3|A|).

Used in: Propositions B.3 and B.4, and in Appendix A for the uses of the temperature.
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Proof. The proofs in [112] use [112, Lemmas 3.1–3.4, 4.1, and 4.2], which hold for every
T > 0 (Table B.1), and [112, Proposition 3.5], for which we use Proposition B.1. The
temperature enters only in the inequalities displayed below. We use T ≤ 1/4 from (B.3),
and α ≥ 1.

Part (1). For h ≥ 0, let ph, qh, and the inside region Oh be as in the proof of [112,
Proposition 4.3], so that |Oh| ≤ min{V, C(h + 4)3|A|}. We apply [112, Lemma 4.1] to σ,
with the distribution ϖ of the number of particles of the first color, its entropy S(ϖ), and
the inside and outside states σin

j and σout
j . Outside, Proposition B.1(4), applied j times

with the field W, gives

F (−W)
J−j (σout

j ) ≥ F(−W)
J−j ≥ F(−W)

J − Cincαj.

Inside, one third of the kinetic energy and [112, Lemma 3.3] with O = Oh pay for the
entropy TS(σin

j ), with the error −Tj − CT|Oh|(V−1 + T3/2); the field costs at most j; and
the color entropy costs TS(ϖ) ≤ T(C + Eσnp2

h
). Since ∑j jϖj = Eσnp2

h
, the losses that are

linear in the inside number are at most

(Cincα + 2T + 1)Eσnp2
h
≤ Cα Eσnp2

h
,

and the remaining entropy error is at most

CT
[
1 + |Oh|(V−1 + T3/2)

]
≤ C(h + 4)3|A|,

since T ≤ 1, |Oh| ≤ V, and |A| ≥ 1. These are the two inequalities of the proof of [112,
Proposition 4.3] that use the temperature: there, the first relies on [112, Proposition 3.5]
in its range, and the second uses T ≤ 1. The term V−1 is kept. The rest of that proof,
namely the averaging over h with the density e−h, the cell and close-neighbor energies
of [112, Lemmas 3.1 and 3.2], and the completion of the square, does not involve the
temperature, and it gives part (1) with constants independent of b0.

Part (2). The left side of part (1) vanishes for the Gibbs state e−βH(−W)
J /Z(−W)

J , which
exists by Proposition B.1(1). Dropping kA and using ∑v∈A nv ≤ e fA, we obtain part (2),
as in the proof of [112, Corollary 4.4].

Part (3). Let A ̸= ∅, and let the masks p, q, the squared cutoff ϕ with p2 + |∇p|2 +
|∇q|2 ≤ Cϕ, the fraction η, the number k = ⌊ηD|A|⌋, the symmetric filling vector ψk, and

the filling map Uj f = (N−j+k
k )

1/2
Psym( f ⊗ ψk) be as in the proof of [112, Proposition 4.5].

The map Uj is an isometry, because the terms for different choices of the k added labels
have disjoint supports; it preserves the nonzero spectrum, and hence the entropy, of the
outside state. The binomial coefficient is its normalization, and no binomial term enters
the free energy. Since |A| ≤ V, we have k ≤ ηN, so all particle numbers below are at
most 2N. Proposition B.1(3) at N + k, and then Proposition B.1(4) applied j times, give

FN−j(σ
out
j ) ≥ FN−j+k − Ck(1 + rk/|A|) ≥ FN +

ccube

4
αk − Cincαj − Ck(1 + rk/|A|).
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With α0 large and then η small, as in [112], and with D large, the last term is at most
(ccube/8)αk, and k ≥ ηD|A|/2. Inside, [112, Lemma 3.3] with the full kinetic energy, on
the union of the interiors of the cells of A, gives Fj(σ

in
j ) ≥ −Tj −CT|A|(V−1 + T3/2). We

insert both bounds and the color entropy TS(ϖ) ≤ T(C + Eσnp2) into [112, Lemma 4.1].
For every symmetric trace-one N-particle state σ of finite kinetic energy, we obtain

FN(σ)− FN ≥ ccubeη

16
αD|A| − (Cincα + 2T)Eσnp2 − Eσn|∇p|2+|∇q|2

− CT − CT|A|
(
V−1 + T3/2)

≥ cpαD|A| − Cpα Eσnϕ,

with cp = ccubeη/32, using T ≤ 1, V ≥ 1, p2 + |∇p|2 + |∇q|2 ≤ Cϕ, and D large to absorb
C|A|.

