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WARING-GOLDBACH PROBLEM: ONE SQUARE, FOUR FIFTH POWERS AND
FIFTEEN SIXTH POWERS

RUNBO LI

ABSTRACT. We prove that for every sufficiently large even integer n, the equation
n=pi+p3+p3+pi+pi+pi+-+p5

has a solution with all p; prime.
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1. INTRODUCTION

Let n be a sufficiently large positive integer that satisfies some necessary congruence conditions. Using
the Hardy—Littlewood circle method, many mathematicians studied the number of representations of n as
the sum of mixed powers of prime numbers. Examples of recent works on this topic include [1], [2], [3], [4],
[5], [9] and [11]. In this paper, we prove the following result.

Theorem 1.1. For every sufficiently large even integer n, the equation
n=pi+p5+p3+pi+p3+pg o+ (1)
has a solution with all p; prime.
2. PRELIMINARIES

Let n be a sufficiently large positive integer, P, = nk and L = logn. Let
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We define

and, for 1 < j < 15,

We also define
15
F(a) = fa(a) fs()* T fo.i(c).
j=1
Then by the orthogonality of additive characters, the integral
/01 F(a)e(—an)da (2)

counts the number of solutions of (1) with prime variables lying in certain ranges weighted by a log factor.
Our goal is to show the lower bound

1
/ F(a)e(—an)da > n® (3)
0
holds for all even n.
Fix B > 1. Put
M(g,a) =aco, 1]:|a—2 L m= J U Mqa) m=[0, 1]\
q7 a - « ) et q ~ n ) - q7 a ) - 3 -
1<q<LE O<axq
(a,q):l
Then (3) can be obtained if we get
/ F(a)e(—an)da > n® (4)
m
and
/ F(a)e(—an)da < n®L7". (5)
m
3. THE MAJOR ARCS
Define

r=1 2=knr<m<n”
z,q)=1

i axk
sea= Y () w@ =g X atiem w() = o)
(

15
U(q,a) = S2(q,0)S5(q,0)*Se(q,@)"*,  w(B) = va(B)vs(8)* [ [ ven, (B)-
j=1

Lemma 3.1. Let g,a be integers such as 1 < ¢ < LP, 0 < a < q and (a,q) = 1. Then for a € M(q,a), we
have

S e(apt)logp = ——

©(q)

Py <p<P]

Sk(g, a)vg(a —a/q) + O (P,: exp(—cx/f))

for some constant ¢ > 0.

Proof. This lemma follows from [[6], Lemma 6] and partial summation. O
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We shall use this lemma to give an approximation of F'(a) using functions Sy (¢, a) and vy, defined above.

By Lemma 3.1, we have

where

We first show that

LB/n
~/—LB/n

Lemma 3.2. ([[10], Lemma 6.2]). Suppose that |3| < &. Then,

An(q) /LB/"
o(@)* J_rsy

- Y U
(=1

2

50U (4, a)w(a —a/q) + O (n1+@L_4B) )

w(B)e(—Bn)dB + O (n®L™

(—an/q).

w(B)e(—pn)dB > n®.

uk(B) < n¥ (1+n|B]) !

By Lemma 3.2 we know that

w(B) < n'tO(1 4 n|p|) 72

By (9), we get

LB/n

(=Bn)dp

LB/n

1/2

(—Bn)dB + O (n®

= 55w 2

mi+---Fmzo=n
27 2n<mi<n

1/

2
. Iw(ﬁ)|d5>

/
/ 11//22 (—Bn)dB + O ( /L
L

L=?)

_ 1
my 2 (mamsmams)~

27 5n<m2,m3 m4,mo§n

A

276pNi— 0<mJ<n 7i=5(6<5<20)

> )

) Fn<mi<in .
33n<ma2,m3,Ma< g1 N
En =5 <m; < 335n =5 (6K <20)

Next, we want to deal with the sum

Define the series

1

0o An
=2 (q()g?)

q=1

Lemma 3.3. ([[6], Lemma 5]). For k > 2, we have

Sk(g,a) < g+,

3

20

my 2 (mamsmyms)~s H m,

=6

(6)

(10)



Lemma 3.4. ([[10], Lemma 4.3]). For (a,p) = 1, we have
1Sk(p,a)| < ((k,p—1) —1)y/p+ 1.

Lemma 3.5. ([[6], Lemma 4]). Let p" | k, p"™1 { k and

[ n+2, p=2,

ln+1, p#£2
Ift > 1, then
Sk(pt,a) = 0.
By Lemma 3.3, we know that U(q,a) < ¢'°*¢ for (a,q) = 1, and hence A,(q) < ¢''*¢ uniformly in n.

Thus, &(n) converges absolutely, and

S A9 sy 40 (L"), (12)

q<LB

Since the complete exponential sums are multiplicative, for (g1, g2) = 1 we have

An(q192) = An(q1)An(g2)-
Moreover, By Lemma 3.5 and the fact that A, (4) = S5(4,a) = 0, we have A, (¢) = 0 unless g is square-free.