For 0 ≤ λ ≤ 1, let G = −λnϕ and L(λ) = − log Eµe−2λnϕ , and let σg be the tilted
state of [112, Lemma 4.2]. That lemma, with |∇G|2 ≤ Cλ2nϕ and 2Eσg G ≤ 0, gives
FN(σg)− FN ≤ CEσg nϕ + TL(λ). With the previous display for σ = σg, we obtain

C′
pα Eσg nϕ + TL(λ) ≥ cpαD|A|, L′(λ) = 2Eσg nϕ,

with C′
p = Cp + C. Let a′ = min{cp/2, cp/(2C′

p)}. Whenever L(λ) ≤ a′D|A|, we have

TL(λ) ≤ a′D|A| ≤
cp

2
αD|A|,

since T ≤ 1 ≤ α. This is the only use of the temperature in the tilt, and the factor
D|A| appears on both sides. Then L′(λ) ≥ 2a′D|A| wherever L(λ) ≤ a′D|A|, and the
argument of [112] gives L(1) ≥ a′D|A| and the bound exp[−(a′ − 2ℓ)D|A|] for the event
in part (3). The requirement 2ℓ < a′ involves no temperature.

Part (4). Let mA be the Lipschitz enlargement of the close count in the proof of [112,
Proposition 4.6], which satisfies mA ≤ kA, ∑v∈A Ncl

v ≤ CmA, and |∇mA|2 ≤ Cs−2
0 mA. For

G = λmA with 0 ≤ λ ≤ s0, [112, Lemma 4.2] and MG ≥ 1 give

FN(σg)− FN ≤
(
Cλ2s−2

0 + 2Tλ
)
Eσg mA ≤ (C + 1)Eσg mA,

since λ ≤ s0 < 1/2 and T ≤ 1. Part (1) with W = 0 and J = N gives the lower
bound cαb−3

0 Eσg mA − CαD|A|, with c independent of b0. The rest of the proof of [112,
Proposition 4.6], namely the choice of b0, the integration of the logarithmic derivative of
Eµe2λmA , and the exponential Markov inequality, does not involve the temperature.

B.5 The trajectory moment

Let t ∈ (0, 1] and δ = 2t. For a nonempty set A ⊂ LK, let JA(ω) be the number of sites of
A whose balls of radius 12 a path ω on [0, δ] visits. Let the path events Eall, Ediam, and
Eirr, the exit count n(ω), the sets On with their cutoffs pn, and the coefficients

ln = Cλ(n + 1)eCλ(n+1)e−cn2/tϵ1/3
E , ϵE = 1, Ce−c/t, CtD−12 for E = Eall, Ediam, Eirr,
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of the marked kernel be as in [112, Section 5.3 and Lemma 5.5], for D large enough that
this lemma applies; their Euclidean versions are written out in Section A.12. The sets
On may be the whole torus. With m0 from (B.5), the color gaps and coefficients of [112,
Section 5.4] are

gn =
m0 + n

δ
, κn = lnem0+n.

The next proposition extends [112, Proposition 5.7], which is proved in the standing
range 0 < T ≤ D−1 of [112]. We follow its proof and the colored comparison of [112,
Section 5.4] that precedes it.

Proposition B.3. There are a numerical constant C0 and a constant C, independent of K, D, α, T,
t, and λ, such that the following holds for every integer K ≥ 100, every N with D = N/V ≥ D2

also large enough, depending only on t and the spatial constants, for [112, Lemma 5.5] to apply,
every α ∈ [α0/2, 2α0], every 0 < T ≤ τ0/ log D, every λ > 0, every E ∈ {Eall, Ediam, Eirr},
and every nonempty A ⊂ LK. If (C0/δ)∑n≥0 κn ≤ 1, then

log EPpur exp
(

λ
N

∑
i=1

JA(ωi)1E(ωi)
)
≤ CD|A| ∑

n≥0
(n + 1)3κn + RD,K,δ|A|, (B.7)

where
RD,K,δ = CδT

(
V−1 + T3/2) ∑

n≥0
(n + 1)3e−(m0+n)/(2δT).

Moreover, uniformly in t ∈ (0, 1] and K ≥ 100,

RD,K,δ ≤ C
[ τ0

V log D
+

τ5/2
0

(log D)5/2

]
D−m0/(4τ0) ≤ rD,

rD = C
[ τ0

log D
+

τ5/2
0

(log D)5/2

]
D−m0/(4τ0),

(B.8)

and rD → 0 as D → ∞.

Used in: Proposition B.4.

Proof. The proof of [112, Proposition 5.7] bounds the moment, with the bins truncated
at n ≤ n∗, by the colored comparison of [112, Section 5.4]: the marked kernel of [112,
Lemma 5.5], the color map, the pointwise domination of the tested slab kernel, the
symmetric trace identity, the Schatten Hölder inequality with exponents β/(β − δ) and
β/δ, the compression inequality, and [112, Lemma 5.6] at q = β/δ. These steps hold for
every β > δ (Table B.1), and β > δ by (B.3). As in [112], the smallness condition gives a
field W0 with 0 ≤ W0 ≤ (C/δ)∑n≤n∗ κn1On ≤ 1, and the comparison reduces the claim to
a bound on log(tr e−βH̃/ZN), where H̃ is the colored operator with W0 subtracted. The
temperature enters this bound at the following places.
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The color gaps. In [112], m0 is chosen so that gn/2 ≥ Cincα + 1 and βgn/2 ≥ 1, the latter
using β ≥ D ≥ 1. With (B.5) and δ ≤ 2,

gn

2
=

m0 + n
2δ

≥ m0

4
≥ Cincα+ + 1 ≥ Cincα + 1,

βgn

2
>

m0 + n
2

≥ 1, (B.9)

where the last inequalities use only β > δ and m0 ≥ 2.
The original color. For 0 ≤ J ≤ N and 0 ≤ u ≤ 1, we have ∂u log Z(−uW0)

J =

β EJ,−uW0 ∑i W0(xi). Proposition B.2(2), applied to covers of the sets On by at most
C(n + 1)3|A| cells, gives, after integration in u,

log
Z(−W0)

J

ZJ
≤ βC

δ
D|A| ∑

n≤n∗

(n + 1)3κn. (B.10)

Removal and the gaps, paid once. By Proposition B.1(4) with W = 0, applied N − J times,
ZJ/ZN ≤ eβCincα(N−J). The enlarged symmetric space decomposes into sectors with J
original-color particles and kn particles of color n, where J = N − ∑n kn. Each sector
is one normalized tensor product of symmetric species spaces, with no multinomial
multiplicity, as shown in the proof of [112, Proposition 5.7]. We attach the factor eβCincα to
each marked particle. With W0 ≤ 1 and (B.9), the one-particle operator of color n then
satisfies, in the sense of forms,

−3∆On + gn − W0 − Cincα ≥ −3∆On +
gn

2
. (B.11)

This single inequality pays for the removal of the marked particles and for the attractive
field W0, and it leaves the positive gap gn/2. The insertion entropy of the removal is
contained in Cinc by (B.4), and no other factor is charged for it. The variational principle
then bounds each marked canonical trace by that of −3∆On + gn/2. Since J is determined
by the occupations kn, dropping the restriction ∑n kn ≤ N introduces no sum over J.

The marked traces. For s > 0, the periodic Gaussian image sum and killing give
tr e3s∆On ≤ C|On|(V−1 + s−3/2), at every s > 0. Let Ξn be the ideal Bose grand partition
function of −3∆On + gn/2 at inverse temperature β. Since βgn/2 ≥ 1 by (B.9),

log Ξn = ∑
a≥1

e−aβgn/2

a
tr e3aβ∆On ≤ C|On|

(
V−1 + T3/2)e−βgn/2.

The term V−1, from the zero mode of the torus, is kept. Combining the last three steps
with |On| ≤ C(n + 1)3|A|, we obtain

log
tr e−βH̃

ZN
≤ βC

δ
D|A| ∑

n≤n∗

(n + 1)3κn + C|A|
(
V−1 + T3/2) ∑

n≤n∗

(n + 1)3e−βgn/2.
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The factor δ/β. The comparison bounds the logarithm of the truncated moment by
δ/β = δT times the last display. This factor cancels the factor β/δ of (B.10) exactly, and
it turns the second term into RD,K,δ|A|, since βgn/2 = (m0 + n)/(2δT). The bounds do
not depend on n∗, and monotone convergence removes the truncation, as in [112]. This
proves (B.7).