Hence ()
n\P
emn)=[[&m =1+ "% ) (13)
. . (-1
By the orthogonality of additive characters modulo p, we have
_ pMa(p)
Sp(n) = W, (14)
where M, (p) denote the number of solutions (z1,...,%20) € (F;j)m of
20
o} + 25+ a5 +af + 25+ ) a9 = n(modp). (15)
j=6
When p = 2, every unit is 1, and
20
o+ ad o) + o + a4 Zx? = 0(mod2).
j=6

Hence n = 0(mod2) is necessary.

When p = 3, every square and sixth power is 1, and every fifth power is +1. It is easy to see that the
sum of four fifth powers contains all residue classes modulo 3, and (15) has a solution.

When p = 5, we have 2° = z and 2° = £1. Fix 1 = 1. Since F + FZ = Fj, the sum of two fifth powers
contains all residue classes modulo 5, and (15) has a solution.

When p = 7, we have 2% = 1. Fix z1,72,23 = 1. Since F5 + FX = Fy, the sum of two fifth powers
contains all residue classes modulo 7, and (15) has a solution.

When p > 11, we define A, = Ag(p) = {2* : € F,}. Tt is known that |Ax(p)| = %. Applying the
Cauchy—Davenport theorem repeatedly, we have /

|As + 4A5 + 15A46] > min(p, | Az| + 4]As| + 15| A¢] — 19)

—1 4Ap-1) 15(p—1
>min<p’p2 N (p5 ), 5(p6 )_19)

19p — 114
- .

Since p > 11, we have w > p, and thus Ay + 445 + 15A4¢ = F,. Now (15) has a solution for every
prime p > 11.

> min (p,
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Combining above cases, we know that M,(p) > 1 if n is even, and also &(n) > 0 by (13). Now, by
Lemma 3.4 and trivial estimates, we have

‘ An(p) p(vP+1D(yp+1)'(Gy/p + 1"
(p—-1)%| = (p—1)%

e 5) (o ) ()

11 4 15
o (1 55) () ()
< 1+ — ) (4+—=) (5+—
(p/2)2°< VP VP VP
220'2'54'615
<—p9

for p > 100, Thus, we get

Lo ) I (2 5)

9
p>1010 p>1010 p
with some ¢ > 0. By (13), (14), (16) and M, (p) > 1, we have
M7l —
>CH P 20>cl_[p19 (17)
p<1010 p<1010

Now, by (7), (10), (12) and (17), the proof of (4) is completed.

4. THE MINOR ARCS

We first recall some mean value estimates proved by Andrade [3] and Zhao [12]. Note that we can remove
the logarithmic weights and the restriction to primes in fi(«) and fi ;(«) at the cost of a power of L, and
deal with the classical Weyl sums.

Lemma 4.1. We have
1
/ [fa(@)? If5(a)| da < nFFe.
0
Proof. Taking k1 = ko = k3 =5 in [[3], Lemma 4], we get Lemma 4.1. |

Lemma 4.2. We have
2

1] 15
/ H ffj’j(Oé) dOé < PGA_‘—E.
0 j=1

Proof. Taking ¢t =1 and U = Pp in [[12], Lemma 6.1}, we get Lemma 4.2. O

Write 7 = 27199, Define
£={ael0, 1]:|fs(a) < PHA0T

Using Holder’s inequality, together with Lemma 4.1, Lemma 4.2 and the definition of £, we get

1
2 2

[Pl < (/ o)l () da) A Hfﬁj | suplssto)

< n%+5P6A/2+€P5(A—4)/2—107' < 77,077— (18)

i

where
441062789418431385223

= 340780117268216414208

~ 1.29427.
Note that © — 8 > 0.0005.



5. PROOF OF THEOREM 1.1

Lemma 5.1. Suppose that X1 <P X35. Then either we have
Z e(ap®) < Xi+e,
X <p<2X

or there erist integers q and a such that 1 < ¢ < P, (a,q) = 1 and |ga — a| < PX 5.

Proof. Taking k =5 in [[8], Lemma 2.2], we get Lemma 5.1. O
Now suppose that « € [0, 1]\E. We have |fs(a)| > PS(A74)/27107 in this case. Taking X = $P; and
P = én%a in Lemma 5.1, we find that the first case will never occur since % — % > 0.005. Hence, we
must have
[0, TN c R = U %), (19)
1<qg< L nTio &%f_‘{
where
R(g,a) ={ae0, 1]:|ga—al <n 19} (20)
Define a function T : R — [0, 1] by
T(a) = (¢ +nlga —al)~".
Taking k = 2,5 in [[7], Theorem 2] and by partial summation, we have
(@) < PyLOT (a)2 72 (21)
and
1
fs(@) < PsLEY ()7 ¢ (22)
for some constant C' > 0. By (21), (22) and trivial upper bounds for fg ;(a) (1 < j < 15), we have
15
F(a) = fa(0) f5(@)* ] fos(0) < ntOLXY (a) . (23)
j=1
Integrating over SR\ gives
/ |F(a)|da < n1+@L200/ 1T ()| 20 da < n®L20C 2B+, (24)
R\M R\

Choosing B = 200C + 100 in (24) and by the fact that m C & U R\, the proof of (5) is completed. From
(4) and (5) we get (3), and the proof of Theorem 1.1 is completed.
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