The remainder. By (B.3), T ≤ 1/4, and δ ≤ 2; hence x = 1/(2δT) ≥ 1 and

∑
n≥0

(n + 1)3e−(m0+n)x ≤ e−m0x ∑
n≥0

(n + 1)3e−n ≤ Ce−m0x.

Since δ ≤ 2, this gives RD,K,δ ≤ CT(V−1 + T3/2)e−m0/(4T). The functions T 7→ Te−m0/(4T)

and T 7→ T5/2e−m0/(4T) are increasing on (0, ∞), and e−m0/(4T) = D−m0/(4τ0) at T =

τ0/ log D. This gives the first inequality in (B.8) for every 0 < T ≤ τ0/ log D, and the
second follows from V ≥ 1.

B.6 The joint certificate bound

The next proposition extends [112, Proposition 5.4], which is stated for D ≥ D0, 0 < T ≤
D−1, and K sufficiently large. We follow its proof in [112, Section 5.6], with the order of
choices of Section B.1. Certificates are those of Definition 8.4.

Proposition B.4. For each p1 > 0 there are H1 and t̄ ∈ (0, 1], and for each t ∈ (0, t̄] there is D0,
such that, for every set A of distinct cell centers,

Ppur{no site of A has a certificate} ≤ p|A|
1

whenever K ≥ 100, D ≥ D0, α ∈ [α0/2, 2α0], and 0 < T ≤ τ0/ log D.

Used in: Lemma B.5 and the proof of Proposition 8.5; also Appendix A.

Proof. We may assume p1 < 1 and A ̸= ∅. Fix p′ ∈ (0, 1) with 6(p′)1/6 ≤ p1. A site v has
no certificate if and only if one of six tests fails there: nv(X(0)) < ℓD; Ncl

v (X(0)) ≥ θ0D;
Ncl

v (X(2t)) ≥ θ0D; more than H1D paths visit the ball of radius 12 about v; some path
visiting this ball is not regular; at least θ0D paths visiting it have lifted diameter greater
than one. As in [112], it suffices to show that, for each test and each A′ ⊂ LK, the
probability that the test fails at every site of A′ is at most (p′)|A

′|. Indeed, given failures
at every site of A, we assign a failing test to each site. There are at most 6|A| assignments,
in each some test is assigned to a set A′ with |A′| ≥ |A|/6, and the union bound gives
(6(p′)1/6)|A| ≤ p|A|

1 . No independence between sites or between tests is used. Below, rD
is the remainder of (B.8); it depends on neither t, K, nor T, and it tends to zero as D → ∞.
We also use the bound ∑n(n + 1)3κn ≤ Cλλϵ1/3

E from the Gaussian tail of the bins, and
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the same bound without the factor (n + 1)3 [112, Section 5.6]; here Cλ is bounded for λ

in bounded intervals, uniformly in t ∈ (0, 1].
Endpoint tests. Since β > δ, [112, Proposition 5.1] shows that X(0) and X(2t) have law

µ under Ppur. By Proposition B.2(3) and (4), the three endpoint tests fail at every site
of A′ with probabilities at most e−cD|A′| and exp(−cθ0b0D2/3|A′|), and both bases are at
most p′ for D large.

Visitors. We take E = Eall, for which ϵE = 1, and λ = c′t with a constant c′ ∈ (0, 1].
Then ∑n κn ≤ Cc′t with C independent of t, so the smallness condition of Proposi-
tion B.3 holds for every t ∈ (0, 1] once c′ is small, and the first term in (B.7) is at most
C4λD|A′| with C4 independent of t. If every site of A′ has more than H1D visitors, then
∑i JA′(ωi) > H1D|A′|, and the exponential Markov inequality and Proposition B.3 bound
the probability by

exp
{
[−λ(H1 − C4)D + rD]|A′|

}
.

We choose H1 = C4 + 1. For each t ∈ (0, 1], the base exp(−c′tD + rD) is at most p′ once
D is large depending on t. Decreasing t does not affect H1.

Visitors of large diameter. We take E = Ediam and λ = 1. Then ϵ1/3
E ≤ Ce−c/t, and both

∑n κn and ∑n(n + 1)3κn are at most Ce−c/t. We choose t̄ ∈ (0, 1] such that, for every
t ∈ (0, t̄], the smallness condition holds and the first term in (B.7) is at most (θ0D/2)|A′|.
If every site of A′ is visited by at least θ0D paths of diameter greater than one, then
∑i JA′(ωi)1E(ωi) ≥ θ0D|A′|, and the probability is at most exp[−(θ0D/2 − rD)|A′|] ≤
(p′)|A

′| for D large. We now fix t ∈ (0, t̄].
Irregular visitors. We take E = Eirr and λ = log(2/p′). Then ϵ1/3

E = CtD−4, so that
∑n(n + 1)3κn ≤ Cp′,tD−4; the smallness condition holds for D large, and the first term
in (B.7) is at most Cp′,tD−3|A′|. If every site of A′ is visited by an irregular path, then
∑i JA′(ωi)1E(ωi) ≥ |A′|, even if one path visits several of these sites. The probability is at
most

exp
[
−
(
log(2/p′)− Cp′,tD−3 − rD

)
|A′|

]
≤ (p′)|A

′|

once Cp′,tD−3 + rD ≤ log 2. Here the remainder enters once per site, without a factor D,
so rD → 0 is needed.

The threshold. Let D0 = D0(t) be at least D2, at least the thresholds of the six tests
above, and large enough that the scale conditions after (8.6) hold and [112, Lemma 5.5]
applies. None of these thresholds depends on K or T.

B.7 The volume threshold

Lemma B.5. The bounds of Propositions B.1 to B.4 hold for every integer K ≥ 100 and every
0 < T ≤ τ0/ log D, with thresholds on D and constants that depend on neither K nor T; no
relation between β and K is used. Consequently, the volume threshold of Proposition 8.5 can be
taken to be K1 = 100.
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Used in: the proof of Proposition 8.5, and Remark 8.1.

Proof. Propositions 3.5, 4.5, and 4.6 of [112] are stated uniformly in K ≥ 100, the constants
of [112, Proposition 5.7] do not depend on K, the bounds of [112, Lemma 5.3] are uniform
in K, and, by the convention of [112, Section 2], the constants of [112, Proposition 4.3
and Corollary 4.4] do not depend on K. The marked kernel of [112, Lemma 5.5] allows
On to be the whole torus and sums over the lifts of the endpoints, so it requires no
injectivity of lifts. The proof of [112, Proposition 5.4] combines these statements with
[112, Proposition 5.1], and it imposes no other condition on K. In the extended proofs,
the volume enters only through the following explicit terms, each of which is bounded
uniformly in K ≥ 100:

1. the term CT/N in (B.6), which is at most Cτ0/(1003D log D), since N = DV ≥
1003D;

2. the terms CT|Oh|V−1 and CT|A|V−1 from [112, Lemma 3.3] in the proof of Proposi-
tion B.2, which are at most CT and CT|A|, since |Oh| ≤ V and V ≥ 1;

3. the term τ0/(V log D) in (B.8), which is at most τ0/ log D.

The temperature enters through (B.3), (B.4), and the thermal errors displayed in Sec-
tions B.3 to B.5. Each of these errors was bounded either by means of T ≤ 1, or by the
value at T = τ0/ log D of an increasing function of T, namely a sum of terms Ta and
Tae−m0/(4T), a > 0, with coefficients that do not depend on T. The bounds therefore
hold for every 0 < T ≤ τ0/ log D, including the limit T ↓ 0. No step compares β with K.
Hence the thresholds D1, D2, and D0(t) depend only on the constants of Section B.1 and
on p1 and t, and the propositions hold for every K ≥ 100.

Proof of Proposition 8.5. We take κT = 1/16, as in (B.1), and K1 = 100, as in Lemma B.5.
Given p1 > 0, Proposition B.4 provides H1 and t̄ ∈ (0, 1], and, for each t ∈ (0, t̄], a
threshold D0 such that (8.8) holds whenever K ≥ K1, D ≥ D0, α ∈ [α0/2, 2α0], and
0 < T ≤ τ0/ log D.
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